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Foreword 

THE tremendous research and development effort that went into the 
development of radar and related techniques during World War II 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. Because this 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super
vision of the National Defense Research Committee, undertook the great 
task of preparing these volumes. The work described herein, however, is 
the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 
and other Dominions. 

The Radiation Laboratory, once its proposals were approved and 
finances provided by the Office of Scientific Research and Development, 
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 
project. An editorial staff was then selected of those best qualified for 
this type of task. Finally the authors for the various volumes or chapters 
or sections were chosen from among those experts who were intimately 
familiar with the various fields, and who were able and willing to write 
the summaries of them. This entire staff agreed to remain at work at 
MIT for six months or more after the work of the Radiation Laboratory 
was complete. These volumes stand as a monument to this group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of other scientists, engineers, and others who actually carried 
on the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and they 
worked so closely together even though often in widely separated labora
tories that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote reports 
or articles have even been mentioned. But to all those who contributed 
in any way to this great cooperative development enterprise, both in this 
country and in England, these volumes are dedicated. 

L. A. DUBRIDGB. 

vii 





Preface 

THE earliest plans for the Radiation Laboratory Series, made in the fall 
of 1944, envisaged only books concerned with the basic microwave 

and electronic theory and techniques that had been so thoroughly devel
oped during the wartime work on radar. These plans were laid aside for 
a time when it became clear in this country that several months of fighting 
remained in the European war. 

When work on the Series was resumed in the early summer of 1945, the 
books planned, as before, dealt with basic matters and with techniques. 
Every effort was made to point out the general applicability of the work 
reported and to avoid special emphasis on its application to radar, since 
radar itself was thought to have only a limited importance. 

The end of the Pacific war made it possible to put more effort on the 
job of preparing the Series than had been available earlier. The books 
on theory and techniques having been planned as comprehensively as 
appeared to be worth while, the work was extended by the addition of 
five books concerned with radar and allied systems. 

Of those five books, this is the only one that deals with radar itself. 
One book takes up the use of radar in navigation, one concerns the design 
of radar scanners and radomes, one treats the design and construction of 
beacons, and one describes hyperbolic navigational systems—in particular 
Loran. 

This book is intended to serve as a general treatise and reference book 
on the design of radar systems. No apology seems to be needed for the 
fact that it deals primarily—though by no means altogether—with micro
wave pulse radar. Thousands of times as much work has gone into pulse 
radar as into any other kind, and the overwhelming majority of this work 
has been concerned with microwave pulse radar. The superiority of 
microwaves for almost all radar purposes is now clear. 

The first eight chapters of this book are intended to provide an intro
duction to the field of radar and a general approach to the problems of 
system design. Chapters 9 through 14 take up the leading design con
siderations for the various important components that make up a radar 
set. These chapters are so thorough in their treatment that Chap. 15, 
which gives two fairly detailed examples of actual system design, can be 
quite brief. Chapters 16 and 17 take up two new and important ancillary 
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X PREFACE 

techniques that are not dealt with fully elsewhere in the Series: moving-
target indication and the transmission of radar displays to a remote 
indicator by radio means. 

For fuller information than can be found in this book on any detailed 
point of design, the reader is referred to one of the other books of the 
Series. In a sense, this book specializes to radar the techniques reported 
more fully elsewhere in the Series. 

Radar is a very simple subject, and no special mathematical, physical, 
or engineering background is needed to read and understand this book. 

Because the book covers the entire field of effort of the Radiation 
Laboratory and the other wartime radar establishments, its contributing 
authors are more numerous than those listed for most other volumes of 
this series. I am especially grateful to L. J. Haworth and to E. M. 
Purcell, whose contributions have been more extensive than those of 
other authors, and whose advice on editorial problems has often been 
extremely helpful. In addition to the authors already listed, whose 
names appear in the book in connection with the material they have 
written, I wish to thank the following men for their work in provid
ing essential background material that did not eventually find its way 
into the book: R. M. Alexander, A. H. Brown, J. F. Carlson, M. A. 
Chaffee, L. M. Hollingsworth, E. L. Hudspeth, R. C. Spencer, and I. G. 
Swope. Changing plans for the book also reduced the acknowledged 
contribution of E. C. Pollard far below the very considerable quantity of 
material he prepared. 

I owe an apology to all the authors for the liberty I have often 
taken in altering their original text to fit the final framework of the 
book and my own ideas of style. Because most authors left the Labora
tory immediately on finishing their writing, and much of the editorial 
work had to be deferred until the book was substantially complete, it has 
not always been possible to adjust with the authors the alterations in their 
manuscripts that have seemed desirable to me. 

The general acknowledgments I owe as Editor-in-Chief of the Series 
are set forth in the Series Index. In connection with the preparation 
of this book, however, it is a pleasure to thank Dr. B. V. Bowden, of the 
British Air Commission, not only for his assistance as an author but also 
for his general comments on the book as a whole. I am grateful to 
Lois Capen for her work in following the preparation of illustrations, and 
to Phyllis Brown for general secretarial assistance. 

Louis N. RIDENOUR. 
CAMBRIDGE, MASS. 

June, 1946 
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CHAPTER 1 

INTRODUCTION 

B Y LOUIS N. RIDENOUR 

1-1. What Radar Does.—Radar is an addition to man's sensory 
equipment which affords genuinely new facilities. I t enables a certain 
class of objects to be "seen"—that is, detected and located—at distances 
far beyond those at which they could be distinguished by the unaided 
eye. This "seeing" is unimpaired by night, fog, cloud, smoke, and most 
other obstacles to ordinary vision. Radar further permits the measure
ment of the range of the objects it " sees" (this verb will hereafter be used 
without apologetic quotation marks) with a convenience and precision 
entirely unknown in the past. I t can also measure the instantaneous 
speed of such an object toward or away from the observing station in a 
simple and natural way. 

The superiority of radar to ordinary vision lies, then, in the greater 
distances at which seeing is possible with radar, in the ability of radar to 
work regardless of light condition and of obscuration of the object being 
seen, and in the unparalled ease with which target range and its rate of 
change can be measured. In certain other respects radar is definitely 
inferior to the eye. The detailed definition of the picture it offers is very 
much poorer than that afforded by the eye. Even the most advanced 
radar equipment can only show the gross outlines of a large object, such 
as a ship; the eye can—if it can see the ship at all—pick out fine details 
such as the rails on the deck and the number or character of the flags at 
the masthead. Because of this grossness of radar vision, the objects 
that can usefully be seen by radar are not as numerous as the objects 
that canjae distinguished by the eye. Radar is at its best in dealing with 
isolated targets located in a relatively featureless background, such as 
aircraft in the air, ships on the open sea, islands and coastlines, cities in 
a plain, and the like. Though modern high-definition radar does afford 
a fairly detailed presentation of such a complex target as a city viewed 
from the air (see, for example, Fig. 3-35), the radar picture of such a 
target is incomparably poorer in detail than a vertical photograph taken 
under favorable conditions would be. 

One further property of radar is worth remarking: its freedom from 
difficulties of perspective. By suitable design of the equipment, the 
picture obtained from a radar set can be presented as a true plan view, 

l 



2 INTRODUCTION [SEC. 11 

regardless of the obliquity of the angle from which the target is seen. 
This is shown clearly in Fig. 1 1 , which compares with a chart of the tip 
of Cape Cod a radar picture and a direct photograph taken simultaneously 

F I G . 11.—Cape Cod: (a) radar photograph, (b) map, (c) optical photograph from air
craft carrying the radar set. The radar photograph shown in (a) is one of the earliest 
pictures taken with 3-cm airborne equipment (summer 1942). 

from an airplane flying over Cape Cod Bay. There can be little question 
of the superiority of the radar picture for most purposes, especially in 
view of the fact that had it been night, or had the weather been foggy, 
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the radar picture would have been unaffected while photography or 
ordinary vision would have been useless. 

1-2. How Radar Works.—The coined word radar is derived from the 
descriptive phrase "radio detection and ranging." Radar works by 
sending out radio waves from a transmitter powerful enough so that 
measurable amounts of radio energy will be reflected from the objects to 
be seen by the radar to a radio receiver usually located, for convenience, 
at the same site as the transmitter. The properties of the received echoes 
are used to form a picture or to determine certain properties of the objects 
that cause the echoes. The radar transmitter may send out c-w signals, 
or frequency-modulated c-w signals, or signals modulated in other ways. 
Many schemes based on transmissions of various sorts have been proposed 
and some of them have been used. Chapter 5 of this book treats the 
general radar problem, in which any scheme of transmitter modulation 
may be used, in a very fundamental and elegant way. 

Despite the great number of ways in which a radar system can in 
principle be designed, one of these ways has been used to such an over
whelming degree that the whole of this book, with the exception of Chap. 
5, is devoted to it. When radar is mentioned without qualification in 
this book, pulse radar will be meant. No apology for this specialization 
is needed. Thousands of times as much effort as that expended on all 
other forms of radar put together has gone into the remarkably swift 
development of pulse radar since its origin in the years just before World 
War II . 

In pulse radar, the transmitter is modulated in such a way that it 
sends out very intense, very brief pulses of radio energy at intervals that 
are spaced rather far apart in terms of the duration of each pulse. During 
the waiting time of the transmitter between pulses, the receiver is active. 
Echoes are received from the nearest objects soon after the transmission 
of the pulse, from objects farther away at a slightly later time, and so on. 
When sufficient time has elapsed to allow for the reception of echoes from 
the most distant objects of interest, the transmitter is keyed again to 
send another very short pulse, and the cycle repeats. Since the radio 
waves used in radar are propagated with the speed of light, c, the delay 
between the transmission of a pulse and the reception of the echo from 
an object at range R will be 

the factor 2 entering because the distance to the target has to be traversed 
twice, once out and once back. Figure 1-2 shows schematically the 
principle of pulse radar. 

The linear relation between delay time and range shown in Eq. (1) is 
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Radar 
FlQ. 1-2.—The principle of pulse radar, (a) Pulse has just been emitted from radar 

set. (b) Pulse reaches target, (c) Scattered energy returns from target; transmitted pulse 
carries on. (d) Echo pulse reaches radar. 
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the clue to the ease with which range can be measured by radar. Range 
measurement is reduced to a measurement of time, and time can be 
measured perhaps more accurately than any other basic physical quan
tity. Because the velocity of light is high, the intervals of time that 
must be measured in radar are short. Numerically, the range corre
sponding to a given delay time is 164 yd for each microsecond elapsing 
between the transmission of the pulse and the reception of the echo. If 
it is desired to measure range to a precision of 5 yd, which is necessary in 
some applications of radar, time intervals must be measured with a 

F I G . 1*3.—The simplest radar display, the A-seope. The echo at the right is from, the moon. 

precision better than ^V jusec. Modern electronic timing and display 
techniques have been developed to such a point that this can readily be 
done. 

One of the simplest ways in which radar echo signals can be displayed 
is shown in Fig. 1-3. The beam of a cathode-ray tube is caused to begin 
a sweep from left to right across the face of the tube at the instant a pulse 
is sent from the transmitter. The beam is swept to the right at a uniform 
rate by means of a sawtooth waveform applied to the horizontal deflection 
plates of the CRT. The output signals of the radar receiver are applied 
to the vertical deflection plates. To ensure that the weakest signals 
that are at all detectable are not missed, the over-all gain of the receiver 
is high enough so that thermal noise originating in the receiver (Sec. 2-7) 
is perceptible on the display. The two signals that rise significantly 
above this noise in Fig. 1-3 are, on the left, the " t a i l " of the transmitted 
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pulse leaking into the receiver, and on the right, the echo signal from a 
radar target. The target in the particular case of Fig. 1-3 is the earth's 
moon. 

The measurement of range by means of radar is thus a straightforward 
problem of time measurement. I t is also desirable to be able to measure 
the direction in which a target lies as viewed from a radar station. In 
principle, this can be done on the basis of triangulation, using range 
information on the same target from two or more separate radar locations. 
Although this method permits of great accuracy and has occasionally 
been used for special purposes, it is far more desirable from the stand
point of simplicity and flexibility to measure direction, as well as range, 
from a single radar station. Measurement of target bearing was made 
possible by the development of radio techniques on wavelengths short 
enough to permit the use of highly directional antennas, so that a more 
or less sharp beam of radiation could be produced by an antenna of 
reasonable physical size. 

When the pulses are sent out in such a beam, echoes will be received 
only from targets that lie in the direction the beam is pointing. If the 
antenna, and hence the radar beam, is swept or scanned around the 
horizon, the strongest echo will be received from each target when 
the beam is pointing directly toward the target, weaker echoes when the 
beam is pointed a little to one side or the other of the target, and no echo 
at all when it is pointing in other directions. Thus, the bearing of a 
target can be determined by noting the bearing of the radar antenna 
when that target gives the strongest echo signal. This can be done in a 
variety of ways, and more precise and convenient means for determining 
target bearing by means of radar have been developed (Chap. 6), but the 
method described here illustrates the basic principle. 

I t is convenient to arrange the radar display so that, instead of show
ing target range only, as in Fig. 1-3, it shows the range and angular 
disposition of all targets at all azimuths. The plan-position indicator, 
or PPI, is the most common and convenient display of this type. Figure 
1-1 is a photograph of a PPI-scope. The direction of each echo signal 
from the center of the PPI shows its direction from the radar; its distance 
from the center is proportional to target range. Many other forms of 
indication are convenient for special purposes; the various types of indi
cator are catalogued in Chap. 6. 

1-3. Components of a Radar System.—A radar set can be considered 
as separable, for the purposes of design and description, into several major 
components concerned with different functions. Figure 1-4 is a block 
diagram of a simple radar set broken up into the components ordinarily 
distinguished from one another. 

In the set illustrated in Fig. 1-4, a cycle of operation is begun by the 
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firing of the modulator. This sends a high-power, high-voltage pulse to 
the magnetron, which is the type of transmitting tube almost universally 
used in modern radar. For the brief duration of the modulator pulse, 
which may typically be 1 /usec, the magnetron oscillates at the radio 
frequency for which it is designed, usually some thousands of megacycles 
per second. The r-f pulse thus produced travels down the r-f transmis
sion line shown by double lines in Fig. 1-4, and passes through the two 
switches designated as T R and ATR. These are gas-discharge devices 
of a very special sort. The gas discharge is started by the high-power 

Rotating antenna i g antenna—1 

High-
voltage 
pulses 

Scanner base XA 
-Transmitted r-f pulses-

"ATR - 1 ■ 

7 

- Timing pulse indicating instant 
of transmission (i.e. Zero range) 

Fia. 1-4.—Block diagram of a simple radar. 

r-f pulse from the transmitter, and maintained for the duration of that 
pulse; during this time the T R (for transmit-receive) switch connects 
the transmitter r-f line to the antenna, and disconnects the mixer and the 
rest of the radar receiver shown below the TR switch. The ATR (for 
anti-TR) switch, when fired, simply permits the r-f pulse from the trans
mitter to pass through it with negligible loss. Between pulses, when 
these gas-discharge switches are in an unfired state, the T R switch 
connects the mixer to the antenna, and the ATR disconnects the magne
tron to prevent loss of any part of the feeble received signal. 

After passing through these two switches, the transmitter pulse 
travels down the r-f line to the antenna, where it is radiated. The 
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antenna is designed in such a way that the beam shape it produces is 
suitable for the requirements the radar set must meet. I t is mounted on 
a scanner which is arranged to sweep the beam through space in the 
manner desired; simple azimuth rotation is indicated in Fig. 1-4. 

After the transmission of the pulse, the discharges in the T R and 
ATR switches cease and the system is ready to receive echoes. Echoes 
are picked up by the antenna and sent down the r-f line to the mixer. 
The mixer is a nonlinear device which, in addition to receiving the signals 
from the antenna, is supplied c-w power from a local oscillator operating 
at a frequency only a few tens of megacycles per second away from the 
magnetron frequency. The difference frequency that results from mixing 
these two signals contains the same intelligence as did the original r-f 
echoes, but it is at a sufficiently low frequency (typically, 30 Mc/sec) to 
be amplified by more or less conventional techniques in the intermediate-
frequency amplifier shown. Output signals from the i-f amplifier are 
demodulated by a detector, and the resulting unipolar signals are further 
amplified by a video-frequency amplifier similar to those familiar in 
television technique. 

The output signals of the video amplifier are passed to the indicator, 
which displays them, let us say for definiteness, in plan-position form. 
In order to do this, it must receive a timing pulse from the modulator, to 
indicate the instant at which each of the uniform range sweeps out from 
the center of the PPI tube should begin. I t must also receive from the 
scanner information on the direction in which the antenna is pointing, 
in order that the range sweep be executed in the proper direction from the 
center of the tube. Connections for accomplishing this are indicated in 
the Fig. 1-4. 

In Chaps. 9 to 14, inclusive, the detailed design of each of the com
ponents shown in Fig. 1-4 is treated. In addition, consideration is given 
to the problem of supplying primary power in a form suitable for use with 
a radar set; this is especially difficult and important in the case of airborne 
radar. 

1-4. The Performance of Radar.—In discussing the performance of 
radar, one usually refers to its range performance—that is, the maximum 
distance at which some target of interest will return a sufficiently strong 
signal to be detected. The factors that determine range performance are 
numerous and they interact in a rather complicated way. Chapter 2 is 
devoted to a discussion of them, and Chap. 3 deals with the important 
matter of the properties of radar targets. 

The usual inverse-square law which governs the intensity of radiation 
from a point source acts to determine the range dependence of the fraction 
of the total transmitted energy that falls on a target. So far as the echo 
is concerned, the target can also be thought of as a point source of radia-
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tion, so that the inverse-square law must be applied again to determine 
the range dependence of the amount of echo energy reaching the receiver. 
In consequence, the echo energy received from a target varies with the 
inverse fourth power of the range from the radar set to the target, other 
factors being constant. 

To be detectable, a signal must have a certain minimum power; let 
us call the minimum detectable signal Sm>n. Then the maximum range 
of a radar set on a target of a given type will be determined by Sata, 
according to the expression 

g _ KP, 
Orom — p 4 , 

where if is a constant and Pt is the power in the transmitted pulse, to 
which the received signal power will clearly be proportional. Rearranging, 

R™* = I-^— ) • (2) 
VJmin / 

Equation (2) displays the difficulty of increasing the range performance 
of a radar set by raising its pulse power. A 16-fold increase in power is 
required to double the range. 

1940 1941 1942 1943 1944 1945 1940 1941 1942 1943 1944 1945 
Date Date 

F I G . 1-5.—Historical development of microwave magnetrons. 

However formidable this requirement appears, one of the most 
remarkable facts of the wartime years of development of radar is that 
practicable pulse powers in the microwave frequency range (about 1000 
Mc/sec and above) have increased by a factor of hundreds in a relatively 
short time. This stupendous advance resulted from the invention and 
rapid improvement of the multicavity magnetron, which is described in 
Chap. 10. Figure 1-5 shows the history of magnetron development, with 
respect to pulse power and efficiency, at the three most important micro
wave bands exploited during the war. The curves are rather arbitrarily 
drawn, and only their general trend is significant. Not every upward 
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step in output power was due to an improvement in the magnetron itself. 
The increase at 10-cm wavelength in the early part of 1941 was brought 
about by the development of modulators of higher power. 

I t is important to realize that the curves of Fig. 1-5 lie above one 
another in the order of increasing wavelength not because development 
was begun earlier at 10 cm than at 3 cm, and earlier at 3 cm than at 1 cm, 
but because magnetrons of the type used in radar are subject to inherent 
limitations on maximum power which are more severe the shorter the 
wavelength. The same is true of the r-f transmission lines used at 
microwave frequencies. The horizontal dashed lines shown in Fig. 15a 
show the maximum power that can be handled in the standard sizes of 
"waveguide" used for r-f transmission at the three bands. 

A similarly spectacular decrease in the minimum detectable signal, 
due to the improvement of microwave radar receivers, has marked the 
war years. In the wavelength bands above about 10 m, natural "static " 
and man-made interference set a rather high noise level above which 
signals must be detected, so that there is little necessity for pursuing the 
best possible receiver performance. This is not true at microwave fre
quencies. Natural and man-made interference can be neglected at these 
frequencies in comparison with the unavoidable inherent noise of the 
receiver. This has put a premium on the development of the most 
sensitive receivers possible; at the end of 1945 microwave receivers were 
within a factor of 10 of theoretically perfect performance. Improvement 
by this factor of 10 would increase the range of a radar set only by the 
factor 1.8; and further receiver improvement can today be won only by 
the most painstaking and difficult attention to details of design. 

Why Microwaves?—The reader will have observed that when radar is 
discussed in what has gone before, microwave radar is assumed. This is 
true of the balance of this book as well. So far as the authors of this 
book are concerned, the word radar implies not only pulse radar, as has 
already been remarked, but microwave pulse radar. Though it is true 
that the efforts of the Radiation Laboratory were devoted exclusively to 
microwave pulse radar, this attitude is not entirely parochialism. The 
fact is that for nearly every purpose served by radar, microwave radar 
is preferable. There are a few applications in which longer-wave radar 
is equally good, and a very few where long waves are definitely preferable, 
but for the overwhelming majority of radar applications microwave radar 
is demonstrably far more desirable than radar operating at longer 
wavelengths. 

The superiority of microwave radar arises largely because of the 
desirability of focusing radar energy into sharp beams, so that the direc
tion as well as the range of targets can be determined. In conformity 
with the well-known laws of physical optics, by which the sharpness of 
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the beam passing through an aperture of given size depends on the ratio 
of the diameter of the aperture to the wavelength of the radiation in the 
beam, the sharpness of the beam produced by a radar antenna (which 
can be thought of as a sort of aperture for the radio energy) depends on 
the ratio of the antenna dimensions to the wavelength used. For an 
antenna of given size, the breadth of the beam produced is proportional 
to the wavelength. These statements are made precise in Sec. 9-1. 

Particularly in the case of airborne radar, where a large antenna 
cannot be tolerated for aerodynamic reasons, it is important to produce 
sharp radar beams with an antenna structure of modest size. This 
demands the use of microwaves. Roughly speaking, microwaves are 
radio waves whose wavelength is less than 30 cm. 

Radar definition, its ability to discriminate between targets close 
together in space, improves as the beamwidth is narrowed. Targets at 
the same range can be distinguished by radar as being separate if they 
are separated in azimuth by an angle larger than one beamwidth; thus 
the quality of the picture afforded by radar improves as the beamwidth 
is reduced. For an antenna of given size, the beamwidth can be decreased 
only by lowering the wavelength. 

The finite velocity of light sets a limit to the desirable beamwidth if 
a region of finite size is to be scanned at a given speed by a radar set. 
Chapter 4 considers this and other limitations of pulse radar in some 
detail. 

The Propagation of Microwaves.—Further limitations on the perform
ance of radar arise from the propagation properties of radio waves in the 
microwave region of the electromagnetic spectrum. Like light, micro
waves are propagated in straight lines. Unlike radio waves at frequencies 
lower than about 30 Mc/sec, microwaves are not reflected from the 
ionosphere. This means that the maximum range of a radar set whose 
performance is not otherwise limited will be set by the optical horizon 
which occurs because the earth is round. This is in fact the limitation 
on the performance of the best radar Sets developed during the war. 
Under certain conditions, bending of the microwave beam around the 
earth is produced by meteorological conditions (Sec. 2-14). This can 
increase the range of a radar set beyond the optical horizon, but such 
phenomena are relatively rare and essentially unpredictable. 

A lower limit on the wavelengths which can be used for practical 
radar systems is fixed by the onset of atmospheric absorption of micro
wave energy. Below a wavelength of about 1.9 cm, serious absorption 
occurs in moist atmosphere, because of a molecular transition in water 
vapor which can be excited by the radiation (Sec. 2-15). For this reason, 
2 cm is about the shortest wavelength at which radar systems of good 
range performance can be built. For certain very special applications 
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where high absorption can be tolerated or is even welcome, shorter wave
lengths can be used, but 2 cm is a good practical limit. The wartime 
development of radar components and systems at 1.25 cm antedated the 
discovery of the strong water-vapor absorption at this wavelength. A 
wavelength of 1.25 cm is, fortuitously, very nearly the most unfortunate 
choice that could have been made in the development of a new short-
wavelength band. 

1-5. Radar Systems.—The uses made of radar were so various under 
wartime conditions that many different systems were developed to fill 
different needs. These systems usually differed more in regard to beam 
shape, scanning means, and mode of indication than in regard to any 
other properties. Chapter 6 gives a brief conspectus of the principal 
varieties of radar, with especial emphasis on those types that promise to 
have an important peacetime use. Two examples of the detailed design 
of radar systems are given in Chap. 15, after the components of radar 
systems have been discussed. 

Considerable use has been made of radar beacons. These are devices 
which, on receiving a pulse or a series of properly coded pulses from a 
radar set, will send back in reply a pulse or a series of coded pulses. A 
great increase in the flexibility and convenience of the use of radar under 
certain conditions can be obtained by the use of such beacons. A brief 
account of their properties and uses, though not of their design, will be 
found in Chap. 8. 

Toward the end of the war, two major developments occurred which 
promised to extend greatly the applicability of pulse radar under unfavor
able conditions. Means were developed for reproducing radar indications 
at a point distant from the set that gathered the original data; the intelli
gence necessary was transmitted from the radar to the distant indicator 
by radio means. This radar relay, as it has come to be called, is described 
in some detail in Chap. 17. 

Chapter 16 deals with another important development—namely, the 
modification of pulse-radar equipment so that it will display only targets 
that are in motion relative to the radar. Such moving-target indication 
is potentially of great importance in freeing radar from the limitations of 
site. At the present, a radar site must be chosen with careful attention 
to the surrounding terrain; hills or buildings within the line of sight can 
return strong "permanent echoes" which mask target signals over a large 
part of the desirable coverage of the set. In mountainous terrain, this 
problem is very serious. An arrangement that gives signals only from 
targets that are moving appears to be the best solution to the permanent-
echo problem. 

A fact that has been too little recognized when radar systems are 
discussed is that the organization which is to make use of the positional 
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information afforded by radar is usually at least as important as is the 
radar itself. A good organization can make excellent use even of inferior 
radar information, as was proved by the success of the British Home 
Chain of radar stations, the first large-scale radar installation to be made. 
An inadequate organizational set-up can do a poor job, even though 
provided with splendid radar from the technical standpoint. The many 
problems that enter into the creation of an adequate organization for the 
use of radar data have not received the study that they should. Despite 
this fact, Chap. 7 attempts to provide an introduction to this sort of 
planning, and to raise some of the important problems, even though they 
may not yet be satisfactorily solved. 

1-6. The Early History of Radar.—Though the complete history of 
the origins and the growth of modern radar is a long and complicated one, l 

it will be of some interest to sketch here its main lines, with especial 
reference to Allied developments. 

Successful pulse radar systems were developed independently in 
America, England, France, and Germany during the latter 1930's. Back 
of their development lay half a century of radio development for commu
nication purposes, and a handful of early suggestions that, since radio 
waves are known to be reflected by objects whose size is of the order of a 
wavelength, they might be used to detect objects in fog or darkness. 

The fact that radio waves have optical properties identical writh those 
associated with ordinary visible light was established by Heinrich Hertz 
in 1886, in the famous series of experiments in which he first discovered 
radio waves. Hertz showed, among other things, that radio waves were 
reflected from solid objects. In 1904 a German engineer, Hulsmeyer, 
was granted a patent in several countries on a proposed way of using 
this property in an obstacle detector and navigational aid for ships. In 
June 1922, Marconi strongly urged the use of short waves for radio 
detection. 

The principle of pulse ranging which characterizes modern radar was 
first used in 1925 by Breit and Tuve, of the Carnegie Institution of Washing
ton, for measuring the height of the ionosphere.2 After the successful 
experiments of Breit and Tuve, the radio-pulse echo technique became the 
established method for ionospheric investigation in all countries. The 
step from this technique to the notion of using it for the detection of air
craft and ships is, in retrospect, not such a great one; and various indi
viduals took it independently and almost simultaneously in America, 

1 For the fullest treatment of radar history available, the reader is referred to the 
official history of Div. 14, NDRC, "Radar" by H. E. Guerlac, to be published by 
Little, Brown, & Co., Boston. 

* M. A. Tuve and G. Breit, "Terrestrial Magnetism and Atmospheric Electricity," 
Vol. 30, March-December 1925, pp. 15-16. Also Phys Rev, 28, 554 (1926). 
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England, France, and Germany, about ten years after the original work 
of Breit and Tuve. 

The research agencies of the American Army and Navy have a long and 
complicated history of early experiment, total failure, and qualified suc
cess in the field of radio detection. The interested reader will find this 
dealt with at length in Dr. Guerlac's history.1 Here it will be sufficient 
to report the earliest full successes. In early 1939, a radar set designed 
and built at the Naval Research Laboratory was given exhaustive 
tests at sea during battle maneuvers, installed on the U.S.S. New York. 
The first contract for the commercial manufacture of radar equipment 
was let as a result of these tests, for the construction of six sets, designated 
as CXAM (Sec. 6-9), duplicating that used in the trials. In November 
1938, a radar position-finding equipment intended for the control of 
antiaircraft guns and searchlights, designed and built by the Signal Corps 
Laboratories of the Army, was given extensive tests by the Coast Artillery 
Board, representing the using arm. This set also went into quantity 
manufacture, as the SCR-268 (Sec. 6-14). An Army long-range aircraft-
detection set whose development had been requested earlier by the Air 
Corps was demonstrated to the Secretary of War by the Signal Corps 
Laboratories in November 1939. A contract for the production of this 
equipment, the SCR-270 (and SCR-271; see Sec. 6-9) was let in August 
1940. 

British radar was developed at about the same time but its application 
proceeded at a somewhat faster pace under the immediate threat to 
England and with considerably greater realism during the early years of 
the war. During the winter of 1934-1935, the Air Ministry set up a Com
mittee for the Scientific Survey of Air Defense. Among the suggestions 
it received was a carefully worked out plan for the detection of aircraft 
by a pulse method, submitted by a Scottish physicist, now Sir Robert 
Watson-Watt, then at the head of the Radio Department of the National 
Physical Laboratory. 

The first experimental radar system of the type suggested by Watson-
Watt was set up in the late spring of 1935 on a small island off the east 
coast of England. Development work during the summer led to the 
blocking-out of the main features of the British Home Chain of early-
warning stations (Sec. 6-9) by fall. Work began in 1936 toward setting 
up five stations, about 25 miles apart, to protect the Thames estuary. 
By March 1938, all these stations—the nucleus of the final Chain—were 
complete and in operation under the charge of RAF personnel. 

British radar development effort was then brought to bear on airborne 
radar equipment. Two types were envisaged: a set for the detection of 
surface vessels by patrol aircraft (called ASV, for air to surface vessel), 

1 Op. tit. 
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and an equipment for enabling night fighters to home on enemy aircraft 
(called AI, for aircraft interception). Work was concentrated on ASV 
first, and an experimental equipment was successfully demonstrated 
during fleet maneuvers in September 1938. Experimental AI equipment 
was working by June, 1939. and it was demonstrated to the chief of RAF 
Fighter Command in August of that year. The Air Ministry asked that 
30 such systems be installed in aircraft in the next 30 days. Before the 
end of September all these systems had been installed, four having been 
ready on the day war broke out. 

Emphasis on airborne radar underlined the point that, if sharp radar 
beams were ever to be produced by antennas small enough to carry in an 
airplane, wavelengths shorter than the l£ m used in early British air
borne equipment would have to be employed. This led to the effort 
that the British put into developing a generator of microwaves which 
could give pulse power adequate for radar use. By early 1940, a British 
version of the multicavity magnetron had been developed to the point 
where it was an entirely practicable source of pulsed microwave energy, 
and the history of modern radar had begun. 

1-7. Wartime Radar Development in the United States.—Before the 
end of 1940, the work on radar of American and British laboratories had 
been combined as a result of an agreement between the two governments for 
exchange of technical information of a military nature. A British Technical 
Mission arrived in Washington in September 1940 and mutual disclosures 
were made of British and American accomplishments in radar up to that 
time. Members of the British mission visited the Naval Research 
Laboratory, the Army Signal Corps Laboratories at Fort Monmouth, 
and the Aircraft Radio Laboratory at Wright Field, as well as manufac
turing establishments engaged in radar work. They demonstrated their 
version of the cavity magnetron and furnished design information that 
enabled U. S. manufacturers to duplicate it promptly. 

In discussions with the Microwave Committee of the National 
Defense Research Committee, which had been set up a few months before, 
members of the British Mission proposed two specific projects which 
they suggested that the United States undertake: a microwave aircraft-
interception equipment, and a microwave position finder for antiaircraft 
fire control. 

To implement their decision to follow these suggestions, the Micro
wave Committee of the NDRC decided to set up a development labora
tory staffed primarily by physicists from a number of universities. 
They were encouraged in this step by the success that the British had 
already experienced with civilian wartime radar development agencies 
staffed with physicists having no special radio experience but good 
general scientific training. After exploring several possibilities, the 
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Microwave Committee persuaded the Massachusetts Institute of Tech
nology to accept the responsibility of administering the new laboratory. 
The Radiation Laboratory, as it was named, opened its doors early in 
November 1940. The director of the laboratory throughout its 62 
months of life was Dr. L. A. DuBridge. 

The Army and Navy development laboratories were glad to depend 
on the new Radiation Laboratory for an investigation of the usefulness 
for radar of the new microwave region of the radio spectrum. They were 
fully occupied with the urgent engineering, training, and installation 
problems involved in getting radar equipment that had already been 
developed out into actual military and naval service. At the end of 
1940, the use of microwaves for radar purposes seemed highly speculative, 
and the Service laboratories quite properly felt it their duty to concentrate 
on radar techniques that had already been worked out successfully. 

During 1941, while the Navy was installing long-wave search radar 
and medium-wavelength fire-control radar on ships of the fleet, and the 
Army was sending out Signal Aircraft Warning Battalions equipped with 
the SCR-270 and antiaircraft batteries with the SCR-268, not a single 
item of radar equipment based on the new microwave techniques was 
delivered for operational use. However, development work at the 
Radiation Laboratory had broadened far beyond the two specific projects 
suggested by the British Technical Mission, and microwave equipment 
was showing great promise for many wartime uses. 

A few important dates will indicate the way in which this develop
ment was proceeding. On Jan. 4, 1941, the Radiation Laboratory's first 
microwave radar echoes were obtained. A successful flight test of a 
working "breadboard" model of an airborne radar intended for AI use 
was made on March 10, in a B-18A furnished by the Army Air Corps. 
In this flight it was found that the equipment was extremely effective in 
searching for ships and surfaced submarines at sea. 

In the late spring of 1941, an experimental microwave sea-search 
radar equipped with a PPI was installed on the old destroyer U.S.S. 
Semmes. On June 30, the Navy let the first production contract for 
microwave radar equipment based on the work of the Radiation Labora
tory. This was for a production version of the set that had been demon
strated on the Semmes. 

At the end of May, a prototype of the microwave antiaircraft position 
finder developed at the Radiation Laboratory was in operation. It 
accomplished the then-astonishing feat of tracking a target plane in 
azimuth and elevation wholly automatically. 

These and other early successes led to an increasing Service interest in 
microwave radar, which had seemed so speculative a venture in 1940. 
The tremendous expansion of the development program can be measured 
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by the fact that the personnel of the Radiation Laboratory, which had 
been about 40 at the beginning of 1941, rose to nearly 4000 by mid-1945. 
Similarly, the Radar Section of the Naval Research Laboratory increased 
its personnel to 600. The Radio Position Finding section of the Signal 
Corps Laboratories grew into the Evans Signal Laboratory, with a peak 
personnel of more than 3000. A similar growth took place at the Air
craft Radio Laboratory at Wright Field. 

A tremendous amount of work was carried out during the war by the 
research and engineering staffs of many industrial concerns, both large 
and small. In some cases, these firms, working either independently 
or on development or production contracts with the armed forces or with 
NDRC, engineered certain types of radar sets all the way through from 
the basic idea to the finished product. To a larger extent, the contribu
tion of industry was to take the prototype equipment produced in 
government laboratories and make the design suitable for quantity 
manufacture and for service use under combat conditions. The art 
advanced so rapidly in the early years that manufacturers were often 
called upon to make major changes during the course of production in 
order to take account of new lessons from both the laboratories and the 
battlefields. 

The growth of the radar industry, which scarcely existed before 1940, 
is indicated by the fact that by the end of June 1945, approximately 
$2,700,000,000 worth of radar equipment had been delivered to the Army 
and the Navy. At the end of the war, radar equipment was being 
produced at a rate of more than $100,000,000 worth per month. 

The enormous wartime investment of money, skill, and productive 
facilities in radar paid the Allies handsome dividends with the fleet, in the 
air, and on the battlefield.1 The uses of radar in a peaceful world were 
just-beginning to be worked out in 1946. Some of these are dealt with 
in Vol. 2 of this series. But the technical achievement represented by 
the wartime development of radar seems very nearly unparalleled. In 
terms of the time intervening between the reception of the first radar 
signals and the large-scale use of radar in the war, it is as if, seven years 
after the first faltering flight of the Wright brothers at Kitty Hawk, the 
airplane had been developed into a powerful weapon of which thousands 
were in constant use. 

1 The story of radar's operational use in the war is told, in a way that is somewhat 
blurred about the edges by the censorship obtaining just before the end of the war 
with Japan, in a pamphlet entitled "Radar: A Report on Science at War," released 
by the Joint Board on Scientific Information Policy on Aug. 15, 1945. It is obtain
able from the Superintendent of Documents, U.S. Government Printing Office, 
Washington, D.C. 



CHAPTER 2 

THE RADAR EQUATION 
B Y E. M. PURCELL 

The operation of a radar set depends on the detection of a weak 
signal returned from a distant reflecting object. The factors which 
control the strength of the signal so received are clearly of first importance 
in determining the maximum range of detection of a given target by a 
specified radar set. In Sees. 2 1 to 2-6 we shall formulate and examine 
the basic relation between these quantities, which is commonly known 
as the "radar equation." Specifically, we want to derive an expression 
for the peak radio-frequency signal power S, available at the terminals 
of the radar antenna, which will involve measurable properties of the 
transmitting and receiving antenna system, the transmission path 
through space, and the target itself. Now this relation will not suffice 
to fix the maximum range of detection unless the minimum power 
required for detection, iS^», is known. This important quantity Smia we 
prefer to discuss separately, beginning in Sec. 2-7 below. I t will be found 
to depend on many other factors, not all readily accessible to measure
ment, ranging from thermal noise in a resistor to the integrating property 
of the eye of the radar observer. Thus we choose to divide the problem 
into two parts, by a fictitious boundary, as it were, between the radar 
antenna and the rest of the set. The relations which we shall develop 
in Sees. 2 1 to 2-6 are wholly geometrical ones in the sense that the factors 
upon which the received power S depends are all lengths, apart from the 
transmitted power P, to which, of course, S is always proportional. 

THE RADAR EQUATION FOR FREE-SPACE PROPAGATION 

2-1. The Meaning of Free-space Propagation.—Fortunately, the 
quasi-optical nature of microwave propagation permits us to concentrate 
our attention at the outset on a very simple case, which we shall call 
"free-space propagation." The circumstances implied would be realized 
exactly if radar set and target were isolated in unbounded empty space. 
They are realized well enough for practical purposes if the following 
conditions are fulfilled: 

1. No large obstacles intervene between antenna and target, along 
an optical line of sight. 

18 



SEC. 2-2] ANTENNA GAIN AND RECEIVING CROSS SECTION 19 

2. No alternate transmission path, via a reflecting surface, can be 
followed by a substantial fraction of the radiated energy. 

3. The intervening atmosphere is homogeneous with respect to index 
of refraction, at the frequency used. 

4. The intervening atmosphere is transparent, i.e., does not absorb 
energy from the wave, at the frequency used. 

Condition 1 restricts our attention to targets within the horizon. 
Condition 2 bars, for the present, consideration of radar search at low 
angles over water, although later we shall include this case by a suitable 
modification of the radar equation. Microwave radar over land appears 
to be relatively free, even at low angles, from the reflection effects which 
are so pronounced at longer wavelengths. In any case, if the directivity 
of the antenna pattern is such that very little energy strikes the reflecting 
surface, Condition 2 is fulfilled. Any implications of Conditions 3 and 4 
which are not self-evident will be clarified in the last part of this chapter, 
where other types of propagation will be discussed. If, now, these condi
tions of free-space propagation apply, the result is very simple: The 
transmitted wave, at any considerable distance from the antenna,1 has 
spherical wavefronts—limited in extent,- of course, by the radiation 
pattern of the antenna—which spread so that the intensity of the dis
turbance falls off with the inverse square of the distance. 

2-2. Antenna Gain and Receiving Cross Section.—If the transmitting 
antenna were to radiate energy isotropically—that is, uniformly in all 
directions—the power flow through unit area at a distance R from the 
antenna could be found by dividing P, the total radiated power, by 
4irff2. A directive antenna, however, will concentrate the energy in 
certain directions. The power flow observed at some distant point will 
differ by some factor G from that which would be produced by an antenna 
radiating isotropically the same total power. This factor G is called the 
"gain" of the antenna in the direction in question. By our definition, 
the gain of the hypothetical isotropic radiator is 1 in every direction. For 
any other antenna G will be greater than 1 in some directions and less 
than 1 in others. I t is clear that G could not be greater than 1 in every 
direction, and in fact the average of G taken over the whole sphere must 
be just 1. 

Usually we are interested in antennas for which G has a very pro
nounced maximum in one direction, that is to say, antennas which 

1 The limitation implied is to distances greater than dl/\ where d is the width of 
the antenna aperture and X the wavelength. At distances R less than this (less than 
360 ft, for example, for X = 3 cm, d = 6 ft), the intensity does not fall off as 1/iJ2. 
Although this region has been until now of no interest for radar applications, one can 
anticipate the development of short-range, very-high-resolution radar for which the 
near zone, so defined, will beof primary importance. 
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radiate a well-defined beam. This maximum value of G we shall denote 
by Go. The narrow, concentrated beams which are characteristic of 
microwave radar require, for their formation, antennas large compared 
to a wavelength. In nearly every case the radiating system amounts to 
an aperture of large area over which a substantially plane wave is excited. 
For such a system, a fundamental relation connects the maximum gain 
Go, the area of the aperture A, and the wavelength: 

Go - - j ^ — (1) 

The dimensionless factor / is equal to 1 if the excitation is uniform in 
phase and intensity over the whole aperture; in actual antennas / is often 
as large as 0.6 or 0.7 and is rarely less than 0.5. An antenna formed by a 
paraboloidal mirror 100 cm in diameter, for a wavelength of 10 cm, 
would have a gain of 986 according to Eq. (1) w i t h / = 1, and in practice 
might be designed to attain Go = 640. 

The connection between gain and beamwidth is easily seen. Using 
an aperture of dimensions d in both directions, a beam may be formed 
whose angular width,1 determined by diffraction, is about \/d radians. 
The radiated power is then mainly concentrated in a solid angle of \2/d2. 
An isotropic radiator would spread the same power over a solid angle 
of iir. Therefore, we expect the gain to be approximately 4ird2/\2, which 
is consistent with Eq. (1), since the area of the aperture is about d2. For 
a more rigorous discussion of these questions the reader is referred to 
Vol. 12, Chap. 5. 

A complementary property of an antenna which is of importance 
equal to that of the gain is the effective receiving cross section. This 
quantity has the dimensions of an area, and when multiplied by the power 
density (power per unit area) of an incident plane wave yields the total 
signal power available at the terminals of the antenna. The effective 
receiving cross section AT is related to the gain as follows: 

Note that G, not Go, has been written in Eq. (2), the applicability of 
which is not restricted to the direction of maximum gain or to beams of 
any special shape. Once the gain of the antenna in a particular direction 
is specified, its effective receiving cross section for plane waves incident 
from that direction is fixed. Equation (2) can be based rigorously on the 
Reciprocity Theorem (see Vol. 12, Chap. 1). Comparing Eqs. (2) and 
(1) we observe that, if the fac tor / is unity, the effective receiving cross 

1 Wherever a precise definition of beamwidth is intended, we shall mean the 
angular interval between two directions for which G = Go/2. 
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section of an antenna in the principal direction is precisely the area of 
the aperture; in other words, all the energy incident on the aperture is 
absorbed. Quite generally AT will depend on the area of the antenna 
aperture and not on X, whereas G0 will depend on A/\2. 

2-3. Scattering Cross Section of the Target.—We have to consider 
how the target itself enters the radar problem. Evidently we need some 
measure of the amount of power reflected by the target. For this 
purpose we define the scattering cross section of the target <r as follows: 
a (dimensions of an area) is to be 4ir times the ratio of the power per unit 
solid angle scattered back toward the transmitter, to the power density 
(power per unit area) in the wave incident on the target. In other 
words, if at the target the power incident on an area a placed normal 
to the beam were to be scattered uniformly in all directions, the intensity 
of the signal received back at the radar set would be just what it is in the 
case of the actual target. In some respects "radar cross section" is a 
more appropriate name for <r in so far as it indicates that we are concerned 
only with the power scattered directly back toward the transmitter. 

It is essential to realize that the cross section of a given target will 
depend not only upon the wavelength but upon the angle from which the 
target is viewed by the radar. The fluctuation of <r with "target aspect," 
as it is called, is due to the interference of reflected waves from various 
parts of the target (see Chap. 3). Only for certain special cases can <r be 
calculated rigorously; for most targets a has to be inferred from the radar 
data themselves. Usually this cannot be done in any uniform way 
because of the fluctuation referred to, and it may be well to assert at this 
point that intelligent use of the formulas which we shall derive, in all of 
which a- appears, requires an appreciation of these limitations. 

2-4. The Radar Equation.—With the pertinent quantities defined it is 
now a simple matter to formulate the radar equation. If S is the signal 
power received, P the transmitted power, G the gain of the antenna, X the 
wavelength, a the radar cross section of the target, and R the distance 
to the target or range, this relation must hold: 

,s = (iS)fe)w) (3a) 

The quantity in the first parenthesis is the power density in the incident 
wave at the target. The first two terms in parentheses together give the 
power density in the returning wave at the radar antenna, and the last 
factor will be recognized as the receiving cross section of the radar 
antenna, from Eq. (2). Rearranging terms, for compactness, 

s = pwm- w 
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Again we call attention to the fact that Eq. (36), like Eq. (2), contains G 
rather than Go, and is not restricted to any particular direction or to 
beams of any special shape. The sole restriction which has not yet been 
made explicit is that G should not vary significantly over the angle which 
the target subtends at the radar antenna. 

Usually we shall be interested in the signal that is returned when the 
target lies somewhere along the maximum of the radar beam, and we 
should then replace G by Go. I t is instructive to proceed then to elimi
nate Go by means of Eq. (1), obtaining 

s = iwroT (4a) 

Note that X2 now appears in the denominator, while the numerator con
tains the square of the area of the antenna aperture. A further manipu
lation of Eq. (4a) is of interest. Suppose the minimum power required 
for satisfactory detection, Smill, is known; we may solve Eq. (4a) for the 
maximum range of detection, Rm*i'. 

B, 
l\PvA*P .... 

" ~ •\/47rS„iaX2' ( ' 

At this point it may be well to get an idea of the order of magnitude 
of the quantities involved by inserting numbers not unusual in wartime 
pulse-radar practice. If we choose X = 0.10 ft ( = 3.0 cm), P = 106 

watts, A = 10 ft2, / = 0.6, a = 100 ft2 (typical for small aircraft), 
<Sn,in = 5 X 10 -12 watts, we obtain i?„.x = 155,000 ft or 29 statute miles. 

We observe that a 16-fold increase in transmitted power is required to 
double the maximum range; on the other hand, it would appear that Rm.i 
could be doubled by doubling the linear dimensions of the antenna. But 
the latter step would at the same time reduce the beamwidth by a factor 
of 2 and as we shall see in Sec. 2-11 that this indirectly affects Smin. A 
change in wavelength is even more difficult to discuss as it entails changes 
in A mint P, and possibly a as well. 

2-5. Beams of Special Shapes.—In several applications of radar, use 
is made of an antenna designed to spread the radiated energy out over a 
considerable range in angle in one plane. The object usually is to 
increase the angular region covered at one time. An example of such a 
radiation pattern is the simple "fan beam" sketched in Fig. 2-1. I t is 
easy to produce such a beam by means of an antenna whose effective 
aperture is wide in the direction in which the beam is to be narrow and 
narrow in the direction in which the beam is to be broad. The con
nection given by Eq. (1) between aperture and gain still holds, implying 
that by reducing the vertical dimension of the antenna aperture (in 
Fig. 2-1), gain has necessarily been sacrificed; of course this is inevitable, 
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for the radiated energy has been spread out over a large solid angle. 
Consider the problem of designing a radar set with the requirement 
imposed that the vertical beamwidth be /3. Let us recast Eq. (4) in a 
form appropriate for this case, introducing explicitly the vertical and 
horizontal dimensions of the antenna aperture, which we denote by b 
and a respectively. To a good enough approximation we can set b = X//3. 
Then A2 = a262 = a2X2//32, and inserting this in Eq. (4b) we have 

The range no longer depends explicitly on the wavelength. 
From what has been said it should be clear that an excess of antenna 

gain, in any direction, over what is needed to meet any requirement for 

F I G . 2-1.—A radiation pattern of this shape is called a "fan beam." 

detecting targets in that direction is wasteful. I t would be most desirable 
to adjust the directional pattern of the antenna so that just the desired 
angular coverage, and no more, would be obtained. A prescription for 
such an antenna pattern can be obtained from the basic radar equation, 
Eq. (36), in any given case. A particularly important and instructive 
example is that of airborne ground-mapping radar, which we shall now 
examine in detail. 

The object here is to obtain a radar picture, from above, of a circular 
area on the ground stretching out in all directions from the aircraft to 
some maximum range R0. This is done by illuminating, at any one 
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time, a narrow radial strip extending outward from, for example, the 
point directly beneath the aircraft and rotating or "scanning" this strip 
about a vertical axis (see Fig. 2-2). Evidently some sort of fan beam, as 
narrow as possible in the horizontal direction but spread out vertically, is 
demanded. To find the shape which the beam should have, in a vertical 
plane, the properties of the target must be taken into account. Unlike 
the targets previously discussed, which were assumed to be small com
pared to the cross section of the beam and to be characterized by a fixed 
radar cross section a-, the ground is an extended, or compound target. It 
consists of a multitude of small scattering or reflecting objects, many of 

FIG. 2-2.—The problem of the ground-mapping antenna. 

which contribute to the echo received at any instant. I t is easy to see 
that the area of the patch on the ground, such as C in Fig. 2-2, from which 
echoes can be received at one instant is proportional to the width of the 
radar beam at the range in question and to the pulse duration. Also, the 
effectiveness of such a patch undoubtedly depends on the angle from 
which it is viewed. A detailed discussion of this matter must be reserved 
for Chap. 3, but the foregoing remarks should make plausible the follow
ing hypothesis: 

a = LRa sin 6, (6a) 

in which a is the beamwidth in azimuth and L is a factor having the 
dimensions of a length that contains the pulse length and otherwise 
depends only on the characteristics of the terrain. The factor sin 0 



SEC. 2-5] BEAMS OF SPECIAL SHAPES 25 

expresses well enough for our purposes the effect of viewing the echoing 
area obliquely, at least when 9 is small. (In Fig. 2 2 the vertical angles 
have been exaggerated, for clarity.) 

Substitution of this expression for a in the radar equation, and the 
replacement of R by h/sin 8, h being the height of the aircraft, leads to 

„ _ G2XV P\*LaG2 sin4 8 . . . , 
s = p JWR4 ~ (SOW (6b) 

If S is to be independent of 8 between 8 = 80 and 8 = TT/2, we must 
require that G(8) vary as csc2 8 through this angular interval. The ideal 
antenna pattern then would be described by 

G = Go^i-> for 80<8 < , / 2 , ) (7) 
CSC2 0o I 

G = 0, at all other angles. J 
The requirement of Eq. (7) imposes a restriction on the maximum 

gain Go which can be achieved and hence on the maximum range. To see 
this, let us compute the average of the gain of the antenna over all 
directions, or l/4x/J"<j du extended over the whole sphere, where doj is the 
element of solid angle. By the definition of gain this integral must be 
equal to 1. But first something must be said about the shape of the 
antenna pattern in the other plane—that is, in a plane normal to the fan 
beam. Suppose that the horizontal width of the antenna aperture has 
been fixed by other design considerations at the value a. The maximum 
gain possible will be obtained if the illumination of the antenna aperture 
is uniform horizontally, and in this case it can be shown that in any 
plane such as ACEF, Fig. 2-2, the gain as a function of the angle <f> 
will be1 

sin \T) 
G> = G^.o) —7 ^ — (8) 

lira<t>\ 

As a function of 8 and <t> then, the pattern is completely described by 

, fira<t>\ 
2 a S i n 

_ „ csc2 8 \ - / ,QS 

1 f2' f 2 

and we have to require j — / / G cos <j> d<j> dd — 1. Since G is very 
4 T j 0 J -\ 

1 This expression will be recognized as the diffraction pattern of a rectangular 
aperture. See Vol. 12, Sec. 4-9. 
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small except for small values of 4>, and since G vanishes for values of 0 
outside the interval 0O to ir/2, it is permissible to write and evaluate the 
integral as follows; 

Je- Jo 4-jrCSC2 90 Je» Jo / i r a A 2 4 x a 

Hence 

, /Va<A xn. 
Iva<t>y 

. p r-r/z i- « Sin . . „ . 
1 ° ' ' csc2 6~-ry * / d<t>d9 = f^ cos do sin 0O = 1. (10) 

or from Eq. (7) 

„ Am . . Go = -r— sec &o csc do, \ 

G = i ^ tan 0o csc2 0. (11) 
A 

Returning now to Eq. (6b), if G is replaced by the right-hand side of 
Eq. (11), and a replaced by X/o, we obtain, for S, 

_ PLoX tan2 0o ,.„,. 
5 4 T ^ { 1 2 ) 

When do is small, as is usually the case, it is permissible to replace h/t&n 60 

by Rm*,, the maximum range, which leads to the final relation 

8 = £ & - (13) 

The appearance of X in this formula, which is to be contrasted with 
the result obtained for the simple fan beam and point target, Eq. (5), can 
be traced to the influence of the horizontal beamwidth upon the effective 
cross section of the extended target. I t will be observed that once the 
other system parameters, P, S^n, and a, are specified, the quantity 
hR2 is fixed. That is to say, the maximum range obtainable is inversely 
proportional to the square root of the height of the aircraft, keeping 
everything about the radar set constant but the vertical radiation 
pattern of the antenna, which we assume to be adjusted to optimum 
shape for each height. 

A problem related to the preceding one is met in the design of ground-
based air-search radar, which may be required to provide uniform cover
age at all ranges for point targets (aircraft) flying at some limiting 
altitude h. Here, however, a is generally assumed to be constant: the 
reader will easily verify that this assumption leads again to the require
ment that the gain vary as csc2 8, but with a different final result for the 
dependence of S upon h, R, and a. I t turns out in fact that for the point 
target with a independent of angle, the quantity Affim.. is constant, rather 
than /iRL.», and S is proportional to a1 rather than to aX. 
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In practice it is not feasible to produce a pattern which exactly meets 
the specification of Eq. (7) but a reasonable approximation has been 
achieved in several instances. A comprehensive discussion of the 
problem of the "cosecant-squared" antenna, as this type has been 
called, will be found in Chap. 14 of Vol. 12. 

2-6. The Beacon Equation.—So far we have confined our attention to 
the "two-way" radar problem, in which the route from transmitter to 
receiver is a complete round trip involving scattering of the energy by 
some remote object. Radar beacons operate on a different principle. A 
receiving antenna at a remote point picks up directly energy sent out 
from the radar transmitter. The signal is amplified and enabled to 
initiate the transmission of another signal, in reply, by an associated 
transmitter. This signal, received back at the radar, provides an 
artificial echo which can be utilized in various ways (Chap. 8). Here 
the analogue of the radar equation for radar-beacon operation will be 
discussed. 

It is clear that we have to do with two entirely independent processes, 
each of which consists simply of one-way transmission and reception. 
Consider the first process, usually called "interrogation." Let Pr be the 
power transmitted by the radar, Sb the signal power received by the 
beacon antenna. These must be related by 

* = *(lS^} <14) 
where Gr and Gb are the gains of the radar and beacon antennas respec
tively. The subsequent process of beacon reply is described by a similar 
equation with the subscripts b and r interchanged throughout. If the 
same antenna or similar antennas are employed for transmission and 
reception at the beacon and likewise at the radar, as is nearly always the 
case, the quantity in the parenthesis has the same value for interrogation 
and reply, and we can infer the corollary relation 

In practice, the gain Gb of the beacon antenna is fixed at a relatively 
low number by the requirement of something like omnidirectional cover
age. The remaining factor in the parenthesis in Eq. (14) is the quantity 
G,X2 which is proportional to the aperture of the radar antenna. This 
leads one to suspect that long beacon ranges should be, in general, more 
difficult to achieve at shorter wavelengths. Antenna apertures are 
rarely increased in area when shorter wavelengths are employed: on the 
other hand, available r-f power generally decreases markedly with 
decreasing wavelength. Actually this has not proved to be a serious 
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limitation down to wavelengths of the order of 3 cm, because ranges that 
can be achieved are already very great and are limited usually by the 
horizon rather than by the relation expressed in Eq. (14). That is to 
say, the condition of free-space propagation, which we have assumed in 
this section, often does not apply at the extremity of the microwave-
beacon range. 

Long beacon ranges are, of course, a result of the enormous advantage 
of one-way over two-way transmission. If we compare Eq. (14) with 
Eq. (4), we see that in signal strength for given transmitted power the 
beacon process enjoys the advantage of a factor of kirGblP/Gjr. I t is 
interesting to compute the limiting free-space range for a beacon oper
ating in conjunction with a radar set of the characteristics assumed in 
our earlier radar example. Let us suppose that the gain of the beacon 
antenna is 10, and that the transmitted power and minimum required 
signal power for the beacon are the same as those assumed for the radar 
set. Using Eq. (14) we obtain for the maximum range, either for inter
rogation or reply, 60,000 statute miles. 

In conclusion, we may point out that Eq. (14), although it has been 
written in notation appropriate to the radar-beacon problem, applies, of 
course, to any one-way transmission problem where free-space propaga
tion can be assumed. Applications of Eq. (14) are to be found in 
the fields of microwave radar relay, radar jamming, and microwave 
communication. 

THE MINIMUM DETECTABLE SIGNAL 

2-7. Noise.—It is well known that despite our ability to amplify 
a feeble electrical signal by practically any desired factor, it is still not 
possible to discern an arbitrarily weak signal because of the presence of 
random electrical fluctuations, or "noise." If the true signal entering 
any receiver is made weaker and weaker, it subsides eventually into the 
fluctuating background of noise and is lost. What is the origin of these 
fluctuations, and what factors determine precisely the level at which 
the radar signal is hopelessly obscured by them? 

Before we attempt to answer these decisive questions, it is worth 
while to consider briefly the limit of useful sensitivity of an ordinary 
low-frequency radio receiver. This limit is also set by random dis
turbances, but in this case the largest random disturbances with which 
the signal must compete originate generally not in the receiver itself 
but elsewhere in space. Whatever their source—and this may range 
from a passing trolley car to the mysterious reaches of interstellar 
space—these disturbances enter the receiver by way of the antenna. 
The crucial quantity is therefore the ratio of the field strength of the 
signal in the neighborhood of the antenna to that of noise or interference. 
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The absolute magnitudes of signal and interference power available 
at the antenna terminals are of little importance; only their ratio, which, 
for example, might be favorably altered by the use of a directional 
antenna pattern, determines the ultimate performance. This circum
stance is perhaps one reason why the effective receiving cross section 
of an ordinary radio antenna is a number of little interest and is indeed 
rarely discussed in radio engineering texts. More significantly, it 
explains why the emphasis in the development of radio receivers has 
been mainly on improving discrimination against some of the external 
noise (for example, by greater frequency selectivity) rather than on 
reduction of noise inherent in the receiver. 

The situation is different in the microwave region. Substantially 
all the noise originates in the receiver itself, not because microwave 
receivers are noisier or more imperfect receivers than low-frequency 
receivers—for they are not, as a rule1—but because noise and interference 
originating outside the receiver are enormously greater at the lower 
frequencies. In fact, such noise in the microwave region is almost 
wholly negligible in existing receivers.2 I t is the noise that originates 
in the receiver itself against which the signal power determined by 
Eq. (3) must compete for recognition. 

The level of fluctuations in an otherwise quiescent electrical circuit 
can be described in many equivalent ways. One description of which 
we shall make use is the following. Let R be the real part of the imped
ance measured, at frequency /, between two points in a passive electrical 
network, all dissipative parts of which are in thermal equilibrium at 
absolute temperature T. Then let the voltage e between these two 
points be measured by an ideal voltmeter which is capable of indicating, 
without disturbing the circuit in any way, the time average of the square 
of e, denoted by e2, over a small frequency range (B,3 in the neighborhood 
of the frequency /. It will be found that e2 so denned is given by 

e2 = 4:RkT(S, (16) 
where k is Boltzmann's constant (1.38 X 10 -23 joules/degree). 

1 Very few low-frequency receivers approach the best modern microwave receivers 
in respect to signal-to-noise ratio, despite the fact that it is easier to attain a low noise 
figure at low frequencies, other things being equal. 

2 Future large-scale exploitation of the microwave bands may change the picture, 
although not, perhaps, as much as one might at first suppose. Both the optical nature 
of microwave propagation and the vast frequency band available in the microwave 
region of the spectrum mitigate mutual interference. 

3 We use <B for bandwidth throughout, for uniformity, although it is common 
practice, and in some respects preferable, to write Eq. (16) in differential form 
S? = ARkT df. Where a finite bandwidth is implied, it will suffice for our purposes 
in this chapter to suppose that the voltmeter or amplifier in question has a rectangular 
pass band of width <B cps. 
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Another description that is often useful involves the notion of "avail
able power." Again, let some passive circuit, which we shall call C, be 
in thermal equilibrium at the temperature T. If now we connect across 
the terminals of C an impedance element Z, itself at absolute zero, the 
maximum rate of transfer of energy from C to Z within the frequency 
band (B is just kT($>. This rate, which is actually attained when Z is 
adjusted to be the complex conjugate of the impedance observed between 
the terminals of C, we call the "available noise power" from C. If Z is 
not at absolute zero, the transfer is not wholly one-sided; and if Z is at 
the same temperature as C, the net transfer vanishes, as of course it must. 

This law, which has been derived in various forms by Nyquist1 and 
others, is based on the equipartition law of statistical mechanics and not 
on any special assumption as to the details of the mechanism responsible 
for the observed fluctuations. 

? 
F I G . 2-3.—Schematic diagram of an ideal receiving system. 

Other sources of noise are to be found in receivers—notably shot 
noise in vacuum tubes—which do depend on a special mechanism. These 
we do not intend to examine here since our purposes are first to demon
strate the fundamental limitations of an ideal receiver, no matter how 
constituted, and second, to study the factors that influence the distin-
guishability of the signal in noise of a specified relative level. In the 
latter problem it is allowable to lump together thermal noise and noise 
from other sources within the receiver only because these other types of 
noise share with thermal noise the bandwidth factor (B, and give rise, at 
all frequencies of interest to us, to signals of precisely the same character. 

2-8. Receivers, Ideal and Real.—Returning to the original problem, 
let us consider the rudimentary receiver shown in Fig. 2-3. 

For simplicity, we shall assume that the antenna A constitutes a 
matched load on the transmission line of characteristic impedance Z, the 
latter being terminated at the other end in the resistor BC, whose resis
tance R need not be equal to Z. The box D is an ideal amplifier of 
bandwidth (B, equipped with an output meter E, whose reading is propor
tional to the mean square voltage e2 across BC. The bar as before 
denotes a time average, or, more explicitly, an average over a time long 
compared with 1/(B. 

1 H. Nyquis t , Phys. Rev. 34, 110 (1928). See also Vol. 24 of this series, Chap . 4. 

14--
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We are interested in the magnitude of e2 in the absence of signal, which 
we denote by el. In order to apply Eq. (16) we must know the resistance 
RBC between B and C. This consists of R in parallel with the impedance 
of the line, Z, or what amounts to the same thing in this case, in parallel 
with the radiation resistance of the antenna. That is, 

RBC = WTZ' (17) 

What temperature is to be associated with the resistance Z? Or to put 
a more restricted question, under what circumstances can we say that R 
and Z are at the same temperature? Clearly this is the case if all 
surroundings of the antenna with which the antenna is capable of exchang
ing energy are at the same temperature T as is R. Let us assume for th» 
moment that this is so. Then 

ej = AkT(S>. (18) 

Now let a signal be received by the antenna, and let S be the available 
signal power—that is, the power which would be absorbed by a matched 
load (R = Z) at BC. In general, the mean-square signal voltage el 
developed across R will be 

— 4R2Z 

* = SWTW' (19) 

from which we have 

£s = • (2fV) 
& kT(S> R + Z y ' 

From Eq. (20) we should infer that the most favorable condition 
possible is attained by making R infinite, that is, by terminating the 
antenna line in an open circuit. In this special case, e\l'e\ = S/kT(&. 
The physical interpretation is at once evident; in this case the noise 
originates entirely outside the system, arriving at the antenna as radia
tion.1 The available noise power from the external region is kT<$>, just 
as S is the available signal power. 

In practice, however, the antenna is usually not terminated in an open 
circuit, for reasons which were ignored when we made our earlier assump
tions about the ideal nature of the amplifier D. Without trying to do 
justice to this complicated and important problem we shall say only that 
when other sources of noise—in particular, noise in the output of the 

1 It is interesting to note that this result can be derived directly from the theory of 
black-body radiation by assuming (as we have tacitly done already) the antenna to be 
enclosed in a region all at temperature T, and making use of the receiving cross section 
of the antenna given by Eq, (2). 
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first amplifier stage—are taken into account, together with the fact that 
the input impedance of microwave receivers is not unlimited, the optimum 
value of R turns out to be finite. The condition R = Z is, in fact, not 
unusual. This condition, in our ideal system of Fig. 2-3, leads to 

€1 = -JL. (21) 

A question of fundamental interest, though not as yet of much 
practical moment, is the one raised earlier about the temperature to be 
assigned to the antenna radiation resistance. This is certainly not in 
general the temperature of the metal parts of the antenna. The reader 
may correctly surmise, from what has been said, that the effective tem
perature of this element of the circuit is that of any surroundings of the 
antenna with which the antenna can exchange energy by radiation—that 
is to say, it is the temperature (or a suitable average of the temperatures) 
of whatever would absorb energy radiated by the antenna as a trans
mitter. This has indeed been demonstrated experimentally. I t has been 
shown1 that a microwave antenna pointed at the sky receives only a very 
small amount of radiation, corresponding to an absolute temperature of 
at most a few degrees. If our receivers were very nearly ideal this would 
have the practical result of making it much easier to detect aircraft 
appearing at high angles of elevation. In the best existing receivers the 
reduction in noise output which could be obtained by pointing the antenna 
upward would amount to some 10 per cent. 

The foregoing somewhat academic discussion of thermal noise would 
be inappropriate in this place were it not for two facts. First, microwave 
receivers, even as this is written, have been brought so close to the 
pinnacle of ideal performance that it is well for the radar engineer to 
appreciate the nearness, and the finality, of the goal. Second, thermal 
noise, although it is not wholly to blame for the noise background in 
microwave receivers, provides a very convenient standard in terms of 
which the performance of an actual receiver can be specified. 

We shall define, as the over-all noise figure N of a receiver, the ratio of 
signal power available from the antenna to kT(&,2 when the mean noise 
power and the signal power are equal as observed at some stage in the 
receiver where both have been amplified so highly as to override com
pletely any noise introduced by succeeding stages. In framing the defini
tion so broadly we have in effect included, under "receiver," not only the 
mixer but all associated r-f circuits. I t is well to do so at this stage, for the 
analysis of the contribution of each part of the input system to the over-

1 R. H. Dicke, "The Measurement of Thermal Radiation at Microwave Fre
quencies," RL Report No. 787. See also Dicke et ah, Phys. Rev., 70, 340 (1946). 

2 In this definition T is customarily, and arbitrarily, taken to be 291°K 
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all noise figure is complicated by many subtle questions which should not 
now concern us. By our definition the noise figure N of the ideal system 
of Fig. 2-3 is just 2, if the antenna temperature and the temperature of R 
are both 291°K. For the open circuit termination, N = 1. Actually, 
over-all noise figures of 10 or lower are not now uncommon in the best 
microwave receivers. A noise figure of 10 and a bandwidth of 3 Mc/sec, 
for example, imply that a signal of 1.2 X 10~13 watts will be sufficient to 
increase the receiver output by an amount equal to the average noise 
output. 

2-9. Receiver Bandwidth and Pulse Energy.—In all the expressions 
for noise power there appears the width of the amplifier pass band, (B. 
Apart from certain technical limitations, this factor is completely at our 
disposal, and we must now decide how its value shall be chosen. To do 
this we must for the first time in this chapter admit that we are concerned 
with the detection of pulses. Suppose that the r-f 
signal pulse consists of a wave train with a rectan
gular envelope, of duration r seconds. The re
sponse of an amplifier (or filter) to such a pulse 
depends on the width of its pass band, which is 
in effect an inverse measure of the time of response 
of the amplifier. If this response time, in order of . . 
magnitude 1/(B, is very much longer than T, the o u tpU t s i g 7 a l " °a 
peak output signal power will be proportional to and output noise power b 
the square of the bandwidth <B2. On the other s t a n t p u l s e duration. 
hand, if the response of the amplifier is relatively 
very fast, the output will quickly reach a level determined solely by the 
input power and the gain, and independent of (B. Thus if we plot peak 
output signal power against (B, for constant (during the pulse) input power 
a curve like a of Fig. 2-4 will be obtained. 

The average noise power, however, is just proportional to (B according 
to Eq. (16) and is represented by the line b of Fig. 2-4. We must there
fore expect a minimum in the ratio of noise output to peak signal output, 
at some value of (B closely related to 1/T. I t is not obvious that such a 
minimum should represent precisely the best condition for the detection 
of the signal. Indeed it would be surprising if any one criterion, appro
priate to all of the various methods of final detection that can be used, 
could be found. This need not discourage us as it turns out that all such 
criteria lead to similar results, and that moreover the minimum is fairly 
flat. 

Some results obtained by the group headed by J. L. Lawson in their 
investigation of signal discernibility are displayed in Fig. 2-5. A simple 
range time base, or A-scope, was used; the video bandwidth was so wide 
(10 Mc/sec) as to have a negligible influence on the outcome, at least in 
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the neighborhood of the minimum. The signal threshold power plotted 
in Fig. 2-5 is essentially the signal strength, relative to average noise 
power, for which an observer would identify the signal correctly nine out 
of ten times. For a more precise definition of the experimental criterion 
for threshold signal in these tests, the reader is referred to Vol. 24, Sec. 
8-2. Our interest just now is in the position of the minimum of each 
curve that is seen to lie near <B = 1.2/T. However, departure from this 

F I G . 2-5.—Signal threshold vs. i-f bandwidth for a pulse duration of 1 Msec. The signal 
power is measured in units of the noise power, A'i, within a band 1 Mc/sec wide. In these 
experiments the video bandwidth was 10 Me/sec, the signal presentation time was 3 sec, 
and the length of the pulse on the screen of the A-scope was 1.7 mm. 

value by a factor of 2 in either direction increases the minimum discern
ible signal power by less than 1 db. The radar designer is inclined to 
take advantage of this latitude to set (B somewhat greater than 1.2/T as 
this eases the requirement of accurate frequency control. A value of (B 
in the neighborhood of 2 /T is typical of present practice; there is some 
evidence also from controlled experiments on intensity-modulated indi
cators (Vol. 24, Chap. 9) which favors this higher value. 

The quantity S/kT<$>, which has been our primary concern in this 
section, can now be rewritten by expressing (B in terms of T. If, for 
simplicity, we require (B = 1/T then S/kTS, becomes Sr/kT. The prod-
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uct of the received signal power S and the pulse duration T is just the 
energy contained in the received signal pulse, while kT is the average 
stored energy in a quiescent system with one degree of freedom. That 
the ultimate criterion of detectability should involve a comparison of 
these two quantities is certainly not surprising. Thus it is always 
possible to rewrite the radar equation, Eq. (4b), in which Smill will always 
involve kT($>, in a form containing, explicitly, not the transmitted power 
P, but the energy emitted per pulse, PT. For example, if the pulse 
duration -ris increased by a factor of 4, peak pulse power being maintained 
constant, a 40 per cent increase in maximum range would be expected. 
This can be regarded as the result of increasing the total energy in the 
transmitted pulse. The pulse energy is a more significant measure of the 
usefulness of a transmitter in long-range detection than is the pulse power, 
in so far as the choice of pulse length and bandwidth is not restricted by 
other considerations. 

2-10. The Statistical Problem.—It might seem that we now have 
within our grasp a specification for Smia which can be introduced into the 
radar equation to yield the maximum range of detection, Rm„. Unfor
tunately, it is not so simple as that. Let us summarize what we do know, 
once we are provided with the over-all noise figure and bandwidth of the 
receiver, the transmitted power, and the geometrical factors in the radar 
equation which concern the antenna and the target. We know the ratio 
of the amplified signal power to the average value of the amplified noise 
power. We are not yet able to say how large this' ratio must be before 
the signal can be identified with reasonable certainty. The root of the 
difficulty is that we have to do with a statistical problem, a game of 
chance. The answers will be given as probabilities, and will depend 
upon many features of the system by which the signal is presented to the 
observer, as well as upon the precise description of the "reasonable 
certainty" mentioned above. We approach the problem by examining 
first the character of the noise fluctuations. 

The output noise power will fluctuate continually and irregularly 
above and below its average value, the latter being understood as an 
average taken over a time long enough to include very many fluctuations. 
An example that is easy to discuss quantitatively is the following. 
Suppose that the intermediate frequency amplifier is followed by a square-
law detector and by further (video) amplification in stages whose pass 
band is so broad as to introduce no distortion of the signal. The final 
output voltage is then a direct measure of the instantaneous power output 
of the i-f amplifier. Let this voltage be displayed, as a function of time, 
on an oscilloscope. Figure 2-6a shows a typical single trace which might 
be obtained in this way. Now in spite of the wildly irregular nature of 
the noise voltage, the theory of random processes applied to this case 
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(Vol. 24, Chap. 8) leads to certain positive statements. First, the rapid
ity of the fluctuations is determined by the bandwidth (B of the amplifier. 
That is to say, in a time short compared with 1/(B, it is extremely unlikely 
that the output power will change noticeably.1 On the other hand, 
during a time long compared with 1/(B, fluctuations will almost certainly 
occur, and the value of the power P at the end of such a long time will 
bear no systematic relation at all to the value it happened to have at the 
beginning. This is a roundabout way of saying that values of P deter
mined at times differing by much more than 1/(B are statistically inde
pendent, or, in other words, 1/(B is a measure of the correlation time of the 
fluctuations. 

The second statement which can be made concerns the probability 
that at some arbitrarily selected instant the output power will be found 
to lie between some specified level, P, and P + dP. This probability, 
which we shall label Wi(P) dP, is given by 

1 - ^ W^P) dP = j^e P« dP. (22) 
i 0 

Pa is the average power, determined over a long time. 
A statement which is easily seen to be equivalent to this is: The prob

ability that the power exceeds some specified level P, at an arbitrarily 

selected instant, is just e p°. Thus there is always a finite chance of 
getting a high noise peak. For example, the probability that at a given 
time P is greater than 5P0 is e - 6 or 0.0068. For the discussion that 
follows it is convenient to simplify the problem somewhat by dividing 
the time base into discrete intervals each 1/(B long. In Fig. 2-6o we 
would have 50 such intervals. The essential features of the noise back
ground can then be described by regarding these intervals as independent2 

and associating some one value of P with each. Again Eq. (22) correctly 
expresses the probability that the power, in an arbitrary interval, will lie 
between P and P + dP. 

The task of detecting a signal amid the noise in this simplified case 
amounts to selecting an interval which displays so large a value of P 
that one is justified in betting that the peak was due to a combination of 
signal and noise, and not to noise alone. This should dispose of any hope 
that we shall be able to define once and for all the minimum detectable 

1 The intermediate frequency itself is assumed to be high compared with (B, so that 
it is permissible to speak of the instantaneous power while actually meaning the power 
averaged over one cycle of the intermediate frequency. 

2 The intervals so denned are actually not entirely independent, for the output 
power is, after all, a continuous function of the time. We are here substituting for a 
continuous random process a discrete random process, which is easier to discuss in 
elementary terms. 
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signal Smin. One can never be absolutely sure that any observed peak is 
not due to a chance noise fluctuation, and one cannot even say how 
probable it is that the peak is not due to noise, unless one knows how 
probable it is, a priori, that the peak is due to something else—namely, 
signal plus noise. Knowledge of the a priori probability of the presence 
of signal is possible in controlled experiments such as those described in 
Vol. 24, Chap. 8. For example, it might be arranged to present a signal 
at a given point on the oscilloscope sweep about half the time, the observer 
being required to judge whether or not the signal was there. A shrewd 
observer would call "Signal" whenever the scope deflection at this point 
was only a little greater than average, and could score a pretty good 
"batting average" even for rather weak signals. If, however, he 
expected the signal to occur only very rarely, he would naturally set his 
standard higher, in order to avoid frequent false identification of what 
were, in fact, noise fluctuations. 

For obvious reasons, no such clear delineation of the statistical prob
lem is possible in the normal operation of a radar set. However, we can 
roughly distinguish different orders of what was called above the a priori 
probability of the signal. Compare, for example, the use of a radar set 
for early warning (detection of enemy aircraft at a great distance) and 
for ground control of aircraft, in which a selected plane, already picked 
up on the radar, is followed, its position being noted in each scan. In the 
latter case, we know about where to look for the echo in a given scan, 
having observed the position in the previous scan and knowing approxi
mately the course and speed from still earlier information. Hence, we 
accept even a weak indication of the presence of signal if it comes near 
the expected place, with comparatively small chance of error. In the 
former case, however, a large area of the radar scope must be kept under 
surveillance for a long time. The likelihood that a high noise peak will 
be observed is much greater: only a very pronounced peak can now be 
confidently identified as a new signal. 

We have divided our time base into intervals 1/(B long. In one 
second than, (& intervals come under observation. If (B is 2 Mc/sec, for 
example, this amounts to 2,000,000 intervals per sec. According to Eq. 
(22) we expect to find among these some hundred that represent noise 
peaks greater than 10P0- In one hour there is better than an even chance 
of observing one noise peak greater than 20Po- Must we therefore 
require that to be detectable a single signal pulse be at least greater than 
20Po, or at the terminals of the antenna, greater than 20NkT(S,? 

We should indeed, if we are speaking of a single signal pulse. But 
anyone who has had anything to do with the design or operation of a 
radar set will perceive at once that an essential part of the problem has 
so far been ignored. The fact is that detection of a target by radar 
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practically never depends on the detection of a lone signal pulse, but on 
reception, from the same range and bearing, of repeated signal pulses. 
This has a profound influence on the statistical problem that we have 
been discussing because, whereas the noise fluctuations during successive 
sweeps1 are completely independent, the signal can be made to appear 
at the same position in each sweep. To take advantage of this essential 
difference between signal and noise it is evidently necessary to resort to 
some method of information storage, or integration, which would make 
use of the information contained in several sweeps. It might be possible, 

Time -— (6) 

Time -»-
FIG. 2-6.— Output noise power: (a) single sweep; (b) average of two sweeps; (c) average of 

four sweeps. 

for example, to average over a number of sweeps—that is, to present to 
the observer a single trace whose height at any time would represent the 
average of the power output which was obtained in each of the several 
sweeps at that same time (measured from the transmitted pulse). Now 
this is substantially what many radar indicators do; it is so nearly what 
they do, in fact, that quantitative conclusions drawn from a study of 
the ideal process outlined are of practical significance and are surpris
ingly well borne out by actual observations. Therefore, we want to 
inquire more carefully into the simple averaging or integration process. 

1 We use the te rm " s w e e p " to mean one entire interval between successive pulse 
transmissions. Such a t e rm unavoidably suggests a par t icular t y p e of display, b u t a 
more general and formal terminology seems too cumbersome. 
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Let us turn to Fig. 2-6a, which represents a single oscilloscope trace 
starting at the time of the transmitted pulse or at some known time 
thereafter. This is a typical single trace showing noise only, without 
signal.l Clearly only a rather strong signal could stand out conspicuously 
among these fluctuations. Now examine Fig. 2-66 in which the average 
of two noise traces is plotted, each point ih one trace being averaged 
with the corresponding point in the other. The fluctuations are here 
less violent. We note a scarcity of excessively high peaks: this is not 
surprising as it is unlikely that very high peaks, being in any case infre
quent events, should occur at the same place on two original traces. In 
Fig. 2-6c, four sweeps with noise have been averaged, and we notice a 
further reduction in the magnitude of the fluctuations. As the size of a 
signal peak (which means, really, signal-plus-noise) will not be essentially 
altered by the averaging provided the signal occurs at the same place on 
successive sweeps, it will be easier to detect a small signal on the trace c 
than on a. More than this we cannot say without elaborate analysis of 
the statistical problem. Such analysis can be carried through by well-
known methods (see Chap. 8, Vol. 24) and one can obtain, for example, the 
results displayed in Table 2-1 below. 

TABLE 21.—PROBABILITY OF NOISE EXCEEDING SIGNAL-PLUS-NOISE 

n 

1 
2 
4 
8 

16 
32 
64 

w = 10_1 

5 0 
3 .0 
1.0 

- 0 . 8 
- 2 . 5 
- 4 . 2 
- 5 . 9 

w = 10"2 

8.9 
6 .7 
4 . 6 
2 . 7 
0 . 8 

- 1 . 1 
- 2 . 9 

w = 10 -3 

10.9 
8 .6 
6 .5 
4 5 
2 5 
0 5 

- 1 . 4 

w = 10-' 

12.3 
9 .9 
7 . 7 
5 .7 
3 .7 
1.6 

- 0 . 4 

w = 10-* 

13.3 
10.8 
8 .6 
6 . 5 
4 . 5 
2 . 5 
0 . 4 

w = 10-" 

14.2 
11.6 
9 . 3 
7 . 3 
5 .2 
3 .2 
1.1 

The entries in Table 2 1 are the strength of a signal, in decibels, rela
tive to the average noise power P0. The number n, at the left, is the 
number of sweeps averaged—for example, 4 in the case of Fig. 2-6c. 
The quantity w at the head of each column is the probability that an 
arbitrary interval along the final averaged sweep will display a larger 
deflection than the interval that contains the signal. For example, if 
the signal is 4.6 db above P0 (third row, second column) and the integra
tion has been carried over four sweeps, there is one chance in a hundred 
that a selected interval will actually exceed in power the interval con-

1 This trace was constructed, as were the others in Fig. 2-6, by random sampling of 
a number field prepared according to the appropriate distribution function, the sweep 
having been divided into intervals for this purpose. Again we are overlooking the 
difference between a discrete and a continuous random process. 
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taining the signal. If the sweep length were equivalent to, for example, 
500 intervals (remember that what we call an " interval" is about 1/(B 
long), one would expect to find several (roughly, five) noise peaks in the 
sweep which were higher than the signal peak. In this case we should 
certainly need either a stronger signal or more integration. 

Now it is the trend of the numbers in Table 2-1 which is of interest to 
us, since any real radar problem will differ in many particulars from the 
ideal process to which Table 2-1 applies exactly. If we select any column 
(w = constant) we observe that the variation of signal power with n is 
something intermediate between 1/n and l / \ / w . For large n and par
ticularly for w not too small, the variation is not far from 1/y/n. This 
implies that doubling the number of sweeps integrated, other things being 
equal, allows the signal power to be reduced by a factor l / - \ / 2 . This 
relation has been strikingly verified by the experiments of J. L. Lawson 
and others (Vol. 24) in the detection of signals on the A-scope, under 
conditions where ri was large. On the other hand, for small n, and 
especially for very small values of w, Table 2-1 would require the signal 
power to vary more nearly as 1/n. This is not too important in practical 
radar design, for so many factors are involved in the real problem that we 
cannot hope for, and do not need, a very precise answer to such questions. 
We shall most frequently assume, in later chapters, that the required 
signal power varies as l/\/n. 

It must be observed, to put the above considerations in proper per
spective, that the benefits of integration are not confined to the smoothing 
out of thermal or purely random noise. A very important requirement, 
in practice, is discrimination against isolated but powerful disturbances 
such as transients from nearby electrical apparatus, or, very commonly, 
pulse interference from other radar sets. Indeed, the frequency of such 
disturbances, in most locations, renders academic our earlier remarks 
about the likelihood of getting an abnormally high noise peak once an 
hour or so. The fact that the desired signal occurs repeatedly allows 
such isolated disturbances to be discarded easily, or disregarded. Strictly 
it is not integration, but a sort of coincidence selection, that is most potent 
against these scattered flashes of interference. Such selection is inherent 
to a greater or lesser degree in nearly all radar systems and as a rule very 
little selection suffices. In practice then, it is still the noise that we have 
to combat, not the interference, if we want to reduce the minimum 
detectable signal power.1 

1 Because this is true, an essential part of any test of the condition or quality of a 
radar set includes a measurement of the noise level, or a quantity proportional thereto. 
The determination of minimum discernible signal power under any reproducible 
conditions of observation constitutes such a measurement. 
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2-11. Effect of Storage on Radar Performance.—How is the integra
tion process, or its equivalent, actually carried out in a radar set? The 
earliest and simplest radar indicator is the A-scope, the horizontal range 
sweep with vertical deflection by the signal. Usually the screen of the 
cathode-ray tube does not give a persistent glow but the picture decays 
immediately. I t is difficult to see any integrating or storage mechanism 
here, and indeed there is none. The storage is accomplished in the eye 
and mind of the observer and is rather astonishingly effective.1 Just 
how it is done we do not know in detail, but we may see the results in 
Fig. 2-5 (page 35). Note now the significance of the three curves in that 
figure which correspond to different pulse repetition frequencies with the 
same total time of observation. An increase in P R F by a factor of 16, 
from one curve to the one below, reduces the signal power required by 
very nearly a factor of 4. I t is natural to assume that, whatever the 
effective number of integrations, it is proportional to the PRF, for 
constant observation time, and we may regard the experiments described 
by Fig. 2-5 as evidence favoring the relation 

S^D cc -1=. (23) 
V » 

In Fig. 2-7, which has been taken from Vol. 24 of this series, an attempt 
has been made to show directly the effect of integration in the A-scope. 
Here the camera has been substituted for the eye, and the number of 
sweeps overlapping in one picture has been varied. Signals of different 
strength are present at two positions in each sweep and by referring to 
the explanation accompanying the figure, the reader will be able to trace 
the improvement in discrimination from one picture to the next. The 
noise and signal shown, incidentally, were derived from a linear detector. 

In the case of an intensity-modulated indicator with a persistent 
screen, what we have called "integration" is very nearly exactly that— 
namely, the repeated addition, and hence averaging, of a number of 
successive sweeps. The difference is that the number of sweeps so aver
aged is not sharply defined, since the luminosity of the screen decays 
gradually with time. However there will be some time which is charac
teristic of the decay, and we can say simply that if the electron beam 
traces repeatedly over the same strip of the screen, the number of sweeps 
averaged will be of the order of the pulse repetition frequency times this 
decay time. In practice, the radar is usually scanning. That is, before 
the decay time elapses, the radar beam moves off the target .and the cath
ode-ray-tube trace moves to a new position on the screen. The number of 

1 Failure to appreciate the power of the observer to integrate was responsible for 
some disappointment with early electrical integrating devices, which, through no 
fault of their own, did not bring the expected improvement over the simple A-scope. 
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sweeps integrated then is limited by the number of pulses striking the 
target during the scan and not by the screen persistence. If, however, 
the latter is so long that storage is effective from one scan to the next, we 

s 

F I G . 2-7.—In this series of photographs, the number of A-scope sweeps recorded during 
each exposure was varied from 12 to 400. Artificial signals were injected at the locations 
marked, with the following strength, relative to average noise power: Si, + 1 0 db; St, + 5 db ; 
S,, 0 db; S,, - 5 db. 

must include more than one scan in estimating the amount of the integra
tion, and the screen persistence again enters. 

Let us try to elucidate this rather complicated state of affairs by 
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tracing through an example of the familiar plan-position indicator, PPI . 
Suppose that the effective storage time of the screen is 4 sec, and that the 
angular width of the radar beam is 6°: let the rate of rotation be variable. 
Assume a constant pulse repetition frequency of 500 pps. Let us begin 
with the antenna stationary, pointing at a single target. The number 
of sweeps available for integration, w,-, will be limited by the screen per
sistence and will be 4 sec X 500 sec -1, or 2000. This will remain true, 
even though the antenna rotates, until the rate of rotation becomes so 
great that the beam dwells on the target less than 4 sec, in other words, 
up to x rpm. With increasing speed of rotation, the number of sweeps 
integrated will decrease as l / (rpm) until the beam rotates faster than 
one revolution in 4 sec, at which time we begin to include more than one 
scan in the integration. Then rii will begin to level off, its asymptotic 
value, for high speed, being given by 

/ i \ w /i,T)n\ w (beam width) (screen storage time) X (PRF) X ^ 5 

or, in this case, n< = 33 at speeds much greater than 15 rpm. Altogether 
rii has changed by a factor of fa between low and high speed, or by just 
the ratio of the beamwidth to 360°. 

If now we assume that the signal 
power required for detection, San,, 
is proportional to \/\fnit a plot of /S™ 
against scanning speed will look like 
Fig. 2-8. To be sure, we have so dras
tically oversimplified the problems 
that no significance can be claimed for 
the exact shape of the curve. Never
theless, the main features of the curve— 
especially the existence of the plateau 
regions I and I I I , whose vertical sepa
ration is determined by the ratio of the beamwidth to the total scan 
angle—are worthy of attention, and have been confirmed by controlled 
tests (Vol. 24, Sec. 9-1). 

The effect of scan speed on threshold-signal level is often called 
"scanning loss," the condition of scan-speed zero being implied as the 
standard of reference. This condition merits no more than any other 
the distinction of being a standard. On the contrary, the factors 
determining S^u are in this case especially elusive, if one wants to take 
them all into account. We prefer not to use the term "scanning loss," 
and if a basic standard of reference is deemed desirable we would choose, 
on logical grounds, the single A-scope trace, which contains all the infor
mation normally available from a single pulse transmission. With 
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F I G . 2-8.—Effect of scanning speed 
on storage gain, assuming 6° beam-
width, and 4-sec storage time, with 
P R F = 500 pps. 
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respect to this standard all other modes of indication provide varying 
amounts of storage gain, by making use, more or less imperfectly to be 
sure, of information gathered on repeated pulse transmissions. Thus we 
say that Fig. 2-8 describes the effect of scanning on storage gain. 

The number of other independent variables, yet unmentioned, which 
affect the amount of gain realized through storage is appallingly large. 
The more prominent of these must be discussed briefly, if only to suggest 
the scope of the general problem treated comprehensively in Vol. 24. 

The video bandwidth b, as distinguished from the i-f bandwidth <B, has 
hitherto been assumed to be so great as to allow reproduction of the 
detected i-f signal without distortion. This is seldom true in practice 
and the question arises, how does the video bandwidth influence the 
signal discernibility, and how narrow can it be without harm? Making 
the video bandwidth b considerably less than 1/r amounts to putting the 
rectified signals and noise through a long-time-constant filter. This is a 
sort of averaging, or integration process, in effect, the final output at any 
instant being an average over several adjacent intervals, each of the order 
of T in duration. I t is clearly an integration process operating at a loss 
rather than at a gain, in contrast to the sweep-to-sweep integration 
discussed earlier, for it includes with the signal an unnecessarily large 
amount of noise. The result is an increase in signal power required for 
detection: for b <K 1/T, <Smin is roughly proportional to 1/y/b. Of course 
such a decrease in video bandwidth is accompanied by a marked deterio
ration in the time discrimination, or resolution in range, of the system 
unless the range resolution is already limited by other factors. Because 
of this, and for other reasons as well, designers have usually aimed at 
adequately wide video bands. 

Actually, the effect of video bandwidth narrowing would not deserve 
even this much discussion here, were it not that, in a less obvious way, 
a very similar effect arises from certain other influences, having to do 
with the spot size and the sweep speed. Let us consider an intensity-
modulated indicator tube, such as the PPI . Let d be the diameter of 
the light spot due to the beam, and let v be the speed with which the 
beam is swept across the face of the tube. If d/v < T, the pulse duration, 
the intervals of which we spoke earlier are spread apart on the tube; if 
d/v > T, the spot overlaps several such intervals, or better, several such 
intervals contribute to the same spot of light on the tube. Now this is 
precisely what happened when the video bandwidth was made too narrow, 
and we must expect the same consequences. In effect, the intensity-
modulated cathode-ray tube is a low-pass filter, whose bandwidth is of 
the order v/d. For example, a radial sweep covering 50 miles of range 
on a 7-in. PPI tube would be written in with a velocity of about 1.5 X 104 

cm/sec. If d is 0.1 cm, the bandwidth of the system is about 150 kc/sec. 
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To use such a display for a 1-^sec pulse would entail a penalty of about 
2 db in Smiu. 

An extreme, indeed a limiting, case of the spot-size sweep-speed effect 
is met in the type C indicator (Sec. 6-6) which presents only elevation 
and azimuth data, not range. Here the sweep speed v is zero or very 
nearly zero, the spot moving only as the antenna scans. All the noise 
and the signal, if any, from one range sweep are piled up on one spot. 
If T is the duration of such a sweep,l we should expect an increase in <S„m 
due to this superposition of noise, of the order of s/TIT. 

Video mixing, which is practiced in certain radar applications, consists 
in superimposing two radar pictures on the same screen. Because this 
results in adding noise from one picture onto a signal from the other, we 
would expect, and we find, an increase in Smin. If two similar but inde
pendent2 radar pictures are superimposed on one cathode-ray-tube screen, 
a signal on one of these pictures will have to be about 1.5 db, or \/2 
stronger to be detected than would have been necessary if the other 
picture were absent. A related problem is this: Suppose that on a single 
radar indicator we simply remove the signal from alternate sweeps (by 
holding off the transmitter pulse, for example). The resulting increase 
in Smin will amount to about 3 db in this case, for what we have done is 
equivalent to the following two changes; (1) reduction in P R F by factor 
of ^ with corresponding reduction in nc, (2) mixing in an equal number of 
foreign noise-bearing sweeps, as in the previous example. 

Whether the detector is a square-law detector, a linear detector, or 
something else, will no doubt influence Smm in any given case.3 However, 
we may as well lump together the effect of the detector, the cathode-ray-
tube modulation characteristics, the screen characteristics, and those of 
the eye, and admit that no brief discussion of these factors is possible. 
In most cases one has to rely on experience; that is to say, one has to 
design by making relatively short extrapolations from previous practice, 
or by making preliminary tests under conditions approximating those 
selected. 

1 Because the C-scope was found useful only for targets at short range, it was the 
practice to apply a range gate covering only the useful range interval and suppressing 
the electron beam during the remainder of the period between pulses. In this case 
the time T represents the duration of the "on" part of the sweep. 

2 By "independent," it is meant that the signal from a radar target will appear on 
one of the pictures only, or at any rate, not at the same position on each. The super
position is usually accomplished by interlacing the sweeps. 

3 In so far as the question of discernibility can be stated in terms of the probability 
of signal-plus-noise being larger than noise, the law of the detector, and indeed of any 
subsequent elements, can be eliminated from the theoretical problem. Table 2 1 , for 
example, holds for any detector whose output is a function of the absolute value of the 
i-f voltage. 



46 THE RADAR EQUATION [SEC. 2 1 1 

Although we have not arrived at a universal prescription for the 
minimum detectable signal power, we have studied the influence of 
various factors on Sma, and we are now in a position to predict the relative 
change in <Smin which will accompany some proposed alteration in the 
radar system. One way to establish some absolute basis is to give the 
observed value of the ratio of minimum detectable signal power to 
average noise power, for one particular system. This is done in Table 
2-2, in which are displayed the relevant constants of the system selected. 

T A B L E 2 - 2 . — C H A R A C T E R I S T I C S OF A S A M P L E SYSTEM 
T y p e of indication P P I ; P7 screen; decay t ime about 7 sec 
I-f bandwid th <B = 1.2 Mc/sec 
Video bandwid th 6 = 5 Mc /sec 
Pulse dura t ion T = 1.0 ^sec 
Pulse repet i t ion frequency 320 pps \ Hence abou t 50 pulses on one point 
Scan ra te 6 rpm > target per scan, with negligible scan-
Beamwidth 9 = 6° J to-scan storage. 
Sweep speed v = 2 X 101 cm/sec 1 Note t h a t d/v > T, which is 
Spot diameter d = 0.1 cm > not the best condition, bu t 

) is a typical one. 
Condit ions of observation Signal occurs on one scan, a t known az imuth , in 

one of six range positions. Observer mus t locate 
it with 9 0 % cer ta in ty . This corresponds to a 
value of w, in Table 2-1, of the order of 10~ !. 

Ratio of minimum detectable sig
nal power to average noise 
power, under above conditions.. 1.25 ( + 1 db) 

Working from Table 2-2, we can infer that if the system there described 
had an over-all noise figure N of, for example, 15, the signal power required 
at the terminals of the antenna would be Smm = l.25NkT($> = (1.25) (15) 
(1.37 X 10-23) (291) (1.2 X 106) = 9 X 10~14 watts. Now if for some 
other system N is given, together with the new values of the parameters 
listed in Table 2-2, the reader should be able to estimate S^n for that 
system. The estimate will be better, of course, the less extreme the 
departure from the conditions of Table 2-2. We must emphasize, how
ever, the limited utility of a value of iSmin obtained in this way. The 
experiments upon which Table 2-2 is based were performed in the labora
tory under ideal conditions of observation; moreover, the value of w (the 
parameter of Table 2-1) is here certainly much too large for any radar 
search operation, although it might not be inappropriate for the continuous 
tracking of a target already detected. 

The experimental determination of the maximum range of an actual 
radar set is as uncertain a matter as is the calculation of the maximum 
range by the method outlined in this chapter. Some arbitrary procedure 
for observation must be specified, and the limit of range must be defined 
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in a manner consistent with the inherently statistical nature of the 
problem. That 7?m« is not rendered so uncertain by these statistical 
effects as to lose any usefulness is largely due to the inverse-fourth-power 
law expressed by the radar equation, which makes the range relatively 
insensitive to moderate changes in the system parameters. 

It should not be forgotten that in these latter pages we have been 
wholly concerned with that obscure marginal region between strong 
signals and utterly undetectable signals. This margin is not, after all, 
very broad. A glance at Table 2-1, for instance, shows how very rapidly 
w diminishes as the signal becomes strong. Most of the useful signals in 
any radar set are strong enough to be practically unmistakable. 

MICROWAVE PROPAGATION 

In the first part of this chapter the radar equation was derived under 
the assumption of free-space propagation. The assumption is frequently 
not justified, and we must now turn to some of the important cases that 
fail to fulfill one or more of the requirements laid down in Sec. 2-1. We 
shall try, where possible, to modify the radar equation to suit the new 
circumstances, but it will be our broader purpose to describe, if only 
qualitatively, certain propagation phenomena peculiar to the microwave 
region. This is a vast subject. It includes some exceedingly difficult 
problems in mathematical physics, not yet completely solved; it includes 
topics in meteorology; above all, since it involves the weather and the 
variegated features of landscape and seascape never susceptible of exact 
mathematical description, it includes a large collection of observations 
and experience, rarely easy to interpret. We could not here treat such 
a subject, comprehensively, but certain aspects with which the radar 
engineer should be familiar are not hard to explain. Their influence on 
radar planning and design is felt, or should be, at a very early stage. 

2-12. Propagation over a Reflecting Surface.—If the transmission 
path lies near a reflecting surface it may be possible for energy to reach 
the target, and hence also for scattered energy to return to the radar 
antenna, by way of the surface as well as directly. The result of combin
ing the direct and the reflected wave at the target will depend on the 
relative intensity and phase of the reflected wave, which in turn will 
depend not only on the difference in the length of the two paths but upon 
changes of phase or intensity introduced in the process of reflection. 
The analysis is very easy in the case of a flat, perfectly reflecting, surface. 

Let us consider a nondirective transmitting antenna A located at a 
height hi above a flat reflecting surface S, as in Fig. 2-9. The field 
strength at some other point B of height h2 can be described by giving 
the ratio of the field strength at that point to the field strength which 
would have been observed in the absence of the reflecting surface—in 
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other words, under free-space conditions. It is this ratio, which we shall 
call F, that we want now to compute. 

The difference in length between the paths AB and AMB, if the angle 
8 is small, is given quite closely by 

_ _ _ _ _ = 2hJn ( 2 4 ) 

It 

This is responsible for a difference in electrical phase of <hrhihi/R\ radians 
between the two waves arriving at B, to which we must add any phase 

FIG. 2-9.—Propagation over a flat reflecting surface. 

shift 4/ resulting from the reflection of the one wave at M. The total 
phase difference <t> is then 

4:Trhih2 , „ , , 
4> = Y -\ ^ - • (25) 

If the reflection at M is total, both waves arriving at B will have sub
stantially the same intensity, namely, that corresponding to free-space 
propagation.1 Taking the phase difference into account, then 

F2 = 2(1 + cos <t>). (26) 

The angle <{/, contained in <t>, depends upon the nature of the reflecting 
medium, upon the angle 8 between the surface and the direction of wave 
travel, and upon the polarization. If the surface were a perfect conduc
tor, yf/ would be TT radians for horizontal polarization (electric vector 
parallel to surface) and zero for vertical polarization2 (magnetic vector 
parallel to surface). We shall be chiefly concerned, however, with the 
surface of the sea, and to a lesser extent with land, and these mediums 
behave more like dielectrics than conductors at microwave frequencies. 
For horizontal polarization it is still true that \f/ = ir, but for vertical 
polarization the situation is more complicated. If 6 is considerably 

1 The fact that the waves arrive at B from slightly different directions, as well as 
the effect of the slightly unequal path lengths upon the relative intensity, need not be 
taken into account so long as R » hi » X. 

2 This use of the terms "horizontal" and "vertical" polarization, though not 
meticulous, is common radar practice, and causes no confusion when the directions of 
propagation make small angles with the horizontal. Of course the electric vector 
of a vertically polarized wave traveling from A to M is not precisely vertical. 
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smaller than 6°, in the case of water the phase shift 4> is nearly TT; for 
nearly normal incidence, on the other hand, ip is nearly zero. Also, the 
magnitude of the reflection coefficient, contrary to what we assumed in 
writing Eq. (26), varies widely as 6 is changed, being in fact very nearly 
zero for 0 = 6° (Brewster's angle). This is as far as we care to pursue 
this complicated matter, apart from displaying, in Fig. 2-10, curves 
showing the dependence upon 9 of the reflection coefficient and the phase 
shift, for reflection of 10-cm radiation at a water surface (there is very 
little difference between salt and fresh water at microwave frequencies). 

Angle with horizontal 

F I G . 2-10.—Reflection by water at 3000 Mc/sec. Curve a: amplitude of reflection coef
ficient, vertical polarization; Curve b: phase shift at reflection, vertical polarization; Curve 
c: amplitude of reflection coefficient, horizontal polarization. Phase shift for horizontal 
polarization is 180° throughout range shown. 

Fortunately, the case which is of the greatest practical importance, 
that of nearly grazing incidence, is peculiarly easy to discuss, for if 8 is 
less than, for example, 2° there is not much error in taking the phase shift 
to be 7r and the reflection coefficient, unity, for both polarizations. In 
this repion, then, we can write 

Fs = 2 + 2 c o s ( 4 ^ + * ) = 4 s i n * ( 2 ^ ) . (27) 

Now F2 measures directly the ratio of the power incident on a target at B 
to that which would strike the target under free-space conditions. This 
ratio, according to Eq. (27), varies between 0 and 4, the latter value being 
attained when the direct and reflected waves arrive precisely in phase, or 
when the geometry is such as to satisfy the condition 

= n, an odd integer. (28; 
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The effect of the interference described by Eq. (28) is to break up the 
original radiation pattern of the source at A into a lobe structure, as 
sketched in Fig. 2-11; at least this is an appropriate description of the 
effect at a considerable distance from the source. The lowest maximum 
in Fig. 2-11 occurs at an elevation angle of \/ihi radians. Below this 
angle the field strength diminishes until, at the reflecting surface itself, 
it vanishes. Xo modification of the above argument is required for a 
directive antenna at A, unless the directivity is high enough to affect the 
relative intensity of the waves traveling along AB and AM (Fig. 2-9) 

respectively. In any case, the width 
of an interference lobe will be less 
than the width of the primary radi
ation pattern since ±h\ will certainly 
be greater than the vertical aperture 
of the antenna. 

As the geometry of the problem 
is not altered if we interchange 
transmitter and target, the interfer
ence must affect the return of the 

radar echo in the same degree as it affects the pulse transmission. There
fore the required modification of the radar equation is obtained by multi
plying by Fi the expression given in Eq. (3) for the received signal power 
S; that is, 

FIG. 2-11.—Lobes caused by interference 
of direct and reflected waves. 

G2\-a-
(47r)37? • 16 sin (2Trhih2\ 

V VR ) 
(29) 

To discuss the practical consequences of this we first distinguish 
between the problems of "high coverage" and "low coverage." In 
the former case we are concerned with targets so high or so close that 
2whih2/\R > 1; that is, with targets lying well up in, or above, the 
lowest lobe of Fig. 2-11. Evidently the detection of such a target will 
depend critically on its range and altitude. If an airplane flies in toward 
the radar at constant altitude h2 we must expect the signal to vanish 
and reappear repeatedly, as the lobe structure is traversed. The smaller 
X and the larger hi, the more finely divided is the lobe pattern. A 
welcome change, on the other hand, is the additional factor of 16, effective 
in Eq. (29) for directions of maximum constructive interference. This 
factor should double the maximum range of detection, compared to free-
space conditions. Something like this increase is actually observed, 
although it should not in every case be taken for granted, in view of the 
idealized model upon which it is based. 

"Low coverage" refers to a situation in which the target lies well 
below the lowest maximum in Fig. 211 , in the region where 
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\R < 1. (30) 

For this case the sine in Eq. (29) can be replaced by its argument, leading 
to 

,gV(felfe2)4 

r-Rs S = 4TTP (31) 

We see that in this region the signal strength falls off as \/R% rather than 
1/R*, if the other factors are held constant. This region is often referred 
to loosely as the "eighth-power region," or occasionally as the "far zone." 
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As radar and target are separated, keeping hi and hz constant, the range 
at which this inverse eighth-power dependence begins varies as the 
reciprocal of the wavelength; in other words, the longer the wavelength, 
the higher the lowest lobe in Fig. 2-11 is tilted, and the sooner an out
going target recedes underneath it. This gives a heavy advantage to 
shorter wavelengths where the primary task of the radar set is to search 
the sea for low-lying targets, the radar antenna itself not being mounted 
at a great height. The advantage of the shorter wavelength is main
tained throughout the inverse eighth-power region. Comparison of Eq. 
(3) with Eq. (31) shows that if two radar sets, operating at wavelengths 
Xi and A2, receive equal signals from a target in the free-space region, the 
ratio of respective signal strengths in the region to which Eq. (31) applies 
will be Si/Si = (X2/XO4. 

Figure 2-12 records some radar observations made at two wavelengths 
with the same ship as the target. The signal strength in decibels is 
plotted against the logarithm of the range. Clearly distinguishable are 
two regions in which the slope corresponds respectively to an R~A and to 
an R~3 dependence, and the relative advantage of the shorter wavelength 
in the latter region is apparent. 
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The maxima and minima which one might have expected in the 
nearer region are not conspicuous in Fig. 2-12. The reason for this is 
that the target was not a point with a unique height h2 but a complicated 
object extending from the surface up to some maximum height. In this 
"near zone" some parts of the ship lie on maxima and some lie in the 
nulls, and the net result at any instant is some sort of average, in 
the fluctuations of which one could hardly expect to discern traces of the 
regular interference pattern predicted by Eq. (29). The absence of a 
sharply defined break in the curve between the two regions is readily 
justified on the same grounds. The location of the break, ill-defined as 
it is, can however be used to compute some "effective height" /i2-

Although the relation in Eq. (30) fixes roughly the inner boundary of 
the "R~a region," were we to cling to our flat-earth hypothesis there 
would be no outer limit. Actually, of course, the region is ultimately 

FIG. 2-13.—Reflection from an irregular surface. 

bounded by the radar horizon, where a new and even more drastic falling-
off in signal strength sets in. In many instances, especially at microwave 
frequencies, this limit occurs so soon after the beginning of the eighth-
power region as to reduce the latter to rather inconsequential size. 

Before we discuss the effect of the earth's curvature, we should 
comment on certain other, less important, shortcomings of the preceding 
simplified argument. For one thing, we have ignored the fact that the 
reflecting suface is not smooth; even in the case of the sea, the irregulari
ties (waves) are both wide and deep compared to a microwavelength; in 
the case of a land surface, we may be confronted with any imaginable 
irregularity. Nevertheless, at least for reflection on the sea at nearly 
grazing incidence, the observed reflection coefficient is rather close to 
what a glassily smooth sea would give.1 This is, perhaps, no more 
surprising than the fact that an ordinary piece of paper displays, at 
nearly grazing incidence, specular reflection of light, and it can be made 
plausible by some argument such as this: In Fig. 2-13, two parallel rays, 
AB and DE, strike a " rough" surface, the roughness consisting of a 
single bump of height h. The reader will find with little trouble that the 
net path difference between the two rays EF — AB is just 2h sin f). If 

1 The reflection coefficient would have to be substantially less than 1 to change the 
result significantly, so far as the radar problem is concerned. 
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only this difference is small compared with X, the surface should reflect 
as though it were optically smooth. But hd < X implies h < X/0, and if 
8 is small, bumps which are actually large compared to X can be tolerated. 

Something like this may occur in some circumstances over land. 
Indeed, reflection has been observed on unusually flat terrain, such as an 
airfield, at microwave frequencies. Except in such unusual circumstances 
there is very little evidence of ground reflection at wavelengths of 10 cm 
or less. For microwaves, then, the results of this section are almost 
wholly restricted to transmission over water at nearly grazing incidence. 

2-13. The Round Earth.—The distance Rh to the optical horizon, 
from an observer situated h feet above the surface of a spherical earth 
of diameter Z)0 ft would be given by the formula, Rh = \^D0 • h if the 
atmosphere did not bend the rays of light. Actually, the earth's atmos
phere decreases in density with height, introducing a downward curvature 
in all rays, which allows a ray to reach somewhat beyond the distance 
given by the above formula. For rays of small inclination to the hori
zontal, and for heights small compared to the thickness of the atmosphere, 
this effect can be taken into account by replacing the true diameter of 
the earth by a somewhat larger number D,u. How much larger it is 
depends on the rate of change with height of the index of refraction of the 
atmosphere. This effect may be expected to show local variations. A 
reasonable choice of a " standard " condition leads to a value Rat = 1.33R0, 
and thence, thanks to a fortuitous numerical relation between units, to 
an easily remembered formula for the distance to the radar horizon, 

Rh (statute miles) = \^2h (feet). (32) 
The formula Eq. (32) predicts a somewhat greater horizon distance 

than does the corresponding formula for the optical horizon, because the 
conditions assumed as "s tandard" include a moderate gradient of water-
vapor concentration. Water vapor, although it has but a minor influence 
on the atmospheric refraction of visible light, displays a very pronounced 
refractive effect at all radio frequencies, including microwave frequencies. 
This effect, caused by the permanent electric moment of the water 
molecule, can, in some circumstances, drastically affect the propagation 
of microwaves in a manner to be described in the next section. 

Confining our attention for the moment to the atmosphere of "stand
ard" refractive properties, to which Eq. (32) applies, let us see why it 
makes sense to speak of a microwave horizon when radiation of much 
lower frequency, as is well known, travels far beyond any such horizon. 
In the first place, the ionosphere does not, to any appreciable degree, 
reflect or refract microwaves. In the second place, the spreading of 
waves around the curved surface of the earth, essentially by diffraction, 
is much reduced at microwave frequencies because the wavelength is so 
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small compared with the size of the obstacle, to put it very crudely. 
There is some spreading of this sort, of course, and it is a phenomenon 
upon which a good deal of theoretical effort has been expended. Methods 
have been developed for calculating the intensity of the radiation in the 
"diffraction region," that is, beyond the horizon (Vol. 13, Chap. 2). In 
this region, however, the field strength normally diminishes so rapidly 
with increasing range that any additional radar coverage thus obtained 
is of little value. From the point of view of the radar designer, targets 
over the horizon might as well be regarded as totally inaccessible under 
"s tandard" conditions of propagation. 

Distance in miles 
F I G . 2-14.—Coverage diagram for 2600 Mc/sec, transmitter height 120 ft. Solid curve for 

totally reflecting earth. Dotted curve for nonreflecting earth. 

As for regions well within the horizon, the curvature of the earth at 
most complicates the geometry of the interference problem discussed in the 
preceding section. Naturally, we have no right to apply Eq. (29), as it 
stands, to targets near the horizon. We need not concern ourselves here 
with these complications, which are adequately treated in Vol. 13. 
Methods have been worked out for rapidly calculating the field strength 
over a curved reflecting earth. The radar designer usually prefers to 
display the results in the form of a coverage diagram, which shows contours 
of constant field strength plotted in coordinates contrived to show directly 
the effect of the curvature of the earth. One such contour, shown in 
Fig. 2-14, is calculated for an omnidirectional antenna transmitting at 
2600 Mc/sec from a height of 120 ft above a totally reflecting earth. 
The dotted curve is the corresponding contour with a nonreflecting earth. 
Both contours would usually be modified by the directional pattern of the 
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radar antenna and it is not difficult to take this into account in the 
calculation. Note the exaggeration of the vertical scale. 

A contour of constant field strength is a contour of constant power 
intensity as well; moreover, the intensity of the signal received from a 
radar target of given cross section, located anywhere along such a contour, 
is the same.1 Thus, if the proper contour is chosen it will represent, as 
nearly as any curve can, the boundary of the region in which a given 
target can be detected. The reader's earlier introduction to some of the 
statistical factors involved in radar should prepare him for the warning 
that such coverage diagrams are not to be taken too literally. They are, 
nevertheless, useful in the planning and design of long-range search radar. 

244. Superrefraction.—As we have seen, the effect of the normal 
vertical gradient of refractive index in the atmosphere is to introduce a 
slight downward curvature in the path of light and of microwaves. Were 
this curvature only a few times greater, it would equal the curvature of the 
earth itself, and it would be possible for a ray to bend around the earth 
without leaving the surface; in other words, there would be no horizon. 
Whatever misgivings we may have about the use of the word " r a y " in 
this connection, it would not be surprising if some interesting departure 
from standard microwave propagation were to manifest itself under such 
conditions. 

Refractive index gradients of the requisite strength (5 parts in 108 per 
ft) can be produced under some conditions by temperature gradients 
alone. For example, if land heated by the sun cools by radiation at 
night, a fairly thin layer of cold (therefore dense) air may be formed just 
above the ground, which results in an unusually rapid decrease of refrac
tive index with height, the index of the lowest layer being abnormally 
great. 

A more widespread cause of strong vertical gradients in refractive 
index, and therefore of excessive bending of rays, is the refractive effect 
of water vapor mentioned earlier. Over most of the surface of the ocean 
the region above the water is not saturated with water vapor, whereas 
the layer directly in contact with the water must be very nearly saturated. 
There is, in other words, a continual evaporation of water from the sea 

1 One must be careful not to confuse the directional pattern of an antenna with 
the plot of contours of constant intensity in the field of the antenna, which it occa
sionally superficially resembles. If we plot the gain of an antenna as a function of 
angle, in polar coordinates, we have an antenna pattern that has meaning, strictly, 
only if the antenna is isolated in space. On the other hand, contours of constant 
intensity, the coordinates of which refer directly to positions in space, can be used to 
describe the radiation field no matter what the surroundings or type of propagation 
involved. The fact that a signal of the same intensity is received from a target at 
any position on one such contour does not depend on the inverse-square law or any 
other law of propagation but only on the Reciprocity Theorem. 



56 THE RADAR EQUATION [SEC. 2-14 

and a diffusion of the vapor upward into the overlying air mass. This 
implies the existence of a vertical gradient in the concentration of water 
vapor with, normally, the highest concentration at the surface and 
decreasing upward. 

A typical condition to which such an effect may lead is that of a 
relatively shallow layer just above the surface within which the vertical 
gradient of refractive index is negative and exceeds the critical value of 
5 parts in 108 per ft. Such a region is called a " d u c t " for reasons that 
will appear shortly, and the level at which the gradient has just the critical 
value is called the " top of the duct." Were we to trace the path of an 
initially horizontal ray at this level, we would find it curving downward 
just enough to keep up with the curvature of the earth, and therefore 
maintaining constant height. Farther down in the duct, where the 
gradient is stronger, it would be possible for a ray launched at a slight 
upward inclination to be bent back to the surface again and thus to 
proceed by a series of bounces, trapped as it were, within the duct. 

From this temptingly graphic picture of propagation within a duct 
it is easy to draw false conclusions. Since the description of the process 
in terms of rays, traced by the rules of geometrical optics, nowhere 
involves the wavelength of the radiation, we should be led to expect 
similar effects at all frequencies for which the index of refraction has the 
same value, namely for all radio frequencies. But, actually, ducts such 
as we have described have no observable effect on the propagation of low-
frequency radio waves. The reason for this is that the duct is effective 
in " t rapping" and guiding radiation only if the wavelength is less than 
some critical value determined by the height of the duct and the steep
ness of the gradient of refractive index within the duct. The ducts 
which we have described have no great vertical extent, their heights 
being of the order of a few tens, or at the most a few hundreds, of feet; 
their influence on propagation is usually confined to frequencies in the 
1000-Mc/sec range and above.1 For gradients in refractive index which 
would not be unusual in these surface ducts over water, the relation 
between height of duct and the longest wavelength strongly affected by 
the duct is suggested by the figures in Table 2-3. 

TABLE 2-3 

25 
1.8 

50 
5 

100 
15 

200 
40 

400 
110 

* These numbers are based on an arbitrary, although reasonable, criterion for trapping, and upon a 
simplified model in which the refractive index decreases upward through the duct at the constant rate 
ot 8 parts in 10B per foot. They are intended only to be illustrative. 

1 In certain parts of the world, the effect of trapping has been observed for fre
quencies as low as 200 Mc/sec. 
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That the height of the duct and the wavelength should be related, 
and in such a manner that the heights involved are hundreds of times 
greater than the corresponding wavelengths, may perhaps be made 
plausible to the reader acquainted with propagation through waveguides. 
The duct is, in a sense, a waveguide. Let us consider an oversimplified 
model of a duct in which the index of refraction, m, is constant from the 
surface up to some height a, where it abruptly changes to n2 (Fig. 2-15). 
If Wi exceeds n2 by some very small amount S, both ni and 712 being very 
nearly unity, a wave incident on the boundary CD at a grazing angle a 
smaller than \/2S will experience total internal reflection. Under such 
conditions the region between AB and CD can be regarded as the interior 
of a waveguide bounded by two reflecting surfaces. But in an ordinary 

A//////////'//////'/7////' 
F I G . 2-15.—Propagation within a duct (oversimplified). 

waveguide there is a basic relation between the width of the guide and the 
angle of incidence of the plane waves into which the simpler waveguide 
modes can be resolved. The longer the wavelength and the narrower 
the guide, the larger the angle a according to a relation which for very 
wide guides reduces to a = \ / 2o . But if, in our model sketched in Fig. 
2-15, a becomes larger than -\/25, total internal reflection no longer 
occurs, and the energy leaks rapidly out of the guide. We might there
fore anticipate some such restriction as X/2o < -\/2S or X2 < 8a26 for an 
effective duct. The form of this result is not inconsistent with the 
figures quoted above which were based on a constant gradient of n\ in 
the duct, although it must be admitted that we have brutally over
simplified a problem that abounds in mathematical difficulties and 
subtleties. 

Actually, no sharp distinction between trapping and standard propa
gation can be drawn. Even our naive model suggests this; for we need 
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not require total reflection at CD to get appreciable guiding for a con
siderable distance. Nor does the source of radiation have to lie within 
the duct to permit a portion of the energy to be partially trapped in the 
duct, although it may not be too far above it. The variation of field 
strength with distance from the transmitter and height above the surface 
is very complicated, and to cover this type of propagation by a mere 
modification of the radar equation is entirely out of the question, as the 
reader who pursues this subject into Vol. 13, where it is treated at length, 
will learn. It is perhaps best here to summarize the aspects of super-
refraction which have a significant bearing on radar planning and design. 

1. The guiding of microwaves by refractive anomalies of the duct 
type appears to be the sole means by which coverage beyond the horizon 
can be obtained. Extensions of range up to several times the horizon 
distance have often been observed. 

2. The most prevalent, the best understood, and probably the most 
important example of the type is associated with the surface evaporation 
duct, which seems to exist most of the time over large areas of the oceans 
of the world. 

3. Short wavelengths are required to take advantage of the guiding 
effects of ducts, and, for surface ducts, low antenna (and target) heights. 
This is especially true of the evaporation duct. 

4. Substandard as well as super'standard radar ranges can be caused by 
refractive anomalies, if the transmission path is nearly horizontal. 

5. Propagation at angles steeper than a few degrees with respect 
to the horizontal is not affected by the refractive anomalies here discussed. 

2-16. Attenuation of Microwaves in the Atmosphere.—The earth's 
atmosphere, excluding the ionosphere, is for all practical purposes 
transparent to radio waves of frequency lower than 1000 Mc/sec. Even 
over a transmission path hundreds of miles long no appreciable fraction 
of the energy in the radio wave is lost by absorption or scattering in the 
atmosphere. With the extension of the useful range of radio frequencies 
into the microwave region we have at last entered a part of the electro
magnetic spectrum to which the atmosphere is not wholly transparent. 
Indeed an upper limit to frequencies useful for radar, imposed by the 
properties of the atmosphere, is now within sight. The radar engineer 
must therefore acquaint himself with certain phenomena falling hereto
fore within the exclusive province of the molecular spectroscopist. 

Broadly speaking, there are two ways in which energy can be dis
sipated from a radar beam: (1) by direct absorption of energy in the 
gases of the atmosphere; (2) through absorption or scattering of energy 
by condensed matter such as water drops. All such processes lead to an 
exponential decrease of intensity with distance from the source, super
imposed on, and eventually dominating, the inverse-square dependence. 
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The effect is therefore truly an attenuation in the sense in which the word 
is applied to transmission lines, and is properly measured in decibels per 
kilometer. We shall discuss first the absorption by the gases of the 
atmosphere. 

Of the three abundant gases of the atmosphere—nitrogen, oxygen, 
and water vapor—the latter two are intrinsically capable of interacting 
with and absorbing energy from a radio wave by virtue of the permanent 
electric dipole moment of the water molecule and the permanent mag
netic dipole moment of the oxygen molecule. We know, however, that 
molecules absorb radiation in more or less well-defined absorption lines, 
or bands, and we have to inquire whether either of these molecules 
exhibits absorption lines in the microwave range—that is, at frequencies 
much lower than those usually associated with molecular absorption 
spectra. I t has been found that both oxygen and water vapor do in fact 
display such absorption. Although the effects observed would be 
classed as very weak "by a spectroscopist, radar involves transmission 
over such long paths that very serious attenuation is encountered in 
certain parts of the spectrum. In Fig. 2-16 are plotted curves showing 
the course of the water vapor absorption and oxygen absorption, as a 
function of wavelength. The absorption is measured by the rate of 
attenuation in decibels per kilometer. 

The most prominent feature of the water-vapor absorption is a single 
"l ine" which appears as a broad maximum centered about 1.3-cm 
wavelength, superimposed on the residual effect of a multitude of far 
stronger lines located at much shorter wavelengths. The solid part of 
the curve is based on extensive direct measurements. These confirmed 
the main features of the theoretical predictions,1 on the basis of which 
the remainder of the curve has been sketched in; one cannot, however, 
rely on the quantitative accuracy of the dotted part of the curve. The 
curve is plotted for an atmosphere containing 10 g of water vapor per 
cubic meter. This corresponds to a relative humidity of 66 per cent 
at a temperature of 18°C, for example. Over the range of absolute 
humidities normally encountered in the atmosphere one may assume 
that the attenuation is simply proportional to the absolute humidity. 
The rapid rise of the curve below 3 mm is evidence of the powerful 
absorption displayed by water vapor throughout the far infrared. No 
further transparent regions are to be found until we reach a wavelength 
of the order of 15 microns (0.0015 cm). 

The oxygen absorption rises to a high peak at 5-mm wavelength; 
this has been quantitatively verified by direct measurement. At longer 

1 J. H. Van Vleck, "Further Theoretical Investigations of the Atmospheric Absorp
tion of Microwaves," RL Report No. 664, March 1, 1945. See also Vol. 13 of 
this series. 
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wavelengths, in contrast to the behavior of the water-vapor curve, a 
residual absorption persists up to wavelengths of the order of 30 cm. 
This effect is small enough to have escaped experimental detection, 
but it is clearly predicted by the theory.1 Except near the center of the 
absorption maximum, the attenuation due to oxygen should vary about 
as the square of the pressure; hence the effect rapidly diminishes at 
high altitudes. It is perhaps unnecessary to remark that attenuations 
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Fia. 216.—Attenuation caused by water vapor (Curve a) and oxygen (Curve b). 

Curve a applies to an atmosphere containing 10 g of water vapor per m1. Curve b applies 
to an atmosphere which is one fifth oxygen, at a total pressure of 70 cm Hg. 

due to independent causes, such as water vapor and oxygen, are directly 
additive. 

Water drops in the atmosphere can affect the passage of microwave 
radiation in two ways. In the first place liquid water is a very imperfect 
dielectric at microwave frequencies, and absorbs energy from an oscillat
ing electric field just as any lossy dielectric would. For extremely small 
drops, such as those in fog or clouds, this is the only important effect, 
and in this limiting case the attenuation at a given wavelength is simply 
proportional to the aggregate liquid water content of the atmosphere, 

1 J H. Van Vleck, op. cit.; see also Vol. 13. 
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measured, for instance, in grams per cubic meter.1 The effect of larger 
drops is more complicated, depending not only upon the total mass of 
water per unit volume, but upon the diameter of the drops as well. The 
absorption process itself is no longer simple, and scattering of energy by 
the drops, which depends very strongly on the ratio of wavelength to 
drop diameter, begins to play a role. Energy scattered out of the 
directed beam must, of course, be counted as lost. 

FIG. 2-17.—Solid curves show attenuation in rain of intensity (a), 0.25 mm/hr (drizzle); 
(b), 1 mm/hr (light rain); (c), 4 mm/hr (moderate rain); (d), 16 mm/hr (heavy rain). 
Dashed curves show attenuation in fog or cloud: (e), 0.032 g/m3 (visibility about 2000 ft); 
(/), 0.32 g/m3 (visibility about 400 ft); (ff), 2.3 g/m3 (visibility about 100 ft). 

The attenuation resulting from these effects can be calculated for 
drops of any given diameter. Reliable and accurate though they may 
be, such results are not in themselves of much use, for it is neither 
customary nor convenient to describe a rain in terms of the drop diameter 
and the number of drops per cubic meter. In any case, the drops are 
never all of one size and it is not sufficient to know merely the average 
diameter. Instead, one has to make use of empirical meteorological 
data correlating drop size (really distribution-in-size) with precipitation 
rate to arrive finally at a relation connecting attenuation in decibels 

1 This conclusion holds so long as the diameter of the drops is very much less than 
X/n, where n is the index of refraction of water a t the frequency in question. 
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per kilometer, with precipitation rate in millimeters per hour. The 
most extensive analysis of this sort has been carried out by J. W. and 
D. Ryde, upon whose work1 the curves of Fig. 2-17 are based. The direct 
measurements of attenuation and rainfall which have been made confirm 
these predictions satisfactorily. The chief difficulty in such experiments 
is connected with the measurement of the rainfall, which is homogeneous 
in neither time nor space. 

The dashed curves of Fig. 2-17 show the attenuation in fog or clouds 
which, as we have said, does not depend on the drop diameter. Accord
ing to Ryde a certain limit of optical visibility can be, at least loosely, 
associated with each of the dashed curves. For the conditions to which 
Curve / applies, for example, the optical range is limited to about 400 ft. 
At a wavelength of 3 mm the radar range could be 50 to 100 times as 
long. 

It would be easy, but not very instructive, to introduce an exponential 
factor into the radar equation to take account of the attenuation that 
we have been discussing. We leave this task to the reader, who will 
find no difficulty in calculating, for any given case, the reduction in range 
caused by a specified strength of attenuation, which is effective, of 
course, on both the outgoing and return path. One general observation 
should be made, however, which is that the effect of an exponential term 
in the radar equation is insignificant at very short ranges but over
whelming at very long ranges. What we mean by short and long is 
determined by the rate of attenuation. An entirely arbitrary criterion, 
which will serve as well as any other for discussion, is the range for which 
the presence of the atmospheric attenuation just doubles the normal rate 
of decrease of signal intensity with range. If a is the rate of attenuation 
in db/km, the range Ro so defined is given by R0 = 8.68/a km. At 
shorter ranges than this the inverse-square law is the more important 
factor; at ranges greater than R0 the exponential factor controls the 
situation and any slight improvement in range must be bought at enor
mous price. In other words, once attenuation takes hold, it is of little 
avail to struggle against it. 

1 J. W. Ryde and T). Ryde, Report 8670 of The Research Laboratory of General 
Electric Company, Ltd. This is a British publication. 



CHAPTER 3 

PROPERTIES OF RADAR TARGETS 

SIMPLE TARGETS 

B Y A. J. F. SIEGERT, L. N. RIDENOUR, AND M. H. JOHNSON1 

3-1. Cross Section in Terms of Field Quantities.—In the preceding 
chapter the quantity "cross section of a target" was introduced phe-
nomenologically. Theoretical considerations which in certain cases 
will allow the prediction of the value of these quantities from the known 
properties (shape, material) of the target will be presented in this chapter. 
The following considerations will be restricted to cases where the indi
vidual target is sufficiently small, compared with the distance from the 
transmitter, to permit the incident electromagnetic field at the target to 
be approximated by a plane wave propagating in the direction of the 
target away from the transmitter; this is chosen as the z direction. 
The problem of finding the cross section then reduces to the mathe
matical problem of finding that solution of Maxwell's equations which 
at large distances from the target reduces to the incident plane wave 
and at the target fulfills the proper boundary conditions. 

Suppose a solution of this problem has been found. At large distances 
from the target the component of the electric field parallel to the receiving 

2-TI. , 
2iri — ( r - c < > 
— ( 2 — ct) e x 

dipole can be written in the form E0e x + S \- terms 
decreasing faster than r~l, where E0 is the amplitude of the incident plane 
wave, S/r is the amplitude of the only important part of the scattered 
wave, X the radar wavelength, c the velocity of light, and t the time. 
Usually Eo and S contain complex phase factors; S is in general a function 
of the scattering angles. In the following discussion the symbol <SK is 
used to denote the value of S in the direction of the receiver. In terms 
of E0 and SR, the cross section a defined in Sec. 2-3 is given by 

° = 4x m* (1) 

3-2. Rayleigh Scattering from a Small Sphere.—As an illustration of 
the use of this equation, we shall derive the Rayleigh law for the case 

'Sections 31-3-4 and 3-6 by A. J. F. Siegert, 3-5 by L. N. Ridenour, and 3-7 by 
M. H. Johnson. 
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of back scattering from a sphere of radius a small compared to the radar 
wavelength. In this limiting case the incident field is considered homo
geneous over the extension of the target. In the homogeneous field the 

- — a 
sphere becomes an electric dipole with a dipole moment pe x , where 

P = ~ l a,°E0 (2) 

and e is the dielectric constant. The field of this dipole, observed at a 
distance r in the wave zone and in a direction perpendicular to the 
polarization, is 

s'—r- = {T)*-r- <3> 
The cross section is therefore 

If |e] » 1, which is true, for instance, for a raindrop, we obtain the 
simpler expression 

a = ±(^f)\a\ (5) 
which in this form serves to compare the radar cross section with the 
"geometric cross section" -wa2. 

For the case of a metal sphere, one would be tempted to use the same 
formula with [e| = °o. This, however, is not correct, because, in the 
case of a conducting sphere, surface currents which have a magnetic 
dipole moment are induced by the field. The radiation of both the 
electric and the magnetic dipole must therefore be considered. We then 
obtain 

a = <d(^j\a\ (6) 

3-3. Scattering of a Plane Wave by a Sphere.—The general problem 
of scattering of a plane wave by a sphere is solved in detail in J. A. 
Stratton's book, Electromagnetic Theory (pages 563 ff), and references to 
the original papers can be found there. The cross section for back 
scattering from a metal sphere1 divided by ira- is plotted vs. a/\ in Fig. 

1 P. J. Rubenstein, RL Report Xo. 42, Apr. 3, 1943. Numerical values for the 
problem of scattering from a dielectric sphere can be found for certain values of the 
dielectric constant in the references given by Stratton, Electromagnetic Theory, 
McGraw-Hill, New York, 1941, p. 563 ff. See also Robert Weinstock, RRL Report 



SEC. 3-41 APPROXIMATIONS FOR LARGE METAL TARGETS 0 5 

3 1 , where a is the radius of the sphere and X the radar wavelength. For 
wavelengths large compared to the radius, the cross section is given by 
Rayleigh's law. In the opposite limiting case (X « a) the cross section 
approaches the geometrical cross section ira1. Between these limits are 
the resonance maxima. 

a/A 
FIG. 3-1.—Back scattering from a metallic sphere*. In the region where the line is shown 

dotted, no calculations have been made. 

3-4. Approximations for Large Metal Targets. 1 ^ F o r metal targets 
whose dimensions as well as radii of curvature are large compared with 
the radar wavelength, the following approximation yields good results. 
For every surface element the current is used which would be caused by 
the incident field if the surface element were a part of an infinite plane 
sheet. The radiation from all the surface elements is added in the proper 
phase relations, and the resultant field is considered as the scattered field 
from the target. For a flat metal sheet of area A perpendicular to the 
No. 411-125, Nov. 14, 1944 (for cylinder and sphere) ; Morse and Rubenstein, Phys. 
Rev., 64, 895 (1938) (for elliptical cyl inder) ; L. J. Chu, R R L Repor t No. 4, Oct. 22, 
1942; Marion C. Gray, "Reflection of Plane Waves from Spheres and Cyl inders ," 
BTL Repor t M M 42-130-95. 

' ' J. F . Carlson and S. A. Goudsmit , "Mic rowave Rada r Reflections," R L Report 
No. 43-23, Feb. 2, 1943. 
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incident radar beam we thus obtain the cross section 
4TTA2 

(7) 

For general angles of incidence the cross section is a function of the 
angle of incidence and it varies very rapidly when, as is assumed here, 
the wavelength is small compared with the linear dimensions of the plate. 
In a diagram of return power vs. angle of observation these variations 
show up as the "lobes." The strong main lobe is normal to the plate and 
the side lobes decrease rapidly with increasing angle. For small angles 
9, but excluding the main lobe, the average cross section 9 (averaged over 
several lobes) is given approximately by 

* ~ ( W (8) 

This result is independent of the size of the target, subject of course to 
the limitation that the linear dimensions of the target are large compared 
to the.wavelength. 

For a cylinder of radius R and length I, both large compared to X, we 
obtain 

RP 
<r = &■ ~ (9) 

A 

for incidence perpendicular to the axis. For the same cylinder, if the 
beam forms an angle 6 with the normal to the axis the average cross 
section (averaged over several lobes) is approximated by 

valid for small angles 6 excluding the main lobe. 
For curved surfaces, the formulas of geometrical optics can ordinarily 

be used.1 For a segment of spherical surface of radius R we find 

a = TTR- (11) 

independently of the size of the segment and of the wavelength X. This 
formula is valid as long as the diameter d of the segment (perpendicular 
to the incident beam) is larger than \/2\R, and provided that the edge of 
the segment deviates sufficiently (>X/4) from a plane perpendicular to 
the incident beam, since otherwise edge effects may become important. 
If the surface is not spherical the formula is still valid if we take for R the 
geometric mean of the two principal radii of curvature. The result is 
the same whether the concave or convex side is turned toward the radar 
transmitter. 

1 For more detailed discussion see Vol. 13 of this series, Chap. fi. 
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3-6. The Corner Reflector.—It is often desirable to make a compact 
radar target with a large cross section. A flat plate of dimensions large 
compared to a wavelength exhibits a large cross section when viewed 
along its normal, because of specular reflection, but the cross section falls 
off sharply in other directions [see Eqs. (7) and (8), Sec. 3-4]. The 
problem of designing a target that will give strong specular reflection for 
almost any direction of illumination has been solved by taking over into 
microwave radar practice the corner reflector familiar in optics. The small 
glass reflectors used in highway markers work on this principle. 

A corner reflector consists of three mutually perpendicular intersecting 
planes (Fig. 3-2a). If a beam is directed into the corner formed by the 
planes, triple reflections occur which send it back in the direction from 

(a) (6) 
F I G . 3-2.—The triangular corner reflector. 

which it came (Fig. 3-26). The effective area for triple reflection depends 
on the direction in which the corner is viewed, but it is large over most 
of the octant in which a single corner is effective. When the area for 
triple reflection grows small, double reflection (from two planes whose 
line of intersection is nearly normal to the line of sight) and single reflec
tion (from a plane nearly normal to the line of sight) begin to make 
important contributions to the radar cross section. A single corner will 
be effective only for directions of illumination that cover one octant of a 
sphere centered at the reflector, as has been remarked; but all directions 
can be covered by making a cluster of eight such corners (Fig. 3-3). 

We can find the cross section for a corner by considering it equivalent 
to a flat reflecting plate whose area is the effective area of the corner for 
triple reflection. Equation (7) gives, for area .4 and wavelength X, the 
cross section 

4TT.42 

° = ^ ' 
The maximum area for triple reflection will be that afforded by the corner 
when it is viewed along its axis of symmetry. This maximum area is 
that of the regular hexagon formed by cutting off the corners of the, 
projection of the corner on its axis of symmetry; it is given by 
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.A max — 
V3 

where a is the edge of the corner. This yields for the maximum cross 
section 

- 4 T ° 4 

showing that the free-space range at which a corner reflector can be seen 
by a given radar is proportional to its linear dimensions. Figure 3-4 
shows the maximum cross section at various radar frequencies as a 
function of edge length. 

As o/X (and consequently the gain of a corner reflector) is increased, 
greater attention must be paid 
to the mechanical construction 
of the reflector. When the angle 
between one pair of planes differs 
from 90°, the triply reflected re
turn from the corner splits into 
two divergent beams, with a con-

100 1000 
Edge (a) of corner in cm 

"IG. 3-4.—Maximum scattering cross section 
of triangular corner reflector. 

sequent reduction in signal return. If two angles are in error, there 
are four beams; if all three angles are wrong, six beams result. The 
theory of the effect of errors1 yields the result that a loss in returned 
signal of 3 db is caused by a displacement of the outer edge of the corner 
of about X/2. This limitation requires extremely close attention to the 
mechanical construction of corner reflectors of high gain. I t also presents 
the possibility of applying modulation to the reflection from a corner by 
slight motion of one side. 

3-6. Target Shaping to Diminish Cross Section.—A corner reflector 
gives a radar return by specular reflection for nearly all directions of 

1 R. C. Spencer, "Opt ica l Theory of the Corner Reflector," RL Report No . 433, 
Mar. 2, 1944. 
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approach. A target consisting of two planes intersecting at right angles 
gives specular reflection for all directions of observation perpendicular to 
the line of intersection. A cylinder standing perpendicular on a plane is 
also strongly visible for most directions of approach. If the problem is, 
on the contrary, to construct a target with a low radar cross section for 
most directions of approach, such configurations must be avoided. 
Furthermore, to eliminate ordinary specular reflection, surfaces perpen
dicular to the probable directions of observation must be eliminated. 
Partial camouflage of targets has been achieved by proper shaping. 

3-7. Use of Absorbent Materials.—The possibility of reducing the 
radar cross section by the use of materials absorbent at radar frequencies 
has been the subject of considerable investigation. Contributions to the 
cross section can be separated roughly into two parts. The first arises 
from flat or gently curved surfaces of considerable area (in square wave
lengths) which are normal to the line joining the target and transmitter. 
Radiation returned from such surfaces may be properly classed as specular 
reflection; cross sections arising therefrom will be referred to as "specular 
cross sections." If any dimension of the target is smaller than a wave
length, or if the backward radiation arises from the secondary maxima in 
the diffraction pattern, the cross section will be referred to as a "diffrac
tion cross section." When both types of backward scattering are present, 
the specular cross section is usually much greater. In considering the use 
of absorbent materials, this distinction must always be borne in mind. 
The theory that follows is applicable only to specularly reflected radiation, 
and therefore to the specular cross section. 

Absorbers in general are of two types. In the first kind, reflections 
occurring at the front surface of the absorber are canceled by destructive 
interference with the wave that enters the layer and subsequently 
reemerges. This type, analogous to the antireflection coatings applied 
to optical lenses, will be referred to as "interference absorbers." In the 
second kind, the material of the absorber is so designed that no reflection 
takes place at the front surface and the attenuation in the layer extin
guishes the entering wave. A continuous gradation from one kind of 
absorber to the other exists. 

Consider the reflection from an infinite plane sheet of material that 
is characterized by a complex dielectric constant e and a complex magnetic 
permeability M- The imaginary part of *. arises from dielectric loss and 
electrical conduction in the medium. The physical cause for the imaginary 
part of ju in the ultrahigh and microwave frequency range is not known. 
Let the bounding plane between the medium and air be at z = 0. The 
solution of Maxwell's equations which represents a plane wave incident 
on the bounding surface, a wave reflected from the surface, and a wave 
transmitted into the medium is given by 
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Ev = Ae' 
Hz = e'«°> + « « - " - I Z ~ ° (12) 

ffx N ^ ' " 
2 g 0. (13) 

In these equations a is the amplitude reflection coefficient. 
The boundary conditions that the tangential components of E and of 

H be continuous at z = 0 immediately yield 

I 
Ji 

1 
(14) 

+ 1 
I t is clear that a will be 0 if e = n. Material with such a property will 
serve as an absorber of the second kind, providing t has a considerable 
imaginary part. If the refractive index n and the absorption index K are 
introduced by the familiar relation 

n + in = \/«M, (15) 
Eq. (14) can be rewritten 

n + JK - n . 
(X = : : : (lb) 

n + IK -\- n 
Let us now examine the behavior of an absorber of the first kind in 

which the internal reflection occurs from a metal surface at the plane 
z = — d. It will be assumed that K2 is small compared to n2. The 
calculation of the resultant reflection can be made by summing the 
emergent rays and adding this sum to the wave reflected from the plane 
z = 0. Let g = 47rdx/X be the damping of a wave for one passage from 
the front to back surface and return. Let <j> — i-n-nd/X be the change in 
phase for the same passage. Finally let 0 be the transmission coefficient 
of the front surface. When the index of refraction is high, Eq. (16) gives 

a = 1 - ^ - (17) 
n 

If it is remembered that the coefficient for the internal reflection at the 
front surface is — a, the following table can be constructed. 

TABLE 31.—EMERGENT RAYS AFTER MULTIPLE REFLECTION 
No. of passages 

the layer 
0 
1 
2 
3 

m 

through Ampli tude of emergent 
wave 

a 
pe-"4"1'* ■ 0 

- a 0 e 2 ( ~ ^ " » ■ i3 
a23eJ(-o-,«) . p 

(-a)"--1/3e"'<-»+'+> - 0 
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The resultant amplitude of the wave is then 
R = a + j3^e-If¥i* U - ae-"+ '* + aVl-»+ici>) - aV l - l f+ i*' ) + ■ • • 1 

^ ff2e-g+i,» _ a 4- e-"+"» 
- a + 1 - <«-»+'* _ 1 + ae"°+** ( ' 
_ a + e~°(cos 0 + i sin <j>) 

1 + ae_e(cos 0 — i sin 4>) 
The minimum reflection clearly occurs when sin <t> = 0 and cos <£ = — 1. 

Hence 
* = (2p - I V p = 0, 1, 2, ■ • ■ (19) 
rf=(2P-l)A. 

Thus for cancellation the phase change must be ir and the layer an odd 
multiple of a quarter wavelength thick. The minimum reflection will 
actually be 0 if 

, 1 2M a = In - ~ —i " a n 
and since 

K = ^ = & (20) 

2M 
K = 

This condition determines the necessary attenuation in the layer in order 
that the emergent wave will produce complete cancellation. I t is quali
tatively obvious that the attenuation for each passage must become 
smaller as the reflection at the front surface becomes greater. 

When Eq. (20) is satisfied the power reflection coefficient is given by 
the relation 

4a2 cos2 -s 
fl2 = - -■ (21) 

(a2 - l ) 2 + 4a2 COS21 

If the bandwidth AX of the absorber be defined as the range of wavelengths 
in which more than half the incident power is absorbed, it can be shown 
from Eq. (21) that 

^ = *±. (22) 
X irn 

Therefore the bandwidth of an absorber is proportional to M and inversely 
proportional to n. The qualitative nature of this behayior follows at 
once from the way in which a depends upon n and y.. For a given refrac
tive index, a continuous transition from absorbers of the first kind to 
those of the second kind may be effected by allowing the value of n to 
range from 1 to e. 

Absorbent materials have been produced in Germany for the 
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radar camouflage of U-boats. The type of absorber that was actually 
put into service was of the interference kind. The dielectric constant 
and permeability were produced by a high concentration of spheroidal 
metal particles (carbonyl iron). The concentration of metal was 80 per 
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FIG. 3-5.—Effect of absorbing material on energy returned from a flat plate at various 
angles of incidence. Curve a: diffraction pattern of a metal plate, electric vector of radia
tion normal to plane of incidence. Curve b: plate covered with absorbing material of high 
dielectric constant. Curve c: plate covered with magnetic absorbing material of low dielec
tric constant. 

cent by weight, and values of dielectric constant and permeability were 
€ = 7, M = 3.5. 

An absorber of the second kind was also developed in Germany. I t 
consisted of a series of layers whose conductivity regularly increased with 
depth. The layers were separated by a foam-type plastic whose dielectric 
constant was close to 1. The absorption was excellent from 4 to 13 cm. 
However, the complete absorber was a rigid structure 2\ in. thick, and it 
was never actually used. 
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When absorbent materials are applied to targets whose cross section 
is mainly specular, the cross section is reduced by trie factor \R'ia—a result 
tha t is confirmed by field tests. 

The manner in which absorbent materials influence the diffraction 
cross section is shown in Fig. 3-5. The diffraction pattern of a small 
plate exhibits a strong maximum at an angle corresponding to that for 
specular reflection, and at other angles falls off with the oscillations shown. 
If the plate is covered with absorbing material of high refractive index, 
the principal diffraction maximum is greatly reduced whereas the second
ary maximum is in general only slightly changed. Covering the plate 
with magnetic material of low refractive index not only reduces the 
principal diffraction maximum, but also makes the secondary maxima 
considerably lower. Generally speaking, material of high refractive 
index can be expected to reduce the specular cross section while it leaves 
the diffraction cross section substantially unaltered. Magnetic material 
of low refractive index may, however, also effect a reduction in the 
diffraction cross section. 

COMPLICATED TARGETS 

B Y A. J. F. SIEGERT AND E. M. PURCELL 

Most targets are much more complicated than those dealt with in the 
previous sections. A distinction will be made between "complex targets" 
and "compound targets" (Sec. 3-10). The latter term denotes targets 
consisting of many independent elements (rain, vegetation) which 
generally fill the volume illuminated by a "pulse packet" (Sec. 4-2) 
completely. The former denotes complicated targets (such as ships, air
craft, and structures) which are large, but still smaller than the illuminated 
region. The power received from compound targets is thus dependent 
on beamwidth and pulse length, since these govern the size of the pulse 
packet; the signal from a complex target is not. 

3-8. Return from Two Isotropic Targets.—The outstanding features 
of the signal returned from complex targets—its fluctuations and its 
wavelength dependence—can be studied by considering a simple model 
consisting of two equal isotropic targets a distance I apart. This distance 
is assumed to be smaller than CT/2, where T is the pulse duration, so that 
the signals overlap—at least partly. The ratio of the received power 
from the two targets to that which would be received from one of the 
targets alone (at a distance large compared with I) is given by 

L = i/rO+i0089) + ex(r~ic°8(,)|2 
P 0 

= 4 cos21 I — cos 6 J = 2 1 + cos I — cos 8 J (23) 
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F I G . 3-6.—Successive 
frames of a photographic 
recording of an A-scope 
trace at -rV-sec intervals. 

Because of interference, the received power varies 
between 0 and 4 times the power received from 
one of the targets. 

A beautiful example of the change of signal 
power with I, as predicted by this formula, is 
given in Fig. 3-6, which shows successive frames 
of a photographic recording of an A-scope trace 
at re-sec intervals. These recordings were ob
tained on Deer Island in Boston Harbor. The 
signal on the right-hand side is received from 
the antenna towers of Radio Station WBZ. The 
signals received from these two towers overlap 
in the center and there show the effects of de
structive and constructive interference. In the 
last frame (No. 0311) and in the enlarged frame 
(No. 0479, Fig. 3-7) the parts of the signal where 
there is no overlapping are separated by a gap of 
zero power due to destructive interference in the 
overlapping region. In Frame No. 0303 and in 
Frame No. 0538, Fig. 37 , we have full construc
tive interference. The deflection of the A-scope 
used was not linear in the power, so that the 
highest deflection with constructive interference 
is only 3 times that of the individual signals, 
whereas the power itself is 4 times the power 
received from the towers individually. The 
change in power is due to changes in the distance 
I arising from a swaying motion of the towers. 
The other possible cause, change of wavelength 
due to change in frequency or refractive index 
has been ruled out.1 Correlation was actually 
observed between the wind velocity and the rate 
of fluctuation. The towers would have to move 
only one inch relative to each other to change 
from constructive to destructive interference. 

In Eq. (23) we note further that the return 
power from a complex target consisting of two 
equal isotropic scatterers a fixed distance apart 
depends upon X, and that the change in signal 
for a given wavelength change increases with the 
value of I. This fact has been applied in a 

1 See Propagation of Short Radio Waves, Vol. 13, Sec. 
6-17, Radiation Laboratory Series. 
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device to distinguish small targets of large radar cross section from 
\arge complex targets such as ships by observing the change in signal 
intensity caused by a change in wavelength. 

3-9. Actual Complex Targets.—The actual targets encountered in 
the practical use of radar are of a much higher degree of complexity than 
the simple model just considered. Only a rough estimate of the cross 
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F I G . 3-7.—Enlarged frames of a photographic recording of an A-scope trace. 

section of such targets as aircraft or ships can be obtained by calculation. 
Even if one could carry through the calculation for the actual target 
(usually one has to be content with considering an oversimplified model) 
the comparison of calculated and observed cross section would be 
extremely difficult because of the strong dependence of the cross section 
on aspect. In Figs. 3-8 and 3-9 the observed return power1 from a B-26 

1 Ashby et al, R L Repor ts No . 931, Apr. 8, 1946, and No. 914, Mar . 28, 1946. 
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and an AT-11 aircraft, respectively, is shown as a function of azimuth 
angle. 

The airplane in each case was mounted on a turntable in surroundings 
free from other reflecting objects, and was observed with a near-by radar 
set. The signal strength was automatically recorded as the airplane was 
slowly revolved at a uniform rate. 

35 db 

Fio. 3-8.—Return power from a B-26 aircraft at 10-cm wavelength as a function of azimuth 
angle. 

In many positions, the power received changes by as much as 15 db 
for a change of only \° in aspect angle. To a lesser, but still very notice
able, extent the cross section is a function of the position of the propeller, 
so that modulation1 of the received power is produced when the propeller 
is rotating (Figs. 3-10 and 311) . The modulation is far from sinusoidal, 

1 Ashby, loc. cit. 
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and can be described better as a series of flashes. The power in the 
higher harmonics decreases only slowly with increasing harmonic number. 
Because of these variations of cross section, it has been necessary to 
modify the definition of cross section, in order to make at least the 
experimental definition unique. 

40 db 

]•'!<:. 3-9.—Return power from an AT-11 aircraft at 10-cm wavelength as a function of 
azimuth angle. 

In RL Report No. 64-10,' where a number of measured cross sections 
are tabulated, the convention is made that the cross section attains the 
tabulated value during one half of a series of time intervals. The signal 
is considered as seen in a time interval M if at least once during this 
interval it was distinguishable in the noise. The interval length is 

1 L. B. Linford, D . Williams, V. Josephson, W. Woodcock, and supplement by 
L. B. Linford, R L Repor t No . 64-10, Nov. 12, 1942. 
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m = 1.0 

[SEC. 3 9 

J'l'i. lilO.—Fractional modulation of returned signal from a B-2G at blade frequency; left 
propeller rotating, right propeller stationary. 

chosen as 5 sec. T h e cross section t h u s defined exceeds t he average 
cross section by an a m o u n t as yet unknown . 

The values for cross sections in Tab le 3-2 have been ob ta ined using 
th is definition of cross section. 

TABLE 3-2.—RADAR CROSS SECTION OF AIRCRAFT 
Aircraft Type Cross Section, ft2 

OS2U 170 
Curt iss-Wright 15D 410 
J2F Grumman Amph 440 
B-18 640 
B-17 800 
SXB 230 
AT-11 200 
PBY 560 
Taylorcraft 170 
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A more serious modification of the definition of cross section is made 
necessary by the reflection of radar waves when, the target is observed at 
an elevation angle smaller than half the beamwidth and over a water 
surface. In such cases, the received power is modified by the interference 
of the direct wave with the reflected wave, both for the incoming and for 
the outgoing wave (Sec. 2-12). The concept of cross section in the 

m = l.Q 

FIG. 3-11.—Fractional modulation of returned signal from a B-26, both propellers rotating. 

original sense breaks down in such cases, because it is then no longer 
possible to define a single quantity characterizing the target—namely the 
cross section—in such a manner that the received power depends only 
on the properties of the radar set (P, G, and A), on the range, and on the 
cross section. 

As long as the target does not extend in elevation over more than one 
lobe (an assumption that is usually correct for airplanes) a modification 
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of the definition of cross section can be made in a natural and simple 
fashion if the target is not too near to the radar horizon. Assuming a 
flat earth with reflection coefficient — 1, the power per unit area at the 
target is modified by the factor 

4 sin: 
( ^ ) 

where hi and hi are the heights of the antenna and the target, respectively, 
X is the radar wavelength, and R the range (see Sec. 2-12). The same 
factor has to be applied again in computing the return signal to take 
account of the interference along the return path. The assumption of a 
flat earth is a good approximation1 up to ranges somewhat greater than 

- The cross section is thus redefined by the equation Ro = 

PG A 
4xfl2 4*-fl2 [*-(*&)]■ 

An attempt has been made in RL Report No. 401 to extend the 
validity of this definition to include ship targets by determining experi
mentally an "effective value" for R0. This is done by observing the 
range at which the attenuation of the return signal becomes greater than 
that predicted by the inverse fourth-power law. In this way the cross 
sections in Table 3-3 were obtained. The procedure amounts to a replace-

T A B L E 3 - 3 . — R A D A R C R O S S S E C T I O N OF S H I P S 

Cross section, ft2 

Type of ship 
10 cm X = 3 cm 

I 
T a n k e r ! 24 X 103 

Cruiser j 150 
Small freighter j 1.5 
Medium freighter I 80 
Large freighter I 160 
Small submarine (surfaced) 0 . 4 

24 X 103 

150 
1 5 

80 
160 

1.5 

ment of the real target, which extends over an elevation range from zero 
to its actual height and whose illumination varies with elevation, by a 
target at an "effective height" determined experimentally. 

A different attempt has been made by M. Katzin,2 who computes the 
1 O. J. Baltzer, V. A. Counter , W. M. Fan-bank, W. O. Gordy, E. L. Hudspe th , 

" O v e r w a t e r Observations a t .Y and S Frequencies ," R L Repor t No . 401, June 26. 
1943. 

2 N a v y Repor t RA3A.213A. 
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effect on the received power of the variation of illumination for a vertical 
rectangular sheet and uses the formula thus obtained as a. defiAiUon c£ 
cross section. 

3-10. Compound Targets Extended through Space.—Targets such as 
rain, vegetation, "window,"1 or the surface of the sea are much more 
complicated than the targets considered in the preceding sections. It is, 
however, easier to predict and verify certain features of the return from 
such targets because the compound targets here considered are composed 
of large numbers of independent individual scatterers, and for that 
reason statistical considerations can be used in their treatment. The 
aim of this statistical treatment is to predict the probability distribution 
of the returned power and of the correlation of successive measurements 
of the return power. 

It will be useful to distinguish between compound targets distributed 
throughout a volume (rain, "window") and those distributed over a 
surface (vegetation, waves). In this section the first class is considered, 
the second being deferred to Sec. 3 1 1 . 

The Rain-echo Problem.—Echoes from rain are frequently observed 
on microwave radar (Fig. 3'12). Under some circumstances, the ability 
to map out storm areas by radar may be put to good use. In many 
applications, however, the presence on the radar screen of storm echoes 
(that is, echoes from rain drops within a storm area) is objectionable for 
either of two reasons. (1) A small isolated storm cloud at long range 
may be mistaken for a legitimate target; airborne sea-search radar is 
especially vulnerable to this kind of confusion. (2) Echoes from a storm 
area may mask or confuse the echoes from targets at the same range and 
azimuth. 

The nuisance of "rain clutter," which the latter effect is sometimes 
called, is most severe when the radar cross section of the desired target 
is small. Other factors that determine the intensity of the rain echo 
relative to that of the target echo are the beamwidth, pulse length, and 
wavelength of the radar, the distance to the target, and the number and 
size of the water drops in the neighborhood of the target. In the case of 
a radar set using a pencil beam or a simple fan beam, these factors enter 
the problem as follows: 

Average rain-echo intensity _ /R2\2 CT\ Na0 

Target-echo intensity \ A 2 / a, ' 
1 "Window" is the British and most commonly used code name for conducting 

Soil or sheet cut into pieces of such a size that each piece resonates as a dipole at enemv 
radar frequency. When this material is dispensed from aircraft, large volumes of 
space can be filled with it. It falls at a speed of only a few miles per hour. The 
strong signals it returns so effectively mask the radar signals from aircraft that are 
in the midst of a cloud of window that several tons of aluminum used to be dispensed 
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l|||M ^P^ 

F I G . 3-12.—Echoes from a typhoon on the scope of a 10-cni shipborne radar system. 
" E y e " of storm is clearly visible above center of scope. 

where 
R = range 
X = wavelength 
c = velocity of light 
T = pulse duration 

A = area of antenna aperture 
N = number of drops per unit volume 
(To = radar cross section of an average drop 
at = radar cross section of target. 

in this form on each European heavy bomber raid. The U.S. Army referred to this 
material as "chaff"; the Germans called it " D u e p p e l . " 
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The quantity in parenthesis in Eq. (24) will be recognized as the volume 
of the region in space from, which, a,t a, given mstasit, refiwted signals «MI 
be received. One must assume, to obtain Eq. (24), that the rain is 
distributed over a region larger than this pulse packet and that the 
target is smaller than the pulse packet. 

The average total power received from all the raindrops that contri
bute to the return at a given range is the sum of the return powers of the 
individual drops. The return powers, not the return fields, must be 
added1 because the random distribution of raindrops in space results in 
random phases of the individual contributions. 

The cross section <r0 for raindrops is that of a small sphere of large 
dielectric constant (Sec. 3-2) and is given by 

<r0 = 4T (y j a~° « 300 | j (25) 

where a is the radius of the raindrops, d their diameter, and the bar 
denotes averaging over all drops that contribute to the return. Since 
neither N nor the distribution in drop size is very well known, it will not 
be possible to test this formula experimentally with great precision, but 
the existing measurements of average intensity can be explained, assum
ing reasonable values of N and o6. 

Using Eq. (25) we can now rewrite Eq. (24) as 

Average rain-echo intensity _ R-crd6N . . . 
Target-echo intensity -4XV, 

which displays the strong dependence of rain echo upon wavelength and 
drop diameter. 

What has been said above pertains to the average intensity of the ' 
rain echo. Actually, the signal received from a given region, being the 
vector sum of the waves reflected from the individual drops, fluctuates 
continually in amplitude as these drops-shift in position relative to one 
another.2 This fluctuation obeys a simple statistical law, which, for our 
purpose here, can be stated as follows: the probability of receiving, at 

any time, an echo of intensity (power) P or greater is just e n , where 
Pa is the average intensity over a time long compared to the fluctuation 
time. Precisely the same law describes the distribution in intensity of 
thermal noise power as amplified by the i-f amplifier of the radar set, 
and this is one reason for the striking similarity between rain clutter and 
receiver noise as seen on a radar oscilloscope. There is, however, one 

1 This point is discussed in greater detail in Chap. 7, Vol. 13 of this series. 
2 4'he changes of intensity caused by statistical fluctuations of the number of 

Taindrops within a pulse packet are small compared with these changes. 
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essential point of difference:1 the rate of fluctuation of the receiver output 
is determined by the bandwidth of the receiver, whereas the rate of 
fluctuation, in time, of the echo from a given element of volume in the 
rain is fixed by the time required for the drops in the volume to assume 
a new configuration. This is ordinarily so long that several successive 
radar pulses find the drops disposed in nearly the same way, that is, with 
changes in relative positions amounting to a small fraction of a wave
length only. A quantitative formulation of this statement is derived in 
Vol. 24, Sec. 6-2. 

The latter effect makes the detection of a desired target echo within 
the rain clutter even more difficult, for the very persistence of the target 
echo on successive pulses helps greatly to distinguish it from noise 
(Sec. 2-10). Such help is of no avail against rain unless the target echo 
is received over a time long compared to the rain fluctuation period 
discussed above. 

To distinguish a target in the midst of rain clutter, we must make 
use of some peculiar feature of a raindrop as a radar target. One such 
feature, perhaps the only one unique to rain, is that the raindrops are 
round; thus the intensity and phase of the reflection from a single drop 
do not depend on the direction in which the incident beam is polarized. 
This cannot be said of most radar targets, which, being complicated 
objects usually not rotationally symmetrical about the line of sight, 
show very large variations, with polarization, of the total (complex) 
reflection coefficient. An experimental Verification of the theory that 
this property of symmetry which is peculiar to raindrops can be used 
to distinguish a target signal in the midst of rain clutter has been carried 
out. 

Very briefly, the principle is this: if a sphere is struck by a circularly 
polarized plane wave, formed by passing a linearly polarized plane wave 
through a quarter-wave plate,2 the scattered wave observed in the back-

1 There are other minor differences: the length in range of a "noise spot" is deter
mined by the receiver bandwidth and the cathode-ray-tube spot size. The length in 
range of a "rain spot" depends on the pulse length as well. The width, in azimuth, 
of a noise spot depends only on cathode-ray-tube spot size, or sweep interval, which
ever is larger, whereas the azimuthal width of a rain spot depends on the antenna 
beamwidth. 

2 Quarter-wave plates and half-wave plates for radar, entirely analogous to those 
familiar in optics, can be made. What is necessary is to make the phase velocity 
of the wave as it passes through the plate depend upon its direction of polarization 
with respect to some direction in the face of the plate. This is done by making the 
plate of a stack of parallel metal sheets spaced an appropriate distance from one 
another. When a linearly polarized radar wave encounters the edges of the sheets 
forming the stack, the component whose electric vector is normal to the edge passes 
through unaffected. The component whose electric vector is parallel to the edge, 
however, finds itself in a waveguide of great height but of finite width. Its wavelength 
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ward direction will be circularly polarized. However, the sense of 
rotation oi the vector which represents the field of the scattered wave 
is such that if the scattered wave passes back through the original 
quarter-wave plate it will emerge as a wave whose polarization is per
pendicular to that of the initial linearly polarized wave (Fig. 3-13). 
It will therefore not enter the antenna which was the source of the 
original linearly polarised wave. 

Experimental results are shown Quarter-wave plate 
in Fig. 3-14. The average intensity 
of the rain echo at a given range 
was reduced approximately 26 db, 
while the ground targets (buildings) _ __ ^ ^ 
which were being observed at the "[]•. '*^*' 
same time suffered a reduction of Antenna 
A A o J U T. f *.■ ~e ±l*„ Tm. 3-13.—Scheme for reduction of rain 
4 to 8 db. Imperfections oi the e c h o 
quarter-wave plate, as well as the 
slight ellipticity of falling raindrops, prevent complete cancellation of the 
rain echo. 

3-11. Extended Surface Targets.1—In many cases the individual 
scatterers in a compound target are confined to a relatively thin layer, 
which can be treated as an extended surface target. Nearly all of the 
signals received by airborne radar are from targets that fall into this 
classification. One example is vegetation, which covers most of the 
land over which an airplane is likely to fly. Another is the diffuse return 
from irregularities on the surface of the sea. 

Let us examine briefly the processes involved in the reception of a 
radar signal from a layer of scatterers, such as the layer of vegetation 
on the ground. The radar set transmits a pulse of duration T, which 
travels from the airplane toward the target at the velocity c. A particu
lar scatterer will be illuminated for a time equal to the pulse length, 
as the advancing pulse goes by, and will send a reflected pulse of the 
same duration back to the receiver. The signal received at a time t, 
measured from the moment the transmitter begins to radiate its pulse, 
will consist of contributions from all those scatterers which lie within 
the antenna beamwidth a and within a range interval AR, where 

R' - AR = ic(t - r), (27) 
R' = id. 

in this guide is greater than trie free-space wavelength (Sec. 11-3), and the phase of 
this component can be advanced over that of the other component by any desired 
amount, simply by choosing the width of the sheets along the direction of propagation 
appropriately. See W. E. Kock, "Metal Plate Lenses for Microwaves," BTL Report 
MM-45-160-23. 

1 By R. E. Clapp. 
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As we can see from Fig. 3-15, this group of scatterers will lie within a 
patch of surface of nearly rectangular shape, with its area approximately 
given by 

A = {RCC)QZCT sec 6). (28) 
Here we have used 

R = R' -iAR, (29) 
which is the range to a point in the center of the "target area," the area 
shaded in Fig. 3-15. 

Rain echo 

Without A/4 plate 
sweep: 33 small div/mi 

With A/4 plate 
sweep & gain same as 
above 

Land targets 

Without A/4 plate 
c— sweep: 9.5 small div/mi 

Rain visible only at close 
range 

With A/4 plate 
gain increased 6 db 
Broad pip at center 
is artificial signal 

F I G . 3-14.—A-scope observations of rain and land targets. 

The radar equation was derived in Chap. 2 for the case of a discrete 
target with cross section a, Eq. (2-3b). This equation, repeated here, is 

s = £m>°- (30) 
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We can generalize this formula to the case of an extended surface target, 
if we replace <r by &a expression whose foim wi\\ be deduced through 
statistical arguments similar to those used in Sec. 3-10. As long as the 
relative positions of the objects in the target layer are random,1 we add 
the power received from each object in the area to find the average 

1 *f^===ZJl 
T 

Fia. 3-15.—The area contributing to the instantaneous power received from an extended 
surface target is limited in range and azimuth by the resolution of the radar system. 

level of the probability distribution. The average signal S will thus be 
proportional to the area A, but it can also be expected to depend on 
the aspect angle 9, in a way which need not be specified here beyond 

1 Specifically, we require t ha t the wave trains received from the individual scat
t e r e d within the target area should combine in random phase, which will be the case 
if the ranges Ri to the scattering objects are dis tr ibuted with a randomness or devia
tion much greater t han one wavelength, over a range interval AR itself much greater 
than one wavelength. 
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denoting it by a function F(6). The aspect function F(8) will thus 
include three effects: (1) the amount of power intercepted by the area A 
will depend upon the orientation of the surface with respect to the 
incident wave; (2) only a part of the incident radiation will be reradiated 
diffusely, the rest being absorbed (or, as in the case of sea return, reflected 
specularly); (3) the scattered power may be reradiated preferentially 
in certain directions, depending on the properties of the scatterers. If 
we let F(9) include these three factors, the expression for the effective 
cross section of an extended surface target becomes 

a = (Ra) ■ (icr sec 6) ■ F(6). (31) 

Substitution of Eq. (31) into Eq. (30) will give the received signal S. 
At medium and long ranges (compared to the altitude of the airplane), 

the factor sec 8 is approximately unity and can be neglected. On the 
other hand, for the computation of the altitude signal,1 Eq. (31) is not 
sufficiently precise, because the aspect angle 6 varies considerably over 
the large area, directly below the airplane, which lies within the range 
interval AR when R is approximately equal to h, the altitude. In that 
case, the received signal must be obtained from an integration over the 
large area contributing to the instantaneous power level in the radar 
receiver.2 

GROUND-PAINTING BY AIRBORNE RADAR 

B Y C. F. J. OVERHAGE AXD R. E. CLAPP 

Airborne radar equipment has been extensively used in military 
aircraft for navigation by pilotage under conditions of restricted visi
bility. The performance of these radar sets in displaying topographic 
features below the aircraft depends on point-to-point variations in the 
radar-reflection properties of the earth's surface. The information 
contained in the received echo signals is generally presented to the 
observer as a brightness pattern on an intensity-modulated persistent-
screen cathode-ray tube in which radial distance from the center cor
responds to slant range or ground range, and azimuth to relative or true 
bearing. While the coordinates of this plan-position indicator (PPI) 
presentation thus lend themselves to comparison with maps, the correla
tion between the brightness pattern and the topographic features of 
the ground is a matter of varying difficulty, depending on the nature 
of the terrain, the experience and skill of the operator, and the particular 

1 The first signal to arrive is the reflection from the ground directly beneath the 
aircraft; it is called the "altitude signal" because its range is equal to the altitude of 
the aircraft. 

2 See the chapter on "The Altitude Signal." R. E. Clapp. "A Theoretical and 
Experimental Study of Radar Ground Return." RL Report Xo. 1024, 1940. 
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radar system that is used. The identification and correlation are 
based upon intensity contrasts which fall into several categories, such 
as the contrasts between land and water, between hill and valley, and 
between built-up areas and open countryside. As ea-ch type of contrast 
is discussed, it will be illustrated by radar scope photographs. 

3-12. Specular and Diffuse Reflection.—Of the several ways in which 
airborne radar gives its information, the most important is through the 
contrast between rough and smooth surfaces. A smooth surface on 
the ground appears as a black area in the radar picture, while a rough 
surface appears bright in contrast. In the case of the smooth surface, 
the incident radiation is deflected away, as in Fig. 3T6. Where the 
ground is rough, the incident radiation is scattered in all directions, as 

mm 
(a) 

(b) 
1'lG. . 'JIG.— (a) S p e r u l a r ref lect ion. Co Diffuse reflect ion. 

in Fig. 3T(i, a part of it returning to the receiver to be amplified and 
shown on the radar scope. 

The signal strength from land areas is so milch greater than that 
returned by water surfaces that the interpretation of land-water bound
aries is the simplest of all recognition problems. In a region of highly 
indented coastline the presentation is so strikingly similar to ordinary 
maps that navigation by pilotage can be performed even by inexperienced 
operators. Situations of this type are illustrated in Figs. 3■ 17. 3T8, 
3T9, and 3-20. In Fig. 3-17. for example, the position of the aircraft 
(given by the spot at the center of the picture) can immediately be 
identified by reference to the Oakland waterfront. Treasure Island, and 
the Bay Bridge. Figure 3-20 illustrates the aid in recognition afforded 
by a broad river valley. 

The fineness of the detail which can be shown depends on the range 
and azimuth resolution of the radar system and on the sharpness of 
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focus (the "spot size") of the oscilloscope. Figures 3-17 and 3-18 show 
the resolution of 3-cm systems with an azimuth beamwidth of about 
3°, as compared with slightly less than 1° for the 1.25-cm systems of 
Figs. 3-19 and 3-20. With many radar systems the azimuth resolution 
is not as fine as the range resolution, so that individual signals appear 

F I G . 3-17.—San Francisco Bay, with Golden Gate Bridge and city of San Francisco 
at left, Oakland shore at right, and Bay Bridge and Treasure Island near the center of the 
picture. Wavelength =3.2 cm, altitude 8000 ft, radius 15 nautical mi. 37°51'N. 122°21'W. 

as narrow circular arcs as in Fig. 3-18. In general, a radar picture may 
be considered as being painted with brush strokes whose size and shape 
depend on the beamwidth, pulse length, and oscilloscope spot size. 
Narrow rivers and inlets can best be resolved when they are seen from the 
direction which sets them parallel to these brush strokes. 

Whether a particular surface appears rough or smooth depends on the 
wavelength of the radar system. For example, in Fig. 3-21 the paved 
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airport runways stand out clearly against the grass-covered ground 
between the runways. At the wavelength of 1.25 cm the grass is thor
oughly rough and the runways quite smooth, resulting in strong contrast. 
The contrast is reduced at much shorter wavelengths (ordinary light), 
for which the runways as well as the grass appears rough. At much 

F I G . 3-18.—Coastal areas of Kyushu and Shikoku in the vicinity of Uwajima, Japan. 
Wavelength = 3.2 cm, 3° beam, altitude 10,000 ft, radius 24 nautical mi. 33°03'N. 
132°20'E. 

longer wavelengths both the grass and the runways appear smooth in 
comparison with wooded areas around the airport. There is still a small 
signal from the grass and a smaller signal from the paved runway, 
(because any irregularity scatters a certain amount of power), but on 
the radar picture a surface that is flat in comparison with the wave
length appears dark in comparison with a rough surface, except when the 
flat surface is viewed at normal incidence. 
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At normal incidence the full strength of the reflected wave from a 
specularly reflecting surface hits the receiver with an intensity much 
larger than the signal from a diffusely reflecting surface. For this 
reason the altitude signal is much stronger over water areas than over 
land. 

F I G . 3-19.—Tip of Cape Cod, Mass., with Provincetown Harbor. Wavelength = 1.25 cm, 
0.8° beam, altitude 4000 ft. radius 3 nautical mi. 42°03'N. 70°06'W. 

3-13. Sea Return and Ground Return.—Many surfaces are neither 
perfectly smooth nor thoroughly rough. Although a quiet water surface 
is as near to a specular reflector for microwaves as nature provides, 
it has been observed that a water surface agitated by wind and tide 
reflects a strong signal known as "sea return." Considerable sea return 
is shown in Figs. 3-17 and 3-22, but it does not interfere with identification 
of the land areas. Since sea return is usually much weaker than ground 
return and lacks the sharp outlines of land areas, there is little chance of 
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confusion between sea and land. Sea return is strongest in the direction 
from which the wind is blowing. This effect is shown clearly in Fig. 
3-22, which not only shows substantial sea return in the upwind and down
wind directions (north and south), with no visible return in directions 
crosswind from the radar, but also shows a much weaker sea return in 
the protected inner harbor than in the outer harbor. 

N 

F I G . 320.—Connecticut coast between New Haven and New London. Wavelength = 
1.25 cm, 0.8° beam, altitude 7000 ft, radius 20 nautical mi. The north shore of Long 
Island is faintly visible 17 mi. southeast of the aircraft. 41°23'N. 72°30'W. 

For microwave radar most land areas are wholly on the rough side 
of the division between rough and smooth surfaces—primarily because of 
the presence of vegetation. Because the ground is thoroughly rough, 
the aspect function F(6) of Sec. 3-11 takes, for ground return, the follow
ing simple form: 

F(6) = K sin 6, (32) 
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where K is a numerical constant which can be interpreted as the reflection 
coefficient of the ground. Equation (32) is based on the assumption 
that every bit of the incident energy that is headed for an area on the 
ground will strike some object in that area, where a fraction, (1 — K), 
will be absorbed, and a fraction, K, will be rcradiated, all directions of 
reradiation being assumed equally probable. Some experimental 

FIG. 3-21.—Airport runways at Bedford, Mass. Wavelength = 1.25 cm, 0.8° beam, 
altitude 1500 ft, radius 3 nautical mi. The blank sectors to the south are shadows cast by 
the wheels of the aircraft. 42°29'N. 71°19'W. 

measurements have been made of the radar signals received by an air
borne radar system from level, vegetation-covered ground, and of the 
variation with aspect angle of the intensity of the signals. These 
measurements are in substantial agreement with Eq. (32). 

Introduction of Eq. (32) into Eq. (31) gives the radar cross section 
of the ground: 

a = (Ra)(^cr sec d)K sin 9. (33) 
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Since the angle 6 that appears here is the angle between the plane of 
the ground and the line of sight, u depends on the slope of the ground, 
being larger for ground that slopes upward (as viewed from the aircraft) 
and smaller for ground which slopes downward. Two areas of ground 
which are each level in comparison with the dimensions of a and rough 

F I G . 3-22.—Atlantic entrance of the Panama Canal, with the docking facilities at Cristo
bal. Wavelength = 1.25 cm, 0.8° beam, altitude 1500 ft, radius 3 nautical mi. 9°21'N. 
70"59'W. 

in comparison with the wavelength, and which have the same reflection 
coefficient K, reflect signals of equal intensity and must be distinguished 
from each other through large-scale irregularities such as hills, structures, 
and bodies of water. To make these large-scale irregularities most easy 
to detect, it is desirable that the antenna pattern be smooth and properly 
shaped to produce on the radar picture an even background against 
which irregularities will stand out by contrast. The shaping of the 
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antenna pattern is discussed in Sec. 2-5, where an expression for the 
ideal antenna pattern is derived from an approximate expression for a: 

a = (Ra)(L) sin 8. (34) 

In Sec. 2-5 it was assumed that L was a constant, and a comparison of 
Eq. (34) with Eq. (33) shows this to be approximately true, since sec 0 
differs appreciably from unity only for very short ranges. Based on 
Eq. (34), the ideal antenna pattern is 

G(8) = Go csc2 6. (35) 

A more exact expression, based on Eq. (33), is 

G(6) = Go csc2 8 Vcos 8. (36) 

The effect of using an antenna whose pattern fits Eq. (35) rather than 
Eq. (36) is to increase the strength of the signals at close ranges above 
those at medium and long ranges. This increase is not large, amounting 
only to 3 db at 60°; its main effect is to make the altitude signal stronger 
than the succeeding ground signals. Radar experience indicates that the 
specification of what curve the pattern should follow is less important 
than the requirement that the pattern be smooth. 

In Fig. 3-20 the diffuse bright rings at the center of the picture are 
the result of an imperfectly shaped antenna pattern. These intensifica
tion rings1 make it difficult to distinguish irregularities on the ground, 
but they are not as objectionable as the black rings or "holes" which 
would have appeared if the antenna pattern, instead of being too strong, 
had been too weak in those regions. 

Equations (30) and (33), combined, give only the average level S 
of ground return. Particular signals vary widely. On the PPI, with a 
medium gain setting, ground return can be seen to consist of many 
bright signals. Among these bright signals are weaker signals, some 
of them too faint to show on the screen. The resulting stippled or 
"beaded" texture of ground return is clearly visible when fast sweeps 
are used, as in Fig. 3-25. If the receiver gain control is set high, most 
ground signals rise to saturation and ground return takes on the more 
flattened texture seen in Fig. 317. 

3-14. Mountain Relief.—The presence of hills and mountains in the 
area covered by the radar presentation is indicated by the bright returns 
from the mountain sides facing toward the aircraft and by the shadow 
regions on the far side of the crests. These conditions follow directly 
from the geometry of the illumination, and produce a very realistic 

1 The rather diffuse rings of intensification should not be confused with the range 
markers, which are narrower and appear at equal radial intervals out to the edge of 
the picture. 
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effect of observing land forms in relief, although the radial illumination 
from the center differs from the unidirectional illumination from north
west that is conventionally used in relief maps. Two illustrations of 
this effect are shown in Figs. 3-23 and 3-24, the former obtained with a 
3° beam at 3 cm, the latter with a 0.8° beam at 1.25 cm. Figure 3-23 

F I G . 3-23.—Tokyo Bay, with Tokyo 21 mi east of the aircraft, at the head of the bay, and 
Fujiyama to the southwest of the aircraft. Wavelength = 3.2 cm, 3° beam, altitude 
30,000 ft, radius 50 nautical mi. 35°33'N. 139°14'E. 

was observed roughly midway between Tokyo and Mt. Fuji, and shows 
the characteristic shadow of the cone. Slightly to the southeast, Mt. 
Echizen, less than half the altitude of Fuji, throws a semicircular shadow. 
Many of the crests and valleys north of Fuji are identifiable by reference 
to a map. In Fig. 3-24 the valleys formed by tributaries of the Sus-
quehanna can be traced clearly in the relief. 

It is often useful to visualize the radar presentation of the earth's 
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surface in terms of a small-scale relief model illuminated by a rotating 
fan-shaped beam of light, with the source of light held above the model 
at a height equivalent to the altitude of the aircraft. The direction 
and shape of terrain shadows and the brightness of the near sides of the 
mountains are properties of the radar picture which can readily be 
understood through such scale models. 

F I G . 3-24.—The Susquehanna River and its tributaries flowing through the Allegheny 
Mountains near Jersey Shore, Pa. Wavelength = 1.25 cm, 0.8° beam, altitude 9500 ft, 
radius 10 nautical mi. 41'19'N. 77°16'W. 

As an aircraft approaches a hill or mountain, it will eventually (if 
its altitude is greater than the height of the mountain) reach a position 
where the farther slope is no longer hidden behind the crest. Although 
the shadow is gone, it is still possible to distinguish the mountain on the 
radar picture through the contrast between the brighter signal from the 
near slope and the weaker signal from the far slope. In Fig. 3-24, for 
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example, the contours of the land are indicated partly by shading, partly 
by true shadows. The identification of hills through intensity shading 
depends largely upon the radar operator. There is a natural tendency on 
the part of the operator to set the gain too high, raising all ground signals 
to saturation and making small variations in intensity indistinguishable. 

F I G . 3-25—Mouth of the Susquehanna River at Havre do Grace. Md. Buildings of 
Edgewood Arsenal and Aberdeen Proving Ground are visible as bright patches south of the 
electrified railway line. "Wavelength 1.25 cm, 0.8° beam, altitude 4000 ft, radius 10 nautical 
mi. 39°32'N. 76°13'W. 

3-15. Structures.—The general appearance of structures and clusters 
of buildings is illustrated in Fig. 3-25, which was obtained with a high-
resolution system in the region between Baltimore and Havre de Grace, 
Md. The most prominent single feature is the curved line of the Pennsyl
vania Railroad. Bridges over two branches stand out in sharp contrast 
with the water. Southwest of the position of the aircraft, near the 
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periphery of the picture, the buildings comprising Edgewood Arsenal 
are clearly visible; a similar group southeast of the aircraft corresponds to 
Aberdeen Proving Ground. A third bridge over the Susquehanna 
River, just north of the two visible in the picture, is barely suggested 
by two bright dots at the upper end of the small island in the river. 
In general, the three bridges appear as equally strong signals; in the 
particular sweep corresponding to this photograph the third bridge 
returned a poor signal. 

Many structures stand out against ground return because they 
project vertically above the surrounding level ground and intercept 
energy intended for target areas behind them. The central portion of 
the railroad in Fig. 3-25 is an example of a structure which casts a shadow. 
Seen broadside from a relatively low angle, the wires and supports of 
the overhead electrification system and the embankment upon which 
the tracks are laid intercept energy and cast their shadows in the same 

FIG. 3-2G.—Increased angle intercepted by inclined target area. The length in range of a 
pulse packet, AR, is \cr. 

way as would a small hill or ridge. This type of contrast is less effective 
when the target is viewed from a higher angle, for the same reasons that 
make mountain contrast less effective at high angles of incidence. 

Natural structures also show radar contrast. Examples are the rows 
of trees that line canals and streams in otherwise treeless regions, the 
hedgerows of Normandy and the cliffs of Dover, or the edges of forests1 

and the banks of rivers. As an illustration, Fig. 3-26 shows the increased 
angle intercepted by a target area which spans a river bank. In Fig. 
3-25, the bright line marking the east shore of the Susquehanna River is 
characteristic of the strong reflections returned by sharply inclined river 
embankments. 

The radar signals received from man-made structures are often too 
strong to be fully explained in terms of the solid angle intercepted by the 
target. Figure 3-25 shows several examples of the bright signals from 
groups of buildings, without accompanying shadows. In order to 
account for contrasts as strong as those in Fig. 325 a certain amount of 
retrodirectivity in the target objects themselves must be present. 

This retrodirectivity can arise in several ways. Strong specular 
1 The near edge of .1 forest or group of trees gives a bright signal; the far edge gives 

a weakened signal or casts a shadow. 
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reflection will result whenever a flat surface happens to be oriented normal 
to the line of sight; yet the mere presence of flat surfaces is not enough to 
guarantee a strong reflection. If these surfaces were oriented in random 
directions, the probability of finding one at just the right orientation 
would be so low that the average signal from such a group of flat surfaces 
would be no stronger than the average signal from a collection of isotropic 
scatterers filling about the same volume. Therefore the flat surfaces 
must be so oriented that the reflection is concentrated in the direction 
of the radar receiver. In a group of buildings, a large proportion of the 
flat surfaces will be vertical walls, while many others are smooth pave
ments or flat roofs. There are many opportunities for combinations of 
three flat surfaces at right angles to form corner reflectors (Sec. 3-5), 
which are highly retrodirective targets. The full potentialities of these 
tremendous corner reflectors are never realized in practice because of 
the strict tolerances imposed by the short wavelengths of microwave 
radar. Insufficient flatness in the walls makes a huge, imperfect corner 
reflector behave like one which is smaller but perfect. Inadequate 
perpendicularity results in several return beams in the vicinity of the 
aircraft instead of a single return beam pointed directly at the aircraft. 
Nevertheless, the average effect of many triple corners is to provide 
retrodirectivity in the radar target. 

Vertical and horizontal surfaces can combine into double (rather 
than triple) corners, giving directivity in elevation under certain con
ditions. I t was shown in Sec. 2-12 that rough surfaces like the ground 
can serve as satisfactory mirrors for more distant targets when the angle 
of incidence is sufficiently low. Because double-corner directivity 
depends on the mirror-like properties of a horizontal surface in front of 
vertical structures, we should expect strongest signals from these struc
tures when they are seen from low angles. Many buildings or groups of 
buildings return strong signals at long ranges but tend to fade at shorter 
ranges when the higher angle of incidence reduces their retrodirectivity. 
If the line of sight is nearly horizontal, strong signals are sometimes 
observed by direct specular reflection from vertical surfaces without the 
benefit of mirror reflection from an intermediate horizontal surface. 

Special cases of target directivity in azimuth arise when, for instance, 
large groups of buildings have parallel walls. The signals in directions 
perpendicular to these walls are often intensified, as can be seen in 
Fig. 3-35. 

3-16. Cities.—The brightest signals within a built-up area (Boston, 
Mass.) are presented in Fig. 3-27. This particular photograph was 
obtained with a so-called "three-tone" presentation (Sec. 13-21), in 
which gain and limit level are electronically switched back and forth 
from levels most suitable for land-water contrast to levels giving the 
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best overland contrast for the brightest target highlights. In this 
manner, the points yielding the brightest returns are presented over a 
"base m a p " which shows the location of the aircraft and which partici
pates in any geometrical distortions of the radar presentation. Studies 
of this type of presentation show that (1) the location of the brightest 

F I G . 3-27.—Boston, Mass., with " three- tone" presentation (Sec. 13-21). Wavelength = 
3.2 cm, 3° beam, altitude 4000 ft, radius 5 nautical mi. 42°20'N. 71°05'W. 

signals changes from instant to instant, and (2) the great majority of 
these highlights cannot be identified with any particular prominent 
structures in the city. These bright signals, therefore, must be acci
dental strong reflections produced at random by favorable illumination 
of particular surfaces and by constructive interference of reflections 
from different surfaces within a signal pulse packet or target area. 
"City re turn" is similar to ground return and sea return in that each 
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signal represents the superposition of reflections from the surface ele
ments located within a region bounded by beamwidth and pulse length. 
The individual targets, however, because of their low absorption and high 
retrodirectivity, are more effective than the scatterers and irregularities 
responsible for ground return and sea return. 

F I G . 3-28.—The Kanto plain north of Tokyo. Wavelength = 3.2 cm, 3° beam, altitude 
10,000 ft, radius 28 nautical mi. 35°59'N. 139°59'E. 

In spite of the fluctuations of individual signals the average intensity 
of the return from a city is sufficiently high to form a relatively stable 
bright area on the screen. The shape of this area and the brightness of 
particular sections remain sensitive to altitude and direction of approach, 
but the whole group of signals is strong enough to give a reliable indica
tion under most circumstances. 

The appearance of city signals of various sizes is illustrated in Fig. 
3-28, a photograph obtained over the Kanto plain north of Tokyo. The 
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urban area of Tokyo is a large group of signals near the southern limit 
of the picture, with the industrial suburbs of Urawa and Omiya, north
west of the city, showing as a strong elongated signal. East of Tokyo 
is Funabashi, a strong signal at the head of Tokyo Bay. Numerous 
small towns in the Kanto plain are shown as individual arcs, particularly 
to the west of the aircraft. The Tone River is visible just below the 

F I G . 3-29.—Small towns near Worcester. Mass. Wavelength = 1.25 cm, 0.8° beam, 
altitude 7000 ft, radius 24 nautical mi. 42°16'N. 71°48'W. 

center of the picture, with the Toride railroad bridge appearing as a 
strong signal just south of the aircraft. 

Figure 3-29, taken at somewhat closer range with a system of higher 
resolution, shows a number of small towns in the vicinity of Worcester, 
Mass. A characteristic group of five bright signals appears near the 
top of the photograph. The signal nearest the aircraft is a mountain 
signal, readily identified as such by its triangular shadow. The remaining 
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four signals represent the towns of Gardner, Fitchburg, Leominster, and 
Ayer. 

Figures 3-28 and 3-29 illustrate situations in which identification 
depends on the recognition of particular groups or "constellations" of 
towns; at long ranges the returns from individual towns lack distinctive 

F I G . 3-30.—Part of the Connecticut River valley, with Springfield, Mass., to the north 
and Hartford, Conn., to the south. Their shapes correspond roughly to the principal 
built-up areas. Wavelength 1.25 cm, 0.8° beam, altitude 7000 ft, radius 20 nautical mi 
41°57'N. 72°39'W. 

characteristics of their own, although at shorter ranges and with systems 
of higher resolution such characteristics do appear. Fig. 3-30 shows 
the cities of Springfield. Mass., and Hartford, Conn., observed at ranges 
of about 10 miles with a 1.25-cm system. Here the bright returns form 
characteristic shapes roughly corresponding to the densely built-up 
parts of the cities. Intermediate conditions are illustrated in Figs. 3-31 
and 3-32, which show two Japanese towns as seen with medium-resolution 
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systems at short ranges. These towns had to be identified by reference 
to other targets on sweeps of longer range, but the signals begin to show 
characteristic shapes. 

In almost all built-up regions additional information is contained 
in the detailed brightness variations which become apparent at close 
range. Many cities contain important and characteristic water areas. 

F I G . 3-31.—Kanazawa, Honshu. Wavelength = 3.2 cm, 3° beam, altitude 10,000 ft, radius 
10 nautical mi. 36°40'N. 136°40'E. 

In Fig. 3-33 the bright region northwest of the center represents the 
densely built-up area of Boston, Mass. The shape of the Charles River 
Basin with its two vehicular bridges provides unmistakable identification. 
A small dark patch slightly closer to the center corresponds to Boston 
Common, and various water courses together with the shoreline provide 
identification of various parts of the city. Figure 3-34 shows the further 
detail which becomes visible at closer range. Figure 3-35 shows a 
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portion of New York City in which immediate identification is possible 
by reference to the Hackensack, Hudson, Harlem, and East Rivers, 
together with Central Park and the various bridges. 

It is sometimes possible to discern a few prominent features of the 
street pattern of a city. A complete presentation of the street pattern 
would be ideal, but present radar equipment lacks the resolution which 

Fia. 3-32.—Obihiro, Hokkaido. Wavelength = 3.2 cm, 3° beam, altitude 12,000 ft, radius 
15 nautical mi. 42°41'N. 143°12'E. 

would make this possible. At very low altitudes and very short ranges, 
major thoroughfares may occasionally be seen as dark lines in the bright 
mass of city return. There is some evidence of the Manhattan street 
pattern near the center of Fig. 3-35. Airport runways, which are 
normally much wider than streets, can often be seen clearly at low alti
tudes, as in Fig. 3-21. On the other hand, the concentration of large 
buildings along major streets and the presence of elevated railways or 
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overhead trolley systems often results in a concentration of particularly 
bright signals along such streets. The street patterns of Chicago and 
Detroit, partially visible in Figs. 3-36 and 337 , are of this type. Some 
caution is necessary in the interpretation of such displays; bright radial 
lines are occasionally caused by directionally selective reflection from a 
mass of buildings with parallel surfaces. Such lines appear to move along 

F I G . 3-33.—Outer harbor, Boston, Mass. Wavelength = 1.25 cm, 0.8° beam, altitude 
8000 ft, radius 10 nautical mi. 42°18'N. 70°58'W. 

with the aircraft and can thus be distinguished from streets, which are 
stable with respect to other signals. 

3-17. Navigation.—Sections 3-12 to 316 have been devoted to dis
cussions of the kinds of targets and target contrasts encountered with 
airborne radar. It remains to describe their integration into the radar 
picture as a whole and the use of this picture as a navigational aid. A 
fuller discussion of this subject will be found in Vol. 2 of this series. 
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Airborne radar is best used as a supplement to standard navigational 
methods, rather than as a substitute for them. Overland navigation by 
the traditional dead-reckoning procedure can be based upon determina
tions of ground speed and drift angle made by the radar operator through 
measurements of the motion of ground targets, while the position of the 

F I G . 334.—Boston, Mass. Detailed resolution of land-water boundaries permits direct 
comparison with conventional maps. Wavelength = 1.25 cm, 0.8° beam, altitude 4000 ft, 
radius 5 nautical mi. 42°21 'N. 71°03'W. 

aircraft is checked at intervals against a map by the identification of 
radar landmarks along the route. 

The characteristics of the radar system must be kept in mind when 
flights are planned. Each radar set has its limitations in range and 
resolution. The maximum range is limited by many factors,1 including 
the transmitted power, the receiver sensitivity, and the antenna gain. 

1 See Chap. 2. 
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The maximum range also depends upon the type of target and often 
upon the altitude of the aircraft. Ground return, for example, reflects a 
stronger signal at higher altitudes for the same reasons that make the 
near side of a hill appear bright: a given area of ground intercepts a larger 
solid angle and receives more of the incident radiation. Thus the range 

F I G . 3-35.—Lower Manhattan, New York, and vicinity of Jersey City, N.J. Rivers, 
bridges, and railway lines, together with the dark rectangle of Central Park, form an abund
ance of good reference marks. Wavelength = 1.25 cm, 0.8° beam, altitude 4000 ft, radius 
5 nautical mi. 40°46'N. 74°01'Wr. 

at which ground return and land-water boundaries can be distinguished 
increases with altitude, provided the gain of the antenna is unchanged. 

Large or highly retrodirective structures are usually visible to con
siderably longer ranges than is ground return. The difference in ranges 
is well illustrated in Fig. 3-38, which was obtained with low gain adjust
ment at an altitude of 4000 ft over the Pennsylvania Railroad main line 
in New Jersey. The land-painting range in this case extends approxi-
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mately to the 5-mile range circle, while the strong reflections from the 
overhead structure of the electrified railway line can be seen out to 
10 miles. A higher gain setting would have resulted in increased ranges 
both for structures and for ground return, with the maximum ranges 
limited by the presence of noise on the picture. 

Specification of maximum useful ranges for radar systems is difficult. 

F I G . 3-36.—Chicago, 111. Wavelength = 1.25 cm, 0.8° beam, altitude 4UO0 ft, radius 10 
nautical mi. 41°52'N. 87°39'W. 

The conditions for rigorous tests are so hard to establish, and the results 
in general are accompanied by so many cumbersome qualifications, that 
maximum-range figures have been controversial. Nevertheless, because 
of the importance of range performance to radar navigation, a few rough 
figures will be mentioned. At medium altitudes (10,000 ft), with air
borne radar systems designed for overland navigation and bombing, 
ranges of about 40 (nautical) miles on ground return and about 100 
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miles on large targets are observed with 3-cm systems such as the AX/-
APQ-13 and AX/APS-15, while with 1.25-cm systems like the AX/APS-
22 the ranges available at present are about 15 miles on ground return 
and 30 miles on large targets, for average atmospheric conditions in the 
Eastern United States. Under conditions of high atmospheric humidity, 

F I G . 3-37.—Detroit. Mich. The Ford Rouge River plant shows as a bright patch 7 mi 
southeast of the aircraft. Wavelength = 1.25 cm, 0.8° beam, altitude 4000 ft. radius 10 
nautical mi. 42°21'N. 83°01'W. 

the absorption of energy by water vapor becomes an important factor 
limiting the maximum range of a radar set at 1.25 cm (see Sec. 2-15). 
Even strong signals from large cities are attenuated below noise level 
if the cities are much beyond the maximum range for ground return. 
Figure 3-39, which illustrates this uniform range cutoff, was obtained 
with a 1.25 cm system at an altitude of 20,000 ft near the Pacific entrance 
of the Panama Canal, with an average water-vapor concentration of 
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6.9 g/m3. Land-painting extends slightly beyond the 15-mile range 
circle. 

Some radar landmarks are more satisfactory than others. Routes 
which run parallel to a coastline, a large river, or a range of hills are 
more easily followed by radar than by contact flying with good visibility, 
because radar eliminates effects of perspective. Other routes are easily 

F I G . 3-38.—Main line of Pennsylvania Railroad near New Brunswick, N.J. Wave
length = 1.25 cm, 0.8° beam, altitude 4000 ft, radius 15 nautical mi. 40°22'N. 74°33'\V. 

followed if they are laid out with the selection of a few distinctive topo
graphical features along the way. A good radar target like a lake may 
nevertheless be an unsatisfactory radar landmark if there are other lakes 
in the same region, with which it might be confused. The choice of the 
best landmarks varies with the radar system, as well as with the terrain. 
When the radar system has high resolution but a short range or a small 
field of view, the detailed character of a target is relied on for identifica-
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tion, while with systems of less resolution but greater range it is often 
the spatial relationship of a group of targets which results in their 
identification. 

In mountainous regions the presentation of a given area varies con
siderably with the altitude and position of the observing aircraft, and 
skill is required in using radar pilotage over this sort of terrain. HOW-

F I G . 3-39.—Pacific Coast near Balboa, C.Z. Average water-vapor concentration over 
flight path 6.9 g / m \ Wavelength = 1.25 cm, 0.8° beam, altitude 20,000 ft, radius 23 
nautical mi. 9°01'N. 79°35'W. 

ever, the Fifteenth Air Force of the U.S. Army has used the method 
extensively in navigating across the Alps. One difficulty inherent in 
the use of radar pilotage over mountainous terrain is illustrated in 
Fig. 3-40. "West of the aircraft a mountain chain rising to 6000 ft throws 
long shadows into the Mogami Valley beyond. The town of Yamagata 
is seen as a bright signal beyond a spur of Mt. Taki extending northwest 
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from the main range. If the aircraft had been slightly south of the 
position shown here, this town would have been completely obscured by 
the long shadow visible just south of it in the picture. Such situations 
can be foreseen by intelligent map analysis and routes chosen to minimize 
the difficulty. 

Airborne radar is particularly valuable when navigational emergencies 

F I G . 3-40.—Sao Mountains, northern Honshu. Wavelength = 3.2 cm, 3° beam, altitude 
10,000 ft, radius 30 nautical mi. 38°09'N. 140°38'E. 

occur. The reorientation of an aircraft that is off course or the location 
of an airport for an emergency landing may depend upon the radar sys
tem and upon the ability of the radar operator to interpret adequately 
the brightness pattern on his oscilloscope. Timely notice of the location 
of thunderstorms is given on the radar screen. The most graphic warn
ing of all is the black shadow extending to the edge of the radar picture, 
cast by a mountain whose summit rises high enough to threaten a crash. 



CHAPTER 4 

LIMITATIONS OF PULSE RADAR 
B Y E. M. PTTRCELL 

To a thoughtful observer, one of the most striking features of a 
microwave radar screen is the quantity of information that is available 
at a glance and continually being renewed. In some installations the 
map of an area of many thousands of square miles is drawn every few 
seconds. Such a map may comprise in effect some 106 to 106 separate 
"elements" of information similar to the elements from which a tele
vision picture or a half-tone cut is constructed. This in itself is no cause 
for complacency; an ordinary photograph, recorded in a fraction of a 
second, usually contains much more information. Indeed, the unini
tiated, comparing the rather fuzzy radar picture with the pin-point detail 
of the photograph, may conclude that the obvious deficiencies of the 
former merely betray the primitive state of the art, and that vast improve
ment in distinctness of detail is to be expected in the normal course of 
development. These conclusions are only partly true. In the first 
place many of the unique capabilities of radar, such as direct range 
measurement or detection of very remote objects despite cloud and dark
ness, often deserve more emphasis in radar design than does the ability 
of the set to produce a lifelike picture. In the second place, the pulse 
radar process is subject to certain inherent limitations. These limitations 
are of obvious origin. A few have been mentioned already in preceding 
chapters, but since the interest there was merely in the detection of 
energy reflected from a single target and not in over-all radar system 
design, their implications were not pursued. 

4-1. Range, Pulse-repetition Frequency, and Speed of Scan.—It is 
the function of most radar sets to search continually through some region 
in space by scanning. Naturally the radar designer strives always to 
enlarge the region which can thus be searched, to increase the rapidity 
with which it can be completely explored, and to improve the ability to 
distinguish detail within the region. In this endeavor he is made 
acutely aware of two of the fundamental limitations of pulse radar which 
can be blamed respectively on the finite velocity of light and the necessity 
of funneling all information in sequence through a single electrical 
channel. The effect of these two limitations and the close connection 
between them can be seen in a simple example. 

116 
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After each pulse transmission enough time must be allowed for energy 
to travel to, and return from, the most distant targets, the time required 
for range R being 2R/c, or nearly 11 psec for each statute mile of range. 
If it is supposed that a radar set operates with a pulse-recurrence frequency 
of 500 pps, during the 2000-/usec interval following each pulse echoes 
will be received from objects within a range of 186 miles. A target 
250 miles away may, however, return a signal strong enough to be 
detected. If it does, this signal will arrive 690 jusec after the next trans
mitted pulse, in exact imitation of an echo from a target at 64 miles 
To decide how serious a complication the possibility of a "second time 
around echo," as it is called, presents, two cases must be carefully 
distinguished. 

1. Targets beyond 186 miles are not of interest. The second-time-
around echo is a nuisance only. It would be well to get rid 
of it if there were some way to do so; if there is not, it would be 
desirable to identify it as an interloper. 

2. The extension of coverage beyond 186 miles is for some reason 
important. Echoes from targets beyond that range constitute 
valuable information that ought to be sorted out and presented 
unambiguously. 

If Case 1 applies, the difficulty can hardly be regarded as funda
mental. For one thing, there are several ways in which the echo in 
question can be identified as originating from the preceding pulse. The 
use of a slightly irregular pulse-recurrence rate, for instance, will prevent 
overlapping of successive echoes of this type from the same target, 
without affecting the superposition of echoes from a target lying within 
the range limit defined above. If a more powerful remedy is needed, the 
unwanted echoes can be removed altogether by some such scheme as 
the following one. The frequency of the transmitter may be changed for 
each pulse, with a corresponding shift in the frequency of the local 
oscillator of the receiver. For example, the transmitter frequency— 
that is, the carrier frequency—might alternate between two values, f\ 
and /2, separated by a frequency interval greater than the receiver pass 
band. Echoes originating from the first transmitted pulse, at frequency 
/ i , would not be amplified if received during the interval following the 
second pulse, for during this interval the receiver would be in tune only 
for echoes of frequency f2, and so on. This rather clumsy expedient, 
although it is actually feasible, would scarcely be justified solely as a 
means of avoiding a reduction in pulse-repetition frequency. I t is men
tioned only to show that objectionable second time around, or even 
"n th time around," echoes could be eliminated if necessary without 
reduction in P R F and without a drastic change in the radar process. 
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The situation is different in Case 2, for if it is required to receive both 
first- and second-time echoes, to separate out the latter, and to present 
them in proper relation to a range scale, some method must be used 
which is the equivalent of operation on two or more frequency channels 
simultaneously. Various schemes to circumvent such operation may 
occur to the ingenious mind, but close examination will show that each 
is either tantamount to multichannel operation1 or involves some sacrifice 
in performance through an abnormally wide pass band, incomplete use 
of available time, or the like. 

Supposing that the reader accepts, with more or less reservation, the 
force or the range-PRF restriction, we proceed with the example, in 
which the P R F is 500 pps and the range limit is accordingly 186 miles. 
Suppose that the width of the radar beam in azimuth is effectively 1°, 
and that the operation required is a search through 360° in a^.muth by 
rotation of the antenna. Clearly, if the antenna turns at a rate exceeding 
500° per sec, during one revolution some narrow sectors in the region to 
be covered will fail to be illuminated. We therefore conclude that the 
shortest possible time in which the area can be searched is -JHHJ or 0.72 
sec. If the rate of rotation were much faster than 1/0.72 sec or 1.4 rps, 
a retentive screen could be used to accumulate information over several 
revolutions until all gaps were filled, but the time for collecting a complete 
picture would again be 0.72 sec or longer. 

As a matter of fact, rotation at a rate higher than 1.4 rps is ruled out 
by quite another consideration. In order to receive an echo from the 
target, the antenna must point toward the target with an accuracy 
measured by the beam width. At a speed of 1.4 rps, in the present 
example, this requirement is already jeopardized since the antenna will 
have rotated through just 1° between the transmission of a pulse and the 
arrival of the corresponding echo from a target at the range limit. 

The extreme limiting conditions which have been assumed allow any 
target to be struck by one pulse of energy, at most, within the time of one 
complete searching cycle, or scan. In Chap. 2 it was pointed out that 
the minimum detectable signal power depends sensitively on the number 
of echoes from the same target which can be accumulated and integrated. 
The reduction in <Smin purchased at the price of increased scanning time 
by allowing the beam to dwell in the target for several pulse intervals, is 
almost always worth the cost. 

The number of pulses striking the target during one scan is an impor
tant parameter in radar design which will reappear frequently in later 

1 The use of different directions of polarization as a means of distinguishing one 
arriving signal from another suggests itself immediately. This would be an effective 
and elegant method fcr operation on two channels with common antennas were it 
not that radar echoes, in general, are substantially depolarized. 
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chapters. This number will be denoted by N„ and defined, where exact 
specification is required, by the relation 

Nm = ^ - (1) 
(On 

In Eq. (1), v, is the pulse-repetition frequency, 9 is the width in radians 
of the radar beam, between half-gain points as usual, and u„ is the angular 
velocity of scanning in radians per second. Of course N*, is closely 
related to the more general and more loosely defined quantity n, intro
duced in Sec. 2-11. If NK is required to be, for example, 10, the rate of 
rotation of the antenna in the previous example must be restricted to 
0.14 rps or about 9 rpm.1 

The numbers arrived at in this example are typical of long-range 
ground-based microwave radar. Any considerable improvement in all 
three characteristics—range, scanning speed, and angular resolution— 
will be blocked by irreconcilable requirements as long as a single radar 
set is relied upon for the entire coverage. But the restriction falls 
even more severely on radar systems designed to search rapidly in two 
angular coordinates rather than in one. 

Suppose that it is our ambition to design a radar system which will 
locate in azimuth, elevation, and range any aircraft within 20 miles 
with the angular accuracy that can be achieved through the use of a 
beam 2° wide in both azimuth and elevation. The solid angle which 
the beam itself includes is roughly 0.001 steradians whereas the hemis
phere to be searched represents a solid angle of 2ir. Some 6000 " patches " 
in the sky must therefore be covered. The number of radar pulses 
needed during a complete scanning operation, regardless of the order 
in which it is carried out, cannot be less than 6000 N„. The maximum 
pulse-recurrence frequency consistent with a 20-mile range2 is about 
4500 pps. Hence the minimum time for completion of the scanning 
operation is 6000JVsc/4500 or 1.3NK sec. Even if N„ is permitted to 
be as small as 3, for a complete picture a scanning time of 4 sec is required, 
which for many purposes is uncomfortably long. 

The only physical constant which has been invoked in the foregoing 
discussion is the velocity of light. The only assumption which has 
been made about the radar system amounts to this: There is only one 
channel, through which elements of information in the form of echoes 

1 It should be noted that imposing this restriction incidentally insures that the 
antenna will not turn too far away from the direction of the target before the echo 
returns. 

2 Certain practical considerations which prevent the use of the entire interval 
between pulses for reception of signals and which therefore set the limit on vr even 
lower than c/2R (see Chap. 12) are here ignored. 
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move in single file. I t must be concluded that the restriction which 
thus arises can be overcome only by the use of multiple channels. The 
simplest—at least in conception—and the most direct way to do this is 
to use two or more radar systems, apportioning to each a part of the 
region to be covered. 

This method is not the only practical scheme for multichannel 
operation. In fact, in one of the most important existing applications of 
multichannel operation, the "V-beam" radar, an increase in the amount 

F I G . 4-1.—Principle of V-beam height measurement. 
1. Plane of Beam I is vertical. Plane of Beam II falls back 45° from Beam I. Ground 

edges of both beams are common at K. 
2. As both beams rotate together, target T is picked up in Beam I when ground edges of 

both beams are at K. 
3. Target T is later picked up in Beam I I when ground edges of both beams are a t K ' . 
4. The angle formed by the advancement of the ground edges from K to K' (A >̂) 

depends on the angle 6 of elevation of the target T. 

of information provided is achieved in a more subtle and, under the 
circumstances, a more effective way. The V-beam principle permits 
a single scanning radar to give height as well as range and 
azimuth of aircraft. In addition to the vertical fan beam which is char
acteristic of microwave search radar (cf. Chap. 15), the V-beam set 
provides an additional fan beam that is rotating at the same speed and 
the plane of which is tilted out of the vertical. If the azimuth and range 
of a target are known from the first beam, the height can be inferred 
from the time of appearance of the same target in the second, or " s l a n t " 
beam (see Fig. 4-1). This latter beam is associated with a completely 
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separate transmitter and receiver. The V-beam radar is thus an authen
tic example of the use of a separate radar system to overcome a scanning 
speed limitation. 

In a certain sense, however, the use of the second channel in this 
way more than doubles the number of angular elements searched in a 
given time. That is to say, an isolated target can be located in azimuth 
and in elevation with an accuracy that would ordinarily require a sharp 
"pencil" beam. But to scan the whole region with such a pencil beam 
would take, according to the earlier discussion, a very much longer time. 
I t might therefore appear that the V-beam system eludes the very 
restrictions which have been claimed to be fundamental. This is to be 
explained by the fact that the V-beam height-finding method works 
only if relatively few targets appear on the screen at one time; otherwise 
there is essential ambiguity in the interpretation of the picture. The 
system is, therefore, not fully equivalent to a pencil-beam scan of the 
same angular region. 

Actually more than two separate radar sets are involved in the 
V-beam system, for both the vertical and the slant beams are themselves 
composite. This, however, has nothing to do with the scanning speed 
limitation, but is required merely to get adequate range and vertical 
coverage. I t is a consequence, in other words, of the radar equation 
for fan beams discussed in Sec. 2-5. 

4-2. Bandwidth, Power, and Information Rate.—If a radar system 
were used to find only the direction of a target, range information being 
suppressed, it would be operating very much like a television camera. 
The picture so obtained would, in effect, be divided into a number of 
elements equal to the ratio of the total solid angle scanned to the solid 
angle included in the beam itself. Thus the number of pieces of informa
tion that the system can collect per second is simply the number of 
picture elements multiplied by the number of complete scans per second, 
exactly as in television. In the radar system giving hemispherical 
coverage which was used as an example in the preceding section, this 
number comes to 1500 elements per second, which is not very impressive 
by television standards. The type C indicator already mentioned in 
Sec. 2-11 and described in more detail in Sec. 6-6 gives information of 
just this sort. I t has not found wide use for two reasons: (1) the accom
panying increases in minimum detectable signal power, explained in 
Sec. 2-11, and (2) the fact that the method discards a large fraction of the 
information available in the radar system, the range information. 

An even closer approach to the television method has been visual
ized, in which the proposed radar receiving system is built something 
like a television camera. A mosaic of microwave-sensitive elements 
located at the focal surface of a receiving antenna would be scanned by an 



1 2 2 LIMITATIONS OF PULSE RADAR [SEC. 4-2 

electron beam. The system would be handicapped by the limitation 
on angular resolution imposed by wavelength and antenna aperture, 
but it should be said that the possibilities of storage inherent in the 
mosaic method might eventually offset to some degree the other apparent 
disadvantage of the system—its low sensitivity. As usual in c-w radar, 
knowledge of target range would not be afforded by such a system 
without further elaboration. 

If range is taken into account, the rate at which the radar collects 
information can be computed in a very direct way. Under ideal cir
cumstances (use of entire interval between pulses, PRF consistent with 

F I G . 4-2.—Analysis into pulse packets of the region scanned. Note that the pulse-
packet, which defines a volume from which echoes are received simultaneously, is only half 
as long as the outgoing wave train. 

range limit, and adequate bandwidth in both video amplifier and indica
tor system), the rate at which information of all types is collected is 
simply the rate at which separate echo pulses can be received. This 
rate would normally be about 1/T, diminished by the factor 1/JV,C which 
takes account of repetition of pulses from the same target.1 This 
number, 1/TN„, is correct no matter how the information is divided 
between angular coordinates and range coordinates. The same result 
can be obtained by observing that the radar system analyzes a region 
in space by dissecting it into elements of volume, so-called "pulse 

1 To be sure, repeti t ion of pulses from the same ta rge t does give extra information 
in t h a t it helps to distinguish a weak echo from noise. In this section, however, 
sensit ivity is no t the pr imary concern, and it has been taci t ly assumed t h a t the echoes 
appear ing on the radar screen are all well above the noise background. 
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packets," whose dimensions are determined by the angular size of the 
beam together with the radial distance CT/2. If fl (see Fig. 4-2) is the 
total solid angle scanned in a particular case, co the solid angle included 
in the beam, and T the total scanning time, it is necessary to apply the 
restrictions discussed in the previous section which require that 

T = W^ = N^l 2R 

On the other hand the number of pulse packets in the volume scanned 
is (U/U)(2R/CT). Hence the number of separate volume elements 
examined per second is 

fi2£M=J_ 
co cr T TJV. / KS) 

Since the pulse duration T and the bandwidth (B of the radar receiver 
are ordinarily related approximately by (B = 1/V, it can also be stated 
that the rate at which elements of information are collected is of the 
order of magnitude of the bandwidth (B. This conclusion, which has 
been approached by a roundabout way, is familiar to the communication 
engineer, whether he is concerned with voice, facsimile, or television 
transmission. 

Let us see how closely a typical radar system approaches this funda
mental limit. Consider an airborne ground-mapping radar with a 1.5° 
beamwidth and P R F of 1800 pps, scanning at 15 rpm. Suppose that 
the pulse duration is 1 /isec and that a region 30 miles in radius is mapped 
on the indicator screen. By a little arithmetic it is found that N,c is 
30 in this case and that the number of separate patches on the ground 
that are examined in 1 sec is 18,000. The product of these numbers, 
540,000, is to be compared with the bandwidth of the system described, 
which would probably be about 2 Mc/sec. The important point is 
that the numbers do not differ by orders of magnitude. I t must be 
said, however, that it is not always easy to make full use on the indicator 
of the information available in the radar system (cf. Sees. 13-20 and 
13-21). 

4-3. Pulse Radar and C-w Radar.—The last section has a bearing on 
the relative capabilities of pulse radar and so-called "c-w radar," by 
which is meant a system operating at relatively low peak power, with 
a very narrow receiver pass band, and making use of the doppler prin
ciple, or of frequency modulation. As was explained in Sec. 2-9, a 
reduction in pulse power, accompanied by a corresponding increase in 
pulse length and decrease in receiver bandwidth, leaves the maximum 
range of a radar system unaffected. Proceeding to a limit in this direc
tion, imagine the pulse to be made so long that it fills the whole interval, 
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1/JV long, which previously separated successive pulses. At the same 
time the average power is kept constant by a reduction in pulse power 
by the factor TVT. The receiver bandwidth, meanwhile, is reduced to 
about vr cps. The result is essentially a c-w system in so far as power and 
sensitivity are concerned, with a bandwidth of vr. I t can see as far as 
the previous radar system, but it cannot see as much in the same time. 
Unless it is provided with multiple channels it can collect information 
only at the rate vr. 

The reader must be cautioned against taking too literally the result 
of the above argument, for the hypothetical variation of system param
eters cannot be duplicated in practice. A change in pulse power, by a 
large factor, entails a change in the type of tube used as a transmitter, 
and perhaps in other components as well. The radar designer, in other 
words, cannot adjust pulse duration arbitrarily, keeping average power 
constant; nor can the receiver pass band be made arbitrarily narrow 
as T is increased, for effects such as fluctuations of the echo eventually 
impose a limit. This problem will be discussed in detail in the following 
chapter which is concerned specifically with c-w radar. The general 
conclusion, however, remains valid—an essential advantage of high 
pulse power, as used in pulse radar, is that it permits information to be 
obtained rapidly. 

For certain tasks, no very high information rate is required, and for 
such applications the various c-w methods (Chap. 5) deserve considera
tion. In the problem of the radio altimeter, for example, what is required 
is merely the range of a single, large, ever-present target—the earth below. 
I t is significant that the most important practical application of c-w 
radar has been made in this field. 

4-4. Clutter.—One of the most formidable limitations to the useful
ness of pulse radar until recently was that imposed by "clutter." Often 
a radar system sees too much, rather than too little; the picture is con
fused by unwanted echoes, or clutter. This can be made up of echoes 
from surrounding objects on the ground (ground clutter), of echoes from 
the irregular surface of the sea (sea clutter), or even of echoes from storm 
clouds. The problem is to find the desired echo in the midst of the 
clutter. Although various palliatives have been invented (Chap. 12) 
which accentuate a fairly strong echo relative to a diffuse background of 
clutter, this difficulty is plainly fundamental as long as there is no essen
tial difference between the echoes that make up the clutter and the echoes 
from what we may choose to call the true target. How can the radar 
system distinguish between the echoes from boulders, ridges, trees, and a 
multitude of irregularities on the side of a hill, and the echo from a tank 
moving down the hill? How can the periscope of a submarine be seen 
against the background of echoes from a considerable area of rough water? 
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How can a low-flying plane be tracked across a radar map filled with 
"permanent" echoes? 

The only basis that is known for a distinction between the echoes 
from a particular target and equally strong echoes from its immediate 
surroundings is the motion, if any, of the target relative to its surround
ings.1 The reflection of a wave by a moving object gives rise to a signal 
as received in the neighborhood of the (stationary) transmitter, which 
differs slightly in frequency from the outgoing wave. This is the familiar 
doppler effect. The frequency difference A/ is but a small fraction of 
the original frequency /„, in the case of electromagnetic waves, being in 
fact (2v/c)f0 where v is the velocity of the target along the line of sight 
and c the velocity of light. 

Doppler detection systems, or "c-w radar" as they are sometimes 
loosely called, utilize this principle. In fact the doppler effect and c-w 
radar were from the beginning so closely identified as to create a rather 
widespread impression that pulse radar was inherently incapable of 
capitalizing on this essential difference between fixed and moving targets. 
This is not true, fortunately, as has been vividly demonstrated by the 
development of methods, described in Chap. 16, which make possible a 
distinction between moving targets and their surroundings. In some 
cases the echoes from the latter are automatically rejected. 

This is a spectacular advance in pulse-radar technique but it does 
not entirely eliminate the clutter problem. It is applicable only to 
moving targets, and then only when the unwanted echoes from the sur
roundings do not fluctuate so rapidly as to defeat the pulse-to-pulse 
comparison which is an essential part of the scheme. 

Another direction from which the clutter problem can be attacked 
is that of resolution. To just this quality is due the great advantage of 
microwave radar over long-wave radar in respect to clutter. As the 
radar beam is made narrower and the pulse shorter, the amount of 
clutter signal superimposed on the target signal decreases. Also, 
improved resolution often allows recognizable forms to be distinguished 
in the radar picture. A road or a river may be plainly discernible on a 
radar map even though any one of the many traces making up the picture 
would be undecipherable. How far we can hope to go in improving 
resolution depends on factors already discussed, namely the beamwidth-
aperture-wavelength relation, considerations of scanning speed, and the 
practical limits on pulse length and range resolution. Within these 
limitations, however, there is still much room for development. 

1 One exception to this statement must be made. Echoes from spherical water 
drops (rain clutter) accurately preserve the polarization of the incident wave, and it 
has been demonstrated that rain clutter can be almost entirely eliminated by making 
use of this fact (Sec. 310). 
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The reader may well ask whether a phenomenon has been overlooked 
which could be used to distinguish some targets from others. There 
appears to be no possibility for such a phenomenon in the elementary 
process of reflection of electromagnetic waves from inhomogeneities 
in the medium through which they travel. A returning wave is char
acterized by frequency (including phase), intensity, and polarization. 
If two targets within the radar beam—for example, a telephone pole and 
a stationary man—produce echoes similar in the respects listed, they are 
utterly indistinguishable, as much as we might prefer to label one clutter 
and the other the true target. Such echoes may very well be identical 
in the respects listed since no significant difference exists at these fre
quencies between the electromagnetic properties of a man and those of a 
piece of wood. To put it another way, the dimension of "color" is not 
available because the radar cross section of most objects varies in no 
systematic way .with frequency. Distinction by shape, on the other 
hand, is possible only when the radar beam is considerably smaller in 
cross section than the object viewed. 



CHAPTER 5 

C-W RADAR SYSTEMS 
B Y W. W. HANSEN 

6-1. General Considerations.—We shall begin with a discussion that 
is fundamentally useful in understanding what follows, but has as its 
immediate object a definition of the scope of this chapter more precise 
than is given by the chapter title. 

The simplest conceivable radar system consists of a source of r-f 
power, an antenna, and a scattering object or target. The antenna 
emits waves with time factor e""', which, on striking the target at a 
distance r, are reflected and returned to the antenna, where their time 
factor will be ei'-'"t~'Ar) with k = 2T/X. The returned waves will be 
reduced in amplitude by a factor a which depends on the target and 
various geometrical factors, as discussed in Chaps. 2 and 3. 

This returned wave will give rise to currents and voltages in the 
antenna, which add to those produced by the power source and so give 
rise to a voltage-current ratio, or impedance, which is changed from the 
value existing when no target is present. 

In principle, this impedance, or some similar quantity, might be 
measured on an absolute scale, and the deviations from the normal, or 
no-targct value, ascribed to the presence of a target. 

Practically, this procedure is impossible because the returned signals 
are often 10 - 9 times as large, on a voltage basis, as the outgoing signals, 
with the result that the variations in impedance might be of the order 
of a part in 109. Such variations can hardly be measured in the labora
tory at low frequencies, let alone in the field and at microwave frequencies. 

It is therefore necessary to cause the returned signals to vary in some 
manner so that the variation can be measured, rather than to attempt 
such an absolute measurement as that described above. 

This desired variation is caused by a modulation process of some sort. 
The word "modulation" is used here in a general sense to include changes 
induced by the target as well as changes in signal introduced at the 
transmitter. All possible radar systems can then be classified by describ
ing the type of modulation and the use made of the resulting information. 

As a specific example of these general remarks, let us take a very 
simple radar system which consists, as shown in Fig. 5-1, of an r-f power 
source, an antenna, a rectifier, a high-pass filter, an indicator, and a 
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target. I t is assumed that the target is moving radially, thus supplying 
the needed modulation. 

In consequence of the radial motion of the target, which we suppose 
to be at constant velocity v„ the phase of the returned signal, relative 

Target 

R-f power 
source 

Rectifier 

i 
I 

High-pass filter 

J X ^ 
Frequency — — 

Indicator 

F I G . 5-1.—Simplest possible radar system, using single transmitted frequency, with 
modulation derived from target motion. 

to the outgoing one, shifts continuously. In other words, the returned 
frequency is different from the outgoing frequency, the difference being 
{2vr/c)f with vT the radial velocity and c the velocity of light. 

Numerically, with vT in mph and / defined by a wavelength X in cm, 
the frequency difference, which is called the "doppler frequency," is 

given by 

fD = 89.4 (1) 

k f~ 

I! 

or, at 10-cm wavelength, fD amounts roughly 
to 9 cps/mph. The doppler-shifted return 
signal, when added to the transmitter voltage 
and rectified, gives rise to a voltage with 
small pulsations recurring at the doppler fre
quency. The steady component is removed 
by the highpass filter, which may be simply 
a transformer or a series condenser. The 
fluctuations are amplified and used to actuate 
the indicator. Thus the presence of a (mov
ing) target is detected. 

Although the system j ust described is hardly 
practical, apparatus working on exactly this 

principle but with slight technical modifications can be useful. 
In Fig. 5-2 such a system is described diagrammatically in terms of 

type of modulation and use made of the returned signal. The upper 
part of the diagram shows the amplitude of the Fourier components 
radiated by the transmitter; the lower part shows the amplitude of the 

F I G . 5-2.—The upper dia
gram shows the single Fourier 
component /o radiated by the 
transmitter; the lower shows 
the components present in the 
receiver, these being /o from 
the transmitter and /o + fn 
from the target. 
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components present in the receiver. The modulation is produced by 
target motion, and the system makes use of this modulation by deter
mining the presence or absence of a signal of doppler-shifted frequency, 
and usually also, by giving some indication of the magnitude and possibly 
the doppler shift of this signal. 

6-2. Transmitted Spectra.—Consider now a radar system of a general 
type, as described from the Fourier-analysis point of view, either by a 
diagram such as Fig 5-2 or, more precisely, by a Fourier series (or 
integral) for some transmitter voltage or current. Such a series might be 
written as 

} a„e;"»', 

~rf* 

/ -

E = > a„e;"»', (2) 

and we know that if o>„ = nu, such a series can represent any periodic1 

function. This series is sufficiently general—in fact, that is the difficulty. 
The series contains more information 
about the transmitted signal than is 
commonly available. | ^ 

To make use of Eq. (1) we must | ] 
therefore relate the different an with ° ' 
various known quantities. A precise 
and complete connection for all pos- ° 

.. , r c i , .. - i , it FIG. 5-3.—Approximate frequency 
sible forms of modu la t ion migh t well s p e c t r u m of a a e q u e n c e of pulses of carrier 
OCCUpy a book, b u t sufficient infor- frequency fa, repetition irequency fr, and 

,. c , • duration T. 
mation for present purposes is con
tained in the brief series of statements that follow. 

In the amplitude-modulation case the signal generally consists of a 
carrier of angular frequency too, which is modulated at a frequency asso
ciated with the repetition rate. Thus a>„ = coo + nur and we have a 
carrier a>0 and a number of evenly spaced sidebands, as shown dia-
grammatically in Fig. 5-3, which shows a spectral distribution resulting 
from a sequence of pulses. Of course the signal is not strictly periodio 
unless coo chances to be an integral multiple of o>r. 

The sidebands have significant amplitude over a range that depends 
on the pulse width, being approximately 1/T on a frequency scale. Thus 
the number of important sidebands is roughly l / / rr or T,/T. As is 

1 The voltages in radar systems are often, and even usually, not really periodic— 
there is no phase relation between the various pulses. We choose to simplify the 
situation by ignoring this fact. Ordinarily no harm is done, for in f-m and doppler 
systems, voltages are periodic, and in normal pulse systems the relative phases from 
pulse to pulse are ignored. In the special form of pulse system known as the "MTI 
type" (Chap. 16) the voltages are not actually periodic, but special relations between 
receiver and transmitter combine to give the same effect. 
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(a) / -

- 4 / 

pointed out in Chap. 4. 1/r is also the maximum rate at which information 
can be received. 

When frequency modulation is used, the variation of a with w depends 
on the form of modulation just as it depends, in the amplitude-modulation 
case, on the pulse shape. Usually the frequency is varied either (a) 
sinusoidally or (b) in a sawtooth manner. The results are shown qualita
tively in Figs. 5-4<z and 5-46, which are drawn for the normal case in which 
the frequency deviation is large compared to the modulation frequency. 
Also, only the envelope of the \an\ has been drawn. The actual \an\ fluctu

ate irregularly below this value. 
For pulse modulation, the phases 

are such as to make the component 
waves add to a maximum periodi
cally. For example, if one pulse is 
centered on time 2 = 0, the phases 
are all zero. In the frequency-mod
ulation case, the phases are such 
that the various components add to 
give a result that varies more or less 
sinusoidally with time, but with con
stant amplitude. 

Of course there are many possible 
types of modulation besides simple 
AM and FM but these will not be 
treated here. 

5-3. Effect of Target.—The effect 
of reflection from the target on this 
spectrum will now be considered. 
First, all amplitudes are greatly re
duced, as is discussed in detail in 
Chap. 2. Second, the scattering 
cross section of the target is, in 
general, a function of w; the various 

amplitudes are therefore not equally reduced. This effect can be 
expected to be notable only when the target extent is comparable to c 
divided by the bandwidth. Third, there is a phase change, linear in u, 
with proportionality constant depending on the distance. Fourth, all 
frequencies are shifted by the doppler frequency. Finally the scattering 
cross section varies with time; this introduces an additional modulation 
which broadens each of the returned sidebands by an amount depending 
on the rate of the fluctuation. (All this is for a single target. Usually 
there are many targets, in which case the above specification is further 
complicated by a summation over all targets.) 

/o 
(tt 

1-

F I G . 5-4.—Approximate frequency 
spectra for frequency modulation, (a) 
with sinusoidal and (b) with linear saw
tooth variation of instantaneous fre
quency. More precise figures would 
show a few sidebands outside &f, the 
maximum frequency deviation, and the 
intensities of the various sidebands as 
fluctuating irregularly about the mean 
value here shown. 
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Such, then, is the information potentially available to the receiver 
of a radar set. The amount of this information, which varies with set 
type, may be enormous, and use is seldom made of all of it. We may 
complete our classification of possible radar types by specifying what 
use the receiver makes of this information. For example, in a radar 
of the usual pulse type, the linear phase change in going from com
ponent to component of the returned waves may be just compensated 
by an increased time. As a result, the returned waves add to a maximum 
at a time later than do those in the outgoing spectrum. This time delay, 
which is the observed quantity, may then be regarded as a measure of the 
rate of change of phase with frequency of the returned components. 

5-4. Class of Systems Considered.—In this chapter we will consider 
that class of systems in which the modulation is such that energy is 
emitted all, or nearly all, the time. Quite arbitrarily, we take "nearly 
al l" to mean at least 10 per cent of the time—a large percentage in com
parison with that usual-in pulsed radar, where energy is generally emitted 
during less than 0.1 per cent of the time. In Fourier terms this may 
mean, in the case of frequency modulation, almost any bandwidth but 
phases such as to give constant amplitude. Or, when amplitude modula
tion is employed, it means that there are, at most, 10 significant side
bands. There may exist only the carrier, as in the simple system 
described in Sec. 5-1, where the modulation is provided by the target. 

In considering systems of this type, we will first describe a number of 
specific systems and for each system the relevant theory, leaving any 
generalizations until the end of the chapter. This appears to be the 
only feasible course since of many possible systems few, if any, will be 
familiar to the average reader, and general theory would therefore be 
•scarcely comprehensible. 

The reader should be warned that in the descriptions of these specific 
systems quantitative information will be lacking on various points, 
even on important ones. For example, in the first system discussed, 
the aural detection of doppler frequencies in the presence of hiss noise is 
employed. Various questions immediately arise that are similar to those 
treated in the last part of Chap'. 2. Here they are not treated—adequate 
information simply is not available. This situation and others like it 
are the result of the fact that very little research has been done on c-w 
systems in comparison with that devoted to pulse systems. 

There are various reasons for this comparative neglect of c-w problems, 
one of which is certainly valid. All the c-w systems to be described 
have only a small effective receiver bandwidth (as explained in Chap. 4) 
and, therefore, a limited rate of information transmission. Obviously 
this is true for amplitude-modulation systems with 10 sidebands or less 
and with sideband spacing fixed (see Chap. 4) by the maximum unam-
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biguous range, and it will appear later to be true also of frequency-
modulation systems. 

6-6. Utility of C-w Systems.—In spite of the fact that c-w systems 
are limited in their rate of information transmission they are of value for a 
number of reasons. First, there are instances in which a rapid rate of 
transmission is of no advantage. For example, in the case of an altimeter, 
there is one target, the earth. Its general direction is known and fresh 
information as to its distance is hardly needed more than a few times a 
second. Observation 100 times a second is actually employed in radar 
altimeters, to make possible the reduction of certain errors by averaging, 
but even so the rate of information transmission is small. 

Second, there are the situations in which, though a little information 
may be obtained with ease, a lot is impossible to obtain. Such a situation 
arises in the presence of very severe clutter, where pulse systems, even 
with MTI equipment, may fail to give any information. Certain doppler 
systems, on the other hand, will provide useful and even adequate 
information. 

Third, the price of rapid transmission of data is a certain degree of 
apparatus complexity. In some cases, the gain is not worth the price 
and the simpler c-w system is adequate. 

Finally, there are some things which pulse-type systems simply 
cannot do—work down to zero range, for example. 

In the descriptions of c-w systems to follow, they will be presented 
roughly in the order of their complexity as to objects, conception, and 
apparatus. Most of the systems described have seen some use, although 
a few that are included have been tried only briefly. 

SPECIFIC SYSTEMS 
5-6. Simple Doppler System.—We describe first a system capable of 

detecting one or more moving objects in the presence of large amounts of 
ground clutter. In detail, the specifications called for the detection of an 
airplane 50 ft above the ground at 10 miles range and aircraft at higher 
altitudes at 15 miles range. Also, the system later proved most useful 
for measuring velocities of projectiles. 

It will be observed that, in principle, the simple device shown in 
Fig. 5-1 can do all that is required. Practically, however, two important 
modifications must be made. 

First, steps must be taken to keep as much transmitter power as 
possible out of the rectifier. There are two reasons for this: (1) the 
only practical rectifiers at microwave frequencies are crystal detectors 
and these would burn out if connected, as in Fig. 5-1, to even a low-power 
transmitter; (2) if the rectifier did survive, it would respond to amplitude 
modulation of the transmitter and, since it can be found from Eq, (24a) 
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that the returned signal will be 10~7 or 10~8 times the transmitted signal 
in voltage, it follows that amplitude modulation of the transmitter 
would have to be held below this value in order not to be obtrusive. 
Though perhaps not impossible this would certainly be difficult. 

The easiest way to keep transmitter power out of the receiver is to 
use separate transmitting and receiving antennas, and this was the course 
adopted. With a moderate amount of work on the antennas, the leakage 
from transmitter to receiver can be made to be of the order 10 - 8 or less 
in power. Another power of 10 is canceled by an adjustable leakage 
path from transmitter to receiver. Further than this it does not pay to 
go since reflection from nearby ground objects contributes a leakage of 
this same order. 

It has often been suggested that a single antenna would be satis
factory if a bridge-like system were used similar to that used in two-way 
telephone repeaters. Ordinarily however the single antenna is not 
satisfactory., For one thing, the increased antenna gain resulting from 
greater available dish area is lost because of the power used by the 
"artificial" antenna which balances the real one. More important, since 
very slight mechanical changes will spoil a 60-db balance between two 
equal voltages, such bridge systems tend to be highly microphonic. 

The second modification relates to the intermediate frequency of the 
crystal mixer. The reader will have observed that the system is well 
described as a superheterodyne with zero intermediate frequency, the 
leakage from the transmitter constituting the local oscillator power and 
the modulation frequency being the doppler frequency. The only 
unconventional feature is that the signal is single sideband.1 Of course, 
the absolute sensitivity limit of such a system depends on kT and the 
bandwidth of the amplifier. Experimentally, however, this limit is not 
even remotely approached because a crystal detector, when passing 
current, generates a noise analogous to carbon microphone hiss. This 
noise increases with decreasing frequency and is enormous compared 
to thermal noise for audio frequencies. To avoid this excess noise a 
local oscillator is introduced and amplification done at some normal 
intermediate frequency, 30 Mc/sec for example. At this frequency the 
excess noise is negligible. In the i-f amplifier a strong component is 
found due to the beat between leakage from the transmitter and power 
from the local oscillator, and a much weaker component, due to the 
target, displaced by the doppler frequency. After suitable amplification 
these two frequencies are passed into a second detector whose output 
signal consists of a d-c component associated with leakage from the 

1 It is not difficult to make systems that determine on which side of the carrier the 
sideband lies, and are thus able to discriminate between approaching and receding 
targets. 
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transmitter, and the doppler frequency. The d-c component is removed 
by passage through a transformer, or otherwise, and the doppler frequency 
is used to actuate the indicator. 

An incidental but important advantage of this modification is that 
it enables the use of a suitable and easily adjustable crystal current. 

These modifications are introduced in a manner indicated in Fig. 5-5 
which shows a block diagram of the system. Everything is straight
forward, except for the local-oscillator power which is obtained by 
modulating the transmitter and selecting a suitable sideband by means 
of a bandpass filter. This insures a constant intermediate frequency and 
avoids any tuning problems. Frequency-doubling is employed in the 
modulator to avoid difficulties in keeping leakage from the crystal 
oscillator out of the i-f amplifier. 

Transmitting 
antenna 

3000 Mc/sec 

Oscillator 
Modulator 

3030 Mc/sec Crystal 
mixer 

15 Mc/sec 
crystal 

oscillator 

30 Mc/sec 
i f 

amplifier 

Audio 
amplifier 

2nd 
detector 

Indicator 

F I G . 5-5.—Block diagram of simple doppler-type radar system. 

Design Procedure.—Having blocked out a proposed system, we may 
now sketch the design procedure that fixed the various apparatus con
stants and dimensions. 

Design commenced with the choice of an indicator. A voltmeter 
will certainly work, but experience has shown that a speaker or pair of 
earphones, in conjunction with the operator's hearing sense, is much 
more effective provided the frequencies to be detected lie in the range 
between a few hundred and a few thousand cycles per second.1 Within 
this range, the ear easily recognizes pure tones in the presence of hiss 
even when the pure note is much too weak to be seen on an oscillograph. 
This phenomenon is analogous to the averaging performed by the eye 
when looking at an A-scope, as discussed in Chap. 2. Rough experi
ments show that the ear will detect a pure tone in the presence of hiss 
when the tone is stronger than the noise in a 200-cps bandwidth. If 
the ear can do this over the range 200 to 3000 cps, then by using the 

1 A detailed study of the aural detection problem can be found in RRL Report 
No. 411-86, May 5, 1944. 
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simplest possible indication method, a power gain of roughly 15 to 1 over 
what might be had by using voltmeter or oscillograph can be achieved. 
Aural indication is therefore the logical choice. 

This decision, together with the maximum target speed, almost 
determines the wavelength, for the doppler frequency must be chosen 
to lie in a range for which the ear is sensitive. Thus X = 10 cm gives, 
by Eq. (1), 8.9 cps/mph or about 3000 cycles for 300 mph. At the time 
this system was designed, faster planes were not common. Even so, 
a somewhat longer wavelength might have been desirable, but 10 cm was 
chosen because good tubes were available at this wavelength. 

This wavelength proved satisfactory, but it sometimes gives doppler 
frequencies rather below the frequency region in which the ear is sensitive. 
To overcome this difficulty, provision was made to modulate the audio 
signal with a 500-cps tone. The modulator was a balanced one, so that 
the 500-cps carrier output-JKas zero when the signal was zero. The result
ing variations in amplitude of the tone were quite distinctive, even in the 
presence of the noise modulation, and carried the effectiveness of the 
system down to frequencies as low as desired. 

The wavelength being determined, the antenna size was chosen. 
To get as much range as possible, this was taken as large as was feasible 
without either (a) making the device impractically large or (b) getting 
the beam so sharp that at the specified angular rate of scan the beam 
would be on the target too short a time for the listener to hear it. Both 
requirements led to a diameter in the neighborhood of 40 in., the value 
finally chosen. 

It now remained only to estimate the power required. This could 
be done either on the basis of experience with similar systems or by 
calculations of the sort outlined in Chap. 2. As a result of such considera
tions, a power of 10 to 15 watts was chosen. 

This completes the discussion of the basic design of the system. A 
few of the apparatus details will be given later but first various points 
will be discussed which are not mentioned in Chap. 2 but which are of 
importance in computing the range. These all relate to the effective 
bandwidth, the geometrical factors that determine the transmission 
attenuation being the same for pulse and c-w systems. 

Effective Bandwidth.—What then, in principle, determines the mini
mum bandwidth of a doppler system? 

If we use a simple indicator, such as a voltmeter, the bandwidth 
must be sufficient to include the doppler frequencies of all targets of 
interest. This bandwidth is then determined simply by the wavelength 
and the range of target velocities. 

If, however, we consider only targets of one radial velocity, or use 
some more complex indicator that divides the possible doppler range 
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into small bands and looks at each band separately, there are certain 
limits that determine how small the band may be—limits other than the 
obvious one of the response time of the indicator. Three such limits 
are discussed in the following paragraphs. 

The first is due to the modulation arising from scanning. If the 
system is scanned, the beam will be on the target for only a finite time, 
with the result that even a single-frequency doppler signal will be spread 
over a band whose extent will be roughly the reciprocal of the time 
during which the beam is on the target. This is obvious enough, and 
would not be worth further discussion, were it not for the fact that the 
same consideration arises in connection with the system's ability to 
reject clutter. The presence of scattering objects on the ground gives 
rise, as we have seen, to a d-c component in the output signal of the 
second detector. This direct-current component will be a function of 
azimuth angle and so, as the system scans, we find at the second detector 
output "varying direct current"—that is, direct current plus various 
low-frequency components extending up to a maximum frequency 
roughly given by the reciprocal of the time the beam is on the target. 
But the ground returns are so enormous compared to target signals that 
one might fear that even the tails of the ground-return frequency spec
trum would be large compared with the desired signals. Actually, this 
fear is not realized, as will be shown by a brief calculation. 

The general idea on which this calculation is based is as follows: 
If the system scans at a uniform rate, the system output signal as a 
function of time as it scans across a fixed target depends on the directivity 
as a function of angle. The frequency spectrum is then the Fourier 
transform of the directivity function. But this directivity depends 
on the illumination of the dish and is in fact the Fourier transform of the 
illumination as a function of distance across the dish. But the Fourier 
transform of a Fourier transform is the function itself, and so we find the 
interesting theorem that the frequency spectrum due to scanning has the 
same form as the function representing the illumination of the dish. 
Actually, the above statement represents a slight oversimplification 
because we have assumed that the antenna directivity enters only once 
whereas actually it enters twice, once in the sending process and once 
in the receiving. Taking this into account and carrying out the cal
culation, we find that the spectrum due to scanning, which we shall 
call (7(01), is given by 

g(a>) « J E(y)E(co - y) dy, 

with 

y = kx-r, (3) 
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where E(x) is the dish illumination as a function of x, the transverse 
distance from the axis of rotation; A; = 27r/X; and dd/dt is the angular 
rate of rotation. Now E is zero outside the range x = ± d/2 for a dish 

with diameter d and so g{u) is zero for kd -jr < u. This corresponds, 

incidentally, to the doppler frequency associated with the motion of the 
edge of the dish or, what is usually about the same thing, the number of 
beamwidths scanned per second. Although this calculation is more 
complicated for separate transmitter and receiver dishes, etc., the 
important general conclusion stands—namely that, in so far as the 
approximations used are good, the spectrum produced by scanning is 
definitely confined to a finite frequency range. 

Another lower limit on bandwidth is set by the modulation due to 
fluctuation in target cross sections. If the target is an airplane, for 
example, inspection of Fig. 3-8 shows that even moderate yawing will 
introduce large fluctuations in returned signal. The frequency spread 
so introduced depends on the rate of yaw and on the ratio of the target 
dimensions to the wavelength, this ratio determining the number of 
pattern lobes per radian. Calculations are difficult because of lack of 
data, but experimentally a value of about 30 cps at X = 10 cm is found. 
Another and equivalent point of view is that when the plane is turning 
different parts have different doppler frequencies. 

Finally there is, in principle, a limit set by target acceleration. 
Thus if we have an accelerating target it may happen that the doppler 
frequency will transit the pass range of the band-determining filter 
before the filter has time to build up, in which case the signal may be 
missed. If the acceleration is a, and the band is Av, so that we require a 
buildup time of 1/Av, we then find 

with a in ft/sec2, and X in cm. 
Apparatus Considerations.—Having blocked out the system and 

determined the leading design constants, we can now proceed with the 
detailed engineering. Figures 5-6 and 5-7 show the final result; there. 
follow a few remarks as to the more important ways in which the engineer
ing technique for this system differs from that used in pulse systems. 

There are no high pulse powers and both intermediate- and audio
frequency amplifiers are narrow-band. Gains per stage are limited by 
stability rather than by bandwidth; in other words, the technique is 
like that of ordinary radio rather than like that of television. Because 
of the large size of the leakage signal relative to the target signal, only 
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relatively small i-f amplifications can be used, the remaining amplification 
being done after the second detector. 

The most important consideration in doppler work is keeping the 
transmitter frequency modulation down. This will be discussed in 

FIG. 5-6.—Rear view of 10-cm doppler system. {Courtesy of Sperry Gyroscope Company, 
Inc.) 

detail in connection with another system but it should be noted here 
that short-time frequency stabilities of the order of a part in 1010 must 
be attained if the system is to work with full sensitivity in the presence 
of ground clutter. This requires careful attention to microphonics and 
to power-supply filtering. Also, the transmitter filament must be sup-
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plied with direct current or conceivably with alternating current of 
frequency above the pass frequency of the audio amplifier. 

6-7. Range-measuring Doppler System.—In order to measure the 
range of one or more targets, the outgoing wave must be marked, or 
modulated, in some way and the time required for the marks on the 
wave train to return must be measured. The modulation may be of 
either the amplitude or the frequency type, the techniques for the two 
methods being quite different. 

The most familiar method for measurement involving amplitude 
modulation is to emit a pulse of waves and determine the time delay in 

F I G . 5-7.—Transmitter-receiver chassis of 10-cm doppler system. (Courtesy of Sperry 
Gyroscope Company, Inc.) 

the arrival of the reflected pulse. This modulation gives rise to a large 
number of sidebands, and the distance of the target may be regarded 
as determining the relative phase shifts of the various sidebands on their 
return path. 

The fundamental point here is the determination of the relative phase 
shifts, not the multiplicity of sidebands. Actually only two frequencies 
are needed, as we will now show by considering the simplest possible 
amplitude-modulated c-w system capable of measuring range. 

The system consists, in principle, of two separate systems like that 
just described, the two systems having transmitter frequencies differing 
by an amount fT. The transmitted and received spectra then appear 
as in Fig. 5-8 with the two receivers receiving /0 and f0 + fr by leakage 
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and fa ± j D , fo+fr ± JD', from the target, with fD and / c very slightly 
different because of the difference in transmitter frequencies. This 
slight difference in doppler frequencies leads to a phase difference between 
the two doppler-frequency outputs which is a linear function of time, 
just as the target range is a linear function of time for constant radial 
velocity. This suggests that the phase difference is a measure of the 
range. 

This is in fact the case, as may be shown analytically, or qualitatively 
by the following argument. If the target is very close to the system, 

the number of wavelengths from trans
mitter to target and back will be the 
same, even though the two transmitter 
wavelengths differ slightly. Thus the 
leakage and target signals will be in 
phase or out of phase at the two re
ceivers simultaneously and the doppler 
outputs will be in phase for this range. 
As the target gets further away, this 
phase difference increases, finally be
coming 2ir when the number of wave
lengths to the target and back is one 
greater for /0 + fr than for /0. Ana
lytically one easily finds that the 
range is given by 

with <t> the phase shift between the two 
doppler frequencies. 

This is a perfectly feasible system 
and has worked in the field. It is 

not nearly so complicated as appears from the description since the two 
transmitters can be combined, as also can most parts of the receivers. 
The apparatus is essentially like that of the system described in Sec. 5-6 
with the addition of a modulator for the transmitter, another audio 
channel, and a phase meter. No detailed description will be given 
because, as yet, no great practical application of the method has been 
made. The principal difficulty at present is the lack of a well-developed 
phase meter that will work over a range of both frequency and amplitude. 

Nevertheless, some further discussion is in order both because of the 
principles involved and because some future use may be made of the 
idea. 

Four points of principle should be noted. First, to measure the 

II 

A 'o+'r 
f~ 

[I 
JD' 

/ -
F I G . 5-8.—The upper figure shows 

the frequencies present in the trans
mitter spectrum. The lower gives the 
same information for the receiver. 
Frequencies fa and /o + fT in the receiver 
are due to leakage from the transmitter; 
the same frequencies ± / D come from the 
target. 
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distance to a single target, only one additional sideband is needed. 
Second, the presence of the doppler shift, applying as it does to both side
bands, does not interfere with distance measurement. Third, the two 
receivers are separate and their bandwidths are determined by the 
doppler frequency, not by the modulation or repetition frequency. 
Fourth, we now have two design frequencies, fD and fr, and it is a matter 
of great importance which is the greater. If fD « / r , as the diagram 
above implies, the apparatus works as described. If fr < f», the opera
tion is the same in principle but the beat fr between the two leakage 
signals will be within the doppler band and unless special measures are 
taken this beat will completely 
dominate the target signals. 

Since the sense of this ine
quality is an important factor in 
all the systems to be described 
from here on, this section closes 
with a few further remarks con
cerning it. 

The doppler frequency is, by 
Eq. (1), dependent only on th j 
wavelength and the radial velocity. 
Values as a function of wavelength 
and for various speeds are given 
in the curves of Fig. 5-9. 

The modulation frequency is 
ordinarily made as large as pos
sible, in order to get the maximum possible change of phase with change of 
range. The limit is reached when, at extreme range, the phase shift 
is 2JT radians; ranges beyond this are ambiguous. This condition leads 
to the inequality 
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FIG. 5-9.—Doppler frequency as a function of 
wavelength, for various radial velocities. 

fr 2r„ (6) 

a result that is entirely analogous to the similar relation discussed in 
Chap. 4. A plot of Eq. (6) using the equality sign is given in Fig. 5-10. 

Inspection of the last two figures will show that, for radar systems 
in general, there is no "usual" case. One may perfectly well have either 
sign of the inequality. For example with X = 3.3 cm and velocities 
greater than 100 mph, fD is greater than 2950 cps and a maximum range 
of 93 miles would give fr ^ 1000 cps. On the other hand a lower velocity 
and shorter range might, in conjunction with a longer wavelength, lead to 
numbers like vr = 10 mph, X = 10 cm, r = 9.3 miles, values which would 
give }D = 89.4 cps, / , ^ 10,000 cps. 
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When fT < fD, the system as outlined must be modified by placing 
infinite-attenuation filters after the second detector. The filters are 
designed to remove fr completely, while.leaving all but closely adjacent 
frequencies undisturbed. In principle, this is no different from the 
infinite-attenuation filters already present to remove the d-c signals due 
to clutter. Practically, somewhat more trouble is involved, since zero 
frequency filters are stable because neither the frequency nor the filter 
tuning can change, while both possibilities are present for frequencies 
other than zero. Usually also, either by accident or design, various 
harmonics of fT will be present and these also must be filtered out. 

This is the first case we have encountered of a general and almost 
exact1 theorem to the effect that any periodic modulation can produce 
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F I G . 5-10.—Maximum repetition or modulation frequency as a function of maximum 
unambiguous range. 

in the receiver, whether by direct leakage or reflection from stationary 
objects, only output signals that have the same periodicity; these output 
signals can therefore be removed by a sequence of infinite-attenuation 
filters tuned to frequency zero and to all harmonics of the modulation 
frequency. 

Finally, we note that this system will handle only one target. If 
more are present the precise behavior depends on the type of phase 
meter used and the best that can be done is to choose a type that meas
ures range to that target which gives the most intense reflection. 

If the system is required to handle more than one target at a time, 
discrimination may be made either on the basis of range or of doppler 
frequency. If range is used, more sidebands are called for, and the 

1 The theorem would be exact if the carrier frequency were an integral mul t ip le 
of the modula t ion frequency. When this is no t so, the deviat ions are of the order 
fr/fo or less and are usual ly negligible. 
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number of range intervals that can be distinguished is essentially the 
same as the number of sidebands added. A system of this type will 
be described later. If discrimination of targets is to be made by doppler 
frequency, the various doppler tones can be separated with filters. 

The more sidebands used, the more information is obtained per 
second because of the wider band. In discriminating by frequency, 
either duplicate audio systems may be used to increase the information 
flow, or a sweeper of some sort may be used—with resulting loss of speed. 

6-8. F-m Range-measuring System.—The next system to be 
described is one that illustrates the f-m technique of range measurement. 
The specific problem is that of a radio altimeter. In this case, we wish 
to measure the distance to a single target, no clutter is present, and the 
target radial velocity may be zero. Also, the system must work down 
to zero range. The system described below was very successful and 

Receiving 
antenna 

Frequency-
modulated 
transmitter 

Frequency 
meter 

FIG. 5-11.—Simplified block diagram of f-m system for measuring range. 

it and the proximity fuze are the two c-w systems that have been most 
widely used. 

The general method may be explained by the block diagram of 
Fig. 511 and the graphs of Fig. 5-12. Here the transmitter emits waves 
of a frequency1 that varies linearly with time, oscillating above and below 
the mean frequency/o, as shown in Fig. 5-12. These waves arrive at the 
receiver both by a direct connection and by reflection from the target. 
Since the trip to the target and return takes time, the received frequency 
curve, indicated by the dotted line, is displaced along the time axis 
relative to the transmitted frequency. Also there might be a displace
ment along the frequency axis due to doppler effect. This we disregard 
for the moment. The two frequencies, when combined in the mixer, 

1 We note that two types of "frequency analysis" are useful in analyzing this and 
other systems. One is the Fourier method, in which some curve is decomposed into 
a sum of sine waves, each of constant amplitude and frequency and extending in time 
from — oo to -f- » . According to the other method, frequently useful in discussing 
f-m systems, we say that any function of time can be represented by a function of the 
form a cos oil where a and u are functions of ( and are so chosen as to get the best fit 
at any value of I. In cases where the latter procedure is useful, o and u are slow 
functions of /. 
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give rise to a beat1 /„, as shown in the bottom graph of Fig. 5-12. Plainly 
enough, the greater the target distance, the greater this beat frequency; 
its magnitude is then a direct measure of the range. The signal of this 
frequency is therefore amplified and limited, and the frequency measured, 
usually by a cycle-counting device of some sort. The frequency meter 
is then calibrated in terms of range. 

Such a system would work, as described, and would also work on 
multiple targets. But linear frequency modulation is not easy, and 
for single targets the operation is not greatly affected by a change from 
linear to sinusoidal frequency modulation. The difference frequency 
then varies sinusoidally with time, 
but the important point remains, 
namely that the mean magnitude 
of the difference frequency de
pends on the range. Sinusoidal 
frequency modulation is therefore 
adopted since it requires simpler 
apparatus and accomplishes the 
same result. 

There is one subtlety that is 
worth some discussion. If the 
mean or carrier frequency were an 
integral multiple of the modulator 
frequency, it is obvious that the 
output of the mixer would be 
periodic with periodicity corre
sponding to the modulating fre
quency. This would mean that 
each modulation period would contain the same number of cycles. 
This number is then integral and we see that the frequency meter can 
read only 1, 2, • • • , n times the modulating frequency. Actually, 
the same conclusion holds even with no special relation between modula
tion and carrier frequencies, if, as is usual, we use a cycle-counting type 
of frequency meter. Naturally, it is of interest to translate this step-
wise behavior of the frequency meter into altitude readings. For the 
linear-modulation case we easily find f a= AfTAfh/c with / , thfe modu
lating frequency, A/ the total frequency swing, /„ the beat frequency, 
and h the height. Solving for the height and introducing the fact that 
fa is quantized in steps of fr, we find for the error ih 

1 I t is beats of th is sort, which m a y be described as due to time-delay demodulation 
of FM, that are regarded as spurious signals in the system described in Sec. 5-6 and 
that must be avoided by reducing F M of the transmitter to the lowest possible 
value 

-I \~2r/c 

—^ v / 
F I G 5-12.—The upper figure shows, in 

the full line curve, the instantaneous trans
mitter frequency as a function of time. The 
dotted curve is the received frequency. The 
lower figure shows the difference, or beat, 
between transmitted and received fre
quencies, as a function of time. The hori
zontal axis in the upper figure corresponds to 
the mean transmitter frequency /c. 
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&h = w. (7) 

This is of the nature of a maximum error and can be much reduced 
by averaging over a number of modulation cycles. 

Design Procedure.—Design of such an altimeter is begun by using 
the above equation, together with an allowable altitude error, to pick a 
suitable A/. In the present case A/ was chosen as 40 Mc/sec, which 
corresponds to dh = 6 ft, and so, because of averaging, to a rather smaller 
operational error. 

The mean transmitter frequency is now chosen. This must be 
fairly high in order to keep, the frequency variation from being an impos
sibly large fraction of the mean frequency. On the other hand there is no 
gain in very high frequencies and there may be some loss in intensity 
over such terrain as forests. These considerations, plus a consideration 
of the tubes available, led to the choice of a mean frequency of 440 
Mc/sec, which can be obtained from acorn tubes; the frequency modu
lation is accomplished mechanically. 

The modulation frequency is next chosen to give a convenient range 
of beat frequencies/„, subject to the restriction that the time of a modulat
ing cycle shall be long compared to the maximum signal transit time. 
A value of 120 cps was picked. This gives /„ = 8000 cps at an altitude of 
400 ft. A second range of 0 to 4000 ft is obtained by reducing A/ to 
4 Mc/sec. 

This completes the major specifications, except for the power. Prac
tically speaking, power must be decided on the basis of experience, 
calculations of available power and thermal noise power being quite 
useless since, in practice, the limitation is not thermal noise but micro-
phonics, etc. Thus if we consider the earth as a diffuse reflector we 
easily find the received power is {l/2ir){A/r2) times the earth's reflection 
coefficient and times the transmitted power. Even for very small 
transmitter powers and reflection coefficients, this power is large compared 
to thermal noise. On the basis of experience, then, it was decided that 
the 0.3 watt available from an acorn tube would be sufficient for altitudes 
up to 5000 ft, provided certain points of apparatus detail were correct, 
as explained below. 

Apparatus Considerations.—The leading parameters having been 
specified, one can proceed with the detailed design. This is straight
forward, except for certain steps necessary to reduce various spurious 
signals in the receiver which might limit the range. 

These signals, for the most part, are due to amplitude modulation in 
the transmitter. This amplitude modulation comes from microphonics 
and from slight variation of transmitter amplitude with frequency. 
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Modulation from the latter source is at the modulating frequency and 
low harmonics thereof. These spurious signals may be greatly reduced 
by two devices. First, one makes the mixer of Fig. 511 a balanced one 

F I G . 5-13.—The AN/APN-1 frequency-modulated radar altimeter. (Reprinted from 
Electronics.) 

(see Vol. 24) with the result that, if the balance is good, amplitude 
modulation from the transmitter balances out in the detector output. 
Second, the amplifier that precedes the limiter is given a response that is 
a rising function of frequency. The spurious signals, being largely of 



SEC. 5-9] MULTIPLE-TARGET F-M RANGE MEASUREMENT 147 

frequency lower than the desired signals, are thus discriminated against. 
Roughly speaking, the response should rise linearly with frequency, since, 
on a voltage basis, the incoming signals go down at about this rate in 
range and thus in the equivalent frequency. This frequency distortion 
serves a second purpose in that it makes the output signal less dependent 
on altitude so that the limiter does not have to work over such a large 
range of amplitude. The complete device is illustrated in Fig. 5-13. 

The effect of doppler shift is to raise or lower the dotted curve (Fig. 
5-12) corresponding to the returned signal. With the proportions here 
used and with the aircraft in reasonably level flight, the doppler frequency 
is almost always less than the beat frequency due to altitude; con
sequently the end result is that there are somewhat fewer cycles of beat 
frequency in one half of the modulating cycle, and somewhat more in 
the other, the total number per cycle remaining the same. The difference 
in numbers of cycles in the two halves of the modulation period is then 
a measure of the doppler frequency. This difference can be measured 
in various ways, and has been used, along with the altitude information, 
in various developments of the device here described. 

6-9. Multiple-Target F-m Range Measurement.—In the absence of 
clutter and doppler shift almost the same methods can be used with a 
plurality of targets as with a single target. In this case linear frequency 
variation with time is almost essential, and the triangular form of Fig. 
5-12 is probably most convenient, though a saw-tooth variation might 
be used. The detector output then contains a number of frequencies, 
one corresponding to each target range present. Preferably these fre
quencies are detected by some device such as a Frahm vibrating-reed 
frequency meter, which indicates all frequencies simultaneously. If, 
however, time is no object, a device that scans the frequency range may 
be used. A variable frequency can be added to the signal frequency and 
observations made when the sum frequency falls in the pass band of a 
resonant circuit. Variants of this idea sweep either fr or A/ and observe 
when the target frequency falls in the pass band of a resonant circuit. 

Any of these scanning devices greatly increases the time required to 
obtain the desired information. Thus if we have a frequency band / 
which is to be split into n pieces, the time required for such a device as a 
Frahm meter to respond is of the order n/f, whereas if the n frequency 
intervals are observed in sequence the time is n2//. 

The general design procedure is essentially the same as that described 
in Sec. 5-8. First we decide on the allowable range error Sr and determine 
from this the total frequency swing A/ by means of Eq. (7): 
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We may note that 1/4A/ is analogous to the pulse time; it determines 
the width of waveband transmitted and the range accuracy. 

Next, one determines the modulation or repetition frequency fr-
As in pulse systems, this depends on the maximum range. But whereas 
in pulse systems/, may actually be as much as c/2r, in the present systems 
one must have fr markedly less than c/2r in order that not too large a 
fraction of the time will be wasted while the sign of the beat frequency is 
changing. Subject to this upper limit, the choice of / , is determined by 
considerations of bandwidth, response time, and apparatus convenience. 
The smaller /,, the narrower the band and the slower the response. 
Also, the beat frequency, which varies with fr, should be kept in a range 
suitable for the frequency meter to be used. 

The maximum beat frequency is then determined as 4/rA/(r/c), and 
an indicator working up to this frequency by steps of fr is designed. The 
number of steps is thus about r/Sr. 

This method of ranging, like the pulse method, makes no special 
requirements on the carrier frequency, which is then chosen on the basis of 
other considerations. 

The power required depends on the usual things, including the band
width, which in this case is the bandwidth of one element of the fre
quency meter—which should be about fr. 

This scheme, although it has not been highly developed, will undoubt
edly work much as described. High range accuracy and small band-
widths are possible—in fact one may have both at once. Thus one 
might have a repetition rate, and so a noise bandwidth, of, for example, 
10 cps while having a frequency swing of 40 Ale sec, which would give 
range accuracy corresponding roughly to a T^-^see pulse. And this 
latter would be achieved without a wideband i-f or video. 

If, however, we attempt to modify the system so as to allow the 
presence of clutter, and therefore also a doppler shift of the signal coming 
from the target, two difficulties arise. 

First, although the clutter may, in principle, be eliminated by infinite 
attenuation filters tuned to the repetition frequency and multiples 
thereof, the number of filters required is of the order of r Sr, and if this 
number is large the system may be impractical. This limitation appears 
to be fundamental and arises in similar form in all other systems. But 
even if we neglect the multiplicity of the filters, there is considerable 
doubt whether practical means of frequency modulation can be devised 
that will make successive modulation cycles as nearly identical as is 
needed for filtering out really serious clutter. 

Second, as a result of the doppler shift, each target gives two output 
frequencies, and so two range indications. The seriousness of this 
depends on the ratio of the doppler frequency to mean beat frequency. 
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This ratio depends on target speed, wavelength, repetition rate, and 
range accuracy, and might conceivably have almost any value. But in 
many cases the value will be too large for this system to be useful. 
Specifically, the maximum beat frequency may be written as fT(r/Sr) so 
that, for example, 1 per cent range accuracy and fr = 10 cps gives 
fa = 1000 cps, which may be compared with a doppler frequency of 
894 cps for 10 cm and 100 mph. 

5-10. Alternative F-m Ranging System.—Another scheme of the 
f-m type- which is designed to work on multiple targets and in the presence 
of clutter may be understood by reference to Fig. 5-14. This shows, in 
the full curve, a sinusoidal depend
ence of the transmitted frequency 
on time. The total frequency 
swing is made large compared to 
the doppler frequency. The re
ceived frequency, indicated by the 
dotted line, is a similar curve but 
(a) displaced to the right by time 
delay resulting from transmission 
to the target and back and (b) dis
placed vertically by doppler shift. 
If now the difference between the 
transmitted and received frequen
cies is passed through a low-pass 
filter whose pass band includes fre
quencies as high as the maximum 
doppler frequency, there will, in 
general, be little signal output be
cause the difference frequency will 
be greater than the doppler fre
quency over the majority of the 
modulation cycle. If, however, the modulation frequency is adjusted 
so that one cycle corresponds to the transmission delay time, the differ
ence frequency will always just equal the doppler frequency and so a 
large output signal will result. Thus, as the modulation frequency is 
varied, output occurs whenever n/fr = 2r/c with n any integer and r 
the distance to a target. Ground clutter, having no doppler shift, 
gives an output that is periodic with period corresponding to the modula
tion frequency. The d-c component is easily removed and, if fo < fr, 
the other components are removed by the low-pass filter, which passes 
only up to fD. If, therefore, fD < fr ground clutter may, in principle, 
be removed. 

A variant of this scheme turns the receiver off during one modulation 

/ 
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F I G . 5-14.—The full curve in the upper 
graph shows the instantaneous transmitter 
frequency as a function of t ime; the dotted 
curve shows the received signal; and the 
dashed curve, the beat between the two. 
The lower curve shows the same quantities 
when 2r/c = nfT, in which case the beat 
frequency is constant at the doppler value. 
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cycle, and turns the transmitter off and the receiver on during the follow
ing cycle. This permits the use of a single antenna and also reduces 
the clutter intensity by making it possible to gate out the strong returns 
from near-by objects. 

Difficulties with systems of this type are as follows: (1) determination 
of range by variation of/r takes much more time than is justified by the 
receiver bandwidth; (2) the distance measurement is unambiguous 
only over a 2-to-l range; (3) proportions must be such t h a t / D < fr—this 
means long wavelengths and/or slow targets; (4) it is difficult to get the 
modulation cycles to repeat well enough for suppression of really serious 
clutter. 

6-11. Pulse-modulated Doppler System.—The last system to be-
described works against the heaviest ground clutter, and, in principle, 
on a plurality of targets and with no restriction on the relative values 
of doppler and recurrence frequencies. Practically, there are limits 
on the last two factors, the limits being set by questions of apparatus 
complexity. 

A block diagram is shown in Fig. 5-15 and the operation may be 
described as follows. If, as we shall assume for purposes of explanation, 
only a single target is to be observed, the transmitter is turned on for 
half the keying cycle and off during the other half by means of the 
modulator, square-wave generator, TR and ATR tubes. If a mul
tiplicity of targets must be handled, the transmitter pulse is made 
correspondingly shorter. The transmitter power then follows the Curve 
a of Fig. 5-16, and the receiver input follows Curve b with the time delay 
depending on the range and with the dotted part of the received signal 
rejected because the receiver is off.1 This received signal is amplified 
by a conventional superheterodyne receiver whose only special feature 
is the derivation of the local-oscillator frequency from the transmitter 
frequency by the addition of 30 Mc/sec. This 30 Mc/sec is then sub
tracted in a second detector so that the received signal is translated 
down to zero frequency. 

Consider the voltage at point 1 in Fig. 5-15 just after the second 
detector. If the returns are from a stationary target the voltage is of 
the form shown in Graph a of Fig. 5-17. This voltage is periodic and 
has magnitude depending on the target cross section and on the exact 
phase of the returned signal—a change of range of X/4 resulting in a 
reversal of sign. If the target moves, the change of range causes a 
periodic oscillation of amplitude, the resulting signal being like that of 
Graph b Fig. 5-17 and having an envelope which is a sine wave of 
doppler frequency. 

1 Actually, the receiver gate is not opened until several microseconds after the 
transmitter is off. In this way ground clutter due to nearby objects is eliminated. 



uu 
Angle data 
transmitter 

ATR 

Modulator 

Square 
wave 

generator 

Mixer 

L ^ 

TR 

I f 
(30 Mc/sec) 

Mixer 

Oscillator 
frequency / 

Mixer 

30 Mc/sec 
oscillator 

© Clutter filter 

innrv 
U 2fr * 

Attenuator 

PPI sweep 
triggered by 
Square wave 

(D 

® 
Noise and doppler 

filter-

LLAJL 

Rectifier 

© 
Limiter and 

differen
tiator 

"1 
T\ 

Co 

O 
to 
t-< 

ts 
to 

3 
to 

S3 
Co 
*< 
Co 

Fio. 5-15.—Block diagram of pulse-modulated doppler system. 



152 C-W RADAR SYSTEMS [SEC. 5-11 
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F I G . 516.—Transmit ted and re
ceived powers as a function of time. 

(a) 

Now the Fourier resolution of Curve a will contain the repetition 
frequency and multiples thereof, whereas Curve 6 contains fD ± nj, 
but no multiples of j , (unless JD is a multiple of fr). Thus the first or 
"c lu t te r" filter that attenuates j , and multiples thereof, while leaving all 
.slse, will remove all signals due to stationary objects, while leaving those 

due to moving objects undisturbed. At 
point 2 in Fig. 5-15, therefore, the signals 
are like those of Fig. 5-17b, and do not 
contain the frequency j , . 

The signals are now passed through 
a full-wave rectifier, the voltage at Point 
3 in Fig. 5-15 being like Fig. 5-17c. 
This curve now contains harmonics 
nj, ± mfD. 

The various doppler sidebands and most of the noise are now removed 
by passage through a filter that passes only/ r and its multiples, whereupon 
the voltage at Point 4 has a form like that shown in Fig. 5-17d. Thus 
the clutter, the doppler frequency, and much noise have been removed, 
while the position of the trailing edge 
of the pulse, which is a measure of 
the range, is undisturbed. 

The time delay of the trailing 
edge of the wave at d, relative to the 
modulating pulse, is now a measure 
of target range. This time, or range, 
may be displayed on the linear radial 
sweep of a PPI tube by differentiat
ing the voltage and using the result 
to intensity-modulate the beam. 

A few minor points remain to be 
considered. First, the explanation 
has assumed that the bandwidth is 
large enough to pass square waves 
without distortion. Actually, the 
operation is substantially the same 
when only a few harmonics of j , are 
passed. Second, the function of the 
attenuated square-wave voltage in
troduced after Point 1 is to balance 
out the square-wave voltage due to the d-c component of receiver noise, 
as modulated by the gating. Finally, it should be noted that the last 
filter can have fairly narrow pass bands, thereby considerably reducing 
the noise. 
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n n rL_n_ 
F I G . 517.—Curve a shows the voltage 

at Point 1 (cf. Fig. 5-15) due to a stationary 
target and b shows that due to a moving 
target; the dotted envelope curve corre
sponds to the doppler frequency. Curve 
c is the result of passing b through a full-
wave rectifier, and d is the result of 
filtering c. 
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Design Procedure.—The leading requirement in the design of a system 
such as that described above was a range of 75 miles on single targets 
moving at speeds up to 400 mph, even in the presence of extreme ground 
clutter. 

First, since ability to deal with multiple targets was not required, 
the modulation cycle was taken to be half on and half off. Next, the 
repetition frequency was chosen to be as high as possible, consistent 
with getting a reasonable fraction of the extreme range signals to return 
during the time the receiver is on. Thus the value of fr = 1000 cps, 
which was selected, lets the entire return signal into the receiver at 
r = 46.5 miles and none at 93 miles, so that at 75 miles about half is 
lost. The advantage of a high value of fr is the reduction in number of 
stop bands required in the filter. 

The dish size and wavelength were chosen—on the basis of range, 
propagation factors, and beamwidth—to be 12 ft and 40 cm, respectively. 
This latter value also determines the doppler band, which extends from 
zero to about 1000 cps for 400-mph targets. Thus we need carry only 
one harmonic of the repetition frequency. 

The transmitter power depends on geometrical factors in the usual 
way, and on the effective bandwidth of the receiver. It might be thought 
that this would be the total width of the pass bands in the second filter 
of Fig. 5-15, but actually, because of the rectifier between the two filters, 
the noise depends on the bandwidths, both before and after this detector. 
In fact, the effective bandwidth is the geometric mean of the two band-
widths. The last bandwidth was chosen at about 4 cps, this being the 
smallest consistent with the time during which the beam remains on the 
target; and the first bandwidth was about twice the maximum doppler 
frequency. Thus the effective bandwidth, for noise-computation pur
poses, was about 100 cps. With this bandwidth, a transmitter power of 
100 watts should give the required range. 

Apparatus Considerations.—The leading design parameters having 
been chosen, the next subject of discussion is the technical difficulties 
involved. There are two chief ones, both having to do with elimination 
of ground clutter: (1) frequency, and also amplitude, modulation in the 
transmitter must be held to very low values; and (2) the filters, which 
reject frequencies 0, fr, 2/r, etc., present a considerable problem. 

As to the first point, the entire operation of the system is predicated 
on the assumption that the ground returns are periodic. This assumption 
would be completely falsified, if the range of a ground target, measured in 
wavelengths, were to change by as little as X/2 in one repetition cycle. 
Since, in round numbers, there are 106 wavelengths contained in twice the 
maximum range, it is apparent that the operation will not even approxi
mate the above description unless the short-time frequency stability 
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exceeds one part in 10*. Actually, much better than this must be done 
since the ground returns may be 90 db or thereabouts above the target 
returns. Thus, one might expect stabilities of the order of 1010 to be 
needed. Much calculation can be done on this point but, though such 
calculation was useful in showing that a workable system was possible, 
it will suffice to say here that by very careful attention to detail it was 
found possible completely to eliminate all trouble due to frequency 
(and amplitude) modulation of the transmitter. The main points were: 
crystal control of both transmitter and modulator, very careful regulation 
and filtering of power supplies, and operation of important filament 
supplies with alternating current (3000 cps) obtained by multiplication 
from the repetition frequency. 

We next consider the "infinite rejection" filters that are to remove the 
ground clutter. 

The maximum attenuation required is the quantity of most impor
tance. Naturally, this is indefinite since it depends on the terrain, and 
pertinent measurements are very scanty. But the attenuation needed 
may be estimated in several ways, which agree moderately well, and 
finally it was measured on the finished system. Data from all sources 
indicate that ground returns in mountainous terrain may be much larger 
than is commonly realized—in the present case, of the order of 90 db 
above noise. 

The first method of estimation is to calculate the largest possible 
ground return on the assumption that the return is from a mountain so 
large as to fill the beam completely. Such a mountain is certainly 
possible, and assuming it to be hemispherical its returns will be larger 
than those from a target of cross section a in the ratio r2A/\2<r with A 
the dish area. In the present case, this comes out at about 110 db. 
This is certainly an overestimate because the mountain will generally 
not have unity reflection coefficient, and because the part of the model 
that does the reflecting—namely, the part of the hemisphere normal to 
the line of sight—will usually be missing in actuality. Nevertheless, 
the calculation is interesting as indicating that very large ground returns 
are possible. 

A second estimate can be derived from measurements made at Ellen-
ville, N.Y. with a more or less normal (1-jusec, 100-kw) pulse system. 
These measurements showed a ground return 75 db above noise. To 
compare these measurements with our present problem, a number of 
factors must be taken into account. These are: the difference in pulse 
lengths ( ~ 27 db), the different receiver bandwidths ( ~ 30 db), and the 
different transmitter powers ( ~ 30 db). Taking these factors into 
account, the clutter returns at Point 1, Fig. 5-15, may be very crudely 
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estimated as 100 db above the noise in a 103-cycle band, or 130 db above 
that in a 1-cycle band. 

A third estimate can be made from measurements on the completed 
system at this same location, which showed a clutter 100 db above the 
noise in a 1-cycle band. Part of the discrepancy between this and the 
above 130-db estimate is no doubt due to crudities in the estimation, 
the rest to the fact that the clutter in a 500-Msec pulse will certainly be less 
than 500 times that in a l-/isec pulse because the clutter is not spread 
uniformly in range. In any case, whatever the reason, the clutter is 
experimentally found to be about 70 db above the noise in the 1000-
cycle audio band, or about 80 db above the noise in the effective band of 
100 cycles. 

The system, as actually made and tested at this same location, had 
92-db attenuation at the "infinite attenuation" points of the filters and 
experience showed that this was just comfortably adequate. 

From the above results we conclude that the filters must have about 
90 db of rejection for satisfactory operation at this particular site. 
Measurements at other sites would be valuable in answering the question 
as to how representative this site is. Lacking such data, we can only 
venture the opinion, based on personal observation, that the location 
did not appear unusual in any way—in fact it appears likely that moun
tain areas with even higher ground returns may be common. 

The width of the rejection bands depends on the variability of the 
ground returns. Until now, the ground returns have been assumed 
constant, so that the voltage at Point 1 in Fig. 5-15 is actually periodic 
and could therefore be removed by filters with infinitesimal bandwidth. 
Actually the ground returns vary, with the result that the filter rejection 
bands must have a finite width. Using some data of H. Goldstein,1 a 
width of 4 cycles 12 db up from the 92-db bottom of the curve was 
chosen. Even if the ground returns had been constant, much the same 
bandwidth would have been needed because of modulation due to 
scanning. The rest of the curve was-then made as narrow as possible. 
This turned out to be about 200 cycles at the 3-db point. 

Additional filters for eliminating "window" signals or rain clutter 
were also provided and could be switched in when desired. These 
filters had much less attenuation than the clutter filters, but the at
tenuation extended over a wider frequency range, designed to exclude 
doppler frequencies due to motion of "window." 

Although the audio amplifier began to cut off rapidly above 1000 cps, 
and the strength of the harmonics of fr decreased fairly rapidly, it was 
found necessary to have infinite attenuation filters at 2000 and 3000 cps, 

1 See Sec. 6-20, Vol. 13 of this series. 
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in addition to those at 0 and 1000 cps. Naturally, these latter filters 
were not nearly so critical as the one at 1000 cps. 

This concludes the discussion of the design and the leading difficulties 
of a system of this type. 

Performance was much as expected. In particular, the strong ground 
clutter mentioned above was completely eliminated, targets being 
tracked regardless of range or position. All other known systems that 
have been developed to the field-trial stage were tried at this same site; 
none of them eliminated the ground clutter. 

The only deficiency of this system, as has been pointed out, is its 
inability to function properly when there are a number of targets in the 
beam. When this is the case, the range indicated is that of the strongest 
target. This difficulty may be reduced as desired by reducing the length 
of the transmitted pulse, by correspondingly increasing the number of 
filter bands, and so increasing the complexity. 

Since the general objects of this system are much the same as those 
of the M T I system described in Chap. 16, some comparison is in order, 
even though this comparison is difficult and possibly dependent on 
personal viewpoint. 

First, the two systems regarded from an abstract point of view work 
on similar principles. Both have, therefore, much the same fundamental 
limitations. Practically, however, the two systems use entirely different 
apparatus, and consequently when, as is usually the case, apparatus 
limitations dominate, the systems may be expected to be entirely differ
ent. Furthermore, because of this apparatus difference, one may expect 
future developments to improve the two in different ways and by different 
amounts. 

Second, the two systems differ in their ability to handle a multiplicity 
of targets. As actually constructed, MTI systems use 1- or 2-Msec 
pulses and so are capable of handling targets a thousand feet or so apart 
in range. On the other hand, the system described in this section works 
on only one target, and although a moderate number of additional filters 
might be considered as possible whenever anyone wishes to deal with 
multiple targets there is certainly a practical limit to their number. 
Possibly dividing the total range into 10 pieces would be reasonable. 
For traffic control around a busy airport, however, the c-w system would 
be almost useless whereas the MTI system would be very good. For 
long-range detection of aircraft, an ability to handle 10 targets might 
well suffice and the c-w system therefore be adequate. 

When, on the other hand, one considers severe ground clutter the 
system described above has the advantage over the MTI systems. M T I 
systems at present reduce the clutter by perhaps 30 db—which in many 
locations is adequate. But mountainous terrain that does not appear 
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in any way unusual has been found to have ground clutter 75 db above 
noise. Under these conditions, the M T I system would not be expected 
to work; the above-described system does work. 

6-12. Summary.—In an effort to help the reader who wishes to com
pare the various systems described in this chapter, Table 5-1 has been 
prepared giving, in tabular form, a summary of the more important 
systems of characteristics, both qualitative and quantitative. This 
table is worthy of careful study but two limitations must be remembered. 
First, the quantities given for numbers of sidebands, noise band, etc., 
are only qualitatively correct; really precise definitions would require so 
many qualifications as to render the quantities either useless or confusing. 
Second, neither the table nor this chapter pretends to describe all c-w 
systems; at least a dozen more are known and no doubt still more could be 
invented. It is believed, however, that representatives of all important 
types have been included. 

From this table, or what has gone before, the reader will perceive 
that there have been grouped together, in this chapter, some rather 
diverse systems. Perhaps a better, if longer, chapter title would have 
been "Systems That Are Not Pulse Systems." 

If we attempt a classification, the two best starting points appear to 
be the questions—does it utilize the doppler shift or not, and does it 
use delay-time demodulation of f-m signals for range determination? 
Further questions are—will it work on multiple targets, and will it work 
down to zero range? 

It is hoped that the latter part of this chapter will have answered the 
question asked at the beginning as to whether there are any uses for the 
systems here described. Naturally, a general answer cannot be given 
as to when c-w systems are indicated—we can only suggest a careful study 
of the requirements and a comparison of the potentialities of the various 
types of systems. Perhaps the only useful general remark is the obvious 
one that c-w systems are most useful on problems where pulse systems 
fail! For example, if one wants to measure a range of 10 ft a pulse 
system would hardly be suggested; that described in Sec. 5-8 would 
have no trouble. Also this c-w system will measure such short ranges 
much more accurately than pulse systems. Or suppose the velocity of 
a bullet is wanted—the system described in Sec. 5-6 measures such 
quantities easily and directly. Or again, one may want simplicity—this 
is provided by such a system which, when carried to the ultimate in this 
direction, becomes the proximity fuze. 
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SYSTEM CHARACTERISTICS 
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CHAPTER 6 

THE GATHERING AND PRESENTATION OF RADAR DATA 
B Y L. N. RIDENOUR, L. J. HAWORTH, B. V. BOWDEN, E. C. POLLARD 

6-1. Influence of Operational Requirements.1—The purpose of any 
radar system is to present information on the positions of targets within 
the volume of space it surveys. The nature of such targets, their 
number, and the character of the information required about them will 
depend profoundly on the function which the radar is called upon to 
perform. For example, the radar altimeter used in aircraft deals with 
only one target—the surface of the earth beneath the plane—and offers 
only one datum—the minimum distance of the altimeter from that target. 
A radar system used for control of air traffic near a landing field, on 
the other hand, must display the range, bearing, and altitude of all 
aircraft within or near the boundaries of the control zone. At a given 
moment, there may be more than a hundred individual targets, for 
each of which the radar must provide sufficiently accurate positional 
information to enable controllers to issue prompt instructions to pilots. 

Radar equipments suitable for such different purposes will present 
wide differences in design. This chapter and the next deal with the 
principal fundamental differences that appear in various conventional 
pulse radar designs. In this chapter the effect of operational require
ments on the design of the radar itself is considered; in the next is dis
cussed the more difficult question of organizing the facilities and services 
required to interpret and make use of the data provided by radar. 

The most important and fundamental of the radar design differences 
that arise from different functional requirements are those which con
cern the beam pattern produced by the antenna, the arrangements for 
scanning a certain volume of space with that beam, and the indicator or 
indicators necessary to display the positions of targets detected. Because 
of the extremely close interrelationship among these three factors, and 
because all three are principally determined by the functional aim of the 
radar equipment, it would appear desirable to begin with a discussion of 
the various radar functions, showing for each the choice of these three 
factors which experience has so far recommended. Without an appro
priate introduction, however, such a treatment might be hopelessly 
confusing. Accordingly, there follows a catalogue of existing indicator 

1 By L. N. Ridenour. 
160 
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types, without attention to the functional requirement which has called 
each into being, and without a description of the technical means of 
realizing such indications. The latter subject is undertaken in Chap. 13. 
The postponed discussion of radar functions, and of the choice of impor
tant radar properties to fit these functions, is found after this catalogue 
of indicator types. 

TYPES OF RADAR INDICATORS 

B Y L. J. HAWORTH 

6 2. Definitions.—The device that presents radar data in observable 
form is called the indicator. It is usually a cathode-ray tube; alter
natively it may be a loudspeaker or telephone headset, a flashing light, 
a moving-coil meter, or a pen-and-ink recorder. 

The cathode-ray tube (CRT) permits an interpretation of electrical 
phenomena in terms of a picture painted on a phosphorescent screen by a 
sharply focused beam of electrons controlled in position and intensity by 
electrical signals. I t is capable of using and displaying many millions 
of separate data per second. The geometrical expression which the CRT 
gives to electrical phenomena is peculiarly appropriate to radar, because 
a geometrical situation involving the various radar targets is precisely 
what must usually be represented. Of the other devices mentioned as 
possible indicators, only the pen-and-ink recorder is capable of giving 
such a geometrical interpretation, and it is slow and cumbersome by 
comparison. 

Thus, in spite of certain inadequacies, a cathode-ray tube is used 
as the radar indicator in all situations that involve any appreciable 
target complexity. The picture presented on the tube face is called the 
indication, the display, or the presentation. The tube itself is referred 
to as the indicator, indicator tube, display tube, CRT, or scope. When a 
tube presenting a particular form of display is to be identified, a descrip
tive adjective or code designation is prefixed to "scope." The word 
indicator is often extended to include devices and circuits auxiliary to 
the cathode-ray tube. 

Both magnetic and electrostatic cathode-ray tubes are used (Sec. 
13-1). In their design every effort has been made to achieve the 
optimum in resolution, light intensity, deflection sensitivity, and com
pactness. The materials {phosphors) used in the screen are of particular 
importance. If, as is usually the case, the scanning interrupts the picture 
for longer than the retentivity time of the eye, it is necessary to introduce 
persistence into the screen. Screens of various rates of decay are avail
able for this purpose. The detailed characteristics of the tubes, including 
the screens, will be discussed in Sees. 13-1 to 13-3. 
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In forming the displays, radar echo signals may be used either to 
displace {deflection-modulate) the electron beam, as in the ordinary 
oscilloscope, or to intensify {intensity-modulate) it, as is done in television. 
Deflection modulation affords precise information about the strength 
and character of the signals delivered by the receiver, but leaves only 
one dimension of the tube face free to represent a geometrical quantity. 
On the other hand, intensity modulation permits the presentation of a 
two-dimensional figure on which the signals appear as bright spots or 
patches, but offers only qualitative information about signal intensity. 
The CRT screen cannot present any true three-dimensional picture, 
of course; this is the most fundamental limitation of the cathode-ray 
tube as a radar indicator. Under very simple conditions, it is possible 
to present a third dimension in an understandable though unnatural 
way, but in any complicated three-dimensional situation one is forced 
to use more than one display. 

The fundamental geometrical quantities involved in radar displays 
are the spherical coordinates of the target measured from the origin 
at the radar antenna: range, azimuth angle (or bearing), and elevation 
angle. Practically every radar display uses one or two of these quanti
ties directly as coordinates on the tube face, or is a simple modification 
of a display which does. 

The vast majority of displays use as one coordinate the value of 
slant range, its horizontal projection (ground range), or its vertical 
projection (altitude). Since slant range is involved in every radar situa
tion, it inevitably appears in at least one display on every set. It is the 
coordinate most frequently duplicated when more than one type of 
display is used by a given radar set, partly because displays presenting 
range have the greatest signal-to-noise discrimination, and partly for 
geometrical reasons. 

Range is displayed by causing the electron beam of the CRT to 
move {sweep) across the tube at a uniform rate1 starting from a given 
point or line at a definite time in each pulse cycle. Thus, distances on 
the tube face along this range sweep or time base are proportional to 
increments of slant range. The scale factor relates distances on the 
tube to actual range, and the sweep length is the distance represented; 
both are determined by speed of the sweep. The origin of range may 
be on or off the tube face; sometimes the start of the sweep is delayed for 
some time after the instant of transmission of the outgoing pulse. 

The angle in which the scanner is pointing, either in azimuth or 
elevation, may enter into a display (1) directly as a polar angle, (2) 

1 The range sweep must be nonuniform when it is desired to project range in a 
plane not containing the radar set; as, for example, in the case of true ground mapping 
on the indicator of an airborne radar. 
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directly as a cartesian coordinate, or (3) as the basis for resolving a range 
sweep in a particular direction. This will be further discussed in con
nection with specific types of display. 

Indices or Scale Markers.—Both mechanical and electrical means 
are used for making geometrical measurements on the displays. 

In measuring range, "electronic" range markers are practically 
always used. These consist of artificial video signals introduced into 
the display by a precision timing circuit; thus, inaccuracies in the display 
do not enter as sources of error in the measurements. Almost every 
display entails a set of discrete, regularly spaced markers derived from 
an oscillator properly phased with respect to the firing of the modulator. 
Fairly accurate ranges can be read from these markers at a glance. In 
many cases, however, interpolation errors are larger than can be tolerated; 
the fixed markers are then supplemented by a manually controlled, con
tinuously movable, calibrated index. This index has the advantage of 
extremely high precision, especially on an expanded sweep, but it requires 
appreciable time in its use. Mechanical indices which move in front 
of the CRT face are seldom used in measuring range. 

For the determination of angle, it has been most usual in the past 
to use mechanical indices: either a set of fixed indices engraved on a 
transparent overlay, or a movable mechanical cursor. These can give 
errors due to parallax and to inaccuracies in the display. More recently, 
electronic indices have begun to replace mechanical range markers. A 
discrete set of fixed indices, or a continuously variable index, may be 
provided; for some techniques of display synthesis, the latter is not easy 
to achieve. 

The controls of movable markers, both of range and of angle, are 
often connected to devices providing remote data transmission. 

6-3. Summary of Indicator Types.—Many considerations enter into 
the choice of the display geometry. In a three-dimensional problem, the 
designer must decide how to divide the coordinates between two displays, 
or how to present all the information on a single display, if this is feasible. 
Even a two-dimensional display is complicated, and often involves con
flicting requirements, such as the need for high resolution in angle and 
range without sacrifice in the total field of view. In some cases, the 
needs can best be met by deliberately deforming the picture; in others 
it may be necessary to use more than one display, either alternately on a 
single tube or simultaneously on different ones. 

Many different display schemes have been invented to deal with 
these problems. The following summary, which classifies them according 
to the spatial geometry represented, includes the important geometries 
actually used. Although many others are possible, they have had little 
or no practical application to date. 
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I. One-dimensional deflection-modulated displays. These invari
ably present range. Two such displays on a single tube are 
sometimes used to obtain directional information by comparing 
signal intensities from two different beam lobes. 

II. Two-dimensional intensity-modulated displays. 
A. The representation of a horizontal or vertical plane. 

1. Undeformed displays. Because of the nature of the 
radar data these are usually in the form of polar plots of 
range and angle (PPI). 

2. Deformed displays. 
a. Radial deformation of a polar plot created by a shift 

in the range origin. 
b. Linear deformation produced by "stretching" a polar 

plot along one rectangular axis. 
c. Rectangular plots of range and angle. 

B. Rectangular plots of azimuth and elevation. 
1. True displays which follow the antenna orientation. 
2. Error indicators. (Such displays are not always intensity-

modulated.) 
I I I . Three-dimensional intensity-modulated displays. These are 

all modifications of uwo-dimensional displays which make use 
of one or both of the coordinates on the tube face to present, 
in a formalized way, information about the third dimension 
being displayed. 

6-4. One-dimensional Deflection-modulated Displays.—Since one-
dimensional displays yield little geometrical information, their only 
justification is that they permit the use of deflection modulation, which 
gives a maximum of information about the intensity and form of the 
echo signals. For this purpose, it is best to display the signals as a 
function of time or range, and thus the only displays using deflection 
modulation are those in which the deflections are applied perpendicular 
to a range sweep (Fig. 6-1). This sweep may represent either a small 
part or nearly all of the period between successive pulses. In the 
former case, the particular range interval that appears on the display 
is determined by the delay elapsing between the transmission of the 
outgoing pulse and the starting of the range sweep. 

The general classification ' ' type A " is used to describe one-dimen
sional displays. An A-scope is universally used for observing radar 
signals and various circuit waveforms in a radar set during test and 
alignment. It may be either part of the permanent installation or a 
piece of portable test equipment. The laboratory analogue of the 
A-scope has come to be known as a "synchroscope"; it is an indispensable 
tool in the design and testing of electronic circuits. 
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When the antenna of a modern narrow-beam radar is scanning, the 
beam passes over each target in a comparatively short interval of time. 
The resulting rapid appearance and disappearance of signals on an 
A-scope makes this type of display confusing and of little use as a primary 
indicator except for sets with very broad beams, extremely slow scanning 
rates, or the operational function of " searchlighting"—following a 
chosen target constantly. Even then, the chief utility of the A-scope 

Fia. 6*1.—A-scope. Range increases from left to right. 

is as an instrument for accurate range determination, or for reading 
certain types of coding of beacon signals (see Chap. 8). 

Range Scopes.—The term "R-scope" (for range) is used to designate 
several forms of modified A-scope that are used for accurate range-
finding. In all of them, a greatly expanded sweep is combined with a 
precision timing device. In some cases, the sweep delay is calibrated 
only crudely, the entire precision being embodied in a timing circuit 
which puts accurate range markers on the display itself. In others, the 
delay circuit itself is a precision device, and forms a part of the complete 
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timing equipment. The displays are sometimes subclassified in terms of 
the particular type of electronic marker used (see Fig. 6-2). 

Sometimes an R-sweep and an A-sweep are shown simultaneously 
on the same tube by switching between them on alternate pulses. The 
A-sweep is used for general surveillance of targets and for determining 

Signal 

(a) R-scope with marker (6) R - s c o p e w i t h s t e p (c) R-scope with notch. 
pip. marker (M-scope). 

F I G . 6-2.—Range scopes. Each displays a delayed, expanded, range interval. 

the proper delay for the R-sweep, either by inspecting the range scale 
or by displaying on the A-sweep an electronic marker which indicates 
the setting of the R-sweep delay. Such an indicator is called an " A-and-
R-scope." 

One form of deflection-modulated indicator which deserves special 
mention is the J-scope, in which the sweep is circular and the deflections 

Index 
(a) Reading in thousands of yards. (b) Reading in hundreds of yards. 

Fia . 6-3.—Coarse and fine J-scopes. The pair of scopes shown is that used in the SCR-584 
(Sec. 614) . 

are applied radially by means of a central electrode (Fig. 6-3). The 
circular sweep is derived by applying a properly phased precision sine 
voltage in quadrature to two pairs of deflecting plates at right angles to 
one another. The frequency of the sweep sinusoid may be many times 
the pulse repetition frequency, in which case the intensity grid of the 
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CRT is used to blank the trace on all but one sweep cycle; a delayed 
expanded sweep is thus produced (see Fig. 6-36). 

"Pip-matching" Displays.—It is frequently useful to compare the 
strength of the radar echoes received from a single target by means of 
antennas whose patterns differ in direction (see, for example, Sec. 6-13). 
For convenience of comparison, the two echoes are usually presented on 
the same scope; they can be identified with the corresponding antenna 
by either of two arrangements—the K-scope or the L-scope. The 
K-scope (Fig. 6-4a) is so arranged that the range sweeps corresponding 
to the two antennas start from different origins, with the result that the 
echoes to be compared are side-by-side. In the L-scope, the signals 
from the two antennas produce deflections of opposite sign, the range 

(n) Side-by-side presentation (K-scope). (b) Back-to-back presentation (L-scope). 
Signal return from the right lobe is the Signal return from the right lobe is the 
stronger. stronger. 

F I G . 6-4.—Pip-matching displays. 

origin being common. The signals to be compared thus occur back-
to-back (Fig. 6-46). 

6-5. Representation of the Horizontal Plane.—The large radius of 
curvature of the earth and the shallowness of the layer of air above it in 
which conventional aircraft are accustomed to fly make it useful to 
project all signals from radar targets in a horizontal plane. Most radar 
sets use a simple azimuth scan (with a beam that is fanned somewhat 
in the vertical direction if aircraft are to be observed), and present their 
data on a two-dimensional intensity-modulated display. Even when 
target height is important, some' sort of range-azimuth display is usually 
basic to the indication system. The third coordinate usually appears 
in a separate presentation on another tube, often as a projection of 
all targets on a vertical plane. Intensity-modulated displays of plane 
surfaces constitute the most important class of radar indicators. 

The Plan-position Indicator.—If the slant range and azimuth coordi
nates of the various targets in the field of view are represented, respec
tively, by distance from the center of a CRT and by azimuth on the 
tube face, the result is a map. Its only defect is the error introduced by 
using slant range instead of ground range (that is, slant range times cosine 
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of elevation angle). Except when viewing aircraft at very substantial 
elevation angles, or when mapping the ground from a high-flying aircraft, 
this error is imperceptible and can be neglected under practically all 
circumstances. 

The indicator used for the display just described is called the plan-
position indicator or PPI . 1 In the PPI, an outward range sweep is 
rotated about the range origin in synchronism with the azimuthal 
scanning of the antenna. Targets then appear in the proper directions 
as well as at the proper relative distances from this origin and the result 
is a map. 

The origin of the PPI may be at the center of the cathode-ray tube, 
giving an equal field of view in all directions. Frequently, however, 

FIG. 6 5.—Off-center PPI. 

it is displaced, sometimes far off the tube face, in order to give a maxi
mum expansion to a given region; such a display is called an off-center PPI 
(Fig. 6-5). The expression sedtor display is often used when the dis
placement is extreme. 

The PPI is the most widely used and versatile of all displays. In 
presenting the information with which it deals, its only fundamental 
shortcoming is that, in common with all maps or charts, it cannot simul
taneously possess a highly expanded scale and a large field of view. 

The vertical analogue of the PPI may be formed by substituting ele
vation for azimuth angle. However, since only a restricted range of 
elevation angle usually has interest, it is more customary to use distorted 
displays for this purpose. 

'See Sees. 13-15 to 13-18. The abbreviation " P P I " is used interchangeably to 
represent both the display and the equipment (plan-position indicator). Abbrevia
tions for other types of indicators are used in the same way. 
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Elevation Angle 

In spite of the usefulness of a true map display such as the PPI , 
occasions arise in which it is not ideal. These situations usually involve 
the need for providing high resolution or dispersion in some particular 
coordinate without restricting the field of view too severely in other 
dimensions. A number of types of deformed displays have been devised 
for such purposes, and are particularly useful in dealing with point 
targets. 

Radial Deformation.—A polar plot such as the PPI can be deformed 
radially by shifting the range origin, by using a nonlinear range scale, or 
both. The first means has been widely used. 

On a normal PPI it is difficult to determine accurately the direction 
to a target whose range is a small fraction of that covered by the display. 
This difficulty is often partly overcome by expanding the zero-range 
origin of the PPI into a circle so that 
the radius vector to the echo from a 
nearby target is greatly increased. 
Such an arrangement is known as an 
open-center PPI. Range and bearing 
retain their identities and their linear 
scales. For the degree of center-open
ing ordinarily used, the deformation 
introduced into the sizes, shapes, and 
relative positions of the targets is 
serious for only a fractional part of 
the range portrayed. An open-center 
PPI has been widely employed for 
station-keeping and for homing on 
such objects as ships, airplanes, run
ways, and the like. The open center 
is switched in only a fraction of the time; for example, during the closing 
stages of a homing operation. 

It is sometimes desirable to provide an expanded range scale over an 
interval at a distance from the radar site without sacrificing an all-round 
view as an off-center PPI would do. This may be accomplished by 
delaying and expanding the range sweep in an otherwise normal PPI so 
that a ring-shaped area is collapsed into a solid circle. Because of the 
technique used in producing it, this display is called a delayed PPI. As 
in the open-center PPI, range and bearing retain their identities and their 
linearity. The deformation is very great except at the extreme edge of 
the display. The delayed PPI is used to increase the resolution on closely 
spaced targets and on coded beacon signals, to facilitate accurate range 
measurements, and to increase the signal-to-noise or signal-to-clutter 
discernibility under some circumstances. 

F I G . 6-6.—Stretched P P I . Two-mile 
grid is shown by dashed lines. 
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Linear Deformation.—A deformed display of considerable utility, 
especially in the vertical plane, can be formed by "stretching" a polar 
plot in one rectangular dimension as though it were on a sheet of rubber. 
On such a display, the cartesian coordinates parallel and perpendicular 
to the axis of stretch retain their original meaning and their linearity, but 
they have different scale factors. Straight lines remain straight but, 
except for those parallel to the coordinate axes, their directions are 
changed. Circles of equal range appear as ellipses with their major axes 
in the direction of the stretch. 

In the horizontal plane this geometry, called the stretched PPP (Fig. 
6-6), is useful principally in con
nection with the control from a 
remote point of aircraft approach
ing a landing, or ships navigating 
a channel. The stretching, done 
in a direction perpendicular to the 
desired course, aids greatly in de
tecting slight deviations therefrom. 

This technique finds its great
est utility in the vertical plane 
where vertical stretching is used 
to enhance the accuracy of aircraft 
height determination (see discus
sion of RHI, Sec. 6-6). 

Rectangular Presentation of 
Range and Angle.—A plane sur
face is often represented in a de
formed manner by combining 
range and angle in cartesian rather 
than in polar coordinates. This 

is accomplished by moving a range sweep laterally across the tube face in 
synchronism with the antenna motion so that the origin is stretched out 
into a line. 

In range and azimuth these rectangular displays are of two different 
sorts: 

1. Displays in which no attempt is made to minimize the deformation, 
either because it is unimportant in the particular circumstances, 
or because certain advantages can be gained by neglecting it. Any 
desired range interval and azimuthal sector may be covered, 
although in practice more than 180° is rarely used. The display 
is always normalized to make optimum use of the tube face. 

F I G . 6-7.—B-scope. The azimuth inter
val displayed is 180°; the range marks are 
2 miles apart. 

1 Thia has sometimes been called, erroneously, an "expanded azimuth" display. 
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Range is always plotted vertically, and at short range the resolu
tion in angle is far greater than that afforded by the PPI . This 
display, called " type B , " (shown in Figs. 6-7 and 6-8) is used in 
situations where the chief considerations are the range and bearing 
of point targets or groups of targets, with little or no importance 
attached to the shapes of extended targets or the relative locations 
of widely separated targets. It is especially useful in homing, and 
in telling plots of range and bearing for recording elsewhere in polar 
form. 

2. Displays in which the desired angular field of view is so small that 
the distortion can be made negligible by proper normalization of 

(a) 150-mile sweep, normal P P I with grid (6) 100-mile sweep, B-scan, zero delay. 
squares. 

F I G . 6-8.—Distortion caused by B-scope display. 

the range and angle scales. Such a display, known as a micro-D, 
is simply a substitute for a PPI sector; it is used either because it is 
technically easier to attain, or because the same indicator is alter
nately used for a regular type B display. Proper normalization 
requires that the angular dispersion be kept proportional to the 
range to the center of the display. 

The vertical analogue of the type B display, known as " type E," will 
be described in the next section. 

6-6. Plane Displays Involving Elevation.—One rarely desires to know 
the elevation angle or altitude of an aircraft target without also requiring 
its range and bearing. Simultaneous azimuth and elevation information 
can be obtained by two-dimensional scanning with a single antenna, by 
the V-beam principle (Sec. 6-12), or by the use of separate radar systems 
scanning respectively in azimuth and in elevation. In the last case, the 
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elevation scanner must be adjustable in azimuth, since otherwise its beam 
must be so wide that range performance is poor or target identification 
is difficult. 

Two-dimensional scanning limits range performance. The average 
power reaching a point target is reduced below that corresponding to a 
simple azimuth scan by a factor approximately equal to the number of 

FIG. 6-9.—Range-height indicator (RHI). 

beamwidths scanned vertically. The signal-to-noise discernibility on a 
PPI or a B-scope is reduced by this same factor, if the total scanning 
times are equal in the two cases. 

The Range-height Indicator (RHI).—The RHI, shown in Fig. 6-9, is 
the elevation-angle analogue of the stretched PPI, as indicated in the 
last section. Target range is displayed as a horizontal coordinate and 
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50,000 ft 
10,000 ft 

the display is expanded in the vertical dimension, so that the height 
interval to be covered occupies approximately the same distance on the 
tube face. Lines of constant height are horizontal and equally spaced. 
Arrangements are sometimes made to move the range origin off the tube 
face to allow expansion of a region of interest. 

If the height-finding antenna is required to scan over an appreciable 
range of azimuth angles, the RHI is usu
ally blanked except during a relatively 
narrow azimuth sector, in order to improve 
the ratio of signal to noise and to avoid 
confusion between targets at different 
azimuths. This sector can be chosen by 
adjustment of a calibrated control. 

The RHI is always used in conjunc
tion with a PPI or other display of the 
horizontal plane; usually this auxiliary 
indicator obtains its data from another 
radar set. The signals from a given tar
get are correlated in the two displays on 
the basis of range and azimuth position. In some cases the height-finding 
antenna searchlights in azimuth and is manually aimed in the proper 
direction. If it scans in azimuth, the center of the sector which is shown 
on the RHI is indicated by a mechanical cursor on the PPI of the search 
set. 

Ground echoes 
Slant range in miles 

FIG. 6-10.—E-scope. Lines of 
equal height are shown dotted. 

The E-scope.—The E-scope is a 

+ 20 

/ / 1 

-20 

^ 

Ground 
echoes 

-60 -30 0 +30 +60 
Azimuth in degrees 
FIG. 6-11.—C-scope. 

rectangular display in which range 
is the x-coordinate and elevation 
angle the y-coordinate. Lines of 
constant height are hyperbolas 
(Fig. 610). As in the case of the 
B-scope, a delayed range sweep is 
often used to allow range expan
sion. The elevation analogue of 
the micro-B (Sec. 65) has found no 
application, since the distortion of 
the E-scope is not particularly 
harmful and, by allowing it to occur, 
the dispersion in the elevation coor

dinate can be normalized to make the most effective use of the tube face. 
In some older sets, the E-scope is used for height indication, but its dis
tortion and its poor height dispersion at large ranges make it inferior to 
the RHI for this purpose. 

The C-scope.—The type C display presents the azimuth and elevation 
angle coordinates of the scanner as rectangular coordinates on the tube 
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face (Fig. 6-11). I t can be used in conjunction with a PPI or a type B 
display as an aid to homing (Sec. 6-13). This display has the great dis
advantage that its signal-to-noise discrimination is very poor if signals 
are displayed for an appreciable fraction of the pulse cycle (see Chap. 2). 
For this reason, the C-scope is usually blanked except for a short range 
interval including the signal of interest. Initial recognition of the target 
signal is accomplished on the other display, and the proper range setting 
for the C-scope display interval is determined either by inspection or by 
displaying on the search tube an electronic marker derived from the 
C-scope brightening signal. 

The V-beam height indicator is an example of the type of display con
sidered in this section, but its description is deferred to Sec. 6-12. 

6-7. Three-dimensional Displays.—In spite of the fact that the face 
of the cathode-ray is two-dimensional, two conventionalized three-

antenna beam 
(a) Double-dot indicator. (&) Pattern of spiral scan (c) Radial time base (RTB) 

u s e d w i t h d i s p l a y s indicator. 
shown at (a) and (c). 

F I G . 6-12.—Three-dimensional displays. A. B, and C are targets. 

dimensional displays [as distinguished from error indicators (Sec. 6-8)] 
have been successfully used in situations involving relatively few targets. 

The "Double-dot" Display.—A modified type B presentation on which 
elevation angle is roughly indicated is known as the ' 'double-dot" display. 
On alternate range sweeps the origin of the pattern is moved to the right 
and left respectively by a fixed amount (Fig. 6-12a). On the sweeps 
corresponding to the right-hand position the origin is simultaneously 
shifted vertically by an amount proportional to the sine of the elevation 
angle. Any single echo therefore appears in two neighboring positions, 
and the slope of the line joining the two " d o t s " is a rough measure of 
elevation angle which is accurate to two or three degrees under the usual 
circumstances of use. This display has been used in air-to-air homing 
(AN/APS-6). 

The "Radial Time Base" Indicator.—The radial-time-base indicator 
is a three-dimensional display which, like the double-dot display, is best 
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suited for use with a spiral scan. A range sweep moves from the center 
of the tube in a direction corresponding to the projection of the antenna 
beam on a plane perpendicular to the axis of scanning (Fig. 6- 12c). The 
echoes therefore appear at radial distances corresponding to their range. 
If the target is on the symmetry axis of the scan, it is equally illuminated 
at all " sp in" angles and the echo appears as a full circle. If it is far off 
axis it is illuminated only through a narrow spin angle (target B) and 
the arc on the display is short. Target C indicates an intermediate 
case. The display is surprisingly easy to interpret after a short period of 
observation. 

6-8. Error Indicators.—A cathode-ray tube may be used as a radar 
indicator in a quite different, way from those so far described; that is, as a 
meter on which to display various forms of intelligence. One common 
use of an error indicator is to indicate accuracy of pointing in connection 
with a conical scan. The signal intensity is combined electrically with 
the scanning information to provide voltages proportional to (or at least 
increasing with) the pointing error in 
both azimuth and elevation. These 
voltages are used to deflect the spot. 
A departure of the spot from the tube 
center indicates the direction and, to 
a qualitative degree at least, the mag
nitude of the pointing error. The 
radar signal is sometimes used to in
tensify the spot in order to distinguish 
between perfect pointing and no tar
get. Range can be indicated by caus
ing the spot to grow "wings" whose 
length is some rough inverse measure of the range. In this form (Fig. 
013) the indication gives to a surprising degree the illusion of an actual 
aircraft which apparently grows larger as it approaches. 

EXAMPLES OF THE MAJOR OPERATIONAL REQUIREMENTS 
6-9. Early Aircraft-warning Radar.1—The British Home Chain.—The 

first radar to have actual combat use was the British CH (Chain, Home) 
equipment. Work was begun in 1936 toward setting up five stations, 
about 25 miles apart, to protect London and the Thames estuary, and by 
the time war broke out in 1939 this Chain had been extended to cover the 
greater part of the south and east coasts of England and Scotland. 
During the next few years the Chain was extended and its equipment and 
performance were improved. In spite of the introduction of more modern 
and efficient equipment, the Chain provided the basis of the British 

Azimuth • 
error 

F I G . 6-13.—Spot error indicator with 
wings to indicate target range. 

1 By B. V. Bowden and L. N. Ridenour. 
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reporting system for the greater part of the war. At the very end of the 
war the system was used to plot V-2 rockets. The great success of the 
equipment, which saved the country from defeat during the Battle of 
Britain, had an important effect on the course of radar development. It 
called attention to the revolutionary usefulness of radar in modern air 
warfare, but at the same time it tended to freeze operational thinking 
concerning radar along lines of the static defense which was all that the 
CH stations could provide, 

The main Chain operated at frequencies between 22 and 28 Mc/sec. 
In spite of the disadvantages inevitable in any system operating on so 
low a frequency, the choice was made deliberately after consideration of 
the tubes and techniques available at the time. 

"Throughout the whole of the development period the small team who were 
responsible ruthlessly sacrificed all refinements, elegancies and versatilities in 
the desperate need for something to be going on with. They never turned aside 
from their cult of the third best—"The best never comes, the second best comes 
too late."1 

At the frequency used, strong reflections from the ionosphere occur, 
and an extremely low repetition rate of 25 pps was used in order to ensure 
that ionospheric echoes were not confused with echoes from aircraft 
targets. The repetition rate could be reduced to 12.5 pps when iono
spheric disturbances were unusually troublesome. 

The pulse width could be varied from 6 to about 25 Msec and the 
receiver bandwidth could be changed from 50 to 500 kc/sec. In normal 
operation the pulse length was about 12 /jsec and the bandwidth 150 
kc/sec. The final design made use of continuously evacuated transmit
ting tubes with uncoated tungsten filaments, whose c-w power output was 
about 80 kw. Peak pulse power using these tubes was about 150 kw; 
later, it was increased to about one megawatt. Both transmitters and 
receivers were massive and elaborate. They were housed in separate 
bombproof buildings, usually about half a mile apart. 

Separate antennas were used for transmitting and receiving. The 
main transmitting antenna was an array, usually of six dipoles with 
suitable tuned reflectors, hung between two gantries on a 350-ft steel 
tower. These towers were usually installed in sets of three in order to 
provide spare antennas and standby frequencies. Radiation from the 
transmitting antenna floodlit a quarter-sphere in front of the station, the 
greater part of the energy being confined within 20° of the horizontal 
and within approximately +50° of the main "line of shoot." Enough 

'Sir R. A. Watson-Watt, "Radar in War and in Peace," Nature, 166, 319-324, 
(1945). 
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energy was radiated backwards to make it uncertain, without special 
arrangements, whether a target was in front of or behind a station. 

The main receiving antenna consisted of a pair (or a stack of pairs) 
of crossed dipoles, mounted on 240-ft wooden towers. Balanced pairs 
of concentric feeders connected the dipoles to the field coils of a goniom
eter whose rotor was connected to the receiver. The final display was 
on a 12-in. A-scope. The range of a target was determined from a scale 
on the oscilloscope, and its azimuth by rotating the goniometer until the 
echo disappeared. Ambiguities of 180° were resolved by the use of 
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FIG. 6-14—Typical elevation pattern of CH radar, east coast of England, 19.39. Wave
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reflectors mounted near the receiving antennas. These reflectors could 
be switched in or out of circuit by remote control from the ground. From 
their effect on the echo, the operator could deduce whether the target 
was in front of or behind the station. 

The performance of CH stations was controlled by the reflections 
from the ground of both the transmitted and the received signals. The 
antenna patterns of the transmitting and receiving arrays were not 
identical and there were large gaps in the vertical coverage of the stations. 
In order to minimize the importance of the gaps, separate auxiliary 
"gap-filling" transmitting and receiving arrays were installed to allow 
aircraft to be followed through the gaps produced by the main arrays 
(see Figs. 6-14 and 6-15). It was desirable that the ground surrounding a 
station should be flat for several miles in every direction; few stations had 
really ;deal sites. Even when all possible precautions had been taken, 
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station performance was never predictable from theory. I t was always 
necessary to "calibrate" a station by an elaborate series of test flights. 

The maximum reliable range of a CH station was usually about 120 
to 150 miles on single aircraft, but the range depended very much on the 
skill of the operator and of the maintenance crew as well as on meteoro-

50 60 70 80 90 100 110 120 
Range in miles 

FIG. 6-15.—Polar diagram of typical CH station for reliable pickup of single fighter 
aircraft along the line of sight. Solid line represents main arrays; broken line represents 
gap-filling arrays. 

logical conditions. As early as 1941 a Photographic Reconnaissance 
Spitfire, flying at about 40,000 ft, was plotted by the CH station at 
Canewdon, just north of the Thames estuary, as it flew almost all the way 
to Genoa at a maximum range of over 450 miles. 

Height-finding was performed by making use of the lobe pattern of 
the receiving antennas. Figure 6-16 
shows the vertical pattern produced 
by two receiving antennas, respec
tively at 220 and 90 ft above ground. 
If one compares the signals received 
in these two antennas as a function of 
angle of elevation, one obtains a curve 
shown dotted in Fig. 6-16. I t follows 
that, by measuring the signal ratio, 
it is sometimes possible to deduce 
the angle of elevation of the target. 
The comparison was performed by 
means of the goniometer already 
described. 

Under normal circumstances, the 
field coils of the goniometer were 

connected to two dipoles about 220 ft above the ground. By means of a 
switch, one goniometer coil was connected to a dipole at 220 ft, the other 
to a dipole at about 90 ft. By turning the goniometer to give minimum 
signal, the angle of elevation of the target could be determined and hence 
its height could be deduced (see Fig. 6-17). 
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Measurements of angles of elevation above about 7° were ambiguous 
on this so-oalled "A " system, and measurements of angles below about 1° 
were inaccurate owing to the "flatness" of the height curve for these 
small angles. The maximum usable angle of elevation was extended by 
using two receiving antennas 90 ft and 45 ft high respectively (the "B" 
system). Figure 6-17 shows the goniometer readings for the A and B 
systems as a function of angle of elevation. The curves are plotted for a 
flat site and-foT antennas perfectly matched to their feeders. In practice, 
the height curves for all stations were verified by an elaborate series of 
test flights. Owing to irregularities of sites the height curves varied 
considerably with azimuth, with the result that it was sometimes neces-
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Fia. 6-17.—Height curves for CH station. Wavelength = 13.22 meters. 

sary to use half a dozen different height calibrations. Some stations 
could measure height only in one or two favorable azimuths. 

The operations involved in applying azimuth errors and interpreting 
height measurements were performed automatically by a system of 
standard telephone selector switches and delays. The operator measured 
range by a pointer on the tube, azimuth by turning the goniometer to 
give zero response from the echo. She1 then pressed a button and the 
grid reference (Chap. 7) of the target appeared on a board. The operator 
then switched to height-finding, turned the goniometer again and pressed 
a button, whereupon the height was displayed in front of the teller. If 
the height measurement was ambiguous or unreliable, that fact was shown 
by the machine, and the operator could try again on the " B " height 
system. Operational use of radar information is discussed in Chap. 7. 

The shortcomings of the CH system are fairly clear. Its long 
wavelength necessitated the use of large and expensive towers. There 

^-^^ 

Useful limit - " 7 
.of A system / 

l*^A system / 
/ (2dipo1esat220 / 
/ ft against 1 A 

/ dipole at / / 
/ 90 ft) / B system 

/ / (1 dipole at 
/ y 90 ft against 

/ y^ 1 dipole at 
/ ^^y 45 ft) 

J^^ 

After 1940 almost all operators were women. 



180 THE GA THERING AND PRESENT A TION OF RADAR DA TA [SEC. 6-9 

were large gaps in its vertical coverage (Figs. 644 and 6'15). The range 
on low-flying aircraft was poor. The system was supplemented in 1940 
by 200-Mc/sec equipment, the so-called " C H L " (Chain, Home, Low) 
system. I t was often very difficult to find sites that were flat enough 
for stations. Since the station at Dover was on a 400-ft cliff and Ventnor 
was on a cliff 1000 ft above the sea, it was impossible for these stations to 
measure height at all. The processes involved in deducing the plan posi
tion and the height of an aircraft were complicated and not very reliable. 
The maximum traffic-handling capacity was low (a good operator could 
pass about 6 plots per minute), and the system could not keep track of 
large numbers of independently routed aircraft. Nevertheless, forma
tions of aircraft were plotted reliably, and the number of aircraft in a 
formation could be estimated by an experienced operator. With all its 
imperfections, this system was the basis of the British radar defense for 
the greater part of the war. 

The CXAM.—While the British Home Chain was being designed and 
installed, the Army and Navy development agencies in the United States 
were independently developing pulse radar equipment. The earliest 
service equipment to be commercially manufactured was the CXAM 
radar, designed a t the Naval Research Laboratory. A laboratory-built 
prototype of this set was tested at sea during battle maneuvers in early 
1939, aboard the U.S.S. New York, and its performance was so promising 
that a contract was let in October 1939 for the manufacture of six sets of 
similar equipment. 

The CXAM was operationally quite different from the CH. Instead 
of using separate, fixed, broad-beam transmitting and receiving arrays, 
it employed a common antenna for transmitting and receiving. To pro
duce as narrow as beam as possible, it operated at the then ultrahigh 
frequency of 195 Mc/sec, and employed a "mat t ress" array of dipoles 
with reflectors, giving a gain of 40 and a beam 14° wide in azimuth by 
about 70° in elevation. The antenna could be rotated in azimuth at a 
speed of 5 rpm, or manually trained to follow a particular target. The 
peak pulse power was 15 kw, the pulsewidth 3 /jsec, and the repetition 
rate 1640 pps. Range against bombers was about 70 miles, against 
fighters about 50 miles. 

The display was an A-scope in which the trace was lengthened by 
causing the sweep to take place from left to right across the tube, then 
drop down and return from right to leit. Range was estimated with the 
help of marks on the face of the tube; bearing was determined as 
the direction of antenna-pointing which yielded maximum signal. The 
height of targets could be estimated with the help of nulls in the vertical 
antenna pattern (Sec. 6-11). 

Despite its early design and its lack of adequate coverage against low-



SEC. 6-9] EARLY AIRCRAFT-WARNING RADAR 181 

flying aircraft, this simple, rugged equipment proved highly satisfactory 
in service use. I t was the direct forerunner of the iater shipbome long-
range air-search radar equipments (SA, SC and its various redesigns, SK 
and its redesigns) used on large ships until the end of the war. 

SCR-270 and SCR-271— The early efforts of the U.S. Army Signal 
Corps to design service radar equipment were in the direction of produc

ing an equipment for antiaircraft fire control and searchlight control 
(SCR-268; see Sec. 614). In May 1937 the Air Corps requested the 
development of a "long-range detector and tracker." One laboratory 
version of the resulting equipment was demonstrated in November 1939 
and showed a range of more than 100 miles on bombers. In August 1940 
a contract for quantity production of this equipment was let. 
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The set was built both for mobile use (SCR-270) and for fixed-station 
installation (SCR-271). During the general advance in radar technique, 
the set went through many detailed changes and improvements and was 
still in active use at the close of the Japanese war. 

The SCR-2701 and the CXAM are quite similar in their operating fea
tures. The SCR-270 operates at a frequency of 106 Mc/sec, has a peak 
power of 100 kw, a pulsewidth from 10 to 25 jusec, and a reliable range 
against single bombing aircraft of more than 100 miles. The repetition 
rate is 621 pps. The same antenna is used for both transmission and 
reception. This antenna (Fig. 6-18) consists of a dipole array originally 
four dipoles wide and nine high, with a reflector; the antenna gain is 140 
and the beamwidths 28° in azimuth and 10° in elevation. Provision is 
made either for continuous rotation of the antenna at 1 rpm or for manual 
training to maximize target signals. 

The SCR-270 has an A-scope display, with a control for so varying 
the start of the sweep that a selected target signal can be brought under a 
marker on the face of the tube; a scale on the phasing control then indi
cates target range directly. Target bearing is determined by reading off 
the antenna azimuth when the echo signal from the target in question 
appears to be strongest. The azimuth accuracy depends on proper 
siting, as in the case of all radar making use of ground reflections, and 
attainable accuracy in practice is about + 4°. Height-finding can be 
performed by the method of nulls (Sec. 6-11). 

Later models of this set include, among other improvements, an antenna 
giving a beam narrower in azimuth, and a PPI indicator. The simplicity, 
reliability, and ruggedness of the SCR-270 made it a very useful and very 
widely used equipment despite its great bulk and weight, its poor low-
angle coverage, its vulnerability to ground clutter in anything less than a 
very carefully chosen site, its lack of range resolution and azimuth dis
crimination, and its low traffic-handling capacity. 

6-10. PPI Radar for Search, Control, and Pilotage.2—In the last 
section, an important historical development has been traced. The 
first radar sets used fixed antennas and floodlighting technique, and 
required that a manipulation be performed to find the azimuth of each 
target. Next were designed relatively narrow-beam, continuously scan
ning radars, in which each target in the field of view is displayed period
ically, so that its azimuth and range can be read off at regular intervals. 
A further step was made with the development of the plan-position indi
cator, or PPI, which, although the radar beam was still narrow and still 

1 Since the radar design of the SCR-270 does not differ from that of the SCR-271, 
the designation SCR-270 will be used, as a matter of convenience, to stand for either 
equipment. 

2 By L. N. Ridenour. 
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showed instantaneously only those targets located in a narrow azimuth 
sector, made use of the persistent property of CRT screen phosphors to 
preserve from one scan to another the target signals returned on the 
most recent scan. The PPI thus presents a continuous map-like display 
of all targets in the field of view of its radar, and permits attention to be 
concentrated on particular targets without the penalty of losing sight of 
the general situation. 

It is interesting to notice that, before the advent of the PPI, users of 
such equipment as the CXAM and the SCR-270 frequently constructed 
a plan display with pencil and paper, plotting in polar coordinates the 
targets whose range and azimuth were called off by the radar operator. 
Further, skilled operators of such sets developed an ability to form, by 
watching the. A-scope, a sort of mental PPI picture of the radar targets, 
remembering from scan to scan their ranges and bearing angles. When 
the PPI became available, the operator was released from this necessity, 
and could apply his skills to a more sophisticated mental appreciation 
of the target situation; for example, a good PPI operator will often keep 
in his mind the directions in which important targets are moving. 

With the exception of special-purpose sets all radar equipment designed 
in 1941 or later contained one or more PPI scopes. In many types of 
equipment the use of the PPI is fundamental to the purpose of the radar. 
PPI radar sets can be divided into three classes: land-based, shipborne, 
or airborne. 

Ground-based PPI sets are usually employed for the detection and 
plotting of aircraft, either to give early warning of enemy air activity, or 
to control friendly aircraft by radio instructions, or both. Mounted on 
shore, such sets can also be used for plotting ship traffic to permit warning 
and control, but this use is simply a two-dimensional case of the same 
problem as that involved in plotting aircraft. 

In wartime, radar sets on shipboard must provide air-search and con
trol facilities, and in addition must give a display of surface targets, to 
permit station-keeping in formation and pilotage in narrow waters under 
conditions of poor visibility. In peacetime, usually only the surface-
search function is of importance. Because of the different beam-shape 
requirements, separate radar systems are ordinarily used for air search 
and for surface search. 

Airborne radar equipments employing a PPI are used for pilotage in 
the vicinity of shorelines or over land. This pilotage may be of a general 
navigational character, as it always is in peacetime and usually is in war; 
or it may be as precise as the limitations of the radar will permit, for the 
purpose of blind bombing of a radar target. 

The narrow beam provided by a microwave radar is important in all 
these cases. In ground radar, a narrow beam permits the detailed resolu-
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tion of a complicated air situation, and also is beneficial in reducing the 
effects of ground clutter. Ship radar for displaying surface targets will 
show greater range, other things being equal, the shorter the wavelength 
used. This is a result of interference between the direct beam and the 
beam reflected from the water surface (Sec. 2-12). The greater azimuth 
resolution provided by a sharper beam is also useful in resolving com
plicated target situations. The only drawback of microwave radar for 
ship search is the resultant narrowing of the beam in elevation; in order to 
keep the rolling of the ship from tilting the beam away from the surface 
of the sea, either the antenna mount must be mechanically stabilized 
(Chap. 9), or the vertical dimensions of the antenna must be reduced to 
fan the beam sufficiently in elevation to take account of roll. In air
borne PPI radar, the attainment of sufficiently good display detail to 
permit navigation over land, away from distinctive shorelines, demands 
the use of microwave frequencies. In fact, a considerable premium is 
placed on attainment of the narrowest azimuth beamwidth possible. 
Antenna stabilization is also desirable in aircraft, to correct for the effects 
of changes in atti tude; but it is so costly in weight and complication that 
it has been seldom used. 

Typical examples of PPI radar systems intended for ground and for 
airborne use are analyzed in detail in Chap. 15. 

6-11. Height-finding Involving Ground Reflection.1—The height of 
an aircraft target is usually determined by finding separately its range 
and its angle of elevation, and then solving the equation H = R sin e. 
In the wartime use of radar, height was such an important datum 
that considerable ingenuity was expended on the problem of its 
measurement. 

The resulting methods can be roughly separated into two classes 
depending on whether the reflection of energy from the level surface 
surrounding the radar antenna is important to the scheme of height-find
ing used. In this section are considered methods which do involve 
ground (or sea) reflection; in the next, free-space beam methods which 
do not. 

If the antenna of a radar of medium wavelength, for example, about 
one meter, is less than about fifty wavelengths above the ground, the 
reflected energy from the part of the beam that strikes the ground will 
produce maxima and minima in the elevation pattern. These are shown 
for a representative case in Fig. 6-19. 

Null Readings.—In a pattern such as that shown in Fig. 6-19, the 
range at which an aircraft first appears on the screen depends upon the 
height of the aircraft. If the antenna pattern is known, height may be 
estimated from range of first appearance. If the course of the aircraft 

1 By E. C. Pollard and L. N. Ridenour. 
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is approximately directly toward the station, the range at which the first 
fade is seen is also determined by the target height. If several fade 
points are determined, the height can be inferred with better accuracy. 
This method has been used extensively with the 200-Mc/sec aircraft-
search radar used on naval vessels. It is especially useful with this type 
of radar because the elevation pattern can be well known (the ocean is a 
good reflector, and the antenna height is determined by the class of ship 
and not by the shape of the terrain), and because a radial approach to a 
task force is generally chosen by either enemy or friend. 

Height-finding by nulls, however, has inherent drawbacks which 
seriously reduce its accuracy in operational use. The elevation pattern 
of a ground-based set must be carefully calibrated experimentally, 
because the reflection coefficient of the surrounding ground will determine 
the pattern, and because uneven ground gives different elevation patterns 
at different azimuths. Further, changes in the aspect presented to the 
radar by the aircraft may cause 
great changes in the echo strength. 
Finally, variations in the atmos
pheric refractive index can cause 
large variations in the amount of 
radiation falling on the ground or 
water surface surrounding the 
radar and thus appreciably change 
the pattern.1 Despite these diffi
culties, if there is plenty of friendly 
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air traffic and if radio contact can be used to enable a continual check on 
height accuracy, adept radar plotters can give heights accurate to within 
one thousand feet more than half the time by the observation of signal 
fades. The method is slow; a reading cannot be made in less time than 
that required for a plane to fly through several nulls of the pattern. This 
drawback, and the elaborate calibration necessary at an overland site, 
have led to the development of other height-finding means, even for long
wave radar sets. 

Signal Comparison.—A more rapid and convenient means of height-
finding which is also based on the existence of maxima and minima in the 
elevation pattern of a long-wave radar employing ground reflection is 
signal comparison. Two or more antenna systems with different eleva
tion patterns are provided at a single radar station, and the intensity of 
the echo received on one antenna is compared with that received on 
another. The comparison may be made either by measuring the vector 

1 Since refraction of one-half degree is possible, and since variations of echo strength 
due to aspect can be 12 db, altitude errors of several thousand feet can occur even in 
the favorable case of sea reflection. 
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resultant of simultaneously received signals (as is done in the CH by 
means of a goniometer; see Sec. 6-9), or by presenting alternately received 
signals side-by-side in a type K display and estimating visually their ratio 
in height. 

The British Type 7 equipment is the most widely used radar exploiting 
this signal-comparison principle. 
A copy of this equipment built in 
Canada for the United States is 
called the SCR-588; American-built 
redesigns of the same basic equip
ment are the SCR-527 and the 
SCR-627. The antenna of this set. 
is placed very close to the ground 
in such a way that the beam is 
tilted up in elevation and low-angle 
coverage deliberately sacrificed. A 
lobe pattern such as that shown 
in Fig. 6-20 is thus produced. 

The lobes are few in number and 
very wide. A second antenna, 

placed at a different height, produces a second series of lobes which overlap 
those of the first antenna. The echo strength for one lobe system is com
pared with that for the lobe system from the other antenna. A type K 
display system is used which shows the two responses side-by-side on a 
12-in. scope. From the relative in
tensities and the range of the aircraft, 
height can be deduced. 

For either lobe pattern, the electric 
field strength at the target depends 
on the phase difference between the 
direct and reflected beams, and so 
will vary nearly sinusoidally with the 
altitude of the target. Figure 6-21 
is drawn for antenna heights of 35 
ft and 23 ft, on the assumption of 
sinusoidal variation. It shows the 
ratio between the signal strength in the lower beam and that in the upper 
as a function of elevation angle. 

The ratio varies slowly for small elevation angles, then rapidly as the 
lower lobe just touches the aircraft—in this case at an elevation angle of 
about 4°. By estimating the signal-strength ratio correct to 10 per cent, 
the angle of elevation can be told with an average accuracy of about one-
third degree, corresponding to a height error at 50 miles of + 1000 ft. 

1 2 3 4 
Elevation angle in degrees 

F I G . 6-21.—Ratio of signals in lower and 
upper beams. 
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The angular range through which this height-finding scheme is useful 
is shown in Fig. 6-21 by dotted lines. At low angles the variation of ratio 
with angle is far too slow. At angles near 4° the variation is fast, but 
the illumination of the plane by the lower beam may be so weak that no 
echo is obtained, and therefore no height can be inferred. If both the 
antennas are nearer the ground, the effective angle is increased, but the 
beams are both tipped up so much that coverage on aircraft at low and 
medium altitude is sacrificed. Even in the case we have considered, an 
aircraft 10,000 ft high and 50 miles away, or one 5000 ft high at a range 
of 25 miles, would fall in the unmeasurable class. 

To overcome these limitations, a variety of overlapping elevation 
lobe patterns are made available by providing a variety of antennas with 
phase and antiphase feeding. This additional complexity increases the 
time required to find height, since if the operator cannot guess which 
combination of antennas is suitable, a wrong choice makes it necessary 
for him to wait for a full 360° rotation of the antenna mount before he 
can try a better pair. 

In addition to the elaboration necessary in equipment for height-
finding by this method, siting is also a problem. A suitable site should 
be level within a few feet for a half-mile radius around the radar. Even 
sea reflection can be troublesome, because tides cause a profound change 
in the calibration of the station as a height finder. For these reasons, a 
free-space-beam height finder, not depending on ground reflection, is 
usually preferred. 

6-12. Height-finding with a Free-space Beam.1 Searchlighting.—The 
simplest form of free-space-beam height finder is one which measures 
elevation angle of the desired target directly, by pointing an antenna 
producing a narrow beam directly at the target and measuring the eleva
tion angle at the antenna mount. This technique is called "search-
lighting." Even with centimeter wavelengths, beam widths attainable 
with antenna reflectors of practicable size (a few degrees) are large in 
comparison with the accuracy desired in the measurement of elevation 
angle (about a tenth of a degree) for height-finding purposes. Therefore, 
target height is not usually determined by directing the beam at the 
target simply by maximizing the echo. 

Instead, arrangements are made for shifting the beam rapidly in ele
vation angle by an amount which may be, typically, a third of a beam-
width, and comparing the echo signal received in one position with that 
in the other. When the two signals are equal, the bisector of the angle 
between the two positions of the beam is pointed directly at the target. 
The signals from a given target may be compared for the two positions 
of the beam by presenting them side-by-side on a type K indicator or 

1 By E. C. Pollard, L. N. Ridenour, and D. C. Soper. 
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back-to-back on a type L indicator, or by using integrating methods of 
signal comparison and error display. 

A simple means for moving the beam in elevation angle is to rotate 
the beam rapidly about an axis which makes a small angle with the center 
line of the beam; this is called "conical scanning." I t will be seen that a 
conical scan permits the simultaneous determination not only of the 
elevation error in pointing the axis of the scan at the target, but also of 
the azimuth error in such pointing. Full consideration of this method 
for angular tracking of a single target is deferred to Sec. 6-14, but it will 
be useful here to describe a few principal features of a radar that employs 
conical scan solely for the purpose of height-finding. 

This principle was used in the British CMH, a mobile 10-cm equip
ment designed specifically for height-finding. It used a 6-ft dish, a 
power of 500 kw, and was capable of measuring heights to within + 500 ft. 

The aircraft to be measured was followed manually in range with the 
aid of an electronic marker on the range trace. Two other operators fol
lowed manually in azimuth and elevation. The range and elevation 
settings were used to operate an automatic height indicator which could 
be placed in a remote position adjacent to a PPI fed by an auxiliary search 
radar. 

Only a few of these equipments were built owing to progress in the 
development of a centimetric scanning system, and to the inherent inabil
ity of the CMH to find height on more than one target at a time. The 
SCR-615 was a similar U.S. equipment, except that it was designed as a 
fixed installation and employed an 8-ft dish. 

The SM equipment used by the U.S. Navy was perhaps the most 
widely used of allied radar sets in this category. I t was employed in 
conjunction with suitable PPI radar for ship control of aircraft. Its 
wavelength is 10.7 cm, and it employs an antenna reflector 8 ft in diam
eter. The waveguide feed used is a little off" the axis of the paraboloid, 
so that the beam, whose width is 3°, is off axis by 1°. The feed is rotated 
to produce the conical scan. Pulses from the upper half of the antenna 
rotation are compared with those from the lower half by means of inte
grating circuits, and the output difference is used to displace the spot of an 
error indicator (Sec. 6-8). A PPI is provided for general reporting, and 
two range scopes, one covering the full range of the set and one an 
expanded A-scope, make it possible to determine target range and to 
eliminate from the signal-comparison circuits all echoes except those from 
the target whose altitude is being determined. 

In operation, either a helical scan (Sec. 9-7) or a continuous rotation in 
azimuth with manually controlled elevation can be used in searching for 
targets. The helical scan can be set to cover any 12° in elevation angle 
in the range from 3° below to 75° above the horizon. When it is desired 
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to find height on a target, the antenna is stopped and manually kept 
pointed in the target azimuth. The target is located on the full-range 
A-scope, and the range interval covered by the expanded A-scope adjusted 
to include the target. A portion of the sweep of the expanded A-scope 
is deflected downward to form a "d i t ch" (Fig. 62c). Only signals 
received during the range interval represented by this "d i t ch" are fed 
to the integrating circuits which control the spot error indicator. The 
setting of the expanded A-scope is adjusted until the desired signal is in 
the "ditch," and the antenna pointing is adjusted to center the error 
indicator. When this has been done, the elevation angle of the line of 
sight to the target can be read off repeater dials which indicate the eleva
tion angle of the mount. The altitude of the target, which is computed 
electrically as the product of range and sine of elevation angle, is shown 
directly on a meter calibrated in feet. 

When SM equipment is used on shipboard, angles between the 
antenna and the structure of the ship must be properly corrected with 
respect to a stable vertical, maintained by a gyro, in order to yield the 
true angles which would have been measured with respect to a level 
structure. Considerable attention has been paid to the stabilization of 
radar antennas on ships and aircraft, and to the data correction that can 
sometimes be used as a substitute (see Chap. 9). 

Elevation Scanning.—The height-finding methods so far described 
are all limited in accuracy, in speed of height-reading, or in the number of 
targets which can be dealt with at once by a single height-finding radar. 
The advantages of a system in which a narrow beam scans in elevation 
and the signals are displayed directly on an intensity-modulated tube 
whose coordinates are derived from range and elevation angle are appar
ent. These very important advantages were clear before the microwave 
radar art had advanced to the point where it was possible to obtain nar
row beams and adequate range performance with reasonably small 
antenna structures. 

As a result, the British developed a system operated at 200 Mc/sec 
which provided elevation scanning with a fixed antenna. I t was called 
Variable Elevation Beam (VEB). Two versions were developed, one 
using a 240-ft mast and the other a 120-ft mast, the latter being intended 
for rapid installation. Such tall structures were necessary in order to 
obtain a narrow beamwidth in elevation at this low frequency. 

The antenna system on a 240-ft mast consists of nine groups, each 
of eight horizontal dipoles, spaced vertically one above another. This 
version scans over a range of elevation angle from f° to 7i°. The beam-
tilting is achieved by altering the relative phasing of the groups of 
dipoles; each group is fed from a mechanical phase shifter mounted in 
the center of the mast. The banks of dipoles can be tilted mechanically 
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to move the scanning range to the elevation interval from 7-*° to 15°. 
Elevation can be read to an accuracy of ±0.15° and readings can be 
obtained to a maximum range of about 70 miles. 

The 120-ft svstem consists of nine groups of four dipoles each, stacked 
vertically. Its scan covers the range of elevation angles from lf° to 15°. 
Elevation angle readings can be obtained to an accuracy of +0.3° out to 
about 55 miles range. 

The horizontal antenna pattern of both sets is a fixed wide beam 
covering approximately 60° on either side of a predetermined '' line of 
shoot." 

The indicator is an E-scope in which a horizontal intensity-modulated 
range sweep moves vertically up the tube in synchronism with the move

ment of the radar beam. Signals appear as vertical lines a+ a certain 
range along the trace centered about the elevation angle of the target. 
Calculation of height from range and elevation angle is performed 
automatically by the selector switch and relay equipment used in CH 
stations (Sec. 6-0). The range and elevation of the target are set into 
the computer by the operator, who adjusts range and angle markers te 
cross at the center of the target signal on the scope. r;"he computer 
indicates target height in numerals on a lamp display. 

Development of the microwave art permitted the design of elevation-
scanning height finders which, unlike the VEB, could be made mobile. 
The first such set to be used operationally was the British Type 13. The 
reason for the late appearance of this very successful height finder is the 
technical difficulty of illuminating an antenna reflector of large aperture 
ratio. This is accomplished in the Type 13 by illuminating a double 
"cheese" (Fig. 6-22) by means of a horn feed (Chap. 9). Although side 
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lobes are not objectionable in this antenna, it displays considerable fre
quency sensitivity. A standing-wave voltage ratio of 1.33 (Chap. 11) is 
encountered for a frequency change of 2 per cent. The beamwidths are 
1° in the vertical dimension and 6° in the horizontal dimension. The 
pulse width is 2 /isec, the output power 500 kw. 

In operation, the antenna is moved up and down in the expected 
azimuth of search at a rate of one oscillation in ten seconds. An RHI 
display is used (Fig. 6-23). Because of the slow rate of scan, it is impera
tive to use a second radar to determine the approximate direction of the 
target. The Type 7 equipment was widely used for this function. The 
azimuth position of the Type 13 radar is shown on the PPI of the Type 7 
by means of a beam of light pro
jected from behind the phospho
rescent screen of the PPI. This 
light is yellowish and does not affect 
the persistence of the radar signals 
on the PPI. In addition there is a 
color contrast between it and the 
echoes. By rotating the antenna 
of the Type 13 until this "azicator" 
line cuts the center of the signal on 
the PPI, the Type 13 can be cor
rectly enough pointed to display the 
desired target. The beamwidth of 
6° is chosen to be wide enough to permit Type 13 operation with a PPI 
radar having very poor resolution. 

A similar American set (AN/TPS-10) is lighter and simpler since it 
operates at 3 cm. This enables the antenna size to be reduced to 10 by 
3 ft with the very high gain of 18,000. The range is over 50 miles on a 
four-motored aircraft, although the radar set uses only 60-kw output 
power at 1-Msec pulse width and 1000 pps. The antenna can be oscillated 
once per second. The beamwidths are 0.7° in elevation and 2° in azi
muth. This last is much smaller than was at first thought feasible; it 
was argued that so small an azimuth beamwidth would render search for 
the target laborious. It has proved, however, to be no operational 
limitation. 

Height-finding by such a set is reasonably accurate. The results of a 
calibration flight with an experimental model of the AN/TPS-10 are 
shown in Fig. 6-24. Relative height is accurate to about ±300 ft under 
favorable conditions. Absolute height is more difficult to find accurately 
by radar, because of the bending of the beam by atmospheric refraction, 
which varies from time to time. Fortunately, relative height is usually 
sufficient for aircraft control. Further, it is generally possible to keep 

-llange-height 
Type 13. 

indicator 
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track of refraction conditions by talking to pilots of aircraft seen on the 
radar, and checking radar height readings with their altimeters. 

Combined Plan and Height Systems.—Despite the speed, convenience, 
and accuracy of the elevation-scanning height finders just described, these 
sets are merely auxiliary to a search radar. Equipments that provide 
plan and height information continuously on all targets in the field of 
view, using a single antenna system, are obviously preferable. The 
limitations discussed in Chap. 4 on the range out to which a substantial 
area can be rapidly scanned preclude the design of a single radar system 
which will give both plan and height information with the necessary 
accuracy, as often as is desirable, and out to a range limited only by the 

optical horizon. 
Two or more radar systems can 

be combined to allow continuous 
and rapid indication of both plan 
position and height of all targets in 
the field of view. One example of 
such a radar is a ship-based set 
which combines a conventional PPI 
radar with an elevation-scan height 
f i n d e r of a d v a n c e d d e s i g n . 
Another, working on quite a differ
ent principle, is the V-beam radar, 
which reduces the measurement of 
height to two measurements of tar
get azimuth. 

The ship radar uses a search set and a height finder whose antennas 
occupy the same pedestal. The search set has a beamwidth in azimuth 
of 1.5° and elevation coverage up to 15°. The height finder antenna is 
15 ft high by 5 ft wide, fed at 8.9-cm wavelength by a special feed (Sec. 
9-16) which can cause the beam to scan at ten oscillations per second. 
The beamwidth in elevation is 1° and in azimuth 4°. The height finder 
antenna feed is so arranged that the pulses are distributed uniformly 
throughout the angle of scan, and not concentrated at the upper and 
lower angles as they are by the mechanical oscillation used in the sets just 
described. As a result, the antenna can be rotated at 4 rpm and height-
finding to a range of 50 statute miles is quite possible. A 12° range of 
elevation angle can be covered. 

The antenna is shown in Fig. 931 . The display console is shown in 
Fig. 6-25. A three-fold indication scheme is used. One indicator gives 
the general PPI picture and a second gives an expansion in range and 
azimuth angle which enables detailed control to be accomplished. The 
third indicator is a range-height indicator. The RHI is brightened for a 

F I G . 6-24.-

20 30 40 50 60 70 
Ground range in miles 

-Calibration of height readings 
of AN/TPS-10. 
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selected range of azimuth angle which corresponds to that shown on the 
expanded range-azimuth indicator, so that the aircraft under detailed 
observation can be recognized on the RHI. Four or more display con
soles, each with a full complement of indicators, can be operated inde
pendently and at the same time from a single radar. 

The fundamental principle of the V-beam radar is to reduce the obser
vation of elevation angle to a double observation of azimuth angle. The 

FIG. 6-25.—Console of ship-based height finding radar. 

second observation of azimuth is made by a beam slanted at 45° to the 
ordinary search beam of a ground PPI radar. The two beams form a 
V-shaped trough. 

Figure 6-26 (see also Fig. 41) shows the two beams and the direction 
of rotation of the antenna mount. The 45° V reproduces the value of 
the height as the horizontal distance between the vertical and slant beams 
at the appropriate range and height. This is expressible in terms of D, 
the ground range to the target. If A<p is the angle turned by the mount, 
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h = D sin A<t>. B u t Z)2 = R2 

h = 

- h2, so that 

R sin Ad> 
(1 + sin2 A<t>)*' 

This simple relation permits height to be found if the target range 
and the difference angle can be determined. There is a danger that at 

Radar 
F I G . 6-26.—Schematic view of V-beam principle. For clarity, vertical and slant beams are 

shown without the 10° separation in azimuth which is used in practice. 

low elevations the two signals from the vertical and slant beams might 
be displayed so close together that no height can be found. This problem 
is eliminated by introducing a fixed separation of 10° between the beams, 
so that there is a 10° separation between the signals even from a target 
at zero altitude. The indicator is designed around the general principle 
of a B-scope in that range is presented against angle. The simplest form 
of indicator has range along the horizontal axis and A<j> on the vertical 

axis (Fig. 6-27). Suppose a target 
appears at A on the vertical beam 
at an azimuth selected by the 
operator. Video output from the 
vertical beam appears on the scope 
for 10° of azimuth rotation cen
tered on the selected azimuth. I t 
is then blanked out and slant video 
substituted. If the target is at 
zero elevation, the slant beam will 
illuminate it 10° later, at A'. If 
the target has a definite height, 
the slant beam will rotate further 
before illuminating it and the 
signal will actually appear at B, as 

.Slant-beam 
video signals 

Vertical-beam 
video signals 

20 30 40 
Range in miles 

F I G . 6-27.—Simple V-beam indicator. 
of constant height are shown. 

Lines 

shown. A movable overlay superimposed on the scope face is set so that 
its baseline bisects the first signal at A The 10° delay position is marked 
by a second line, which serves as the zero-height line for a succession of 
constant-height lines which appear as drawn. Height is estimated 
directly from the face of the scope. The two signals from a single target 
(e.g., A and B) always appear at the same range. 



F I G . 6*28.—Antenna and turning gear for V-beam. 
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This type of height finder is free from the range limitation which 
arises from the scanning loss of a rapidly scanning system. The V-beam 
can, in principle, find height to any range where a search set of the same 
antenna size can detect aircraft. Heights on single aircraft out to 140 
miles have been recorded. 

The set is shown in Fig. 6-28. The two antenna reflectors are 25 by 
10 ft. The vertical sheet of radiation is obtained by three separate 
transmitters feeding a horn and a series of dipoles. The slant beam uses 
only two transmitters, since early-warning range is ordinarily not needed 
on the slant beam which is intended for height-finding. 

The results of height calibrations show that heights can be called 
rapidly to an accuracy of +1000 ft and, with care, to ± 500 ft. If an 
average is taken, better results can be obtained. 

6-13. Homing.1—The use of airborne radar to guide an aircraft to its 
target was extremely important during the war. Long-wave radar 
installed in aircraft is scarcely capable of performing any function more 
complicated than homing, since the enormous size of an antenna giving a 
beam sharp enough to produce a map-type display precludes its use in 
aircraft. Fortunately for the wartime development of airborne radar, 
homing is a tactically important function both in the attack of shipping 
by aircraft and in the interception of hostile aircraft by defending 
fighters. Sets for both purposes operating near 200 Mc/sec were exten
sively used during the war. 

Homing on a Surface Target.—The simpler of the two problems is that 
of the detection and interception of shipping by patrol aircraft. Since 
targets are known to be on the surface of the sea, homing information 
need be supplied only in azimuth. The first operationally successful 
aircraft-to-surface-vessel, ASV, radar was the British ASV Mark II. A 
counterpart of this equipment was manufactured in the United States, 
being called SCR-521 by the Army and ASE by the Navy. 

The SCR-521 operates at a frequency of 176 Mc/sec. Two sets of 
antennas are provided giving different beam patterns (Fig. 6-29); one 
pattern is used for search and the other for homing. Each pattern con
sists of a left and a right lobe. In the search position these lobes extend 
broadside to the airplane; in the homing position they extend nearly 
straight ahead, so that they overlap to a considerable extent. The exact 
design of these antennas underwent a complicated series of changes. In 
some equipments separate antennas were used for transmission and for 
reception, and in others both functions were carried out with a common 
antenna. In all cases, however, the general coverage and arrangement 
of the beams were those shown in Fig. 6-29. 

The radar receiver is rapidly switched from the left to the right mem-
1 By L. N. Ridenour. 
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ber of the pair of antennas in use, and the radar echoes are displayed on 
an L-scope in which signals coniing from the left antenna cause a displace
ment of the trace toward the left, and signals from the right antenna 
displace the trace to the right (Fig. 6-4). The range sweep is linear, 
upward from the bottom of the scope, and the range is estimated by an 
engraved scale in front of the tube. 

On the search antennas, a given target shows either on the left antenna 
or on the right, depending on its location with respect to the aircraft, 
never on both. On the homing antennas, however, because of the over
lapping coverage of the two beams, a target will show a signal at the same 
range both to the left and to the right of the center line. A comparison 
of the strength of the two returns shows the radar observer in which 
direction course must be altered to home on the target. Care must be 
taken in antenna installation to make sure that the axis of equal signal 
coincides with the direction of flight of the aircraft. "Squint ," which 

F I G . 6-29.—Beam patterns of ASV Mark I I (SCR-521). (a) Search antenna pattern. 
(ft) Homing antenna pattern. 

results from improper installation or trimming of antennas, has the same 
operational effect as crabbing of the aircraft in a cross-wind; in either 
case, the operator notices that the relative signal strength of the left and 
right echoes changes when the aircraft is steady on a compass course 
initially chosen to give equal signals. A skillful operator can allow for 
this effect and choose a course on which the signals, though not equal, do 
not change relative to one another when the course is held. This, regard
less of squint or crabbing, is a true interception course. 

The first radar beacons (Chap. 8) were designed for use with this 
equipment. The type L display is just as well suited to homing on a 
beacon as it is to homing on a radar target, and the navigational aid 
provided by beacons was very useful in bringing aircraft home after long 
sea patrols. 

A very similar equipment operationally, but of greatly reduced total 
weight, has been widely used by the U.S. Navy. Referred to as the 
ASB, it operates on 515 Mc/sec, at which frequency a dipole becomes 
small enough to allow the Yagi arrays used as antennas to be mounted 
on a rotating mechanism that permits them to be pointed broadside for 
search, or turned forward for homing, at the will of the operator (Fig. 
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6-30). A single Yagi on each side is used as a common transmitting and 
receiving antenna. The indication and the method of use of this equip
ment are the same as those of the ASV Mark II. 

With the introduction of microwave airborne radar, sea-search equip
ment giving a map-type indication became practicable. Pilotage within 
50 to 100 miles of islands or coastlines is very greatly facilitated by such 

radar equipment, and the advantage of coverage of the complete field of 
view by such scanning radar (instead of coverage of the two sectors 
viewed by the equipments just described) is important in sizing up a com
plicated target situation. Only the bulk and weight of early microwave 
airborne radar militated against its use for sea search; these difficulties 
have now been overcome. 

Since homing, as well as search, is important, special provision is 
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usually made to facilitate homing in a sea-search radar. This usually 
takes the form of a provision for "sector" scan and a modified indicator. 
Sector scan is, as its name implies, an arrangement for causing the antenna 
to scan back and forth across a desired sector, sometimes one centered 
dead ahead of the aircraft, and sometimes one that is adjustable at the 
will of the operator. The indicator provisions for homing are of either 
of two types: the set may have a type B display, which facilitates homing 
because the condition for an interception course is that the target signal 
approach down a vertical line of constant azimuth, or it may have an 
open-center PPI . In the latter, the target follows along a radius as the 
range is closed on an interception course; the open center reduces the 
crowding of signals at short ranges and makes homing easier. A movable 
engraved marker or electronic index showing constant azimuth is usually 
provided with either type of display to aid in homing. 

The principal wartime American microwave ASV sets were: 

1. The SCR-717, a 10-cm equipment whose antenna is a 30-in. parab
oloid arranged either for continuous rotation or for sector scan, 
at the will of the operator, and whose indicator is, in different 
models, either a type B or a PPI arranged to permit center-opening. 

2. The ASG, a very similar equipment made for the Navy by another 
manufacturer, which offers only PPI display. 

3. The AN/APS-15, a 3-cm radar with optional sector scan and with 
PPI display, designed for overland bombing but used for sea search 
when its "cosecant-squared" antenna (Sec. 2-5) providing high-
altitude coverage is replaced by one designed for about 5000 ft, 
the optimum altitude for sea search. 

4. A series of Navy equipments operating at 3 cm and designed for 
the primary purpose of homing. 

These latter sets are the ASD, an improved redesign of the ASD called 
the ASD-1 or the AN/APS-3, and the ASH or AN/APS-4, a set similar 
to the other two, but representing a very complete redesign with the 
principal object of reducing bulk and weight. The 18-in. paraboloid 
antennas of the ASD and the AN/APS-3 are mounted in a nacelle faired 
into the leading edge of the wing of a single-engined aircraft. (Fig. 
6-31.) All of the AN/APS-4 except the indicator and the controls is 
mounted in a " b o m b " hung under the plane on the conventional bomb 
shackles (Fig. 6-32). The paraboloid antenna reflector of the AN/APS-4 
is 14 in. in diameter. In all these equipments, the 360° azimuth scan of 
the Army equipments is replaced by a wide sector scan centered along the 
line-of-flight of the aircraft, and covering about 160° in all. At the will 
of the operator, this scan can be replaced by a narrow sector scan exe
cuted more rapidly. Type B indication only is provided; provision is 
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made for expansion of the sector dead ahead when homing is being carried 
out. In these sets, the general mapping functions of microwave radar 
have been sacrificed in favor of the utmost simplicity and ease in carrying 
out the homing function. 

F I G . 6-31.—Scanner housing of AN/APS-6 in wing of F6F. The installation of AN/APS-3 
in single-engine carrier-based torpedo bombers is identical in external appearance. 

F I G . 6-32.—Units of AN/APS-4. Covers, radome, and fairing of main unit are removed. 
In use, main unit is suspended from bracket shown at bottom in this view. 

Homing on Aircraft.—During the war, defensive nightfighters 
equipped with radar were developed as a reply to night bombing attacks. 
The homing problem faced by the Aircraft Interception, AI, radar used 
for this purpose is more difficult than that presented in the sea-search 
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application, since the target speed is much higher (and much more nearly 
that of the intercepting aircraft), and since homing must be carried out in 
two dimensions instead of one. 

An early AI equipment was designed by the British as an extension 
to AI of the design principles of ASV Mark II. I t was designated AI 
Mark IV by the British; a similar system made for the U.S. Army 
by an American manufacturer was called SCR-540. In this set, which 
operated near 200 Mc/sec, a single transmitting antenna sent a broad 
lobe in the forward direction from the aircraft. Two pairs of receiving 
antennas were provided; one pair produced overlapping lobes like the 
"homing" lobes of the ASV Mark II , to give an indication (also identical 
with that of the ASV Mark II) of the homing error in azimuth. The 
other pair of lobes was used to measure homing error in elevation angle; 
they overlapped exactly when viewed from above the airplane, but one 
was displaced slightly above the center line of the airplane and the other 
slightly below the center line. Elevation homing error was shown on a 
second indicator exactly like that of the ASV Mark II, turned through 
90° so that the range sweep occurred horizontally from left to right. 
Signals from the upper lobe displaced the trace upward; those from the 
lower lobe displaced it downward. The receiver was rapidly switched 
to each of the four receiving antennas in turn, and the display correspond
ingly switched to the proper deflection plate of the appropriate indicator 
tube. Range could be read either on the azimuth tube or on the eleva
tion tube. The arrangement of the receiving antenna patterns and of 
the indications is shown in Fig. 6-33. 

The principal operational limitation of this equipment was a result 
of the fact that very broad beams were produced by the single-dipole-and-
reflector antennas used. These broad beams gave strong reflections 
from the ground beneath the aircraft, restricting the maximum range at 
which aircraft echoes could be seen to less than the altitude at which the 
Al-equipped fighter was flying. In the case of ASV operating on 200 
Mc/sec, similar returns from the sea were experienced, but the returns 
from ship targets were so strong that signals were sought and tracked at 
ranges beyond the sea return. Aircraft echoes were many times weaker, 
so that aircraft could be seen only at ranges shorter than the ground 
return. 

It was clear that the best hope of escaping this limitation was to make 
use of a sharper beam in AI equipment, and since the maximum antenna 
size was limited by the necessity of aircraft installation, considerable 
effort was exerted to develop a microwave AI. The American equipment 
which resulted is the SCR-720. In this equipment, a 29-in. paraboloid 
reflector rotates continuously in azimuth and is slowly tilted in elevation. 
The helical scan thus produced covers an elevation interval of 25°. The 
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9.1-cm wavelength used gives a beamwidth of 10°, which is sharp enough 
to allow a target on the same level as that of the Al-equipped aircraft to 
be followed out to several times the altitude common to the two aircraft 
without undue difficulty from ground return. 

Two types of indicator are provided. The radar operator has a 
B-scope which shows targets on a range-azimuth display; this is provided 
with a movable marker that enables the operator to feed to the other 
indicator—a C-scope showing azimuth and elevation—only the video 
signals in a range interval centered on the range at which the marker is 

Left receiving 
antenna 
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beam 

Right receiving 
antenna 

Beam patterns 
(Top view) 

Upper receiving 
antenna 

Lower receiving 
antenna 

Beam patterns 
(Side view) 

Altitude 
Ground return 

Target echo: 
left antenna 

Altitude 

■Target echo: 
right antenna 

Range to 
target 
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Target echo: 
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Ground return 

Target echo: 
lower receiving 

antenna 

Elevation indicator 
Fio. 6-33.—Beam patterns and indication of British AI Mark IV (SCR-540). 

set. The unfavorable signal-to-noise characteristics of the C-scope are 
thus somewhat mitigated, and the C-scope, which is repeated for the 
benefit of the pilot, displays only the desired target. A range meter 
operated by the position of the radar operator's movable marker is also 
provided to enable the pilot to gauge the progress of the interception. 

The SCR-720 has been used with success both by the RAF and the 
AAF. 

An airborne automatic tracking radar—essentially a light version of 
the SCR-584 described in the next section—was designed for AI use and 
manufactured in small quantity. Though it was operationally very 
satisfactory and was highly regarded by nightfighter pilots who flew with 
it, it was never used in the war. principally because of the low priority 
put by the AAF on night air defense after 1942. This set was designated 
SCR-702, AX APG-1, and (made by another manufacturer) AN APG-2. 

The difficult problem of providing AI equipment for single-engine, 
single-seat, carrier-based Navy nightfighters was solved in a marginally 



SEC. 614] PRECISION TRACKING OF A SINGLE TARGET 203 

satisfactory way by the AIA equipment and its redesigned successor, the 
AN/APS-6. This 3-cm equipment has an 18-in. reflector which is 
housed in a wing nacelle in the same fashion as that of the AN/APS-3. 
As this reflector is rotated at 1200 rpm about an axis passing through its 
feed and parallel to the line of flight of the aircraft, the paraboloid is 
slowly tilted from a position in which its axis coincides with the axis of 
rotation to a position in which there is a 60° angle between these axes. 
Because of the pattern thus traced out in space by the beam (Fig. 6-126), 
this is called a spiral scan; a complete scan takes 4 sec. The display 
used for sea-rch is the "double do t " indicator described in Sec. 6-7 
(Fig. 6-12a). 

In the last stages of a homing operation, the assumption is made that 
the pilot can safely concentrate all his attention on his target. Turning 
a switch then changes both the scan and the indication. The tilt of the 
antenna with respect to the axis of its rotation is fixed at 3°, resulting in a 
conical scan. Two voltages, respectively linear with the azimuth error 
and with the elevation error in pointing the axis of the conical scan 
toward the target, are applied to a spot error indicator of the type 
described in Sec. 6-8. The pilot completes the interception by keeping 
the spot centered on his scope, and closing the range until the wings of 
the spot have grown to the desired size. 

6-14. Precision Tracking of a Single Target.1—During the war, con
siderable effort was expended in the design of radar for highly precise 
position-finding on one target at a time. This tracking was ordinarily 
intended to permit the control of fire against such a target, but as the 
war drew to a close, it was also used for detailed control of the maneuvers 
of the target by radio instructions from a controller at a ground station. 
This was done to permit blind bombing by fight-bombers too small to 
carry a radar set and its operator, or to enable an aircraft not equipped 
with radar to make a blind landing approach on instructions from a con
troller at a ground radar. The latter use has, and will probably continue 
to have, a considerable peacetime importance. 

Lobe-switching and Pip-matching.—The first radar set intended for 
precision tracking of a single target was the SCR-268, a laboratory proto
type of which was formally demonstrated to the Secretary of War in 
May 1937. The problem of accurately tracking a moving target with an 
antenna that can be elevated and trained is similar to the problem of 
homing with the help of fixed antennas on a movable vehicle, and the 
same techniques are useful. Lobe switching, which has been described 
in the last Section, is employed by the SCR-268 for angle-error determi
nation; in fact, the SCR-268 was the earliest production radar to use 
this technique. The general appearance of the set is shown in Fig. 6-34. 

1 By E. C. Pollard and L. N. Ridenour. 
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F I G . 6-34.—SCR-268 in operation. 
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At the operating frequency of 205 Mc/sec, a 4 by 4 array of dipoles with 
reflectors gives a beam about 21° wide in azimuth and in elevation. 
Return echoes are received on two separate antenna arrays, each with its 
own receiver. One array, six dipoles wide by four high, gives information 
to an azimuth scope; the other, two dipoles wide and six high, provides 
signals to an elevation scope. The receiving arrays have two separate 
feeds arranged to produce different phase relations between the elements 
of the array. Thus, by switching the azimuth receiver from one feed to 
another, the beam pattern of the receiving antenna can be switched from 
one to the other of two overlapping lobes equally displaced in azimuth on 
opposite sides of the normal to the antenna array. Similar switching 
arrangements are provided for the elevation antenna and its receiving 
channel. 

The antennas are mounted on a single cross arm, which rotates in 
azimuth with a central pedestal enclosing the radar circuits and can be 
turned about its own axis to elevate the arrays. Three operators, each 
with a scope, ride with the cross arm as it turns. A range operator is 
provided with an A-scope having a movable marker which he keeps on 
the signal being tracked. His rotation of the range handwheel feeds 
range information to a "height converter," a computing mechanism 
employing a three-dimensional cam to combine slant range and elevation 
angle in such a way that continuous target altitude information is pro
duced. Rotation of the range handwheel also brings the signal being 
tracked into the center of the azimuth and elevation display tubes. 
Each of these tubes is manned by an operator provided with a handwheel 
which moves the antenna in the appropriate angular coordinate. The 
display is type K (Fig. 6-4). I t is the duty of the azimuth operator to 
keep the two signal " p i p s " in the center of his scope matched in height 
by turning his handwheel; the elevation operator has a similar task. 

The maximum design range of the set is 40,000 yards, and the repeti
tion rate is 4098 pps. With a power output greater than 50 kw and a 
pulse width of 7 to 15 Msec, the set is very conservatively designed, and 
can track targets much beyond its rated range. Angular accuracies 
attainable in practice with this equipment, about +1°, are too poor to 
permit good blind antiaircraft fire, and because of ground reflections the 
equipment suffers from severe errors in reading elevation at angles smaller 
than about 10°. However, this versatile, rugged, and readily mobile 
equipment was available in quantity early in the war, and served many 
useful roles, being used for fire control, short-range search and warning, 
and searchlight control. 

Conical Scan and. Error Indication.—In a situation where not more than 
one target at a time is expected in the radar field of view, the equipment 
necessary to track a target can be considerably simplified. Such a case 
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arose in the past war in connection with the defense of bombing aircraft 
against nightfighters. The limitations of AI radar were such that a 
coordinated attack on a single bomber by more than one nightfighter was 
not possible, and the only practicable attack was the stern chase. Under 

FIG. 6-35.—Scanner of AN/APG-15 in tail turret of B-29. 

these circumstances, the bomber can be protected by a simple, short-
range radar equipment mounted in the tail turret. The B-29 was 
equipped with a radar of this sort, the AN/APG-15. Figure 6-35 shows 
the antenna installation. 

The equipment operated at 12 cm, and had a 12-in. dish giving a 
beamwidth of about 25°. This beamwidth was sufficient to give warn-
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ing coverage of the tail cone without the necessity for scanning. The 
beam was conically scanned by rotating the reflector about an axis which 
made an angle of 2.5° with its own. Commutators were mounted on the 
shaft of the antenna rotation mechanism so that signals from the upper 
half of the scan could bo integrated and compared with those from the 
lower half; similarly, signals from the left half of the scan were compared 
with those from the right. The resulting error voltages were used to 
deflect the spot of a CRT used as an error indicator. An automatic cir
cuit searched in range in the absence of a target, and locked on and 
tracked a target when an echo was encountered within the 2000-yd 
coverage of the set. This range circuit was used to brighten the spot 
only when a target was in range, in order to distinguish between correct 
pointing and the absence of a target. It also caused the target spot to 
grow horizontal "wings" whose spread increased as the range grew 
shorter, in order to provide an indication of range to the gunner (see 
Fig. 6-13). 

The axis of the conical scan was aligned with the guns so that only 
point-blank fire with no lead was possible. This was done because the 
lead required in countering the usual nightfighter approach is negligible. 
The indicator was so arranged that its display was projected into the 
reflector sight, enabling the gunner to use the same technique for either 
optical or radar tracking. This equipment became available so late in 
the war that it had substantially no operational use, but its proving-
ground tests indicated that its performance would have been quite satis
factory. The attainable angular accuracy was about +0.5°. 

The AN/APG-15 was unusual in that a triode, the "lighthouse" 
tube, was used as a pulsed oscillator. At the low pulse power used (about 
500 watts), this enabled transmitter, receiver, and the necessary rectifier-
filter power supplies to be housed in one compact unit, shown in Fig. 636. 

Automatic Angle Tracking.—Shortcomings of the SCR-268 as a fire-
control position finder arose mainly from the use of a relatively long 
wavelength which resulted in broad beams from antennas of any reason
able size. When microwave radar became practicable with the develop
ment of the cavity magnetron, one of the immediate applications of the 
new technique was an antiaircraft position finder. The most widely used 
and generally successful of the resulting equipments was the SCR-584. 

Before beginning precision tracking of a single target, a radar that is 
to serve as the only equipment of an antiaircraft battery must execute a 
general search in order to locate targets that are to be tracked and 
engaged. No auxiliary long-wave radar search equipment was provided 
with the SCR-584. Instead, the 6-ft antenna reflector was helically 
scanned, and targets presented on a PPI whose maximum range was 
60,000 yd. A range of elevation angles up to 10° was covered by the 



208 THE GATHERING AND PRESENTATION OF RADAR DATA [SEC. 614 

helical scan. Alternatively, the antenna could be set to rotate uniformly 
in azimuth, the elevation being manually controlled, or both azimuth and 
elevation could be manually controlled. The performance at 10-cm 
wavelength was more than adequate to give the 60,000-yd range desired 
on single aircraft, and the convenience of having a common radar per
form both the search and the tracking functions is very great. Figure 

F I G . 6-36.—LHTR transmitter-receiver-power-supply unit used in AN/APG-15 and other 
sets. 

6-37 shows an "x-ray" view of the SCR-584 with the antenna elevated into 
operating position. For traveling, it is lowered within the trailer. 

A conical scan is executed by the antenna of the SCR-584, the dipole 
feed of the 6-ft paraboloid rotating rapidly about an axis which is that of 
its mechanical, though not its electrical, symmetry. For precision track
ing, the azimuth and elevation error signals derived from this conical scan 
are used, not to give an indication of pointing error, but actually to drive 
servomechanisms which position the antenna mount. An error signal 
in either coordinate will cause the antenna to move in the direction neces
sary to reduce.the error. This so-called "automatic angle tracking" was 
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embodied in the design because its precision of following is, unlike the 
accuracy of manual tracking, not subject to human errors arising from 
combat stresses and fatigue^ c <■ i f ■-. /■ -< ; w ., 

In order to ensure that the error signals are (measured with respect 
to the desired radar echo only, and also to provide a continuous measure
ment of range, two type J displays are presented to the range operator 
of the radar. These are circular range sweeps (Sec. 6-4) with radial 
signal deflection. The coarse range scope shows all ranges out to a maxi
mum of 32,000 yd. and the fine scope shows a magnified trace of a 2000-yd 

F I G . 6-37.—SCR-584 in operating position. 

interval which can be chosen anywhere within the 32,000 yd. Markers 
geared together at 1 to 16 and driven by the range handwheel are in front 
of these tubes. When the marker on the 32,000-yd tube is put over the 
signal echo to be tracked, the 2000-yd tube displays a range interval 1000 
yd on either side of the target range. The marker on the 2000-yd tube 
can then be set exactly on the leading edge of the target signal. When 
this adjustment is made the marker is kept in register with the desired 
signal, and continuous target-range information is sent to the computer. 
Further, only those signals which come in a range interval of about 50 yd 
immediately following the range for which the marker is set are sent to 
the input of the angle-error measuring circuits. 
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Circuits have been devised and tested which provide automatic track
ing in range, as well as in angle, but it appears that the judgment of the 
range operator is of definite value in the operation of this equipment. 
The operator is especially useful in following a desired target in the 
presence of other near-by signals, which may be due to ground objects, 
other aircraft, or "window" dropped to make radar tracking difficult 
(Sec. 310) . 

The proving-ground accuracy of this set is about + 25 yd in range at 
all ranges, and about + 1 mil1 or better in angle. With good radar 
maintenance, this accuracy is achieved under field conditions. This was 
one of the most widely used, versatile, and generally successful of all 
allied wartime radar sets. 

6-16. Precision Tracking During Rapid Scan.2—At the end of Sec. 
6-12 we considered the design of systems for general air surveillance and 
control which offered fairly accurate information, renewed every few 
seconds, on all the positional coordinates of all targets in the radar field 
of view. This was claimed to be the operational ideal; and so it is, for a 
radar set whose purpose is to permit the general control of aircraft. For 
fire control, or for the close control of aircraft which is needed if a ground 
controller is to coach a pilot through a blind landing approach, much more 
precise and much more nearly continuous positional information than 
that supplied by the V-beam is demanded. 

The requirement of greater precision implies that narrower radar 
beams must be used, and the requirement of more frequent information 
implies an increase in the speed of scanning. These design changes, as 
we have seen, seriously restrict the volume of space which can be covered 
by the resulting radar set. However, the goal of maintaining at least a 
partial situation picture by scanning, while simultaneously providing 
highly accurate positional information on a particular target being 
tracked, is so attractive that several equipments have been designed to 
attain it. The requirement of high scanning speed has led the designers 
of all such sets to use "electrical" scanners (Chap. 9). 

The design limitation on the volume of space that can be covered 
frequently enough to be useful is least troublesome in the case of a radar 
equipment designed to deal with surface targets. In this case, one is 
interested only in coverage of a plane, not in searching the volume of 
space that may contain aircraft. The most advanced equipment of the 
rapid-scan precision-tracking type that was in field use at the end of 
World War II was the AN/TPG-1, which had been designed for the 
control of shore-battery fire against ships. For the purpose of fire control 
against ships, a rapid-scan precision radar is most desirable, because the 

1 A mil is a thousandth of a radian; thus 17.4 mils = 1D. 
- By L. X. Ridenour. 
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splashes of shells that miss the target can be seen on the scope of the radar. 
Accurate " spotting-in " of fire both in range and in deflection is possible 
with this type of set. 

The antenna and scanning principle of the AN/TPG-1 (which was 
also designated, in various modifications, as SCR-598, AN/MPG-1, 
AN/FPG-1) are described in Sec. 9-14, and a perspective drawing of the 
antenna is shown as Fig. 9-25. The radar beam produced was about 
0.55° wide in azimuth; this narrow beam, coupled with the % Msec pulse 
length used, gave the set high resolution both in range and in azimuth. 
A scope photograph showing the ability of the equipment to resolve 
closely-spaced targets is shown as Fig. 6-38. 

FIG. 6-38.—Row of small ships (LCI's in formation off Honolulu) shown on micro-B of 
AN/TPG-1 . Ships are less than 300 yd apart. (Reprinted from Electronics, December 
1945.) 

The AN/TPG-1 rapid scan covered a sector 10° wide centered on the 
target of interest. The antenna could be mechanically rotated as a whole 
to swing the center of this sector to any desired azimuth position, or could 
be rotated continuously in azimuth during search. The set incorporated 
a PPI which was useful when the antenna was rotating mechanically for 
search. Its other indicators were a conventional type B presentation 
which presented the 10° sector covered by the rapid scan, and a micro-B 
indicator. The latter is normalized at 400 yd/in. At the ranges impor
tant in the operational use of this set, the distortion of the micro-B display 
is very small. Electronic range and azimuth markers are provided on 
the micro-B to aid in tracking. The azimuth error obtained in trials of 
this set was less than 0.05 degrees. 

The AN/MPN-1 equipment, often called GCA (for ground control of 
approach), is the only radar designed during the war to provide accurate 
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tracking on aircraft targets by means of rapid scanning. The inherent 
difficulty of the problem is displayed by the fact that the GCA really 
consists of three separate radar equipments. One is a PPI set which 
presents a general picture of the air traffic situation; the other two, which 
comprise the precision system, have "beavertail" beams narrow respec
tively in azimuth and in elevation. Each of these is rapidly scanned in 
its narrow dimension, and separate indicators of the "stretched P P I " 
type present the two angular coordinates. The set is fully described in 
Sec. 8-13 of Vol. 2 of this series. 



CHAPTER 7 

THE EMPLOYMENT OF RADAR DATA 
B Y B. V. BOWDBN, L. J. HAWOETH, L. N. RIDENOUE, 

AND C . L . ZlMMEEMANN1 

7-1. The Signal and Its Use.—The presentation of echo signals on an 
indicator by no means completes the problem of designing an operation
ally useful radar system. I t is necessary that action of some sort be 
taken on the basis of the information afforded by the radar. To enable 
this action to be taken promptly, intelligently, and correctly, an organiza
tion must be created. This organization begins with the radar indication 
and extends to the execution of commands that arise from the situa
tion as displayed by the radar. The nature of these commands and the 
nature of the organization that assimilates the radar data and gives the 
commands differ widely from one functional use of radar to another. 

The organization that employs radar data may be almost entirely 
mechanized and automatic, as is, for example, the Army system for radar 
antiaircraft fire control. In this system, the azimuth, elevation, and 
range of a target are transmitted directly and continuously from the 
radar to an electrical computer. The computer solves the fire-control 
problem, determines the future position of the target, and transmits 
azimuth, elevation, and range (fuze time) information to the guns of the 
battery. The guns are positioned automatically by means of servo-
mechanisms, and a fuze-setting mechanism is automatically adjusted to 
cut fuzes to the time-setting indicated by the computer.2 The duties of 
the gun crew are the purely mechanical ones of supplying ammunition 
and loading. 

The Army system of antiaircraft fire control just sketched was out
standingly successful in the past war. This success can be viewed as 
demonstrating the principle that, when a complicated task must be 
carried out quickly and accurately under trying conditions, extreme 
mechanization is well worth while, if it removes from human operators 
the necessity for employing judgment and for performing complicated 
operations. Such mechanization substitutes for the skill of operators the 
design, manufacturing, and maintenance skills that are necessary to 

1 Sections 7.1, 7.2, 7.4, 7.7, and 7.8 by L. N. Ridenour, Sec. 7.3 by L. J. Haworth, 
Sec. 7.5 by B. V. Bowden, and Sec. 7.6 by C. L. Zimmermann. 

* The use of proximity fuzes eliminates this step. 
213 
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supply and maintain the equipment required by mechanization. The 
advantage of making this substitution is two-fold: the latter skills can 
be applied under favorable conditions, while operator skill is required in 
the field on the occasion of each crisis; further, there are usually many 
more operators of a given equipment than there are designers, production 
engineers, and maintenance men, combined. The total skill required is 
thus more economically used under more favorable conditions if mech
anization is employed. 

Most problems involving radar are far simpler than that of antiair
craft fire control. A simple set may be used on a ship, for example, for 
navigation and collision avoidance. Under these circumstances, all that 
is required is a good PPI display on the bridge, and perhaps an alarm 
that gives a signal if a radar target approaches within a mile. Very good 
navigation can be performed by comparing the PPI with a chart and 
taking the range and bearing of sufficient identifiable points shown on the 
radar to determine the location of the ship. The organization required 
beyond the radar indicator consists in this case of very little more than 
the ship's navigator. 

The problem of creating the most efficient organization for the use of 
radar data, in each functional situation involving radar, is a very com
plicated one. During the war, it lacked the systematic study that its 
importance and its complexity deserved. Since any treatment of system 
design would be incomplete without some reference to this important 
topic, this chapter will deal briefly with some of the devices and some of 
the methods which have been worked out to translate into commands the 
decisions taken on the basis of radar information.l 

It is to be emphasized that this subject is at least as difficult and as 
important as that of the technical design of the radar itself, and far less 
well understood. We can now build reliable radar equipment whose 
principal performance limitation arises because the earth is round; the 
major improvements to be looked for in the use of radar over the next 
few years will lie, for the most part, not in the category of technical radar 
design, but in the field of fitting the entire radar system, including its 
operational organization, to the detailed needs of the use and the user. 

EXTERNAL AIDS TO RADAR USE 

7-2. Aids to Individual Navigation.—The most frequent and impor
tant use made of radar is as an aid to air and sea navigation. The 
resemblance of the PPI display of a modern microwave radar set to a 
chart is striking, and suggested very early that navigation would be 
assisted by a device that enabled a map of the proper scale to be super-

1 The problem of devising an organization for using radar information in naviga
tion is discussed in Vol. 2 of the Series. 
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Transparent mirror 

posed on the radar indicator. Figure 7 1 is a schematic diagram of one 
method of accomplishing this. The indicator screen is viewed through 
an inclined, partially reflecting piece of glass which reflects to the eye 
of the observer the image of a screen on which a chart is projected. 

Special coatings for glass have been developed which give a high 
reflectivity in the blue region of the spectrum, while transmitting yellow 
light substantially without loss. If such a coating is used on the inclined 
mirror, the yellow persistent signals on the PPI tube can be seen with 
nearly their full intensity, while the chart image can be projected on the 
mirror in blue, so that it is reflected with little loss in intensity. 

If a radar fitted with such a 
device is being used for the navi
gation of a moving ship or aircraft, 
the charts used for projection must 
be adjustable and easily changed. 
Methods have been worked out for 
storing a large amount of map 
information in a small space by 
the use of microfilm, and for pro
viding motion of the chart in 
the projector. The direction and 
speed of this chart motion can be 
adjusted by the operator so that 
the chart and the radar display 
stay in register as the vessel 
moves; when this has been accom
plished the direction and speed of the ship, as well as its instantaneous 
position, are known. 

Few such chart-projection devices have been built. They are com
plicated, bulky, and expensive, and the function they perform can rather 
simply be done by other means. 

Dead-reckoning Computers.—The direct comparison of the PPI with 
an appropriate chart is an unnecessary elegance if it is desired merely to 
take occasional fixes and to proceed between fixes by the usual methods 
of dead reckoning. This is, in any event, the only safe means of naviga
tion. When the first microwave PPI radar was installed in aircraft, 
careless navigators neglected their dead reckoning in the belief that the 
radar would enable them to determine their position whenever necessary. 
This procedure resulted in getting lost with such regularity that radar 
was soon established as an adjunct to dead reckoning, rather than a sub
stitute for it. 

To assist in dead reckoning, particularly in aircraft navigation where 
high speed and frequent course changes make it difficult, various forms 

FIG. 7-1.—Schematic diagram 
projector. 
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of dead-reckoning computers, or odographs, have been developed. The 
control box of one such computer is shown in Fig. 7-2. This device, 
developed in the Division 17 program of the NDRC, receives information 
from a true-airspeed meter and a repeater compass. These data are 
resolved into cartesian velocity components along the north-south and 
east-west directions, and these velocity values are integrated to provide 
continuous readings of air position with reference to any chosen point of 
departure. 

A mechanism is also provided to indicate ground position by taking 
account of the effect of wind. The direction and speed of the wind (as 
determined from double drift readings, meteorological information, com
parison of earlier wind settings with the actual course made good, radar 
fixes, of otherwise) can be set into the device by means of knobs shown 

in Fig. 7-2. Wind velocity is re
solved into components along the 
north-south and east-west direc
tions, integrated, and. the result 
added to the air position to give 
the ground position with respect 
to the point of departure. 

Air position and actual ground 
position both appear on the 
counter dials shown at the lower 
left. The output signals of the 
unit can also be used to actuate 
a plotting arm which moves over 
a map table not shown in Fig. 
7-2. With this addition, the de
vice draws on a map the actual 

ground track made good by the aircraft carrying the instrument. Vari
ous map scales can be selected fpr the plotting table by means of a knob 
on the control box. The control box can also be provided with a gear 
train that actuates a mechanism showing latitude and longitude directly, 
in addition to showing the departure from the last fix. In a carefully 
made installation, the cumulative error of this instrument amounts to 
only i per cent of the total distance traveled from the point of departure. 

Ground-position Indicator, GPL—Although the device just described 
aids in performing dead reckoning, and to this extent assists in radar 
navigation, it is convenient to present the results of the dead reckoning 
directly on the radar scope. This has been done in a device called the 
"Ground-position Indicator," or GPL 

The GPI provides an electronic index for the PPI tube of the radar 
in the form of the intersection of a circle of constant range and an azimuth 

F I G 7-2.—Control box of aircraft odograph 
or dead-reckoning computer. 
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marker. Once this index has been set on a radar echo by means of 
adjusting knobs provided on the device, the index will move across the 
face of the tube with the echo, provided that the wind setting has been 
made properly, regardless of maneuvers of the aircraft. 

A simplified schematic diagram of the GPI is shown in Fig. 7-3. To 
the left of the box marked "Rectangular to polar coordinate resolver," 
the device is identical with the dead-reckoning computer just described. 
Since the basic coordinates of the PPI are range and azimuth, it is neces
sary to convert the cartesian position information to polar coordinates; 
this is done in the resolver shown. The azimuth resulting from this 
operation is compared with the instantaneous azimuth of the radar 

True 
air 

speed 
Compass 
repeater 

N-S fix knob 

Ground position 
integrators for 
N-S and E-W 
components 

Altitude knob 

E-W fix knob 
F I G . 7-3.—Simplified schematic diagram of Ground Position Indicator. 

scanner. When the two are equal, an azimuth mark is put on the radar 
indicator electronically. 

The range information provided by the resolver is measured hori
zontally along the ground; it must be corrected for the altitude of the 
aircraft if, as is usual, slant range is displayed by. the radar indicator. 
This is done by means of the electrical triangle-solver labeled "Slant range 
circuit," into which the value of aircraft altitude is set by the operator. 
The value of slant range computed by this device is used to put a range 
marker on the PPI at the appropriate distance from the origin of the 
sweep. 

Taking a fix with the GPI involves turning the N-S and E-W fix knobs 
until the intersection of the range and azimuth marks appears on top of 
an identified target signal. The "fix" dials will then read the ground 
range of the target from the aircraft, resolved into north-south and east-
west components. As the aircraft moves, these dials will continue to 
read the correct position of the target relative to the aircraft and the 
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index will continue to stay on the target echo, provided that the correct 
value of wind has been set into the device by means of the two "wind" 
knobs shown. Even after the index and the target echo have moved off 
the face of the radar indicator, the dials will still show the target position 
relative to the aircraft. 

The determination of wind requires that two fix operations like that 
just described be made on the same echo (which need not correspond to a 
target whose identity is known). The major correction which will have 
to be made at the second fix is that arising from the effect of wind. The 
wind and fix knobs of the GPI are arranged so that they can be gripped 
together and turned together by the same amount. A proper choice of 
scale factors will enable the operation of taking the second fix to correct 
the wind velocity at the same time. If the wind error is to be taken out 
exactly by this process of double-gripping the wind and fix knobs, account 
must be taken of the fact that the proper ratio between the scale factors 
of these two knobs is a function of the time elapsed since the first fix was 
made. The GPI is arranged with a ratio of scale factors which changes 
with time in the proper way, so that double-gripping will remove wind 
errors entirely at the second fix, providing this second fix is made at any 

time up to six minutes after the 
10 to 20 fo reflection 

Nonreflecting surface 

g Edge-lighted 
scale 

F I G . 7-4.—Method of superimposing an edge-
lighted scale on a CRT pattern. 

first. 
7-3. Aids to Plotting and Con

trol.—The problem of controlling 
aircraft on the basis of radar infor
mation involves careful plotting of 
the signals seen on an indicator. 
The controller desires to know the 
position of a given signal with 
respect to a map or grid—which 
must therefore be somehow super
posed on the display—and he 
wishes to record the position of a 

target on successive sweeps, to determine the direction and approximate 
speed of its motion. 

Optical Superposition.—Optical devices of the same general character 
as the chart projector mentioned in the last section are helpful for these 
purposes. Two schemes involving the use of a partially reflecting mirror 
to place a virtual image of a screen in optical superposition with the dis
play are illustrated in Figs. 7-4 and 7 5 . 

The device of Fig. 7-4 is identical in principle with the chart projector 
shown as Fig. 7-1. The virtual image formed in this case, however, is 
that of an edge-lighted screen which can be engraved with a scale or a set 
of indices. Multiple sets of indices with different scale factors can be 
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conveniently provided by ruling each individual set on a thin transparent 
sheet. The sheets are then stacked and arranged to be edge-lighted 
individually; thus only the chosen scale appears. Such multiple scales 
are used on the indicator of the V-beam height-finding display described 
in Sec. 6-12, to permit the use of range sweeps of various lengths. 

The arrangement of Fig. 7-5 permits the use of only one scale, but 
affords, as shown, the considerable advantage that a wax pencil can be 
used for plotting the position of each radar echo of interest, with a mini
mum of difficulty from parallax. As the pencil point touches the edge-
lighted plotting surface, it glows brightly over the small area of contact, 
and small corrections in the position of the point can be made before a 
mark is actually applied to the screen. Although the operator must look 
through the screen itself at its 10 to 20 % reflection . 
virtual image below, the real and 
virtual images can be distin
guished, providing the scales are 
not too complex, by their positions 
and usually by a difference in in
tensity or appearance. 

Display Projection.—An out
standing problem in the use of 
radar for control is that of trans
ferring radar plots from the face of 
a small indicator tube to a large 
board where plotting can be done, 
other information entered, and a 
display visible to many people in 
a large room presented. This 
problem has been approached in 
several different ways. One—that of telling grid coordinates of a target 
to plotters who enter the target position on a large board—will be described 
in Sees. 7-5 and 7-6. Another, which seems obvious but presents con
siderable technical difficulty, is that of direct optical projection of an 
enlarged real image of the display on an appropriate screen. 

The light intensity from a persistent cathode-ray-tube screen of the 
usual type is too low for satisfactory enlarged projection. Several alter
native methods of accomplishing the same result have been used or 
proposed, including: 

F I G . 7-5.-
Virtual image 

Method of plotting with the aid oi 
optical superposition. 

1. Splitting the cascade screen (Sec. 13-2) into two parts, the blue 
component being in the tube and the persistent component on the 
projection screen. Although this scheme is better than direct 
projection of a cascade screen, results are far from satisfactory. 



220 THE EMPLOYMENT OF RADAR DATA [SEC. 7-3 

Further, the screen must be well shielded from stray light if this 
method is to be used, and this somewhat limits its usefulness. 

2. Televising the persistent screen and using the video signals so 
obtained to modulate a high-intensity short-persistence tube suit
able for projection. The results obtained with this rather com
plicated scheme up to the end of the war were mediocre. 

3. Storing the radar picture on an image orthicon or other storage 
device which can be rapidly scanned electrically to produce tele
vision signals. This method, although not well developed at the 
end of the war, holds great future promise. 

4. Use of a dark-trace tube, or "skiatron." 
5. Rapid photographic projection. 

The last two methods mentioned are the only ones developed fully 
enough during the war to warrant further description. 

The Skiatron.—The dark-trace tube, described briefly in Sec. 13-2, 
has been used as the basis for a reasonably successful projection system 
both in England and in America, the principal differences being in the 
optical systems used. In England, an extremely flat-faced tube serves 
as the source for a wide-aperture lens system; in this country a tube has 
been designed to fit a Schmidt optical system. 

Figure 7-6 illustrates the latter. The cathode-ray tube, whose face 
is precisely spherical, is mounted with this face concentric with the 
spherical mirror of the optical system. Light from an intense mercury-
arc or tungsten source is concentrated on the tube face by the lens-and-
mirror arrangement shown. The geometry is so chosen that the Schmidt 
correcting plate comes roughly at the neck of the cathode-ray tube. A 
45° mirror reflects the light to a horizontal projection screen which forms 
part of the top of the cabinet housing the equipment. 
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The display is formed as in any other cathode-ray tube, except that it 
is necessary to minimize the diameter of the focusing and deflection coils 
to prevent them from cutting off too much light. Between 10 and 12 kv 
is applied to the final anode of the tube. 

Signals appear as magenta-colored patches against a white back
ground, and they can be viewed in the presence of a reasonably high level 
of ambient light. This property, together with the large, flat, parallax-
free image, makes the display extremely useful for measurement and 
plotting. However, it has serious inadequacies which arise from short
comings of the skiatron tube. Contrast is always low, particularly at 
low duty ratios. Repeated signals have a very objectionable tendency 
to "burn in," becoming stronger than transient signals and remaining on 
the tube long after the radar echo that created them has moved away or 
disappeared. This difficulty can be considerably alleviated by occa
sionally raising the tube temperature and scanning the screen with a weak 
electron beam, both of which measures tend to bleach the screen. A 
fairly intense burned-in pattern can thus be removed in one or two 
minutes. 

In its present technical state, the skiatron is most useful for observing 
and plotting the courses of ships, from either a shipboard or a coastal 
station. It is less satisfactory when used to display aircraft signals, 
because of the poor contrast in their more rapidly moving echoes. 

Rapid Photographic Projection.—The inadequacies of other methods 
of providing a large projection display of a radar indicator led to the 
development, by the Eastman Kodak Company, of means for the 
photography of one full 360° sweep of a PPI, rapid photographic process
ing of the exposed film, and immediate projection of the developed pic
ture. The equipment is shown in Fig. 7-7. 

The camera uses 16-mm film, of which 350 ft are required for con
tinuous 24-hr operation at two scans per minute. An instantaneous blue 
phosphor serves best for photographing. After exposure to a full scan, 
each frame is processed with metered quantities of developer and fixer, 
the total processing time being 13-5 sec. A total quantity of less than a 
gallon of the two solutions is required for 24-hr operation. The projector 
unit consists of a 300-watt lamp and a simple optical system. The film 
is cooled by an air blast during projection. The maximum diameter of 
the projected image is 8 ft, and images of a given point can be repeated on 
successive frames within a circle of i-in. diameter at this magnification. 

Plotting means employing this device were just being worked out at 
the end of the war.1 I t appeared that this was a highly effective and 
satisfactory method of large-scale direct presentation of a radar display. 

■L. L. Blackmer, "P4I (Photographic Projection PPI)," RL Report No. 725, 
April 26, 1945. 
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F I G . 7-7—Rapid photographic P P I projector. 
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Video Mapping.—None of the methods so far described permits the 
superposition of an "electronic" map on the display. By this term is 
meant the addition to the radar signals of signals which, by appropriate 
intensity-modulation of the indicator, reproduce on the display itself a 
map, a grid, or any pattern that may be desired. The position of radar 
echo signals can be compared with this electronic map with complete 
freedom from parallax, and, in addition, any distortions or imperfections 
of the display affect the grid and the signals equally and thus produce no 
reading error. A very satisfactory method of accomplishing this has 
been given the name of "video mapping." 

The signals required to produce the desired modulation are derived 
from the device illustrated in Fig. 7-8. The desired map, in the form of 
opaque lines on a transparent 
background or vice versa, is placed 
immediately in front of an auxil
iary PPI of the highest precision 
obtainable. This PPI rotates in 
synchronism with the radar an
tenna and executes its range sweep 
in the proper time relation with 
the radar transmitter, but operates 
at a constant intensity, receiving 
no video signals. The cathode-
ray tube used has a short-persist
ence blue screen; the intensity is 
adjusted to a medium or low level. 
As the moving spot of the auxiliary 
PPI moves behind the map to be 
reproduced, a photocell placed two 
or three feet from the map receives 
spot to the photocell undergo a change in absorption. Because of the 
rapid motion of the spot in its range sweep, these signals are in the video-
frequency range. The fast screen avoids any appreciable " tai l ing" of 
signals. 

The signals from the photocell are amplified and mixed with the radar 
echo signals with a polarity such that on the final display the lines of the 
map are brighter than the background. In the absence of limiting, 
gradations of light and shadow can be presented. Figure 7-9 is a repro
duction obtained on a second PPI tube of a photographic negative used 
as a subject for video-mapping transmission. Figure 6.8 was also pro
duced by video mapping, the final display being a B-scope. 

This method has the very great advantage that the map is correctly 
correlated with the radar display regardless of the degree of off-rentering, 

Photo-multiplier tube 

■ Light shield 

Viewing aperture -

Transparency to be -
reproduced 

F I G . 7-8.—Video mapping transmitter. 
The aperture in front of the phototube is 
small enough so that the parallax between the 
spot on the C R T screen and the marks on the 
plotting surface is small. 

a signal whenever the rays from the 
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FIG. 7-9.—Photograph transmitted by video mapping techniques. 
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or of any deliberate or accidental deformation or distortion. The 
accuracy is determined entirely by the precision of the scanning PPI and 
by the geometrical relationship between the PPI and the map. Slight 
changes in parallax between the center and the edge of the tube can be 
compensated by using a suitably nonlinear range sweep. 

If the radar site is moving, a compensating motion must be applied 
to the map in order to maintain the proper relationship on the final 
displays. 

This method can be applied to any type of index or marker, and has 
obvious uses as a substitute for elaborate computing circuits under some 
circumstances. 

7-4. The Relay of Radar Displays.—It is common for the best location 
of the radar station and the optimum location of a control center to be 
different. The radar site is chosen from the standpoint of good coverage, 
freedom fiom permanent echoes, and the like; the criteria entering into 
the choice of site for a control center are usually entirely different. Also, 
a control center should receive supplementary information from other 
radar installations located elsewhere, even though a single radar equip
ment may provide the primary data for control of operations. This will 
enable the coverage of the primary radar to be supplemented by informa
tion from neighboring sectors, and will provide coverage of possible 
"blind spots" of the primary radar. 

The telling of plots by telephone land line was the technique first used 
(Sec. 7-5) for the transmission of radar data from one point to another. 
Substantial errors and delays are inherent in this procedure. Far more 
important, when the information to be transmitted has been gathered 
by a modern long-range, high-definition radar, is the low traffic-handling 
capacity of the system of telling and plotting. Literally hundreds of 
targets may show at a given time on the indicator of such a radar as the 
first one described in Chap. 15; an attempt to convey with adequate 
accuracy and speed the information provided at a rate of four sweeps per 
minute is hopeless under such conditions. 

Considerations such as these led to the development of means for 
reproducing radar displays at a distant point by transmitting the radar 
video signals and appropriate synchronizing information by more or less 
conventional radio practice. The technical problems of " radar- relay," 
as this is called, have been worked out, and systems for the purpose are 
discussed in detail in Chap. 17. 

Radar relay is mentioned here to emphasize its usefulness as one 
element in the creation of an organization for the use of radar data. An 
example of an operational system in which this technique is important 
is given in Sec. 7-8. 
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EXAMPLES OF RADAR ORGANIZATIONS 

In the following sections are given very brief sketches of a few 
radar organizations with which some experience has been obtained. The 
systems described are, for the most part, necessarily those set up in war
time for the purposes of war, and to this extent do not represent useful 
models for peacetime radar organizations. It will, however, be instruc
tive to consider briefly a few typical systems. 

7-6. Radar in the RAF Fighter Command.—Just as the first radar 
equipment to be used in operations was that installed for the air defense 
of the British Isles, so the first operating radar organization was that of 
RAF Fighter Command, the user of this equipment. When the organi
zation was fully developed, the number of people involved in the inter
pretation of the radar information and in making use of it was comparable 
to the number required to obtain it. 

Organization of the Home Chain.—It has been mentioned in Sec. 6--9 
that the performance of CH stations depended very much on the nature 
of their sites. Moreover, owing to a shortage of trained men and to the 
difficulties involved in maintaining equipment of this kind in wartime, 
the antenna systems were often badly installed and inadequately main
tained. In consequence, large errors in apparent azimuth were very 
common; most stations had errors of 10° or 15°, and errors as large as 30° 
were not unknown. The method of measuring height depended on 
reflection of the received waves from the ground, and almost invariably 
the height calibration of a station was different along different azimuths. 
Each station had to be checked and calibrated both for height and azi
muth by an elaborate and difficult series of test flights. 

The complicated nature of the corrections necessary on each aircraft 
plot, and the requirement for speed and accuracy in applying these cor
rections, led the British to design and install what is perhaps the first 
device intended for assistance in the use of radar data, as opposed to the 
gathering and display of that data. This is the celebrated "fruit 
machine,"1 a complicated calculating machine made up of standard 
telephone selector switches and relays. The operator measured the 
range of the target by setting a marker to the echo on the A-scope. She 
then turned the goniometer until the echo disappeared, and pressed 
buttons transmitting range and apparent azimuth to the fruit machine. 
The machine automatically applied the appropriate correction and 
deduced the true azimuth, multiplied the target range by the sine and 
the cosine of this true azimuth, added in the rectangular map coordinates 
of the station itself, and deduced the coordinates of the target. This 

1 It was named after the English equivalent of the American slot machine used for 
gambling. 
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information was displayed in lights to a "teller," who passed the infor
mation over a telephone line to Fighter Command Headquarters. At a 
later stage, the plots were passed by teletype to save time. The whole 
computation process was completed in a second or so. 

The operator then pressed a button which connected the goniometer 
to the height-finding antenna arrays. Again she turned the goniometer 
until the signal disappeared, and pressed a button. The height of the 
target was computed by the fruit machine and passed to headquarters. 

Radar plots from all of the Chain stations were sent to Fighter Com
mand in Stanmore, north of London. Because of the shortcomings of the 
early radar equipment, and the "blind spots" in the coverage of indi
vidual sets, it was felt to be essential to combine the information from 
all radar stations at a central point. This was done at a so-called 
"filter center." 

In a large underground bombproof room was mounted a central 
table whose surface was a gridded map of England. A crew of plotters, 
each with a telephone connection to one of the radar stations, stood 
around the table at positions corresponding to the geographical locations 
of the Chain stations. As a plotter received plots over the telephone, 
she put colored disk markers in the grid positions indicated. It usually 
happened that two or more stations were simultaneously plotting the 
same aircraft, so that several girls might be putting down counters repre
senting the same formation. Owing to the errors in the system and the 
variable delays in the plotting process, the interpretation of the piles of 
disks in terms of aircraft was not easy. Special officers known as filterers 
stood beside the girls and decided, for example, whether two adjacent 
tracks were really separate, or represented the same aircraft, erroneously 
plotted by one of the stations. After he had analyzed the data, the 
filterer put on the map a little plaque that bore his best estimate of the 
identity, position, height, speed, and number of aircraft in the formation. 

This whole process was observed by filter officers who sat on a balcony 
overlooking the map. They were informed of the plans for the move
ments of friendly aircraft. They were able to direct the operations of the 
whole Chain and to decide which formations should be plotted by each 
station. The work of the filter officer called for a considerable under
standing of the performance of CH stations, and an appreciation of the 
good and bad qualities of each individual installation. 

Established tracks on the filter-room board were telephoned by a 
teller to a second plotting board maintained in an "operations room." 
Here the filtered radar tracks were combined with plots of the Observer 
Corps (visual airplane spotters), and with fixes made by means of radio 
direction finders. In this main control room, the aim was to display the 
whole of the picture of the air war; all operations were generally directed 
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from this point. The detailed control of fighter interceptors was carried 
out from group and sector headquarters, where plots were maintained on 
the basis of information repeated from Fighter Command Headquarters. 

The operation of this system was much more difficult than might be 
inferred from this brief description. If the CH stations had been perfect, 
it would still have been difficult to interpret some hundreds of plots every 
minute, all subject to variable delays and to the personal errors of the 
observers. Quite trivial difficulties proved surprisingly hard to over
come. I t was hard to find room for all the plotters around the table. 
They could not plot fast enough. They might disturb one set of plots 
when they leaned over to plot another aircraft. Such rather simple 
difficulties could be, and often were, the limiting factors on the use that 
could be made of the radar plots, and an intensive study of all the stages 
in plotting and filtering was made throughout the early years of the 
war. 

Despite the large number of people necessary to this system, and its 
prodigal use of telephone land lines for the telling of plots, its operational 
limitations were severe. Under conditions of moderate aircraft density, 
a good filter officer with a good organization could filter plots with an 
accuracy of perhaps 70 per cent. When plots were sparse, the accuracy 
was excellent, and the only objection to the system was its unavoidable 
time lag in reporting. Under conditions of high aircraft density, the 
system broke down, and it was commonplace to cease reporting in certain 
areas where the density was so high that filtering was impossible. 

In spite of these handicaps, very considerable success attended the 
use of this system in the Battle of Britain and thereafter. A tendency 
grew to forget that the main reason for organizing the reporting and con
trol system in this centralized way was that a single radar could not be 
relied on to give a sufficiently complete or accurate picture of events 
in the air. The great technical improvements of 1943 and early 1944 
resulted in long-range, high-definition microwave radar having good 
coverage if properly sited. This* improved equipment made it possible 
to depend on a single radar installation for a substantially complete 
picture of the air situation. 

Delays and errors unavoidable in a complicated scheme of telling and 
plotting are largely eliminated in a system that combines the operational 
organization with the radar equipment. Controllers who give instruc
tions to aircraft are able to work directly from the radar display and 
therefore have a far more accurate and up-to-date appreciation of the 
situation than can be obtained from a plot, however well maintained it 
may be. This was eventually appreciated, and such systems have been 
put into very successful operation. Such a system is described in the 
following section. 
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7-6. The U.S. Tactical Air Commands.—Each U.S. Army that 
fought in Europe was accompanied by a Tactical Air Command whose 
mission was that of providing air defense in the forward sector occupied 
by the Army concerned, of conducting offensive operations against enemy 
ground troops and installations in the immediate tactical area, and of 
conducting offensive operations in close cooperation with friendly ground 
units. The aircraft of a Tactical Air Command, or TAC, were almost 
entirely fighters and fighter-bombers. Each TAC went into the fighting 
on the Continent with a radar organization of the general character shown 
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FIG. 7-10.—Fighter control system of IX Tactical Air Command. 

in Fig. 7-10, which displays the setup of the 555th Signal Air Warning 
Battalion attached to IX TAC (which operated in support of the Ameri
can First Army). 

Each of the three Forward Director Posts (FDP's) had operating 
with it five Ground Observation Posts (GOP's). Men placed far forward 
observed air activity that might consist of low-flying hostile craft not 
covered by the radar placed farther back of the front lines. Each GOP 
reported by radio telephone to a Net Control Station common to the 
group of five. The NCS then phoned pertinent information to the F D P ; 
an alternate NCS was mainted for use in emergencies. 

The radar of the TAC was mainly deployed at the FDP's . These 
sites were charged with reporting air activity to the Fighter Control 
Center, which was located at the forward headquarters of the TAC, 
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usually occupied jointly with Army forward headquarters. In addition, 
they executed direct control of airborne fighters on certain types of 
missions. 

Let us consider first the reporting function of the FDP, leaving until 
later the consideration of control directly from the FDP. The following 
steps must occur before radar information is in the form in which it was 
used for decision and action: 

1. The coordinates of a target signal are read off the display at the 
radar station. 

2. A number is assigned to this particular track, on which continuous 
plotting will be maintained. 

3. An attempt is made to identify the track from the following data: 
a. Known location of friendly aircraft. 
b. Response to I F F interrogation (Chap. 8). 
c. Intelligence information on enemy tracks. 

4. A series of symbols is telephoned to the FCC, giving the following 
information: 
a. Identification of track as friendly, enemy, or unknown. 
b. Number assigned to track. 
c. Location of plot. 
d. Estimated number of aircraft. 
e. Height. 
/. Direction of flight. 

At the FCC the following steps take place: 

1. The filter officer must determine whether the plot is a continuation 
of an old track or the beginning of a new one. 

2. The track is reidentified, if possible, from the fuller intelligence 
information available at the FCC. 

3. Plots reported from more then one radar station must be recog
nized as belonging either to the same track or to different tracks. 

4. Cards bearing the information listed under (4) of the preceding 
paragraph are put into a marker called a "Christmas tree." 

5. The Christmas tree is moved on to a large plotting board to occupy 
the position reported for the track. 

All of the steps just described require time, and the large plotting 
board at the FCC is usually between three and five minutes behind the 
existing air situation. Although this means that the aircraft positions 
displayed are wrong by some 20 or 30 miles, the delay is usually tolerable 
for air-warning purposes. 

In the "sector control" that is executed by the FCC, aircraft con
trollers observe the relative positions of tracks on the large plotting board 
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and issue radiotelephone instructions to friendly fighters in an effort to 
bring them into favorable positions to counter air attacks. For defensive 
operations, this sort of control is usually adequate; enemy air attacks will 
ordinarily be directed at one of a few vital areas where substantial damage 
can be done. Even with his five-minute-old information, the controller 
can make a shrewd guess as to the target of such an attack, and can 
marshal defensive fighters accordingly. For many types of mission 
however, direct control from the FDP's is required. 

Reporting Capabilities of FDP's.—Between Oct. 21 and Nov. 16, 1944, 
a study was made by the Operations Analysis Section of Ninth Air Force 
of the reporting work done by the three FDP's of IX TAC. Because of 
the difference in the amount and character of air activity by day and by 
night, daily and nightly averages were separately computed for the 
following data: the average number of separate plots per track reported, 
the average track duration in minutes, and the average number of plots 
per height reported. The results are shown in Table 7-1. 

TABLE 71.—REPORTING BY F D P ' S OF IX TAC, 21 OCTOBER TO 16 NOVEMBER 1944 

Sta t ion 

Day averages 
F D P "C" (Mic rowave ) . . 
F D P " A " 
F D P " B " 

Night averages 
F D P " C " (Microwave) . . 
F D P " A " 
F D P " B " 

Tota l 
t racks 

1561 
2416 

828 

1249 
1805 

774 

Avg. t rack 
dura t ion 

11 .1 min. 
10.0 

8.4 

15 .1 min. 
10 .5 

8 .2 

Avg. number 
plots per t rack 

5 .4 
5 .6 
5 .9 

7 . 8 
6 . 3 
6 .6 

Avg. n u m b e r 
plots per height 

8 .7 
8 .7 
5 .0 

10 .4 
9 .0 
5 .4 

The FDP " C " was equipped with one of the preproduction 10-cm 
radar sets designed for long-range air warning and control (see Chap. 
15). The other two FDP's had British long-wave equipment. The 
longer range of the microwave radar shows in the longer track duration 
for the FDP equipped with that set. 

Differences in the total number of tracks reported arise from a differ
ing density of air traffic in different areas, and from the fact that the frac
tion of time spent off the air for maintenance and other reasons differed 
from one FDP to another. 

All the plots observed at the FDP are not passed to the FCC. Since 
control executed by the F D P makes sector control by the FCC outdated 
for many operations, it is unimportant to report all plots. A study made 
at one of the FDP's of XIX TAC from Sept. 22 to Oct. 21, 1944, a period 
during which air activity was limited by bad flying weather, showed that 
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50 per cent of the total plots obtained were passed on. However, 84 per 
cent of the tracks were reported, the difference being due to single-plot 
tracks which were not reported. The average number of plots per track 
was 6.2 and the average track duration 9.5 min. Hence, on the average, 
a plot was obtained on each track once every 1.8 min, which is considered 
to be fairly continuous tracking. 

Close Control by the FDP— At the turn of the year 1940^11, the 
Luftwaffe abandoned its daytime attacks on England and turned to night 
bombing, the attacking aircraft operating individually. This led to the 
development by the British of an elaborate system of nightfighter defense 
which has been described elsewhere.' One of the features of this system 
was exact control of the nightfighter, prior to his interception of the hostile 
bomber, by a ground controller at a GCI (for Ground-controlled Inter
ception) radar station. The aim of this control was to put the night-
fighter behind, a little below, and on the same course as the hostile 
aircraft, in which position he was well situated to complete the inter
ception with the help of airborne radar equipment he himself carried. 

By 1943, both this GCI technique, involving precise control of single 
aircraft by a controller located at a radar station, and the daytime sector-
control technique described in Sec. 7-5, involving the control of formations 
of fighter interceptors from a central station at which radar data were 
assembled and assessed, were firmly established procedures. In that 
year two things happened which gave rise to the technique of close con
trol as it was practiced by the FDP's of the American TAC's in the 
Continental phase of the European war. A young American officer, who 
was working with the RAF as a member of the Electronics Training 
Group sent to the United Kingdom soon after the United States went to 
war, conceived the idea of controlling formations of day fighters directly 
from the information available at his radar station alone. Meanwhile 
battle experience in Africa showed that an independent radar set could 
pass to airborne fighters useful information on the disposition of enemy 
aircraft. 

The American officer's novel idea did not gain immediate acceptance 
since control of several squadrons of fighters in daylight requires tech
niques quite different from those of the GCI control of a single night-
fighter. Finally, the officer was given permission by the late Air Chief 
Marshal Sir Trafford Leigh-Mallory to control wings of fighters directly 
from his radar station, entirely independently of the sector-control 
system. 

While the new technique was being worked out and the confidence of 
pilots and controllers was being developed, 15 RAF planes were lost for 

■See, for example, "Radar (A Report on Science at War)," Superintendent of 
Documents, U.S. Government Printing Office, Washington, D.C., Aug. 15, 1945. 
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10 enemy planes downed. After this initial shakedown period, 90 enemy 
planes were destroyed for a loss of 13 to the RAF, before enemy jamming 
of the 1.5-m equipment used in this first work put an end to its usefulness. 

The success of this experiment led the British to design a higher-
frequency radar specifically for the purpose of close control, and resulted 
in the modification of the first of the American 10-cm sets, on its arrival 
in England, to fit it for similar close control. Because of the African 
experience the control setup was made mobile. Figure 7-11 shows the 

F I Q . 7-11.—Layout of radar control center. 

arrangement of facilities arrived at for an installation designed for use in 
close control. 

The antenna is shown mounted on a low structural-steel tower. For 
mobile operation the antenna is mounted on a trailer (see Fig. 9-15). 
Power is supplied by diesel-electric units housed either in a Jamesway 
shelter, as shown, or in trailers. The maintenance shelter contains, in 
addition to workbenches, spares, and test equipment, the power control 
unit for the set. Another shelter houses a number of B-scopes used for 
reporting signals to the operations shelter, where they are plotted. The 
coverage of each B-scope can be chosen to give the best total coverage of 
the area important to the operations being carried on by the station. 
Another shelter houses the telephone switchboards, a triangulation table 
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F I G . 7*12.—Interior of operations shelter. 

for making radio direction-finder fixes, an office for the senior controller, 
and a briefing room for controllers. 

The operations shelter is the heart of the system. Its interior is 
shown in more detail in Fig. 7-12. On a dais at the rear of the shelter sit 
the chief controller, who is responsible for the general operation of the 
station, and officers concerned with identification of tracks, liaison with 
antiaircraft artillery, Army, and Navy (as required), and other coordina-
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tion functions. Off-center PPI scopes are provided for the chief con
troller and the deputy controllers, the latter sitting along the sides of the 
shelter. At the right of the shelter, near the plotting board, sits the 
supervisor, who is responsible for the technical operation of the radar set. 
He has a console patchboard by which he can communicate with any of 
the operators, maintenance men, tellers, or plotters. In front of the 
plotting board is a filter officer who decides which plots are to be told to 
the FCC. 

The large vertical plotting board is shown in more detail in Fig. 7-13. 
It is made of transparent plastic and is edge-lighted, so that plots put on 

F I G . 7-1.3.—Rear view of vertical plotting board. 

in grease pencil by plotters working behind the board appear brilliantly 
illuminated when viewed from the front. Each plotter is connected by 
telephone with a teller who is watching a B-scope in the reporting shelter. 
Auxiliary boards to the right and left of the main plotting board give 
pertinent information on such things as the heights reported (by an 
auxiliary radar height-finder) for various tracks, weather and winds aloft, 
radio-frequency channels in use for communications and for direction-
finding, and the ready status of aircraft at various fields. 

The deputy controllers, each of whom is charged with giving instruc
tions to a certain formation as directed by the chief controller, depend on 
the plotting board for their general picture of the air situation, and work 
directly from their PPI scopes to determine the instructions to be given 
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F I G . 7-14.—Controller at off-center P P I . 

aircraft under their control. Usually a gridded map of the region covered 
is at the elbow of each controller for reference, as shown in Fig. 7-14. A 
grease pencil is used on the face of the controller's PPI to enable him to 
determine, from sweep to sweep, the direction in which the aircraft of 
interest are moving. 

The setup just described is an idealization of the F D P which never 
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saw service in the European war, but it is based soundly on months of 
combat experience with improvised and frequently changed systems and 
devices. An actual FDP using one of the preproduction sets is shown 
in position in eastern France in Fig. 7-15. The central antenna is that of 
the main radar; the two that flank it are those of British Type 13 
heightfmders (Sec. 6-12). The system is largely mounted in and operated 
from trucks, and it can all be taken down, loaded on trucks, unloaded 
at a new site, and erected and put back on the air in a total time of less 
than 24 hr. 

7-7. Close Control with SCR-684.—Figure 7-10 shows, attached to 
the FDP's, SCR-584 radar sets. This equipment, designed for accurate 
tracking of a single aircraft at a time, in order to permit antiaircraft fire 
control, can also be used to provide to a ground controller the information 
necessary for highly precise control of the aircraft being tracked. It was 
so used by the TAC's in Europe. 

Since the information on target position is normally transmitted to 
the antiaircraft computer by means of synchros or accurate potentiom
eters (Sec. 13-4), it is necessary to provide a supplementary method of 
displaying target position t6 enable the set to be used for ground control. 
This was first done by means of the 180° plotting board shown in use in 
Fig. 7-16. An arm, pivoted beneath the surface of the board on the side 
nearest the controller, swings in azimuth in accordance with the orienta
tion of the radar antenna. Range information from the set is used to 
control the position of a range carriage that runs in and out along the 
azimuth arm. The carriage has an optical system which projects a small 
spot of light up through the glass surface of the plotting board. Over the 
surface of the plotting board is stretched a map of the area surrounding 
the radar set, carefully adjusted so that the point on the map occupied by 
the radar is directly above the pivot of the moving arm. The scale factor 
of the range-carriage mechanism is adjusted to correspond with the scale 
of the map being used, which may be either 1 to 50,000 or 1 to 100,000. 
When the radar is tracking a target, the spot of light from the range car
riage shows up on the map just at the position over which the airplane 
is flying at tha t moment. 

The controller can thus issue his instructions with full and constant 
knowledge of the exact position of the aircraft under his control. This is 
to be contrasted with the situation that obtains in ground control from a 
scanning radar; in that case the controller has only one " look" at his 
target per scan—that is, perhaps once in 15 sec. However, he sees all 
other targets in the air within range of his radar. The controller in the 
SCR-584 sees the position of his aircraft continuously, and in proper 
relation to the terrain, but the price paid for this is that he has no knowl
edge of the whereabouts of other aircraft. 
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Figure 7-16 also gives an idea of the compact operational organization 
of a control SCR-584. Range and PPI operators sit at the radar panels, 
behind the controller. The controller works alone, in full charge of the 
operation once an aircraft or a flight has been handed over to him by the 
FDP. The man at the right has communications lines that connect him 
with the radio truck associated with the SCR-584 station, with a radio 
direction-finding station, and with the FDP under which the SCR-584 is 
operating. 

The 180° plotting table used with the SCR-584 was admittedly a 

F I G . 7-16.—Interior of SCR-584 modified for close control, showing 180° plotting board. 
Near Cologne, December 1944. 

makeshift, and there was later designed a plotting board, shown in Fig. 
7-17, which embodied many improvements. I t plots in rectangular 
rather than in polar coordinates, contains "smoothing" circuits that 
greatly improve the accuracy of the plotted aircraft position, and draws 
an ink record of the position of the aircraft being tracked, so that the 
controller has a knowledge of the aircraft course, as well as position, at 
all times. This device also plots in ground range rather than in slant 
range. 

The range at which aircraft can be tracked by the SCR-584 can be 
greatly increased, and the accuracy of tracking somewhat improved, if an 
airborne beacon (Chap. 8) is carried in the aircraft under control. Such a 
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beacon also facilitates identification of the plane to be controlled at the 
time of initial pickup. 

The operational use made of the SCR-584 as modified for aircraft 
control was basically any that required precise navigation under restricted 
visibility. Large aircraft could carry radio and radar navigational aids 
which often made it possible for them to carry out such missions without 
assistance, but the fighters and fighter-bombers of the TAC's had neither 

F I G . 7-17.—X-Y plotting board for SCR-584. 

space nor operators for such equipment. Their navigational aids had 
to be external to the aircraft. 

A total complement of 8 officers and 38 enlisted men was required to 
operate a single control SCR-584, the majority of these men belonging to 
the organization involved in making use of the radar data. 

7-8. Teleran.—The examples of operational radar systems will be 
closed with a brief account of a system still in the developmental stage. 
It is called "Teleran" (for Television .Radar Air .Navigation) and 
involves the coordinated use of air and ground equipment. 

The basic idea of Teleran is that high-performance ground radar, if 
supplemented by simple and reliable height-finding means and by 
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weather and route information, can provide all of the data needed by 
aircraft for en-route navigation and for airport approach. Further, high-
precision ground radar can supply all the information that a pilot requires, 
in addition to his own flight instruments, for instrument approach and 
landing. All that is required is to get this information into the aircraft, 
where it can be displayed to and used by the pilot. 

It is proposed to add to the display of a ground radar a chart that 
contains map, airways, and weather information of interest to pilots, and 
to send the resulting picture by television to the aircraft, where it is dis
played to the pilot. Televising of the display is preferred to the use of 
the radar-relay methods described in Chap. 17 because television does 
not require the use of persistent phosphors, with their low maximum 
level of light intensity, in the aircraft cockpit, where the level of ambient 
light is likely to be high. 

On the basis of the assumption that display of all aircraft in the pic
ture offered a pilot would be useless and confusing, it is proposed to 
separate the radar signals according to the altitude at which the corre
sponding aircraft are flying. Thus, for example, a pilot at 5000 ft would 
be sent signals showing the positions of all aircraft in his neighborhood 
and in the altitude range from 3500 to 6000 ft. This can be accomplished 
technically by supplying each plane with a transponder beacon whose 
reply signal is coded (Sec. 8.8) in accordance with the altitude at which 
the plane is flying. This coding can be controlled automatically by an 
altimeter. At the ground radar station, signals in the various altitude 
intervals can be sorted out and displayed separately for transmission to 
aircraft using the system. The transponder also increases the range of 
the radar equipment and, if a reply frequency different from the trans
mitter frequency of the radar is used, eliminates difficulty from ground 
echoes which might interfere with seeing low-flying aircraft. 

Figure 7-18 shows a Teleran display as it might appear to a pilot 
flying at 11,000 ft. At this altitude, since topographical features are of 
little interest, nothing is shown except other aircraft, towns, airports, 
airways, frequency channels in use by Teleran ground stations, and the 
direction and velocity of the wind. To assist the pilot in flying a course, 
the compass reading is repeated on a disk mounted over the face of the 
indicator and ruled with parallel lines showing the heading of the aircraft. 
These lines are shown dashed in Fig. 7-18. 

It is essential for the pilot to know which of the beacon responses is 
that of his own plane. This is accomplished by having a rotating radial 
line, centered at the radar station (which appears in the center of the 
picture), form part of the display information transmitted from the 
ground station. This line is normally invisible, but the television receiver 
is controlled by a signal from the transponder in such a way that the line 
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appears bright when the beacon is being interrogated. Since the beacon 
is interrogated only when the radar is pointing at it, the bright line passes 
through the signal pip representing the individual plane carrying the 
equipment. Each pilot sees a different radial line indicating his own 
plane. 

Fia. 7 18.—Schematic drawing of Teleran presentation in an aircraft flying at 11,000 ft. 

The Teleran system has been worked out in much more detail than 
can be described here. Enough has been said to indicate the fashion in 
which system planning, based always on the needs of the user, leads to a 
functionally simple but technically elaborate final result, embodying not 
only radar but also beacons, television, aircraft instruments, and always— 
inescapably—men. 



CHAPTER 8 

RADAR BEACONS 
B Y L. A. TURNER 

Introduction.—Radar waves are reflected by targets of different sizes 
regardless of their importance to the user of a radar set. The echo from 
an aircraft may be lost in much larger echoes from near-by mountains, or 
it may become too weak to be followed to ranges as great as desired. The 
echo from a friendly aircraft is like that from a hostile one. The exact 
location of a place on the ground may be of importance to a radar-
equipped aircraft even though there is no distinguishable radar target 
at that point. In nearly all cases where it would be advantageous if an 
echo could be made much stronger or more readily distinguishable from 
other confusing ones, the use of a radar beacon is indicated. (An enemy 
aircraft obviously constitutes one difficult exception.) 

The usefulness of beacons was demonstrated with the early radar sets 
that were operated at long wavelengths. A large proportion of the 
beacons used in the war operated at frequencies about 200 Mc/sec. 
These included the beacons used with ASV Mark I I search radar, the 
transponders used for identification, the portable Eureka beacons tha t 
were part of the independent Rebecca-Eureka beacon system, and a 
much-used system for precise bombing, the Oboe Mark I. Another 
system for precise bombing, the Gee-H system, used beacons of even 
lower frequency. In this chapter, more emphasis is put on the newer bea
cons at higher frequencies since the trend in radar is toward microwaves. 

The beacon is essentially a repeater of radar pulses. It has an 
antenna and receiver that convert pulses of energy, received at high 
frequency from a radar set or special interrogator, into triggering signals. 
Each such signal triggers the transmitter in the beacon and causes it to 
radiate one or more pulses of radio energy that may have almost any 
desired power, frequency, duration, number, and characteristic spacing. 
Figure 8-1 gives a block diagram of a beacon. Since it takes time for the 
beacon to react, the first reply pulse comes back to the radar set slightly 
delayed and indicates a range slightly greater than the true one. In 
many applications this delay is negligible, in others it is made to have a 
constant known value for which allowance can be made. The delay can 
be kept down to a few tenths of a microsecond when necessary. In the 
special case where the radiated pulse is single, has approximately the 
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duration and frequency of the radar pulse, and is not appreciably delayed, 
the beacon acts somewhat like an echo amplifier. The intensities of 
received and transmitted signals are, to be sure, independent, rather than 
in fixed proportion as in the case of a true amplifier. In general, however, 
the frequency of the reply will be different from that of the triggering 
radar set. In order to receive such replies, one needs a receiver tuned to 
the frequency of the pulses sent out by the beacon instead of to the fre
quency of the initial transmitted pulses. This may be either the receiver 
of the radar set tuned to the new frequency, or a second independent 
receiver tuned to the beacon. In either case, the receiver of the beacon 
signals does not receive radar echoes since it is not tuned for them. Thus, 

Receiving 
antenna 

Transmitting 
M J antenna 

Transmitter Modulator 

Receiver Decoder 
(optional) 

F I G . 8-1.—Block diagram of a beacon. 

the beacon signals are separated from radar reflections and can be dis
played without being swamped by heavy permanent echoes. Also, since 
the pulse power of the beacon transmitter can be made as great as 
desired, there is no limit to the strength of the reply. The range is 
limited only by the power of the radar transmitter and the sensitivity of 
the beacon receiver, which determine whether the beacon transmitter is 
triggered or not. Figure 8-2a shows the radar echoes and Fig. 8-26 the 
beacon replies on the indicator of the same 3-cm radar set. The pictures 
were taken one immediately after the other on the same flight. 

By its very nature, the radar-beacon combination involves two send-
receive links as does any two-way communication system. The two 
links are ordinarily connected automatically in a simple regular way and 
are uninfluenced by human reactions. Since the channels exist, how
ever, they afford the basis for a communications system. In the past, 
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Via. 8-2.—Radar and beacon signals of a 3-cm radar set: (a) shows only the radar echoes, 
(6) shows the beacon reply; both were received at nearly the same position. 
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beacons have sometimes been used in providing communication systems 
of a rudimentary sort and also for exercising remote control. Intelligence 
has been conveyed from the radar to a beacon-carrying vehicle by modi
fication of the repetition rate, the length of interrogating pulses, their 
spacing in groups, or the duration of the intervals of interrogation. The 
replies of the beacons have also been modulated in such ways. One 
200-Mc/sec beacon was used for two-way voice communication while still 
functioning for its normal use. For the most part, however, this use for 
communications has been somewhat incidental. Much fuller use of the 
channels could be made since the portion of the spectrum required for 
transmission of beacon signals of a simple sort is ample for conveying 
much more complicated intelligence. 

Beacons of the synchronous sort just described have been variously 
called "radar beacons," "responder beacons," "racons," and "trans
ponders," there being no essential distinctions among these terms. The 
discussion here is confined to such beacons since other free-running types, 
more like ordinary radio beacons, appear to be less useful in conjunction 
with radar sets. From the free-running type, only the bearing can be 
determined. Radar information is particularly useful because it gives 
accurate determinations of range; it is obviously sensible to provide, as 
an adjunct to radar, the sort of beacon that makes the best use of this 
property. 

This chapter aims to give a brief resume of the main points involved 
in the use of radar beacons. The design of beacons and of systems using 
them is treated at length in Vol. 3 of this series. 

RADAR-BEACON SYSTEMS 

8-1. Types of Radar-beacon Systems.—In a discussion of beacons 
it is convenient to classify them as fixed ground beacons, shipborne 
beacons, airborne beacons, and portable beacons. All of these may be 
used in conjunction with ground, ship, or airborne radar sets, or with spe
cial interrogator-responsors. The following combinations have proved 
useful so far: 

Ground Radar. 
\. Shipborne beacons. This combination is of use principally for 

identification of particular ships since, in general, the radar echo 
from a ship is distinct enough. 

2. Airborne beacons. This combination has proved to be of great 
usefulness for identification and for various purposes where ground 
surveillance and control of air traffic is desired. Figure 8-3 shows 
the AN/APN-19, an airborne 10-cm beacon. 

A special system of precision bombina;, known as the "Oboe 
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system," involved simultaneous determination by two ground 
stations of the ranges of a beacon-carrying aircraft with great 
accuracy. Coded signals for guiding the navigation of the plane 
were given by the radar sets by suitable modulation of the inter
rogating pulses. 

3. Portable beacons. Portable beacons used with portable inter
rogators form the basis of a new and accurate system of surveying. 

Control box Control box 
Radar receiver 

.^tc^^^^^^^^^L. u s s d ^ ^ ^ ^ ^ ^ ^ M Dynamotor 

Radar transmitter • i ■ ■ . , . . . . ■ ■ i J ^ ~ ^ W F 

FIG. 8-3.—Component parts of the AN/APN-19 beacon. The AN/APN-19 is a 10-cm 
beacon designed for installation in aircraft. 

The position of ground radar sets can sometimes conveniently be 
fixed by measurement of ranges to portable beacons placed at 
known points. 

Ship Radar. 
1. Fixed ground beacons. The beacon is here the radar analogue 

of the old-fashioned lighthouse. Since range to the beacon is 
measured as well as its bearing, observation of a single beacon gives 
two intersecting lines of position and a fix more accurate than is 
customarily obtained by other methods. 

2. Shipborne beacons. This combination can be of use principally 
for identification. 

3. Airborne beacons. Beacons have facilitated control of military 
aircraft from a ship, and have been useful for identification of air
craft. In the past war, they were used to enable ships to home on 
aircraft that were orbiting in regions where submarines had been 
sighted. 
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4. Portable beacons. Small beacons have been used for marking life 
rafts and small target rafts. 

Airborne Radar. 

1. Fixed ground beacons. Beacons used with microwave radar hav
ing PPI presentation give most satisfactory navigational fixes by 
graphically locating the aircraft with respect to several known 
points on the ground. Figure 8-4 shows one of the AN/CPN-6 
beacons, a 3-cm beacon of high power designed for use in air 
navigation. 

F I G . 8-4.—The AN/CPN-6 beacon. The AN/CPN-6 is a high-powered 3-cm beacon 
intended for use in permanent installations on the ground. 

Special systems designed for measuring with great accuracy the 
ranges from two ground beacons at known positions have been 
used for mapping and blind bombing of high precision. Since in 
such systems there is no need for determining azimuth, lower fre
quencies can be employed advantageously, omnidirectional 
antennas can be used in the aircraft, and the beacon replies (which 
are then steady) can be presented on special indicators designed 
for ease in getting great accuracy of measurement. 

Beacons at longer wavelengths have been used in blind-
approach systems. 

2. Shipborne beacons. Some beacons have been used for identifying 
ships, others for enabling aircraft to home on their carriers or on 
convoys. 
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Airborne beacons. This combination has been useful as an aid in 
effecting rendezvous and for identification. 
Portable beacons. Such a combination has been of military use 
under circumstances where fixed ground beacons could not be set 
up readily, but small portable beacons could be used instead. 

/ 

F I G . 8-5.—The A N / P P N - 2 beacon. 
The AN/PPN-2 is a 1.5-m beacon de
signed for use principally by paratroops. 

FIG. 8-6.—The A N / U P N - 1 , a portable 
battery-operated 10-cm beacon. 

Such beacons have been used principally to indicate to supporting 
aircraft the location of isolated forward elements on the ground, 
such as advance parties of paratroops or secret agents. Figure 
8 5 shows the AN/PPN-2, a 1.5-m beacon carried by pathfinder 
paratroopers; Fig. 8-6 shows the AN/UPN-1, a 10-cm beacon that 
was similarly used. Similar beacons have been used for marking 
life rafts at sea. 
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Table 8 1 collects and summarizes all these applications. 

TABLE 81.—SUMMARY OF PRINCIPAL USES OF BEACONS 

Radar or 
other 

interrogator 

Shipborne 

Airborne 

Beacons 

Ground 
(fixed) 

Pilotage 

Navigation 
B l i n d a p 
proach 

Shipborne 

Identification 

Identification 

Identification 
Homing 

Airborne 

I d e n t i f i c a t i o n 
Ground-controlled 
precise navigation 

Control of aircraft 
Homing 

Identification 
Rendezvous 

Portable 

Life rafts 
Shore bombardment 

Temporary marking 
of points on land 

Life rafts 

8-2. Systems Planning.—Given a particular radar set, it is simple 
enough to provide a beacon for any special use. The receiver of such a 
beacon can be of narrow bandwidth and tuned to the frequency of the 
radar. The reply can be either at the same frequency or at one just 
different enough to permit separation of radar echoes and beacon replies, 
but still receivable merely by minor adjustment of the radar receiver. 
When, however, it is desired to provide a beacon that will be useful to 
many different radar sets of the same type, the problem is more compli
cated. Radar sets of a given kind are usually operated at somewhat 
different frequencies in order to avoid mutual interference. Thus, the 
receiver of the beacon has to have sufficient bandwidth to receive the 
interrogating signal from any one of the radar sets. For airborne 3-cm 
radar sets, for example, the band from 9320 to 9430 Mc/sec was used. 
This band of 110 Mc/sec was needed to take care of the variations of the 
frequencies of the magnetrons as manufactured plus further changes to be 
expected in adjustment and use in the field. The reply, however, had 
to be made at some particular frequency; that used was 9310 + 2 Mc/sec. 
Provision must be made in the radar receiver for quick and accurate 
tuning to a chosen beacon reply frequency if beacon signals are to be used. 

Radar sets and beacons cannot be so designed without careful plan
ning. If the full potentialities of radar beacons are to be realized, both 
radar sets and beacons must be planned together as parts of a unified radar-
beacon system. This now seems trivially obvious, but it is not the way 
that much of the existing equipment was designed. In the development 
of radar, the beacons came as an afterthought. The result was that 
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beacon performance often was not so good as can be obtained. The 
designer of future radar systems, having knowledge of radar and radar-
beacon possibilities, should decide on the scope of desired operational 
characteristics of his system and then design his radar set and beacons 
together in order to achieve the result most efficiently. 

If the frequency of the beacon reply is to be very different from the 
frequency of the radar transmitter, it is usually necessary to provide a 
separate antenna and receiver for the beacon signals. The scanning of 
this second antenna must then be synchronized with that of the radar 
antenna. In some cases, this synchronization has been accomplished 
by using the same parabolic reflector with separate feeds for the two 
frequencies. 

If the frequency cf the beacon is close to that of the radar set, other 
problems arise. The same antenna can be used, but then the design of 
the duplexing system becomes more complex than it is for the simple 
radar set. Attenuation of the received signals at both frequencies must 
be held to a small amount. 

In any case, it is desirable to include some device that will automati
cally keep the local oscillator for beacon signals in tune. When the 
beacon receiver is completely separate from the radar receiver, it is 
advantageous to provide switching arrangements so that the radar 
operator can have his choice of either radar or beacon signals alone, or 
both together. I t is often useful to include separate adjustments for the 
saturation levels of the signals, so that stronger beacon signals will stand 
out when superimposed on saturated ground "c lu t ter" from the radar. 
Also, if the pulses of the beacon are short, it is possible to improve the 
display by stretching them in the video amplifier of the receiver. 

Some beacons are made to reply only to interrogating pulses of proper 
length, or to those having other special characteristics, as discussed 
below. In such cases, the corresponding changes have to be included 
in the modulator of the radar set, with appropriate controlling switches. 

The above list of radar design features needed for best use of beacons 
appears somewhat formidable, and so it is when one is trying to patch 
up an antique radar set that does not have such features included in its 
original design. When starting afresh, however, the list does not involve 
unreasonable additional complications. Actually, the most compact 
airborne microwave radar set produced during the war was also by far 
the most simple to operate, and it incorporated nearly all of the features 
mentioned above. This set, designated AN/APS-10, is described in 
Chap. 15 of this book. 

8-3. General Identification Systems, IFF.—The discussion of this 
chapter is confined almost entirely to the use of beacons for various 
navigational problems and for identification systems of somewhat 
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restricted scope. Mention should be made, however, of the more general 
problem of identification, which gave rise to a system known as IFF— 
Identification of Friend or Foe. This system was probably the most 
important single field of application of radar beacons in the war. The 
goal was to provide every friendly military ship and aircraft with a trans
ponder that would give an identifying reply signal in response to proper 
interrogation. Since the location of the ship or aircraft in question was 
almost always determined by radar, the problem was actually one of 
determining the friendly or hostile character of radar targets. The IFF 
interrogating equipment was thus used in the great majority of cases as 
an adjunct to a radar set. The problem was enormously difficult in view 
of the rapid development of many types of radar sets in both Britain and 
America, the tremendous density of airplane traffic to be dealt with in 
many theaters and the necessity for having replies coded with sufficient 
elaborateness to prevent the effective use of captured IFF transponders 
by the enemy for deception. In addition to these and other inherent 
technical difficulties, there were still others of a political sort. Among 
these were the problems of getting agreement among the many branches 
of the British and U.S. Armed Services concerning details of desired 
characteristics of systems and of planning manufacture, distribution, 
installation, and maintenance of equipment in such a way that an I F F 
system could actually go into effective widespread use in a theater by 
some target date. I t seems that problems of this sort are to be encoun
tered in connection with any such system that is meant to have wide
spread use. In spite of all these difficulties, one such system was put 
into use in nearly all theaters, and was of great help where its potentiali
ties were understood and its limited traffic-handling capacity was not 
exceeded. I t is beyond the scope of this chapter to go further into the 
problems of IFF. A peace-time requirement that is likely to pose prob
lems of similar character, although of lesser complexity, is that of control 
of air traffic in the neighborhood of airports where the traffic is likely to 
be heavy. 

8-4. Radar Interrogation vs. Special Interrogators.—Much of the 
preceding discussion impHes that beacons are to be used principally with 
radar sets and to be interrogated by them. For IFF, however, because 
of the great variety of radar sets at different wavelengths, it is necessary 
to pick particular bands of frequencies for the I F F beacons and to supply 
supplementary interrogating equipment to work with the radars. For 
every proposed radar application where beacons would be of use, the 
question will arise whether it is better to use radar beacons or to provide 
such separate equipment to work at frequencies set aside for the purpose. 
There seems to be no single correct answer. Separate cases must be 
considered separately, but it is desirable that in so doing the proposed 
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systems be conceived as broadly as the possibilities for unified planning, 
control, and operation will permit. 

Let us first consider the planning of beacons for use with airborne 
radar, which has been the subject of some controversy in the past. If 
radar beacons are to be provided, a whole new set of them is required for 
every new band of frequencies used. British opinion has inclined to the 
view that the resulting multiplicity of beacons is intolerable, that it 
involves far too great a cost for the design, manufacture, installation, and 
maintenance of these many different beacons. The British policy has 
been to design for every radar set a supplementary synchronous beacon 
interrogator for interrogating beacons in the 200-Mc/sec region and 
receiving replies at such a frequency, the replies to be displayed whenever 
possible on the indicator of the radar set. These interrogators were 
to be replaced in due course with similar equipment operating at a new 
and higher region of frequency. Special separate antennas are obviously 
required. The contrary view, more widely held in the United States, is 
that the provision of suitable beacons is but a small part of the over-all 
complication and expense of introducing radar in a new band of fre
quency; that the frequencies used for radar sets for any given purpose 
tend to group in a small number of reasonably narrow bands; that 
since the radar set itself can be as good an interrogator-responsor as 
one could desire, it is putting complication in the wrong place to add more 
equipment to a crowded airplane; and that the display of the beacon 
signals and the performance as a whole will be inferior when the beacon 
frequency is considerably below the radar frequency. 

The decision must depend, to a considerable extent, on the relative 
importance of using beacons for navigation and for identification. For 
an identification system, it is obviously necessary to have but one rela
tively simple type of beacon and to require that the identifying radar sets 
be accommodated to it. For navigational purposes, the requirements 
of the airplane become relatively more important. 

If all information needed for the desired use can be obtained with 
beacon signals alone, it is not necessary to have a proper radar set at all, 
and the radar set can then be replaced by an interrogator-responsor. 
This has a transmitter and receiver like those of a radar set, but it is in 
general somewhat smaller and lighter since not so much transmitted 
power is required for triggering beacons as is required for getting adequate 
radar echoes. Such equipments can be especially economical in size and 
weight if range only is wanted, or if the sort of azimuth information 
obtainable by lobe-switching is adequate. In such cases the sets can be 
run at low frequencies, and the equipment is relatively compact. If, 
however, it is desired to have PPI presentation of the beacon signals, 
which affords azimuth information comparable to that given by modern 
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radar sets, the interrogator-responsor becomes so nearly a complete radar 
set that it may as well be made to be one. 

In the case of beacons carried by aircraft to extend the range and to 
facilitate identification by ground radar sets, it is obviously desirable to 
have only one type of beacon for all aircraft under the surveillance of a 
comprehensive system of like ground radar sets. It is also desirable that 
these beacons give signals of the same degree of resolution in azimuth as 
that of the radar signals. I t seems likely that the radar sets and beacons 
will be designed together as parts of a system operating at 3000 Mc/sec 
or higher. There appears to be little to be gained by trying to have this 
system operate at the same frequencies as the beacons for use with air
borne radar sets unless it is required that the same beacons that are to be 
interrogated by the ground radar sets also reply to interrogation by 
airborne radar sets. 

8-5. Independence of Interrogation and Reply.—Although the funda
mental considerations that underlie the design of beacons and beacon 
systems are the same as those for radar in general, there are certain con
sequences of the almost complete independence of the interrogation and 
reply links that need explicit mention. 

Range.—The expression for the power received by the beacon is given 
by Eq. (2-14). For its maximum value, using a notation defined below, 
we get 

, p s _ PTi(GTi)mmi(Gsi)mMi ' A ? , . 

Subscript i-interrogation leg. 
Subscript r-response leg. 
Subscript ^-transmitting components. 
Subscript 5-receiving components. 

R = distance from interrogator to beacon I 
, ,, r ,, .. ,. [same units. 

X = wavelength ol the radiation ) 
P = power in watts. 

Gm„ = maximum value of effective gain. 
{Psi)m*x = maximum value of the available peak power received by 

the beacon. 
Pn = peak value of the power transmitted by the interrogator 

(radar). 
(Grd^tj. = maximum value of the gain of the transmitting antenna 

of the interrogator. 
(Gsi)m*i = maximum value of the gain of the receiving antenna of the 

beacon. 
A; = transmitted wavelength. 

If we let P°si represent the peak value of available received power 
necessary for triggering the beacon and /?° represent the corresponding 
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range, Eq. (1) gives 

R°. = ^ P 
(u"ri")mai((jSi)mftx (2) 

In Eq. (2) R' is the maximum free-space range for interrogation of the 
beacon; when it is at greater ranges it will not be triggered. 

The corresponding expression for the reply link is 

4ir 
P 0 ~ (G ; r r )mB I (G ! . s )„ 

. r Sr 
(3) 

In Eq. (3), P"Sr is the peak value of the available received power 
required to give a satisfactory beacon signal on the indicator of the 
interrogating system, due account being taken of scanning losses and 
other circumstances of use. The range R°r is the greatest one for which 
reply signals from triggered beacons will be usable. This cannot be 
defined as clearly as is R^ since having a signal "satisfactory" is less 
definite than having it either present or absent. The other quantities 
in Eq. (3) are of obvious significance if it is kept in mind that the sub
script r refers to the reply link. 

In the preceding paragraphs it was assumed that the triggering of the 
beacon and the intensity of the displayed reply depend on the pulse 
powers of the two pulses. This implies that both the receiver in the 
beacon and the one in the interrogating system have a bandwidth suffi
cient to insure that both received signals rise to a value that depends on 
the pulse power and is independent of the length of the pulse within wide 
limits. This condition is usually the desired one and the receivers are 
designed accordingly. If a receiver of very narrow bandwidth should 
be used, however, the peak value of its output would then depend upon 
the energy of the pulse, rather than upon the pulse power. For such 
cases Eqs. (2) and (3) would be modified by substituting the transmitted 
and received values of the energies per pulse for the respective pulse-
power values. 

It is sensible to design the system so that Ra
T ~ it!° since there is no 

use in having replies that are too weak to be observed even though the 
beacon is being interrogated, as can be the case if R°r < R% Likewise 
nothing is gained by making provision for strong replies if they are absent 
because of the failure of the interrogation. This situation can arise if 
R"r > Rai. The common value of R" = R"r must be made equal to the 
desired maximum range, and indesd somewhat larger if a reasonable 
factor of safety is desired. It is sometimes useful to make R°r somewhat 
larger than R® in order to facilitate recognition by the operator of beacon 
signals in the noise. 
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In the case of beacons interrogated and received by a radar set, Xr is 
nearly equal to \; (GTi)mn usually equals ((?«,)■»» since the same antenna 
is likely to be involved; and (GRi)m„ usually equals (G r r)„„ since beacon 
antennas for receiving and transmitting need to have the same radiation 
pattern and are therefore alike. The condition for balance of the two 
links, namely that R1 equal R°, then becomes 

PTl/P°si = PTT/P°r or P T r / P r . = P°JP°Si. (4) 

The receiver of the beacon is almost always less sensitive than that of the 
radar, either by necessity (because of the greater bandwidth), or by 
choice to avoid undesired triggering (see below); hence P%r < P^. In 
the balanced system, then, the transmitter of the beacon may as well be 
less powerful than that of the radar in the same proportion. 

In actual cases, Eq. (1) and a corresponding equation for the received 
power in the reply link involve two additional factors. One of these is a 
geometrical factor that expresses the effects of interference and diffrac
tion. The other takes account of the attenuation of the radiation in the 
atmosphere. These matters as they pertain to radar echoes are dis
cussed in Sees. 2-12 and 2-15. It should be noted, however, that the 
numerical factors appropriate here are the square roots of those for radar 
signals, when for the latter the effects on both the transmitted and 
reflected pulses are lumped together. These factors drop out of the 
expression (4) just as the antenna gains do, since they have the same value 
for both links. In any beacon system in which the frequencies of inter
rogation and reply are substantially different, however, all of the factors 
in Eqs. (2) and (3) must be retained and these additional ones must be 
added. The two links have to be designed separately to get proper 
operation at all ranges up to some fixed value or to meet other particular 
requirements. 

It is apparent from Eq. (1) that another consequence of the inde
pendence of the two links is a different law for the relation between signal 
strength and range. Radar echoes vary in pulse power as the inverse 
fourth power of the free-space range, whereas beacon replies vary only as 
the inverse square. In general, beacon signals do not vary as much 
between particular values of range, do not cut off as abruptly with 
increasing range, and do not give as deep interference minima as radar 
signals do. 

Azimuth.—One further consequence of the separation of the two links 
is that the scanning sector through which beacon replies are obtained is 
limited either in the interrogation link or in the reply link according to 
circumstances. Equation (1) becomes more generally 

Pr,Gr,GR,X? 
(5) 
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Here PK; is the available pulse power at the beacon for any relative posi
tion of the interrogator and the beacon. The gain of the transmitting 
antenna, GTi, is a variable that depends upon the angular position of the 
antenna with respect to the line from it to the beacon. The received 
power is a maximum only when the interrogator is really looking a t the 
beacon. Similarly GRi, the gain of the beacon receiving antenna, is a 
variable depending on the orientation of the antenna with respect to the 
line from the beacon to the interrogator. 

Let us consider, as an example, a ground radar set scanning around 
through the complete azimuth circle and interrogating an airborne bea
con. Curve a of Fig. 8-7 represents schematically a polar diagram of the 
logarithm of the power received at 
the beacon as a function of the angu
lar position of the radar antenna. 
The line to the beacon is assumed 
to be the upward vertical. In the 
ideal case the curve is the same as 
the antenna pattern of the radar; in 
actual cases it is often modified by 
reflections from near-by buildings, 
hills, etc. If circle b represents the 
threshold power for triggering, the 
beacon will be triggered only through 
the sector AOA'. If, however, the 
values of received power should all 
be increased by 12 db or so (by de
creasing the range to the beacon), 
the beacon would also be interrogated 
by side lobes of the antenna. Figure 
8-8 shows this effect. It is clear that 
if we consider interrogation that 
begins when the separation is first 
large and then decreases, the beacon 
is first interrogated at maximum range through a very narrow angular 
region. As the range decreases, the sector of interrogation increases, but 
remains of the order of magnitude of the half-power beamwidth of the 
antenna until a range about one tenth of maximum is reached. There, 
assuming the side lobes of the antenna pattern to be about 20 db 
down, side-lobe interrogation begins and grows with decreasing range. 
Finally, in practical cases, a range is reached for which the beacon is 
interrogated no matter which way the antenna is pointed. It is also clear 
that reduction of the radiated power would produce a narrowing of the 
sector of interrogation of any particular beacon, but would lead to failure 
to interrogate those at greatest range. 

/ 
/ . , — ■ 

' ^ ' 
''V"""^ / / 

' / 'T\ 

'■ ( \ 

\ \ \ \ \ s^ \ \ 
\ N. 

\ — \ ^ 

U-a ^v^J 
r x<8 
1 \ - K O ^ o N 

K^\N^ J , *\N^ Tf/Vfc \ N 

/ / N >̂ \ \ 

** / i 
' / ' - ' / / 

" ' / / 
/ / 

/ 
/ £. 

F I G . 8-7.—Schematic logarithmic polar 
diagram of the antenna pattern of a 
microwave radar. The triggering of a 
beacon occurs when the energy radiated 
in a given direction is in excess of some 
necessary minimum amount. 
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Similar considerations apply to the reply link. If we assume the 
beacon to be interrogated for all angular positions of the antenna of the 
interrogator and the sensitivity of the receiver to be kept constant, 
the angular width of the beacon arc on the PPI tube will vary as did the 
sector of interrogation in the previous case. Over a large distance the 
reply arc will be of the order of magnitude of the half-power beamwidth of 
the receiving antenna. For close-in beacons, extensions attributable to 
side lobes appear, and for very close beacons a complete circle is obtained. 
The complete circle or side-lobe pattern can be reduced to the narrow arc 
by suitable reduction of the gain of the radar receiver, again with the 
loss of more distant beacons. Here, however, it is possible to use a 

F I G . 8-8.— Interrogation of a beacon by side lobes. Interrogation of a shipborne 
10-cm beacon by a radar set on Mt. Cadillac on Mt. Desert Island, Me. (a) shows the 
extended pattern at about 4 o'clock in the picture; (b) shows how it can be reduced to the 
reply in the main beam by manipulation of the gain control of the receiver of the beacon 
signals. 

sensitivity-time-control (STC) circuit that gives automatic variation of 
the sensitivity of the receiver as a function of the elapsed time after emis
sion of the interrogation pulse. The gain is thus automatically adjusted 
to be correct for beacons at all ranges with the result that they all appear 
as approximate half-power beamwidth arcs. This circuit must be care
fully designed if it is to give good results with ground radars interrogating 
beacons on aircraft flying in the maximum of the pattern of the receiving 
antenna and still not unduly attenuate weaker replies from beacons in 
low-flying aircraft. 

It is clear from the foregoing that the width of the reply arc is always 
limited in either one link or the other, whichever is the narrower, and that 
it can be controlled by adjusting either transmitted power or receiver 
gain. Where manual adjustment for good reception of a particular 
beacon is to be used, cutting down the transmitted power would be 
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preferable since overinterrogation is thereby minimized. Manual adj ust-
ment would be helpful in systems where a large number of airborne radar 
sets are likely to be interrogating some particular beacon on the ground 
or on a ship. This procedure has not been used so far, however, since 
the reduction of the transmitted power usually requires more complica-

Fio. 8-9.—Replies from an experimental beacon interrogated at 10 em and replying at 
1.5 m. The exposure was continuous; the strong radial line in the picture is therefore made 
up of the successive beacon replies. The sweep was delayed, so that the replies extend 
from 50 to 100 miles. 

tion of the radar set than does reduction of the receiver gain. Automatic 
adjustment of the sensitivity of the receiver is more appropriate for 
ground radar sets interrogating airborne beacons at many different 
ranges, or wherever the operational simplicity of automatic adjustment of 
gain is more important than the avoidance of possible overinterrogation. 

I t has proved convenient for some purposes to provide beacons which 
are interrogated by microwave radar sets and which reply at a frequency 
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lower than that of the radar by a factor of 20 or so. Either the beam-
width of the antenna for receiving replies from the beacon is made very 
broad or this antenna is made omnidirectional. Microwave angular 
discrimination is still provided by the sharpness of the interrogating 
beam—again only for beacons at ranges beyond that for which side lobes 
begin to cause broadening of the reply. Figure 8-9 shows a whole set of 
replies from such a beacon, exposures having been made every few sweeps 
of the PPI . The interrogations were at 10 cm, the replies at 1.5 m. The 
principal reason for using such a beacon rather than one that gives a 
microwave reply is the relative simplicity of the low-frequency trans
mitter and antenna of the beacon. Also, by placing several simple 
antennas and receivers for the interrogation at different places on an air
craft, it is possible to achieve a good approximation to an effectively 
omnidirectional pattern for the interrogation link. This is almost 
impossible to achieve with single simple microwave antennas because of 
interference effects. I t is necessary to put the outputs of such multiple 
receivers in parallel after detection so that there will not be a combination 
of r-f signals in varying phases to give rise to interference maxima and 
minima. 

The foregoing discussion implies that the broadening of the arcs for 
beacon replies is greater than that for radar signals. This is not the case, 
however, if the maximum range for both is the same. If Gm». and G^^-) 
are the respective gains of the antenna at the center of the pattern and at 
the maximum of the first side lobe and R^ and Ri{\0b*) the corresponding 
maximum ranges for interrogation of the beacon (to give minimum 
triggering power), from Eq. (5) we get (?„„/(#?)2 = (?ciob.)/-B,?0„b.)-

The same line of argument followed through with the radar equation 
gives G^z/iR')* = G2(iob.)/-R,*iobe), which gives the same value of RHU,^) 
when #J is the same. In practice, however, the broadening of the beacon 
signals is likely to be greater since it is customary and usually desirable 
to set the sensitivity of the beacon receiver so that the maximum free-
space range is considerably greater than the radar range to an average 
target. This is done partly to ensure increased range and partly to allow 
for the considerable unavoidable variations between the receivers of 
different beacons as installed and operated. 

8-6. Frequency Considerations. General.—Since beacon replies are 
much like radar echoes, the considerations involved in choosing the fre
quency region for a system in order to get the desired resolution are much 
the same. In general, the higher the frequency, the better the azimuth 
discrimination for a given tolerable size of antenna system. This 
advantage of improved angular separation with increased frequency is 
somewhat offset by a tendency toward increased size and weight of trans
mitters needed for a given range performance. 
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The most satisfactory presentation of beacon replies for purposes of 
ordinary navigation is undoubtedly the PPI since it gives the whole 
situation at a glance in a direct way. The angular widths of beacon 
replies should be limited to a few degrees, if possible. For an airborne 
interrogator this suggests the use of 3-cm or shorter wavelength; for 
systems having ground interrogators with large antenna arrays a con
siderably lower frequency can be used. Azimuth determination by lobe-
switching, involving comparison between the strengths of signals received 
on two antennas pointed in different directions, is adequate for many 
purposes but relatively clumsy in use. It permits the use of lower frequen
cies and much broader antenna patterns, with corresponding reduction 
in size of the antennas, but it results in a greab increase in the diffi
culty of identifying beacon replies with particular radar echoes. It is, 
however, satisfactory for aircraft homing on the beacon. In the wartime 
systems which provided means of precise navigation by accurate measure
ment of the ranges to two ground beacons at known positions, special 
indicators were used. They displayed and measured the positions of the 
steady beacon signals obtained by using omnidirectional antennas rather 
than scanners. 

There is an upper limit on the frequency to which it is desirable to go. 
At about 15,000 to 20,000 Mc/sec the attenuation by water vapor in the 
atmosphere of the earth begins to become of consequence. In conditions 
of bad weather, when navigational beacons are most needed, the range of 
beacons at such frequencies would be lowered so much that they would 
be of little use. 

In nearly all cases, the frequency of the beacon reply should be differ
ent enough from that of the interrogating pulses to obviate simultaneous 
reception of beacon replies and radar echoes by one receiver. In this way 
the swamping of beacon replies by strong echoes is eliminated. Even 
when it is desirable that radar echoes and beacon replies be presented 
simultaneously, the saturation video levels for the two kinds of signals 
can be made different by using separate receivers; thus beacon replies can 
be made to stand out even when superimposed on saturated ground clutter. 
A very striking differentiation between radar and beacon signals from 
aircraft has been achieved by putting them on separate PPI tubes that 
give signals in two different colors, the signals being effectively super
imposed by optical means. 

If any interrogator or radar set of a given type is to be able to locate a 
beacon readily, the beacon must transmit at some known frequency and 
the receiver for the signals must be readily tunable to that precise fre
quency, whether the beacon replies are received or not. When the loca
tion of the beacon is unknown (as is usually the case) and the interrogator 
is scanning, it is not tolerable to increase the general uncertainty about 
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the beacon by having to search over a band of frequencies. Thus, ade
quate stabilization of the beacon transmitter is required, and the receiver 
for the signals must have automatic frequency control, or a wavemeter 
must be provided, or it must be possible to set the frequency accurately 
to preset values by having mechanical parts of sufficient precision. All 
of these techniques have been worked out and are now available. 

This use of a spot frequency for the reply does have a disadvantage, 
however. Each interrogating radar will receive not only the responses 
of the beacon to its interrogation pulses, but also the beacon responses to 
interrogating pulses from other sets. The replies that a radar set receives 
to its own pulses are synchronous and appear at the proper range in a 
regular way. Replies to other radar sets are, in general, not synchronous. 
This is discussed further in Sec. 8-9. 

Time Time 
(o) (6) 

F I G . 8-10.—Variation of frequency with time in a beacon. With sweeps as in (a), equal 
intervals between replies will be obtained for all frequencies. For (b) the distribution 
depends on the frequency. 

Sweeping Frequency.—In some cases it has not been feasible to use a 
single spot frequency of reply either because the number of replies at the 
frequency would be excessive or because it was not practical to modify a 
group of radar sets to receive the chosen frequency. In these cases, 
beacons have been used in which the common frequency of receiver and 
transmitter was made to sweep periodically over the band of frequencies 
of the interrogators. A given interrogator got replies when the beacon 
came into tune with it. This system is useful only with interrogators 
that are pointed continuously at the beacon. If the interrogator scans 
in space, it will not in general be pointed at the beacon during the interval 
that the beacon is tuned to its frequency band unless the scanning period 
is made short compared with the interval during which the beacon replies. 

Some such beacons have a single tube used both as a superregenerative 
receiver and as a pulsed transmitting oscillator so that by mechanical 
changes of the tuning of the resonant circuit both frequencies can be 
changed together. The frequency for reception and that for transmis
sion are nearly the same; they are not identical because of the different 
voltages and transit times involved at the two different levels of operation. 
Figure 8-10 shows two readily realizable cycles of variation of frequency 
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with time. The intersections of the horizontal lines with the sawtooth 
curves give the times at which replies are received by a radar tuned to the 
frequency corresponding to the horizontal line. In case a all interroga
tors at different frequency get regularly spaced pulses, in case b they come 
in pairs, the grouping depending on the frequency. This use of a single 
tube for receiver and transmitter is convenient especially because it tends 
to mitigate the effects of antenna mismatch often encountered in installa
tions in the field. The shift of frequency for both transmitter and 
receiver is automatically almost exactly the same. Separate receivers 
and transmitters whose tuning controls have been ganged can be used 
if desired but this method requires more care in design and installation. 

CODING 

The simplest type of beacon replies with a single pulse to every pulse 
of sufficient strength received within a certain band of frequency. For 
purposes of reducing interrogation by confining it to only those interro
gators that are intentionally seeking beacon replies, coding of the 
interrogation may be used. Likewise, the replies may be made more 
complicated in a variety of ways for the purpose either of identifying 
the beacon or of using it as a part of an auxiliary communication system. 

8-7. Interrogation Codes. Frequency.—If the beacon is one that 
replies to all radars of a given type, the frequency for interrogation is not 
highly characteristic. If it is one to be used in a system with specially 
designed interrogator-responsors, certain discrete interrogation fre
quencies can be used as part of a code characterizing the particular 
beacon. 

Pulse Length.—In order to avoid excess interrogation of ground 
beacons by airborne radars not interested in beacon replies, some beacons 
have been designed so that they are triggered only by pulses longer than 
those used for ordinary radar search. Careful design of the beacon 
receiver is required to prevent the stretching of strong, short pulses to 
give the same effects as longer ones of medium strength, but this problem 
has been solved satisfactorily. The beacon reply is obviously delayed 
since it cannot occur until after the lapse of a time longer than the dura
tion of the search pulse. This delay must be allowed for in estimating 
the range to the beacon. 

Multiple Pulses.—The beacon can be made to include a decoder so 
that a trigger is developed only upon reception of a pair of pulses having 
the proper separation, or it can be made so that it will reply only upon 
reception of a still more complicated group of properly spaced pulses. 
A considerable time delay may be involved, but in many cases this can 
be obviated by having the sweep of the interrogating radar started by the 
last of the group of interrogating pulses. One of the principal benefits 
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to be derived by the use of this more complicated system is relative 
freedom from random triggering by other radar sets in the same band since 
the probability of getting such a group of pulses by accident decreases 
rapidly as the complication of the group increases. This matter is dis
cussed more fully below. All such systems, however, are subject to some 
difficulties resulting from the presence of reflected signals that are delayed 
because of the longer path traversed. 

Two-frequency Interrogation.—Another method related to the use of 
groups of pulses is the use of coincident interrogation at two different 
frequencies. The two pulses may be actually coincident, or one delayed 
with respect to the other by any fixed amount. Both the value of the 
second frequency and that of the delay give additional coding possibilities. 

Communication by the Interrogation Link.—So far, methods of interro
gation coding have been discussed which determine whether or not the 
beacon will reply when interrogated. More complicated schemes for 
coding the interrogating beam enable the transmission of information to 
the vehicle carrying the beacon. Such schemes are usually applied only 
in cases where the interrogating antenna points continuously at the 
beacon. Information in the telegraph code can be conveyed by turning 
the interrogator on and off, by varying the width of the pulses, by chang
ing the spacing between pairs of them, by changing the number of pulses 
in groups, and by varying the pulse repetition rate. When the repetition 
rate is made high enough, the relative spacing of pairs of pulses or 
the pulse width can be varied at voice frequencies to give telephonic 
communication. 

8-8. Reply Codes. Frequency.—Some coding can be had by use of 
several spot frequencies for beacon replies. 

Gap Coding.—The beacon transmitter can be turned on and off to 
give Morse letters. This system is useful only when the interrogator is 
expected to look at the beacon steadily. A variant that has been sug
gested for use with scanning radars is a rapid code of this kind which 
would break the reply arc on the PPI into dots and dashes. Only simple 
codes could be used because of the limitation of beamwidth and the 
complete uncertainty as to the part of the coding cycle for which the 
broken reply arc would be centered. 

Width Coding.—Letters of the Morse code can be transmitted by 
changing the width of the pulses in the proper sequence instead of turning 
the pulses on and off. Beacons emitting such width-modulated replies 
will give a display on scanning radars and have the additional slow gap 
code which can be read if the scanning is stopped. 

Range Coding.—Codes readily visible on the PPI , as in Figs. 8-2a and 
8-26, are obtained by having the trigger operate a coder that causes the 
emission of a number of reply pulses. These may be grouped in time in 
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different ways in order to give various groups in apparent range on the 
indicator. They are instantly readable by rapidly scanning radars, but 
have the disadvantage of being more subject to confusion by overlapping 
patterns, when numerous beacons are present at nearly the same bearing, 
than are replies that give simpler patterns. 

Voice Communication.—Here also, when the repetition rate is high 
enough, the relative spacing of pairs of reply pulses or the width of pulses 
can be varied at voice frequency to give telephonic communication, usable 
when the interrogator-responsor points steadily at the beacon. 

STATISTICAL CONSIDERATIONS 

8-9. Traffic Capacity.—For every beacon there is some limit to the 
total amount of energy it can radiate per second, with a corresponding 
limitation of the number of its replies per second and of the number of 
interrogators that can work with it simultaneously. Beacons have been 
made in which the limit to the rate of reply was set by the amount of 
interrogation necessary to overheat the beacon until it started a fire, but 
this informal system has drawbacks. It is usually desirable to incor
porate an arrangement for limiting the average rate of reply to a safe 
value. There are two principal ways of doing this. 

In the first method, the sensitivity of the beacon receiver is decreased 
as the average number of replies increases. Weaker interrogations are 
thus rejected and the replies are limited to stronger interrogators up to 
the maximum number tolerable. For navigational beacons, in general, 
this is not a good scheme since it tends to eliminate replies to the more 
distant interrogators, which are likely to be the ones most in need of 
getting them. For some purposes, where beacons of short range are to 
be used in connection with landing systems, this might prove to be a 
useful method. 

The second method involves reducing the ratio of the number of 
replies to the number of interrogations to keep the total number of replies 
within the safe limit. The beacon display of all interrogators is some
what impaired if there is sufficient overinterrogatiori to reduce this ratio 
markedly, but there is no discrimination against the far-off interrogators. 
This result is accomplished by varying the period of insensitivity of the 
beacon following the emission of its coded reply. There is always a 
finite minimum time between successive beacon replies; the maximum 
number of possible replies is thus the reciprocalof this time. Usually 
this maximum number is too great for safety unless the " d e a d " time has 
deliberately been made greater than it would naturally be. The simplest 
way to protect the beacon against overloading is to arrange that the 
receiver will always be dead for the desired time after making a reply and 
will then recover sensitivity so quickly that stronger interrogators are 
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not favored. This simple system can lead to occasional unnecessary 
interference of one interrogator with another. Let us assume, for 
example, that there are but two interrogators and that the beacon could 
readily reply to both steadily. If the dead time is long, there will never
theless be times when the interrogations from one beacon will arrive in 
the dead time following the reply to the other. A more complicated sys
tem that avoids this defect has been used. The dead time is normally 
short but is arranged to increase, as needed, with increasing average rate 
of interrogation. Too short a dead time can be troublesome, for it may 
lead to multiple interrogation by the same interrogator pulse that has 
reached the beacon not only directly, but also by other and longer paths 
involving reflection. 

If W represents the probability that the beacon will reply to an inter
rogating pulse of sufficient strength, it is easy to show by a statistical 
argument that 

w > rhrT <« 
and 

^<YTW^Wr (7) 

In these expressions, n is the number of like interrogators having almost 
equal recurrence rates, and T is the ratio of the dead time to the total 
interval between interrogating pulses. Thus r is the fraction of the time 
that the beacon is insensitive to a second interrogator if it is replying 
fully to a first one. If the recurrence rates of the interrogators were 
exactly equal, there would be a fixed phase relationship between pulses 
and the statistical argument would be inapplicable. When interrogating 
radars have crystal-controlled repetition rates that are almost exactly 
equal, the radar that first emits its pulses may for a time steal the beacon 
completely away from a second radar that emits its pulses somewhat 
later. Equation (6) results from assuming complete randomness of 
interrogations, and gives a result that is absurd when there is but one 
interrogator. Equation (7) results when we assume that the probability 
of reply to a particular pulse from one interrogator is completely unin
fluenced by the existence of the other interrogations by that interrogator. 
This assumption is false since there is indirectly such an influence. The 
exact expression for W is cumbersome but this is of little practical con
sequence since it need not be used. The two values obtained from Eqs. 
(6) and (7) bracket the true value and differ from each other unimpor
tantly in practical cases. A useful approximation for W is given by 

W - 1 + (n- WW (8) 
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which transforms to give 
Wh - W + 1 

Wr (9) 

For existing radars 
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Figure 8 1 1 gives a plot of Eq. (9) for two values of T. 
and beacons r is ordinarily of the order of 0.1. 

I t is clear from the foregoing that there is no simple way to estimate 
the traffic capacity of a beacon system since it depends on the lowest value 
of W tolerable for satisfactory operation, and that in turn depends to a 
considerable extent on the indicators of the interrogator-responsor. For 
certain actual microwave radars and beacons, something like five radars 
giving steady interrogations are allowable without serious impairment 
of the presentation. Where necessary, this number can be increased by 
designing the beacon to have a shorter dead time. 

So far in this discussion, the results of scanning by the interrogating 
radars have been ignored. If a 
radar scans through 360° and inter
rogates the beacon through only 6°> 
it will load the beacon only -£$ as 
much as if it pointed at it steadily. 
The traffic capacity of the beacons 
in such a system is increased by a 
factor of about 60. Actually, it is 
necessary to take account of the 
statistical fluctuations of the inter
rogation. Therefore, the number 
of interrogating radars should be 
substantially less than would be allowable if they remained uniformly 
spaced in their intervals of interrogation. Interrogating planes near the 
beacon tend to interrogate through much greater sectors of their scan and 
thus load the beacon disproportionately. For this reason, control of the 
width of the reply arcs by decreasing the interrogating power would be 
desirable. 

In any case, if large traffic is to be expected, it is desirable to use some 
sort of interrogation coding to ensure that beacons will be triggered only 
by those radar sets that want to look at them, and not by ones uninter
ested in getting replies from the beacon. 

The effectiveness of multiple-pulse interrogation codes in cutting 
down unwanted beacon replies can be seen as follows. Let us assume 
that N random pulses per second are received by a beacon, and that the 
beacon is triggered if any pulse is followed by a second one that arrives 
later by an interval of time between D — T and D + T. D is the delay, 
and ± T is the tolerance. Each pulse thus produces a following interval 

Flo. 8-11.—The fraction of interrogating 
pulses, W, getting replies as a function of 
the number of the interrogating radar 
sets, n. 
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of sensitivity to triggering by a second pulse of amount 2T. If N pulses 
arrive per second on the average, the average sensitive time per second 
will be 2TN. This is also the fraction of the time that the beacon is sen
sitive, or the probability that a random pulse will find it sensitive and 
trigger it. Since N random pulses arrive per second the number of 
triggerings per second will be N times this probability, or 2TN2. Thus, 
the ratio of the number of beacon replies to the number of random pulses 
per second is 2TN. If, for example, T = 5 /usec and N = 500 pps, the 
product 2TN has a value of n^s, the number of random triggerings per 
second being reduced from 500 to 2.5. If a three-pulse code is used, a 
similar argument applies for the third pulse and an additional factor of 
2TN will come in to give 47 ,W3 as the number of random replies per 
second. 

The argument also applies to two-frequency interrogation. Here 
the number of random interrogations will be 2TNiN2 if JVi and N2 are 
the respective random rates at the two frequencies, and the beacon is 
made so that the two pulses have to arrive in a certain order for trigger
ing to occur. If the order is immaterial, the rate of random interroga
tion will be twice as great, namely, 4TN1N2. 

In making a comparison between the two systems, it is necessary to 
keep in mind that one must use estimates of the numbers of random 
pulses that will be present after the system has been introduced. Chang
ing radar sets to give double pulses increases the number at the radar 
frequency; adding coincident interrogating pulses at a second frequency 
increases the number at that frequency. 

8-10. Unsynchronized Replies.—When a beacon is being interrogated 
by several radars at the same time it replies to all, and the receiver of each 
jnterrogator-responsor will respond to all of these signals. Replies to the 
interrogation by a particular radar are synchronized and give a stationary 
pattern on its indicator as do its radar echoes; the replies to interrogations 
by the other radar sets appear to be unsynchronized and thus show at 
random on the screen and are similar to random noise from other causes. 
Figure 8-12 shows several beacon signals appearing on the PPI of a 3-cm 
radar; one of them is sufficiently overinterrogated to show unsynchronized 
replies. This effect is displeasing aesthetically, but experience has shown 
that a great amount of overinterrogation is necessary to interfere seriously 
with recognition of the beacon. The problem is more troublesome when 
numerous adjacent ground or ship interrogators are interrogating nu
merous airborne beacons. Unsynchronized replies coming from the multi
ple interrogation of a near-by beacon may interfere with detection of the 
signals from one farther away at the same azimuth. It is difficult to 
make a definite statement about the extent of the interference because it 
depends so much on the characteristics of the radar set. The use of 
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delayed fast sweeps is helpful since the density of random signals on any 
region of the scope is thereby reduced. Also, fewer unsynchronized 
replies are encountered when narrow-beam, scanning radars are used since 
the chance that several radars will be looking a t a given beacon at the 

F I G . 812.—Four 3-cm beacons on the scope of a plane flying over England. 
Beacon at 50° (Beachy Head) 
Beacon at 180° (Defford) 
Beacon at 280° (Alconbury) 
Beacon at 340° (Halesworth) 

The Alconbury beacon shows numerous unsynchroniaed replies resulting from interrogation 
by other radar sets. 

same time is reduced. This trouble is mitigated (as is the one of over-
interrogation of a particular beacon) by all arrangements that help in 
avoiding interrogation of beacons except when the beacon replies are 
wanted. 

In systems that use crystal oscillators for accurate measurement of 
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range and incidental fixing of pulse repetition rate, the replies to interro
gations from a given interrogator may appear as signals from a false 
beacon on the indicator of a second set because the two repetition rates 
are almost exactly equal. In two such systems used in the past war, it 
was found necessary to jitter the timing of the interrogation by whole 
numbers of periods of the crystal in somewhat random fashion in order to 
avoid this effect and the associated difficulty already mentioned—that of 
possible "stealing" of the beacon by one interrogator. 



CHAPTER 9 

ANTENNAS, SCANNERS, AND STABILIZATION 
B Y W. M. CADY, C. V. ROBINSON, F. B. LINCOLN, AND 

F. J. MEHRINGER 

The antenna is the sensory organ of the radar set. Its function is to 
accept r-f energy from the transmission line, to distribute this energy into 
space as desired, to gather in the radar echoes of this energy, and to direct 
these echoes back into the transmission line. Since the nature of elec
tromagnetic radiation is such that a good transmitting antenna is also a 
good receiving antenna, we need consider only the former function. In 
most cases the antenna is required to form the energy into a sharp beam 
which may be aimed in various directions. The supporting structure is 
known as the "pedestal," and the entire assembly is termed the "antenna 
mount" or "scanner."1 Airplanes and ships are notoriously unsteady 
vehicles, whose motions disturb the direction of a radar beam of energy 
transmitted from them. The compensation for such motions is called 
"stabilization." 

9-1. The Antenna Equation.2—Two of the salient requirements of 
most radar sets are that they be able to reveal distant objects and be able 
to give accurately the direction of such objects. The design of the 
antenna has a great influence on the attainment of these requirements. 
We have seen (Sec. 21) that under certain conditions the maximum range 
of detection of a given target varies as the square root of the area of the 
antenna. This is one reason for the use of large antennas. Another 
advantage of large antennas, having to do with the resolution of the radar 
set, is tha t the beamwidth varies inversely as the linear dimension of the 
antenna. Mathematically the beamwidth 9 (degrees) is usually related 
to the width D of the antenna and the wavelength X of the radiation by 
the approximate formula 

e « 70 A, (i) 

if D and X are measured in the same units. We see that shorter wave
lengths make possible sharper beams; this accounts for the very con-

1 For a fuller account of radar scanners the reader is referred to Radar Scanners 
end Radomes, Vol. 26 of this series. 

2 Sees. 9 1 to 9-12 by W. M. Cady. 
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spicuous trend toward shorter wavelengths which has characterized radar 
ever since its earliest development. 

In the course o developing and testing a new antenna, the distribu
tion of the energy in the beam may be expressed by means of a polar 
diagram or antenna pattern. Figure 9 1 displays such a pattern and 

F I G . 9-1.—A typical antenna pattern showing the main beam of width 0 and the side lobes. 

shows that the beamwidth 6 is the full beamwidth at half power. A 
small amount of power is unavoidably radiated in undesired directions, 
forming the "side lobes" shown in this figure. 

9 2. Round and Cut Paraboloid Antennas.—One very common type 
of microwave radar antenna takes the form of a paraboloidal reflector1 

with a source of radiation, or "antenna feed," at its focus. Since the 
wavelength of the radiation is short in com
parison with the dimensions of the reflector, it 
is profitable in an introductory discussion to 
regard the operation of the antenna as a prob
lem in ray optics (Fig. 9-2). Figure 9-2 does 
not explain the side lobes or the beamwidth, 
but it does serve to emphasize the fact that 
the feed is always so designed as to be directive. 
Figure 9-3 represents an automatic record of 
the energy radiated at various angles from a 
well-designed feed, the directional power being 
displayed as a function of angle. It is obvious 
that nearly all of the energy from the feed will 
strike a properly placed paraboloid, which will 
then collimate the radiation. Figure 9-4 

shows the radiation from an incorrectly designed feed. A correct design, 
used in the 3-cm band, is illustrated in Fig. 9-5, which shows two dipoles 
excited by the radiation field from the i- by 1-in. waveguide transmission 
line. The dipoles are so adjusted in length and position that their com
bined effect is to direct the radiation back within a cone surrounding the 
line without reflecting radiation into the waveguide. 

Equation (1) requires further comment in the case of a paraboloid 
reflector of which the perimeter has been so trimmed ("cut paraboloid") 
that its width and height are unequal. If the beam is pointed horizon-

1 T h e subject of paraboloid and other types of an tennas is developed in Microwave 
Antenna Theory and Design, Vol. 12 of this series. 

F I G . 9-2.—Ray diagram of a 
paraboloid antenna. 



SEC. 9-2] ROUND AND CUT PARABOLOID ANTENNAS 273 

FIG. 9-3.—The angular distribution of energy from a two-dipole feed. 

FIG. 9-4.—The angular distribution of energy from a two-dipole feed incorrectly designed. 
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tally, the beamwidth can be measured by exploring the intensity of the 
radiation to the right and left of the center of the beam or, alternatively, 
above and below the center of the beam. It is an important fact that 
the beamwidth as measured vertically depends, according to Eq. (1), upon 
the vertical dimension of the cut paraboloid, and the horizontal beam-
width depends upon the horizontal dimension. Thus, in order to realize 
high resolution in azimuth, the antenna must be wide but not necessarily 
tall, whereas a height-finding radar, affording accurate measurement of 
the angular elevation of an airplane, must have a tall antenna which need 
not be wide. These two types are exemplified by the scanners shown 
in Figs. 9-15 and 9-14 respectively. 

F I G . 9-5.—Two-dipole feed radiating toward the left. 

We have not mentioned the "mat t ress" type of antenna, which is 
perhaps the most familiar to the public because it is commonly seen on 
naval ships. These antennas are rectangular arrays of radiating elements 
so phased as to produce a broadside beam. They are widely used in 
radars of wavelength over 1 m. With the trend toward shorter wave
length, the mattress antennas are giving way to the types discussed above. 

9-3. Fan Beams.—One of the functions for which airborne radars are 
designed is aiding air navigation, and an extremely important type of 
airborne navigational radar presents a map of the terrain around the 
aircraft. In order to map the ground the transmitted energy must be 
directed toward the ground, and rather than having the energy beamed 
like a searchlight, a "fan beam" must be employed as shown in Fig. 9-6 
for complete coverage. A uniformly intense map is desired, which will 
display ground objects that lie at depression angles between, for example, 
5° and 70° below the horizontal. The energy in the fan beam must there
fore be properly distributed to give adequate illumination of the most 
distant objects while not overilluminating those which are at greater 
depression angles. I t can be shown, subject to certain simplifying 
assumptions, that the energy should be distributed as the square of the 
cosecant of the depression angle (see Sec. 2-5). Figure 9-7 shows how 
well such a pattern is realized in practice, with an antenna 12 in. in height 
(shown in Fig. 9-8) used at the 3-cm band. In this polar diagram the 
square root of the power is plotted rather than the power itself, since the 
desired distribution is then given by a straight line as shown. Figure 9-9 
is a photograph of the PPI display, showing the performance of this 
antenna. 
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The cosecant-squared fan beam is used not only in airborne naviga
tional radar but also in surface-based radar for the detection of airplanes, 
In this case the fan is inverted, the intention being that a target airplane 

Fia. 9-6.—A fan beam which enables an airborne radar to scan the surface of the earth. 

90 80° 70° 60° 50° 40° 30° 20' 
F I G . 9-7.—The energy distribution to a square-root scale as a function of the depression 

angle in an airborne navigational radar. 

flying at any constant altitude will be indicated with a constant intensity, 
independent of range. 

Several antenna types have been developed for producing a cosecant-
squared fan beam; those most widely used can be discussed in terms of 
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ray optics. Figure 9-10 shows two distortions of a paraboloid used for 
this purpose. Another widely used method employs a cylindrical reflector, 
shaped like the blade of a snowplow or bulldozer, and having only single 
curvature (Fig. 9-8). Such a reflector is illuminated by the radiation 
from a linear feed rather than a point feed. In this case the linear feed 
defines the beam sharpness in regard to azimuth and the reflector dis
tributes the energy in elevation. The ray diagram shown in Fig. 9-10a 
will serve again to illustrate the formation of the cosecant-squared fan. 

F I G . 9-8.—A scanner with a 60-in. shaped cylindrical reflector, ventrally installed in a B-29. 

In this figure the linear feed is imagined perpendicular to the plane of the 
drawing. The feed is frequently the straight opening between two 
identical parallel conducting sheets which are joined along their curved 
backs by a parabolic reflector strip. Just inside the center of the opening, 
at the focus of the parabolic strip, is located the open end of a waveguide 
which irradiates the parabola, thereby setting up the propagation of 
energy between the two sheets and straight out through the opening. 
This assembly is called a "pillbox." Microwaves may be propagated 
between the sheets with the electric field polarized either parallel or 
perpendicular to the sheets. In parallel polarization the spacing must be 
held accurately in order to prevent distortions of the wavefronts; slender 
spacing posts are used since they have almost no effect on the waves. In 
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perpendicular polarization, posts scatter the radiation badly and are not 
generally used; but fortunately the wavefronts are not disturbed by 
gentle variations in the spacing of the sheets. Both polarizations are 
used in practice. 

F I G . 9-9.— Photograph of P P I scope of 3-cm airborne radar: Cape Cod area. 

Another type of linear source of radiation is the linear array of dipoles. 
If these are so excited as to emit energy in phase, the resulting radiation 
is a fan in the broadside direction. Further discussion of line sources of 
radiation will be found in Sees. 9-12 and 9-14. 

9-4. Nonscanning Antennas.—There are certain types of radar 
antenna which are not ordinarily required to scan. In this category are 
the end-fire antennas which are sometimes attached to airborne guns in 
order to permit radar range-finding. As an example, one end-fire linear 
array (Fig. 9-11) is a series of dipoles excited in such a phase relationship 
that their energy is beamed in the direction of the array. Another end-
fire array is the Yagi antenna. Commonly, this is an array of dipoles, 
only one of which is excited by the transmission line; behind it is a para
sitic reflector dipole and in front are several parasitic director dipoles. The 
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Yagi array has been widely used for wavelengths of several decimeters; 
an example is shown in Fig. 6-30. An end-fire antenna can also consist 
of a polyrod (a rod of polystyrene) of appropriate dimensions, into one end 

(a) (6) 
Fio. 9-10.—A paraboloid reflector may be distorted in various ways in order to produce a 

fan beam. 

F I G . 9-11.—An end-fire array and its housing for use in the 10-cm band. 

of which r-f energy is introduced. These end-fire antennas are useful 
in cases where a paraboloid would obstruct vision or add unduly to the 
aerodynamic drag of an airplane. An array of 42 polyrods, placed 
parallel and excited in phase, has been used as a broadside array as shown 
later in Fig. 9-32. 
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Beacon antennas are often made up of a vertical array of radiating 
elements excited in phase. By correct design of such an antenna the 
pattern can be made reasonably uniform in azimuth and at the same time 
well confined to the region of the horizon. Like other beacon antennas, 
the antennas used for IFF equipment are not strictly radar equipment 
and will not be discussed. The same statement applies to the antennas 
used in the search and jamming functions of radar countermeasures. 

9-6. Construction of Radar Antennas.—The main requirements in the 
mechanical construction of airborne antennas are accuracy of form, the 
ability to withstand field service conditions, and light weight. Surface-
based antennas must be no less accurate, and considerations of weight, 
inertia, and wind forces are paramount. Considerable advances have 
been made in the mechanical design of airborne, and particularly of sur
face-based, antennas for microwave radar during the recent war. In 
this section only antennas in which the feed is distinct from the reflector 
are considered; array antennas are not discussed. 

Sheet aluminum or magnesium alloy is always used for the airborne 
reflectors. Small reflectors up to 30 in. in diameter are simply spun or 
otherwise formed, a bead around the rim being added for stiffness, as in 
Fig. 9-17. The tolerance allowable in the surface of the reflector is about 
±TJJ of a wavelength. 

The larger sizes of airborne reflectors, whether paraboloid or shaped 
cylindrical surfaces, thus far installed in a streamlined airplane are con
siderably wider than high and are used for circular scanning. On these 
it is good practice to use aircraft construction methods. The selection of 
materials used depends upon the size of the reflector and the stresses 
involved. Magnesium or aluminum alloy will serve for airborne equip
ment. Since aluminum alloy has better forming characteristics than 
magnesium, it is considered the best material for the reflector face. The 
most accurate method of forming aluminum alloy sheet for the reflector 
face is by stretching the material over a metal die which has been cast 
and ground to the desired contour; these dies are usually made from 
Kirksite, a lead and zinc alloy. After forming, the sheet metal conforms 
to the exact contour of the die providing the draw is shallow enough, as is 
the case with most radar reflectors. The next problem is to support this 
reflector face rigidly and to maintain the contour already obtained by 
forming. This can be done, as in the 5-ft reflector of AN/APQ-13 shown 
in Fig. 9-8, by riveting to the rear surface of the reflector several stamped 
or machined ribs contoured thereto and boxing in by riveting another 
sheet of aluminum or magnesium alloy across the back; flush rivets are 
preferable on the front face. A 42- by 10-in. reflector with single curva
ture can be made within a tolerance of +0.005 in. 

In the case of a large reflector, over 5 ft in width, weight may be saved 
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by using sheet-metal ribs or channels formed by the hydropress method, 
and boxed in at the rear as in Fig. 9-8, or by using a stamped outer frame 
made by the drop-hammer method, as in the 8-ft reflector shown in 
Fig. 9-12. These waffle-shaped frames require no ribs for stiffening 
because the mating section conforms to the contour of the back of the 
reflector face. An aluminum-alloy supporting bracket can be riveted to 

F I G . 9-12.—Rear view showing the construction of an 8-ft airborne paraboloid trimmed to a 
3-ft height. 

the structure; or, if the elevation angle of the beam must be adjustable, 
the ends of the structure may be supported by ball-bearing trunnions. 

Surface-based antennas are usually not housed, and therefore are 
subject to wind forces. These forces can be reduced by as much as 50 
per cent if the reflector is a grille (Figs. 9-14 and 9-28) or a perforated 
sheet (Fig. 9-13). Fortunately such perforation does not impair the 
electrical performance if the holes are not larger than about one-eighth 
wavelength in the direction of the magnetic vector. 

RADAR SCANNING PATTERNS 
We have seen that although a few radars have been designed with 

radiation beams that are fixed in direction, the great majority of radar 
beams are made to scan. The motion of the beam may be thought of as 
the motion of a point on a sphere that is centered at the scanner. The 
beam sweeps over a certain region on the sphere determined by the opera
tional function of the radar; often it does so periodically, and in a set 
geometrical pattern termed the "scan." The great variety of scans may 
be divided into two categories, simple and complex. A simple scan is one 
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in which the beam sweeps with but one degree of freedom, that is, it 
covers repeatedly one and the same arc on the sphere. A radar employ
ing a simple scan can tell the range of a target and only one of its angular 
coordinates, e.g., azimuth. In a complex scan the beam ranges over a 
certain solid angle, by virtue of possessing two degrees of freedom. A 
radar possessing a complex scan can tell the location of a target in space 
by giving the range and two angular coordinates, e.g., elevation and 
azimuth. 

9-6. Simple Scans.—One of the simple scans in common use is the 
circular (or "horizon," or "all around looking," or "360°," or " A " ) scan; 
the beam travels continuously around the horizon, or may be adjusted to 
scan around at any constant angle above or below the horizontal. This 
scan is widely used in radars providing surface-based surveillance of land, 
vessels, and distant aircraft; and it is used (see Fig. 9-6) in airborne radar, 
serving, for instance, as an aid to air navigation. In certain scanners 
the beam can be adjusted to a position above or below the horizon at the 
will of the operator. The scan rate is usually in the range between 4 
rpm for large scanners and 30 rpm for small. Sector (or "B") scan is a 
modification of circular scan in which the beam scans to and fro on an 
arc. This motion is common in certain airborne radars for surface search. 
The sector is typically 75° wide, and 1 to-and-fro cycle may occupy 1 sec. 
The third simple motion of the beam is conical scan, in which the path 
described on the sphere is a circle of a very few degrees diameter. This 
scan is not used for search, but finds wide use in accurate tracking of an 
individual target (see Sec. 6-14). The diameter of the circle described 
by the center of the beam is chosen with this application in mind; it is 
commonly such that the intensity radiated to the center of the circle is 
somewhat greater than half the peak intensity. The scan rate is usually 
at least 1200 rpm. 

9-7. Complex Scans.—A radar having spiral scan was used in single-
seat nightfighter aircraft during World War II. This complex scan may 
be described as a conical scan in which the angular diameter of the circle 
described by the beam is continuously varied from 0° to a maximum of, 
for example, 60° and back to 0°. By this motion the solid angle covered 
is scanned completely in, say, 1 sec as the beam spirals outward. 

A helically scanning radar was used in nightfighters that carried a 
radar operator in addition to the pilot. The beam revolves rapidly 
around a vertical axis, as in horizon scan, while the elevation angle is 
made to oscillate much more slowly between limits a few degrees above 
and below the horizon. In this way targets may be sought within a hori
zontal 300° zone except for whatever blanking is caused by the structure 
of the nightfighter itself. The time required to explore this zone is 
approximately 3 sec. 

A marriage of the horizon scan (or, alternatively, the sector scan) 
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with the conical scan produces the Palmer scan, the cycloidal motion of 
the beam which results when a conical scanner slowly traverses the hori
zon. The region of search is a horizontal rectangle with semicircular 
ends. Palmer scan was used to accomplish an easy transition from the 
search function to the gunlaying function of a fire-control radar. The 
name derives from a familiar exercise in the Palmer system of calligraphy. 

Other complex scans have been used mainly in experimental equip
ment. Probably the most useful of these is a scan in which the elevation 
(or azimuth) angle oscillates rapidly while the azimuth (or elevation) 
angle oscillates slowly. 

MECHANICAL SCANNERS 

In most cases the entire radar antenna is put through certain angular 
motions in order to make the beam scan. The antenna assembly, includ
ing the mount that supports it and makes it move, is called a "mechanical 
scanner." The term "electrical scanner" is reserved for cases where the 
beam is moved not by a motion of the antenna as a whole, but rather by 
relatively subtle motions of the feed or other parts of the antenna. The 
borderline between mechanical and electrical scanning is not well defined. 
For instance, in denial of the foregoing definitions, the mechanical 
category includes the conical scans that are mechanized by the circular 
motion of a point feed around the focus of a fixed paraboloid. An electri
cal scan is frequently used to produce a rapid sector scan of small angular 
amplitude. 

9-8. The Kinematics of Mechanical Scanners.—The intended use of 
a radar fixes the type of scan, and the type of scan fixes in turn the 
kinematic aspects of the scanner design. A circular scan is mechanized 
by simply revolving the antenna on a horizontal turntable. If it is 
desired to raise or lower the beam, the turntable must carry bearings so 
that the antenna may be tilted about a horizontal axis at right angles to 
the beam; the scanner may be described as a tilting antenna on a rotating 
assembly on a fixed base. Airborne scanners of this type are usually 
mounted on the under side of the fuselage, the antenna being below the 
pedestal. Sector scanners are kinematically similar to circular scanners. 

To enable the radar operator to control the antenna from a distance 
the tilting is usually actuated by a motor. This motor may be located 
on the turntable (in which case it must be powered through slip rings) or 
else on the base (in which case a special mechanism must be provided for 
transferring the mechanical power from the tilt motor to the revolving 
antenna). Both methods are used in practice although only the former 
is encountered in surface radars. 

Conical scan may be effected by spinning the antenna about an axis 
not quite parallel to the beam (AX/APS-6, Fig. 9-17); or by spinning the 
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paraboloid about an axis passing through the feed, the paraboloid being a 
few degrees "d runk" in relation to this axis (AN/APG-15); or by spinning 
an electrically asymmetrical feed about the axis of the fixed paraboloid 
(SCR-584, Fig. 9-13). All these methods and others are in wide use. 

Of the complex motions, the spiral scan has been mentioned as 
derived from conical scan, and more particularly from three varieties 
just listed. This is exemplified in the first two cases by the Navy's 
AN/APS-6 nightfighter radar and the British AI Mark VIII. Helical 
scan is used in the SCR-720 Army AI radar and in the SCR-584 anti
aircraft set. In the latter a conical scan is superimposed so that the 
result is a sort of helical Palmer scan. 

9-9. The Weight of Mechanical Scanners.—The design of a mechani
cal scanner is largely dependent on its antenna. Although only a small 
percentage of the scanner weight is attributable to the antenna, a large 
antenna necessitates a heavy scanner. Airborne scanners show this 
relation very strongly. A survey of weights1 indicates that, very roughly, 
the weight of scanners having simple scans is given by 0.09D2 pounds, 
where D is the paraboloid diameter in inches. The formula for complex 
scans is 0.13.D2. The survey shows that among airborne radars with 
mechanical scanners the scanner weighs 13 to 106 lb, representing from 
6 to 21 per cent of the weight of the set, with an average of about 14 per 
cent. Surface-based scanners are in general larger than airborne scan
ners. The weight runs from 75 to 5500 lb in shipborne antenna mounts, 
and as high as 28,000 lb for land-based. The antenna mounts of surface-
based radars represent 10 to 40 per cent of the total weight of the set. 

9-10. R-f Transmission Lines.—The r-f energy generated at the 
transmitter is radiated by the antenna, and the echo is led back from the 
same antenna to the mixer. The same transmission line2 is used for both 
the transmitted and the received energy. A rotary joint must be inserted 
in the line whenever more than a few degrees of rotation of an antenna 
are required. Such a joint is always installed with its axis coinciding 
with the axis of the corresponding degree of freedom. Pressurization of 
the rotary joints, when necessary, is accomplished either by means of a 
composition rubber ring revolving snugly around a polished steel tube, or 
by means of a polished carbon ring revolving in contact with a polished 
steel annulus. Helical scanners have at least two rotary joints, i.e.. 
for azimuth and elevation, as have spiral scanners. 

9-11. Data Transmission.—The continuous transmission of informa
tion from the scanner to the indicator, giving the attitude of the antenna 
in relation to its base, is known as "da ta transmission." Often these 

1 W. L. Myers, USNR, "Weight Analysis of Airborne Radar Sets," RL Report 
No. 450, Jan. 1, 1945. 

2 Chap. 11 contains a discussion of the transmission line and associated components. 
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data are transmitted as voltages induced in synchros.1 There is, for 
instance, a synchro generator built into the AN/APQ-13 scanner shown 
in Fig. 9 8 which revolves 10 times for each azimuth revolution of the 
antenna; a synchro motor in the indicator imitates the motion of the 
generator, and through a gear reduction rotates the deflection coils of 
the PPI in synchronism with the antenna. Occasionally a potentiometer 
or a sine-wave generator is used as the data-transmitting element. A 
similar type of data transmission is required of servo-controlled scanners: 
a voltage from the transmitting element is compared with a voltage from 
the knob, etc., that is to control the antenna, and the antenna is auto
matically driven in the direction which will bring the error signal or 
difference voltage to zero. 

9-12. Examples of Mechanical Scanners.—The above generalities 
will be made more concrete in the description of a few specific scanners. 
These are chosen to illustrate a variety of purposes, shapes, and sizes. 

The SCfl-584.—The antenna mount of the SCR-584 (Fig. 9-13) has 
been cited as a Palmer scanner, inasmuch as it combines helical with 
conical scan. The prime function of this radar,2 located in a trailer, is 
to locate enemy aircraft and to provide an antiaircraft director with data 
on slant range, azimuth, and elevation angle of aircraft. The beam (at 
the 10-cm band, about 4° wide) is formed by a 6-ft stamped paraboloid 
illuminated by an electrically offset dipole. This 120-lb reflector is 
perforated with 6400 half-inch holes to reduce weight and windage. A 
gear train in the base actuates the searching in azimuth at 6 rpm. A 
similar gear train is located behind the reflector and actuates the eleva
tion motion; the excursion in elevation is covered once per minute. To 
enable tracking, the electrically asymmetrical dipole feed spins at 1800 
rpm, thus scanning the beam conically; this has the incidental effect of 
gyrating the plane of polarization of the energy. Five units, driven by a 
spring-loaded gear train, are provided for azimuth data transmission: 
four synchros, of which one is geared to rotate at 16-speed, and one 
potentiometer. As is common practice in data transmission, each take
off may be individually adjusted by loosening its mounting clamps and 
rotating the stator case for proper angular setting in relation to the 
antenna. After the eventual removal of the SCR-584 radar to a new site, 
any necessary reorientation of the take-offs may be effected by an 
ingenious "group adjustment" of the data gear train. Units analogous 
to all but one of the azimuth synchros are geared to the elevation mech
anism. The phase of the conical scan is continuously signaled by means 

1 Potentiometers and synchros are discussed in Chaps. 8 and 10 of Components 
Handbook, Vol. 17 of this series. 

» War Department Technical Manual TM-1524. 



F I G . 9-13.—The SCR-584 antiaircraft antenna mount with 6-:l •j nf Ch'ijulir ("nriio-ntitin.) 
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of a two-phase sine-wave generator whose armature rotates with the 
spinning antenna feed. 

In order to bring power to the elevation and spin motors and to bring 
the elevation and spin data down to the indicator and servo circuits, 48 
slip rings are provided concentric with the azimuth axis. The transmis
sion line is coaxial. It runs from the transmitter up through the hollow 
azimuth shaft, in which there is an r-f rotary joint; thence into the hollow 

elevation shaft, where a second rotary joint is provided; and then into 
the reflector at its vertex, where it passes through the hollow shaft of the 
sine generator, a high-speed rotary joint, and the hollow shaft of the spin 
motor. In order to exclude moisture, the entire line, including the three 
rotary joints and the feed, is pressurized to about 5 lb/in.2 The mount, 
weighing some 2200 lb, is installed on an elevator in the trailer and so may 
be raised for use or lowered into the trailer for stowage. 

The AN/TPS-10.—A second antenna mount of interest is that of 
AN/TPS-101 (Fig. 9-14), a radar intended for detecting airplanes and 
determining their altitude, especially in mountainous terrain. Although 

1 War Department Technical Manual TM 11-1568. 
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it may be mounted and used on two trucks, this set is more commonly-
based on the ground. As mobility requires, the mount is easily assembled 
and disassembled in the field, and only four of its parts exceed 80 lb in 
weight. 

The antenna, a paraboloid made of a grid of curved 3^-in. tubes, is 
trimmed to an oval contour 10 ft high by 3 ft wide. The beam is there
fore of a "beavertai l" shape and since the radiation is at the 3-cm band, 
the beam is 2.3° wide in azimuth and 0.7° wide in elevation. The polar
ization is vertical. In the height-finding function the beam scans in 
elevation between 2° below and 23° above the horizontal at a manually 
controlled azimuth. For search purposes the azimuth motion may be 
motor-driven at 4° per sec, either boxing the compass or scanning a sector. 
This azimuth rate cannot be exceeded if successive sweeps in elevation are 
to cover without gaps all portions of the zone being scanned. The 
"oscillating beavertail" scan which results is, however, rather slow for 
search, and this function is sometimes relegated to another set with which 
the AN/TPS-10 may form a team. 

The main bearing of the mount is a roller-ring bearing, defining the 
vertical axis of the pedestal. On the turntable are mounted the antenna 
and the elevation drive, consisting of motor, gear reduction, crank, and 
connecting rod. The turntable also supports the pressurized modulator 
and its controls, the pressurized r-f head, and the power supply for 
the receiver. The r-f head is so mounted in order to eliminate the 
need for an azimuth rotary joint, and the other components named are 
so mounted in order to reduce the number of slip rings on the azimuth 
axis. » 

Long Range Ground Radar. The system now to be described was 
designed for microwave early warning and surveillance of enemy aircraft 
and the control of friendly aircraft. Two antennas (Fig. 9-15), usually 
back-to-back on a single mount, characterize this set. One is for long-
range low-angle coverage and the other, radiating a fan beam, covers 
higher elevations. The set can detect single heavy bombers to above 
30,000-ft altitude and 200-mile range, provided the aircraft are above the 
horizon. The antennas are similar in that each has a shaped cylindrical 
reflector 25 ft long, in 11 sections, fed by a linear array of dipoles at the 10-
cm band and forming a beam 0.9° wide in azimuth. The waveguide trans
mission line is weatherproof, the array being housed in a Plexiglas cover. 
The antennas are different in that the low-angle reflector is 8 ft high and 
parabolic in vertical section, its radiation vertically polarized; whereas 
the high-angle reflector is 5 ft high, of an empirically determined shape 
producing an approximately cosecant-squared beam, and its radiation 
horizontally polarized. 

The reflectors are not perforated for the reason that the small amount 
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of energy which would penetrate straight through would still be focused 
in azimuth and so would cause spurious signals. A solid construction is 
therefore typical of shaped cylindrical reflectors. Paraboloid reflectors 
need not be solid, since the radiation leaking through them from the point 
antenna feed is not focused and cannot cause sharply denned false echoes. 

The antennas rotate about a \ertical axis at 2 or 4 rpm, together with 
their respective transmitters and common modulator. There is no ele-

F I G . 9-15.—Long-range microwave antenna mount with two 25-ft cj'lindrical reflectors. 

vation control of the beam except for initial adjustment at the time of 
assembling in the field. No r-f rotary joints are necessary in the wave
guide transmission lines. Slip rings are required around the azimuth 
axis in order to carry 60-cps power, control voltages, and video signals. 

Although weighing 6 tons, the ground-based version of this mount 
can be disassembled and stowed on trucks in 4 hr. The truck-mounted 
version is illustrated. The mount has operated in winds up to 80 mph, 
and the design is such that 125-mph winds should not cause damage. 

The AN/APS-10.—In spectacular contrast with the foregoing is the 
more recent of two alternative scanner designs for the AN/APS-10 
navigational radar (Fig. 916) ; it is airborne and weighs about 13 lb. 
The antenna is a paraboloid 18 in. in diameter, fed at the 3-cm band by a 

file:///ertical
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horizontally polarized dipole feed (cf. Fig. 9-5) at its focus. The beam-
width in azimuth is about 5°. The lower portion of the paraboloid is 
distorted as in Fig. 9-10b, so as to reflect a portion of the energy downward 

FIG. 9-16.—The AN/APS-10 airborne navigation scanner with an 18-in. reflector. {Courtesy 
Houston Corporation.) 

to illuminate the foreground. This fan beam is approximately cosecant-
squared between 5° and 30° depression angle when the antenna is at its 
normal attitude. In order to raise or lower the beam the radar operator 
may tilt the antenna up or down a few degrees at will by energizing a 
small motor, contained within the scanner base, which pulls a light steel 
cable attached to the reflector. The waveguide transmission line is 
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pressurized all the way from the transmitter-receiver unit through a 
flexible section to the scanner, the azimuth rotary joint, and the tilt 
joint to the feed, which is enclosed in a hollow Styralloy ball. Parts of 
the waveguide are made of nickel electrodeposited on a die-cast form 
which is subsequently melted out. The scan is circular, at 30 rpm. 

h o . *J IT. Th<_* AN, AI'.̂ -O spiral ^caiin'-1!. i/V-, ■■\*:/ <</ l)nht,.i Victor M anufacturing Com
pany.) 

This scanner has an unusual feature which allows the main axis to be 
adjusted to a vertical attitude despite changes in the angle of attack of 
the airplane. This pitch adjustment is electrically driven and remotely 
controlled by hand. A second unusual feature is the nature of the r-f 
elevation joint, which allows the beam to be raised or depressed from its 
normal attitude. This is merely a choke-to-flange coupling, similar to 
the rigid coupling commonly employed (See Sec. 11-3), except that the 
flange is slightly beveled so as to allow +9° relative motion. This 
"wobble joint" is enclosed in a flexible airtight tube. 

The AN/APS-6.—The AN/APS-6 system imposes unusual require
ments on the scanner (Fig. 9-17). This radar is used for airborne detec
tion of aircraft under blind conditions, and therefore requires a search 
over a solid angle in the forward direction. The beamwidth is about 5°. 

The scan is spiral, and one turn of the spiral is described in ^ sec, 
which causes the plane of polarization to gyrate at this speed. The beam 
is made to spiral outward from 0° (straight ahead) to 60° and back again 
in 2 sec by the nodding of the antenna in relation to the yoke which forms 
the forward end of the horizontal main shaft. By throwing a switch the 
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operator can halt the nodding of the antenna, which then executes a 
conical scan to permit accurate homing. A single motor, rated at 600 
watts mechanical output, provides power for the nod and spin motions. 
The data take-offs are a 2-phase sine-wave generator for the spin angle 
and a potentiometer for the nod angle, both being mounted on the main 
gear case to obviate the need of slip rings. The gear case is unusual in 
airborne practice in that it is oil-filled. Two r-f rotary j oints are required, 
one on the spin axis and one on the nod axis. 

A difficult problem in dynamic balance is presented by this scanner. 
The difficulty arises from the fact that the fast (1200-rpm) rotor must 
be in good balance for all attitudes of the antenna which is supported 
thereon. In order to effect balance a special procedure has been evolved 
whereby the correct number of standard lead weights may be attached 
to each of eighteen points provided on the antenna and the main shaft. 
A special type of balancing machine has been produced for this purpose. 

ELECTRICAL SCANNERS 

B Y C. V. ROBINSON 

No radically new principles are embodied in the mechanical scanners 
discussed in the previous section. By contrast, the electrical scanners 
to be discussed in the following sections have many novel features of 
fundamental design and so merit a more thorough discussion. 

9-13. The AN/APQ-7 (Eagle) Scanner.—The AN/APQ-7 (Eagle) 
high-resolution navigation and bombing equipment was developed at 
Radiation Laboratory; Bell Telephone Laboratories carried through the 
production engineering.1 

The antenna developed for this equipment produces at the 3-cm band 
a horizontally polarized beam of radiation which has a width of 0.4° to 
0.5° in azimuth and is shaped in elevation to give an approximately 
cosecant-squared coverage down to 70° angle of depression. The beam 
scans a 60° azimuth sector in -f sec, or 1 to-and-fro cycle in l£ sec. The 
range of the Eagle system for ground-mapping is about 50 miles. 

The antenna is a slender linear array 16 ft long, which fits into a 
streamlined housing (vane) hung laterally beneath the aircraft that uses 
it (Fig. 9-18). The body of the array consists of a fixed 16-ft extruded 
aluminum channel and a movable 16-ft aluminum plate which together 
form a guide of variable width (Fig. 9-19). A row of 250 dipole radiators 
is mounted in the fixed channel in such a way as to draw power from the 
guide formed by the two long aluminum members. A mechanism varies 

' L . W. Alvarez, "Microwave Linear Radiators," RL Report No. 366, June 30, 
1942; R. M. Robertson, "Variable Width Waveguide Scanners for Eagle and GCA," 
RL Report No. 840, April 30, 1946. 
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the guide width (and thereby the wavelength in the guide)1 periodically; 
this, in turn, varies the effective dipole phasing and moves the beam in 
azimuth. 

F I G . 9 1^ \ \ APQ-7 antenna housing on a B-24. 

F I G . 9-19-—View of AN/APQ-7 scanner showing dipoles. 

If all the dipoles are excited in the same phase, the beam is broadside 
to the array and directed straight ahead of the aircraft. With the dipole 
spacing actually used, this occurs when the inside width a of the guide 
is 1.200 in. Let us assume that the energy is propagated in the wave
guide from left to right. Then, as the guide is narrowed to 0.660 in., 
the beam moves 30° toward the left, that is, in the backfire direction. 

'See Sec. 11-3. 
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If the waveguide carries the energy from right to left, the scan extends 
for 30° to the right of the center line of the aircraft. By feeding r-f power 
into the ends of the array alternately, a total scan of 60° is realized. 
This alternate-end technique is always used in practice with the Eagle 
scanner; it is accomplished with the aid of a fast-acting r-f switch which 
operates synchronously with the guide-squeezing mechanism. 

The azimuth beam angle 6 is related to the guide width o, the dipole 
spacing s and the free-space wavelength Xo by the formula 

Here 6 is positive in the end-fire direction. 
No provision is made for tilting the beam in elevation. Fixed 16-ft 

aluminum flaps (Fig. 9-19) above and below the array serve to shape the 
beam in elevation to a roughly cosecant-squared distribution. 

FlQ. 9-20.—Back view of part of AN/APQ-7 scanner, showing toggles. 

The fixed aluminum channel, which measures about 2f in. by 5f in. 
by 16 ft over all, is first extruded, after which the critical surfaces are 
machined. The plate is similarly manufactured. The plate is linked 
to the channel by a system of 10 pairs of toggles and a tie rod, as shown 
in Fig. 9-20. A cam actuates the motion of the plate, while the linkage 
holds the a dimension uniform along the variable waveguide. To one 
of the toggles is attached a cam so cut as to drive a synchro data take-off 
through an angle equal to 6. 

The chokes shown in the channel and in the plate serve to prevent 
leakage from the varying guide so that the loss due both to the finite 
conductivity of the waveguide and to the leakage past the long choke 
is kept down to about •£ db /m during most of the scan. Although the 
wavelength in the guide is nearly that which would be indicated by the a 
dimension, small corrections must be allowed for the chokes and for any 
variation of the clearance between the channel and the plate at the 
chokes. For this reason the b dimension is maintained to a close tolerance 
by means of rollers constraining the movable plate (Fig. 9-21). I t has 
been found very profitable to adjust variations in the effective guide 
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width (or the phasing) by means of screw adjustments on the toggles of 
the squeeze mechanism. The o dimension is adjusted within a few 

F I G . 9-21.—End view of AN/APQ-7 scanner. 

thousandths of an inch as measured by an inside micrometer, after which 
the antenna is set up and its gain maximized by adjustment of the toggle 

screws. 
All the dipoles shown in Figs. 

9-19 and 9-22 are horizontal and 
therefore radiate energy polarized 
horizontally; but alternate dipoles are 
reversed end-for-end in assembling 
the array. The spacing between 
the centers of adjacent dipoles is 
one-half the guide wavelength when 
the guide is 1.200 in. wide. There
fore in each adjacent pair the dipoles 
are excited in phase opposition; but 
because of the reversal of one of them 
they radiate in phase, producing a 
broadside beam. If alternate di
poles were absent the beam would 
still be formed, but would be ac

companied by other strong beams comparable to undesired orders of dif
fraction from an optical diffraction grating. As it is, the side lobes are 
from 2 to 5 per cent as intense as the main beam. 

143' ID 

F I G . 9-22.—Construction of dipoles used 
in AN/APQ-7 antenna. 
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A~-1 

The transmission line is a waveguide ending in a choke flange attached 
to the channel at the pad shown in Figs. 9-19 and 9-21. The transition is 
matched by means of the jog transformer1 illustrated in Fig. 9-23. The 
transmission line contains the r-f switch mentioned above and sketched 
in Fig. 9-24. I t is at the intersection of 
four waveguides. When the vane of the 
switch is at one of its 45° positions the 
energy is directed through the array in 
one direction and that 5 to 10 per cent of 
the energy which is not radiated is 
routed into a matched load. At the 
middle of the 60° scan the vane is flipped 
within 0.05 sec into its other 45° position 
and the energy flow in the array is 
reversed. 

Of the many significant facts that 
have emerged in the study of the prop
erties of the Eagle array, two are worth 
emphasizing. One is that practically all 
defects in the azimuth pattern of such 
a long array are caused by phase errors 
and not by departures from the desired 
partition of energy among the dipoles; 
the other is that random phase errors over 
lengths corresponding to a few dipoles are 
negligible when compared to systematic 
phasing errors. 

The production scanner weighs 165 lb; 
the housing vane weighs 247 lb, including 
the gear box and motor. Thus the entire 
assembly, exclusive of the two mounting 
struts, weighs 412 lb. 

9-14. Schwarzschild Antenna.—It is known (Sees. 9-3 and 111) that 
energy may be propagated in the space between flat parallel sheets of 
metal. In this and the two sections following we shall discuss electrical 
scanners in which curved parallel plates are used. In each scanner the 
plates are straight along one side; the microwaves escape from the 
straight gap between the plates on this side and then illuminate a para
bolic reflector. The electrical scan is a periodic time variation in the 
direction of the energy falling upon the reflector. The antenna2 about 

1 R. M. Robertson, loc. cit. 
2 H . A. Straus, "Brief Description of AN/TPG-1, AN/FPG-1, SCR-598," RL 

Report No. 456, Oct. 8, 1943; also War Department Technical Manual TM 11-1566. 

FIQ. 9-23.—Jog transition from 
the rigid to the expandable guide. 
The latter is shown when narrow at 
a and wide at b. A section through 
A-A is shown in Fig. 9-21. 
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to be described was developed for the 3-cm band to provide coastal 
defense batteries with accurate target position and "splash-spotting" 
data for fire control. An azimuth beamwidth of 0.55° and a short pulse 
(T jisec) make accurate tracking possible in both azimuth and range. 
The sector that is rapidly scanned is 10° wide and the center of this sector 
may be swung to any azimuth position for search purposes. 

Externally the scanner consists of a mount, which ordinarily rests on a 
tower platform; the antenna housing, 143 by 56 by 27.5 in., constructed 

6k> 

Antenna 
(right 
end) 

M^-

V i» 5" 
1 4 X 8 w a v e 8 u i d e 

F I G . 9-24.—Detail of AN/APQ-7 r-f switch. 

of plywood; and the copper-coated plywood reflector, 2 by 12 ft, hinged 
to the deck of the housing (Fig. 9-25). The reflector is a half parabolic 
cylinder of 1-ft focal length, and is fed by the 11-ft by 1.4-in. linear 
aperture of the enclosed portion of the antenna to produce the beam 0.55° 
in azimuth by 3° in elevation. Terminating in this aperture is a long 
"horn," a parallel-plate region of copper-coated plywood, folded as in Fig. 
9-26. The conducting surfaces are spaced \ in. apart and increase in 
width from about 2 ft at the edge A A to about 11 ft at the edge BB. 
This horn extends over a length of about 12 ft and is folded three times. 
The feeding edge AA of the parallel plates consists of a boundary which 
forms a 90° arc, 14^ in. in radius. Radiation is fed into the parallel 
plates between these flanges by four feed horns, each 2 in. wide, with 
suitable chokes meeting the flanges. The four horns are mounted on 
four radial waveguides which are fed at their intersection by a four-way 
r-f sector switch (Fig. 927). This switch consists mainly of a rotary 
joint1 which terminates in four waveguides F at 90° to each other. These 

•See Fig. 11 13. 
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arms rotate at 240 rpm, as do the four arms H which support the feed 
horns. They remain in the angular relation shown. Between the two 
sets of arms is a stationary ring with a 105° window through which 
energy may pass into whichever feed horn is opposite the feeding edge 
of the folded horn. When the horns and switch are rotated the effect 
is to cause the beam of the antenna to scan a 10° azimuth sector each 

Fio. 9-25.—Perspective of horn, reflector, and feed of Schwarzschild antenna used in 
A.N/MPG-1. 

time a horn runs its 90° course. Since about 10° of the 90° are lust in 
switching, we can think of the parallel-plate region as effecting an 8-to-l 
optical reduction from the 80° scan of the broad-beamed primary horn 
to the 10° scan of the very sharp antenna beam. 

The transformation of the moving feed horn into the scanning beam 
is made by means of two double-curved bends CC and DD in the parallel 
plates (Fig. 9-26). Although one parabolic bend CC would serve to 
collimate the primary radiation and provide a sharp beam on axis, two 
bends may be so designed as to correct for coma and thus give a good 
beam off axis as well. The theory of two-mirror telescopes was used to 
calculate the bends for the Schwarzschild antenna. The cylindrical 
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bend EE near the aperture has no optical effect and was introduced for 
the sake of compactness. A plastic closure prevents moisture from 
entering the horn at the edge BB. Accurate wood-working makes possi
ble the use of plywood construction which is preferable to aluminum in 
weight and ease of manufacture. 

The drive motor runs at 1725 rpm and is connected by a 7-to-l gear 
reduction to run the rotor about 4 rps. The azimuth data transmitter 
is a capacitive voltage divider connected to a high-frequency oscillator. 

F I G . 9-26.—Successive steps imagined in folding the Schwarzschild horn. 

The voltage developed across one of the condensers is detected and 
applied to the indicator. This condenser is of the variable rotary type 
and is driven a t 16 rps, i.e., one revolution per scan. 

The antenna is mounted on the vertical axis of the mount used for 
the SCR-584 antenna, with certain alterations. 

Approximately 100 plywood antennas were constructed during the 
war. The production models that saw service showed no deterioration 
over a period of one year. 

9-15. SCI Height Finder.—This antenna is intended for use in rapid 
coverage height-finding.1 I t is one of a pair of antennas (Fig. 9-28) 
mounted on the same pedestal and rotating together in azimuth at 4 
rpm. The other antenna is used for long-range search and azimuth 

1 C. V. Robinson, " T h e SCI Rapid Scan Height-finding A n t e n n a , " R L Repor t 
No . 688 
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determination. The height-finder beam, at the 10-cm band, is 3.5° in 
azimuth by 1.2° in elevation, and scans linearly one way for 10.5° in 
elevation from the horizon up, ten times a second. It makes continuous 
height-finding possible on small aircraft out to 50 miles, and farther on 
larger planes. 

outer arm 

F I G . 9-27.—Four-way r-f switch used in the A N / M P G - 1 . 

The principal elements of the antenna are a 5- by 15-ft grating reflec
tor which stands on end, an 8- by 2- by 1-ft convoluted parallel-plate 
horn whose aperture is 5 ft from the reflector, and a rotating waveguide 
feeding the horn. The feed, which does not show in Fig. 9-28, is driven 
by a motor in the box attached to the horn. The parallel-plate horn 
serves to transform the circularly moving waveguide feed into an appar
ently linearly moving source. The beam scans 10.5° in elevation for 
each rotation of the guide. 

The principle may be better understood by considering a simplified 
antenna which consists of a reflector and parallel trapezoidal plates with a 
long flared base "illuminating" the reflector; the plates are fed with 
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perpendicularly polarized waves by a waveguide at the small base (Fig. 
9-29). As the waveguide feed horn is moved from top to bottom, the 
beavertail beam scans from minimum elevation angle to maximum. The 

FIG. 9-28.—The three-axis antenna mount of the SCI radar. 

principle is the same as moving the feed in an ordinary paraboloid reflec
tor. The reflector for this antenna is not paraboloidal, however, but is 
astigmatic, having different focal lengths in the horizontal and vertical 
planes because the points of divergence of the rays in the feed differ in 
the two planes. 
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In actual fact, the feed horn moves, not linearly, but circularly. The 
rotating feature is achieved by folding and bending the trapezoidal plates, 
keeping them parallel with a minimum of stretching, in such a way that 
the feed base is rolled into a complete annular aperture while the flared 
base is held straight. Figure 930 illustrates how this can be done with a 
single trapezoidal sheet. Various additional mechanical and electrical 
complications appear when a two-sheet metal horn is made in this shape, 
but the convoluted parallel-plate region has substantially the same optical 

Trapezoidal parallel plates 

Moving feed horn 

Feed base 1.2° Beamwidth 

Flared base 

Vertex Reflector 

FIG. 9-29.—Simplified SCI height finder, side view. 

properties as the trapezoidal plates before rolling. When the rotating 
guide feeds into the annular aperture of the horn, the beam describes a 
linear " f ro " scan in elevation. The feed position marked 0 in Fig. 9-30 
gives a beam on axis. When the feed is in the neighborhood of the cross
over point (about \ of the time required for one complete scan) the signal 
is ambiguous because there are two beams. 

The parallel-plate assembly consists of two fabricated aluminum 
surfaces spaced f in. apart, each consisting of a cast and machined center 
portion which supports a ribbed sheet metal "wing" section above and 
below. Specially designed steel posts are used to help maintain the 
spacing between these surfaces without ill effect on the electric waves. 
The rotary waveguide feed was made radial for compactness, resulting in 
the arrangement of the horn, chokes, and annular aperture shown in 
Fig. 9-31. The absorbing septum shown in this figure was introduced to 
reduce the amount of ambiguity caused by a double beam and to improve 
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the impedance match in this angular region by absorbing such radiation 
as may try to leak across that region as the horn approaches. 

9-16. Other Types of Electrical Scanners.—Probably the first electri
cal scanner to be used, developed by Bell Telephone Laboratories, operates 

This triangular 
area remains flat Fold line 

. Cylinder elements 

D 
Line source of 

radiation 

Circular feed ~ W 
locus Feed position, 0, 

for beam on axis 
F I G . 9-30.— Illustration of trapezoid before, during, and after rolling. 

Absorbing 
septum 

Fio. 9-31.— Detail of radial feed horn. 
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at about 10 cm and produces a beam 2° in azimuth by 6.5° in elevation, 
which scans 29° one way in azimuth 10 times per second. The antenna 
radiates by means of an array of 3 by 14 polyrod radiators (Fig. 9-32). 
Each of the 14 vertical rows of 3 elements is phased as a unit and the 

F I G . 932.— Array of end-fire polyrod radiators. 

FIG. 9-33.— Cutaway section of eccentric line scanner. 

units are phased linearly by a row of rotary phase shifters, each of which 
adds 720° of phase per revolution. 

An interesting array-type antenna which reached a highly developed 
experimental stage is the Long Range, Aircraft to Surface Vessel, LRASV, 
corrugated coaxial line array. This antenna was designed to be used 
with a 10-cm system, mounted as a long array feeding a reflector along 
the side of an airplane, giving a beam 0.8° by 9° for long-range search. 
The array, shown in Fig. 9-33, consists of a 15-ft coaxial line whose outer 
conductor is pierced with radiating slots spaced at intervals of 2\ in., 
which is less than the wavelength. The inner conductor consists of a 
i-in. shaft on which are many A-in. diameter eccentric disks which serve 
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to make the wavelength less in the line than in free space. This shaft is 
displaced from the axis of the outer conductor and supported by bearings 
at 10-in. intervals so that it can rotate. As the inner conductor turns, 
the wavelength in the line varies, causing the beam to scan 6.5°. Larger 
scans by this method are quite feasible. 

Another rolled parallel-plate scanning antenna, similar to the type 
described in Sec. 9-15 in the respect of having a single rotary waveguide 
feed, and also capable of rapid scan, has been developed. The equiva-

Moving waveguide horn 

Wave fronts 
(a) (« 

F I G . 9-34.—Reflector roll scanner. 

lent simple antenna is a polystyrene lens placed between parallel trape
zoidal conducting plates and fed by a waveguide at one edge of the plates 
(Fig. 934a). Moving the guide tilts the beam. A conducting reflector 
strip is placed between the plates in such a way that the waveguide feeds 
the lens from an adjacent edge of the plates (Fig. 9-34b). I t is now 
possible to roll up plates and reflector strip in such a way that the feed 
path is annular. This type of roll is ordinarily simpler to build than the 
one described in Sec. 9-15. 

In general it can be said that antennas of the array type (Eagle and 
LRASV) are compact but that the beam position depends on the fre
quency, while antennas of the parallel-plate type (for instance, Schwarz-
schild, SCI) have a beam position independent of frequency but have 
more bulk and weight. Thus, the array has found use in airborne work 
and mobile equipment, while the others tend to be used in ground and 
ship equipments. 

THE STABILIZATION PROBLEM 
Airplanes and ocean vessels are unsteady bases from which to make 

observations by radar or by any other means. It has been necessary to 
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devise means of compensating for the angular motions of such vehicles, 
and this practice is known as stabilization.1 The technique falls into 
two broad divisions, depending on whether the beam of radiation is 
stabilized, or the data displayed on the indicator are stabilized or cor
rected for the distortions caused by a tilting vehicle. 

In general there is no choice between the two types of stabilization. 
If the vehicle rolls or pitches to such an extent that its search radar no 
longer scans the desired part of the field of view, beam stabilization is 
necessary. This will prevent targets from fading from the indicator; if 
they are then indicated, but at a false position, data stabilization becomes 
a concurrent need. If the vehicle momentarily changes heading (yaws) 
while on a certain course, the relative azimuth of targets will momentarily 
alter; the consequent aberration of the display can be, and has been, cor
rected by either type of stabilization. Either sort of stabilization 
requires the vehicle to carry gyroscopes or other devices which are sensi
tive to direction in space and "know" the direction of north or up. 

There are several ways of more or less completely mechanizing the 
stabilization of the beam. The most obvious and perhaps the most 
elegant is to provide a stable base for the scanner. This may be a plat
form mounted on gimbals and controlled automatically to compensate 
the pitching and rolling of the vehicle. If the vehicle rolls much but 
pitches little, the pitch-gimbal axis may be omitted, and the stable-base 
stabilization degenerates into roll stabilization. 

A very different method of beam stabilization is possible in a scanner 
having its main axis always perpendicular to the floor of the vehicle. 
Use is made of the tilt axis of the antenna to the end that the antenna is 
automatically directed toward the horizon, or to whatever angle above or 
below the horizon is desired. The line of sight is thereby stabilized. 

9-17. Stabilization of the Beam. Airborne Antenna Stabilization.2— 
Antenna stabilization for airborne radar is a scheme to preserve the same 
conditions of radiation illumination in nonlevel flight as in level flight. 
This is necessary to prevent (1) uneven illumination of the area being 
scanned, (2) loss of radar range, or (3) distortion of the PPI presentation. 
Stabilization equipment must be designed and constructed to stabilize 
the beam of radiation, whether it be pencil or fan, against any maneuver 
of the aircraft such as a climb, a glide, or any combination thereof. This 
must be accomplished with components that are not affected by the 
various accelerations, attitudes, or vibrations which might be encoun
tered in turns, climbs, glides, or banks. 

A stabilizer may generally be broken down into three main com
ponents: the gyroscope with its potentiometer or synchro take-offs, the 

1 The theory and methods of stabilization are discussed in Vol. 26 of this series. 
2 By F. B. Lincoln. 
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servoamplifier, and the follow-up system which includes the servomotor, 
the gear train or linkage system, and a take-off actuated by the con
trolled member. The gyro may be mounted on the rotating scanner or 
remote from the scanner, using slip rings and resolvers to take off the 
required error information. The error is fed into a servoamplifier whose 
output operates the servomotor which in turn aligns the antenna with 
the horizontal through a gear train or linkage system. 

The gyro should preferably have either a two-speed erection mecha
nism or a device to disconnect the erection mechanism when the aircraft 
goes into a turn. In a turn the gyro rotor tends to align itself with the 
resultant of the true gravity and the centrifugal force caused by the 
acceleration in the turn, instead of with true gravity alone. This can be 
minimized or eliminated by using a two-speed erection mechanism, or by 
employing an electromagnetic clutch to throw out the erection system 
entirely in turns. 

Continuing the general classification previously referred to, stabilizers 
may be further typed as stable-base, roll, or line-of-sight, depending on 
the stabilization compensation afforded. 

The stable-base stabilizer, as the name indicates, provides complete 
stabilization of the platform upon which the antenna is mounted. This 
requires use of a two-axis gyro transmitter to provide alignment or error 
information for both roll and pitch axes. The gyro is usually mounted 
remotely from the antenna structure in this type. In addition two 
separate servoamplifiers and follow-up channels are required, one for the 
roll-error component and one for the pitch-error component. Although 
this provides complete stabilization, the weight of the components usually 
appears excessive so that another type is preferable. 

The roll stabilization referred to is stable-base stabilization with the 
pitch channel removed. This requires a single-axis gyro transmitter for 
the roll axis, and but one servoamplifier and follow-up channel. Roll 
stabilization would be appropriate in large aircraft for which the pitch 
component might be negligible or tolerable. In deciding between a roll 
and a platform stabilizer the accuracy requirements must be balanced 
against the weight added by the pitch channel. 

The line-of-sight method is one which maintains the axis of the beam 
of radiation in a horizontal position or a fixed angular distance above or 
below the horizon as the antenna rotates, scanning the horizon. This is 
done by automatically tilting the antenna about an axis perpendicular to 
the plane of the beam and parallel to the floor of the aircraft. Figure 9-35 
shows the stabilizing attachment, AN/APA-15, mounted for photographic 
test on the scanner of the AX/APS-2 circular-scanning radar. The black 
tubular construction of the scanner yoke can be seen, together with the 
silver-plated £-in. coaxial transmission line. The 29-in. paraboloid has 
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been removed from the gently curved support casting, which can be seen 
supported between the tilt bearings at the tips of the yoke. A table 
clamped to the yoke supports the gyro-torque unit and a servoamplifier. 
The gyro is mounted in gimbals and is provided with one synchro take-off 

elevation dnve 

FIG. 9-35.—A stabilizing attachment mounted on an airborne scanner. The reflector has 
been replaced by a camera for test purposes. 

at the gimbal axis parallel to the tilt axis. A synchro is also located at 
the output crankshaft of the torque unit. The servoamplifier essentially 
amplifies the algebraic difference between the voltages from these take-
offs, and thus actuates the motor in the torque unit to assure alignment 
between the output shaft and the gyro. The output shaft is linked to the 
paraboloid support by a rod seen at the bottom of Fig. 9-35. When there 
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is a misalignment between the beam axis and horizontal, the synchros in 
the gyro-torque unit transmit the error to the amplifier, a phase-sensitive 
detector whose output controls the servomotor, which in turn causes the 
linkage system to tilt the antenna up or down until the beam axis is again 
horizontal. Because the gyro is mounted on the scanner, it is liable to 
the precession caused by the inertia of the supporting gimbal system. 
Under some conditions this precession causes the gyro to indicate a false 
vertical, thus producing serious errors in the stabilization system. 

Although in the above example the gyro is mounted on the rotating 
yoke, the effects of precession are avoided in the most recent designs 
by mounting the gyro on the airframe and providing a take-off on each 
gimbal axis. A voltage indicating the correct tilt angle is fed to the 
servoamplifier. A special rotary inductor mounted on the scanner base 
provides this voltage, which it computes as a function of the antenna 
relative azimuth and the roll and pitch voltages from the gyro. 

As previously discussed, the purpose of antenna stabilization is to 
preserve range performance by assuring constant illumination in non-
level flight as in level flight. In considering the accuracy requirements 
various factors must be compared, such as beam shape and operational 
use contemplated for the radar. If a pencil beam moves up or down 
because of maneuvers of the aircraft or poor stabilization, the scope 
signal will fade. Quantitatively, if a beam moves up or down by one-half 
its beamwidth, it can be shown that the set will suffer a range reduction 
of 29 per cent. The range will be reduced 10 per cent if the beam varies 
from the stabilized position by 0.28 beamwidth and by 5 per cent if the 
beam varies 0.19 beamwidth. As a range reduction of 10 per cent is 
considered the maximum allowable, it can be seen that the beam must be 
stabilized so that it remains within 0.28 beamwidth of a completely 
stabilized position. The adequacy of the above calculations has been 
verified by rough observations in flight. Beam stabilization in current 
airborne navigation radars should be accurate within about ± 1.3°, 
depending on the set, lest range performance suffer noticeably. 

In practice it is quite difficult to realize stabilization accuracies high 
enough to satisfy the foregoing tolerances for the various types of beams 
and radars. This is principally due to the early stage of airborne stabili
zation development and the stringent weight requirements on airborne 
gyroscopes. Current developments should lead to more highly accurate 
lightweight airborne antenna stabilization. The present static accuracy 
of airborne gyros ranges from ± i ° to + i ° . However, errors of from 
1° to 5° may occur if the erection mechanism is not cut off in a turn. 
This error is a function of the duration of the turn. 

Shipborne Antenna Stabilization.—In recent practice the stabilization 
of airborne ground-mapping antennas is by the line-of-sight method, in 
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which the scanner has two degrees of freedom, corresponding to the train 
(azimuth) and elevation axes. In shipborne radar it has become evident 
that for certain applications a third axis should be added to ensure a true 
and undistorted display of the radar signals. The nature of these dis
tortions will be clear from the following considerations. When a ship 
and its two-axis antenna mount are rolled to the right and the elevation 
axis momentarily set athwartship 
so that the antenna is looking for
ward, if the elevation angle of the 
beam is varied the beam thereupon 
describes on the sky the arc of a 
great circle which is not vertical 
but which is inclined toward the 
right. All airplanes detected on 
this arc will be indicated as dead 
ahead, since the train axis is ori
ented to this position. This indi
cation is of course false, and the 
two-axis mount therefore imper
fect in principle. 

The computer described below 
provides correction for distortion 
of this type. Such correction is, 
however, inapplicable if the radiation is a vertically fanned beam or a 
pencil beam which must oscillate rapidly in a vertical plane. 

The inadequacy of two-axis ship antenna mounts for certain applica
tions can be corrected by the addition of a third degree of freedom, cor
responding to the cross-level axis. This axis is supported by the train 
axis and is set parallel to the deck; the elevation axis is mounted on it at a 
right angle. By means of this new degree of freedom a servomechanism 
holds the elevation axis level in respect to the horizon. The axes of this 
three-axis mount are commonly designated as the " t ra in ," "cross-level," 
and "level" axes. A mount of this type affords freedom from the dis
tortion of the display occurring when a two-axis mount is used. It has 
the added virtue that it can follow moving targets above 45°, which with 
a two-axis mount would require impracticably great servo rates. Weight 
considerations have prevented the development of three-axis scanners 
for airborne use. 

We have mentioned a distortion in the display of an elevated target 
observed from a rocking ship. A closely related distortion in bearing is 
present even for surface targets: the deck-tilt error. Its origin is made 
clear by an example, Fig. 9-36, which represents a ship heading north 
toward the reader, listing to starboard. The circle represents a large 

F I G . 9-36.—Deck-tilt error. The arc HB, 
which is the bearing of the beam, is greater 
than the arc HA, which is the bearing as in
dicated if deck-tilt error is not compensated 
MBA represents a meridian on a sphere. 
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sphere with the antenna imagined at its center. All lettered points are 
on the sphere: Z is the zenith, M is the prolongation of the mast, and H 
is the ship's heading. If the antenna is not stabilized, its pencil beam will 
at some instant be directed toward A below the horizon. The indicator 
will then show an angle measured by the arc HA. If the beam is stabi
lized by a two-axis mount, it will at that instant be at the point B where 
the great circle AM intersects the horizon; since HB exceeds HA the 
indicator will report the position of the beam falsely. If the beam is 
stabilized by a three-axis mount, it will be directed toward C; the indica
tion is again false since HC is less than HA. Thus either of these types 
of stabilization results in a distortion of the bearing of targets on the 
horizon. 

A recent successful device for the stabilization of shipborne antennas 
includes computers and an associated gyroscope, and is located wi. hin the 
ship. The principal components of the stable vertical gyroscope are a 
gimbal system so supported that the outer and inner gimbal rings tilt 
respectively about the roll and pitch axes of the ship, a second gimbal 
system supported by and within the first, and the gyroscope wheel sup
ported in the second gimbal system. The wheel axis seeks the vertical 
because of a pendulous magnet carried by a third gimbal system, and 
compensation is provided in the gyroscope for the effect of ship's turns or 
changes of speed. 

The second gimbal system is held parallel to the plane of the gyro 
wheel, that is, horizontal, by means of a servomechanism; and from this 
gimbal system two push-rods extend upward and provide roll and pitch 
inputs to the mechanical computer located immediately over the gyro 
unit. The force to move these rods is provided by the servomechanism 
rather than by the gyro itself. In addition to roll and pitch, the desired 
angular position of the beam in space is fed to the computer as another 
mechanical input provided by a servomechanism. The ct nputer is 
kinematically equivalent to a small replica of the antenna mount which 
is to be stabilized. The outputs are the deck-tilt correction and elevation 
angle for a two-axis mount, or deck-tilt correction and level and cross-
level angles for a three-axis mount. They are mechanical but are converted 
to voltages by means of synchros, and control the servomechanisms 
which actuate the motors for the three axes of the mount. 

More than one computer located on the gyro unit can be actuated 
simultaneously, making possible the simultaneous stabilization of more 
than one antenna. No computer is needed in stabilizing stable-base 
mounts, since roll and pitch data are furnished directly from the stable 
vertical. 

Returning for the moment to generalities, two alternative methods 
are at hand by which the deck-tilt correction can be effected. One is to 
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let the antenna scan uniformly during search and to control the deflecting 
coil of the indicator to correct the deck-tilt error. This is a species of 
data stabilization; it is not commonly used. The other cure for the 
deck-tilt error is to drive the azimuth sweep of the radar indicator at a 
constant rate during search and to control the train angle of the antenna 
by means of a computer and servomechanism. As we have seen, it is one 
of the functions of the computer to provide the deck-tilt correction. 
This computation is easily mechanized, because the deck-tilt error is 
mathematically similar to the error in transmitting angular motion 
through a universal joint. 

The gyroscopes used in shipborne antenna stabilization are accurate 
to within 2' to 7'; the error seems to be a function of the roll, pitch, and 
heading of the vessel. The large synchros used in this work are liable 
to err by about 10' to 30'. I t follows that a good shipborne equipment, 
using synchros geared as high as 36 to 1 for increased accuracy, holds the 
beam with an average error of as little as 5', although momentary errors 
of more than twice this magnitude may arise. 

9-18. Data Stabilization.1—It has been remarked that even after the 
mechanical engineer has provided a stabilized antenna mount and thereby 
ensured that the radar will correctly perform its scanning function despite 
rolling or pitching of the vehicle, the indicator may still display the posi
tion of targets falsely. We are concerned in this section with the problem 
of improving the indicator in this respect. 

The older PPI radars, both airborne and shipborne, were designed to 
display targets at their bearings relative to the heading of the vehicle. 
More recent design allows a display of targets in their true bearings, that 
is, with north at the top of the screen regardless of heading. The rela
tive-bearing indication is bad for two reasons: (1) the entire display 
rotates and becomes confused if the course of the vehicle is altered; (2) 
the natural random changes in the heading of the vehicle cause a cor
responding blurring of the display on the persistent screen. The true-
bearing indication is free of these faults. I t is a data stabilization in 
regard to yaw and changes of heading. 

Yaw stabilization is implemented with the aid of a horizontal gyro
scope which is kept pointing north by manual or automatic reference to 
the earth's magnetic field. Through a mechanical or electrical differen
tial there is provided at the indicator a voltage signifying the true bearing 
of the beam, that is, the difference between the relative bearing of the 
beam and the relative bearing of the true north. 

Deck-tilt error is serious in airborne as well as in shipborne radar. 
Let us imagine an airplane equipped with a bombing radar having a fan 
beam; the base of the scanner is not stabilized, and the antenna may or 

1 Sees. 918-9-20 by W. M. Cady. 
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may not be line-of-sight stabilized. If this airplane banks, the relative 
bearing of ground targets will be, as we shall see, falsely indicated. For 
example, let us consider the case of an airplane banking for a right turn, 
the relative bearing of the beam being straight ahead. I t is clear that 
since the fan is perpendicular to the floor of the airplane it is not at the 
moment vertical, and that therefore the targets on the straight line on 
the ground now being illuminated by the beam are not at zero bearing. 
Since such targets are nevertheless displayed as if at zero bearing, the 
display is distorted; these targets are shifted by an amount equal to the 
altitude of the airplane multiplied by the tangent of the bank angle. 
Other targets are less seriously disturbed, those at 90° and 270° being 
correctly indicated on a banking airplane. 

Two methods have been considered for correcting the airborne deck-
tilt error. One method is so to stabilize the antenna that the plane of the 
fan beam remains indeed vertical. This can be accomplished by stable-
base stabilization or by a three-axis mount. The other method is by 
data stabilization, and several circuits have been devised for removing 
the distortion if supplied with voltages depending on the angles involved. 
None of these circuits has been incorporated in systems now in wide use, 
although one radar designed for production incorporates a feature that 
accurately corrects the display at the one target designated as the aiming 
point. 

9-19. Installation of Airborne Scanners.—In discussing antenna 
installations we will treat first the airborne case. Here, one of the press
ing problems is the choice of location. The radar must have the unob
structed "vision" required for its operation, and its antenna should be so 
installed that it may be housed in an aerodynamically acceptable radome. 

A very common requirement is circular vision of the ground well out 
toward the horizon, as in Fig. 9-6. The only good location is then below 
the fuselage. If rearward vision is not required, an antenna with circular 
scan can be mounted just behind and below the nose of the airplane, where 
the radome can be completely faired in. 

Scanning of only a forward sector is possible if the antenna is mounted 
in the nose. Such a location is impossible in single-engine airplanes, and 
external housing becomes necessary. Aerodynamically, perhaps the 
best site in this category is at a wing tip, although a blister faired into a 
leading edge has been widely used. For maintenance reasons easy 
replacement of the set is desirable; this has been accomplished in one 
instance by packaging the greater part of the set in a " b o m b " suspended 
under one wing. In the aircraft-interception radar of nightfighters the 
scanner is located for vision in all generally forward directions. Such 
scanners can be mounted in any of the locations that are good for sector 
scanners. Bomber-borne scanners for protective fire control are located 



SEC. 9-20] INSTALLATION OF SURFACE-BASED SCANNERS 313 

where they can search for and track enemy fighters approaching from the 
rear or other anticipated directions, or are located on the turret guns. 

An important question in mounting a scanner in the belly of an air
plane is "How far shall the antenna protrude below the keel line?" Too 
great a protrusion will add to the aerodynamic drag, whereas if the 
antenna is retracted too far the vision is inadequate in nearly horizontal 
directions because of partial blocking of the field of radiation. The ray 
diagram of the radiation field is not a sufficient guide in planning an 
antenna installation. In prototyping each installation the minimum 
protrusion allowable from the standpoint of the diffraction of the radia
tion must be determined by measurements of the antenna pattern made 
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FIG. 9-37.—The ray diagram shows that fan-beam antenna may be installed partly inside 
the fuselage. 

with the antenna installed in a mockup.1 Such measurements have 
shown that some circularly scanning fan-beam antennas may be so 
installed that nearly half their height is above the keel line of the airplane, 
and this conclusion has been confirmed in observation of the indicator in 
flight. Figure 937 shows qualitatively why such an installation is possi
ble with the type of scanner shown in Fig. 9-8. 

In attaching the scanner to the airframe it is not necessary or advisable 
to use shock mounts unless electronic equipment is inseparably attached 
to the scanner. It is frequently essential, however, to provide adjust
ments for accurately orienting the scanner base. To allow this adjust
ment it is customary that the short length of transmission line between 
the scanner and the r-f unit be flexible: this flexibility also allows the r-f 
unit to be shock-mounted. 

9-20. Installation of Surface-based Scanners.—The installation of 
scanners on shipboard presents a siting problem slightly simpler than in 
the airborne case. It is necessary to avoid locations where the structure 
of the ship will blank the radiation or produce spurious reflections. 
Sometimes it becomes necessary to install two scanners, each of which 
covers the region in which the other is blind. When a ship has more than 
one radar on a given wavelength, one can " j a m " the other, filling its 
screen with spurious indications; this effect can be mitigated by proper 
siting of the scanners and by blanking the receiver of each at the instant 

1 A recent installation is described by W. M. Cady in RL Report No. 848, "The 
AN/APQ-13 (60-in.) Scanner in B-29 Airplanes." See also Figs. 9-7, 9-8, and 9-39. 
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the other is transmitting a pulse. On account of the curvature of the 
earth and for reasons of microwave propagation it is usually advantageous 
that the scanner be installed as high as possible. Radomes are not widely 
used to house shipboard scanners, the tendency being to make the 
antennas of such low wind resistance and such sturdy construction as to 
render radomes unnecessary. 

Ground-based radars may be grouped, according to their mobility, 
as transportable, mobile, and fixed. Because the transportable scanners 
are disassembled for moving, their installation requirements include 
easy assembly. The AN/TPS-10 scanner shown in Fig. 9-15 disassem
bles into small parts for easy mobility in mountainous terrain. A firm 
and adjustable footing must be incorporated for transportable scanners. 
A truck or trailer on which a scanner is mounted must also be firmly 
braced while the radar is in use; the scanner itself must be adjustably 
mounted to the vehicle, if accurate position-finding is desired. 

The siting of ground-based scanners is to be regarded as an aspect of 
the installation problem. A suitable site must be one where no mountain 
seriously blocks off the region beyond. A more subtle siting requirement 
is the avoidance of ground "c lu t te r" ; permanent echoes are bothersome 
at certain sites, particularly if the radar targets frequently pass at nearly 
the same range and direction as such echoes. Moving-target indication, 
discussed in Chap. 16, is now practicable to alleviate ground clutter. 

9-21. Radomes.1—It is necessary to protect all airborne and some 
surface-based microwave antennas from wind and weather. The pro
tective housings have come to be known as "radomes." A fuller discus
sion than the following will be found in Vol. 26 of this series. 

The circular cylinder shape was early used for the radome. For such 
a shape the radiation falls on the radome essentially at normal incidence, 
the angle of incidence being defined as the angle between the incident 
radiation and the normal to the surface at the point of incidence. 

The development of microwave airborne radar systems forced the 
development of the science and art of radome design. I t resulted in 
amplification of the electrical theory for radomes through which the radar 
beam passes at high angles of incidence. Plywood, first used for radome 
construction, gave way to more satisfactory synthetic materials; and 
aerodynamics, at first ignored, was given consideration in the design. 
Excellent installations are possible if the radar systems are considered in 
the initial design studies of aircraft. 

Since the airborne radome involves all the problems of the surface-
based installation in addition to many others peculiar to itself, this 
discussion will be limited to the airborne case. Some of the factors con
trolling the design of an airborne radome are the radar antenna and its 

1 Sees. 9-21-9 25 by F. J. Mehringer. 
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function, radome materials, transmission of radar energy, structural 
requirements, aerodynamics, access to the radome cavity, and specifica
tion and test. 

In this discussion only the three major items—aerodynamics, elec
trical transmission, and structural design—will be discussed, and these 
only briefly. None of these items can take preeminence over the others 
since a design aerodynamieally or structurally poor can prevent the radar 
set from being useful, just as would a radome that had faulty transmission 
characteristics. The radome design must, therefore, be a compromise 
of these three major factors if accuracy and effectiveness of the airborne 
unit are to be secured. 

9-22. Streamlining.—There is no simple foolproof answer to the 
aerodynamical problem. Each installation has peculiarities of its own, 
depending upon its location on the airplane in question, the plane itself, 
the speed of the plane, and the size and shape of the radome. A few 
simple considerations can be set forth but the real answer can only result 
from careful test in a wind tunnel. 

Although, from an electrical viewpoint, the circular cylinder is the 
most desirable shape for a radome, aerodynamieally it is objectionable 
due to its high drag. By streamlining a cylinder its air resistance can be 
reduced to a sixth or less. Any radome extending beyond the fuselage 
line of the airplane should therefore be streamlined. 

The drag for a protuberance of given shape increases in approximate 
proportion to its frontal area. I t is therefore desirable to reduce the 
projected area of the radome as much as possible even to the extent of 
having the radome surface coincide with the skin of the plane. 

If a protuberance is necessary, the drag can be minimized by locating 
the radome at a position where there is already some disturbance of the 
airflow. The turbulence of the air stream tends to be a maximum toward 
the tail of the plane. While practically no protuberance is permissible 
near the nose of a high-speed airplane, one extending several inches amid-
ship or further aft may cause a hardly noticeable increase of drag. 

The truly satisfactory design, however, can be verified only by tests 
in the wind tunnel where very slight differences in aircraft performance 
are readily detectable. The wind-tunnel test can also be used to furnish 
pressure distributions on the radome surface, which are necessary for the 
structural design computations. 

The location of the antenna on the airplane must also be the result of 
operational requirements and compromises with the other components. 
For navigation and bombing it is desirable to have the antenna scan 360° 
in azimuth. This can best be realized in a location on the belly of the 
plane about midship, but generally only by adding a large protuberance. 
A location in the " ch in" of the airplane offers a more favorable location 
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so far as the aerodynamics is concerned, but limits the rearward view. 
This space, too, is desirable for the location of certain crew members and 
of the bombsight. Interference with other installations is usually less in 
an aft location, but the space is often limited by the size of the fuselage 
at this point and the forward view may be cut off by the forward portion 
of the plane. 

9-23. Electrical Transmission.—The ultimate shape of the radome is 
generally limited by electrical design considerations. The retraction of 
the antenna is controlled by edge interference, for an edge can cause 
blanking and diffraction of a radar beam. The result is a distortion and 
deterioration of the antenna pattern. Any discontinuity such as that 
caused by reinforcement of the radome or by a piece of metal may cause 
diffraction if it intercepts the radar beam. 

The permissible range of incident angle is the other electrical factor 
limiting the shape of the radome. The range of satisfactory incident 
radiation transmission varies with different materials and radome wall 
constructions. The properties of the materials affecting the transmission 
are the dielectric constant and the loss tangent; the latter is an index of 
the absorption and the former is a factor determining the reflection. For 
optimum combinations to date, satisfactory transmission can be obtained 
over a range of 0° to 70°. Beyond this value the transmission decreases 
very rapidly, reaching zero transmission at 90° incidence. 

Having determined a reasonable shape for the radome, it is then neces
sary to check the angles of incidence by means of an antenna ray diagram. 
Typical ray diagrams for cosecant-squared antennas are shown in Figs. 
9-2, 9-10, and 9-37. If the antenna is stabilized, the angles will have to 
be checked throughout the range of stabilization. When the angles of 
incidence exceed the limiting value the contours of the radome must be 
adjusted until the upper limit of angle of incidence is not exceeded. 

9-24. Structural Design of Radomes.—The thickness and construc
tion of the radome wall can be determined on the basis of structural con
siderations within limits depending upon the allowable reflection. The 
reflection is a cyclic function depending upon the dielectric constants, 
thickness of the material, and angles of incidence of the radiation. 

There are two basic types of construction: the single plastic or lami
nated wall, and the so-called "sandwich" construction involving two or 
more materials. The sandwich construction consists of high-strength 
skin surrounding a core of lower density, which results in a high-strength, 
low-density construction. The sandwich construction also provides a 
greater variety of wall construction for high strength and efficient elec
trical transmission. 

The approach to the structural design problem will depend upon the 
shape of the radome and the pressure distribution. These two factors 
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will determine whether the problem is one of strength or stability. The 
stability problem is a difficult one to meet, since no ribs or other means 
of reinforcement can be used for the extensive transparent area because 
of possible distortion of the electrical pattern. 

The design of the mounting of the radome should have due considera
tion. Servicing requirements necessitate removal of the radome. The 
means of mounting the radome must be quick-fastening as well as strong. 

Just as the final proof of a satisfactory aerodynamical and electrical 
design are aerodynamical and electrical tests, so structural tests are 

FIG. 9-38.—A retractable radome (1) partly extended on a B-2Q, and the bulge to accom
modate the r-f unit (2) aft of the radome. 

necessary to assure a satisfactory design, for in a streamlined shape the 
calculations can at best be only approximate. 

9-25. Examples of Radomes.—Types of radomes vary greatly in size, 
shape, and method of construction. Attention is called to a few repre
sentative radomes. 

Figure 938 shows an early type of retractable airborne radome 
mounted on a B-29. The radome is a cylinder 35i in. in diameter and 
extending about 33 in. when unretracted. While the shape is ideal 
electrically, its effect on the speed of the aircraft is most objectionable. 

The leading edge of the Eagle vane (Fig. 9-18) is a radome made of 
two Fiberglas walls with occasional ribs as spacers. While the airfoil 
section is in itself of low drag, the attachment to the plane increases the 
drag until it is almost as high as that for the cylindrical radome. This 
increase in drag is due to the interference and stagnation points set up by 
mounting the airfoil to the plane. An additional feature of this radome 
was that it was designed to be deiced by means of hot air. The optimum 
wall spacings for heat transfer and for electrical transmission do not 
coincide, so that deicing is not very efficient. 

A good bombing antenna installation for a B-29 is shown in Fig. 9-39. 
This radome houses the antenna shown in Fig. 9-8. The radome extends 
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a minimum amount (about 10^ in. in the final installation), thus present
ing a minimum of frontal area. These factors make this installation 
aerodynamically superior to those shown in Fig. 9-41 and 9-38. This 
radome is made of Fiberglas laminate in a sandwich construction. Its 
electrical transmission exceeds 88 per cent for both parallel and per
pendicular polarizations through an angle-of-incidence range of 0° to 70°. 

FIG. 9-39.—A recent installation on a E-29. Here it is shown extending 7 in.; the 
radome was later redesigned to extend 10§ in. to avoid interference between the radiation 
and the fuselage. 

Figure 9-11 shows a radome covering an end-fire array. This housing 
consists of a thin-walled tube of Laminae and cotton duck. In addition 
to protecting the antenna, the housing is used to pressurize the antenna. 

The largest airborne installation made during the war is in a TBM 
airplane (Fig. 9-40). The radome illustrated, housing the antenna shown 
in Fig. 9-12, is almost 9 ft wide, 3 i ft deep, and 13 ft long. Notwith
standing its large size it does not seriously alter the performance of the 
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aircraft; two additional stabilizers and a larger motor are all that are 
necessary to maintain performance despite the presence of this large 
protuberance. This radome depends upon a sandwich wall construction 
of Fiberglas laminated skins and Hycar core to give it the desirable elec
trical and structural characteristics. 

Fiu. 9-40.—The largest airborne radome. It houses an 8-ft antenna under a TBM aircraft. 
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Strenuous efforts were made by the British, beginning about 1938, 
to develop high-power pulsed sources of radiation at very high frequen
cies, because of the operational need for microwave radar. Two lines of 
attack were followed. One consisted of attempts to improve and modify 
conventional types of transmitting tubes, and the other of efforts to 
devise entirely new forms of transmitting tubes. 

Modifying the conventional type of transmitting tube to satisfy the 
requirements of radar met with difficulties. To a first approximation 
the electronic characteristics of a low-frequency oscillator or amplifier are 
preserved at high frequency only if all dimensions of the tube are scaled 
in proportion to the wavelength X; as a result, it is necessary to reduce the 
size of tubes as the frequency is increased. The practical consequences 
of this become serious as frequencies of 1000 Mc/sec are approached. 
The reduction of cathode and plate areas, which under these conditions 
vary as X2, rapidly reduces the available peak emission and plate dissipa
tion. Electrode clearances become so small that they are difficult to 
maintain accurately. Although many improvements in the design of 
triodes or tetrodes for use at microwave frequencies have been made, the 
general limitations just outlined have resulted in greatly reduced effi
ciency and power output in the microwave region. 

Fortunately, a new type of pulsed microwave generator was invented 
whose performance was indeed spectacular. These generators are now 
known as "microwave" or "cav i ty" magnetrons, and they constitute 
the most important single contribution to microwave radar. The 
description, method of operation, and characteristics of this type of 
magnetron are the subject of the first part of this chapter. 

As a source of high-power microwaves the multicavity magnetron 
represents a very great advance over both the conventional space-charge 
and the velocity-modulated or klystron-tube types. A few numerical 
comparisons will emphasize this superiority. Above frequencies of 
3000 Mc/sec, space-charge tubes such as triodes cease entirely to be 
practical sources of r-f power, while magnetrons produce pulse powers 

320 



SEC. 101] CONSTRUCTION 321 

of the order of hundreds of kilowatts at frequencies as high as 24,000 
Mc/sec. The average power output of magnetrons at 3000 Mc/sec is in 
the neighborhood of hundreds of watts, or one hundred times that of a 
triode operating at the same frequency. Klystrons are very useful 
sources of low c-w power at frequencies as high as 24,000 Mc/sec, but 
cannot be considered high-power pulsed sources. Their pulse-power 
output ranges from a few hundred watts at 3000 Mc/sec to a few milli
watts at 24,000 Mc/sec. 

Magnetrons are self-excited oscillators and their output does not have 
the frequency stability possible at frequencies where power amplifiers 
are available and the output frequency is established by crystal-controlled 
oscillators. When properly designed and used, they exhibit stability 
adequate to the demands of pulse radar. 

10-1. Construction.—Microwave magnetrons, or cavity magnetrons 
as they are frequently called, are basically self-excited oscillators whose 
purpose is to convert the d-c input power into r-f output power. Figures 
10-1 and 10-2 show a particular design of a 10-cm magnetron which is 
typical of this class of transmitting tubes. Between the cylindrical 
cathode C and anode block A is an interaction space I in which the con
version of d-c to r-f power takes place. A constant and nearly uniform 
magnetic field is maintained in this interaction space in a direction parallel 
to the axis of the tube. In operation, the cathode is maintained at a 
negative potential while the anode block is usually at ground potential. 
The anode block is pierced in a direction parallel to the axis by a number 
of side cavities R which open into the interaction space so that the anode 
surface consists of alternate segments and gaps. The ends of the resonat
ing cavities open into chambers which are called end spaces, through which 
the lines of flux extending from one resonator to the next pass. The 
coupling between the resonators is increased (in the design shown in 
Figs. 10-1 and 10-2) by conducting bars called straps S which connect 
alternate segments. Power is extracted from one resonator, one method 
being the use of a coupling loop L which forms a part of the output cir
cuit. The combination of resonant cavities, end spaces, straps, and out
put circuit is called the resonant system. 

A more detailed discussion of these parts of a magnetron follows. 
For pulsed operation, the cathode C is usually oxide-coated and heated 
indirectly by an internal heating coil of tungsten or molybdenum. The 
cathode structure is attached mechanically to two cathode stems sup
ported by glass to provide anode-to-cathode insulation. At each end of 
the cathode there is an end shield, or hat H, whose purpose is to prevent 
electrons from leaving the cathode structure in a direction parallel to the 
axis of the magnetron. These end shields must be kept at a temperature 
too low to cause the emission of electrons. 
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The dimensions of the interaction space depend upon the wavelength 
and voltage at which the magnetron is to operate and also upon the 
number of resonant cavities, or oscillators. The ratio of cathode diam
eter to anode diameter is determined principally by the number of 
oscillators, no matter what the wavelength or operating voltage is to be. 
For a 12-oscillator magnetron the diameter of the cathode is about one-

Fio. 10*1.—A typical cavity magnetron. 

half the anode diameter. For fewer oscillators, it is somewhat smaller 
than one-half, and for more than twelve oscillators, somewhat larger. 
The anode and cathode diameters for any given type are proportional to 
the wavelength and to the square root of the anode voltage. 

The particular resonant system shown consists of eight side cavities. 
Each of these cavities is similar to a simple oscillating circuit consisting 
of a lumped L and C. Although the inductance and capacity of the 
magnetron cavity are not strictly lumped, the inductance of the oscil-
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Iator resides mainly in the circular hole, and the capacitance mainly 
between the parallel plane surfaces of the slot. The dimensions of these 

F I G . 10-2.—Cutaway view of type of magnetron shown in Fig. 10-1. 

cavities determine to a large degree the oscillation frequency of the 
magnetron. Since the frequency is a function of the product LC, the same 
frequency can be obtained from a variety of shapes which have the 
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same LC but different L/C. It should be noted that the arrangement of 
these cavities is such that for the desired mode of operation their indi
vidual C's are connected in parallel, and so are their individual L's. Thus 
the effective capacitance for the whole magnetron oscillator is NC and the 
effective inductance is L/N, where iV is the number of resonators. The 
frequency of the magnetron is thus nearly that of an individual cavity. 
The performance of magnetrons is not very sensitive to the impedance 
of the oscillators, L/C, and a wide variety of oscillator configurations are 
possible. Three types are shown in Fig. 10-3. 

<«) (») (c) 
FIG. 10-3.—Magnetron anode blocks, (a) Slot-type magnetron, (b) Hole-and-slot-type 

magnetron, (c) Vane-type magnetron. 

The simplest is perhaps the slot type (Fig. 10-3a), each of whose 
cavities may be thought of as a quarter-wave line (see also Fig. 10-22). 
It is a low-impedance oscillator having a large C and small L. The vane 
type (Fig. 10-3c), is obviously a high-impedance oscillator, whereas the 
hole-and-slot type (Figs. 10-2 and 10-36) usually has an impedance inter
mediate between the two. These oscillator configurations were selected 
to illustrate some shapes that have been found convenient; the number 
of possibilities is unlimited. 

Returning to Fig. 10-1 it is seen that the side cavities open at both 
ends into chambers, or end spaces. These end spaces assist in coupling 
the separate oscillators by allowing magnetic flux to pass from one oscil
lator into the next. The straps S consist of rings which are connected 
only to alternate segments. The connections are made in such a way 
that one set of alternate segments is connected by a strap at one end of 
the anode, and the other set of segments is connected by a corresponding 
strap at the other end of the anode. Magnetrons may be either single-
or double- (or even quadruple-) strapped, meaning they have either one 
or two (or four) straps at each end of the anode. Figures 10-3a, b, and c 
show magnetron anode blocks, without straps; Figs. 10-1 and 10-2, single-
ring strapping; and Fig. 10-20, double-ring strapping. 

The magnetic field parallel to the axis of the cathode is often produced 
by an electromagnet or permanent magnet with pole faces external to the 
magnetron. Figure 10-4a shows a typical permanent magnet and a 
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magnetron with radial cathode supports. Another type of magnetron 
construction, favored for the higher-frequency magnetrons where magnet 
weight is of importance, is shown in Fig. 10-4b. The construction of such 
a magnetron-magnet combination, or "packaged magnetron" as it is 
frequently called, is shown in Fig. 10.5. The cathode is usually sup
ported axially through iron pole pieces which extend quite close to the 

F I G . 10'4.—Two types of magnetron construction: (a) radial cathode and separate mag
net; (b) axial cathode with attached magnet. 

anode and thus reduce the magnetic field gap. Since the weight of a 
magnet which will produce a given magnetic field strength over a given 
cross-sectional area increases very rapidly with the length of the gap, 
considerable magnet weight can be saved in this manner. I t is customary 
to supply this type of magnetron permanently attached to its magnet. 

10-2. The Resonant System.—In an operating magnetron the charge 
distribution in the resonant system produces electric fields which interact 
with the space charge in such a way as to sustain the oscillations. Figure 
10.6a illustrates such a disposition of charge and electric field at an 
instant when the concentration of charge on the ends of the anode seg-
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ments is a maximum. One quarter of a period later the electric field and 
charges have disappeared and currents are flowing around the inside of 
the cavities, producing a magnetic field along the hole portion of the 
cavities. Figure 10-66 depicts the currents and fields at this instant. 

F I G . 10-5.—Magnetron with axial cathode and inserted pole pieces. 

Figure 10-6c shows the charges and electric fields another quarter period 
later. 

Figure 10-7 is a view of the magnetron opened out in a plane parallel 
to the cathode so that the anode faces lie on a plane. The broken lines 
show the paths of magnetic flux at the instant shown in Fig. 10-66. 

Figures 106 and 10-7 illustrate the so-called "n-mode" in which 
magnetrons normally operate; (ir refers to the phase difference between 
adjacent anode segments). Actually, the number of possible modes of 



(a) (b) (c) 
10 6.—Distribution of r-f fields, current, charges, and magnetic fields in an oscillating hole-and-slot anode block; (o) r-f fields and charge dis
tribution when charge is at maximum; (b) currents and magnetic fields one-quarter period later; (c) same aa (a) one-half period later. 

"■a 

o 

•-3 

Bo 

CO 



328 THE MAGNETRON AND THE PULSER [SEC. 10-2 

oscillation is at least one less than the number of oscillators. Figure 10-8 
shows the distribution of charge 
and electric field for a magne
tron oscillating in the 7r/2-mode. 
A comparison of the electric fields 
with those of the ir-mode shown 
in Figs. 10-6a, b, and c indicates a 
fourfold, instead of eightfold, sym
metry, and shows that the field 
falls off less rapidly toward the 
cathode. Experience has shown 
that magnetron operation in any 
but the 7r-mode is unsatisfactory. 

Possible modes for an 8-oscilla-
tor magnetron total seven: two ir/4-

modes, two Tr/2-modes, two 3x/4-modes, and one ir-mode. In general, 
because of differences in the effective inductance and capacity of the 

Output loop 
FIG. 10-7.—View from cathode of anode 

block opened out to show longitudinal dis
tribution of magnetic field. 

F I G . 10-8.—Distribution of r-f fields and charges in a hole-and-slot anode block oscillating 
in the TT/2 anode. 

oscillating circuits, each of these modes has a different frequency of 
oscillation. One of the objectives of magnetron design is to arrange 
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matters so that the electrons excite only the x-mode. Adequate fre
quency differences between the desired mode and all others favor stable 
operation; in most magnetrons, the frequency of the mode nearest in 
frequency is at least 10 per cent greater or less than that of the x-mode. 
Unfortunately it has been impossible to design magnetrons that do not 
show multiple frequencies under some conditions and this phenomenon 
remains as one of the most troublesome encountered in pulsed magnetron 
operation. 

F I G . 10-9.—Rising-sun magnetron with waveguide output and radial cathode leads. 

Power is extracted from only one of the oscillating cavities. This 
may be done by means of either a coaxial line output or a waveguide 
output. For the coaxial line output, it is usual to insert a loop L (Fig. 
10-1) into the inductive portion of one of the oscillators in such a way 
that it links the magnetic flux. An r-f potential difference is thus 
induced between the ends of the loop, which are connected to the inside 
and outside conductors of the coaxial line. This type of output is satis
factory for magnetrons whose frequency is 3000 Mc/sec or less. At 
frequencies above 3000 Mc/sec a waveguide output is to be preferred as 
small coaxial lines arc over and are unduly lossy. Power is extracted 
from the back of the cavity by means of a slit which expands, usually 
with discontinuities, until its dimensions correspond to those of the wave
guide (Figs. 10-9 and 10-10). 

The magnetrons discussed above are referred to as "s t rapped" 
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magnetrons. The majority of existing magnetrons are of this type. A 
variety of other designs have been constructed, most of which have not 
proved to be as satisfactory as the strapped type. One type, however, 
has several marked advantages over strapped tubes. It is known as the 
"rising sun" magnetron (Figs. 10-9 and 1010). Mode separation is 
accomplished in this design by making alternate resonators of a different 

F I G . 10-10.—Cutaway view of rising-sun magnetron with axial cathode. The wavelength 
is 1.25 cm. {Courtesy oj Bell Telephone Laboratories.) 

frequency. It is interesting to note that this resonant system results in 
an operating or ir-mode which lies intermediate in frequency between 
other modes while, for strapped tubes, the 7r-mode has the lowest fre
quency. For very high powers, the rising-sun system has considerable 
promise. Unlike strapped systems, the rising-sun system permits the 
anode to be made with a circumference and a length which are not small 
compared to a wavelength without producing mode instabilities. Thus 
even at high frequencies large cathodes and large emissions are possible. 

10-3. Electron Orbits and the Space Charge.—An electron in the 
interaction space of a magnetron is acted on by a constant magnetic field 
parallel to the axis of the cathode, a constant radial electric field resulting 
from the applied d-c potential, and the varying electric field extending 
into the interaction space from charges concentrated near the ends of the 



SEC. 103] ELECTRON ORBITS AND THE SPACE CHARGE 331 

anode segments. In addition, the electron is part of a space charge with 
extreme variations in density. The resulting electron motion presents a 
problem of extreme complexity, and a detailed theory has not been 
developed. A qualitative understanding in simple terms of the processes 
responsible for the excitation of the magnetron is, however, possible. 

Consider the simple case of a single electron in the interaction space 
of a magnetron in the absence of any perturbing r-f fields. In crossed 

FIG. 10-11.—Path of electron in nonoscillating magnetron. 

magnetic and electric fields, there is a force — eE, due to the electric field, 

and another, - v x H, due to the magnetic field, where E and H are the 

electric and magnetic field strengths, e and v the charge and velocity of 
the electron, and c the velocity of light. The resulting motion is approxi
mately represented by superposing a slow rotation around the cathode at 
nearly constant radius Ro (the Ro rotation), and a faster circular motion 
with a smaller radius r0 (the r0 rotation). The resultant of these two 
motions corresponds roughly to the motion of a point on the circumference 
of a wheel as it rolls around a circle somewhat smaller than the cathode 
in such a way that its center moves in a circle of radius Ro (Fig. 10-11). 
The speed of the slow R0 rotation is given approximately by the ratio 
E/H. The angular velocity of the fast r0 rotation is determined by H 
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alone; it is o>o = eH/m. Although the angular velocity of this r0 rotation 
is constant, the magnitude of r0 depends on the initial kinetic energy of 
the electron and may vary for different electrons. The maximum dis
tance any electron can proceed toward the anode (R0 + r0) in the absence 
of r-f oscillations is fixed by the ratio E/H, and for good operating condi

tions is made to be about half of the way from 
cathode to anode. 

The above description is exact only for the 
case of small r0 (and a particular form of 
radial field). The picture is certainly correct 
in a qualitative way and this description of the 
electron motion may be used in an explanation 
of the interaction of the electrons with the 
alternating electric fields. 

In an oscillating magnetron, the electrons 
pass through the r-f fields shown in Figs. 10-6a 
and 10-6c, and a change in their velocity re
sults. A somewhat unusual fact is that those 
electrons which are speeded up have their 

radius of curvature reduced and return to the cathode, while those which 
are slowed down have their radius of curvature increased and move out 
toward the anode. 

To make this appear reasonable, let us consider a greatly simplified 
case shown in Fig. 10-12. An electron moves through crossed, uniform 
electric and magnetic fields with a velocity v that is normal to E and H. 
The directions of v, E, and H are made to agree with those acting on the 
electron in Fig. 10-11. The force equation is 

-Ee 
Fia. 1012.—Paths of elec

trons in uniform crossed elec
tric and magnetic fields. 

Hev 
= eE + IT' ( i ) 

where R is the radius of the orbit of the electron (R is positive for orbits 
curving down). Where the path of the electron is a straight line, the 
condition is obtained by letting R = <*>. Equation (1) then reduces to 
v = Ec/H. Inspection of Eq. (1) also shows that for v < Ec/H, the 
electromagnetic force will be reduced and the electrons will be deflected 
in the direction of the electric force. For v > Ec/H, the deflection will 
be in the direction of the magnetic force. The deflection that an electron 
suffers in this example when speeded up or slowed down thus corresponds 
to what happens in a magnetron and it is significant that the operating 
conditions are ones for which v ~ Ec/H. This example is given only to 
illustrate the complex electronics of these tubes and is obviously inac-
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charge. The fields in a magnetron, however, are certainly such as to 
produce this separation of fast and slow electrons. 

The problem is shown in more detail in Fig. 10-13. Consider an 
electron at point A at the instant for which the fields are as shown. The 
r-f field at this point tends to speed up the electron. As it speeds up, the 
radius of curvature of its path is decreased, and it will move along a path 
corresponding to the solid line and strike the cathode with appreciable 

F I G . 10-13.—Paths of electrons in the presence of an r-f field. 

energy. This electron is thus removed from the space charge, and plays 
no further role in the process except perhaps to produce a few secondary 
electrons from the cathode. An electron at point B, however, is in a 
decelerating r-f electric field. As a result of the reduction in electron 
velocity, the radius of curvature of its path is increased. If the fre
quency of oscillation is appropriate, this electron will always be in a 
decelerating field as it passes before successive anode segments. The 
result is that the electron, following a path of the type shown, eventually 
strikes the anode. Because of retardation by the r-f field, the electron 
gives up to the r-f field the energy gained in its fall through the d-c field 
to the anode. 

Since the electron moves from the cathode to the anode in a very 
small number of oscillations, the condition that the electron keep step, 
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in its course around the cathode, with the variations of r-f oscillations 
need not be satisfied exactly. Electrons once in step with the r-f field 
remain in this state long enough to get to the anode, even if their angular 
velocity is not exactly correct. This explains why the operating condi
tions of magnetrons are not very critical with respect to the magnetic 
field, anode voltage, or other quantities which might affect the velocity 
of the electrons. 

F I G . 10-14.—Space charge in nonoscillating magnetron. 

Appreciable energy is associated with the r0 rotation. This motion 
takes place, however, in a substantially constant r-f field, since the Ro 
rotation keeps the electron in step with the variations of the r-f field. 
As a result, the r-f field has little or no effect on the energy associated 
with the r0 rotation. 

This qualitative picture shows how those electrons whose initial phase 
relationship is such that they absorb energy from the r-f field are elimi
nated at once from the space charge. Such electrons strike the cathode 
in the course of the first r0 period. On the other hand, electrons which 
leave the cathode at such a time and place that they transfer energy to 
the r-f field continue around the cathode in a cycloidal path which 
expands toward the anode, transferring to the r-f field the energy they 
gain from the d-c field. 
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It must again be emphasized that the above description is correct in 
terms of general principles, but the detailed picture is doubtless more 
complicated. One experimental fact difficult to explain is the extra
ordinarily high electronic efficiencies of some magnetrons: up to 85 
per cent. 

In addition to describing the paths taken by individual electrons 
in the interaction space, it is helpful to consider the behavior of the space 

TIG. 10-15.—Space charge in oscillating magnetron. 

charge as a whole. In the absence of s-f fields, the space charge forms a 
rotating cylindrical sheath around the cathode extending out about half
way to the anode (Fig. 10-14). The above.reasoning suggests that, under 
the influence of the r-f fields, the electrons in this space charge which are 
in an accelerating r-f field travel back toward the cathode, while those in 
a decelerating r-f field travel toward the anode. 

The result may be seen from Fig. 10-15. The rotating cylindrical 
sheath is distorted (for an eight-oscillator magnetron) into a smaller 
cylinder with four spoke-like ridges running parallel to its axis. This 
space charge configuration rotates with an angular velocity which keeps 
it in step with the alternating r-f charges on the anode segments, and 
the ends of these spokes may be thought of as brushing by the ends of the 
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anode segments and thus transferring charge from the cathode to the 
anode. 

The r-f current set up in the oscillators is principally a displacement 
current produced by this rotating space charge. As the spokes of the 
negative space charge pass in front of an anode segment, a positive charge 
is induced on its surface. Half a period later, this positive charge has 
flowed around the back of the two adjacent oscillators to the two adjacent 
anode segments and the spoke of the space charge has rotated to a posi
tion in front of the next anode segment. 

In addition to these displacement currents, conduction currents are 
produced by the flow of electrons from space charge to the anode. Elec
trons arrive at the anode at such a time as to constitute a conduction 
current approximately 90° out of phase with the r-f voltage, and thus 
have little effect on the oscillations. 

10-4. Performance Charts and Rieke Diagrams.—Four parameters 
determine the operation of the magnetron; two are associated with the 
input circuit, and two with the output circuit. A typical set is H, I, G, 
and B. H is the magnetic field, I is the anode current, and G and B are 
the real and the imaginary parts of the r-f load on the magnetron meas
ured at some arbitrary point in the output line. The observed quanti
ties are three in number, usually power P, wavelength X, and voltage V. 
The problem of presenting these observed quantities in terms of the four 
parameters is greatly simplified by the fact that the input and output 
parameters operate nearly independently of one another. Thus, it is 
possible to keep G and B (the load) fixed, and study the effect of / / and I 
on P, X, and V with the assurance that the nature of the results will not 
be greatly altered by changes in G and B. Conversely, H and / may be 
fixed and the effect of G and B on P, X, and V observed. As a result of 
this situation, it is customary to present the operating data on two graphs. 
One is called the "performance chart," and shows the relationship 
between H, I, V, P, and X for constant load; the other is called a "Rieke 
diagram," and shows the relationships between G, B, P, X, and V for 
constant I and H. 

Figure lO 16 is a performance chart for a typical magnetron with a 
frequency of about 2800 Mc/sec. 

I t has been customary to plot anode voltage V as ordinate, and cur
rent 7 as abscissa. On such a graph the lines of constant H are more or 
less parallel and slope upward to the right. Thus (referring to Fig. 
10-16), if the magnetron is operated at a constant magnetic field, say 
2100 gauss, the relations of voltage and current are given by points on 
the H = 2100 gauss line. (At 20 kv, the current drawn will be 48 amp.) 

On the same chart are plotted the lines of constant power output. 
These are the solid lines whose form suggests hyperbolas; they show the 
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pulse r-f power which is obtained under varying input conditions. Thus 
at 20 kv and 48 amp, the power output is 470 kw. This same power can 
also be obtained at 25 kv and 30 amp with a magnetic field a little less 
than 2700 gauss. 

In addition, it is customary to add curves of constant efficiency 
obtained directly from the above data. These lines of constant efficiency 
are the dotted lines looping up and to the right on the diagram. 

I ! 1 I I I 
0 10 20 30 40 50 60 70 80 

Current in amperes 
FIG. 10-1G.—Typical performance chart of a magnetron f4J31 ■. Frequency is expressed 

m terms of difference from a base frequency. 

It is possible to add to this chart lines of constant frequency, so that 
the variation of frequency with input parameters may be studied. This 
information is useful in establishing limits on the variation of current 
during a pulse. (See the treatment of pulse length limitations in Sec. 
10-5.) The dashed lines in Fig. 10-10 are contours of constant frequencv. 
In this case, for currents greater than 40 amp. they are nearly parallel to 
the lines of constant magnetic field; this is an ideal condition, since 
change- in current produce no change in frequency. 

Performance charts like that shown in Fig. 10-lti are indispensable 
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in the selection of proper operating conditions for a magnetron. The 
input voltage, input current, and magnetic field are chosen by making a 
compromise among such factors as peak power output, efficiency, allow
able magnet weight, input impedance, and stability of operation. All 
the necessary information can be obtained from a good performance chart. 

0.250 Pulse power in kw 
Frequency in Mc/sec 

F I G . 10-17.—Rieke diagram oi a magnetron. The circles to the right and left of center are 
transformed VSWR = 1.5 circles. 

It is advisable to select an operating point that is not near regions of 
anomalous behavior. At low currents (below 15 amp, Fig. 10-16), or at 
excessive powers (above 800 kw, Fig. 10-16), instability is likely to occur. 
Below 1700 gauss the efficiency is obviously unsatisfactory. Considering 
Fig. 10-16 as an example, the operating point should be between 30 and 
60 amp and 17 and 25 kv. 

For magnetron-magnet combinations (Fig. 10-4), the magnetic field 
is fixed by the tube manufacturer, and the performance chart is reduced 
to a single magnetic-field line on a general performance chart. In such 
a case, it is only necessary to establish an operating voltage or current. 
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The performance of a magnetron in terms of its output parameters, 
or r-f loading, is presented on a Rieke diagram (Fig. 10-17). It would 
appear useful to express the r-f loading in terms of the resistance and 
reactance presented to the magnetron at the output loop. Since these 
quantities are difficult to determine experimentally, the Rieke diagram 
is a compromise between these quantities and others which can be 
obtained with ease experimentally. At microwave frequencies, it is 
customary to determine the constants of a load by observing the phase 
and magnitude of the standing waves set up by it, and the Rieke diagram 
is designed to use these experimental data directly. Since it is imprac
tical to determine the r-f loading at the output of the magnetron, an 
arbitrary point in the output circuit is selected to which all measurements 
can be referred. The desired range of r-f loading is obtained by adjusting 
a tuner until the desired phase and magnitude of standing waves is indi
cated by a sliding pickup probe.1 The independent variables VSWR p 
and phase <j> are used as coordinates of a polar diagram. Power output 
and frequency are measured for various points on the diagram, and the 
data used to construct contours of constant frequency and constant 
power. 

Magnetron manufacturers usually furnish diagrams such as this for 
every tube type, and these give information of considerable importance 
to system designers. Consider the effect of presenting such a mismatch 
to the magnetron that a VSWR of 2 results, and suppose further that the 
phase of this mismatch is such that the voltage minimum corresponds to 
point A (Fig. 10-17). The result will be a power output for the specified 
input conditions of about 650 kw. If the phase of the VSWR is changed, 
say by increasing the line length between the magnetron and the mis
match until point B is reached, the power output falls to 425 kw. The 
efficiency of the magnetron at point A is thus 50 per cent greater, but 
operation at this loading is unsatisfactory for another reason. As repre
sentative of a general class of load instability, consider a change in phase 
angle about the loading A of +7-5° (dotted arrows) which might result 
from the turning of an imperfect rotary joint. The power output will be 
essentially unaltered, but a maximum change in frequency of 12 Mc/sec 
occurs. If a heavy loading corresponding to point A is used, frequency 
shifts of this magnitude, and greater, are frequently encountered and may 
seriously affect the system operation. At point B, however, correspond
ing to light loading, a phase shift of +7.5° results in only a 3 Mc/sec fre
quency shift. This illustrates the compromise that must be made 
between efficiency and frequency stability. Magnetrons are usually 
designed with an output coupling such that the center of the Rieke 

1See Technique of Microwave Measurements, Vol. 11, Radiation Laboratory Series, 
Sec. 2-5; see also Sec. I l l of this volume. 
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diagram, which corresponds to a matched load, represents a reasonable 
compromise between efficiency and frequency stability. 

I t is possible to adjust the loading on the magnetron to any reasonable 
value by the suitable use of r-f transformers (Sec. 11-1) in the output line. 
As an example, suppose it is desirable to operate the magnetron repre
sented by Fig. 10-17 at a point of high efficiency and low frequency 
stability corresponding to point A. This can be accomplished by intro
ducing a transformer which sets up a 2-to-l VSWR and making its dis
tance from the magnetron such that the phase of this VSWR corresponds 
to point A. By moving this transformer along the line in either direction 
one-quarter wavelength, operation corresponding to point B can be 
obtained. In comparing the effect of different loads corresponding to 
various points on the Rieke diagram, it should be realized that these 
points represent transformations that reduce the size of a circle of con
stant VSWR as its center is moved away from the center of the diagram. 
In Fig. 10-17 the circles about points A and B represent the VSWR = 1.5 
circle when displaced different distances from the center of the diagram. 

The load points A and B, with their associated variations in load in 
the above example, are especially simple cases. In general, the load 
variations correspond to a very irregular path on the Rieke diagram 
whose behavior is unpredictable. A safe policy in design is to estimate 
the maximum variation in VSWR to be expected from the r-f circuits, and 
to employ a loading of the magnetron which does not produce a frequency 
change too large to be accommodated by the radar receiver even when 
this variation in VSWR is of such a character as to produce the maximum 
possible frequency shift. 

Appreciation of the effects of the r-f load on the performance of mag
netrons has contributed more than any other single factor to magnetron 
reliability. As a corollary, it is also true that many troubles attributed 
to magnetrons result from a failure to use properly the information pro
vided by a Rieke diagram. 

10-5. Magnetron Characteristics Affecting Over-all Systems Design. 
One of the shortcomings of microwave magnetrons is their limited 
adaptability to different requirements. This circumstance has forced 
the design and production of an extremely large number of tube types. 
Although the development of microwave magnetrons in this country 
began only in late 1940, there now exist over 100 distinct types of mag
netrons, despite early and continuing attempts at standardization. 
During the past war it was true, almost without exception, that each new 
radar system made new demands on the magnetron and required the 
development and production of a new type. This has not been necessary 
in the case of conventional types of tubes, since the associated circuit 
elements which are largely responsible for over-all performance lie exter-
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nal to the tube and are accessible to change. In microwave magnetrons, 
the circuit elements are an integral part of the tube and must be incor
porated with great care into every new design. 

Thus any radar system designed to meet a new set of conditions or to 
operate on a new frequency will require the development of a new mag
netron type, or at least a critical evaluation of the characteristics of 
existing types. Since the over-all characteristics of the radar system 
are so closely related to, and restricted by, the performance of the mag
netron, a- general knowledge of the important characteristics of magne
trons is essential. 

Listed below with a discussion of each are the characteristics of 
magnetrons of particular importance to system design. These charac
teristics are not usually independent of one another and their relation
ships are also considered. 

Wavelength Scaling.—Since the wavelength of the radiation from a 
magnetron is fixed or at best variable over a limited range, operation on 
different wavelengths requires different tubes. To a first approximation, 
magnetrons of different wavelength are derived from one another by a 
simple over-all scaling process. All essential dimensions of the tube are 
altered by the scaling factor a = X/Xo, where X is the new wavelength 
desired and X0 is the wavelength associated with the original dimensions. 

If this is done, the new tube at wavelength X will operate at the original 

voltage and current, and at a magnetic field H = - H0, where H0 is the 

operating magnetic field of the original magnetron. The power input, 
and thus the power output, increases with increasing wavelength. A 
rough rule is: The pulse power output (or input) of scaled magnetrons 
varies as the square of their wavelength. The change in the size of the tube 
with wavelength is the basis of this rule. The pulse power input is often 
limited by cathode emission and, since the cathode area is proportional 
to X2, pulse power input is also proportional to X2.. Similar reasoning 
shows that if the pulse power output is limited by r-f voltage breakdown 
within the tube, the same variation of power with wavelength is to be 
expected. 

This rule is an important one from the standpoint of system design. 
At any given time it may not be exact, because special emphasis may 
have been given to obtaining high peak powers at a particular wave
length and a better design evolved as a result. In the long run, however, 
the validity of the rule is reestablished, because any new design can, 
within limits, be used to advantage at other wavelengths. 

Pulse Power.—The most outstanding characteristic of pulsed micro
wave magnetrons is their extremely high pulse power output, made 
possible by the very large emission yielded by oxide cathodes when pulsed, 
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and the high efficiency of magnetrons even at very short wavelengths. 
The pulse powers available extend over a range of 105 (0.02 kw to 2000 
kw). 
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-Diagram showing power and frequency distribution of representative micro
wave magnetrons developed up to 1945. 

The demands of microwave radar resulted in a rather extensive 
development of magnetrons whose frequencies are concentrated more or 
less into two bands. Figure 10-18 shows on a logarithmic chart the fre
quency and pulse power of magnetrons that have been produced in 
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appreciable numbers and thus constitute well-tested designs. Fixed-
frequency tubes are indicated by a dot and tunable tubes by a line whose 
length shows the tuning range. Whenever possible the magnetrons are 
identified by their RMA type numbers. 

The values of pulse power given in this chart are conservative ones 
corresponding to reliable operating conditions. Pulse powers consider
ably in excess of those given for the highest power tubes have been 

O0®9 
• B * * 

FIG. 10-19.—An array of anode blocks showing the effect of wavelength and pulse 
power output. Top row—10 cm, pulse power 2500 to 0.1 kw; second row—3 cm, pulse 
power 600 to 0.025 kw; single block—1.25 cm, 80 kw. 

observed. At 3000 Mc/sec, for example, 4500 kw have been obtained 
from the HPlOV, and the British report 3700 kw peak at an average 
power level of 5 kw from a similar tube, the BM735. 

The general rule that maximum pulse power is proportional to wave
length squared is illustrated by the falling-off of power at high frequencies. 
Exceptions to this rule are the magnetrons in the 20- to 30-cm range, 
whose pulse power output is not as high as might be expected. This 
particular situation resulted from a lack of need for very high powers in 
this wavelength range. 

Figure 10-19 illustrates the effects of wavelength and power output on 
the design of anode blocks. In the top row, from left to right, are 10-cm 
anode blocks for magnetrons with pulse power outputs of 2500, 1000, 
250, 5, and 0.1 kw. The reduction in anode diameter with pulse power 
is evident. In the second row are 3-cm anode blocks with pulse power 
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outputs of 600, 200, 80, and 0.025 kw. The single anode block at the 
bottom is from a 1.2-cm 80-kw rising-sun magnetron. Figure 10-20 
shows one variety of a high-power (1000-kw output) magnetron. This 
design has a rather long anode with heavy double-ring straps and a 
coaxial output. 

FIG. 10-20.—A high-power magnetron (type 720); 10 cm, 1000-kw pulse power output. 
{Courtesy of Bell Telephone Laboratories.) 

Average Power.—In Sec. 10-2 it was stated that the cathodes of oscil
lating magnetrons are subjected to back bombardment by some of the 
electrons in the surrounding space charge. This bombardment produces 
heating of the cathode surface which amounts to about 5 per cent of the 
average power input to the magnetron. If this back-bombardment 
power exceeds the normal heater power of the cathode (which is fre
quently turned off while the magnetron is oscillating) abnormally short 
tube life results. Back bombardment usually limits the average power 
output. This limit can be raised by designing cathodes with very large 
thermal dissipation, but the average power of magnetrons designed for 
radar use rarely exceeds 0.2 per cent of the pulse power output. Table 
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10-1 shows the average and pulse power output of selected magnetron 
types representing the microwave range of frequencies. 

TABLE 101.—AVERAGE AND PULSE POWER OUTPUTS OF MICROWAVE MAGNETRONS 

RMA 
type No. 

4J21 
4J73 

725 
3J21 

Frequency, 
Mc/sec 

1,180 
3,100 
9,400 

24,000 

Maximum 
average power 

output, w 

800 
600 

80 
25 

Pulse power 
output, 

kw 

800 
1000 

80 
55 

Maximum pulse 
length, 

^sec 

6.0 
2.5 
2.5 
0.5 

Efficiency.—The purpose of a magnetron is to convert d-c power into 
a-c power at very high frequencies. Magnetrons can perform this con
version with an efficiency as high as 85 per cent, which compares favorably 
with the efficiency of d-c to 60-cps a-c converters. Magnetron efficien
cies customarily lie between 30 and 50 per cent. 

The output efficiency is the product of what is called the "electronic 
efficiency" and the "circuit efficiency." The electronic efficiency is the 
fraction of the d-c energy input which the electronic space charge converts 
into r-f energy. The circuit efficiency is the fraction of the r-f power 
going into the resonant system which appears as output power; the 
remainder is wasted as heat because of copper losses. Electronic effi
ciencies depend on the magnetic field, on r-f loading, and on the cathode-
to-anode radius ratio. Electronic efficiencies of about 70 per cent are 
realized over a very large range of frequencies. Circuit efficiencies 
depend on the frequency, since this determines the conducting skin depth 
which in turn governs the copper losses. The C/L ratio of the resonators 
and the r-f loading also affect the circuit efficiency. Circuit efficiencies 
for the usual r-f loading vary from close to 100 per cent for the 1000-
Mc/sec range to 50 per cent for the 25,000-Mc/sec range. 

Realization of high magnetron efficiency affects system design in two 
ways. High efficiency accompanies high magnetic fields which require 
heavy magnets. Higher efficiencies can also be obtained by closer 
coupling (Sec. 10-4), which at the same time decreases the frequency 
stability. Experience has shown that it is expedient to provide sufficient 
magnetic field for obtaining good efficiencies even at the expense of some 
increase in weight. The variation of efficiency with magnetic field can 
be found from the performance chart. As discussed in Sec. 10-4, con
siderable efficiency should be sacrificed for the sake of frequency stability. 
The relationship of these two quantities can be obtained from a Rieke 
diagram. 
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Pulse Voltage.—The input impedance1 of most pulsed magnetrons lies 
between 700 and 1200 ohms. For example, magnetrons with an input 
of 260 kw (100-kw output) require a pulse voltage of about 15 kv; inputs 
of 2500 kw (1000-kw output) require 30 kv, and one magnetron designed 
for 6000-kw input (2500-kw output) requires a pulse voltage of 50 kv. 

Serious attempts have been made to design magnetrons that would 
operate at lower input impedances because such tubes would simplify the 
design of line-type pulsers. These attempts have been unsuccessful, and 
350 ohms was the lower limit in mid-1946. The design of magnetrons 
with high impedances is, however, easily achieved, and tubes with input 
impedances as high as 10,000 ohms have been produced. Table 10-2 
shows the input pulse power, pulse voltage, and input impedance of 
existing 10-cm magnetrons with input pulse powers ranging from 2 to 
6000 kw. Power outputs can be estimated by assuming an efficiency 
of 40 per cent. 

TABLE 10-2.—INPUT CHARACTERISTICS OF MICROWAVE MAGNETRONS 

Tube No. 

4J60 
2J38 
2J32 
4J31 
HP10V 

Input pulse 
power, kw 

2 
25 

250 
2500 
6000 

Pulse voltage, 
kv 

1.5 
5 

15 
30 
50 

Input impedance, 
ohms 

1125 
1000 
900 
360 
415 

By varying the magnetic field in which the magnetron operates, any 
given design can be made to operate satisfactorily over a range of pulse 
voltage of roughly 50 per cent. For satisfactory operation, however, the 
tube will exhibit about the same input impedance values. Exact figures 
can be obtained from performance charts. 

Pulse-length Limitations.—The early experiments of the British with 
high-power pulse techniques revealed a characteristic of oxide cathodes 
which is responsible in large measure for the high pulse power of magne
trons. I t was found that under pulsed conditions oxide cathodes can 
emit as much as 20 amp/cm2 as compared to about 0.2 amp/cm2 for 
d-c emission. 

More recently, currents as high as 100 amp/cm2 have been obtained. 
This current is carried partly by primary electrons and partly by sec
ondary electrons liberated from the oxide cathode by back bombardment. 

1 The word impedance, as used in this section, means the voltage-current ratio of a 
magnetron at the operating point. The dynamic impedance, the slope of the voltage-
current curve near the operating point, is very much lower, usually around 100 ohms. 
See Sec. 10-8. 
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Whatever the source of the emission, if too large a current is drawn for 
too long a time, sparking and other instabilities result. The exact 
relationship between peak cathode emission and pulse length depends 
on the type, temperature, and age of the cathode. To a fair degree of 
approximation, the maximum permissible peak emission varies inversely 
as the square root of the pulse length: / „ , , ~ l /V ' r . Thus a cathode 
which will emit 20 amp for a pulse duration of 2 /tsec will probably emit 
40 amp during a 0.5-/xsec pulse. In consequence, greater energy per pulse 
can safely be obtained for the longer pulses. 

Pulse durations greater than 5 ^sec are rarely employed when magne
trons are used as transmitter tubes. Frequency modulation during the 
pulse becomes a serious problem for longer pulses, even if sparking 
troubles are overcome. Pulse durations as short as 0.25 jusec have been 
used successfully, particularly with high-frequency magnetrons whose 
starting times are short. 

Tuning of Magnetrons.—To change the frequency of a magnetron 
more than a few megacycles per second requires that a change be made 
in the resonant circuits of the anode. Either the effective capacity or 
effective inductance must be varied, and, since the resonant circuits are 
within the evacuated portion of the tube, variation of either of them is a 
troublesome problem. 

For this reason early magnetrons were not tunable, and only a later 
need for increased flexibility of radar systems forced the design of tunable 
tubes. The practical advantage of tunable over fixed-tuned magnetrons 
is obvious. If operation on a number of frequencies is contemplated, a 
single tunable magnetron can replace a whole set of fixed-frequency 
magnetrons, and only with a tunable magnetron is it possible in general 
to obtain r-f power at a specified frequency. The performance charac
teristics of tunable magnetrons are equivalent to those of the correspond
ing fixed-frequency tubes, and there is thus no reason, except availability, 
for not using them. 

Tuning of the higher-frequency microwave magnetrons is accom
plished by inserting conducting cylinders into the inductive portion of 
each resonant cavity, thus decreasing the effective inductance. This 
construction, shown in Fig. 10-21, provides a tuning range as high as 12 
per cent. 

At frequencies lower than about 5000 Mc/sec, the magnitude of the 
longitudinal displacement required in inductive tuning becomes incon
venient, and other tuning methods are adopted. Figure 10-22 shows a 
"C-ring" type of tunable magnetron, in which a conducting surface can 
be moved toward or away from the straps and capacitive portion of the 
resonant cavities, thus changing their effective capacity. The disad-
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vantage of this method is that sparking may occur within the tuning 
arrangement at high pulse powers. 

An unsymmetrical type of tuning which has advantages for high-
power operation is shown in Fig. 10-23. The frequency of the single 
tuning cavity is changed by distorting the diaphragm. Since the tuning 
cavity is tightly coupled to one of the resonant cavities, and since all the 

F I G . 10-21.—Magnetron with sprocket tuning. The change in frequency is accomplished 
by changing the inductance of the resonators. 

resonant cavities are very closely coupled to one another by the straps, 
the oscillating frequency of the entire magnetron is altered. This unsym
metrical type of tuning distorts the electric field patterns within the 
magnetron and therefore limits its effective tuning range to about 6 per 
cent. Advantages of the method are its mechanical simplicity and its 
ability to handle very high pulse powers. Figure 10-24 shows output 
power as a function of tuning adjustment. 

Various other tuning schemes have been tried, and still others will be 
devised, but the three types described above represent the basic methods. 

Wartime experience with radar demonstrated that tunability was very 
desirable but that extreme tuning range was not. 
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Frequency Pulling by the R-f Load.—Magnetrons are self-excited 
oscillators whose frequency depends on output loading. In the process 
of scanning by the radar antenna, it is inevitable that variations in the 
magnetron loading will occur as a result of changing reflections from 
rotary joints, antenna housings, and large near-by reflecting objects. 
Such changes in loading produce changes in frequency which may be 

FIG. 10-22.—Cutaway view of a 1000-Mc/sec tunable magnetron showing the C-ring tuning 
mechanism and the slot-type resonators. (Courtesy of Bell Telephone Laboratories.) 

large, and this phenomenon is a source of considerable trouble. I t 
necessitates careful engineering of the entire r-f system from magnetron 
to antenna, and also affects receiver design. 

The problem is attacked in three ways: (1) the magnetron is designed 
so that its frequency change with changing r-f loading is small; (2) the 
variations in r-f loading are reduced by careful design and construction 
of the r-f components; (3) the radar receiver is made insensitive to changes 
in frequency by making its pass band broad or by incorporating automatic 
frequency control. It is the purpose of this subsection to discuss only 
the first of these methods of attack, that is, magnetron design. 

The effect of loading on the frequency of a magnetron is usually 
expressed by what is called the pulling figure, which is defined as the total 
frequency excursion which results when a standing-wave ratio of 1.5 in voltage 
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is presented to the magnetron and varied in phase over at least a full half cycle 
(see Fig. 1017). The VSWR of 1.5 was selected for this definition since 
it is in the range usually encountered in radar systems. Pulling figures 
for magnetrons with comparable loading increase with frequency, since 
the same fractional change in frequency corresponds to a larger number 

F I G . 10-2.3.—Magnetron with unsymmetrical tuning cavity. 

of megacycles at higher frequencies. Thus, similar magnetrons at 3000, 
10,000, and 30,000 Mc/sec would have pulling figures of, say, 5, 16, and 
50 Mc/sec. Since receiver bandwidth is not changed substantially as 
the radar frequency increases, frequency stability becomes a more 
important consideration at shorter wavelengths. 

The effect of loading on frequency stability and methods of obtaining 
various loadings have been considered in Sec. 10-4. As stated there, the 
requirements of any system usually make necessary some sort of com-
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promise between efficiency and frequency stability and this compromise 
is arrived at from a study of the Rieke diagram. 

I t is possible in some cases to combine with the magnetron proper a 
high-Q cavity coupled to it in such a way as to reduce the pulling figure 
by a large amount with little or no loss in efficiency. The ratio of the 
pulling figures with and without the high-Q cavity for equivalent operat
ing conditions is called the "stabilization factor," which may be as large 
as 10 but is usually between 2 and 5. The addition of this stabilizing 

Nominal band — V - j 

Frequency in Mc/sec 
F I G . 10-24.—Characteristics of the 4J70 series. 

Magnetic field = 2700 gauss 
Pulse current = 70 amp 
Pulse duration = 0.8 /xsec 
P R F = 400 pps. 

cavity has the disadvantage, however, of reducing the tuning range of 
the magnetron; further, it may aggravate mode instabilities. If con
stant-frequency operation is required, stabilized magnetrons should be 
seriously considered. 

Frequency stabilization has been incorporated into only a few mag
netrons. A good example is the 2J41, which has a pulse power output of 
500 watts at 9310 Mc/sec and a pulling figure of 1.5 Mc/sec with a 
tuning range of 0.7 per cent. The stabilization factor is 10. The 10-cm 
series 4J70 to 4J77 is stabilized by a factor of 1.5 and the 1.25-cm 3J21 
by a factor of 2. High-power magnetrons with high stabilization have 
not been developed. 

Weight.—The development of airborne radar placed great emphasis 
on the reduction in weight of all components. As a result, magnetron-
magnet combinations were produced in which every effort was made to 
reduce the total weight. This development has been so successful, par
ticularly for the higher-frequency magnetrons, that the weight of a 
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magnetron-magnet combination is now a small fraction of the weight of 
the pulser required to drive it. The weight of magnetrons and their 
magnets has thus ceased to be a critical design consideration. 

10-6. Magnetron Characteristics Affecting Pulser Design.—The 
magnetron, standing as it does between the pulser and the r-f system, 
imposes restrictions on the design of both these components. Pulser 
design in particular has been complicated by some very strict require
ments which the magnetron places on pulse shape and voltage regulation. 
These requirements arise from undesirable magnetron characteristics 
which it has so far been impossible to remove in the design of the tubes. 
They may perhaps be eliminated from magnetrons in the future. 

The stringency of the conditions that the magnetron places on the 
pulser or on the r-f components increases rapidly as the maximum operat
ing conditions are approached. Thus the surest way to obtain reliable 
performance is to operate the tubes at conservative ratings. 

Little need be said here about the interaction between the magnetron 
and the r-f components. The relationship between frequency stability, 
VSWR of the r-f system, and the magnetron pulling figure has been 
covered in Sec. 10-4. The related subject of long-line effect is discussed 
in Sec. 111 . 1 

Because the interaction between the pulser and the magnetron has 
only recently been understood, many serious difficulties have been 
alleviated in the past by the unsatisfactory process of cut-and-try. Four 
characteristics of magnetrons are largely responsible for these troubles. 

Change of Frequency with Current.—The input impedance of a mag
netron varies with voltage as shown in Fig. 10-29. The average input 
impedance is usually in the range of 400 to 1000 ohms. Very small 
changes in anode potentials produce large changes in anode current. 
For example, the performance chart of a 4J31 magnetron (Fig. 10-16) 
shows that, at a magnetic field of 2300 gauss, a change of voltage from 
20 kv to 22.5 kv causes a change in current from 20 to 50 amp. Varia
tions in voltage during a pulse must be kept within small limits to prevent 
large current variations and consequent distortion of the r-f pulse shape. 

The rate of change of frequency with anode current, dv/dl, deter
mines the amount of frequency modulation and undesirable distortion 
in the energy spectrum of the pulse which will be caused by current 
variation during the pulse. In the usual operating range for most mag
netrons, dv/dl is about 0.1 Mc/sec per amp, but it can be as large as 
+ 1 Mc/sec per amp. The exact value depends to a considerable degree 
on the operating point selected. To illustrate this problem, consider a 
magnetron with dv/dl = 0.4 Mc/sec per amp driven by a l-/tsec pulse 
which "droops" from 55 to 50 amp. This 5-amp change in current will 

1 See also Microwave Magnetrons, Vol. 6, Sec. 7-2, Radiation Laboratory Series. 
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produce a frequency modulation of 5 amp X 0.4 Mc/sec per amp = 
2 Mc/sec. Since the bandwidth of the receiver for a l-/isec pulse would 
be about 2 Mc/sec, frequency modulation of this magnitude will result 
in a serious loss of received energy. When longer pulses and correspond
ingly narrower bandpass receivers are used, this problem becomes much 
more critical and may place very severe requirements on the flatness of 
the current pulse. 

Instabilities.—It has so far been found impossible to construct mag
netrons that do not occasionally present to the pulser either a very low 
impedance as a result of a gas discharge (sparking) within the tube, or a 
very high impedance due to a failure of the magnetron to oscillate in the 
proper manner (mode-changing). Either of these events may occur only 
once or twice per million pulses, but when such an event does take place, 
voltage and current surges are frequently produced in the pulser which 
may cause failure of some component. The pulser designer must there
fore over-design components and provide special protective circuits to 
guard against events that may happen only once in a million pulses. All 
magnetrons change mode or spark occasionally, but the frequency of 
sparking or mode-changing can be reduced by operating at moderate peak 
anode currents and short pulse durations. Magnetron performance and 
life are materially increased if the pulser design is such that, in the event 
of sparking or mode-shifting, an excessive discharge does not take place 
through the magnetron. 

These two types of instability, mode-changing and sparking, are diffi
cult to distinguish in practice, since mode, changing usually produces 
sparking and vice versa. In spite of this, it is advantageous to consider 
them separately since the cure for each is quite specific and distinct. 

Sparking is an internal discharge in the magnetron which arises as a 
consequence of the generation of bursts of gas within the tube. The 
gas may be liberated from the anode or from the cathode; in either event 
the frequency of the phenomenon is multiplied by an increase in anode 
voltage, anode current, or pulse length. Operation of a magnetron under 

•conditions which exceed specifications for any of these quantities results 
in a very rapid increase in sparking rate. Sparking limits the maximum 
pulse length at which magnetrons can be operated. 

Of all the modes of oscillation possible in magnetrons, only the ir-mode 
is ordinarily used but all magnetrons will sometimes oscillate in an 
unwanted mode, or alternate erratically between two modes. This 
tendency is responsible for some of the most troublesome problems in 
magnetron and pulser design. Considerable progress toward an under
standing of the phenomenon has now been made,1 and when mode' 

1 F. F. Rieke and R. Fletcher, "Mode Selection in Magnetrons," RL Report No. 
809, Sept. 28, 1945. Microwave Magnetrons, Vol. 6, Chap. 8, Radiation Laboratory-
Series. 
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changing difficulties arise a systematic attack is possible. The important 
conclusions of this study are given here. 

Mode changes are of two types. One type is caused by anode currents 
so high that they exceed the conditions for oscillation and cause transition 
into a state of nonoscillation or into another mode of oscillation. The 
second type arises from a failure of the oscillations in the desired mode to 
build up rapidly enough with respect to the voltage rise at the start of the 
pulse. The first type is encountered usually in lower-power c-w magne

trons, rarely in pulsed tubes. The 
second type, called "mode-skip
ping," is common to nearly all high-
power pulsed magnetrons and thus 
is of importance here. 

Mode-skipping is dependent not 
only on the characteristics of the 
magnetron but also on the charac
teristics of the pulser. In practice, 
it has been necessary to consider the 
magnetron and pulser as a unit. 

For given magnetic field and r-f 
loading, there is only a limited range 
of anode voltage over which the 
magnetron will build up oscillations 
in the, desired mode. On the other 
hand, if high-power oscillations are 
to be maintained, a plate voltage at 
least as high as this starting voltage 

(V a) must be maintained at large currents. This calls either for a very low-
impedance pulser or for a high pulser voltage Vo at zero load current. 
Consider the case illustrated in Fig. 10-25. To achieve the final pulse 
current / , the pulser must be adjusted to a value of Vo considerably higher 
than the starting voltage Vs. Under proper conditions, when the pulse 
is applied to the magnetron, the V-I curve is that shown dotted in Fig. 
10-25. The pulse voltage never rises above the critical value Vc, because, 
as it reaches Vs, the magnetron draws current and loads the pulser. If 
oscillation fails to start promptly after the pulse voltage has reached Vs, 
the voltage continues to rise and may exceed Vc before current is drawn. 
Then, since the conditions for oscillation no longer exist, the voltage rises 
to Vo and oscillations in the desired mode cannot take place. This is 
what occurs when a magnetron skips modes. The V-I trace for such an 
event is also shown in Fig. 10-25. The condition for oscillation in the 
desired mode occurs when the magnetron starts to oscillate and to draw 
current in the time interval taken for the pulse voltage to pass from Va 

Pulser load curve 

Constant H 

Operating 
[^current / 

Pulse current 
F I G . 10-25.—V-I plot of a magnetron illus

trating the problem of mode skipping. 
Va = magnetron starting voltage 
Vc = critical voltage above which oscilla

tions will not start 
Vo = pulser voltage with no load. 
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to Vc- For this particular case the probability that the magnetron will 
start is increased if (1) the magnetron has a short starting time and has a 
large voltage interval Vc-Vs and (2) the pulser delivers a slowly increas
ing voltage between Vs and Vc. The internal impedance of the pulser, 
which determines the distance that Vo must be above Vc, also plays an 
important role in mode stability, but the optimum impedance depends 
on the characteristics of the magnetron and thus cannot be stated in 
general. Particular combinations of magnetron and pulser frequently 
present situations much more complex than those shown in Fig. 10-25. 
As the phenomenon of mode-changing is becoming better understood, 
improvements which alleviate the troubles are being incorporated into 
both magnetrons and pulsers. The radar designer should become fully 
familiar with the requirements that a magnetron places on pulse shape 
and pulser impedance. The reader who needs more detailed information 
about magnetrons than is given here is referred to Vol. 6 of this series, 
Microwave Magnetrons. 

THE PULSER 

B Y J. V. LEBACQZ AND M. G. W H I T E 

Modern radar equipments are usually based upon the generation of 
short pulses of electromagnetic radiation. The cavity magnetron must 
generate electromagnetic oscillation of suitable frequency and power, and 
the function of the pulser or modulator is to deliver power to the magne
tron in a suitable way. Cavity magnetrons have ordinarily been 
employed in the generation of microwaves, but a few radar equipments 
have been designed around triode oscillators, notably of the lighthouse 
type. Although the pulse techniques described here were largely worked 
out with the magnetron in mind, the information presented is intended 
to be generally applicable to any oscillator or power-consuming load. 
The discussion will be limited to methods peculiarly well adapted to pulse 
powers in the range of a few kilowatts up to several megawatts, and to 
pulse durations in the range from one-tenth to several microseconds. 
The primary aim of the balance of this chapter is to give the designer a 
feeling for the over-all problem, and to assist him in deciding among the 
compromises required to achieve a well-balanced design. 

Numerous considerations enter in the design of a radar pulser; of 
primary concern are the nature of the load, the output pulse voltage and 
current, the pulse duration, and the repetition rate. The operational 
problem faced by the complete equipment will impose some specific 
requirements on the pulser, with regard to size, weight, supply voltage, 
etc.; such requirements may make it necessary to use an otherwise less 
desirable design. 
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I t is common practice to begin the design of a pulser around a resist
ance load equal to the static resistance of the actual load to be used at its 
required operating point. Although final evaluation of the pulser per
formance requires consideration of the whole system and particularly of 
the oscillator used, much information about pulser behavior can be 
obtained by considering a pure resistance load. The following discussion 
of the types of pulsers in use at present and their characteristics is based 
on the assumption of a resistance load. The general characteristics of 
the magnetron load will be considered later, and their effect on pulser 
behavior and design will be studied in greater detail for the two main 
types of pulsers. 

10-7. Pulser Circuits.—To obtain substantially rectangular pulses 
of short duration and high pulse power requires that energy stored in 
some circuit element be released quickly upon demand and be replenished 
from an external source during the interpulse interval. Either electro
static or electromagnetic means of energy storage can be used. 

In the latter case, energy stored in the magnetic field of an inductance 
through which current is flowing is released to the load by suddenly inter
rupting the current. This can be achieved by biasing to cutoff a high-
vacuum tube in series with the inductance, the resulting inductive voltage 
rise being applied to the load. To restore the energy to the magnetic 
field, it is necessary either to pass large steady currents through the 
inductance between pulses, or to use a fairly complicated grid-modulating 
circuit whose function is to start the current flowing through the induct
ance a short time before the moment of interruption. 

In either case, power losses in the switch and auxiliary equipment are 
much larger than those in pulsers of comparable output using electro
static storage of energy. As a result, the use of pulsers employing elec
tromagnetic energy storage has been limited to special applications (such 
as trigger circuits) where it is necessary to obtain a very high ratio 
between the pulse voltage and the supply voltage or where the load is 
mostly capacitive. The following discussions in this chapter will refer 
to pulsers whose energy is stored in an electrostatic field. 

The basic circuit of most practical pulsers so far designed is given in 
Fig. 10-26. Assume for the present that the energy-storage element is a 
condenser, Co, charged to a potential Vc so that the energy stored is 
■j CoVl. When the switch S is closed at t = 0, the condenser will begin 
discharging exponentially through the load resistance RL. If the switch S 
can now be opened suddenly at a time t0 very small compared to the time 
constant RLCo of the circuit, the voltage appearing across the load, for 
0 < t < io, will be given by 
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and will be constant within a few per cent, from the assumption to <3C RLC0. 
The voltage left on the condenser is 

V' = V, 
\ RLCO/ 

Hence, the energy dissipated in the circuit during the pulse is 

Wo CoVl 
1 - 0 - &)1 -R. ■k. 

In practice, the only available switches that can be used to open sud
denly the large load currents are vacuum tubes—either triodes or tetrodes. 

i 
Supply 
o 

Isolating 
element — " 

J 
c 

1 

/swit 

I 

Energy storing 
element 

:h S 

F I G . 10-26.—Basic circuit for pulsers using electrostatic energy storage. 

Unfortunately, the plate resistance Rp of vacuum tubes is always rather 
large, resulting in a high voltage drop VT across the switch during the 
pulse. The load voltage will then be given by 

(Vc - VT) 

RL = Vc (Rp + RL) 

1 - t 
(R„ + RL)C0 

t 
(RP + Rc)Co 

The energy dissipated during the pulse is again given approximately 
by 

Vc 
Rp + R, ■to. 

It must be supplied to the condenser during the interpulse interval 
through the isolating element. This element thus plays two very impor
tant functions in the pulser operation: it must prevent excessive power 
being drawn from the power supply when the switch is closed, and it must 
allow sufficient energy to flow during the interpulse interval to recharge 
the condenser Co- Either a high resistance, an inductance, or a series 
combination of resistance and inductance can be used for the purpose. 

In order to avoid the large voltage drop across the high-vacuum tube, 
it would be desirable to use a very low-resistance switch, such as a spark 
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0.75 

0.50 

R,.=2Zo 

RL'Z0 

or gaseous discharge, in this circuit. When this is done, however, another 
difficulty presents itself immediately: the current flow through a gaseous 
discharge switch cannot be interrupted at will, so that all the energy 
stored must be dissipated in the load. If the energy-storage element is 
still a condenser, then its capacity Co could be made of such a magnitude 

that i CoVl is equal tothe required 
energy for the pulse, (V\/RL) to-
This is unsatisfactory, since the 
wave shape of the output voltage 
pulse would be an exponential, 
instead of being substantially rec
tangular, as desired. 

A satisfactory wave shape can 
be obtained with a gaseous dis
charge switch if a transmission 
line, either parallel wires or co
axial cable, is used instead of the 
c o n d e n s e r . Consider an ideal 
(lossless) line of i m p e d a n c e 
Za = y/L/C, where L and C are 
the inductance and capacity per 
unit length, having a one-way 
transmission time S. Elementary 
transmission-line theory s h o w s 
that if such a line, charged to a 
potential Vc, is suddenly con
nected across a resistance RL, 
there will result a discontinuous 

0.25 

— -L 
2!r. 

i 
I i 

3T„ *ra 

I 
10-27.—Output of an ideal transmission 

line with a resistance load. 

current of magnitude flowing through the circuit for a time 
Zo + -Ri 

25, and the voltage appearing across the load (neglecting the small 

voltage drop across the switch) will be given by VL = Vc / i p ' 

Successive reflections will occur, the amplitude of the nth reflection being 
given by 

Zc' 
VLn = Vc 

RL (RL - ZcV 
Jo + RL \RL + Z0J ' 

The general wave shape obtained is shown in Fig. 10-27 for three values 
of RL/Z0. Of course, if RL = Z0, no reflections occur, and a perfect 
rectangular pulse is obtained. Even if perfect " m a t c h " {RL = Z0) 
between the load and the network is not realized, little trouble will 
usually occur. Assuming, for example, RL/Z0 = 1.15, the voltage ampli-
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tude of the first reflection would be only 7 per cent of that of the main 
pulse, and the power involved in that reflection is only 0.5 per cent of that 
of the main pulse. For all practical designs, a mismatch of 20 to 30 per 
cent is acceptable from the standpoint of energy loss. Design considera
tions for the best use of available components usually make it preferable 
to keep the impedance Z0 small, generally about 50 ohms. The load 
resistances encountered in practice are approximately 500 ohms or higher. 
In such a case, the load and the line are matched through a pulse trans
former. The voltage step-up ratio of the pulse transformer, n, is chosen 
to make n2 = RL/Z0. 

If RL = Z0, it can be shown easily that all the energy stored in the 
transmission line is dissipated in the load. Again, from elementary 
theory, 

Za = y/LjC = VU/Cl; 
& = IVLC = VuCo, 

where I is the length of the line, L and C its inductance and capacity per 
unit length, L0 = IL the total inductance of the line, and Co = IC its total 
capacity. The energy stored is given by 

W = i CoVl 
but 

Co = -Ff- = WTT> since t0 = 2&, 

and 

W = l ^ -
4Z0 

On the other hand, the energy dissipated in the load is given by 

Wo = - ^ to, 

or, since 

VL = ~ and RL = Z0, 

Wo = § / » = W; 

therefore all the energy stored in the line is dissipated in the load. 
This method thus provides a very efficient way of obtaining a rectan

gular pulse of energy in a resistance load. I t is usually impractical to use 
actual transmission lines or cables in actual pulsers; a cable to supply a 
1-psec pulse would be approximately 500 ft long. This difficulty can be 
easily circumvented by the use of artificial transmission lines or of a pulse-
fdrming network. 
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Now that a practical and highly efficient discharging circuit has been 
shown to be feasible, there remains the problem of replenishing the energy 
of the pulse-forming network. This could be done by using a resistance 
as isolating element. The very low efficiency of this scheme1 makes it 
unsuitable for all but a very few special applications, such as systems 
requiring variable interpulse intervals. Accordingly, inductance charging 
is almost always used. I t will be shown later that , if a d-c supply 
voltage is available, the network voltage at the time of discharge is double 
the supply voltage, except for losses in the inductance; it will also be 
shown that the network can be recharged from a source of a-c voltage, 
provided the repetition frequency is a multiple of one-half the supply 
frequency. 

Comparison of the Two Types of Pulsers.—The basic circuit of Fig. 
10-26 applies, as has been shown, to two types of pulse generators. In 
one type a small amount of the energy stored in a condenser is allowed to 
be dissipated in the load during each pulse. The switch, which must be 
able to interrupt the pulse current, is always a vacuum tube, and pulsers 
of this type are commonly called "hard-tube pulsers." Pulsers of the 
other type, where exactly the correct amount of energy is stored before 
the switch is closed, and the pulse is shaped by the discharge circuit itself, 
are referred to as "line-type pulsers," since the pulse-shaping elements or 
pulse-forming networks have been derived from the electrical characteris
tics of transmission lines. 

The two types of pulsers have different characteristics, and it is of 
interest to analyze briefly some of the considerations involved in the 
design. 

For instance, it is easier to change the pulse duration in a hard-tube 
than in a line-type pulser, since it is sufficient to change the time during 
which the switch is conducting. This can be done easily at low voltage 
in the driver stage, instead of using a high-voltage switch to change pulse-
forming networks in a line-type pulser. 

Methods for turning on the switch in a hard-tube pulser, discussed 
more fully later, generally involve a small regenerative pulser which 
applies a positive pulse "d r ive" to the control grid of the vacuum-tube 
switch. This small pulser nearly always requires auxiliary voltage sup
plies and, in addition, the switch-tube control grid must be maintained 
beyond cutoff during the interpulse interval. In line-type pulsers, the 
"triggering" of the switch (or initiation of the discharge) is usually 
accomplished with much less power than is necessary to drive the grid 
of the hard tube; in most cases, the driver power output is only a few per 

1 Simple considerations show that, when charging a condenser from zero to the 
power supply voltage through a resistance, as much energy is dissipated in the resist
ance as is stored in the condenser. 
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cent of the pulser power output, but it runs as high as 10 per cent in some 
high-power pulsers. The output pulse shape is usually more nearly 
rectangular from a hard-tube than from a line-type pulser. Except for 
special cases, hard-tube pulsers are almost always built for direct output, 
and thus avoid the inductance and capacity added by the impedance-
matching pulse transformer between the line-type pulser and the load, 
with the resulting oscillations in the 
pulse shape. 

Power regulation as a function 
of input voltage, that is, the ratio 
of the fractional increase in output 
power to the fractional increase in 
input voltage which produces it, is 
always equal to 2 for a line-type 
pulser operating near matched con
ditions, regardless of the type of 
load. For a hard-tube pulser op
erating a load having the general 
characteristics of a biased diode— 
such as the magnetron—the regula
tion may be as high as 5 or 6 if the 
pulser is designed to operate with 
minimum tube drop. It is possible, 
however, by choice of switch tubes with proper characteristics, to operate 
on such a portion of their characteristic that the power regulation near the 
operating point will be only about 0.5. 

The pulser load line, or variation in output voltage and current as a 
function of load, is a plot of load voltage vs. load current (see Fig. 10-28). 
An equation for the line-type pulser is easily obtained, by eliminating RL 
between the expressions for load current and voltage, as VL = Vc — ILZ0. 
It is thus a straight line. For hard-tube pulsers, the same expression is 
applicable if Z0 is replaced by the tube resistance Rv. In this case, how
ever, Rp is not a constant, but depends on the tube characteristics. 

When variable pulse spacing, very high pulse repetition rates (greater 
than 4000 pps), or "coded pulses" (groups of closely spaced pulses) are 
required, the hard-tube pulser is almost exclusively used. Although the 
line-type circuit can be adapted to such an application,1 the advantages 
of flexibility inherent in the hard-tube pulser have restricted the use of 
the line-type pulser to very special cases. Such a case occurs if the supply 
voltage is so low that the required power output cannot be obtained from 
a hard tube. 

"Time jitter," or the difference between the time at which a pulse is 
1 See Sec. 10-7, Vol. 5, Radia t ion Labora tory Series. 

F I G . 10-28.—Pulser and magnetron 
voltage-current characteristics, (a) line-
type pulser load line, (b) hard-tube pulser 
(adequate emission available), (c) hard-
tube pulser near saturation. 
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supposed to appear and that at which it does appear, is sometimes a very 
important factor to be considered in the design of the pulser (Chap. 10). 
For hard-tube pulsers, the time jitter is practically always of the order 
of 0.01 Msec or less. Some specially designed gaseous discharge switches 
(hydrogen thyratrons and mercury-sponge series gaps) can also give time 
jitters of the same order of magnitude, if the proper precautions are taken 
in the trigger circuit. Others have time jitters ranging from i to 3 Msec 
for cylindrical series gaps, to 20 to 50 /isec for rotary gaps. 

The simplest type of pulser is one of the line type, with a-c charging 
and a rotary-gap switch. In this case, the pulser components are 
reduced to a pulse-forming network, a charging transformer (which com
bines the functions of input step-up transformer and charging inductance), 
and a rotary gap mounted on the shaft of the alternator which supplies 
power to the charging transformer. In this way, the proper relationship 
between supply and repetition frequencies is easily maintained, and a very 
compact pulser for high power output can be made, although such a pulser 
has no flexibility. 

In general, line-type pulser circuits are simpler and therefore easier to 
service. They also lend themselves to a greater efficiency, not only 
because the circuit in itself is more efficient, but because the overhead— 
auxiliary circuits, cathode power, etc.—is less. In size and weight, for a 
given set of output conditions, the advantage is decidedly with the line-
type pulser. For airborne pulsers, these advantages in efficiency, size, 
and weight outweigh any advantage of flexibility or pulse shape which 
the hard-tube pulser may offer. As an example, the Model 3 airborne 
pulser (used in the AN/APS-15), rated at 144 kw pulse power output 
with pulse lengths of 0.5, 1, and 2 jxsec, weighs 55 lb and occupies a space 
15 by 15 by 16 in.; with the techniques now available little improvement 
could be expected, were this pulser redesigned. On the other hand, a 
line-type pulser with hydrogen-thyratron switch, designed for 600 kw 
pulse output, for pulse widths of 0.5 and 2.5 jusec, weighs only 98 lb and 
has a volume of about 17 by 17 by 24 in. 

Table 103 summarizes the advantages and disadvantages of the two 
types of pulsers. 

10-8. Load Requirements.—It is not enough to say that a pulser 
shall produce a pulse of a certain duration and magnitude. The nature 
of the load imposed upon the pulser, the operational problem faced by 
the complete equipment, and certain other practical factors usually 
require consideration. 

Although the most usual pulser load is the magnetron, the load prob
lem in general will be considered briefly. The eventual load will differ 
from a pure resistance by having a certain amount of capacity and induct
ance associated with it, and it will certainly be nonlinear. Further, the 
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TABLE 10-3.—COMPARISON OF THE TWO PULSER TVPES 

Characteristics 

Efficiency 

Pulse shape 

Impedance-matching 

Interpulse interval 

Voltage supply 

Change of pulse dura
tion 

Time jitter 

Circuit complexity 

Effects of change in 
voltage 

Hard-tube pulser 

Lower; more overhead power 
required for driver, cathode 
heating, and for dissipation 
in switch tube 

Better rectangular pulses 

Wide range of mismatch per
missible 

May be very short, as for cod
ing beacons (i.e., < 1 /xsec) 

High-voltage supply usually 
necessary 

Easy; switching in low-voltage 
circuit 

Somewhat easier to obtain 
negligible time jitter, i.e., 
< 0.02 /sec, than with line-
type pulser 

Greater, leading to greater 
difficulty in servicing 

For design having maximum 
efficiency, (AP/P) output « 
6(AV/V) input. By sacri
ficing efficiency in the design, 
(AP/P) output = 0 5 (AV/V) 
input can be obtained 

Line-type pulser 

High, particularly when pulse-
power output is high 

Poorer rectangular pulse, par
ticularly through pulse trans
former 

Smaller range of mismatch per
missible (+20-30 per cent). 
Pulse transformer will match 
any load, but power input to 
nonlinear load cannot be 
varied over a wide range 

Must be several times the 
deionization time of discharge 
tube (i.e., > 100 usec) 

Low-voltage supply, particu
larly with inductance charg

ing 
Requires high-voltage switch
ing of network 

High-power line-type pulsera 
with rotary-gap switch have 
inherently large time jitter. 
With care in design and use 
of hydrogen thyratron or 
mercury-sponge type of en
closed gaps, time jitter of 
0.02 usec or less obtainable 

Less, permitting smaller size 
and weight 

Better than a hard-tube pulser 
designed for maximum effi
ciency since (AP/P) output 
« 2(AV/V) input for line-
type pulser, independent of 
design 

load may also display occasional short-circuit and open-circuit conditions 
which must be allowed for in the pulser design. 

Confining our attention to the magnetron, we note in Fig. 10-29 that 
it displays a dynamic impedance at the operating point of only 430 ohms, 
even though the V-I impedance ratio is 1480 ohms there. Both the 
operating and the dynamic or incremental impedance are important; the 
former determines the rate at which power will be absorbed from the 
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pulser, and the latter determines in some cases the variation in power 
output with small incremental changes in applied voltage. For example, 
a magnetron operating at 20 kv and 13.5 amp absorbs power at the rate 
of 270 kw, yet a decrease in applied voltage of only 3 kv will drop the 
current by 7 amp and virtually stop the oscillation. Since AV/Al is 
small, a satisfactory pulser must produce a fairly fiat-topped pulse free 
from voltage changes larger than 5 per cent of the peak voltage. 

The V-I characteristics of most magnetrons show irregularities which 
are associated with various modes of oscillation whose number, magni
tude, and position vary with magnetron type, r-f load applied to the 

magnetron, magnetic field, and 
Operating point \ ±i_ j j - x -

x cathode condition. 
Short-circuit and open-circuit 

conditions must be allowed for if 
the pulser is not to be damaged. A 
magnetron, or any other load, may 
develop an infinite impedance be
cause of mechanical breakage of 
some part of the circuit, or through 
failure of the cathode to emit. This 
is not serious in the case of the hard-
tube pulser, but the pulse-forming 
n e t w o r k variety generally dis
charges its unconsumed energy in 
some abnormal and undesirable 
way. No pulsing system should be 
considered which can be destroyed 
by a single discharge of a high-power 
pulse in some unexpected part of the 
circuit. An average-current device 
intended to turn off the primary 

power supply if the load fails to draw power could hardly do so in less than 
a few pulse cycles, and thus cannot be relied upon to protect against this. 

A short-circuited load can prove disastrous to a hard-tube pulser in a 
few pulse cycles unless provision is made to turn off the primary power 
when the load draws too much current, since most of the energy which 
the hard-tube pulser normally delivers to the load will then appear as 
anode heating of the switch tube. Since it is hardly practicable to design 
switching tubes heavy enough to withstand this sort of abuse for long, 
overload protection must be provided. A relatively fast-acting average-
current device is suitable for this purpose. 

The electrostatic capacity of the load should nearly always be kept 
to a minimum. Not only is the energy spent in charging this capacity 

Peak plate current in amperes 
F I G . 10-29.—V-I characteristics of 4J77 mag
netron. Field, 2700 gauss; X = 11.140 cm. 
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totally wasted, but stray load capacity seriously affects time of fall and 
back-swing. Short, well-spaced leads and a low-capacity magnetron fila
ment transformer are helpful in reducing load capacity. 

The definition of pulse duration is intimately bound up with mag
netron behavior. From the radar system point of view it is the duration 
of the r-f pulse which is of interest and not necessarily the duration of the 
voltage pulse applied to the magnetron. Figure 10-30 shows the typical 
appearance of the r-f pulse, of the current pulse through the magnetron, 
and of the voltage pulse applied to the magnetron. Usually, the shape 

F I G . 10-30.—Time variation of voltage and current of a pulsed cavity magnetron. 
rr = time of rise of voltage wave 
TB = delay time for onset of oscillations 
TO = width of current and r-f pulse 
r/ = time of fall of voltage wave. 

and duration of the r-f pulse closely approximate those of the current 
pulse; the voitage pulse is less steep and of longer duration. 

The pulse length, TO, may be defined as the interval of time during 
which the load current wave is within 50 per cent of peak value. In so 
defining the pulse length, it is necessary to ignore a rather short-duration, 
high-current spike often found on the leading edge of the current wave. 
So defined, TO can be used satisfactorily in calculations of average current 
and average r-f power. Successful pulsers have been designed and put 
into production for T0 as short as 0.1 jisec, and as long as 5 usec or a little 
more. Practical design difficulties increase at pulse lengths outside this 
range. 

The voltage across the magnetron when it is oscillating vigorously in a 
steady state is designated as Vm<>. In general, Vmo will lie between a few 
kilovolts and 30 to 40 kv, although it may be higher for magnetrons in the 
10-Mw region. Most practical pulsers do not produce a perfectly uni
form flat-top wave because this is usually costly and unrewarding. A 
drop of 2 to 5 per cent in voltage during the pulse, AVm0, can usually be 
tolerated by the magnetron without harmful frequency modulation or 
mode instability. 
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The rate of rise and the overshoot on the leading edge of the voltage 
wave are important in determining the ability of the magnetron to 
operate at high power levels. A multicavity oscillator has several possi
ble modes of oscillation, in only one of which it operates efficiently and 
smoothly. Great effort has been devoted to understanding the conditions 
favorable to stable oscillations in a given mode. We now know that 
stability depends on both pulser and magnetron. Usually the pulser 
can be more easily modified than the magnetron if mode-shifting or mode-
jumping occurs. In any event, many interacting adjustments must be 
made before full power output can be assured. Sometimes a change in 
the r-f loading of the magnetron, in its heater current, or in the shape of 
the magnetic field will succeed where altering the pulse shape has failed. 
Almost always, too short a rise time, U, of the voltage pulse leads to mode 
instability, any rate of rise over 100 kv//xsec being considered fast.1 

Magnetron sparking can also be caused by high rates of voltage rise. 
A "sp ike" frequently appears on the leading edge of the voltage pulse. 

Since a magnetron operates at a magnetic field far above the nominal 
cutoff value, it is impossible for electrons to reach the anode without the 
aid of the r-f field. Therefore, until the field is established, little power 
is drawn from the pulser and a momentary overvolting of the magne
tron results. This phenomenon is particularly prominent in the case of 
line-type pulsers, where the voltage across the magnetron can rise to 
twice normal if the magnetron fails to draw power. This high-voltage 
"sp ike" can give rise to all manner of sparking and mode troubles. Its 
cure lies not alone in alteration of the pulser design, but also in attention to 
magnetron design.2 

The internal impedance of the pulser plays an important role in affect
ing mode stability. There are significant differences between the opera
tion of hard-tube and of line-type pulsers.3 The hard-tube pulser has an 
internal impedance equal to that of the output tube, which varies from 
90 to 150 ohms until saturation is reached. The line-type pulser, being 
essentially a constant-voltage device in series with an impedance equal 
to the load resistance, has a resistance of 400 to 1200 ohms. Conse
quently, the conditions of stable operation for a given magnetron will 
vary with load and pulser type. Stable operation occurs for those 
values of V and I which simultaneously satisfy the load and generator 
characteristics. This would not concern us except that the various 
modes have different V-I characteristics, thus giving cause for instability. 

1 The 4J52 magnetron is an exception to the statement made here, heing more 
stable with a rapid rate of rise. 

2 More detailed discussions will be found in Pulse Generators, Vol. 5 of this series, 
and in Microwave Magnetrons, Vol. 6. 

3 RL Report No. 809, Sept. 28, 1945. 
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Figure 10-28 shows how differing internal impedances can affect mode 
stability: operation in the unwanted T*- mode is impossible in the case of a 
pulser load line such as B, but may occur if the load line has the form of 
A or C. 

We must also pay attention to the reverse voltage Vmi which most 
pulsers put across the magnetron after the main-power pulse has passed, 
for in some cases Vmi may be larger than Vmo and lead to breakdown of 
the magnetron insulation. This same reverse voltage may also appear 
across various parts of the pulser circuit itself unless steps are taken to 
suppress it. Most pulsers keep the reverse voltage within safe limits by 
means of a resistance or, better still, a nonlinear element such as a diode. 
The power wasted in backswing damping is rarely more than a few per 
cent of the total useful power output of the pulser, and the duration of 
the backswing is seldom greater than 2 to 10 psec. Some pulsing circuits 
produce a secondary forward pulse, V mi, which can cause trouble by 
feebly exciting the magnetron to give a few microwatts of power. In 
many applications this would cause 
no concern because of the much 
greater amplitude of the main power 
pulse. In most radar s y s t e m s , 
however, a few microwatts, directly 
from the magnetron, would swamp 
any but the strongest echoes which 
might happen to return coinciden-
tally with the appearance of Vmi. 
As a matter of practical experience, 
Vmi should be kept below 10 per 
cent of Vmo if all possibility of 
trouble is to be avoided. 

10-9. The Hard-tube Pulser.—A simplified diagram of the power-
output stage of the hard-tube pulser is given in Fig. 10-31. The energy-
storage element Co is recharged through the isolation inductance Li. In 
the quiescent state, the point A' is at ground potential while the high-
voltage side of Co is at the full d-c supply voltage along with the anode of 
vacuum tube TV The control grid of 7 \ is biased to cutoff and the screen 
grid is held at a normal positive value. If a sufficiently large positive 
pulse be applied to the control grid of T\, the cathode will emit electrons 
vigorously and the anode will drop from its high positive potential to just 
that potential required to pass the plate current demanded by the load. 
Since the voltage across Co cannot change instantaneously, the point A' 
will assume a high negative voltage, which is applied to the load. Cur-
rert will continue to flow out of Co, and around the load circuit, until the 
driving pulse on the grid of Ti is removed. The system will return to its 

FIG. 

'A 
Es £D=+13kv 

1200 v 
10-31.—Schematic diagram of output 

stage of hard-tube pulser. 
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previously described quiescent state as soon as current can flow through 
L2R2 to bring the point A' back to ground, and as soon as recharging cur
rent can flow slowly through Li to return C0 to its fully charged condition. 
During the pulse, the potential of C0 (and hence the voltage across the 
load) slowly declines unless Co is made very large. In any practical 
design it is usually desirable to make Co no bigger than absolutely neces
sary, the criterion being the permissible voltage drop while carrying 
a current pulse of definite magnitude for the duration of one pulse. 
Expressed more quantitatively, C0 = It0/AVm0. If J = 10 amp, t0 = 1 
/jsec, and the permissible voltage drop AF„o = 100 volts, we find that C0 
must be 0.1 juf- The sizes of Lh L2, and R2 depend upon how quickly it is 
desired to bring the tail of the pulse down to zero once the grid drive has 
been removed, and also on how much energy one is willing to waste in 
these elements during the pulse. 

There exists an upper limit to the size of the coupling condenser, 
because a very large capacity would take longer to recharge fully after a 
pulse. Given a fixed pulse rate and recharging impedance, an increase 
in coupling capacity will be accompanied by an increase in the no-load 
to full-load voltage ratio. In effect, a large capacity gives poor regula
tion. Should the designer attempt to recover this loss by decreasing the 
size of the recharging impedance, there will result an increased current 
drain from the power supply through the switch tube during the pulse, 
thereby causing an increased switch-tube drop. Careful balancing of 
these factors is required to achieve most efficient design. 

Occasionally, the most efficient operating voltage of the magnetron 
or load does not correspond to the optimum plate voltage for Tlt so that 
there must be some impedance-matching device between pulser and load. 
The primary of a pulse transformer may be inserted at A A' and the load 
connected across the secondary with or without the damping element 
L2R2. Generally speaking, the insertion of a pulse transformer changes 
so much the character of the pulse tail that it is necessary to alter radically 
the so-called "tai l damping" circuit. The most flexible and satisfactory 
damping system is a high-voltage diode connected across the magnetron 
to draw power only on the backswing. 

The Switch Tube.—Since the vacuum-tube switch is the heart of the 
hard-tube pulser, the characteristics desirable in a switch tube will be 
briefly mentioned. I t must be able to carry easily the current demanded 
by the load; in the interest of efficiency, the anode potential required 
should be as low as possible. Since a major source of power waste in the 
circuit is in the cathode-heating required to sustain the desired emission, 
it is customary to use oxide-cathode emitters wherever possible. Unfor
tunately, oxide-cathode tubes are not easily adaptable to high anode 
voltages because of the phenomenon of cathode sparking. With proper 
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care in processing and use it is possible, nevertheless, to arrive at a satis
factory and highly flexible pulser design using the oxide-cathode pulse 
tube up to 20 kv. Where extreme reliability and relative immunity to 
overload are required, the designer will prefer the thoriated-tungsten 
cathode switch tube in spite of its greater cathode power requirements. 
Switching tubes of the oxide-cathode variety usually can be counted upon 
to emit 300 to 600 ma/wat t of heating power while the emission of the 
best thoriated-tungsten cathodes is only about 100 ma/watt . 

The oxide-cathode tube is limited in power output by the onset of 
grid emission. I t is impossible to prevent thermionically active cathode 
material from contaminating the grid structure. Great care must be 
taken, therefore, to cool the grid by fins, heavy rods, and other means, for 
it can emit a few milliamperes even at a sub-visible temperature. A few 
milliamperes may sound small in comparison with several amperes pulse 
current, but a few milliamperes flowing all the time can cause serious 
heating of the anode and screen, which are at relatively high potentials. 
Usually the result is a runaway condition in which grid control is lost. 
The most successful oxide-cathode high-power switch tube is the 715B 
developed at Bell Telephone Laboratories. The 715B has a gold-clad 
grid which poisons and "absorbs" active material, thereby lowering its 
efficiency as a thermionic emitter. 

TABLE 10-4.—TYPICAL OPERATING CHARACTERISTICS 

Tube 
type 

3D21 
3E29 
715B 
5D21 
304TH 
6C21 
6D21 
527 

Cath
ode 
type 

Oxide 
Oxide 
Oxide 
Oxide 
Th-W 
Th-W 
Th-W 
Th-W 

Cath
ode 

power, 
watts 

10 
14 
56 
56 

125 
140 
150 
770 

Max. 
plate 
volt

age, kv 

3.5 
5.0 

15.0 
20.0 
15.0 
30.0 
37.5 
30.0 

Pulse 
cur
rent, 
amp 

5 
8 

15 
15 
6 

15 
15 
60 

Emis
sion, 
amp/ 
watt 

0.5 
0.57 
0.27 
0.27 
0.05 
0.11 
0.10 
0.08 

Cutoff 
grid 
volt
age* 

- 70 
- 100 
- 500 
- 500 
- 900 
-1000 
- 500 
-1200 

Plate 
drop, 
volts 

400 
600 

1500 
1500 
2000 
1500 
2000 
1500 

Screen 
volt
age 

800 
800 

1200 
1200 

2000 

Positive 
grid 

drive, 
volts 

150 
150 
200 
200 
200 

1500 
1500 
1500 

* 0.2-ma cutoff. 

A good output pulse tube must possess a sharp grid cutoff. For 
efficient operation, the plate current must be one milliampere or less when 
the grid is biased to some reasonable value. Because the anode is at very 
high voltage between pulses, any "leakage current" delivers excessive 
power to the anode. As an example, consider a pulse tube normally 
giving 20-amp pulses with an anode drop of 3 kv at a duty ratio of -nnro ■ 
Such a tube will display a peak power anode loss of 60'kw, but an average 
power loss of only 60 watts. If the leakage current at "cutoff" amounts 
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to only 1/10,000 of the peak current, or 2 ma, the power loss at 35 kv 
anode voltage is 70 watts. To reduce leakage current, the grid structure 
of a switch tube must surround the emitting area of the cathode com
pletely, and must give a uniform field over the entire cathode. Figure 
10-32 shows a group of high-vacuum switch tubes; Table 10-4 gives a set 
of typical operating characteristics. 

Except for the screen-grid and control-grid bias requirements of power 
output and driver stages, the hard-tube pulser is rather simple, for (as is 
shown in Fig. 10-33) the grid-driving circuit is not inherently complicated. 
A single 829 or 3E29 tube at T,

2 will satisfactorily drive two Eimac 
304TH's or two Western Electric 715B tubes; either complement of tubes 
is adequate to deliver over 200 kw to the load. Circuit constants given 
in Figs. 10-31 and 10-33 are representative and have been used in a pulser 
produced in large quanties. With the constants shown, the output volt
age pulse has a nominal duration of 1 /xsec at 12 kv and 12 amp. The 
maximum duty-ratio limit, set by 
the 715B tube, is 1/1000. 

If higher powers are required, 
it is quite practical to use several 
715B's in parallel. High-voltage 
tubes such as the 6C21 can be op
erated either singly or in parallel. 
In the case of parallel operation, 
it is sometimes necessary to insert 
25 to 50 ohms into the plate and 
screen leads in order to prevent 
parasitic oscillations. 

The Driver Circuit.—In the 
grid-driving circuit of a hard-tube 
pulser, all the requirements for 
pulse shape, accuracy of pulse spacing, and flexibility of pulse rates must be 
met. The important parts of the regenerative pulser circuit shown in Fig. 
10-33 are the pulse-forming network at the left and the three-winding pulse 
transformer which provides the necessary plate-grid feedback to make the 
circuit self-driving. 

Normally, all tubes are biased to cutoff; therefore, when a positive 
pulse of 100 volts is applied to the "trigger i n " point (Fig. 1033), plate 
current starts to flow in TV inducing a further positive voltage on the 
grid of TV Once regenerative action has commenced, the input trigger 
has no further effect; the plate current increases rapidly until limited by 
the ep-ip characteristic of TV As ip increases, ep decreases until it nears 
the screen potential; from there on, ip increases only slowly, thus pro 
ducing a relatively flat-topped wave. 

„ . x T 0 = l^sec. 

+600v 
Grid bias 

for output stage,-
750 v for 715 B 

F I G . 10-33.—Schematic diagram of regen
erative pulse generator used as driver of hard-
tube pulser. 



FIG. 10-34.—High-power hard-tube pulser. o 
to 
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During the rising part of the plate current curve, the pulse trans
former induces a negative voltage wave on the delay line equal to the 
induced positive voltage on the grid. The pulse length is then fixed by 
the time required for this negative wave to travel down the line and back 
to the grid. Upon arrival at the grid, the negative wave drives the tube 
toward cutoff, a process helped again by the regenerative action of the 
pulse transformer. 

F I G . 10-35.—Hard-tube airborne pulser. 

Practical Considerations.—The most economical pulser would have 
power flowing only during the pulse. Of course, energy must flow back 
to recharge those elements which store and deliver pulse power, but the 
design should not include vacuum tubes that conduct during the time 
between pulses, and are turned off during the pulse. Judicious use of 
plate-coupled and cathode-coupled circuits usually will permit all tubes 
to be biased to cutoff except during the pulse. Pulse transformers can 
also be used for phase reversal, impedance-matching, and circuit isola
tion. Means are now available for computing the important design 
parameters of such pulse transformers.1 

Successful hard-tube pulsers have been made with power outputs up 
1 Pulse Generators, Vol. 5, Chaps. 12 to 15, Radiation Laboratory Series. 
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to 3 or 4 Mw by operating half a dozen high-voltage 6D21 thoriated-
cathode tetrodes in parallel. Figure 10-34 shows two views of a high-
power hard-tube pulser rated at 3 Mw and Fig. 10-35 shows a lightweight 
hard-tube pulser built for airborne use. The latter is rated at 144 kw 
output at pulse durations of 0.5, 1, and 2 usec; it employs a circuit very-
similar to one given by combining Figs. 10-31 and 10-33. 

10-10. Line-type Pulsers.—A schematic diagram applicable to most 
typical line type pulsers is shown in Fig. 10-36. Like the hard-tube 
pulser, the line-type pulser is best analyzed by separate consideration of 

Isolation or charging 
impedance 

(Tfofp A ' I 

V Energy 
source 1 

Trigger in 

Switch 

Pulse forming network 

Impedance =Z0 
-m 0 O'M WpWuYoTJOT 

" I 

X, L. . _ J 

/+} Pulse transmission cable 
■^ impedance=Z0 

Damping 
network 

Oespiking 
circuit 

Fio. 10-36.- -Basic circuit for a line-type pulser. Volta 
function of the time, such as V 

jo may be either d-c or some periodic 
= V, sin 2jrft. 

the discharging and the recharging circuit. The discharging circuit is 
very simple, and its individual components are discussed in some detail 
hereafter. The pulse transformer will be considered in the following sec
tion, since it is applicable to both types of pulsers. In general, it can be 
said that the effect of both the switch and the pulse transformer is to 
decrease the rate of rise of voltage at the load from that which would be 
produced by the network alone. The switch usually introduces an 
appreciable resistance during its ionizing time, and the pulse transformer 
introduces an additional inductance in series with the load. However, a 
spike voltage is often encountered in practice, as mentioned previously, 
because of the time required for the magnetron to draw current after 
the normal voltage is applied to it. When it is necessary to prevent the 
appearance of a spike, a "despiking" circuit is used as indicated in the 
diagram. The resistance of this circuit is chosen equal to the network 
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impedance, and the capacity is chosen small enough to be almost com
pletely charged a very short time after the oscillator draws full load cur
rent. A damping network may also be provided to help bring down the 
trailing edge of the voltage pulse and prevent post-pulse oscillations. 

The Pulse-forming Network.—One of the possible lumped-constant 
networks having electrical properties essentially equal to those of a 
transmission line is given in Fig. 1037, with the values of L and C neces
sary for a line of given impedance and pulse length. If the inductance is 
constructed by winding a uniform helix on an insulating cylinder, the 
ratio of coil length to coil diameter should be that shown in Fig. 10-37, in 
order to provide the right amount of coupling between coils. The appro
priate value of inductance at each end of the line differs slightly from that 
in the middle sections. It has been found practically that the optimum 
number of meshes is related to the desired pulse length as shown in the 
following table. 

T A B L E 1 0 - 5 . — R E L A T I O N OK P U L S E L E N G T H TO N U M B E R o r M E S H E S 
Pulse length, jisec Number of meshes 

0 . 1 - 0 . 5 1-3 
0 . 5 - 2 . 5 2-5 
2 . 5 - 5 3-8 

The greatest obstacle to design of a compact high-power network is 
the bulk of the necessary condensers. High-voltage condensers are 
inordinately large and expensive 
in comparison with the job they 
have to perform; all electronic 
equipment would profit from a 
major improvement in condenser 
design. Though a few new di
electrics have shown promise of 
increasing the energy stored per 
unit volume, mica, paper, and oil 
are still the primary dielectrics for 
high-voltage c o n d e n s e r s . One 
new material of interest is Alsifilm 
or Diaplex, an aluminum-silicate 
clay in an organic impregnate. 
This material can be formed into 
thin, homogeneous sheets which 
have dielectric properties superior 
to mica or paper and oil. The 
dielectric constant is 5 to 6 and the safe operating dielectric strength is 500 
to 700 volts per thousandth of an inch. Greater uniformity would raise 
the latter to 800 volts per thousandth. Most problems of fabrication have 

F I G . 10-37.-
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U 
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d = coil diameter. 
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been overcome. Perhaps T1O2, or some similar material of high dielectric 
constant, will find wide use outside the low-voltage field. 

Another promising approach to the condenser design problem is the 
electrochemical formation of very thin insulating films on metal (such 
as those employed in the electrolytic condenser) on which a layer of metal 
is then deposited. High capacity per unit area results from the very 
small spacing, but the insulating film must be able to withstand the 
extremely high field strengths thus imposed. 

Further attention to the details of mechanical design of condenser 
fittings—containers, bushings, connectors, and the like—is also required. 
The over-all bulk even of condensers using conventional dielectrics can 

still be considerably r e d u c e d . 
Figure 1038a shows typical pulse-
forming networks, the ratings for 
which are given in Table 10-6. 
Figure 10-386 shows a network 
used in an experimental 20-Mw 
pulser, the largest designed at 
Radiation Laboratory. Two of 
the smallest networks used are 
shown for size comparison: the one 
on the left has a rating of 5 kw 

pulse power output; the other one is electrically equivalent to the net
work (1) of Fig. 10-38a, but uses 

F I G . 10-38a.—Pulse-forming networks 
Table 10.6 for properties). 
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mnnmimmtummmtummiium 
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Diaplex insulation. 
The network designer has con

trol of pulse length and impedance 
level independently of one an
other. The pulse length is ordi
narily fixed by the nature of the 
application, while the impedance 
level is chosen to fit the character
istics of the load, the switching 
tube, and the power supply. A 
pulse transformer can be inserted 
between load and pulse-forming 
network so that the network can be designed to use the available switching 
device most efficiently. Once the pulse power output is settled and the 
appropriate switching tube chosen, Z0 can be determined from one of the 
relations P = I\ ■ Za or P = Vl/Z0. Usually either I0 or V0 is definitely 
limited for a given switch; this indicates the appropriate relation to use 
in calculating Z0. I t must be remembered that the voltage across the 
pulse network (and hence across the switch) is twice the voltage delivered 
to a matched load. 

F I G . 10-38b.- -Experimental 
network. 

pulse-forming 
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In large radar equipments, it is often desirable to separate pulser and 
r-f units by considerable distances. The pulse transmission cable neces
sary in such cases has been standardized at an impedance level of 50 
ohms. Many pulse networks designed for high-power radar have an 
impedance of 50 ohms in order to avoid the use of a matching pulse trans
former between the network and the cable. As a result, many of the 
more desirable switching devices have been designed to give maximum 
power output when used with a 50-ohm network. 

T A B L E 1 0 - 6 . — P U L S E - F O R M I N G N E T W O R K CHARACTERISTICS 

Network (Fig. 10-38) 

No. 1 

No. 2 

No. 3 

No. 4 

Pulse length, /isec 

0.8 
2.2 

0 25 
0 5 
2.6 
5 2 

1 

1 

PRF, ePs 

840 
420 

1600 
800 
400 
200 

1000 

800 

Power 

25 kw 
25 kw 

250 kw 
250 kw 
250 kw 
250 kw 

250 kw 

3 Mw 

An important design consideration in pulse network applications is 
the average power to be handled. A pulse network designed to have 
adequate life at one pulse rate would overheat and perhaps be ruined by 
operation at a higher repetition frequency. Since overheating is a func
tion of both applied voltage and repetition rate, little flexibility remains 
in a line-type pulser designed to achieve maximum economy of weight, 
space, and power. Provision can be made for shortening pulse length 
by bringing out taps on the pulse line. However, this is rather difficult 
at high power, because of the problem of designing suitable line switches. 

The Switch.—The possible advantages of the line-type pulser greatly 
stimulated the design of low-impedance spark switches and thyratrons, 
since it became possible to secure flat-topped pulses without the necessity 
of opening the switch. Rotary spark gaps, "trigatrons," series gaps, 
hydrogen thyratrons, and mercury thyratrons have all been used as net
work switching devices. Each has its field of application. Each switch 
is limited in one or more of the following respects: (1) poor precision of 
firing, (2) low maximum pulse rate, (3) short life on long pulses, (4) nar
row operating range of voltage, (5) occasional erratic firing, (6) inefficient 
cathode, and (7) unnecessary complication. The ideal switch has not 
yet been designed. 

Figure 10-39 shows schematically the simple "series gap" switch. 
The Western Electric 1B22 is a good example of this class of switch; it 
consists of a cathode cylinder of aluminum surrounding an anode rod of 
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the same material. The tube is filled to a pressure of a little less than one 
atmosphere with a mixture of 75 per cent hydrogen and 25 per cent argon. 
Two or three tubes are used in series, with a voltage divider across them 
to ensure that the network voltage is divided equally among all the gaps 
before the pulse takes place. Triggering is accomplished as shown in 
Fig. 10-39 by depressing or raising quickly the voltage of the two middle 
electrodes. This breaks down one of the gaps and throws full voltage 
across the second gap. The overvolted second gap thereupon also 
breaks down, forming a low-impedance path between points A and A'. 
These switches are efficient and are quite satisfactory in use. Their chief 
limitations are in the allowable pulse repetition frequency (about 2000 
pps maximum) and in obtainable precision of pulse timing. This type 

of switch can handle several mega
watts, and should be useful in appli
cations that do not require great 
flexibility or accuracy of firing. 

A particularly successful version 
of the series-gap switch is the Bell 
T e l e p h o n e Laboratories' 1B42, 
which substitutes a mercury-sat
urated iron "sponge" for the solid 
aluminum cathode of the 1B22. By 

Cathode 

Anode 

Voltage 
divider 

Cathode 

Trigger input 

F I G . 10 40 

Anode 

F I G . 10-39.—Series gaps. 

using an atmosphere of relatively high-pressure hydrogen, the temperature 
variation of mercury vapor pressure is made unimportant. Since the 
ordinary series gap is limited in operation by pitting and spike growth, 
the mercury cathode provides better operation over a wide range of 
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Anode 

operating conditions as well as longer life at higher frequencies. 
Apparently the mercury cathode series gap can be designed to fire very 
precisely. 

The " t r iga t ron" (Fig. 10-40) differs from the series gap in having 
but one spark gap, across which the full line voltage is applied. Conduc
tion is initiated by applying a steep high-voltage wave to a trigger elec
trode; this presumably draws corona current sufficient to initiate the 
main discharge. A typical trigatron is the British CV85. This has three 
electrodes in a mixture of argon and oxygen at a pressure of approxi
mately 3 atmospheres. A triggering voltage of approximately 4 kv is 
required to fire the tube when it is to deliver 125 kw of pulse power into 
a 70-ohm load. The precision of triggering usually is about ±0.2 jisec, 
unless special precautions are taken to insure correct trigger wave shape 
and amplitude. 

The most versatile switch is the newly developed hydrogen thyratron 
(Fig. 10-41), which requires a positive trigger of only 150 volts rising at 
the rate of 100 volts per ^sec. In 
contrast to spark devices, the hy
drogen thyratron will operate over a 
very wide range of anode voltages 
without readjustment. This char
acteristic is particularly important 
for experimental pulsers, or for any 
pulser whose probable load is in 
doubt. In general, it is difficult to 
reduce the voltage across a spark 
switch by more than a factor of 2 
from the nominal design voltage 
without encountering erratic opera
tion. Voltages substantially higher 
than the nominal design value cause 
a flash-over in the switch. The hy
drogen thyratron, on the other 
hand, is a true thyratron. Its 
grid has comple te Control of t h e FIG. 10-41.—Hydrogen thyraton. 
initiation of cathode emission over a wide range of anode voltage. The 
anode of a hydrogen thyratron is completely shielded from the cathode 
by the grid. The effective grid action results in very smooth firing over 
a wide range of anode voltages and repetition frequencies. The hydrogen 
thyratron, unlike most thyratrons, has a positive grid-control charac
teristic, and hydrogen filling is used to reduce deionization time and make 
the performance of the tube independent of ambient temperature. This 
independence is maintained with the exception that the average dissipa
tion rating of the tube can be lowered by excessively high air temperature. 

Trigger in 
FIQ. 10-41 
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The hydrogen-filled thyratron (Fig. 10-41) can satisfactorily pulse at 
much higher frequencies than is possible with mercury or other heavy-gas 
fillings, because of the high ion mobility inherent in the light-gas filling. 
Of course, the average-power rating of the tube must not be exceeded 
when going to high pulse rates. In going to high pulse rates, the pulse 
width must be decreased faster than 1//, since the average anode drop at 
durations of a few tenths of a microsecond is higher than that during a 
long pulse. The hydrogen in the discharge seems to require about 10 - 7 

sec to become fully ionized, so that a high tube drop is required to deliver 
the necessary initial current. I t is therefore desirable to reduce the pulse 
power output as well as pulse width if tube life is to be maintained at 
increased repetition rates. Pulse rates up to 40,000 cps have been 
obtained at reduced power output. 

Hydrogen thyratrons in production are the 3C45, 4C35, and 5C22, 
rated at 25, 250, and 1000 kw respectively; they are shown in Fig. 10-42. 
The development of such tubes for still higher power levels is under way. 

A nonlinear inductance can also be used as a switch. An inductance 
with a special alloy core may be placed between points A'A (Fig. 10-36). 
This device has the property of Fixed s p a r k p o i n t s 

possessing a high inductance when / \ 
the current through it is small, and A' [̂  / \ 
a very low inductance when the cur
rent is large. Since this type of 
switch has generally been used with II \ ~ ^ Rotating 
a modulated energy source, there is " -T i 
initially no voltage across A1 A and 
hence the impedance is high from A' 
to A. As the voltage is built up the 
current gradually increases until 
suddenly, and in a regenerative 
way, the impedance of A 'A drops, 
thereby allowing the line capacity to FlG- io«.-Rotary spark gap. 
discharge through the "switch," lowering its impedance still more. A d-c 
bias winding is sometimes used to control the point at which the impedance 
suddenly drops from its high value. Virtues claimed for the nonlinear 
inductance switch are long life, ruggedness, and simplicity. The switch 
can be operated at pulse repetition frequencies up to 4000 pps and at 
power levels in excess of several hundred kilowatts. 

The rotary spark gap, because of its great simplicity and high power 
handling ability, has been widely used as a switching device. Figure 
10-43 shows schematically how a rotating insulating disk pierced by 
tungsten pins serves the function of a switch. As the disk revolves and a 
rotating pin approaches a fixed pin, the electric field strength becomes 
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high enough for breakdown. Current flows from 4/ to the disk pin and 
out through a second spark at point A. The simplicity of this device is 
partially offset by an uncertainty of up to + 50 ^sec in firing time, and by 
the narrow voltage range over which satisfactory operation occurs. The 
display-tube sweeps must be triggered by the appearance of the power 
pulse because of the great uncertainty in firing time. If / is the speed of 
the disk in rpm, and n is the number of pins, the resulting pulse rate is 
n//60. For a given power output, there is an optimum spacing between 
rotating and fixed pins, and a minimum permissible spacing between pins 
in the rotating disk. These quantities vary somewhat with disk speed, 
so that it is not easy to design a rotary spark-gap pulser for variable pulse 
rate. 

The Recharging Circuit.—In all forms of network pulsers it is necessary 
to recharge the network between pulses. This should not be done at too 
rapid a rate. A slow rate of charge is easily obtained by using a large 
inductance L0, which is also needed to prevent a virtual short circuit 
across the energy source every time the network is discharged. Induct
ance charging is used in practically all line-type pulsers, because it has 
the advantage of high efficiency and permits charging the pulse-forming 
network to a voltage nearly double that of the power supply, as shown 
below. 

Consider first a d-c power supply voltage of negligible resistance, in 
series with an inductance, a switch, and a capacity C originally dis
charged. The energy supplied by the source in a time T after closing 

the switch is Vs i dt. If Qc is the charge on the condenser, as long as 
the energy in the inductance at time T equals that at time 0, 

fT 
Vs idt = VsQc = iCVl 

But 
Qc = CVc 

Then 
VsCVc = i CVl 

or 
Vc = 2VS 

and the voltage on the condenser C (or pulse-forming network) will be 
twice the supply voltage. I t must be noted that this result is independ
ent of the value of inductance used. 

The network voltage obtainable with inductance charging in practice 
lies between 1.8 and 1.95 times the d-c supply voltage, because of resist
ance losses in the charging reactor. If L0 and C are the values of charging 
inductance and network capacity, "resonance" charging is obtained when 
the repetition rate, fr = l/(ir V^oC). If fr > 1/(TT \ZLOC), current in 

file:///ZLoC
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the inductance does not reach zero at the time of firing, and "straight l ine" 
charging results. It is possible to operate a pulser wi th / r < 1/(TT \/L0C) 
and still obtain substantially the same voltage step-up, but the network 
voltage at the time of firing is less than at some previous time in the charg
ing cycle. Because of the undue stresses that are thus placed on the 
insulation, as well as the rapid increase in reactor losses, it is common 
practice to use, for this "hold-off" or "charging" diode in series 
between the inductance and the network, to prevent the flow of reverse 
current. 

If an a-c supply is substituted for the d-c energy source, the resulting 
pulser is inflexible in pulse rate and pulse length, but has the great advan
tage of extreme simplicity. It requires neither vacuum tubes nor auxil
iary power supplies. 
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FIG. 10-44.—Line-type pulser charging waves. T = charging t ime; switch fires 

at t = T, 2T, . . . . (a) Network voltage for d-c resonance charging. Power supply 
1 2 voltage = Va; pulse recurrence frequency = — = cps; curve x is network voltage if 

switch misfires, (b) Network voltage for a-c non-resonance charging under conditions of 
maximum step-up ratio. Curve v is impressed a-c voltage; v ~ E cos (ut — 0) . 

Figure 10-44a shows the voltage waveform across the pulse network 
for d-c resonance charging, and Fig. 10-446 for the condition of maximum 
one-cycle voltage step-up, which occurs at an impressed a-c frequency 
about 0.7 times the resonant frequency l / (x \/L0C). A voltage step-up 
of about x can be obtained in a single cycle under these conditions, if the 
pulser is fired about 21° after the crest of the impressed a-c wave is 
reached. 

Maximum simplicity is achieved by mounting a rotary spark gap 
directly on the shaft of the a-c machine exciting the network. Phasing 
is easily accomplished by mechanical adjustment. By proper design, 
the transformer used between generator and network can incorporate 
sufficient leakage inductance to resonate with the network capacity at 
the generator frequency. Pulsers of this type have been very successful; 
they are recommended for cases in which specifications are firmly fixed, 
suitable repetition rates correspond with available a-c generators, and 
the uncertainty in firing time of a rotary spark gap can be tolerated. 
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10-11. Miscellaneous Components. Pulse Transformers.—The devel
opment of pulse switching tubes and of pulse loads has proceeded so 
independently that usually there is little correlation between the optimum 
impedance levels for best operation of these two devices. Fortunately, 
satisfactory pulse transformers are available to match the impedance of 
the load to that of the generator. While the elementary theory of the 
pulse transformer is quite manageable, great care in design must be 
exercised to preserve good wave shape with fast rates of rise, a minimum 
of extraneous oscillation, and high efficiency. The ideal transformer is 
shown in Fig. 10-45a; Fig. 10-45?) shows the equivalent circuit of a prac
tical transformer (all values referred to the secondary or high-voltage 

n I 

Low-voltage High-voltage 
end end 

o—t K B W N » 1 £, 1 I «i 
n_0(Of n I t-TL If' 

(a) (6) 
F I G . 10-45.—Pulae transformer circuit diagram. 

(a) Ideal transformer; r^r = — ĵ — = —; —- = ( — I Ve _ na I, _ np RL 
Vp Tip' I p n , ' Za 

(b) Equivalent circuit of pulse transformer. 

end), exhibiting the effects of departure from the ideal case. The 
symbols shown in Fig. 10-45 are defined as follows: 

Li = leakage inductance due to flux from primary current which 
fails to link with secondary and represents effect of magnetic 
energy stored between windings by load current. 

CD = effect of electrostatic energy stored in the primary-secondary 
distributed capacity. If transformer is pulsed from low-voltage 
end CD must be charged through Li. 

LD = "squirted inductance" arising from nonuniform current dis
tribution due to the charging of CD. Current charging CD must 
flow through LD. 

Cc = effect of electrostatic energy stored between primary and core. 
Lc = effect of magnetic energy stored in "squirted flux" which comes 

from nonuniform current in primary coil arising from the 
charging of Cc. 

L. = effective shunt or self-inductance (input inductance with open 
circuit secondary). 

Re — resistance due to eddy current in iron and to hysteresis. 
A good pulse transformer design attempts to maximize the shunt 

inductance Le and minimize the leakage inductance Lt. In addition, 
undesirable oscillations arising from the series resonant circuits shown at 
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the input and output ends of Fig. 10-45b should be avoided. Leakage 
inductance can be kept to a reasonable value by winding the secondary 
and primary as close together as voltage breakdown will permit, for the 
space between these two windings is responsible for most of the leakage 
inductance. The shunt inductance and its magnetizing current con
stitute an additional load on the generator which must be minimized by 
making Le large. 

This last consideration sets a lower limit on the number of primary 
turns and also calls for a laminated core with high permeability at high 
frequencies. Laminations between 0.001 and 0.005 in. thick are neces
sary to maintain a core permeability of several hundred up to the fre
quencies of several megacycles per second present in a steep wave front. 
Special core materials for pulse transformers were developed during the 
war. 

A square voltage wave of magnitude Vo and duration t applied to the 
inductance Le will build up a current of approximately IP = V<, • t/Le 
amperes during the early part of its exponential rise. If this current is 
not to exceed a few per cent of the desired load current for pulse lengths 
around 1 /isec, Le must have a value between 10 and 20 mh. With this 
information, the number of turns in the primary and the required core 
area can be obtained from tables showing the effective permeability of the 
core at the flux densities and rates of rise anticipated.1 

Since the voltage drop across the leakage inductance is approximately 
di Li • -r> the maximum permissible value of leakage inductance can be 

estimated by assuming that the current in RL must reach 90 per cent of 
its final value, VO/RL, in a time of about £o/10. The current which flows 
must satisfy the equation 

Vo = Li ■ ^ + i ■ RL. at 

To a sufficient approximation, Li = RiXT • -y> where I/I0 is the fraction 

of final current built up in the rise time tT. If I, = 0.1 X 1Q-6 sec, 
RL = 1000 ohms, and I/I0 = 0.9, Li must be less than 100 Mil-

Satisfactory high-power (100-kw to 5000-kw) pulse transformers 
have been designed which pass good wave shapes down to U = 10 - 7 sec 
and up to U = 10 - 6 sec, but it is quite difficult to design a pulse trans
former to pass a wide range of pulse lengths. Although a long pulse calls 
for a large value of Lt, large Le magnifies the difficulties of securing the 
small value of Lt required to pass a very short pulse. Transformers have 
been designed which satisfactorily pass pulse widths varying by a factor 
of 10; pulses of shorter or longer duration than the optimum suffer either 

1 See Pulse Generators, Vol. 5, Radiation Laboratory Series, Chaps. 12 to 15. 
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in rate of rise or in flatness of top. Wider-range transformers will be 
practical only when higher permeability cores and stronger insulation 
with lower dielectric constants are available. 

Insulation between windings and adequate cooling must also be taken 
into account in design. High-power transformers lend themselves most 
readily to oil insulation because of the insulating and convection-cooling 
properties of the oil. In the lower-power range (200 kw and down) it is 
usually convenient to use solid dielectric materials, with a consequent 
saving in weight and size. Figure 10-46 shows the variation in size of a 
pulse transformer with power output. As in the case of pulse networks, 

the size and weight of a pulse transformer depends not only upon the 
pulse power to be handled, but also upon the*pulse length and the repeti
tion rate. These, together with the transformer efficiency, determine the 
amount of average power which must be dissipated by the transformer. 

A pulse transformer contributes a certain amount of undesirable 
inductance and capacity to the pulser circuit. Special damping devices 
may be necessary to remove unwanted oscillations. Damping resistors 
and appropriately phased diodes are ordinarily used for this purpose. 

Pulse Cables.—In handling high-power pulses with steep wave fronts, 
extreme care must be taken to shield the equipment sufficiently to prevent 
the radiation of signals which interfere with the operation of communica
tions receivers and other electronic equipment. This shielding is espe
cially necessary when the pulse must be transmitted several yards between 
pulser and load. Existing pulse transmission cables and their connectors 
provide satisfactory shielding and resistance to voltage breakdown, but 
are still rather bulky, hard to assemble, and heavy. Considerable 
improvement in their detailed design can be hoped for. 
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Energy Sources.—The energy source accounts for most of the weight 
and much of the complexity of any pulser except those of the a-c resonance 
charge type. All conventional types of rectifier circuit can be used in 
pulser power supplies. The only design considerations arising from the 
nature of the pulser load are those governing ripple and regulation. In 
general, the a-c supply frequency will be less than the pulse rate, and 
smoothing condensers capable of holding the voltage essentially constant 

F I G . 10-47 —Low-power airborne pulser. 

between pulses must be used. For example, a 60-cycle full-wave rectifier 
is brought to full voltage only 120 times per second, so that a pulse rate 
of 1200 cps would draw 10 pulses of power between successive recharge 
cycles. In figuring ripple it is usually satisfactory to assume a constant 
rectifier drain equal to the average current required by the pulser. The 
ripple must be kept below that which would cause a change in magnetron 
current sufficient to produce either a mode shift or undue frequency 
modulation. Apart from this consideration, amplitude modulation is 
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harmful only in those radars which detect moving targets (see Chap. 16) 
by comparing successive pulse phases. 

We have already remarked that pulser internal impedance may some
times play a deciding role in mode stability. It is also true that the power 
supply steady-state V-I characteristic may influence magnetron behavior. 

F I G . 10-48.—Medium-power airborne pulser. 

A mode change in which an increase in voltage calls for a decrease in cur
rent can cause the instability typical of any negative-resistance load.1 

I t is of considerable importance that the designer consider the problem of 
stability from the standpoint of the system as a whole. 

The necessity of providing for a varying pulser load influences 
rectifier and power-supply design. It is frequently desirable to change 
the repetition rate of the pulser. This change is easy in principle, but in 

' RL Report No. 809, Sept. 28, 1945. 
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practice many annoying points must be considered, including tempera
ture shift, change in back-bombardment heating of the magnetron 
cathode, change in pulser starting delay, and change in rectifier voltage. 
The usual practice is to change the pulse lengths inversely with the pulse 
rate, thus keeping average power constant. But, because of the com
plications inherent in changing pulse length by switching pulse networks, 
the pulser designer is always inclined to stick to one pulse width. If 
pulse rate must be changed without a compensating change in pulse 

Fio. 10-49.—High-power airborne pulser. 

width, it is usually necessary to control the rectifier output by switching 
power transformer taps or by varying a series primary impedance. 

The present design of high-voltage, low-average-current rectifying 
diodes is quite satisfactory. There are now available diodes of reasonable 
dimensions, high inverse rating, and good life, covering most practically 
useful ratings. Thoriated tungsten cathodes are universally employed; 
these have satisfactory mechanical strength and are economical of 
filament power. Efficiency could be further increased by the develop
ment of a filamentless rectifier. This would permit operation without 
filament transformers which, in some circuits, must be insulated for high 
voltage. Perhaps a cold cathode discharge tube, or a barrier-layer 
rectifier, will one day replace the filamentary rectifier. 

' Line-type pulsers for radar applications have been built and operated 
successfully to cover a range of pulse power output of 1 kw to 20 Mw. 
The following photographs show typical pulsers designed for airborne 
service. 

Figure 10-47 shows a hydrogen-thyratron pulser designed to supply 
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25 kw to the magnetron, at pulse durations of 0.8 jusec a n c j 2.2 /isec. The 
components weigh approximately 6 lb. 

Figure 10-48 shows a hydrogen-thyratron pulser designed to supply 
225 kw to the magnetron, at pulse durations of 0.25, 0.5, 2.6, and 5.2 
jusec. The weight of components is about 40 lb. 

Figure 10-49 shows a fixed-gap pulser designed to supply 2 Mw to the 
magnetron at a pulse duration of 2 Msec. The complete pulser, including 
pressurized housing and cooling system, weighs around 300 lb. 
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CHAPTER 11 

R-F COMPONENTS 
B Y A. E. WHITFORD 

l l - l . The R-f Transmission Problem.—In the block diagram of a 
basic radar system shown in Fig. 1-4, the parts shown as heavy double 
lines transmit the radio-frequency (r-f) energy from the magnetron to the 
antenna, and carry the faint echo signals into the T-branch where the 
receiving apparatus is located. For the types of radar treated in this 
book this function is performed by coaxial lines and waveguides. A 
considerable body of theory and a new set of techniques have grown up 
around this class of transmission circuits. The essential new feature is, 
of course, that the wavelength is of the same order as the physical size of 
the circuit elements; the length of the line may be many wavelengths. 
Although space permits only a limited treatment here,1 sufficient intro
duction will be given to show the general approach, and to make under
standable some of the reasons for current practices in microwave radar. 

Standing Waves.—When a voltage is suddenly applied to the input 
terminals of a long and uniform transmission line, the current which flows 
in the initial interval, before reflections from the far end arrive to confuse 
the situation, is determined by the property of the line known as its 
"characteristic impedance." The characteristic impedance, Z0, is a 
function of the geometry of the conductors and insulators of the line, and 
for good conductors and low-loss dielectrics is almost purely resistive. 
For a concentric line, neglecting losses, 

Zo = —7= logio — ohms 
Vk ri 

where k is the dielectric constant of the material in the annular space 
between the conductors, r2 is the inner radius of the outer conductor, and 
ri is the outside radius of the inner conductor. 

A uniform line terminated at any point in its characteristic impedance 
behaves as if the line were infinitely long; there is no reflection. Power 
introduced at the input terminals disappears into the termination with 
small losses in the line. However, any discontinuous change along the 

1 More extended treatment can be found in other books of this series, especially 
(1) Microwave Transmission Circuits, Vol. 9; (2) Microwave Duplexers, Vol. 14; 
(3) Waveguide Handbook, Vol. 10; (4) Principles of Microwave Circuits, Vol. 8. 
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line, such as might be introduced by a change in dimension of one of the 
conductors, or any change in geometry introduced by a sharp bend, or 
by a dent or an obstacle in the line, will produce a reflection. The 
reflected energy travels back toward the source. This results in standing 
waves in the line. These can be observed by sliding a small probe along 
a slot in the line after the manner shown for a concentric line in Fig. 11-1. 

Only a negligible fraction of the 
power is abstracted by the probe, 
but, fed into a suitable indicator, 

—- this is sufficient to register the volt-
load age variations along the line. In 

Fia. ill.—Slotted coaxial line and general there will be voltage maxima 
probe for observing standing waves (cuta- , . . 
way view). spaced at half-wavelength intervals 

with minima halfway between them. 
Only if the line is perfectly matched will the voltage reading be constant as 
the probe moves along. The ratio of the maximum to the minimum volt
age is called the "voltage standing-wave ra t io" (VSWR) and is the usual 
criterion of how well a line is matched. Complete reflection at the end 
of the line, such as would be expected from an open circuit or a short 
circuit, results in zero voltage at half-wave intervals and a VSWR of 
infinity. The mismatch may also be expressed as a power ratio (PSWR), 
or in decibels. The relations between these three measures are 

PSWR = (VSWR)2 

SWR, db = 10 log10 (PSWR). 

Quarter-wave and Half-wave Lines.—It can be shown that when a loss
less transmission line of characteristic impedance Z0 a quarter wavelength 
long is terminated in an impedance Zh the input impedance is 

Zi = Z\/Zt. (1) 

This property is widely used. For example, two transmission lines of 
differing impedance can be matched to each other by joining them through 
a quarter-wave line whose characteristic impedance is the geometric 
mean of that of the two lines. This is called a matching transformer. 
Or, if a quarter-wave line is terminated by a short circuit, the input 
impedance is infinite, i.e., equivalent to an open circuit. Conversely, 
an open-circuited quarter-wave line appears at the input terminal to be 
a short circuit. For a lossless line half a wavelength long 

Zi = Z„ (2) 

irrespective of the characteristic impedance of the line. This principle 
has many uses also, particularly in duplexers (Sec. 11-5) and mixers 
(Sec. 11-8). 
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Why a Matched Line?—The fraction of the incident power reflected 
to the source from a section of transmission line of given VSWR is 

Power reflection coefficient = (ySWR^ 4- 1 2 ^ 

For the usual upper design limit of VSWR = 1.5, it is seen that the power 
reflection loss is only 4 per cent, or 0.3 db, surely not serious. In high-
power systems or unpressurized airborne systems, where line breakdown 
is a possibility, the strain is of course higher for a high VSWR. A ratio 
of 1.5 means that for a given breakdown gradient, 33 per cent less power 
can be delivered to the load than could be delivered in a matched load. 
This can be a limitation. 

The strongest requirement for a well-matched line arises from the 
properties of the magnetron. Like all self-excited oscillators, the mag
netron exhibits an output frequency and a stability dependent upon the 
load into which it works. A mismatched line represents a resistance 
lower than Z0 at voltage minimum, and higher than Z0 at voltage maxi
mum. At other phases it has a reactive component which may be either 
positive or negative. As explained in Chap. 10, magnetrons are in gen
eral designed to be stable against a VSWR of 1.5 in any phase. This is 
the origin of the commonly specified upper limit for mismatch. 

There is a further limitation if the mismatch occurs at the end of a 
long line—for example 50 to 100 wavelengths from the magnetron. Then 
as the frequency changes the number of wavelengths in the line changes, 
and so also does the phase of the standing wave. The line impedance 
seen at the magnetron is therefore a rapidly varying function of frequency. 
If at a certain frequency the phase happens to be such that the variation 
of reactance of the line with frequency is more rapid than that of the 
magnetron itself, and of opposite sign, a condition results where the mag
netron has no stable frequency. In another, favorable, phase the mag
netron is stabilized. This is known as the "long line effect."1 The 
result is that for long lines either (1) VSWR's lower than 1.5 are necessary 
to guarantee stable magnetron operation, or (2) a method of changing 
the effective line length and hence the phase of the standing wave must 
be included in the antenna line. The latter may be done by a "line 
stretcher" not unlike a trombone, or in waveguide by a squeeze section 
or a dielectric phase shifter.2 These add an undesirable adjustment. 

11-2. Coaxial Lines.—Coaxial lines consisting of concentric inner 
and outer conductors are not new. At lower frequencies they have 
usually consisted of cables with a solid dielectric and a braided outer 

!' Microwave Magnetrons, Vol. 6, Radiation Laboratory Series. 
2 Microwave Transmission Circuits, Vol. 9, Radiation Laboratory Series. 
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conductor. These are used at microwave frequencies also, especially for 
short, low-power interconnecting cables in the 10-cm region. However, 
the attenuation even in the best dielectric, as seen in Table 111 , begins 
to be serious at 10 cm and gets worse at shorter wavelengths. Substitu
tion of air for the solid dielectric eliminates dielectric losses, and only the 
much smaller conductor losses remain. But the center conductor must 
somehow be supported mechanically. Thin dielectric beads have been 
used as supports, but the disintegrating effect of dielectric breakdown 
over the surface of the bead is hard to avoid. Reflections from the beads 
can be largely canceled by proper spacing.1 However, bead-supported 

TABLE 11-1.—STANDAED MICBOWAVE TRANSMISSION LINE 

Dimensions OD, in. 

A. Waveguide 
U X 3 
i x i { 
h X 1 
4 X 2 

B. Rigid coaxial lines, stub-
supported 
Outer If 
Inner | 

Outer \ 
Inner $ 

Outer % 
Inner ^ 

C. Flexible coaxial cable, RG-
9/U, polyethylene dielec
tric 
Dielectric OD 0.280 in. 
Inner conductor 7 strands 

#21 AWG, 
Outer conductor double 

braid 

Wall, in. 

0.080 
0.064 
0.050 
0.040 

0.049 
0.035 

0.032 
0.032 

0.032 
0.032 

Wave
length, cm 

10.0 
3 .2 
3 .2 
1.25 

10.0 

10.0 

3.2 

(10.0 

V 3.2 

Maximum 
power, * 

Mw 

10.5 
1.77 
0.99 
0.22 

4 . 2 

1.3 

0.36 

0.31§ 

0.31§ 

Attenua
tion, f 
db/m 

0.039 
0.15 
0.24 
0.5t 

0.08 

0.15 

0.49 

0.561 

1.12^ 

Wave
length 

range, cm 

7.6-11.8 
3.0-4.7 
2.4-3.7 
1.1-1.7 

9.3-11.7 

9.1-11.7 

3.1-3.5 

3.0-oo 

* Computed for maximum gradient of 30 kv/cm. No allowance in coaxial lines for increased field 
around stub supports. Practical operating point § to J of values given. 

t For brass walls. For copper or silver walls, at tenuation is about half tha t listed, and for silver 
plating has an intermediate value, depending on finish. 

J Experimental value for coin-silver tubing, generally used a t this wavelength. Surface finish 
affecte value. 

§ Specification limit for cable alone. Connectors limit safe power to a few kilowatts. 

1 Microwave Transmission Circuits, Vol. 9. 
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lines have been almost completely supplanted by stub-supported lines 
in the 10-cm region. 

The principle of the stub support is shown in Fig. 11-2. As was men
tioned in Sec. 11-1, the input impedance of a quarter-wave line shorted 
at the far end is the same as an open circuit. When placed in parallel 
with the main line such a connection has no effect at all on the impedance 

Fio. 11-2.—Simple quarter-wave stub F I G . 11-3.—Broadband stub support. 
support. 

and causes no reflection. The mechanical and electrical superiority of a 
solid piece of metal as a support and insulator is obvious, and at 10 cm 
the length of the stub (about 1 in.) is such as to make the projection short 
and unobtrusive. 

Obviously a quarter-wave stub can have the desired property at only 
one frequency. Deviations of only 1 to 2 per cent in frequency cause the 
stub to have a reactance that pre
sents an appreciable mismatch. 
Figure 11-3 shows a broadband stub 
support where the frequency sensi
tivity is compensated over a band of 
± 15 per cent. At the center of the 
band the stub has an effective length 
of exactly a quarter wave, and the 
two quarter-wave sections in the FlG. n.4._stub-supported elbow. 
main line transform to an impedance 
lower than normal and then back to normal. The conditions for no reflec
tion are satisfied. At a frequency lower, for example, than the center fre-
quency, the stub is less than a quarter wave, but the inductive reactance 
thereby presented at the T-junction is made just enough to compensate 
for the fact that the quarter-wave transformers in the main line are also 
less than a quarter wave long, and would present a mismatch in the 
absence of the stub. Similar, but converse, conditions obtain for fre
quencies higher than band center. Figure 11-4 shows how a broadband 
stub can be used to make an elbow. There is an added complication 
because the sharp elbow introduces a reactance which must be compen
sated for in the construction of the stub. 

Such supports are standard in coaxial lines used in the 10-cm region 
and regularly have a YSWR less than 1.03 over a band of ± 15 per cent 
from the center frequency. 
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The standard connector for joining coaxial lines is shown in Fig. 11-5. 
Since longitudinal currents cross the junction plane on both inner and 
outer conductor, good contact must be assured. For the outer conductor 
this is done by pulling together two mating cones of differing taper by 
means of the strong outer clamping rings. The fittings that solder to 

F I G . 11-5.—Coupling for coaxial line. 

the outer tube also contain a gasket groove for keeping the line airtight. 
The inner conductor is itself a tube. The two pieces are joined by a 
beryllium copper "bul le t" which is soldered into one piece and makes 
tight contact with the inner surface of the other by means of expanding 
prongs on the rounded tip. 

In order to transfer r-f power to a rotating scanner, a rotary joint for 
a coaxial line is necessary. Early designs involving wiping contacts on 

both the inner and outer conductors 
gave difficulties arising from poor con
tact, sparking, and wear. The superi
ority of the noncontact type employing 
choke joints has led to its universal 
adoption. The principle is shown in its 
simplest form in Fig. 11 -6a. The gap 
between the stationary and rotating 
parts of both conductors is situated at 
the end of an open-ended quarter-wave 
coaxial line. As was mentioned in 
Sec. 11-1, the impedance at the input 
end of an open quarter-wave section (in 
this case across the gap in the line) is 
zero. Power flows across without loss 

or sparking. Closer analysis shows that the open end of the quarter-
wave section on the outer conductor is not an infinite impedance, because 
there is some radiation, producing a finite radiation resistance. This 
effect can be reduced, and the match improved, by adding a short-cir
cuited quarter-wave line in series with the outer gap, as in Fig. 11-66. 
The outermost gap can now be very small, or even a rubbing contact, 

F I G . 11-6.—Choke-type rotary joints. 
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since no current flows across it. A similar improvement is made on the 
center conductor. Advantage is taken of the negligible current across 
the transition between the first and second quarter-wave sections to make 
a contact bearing between the innermost conductors. This is a great aid 
in keeping the closely spaced tubes all concentric. Quarter-wave line 
sections used in the manner just described to prevent loss of microwave 
energy into side channels are termed "chokes." 

The nominal characteristic impedance of the standard rigid coaxial 
lines in regular use is 50 ohms, corresponding to a ratio of 2.30 for the 
radii of the inner and outer conductors. This is a compromise between 
a ratio of 3.60 (77 ohms), which, for a given outer diameter, gives the 
lowest attenuation due to conductor losses, and a ratio of 1.65 (30 ohms) 
which maximizes the power that can be carried with a given breakdown 
voltage gradient. Since the attenuation in a 50-ohm line is only 10 per 
cent greater than it is in a 77-ohm line, it is not a costly compromise. 
Increasing the size of both conductors to increase the air gap and thereby 
increase the power-carrying capacity cannot be carried on indefinitely, 
since a higher mode of propagation, 

RG-9/U Cable 

FIG. 11-7.-
Receptacle 

Coaxial cable and matched 
type N fittings. 

with diametral rather than axial 
symmetry, can be excited when the 
mean circumference of the annular 
dielectric space exceeds one wave
length. The possibility of two 
modes of propagation e x i s t i n g 
simultaneously in a single line leads 
to serious complications. The high
est powers are best transmitted by 
means of waveguide. 

Rigid coaxial lines are not ordinarily used for wavelengths below 8 cm 
because the limitation on over-all size just mentioned permits too low a 
maximum power-carrying capacity. However, a standard i-in. OD 
stub-supported line with appropriate couplings has been worked out for 
the 3-cm band. The largest stub-supported standard coaxial line is in 
l£-in. OD tubing, with stubs designed for the 9- to 11-cm band; the 
higher-mode limit prohibits anything larger on this band. For moderate 
powers, 1-in. OD line with stubs designed for the 9- to 11-cm band is 
standard. The theoretical breakdown power for the y-in. line, assuming 
sea-level pressure and a maximum field of 30 kv/cm, is 1.3 Mw. How
ever, nonuniform fields around stubs and the increased gradient in the 
chokes on the inner conductor of rotary joints make the safe engineering 
design limit about 0.3 Mw. 

The type of flexible coaxial cable most commonly used in the micro
wave region (Army-Navy designation RG-9/U) has a polyethylene 
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dielectric of nominal outer diameter 0.280 in. A section of the cable with 
the standard type N connector is shown in Fig. 11-7. The connectors 
match the 50-ohm impedance of the cable at 10-cm and longer wave
lengths. The mismatch at 3 cm is not great. Breakdown in the con
nectors limits the peak power to a few kilowatts; the most common use 
of such cable is in test equipment. Attenuation data are given in 
Table 111 . 

11-3. Waveguide.—Although a metallic pipe of almost any shape 
will transmit or guide electromagnetic waves if their wavelength in air is 
short enough, rectangular tubing whose internal dimensions have a ratio 
between 2.0 and 2.5 has been almost universally adopted where the prob
lem is simply the transfer of microwave energy. (Use of round guide in 
the special case where axial symmetry is required is discussed in a later 
paragraph.) A detailed understanding of the propagation of waves in a 
region bounded by conducting walls can only be obtained from the solu
tion of Maxwell's equations. Practically, however, the results of the 
mathematical analysis1 have come to be used in a procedure which retains 
most of the concepts of transmission-line theory, with equivalent lumped 
reactances connected at suitable points to account for the effects of 
discontinuities. 

The resemblance between a rectangular waveguide and a two-wire 
transmission line is shown in Fig. l l-8a to ll-8rf. In Fig. l l -8a is shown 
a single quarter-wave stub support, analogous to the coaxial stub support 
described in Sec. 11-2. At the proper frequency the input impedance of 
the short-circuited stub is extremely high and there is no effect on the 
propagation of the wave on the line. In Fig. 11-86 a great many stubs, 
extending both ways from the two-wire line, have been added, still with
out affecting the propagation of the frequency in question. In Fig. 11-8c 
the stubs have coalesced into a rectangular tube which looks like a wave
guide. For a single stub, a slight correction to the length is necessary to 
allow for the inductance of the crosspiece, but when the stubs become a 
solid tube, no lines of force can link the narrow side, and the quarter-
wave distance becomes exact. This also implies that the length of the 
narrow side of the tube is not critical. 

The two-wire transmission-line model explains how a waveguide can 
transmit all frequencies higher (wavelengths shorter) than that for which 
the quarter-wave stubs were designed. In such a case, as shown in Fig. 
ll-Sd, the two wires become broad busbars with only as much of the wide 
side of the guide given over to stubs as is required by the now shorter 
wavelength. However, wavelengths greater than twice the broad 
dimension cannot be propagated because then the stubs become less 

Waveguide Handbook, Vol. 10; Microwave Transmission Circuits, Vol. 9. 
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than a quarter wave and shunt the line with a rather low inductive 
impedance which would stop transmission. 

Multiple stubs 

(c) 
Waveguide 

(d) 
Shortened stubs for 

higher frequency 
FIG. 11 8.—Waveguide derived from stub-supported two-wire transmission line. 
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F I G . 11-9.—Fundamental mode of wave propagation in a rectangular guide; (a) and (6) 
show the electric field in a transverse and longitudinal cross section; (c) shows the lines of 
current flow in the top and side of the waveguide as long dashes; the dotted lines represent 
tangential magnetic field at the wall. 

Figure 11-9 shows an instantaneous picture of the electric and mag
netic fields in a rectangular waveguide whose wide dimension is slightly 
over half the free-space wavelength. The lines of current flow in the 



400 R-F COMPONENTS [SEC. 11-3 

walls are also shown. At all microwave frequencies, the skin effect 
confines the current to a microscopically thin layer on the inner surface. 
As the dimensions of the waveguide are increased, the frequency being 
fixed, propagation becomes possible by modes—that is, by particular 
types of "vibrat ion" in the electromagnetic field, other than the funda
mental mode illustrated in Fig. 11-9. Each of these higher modes has 
its own characteristic electromagnetic field configuration. Ordinarily 
it is advisable to avoid propagation in more than one mode, and this is 
most easily done by choosing the dimensions of the guide so that the 
lowest mode, and the lowest mode only, can propagate. However, for 
certain applications some of the higher modes are useful. A notable 
example, to which we shall return later, is the second mode'in waveguide 
of circular cross section. This has axial symmetry and is thus useful in 
waveguide rotary joints. 

For each type of waveguide there exists a critical, or cutoff, frequency 
for propagation in the lowest mode. Waves of higher than critical fre
quency are transmitted; those of lower frequency are rapidly attenuated.1 

Corresponding to the cutoff frequency fc is a cutoff wavelength Xc related 
to fc by Xc = c/fc where c is the velocity of light. That is, X„ refers to the 
wavelength in space. For rectangular guide, as shown from the stub-
supported two-wire line, the cutoff wavelength is twice the broad dimen
sion. In other words, a guide that is to transmit a wave must have a 
broad dimension greater than half a free-space wavelength. If the width 
is more than a whole free-space wavelength, a higher mode of propagation 
with a node in the electric field down the center becomes possible, which 
adds most undesirable complications. Therefore, the broad dimension 
must lie between a half and a whole free-space wavelength. The wave
length inside the guide is longer than that in free space and is given by the 
relation: 

Guide wavelength = X„ = — = = = = = (4) 

V-(£ 
where X is the free-space wavelength and Xc is the cutoff wavelength (here 
equal to twice the broad dimension). When Xc is only slightly greater 
than X, the guide-wavelength becomes very long and varies rapidly with 
changes in X. This greatly increases the frequency sensitivity of quarter-
wave sections of guide used in duplexers and mixers (Sees. 11-5 and 11-8) 
and handicaps broadband design. The other extreme of a close approach 
to the boundary of the higher mode, corresponding to a wide dimension 
of nearly a whole free-space wavelength, runs into difficulty because of 

1 In a waveguide beyond cutoff the voltage or current falls off exponentially with 
distance, with constants exactly calculable from the dimensions and frequency. One 
form of standard attenuator utilizes this fact. 
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too gradual an attenuation of the higher modes inevitably excited at 
discontinuities such as T-junctions and diaphragms. For these reasons, 
waveguides are ordinarily used only for frequencies where the broad 
dimension lies between 0.60 and 0.95 of the free-space wavelength. 

Since the maximum electric field comes across the narrow dimension 
of the guide, it is undesirable to choose this dimension too small. In 
fact, the power that can be transmitted for a given breakdown field is 
directly proportional to the guide di
mension in the direction of the field. 
The height is limited by the require
ment that the narrow dimension be 
less than half a free-space wavelength 
in order to avoid the possibility of 
propagating the simplest mode hav
ing polarization at right angles to FlG ' 11'10-_W

3
a.;71f bandCh°ke coupl i"B ' 

that shown in Fig. 11-9. 
There is no unique or generally accepted definition of the impedance 

of a waveguide. This might be expected from the lack of definite 
localized terminals at which the voltage and current could, in principle 
at least, be measured. However, the usual procedures of impedance-
matching are carried over from transmission-line theory, and calculations 
are made on the basis of normalized impedances. The impedance of a 
standard waveguide is defined as unity, and resistive or reactive elements 
inserted in the guide are computed relative to the standard, rather than 
in ohms. 

A typical choke joint between pieces of waveguide is shown in Fig. 
11-10. The principle is identical with that discussed in Sec. 11-2 for the 
outer conductor of a coaxial rotary joint. The diameter of the radial 
section spreading out at right angles to the rectangular tube is chosen so 
that the average or effective distance from the inner surfaces of the 
waveguide is a quarter wavelength. A circular groove, likewise a quarter 
wavelength deep, forms the short-circuited terminating section. A rub
ber gasket in the outer groove serves to keep the waveguide airtight. By 
careful choice of dimensions, such a joint can be made to be a good match 
over a frequency band 12 to 15 per cent wide. Since no current flows 
across the gap between the choke and its mating flange, physical contact 
is not necessary. The power flows across a small gap with negligible loss. 
However, in such a case the leakage of radiation, although small compared 
to the transmitted power, may still overwhelm sensitive energy detectors 
nearby. In cases where electrical leakage must be minimized and the 
outer gasket groove is not needed for pressurization, an electrical gasket 
is substituted. Such a gasket is made by pressing a ring of woven metal 
gauze into the proper form. 
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Contact-type unions have also been used successfully. The flanges 
are relieved so that the bolts bring maximum local pressure to bear near 
the junction of the waveguide walls. Abrasion of the mating surfaces 
is much more serious in such a union than in the choke-type joint. 

T I G . 11-11.—Waveguide elements, (a) Long-radius bend in waveguide, (b) Miter elbow. 
(c) Short-radius bend, electroformed fitting, (d) Flexible waveguide, corrugated wall. 

Bends in waveguide such as those in Fig. 11-11a cause inappreciable 
mismatch if the inside radius is greater than twice the free-space wave
length. Short-radius bends are well matched if the length along the 
center of the guide is half a guide wavelength. Such elbows as those 
shown in Fig. 11-llc, are produced by electroforming—that is, plating 
copper or other metal on a soft metal mold which is later melted out. 
Two-cut miter elbows, such as those shown in Fig. 1111b, are well 
matched if the distance between cuts, measured along the center of the 
guide, is a quarter of the guide wavelength. Flexible waveguide can be 
made by winding it up out of metal strip in the same way that certain 
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types of metal hose or conduit are produced. A molded rubber sheath 
pressurizes and protects the piece, as well as holding the adjacent turns 
in tight contact. For short lengths, convolutions small compared with 
the wave-length can be formed hydraulically, and thereby give flexibility 
to a continuous metal tube. Figure 11-lid shows an example. 

Transitions between waveguide and coaxial lines usually take the 
form of a quarter-wave stub antenna on the coaxial line projecting into 
the waveguide a quarter guide-wavelength from an endplate, as shown in 

F I G . 11-12.—Coaxial line to -waveguide transitions, (a) Probe transition, coaxial line to 
waveguide, (b) Doorknob transition. 

Fig. 11- 12a. The endplate reflects the energy going in that direction 
back in phase with that going down the guide. Expressed in terms of 
impedances, the short-circuited quarter-wave section of guide presents 
an open circuit at the probe. Then the load seen at the probe is only a 
single unit of guide impedance, rather than two units in series. Such a 
probe lowers the breakdown potential of the guide. The "doorknob" 
transition of Fig. ll-12b is designed to minimize breakdown. I t can be 
thought of as a quarter-wave probe with a special form of stub support 
for the tip of the probe in which capacitive and inductive effect have been 
balanced against each other so that as a support it presents no loading 
of the waveguide. Rounded contours reduce the electrical gradient as 
much as possible. 

Rotary joints between pieces of waveguide may consist of a coaxial 
rotary joint of the type described in Sec. 11-2 with transitions to wave
guide at each end. This is common in the 10-cm region. The large 
li-in. OD line and the doorknob transitions just mentioned are used 



404 R-F COMPONENTS [SEC. 113 

where powers of the order of a megawatt are handled. In the 3-cm 
region transition is made to round guide, where the next-lowest mode has 
axial symmetry. Currents flow across the junction between the rotating 
and nonrotating parts of the round tube by means of the same folded 
choke arrangement used for the outer conductor of the coaxial rotary 
joint described in Sec. 11-2. Figure 11-13 shows a typical joint. The 
lowest mode in round guide has diametral rather than axial symmetry, 

F I G . 11-13.—Waveguide rotary joint using round waveguide and axially symmetrical mode. 

and if present to an appreciable extent will cause serious variation in 
voltage standing-wave ratio as a function of angle of rotation. The 
transitions from rectangular to round guide are designed to avoid exciting 
the undesired mode as far as possible. The guide wavelengths of the 
desired and undesired modes are sufficiently different so that a suitable 
choice of length of round guide will minimize coupling of the undesired 
mode from one rectangular guide to the other. Various absorbers for the 
undesired mode are sometimes used. 

The power-handling ability of a waveguide, calculated from the electric 
fields involved, is approximately twice that of the largest coaxial line that 
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could be used for the wavelength carried by the waveguide. Since, how
ever, the distortion of the normal field by the stub supports of the coaxial 
line makes it impossible to realize the calculated limit, the factor of two 
does not represent the full superiority of waveguide. In either waveguide 
or coaxial line, small nicks, burrs, or solder fillets can easily cause break
down at a fifth of the calculated maximum power. Table 11-1 sum
marizes the properties of the waveguides widely used in microwave radar, 
and for comparison those of some standard coaxial lines and cable. 
Attenuation in waveguide is seen to be about half tha t in the largest 
coaxial line suitable for a given wavelength. For smaller coaxial lines 
of a given impedance the attenuation is inversely proportional to 
diameter. The conclusion to be drawn is that waveguides are superior 
electrically to coaxial line in nearly every respect. They are easier to 
fabricate because the inner conductor and its precisely machined stub 
supports are simply omitted. For these reasons, waveguide is almost 
universally used for wavelengths below 8_]cm. In the 10-cm region where 
the size and weight of the 1-j- by 3-in. waveguide are awkward and the 
power-carrying capacity is not needed, coaxial line is frequently used. 
For "long wave" radars (wavelengths of 50 cm and greater) waveguide 
is never used because of its relatively enormous size. 

11-4. Resonant Cavities.—If both ends of a waveguide are closed 
by a short-circuiting plate, and energy is introduced by a probe so small 
that it does not appreciably change the properties of the enclosure, the 
amplitude of the standing-wave pattern in the waveguide will show a 
sharp maximum when the frequency is such that the length of the 
enclosure is an integral number of half guide-wavelengths. The reflec
tions will then be in the proper phase to reinforce each other and cause a 
resonant buildup. (This is the property used in wavemeters.) For 
standard rectangular guide, reference to Eq. (4) shows that if the broad 
dimension is taken to be 0.707X then half a guide-wavelength is also 
0.707X. The shortest resonant piece of such a waveguide is therefore 
square. The height does not affect the resonant wavelength, though if 
it is greater than X/2, modes polarized at right angles to the desired mode 
become possible. Rounding off the corners of the square box shortens 
the resonant wavelength slightly; exact calculation shows that for a 
cylindical box the resonance occurs when X = 1.30 times the diameter, as 
opposed to 1.41 times the side of the square. 

These round and square boxes are examples of resonant cavities, which 
play the same role in microwave transmission circuits as do resonant cir
cuits involving lumped inductance and capacity in traditional circuit 
theory. Any hollow metal enclosure is capable of supporting oscillations 
in a large number of modes. In practice the geometry is usually chosen 
so only a single mode, often the lowest, is excited. For simple geometri-
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oal forms the properties are completely calculable from Maxwell's 
equations. 

In cavities of the type used in magnetrons, the inductance and 
capacity are fairly well separated and approximate numerical values can 
be calculated though they cannot be measured independently. For 
something like a simple cylindical cavity, however, inductance and 
capacity are blended and cannot even be calculated unambiguously. 
The significant quantity is the resonant frequency or wavelength. 

The second property of cavities that is important in microwave work 
is their Q. As in lumped-constant circuits, the value of Q is a measure 
of the sharpness of the resonance, and is determined by the dissipative 
elements loading the resonant circuit. If f0 is the resonant frequency and 
/ i and /2 are the "half-power points,"—that is, the two frequencies, one 
above /0 and one below /0, at which the voltage (or current) in the cavity 
is 0.707 as great as it is at resonance—then 

An equivalent, but somewhat more general, formula for Q involves 
the amount of electromagnetic energy stored in the oscillating field within 
the cavity, and the rate at which energy is dissipated in the walls or in 
any other way. If we denote the total stored energy by W, and the 
energy dissipated during one r-f cycle by w, Q is given by 

Q = ^ (6) 
w 

If w includes only the dissipation within the cavity itself, due to the 
resistance of the walls and to dielectric losses in insulators within the 
cavity, etc., the Q defined above is called the unloaded Q, usually written 
Qo- If w includes, in addition, energy dissipated in external circuits 
coupled to the cavity, we obtain instead the loaded Q, or QL, which of 
course can never exceed (Jo

in a simple cylindrical cavity made of copper and resonant at 3000 
Mc/sec in its lowest mode, the unloaded Q is about 15,000. Generally, 
the Q of a cavity loaded only by the resistance of its walls depends on the 
ratio of the volume of the cavity to the product of the internal surface 
area and the skin depth. For cavities of similar shape, the resonant fre
quency /o is inversely proportional to a linear dimension of the cavity; 
the skin depth varies as 1/s/Jo- It follows that Q0, for cavities of similar 
shape, varies as 1/V/o- On the other hand, the Q values that can be 
attained at microwave frequencies, typified by the example just given, 
are much higher than can be realized with coil and condenser combina-
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F I G . 11-14.-

tions at low frequencies. The essential reason for this is that such low-
frequency circuits do not provide a correspondingly large volume for the 
storage of energy. 

To make a cavity useful it is necessary to provide some means of 
introducing and removing energy, or in other words to couple it to the 
external circuit. This may be done by an electron stream, by a coupling 
loop to a coaxial line, or by an iris (hole) leading into a waveguide. 
Examples of these are cited in the discussion of klystrons (Sec. 11-7) and 
of TR switches (Sec. 11-5). 

11-6. Duplexing and TR Switches.—As was explained in Sec. 1-3, 
the use of a common antenna for 
transmitting and receiving requires 
fast-acting switches1 to disconnect 
the receiving apparatus from the 
antenna during the transmitted 
pulse, and to disconnect the mag
netron during the period when 
echoes are being received. These 
two switches are called the TR 
(transmit-receive) switch and the 
anti-TR or ATR switch, respec
tively. The duplexer is that por
tion of the microwave circuit, near 
the T-junction of the receiving branch and the magnetron-antenna line, 
where the T R and ATR switches are located. 

The great disparity in transmitted and received powers immediately 
suggests that a spark gap or gas-discharge tube can be connected in the 
circuit in such a way as to perform the necessary switching operations. 
These gas-discharge tubes are referred to as TR or ATR tubes. A rudi
mentary system using a two-wire transmission line is shown in Fig. 11-14. 
The high-power pulse from the magnetron breaks down the gap in the 
ATR tube and the power flows out toward the antenna. The gap in the 
T R tube in the receiving branch likewise breaks down, and if it is designed 
so that the discharge takes negligible power to maintain, puts a short 
circuit across the line to the receiver. The delicate input circuits of the 
receiver are thereby protected. Since the short circuit is a quarter wave
length from the T-junction, the impedance put in parallel with the 
antenna line at the junction is very high and does not affect the wave 
traveling toward the antenna. At the end of the transmitted pulse, the 
discharge across the gaps goes out and the system is ready to receive echo 
signals. The impedance at the T-junction looking toward the magnetron 
is infinite because there is an open circuit half a wavelength away. 

1 Microwave Duplexers, Vol. 14. 

-Duplexing system on two-wire 
transmission line. 
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Looking toward the receiver, there is a matched line. All the power 
goes into the receiver. 

In one variation of the basic scheme just outlined, the receiver branch 
joins the antenna line in a series rather than in a shunt T. Then the TR 
switch must be a half wavelength rather than a quarter wavelength from 
the junction. In another variation, advantage is taken of the fact that 
the cold (i.e., nonoscillating) impedance of certain types of magnetrons is 
such as to be a bad mismatch to the line, so that nearly all the power 
coming toward the magnetron is reflected. Then the ATR switch can 
be omitted if the line length between the magnetron and T-junction is 
chosen correctly. This is known as "pre-plumbing." With many types 
of magnetron it is not feasible. 

The requirements for satisfactory transmission of the outgoing pulse 
are rather easily met. 

1. The loss in the discharge across the gaps must be a small fraction 
of the magnetron power. 

2. The line must be matched when the gaps are fired. 
From the point of view of the receiver, the requirements are much 

more stringent. 
1. During the transmitted pulse, the power getting past the TR 

switch into the receiver must be less than 0.1 watt or the crystal 
may be damaged. This means a minimum attenuation of 60 to 
70 db. 

2. The TR-tube gap must fire in less than 0.01 yusec, or the preigni-
tion "sp ike" of magnetron energy may burn out the crystal. 

3. The gap must deionize in a few microseconds at the end of the mag
netron pulse so that echoes from nearby objects will not be unduly 
attenuated. A typical specification would demand less than 3-db 
attenuation 6 jusec aftqr the pulse. 

4. The received signal must see a reasonably good match into the 
receiver, and the losses must be kept to a minimum. 

Some refinements in the rudimentary system of Fig. 11-14 are neces
sary to meet the above requirements. The fired TR-tube gap is not a 
perfect short circuit. If the voltage across the arc is V, the leakage power 
going to the receiver is V2/Z, where Z is the impedance looking toward 
the receiver, measured at the gap terminals. The voltage can be made 
smaller by having the discharge take place in a gas at a pressure of only a 
few millimeters of mercury. Further reduction of leakage power is 
necessary, however. This may be done by a step-up transformer to the 
gap, and an identical step-down transformer to the receiver line. In the 
unfired condition, the standard line impedance is maintained on either 
side of the T R switch, but in the fired condition the line impedance seen 
at the gap appears to be very high and much less power is coupled out 
to the receiver. 
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The practical method of accomplishing this impedance transformation 
is by means of a resonant cavity. Figure 11-15 shows a section through 
a 1B27 TR tube and associated cavity, with input and output couplings. 
The gap across which the discharge takes place is formed by two reentrant 
cones on the axis of symmetry of the approximately cylindrical cavity. 
The cones add capacity to the resonant circuit and the cavity is smaller 
for the same wavelength than it would be without them. Tuning is 
accomplished by pushing one cone in and out on a flexible diaphragm. 
The unloaded Q of the cavity is lower than that of a cylinder because of 

From T-junction 

707 
glass 

Housing 

Loading 
spring 

Vacuum tight 
solder joint 

Keep-alive 
electrode 

l j g diam. flange 

To mixer 
terminals 

F I G . 11-15.-
1" diam. flange 

-1B27 T R tube and cavity assembly with loop coupling. 

the presence of the cones and the glass of the gas enclosure; it is about 
2000. With normal input and output loading, the loaded Q is about 350. 
Both input and output coaxial lines end in coupling loops which play the 
role of the step-up and step-down transformers. They can be thought 
of as single-turn windings which, in proportion to their area, loop more 
or less of the magnetic field existing in the cavity. The smaller the loop, 
the higher the step-up ratio and the higher the loaded Q. 

As a result of the impedance transformation, the arc coupling (i.e., 
the power going to the receiver as a result of the voltage across the arc 
discharge) is well below the danger point and is independent of input 
power. There is a second mechanism of coupling, called direct coupling, 
which gives leakage power proportional to input power. At the higher 
transmitter powers, direct coupling becomes more important as a source 
of leakage power than arc coupling. Direct-coupling power is the power 
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that would be coupled from loop to loop with a solid metal post in the 
center of the cavity, the annular space around it being a waveguide 
beyond cutoff. 

To insure rapid breakdown at 
the beginning of each pulse, a sup
ply of ions in the gap is maintained 
by a continuous auxiliary dis
charge inside one of the cones. 
This requires an extra electrode, 
known as the "keep-alive" elec
trode, which draws about 150 pa, 
from an 800-volt supply. A bal
last resistor drops the voltage to 
about 400 volts at the electrode 
itself. Despite this precaution, 
the leakage power through a TR 
tube shows an initial spike (Fig. 
11-16) which precedes the "f lat" 
region of constant leakage power. 

For rapid deionization of the 
gap one constituent of the gas must 
have an electron affinity. After 
the discharge is over, in the absence 

'Spike' 

- Less than 0.01 n sec 

^c "Flat" 

T ime-* - p-Pulse width 1 fi sec-*j 

Fio. 11-16.—TR leakage power during 
a l-/jsec pulse. 

F I G . 11-17.— 1B24 T R tube; 3-cm band. 

of a strong field, electrons are quickly removed by attachment to molecules. 
Molecular ions have so much inertia that at the frequencies involved 
they cause negligible attenuation. Water vapor is the constituent 
usually introduced to hurry the electron cleanup. A typical filling would 
be hydrogen at a pressure of 10 mm of mercury, and water vapor likewise 
at 10-mm pressure. The hydrogen gives protection if the water vapor is 
frozen out, but deionization will then be slow. Argon is used in some 
tubes instead of hydrogen. 

The loss to the received signal in passing through an unfired TR tube 
is from 1.0 to 1.5 db, occurring mainly in the walls of the cavity. 
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Figure 11-17 shows a cut-away view of another type of TR tube, the 
1B24, which is widely used in the 3-cm band. It is of the integral-cavity 
type—that is, all of the cavity contains gas, not just the central portion. 
A gas reservoir on the side increases the total volume of gas over that 
contained in the relatively small 3-cm cavity. The tube is clamped 
between standard 3-cm rectangular choke joints, and coupling into and 
out of the cavity is by means of round windows or irises. Glass is 
soldered across them to seal the gas enclosure. Such windows play the 
same role in coupling cavities to waveguide as do coupling loops for 
coaxial line. On 10-cm systems using 
waveguide, the input coupling may be 
by means of an iris, and the output by 
a coupling loop. 

Switches exactly like TR switches 
with the output coupling omitted may 
be used as ATR switches. However, 
since the double adjustment of the two 
switches is not always made correctly, 
fixed-tuned, low-Q ATR switches are 
preferable. Figure 11-18 shows the 
1B35 tube, designed for the 3-cm band, 
and its mounting. One such tube will 
cover a frequency band of 3 per cent, 
and pairs of these tubes will cover a 
band of 6 per cent. The loaded Q of 
the cavity is made very low (approxi
mately 5) by a large window in the end. r i a - u-is.—1B35 broadband ATR tube 

-̂  and mount; 3-cm band. 
The cavity is placed in series with the 
magnetron line by simply substituting the face of the tube containing the 
window for a portion of the broad side of the waveguide. The breakdown 
takes place across the inner face of the elongated glass window. 

A duplexer that represents in waveguide the basic scheme of Fig. 
1114 appears in Fig. 11-29 as part of an r-f transmitting and receiving 
system. The TR-tube input window is in contact with the narrow side 
of the waveguide. From the resemblance of a waveguide to a stub-
supported two-wire transmission line, illustrated in Fig. 11-8, it is 
apparent that a T-junction on the narrow side of the guide is a parallel 
connection, and that the plane of the narrow side is a quarter wavelength 
from the effective center of the waveguide circuit. 

MICROWAVE COMPONENTS OF THE RECEIVER 
After emerging from the TR switch, the received signal is mixed with 

the local-oscillator signal and the combination applied to the crystal, in 
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order to obtain a much lower beat frequency which can be amplified. 
A more complete and integrated discussion of microwave receivers is 
reserved for the next chapter, but for the sake of continuity the compo
nents of the receiver which handle microwaves are treated here in con
junction with other r-f components. 

11-6. The Mixer Crystal.—Since no satisfactory amplifier for micro
waves exists, the conversion to intermediate frequency must be made at 

a. Pin end 

6. Ceramic case 

c. Tungsten whisker 

Hole in ceramic for wax filling 

d. Silicon 

e. Head-

-/. Screw for adjustment 
at assembly 

g. Two set screws to hold 
adjustment 

a. Sylvania b. Western Electric 

FIG. 11-19.—Microwave mixer crystals. 

the low level of received signal powers. It is important, therefore, tha t 
the nonlinear element be as efficient as possible, and that a minimum 
amount of added noise be introduced. The most satisfactory device 
that has been found is the rectifying contact between a metallic point 
and a crystal of silicon.1 For protection and stability the silicon and the 
"ca t whisker" are sealed up in a cartridge. The term "crys ta l" ordi
narily refers to the whole assembly, a cross-section view of which is 
shown in Fig. 11-19. 

The d-c characteristic of a crystal has the form shown in Fig. 11-20. 
An equivalent circuit that accounts for the r-f properties is shown in 
Fig. 11-21. The nonlinear resistance of the rectifying contact is denoted 
by re. In parallel with it is the capacity C of the boundary layer of the 

1 Crystal Rectifiers, Vol. 15. Radiation Laboratory Series. 
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semiconductor. At sufficiently high frequencies, the capacity will short-
circuit the high back-resistance of rc and reduce the rectification efficiency. 
In series with this combination is R, the so-called "spreading resistance," 
representing the bulk resistance of the silicon. Analysis shows that RC 
must be small compared with the time of one r-f cycle for efficient recti
fication. The effects of R and C can be minimized by small contact 
area, and it is possible to make crystals with nearly as good conversion 

efficiency as would be obtained from 
a simple diode at much lower fre
quencies. The conversion loss, de
fined as ratio of r-f signal power to i-f 
signal power, runs from 5 to 8 db for 
typical microwave crystals. 

+20 
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F I G . 11-20.—Typical characteristic curve of 
a silicon rectifier. 

■ # 

FIG.11-21.—Equivalent circuit 
of a cryatal rectifier. 

Experimentally it is found that in the presence of local-oscillator 
power flowing through it, a crystal generates more noise power than would 
an equivalent resistor at that temperature. As a measure of this prop
erty, a crystal is assigned a "noise temperature," defined as the ratio of 
the absolute temperature at which an equivalent resistor would generate 
the observed noise to the actual temperature. Noise temperatures 
between 1.1 and 3.0 are typical. The noise generated by the crystal 
increases with local-oscillator input. There is a rather broad region of 
best over-all performance at 0.5 to 1.0 mw input which is a compromise 
between increasing noise at high inputs and greater conversion loss at 
low inputs. This optimum input corresponds to the widely used standard 
operating point of 0.5-ma d-c crystal current. 

The contact area between the whisker and the silicon is of the order 
of 10 - 6 cm2. Relatively low currents, therefore, yield high current 
densities, with attendant local heating and danger of burnout. For 
continuously applied power the danger line is of the order of a watt ; this 
would apply to the flat part of the TR-tube leakage. The initial pre-
ignition spike (Fig. 11-16) is so short (less than 0.01 Msec) that the heat 
cannot be conducted away from the contact; consequently the total spike 
energy rather than the peak power is the important quantity. Experi
ence has shown that burnout is far more likely to come from the spike 
than from the flat. Since TR-tube conditions are difficult to reproduce, 
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crystals are tested by sending through them a d-c pulse of duration 
2.5 X 10 -9 sec and total energy of the order of an erg. Crystals which 
pass this test are safe in a properly operating radar set. 

Table 11-2 lists for comparison the rejection-limit specifications of the 
most widely used crystals in the three radar bands. The bearing of these 
figures on the over-all sensitivity limit of microwave receivers is discussed 
in Chap. 12. 

In the manufacture of crystals to meet the specifications (which are a 
considerable advance over those met by the crystals used in early micro
wave radars) careful attention must be given to the original purity of the 
silicon, to "doping" with small amounts of the proper impurity, to the 
preparation of the crystal face, and to the sharpening and adjustment of 
the whisker. Crystals are stored in metal containers to avoid burnout 
from stray r-f fields. They can be burned out easily at the time of instal
lation by an accidental discharge of static electricity through them. 

TABI 

Type 

1N21B 
1N23B 
1N26 

E 11-2.—SPECIFICATIONS OF CON\ 

Wavelength 
band (cm) 

8-11 
3.1-3.5 

1.25 

Conversion 
loss (db) 

6.5 
6.5 
8.5 

ERTER-TYPE CRYSTALS 

Noise tempera
ture (times) 

2.0 
2.7 
2.5 

Burnout 
test (ergs) 

2.0 
0.3 
0.1 

11-7. The Local Oscillator.—Reflex klystrons are, with very few 
exceptions, used as local oscillators1 in microwave receivers. Figure 
11-22 shows a schematic view of a typical tube. The resonant circuit is a 
r e e n t r a n t , doughnut-like cavity 
with grids across the central portion. 
An electron gun with a proper focus
ing electrode directs a stream of 
electrons through the grids. Upon 
arrival at the first grid the electrons 
have a velocity corresponding to 300 
volts. I t will be assumed that oscil
lations exist in the cavity. Elec
trons will then alternately be 
accelerated and decelerated by the 
r-f field across the grids. An elec
tron that goes through just as the 
field between the grids is passing 
through zero on the way from acceleration to deceleration will not have its 
velocity changed and can be taken as a reference electron. In the space 

1 Klystrons and Microwave Triodes, Vol. 7, Radia t ion Labora tory Series. 

FIG, 11-22.—Schematic of reflex klystron. 
H = heater 
K = cathode 
F = focusing electrode 
C = cavity 
R = reflector 
O = coaxial output line. 
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just beyond the grids there is a strong retarding field produced by a 
reflector electrode maintained about 100 volts negative with respect to 
the cathode. The trajectory of the reference electron in this space is 
similar to that of a ball thrown into the air. I t will return to the grids 
after a time proportional to its initial velocity and inversely proportional 
to the retarding field. An electron that leaves the grids earlier than the 
reference electron will have been accelerated by the r-f voltage across 
the cavity and, because of its higher velocity, will spend a greater time in 
the reflection space. By proper adj ustment of the retarding field, the delay 
may be made to compensate for its +40 

earlier departure, and it may be 
made to arrive back at the grids at 
the same time as the reference 
electron. Similarly, an electron 
leaving later than the reference 
electron catches up by spending less 
time in the retarding field as a re
sult of its lowered velocity. The 
net effect is that the electrons gather 
in a bunch.1 At certain reflector 
voltages the bunch will pass through 
the cavity grids in such a phase that 
the r-f field retards the electrons. The electrons then give energy to the 
cavity and thereby sustain the oscillations. Oscillation is observed for 
more than one reflector voltage because drift times differing by a whole 
r-f cycle still produce satisfactory bunching. 

The net energy given to the electrons during their first passage through 
the cavity is negligible when averaged over a whole cycle, being balanced 
between acceleration and deceleration. On the return passage, however, 
most of the electrons go through in a bunch at the most favorable phase 
to aid the oscillation. Half a cycle later, when returning electrons 
would absorb energy in being accelerated, very few electrons are passing 
through. Useful power is delivered to an external load through a coaxial 
line, loop-coupled to the cavity. The efficiency is rather low, in the 
neighborhood of 1 per cent. Power outputs of 20 to 50 mw are typical. 

Local oscillators are tuned by mechanically changing the size of the 
cavity. A limited amount of electrical tuning is possible through varia
tions of the reflector voltage. Figure 11-23 shows the frequency and 
power output of a 10-cm reflex klystron as a function of reflector voltage. 
When the reflector is made more negative, the bunch arrives at the cavity 

1 In the older two-cavity klystrons, where the bunching takes place in a field-free 
space, the bunch forms about the electron that passes through the first cavity as the 
field is changing from deceleration to acceleration. 

-20 -30 - 4 0 - 5 0 
Reflector voltage 

FIG. 11-23.—Reflector characteristics of the 
707A. 
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early, hurries the oscillation and increases the frequency. Reflector-
voltage tuning ranges of 30 to 50 Mc/sec between the half-power points 
are normal, and the tuning rate may lie between 1 and 4 Mc/sec per volt. 
Electrical tuning is the basis of automatic-frequency-control systems. 

Fio. 11-24.—2K25 reflex klystron; 3-cm band: (a) exterior view; (&) x-ray view. 

Figure 11-24 shows an exterior and an x-ray view of a 2K25, a widely 
used local oscillator for the 3-cm band. The coaxial output line ends in a 
probe which is inserted in the waveguide to form a matched transition 
like that shown in Fig. 11- 12a. 

11-8. The Mixer.—The mixer1 contains the crystal. I t has two sets 
of input terminals, one for the received signal and one for the local oscil
lator; the output signal goes to the first stage of the i-f amplifier. The 
requirements to be met are as follows: (1) the crystal must be made to 
appear as a matched load to the incoming signal; (2) there must be 

1 Microwave Mixers, Vol. 16, Radiation Laboratory Series. 
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minimum loss of incoming signal into the local-oscillator input; (3) the 
local oscillator must see a fairly good match, though the requirements are 
not as strict as for a magnetron. 

Figure 11-25 shows a coaxial-type mixer which is widely used for the 
9- to 11-cm band. I t bolts directly on the TR-tube cavity and the output 

F I G . 11-25.—Coaxial-type mixer; 10-cm band. 

coupling loop is integral with the mixer. The crystal is mounted as a 
part of the center conductor of a short coaxial line and makes a matched 
termination with no special transformers. Since the i-f signal must be 
extracted, the end of the r-f line cannot be a d-c short circuit. An effec
tive r-f short circuit, with no metallic contact between inner and outer 
conductor, is provided by two concentric quarter-wave sections which 
form a choke not unlike that in a rotary joint. The i-f output fitting 
unscrews to permit replacement of crystals. 

Local-oscillator power is introduced through a side arm. About 50 
mw is available from reflex klystrons in the 10-cm region, which is 20 db 
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above the 0.5 mw needed to produce the standard 0.5 ma of crystal cur
rent. The great excess of power permits loose capacitive coupling 
between local oscillator and crystal. By the reciprocity principle, since 
there is poor transfer of power from the local-oscillator input to the signal 
line, there will be poor transfer from the signal line to the local-oscillator 
branch, thus satisfying the second condition stated above.1 A screw 
on a quarter-wave stub support adjusts the proximity of the capacitive 
probe to the signal line and provides the method of setting the crystal 
current. This is the sole adjustment. 

The local-oscillator input fitting contains a resistor disk which ter
minates the 50-ohm cable. Since the probe is half a wavelength away 
from the disk, the load at the probe will be in parallel with the disk 
(Sec. I l l ) ; but since the probe does not differ much from an open circuit, 
the load for the local oscillator is still a good match. The voltage at the 
probe is the same as that at the disk. It is necessary to have the probe 
spaced a quarter wavelength on the signal line from the effective plane 
of the coupling loop. With a loaded Q of 350 the TR tube is considerably 
off-tune at the local-oscillator frequency, which is usually 30 Mc/sec 
away from the signal frequency. Like all parallel resonant circuits, the 
TR cavity presents a very low impedance, practically a short circuit, at 
frequencies off resonance. If the probe were half a wavelength from the 
coupling loop, it would be effectively at a short-circuit point for local-
oscillator frequency and no power could be transferred. At a quarter-
wave point the short circuit at the coupling loop is reflected as an open 
circuit and the piece of line is, to the local-oscillator frequency, a stub 
support. 

In mixers for the 3-cm region, the crystal goes directly across the 
center of the guide. Coupling between local-oscillator waveguide and 
crystal guide is by means of adjustable windows in the short face of the 
guide. At 10 cm coaxial cables carry the local-oscillator power to sepa
rate radar and AFC mixers, but at 3 cm double mixers are used in which 
the two crystals are on opposite sides of the local oscillator. Figure 11-29 
shows a waveguide mixer and other r-f components for the 3-cm band 
with AFC and beacon features. 

11-9. Automatic Frequency Control.—Radar automatic frequency 
control (AFC) is a scheme in which the difference in frequency between 
the magnetron and the local oscillator is compared in a discriminator cir-

1 In an exact calculation, account must be taken of the difference in the impedance 
of the various branches at signal and local-oscillator frequencies. As is mentioned 
in the next paragraph, this is considerable for the highly resonant TR cavity. Quali
tatively, however, the reciprocity argument is valid. The so-called "magic T " pro
vides a method of decoupling the signal and local-oscillator inputs that does not 
depend on an excess of local-oscillator power. See Microwave Mixers, Vol. 16, 
Chap. 6. 
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cuit with the standard intermediate frequency being used—for example, 
30 Mc/sec. An error in the difference frequency produces a voltage that 
is applied to the reflector of the local oscillator in such a sense as to bring 
the local oscillator into correct tune. Because of the close connection 
of the whole AFC problem with receiver design, consideration of this 
subject is deferred to Sec. 12-7. 

MOUNTING THE R-F PARTS 

Experience has demonstrated that good radar performance depends 
not only on a well-designed set of microwave components but also on a 
properly coordinated mounting of them, relative to each other and rela
tive to the other parts of the radar. Therefore it is necessary to add to 
the treatment already given of the components themselves a considera
tion of the engineering reasons for the accepted practice of grouping 
certain vital components in a major unit called the "r-f head." 

11-10. Reasons for an R-f Package. Preferred Grouping of Com
ponents.—Considerations of accessibility and convenience would often 
argue for putting most of the components of a radar set near the indicator 
rather than near the antenna, which, in order to get the proper view, 
must usually be at a remote or isolated point. However, the long-line 
effect discussed in Sec. 11-1 makes a long transmission line from magne
tron to antenna something to be avoided if possible. In addition to the 
fact that in a long line even a moderately low standing-wave ratio can 
cause instability in the magnetron, the extra junctions, bends, and elbows 
needed for a long line are themselves likely to add to the mismatch. 
Furthermore, as seen from Table 11-1, the r-f attenuation in a long line, 
particularly at the higher microwave frequencies, results in the loss of 
several decibels when two-way transmission is considered. 

The shortest possible r-f line is realized by mounting the magnetron 
on the back of the antenna reflector ("back-of-the-dish system"). This 
ideal arrangement is often not practical because of a group of components 
functionally associated with the magnetron which may be too large and 
heavy for the antenna mount to carry. The pulse transformer must be 
adjacent to the magnetron to avoid long high-voltage leads, which would 
have to be supported and properly insulated and would add unwanted 
capacity. The duplexer T-junction and the TR tube must, of course, 
go in the magnetron-antenna line. The extremely low-level echo signals 
coming through the TR tube must be converted to the intermediate 
frequency and amplified considerably before being transmitted to a 
remote point. The local oscillator must be close, because the AFC is 
based on a comparison of the frequency of the local oscillator and that of 
the magnetron. 

Electrical and functional considerations dictate, then, that the follow-
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ing minimum items be mounted in a group and that the group be as near 
the antenna as practical: 

1. Pulse transformer. 
2. Magnetron. 
3. Duplexer, T R and ATR tubes. 
4. Local oscillator. 
5. Radar and AFC mixer. 
6. AFC control circuits. 
7. I-f amplifier (usually up to 1-volt video level). 
This set of components, mounted as a group and usually in a closed 

container, is called the "R-f Head." Alternative terms are "R-f Uni t" 
and "Transmit-receive Unit." Beacon local oscillator and beacon AFC 
are included where beacon reception is required. In smaller radar sets, 
the modulator network and switch tube and even the modulator power 
supply may be put with the r-f unit. An extension of this trend leads to 
an arrangement with all parts of the radar except the controls and the 
indicator tube in a single container. 

Advantages of an R-f Package.—On all but the largest radar sets the 
group of components listed in the previous paragraph can be compactly 
mounted in a single container that is not too heavy for one man, or at 
most two men, to carry. There is considerable advantage in having the 
vital parts of the transmitter and receiver centralized in a demountable 
unit package. In the event of trouble, a spare r-f head can be substituted 
and connected into the rest of the radar in a few minutes. Diagnosis of 
trouble, repair, and readjustment, as well as assessment of performance, 
can all be performed on a well-equipped test bench. This is particularly 
helpful for airborne sets. 

Good engineering practice favors pressurization of the r-f transmission 
lines of microwave radar systems in order to keep out water and water 
vapor. For high-altitude operation, pressurization may be absolutely 
necessary to prevent breakdown of the line. The high-voltage cathode 
circuit of the magnetron is a similar case. Pressurization assures dry 
conditions and sea-level pressure, and thus makes unnecessary the huge 
insulators and large air clearances that standard engineering practice 
would otherwise prescribe. Other parts of the r-f head can be made 
smaller and more compact if pressurized conditions are assumed. It is 
but a slight extension to consider that the r-f head should go into a single 
pressurized container, with the pressure common to the r-f line out to the 
antenna. Such a plan solves two other problems: (1) the working parts 
of the r-f head are protected against the most severe conditions of 
moisture, salt spray, and dust, not only in use, but also during shipment 
and storage; and (2) the shielding problem is greatly simplified, both for 
keeping external disturbances out of the delicate parts of the receiver, and 
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for confining the disturbances set up by the radar transmitter so that 
they do not affect other equipment. 

11-11. Design Considerations for the R-f Head.—The form which 
the r-f head takes will depend on whether it operates on the ground, on a 
ship, or in an airplane; on the degree of exposure to the elements; and on 
the power and transmitting frequency of the magnetron. Pressurization 
has advantages and disadvantages. Among the latter are inconvenience 
resulting from inaccessibility of parts for adjustment and repair, and 
difficulty of transferring heat through the pressure wall. The r-f head 
of a small airborne set will undoubtedly be a completely pressurized unit. 
The r-f head of a very large ground set might operate inside a protective 
housing and not be pressurized at all. Between these two extreme types 
are designs where part is pressurized and part is not. No firm rules can 
be laid down. The treatment here will outline the conditions that must 
be met, and then give illustrative examples of two quite different designs. 

Heat Removal.1—The maximum safe ambient temperature for most 
of the r-f-head components—such as composition resistors, oil-paper 
condensers, and blower motors—is about 85°C. The temperature of the 
air around the r-f head may get as high as 50°C in desert areas inside a 
housing exposed to the sun's rays. If the unit is not pressurized the per
mitted differential of 35°C is easily met. The air from a simple blower, 
properly channeled, will readily carry the heat released inside the enclos
ure out into the surrounding air. Often the air from the magnetron 
cooling blower can be so directed as to do what additional cooling is 
needed. Subunits tightly enclosed for reasons of electrical shielding may, 
however, need additional circulation. 

Where the free flow of external air through the r-f head is blocked off, 
as it must be by a pressure housing, the problem of transferring the heat 
to the outside air can easily be a limiting factor in design. The difficulty 
is not in getting the heat through the actual metal wall. A short com
putation shows that a differential of a fraction of a degree is sufficient for 
this. Almost all of the temperature drop occurs across the dead-air 
films on the two sides of the wall. Natural convection results in a 
transfer coefficient of only 0.006 to 0.010 watts/in2 per CC difference in 
temperature between the air and the wall. If 30°C be taken as a safe 
figure for rise of internal air over external air, and if natural convection 
be assumed on both sides, then the average coefficient given above would 
result in a maximum thermal load of 0.12 watts/in2. Forced convection 
from a gentle current of air along the surface raises the coefficient to 0.02 
watts/in2 per °C, but beyond this increased velocity results in only a slow 
increase. A high-velocity flow of perhaps 50 ft/sec is necessary to 
achieve a figure of 0.04 watts/in2 per °C. 

1 Amer. Soc. of Healing and Ventilating Engineers Handbook. 
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The increase in the coefficient is due mainly to creating a turbulent 
layer where good mixing occurs close to the actual wall, and to reducing 
the thickness of the poorly conducting layer. The cooling blast for a 
magnetron approximates the necessary conditions, but maintenance of 
turbulent flow over large areas takes considerable power. 

The conclusion is that with moderate blowing on the inside and 
natural convection outside, the loading can increase to 0.17 watts/in2, 
and with blowing on both sides can increase to 0.3 watts/in2 , for an over-

A r 
, Blowers 

Outer fins 

X.O) lnner 'ins 

J k 
F I G . 11-26.-

(a) (b) 
-Methods of improving heat transfer through pressurized containers. 

all rise of 30°C in air temperature. These figures are all approximate, 
since the geometry is never simple and uniform conditions of air flow 
over a whole vessel are never realized. 

Radiation plays a minor role in heat transfer for the differentials here 
involved. Painted rather than bright surfaces are worth while, however. 
Fins are helpful in increasing effective area, especially with natural con
vection, though not in proportion to actual surface. If the forced con
vection is not along the fins they do not help at all, because the increased 
area is compensated by impediment to air flow. 

Two schemes to improve heat transfer are shown in Fig. 11-26. In 
o, the internal and external blowers are directed at the same portion of 
the wall, which has some fins at that point at least to increase effective 
area. In the region of turbulent flow directly under the blower output 
the transfer coefficient is high. In the second case, b, there is an outer 
shell close to the wall of the pressure container. A powerful blower 
maintains turbulent flow over the whole interspace and a high coefficient 
results. This may be repeated on the inner wall of the pressure housing. 
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Types of Container.—If the r-f head is not pressurized, the supporting 
framework for the parts will be a rectangular affair consonant with the 
standard construction practices used on the rest of the radar. The usual 
rules of accessibility and convenience will dictate the placement of parts. 
If, however, the unit is to be pressurized, further consideration must be 
given to the container. I t is almost essential to be able to- remove the 
pressure cover and make tests and adjustments without disconnecting 
the r-f transmission line or any power or signal cable. This rules out 
methods of mounting the units in which the support brackets attach 
to the pressure cover. 

F I G . 11-27.—Exterior view of a 3-cm airborne r-f head. 

Although rectangular containers are most economical of space, they 
are difficult to pressurize because of their tendency to become spherical 
under pressure, with resultant severe shear strains in the corners. In a 
ship set, where only small pressure differentials are expected, a rectangular 
cover is feasible. If it is not too large, a rectangular housing cast out of 
light metal can be made strong enough to stand the 30 lb/in2 test pressure 
required for airborne r-f heads. I t has been common practice, however, 
to use cylindrical housings with domed ends because only tensile strains 
are then involved and the housing can be very light. 

One example of pressurized airborne container design is illustrated 
in Fig. 11-27, and discussed fully in Sec. 11-12. 

The heat generated in the magnetron rises as the average power level 
is increased, but the generation of heat in the receiver components is 
substantially constant from one radar set to another. If the transmitter 
power is more than about 50 kw, the thermal load for any pressurized 
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container of reasonable size would be above the limit set in Sec. 11-11. 
Under these circumstances, it is customary to mount the magnetron 
anode and the pulse transformer case outside the pressurized shell, with 
an external blower to cool them. The cathode connection to the magne
tron is made in a pressurized inner compartment, into which gasketed 
bushings bring the pulse transformer output and the magnetron cathode 
leads. The waveguide r-f line is pressurized from the magnetron output 
to the pressurized compartment which houses the duplexer, as well as on 
the antenna side. In this arrangement, high voltages appear only inside 
pressurized spaces, while most of the heat is liberated in the open, where 
it can be carried away by the air stream from the external blower. 

Metering and Test Points.—Good radar performance depends on 
objective tests of the functioning of each part. The vital radar com
ponents are all centralized in the r-f head, and the providing of necessary 
test points there is a part of the design job. Testing should not require 
removal of any covers. A directional coupler, used to introduce the test 
signal, will be located on the antenna line either just outside the r-f head 
or just inside with cable feed to a test jack on the outside wall. At the 
higher microwave frequencies, cables and cable fittings introduce a vari
able element and the external location would be preferred. The video 
output jack required can be the normal output to the indicator, in which 
case an interchange of cable is required. If the video output tube is 
capable of handling parallel loads, a second jack for test purposes only 
would be added. If the test set requires a trigger signal at the time of 
the magnetron pulse, this can be obtained by inserting a few ohms in the 
bypass-to-ground circuit at the low end of the pulse transformer. The 
signal would go in a shielded cable to an appropriate external jack. 

The other checks on the operation of the r-f head divide themselves 
into (1) minimum information continuously available to a remote opera
tor and (2) tests to be performed with the cover removed. 

The average magnetron current is the most important single item in 
monitoring a radar set. If it has the correct value, the magnetron is 
operating at the recommended point on its performance chart and is 
almost certainly putting r-f power into the antenna line. Sparking 
of the magnetron or irregular modulator operation can be observed. 
This meter reading is an over-all check on the operation of the radar 
transmitter. 

The second most important item for the operator to monitor is the 
radar crystal current. If this maintains its original value, it is known 
that the local oscillator is functioning and the crystal has not changed its 
properties. A decrease may indicate a burned-out or damaged crystal. 
A rhythmical variation indicates that the AFC is searching but not 
locking. 
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A single remote meter with a selector switch, or selector relays in the 
r-f head, can perform these minimum monitoring functions at the opera
tor's position. If the set has beacon AFC, the radar-beacon switching 
relay should transfer the remote meter to the beacon cavity crystal. 
Then a steady meter reading indicates not only that the beacon AFC is 
locked, but that it is locked at the correct frequency, since the crystal 
energy has come through the reference cavity. 

Of the test points usually provided for cover-off checking, the most 
essential is a jack to measure the crystal current at every crystal, in order 
to permit adjustment of the local-oscillator coupling. On crystals 
where the same current is metered remotely as well, a cut-in jack is used. 
Another current worth metering is the average diode current in the second 
detector, for over-all sensitivity tests and checking the receiver. A jack 
for measuring the keep-alive current in the T R tube should be included 
to provide verification that the TR switch is performing normally. 

In radar sets where the r-f head is accessible to an operator during 
operation, all of the above metering can be done on a single meter and 
selector switch. 

The most important internal signal test point is the AFC video output. 
On an oscilloscope the discriminator output is seen, as well as any spuri
ous signals. Sometimes this is made a phone jack also, so that with a pair 
of headphones aural indication of crossover may be compared with the 
frequency of best tune. 

11-12. Illustrative Examples of R-f Heads. Airborne Search Set. 
Figure 11-27 shows an external view of the r-f head used on a 3-cm search 
and navigation set of recent design. A broad flat container was dictated 
by the space available in certain aircraft. A lightweight sheet-metal 
pressure vessel of this form factor must of necessity have a domed top and 
bottom. The pressure seal comes near the top of a short central cylindri
cal section 18 in. in diameter. 

The radar set is designed to work on three pulse lengths: (1) 5 /xsec, 
200 pps, for search; (2) 2.5 fisec, 400 pps, for beacon interrogation; and 
(3) 0.5 Msec, 800 pps for high definition. The long pulse, as shown in 
Sec. 2-9, gives greater range, particularly in mapping land-water bound
aries. I t must be longer than the upper discrimination limit of ground 
beacons. The beacon pulse is well over the minimum length of 2 jusec 
necessary to trigger beacons. 

The pulse is transmitted from the modulator on a 50-ohm cable, which 
enters the r-f head via a pressurized pulse connector fitting. The 
shielded cable then goes to the quadrant-shaped pulse compartment. 
Into this compartment project the pulse transformer bushings and the 
magnetron cathode bushing. The interior detail is shown in Fig. 11-28. 
Ordinarily the quadrant cover is on and no high voltages are exposed 
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when the lid of the whole r-f head is off. The pulse compartment also 
contains the magnetron cathode-heating transformer and the necessary 
bypass condensers to provide a pulse path to ground in the metering 
circuit. All wires that leave this well-shielded compartment go through 

F I G . 11-28.—Interior view of a 3-cm airborne r-f head; (a) pulse input; (b) pulse trans
former; (c) pulse compartment; (d) pulse transformer bushing; (e) magnetron cathode 
bushing; (/) blower motor; (g) AFC chassis; (h) receiver chassis; (i) beacon reference 
cavity; 0) shield for local oscillators; (k) double mixer; (I) T R tube. 

filters which reduce pulse voltages on them to a level that will not inter
fere with communications. The pulse transformer case, being the 
source of some heat, projects outside the airtight compartment. 

The r-f system of this unit is shown in Fig. 11-29. The magnetron, 
type 4J52, is of the "packaged" design; the magnet is an integral part of 
the tube. It operates at an input level of about 200 kw, with an average 
efficiency of about 30 per cent. Its cathode is larger than is usual for 
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Fiu. 11-29.—R-f system. 
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magnetrons of this power; thus the tube is better able to furnish the 
long 5-Msec pulse without sparking. Its cooling blower also provides the 
general air circulation inside the r-f head. 

The waveguide fittings inside the r-f head are not airtight; they com
municate the head pressure to the antenna waveguide run. However, 
electrically the waveguide is kept sealed as tightly as possible in order to 
prevent the general level of leakage power in the closed container being 
high enough to interfere with AFC operation. The sealing is done by 
woven metal gaskets at every junction. A short section of flexible 
corrugated waveguide next to the magnetron absorbs the dimensional 
tolerances and permits all parts to be bolted together tightly without 
strain. 

The duplexer-mixer portion of the r-f system follows closely the block 
diagram of Fig. 12-12. The T R tube is a 1B24. Its r-f selectivity is high 
enough (about 50 Mc/sec between the half-power points) so that when 
tuned up for radar reception the loss in receiving beacon signals may be 
as much as.20 db. This loss is averted by a solenoid-actuated plunger 
inserted in the waveguide on the low-power side of the TR tube at a 
distance of half a guide-wavelength from its output window. By adjust
ing the depth of insertion, the TR tube can be pulled into good tune for 
the new frequency. 

The outputs of the radar and AFG crystals go in double-shielded 
cables to the receiver and AFC chassis respectively. The AFC control 
circuit is essentially of the form described in Sec. 12-7. For best use of 
the available space, the receiver chassis is in the form of a segment of a 
circle. The normal chain of i-f amplifier stages, second detector, and 
video output stage, is arranged around the periphery. The bandwidth of 
the i-f amplifier is 5 Mc/sec, but for long-pulse operation a relay switches 
the bandwidth to 1.0 Mc/sec by changing the loading of one of the inter
stage tuned circuits. This is necessary to realize the full gain in sensi
tivity to be expected from the long pulse. The bandwidth is still 5 times 
the reciprocal pulse length, rather than the value of 1 to 2 times estab
lished as optimum in Sec. 2-9. There are two reasons for this: (1) fre
quency modulation of f.he magnetron owing to variations of current 
during the long pulse can lead to a spectrum wider than theoretical; and 
(2) it is difficult to make a practical AFC that will hold a set in tune to a 
small fraction of a megacycle per second. 

No d-c power supplies are provided in the r-f head, except for the TR-
tube keep-alive supply. This is a small half-wave supply with resistance-
capacity filter, located under the receiver chassis. All other voltages for 
the local oscillators, receiver, and AFC come in over wires in the large 
cable connector from an external centralized supply. 

The various subunits in the r-f head are designed with plug connec-
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tions so that they may be quickly removed for servicing or replacement 
with spare units. Remote metering of magnetron current, radar crystal 
current, and beacon cavity crystal current is provided. 

Shipborne Air-search Set.—The final example is the r-f unit of a 
high-power shipborne set for maintaining air surveillance. The r-f head 

FIG. 11-30.—Front view of r-f head, shipborne radar: (a) pulse input; (6) transmitter 
compartment, search radar; (c) receiver, search radar; (d) ATR mount; (e) AFC mixer; 
(/) radar mixer; (g) TR-tube mount; (A) r-f switch for noise source; (i) receiver, height-
finder radar; 0) duplexer, height-finder radar; (k,l) built-in control and test equipment. 

illustrates many points of good design applicable to high-power sets in 
the 10-cm region whether shipborne or not. Figure 11-30 shows a front 
view of the r-f head. 

This equipment is a dual set with separate radars on different 
frequencies, one for long-range search and one for height-finding. The 
two antennas are mounted on a turret about 5 ft in diameter which con
tains the r-f head and has room for an operator during tests The 
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arrangement is therefore a back-of-dish mounting with short waveguide 
runs to the antenna, as was recommended in Sec. 11-10. The pulses 
from the two modulators are transmitted through rotary joints. All 

F I G . 11-31.—Transmitter compartment, shipborne radar: (a) magnet; ib) "doorknob" 
transition; (c) magnetron cathode bushing; (<i) despiking resistor; (e) pulse-transformer out
put bushing; (/) pulse transformer case, directional coupler of opposite transmitter in 
front. 

other power, signal, and control connections to the rotating turret are 
made via slip rings. 

Each of the end compartments contains the transmitter components 
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of one of the radars. Figure 11-31 shows the interior detail of one of these 
compartments; in the other, the items are the same but are mounted the 
other end up. The pulse from the modulator comes in through the pulse 
connector on the end of the case. For the long-range search set the 
power from the modulator is about 2 Mw, or about 10 kv on the 50-ohm 
cable. This power goes in parallel to the primary of the pulse transformer 
and to a despiking network consisting of a 50-ohm resistor and a 400-Mjuf 
condenser in series to ground. The network provides a transient load 
for the modulator while the voltage is rising but before the magnetron 
starts to draw current. 

On the long-range search set, a 4J32 magnetron furnishes 0.8 Mw of 
r-f power. The pulse length is 1 ;usec and the repetition rate is 390 pps. 
Since the peak voltage at the cathode is about 28 kv, good clearance must 
be maintained. The magnetron output is in lf-in. OD coaxial line, but 
an immediate transition is made to standard waveguide l£ by 3 in. with 
0.080-in. wall. Since both the coaxial line and waveguide are operating 
not very far from the voltage-breakdown point, a specially tapered "door
knob" transition is necessary. A small air gap in the choke-flange 
coupling between the transition section and the waveguide outlet absorbs 
the tolerances in the magnetron mounting. The whole magnetron high-
voltage compartment is tightly closed in operation. The small upper 
compartment is mainly taken up with the fluted case of the pulse trans
former. The antenna waveguide of the other radar goes through in 
front and the directional coupler is put in this convenient place. 

In the central section are the two duplexer sections and the two 
receivers. The duplexer section for the search radar stretches across the 
lower part of the case. Nearest the magnetron is the AFC attenuator 
and mixer. The mixer is of the type shown in Fig. 11-25, Sec. 11-8. One 
coaxial cable brings r-f power from the local oscillator, which is mounted 
in a well-shielded compartment in the receiver box. The other carries 
the i-f signal to the AFC discriminator and control circuit in the same box. 

Next along the guide and on the opposite side are the two ATR tubes, 
of the untuned low-Q type, spaced one half of a guide wavelength apart. 
This gives a broadband characteristic.1 The resonant windows are 
made a part of the broad face of the waveguide. A half wavelength 
farther down the guide, and on the same side as the AFC attenuator, is 
found the duplexer T. The TR cavity is iris-coupled, both on the input 
side from the end of the waveguide and on the output to a coaxial mixer 
which is otherwise the same as the AFC mixer. As in the AFC case, i-f 
cables connect the mixer with the local oscillator and the proper parts 
of the receiver. 

The last part of the duplexer section is an r-f switch used in testing 
1 Microwave Duplexers, Vol. 14. 
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the receiver sensitivity. In the radar operating position a straight piece 
of waveguide with a choke-flange joint at each end transmits the power 
direct to the antenna. There is, of course, appreciable r-f leakage at the 
air gaps of the two junctions. Accurate construction keeps this small 
enough not to affect the AFC mixer in the same compartment. A safety 
switch prevents turning on the magnetron unless the guide is in proper 
position. This piece slides out of the way and a matched probe-fed 
transition piece slides in for introducing a test signal. 

The receivers are typical of ground and ship sets, except that in this 
case they do not contain the regulated power supplies. The usual i-f and 
video amplifier, the various anticlutter circuits, and the AFC circuits are 
included. A tight outer box provides general shielding, but the i-f 
amplifier and local oscillator have inner shields in addition. 

One of the most noteworthy features of this radar is the built-in 
test equipment. An operator can go to the turret and, by transferring 
the usual remote controls to a duplicate set in the turret, operate the 
radar and view the echoes or waveforms on the scope provided. A uni
versal meter furnishes a quick check on all the currents mentioned in 
Sec. 11-11. The vital check on receiver sensitivity is made with a 
klystron noise source, whose output signal is introduced via the r-f 
switch just described. The reliability and day-to-day reproducibility 
of the test set are excellent, and having it built in makes a quick daily 
check on a continuously operated radar simple to perform. Over-all 
noise figures of 9 to 12 db are commonly maintained. 

Neither the r-f head nor the waveguide is pressurized. The moisture 
problem in the turret is solved by electric heaters which come on when
ever the radar shuts down. Only a few degrees rise above general 
atmosphere temperature prevents condensation. Drain holes for water 
are provided at proper points in the antenna line. 
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THE RECEIVING SYSTEM—RADAR RECEIVERS 
B Y L. J. H A WORTH AND W. H. JORDAN 

INTRODUCTION 

B Y L. J. HAWORTH 

12-1. The Role of the Receiving System.—It is the purpose of the 
receiving system to extract the information contained in the radio-
frequency echoes, to sort it in terms of the geometrical parameters 
involved, and to present the results to the observer in a convenient and 
useful form. 

The data involved are in a variety of forms. Most of them come from 
the radar set itself. First in importance, of course, are the echo signals, 
which may contain as many as several million separate pieces of informa
tion each second. The exact instant at which the radar pulse is trans
mitted is known by virtue of a pulse to or from the modulator. The 
geometrical coordinate of range is proportional to the return time of the 
echo pulses with respect to this pulse. The orientation of the antenna is 
available in terms of the rotational positions of shafts geared to the 
scanner axes. These direct data are often supplemented by others 
(obtained from external sources or from observation of the composite 
radar results), such as geographical information, the location and orienta
tion of the radar platform, if it is a moving one, and so on. 

Within the limitations of these data and the requirements of the par
ticular situation, the equipment should present to the observer a con
tinuous, easily understandable, geometrical picture of the radar targets 
under study, giving the location, size, shape, and, in so far as possible, the 
nature of each to any desired degree of accuracy. In many cases, the 
equipment should have provisions for instantaneously determining in a 
precise numerical way the exact position of each target with respect to 
the radar set or to other targets, and often it should furnish means for 
passing these results on to other devices in an automatic way. All of this 
must be done in such a manner that the echo signals have optimum sen
sitivity compared to internal system noise and to extraneous radiations. 

The accomplishment of these objectives requires a considerable array 
of equipment. The ultimate link with the observer is the indicator. 
The indicator proper is usually supplemented by a considerable amount 
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of auxiliary equipment, the chief functions of which are to prepare the 
geometrical and other data, apart from the signals, for use by the indica
tor, to control the indicator functions, and to assist in the making of 
measurements. No satisfactory descriptive term exists for this auxiliary 
equipment, but in combination with the indicator it is known as the 
"indicating (or indicator) equipment." The echo signals must be 
amplified greatly and demodulated before being presented to the indica
tor, usually in the form of video signals. The path which they follow in 
this process will be spoken of as the "signal channel," and the equipment 
involved as the "receiver." On some occasions the system also contains 
computers or other devices which aid in the ultimate disposal of the data. 

The receiver must deliver a maximum of desirable, and a minimum 
of undesirable, information to the indicator. I t should have as little 
inherent noise as possible, since such noise determines the ultimate limit 
in signal detectability. I t should afford sufficient amplification to 
realize this ultimate limit and sufficient dynamic range to allow wide 
latitude in useful signal intensities. The bandwidth must be chosen to 
provide sufficiently rapid transient response so that the details of the 
signals will be preserved; but it must not be so great as to decrease unduly 
the signal-to-noise discrimination. In many cases, special design char
acteristics enhance the discrimination of certain kinds of echo in com
parison to other undesired echoes or to radiations from other transmitters. 

The indicating equipment, which is almost entirely responsible for 
the purely geometrical aspects of the display problem, must share with 
the receiver the responsibility for the discernibility of the signals with 
respect to noise, interference, and signals from other targets. The indica
tor proper is almost always a cathode-ray tube whose screen presents the 
radar display. Synthesis of such displays involves combining the signal 
intelligence with antenna scanning angles and other geometrical factors 
to provide an intelligible picture of the dispositions and other characteris
tics of the radar targets. Some of the displays are, in principle, facsimile 
representations of the actual geometrical situation; others are deliberately 
deformed to improve some particular type of observation or measurement. 

A wide variety of displays has been discussed in Chap. 6. The basic 
types are listed here for reference: 

1. Deflection-modulated displays, in which the echo signals are used 
to deflect the beam laterally on the tube face. In practice, the 
other rectangular coordinate is invariably range (A-scope, R-scope, 
etc.). 

2. Intensity-modulated displays, in which the signals serve to brighten 
the screen, and hence appear as bright spots or patches against a 
background that is partially illuminated by the receiver noise 
These fall into several categories: 
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a. True plots of a plane surface in which range and an angle are 
combined as polar coordinates (PPI). 

6. Rectangular plots of two cartesian components of range, in 
general with unequal normalizations1 (stretched PPI, RHI). 

c. Rectangular plots of the polar coordinates, range and angle 
(B-scope, E-scope.) 

d. Rectangular plots of azimuth angle and elevation angle 
(type C). _ 

e. Modifications of the above types to indicate a third dimension 
in certain simple situations. 

3. Presentations, not properly displays, in which the cathode-ray 
tube is used as a two-dimensional meter (spot error indicator). 

Additional types of deliberate deformation of the basic displays and 
certain approximations used for technical reasons will appear later in 
detailed descriptions of the production of the various displays. 

Observations and measurements are aided by various indices. Prac
tically all the displays that include range are provided with a set of pre
cisely timed "electronic markers" which occur at convenient regular 
intervals on the display itself. These are sometimes supplemented by a 
manually controlled continuously movable marker, which removes the 
necessity for interpolation. Measurements of angle can be made by 
means of similar electronic indices, but fixed lines etched on a transparent 
overlay plus, perhaps, a movable mechanical cursor, are often used. 

12-2. A Typical Receiving System.—Figure 121 illustrates the 
principal parts and some of the subdivisions of a typical receiving system 
containing a cathode-ray-tube indicator. 

The receiver is always of the superheterodyne type and consists of the 
signal channel and the local oscillator, together with frequency-control 
circuits for the latter. Strictly speaking, this should include all equip
ment concerned with the received signal, beginning with the antenna and 
ending with the input terminals of the indicator proper. However, in 
practically all radar applications the antenna, the TR tube, and the r-f 
line connecting them are shared with the transmission channel, and the 
techniques in these sections are dictated somewhat more by the trans
mitter requirements than by those of the receiver. We shall, therefore, 
consider the receiver as beginning at the point where the signal channel 
branches from that which is shared with the transmitter. 

R-f signals from the antenna by way of the TR switch enter a crystal 
mixer where they are combined with the c-w output of a tuned local 
oscillator to form a heterodyned signal at the desired intermediate fre
quency, usually 30 to 60 Mc/sec. This signal is led from the mixer into 
an intermediate-frequency amplifier of very special characteristics, where 

1 If the normalizations are equal the display is, of course, equivalent to Category a 
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it experiences an amplification of some 120 db. Following the i-f ampli
fier is a "second" detector and i-f filter which rectify the signals and 
remove the i-f components, leaving only the video signal envelope. The 
signal channel is completed by a video amplifier which delivers the 
signal at proper voltage level to the input terminal of the CRT or other 
indicator. 

As in all superheterodynes, tuning is accomplished by controlling the 
frequency of the local oscillator. Since the ratio of the bandwidth to the 
carrier frequency is extremely small (of the order of one part in a few 
thousand), the tuning is critical. Some form of automatic frequency 
control is essential if constant manual tuning adjustments are to be 
avoided. Methods of AFC in pulse radar practice are quite different 
from those of radio or television; in radar, frequency control is exerted 
by passing a portion of the transmitted signal through a mixer and i-f 
amplifier, and maximizing its intensity by the use of a frequency dis
criminator and electrical circuits, which tune the local oscillator. 

When the radar is to respond to beacon signals, the receiver must be 
tuned to the beacon transmitter rather than to the local one. In this 
case, an alternate local oscillator (not shown in Fig. 12-1) is forced to 
oscillate in resonance with a standard cavity whose frequency differs 
from that of the beacon by the intermediate frequency of the receiver. 

The indicating equipment consists of the cathode-ray tube together 
with the auxiliary vacuum-tube circuits and other devices necessary to 
the synthesis of the display. 

Those elements of the cathode-ray tube essential to a general under
standing are shown in Fig. 121 . In addition to the screen, these consist 
of a hot-cathode electron source, a "control grid" whose potential deter
mines the beam intensity, and a mechanism for deflecting the beam. In 
the example illustrated, the deflection mechanism consists of two orthog
onal pairs of parallel plates between which the beam must pass, the 
deflection due to each pair being proportional to the potential across it. 
In another type of tube, the deflection is produced by a magnetic field 
resulting from current in a coil or combination of coils surrounding the 
tube "neck." Arrangements for focusing the beam are not illustrated. 

The equipment auxiliary to the cathode-ray tube varies widely with 
different situations but a few general statements can be made. Those 
parts concerned with the pulse-repetition cycle are collectively called the 
"timer." The timer provides synchronization with the modulator, 
sweeps and markers for the display and measurement of range, blanking 
of the cathode-ray tube during unused portions of the pulse cycle, and 
other related operations which may arise in special cases. The remaining 
equipment, apart from the necessary power supplies, is mainly concerned 
with the display and measurement of geometrical quantities other than 
range. 
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Since time is always measured with respect to the instant at which the 
modulator fires, synchronization between the modulator and the timer is 
of basic importance. In some cases, the timer exerts precise control of 
exact firing time of the modulator by sending it a trigger pulse; in others, 
it responds to a trigger from the modulator. In the latter case, the sys
tem is said to be "self-synchronous."1 Although certain advantages 
can often be derived by giving control to the timer, this cannot always 
be done,2 and it is sometimes inconvenient in a multiple-display system. 
Figure 12-1 illustrates a self-synchronous system. Some of the depar
tures possible when the timer does the synchronizing will be pointed out 
in the appropriate places. 

The cathode-ray tube must be turned on only during the fraction of 
the pulse cycle in which it is used. One portion of the timer generates a 
square wave (Waveform b, Fig. 12-1) which performs this function and 
usually finds other applications within the timer. 

If the display includes a range sweep, as is nearly always the case, the 
timer generates the waveform that ultimately produces it. This wave
form usually consists of a linearly increasing voltage wave which begins 
at the initiation of the sweep and returns to the initial condition at its end 
(Waveform c, Fig. 12-1). This involves a switching action which, as 
indicated in Fig. 12-1, is usually provided by the same square wave that 
turns on the cathode-ray tube. 

The timer generates a set of discrete range markers: sharp video pulses 
occurring at regular, precisely known intervals. In a self-synchronous 
system, the markers must be recycled on each transmitter pulse; this 
requires a transient oscillator. In the simple example illustrated, the 
square wave b provides the necessary switching voltage. Often the 
discrete range markers are supplemented by a continuously variable 
range marker which may be generated in any of several ways. As indi
cated in Fig. 12-1, the markers are usually mixed with the radar video 
signals and the combination applied to the cathode-ray tube. In some 
cases, however, the signals and the markers are applied separately to 
different electrodes of the cathode-ray tube. 

The equipment illustrated does not provide for the use of a delayed 
sweep. If one is to be used, separate square-wave generators are neces
sary to switch the range-marker circuit and to perform the other func
tions. The former square-wave generator must be triggered directly as 

1 A trigger generator for the modulator is sometimes housed with the indicator 
equipment for convenience, but the actual synchronization is accomplished by trans
mitting the modulator pulse to the timer proper. This case is functionally identical 
with that in which the trigger source is physically part of the modulator. 

2 Certain modulators, such as the rotary gap, cannot be triggered at all. Other 
types can be triggered but have so variable a response time that the modulator pulse 
itself must be used for synchronization in order to provide the necessary precision. 
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before. The latter must be provided with a delayed trigger which may 
come from a continuously variable timing circuit or may be one pulse of a 
discrete set, often the range-marker pulses themselves. The continuous 
type of delay is frequently associated with a continuous precision range 
marker (Sec. 13-12). 

Many deviations from Fig. 12-1 are possible if the timer provides the 
synchronizing pulse. In particular, the discrete range markers can then 
be derived from a high-precision c-w oscillator, one of the marker pulses 
being selected as the modulator trigger by a scaling-down process. A 
continuous marker can also be provided from this oscillator by means of a 
continuous phase-shifting device. Other advantages of the timer-con
trolled synchronization entail the use of a "pre-trigger" by means of 
which the actions of certain circuits can.be initiated somewhat in advance 
of the firing of the modulator. Many other functions, some of which 
will appear in later sections, are performed by the timer in complex 
situations. 

The functions of those indicator circuits not included in the timer 
vary widely with the different display types. For illustrative purposes, 
Fig. 12-1 has been arranged to illustrate a simple A-scope or, alternatively, 
a simple B-scope. The former requires no equipment beyond that 
already described. The connections to the cathode-ray tube are shown 
as position A of the switch. The range-sweep voltage is applied to one 
pair of deflecting plates and the signal and range-mark voltages to the 
other. The square wave controlling the cathode-ray-tube intensity is 
applied to the cathode in proper polarity to brighten the tube during the 
range sweep. 

In the B-scope display, the range sweep is applied to a deflection plate 
just as before. Signal modulation is applied to the control grid, and the 
second set of deflecting plates receives a voltage that produces the azi-
muthal deflection. This may be furnished, in simple cases, by a linear 
potentiometer geared to the scan axis. Amplification may sometimes be 
necessary before applying the azimuth sweep voltage to the cathode-ray 
tube. The circuits shown are equally applicable to a magnetic tube, the 
only appreciable changes being in the deflection amplifiers. 

The timer of Fig. 12-1 can be used in the production of many other 
types of indication. For example, Fig. 12-2 shows the additional parts 
necessary to generate one type of PPI, and Fig. 12-3 those necessary for a 
(technically) different PFI or, alternatively, for one form of RHI. 

The PPI of Fig. 12-2 is of the so-called "rotating coil" type. A single 
deflection coil driven by the range-sweep amplifier produces a radial 
range sweep. This is made to take the direction on the tube face that 
corresponds to the instantaneous antenna orientation by some form of 
electromechanical repeater. Except for this modification in the deflec-

http://can.be
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tion system, the display circuits can be identical with those of the B-scope 
of Fig. 12-1. 

Figure 12-3 shows the parts necessary to convert Fig. 12-1 to an 
"electronic" PPI without moving parts, or by a slight variation into an 
RHI. The range sweep of a PPI can be considered as made up of two 
orthogonal sweeps with speeds proportional to sin 6 and cos 8 (see sketch 

■'VN/M Electronic PPI 

Mill —11111111 Waveforms: 
(a) Trigger 

(6>Timebase(»)-MMAAA. -MMMM 

(c) R sin e 

<<*> it cos e v v v v V V V y ^ J l A A A A A A / U A A > 1 ^ ^ 
FIQ. 12-3.—Electronic PPI and RHI. 

in Fig. 12-3). In this particular form of PPI , these sweep "components" 
are formed by passing a sawtooth waveform through a sine-cosine 
"resolver" on the scanner. The resolver is a variocoupler or a sine-
cosine potentiometer which, when excited by a given waveform, produces 
two "components" of the same waveform whose amplitudes are propor
tional respectively to the sine and the cosine of the orientation angle of 
the resolver. Proper amplifiers are provided for driving a pair of orthog
onal coils (as indicated in Fig. 12-3) or, alternatively, the deflecting 
plates of an electrostatic tube. 
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If elevation angle is substituted for azimuth, the device becomes an 
RHI. Usually, in this case, the gain of the vertical amplifier is made 
greater than that of the horizontal, so that the display is "stretched" in 
the vertical direction. Since direct-coupled push-pull sweep amplifiers 
are usually used, they can be biased in such a way as to produce the 
" off-centering " shown. 

THE RECEIVER 

B Y W. H. JORDAN 

12-3. Special Problems in Radar Receivers.—Radar receivers, 
though similar in principle to all radio receivers, differ from them in some 
respects. This fact is chiefly due to a difference in emphasis on some of 
the functions. For example, it would be foolish to design a broadcast 
receiver with the ultimate in sensitivity when the weakest signal that can 
be detected is determined largely by man-made and natural static. In 
the radar portion of the spectrum, on the other hand, external sources of 
interference are normally negligible, and consequently the sensitivity 
that can be achieved in a radar receiver is normally determined by the 
noise produced in the receiver itself. Methods of reducing this noise are 
of prime importance in radar receiver design. Not only must noise be 
kept down, but everything possible must be done to minimize attenua
tion of the signal before it is amplified. How this has influenced the 
design of r-f components has already been seen. The effect on the design 
of i-f amplifiers will be developed in this section. 

The lack of low-noise r-f amplifiers or converters in the microwave 
region has meant that most microwave receivers convert the r-f signal 
to an i-f signal directly in a crystal mixer and then amplify the i-f signal. 
This lack of previous amplification complicates the design of the i-f 
amplifier, as is shown by the following expression, given in Chap. 2, for 
the over-all receiver noise figure. 

A w ^ i = - (Nu + T - 1), (1) 

where 
g = gain of the converter, 
T — noise temperature of the converter, 

JVi-! = noise figure of the i-f amplifier. 

A good crystal in a well-designed mixer will have a noise temperature 
T that is only slightly more than 1. This means that the over-all noise 
figure is reduced in direct proportion to the reduction in i-f noise figure. 
Hence it is important to design the i-f amplifier to have a noise figure that 
approaches as nearly as possible the theoretically perfect value of 1. 
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Another very important factor in radar receiver design is that of 
securing a good transient response. Reception of pulses about 1 ^sec in 
length imposes severe requirements on the pass band of the ampUfier. 
At the same time, the ampUfier must be capable of amplifying pulses 
several hundred microseconds in length and yet be fully sensitive to a 
weak signal immediately following. I t must recover immediately from a 
signal thousands of times stronger than the minimum discernible signal. 

Frequently special requirements are placed on the receiver. For 
example, it may be required that it respond to weak pulses even in the 
presence of a c-w signal of considerable strength. The problem of 
detecting a weak target echo in the presence of strong sea return is some
what similar. Special circuits which go under the general title of "ant i -
clutter circuits" are usually required in such cases. 

The unique requirements outlined in the foregoing three paragraphs 
have resulted in a receiver that is considerably different from anything 
previously existing. The design of i-f and video amplifiers to meet these 
requirements will be discussed in the following sections. 

12-4. I-f Amplifier Design.—In an ideal i-f amplifier, all the noise 
would originate in the generator connected to its input terminals—that is, 

the crystal that serves as converter in 
the usual radar receiver. In any prac
tical amplifier there are additional 
sources of noise. Thermal noise from 
resistances in the input circuit and shot 
noise due to the uneven flow of elec
trons to the plate of the first tube are 
the chief sources of excess noise, al-

Fio. 12-4.-Pentode inpuf circuit. t h o u g h l a t e r s t a S e S m a y Contr ibute 
slightly. For this reason, care must 

be taken in the design and tuning of the network coupling the crystal to 
the first grid as well as in the choice of the operating conditions and type of 
the first tube. 

Figure 12-4 shows a typical input circuit, with the primary tuned to 
resonate with the crystal and mixer capacity at the intermediate fre
quency, and with the secondary tuned to resonate with the input capacity 
of the tube and socket. The coils are usually fixed-tuned or "slug-
tuned" 1 in order to avoid any extra capacity. The only loading on the 
circuit is due to the crystal and the input resistance of the tube; thus, 
there are no additional resistances to contribute thermal noise. Thermal 

1 The inductance of a "slug-tuned" coil is lowered by the effect of eddy currents 
induced in a metallic rod (slug) inserted in one end of the coil. The degree of penetra
tion, and therefore the inductance, can be varied by turning the slug in a threaded 
support. 

— > 
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noise due to the resistance in the coils themselves can be kept negligibly 
small by using coils of moderate Q. The coupling between primary and 
secondary is preferably magnetic, since capacitive coupling gives a some
what poorer noise figure. The amount of coupling is usually fixed at a 
value that gives the best noise figure. This is necessarily greater than 
critical coupling, and in the case of a 6AC7 seems to be about transitional 
—that is, just before a double hump appears in the pass band. The 
bandwidth with this amount of coupling depends upon the crystal resist
ance and the mixer and tube capacities. Since the crystal resistance is 
small (around three or four hundred ohms), the bandwidth is usually 
adequate, being around 10 Mc/sec between half-power points. Con
siderably greater bandwidths can be obtained by paying attention to the 
mixer capacity. 

A number of tube types have been tried in the first stage; however, 
most radar receivers today use the 6AC7, 6AK5, or 717. The 6AK5 and 
717 are very similar in electrical performance and give a lower noise 
figure than the 6AC7; however, the latter is still widely used. 

TABLE 121.—AVERAGE NOISE FIGURE 

Circuit 

Grounded-cathode pentode to 
grounded-cathode pentode 

Grounded-cathode triode to 
grounded-grid triode 

Tube type 

1st 
stage 

6AC7 
6AK5 
6AK5 

6AK5 
6AK5 
6AK5 
6J4 

2nd 
stage 

6AC7 
6AK5 
6AK5 

6AK5 
6AK5 
6J6 
6J4 

Intermedi
ate 

frequency, 
Mc/sec 

30 
30 
60 

30 
30 
60 

180 

Over-all 
receiver 

bandwidth, 
Mc/sec 

1.5 
6 

16 

1.5 
8 

12 
3 

Average 
noise, 

db. 

3.9 
3.3 
6.5 

1 .5 
2.2 
3.5 
5.5 

The operating voltage and current for the first tube are frequently 
influenced by design considerations other than noise figure. In general, 
the plate and screen voltage should be low (75 to 120 volts are common) 
and the cathode current should be as high as is permitted by the tube 
ratings. 

The noise figure that can be obtained by use of the circuit shown in 
Fig. 12-4 depends upon the intermediate frequency and the over-all 
receiver bandwidth. Since it varies considerably with individual tubes 
of the same type and manufacture it is desirable to quote average figures. 
Some representative values are given in Table 12-1. 

I t has long been realized that a large portion of the shot noise in a 
pentode is due to the interception of electrons by the screen grid. Hence. 
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a triode is less noisy than a pentode. The difficulty in using a triode lies 
in finding a circuit that is stable, uncritical in adjustment, yet with 
enough gain to swamp out noise originating in the following stage. A 
circuit that has recently been developed is shown in Fig. 12-5. The input 
transformer T is similar to the one used for pentodes. In order to realize 
the ultimate noise-figure capabilities of the circuit, the Q of the coils 
must be kept high. 

The circuit shown in Fig. 12-5 consists of a grounded-cathode tri
ode working into a grounded-grid triode. The input impedance of a 
grounded-grid amplifier stage is very low, being approximately l/gm, or 
200 ohms for a 6AK5. Since this impedance loads the first stage so 
heavily that its voltage gain is about 1, there is no tendency for it to 
oscillate, even without neutralization. The loading is so heavy that the 

interstage bandwidth is very great. 
Since the value of L2 is thus non-
critical, the circuit is, in fact, fixed-
tuned. Inductance L3 is an i-f 
choke of almost any characteris
tics. Thus the circuit is stable 
and uncritical; it only remains to 
be shown that the noise contri
bution of the second triode is 
small. This is not obvious, and a 
rigorous proof is beyond the scope 
of this book (see Vol. 18 of this 
series). In order to minimize the 
second stage noise, the impedance 

seen when looking back from the cathode of the second triode must be 
large compared to the equivalent noise resistance at this cathode. To 
make this impedance as high as possible, an inductance L\ is connected 
between plate and grid of the first triode. Inductance Lx resonates with 
the plate-grid capacity at the intermediate frequency. This inductance 
is not needed for stability but does improve the noise figure about 0.25 db. 

Noise figures obtainable with the double-triode circuit depend on 
several factors; representative values are shown in Table 12-1. Improve
ments of 2 db or more over the pentode circuit are usual. 

Before describing the i-f amplifier, a brief discussion of some of the 
factors involved in choosing the intermediate frequency will be given. 
The over-all receiver bandwidth should be from 1 to 10 Mc/sec to pass 
the pulses ordinarily encountered in microwave radar sets.1 An inter-

1 In this chapter i-f amplifier bandwidth will be taken between the half-power 
points; video amplifier bandwidths will be measured between the frequencies at 
which the video response is 3 db down. The over-all receiver bandwidth (i.e., the 

FIG. 12-5.—Triode input circuit. 
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mediate frequency considerably greater than this is required in order that 
i-f sine waves can be filtered out of the video amplifier. Local-oscillator 
noise can be minimized by the use of a high intermediate frequency; 
however, the balanced mixer (cf. Vol. 16 of this series) provides a better 
solution to this problem. Many of the present AFC systems require the 
use of a high intermediate frequency to prevent locking on the wrong 
sideband. Finally, components such as condensers and coils become 
smaller as the frequency is raised, a distinct advantage in lightweight 
airborne radar sets. On the other hand, there are at least two very cogent 
reasons for favoring a low intermediate frequency: (1) the noise figure 
of the i-f amplifier is smaller at lower frequencies, and (2) manufacture 
and maintenance is considerably simplified because variations in tube and 
wiring capacitances, as well as in tuning inductances, affect the over-all 
receiver response much less! Thus the choice of an intermediate fre
quency is a compromise. Frequencies 
of 30 Mc/sec and 60 Mc/sec have been 
chosen for most of the present-day 
radar sets. The i-f amplifier band
width is not an important factor in 
the choice of the intermediate fre
quency. I t is just as easy to achieve 
a bandwidth of, for example, 5 Mc/sec 
at a center frequency of 5 Mc/sec as it 
is at 60 Mc/sec. 

An i-f amplifier consists of a number of cascaded stages. 
is a circuit diagram of a type of stage in common use. 

This is known as a single-tuned stage, since there is one tuning 
inductance per stage. I t has the advantage of being simple, easy to 
manufacture and align, and noncritical in adjustment. It is particularly 
useful in i-f amplifiers of over-all bandwidth less than 3 Mc/sec. It 
becomes expensive at wider bandwidths, although an improvement in 
tube performance would raise this figure proportionately. 

The inductance L is tuned to resonate at the intermediate frequency 
with the combined output and input capacity plus stray capacity to 
ground due to sockets and wiring. I t is placed in the grid circuit to 
provide a low-resistance path to ground. Thus, when the grid draws 
current during a strong signal, it does not accumulate a bias; hence the 
gain is not reduced and the amplifier remains sensitive to weak signals. 

The gain G of the single-tuned stage shown in Fig. 12-6 is given by the 
expression 

Fio. 12-6.—Single-tuned i-f amplifier. 

Figure 12-6 

G = gmRi,, (2) 
combined response of the video and i-f amplifier) will be taken as the equivalent i-f 
amplifier bandwidth unless otherwise stated. 
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and the bandwidth by the equation 

<* = IWJJ' (3) 

where C is the total capacity resonated by L. Hence the gain-bandwidth 
product is 

G X ( B = i r | . (4) 

From Eq. (4) we can see the necessity of using tubes with as high a 
ratio of transconductance to input-plus-output capacitance as possible. 
The 6AK5 is slightly better than the 6AC7 in this respect, average tubes 
giving gain-bandwidth products of approximately 55 Mc/sec and 50 
Mc/sec, respectively, when allowance is made for socket and wiring 
capacity. One can aiso see from Eq. (4) the necessity of keeping extra
neous capacities to a minimum. It is for this reason that the inductance 
L is either fixed-tuned or slug-tuned, instead of being used with a tuning 
condenser. By the same token, the use of point-to-point wiring and the 
mounting of components on the tube sockets are clearly indicated. 

Amplifiers with a gain of 120 db and an over-all i-f bandwidth of about 
2 Mc/sec will require a stage bandwidth of over 6 Mc/sec, which permits 
a gain of approximately 7, or 17 db. Thus seven stages will be required. 
Assuming a gm of 7000, a reasonable figure for a 6AC7, the load resistance 
RL would be 1000 ohms [Eq. (2)]. 

Many more stages would be required to increase this bandwidth 
greatly, since the gain per stage must be lowered. The over-all band
width of an amplifier consisting of cascaded single-tuned stages is given 
approximately by the formula 

_ „ , , . , , , single-stage bandwidth 
Over-all bandwidth = — —== — (4) 

1.2 Vn 
When n, the number of cascaded stages, is larger than 3, this formula is 
quite accurate. 

Thus the number of single-tuned stages needed in an amplifier of 
given gain, even for moderately wide bandwidths, becomes prohibitively 
large. Lacking better tubes, the only alternative lies in the use of more 
effective circuits. Two things are needed: (1) a coupling circuit that 
will give a greater gain-bandwidth product for a given tube, and (2) a 
response-vs.-frequency curve that, when cascaded, does not narrow as 
rapidly as that given in Eq. (4). The double-tuned (transformer-
coupled) circuit does very well in these respects. The elements of the 
usual double-tuned circuit are shown in Fig. 12-7. 

The primary is tuned to resonate with the capacity in the plate cir
cuit, the secondary with the capacity in the grid circuit. The coupling 
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is varied to give the desired response characteristic, usually that obtained 
just before the curve becomes double-humped. The loading Rp and R, 
may be divided as shown, or placed on one side only. Two cases will be 
considered: (1) both sides are loaded so that the Q of the primary is equal 
to the Q of the secondary; (2) the loading is on one side only. With 
transitional coupling1 the shape of the response curve is the same in either 
case, but the gain and bandwidth are 
not. 

In the case of equal Q's on both 
sides, the gain is given by 

(5) 

where Cp and C, are the circuit ca
pacities associated with primary and 
secondary respectively. The bandwidth is 

1 y/2 (B = 
2ir RpCp 

Hence the gain-bandwidth product is 

G X 

FIG. 12-7.—Double-tuned i-f amplifier. 

(6) 

1 
2*V2VC~C. (7) 

If the loading is entirely on one side, either primary or secondary, the 
above equations become 

G 

GX 

2T V2RPCP 

g™ i 

(8) 

(9) 

(10) 

If one compares the gain-bandwidth products given above with those 
previously quoted for single-tuned circuits, it will be seen that there is an 
improvement by a factor of 3.8 db in the equal-Q case and by a factor of 
6.8 db in the case of loading on one side only.2 There is the further 

'.As the coupling between two circuits of unequal Q is increased from zero, the 
response at resonance rises to a maximum at the "critical coupling" point and then 
decreases (with a flatter and flatter top to the response curve) until the point of 
"transitional" coupling is reached, after which the curve becomes "double-humped." 
If the two circuits have equal Q's, transitional coupling and critical coupling are 
the same. 

2 Values of Cp and C, of 7 and 14 mii, respectively, were used for this calculation. 
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advantage that cascaded double-tuned circuits do not narrow as rapidly 
as cascaded single-tuned circuits because of the rectangular form of the 
response curve (Fig. 12-8). For example, nine cascaded single-tuned 
stages, each of 6-Mc/sec bandwidth, would have an over-all bandwidth 
of 1.7 Mc/sec. However, nine cascaded double-tuned circuits, each 6 
Mc/sec wide, would combine to give a 3.2-Mc/sec over-all bandwidth. 

The over-all bandwidth of n cascaded double-tuned circuits is given by 

Over-all bandwidth = s i n g l e s t a g e ^ w i d t h 
1.1 *(/n 

The usefulness of double-tuned circuits in wideband amplifiers has 
been demonstrated by their incorporation in a radar receiver having 120 

Frequency 
(a) Single tuned (b) Double tuned (c) Stagger tuned 

FIG. 12-8.—Amplifier response curves. 

db of i-f amplifier gain and an over-all bandwidth of 12 Mc/sec. This 
was accomplished with only nine 6AK5 tubes in the i-f amplifier (Sec. 
12-11). On the other hand, there are disadvantages in using double-
tuned circuits. They are difficult to align, special equipment being 
required. Though this can be circumvented to some extent in wideband 
amplifiers by the use of fixed tuning, the sensitivity to variations in tube 
capacity and coil inductance is much greater than that of single-tuned 
circuits. This is particularly true when the loading is on one side only, 
so that this arrangement is ordinarily used only in very wideband ampli
fiers (15 Mc/sec or over). 

Another means of achieving large bandwidth is by using stagger-
tuned circuits.1 Consider two cascaded single-tuned circuits of the type 
previously described, choosing the load resistors so that each has a band
width of 4 Mc/sec as shown in Fig. 12-8. The combined response curve 
of the two stages will be the product of the responses of the individual 
stages and is shown by the dashed line. 

1 H. Wallman, RL Report No. 524, Feb. 23, 1944. 
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This combined response curve has the same shape as that for a transi-
tionally coupled double-tuned circuit, so that the advantage of cascading 
is preserved. In actual practice, a receiver that has a gain of 100 db with, 
for example, six stages, will be approximately twice as wide if staggered 
pairs are used as it would be if single-tuned circuits were used (Fig. 12-8). 

The principle of stagger tuning can be carried further. Staggered 
triples (three different frequencies) are in fairly common use, and stag
gered n-uples are practicable for wideband amplifiers. The advantage 
of stagger-tuned amplifiers lies in the fact that simple single-tuned cir
cuits are used throughout, a fact tha t makes for ease of manufacture and 
servicing. 

There are other schemes for obtaining large bandwidths. Feedback 
pairs1 and feedback chains2 have both been used fairly extensively. 
More recently a scheme of stagger damping has been proposed.8 

Before leaving the problem of i-f amplifier design, some mention of the 
gain required will be necessary. To detect signals barely visible above 
the noise it is necessary that the noise originating in the input circuit and 
the first stage be amplified to a point where it is easily visible on the indi
cator. How this gain will be split between the i-f and video amplifiers 
depends upon such considerations as second-detector efficiency and the 
complication involved in building high-gain video amplifiers. In most 
receivers the i-f gain is enough to amplify noise to 1 or 2 volts, thus bring
ing it into the linear region where diode detectors have maximum effi
ciency. This requires a gain of around 106 times at the intermediate 
frequency. Building an i-f amplifier with this gain while avoiding trouble 
with regenerative feedback has been one of the most difficult problems in 
radar receiver design. Ground current loops must be confined by careful 
bypassing and grounding; power leads must be properly filtered; coils 
must be wound and spaced intelligently; the shielding must be adequate. 
Careful attention must be paid to all of these items if the over-all response 
characteristic is to bear any resemblance to what is expected. 

12-5. Second Detector.—The purpose of the second detector is to 
produce a rectified voltage that is proportional to the amplitude of the 
i-f waves. In most receivers it is important that this rectified voltage be 
proportional to the first power of the i-f amplitude (linear detector). 
However, in radar receivers higher powers are permissible so long as 
reasonable efficiency is maintained. One of the simplest and most com-

1 Bartelink el. al., "Flat Response Single Tuned I-f Amplifier," GE Report, May 8, 
1943. 

* A. J. Ferguson, "The Theory of I-f Amplifier with Negative Feedback," Cana
dian National Research Council Radio Branch Report PRA-59. 

3 H. Wallman, "Stagger-damped Double-tuned Circuits," RL Report No. 539, 
March 23, 1944. 
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Or^ 

monly used second detectors is the diode detector shown in Fig. 12-9. 
The diode is usually a tube such as the 6H6 or the 6AL5, although many 
other tubes have been used and recently crystals have been developed 
for the purpose. The i-f bypass condenser C usually has around 10 
fini of capacity; it must be considerably larger than the plate-to-cathode 
capacity of the diode to get good detector efficiency, but it must not be so 

large as to spoil the high-frequency 
response of the video amplifier. The
oretically, the high-frequency response 

^pc >/? would be maintained, however large 
C, by making R proportionally smaller. 
If R is too small, however, the detec-

„. , , , . tion efficiency is lowered and the max-
-JJiode detector. , J 

imum voltage that the detector can 
produce becomes too low. Values of R from a few hundred to a few 
thousand ohms are usual. Inductance L2 is chosen to offer a high 
impedance at the intermediate frequency and is sometimes made resonant 
at this frequency. 

12-6. Video Amplifiers.—One or more stages of video amplification 
follow the detector. The form of the video amplifier is determined largely 
by the number and location of the indicator tubes. In an airborne radar 
set there may be only a single indicator located near the receiver, in which 
case the video amplifier is very simple. In large ground and ship sets 
there will be many indicators located far from the receiver, and the video 
amplifiers must be more complex. In the latter case, the video amplifier 
following the detector drives a terminated line at a level of a few volts, 
and individual indicators are driven by video amplifiers bridged across 
this line. 

The requirements placed on a video amplifier can be stated quite 
generally. 

1. A signal of a few volts from the detector must be amplified and 
transmitted to the indicator, the signal level at the indicator being 
usually about 20 volts, although some types of indicator require a 
much higher voltage. 

2. The amplifier must have good transient response, as defined by 
the following: it must pass long pulses with little "d roop" on the 
top of the pulse; this requires good low-frequency response. The 
rise time1 must be definitely shorter than the pulse length, and the 
overshoot on a pulse should be held to 10 per cent or less; these 
factors are determined by the high-frequency response. The 

1 Rise time is conveniently defined as the time required for the output voltage of 
the amplifier to rise from 10 per cent to 90 per cent of its final value when a square 
pulse is applied to the input. 
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amplifier must recover from large signals quickly, requiring that 
no control-grid current be drawn on strong signals. 

3. Some form of limiting must be provided. The noise voltage at 
the output of the detector will be approximately 2 or 3 volts peak. 
In order that the noise be clearly visible on the screen, it must be 
amplified sufficiently to drive the indicator tube over something 
like half its allowable control-grid voltage swing. Since signal 
voltages from the detector may be 20 volts or more, the output 
voltage must be limited so that the indicator will not be driven 
outside its allowable range of voltage. 

The simplest and most commonly used type of video amplifier is the 
resistance-capacitance-coupled am
plifier shown in Fig. 12-10. 

Although the gain for small sig
nals can be simply expressed in terms 
of the tube and circuit constants, it 
is usually determined by reference to 
the characteristic curves of the tube. 
For many reasons, the high-frequency 
performance is most conveniently 
expressed by giving the frequency 
at which the gain is down 3 db (volt
age down to 0.707). This will be 
referred to as the " cutoff frequency." 
For the amplifier shown this occurs when 

12L10.—Video amplifier. 

/ = 1 
2wRC (11) 

where R = parallel resistance of Rv and Rg, and C is the total capacity to 
ground which includes output and input capacities plus stray capacities. 
Again the need for keeping the stray capacity to a minimum is apparent. 
This is sometimes difficult when large coupling condensers or long leads 
are involved. 

There are other coupling networks that will increase the cutoff fre
quency and yet preserve the same gain. Perhaps the simplest of these 
is the ' ' shunt peaking" circuit, which uses an inductance in series with 
the load resistor, Rp. Let the parameter M be defined by the equation 

MR2C. (12) 
Then M can be used as a measure of the performance of the circuit. 
Since a value of M = 0.25 corresponds to critical damping, it produces 
no overshoot and yet increases the cutoff frequency by a factor of 1.41. 
A value of M = 0.41 is the highest that can be used without putting a hump 
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in the response curve. This value of M increases the cutoff frequency 
to a value of 1.73 times that of the simple RC circuit, but produces a 2.5 
per cent overshoot on the pulse (the same amount as that produced by a 
transitionally coupled i-f stage). 

Still greater band widths can be obtained by the use of series peaking1 

or a combination of series and shunt peaking. These circuits are more 
difficult to use, however, and the reader is referred to Vol. 18 of the Radia
tion Laboratory Series for details. 

In order to preserve good response to long pulses, it is necessary that 
the time constant of the coupling circuit, CC(RL + R„), be kept large com
pared to the duration of the longest blocks of signals involved. In this 
event, the fractional amount of droop on the top of the long pulse is just 
the ratio of the pulse length to the coupling time constant. Thus if the 
time constant were 50,000 ^sec while the pulse length was 1000 /-sec, the 
pulse would droop 2 per cent. This is a reasonably small amount, but 
if there were five, such circuits in cascade between the detector and the 
CRT, then the total amount of droop would be 10 per cent. Although 
it is fairly easy to maintain such long time constants provided RL + Ra 
is large, occasionally it happens that RL + Ra is fairly small. This 
means that Cc must be large, which may result in a large capacity to 
ground and affect the high-frequency response. For example, a l-/if 
condenser may have several hundred micromicrofarads of capacity to its 
shell. Mounting the condenser on insulating posts is frequently necessary 
in such cases. 

Another way of reducing the amount of droop on the pulse is by using 
low-frequency compensation circuits. In Fig. 12-10, if RB and CB are 
chosen properly, the beginning of the pulse will be flat and the time for the 
pulse to fall to 90 per cent will be greatly increased. The value of CB 
must be chosen to satisfy the relation 

CsRp = CcRg- (13) 
The value of RB is not specified,,but the amount of droop becomes less 
as RB is increased. However, even for RB = RP the time for the pulse to 
fall to 90 per cent is increased by a factor of 5 over the uncompensated 
network. 

The limiting of video output signal level is usually accomplished by 
applying negative video pulses to the grid of a tube. When the pulses 
are large enough to drive the tube to cutoff, the output pulse remains 
constant in amplitude, no matter how much larger the input pulses may 
be. If the circuit shown in Fig. 12-10 were connected to the detector of 
Fig. 12-9, it would serve very well as a limiter-amplifier. With a sharp-
cutoff tube whose screen is operated at low voltage (75 to 100 volts), 

1 In series peaking a compensating network is placed in series with the two stages. 



SEC. 127] AUTOMATIC FREQUENCY CONTROL 453 

signals of 4 or 5 volts peak reach the limit level. I t is wise to have a 
limiter very early in the video amplifier, for then the following stages are 
protected from excessively large signals. 

Self-bias is frequently used in a video amplifier, but, since a condenser 
of sufficient capacity to prevent degeneration at the lower frequencies 
would be prohibitively large, such a condenser is usually omitted entirely 
in order to assure uniform frequency response. 

When the indicator is some distance from the receiver, the two are 
usually connected by a line terminated in its characteristic impedance. 
Unterminated lines have been used, but the high-frequency response is 
greatly impaired. Although lines of 1000-ohm characteristic impedance 
have been made and are fairly satisfactory for lengths of 20 ft or less, 
longer lines are usually standard 75- or 100-ohm coaxial cable. To drive 
such a line from the plate of an amplifier requires a very large coupling 
condenser; hence the cathode-follower circuit shown as the second stage 
in Fig. 12-10 is ordinarily used (see Sec. 13-6). Its chief advantage is 
that it can be direct-coupled. Although the gain is considerably less 
than 1, this is not appreciably less than would be obtained with a plate-
coupled amplifier working into such a low impedance. 

Following the line and bridged across it are the video amplifiers 
associated with each indicator. Since these amplifiers can be located 
very near to the control electrode of the CRT, stray capacities can be 
kept very small. These amplifiers can thus be either grounded-grid or 
grounded-cathode, depending on the polarity of signal desired. 

12-7. Automatic Frequency Control.1—The over-all bandwidth of a 
radar receiver may be determined by the bandwidth of either the i-f or 
the video circuits. However, for the purposes of this chapter we need 
only be concerned with the i-f amplifier, since we are interested here in 
questions of stability rather than in the quality of signals. As dic
tated by the principles outlined in Sec. 2-22, bandwidths of 1 to 4 Mc/sec 
are common. The narrowest r-f component, a high-Q TR switch, is so 
much wider than this that, once adjusted, no drifts large enough to cause 
serious detuning are likely to occur over a period of a day or so. The 
problem of keeping a radar in tune, then, consists essentially in maintain
ing the difference between the magnetron frequency and the local-
oscillator frequency constant and equal to the intermediate frequency, 
with an accuracy of 1 Mc/sec or better. There are two reasons for mak
ing the tuning automatic. The first is tha t as the antenna scans, varia
tions in standing-wave ratio arising from asymmetrical rotary joints or 
reflections from near-by objects can pull the magnetron several mega
cycles per second. Manual tuning is so slow relative to scanning that it 
brings in only part of the picture at a time. Second, whether or not 

1 By A. E. Whitford. 
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pulling exists, the magnetron and local oscillator will not hold constant 
frequency to one part in several thousand for several hours, nor will they 
vary together in some predictable manner. Variations in voltage, tem
perature, and pressure all produce frequency changes. Frequent tune-up 
by the operator, using echoes, is not dependable since serious deteriora
tion in the sensitivity of a radar, such as that caused by drifting out of 
tune, is not immediately obvious on the scope. Also, in a ship on the 
open ocean or in an airplane over the ocean, there may often be no 

targets to provide echoes. 
f f+f For these reasons, an automatic-

frequency-control circuit, AFC, has 
come to be a standard part of all radar 
sets. I t is an electronic servo-mech-

Local oscillator freq. \J anism that tunes the local oscillator in 

out̂  X 1 ; ^ « S t such a ™ythat t h e p r°p e r d i f f e r e™ e 

frequency and /; is the intermediate f requency be tween i t a n d t h e m a g -
frequency. netron is maintained. The speed of 
tuning can usually be great enough to follow any pulling of the magnetron 
that may occur during the scanning cycle. 

In the case of beacon reception, automatic frequency control main
tains the local oscillator at a predetermined frequency that is higher or 
lower than the frequency of the distant beacon transmitter by just the 
intermediate frequency. 

Radar AFC.—All forms of radar AFC work on the same basic prin
ciple. Part of the local-oscillator power is mixed, in a crystal, with a 
small fraction of the magnetron power drawn out during transmission 
of the pulse. The difference frequency is applied to a frequency-dis
criminator circuit whose crossover is set at the intermediate frequency. 
The variation of the height of discriminator output pulses as a function 
of local-oscillator frequency is shown in Fig. 12-11. 

These pulses are integrated or otherwise converted to a voltage, which 
is applied to a control electrode of the local oscillator in the proper sense 
to push the frequency toward the crossover of the discriminator curve. 
This makes a degenerative feedback loop, and the frequency of the local 
oscillator is held very near the crossover point on the curve. 

As shown in Fig. 11-22 (Sec. 11-7), the voltage on the reflector of a 
reflex klystron of the type used as a local oscillator tunes the tube over a 
range of about 30 to 70 Mc/sec. Some local oscillators are also thermally 
tuned by means of a control electrode which is the grid of an auxiliary 
triode. This provides slow tuning over a much wider frequency range 
(see Vol. 7 of this series). 

A block diagram of a typical AFC system is shown in Fig. 12-12. 
The dotted portions are the additions necessary to include beacon AFC 
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in the system; these will be discussed in the next section. In the simplest 
type of radar AFC, the integrated discriminator pulse output, suitably 
amplified, would go directly to the reflector of the local oscillator. This 
"hold in" type of AFC requires manual tuning each time the radar is 
turned on. The sawtooth generator shown in the block diagram con
verts the circuit to the more desirable "search and lock" type. The 
sawtooth "sweeps" the local-oscillator frequency until the change in 
polarity of the discriminator output when "crossover" is reached results 

|~~1 ATR switch 
Antenna 

Beacon 
local 

oscillator 

- -T j ' 
I 

\ - V Beacon \ - ' 
[_*̂ I reference '"H 

/ v cavity i"\ 
Beacon 
crystal 

To radar i f 
amplifier 

I Coincidence U I 
detector i I 

I J I 

I 1 
Audio L 

amplifier I 

F I G . 12-12.—Block diagram of typical AFC; beacon AFC portion is shown as dotted line. 

in signals of proper polarity to operate a circuit which stops the sawtooth. 
This circuit will find the correct frequency if crossover is anywhere 
within the electronic tuning range of the local oscillator. Half a second 
is a typical period of one sawtooth search cycle. 

The r-f part of the block diagram shows a double mixer that has 
separate crystals for the radar and AFC functions, both receiving power 
from the radar local oscillator. This permits the AFC crystal to be 
operated at a predetermined power level. The alternative—taking the 
AFC information from the output signal of the radar crystal arising 
from transmitter power that leaks through the TR switch—has been 
used but suffers from serious disadvantages. The leakage power may 
be 10 to 20 times that desired for most favorable operation of the crystal, 
and is variable from one TR tube to another. An even more serious 
difficulty is caused by the "spike" energy, which, because it occurs as an 
extremely short pulse, contains a very wide range of frequency com
ponents. Spurious frequencies present in the spike mask the desired 
information. A successful corrective has been to suppress the i-f amplifier 
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for the beginning of the pulse and to accept a signal only from the latter 
part. This requires accurate timing and becomes very difficult for 
short pulses. 

A satisfactory operating level for the AFC crystal is 0.5 mw c-w 
power from the local oscillator and 1 to 2 mw pulse power from the mag
netron. Reduction of the magnetron power level by 65 to 90 db below 
the transmitted power is obtained by a combination of weak coupling out 
of the main r-f line and an attenuator, preferably dissipative. I t is 
important that the r-f system be tight in order to prevent leakage power, 
possibly many times that desired, from reaching the crystal by stray 
paths. This becomes easier if the operating level of the AFC crystal is 
made as high as is permissible. A high operating level also requires less 
i-f gain ahead of the discriminator and thereby reduces the effect of gain 
variations. 

Too high an operating level is, however, undesirable because as the 
crystal is driven up to 10 mw or above, it saturates. The harmonics of 
the difference frequency then become stronger relative to the funda
mental. For example, if the discriminator crossover is set at 30 Mc/sec, 
corresponding to an i-f amplifier centered at that frequency, a second 
harmonic at 30 Mc/sec large enough to actuate the control circuit and 
cause locking may appear when the local oscillator is only 15 Mc/sec 
away from the magnetron frequency, under conditions of AFC crystal 
saturation. 

The gain of the AFC feedback loop should be high enough to insure 
tight locking but not so high that the second harmonic can also cause 
locking. At the recommended level of 1 to 2 mw of magnetron power 
the harmonics are at least 20 db below the fundamental. A gain control 
is undesirable; therefore, care in controlling the r-f power levels and in 
amplifier design is required for a foolproof AFC. The most frequent 
sources of trouble are usually on the r-f side rather than in the electronic 
circuits, and arise from high power leakage into the crystal, faulty 
coupling to the main line, or a wrong amount of attenuation. 

Beacon AFC.—To hold the beacon local oscillator at a given absolute 
frequency, some r-f reference standard must be provided, since the mag
netron involved is in the beacon, distant from the radar. At microwave 
frequencies the reference standard is a resonant cavity. With proper 
attention to details such as temperature compensation and moisture 
sealing, production-line cavities can be depended upon to maintain a 
specified frequency to 1 or 2 parts in 10,000. 

The dotted portion of Fig. 1212 shows the beacon local oscillator 
attached both to the radar crystal and, through the reference cavity, to a 
beacon crystal. The output of the beacon crystal as a function of fre
quency is shown in Fig. 12-13. It is, of course, just the simple resonance 
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curve of the cavity. Under actual conditions of loading, the width A/ 
between half-power points is commonly about TTBH of the resonant fre
quency itself. 

Any control circuit that will lock the beacon local oscillator at the 
top of the resonance curve must in some manner take a derivative of the 
curve. The derivative, shown dotted in Fig. 12-13, has the same shape 
as the usual discriminator curve. In the scheme shown in the block 
diagram, a 1000-cycle sine wave from an a-f oscillator is added to the 
slowly varying voltage from the sawtooth search oscillator. This sweeps 
the local-oscillator frequency over a range that may be a tenth of the 
half-power bandwidth of the cavity. The crystal output then has an 
amplitude modulation of magnitude proportional to the slope of the 
cavity resonance curve at the frequency in question. The phase of this 
amplitude modulation depends on whether the slope is positive or nega
tive. The output signal from the crystal goes to one grid of a coincidence 
tube, another grid of which receives the same sine wave used for modulat
ing the local-oscillator frequency. 
Only when the two coincide in phase 
will the coincidence tube conduct. 
As the frequency of the local oscilla
tor drifts across the cavity resonance 
curve, the coincidence tube gives no 
output signal on the rising side of the u / ^"ency 
curve, and passes 1000-cycle pulses \ / _ Derivative curve 

increasing in amplitude as the top is FIQ 1 2 . 1 3 ._B e a c o n c r y s t a l c u r r e n t . 
crossed and the slope becomes nega
tive. The pulse integrator uses these signals to stop the sawtooth sweep 
at a voltage that produces a local-oscillator frequency very near the top 
of the cavity resonance curve. 

12-8. Protection against Extraneous Radiations. Antijamming.— 
Although the sensitivity of a radar receiver is normally limited by the 
noise produced in the receiver, extraneous radiation may be occasionally 
picked up on the radar antenna. Such radiation may, for example, be 
the result of the operation of other microwave equipment in the vicinity. 
It is good design practice to protect against such interference, and, as 
will be seen later, the same provisions are sometimes of value in the 
absence of interference. These AJ (antijamming) provisions may 
merely be precautions taken in the design of the receiver which do not 
affect its normal operation, or they may be special AJ circuits that can be 
switched in and out of use. 

Interference may be any of several types such as CW, amplitude-
modulated CW, frequency-modulated CW, r-f pulses, or noise-modulated 
CW. The more nearly the interference is like the echoes being received 
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Video 
amplifier 

Fio. 12-14.—Fast-time-constant circuit. 

or like the noise produced in the receiver, the more difficult it is to dis
criminate against. 

One type of interference that must be guarded against is "hash," 
from rotating machinery and steep pulse wavefronts, which may leak 
into the i-f amplifier. Strict attention must be paid to shielding, and 
all leads into the receiver must be properly filtered and bypassed. 

Perhaps the most fundamental AJ provisions are those that will 
permit the receiver to operate in the presence of considerable amounts of 
c-w power. If the second detector is directly coupled to the video 

amplifier, then a very small amount 
of c-w signal will develop enough 
voltage across the detector to bias the 
first video stage out of its operating 
range. This can be avoided by de
veloping an equal amount of counter-
bias, or by coupling the detector to 
the video amplifier through a block
ing condenser. The latter course is 
much simpler and usually is the one 

adopted. The receiver will now continue to function in the presence of a 
c-w signal until the i-f amplifier is overloaded. The i-f overload limit 
can be increased by operating the last stage or two with higher plate-
supply voltage. Frequently a power tube, such as the 6AG7, is used in 
the last stage to increase the output capabilities of the i-f amplifier, 
although the 6AK5 has proven fairly satisfactory in this application. A 
rather wide video bandwidth (at least as wide as the total i-f bandwidth) 
is necessary when the frequency of the jamming signal is not the same as 
that of the radar transmitter. Use of a linear detector will also give the 
i-f amplifier a greater dynamic range. In some receivers it is necessary 
to apply a "gate ," which sensitizes the receiver during a certain interval 
of time. I t is desirable that such gating be done in the video amplifier 
rather than in the i-f amplifier, to avoid generating a pulse when a c-w 
signal is present. Finally, the operation of the gain control early in the 
i-f amplifier is of value when strong c-w signals are present. The gain 
control should be of a type that does not reduce the output capabilities 
of the controlled stages; grid gain control is satisfactory in this respect. 

The precautions mentioned thus far constitute good design practice 
and can well be included in any radar receiver. To protect against either 
frequency- or amplitude-modulated c-w signals, such precautions are still 
necessary but not quite sufficient. In addition, there is needed between 
the detector and video amplifier a filter that will pass individual pulses 
but not the c-w modulation frequencies. Several types of filter have 
been tried; the simplest is the fast time constant (FTC) circuit shown in 
Fig. 12-14. 
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With the switch in the position shown, the time constant of the 
coupling circuit is 10,000 Msec so that moderately long blocks of signal 
will be passed. With the switch reversed, the time constant is 1 ^sec 
so that individual pulses will be passed with some differentiation; long 
pulses and modulation frequencies below 20 kc/sec will be greatly atten
uated. Even for modulation frequencies as high as 200 kc/sec, the 
circuit has considerable effect. It should, therefore, be switched in only 
when interference makes it necessary. 

To plate of last if stage + 

J ^ If amplifier 

F I G . 12-15.—Instantaneous automatic gain control. 

Differentiation circuits, of which the FTC circuit described above is a 
good example, are of real value so long as the i-f amplifier is not over
loaded. When overloading occurs, the gain of the receiver must be 
reduced. As long as the jamming signal is constant in amplitude, manual 
gain control is a very satisfactory means of accomplishing the gain reduc
tion. However, if the radar antenna is scanning or the c-w signal is 
modulated, manual control is much too slow to be effective. For this 
reason, various schemes for reducing the gain automatically and rapidly 
have been devised. These are variously called "instantaneous automatic 
gain control (IAGC)," "amplified back-bias," "back-bias," etc. The 
circuit shown in Fig. 12-15 shows the essential elements of an IAGC 
circuit. 

Signals appearing at the output terminals of the last i-f stage are 
rectified by the detector and applied as a negative voltage to the grid of 
the cathode follower, which in turn controls the grid bias of one of the 
i-f amplifiers in such a way that the presence of a signal tends to lower 
the i-f gain. The time required for this reduction in gain to take place is 
determined by the constants of the circuits, as well as by the strength of 
the signal. In the particular example shown, this time is a few micro
seconds, so that the gain is not appreciably reduced by a single pulse but 
is cut down by long blocks of signals or by a c-w signal modulated at a 
low frequency. 

The detector shown in Fig. 12-15 may be either the normal signal-
detector or a separate detector. The output of the IAGC circuit may 
be fed back to the grid of the last stage or to that of the preceding stage. 
(Instability results from feeding back across too many stages.) When 
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i t is necessary t o p r even t earlier s tages from becoming overloaded, t h e y 
can be s h u n t e d b y ano the r similar loop. T h e gain of t h e feedback loop 
can be increased e i ther b y using a p la te de tec to r ins tead of a diode, or by 
conver t ing t h e ca thode follower in to a d-c amplifier. W i t h a single 
feedback loop over t w o i-f stages, t h e loss in signal de tec tab i l i ty resul t ing 
from a 60-db c-w j a m m i n g signal is only 12 db . 

A l though considerable t h o u g h t a n d effort h a v e gone in to t h e problem 
of designing a receiver t h a t can d iscr iminate aga ins t more complex t y p e s 
of interference (pulses a n d noise), th i s is a m u c h more difficult p rob lem 
which will no t be t r e a t e d here . 1 

Anticlulter Circuits.—Land, rough sea, and s to rm clouds reflect a 
considerable a m o u n t of r-f energy and can, therefore, interfere wi th t h e 
de tec t ion of objects in t h e a rea t h e y occupy. If t h e desired signal is 
weaker t h a n t h e " c l u t t e r " from t h e land, sea, or cloud, i t is difficult t o 
modify t h e receiver t o d iscr iminate against t he c lu t t e r ; for t he frequencies 
con ta ined in t h e c lu t t e r echoes are in t h e same range as those of t he 
desired signals. If, on t h e o ther hand , t he signal r e t u r n is larger t h a n 
t h e c lu t ter , it should be possible t o see t h e signal. However , t he signal 
can be missed if t he c lu t t e r is so s t rong as t o s a t u r a t e t h e receiver com
pletely. This can be avoided by reducing the receiver gain t o t he poin t 
where t h e c lu t ter is below sa tu ra t ion . Such a p rocedure would be sat is
fac tory if t he c lu t te r were everywhere uniform, which i t never is. T h e r e 
fore, if t h e gain is reduced to t h e poin t requi red by s t rong c lut ter , it will 
be too low for regions of less or no clut ter , a n d weak signals will still be 
lost. T h e I A G C circuit previously described is very va luab le u n d e r such 
condi t ions a n d has been included in m a n y receivers pr imar i ly for th i s 
reason. 

In t he case of sea re tu rn , t h e c lu t ter is fairly cons t an t a t all a z imuths . 
Also, t h e a m o u n t of sea r e tu rn is a s teadi ly decreasing function of range . 
I t is possible t o devise a circuit t h a t lowers t he receiver gain immedia te ly 
following t h e t r a n s m i t t e r pulse a n d t h e n increases it s teadily, a r r iv ing a t 
m a x i m u m gain a t t h e t ime the sea r e t u r n h a s d isappeared . Th i s is 
known as a " sens i t iv i ty - t ime-con t ro l (STC) c i r c u i t " ; it has t h e disad
v a n t a g e t h a t controls m u s t be provided to adjus t it for va ry ing sea condi
t ions. Never theless , S T C has p roven of considerable va lue a t sea, and 
has also been used on some ground-based r a d a r sets where control of air
craft close t o t h e set is desired. 

TYPICAL RECEIVERS 
B Y W. H . J O R D A N 

T h e pract ical appl icat ion of t h e foregoing considera t ions will be illus
t r a t e d b y describing a few typical receivers chosen to cover a wide var ie ty 
of purposes . 

1 See Microwave Receivers, Vol. 23, Chap. 10. 
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Fia. 12*16.—General-purpose receiver, (a) Side view; (h) top view; (c) bottom view. 
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12-9. A General-purpose Receiver.—This receiver was designed 
as part of a 3-cm radar set installed on small ocean-going vessels for sea-
search and navigational purposes. The receiver is built into a steel box 
which fits into the r-f head. The general construction and layout can be 
seen from Fig. 12-16. Separate AFC and signal mixers are incorporated 
in the receiver; the choke joints for connection to the r-f system can be 
seen in the side view. A shutter is shown across one of the waveguides in 
the position it occupies when the transmitter is off. This shutter pro
vides crystal protection against signals picked up on the antenna when 
the TR switch is not firing. At the other end of the receiver are a video-
output jack and a terminal strip for bringing in power and certain control 
voltages. 

The local oscillator is a 723A/B klystron. I t supplies r-f power to 
both the AFC mixer and the signal mixer. Its frequency can be varied 
over a wide range by mechanical tuning and over a smaller range by 
varying the reflector voltage. 

Except for the common local oscillator, the receiver is divided into 
two portions, the AFC channel and the signal channel (see Fig. 12-17). 
The latter consists of six i-f amplifier stages, a detector, and a video 
stage. Each stage of i-f amplification uses a 6AC7 pentode with single-
tuned coupling circuits. All stages but the last have a 1200-ohm load 
resistance,1 giving a single-stage bandwidth of a little over 6 Mc/sec and 
an over-all i-f bandwidth of nearly 2 Mc/sec. The nominal gain of the 
i-f amplifier is 120 db. A 6H6 diode second detector is capacitively 
coupled into a single video stage. 

The video stage serves as a combined line driver and limiter. It 
operates as a cathode follower, the cathode resistance of 100 ohms being 
located at the end of the video line. The screen voltage is set at such a 
value that the tube draws approximately 10 ma of current with no signal; 
this puts 1 volt across the 100-ohm line. Negative signals from the 
detector may drive the grid to cutoff, thereby reducing the cathode volt
age to zero. The video signals at the cathode are then negative and 
limited to 1 volt in amplitude. 

The gain of the i-f amplifier is adjusted by varying the voltage on the 
grid of the second and third stages by means of an external control. 

The receiver can be tuned either manually by means of an external 
potentiometer, or automatically by means of a 5-tube AFC circuit. 
The AFC circuit is of the hunt-lock type briefly described in Sec. 12-7. 
The reflector of the 723A/B local oscillator is swept over a range of about 
30 volts, the center of the range being set by the manual frequency 

1 R-f chokes, self-resonant at 30 Mc/sec, are wound on the load resistors to reduce 
the power dissipation in the resistor and to keep the plate voltage up to the screen 
voltage. 
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control. The sweep voltage is generated by the 884 thyratron operating 
as a relaxation oscillator. When the discriminator crossover point is 
reached, positive pulses from the video amplifier Vn fire the gas tube Vn, 
thus stopping the sweep. 

To obtain the control pulses a very small part of the transmitter r-f 
power is mixed with a portion of the local-oscillator output signal in the 
AFC crystal. The beat frequency generated by the crystal is then 
amplified by V$ and applied to the discriminator detector. The dis
criminator output signal, in the form of a video pulse, is amplified by Vn 
before being applied to the control tube. 

12-10. Lightweight Airborne Receiver.1—This receiver is part of a 
lightweight 3-cm airborne radar (AN/APS-10) intended primarily for 
navigation. I t was designed to require a minimum of field test equip
ment and a minimum number of highly trained service personnel. 
Accordingly, as far as possible the system was divided into small units 
that could be replaced, rather than repaired, in the field. 

The receiver is distributed among several subunits, which, except for 
the video amplifiers, are enclosed (along with the r-f components, trans
mitter, modulator, and most of the power supplies) in a pressurized con
tainer forming one of the major units of the system. These subunits of 
the receiver are the following: 

1. A unit containing a double crystal, mounts for 723A/B radar and 
beacon local oscillators, and a low-Q reference cavity for the beacon 

,AFC. 
2. An AFC unit for both radar and beacon local oscillators. 
3. An i-f strip containing the entire i-f amplifier, the second detector, 

and a video cathode follower. 
4. Power supply. 

The receiver supplies low-level video signals to either one or two cathode-
ray tubes, each of which is equipped with a video amplifier. 

The i-f amplifier, a schematic view of which is shown in Fig. 12-18, 
contains eight 6AK5 pentode tubes. Its construction is shown in Fig. 
12-19. The input circuit is a ir-network consisting of three self-induct
ances. A crystal-current jack and decoupling filter are provided. The 
first six tubes are i-f amplifiers whose interstage coupling networks are 
single-tuned circuits arranged in two stagger-tuned triples. The center 
frequencies of these circuits are, in order, 30.0, 33.7, 26.7, 33.7, 26.7, and 
30.0 Mc/sec, giving an average over-all i-f bandwidth of 5.5 Mc/sec 
centered at 30 ± 1.5 Mc/sec. Fixed tuning is employed in this replace
able subunit. The i-f bandwidth is made considerably wider than that 

1 By L. Y. Beers and R. L. Sinsheimer. 
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necessary for the reception of the 0.5-Msec pulses employed by the system, 
to allow for tolerances in the adjustment of the AFC unit and in the manu
facture of the i-f strip as well as for a slight spread in the frequencies of 
beacons. The voltage gain between the grid of the first tube and the 
plate of the sixth is about 30,000. 

The seventh tube is a plate detector, which gives 10-db gain as well 
as a somewhat larger power output than could have been obtained from a 
diode detector of the same bandwidth. This advantage, however, is 

F I G . 12-19.—AN/APS-10 receiver; top and bottom views. 

accompanied by three disadvantages. First, this detector is not strictly 
linear, a difficulty that is not too serious since this system is not intended 
to be operated in situations where interference is to be encountered. 
Second, with certain detector tubes there is some "blackout effect"— 
that is, the sensitivity does not recover immediately after the transmitted 
pulse or after other very strong signals. Third, care must be employed 
in the design of the power supply to reduce plate-supply ripple because 
such ripple is amplified by the entire video amplifier. The detector has 
an output test point for convenience in checking the pass band. 

The last tube is a cathode follower which supplies negative video 
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signals at 1-volt peak, through a 75-ohm line, to the video amplifiers at 
the cathode-ray tubes. The half-power video bandwidth of the coupling 
network between the detector and the cathode follower is 6 Mc/sec. 

The noise figure determined from measuring approximately 100 such 
amplifiers ranged from 1.7 to 4.5 db, with the average at 3.3 db. This 
amplifier was designed before the development of the grounded-cathode 
grounded-grid triode input circuit. The use of such an input circuit 
would require one more tube or the equivalent thereof. As an experi
ment, one of the standard receivers was modified to use this input circuit, 
the first seven tubes being in the i-f amplifier. The detector tube was 
replaced by a 1X34 germanium crystal, which allowed the unit to be con-

♦140v -«—f 

Video output 
for dual scope 

Terminating resistor for 
one scope operation 

To CRT cathode 

>2.4k 
270k 

1 +2B5u 

Search-Beacon 
switch 

0.01 Square wave 

To CRT grid 

Range markers 
F I G . 12-20.—Video amplifier for AN/APS-10. 

tained in the same chassis, though with some crowding. The noise 
figure of this experimental amplifier was 1.6 db. 

The amplifier is mounted on a 91 by 2i-in. chassis, which permits easy 
access to all components. The sides of the thin stainless steel cover are 
held by special springs at the edge of the chassis. In order to obtain 
stability, it was necessary to provide the chassis with two baffles to reduce 
feedback. These consist of small pieces of sheet metal fastened to the 
chassis and making contact with the. bottom of the cover. Good contact 
between the bottom of the cover and the baffles is obtained by the use of 
screws which pass through the cover and are tapped into the baffles. 

The i-f strip requires a power supply giving 65 ma at +105 volts 
unregulated for plates and screens, 1.4 amperes at 6.3 volts a-c for 
heaters, and a voltage variable from 0 to —10 volts (with a source 



468 THE RECEIVING SYSTEM—RADAR RECEIVERS [SEC. 1210 

impedance not over 2000 ohms), which is applied to the control grids of 
the second and third i-f stages to control the gain. 

The video amplifiers for the cathode-ray tubes (Fig. 12-20) have two 
stages and use 6AK5 tubes. The input signal is — 1 volt peak; the 
amplifier output supplies —30 volts peak to the cathode of the indicator 
tube. The half-power bandwidth is 4 Mc/sec. 

The chassis also contains a 6AL5 dual-diode tube. One half of this 
tube is used in a circuit to lengthen the duration of beacon reply pulses 
and so give a brighter spot on the CRT screen. On the rise of the pulse 
the diode conducts, and the input capacity of the second tube is charged 
rapidly. When the amplitude of the pulse starts to decrease, the diode 
no longer conducts, and the charge on the grid of the second tube leaks 
away slowly through a 2.2-megohm resistor. 

The other half of the 6AL5 is used as a d-c restorer for the cathode-ray 
tube. 

This amplifier is mounted on a chassis having the form of an annular 
ring which fits around the neck of the cathode-ray tube. The power 
supply requirements are 20 ma at +140 volts for plates and screens, and 
0.5 amp at 6.3 volts for heaters. 

Automatic-frequency-control Circuit.—The AFC subunit provides 
automatic control of the radar and beacon local-oscillator frequencies. 
The schematic view of the eight-tube circuit is shown in Fig. 12-21. 

Both search and beacon AFC systems are of the search-and-lock type 
(Sec. 12-7). A sawtooth generated by the recovery of the grid circuit 
of a blocking oscillator, T6, sweeps the reflector voltage and thus the 
frequency of a klystron. In radar operation, i-f signals from a separate 
AFC crystal are amplified by Vi and applied to the discriminator formed 
by F 2 and associated circuits, which is centered at 30 Mc/sec. The out
put pulses from the discriminator are amplified in V3 and applied to the 
grid of the thyratron Vt. When the pulses change sign and become 
positive at the crossover, they trigger the thyratron and stop the sweep 
voltage. 

In beacon operation, power is transferred from the search local 
oscillator to the beacon local oscillator, which (as described in Sec. 12-7) 
is coupled to the receiver crystal and to a reference cavity tuned to a 
frequency 30 Mc/sec below the beacon frequency. A small 1000-cycle 
sinusoidal modulation, supplied by oscillator Vs, is superimposed on the 
sawtooth applied to the reflector. The output of the beacon crystal, 
which is coupled to the local oscillator through the reference cavity, is 
amplified in Vt, and then applied to VT. 

As explained in Sec. 12-7, the phase of the a-f amplitude modulation 
of the signal from the beacon crystal will change by 180° when the fre
quency of the local oscillator crosses the center frequency of the reference 
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cavity. This phase shift is detected in the phase-comparison tube V^ 
by applying the amplified crystal output to the control grid and the audio 
oscillator output to the suppressor grid. Both grids are biased to cutoff, 
so that no current flows in the tube unless the signals are in phase. The 
circuit is so arranged that the 180° shift in phase of the audio signal pro
duces phase agreement, thereby providing pulses of plate current on 
alternate half cycles of the audio signal. These pulses, further amplified 
in V3, then trigger thyratron V\ to stop the sweep. 

The change from search to beacon operation is performed remotely 
by relays which switch the grid input to V3, switch from the reflector 
voltage-control potentiometer P i to P2 , change over the plate power 
from the search to the beacon local oscillator, and superpose the sinusoidal 
modulation on the sawtooth. 

Switch Si enables a maintenance man to tune the local oscillators 
manually to the proper frequencies for signal reception with P i and P 2 
(for the search or beacon local oscillators respectively), and then to 
revert to AFC operation centered at the correct frequency. This switch 
is spring-loaded so that the circuit cannot be left on manual tuning. 

Jacks are provided at which the radar AFC crystal current and the 
beacon AFC crystal current can be measured. A pin-jack test point is 
provided at the grid of V3 to aid in aligning the discriminator, and another 
at the plate of V3 for checking the control signals to the thyratron. 

This AFC unit requires a power source supplying 5 ma at +300 volts, 
23.5 ma at +105 volts, 2 ma at —300 volts, 1.55 amp at 6.3 volts, and 0.8 
amp at 6.3 volts at —225 volts from ground. None of these voltages 
needs to be regulated, although the plate voltages must be well filtered. 

12-11. An Extremely Wideband Receiver.—The receiver shown in 
Figs. 12-22 and 12-23 is a good example of a design for a receiver having a 
very wide bandwidth. I t was designed for a 3-cm radar system with a 
0. l-/isec pulse width. In order to reproduce such short pulses and still 
maintain a good signal-to-noise ratio, an i-f bandwidth of at least 10 
Mc/sec is required; the bandwidth of the receiver is 12.5 Mc/sec. 

The i-f amplifier consists of 12 stages, 6AK5 tubes being used in all 
but the second. The intermediate frequency is 60 Mc/sec, the total 
gain being approximately 120 db. 

An intermediate frequency of 60 Mc/sec instead of 30 Mc/sec was 
chosen for two reasons. First, fairly tight coupling is required between 
the primary and secondary of the i-f transformers to attain wide band-
widths. I t is easier to make this coupling tight at 60 Mc/sec than at 
30 Mc/sec. Second, the AFC operation is more certain at the higher 
frequency. The AFC circuit can lock the local oscillator on either side 
of the transmitter, provided the local oscillator is producing power at 
both frequencies. However, since the correct beat frequency is produced 
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in only one of these cases, it is necessary for the local oscillator to cease 
oscillating when it is on the "wrong" side of the transmitter frequency. 
This can be counted on only when the intermediate frequency is high. 

Double-tuned circuits were chosen in preference to stagger-tuned, 
because it was felt that they would give a smaller change in the shape of 
the response curve for a given change in tube capacity. The circuits were 
loaded on both sides to reduce still further the sensitivity to tube-capacity 
changes. Equal values of primary and secondary Q would have been 
best in this respect; actually a compromise Q-ratio of 2.2 was adopted 
to give a little more gain than equal Q's would provide. The transformer 
coils are wound adjacent to each other on a powdered-iron core to give 
tight coupling. A thin spacer between the two coils is of such thickness 
as to make the coupling just transitional. The gain per stage is approxi
mately 11 db, and the single-stage bandwidth 25 Mc/sec. 

The 6AK5 tube is chosen in preference to the 6AC7 because it is 
smaller, takes less power, and has a smaller variation in input and output 
capacity. I t also gives a better receiver noise figure when used in the 
first stage. A 6J6 is used in the second stage because of its low plate-to-
cathode capacity, an important factor in grounded-grid triode operation. 

The first two stages are operated as triodes; in spite of the high inter
mediate frequency and the broad bandwidth, an i-f noise figure of 3.5 db 
can usually be attained. 

Both signal and AFC mixers are of the balanced type. This effec
tively cancels out local-oscillator noise and provides good isolation 
between the two channels. There are two crystals in each mixer, pro
vision being made for monitoring the current in each of the four crystals. 

The local oscillator is a 2K25 klystron, which can be tuned mechani
cally over a large range and electrically over a restricted range of some 
30 Mc/sec. The electrical tuning can be done manually, by means of a 
remote potentiometer, or automatically. 

The AFC circuit operates as follows. The beat frequency obtained 
by mixing a small part of the transmitter power with local-oscillator 
power is amplified by two i-f stages and then applied to the discriminator. 
The video pulses from the discriminator undergo one stage of amplifica
tion before reaching the control tube, Vt (Fig. 12-23). Tube Vt, generates 
a sawtooth sweep which moves the reflector voltage of the local oscillator 
through a range determined by the setting of R^; the sweep is stopped a t 
the correct voltage to receive signals by the firing of the control tube. 

The video amplifier consists of a limiter-amplifier stage which drives a 
cathode follower operating into a line terminated with 75 ohms. Limited 
signals of 1.5 volts amplitude appear across the line. The video ampli
fier is very wide, the bandwidth of each stage being about 22 Mc/sec. 
This bandwidth is obtained by means of a shunt-series peaking network 
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which gives a gain-bandwidth product 2.4 times as great as that of a 
simple RC circuit and still has only 0.3 per cent overshoot. 

The limiter stage is operated with a low voltage (50 to 55 volts) on 
the screen, which means that only 2 volts of signal is required to drive 
the tube to cutoff. This reduces the amount of i-f gain required and 
increases the ratio of the maximum obtainable signal to the video limit 
level. During extended periods of high duty ratio the screen voltage 
will increase, thereby increasing the height of the limited video-output 

F I G . 12.24.—Receiver chassis of a very wideband receiver, bottom view. 

signals. The rising screen voltage is checked at 60 volts by the diode 
V13b. 

The layout of the receiver can be seen in Fig. 12-24. The i-f amplifier 
is in the form of a long, narrow strip, folded, at one end. The coupling 
transformers and associated components are laid in a channel which 
becomes a tube when the cover is in place. Coupling between output 
and input circuits is very small, since the tube acts as a waveguide 
attenuator at the intermediate frequency. The mixer (not shown) is 
attached to the top of the chassis directly behind the input coupling 
transformers at the upper left of the picture. The AFC circuits occupy 
the upper central portion of the chassis. 



CHAPTER 13 

THE RECEIVING SYSTEM—INDICATORS 
B Y L. J. HAWORTH 

THE CATHODE-RAY TUBE 

The effectiveness of a cathode-ray tube as a radar indicator is influ
enced by a number of factors, among them: (1) the size of the tube face; 
(2) the intensity of the emitted light, which is determined by both the 
strength of the electron beam and the efficiency of the screen; (3) the 
decay properties of the screen and the manner in which it integrates 
repeated signals; (4) the resolution; (5) the grid-modulation characteris
tics; (6) the effect of the tube on the over-all complexity, weight, size, and 
power dissipation of the complete indicating equipment. 

These properties are not independent, and in many cases a compromise 
among them must be reached. As a result of the variety of operational 
demands a large number of types of tubes have been developed. The 
next few sections describe some of their salient features. 

13-1. Electrical Properties of Cathode-ray Tubes.—Cathode-ray 
tubes are classified as "electrostatic" or "magnet ic" in accordance with 
the method of deflection. An example of each is given in Fig. 13-1. The 
electron beam originates in a hot cathode at the end of the tube remote 
from the screen. In traversing the tube it is acted upon by a number of 
electrostatic, or electrostatic and magnetic, fields which serve to control 
and focus it. 

The beam is collimated and controlled in intensity by the "control 
grid," a pierced diaphragm immediately in front of the flat oxide-coated 
cathode. In most American tubes a "second grid" at a positive poten
tial of a few hundred volts serves to attract the electrons from the space 
charge in much the same way as does the screen grid in an ordinary 
tetrode or pentode. The electrons are given their final high velocity by 
a potential difference of a few thousand volts maintained between 
the cathode and an anode formed by a conducting coating of carbon 
(Aquadag) on the inner surface of the glass at the screen end of the tube. 

Focusing can be either electrostatic or magnetic. As indicated in 
Fig. 13-1 the same type of field is usually used for focusing and deflection 
in a given tube.1 

1 Occasionally electrostatic focusing is combined with magnetic deflection; such 
tubes have not come into wide use in this country. 

475 
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In electrostatically focused tubes a "focus electrode" (first anode) 
between the second grid and the high voltage anode is maintained at an 
intermediate potential. The various electrodes are so shaped that strong 
electron lens actions are produced by the fields at the two gaps. Adjust
ment of focus is made by controlling the potential of the focus electrode. 

Magnetic focusing is accomplished by means of a longitudinal mag
netic field of circular symmetry which increases in intensity from the 
center to the edge of the tube and thus has radial components that help 
provide the focusing action. External coils or permanent magnets are 
used to produce this field. 

F I G . 13-1.—Elements of cathode-ray tube. 

Electrostatic deflection is accomplished by passing the beam between 
two orthogonal pairs of deflecting electrodes or plates. The deflection 
due to each pair is accurately proportional to the potential difference 
between its members. The individual deflections due to the two pairs 
of plates add vectorially. The deflection sensitivity at the screen 
depends upon the geometry of the deflecting plates themselves, their 
distance from the screen, and the velocity of the electrons as they pass 
the plates. The two pairs are similar in geometry, but, since they are 
at different distances from the screen, their deflection sensitivities are 
unequal. 

In the electrostatic tube shown, the electrons achieve their final 
velocity before reaching the deflecting plates. In some tubes designed 
for high-voltage use, deflection sensitivity is increased by applying 
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approximately half of the total voltage across a gap in the Aquadag at a 
point beyond the plates. The two parts are then spoken of as the 
"second anode" and "third anode." 

Any variation of the mean potential between either pair of plates has 
a marked effect on the focus; consequently if good focus is important it is 
necessary to use push-pull deflection.1 Furthermore, it is best that the 
mean potentials of the plates be close to that of the second anode. All 

(°) (6) 

(c) (d) 
FIG. 13-2.—Deflection coils, (a) Air-core deflection coil with lumped winding; (b) air-

core deflection coil with semidistributed winding; (c) iron-core deflection coii with, pie 
windings; (d) motor-stator type of deflection coil. 

these potentials are often made the same, but in many tubes it is profita
ble to provide an adjustment for making the first pair of plates slightly 
more negative. 

Magnetic deflection is accomplished by passing currents of the desired 
waveforms through a coil or combination of coils surrounding the tube 
neck (Fig. 13-1). The deflection due to each coil is proportional to the 
current through it, and the combined deflection is the vector sum of the 
individual ones. A few of the coil geometries used are described below. 

A single coil2 is used in a rotating-coil PPI . Typical air-cored and 
1 For the sake of simplicity this is no t usually indicated in block diagrams. 
* A coil usually consists of a t least two separate windings symmetr ical ly placed 

with respect to the t ube . They m a y b e connected either in series or in parallel . 
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iron-cored coils for this purpose are sketched in Fig. 13-2 and pictured in 
Fig. 13-3. Care must be taken that surrounding fixed objects do not 
introduce a lack of rotational symmetry and that no magnetizable 
material is included in the rotating parts. 

Multiple coils are used for many different purposes. Their fields 
must occupy the same axial region of the tube in order to avoid serious 
defocusing and distortion which otherwise take place when deflections 

F I G . t.'l-3.—Deflection and focusing devices for magnetic CRT. fa) Square iron-core 
deflection coil in ca>e. (hi Square iron-core deflection coil. (ci Air-core deflection coil for 
off-center PPI , used in conjunction with (d). (d) Off-centering coil, (c) Toroidal iron-
core deflection coil. (/) Air-core deflection coil with distributed windings, (g) Motor-stator 
deflection coil. (h) Permanent-magnet focusing unit. (i^< Focusing coil. 

of appreciable magnitude are combined. In some applications requiring 
a fixed component of field, a permanent magnet is used in lieu of a coil. 

Often coils are arranged orthogonally (Fig. 13-3) either to produce 
entirely independent deflections (as in a type B display), or to provide a 
single radial deflection (such as a range sweep; by adding its two rectangu
lar components vectorially. The latter technique is used in the RHT, the 
fixed-coil PPI , and in other applications. 

I t is sometimes necessary to add dissimilar deflections in the same 
direction. Whenever practical, this is done by adding the various 
deflecting currents in the same coil. Tn some cases, however, this is 
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wasteful of power—for example, when a steady deflection is to be added 
to a high-frequency sweep that requires a coil of low inductance and there
fore low sensitivity. It is then worth while to use two separate coils or a 
permanent magnet and a single coil. If two coils are used, they are 
usually placed together (on the same yoke when iron is used), but in 
extreme cases they must be separated to avoid interaction. 

A rotating coil and a fixed coil can be used in combination—for 
example, to produce an off-center PPI . The fixed coil is placed outside 
of the rotating one, which must then contain no iron. The outer unit 
may contain a single coil that can be manually oriented, or it may have 
two orthogonal coils that can be separately excited. If the amount of 
off-centering is to remain fixed, a permanent-magnet arrangement can 
replace the outer coil. 

In the specific design of the coils many factors must be considered. 
They should be as economical of over-all power as possible. The mag
netic fields must be so shaped that they produce a linear deflection and 
cause no harmful effects on focus. When multiple coils are used, it must 
be possible to prevent harmful effects from interaction. 

The current sensitivity of the coils should be made as high as prac
ticable since this minimizes power losses. For a given geometry, the 
sensitivity is directly proportional to the number of turns, which should 
therefore be as high as practicable. However, for a given rate of deflec
tion (i.e., a given rate of change of flux) the voltage induced in the coil is 
directly proportional to the number of turns. This usually sets an upper 
limit to the number of turns that can be used within the bounds of a 
reasonable power supply voltage. 

These and other matters pertaining to coil design are discussed at 
length in Vol. 22 of the series. 

13-2. Cathode-ray Tube Screens'. Phosphorescent Screens.—The 
important characteristics of the screen are its decay properties, its effi
ciency, and the manner in which it integrates or "builds u p " on repeated 
signals. 

When scanning interrupts the picture, the screen must have sufficient 
persistence ("afterglow") to permit observations and measurements on 
the echoes and in so far as possible to furnish a continuous picture. On 
the other hand, the image must not persist so long as to cause confusion 
on a changing picture. In terms of the scanning rate, three cases may 
be considered: 

1. Cases in which little or no persistence is needed, either because the 
frame time is less than the retentivity time of the eye (about -£$ sec) 
or because observations are made in the absence of scanning. 
Screens incorporating the green willemite phosphor used in ordi-
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13-4.—CRT screen characteristics, 

nary oscilloscope tubes and known as type P-l (phosphor number 
1) are almost universally used in such applications. This material 
has an exponential decay with a time constant of a few milli
seconds; it is extremely efficient in terms of light intensity. 
Applications in which persistence is needed to smooth out the 

effects of flicker. The best Ameri
can screen for this purpose, desig
nated P-12, utilizes a zinc-magnesium 
fluoride phosphor which has an 
exponential decay of time constant 
between 60 and 100 msec (Fig. 13-4). 
Because the response of the eye is 
logarithmic, this screen is satisfac
tory for scanning rates as slow as a 
few per second. On the other hand, 
the exponential rate of decrease pre
vents any long-time tailing-out and 
consequent blurring of a changing 
picture. The efficiency is somewhat 
less than that of the P-l screen. 

3. Applications in which the scanning is so slow that considerable 
persistence is needed to afford viewing time and to provide a com
posite picture. This classification covers scanning rates from a 
few per second up to one or two per, minute; it includes the bulk 
of present-day radars with the exception of fire-control equipment. 

Long-persistence phosphors have better buildup and decay properties 
under weak excitation than under strong excitation. Unfortunately the 
extremely thin layer penetrated by electrons of cathode-ray tube energies 
must be strongly excited to provide enough total light. On the other 
hand, if excitation by light could be used the excitation density could be 
kept very low because the screen would be excited throughout. This is 
accomplished by the simple but exceedingly clever expedient of cover
ing the persistent screen with a second layer of a blue-emitting phosphor 
which undergoes primary excitation by the electrons. The blue light 
from this layer in turn excites the persistent screen. This process 
results in considerably lower over-all efficiencies than those of the single-
layer screens. 

Two varieties of such "cascade" screens are commercially available 
in this country. The P-14 is suitable for frame times up to a very few 
seconds, and the P-7 has a much longer persistence (Fig. 13-4). The 
persistent phosphors, which emit a predominantly yellow or orange light, 
are composed of copper-activated zinc-cadmium sulphides, the zinc-
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cadium ratio governing the decay characteristics. The blue layer is 
silver-activated zinc sulphide. Since its decay is very rapid, an orange 
filter is customarily used to remove its "flash," particularly at the faster 
scanning rates. 

The decay of these cascade screens is an inverse power rather than an 
exponential function of the time, so that the disappearance of old signals 
is less clean-cut than with the P-1 and P-12 types. Unfortunately no 
phosphors with exponential decays of more than about 100-msec time 
constant have as yet been developed. 

It is difficult to obtain sufficient light from intensity-modulated dis
plays during scanning, since each point on the tube is excited only inter
mittently. The problem is especially acute on the slower scans, partly 
because of the long time between excitations and partly because the 
cascade screens are less efficient than those with less persistence. 

In intensity-modulated displays the characteristics of the screen have 
important effects on the signal-to-noise discemibility. As has been 
pointed out in Chap. 2, the energy per pulse necessary for an echo to be 
just discernible is inversely proportional to the square root of the number 
of pulses included in the observation. From this standpoint the screen 
should enable the operator to integrate or average over the maximum 
number of pulse cycles consistent with other requirements; the intensity 
of each spot should represent the average of all the excitations received 
over a very long time in the past. The limits within which this can be 
accomplished are set by the achievable properties of the screen, and by 
the degree to which past information can be retained without causing 
confusion as the picture changes. 

The screen properties of importance in this connection are the type 
of decay and the manner in which the light intensity "builds u p " under 
successive excitations. To examine their effects, consider first a scan 
which is so slow that either the limitations of achievable persistence or 
the requirements of freedom from display confusion due to target motion 
prevent appreciable storage of information from one scan to the next. 
In such a case, the averaging must be done over a single pulse group. 
With modern narrow antenna beams and customary scanning rates the 
time occupied by this group is always short compared with the total 
scanning time and achievable decay times. The screen chosen should 
have sufficient persistence so that there is no appreciable decay1 during 
the process of scanning across the target and the entire echo arc is observ
able at one time. In order that the average intensity of this arc shall 
represent all of the data, it is essential that the screen integrate the effects 
of all the pulses that overlap on a given focal spot—that is, it should not 

'Except for that involved in the disappearance of the so-called "flash," which 
occurs for a very short time interval during and immediately after each excitation. 
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saturate too quickly. The number of overlapping pulses (which is 
often large) is given for a PPI by the expression NS/ur at the center of 
the arc, where N is the PRF, S is the spot size, u is the angular velocity 
of the scan, and r is the distance from the origin of the display to the echo 
spot. Thus for a 30-sec scan and a PRF of 400 (see Sec. 15-10) there 
are about ten overlapping pulses at " ranges" corresponding to the 
radius of a 7-in. tube, since S/r ~ -^ro■ The property of "building u p " 
in intensity because of excitation by successive members of such a group 
of pulses is possessed to an adequate degree by all cascade screens, pro
viding the excitation is not at too high a level. 

At faster scanning rates it becomes possible to provide screens having 
carry-over from one scan to the next. Within the requirements set by 
clarity in a changing picture, the longest obtainable persistence should 
usually be used in order to average over the largest possible number of 
pulses. However, the permissible decay time is so short in the case of 
very rapid scans that the operator and not the screen has the longer 
memory. The persistence should then be determined entirely by the 
requirements of freedom from flicker on the one hand and freedom from 
blurring due to motion on the other.1 If a set has several indicators 
involving different scale factors, their persistences should theoretically 
be graded, fast screens being used on the expanded displays where the 
picture changes rapidly and slower ones on those displays covering large 
areas. Fortunately, it is usually the latter on which the signal-to-noise 
discernibility is of most importance, since the expanded displays are 
usually confined to near-by regions. 

Providing the scanning is not too slow (for example, if it is approxi
mately one scan per second) certain types of cascade screens will, if 
initially unexcited, display more than twice as much intensity after two 
scans as after one, and so on, even though the intensity may have decayed 
manyfold in the time between scans. This property of "supernormal" 
buildup was at one time believed to be very desirable from the signal-
discernibility standpoint, on the hypothesis that it would give the 
repeating signal an advantage over random noise. However, the prop
erty is most exaggerated on an initially unexcited screen, whereas in 
actual cases of successive scan integration the screen is initially excited 
from previous scans. Furthermore, it is not evident a priori that the 

1 When extended observations are to be made on a single target or region the 
display is sometimes "frozen"; that is, the target motion relative to the radar is com
pensated so that the picture remains stationary. It is then possible to use longer 
persistences without blurring. However, since observation of the frozen display is 
usually part of the "tracking" operation which controls the removal of the motion, 
the persistence must not be so long that it reduces the ease of detecting small changes 
in target position. 
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readjustment in the weighting of the successive pulse groups introduced 
by this phenomenon is desirable. In any case, careful observation has 
not detected any appreciable advantage for screens with very high super
normal buildup. The property of supernormal buildup may be con
nected, however, with other desirable ones. Indeed, those screens with 
highest buildup are in general the ones that show the longest persistence. 
These questions are discussed in detail in Vol. 22 of this series. 

"Dark Trace" Screens.—Certain normally white salts, notably the 
alkali halides such as KC1, have the property of darkening for a time at a 
point where they have been struck by an electron beam of sufficient 
energy.1 This phenomenon has been made use of in one form of cathode-
ray tube, known as the "skiatron" (screen type is P-10) used for pro
jection purposes. By means of an intense external light source, opaque 
projection of the tube face magnified several diameters is possible. 
Although of value for this purpose, this type of screen has several dis
advantages. Contrast is always low, particularly if the duty ratio of the 
pulses is low. Furthermore, such a screen has the unhappy property 
that signals tend to "burn i n " with time, which is a definite handicap 
in a changing picture and is disastrous in the presence of certain forms of 
interference. Except for the burning-in tendency, the normal persistence 
is satisfactory through about the same scan intervals as is that of the 
P-7 screen. 

13-3. The Selection of the Cathode-ray Tube.—Both electrostatic 
and magnetic tubes are available in various sizes and with various screens 
(Table 13-1). The most widely used wartime types are pictured in 
Fig. 13-5. The following intercomparison of existing designs of electro
static and magnetic tubes can be made. 

1. At the excitation levels necessary for intensity-modulated displays, 
magnetic tubes provide much better focus than do the electrostatic 
types. I t is possible to resolve about 175 to 200 fairly intense spots 
along the radius of most magnetic tubes, whereas the figure for 
electrostatic tubes is more like 75 to 100. On the other hand, at 
the lower beam currents needed for deflection modulation, the 
electrostatic tubes perform very well. 

2. Magnetic tubes are more costly to deflect than electrostatic tubes, 
particularly at high frequencies. Xo attempt is made to deflect 
magnetic tubes at video frequencies. 

3. Electrostatic tubes are, in general, much longer than the equivalent 
magnetic tubes, but the size, weight, and power dissipation of the 
over-all equipment is greater with magnetic tubes, partly because 
of the weight of the focusing and deflecting mechanisms and partly 

1 See Chap. 18, Vol. 22 of the series. 
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1'ic. 135.—Representative electrostatic cathode-ray tubes: (a) 5BP1, (5) 5CP1, (c) 
3JP1, (d) 2AP1. Representative magnetic cathode-ray tubes: (e) 3HP7, (/) 4AP10 
(17) 5KP7, (h) 7BP7, (t) 12DP7. Most of these tubes are available with other screen types' 
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because of the greater power required for deflection. These 
differences are of significance only in airborne equipment. 

4. The grid-modulation characteristic of most electrostatic tubes 
follows approximately a square law, whereas that of the guns used 
in most magnetic tubes is cubic. As compared with a linear 
response, these characteristics have the unfortunate property of 
lowering the dynamic range of usable echo intensities since they 
reduce the ratio between the upper limit of useful signal swing, 
set by the tendency to defocus, and the level below which the 
intensity is insufficient. 

TABLE 131.—CATHODE-BAY TUBES COMMONLY USED,FOB RADAR APPLICATIONS 

Bulb 
number 

2A 
2B (New) 
3B 
3D (Central 
electrode) 

3F 
3J 
3H 
4A 
5B 
5C 
5F 
5L 
7B 
9G 

12G 
12D 

Useful 
diam
eter, 
in. 

1.75 
1.75 
2.75 
2.75 

2.75 
2.75 
2.5 
3.38 
4.5 
4.5 
4.25 
4.5 
6.0 
7.62 

10.0 
10.0 

Type of 
deflection 

Electrostatic 
Electrostatic 
Electrostatic 
Electrostatic 

Electrostatic 
Electrostatic 
Magnetic 
Magnetic 
Electrostatic 
Electrostatic 
Magnetic 
Electrostatic 
Magnetic 
Magnetic 
Electrostatic 
Magnetic 

Max. acceler
ating voltage 

(nominal) 

Anode 

1000 
2500 
2000 
2000 

2000 
2000 
5000 
9000 
2000 
2000 
7000 
2000 
7000 
7000 
4000 
7000 

Pos^ 
deflec
tion 

anode 

4000 
4000 

4000 

4000 

6000 

Specified 
maximum 
spot diam
eter, mm* 

0 . 5 t o 0 . 6 

0.55 to 0.75 
0.6 to 1.0 

0.75 to 0.9 
0.5 t o 0 . 6 
0.3 
0.6 to 1.0 
0.6 t o 0 . 9 
0.5 t o 0 . 6 

0.75 to 0.85 
1.0 to 1.2 
1.2 to 1.8 
1.35 to 1.5 

Commonly 
used screens 

P-l 
P-l 
P-l 
P-l 

P-7 
P-l, P-7 
P-7, P-12, P-14 
P-10 
P-l 
P-l, P-7, P-12, P-14 
P-7, P-12, P-14 
P-l, P-7 
P-7, P-12, P-14 
P-7, P-12, P-14 
P-l, P-7 
P-7 

* Most magnetic tubes actually give from 0.5 to 0.7 of this maximum spot size. Electrostatic tubes 
are in general near the maximum. 

As a result of these factors, electrostatic tubes are invariably used for 
deflection-modulated indicators, but, except in cases of extreme weight 
limitation, magnetic tubes are used for most intensity-modulated displays. 

The size of the tube selected depends upon the particular application. 
The relative resolution is fairly independent of the size, so that from this 
standpoint alone there is little value in increasing the screen diameter 
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beyond the point where the resolving power of the eye ceases to be the 
limiting factor (5- to 7-in. magnetic tubes, 3- to 5-in. electrostatic tubes). 
On the other hand, if geometrical measurements or estimates are to be 
made, or if plotting is to be done, it is desirable to have as much dis
persion as possible; for such use the larger sizes are definitely preferable. 
This requirement must be balanced against the available space, particu
larly in airborne equipment. 

For many purposes even the largest available tubes (12-in. diameter) 
are still too small, and it is desirable to provide an enlarged presentation. 
Since at most scanning rates phosphorescent screens do not provide 
enough light for projection, it is necessary to devise special methods. Of 
those used to date, one involves the projection of a photograph of the 
PPI or other scope, which is developed and projected in a few seconds by 
special techniques; the other involves opaque projection from the skiatron 
screen (see Sec. 7-3). 

COORDINATION WITH THE SCANNER 

Under various circumstances several different sorts of electrical 
information must be delivered from the scanner to the indicator. (Some 
of these have already been illustrated in Sec. 12-1.) 

1. Signals capable of controlling an electromechanical repeater. The 
repeater can be used to position a cathode-ray-tube coil or to 
provide a dummy scanner shaft to which the final data trans
mitters are attached. 

2. Slowly varying voltage proportional to the scan angle, to be used 
in the cartesian display of angle as in type B and type C displays. 
The voltages can be obtained directly from a potentiometer of 
proper characteristics or from the envelope of a carrier which has 
been properly modulated. In many cases where the angle dis
played is small, sin 8 can be substituted for 6. 

3. Signals produced by passing a range sweep voltage (or current) 
through a resolver to produce an electronic PPI or an RHI . 

4. Slowly varying voltages proportional respectively to the sine and 
cosine of the scanner angle, which are used to control sawtooth 
generators in such a way that they produce sweep components 
equivalent to (3). This is spoken of as "pre-time-base" resolu
tion. The voltages themselves can be transmitted by a poten
tiometer, or a modulated carrier can be used as in (2). The 
approximations sin 8 ~ 6 and cos 8 ~ 1 are often used. 

13-4. Angle-data Transmitters.—The devices that provide the 
scanner data are known as "(angle) data transmitters." They in-
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elude potentiometers, variable transformers, variable condensers, and 
generators. 

Potentiometers.—Potentiometers are principally used to provide 
voltages whose only frequency components are those resulting from the 
scanning. Because even the best potentiometers have a certain amount 
of brush " j i t te r" which can be removed only by filtering, they are not 
very satisfactory for resolving range sweeps. A wide variety of linear 
potentiometers differing in accuracy, size, ruggedness, and so on have 
been developed specifically for radar use (see Vol. 17). * For many pur
poses they provide the simplest method of data transmission and often 
they are more effective than any other device. A difficulty arises, 
however, in those cases where it is necessary to shift the sector under 
view. This can be done within limits by adding a fixed voltage to the 
circuit, but over any extended angle it is necessary to introduce the shift 
mechanically by using a differential gear or by rotating the body of 
the potentiometer. This requires either that the potentiometer be near 
the operator or that a remote mechanical control be provided. Since the 
second method is costly, some other data-transmission system is usually 
chosen in preference. 

Several varieties of potentiometer have been made with sine or with 
sine and cosine characteristics, for use as resolvers (Vol. 17). These have 
been designed with great care and are fairly good at low turning rates 
and low signal frequencies. As data transmitters they are occasionally 
used for purposes of pre-time-base resolution on slowly scanning systems, 
or as a basis of information for computers. 

Variable Transformers (Resolvers, Synchros, etc.).—Figure 13-6a illus
trates the principle of certain variable transformers called "resolvers," 
"synchros," "selsyns," "autosyns," and so on, which are widely used 
as position-data transmitters. An iron-cored coil (rotor) of special shape 
is mounted on a freely turning axis inside a slotted-iron framework much 
like a motor stator. Two or three stator coils are symmetrically wound 
into the slots in such a way that the coupling of each with the rotor is 
proportional to the sine of the rotor angle measured with respect to a 
position of zero coupling. The device thus fulfills the requirements of a 
resolver for a-c signals. An important aspect of this process is that the 
polarity of the output signal at a given phase of the input signal reverses 
as the synchro passes through a null position for that particular secondary 
winding. 

If the stators of an excited resolver, called the "transmitter ," are 
loaded with the stators of a second, called the " repeater " or the "receiver," 
(Fig. 13-66) the latter will experience currents producing a changing 

1 Many of these potentiometers are useful as control elements for purposes other 
than scanner-data transmission. 
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magnetic field in the same direction as the magnetic axis of the trans
mitter rotor coil. There will be induced in the receiver rotor a voltage 
proportional to V sin (0i — 02) where 0i and 02 are the respective orien
tations of the two rotors. If the receiver is provided with a second rotor 
coil orthogonal to the first, it will experience a voltage proportional to 
V cos (0i — 62). Thus the two devices together "resolve" the original 
voltage in terms of the difference of the two angles. A resolver with a 
multiple-phase rotor is known as a "differential" synchro or resolver. 
I t is used in reducing data from relative to true bearing (one synchro 
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FIQ. 13-6.—Two-phase synchros, (a) Two-phase synchro; (b) differential synchro resolver. 

being driven by a compass), and in enabling an operator to shift the 
scanner reference angle for purposes of sector selection. 

The 2-phase resolver has been used in nearly all practical applications 
of the resolved-sweep technique to "electronic" PPI 's and RHI's (Fig. 
12-3) and in many applications where pre-time-base resolution is applied 
to these displays. 

For many purposes a 3-phase rather than a 2-phase1 device is used. 
If equal loads are applied across the three phases the sum of currents in 
the three stators is zero. Thus, if this restriction is imposed, three brushes 
and three wires can be eliminated by making a Y connection. If a 
synchro with a 2-phase rotor is used as a receiver, its induced voltages 

1 In this sense the word "phase" refers to rotation of the rotor rather than to the 
internal phase of any signal being transmitted. 
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will be proportional to the sine and to the cosine of the difference of the 
two angles, as in the 2-phase case. If a 3-phase rotor is used, the machine 
becomes a "differential," which effectively subtracts the two angles in 
developing its output voltages. 

Three-phase synchros are widely used in mechanical repeaters. As 
resolvers where the voltage itself is to be used, they have the disadvantage 
that they do not deliver rectangular "components." If only one com
ponent is needed, however, as in a type B or type C display (using the 
approximation sin 6 « 6) they are often used because of their somewhat 
higher accuracy and their greater availability. 

Variable Condensers.—Certain types of rapid scanners (see Sees. 
9-14 to 9-16) operate in such a way that, as a driving shaft rotates con

tinuously, the antenna beam scans 
linearly across a given sector and 
then "snaps " back and repeats itself. 
Rotating - coil - indicator techniques 
cannot be used in such applications; 
hence the display must be synthe
sized electrically. The form of signal 
modulation provided by a synchro 
is suitable only for those sector 
widths for which the discontinuity 
in the scan can be achieved by 
switching between stator leads (that 
is, 90°, 180°, etc. for a 2-phase, 120° 
for a 3-phase synchro). Poten
tiometers cannot be used for rapid 
scans, since brush " chatter ' ' becomes 

v=vocica excessive and the life is exceedingly 
"" short. To fill this need, special 

variable condensers have been devel-
T~ ° oped. An example of such a con-

Fio. 13-7.—Special variable condenser. denser and one type of circuit used is 
shown in Fig. 13-7. The condenser 

plates are so shaped that the capacity increases as the rotor turns clock
wise, producing the desired potential variation (usually linear with angle) 
across C0. Recycling takes place when the rotor passes through the sector 
in which there is no stator. The shaft is geared in such a way that the 
condenser rotates 360° during one scanning cycle. Since C is never zero, 
the output voltage has a constant term which must be removed in some 
way. 

In addition to specially shaped condensers such as that of Fig. 13-7, 
more conventional ones are sometimes used with rapid scanners, in order 

Oscillator - % | - - f -
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to permit the use of higher carrier frequencies than can readily be passed 
through a synchro. 

Generators.—In some instances of conical or spiral scanning, part of 
che scanner data is provided by means of a d-c excited 2-phase generator 
geared directly to the scanner axis. In the case of conical scanning, the 
output voltages of this generator are direct measures of the sine and 
cosine of the phase of the scan. In the spiral scan, the voltages are 
modulated in terms of the nod angle, either by varying the generator 
field current by a potentiometer on the nod shaft, or by passing each 
sinusoidal voltage through such a potentiometer after generation. The 
signals thus produced can be used directly in the synthesis of type B and 
type C displays. 

13-5. Electromechanical Repeaters.—Two types of electromechanical 
devices are used to repeat the motion of a rotating shaft at a remote 
point. 

A-c line 

Repeater 

i Repeater shaft 

F I G . 13-8.—Synchro-driven repeater. 

The Synchro-driven Repeater.—If the stators and rotors are attached 
respectively in parallel and the rotors are connected to an a-c power 
source (Fig. 13-8), the two rotors will tend to align themselves in the 
same direction. Any departure from this condition will result in cir
culating currents in the stators which will cause a motor action tending 
to produce alignment. If one rotor is driven, the other will follow, with 
only enough lag to furnish the necessary power. If the second rotor has 
little or no mechanical load, this lag will be very small at rotational speeds 
up to a few revolutions per second; if the load is appreciable, the lag may 
amount to a few degrees. In order to reduce the effect of lag, the system 
is often "geared up." For example, the transmitter synchro can be 
attached to a shaft rotating 10 times as fast as the scanner, and the receiv
ing synchro can then drive a rotating PPI deflection coil through a 
10-to-l gear reduction. Under these conditions, the lag error can be 
kept to a small fraction of a degree. There is, however, a 10-fold uncer
tainty in the position of the deflection coil in our example, since any of 
10 antenna positions looks the same to the receiver. The necessity for 
phasing the system manually each time it is turned on can be avoided 
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either by a system of cams and microswitches which disables the repeater 
when it is in any but the correct 36° sector, or in more elaborate ways. 

Standard-design low-impedance synchros are used. Transmitter 
and repeater are identical except for the inclusion of a mechanical damper 
on the shaft of the repeater. The maximum speed of rotation of the 
synchros is about 400 rpm, restricting a 10-speed system to 40 rpm. 

The principal disadvantage of using synchros to provide torque is 
that power must be transmitted by the primary synchro. This limits 
the number of repeaters which can be used. Further, in systems with 
more than one repeater, an error in any tends to throw the system off 
balance and to affect the accuracy of other repeaters. 

The Servomechanism.—Scanner position can be repeated at a distance 
with an angular error as small as desired by means of a servomechanism. 

\ Antenna Repeater shaft 

F I G . 13-9.—Servo system including compass-driven differential. 

This term refers to a device that is arranged to reduce to zero an "error 
signal" present when misalignment between transmitter and repeater 
exists. Synchros can be used to generate such an error signal. The 
stators of the synchros are connected in parallel as before, with, perhaps, 
a differential synchro inserted between them (Fig. 139) to allow compass 
or other corrections. Only the transmitter rotor is excited from the line. 
If the two rotors are oriented at right angles to one another, no voltage 
is induced on the receiver rotor. Any departure from this orientation 
results in an error signal whose internal phase is opposite for errors of 
opposite sign. This error signal is amplified by vacuum-tube circuits 
and used to drive the motor that turns the load. Proper phasing is deter
mined by reference to the line voltage, usually by using the latter to 
provide field current for the motor. 

As in the double-synchro direct-drive system, "gearing u p " is often 
used. Here, however, the proper rotational phase is usually selected by 
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a second servomechanism acting at "single speed." Some sort of switch, 
such as a gas-filled tube, serves to transfer control to the single-speed unit 
when the error becomes large enough to confuse the higher-speed servo. 

For further information on the extensive subject of electromechanical 
repeaters, the reader is referred to Vol. 21 of this series. 
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BASIC ELECTRICAL CIRCUITS 

The technique of producing radar displays involves the use of many 
unfamiliar or entirely new types of vacuum-tube circuits. A great many 
of these use a tube as a nonlinear element in such devices as electronic 
switches, pulse formers, generators of rectangular and other wraveforms, 
etc. The following sections will describe briefly some of these techniques 
in order to provide a basis for understanding the methods of display 
production. 

13-6. Amplifiers.—Xo attempt will be made here to describe the 
standard forms of amplifier met with in ordinary vacuum-tube circuit 

practice, but a number of special 
forms important in indicator de
sign will be touched upon.1 The 
important case of video amplifiers 
has already been met in Sec. 12-6. 

Negative Feedback.—In a large 
number of instances negative feed
back is necessary to insure linear
ity a n d a d e q u a t e frequency 
response. The principles involved 
are illustrated in the upper dia
gram of Fig. 13-10. By any of 
several methods a fraction /3 of the 
output signal is subtracted from 
the input signal ahead of the 
amplifier. The effective signal to 

— pEoui. The output signal can be 

, — jSEouijGo, 

Load j 

-0Ea Load 

T 
Fia. 13-10.—Negative feedback principle. 

the amplifier is then given by Ei0 

expressed as 
•Bout = (Ei 

where Go is the gain of the amplifier proper, in the absence of feedback. 
Solving for Emt, 

GoEin 
Eoat = /3G0 + r 

1 For a complete discussion of amplifiers see Vol. 18 of this series. 
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whence the gain of the entire device is 

G = Eiu 0GO + 1 
Go 

(1) 

If 0 is large compared to 1 /Go, variations in Go will have little effect 
on G. Care must be taken, in using large values of Go and /3, that phase 
shifts in some of the frequency components do not result in positive feed
back and hence distortion or even oscillation. 

The more usual method of representing the circuit is shown in the 
lower diagram of Fig. 13-10, where the adding and amplifying are indi
cated together. 

Tube Tube 
impedance >Z impedance <Z 

(<■) (6) (c) 
FIG. 13-11.—Cathode feedback, (a) General case; (b) cathode followers; (c) cable-matching. 

Several types of negative-feedback amplifiers are used in indicator 
circuits. 

Cathode Feedback.—A simple variety of negative-feedback circuit uses 
an unbypassed cathode resistor to provide the feedback voltage (Fig. 
13-1 la). The load may be in the plate, it may be the cathode resistor, 
or it may be divided between plate and cathode circuits to provide two 
output points. 

For a plate load, the feedback voltage is actually proportional to the 
current through the load1 rather than to the voltage across i t ; this is called 
"current feedback." If the load current is of interest (as in driving a 
deflection coil), this is just what is wanted. If, on the other hand, the 
voltage across the plate load is of interest, a cathode resistor gives the 
proper type of feedback only if the load is also purely resistive. If 

1 If a pentode or beam-power tube is used, the screen current passes through the 
cathode resistor but not through the load. Tn very exacting cases some account 
must be taken of this fact. 
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the plate load is reactrve, the cathode impedance should be also, with the 
same sort of frequency response. For pure resistances the feedback 
ratio is Rk/{Ri.) and Go is RL/{RH + RL) multiplied by the gain that 
would obtain if both resistances were in the plate circuit. 

In the cathode followers of Fig. 13-116, the cathode circuit serves as 
the load and the plate is connected directly to B + , resulting in a nega
tive-feedback amplifier of gain less than 1, characterized by great linear
ity, excellent frequency response, high input impedance, and low output 
impedance. 

Since the entire output voltage appears across the cathode, the feed
back ratio /3 is unity. Therefore G is always less than 1 [Eq. (1)], 
approaching, for large values of the cathode resistor, the value M/(M + 1), 
where n is the voltage amplification constant of the tube. Since 1/G0 is 
nearly always considerably less than /3, the amplifier has a faithful 
response. 

The internal impedance of the circuit driving the total load is given 

by ;— ,TI > where gm is the mutual conductance and Rp the plate 
gm + \/Hp 

resistance of the tube. This is a little less than l/gm, and is therefore in 
the range from one to a few hundred ohms. 

The input impedance of the tube itself (assuming no grid current) 
results from the sum of the capacities between the grid and the fixed 
elements (plate, screen, etc.), plus the grid-cathode capacity divided by 
1 — G, where G is the gain. This impedance is in parallel with the grid 
resistor and the wiring capacity. The effective impedance of the grid 
resistor connection can be increased by the method shown on the right 
in Fig. 13-116, since the drop in the grid resistor is thereby reduced. 

Among the applications of the cathode follower are the following: 

1. As a low-impedance source to supply the considerable power 
required to drive such a load as a transformer or a deflection coil. 

2. As a low-impedance source which will provide fairly uniform fre
quency response even when considerable capacity is associated 
with the load. The time constant and therefore the high-frequency 
response will be determined by the capacity in parallel with the 
internal impedance of the tube and resistance Rk- Since the tube 
impedance is small, good response can be obtained at frequencies 
of a few megacycles per second, even with fairly large load capaci
ties. However, the internal impedance of the tube at any instant 
depends upon the actual tube constants at that instant. A steep 
negative wavefront may cause the grid to enter into a region of low 
g„ or to cut off, if the current flowing is too small to discharge the 
oondenser with sufficient rapidity. The current can be increased 
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by using a smaller value of Rk, which sacrifices gain, or by using a. 
positive grid bias. The latter is usually to be preferred. 

3. To match the impedance of a cable. In this use the cable sees Rk 
in parallel with the internal impedance of the circuit proper. 
Correct methods of matching are shown in Fig. 13-lie. 

Another special case of Fig. 13-lla is one in which the plate and 
cathode resistors are made equal, thus providing equal signals of both 
polarities from a unipolar input signal. Since the feedback ratio is unity 
for each output signal, this "split load" or "phase-splitting" amplifier has 
many of the desirable properties of the cathode follower, but the single-
sided gain is always less and the internal impedance is greater. 

Amplifiers for Deflection-coil Currents.—Special problems are involved 
in producing rapidly changing deflection currents such as those involved 
in range sweeps, since the voltage across the coil may become very large. 
For a linearly increasing current (as in a range sweep) this voltage is 
given by 

L J + Ri = L % + Rat, 
at at 

where a is a constant. Since di/dt is also a constant the waveform con
sists of a step plus a linear increase. The sweep is usually produced by 
an increasing current since, except in special cases, this results in the 
minimum average current. As a result, the coil voltage drop during 
the sweep results in a decrease in the plate potential of the driver tube. 
The drop across the coil reaches its greatest value at the end of the fastest 
sweep, and the power-supply potential must be designed to accommodate 
this case. Such a sweep need not dissipate much power since the average 
current is low, but unfortunately the same power supply is used on high-
duty-ratio sweeps where the average current is high. The total power 
dissipation due to the sweep circuit can be minimized by using a large 
number of turns on the deflecting coil and a correspondingly high supply 
voltage, since this reduces the losses in the driver tube and in the power 
supply itself. Usually, however, other circuits derive their power from 
the same supply, and a high voltage results in unnecessary dissipation in 
them. In consequence, the system is often designed in such a way that 
the plate of the driver tube operates on the margin of insufficient voltage 
on fast sweeps. Even if this were not the case, the amplifier would 
tend to discriminate against the higher frequencies because of the higher 
impedance offered by the coils to these frequencies. 

As a result of these factors good range sweeps can be obtained only 
with the use of greater negative feedback than would be necessary 
merely to correct for nonlinearities in the tube in a normal application. 
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Special amplifiers satisfying these requirements will be described later 
in connection with specific applications. Many of these employ multi
stage feedback. 

13-7. The Generation of Rectangular Waveforms.—A rectangular 
waveform is one whose outstanding characteristics are steep, alternately 
positive and negative wavefronts with a space between (for example, 
Fig. 13-12). The term will include waveforms whose " t o p s " and 
"bo t toms" are not completely flat. 

In some applications only the timing of one or both wavefronts 
matters, the particular shape of the whole wave not being of interest; 

(a) Square wave oscillator 
(no external stimulus) 

(6) Flip-flop 

f Trigger L 

j Response 

ISinusoid 

Response 

Trigger # 1 _ L 

(d) Flop over <J Trigger # 2 

Response 

Trigger J L J L 
(e) Scale of two 

j Response u~ 
F I G . 13-12.—Response of various waveform generators. 

in others the shape is also important. Among the latter are such appli
cations as the intensifying of cathode-ray tubes and the operating of 
various electronic switches. Rectangular waves can be used for timing 
purposes—for example, to initiate the generation of sharp pulses or other
wise to initiate some particular event at the instant of occurrence of one 
of the wavefronts. 

The circuits that produce such waveforms can be divided into three 
categories: 

1. Those in which the waveform is produced without external 
stimulus—that is, free-running oscillators (Fig. 13-13). 

2. Those in which an externally induced departure from a stable state 
with production of a wavefront is later followed by a spontaneous 
return which produces the wavefront of opposite polarity (Fig. 
13-14). Such a device is called a "single stroke" generator or 
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"flip-flop." It has wide application both in cases where the wave
form is directly used and in timing or "de lay" circuits. 
Those in which both wavefronts are externally induced. In this 
class are the "squaring amplifier," which produces square waves 
from sinusoids or other waveforms, and various triggered devices. 
The latter can be divided into two classes: (a) the "flopover" or 
"lockover," in which an external signal induces a change from one 
stable state to another, and a reverse signal or one from a second 
source reverses the operation (Fig. 1315a); and (b) "scale-of-two" 
circuits, in which successive triggers from a single source induce 
alternate transitions between two stable states (Fig. 13-156). The 
name "scale-of-two" arises from the fact that if sharp pulses are 
derived from those wavefronts of one polarity their number will be 
half that of the original trigger pulses. 

(„ U t, t\ 
(1) Grid 1 

- l - \ (2) Plate! 

-J^=. ^s=^- Ground 
Cutoff 

(3) Grid 2 " - ! - - > 

(4) Plate 2 

F I G . 13-13.—Eccles-Jordan multivibrator. 

Aside from the squaring amplifier, which will not be discussed here, 
there are three principal forms of rectangular-wave generators. 

The Eccles-Jordan Circuit.—Figures 1313 to 13-15 illustrate a group 
of two-tube circuits in which the sharp transitions are produced by posi
tive feedback from each plate to the alternate grid. All are based upon 
a circuit of Eccles and Jordan.1 

Figure 13-13 illustrates the free-running multivibrator, which is a 
form of relaxation oscillator. In order to understand its action, assume 
an initial condition (for example, at t0 on the waveform diagram) with 
the grid of Vi beyond cutoff and that of Vi at cathode potential. Then 
Vt is temporarily quiescent with its plate at a low value; the plate of Vi 
is at B + , and grid gri is rising exponentially toward bias potential as Ci 
is discharged through Ri. At time ti, gi reaches the cutoff point and Vi 
starts to amplify. The amplified signal is passed to V2 where it is further 
amplified and fed back to Vi. This regenerative action quickly lifts gi 
to the grid-current point and drives g? far past cutoff so that the original 
condition is reversed. The plate of Vi is down and that of Vi is at B + . 

1 W. H. Eccles and F . W. Jordan , Radio Rev., 1, 143 (1919). 
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Grid 02 now rises, until at t2 it reaches cutoff and regeneration occurs in 
the reverse direction, and so on. Thus two square waves of opposite 
phase are available from the two plates. For given tube types and 
supply potentials, the time interval h — h is primarily determined by 
R2C2, and the time interval h - ii by RiCi; these furnish convenient 
constants by means of which control of the time intervals can be exerted.1 

The multivibrator can be used as a completely free oscillator, or it can be 
synchronized by supplying it with a sine wave or a pulse train at a higher 
frequency than that of the natural oscillation. 

Figure 13-14 shows a single-stroke or "flip-flop" multivibrator. 
The resistors and the bias voltage of the grid of F 2 are so chosen that 
when Vi is fully conducting, g2 comes to equilibrium beyond cutoff; but 
when Vi is cut off, g2 is pulled-hard against the cathode. If left to its 

(3) Plate 1 

(4) Grid 2 "' p 1 ' p * [~ 

(5) Plate 2 1 r 
Ground 
"Cutoff 

FIG. 13-14.—Eccles-Jordan flip-flop. 

own devices, the circuit will come to equilibrium with Vi on and V2 off. 
When an impulse of the correct polarity is applied to gi or to g2, the 
regenerative action cuts off Vi and turns V2 full on. Grid gi then rises 
until the cutoff point is reached, when the regeneration reverses and the 
cycle is completed with the original condition restored. The length of 
the square pulse during the flip-flop action can be easily controlled by 
varying RiCi or the potential applied to Ri. This voltage is made posi
tive to assure that gi will be rising sharply when the cutoff point is 
reached; this helps maintain'a constant square-wave duration. Typical 
circuit constants are indicated in the grid circuit of V2. The condenser 
C2 serves only to quicken the regenerative action and is not essential 
except for the highest speed operation. 

The "flopover" and the "scale-of-two" (Fig. 13-15) are direct-coupled 
in both directions in such a way as to have two stable states, and will 
remain in either until disturbed in the proper manner. In the flopover, 

1 For simplicity it can be assumed, as is practically always the case, that the supply 
voltage is much higher than the cutoff voltage and that the plate resistors are much 
smaller than the grid resistors but large enough to absorb most of the potential drop 
when in series with a saturated tube. 
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triggering signals from different sources, applied to the opposite sides, 
result in opposite actions. Regardless of the order in which pulses are 
received from the two triggering sources, the flopover will respond alter
nately to triggers from the two. 

(a) (6) 
FIG. 13-15.—Double external triggering of Eccles-Jordan circuits. 

scale-of-two. 
(a) Flopover; (b) 

In the scale-of-two, pulses from a single source are applied to both 
sides; whenever a pulse arrives the circuit changes from one stable state 
to the other. Thus two pulses are required to complete a full cycle. 
The output waveforms can be used directly for switching purposes, or 
they can serve as a means of generating pulses of half the frequency of 
the original ones. 

In all the above circuits it is feasible to use 
self-biasing, but care must be taken that the 
bias voltage is independent of duty ratio. 
This can be assured by using a common self-
bias resistor for both tubes, provided their 
loads are the same. 

Cathode-coupled Multivibrator.—F i g u r e 
1316 illustrates a different type of single-
stroke multivibrator which is considerably 
better than the Eccles-Jordan variety for 
accurate timing purposes. The two cathodes 
are coupled through a common resistor, and plate-grid coupling is used 
in one direction only. In the normal state, V2 is conducting by virtue 
of the positive grid supply voltage. The resulting current produces 
sufficient potential drop across Rk to cut off Vi. If, now, a positive 
trigger pulse of sufficient voltage is applied to gi (or a negative pulse to g2) 
the amplified pulse is applied to 7 2 through C, and F 2 starts to cut off. 

F I G . 13-16.—Cathode-coupled 
flip-flop circuit. 
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The drop in its current further reduces the bias on V\, and there is a 
violent regeneration which ends with Vi full on and the grid of V2 far past 
cutoff. The grid of V2 then experiences an exponential recovery toward 
B + , and when the cutoff point is reached regeneration occurs in the 
opposite direction and restores the initial condition. The circuit has the 
marked advantage that the time for the flip-flop action is remarkably 
linear with the bias voltage of gi, so that by means of an accurate poten
tiometer controlling this voltage a linear timing circuit of rather low 
precision can be made. The circuit can be somewhat improved over that 
shown in Fig. 13-16 by the addition of a biased diode in the grid circuit of 
V2 to determine the precise limit of the negative excursion of that grid. 

1 o Output 
F I G . 13-17.—Phantastron delay circuit. 

The cathode-coupled multivibrator can also be used in the form of a 
freely running oscillator, a flopover, or a scale-of-two, but the Eccles-
Jordan form is most common for such purposes. 

The Phantastron.—The phantastron of Fig. 13-17 is a flip-flop of a 
quite different type which serves as a timing circuit maintaining its 
calibration to about one per cent. In the normal condition, Vi is 
quiescent, with the cathode sufficiently positive to cut off the second 
control grid so that all of the current goes to the screen. The plate 
potential is determined by the setting of the delay potentiometer. If a 
sufficiently strong negative trigger is supplied through F 2 to the first grid, 
the fall in the cathode potential turns on the second control grid. The 
establishment of plate current further reduces the potential of the first 
control grid so that the second grid is turned full on. The plate can now 
fall farther only as the potential of the first grid rises, by discharge of C\ 
through R\. The condenser Ci acts as a feedback condenser, assuring 
linearity of the tube response so that the plate falls linearly with the 
time. When the plate reaches the potential of the second grid it no 
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longer falls, the feedback action ceases, and the first grid rapidly increases 
in potential, pulling the cathode positive. The second grid is thus cut 
off and the original condition restored. Since the plate falls at a very 
linear rate to a fixed destination, the delay time is linear with the poten
tial from which it started its downward journey. The critical parts of the 
circuit are R1C1, the delay potentiometer, and the various supply volt
ages. A pentode with sharp suppressor cutoff, such as the miniature 
6AS6, can be substituted for the more complicated multiple-grid tube 
with equally good results. The phantastron can also be used as a free-
running relaxation oscillator. 

13-8. The Generation of Sharp Pulses.—Sharp pulses needed for 
triggers, range markers, and other indicator uses can be generated in a 
number of ways. Figure 13-18 indicates three methods by which a steep 

ISCAY^ 

(a) V>) (c) 

FIG. 13-18.—Simple pulse-generating circuits. 

wavefront can be used for the purpose. In Fig. 13-18a the advent of the 
wavefront abruptly changes the potential of point A. Immediately 
thereafter C starts to discharge through R, and pulses of the shape shown 
result. This arrangement is usually spoken of as a "differentiating 
circuit." The steepness of the front edge of the pulse is largely deter
mined by that of the wavefront. In order to obtain a steep rear edge, RC 
should be small, but a point is reached for a given wavefront at which 
decreasing this product reduces the amplitude. The impedance of the 
driving source should be small compared to R. 

In Fig. 13-186, a steep wavefront sets up a shocked oscillation which is 
quickly damped out by R so that essentially only one pulse is produced. 
As in the case of the RC differentiator, this circuit requires a steep wave 
from a low-impedance source. 

If the wavefront is from a high-impedance source, or if it has insuffi
cient steepness or amplitude, the circuit of Fig. 1318c is useful, 
particularly for positive pulses. Turning the tube on or off gives rise to a 
damped oscillation as in Fig. 13 186. 

A diode can be used in any of the above circuits to remove pulses of 
an unwanted polarity. 
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The Blocking Oscillator.—The blocking oscillator is an inductively 
coupled regenerative amplifier used in the generation of short pulses. In 
the waveform diagrams of Fig. 13-19, consider the moment t0. The grid 
is beyond cutoff and rising exponentially toward the bias potential. 
The plate is at J B + potential. . At time h the tube begins to conduct, the 
plate begins to fall, by virtue of the inductive coupling the grid is pulled 
upward, and a violently regenerative action sets in which ultimately 
pulls the grid far positive, drawing much current from the cathode. 
Eventually, however, the rate of increase of plate current falls off and the 
current to the grid pulls the latter downward. Regeneration takes place 

Grid 

Plate 

1TT 
i J U U U l ( . » . 

Synchronizing J \J \J \J \JVAA_/L /LA_ 
triggers 

O O M 

Fia. 1319.—The blocking oscillator. 

in the opposite direction, the grid is driven negative, and the process 
repeats. The period of the oscillation is primarily determined by RC, but 
the other circuit parameters do enter. Characteristics of the tube itself 
enter to such an extent that the device cannot be considered as a precision 
oscillator, although it can be synchronized by one of higher frequency. 

The blocking oscillator can be used as a "scaling" or counting-down 
circuit for a continuous pulse train of definite frequency by making the 
natural period slightly longer than the expected one and applying signals 
of the proper height as shown in the bottom diagram of Fig. 13-19. The 
counting ratio is dependable only up to a value of 5 or 10 but synchroni
zation occurs to many times this value. Somewhat higher ratios can be 
used by inserting a resonant circuit in the cathode. 
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The device can be used as a "single stroke" pulse generator if the grid 
is biased beyond cutoff. The circuit is then quiescent until an external 
signal renders the grid conducting. The regenerative action takes place 
as before, except that after it is over the grid returns to a point beyond 
cutoff where it remains until a new signal is received. The circuit is often 
used in this form as a means of generating sharp pulses from poorer ones, 
from steep wavefronts (which are differentiated to form the triggering 
impulse), from sine waves, and so on. 

13-9. Electronic Switches.—An electronic switch is a device that can 
change the parameters of the circuit in which it occurs. The principal 
functions performed by such switches are to control the absolute potential 
level of a point in the circuit, and to control the transmission or genera
tion of signals by switching them on .and off or by choosing between 
different signals. Activation of the switch can be controlled either by 
the signals themselves (just as a rectifier or an overload relay is controlled) 
or by a stimulus independent of the signals. In its action the switch can 
be either a series element analogous to a valve that opens and closes to 
block or transmit the signals, or a parallel element that, when closed, 
holds a point in the circuit in a quiescent state regardless of the presence 
of signals. 

Clamps.—The name "c l amp" is applied to a wide variety of electronic 
switches which, when closed, hold or clamp two circuit points together 
more or less rigidly. They differ from ordinary mechanical switches in 
that their impedance is often appreciable and frequently variable, and 
in that many clamps conduct current in only one direction. In fact, it is 
often the latter characteristic that enables the device to function as a 
switch. 

The simple diode is a clamp that is closed when the anode attempts 
to be positive with respect to the cathode, but open when the reverse is 
true. The opening and closing may result from the waveform applied 
to one of the electrodes, as in a rectifier or a detector, or one of the elec
trodes may be changed in potential from time to time by a separate 
impulse. The use of diodes for switching purposes has been rendered more 
attractive by the advent of the germanium-crystal type of rectifier, which 
admirably replaces the vacuum-tube diode in many applications, par
ticularly those involving 50 volts or less of back emf. 

The D-c Restorer.—Figure 13-20 illustrates a common method of fixing 
the absolute potential taken by a point in the circuit during extreme 
excursions of the signal in one direction. In the absence of the diode, 
the average potential of point A must be Vo, since R furnishes the only 
d-c connection. When the diode is placed in the circuit, it prevents A 
from swinging more negative than Vo, so that V0 may be thought of as a 
base with respect to which the entire waveform is positive. During each 
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positive excursion of A the resistance extracts a small charge, which is 
replaced by the diode on the next negative excursion.1 The clampipg 
can be done at the positive extreme by reversing the diode. If fidelity of 
response is of importance, the RC product must be sufficiently large to 
give proper low-frequency response. 

The d-c restorer has many applications, only a few of which can be 
listed here. I t is frequently used to insure that a grid to which unipolar 

Waveform at A Hf- A Without diode _ _ O . _ I I L _ O . _ _ v 

IUUI 1 O .^JiELIL. With diode. 

F I G . 13-20.—D-c restorer. 

video signals are applied is operating in the correct voltage range. This 
is particularly important in the intensity modulation of a cathode-ray 
tube where the tube must be just cut off for zero signal amplitude. The 
d-c restorer can be used to fix the starting point of a sweep by clamping 
the deflecting plate of an electrostatic tube, or the grid of a direct-coupled 
sweep amplifier, between sweeps. In the above examples, the clamping 
fixes the point from which signals are measured. In others, the clamping 
fixes the level to which an electrode is switched " o n " by a square wave, 
as for example when intensifying a cathode-ray tube. 

Fio. 13-21.—Diode limiters. 

Biased Diodes.—Figure 13-21 illustrates two self-evident methods of 
limiting the excursion of a signal by clipping off the top at a level deter
mined by a d-c potential difference applied to the circuit. The circuit 
of Fig. 13-22, on the other hand, transmits only that portion of the signal 
in which the voltage exceeds the applied potential, so that in effect the 
bottom is clipped. This arrangement is of considerable importance in 
time-measuring applications. If a very linear sawtooth is applied to the 

1 Sometimes the resistor is made slightly more negative than Vo in order to hold A 
tightly against the diode during the clamping period. 

http://__O._IIL_O.__
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input of the circuit, the time elapsing before an output signal appears is 
proportional to the bias applied to the diode, thus providing an accurate 
and easily controllable time delay (see Sec. 13-12). 

Switched Clamps.—In a great many appli
cations the clamp must be opened and closed 
over particular time intervals which may or 
may not be directly related to the signals. 
According to whether the clamp can conduct 
in one or both directions when closed it is 
classified as a one-way"("single-sided") or a 
two-way ("double-sided") clamp. 

In the diagrams, E0 is the potential of the 
clamping point, X is the point being clamped, 
A is the maximum signal amplitude, and T is the time interval over which 
the clamp is to be opened. If E0 is not ground potential, the voltage 

FIG. 13-22.—Bottom clip
per (biased diode '-' pick-off" 
circuit). 

EXZE0 

Ey±En 
- -L 

(a) (4) 
Fia. 13-23.—One-way switched-diode clamps, (a) Switched single diodes; (6) double-

diode clamps; (c) diode switched by cathode follower. 
X is point being switched. T is length of open interval. 
A is maximum amplitude of signal at X. R must be very high. 
Et is clamping potential. Plus and minus signs are with respect to E0. 

source supplying the clamping point must be "stiff" enough to furnish 
the currents drawn without appreciable potential change. 

Among the simple switched clamps are the diodes of Fig. 13-23a, the 
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two diagrams indicating clamps of opposite polarities. They will, of 
course, close only if the potential of point X is in the specified direction 
from Eo, and even when closed they will offer no impediment to potential 
changes in the opposite direction. The resistance R is included to coun
teract any slight leakage charges. 

The requirements for the source of the switching waveform are 
somewhat rigid. I t must provide a satisfactory value of E0 and a square 
wave of sufficient amplitude. Furthermore, since its impedance adds to 
that of the clamp, this impedance must be sufficiently low to withstand 
any "pull ing" by the circuit attached to X, and must be capable of dis
charging sufficiently rapidly any capacity associated with X. 

Frequently a satisfactory square-wave source already exists in the 
equipment. If not, further complexities must be added to the clamp. 
Figure 13-23b shows a modification that can be used when the source has a 

R,C»T 
R,C » T 

(o)£x>£0 U>)EX<E0 

F I G . 13-24.—One-way triode clamps, (a) Positive clamp; (b) negative clamp. 

sufficiently low impedance but an improper d-c level. The tube Vi 
serves the same function as before and Vi acts as a d-c restorer. The 
presence of the resistor Ri increases the requirement for a low-impedance 
source. 

If the waveform source has high impedance, it is necessary to intro
duce a cathode follower as shown in Fig. 1323c. The clamping takes 
place through the diode and Ri; thus Ri must not be too large. This in 
turn requires considerable current through F 2 during the clamping inter
val. The proper d-c level for the switching signal can usually be chosen 
by a proper choice of R2, Rs, and the bias potential. If not, it may be 
necessary to use condenser coupling and a d-c restorer on the cathode-
follower grid. The corresponding negative clamp is not used, since the 
circuit of Fig. 13-246 accomplishes the same results more simply. 

Figure 13-24 illustrates one-way clamps using a single triode.1 In 
both cases the clamping is done through the tube impedance as viewed 
from X. In the positive clamp this impedance is unfortunately rather 
large so that this clamp is not very " t ight ." The negative one, on the 

1 The well-known Rossi coincidence circuit is an example of a tr iode clamp. 
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other hand, is satisfactory in this respect. Care must be taken in the 
latter that "d roop" in the switching-off pulse does not allow the grid to 
go too far positive when the clamp is closed, for this can produce over
shoot through grid-cathode diode action. Square-wave droop can also 
cause overshoot in the positive clamp if the clamping is not tight. 

The relative merits of the various single-sided clamps depend upon 
the uses to which they are to be put, the type of switching source avail
able, and so on. If a proper driving source already exists, the simple 
diode (Fig. 13-23o) is cheapest and best. If not, the triode of Fig. 13-246 
best combines simplicity and good characteristics among the negative 

l-rH >E„ 

' "X 

k7M 

FIG. 13-25.- -Two-way clamps. 
(W 

(a) Two-way double-triode clamp; (b) two-way four-diode 
clamp. 

clamps, and Fig. 13-23c is the best and Fig. 13-24a is the simplest of the 
positive clamps. If the load impedance is high, the latter may be quite 
satisfactory. 

Two-way clamps are usually made up of two one-way units of opposite 
polarities, as indicated in Fig. 13-25a and 6. The requirements and 
shortcomings of the corresponding one-way clamps apply equally here. 
The "phase splitter" of Fig. 13-12 provides an excellent driving circuit 
for Fig. 13-256 if it is necessary to provide a special one. If a proper 
driving source is used, the four-diode clamp can be much " t ighter" than 
the two triodes in the positive direction. Furthermore, the capacity 
coupling through the two triodes adds, whereas in the diode circuit the 
effects of the opposite waves tend to cancel. On the other hand, the 
double-triode circuit is much the cheaper, particularly if a special driving 
circuit must be provided for the diodes. 
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In certain applications where the clamp is used as a series element, 
it is essential that the current drawn from the reference point be as small 
as possible. Even such small currents as those drawn by the grid cir
cuits of Fig. 13-25o may be objectionable. In the circuit of Fig. 13-26, 
the transformer-coupled grid circuits form closed loops which draw no 
current whatever from the reference point. 

This circuit is widely used as a demodulator in cases where the phase 
of the carrier with respect to the reference signal is of importance. The 
waveform to be demodulated is applied to the input terminal of the cir
cuit and the transformer is excited by an unmodulated wave which is 
exactly in or exactly out of phase with the carrier. Because of grid 
current, the two tubes will bias themselves to such a point that they are 

turned on only at the peak of the keying wave
form; hence the device is a peak detector. 
The polarity of the rectified signal at the out-

x put terminal will depend upon which of the two 
phase relationships exists. This property is 
useful in such applications as the demodula
tion of a carrier wave modulated by a synchro. 
As pointed out in Sec. 13-4, the output signal 
at a given phase of the input signal has oppo-

Fio. 13-26.—Two-way site polarity on either side of a null position of 
double-triode clamp with t n e s y n c h r o rotor; in other words, the carrier 
transformer-coupled switching. 

undergoes a 180 phase change as the synchro 
passes through a null. Thus, when the circuit of Fig. 13-26 is used as a 
demodulator, the output voltage is positive or negative depending upon 
whether the synchro rotor is oriented positively or negatively with respect 
to the null position. 

The switching signal always " leaks" through the clamp tube to some 
extent by capacity coupling, particularly at the "off-point." For this 
reason the switching signal should be no steeper or larger than necessary. 
Because of this, pentodes are sometimes used in such circuits as those of 
Fig. 13-24o and 13-25a. This increases the impedance of the positive 
clamp, but is only necessary when the load impedance is also high. 

Gated Amplifiers.—-An important form of electronic switch of the 
nonclamping variety is a "ga ted" amplifier tube, in which the switching 
signal is applied to an electrode in such a way that the electron current to 
the plate is interrupted and no signal can pass. Figure 13-27 illustrates 
various methods which are more or less self-explanatory.1 All of these 
are widely used as pulse coincidence circuits2 or to select the pulse or 

1 It is possible to combine two or more of these methods so that three or more 
electrodes have signals. 

* In the case of pulse coincidence there is, of course, no distinction as to which 
electrode is being switched. 
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pulses occurring during a given time interval. The triode can be used 
only if both signals are limited, since otherwise it could be turned on by 

Cutoff _ 

Cutoff 

Cutoff Cutoff 6AC7 etc. 

Output 

(c) (<0 
FIG. 13-27.—Gated amplifiers, (a) Switched triode; (b) multicontrol tube switched on 

second control grid; (c) suppressor switching; (d) Bcreen switching. 

one alone. The circuits of diagrams (6) and (c) of Fig. 13-27 require the 
least power input. The 6AS6, which has a sharp suppressor cutoff, is 
the most satisfactory tube unless considerable load current is needed. 
Since none of the tubes that can 
deliver large currents has either a 
second control electrode or a sharp 
suppressor cutoff, it is customary to 
use screen gating when the current 
requirements are high. In the case of 
video signals, the tube must have a 
very sharp cutoff on the signal grid; 
even then it is usually necessary to 
choose between an extreme bias, which 
sacrifices gain at low signal ampli
tudes, and a lesser one, which allows a 
"pla teau" to be transmitted. The use of two tubes in the way described 
in the next paragraph is more satisfactory. 

Two such switches can be used in parallel to alternate signals from 
two sources, as shown in Fig. 13-28. In this case the simultaneous but 
opposite switching of the two tubes eliminates the plateau if the two cir-

FIG. 13-28. Switching of alternate 
signals. 
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cuits are properly matched, and the signal grids can therefore be in full 
operation at all times. Since it is essential that the proper d-c levels be 
maintained when the signal duty interval is large, d-c restorers must 
follow any a-c coupling. This circuit is often used as a single-channel 
switch, the signals being applied to one tube, and the other serving merely 
to cancel the plateau. The circuit may also be adapted to suppressor 
grid switching. 

13-10. Sawtooth Generators.—The sawtooth waveforms used as a 
basis for range sweeps and in certain varieties of precision timing circuits 
are practically always generated by a wave-forming network that is 
switched on and off by some sort of clamp. 

The basic action of all such devices can be illustrated by the simple 
circuit of Fig. 13-29. When S, a single clamp of proper polarity, is closed, 
an equilibrium state is reached in which X differs from ground potential 

\E (1) Clamping ^—T —I I r 
J signal- Kof f - t -orH 

jc r~~~" : : : - = ; : - -

Y Tc L/_-L/_L____ 
(3) V* when B , - ' " „--'"' 

"S" RC»T ; „ ' " , ' 

F I G . 13-29.—Basic sawtooth generator. 

only by the small drop across Rg. If S is suddenly opened, the current 
is shifted from >S to C, and the latter starts to charge exponentially at a 
rate determined by R, C, and E. The rising wave of the sawtooth is an 
exponential of time constant RC, as indicated in Waveform 2 of Fig. 
13-29. If the sawtooth has an amplitude small compared to E—that is, 
if RC >>> T—the rise is approximately linear (Waveform 3). Such saw
tooth generators are widely used in cases where no great precision is 
required. 

When various sweep speeds are to be used, it is necessary to change 
the rate of rise of the sawtooth. This can be done in discrete fashion by 
switching the condenser, the resistance, or, within limits, the charging 
voltage. Continuous variation is most satisfactorily accomplished by 
using a rheostat for R (unless the control is remote) or by varying E 
through a potentiometer. 

Figure 13-30 illustrates both positive and negative sawtooth genera
tors using single-triode clamps. If waves of both polarities are desired, 
the two circuits of this figure can be combined, or a single tube can be 
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used to perform both functions in a somewhat less satisfactory manner. 
More often, however, a single wave is generated and the second obtained 
from it by a phase-inverting amplifier. 

More sophisticated sawtooth generators are necessary when precision 
is required. All of these endeavor to provide great linearity in one of the 

+£ (regulated) 

-E (regulated) 

F I G . 13-30.—Sawtooth generators using triode clamps. 

following ways: (1) by substituting a "constant current" device for R; 
(2) by adding the condenser voltage to E, thereby keeping the current 
through R constant; (3) by including a high-gain negative-feedback 
amplifier, so that only an extremely small voltage need be developed 
across the condenser. 

1. A pentode can be used as a constant-current device. This method 
has been little used in radar, however, partly because of general 
complications and partly be
cause when a pentode is used 
in a positive sawtooth gener
ator it is necessary to provide 
a floating s c r e e n - v o l t a g e 
supply. 

2. Figure 13-31 illustrates the 
use of a cathode follower to 
keep the voltage drop across 
R nearly c o n s t a n t . That 
part above the switch indi
c a t e s t h r e e alternatives. 
Neglecting t h e a-c d r o p 
across C\, the positive feed
back raises point Y by an 
amount E/J, where G is the 
gain of the cathode follower and E. 
Thus the drop across R is given by 

F I G . 13-31.—Bootstrap sawtooth generator. 
Switch indicates alternate methods. 

the potential of the point X. 

E - Ex + EjG = E - E:(\ - G) 
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as compared to E — Ex were the feedback not present; the effect 
of the amplifier is the same as that of using a supply voltage 
E/(l — G). For a triode, 1/(1 — G) may be as much as 20, and 
for a pentode as much as 200. 

Use of the resistor Ri is simplest, but it has important disadvan
tages. The charge leaking off C i through R and R i must be returned 
through them during recycling, and since the time constant of the 
circuit must be large compared to T this requires appreciable time. 
If the duty ratio is appreciable, a d-c shift results which depends 
on that ratio. This circuit can, therefore, be used only when the 

Gnd 
G3 cutoffj [ ^ - -

(") (» (c) 
F I G . 13-32.—Sawtooth generators incorporating negative feedback. 

ratio is very small or very constant. Furthermore, the presence 
of Ri reduces the feedback gain. The diode avoids these diffi
culties, since it cuts off during the duty interval but closes to give a 
low impedance during recycling. The triode cuts off almost as 
quickly as the diode and provides a convenient method of provid
ing voltage control since it draws no current from the variable 
potential source. 

When extreme precision is required, the defects due to the charge 
drawn from Ci and the less-than-unity gain of the cathode follower 
may be important. These errors can be completely eliminated by 
use of a more complicated amplifier of gain greater than 1, the 
excess gain compensating for the drop across C\. An alternative 
is to add to the sawtooth a compensating voltage which, should 
be approximately proportional to the integral of the sawtooth. 
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This method is used in the precision delay circuit of Fig. 13-36, 
described in the next section. 

3. The most common method of using linear amplifier gain to keep 
the necessary signal voltage small is illustrated in the diagrams of 
Fig. 1332. The amplified signal is applied to the "bo t tom" of the 
condenser, so that the potential of X changes only by the difference 
between the charge across the condenser and that fed back. Thus 
the change in potential across R is kept very small and the charging 
current is very constant. The most commonly used of such 
methods is the Miller "run-down" circuit of Fig. 13-32b and c. 
The two circuits shown differ only in the methods of switching. 
In both cases the amplifier consists of a single tube on whose grid 
the original signal is formed. The entire plate swing is applied 
to the condenser, so that the feedback ratio is 1. In the case of 
suppressor switching, all of the current goes to the screen between 
sweeps. The control grid is held against the cathode by virtue 
of its positive bias. When the suppressor is switched on, most of 
the current transfers to the plate, which experiences a negative 
surge that is passed on to the control grid. The sawtooth genera
tion then begins as indicated in the waveform diagrams. The step 
at the beginning of the sawtooth is in some cases detrimental and 
in others useful. 

INDICES 
I t is always desirable and usually mandatory to provide some form 

of quantitative indices or markers for the radar indicator. These may 
consist simply of a grid work of lines or, when high accuracy is required, 
of one or more movable indices. In addition, it is often desirable to 
superpose some form of map or chart on a radar display, in order to pro
vide accurate correlation with fixed echoes for navigational purposes or 
to show at a glance the geographical position of a ship or aircraft target. 
Markers can be provided either by placing a surface containing the marks 
as nearly as possible in optical superposition with the display, or by 
modulating the electron beam in such a way that the marks appear as 
part of the display itself. 

Indices or charts ruled on a transparency over the tube face are the 
simplest of all to provide, but their use results in errors due to display 
inaccuracies, to parallax, and to faulty interpolation. Furthermore, if 
the origin of the display is to be moved, it is necessary to provide a 
corresponding motion of the reference system, which is usually cumber
some, or if only a few positions are involved, to furnish multiple sets of 
marks in such a way that no confusion results. The methods of optical 
superposition described in Sec. 7-3 largely eliminate parallax and are 
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helpful in the case of multiple indices, but their principal usefulness is in 
connection with plotting and the use of charts. 

"Electronic" marks eliminate or reduce many of these difficulties. 
Parallax errors are entirely eliminated. Since the indices are generated 
by precision methods that are independent of the formation of the 
display geometry, they automatically fall in their proper place on the 
display regardless of where it may be centered or how much it may be 
deformed or distorted. In general, electronic methods of producing 
interpolation indices are far less cumbersome than mechanical ones. 
However, in the case of a slow scan the intermittent nature of the display 
makes it difficult to set an index on the echo, unless rather complicated 
switching methods are introduced to provide the indices at more frequent 
intervals. 

Electronic indices are invariably used for range determinations, since 
they can be readily provided with a high degree of precision and since the 
radar data are inherently capable of providing great accuracy in range. 
In cases where the fundamental data are not so precise, the choice depends 
upon circumstances. Electronic marks are always used if the display 
is to be continuously movable in position or in size, but in many of the 
cases where only a few discrete changes are involved, external markers 
are sufficiently simpler to warrant their use. 

The following two sections will describe methods of providing directly 
viewed electronic indices; auxiliary optical aids have already been 
described in Chap. 7. 

13-11. Angle Indices.—Because of their simplicity, fixed angle 
indices ruled on a transparency are widely used in spite of the inaccura
cies described above. The inherent data are usually far less accurate 
than those of range. Furthermore, in many applications, such as that 
of homing, the angle of interest changes slowly if at all and there is time 
for repeated observations. Parallax errors are made as small as possible 
by placing the scale very close to the tube face, and in many cases by 
ruling on both sides of a rather thick transparency in order to provide a 
line of sight. 

Movable angle indices of the same type are little used except in the 
important case of the centered PPI, where the motion is one of simple 
rotation. The index or "cursor" may consist of a thin metal strip 
viewed edgewise or of a transparency with a ruled line or a thin slit 
milled through it. I t is supported by a ring bearing larger than the tube 
face and is usually turned by means of a hand crank to which a data 
transmitter may be attached if desired. Readings are made from a 
circular scale at the edge of the tube. 

Fixed Electronic Angle Indices.—An electronic angle index can be 
provided by brightening the cathode-ray tube for a few sweeps so that a 
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bright narrow line is produced at a given azimuth. The electrical 
impulse necessary to do this can be provided in any of several ways. 

1. The simplest method involves the use of mechanical contactors 
on the scanner or on any mechanical repeater of the scanner 
motion. The contact is usually made by a microswitch operated 
by a cam on a rotating shaft. Since it is impossible to open and 
close the switch in a short enough angular interval, unless the scan 
is very slow, some device for producing a short pulse must be 
introduced. This can consist of a flip-flop triggered by the micro-
switch although, for medium or slow scans, it is possible to make 
use of the transit time, of a mechanical relay.1 In order to produce 
a set of markers, an equal number of cams on a one-speed shaft or 

Rotating disk 
6CP 

Light bulb 

F I G . 13-33.—Photocell index circuit. 

fewer cams on a higher-speed shaft can be used. The latter 
method is preferable because of the cleaner action, 
Figure 13-33 illustrates a method for generating angle marks by 
using a photocell mounted behind a slotted rotating disk. Since 
the slots can be made extremely narrow and no inertia is involved, 
this method produces extremely clean-cut markers. The disk 
can turn at the scanner speed and have as many slots as there are 
markers, or it can be geared up and have fewer slots. 
A method of using a carrier modulated by a synchro is illustrated 
in Fig. 13-34. (The figure actually illustrates a movable index. 
In the case of fixed indices, the signals can be taken from the first 
synchro and the second one omitted.) The modulation introduced 
by the rotating synchro is sinusoidal with scanner rotation; if the 
latter is uniform the modulation envelope obtained from the 
detector has this waveform. The sharp cusp occurring at the nulls 

1 See, for example, Fig. 4-2 of Vol. 22. 



516 THE RECEIVING SYSTEM—INDICATORS [SEC. 1311 

is the desired signal. Since there are two nulls per revolution, the 
synchro must be geared up bv^a ratio equal to half the number of 
markers. In the figure the null is used as a switching signal for an 
oscillator of frequency approximately one megacycle per second. 
The train of pulses is "rectified" by the cathode-ray tube, so that 

i -f300v 

22k 

F I G . 13-34.—Synchro null indices. 

the marker appears as a row of dots which merge except on fairly 
fast sweeps. An oscillation of this sort is preferable to a simple 
rectangular pulse if the signals are to be passed through mixing 
or other circuits whose low-frequency response is not as good as 
demanded by the very long (as much as TU sec) marker pulse. 

Movable Electronic Angle Indices.—The methods of producing fixed 
electronic angle indices can be extended to provide movable ones. This 
can most easilv be done, with the synchro method of Fig. 1334, by using 
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the second synchro to introduce the differential setting. The two nulls 
will result in two signal markers 180° apart. If this is undesirable one 
of them can be removed by a method involving the use of a multiphase 
rotor in the second synchro. A second modulation envelope, 90° out of 
phase with the first, is obtained and used to blank one of the markers 
(see Fig. 4-5, Vol. 22). 

The production of a movable index by the contactor or photocell 
method requires that the differential setting be made mechanically. 
This method is seldom used unless the indicator contains a mechanical 
repetition of the scanner motion. 

Movable electronic indices appear on the indicator only when the 
cathode-ray beam is on a particular part of the tube face. To set an 
index on an echo, it is essential to be able to observe the results of moving 
the index. If the scan is rapid, the operator has frequent chances to do 
so, but if it is slow he cannot cor
rect an error for several seconds. 
This is not too serious in the case 
of the movable range marker, 
because it appears at all azimuths 
and can be " steered " in the proper 
direction as it approaches the per
sistent echo remaining from the 
previous scan. _ L operator's control 

An angle index, on t he Other F l Q l3-35.—Substitution method for movable 
hand, if formed by the methods of a n « l e index-
the preceding paragraph will "flash u p " only as the scanner passes by. 
The operator has no chance to make a correction before the next scan, and 
even then the correction must be an educated guess. I t is very difficult 
to make accurate settings within the space of a few scans, especially if 
there is relative motion between radar set and target.1 

It is, therefore, essential on slow scans to use some other method. For 
all displays except rotating-coil PPI 's , the so-called "subst i tut ion" 
method illustrated in Fig. 13-35 can be used. From time to time control 
of the display is switched from the regular angle data transmitter to one 
that can be set by the operator. During these intervals the direction 
taken by the range sweep is determined by the setting of the "substitu
tion" transmitter and is thus under the control of the operator. The 
switching may be made to occur automatically on a certain fraction of the 
range sweep cycles equally distributed throughout the scan (which 
requires rapid electronic switching), or it may occur continuously over an 

1 The problem is greatly simplified if aided tracking is used—that is, if some sort of 
computer moves the index in accordance with the relative motion, using knowledge 
acquired by making the best settings possible in the past. 

h 
Substitution 
transmitter 
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appreciable sector of the scan remote from the one of interest, in which 
case the switching can be slower and in some cases mechanical. In the 
first case the index appears continuously, and in the second it appears 
during an appreciable fraction of the scan. In either event, the operator 
is able to make this setting while the index is present. The method is not 
applicable to a rotating-coil system because of its inertia. Fortunately, 
however, this type of display is itself exceedingly accurate in angle, so 
that the mechanical cursor can be used on the centered PPI display with 
little error except that due to parallax. 

13-12. Range and Height Indices; Synchronization.—Since the 
providing of electronic range indices is frequently intimately associated 
with synchronization, these topics can best be discussed together. The 
discussion will be simplified if movable indices are described first. 

Methods of Obtaining Movable Markers.—In general, four methods are 
used for obtaining a continuously movable marker. In increasing order 
of the precision that can be obtained they are: (1) the cathode-coupled 
multivibrator; (2) the phantastron; (3) a timing circuit based on a linear 
sawtooth; (4) the phase-shifting of a precision sinusoid. 

The use of the multivibrator or the phantastron for time-delay pur
poses has been discussed in the sections describing those devices and no 
further description need be given. 

The use of a sawtooth voltage wave for timing depends upon the fact 
that the time taken for such a wave to reach a given voltage is propor
tional to the voltage chosen. Figure 1336 illustrates a circuit by means 
of which this principle can be very precisely applied. Tubes Vh Vi, Fj, 
and Vt constitute a precision sawtooth generator. The drop across the 
condenser C and the lack of unity gain in the cathode follower (Sec. 
13-10) are compensated by the network composed of C2 and Ri which 
integrates the sawtooth appearing on the cathode of V3 and thus provides 
across C2 a correction proportional to t2. The sawtooth waveform is 
applied to the plate of diode Vs, whose cathode has a positive bias of an 
amount determined by the setting of the delay potentiometer. Because 
of this bias, no signal passes through the diode until the sawtooth has 
reached a definite amplitude, determined by the bias value. When the 
critical amplitude is reached (at time U on the waveform diagram), the 
remainder of the sawtooth appears on the grid of Ve- This partial 
sawtooth is amplified by Va, differentiated in the plate-loading trans
former, further amplified in VT, and ultimately used to trigger.the single-
stroke blocking oscillator circuit of V&, wrhich produces the delayed pulse. 
The slope control determines the range scale and the zero-set resistors 
balance out the combined effects of the starting time of the switching 
square wave, the starting voltage of the sawtooth, and the conduction 
point of the diode. The critical circuit elements in addition to those in 
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the sawtooth generator are the delay potentiometer and its associated 
resistors and the diode V6. The circuit is described in detail in Chaps. 
5 and 6 of Vol. 20 and Chap. 13 of Vol. 19. 

The most accurate timing device at present available is a precision 
oscillator. This device can be used for the generation of a movable 
marker only by some method involving a continuous shifting of its phase. 
Extremely precise indices can be generated in this way, although the 
error of most phase-shifting elements is large (0.3 per cent). Space 
permits no description of this method but the reader is referred to Chap. 
4 of Vol. 20 of this series. 

Movable Height Marker.—The indices used for determining height on 
the RHI or the type E display are usually engraved mechanical ones. 
Often, however, a movable electronic index is provided. Neglecting the 
earth's curvature, the time t at which an index of constant height h should 
appear on an individual sweep is defined by the equation 

c 2h h — R sin d> = -=t sin </> or t = —=—-> 2 c sin <t> 

where R is slant range, <#> is elevation angle, and c the velocity of light. 
The timing can most easily be done by means of a linear-sawtooth delay 
circuit. A voltage proportional to sin <t> is used as the supply potential 
for the sawtooth generator. Thus, for a given diode bias, the slope of 
the sawtooth is proportional to sin <t> and the time delay is proportional 
to 1/sin <f>. The height represented can then be linearly controlled by 
varying the diode bias. In general, the inherent radar data are not 
accurate enough to justify circuits as precise as that of Fig. 13-36. At 
large ranges a correction must be made for the earth's curvature. This 
can be done with sufficient accuracy by adding a t2 term to the sawtooth 
voltage, such a term being obtainable by integrating the sawtooth itself 
as in Fig. 13-36. 

Discrete Timing Markers.—Discrete indices are invariably produced 
by deriving sharp pulses from a sinusoid that is properly phased with 
respect to the modulator pulse. The exact methods depend upon cir
cumstances and in particular upon whether or not the marker circuit 
provides the synchronization. Figure 13-37 gives a typical example in 
which it does so; Fig. 1338, one in which it does not. 

The oscillator of Fig. 13-37 can be of any type satisfying the particular 
precision requirements. The original sinusoid is amplified and clipped 
to produce a symmetrical square wave of the same frequency. The 
"negative-going" edge of this square wave is then used to trigger a 
single-stroke blocking oscillator. The frequency of the sinusoidal oscil
lator, and therefore of the pulses, is made equal to that of the most closely 
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spaced markers desired.1 Lower-frequency markers are provided by 
scaling circuits. A final scaling circuit provides pulses of proper frequency 
for triggering the modulator, the sweeps, etc. In the figure it is assumed 
that the desired frequency values are successively integral multiples of 
the lowest frequency. If this is not the case, multiple counting channels 
are necessary; for simplicity an integral relationship is usually chosen. 

When synchronization is external, the oscillator must be shock-
excited. Figure 1338 illustrates an Z;C-oscillator widely used in medium-
precision applications. When Vi is conducting, the circuit is quiescent 
and energy is stored in the inductance by virtue of the cathode current. 
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oscillator 
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circuit 

Scaling 
circuit 
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+ n3 
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f. Trigger 
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FIG. 13-37.—Derivation of pulses from e-w oscillator. 

Interruption of this current by the square wave shock-excites the oscillat
ing circuit. The resulting voltage wave has an initial phase of zero 
and an approximate amplitude of / \/2L/C. The constants of the 
Hartley circuit of V2 are so chosen that this initial amplitude is just 
preserved. In the present example the amplification necessary to pro
duce steep wave fronts is provided by the regenerative amplifier formed 
by Vs, Vi. Each time that Vi is turned on, the surge of current through 
its plate circuit2 triggers the single-stroke blocking oscillator formed by 
Vi, giving rise to the desired pulse. I t should be noted that a slight 
delay is inherent in the production of the first pulse, since a short but 
finite time is required to turn on F4 . Later pulses are all displaced by 

1 For example, in the case of 1-mile markers this frequency is 93.12 kc/sec. 
' The current necessary to charge C3 increases the positiveness of this action. 
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the same amount. Since no pulse is involved in the reverse regeneration, 
the exact phase at which it appears is immaterial. The precision of the 
circuit is largely determined by L and C, which should be temperature-
compensated and well shielded. Since Ri has some effect on frequency, 
it should be of a reasonably stable type. Frequency adjustment is best 
made by slug-tuning the coil L. Once aligned, a well-designed unit 
should maintain its calibration to better than 1 per cent. 

Many variations of this circuit, mostly simplifications, have been 
used. For example, if only a few markers are required on each pulse 
cycle, Vi can be omitted, since the high-Q coils in the oscillating circuit 

+ 300v 

U 

L/C Ratio = 2.5x 10 

F I G . 13-38. 
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Equally spaced time indices Output 
-Switched generator for multiple time indices. 

will ring with sufficient amplitude for several cycles. In many cases a 
simpler pulse generator can be used. 

When two or more marker frequencies are needed alternatively, the 
resonant circuit is switched. Scaling-down is rarely used, since more 
vacuum tubes would be involved and since it would be necessary to 
recycle the counting circuits on each pulse cycle. 

Delayed Sweeps.—Any of the timing circuits just discussed can be 
used to provide the trigger for a delayed, expanded sweep, and in fact 
this function can be combined with that of accurate range determination. 
The most usual method using continuous delays is illustrated in the block 
diagram of Fig. 13-39. The precision variable-delay circuit directly 
provides the trigger for the delayed sweep. An index marker is pro
vided at the center of the sweep by a second fixed-delay circuit, usually 
a flip-flep, whose action is initiated by the sweep trigger. The timing 
arrangements are obvious from the waveform diagram. The total range 
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to the center of the sweep corresponds to the sum of the two delays, but 
the fixed delay can be included in the calibration. 

Range determinations made in 
this way require that the display 
pattern be moved as coincidence 
between the echo and the marker 
is established. If this is undesira
ble, the marker-pulse delay can also 
be made variable and the two 
added, either by the operator or by 
an arrangement for mechanically 
summing the settings of the two 
control k n o b s . T h i s method is 
more convenient than separating 
the delay and the measuring cir
cuits, since it ensures that the marker will always appear on the sweep 
regardless of the setting of the two knobs. 

A discrete set of pulses is frequently used to provide a stepwise sweep 
delay. The usual method is illustrated in Fig. 13-40. The principal 
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problem is that of selecting the proper pulse. This is done by coincidence 
between the pulse and a gate initiated by a delay circuit sufficiently 
accurate to ensure that the gate brackets the proper pulse (see waveform 
diagrams). The length of the delayed sweep is usually made twice that 
of the delay steps, in order to ensure sufficient overlap. If desired, the 
delayed trigger may also be used to initiate an interpolating range circuit 
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as illustrated by the dotted part of Fig. 13-40. I t is quite feasible to 
provide discrete indices on the expanded sweep by providing pulses of 
sufficiently high frequency to be useful. These may, for example, arise 
from an earlier stage of the chain of Fig. 13-37 than that which provides 
the delaying trigger pulses. Such multiple-scale systems are described 
in Chap. 6 of Vol. 20 of the series. 

DISPLAY SYNTHESIS 
Displays are synthesized by combining the components and tech

niques described in the preceding sections of this chapter. Although space 
will permit only brief descriptions of some of the more important and 
jharacteristic of the methods used, variations to fit particular circum
stances and extensions to other applications will be apparent in many 
cases. 

13-13. The Design of A-scopes.—This section will describe two 
methods for synthesizing type A displays, one of extreme simplicity 
intended only for test and monitoring purposes, and the other of a more 
elegant form. 

A Simple A-scope.—In Fig. 13-41 simplicity of design has been carried 
to the extreme in producing an indicator intended only for testing or 
monitoring applications in which brightness and sweep linearity are not 
of great importance. The operation of the circuits is as follows. Tube 
Via and the first three elements of Y2 form a flip-flop providing a square 
wave, A, for intensifying the cathode-ray tube and at the same time 
cutting off the current from the plate of T2, on which a positive sawtooth 
is formed by the usual condenser charging circuit. One of the horizontal 
deflecting plates of the CRT is driven directly by this sawtooth; the other, 
by a negative sawtooth provided by the inverting amplifier Vu,, which 
is provided with cathode feedback. Since a rather large sawtooth 
( = 100 volts) is generated without exponential correction, the sweep 
slows down slightly toward the end. 

As is shown, two sweep speeds are provided, one of 300 Msec using C2 
as the integrating condenser, and a second of approximately 5 ^sec using 
the stray capacity at point B. More values can of course be provided 
by adding more switch points and condensers. In the interest of sim
plicity the flip-flop is not switched, being left on for the duration of the 
slower sweep. When the faster sweep is used, the beam is swept entirely 
off the tube face and remains off until termination of the flip-flop. 

The video amplifier illustrated has a bandwidth of about 1 Mc/sec, 
the exact value depending upon the stray capacity introduced by the 
connecting circuits. 

The power supply should include a conventional rectifier and LC-filter 
to provide the 300 volts direct current and an RC-filtered negative supply 
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from the same transformer. Since the load on the latter is extremely 
small, the voltage will correspond to nearly the peak amplitude of the 
transformer output wave. 

The circuit can readily be adapted to larger cathode-ray tubes. For 
the 3BP1 (3 in.) it is only necessary to alter the sawtooth-generator 
charging resistor to compensate for a slightly different deflection sensi
tivity. A much more intense display can be provided by using the split-
accelerator type 3JP1. In this case approximately —800 volts should be 
applied to the cathode and 1000 volts to the third anode. The second 
grid and the focus electrode are kept at suitable intermediate voltages. 
Auxiliary facilities, such as range-measuring circuits or sweep delays, can 
be added, but when these are desired it is usually preferable to use a more 
elegant basic indicator. 

A General-purpose A-scape.—The block diagram of Fig. 13-42 illus
trates an A-scope having provisions for both delayed and undelayed 
sweeps, fixed range markers, and an interpolating range marker. The 
cathode-ray tube used is of the post-deflection-acceleration type using up 
to 4000 volts over-all with reasonable deflection sensitivity (Sec. 13.1). 

A precision variable delay and a fixed delay are combined to furnish a 
delayed trigger and a precision range marker as described in connection 
with Fig. 13-39. The marker can be used to determine the desired delay 
in advance by setting it at the point of interest. Since the minimum 
range of the marker is increased by the fixed delay, a switch (<S2) is pro
vided for substituting the earlier pulse when an undelayed sweep is being 
used at short ranges. The dial calibration must then be changed accord
ingly, the simplest method being the use of a second scale. 

The sweep circuits, which comprise the top row of the block diagram, 
are shown schematically below. On being triggered, the square-wave 
generator V2 brightens the cathode-ray tube, switches the sawtooth 
generator, and, when the sweep is not delayed, also switches the fixed-
marker generator. The sawtooth generator V3, Vt (see Sec. 13-10) 
furnishes a very linear positive sawtooth which is of sufficient amplitude 
to drive one of the horizontal deflecting plates of the cathode-ray tube. 
The inverting amplifier V<,a, which drives the opposite CRT plate, is 
made very linear by plate-to-grid feedback. The equal condensers 
in the grid circuit ensure that the gain from point B to point C is unity, 
to keep the mean potential of the deflecting plates constant (Sec. 131). 
The d-c restorers Ve hold the sweep origin fixed regardless of duty ratio. 

Two fixed and one variable sweep speeds are shown. The square-
wave generator is automatically turned off at the proper time by the 
action of Fi. The positive sawtooth is delivered to the grid of Vh which 
is biased beyond cutoff by such an amount that it starts to amplify just 
as the sawtooth reaches the desired peak amplitude. The signal on the 
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plate of Vi triggers off the flopover. This method is extremely useful 
when a variable sweep is involved, since it avoids the necessity of "track
ing" two potentiometers. 

13-14. B-scope Design.—The essentials for providing a type B display 
have been shown in Fig. 12-1 and described in Sec. 12-2. Either an 
electrostatic or a magnetic cathode-ray tube can be used, the former 
being much cheaper but far less satisfactory. Except for the final 
amplifiers the circuit requirements in a given situation are similar, no 
matter which tube type is used. 

An electrostatic B-scope can be built around the range sweep circuits 
of the A-scope of Fig. 13-42,' the only changes necessary being to move 
the video and marker signals to the intensity-modulating elements of the 
CRT and to provide the azimuth sweeps. A potentiometer is almost 
invariably used as the azimuth data transmitter for an electrostatic 
tube. I t may drive the deflecting plates directly, in which case it must 
have two brushes delivering peak potentials of from one to two hundred 
volts. Alternatively, a push-pull direct-coupled amplifier is inserted. 
If the potentiometer has only one brush, phase inversion is accomplished 
by common cathode-coupling like that used in amplifier Vt, Vb of Fig. 
1343b. 

Magnetic B-scopes.—Magnetic B-scopes of varying degrees of com
plexity have been used. If the center of the display is to remain fixed 
in angle, a potentiometer is usually employed and the only essential 
departure from A-scope design is in the amplifiers. In many applica
tions, however, more flexibility is desired, requiring more complicated 
methods. Figure 13-43 illustrates an example in which both the center 
of the sector and the scale factor in each direction can be chosen at will. 

In each diagram the top row comprises the azimuth sweep circuits. 
An audio oscillator Vi excites the first of a pair of differentially connected 
synchros by using its rotor in an oscillating circuit. The excited synchro 
is rotated in synchronism with the scanner, the second being manually 
oriented to select the desired sector (Sec. 13-4). As many as five or six 
B-scopes with independent sector selection can be operated in this way 
from a single oscillator and antenna synchro. The modulated signal 
from the second synchro is passed through an impedance-changing 
cathode follower Vi, demodulated by a phase-sensitive rectifier Vi (Sec. 
13-9), then smoothed by an .RC-filter. The azimuth deflecting circuit is 
completed by the push-pull amplifier Vt, Vb, in which the latter tube 
receives its exciting signal by virtue of the common cathode and screen 
resistors. 

If continuous rotation is used, rather than sector scanning, the sweep 
1 The circuit of Fig. 13-41 is not suited for a cathode-ray tube using accelerating 

potentials as high as those required for a B-scope with a persistent screen. 
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will pass back across the tube when the scanner is pointing 180° away 
from the sector being viewed; it is thus necessary to blank the tube during 
that interval. This is accomplished by the circuit of Via, Vn, Vs, and F9 . 
By means of a resistance network across two phases of the differential 
synchro a voltage1 is obtained which has a modulation phase 90° removed 
from that of the azimuthal sweep voltage. After rectification by V9, 
this signal controls the action of the flopover V%. The latter triggers in 
opposite directions at two points which are symmetrical in scan angle 
with respect to the center of the sector displayed. The angular interval 
between these points is adjustable by means of the bias applied through 
the secondary of the isolating transformer ahead of the rectifier. The 
plate of Via controls the potential of the CRT cathode through d-c 
restorer V7a and its parallel resistor in such a way that the cathode-ray 
tube is turned on only when V&, is conducting. 

The range sweep and associated delay circuits are shown in the bottom 
row. The simple delay multivibrator is not intended for use in range 
determinations, but can be replaced by some such arrangement as that 
of Fig. 13-42 if accurate range measurements are to be made. 

Since only discrete sweep lengths are involved, the range-sweep 
flip-flop is switched along with the sawtooth generator in order to elimi
nate the vacuum tube otherwise required for an automatic "turn-off" 
circuit. Since the amplitude of the sawtooth is small compared to the 
supply voltage, it is sufficiently linear without special precautions. If 
continuous sweep-length control is desired, the circuits of Fig. 13-42 
should be substituted, the feedback voltages for the turn-off circuit and 
for the sawtooth generator being taken from the cathode of V-^. 

The sawtooth passes through the "phase-splitting" amplifier 71 5 t , 
which provides signals of both polarities for the push-pull sweep ampli
fiers. The cathode feedback of the final amplifiers is sufficient to give 
reasonably linear current amplification, since the push-pull action tends 
to compensate for tube nonlinearities. The high-frequency response is 
not good enough, however, to provide a linear displacement at the begin
ning of very fast sweeps. For this reason a " s t e p " is introduced at the 
beginning of the sawtooth by placing a small resistor in series with the 
charging condenser of the sawtooth generator. The sudden transfer of 
current from the switching tube Viha to the condenser circuit results in 
the abrupt appearance of a voltage drop across the resistor, thus providing 
the step. 

The above circuits can be used to produce a "micro-B" display by 
the expedient of gearing together the sweep-delay and the sector-width 
controls, and providing the proper normalization. A given normaliza' 
tion will be correct for only one sweep speed. 

1 Except for this requirement, this synchro could have a single-phase rotor. 
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In applications involving extremely rapid sector scans (several scans 
per second), synchros cannot be used and a variable condenser must be 
substituted for the scanner synchro. The oscillator frequency must 
then be much higher. No problem of sector selection is involved, since 
the rapid scanning covers only a narrow sector, which is completely dis
played at all times. 

A typical narrow-band video amplifier and a marker signal mixer 
are included for completeness. Incoming video signals of 8 to 10 volts 
are amplified by F 6 and applied to the cathode of the CRT. The tube 
Vla provides d-c restoration to assure the proper operating level. Elec
tronic range and angle indices from sources outside of the diagrams can 
be mixed into the double cathode follower F 9 and applied to the CRT grid. 
I t is assumed that both range and angle indices have positive polarity 
and that the potential of the angle-index lead is zero in the absence of a 
signal. 

If the center of the sector is fixed in azimuth, a great simplification can 
be brought about by driving amplifier Vt, Vt, directly from a potentiom
eter which replaces the remainder of the top row in the diagrams. The 
azimuth blanking circuit (Vn, V», Vt) can also be replaced by a simple 
cam-and-switch arrangement. If the scanner executes only a sector 
scan, even this is unnecessary. 

13-15. Plan-position Indicator.—As has been indicated in earlier 
sections (e.g., Sec. 12-2), PPI displays can be produced by any of several 
methods, which, in general, may be classified under three principal 
headings. 

1. The rotating-coil method, in which the range-sweep current is 
passed through a coil which is rotated about the tube neck in 
synchronism with the antenna motion. If "off-centering" is 
desired, it is provided by means of a fixed coil outside of the moving 
one. 

2. The "resolved time base" method, in which a sawtooth waveform 
is passed through a 2-phase resolver,1 practically always a synchro, 
and the resulting sweep "components" are utilized to energize 
orthogonal deflecting coils or plates. 

3. The method of "pre-time-base resolution" in which slowly varying 
sine and cosine voltages obtained from a d-c excited sinusoidal 
potentiometer or by rectification of signals from an a-c resolver are 
used to generate the necessary sawtooth. This method is used 
principally in cases where the scan is too rapid for the rotating-coil 
method and the antenna is so far away that the transmission of the 

1 In some cases a 3-phase synchro is used, and the resulting signals are passed 
through a resistor network which reduces the three phases to two. 
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slowly varying voltages is appreciably easier than would be the 
case with the sawtooth waveforms involved in the resolved-time-
base method. 

Methods 2 and 3 can be applied either to magnetic or to electrostatic 
cathode-ray tubes, but, because of their inferiority for intensity-modu
lated displays, the latter tubes are seldom used. 

The Rotating-coil Method.—Figure 13-44 illustrates the circuits used 
to produce the sweeps of a rotating-coil PPI , omitting such accessory 
parts as range-marker circuits, etc. The tubes Vi, Vz, V^, and 74 con
stitute a square-wave and a sawtooth generator similar to those of Fig. 
13-42 except that a diode clamp (F^,) is illustrated for variety in Fig. 
13-44. Tubes Vsa, Vib, and V6 constitute a feedback amplifier whose 
linear output current drives the deflection coil. The drop across the 
cathode resistor of V%, which is due almost entirely to the deflecting 
current, is fed back to the cathode of y5o. Because of the high gain in 
the feedback loop, this voltage faithfully reproduces the form of the 
original sawtooth, thus assuring the desired linear increase in the current. 
Since any current through V6 between sweeps would result in a circular 
rather than a point origin for the sweep, this tube is biased beyond cutoff. 
Since there is no feedback so long as F 6 is beyond cutoff, its grid is ele
vated very rapidly at the beginning of the sawtooth and there is thus no 
appreciable delay before the current starts. 

The deflecting coil is rotated by a mechanical repeater such as those 
described in Sec. 135. The diagram at the upper right illustrates one 
method of connection for an "off-centering" coil. 

This type of PPI can be made to have the greatest dependable accu
racy attainable with any type of intensity-modulated display. Mechani
cal repeater systems can, within certain limits of rotational speed, be 
made to have accuracies of a sfnall fraction of a degree, 0.1° being a 
common error limit. Since the range-sweep feedback amplifier is 
extremely faithful at little cost, the burden of accuracy in range falls on 
the sawtooth generator, for which precision parts of high constancy can 
easily be used. The principal disadvantages of the rotating-coil method 
are: (1) it is limited to continuous scanning rates of 30 to 60 rpm and to 
sector scanning of comparable angular velocity; (2) off-centering is 
extremely expensive in power, and cannot be used for displacements of 
more than two or three tube radii because of excessive distortion and 
defocusing; (3) for cases demanding minimum weight, even at the expense 
of accuracy, the rotating-coil PPI is less suitable than some other types. 

13-16. The "Resolved Time Base" Method of PPI Synthesis.—A PPI 
'can also be derived by passing a sawtooth waveform through a 2-phase 
resolver and using the resulting sine-and-cosine-modulated signals, with 
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or without amplification, to drive an orthogonal deflecting system (Fig. 
13-45). When amplifiers are used, or if an electrostatic tube without 
amplifiers is involved, the resolver must deliver sawtooth voltages into a 
high-impedance load; when a magnetic tube is used without amplifiers, 
sawtooth currents must be delivered to an inductive load. 

In principle the resolver may be a synchro, a potentiometer, or a 
condenser; a synchro is far the most satisfactory and, in spite of certain 
shortcomings, it is universally used. 

As in all cases of transmission of a nonsymmetrical signal through an 
a-c coupling, the d-c component of the signal is lost. This presents one 
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of the most serious difficulties involved in this technique. With a passive 
and linear load, the long-time average of both the current through the 
secondary of the synchro and the voltage across it must be zero (Wave
form B, Fig. 13-45). Thus the absolute current or voltage at the begin
ning of the modulated sawtooth will not be constant, but will change 
with the modulation amplitude and will reverse sign when the sawtooth 
does. As a result, if no corrective measures were taken, each individual 
sweep on the display tube would be displaced in the negative direction 
by a fixed amount and the locus of the sweep origins would be a "nega
t ive" circle. This difficulty has been overcome by two general methods, 
each of which has variations most suitable to particular circumstances. 
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The first method involves the use of clamps or switches in the second
ary circuit to force the potential or the current to zero in the interval 
between sweeps. So long as the sweep component has a given polarity, 
this can be very simply accomplished in the potential case by a d-c 
restorer (Sec. 13-9), and in the current case by a selenium rectifier in series 
with the secondary circuit. In cases where the scanning is confined to 
90° or less, these variations of the first method are the most satisfactory 
of all. If the scan covers more than 90°, one of the diodes must be 
switched in polarity from time to time—for example, by a cam arrange
ment on the scanner. If the scan covers more than 180° both of them 
must be so switched. Although it is difficult to switch quickly and 
smoothly enough to avoid aesthetically displeasing display irregularities, 
this method is quite satisfactory and is probably the simplest for the case 
of resolved currents, providing the scanning rate is not too high. A 
better and only slightly more expensive method of voltage restoration 
involves the use of a double clamp (Fig. 13-25) which connects the 
secondary to a point of proper potential between sweeps but releases it 
when the sweep begins. This is the most widely used method in the 
voltage case when polarity reversal is involved. No satisfactory series 
switches exist for analogous use with resolved currents. 

In the second method of correcting the sweep-origin difficulty, the 
positive and negative waveforms are "balanced" about the sweep origin 
either by introducing a precisely controlled negative waveform in the 
primary circuit between sweeps, or by arranging to trigger the trans
mitter automatically at the precise time when the secondary current or 
voltage passes through zero. Both variations involve a good deal of 
precision and are more costly than the switched clamps mentioned in the 
last paragraph as usable when voltage is involved. However, the 
present methods have been widely used in connection with resolved 
currents, since they require no switching elements in the low-impedance 
secondary circuit. 

Applications of these various methods will be described in connection 
with the following specific examples. 

Magnetic PPI Using Amplifiers.—Figure 13-46 shows the secondary 
circuit of a magnetic PPI of the resolved-time-base type using the 
method of clamping between sweeps. I t is supposed that the synchro 
is preceded by the sweep generator and amplifier of Fig. 13-44, except 
that the circuit of Ve is changed as indicated so that the feedback voltage 
is that across the synchro itself. 

The clamps on each of the amplifier grids of Fig. 13-46 are of the 
double-triode variety illustrated in Fig. 13-25a. They are switched by 
the same flip-flop (rectangular-wave generator) that controls the saw
tooth generator,, and are thus closed during the entire interval between 
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sweeps. The switched clamps shown can be replaced by simple d-c 
restorers if the scan covers less than 90°. The final sweep amplifiers are 
of the cathode-feedback type used in the B-scope of Fig. 13-43. 

The centering of the PPI can be adjusted by setting the potentiom
eters controlling the clamping points. If extreme off-centering moves 
the amplifier grids out of their normal operating range, a delay occurs at 
the beginning of the sweep which gives the effect of a virtual center at the 
desired point. By using an extremely high-voltage sawtooth, off-center
ing of as much as six to eight tube radii has been provided. For such 
extreme amounts of off-centering, it is best to insert cathode followers 
between the potentiometers and the clamps. 

The dependable accuracy obtainable with the resolved-time-base 
method is not so great as can be obtained with a rotating-coil PPI, 
although with care it can be made nearly as good except on very fast 
sweeps. However, the present method has much less severe limitations 
with respect to scanning speed, and provides a much greater degree of 
usable off-centering than does the rotating-coil scheme. 

Its weight is somewhat less and its power requirements somewhat 
greater than those typical of the rotating-coil variety without off-
centering. When off-centering must be provided, the present method is 
far lighter and less costly in power. 

The technique just described can be applied to electrostatic tubes 
by substituting voltage amplifiers in the final driving stages, or in some 
cases by eliminating amplifiers entirely and connecting the clamped 
points directly to one member of each pair of deflecting plates. Unless 
weight and power consumption are extremely critical, the saving effected 
does not justify the sacrifice in quality entailed. 

13-17. Re solved-current PPI.—When the deflection coils are driven 
directly by the synchro, the amplifiers of Fig. 13-46 are eliminated, with 
the result that the indicator is considerably simplified and errors due to 
imperfections in the amplifier response are avoided. These advantages 
are accompanied by certain restrictions which will appear below. 

In order to reduce the effects of distributed capacity in the synchro 
and the deflecting coils, and of the shunt capacity of the cables, low-
inductance windings of few turns are used throughout. The synchro 
rotor is matched to the driving tube by a stepdown transformer. Since 
the secondary circuit is almost purely inductive (ideally it would be 
precisely so), its current waveform will resemble that in the primary of 
the transformer, and a current amplifier similar to that driving the deflec
tion coil of Fig. 13-44 is appropriate. In many cases imperfections in the 
transformer are overcome by taking the feedback from its secondary 
circuit. 

The low deflection sensitivity of the sweep coils renders it impractical 
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to use them for off-centering; therefore, when this is desired, separate 
coils are provided on the same form. Since they are inductively coupled 
to the sweep coils, the number of turns in the off-centering coils must also 
be limited. Off-centering is therefore expensive in current, and its 
extreme amount is usually limited to not more than two tube-radii. 

Since vacuum tubes are not appropriate as switches in such low-
impedance circuits, it is not possible to fix the sweep origin by methods 
analogous to that of Fig. 13-46. It has been necessary to use either the 
method of a series dry-disk rectifier switched (if necessary) by the scan
ner, or to apply some method of waveform balance. Applications of 
these methods appear in the following descriptions. 

The Use of Series Rectifiers.—Figure 13-47 illustrates those parts that 
must be added to the sweep generator and amplifier of Fig. 13-44 to 
produce a complete PPI involving the use of disk rectifiers. By provid-

FIG. 13-47.—Resolved-current PPI using switched rectifiers. 

ing two rectifiers for each secondary as indicated, only one point need be 
switched. Optimum smoothness at the instant of switching is accom
plished if contact is made through the second rectifier before the first 
one is opened, so that the circuit is never broken. 

This method has the virtue of extreme simplicity and in many cir
cumstances it gives excellent performance. However, it has two princi
pal limitations in addition to the restriction on off-centering mentioned 
above: the mechanical switching limits ±he scanning rates at which it can 
be used, and some distortion is introduced on " long" sweeps (more than 
50 miles) by the low but appreciable resistance of the rectifiers. If this 
resistance were constant, the only effect would be a droop caused by 
inadequate low-frequency response. This droop could easily be over
come by shaping the primary waveform, but unfortunately the rectifier 
resistance is nonlinear, being much larger at very low than at intermediate 
or high currents. As a result, the effect of the rectifier resistance changes 
with scan angle. "Circles" of equal range are slightly "squared," the 
"corners" coming at the 90° positions.1 

1 This effect should not be confused with the "square circles" found on certain 
early PPI's of the type shown in Fig. 13-46. These errors, which resulted from 
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Automatic Triggering of the Transmitter.—Waveforn balance by trigger
ing the transmitter as the secondary current reaches zero is illustrated 
in Fig. 13-48. Since the voltages in the secondary circuits are low, the 
signal from the cathode resistor in the sweep amplifier is used to provide 
the required information. This signal is passed through a network whose 
voltage response is equivalent to the current response of the deflection-
coil circuit, and from there to the first stage of a high-gain amplifier. The 
grid of the first amplifier tube is so biased that in the absence of signal it 
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Fia. 13-48.—Resolved-current PPI using automatic transmitter triggering. 

is exactly at cutoff. Thus when a sweep is being applied this grid will 
pass upward through its cutoff ppint at exactly the same time that the 
deflecting current is passing through zero. The remainder of the saw
tooth is therefore amplified and, by suitable overdriving and clipping, can 
be turned into a rectangular wave. The transmitter trigger is then 
derived from the front edge of this rectangular wave, and the wave itself 
serves to intensify the cathode-ray tube. 

If a simple sawtooth is used, the maximum useful sweep duration has 
an upper limit of half the pulse period; somewhat less can be realized in 

inadequate high-frequency response in the synchro and amplifiers, and from cross-
coupling in the former, were troublesome only on fast sweeps. Furthermore the 
"corners" were at the 45° rather than the 90° positions. 
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+300v 

practice because of the finite time for sweep "recovery." By using a 
trapezoidal waveform, in order that the time spent at maximum "nega
tive" current become appreciable, sweep duration can be increased to 
about 60 per cent in practice. This is easily accomplished through the 
medium of a resistor in series with the integrating condenser of the saw
tooth generator, as is explained in Sec. 1314. 

This form of resolved-current PPI has been successfully used in the 
lightweight airborne equipment (AN/APS-10) described in Sees. 15-12 
to 15-14. As is shown in Fig. 13-48, the synchro is driven directly by the 
amplifier without a transformer. The synchro secondary and the deflec
tion coil (which is wound in a standard synchro stator form) have 3-phase 
rather than 2-phase windings. The equipment is light in weight, com
paratively simple and economical. Its principal drawbacks are the 
limited duty ratio, the precision required in the triggering circuit, and 
the limited off-centering attainable. No off-centering is used with the 
3-phase system of Fig. 13-48; when 
it is desired, 2-phase windings are 
more suitable. 

The Use of Special Waveforms. 
The method that will now be de
scribed is similar to that just 
treated in that positive and nega
tive signals are "balanced." It 
differs, however, in that the wave
form includes a quiescent period, 
i m m e d i a t e l y preceding each 
sweep, during which the waveform 
has its average value, so that 
there is no necessity for precise 
control of the trigger (Fig. 13-45). 
The required waveform in the pri
mary is derived by the introduc
tion, immediately following the 
sweep proper, of a signal of opposite polarity whose time integral is 
exactly equal to that of the sweep. Both sinusoidal and rectangular 
waves have been used, but only the former will be discussed here. 

A waveform of the proper type can be generated by the Miller-type 
circuit (Sec. 1310) shown in Fig. 13-49. When the grid of V\ is released 
by opening the switch, it quickly rises to cutoff and a negative sawtooth 
begins on the plate. The form of this wave is practically independent of 
the load impedance, which is in this case made up of the inductance L, V2, 
and R2 in series, and the various capacities. The a-c component of cur
rent in the coil is at any instant given by 

13-49.—Balanced-waveform generator 
using an inductance. 
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and is therefore proportional to the time integral of E. When E reaches 
the desired maximum value, the switch is closed and V \ is disconnected. 
The sudden termination of its current results in an oscillation of L and its 
associated capacity. The plate end of the inductance swings positive, 
disconnecting V2 as the potential rises past the 200-volt level. On the 
down-swing, F 2 becomes conducting again and clamps the inductance to 
the 200-volt point, resulting in the waveform shown. The amplitude of 
the oscillation is dependent upon the energy stored in the inductance at 
the end of the sawtooth, which in turn is determined by the current and 
hence by the "a r ea" under the sawtooth. I t can be rigorously proved 
by analysis that this amplitude must be such that the average voltage 
across the inductance (neglecting its resistance) is zero during the wave
form. We shall be content with the general statement that this must 
be so since, in the absence of resistance, the average potential across 
an inductance during a completely closed cycle must be zero regardless of 
waveform. Therefore in this case the initial, the average, and the final 
values of the waveform are identical and it is "balanced" as desired. 

A complete circuit using this method is illustrated in Fig. 13-50. The 
Miller circuit is switched by the double-diode clamp V3, Vit which in turn 
is controlled by the cathode-coupled flopover Vi, Vt. The latter is 
automatically terminated at a fixed sawtooth amplitude by the signal 
passed through the biased diode Vs. The Miller circuit is like that 
described in connection with Fig. 13-49, except that Vi (V3 of Fig. 13-49) 
is biased somewhat below 200 volts, thereby introducing a small correc
tion to take care of inadequacies in the response of the deflection system. 
The potentiometer P i allows a wide variation in the sweep speed used, 
and P3 adjusts the pattern to proper size. 

The amplifier uses negative feedback of a signal taken across a resistor 
in the transformer secondary, thereby correcting for deficiencies in trans
former response. In contrast to previous cases, the final stage of the 
amplifier is driven negative during the actual sweep; thus the induced 
voltage on the plate is positive and the tube does not "bog down." The 
high potential needed for quick recovery when the current is rising again 
is provided by the joint action of Li and Ci. During the sawtooth a large 
positive voltage is induced in Lh and Ci is charged accordingly. When 
the current derivative reverses at the end of the sawtooth, the voltage is 
temporarily maintained at a high level by Ci, and, in spite of the induced 
voltage across the transformer, the plate of the tube remains at a work
able voltage level during the rapid back-swing. The choice of polarities 
is such that the interval in which Ci aids the plate supply is short. 
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The performance of this type of PPI is comparable to that in which 
the transmitter trigger is generated automatically. Technically, it 
involves fewer parts, its method of area balancing has somewhat greater 
reliability, and it has the advantage of being usable with self-synchro
nous modulators. In common with all balanced-waveform methods, its 
duty ratio is limited to some 50 to 60 per cent unless excessively large 
peak currents are used in the balancing waveforms. 

13-18. The Method of Pre-time-base Resolution.—In certain cases 
it is desirable to transmit the scanner data in terms of slowly varying 
sine and cosine voltages derived from a sine-cosine potentiometer, or by 
the modulated-carrier technique used in the B-scope of Sec. 1314. These 
are used as potential sources for sawtooth generators, as indicated in 
Fig. 13-51, where the switches represent double-sided clamps that are 
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F I G . 13-51.—Pre-time-base resolution method of P P I synthesis. 

opened during the sweep interval. Thus the signals at the input to the 
amplifiers are sine-and-cosine-modulated sawteeth of precisely the same 
nature as those obtained by passing a sawtooth through a synchro. The 
amplifiers can, therefore, be identical with those of Fig. 13-46. If it is 
too inconvenient to provide both polarities, one can be omitted in each 
circuit and a phase-inverting amplifier inserted between the sawtooth 
generator and the final amplifiers. In this case, however, it will be neces
sary either to use d-c coupling (which is difficult) or to provide clamps on 
the grids of the final amplifiers. 

This method can be used at very high scanning speeds, since it is 
possible to use a variable condenser for carrier modulation. It has 
advantages over the resolved-time-base methods when very fast sweeps 
are used, since there is no starting delay such as that introduced in passing 
sweeps through a synchro. It can also be advantageously used when the 
scanner is so remote as to make the transmission of sweep signals by 
cable difficult, and when the scan is at the same time too rapid to permit 
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the use of mechanical repeaters. An extreme case is that of radar relay 
(see Chap. 17). Many of these advantages make the technique par
ticularly appropriate for use on range-height indicators. 

On the other hand, under average conditions, pre-time-base resolution 
is considerably less satisfactory than the methods previously described. 
The sine potentiometer, though simple, is prone to troublesome irregu
larities which cannot be completely filtered, except on extremely slow 
scans, without causing phase lags in the basic scanner data. The use of 
a carrier and of demodulators introduces considerable complexity com
pared with methods described earlier. The necessity of maintaining the 
sawtooth generators in proper normalization in order to avoid distortion 
is somewhat of a burden compared to other cases where only one such 
generator is involved and where, furthermore, any lack of constancy 
affects only the size and not the fidelity of the display. 

13-19. The Range-height Indicator.—Any off-centered PPI can be 
used as a range-height indicator by substituting elevation angle for 
azimuth, providing the indicator can follow the scanner involved. In 
most cases, it is desirable to present height on a scale that is considerably 
expanded in comparison to that used for the display of ground range. 
In consequence the most adaptable PPI techniques are those in which 
each cartesian coordinate has, its own amplifier which permits the desired 
height expansion to be provided simply by increasing the gain of the 
proper channel. The methods of Figs. 13-46 and 13-51 can both be used 
in this way. 

Simplification can usually be effected. The horizontal sweep always 
occurs on the tube face in one direction from the origin. In many cases, 
this is also true of the vertical component. (Sometimes negative heights 
are involved when the radar is on an elevated site.) Furthermore, it is 
often possible to use one or both of the approximations sin 8^8 and cos 
8 ~ 1. In any case in which a sweep component is unipolar, the clamps 
of Fig. 13-46 can be reduced to unswitched d-c restorers, and the switched 
clamps of Fig. 13-51 can become single-sided, though still being switched. 
The approximation cos 8 ~ 1 allows the use of unmodulated sweeps in 
the horizontal direction; this is of no particular virtue if the resolved-
sweep technique is used, but provides a considerable saving in connection 
with the use of a modulated carrier. The approximation sin 8 ~ 8 allows 
the use of linear data transmitters, such as linear potentiometers and 
condensers. 

Since the applications of Fig. 13-46 and Fig. 13-51 to use with an 
RHI are fairly obvious, no attempt will be made to discuss them specifi
cally. Instead, a brief description will be given of an RHI for use with 
rapid scans including the "sawtooth" type developed by certain electrical 
scanners (Sees. 9-14, 9-15, and 9-16). I t is assumed that sin 6 « 8 and 
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cos 8 — 1 are sufficiently good approximations. In Fig. 13-52, informa
tion for the vertical sweep is derived by modulating a high-frequency 
oscillation by a variable condenser, using the voltage-dividing circuit of 
Fig. 13-7. This is peak-detected by the cathode follower V\, whose 
cathode circuit has a time constant that is long compared with the 
period of oscillation. The cathode and grid of Vi are so biased that 
the former is at ground potential in the absence of signal. The demod
ulated voltage controls a sawtooth generator of the ordinary type, thus 
providing sawteeth modulated in proportion to the elevation angle. 
These are passed through a phase splitter and a push-pull amplifier to 
the vertical deflecting coils. Since the sweep is always in the same 
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F I G . 13-53.—V-beam height indicator. 

direction, d-c restorers provide adequate clamping on the output stages. 
The horizontal sweep, of constant amplitude, is generated in the ordinary 
way and amplified as was the vertical one. Off-centering is provided 
by proper biasing of the driver tubes. A delay can be used in the 
horizontal circuit to allow a distant range interval to be examined in 
detail. (If this is not a requirement, the same flip-flop can be used for 
both sawtooth generators.) A controllable height marker can be 
derived, if desired, by applying the modulated sawtooth to a biased-diode 
delay circuit, as explained in Sec. 13-12. 

V-beam Height Indicator.—In the F-beam height indicator (Fig. 
13-53), a linear potentiometer turned by a mechanical repeater provides 
the azimuth data, a differential gear allowing control of the sector 
displayed. The vertical deflection is obtained by adding, in the driving 
amplifiers, a slowly varying voltage proportional to the azimuth angle 
measured from the edge of the sector chosen and a range sweep modulated 
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by the same azimuth voltage. The horizontal sweep is unmodulated but 
arranged to permit delay in discrete steps. Height is read from an 
engraved scale as explained in Sec. 6-12. If several scales are to be used 
in connection with delayed sweeps, the reflection method of Fig. 7-4 is 
used. 

SIGNAL DISCRIMINATION, RESOLUTION AND CONTRAST 
The factors that influence the discernibility of a simple radar echo 

signal against thermal noise have been discussed in Chap. 2 and in the 
early sections of Chap. 12. We have seen that the characteristics of 
the receiving equipment which influence this matter most profoundly 
are the noise figure and bandwidth of the receiver, the integrating 
properties of the cathode-ray tube screen, and the type of display. To a 
lesser extent the cathode-ray-tube spot size and the scale-factor of the 
display also play a role. Section 12-8 points out methods of increasing 
the signal discernibility in the presence of various forms of radiant 
interference by taking advantage of differences between the desired 
and the undesired signals, and shows that to some extent these same 
techniques aid in distinguishing a point target from more diffuse ones. 
Chapter 16 describes an extremely elegant method by means of which 
a given target can be readily distinguished from its surroundings, pro
viding it is in motion with respect to those surroundings and that they 
are at rest or have a uniform mass motion. 

The following paragraphs will discuss another aspect of the discrim
ination problem—that of the presentation of a multiple or complex 
picture when it is not desired to suppress any of the information but 
rather to present it in as detailed a manner as possible. 

13-20. Resolution and Contrast.—In order to distinguish between 
objects or among different parts of the same object it is necessary that 
they be resolved. The characteristics of the receiving equipment which 
influence resolution are the bandwidth of the signal channel, which 
affects range resolution, and the spot size and scale factor of the display, 
which also affect range resolution and to a lesser extent angular resolution 
as well. Since factors concerned with the display are least under control, 
and since their limitations often fix the limit of useful bandwidth, they 
will be discussed first. 

The spot size of a cathode-ray tube depends upon the tube type, 
the performance of the individual tube, the voltage employed, the 
design of focus and deflecting coils, and the intensity level at which 
the tube is operated. In the series of magnetic tubes used for radar, 
spot size is roughly proportional to the tube radius and is usually such 
that between 150 and 200 spots can be resolved along the display radius. 

In this discussion, the number of resolvable spots in a radius mil 
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be taken as 180. On a range sweep of length R nautical miles, the 
number of radar pulse lengths resolvable in principle is 1 2 - 2 R / T , where T 
is the pulse length in microseconds. Thus, on a centered PPI, the 
fundamental pulse-length resolution and the spot-size resolution are 
equal when 12-2R/T = 180, or R ~ 15 when r = 1. Accordingly, on 
a set with a l-^sec pulse, a 15-mile centered PPI will have the full inherent 
range resolution; a 100-mile PPI will reduce it approximately sevenfold, 
and so on. This reduction in resolution can be overcome by the use of 
expanded displays, but often this measure restricts the field of view. 

Fortunately for the indicator designer, however, this is not the 
entire story. For one thing the operator cannot, except on the fastest 
sweeps, realize the fundamental range resolution without optical aids 
even if the display were to make it available; indeed, on a 5-in. tube 
the spot-size resolution for a 100-mile sweep is nearly as good as can be 
comfortably used, although on a 12-in. tube it is three or four times 
worse. Second, range resolution alone is of limited usefulness if it is 
accompanied by poor angular resolution; here the fundamental limitation 
is usually not the indicator but the azimuthal beamwidth. The angular 
width of the CRT spot on any PPI is given in radians by R/180r, where R 
is the radius of the tube and r is the distance from the range origin to 
the spot in question. This width will be equal to the beamwidth 9, 
measured in degrees, when 57ff/180r = 6 or R/r = 36. Thus, even 
for a 1° beam, the display resolution exceeds the fundamental resolution 
for all points farther from the origin than one-third of a tube radius. 
The cathode-ray tube is usually not the limiting factor in over-all angular 
resolution, although in certain cases of accurate range measurements or 
of observations on groups of aircraft or ships at long range, better range 
resolution on long-range displays would be useful. Frequently, however, 
the need for high dispersion requires expanded displays quite apart from 
question of resolution. 

The above discussion shows that in general the cathode-ray tube 
imposes a severe restriction in range resolution on any but the fastest 
sweeps. It is therefore apparent that unless fast sweeps are to be used 
there is no point in going to extreme bandwidths in the receiver. In 
most cases the receiver bandwidth need not be so great as to impair 
seriously the signal-to-noise discrimination. I t should be borne in 
mind, however, that with too small a bandwidth, a signal far in excess of 
the limit level has a much greater duration after limiting than has a 
weak signal. 

Contrast.—The contrast of the display depends upon the character
istics of the screen and upon the way in which it is excited. Unfortu
nately present tubes of the persistent type have serious shortcomings in 
contrast. The screen material has a natural color much like that of the 
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phosphorescent light, so that contrast is reduced by reflected light. The 
necessary thickness of the screen tends to blur the edges of the signals 
and thus reduce contrast gradient, as do also limitations in the sharpness 
of focus of the electron beam. Many screens also have a certain amount 
of graininess which contributes to the reduction of contrast gradient. 

Contrast between signals of different intensities is especially impor
tant in overland flying, where it is essential to be able to distinguish land 
from water and at the same time to have good contrast between weak 
echoes from ordinary terrain and the much stronger ones from built-up 
areas. Unfortunately the range of echo intensities involved is so great 
that, if the receiver has gain high enough to render the terrain visible, 
the signals from built-up areas must be drastically limited to avoid 
"blooming" of the cathode-ray tube, and detail is destroyed. If the 
gain is low enough to preserve detail, the land background is not visible. 

This difficulty is made worse by the nonlinear response of the cathode-
ray tube. As was previously mentioned, the beam current in a magnetic 
tube is proportional to the cube of the grid-voltage swing measured from 
cutoff, which is the operating point in the absence of signal. This 
means that a signal of, for example, half the voltage of a limited signal 
will, in principle, give only one-eighth as much light intensity. In actual 
fact the difference is not so great as this, because of the tendency of the 
screen to saturate on strong signals. This nonlinearity reduces con
siderably the difference in voltage between those signals that are just 
strong enough to produce a visible result and the level at which strong 
signals must be limited. I t is possible to introduce a nonlinear element 
in the video amplifier to compensate for the tube characteristic, and this 
has been done with some success. No really satisfactory circuit of this 
sort has been devised, no doubt because the need for it was fully appre
ciated only recently. Even with a linear CRT grid characteristic, 
the problem of narrow dynamic range would be a serious one. General 
methods of attacking it will now be described. 

13-21. Special Receiving Techniques for Air-to-land Observation.— 
Some improvement in the ability to distinguish land from water and 
at the same time to see detail in built-up areas can be effected by using 
the anticlutter techniques described in Sec. 12-8. Fast time constants, 
instantaneous automatic gain control, and other such circuits tend to 
suppress saturation on long blocks of signals and to make full use of 
changes in the signal intensity. Unfortunately the use of such measures 
results in an unnatural appearance of the display which makes inter
pretation exceedingly difficult. Shorelines, for example, stand out 
very strongly, as do changes in the terrain. Similarly a solidly built-up 
area appears chiefly in outline, with other strong signals at points of 
changing signal intensity. Consequently, although they are extremely 
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F I G . 13-55.—Effect of three-tone P P I . (a) AN/APS-15 scope photo of Boston without 
three-tone; (b) AN/APS-15 scope photo of same area with three-tone. 
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valuable for certain purposes, anticlutter measures leave much to be 
desired in the situation under discussion. 

The "Three-tone" Method.—A simple but extremely effective method 
of retaining detail on high-intensity echoes while still providing land-to-
water contrast is illustrated in Fig. 13-54. At some point in the receiver, 
ahead of any saturation or limiting, the signals are split into two channels, 
in one of which they are amplified much more than in the other. If the 
signals are not already in video form, each channel includes a detector. 
In any case, each contains a limiter, the one in the low-gain channel 
being set at approximately twice the level of the other. The two sets of 
signals are mixed beyond the limiters and then passed through a standard 
video amplifier. As the waveform diagrams show, the result is to 
enhance the strength of the land echoes without destroying the detail 

F I G . 13-56.—Logarithmic receiver. 

in those from the built-up areas. A "before and after" picture is shown 
in Figure 13-55. 

Many variations of this technique are possible. One, which has 
been applied to existing sets in which an additional channel is difficult 
to install, consists of switching the gain up and the limit level down on 
alternate pulse cycles by means of a scale-of-two multivibrator, the 
results being added on the cathode-ray-tube screen. The results are 
almost indistinguishable from those obtained by the use of two channels. 

The Logarithmic Receiver.—A more involved method of increasing 
the dynamic range of the system is by use of the so-called "logarithmic" 
receiver, whose gain characteristics are such that the response varies 
approximately as the logarithm of the input signal. One method of 
attaining such a response, which is actually an extension of the three-tone 
method, is illustrated in Fig. 13-56. At low signal levels the principal 
contribution is from the last stage, where the over-all gain is highest. 
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As the signal level increases, the last stage saturates and can contribute 
no more. By this time, however, the contribution from the preceding 
stage has become appreciable and the output continues to increase, 
but at a lower rate than that occurring when the gain of the last stage 
was included. Eventually the second stage saturates, and the gain 
drops to that from the next preceding stage, and so on. Thus the total 
signal range is compressed, but there is no complete saturation even on 
very strong signals. Such receivers have not had very extensive tests 
with conventional airborne radar, but the rather meager results have 
shown promise. One variant that has not been tried, to the author's 
knowledge, is to use different saturation (or limit) levels in the various 
channels, as in the three-tone method, making this a "multi-tone" 
device. 



CHAPTER 14 

PRIME POWER SUPPLIES FOR RADAR 
B Y M. M. HUBBARD AND P. C. JACOBS 

Radar equipment requires for its operation high-voltage (1000- to 
10,000-volt) direct current, medium voltage (300- to 600-volt) direct 
current, and power for vacuum-tube heaters which usually can be either 
alternating or direct current. Normally, the desired d-c voltages are 
obtained from an a-c supply by the use of transformers and rectifiers, 
either of the thermionic or of the dry-disk type. Power supply design 
varies with the application, and differs for aircraft installations, ground 
system installations, and ship installations. 

AIRCRAFT SYSTEMS 
Radar power in aircraft should, if possible, be obtained from directly-

generated alternating current. Where this is not practicable, means exist 
to convert low-voltage direct current from the aircraft electrical system 
to the desired type of supply voltage. 
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Aircraft electrical systems today are normally 12-volt or 24-volt 
direct current. A few aircraft have 110-volt d-c supply. Ratings are 
nominal; a "24-volt" aircraft system usually supplies 27.5 ± 2.0 volts. 

14-1. Choice of Frequency.—One of the most controversial points in 
early radar development was the selection of the a-c frequency to be 
used as primary radar power. A transformer correctly designed for the 
frequency / will behave tolerably at frequencies up to 3/, but will burn 

555 
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up at a frequency of f/2. The general equation for induced voltage in 
a transformer 

* = * ■ » ■ £ (1) 

gives, for a fixed core area, 

E = k n - A ^ , (2) 

where k is a constant, n the number of turns in the winding considered, 
<t> the flux linking these turns, A the area of the core, and B the magnetic 
induction in the core. For sinusoidal voltages of frequency /, 

£"„„ = k-n-f- A- 5„» . (3) • 

Thus if / is halved, B™ must double for a fixed input voltage, all 
other terms being constant in any given case. Since losses in the iron 
are a function of B^a, doubling Bm** produces an immense increase in 
magnetizing current and in core loss. The core area and thus the weight 
of the transformer as a whole can be decreased as / increases because of 
the corresponding reduction in Bm„. By going from 60 cps to 400 cps, 
savings in transformer weight of 50 per cent are attainable. Core area 
cannot be much further reduced by increasing / from 400 cps to 800 cps, 
as iron losses per pound for constant Bm.« increase more than linearly with 
frequency. Weight savings of 10 per cent at most are obtainable by 
this change in frequency. 

Performance of rotating equipment must be considered, as well as 
that of transformers. For stable performance and minimum weight 
of alternators and a-c motors, 400 cps is preferable to 800 cps. (See 
Sec. 14-2 on wave shape.) The majority of existing airborne radar sets 
are designed for 400-cps minimum supply frequency, and it appears that 
this will continue to be the nominal standard. Variable-frequency 
alternators are also used; they commonly give a 2 to 1 ratio between 
minimum and maximum frequencies, depending on the speed of the 
aircraft engine. Ranges often encountered are 400 cps to 800 cps, 
800 cps to 1600 cps, and 1200 cps to 2400 cps. Table 14-2 shows the 
power frequencies used in Allied military aircraft during the past war. 

TABLE 14-2.—STANDARD POWER FREQUENCIES 
User Frequency, cps 

USAAF 400 fixed 
USAAF 400 to 800 variable 
USN 800 fixed 
USN 800 to 1600 variable 
USN 400 to 800 (3*) variable 
R A „ f 1200 to 2400 variable 

11300 to 2600 variable 
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14-2. Wave Shape.—Since all electric power used for radar is con
verted to direct current or is used for heating, there is no inherent require
ment for sinusoidal wave shape.1 However, an alternator furnishing 
voltage of poor waveform may show very marked changes in waveform 
when its load is changed. Since a stable d-c voltage is the final require
ment in most radar power supplies, it is necessary to maintain a fixed 
relationship between the maximum voltage and the rms voltage, whose 
ratio is called the "c res t " or "amplitude factor." The output d-c 
voltage / or rectifier circuits employing condenser input will be a function 
of the crest voltage. For rectifiers employing choke input, the ratio 
of rms voltage to average voltage is important; this ratio is called the 
"form factor." These two ratios should be as constant as possible under 
all load conditions. This condition is more easily met by the use of 
alternators with low subtransient reactance. Practically, it is preferable 
to employ conventional salient-pole rotating-field synchronous alter
nators designed for 400 cps, rather than high-impedance inductor alter
nators operating at higher frequencies. Although the reactance of an 
inductor alternator can be neutralized by a series capacitance (as is done in 
the Model 800-1-C Bendix 800-cps motor-alternator) such balance is com
pletely effective only at one value of a load exhibiting fixed power factor. 
Changes in load cause changes in wave shape. Thus, even if the voltage 
regulator (Sec. 14-5) behaves perfectly and maintains constant E„ or 
.Em., the output d-c voltage applied to the radar may vary excessively. 
(See Fig. 14-1.) 

Furthermore, individual machines of the inductor-alternator type 
show wide variation in characteristics. Crest factors measured for 
different machines of a given type have shown variations in the range from 
1.15 to 1.75. When power is to be derived from an alternator of this 
type, transformers for radar rectifiers should be provided with primary 
taps, and filament supplies should be obtained from separate transformers. 

14-3. Direct-driven Alternators.—Since all power is ultimately 
derived from the rotation of the aircraft engine, fewer devices that can 
cause trouble are required if mechanical rotation is used directly to 
drive an alternator. A direct-driven alternator will normally furnish 
alternating current whose frequency varies with engine speed. This is 
usually satisfactory for radar operation. In some complex components, 
such as equation-solving circuits, and for synchro applications, fixed 
frequency is necessary. In these cases it is often desirable, particularly 
where the a-c loads are heavy, to obtain that part of the load which can 
be allowed to vary in frequency from an engine alternator, using a small 
inverter set to obtain the fixed-frequency power needed. 

1 One exception to this statement should be mentioned. In an a-c resonance 
charge modulator, the generator must produce a good sine wave. 
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For loads approaching 1 kw, particularly in the case of systems with 
heavy current demands, weight savings can be appreciable if 3-phase 
generation is employed. No saving in transformer weight is usually so 

F I G . 14-2.—Eclipse NEA-7 dual-voltage generator. 

I Gear box 

FIG. 14-3.—General Electric dual-output gear box and generators for 3-phase a-c radar power 
and aircraft d-c supply. 

obtained, but the alternator is lighter or more reliable, and filters for the 
higher ripple frequency are appreciably smaller and lighter. In one 
specific case, a 3-phase power supply furnishing 3-kw direct current 
showed a saving of almost 70 lb over the equivalent single-phase unit. 
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In many cases, a limit on the number of engine mounting pads will 
force the use of a dual-purpose generator such as the Bendix Aviation 
Corporation NEA-7, which delivers 125 amp of 27.5-volt direct current 
and also, independently controlled in voltage, 2500 va of single-phase, 
115-volt alternating current at 800 to 1600 cps for shaft speeds of 4000 
to 8000 rpm. (See Fig. 14-2.) A typical example of a large 3-phase 
direct-drive alternator is the General Electric Company 10-kva 3-phase 
208/120-volt 400- to 800-cycle machine shown in Fig. 14-3. This 
photograph shows the installation as designed for use in TBM-3 aircraft, 
using an auxiliary gear box to obtain dual output from the TBM-3's 
single engine pad. This expedient is usually much more successful than 
attempting to convert (with low efficiency) direct current to large 
' ' b i t es" of alternating current. When pressed for output mounting-pad 
space it is well to consider such "dual outlet" gear boxes. Often such 
a box can be employed with older engines (2000- to 4000-rpm jack-shaft 
speed) to utilize high-output 4000- to 8000-rpm alternators by incorpo
rating a step-up ratio in the box. Such a gear box was designed to 
permit use of the same General Electric Company generator with the 
low-speed jack shafts of the B-17-G aircraft engines. 

Large aircraft of the future will probably have electrical systems 
furnishing 3-phase 400-cps fixed-frequency power at 208/120 volts 
(120-volt phase to neutral, 208-volt phase to phase). This will give 
200/115 bus voltages. Preliminary tests indicate that such systems, 
especially those having several large generators in parallel, will be stable, 
reliable, and directly usable for radar.1 

Summary of Alternatives to Direct-driven Alternators.—If direct-
driven alternators cannot be employed in any given case, or if the power 
requirements are so small as to render a special generator impractical, 
there are five alternatives: 

1. Motor-alternator sets. D-c motor input, 400- or 800-cps output. 
2. Inverters. Same input and output as (1) but with a single mag

netic circuit—a true inverter. 
3. Dynamotors. Low-voltage d-c input, high-voltage (or voltages) 

d-c output. 

1 H. E. Keneipp and C. G. Veinott, "A 40-kva, 400-cycle Aircraft Alternator," 
AIEE Transactions, 63, 816-820 (November 1944). 

L. G. Levoy, Jr., "Parallel Operation of Main Engine-driven 400-cycle Aircraft 
Generator," AIEE Transactions, 64, 811-816 (December 1945). 

W. K. Boice and L. G. Levoy, Jr., "Aircraft Alternator Drives," AIEE Trans
actions, 64, 534-540 (July 1945). 

M. M. Hubbard, "Investigation of 3-phase 208/120-volt 400-cycle Aircraft 
Alternators," RL Group Report 56-061545. 
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4. Mechanical vibrators. Low-voltage d-c input, output direct 
current or 120-cps alternating current or any combination. 

5. Electronic inverters. Low-voltage d-c input, output as desired. 

The options (2) and (5) can be discarded at once. Electronic invert
ers, although theoretically the most desirable, are practical only for 
power levels of a few watts because of low efficiency arising from tube 
plate-drop. Inverters are usually undesirable because they cannot be 
regulated. This leaves motor-alternators, dynamotors, and vibrators. 
Practical limitations on commutator diameter, voltage per bar, and 
operation at altitude restrict the use of dynamotors. For example, 
it is never wise to attempt to use dynamotors with outputs above 1200 
volts. Motor-alternators with voltage regulators are the most reliable 
conversion means. 

14-4. Motor-alternator Sets.—Table 14-3 gives common sizes of 
motor-alternator sets now in use. 

TABLE 14-3.—COMMON SIZES of MOTOR-ALTEHXATOR SETS 

Capacity, va 

100 
250 
500 
750 
8 4 0 ' (1000) 

1500 
2500 

Frequency of 
output , cps 

400 
400 
400 
400 
800 
400 
400 

Phases 

3 
1 or 3 

1 
1 or 3 

1 
1 
1 

Weight, 
lb 

13 
23 
38 
32 f 
55 
75 

v a / l b 

19.2 
21 .8 
19 .8 
2 6 . 2 (31.5) 
2 7 . 2 
33 .4 

* 840 is nameplate rating. For operation below 10,000 ft with blast cooling, 1000 va are obtainable. 
t Includes weight of external r-f fitter and 12-^f series condenser. See Figs. 14-8, 14-16, 14 17, 14-21 

for pictures of some commonly used 400-cycle motor-alternators. 

For heavy-current duty, particularly at high altitude, brush wear 
becomes a problem. Care should be taken to see that all rotating 
devices using brushes requiring operation at altitudes above 20,000 ft 
have suitable "high-alti tude" brushes.1 

Starting currents are often a serious problem in the case of motor-
alternator sets rated at 750 va or more since they may be 5 to 10 times 

1 L. M. Robertson, "Effect of Altitude on Electric Apparatus," Electrical Engineer
ing (June, 1945). 

Paul Lebenbaum, Jr., "Altitude Rating of Electric Apparatus," Transactions 
AIEE, 63, 955-960 (December, 1944). 

D. Ramandanoff and S. W. Glass, "High-altitude Brush Problem," Transactions 
AIEE, 63, 825-829 (November, 1944). 

Howard M. Elsey, "Treatment of High-altitude Brushes," Transactions AIEE 
(August, 1945). 
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Primary 
contactor 

F I G . 14-4.—Motor circuit of 1500-va and 2500-va inverters showing starting relay and 
contactors. 
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the normal full-load current. Such high starting currents cause: (1) 
excessive brush wear, (2) voltage dip on aircraft electrical system, 
(3) excessive load on contactor points unless an oversize contactor is used. 
Extremely high currents may cause laminated brushes to explode. 
Voltage dips on the electrical system can cause the release of vital relays 
or contactors. To reduce the initial current surge a series resistor 
(often an auxiliary series motor field) is added. When the motor is up to 
speed, this resistor is shunted out by a contactor (see Fig. 14-4.) This 
reduces the initial starting current, but the current again rises sharply if 
the secondary contactor closes too soon. Clpsing of the secondary 
contactor can be further delayed by an auxiliary starting relay con
nected as shown in Fig. 14-5. The curve of Fig. 14-6 indicates the 
reduction in starting current effected by the use of the auxiliary starting 
relay. 

14-5. Voltage Regulators.—Since constant output voltage must be 
maintained despite changes in load, shaft speed, and d-c input voltage, 
some form of voltage-regulating device is used with an alternator. For 
radar applications, an electronic voltage regulator is the most satisfactory 
type. Although it weighs more than a simple mechanical regulator, an 
electronic regulator should be employed on systems delivering 750 va 
or more. 

Electronic Voltage Regulators.—An electronic voltage regulator 
consists of a voltage-sensitive element, an amplifier, and an output stage 
that supplies d-c excitation for the generator or alternator field. 

Three types of voltage-sensitive elements have been used in experi
mental regulators. One consisted of a VR-tube bridge excited from a 
transformer and rectifier connected to the output of the alternator to be 
controlled. A suitable filter could be added to the rectifier so that 
regulation was performed with respect to the peak value of the output 
waveform. Similarly, other types of filters could be used to regulate 
with respect to the average value of output voltage, or to some chosen 
value between peak and average. The filter introduces a time constant 
that, in some cases, is too long to achieve the desired rate of response. 

The second voltage-sensitive element, developed by Bell Telephone 
Laboratories, was a bridge network made of thermistors and excited 
from alternating current. This gives an a-c output error voltage that 
can be readily amplified, but has the disadvantage of a relatively long 
time constant. The thermistor bridge, though rather difficult to com
pensate for wide variations in temperature, regulates to the rms value of 
the output wave, which is a considerable advantage for some applications. 

The third form of voltage-sensitive element was a tungsten-filament 
diode operated in the region of saturated emission. The filament was 
heated by the alternator output through a transformer, and the anode 
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excited from the d-c power supply. The plate current varies in pro
portion to nearly the fourth power of the rms value of the alternator 
output voltage. This provides a very sensitive signal voltage with a very 
short time constant if the filament is of small diameter. Such a diode 
must be ruggedly constructed in order to maintain the mechanical spacing 
of the tube elements, and thus the tube characteristics, even under severe 
mechanical vibration. 

F I G . 14-7.—KS-15055 electronic voltage regulator designed by Bell Telephone Laboratories. 

A conventional amplifier is used which must have sufficient gain to 
provide the required over-all sensitivity. Stable operation of the 
combination of voltage-sensitive element, amplifier, output stage, and 
alternator demands that the usual conditions for stability of a servo 
system be fulfilled. 

Direct current excitation for the alternator field is provided by a 
controlled rectifier fed from the alternator output. The controlled recti
fier may be a combination of transformer and rectifier controlled by a sat-
urable reactor, or it may have grid-controlled thyratrons for rectification. 
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Bell Telephone Laboratories developed a regulated exciter, type 
KS-15055, which weighed about 12 lb complete and was meant for use 
with the PE-218 inverter. (See Fig. 14-7.) It regulated the 115-volt 
output to about ±0.5 volt rms, but had a rather slow response and only 
fair temperature compensation. The temperature compensation was 
improved in a later model. 

General Electric Company developed a similar regulator, type 
3GVA10BY1, for use with PE-218-D inverters; it used a saturated-diode 
voltage-sensitive element. (See Fig. 14-8.) This regulated the 115-volt 
output to about +0.1 volt rms and had good response and temperature 
characteristics, but the diode was sensitive to vibration. 

_j 
FIG. 14-8.—General Electric 1500-va aircraft inverter type PE-218-D, 115 volts, 400 cps, 

and electronic voltage regulator. 

In the latter part of 1944, more interest was shown in the development 
of electronic regulators because of a trend toward the use of engine-
driven alternators that were too large for control by carbon-pile regulators 
unless separate exciter generators were used. The ATSC Equipment 
Division at Wright Field sponsored the development of two regulators 
to control and excite engine-driven alternators rated 8 kva, 1-phase, 
400 to 800 cps, 115 volts a-c. One developed by Bell Laboratories 
weighed 33 lb; its operation was reported to be very satisfactory. 

In 1945 Radiation Laboratory undertook the development of reg
ulators using a saturated-diode voltage-sensitive element and grid-
controlled thyratrons in the output. The intention was to perfect a 
more or less universal regulator which could be applied to different 
alternators by changing the thyratron output. The development had 
progressed to the preliminary test model stage for two types; one type 
for single-phase inverters which had been applied to the PU-7 2.5-kva 
machine, and one type for 3-phase engine-driven alternators of 6.5- to 
12-kva rating. The results were very promising, and it appears quite 
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certain that satisfactory electronic regulators can be developed for sta
tionary ground generating equipment as well as for airborne equipment. 

Mechanical Voltage Regulators.—All mechanical voltage regulators are 
prone to improper operation in the presence of vibration since they are 
sensitive devices that balance a spring against a magnetic force. A 
mechanical voltage regulator consists of two principal elements: (1) a 
variable resistance in series with the generator field, and (2) a control 
device, operating from the generator output voltage, which alters the 

and adjusting Solenoid coit 
screw 

F I G . 14-9.—Cross section of carbon-pile voltage regulator. 

variable resistance to maintain constant output voltage. The two 
types of regulators commonly used in aircraft are the carbon-pile and 
the finger types. 

Carbon-pile Regulators.—The carbon-pile regulator (Fig. 14-9) was 
first developed in England, where it is known as the Newton regulator 
after the inventor. The variable resistance element consists of a stack 
of carbon disks or annular rings placed in a ceramic or tempered-glass 
cylinder. The cylinder is mounted in a metal housing which serves to 
dissipate the heat from the pile and gives structural support. One end 
of the pile rests against a button held in place by radial leaf springs; 
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120 

'115 

the other end is retained by a screw usually referred to as the pile screw 
or pile-adjusting screw. 

The control element of the regulator is a solenoid coil and armature. 
The current through the solenoid coil is proportional to the voltage to 
be regulated, and the pull of its core on the armature is proportional to 
the air gap between the two, and 
to the coil current. The air gap 
is adjustable by movement of 
the core; this constitutes one of the 
adjustments to be made on the 
regulator. 

With the core in fixed position 
and the pile-adjusting screw tight, 
the output voltage of the generator 
will be high. As the pile screw is 
loosened the voltage will drop, reach 
a minimum point, rise, and then 
drop again as shown in Fig. 14-10. 
The generator will regulate properly 
to the left of the hump or to the right of the dip. Between these two 
points, that is, on the downward slope of the curve, regulation will be 
unstable. The slope of the curve to the left of the peak is less than 
that to the right of the valley, giving better regulation. However, in 
this region the carbon pile is under less pressure, and is thus more suscepti-
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Fio. 14-11.—Output waveform showing amplitude modulation. 

ble to mechanical vibration and shock. Most recent practice, therefore, 
is to adjust the regulator to operate on the right-hand side of the dip. 

When carbon-pile regulators were first used on inverters they were 
mounted directly on the rotating machine. This gave rise to serious 
troubles because of the susceptibility of the regulator to vibration. 
Vibration of the carbon pile causes amplitude modulation or " j i t t e r " of 
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the a-c voltage, which in a radar set shows up as spoking and blurring of 
the indicator scope (see Fig. 1411). The frequency of the modulation 
is normally 30 or 40 cps. The maximum " j i t t e r" which can be tolerated 
is approximately 1 to H volts. 

The regulator should be shock-mounted as shown in Fig. 14-12. 
This procedure, together with adjustment of the regulator on the tight 
side of the dip, helps not only in clearing up the troubles mentioned above, 

F I G . 14-12.—Typical vibration mount for voltage regulator. 

but also in increasing the interval between regulator adjustments, and 
in reducing the wear of the carbon disks. 

The carbon-pile regulator is affected by moisture. Moisture in the 
carbon pile materially reduces the resistance, and frequently when a 
motor-alternator is started after having stood for some time in an atmos
phere saturated with water vapor the output voltage is high—approxi
mately 135 to 145 volts. After the machine has run for an hour or 
longer, the moisture is usually driven off and the voltage returns to 
normal. During this drying-out period the carbon disks are often 
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+ d-c 
Carbon-pile 

voltage 
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F I G . 14-13.—Schematic diagram of 
stabilizing transformer in voltage regulator 
circuit of 400-cps aircraft inverter. 

burned because, as the film of moisture is gradually reduced, it may 
break down at one particular point on the face of the disk and the high 
current-density at that point may be sufficient to burn the disk. In 
this event, the regulator pile must be removed and the damaged disk 
replaced. 

One fundamental defect of the carbon-pile regulator is the lack of any 
means for insuring uniform voltage distribution across the stack. Some 
carbon junctions may be tightly 
mated,- with low voltage drop; 
others may be loose, with high 
voltage drop. If the drop per 
junction exceeds 1 to 2 volts, 
sparking may occur which will 
ruin the pile. 

Under changing load condi
tions, the regulator 'acts to in
crease or reduce the field current; 
as in any action of this kind, hunting may result. In order to reduce 
hunting, a stabilizing transformer (Fig. 14-13) is now used with most of 
the larger alternators. Such a transformer provides a correction depend
ing on the rate of change of excitation. 

The resistance of the carbon pile ranges from 2 to 60 ohms.1 I ts 
electrical rating is based on the rate of allowable heat dissipation, and is 
given in watts. The unit often used on aircraft inverters is rated at 
35 watts. Smaller inverters, notably the Eclipse 100- and 250-va units, 
use a smaller regulator rated at 20 watts, while 2500-va inverters use a 
75-watt regulator, of the same physical size as the 35-watt unit, but 
with fins to increase the rate of heat dissipation. For the purpose of 
using a smaller regulator than would otherwise be possible, the carbon 
pile can be shunted with a fixed resistor. Such an arrangement increases 
the range of resistance over which the carbon pile must operate, and care 
must be taken that the maximum stable range of the pile is not exceeded.2 

The coil of the carbon-pile regulator usually used in aircraft inverters 
has a resistance of 185 ohms and a d-c rating of 115 to 125 ma, which 
gives a voltage drop of 21 to 23 volts. As the voltage to be regulated is 
115 volts alternating current, rectification and voltage-dropping are 
necessary. Rectification is provided by a selenium dry-disk rectifier, 
in series with a "globar" resistor which provides some temperature 

1 Although the 35-watt carbon-pile regulator can be made to operate over a range 
of resistance from 2 to 60 ohms, it has been found desirable to use only the range from 
2 to 30 ohms since the high-resistance end of the range has a tendency to be unstable . 

2 W . G. Neild, "Carbon-pi le Regulators for Aircraft ." AIEE Transactions, 63, 
839-842 (November. 1044). 
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compensation. The voltage is reduced either by a small auto-trans
former or by a dropping resistor.1 In any case, a variable resistor is 
used, either on the a-c or d-c side of the rectifier, to provide a voltage 
adjustment whose range is approximately 10 volts. 

Figure 14-14 shows a carbon-pile regulator for use with a 10-kva, 
3-phase, 208-volt engine-driven generator; Fig. 14-15 is a schematic 
diagram of the circuit. Note the two potential transformers, connected 
in open delta, which energize the regulating coil, so that the regulated 

FIG. 14*14.—General Electric Company voltage regulator for 10-kva alternator. 

voltage is an average of the three line-to-line voltages. Note also the 
antihunt circuit and coils on the solenoid. 

It is probable that further development of the carbon-pile regulator 
can greatly extend the usefulness of the device. At the close of World 
War II, Leland Electric Company, of Dayton, Ohio, had developed 
experimental models of improved carbon-pile regulators that appeared 
to have a greatly extended operating range of resistance and improved 
resistance to humidity as compared to earlier service models. 

Finger-type Regulators.—Finger-type voltage regulators are similar 
in operation to the carbon-pile type, except that the resistance is varied 
in fixed steps rather than being continuously variable between minimum 
and maximum resistance. Mechanical construction varies widely with 

1 A third method, employed on the 1500-va series PE-218 inverters as well as a 
number of others, is the use of a low-voltage tap on the armature winding. 
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different manufacturers. In general, a voltage-sensitive element, con
sisting of a solenoid coil and a movable armature, is connected to a 
multiple contactor. Movement of the armature from the closed to the 
open position progressively short-circuits steps of resistance connected 
to the contacts. It is necessary to choose the resistance steps with the 
field-excitation characteristic of the alternator in mind, so that each 
progressive step of resistance produces an approximately equal change 
of output voltage. The incremental change in output voltage produced 
by one step of resistance determines the limit of sensitivity of the regu
lator. An air dashpot is usually provided to damp any oscillation or 
hunting of the armature. 

Regulating 
coil 

Antihunt 
coil 

Carbon 
pile 

To load 
FIG. 14-15.—Schematic diagram of a General Electric voltage regulator Type GEA-2-B2 

and 3-phase 230-volt alternator with exciter. 

In field service, the usefulness of the finger-type regulators was 
limited by the tendency of the contacts to stick and burn, and by corro
sion of the contacts due to moisture and salt air. In addition, the device 
is very difficult to repair in the field. Consequently, finger-type regu
lators have been used on radar systems only rarely. 

14>6. Speed Regulators.—The a-c frequency generated by motor-
alternator sets varies over a wide range with changes in input voltage, 
load, altitude, and temperature. At high altitude, low temperatures and 
air densities are encountered. The low temperature tends to lower the 
speed by reducing the resistance of the motor field circuit, whereas low 
air density allows the speed to increase because of lower windage losses. 
The following test data indicate the conditions for maximum and mini
mum frequency of the 1500-va PE-218-C and PE-218-D inverters. 
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Maximum frequency at 28.5 volts, i load, 35,000 f t , -15°C, 

Leland PE-218-C 485 cps 
GE PE-218-D 458 cps 

Minimum frequency at 28.5 volts, full load, sea level, —35°C, 

Leland PE-218-C 401 cps 
GE PE-218-D 392 cps 

The variation in frequency caused by change in input voltage and in 
temperature is indicated in the following table. 

TABLE 14-4.—CHANGES IN FREQUENCY OF INVERTERS WITH TEMPERATURE AND 
VOLTAGE 

Input 
voltage 

26 

29 

Temperature, 
°C 

- 4 5 
+25 
+55 
- 4 5 
+25 
+55 

Over-all regulation 

In cps 
In per cent 

Frequency, cps 

Leland 
PE-218-G 

373 
396 
406 
411 
443 
449 

PE-218-C 

76 
17.0 

GECo. 
PE-218-D 

379 
396 
398 
404 
423 
428 

GE Co 
PE-218-D 

49 
11.5 

All data were taken at sea level and with full rated load on inverter. 
The GE PE-218-D unit has a compensating resistor in series with the 
field which accounts for its slightly better regulation. I t also has an 
adjustable resistor which allows the frequency to be varied over a range 
of approximately 40 cps. These inverters are shown in Figs. 14-16 
and 14-17. 

In most radar applications, such a range in frequency is not objection
able. Certain indicator and computing circuits, however, require much 
closer regulation of the order of + 2-j per cent. Good speed regulation 
also considerably reduces the problem of voltage regulation. In accord
ance with the need for better speed characteristics of inverters, the latest 
Army-Navy specifications (AN-I-10) stipulate the following frequency 
limits: For all voltages between 26 and 29 volts and at any load from 
5 to full, the allowed frequency limits for a temperature range of — 10°C 
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F I G . 14-16.—Leiand Electric Company aircraft motor-alternator with regulator. 

FIG. 14-17.—General Electric Company aircraft motor-alternator with regulator. 
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to +10°C shall be 390 to 410 cps; over the same range of voltage and 
load, the frequency limits for a temperature range of — 55°C to +70°C 
shall be 380 to 420 cps. 

Table 14-5 gives the frequency range of inverters now in general use, 
and in the column headed "Remarks ' ' the motor type or method of 
speed control is indicated. All data refer to a temperature of 25°C and 
sea-level pressure. 

TABLE 14-5.—SPEED CONTROL OF CERTAIN MOTOR-ALTEHNATOR SETS 

Manufacturer 

Eclipse 
Eclipse 
Leland 
Wincharger 

Holtzer-Cabot. 
Leland 
GE 
Airways 
Eclipse* 

Rating 
va phases 

100 3* 
250 
500 
750 

1000 
1500 
1500 
2500 

840 

3* 
1* 
1* 

3* 
10 
10 
10 
10 

Style 

12123-1-A 
12121-1-A 
10596 
PU-16 

MG-153 
PE-218-C 
PE-21S-D 
PU-7 
800-1-C 

Frequency, cps 

26 volts 
full load 

410 
400 
395 
390 

340 
395 
395 
410 
730 

29 volts 
i load 

410 
410 
475 
403 

395 
450 
440 
430 
900 

Remarks 

Lee Regulator 
Lee Regulator 
Compound-wound 
Carbon-pile regu
lator 

Resonant 
Shunt-wound 
Shunt-wound 
Regulating field 
Compound-wound 

* Nominal rated frequency 800 cps. 

Lee Regulator.—The Lee speed regulator is a centrifugal device which 
alternately opens and closes a short circuit across a fixed resistor in 
series with the motor field. The short-circuiting contacts are on the 
centrifugal device and can be set to open and close at any predetermined 
speeds within 5 per cent of each other. Speed regulation is therefore 
good; it can be maintained at approximately 5 per cent. This type of 
regulator creates a good deal of r-f noise that is difficult to suppress, and 
gives pronounced modulation of the output voltage. 

Voltage Regulator Control.—Speed regulation can also be provided 
by means of a regulating field controlled by the generator voltage regu
lator. This method is used in the 2500-va Type PU-7 inverter designed 
by Wincharger and built by Wincharger and Airways. I t is shown 
schematically in Fig 14-18. 

As the input voltage or inverter load changes, the resistance of the 
carbon pile in the voltage regulator varies to maintain constant output 
voltage. This also serves to vary the current through the motor regu
lator field in the proper sense to maintain constant speed. The motor is 
designed to obtain proper division of flux between the main field and 
the regulating field. The resistances of the regulating field and of the 
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Speed adjusting rheos 

Primary 
contactor 

Carbon-pile 
voltage 

regulator 

^Voltage adjusting 
rheostat i V . i rheostat 

-UJ I—vW 
115v, 400 cps 

FIG. 1418.- -Schematic wiring diagram of PU-7 aircraft motor-alternato 
400 cps. 

, 2500 va, 115 volts, 

A°-

Fio. 1419.—Schematic circuit of Holtzer-Cabot MG-153 aircraft motor-alternator. 
Output ratings: 750 va, 115 volts, 400 cps, 3-phase; 250 va, 26 volta, 400 cps, 1-phase. 
Ground terminal common to all circuits. 
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alternator field must be kept in proper relation to the normal range of 
resistance of the carbon pile in order to obtain good speed regulation. 

Bushing 

FIG. 14-20.—Holtzer-Cabot Electric Company carbon-pile speed governor. 

If the regulator is removed from the circuit, the alternator will still 
generate a voltage because the field current will flow through the motor-
regulating field to the generator field. In the case of inverters not 

FIG. 14-21.—Wincharger Corporation aircraft 
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having the regulating field, removal of the regulator from the circuit 
kills the alternator voltage. 

In order to get good results by this method, the motor field must 
operate below saturation; this adds weight to the magnetic circuit. 

Tuned Circuit Control.—An interesting method of speed control has 
been used by the Holtzer-Cabot Electric Company in their MG-153 
inverter, Fig. 14-19. The reactor and condenser connected in series 
with the rectifier which energizes the regulating field are designed to 
resonate at a frequency well above the rated frequency of the alternator 
(in this case, 400 cps). The circuit therefore operates on the low-
frequency side of the resonance curve; any change in speed will alter the 
reactance of the circuit and thus vary the field current in the correct 
direction to provide speed regulation. Should the motor attain a speed 

motor-alternator with Holtzer-Cabot speed control. 
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that would generate a frequency above resonance, the machine speed 
would continue to increase, being limited only by friction and windage 

Centrifugal Control.—The most recent method of speed regulation 
to be used on aircraft inverters is a carbon-pile governor as used by 
the Holtzer-Cabot Electric Company. It is shown in Fig. 14-20 and also 
in Fig. 14-21 mounted on a 750-va PU-16 inverter. The electrical 
connections are shown in the schematic diagram Fig. 14-22. A centrif
ugal device on the end of the inverter shaft acts against the carbon pile 
in such a manner that increased speed will reduce the pressure on the 
carbon pile and reduced speed will increase the pressure. As shown in 
Fig. 14-20, when the machine is at rest the carbon pile is held in compres-

D-c 
filter Contactor 

Starting i 1 TE I 
switch V 4- J , I 

Ac 
output 

1 A-C 
~ X filter 

^■Carbon-pile 
voltage 

regulator 

Rect 

Fio. 14-22.—Schematic diagram of Wincharger PU-16 aircraft inverter, 750 va, 115 volts, 
400 cps. 

sion by the large coil spring in the rotating element. The resistance 
is then least, giving maximum field for good starting characteristics. As 
the machine speed increases, the centrifugal weights compress the spring 
and reduce the pressure on the pile, increasing its resistance. Should 
the machine exceed its rated speed, the carbon pile will be compressed by 
the spring under the adjusting screw. At rated speed, the carbon pile 
is balanced between these two springs and a slight change in speed will 
cause a relatively large change in resistance. Springs A and B position 
the tube holding the carbon pile.1 

Electronic Speed Controls.—The Eclipse-Pioneer Division of Bendix 
Aviation has recently developed an electronic speed control for use on 
motor alternator sets of 1500-va capacity and larger. This regulator is 
designed to hold speed within the limits of Army-Navy Specification 
AN-I-10. 

' C . T. But ton , " A Carbon-pile Speed Governor , " A1EE Transactions, 66, 4 
(January 1946). 



SEC. 14-7] DYNAMOTORS 579 

14-7. Dynamotors.—To supply smaller radar sets with moderate 
power at not over 1000 or 1200 volts, a dynamotor is often more econom
ical in weight and efficiency than an inverter. A dynamotor has con
ventional d-c shunt- and series-field windings on the stator and one or 
more armature windings on the rotor. The rotor winding is excited 
through brushes and a commutator from the input voltage. 

A single rotor winding can be tapped to give the required secondary 
voltage. Alternatively, separate rotor windings can be used, with 
turns-ratios to the primary winding chosen to provide the correct output 
voltages. The required d-c voltages are brought out through com
mutators from the secondary windings. Dynamotors have been built 

F I G . 14-23.—Eicor Inc. aircraft dynamotor. 

to give voltages as high as 2000 volts, but such machines meet severe 
difficulties with commutation and insulation. Dual- and triple-output 
dynamotors are very common, and several machines having four outputs 
(Fig. 14-23) have been built, but it is impractical to go beyond this 
because of the large number of windings and commutators involved. 

Dynamotors for military aircraft are built for an input voltage of 
27.5 volts. For automobiles, commercial aircraft, and miscellaneous 
use, dynamotors are built for input voltages of 6, 12, 32, and 110 volts. 
Output ratings vary from 14 or less to over 1200 volts, and from 30 ma 
to 5 amp, with any combination of two, three, or four at a time. Weights 
vary from 5 lb, for a total output of 20 watts, to 26 lb, for an output of 400 
watts. Efficiencies range from 40 per cent to 60 per cent. 

The dynamotor suffers from poor regulation. Furthermore, varia
tions in input voltage may be as great as 10 per cent. The dynamotor 
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can be designed for an input of 19 or 20 volts if it is to be used with an 
actual line voltage of 27.5, and a variable control resistor put in series with 
the line. This resistor can be a carbon-pile voltage regulator, with the 
carbon pile in series with the line and the operating coil across the line 

F I G . 14-24.—Bendix dynamotor. 
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-Schematic diagram of dual-output dynamotor with booster windings and 

regulating field. 

just ahead of the dynamotor. For an input from 25 to 29 volts at 
constant load, the regulation of the output voltage can be held within a 
range of 5 to 10 per cent. Regulation becomes poorer with changing load. 

Booster Armature Voltage Regulation:—A recent development to 
improve dynamotor regulation is the construction in the dynamotor 
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itself of a booster armature winding and regulating field. A three-voltage 
dynamotor is shown in the photograph of Fig. 14-24 and the circuit of a 
dual-voltage machine is shown schematically in Fig. 14-25. In any 
multi-output dynamotor only one voltage can be regulated, but, except 
in the event of very unevenly loaded circuits, the unregulated voltages 
will closely follow the regulated voltage. Regulation can be handled in 
several ways: (1) all output circuits have windings on the booster arma
ture although only one of them is controlled (Fig. 14-25); (2) only the 
voltage to be regulated has a booster winding; and (3) the voltage to be 
regulated is generated entirely in the windings of the booster armature. 
The third method is practical only for low voltages, because of the large 
number of turns and relatively high field current required to generate a 
high voltage.1 

Over ranges of input voltage from 25 to 29 volts, from no load to 
full load on the dynamotor, the output-voltage change will be approxi
mately 3 per cent. The booster armature and regulating field increase 
the size and weight of the dynamotor, but the regulator itself can be 
considerably smaller than a series regulator because it carries only the 
field current rather than the line current. 

14-8. Vibrator Power Supplies.—If relatively small amounts of power 
are required, vibrator power supplies are useful. Conventional vibrators, 
such as those used commercially in automobile radios, are capable of 
supplying 50 to 60 watts of square-wave alternating current to a trans
former. The transformer output may be rectified' and filtered to furnish 
direct current of appropriate voltage. 

Vibrator power supplies can, unlike dynamotors, supply a number of 
different d-c output voltages without disproportionate increase in the 
weight of the power supply. For example, it is possible to supply 2500 
volts direct current at 5 ma, 250 volts direct current at 100 ma, and — 150 
volts direct current at 5 ma, at approximately the same total weight as 
that required for conventional power supplies designed to run from 
115-volt 60-cps a-c lines. The vibrator power supply just described 
weighs from 6 to 8 lb, depending on how it is packaged and on the degree 
of filtering required. 

The output voltage of a vibrator power supply can be regulated by 
use of the series-tube type of electronic regulator, which is apt to be 
wasteful of power. Further, output power is consumed by the rectifier-
tube cathodes. Where a number of d-c output voltages are required, 

1 In any case, it is seldom practical to regulate the highest-voltage output since 
current-limiting resistors are required in the regulator coil circuit, and at high voltages 
the loss in them is excessive. It is also less important to regulate the higher voltages, 
for this can readily be done by regulating circuits in the radar set itself. 
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rectifier cathodes may use up a Jarge part of the 50 to 60 watts of avail
able power. 

Two or more vibrator power supplies can be designed for operation in 
series or in parallel on the d-c output side, so that larger currents or 
voltages can be obtained from small vibrators. Large vibrators, capable 
of supplying 200 watts or more from 12- to 14-volt or 24- to 28-volt d-c 
supplies, are available, but it is usually more, convenient to use conven
tional inverters with transformer-rectifier power supplies for outputs 
greater than 250 watts. 

Vibrator power supplies usually give efficiencies of 50 to 70 per cent, 
based on d-c output vs. d-c input. 

Precautions must usually be taken to reduce radio interference from 
vibrator power supplies. Small r-f chokes in the power input leads, mica 
r-f bypass condensers on input and output, and careful shielding and 
grounding usually provide adequate radio interference suppression for 
aircraft use. Where extremely low noise level is required it may be 
necessary to shield the vibrator, transformer, and each d-c ripple filter 
separately, and use r-f chokes in each transformer connection. How
ever, it is usually less troublesome to suppress radio noise in a vibrator 
supply than in a small dynamotor. 

Vibrators can be obtained in hermetically sealed containers, making it 
possible to design power supplies for operation under extreme conditions 
of altitude and humidity. 

Production-type small vibrators are available with reed frequencies 
from about 100 to 115 cps. These vibrators have a useful life of at least 
500 hours when used with well-designed power supplies. 

Vibrators have recently been developed with reed frequencies of about 
180 cps. Smaller transformers can be used at this higher frequency, so 
than an over-all weight reduction of 20 to 25 per cent may be achieved. 
The life of such vibrators may be somewhat less than that of low-fre
quency vibrators. A more complete treatment of vibrator power sup
plies is given in Vol. 17, Chap. 12 of the series. 

14-9. Summary of Recommendations for Aircraft Radar Power. 

1. Consider the radar-radio power-supply problem of a specific air
craft as a whole. What dynamotor can be eliminated? What 
inverters can be combined? Is all equipment uniformly designed 
to operate from one standard a-c source? Often enough weight 
can be saved to justify such refinements as an electronic voltage 
regulator. 

2. Use a direct-driven generator whenever possible, either at constant 
frequency (if airplane is so equipped) or at variable frequency. If 
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portions of the installation require fixed frequency, consider an 
auxiliary d-c to a-c motor-alternator. 

3. Use electronic voltage regulation for engine generators or motor 
alternators. 

4. Consider vibrators for small loads. 

GROUND AND SHIPBOARD SYSTEMS 
Power for ground radar systems should be obtained from commercial 

electric service whenever possible, with certain precautions outlined 
below. The general problem of power supply for ground radar falls into 
four main groupings: 

1. Fixed locations with commercial electric service available. 
2. Large systems (with requirements for highly dependable service 

under all conditions) at fixed locations without commercial electric 
service, or for mobile use. 

3. Small systems for use in fixed locations without commercial power, 
or for mobile use. 

4. Small ultraportable mobile sets. 

In selecting a specific engine-generator set, or any specific alternator, 
serious consideration must be given to the specifications of the set (the 
alternator in particular) if satisfactory performance and characteristics 
are to be obtained. One good tabulation of standard Army power sup
plies is Signal Corps Manual T M 11-223. However, most of the sets 
listed therein were not originally designed with radar in mind. Accord
ingly, their electrical performance may not meet radar needs without 
modification. A fuller discussion of the factors involved in choosing 
alternators and engine-generator sets is given in Vol. 17, Chap. 12, Radi
ation Laboratory Series. 

14-10. Fixed Locations.—Commercial power supply for radar installa
tions must be provided with three major considerations in mind: (1) reli
ability required, (2) voltage stability of supply, (3) interference from 
common loads. 

Reliability.—If extremely reliable service must be provided, com
mercial service from a first-grade public utility is most satisfactory, pro
vided that it is backed up by emergency feeders duplicating normal 
service (preferably by an alternate route) to a network station of the 
public-utility system. An emergency engine-alternator set (which may 
be made automatic-starting if deemed necessary) should also be provided. 
This arrangement is preferable to constant reliance on local generation. 
A regular maintenance schedule must be followed, with the emergency 
engine operated for a minimum of one hour per week at no load and a 
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minimum of two hours per month at full load. For such emergency 
service as that outlined, gasoline-powered prime movers are reliable and 
satisfactory. 

Voltage Stability of Supply.—If the service is obtained from a source 
unstable in voltage, local voltage stabilization must be employed. If the 
voltage changes take place slowly, without transients, they can be elimi
nated by means of induction regulators, with automatic or manual con
trol; tapped autotransformers, manual or servo-driven; or (for small 
loads) variacs. For example, consider the use of commercial power by a 
remote beacon station served by a line shared with other power users. 
As night falls, increasing load on the line lowers the voltage at the beacon. 
Servo-driven variacs have proved useful in such a situation. 

Interference from Common Loads.—If the loads sharing power service 
with the radar impose high intermittent demands, and especially if the 
total capacity of the system is low with respect to these loads, serious 
transient interference may be encountered. An isolating motor-gener
ator is the only satisfactory solution for such difficulties. If synchronous 
frequency is not essential, induction-motor drive is preferable to the 
greater complexity of a synchronous motor. It is good practice, where 
possible, to make input and output services identical, and to provide 
means for bypassing the isolating set in case of trouble. That is, if the 
main service is 220 volts, 3-phase, 60 cycles, the motor-generator set 
should be 220-volt 3-phase input (60 cycles) to 220-volt 3-phase output 
(58 cycles). 

14-11. Large Systems Where No Commercial Power Is Available.— 
Where 24-hour operation of a prime mover is required, it is necessary to 
provide duplicate power generation equipment, regular and emergency. 
Such equipment should be interchangeable, and the two sets should be 
used alternately to ensure reliable service. Where extreme reliability is 
desired, three engines should be furnished; one can then be disassembled 
for maintenance without risking complete system breakdown if the service 
engine fails. Generators of a size at least twice the estimated load should 
always be provided, to permit future additions of auxiliary devices not 
initially specified. Diesel engines are definitely more reliable for con
tinuous operation than gasoline engines. Diesel fuel and diesel exhaust 
fumes are less hazardous. 

Electric power for loads larger than 7.5 kva should be 208/120-volt 
3-phase 60-cycle alternating current. It is desirable to use 3-phase 
60-cycle because electric motors of this rating are compact and simple to 
operate. Weight savings in rectifier-filter supplies can usually be achieved 
with 3-phase power, if this is important. 

For large mobile systems it is well to investigate availability of stan
dard U.S. Army power-supply units. Unfortunately, the voltage 
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regulators in such systems are almost uniformly unsatisfactory for radar 
equipment since they have a tendency to produce modulation in the 
amplitude of the a-c voltage. It is often necessary to resort to hand 
rheostat control of the exciter field or the alternator field. Radar loads 
are usually constant or nearly so, and hand control requires only occa
sional adjustment after,the equipment has come to normal operating 
temperature. The engines are usually provided with flyball-type speed 
governors which are satisfactory when well maintained, and keep the 
output frequency within a range of about 58 to 62 cps. 

14-12. Smaller Mobile Units.—If high reliability is required, the same 
considerations must be observed in this case as in the case of large 
systems, notwithstanding the weight penalty. For example, a navigation 
aid required to operate 24 hours per day under all conditions must use 
conservative, long-lived prime movers and be provided with standby 
equipment, though it may consume only 750 watts. 

Much design effort has been expended on packaging units of about 
500-lb weight and 5-kw output in a readily portable form. There has 
also been much development of two-cycle gasoline engines for power 
units up to about 2-kw output. I t is likely that two-cycle engines coupled 
to 400-cps generators will be available in the future in many ratings; 
these units are much lighter and more compact than four-cycle engines 
with 60-cps generators of equivalent rating. 

It is true that two-cycle engines have some disadvantages. They 
are often more difficult to start than the small four-cycle engines, and, 
because of their tendency to foul exhaust ports and spark plugs, they are 
likely to require more maintenance. However, as mobile units, they have 
two advantages over and above their lightness of weight and their 
compactness. They are easier to repair in the field and require less 
replacement of parts than the four-cycle engines, which are subject to 
valve-fouling and burning. 

14-13. Ultraportable Units.—Where extremely light weight is required 
this can be obtained only by sacrificing reliability or by shortening the 
required period of operation. 

Ultraportable ground radar systems usually need very little power. 
Where only a few hours of operation are required, the systems can be 
powered by small storage batteries which operate vibrator power supplies 
or dynamotors. 

Where longer operation is required, very small two-cycle engines con
nected to permanent-magnet-field 400-cps generators have been developed 
by the Jacobsen Manufacturing Company, Racine, Wis., and the Judson 
Manufacturing Company, Philadelphia, Pa. 

Jacobsen produces a unit rated 125 watts 400 cps weighing about 
13 lb. A single-cylinder, air-cooled, two-cycle engine is direct-connected 



586 PRIME POWER SUPPLIES FOR RADAR [SEC. 1414 

to a permanent-magnet generator. The speed is controlled by an 
air-vane governor. 

Judson produces several small models, one of which is rated 150 watts 
400 cps and weighs about 15 lb. The general design is similar to that of 
the Jacobsen machine, except that the engine is belt-connected to the 
generator. 

There is no way of regulating the output voltage of permanent-magnet 
generators, but capacity in series with the output will hold the output 
voltage constant to about ± 5 per cent despite changing load. The 
voltage can be altered to compensate for temperature changes by manual 
adjustment of the speed governor on the engine. 

Work has been initiated on the development of small prime movers 
other than conventional gasoline engines. Small steam engines that 
were capable of about 300 mechanical watts output were built by Radia
tion Laboratory, but no satisfactory boiler had been developed at the 
close of activity. Small steam engines and gas turbines are attractive 
because of their ease of control and flexibility. Further development 
would probably produce some worth-while small prime movers. 

14-14. Ship Radar Systems.—The problem of providing power for 
large shipborne radar systems is principally that of stability. Most 
modern warships have 440-volt, 3-phase, 60-cps power supply which is 
subject to transient fluctuations of 10 to 20 per cent in voltage and per
haps 5 per cent in frequency. Transients are caused by the sudden 
application of large loads such as gun turret drives and airplane elevators. 

Good results have been obtained by powering the radar system from a 
60-cycle motor-generator set. An induction motor is used to drive the 
alternator; when not heavily loaded, the motor shows a relatively small 
change in speed for a change in input voltage. Motor speed tends 
to follow a change in frequency, but the mechanical inertia of the set is 
usually adequate to hold up the speed during the usual short-period 
frequency transients. The induction motor rating should be about 
50 per cent larger than that required to drive the alternator. I t is 
desirable to have the alternator output the same as the ship's power so 
that the radar system can be operated directly from the ship's supply in 
case of breakdown or maintenance shutdown of the motor-alternator set. 

The motor may be direct-coupled or belt-connected to the alternator; 
usually direct coupling is preferred because of its simplicity. The output 
frequency of a direct-connected alternator will be less than 60 cps by the 
slip of the induction motor. This results in an output frequency of 
57 to 58 cps, which is normally satisfactory for the operation of trans
formers or other 60-cycle equipment. 

There is no really satisfactory means now available for regulating the 
output voltage of the alternator. Most of the available voltage regu-
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lators have a tendency to be unstable, exhibiting rapid hunting of about 
20 to 40 cps. This may not be troublesome on lighting or motor loads, 
but it is one of the major causes of spoking of PPI displays and instability 
of other forms of radar presentation. 

One method of using regulators has been followed with some degree 
of success. That is to provide a rheostat in series with the regulating 
resistance of the regulator in the field circuit. Assuming that 115-volt 
output is desired, the regulator can be adjusted to regulate at 118 to 120 
volts and enough resistance cut in, by means of the rheostat, so that 
the voltage is 115 volts at full radar load with everything at normal 
operating temperature. Under normal operating conditions, then, the 
regulator is all out and not functioning. If the voltage should rise, as 
during warmup period or when the radar is on stand-by, the regulator 
will cut in when the voltage comes up to 118 to 120 volts and prevent 
further rise in voltage. If there is a load greater than normal causing the 
output voltage to drop, the manual rheostat will have to be adjusted. 
However, with the motor-generator set acting as an electromechanical 
flywheel to take up transient fluctuations in the ship's power supply, 
operation is reasonably steady and satisfactory. 



CHAPTER 15 

EXAMPLES OF RADAR SYSTEM DESIGN 
B Y R. G. HERB AND R. L. SINSHEIMER 

16-1. Introduction.—The development of a new radar system may be 
called for because of recognition of a new application for which radar has 
not been used but for which its successful use appears possible. In 
other cases, a development may be justified for an application where radar 
is in successful use but where improved results could be expected by the 
use of more modern equipment. 

Early ideas on a new system and initial proposals may come from a 
development laboratory or from the potential users of the equipment. 
Before design characteristics can be successfully crystallized, regardless 
of the origin of a proposal, there must be an extensive interplay of ideas 
and of information between specialists in the following categories: (1) 
application specialists representing the potential using organization, who 
must contribute necessary information on desirable performance char
acteristics, limitations on size, weight, and power consumption, and 
limitations on the number and skill of operators and maintenance men; 
(2) component specialists, who must contribute information on the status 
of development and on the limitations of the many component parts that 
make up a complete system; (3) system specialists with experience in the 
design and operation of radar systems. 

Normally a man experienced in system design is best able to coordinate 
the over-all development project. He must have a supporting group of 
experienced systems men to assist on the design problem and to carry out 
operational test work that may be desirable, and he must have the con
tinued advice and support of specialists of the first two categories listed 
above. 

Versatility.—Initial planning for a radar system may be made with 
one specific application in mind. As plans progress, possibilities of 
related applications are generally recognized and consideration is given 
to including facilities that improve the system in versatility. The value 
of versatility has been amply demonstrated, not only for meeting related 
applications but for meeting changing conditions frequently encountered 
in the central application. 

Provision for versatility, unless ingeniously made, may cost heavily 
in increased complexity, size, or weight; further, the utility of the set for 

588 
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the principal application may suffer. How far to go with such provisions 
and how best to include them are problems that frequently outweigh in 
importance any other design problem. No rules can be given for guid
ance along these lines, but the degree of success to be expected will depend 
markedly on the extent to which development specialists are familiar 
with problems of operation in the using organization and on the degree to 
which representatives of the using organizations have become familiar 
with the technical problems, the possibilities, and the limitations of radar. 

Requirements for Component Development.—With sufficient care in 
design and a sufficiently conservative policy, a radar set might be designed 
making use of only those components on which development work has 
been completed. Ordinarily the improvement to be gained in system 
performance or in general utility by improvement in certain components is 
sufficient to warrant component development work. The extent to 
which such requirements can safely be included must be determined from 
consideration of the time schedule to be met and from a careful, realistic 
appraisal of the development time needed. Sound system-design work, 
together with performance tests, can serve in a valuable way to direct 
component-development work along the most advantageous lines. 

Detailed Problems in Design.—General rules for guidance on the many 
detailed problems encountered in the development of a radar system 
would be extremely difficult to formulate because of the multiplicity of 
applications with radically differing requirements. Information accu
mulated through experience on a large number of systems can be pre
sented most easily by outlining the development of successful systems 
from the early-idea stage on through to their operational use. 

Two typical system developments are described in this chapter: 
(1) a high-performance ground-based set for air surveillance and control; 
and (2) the AN/APS-10, a lightweight airborne set for air navigation. 
Considerations leading to the selection of these systems are as follows: 

1. Substantial development and design effort went into both systems 
and important advances resulted. 

2. Both systems are relatively simple, and design problems encoun
tered in their development are more basic in nature and more 
generally applicable than in the case of a more elaborate system, 
where usually a large proportion of the system is very specialized 
in nature. 

3. These two systems represent opposite extremes in requirements. 
Limitations on factors such as size, weight, and power requirements 
for the ground-based set were largely subordinated to the require
ment for the best possible radar performance. In the case of the 
airborne set, severe limits were imposed on weight, size, and similar 
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factors, and the ingenuity of the development and design men was 
taxed to meet the minimum acceptable radar performance within 
these limits. 

A detailed treatment of further systems beyond these two would be 
of questionable value, since changing requirements may soon make 
obsolete all but the more general, basic developments of the past. Radi
cally new requirements will be met only by radically new developments, 
and to be firmly bound by past experience would stifle progress. Ingen
ious technical men with good facilities, free in their thinking, working in 
close touch with using organizations, fully informed on operational 
problems and planning—these are the important requirements for future 
advances. 

15-2. The Need for System Testing.1—One general remark concerning 
system design is sufficiently important to be made before taking up the 
design examples. No radar system is complete until adequate provisions 
for performance testing and maintenance have been made and appropriate 
maintenance procedures prescribed. 

The most important function of test equipment in radar maintenance 
is to permit quantitative measurement of those properties of the system 
which affect its range performance. Experience has shown that it is 
essential to determine by reliable quantitative methods how well a radar is 
operating. Under most circumstances, the important units of test 
equipment should be built into the radar in a way that permits their most 
convenient use. If limitations of weight and bulk do not permit the use 
of built-in test equipment, suitable test points should be provided to 
permit convenient and adequate tests to be performed frequently on the 
important parts of the system. 

Radar Performance Figure.—The ratio of P, the pulse power of the 
radar transmitter, to Smm, the power of the minimum detectable signal, 
is a measure of the radar performance. This is the fundamental quantity 
studied in tests. The radar equation given as Eq. (2-4b), 

Ra- ~ V s ~ ^ ' (1) 

shows that all factors except P and <Smm are either invariable or beyond 
our control once the radar has been designed. 

A quantity closely related to Smin is usually measured rather than 
Smin itself. This may be the power of the weakest test signal that can be 
detected, or of a test signal that produces some other easily reproducible 
effect. Because of the effects of presentation time and pulse width 

- By R. D. O'Neal and J. M. Wolf. 
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(Sees. 2-10 and 211), such test signals are generally not equal to Smia but 
differ from it by a constant ratio. The ratio between pulse power and the 
power of such a test signal, P/ST, expressed in decibels, is called the 
"radar performance figure" and is a suitable measure of the ability of 
the system to see radar targets. 

Figure 15-1 shows the range performance on various types of radar 
targets as a function of the radar performance figure. As explained in 
Chap. 2, radar range performance does not always follow the fourth-power 
law of Eq. (1), but the performance 
figure remains of vital importance in 
determining what fraction of the 
maximum radar range can be realized 
by a given system against a given 
type of target, regardless of the 
existing propagation conditions. 

The Inadequacy of Guessing Per
formance.—It has often been wrongly 
assumed that over-all radar perform
ance can be adequately judged with
out using test equipment by means 
of one of the following "rule-of-
thumb" criteria: (1) the general 
appearance of the picture seen on 
the radar indicator, (2) the maxi
mum range at which target signals can be seen, or (3) the signal strength 
above noise of the echo from a "s tandard" target. 

Both (1) and (2) are strongly affected by changes in propagation 
conditions1 as well as by interference effects resulting from composite 
targets,2 tidal changes,3 etc. Although the effect of anomalous propaga
tion can be practically eliminated by choosing a near-by weak target 
signal as a standard, such a favorable choice of "standard target" does not 
necessarily eliminate interference effects. Targets that do not show such 
effects in some degree are exceedingly rare. 

These rule-of-thumb criteria are inadequate for the consistent judg
ment of radar performance, as has been shown by surveys of radar 
performance made on radar equipment in the field during the war. 
Unfortunately during most of the war adequate test equipment was 
commonly lacking; when it was present, it was often in charge of inade
quately trained maintenance personnel who did not appreciate the need 
for using it regularly. Figure 15-2 shows the combined results of a 

10 20 30 40 50 
Decibels below rated performance 
15-1.—Relation between radar 

performance deficit and available radar 
range for various types of target. 

F I G . 

1 See Sec. 2 1 4 . 
2 See Sees. 3-8 and 3-9. 
3 Sec. 2-12. 
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number of such surveys of ground, ship, and airborne 10-cm and 3-cm 
radars during the years 1943 and 1944. The radar performance figure 
of the average set tested was 14 or 15 db below the rated value for the 
radar. Since a performance-figure deficit of 12 db results in cutting the 
maximum range of the set on aircraft by a factor of 2 (Fig. 15-1), poor 
radar performance was responsible for a loss of more than half the 
tactical usefulness of the systems tested. Figure 15-3 shows the findings 
of a more recent (July 1945) survey covering 10-cm ship radars; it indi
cates that there had been no change for the better. 

Such serious deficiencies in actual field radar performance emphasize 
the fact that the use of test equipment to measure performance and to 
trace down the causes of impaired performance had not been incorporated 
into routine maintenance practice for most radar sets at the end of the 
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Radar performance survey, 
July 1945. 

war. Such important losses in performance are glaringly inconsistent 
with the great effort expended in radar design to attain high performance. 
In the design of new equipment, it is essential to make careful provision 
for adequate testing and trouble-shooting; in the use of existing equipment 
it is equally important to be sure that routine maintenance procedure is 
sufficient to keep the radar within a few decibels of rated performance. 
The design and use of test equipment is treated in detail in Vol. 23 of 
this series. 

DESIGN OF A HIGH-PERFORMANCE RADAR FOR 
AIR SURVEILLANCE AND CONTROL 

15-3. Initial Planning and Objectives. Formulation of Requirements. 
At a relatively early stage in the development of microwave techniques 
consideration was given to the possibility of applying them to the problem 
of long-range air surveillance. Greatly improved azimuth resolution, 
minimization of ground "clutter," and improved low-angle coverage were 
the principal advantages that microwaves appeared to offer. The best 
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output pulse powers were then low, receiver sensitivities were poor, and 
system problems were not well understood. Coverage equal to or better 
then that provided by the longer-wave equipment then in use or under 
development appeared to be attainable only by means of extremely 
high antenna gain. 

As these ideas developed, microwave techniques were rapidly advanc
ing. Requirements for antenna gain and size were reduced to moderate 
values, and finally computations supported by measurement showed that 
a microwave system could satisfactorily meet the coverage problem. 
Work was then initiated leading to the production of a ground radar, 
which proved to be one of the most successful sets ever developed. Its 
design characteristics were so well chosen that, even with the best 
techniques available at the end of the war, it could not easily be surpassed 
for air surveillance and control. 

As in several other system developments involving great advances 
over previous equipment, requirements on this set were not firmly 
specified during the developmental stage. In many respects this freedom 
from rigid requirements was advantageous. General objectives were 
clear, the design men were well situated to draw freely for advice and 
help on component specialists and on men familiar with operational needs, 
and they were largely free to use their own ingenuity and judgment to 
meet the many problems that were presented. 

General Objectives.—The principal objectives can be stated simply as 
follows: Coverage was considered to be important both as to maximum 
detection range and as to the altitude region included, but resolution in 
azimuth and in range were thought to be of comparable importance. 
Where height information was desired, auxiliary height finders were to be 
used; thus the radar beam could be fixed in elevation and swept contin
uously in azimuth by rotation of the antenna. 

Estimates of detailed requirements were difficult to make in regard to 
characteristics such as (1) accuracy of range and bearing values as deter
mined by methods of data presentation, (2) interval between " looks" 
at the target as determined by the revolutions per minute of the antenna, 
and (3) traffic-handling capacity as determined by the number and type of 
indicators provided. The designers, however, adopted as a general policy 
the improvement or extension beyond current practice of equipment 
characteristics that determined the accuracy and speed of data presenta
tion and use. Care was also taken in the design to permit still greater 
extension of these facilities by simple changes or additions. 

Beam Shape in Elevation.—A large air-surveillance set must be 
located on the ground or be elevated at most by a low tower to avoid 
interference by local obstruction. The radar beam in its 360° sweep 
may look over land, over water, or over both land and water. Figure 15-4 
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shows the general form of beam shape that gives the most desirable 
type of coverage under these conditions. Its lower edge is determined 
by the optical horizon, with corrections for atmospheric refraction and 
interference due to surface reflection. At a distance d in land miles 
from the radar set, the horizon height h in feet is given by h = ^d2 for 
normal atmospheric refraction (neglecting the interference effect, which 
is small for microwaves; see Sec. 213). Reduction of the blind region 
below this lower edge by locating the set on high terrain may be advanta
geous where the coverage is largely over water, but for overland surveil
lance this recourse is severely limited because of permanent echoes, 
which can mask out all return in regions where the radar beam is inter
cepted by land surfaces. 

Range on single large aircraft in miles 
F I G . 15-4.—Desirable coverage for long-range air-surveillance radar. 

In setting a desirable limit for the upper contour for detection of a 
given type of aircraft it was necessary to balance the value of high 
coverage against coverage in range, since adding to one subtracts from 
the other unless the designer chooses to increase the complexity of the 
equipment. For operations during World War II, provision for detection 
of a four-engine plane at all altitudes up to 35,000 ft was desirable, and 
this value was taken to determine the upper section CD of Fig. 15-4. 
Increasing the elevation angle of section AD of the contour does not add 
greatly to the radar coverage requirements, since the region is small; 
but practical difficulties of antenna design are encountered. Since 
close-in regions have been in the past largely masked out by permanent 
echoes, an angle of 30° was considered acceptable. With the upper and 
lower limits of the contour determined, the problem was now to push 
the maximum range out to the best possible value. 

A detection range of 180 miles for a four-engine aircraft appeared to 
be the best that could be expected, and the contour thus determined is 
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not unduly difficult to fit by beam-shaping. Even greater coverage both 
in range and height was known to be desirable, but it appeared to be 
attainable only by excessive antenna size or by an excessive multiplicity 
of separate radar beams, each with its own transmitter and receiver 
system. 

A microwave set with the coverage shown in Fig. 15-4 presented a 
very difficult problem. Because of uncertainty in measurements and 
in the outcome of component development, there was no firm assurance 
that it could be met. The success of the undertaking, however, was not 
dependent on meeting this coverage fully, since maximum range and 
altitude values within 20 per cent of the values of Fig. 15-4 would have 
represented a major advance over any previous equipment. Failure to 
detect one heavy plane above 30,000 ft would have limited the utility of 
the equipment for special problems, but, because of the practice of group 
flying, the normal problem was much less severe. 

Azimuth Beamwidth.—The usefulness of the radar set for surveillance 
was expected to improve in traffic-handling capacity, in ability to 
resolve closely spaced aircraft, in accuracy of data, and in reduction of 
ground clutter, as the azimuth beamwidth was decreased. The desirable 
lower limit was expected to be set only from considerations of a practical 
upper limit to antenna size and requirements of mechanical accuracy. 
Results obtained fully confirmed these conclusions for beamwidths down 
to 1° at half power, but in a later section of this chapter we shall see that 
qualifications may be introduced if future development is extended to 
beams much narrower. 

Miscellaneous Requirements.—Although limitations on size, complex
ity, weight, and power consumption could be subordinated to the require
ment for excellence in radar performance, the designers were fully aware 
of the importance of practical limitations on these characteristics. I t 
was also well understood that without great care and effort to achieve 
the utmost in simplicity, dependability, convenient facilities for test, 
and ease of maintenance, the equipment might fail to give satisfactory 
field service. 

In computations leading to the choice of system parameters the 
designers did not have the advantage of much information that is now 
available, yet in practically every case their decisions were excellent. 
The discussion of design now given will make use of up-to-date informa
tion not available to the designers. This procedure is helpful for clarity 
of presentation and will make the analysis more generally applicable. 

15-4. The Range Equation.—There will now be undertaken a detailed 
discussion of considerations leading to the choice of values for the follow
ing system parameters: (1) pulse length, (2) pulse recurrence frequency, 
(3) azimuth scanning rate, (4) azimuth beamwidth, (5) beam shape in 
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elevation angle, and (6) wavelength. We shall make use of the equation 
that gives the maximum detection range of a system as a function of the 
system parameters. 

The range equation (see Sec. 2-4) can be written as 

_ (p*A*r 
Km" ~ V47rSminX2 

where 
P = pulse power 
a = radar cross section of target 

A = area of antenna aperture 
/ is a dimensionless constant dependent on the efficiency of the 

antenna aperture. It is equal to about 0.6 for a simple 
paraboloidal reflector, and its value is approximately the same 
for the parabolic cylinder used for the lower beam of the 
set described here. If the reflector is distorted to spread the 
beam, as was done for the upper beam of the set under consid
eration, A and / cannot be used in the normal way. 

Smm = minimum detectable signal power. I t varies directly with the 
bandwidth B of the receiver, assuming that B is properly 
adjusted for the pulse length, and, to a good approximation 
for the problem under consideration, it varies inversely with 
the square root of the number of pulses per scan on the target. 

Acceptable values for a and S^a are now reasonably well established, 
and, since other quantities determining .Rmai can be readily measured, 
Eq. (1) can be used with some confidence for an absolute determination 
of range. The safer practice, however, is to compute coverage relative 
to the range performance on similar targets of a system with a similar 
scan, which has been carefully checked as to component performance. 
This procedure wall be followed, and Eq. (1) will be used only for the 
relationships it establishes among the system parameters. 

15-5. Choice of Pulse Length.—The pulse length is convenient for 
first consideration since its relations with the other parameters are 
relatively simple. I t enters the range equation through its effect on the 
value of Sminj this quantity normally varies inversely with pulse length 
since the receiver bandwidth, if chosen for optimum performance, is an 
inverse function of pulse length. 

Before proceeding further with the analysis, a discussion of other 
quantities that influence the value of <Smi„ will be useful. To a good 
approximation for the problem under consideration, the value of Sou. 
varies inversely with the square root of the number of pulses per scan on 
the target. 

Since N*, ■= —'-> 

r-
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where 
N*, = the number of pulses per scan on the target, 

vr = pulse recurrence frequency, 
9 = azimuth beamwidth in degrees between half-power points, and 
u = scan rate in degrees per second, 

we obtain the relation 

From the preceding section we have 

Smia a — ' (3) 

where T is the pulse length. 

From Eqs. (1), (2), and (3) we obtain 

R^ oc P»THvr», 

holding other parameters constant, or 
RL. <* PTVP. (4) 

The average power output is given by PTJV. 
I t is desirable to drive the transmitter of a high-performance ground-

based system at the highest pulse power and the highest average power 
that it will safely withstand. The value of R„,a can then be increased by 
an increase in pulse length and a corresponding reduction in the pulse 
recurrence rate, leaving average power and pulse power fixed at their 
highest safe values. 

Limitations on pulse length are imposed by the following considera
tions : 

1. The minimum range difference at which two targets can be resolved 
varies directly with pulse length. With a l-/isec pulse, aircraft 
inseparable in azimuth can be resolved if they differ in range by 
more than 164 yd plus a small distance which depends on the 
characteristics of the receiver and the indicator. With a 5-jusec 
pulse, this limit for resolution becomes 820 yd plus the same 
additive constant. 

2. The intensity of cloud return relative to signal return from planes 
varies directly with pulse length (Sec. 3-10). 

3. The coverage area obscured by ground clutter will increase as pulse 
length is increased. 

4. Magnetron behavior has been found to become more critical, and 
requirements on the voltage pulse from the modulator to become 
more exacting, with increasing pulse length. 
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5. Effects of pulse interference are more difficult to eliminate if the 
receiver bandwidth is narrow, as required for best sensitivity with 
a long pulse. 

6. If a reduction in the pulse recurrence frequency is required to 
increase pulse length, the azimuth accuracy may be adversely 
affected and means for the selective detection of moving targets 
may be less effective (Chap. 16). 

Consideration of all these points leads to the conclusion that a pulse 
length greater than about 2 /isec is to be avoided. 

Upper limits imposed on pulse power and on the pulse recurrence 
frequency have been such that a decrease in pulse length below 1 ^sec 
would require a decrease in average power below the maximum safe 
value, resulting in a decrease of Run*. Further, as we shall see, a 1-̂ isec 
pulse yields a discrimination in range which is, for most of the area 
covered by the radar, roughly equal to the azimuth discrimination 
afforded by the beamwidth chosen. This is desirable from the stand
point of the indicator. 

A pulse length of 1 ;»sec was finally chosen for the following reasons: 
1. Average power output was pushed to the safe upper limit for the 

transmitter with a value of 750 kw for pulse power, a pulse recur
rence frequency of 400, and a l-^sec pulse length. 

2. Reduction of the pulse recurrence frequency to 200 with a corre
sponding increase of pulse length to 2 ^sec would have given an 
appreciable increase in /?„,», if this change led to no reduction in 
pulse power or in average power. Since the magnetron then 
available performed better both in pulse power and in average 
power at 1 jusec than at 2 /isec, the realization of any improvement 
in Rmi would have been doubtful. 

3. The many advantages of a short pulse were thought to outweigh 
any small increase in coverage which a longer pulse appeared to 
offer. 

16-6. Pulse Recurrence Frequency.—The requirement of an adequate 
time interval for presentation of data usually serves to set the upper 
limit to the pulse recurrence frequency. Sufficient indicator sweep-time 
must be provided to present signals without overlapping out to approxi
mately the maximum range of detection. To the longest indicator 
sweep-time desired must be added sufficient time for recovery of the 
indicator sweep circuits, in order to arrive at the minimum time interval 
between pulses. Additional allowance must be made for any departure 
from regularity in modulator firing. 

Presentation of a 200-mile range was desirable, giving a time interval 
of 2140 jusec for the sweep. An additional 360 /isec was added for indica-
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tor recovery and to allow for irregular firing of the rotary spark-gap 
modulator, giving an average time interval of 2500 ^sec between pulses, 
or a v, of 400. Thus, the value of cr was set close to the permissible 
maximum for a radar set with a 200-mile range. 

For some applications, presentation of greater range would have been 
helpful. A pulse recurrence frequency of 350 or 300, permitting range 
presentation to 250 or 300 miles, would have reduced Ra^ very little, 
but the characteristics of the modulator chosen restricted vT to 400. A 
value of vT of 350 or 300 would be desirable from the standpoint of indi
cator range presentation for a future radar system of this general type, 
but two other factors favoring higher vr must be considered: 

1. The limiting accuracy of azimuth-angle determinations is approxi
mately half of the angular separation between pulses. A scan 
rate of 36°/sec with a vr of 400 gives an angular separation between 
pulses of 0.09°. The contribution of this effect to azimuth error 
would be about 0.045°, which is negligible for normal surveillance 
and control. In operations requiring very precise control of 
aircraft this error would be appreciable, and if it were doubled 
by decreasing the vT to 200 the resulting error might be a handicap. 

2. Cancellation of echoes from stationary objects by MTI means is 
less effectively achieved as the number of pulses per scan on the 
target (N„0) decreases (Chap. 16). If the scan rate is 36°/sec, with 
a beam width at half power of 1.0° and a vr of 400, iV„ will have a 
value of 11, which is about the lower limit for satisfactory per
formance of MTI. 

16-7. Azimuth Scan Rate.—Although the relation 

(Smin ~ Vazimuth scanning rate 

was not yet established at the time of the development here described, it 
was roughly understood; and it put a high premium on slow scanning 
rates. Mechanical problems in connection with the antenna mount are 
greatly simplified by a slow scan rate. 

Strongly opposing these considerations is the operational need for 
more complete and up-to-the-second information, in order to follow 
continuously the movement of high-speed aircraft and to control their 
movements intelligently. Control problems vary in difficulty from 
that of a well-formed group of aircraft moving over a simple course to 
that presented by the requirement for accurate following or control of 
numerous aircraft moving over complex independent courses. 

A plane flying 300 mph moves f mile in 10 sec, or 2\ miles in 30 sec. 
Data at 30-sec intervals, as given by a scan rate of 2 rpm, was considered 
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adequate for a simple tracking or control problem, but complex problems 
clearly called for higher scan rates even at the expense of coverage. 

Foreseeing a wide range of applications for the new radar equipment, 
its designers provided an antenna drive by means of which the scanning 
rate could be adjusted over the range from 1 to 6 rpm. For one wartime 
application that involved only simple tracking and control problems 
but put a high premium on range performance, a scan rate of 2 rpm was 
used exclusively. Other sets, which were used for more complex prob
lems, were commonly run at 4 rpm. Operation at 6 rpm was very limited 
because of mechanical difficulty. 

There is now good evidence that a scan rate of 6 rpm is desirable for 
complex tracking and control, and even higher rates should be advanta
geous. Mechanical difficulties at high scan rates and requirements for 
high azimuth accuracy will probably conspire to set an upper limit on 
future scanning rates. In fact rates above 6 rpm may be entirely ruled 
out by these limitations. 

16-8. Choice of Beam Shape. Azimuth Beamwidth,.—The merits of 
a narrow beam are so widely understood that they will not be discussed 
in detail here. All microwave development is recognition of the impor
tance of angular resolution. As wavelength is decreased, beamwidths 
obtainable with antennas of practical size are decreased. With the 
development of a microwave ground radar, the beamwidth for a long-
range air surveillance set was pushed down by an order of magnitude from 
values previously used for this application, and results were spectacularly 
successful. The set described here had an antenna aperture 25 ft wide 
and operated in the 10.7-cm wavelength region, giving a beamwidth of 
approximately 1.0°. 

I t will be of interest to see how far development toward increasingly 
sharper beams might usefully be carried, and to establish as closely as 
possible the optimum beamwidth for a long-range air-surveillance set. 
I t can readily be shown that a lower limit, and therefore an optimum 
value, exists, entirely apart from questions of mechanical difficulty. 

A scanning rate of 36°/sec gives an angular motion of 0.07° between 
transmission of a pulse and return of the echo from a target at 200-mile 
range. If the beamwidth were much less than 0.07°, the antenna gain 
for reception of the signal would be greatly below normal. For a beam-
width of about 0.15° or 0.2° this effect becomes negligible, and the limit 
it sets on beamwidth is probably not of practical importance. 

A similar and more important fundamental limitation on beamwidth 
is determined by the requirement that at least one pulse hit the target 
per scan, with the beam axis off in angle from the target by no more than 
a small fraction of the beamwidth. At a scanning rate of 36°/sec 
and a v, of 400, the angular separation between pulses is 0.09°, and for 
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reasonable overlapping of pulses a beamwidth of 0.2° at half power might 
be considered adequate. 

In order to show clearly the effect of beamwidth on fi„,, it is neces
sary to reconsider the range equation [see Eq. (1)], 

Ra 
( P<TA2f2\H 

\47rS»inX7 

If we let A = H X W, where 

H = height of antenna aperture, 
W = width of antenna aperture, 

we obtain 

\ 47rSnil,X2 ) R°" ~ \ 4TTS^\* ) ' ( 5 ) 

With coverage requirements in height specified, the beamwidth in 
elevation angle is fixed; therefore, H/\ is a constant. We then have 

Ami = Ki 1 -= 1 I (6) 
\ * J m i n / 

holding P and a constant, where 

which is now a constant. 
From Eq. (2) we see that Smin is inversely proportional to the square 

root of beamwidth 9. All other factors that enter into the value of »Smin 

can now be considered as constants and we can therefore write 

R^ = Kt\Vli&\ (7) 

where K% is another constant. The beamwidth in radians is \/W to a 
good approximation; substituting this expression for 9 we have 

#»« = KiW^X*. (8) 

From Eq. (8) we see that if the beamwidth is sharpened by decreasing 
the wavelength and holding the antenna width constant, /?„„ decreases 
slowly. The variation of S . , with antenna width is comparatively 
rapid. If the beamwidth is sharpened to the point where the number of 
pulses per scan on the target (JV.c) is smaller than about 10, Eq. (8) no 
longer holds. Then 7?mal becomes a more rapid function of X and a 
slower function of W. For values of A7.c less than about 5, the variation 
of ffm.x with W and X is given approximately by 

R,^ = K«W»V\ (9) 
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Further decrease of beamwidth below 1° should be advantageous 
operationally, although improvements due to increased resolution may 
not be as marked in this region as they were in the region above 1°. If 
wavelength is decreased below the 10-cm region to sharpen the beam, 
coverage requirements will become more difficult to meet, even with the 
assumption that component performance is independent of wavelength. 
Because of coverage demands and for other reasons to be discussed later, 
a decrease of wavelength below about 8 cm to sharpen the beamwidth 
does not appear desirable. 

An increase of antenna width beyond 25 ft to sharpen the beam 
would have the advantage of improving coverage, but the following 
limitations would be encountered: 

1. If the set is to be mobile or easily transportable, an antenna of 
greater width is cumbersome. With proper construction, an 
antenna perhaps 35 ft wide might be satisfactory. 

2. The requirement (for good gain per unit area) that the reflector 
shape shall not depart from the shape desired by more than about 
0.1X becomes increasingly difficult to meet as antenna width is 
increased beyond 25 ft. Xo difficulty was experienced in main
taining this tolerance with a 25-ft reflector, but the tolerance problem 
was found to be severe for an experimental 50-ft reflector con
structed for a particular application. 

These experiences would indicate that an antenna width up to about 
35 ft might be desirable. If a wavelength in the region from 8.0 cm to 
8.5 cm were used with such an antenna, the beamwidth should be about 
0.55°, which appears to be about the practical minimum. 

Beam Shape in Eli ration.—A beam or a multiple system of beams prop
erly shaped was required to fit as closely as possible the contour of Fig. 
15-4. A beam of 3° width in elevation angle with a maximum range of 
200 miles fits the desired contour well at long range. For best fit its axis 
must be elevated about 1.0° above the horizontal. Computations 
showed that, with antenna width chosen at a practical maximum and with 
all components pushed to the limit in performance, the coverage as 
shown in Fig. 15 5 for this 3° beam (.Curve A) was the best, that could be 
obtained with a single system. An antenna aperture S ft high is required. 

Close-in coverage could only be obtained by use of a second system 
which included transmitter, receiver, and antenna, with antenna width 
and all components the same as for the first system. Under these 
conditions an antenna height of 5 ft, with the lower edge of the reflector 
distorted from its parabolic shape over a .-mall region, gives the coverage 
shown bv Curve li. Fig. 15-5 Improved coverage could have been 
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provided by addition of a third system, but the additional complexity 
was thought to be operationally not worth its cost. 

Reflection of radiation from the earth's surface greatly influences 
the radar beam characteristics in elevation angle, and such effects must 
be given careful consideration. Over water, the reflection coefficient is 
high for all wavelengths of interest for air surveillance, and for very small 
angles of incidence it can be assumed to be 100 per cent. Over land, 
the reflection coefficient varies markedly with detailed surface shape and 
with the composition of the terrain, and in general increases with increas
ing wavelength. Adequate data are not available on the reflection 
coefficient, but at wavelengths of 10 cm or less it is assumed to be normally 
negligible, and at a few meters it is normally substantial. 

0 25 50 75 100 125 150 175 200 
Ran^e in miles 

FIG. 15-5.—Calibrated vertical-coverage diagram of actual radar using 7-in. B-scope 
with antenna rotating at 2 rpm. Effective antenna height is 100 ft. Target is a single 
B-24. 

The detailed effects of surface reflection which influence coverage are 
very complex. Some of the more important effects and conclusions 
are summarized below (see also Sec. 2-12). 

1. If surface reflection is high, the lowest possible angle of coverage is 
raised from the horizon to an angle a = X/2/i, where a is in radians 
and h is the height of the antenna above the surface. 

2. If surface reflection is low, radiation striking the surface is lost. 
It is clearly desirable to minimize this loss by beam-shaping. 

3. Over an angular region in elevation where reflected intensity 
equals direct intensity, RmiI at the center of an interference lobe 
is doubled, but midway between two lobes Rm** = 0. 

4. At long wavelengths (one meter or greater), the use of reflected 
radiation reduces requirements on antenna size, but the nulls 



604 EXAMPLES OF RADAR SYSTEM DESIGN [SEC. 16-9 

between lobes and especially the null region below the lowest lobe 
are sufficiently broad to handicap detection and tracking greatly. 
Shaping of a radar beam to reduce to a satisfactorily low value the 
percentage of energy striking the surface becomes impractical at 
wavelengths about 25 cm. 

5. At short wavelengths (10 cm or below), the angular separation 
between lobes is small. Loss of tracking due to nulls will normally 
occur only over short track distances and will not be as serious as it 
is for long wavelengths. For a system that works at least partially 
over land it is advisable, however, to minimize the radiation 
striking the surface by beam-shaping, in order to reduce the waste 
in energy. Antenna height required for satisfactory beam-shaping 
is not excessive. 

In the region of 25 cm, assessment of the influence of these effects 
on the general performance of the equipment becomes difficult, but for a 
high-performance set of general application the above considerations 
indicate that the best coverage obtainable as a function of elevation 
angle continues to improve with decreasing wavelength down to wave
lengths even below 10 cm. 

15-9. Choice of Wavelength.—In the discussion of other parameters, 
the consideration of wavelength was necessarily included; the many 
factors influencing choice of wavelength will now be summarized. 

Component development has been concentrated on particular wave
length bands. Development of a new wavelength region is so costly in 
technical effort and time that the wavelength chosen for a new system 
must ordinarily lie in a region already exploited. Of the wavelength 
regions in use, development in one may be further advanced than in 
another, or inherent capabilities in one may be better than in another. 
These considerations will influence the choice of wavelength. 

Excluding the state of component development, the most important 
factors that influence choice of wavelength are summarized below. 

1. Beam characteristics in elevation angle. From previous dis
cussions it was concluded that the best obtainable beam character
istics in elevation angle improve with decreasing wavelength. At 
wavelengths greater than about 25 cm, beam-shaping to eliminate 
the undesirable effects of radiation striking the earth's surface is 
no longer feasible. 

2. Coverage. If characteristics other than antenna height are held 
constant, then maximum detection range decreases slowly as 
wavelength decreases, but the antenna height required for the 
maintenance of a given elevation coverage varies directly with 
wavelength. 
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3. Beamwidth. Regardless of wavelength choice, the maximum 
antenna width for a transportable air-surveillance set appears to 
be about 35 ft. The minimum width, as determined by coverage 
requirements, is probably about 25 ft. A beamwidth of 1° or less 
is desirable if M T I requirements are ignored, and the most desirable 
wavelength would then appear to be in the 10-cm region or even 
shorter. Provision for MTI requires that the azimuth beam-
width be 1° or more, and 10 cm then becomes about the minimum 
wavelength. 

4. Atmospheric effects. Atmospheric absorption and variations in 
refraction can be neglected over the wavelength region under 
consideration, but the scattering of radiation from water droplets 
giving rise to echoes from storm centers is an effect of consider
able importance (Sec. 3-10). The scattering cross section of the 
droplets responsible for the signal return varies as 1/V. Return 
from a large storm center also varies linearly with pulse length 
and with beamwidth, but these parameters are restricted to 
relatively narrow regions and the variation of cross section with 
wavelength is therefore the controlling relation. Dependable 
operational data are rather limited but the following results appear 
to be established: (a) < At a wavelength of 3 cm, cloud return in 
some regions frequently obscures a large fraction of the coverage 
area and seriously restricts the use of the equipment; (6) reports 
of this difficulty at 10 cm are less frequent, and information fur
nished on storm centers is valuable for direction of planes around 
dangerous regions; (c) as wavelength is increased, less of the cover
age area is obscured by cloud return; but storm areas that are 
dangerous to planes may fail to show on the radar at the longer 
wavelengths. 

The wavelength region between 8 cm and 25 cm appears to be best on 
the basis of all these considerations. Though an optimum wavelength 
cannot safely be specified, we can make three general remarks con
cerning the best wavelength for a long-range ground-based system for air 
surveillance and control: 

1. The choice of the 10-cm region for the set described here was 
excellent, although a wavelength as short as 8 cm might have been 
more desirable. 

2. If MTI is to play an important role in future system performance, 
and if improvement in M T I performance with increasing beam-
width is sufficiently great, longer wavelengths may be desirable. 
The best wavelength may then become as great as 15 cm or even 
20 cm. 
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3. The ultimate capabilities of radar components should not differ 
greatly throughout the wavelength region from 8 cm to 25 cm, 
Somewhat higher transmitter power will be available at the longer 
wavelengths. At the time of the development described, perform
ance of existing components was better in the 10-cm region than 
at any other wavelength suitable for this application. 

15-10. Components Design.—The general system parameters chosen 
as a result of considerations outlined in the last few sections are as follows: 

Wavelength 10.15 to 11.10 cm 
Pulse length 1 pisec 
PRF 400 pps 
Azimuth scan rate 1 to 6 rpm 
Antenna aperture, lower beam S by 25 ft 
Antenna aperture, upper beam 5 by 25 ft 
Beam width 1° 

It now remains to describe the components of the radar set. 
The Antenna.—The antenna represented a departure from the usual 

paraboloid of revolution which had been used for earlier microwave 
antennas. I t is described and illustrated in Sec. 9-12. 

In the final design of the antenna mount, the reflectors for the upper 
and lower beams are mounted back-to-back, so that their axes differ 
by 180°. This complicates somewhat the mechanism for transmission 
of azimuth-angle data from the antenna mount to the indicators. When 
a given indicator is switched from upper-beam data to lower-beam data, 
the mechanism controlling angular orientation of the sweep must be 
suddenly shifted through a large angle. Operationally, on the other 
hand, this arrangement was a considerable convenience. A given air
craft could frequently be seen in either beam, and by switching beams 
every half-revolution of the antenna the operator could double the rate 
at which he received plots. 

More recent advances in antenna development have introduced 
antenna types, other than the parabolic cylinder fed by a linear array, 
which give the beam characteristics required for long-range surveillance 
and control. The method that now appears most promising uses a 
section of a paraboloid of revolution for the reflector. The periphery 
of this surface is cut to give an aperture several times greater in width 
than in height, and the reflector is fed by several horns or dipoles arranged 
along a vertical line passing through the focus. 

The latter antenna system1 has the following advantages over the 
linear array: 

1 Similar antennas are described in Chap. 14, Vol. 12 of this series. 
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1. Azimuth angle of beams does not shift with a change in wave
length. 

2. Multiple beams from separate transmitter-receiver systems can be 
accurately set to the same azimuth angle. This property is very 
desirable if the system is to be equipped for work with radar 
beacons. 

3. Open mesh or a grid structure can be used for the reflector surface 
to reduce wind resistance. The linear-array system requires a 
solid surface for the reflector, since the comparatively high gain 
of the linear-array feed will give an objectionable back lobe 
through mesh or gridwork. 

The Modulator.—Because of its simplicity and power-handling 
capacity, an a-c resonance-charging line-type modulator using a rotary 

F I G . 15-6.—Modulator of high-power ground radar. 

gap as a switching device was chosen. The rotary gap is mounted 
directly on the shaft of a 400-cps alternator, which excites the network 
and is properly phased by mechanical adjustment (Fig. 15-6). This 
modulator choice was important in fixing the value of the PRF, but, 
as already remarked, the desirable value lies in the neighborhood of 
400 pps in any event. 

Separate transmitters are used on the upper-beam and the lower-
beam systems; both are driven, through pulse transformers, from a 
single modulator. The modulator is rated at 3000 kw. 

R-f Components.—The high pulse powers used in this system demand 
the use of waveguide for the r-f system. Each magnetron operates in a 
field of 2800 gauss at 28 kv pulse voltage, drawing a current of about 30 
amp and putting 750 kw of r-f power into the line at about 65 per cent 
efficiency. 

Crystal protection at this high power level is difficult, and a scheme 
of "prepulsing" the TR tube is used. Part of the 8-kv modulator pulse 
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delivered to the pulse transformer input is capacitively coupled to the 
keep-alive connection of the TR tube. The delay in the pulse trans
former and magnetron is such that this pulse arrives at the T R tube 
slightly before the r-f pulse arrives. This ensures that the T R tube will 
fire, improving the crystal protection. 

The complete duplexer assembly, which includes the magnetron, its 
coaxial-output-to-waveguide adapter, the TR switch, the signal mixer, 
and the AFC mixer, as well as a slotted section for SWR measurements, is 
shown in Fig. 15-7. 

The Receiver.—The receiver is conventional, with an i-f bandwidth 
of 1.8 Mc/sec and an over-all gain of slightly more than 120 db. Instan-

F I G . 15-7.—Duplexing assembly. Two such units are included, one for upper-beam system 
and one for lower-beam system. 

taneous AGC circuits are provided and can be switched in or out at the 
will of the operator. The AFC operates from a separate mixer and 
amplifier and is of the hunt-lock type described in Sec. 12.7. Separate 
receivers are used on the upper-beam and the lower-beam systems. 

Indicator Equipment.—The set described here was based on the idea 
that full flexibility is required in the indicator complement. Both 
B-scopes and PPI displays can be used, in numbers and with geographical 
coverage determined by the radar location, the density of targets, and 
the mission performed by the set. 

All data voltages and power voltages for the indicators are supplied 
from a central point, the so-called "power console," which houses the 
antenna rotation controls, the transmitter switches, a servo-driven 
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azimuth gear train that follows the rotation of the antenna mount, and 
the information generator. The last-named unit contains the range-
mark generator (which produces signals 10 statute miles apart, with 
every fifth one of greater magnitude than the others), a calibrating unit 
for the range-mark generator, and a unit that generates from an azimuth 
synchro signal the sawtooth voltage required to provide the azimuth 
sweep for the B-scopes used with the set. 

Azimuth marks 10° apart, with every third mark more intense, are 
generated in the power console by means of a photoelectric device like 
that shown in Fig. 13-34. 

The B-scopes used are of the magnetic type described in Sec. 13 14 and 
illustrated in Fig. 13-43. PPI displays are of the rotating-coil type, 
and are preferably arranged to permit off-centering. The rotating sweep 
coil is driven by a size-5 synchro energized by a size-6 synchro connected 
to the azimuth gear train in the power console. Two size-6 synchros 
are driven by the azimuth gear train; they are set up 180° apart in angle. 
One provides the drive for PPI displays on the upper antenna beam, 
and the other for PPI displays on the lower antenna beam. 

15-11. Modifications and Additions.—The performance of the radar 
as finally built was excellent. Some of the PPI photographs in this 
book, such as Figs. 6-5 and 17-21, show the long range, good definition, 
and relative freedom from ground clutter which characterize the set. 

By the time the set was built and ready for use, the need for it in its 
originally planned role as a long-range air-warning set had nearly dis
appeared. The usefulness of such a set in controlling offensive air 
operations was just beginning to be realized (Sec. 7-6). Accordingly 
the radar, which had originally been intended for air warning from a fixed 
site, was provided with facilities, sketched in Sec. 7-6, which made it 
suitable as a mobile radar control center for use in offensive air warfare. 

Apart from the addition of a greater number of indicators than would 
have been needed for simple air warning, and the provision of off-center 
PPI's for the use of controllers, the modifications made in the set itself 
to fit it for its control function were not extensive or important. Another 
change in the set, also dictated by operational experience, did result in 
altering it substantially. This will now be described. 

Modification for Beacon Use.—The usefulness of ground radar for 
aircraft control can be greatly extended by modifications that permit it 
to work with airborne beacons (Chap. 8) mounted in the aircraft to be 
controlled. Three principal advantages are offered by such a step: 

1. Range extension. The useful range against single small aircraft 
of the set described here is about 90 miles; this can be increased by 
the use of beacons to the limit of the radar horizon (about 200 
miles for an aircraft at 25,000 ft). 
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2. Positive identification. Aircraft control is frequently complicated 
by the large number of aircraft operating at the same time within 
range of a single radar set. Departure of aircraft from planned 
flight schedules makes reliance on movements information unsatis
factory for identification. A beacon can afford positive identifi
cation of the aircraft carrying it. 

3. Freedom from ground clutter. By having the beacon reply at a 
frequency different from that used by the radar for interrogation, 
the beacon replies can be displayed without any confusing radar 
echoes. 

F I G . 15-8.—Beacon receiving antenna mounted above lower-beam radar antenna. 

Airborne beacons have been provided, almost without exception, with 
vertically polarized antennas. They will thus work with the lower beam 
of the set just described, but not with the upper beam since the latter is 
horizontally polarized. The beacon is arranged to be triggered by the 
pulses from the radar, but it replies on a different frequency, to receive 
which an entirely separate beacon receiving antenna and receiver system 
are provided. The beacon antenna, mounted on top of the lower-beam 
radar antenna, is shown in Fig. 15-8. It is a horn-fed paraboloid cut to 
8 ft by 4 ft. Despite the greater beamwidth of the beacon antenna than 
that of the radar antenna, the beacon signals are almost as narrow in 
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azimuth as radar signals, since the beacon is triggered only over the nar
row beam of the radar antenna used for transmitting the beacon challenge. 

The beacon receiver has a separate local oscillator and an i-f band
width of 10 Mc/sec, to allow for differences in frequency among beacon 
transmitters in the various aircraft. It is provided with sensitivity-
time control (Sec. 12-8). The video output signals of the beacon receiver 
go to a video mixer with controls so arranged that the indicator will 
display either radar signals alone, radar and beacon signals together, 
or beacon signals alone. 

DESIGN OF A LIGHTWEIGHT AIRBORNE RADAR FOR NAVIGATION 
The next example of radar system design to be described could scarcely 

be more different. In the design of the ground radar set described, every
thing was subordinated to attaining the best possible performance; 
in the AN/APS-10, the set now to be described, performance was impor
tant, as always, but it had to be attained within a variety of strict 
limitations. These limitations dealt with total weight, size, and power 
consumption, and with the required simplicity of operation, main
tenance, and repair. With its communications and height-finding 
facilities, the total weight of an installation of the ground radar comes to 
66 tons; the AN/APS-10 is made up of a few simple units whose total 
weight is scarcely 120 pounds. 

15-12. Design Objectives and Limitations.—By the year 1943, it was 
clear that airborne radar could offer an extremely important air-naviga
tional facility. Long-wave airborne radar then in use for sea search 
(Sec. 6-13) could be used for navigation in the vicinity of coastlines, but 
interpretation of its type L display required long training even under the 
best circumstances, and was impossible over land, where the multiplicity 
of echo signals was hopelessly confusing. 

Microwave airborne radar with PPI display was just coming into 
large-scale use, and it was clear that the picture of the ground afforded 
by such equipment would be a useful navigational aid over any sort 
of terrain except the open sea. Further, microwave beacons could pro
vide fixed landmarks visible and identifiable at long range. However, 
the microwave airborne radar sets then in existence had been designed for 
some specific wartime operational requirement, such as sea search, 
aircraft interception, or blind bombing. In consequence, their very 
considerable weight and bulk (arising from the youth of the microwave 
radar art) were not regarded as serious drawbacks. The radar was 
necessary in any case to enable the aircraft carrying it to perform its 
mission, and the navigational use of the radar was only incidental to its 
main purpose. 

Nevertheless, the clarity and convenience of the map-like presentation 
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of microwave radar suggested that if such facilities could be incorporated 
in aircraft whose primary mission had little to do with radar—transport 
aircraft, for example—they could serve an important navigational 
purpose. Since radar in this application is a very great convenience 
rather than an imperative operational necessity, it must make the 
minimum demands on the aircraft in terms of weight, drag, power con
sumption, and attention required from air and ground crew. 

Existing microwave radar scarcely met these requirements in 1943. 
For example, the AN/APQ-13, a bombing radar whose manufacture 
was just beginning at the end of that year, has an installed weight of 
620 lb without its special bombing facilities, and requires 100 amp of 
28-volt aircraft power. I t has 24 controls to be adjusted, omitting those 
concerned with its bombing function. Forty-two cables are required to 
interconnect its 19 separate component boxes. It is clearly uneconomic 
to install such an equipment as one of several navigational aids in an 
aircraft whose primary mission is not high-altitude bombing. 

Thus, the design of a new set for this navigational use was indicated; 
and it appeared that by careful attention to every detail such a set might 
be made simple enough, light enough, and convenient enough to come 
into widespread use. The equipment that resulted is the AN/APS-10. 

Performance Requirements.—As always, the range performance of the 
radar was the principal initial requirement. The following ranges 
(in nautical miles) on various targets were taken as being comfortably 
over the minimum necessary for navigation even of a high-speed airplane. 

Ground painting 25 to 30 
Cities 30 to 50 
Storm clouds 10 to 40 
Mountains 25 to 30 
5000-ton ship 25 
Ground beacons 150 (if not limited by horizon) 
Portable ground beacons (low power).. 115 (if not limited by horizon) 

Since rearward vision is usually as important in radar navigation 
as forward vision, it was concluded that the set should have a full 360° 
azimuth scan. In order that the appearance and location of nearby 
targets should not change too much between scans in an airplane traveling 
4 to 6 miles/min, only a few seconds could be allowed per scanner rota
tion. On the other hand, a reasonable number of pulses per beamwidth 
had to be allowed. 

Requirements on the antenna pattern were relatively simple. The 
beamwidth in azimuth had to be as narrow as possible, to afford good 
resolution of targets on the ground. The elevation pattern was required 
to give the most uniform ground coverage possible throughout the normal 
flying altitudes: from 1000 to 10,000 ft. 
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Limitations Imposed by Aircraft Installation.—The performance 
requirements just mentioned can be simply stated, and it is easy to 
check whether the completed radar meets them successfully. Neither 
of these remarks applies to the extremely important set of design limita
tions that arise from the fact that the radar is to be used in aircraft. 
The more important of these limitations are mentioned below. 

The outstanding requirement is for low total weight. Every part 
of the design is influenced by the necessity for making the final weight 
of the radar as small as possible. 

Low power consumption is important. Many aircraft types have 
relatively low electrical-generating capacity, and it is most desirable 
to be able to install a radar meant primarily as a navigational aid without 
the necessity of revising the electrical installation of the aircraft. The 
set must be able to operate either from a fixed-frequency 400-cps motor-
alternator set, or from a variable-frequency engine-driven alternator, 
which may supply power at a frequency as high as 2400 cps. 

Aerodynamic drag produced by the antenna housing must be as low as 
possible. This requirement puts a great premium on as small an antenna 
as possible. Taken in conjunction with the requirement for a narrow 
beam, this means that the wavelength on which the radar operates 
should be as short as is practicable. 

Ease of installation in all types of aircraft is important. This suggests 
that the radar be built in the form of several small components instead 
of one or two large units, since small units afford greater flexibility in 
installation. Maintenance is also simplified by dividing the equipment 
into units that can be replaced for checking and removed for repair. 
The necessity for connecting such units with cables adds considerably 
to the total weight of the set, however, and the physical layout must be 
carefully planned to reduce the number of cables and to keep their 
lengths as small as possible. 

Equipment mounted in aircraft is subject to extreme variations of 
pressure and temperature. External air pressure can vary from that at 
sea level to the pressure of less than one-quarter atmosphere found at 
30,000 ft. At the reduced pressures of high altitude, clearances required 
to prevent arc-over from high-voltage points are likely to become exces
sive. Further, the low temperatures of high altitude are likely to cause 
condensation, in the r-f line, of the water vapor that is present in warm 
sea-level air. The simplest solution for these difficulties is to seal the 
transmitter and the r-f line pressure-tight so that they can be main
tained at sea-level pressure at any altitude. 

Such pressurization of the modulator and the r-f system increases 
the problems of cooling. To meet operating conditions on the ground 
in the tropics, the radar must operate indefinitely at an ambient tem-
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perature of 50°C, and must withstand an hour's operation at 71°C. At 
the same time, because of the low temperatures at high altitude, the set 
must work satisfactorily at — 55°C. 

Severe vibration and shock are encountered in aircraft, and some of 
the weight of an airborne radar must be spent on adequate shock-
isolating mountings. 

Not only must the rectifier-filter power supplies for the radar circuits 
operate at any frequency from 400 to 2400 cps; they must also tolerate 
poor voltage regulation and poor waveform in the primary power supply. 

The presence in the same aircraft of high-power radio transmitters, 
sensitive radio receivers, and a high-voltage ignition system makes it 
necessary to shield and filter the radar set adequately to prevent it from 
interfering with other equipment, and to protect it from interference 
arising in other equipment. 

Limitations Imposed by Personnel.—A radar for navigational use in 
all sorts of aircraft must be manufactured in great quantity with ease 
and economy, must be so simple to use and understand that only a short 
period of training is necessary to operate it adequately, and must be so 
easy to maintain that it can be kept in satisfactory condition with little 
maintenance effort. Whereas, in principle, the operators of such a 
specialized radar as a blind-bombing device could be highly trained 
(though, in point of fact, few were, in the war), the operators of this 
navigational set were not primarily concerned with learning to operate 
it properly. Its own simplicity had to be great enough so that its 
operation was no more difficult to master than that, for example, of the 
radio compass. 

16-13. General Design of the AN/APS-10.—In the framework of 
these performance requirements and design limitations, the design of the 
AN/APS-10 was attempted. The most important decision concerned 
the wavelength to be used. At the outset, experiments were made with a 
simple PPI radar based on the 10-cm lighthouse-tube transmitter-
receiver unit used in the AN/APG-15 (Sec. 6-14), using an antenna of 
20-in. diameter. It was found that the range performance was marginal. 
Worse, the resolution of the set was so low that excessive skill in interpre
tation was needed to navigate with the set in the absence of well-defined 
geographical features. Since the larger antenna required to improve 
both the range and the resolution of this set could not be housed in 
aircraft without creating excessive drag, it seemed clear that a shorter 
wavelength would have to be used for general navigation. 

The other bands at which components had been developed were 
around 3.2 cm and 1.25 cm. The 1-cm art was in a very early 
state, and equipment was still cumbersome and of poor performance. 
For this reason, 3.2 cm was chosen. This was a fortunate choice; for 
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although it was not then known, the absorption of 1.25-cm radiation in 
water vapor is so strong as to remove almost entirely the usefulness of 
this wavelength for navigational purposes. 

Next, a decision had to be taken regarding the pulse power. High 
pulse power is very costly in the design of radar for aircraft, both in 
terms of the primary power requirement and in terms of total weight.1 

A comparison with the performance of the AN/APQ-13 served as a guide 
in determining the pulse power of the AN/APS-10. The AN/APQ-13, 
using about 50-kw pulse power and a high-altitude cosecant-squared 
antenna of gain 950, showed a range of about 45 miles for general ground 
painting and 50 to 100 miles on cities. Its receiver had a sensitivity of 
about 5 X 10~13 watts for a signal equal to noise. 

The 45-mile ground-painting range of the AN/APQ-13, as compared 
with the 25 miles required of the AN/APS-10, allowed a 10-db reduction 
of transmitter power for the latter, if the antenna gain and the receiver 
sensitivity were kept the same. However, it was felt that a 30-in. 
antenna was too large to be tolerated for the AN/APS-10. Experiments 
showed that an 18-in. cosecant-squared antenna designed for an altitude 
of 7000 ft would be useful in the usual altitude range from 1000 to 10,000 ft 
without unduly overilluminating short-range targets at low altitude or 
causing too serious a hole in the center of the pattern at altitudes higher 
than 7000 ft. This antenna proved to have a gain of 700; this meant 
that the reduction of antenna gain would require about 3 db of the 
calculated 10-db leeway between the AN/APQ-13 and the AN/APS-10. 

The remaining 7 db could be and were used to permit a reduction 
in pulse power. The lightweight, low-voltage 2J42 magnetron (see 
Fig. 10-46) was used in the AN/APS-10, giving an output pulse power of 
10 kw. The lower voltage and lower power required by this tube enabled 
the design of an extremely compact and simple pulser, shown in Fig. 10-47. 

Since the whole of the 10-db differential between the two sets had 
been used up in the smaller antenna and the lower pulse power of the 
AN/APS-10, it was necessary to make sure tha t the receiver sensitivity 
of the latter set did not fall below that of the AN/APQ-13. Further, 
special pains had to be taken to provide good range performance against 
microwave beacons. In the AN/APQ-13, the TR-switch tuning was not 
changed from search to beacon operation, and a narrow-band ATR was 
used. The loss of beacon signal in the TR and ATR alone could be as 
much as 15 or 20 db. In addition, no automatic frequency control of the 
beacon local oscillator was provided. Better facilities for working with 
beacons were desired in the AN/APS-10. 

1 W. L. Myers, "Weight Analysis of Airborne Radar Sets," RL Report No. 450, 
Jan. 1, 1945. " 
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16-14. Detailed Design of the AN/APS-10.—With these major 
design decisions taken, the detailed components design of the AN/APS-10 
remained. No attempt will be made to discuss the many interacting 
decisions that determined the design of the components of the set; 

FIG. 15-9.—Units of AN/APS-10. 

only the final result will be presented, and an attempt made to rationalize 
it in terms of the considerations of Sec. 15-12. 

A photograph of the components of the set is shown as Fig. 15-9. 
Figure 15-10 is a schematic diagram of the various units and their major 
subassemblies. The set consists of five major units: a transmitter-
receiver, a synchronizer, a synchronizer power supply, a scanner, and an 
indicator. There are two minor components, a trim-control box and a 
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Fio. 1510.—Block diagram of AN/APS-10 system. CT> 
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Unit 

Transmit ter-receiver 
Synchronizer 
Synchronizer power supply 
Scanner * 

Indicator and visor 

Pressure p u m p 
Tr im control indicator and flexible shaft 

Weight 

46 1b 
13 lb 1 oz 
19 lb 7 oz 
20 lb 

8 lb 5 oz 

6 1b 
2 lb 8 oz 
2 lb 6 oz 

Weight of 
mount ing 

4 1b 
13 oz 

1 lb 4 oz 

5 oz 

A-c power, 
wa t t s 

185 

150 

Included 
with sync. 

D-c 
power, 
wa t t s 

15-20 
3' 

20-30 

Maximum over-all 
dimensions of units, 

in. 

H 

1 2 | 
91 

m 
28 

6i 

3 ! 

W 

1 2 | 
6 ! 
9 

18 

Hi 

D 

20i», 
141 
12 
18 

131 

Pressuriza-
t ion 

Yes 
No 
No 
Feed and r-f 

line pressur
ized 

No 

X 

Co 

o •*) 
ft) 
&>. 
to 
t». a 
Co 

Co 

to 
IS) 
Co 

* These figures apply to the standard AN/APS-10 scanner. A special lightweight (13 lb) scanner, suitable for most applications, was also developed for 
AN/APS-10. (See Sec. 9 1 2 and Fig. 916.) 
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pressure pump. The weight, power consumption, and size of the units 
are summarized in Table 15-1. Table 15-2 gives more detail on the 
design of the various units. 

The transmitter-receiver unit contains the magnetron, the modulator 
and its power supply, the duplexer, the TR switch, the mixer, and the 
local oscillators, as well as a motor-driven time-delay switch for modulator 
turn-on, and a trigger amplifier for the modulator. The receiver strip, 

TABLE 15-2.—DETAILED SPECIFICATIONS OF THE AN/APS-10 
Total weight of units and mountings 124* lb less cables 
Primary power required 

Alternating current 115 v. 400-2400 cps, 340 watts 
Direct current 27.5 v, 80 watts 

Over-all system performance 
Transmitter frequency 9375 + 55 Mc/sec 
Pulse power 10 kw 
Receiver sensitivity, search 131 db below 1 watt 
Receiver sensitivity, beacon 125 db below 1 watt 
Pass band of untuned r-f components 9280 + 185 Mc/sec 

Modulator 
Type Line-type with hydrogen thyratron 
PRF, search 810 pps 
PRF, beacon 405 pps 
Pulse length, search 0.8 /*sec 
Pulse length, beacon 2.2 jisec 

Receiver 
Intermediate frequency 30 Mc/sec 
Bandwidth of i-f amplifier 5.5 + 1.0 Mc/sec 

Indicator 
Type (Sec. 1317) 5-in. resolved-current PPI 
Focus Permanent magnet 
Cathode-ray tube 5FP14 (or 5FP7) 
Video bandwidth 3 Mc/sec 

Antenna 
Reflector 18-in. paraboloid; / = 5.67 in; 

7000-ft cosecant-squared pattern 
Feed Two-dipole type 
Gain 700 
Polarization Horizontal 
Azimuth beam width 5° 

Scanner 
Scan rate 30 rpm 
Tilt angle 0° to -18° 
Trim angle 6|° to —10|° 

Number of tubes 
Transmitter-receiver 31 tubes and 3 crystals 
Synchronizer 25 
Indicator 4 
Rectifier power supply 6 
* With standard scanner. Lightweight scanner reduces total weight to 117 lb. 



Tia. 1511.—AN/APS-10 low-altitude PPI . Range mark at 10 miles; altitude 1600 ft.; 
Washington, D. C. at 0°, 8 to 13 miles, (o) Photograph of scope, (b) Sketch from map. 
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FIG. 15-12.—AN/APS-10 medium-altitude PPI . Special 30-in. antenna used. Range 
marks 10 miles apart ; altitude 6000 ft.; Narragansett Bay at 350°, 20 to 30 miles; Long 
Island at 160°, 20 to 40 miles, (a) Photograph of scope, (fc) Sketch from map. 
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(containing the i-f amplifier, the detector, and a video output stage), the 
automatic frequency control unit, and the low-voltage power supply for 
these circuits, are also mounted in this unit. The detailed design of this 
receiver is treated in Sec. 12-10. 

The synchronizer unit includes the primary timing circuits, and the 
sweep, range-mark, and intensifier circuits. On its front panel are the 
operating controls for the system. This unit serves as a cable junction 
box, and its use in this capacity has enabled the set to be designed with a 
total of only seven cables. Since the circuits are designed to allow for 
cable capacitance and for voltage drops, any of these cables can be as 
long as 25 ft. Separation of the synchronizer power-supply unit from 
the synchronizer itself permits the latter to be small enough to be con
veniently used as the main control box. It can be mounted with the 
control panel either vertical or horizontal, as each installation may 
demand. 

The indicator unit contains a video amplifier, in addition to the 
cathode-ray tube and its deflection yoke and focus magnet. 

The synchronizer power supply provides the necessary voltages for 
the indicator and the synchronizer. 

Performance of the AN/APS-10.—The completed set shows per
formance meeting the initial requirements. Scope-map comparisons 
that display the usual overland performance of the set at low and medium 
altitude are shown in Figs. 15-11 and 15-12. The blanked-out sectors 
abeam are due to shadows cast by the engine nacelles of the C-47 aircraft 
in which the set was installed. Figure 15-12 was taken while a special 
experimental antenna of 30-in. horizontal aperture was in use; thus the 
azimuth resolution and range performance are better than those attained 
with the standard 18-in. antenna. 

The performance of the set with 3-cm beacons is especially good 
because careful attention was paid to the radar-beacon problem in design. 
The major changes involved in switching from search to beacon operation 
are: 

1. Change of pulse length from 0.8 to 2.2 £isec. 
2. Change of P R F from 810 to 405 pps. 
3. Change of TR-switch resonant frequency from the magnetron 

frequency to the beacon frequency. 
4. Change from search to beacon local oscillator. 
5. Change from search to beacon AFC. (Sec. 12-7.) 
6. Stretching of beacon reply pulses in the video amplifier. 

A broadband ATR tube is used primarily to pass beacon signals with 
minimum loss, and a wider i-f band than necessary for optimal signal-to-
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noise ratio is employed to insure reception of signals even from beacons 
that have drifted off frequency. 

The long (2.2-^sec) pulse necessary for beacon triggering required a 
reduction in PRF in order to keep the duty ratio of the modulator nearly 
that used for search. The P R F of 810 used in search was set by the 
requirements of the indicator circuit; it is halved for beacon operation. 

FIG. 15*13.—Beacon replies on AN/APS-10 scope. Range marks 20 miles apart. 

At a repetition rate of 405 pps with a 5° beam, five to six effective 
pulses are sent to a beacon per scan, since only half the pulses incident 
on the beacon are effective because of its switched local oscillator (Vol. 
3, Sec. 8-13). Figure 15-13 shows the responses from four beacons 
appearing at once on the indicator of an AN/APS-10 radar. 

Suitability for Aircraft Installation.—The low power consumption and 
low weight of the AN/APS-10 are shown in Tables 15-1 and 15-2. The 
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net weight of the components is about 120 lb. To this must be added 12 
lb for cables and brackets, 28 lb for an inverter, and 25 lb for a radome, 
so that the installed weight of the set is about 185 lb, well under a third 
that of the AN/APQ-13. Snap fasteners and spring-loaded bands are 
used as retaining elements to facilitate the removal and replacement of 
units. 

To achieve low weight and simplicity, many attractive design features 
had to be sacrificed, including antenna stabilization, sector scan, ground-
range sweeps, and long pulses for maximum range performance. The 
possibility of adding to the AN/APS-10 special units to perform special 
functions has, however, been retained. A trigger pulse and video signals 
are available for any attachment, as are provisions for an additional 
azimuth-angle take-off and means for externally reversing the azimuth 
scan motor. 

Adequate filtering and shielding are provided to deal with any 
ordinary problems of mutual interference between the radar and other 
electronic equipment installed in the same aircraft. 

The transmitter-receiver is protected against changes in external 
pressure by means of a rubber-gasket seal and pressure-tight cable 
connectors. The r-f line is also sealed and is connected to a pressure 
pump with a dryer ori its intake. 

Internal and external fans are provided for the unit in which there 
is the greatest heat dissipation—the transmitter-receiver. The internal 
rise above ambient temperature in this unit is 35°C. 

All units except the scanner are shock-mounted. The r-f line between 
the shock-mounted transmitter-receiver and the rigidly attached scanner 
has a pressure-tight flexible section. Where possible, as in the case of the 
transmitter-receiver, center-of-gravity shock mounts are used. 

To minimize the effect of variations in supply voltage and waveform, 
full-wave rectifier power supplies with choke-input filters are used 
throughout the set. Electronic regulation of voltage has been used 
where necessary to maintain precise voltage or to remove the low-
frequency ripple found in the output voltage of many aircraft alternators. 

Operational Suitability.—In contrast to the 24 controls of the AN/-
APQ-13, the AN/APS-10 has only 10. Four must be used often, four 
infrequently, and the remaining two are primarily for the convenience 
of the operator. The four commonly used controls are: 

1. A range-selector switch that enables the operator to choose either 
a continuously variable, 4- to 25-mile sweep or a 50-mile sweep for 
search operation, or a 0- to 90-mile or 70- to 160-mile sweep 
primarily intended for beacon operation. Two-mile range marks 
are provided on sweeps shorter than 14 miles, 10-mile marks on 
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sweeps between 15 and 50 miles, and 20-mile marks on the beacon 
sweeps. 

2. A receiver gain control. 
3. A tilt control for the antenna. This enables adjustment of the 

depression angle of the radar beam to the optimal value for any 
altitude. A tilt meter calibrated in altitude is provided; it serves 
as an approximate guide to the correct setting. 

4. A search-beacon switch. 

The controls less often used are: 

1. The OFF-ON switch. 
2. The focus control of the indicator. 
3. The brilliance control of the indicator. 
i. The trim control. This enables the operator to adjust the scanner 

mechanism in pitch so as to keep the axis of the scanner vertical 
despite changing attitude in flight due, for example, to consumption 
of fuel. A fore-and-aft bubble level and a hand crank connected 
by flexible shaft to the scanner are provided. 

The two "convenience" controls are the adjustments for range-mark 
intensity and for dial-light brilliance. 

The operation of the AX/APS-10 is so simple that an hour's flight 
experience is sufficient to qualify a navigator to adjust and use the set. 

For ease in maintenance, all units of the set have been made inde
pendently replaceable, with no need of adjustment for individual units. 
Even within the major units of the set, subassemblies have been designed 
for replacement in the event of failure. 

External test points'have been provided on the transmitter-receiver 
and the synchronizer power supply to aid in identifying defective units 
in cases of failure. On the transmitter-receiver these include a test 
trigger from the modulator, an extra video channel, and a lead from a 
directional coupler which enables r-f checking. On the synchronizer 
power supply pin jacks are provided to permit measurement of power-
supply voltages. Other test points are incorporated on many of the 
subchasses of the transmitter-receiver unit. These external test points 
permit a routine procedure of inspection and preventive maintenance to 
detect incipient failure and insure peak performance. 

The consensus of its users is that the AN/APS-10 fits its requirements 
well. Further improvement in lightness, convenience, and modesty of 
power demand will follow on general advance in the art, and in particular 
on detailed attention to component design. To mention one example, 
the substitution of subminiature tubes for larger standard types will 
reduce bulk, weight, and power consumption. 



CHAPTER 16 

MOVING-TARGET INDICATION 

B Y A. G. EMSLIB AND R. A. MCCONNELL 

INTRODUCTION 

16-1. The Role of Moving-target Indication.—The object of moving-
target indication (MTI) is to present the signals received by a pulse 
radar set in such a way that moving targets show up while stationary 
objects give no response. The most advanced method of doing this 
allows the moving targets to be presented on a PPI . Figure 16-1 shows 
two PPI photographs, one with MTI in operation and one without, 
taken on a ground radar set at Bedford, Mass., using a wavelength of 10.7 
cm and a P R F of 300. The removal of the ground clutter is seen to be 
complete. The photographs in Fig. 16-2 were taken at Boston, Mass., 
where, because of screening by a ring of low hills, clutter does not extend 
appreciably beyond 10 miles. In these photographs, taken on a set 
having a wavelength of 10.7 cm and a P R F of 1650, the effectiveness of 
MTI in reducing storm echoes is shown. 

The problem of MTI is somewhat more difficult and the results less 
satisfactory when the radar set is carried on a moving ship or airplane 
because the clutter to be eliminated is itself moving relative to the radar 
set and the clear-cut distinction between moving and stationary targets is 
lost. In spite of this, it is possible to arrange MTI so that vehicles 
moving on the ground can be seen from an airplane. In the case of a 
shipborne set it is possible to compensate for the ship's own motion and 
therefore to see other ships and aircraft in the presence of sea-clutter and 
storm echoes. 

16-2. Basic Principles of MTI.—Two fundamental ideas are involved 
in the solution of the MTI problem: first, a method of reception that 
responds differently to fixed and to moving targets; second, an arrange
ment that takes advantage of this difference by selecting only the moving 
targets. 

The method of reception always uses the doppler effect in one form 
or another. The simplest arrangement is that shown in Fig. 16-3. 
Power from the transmitter is mixed with the c-w echo from the target. 
After detection, the beats between the two frequencies / and / ' can be 
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(a) (b) 
F I G . 16-1.—Comparison of normal and M T I P P I presentations: (o) normal scope, 35-mile sweep; (b) scope with MTI , 35-mile sweep. 

a> 10 



628 MOVING-TARGET INDICATION [SEC. 16-2 

r\.y ■ \: WM 

A 

F I G . 16-2.-
at 10° at 25 n 
MTI PPI . 

—Successive 30-mile normal and M T I P P I photographs. Note storm echoes 
tiles, 60° at 15 miles, and 150° at 30 miles. Seven aircraft are visible on the 
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heard in the phones. The echo frequency is given by the well-known 
doppler formula 

The beat frequency is then 

2v 
; / ■ 

Since the target velocity v is very small compared with the velocity of 
light c, this can be written as 

2v , 2v 

For v in miles per hour and X in cm this becomes 

89v 
U = 

See, for example, Fig. 5-12 

C-w 
transmitter 

Receiver 

'4- /V 

F I G . 16-3.—Doppler effect with c-w system. 

The arrangement of Fig. 163 gives no range information. This 
can be remedied by chopping up the outgoing train of waves as in Fig. 
164. The beats in the telephones now consist of a succession of pulses 
whose envelope has the doppler frequency fd- Note that the doppler 
effect can be viewed as causing a phase shift of the echo from pulse to 
pulse. I t is easy to calculate this phase change and to show that it is 
equivalent to the frequency shift. The distance traveled by the target 
between pulses is vT, where T is the repetition period. Hence each 
pulse travels a distance 2vT less than the preceding pulse. This is 
2vT/\ wavelengths, so that the phase change is 2T-2VT/\ between each 
pulse and the next. The beat frequency is then 2v/\, as before. 
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To obtain range information with the scheme of Fig. 16-4, the phones 
can be replaced by an A-scope synchronized with the modulator. The 
appearance of the A-scope is shown in Fig. 16-5, where one moving target 

Modulator 

C-w 
transmitter 

Power 
amplifier 

Receiver 
Pulse 

t* 
'/„ 

^\y^\7^ 

F I G . 16-4.—Doppler effect with pulsed system suitable for low frequencies. 

is seen among several stationary ones. The butterfly-like appearance 
of the moving target is the result of the variation in pulse amplitude as 
shown in Fig. 16-4. Stationary targets exhibit constant phase from pulse 
to pulse, and therefore a steady 
amplitude. 

The arrangement of Fig. 16-4 
can be used at frequencies of a few 
hundred megacycles per second but 
is not practical at microwave fre
quencies in the absence of suitable 
power amplifiers. However, the 
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F I G . 16-5.- -Doppler beats on an 
scope. 

F I G . 16-6.—Doppler system for micro
waves. Dotted lines show what must 
be added to ordinary radar set. 

same effect1 can be obtained by the circuit of Fig. 16-6, which shows the 
basic diagram of a microwave pulsed radar, with the addition of a reference 
oscillator. This reference oscillator provides a c-w signal with which 
to beat the incoming echoes. Since the transmitter starts with random 
phase from pulse to pulse, it is necessary to match the phase of the refer
ence oscillator to that of the transmitter at each transmitted pulse. 

1 "Second t ime a r o u n d " echoes—signals received from the second preceding 
pulse—will not be canceled by the a r rangement of Fig. 16-6. 
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Cancelled signals 
2 minus 1 

"V 
F I G . 16-7.—Pulse-to-pulse cancellation. 

The first four traces represent successive 
sweeps of A-scope. The last three traces 
show the canceled signals. 

This can be done by allowing a sufficient amount of power from the trans
mitter to enter the resonant cavity of the oscillator, which is then forced 
into step with the transmitter. This process is called "locking" the 
phase of the oscillator, or making it "coherent." The appearance of 
the A-scope will be the same as that shown in Fig. 16-5. 

Two methods of presenting 
the doppler information have been 
mentioned: t h e a u r a l method 
(Fig. 16-3), a n d t h e A-scope 
method (Fig. 16-6). These indi
cators are useful only with a 
stationary or very slowly rotating 
antenna. At n o r m a l rates of 
scanning, it is necessary to display 
signals on a PPI in such a way 
that only moving targets appear 
on the scope. This can be done 
by the method of pulse-to-pulse 
cancellation illustrated in Fig. 
16-7, where the first four traces 
represent successive sweeps on 
the A-scope of Fig. 16-5. The scheme is to delay the signals of 
Sweep 1 for a whole repetition period and then subtract them from the 
signals of Sweep 2. In the same way Sweep 2 is delayed and subtracted 
from Sweep 3, and so on. The results are shown in the last three traces 

of Fig. 16-7. This process can be 
carried out continuously by the 
arrangement of Fig. 168, in which 
the signals are split into two chan
nels, one of which contains a super
sonic delay line, and then brought 
together a g a i n for cancellation. 
An important practical point in the 
use of this scheme is the degree to 

which the output signal of the delay line simulates the input signal,' for 
the fidelity of reproduction of signals by the delay line influences the 
maximum clutter cancellation possible. 

It is also possible to delay the signals by means of a "storage tube," 
which works in a manner related to that of the Iconoscope used in 
television. The supersonic delay line was used as a delay device in the 
MTI systems that have had the most thorough testing; its use is therefore 
assumed in what follows. Certain advantages attend the use of a 
storage tube, notably the ability to apply MTI to a system whose 

Supersonic 
delay line 

Subtraction 
circuit 

Receiver PPI 

Fie 16-8.—Cancellation of signals of con
stant pulse-to-pulse phase. 
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repetition rate has "t ime j i t ter" (see Vol. 19, Chap. 25 of the Radiation 
Laboratory Series). 

16-3. A Practical MTI System.—Figure 16-9 is a block diagram of a 
practical MTI system. It can be regarded as a refinement of the arrange
ment of Fig. 16-6; instead of beating the signals with an r-f reference 
signal, the same thing is now done at intermediate frequency. This is 
accomplished by applying the superheterodyne principle both to the 
locking pulse and to the signals. The same stable local oscillator pro
vides a signal to two mixers, one of which reduces the frequency of the 
locking pulse, the other the frequency of the signals, to 30 Mc/sec. 
The i-f locking pulse from the first mixer is applied to an i-f oscillator 
which is thereby rendered coherent in phase with the locking pulse. 

Transmitter 

Modulator 

Trigger 
gene rator 

1 

R-f 
locking pulse 

Mixer 

.ocking pulse 

Coherent I-f 
osci lator 

— Stable local 
oscillator -— 

C w reference 

signal 

R-f signals 

Mixer 

I-f signals 

c 

-*-

PPI 

I 
Cancellation 

Flu. 16-9.—Practical M T I system. 

The circuits of Figs. 16-6 and 16-9 are entirely equivalent as far as the 
output of the receiver is concerned. The phase of the i-f echo signal 
from a stationary target depends on the starting phase of the transmitter, 
the starting phase of the local oscillator, and the range (which determines 
the number of cycles executed by the local oscillator while the transmitted 
pulse travels to the target and back). The i-f reference signal provided 
by the coherent oscillator has a phase that depends on the starting 
phases of the tr nsmitter and of the local oscillator, and on the range 
(which determines the number of cycles executed by the coherent oscil
lator during the echo-time). The starting phases of the transmitter and 
the local oscillator cancel out when the i-f echo signals and the i-f reference 
signal beat against each other, so that the phase of the receiver output 
depends only on the number of cycles executed by the local oscillator 
and by the coherent oscillator. Both of these oscillators are made to be 
stable; consequently the beat signal from a stationary target has a 
steady amplitude from pulse to pulse. When the target is moving, its 
range will change from pulse to pulse and a fluctuating output signal 
results from the corresponding change in the phases traversed by the 
oscillators during the echo-time. 
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A simple laboratory type of delay line is shown in Fig. 16-10. I t 
consists of a steel tube filled with mercury, with X-cut quartz crystals 
cemented to its ends by means of lacquer. An end cell filled with mercury 
is attached to the outside of each crystal by the same method. When an 
alternating voltage is applied across one of the crystals (that is, between 
the mercury in the end cell and that in the tube), the crystal undergoes 
periodic changes in thickness due to the piezoelectric effect. The 
vibrations of the crystal are communicated to the mercury as a super
sonic wave which travels down the 
tube at a speed of 4700 ft/sec, 
corresponding to a delay of 17.6 
jisec/in. On arriving at the other 
end of the line the wave causes 
the receiving crystal to vibrate, 
and this vibration produces an 
alternating voltage between the 
faces of the crystal. 

The mercury end cells, in addi
tion to acting as electrodes, serve 
also to prevent reflection of the 
supersonic wave by the crystals. 
When the crystal is driven at its 
resonant frequency, it acts as a 

Input Output 

15 Mc/sec X-cut quartz plates, 
one inch diameter 

-Mercury Mercury -
end cell end cell 

F I G . 16-10.—Laboratory-typo supersonic de
lay line. 

half-wave acoustical transformer; thus the delay line is properly termi
nated at each end by the end cells. The wave entering an end cell is 
broken up and absorbed by the skew back of the cell. 

A free quartz crystal has a very high Q and therefore such a narrow 
bandwidth that it cannot transmit microsecond pulses. In the delay line, 
the loading of the crystal by the mercury causes the crystal to be almost 
critically damped—that is, to have a Q near unity. Thus the band
width of the crystal, when it is cut, for example, for 15 Mc/sec, is many 
megacycles per second. The frequency response curve has its maximum 
at the resonant frequency of the crystal and falls to zero at zero frequency. 
Thus it is not possible to transmit video pulses directly through the delay 
line without distortion. Instead, the pulses are used to modulate a 
carrier whose frequency is that for which the crystal is resonant. 

Figure 16-11 shows, in more detail than Fig. 16-8, the arrangement of 
the cancellation circuits. The video signals from the MTI receiver 
amplitude-modulate a 15-Mc/sec oscillator and amplifier of conventional 
television design. Its output signals go to the input crystal of the 
15-Mc/sec delay line, and also to the "undelayed" channel of a two-
channel amplifier. The "delayed" channel of the amplifier receives the 
output signal from the delay line and amplifies it. The two channels of 
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the amplifier have separate diode detectors arranged to give opposite 
signal polarities, so that the delayed and the undelayed signal can be 
adjusted in amplitude to cancel each other when added. Since the video 
signal from a moving target is bipolar (cf. Fig. 16-7), a rectifier is included 
in the circuit ahead of the PPI . 

In order to get good cancellation, the signals in the two channels of 
the amplifier must match very closely in time. This means that the 

Two-channel amplifier 

Oscillator 
and 

amplifier ^ 

Video signals from 

Delay line 

1 
1 

,1 
' i 

1 
1 

' 1 
1 
1 

Carrier 
amplifier 

y 

Carrier 
amplifier 

L' 

Video amplifier 
and full wave 

rectifier 

' — Subtraction circuit 

MTI receiver 
. J 

MTI video out to PPI "" 
F I G . 16-11.—Block diagram of delay-line circuits. 

pulse-repetition period has to match the delay time of the supersonic line 
with great accuracy. The velocity of sound in mercury varies with the 
temperature by about one part in 3000 per degree centigrade, so that 
temperature variations will cause the delay time to drift. This can be 
compensated for by providing a trigger generator whose P R F is altered 
to take account of changes in the delay time. A simple way of doing this 
is to use another supersonic delay line as the timing element in the trigger 

Trigger to system 

15 Mc/sec 
resonant 
circuit 

♦ 
Blocking 
oscillator 

Trigger 
delay line 

Video 
amplifier 

15 Mc/sec 
amplifier 

1 
Detector 

F I G . 16-12.—Trigger generator. 

generator, as shown in Fig. 16-12. The circuit works as follows. When 
the blocking oscillator fires, it delivers a trigger to the system and also 
shock-excites a 15-Mc/sec resonant circuit. The oscillations so set up 
are passed through the delay line, and thereafter amplified and detected. 
The delayed signal is used as a trigger; it is applied to the blocking oscil
lator, which then fires and starts a new cycle. By making one of the 
delay lines variable in length (which requires a different design from that 
of Fig. 16-10) the delays in the trigger and signal circuits can be matched 
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initially. The two lines are mounted close together in a thermally 
insulated box so that the temperature changes equally for both. 

164. Alternative Methods for Obtaining Coherence.—Figures 166 
and 16-9 show two different ways of producing coherence between echo 
signals and a reference signal: in the first method, the oscillator whose 
phase is locked runs at radio frequency and the signals are added at 
radio frequency; in the second, the locking and adding are both done at 
the intermediate frequency. 
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(6) t 
F I G . 16-13.—I-f locking, i-f addition, (a) I-f locking by" transmitter, 

(b) I-f locking by oscillator, i-f addition. 
-f addition. 

It is also possible to lock at radio frequency and add at intermediate 
frequency. Further, the oscillator can be made to lock the phase of the 
transmitter instead of vice versa. The various arrangements can 
therefore be classified according to— 

1. Whether the transmitter locks the oscillator or vice versa. 
2. Whether the locking takes place at radio frequency or intermediate 

frequency. 
3. Whether the signals are added at radio frequency or intermediate 

frequency. 
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F I G . 1614.—R-f locking, r-f addition, (a) R-f locking by transmitter, r-f addition. 

(o) R-f locking by oscillator, r-f addition. 
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Taking all possible combinations, we get 23 different types of circuit. 
These are shown in Figs. 16-13 to 16-16. 

The circuit shown in Fig. 16-13a has advantages over the other 
schemes. In the first place, the signals are added at intermediate 
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F I G . 16-16.—I-f locking, r-f addition, (o) I-f locking by transmitter, r-f addition. 
(6) I-f locking by oscillator, r-f addition. 

frequency, which allows amplification of the signals before addition. 
Second, i-f locking is superior to r-f locking. The latter is hard to do in 
the case of the transmitter, because of the large amount of power required; 
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it is also difficult if the stable r-f oscillator is to be locked, because of the 
high Q required to make the oscillator stable. Locking a coherent i-f 
oscillator is easy since the Q can be smaller by a factor of 100 for the 
same allowed rate of frequency change. The scheme of Fig. 16-136, 
which uses i-f locking and i-f adding, is inconvenient because it requires a 
power amplifier. 

PERFORMANCE CRITERIA AND CHOICE OF SYSTEM CONSTANTS 
The primary objective of moving-target indication is, of course, to 

attain a high degree of discrimination in favor of the echoes from moving 
targets compared to those from fixed ones. In order that this be accom
plished it is necessary that echoes, or clutter, from fixed targets be 
eliminated or greatly reduced and that those from moving targets be 
retained with optimum sensitivity compared to the residual clutter and 
the inherent noise of the receiver. 

Since the recognition of moving targets is based upon changes in the 
returning echo from one pulse to the next, any changes present in the 
signals from the fixed echoes will interfere with their elimination. Such 
undesirable variations are of two sorts: (1) those inherently present in the 
returning echoes, principally due to internal motions of the targets 
themselves or to the effects of scanning; (2) spurious variations due to 
instabilities or other shortcomings of the radar equipment. The methods 
used and the constants chosen for the set should be selected in such a 
way as to minimize the effects of the inherent fluctuations. The elimina
tion of spurious variations is largely a matter of careful engineering design. 

Another factor to be considered in the choice of system parameters is 
that since different radial velocities produce different changes in relative 
phase from pulse to pulse, certain velocity intervals are much more 
effective than others in producing large uncanceled signals. Indeed, a 
phase change of one cycle—that is, a radial motion of one-half wavelength 
between pulses—is equivalent to no change at all. Thus there are certain 
"b l ind" velocity intervals in which the mass motion of the target does 
not lead to a discernible indication. Since the velocities about which 
these intervals are centered are determined by the wavelength and the 
pulse repetition rate of the set, it is possible, within limits, to arrange that 
they fall as little as possible in the range of velocities to be expected for the 
targets of interest. 

The various factors dealing with clutter elimination and target 
visibility on a fixed system will be discussed in detail from both the theo
retical and the practical standpoint in the next few sections. The addi
tional factors present when the system is moving will be introduced later. 

16-5. Stability Requirements. Frequency of the Beating Oscillators.— 
The amplitude of the video signal from a stationary target can be written 
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as 
y = yo cos <t>, (1) 

where j / 0 is the i-f amplitude and <f> is the phase difference between the 
i-f echo signal and the reference signal. Now <j> depends, as we have 
already seen, only on the number of cycles executed by the stable local 
oscillator and the coherent oscillator during the echo-time ti. Thus 

<t> = (on ± oic)ti, 

where wj and uc are the angular frequencies of the stable local oscillator 
and the coherent oscillator, respectively. The positive sign is to be 
taken when the local oscillator is tuned below the magnetron frequency, 
the negative sign when it is above. If either oscillator varies in frequency 
between pulses by an amount Aai, the phase change produced is then 

A<j> = li Ao). 

If the frequency drifts at a uniform rate, then 

where T is the repetition period. Thus 

A « = r i ^ . (2) 

Now, from Eq. (1), we obtain, for the fractional change in beat amplitude, 

Ay — = — sin 0 A<j>. 
2/o 

which has a maximum value equal to A<f>. For a high-performance 
MTI system a value of 6 per cent for Ay/y0 could be tolerated since this 
represents the maximum residue of clutter amplitude left after can
cellation. The average residue will then be considerably less than 6 per 
cent. The corresponding value of A<t> is 0.06 radian or y ^ cycle. On 
substituting this value in Eq. (2) we get for the allowable rate of drift of 
frequency 

df _ 1 
dt lOOTd (3) 

For example, this has the value 20 kc/sec2 for T = 1000 jusec (PRF of 
1000) and ti = 500 Msec (target at range of 50 miles). It will be seen 
later that such a low rate of drift cannot be obtained in a local oscillator 
without some special means of stabilization. In the case of the coherent 
oscillator, on the other hand, the figure is readily attainable with a well-
constructed oscillator circuit. 
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So far we have assumed that the coherent oscillator is exactly in tune 
with the i-f echo signals. If this is not so, the video signals are no longer 
square pulses but contain a number of cycles of the beat frequency, as 
shown in Fig. 16-17. In the case of a moving target the beat cycles shift 
horizontally from pulse to pulse and give a filled-in appearance on the 
A-scope. Figure 16-176 really represents coherent i-f rather than 
coherent video signals, with the coherent oscillator acting as a second 
local oscillator. Thus a loss in signal-to-noise ratio occurs when the 
signals are passed through the video amplifier, whose bandpass character
istic is wrong for i-f signals. I t is interesting to note that a gain in signal-
to-noise ratio can be obtained theoretically by detuning the coherent 

oscillator sufficiently and replacing 
the video amplifier by an i-f ampli
fier having a suitable pass band.1 

However, since this scheme requires 
(»)—-'1/1/ J\f fl|& vAP— much greater precision in the cancel-

FIG. 1617.—Effect of detuning the lation circuits, it is probably better to 
coherent oscillator (a) Oscillator in tune r e t a i n t h e y i d e 0 a m p l i f i e r a n (J m a k e 
with i-f signals, (o) Oscillator detuned. 

sure that the coherent oscillator is 
always well tuned to the i-f signals. No serious loss in signal-to-noise will 
occur if there is less than one-quarter of a beat cycle in each pulse. This 
means, for example, that the detuning should be less than i Mc/sec in the 
case of a 1-jusec pulse. 

Magnetron Frequency.—The frequency stability required of the magne
tron can now be considered. The effect of a change A/m is to alter the 
number of beat cycles within the "v ideo" pulse by the amount T A/m, 
where T is the pulse length. For reasons similar to those used in con
nection with the beating oscillators, this quantity should not exceed YWTS 
cycle from pulse to pulse. Hence we get for the allowed rate of drift, in 
the same way as before, 

dfm 1 
dt 1007V (4) 

For T = 1000 /isec and r = 1 /jsec, the rate is 10 Mc/sec2, which is 500 
times the permissible rate for the beating oscillators. We conclude that, 
if it is found necessary to have AFC on a system with MTI, it should be 
applied to the magnetron rather than the local oscillator. 

Variation in magnetron frequency from pulse to pulse causes another 
kind of effect in the case of extended ground clutter. Consider two clutter 
signals that just overlap in range. If the magnetron frequency changes 
by an amount A/m, there will be a relative phase shift between the two 
echoes which amounts to T A/m cycles. This phase shift will cause the 

1 A. G. EmsKe, " M T I Using Coherent I F , " R L Group Repor t No. 104—8/22/45 . 
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echoes to beat in amplitude in the region of overlap, even when no coher
ent reference signal is present. Since the expression for the phase shift is 
identical with the previous expression, Eq. (4) also applies here. 

Extra cycles will also appear in the video pulses if the magnetron fre
quency varies during the transmitted pulse. Such variation occurs 
chiefly at the beginning and end of the pulse. If A/i is the maximum 
departure in frequency from the value in the central part of the pulse, 
the number of beat cycles is certainly less than T A/I . With the same 
criterion as before we therefore should have 

' 4A < \- (5) 

For a 1-Msec pulse this gives A/i < \ Mc/sec. However, since most of the 
effect is concentrated near the ends of the pulse, a much larger variation 
is probably permissible. Since the frequency pattern within the pulse 
does not change from pulse to pulse, the quality of the cancellation is not 
affected. All that is involved is a slight loss in signal-to-noise ratio for 
moving targets. 

Cancellation Equipment.—Consider next the stability requirements on 
the cancellation equipment. The detectability of a signal on the PPI can 
be roughly measured by the area under the voltage pulse. Thus if the 
trigger and signal delay lines differ in delay time by an amount An, there 
will be two uncanceled spikes of width ATI for each echo. In order to 
cancel, for example, to 4 per cent, we must therefore make ATI less than 
2 per cent of the pulse length. The delay lines should be capable of 
matching each other within this tolerance for at least an hour at a time. 
Likewise the amplitudes of the signals in the delayed and undelayed 
channels should match to 4 per cent for an hour at a time. 

Modulator.—Pulse-to-pulse variation in the repetition rate can pro
duce the same effect as unmatched delay lines. Thus the modulator 
should fire relative to the trigger with a variation of not more than 2 per 
cent of the pulse length, or -fa /jsec in the case of a l-^sec pulse. 

Finally, we have to consider the effect of variation in pulse length. If 
this should change by an amount AT from one pulse to the next, there will 
be an uncanceled spike of width AT. Thus we should not allow AT/T to 
exceed 4 per cent. 

Variation in pulse length can also cause an indirect effect on the phase 
of the coherent oscillator when the latter is not in tune with the i-f echo 
signals. Let us assume, for example, that the locking pulse causes the 
coherent oscillator to execute forced vibrations at the intermediate fre
quency for the duration of the pulse, after which it reverts to its natural 
frequency. Then the variation in phase of the coherent oscillator is given 
by AT ■ A/ (in cycles), where A/ is the amount by which the coherent 
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oscillator is off-tune. Taking AT = 0.04 jusec (for r = 1 /usec) and allow
ing a phase change of TBTT cycle, we get A/ = i Mc/sec. 

Summary of Requirements.—Table 16.1 summarizes the stability 
requirements. It should be mentioned that these figures represent almost 
ideal conditions, in which the clutter to be canceled shows no fluctuations 
of its own. If for any reason (such as rapid scanning rate) the clutter 
should fluctuate by 10 or 15 per cent from pulse to pulse, there would be 
no sense in canceling to 3 or 4 per cent. In such a case, some of the require
ments in the table could be relaxed considerably. 

TABLE 16-1.—STABILITY REQUIREMENTS FOR HIGH-PERFORMANCE SYSTEM WITH 
PRF OF 1000 PPS, PULSE LENGTH 1 MSEC, GROUND CLUTTER OUT TO 50 MILES 

Component Quantity Maximum allowable value 

Stable local oscillator 
Coherent oscillator 
Magnetron r 
Magnetron 

Modulator and magnetron. 

Coherent oscillator 

Modulator 
Delay lines 

Frequency drift 
Frequency drift 
Frequency drift 
Frequency change within 

pulse 
Pulse length variation from 

pulse to pulse 
Detuning from intermedi

ate frequency 
Stability relative to trigger 
Relative drift in delay time 

20 kc/sec2 

20 kc/sec2 

10 Mc/sec2 

i Mc/sec2 (and probably 
much more) 

4% 

i Mc/sec 

z\ Msec 
5ij Msec/hr 

16-6. Internal Clutter Fluctuations.—In this section we shall consider 
echo fluctuations due to internal motions of the clutter—for example, the 

motions of trees in the case of ground 
clutter. The ground-clutter pattern 
may include strong echoes from sin
gle targets, especially in regions 
where there are large structures hav
ing simple g e o m e t r i c a l shapes. 
Echoes from water towers and build
ing faces may easily equal in inten
sity the composite echo obtained 
from a mountainside. H o w e v e r , 
echoes from structures are generally 
found to be fairly steady since the 
targets do not sway much in the wind 

and do not present a serious cancellation problem when the antenna is 
stationary. 

Most ground clutter is composite in the sense that the echo amplitude 
at a given instant is the vector sum of many small echoes from the indi
vidual targets scattered over a land area determined by the beamwidth 

(o) 
FIG. 16-18.—Composite nature of 

ground clutter, (a) Illuminated area of 
clutter, (b) Contributions to signal: fixed 
clutter = Ri; moving clutter = Ra; result
ant signal = R; resultant for next pulse = 
R'; variation between pulses = r. 
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and half the pulse length, as shown in Fig. 16 18a. The individual 
targets may consist of rocks, tree trunks, tree branches, leaves, etc. 
Some of these, such as the rocks, are fixed. Others, such as the branches 
and leaves, move in the wind. In Fig. 16-18b, the vector Ei represents 
the contribution from the fixed targets and R2 that from the moving 
targets, and R is the resultant signal. At the next pulse, R2 changes to 
R'2, and the resultant to R'. The small vector r is the pulse-to-pulse 
change. 

Individual moving targets in the illuminated area are so numerous 
that even the largest is small in size compared with their sum. Also the 
phases of their echo signals are completely independent. Under these 
two conditions, the vector R2 has a probability distribution like that of 
statistical noise—that is, the end of the vector has a Gaussian distribution 
about the point 0'. The pulse-to-pulse change r likewise ha.s a Gaussian 
distribution. 

The final result connecting r and R2 is the following: 

(r)« Vr (Bl)n (6) 

where / , is the PRF, X the wavelength, and k a factor that depends on the 
wind speed and type of terrain. Measurements of the ratio of (r)zm. to 
(fl)rnu have been made by H. Goldstein.1 The following table gives 
typical values extrapolated from the experimental figures which were 
obtained using a repetition rate of 333/sec. The voltage ratio of fixed to 
variable clutter is also given. In the case of sea and storm echoes, there 
is no fixed component. 

TABLE 16-2.—TYPICAL MEASURED VALUES OF CLUTTER FLUCTUATION 

Kind of clut ter 

Thunders torm 

Wooded terra in (wind 
45 mph) 

Wooded terrain (wind 
25 mph) 

Wooded terrain (wind 
25 mph) 

Wooded terrain (wind 
10 mph) 

X, 
cm 

9 .2 
9 2 
3 .2 

3 2 

3 .2 

9 .2 

9 .2 

Voltage rat io of rms 
fixed component to 
rms variable com

ponent 

0 
0 
0 

0 

« 1. 

0 . 9 

3 .7 

Tota l echo / rms fluctuation, 
db 

P R F = 500 

5 
13 

8 

14 

22 

34 

51 

1000 

11 
19 
14 

20 

28 

39 

54 

2000 

17 
25 
20 

26 

34 

46 

57 

1 Sees. 613 to 6-21 of Vol. 13 of this series. 
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Several remarks are in order regarding the generality of the above 
experimental values. Both the amplitude and the velocity of sea clutter 
can be expected to vary widely with weather. Storm echoes are variable 
in character, depending perhaps upon their internal turbulence. A reduc
tion of storm echoes by 10 db or more has been frequently observed on a 
10-cm MTI system at 2000 pps. On some occasions, however, the reduc
tion of echoes from certain areas of the storm has been negligible despite 
a tangential wind velocity. 

The wooded terrain is that of New England in summer. Limited 
evidence suggests that there is little change with the seasons. However, 
some questions of importance remain with regard to ground clutter. 
On the PPI of a 10-cm MTI system operating near Boston at a PRF of 
300, many thousands of uncanceled targets have been observed under 
conditions that make an explanation difficult. These targets, which 
might possibly be birds, have been noticed to increase in number just 
after sunset. 

When extrapolating to other wavelengths, it should be borne in mind 
that the wavelength dependence of Eq. (6) cannot be expected to hold 
rigorously. Classes of moving reflectors that are negligible at 10 cm may 
become of importance at 3 cm. 

(a) 

Ay 

I IH l l l 
(*) 

FIG. 1619.- -Scanning fluctuations of the echo from an isolated target. 
receiver, (b) Limiting receiver. 

(a) Linear 

16-7. Fluctuations Due to Scanning.—When the radar beam sweeps 
over a simple isolated target, the received echoes vary from pulse to pulse 
as shown in Fig. 16- 19a. The envelope of the echoes is the antenna pat
tern (voltage two ways), and the maximum pulse-to-pulse variation Ay 
occurs at the point where the antenna pattern has its maximum slope. 
Thus Ay can be readily calculated if a Gaussian error curve is used as an 
approximation to the actual antenna curve. The result can be written in 
the form 

Ay _ 1.43 
3/o n (7) 

where «/o is the maximum received voltage and n is the number of pulses 
transmitted while the antenna rotates through an angle equal to the 
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beam width (as measured between half-power points, one way). For 
example, in the case of a 1° beam rotating at 6 rpm with a P R F of 1000, n 
is 28 and Ay is therefore 5 per cent of ya. This represents the residue that 
would be left after cancellation if a linear receiver were used. 

In the next section it will be shown that a nonlinear receiver is neces
sary in order to remove all the clutter from the PPI . Figure 1619b 
shows the output of a simple limiting receiver; the maximum pulse-to-
pulse variation Ay\ is less than before and occurs farther out on the 
antenna pattern. The fluctuation is now given by the expression 

^ = % (8) 
2/i n 

where k is no longer a constant but depends on the ratio of maximum input 
signal yo to the limit level yx, as shown in Table 16-3. 

10 
100 

1000 

T A B L E 16-3 

k 
5 .1 
7 .2 
8 .7 

It will be noticed that k does not change much as the input signal strength 
is varied over a wide range. This makes it easy to obtain removal of 
clutter of varying size. 

Now let us consider the fluctuations in the 
case of extended ground clutter. The echo 
from such clutter, as we have already seen in 
Sec. 16-6, consists of the vector sum of the con
tributions of a large number of scattering ele
ments. As the beam sweeps over the ground, 
new elements are illuminated and the old ones 
pass out of the beam. Thus the signal fluctu
ates in both amplitude and phase, as shown in 
Fig. 16-20, where R is the signal voltage at a 
given instant and R' the value after one repeti
tion period. The change from pulse to pulse is 
represented by the vector r. If it is assumed that the scattering elements 
are equal in size and randomly distributed, it is not hard1 to calculate the 
ratio of the rms values of R and r. The result is 

F I G . 16-20.—Scanning 
fluctuation of the echo from 
an extended target. 

e 
n 

/ 

(9) 

UWYde] 
' A . G. Emslie, " M o v i n g Target Indicat ion on M E W , " RL Repor t No. 1080, 

Feb. 19, 1946. 
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where r0 and Ro are the rms values of r and R, 9 is the beamwidth, n is 
the number of pulses per beamwidth, and /(0) is the antenna pattern 
(voltage two ways). For the case of a Gaussian antenna pattern, we 
obtain the equation 

w - l-f- (10) 
/to n 

I t is convenient to analyze the fluctuation into an amplitude part and 
a phase part. To do this we can resolve the vector r into two components, 
one in the direction of R, the other at right angles to R. The rms value 
of each of these components is r0/\/2. Thus the rms fluctuation in 
amplitude is ro/\/2 and the rms fluctuation in phase is approximately 
r0/(Ro\/2)- We can therefore write 

Rms pulse-to-pulse amplitude fluctuation = - ' R0 

Rms pulse-to-pulse phase fluctuation = —'—̂= radians. 
n v 2 

These equations apply to the case of uniformly distributed scattering 
elements. It might appear that a sudden discontinuity in the density 
of scattering elements would cause a larger fluctuation. To see that this 
is not so we can consider the integral {/[/'(0)]2 dB}'^, which is proportional 
to the rms pulse-to-pulse fluctuation r0. In the case of a uniform distribu
tion of scattering elements, the limits of integration are from — <» to + » . 
When there is a discontinuity at an angle 8X from the center of the beam, 
the limits are 0i to « , and the integral will be less than before since the 
integrand is everywhere positive. 

16-8. Receiver Characteristics.—Ideally, an MTI system would 
remove all clutter signals from the scope, maintaining the greatest possi
ble sensitivity for moving targets both in the clear and in the clutter. 
Practically, this is not always possible, because of clutter fluctuations, 
the finite perfection of cancellation, etc. Under these circumstances, it 
appears desirable to adjust the residual clutter, after cancellation, so that 
it resembles receiver noise in amplitude and texture when it is presented 
on the scope. 

Clutter fluctuations already have an amplitude distribution like that 
of noise, whether they are due to scanning or to the action of the wind. 
Thus the only problem left is to reduce the rms fluctuation to the same 
value everywhere. There are two ways of doing this, the first depending 
on the nature of the amplitude fluctuations of the clutter, the second on 
the nature of the phase fluctuations. 

As we have seen, the rms fluctuation in amplitude is proportional 
to the rms clutter amplitude. Thus if x is the size of the clutter at the 
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input of the receiver, the total increment in amplitude can be written as 
Ax = kx + N, 

where kx is the amplitude component of the clutter fluctuation and N is 
the component of the i-f noise vector in the direction of x. The output 
fluctuation Ay is given by 

and we require it to be independent of the clutter amplitude x. Thus we 
have 

dy = K 
dx kx + N 

where K is the (constant) value of Ay. Integrating this equation with the 
condition that y■ = 0 when x = 0, we get the following expression for the 
characteristic of the i-f amplifier: 

v - § m ( i + £). (12) 
For values of x giving a fluctuation kx considerably less than noise, the 
characteristic is linear. For large values of x it is logarithmic. A 
receiver with this characteristic is called a lin-log receiver. 

The output of the lin-log i-f amplifier has to be added to the reference 
signal and then detected. Since the clutter varies in phase as well as 
amplitude, its phase variations are converted by the detector, when the 
reference signal is present, into amplitude variations, which unfortunately 
are not independent of the size of the clutter. It can be shown, however, 
that no serious harm results if the reference signal level is kept somewhat 
smaller than the maximum amplitude of the linear portion of the receiver 
characteristic. 

The second method of obtaining uniform output fluctuations depends 
on the fact that the rms phase variation of the clutter is independent of 
the size of the clutter. Thus all that is required is a limiting i-f amplifier 
to remove the amplitude variations, followed by a phase-sensitive detector 
to convert the phase variations into uniform amplitude variations. To 
obtain the maximum sensitivity for targets moving in the clutter it is 
necessary that the phase-sensitive detector should have a linear character
istic—that is, the output amplitude variation should be proportional to 
the input phase variation. This can be achieved by using a balanced 
detector for mixing the reference signal with the output of the limiting 
i-f amplifier. 

The relative advantages of the two types of receiver will now be 
considered. If the lin-log receiver is used, it is possible to dispense with 
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the oscillator and amplifier shown in Fig. 16-11 and to send the i-f signal, 
together with the reference signal, directly through the delay line. The 
amplifier then works at the intermediate frequency used in the receiver. 
These changes make the circuit simpler and avoid the problems of carrier 
modulation and demodulation. However, the loss of freedom in the 
choice of frequency for the delay line and the comparison amplifier is a 
disadvantage. Also, the method is not suitable for " back-of-dish " radar 
sets, since the i-f signals cannot conveniently be brought out through 
slip rings. This method of using a lin-log receiver should be used only 
when simplicity and compactness are of prime importance. In general, 
such a receiver should be used in conjunction with an oscillator and 
amplifier (Fig. 16-11) in the usual way. 

An important advantage of the limiting receiver is that the output 
video signals have a range of amplitude extending from noise only up to 
the limit level. This small dynamic range makes it easy to design the 
cancellation circuits. For the lin-log receiver, the dynamic range is 6 to 
12 db greater under conditions of equal performance. 

For general MTI use, the limiting type of receiver is to be preferred. 
However, there is a type of MTI system in which moving targets are 
detected in the clutter by the fluctuations which they produce in the 
clutter amplitude. The lin-log receiver must be used in such a system, 
since the limiting receiver cannot detect amplitude changes. 

Some idea of the magnitudes involved in the receiver problem can be 
obtained from Table 16-4. The fluctuations due to the wind were 

T A B L E 1 6 4 . — F L U C T U A T I O N S D U E TO W I N D AND SCANNING 

X, 
cm 

9 .2 
9 .2 

P R F 

500 
2000 

Beam-
width, 
degrees 

1 
3 

Scanning 
ra te , 
r pm 

4 
4 

Pulses per 
beam-
width 

21 
250 

Wind effect 
rms fluctuation 
rms total e cho ' 

db 

- 3 4 
- 4 6 

Scanning effect 
rms fluctuation 
rms to ta l e c h o ' 

db 

- 2 2 
- 4 4 

obtained from Table 16-2 for wooded terrain and a wind velocity of 
25 mph. The scanning effect was derived from the formula for extended 
clutter in Sec. 16-7. It will be noticed that the scanning effect predomi
nates in the case of the low P R F and narrow beam, whereas the two 
effects are about equal for the high P R F and wide beam. The fluctua
tions in the first case are roughly 10 per cent, considerably greater than 
the fluctuations due to instability of the components. On the other 
hand, the fluctuations in the second case are only about 1 per cent and are 
therefore negligible compared with system instability. 
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Consider how a limiting receiver should be adjusted in each of these 
cases. Since only the phase part of the fluctuation is selected, the fluctua
tion of the video output is l / \ / 2 or 3 db less than the total input fluctua
tion. Thus the figure —22 db becomes —25 db at the output, which 
means that the rms fluctuation in the first case is about ^g of the limit 
level. Therefore, in order to obtain a PPI with uniform background, the 
gain control of the receiver, ahead of the limiting stages, should be 
adjusted so that rms noise is also ĝ- of limit level. " P e a k " noise is 
then about j of limit level. This adjustment of noise relative to limit 
level is made while viewing the output of the limiting receiver on an 
A-scope. When this has been done, the video gain control is adjusted 
so that the noise and canceled residue just show on the PPI. The MTI 
photograph in Fig. 16-1 shows everything in correct adjustment so that 
the residue of the clutter blends with the noise. The corresponding 
photograph in Fig. 16-2 shows a case of incorrect adjustment: receiver 
noise is too large compared with the limit level. The result is that the 
residue does not show on the scope and black "holes" appear where the 
clutter was. Under these conditions there is an excessive loss of sensi
tivity for moving targets in the clutter. 

In the second case (high P R F and broad beam) the predominating 
fluctuations will be due to system instability and may be of the order of 5 
per cent (peak) if all the stability requirements are met. Thus peak 
receiver noise should in this case be set at 5 per cent of limit level. 

16-9. Target Visibility.—There are two problems to be discussed in 
this section. The first has to do with the visibility of moving targets 
when they are clear of the clutter; it includes consideration of undesirable 
targets, like clouds, as well as desirable targets such as aircraft. The 
second problem is concerned with the visibility of moving targets that 
occur at the same range and azimuth as ground clutter. 

Targets in the Clear.—We have seen in Sec. 16-2 that the video pulses 
from the MTI receiver, in the case of a moving target, are amplitude-
modulated at the doppler frequency f,i- Thus the pulse amplitude at a 
given instant t is given by 

2/i = ?/o cos 27r/d/. 
For the next pulse, 

J/2 = 2/o cos 2-wjd{t + T). 
The canceled video pulse is therefore 

V = 2/i - 2/2 = 2J/0 sin (TJCT) sin 27r/rf ( t + ^ V (13) 

Thus the canceled pulses also exhibit the doppler modulation frequency 
and have an amplitude 

y'0 = 22/o sin {irfdT). (14) 
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This expression is zero when fd is a multiple of the P R F and, since 
fd = 2v/X, the first "bl ind" speed is given by 

or 
Vl = £f = T' (15) 

where } , is the PRF. In other words, the target appears to be at rest 
when it travels a distance X/2 (or a multiple of X/2) between pulses. 
Numerically, 

First blind speed = X/r/89 (X in cm, speed in mph) (16) 

Going back to Eq. (13) we see that the average canceled signal, after 
rectification, is given by 

\y\ = -j/o|sin (vfdT)\. (17) 

We have to compare this amplitude with that of noise after cancellation. 
The noise amplitude in the delayed channel is completely independent of 
that in the undelayed channel. We must therefore add the noise powers 
in the two channels, obtaining an increase of V2 in noise amplitude after 
cancellation. Hence the change in signal-to-noise ratio caused by the 

addition of MTI is represented by 

! 0.5 
1 0 

the factor 

Radial velocity of target 
- - ^ = |sin ( T / . D I . (18) 
TV V 2 

FIG. 16-21.—Response curve for target 
in the clear. The first blind speed has the The numerical factor is about 0.9. 
value Vr/89 (X in cm, speed in mph). T h u g M T j c a u g e s s c a r c e l y any loss 

for a target moving at the optimum speed but does cause a loss at other 
speeds. Figure 16-21 shows the voltage response for MTI relative to the 
response for a normal radar set. 

I t will be observed that the response at small speeds is proportional 
to the speed v. It can be written as follows: 

Response , _, v 
— TTjdl = IT —> (20) — " ia*- — " ' 

ax. response v\ 
where Vi is the first blind speed. As an example, consider a set with 
X = 9.2 cm and/ r = 2000 pps. Then from Eq. (16) we have vi = 206 mph. 
For a storm cloud traveling radially at 30 mph, the ratio in Eq. (20) 
becomes 1/2.2 or — 7 db, whereas Table 16-2 shows that the fluctuation due 
to internal motion of the cloud is only —17 db. From the MTI point of 
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view translational motion is more serious than the internal motion of the 
cloud. It should be noticed that the two effects change together as the 
PRF is varied. 

A question of some interest is the following: If a target of given size 
can have any radial speed with equal probability, how often will it be 
detected? Let us suppose that the target, when moving at one of the 
optimum speeds in Fig. 16.21, gives a signal N times as large as the mini
mum detectable signal. Then the relative response at other speeds is 
given by 

N sin (irfiT). 

The target will be seen as long as this quantity is greater than unity; the 
probability of this being the case is 

1 
sin -

N ( 2 1 ) 

1.0 

I -
h 
I 

I 

F I G . 

Normal 

''MTI 

N= 
1 2 3 4 5 

Input signal amplitude 
~ Minimum detectable signal 

16-22.—Probability of seeing 
moving target. 

F I G . 16-23.—Moving target in clut
ter: clutter = R; target = s; target at 
next pulse = s ' ; variation between 
pulses = r. 

A plot of this expression is shown in Fig. 16-22. The probability is 0.5 
when N = y/2; consequently in this sense we can say that MTI causes 
an average loss of \/2 in voltage or 3 db.1 

Targets in the Clutter.—We have seen in Sees. 16-6 and 16-7 that the 
fluctuations of extended clutter, whether due to the wind or to scanning, 
have noiselike character. This "clutter-noise" is what appears on the 
MTI scope at places normally occupied by the clutter, and it is adjusted 
to be equal in brightness to ordinary noise. A moving target in the 

1 T h e above discussion neglects the fact t h a t the phase-sensi t ive detector reduces 
the noise vol tage b y \/2- T h u s Eq. (18) should be mult ipl ied b y \/2, as should 
the ord ina te of Fig. 16.21. T h e abscissa of the M T I curve of Fig. 16.22 should be 
divided by y/2. Use of M T I m a y thus entail no average loss. 
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clutter has to compete with the clutter-noise in much the same way as a 
target in the clear competes with ordinary receiver noise. Figure 16-23 is 
a vector diagram for a moving target in the clutter. The pulse-to-pulse 
variation r in the resultant vector has both amplitude and phase com
ponents just like the clutter fluctuations. The magnitude of r can easily 
be obtained from the fact that s rotates with the doppler frequency fd. 
Thus the angle between s and s' is 2-irjdT, and accordingly 

r = 2s sin (wfdT). (22) 

This equation, which is the same as Eq. (14), shows that blind speeds 
also exist for targets in the clutter. If we take the arithmetical average 
of Eq. (22) for all speeds, we get 

f = —■ (23a) 

If, on the other hand, we take the median with respect to velocity, which 
is the average that we took in the case of targets in the clear, we get 

f = A / 2 S . (23b) 

Since the two values of f differ by only 10 per cent or about 1 db, it does 
not matter which we take. The value given by Eq. (23a) is also the 
arithmetical average for the case of a noncoherent signal from a signal 
generator. Measurements can therefore be made without appreciable 
error by using the signal from a signal generator instead of that due to an 
actual target. 

A moving-target or signal-generator pip can be expected to be visible 
on the PPI if f is at least three times the rms clutter fluctuation r0. 
Using Eq. (23a), this condition can therefore be written as 

8 = ^ r„ = 2.47V (24) 

That is, the signal amplitude should be 8 db larger than the rms clutter 
fluctuation. 

It is convenient to express the visibility condition in terms of the rms 
clutter amplitude Ra instead of the rms fluctuation. In the case of 
scanning effects this leads, with the help of Eq. (10), to the following sim
ple relationship: 

— = 7 (scanning), (25) 
S 4 

where n is the number of pulses per beamwidth. In the case of wind 
effects, we have, from Eq. (6), 

— cc X/r (wind). (2(») 
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As is pointed out at the end of Sec. 16-6, the dependence on X is only 
approximate. 

The ratio R0/s, which can be called the "subclutter visibility," gives 
a measure of the performance of an MTI system. When scanning and 
wind effects are present together, along with the effect of system instabil
ity, we have to go back to Eq. (24) and write it as 

s = 2.4(r§.c.„„ine + r2
0„ind + r2

0,s,..m)'S (27) 
since the three fluctuations are independent of each other. Now each 
fluctuation is proportional to the size of the clutter. Thus we have 

Ro = 1 

where the terms in the denominator refer respectively to the effects of 
scanning, wind, and system instability. The quantities Ki and X2 are 
constants, but K3 may depend somewhat on X and / r . For example, it is 
probably harder to stabilize the local oscillator at 3 cm than at 10 cm. 
Again, Eq. (3) shows that the repetition rate enters into the stability 
condition. However, we shall assume, for simplicity, that the over-all 
system instability is independent of X and f,. 

16-10. Choice of System Constants.—The following are the objectives 
in the design of a ground radar set with M T I : 

1. Maximum sensitivity to moving targets in the clutter. 
2. Maximum sensitivity to moving targets in the clear. 
3. Maximum cancellation of undesirable moving objects, such as 

clouds. 
Some of these objectives are in direct conflict with the normal aims of 

a radar set. For example, a broad beam and slow rate of scan will reduce 
scanning fluctuations and therefore help the first objective, but will 
decrease resolution and hamper the rate of flow of information. Because 
of this, MTI should be integrated into the radar set from the start and 
not added as an afterthought. 

Subclutter Visibility.—From Eq. (28) we see that the subclutter 
visibility can be increased by increasing n and X/r, but that nothing much 
is gained by going greatly beyond the point where the scanning and wind 
fluctuations are equal to those due to system instability. A well-de
signed system might have an rms instability of 2 per cent, in which case, 
from Eq. (24), the greatest possible subclutter visibility is 26 db. There 
is then no need to make the individual subclutter visibilities for scanning 
and wind greater than 30 db. For the case of scanning, that means, from 
Eq. (25), that n does not have to be larger than 120 pulses per beamwidth. 
Again, from Eq. (24), the rms wind fluctuation should be less than 22 db. 
This happens to be the value for wooded terrain when X = 3.2 cm and 
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fr = 500 and the wind velocity is 25 mph, as is shown in Table 16-2. 
Thus, X/r should be about 1600 for this particular wind speed. In gen
eral, it is easy to obtain the required figure for X/r, but not for n, without 
sacrifice elsewhere. Scanning fluctuations are the principal difficulty in 
MTI design. 

The quantity n is proportional to beamwidth and PRF, and inversely 
proportional to scanning rate. It has the value 120 for a PRF of 720 with 
a 1° beam rotating at 1 rpm. Although this set of constants satisfies the 
condition above, the scanning rate is too slow for many purposes. To 
attain greater rate without losing subclutter visibility, either the beam-
width or PRF must be raised; the alternative is to take a loss in subclutter 

visibility, which may be the best solu
tion in some cases. For example, if the 
targets are all larger than the clutter, a 
subclutter visibility of zero db is suffi
cient. In that case the scanning rate can 
be raised to 30 rpm. It is, therefore, of 
considerable importance to use all possi
ble methods of decreasing the size of the 
clutter relative to the moving targets, 
such as shaping the beam in elevation, 
using short pulses, and choosing the site 
carefully. 

Blind Speeds.—It has already been 
seen that MTI causes an "average" 
loss of about 3 db when all radial speeds 
are equally probable.1 This is true no 
matter where the blind speeds happen 
to fall. We are interested, however, in 

targets such as airplanes and clouds which have non-uniform distributions 
of radial speeds, and would like to know the best values of the blind 
speeds in these cases. 

Figure 16-24 shows the distribution of radial velocities for airplanes 
whose ground speed can have any value between 100 and 400 mph with 
equal probability and whose direction of flight is random. I t is hard to 
choose the best blind speeds from this graph. There will probably be 
an average loss1 of about 3 db, as in the case of a uniform distribution, 
whether there are many blind speeds in the interval 0 to 400 mph or 
whether the first optimum speed comes at, for example, 400 mph. The 
choice of blind speeds is of no particular consequence, per se; but there 
may be special cases, such as airport traffic control, where the radial speed 
can be regulated. Blind speeds can then be chosen accordingly. 

'See footnote on p. 651. 

100 200 300 
Radial speed in mph 

FIG. 16-24.—Distribution of radial 
speeds for random aircraft, assuming 
all ground speeds equally likely in 
range 100 to 400 mph and all direc
tions equally likely. 
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To get the greatest cancellation of an undesirable moving object, the 
first blind speed, vh should be made as large as possible. For example, if 
vi is 30 times the radial speed of the object the response will be 10 per cent 
of the maximum value, by Eq. (20). In the case of clouds moving at 
30 mph, that gives us vi = 900 mph, which is a suitable value as far as 
Fig. 16-24 is concerned. Since vi = A/,/89, it can be seen that such a high 
value of Vi is obtainable, when a normal P R F is used, only by going to a 
wavelength of the order of 100 cm. For microwave frequencies, therefore, 
one can scarcely reduce storm echoes by more than about 10 db. 

In the detection of ships, whose velocities are comparable with those of 
clouds, it might be thought that the ships would be canceled along with 
the clouds. This is not so because ships, when within the horizon, give 
much larger signals than clouds, and still show up strongly after a 10-db 
cancellation. 

MOVING-TARGET INDICATION ON A MOVING SYSTEM 
16-11. Compensation for Velocity of System.—Figure 16-25 shows 

what has to be done to compensate for the velocity of the station when a 
system is carried on a ship or airplane. The phase-shift unit shown in a 
changes the phase of the reference signal at the same rate as that at which 
the phase of fixed echoes is being changed by the motion of the station. 
The effect is to give the station a virtual velocity which cancels the actual 
velocity. 

Figure 16-25b is a block diagram of the phase-shift unit. An oscillator 
supplies a signal at the doppler frequency which is mixed with the refer
ence signal. The upper sideband is then selected by a crystal filter. The 
addition of the doppler frequency to the reference signal is equivalent to 
shifting the phase of the coherent oscillator at the rate of fd cps. It is to 
be noted that this is not the same as merely tuning the coherent oscillator 
to the frequency /„ + fd, since the phase shifter is applied after the oscil
lator is locked. Full details on the phase-shift unit can be found in a 
report by V. A. Olson.1 

The doppler frequency depends on the radial component of velocity 
and is therefore proportional to the cosine of the azimuth angle. It is 
necessary to vary the frequency of the doppler oscillator automatically 
as the antenna scans. 

In an airborne set, there is a further complication due to the fact that 
the radial velocity depends on the depression angle, which means that 
the doppler frequency of the ground clutter varies with the range. In 
consequence, the phase-shift unit cannot be used for clutter at large 

1 V. A. Olson, "A Moving Coho Conversion Unit," RL Report No. 975, Apr. 3, 
1946. 
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depression angles; some other method must be used, such as the nonco
herent method now to be described. 

16-12. The Noncoherent Method.—We have already seen in Fig. 
1619 that a target moving in the clutter produces a resultant echo that 
varies in both amplitude and phase. To detect the amplitude variations, 
all that is required is a receiver that does not limit—that is, one with a 
linear-logarithmic response. Since no coherent reference oscillator is 
used, this is called the noncoherent method of detecting moving targets. 
The ground clutter itself acts as the reference signal. 

Modulator Transmitter TR 

Coherent 
oscill ator 

Stable local 
oscillator 

Phase shift 
unit 

Reference 
signal 

Signals 

Receiver 

(o) 

Reference signal fc 

from coherent 
oscillator 

Mixer 
fc+f< 

h-h 
Filter 

fc+fd Phase-shifted 
reference signal 

Doppler 
frequency 
oscillator 

(b) 
FIG. 16-25.—MTI on a moving system, (a) Block diagram of system showing location 

of phase-shift unit, (h) Simplified block diagram of phase-shift unit. 

In the noncoherent method the local oscillator does not have to be 
stabilized since phase changes are not to be detected. However, the 
transmitter must have the same stability as in the coherent method 
because the overlapping ground clutter beats with itself if the transmitter 
frequency varies from pulse to pulse. As shown in Table 16-1 the stabil
ity requirement is not at all severe. 

Another great advantage of the noncoherent method is that it works 
even when the radar set is carried on a moving station. This is because 
the set is sensitive only to amplitude fluctuations, whereas the motion of 
the station causes mainly phase changes in the received echoes. An 
amplitude effect, due to the finite beamwidth, will be discussed later. 
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The simplest way of employing the noncoherent method is to use an 
A-scope presentation and watch for echoes that are fuzzy on top. This 
type of echo indicates the presence of a moving target in the clutter 
at the range shown on the scope. The scheme is useful only when very 
slow scanning can be tolerated. An alternative indication can be 
obtained by gating off all but a short portion of the A-sweep and putting 
the output through a pair of headphones. A moving target within the 
"gate" then produces a musical note in the phones. 

A more useful arrangement is to put the video output through the 
usual cancellation circuits and display the moving targets on a PPI . 
With such equipment in an airplane, roads will show up on the scope as 
intersecting lines of dots due to the moving vehicles. 

The drawback to the noncoherent method is that a moving target can 
be detected only when there is ground clutter at the same range and 
azimuth as the target. Thus although the method works well out to the 
range where the clutter begins to get patchy, beyond this range moving 
targets become lost in the clear places. A plan for overcoming this 
difficulty is to have noncoherent operation for short ranges and coherent 
operation for long ranges. This can be accomplished by gating off the 
coherent reference oscillations for the required number of miles at the 
start of each sweep. Since the station is moving, it is necessary, during 
the coherent part of the sweep, to compensate for this motion. The 
method of doing this has been described in the preceding section. 

16-13. Beating Due to Finite Pulse Packet.—In addition to the 
fluctuations due to scanning and wind, there is another kind of fluctuation 
when the system is moving. This arises from the fact that the clutter 
elements illuminated by the beam at a given instant do not, because of the 
spread of radial velocities within the finite illuminated area, all have 
the same doppler frequency. Signals from clutter will therefore beat 
with each other at frequencies up to fx = 2 Av/\, where Av is the spread 
in radial velocity. 

Let v be the velocity of the system and 6 the azimuth angle. Then the 
radial velocity is v cos 0, and thus we have 

At; = — v6 sin 0 for 0 » 9, 

where 0 is the beamwidth. If the beating is represented by a factor cos 
(2x/it), then the fractional change in amplitude from pulse to pulse is of 
the order 2irfi/f,, which can be written as 4T A»/(X/r) or 2v Av/vh where vi 
is the first blind speed as defined in Sec. 16-9. For example, suppose 

v = 300 mph, vi = 800 mph, 
O = 2° = ^o radian, 0 = 90°. 

Then Av — 10 mph and the fluctuation is 8 per cent. 
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When 0 = 0 the above equation for Av no longer holds and we have 
instead 

Av = !«e2 for e = o. 
For v = 300 mph and 60 = s\ radian, as before, we get Av = -^ mph, 
showing that the fluctuations are negligible when the antenna is pointing 
straight ahead. 

When the system is carried in an airplane there is an effect due to the 
depression angle as well as the azimuth effect just discussed. Since the 
beam is usually broad in a vertical plane, the range of depression angles 
within the illuminated area of clutter is limited by the pulse width. 
Under these conditions the spread in radial velocity is given by 

TV sin3 4> cos 8 
Av = 7-r for <jb « 90°, 

2h cos 4> 

where T is the pulse length (in feet), h the altitude, 4> the depression angle, 
and 8 the azimuth. For T = 1000 ft (1 Msec), h = 10,000 ft, 4> = 45°, 
8 = 0, v = 300 mph, we get Av = 8 mph, which is about the same as the 
above value for the azimuth effect. 

For very large depression angles, the formula becomes 

Av = vJL 4> = 90° 
\ n 

For v = 300 mph, r = 1000 ft, h = 10,000 ft, we have Av = 100 mph, 
illustrating that very large fluctuations are present in the clutter immedi
ately below the airplane. 

COMPONENT DESIGN 
The MTI systems designed at the Radiation Laboratory have been 

at 10 and 3 cm. For that reason, the discussion of typical components 
given here will be in microwave terms, despite the fact that MTI methods 
are useful with radar systems operating at longer wavelength. The com
ponents that will be described have been chosen to illustrate recent devel
opments or the breadth of possibilities, or to supplement the detailed 
treatment of the components elsewhere in the Radiation Laboratory 
Series. 

16-14. The'Transmitter and Its Modulator.—The transmitter stability 
requirements, specified in Sec. 16-5, can be met by magnetrons of existing 
design. The 10-cm magnetrons that have been successfully tried for 
M T I are the type 2J32, the type 4.14/, and the type i0GO\. At 3 cm, 
the type 2.142 has been used. Most experience available up to 1940 has 
been with the 2,132. With the 2J32 and a hard-tube modulator, fre
quency modulation within a pulse never reaches an objectionable level 
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when amplitude modulation is avoided. Information on this point is not 
available for the other types. 

Magnetron frequency pulling with antenna scanning can be objection
able with any type of tube. It may be caused either by imperfect rotary 
joints or by obstacles in front of the antenna. If the pulling is slow com
pared with 10 Mc/sec2 (see Table 16-1), ground clutter will remain can
celed at all azimuths. However, when the absolute detuning becomes 
excessive, moving targets will be lost owing to their high video spectrum, 
as is explained in Sec. 16-5. This type of detuning is particularly 
insidious. 

Objectionable modulation of the transmitted pulse by the use of 
60-cps power on the heater has been observed with the type 4J47. This is 
probably caused by the magnetic field-of the heater current. No such 
difficulty has been found with the 2J32, owing apparently to the design 
and construction of the heater. Three methods of avoiding this modula
tion are available. At high PRF's the heater current can be turned off 
after starting the system, since the cathode temperature will be main
tained by bombardment. Alternatively the P R F can be made an exact 
submultiple of the power-line frequency. Since neither of these methods 
can be generally applied, it will sometimes be necessary to operate the 
magnetron heater on direct current. Heater hum modulation should 
eventually be made a matter of tube-manufacturing specification. 

The use of a supersonic delay line necessitates a constancy of PRF to 
TO of a pulse width. This is the most severe new requirement placed by 
MTI upon the modulator. I t has been successfully met by hard-tube 
and by hydrogen-thyratron designs. In their current state, triggered-
gap modulators were not quite adequate for MTI systems in 1946. Since 
little effort had been put upon the jitter problem, it seemed reasonable to 
expect that triggered gaps can be considerably improved. The rotary 
gap can be used for MTI only if a storage tube serves as delay element. 

16-15. The Stable Local Oscillator.—Two types of 10-cm local 
oscillator tubes have been investigated: the type 417 and type 2K28 
reflex klystrons. The 417 has a built-in cavity and is therefore more 
microphonic than the 2K28, which has a demountable cavity. However, 
the external cavity gives the 2K28 a lower Q, which causes larger noise 
fluctuations and greater sensitivity to external 60-cps magnetic fields. 
Both tubes show frequency modulation when the heaters are run on a-c 
power. 

The 2K28 was chosen for incorporation into the local oscillator unit 
shown in Fig. 16-26. The outer metal case of this component is lined with 
sound-proofing material. The parts within are mounted on a metal 
base-plate which is in turn supported by four circular shear rubber shock 
mounts of conventional design, not visible in the photograph. 
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The oscillator tube is mounted, with its axis vertical, in a blackened 
mu-metal shield visible to the left. A single pickup loop is connected to 
two lines via a decoupling fitting. A tunable echo box (Johnson Service 
Company Model TS-270/UP) is coupled to the oscillator by a rotatable 

loop, the lever arm of which is visible close to the oscillator. An echo-
box crystal-current meter is of value in making tuning adjustments. 

The remote power supply uses conventional electronic regulation. A 
simple BC-filter at the oscillator isolates the reflector electrode. Heater 
power is furnished by a dry-disk rectifier and high-current filter. 

The optimum value of echo-box coupling varies for different fre-
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quencies and different oscillators. If this coupling is too loose, frequency 
instability will result. If the coupling is too tight, tuning will be difficult 
and the power output from the local oscillator will be reduced. It must 
be possible to obtain two to three times the mixer current that will 
actually be used. When restarting a correctly tuned oscillator, it may be 
necessary to vary the reflector voltage slightly up and down to cause the 
echo box to lock in. 

A microwave discriminator circuit developed by R. V. Pound1 gives 
promise of overcoming many of the difficulties of the simple echo-box 
stabilizing arrangement. Measurements of local-oscillator stability at 
3 cm, as reported below, show that this system of stabilization might be 
adapted to MTI. 

TABLE 16-5.—TYPICAL LOCAL-OSCILLATOR STABILITIES 

Description of oscillators compared, (cf. Sec. 
16-21) 

Two identically shock-mounted type 417 re
flex klystrons (10 cm) without stabilizing 
cavities 

Two identical type 2K28 reflex klystrons (10 
cm), without stabilizing cavities, in a quiet 
room 

Same tubes as above, one stabilized 

Same tubes, both stabilized 

Two other stabilized tubes of same type in a 
quiet room (more typical value) 

Two such oscillators; 60 cps a-c heater power 
used for one 

Two such oscillators operating in an SCR-
584 truck 

Two such oscillators operating in the radio 
compartment of a B-17 aircraft after some
what improved shock mounting 

Two type 2K25 reflex klystrons (3 cm) in the 
laboratory with echo-box frequency control 

Frequency average 

of ^ , (Kc/sec2) 

79 
61 
50 

168 
100 

137 
68 

1.4 
1.4 

3 

36 

10 

70 

20 

Frequency band 
to half-power, cps 

1300 
250 
140 

1300 
250 

1300 
250 

250 
140 

250 

250 

! Described in detail in Chap. 2 of Vol. 11 of the series. 
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Equation (3), giving the allowable rate of frequency drift in the local 
oscillator, was based on the assumption that the frequency was changing 
at a constant rate. Most frequency deviations are not of this simple sort. 
They are more likely to be periodic or random, with a superimposed uni
form drift. The rate of change of frequency can be expressed by a 
Fourier spectrum and the total phase error determined by superimposing 
the contributions resulting from each of the Fourier components. These 
components are not all equally harmful to MTI performance. A fre
quency modulation exactly synchronized with the P R F or any multiple 
thereof would cause no MTI phase error whatsoever. The phase of 
ground clutter at a particular range would be shifted by a given amount 
from its value in the absence of the frequency modulation, but the shift 
would be constant for successive transmitted pulses. 

It has been shown1 that the rate of change of oscillator frequency 
averaged over all modulation frequencies can be used in place of the 
simple df/dt of Eq. (3) as a figure of merit for local-oscillator stability. 
Table 16-5 shows some typical figures on local-oscillator stability. 

16-16. The Coherent Oscillator.—Locking at radio frequency has 
been accomplished at 10 cm, but its feasibility for field service is yet to be 
investigated. The relative ease and dependability of i-f locking have 
resulted in its use for all coherent microwave systems of the past. This 
section will discuss oscillators that receive an i-f locking pulse and deliver 
an i-f reference signal according to the arrangement of Fig. 16-9. 

The Locking Pulse.—If the phase-locking is to be constant from one 
pulse to the next with a precision of 1°, the carrier-frequency packet that 
does the locking must be unusually free of random components. These 
may arise from several sources, of which the most likely is the transmit-
receive switch. The gaseous arc discharge in the TR tube generates noise
like oscillations. These may reach the coherent oscillator by passing 
from the signal mixer, via the local oscillator, to the locking-pulse mixer. 
The available remedies are the use of loose mixer coupling, lossy local-
oscillator cable, and separate pickup loops in the local-oscillator cavity. 

Another cause of random components in the locking pulse is excessive 
r-f pulse amplitude at the locking mixer. If the r-f pulse exceeds the 
level of the local oscillator, self-rectification will take place, yielding a 
video pulse that will have noncoherent components at the intermediate 
frequency. Even though an effort has been made to reduce the r-f pulse 
amplitude, this trouble may persist in a subtle form. If the attenuator 
preceding the locking mixer is of the simple " waveguide-beyond-cutoff" 
variety, it may allow harmonic frequencies, generated by the transmitter, 

1 S. Roberta, "A Method of Rating the Stability of Oscillators for MTI," RL 
Report No. 819, Oct. 16, 1945. 
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to pass to the mixer with so little loss that their amplitude is comparable 
to or greater than that of the fundamental frequency. 

A further source of locking trouble is statistical noise. If a simple 
cable-coupling circuit is used in the absence of a locking-pulse preampli
fier, care must be taken to maintain adequate pulse amplitude. 

Circuit Design.—Any conventional type of freely running oscillator 
can be phase-locked by injecting into its tuned circuit a sufficiently large 
carrier pulse. There is a certain degree of incompatibility between the 
requirements that the oscillator be extremely stable and yet precisely 
phasable. A simple method of reconciling these requirements is to stop 
the oscillator completely before each radar transmission so that the lock
ing pulse is also a starting pulse. By this process, all previous phase 
information is destroyed and the locking pulse is required to overwhelm 
merely the statistical noise fluctuations present in the oscillator tuned 
circuit. The stopping of the coherent oscillator can be accomplished by 
applying a bias " g a t e " perhaps 100 ^sec before each transmitted pulse. 
This gate is released just before, during, or just after the locking pulse, 
while the resonant circuit of the oscillator is still ringing. The amplifying 
circuits that precede the oscillator can be made reasonably narrow since 
pulse shape is unimportant. These circuits must be broad enough to 
allow for local-oscillator detuning and to maintain a large locking-pulse-
to-noise ratio. I t is advantageous to use a bias slightly beyond cutoff 
in a late amplifying stage in order to suppress any spurious low-level 
oscillations which, by their persistence, might introduce an appreciable 
phase error either before or after locking. The actual injection of the 
locking pulse into the oscillator might be accomplished in any of several 
ways, including the use of an extra oscillator control grid. The most 
flexible method and the one most widely used is the connection of the plate 
of a pentode injection-tube across all, or part of, the LC-circuit of the 
oscillator. 

The oscillator itself must be designed with considerable care. The 
resonant circuit must have a high Q. Input and output loading must be 
held to a minimum. Heater hum modulation must be minimized by 
keeping the d-c and r-f impedance between cathode and ground as small 
as possible. The oscillator tube must be of a nonmicrophonic type. The 
circuit as a whole must be rigidly constructed and shock-mounted, 
Power-supply ripple must not exceed a few millivolts. When these 
precautions are observed, free-running stabilities of around 1 kc/sec2 can 
be obtained at 30 Mc/sec. A typical oscillator with its preceding and 
following stages is shown in Fig. 16-27. 

Phase-shift Unit.—Figure 16-28 shows, in more detail than the simpli
fied diagram of Fig. 16-256, the arrangement of the phase-shift unit 
required for MTI on a moving system. For station motion up to 400 mph, 
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the doppler frequency at 10 cm will vary from plus to minus 3500 cps. 
The way in which this frequency is added to the reference signal is shown 
in the diagram. The doppler oscillator receives a shaft rotation and 

■• -AA/VT-WV 
+250 

*7±Z RFC 

* =1000 /ifil 

F I G . 16-27.—A typical 30-Mc/sec coherent oscillator circuit. 

delivers a linearly related frequency with an absolute accuracy of 2 cps. 
This oscillator is similar to the General Radio Type 617-c Interpolation 
Oscillator. The single sideband rejection requirements for the carrier 
and unwanted sideband are very severe. The quartz filter was designed 
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F I G . 16-28.—Block diagram of a phase-shift unit. 

by Bell Telephone Laboratories. Pending delivery of the latter, the 
circuit was tested by means of LC-filters with one additional mixing 
step, and found to cancel target motion satisfactorily. The absolute 
accuracy of the circuit from the shaft of the doppler oscillator is about 
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£ mph at 10 cm. Full circuit information can be found in a report 
by V. A. Olson.1 

16-17. The Receiver.—Two types of receiver characteristic have 
been discussed in Sec. 16-8. The lin-log type is necessary in a noncoherent 
system, and the limiting type is best for coherent systems. 

The Lin-log Characteristic.—A linear-logarithmic characteristic is 
linear for small signals and limits in a specified gradual fashion for large 
signals. A method for achieving this response is shown in Fig. 16-29. 
Output signals from several successive i-f stages are combined. At low 
signal levels, the last stage delivers a linear signal in the normal fashion, 
the output from the preceding stages being negligible. As the signal level 
increases, the output signal of this last stage reaches a saturation level 
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Fia. 16-29.—Circuit to give lin-log response. 

above which it cannot rise regardless of further input-signal increases. 
At this point the output signal from the preceding stage has become 
appreciable; it continues to increase with increasing input signal. Now, 
however, the increase in output-signal level is at a slower rate because the 
gain of the last stage is not available. Eventually the second stage 
overloads and the third from the last becomes effective. The ampli
tude response curve of such a circuit can be adjusted to be accurately 
linear-logarithmic.2 

The Limiting Receiver.—The block diagram of a typical limiting 
receiver is shown in Fig. 16-30. The arrangement is one that might be 
appropriate to a system employing a l-^sec pulse width and an inter
mediate frequency of 30 Mc/sec. The requirement that the amplitude 
response show no inversion above the limit level is one not ordinarily met 

1 V. A. Olson, "A Moving Coho Conversion Unit," RL Report No. 975, Apr. 3, 
1946. 

2 The design problems involved in this and other MTI receiver circuits are dis
cussed in Vol. 23, Chap. 22. 
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by radar receivers. I t will be noticed that several extra stages are neces
sary to obtain this type of limiting. The coherent oscillator circuit has 
already been described. The function of the "coherent oscillator locking 
tes t " channel will be discussed in Sec. 16-21. 
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F I G . 16-30.—Block diagram of a typical M T I receiver: i-f limiting; balanced detector; 
intermediate frequency 30 Mc/sec; l-tiaec pulses. 

Figure 16-31 shows the circuit of the balanced detector, which con
verts phase changes at the input into amplitude changes at the output 
with a fair degree of linearity.1 

1 T h e theory of the circuit is given in Vol. 23, Chap . 22. 
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16-18. The Supersonic Delay Line.—The principal elements of a 
delay line are the transmission medium and the electromechanical trans
ducers. Because of the bandwidth required, MTI delay lines have been 

Reference 
signal 

F I G . 16-31.—Circuit of a balanced detector. 

operated with amplitude-modulated carrier frequencies in the region of 
15 Mc/sec. The transducers consist of piezoelectric quartz, X-cut and 
optically polished. The two transmission media so far used are mercury 

F I G . 16-32.—A supersonic mercury delay line of variable length. 

and fused quartz. The principal factors encountered in line design have 
been treated in detail elsewhere1 and will be briefly reviewed here. 

Liquid Lines.—The simplest delay line is a straight tube with parallel 
transducers at the end. A laboratory design of mercury line has been 
shown in Fig. 16-10. A model for field use is shown in Fig. 16-32. The 

1 Chap 6, Vol. 17; Chap 24, Vol. 19, Chapa. 13, 14, Vol. 20. 
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assemblies for trigger lines 
E M assemblies 

tor signal line 

Shims 

latter line is variable in length over a small range to compensate for tem
perature changes or to allow the use of MTI on more than one beam of a 
synchronized multibeam system. The screw thread and sliding alignment 
surfaces are external to a stainless-steel bellows whose length is three-
quarters the length of the delay line. The mean delay is 586 psec. 

The line, with expansion chamber 
and electrical end housings, is 
shown shock-mounted in a ther
mally insulated box . T h i s line 
was designed for use at 30 Mc/sec. 
Quartz-to-quartz parallelism is 
maintained to 0.03° 

A straight tube having the 
length necessary for low-PRF sys
tems would be inconvenient for 
field use. S e v e r a l methods of 
folding delay lines have been suc
cessfully used, one of which is 
shown in Fig. 16-33. In addition 
to the intersecting truss members, 
there can be seen six vertical tubes. 
Four of these constitute the signal 
delay line; the other two, the 
trigger-generating line. Begin
ning at the end cell on the nearest 
top corner, the signal passes down 

: Breeder screw 
i for reftectqr _. 

F I G . 16-33.—A folded mercury delay line. 

the nearest tube, is reflected twice, passes up the tube next left, etc., until 
after six reflections it enters the cell at the extreme right. The trigger 
line is half as long, giving rise to a double-frequency trigger which is 
divided electrically. 

This type of line is relatively easy to make. The two end surfaces of 
the main assembly are ground flat and parallel after welding. The 
tolerance in parallelism is eased for the critical signal line by the auto-
collimating effect of the three reflector blocks. Freedom from warping is 
insured by the use of hot-rolled steel and by annealing. The corner-
reflector blocks are precision-ground pieces, but of a shape familiar to a 
tool-making shop. These reflectors bolt without gaskets to the main end 
plates beneath the visible housings. Thus, the only gaskets that might 
affect alignment are those beneath the end cells. Air is removed from the 
line; thermal expansion is accomodated by a bellows within the cylindrical 
housing on the side of the line. A positive pressure is maintained so that 
any leakage is outward. The line normally operates with end cells down
ward so that small remaining air bubbles will collect above the corner 
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reflectors out of the path of the beam. The tubing has an inside diam
eter of | in. The total signal delay is 1000 Msec. The carrier frequency 
is 15 Mc/sec, and the pulse length is \ ^sec. 

Another delay-line arrangement that is feasible but has not seen field 
service is the mercury tank. A quartz plate oscillating in a large volume 
of mercury will generate a "free-space" beam whose width can be cal
culated from diffraction theory. If such a beam is incident upon a wall 
of the mercury container, it can be specularly reflected without appreci
able loss, providing the angle of incidence is sufficiently large. Labora
tory delay lines have been constructed consisting of a mercury-filled tray 
within which a supersonic beam is repeatedly reflected from the side 
walls in any of a variety of geometrical patterns until the beam reaches the 
receiving quartz. Designs that have been proposed in the past have 
appeared inferior to the folded line as regards weight, size, or ease of 
construction, and have consequently not been pursued to the engineering 
stage. 

The Fused Quartz Line.—Solid media offer difficulties not encountered 
in liquids. The uncontrolled transfer of energy between compressional 
and transverse modes will give rise to pulse distortion and multiple 
echoes. Such difficulties may occur at the boundaries of the material or 
at points of inhomogeneity. Since sound velocity in solids is greater than 
that in mercury by a factor of about 4, the beam spread is greater and the 
delay path longer. However, a 420-Msec line giving acceptable perform
ance has been made of an annealed fused quartz block 6 by 17 by 18 cm. 
This line operated at 15 Mc/sec with a pulse length of less than 1 jusec. An 
internal reflection pattern was employed which resembled the pattern of 
the liquid delay tank, but use was made of the specific elastic properties of 
fused quartz to achieve a controlled transfer of energy between compres
sional and transverse modes. The result was that the energy in the 
transverse mode could be reduced to zero after each group of three 
reflections. Although much engineering remains to be done, it is possible 
that delay times can be extended to 1000 or 2000 ^sec by the use of 
larger blocks. 

End Cells.—The various ways of mounting the quartz crystals may be 
classified according to whether the backing behind the crystal is intended 
to absorb or to reflect. Spurious echoes may reach the receiving crystal 
in either of two principal ways. If the vibratory signal enters the backing 
material it may emerge later, unless care is taken to absorb or disperse the 
energy. On the other hand, if the energy is predominantly reflected at the 
surface of both end cells by the use of a mismatching material in contact 
with the piezoelectric quartz, the signals may return to the receiving end a 
second time after reflection, first from the receiving and then from the 
transmitting quartz. 
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Insulating 
bushing 

The end cell shown in Fig. 16-10 is highly efficient as an acoustic 
absorber but is useless outside of the laboratory because the unsupported 
quartz plate can be cracked by standing the line on end. Several methods 
of supporting the crystal from the rear while retaining the mercury as a 
backing medium have been tried. A more promising approach to the 
design of an absorbing end cell is the use of lead soldered to the quartz. 
The lead provides a good acoustic match to mercury, while strongly 
attenuating the supersonic energy that it receives. 

The use of absorbing end cells is 
preferable with mercury lines of 
delay less than about 500 /isec. 
With longer lines, the use of reflect
ing end cells may be better for two 
reasons. In the first place, attenu
ation always takes place within the 
mercury. Thus, by the choice of 
carrier frequency and tube diameter, 
it is possible to reduce the amplitude 
of unwanted echoes to less than 1 per 

Second, the use of absorbing end cells costs 
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E I G . 16-34.—A reflecting end cell for a 
mercury line. 

cent of the desired signals. 
12 db (6 db per end). The construction of a reflecting cell is shown in 
Fig. 16-34. The quartz is supported directly by the steel electrode. 
The occluded air film provides the necessary acoustic mismatch. 

Design Constants for Mercury Lines.—The delay time is presumed to be 
given. From it, the length of mercury column can be calculated accord
ing to the formula 

D = 1,(17.42 + 0.0052r), (18) 

with an estimated probable error of 0.06 per cent between 10°C and 40°C, 
where D is the delay in microseconds, L the length in inches, T the centi
grade temperature. 

The two quantities to be chosen, along with the line configuration and 
the end-cell type, are the carrier frequency and tube diameter. These 
enter into the design mainly in connection with attenuation, bandwidth, 
and demodulation. The over-all delay-line attenuation can be divided 
into two parts: that which occurs in the medium itself, and that which has 
to do with the efficiency of the quartz crystals in converting electrical 
energy into acoustic energy. 

Both carrier frequency and tube diameter affect the attenuation that 
occurs within the delay medium. The free-space frictional attenuation 
in liquids is proportional to the square of the frequency. In mercury this 
attenuation is about 0.11 db/in. at 10 Ale/sec. The attenuation due 
to wall effects is less clearly understood but is believed to vary inversely 
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as the diameter of the tube and directly as the square root of frequency. 
An experimental value is 0.1 db/in. at 10 Mc/sec with a i-in. tube. 

The efficiency of the crystals can be stated in terms of the transfer 
impedance of the delay line, as follows: 

Vz 2R\Rz 
I\ Rk 

where I\ is the current driving the transmitting crystal, Vi is the voltage 
developed across the receiving crystal, Ri is the load resistance shunting 
the transmitting crystal and R2 that for the receiving crystal, Rk is the 
electrical equivalent of the characteristic impedance of the line. The 
equation applies to the case of reflecting end cells. Now Ri and R2 
depend on the bandwidth that is required, since the bandwidth at each 
crystal is inversely proportional to the product of the loading resistance 
and the total capacity, including the electrostatic capacity of the crystal 
and the stray capacity of cable connections. This assumes that single-
tuned coupling circuits are used. 

The characteristic impedance Rk is inversely proportional to the 
active area of the crystal and to the square of the frequency. At 10 
Mc/sec the value is 22,000 ohms for an active area of 1 in.2 With this 
area the total capacity at each crystal is about 50 nnf, and the bandwidth 
is then 3.8 Mc/sec per end if Ri = R2 = 300 ohms. These values give 
a transfer impedance of 8.6 ohms. It will be noticed that no account is 
taken of the inherent bandwidth of the crystals.' This is because the 
bandwidth for both crystals in series is more than £g of the carrier 
frequency. 

It can be shown that, for a given bandwidth, the transfer impedance 
is a maximum when the crystal diameter is chosen so that the active 
crystal capacity equals the total stray capacity. 

The carrier frequency for mercury lines may range from 5 to 30 
Mc/sec, with the most usual values in the range from 10 to 20 Mc/sec. 
Choice of frequency depends upon the' delay-line attenuation, and on 
the fact that the number of carrier cycles per pulse must be sufficient to 
allow accurate demodulation. 

I t was mentioned earlier that the quartz-mercury combination has 
adequate inherent bandwidth. In a reflecting end cell the response is 
actually flat over a frequency range equal to 40 per cent of the carrier 
frequency. This allows a simple cure for a practical difficulty that is 
frequently encountered with this type of cell. Because the reflecting end 
cell is loaded on one side only, a slight smudge or spot of scum will unload 
a portion of the crystal area without removing the electrical excitation. 
When this happens, the pass band exhibits sharp spikes at the resonant 
frequency of the quartz. These seriously impair the quality of cancella-
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tion. This difficulty can be avoided by operating at a carrier frequency 
that is far off crystal resonance but still on the flat part of the loaded 
characteristic. 

16-19. Delay-line Signal Circuits.—The delay line is a low-impedance 
device with a large attenuation; it is mechanically awkward to mount the 
line physically close to vacuum-tube circuits. These facts combine to 
make the delay process electrically expensive. The subject of delay-line 
signal circuits has been treated at length in another book.1 I t will be 
reviewed here. 

Line-driving Circuits.—The requirement that the signal output shall 
be well above the statistical noise level generally means that considerable 
power must be furnished to the transmitting crystal. 

If an i-f signal from the receiver is to drive the line, amplification is 
required. Otherwise, a carrier frequency must be modulated with a 
video signal. This problem is similar to that of the television transmitter. 
Only a reasonable degree of linearity is required; the response slope should 
not vary by more than perhaps 15 per cent. The real difficulty arises 
from the proximity of the carrier and video frequencies and from the 
requirement that the delayed and undelayed video signals must cancel 
to 1 per cent in amplitude. 

In simple modulators, modulation components are removed from 
the modulated carrier channel by frequency discrimination. If the 
modulation spectrum extends to more than half the carrier frequency, 
spurious transients in the carrier pass band may arise in two ways. 
The modulation spectrum may have components that lie in the carrier-
channel pass band, or modulation components may add to carrier side
band components to give components lying within the carrier-channel 
pass band. Further, spurious components may arise from frequency 
modulation of the carrier oscillator by the video signal. Since the 
carrier phase is random from pulse to pulse, the envelope of the summa
tion of all such components within the carrier pass band will vary from 
pulse to pulse so that cancellation will be imperfect. These difficulties 
can be avoided by the balanced modulation of a carrier amplifier driven 
by an isolated oscillator. A common procedure is to use parallel-grid 
modulation of a push-pull amplifier stage. Alternatively, the problem 
might be solved by phase-locking the carrier oscillator to the transmitted 
pulse trigger, thereby insuring a constant relative phase between each 
echo and the carrier. Oscillator isolation would still be necessary, since 
otherwise a strong moving target might destroy the phase coherence. 

The Two-channel Amplifier.—The signal level at the input terminals 
of the two-channel amplifier must be great enough so that the statistical 
noise generated therein is considerably smaller than the statistical noise 

1 Vol. 20. 
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originating in the radar receiver. The high cost of delay-line input 
power makes necessary the careful conservation of output signal. Maxi
mum signal-to-noise ratio is obtained with a short lead from the delay line 
to the first amplifier grid. If the amplifier cannot be located within a few 
inches of the delay line, a preamplifier is necessary. Low-noise input 
circuits can profitably be used, but critically adjusted circuits should be 
avoided, if possible, because of the difficulty of maintaining balance 
between the delayed and undelayed channels. 

The bandwidth of the amplifier must be sufficient to avoid serious 
impairment of system resolution and the loss of system signal-to-noise.1 

In addition, the bandwidth of the delayed and undelayed channels must 
be sufficient to make the interchannel balance noncritical. Bandpass 
unbalance will have relatively little influence upon pulse shape if the 
bandwidth of each split channel is perhaps twice that of the over-all 
system. 

Even though the bandwidth of these channels is large, it may still 
be necessary to make an approximate compensation for two types of 
unbalance. The smaller gain in the undelayed channel would ordinarily 
result in a greater bandwidth. This channel should therefore be nar
rowed to match the other by the addition of capacity to ground in the 
low-level stages. The second type of unbalance arises from the frequency 
dependence of attenuation in the delay-line medium. The square-law 
factor generally predominates. Compensation can be obtained by insert
ing in the delayed channel an LC-circuit tuned to a frequency much higher 
than the carrier frequency. 

Amplitude cancellation to 1 per cent implies an extraordinary degree 
of linearity in the two channels. The carrier level at the canceling diodes 
must be well above the region of square-law diode response. The final i-f 
stages must be conservatively operated. A first-order correction for 
residual nonlinearity will result if the last two i-f stages of the two 
channels are identical in every respect. 

Gain adjustments should be made in low-level stages to avoid the 
introduction of nonlinearity. A wider range of adjustment will be 
required in the delayed channel because of possible variations in delay-line 
attenuation. A first-order balance of transconductance changes due to 
heater voltage fluctuations will result if the same number of amplifying 
tubes is used in each channel. Pentodes with high mutual conductance 
frequently exhibit small sudden changes in gain as a result of either heat
ing or vibration. The gains of the individual channels can be stabilized 
through feedback of bias derived by detection of the carrier level. A 

1 In coherent MTI, the signal-to-noise ratio depends upon the over-all system 
bandwidth and not in any special sense upon the bandwidth up to the detector. 
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more elegant approach is to measure the cancellation residual of a sample 
pulse and to correct the relative channel gain accordingly. 

F I G . 16-35.—Signal circuits and case for the line of Fig. 16-33; two-channel amplifier 
on the wide chassis at left, video-modulated oscillator and amplifier on the narrow chassis at 
right. 

After detection and cancellation of the echoes in the delayed and 
undelayed channels, the residual video signal must be amplified, rectified, 
and limited for application to an intensity-modulated indicator such as 
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a PPI. The most difficult of these operations is amplification. If 
statistical noise and weak moving-target signals are to be fully visible, 
they must reach the final video rectifier at a level sufficient to cause linear 
operation of that detector. Since the noise level at the cancellation 
detector may be as much as 40 db beneath the signal peak, a gain of 
several hundred may be required between cancellation and rectification. 
This video amplification is difficult because of the bipolarity and wide 
dynamic range of the signals. Unless special precautions are taken, 
strong signals from moving targets may draw grid current and bias the 
amplifier to the point where weaker moving-target signals are lost. The 
bipolar nature of the signals prevents the application of the clamping 
technique, which is useful in avoiding a similar trouble with unipolar 
video amplifiers. Blind spots and overshoots can be adequately mini
mized by careful choice of time constants, grid bias, and plate load 
resistors, although several additional amplifier tubes may be needed as a 
result.L 

Full-wave rectification before application to a unipolar device such 
as a PPI is roughly equivalent to doubling the PRF^and is correspondingly 
to be recommended. Either crystal or diode rectifiers may be used. 
Limiting can take place both before and after rectification. 

Figure 16-35 shows the two-channel amplifier on the left, with the 
delay-line box in the middle, and the video-modulated oscillator and 
amplifier for driving the delay line on the right. 

16-20. Delay-line Trigger Circuits.—For proper cancellation the 
PRF of the radar transmitter must match the supersonic delay to - ^ of a 
pulse length. Free-running oscillators for generating the trigger have 
been built to fire the transmitter at a suitably constant rate. Because of 
the large thermal coefficient of delay in mercury, normal fluctuations in 
ambient temperature necessitate manual readjustment of such oscillators 
at intervals ranging from 10 min to 1 hr. Since this amount of attention 
cannot be tolerated in most applications, several methods have been 
devised for automatically maintaining time synchronism between the 
PRF and the supersonic delay. 

Time synchronism is maintained by generating trigger pulses at a 
PRF determined either by the signal delay line or by an auxiliary delay 
line. The methods for doing this can be divided into two classes; 
regenerative and degenerative. The regenerative method has already 
been described briefly in Sec. 16-3. 

The Degenerative Trigger Circuit.—A highly stable oscillator generates 
the transmitter trigger, and a correction is applied to the oscillator if it 
fails to match the delay line. This correction is obtained as follows, 
Several microseconds before the transmitted pulse, the echo input to the 

' Nonblocking amplifier design is discussed in Sees. 5-8 and 104 of Vol. 18. 



676 MOVING-TARGET INDICATION [SEC. 16-20 

delay-line driving circuit is desensitized by a trigger from the stable 
oscillator. This trigger does three other things: it generates a sample 
video pulse which travels down the line; it operates a coincidence circuit 
which examines the time of arrival from the comparison amplifier of the 
preceding sample pulse; and finally after suitable delay it fires the 
transmitter and resensitizes the echo circuits. The coincidence circuit 
supplies a variable d-c bias to the oscillator which keeps the frequency of 
that oscillator in step with the supersonic delay time as measured by the 
sample pulses. 

This arrangement has the disadvantage that it takes a number of tubes 
and, like all multistage feedback circuits, is difficult to analyze in case of 
trouble. I t has the advantage that, with small additional elaborations, 
the sample pulse residue after cancellation can be used to control the gain 
of one channel of the comparison amplifier. This type of AGC corrects 
for changes in both the amplifier and the delay line. 

Regenerative Trigger Circuits.—Three distinct methods have been 
proposed for trigger regeneration. They differ in the way in which the 
fraction of a microsecond inevitably lost in the trigger amplifier is made up 
in the delayed signal channel. The compensating delay must be inserted 
after the point at which the trigger pulse has left that channel but before 
cancellation. 

The first method is to add the required delay either at carrier or 
video frequency. Unfortunately, no electrical delay lines are available 
which are capable of reproducing a microsecond pulse with less than 1 per 
cent distortion. 

The second method involves the use of an auxiliary delay-line receiv
ing crystal slightly closer to the transmitting crystal than is the regular 
receiving crystal. The auxiliary crystal receives the trigger pulse. The 
final time adjustment can be accomplished in the trigger circuit either 
mechanically by an actual shift of the crystal or electrically by the use of 
a short variable delay. The disadvantages of this method lie in the 
excessive attenuation in the trigger channel, the increased difficulty of 
delay-line construction, and the loss of design flexibility due to the 
necessity of mixing the trigger and the video signals at the transmitting 
end of the delay line while preventing their interaction at the receiving 
end. 

The third method of trigger regeneration, already described in Sec. 
163, is the use of an extra delay line in close association with the signal 
delay line as illustrated in Fig. 1633. This line is thermally lagged by 
the box of Fig. 16-35. The method allows freedom in the choice of line 
constants and of electrical coupling, with some resultant circuit simplifica
tion as compared with the three-crystal delay line. However, the amount 
of thermal correction is not as great as in the three-crystal line, The 
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extra half-length line generates triggers at double the PRF. These are' 
divided by a counting circuit before delivery to the radar transmitter. 

16-21. Special Test Equipment. Operating Tests.—The minimum 
additional equipment required to check the components peculiar to an 
MTI system can be incorporated in a single A-scope chassis. This 
chassis should include video amplifiers, expanded and delayed sweeps, 
and a vacuum-tube voltmeter, together with switches and permanent 
connections to other parts of the system. In addition, the receiver 
chassis should include the locking-test channel shown in Fig. 16-30, and 
the two-channel amplifier may contain a delay-line attenuator. 

By means of a rectifying crystal permanently connected to the r-f 
transmission line, together with an expanded and suitably phased sweep, 
the transmitted pulse envelope can be inspected for hum modulation 
and mode jumping. This test can be used whenever the more general 
coherent oscillator locking test shows trouble. 

The locking-pulse mixer current should be monitored. This can be 
done by switching the meter normally used for the signal-mixer current. 

As can be seen from Fig. 16-30, the locking-test channel delays a 
sample of the locking pulse by means of a short auxiliary supersonic delay 
line, and then mixes this sample with the received signal. If reflecting 
end cells are used, multiple reflections within the delay line will give rise 
to a number of equally spaced locking pulse echoes. These echoes will 
beat with the reference signal. The presence of cycles within the echoes, 
when viewed on an expanded A-scope, will show when the local oscillator 
is out of tune. Since the coherent oscillator is unlikely to drift, the 
tuning of the local oscillator to give maximum receiver response needs to 
be checked only rarely. 

The principal function of the locking-test channel, as its name implies, 
is to reveal any unsteadiness in the original locking pulse or any failure of 
the coherent oscillator to lock properly. 

An attenuator and appropriate switches can be built into the input 
circuits of the two-channel amplifier to permit measurement of delay-line 
attenuation. 

Checking and adjustment of cancellation can be done while the radar 
is operating by mixing a delayed video pulse with the signals before 
cancellation. The delay can be chosen to bring the test pulse to a range 
position near the outer edge of the PPI, and adjustments can then be 
made for the best cancellation of the video pulse. 

Because of the several gain controls in series in the receiving train, 
a d-c vacuum-tube voltmeter is necessary to check the carrier level at 
the cancellation detectors. 

Testing MTI Oscillator Stability.—It has been shown in Sec. 16-4 that 
free-running frequency stability of a high order is required of the local 
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oscillator. A similar type of stability is required of the coherent oscilla
tor. The apparatus designed by S. Roberts1 for measuring oscillator 
stability has two functions to perform. The first is the quantitative 
determination of the rate of change of frequency. Because a precise 
calculation of phase error requires the assumption that the modulating 
frequencies are small, the second function is to check the accuracy of this 
assumption. This is done by changing the time constant of the measur
ing circuit. 

A block diagram of the apparatus used for testing local-oscillator 
stability is given as Fig. 16-36. The difference frequency of 70 kc/sec is 
obtained by mixing the power from two oscillators in a crystal rectifier. 
One of these oscillators can be a reference standard against which the 
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F I G . 16-36.—Block diagram of oscillator stability tester. 

other is compared. The output signal from the mixer is amplified and 
applied to a frequency discriminator circuit. The voltage applied to the 
discriminator is monitored by means of a vacuum-tube voltmeter and is 
always adjusted to the same Value. The voltage output of the dis
criminator is linearly related to the difference frequency. This discrim
inator output voltage is applied to a differentiating circuit consisting of a 
resistor and condenser. The average voltage across the resistor, pro
portional to the average rate of change of the difference frequency, is 
measured by a voltmeter. Headphones assist in the identification of the 
frequency of any modulation that may exist. 

To measure the stability of a coherent oscillator, it is allowed to run 
freely. For the crystal mixer of Fig. 16-36 is substituted a 6SA7 mixer, 
whose third grid is connected to the output signal of the coherent oscilla
tor. Signals from a quartz-controlled standard oscillator are applied to 
the first grid of the mixer. The difference frequency between the coher
ent oscillator and the standard is chosen as 70 kc/sec. 

1 Loc. tit. 
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Subclutter Visibility Measurement.—A block diagram of a subclutter 
visibility meter suitable for measuring the internal performance of most 
MTI systems is shown in Fig. 16-37. An i-f pulse originating either in 
the locking-pulse mixer or in a separate generator is modulated, delayed 
and injected into the receiver channel. This same pulse locks the 
coherent oscillator. The delayed pulse is modulated in phase and in 
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F I G . 16-37.—Subclutter visibility meter. 

amplitude by a controlled amount at a controlled doppler frequency, so 
that it imitates a moving target in clutter. The minimum percentage 
modulation for threshold signal visibility is a measure of subclutter 
visibility. Although the simple modulation scheme shown does not 
provide an exact duplication of a moving-target echo, it is believed to be 
equivalent for test purposes. The meter does not measure the loss of 
subclutter visibility due to fluctuations in the clutter produced by scan
ning or the wind. It measures only the quantity K3 in Eq. (28). 



CHAPTER 17 

RADAR RELAY 
B Y L. J. HAWORTH AND G. F. T A P E 

INTRODUCTION 

From the standpoint of the effectiveness with which a radar collects 
information, the location of its antenna is of supreme importance. In 
the use of the information much depends upon the location of the indi
cators. "Radar relay" is a means for separating these two components 
so that each can occupy the most favorable site or so that indicators can 
be operated at several places simultaneously. As the name implies, 
the radar data are transmitted from the source at which they are collected 
to some remote point by means of a radiation link. 

17-1. The Uses of Radar Relay.—Control of aircraft in either military 
or civilian applications requires the review and filtering of a mass of 
information gathered from many sources, of which radar is only one. 
Control centers are, therefore, located at sites chosen for their operational 
convenience, whereas radar locations are chosen mainly for terrain and 
coverage reasons. Sometimes it is desirable to collect the data at great 
distances from one or more fixed land stations. Advantages are also 
gained by obtaining the data at an airborne site with its extended horizon, 
but displaying and using the data on the ground or on a ship. On the 
other hand, occasions arise in which an aircraft can usefully employ 
information collected from another site. In any of these cases, the 
possibility of multiple dissemination of the data to many points offers 
attractive possibilities. 

Prior to the advent of radar relay such transmission was done by 
voice or not at all. Since the average operator can pass on only about 
five data per minute this method is far too slow for any rapidly changing 
complex situation, in addition to being rather inaccurate. Any really 
sophisticated use of radar data at remote points therefore demands the 
use of some sort of relay technique. 

Two general types of situation arise: (1) those in which the data are 
transmitted between fixed -points on land, in which case it is possible to 
use fixed, narrow-beam antennas at both ends of the relay link (or, if the 
information is to be broadcast from a single antenna, to use directive 
antennas at least on the various receivers); and (2) those in which one or 
both sites are moving, in which case the antennas must be either omni-

680 
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directional or controlled in direction. The first situation is by far the 
simpler from the technical standpoint since large antenna gains can be 
used in a very simple manner. 

17-2. The Elements of Radar Relay.—One obvious method of relaying 
radar information is to televise an indicator screen at the radar site and to 
transmit the information by existing television means. This system 
leads to a loss both in signal-to-noise ratio and in resolution because 
persistent displays do not televise well. Furthermore, any single 
televised display would have to be a PPI presenting the maximum radar 
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Fio. 17-1.—Elements of a simple radar relay system. In some cases electrical data from 
the analyzer can be used directly to generate the indicator sweeps. 

range, with the result that much inherent resolution is immediately lost 
even though expanded displays might be used at the receiving end. The 
first, but not the second, of these difficulties might be overcome by storing 
the information on an Orthicon or other storage device rather than on a 
cathode-ray tube. 

A far superior method is to transmit the original radar data in such a 
way that any desired displays can be produced at the receiving location in 
exactly the same way as can be done at the radar itself. To do this, it is 
necessary to provide at the receiving station: radar video signals, the 
modulator trigger (or the pulse itself), and a mechanical motion (or its 
electrical equivalent) that faithfully reproduces the motion of the scanner. 

The elements of a system for transmitting this information are 
indicated in Fig. 17-1. The radar data are delivered from the set to a 
"synchronizer" which arranges them in proper form to modulate the 
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transmitter. At the receiving station, the receiver amplifies and demodu
lates the incoming signals and delivers the results to an "analyzer." The 
latter performs the necessary sorting into video signals, trigger pulse, and 
scanner data. The video and trigger are delivered immediately to the 
indicator system. The scanner data must usually be modified in form 
before being passed on either to the indicators for direct use in electrical 
display synthesis, or to the "scan converter." The scan converter uses 
these data to construct a duplicate of the scanner motion that can be 
used to drive a position-data transmitter associated with the indicators. 

Since the requirements of the actual transmission and reception are 
very similar to those of television, slightly modified television transmitters 
and receivers can be used. Together with the antennas, etc., they will 
be referred to as the "radio-frequency" (r-f) equipment. The remaining 
components will be called the " terminal" equipment. 

Except, perhaps, when microwave frequencies are used in the radio 
link, the ultimate limit of sensitivity is usually set by the degree of outside 
interference rather than by the inherent signal-to-noise ratio of the 
receiver. Many factors must be considered in trying to minimize the 
effects of this interference. 

1. The strength of the desired signals at the receiver input terminals 
should be made as high as feasible compared with that of the 
interference. This is chiefly a matter of making proper choice of 
frequency, transmitter power, and antenna characteristics. 

2. The data signals should, as far as possible, be made unlike the 
expected interference in signal characteristics, and every advantage 
should be taken of these differences in the receiving equipment. 

3. In certain cases a favorable signal-to-interference ratio can be 
enhanced by techniques such as the use of wide deviation ratios 
with frequency modulation. 

METHODS OF SCANNER-DATA TRANSMISSION 
In even the simplest situation, the relay link must transmit the radar 

video signals, the trigger pulse, signals descriptive of the scanning, and 
sometimes range and angle markers.1 In more complex cases some or all 
of these items may be duplicated, and additional data such as beacon or 
Identification of Friend or Foe, IFF, signals may be involved. One of the 
major problems of radar relay is to find economical methods of carrying 
all this information at one time. In the next few sections it will be 
assumed that a single transmitter is to relay one set of data of each 

1 Range markers need be transmitted only if some error is unavoidably present in 
the timing of the modulator trigger pulse. Angle markers, on the other hand, furnish 
a convenient check on the accuracy with which the scanner motion is followed. 
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variety. Complications introduced by multiple sets will be described 
later. 

17-3. General Methods of Scanner-data Transmission.—Simultane
ous transmission of video signals and range and angle markers is rela
tively simple. Marker signals need only be mixed with the video 
signals; no separation is performed at the receiver. Trigger pulses can 
also be mixed with the video since there is no conflict in time, but some 
method of separating them at the receiving station must be provided. 
If the pulses are transmitted at a higher power level than the video 
signals, the difference in voltage amplitude can be used as a criterion. 
This high-level transmission of pulses is usually done with amplitude-
modulated r-f equipment, since the brevity of the pulses allows high pulse 
powers, with attendant signal-to-interference gain, to be obtained cheaply 
(Sees. 17-11, 17-12), but it is not feasible with frequency-modulated 
equipment. The alternative is to separate the signals in time, the video 
signals being excluded from the transmitter during an interval prior to 
and including the pulse. The trigger channel at the receiving station is 
blocked by an electronic switch except when the pulse is expected. 
Means for accomplishing both of these separation methods will be 
described later. 

Relaying the scanner data is much more complex. It is not feasible 
to transmit the numerical value of an angle by a proportional amplitude or 
frequency modulation of an r-f carrier. It is possible to devise methods 
whereby certain functions (e.g., the sine and cosine) of the scan angle can 
be used to modulate two or more subcarriers1 directly by means of slowly 
varying voltages; this has been done in the laboratory. I t has been 
found far more effective to convey the information through the medium 
of periodic signals whose frequencies or repetition rates are several times 
those involved in the scanning and whose characteristics are in some way 
descriptive of it. Since scanning frequencies lie in the interval from 
zero to a few cycles per second, the scanner data .signals usually have 
periodicities in the audio range. 

The signals mentioned above can take either of two forms. 

1. Continuous a-f signals can be used, the information being carried 
in terms of the amplitude, the frequency, or the phase with respect 
to a fixed reference. Up to the present time this technique has 
been very little used. 

2. Pulse-timing techniques can be applied. Data can be transferred 
in terms of the frequency of a single train of pulses, the degree of 

1 A subcarrier is a sine wave, usually in the audio- or video-frequency range, which, 
after it has been modulated by the information-bearing signals, is used to modulate an 
r-f, carrier. 
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staggering of two trains, or the lapse of time between a "basic" 
pulse which is one of a train and a second pulse occurring a con
trolled time later in the same cycle. 

Omitting for the moment all questions of amplitude versus frequency 
modulation, and all problems of external interference, the choice of a 
data-transmission system involves three intricately related questions: 
(1) how to avoid interference with the video and trigger signals and 
mutual interference among the various data signals; (2) whether to use 
c-w or pulse methods; (3) which geometrical quantities among those 
descriptive of the scanner motion can best be chosen for transmission. 

Since the video signals contain frequencies from nearly zero up to a 
few megacycles per second it is not feasible to separate scanner data 
signals and radar echo signals on a basis of their frequency components. 
This leaves the two alternatives of time-sharing within the radar pulse 
cycle, or the use of one or more subcarriers. 

In the time-sharing method the scanner data are sent during the 
" res t " interval at the end of the radar cycle when the indicators are idle 
and the video signals are not useful. The interval can be occupied by as 
many signals as are necessary to carry the information. Pulse-timing 
techniques are usually used with time sharing since they are somewhat 
simpler and probably more accurate than those involving interrupted 
continuous waves. It is usually possible to allow some of the pulses to 
take part in the transmission of more than one piece of data. Often the 
modulator pulse itself is used as part of this timing system. 

When the subcarrier method is adopted, it is customary to use con
tinuous waves rather than pulses, partly for reasons of simplicity and 
partly because of smaller bandwidth requirements. When c-w signals are 
used, the various components of the scanner data can be distinguished 
from one another by sending each on a separate subcarrier, or by using a 
different audio frequency for each signal and transmitting them together 
on a single subcarrier. 

The geometrical quantities transmitted can be chosen in various ways, 
depending on the application. The most important are: 

1. Changes in the orientation of the scanner can be transmitted by 
means of a wave train in which one cycle represents an advance of 
the scanner through a given small increment of angle. If the 
scanner velocity is constant or changes only slowly, the wave train 
can be a sinusoid, or convertible into a sinusoid; hence a synchro
nous motor may be used in the scan converter. Some method of 
adjusting the initial phase of the converter relative to the scanner 
and of recognizing alignment must be provided. This general 
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method is satisfactory only for transmitting continuous rotation at 
a fairly constant rate. 

2. The angle itself can be transmitted in terms of the relative phases of 
two sets of periodic signals which are usually either sinusoids or 
pulse trains (Sec. 17-5). Since this is a single-valued method, no 
zero-phase adjustment need be made. It can therefore be used for 
sector scanning, or for interrupted scanning. The data can be used 
to position a scan converter by means of a phase-sensitive mecha
nism, or they can be used directly to provide electrical information 
for such an indicator as a B-scope. 

3. The values of the sine and the cosine of the scan angle can be 
transmitted in any of several ways (Sec. 17-7). Transmission of 
sine and cosine is also a single-valued method. The data can be 
used to control a scan converter or directly in electronic PPI ' s or 
related indicators. 

17-4. Methods of Combating Interference.—Aside from providing 
the best possible signal-to-interference intensity ratio at the receiver 
input, the principal method of minimizing the effects of interference is to 
take advantage of differences between the desired and the undesired 
signals. The differences, which should deliberately be made large, can be 
exploited both by using them as a basis for excluding the undesired signals 
from the operating device and by making that device as insensitive as 
possible to interfering signals that are not excluded. Unwanted signals 
can be rejected by frequency discrimination; the bulk of the interference 
is excluded in this way. However, since it is always necessary to have a 
finite bandwidth to admit the necessary information, some interference is 
likely to get through to the analyzer. 

In the case of the scanning data, it is often possible to protect against 
transient interference (or absence of signals) by exploiting electrical or 
mechanical inertia. Care must be taken that the inertia does not 
appreciably inhibit satisfactory response to scanning accelerations, a 
serious restriction if sector scanning is involved. 

A second, and more promising, method of approach is to take advan
tage of approximate knowledge of what the real signals should do by 
excluding completely all information that does not closely agree with 
expectation, just as tuned circuits or filters reject signals outside their pass 
band. The knowledge on which to base the selection may be available 
a priori, or it may depend partly on a memory of what has happened in the 
immediate past. 

As an example of such methods consider an information-bearing pulse. 
Very similar pulses with the same frequency components as the signals 
are likely to be present in the interference and of course cannot be 
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excluded by the receiver. If, however, these interfering pulses are not too 
numerous and strong, it is possible to provide almost complete protection 
against them by using a "coded" signal to represent the pulse, or by 
excluding all pulses that do not come within the narrow time interval 
which follows the last useful pulse by the known repetition period, or by 
doing both. 

The most usual type of coding consists of a group of pulses succeeding 
each other by precise, unequal time intervals. The responsive circuit at 
the receiver is arranged to recognize only a group with precisely these 
spacings. A similar combination is extremely unlikely to occur in the 
interference. 

■H2.KSH-4/1S-H 

FTG. 17-2.—Triple-pulse coder. 

A common type of coding and a simple method of producing it are 
illustrated in Fig. 17-2. When the blocking oscillator V\a is triggered 
by an incoming signal, it produces a pulse of less than 1-jusec duration. 
The sharp positive pulse at B is passed through the 2-/isec delay line to the 
grid of Vn. The negative pulse on the plate of Va passes back to Via and 
retriggers it to produce a second pulse delayed by 2 jusec (Waveforms A 
and B). The cumulative effect of the two actions charges Ci sufficiently 
to cut off Via for a time so that further regeneration does not take place. 
The first pulse is driven down the 4-jusec delay line by VH, and triggers Via 
after a total delay of 6 ^sec. The firing of Via charges Ci sufficiently to 
cut off the tube so that the second pulse, which arrives 2 /xsec later, cannot 
trigger it. Thus three pulses occurring at 0, 2, and 6 ^sec appear across 
resistance R and pass to the mixer to be combined with the video and 
other signals. 

Other combinations of time delay can, of course, be used. The 
individual delays should not only be unequal, but within reason each 
should be great enough to prevent radar or other interference pulses from 
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bracketing pulses. They are not, however, usually made greater than a 
few microseconds because of the bulkiness of longer delay lines. 

A method of decoding the three pulses is shown in the upper part of 
Fig. 17-3. Signals from the receiver are differentiated by the grid circuit 
of amplifier V\a so that blocks of signals are not passed. If the incoming 
pulses are large enough, the tube can be biased past cutoff in order to 
exclude signals at lower levels (as, for example, when amplitude is to be 
used as a basis of discrimination between pulses and video signals). 
Weak interference can also be excluded in this way. V2 acts as a limiting 

F I G . 17-3.—Interference blanker and triple-pulse decoder. 

amplifier. After passing through the cathode follower y3„, each pulse 
arrives twice at the grid of V^, once with no delay and once with a 
2-jisec delay. Six pulses will therefore arrive at V&, and two of these, the 
first delayed pulse and the second undelayed pulse, will be in coincidence, 
as the waveform diagram shows. Thus five pulses, the second of which 
has double amplitude, will arrive at the grid of Vi after a further delay of 
4 ^sec. Vt is so biased that only the large pulse lifts the grid past cutoff. 
Since the total delay of this pulse is 6 Aisec, its arrival will coincide with 
that of the third undelayed pulse on the suppressor of F4 . At this time, 
and this time only, the plate of V\ receives a signal and fires F5 a . This 
event cannot occur if any of the pulses is missing; therefore interference 
can produce a result only when three spurious pulses occur with approxi
mately the correct spacing. Differentiation at the input circuit prevents 
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long signals from straddling two or more pulse intervals and thus provid
ing false coincidences. It cannot, of course, prevent such blocks of 
signals from saturating the receiver and excluding the desired pulses. 

A brief analysis of the effectiveness of the coding is worth while. 
Periodic pulses cannot give a response from Vt unless their frequency is 
greater than the reciprocal of the delay times in the coding. Random 
pulses or noise do, however, have a finite probability of initiating a 
response. To calculate this probability suppose that there are n random 
pulses per second and let T be their length. Then the fractional time 
during which the grid of V#, is receiving signals through the delay line is nr. 
The probability that a signal from a given undelayed pulse will overlap 
that from the delayed pulses is therefore 2m, the factor 2 entering on the 
assumption that any overlap at all will produce a result. Thus the 
number of reinforced signals reaching the grid of Vt each second is 2nV. 
Since the probability that one of these will coincide with a pulse on the 
suppressor grid is nr,1 the total number of pulses triggering V4 each 
second is 2 nh2. This is to be compared with the number n of inter
fering signals originally present, the ratio of improvement being 

n/2nh2 = l/2n2T2. 
If, for example, r = 1 jusec and n = 10,000, this ratio is 5000. The ratio 
improves for smaller n and vice versa. 

If the signal being relayed is the firing time of the modulator, the 
firing should, if possible, coincide with the transmission of the third pulse. 
If the modulator can be triggered with sufficient accuracy, the output 
connection indicated in Fig. 17-2 can be used for this purpose. If, on 
the other hand, the modulator is self-synchronous, its pulse must be used 
to trigger the coder. The synchronizing pulse at the receiving station, 
which must await the arrival of the third pulse, will be 6 /usec late. If 
this error cannot be tolerated, the video signals must be passed through a 
6-fisec delay line before they reach the indicators. 

Figure 17-3 also illustrates one method for excluding all signals 
except during an interval surrounding the expected time of arrival of the 
desired signal. The coincidence pulse from the plate of V* is passed, after 
buffering in V&, through a 2-Msec delay line, and is used to trigger the 
flip-flop circuit formed by V^ and 76& (Sec. 13-7), in which circuit 
the latter tube is normally off. After the flip-flop has been triggered, the 
current through V«, lifts the cathode of Vla, cutting this tube off by an 
amount greater than the signal level. The flip-flop is timed to reverse 
shortly before the next desired signal is expected. Va prevents an 
appreciable pedestal from appearing on the common plate circuit 
since it is turned on when Via is turned off and vice versa. If the signals 

1 The factor 2 does not enter again. 
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are large enough to allow Vu to rest below cutoff even when on, Vn, is 
unnecessary. Alternative types of video switches are described in 
Sec. 13-9. The sensitive time must be long enough to allow for all 
uncertainties in the periodicity of the incoming signal and for changes in 
the flip-flop circuit timing. 

This method can also be used to distinguish between different signals 
which have been transmitted on a time-sharing basis: for example, to 
separate pulses from video signals. If the coincidence circuit is to be 
used to decode more than one set of pulses, the flip-flop can be triggered 
by the last set or by a pulse from a delay circuit which spans the signal 
interval. More often, a train of switches is necessary to separate the 
various pulses from one another after decoding so that no switch is 
necessary at the input circuit. Somewhat more elegant methods which 
allow narrower open intervals can be used in certain special cases in which 
the opening of the switch can be controlled from a sequence of events 
within the cycle. Various arrangements will appear in later sections in 
connection with specific methods of data transmission. 

17-5. The Method of Incremental Angle.—This section and the next 
three will describe various specific methods of relaying the scanner 
information, the basis of classification being the geometrical quantities 
used. 

As stated in Sec. 17-2, the method of angular increments usually 
involves, as a final stage, a synchronous motor driven by a sinusoid. 
Three methods of relaying the necessary data have been used. 

In the first method, the sinusoid itself may be transmitted directly 
on a subcarrier. The extra expenditure of power involved is usually not 
justifiable for this rather inflexible method, especially since the pulse 
methods are extremely simple. 

As a second method, the modulator pulses themselves can be used to 
represent the increments of scanner angle1 if the scanner motion can be 
made sufficiently constant to control the modulator triggering satis
factorily. Such a system is represented in Fig. 17-4.2 Some form of 
signal generator—usually electromagnetic—geared to the scanner pro
duces periodic signals of frequency proportional to the scanner velocity 
and suitable for the pulse recurrence frequency. These signals control a 
blocking oscillator or some other device to produce sharp pulses which are 
then coded for transmission over the relay link. The third pulse of the 
code (from point E of Fig. 17-2) is used for the modulator trigger. 

Some method must be provided for separating pulses from video 
1 This is, of course, an example of time sharing in which two of the signals coincide. 
* In all the diagrams of this chapter the individual blocks are functional and are 

intended to include proper input and output circuits including amplifiers, cathode 
followers, blocking oscillators, etc. 
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signals at the receiving station since otherwise video signals might occa
sionally produce a spurious trigger. If the transmitter provides higher 
power in the pulses than in the video signals, amplitude selection can be 
used, and the coded pulses can simply be passed to the transmitter. 
Otherwise, the coded pulses must be distinguished in time, and the extra 
equipment indicated by the dotted boxes must be used. The video 
switch (Sec. 139) is arranged to pass video signals only when the flip-flop 
(Sec. 13-7) is on, and pulses only when it is off. The flip-flop is fired by the 
modulator trigger, so that video signals are passed until shortly before the 
next cycle, at which time the flip-flop opens the switch for pulses until 
the modulator pulse occurs again. 

At the receiving station, signals from the receiver pass to a switch 
which is open when a pulse code is expected. Following this switch is a 
decoder similar to that of Fig. 17-3. The resulting single pulses serve to 
trigger the indicators, to control the signal-selecting switch, and to provide 
the rotation. The switching action is similar to that of Via, Vib, V**, and 
Vv, of Fig. 17-3, the length of the flip-flop being slightly less than that 
of the flip-flop at the transmitter so that video signals are always excluded 
from the decoder. 

To produce the mechanical rotation, the decoded pulses first actuate 
a scaling circuit, such as that of Fig. 13-20, which reduces their frequency 
to twice that appropriate to a synchronous motor. The resulting pulses, 
by triggering a scale-of-two circuit similar to that of Fig. 13-166, produce a 
symmetrical square wave. A broadband a-f filter removes the higher 
harmonics, leaving a sine wave at the fundamental frequency which, after 
amplification, powers a synchronous motor that drives a data transmitter. 
Proper initial phasing of the data-transmitter shaft can be made by 
methods analogous to those of display-sector selection (Chap. 13); 
alternatively, a controlled phase shifter can be inserted between the a-f 
filter and the amplifier. A convenient index for use in this alignment can 
be provided by transmitting one or more angle markers along with the 
video signals, as illustrated in Fig. 17-4. 

This method is restricted in its use. The requirement of a continuous 
scan at a nearly constant speed mentioned in Sec. 17-3 is made even 
more rigorous by the synchronization with the modulator, which must 
usually operate at a definite PRF. Any requirement for variation in the 
scanning rate or the P R F introduces serious complexities because of the 
fixed relation between these two quantities. Another drawback is that 
rephasing must be done whenever the signals are interrupted or seriously 
interfered with. 

More flexibility is provided by a third means for relaying incremental 
angle data. If the scanner and the modulator cannot be synchronized but 
the scanning is nevertheless reasonably uniform, the periodic signal can be 
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expressed by a sinusoidal variation in the relative timing of a pair of 
pulses appearing in each pulse cycle. A method for accomplishing this is 
illustrated in Fig. 17-5. The basic pulse is initiated by an external trigger 
and coded by the circuit of Fig. 17-2. The third pulse, originating in Vio. 
of that figure (repeated in Fig. 17-5a), initiates the action of a time-delay 
circuit consisting of a sawtooth generator Vn,, a biased diode Via, an 
amplifier V^, and a blocking oscillator V«,. The need for a square-wave 
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generator to switch Vib is avoided by the action of the positive pulse from 
V2a. During the pulse the grid current of V2b charges Ci sufficiently to 
block off the tube long enough to allow generation of the desired sawtooth. 
The a-c voltage from a generator on the scanner acts through the cathode 
follower VM to vary the bias of the diode sinusoidally and therefore vary 
the delay by steps which approximate a sinusoidal variation of about one 
microsecond amplitude. The mean value is set at 5 to 10 ;usec. The 
delayed pulse is mixed with the coding for the basic pulse on the common 
cathode resistor R and sent to the master mixer. It is not necessary to 
code the azimuth pulse since its function is merely to transmit the 
sinusoidal frequency; any interference strong enough to mask this pulse 
would render the whole system useless in any case. 

At the receiving station the basic pulse is decoded by the coincidence 
circuit of Fig. 17-3.1 The resulting pulse, taken from point Y of that 
diagram, blocks the grid of V56 and initiates the action of the delay 
circuit comprising the sawtooth generator V5b, the cathode follower V^, 
and the blocking oscillator V7a. The tube Via is delayed in firing by its 
excessive bias. When Vla fires, its cathode drives the l-^isec delay line, 
and the delayed pulse returns through V7b to turn off the blocking 
oscillator. Thus successive l-/jsec pulses, adjacent in time, appear at the 
grids of Vsb and Vta respectively. Their boundary time is made coinci
dent with the mean time of arrival of the azimuth pulse by adjustment 
of the slope of the sawtooth in the delay circuit. The amplified pulse 
train from point X (plate of Via) of Fig. 17-3 is applied to the cathodes of 
Via and VM. Because of the bias the tubes can conduct only during the 
coincidence of the azimuth pulse with the pulses on the grids. Condenser 
d is charged negatively by the signal from VSb acting through diode V%, 
and positively by the signal from Vsa which forces negative charge to 
ground through V*a- If the coincidence time is equal on Via and V&, 
the net result is zero. However, as the azimuth pulse moves back and 
forth in time with respect to the switching pulses, the coincidence times 
vary in an out-of-phase manner so that the potential of C2 has a stepwise 
variation with a sinusoidal envelope (Waveform I). This alternating 
signal is passed through cathode follower V®, and a bandpass filter in 
order to produce the desired sinusoid for driving the synchronous motor. 

In order to minimize the number of transmitted pulses, the basic pulse 
can be related to the modulator pulse in any of several ways. If the first 
few microseconds of the radar cycle are not too important and the 
modulator is not self-synchronous, its trigger can be the third pulse of the 
coded group. No range error will result, but the azimuth pulse will 
appear on the indicators at the receiving station at a range corresponding 

1 The pulses can be separated from the video signals by amplitude selection, or by 
time separation as in Fig. 174. 
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to its delay time. If the modulator is self-synchronous, its firing time 
must coincide with the first coded pulse. A range error in the indicators 
results unless a compensating delay line is used in the video channel at one 
station or the other. 

If the appearance of the azimuth pulse at short range on the indicators 
is not tolerable, a triggered modulator can be fired after the azimuth 
pulse, the delay from the third coded pulse being precisely fixed. At the 
receiver a similar delay initiated by the decoded basic pulse can be 
inserted ahead of the indicators. Correct adjustment of this delay can 
easily be made by observing the transmitter pulse appearing with the 
video signals. 

No analogous method of azimuth-pulse removal exists for a self-
synchronous modulator. It is usually satisfactory to remove the pulse by 
anticoincidence methods, even though a "ho le" is left in the video signal 
train. Otherwise, it will be necessary to introduce between the modulator 
pulse and the basic pulse a delay which is longer than the useful video-
signal interval and to transmit both pulses.1 

17-6. The Phase-shift Method.—If a sine wave is passed through a 
linear full-wave phase-shifting device connected directly to the scanner, 
the resulting phase shift is numerically equal to the scan angle measured 
from the position of zero phase shift. By transmitting the phase-shifted 
wave together with a reference signal of commensurate frequency and 
fixed phase, it is possible to use the relative phases as data from which 
to reconstruct the scanner angle. 

C-w Methods.—A method of accomplishing this by use of c-w signals 
is illustrated in Fig. 176. Separate subcarriers fi and / 2 are respectively 
modulated by the phase-shifted sinusoid and by the reference signal, 
which is the same sinusoid without phase shift. At the receiving end the 
video signals and each of the subcarriers are separated by appropriate 
filters and the phase-shifted and the reference sinusoids are obtained by 
suitable demodulators. The reference wave is then passed through a 
phase shifter similar to that on the scanner. This phase shifter is driven 
by a servomechanism whose error signal is the output of a circuit which 
compares the phase of the shifted wave and that of the reference wave. 
A data transmitter geared to the phase shifter provides proper informa
tion to the indicators. 

The above method is very expensive because of the two subcarriers. 
Fig. 17-7 illustrates an alternative c-w method which avoids this difficulty. 
Here the phase-shifted signal is a harmonic of the reference signal and is 
derived from it by a frequency multiplier. Thus the two signals can be 
transmitted without confusion on the same subcarrier. At the receiving 

1 It is not satisfactory to use such a long delay between the basic pulse and the 
azimuth pulse since small percentages of "j i t ter" or drift become too important. 
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station the two are separated by appropriate a-f filters, and the reference 
signal is passed through a frequency multiplier. The resulting sinusoid 
is then passed through a phase shifter controlled by a phase-sensitive 
servomechaniem as before. Although this method is simple, it places 
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severe requirements on the audio filters. Because of their harmonic 
relationship, the sinusoids must be kept extremely pure, and furthermore 
any relative phase shifts introduced by the niters (or other circuit com
ponents) must be extremely constant with time. This is very difficult to 
assure in a-f filters if they are subjected to changing temperatures. 
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In the above systems any one of the data-bearing signals can be 
conveniently used for automatic gain control purposes. 

Pulse Methods.—The pulse methods analogous to those just discussed 
would consist of the use of two continuous trains of pulses derived from 
sinusoids of equal or commensurate frequencies, one being shifted in 
phase with respect to the other. This would require the use of at least one 
subcarrier with wide sidebands, and therefore would be expensive in the 
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transmitter and receiver design. An alternative would be to transmit the 
pulses on the video carrier during those intervals when the echo signals are 
not useful. Since the difficulty remains that the two sets of pulses must 
"ride through" each other, some method would have to be found for 
distinguishing the two trains. This difficulty can be avoided by transmit
ting one master pulse and one train of "phase-shifted" pulses on each 
radar cycle and, at the receiving station, constructing the reference train 
by shock-exciting an oscillator with the master pulse. 
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The method is illustrated in Fig. 17-8. At the transmitter the master 
pulse triggers a square-wave generator (flip-flop a) which switches a 
shock-excited oscillator (Fig. 13-41). The oscillation B is passed through 
a phase shifter geared to the scanner, and the resulting wave C produces a 
pulse train D. 

In order to avoid early transients which might lead to confusion with 
the master pulse (especially after coding) the first two or three pulses in 
the train are excluded by switch a. This switch is controlled by a square 
wave from flip-flop b; it is arranged to turn on late enough to exclude the 
required number of pulses and to remain on until after the end of the pulse 
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train. The remainder of the circuit is concerned with coding and mixing 
the various signals and providing synchronization with the modulator 
(which has been assumed to be triggerable). The basic pulse and the 
pulse train are passed through the coder, as is a pulse formed at the end 
of flip-flop b. This last pulse, delayed by a time equal to that of the cod
ing, serves as the modulator trigger. In order to separate the pulse 
signals from the video signals at the receiver, if amplitude selection cannot 
be used, the two are passed alternately through video switch b, which is 
controlled by flip-flop c. In its normal position, the latter causes the 
switch to pass signals from the coders. When the flip-flop is triggered by 
the pulse to ' the modulator, the switch is reversed and video signals are 
passed until the flip-flop spontaneously returns to its initial condition, 
shortly before the next basic pulse, and opens the channel to pulses again. 
If the transmitter is such that the pulses can be transmitted at several 
times the level of the video signals, this switching need not be done since 
amplitude discrimination can then be used at the receiver. 

At the receiving station, the various signals must be separated and 
the data abstracted and put into usable form. The signals from the 
receiver are received by a switching and decoding circuit similar to that 
of Fig. 17-3 except for the source of the input signal to Vn, whose function 
will be explained later. For the moment assume that the switch is open. 
When the basic pulse is decoded it starts a chain of events through flip-flop 
o, the switched oscillator, the phase shifter, and the pulse former on the 
one hand; and another chain through the delay circuit and flip-flop V on 
the other. Both culminate in switch a' and produce at its output termi
nal G' a train of pulses like that at point G at the transmitter. Mean
while, the transmitted pulse train is decoded and passed through switch 
c, whose purpose is to exclude the basic pulse and the modulator pulse. 
The two pulse trains are brought together in a "comparison" circuit 
which produces a polarized error voltage if they do not coincide. (If the 
two pulse trains have slightly different frequencies, because of slight 
differences in the oscillators, the error voltage will refer to their "centers 
of gravity.") The amplified error voltage controls a motor which turns 
the phase shifter in such a way that the error voltage is kept very small,1 

and the phase shifter and the data transmitter rotate in synchronism 
with the radar scanner. The modulator pulse is selected by switch d 
which is activated by flip-flop d. The latter is triggered at the moment 
of recovery of flip-flop V and endures until after the arrival time of the 
modulator pulse. In addition to its function at the indicators this pulse 
also triggers the flip-flop (Vt*, and Va, Fig. 17-2) controlling the switch 
(Via and Vih, Fig. 17-2) ahead of the decoder. When this switch is 

1 See Vol. 20 of this series for details of the comparison circuit and motor drive. 
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closed all signals (video and interference) are excluded until the flip-flop 
returns to its stable condition shortly before the next basic pulse. 

17-7. General Methods of Relaying Sine and Cosine.—A complete 
description of an angle can be given by expressing its sine and its cosine 
in the same units. Probably the greatest variety of actual and proposed 
systems for data transmission have involved the relaying of these quanti
ties in one way or another. 

If sine and cosine of the scan angle are transmitted, these data can be 
used for PPI synthesis either with or without mechanical motion. Since 

h Ac line voltage (/y 
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B sin 6 cos 2n fnt 

t'ideo signals 

F I G . 17-9.—Hypothetical method of transmitting synchro data by c-w. 

the method of synthesis has an important bearing on the choice of a relay 
method, a brief discussion of the use of the data will be given. Two 
general methods are possible: mechanical duplication of the scanner 
motion at the receiving station (as in the previous cases), or use of the 
sine and cosine voltages to produce the two necessary PPI range-sweep 
"components." 

Derivation of mechanical motion from sine and cosine information 
requires the use of a servomechanism. Practically speaking, it is neces
sary, in order to reproduce the mechanical motion, to provide a-c voltages 
proportional to sine and cosine, as well as a voltage of constant amplitude 
for reference purposes. All voltages must have the same frequency and 
phase. From the terminal-equipment standpoint these voltages could 
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be obtained most simply by exciting a synchro on the radar scanner and 
relaying each of the resulting voltage "components" together with 
a constant reference voltage (Fig. 17-9). This method, which would 
require the use of multiple subcarriers, and would thus involve excessive 
bandwidth, complex multiple modulation and filtering, or both, has never 
been used. Two component voltages and one reference voltage can be 
provided at different a-c frequencies, but this arrangement is not suitable 
for use with a servomechanism. I t can, however, be used to produce 
slowly varying sine and cosine voltages. These can then be used to modu
late alternating current of proper frequency to provide the required volt
age components for a synchro-controlled servomechanism. The method 
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F I G . 17-10. -Use of slowly varying sine and cosine voltages: (a) production of mechanical 

motion; (6) fixed-coil P P I synthesis. 

is illustrated in Fig. 17-10a. It has been successfully used in connection 
with various types of data transmission resulting in slowly varying sine 
and cosine voltages. 

In contrast to the reproduction of mechanical motion, the fixed-coil 
PPI can best use slowly varying polarized direct current.1 Since alter
nating current can easily be rectified to give such voltages, any of the 
methods is applicable to this case. As shown in Fig. 17-106, the sweep 
components are produced by sawtooth generators using the signal volt
ages as their source potentials so that the "sawteeth" are modulated in 
the proper manner as the scanner rotates (Sec. 1316). Through the 
provision of low-impedance or multiple-output circuits for the sine and 
cosine voltages, as many indicators as desired can be used. The sweep 
length for each can be chosen independently of those of the others. 

1 I t is possible, of course, to relay the sweep components themselves. However, a 
separate subcarrier would be required for each. Fur thermore , each " s a w t o o t h " 
mus t endure for the t ime of the longest desired sweep, and fast sweeps mus t be 
achieved by amplification of a short segment. Errors would be greatly magnified in 
such a process. 
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At least two methods of supplying slowly varying sine and cosine 
voltages have been successfully applied. One is a c-w method; the other 
involves pulse timing. 

A C-w Method.—In order to allow transmission of all the scanner data 
on one r-f subcarrier, each item of information can use a different audio 
frequency, the subsequent sorting being done by a-f filters. Figure 17-11 
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illustrates such a method. The stators of the scanner synchro are excited 
by equal-amplitude signals of frequencies / i and /2, as are the two equal 
primaries of a transformer whose secondary is in series with the synchro 
rotor. The voltage across the combination is then 

fi(A + B sin 8) + MA + B cos 8), 

where / i and ft represent the audio-frequency input voltages and A and B 
are constants. Since A is greater than B, the amplitude terms are always 
positive. This voltage is mixed with a constant-amplitude a-f signal of 
frequency f3 (which is used for AGC at the receiver), and the combination 
is used to modulate a subcarrier of somewhat higher frequency than the 
maximum required for video signals. The modulated carrier, the video 
signals, and the trigger pulse are then mixed and passed on to the trans
mitter proper. At the receiving station, the various component signals are 
separated by appropriate niters, as indicated in Fig. 17-11, and the sine 
and cosine signals passed through detectors. The resulting voltages con
tain a d-c component of magnitude C (with respect to the detector bias 
point) and a varying component of amplitude D, the sum being always 
positive. The d-c component can be prevented from affecting the final 
device by relating its bias level properly to that of the detector. The 
scheme of adding a constant a-f component to the signal is intended to 
preserve the phase sense of the components varying sinusoidally with the 
scanner rotation; in this case it is considerably simpler than transmitting 
a reference signal to be used in keying a phase-sensitive rectifier. 

Pulse-timing Methods.—The simplest method of using pulse-timing 
techniques to relay sine and cosine information can be understood by 
referring to the timing diagram of Fig. 1712. A basic pulse occurs once 
each radar cycle. The delay of a second pulse is varied with respect to it 
in accordance with the expression A + B sin 0, where A must be greater 
than B in order that the delay shall never become negative. A third 
pulse is delayed with respect to the " s ine" pulse by an amount propor
tional to A + B cos 8. In the interpretation of the data it is only neces
sary to provide for each function a circuit that will develop a voltage 
proportional to the time lapse between the members of a particular pulse 
pair. 

The essentials of such an equipment are illustrated in Fig. 17-12. 
Slowly varying sine and cosine potentials are furnished by a data trans
mitter (which can be either a d-c excited sine-cosine potentiometer or a 
two-phase synchro whose output signals are rectified in a phase-sensitive 
manner). Each of these potentials controls the operation of a linear 
delay circuit. The sine delay circuit is triggered by the basic pulse, and 
the cosine circuit is triggered by the sine pulse produced by the sine delay 
circuit. Each, gives a finite delay A when the controlling voltage is zero 
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The resulting pulses are mixed with the modulator pulse and coded before 
being combined with the video signals preparatory to transmission. 

At the receiving station, the pulses are decoded and sorted. Each 
of the pulse pairs (basic-plus-sine and sine-plus-cosine) is fed to an auto
matic range-tracking circuit which develops the required voltage as 
indicated in Fig. 17-12. The d-c components can be removed in the way 
explained in connection with Fig. 17-11. 
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F I G . 17-12.—Essentials for relaying sine and cosine by pulse-timing methods. 

Since this general type of synchronization equipment has seen far 
more service than any other to date, it will be worth while to consider 
it in more detail. The following section gives an extended treatment of 
one particular example. 

17-8. Pulse Method for Relaying Sine and Cosine.—Electronic 
means for determining the interval between pairs of pulses will be con
sidered first. In Fig. 17-13 it is assumed that the basic pulse and the sine 
pulse have been decoded and separated so that each is available on a 
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separate channel. There must now be developed a d-c voltage whose 
value is at every instant proportional to the delay of the sine pulse with 
respect to the basic pulse. Two of the many possible methods of accom
plishing this are illustrated. The components of Fig. 17- 13a drawn in solid 
lines illustrate a very simple method. The basic pulse triggers a flip-flop 
having a lifetime slightly greater than the maximum delay of the sine 
pulse; the resulting square wave is used to switch a sawtooth generator of 
very low output impedance. Thus, within the life of the sawtooth, the 
instantaneous voltage at S is proportional to time elapsed since the 
occurrence of the basic pulse. When the sine pulse occurs, it momentar
ily closes the "double clamp" (similar to Fig. 13-26), thus connecting 
point T tightly to point S so that the condenser is charged to the instan
taneous potential of S. The leakage path from T to ground is made to 
have a high resistance so that the potential at T remains essentially con
stant until the new cycle, at which time it will take a new value corre
sponding to the new value of the time delay of the sine pulse. Thus the 
potential at T will go through the same variations as the time delay and 
will in the present case have the form A + B sin 0 as desired. This very 
simple method is satisfactory provided little or no interference is encoun
tered. An interfering pulse will, however, cause T to take a potential 
corresponding to its time of appearance. This effect can be reduced by 
filtering so that no single pulse can cause any very great change, but this 
filtering may cause troublesome phase lags in the desired output. A 
better method of protection is to employ the output voltage to control the 
opening of a switch (dotted circuits in Fig. 17-13a), through which the sine 
pulse must pass, in such a way that a pulse can be admitted only during a 
very narrow time interval including the time when the true pulse is 
expected. (Since this device as described will work only when the track
ing is already nearly right, some means must be provided for holding the 
switch open until correct conditions are once established.) With the 
addition of this protective switch, the method of Fig. 17-13a is satis
factory. The addition makes it, however, nearly as complex as more 
elegant methods of regenerative tracking. Regenerative tracking, 
although more complex, provides certain very definite advantages in 
compensating for errors occurring later in the circuit. 

The elements of a regenerative tracking circuit are shown in Fig. 
17-136. The basic pulse triggers a delay circuit which is controlled by the 
final output voltage in such a way that, assuming this voltage is right, the 
delay circuit produces a pulse shortly before the arrival of the sine pulse. 
The delay-circuit pulse triggers a flopover (Sec. 13-7) which in turn 
sends a pulse down an improperly terminated delay line. The reflected 
pulse, of opposite polarity, turns off the flopover. The resulting square 
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wave from the flopover is used to open the sine pulse switch for 25 j<sec 
or so at the expected time of arrival of the sine pulse.' 

The delayed pulse reaches the far end of the delay line exactly at the 
middle of the switching wave. The remainder of the circuit is designed 
to force this "comparison" pulse into time coincidence with the sine 
pulse by properly controlling the delay through adjustment of the out
put voltage. Various methods can be used to accomplish this adjust
ment. The operation of the method illustrated is described below. The 
comparison pulse triggers a flip-flop. The square waves from the two 
plates, one positive and one negative, are fed to the control grids of a pair 
of pentodes (Fig. 17-13c), turning one on and the other off. The screen 
grids, normally at cathode potential, receive the positive sine pulse. If 
the pulse arrives when the control,grid of a given tube is on, that tube will 
produce a negative pulse on its plate. The signals are integrated in 
opposite polarity on condenser Ci by means of the diodes. A negative 
signal from y 2 drives a negative charge through F3„ to CV A signal from 
Vi drives a negative charge to ground through V&. The potential on Ci 
is the output signal. I t is returned (perhaps after amplification) to the 
comparison-pulse delay circuit which it controls. Thus, if the switch
ing occurs before the arrival of the sine pulse, Vi conducts, C\ becomes 
more positive, and the delay is increased. If the switching is too late, Vi 
conducts and the delay is decreased. The process continues on successive 
cycles until the delay is such that the sine pulse "straddles" the instant of 
switching. The delay circuit will then follow the variations in the delay 
of the sine pulse so that the output voltage varies in the desired manner. 

Figure 17-14 illustrates a system in which, although it is assumed that 
the modulator can be triggered, means are provided to distinguish 
between the cosine pulse and the modulator pulse for other reasons. 

The delay circuits in the synchronizer may be any of the varieties 
described in Sees. 13-7 and 13-12, the most precise and trouble-free 
results being obtained by the use of circuits similar to but not so refined 
as the circuit shown in Fig. 13-36. If this type is used, the sine or cosine 
voltage is used to bias the cathode of the diode, and the bias of the anode 
is adjusted to give the desired delay A at zero scanner angle. The value 
of B is determined jointly by the slope of the sawtooth and the amplitude 
of the sine and cosine voltages from the scanner. 

The basic pulse, sine pulse, and cosine pulse are passed to the usual 
three-pulse coder along with the modulator trigger signal, which is derived 
from a fixed-delay circuit triggered by the cosine pulse. In order that the 
trigger signal shall be properly timed when decoded at the receiver, the 

1 Since this interval is too narrow to allow rapid "looking in" initially or after 
tracking has been lost, the circuits are arranged in a manner not shown so that in the 
absence of pulses the grid remains on. 
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actual modulator trigger is delayed from the signal to the coder by a time 
equal to that occupied by the code. By closing the relay onto point Y 
and inserting a proper electronic switch between X and Y, the modulator 
trigger signal can be used as a switching signal when cyclical time sharing 
with beacon or other signals is desired. If no such need is involved, the 
cosine pulse can serve also as the modulator trigger signal so that delay 
circuit a can be omitted and points B and C made the same. 

The coded pulses and the video signals are made to share the radar 
cycle by a switch operated by a flip-flop keyed by the modulator trigger, 
as described in previous cases. 

At the receiving station, the pulses must first be separated from the 
video signals and from one another. The "sequencing" circuits which 
accomplish the latter are shown on the top row of the diagram. After 
being decoded, the signals pass to several switches of the multiple-grid 
variety shown in Fig. 13-27. The numbers alongside each indicate to 
which grid the various signals are applied.1 The main switch is opened 
shortly before a basic pulse is expected, in a manner that will be described 
presently. On passing through this switch, the pulse triggers a flip-flop 
which remains on for an interval slightly greater than the largest delay 
time of the sine pulse. This elevates the No. 2 grid of the sine-pulse 
switch so that the sine pulse can pass through provided the No. 3 grid is 
on, as explained in connection with Fig. 1713. Once the system is 
"locked in," the narrower switch pulse on the latter grid is the deciding 
factor in rejecting unwanted signals; the longer interval is useful during 
the locking-in process when the shorter one cannot be used. The sine 
pulse, in addition to its tracking role, triggers a flip-flop controlling the 
cosine-pulse switch, and the cosine pulse similarly triggers a flip-flop con
trolling the modulator pulse switch. The modulator pulse is passed on to 
the indicators and, in addition, triggers a flip-flop which closes the switch 
ahead of the decoder while video signals are being received, and opens it 
shortly before the next basic pulse. 

A few words should be said about the process of "locking i n " initially 
or after tracking has been lost through failure of signals or severe inter
ference. Since the main switch is controlled by a flip-flop, it will sooner 
or later be open. If no pulse occurs during the open interval, this switch 
will close, but it will be opened again by the next pulse. Sooner or later 
it will receive a pulse when open. If this is the sine pulse, the sequence is 
established. If it is not, the cosine-pulse switch will pass no signal, and 
the process must start over. In practice, the right combination is 
promptly found, and the various pulses then pass through the sequencing 
circuits in the proper manner. 

1 The pulsea may be separated from the video signals by amplitude selection, or 
by time separation as in Fig. 174. 
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The tracking circuits are similar to the circuit shown in Fig. 17-13c 
except for changes made to provide for a scan converter and for the fact 
that the switching voltages for the sawtooth delay circuits are provided 
by the same flip-flops that control the sine- and cosine-pulse switches. 
A-c signals for the scan converter are obtained by modulating the 60-cps 
line voltage with the sine and cosine voltages, as in Fig. 17-10a. The 
regenerative tracking assists greatly in overcoming errors in the modu
lators by rectifying the modulated alternating current with a phase-
sensitive detector and using this result to control the tracking delay 
circuit. Thus the amplitude of the modulated alternating current (which 
is the quantity of primary interest) is forced to vary in the same manner 
as the delay in the signal pulse, regardless of errors in the comparison 
circuits, the modulator, any amplifiers, etc. 

Equipment essentially like that just described has had a great deal 
of use and in its final form has proved satisfactory. An entire system 
using this method is described in Sec. 17-16. 

17-9. Comparison of Synchronization Methods.—Not all the syn
chronization methods described in the previous sections have been used 
on actual radar relay systems although nearly all of them have been set up 
and tested in the laboratory. Because of the inadequacy of testing in 
many of the cases, evaluations are difficult, but the following general 
statements can be made. 

Pulse vs. C-w Methods.—Pulse methods have been much more highly 
developed than those using c-w transmission, partly because of the pulse-
circuit experience available at the Radiation Laboratory, and partly 
because the r-f equipment available during most of the work was of the 
amplitude-modulation rather than the frequency-modulation type. 
However, much can be said in favor of the pulse methods from a funda
mental standpoint, regardless of the type of carrier modulation. 

1. Since one pulse, the trigger, is involved in any method, adequate 
protection against pulse interference must be provided in any case. 

2. When time sharing is used within the radar cycle, the pulse methods 
require less complex r-f equipment than do the c-w methods with 
their requirement for at least one subcarrier. Were time sharing 
with the video signals abandoned and the pulses sent on a sub-
carrier, the additional complications would be compensated by 
considerable simplification and increased effectiveness of the termi
nal equipment. The synchronization signals would automatically 
be separated from the video signals. The use of 100 per cent of 
the time and the freedom from restrictions imposed by the radar 
P R F would lessen the sensitivity to interference and permit much 
more flexibility than is available with the time-sharing technique. 
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Such a method would be extremely advantageous if multiple sets 
of angular data were to be relayed. 

3. Pulse methods are inherently more accurate than c-w methods 
since they involve either "counting" or the measurement of time— 
probably the most accurate types of physical measurements that 
can be made. Furthermore, no dependence whatever is placed on 
the linearity of r-f modulators, amplifiers, detectors, etc., in con
trast to the c-w methods where all such devices must be extremely 
linear and free from distortion. 

On the other hand, c-w methods involve somewhat simpler terminal 
equipment than do the pulse methods. They are also much less suscepti
ble to pulse interference, which is the type most Ukely to be met with at 
most of the radio frequencies involved. 

Comparison of Specific Methods.—The specific synchronization 
methods that have been most thoroughly tested are— 

1. The conveying of sine and cosine by pulses. 
2. The conveying of angular increments by the modulator pulses. 
3. The conveying of angular increments by the sinusoidally varied 

pulse. 
4. The method of phase-shifted pulses. 
5. The conveying of sine and cosine by a-f signals of different fre

quencies. 

Certain qualitative comparisons among these are possible. 
The method of relaying angular increments by modulator-pulse timing 

is by far the simplest if it can be used, which is only when the scanner 
rotates very uniformly and can be exactly synchronized with the modu
lator. Unfortunately, the tests of this method were made in connection 
with an airborne radar in which the scanning rate varied considerably; 
hence appreciable inertia could not be used. Furthermore, multiple-
pulse coding had not been adopted at that time. As a result, interference 
led to somewhat erratic results. Since no opportunity has arisen for 
testing with a proper radar and with coded pulses, it is difficult to make an 
accurate assessment, but the comparative success under unfavorable 
conditions indicates that when properly applied the method can be 
satisfactory. 

If the scanning is fairly uniform but cannot be synchronized with the 
modulator, the method of the sinusoidally varied pulse (Sec. 17-5) gives 
very satisfactory results with a minimum of complexity as proved by a 
reasonable amount of testing (Sec. 17-15). This method is somewhat less 
susceptible to interference effects than Method 2 since more data are 
sent per radar cycle and since an extra pulse does not cause an irreversible 
effect. 

The method of relaying sine and cosine data by pulse-timing tech-
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niques has given satisfactory results even under very severe interference 
conditions. I t can, of course, follow sector, as well as continuous, 
scanning. I ts principal drawback is its relative complexity, but much 
of the complication in Fig. 17-14 arises from extreme precautions against 
interference and from the necessity of operating a servomechanism. 
Were fixed-coil PPI 's used, or were it possible to operate a servomecha
nism satisfactorily from d-c signals, the equipment would be considerably 
simplified. A far simpler model operating fixed-coil PPI 's and designed 
for less severe interference conditions has seen considerable successful 
service. 

The phase-shifted pulse method is quite comparable to the sine-
cosine method in effectiveness; its method of converting to mechanical 
motion is somewhat simpler, and it has considerably fewer adjustments. 
Since more data are transmitted per radar cycle, greater protection against 
interference is probably afforded. Although this method is of more 
recent origin than the sine-cosine method, has not been so highly devel
oped, and has not had such thorough tests, it appears to be satisfactory. 

The sine-cosine method using multiple a-f signals is in principle 
quite simple and should prove satisfactory. Although it has been 
successfully operated in an actual system (not at the Radiation Labora
tory), the author is not aware of any extensive tests in the presence of 
interference. This method requires more complicated and wider-band 
transmitting and receiving equipment than do the pulsed methods which 
involve time sharing. 

THE RADIO-FREQUENCY EQUIPMENT 
In selecting the radio-frequency equipment, the requirements to be met 

and the operational conditions must be carefully considered. Among the 
important factors are the station locations (land-, water-, or air-based), 
the maximum range required, the types of interference to be met, and the 
nature of the data to be transmitted. These factors affect many of the 
variables of the design, such as the types of antennas chosen, the r-f power 
necessary, the carrier frequency most desirable, and the mechanical 
construction of the equipment. 

17-10. Antennas, Frequencies, and the Radiation Path.—The antenna 
gain should be as high as practicable at both stations. For a given 
transmitted power, the signal discernibility is always directly proportional 
to the gain of the transmitting antenna. At the receiving station the 
signal-to-internal-noise ratio is also proportional to the antenna gain. 
and considerable interference reduction is accomplished by the direction
ality that accompanies high gain. Such antennas therefore permit the 
use of much lower power to achieve a given result than would be required 
with omnidirectional antennas. 

Highly directional antennas can always be used for transmission 
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between fixed ground stations since they can be permanently oriented in 
the correct direction. Very high, even microwave, frequencies are 
desirable for such applications since directional antennas can then be 
small, rugged, and easily constructed and installed. At least one micro
wave equipment has been successfully used in experimental tests (Sees. 
17-14 and 17-15). 

When one or both stations are moving, on the other hand, it is neces
sary either to use sufficiently wide antenna patterns to provide coverage 
in all the necessary directions, or else to provide for automatic pointing 
of the antenna, with the consequent added complexity and weight. (If 
several receiving stations are involved the transmitting antenna must 
cover them all.) As a result, lower frequencies (100 to 900 Mc/sec) have 
predominated in such applications since more power is available and 
higher antenna gains can be obtained with a given pattern. In cases 
involving transmission from aircraft, certain interference effects described 
below are much less troublesome at low frequencies than at very high 
frequencies. 

In systems tested at the Radiation Laboratory for the transmission 
of data from an aircraft to the ground, elementary antenna arrays have 
been used. One system, operating at 300 Mc/sec, had a vertically 
polarized dipole mounted on the tail section of the aircraft and two verti
cally stacked dipoles at the receiving station. The vertical gain of this 
latter antenna improved somewhat the ratio of signal to inherent and to 
local noise, but did not reduce interference appreciably since little inter
ference comes from high angles. In a test of a 100-Mc/sec relay equip
ment, the transmitting antenna was a quarter-wave vertical radiator 
mounted on the skin of an aircraft and a corresponding vertical quarter-
wave receiving antenna was used at the ground station. 

When a link was established at 800 to 900 Mc/sec, it was found very 
desirable to increase the gain of the two antennas in order to extend the 
usable range of the equipment. This was accomplished by using stacked 
dipoles at both the transmitting and receiving stations. These arrays 
had a uniform horizontal pattern and some gain in the vertical plane. 

Associated or near-by equipments often constitute a serious source of 
interference; consequently both antenna and power-line filters are desira
ble at the receiving station. Frequently these must be designed to reject 
a particular frequency being radiated by a near-by antenna. Conversely, 
it is often necessary to filter the r-f output of the relay transmitter in 
order to minimize the radiation of harmonics that interfere with near-by 
receivers. The specific filters required for a given installation must be 
designed to meet the operational requirements of a specific system involv
ing a given complement of radar, communication, and navigational 
equipment. No general rules can be given. 
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Diffraction Phenomena.—Whenever one of the relay stations is in an 
aircraft, especially if the transmission path is over water, interference 

Range in nautical miles 
F I G . 17-15.—Field intensity vs. range for propagation of vertically polarized signals 

over sea water at various frequencies. Transmitter antenna height, 5000 ft; receiver 
antenna height, 75 ft. 

10 20 30 40 50 60 70 80 90 100 110 
Range in nautical miles 

F I G . 17-16.—Field intensity vs. range for propagation of vertically polarized signals 
over sea water at various receiving antenna heights. Transmitter antenna height, 5000 ft; 
frequency, 300 Mc/sec. 

between direct and reflected rays can occur. This subject is treated 
in detail in Vol. 13 of this series. Figure 17-15 shows curves of 
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signal strength as a function of range for frequencies of 100, 300, 
and 850 Mc/sec, displaying the effect of frequency on the number and 
the magnitude of the fluctuations in signal strength that are due to 
interference. Figure 17-16 shows curves of signal strength as a 
function of range for receiver antenna heights of 75, 110, and 140 ft 
above the surface of the sea. These curves indicate the manner in which 
the effects of signal cancellation can be reduced by using diversity recep
tion with antennas at different heights. A simple diversity system might 
consist of two antennas respectively 75 and 140 ft above the sea, with 
arrangements for switching the receiver to the antenna providing the 
greater signal strength at any given moment. In effect, this reduces the 
depths of the cancellation minima in either of the antennas considered 
separately. 

Future Trends in Frequency.—Frequencies most generally used for 
radar relay have been in the region from one to a few hundred megacycles 
per second, partly for reasons of achievable power, higher gains of non-
directional antennas, and so on. Future trends appear to lead toward 
higher frequencies, up to and including microwaves. 

Comparatively speaking, the use of such frequencies is characterized 
by the possibility of using simple, highly directional antennas, by low 
gain in omnidirectional antennas, by reduction in man-made static 
(except for pulse interference from radars), by a great increase in the 
overwater diffraction effect, by a large number of available channels, and 
by the relatively low power now available for c-w operation. 

The powers available for continuous operation with equipment devel
oped by the end of the war are approximately as follows: 

100 Mc/sec 
(FM) 100 watts average 

{ 100 watts average 
250 watts peak video level 
500 watts peak in pulses 

300 Mc/sec 
(FM) 30 watts average 

{ 30 watts average 
80 watts peak video level 

175 watts peak in pulses 
1000 Mc/sec 

(FM) 25 watts average 

{25 watts average 
40 watts peak video level 
80 watts peak in pulses 

3000 Mc/sec (FM) 10 watts average 
10,000 Mc/sec (FM) 0.1 watts average 

Any of these is sufficient for use in applications where both antennas 
can be directive, and there is little question that the very highest fre-
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quencies will be used for such purposes in the future. Until recently it 
was not economical to use a-f modulation of microwaves because of the 
extreme oscillator-stability requirements necessary to avoid excessive 
bandwidth. However, a highly ingenious application of a microwave 
discriminator in combination with a feedback amplifier controlling the 
oscillator frequency1 appears to overcome this difficulty and to permit 
the use of c-w synchronization methods. 

For applications requiring omnidirectional antennas, the ranges so far 
obtained at frequencies above 300 Mc/sec have been rather limited, espe
cially in situations involving diffraction effects. As greater power becomes 
available at the higher frequencies, they will undoubtedly find more and 
more applications even where it is not possible to use highly directed 
beams. The diffraction difficulty can largely be overcome by the careful 
use of diversity antennas. 

17-11. General Transmitter and Receiver Considerations.—Although 
the specific characteristics desirable in the transmitter and receiver 
depend upon the particular application, certain general statements can be 
made. 

The transmitter should provide sufficient power to ensure clear signals, 
free from noise and interference, at the maximum required range. In 
common with all components, it must have sufficient bandwidth to accom
modate the band of frequencies present. The receiver should have a 
satisfactory noise figure, a proper bandwidth, and in many cases must 
provide special means of distinguishing between desired and undesired 
signals by methods analogous to the antijamming techniques described 
in Sec. 12-8. Automatic gain control is necessary to prevent strong 
signals from overloading the receiver, and to insure that signals are 
applied to the decoder at the correct level. 

Bandwidth varies with the particular characteristics of the radar set 
and the type of synchronization used. In general, the video sections will 
have a bandwidth between 1 and 3 Mc/sec, with corresponding r-f and 
i-f band widths from 2 to 6 Mc/sec, when normal search radar systems are 
used. Since the relay link is only one section of the over-all channel, the 
bandwidths of its components must be somewhat greater than would be 
necessary if it alone were involved. 

An important decision is the choice between amplitude and frequency 
modulation. The relative advantages and disadvantages of these two 
methods are somewhat different for pulsed and for c-w signals, and 
depend also upon the type of interference expected. The principal 
advantage of frequency modulation is this: if the carrier power is appreci
ably greater than that of an interfering signal, the latter tends to be 

1 R. V. Pound, "An Electronic Frequency Stabilization System for CW Micro
wave Oscillators," RL Report No. 815, Oct. 1, 1945; Rev. Sci. Inst. 17, 490 (1946). 
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suppressed. Frequency modulation is thus helpful in cases where it is 
desirable to remove the last traces of low-level interference. Such inter
ference reduction is effective only if a large deviation ratio is used, that 
is, if the ratio of half the maximum carrier-frequency excursion to the 
maximum modulation frequency is large. (A deviation ratio of 4 is 
considered excellent.) This requirement increases the necessary band
width of the r-f parts of the transmitter, and of the r-f and i-f stages of 
the receiver. This increase presents additional transmitter circuit prob
lems, and reduces the gain in the amplifier stages. In the receiver, the 
greater bandwidth admits more interference in addition to complicating 
the receiver design. 

The most important aspects of the relative virtues of the two types of 
modulation arise, however, in connection with the consideration of 
particular types of signals and interference. For example, if pulse 
synchronization signals are received at a level appreciably above that of 
interference, amplitude-selection methods can entirely exclude the inter
ference, regardless of the type of modulation. This gives the amplitude-
modulation method a definite advantage because the low duty ratio of 
the synchronization pulses makes it possible to transmit them at peak 
powers several times higher than the permissible average1 and thus 
assists these signals to override the interference. A fairly high ratio of 
peak to average power can also be maintained for video signals since, 
except in extreme cases, echoes are received for only a small fraction of the 
time. In frequency modulation, on the other hand, the carrier operates 
at a constant power level. 

No such advantages exist for amplitude modulation in connection with 
c-w synchronization methods. Low-level, more or less continuous 
interference can be very disturbing, and the natural suppressing effect of 
the limiter and discriminator in an f-m receiver can be of very great 
advantage. Furthermore, the use of subcarriers and carriers of higher 
order can be most readily accomplished in a system which is frequency-
modulated throughout. 

The above discussion, admittedly rather hypothetical in the absence 
of extended comparative tests, might be summarized as follows: 

1. Amplitude modulation methods seem preferable for the relaying 
of synchronization pulses (of which there is always at least one), 
the advantage increasing with the strength of the interference. 

2. There is probably little to choose between AM and FM with 
respect to the video signals. If the interference is severe, the 
higher peak powers and narrower bandwidths possible with ampli-

1 This is usually accomplished by combining grid modulation by both the video 
and the pulse signals with plate modulation by pulses only. 
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tude modulation make it preferable; if, on the other hand, the 
interference is at low level it can be more completely suppressed 
by frequency-modulation methods. 

3. Frequency-modulation methods are definitely preferable for c-w 
synchronization signals. 

The following sections give brief descriptions of some actual equip
ments. 

17-12. A 300-Mc/sec Amplitude-modulated Equipment.—Largely 
because of its availability, the type of r-f equipment most used at Radia
tion Laboratory consists of a modification of an amplitude-modulated 
television transmitter-receiver combination operating in the 300-Mc/sec 
region (specifically on any of 10 channels between 254 and 372 Mc/sec). 
The transmitter provides 90 watts of peak video signal power, and 250 
watts of pulse power. 

A block diagram of the transmitter is shown in Fig. 17-17a. Provi
sion is made for grid modulation by all of the signals and for additional 
plate modulation by synchronization pulses. Negative video and syn
chronization signals are amplified by a three-stage broadband video 
amplifier. The second stage has a gain control in the cathode to compen
sate for variations in input-signal amplitude. The amplified signals drive 
the grids of the 8025 r-f power amplifiers through a cathode follower. 
Since the bias for the cathode follower must remain constant for all duty 
ratios, a d-c restorer is used between its grid and the — 105-volt supply. 
The synchronization pulses are amplified by a 4-stage video amplifier oper
ating into a pulse transformer connected to the cathode of a diode through 
which the r-f amplifiers draw their power. In the absence of pulses, the 
diode is conducting and the plates of the r-f amplifiers are connected to 
the high-voltage supply (800 volts). The arrival of a pulse disconnects 
the diode and raises the plate potential of the amplifier by several hundred 
volts, resulting in a very high instantaneous power. 

The master oscillator consists of a pair of 8025's in push-pull, the plate 
and grid circuits being tuned by transmission-line elements of variable 
length. The amplitude of oscillation is controlled by the capacitive 
reactance of the filament line, and can also be varied by changing the 
length of the filament line. Change of channel necessitates retuning of 
the r-f power amplifier by adjustment of a short-circuiting bar on the 
parallel line which constitutes the plate load. The electrical length of 
the coupling loop is also varied with the plate tuning. The monitor 
diode rectifies a small portion of the output signal, which is displayed on a 
scope for monitoring purposes. 

A reflectometer, or bidirectional coupler, is coupled into the r-f line 
at all times. This gives a continuous indication of the power output and 
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provides a means of measuring the standing-wave ratio on the line. The 
bidirectional coupler consists of a short section of line in which is mounted 
a directional pickup loop. At orientations 180° apart, the loop picks up 
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-300-Mc/sec amplitude-modulated equipment. 

the outgoing power and the reflected power respectively. The filter 
section is installed to prevent radiation of harmonics and other spurious 
off-frequency signals. I t has been designed to have 50 ohms impedance, 
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an insertion loss of less than 2 db from 290 to 320 Mc/sec, and a loss of 
more than 40 db above and below this band. The design is conventional: 
three T-sections are matched to the line with a ir-section at each end. 
Inductors are used as series elements, and combinations of lines as the 
shunt elements. 

Figure 17-176 shows a block diagram of the receiver. The r-f ampli
fier is a miniature triode (6J4) connected as a grounded-grid amplifier. A 
dual triode (6J6) is used in a push-pull oscillator circuit tuned 30 Mc/sec 
below the carrier frequency. The 30-Mc/sec i-f signal from the converter 
is amplified by six stages, gain control being applied to the first three. 
The i-f bandwidth is about 3 Mc/sec between half-power points. The 
output of the detector, a 6AC7 connected as a diode, is applied to the first 
video stage. A choice of two time constants is available in the grid 
circuit of this stage, 0.47 sec and 2.4 jisec. The longer one is normally 
used; it gives good response to very low video frequencies. The short 
time constant, when used, serves the same function against extended or 
c-w interference as similar circuits do in a radar receiver (Sec. 12-8). 

The automatic gain control is actuated by the synchronization pulses. 
A small signal is taken from the plate of the final cathode follower, 
amplified, and passed to another cathode follower. Because of inverse 
feedback, the output signal of this cathode follower is a sharp spike, 
rather than a flat-topped 2-^sec pulse. If the synchronization pulses are 
coded, they pass through a delay line to a coincidence tube, the com
bination acting as a decoder. The coincidence tube is so biased that only 
pulses will actuate it, the video signals being biased out at this point by 
the video-level control. The output signal of the coincidence tube is 
applied to the cathode of a diode, whose plate potential is set by the AGC 
level control. Thus, if the signals from the coincidence tube are suffi
ciently negative to cause the diode to conduct, the grid of the cathode 
follower which is also connected to the plate of the diode will change 
potential and thereby change the grid potential on the first three i-f 
stages. A long time constant in the cathode-follower grid circuit holds 
the grid potential essentially constant between pulses. There is thus a 
loop in which strong pulses produce a more negative potential on the i-f 
grids to reduce the receiver gain, and vice versa. 

It may happen that operation of a radar in the vicinity will overload 
the receiver during transmission. Such interference can be overcome 
by introducing a portion of the interfering radar trigger at the interfer
ence-suppression terminals shown. This reduces the receiver gain at the 
instant of radar transmission, with the loss of only one or two microseconds 
of video-signal reception. 

17-13. A 100-Mc/sec Frequency-modulated Equipment.—A second 
type of equipment which has been used for air-to-ground or air-to-ship 
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relay links is a 100-Mc/sec frequency-modulated system. The equip
ment operates at four frequencies between 78 and 116 Mc/sec, channel-
changing being accomplished in the receiver by a coil-switching mechanism 
and in the transmitter by plug-in coils. A block diagram is given in 
Fig. 17-18. The input signals are amplified and delivered push-pull to 
the deviator by a phase splitter. The deviator acts as a reactance tube, 
modulating an oscillator which operates at one-eighth the desired carrier 
frequency. Three stages of frequency-doubling and power amplification 
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amplifier Phase splitter 

Doubler 

| | | 50 Mc/sec 

100 Mc/sec 

25 Mc/sec 
Doubler 12.5 Mc/sec 
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X 
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amplifier 
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Detector Discriminator 

L J 
Power Imonitor 

Transmitter 

Mixer 

S 

I f amplifier 

Signal Imonitor 

2-stage limiter Discriminator Video 
amplifier 

Signals 

F I G . 17-18.-
Receiver 

-100-Mc/sec frequency-modulated equipment. 

follow. The final stage consists of a pair of 4E27 tubes operated as a 
Class C amplifier with an average r-f output power of about 100 watts. 

The equipment is designed to accommodate a maximum video 
bandwidth of 2 Mc/sec. The oscillator gives a maximum linear fre
quency deviation of 0.5 Mc/sec. Therefore, in this and the first doubler 
stage the bandwidth need be only the 2 Mc/sec determined by the 
video frequencies involved. After a second doubling, the bandwidth 
is made 4 Mc/sec in order to support two sidebands on each side of 
the carrier. After the final doubling, a bandwidth of 6 Mc/sec would be 
required to support all the sidebands above 5 per cent, but it was found 
experimentally that distortion was not serious if the bandwidth were 
reduced to 4 Mc/sec. This simplified the amplifier design and resulted in 
higher r-f power than would otherwise have been available. 
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Two miniature double diodes are included in the transmitter for 
monitoring purposes. One of these tubes is connected as a discriminator 
to provide a video-output test point at the antenna-line connector. Dur
ing all testing, this video signal gives an accurate over-all check of the 
r-f and video sections of the transmitter. One half of the remaining 
double diode is used as an r-f detector to provide a relative power indica
tion on a panel meter which is also used, by means of a rotary selector 
switch, to measure the grid currents of the several doublers. This diode 
is also connected to a test point to allow a scope to be used when over-all 
alignment and bandwidth measurements are being made. Because of 
the stability of this transmitter, it was found unnecessary to use a bidirec
tional coupler with it. 

The receiver has one tuned r-f stage, a mixer, a local oscillator, seven 
i-f stages, two limiters, a discriminator, a video amplifier, and three 
tubes connected in parallel as a cathode-follower output stage. All the 
tubes in this section of the receiver are 6AK5 miniature pentodes, except 
the one used in the discriminator which is a 6AL5 miniature double diode. 

The r-f, i-f, and video sections, as well as the discriminator, are stand
ard in design, an 8-Mc/sec bandwidth in the i-f amplifier being obtained 
by double staggering of alternate stages. A two-stage limiter is used to 
insure constant input-signal voltage at the discriminator. Both limiter 
tubes operate at reduced plate and screen voltages to reduce the grid 
swing necessary to cause plate limiting. A fast time constant in the grid 
circuit of the first limiter was chosen to discriminate against impulse 
noise by producing the limiting bias quickly. Longer time constants are 
possible in the second limiter since the signal variations at this tube are 
neither large nor of short duration. 

This equipment has been given extensive airborne tests in conjunction 
with two different types of synchronization equipment, and has also been 
operated between fixed ground stations. 

17-14. Microwave System for Point-to-point Service.—The two 
equipments described in Sees. 17-12 and 17-13 were developed primarily 
for air-to-surface work involving the use of omnidirectional antennas; an 
upper limit was therefore set to the possible radio frequency. The pres
ent section will describe equipment designed for use between fixed ground 
stations which permit the use of directional antennas. 

Safe margins of power are easily attainable in such applications since 
the maximum range is usually sharply limited by the horizon or by rough
ness of the terrain. The received signal was specified to be 40 db above 
thermal noise at maximum range in order to provide a safe operating 
margin. In the application of this criterion to the selection of frequency 
and antenna sizes, the following table is illuminating. Paraboloid 
antennas are assumed at both stations. 
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TABLE 171.—MAXIMUM RANGE OF RELAY SYSTEMS 

Frequency, 
Mc/sec 

300 
1,000 
3,000 

10,000 

Power, 
watts 

50 
25 
0 5 
0 1 

Beamwidth, degrees 

9-ft 
paraboloid 

» 27 
8 
2 .7 
0 . 8 

3-ft 
paraboloid 

« 80 
24 

8 
2 .4 

Free-space range, miles 

9-ft 
paraboloid 

196 
460 
195 
292 

3-ft 
paraboloid 

22 
51 
22 
32.5 

When one considers the power involved, the decrease of man-made 
interference with increased frequency, and the privacy and protection 
from interference provided by narrow beams, microwave frequencies 
appear to be the most desirable. The decision between 3000 and 10,000 
Mc/sec was based largely upon the fact that in the latter case waveguide 
of a convenient size could be used, an extremely desirable design feature. 
Since a 32-mile range is adequate for the uses intended, and since too 
great sharpness of beam might lead to alignment difficulties, 3-ft parabo
loids were used at both stations. 

Frequency modulation was chosen, partly because of its advantages 
when signal-to-noise and signal-to-interference ratios are high, but mostly 
because it simplified the oscillator design. Large deviations of the oscil
lator are easily accomplished, and there are no problems of r-f bandwidth. 
Since the required video bandwidth was about 1.5 Mc/sec, a total 
deviation of 6 Mc/sec was chosen. The total frequency spectrum 
involved is then a little more than 9 Mc/sec. In order to minimize the 
required i-f bandwidth in the receiver, the discriminator was set on one 
side of the pass band of the receiver. A value of 11 Mc/sec was then 
chosen for the i-f bandwidth to provide a margin to take care of improper 
tuning. 

The equipment is shown schematically in Fig. 17-19. The oscillator, a 
2K39 reflex klystron, is stabilized against a cavity by means of a microwave 
discriminator.1 The output of this device is a d-c signal whose voltage is 
proportional to the deviation of the oscillator frequency from the fre
quency for which a resonant cavity, used as comparison standard, is set. 
This error signal is amplified by a push-pull d-c amplifier and used to 
control the reflector voltage of the klystron in such a way that its fre
quency is forced into agreement with the resonant frequency of the cavity. 
Video signals and pulses are applied directly to the reflector to produce 
the desired frequency modulation. Rapid response is purposely avoided 

1 R. V. Pound, A Microwave Frequency Discriminator, RL Report No. 662, 
Aug. 4, 1945; Rev. Sri. Inst. 17, 490 (1946). 
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in the frequency-control circuits so that they will not stabilize against the 
signal frequencies. 

Not shown in the transmitter diagram is a monitor, consisting of a 
crystal mixer and a video amplifier, which draws power from the main 
waveguide. In combination with a synchroscope, this provides a very 
effective means of checking and aligning the transmitter. 
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F I Q . 17-19.—Microwave equipment. 

The local oscillator of the receiver is also frequency-stabilized against 
a cavity. The circuits and layout of the i-f amplifier and the automatic 
gain control are similar to those of the receiver described in Sec. 12-11, 
the bandwidth being 11 Mc/sec. A two-stage limiter is used ahead of the 
i-f discriminator, care being exercised to provide sufficiently rapid limiting 
action to reduce impulse noise. The discriminator is similar to that used 
in radar AFC circuits and has a bandwidth of about 17 Mc/sec between 
peaks. 
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RADAR RELAY SYSTEMS 

Two complete radar relay systems will now be described; their general 
features are sufficiently applicable to future requirements to make this 
worth while, even though better systems could now be designed. The 
requirements for the two systems are quite different. The first involves 
the transmission between fixed ground stations of three sets of radar echo 
signals and one set of beacon signals, all resulting from antennas mounted 
on a single continuously rotating scanner. Although the number of sets of 
video signals is large, the use of directional antennas eases the r-f problem, 
and the continuous scan renders scanner synchronization relatively 
simple. 

In the second example, one set of radar signals and one set of beacon 
signals are relayed to ground from a long-range airborne radar set 
arranged to permit sector scanning. In contrast to the former case, the 
"pic ture" data are relatively simple, but the requirement of large 
angular coverage forces the use of low-gain antennas and puts a severe 
requirement on the r-f system. Sector scan and the turning of the 
aircraft greatly complicate the scanner-synchronization problem. 

17-16. A Ground-to-ground Relay System.—The radar set originat
ing the data in this example is a ground-based microwave set (see Chap. 
15) in which the scanner, rotating at either 2 or 4 rpm, carries two 
radar antennas and one beacon antenna. One of the radar antennas pro
vides long-range low-angle coverage; the other provides coverage at high 
angles. Both regular video signals and MTI (Chap. 16) video signals are 
derived from the upper-beam signals; this beam is chosen for MTI because 
it is the one predominantly used at the shorter ranges where the clutter is 
worse. 

Thus four sets of video signals must be transmitted: lower-beam 
radar echoes, upper-beam radar echoes, upper-beam M T I video signals, 
and beacon responses. Time sharing is used to put two sets of video 
signals on each of two carriers. One channel is shared between the MTI 
video signals and the lower-beam video signals, MTI video being trans
mitted for a time interval corresponding to the first 30 to 50 miles of 
range from the radar, and the lower-beam video for the remainder of the 
radar cycle. A second channel is shared between the upper-beam radar 
echoes and the beacon signals; since the data from these two are simul
taneous, switching must be done on a whole-cycle, rather than on a frac
tional-cycle, basis. Two pulse cycles are allotted to radar, then one to 
beacon, and so on, the unequal division being used because signal sensi
tivity is more critical in radar than in beacon operation. The resultant 
loss in sensitivity is 0.5 db for radar signals and 1 db for beacon returns. 

Two transmitters, feeding a common antenna through a duplexer, are 



SEC. 17-15] A GROUND-TO-GROUND RELAY SYSTEM 727 

used to provide the two channels, since, at the time of design, equipment 
accommodating subcarriers was not available and weight and power were 
not crucial items. The remaining data are combined on these same two 
channels as indicated in Fig. 17-20. The mixing and switching of the 
signals for the first transmitter is fairly simple. Range markers and the 
proper set of angle markers are mixed with each set of video signals, and 
the two sets are fed to a video switch, which passes the MTI signals for 
the first 50 miles or so and the lower-beam signals thereafter. The 
switch is like the circuit of tubes Via and V\b of Fig. 17-3, but has signals 
on both grids. 

The synchronizer is similar in function to that of Fig. 17-5 (including 
Fig. 17-2),' with the addition of a scale-of-three circuit to produce the 
beacon switch pulse on every third cycle. The third pulse of the mod
ulator code is counted down for this purpose and passed to the signal 
switching unit. The switching signal to be relayed is delayed 16 jusec (by 
reflection in an 8-/jsec delay line) in order that it be clear of the azimuth 
pulse at the receiving station.2 The three-pulse code, the azimuth pulse, 
and the beacon pulse are "mixed" by using them all to trigger a blocking 
oscillator. 

The video signals to the second transmitter are switched twice. 
The upper-beam video and the beacon video are switched cyclically as 
described above. The switch is controlled by a flopover circuit (Fig. 
13-16) which remains in the stable state that causes video switch a 
to pass the radar signals until a beacon switch-pulse occurs; it then passes 
to a second stable state that causes the video switch to pass beacon 
signals. At the next modulator pulse the original condition is restored. 

A video switch provides for time sharing between the video signals 
and the synchronizing pulses in order that the former shall not interfere 
with the latter. In its normal position, the flip-flop holds switch b in 
the state that passes pulses. Firing of the flip-flop by a pulse delayed by 
30 jtsec from the modulator pulse reverses the video switch allowing echo 
signals to pass. The flip-flop returns spontaneously to its original state 
shortly before the start of the next radar cycle. Signals from switch 6 
are combined with range and angle marks in a video mixer, from which 
they pass to transmitter No. 2. 

At the receiving station, the signals pass through a duplexer to two 
receivers. The first delivers the time-shared M T I and lower-beam video 
signals, together with markers, directly to the indicators. Signals from 

1 The circuit details of the equipment actually tested differ considerably from 
those of Figs. 17-2 and 17-5. 

2 In order that pulses passing through the three-pulse coincidence circuit shall not 
cause false coincidences, they should follow each other by at least the sum of the code 
length and the pulse length—in this case a total of 8 ^isec. 



728 RADAR RELAY [SEC. 17-15 

Modulator 
pulse 

3300^ sec 

J I I I I I I L . 

•*- MTI-—•— Lower-i—-MTI»-«-Lower—►— MTI *» - Lower—~MTI—*— Lower—~~ MTI 
beam beam beam beam 

C 

D 

H IU 

_ r 

Expanded 
time 
scale -

-^j |-«— 300 n sec 

i 1 I 1 i i i x 
I 3000/J sec K 

^toH imh III I I iltM ■*»» I 
Radar video Beacon video Beacon video Radar video 

M 

N 

0 2 6 
Modulator pulse 

code 

14 22 30A sec 
Azimuth Beacon Video switch 
pulse signal pulse 

Video 

0 

P 
Fio. 17-20.—Ground-to-



SEC. 1715] A GROUND-TO-GROUND RELAY SYSTEM 729 

Modulator pulse 
Lower beam video 
Lower beam angle marks 

I Range marks 
I 

Video 
mixer 

I MTI video 
I Upper beam angle marks 

Range marks 
Video 
mixer 

50 mile 
flip-flop 

A 

Video 
switch 

Signal switching and mixing # 1 

Transmitter 
#1 

("AC from scanner 
I 
I 
I 

-_l 
" I 

Modulator pulse 3 pulse 
coder 

3rd pulse 

_c 

Azimuth 
pulse timer 

Scale of 3 

l__ 

16/i sec 
delay 

3 pulses c • G 

Blocking 
oscillator 

Pulse coder 

Modulator pulse I 
I. 
I Upper beam video 
II 
J Beacon video 
I 
I 
I Range marks 
I 

Lock-over Video 
switch a 

_] 30/< sec 
delay 

Flip-flop 

H 

Duplexer tf 

Video 
switch 6 

L 

Video 
mixer 

Transmitter 
# 2 

Ujpper beam ̂ ngle^marks signaj switehin_g^ndjnixing #2. | 

r 

Receiver 
# 2 Duplexer Receiver 

# 1 

MTI Video for 50 
miles. Lower beam 
video thereafter. 
Markers at all times 

To 
indicators 

Decoder M Azimuth 
pulse 

converter 
Motor Data 

transmitter 

Switch 
M, VIB 
Fig. 16.3 

3 1 0 0 / A sec 
- " - j flip-flop 

V5B,V6(Fig.l6.3) 

16/i sec 
delay 

TV- Coincidence 
circuit 

Lock-over Video 
switch 

Azimuth data 

Trigger 

Upper beam video 

Beacon video 

I _Decoder | 

ground radar relay. 



730 RADAR RELAY [SEC. 17-15 

the second receiver contain the coded modulator pulse, the azimuth pulse, 
and the beacon switch pulse. They pass through a switch which excludes 
all signals while video is being transmitted but opens shortly before the 
arrival of a trigger pulse. This switching, the decoding of the modulator 
pulse, and the derivation of the scanner information from the azimuth 
pulse, are done by methods similar to those of Figs. 17-2 and 17-5. The 
upper-beam video signals and the beacon video signals are separated by a 
video switch which consists essentially of a pair of out-of-phase switches 
similar to that made up by tubes Via and Va in Fig. 17-3. The video 
switch is controlled by a fiopover which is triggered to the beacon position 
by the beacon switch pulse and to the radar position by the next modula
tor pulse. The switch pulse is singled out by coincidence with a pulse 
derived locally (N) at the proper time by delaying the decoded modulator 
pulse. 

The time occupied by the pulse code results in the triggering of the 
indicators 8 Msec too late. This produces a slight distortion in the dis
plays, but there is no error in range measurements since accurate range 
markers are transmitted with the video signals. The display distortion 
is unimportant because short-range displays are not used. Similarly, the 
fact that the indicators must be blanked out for the first 30 Msec is of no 
importance since targets at such close range are practically never of 
interest. 

Several r-f equipments, including the three described in earlier 
sections, were tried experimentally in this application. All operated 
with reasonable satisfaction, maximum range being limited in every case 
only by the line of sight. On the whole, the microwave equipment is 
considerably superior to the others because of its compactness, the small 
power involved, the narrowness of the beam, and the greater freedom 
from interference. However, the fact that the use of frequency modula
tion did not permit the pulses to be transmitted at higher level than the 
video signals was a definite handicap for reasons described below. 

The equipment as a whole operated about as anticipated. Compara
tive PPI photographs taken simultaneously at the two stations are shown 
in Fig. 17-21. The only difficulties of consequence involved occasional 
loss of synchronization, usually because of pulse interference picked up 
on the radio link or on the radar set. The direct results of spurious 
triggers on either the angle data or the sweep triggering were not appreci
able, but loss of the trigger occasionally upset the sequencing with 
unfortunate results. Once the proper chain is broken, it can be spuriously 
started by interference or by video signals and remain in error for several 
cycles. Both the indicator sweeps and the azimuth data are then in 
error, sometimes by as much as 5° or 10°. The resulting angular error 
persists until it is manually removed. When amplitude selection of the 
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FIQ. 17-21, .—Comparative PPI photographs taken simultaneously at the transmitting and 
at the receiving stations. 
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pulses is possible (with the amplitude-modulated equipment), these 
effects are greatly reduced. Amplitude selection also provides suppres
sion of weak interference picked up on the link itself. With this pro
tection interruptions are extremely brief and cause little difficulty. 

17-16. Relay System for Airborne Radar.—In the system just 
described, the scanner synchronization was rendered fairly simple by the 
continuous scanning, and the problem of obtaining adequate signal 
strength was simplified by the use of directional antennas. The principal 
complications were those involved in the simultaneous transmission of 
several sets of video data. The present section will describe briefly 
the arrangements used to solve a far more difficult problem, in which the 
data originate from a long-range airborne set equipped for sector scanning. 
The scanner synchronization, diffipult in any case, is rendered far more 
so by the fact that the omnidirectional antennas required give so little 
gain that the interference problem is severe. Every possible device must 
be used to provide a maximum of power from the transmitter, to reject 
interference in the receiver, and to protect the synchronization pulses by 
coding, by switching, and so on. 

The video data involved are simple, consisting merely of radar signals 
and of signals from a separate beacon receiver. In order that the two 
sets of video signals may be accommodated, cyclical time sharing is used 
during the intervals of beacon use, the modulator trigger serving as the 
signal that radar is being transmitted on a given cycle. 

The design was built around the sine-cosine synchronization method 
of Sec. 17-9 and the 300-Mc/sec amplitude-modulated r-f equipment of 
Sec. 17-12. Much experimentation was done, however, with the phase-
shifted pulse method of synchronization (Sec. 17-6), and with the 
100-Mc/sec frequency-modulated r-f equipment of Sec. 17-13. The 
former combination is outlined in Fig. 17-22, in which some parts peculiar 
to this system and not heretofore described are shown. 

I t is necessary to provide the azimuth data in terms of compass 
directions rather than aircraft heading. To accomplish this, an a-f wave 
is passed through a two-phase synchro on the scanner and a two-phase 
differential synchro controlled by a compass so that the two resulting 
signals have amplitudes proportional to sin 8 and cos 8 respectively, 
where 9 is the scanner orientation with respect to true north (Sec. 13-4). 
Each of these signals is passed through a phase-sensitive rectifier keyed 
by the audio oscillation in order to develop the slowly varying voltages 
necessary to control the sine and cosine delay circuits (Sec. 17-8). 

The remainder of the synchronizer is like that shown in Fig. 17-14 
except for the provision for radar-beacon switching on alternate cycles. 
During periods of beacon use, the relay of Fig. 17-14 is to the right, 
diverting the modulator pulse from the coder to the scale-of-two multi-
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vibrator of Fig. 17-22. The square waves from the latter control a 
switch that alternates between radar and beacon video signals, if the 
latter are to be relayed. A pulse formed on those cycles in which radar is 
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F I G . 17-22.—Air-to-surface relay system. 

transmitted is passed to the coder to serve as an identifying pulse in the 
relay channel. When the beacon signals are not desired, the relay of 
Fig. 17-14 is reversed and the original pulses go to the coder on every 
cycle. 
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The video switch of Fig. 17-14 alternates the video signals (radar or 
radar alternated with beacon) with the coded pulses, and passes the 
results to the transmitter (Fig. 17-22), where they ultimately modulate 
the grid of the r-f power amplifier. The pulses are additionally used to 
modulate the plates of the same tubes; this arrangement provides a much 
higher power in the pulses than would otherwise be available. The 
transmitter power is approximately 50 watts average, 80 watts peak on 
video signals, and 175 watts peak on pulses. 

An r-f filter is provided in the antenna lead. The antenna consists 
of a vertically polarized dipole mounted on the tail section of the aircraft. 

At the receiving station, the energy is received by an antenna con
sisting of two vertically stacked dipoles and passes through a resonant 
cavity of loaded Q equal to 100 on its way to the receiver described in 
Sec. 17-12. 

The analyzer and scan converter operate as shown in Fig. 17-14, 
separating the various signals and providing a simulated scanner motion. 
The separation of video signals from pulses is aided by an amplitude 
selector which takes advantage of the higher power in the pulses. This is 
helpful, especially during the locking-in period. The additional parts 
necessary to separate the radar and beacon data are shown in Fig. 17-22. 
The cosine pulse is delayed 30 Msec to form a trigger available on every 
cycle, regardless of whether radar or beacon video signals are being 
transmitted. The modulator pulse indicates those cycles on which radar 
video is transmitted. A trigger occurring only on the beacon cycles 
can be formed by an anticoincidence circuit operated by these two pulses. 
The video switch separating the two types of video is controlled by a 
flopover which is thrown to the radar position whenever the modulator 
pulse occurs, and back to the beacon position by the next cosine pulse. 
The switch then passes beacon signals on every cycle in which the modu
lator pulse does not occur. 

This equipment gave reasonably satisfactory results in its final form. 
In spite of all the precautions taken, however, the considerable interfer
ence from radar and communications equipment, together with the 
presence of diffraction minima, limited the reliable operating range to 
about 30 miles when the interference was severe, and to 50 miles or so 
under reasonably favorable conditions. These figures would be some
what improved by the use of diversity antennas, but in the absence of 
tests no figures can be given. 

Extensive tests of the 100-Mc/sec frequency-modulated equipment 
have been made under less severe interference conditions than those 
faced in tests of the 300-Mc/sec equipment. At 100 Mc/sec, diffraction 
minima occur only at short ranges where the signal strength is high, and 
they are much less pronounced than those at higher frequencies, as 
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indicated by Fig. 17-15. This relative freedom from diffraction effects, 
together with the higher antenna gains, gave the 100-Mc/sec equipment 
better performance in the absence of severe interference than that of the 
300-Mc/sec system. Under the test conditions, satisfactory results 
were achieved at ranges up to 100 miles with the airplane flying at 
10,000 ft. However, a great deal of interference exists in this frequency 
band in busy locations. The tests did not give adequate opportunity 
to observe the effect of this interference in reducing the maximum range 
since the sites used were relatively isolated. 

The phase-shifted pulse method of synchronization (Sec. 17-6) 
gave results comparable to those of the sine-cosine method with either 
type of r-f equipment under reasonably interference-free conditions. 
Since it is slightly simpler and has fewer adjustments, it was therefore 
somewhat superior under the test conditions. No data are available 
on its relative performance in the presence of severe interference. 
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Inductance charging, 382 
Integration, of radar information, 38-47 
Interference absorber, 69 
Interference lobes, 50 
Intermediate frequency, choice of, 444 
Intermediate-frequency amplifier (see 

Amplifier, i-f) 
Interrogator-responsor, 253 

J 

Jacobsen Manufacturing Company, 585 
Jordan, F. W., 497 
Josephson, V., 77 
J-scope, 166 
Judson Manufacturing Company, 585 

K 

Katzin, M., 80 
Keep-alive electrode, 410 
Keneipp, H. E., 560 
Klystron, reflex, 414 
Kock, W. E., 85 
K-scope, 167 

L 

Lawson, J. L., 33 
Lebenbaum, Paul, Jr., 561 
Lee regulator, 574 
Leland Electric Company, 570, 573, 574 
Levoy, L. G., Jr., 560 
LHTR, 208 
Lighthouse tube, 207 
Limiting of video output signal level, 452 
Line, coaxial, 393-398 

coupling for, 396 
rotary joint for, 396 
to waveguide, transition between, 

403 
half-wave, 392 
long, effect of, 393 
matched, 393 
quarter-wave, 392 
stub-supported, 395 

Line-type pulser, (see Pulser) 
Linford, L. B., 77 
Loaded Q, 406 

Lobe-switching, 203 
Lobes, side, 272 
Local oscillator, 8, 414—416 

MTI, design of, 659-662 
stability of, 638-640 

Local-oscillator stabilities, typical, 661 
Lockover, 497 
L-scope, 167 

M 

Magnetic focusing of CRT (see Cathode-
ray tube, magnetic focusing of) 

Magnetron, 7, 320-355 
construction of, 321-325 
electron orbits in, 330 
frequency pulling of, 349 
frequency stabilization of, 351 
inductive tuning of, 347 
input impedance of, 346 
modes of operation for, 328 
for MTI, stability of, 640 
output coupling of, 329 
performance chart for, 336 
pulling figure of, 349 
pulse-length limitations on, 346 
pulse power of, 341 
resonant system of, 325 
rising sun, 330 
space-charge distribution in, 335 
strapped, 330 
tunable, C-ring, 347 
tuning of, 347 
wavelength scaling of, 341 

Magnetron cathode, back bombardment 
of, 344 

Magnetron efficiency, 345 
Magnetron instabilities, 353 

sparking, 353 
mode-changing, 353 

Marconi, G., 13 
Markers (see Range, Timing, Angle, 

Height markers) 
Massachusetts Institute of Technology, 

16 
Mattress antennas, 274 
Micro-B, 171 
Micro-B display, 531 
Microwave Committee, 15 
Microwave propagation (see Propaga

tion of microwaves) 
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Microwave, reason for use of, 10 
attenuation of (see Attenuation of 

microwaves) 
Mixer, 8 

coaxial-type, 417 
crystal for (see Crystal, for mixer) 
microwave, 416-418 

Modulation, amplitude, 129, 139 
frequency, 130 
pulse, 130 
from scanning, 136 

Modulator, MTI requirements on, 641 
(See also Pulser) 

Morse, P. M., 65 
Motor-alternator sets, aircraft, 561-563 

speed regulators for, 571-578 
starting current of, 561-563 

Motor-alternator sets, speed control of, 
574 

Mount, antenna (see Antenna mount) 
three-axis, 309 

Mountain relief, 96-99 
Moving-target indication (see MTI) 
MTI, 626-679 

basic principles of, 626-632 
blind speeds in, 650 
magnetron for, stability of, 640 
on moving system, 655-658 
noncoherent method of, 656 
phase-shift unit for, 655 

design of, 663 
special test equipment for, 677-679 
target visibility in, 649-653 
trigger generator for, 634 

MTI cancellation equipment, stability 
requirements on, 641 

MTI component design, 658-679 
MTI component requirements, summary 

of, 642 
MTI components (see particular com

ponent) 
MTI local oscillator, stability of, 638-640 
MTI locking pulse, requirements on, 662 
MTI operating tests, 677 
MTI oscillator stability, testing, 677 
MTI receiver characteristics (see Re

ceiver, MTI, characteristics of) 
MTI requirements on modulator, 641 
MTI system, practical, 632-635 
MTI system constants, choice of, 638-655 

MTI targets in clutter, visibility of, 651-
653 

MTI transmitter, 658 
Multivibrator, 497-500 

cathode-coupled, 499 
flip-flop, 498 
single-stroke, 498 

Myers, W. L., 283 

N 

National Defense Research Committee 
(see NDRC) 

Naval Research Laboratory, 14 
Navigation, lightweight airborne radar 

system for, 611-625 
radar (see Radar navigation) 

NDRC, 15 
Division 17, 216 

Neild, W. G., 569 
Network, pulse-forming, 375 
Newton regulator, 566-570 
IX TAC, 229 
Noise, 28-^7 
Noise figure, over-all receiver, 32, 441 
Noise fluctuations, 35-40 
Noise power, available, 30 
Noise temperature, of crystal (see Crys

tal, noise temperature of) 
Nonscanning antennas, 277-279 
Nyquist, H., 30 

O 

Oboe system, 246-247 
Odographs, 216 
Olson, V. A., 655, 665 
Optical superposition, of indicator scales, 

218 
Oscillator, local (see Local oscillator) 

phase locking of, 632 

P 

Paraboloid antennas, 272-274 
Peaking, series, 452 

shunt, 451 
Pedestal, 271 
Performance chart, for magnetron (see 

Magnetron, performance chart for) 
Phantastron, 500 
Phase locking of oscillators, 632 
ir-mode, 326 
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Pillbox, 276 
Pip-matching, 203 
Plan-position indicator, 6, 167 

(See also PPI) 
Plotting board, 180°, 238 

vertical, 235 
X-Y, 240 

Polyrod, 278 
Polyrod radiators, array of, 303 
Pound, R. V., 717, 724 
Power, for mobile radar, 585 

prime, supplies for radar, 555-587 
for radar, in aircraft, 555-583 

frequency of, 555 
recommendations for, 582 

at fixed locations, 583 
for large systems, locally generated, 

584 
for shipborne systems, 586 

Power frequencies, in aircraft, standard, 
556 

Power supply, 3-phase a-c radar, 559 
for ultraportable equipment, 585 
vibrator, 581 

PPI, 167 
delayed, 169 
design of, 532-545 
off-center, 168 
open-center, 169 
pre-time-base resolution for, 544 
resolved-current, 538-545 
resolved time base, 534-538 
rotating-coil, 534 
stretched, 170 
three-tone, 553 
using automatic transmitter triggering, 

540 
PPI displays, contrast of, 548-554 

resolution of, 548-554 
Pre-plumbing, 408 
Pressurization, of r-f lines, 283, 420 
PRF, choice of, 598 
Prime movers, small, 586 
Prime power supplies for radar (see 

Power, prime, supplies for radar) 
Projector, chart, 215 
Propagation, free-space, 18 

of microwaves, over reflecting surface, 
47-53 

(see also Microwave propagation) 
PSWR (see Standing-wave ratio, power) 

Pulse, phase-shifted, 697 
sharp, generation of, 501-503 

Pulse cable, 386 
Pulse length, choice of, 596-598 
Pulse modulation (see Modulation, pulse) 
Pulse packet, 122 
Pulse power (see Magnetron, pulse power 

of) 
Pulse-forming network (see Network, 

pulse-forming) 
Pulse-modulated doppler system, 150-157 
Pulse-to-pulse cancellation, 631 
Pulse recurrence frequency (see PRF) 
Pulse transformers, 384-386 
Pulser, 353-390 

basic circuit, 356-360 
driver circuit, 371 
energy sources of, 387 
hard-tube, 367-373 
hard-tube and line-type, comparison 

of, 360-363 
line-type, 358, 374-383 

a-c charging of, 383 
recharging circuit of, 382 
switches for, 377-381 

overload protection of, 364 
Pulser switch, 357 

for line-type pulsers, 377-381 
nonlinear inductance as, 381 

Pulser switch tubes, high-vacuum, 368 

Q 

Q, of cavity, 406 
Quarter-wave line (see Line, quarter-

wave) 
Quarter-wave plate, 84 

R 

Racons, 246 
Radar, 419 

comparison of, with eye, 1 
c-w, 127-159 

comparison with pulse radar, 123 
ground, use of beacons with, 609 
history of, 13 
limitations of, 116-126 
prime power supplies for (see Power, 

prime, supplies for radar) 
principle of, 3-6 
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Radar, pulse, 3 
range performance of, 8-10 
word, 3 

Radar beacon (see Beacon, radar) 
Radar components, 6-8 
Radar coverage, effects of surface reflec

tion on, 603 
Radar cross section, 21, 63 
Radar equation, 21-27 
Radar horizon, 53 
Radar indicator, 161-175 

(See also Indicator) 
Radar landmarks, 113 
Radar navigation, 108-115 
Radar performance figure, 590 
Radar performance surveys, 592 
Radar relay, 225, 680-735 

AM vs. FM for, 717-719 
antenna for, 713-719 
antenna filter for, 720 
frequencies used for, 716 
100 Mc/sec, equipment, 721-723 
300 Mc/sec, equipment, 719-721 
uses of, 680 

(See also Relaying) 
Radar relay analyzer, 682 
Radar relay interference, combating, 685 
Radar relay receiver design, 717 
Radar relay r-f equipment, 682, 713-719 
Radar relay scan converter, 682 
Radar relay synchronizer, 681 
Radar relay system, for airborne radar, 

732-735 
ground-to-ground, 726-732 
maximum range of, 724 
microwave, 723-726 
simple, 681 

Radar relay terminal equipment, 682 
Radar relay transmitter design, 717 
Radar scanning patterns (see Scanning 

patterns, radar) 
Radar system, 12 

airborne, lightweight, for navigation, 
611-625 

c-w, 127-159 
comparison with pulse radar, 123 
summary of, 157-159 

high-performance, for air surveillance 
and control, 592-611 

testing, 590 
versatility of, 588 

Radial time base indicator (see Indicator, 
radial time base) 

Radiation Laboratory, 16 
Radio Corporation of America, 240 
Radomes, 314 

airborne, drag of, 315 
electrical transmission of, 316 
examples of, 317-319 
sandwich construction of, 316 
structural design of, 316 

RAF Fighter Command, 226 
Rain echo (see Echo, from rain, 81) 
Ramandanoff, D., 561 
Range equation, 595 
Range-height indicator (RHI), 172, 545-

547 
Range indices, 518-524 
Range markers, movable, 518 
Range scopes, 165-167 
Range sweep, 162 
Rapid photographic projection, 221 
Ratio, standing-wave (see Standing-wav« 

ratio) 
Rayleigh scattering, 63 
Receiver, definition of, 435 

general-purpose, 462-464 
input circuits of, 442 
lightweight airborne, 464-470 
logarithmic, 553 
MTI, adjustment of limit level in, 649 

characteristics of, 646-649 
comparison of types of, 648 
limiting, 647, 665 
lin-log, 647, 665 

over-all noise figure of, 32, 441 
radar, 433-474 
typical, 460-474 
■wideband, 470-474 

Receiver bandwidth, 33 
Receiver design, MTI, 665 
Receiving system, typical, 435-441 
Rectangular waveforms, generation of, 

496-501 
Reflection, diffuse, 89-92 

specular, 89-92 
Reflection coefficient, 49 
Refraction, 53 
Regulator (see Voltage, Speed, etc.) 
Relaxation oscillator, free-running, 496 
Relay radar (see Radar relay) 
Relaying, of scanner data, 683 
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Relaying, of sine and cosine, general 
methods of, 701-711 

Repeater, electromechanical, 490-492 
synchro-driven, 490 

Resistance, back, of crystal, 413 
spreading, of crystal, 413 

Resolution of PPI display (see PPI dis
plays, resolution of) 

Resolvers, 487 
Resonance charging, 382 
Resonant cavities (see Cavities, resonant) 
Responder beacons, 246 
R-f components, 391-432 
R-f head, 419^32 

examples of, 425-432 
heat removal from, 421 
test points in, 424 

R-f switch, 295 
R-f unit, 420 
Rieke, F. F., 353 
Rieke diagram, 339 
Rising sun magnetron (see Magnetron, 

rising sun) 
Roberts, S., 662, 678 
Robertson, L. M., 561 
Robertson, R. M., 291, 295 
Robinson, C. V., 298 
Rotary joint, for coaxial line (see Line, 

coaxial, rotary joint for) 
for waveguide (see Waveguide rotary 

joint) 
Rotary spark gap, 381 
R-scope, 165 
Rubenstein, P. J., 64 
Ryde, D., 62 
Ryde, J. W., 62 

S 

Sawtooth generators, 510-514 
Scale factor, 162 
Scale markers, 163 
Scale-of-two, 497, 499 
Scan, complex, 281 

circular, 281 
conical, 188, 205, 281 
helical, 281 
horizon, 281 
Palmer, 282 
sector, 199, 281 
simple, 280 

Scan, spiral, 281 
Scanner, 271 

airborne, installation of, 312 
electrical, 291-304 
of long-range ground radar, 287 
mechanical, 282-291 
stabilization of (see Stabilization; Sta

bilizer) 
surface-based, installation of, 313 
weight of, 283 

Scanning, conical (see Conical scan) 
signal fluctuations due to, 644-646 

Scanning loss, 43 
Scanning modulation (see Modulation, 

from scanning) 
Scanning patterns, radar, 280-282 
Scanning rate, 116-121 

azimuth, choice of, 599 
Schwarzschild antenna, 295-298 
SCI height finder, 298-302 
SCR-268, 203 
SCR-270, 181 
SCR-271, 181 
SCR-521, 196 
SCR-527, 186 
SCR-540, 201 
SCR-584, 207-210 

close control with, 238 
scanner, 284-286 

SCR-588, 186 
SCR-615, 188 
SCR-627, 186 
SCR-702, 202 
SCR-717, 199 
SCR-720, 201 
Screens, cathode-ray tube (see Cathode-

ray tube screens) 
Sea return, 92-96 
Second-time-around echo, 117 
Sector control, 230 
Sector display (see Display, sector) 
Sector scan (see Scan, sector) 
Self-synchronous system, 438 
Selsyns, 487 
Sensitivity-time-control circuit, .460 
Sequencing circuits, 710 
Series gap switch, 377 
Series peaking (see Peaking, series) 
Servomechanisms, 491 
Shunt peaking (see Peaking, shunt) 
Side lobes, 272 
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Signal, interference of, 73 
minimum detectable, 28—47 
minimum discernible, 34 

Signal Corps Laboratories, 14 
Signal fluctuations due to scanning, 644-

646 
Signal loss caused by MTI, 651 
Single-tuned circuit, 445 
Skiatron, 220, 483 
Skin depth, 406 
Slug-tuned coil, 442 
SM, 188 
Spark gap, rotary, 381 
Specular cross section, 69 
Speed control, of motor-alternator sets, 

574 
motor-, electronic, 578 
of motor, by voltage generator, 574 
tuned-circuit, for motors, 577 

Speed governor, carbon-pile, 578 
Speed regulator, for aircraft motor-alter

nators, 571-578 
motor-, Lee, 574 

Spencer, R. C , 68 
Stabilization, 304-312 

airborne antenna, 305-308 
frequency, of various components (see 

various components) 
shipborne antenna, 308-312 

Stabilizer, airborne, errors in, 308 
line-of-sight, 306-308 
roll, 306 
shipborne, accuracy of, 311 
stable-base, 306 

Stagger damping, 449 
Stagger-tuned circuits, 448 
Standing waves, 391 
Standing-wave ratio, power, 392 

voltage, 392 
Storage gain (see Gain, storage) 
Storage tube, as delay device, 631 
Storm echo (see Echo, from storm) 
Straight line charging, 383 
Strapped magnetron (see Magnetron, 

strapped) 
Stratton, J. A., 64 
Straus, H. A., 295 
Structures, radar signals from, 99 
Stub support, broadband, 395 
Subcarrier, phase-shifted, 695 
Subcarrier method, 684 

Superposition, optical, of indicator scales, 
218 

Superrefraction, 55 
Switch (see ATR, R-f, TR, etc.) 

pulser (see Pulser switch) 
Switch tubes, high-vacuum, for pulsers, 

368 
Synchronization, 518-524 

incremental angle, method of, 689-695 
jittered-pulse system of, 693 
phase-shift method of, 695-701 

Synchronization methods for radar relay, 
comparison of, 711-713 

Synchronizer, radar relay, 681 
Synchros, 487 
Synchroscope, 164 
System, back-of-the-dish, 419 

radar (see Radar system) 

T 

Targets, complex, 73, 75-81 
compound, 73, 81 
extended surface, 85 

Teleran, 240 
Temperature, noise, of crystal (see Crys

tal, noise temperature of) 
Test equipment for MTI, special, 677-

679 
Thyratron, hydrogen, 379 
Time base, 162 
Time-sharing method, 684 
Timing markers, discrete, 520-522 
TR switch, 7, 407-411, 420 
TR tube, 407 

prepulsing of, 607 
Tracking, automatic angle, 207-210 

regenerative, of pulses, 707 
Tracking circuit, locking in of, 710 
Transducers, electromechanical, 667 
Transformer, jog, 295 

(see also type of transformer) 
Transmission, c-w, of sine and cosine, 

703-711 
data (see Data transmission) 
pulse, of sine and cosine, 704 

Transmit-receive switch (see TR switch) 
Transmit-receive unit, 420 
Transmitter, data (see Data transmitter) 
Transponders, 246 
Trapping, 56-58 
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Trigatron, 379 
Trigger generator for MTI, 634 
Tube (see Cathode-ray tubes; Klystrons; 

etc.) 
Tuve, M. A., 13 

U 

Unloaded Q, 406 
U.S. Tactical Air Commands, 229-240 

V 

Van Vleck, J. H., 59, 60 
Variable Elevation Beam (VEB), 189 
VEB (see Variable Elevation Beam) 
V-beam (see Height indicator, V-beam) 
V-beam radar, 193-196 
Veinott, C. G., 560 
Vibrator power supplies (see Power 

supply) 
Video, output limiting of (see Limiting of 

video output signal level) 
Video amplifier (see Amplifier, video) 
Video mapping, 223 
Video mixing, 45 
Visibility, of MTI targets, in clutter, 

651-653 
subclutter, 653 
measurement of, 679 
of target, in clear, 649-651 

in MTI, 649-653 
Voltage regulation, booster armature, of 

dynamotors, 580 
Voltage regulator, for aircraft alternators, 

563-566 
carbon-pile, 566-570 

Voltage regulator, carbon-pile, adjust
ment of, 567 

shock-mounting of, 568 
control of motor speed by, 574 
finger-type, 570 
mechanical, 566-571 

VSWR (see Standing-wave ratio, voltage) 

W 

Wallman, H., 448, 449 
Watson-Watt, Sir Robert, 14, 176 
Wave shape of airborne alternators, 557 
Waveform (see type of) 
Waveguide, 398-405 

attenuation in, 405 
bends in, 402 
choke coupling for, 401 
to coaxial line, transition between, 403 
cutoff frequency in, 400 
modes in, 400 
power-handling ability of, 404 
of variable width, 291 
wavelength in, 400 

Waveguide rotary joint, 403 
Wavelength, choice of, 604 

in waveguide, 400 
Waves, standing (see Standing waves) 
Weinstock, Robert, 64 
Williams, D., 77 
Wincharger Corporation, 574, 576 
Window, 81 
Woodcock, W., 77 

Y 

Yagi antenna (see Antenna, Yagi) 
Yaw stabilization, 311 
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Foreword 

THE tremendous research and development effort that went into the 
development of radar and related techniques during World War I I 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. Because this 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super
vision of the National Defense Research Committee, undertook the great 
task of preparing these volumes. The work described herein, however, is 
the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 
and other Dominions. 

The Radiation Laboratory, once its proposals were approved and 
finances provided by the Office of Scientific Research and Development, 
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 
project. An editorial staff was then selected of those best qualified for 
this type of task. Finally the authors for the various volumes or chapters 
or sections were chosen from among those experts who were intimately 
familiar with the various fields, and who were able and willing to write 
the summaries of them. This entire staff agreed to remain at work at 
MIT for six months or more after the work of the Radiation Laboratory 
was complete. These volumes stand as a monument to this group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of other scientists, engineers, and others who actually carried 
on the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and they 
worked so closely together even though often in widely separated labora
tories that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote reports 
or articles have even been mentioned. But to all those who contributed 
in any way to this great cooperative development enterprise, both in this 
country and in England, these volumes are dedicated. 

L. A. DuBRinGE 
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Preface 

Radar Aids to Navigation is intended primarily to describe the advan
tages and limitations of radar equipment when applied to problems of 
navigation and pilotage, whether the equipment is airborne, shipborne, 
or ground-based. Radar beacons as aids to navigation are also discussed. 

While the development of radar was proceeding apace under the 
impetus of the Second World War, the development of a host of nonradar 
navigational aids was also accelerated. These aids include systems that 
measure range differences like Loran and Gee and a number of azimuthal 
systems like the German Sonne. Descriptions of these and other non-
radar aids are included to give the reader a more comprehensive picture 
of available techniques. 

The authors have not always found it possible to present this informa
tion in a nontechnical form. The reader with no technical background 
should obtain a fair estimate of the value of radar in navigational prob
lems from Chaps. 2, 3, 8, and 9. Radar indicators are described in some 
detail in this volume because, of all the components, they are of greatest 
interest to the navigator. A more detailed discussion of many of the 
engineering problems mentioned here is given in Radar System Engi
neering, Vol. 1 of this series. 

In this volume, the emphasis is placed more on what can now be 
done with radar than on what should be possible in the future. A pos
sible exception to this policy is the inclusion of several photographs of 
airborne radar indicators attached to radars with antenna beams 0.8° 
wide. Although these pictures illustrate what can now be done, beam-
widths of 3° to 5°, rather than 0.8°, appear practical for airborne radars 
to be used as navigational aids in the near future. More emphasis 
has been placed on airborne radar used with beacons as an anticollision 
device on overwater flights simply because it does not appear reasonable 
to require that all airplanes flying over land have beacons. 

A real effort has been made to define terms either explicitly or by 
their use. A certain amount of repetition results from this policy. For 
most radar applications described here, narrow antenna beams neces
sitating short wavelengths, or microwaves, are commonly prescribed. By 
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this term is meant radio waves between 1 and 12 cm long. I t is not 
our intention to insult the reader's intelligence by defining words found 
in a small dictionary, nor even the word radar. There is no glossary. 
The definitions of many words may be found by reference to the index. 

Thirty-three authors and many persons serving in other capacities 
have contributed to this book. Unfortunately it is not practical to give 
full acknowledgement to everyone. R. A. Whitmer, assistant editor, 
did a large share of the editorial work connected with the portion of the 
book devoted to airborne radar. L. A. Turner, technical editor, was 
a most constructive influence in clarifying many sections. His criticisms 
and suggestions were invariably followed. R. G. Herb served as 
technical editor during the formative stage of this project. 

David Davidson deserves a solid vote of thanks for selecting the 
illustrations used in the sections on Loran and other navigational nets and 
for writing their captions. We are grateful also to M. G. White, 
D. T. Griggs, and R. J. Dippy for their criticism. We regretted to learn 
that illness prevented Dippy, the originator of Gee, from sending us a 
description of the miniature system similar to Gee that the British have 
recently used successfully as an airport approach system. Thanks are 
due to L. J. Laslett, R. M. Emberson, G. C. Comstock, M. A. Chaffee, 
and J. H. Buck for assistance in making the original outlines of the book. 
We are grateful to Beka Doherty who, as an uninhibited reader, read the 
final manuscript and made many helpful criticisms and suggestions. 

We acknowledge with thanks the careful manner in which Louise 
Butler, our production assistant, guided the diagrams and photographs 
to their ultimate completion. A large amount of secretarial work con
nected with the book was cheerfully done by Bernyce Goldberg. Thanks 
are due to Eleanor Uhl who acted as editorial assistant during the forma
tive stages of the book and particularly to Barbara Rudolph who bravely 
shouldered this responsibility during its critical final stages. 

JOHN S. HALL. 
CAMBRIDGE, M A S S . , 

June, 1946. 
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CHAPTER 1 

PRINCIPLES OF RADAR 
BY J. S. HALL, J. P. NASH, D. HALLIDAY, R. M. WHITMEK, 

R. E. MEAGHER, AND J. B. PLATT 

Before we discuss how radar can help us solve problems in navigation, 
we should first describe how radar works. This chapter gives the com
mon background of knowledge needed for use in the three main divisions 
of this book, airborne radar, ground-based radar, and shipborne radar. 

HOW RADAR WORKS 

BY J. S. HALL 

1-1. The Fundamental Ideas.—There are a number of situations 
where men or animals cannot see clearly but succeed, nevertheless, in 
finding their way about. They do this by making sounds and then 
detecting echoes from solid objects still some distance away. The 
echoes are used as guides. Many blind persons, for instance, develop in 
the course of time a considerable ability to avoid obstacles by means of 
auditory cues received from sounds of their own making, like footsteps 
or the tapping of a cane. Their skill is often drastically impaired if 
their hearing is blocked by ear plugs or by distracting noises. Bats can 
fly through the total darkness of caves without striking the walls or 
jutting stalactites which may be in their way. This is possible because 
they emit a supersonic cry—inaudible to human ears because its fre
quency is from 30,000 to 70,000 cps—and orient themselves by means of 
the echoes of this cry, which return to them from any obstacles which 
lie ahead.1 

The experimental evidence2 which forms the basis of these conclusions 
makes fascinating reading. It has been demonstrated conclusively that 
a bat loses his uncanny ability to navigate in the dark if his mouth is 
tied shut or his hearing impaired. The rate at which he produces 
supersonic cries has been shown to increase according to a definite pat
tern (always to the advantage of the bat) as he approaches obstacles in 
his path. These facts, combined with the special anatomical character-

1 D. R. Griffin, Science, 100, 589-590 (1944). 
• D. R. Griffin and R. Galambos, Jour. Exp. Zool., 86, 481-505 (1941). 
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4 PRINCIPLES OF RADAR [SEC. 1 1 

istics of their larynges and ears, indicate strongly that bats use the 
general principle of radar as an aid to navigation. 

A man standing in a dory on a quiet foggy day at sea vainly tries to 
see a cliff which he believes to be about a mile ahead. He points a mega
phone toward the cliff and shouts through it once, noting the reading of 
the second hand of his watch as he does so. Then he quickly puts the 
mouthpiece to his ear and observes the instant at which he hears the 
echo of his shout. Because this boatman knows that sound travels at 
approximately 1000 ft/sec, he reasons that if the interval between 
shout and echo is 10 sec, the sound has traveled a total distance of 10,000 

F I G . 1-1.—A sonic analogy to radar. A boatman, in search of a cliff, shouts successively 
in directions A, B, C, D, and E. He hears the loudest echo in direction C Since, if the 
cliff were about a mile away, the echo requires about 10 sec to make the round trip, it is 
plotted as shown. 

ft. which tells him that the cliff is 5000 ft. away. Now if he repeats this 
procedure with the megaphone pointing in different directions, and 
observes the direction of loudest-response, he can determine the relative 
bearing as well as the range of the cliff. This information can be plotted, 
as shown in Fig. 1-1. 

A radar set operates in a closely analogous way. Instead of using 
shouts and sound waves, however, i t uses short pulses of electromagnetic 
energy transmitted as very-high-frequency radio waves. A most difficult 
thing for laymen to understand is the extremely short time scale that 
must be used. Radar pulses travel with the velocity of light, which in 
air under standard atmospheric conditions is 186,218 statute miles per 
sec. Thus, if the boatman used a radar set to locate the cliff, the echo 
would return only 10.2 microseconds (neec or millionths of a second) after 
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the pulse was transmitted. This is about one miUiorUh of the time 
required for sound to travel the same distance. 

Such short time intervals must be measured by electronic methods. 
As each pulse is transmitted, a small spot starts to move at a uniform 
speed radially outward from the center of the face of a cathode-ray tube. 
If no echo were received, that is, if the radar pulse did not bounce back 
from an object in its path, it would trace a faint line of uniform intensity 
on the face of the tube. But if an echo is received—if the radar pulse 
does bounce back from an object—it intensifies this spot and brightens 
momentarily a short segment of the line. If several hundred pulses per 
second are transmitted, and this process is repeated for each pulse, the 
echoes from these pulses repeatedly brighten the same segment on the 
face of the cathode-ray tube, making a steady spot of light. 

The antenna which radiates the pulses directs the electromagnetic 
energy into a narrow beam, like that of a searchlight. If this antenna is 
rotated slowly in azimuth, and if the direction the radial line makes on 
the tube face is rotated in synchronism with it, the position of the spot 
of light on the tube face will show both the direction and range of the 
object the radar set is looking for—in this case, the cliff. 

The problem of locating an object with radar, then, is a dual one. 
The time it takes each pulse to reach an object and return must be 
measured accurately. An indication of the direction in which each 
pulse is propagated must be presented simultaneously in an easily under
standable form. Ways in which such information is obtained are dis
cussed in later sections. The most widely used way in which this 
information is presented is the plan position indicator, or PPI , which is 
described below. 

Measurement of Range.—Let us first discuss what happens in the 
various components of a radar set during the lifetime of a single pulse. 
It is suggested that the reader refer occasionally to Fig. 1-2 as he reads this 
discussion. We shall simplify the situation by assuming that the 
antenna, and therefore the indicator trace, are fixed in direction. 

A radar is dormant until an electrical signal, called a "trigger," is 
developed by the synchronizer which may be thought of as the timer or 
radar clock. The trigger goes into the modulator and indicator at the 
same instant. The modulator transforms the trigger into a rectangular 
voltage pulse of extremely short duration—usually no more than 1 jusec— 
which has a peak value of somewhere between 10 and 25 kv (kilovolts). 
The high-voltage pulse goes to the transmitter, which converts it 
into high-frequency electromagnetic energy. This energy is made 
to flow through a piece of hollow rectangular tubing, or waveguide, 
to the antenna. The antenna then radiates it into space in the 
form of a beam. 
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All this can happen in less than 1 ^sec because electrical energy 
travels along conductors with a speed only slightly less than that of light 
in vacuo.1 This slug of electromagnetic energy radiated by the antenna 
for a period of 1 Msec contains a large number of waves whose lengths 
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FIG. 1-2.—Radar block diagram showing the components packaged in a common form. 

are very short, compared to ordinary radio waves. For a l-/isec pulse, 
the distance between the leading and trailing edges of this wavetrain in 
empty space is 984 ft. 

1 A very special switching arrangement allows the transmitted pulse to pass 
through the waveguide to the antenna at high power levels, while, at the same time, 
it prevents all but a very small portion of the pulse from leaking into the receiver. 
Then, in a matter of 1 or 2 jisec, the switch disconnects the antenna from the trans
mitter and reconnects it to the receiver. 
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After the energy has been transmitted, extremely small portions of it 
are reflected back toward the antenna by a great variety of objects. 
Successive echoes strike the antenna and are then fed back through the 
waveguide to the receiver. The receiver performs the reverse function 
of the transmitter, but at very low energy levels; that is, it transforms 
the extremely weak pulses of high-frequency electromagnetic waves 
reflected from the various targets within the antenna beam back into 
voltage pulses. In doing so, it amplifies them many times before passing 
them on to the indicator, as so-called "v ideo" signals, at a voltage level 
of a few volts.1 

The reader will recall that as the trigger goes to the modulator it 
simultaneously goes to the indicator. In the indicator, the trigger 
causes a beam of electrons to strike from behind the center of a lumi
nescent screen which backs the face of a large cathode-ray tube. If this 
beam were stationary, the observer would see a bright spot. As a pulse 
of electromagnetic energy goes out from the antenna, this beam of 
electrons moves radially at a constant speed toward the edge of the tube 
and a faint line is generated on the luminescent screen. This process is 
illustrated in Fig. 1-3. 

The intensity of this beam of electrons is increased considerably and 
the line brightened momentarily whenever signals are received. The 
observer, therefore, sees a series of brightened spots on this line. The 
distance of any one of these spots from the center of the tube is a measure 
of the time it took the radio waves to travel to the various targets and 
back. Since it requires 10.7 ^sec for a pulse to reach a target a mile 
away and return from it, it is evident that the time required by a pulse 
to reach any target and return divided by 10.7 gives the range to the 
target in statute miles. 

It is important to note that as each radar pulse is generated, a single 
trace (hereafter called a "sweep ") is drawn across the face of the indicator 
tube by the beam of electrons. The number of separable echo pulses 
visible on a single sweep depends upon the length of the sweep and the 
number of resolvable objects within range of the radar system. If this 
range were 20 statute miles, for instance, the signal from an object at this 
distance would appear 20 times 10.7, or 214 /xsec, after the start of the 
sweep. And if the sweep length were 20 miles, such a signal would occur 
at its very end, while another signal in the same direction at only 10 
miles would appear on the same trace only half way to the end. Since 
our pulse is 1 psec long, the length of such a signal, if produced by a 
small object, would cover -jfj- of the radius of the tube. Actually, for 

1 There is an upper voltage limit placed on the return from strong signals in order 
to limit the light intensity on the tube to a reasonable value with respect to weaker 
echoes. 
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this sweep length it may be somewhat longer because the signal cannot 
be smaller than the inherent diameter of the luminescent spot. 

Let us now examine what happens when a sequence of regularly 
spaced pulses is transmitted. I t is evident that after the beam has 
swept across the tube, further signals which were produced by one 
transmitter pulse cannot be observed. After a lapse of, say, 100 /usec to 
permit the sweep circuits of the indicator to recover, the radar is ready 

F I G . 1-3.—The life of a single pulse. The letters denoting the position of the pulse in 
space are also used to show the corresponding positions of the electron beam as it sweeps 
across the face of the indicator tube from A to 0 . The observer would see the signal at 
H only. 

to send the next pulse. The signals appear at the same positions on the 
PPI as each successive pulse is transmitted. In fact, if the sweep length 
were 20 miles, this process could be repeated 3000 times per second. 
Since the eye cannot perceive flutter due to successive sweeps if such 
sweeps recur oftener than about 30 per sec at low light intensities, a 
steady string of signals would appear as bright beads superimposed on the 
sweep line. 

We have seen how the observer is able to obtain the ranges of a 
sequence of targets from their positions on the PPI sweep. The way in 
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which he measures these positions depends on the complexity of the 
radar. 

The simplest procedure is to place a suitably engraved transparent 
disk over the face of the tube. A more elaborate arrangement is one in 
which range markers are generated electrically at regular intervals after 
each transmitted pulse, the first marker always occurring simultaneously 
with the trigger from the synchronizer. 

If now we imagine the sweep rotating in synchronism with the antenna 
it should be evident that these electronic markers would trace concentric 
circles on the face of the tube. On fast sweeps it is usually possible to 
estimate the range of a target with an average error of no more than 
i mile. 

Measurement of Bearing.—We will now see how signals appear when 
the antenna and sweeps rotate together. It is desirable first to point 
out certain important general features of the indicator tube itself.1 

A deflection coil is so mounted as to surround the glass neck of a 
cathode-ray tube. The current through this coil begins to rise as each 
pulse is transmitted. The current in the coil changes in such a way that 
the electron beam is deflected at a uniform rate from the center to the 
edge of the tube. The direction taken by this sweep corresponds directly to 
the orientation of the coil. Consequently, if the coil is rotated mechani
cally in synchronism with the antenna, each sweep would take a slightly 
different direction, which corresponds to that of the antenna. An 
electrical linkage system, known as a "servomechanism" (Sec. 1-7), is 
commonly used to keep the coil orientation in step with the antenna. I t 
is customary to orient this coil in such a way that the sweep assumes 
the "12 o'clock" position when the antenna is pointed north and to 
rotate the antenna from north to east so that the sweeps rotate clockwise. 

The number of pulses per second and the speed of antenna rotation 
are set at such rates that successive sweeps are barely resolved at the 
outer edge of the tube. Near the center they overlap. 

As the direction of the sweeps changes around the face of the tube, 
bright bluish-white signals appear along each sweep. Although these 
signals decrease rapidly in intensity to a yellow glow, they persist long 
enough to produce a maplike picture of the region immediately surround
ing the antenna. Individual landmarks are revealed only in their gross 
dimensions. As the antenna rotates, they reappear continuously at the 
same places on the tube face if the relative position of target and radar 
is fixed. 

The bearing of any particular object may be determined by bisecting 
its signal on the tube face with a cursor (a radial line inscribed on a 

1 A more detailed description of the cathode-ray tube and various types of indi
cators is given toward the end of this chapter. 
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transparent overlay) which can be rotated manually about an axis 
coincident with the center of the tube face, and then reading the corre
sponding bearing on a circular scale at its periphery. A simpler method 
is to use a transparent overlay with bearing lines and figures engraved 
on the side next to the tube face. Angle markers can be displayed 
electronically by brightening a few successive sweeps at intervals of 
10° or 15°. 

1-2. Resolution, Accuracy, and Coverage. Range Resolution, Mini
mum Range, and Range Accuracy.—The range resolution of a radar is the 
minimum resolvable separation in the range of two targets. I t depends 
on the length of the transmitted pulse, the characteristics of the receiver 
and indicator, and the type of target. A pulsed radar transmitter does 
not transmit on a single frequency, but rather on a narrow band of fre
quencies. The width of the band in which most of the energy is trans
mitted is inversely proportional to the pulse length; it is about 2 Mc 
(megacycles) wide for a 1 jtsec pulse and 8 Mc for a i-jjsec pulse. 

The intermediate-frequency amplifier of the receiver must be capable 
of amplifying energy distributed over this range of frequencies so that 
most of the detected energy can be profitably presented on the indicator. 
This range of frequencies—the so-called "pass band" of the receiver— 
must be tailored to the pulse length. If it is too wide, background 
effects or "noise" might drown out weak signals entirely. I t is not yet 
practical to use pulses that are much shorter than 0.1 Msec. 

After the amplified signals in the receiver have been rectified into 
voltage pulses, they are again amplified and limited in voltage before 
going to the indicator. This last amplification is accomplished in a so-
called " video amplifier." Its pass band should be at least half that of the 
intermediate-frequency amplifier mentioned above if the full range-
measuring capabilities of the radar are to be realized. 

The range resolution of a particular radar system cannot be stated 
exactly without actual tests on different types of targets. With a well-
designed radar, sharply defined targets at the same bearing should be 
resolved if their ranges differ by the distance light travels in a time equal 
to half the pulse length. Figure 1-4 shows that two targets should be 
resolvable with a radar generating l-^sec pulses if the targets are separated 
in range by the distance light travels in ^ /isec, which is 492 ft. An 
experienced observer can sometimes resolve certain types of targets 
separated by less than this distance. 

The minimum range at which signals can be detected depends on 
many factors. An experimental radar system has been made whose 
minimum detectable range is only a few feet; the effective minimum range 
for most radars is between 200 and 1000 ft. In surface-based radars it is 
customary to reduce the receiver sensitivity considerably (by an elec-
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tronic method) at the time each pulse is generated, and then to allow 
the sensitivity to return gradually to the optimum value after an interval 
of about 50 fisec. This "sensitivity time control," STC,1 permits the 
observation of strong signals near-by by weakening or eliminating fainter 
signals which tend to clutter up the indicator. 

984 
feet 

Direction of 
motion of 
incident energy 

Direction of 
motion of 
reflected energy 

m 

492 feet 

Time 

O x sec 

lAusec 

1 M sec 

\Vin sec 

Flo. 1*4.—Two targets, P and Q, have the same radar bearing, but differ in range by 
the distance light travels in 0.5 psec, or by 492 ft. The four diagrams show the position 
of the incident and reflected energy of a 1-^sec pulse as it passes these two targets. The 
bottom diagram shows that the trailing edge of the pulse reflected from P, or P'P", is 
coincident with the leading edge of the pulse reflected from Q, or Q'Q". I t is evident tha t 
the two targets are so separated as to be at the limit of range resolution. 

Sweep speed is probably the most important single factor that governs 
the accuracy with which range can be measured. For most radar sets, 
the range of targets such as ships or airplanes can be determined from the 

' Such a control device is also known as " t ime-var ied ga in ," and in Bri ta in as 
"temporal gain control ." 
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PPI tube face to within about an eighth of a mile. By projecting virtual 
images of maps onto the PPI (see Sec. 9-6), it is possible, with fast sweeps, 
to determine range with errors of 150 ft or less. Radar systems that 
can determine range to within 10 or 15 ft have been designed for special 
purposes. 

Azimuth Accuracy and Resolution.—Let us assume first that it is 
possible to confine the radar energy into a very thin vertical sheet as it 
travels through space. As the antenna rotates, a small target, such as 
a chimney 10 miles away, is momentarily illuminated. It is evident that 
energy from only a few pulses is reflected back to the antenna. As a 
result, only a few sweeps on the PPI are brightened and the signal 
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F I G . 1-5.—Eelationship between width of the antenna beam and the signal pioduced on 
the P P I by (o) a point source, and (6) an extended object. 

appears at the proper angle and range on the tube as either a spot or 
a very short arc. 

Let us now assume that the effective width of the antenna beam is 
5°, and see what sort of signal the chimney will produce on the PPI . 
Since all pulses within this 5° sector will now enhance their respective 
sweeps at the proper time, the signal will be an arc 5° wide, with its 
center lying in a direction corresponding to that of the direction of the 
chimney. If we go one step further and replace the chimney with the 
crest of a hill which subtends an angle of 10° at the antenna, the angular 
width of the beam has been added to the width of the hill and the resulting 
signal is an arc subtending a 15° angle. Both of these points are illus
trated in Fig. 1-5. 

Antenna beamwidth may be arbitrarily defined as the angular dis
tance between two directions in space where the power has half the 
maximum value. 

The angular width of the arc on the PPI also depends on factors 
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other than beamwidth. All antennas radiate small amounts of power 
in directions other than that of the main lobe. Flanking the main lobe 
on each side, there may be one or two so-called "side lobes" which con
tain less than 2 per cent of the energy in the main lobe. In some cases 
this is sufficient to produce from a single target two or more signals 
placed symmetrically on each side of the main image. A very large, 
distant target, such as a ship standing broadside to the radar beam, or 
small close targets, may even produce semi-circular arcs on the PPI. 

The observer can often eliminate these effects by reducing the gain 
(amplification) of the radar receiver until only the signal voltage from 
the center of the main lobe is strong enough to show on the PPI. When 
this is done, however, the receiver can no longer detect very weak signals. 

It has already been mentioned that sensitivity time control, STC, 
can automatically turn down the receiver gain for the first few miles of 
signals and thereby permit only the stronger ones to be resolved. For 
all but shipborne radars, ground signals are not only very numerous but, 
because they are near and therefore strong, they are usually much broader 
than normal and often tend to clutter up the PPI. Although STC is a 
helpful device, other and more effective methods of eliminating the 
undesirable effects of nearby signals can be used. Such methods are 
discussed in Sees. 5-1 and 7-9. 

It is difficult to discuss azimuth resolution without again mentioning 
range resolution. Targets appearing at the same bearing but differing 
in range by 500 ft usually can be seen separately on a fast sweep when 
pulses of 1 fisec or less are used. This is true regardless of whether the two 
targets are 6 or 60 miles away, although in the latter case the beginning 
of the fast sweep must be delayed. When each target can be seen sep
arately, its arc can be bisected by the cursor and its bearing determined 
to about one-tenth the width of the radar beam. With our typical beam-
width of 5°, the bearing of each target can be found to 0.5°. This value 
corresponds to ■$■ mile at 57 miles—in other words, at 57 miles the position 
of each target can be determined to within 500 ft in range and £ mile 
in a direction perpendicular to the line of sight. This latter uncertainty 
would decrease to ■& mile (or 264 ft) at 5.7 miles. It is evident from 
this discussion that radar is particularly effective in range resolution. 

If the two targets are at the same range, however, the story is dif
ferent. Figure 1.6 shows that in order to be resolved in azimuth they 
would have to be separated by approximately one beamwidth. In our 
example, this corresponds to 5 miles at 57 miles. Unless the targets 
were so separated, a single long arc would appear on the PPI. An 
experienced observer might suspect from its unusual length that more 
than one target was present; the two could then be resolved by turning 
down the receiver gain until each signal was just visible. 
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I t is evident, therefore, that high range resolution (short pulses and 
fast sweeps) will tend to compensate for the disadvantages of a wide 
antenna beam. This compensation is more important for surface-based 
radars than for airborne systems. I t is also true that the antenna pattern 
should be made as sharp as possible in order to keep the signals small on 
the indicator tube. The problem of identifying landmarks, particularly 
with airborne sets, can in this way be made less difficult. 

Relation between Beamwidth, Antenna Size, and Wavelength.—It can 
be shown theoretically that the beamwidth (in radians) for a circular 
aperture is given roughly by the expression 1.2 X/D, where X is the wave
length employed and D is the diameter of the aperture. This expression 

5°beam 

Direction of 
scan on PPI 

F I G . 1*6.—Relationship between the beamwidth of the antenna and azimuth resolution. 
The two chimneys at Q have an angular separation equal to the beamwidth and are at the 
limit of resolution. If the same two chimneys were at P, or at one-half the range, it is 
apparent that each would appear as separate signals on the PPI . 

holds tolerably well for paraboloids whose boundaries are not circular 
but elliptical in shape. 

Two widely used wavelengths1 which are useful for navigational 
radars are in the 10- and 3-cm regions. Substituting in the above expres
sion, we find that if D is measured in feet, the beamwidth in degrees at 
10.7 cm is 24/Z). At 3.25 cm, it is 7.3/Z). We see from these expressions 
that a 6-ft circular paraboloid will form a circular beam 4° in diameter 
at 10.7 cm; at 3.25 cm the same paraboloid or "d i sh" will form a beam 
1.2° in diameter. At 10.7 cm, a paraboloid 18 ft in the horizontal direc
tion and 6 ft in the vertical produces a beam 1.3° wide and 4° high 

Coverage.—There is a large variety of antenna dishes and feeds. 
Because we are more concerned with principles than with applications in 
this section, only two commonly used antennas are described. 

1 Rada r s with wavelengths up to 2 meters proved extremely useful during the war 
and are of great historic interest . Their value is severely limited, however, because 
very large an tennas are required to produce reasonably sharp beams. 
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The 18- by 6-ft dish mentioned above may be fed by a single horn at 
the focus of the paraboloid. A second horn can be placed below the first 
in such a way as to produce a similarly shaped beam parallel to the first 
in azimuth but above it in elevation. That is, if the beam produced by 
energy from the first horn went from the horizon to 4° in elevation, that 
produced by energy from the second horn would cover the region from 
4° to 8°. A third horn could be added; the composite beam would then 
be 1.3° wide and 12° high. If such an antenna were to be a component 
of a high-power radar system designed to follow airplanes flying as 
high as 30,000 ft at a distance of 100 miles, the power fed into each horn 
would be fixed in such a way that the uppermost horn (which produces 
the lowest beam) has sufficient power to reach such targets at 100 miles. 
The geometry of the problem is such that the center horn need radiate 
only enough power to reach the same target at 50 miles, and the lowest 
horn enough to reach it at 32 miles. In other words, the amounts of 
energy radiated by each horn are such that the airplane, first detected 
100 miles away flying at 30,000 ft, would be just visible as it approached 
at this altitude until it passed over the beam at an elevation of 12° and 
a range of 27 miles. 

This type of coverage is called "cosecant-squared coverage" because 
the signal intensity is proportional to the square of the cosecant of the 
angle between the horizontal and the line to the target. I t can also be 
obtained by the use of a single horn (or dipole feed) and by shaping the 
dish properly. In airborne sets, the cosecant-squared coverage is in a 
downward direction because it is desired to radiate less energy in the 
direction of the nearby ground signals. This pattern may extend from 
7° to 60° below the horizontal plane. Figures 6-12 (Sec. 6-4) and 7-6 
(Sec. 7-1) show examples of cosecant-squared coverage of airborne and 
surface-based radars. 

1-3. Design Considerations. The Range Equation.—The range of 
any radar system depends upon the transmitted power, the minimum 
discernible power or receiver sensitivity, the antenna gain, and the 
effective cross section of the target. In this section, each factor is 
described separately, and the manner in which each affects the range of 
a radar system is then explained. This explanation is followed by an 
analysis of other factors which should be weighed before the parameters 
of a system designed for a specific purpose are chosen. 

The symbol Pt will be used to denote the pulse power of the trans
mitter. A pulse power of 100 kw would mean that this amount of power 
was radiated by the transmitter during the very short periods of time 
when it is in operation. The length of a pulse is extremely short com
pared to the time between pulses; the main reason that such high pulse 
powers are possible is that the transmitter operates for such a small 

i 
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fraction of the time. In some applications the value of Pt is limited 
by the average power capabilities of the transmitter tube, particularly 
when long pulses or high repetition rates are used in conjunction with high 
pulse power. A pulse power of 1 megawatt, or 1000 kw, can be main
tained for periods of 1 /*sec 400 times per sec. 

The minimum discernible signal Snan can be defined roughly as the 
smallest signal power which a receiver-indicator system is able to detect 
and amplify in such a way that the observer can distinguish visually 
between it and random power fluctuations on the face of the indicator 
tube. Such fluctuations first appear as small spots along the sweep and 
are commonly described as "noise." This term stems from the fact that 
this phenomenon was first observed as a hissing roar in radio receivers. A 
good observer-receiver combination will sometimes detect a signal whose 
strength is a millionth of a millionth of 1 watt, or 10 -12 watts. Since 
there is very little difference in complexity or cost between good and poor 
receivers, an effort should always be made to use the best receiver 
available. A competent observer is an equally good investment. 

I t is of interest to note that the power radiated by the antenna may 
exceed by a billion billion times that returned to it by a barely detectable 
signal. 

The antenna gain G of a transmitting system represents the increase 
in power in a particular direction which results when the radar energy is 
focused by the antenna as compared with the energy which would have 
been transmitted in that direction if the antenna radiated equally in all 
directions. An object which radiates equally in all directions—the sun, 
for example—is called an "isotropic" radiator. The energy from a small 
light source can be directed into a parallel beam by placing this source at 
the focus of a parabolic mirror. 

When a short rod (called a dipole) or a horn is placed at the focus 
of a searchlight type of reflector, which has an area A, and is fed by 
electromagnetic energy of wavelength X, the gain is given by the expres
sion G = KA/\2, where if is a factor which depends upon the type of 
antenna. Its value is about 5 for an antenna using a dipole or horn 
feed with a parabolic reflector. A horn feed consists simply of a piece 
of rectangular waveguide whose flared open end faces the paraboloid and 
is placed at its focus. If the aperture of the reflector were 3 ft and the 
wavelength were 3.25 cm (X-band) the gain would be close to 3100. 
We have seen that the resulting beamwidth would be 7.3/D or 2.4° 
between half-power points. If the aperture were doubled, the beam-
width would be halved and the gain quadrupled. 

The effective cross-sectional area of the target <r is a quantity which 
measures the ability of a target to reflect radar signals and is a factor which 
the radar set designer must consider in order to make his radar capable of 
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detecting targets of a known cross section at a given range. The value 
of <r depends on the aspect, shape, size, and composition of the target. 
For complex targets like ships and airplanes, a does not change rapidly 
with the wavelength of the incident energy when microwaves are used. 
It is customary to define the effective scattering cross section of a target 
as the cross section of a reflecting sphere which would give an echo of the 
same strength at the same range. Such a sphere would reflect energy 
isotropically. 

Flat surfaces can give an intense directional reflection, as the wind
shield of an automobile does when it flashes in the sunlight. A complex 
target like an airplane may be said to reradiate the incident radar energy 
as a complex pattern of lobes. This pattern is analogous to a sequence 
of flashes that would come from different parts of an aircraft if it were 
maneuvering in the sunlight. Consequently, the intensity of an airplane 
signal fluctuates considerably as the position of these lobes changes with 
respect to the radar from one scan to the next. Characteristic changes 
in signal strength produced by the roll of a ship, the bobbing of a buoy, 
or the undulation of waves can often be identified readily by an experi
enced observer. Land signals are usually steadier, but are still subject to 
variations caused by movements of foliage or tall objects in the wind. 
Atmospheric changes do not usually cause such rapid variations in signal 
strength. The value of a changes so quickly with the aspect of a moving 
target that it is often possible to pick up a target, momentarily, above 
the radar horizon, at a range twice that at which it would be continuously 
visible. 

The dependence of a on the shape and size of surface vessels is given 
in Sec. 10-1. It varies from about 70 ft2 for a 40-ft cabin cruiser to 
80,000 ft' for a large freighter. The head-on aspect of a small Navy 
aircraft, SNC, was found to have an equivalent cross section of only 
70 ft1, less than 10 per cent of the value (800 ft2) for a four-engine 
airplane. 

Metallic surfaces reflect more energy than nonconducting surfaces 
and give larger effective cross sections for objects of the same size. 
Ordinary paint does not markedly change the value of <r. 

The relationship among the above factors can be very simply derived 
in the following manner. The area of the surface of a sphere of radius 
R is 4irfls. If an isotropic radiator with peak power Pt were at its center, 
the power falling on a unit area of the inside of this surface would be 
P 1 

If an antenna of gain G replaced this isotropic radiator and if the 
maximum energy were directed toward this unit area, the power falling 
on it would be 



18 PRINCIPLES QF RADAR [Sue. 1-3 

When we substitute the effective cross section <r for this unit area we 
find that the target, now considered as a source, will radiate power in 

Go the direction of the antenna equal to Pt . „„• If A is the area of this 4xic2 

antenna, then the fraction A _„ of this reradiated power, or Pt . n , . n.) 

will be intercepted and fed to the receiver. If the minimum signal power 
which can be distinguished from noise on the indicator is S,^, the maxi
mum range of the radar is such that this received signal is equal to Snm, 

„ _ p GoA or amiI1 - r, lenr2Ri^ 

If we now substitute the expression G = KA/\2 for the gain and 
solve for i?i„, we have 

where C = K/16V2. Since, for an average antenna, K is about 5, C = ^ 
This "range equation" shows that the maximum range of a given 

radar on a target of cross section a could theoretically be doubled by: 
(1) increasing the peak transmitter power or the observer-receiver sen
sitivity by a factor of 16; (2) increasing the area of the antenna dish 
fourfold; or (3) reducing the wavelength by a factor of 4. 

This equation taken by itself does not give a complete picture of the 
problem of radar design. The quantity Smi. is affected by such factors 
as repetition rate, scanning speed, and pulse length, each of which in 
turn affects the observability of a given signal on the indicator. Tech
nical limitations and the relationships among the factors involved have 
not yet been touched upon. These matters, together with considerations 
which influence the choice of wavelength, will now be discussed briefly. 

Re-petition Rate.—It is possible to decrease San, by increasing the 
repetition rate because this would effectively put more pulses on the 
target during a single scan and make the signal on the indicator sweep 
more easily distinguishable from random noise. I t has been found exper
imentally that if the repetition rate is changed by a factor n, Sa^ is 
changed by a factor of nM and the range is changed by a factor of n^. 
If the repetition rate were doubled (n = 2), S^ would be reduced by \ / 2 
and the range would be increased by only 9 per cent. 

The time interval between successive pulses must be long enough to 
allow each pulse to reach the target and to return before the following 
pulse is transmitted. The repetition rate must, therefore, not exceed a 
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value compatible with the maximum range of the set. The average 
power of the transmitter tube depends directly on how often it is required 
to send out pulses. Its power capabilities often limit the repetition rate. 

Because the range is improved and moving target indication (see 
Sec. 7-9) is more satisfactory, it is usually desirable, within the limitations 
mentioned in the previous paragraph, to make the repetition rate as high 
as possible. There is a very wide range in the repetition rates used with 
different radars; some operate at 60 and others at 4000 pulses per sec. 

Scanning Losses.—Another consideration that enters into the value of 
Smia is that of scanning losses.1 The range of a radar system when its 
antenna is continuously scanning is not so great as it is when this antenna 
is continuously pointed in the general direction of the target. This latter 
condition is called "searchlighting." 

The detectability of a weak signal (expressed as iSmiI1) is affected by 
the rate of scan for much the same reason that it is affected by the changes 
in the repetition rate. An experimental comparison between conditions 
of scanning and searchlighting has shown that Smm is proportional to 
(8/tf)^, where I is the time in seconds during which pulses are striking 
the target on each scan. This relationship holds only for values of t less 
than 8 sec. If, for instance, the antenna rotates at 6 rpm, it scans 36° per 
sec. If the beam is 6° wide, pulses effectively strike the target for i see 
per scan. S^ is then (48) M times as large as its value under search-
lighting conditions and the loss in range is equal to (48)M = 1.62. In 
other words, the range under searchlighting conditions is 1.62 times 
greater for a given target than if the antenna were rotating at 6 rpm. 
Thus it is evident that the ratio of beamwidth to scan rate governs the 
amount of scanning loss. To avoid excessive losses, a radar producing 
a narrow beam should be made to scan slowly. 

Pulse Length.—Another factor which affects the range of a system is 
the pulse length. The random background-noise power of a receiving 
system, PR, is directly proportional to its bandwidth and inversely pro
portional to the pulse length. Since S^m is proportional to PR, it is also 
inversely proportional to the pulse length. If the pulse length were 
doubled, the range would be increased by a factor of 2^, or 19 per cent. 

The limitations imposed by lengthening the pulse are: (1) the loss in 
minimum range detection and in range resolution; (2) an increase in the 
signal return from clouds and ground clutter compared with the return 
from sharply denned targets; (3) considerations of permissible average 
transmitted power. In order to maintain the same average power as the 
pulse is lengthened, it is customary to reduce the repetition rate. The 
disadvantages in doing this have been previously outlined. 

• A complete discussion of scanning losses is given in Radar System Engineering, 
Vol. 1, Radiation Laboratory Series. 
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A pulse length of 1 or 2 /isec has been found to be a good compromise 
when reasonable range resolution and extreme ranges are required. A 
pulse length of i or ^ /isec has been used to advantage in shipborne radar 
systems where range resolution and minimum range are more important 
than the detection of targets at great distances. Radar systems which 
can transmit either short or long pulses have proven satisfactory. 

A useful summary of these factors affecting the minimum observable 
signal is given by the equation 

_ 90 Tangle of scan in 8 seel p ,„, 
bai* ~ ( P R F p [ beamwidth J s ( ' 

The proportionality factor of 90 is an empirical constant that fits experi
mental data so that the approximate useful range of several representa
tive systems can be calculated from Eq. (2) when the above expression 
is used for Sain. 

Choice of Wavelength.—We have seen from previous discussion that 
the directivity of the radar beam is increased as shorter wavelengths 
are used. This increase in antenna gain results in improved range per
formance and gives greater angular resolution for a given dish size. 
There are, however, several reasons why it is not always profitable to go 
the whole way and to use the shortest available wavelength—1.25 cm. 

In the first place, the transmitter power available at 1.25 cm is 
roughly 25 per cent of that for 3.2-cm waves and only 5 per cent of that 
for 10-cm waves. The atmospheric attenuation, which is so pronounced 
at 1.25 cm, becomes less and less objectionable as longer wavelengths 
are used. The use of shorter wavelengths makes the mechanical toler
ances of the antenna correspondingly more rigorous, because it is desir
able to preserve the parabolic figure of the dish to one-eighth of the 
wavelength. If the radar is to be used primarily for scanning, a narrow 
beam would allow fewer pulses to hit the target than would a wide beam. 
The same arguments regarding the effect on range as a result of changing 
the number of pulses hitting the target apply here also. At least five 
pulses per scan are required for satisfactory operation with beacons 
(Sec. 1-9) and a minimum of 10 pulses per scan when MTI (Sec. 7-9) 
is used. Further considerations regarding the choice of wavelength 
appear in Sec. 7 1 . 

We see from the above discussion that although the range of a radar 
system depends primarily on only half a dozen factors, these factors 
are by no means independent of one another and must be weighed in 
such a way that the set can best carry out the job for which it was 
primarily designed. 

A typical airborne radar designed for navigation is described in Sec. 
6-3. One of the most powerful land-based radars ever used for the detec-
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tion of aircraft in air surveillance problems is described briefly in Sec. 
7-1, and in considerable detail in Radar System Engineering, Vol. 1. 
Although these two radars represent extremes in radar design, the argu
ments used have a certain degree of similarity and general application. 
A radar proposed for shipborne navigation is described in Chap. 10. 

Experience has shown that for surface-based radars to be used for 
aircraft detection, which, therefore, require higher power and cose
cant-squared antenna beams, a wavelength between 8 and 25 cm should 
be used. (A detailed analysis of this question is given in Sec. 7-1.) In 
the case of an airborne system in which weight and space are at a premium, 
small dishes and a wavelength either slightly longer or shorter than 1.25 
cm would seem desirable. A shipborne navigational radar system can 
usually use moderate-sized dishes. Since the purpose of a shipborne 
system is to detect and locate the positions of surface vessels, icebergs, 
lighthouses, land surfaces, and buoys, a wavelength just enough longer 
than 1.25 cm to avoid atmospheric absorption and to permit the best 
possible low coverage near the horizon for a given antenna height would 
be most useful. Radio waves between 1 and 12 cm long are often called 
"microwaves." High resolution in both range and azimuth is required 
if the radar is to be used for pilotage purposes in narrow waters or in 
docking operations. Consequently, dishes as large as permissible, short 
wavelengths, and short pulses are desirable features of a shipborne radar 
system. 

PROPAGATION 
1-4. Curvature of the Earth and Atmospheric Refraction.1—If we 

neglect the effects of the atmosphere, microwave radiation travels in 
straight lines; the curvature of the earth is an ultimate limitation on the 
range of any radar set. In practice, it is found that horizontal stratifi
cation of the atmosphere of the earth causes refraction of the microwave 
rays, usually bending them downward so that they tend to follow more 
closely the surface of the earth. 

The effects of atmospheric refraction are usually unimportant for 
airborne radar sets because the wave path traverses the stratified layers 
at such large angles that refraction effects are not noticeable. In addi
tion, the horizon is at such a great distance from high-flying aircraft that 
the limitation is in the radar set itself. For surface-based radars, 
however, for which the range limit is usually the horizon, refraction is 
important. 

If a radar antenna is at height ha above the surface of the earth, the 
geometrical distance to the horizon, assuming the radius of the earth to 
be 4000 statute miles, is given by the relation D = 1.08 s/ha, where A„ 
is in feet and D is in nautical miles. The geometrical distance to the 

1 By J. P. Naah. 
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horizon from a height of 100 ft is then 10.8 nautical miles. If there is a 
small target at height ht above the surface, the total horizon range is the 
sum of the distances to the horizon from both transmitter and target, 
or D = 1.08-(-\/^ + y/ht). For microwave radar energy, which is 
refracted more than light by the atmosphere, the factor becomes about 
1.24. 

If the formula D = 1.24 v X is used to calculate radar-horizon 
distances, the result is the same as if rectilinear propagation were assumed 
on an earth with a radius 4 the true radius of the earth. This is a con
venient concept which makes it possible without loss of accuracy to draw 
diagrams with rays as straight lines rather than curved ones; the notion 
of a radar earth is universally used for such purposes. However, there is 
nothing hard and fast about the choice of £ as a conversion factor; it 
represents an average from many meteorological observations over a wide 
range of climatic conditions. Similar results are obtained when £ is used. 

The 4 value is based upon the assumption of "s tandard" refraction, 
which is defined as that resulting from a linear decrease in the refractive 
index of the atmosphere with height at a rate of approximately 1.2 X 10 -8 

per ft. Nonstandard propagation is briefly discussed in Sec. 10-1. 
1-5. Atmospheric Attenuation.1—The atmospheric attenuation of 

microwave radiation varies with frequency. I t can be generally stated 
that although the effects are not serious at 3 and 10 cm, they are at 1.25 
cm. We now discuss in turn attenuation by water present as rain, 
water present as clouds, and water present as vapor. Attenuation by 
nitrogen and oxygen and other components of the atmosphere is not 
usually important in these three bands. For wavelengths somewhat 
shorter than 1.25 cm, however, oxygen attenuation does become very 
large. 

Attenuation resulting from precipitation occurs as a result of absorp
tion and scattering of energy out of the beam by raindrops, sleet, snow, 
and so on. When the particles are very small compared with the wave
length, only absorption is important. As the ratio of drop diameter to 
wavelength increases, both absorption and scattering increase rapidly. 
For sufficiently large values of this ratio, scattering constitutes an appre
ciable fraction of the total attenuation; this occurs only for the largest 
drops and very short wavelengths, however. The energy remaining in 
the beam is reduced, with the result that weaker echoes are received. 
Evidence of this scattering is seen in Fig. 1-7 which is a photograph 
showing the echoes produced by 1.25-cm radiation scattered from the 
rain squalls and the dark shadows behind the centers of the squalls, 
indicating a considerable weakening of the beam because of this scatter
ing. Figure 1-8 is a similar photograph taken through cumulus clouds 

1 By D. Halliday. 
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at 10,000 ft over the mouths of the Amazon. At 3 and 10 cm echoes 
from squalls are very often seen, but their shadows are less frequently 
observed. 

A plot of some rainfall attenuation data presented by the Bell Tele
phone Laboratories is shown in Fig. 1 -9. 

FIG. 1'7.—Rain squalls as seen on the P P I of an airborne radar 10,000 ft over French 
Guiana. The radius of the picture is 10 nautical miles (10-mile sweep). Clouds and their 
shadows appear at position angles corresponding to 3 and 4 o'clock. 

This figure shows the precipitation rate necessary to reduce to one 
half the "no rain" range of any given radar system, assuming no change 
in absolute humidity. If a 1.25-cm radar can barely detect a ship at 30 
miles on a clear day, it will barely detect the same ship at only 15 miles 
when a rainfall of 10 mm per hr (medium rain) occurs throughout the 
15-mile path. Heavy rainfalls usually occur only over small areas at any 
one time, so that the high attenuations implied by the curve of Fig. 1-9 
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will usually be applicable only to rather short segments of the optical 
path. Note that the attenuation effects decrease with increasing wave
length. A rough average for attenuation at 1.25 cm is 0.3 db (7 per cent) 
per one-way nautical mile per millimeter of rain per hour. 

Attenuation by clouds is rarely important on any microwave band 
except when the clouds contain water in the form of rain. Many clouds 

F I G . 1-8.—Looking through cumulus clouds at the mouths of the Amazon from 10,000 ft. 
A small rain squall appears at 7 o'clock. 

contain water only as mist or fog in which there is some absorption but 
not much scattering. For example, the cumulus "woolpack" clouds 
commonly seen on a summer afternoon give no radar echoes, indicating 
that the water particles are very small. Similarly, the sheetlike strato-
cumulus formations, which often pile up to thicknesses of 10,000 ft over 
large areas, usually produce little attenuation. The ground can be 
mapped through them to practically free-space range with no appreciable 
difficulty, at least at wavelengths as short as 1.25 cm. 
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The third form of attenuation is caused by water vapor. This is a 
true molecular absorption process in which the microwave energy is 
absorbed by the individual molecules and reradiated in all directions. 
Its magnitude is very small at 10 and 3 cm, but unfortunately it reaches a 
maximum almost precisely at the center of the 1.25-cm band. This 
unhappy state of affairs exists because this waveband was chosen and 
components were designed and built before the water-vapor absorption 
data were available. 
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—Loss of radar range due to precipitation. (Courtesy of Bell Telephone Laboratories.) 

It is now known that at a wavelength of 1.25 cm, the sea-level water 
vapor attenuation coefficient is about 0.04 db per one-way nautical mile 
per gm H 2 0/m 3 . The water-vapor content of saturated or nearly satu
rated air increases rapidly with temperature. For temperate climates 
(Boston) the absolute humidity of water vapor may range from 1 gm 
H 2 0/m 3 on dry winter days to 18 gm H 2 0 /m 3 on moist summer days. 
In the tropics, values of 50 gm H 2 0 /m 3 are possible. Since a 12-db 
absorption is required to halve the range at which a discrete target can be 
barely detected, it is evident that if a target can be seen at 15 miles on a 
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day when the absolute humidity is 10 gm H 2 0 /m 3 it could be seen at 30 
miles on a perfectly dry day. 

One interesting characteristic of water-vapor attenuation is its varia
tion with altitude. The density of water vapor in the atmosphere—the 
absolute humidity—decreases fairly rapidly with altitude as shown by 
Fig. 1-10, which is a mean curve for July 1942 at Charleston, S.C. 

In addition the actual value of the attenuation coefficient also 
decreases with altitude because it depends on pressure. In the situation 
described by Fig. 1-10 calculations for an aircraft at 25,000 ft show that 
an echo at zero elevation 20 miles away is reduced in intensity by about 11 

db through water-vapor attenuation. 
If this path were entirely at sea level, 
the attenuation in this case would be 
31.2 db for the 40-mile round trip. 
The conclusion is that water-vapor 
attenuation for airborne radars can be 
reduced by flying high. 

Because 1.25-cm radar systems 
have discouragingly short ranges in 
humid weather, a shift in wavelength 
for this band has been suggested. 
Two proposals have been made. If 
azimuth resolution is to be the most 
important criterion, some wavelength 
region close to 0.9 cm should be 
chosen. If azimuth resolution can 
be sacrificed to achieve a better 
maximum range performance, a band 
near 1.8 cm would be suitable. The 
water-vapor attenuation for both of 
these suggested bands is considerably 

less than at 1.25 cm. At 0.9 cm there is appreciable attenuation 
because of oxygen absorption, but it is less than commonly encountered 
water-vapor attenuations at 1.25 cm. As the wavelength decreases, 
scattering and absorption by rain become progressively worse, however. 
The ultimate choice must involve a consideration of the reduction in 
reliability from this effect as well as the other factors mentioned above. 

5 10 15 20 
Absolute humidity in g / m 3 

F I G . 1-10.—The mean decrease of 
absolute humidity, with altitude, for 
July 1942 at Charleston, S.C. 

INDICATORS 

1-6. Cathode-ray Tubes.1—A cathode-ray oscilloscope tube has three 
essential parts: an electron gun, a luminescent screen and, between them, 
a deflection system. The electron gun is very similar to an ordinary 

1 By R. M. Whitmer. 
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triode vacuum tube. I t has a hot cathode which emits electrons, a grid 
to control the electron flow, and a positive anode to which the electrons 
move. However, the anode of the CRT has in it a small hole through 
which some of the electrons pass to continue their trajectories beyond 
(see Fig. 1-11). 

The far end of the tube, at right angles to the beam of electrons 
emerging from the anode, is coated 

i— Leads Cathode Anode on the inside with material which 
emits light when struck by the 
electrons. This is the lumines
cent screen. If the beam is unde-
flected, it will strike the screen at 
the center and cause a spot of 
light there. 

The beam may be deflected by 
passing it through an electric or 
a magnetic field at right angles to 
its original direction. Thus, in 
Fig. 112, the beam is bent up
ward by the electric field between the first pair of plates, and outward 
by that between the second pair. I t strikes the screen above and to the 
left of center. By applying the proper voltage to the plates the beam 
may be made to strike anywhere on the luminescent screen. The same 
things can be done with magnetic fields, but the beam is then bent at 
right angles to the magnetic field, as is shown in Fig. 1-13. These two 
systems are known as electric and magnetic deflection, respectively. 

Heater 

F I G . 1-11. 

Grid Beam of electrons 
passing through the 

hole in the anode 
-Electron gun of a cathode-ray 

tube. 

Beam bent 
upward 

Beam strikes here 
causing a spot 

of light 
Electron gun 

Vertical 
deflecting plates 

Horizontal' Undeflected beam 
deflecting plates strikes here 

FIG. 1-12.—Electric deflecting system and luminescent screen. 

A single properly oriented electric or magnetic field could bend the 
beam in any direction. It is impractical to produce a deflecting electric 
field with external, rotatable electrodes; consequently, two pairs of 
plates are always used in electric systems. However, a single magnetic 
field, developed outside the glass envelope of the tube, is frequently 



28 PRINCIPLES OF RADAR [Sue. 1-7 

used. This is shown in Fig. 114. Here the direction of deflection may 
be controlled by rotating the magnets about the axis of the tube. If we 
replace the bar magnet by solenoids, the amount of the deflection may 
be controlled by varying the current in the coils. 

I t is highly desirable for the cross section of the beam to be small 
when it strikes the luminescent screen—in other words, for the beam to 

Beam bent upward 

Vertical deflecting 
magnetic field Horizontal deflecting 

magnetic field 
Flo. 1-13.—Magnetic deflection system. 

be well-focused. Focusing may be done by additional electrodes in the 
electron gun assembly or with axial magnetic fields. Ordinarily there 
are about 200 spot diameters to 1 tube diameter, although good tubes 
may be somewhat better than this. The number of spot diameters 
determines the limit of resolution and gives a measure of the speed of 
deflection which can be. used with a given pulse length. Thus, on a 

Beam bent upward 
and into the | 

Electron gun 

Deflecting magnets which may 
be rotated about tube axis 

Flo. 1-14.—Magnetic deflection system with a single pair of magnets. 

trace of a radius of 1 nautical mile, a spot diameter is about 20 yd, 
which corresponds to a pulse length of i /xsec. 

1«7. Synchros, Servomechanisms, and Amplidynes.1—The applica
tions of synchros, servomechanisms, and amplidynes are not confined to 
radar, but because they are frequently used as a means of transmitting 

1 Sections 1.7 and 1.8 by R. M. Whitmer and R. E. Meagher. 
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angular information from the antenna to the indicator it seems appro
priate to describe them briefly here. A more detailed discussion is given 
in Vols. 26 and 27 of this series. 

A synchro is a device for transmitting mechanical data electrically. 
The datum to be transmitted is usually the instantaneous position of a 
rotating shaft—by electrical means one shaft is made to follow another, 
in angular position as well as angular velocity. A common device of 
this sort is the "Selsyn" (for "self-synchronous") manufactured by the 
General Electric Company. 

A servomechanism is sometimes used where a synchro system would 
not be able to supply sufficient torque nor have sufficient stability of 

proportional to 0|-02 

FIG. 1*15.—Block diagram of a servomechanism. The object is to make the output shaft 
(02) follow accurately the position of the input shaft (#i). 

position. A pair of synchros is used, but the receiving unit does not 
exert any torque. Instead, it puts out an electrical signal proportional 
to the difference between the positions of the input and output shafts. 
This signal is fed through an amplifier to a motor which drives the output 
shaft directly, as shown in Fig. 1-15. 

A torque amplifier is a special form of electromechanical power 
amplifier. It is essentially a d-c generator and motor; the generator is 
driven at constant speed by a second motor. The field current of the 
generator is controlled by an electronic amplifier whose input is propor
tional to something corresponding to the 8\ -02 of Fig. 1-15. The genera
tor output voltage is used to drive a d-c motor. The generator and d-c 
motor are specially designed to combine small time constants (short 
delays) with large output torques. The Amplidyne (a G-E product) 
may be used as the final stage of the servomechanism amplifier, allowing 
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accurate and rapid orienting of a large and heavy piece of equipment by 
means of a very small controlling power. 

1.8. Different Types of Indicators.—In the simplest type of indicator, 
an A-scope, the received signal amplitude plotted as a function of range 
is presented on the tube screen. All other indicators in common use are 
of the intensity-modulated type. The amplitude of the received signal 
controls the intensity of the electron beam in the cathode-ray tube by 
means of the grid in the electron gun and hence affects the brightness of 
the spot on the screen. Indicators of this type which are particularly 
useful for navigation are the PPI, the delayed PPI , the off-center PPI, 
the B-scope, and the range-height indicator, RHI. 

A-scope.—The A-scope uses sidewise electric deflection. A voltage of 
amplitude proportional to time—and hence proportional to distance to 
the target—is applied to the horizontal deflection plates, and the signal 
voltage to the vertical plates. Although the A-scope was historically the 
first indicator used, it is now often used only as an auxiliary indicator 
for test or other special purposes. I t is easy to make adjustments using 
it because small changes in signal amplitude are easily observed. An 
A-scope with a " s t e p " is useful in measuring range since the position of 
the step (Fig. l-16b) can be set by a manual control and read from it 
accurately. 

The phenomena observed on the A-scope are cyclic; each sweep shown 
in Fig. 1-16 is retraced once for each pulse sent out by the radar trans
mitter. Since some hundreds or even thousands of pulses are trans
mitted each second, the picture appears stationary to the eye. 

The PPI.—The mos£ useful indicator is the PPI, which was discussed 
briefly in Sec. 1-2. I t presents a polar-coordinate plot of signal range 
against bearing. Successive sweeps are made to assume a direction 
which corresponds to the antenna bearing by synchronizing the rotation 
of a magnetic deflection coil with that of the antenna. Because most 
antennas scan a t speeds between 5 to 30 rpm, it is necessary to use a 
cathode-ray tube screen with high persistence to provide a continuous 
pattern of radar signals. The screen must have a fine structure to 
provide good resolution and a multiple-layered composition to obtain 
long persistence. The coating designated as " P 7 " is most commonly 
used on PPI 's .1 When an area of the screen covered with this or similar 
coatings is struck by the electron beam, it emits a flash of bright 
blue light. As the beam moves on, the blue light disappears, but for 
some seconds the area glows with an orange color. The blue flash is very 
annoying to the eye, and it is so intense that observation of detail is 
often difficult. An orange filter, which suppresses the blue flash, is 
usually placed over the screen, making it easy for the operator to observe 

1 See Cathode-ray Tube Displays, Vol. 22, Radiation Laboratory Series. 
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detail in the regions emitting persistent orange light. Figure 1-17 shows 
a photograph of an ordinary PPI on a shipborne radar together with an 
aerial photograph of the same region. 

.Saturated 
ground 
signals 

Signals from aircraft 
I or ground objects 

Signal from 
Chrysler 
building 

Signal from 
Empire State 
I building 

Flo. 1-16.—A-scope presentation. In (o) ground signals saturate the receiver for 
the first few miles. Several unsaturated ground echoes are evident at greater ranges; (6) 
was made at Bridgeport, Conn., and shows echoes from the tops of two buildings in New 
York City, 47 nautical miles away. This is a 5-mile delayed sweep showing a range step. 
Photograph made at General Electric plant by G. W. Fyler. 

It is often desirable to see nearby signals on a more expanded scale 
than that used for distant signals. Therefore the PPI usually has 
several ranges from 1 mile to 50 miles or more. 
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In order to augment the usefulness of a PPI, it is customary to 
present range markers and some reference bearing mark in addition to 
the radar signals. Fixed range marks form rings on the scope and reduce 
to some extent the requirements for precision and linearity of the PPI 
sweep itself. The sweeps are said to be linear if two targets at ranges of, 

F I G . 1-17.—Aerial photograph showing the Sagamore entrance to the Cape Cod Canal, 
and a PPI photograph of the same region. The PPI photograph was made with a ship-
borne radar, and range rings are 1 mile apart . (Aerial photograph courtesy of Aero Service 
Corporation, Philadelphia.) 

say, 1 and 2 miles appear on the screen with the same radial separation 
as two other targets at 15 and 16 miles. 

PPI presentation can be obtained by many circuits of several funda
mentally different types. The design of a PPI for navigation must be 
governed by the following requirements: very good linearity, even with 
fast (1-mile) sweeps; accurately known delay in starting; and accurate 
bearing data. 
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There are three methods of generating the magnetic deflecting fields 
for a PPI . In the first, known as MM (Magnetic-Mechanical) or rotating 
coil method, a single pair of deflecting coils (corresponding to the two bar 
magnets in Fig. 1-14) is used. The variation of current through these coils 
produces the radial sweep of the electron beam. The coils are rotated 
mechanically about the axis of the cathode-ray tube in synchronism with 
the scanner rotation. Each of the other two methods uses two pairs of 
fixed coils. The relative phases of the currents through them are such 
that they produce a resultant magnetic field which rotates about the axis 
of the tube. This is very similar to the rotating field in an induction 
motor. The currents may be applied directly, as in the MS (Magnetic-
Selsyn) or resolved current method, or through a level-setting and ampli-

l t o l 
gear ratio 

Compass 
bearing 

PPI coil 

j 
.iiiiiniiii nimiii i i : 

5DG 

(differential 
generator) 

synchro 

CT 

(control 
transformer) 

synchro 

} T .. L bervo 

T°°j!^ L-jjr^ifier Fia. 1*19.—Typical bearing transmission circuit lor a ship navigation radar. 

fying stage as in the ME (Magnetic-Electric) or resolved voltage method. 
Further details are given in Vols. 1 and 22 of this series. 

A PPI of the rotating-coil type has been commonly used for ship 
navigation because of its excellent linearity and accurate presentation of 
azimuth. This type of PPI is particularly useful when a large number 
of remote PPI's are required. A good PPI circuit is shown in Fig.118.1 

In this design a small servomechanism is used to turn the rotating coil 
in synchronism with received bearing information as shown in Fig. 1-19. 
In this system, the errors in transmission of azimuth data have a value 
not exceeding f°, which is probably less than the errors in reading 
azimuth on the tube. Other, less accurate designs are usually used in 
airborne radars because of their light weight. 

An expanded picture may be obtained by delaying the start of an 
ordinary PPI. When economy of parts is required, this is a simple and 

'A detailed explanation of this circuit is given in Vol. 22, of this series. 
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effective way of obtaining expanded indication. The pattern is highly 
distorted; for example, if a 25-mile delay be introduced, all targets at 
25 miles will appear superimposed at the center of the screen. The 
effect is similar to that which would be observed if a map were printed 
on a handkerchief whose center is placed over a hole formed by the 
thumb and forefinger of one hand, and part of the handkerchief drawn 
through the hole with the other hand. 

A further modification of the PPI appears to be nearly ideal: the 
center of rotation of the PPI beam can be moved so that it is no longer 
the geometrical center of the tube face. Indeed, if the center of rotation 
could be moved anywhere and at the same time a wide range of sweep 

(o) <6) 
F I G . 1-20.—A true map (a) and a B-acope map (6) of the same region. The point 1 

of (a) has become the line 1-1-1 of (6). The line 1-5 of (a) is undistorted, bu t the other 
straight lines of (a) have been bent. They ean be traced from the numbers on their 
intersections. 

speeds could be provided, this would be the best kind of presentation. 
The advantages of delayed sweeps and expanded scales could then be 
had without the distortion which normally accompanies these features. 
Arrangements to move the center off the tube by a distance of one radius 
are fairly simple, but if a displacement of several radii is needed, the 
problem becomes difficult. For more than two or three radii a fixed-coil 
system is required which compromises to some extent some of the other 
desirable features. 

B-scope.—A B-scope is an intensity-modulated indicator in which 
azimuth is plotted horizontally and range vertically on linear scales. 
The resulting distortion is very great at short ranges. In Fig. 1-20, it is 
shown that the position of the radar (point 1 on the map) is extended 
to the entire base line of the B-scope. The distortion makes it difficult 
for any but an experienced operator to correlate the B-scope presentation 
with a map. Nevertheless, just this sort of short-range "blowing u p " is 
very desirable in certain applications. 

If the B-scope range is delayed and the width of the screen is made to 
correspond to only a few degrees of azimuth, the distortion is small. 
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This sort of presentation is very similar to the off-center PPI , but the 
circuits for obtaining it are considerably simpler. It is frequently used, 
therefore, to examine on a large scale a small part of the field which the 
radar covers. 

RHI.—The range-height indicator, RHI, is used for the presentation 
of height data from systems that scan in a vertical plane. The indicator 
is intensity-modulated, range is plotted horizontally, and height verti
cally. The scales are linear, but the height scale is more expanded than 
the range scale; for example, an inch measured vertically on the indicator 
screen may represent 10,000 ft in height, whereas an inch measured hori
zontally measures 10 miles. Typical RHI pictures are shown in Sec. 7-5. 

RADAR BEACONS 

B Y R. M. WHITMEK AND J. B. PLATT 

1-9. Operation.—A radar beacon, sometimes called a "transponder," 
consists essentially of a receiver which picks up pulses from a radar 
transmitter, and a transmitter, triggered by the output of this receiver, 
which puts out signals to be detected by the radar receiver. The beacon 
might be called a device for giving an amplified echo. When a radar 
causes a beacon to operate it is said to be "interrogating" the beacon. 

Because radar-to-beacon and beacon-to-radar transmissions are each 
one-way, the signal intensities vary as the inverse square of the range 
rather than as the inverse fourth power, as do ordinary radar echoes. 
This means that the range of a radar beacon may be doubled by increasing 
the radar transmitter power or the receiver sensitivity fourfold, whereas a 
16-fold increase would be required to double the range on ordinary echoes. 
Also, the power transmitted by the beacon is independent of the strength 
of the interrogating signal. Hence, beacon signals may be seen by radars 
at much greater distances than may ordinary echoes. Usually the 
range is limited only by the horizon. 

Distinctions between Echoes and Beacon Signals.—For most appli
cations in the microwave region, the frequency of the beacon transmitter 
is not the same as that of the radar transmitter. This means that the 
radar receiver must be retuned in order to receive the beacon. Other
wise, a second receiver must be used. In either case, normal echoes and 
beacon signals may be presented separately. In addition, the microwave 
beacon usually replies with a series of two to six pulses so spaced that they 
appear to be 1 to 3 miles apart in range, all at the same azimuth, rather 
than with a single pulse for each pulse received. This distinctive group of 
signals cannot be mistaken for an echo from a normal target. The 
spaces may be used to identify the beacon. The first of this series of 
pulses reaches the radar receiver at very nearly the same instant as would 
a normal echo from a target at the position of the beacon. On a scanning 
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radar, the first beacon signal shows the relative positions of beacon and 
radar; the others identify the beacon. Thus, observation of a single 
beacon gives range, azimuth, and identification. Figure 1-21 shows a 
beacon response on a PPI . 

The transmission of a series of pulses is called range coding. At the 
present time only two lengths of spaces between pulses are used, " sho r t " 
and "long." The codes are "named" by counting the number of pulses 

F I G . 1*21.—Microwave beacon at relative bearing 12°, range 27 miles. Code 3-2-1. 
(Another P P I photograph showing beacon replies is shown in Fig. 6-11.) 

having short spaces between them; thus the code is called 3-2-1, 
and is 2-2-2. Other types of coding and their uses are discussed 
later. 

Application.—The use of beacons permits one to see a small number 
of identifiable points on the radar screen, while confusing aggregates of 
targets and all spurious clutter may be completely eliminated from the 
scope. This is particularly useful in navigation. During the war, crews 
of military aircraft relied heavily on radar beacons. They have not yet 
been used for surface navigation; here the horizon limitation on range is 
much more severe, but for inshore navigation and pilotage, the advan
tages of obtaining accurate fixes from shore points are very real. 
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Beacons have also been installed in aircraft for use with airborne and 
ground radar, for identification or increase in effective range or both. 
In the future they may also be used for limited communication. 

During the war, many ground beacon stations were set up in the 
United States as well as abroad for use with airborne radars. Since the 
end of hostilities the United States Coast Guard has been made responsi
ble for their maintenance, just as in peacetime it is responsible for a 
number of other types of navigational aids. Hydrographic Office Publi
cation No. 520 contains a list of beacon locations, operating hours, codes, 
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FIG. 1-22.—Block diagram of a radar beacon. 

etc., while HO No. 520A has a series of charts showing in detail the cover-. 
age afforded by these facilities. "Weekly Notices to Airmen" and 
"Notice to Aviators" list changes in radar beacons as they occur. 
Included in the types now in use are beacons at frequencies from 200 to 
10,000 Mc/sec (wavelengths of 150 to 3 cm). 

All these applications are discussed at greater length in other sections 
of this book. 

Equipment.—(See Fig. 1-22). Since it is usually desired that a beacon 
station may be interrogated by a radar from any direction, the beacon 
antenna can have no directivity in azimuth. If the interrogating radar 
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is at any appreciable distance from the beacon, the radar-to-beacon line 
is very nearly horizontal. Conversely, when the radar-to-beacon Une is 
not approximately horizontal—as is the case when an aircraft is almost 
directly above a ground beacon—the range is very short. Hence, the 
antenna pattern must have a strong maximum in the horizontal direc
tion but it does not need high gain at high angles. Because of this 
omnidirectionality in azimuth, the gain of a beacon antenna is much 
smaller than that of a radar antenna. Separate but identical transmitting 
and receiving antennas have been used, but TR switches satisfactory for 
beacons are now available so that a common antenna is practicable. 

In the microwave region it is neither practical nor desirable to adjust 
each radar transmitter to exactly the same frequency, yet a beacon must 
be able to receive signals from any of them. In practice this has meant 
that a beacon receiver designed for a certain nominal frequency was 
required to cover a frequency band that might be 1 or 2 per cent wide, 
which at microwave frequencies may mean as much as 100 Mc/sec. 
This is called the scatter band because the frequencies of the different 
radar transmitters are scattered throughout it. The sensitivity of such a 
receiver cannot be made greater than from 1 to 10 per cent of that of a 
radar receiver for the same nominal frequency, but because it is used only 
with one-way transmission this low sensitivity and the small antenna 
gain do not usually limit the useful range from interrogator to beacon. 

If many radars are within interrogation range and the beacon is 
operated by each pulse that it receives, the resulting demands on the 
beacon transmitter may well be excessive. This could happen even 
though none of the radars were deliberately interrogating the beacon. 
In order to reduce these demands, some sort of interrogation coding is 
frequently used. In the simplest and commonest form, the beacon is so 
designed that it will not reply to a normal radar search pulse, but only to 
a pulse of a certain specified length. Since the beacon does not reply 
until the length of the received pulse has been "measured," a small delay 
in range is introduced; the delay amounts only to about 300 yd, and 
compensation may be made for it in the radar sweep circuits. The unit 
in the beacon that measures the length of the received pulse is called the 
discriminator. In some specialized applications, discriminators are not 
used. 

If two radars are interrogating the same beacon and both scanners are 
pointed toward it, each operator will see the beacon's replies to the other. 
These are easily interpreted as false signals because they are unsynchron-
ized; that is, since the pulse recurrence rates are never exactly equal for 
different radars, the "false" signals appear at a different range on each 
scan, while the " t r u e " beacon replies always appear at the same range. 
But if a large number of radars interrogate the same beacon simultane-
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ously, each will see so many false signals that it may be difficult to find 
the true ones. This was observed on airborne radars when they were 
interrogating beacons near airfields. Interrogation coding prevents this 
condition from arising often. 

Beacon Transmitter Frequency.—In order that all radars operating in 
a given frequency band can receive all beacons at will, an assignment of a 
spot frequency for the beacon transmission is made; both the beacon 
transmitters and the radar receivers must be accurately tuned to it. 
Standard cavities, which pass energy of only one frequency, are used for 
reference, just as quartz crystals are used at lower frequencies. The 
frequency chosen is a little outside the scatter band to avoid interference 
with the echoes of any radar set. Because of the one-way transmission, 
the required transmitter power is appreciably smaller than that of a radar 
transmitter. 

Special Provisions in the Radar.—At the radar set, it is necessary 
to alter the pulse length and to retune the receiver in order to interrogate 
and receive the beacon. Usually the pulse-repetition frequency is 
changed, also, to keep the average power output constant. These opera
tions are all performed by throwing a single switch from "search" 
position to "beacon" position. If the radar set does not have automatic 
frequency control some manual tuning will also be necessary. In either 
case a standard cavity is used as a frequency reference. 

In the radar-plus-beacon system we have two distinct transmission-
reception links. The maximum range on the interrogation (radar-to-
beacon) link is determined by one set of factors, while the response range 
(beacon-to-radar) is limited by another set. It is desirable for these two 
range limits to be equal. This is accomplished easily if all the radars 
designed to operate with a given group of beacons are identical, but 
differences among the radars may affect the two range limits differently. 
For example, consider two which are identical except for transmitter 
power. The radar having the greater power can interrogate the beacon 
at a greater range, but the range limits for receiving the beacon are the 
same for both radars. 

Future Developments; Coding.—The simple range-coding system men
tioned above is the only one which has been used for microwave beacons 
in the past, and it is the only practical one which can be " r ead" directly 
from the radar indicator. The total number of distinct codes which this 
system gives is about 50, if the number of pulses does not exceed six. 
This is sufficient for identification of ground and shore navigational 
beacons because codes may be repeated without confusion with sufficient 
geographical separation. 

For other applications, more codes are needed. The electronic tech
niques which would be used for more elaborate coding and decoding are 
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already well developed, but since they have not been put to this particular 
use only rough estimates of relative complexity and weight can be given. 
Among these systems are: 

1. Space-coding. This is an obvious generalization of range-coding. 
Instead of allowing only short and long spaces between beacon 
reply pulses, the spaces may be varied in steps of, say, 1 jjsec. 
If only three pips, with spaces of from 1 to 10 /isec, are used, 100 
codes are available. Using six pips, this number is increased to 
100,000. The coder would be very similar to those now in use, 
but the tolerances on components and voltages would be much 
closer. A decoder would be required in the radar. 

2. Pulse-width Coding. In this system, the spacing between pulses 
is kept constant, but the width of each pulse in a reply series may be 
varied. The range of practical pulse width is less than that of the 
spaces; probably 1, 2, and 3 jtsec would be used. Four pips here 
give 81 codes and six give 729. The coder and modulator in the 
beacon would be heavier and more complex than those now in use, 
but not seriously so. I t would again be necessary to use a decoder 
in the radar. All such proposed systems meet with difficulties if 
two or more beacons are likely to be situated so that their replies 
overlap each other, as might happen if they were carried in aircraft 
flying close together. 

Other systems, such as frequency-coding (the beacon replying on 
two or more radio frequencies simultaneously), and time- or gap-coding 
(in which the beacon is insensitive for periods as long as seconds), have 
been conceived, and gap-coding has been used but it is out of the question 
with scanning radar sets. 

Combinations of space- and width-coding may be used to give enor
mous numbers of distinct codes. For instance, if three pips, each 1, 2, or 
3 /usec long are used, with spaces variable from 5 to 25 ^sec in steps of 1 
Msec, we have 10,800 codes. The total is increased to 648,000 if four 
pips are used. 

Such systems probably will be most practical for ground or shore 
radar sets working with airborne or shipborne beacons. Fortunately, 
these are just the applications in which a large number of codes are needed 
for identification. 

1-10. Future Developments; Systems.—The description given here 
applies to microwave radar beacons as they were used during the war. 
Three narrow and widely separated frequency bands were used for air
borne radar, and beacons were designed for two of these bands—the 
scatter bands mentioned above. In order to give navigational service 
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to all airborne microwave radars, each ground beacon station was 
required to have distinct beacon equipment for each of the two bands. 

Actually, a far greater number of beacons operating outside the 
microwave region (in the neighborhood of 200 Mc/sec) were used, 
because they were developed earlier. Their use was somewhat different 
and suggests a different approach to the beacon problem. 

Most of these low-frequency beacons were used in the I F F system 
(Identification, Friend or Foe). The objective was to equip every 
friendly ship and aircraft with a beacon whose reply would establish the 
friendly character of the vessel or airplane. Obviously, because all 
beacons of this system had to be alike to be of any use, it was necessary 
to supply extra interrogating equipment to operate in conjunction with 
the great variety of radar sets at different frequencies. In a similar way, 
the British developed such supplementary equipment to enable aircraft 
carrying radars which operated at many different frequencies to interro
gate beacons in the 200-Mc/sec region. 

Some problems can be solved entirely by the use of beacons and 
interrogating equipment which does not display radar echoes at all. 
Such an apparatus is called an "interrogator-responsor." This equip
ment can be made somewhat simpler than a true radar set, especially if 
only range or relatively inaccurate determination of azimuth will suffice. 

The designer of a navigational system should, therefore, consider 
these three combinations of equipment: 

1. Beacons with simple interrogator-responsors that are not complete 
radar sets. 

2. Separate-band beacons which are in a special frequency band set 
aside for the purpose, with supplementary interrogating and 
receiving equipment added to the radar sets. 

3. Beacons to operate directly with the radar sets at the radar 
frequencies. 

If the designer concludes that it is not necessary or desirable to 
plan for the radar use, he should be quite clear as to why not. The 
extra complication required to achieve radar performance would seem to 
be small compared to the probable value of the radar information. 

If the primary function is to be the radar use, but beacons are also 
desired, the problem is to decide between the use of separate-band 
beacons and radar beacons. There seems to be no obvious solution 
that is best for all cases. The use of radar beacons requires the design, 
installation, and maintenance of a whole new set of beacons for every 
band of frequencies used for radar. I t is feasible only if the frequencies 
of the radar sets to be so used are kept within a relatively small number 
of fairly narrow bands. On the other hand, it automatically guarantees 
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beacon signals that can be most advantageously displayed by the radar 
sets and obviates the necessity of adding more equipment to them. 
For airborne radar sets, in particular, this is important since the inter-
rogator-responsor is hkely to require extra weight and bulk that are 
very appreciable fractions of those of the radar alone. The use of the 
separate-band beacons greatly decreases the number of beacons required 
and allows unrestricted utilization of the whole frequency spectrum for 
radar purposes. There is the disadvantage, however, of having to add 
the extra interrogator-responsor with special antennas to every radar set, 
as mentioned above. Also, if the beacon frequency is much different 
from that of the radar, the signals are not likely to be such that they 
can be displayed to best advantage by the radar indicator. The 
question must be settled for every use, but in so doing, it is desirable to 
consider the systems as comprehensively as the prospects for unified 
planning and operation will permit. 

For more detailed discussions of all aspects of beacon design and use, 
the reader is referred to Vol. 3 of this series, Radar Beacons. 



CHAPTER 2 

NONRADAR NAVIGATIONAL METHODS 

B Y J. H. BUCK AND J. A. PIEECE 

2-1. Nonradar Navigational Methods.1—Because most of the non-
radar navigational methods described in this chapter are available for 
both marine and air navigation, our discussion includes examples of both 
applications. These methods include visual pilotage, radio ranges, air
craft and ship direction finders, ground or shore direction finders, celestial 
navigation, and hyperbolic systems. In general, the sections immediately 
following will be confined to a description and evaluation of the above 
methods of navigation. Discussion of methods used with aircraft is 
limited to the point at which the aircraft enters the airport approach pat
tern. There is no discussion of methods used with marine traffic within 
the harbor. 

I t should be noted that, although the systems are discussed under 
their commonly used names, some of these names are not very descrip
tive. The American radio range and the German radio range (Sonne), 
for example, do not give the distance of the observer from the signal, 
but azimuth data only. Similarly, although the omnidirectional beacon's 
name implies range data, it actually gives only azimuth data. 

2-2. Radio Ranges. Description.—The simplest form of radio 
range consists of two pairs of vertical transmitting antennas set at 
opposite corners of a square. The field pattern of each of these pairs 
is a figure 8, with the pattern of one pair displaced 90° from the other. 
A transmitter is switched from one pair to the other to transmit an N 
(dah-dit) on one pair and an A (dit-dah) on the other. These signals 
are overlapped in time so that along the bisector of the two figure-8 
patterns, where the intensity of the signal received from both pairs will 
be equal, a continuous or on-course signal is heard over a region with a 
width of about 3°. These field patterns and courses are shown in Fig. 2 1 . 
The on-course legs of the beam need not be at right angles to each other; 
by appropriate tuning of the antennas, they may be directed at various 
angles in order to lie along the airway. These directional patterns are 
transmitted on continuous waves, CW, in a frequency band between 200 
and 400 kc/sec. Midway between the two pairs of towers just described 

1 Sections 21 to 2-7 by J. H. Buck. 
44 
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is a fifth tower transmitting CW continuously on a frequency differing by 
1020 cps from that of the directional transmitter and radiating equally in 
all directions. Consequently, the dit-dah dah-dit, or on-course, signal is 
heard in the receiver as a 1020-cycle tone. An inverted cone in which 
there is no signal, called " the cone of silence," exists immediately over the 
station. 

Transmission of the dit-dah dah-dit sequence is interrupted periodi
cally for station identification. The transmitter of the center tower may 
be voice-modulated for transmission of weather or traffic control informa
tion. The modulation system includes a filter to remove a narrow band 
of frequencies centered about 1020 cycles. The aircraft receiver has two 
filters, either of which may be put in the circuit. One of these, for use 

Continuous on-course with the radio range only, passes 
only 1020 cycles; the voice broad
casts are thus suppressed. The 
other attenuates 1020 cycles when 
the voice broadcasts only are 
needed.1 

Navigation by Means of a Sin
gle Radio Range.—Consider the 
navigational information that is 
available from a radio-range sta
tion. A pilot flying on a known 
on-course signal, commonly called 
a leg of the beam, has continuous 
indication of line of position. 
TT I i_ , t ,i „ FIG. 2-1.—On-course pattern for radio range. 
Unless he uses means other than 
listening to this one radio-range station, he has a fix only over the 
station as indicated by the cone of silence. If, for one reason 
or another, a pilot does not know his position and finds himself in an 
A or an N quadrant, the procedure for determining which of the two 
quadrants he is in, or what leg of the range he first intersects, is difficult. 
I t is also time-consuming if he uses nothing but the radio range and his 
compass. A positive orientation can always be made; the farther away 
the pilot is from the station, however, the longer it takes. Details of 
such an orientation procedure can be found in the CAA Handbook of Air 
Navigation. In general, the radio-range station is located in the vicinity 
of an airport and, when used with the altimeter, compass, and watch, 
provides enough directional information to put the aircraft into the 
holding and approach patterns. 

1 An excellent presentation of radio ranges and allied subjects is given in P. C. 
Sandretto, Principles of Aeronautical Radio Engineering, McGraw-Hill, New York, 
1942. 
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Aids to Radio-range Navigation.—Other devices are available as aids 
to radio-range navigation. In many parts of the world, fixes may be 
obtained not only at the cone of silence but also at the intersections of 
legs of two or more radio ranges. Because accurate flying is required to 
hit the cone of silence, particularly at low altitudes, a cone-of-silence 
marker is often provided. This marker consists of a transmitter operat
ing on 75 Mc/sec with a highly directional inverted-cone radiation 
pattern directly over the radio-range station. For convenience, the air
borne receiver on 75 Mc/sec is usually so designed that a light turns on 
as the airp'ane passes over the station. Somewhat similar marker sta
tions with a fan pattern are located 10 to 15 miles out from the radio-
range station on each leg of the beam to give the pilot an additional fix 
and to warn him of his proximity to the station. These fan markers are 
also used half-way between radio-range stations along an airway to pro
vide an additional fix and to warn the pilot to retune to the range station 
he is approaching. 

An extremely valuable aid to radio-range navigation is the radio 
compass, usually in the form of the automatic direction finder, ADF, 
described in Sec. 2-5. When tuned to a radio station in the 200- to 
1500-kc/sec band, the ADF indicator gives directly the bearing of the 
station to which the receiver is tuned. 

I t may be used in a variety of ways. When an aircraft is flying along 
a radio range, the ADF may be tuned to a station off the range leg; 
the bearing of the station, together with the line of position known from 
the range leg, is used to determine a fix. The ADF may be kept tuned 
to the radio range being followed and, by swinging 180°, will show when 
the airplane has passed over the range station. When a pilot is lost 
in the middle of an A or JV quadrant, the ADF will give the bearing of 
the range station, immediately identify the quadrant, and check the 
identity of the range leg that is first intersected. 

Advantages and Limitations.—The advantages of radio-range naviga
tion may be summed up as follows: 

1. The existing stations include a network of some 200 in the United 
States and a considerable number in other parts of the world. 

2. Since pilot training and practice have concentrated for many years 
on making this system the background of air navigation in the 
United States, there are a large number of pilots expert in its use. 

3. The simplicity of airborne equipment, necessitating only a 200- to 
400-kc/sec receiving set, is such that maintenance is no problem, 
and spare receivers are always available. 

4. Reliability of ground stations is high as a result of years of experi
ence with them. 
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5. Voice communication as well as course information is available 
with the existing system. 

The limitations of radio-range navigation include the following: 
1. Only occasionally are fixes available; therefore, a pilot is not 

certain of his position at all times. 
2. Collision hazard is increased by this uncertainty of position. 
3. Multiple on-course signals exist, particularly in mountainous ter

rain. In such regions, if an airplane flies at right angles to a range 
leg, it may go through several on-course signals, with or without a 
change of quadrant signal between them. Under these conditions 
it is impossible for a pilot without experience on that particular 
range leg to know which is the correct on-course signal to line up 
on and follow. The newer 125-Mc/sec ranges now being tried 
out eliminate much of this difficulty, however. 

4. Bending and swinging of the on-course path, caused by changes of 
transmission conditions at the transmitter or along the propagation 
path, occur with some ranges. 

5. The distance to which a range station can be heard and its courses 
interpreted varies greatly. This depends both on the location of 
the transmitter and on existing atmospheric conditions. In gen
eral, the high-power radio-range transmitters are located along the 
airways about 200 miles or less apart; this spacing is adequate for 
normal conditions. 

6. Rain and snow static sometimes limit seriously the distance over 
which a radio range is usable, and may even reduce reception to as 
little as 20 miles. This condition can be partially overcome by 
various static eliminators on the aircraft or by using a shielded 
loop for reception. I t is sometimes necessary to reduce the speed 
of the aircraft greatly in order to lessen the difficulties caused by 
static. 

2-3. German Radio Range, Sonne.—During the early part of the war 
the Germans developed and used a navigational aid known as "Elek t ra" 
which was later improved and renamed ' 'Sonne." This system is essen
tially an omnidirectional range with multiple ambiguity and operates 
at a frequency of about 300 kc/sec. 

The transmitter for the system radiates a multilobe pattern from 
three antennas, A, B, and C, placed in a straight line. The central 
antenna B is placed so that AB equals BC; the distance between each 
radiator line may be 2 or more wavelengths. By phase switching and 
phase shifting, certain equisignal lines relative to the station are defined, 
and the operator locates himself relative to these equisignal lines. 

Although a variety of antenna-phasing arrangements are possible, 
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only the one most commonly used by the Germans will be discussed. 
This system places the antennas as described above, with the distances 
AB and BC equal to 3 wavelengths. With this antenna arrangement, 
A and C usually carry equal currents, which are one-fourth the current 
of B. 

The phasing cycle may be described briefly in the following manner. 
If the A current is used as a reference, then at the start of a phasing 
cycle the C current has a phase of 180" while B is at +90°. At the end 
of $ sec the phases of A and C are suddenly reversed. After an additional 
i sec the phases of A and C are suddenly returned to their initial position. 
This phase-keying sequence is repeated at 1-sec intervals throughout the 
1-min phase-shifting period. At the same time the phases of A and C 
are moved slowly and uniformly in opposite directions at such a rate 
that after 60 sec each will have changed by 180° and thus will have 
reversed their orginal values. At the beginning of the next phase-shift
ing cycle the phases start again at their original angles. The complete 
sequence of events goes through a two-minute cycle as follows: 

1. Phase shifting and phase keying as above 60 sec 
2. Silent period (no transmission) 1 sec 
3. Steady transmission from center antenna only, including 

identification signal 56 sec 
4. Silent period 3 sec 

With an antenna spacing of 3 wavelengths and with the described 
phasing conditions, the pattern at the start of a phase-shifting cycle is 
shown by the solid lines of Fig. 2-2. If the phases of A and C are 
reversed, the pattern shifts to that shown by the dotted lines. I t will 
be seen that the maxima of one pattern occur at the minima of the other. 
The patterns are symmetrical about the line of the antennas but not 
about a line perpendicular to it. 

If the phases were merely reversed without the superposition of the 
slow phase change, an observer on OR (Fig. 2-2) would always be at a 
continuous or equisignal point, an observer along OP would hear a series 
of pulses i sec long (dots), and an observer on OQ would hear pulses £ 
sec long (dashes). This is essentially the Elektra system used by the 
Germans in 1940 and 1941. 

If now we add the slow phase shift to the patterns, we effectively 
rotate the equisignal lines. Those in the top half of the pattern move 
clockwise and those in the lower half move counterclockwise. As a 
result, at the end of the 60-sec phase-shifting period each equisignal line 
occupies the position previously occupied by the adjacent equisignal 
line to the right. At the left side of the dash pattern the small lobe 
expands and divides, and at the right side the two large lobes contract 



SEC. 2-3] GERMAN RADIO RANGE, SONNE 49 

into one small lobe. Corresponding changes take place in the dot 
pattern so that at the end of the 60-sec period the two patterns have 
become interchanged. 

As a result of these pattern changes, an observer on line OP will hear 
the following sequence of signals: 

1. At the start of the cycle dashes will be heard. 
2. As dots become audible and increase in intensity, dashes decrease in 

intensity until the contrast is lost. 
3. This equisignal condition gives way to dots, and dots only are heard 

until the end of a 60-sec period. 

In practice, a navigator might effectively count 35 dots preceding the 
equisignal period and 25 dashes following it. The fact that dots are 
heard first places him in a dot sector, and the fact that 35 dots are heard 

RP Q 

Fio. 2-2.—Dot and dash patterns superimposed. (Courtesy of Crufl Laboratory, Harvard 
University, and OSRD.) 

enables him to find his azimuth position on a chart supplied with the 
equipment. Obviously there are many ambiguities because the above 
counts could be obtained in any of the dot sectors shown in Fig. 2-2. 
This makes it necessary for the operator to establish his position to within 
about 20° by some other means before his Sonne reading is completely 
unambiguous. 

Under ideal conditions, the system is said to give an accuracy of 1.7° 
in the daytime, 2.3° at night. Ranges of 2000 miles over water are 
claimed; about one-half this range is possible over land. 
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Sonne has two very obvious advantages over the American radio 
range. First, it gives line-of-position data throughout 360°; second, 
use of two or more Sonne stations establishes a definite fix. Sonne itself 
requires only a radio receiver; a good direction finder should be used to 
resolve its ambiguities. 

The system has the usual disadvantages of uncertain operation in bad 
weather; errors have been noted at sunrise and sunset. In addition, 
because the complete phase-shifting cycle takes 2 min, readings cannot be 
made more frequently than this. 

2-4. Ultra-high-frequency, uhf, Navigational Aids.—Apart from the 
serious traffic problems involved, most of the faults of the present radio 
range can theoretically be corrected by the use of higher frequencies. 
The Civil Aeronautics Authorities and other organizations have been 
active in this field for some time and several uhf aids have been experi
mentally tested. These systems include the uhf range, the visual two-
course range, and the so-called omnidirectional beacon. 

The Uhf Range.—The uhf range1 differs from the standard radio 
range only in its operating frequency, which is 125 Mc/sec. The present 
experimental systems use five Alford loop antennas so phased and modu
lated as to produce the usual AN pattern. The coplanar antenna array 
is housed in a wooden structure mounted on a steel tower some 30 ft high, 
and the directions of the courses are changed by rotating the whole array. 

Because the normal figure-8 pattern gives a weaker signal (about 2.5 db 
less than the maximum) near the on-course position than between courses, 
the uhf range system uses a modified pattern which directs the maximum 
energy near the equisignal courses. This pattern has been found to be 
more efficient than the low-frequency range patterns. Although use of 
the uhf range arrangement should reduce the terrain and beam-swinging 
errors of the present system, it has no other particular advantage. 

The Visual Two-course Range.—The use of the two-course range as a 
navigational aid received fresh impetus with the development of the 
"localizer and glide pa th" system for instrument landing (see Chap. 7). 
The localizer signal beyond the range of the glide path is merely a visual 
indication of direction. The pilot receives right-left indications from a 
meter on his instrument panel. The ambiguity present in this simple 
system—although it is unimportant in the actual landing problem—is 
removed by adding similar equipment to provide a 1020-cycle note keyed 
differently on opposite sides of the station. The combination of visual 
right-left indication and an aural note enables the pilot to identify his 
quadrant location with respect to the station. In this respect the system 
has an advantage over the usual range system because it eliminates the 
time-consuming procedure necessary to resolve the ambiguities. The 

1 For full details see Sandretto, op. cit. 
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two-course range, however, does not solve any of the fundamental 
problems involved in the use of radio range. 

Omnidirectional Beacons.—The uhf omnidirectional beacons that have 
been developed are based primarily on the low-frequency system used for 
marine navigation. This low-frequency system uses a rotating-loop 
transmitting antenna with a normal figure-8 pattern. The antenna is 
rotated at 1 rpm. When the loop is at such a position that the minimum 
signal is along a north-south line, a distinctive all-round signal is broad
cast. The occurrence of this signal and the time when the minimum 
signal direction is toward the ship gives the bearing of the ship from the 
station. This results in a 180° ambiguity which is easily resolved in 
marine navigation by ordinary dead reckoning. 

This simple procedure has been developed for both marine and air 
navigation into a system using a rotating cardioid pattern which has only 
one minimum and therefore no ambiguity. As before, a distinctive tone 
is broadcast when the minimum signal is directly north of the station. In 
both systems the necessary equipment consists only of an ordinary radio 
receiver and a stop watch. Either version, therefore, is satisfactory for 
small ships and airplanes which can carry only limited equipment. 

The uhf omnidirectional beacon uses a system of five Alford loops to 
produce the required beam. The central loop is fed with 125-Mc/sec 
energy and is amplitude-modulated at 10 kc/sec, which in turn is fre
quency-modulated for communication. The other four loops are con
nected in diagonal pairs and fed from side-frequency generators of 125 
Mc/sec + 60 cps. These are phased in such a way that at any point in 
space a 125-Mc/sec signal modulated at 60 cps will be received; the 
absolute time phase of the 60-cps modulation depends upon the azimuth 
angle of the receiver with respect to the beacon. The reference voltage 
necessary to determine the absolute phase is provided by the 10-kc/sec 
carrier. 

This uhf system requires special receivers in the airplane; the actual 
indication is, however, reduced to an azimuth selector and a right-left 
zero-center meter so that fixes can be obtained quickly. In experimental 
trials the errors have been about ±5° compared with the theoretical 
accuracy of +2.8°. Its operational range is 50 miles or more for an 
aircraft at an altitude of 1000 ft. 

2-6. Airborne and Shipborne Direction Finders.—Although airborne 
and shipborne direction finders are essentially the same, the advantages 
and disadvantages of the airborne equipment are more distinct. This 
section, therefore, is devoted mainly to the use of direction finders in 
aircraft. The procedures described apply equally well to the shipborne 
direction finders, except that the airborne system requires lighter equip
ment and its accuracy suffers from the relatively long time required to 
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obtain fixes. Both direction finders consist primarily of a loop antenna1 

used in conjunction with an azimuth indicator, some type of loop-rotating 
mechanism, and a radio receiver. 

Fundamentally, the loop and its associated equipment are merely the 
means of detecting a radio signal and determining the direction from 
which it comes. If the plane of the loop is at right angles to the direction 
of the signal, a minimum voltage is induced. The bearing is always 
obtained at this null position because the rate of variation of induced 
voltage with loop position is much greater around this point than around 
the maximum signal position. The azimuth indicator shows the direction 
perpendicular to the plane of the loop. It therefore indicates the direc
tion of the transmitting station when the loop is rotated for minimum 
signal. 

If this equipment only is used, the pilot or navigator tunes his receiver 
to the frequency of the station that he wishes to locate and then rotates 
the loop until the signal reaches a minimum. I t is important to note 
that because the loop antenna has a figure-8 pattern this indication is 
ambiguous; the station may be in one of two directions, 180° apart. 
Such "fixes" on two or more stations, however, enable the operator to 
eliminate this ambiguity and to determine his position. This simple 
equipment has, in recent years, been developed progressively into the 
radio compass and various types of automatic direction finders.2 

Both the radio compass and the automatic direction finder have 
vertical antennas in addition to the loop antennas. The receiver, in 
each case, then, is fed by two antennas, one with a figure-8 pattern, the 
other with a circular pattern. If the signals from these are properly 
phased in azimuth a cardioid pattern which is unidirectional in its indi
cation results. 

The radio compass uses the cardioid pattern, but is operated in such 
away that some of the unidirectional property of the pattern is lost. The 
loop is rigidly mounted with its plane at right angles to the major axis 
of the aircraft, and the output signal of the loop is rapidly reversed 
by electronic switching. As a result, the phase of the loop signal is 
changed by 180°. This phase change, added to the signal from the verti
cal antenna, has the effect of rapidly reversing the cardioid pattern. The 
total signal is fed to a zero-center meter and, depending on the position 
of the station relative to the airplane, the needle of the radio compass will 
deflect to the right or left. If the pilot turns the airplane to obtain zero 
deflection the station will be placed either directly ahead of or behind the 
airplane. Another simple turn can tell the pilot immediately which is the 

1 Full description of the loop antenna used can be found in Sandretto, op. cit., 
Chap. 4. 

2 Sandretto, loc. cit. 
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case. The radio compass is usually used as a method of "homing" but 
gives no indication of distance from the station. 

The radio compass is very difficult to use in a cross wind because no 
allowance is made for drift. If the pilot carefully keeps it centered while 
his airplane is being blown off course by a cross wind, he flies a curved 
path and eventually approaches the station approximately upwind. 
Such a path is a long route and requires constant adjustment if the wind 
is very strong. 

Use of ADF.—Several types of automatic direction finders which 
use the radio compass as a basis have been developed. Most of these 
use a rotatable instead of a fixed loop, following the system patented by 
F. L. Mosely. In simple form the loop is rotated until the needle of the 
radio compass returns to zero; the loop direction at this point is indicated 
on a bearing indicator by means of a flexible shaft connection. Bearings 
on two or more such stations, of course, provide a fix. If the airplane is 
exactly on course on a radio-range leg, a fix can be obtained by one ADF 
setting. 

Rather simple additions to this system make the direction finder 
completely automatic. As long as the receiver is tuned to the required 
signal, the loop, and hence the indicator, remains pointed at the station. 
This gives the pilot a continuous indication of his direction from this 
station. 

Basically, any type of radio compass is simple to use; a great deal of 
care is required, however, if reasonable accuracy is to be obtained. 
Under the best conditions of smooth flight and good received signals, the 
errors are limited to +2°. Usually, however, they range from ±3° to 
±5°. The accuracy depends not only on skilled operation and steady 
flight but also on the accuracy of the calibration of the loop. This 
calibration must be done carefully for each airplane and for each position 
of the loop because the metal structure of the airplane varies the amount 
of the energy received by the loop from certain directions. 

Advantages and Limitations.—The advantages of the airborne radio 
compass and automatic direction finder as navigational aids may be 
summarized as follows: 

1. Because the system may be tuned to any radio station the pilot 
can always find a "homing" station over reasonably well-populated 
country. 

2. The airborne equipment is simple and easy to use. 

The disadvantages are as follows: 

1. The system is subject to all of the bad weather faults of the radio 
range including reduction of range due to precipitation static. 
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2. Physical features of the terrain can give reflections that will cause 
false indications of direction. 

3. Because there is no indication of distance from any one station, 
position fixes must be obtained by plotting bearings on appropriate 
maps, a task that is time-consuming and extremely awkward for 
a pilot. 

4. Collision hazard is serious because the exact position of the aircraft 
is not known. 

2-6. Ground Direction Finders.—This aid to navigation can be used 
almost equally well with marine or airborne traffic. Because of the speed 
involved, however, it is more difficult to use with airplanes. I t is essen
tially the same as the airborne or shipborne direction finders except that 
the measurements are taken on the ground and the burden of calculation 
is placed on the ground station, and the navigator is given a fix by direct 
radio communication. 

Like all other radio navigational aids, ground direction-finding was 
first tried at relatively low frequencies; in fact, it is still largely used at 
these frequencies. The United States-Canadian direction-finding sta
tions along the Atlantic coast, for example, are nearly all on 375 kc. 
Similar frequencies were used in Europe, where the system was the first 
navigational aid used by airplanes. During the war, however, operation 
was very successful on 3000 to 7000 kc. Higher frequencies are being 
tried to eliminate the usual difficulties—static, bending, etc., at long 
wavelengths. 

Much work has been done on ground-based equipment. The Adcock 
direction finder and the spaced-loop direction finder1 eliminate most of 
the errors due to abnormal polarization, but successful operation still 
depends on the station operator's ability to take bearings quickly and 
accurately. 

As first used, the ground direction-finding system did not coordinate 
the ground stations. A navigator would request a fix, and while he 
transmitted, two or more stations would determine the direction of his 
signal and report this to him with their identity. From these data and 
the known location of the stations the navigator could determine his 
position. The directions given would, of course, be the actual direction 
of arrival of the radio signal reaching the station over a great circle course. 

This method was satisfactory for most marine traffic, because the 
time necessary for the calculations could be taken. With ships close to 
shore and airplanes approaching their bases, however, it has been found 
much more satisfactory to operate the ground stations in teams. The 

1 Full descriptions of those antenna systems are given in Sandretto, op cit., 
Chap. 8. 
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stations in any one group report bearings to a central position where all 
calculations of the navigator's position can be made rapidly and accu
rately and transmitted to him. 

During the war this latter method of ground direction-finding was 
used very successfully by transatlantic airplanes. Although only 
medium-high frequencies were used, the operators became so skilled that 
fixes could be transmitted very rapidly. In fact, instead of giving fixes, 
the stations often broadcast headings for the aircraft to fly; in bad 
weather they were able to guide airplanes into their final approach path. 
This kind of performance is unusual and depends on the use of excep
tionally well-trained and experienced operators. 

In many ways this system, if it is reliably operated, is the most 
satisfactory of all the radio navigational aids because: 

1. All the measuring equipment is on the ground; calibrations are 
more accurate, therefore, and can be checked frequently. Calcu
lations can also be made more quickly and more accurately in a 
permanent ground installation than in an airplane. 

2. Studies of terrain effects and reflections from nearby objects can 
be made in order to eliminate or allow for errors in each station. 

3. Constant monitoring assures proper operation of each station. 
The usual difficulties of fading, beam swinging, and bad weather 
static are still present, however. In addition, the traffic-handling 
capacity is too small for an active airport if the system is being used 
with aircraft. 

2-7. Celestial Navigation.—Until very recently the only navigational 
aid available to marine traffic and to aircraft on long flights over water 
was celestial navigation. This aid is primarily dependent on three things: 

1. Clear weather so as to see the sun or the stars. 
2. An accurate sextant and the necessary charts and tables. 
3. A reasonably well-trained observer. 

When the above conditions are filled, the position of a ship can be 
found to within 1 or 2 miles. A ship, however, is a relatively steady 
platform for observation, and very accurate sextants can be used with 
the sea horizon as a reference level. On the other hand, when a ship is 
sailing under complete overcast, no readings are possible. Before the 
days of radio direction-finding, the only means of navigation under such 
circumstances was dead reckoning. Fortunately for marine traffic, dead 
reckoning is reasonably reliable because of the accuracy of speed indica
tors and accurate knowledge of ocean currents. 

For air navigation, however, a sextant with an artificial horizon was 
necessary before celestial navigation could be used at all. Such a sex-
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tant, using a bubble level, makes possible readings from an airplane, but 
accuracies are no better than +10 to +20 miles. To offset this dis
advantage, the navigator of an airplane is often able to obtain readings 
by flying "above the weather." 

Despite the obvious disadvantage of complete dependence on fair 
weather, celestial navigation has the advantage of simple rugged equip
ment and it pleases those navigators who like to feel independent of out
side aid. It should be noted, however, that its accuracy is independent 
of location and is inadequate for aircraft about to let down through 
heavy clouds to a landing in dangerous terrain. 

LORAN AND OTHER NAVIGATIONAL NETS 

B Y J. A. PIERCE 

2-8. Hyperbolic Systems.—Hyperbolic navigation is achieved when 
synchronized signals having a known velocity of propagation are trans
mitted from at least three known points, and when the relative times of 
arrival of these signals are measured and interpreted by a navigator. 
The general principle of hyperbolic navigation is shown in Fig. 2-3. 

The signals may be transmitted and received by any known means; 
at present, radio is the only mechanism which is accurate at long ranges. 
Various sorts of signals, ranging from continuous waves through modu
lated waves to pulses, may be used. Pulse transmission is preferred for 
many present applications because ambiguity is minimized and the 
power supplied to the transmitters may be kept low. Pulse transmission 
ordinarily requires more space in the radio spectrum (that is, greater 
channel width) than does continuous-wave transmission; in a pulse 
navigation system, however, this apparent disadvantage may be entirely 
illusory because a number of methods of identifying signals become 
available by the very use of pulses. Thus, pulsed systems permit the 
transmission of a large number of signals within a common radio-fre
quency channel without excessive confusion, but continuous-wave 
systems require the use of a separate radio frequency for each component 
to provide identification. 

The hyperbolic principle is now used by only three operating systems 
if we include those in which the base lines are so short that each is con
tained within a single transmitting site. Examples of these last are the 
Omnidirectional Range and the German Sonne systems. Of the three 
hyperbolic systems, the pulse method is exemplified by two, Gee and 
Loran, while the continuous-wave technique is used in the Decca system. 

Consider two fixed stations that transmit signals at the same instant. 
If a navigator receives these signals simultaneously, and if the velocity of 
propagation can be considered to be equal over the two paths, he knows 
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that his position must be somewhere along the perpendicular bisector of 
the line connecting the transmitting stations. If one signal arrives 
before the other, a measurement of the time difference identifies some 

AB Is one pair of stations CD another 

Step I 
If signals from pair AB tell 

navigator that he is 50 miles 
farther from B than from A, 

he is somewhere on line W-X. 

Step II 
If signals from pair CD tell 
him that he is 300 miles 

farther from D than from C, 
he is somewhere on line Y-Z. 

W< 

Since he must be on both lines 
navigator is here 

Fio. 2*3.—The principle of hyperbolic navigation. 

other line of position on which the navigator must be. Although these 
lines of position are approximately spherical hyperbolas, they may 
usually be represented by plane hyperbolas drawn on a conformal conic 
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projection if the distances involved are not too great—less than 300 or 
400 miles, for example, in the case of a system whose errors are expected 
to be several hundred yards. 

Actually, in the pulse systems, the signals are not transmitted simul
taneously but are separated by an arbitrary, constant time difference, 
which is introduced by causing one station to transmit some time after 
it has received a signal from the other. This is done partly to identify 
the signals and partly so that the state of the receiving equipment may be 
altered as required to accommodate each signal individually. The 

Flo. 2-4.—Loran triplet showing hyperbolic lines and method of plotting a fix. Pair AB 
provides Rate 0 (dotted) lines, and Pair BC provides Rate 1 (solid) lines. 

signals are ordinarily repeated in an endless sequence. The measurement 
to be made, therefore, is actually one of relative phase rather than a time 
difference between single impulses although the units generally used have 
the dimension of time. 

The navigator obtains a fix by finding his lines of position relative to 
two or more pairs of stations. For example, in the course shown in 
Fig. 2-4, the navigator obtains one position line from the pair labeled 
"Ra te 0," while the second position line—and thus the fix—is derived 
from a subsequent observation on "Ra te 1." These readings may be 
made in sequence or simultaneously, or may be continuously indicated 
by semi-automatic equipment. In air navigation, a few of the available 
position lines are usually precomputed and exhibited on special charts. 
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Any one line, then, may be obtained by interpolation. On surface 
vessels the navigator may use similar charts or may reproduce a portion 
of each line of position on his plotting sheet by taking the requisite data 
from special tables. 

The number of distinguishable lines of position in the pattern sur
rounding a pair of stations is equal to twice the time taken for a signal to 
travel from one ground station to the other, divided by the smallest 
change in time difference which can be observed on the navigator's 
indicator. In Gee there are often 1000 resolvable lines for a single pair, 
while in Loran or Decca the number may be as high as 8000 or 10,000. 
Since, at considerable distances from the ground stations, the lines of 
position are approximately radial with an origin at the center of the base 
line, the positional accuracy of a hyperbolic system is about that which 
would be obtained with a direction-finding system capable of resolving 
*°to^°. 

The labor involved in computing these lines of position is so large tha t 
several hundred thousand man-hours have already been spent in the 
construction of Loran charts and tables. The results are permanently 
available, however, because the lines are fixed with respect to the surface 
of the earth. Not only is the process of taking a fix greatly expedited by 
this precomputation but the time spent, per navigator, decreases with 
increasing use of the system and becomes small compared with the com
puting time required for celestial navigation. 

The whole process of hyperbolic navigation may be compared with 
that of celestial navigation since the determination of lines of position 
in both systems is essentially similar. The hyperbolic lines involve a 
more complex mathematical solution than do the circular lines obtained in 
celestial navigation. This additional complexity is unimportant because, 
as we have noted, the unchanging character of the lines permits pre
computation. The hyperbolic system may therefore be thought of as 
equivalent to one that would be obtained if a number of stars could be 
permanently established above fixed points on the surface of the earth, 
thus providing lines of position which would immediately be known upon 
measurement of the stellar altitudes* 

A navigator using hyperbolic navigation can determine, from charts 
or otherwise, the indications which obtain at some distant point—such 
as his destination or one of a series of points on the route to his destina
tion—and can preset his equipment to the constants applicable at 
the point. His vessel can then be steered along a simple path until the 
predicted indications are obtained at the instant of arrival. Thus, the 
taking of a fix is made instantaneous at certain significant times and 
places; the position given is the actual one and not one occupied by the 
vessel at some previous time. 
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The great advantage of hyperbolic navigation over radar beacon 
systems1 that might offer equal or greater precision over the same ranges 
is that saturation of the ground facilities is impossible. The transmitters 
of a hyperbolic system can be compared with a family of lighthouses 
whose keepers simply transmit intelligence as prearranged. There is no 
correlation between the activities of the navigators and those of the 
operators of the transmitters, and the behavior of the system does not 
depend upon whether one or ten or thousands of navigators are making 
use of the service it provides. 

2-9. Gee.—The Gee system was the primary radio navigational aid 
during the European War. Its successes were far too numerous and too 
well known to need recounting here. The Gee system was put into 
operation in March 1942. Its usefulness over Germany varied somewhat 
with changes in types and magnitude of enemy jamming, but it served 
continuously as an invaluable homing system for the RAF and the 
American air forces, as the coverage chart in Fig. 2-5 illustrates. 

Gee stations radiate about 300 kw on frequencies between 20 and 85 
Mc/sec and therefore give service at somewhat more than optical ranges. 
Near the surface of the earth, their useful range is not over 150 miles, but 
their reliable service radius increases with altitude to a maximum of 450 
miles. This range is attainable, in the case of fixed stations with high 
antennas, for aircraft at 30,000 ft. The pulses used are about 6 jisec in 
length (as seen on the oscilloscope) and the method of comparison is such 
that time differences can be estimated to about one-tenth of the pulse 
length. 

Base lines in the Gee system are usually about 75 miles long and are 
disposed with the master station in the center and the two or three 
"s laves" dispersed around the circumference of a rough circle. Each 
chain formed by such a group of stations operates on a different radio 
frequency. Six frequencies are available in each of the four bands 
assigned to the system. (This flexibility was, of course, of great value in 
avoiding the worst effects of enemy jamming of the British stations.) 

The navigator's indicating equipment presents visually a family of 
four or five pulses, two being transmitted from the master station and one 
from each slave. A double time base (one upper and one lower trace) 
with a total length of 4000 jusec is employed on the cathode-ray tube. 
This is shown in circle a of Fig. 2-6. 

By the use of delay circuits, four fast cathode-ray sweeps can be 
initiated at such times that two of the sweeps contain and exhibit the 
master-station pulses and the other two exhibit two of the slave pulses 
in inverted form. Each of the slave pulses may be adjusted laterally to 
lie with its base coincident with the base of one of the master pulses. 

1 See Chap. 7. 
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TIG. 2-5.—Gee coverage in the United Kingdom as of Nov. 1, 1945, for airplanes flying a t 
2000 ft or higher. 
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When this adjustment has been made, the two time differences (between 
each of the master pulses and its corresponding slave pulse) are deter
mined from the relation between families of markers which can be 
switched onto the cathode-ray traces. The matching process is given 
in circles o and b of Fig. 2-6. The steps given in circles c and d consist of 
reading markers on the time bases. The most closely spaced family of 

(a) Main time base. 
B and C pulses strobed. 

(b) Strobe time base. 
Pulses lined up for reading. 

(c) Main time base. 
Pulses removed. 
Calibration pip display. 
B = 11; C = 33. 
(No interpolation.) 

(d) Strobe time base. 
Pulses removed. 
Calibration pip display. 
B = 11 + 0.38 = 11.38. 
C = 33 + 0.73 = 33.73. 

F I G . 2-6.—Gee system indication. 

markers has a unit separation of 6.6 ^sec; interpolation to tenths permits 
a reading with an average error of 0.6 ^sec. 

On the line between master and slave stations this matching and 
reading accuracy corresponds to a precision of about 100 yd relative to a 
line of position. A reading error of 0.6 /xsec will correspond to a line-of-
position error of somewhat more than 1 mile at the maximum distance of 
450 miles, however, because the hyperbolic lines diverge approximately 
in proportion to the distance from the two stations. The error of fix 
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varies even more with distance because it is proportional to the linear 
errors and also varies inversely as the sine of the angle between the two 
lines of position. Since this quantity decreases approximately inversely 
with distance, the error of fix varies roughly as the square of the distance 
from the transmitting stations. In the Gee system, the average error in 
reading a time difference is about equal to the least reading (0.6 iisec); 
this corresponds to an average error of fix which increases from about 
200 yd near the stations to about 5 miles at the maximum distance of 
450 miles. 

As suggested above, two lines of position can be determined at once, 
because two of the slave pulses can be compared simultaneously with the 
two master pulses. This important property of Gee makes it especially 
suitable for homing operations, otherwise known as "instantaneous 
fixing" or "navigation in advance." As mentioned in Sec. 2-8, a navi
gator's equipment may be preset to the constants applicable at any point, 
for example, at the home airport. The two pairs of pulses will not then 
appear in coincidence on the fast sweeps but they may usually be brought 
closer together by flying any course which brings the aircraft closer to the 
desired place. If one of the pairs of pulses comes into coincidence and 
is held so by flying the proper course, the aircraft then proceeds along one 
of the hyperbolic lines of position which passes through the airport. 
The rate of approach to the airport and the time of arrival there may be 
determined by observing the decreasing separations of the second pair of 
pulses and the coincidence between them. Without searching out either 
line of position, the Gee navigator can approach his destination by any 
course, knowing that simultaneous coincidence of the two pairs of pulses 
can be obtained only by his arrival there. Homing with Gee has been so 
valuable and effective in England that at the present (1945) in a system 
of airport approach and control around London, using a special four-
station Gee chain, a landing rate of one aircraft every four minutes under 
bad weather conditions has been reported. 

Whether Gee or Loran is used for navigation in advance or for obtain
ing occasional fixes to be used with dead reckoning, a most important 
feature of hyperbolic navigation is used to full advantage: since the 
hyperbolic lines are fixed with respect to the earth, all courses derived 
from them are true courses and all speeds are ground speeds. The effects 
of drift, therefore, are compensated automatically. As a result, even a 
tyro can navigate an aircraft with amazing ease and accuracy. 

As a permanent navigation system, Gee has much to recommend it, 
but suffers from four limitations: 

1. Because the choice of frequency yields good range only at high 
altitudes and results in a system with high accuracy over only a 
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small area, a very large number of chains would be required to 
provide service over a continental region. 

2. The choice of recurrence rate limits the length of the base lines that 
can be used, even if the frequency or synchronizing techniques 
should be changed, and it therefore forbids much expansion of the 
linear dimensions of the service area. 

3. Because only one chain of stations can be operated in |-Mc/sec 
r-f channel, the problem of finding enough room in the radio 
spectrum would inhibit the operation of an extensive system. 

4. The pulses to be compared are usually of varying amplitudes; 
some experience and judgment, therefore, are required in making 
a match. This factor would probably result in either additional 
complication or reduced accuracy if automatic matching equip
ment were to be used. 

2-10. Loran.—Standard Loran is a hyperbolic system that was devel
oped primarily for navigation over water. It operates on one of several 
frequencies between 1700 and 2000 kc/sec and therefore enjoys propaga
tion characteristics determined primarily by soil conductivity and 
ionospheric conditions. Transmitters now in use radiate about 100 kw 
and give a ground-wave range over sea water of about 700 nautical miles 
in the daytime. The daytime range over land is seldom more than 250 
miles even for high-flying aircraft and is scarcely 100 miles at the surface 
of the earth. At night the ground-wave range over sea water is reduced 
to about 500 miles by the increase in atmospheric noise, but sky waves, 
which are almost completely absorbed by day, become effective and 
increase the reliable night range to about 1400 miles. The variable 
transmission times of the sky waves reduce somewhat the accuracy of 
the system. The timing errors grow smaller with increasing distance, 
however, and partially compensate for the increasing geometrical errors, 
so that navigation by sky waves compares tolerably well with celestial 
navigation. Except in ground-wave transmission over land, the signal 
strength (and therefore the usefulness of the system) does not vary at all 
with the altitude of the receiver. Even over land, the principal increase 
in signal with height occurs within the first few thousand feet; little 
improvement can be expected by going to higher altitudes. 

Pulses shorter than about 50 ^sec cannot be used at standard Loran 
frequencies because of the necessity for conserving space in the radio 
spectrum. For this reason, as many stations as possible should be 
operated in a single r-f channel. The long pulse length requires the 
use of careful matching techniques to obtain reasonable precision. The 
method employed is to alter the gain of the receiver as required in order 
to produce pulses of equal amplitude on the oscilloscope no matter what 
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Master 

Fixed pedestal 

h Slave 

Moveabte pedestal 

(a) Slow sweep. 
Both pulses on their pedestals. 

(b) Medium sweep. 
Pulses aligned vertically. 

This scale 
moves as new 

I / settings are 
made in c 

(c) Fast sweep. (d) Fast sweep. 
Amplitude equalized, trace separation Marker display. 
removed, pulses superimposed. Lower trace displaced 25 jtsec from 

upper trace. 

(e) Medium trace 
Lower trace displacement 100 /isec, 
No interpolation. 

(/) Slow sweep. 
Pedestals displaced 8000 /isec (no inter
polation) . 
Reading is 25 + 100 + 8000 = 8 1 2 5 
/isec. 

F I G . 2-7.—Loran system indication. 
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distances or other attenuating factors may be present in the two trans
mission paths. The pulses may then be superimposed accurately, 
provided that, as radiated, they are made sufficiently identical by all 
transmitters. Such a measurement may be made with a precision of 1 per 
cent of the pulse length if the signal-to-noise ratio is satisfactory. Figure 
2-7 depicts the Loran reading process. Figure 2-8 is a picture of the 
airborne and shipborne equipments. 

The method of measurement is similar to that used in the Gee system, 
except that no effort is made to indicate two lines of position at once. 
This is a very important exception. The reason for it is somewhat 
involved and will be discussed below. The navigator can make readings 
to the nearest microsecond—two-thirds of the precision of the Gee read
ing. The base lines ordinarily used are about 300 miles in length so that 
the geometrical factors at 1400 miles are similar to those of Gee at 350 
miles. 

If, as is common, three Loran stations are used as a triplet, the accu
racy of fix may be compared to that of Gee because the same factors 
apply. The average error at short distances is about 300 yd and increases 
smoothly throughout the ground-wave service area to a little more than 
1 mile a t 700 miles. At night, sky waves may be used at distances 
between 300 and 1400 miles with average errors ranging from 1.5 to 
about 8 miles. 

The average errors of fix at long ranges are often smaller than these 
estimates because selected Loran pairs can often be found which supply 
better crossing angles than are obtainable from a lone triplet. Loran 
stations are often installed as a chain consisting of three or more stations, 
along a coast line or between islands. In each pair, pulses are trans
mitted at a specially assigned recurrence rate, one of a family that have 
ratios 400 to 399 to 398 and so on . . . to 393. Thus, as many as eight 
pairs, all employing the same r-f channel, may operate as a chain. The 
ssvigaiar'3 equipmesi xajj he .adjusted fo ^vDrJhrnnize with any one of 
these rates to identify a particular pair. The pulses at the chosen rate 
then appear stationary and their time difference can be measured. The 
pulses from all other stations pass across the screen at such speeds that 
confusion is negligible. Stations between the ends of a chain ordinarily 
are "double"; that is, they act in all essentials as two independent sta
tions at the same location, so that a chain consists of a number of separate 
pairs set accurately end to end. 

The navigator can choose from among these the pairs he will use for 
determining a fix in the same way that he would choose stars for celestial 
navigation. In other words, he takes those whose lines of position cross 
a t the most favorable angle. In fact, he frequently uses three- or four-
line fixes for maximum precision, because the reading of a single line of 
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FIG. 2*8.—Loran indicators. Lightweight, airborne model above, shipborne model below. 
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position at a time permits great freedom of choice. This arrangement 
stems directly from the concept that Loran navigation is to be effective 
over an area that is large compared with that which could be served by a 
single pair or triplet. If a three-line fix is used, the chance that the true 
position is within the triangle bounded by these lines is one in four.1 

The Loran system in the North Atlantic, for example, consists of a 
chain of five stations along the east coast of the United States, Nova 

FIQ. 2-10.—Section of Loran coverage, New York to Bermuda, showing the more 
important features of a Loran chart. Readings are ordinarily made to ^hs OI t n e spacing 
of the lines in this figure. The customary microsecond labels are omitted. 

Scotia and Newfoundland, a triplet between Newfoundland, Labrador, 
and Greenland, and a triplet extending from Iceland through the Faroes 
to the Hebrides. An air view of a Loran station on the Faroes is shown 
in Fig. 2-9. These stations form a total of eight pairs so that often a total 
of three, four, or five lines of position are available to the navigator. 
The sample Loran coverage between New York and Bermuda shown in 
Fig. 2-10 displays only three sets of position lines; the others have been 
deleted for clarity. 

J S . A. Goudsmit , "Accuracy of Position-finding Using Three or Four Lines of 
Position," Navigation (Journal of t h e Ins t i tu t e of Navigat ion) 1, 34 (1946). 
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Because pairs of Loran stations transmit at various recurrence fre
quencies, it would be necessary almost to double the number of com
ponents in the navigator's equipment in order to give him the advantage 
of simultaneous determination of two lines of position, as in the Gee 
system, if his freedom of choice of lines is to be maintained. I t has 
seemed better, therefore, to reduce the complexity of the receiving equip
ment and to recommend the use of two complete receivers when instan
taneous fixes are necessary. 

With Loran equipment a fix is ordinarily taken in about three minutes, 
about twice the time taken with Gee. Homing to a point can be accom
plished by following one line of position until the correct compass heading 
has been determined and then switching to a second pair of stations to 
determine the progress along the first line. This process is cumbersome 
and finds favor only with those operators who have not had experience 
with Gee. 

The chief disadvantages of Loran arc: 

1. The impossibility of instantaneous fixing without dual installations. 
2. The fact that the use of sky-wave transmission requires the appli

cation of corrections before the charts or tables can be entered. 
3. The presence at night of long trains of pulses reflected from the 

ionosphere (see Fig. 2-11). In one of these trains, only the first 
reflected pulse is useful for navigation, but from 1 to 20 useless 
pulses may follow it. The difficulty of identifying the correct 
pulse is thus greatly increased and the useless pulses interfere with 
operation of other pairs in the same channel. 

4. The fact that ionospheric transmission is not homogeneous with 
the result that the shapes of the sky-wave pulses are often dis
torted and difficult to match; the time of transmission, moreover, 
varies from hour to hour and creates minor errors that cannot be 
eradicated. 

5. The rather embarrassing difference between the ground-wave 
ranges over land and over water, which inhibits the free choice of 
station sites in many cases and reduces the base lines for overland 
triplets to about the scale of Gee. 

2-11. "SS" Loran.—An alternative technique for using the equipment 
developed for standard Loran takes advantage of the long nighttime 
range of E-layer transmission to extend the base line of a pair of stations 
to 1200 or 1300 miles. This kind of operation is known as "Skywave-
Synchronized" Loran. I t is effective because of the large increase in 
geometrical accuracy which derives from the long base line. 

Because sky waves are used for transmission paths between stations 
and from the stations to the navigators, there is no escape from the timing 
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errors produced by variations in the height of the reflecting layer. The 
total error has an average value of about 8 ^sec for a single reading. 
This establishes the minimum average error of fix at about nine-tenths of 
a nautical mile when the navigator is at the intersection of two base lines 
crossing at right angles. This condition is obtained in the preferred 
orientation of stations—the SS Loran quadrilateral where, ideally, the 
stations occupy the corners of a square and the base lines are the diago
nals. In this case the useful service area is nearly the area of the square 
—perhaps a million square miles—and nowhere does either the crossing 

GE1 E2. Fl ' FZ ' 
1st hop-E 2nd hop-# 1st hop-F 2nd hop-f 

FIG. 2-11.—Signals produced by multiple patha between transmitter and receiver. 
Only G and El are used for Loran purposes. Fl is often split, as shown, and F2 follows 
G by 500 to 2000 /xsec depending on the range. The long and complex F pattern indicates 
the instability of the upper layer. 

angle or the separation between hyperbolas become greatly inferior to the 
value at the center of the pattern. These properties of the quadrilateral 
are illustrated in Fig. 2-12. The distance corresponding to a change of a 
microsecond in the time difference may degenerate from 500 to 800 ft, 
and the crossing angle may change from 90° to 60° at the outer edges of 
the service area, but these variations increase the average error only from 
0.9 to about 1.7 miles. Unfortunately, the transmission times may make 
unpredictable excursions, especially during ionospheric storms, but the 
maximum errors of fix seem to be about 5 or 6 miles and to occur not 
more than about 1 per cent of the time. The serviceability of the system, 
or the fraction of the night hours within which satisfactory synchroniza
tion can be maintained, is remarkably high, about 99.8 per cent except 
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where the points of reflection are close to, or in, the auroral zone. A 
facsimile of an SS Loran chart employed by the RAF in night raids over 
Germany is shown in Fig. 213. This organization conducted about 
22,000 sorties with SS Loran in the six months preceding the close of the 
European phase of World War II , and the average error of fix was reported 

SCALE Statute miles 

0 200 400 600 800 1000 
F I G . 2-12.—An SS Loran quadrilateral. The solid line bounds the region common to 

transmitter pairs AB and A'B'. Indicator readings at X are 7500 on Rate 0 and 9700 on 
Rate 1. 

to be less than 2 miles. This figure was comparable to or better than that 
of certain radar blind-bombing aids. 

2*12. Low-frequency Loran.—Another variant of Loran under devel
opment takes advantage of the increased range of propagation at low 
radio frequencies. This LF Loran system will probably offer a daytime 
range about equal to the nocturnal range of standard Loran and will 
permit base lines two or three times as long as those now in use. Its 
greatest single advantage seems to be a tremendous improvement in 



SEC. 2-12] LOW-FREQUENCY LORAN 73 

range over land at low frequencies—an increase which gives promise of a 
system with at least a 1000-mile range over land or sea, by day or by 
night. A service radius of 1500 miles was obtained over land in a trial 
system in the United States, but this range depends upon daytime sky-
wave transmission which is not yet fully understood and which may well 
be undependable in the summer in some latitudes. 

The timing accuracy of LF Loran is not equal to that of standard 
Loran, primarily because it is necessary, for technical reasons and also 

"> <o «j 
Fio. 2-13.—A Bection of an SS Loran chart used by the RAF from 1944 to 1945. Labels 

are in microseconds as read by the navigator. (Courtesy of the British Air Ministry.) 

because of the limited available spectrum, to operate with a narrower 
channel and correspondingly longer pulses. The pulse length is about 
300 jusec and the average reading error at short distances seems to be 
about 4 j*sec, four times that of standard Loran. During trials performed 
in 1945, some eighty thousand individual observations were made at 
fixed monitor stations of LF Loran transmissions from the east coast of 
the United States. With a base line of 600 nautical miles, the average 
position-line error in these observations as a function of distance is given 
in Table 2 1 . These data refer to a position line that subtends a 45° angle 
with the base line, a fairly typical case. 
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TABLE 2-1.—AVERAGE POSITION-LINE EHBOB. LF LOKAN READING, 1945 
All figures in nautical miles 

Distance 

500 
1000 
1500 
2000 

Av. error, summer, day 

± 3 
± 3 
+4 
±6 

Av. error, summer, night 

± 3 
± 4 
± 7 
±16 

A very great advantage of LF Loran is that, since the r-f energy never 
penetrates beyond the E-layer of the ionosphere, the long trains of night
time sky waves (which make identification difficult at 2 Mc/sec) are 
not present in 200-kc/sec transmission. Because of the long pulse 
length, the various orders of E-layer reflections overlap the ground wave. 
As a result, most of the energy arrives in a single pulse. Thus, ambiguity 
is avoided to a degree which permits the use of more complex and more 
useful schemes of station synchronization than in standard Loran. 

The first step toward more versatile Loran systems is the operation of 
three stations at a common recurrence rate, as in the Gee system. If two 
slave stations are synchronized with a common master station midway 
between them, the slaves themselves are then synchronized with each 
other, since the base line connecting the slave stations is twice either 
of the other two base lines, and slave-slave hyperbolas diverge only 
about half as much as those associated with the master station. Thus, 
the three stations generate three families of hyperbolas and the "ex t ra" 
family has important properties which provide greater accuracy at long 
distances as well as nearly straight lines of position in the center of the 
coverage pattern. 

Another interesting orientation of stations is the quadrilateral in 
which four stations occupy approximately the corners of a square. If 
the four stations operate on the same recurrence rate, any one of them 
may be the master while those at either side are normal slave stations. 
The fourth station may be a secondary slave operating against either of 
the other two slaves. In this arrangement, six families of hyperbolas are 
available. The two of greatest interest are those that are erected upon 
the diagonal base lines and provide crossing angles of 60° to 90° over the 
whole area of the square. An advantageous feature is that the diagonal 
geometrical base lines are 1.4 times the length of the synchronization 
paths; this additional length provides double the service area of a quad
rilateral system of two independent pairs, since transmission and noise 
conditions always determine the maximum separation of a synchronized 
pair. 

Other more complex groupings of stations are possible and may even-
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tually become useful. All of these arrangements involving the use of 
more than two pulses on a common recurrence rate require that one or 
more of the pulses be identified by a peculiar shape or in some other way, 
but numerous identification methods can be used to avoid undue con
fusion. The method employed in the triplet under trial in 1945 was to 
vibrate one of the pulses slightly in phase with the result that, in addition 
to a steady pulse used for measurement, there appeared an "ident" 
pulse to the right of the steady pulse. In Fig. 2-14 this vibrated pulse 

Fia . 2*14.—An L F Loran indication showing pulses from 3 stations of a triplet. Con
ventional Loran readings are made between X and W, Z and W, and W and Y. Station W 
is close to the receiver and therefore produces a strong signal. X and Z originate at the 
same station. 

appears on the top trace. The top and bottom traces form one con
tinuous sweep. 

More than two pulses on a common rate would permit the easy use of 
instantaneous fixing as in the Gee system, but this feature will have to 
await the construction of new and improved Loran indicators. The 
immediate steps taken to add low-frequency service to Loran assumed the 
use of existing receiver-indicators plus a simple frequency converter to 
change the low frequency to that at which the existing equipment oper
ated. The converters were designed for extremely simple installation 
and operation so that low-frequency service could be provided without 
requiring any extensive additional training of operators and navigators. 

Low-frequency transmitting stations are more complex than standard 
Loran and require new construction, except for most of the timing ele-
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ments, but there are so few of them that the total effort required to add 
low-frequency operation to the present Loran system is entirely within 
reason. 

A version of LF Loran which may become extremely important, at 
least for certain applications, is called "cycle matching"; it consists of 
comparing the phase of the r-f or i-f cycles of a pair of pulses rather than 
of comparing the envelopes of the two pulses. Equipment for this 
technique is still in such an early stage of laboratory development that a 
critical evaluation is not yet possible; it seems reasonable, however, to 
expect that measurements may be made to 0.1 ^sec over ground-wave 
ranges. The facility with which such readings can be taken is as yet 
unknown, but it is probably safe to predict that after a difficult develop
ment program cycle matching can provide accuracies equal to those of 
H-systems, at ranges of 600 to 800 miles. Preliminary tests in August 
1945 gave an average position-line error of 160 ft for observations on 
stations 750 miles distant. 

2-13. Decca.—Decca is the name commonly applied to a low-fre
quency continuous-wave hyperbolic system, officially designated " Q M , " 
that has been under test and operation by the British Admiralty for some 
years. As in other hyperbolic systems, at least three stations (two pairs) 
are necessary to provide fixing cover. The master station transmits at 
the basic radio frequency of the system while the slave in each pair 
radiates at a different radio frequency simply related to that of the master, 
the ratio being 3 to 2, or 4 to 3, etc. Each slave monitors the master, 
maintaining its own emissions at its assigned frequency but with phase 
rigidly related to that of the master. The family of hyperbolic lines thus 
are lines of constant phase difference. 

The navigator's equipment consists of a receiver channel for each 
station (three in all for fixing), suitable multiplying and phase-comparing 
circuits, and two phase-indicating meters (similar to watt-hour meters). 
Let us assume the master frequency to be 90 kc/sec, that of one slave to 
be 120 kc/sec and that of the other slave to be 135 kc/sec. The equip
ment, by means of frequency multipliers, changes the frequencies of the 
master and first slave to the common multiple of 360 kc/sec, and displays 
the phase difference on the indicating meter; this furnishes information 
on one line of position. 

For the second slave and second line of position the phase difference 
is examined at a frequency of 270 kc/sec. The operation is wholly 
differential; the coordinates of the point of departure must be set into the 
equipment manually at the beginning of every continuous run. A con
stant phase reading indicates that a hyperbolic course is being followed, 
and changes of phase may be summed up when cutting across hyperbolic 
"lanes." The wavelengths used are about a mile or greater. The read-
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ing precision has been quoted variously from 10*oo of a wavelength to ^ r 
of a wavelength. 

The Decca system in its present form is highly ambiguous because 
there can be no identification of a cycle. Therefore, although a great 
many lines of position are available to the navigator, successful inter
pretation of the data obtained depends upon two factors. First, the 
point of departure of the vessel must be known, and second, the equip
ment must be operated continuously. Ambiguity can be reduced as far 
as desired by modulating the radio frequency with a lower envelope 
frequency that gives coarser identification of the hyperbolic lines. This 
technique apparently makes the receiving equipment prohibitively 
complex. 

Decca has two other defects that militate against its extensive use. 
One is its somewhat extravagant use of the radio spectrum. Because a 
different frequency is required for each station, the number of frequencies 
required to cover a large area would be prohibitive. A pulsed system 
covering an equal area would utilize only one spot in the spectrum and 
require a smaller net channel width. 

The second, and more serious, defect of Decca is that interfering 
continuous waves can distort the readings almost without limit without 
the navigator's being aware of it. An extreme example is the inter
ference produced by sky-wave transmission, which is often present at the 
frequencies employed for Decca. I t prevents the use of base lines more 
than 100 miles long, and limits the useful service radius to perhaps as 
little as 200 miles. 

2-14. Accuracy and Range of Various Systems.—A consideration of 
the factors which affect the timing accuracy of pulsed systems indicates 
that a Loran system (a system in which the pulses are equalized and 
superimposed) ideally should yield matches which are accurate to about 
half a wavelength. This accuracy corresponds to a minimum error of 
line of position of a quarter wavelength, or 125 ft at the frequency used 
for standard Loran. Actually, the minimum error in standard Loran is 
about 500 ft; this increase is due partly to the use of pulses about twice 
the minimum size and partly to the use of reading techniques that are not 
as precise as could be desired. 

The accuracy of Loran in the ground-wave service area could no 
doubt be quadrupled by the use of shorter pulses and indicators with 
more stable circuits and more closely spaced families of marker pips. 
These changes, however, would not enhance the sky-wave service, which 
contributes a large part of the usefulness of the system, because in that 
case the accuracy is controlled by propagational variations that seldom 
permit an average error of less than 2 jusec, which is twice the current 
reading error. 
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Gee pulses are not equalized in amplitude or superimposed. A 
measurement, therefore, is good only to about one tenth of the pulse 
length. In the Gee system, the practical average error is about 100 yd; 
the "theoretical" error is about one fourth as great, or even less at the 
higher frequencies. As in Loran, the departure from the optimum is 
accounted for partly by the use of long pulses to reduce the spectrum 
space required and partly by a certain crudity in the indicating equipment 
for the sake of simplicity. 

For LF Loran the same analysis leads to an estimate of average errors 
of a quarter mile in the best areas. Although this figure may actually be 
attained now at short distances, propagational factors as well as geomet
rical ones will probably operate to increase these errors over a large part 
of the service area. 

For Decca or other phase-comparison systems, it seems reasonable 
that a precision of 1° of phase should be attained, although neither 
Decca nor cycle-matching LF Loran have yet reached that accuracy in 
practice. Even the present precision of about 1 per cent of a wavelength, 
however, is extremely interesting in comparison with pulse envelope 
methods. 

Transmission ranges and service areas also depend primarily on 
frequency, and the lower the frequency the better. The reliable range 
throughout the microwave region is little more than the optical range. 
Even the ranges obtained in the uhf band are not more than about one and 
one-half times the optical range. This often results in good cover for 
high-flying aircraft, as in the Gee system, but the distances usable at the 
surface of the earth are discouraging from the point of view of navigation. 

As the frequencies decrease through the high- and medium-frequency 
regions, ground-wave ranges increase and the differential in signal 
strength observed at high and low altitudes grows smaller, especially over 
sea water. The propagation of signals as the frequency is decreased is 
no longer simple because of the complex structures of multiple sky-wave 
reflections that vary tremendously with the time of day. Furthermore, 
at the higher frequencies the behavior of sky-wave reflections is extremely 
unpredictable. 

These sky-wave phenomena become simpler and more predictable in 
the lower part of the medium-frequency range, but only at low frequen
cies is there such a degree of stability that sky waves can be used without 
confusion. At very low frequencies, propagation over thousands of miles 
is easy and reliable, but wide-band antenna systems are not available 
because the required size is prohibitive. 

As long as current techniques prevail, therefore, pulse methods cannot 
be expected to operate at these frequencies. At present it seems that 100 
to 150 kc/sec is about the lower limit for pulse systems. At these fre-
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quencies ranges of 1500 miles should be easily obtained over land or sea 
and at any altitude. Either pulse or continuous-wave systems may be 
used at these frequencies, although the pulse systems will require larger 
and more expensive antenna structures. If reliable ranges greater than 
about 1500 miles are needed, continuous-wave systems operating at very 
low frequencies must be used. The alternative is to use pulse systems 
with very long pulses and relatively low accuracy. 

All of these considerations lead to the conclusion that there are, 
theoretically, two infinite families of hyperbolic navigation systems, the 
pulsed and the continuous-wave methods, and that for each method the 
choice of frequency establishes the desired compromise between range and 
accuracy. Continuous-wave systems have inherently greater precision 
but are so ambiguous that they are of interest only at the low-frequency 
end of the spectnim. Pulse systems, on the other hand, may be useful 
at any radio frequencies except the very lowest, but they suffer from 
limited range at higher frequencies, from sky-wave interference and 
ambiguity at middle frequencies, and from limited accuracy at the low 
frequencies. 

Nevertheless, the choice among the many possibilities is easy. In a 
permanent navigation system, the ambiguities inherent in the continuous-
wave method and in pulse methods in the high-frequency range are 
intolerable. Therefore, the choice lies between low-frequency and uhf 
pulse methods. Of these, the uhf method is unsatisfactory because of 
its very short ranges at the surface of the earth. A secondary factor of 
marked economic importance is the far greater number of high-frequency 
stations required to cover a given area. A low-frequency Loran system, 
on the other hand, should give fixes to within 5 miles or so over tremen
dous areas and errors well under a mile in certain areas. For most 
purposes this accuracy is sufficient. If much greater accuracy is required 
there are two alternatives whose relative merits need to be investigated: 
cycle matching in LF Loran, and local-approach uhf chains supplement
ing a low-frequency general navigation system and receivable with the 
same equipment. 

2-16. Automatic Data Analysis.—Anyone familiar with Gee or Loran 
equipment can readily see that it would not be difficult to perform all of 
the set manipulations automatically. There is no insuperable technical 
problem in producing a receiver which will automatically present, for 
example, the Loran readings on two lines of position on a pair of dial 
counters. During the war, however, completely automatic receivers 
were not needed, but when hyperbolic navigation is applied to commercial 
transportation a position-determining set that operates continuously will 
be desirable. Like the chronometer in the chart room, it will be in con
stant use; the navigator should be able to look at it whenever he wishes to 
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know his position. There are a great many ways in which such automatic 
sets can be built. Most of them may be so complicated, however, that 
the navigator would be properly skeptical of their reliability. 

The most common suggestion for a device of this kind is to have an 
attachment to the indicator which would automatically present latitude 
and longitude directly to the observer. This is a natural but misguided 
proposal because there is little that is inherently more desirable in latitude 
and longitude than there is in Loran coordinates. The two things that a 
navigator always wants to know are the distance and direction to one or 
to several points. 

Another suggestion is to use a black box containing a number of push 
buttons and a pair of visible counter mechanisms. A navigator would 
only have to push the button marked "Bermuda," for instance—where
upon the counters would spin and stop so that he could read "distance, 
342 miles; course, 114°." Such a device, however fine a toy it might be, 
fails because the navigator should not be satisfied unless he is told his 
relation to a great many different places. Once he obtained this informa
tion, either with the black box or the latitude-longitude indicator, he 
would then have to plot his position on a chart before he could understand 
the interrelations between his position and those of all other significant 
points. 

Obviously, the only really effective automatic aid to navigation will 
plot the position of the vessel continuously. I t should leave a permanent 
track on a chart so that the navigator can see at a glance his current 
position in relation to all other points on the chart, and also can have the 
history of his voyage presented to him in graphic form. 

The desirability of such an instrument will be obvious to the sales 
managers of our larger electronic corporations. They will probably see 
to it that the necessary time is spent to develop and produce a practicable 
device. The only prerequisites are that ground stations must be in 
operation to provide the necessary coverage, and that the control of the 
ground stations must be in responsible hands. 

I t is worth while here to point out a single concept which, although 
it violates sea-going tradition, may have some influence by virtue of its 
simplicity. In any Loran indicator, there is sure to be a shaft whose 
rotation is more or less linearly proportional to the Loran reading. 
This shaft may be connected to a pen through a mechanism such that the 
lateral position of the pen also bears a linear relation to the Loran read
ing. A second shaft from the same, or a second, indicator may be con
nected so that a rotation of that shaft in accordance with a second Loran 
reading produces a linear motion of the pen at an angle to the first motion. 
With this arrangement, any pair of Loran readings which defines a point 
on the surface of the earth also defines a position of the penpoint on a 
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plane. A sheet of paper over which the pen moves is therefore a chart 
drawn in Loran coordinates. 

This simple system has one defect. I t considers that all Loran lines in 
any family are straight and parallel, and also that the angles of intersec
tion between the lines of any two families are constant all over the chart. 

43°00 N- - -

42 "30 

1-3200 

1-3300 

42 o 00 

41° 30 

41° 00 

1-3500 

F I G . 215—Loran plotting-board chart with Loran projection. The map is drawn 
assuming that Loran position lines are straight and parallel. This example exhibits the 
worst possible distortion since the area shown includes a Loran station. 

These limitations, however, may not be too severe, especially in an area 
at some distance from the ground stations. The angle between the two 
directions of motion of the pen may be set at the mean value of the cross
ing angle of the Loran lines in the area. Likewise, the rates of motion in 
the two directions may be set to be proportional to the relative separa
tions of the lines in each family. 

This plotting-board concept has the immense advantage of mechani-
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cal and electrical simplicity. In many cases, if the area on a chart is not 
too great and if the ground stations themselves are not in the charted 
area, the distortions encountered in drawing such a chart in Loran coordi
nates are no greater than those involved in many other projections. 

Experiments were conducted with SS Loran using a plotting board of 
this sort. An ordinary Lambert chart was used to cover an area whose 
side was 150 miles, about a sixth of the length of the base lines, and 
the Loran lines were sufficiently straight and uniform to ensure that the 
errors due to the assumptions mentioned above were no larger than the 
errors inherent in SS Loran. The presentation described in the last 
paragraph was also tried and flown for standard Loran, with good results. 
A section of the Loran projection so used is given in Fig. 2-15. 

2-16. Automatic Piloting.—Mentally it is only a very short step, and 
mechanically not a long one, from automatic presentation of position on 
a map to connecting the map and the rudder of a vessel so that a pre
determined track may be followed automatically. The means are easy 
to visualize and are already at hand. Only incentive and time are 
required; here, again, commercial enterprise may be relied upon to bring 
a family of such devices into being. 

One variant from past experience with direction-finding must be 
pointed out. When a direction-finding system is used, any change of 
course is immediately indicated and measured so that a correction may 
be made instantaneously if the change is accidental. When a hyperbolic 
system is used, however, a change of course does not lead to any change of 
indication until after the new course has been held for some finite time. 
That is, the hyperbolic system gives an indication of position, not of 
direction, and the indication does not depend at all upon the attitude of 
the vehicle. This is an important and valuable point. I t makes naviga
tion independent of currents in sea or air because, to reiterate, all courses 
and speeds directly derived from hyperbolic systems are ground courses 
and ground speeds. 

A simple right-left indicator to show a pilot whether he is to the right 
or left of the Loran line he wishes to follow, or even how far to the right or 
left, will not be very successful in helping him follow the line because 
there is no appreciable relation between the indications on the meter and 
the course that the pilot should follow. Thus, if the meter shows him to 
be to the left of his desired track, he tends to turn more and more to the 
right, until he crosses the line at a large angle, and has to repeat the process 
in reverse. The net result is a zigzag track which, although it passes 
nearly over the objective, wastes large quantities of time, fuel, and the 
pilot's energy on the way. 

Theoretically, this difficulty could be removed if the pilot would study 
the behavior of the right-left meter in enough detail to understand both 
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the degree of his displacement from the line and his rate of progress 
toward or away from it. With a knowledge of both these factors, he 
could return to the desired track by a gentle change of course and could 
stay on it with only small excursions. The pilot is, however, too occupied 
with the business of piloting to enter into such a study, so it is necessary 
to advance the equipment another stage and present to him both his 
rate of approach and the distance from the line he wishes to follow. He 
may be shown, for example, two meter readings, as is now done in Shoran 
(Sec. 7-13). One of these might tell him that he is 1000 ft to the left of 
the line, and the other that he is approaching the line at 50 ft/sec. It is 
clear immediately that, if he continues on the same course he has been 
holding, he will reach the line in 20 sec and that, if he wishes to come 
smoothly onto the line, he should begin to change course to the left. 
This conclusion is, of course, the opposite of that derived from the simple 
right-left indicator and shows clearly the defect in that presentation. 

Within certain limits, it is possible to combine automatically the 
factors of displacement and rate of change of displacement. The pilot, 
therefore, would not need the two meters mentioned in the preceding 
paragraph, but could use a single indicator calibrated in terms of the 
appropriate course correction, such as " two degrees to the left." The 
only defect in this instrument would be a time constant dependent upon 
the time required to analyze the rate of approach to the track, requiring 
the pilot to learn not to make a second correction too soon after the first. 

This difficulty would vanish if the meter indication, instead of being 
presented to a human pilot, were connected to a gyro-controlled automatic 
pilot. In that case the linkage to the automatic pilot could easily be 
given the appropriate time constant to prevent overcorrection. 

The design suggested above is the simple and natural way to build a 
device that will automatically follow a Loran line. This is worth 
while because there is always a line passing through any target in a 
Loran service area, but it falls far short of the really desirable solution. 
The most important requisite of automatic equipment, like the human 
pilot-navigator combination, is the ability to proceed by a simple and 
reasonably direct course from wherever the vessel happens to be to wher
ever it should go. 

This ability can stem only from simultaneous examination of two 
families of hyperbolas. There are many ways to make this examination, 
just as there are many ways to make a plotting board. One of them is so 
very simple that it should be mentioned here.' 

Assume a Loran receiver capable of following automatically two Loran 
readings in two families of hyperbolic lines. The shaft rotation corres
ponding to either of these readings could be connected through the 
displacement-and-rate device mentioned above to the rudder of the vessel. 
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Any desired Loran line in the corresponding family could then automat
ically be followed. A Loran line passing through the initial position of 
the vessel, for instance, could be followed until it intersected a line passing 
through the objective, after which instant the second line could be 

F I G . 2*16.—Two examples of the Lorhumb line, or curve, which intersects two families 
of Loran hyperbolas at a constant ratio. These lines can be followed automatically by 
the use of relatively simple equipment. 

followed. Although this would produce the desired end result, it might 
be by a very indirect route indeed. 

A much more direct path would be one cutting across both families of 
lines in such a way that the rates of change of the two Loran readings 
would constantly bear the same ratio to each other as the total change 
between initial and fina,! readings. Along such a path, if the changes in 
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one Loran reading were followed automatically while the time difference 
for the second set of lines was constrained to vary in the designated ratio 
to the variation in the first reading, then the second pair of pulses, once 
set to coincidence, would remain so. The steering mechanism might be 
so controlled by the second pair of pulses that it would maintain the 
coincidence, thus directing the vessel along the chosen path. 

For example, if the readings were 3500 at the initial point and 2700 a t 
the objective on the first Loran pair, and 1400 and 1800 on the second 
pair, the linkage between the indications would be set at — £. The 
vessel would then follow such a track that it would successively pass 
through points whose Loran coordinates were (3400, 1450) (3300, 1500) 
. . . (2800, 1750) to the objective at (2700, 1800). The track would 
be almost direct unless it passed very near one of the transmitting sta
tions. In fact, the track would differ from a great circle only in propor
tion as the Loran lines differed from being straight and parallel. 

Figure 2-16 shows two lines of this sort drawn upon a Loran chart of 
part of India. The great circle from Calcutta to Benares is shown as a 
dashed line while the proposed curve, or "Lorhumb line," which crosses 
the East-West lines at two-thirds the rate that it crosses the North-South 
lines, is shown as a solid line. For the great-circle track, the shortest 
distance is 387 miles. The Lorhumb line is 1.9 miles, or 0.5 per cent, 
longer. 

A second Lorhumb line is drawn between Benares and point Q which 
is about halfway from Benares to Chabua, off to the right of the map in 
Fig. 2-16. Here the geometry of the Loran lines is less favorable so that 
the proposed course is 7.0 miles, or 2.0 per cent, longer than the great-
circle distance of 358 miles. If an attempt were made to span the dis
tance from Benares to Chabua with a single Lorhumb line, the excess 
distance would be about 30 miles, or 4 per cent, of the total distance. 

This sort of path has been called the "Lorhumb line " because it is the 
exact parallel, in hyperbolic navigation, of the rhumb line in Mercator 
sailing. Various Lorhumb lines might be connected by the navigator to 
form an approximate great circle or any other desired path. Devices 
utilizing this principle will probably be adequate for all navigational 
purposes (as distinguished from problems of pilotage) and will presumably 
be simpler than others which, through more complete analysis of the exact 
forms of the hyperbolic lines, could follow slightly more direct paths. 
The advantages of the design are so obvious that devices that embody 
this principle may be expected to be ready for experimental operation as 
soon as engineering talent is available. 
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CHARACTERISTICS OF AIRBORNE RADAR 

B Y D. L. HAGLER, C. F. J. OVERHAGE, J. H. BUCK, J. J. HIBBERT, 
G. A. GARRETT, H. FAHNESTOCK, JR. , AND T. H. WATERMAN 

INTRODUCTION 

The purpose of this chapter is twofold—first, to present to the reader 
a picture of what an observer sees on his airborne radar indicator; and 
second, to show how this information may be interpreted and used as an 
aid to navigation and pilotage. 

The most elementary method of air navigation consists of flying from 
landmark to landmark with little or no reference to instruments of any 
kind. This is usually supplemented by some form of dead reckoning to 
overcome poor visibility. The radar equipment, essentially, enables one 
to fly a similar reference-point course at night or through overcast and to 
use reference points at a much greater distance than is possible visually. 

The scale of usable reference points in radar, of course, is different. 
Visually, roads, railroads, villages, parks, lakes, and rivers, usually within 
a 10-mile radius, are most useful for reference. On the radar indicator 
only towns, cities, larger lakes, and rivers are visible in recognizable 
forms; they can, however, be identified 20 to 50 miles away. When the 
reference points are not easy to identify individually, the pilot may find 
his position by using a map with his radar indicator to identify a com
bination of reference points. 

In visual pilotage, the distance to an object and its angular position 
with respect to the airplane must be estimated. This is relatively easy 
to do at low altitudes, but at high altitudes, distances are extremely hard 
to judge, even on a clear day. With radar pilotage, guesswork is elimi
nated because range marks and an azimuth scale giving adequate accu
racies can be superimposed on the picture. 

3-1. Features Revealed by Radar Mapping.1—When presented on a 
PPI, the basic range, azimuth, and signal strength information obtained 
by radar form a radar map of the territory over which the airplane is 
flying. This map, which displays the relative amount of energy reflected 
back to the antenna by the individual elements of the surrounding 
terrain, has a direct resemblance to its topographical characteristics. 

1 Sections 31 and 3-2 by D. L. Hagler and C. F. J. Overhage. 
89 
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The correlation between the radar presentation and the actual terrain 
varies with the characteristics of the radar system, the altitude of the 
airplane, the type of terrain, and, in most cases, the direction from which 
it is viewed. The interpretation of the presentation is quite simple in 
some cases, but in others it requires a certain amount of experience and 
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Fia. 3-1.—Comparison of long-range PPI presentation of northeastern United States 
■with a map. Range circles at 50 and 100 nautical miles. Photograph taken near Boston, 
Mass., from 20,000 Jt. 

knowledge of radar principles—including an understanding of the various 
distortions and limitations of the PPI . This section describes the appear
ance of various terrains on an indicator of this type. 

Land-water Boundaries.—The most striking and most readily identi
fied terrestrial feature is the boundary between land and water. The 
smooth surface of water tends to reflect energy away from the radar 
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antenna, but the rough character of land causes energy to be scattered in 
all directions, including that from which it originated. Part of it, thus, 
returns to the radar antenna. In consequence, land areas appear bright 
on the PPI and the water remains dark. Figure 3-1 is a photograph of a 
PPI display of the New England coast from New York to Maine. Little 
imagination is required to correlate this display with the map of that area. 
Certain distortions are present in the display, however, and these become 
important for terrain that is not distinctive or when detailed features 
must be revealed. 

As an example of the distortion associated with resolving power, a 
small body of water, such as a small river, might be obliterated on the 
PPI by the overlapping of signals from the land surrounding it. Many 
land or water areas seem to change shape when they are viewed from 
different directions, and often narrow water areas such as rivers, that can 
be resolved when viewed from the side, do not show up on the PPI when 
viewed lengthwise. These distortions are illustrated in Fig. 3-2, which 
shows two photographs of the PPI presentation of a pier and breakwater 
in Lake Michigan at East Chicago, Ind. Since the tangential distance 
corresponding to a given azimuth resolution increases with range, many 
objects which cannot be resolved at 20,000 ft or more can be separated at 
altitudes of 5000 ft or less. 

General Features of Cities.—An airborne radar system adjusted to 
display land-water boundaries as effectively as possible usually presents 
saturated signals from all land areas within a given range. These areas 
appear on the indicator as regions of uniform brightness. If the receiver 
gain of such a system is gradually decreased, the display corresponding to 
land areas becomes less uniform. Built-up areas are particularly effec
tive in redirecting radiation toward its source; with proper gain adjust
ment, such areas can easily be distinguished from the surrounding 
countryside. This feature is the key to the use of radar in overland 
navigation. 

The characteristic properties of signals from built-up regions are 
discussed qualitatively in this section and illustrated by photographs 
of radar displays obtained in flight tests. The points under discussion 
can best be demonstrated with systems of high resolving power, and the 
illustrations have been chosen predominantly from the results of experi
mental 1.25-cm system flights at low and intermediate altitudes. With 
systems of lower resolving power, and at high altitudes, the features 
presented in these photographs become less distinct but retain consider
able navigational value. Engineering and economic considerations, 
however, may often make it impractical to insist on the quality of the 
performance illustrated by these photographs. 

At very long ranges, the radiation is incident at a grazing angle, and 
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the vertical surfaces of built-up regions reflect much more strongly in the 
direction of the aircraft than do the surrounding elements of flat country. 
Large cities can, therefore, be seen as strong signals at ranges where the 
general ground return is no longer distinguishable above receiver noise. 

At shorter ranges the presence of many vertical surfaces in built-up 
areas, and the combinations of such surfaces into retrodirective corner 

F I G . 3-3.—Identification of position by a group of signals. Small towns near Worcester, 
Mass., from 7000 ft. Sweep length, 24 nautical miles; 0.8° beamwidth; J-^sec pulse. 

reflectors, result also in increased reflection of energy relative to the 
adjacent open country. When the indicator sweeps are adjusted to these 
shorter ranges, the region containing many surfaces of this type will 
occupy a finite area on the scope, and this area will have a characteristic 
shape corresponding roughly to the extent of the densely settled area of 
the city in question. 

The observer thus has two valuable means of identifying his position 
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in overland navigation. In the first place, the bright signals correspond
ing to various towns form a definite pattern by their positions relative to 
each other; this "constellation" can be identified by comparison with a 
map, especially if the map has been prepared for this purpose by deleting 
other information. In the second place, the shape of the mass of bright 

F I G . 3-4.—Identification of position by the shape of built-up areas. Hartford, Conn., 
and Springfield, Mass., from 7000 ft. Sweep length, 20 nautical miles; 0.8° beamwidth; 
1-jtsec pulse. 

returns from an individual town may be characteristic of only one par
ticular town in that general region. 

These characteristics of overland signals are illustrated in Figs. 3-3 
and 3-4. The first of these shows a number of small towns in the vicinity 
of Worcester, Mass. A characteristic constellation of five bright signals 
is apparent near the top of the photograph. The signal nearest the 
aircraft is from a mountain and is readily identified by the characteristic 
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shadow extending away from the center toward the top of the picture. 
The remaining four signals represent the towns of Gardner, Fitchburg, 
Leominster, and Ayer (including Ft. Devens). 

Figure 3-4 shows two cities, Springfield, Mass., and Hartford, Conn., 
which can be identified by their characteristic shapes. In this photo-
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F I G . 3-5.—Detail observed in built-up area with a high-resolution radar. Boston outer 
harbor from 8000 ft. Sweep length, 10 nautical miles 0.8° beamwidth; }-yisec pulse. 

graph the clear indication of the Connecticut River contributes to easy 
recognition. 

In identifying built-up areas from the shape of the bright radar 
returns, two important factors must constantly be borne in mind to 
prevent misinterpretation. First is the dependence of signal strength 
upon range. The built-up regions nearest the aircraft will often be 
brighter than those farther away. In viewing a city from a distance of 
5 to 10 miles, for instance, the nearer suburbs will be more conspicuous 
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than those farther away. The operator must learn to overcome a tend
ency to locate the center of a city too close to the airplane when he ifl 
estimating its location from shape interpretation. The second difficulty 
arises from the unstable nature of the individual radar responses that 
constitute the pattern. These exhibit considerable variation as the 
aircraft moves along its path; small variations in aspect angle can cause 
very large fluctuations in signal strength. This simply means that the 

F I G . 3-6.—Detail observed in built-up areas with a conventional antenna beamwidth of 3°. 

appearance of structures and built-up areas varies with time as well as 
with the direction of approach. Although experience greatly reduces 
errors in observation arising from these causes, it is essential that charts 
and other briefing aids be prepared for the particular conditions of 
approach and aspect under which the area is to be recognized. 

3-2. Details in Radar Mapping. Built-up Areas.—In almost all 
built -up regions, additional information of considerable value is contained 
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in the detailed variations of brightness which become apparent at close 
range. Many cities contain important and characteristic water areas. 
In Fig. 3-5, the bright region at the upper left represents the densely 
built-up area of Boston, Mass. The characteristic shape of the Charles 
River basin with its two traffic bridges provides unmistakable identi-

Fio. 37.—Increased detail is evident from a lower altitude. Boston, Mass., from 4000 ft. 
Sweep length, 5 nautical miles; 0.8° beamwidth; }-/isec pulse. 

fication. A smaller dark patch, slightly closer to the center, represents 
the Boston Common; various watercourses, together with the shoreline, 
provide easy landmarks for the identification of various parts of the city. 
A similar photograph obtained with a conventional 3-cm radar having an 
antenna beamwidth of 3° is shown in Fig. 3-6. Figure 3-7 shows the 
increased detail which becomes visible at close range. Figure 3-8 shows 
a portion of New York City in which immediate identification is possible 
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by reference to the Hackensack, Hudson, Harlem, and East rivers, 
together with Central Park and the bridges. 

In cities that have fewer characteristic water patterns or large parks 
it is sometimes possible to discern a few prominent features of the street 
pattern. A complete presentation of the street pattern would, of course, 
be ideal for identification, Radar equipment now in use, however, does 

F I G . 3-8.—Rivers, parks, and bridges characterize the radar map of New York City. 
Sweep length, 6 nautical miles; 0.8° beamwidth; J-jusec pulse; altitude, 8000 ft. 

not have the resolution in either azimuth or range to make this possible. 
Hence it is only at very low altitudes and very short ranges that major 
thoroughfares can be seen as dark lines in the bright mass of city returns. 
Figure 3-9 shows a dark trace corresponding to Commonwealth Avenue 
in Boston, Mass.; this photograph was obtained with an experimental 
high-resolution system at an altitude of only 2000 ft. 

The concentration of large buildings along major streets and the 



SEC. 3-2] DETAILS IN RADAR MAPPING 99 

presence of elevated railways or overhead trolley systems often result in 
a concentration of particularly bright signals along such streets, however. 
The street patterns of Chicago, 111., and Detroit, Mich., which are par
tially visible in Figs. 310a and 3-10b, are of this type. Some caution is 
necessary in the interpretations of such displays; bright radial lines are 
occasionally caused by directionally selective reflection from a mass of 
buildings with parallel surfaces. Such lines appear to move along with 
the aircraft, and can thus be distinguished from streets, which are stable 
with respect to other signals. 

FIG. 3-9.—Street patterns are sometimes evident at very low altitudes. Charles River 
Basin, Boston, Mass., from 2000 ft. Sweep length, 3 nautical miles; 0.8° beamwidtb; 
j-jusec pulse. 

The receiver-gain adjustment required for the best presentation of 
these bright overland signals is different from that required for the best 
presentation of land-water boundaries. Experienced operators, there
fore, continually vary the receiver gain in order to produce the best 
contrast for each topographic detail that aids identification. This 
process calls for mental integration of successive presentations; it is much 
simplified by automatically and rapidly switching the receiver gain back 
and forth from the best condition for land-water contrast to that best for 
overland contrast. Simultaneous display of both types of presentation 
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can be achieved by "three-tone" receiver construction, which is discussed 
in Sec. 5-1. 

The amount of detail visible in radar presentations of built-up areas 
increases enormously as the resolving power of radar systems is improved. 
The obvious value of such detail in identifying targets for bombardment 
has been a strong incentive to the development of high-resolution radar 

F I G . 3-11.—Runways at Army airfield, Bedford, Mass., from 2000 ft. Sweep length, 
4 nautical miles; 0.8° beamwidth; J-^sec pulse. 

systems. The reduction of azimuth beamwidth to values below 1° has 
necessitated the use, even at 1.25 cm, of larger radar antennas (a 34-in. 
reflector for 1°) than may be tolerated in commercial transport practice. 
On the other hand, extreme resolution of detail is much less important 
for navigational purposes, and the more compact AN/APS-10 system, 
described in Sec. 6-3, appears to meet all the essential requirements of 
overland navigation by radar. 

E. G. & G. LIBRARY 
LAS VEGAS BRANCH 
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Returns from Highways and Runways.—The paved surfaces of airport 
runways usually scatter less energy than the surrounding ground, espe
cially if it is rough or grass-covered. Paved surfaces large enough to be 
resolved, like water areas, appear dark on the PPI . The contrast in 
signal strength, however, is not so great as that for land-water boundaries. 
For that reason, the contrasting signals are more easily lost on the PPI by 
improper receiver-gain adjustment. Observations of airport runways 

F I G . 3-12.—Highway displayed on an off-center PPI , 0.8° beamwidth, i-^sec pulse. 

on a PPI have been made at distances up to 10 miles. Figure 3-11 shows 
the runways of the Bedford Airport near Boston, Mass. 

Highway pavement is generally too narrow to be resolved by a con
ventional radar system, although wide, four-lane, super-highways have 
been observed as dark lines on the PPI 's of high-resolution radar sets, as 
shown in Fig. 3-12. When this happens, however, it is probable that 
detection is aided by the cleared right-of-way on either side of the pave
ment. Narrower roads are usually bounded by telephone wires, fences, 
embankments, trees, billboards, and small buildings and reflections from 
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these objects add up to produce a bright line on the PPI , corresponding to 
the route of the highway. In most cases, therefore, highways can be 
identified. 

For the same reason, railroads often appear as bright lines on a PPI . 
The four-track electrified main line of the Pennsylvania Railroad between 
New York and Philadelphia produces a strong signal. I t is possible to 

F I G . 3-13.—Southern California mountains from 13,000 ft with a 3-cm production radar. 
The range circles indicate 5-mile intervals. 

identify single-track railroads across swamps, but not those traversing 
wooded country. 

Mountain Relief.—Mountains are indicated chiefly by dark areas or 
shadows. The far slopes, not illuminated by the radar beam, appear 
dark. With proper adjustment of the receiver gain, the near slopes of 
mountains appear brighter than level ground. The net effect of the 
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somewhat brighter signal from the near slopes and absence of signal from 
the far slopes is a presentation resembling a relief map. A photograph 
of the PPI display of a mountainous region in southern California is shown 
in Fig. 313 . 

Obviously, the shapes of the bright and dark areas caused by moun
tainous terrain vary greatly with the angle of incidence of the radar beam, 

F I G . 3*14.—Presentation of storm clouds in Boston Harbor, Mass., on a 3-cm radar. Pulse 
length i-^sec, beamwidth 5°. 

which is a function of the position and altitude of the airplane; conse
quently, identification of a particular mountain in an extensive range is 
difficult. However, the 15th Army Air Force, which was based in Italy 
in 1944 and 1945, did use this sort of display as an aid to navigation 
through passes in the Alps. Isolated mountains in flat country are easily 
identified and provide useful landmarks for air navigation. 

Storm Detection.—The problems of atmospheric scattering of micro
wave energy by rainfall were discussed in a general way in Sec. 1-5. 
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Signals from storms have been observed on airborne radar sets at ranges 
as great as 50 miles. They differ from those of most other objects because 
they have less distinct boundaries, usually change in shape and size, and 
persist even when the antenna is tilted upward and the ground signals 
disappear. Figure 3-14 shows a storm area on a PPI display of Boston 
harbor. The characteristic appearance of the storm may be compared 
with the sharp boundary between land and water. Note that the radar 
return from the central portion of the storm area is strong enough to 
obscure the return from ships that might be located on the ocean below. 

3-3. The Operator.1—The two previous sections described the infor
mation that can be obtained by observation of the PPI of an airborne 
radar. In this section the necessary qualifications of the radar operator 
are discussed. 

I t is easy to operate an airborne radar set and to obtain signals on the 
PPI , but it is difficult both to operate the equipment intelligently and to 
interpret the picture correctly. The operator must be trained to look at 
the PPI as we ordinarily look at a photograph. I t is equivalent to ana
lyzing an X-ray in which bright blobs must be recognized as towns and 
cities, dark spots as lakes or mountain shadows. This interpretive ability 
comes only with training and practice. 

A poorly trained operator gets land-water contrast but no detail of the 
land even with a high-resolution set. At least 25 to 50 hours of actual 
operating experience are required to learn the proper technique to make 
railroads, buildings, etc. stand out clearly. Only then can the operator 
properly and completely interpret his oscilloscope picture. 

Not all of the required training need be done in the air. In fact, 
better initial training can be done on a supersonic trainer on the ground, 
away from the noise and complications of flying. Like the Link trainer, 
the supersonic radar trainer gives the operator the fundamental ideas of 
radar operation, teaches him the initial knob twisting, and enables him 
to practice measurements of ground speed and drift at any time. Teach
ing is infinitely easier on a ground trainer than in an airplane because the 
operator's errors and progress can be checked directly. 

3-4. Measurement of Drift and Ground Speed.2 Conventional 
Methods.—Navigation of an airplane can be compared with the problem 
of determining the angle at which a canoe should be headed upstream so 
that it will travel in a straight line to a point directly across the river. 
This angle is a function of the speed of the canoe and of the river current. 
The velocity of the current is exactly analogous to the velocity of the air 
mass (that is, the wind) through which the airplane flies. We may speak 
of the airplane heading as the direction in which it is pointing—the 

1 By J. H. Buck. 
• By J. J. Hibbert. 
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direction of flight with respect to the air-mass—while the angle between 
the airplane heading and the actual path over the ground (ground track) 
is called the drift angle. This is illustrated in Fig. 3-15. 

The problem of flying a specified ground track is one of determining 
the velocity and direction of the wind in which the airplane is moving. 
This requires a knowledge of the movement of the airplane with respect to 
objects on the surface of the earth. Such information may be obtained 
by several consecutive determinations of the position of the airplane by 
either pilotage, radio direction-finding, or celestial navigation so that the 
ground track can be drawn and compared with the air track. I t may also 
be determined by observing the motion of objects on the ground through 
a visual drift indicator. In this latter case, the drift angle is measured 
directly. By making two determinations of the drift angle with the 
aircraft on two different headings, both the magnitude and direction of 
the wind can be evaluated. The work is greatly simplified by the use of 

a navigational computer such as 
I direction the E6B computer of the Army 
' Air Forces. From the wind infor

mation placed on the E6B the 
ground speed and drift angle at 
any other heading or air speed 

>. can be computed. 
Drift Determination Tjsing 

Radar Systems.—There are three 
FIG. 3-15—Illustration of terms commonly g e n e r a l m e t h o d s b y which r a d a r 

used in air navigation. ° 
mapping systems may be used to 

measure drift angles. They are the radar fix, the cursor, and the pulse 
doppler methods. An extension of the last could be used to provide a 
direct-reading ground-speed meter. 

Radar Fix Method.—This method establishes two or more consecutive 
positions of the airplane so that the ground track can be drawn. It is 
analogous to visual pilotage. Its disadvantage is the length of time 
required to make the wind determination, particularly because the air
plane heading and speed must be kept constant during the measurement. 

Cursor Method.—When this method is used, a transparent disk 
engraved with a radial cursor line and with a series of evenly spaced lines 
parallel to it is mounted over the face of the PPI . This disk can be 
rotated concentrically in front of the indicator tube. A degree scale is 
mounted on the rim in such a way that the angular position of the cursor 
line can be measured. In addition, a so-called "lubber line" appears on 
the PPI presentation. This is a bright line on the face of the tube which 
appears whenever the antenna is pointed along the longitudinal axis of 
the airplane and indicates its heading. 



SEC. 3-4] MEASUREMENT OF DRIFT AND GROUND SPEED 107 

In operation the cursor line is adjusted so that radar signals appear to 
move parallel to the cursor, in a way very similar to that employed by the 
optical drift sight. When this adjustment has been made, the cursor line 
is in the direction of the ground track of the airplane, and the angle 
between the cursor and the lubber line is the drift angle of the airplane for 
that particular heading. Furthermore, by measuring the speed with 
which the radar targets move down the cursor line, or along the lines 
parallel to it, the ground speed of the airplane can be determined. 

This is a fairly satisfactory method of using the radar system for 
navigation, except over water where the absence of identifiable signals 
makes its use impossible. Its disadvantages are: (1) the difficulty in 
setting the cursor line parallel to the apparent motion of the radar echoes 
because of uncertainties resulting from changes in range and aspect of a 
signal; (2) the parallax present because of the separation of the PPI and 
the mechanical cursor line (this can be eliminated by using an electronic 
cursor or by using the optical arrangement shown in Sec. 5-2); (3) the 
difficulty of centering the cursor accurately over the PPI presentation; 
and (4) the length of time required for an error in the setting of the 
cursor to be perceived. 

Doppler Drift Determination.—The doppler frequency shift of radar 
echoes may be used for rapid determination of the ground track of the 
airplane. It is closely analogous to the increase in pitch that is com
monly observed from the whistle of an approaching locomotive. 

In the case of radar waves transmitted from a moving airplane, the 
signals are transmitted by a moving source and reflected back to the 
aircraft which is then a moving observer. Here the velocity of the source 
in the direction of the observer is the component of the ground speed of 
the airplane in the direction of the reflecting surface which is fixed on the 
ground. This velocity is a maximum along the ground track of the air
plane and is then equal to the speed of the airplane. 

I t can be shown that the frequency received from any point reflector 
is given by the following relationship,' 

/ , « / « + 2 ^ = / , ( l + 2 ^ c o s « ) (1) 

where 

fr = received frequency, 
/i = transmitted frequency, 
Xi = wavelength of the transmitted signal as measured in the airplane, 
vg = airplane ground speed, 

1 For a derivation of this relationship consult any standard textbook on physical 
optics. The factor of 2 appears because both the transmitter and the receiver are 
moving with respect to the target. 
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8 = angle between the ground track and the direction in which the 
antenna is pointed, 

c = velocity of light. 

(Note: This formula assumes that the reflector is far enough removed 
from the airplane so that its slant range is approximately equal to its 

. 2vg cos 8 
ground range.) The second term of the expression, ;- represents 

the change in frequency of the received signal as compared with that 
transmitted. The airplane catches up with signals sent out ahead of it 
(8 = 0, cos 9 = 1) with a resulting increase in frequency, and is going 
away from signals sent to the rear (8 = 180°, cos 8 = — 1) with a result
ing decrease in frequency. However, signals sent directly to the side 
(0 = + 90°, cos 9 = 0 ) experience no frequency change because instan
taneously the airplane moves parallel to the reflecting surface and the 
relative radial velocity between source and observer is zero. 

The above idealized conception must be modified by two considera
tions in actual radar installations. First, the radar beam has a finite 
width which is commonly between 1° and 10s. Second, the transmitted 
pulse has a finite duration. Because of these two properties, the signal 
received at any given place on the indicator screen will be composed of 
echoes returned from an area or collection of "point reflectors" (small 
targets) rather than from the single point reflector previously considered. 
Because the relative velocity of each of these points with respect to the 
airplane differs (that is, the value of 8 in Eq. (1) differs for each point) 
the frequency of the signal returned from each point reflector is different. 
The composite radar signal returned to the airplane will, therefore contain 
a number of frequencies, each differing slightly from the transmitted 
frequency. When a signal containing a number of frequencies is applied 
to the radar receiver, its output will contain frequency components equal 
to the differences in frequency between each input component and every 
other input component—the so-called difference beat frequencies. The 
output signal corresponding to this block of signals will vary in intensity 
at this rate. If the difference beat frequencies are low enough (less than 
about 20 cps) this variation in intensity will be discernible to the human 
eye. For frequencies greater than 20 cps it appears simply as a blur. 

When the radar beam is pointed directly along the ground track, the 
frequencies from points at equal distances on either side of the center of 
the beam are the same because the value of cos 8 is the same whether 8 is 
positive or negative. Moreover, for small values of 6, the value of cos 8 
is very nearly that for 8 equal to zero. In other words, there is very 
little difference in the relative velocities of various objects in the beam 
with respect to the aircraft. Therefore, the beat notes will be most nearly 
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equal to zero and will be discernible to the eye on the PPI . When the 
beam is pointed away from the ground track, the frequencies of echoes 
received from objects on either side of the center of the beam differ by an 
increasing amount. The beat note then increases rapidly as the angle 
between the ground track and the center of the radar beam is increased 
and it will be a maximum for 6 equal to 90°. It should be noted that the 
observed beat frequency is greatest when the doppler shift itself is least, 
and vice versa. 

By turning the antenna slowly, it is possible to find the direction of 
the beam for which the beat frequency is a minimum. From our previous 
argument we learned that this direction is along the ground track of the 
airplane. 

From the foregoing discussion it can be seen that for this method of 
determining drift, the radar must be equipped with a control mechanism 
that will permit the operator to adjust the position of the antenna easily 
and smoothly. In addition, some indication of the position of the ground 
track should appear on the PPI when the ordinary mapping function is 
resumed. This has been done in military installations by the use of the 
circuits in the servomechanism for the dual purpose of controlling the 
position of the antenna and of providing a bright line on the PPI that 
indicates the ground track as determined on a particular heading of the 
aircraft. As the drift angle changes with time or aircraft heading, a new 
determination of the ground track must be made. For convenience, the 
azimuth control of the antenna may be calibrated to read the drift angle 
directly in degrees right or left. 

For ease in observing the doppler beat-frequency, a PPI should be 
viewed through a blue optical filter which permits observation of signals 
whose intensity is changing rapidly. This is in contrast with the use of 
an orange filter when it is desired to view the persistent echoes. How
ever, pulse doppler phenomena are most easily observed on an A-scope 
and it is recommended that radar systems using this technique be so 
equipped. 

For a system with a frequency of 10,000 Mc/sec and a beamwidth of 
3°, a determination of the drift angle by the pulse doppler method can be 
made in about 30 sec. The drift angle determined in this way when 
flying over ordinary terrain is within ±0.5° of the actual value. If the 
air is rough—as it may easily be over mountainous terrain—so that the 
instantaneous ground track of the airplane is changing rapidly, it is 
desirable to take a series of readings and average the results. In this case, 
the error of the determination may be increased to about + 1°. 

Two disadvantages of the method outlined above are the requirement 
that the scanning be stopped so that the beam can explore the region on 
both sides of the ground track, and the necessity of redetermining thia 
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track wherever a major change in the airplane heading is made. An 
ideal system would have an instantaneous direct indication of the ground 
track of the airplane at all times. The fact that several unsuccessful 
attempts to perform this function have been made emphasizes both its 
difficulty and desirability. 

Possibility of Instantaneous Ground-speed Determination by Doppler 
Method.—An examination of Eq. (1) discloses the interesting fact that the 
absolute value of the doppler frequency shift of radar waves when meas
ured along the ground track is directly proportional to the ground speed of 
the aircraft. Therefore, a direct-reading frequency meter could serve as 
a ground-speed indicator. Along the ground track (6 = 0 ) , the doppler 

2 
frequency shift becomes exactly r- «V Specifically, the doppler shift for 

a ground speed of 150 mph and a frequency of 11,780 Mc/sec (a wave
length of 2.54 cm) would be 5280 cps, whereas at 300 mph it would be 
twice this value. These frequencies are in the audible range where 
direct-reading frequency meters have been available for some time. 

Several methods of using this phenomenon to measure the ground 
speed of airplanes have been proposed. As in the case of radio altimeters, 
either continuous wave or pulsed radiation may be used; the arguments 
which have been brought forward do not conclusively favor either. 
Sufficient power must be available in order that echoes will be received 
from targets at ranges so great that the slant range and ground range are 
nearly equal, or as an alternative the antennas might be arranged to 
point down at a fixed known angle. 

The antenna system employed might be either a rotatable beam or 
two fixed antennas with one pointed to the right and the other pointed to 
the left of the longitudinal axis of the airplane. In the former, it will be 
necessary to point the antenna in the direction in which the ground speed 
is a maximum to determine the ground track and speed. In the latter, 
a vector addition of the two components of ground speed obtained from 
the two antennas will determine both ground speed and track. 

Although no completely successful system employing the doppler 
frequency shift to measure the ground speed of aircraft has yet been 
built, future development may unravel the difficulties and provide the 
airplane with the equivalent of the automobile speedometer. 

3-6. Determination of Drift and "Ground Speed" Over Water.1—The 
optical solution to the problem of drift and "ground speed" over water 
may be simple when weather does not interfere with visual sighting of 
the water surface. In daylight the optical-drift sight may be used to 
sight on wave crests or on a drift marker—an object dropped from the 
aircraft in flight which floats on the surface of the water. At night, 

1 By J. J. Hibbert and N. W. MacLean. 
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floating flares may be dropped. Information obtained in these ways is 
used in the manner described in the preceding section. Overwater sights 
give the relative air-ocean current drift, but because the ocean current is 
small, the measurement is usually regarded as one of drift relative to the 
ground. 

Just as in overland navigation, drift angle may be found from two 
fixes obtained in any convenient way. Unfortunately, in overwater . 
navigation, when the only signal available is the echo from the sea itself, j 
the pulse doppler radar technique has not yet been applied successfully. ■> 
Limited tests indicate that a radar system with a frequency of 10,000 f 
Mc/sec (3 cm) and a beamwidth of 3° gives no indication of the ground; ' 
track when flying over water. On the other hand, at 3000 Mc/sec L * 
(10 cm) with a 7° beam, a minimum beat frequency can be detected buti 1 
no change in it can be observed over an angle of 20° centered about the . 
ground track. i 

Although the reason for this apparent failure of the conventional pulse i 
doppler technique has not been established definitely, it is probably the J 

result of extraneous doppler frequency shifts caused by the motion of the r, 
waves or ripples. Each of the reflecting wave or ripple surfaces is moving i 
with its own particular velocity which must be considered in calculating i 
the doppler shift of the radar signal. Because this velocity may vary ) 
from wave to wave and over the surface of a single wave, the echo signal j 
will contain a mixture of frequencies. Even if the radar beam were > 
pointed directly along the ground track of the airplane and there were a a 

minimum frequency corresponding to the aircraft motion, this frequency •* 
might be masked by the doppler frequencies caused by the movement ■:* 
of the waves. i ".^ 

This hypothesis would also explain the failure to detect any frequency 
minimum when 10,000 Mc/sec are used, while a rough minimum can be 
detected at frequencies in the vicinity of 3000 Mc/sec. At the higher 
frequency, minor irregularities moving with random velocities on the 
wave surface are large enough to reflect a substantial amount of energy. 
Therefore, a much greater random variation in the degree of frequency 
shift would be expected. At 3000 Mc/sec, the signal is returned mainly 
from the larger waves and hence is not subject to so many perturbations. 

In spite of this somewhat discouraging prospect, experimental evi
dence is far from complete, and so it is entirely possible that for some 
other radar frequency and beamwidth a pulse doppler determination of 
ground track over water could be developed. Moreover, modified appli
cations of the doppler phenomena such as those described in Sec. 3-4 
might provide both ground-speed and drift information. 

The approximate direction of surface winds may sometimes be 
obtained by noting the appearance of sea return on the radar screen. 
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If the surface wind direction has been fairly constant for a period of a 
few hours, sea return will be most prominent in a direction upwind from 
the aircraft. 

Corner reflectors that can be dropped from the airplane (see Sec. 9-4) 
have been used over water to provide radar signals useful in determining 
drift and ground speed. The maximum range at which such reflectors 
have been of value to this problem at 3 cm is about 6 miles. This means 
that by suitable maneuvering of the aircraft, the reflector could be 
observed during about 12 miles of flight. The maximum range at which 
corner reflectors can be used decreases as the altitude of the aircraft 
increases because of the nature of the reflector radiation pattern. The 
highest altitude at which nominal ranges of 5 or 6 miles can be obtained 
using the corner reflectors now available is about 5000 ft. The maximum 
range is reduced by rough seas. 

Fixed radar beacons (Sec. 1-9) and Gee and Loran (Sees. 2-9 and 2-10) 
can be used for drift and ground-speed measurement by taking two fixes 
some distance apart and making the usual calculations. This method is 
preferable because it provides absolute fix data in addition to drift and 
ground speed. Except in the case of Loran, however, it is limited by the 
short range of the fixed stations. 

3-6. Information Available on Flights over Water.1—In overwater 
flight, the value of radar equipment may be seriously limited by the 
shortage of targets. 

Landfall.—It is evident from the discussion on landwater boundaries 
in Sec. 3-1 that landfall can be easily determined by radar. This informa
tion is extremely valuable for air navigation near a coast line or over 
regions containing islands. 

Surface Vessel Detection.—The radar returns from ships are usually 
very strong and stand out vividly as spots or short arcs on a PPI against 
the dark background of water areas. In Fig. 3-166, several ships may be 
seen along the Massachusetts coast south of Boston. They are en route 
between Boston and the Cape Cod Canal. Additional ships may be 
seen in Buzzard Bay, south of the canal. 

Even very small vessels, such as life boats, can be detected at ranges 
up to 10 miles or more. This fact is of great value in sea-rescue work. 
Collapsible corner reflectors have been added to the equipment supplied 
with the life rafts carried by ships and airplanes. These reflectors con
siderably increase the radar detection range. 

The Problem of Sea Return and Its Alleviation.—In the discussion of 
land-water boundaries in Sec. 3-1 it was stated that water areas tend to 
reflect the radar energy away from the radar antenna. This statement 
is strictly true only for a perfectly smooth water surface with no waves or 

1 By D. L. Hagler and G. A. Garrett. 
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spray. Such a surface would act as a mirror and would scatter only a 
negligible amount of energy. This condition rarely, if ever, exists in 
nature; some radar return, therefore, is to be expected from any large 
body of water. 

This sea return appears as a bright area at the center of the PPI 
display. I t tends to obscure desired signals and may even obliterate 
them, as shown in Fig. 3-16a, and thus it may be a limiting factor in the 
usefulness of a radar equipment.1 

Although the exact phenomena which cause the scattering of radar 
energy by a rough water surface are not completely understood, the 
principal factors involved have been evaluated. In general, the intensity 
is greater for heavy winds than for light winds and is greatest from the 
windward direction because the size and shape of the waves and the 
amount of spray near the surface of the water depend upon the intensity 
and direction of the wind. The maximum range at which saturated sea 
return is obtained may be twice as great upwind as downwind. The 
intensity increases with increasing angles of incidence from the hori
zontal. The intensity and maximum range at which it appears increase 
as the power output, antenna gain, and receiver gain are increased. 
Measurements made on a 3-cm set show that the maximum range of 
saturated sea return increases rapidly with altitude for the first one or 
two thousand feet, and then at a diminishing rate because of the variation 
in the angle of incidence.2 

The available information on the effect of polarization on the intensity 
of sea clutter at 3 cm and 10 cm is given in Table 3 1 . It is not very 
conclusive. 

TABLE 31.—POLARIZATION GIVING LEAST SEA RETURN FOR GRAZING INCIDENCE 
Angle between beam and the surface of the sea less than 5°. 

Wavelength, cm 

10 
3 

Rough sea 

No difference 
Horizontal 

Calm sea 

Horizontal 
Vertical 

Range and azimuth resolution are also important factors. They are 
particularly significant when it is necessary to detect the presence of small 
craft within the clutter. The sea return at any one point on the indicator 
screen comes from an area on the surface of the earth of width equal to the 
radar beam width and of length corresponding to the distance light travels 
in half the duration of the pulse. The area of the water surface is usually 

1 E. W. Cowan, "Sea-return Effects and Their Elimination in the AN/APS-6," 
RL Report No. 707, June 11, 1945. 

1 Cowan, op. cit. 
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Fia . 3-16.- -Two photographs showing the PPI (o) with a normal receiver, and (6) with a receiver having anticlutter circuits. 
being flown near Boston, Mass.; 100-mile sweep length, 3° beamwidth, 2-jisec pulse. 
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large compared with this area of resolution and therefore intercepts the 
same total amount of radar energy regardless of its size. A small ship 
or a similar object, however, occupies an area which is small compared 
to this area of resolution. Thus, if the resolution of the radar set is 
improved, the ship will intercept a larger fraction of the total radar pulse 
energy and will therefore produce a stronger radar return without a 
corresponding increase in sea return. This increase in the ratio of desired 
ship return to sea return continues, however, only so long as the radar 
beam is wider than the ship or so long as the effective pulse length is 
greater than twice the width of the ship. Also, this discussion is based 
on the assumption that changes in beamwidth and pulse length are made 
without changing the total transmitted energy per pulse. 

Several circuits have been found useful in minimizing the effect of sea 
return and are discussed in Microwave Receivers, Vol. 23, Chap. 10. 
AH circuits accomplish their purpose by lowering the amplitude of the 
sea-return signal within the receiver to a value below the saturation limit 
so that other signals superimposed upon the sea return appear on the 
indicator. No one circuit is entirely satisfactory as a remedy for sea 
return, but certain combinations give great improvement. They are 
also useful in alleviating other types of clutter. 

A striking pair of PPI photographs showing what can be accomplished 
by the use of anticlutter circuits is shown in Fig. 3-16. It is evident that 
many more ships (or possibly aircraft) can be seen and that Cape Cod is 
more clearly delineated when the anticlutter circuits are used. 

Airplane Detection over Water.—The radar returns from other aircraft 
are detected more easily against the return from the ocean than against 
the stronger returns from land objects. The sea-return problems dis
cussed in the above section apply to airplane detection as well as to the 
detection of objects on the ocean surface. This subject is discussed 
further in Sec. 4-2. 

3-7. The Use of Maps as Aids to Radar Pilotage.1—Radar navigation 
has been accomplished with the aid of only the conventional navigational 
maps. However, Air Force experience in Europe definitely proved that 
these maps were inadequate for easy navigation for two reasons: 

1. They did not give all the information needed by the operator. 
2. They provided a mass of useless, confusing information. 

As a result, special radar-pilotage maps were prepared. The initial 
maps on the scale of 1-to-l,000,000 included detailed outlines of cities 
based on PPI photographs. In addition, they showed rivers, lakes, and 
railroads. These maps proved to be of tremendous help to navigators 
until the introduction of higher resolution equipment revealed certain 

1 By H. Fahnestock, Jr. and J. H. Buck. 
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undesirable limitations. For example, greater detail was needed in the 
outline of built-up areas, and light contour shading seemed necessary. 
In many respects, a l-to-500,000 scale seems best for high-resolution 
radar, but this must be balanced, of course, by the amount of territory 
covered by any one map. 

For any well-traveled route, a great deal of the bulkiness of maps can 
be eliminated by the use of strip maps. Preferably these should be sec
tions of special radar maps cut so as to cover territory 25 to 50 miles on 
each side of the planned course. As an aid to the operator, pictures of 
the scope appearance at various positions along the course can be joined 
to the map at appropriate points. This is unnecessary if the radar map 
is well made. 

A problem of the Troop Carrier Command, TCC, for example, was to 
navigate a t night at altitudes below 1000 ft to a predetermined drop zone 
which was most often a small field. As an aid to such navigation, strip 
photographs leading from some prominent landmark to the drop zone 
were made in daytime from altitudes of 8000 to 10,000 ft. Positive 
transparencies were made from these negatives and dyed with a fluores
cent dye. When viewed with an ultraviolet light behind them, these 
photographs were extremely realistic and showed land contours far better 
than most presentations. The films were placed on rollers in a box with 
a viewing window and an ultraviolet light behind the film. The rollers 
were geared to a variable-speed motor synchronized to the ground speed 
of the aircraft so that the picture in the window corresponded with the 
pilot's view of the ground. 

A similar technique can be applied to a radar oscilloscope. Periodic 
photographs can be taken of a radar oscilloscope during reconnaissance 
missions flown with accurate navigation. The photographs can then be 
made into a strip and used in a manner similar to the TCC method, with 
the viewer set up adjacent to the radar oscilloscope. The navigator or 
pilot then directs the aircraft so that the picture on his oscilloscope 
corresponds to the reconnaissance strip. This has a distinct advantage 
over the visual photographs in that the maximum range shown by the 
photograph can be changed so as to be appropriate to the targets of 
greatest importance to the radar at the part of the trip in question. In 
some cases it might be desirable to show one or more beacons with the 
radar sweep set to 100 miles. The reconnaissance film could then have 
marked on it the fact that the radar sweep is to be set to 100 miles for 
that section of the film. 

Similarly, the sweep could be changed as directed when the airplane 
approaches a coast line, a prominent river, or an airport. If desired, 
either electrical or optical means can be devised to superpose the recon
naissance (or, in the case of beacons, probably an artificial reconnais-
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sance) on top of the picture of the targets being scanned by the radar. 
The aircraft would then be maneuvered to make the two coincide. 

3-8. Radar Beacon Navigation.1—A brief description of beacons is 
given in Sec. 1-9.2 Ground beacons automatically transmit continuous 
information concerning their range and bearing to any aircraft inter
rogating them with a suitable radar system. Precise fixes may be deter
mined and courses closely held by using the signals received from beacons. 
In addition, beacons help solve several special navigational problems. 

Taking Fixes.—Because a beacon signal gives both range and bearing 
information, it is sufficient for a fix. The error of this fix is made up of 
bearing and range errors. At long ranges, errors in bearing are the 
greater because beacon signals usually cannot be read closer than about 1°. 
An angular inaccuracy of 1° at a range of 200 miles causes an error of 3 
miles in position. The bearing error will also contain any inaccuracies of 
the compass reading used to convert relative to true bearing; these can be 
significantly large at long ranges or in rough air. Range errors are nearly 
independent of the range at which measurements are made and are usually 
less than 500 ft if readings are made on a short sweep. 

Another possible source of error in obtaining range fixes is the use of 
slant ranges. The size of such errors here may be reduced by taking fixes 
only from beacons at ranges at least several times the altitude or by cor
recting the ranges graphically if they are taken from targets closer than 
this. This error is automatically eliminated, of course, if the radar sweep 
indicates ground ranges instead of slant ranges. 

Because range can be read more accurately than bearing on most 
airborne radars, a better fix can be obtained with two beacons than with 
one. One intersection of the range circles gives the position of the air
craft. The fix error then is made up only of slant-range and reading 
errors. Very rough bearing measurements usually resolve the ambiguity 
arising from the fact that the range circles intersect at two points. 

Course Indication.—Radar beacons can be used for holding any 
desired course within the area covered by a ground installation. If the 
ground stations are set up along an airway, a pilot using a radar scope 
can follow the beacon signals and steer directly by reference to the indi
cator screen. Homing is accomplished by keeping the signals from the 
beacon centered on the line on the radar scope that represents the course 
of the airplane. In the no-wind (or direct-head or tail-wind) condition 
this course line is the same as the heading line; otherwise these two differ 
by the drift angle, for which allowance is made in a radar system exactly 
as it is in the conventional radio compass. 

1 By T. H. Waterman. 
5 Radar Beacons, Vol. 3, contains detailed discussion of the uses and operation of 

beacons. 
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F I G . 3-17.—Course indicator for P P I 
with undelayed Bweeps. Line 0-0 is the 
course line of the overlay. Distance 
between the paracourse lines is one-tenth 
of the sweep length. 

F I G . 3-18.—Course indicator for P P I 
with sweeps delayed by half the maximum 
range. Line 0-0 is the course line and the 
distance between the paracourse curves is 
one-tenth of the sweep delay. 

Radar beacons may also be used in flying other than homing courses, 
if a course indicator is used on the radar scope. The indicator is a means 
of adding another coordinate system to the radar presentation; with it 

the operator can see whether or 
not he is on course and correct his 
heading accordingly. The course 
indicator is a transparent overlay 
for the radar scope engraved with 
a series of lines that represent a 
set of equidistant parallel straight 
lines running in the same direction 
as the aircraft course and covering 
the area included in the scope 
presentation. 

In a PPI presentation without 
delayed sweeps these lines are 
straight and run parallel to the 
course line on the radar screen. 
When a delayed sweep is used, the 
lines become distorted in the same 
way as do the geographical rela
tions of the area covered. These 

two conditions are illustrated in Pigs. 317 and 318, respectively. Figure 
3-19 shows a course indicator drawn for a B-scope. The center line of 
the series is straight and represents the course of the airplane over the 

F I G . 3-19.—Course indicator for B-scope 
with undelayed sweep. When the line 
R = 0 coincides with the beginning of the 
sweeps on the scope, the distance between 
the paracourse curves is one-tenth of the 
sweep distance between R = 0 and R = 10D. 
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ground. The rest of the lines are B-scope projections of imaginary 
straight lines parallel to the course of the airplane. For convenience they 
will be called paracourse lines. In addition to these, the overlay has 
reference lines in range and azimuth which permit it to be placed in the 
correct position on the face of the indicator tube. Any sweep lengths 
may be used with the transparency in Fig. 3-19, but expanded B-scope 
or delayed sweeps require other curves. 

When a beacon signal or a search target moves down the radar screen 
along one of the paracourse lines, the airplane is flying a straight course 
which will pass the object observed at a perpendicular distance which can 
be read directly from the overlay. 

The method outlined allows an airplane to use a radar beacon within 
horizon range for navigation directly to an airport where there is no 
beacon. I t also offers a rough blind-approach system to any airfield 
which has a radar beacon located nearby in known relation to a particular 
runway. In general, such navigation can be used in cross-country flying 
when the desired course does not pass directly over beacons but does 
pass within horizon range of them. 

As an example of the course indicator method of navigation, consider 
an airplane equipped with a 3-cm radar, which is to fly from Naval Air 
Station, Atlantic City, N.J., to Naval Air Station, Hyannis, Mass, (see 
Fig. 3-20). A course flown by radio-range airways between these two 
stations is about 40 miles (out of 270) longer than the most direct route 
which can be navigated with the help of a course indicator. 

Five 3-cm radar beacons are in operation at sites near enough to the 
proposed course to be well within radar horizon range of an airplane at 
moderate altitudes. The airplane leaves Atlantic City climbing and on 
a magnetic heading of 63°. At 2500 ft (approximately over Tuckerton) 
the beacon at New York is picked up by the radar. Previous map study 
has shown that this beacon lies 37 nautical miles to the left of the desired 
course. Hence, when the airplane is on the right course, signals received 
from this beacon will center on an interpolated paracourse line 37 miles to 
the left of the course line. The beacon signal will continue to center 
about this line as long as the airplane stays on course. 

The airplane, now at 8000 ft, picks up the beacon at Fishers Island 
at a range of 105 miles. This beacon lies 23 miles from the desired course 
and will move down the paracourse line 23 miles to the left of the course 
line. The beacon at Quonset Point will appear about 20 miles later. 
Its location on the scope should be on the paracourse line 20 miles to the 
left of the overlay center. The beacon at South Weymouth will be 
received 40 miles to the left of the course about 50 miles further on; a 
few miles later, the Deer Island beacon will come in 50 miles to the left. 

In the foregoing discussion no mention is made of drift. The heading 
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and track of the airplane have been assumed to be the same throughout 
its flight. Unless the drift angle is taken into account, however, naviga
tion by any direction-finding device, like a radio compass or a radar 
beacon, will result in a more or less spiral course. To avoid this in the 
present case, the center line of the course indicator must be displaced from 
the zero azimuth line of the radar scope by the amount of drift. 
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F I G . 3-20.- -Map illustrating the flight made with course indication irom radar beacons. 
This flight is described in detail in the text. 

The reasons that these adjustments correct the navigation for drift 
are simple. The lines drawn on the course indicator represent relative 
motion of the airplane and ground beacons. Their center line coin
cides with the course made good by the airplane. The center line 
on the radar scope is coincident with the heading of the air-craft. 
When there is no drift, these two center lines should be super-
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posed. When there is drift, the two center lines should be displaced so 
that the course line of the overlay is superposed on the azimuth line of 
the video which corresponds with the track of the airplane. 

Fortunately the slant-range error is negligible for general navigation 
except at short ground ranges and high altitudes. At 10,000 ft or less, 
course errors resulting from slant-range effect will be less than 1 mile even 
when the airplane is almost over the beacon. For practical purposes, 
this factor may be safely neglected at low and medium altitudes. At 
high and very high altitudes only signals 25 miles or more in range should 
be used for course indication unless the distance of the beacon from the 
course is 10 miles or more. 

Radar beacons could be used with course indicators in this way to set 
up parallel air traffic lanes. These would add a horizontal dimension to 
the present vertical stratification of air traffic. Such an application would 
permit the use of several air lanes on either side of a course marked by 
beacons. 

Special Applications.—There are several special applications for which 
ground beacons might be used. For example, they could be used as aids 
in blind approach to airport runways. Several lightweight portable 
beacons already developed are suitable for this purpose. They could be 
mounted on trucks with their own power supply and moved from one 
runway to another as the need arose. Separate beacons could mark 
the ends of the strip, and additional equipment could be so located as to 
indicate critical turns in the let-down procedure. In an emergency, 
trucks with such beacons could be used to set up temporary navigational 
aids at auxiliary landing fields where no permanent setup exists. This 
application is discussed at greater length in Sec. 1-9. 

Radar beacons in permanent installations might be valuable as 
anticollision markers for high obstructions near the airways, like partic
ularly dangerous skyscrapers and mountains. A special type of obstruc
tion marker would be an airborne beacon informing the pilot of the 
whereabouts of any other nearby aircraft. Airborne radar beacons have 
other uses and are discussed in more detail in Sec. 7-10. 

Radar beacons can also be shipborne. Possible applications of this. 
sort would include homing indication for aircraft employed in ship-to-
shore mail transfer or other special services. Lightships may also prove 
to be useful beacon sites to aid aircraft navigating over continental 
shelf waters. 



CHAPTER 4 

SPECIAL AIDS AND DEVICES 

By W. J. TULL, R. H. MULLER, R. M. ROBERTSON, 
AND R . L . SlNSHEIMER 

NAVIGATION AND ANTICOLLISION 

4-1. The Ground Position Indicator.'—A ground position indicator, 
GPI, is a device that continuously shows the position of the vehicle that 
carries it. The position is usually indicated either by latitude and 
longitude or by E-W and N-S distances from a point of departure. 
Information on the speed and direction of the vehicle is fed into the GPI 
continuously. I t resolves the speed into components of velocity, multi
plies the component velocities by the elapsed time to get the correspond
ing displacements, and adds these partial displacements to get the total 
displacements. These are automatically added to the coordinates of the 
starting point to give the display of the coordinates of position at any 
instant. 

A GPI can be used only when means are provided for determining an 
initial fix and instantaneous values of ground speed and direction. The 
combination of a radar set, a true-airspeed meter, and a compass can 
provide all the necessary data for purposes of navigation. The GPI 
described in this section is one designed to be used in aircraft equipped 
with those three instruments. A GPI for some other vehicle might differ 
in minor detail but would be much the same in principle. 

The GPI is made so that it will yield the following information: 

1. The total distance traveled (given as two components of displace
ment). 

2. The position of the aircraft relative to any landmark that gives a 
radar signal, obtained by setting an electronic index or crosshairs 
coincident with the radar signal. 

3. The heading to be steered in order to follow a direct course to some 
desired destination. 

4. The time that will be required to reach that destination if the 
prescribed course is flown. 

An airborne GPI must be more complicated than one that would be 
used on a ship for two reasons: (1) the radar set measures slant range to 

1 By W. J. Tull, R. H. Muller. 
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the radar target; this must be corrected for altitude to get the correspond
ing distance from the point on the earth directly below the airplane to 
the target; (2) from the true-airspeed meter and compass, the components 
of the velocity in the air mass are readily computed but they differ from 
the components of the ground velocity by the amounts of the correspond
ing components of the velocity of the wind. Ocean currents produce 
similar but much smaller effects. The airborne GPI, then, must be so 
arranged that the components of the wind velocity can be determined 
and set in as a continuously operating correction. 

The individual measurements which are to be set into the computer 
are described below. 

Fix Determination.—The position of the aircraft is established by 
measurements of three quantities. They are the difference in altitude 
between the aircraft and the landmark, the slant-range or straight-line 
distance between the aircraft and the landmark, and the direction of the 
landmark relative to the aircraft. 

The altitude H is set into the computer by making a range mark 
coincide with the first (nearest) radar signal appearing on the scope. 
This signal is assumed to come from a target almost directly under the 
aircraft. The altitude knob with which the range setting is made intro
duces the information into the computer. 

The components of the fix mileage are adjusted until the crosshairs 
coincide with the reference signal on the PPI . 

When these operations have been performed, it is possible to read 
from dials the altitude of the aircraft above the ground and its ground 
position with respect to the reference point. Ground position is repre
sented in rectangular coordinates by two fix dials, one corresponding to 
X miles in the east-west, the other Y miles in the north-south, direction. 
The compass bearing of the landmark has been taken account of auto
matically by the GPI, into which the readings of the compass are con
tinually fed. From this point on, all GPI computations are made in a 
plane parallel to the surface of the earth, the H factor being used only to 
convert slant-range radar data to GPI ground-range information. 

Rate Determination.—The ground rate of the vehicle is determined by 
vector addition of the true airspeed and the wind speed. The GPI is 
made so that this vector addition can be made easily. 

Suppose that the crosshairs have been set on a reference signal but 
that no correction for the wind has been put in. The crosshairs will then 
drift away from the reference signal with the direction and speed of the 
wind because the crosshairs are continuously shifted by the GPI only in 
accord with the velocity with respect to the air. If, however, the cor
rection for the wind has been set in properly the crosshairs will remain 
in coincidence with the reference. 
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Wind correction is put into the computer by a simple process known 
as "memory point tracking." The operator sets the electronic index 
coincident with the landmark on the radar range scope, pushes a switch, 
waits until the index has drifted away from the reference by an appre
ciable amount, and then resets it on the landmark. The GPI then 
automatically computes and sets in the correct components of wind 
velocity that would have caused the marker to remain coincident with the 
radar signal. The computer has automatically taken two fixes, compared 
the components of true displacement and apparent displacement, meas
ured the elapsed time, computed the components of the wind velocity, 
and set in the resulting values as a continuing correction. 

Course Determination.—The course of the vehicle is set by placing the 
electronic index on the point over which it is desired to fly. This can be 
done in two ways. The first method consists simply of placing the 
index in coincidence with a signal, by a means involving the direct com
parison of the relative position of the two as they appear on the radar 
scope. The second method performs the same function for points that 
do not appear on the radar scope. This method takes advantage of the 
knowledge of present position obtained from the GPI and the operator's 
ability to set the fix dials at desired future position numbers. Because 
the fix dials define the position of the crosshairs, they will appear in the 
correct position on the radar scope whether a radar signal is there or not, 
provided that the correct future position has been set on the dials. 

With the crosshairs set on this point over which it is desired to fly, 
the computer will indicate both the change in heading and the time to go, 
which is necessary in order to reach the point in question. 

Navigational Procedure.—The practice of GPI navigation has been 
made simple and permits accurate navigation with great facility. This 
procedure is outlined in four steps as follows: 

1. Determine radar altitude. 
2. Measure wind. 
3. Set present-position dials to indicate position of aircraft. 
4. Proceed with check-point navigation. 

Steps 1 and 2 have been described. The fix dials indicate in north-
south and east-west components the ground range and direction to any 
reference on which the crosshairs are set. 

In Fig. 4-1 the fix dials (outer dials) show that the crosshairs are set 
on a point which is 18 miles north and 11 miles east of the aircraft. If 
the aircraft should proceed to this point the zeros of the fix dials will then 
have moved under the cursor, and on the PPI the crosshairs will have 
moved into the center of the oscilloscope. Clearly, the zeros of the fix 
dials may be thought of as representing the crosshairs. Now suppose 
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the crosshairs to be set on a reference whose mileage coordinates are 
known with the respect to home base. If the present-position dials then 
are turned until these mileage coordinates of the reference point lie 
opposite the fix dial zeros (crosshairs), the present position of the aircraft 
with respect to home base will be indicated on the present-position dials 
under the cursor. 

In this example the crosshairs have been set on the PPI to a point 
which is known to be 118 miles north and 61 miles east of home base. 

Cursor Cursor 

I I I I 
O UJ LXJ 

O ~H 
LT) ID 

Flo. 4*1.—Ground position indicator, GPI . Present position and procedure for "check
poin t" navigation. 

The fix dials indicate that this point is 18 miles north and 11 miles east 
of the aircraft. This means that the aircraft is 118 — 18 = 100 miles 
north and 61 — 11 = 50 miles east of home base. In Fig. 4-1 the pres
ent-position dials have been set so that the coordinates of the known point 
(118N and 61E) lie opposite the zeros of the fix dials. The present 
position of the aircraft is now indicated under the cursor on present-
position dials. This constitutes Step 3 of the navigational procedure. 

The "check-point" system of navigation is employed to indicate by 
means of the pilot's direction-indicator meter, PDI , the heading the 
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aircraft must follow in order to follow a given ground track. The mileage 
coordinates with respect to home base of any convenient point which 
lies on the desired ground track are selected by reference to an aeronauti
cal chart or other source. This point is one over which the aircraft 
should pass in order to be on course (see Fig. 4-1), and it need not produce 
any radar signal. The fix dials are then turned until their zeros come 
opposite the mileage coordinates of the point in question. This operation 
places the crosshairs over this point on the PPI even though there may 
be no radar signal. If the function switch is now turned to the course 
position, the PDI meter will indicate a heading which is upwind from 
the desired ground track by an amount equal to the drift angle, and the 
TTG, time-to-go, meter will indicate the time in minutes before arrival 
at the selected point. This procedure of setting up check points for the 
GPI may be repeated until the aircraft arrives at its destination. If the 
aircraft has wandered off course during a time when the GPI may have 
been left unattended, the setting up of a single check point will bring it 
back to the prescribed ground track, and the use of a second check point 
will enable the aircraft to be turned on course. If the check-point 
system is used and if a new wind is found every time there is reason 
to believe it has changed, a predetermined course can be flown very 
accurately. 

Identification of Radar Signals.—Radar signals appearing on a PPI 
tube can be identified by use of the GPI. One procedure would be to 
place the crosshairs on the unknown signal and then to read the mileage 
coordinates of that signal from the present-position dials opposite the 
zeros of the fix dials. By reference to a navigation chart showing these 
coordinates, the geographic location of the unknown signal can be found. 
Conversely, if it is desired to select one signal appearing among a number 
of other signals on the PPI , it is only necessary to set the fix-dial zeros 
opposite the mileage coordinates of the desired signal on the present-
position dials. Then the crosshairs will appear over the desired signal 
on the PPI . 

Classification of Reference Points for GPI.—The GPI technique divides 
reference points into three categories: 

1. Principal references are those which, by nature of their shape or 
position relative to other signals, may be easily and positively 
identified by the use of radar with ordinary charts. I t is not 
essential to use a GPI for these references. Principal references 
are used to set the present-position dials at the beginning of the 
navigational procedure. Since GPI is subject to a certain cumu
lative position error, the present-position dials will have to be 
reset occasionally. This may be done when the reference can be 
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positively identified by radar alone. I t is very important that 
only principal references be used to set the present-position dials 
because in the absence of positive identification, the best infor
mation available is that stored in the GPI. 

2. Intermediate references are those which appear as good radar 
signals but are not easily identified without a complete knowledge 
of present position. The use of GPI is very convenient in this case. 

3. Local references are those which appear as small, weak radar 
signals. Many of these unidentified signals usually appear on the 
PPI . They can be picked up and identified by manipulating 
the fix dials to known coordinates of the reference and allowing the 
crosshairs to identify it on the radar scope. The destination of the 
aircraft may produce a signal of this type. If the crosshairs are set 
to the destination signal on the radar, the GPI will compute a very 
accurate estimate of arrival time. 

In general, it should be stated that only some known discrete point of 
a reference should be used for fix or wind determination. The remaining 
larger portion of the reference serves only to aid identification. 

Future GPI Techniques.—The descriptions and procedures in the 
preceding sections are concerned with a specific version of the GPI, which 
uses a rectangular coordinate system of computing and presenting data 
and requires an operator to judge when changes in wind make necessary 
a new computation of its component velocities. At this writing there 
are several new types of GPI in the design stage which treat these prob
lems differently. One designed at Radiation Laboratory is expected, as 
a result of new techniques, to weigh only 35 lb in addition to the radar 
system. 

Designs have been made that permit present position to be shown in 
latitude and longitude. Identification can also be made in latitude and 
longitude while the presentation of fix is given as miles from aircraft to 
reference. The major change that is made for a latitude-longitude 
presentation is multiplication of the east-west rates by the secant of the 
latitude of the north-south position in degrees. 

I t is desirable and comparatively simple to provide a system of 
counters and differentials in place of dials. There would be three sets of 
counters, one to give presentation of fix, a second to give present position 
of the aircraft, and the third labeled " Identification," to give the position 
of the crosshairs relative to home base. The counters would be used in 
the same way as the dials, but their presentation would be clearer. 

Other refinements of the GPI will almost surely include continuously 
automatic altitude measurement. At this writing (1945), operatorless 
GPI's are being designed which solve continuously all problems of navi-
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gation including the determination of drift angle. This type of GPI does 
not require a search radar but uses sonic or radar doppler principles, or 
beacons to obtain continuous data relative to ground speed and drift. 

The accuracy obtainable with this equipment is about 5 per cent. 
A highly skilled operator can increase it to about 2 per cent. 

The statements made herein have been concerned more directly with 
aircraft navigation; the GPI can be used very readily, however, for ship 
navigation or. for that matter, the navigation of any other vehicle. The 
GPI offers a convenient means for navigating since it supplies complete 
navigational information continuously and automatically, and requires 
little attention during flight. 

4-2. AnticoUision Radar Devices.1—Collisions between two airplanes 
or between an airplane and a stationary object are rare but spectacular 
and disastrous. I t can be expected that public opinion will be reflected in 
legislation requiring all possible measures for prevention of such accidents 
to be taken, and that much attention will be focused on airborne radar 
as a solution to the problem. Superficial consideration suggests that the 
objective of such measures should be a system that will give pilots "day
light" vision at night and in bad weather. The pilot should be able to 
" see" through fog and darkness with the help of radar. 

Closer examination reveals tremendous difficulties in such a program. 
The complexities of scanning, presentation, and resolution appear to 
present insurmountable barriers to a realization of the popular ideal of 
the radar "eye." Other and simpler radar methods must be applied to 
the anticoUision problem. 

I t is noteworthy that no specific radar system has yet been developed 
for anticoUision work. Any development initiated now should be very 
carefully integrated into the entire air traffic control picture (see Chap. 
8), and be considered carefully with regard to the known limitations of 
radar techniques. In particular, it would seem that, for prevention of 
collisions, most reliance should be placed on a general system controlled 
from the ground, rather than on adding more and more complicated 
equipment to the aircraft. In designing airborne anticoUision equipment 
the emphasis should be on special situations which may arise despite 
generally adequate traffic control. Such equipment can be viewed as 
supplementary, designed with certain specific functions in view, rather 
than as an all-purpose system. 

Minimum requirements for any anticoUision system are: first, for the 
pilot to receive clear, unambiguous information of the approaching 
object in time to get out of its way; and second, for the pilot to be given 
sufficient directional information to know which way to turn. These 
requirements impose on the designer the necessity of providing adequate 

1 By R. M. Robertson. 
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radar range, directional sensitivity, and means for avoidance of confusion 
between important targets and undesired signals. The use of radar 
beacons will extend the range on targets of special interest and shows 
great promise in alleviating confusion of targets. 

Anticollision Devices for Use over Land.—Two kinds of collision have 
to be considered, that between two airplanes and that between an air
plane and a stationary object. In the crowded skies of the future, any 
attempt to make each airplane self-sufficient in avoiding collisions with 
other airplanes would lead to endless complexities of equipment. I t can 
be expected that traffic will be rigidly controlled by ground control 
systems supplemented by airborne radio altimeters and, in some cases, 
by beacons and PPI navigational systems in the aircraft. 

The pilot can always avoid stationary objects if he knows his own 
position and altitude and the position and height of nearby hills, moun
tains, and man-made structures. It would seem to be most important, 
therefore, to make sure that the pilot has access to such information. 
In mountainous areas outside of ground surveillance range, for example, 
a system of beacons used in conjunction with a PPI navigational radar 
would provide the necessary information. Further discussion of the use 
of airborne radar and beacons as a solution to the anticollision problem 
over land is given in Chap. 8. 

Anticollision Devices for Use over Water.—A special problem is pre
sented in the case of long-range overwater flights. The probability of 
collision is extremely low, but should one occur, it would be so disastrous 
that it is worth considerable expenditure to avoid even a one-in-a-million 
chance. Pilots on such flights usually desire considerable freedom in 
choosing their course and altitude. Hence, the obvious solution of 
channeling traffic is unworkable. The problem is made easier, however, 
by the fact that small private airplanes will not often be used, and that 
agreement as to standard equipment could probably be reached easily 
among the small number of major operators. 

In this section, we set up a tentative list of requirements for such a 
system, and inquire briefly into how these requirements can be met. 
First, the pilots of two airplanes approaching one another at 400 mph 
should have at least three minutes' warning in order to avoid collision. 
Since the closing speed is 800 mph, a radar range of 40 miles is required 
to give the necessary warning. If both airplanes are flying very low, 
range will be limited by the horizon to a value considerably less than this, 
but this reduction in range will probably be compensated for by the fact 
that speeds at the lower altitudes will be less than maximum. 

To achieve a radar range of 40 miles on large airplanes with present 
techniques requires equipment too large and heavy for practical use in 
the air. Ranges of 10 miles on bombers with radars (such as AN/APS-6 
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and SCR-720) designed for aircraft interception use in World War II 
were considered exceptional, and even then pronounced difficulties were 
experienced with sea return in all such systems. The components of 
AN/APS-6 are shown in Fig. 4-2. Ranges of 40 miles or more were 
obtained only with a system (AN/APS-20) which was too large and heavy 
for use in this application. The solution appears to lie not in attempting 
to improve the performance of radar systems to such an extent that they 
can be used alone, but in so adapting the radar beacon that it can be used 
with radar systems already in existence. 

One way of doing this would be to require every aircraft to carry 
beacon equipment which would be interrogated by a sector-scanning PPI 
radar. Ranges of 40 miles or more could then be obtained. Problems 

FiQ. 4-2.—Components of AN/APS-6 system. 

of sea return and cloud return can be eliminated by using beacons that 
respond at a frequency different from that of the radar transmitter 
(see Sec. 1-9). 

The requirements for coverage in azimuth can be tentatively set at a 
90° sector ahead of the airplane ( ± 45°), and in height to ± 1000 ft. The 
height coverage can be obtained at ranges of 5 miles or more by making 
the vertical beam less than 4.5° high. Scanning is then unnecessary. 
Relative elevation information could be obtained by coding the beacon 
response or the response frequency to give altitude by means of a direct 
connection with the radio altimeter. Such an arrangement would require 
considerable development work, but has much to recommend it. For 
example, automatic warning by a bell or other means might be provided 
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when a signal is received that indicates an aircraft approaching at nearly 
the same height. 

If accurate relative elevation could be obtained from the beacon 
response, the system would be simplified by having the aircraft change 
altitude to avoid an impending collision, instead of turning away from it. 
A convention might be established by which, for example, only east-
bound aircraft would take evasive action by diving or climbing. Such a 
system would relax the requirement on azimuth directional information 
and might permit use of a simple nonscanning system. 

ALTITUDE DETERMINATION 

B Y R. L. SINSHEIMER 

Radio altimeters determine altitude by measurement of the time 
required for radio energy to travel from an airplane to the earth and back. 
They provide an absolute measure of the clearance of the airplane above 
the terrain. Barometric altimeters, on the other hand, measure the alti
tude of the airplane above sea level. The accuracy of the height indica
tion of a barometric altimeter rests upon two assumptions: first, that the 
observed atmospheric pressure on the ground beneath the airplane has 
not changed since the zero of the altimeter was last adjusted, and second, 
that the atmospheric pressure decreases at the assumed rate with increas
ing altitude. Because both of these assumptions are affected by meteor
ological fluctuations, the accuracy of barometric altimeter readings is 
also similarly affected. 

Meteorological conditions, however, do not influence the accuracy of 
radio altimeters. Because these devices provide a rough profile of the 
terrain below the airplane, they can be used to a limited extent for navi
gation. For example, when an airplane crosses a coastline toward land, 
the altimeter indication will suddenly become slightly unsteady and 
fluctuate with variations of the terrain. 

Methods for navigation over water which take advantage of the 
different properties of the radio and barometric altimeters have been 
devised. For example, fairly accurate measurements of crosswind can 
be obtained by utilizing the radio altimeter as a standard for observing 
changes in atmospheric pressure as shown on the barometric altimeter.1 

With thiB information it is possible to hold a more accurate course. This 
technique, however, is limited to overwater flights on which the radio 
altitude is the true altitude above sea level. 

Two types of radio altimeters, one using the pulse technique, the other 
frequency modulation, are in common use. In the following sections 

1 AAF Board Report 3265B 413.44. 
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these are analyzed and one of each type described. The two radio alti
meters discussed in this section were designed by the Radio Corpora
tion of America. 

4-3. Pulsed Radio Altimeter (SCR-718C). Principles.—This dis
cussion of pulsed altimeters is confined to general principles and illus-

F I G . 4-3.—Components of pulsed radio altimeter, SCR-718C. (.Courtesy of Radio Cor
poration of America.) 

trated by the most recent version of this type, SCR-718C (see Figs. 4-3 
and 4-4). 

The time that elapses between transmission and return of the pulse of 
radio energy is measured by a method similar to those described in Sec. 1 -8. 
The pulses are sent out and received at regular intervals at a rate of many 
thousands per second. An electron beam is started clockwise around the 
face of a cathode-ray tube at a constant angular rate in synchronism with 
each transmitted pulse. The beam is so timed that it is back precisely 
at its origin at the time of the next transmitted pulse. The transmitted 
pulse, and the echo pulse when it returns, deflect this beam radially in 
such a way that each produces a lobe, as shown in Fig. 4-5. The beam 
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leaves a visible trace on the face of the tube. The repetition rate is so 
high that the image does not flicker. 
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F I G . 4-4.—Block diagram of SCR-718C. 
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F I Q . 4-5.—An SCR-718C altitude presentation. (Courtesy of United States Army.) 

The angular separation between the transmitted and received pulses, 
or lobes, is thus directly proportional to the altitude of the airplane. A 
circular scale calibrated in feet is placed in front of the cathode-ray tube 
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in such a way that the zero is at the leading edge of the transmitted 
pulse and the scale reading at the leading edge of the echo pulse is the 
altitude. 

On the low-altitude range of SCR-718C, 98,356 pulses are sent out 
each second. The electron beam must travel around its circular path in 

„ s „-a sec or 10.167 j»sec. This is precisely the time required for a pulse 

to travel to earth and back, if the airplane is at an altitude of 5000 ft. 
Hence, the circular scale is calibrated at 50-ft intervals from 0 to 5000 ft, 
and the reading opposite the leading edge of a return pulse is the aircraft 
altitude—if the aircraft is below 5000 ft. 

If the aircraft were at 7500 ft, the ground signal would appear at a 
reading corresponding to 2500 ft because the electron beam continually 
retraces its circular path, and this reading would be ambiguous. Pro
vision is made, however, for measuring altitudes up to 50,000 ft without 
ambiguity. The repetition rate of the radio altimeter is switched to one-
tenth its previous value and simultaneously the electron beam is made to 
move around the face of the tube at one-tenth its previous speed. The 
same altitude scale may then be used by simply assigning ten times the 
previous number of feet to each scale division. 

The accuracy of altitude measurement on a scale so compressed is 
necessarily poor. The proper operational technique with this altimeter, 
therefore, is to use the higher altitude scale only to locate the aircraft 
within a particular 5000-ft zone and then to switch to the low-altitude 
scale to measure accurately the altitude increment within that zone. 
By adding the reading on the 5000-ft scale to the nearest smaller multiple 
of 5000 ft, as observed on the high-range scale, the altitude of the airplane 
can be accurately measured (see Fig. 4-5). 

Characteristics.—The pulses used in the radio altimeter described 
above are of 0.2- to 0.3-/usec duration and the pulse power is 10 watts. 
A radio frequency of 440 Mc/sec is employed. The beamwidth is very 
broad because half-wave dipoles are used as antennas. Separate anten
nas, located on the underside of the airplane, are employed for transmis
sion and reception. 

The return signal is always very weak and must be amplified before it 
can be used to deflect the electron beam. After conversion to an inter
mediate frequency, the signal is amplified and converted to a video 
signal in much the same way as in an ordinary radar. 

The SCR-718C weighs 24^ lb, exclusive of cables and brackets, which 
for most installations weigh between 10 and 20 lb. The power require
ment is 135 watts at 115 volts at any frequency from 400 to 2400 cycles. 

The actual high-altitude limit of this equipment is 40,000 ft in an 
unpressurized airplane, because arcing in the high-voltage components 
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will damage the set at higher altitudes. At the other extreme, overlap
ping of the transmitted and received pulses and the inaccuracies mentioned 
below make readings at altitudes below 50 ft valueless. 

The accuracy is dependent upon such heterogeneous factors as the 
time of rise of the transmitted pulse, the bandwidth of the i-f and video 
amplifiers, the accuracy of the pulse-repetition rate, and the fineness of 
the scale calibration. Of these, the first two are usually the limiting 
factors which determine the ultimate accuracy because it is necessary to 
estimate the position of the leading edge of the pulse. If we assume, 
for a moment, that the leading edge of the transmitted pulse is very steep, 
then the rate of rise of the received pulse as seen on the cathode-ray tube 
is determined by the half-bandwidth of the i-f amplifier or by the video 
bandwidth, whichever is the smaller. I t is probably possible to estimate 
the position of the leading edge of the pulse with an accuracy in time 
of ± 1/10A/, where A/ is the bandwidth. In SCR-718C, A/ is approxi
mately 2 Mc/sec so that this uncertainty gives rise to an error of + 0.05 
Msec, or + 25 ft of altitude. Because the small scale divisions represent 
50-ft increments (for the 0-to-5000-ft scale) it is difficult to read the posi
tion of a pulse to closer than 25 ft. 

The stability of the pulse-repetition rate is important because a fixed 
scale of calibration which assumes a particular period for each revolution 
of the electron beam is used. If the repetition rate, and consequently 
the time of revolution of the beam, varies, the calibration is no longer 
correct. This potential source of inaccuracy is minimized, however, by 
the use of a crystal-controlled repetition rate on the lower range scale. 
Such extreme stability is not needed on the high-range scale, because it is 
used only to locate the 5000-ft zone in which the airplane is flying. The 
repetition rate on the high range must not drift appreciably, however, or 
confusion will result upon shifting from high to low range. 

In addition to these intrinsic errors, the pulse altimeter is also subject 
to a functional inaccuracy known as the "mushing error" which arises 
from the correction for the residual altitude (the apparent altitude when 
the airplane is actually on the ground). Its magnitude varies with the 
altitude of the airplane. Because it is small compared with the errors 
just mentioned, detailed discussion is reserved for the following section 
on frequency-modulated altimeters. 

The pulsed altimeter is also subject to the usual operational inaccura
cies, particularly in the matter of setting the reference transmitted pulse 
opposite the zero of the calibrated scale. 

As a result of these combined intrinsic and operational characteristics, 
the error of SCR-718C is, at all altitudes, considered to be not greater 
than 50 ft + 0.25 per cent of the altitude. This error, therefore, is not 
greater than 62.5 ft at 5000 ft or 100 ft at 20,000 ft. 
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Since the fundamental timing unit is crystal-controlled, very little 
calibration is required. Maintenance therefore consists primarily of 
maintaining adequate power output and receiver sensitivity to provide an 

F I G . 4-6.—Components of f-m radio altimeter, A N / A P N - 1 . (.Courtesy of Radio Corpora-
iion of America.) 

easily detectable signal at high altitudes. All units are independently 
replaceable without internal adjustment. 

4-4. Frequency-modulated Altimeter (AN/APN-1). Principles.— 
The f-m radio altimeter (see Figs. 4-6, 4-7), like the radio altimeter just 
discussed, measures the altitude of the airplane by determining the time 
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required for a radio wave to travel from aircraft to earth and return. 
However, a different method of time measurement, which depends on the 
observed difference in frequency between the transmitted and received 
energy, is employed. If the frequency of a radio transmitter is varied 
rapidly at a constant rate, the transmitter will change frequency in the 
time required for a radio wave emitted by it to travel to earth and return. 
The higher the airplane, the longer the time required for the round trip 
and the greater the difference between the transmitter frequency and that 
of the reflected wave when it arrives at the airplane. This frequency 
difference then is directly proportional to the altitude of the airplane. 
If the rate at which the transmitter frequency varies is known, the 
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FIG. 4-7.—Block diagram of AN/APN-1. 

elapsed time corresponding to any observed frequency difference is 
established. Because this is a direct measure of the altitude a circuit 
which provides a current proportional to the frequency difference can 
operate a meter which may be calibrated in terms of absolute altitude 
(see Fig. 4-8). 

For low-altitude operation (0 to 400 ft), the frequency of a radio 
transmitter is varied sinusoidally between 420 and 460 Mc/sec at a rate 
of 120 times per sec. 

For simplicity of design, sinusoidal variation of frequency is employed 
rather than linear variation. This variation does not affect the basic 
principle of operation because it can be shown that the average frequency 
difference over a cycle of sinusoidal modulation is equivalent to that 
obtained from a linear variation of frequency with the same modulating 

I 
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period. Because the indicator circuits average the frequency difference 
over many modulation cycles, the transmitter may be considered to be 
frequency-modulated at a constant rate of 40 Mc/sec in -^hs sec (one-
half cycle of the modulating frequency). 

The output of this transmitter (about 0.1 watt) is radiated from a 
half-wave dipole transmitting antenna located on the underside of the 
airplane. A part of the reflected energy returns to a separate receiving 
antenna which is also located underneath the airplane but at some 
distance from the transmitting antenna. 

If B is the total spread of the frequency modulation and fm is the 
modulating frequency, then the change in frequency A/ of the oscillator 

Transmitted signal 
Reflected signal 

-Time delay-2h/c Time delay=2h/c 

Time Time 
Ideal Actual 

F I G . 4-8.—Frequency-time relations in AN/APN-1 (low range). 

in time t is A/ = Bt / 2 / m 
In time t the radio wave will travel a distance 

d — ct, where c is the velocity of electromagnetic radiation—98.4 X 107 

ft/sec. 
Since d will be twice the altitude h, 

or 
d = 2h = ct 

, 2h 
t = — t c 

hence for any altitude h 
change of _ rate of change time for signal to 
frequency of frequency travel distance h and 

return, 

A/ B y,2h 
l /2/„ c 
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or 

c 

On the low-range scale of AN/APN-1, / „ = 120 cycles, B = 40 
Mc/sec, so that A/ will be 19 cycles per foot of altitude. 

A signal frequency /a, equal to the difference in frequency of the 
transmitted and reflected waves, is derived by mixing in a balanced 
detector a fraction of the transmitter output with the reflected wave, as 
picked up on the receiving antenna. An audio signal of average fre
quency equal to 19 times the altitude in feet is obtained from this detector. 

The actual instantaneous audio frequency varies periodically as shown 
in Fig. 4-8. I t even goes to zero every time the oscillator frequency and 
that of the reflected wave become equal (twice every cycle); as pre
viously mentioned, however, the indicating circuits average the signal 
frequency over many modulation cycles. 

This signal is amplified in the audio amplifier to a value equal to the 
limit level. The output consists of pulses, one for every cycle of the 
audio signal. These pulses then operate a counting circuit which gener
ates a current proportional to the number of pulses per second. This 
current passes through a meter which provides the altitude indication. 

In order that the difference frequencies shall not become too high for 
the pass band of the audio amplifier, when the high-altitude scale (0 to 
4000 ft is used) B is reduced by a factor of 10 to 4 Mc/sec. Thus /A is 
reduced to 1.9 cycles per foot of altitude. An audio frequency now 
corresponds to ten times its previous altitude. Since the indicating 
circuit is virtually unchanged, the same indicating meter can be used 
merely by multiplying the scale by a factor of 10. 

Separate circuits are provided for the attachment of an altitude limit 
indicator with three lights ("Above Altitude," "At Altitude," "Below 
Altitude") for a pilot who wishes to fly at a fixed altitude. These cir
cuits can, if desired, be tied in to the automatic pilot to provide automatic 
control of the aircraft altitude. 

Characteristics.—AN/APN-1 weighs 24£ lb exclusive of cables and 
brackets, which may weigh anywhere from 10 to 20 lb depending upon 
the installation. The altimeter requires 70 watts at 27^ volts, DC. 

Because of design considerations, the 0-to-4000-ft range scale must 
not be used below 400 ft. The low-range scale cannot be used as a 
vernier to the high-range scale as it is in the pulsed altimeter. 

Two sources of error are inherent in AN/APN-1: one is the so-called 
"fixed" error and the other the mushing error. 

The source of the fixed error lies in the pulse-counting method of 
obtaining a current proportional to altitude. The number of pulses per 
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second from the limiter circuit, and hence the current which produces the 
indication, must increase only in steps corresponding to the number of 
modulating cycles per second. Thus the output of the limiter circuit must 
increase in jumps of 120 pulses. Because 19 pulses correspond to 1 ft of 
altitude, the altitude indication must increase in intervals of 6 ft. 

In actual operation, however, the terrain and the flight of the aircraft 
are usually not smooth enough for this error to be significant. On the 
high-range scale, however, the output of the limiter circuit still increases 
in steps of 120 pulses and each pulse represents 1/1.9 ft. Consequently 
the altitude indication is varied in steps of 60 ft. 

If either the modulation frequency or the radio frequency were 
changed, the fixed error would remain constant because any change on 
the step increment of audio frequency would produce a counterchange 

A,D+ArD>A,D'+ArD' \ 
\ 1 \ 
\ 
\ 

\ \ ' 

* 
1 

1 
1 

1 1 
1 
' D D Ground 

F I G . 4*9.—Geometric quantities involved in the mushing error. 

in the altitude differential corresponding to each audio cycle. The 
altitude equivalent of each step is expressed by the relation 

. , c 246,, 

if B is expressed in megacycles. Thus, the only way to decrease the fixed 
error is to increase the frequency deviation. 

The second source of inherent error, the mushing error, is significant 
at low altitudes. I t is caused by the fact that the transmitting and 
receiving antennas are mounted some distance apart on the airplane. 
I t is evident from a study of Fig. 4'9 that at high altitude the total 
path from transmitter to receiver is the sum of the following distances: 
transmitter to the transmitting antenna and from the receiving antenna 
to the receiver, plus AtD', plus ArD", plus 2h. As h decreases, A,D' and 
A,D" increase, until, at very low altitudes, they become comparable to 
the altitude itself. There is still a residual altitude when the airplane is 
on the ground, because of the path length in the cables plus AtD and ArD. 
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As a result of this residual altitude an audio-frequency signal is 
developed in the altimeter when the airplane is on the ground. Because 
the altimeter should read zero under such circumstances, it is calibrated 
to read zero when this audio frequency exists. At medium and high 
altitudes, however,- since AtD + A,D > AtD' + ArD", this zero set 
correction is too great and the altimeter will read low. Within the low-
altitude range, this error is minimized by altering the proportionality 
between the indicating meter current and the audio frequency developed, 
so that the meter reads correctly at 300 ft as well as on the ground. 
Between 0 and 300 ft, this effect can cause the altimeter to read low by as 
much as 5 ft in some installations. 

In addition to these inherent errors operational errors, arising from 
drift of calibration, temperature or supply voltage changes, and so on, 
also exist. As a result, the error of AN/APN-1 appears to be not greater 
than 5 ft + 5 per cent of the altitude on the low scale and 50 ft + 5 
per cent of the altitude on the high scale. For a well-calibrated 
set, the altitude indication upon landing will most probably be within 
±5 ft. 

AN/APN-1 appears to hold calibration very well for periods of at 
least a month. Special test equipment (TS-250/APN) is needed to 
calibrate it. If a transmitter-receiver unit becomes defective it can 
be replaced only by a unit calibrated for the same residual altitude. 
For a known installation this can be done at a test bench. 

4-5. Comparison of F-m and Pulsed Altimeters.—It is evident that 
the f-m and pulsed altimeters, as they are designed at present, are 
intended for different purposes. The f-m unit has a very small fixed 
error; the pulsed altimeter has a negligible percentage error. Both 
measure the true clearance above the surface, but the f-m type is intended 
for very accurate height measurement at low altitudes, and the 
pulsed type is intended for less precise measurement up to very high 
altitudes. 

Each type performs its particular function well, but each could, at 
least in principle, be adapted to serve both purposes. The f-m type 
could be extended to higher altitudes without sacrifice of accuracy by the 
use of a wider audio amplifier band and greater power output. Corre
spondingly, the accuracy of the pulsed type could be increased by the use 
of a shorter pulse (with appropriate increases in i-f and video bandwidth) 
and a shorter range scale for low-altitude measurement (perhaps a 500-ft 
scale). 

The two types have very similar weight and power requirements. 
If no a-c supply is available, however, an inverter would be necessary to 
furnish power for SCR-718C. The wartime cost of SCR-718C was $700 
while that of AN/APN-1 was only $415. 
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The necessity for careful calibration of AN/APN-1 means greater 
difficulties in maintenance than in the case of SCR-718C. In addition, 
as noted above, AN/APN-1 transmitter-receivers are not readily replace
able unless similarly calibrated units are available. The meter presenta
tion of AN/APN-1 seems definitely preferable to the cathode-ray tube 
presentation of SCR-718C. The latter must be observed in reasonably 
dim light, whereas the meter can be placed in the cockpit dashboard. 

4-6 Suggested Future Trends.—A single device with the range of the ' 
pulsed altimeter and the low-altitude accuracy of the f-m altimeter would 
be a desirable improvement for future development. Meter presentation 
for the pulsed altimeter could certainly be achieved by adoption of any 
of a variety of existing range-tracking techniques, with little increase 
in weight. 

If future applications require a decrease in the fixed error of the f-m 
altimeter, an increase in the operating frequency would become desirable 
to permit the necessarily wider frequency deviation. In any shift to a 
higher frequency, however, the radiated beam must not be made too 
narrow or indications will be lost during banking or will be false during 
steep climbs or dives. Sharper beams than are used at present, however, 
would afford more accurate altitude information over rough terrain. 



CHAPTER 5 

SPECIAL DESIGN CONSIDERATIONS 

B Y D. HALLIDAY 

Experience with airborne radar systems has shown that the simplicity 
of operation obtained by the reduction in the number and complexity of 
controls nearly always results in improved usefulness. Nevertheless, 
it is often desirable to provide the operator with special devices or facil
ities which may be extremely valuable under certain restricted operating 
conditions, although they are not essential. The radar designer must 
evaluate the need for all special attachments and controls, balancing 
their usefulness against weight, power, and space limitations. No exact 
rules can be given because much depends upon the intended use of the 
radar system. This chapter describes some of the extra design features 
that are often desirable, and discusses special receiver, indicator, and 
antenna problems associated with the design of airborne radar equipment. 

6-1. Receivers. Automatic Frequency Control, AFC.—Probably no 
other nonbasic design feature is so desirable as AFC which keeps the radar 
receiver continually and automatically tuned to the frequency of the 
transmitter. Commercial airborne radar receivers will almost cer
tainly incorporate it. AFC makes it possible for the receiver to follow 
extremely rapid fluctuations in the frequency of the transmitter, caused 
by reflections of the radar pulses from the scanner housing or other 
parts of the aircraft structure and usually synchronized with the rotation 
of the scanner. Such detuning is much more rapid than detuning caused 
by changes in pressure and in the temperatures of certain components of 
the radar system during search operation. 

Two electronic AFC devices are commonly used for search and beacon 
operation. In search operation the technique is to divert a tiny fraction 
of each transmitted pulse into a circuit that measures the frequency. 
The electrical output of this circuit is used to alter the receiver tuning 
from pulse to pulse in order to keep it tuned at all times to the transmitter 
frequency. Because a tuning correction is given by each pulse, the fre
quency to which the receiver is tuned is corrected hundreds of times per 
second. 

A special difficulty arises in beacon operation because the transmitter 
to which the radar receiver is to be tuned is located elsewhere—in the 
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beacon. Direct sampling of its frequency is impossible. Instead, a 
carefully constructed small hollow metallic cavity is installed as part of 
the beacon AFC equipment in the aircraft. It is resonant at a precisely 
chosen reference frequency. Circuits are arranged to keep the local 
oscillator of the receiver tuned to the frequency of this reference cavity. 
The frequency of the transmitter of the ground-based beacon is held 
constant with the aid of a similar reference cavity, the two frequen
cies differing by an amount equal to the intermediate frequency of the 
receiver. 

During beacon operation, AFC is most useful in the initial pickup at 
long range. Beacon AFC usually permits instant pickup of the signal, 
whereas minutes might be required to find it by manual tuning because 
of the need for scanning. Once the signal has been observed, moreover, 
there is freedom from detuning caused by temperature drifts of the radar 
system. 

Under conditions of perfect radar maintenance AFC should eliminate 
the need for any manual tuning control. Experience has demonstrated, 
however, that present AFC circuits are so temperamental that the manual 
tuning control must be retained and a switch provided to transfer from 
automatic to manual tuning when necessary. 

Three-tone Provisions.—It was pointed out earlier that the navigator 
in an aircraft is interested in radar echoes from cities and other large 
targets as well as in the weaker but more extensive echoes from the ground 
itself. Under some conditions, he will use low receiver gain in order to 
accentuate the strong echoes from cities at the expense of those from the 
background of land. Sometimes he will use high gain to accentuate 
rivers, lakes, and other land-water boundaries. Because ordinary 
receivers and indicators do not allow clear distinction between the large 
echoes from cities and the almost equally bright background of ground 
clutter, a device is needed to increase the contrast so that both classes of 
signals are displayed to good advantage on the PPI at one gain-control 
setting. Such electronic devices are known as "three-tone" circuits, 
the three " tones" being (1) the dark-noise background, (2) the somewhat 
lighter signal level from ground reflections, and (3) the bright signals 
from cities and other large targets. 

Figure 5-1 shows the advantage of using such a device. The improved 
contrast is apparent. These circuits also aid the recognition of detail 
within complex targets. Toward the close of the war, three-tone circuits 
were being installed as field modifications of many military airborne 
radars. Three-tone circuits are useful because echoes seem to fall into 
two fairly separate groups of weak signals and strong signals. 

There are several methods for attaining three-tone display; the one 
described here uses two receivers differing in certain characteristics. 
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Fio. 5 - 1 - -PPI photographs of the Boston, Mass., region showing (a) normal receiver opera
tion, and (b) the use of three-tone device. 
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Actually, two identical receivers need not be used; one of them can be 
simple, requiring about five additional vacuum tubes. 

The input circuits of the two receivers are connected so that all signals 
pass through both of them and the output video pulses are mixed and 
applied through one channel to the PPI . One receiver, which may be a 
very rudimentary one, has low gain but can deliver a large maximum 
output pulse. (It has a high video limit level.) The other receiver has 
high gain and low video limit level. Figure 5-2 illustrates the behavior 
of these two receivers. I t is clear that they both respond to the strong 
city signals but that only the second receiver responds to the weaker 
background signals. The two outputs together produce a display similar 
to that of Fig. 5-16. The gain controls of both receivers might be made 
available to the operator, the first being labeled "Signal Gain" and the 
second "Background Gain." 

The two-receiver method is probably best when the three-tone pro
vision is to be included in a new radar 
set. Other circuits, however, are 
simpler to apply as attachments to 
existing sets. One commonly used 
device consists of a circuit arranged 
so that the gain and video limit level 
of the normal radar receiver are 
both periodically and simultaneously 
switched between two discrete ad
justable values. With this switching 

method, the sensitivity for small signals is inherently somewhat lower 
than with the two-receiver method because the radar receiver is in its 
high-gain position only about half of the time. For this reason the two-
receiver method is to be preferred even though it does involve a greater 
number of tubes. 

Sensitivity Time Control (Time-Varied Gain).—When targets of small 
radar cross section are being scanned by a radar system with a cosecant-
squared beam, it is frequently possible to find a single setting of the gain 
control suitable for all portions of the PPI . When sea or ground clutter 
is present, however, this is not possible. If the gain control is adjusted 
to be optimum for seeing small targets in clutter at long range, the clutter 
signals at short ranges will often be strong enough to overload the receiver 
and mask nearby signals of special interest. This difficulty is more 
apparent with radar systems of good range performance. A remedy for 
this situation is sensitivity time control, STC, which has been mentioned 
in Sec. 1-2. I t is an electronic arrangement for adjusting the receiver 
gain automatically immediately after each pulse. Figure 5-3 shows such 
a PPI display both with and without STC. The variation of gain with 

High level 
limit 

t_ 
Input signal level 

FIG. 5-2.—Three-tone receiver charac-
istics. 
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range or time for this particular STC circuit is shown in Fig. 5-4. Note 
that STC, as used here, requires additional controls and fairly skillful 
adjustment by the operator because different settings are required 
for each sea condition and usually for each sweep length. It is most 
useful when there is no appreciable variation of clutter with azimuth. 

6-2. Indicators. Range and Azimuth Markers.—As mentioned in 
Chap. 1, there are several possible ways of determining range on the 
indicator. The simplest is direct measurement of distance from the 
start of the sweep by means of a suitably scribed transparent disk placed 
over the indicator screen. This mechanical method has been replaced 
largely by the use of electronic markers which appear as bright lines on 
the indicator screen. (Sometimes the lines are made dark.) The 
markers are relatively easy to produce electronically and are of two types, 
fixed and movable. 

Pulse 1 Pulse 2 Pulse 3 

Time — — 
F I G . 5-4.—Receiver gain variation for STC. 

Fixed range markers, appearing as circles on the PPI, are used for all 
ordinary navigational slant-range measurements in which an accuracy 
of 2 to 5 per cent suffices. Much greater accuracy can be obtained with 
a movable marker whose position is controlled by a calibrated dial. An 
absolute slant-range accuracy of 25 yd, independent of range, is possible 
when a fast sweep is used with such a movable marker. At moderate or 
large ranges such fast sweeps must be delayed. 

The first method of measuring azimuth or bearing on a PPI involved 
use of a collar with scribed angle markings placed around the periphery 
of the tube. A rotatable transparent disk with a scribed radial line was 
used as an aid in sighting. The disadvantages of this method were due 
to parallax, zeroing errors of the circular scale, nonlinearity of the sweep 
and lack of centering, and errors caused by inherent azimuth distortions 
of the data-transmitting system. I t was also difficult to apply to the 
off-center PPI . Similar azimuth-measuring techniques, with similar 
associated errors, exist for the type-B presentation. Nearly all of these 
sources of error can be eliminated by the use of electronic azimuth 
markers. Possibly because such markers are more costly in weight and 
power than are electronic range markers, they are only now coming into 
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common use on the PPI , although they have been used on type-B dis
plays for some time. Calibrated azimuth markers may be made accurate 
to ±0.25°. 

Whenever a scribed transparent disk is used, parallax may be greatly 
reduced by the optical method illustrated in Fig. 5-5. As shown there, 
a virtual image of the marks on 
the underside of the illuminated 
disk is formed at or very near the 
light-sensitive screen of the PPI . 
This technique is particularly use
ful in marking, with a china pen
cil, the course of a particular 
signal across the indicator screen; 
it has been adopted as standard 
practice where 12-in. cathode-ray 
tubes are used. Although such 
large tubes are now commonly 
used in surface-based systems 
they are generally found only in 
the very largest aircraft. 

Azimuth Stabilization.—A con
siderable aid to the radar navigator 
is the type of presentation called "azimuth stabilization." Figure 5-6 
shows a comparison of a normal display and an azimuth-stabilized display 
for an aircraft headed east (heading 90°) and scanning with its radar a 
target 30° from its heading. Figure 5 -6a shows a normal PPI display 

Cathode-ray tube 
F I G . 5-5.—A method for reducing PPI 

parallax errors. Scribed point appears to be 
superimposed over signal on fluorescent 
screen. 

Heading 
North 

(a) 16) 
FIG. 5-6.—PPI displays for aircraft heading east, target 30° south of east, (a) showa 
normal presentation; (b) shows azimuth presentation when azimuth stabilization is used. 

where 6r = 30° and represents the relative bearing of the target. Figure 
5-66 shows an azimuth-stabilized display where 6a = 120° and is the 
absolute bearing of the target. In the latter case, the fiducial marker 
at the top of the tube may be made to represent magnetic north or, if 
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the variation is known, true north, so that 6a may be measured with 
respect to either. 

If the aircraft heading changes, the pattern of Fig. 5-6a rotates 
through an angle corresponding to the change, but the pattern of Fig. 
5-66 remains unaltered. Thus, comparison of the radar screen with a 
map is facilitated when azimuth stabilization is used because the map can 
automatically be held with north in the 12 o'clock position beside the 
indicator and does not need to be reoriented as the aircraft heading 
changes. I t is also easier to use with overlays or map projection, a 
technique described in Sec. 9-5. In addition, erratic heading changes 
caused by rough air motions do not cause smearing of signals on the PPI . 
Azimuth stabilization has so many advantages that it was incorporated 
into nearly all military airborne radars installed in airplanes weighing 
100,000 lb or more. I t also promises to be a useful adjunct to commercial 
navigational radar. 

With azimuth stabilization, the aircraft heading can be indicated on 
the radar screen. The indication usually takes the form of a bright 
radial marker flashed upon the screen at the proper azimuth angle (see 
Fig. 5-66) once each revolution. This flashing marker may be initiated 
by a switch on the scanner shaft that is tripped once per revolution as 
the scanner is pointed dead ahead. Without such a marker, the heading 
can be determined, but much less conveniently, from a magnetic compass. 

It is clear that a device for providing azimuth stabilization must have 
some connection with a magnetic compass. The instrument often 
employed as standard equipment is the Pioneer Fluxgate compass with 
a gyro-leveled sensitive element. In outline, the mechanism is this: the 
compass shaft, when it moves through a certain angle in response to a 
heading change, controls a motor that turns a rotation-sensitive com
ponent in the PPI sweep system through the same angle. Several 
sweep-circuit components have this rotation characteristic. One fre
quently used is the rotary transformer or "selsyn," the rotor of which 
is turned continuously by the scanner as it revolves. The stator, which 
is clamped rigidly to the aircraft frame when azimuth stabilization is not 
used, can be rotated by this compass-controlled motor, producing the 
desired sweep azimuth displacements. In azimuth-stabilization systems 
the servomechanism must be capable of a high speed of response to avoid 
blurring of signals on the PPI during rapid heading changes. 

Importance of Good Range Resolution.—An important factor in the use 
of airborne radar is the short time available for examining the details 
of short-range PPI displays. At a ground speed of 400 mph the presenta
tion displayed on a PPI with a 5-mile sweep changes completely within 
less than two minutes and there is little time for examining the details 
of a pattern or for making detailed comparisons with a map. Recogni-
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tion of terrain features or built-up areas under such viewing conditions 
demands a very clear presentation with good resolution and freedom 
from distortion. 

Of course, airborne radars are not always used to view such nearby 
objects. Sometimes it is preferable to "paint in" broad outlines of 
distant objects, which requires maximum range performance rather than 
high resolution. Because the same set is often employed for both short-
and long-range service, there must be either some compromise or opera
tional control of certain characteristics, such as the pulse length. The 
most recently designed systems have two pulse lengths for search use— 
0.5 fisec when good resolution is required at close range, and 5.0 /xsec when 
maximum range performance and the mapping-in of extended land areas 
are desired. 

Range Distortion.—In Sec. 3-1 it is mentioned that the presentation 
of slant range instead of ground range on the PPI may make it difficult 
to interpret radar information correctly. The following paragraphs 
discuss in detail the various aspects of this problem. 

The relationship between slant and ground ranges (S and R, respec
tively) and the altitude h is given by S = \/R2 + h2- For zero ground 
range, the slant range is equal to the altitude. Because the nearest 
ground target is usually the point directly below the airplane, it is clear 
why a dark circle of radius equal to the altitude appears at the center of 
the PPI . 

The distortion is shown graphically in Fig. 5-7. The effects of intro
ducing delays in the sweeps are also shown. Note that at a great distance 
S and R are approximately equal. At a distance of five times the alti
tude, the slant range is only 2 per cent greater than the ground range. 
This distortion increases rapidly at shorter ranges, being 11.5 per cent at 
R = 2H, 41 per cent at R = H, and 80 per cent at R = H/2. A checker
board pattern made up of 1-mile squares would remain undistorted (as 
in Fig. 5-7b) if the airplane were flying at ground level. At an altitude 
of 1 mile, an altitude circle would appear around the center of the PPI 
and the checkerboard would be distorted as shown in Fig. 5-7c. This 
circle may be eliminated by delaying the start of the PPI sweep by an 
amount corresponding to the altitude, causing the distortion illustrated 
in Fig. 5-7d. A compromise between these two conditions appears in 
Fig. 5-7e, where the sweep delay corresponds to one-half the altitude. 
The exact amount of delay required to minimize the distortion due to the 
use of linear sweeps depends on the ratio of altitude to sweep range. In 
general, the distortion at the very center of the PPI is less important than 
the illustrations of Fig. 5-7 indicate because, in any event, any detailed 
information from this area is usually obscured by strong reflections 
from the surface of the earth. 
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SLANT RANGE 
(a) Ground range—slant-range conversion chart for altitude of 1 mile. 

(b) Altitude zero. 
Sweep delay zero. 

(c) Altitude 1 mile. 
Sweep delay zero. 

(d) Altitude 1 mile. (e) Altitude 1 mile. 
Sweep delay 1 mile. Sweep delay ^ mile. 

F I G . 5-7.—Range distortion on PPI . Each square is 1 mile on a side. 

The obvious distortion at the center of the PPI in Fig. 3-8 (Sec. 3-2) 
is caused by the presentation of slant range rather than ground range. 
Note that in this figure, since the altitude of 10,000 ft is only 3 per cent 
of the sweep length, the altitude hole is not very large. 

The PPI altitude-distortion may be practically eliminated, by the 
use of so-called "ground-range sweeps." These are indicator sweeps 
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which are not hnear, like the usual slant-range sweeps, but have just the 
proper deflection-time characteristic to compensate for the altitude 
distortion. I t is not difficult to see that the shape of the ground-range 
sweep must vary with altitude. This compUcation can be corrected 
with a marked dial which the operator sets to his altitude. Figure 5-8 
shows the displacement on the PPI as a function of range or time for (a) 
a normal 10-mile slant-range sweep, (b) a slant-range sweep with full 
altitude delay, and (c) a 10-mile ground-range sweep designed for an 
altitude of 10,000 ft. 

Note that in the ideal ground-range sweep of Fig. 5-8 the PPI spot 
must be moving infinitely fast at the start of the sweep. Because this 
condition is unattainable, the ac
curacy of ground-range sweeps is 
limited in actual practice. Of 
radar systems now in service, only 
the very few designed for precision 
use at high altitudes (25,000 ft 
and over) are equipped with 
ground-range sweeps. In systems 
for use at medium and low alti
tudes, the use of altitude-delayed 
sweeps as described above usually 
results in enough freedom from 
altitude distortion for all practical 
purposes. 

Distortion Due to Finite Beam-
width and Pulse Length.—The dis
tortion resulting from the finite 
beamwidth and pulse length of the 
radar system was treated briefly 
in Chap. 1. As shown there, the 
net result is that a point target appears on the PPI as a short arc in 
azimuth extending in range by an amount equal to one-half the product 
of the duration of the pulse and the velocity of light. This quantity, the 
equivalent pulse length, is the minimum separation in slant range for 
two resolvable point targets. A quantity of greater significance for air
borne radar is the separation in ground range of two point targets that 
are barely resolved. It can be shown that this quantity is equal to the 
equivalent pulse length divided by the cosine of the angle of incidence 
between the radar beam and the surface of the earth. The cosine factor 
is important only at very close range. 

The range resolution of a radar system is usually better than the 
azimuth resolution at ranges greater than a few miles. The azimuth 

F I G . 5-8.—Sweep characteristics for an 
altitude of 10,000 ft. The time required for 
the beam to move a given distance from the 
center of the tube face is directly propor
tional to the distance along the slant-range 
axis. 
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resolution is not a sharply defined quantity. The ground range at which 
the two are approximately equal is given by 

2<£o 

where c is the velocity of light, T the pulse duration, and <t>0 the antenna 
beamwidth in radians. For such representative values as T = 1 /isec 

F I G . 5-9.—Apparent increase in size of land areas due to finite beamwidth and pulse 
length. Solid lines represent actual water boundaries, and dashed lines represent water 
boundary on P P I presentation. The beamwidth is assumed to be 5°. 

and 4>0 = 3° (-^ radian), R is about 2 miles. Thus, for ground ranges 
beyond 2 miles, range resolution for this particular set of conditions is 
better than azimuth resolution, whatever the altitude. 

Microwave radar systems suitable for air navigation have been built 
with beam widths ranging from 0.5° to 10° and with pulse lengths of from 
0.1 /isec to 5.0 jusec. Many airborne radars have been built with beam-
widths of about 3.0° and pulse lengths of 1.0 ^sec. Such sets present 
each point target as an arc with an angular width of 3.0° in azimuth and 
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extending a distance equivalent to 500 ft in range. This effect is illus
trated for the PPI in Fig. 5-9 where the dotted lines indicate the apparent 
increase in size of land areas and the displacement of the land-water 
boundaries. Some PPI photographs showing this effect are presented 
in Sec. 3-1. 

6*3. Antennas. Size, Drag, Location.—The designer of a radar 
system, who seeks good azimuth resolution, will choose an antenna of the 
largest possible horizontal aperture. He will also try to improve the 
range performance by choosing as large a vertical aperture as is consistent 
with desired ground illumination. The size of the antenna is limited by 
the finite size of aircraft, and by the possible reduction in aircraft per
formance resulting from increased drag. The number of possible loca
tions for the antenna is restricted by the necessity for an adequate radar 
view of the ground. Common installations are in the bottom of the 
fuselage, in the nose (where the added drag can be small, if not zero), 
in the leading edge of a wing, and in a separate nacelle mounted pickaback 
above the fuselage. When the radar is to be used only on some flights, 
the installation may be hung beneath a wing in a removable, streamlined 
" b o m b " which can contain all the radar components except the control 
panel and the indicator. Considerations of tolerable drag have indicated, 
for a normal military installation, a maximum antenna dimension of 
about 30 in. for aircraft of the 100,000-lb class and of about 18 in. for the 
40,000-lb class. Commercial applications may, of course, alter these 
relative limits. Assuming the radars to operate at 3 cm, azimuth beam-
widths are about 3° and 5° for each of the above dimensions, respectively. 

Beam Shaping.—The antenna beam is especially shaped in elevation 
to provide uniform signal return over a wide range of depression angles. 
The range performance obtained with a shaped beam depends on the 
altitude for which the antenna is designed and on the nature of the target. 
For example, suppose a radar with a cosecant-squared antenna designed 
for 10,000 ft can, when flying at this altitude, just detect a ship target at 
50 miles. Substitution of a cosecant-squared antenna with the same 
horizontal dimension but designed for 20,000 ft will reduce the perform
ance so that detection at the new altitude is not possible beyond about 
25 miles. 

On the other hand, if a radar is able to map the ground at 50 miles 
from 10,000 ft with an antenna designed for that altitude, then at 20,000 
ft, with an antenna designed for 20,000 ft, the ground could be mapped 
to 35 miles. 

Types of Scanning and Scanning Rates.—In many aircraft installa
tions a complete view of the terrain at all azimuths is not possible, or is 
not permissible because of drag considerations. The radar antenna then 
may be designed to oscillate back and forth through a fixed sector rather 
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than arranged to execute a complete circular scan. This is called "sector 
scanning." Even in radar systems with a complete 360° scan, scanning 
through a smaller angle, say ±30°, is usually possible. This sector, 
subtending an angle of 60°, may be centered about any direction. Sector 
scanning is desirable for two reasons. First, any given ground object in 
the scanned area is illuminated more frequently during sector scanning 
than during circular scanning and maximum range performance is thereby 
somewhat improved. Second, sector scanning improves the continuity 
of reception of the radar information. For example, if a radar antenna 
making 12 complete revolutions per minute is installed in an aircraft with 
a ground speed of 400 nautical miles per hr, the aircraft moves 1100 yd 
between scans. If the maximum sweep speed of the radar is 1.0 nautical 
mile per in., signals will move across the indicator screen (assuming the 
aircraft to be flying at a very low altitude) in discrete jumps of 0.55 in. 
If, however, the radar were to scan through a 60° sector at the same 
angular rate, the jumps would be reduced to 0.1 in. 

Improved continuity of information can also be achieved simply by 
scanning at a greater angular rate, although this method greatly increases 
the mechanical difficulties. A recent experimental system is operated 
at a scanning rate of 720 per min. The signals, presented on an indicator 
with a low-persistence screen, form a flicker-free presentation that pro
vides the optimum in continuity of information. It seems clear that this 
must be the trend where fast aircraft and fast indicator speeds are con
cerned. For ranges beyond several miles, however, such high scanning 
rates are not compatible with the other parameters of the radar system 
or with the limitations imposed by the finite velocity of light. 

5*4. Antenna Stabilization. Need for a Vertical Scanner Axis.—In 
Sec 5-2 it is explained how the PPI display may be rotated in order to 
compensate for changes in airplane heading and still keep north in the 
12 o'clock position. Further complications result when the airplane 
deviates from the position it assumes in steady horizontal flight. Such 
deviations, caused by procedure turns, climbs or dives, or rough air con
ditions, make the axis of rotation of the scanner depart from the vertical. 

The first radar difficulty, especially important with antenna beams that 
are narrow in elevation, occurs when the normal radar intensity pattern on 
the ground is seriously disturbed. For example, in a right bank, when 
the rotating antenna beam points left, it is lifted up toward the horizon 
(or above it), whereas when it points right it is depressed toward the 
vertical. 

Figure 5-10 shows the type of PPI pattern that results when the air
craft departs from level flights. Note that when the antenna beam is 
pointed too far down, the ground clutter signals are so intense that 
otherwise useful close signals are obscured. Because of the persistent 
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qualities of the indicator screen, this bright pattern may linger for several 
sweeps after the aircraft has returned to straight and level flight. When 
the antenna beam is tilted up, on the other hand, only a few signals 
appear. 

The second radar difficulty that accompanies departure from straight 
and level flight results from a distortion of the pattern which produces 
azimuth errors on the PPI . Such distortion is significant only when fast 
PPI sweeps are used at high altitudes or when accurate quantitative use 
is made of the radar azimuth information as in a possible type of naviga
tional computer. 

FIG. 5-10.—Effect of unequal illumination due to departure from level flight, (a) Level 
flight; (6) a 15° right roll. The bright line shows heading marker. The aircraft was over 
Nantucket Sound, Mass. Cape Cod is at the top, Nantucket Island at the lower right, 
and Martha's Vineyard at the left. 

As an example of azimuth distortion, consider an aircraft at the 
instant when its rotating scanner is pointed dead ahead and its right wing 
has dropped from a level position through an angle a. The targets being 
illuminated at this instant, and hence displayed on the PPI as if they were 
dead-ahead, are not those on the ground line ahead of the aircraft, starting 
directly beneath it, but those along a line parallel to this and to the left 
of it by an amount h tan a where h is the altitude. In general, there will 
be an azimuth error during such a right roll for all targets scanned except 
for those along a line perpendicular to the heading and passing through 
the scanner. The shifts in signal position will be to the right for a right 
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roll, the exact azimuth error depending on both the range and azimuth 
of the target in question. No range errors are involved. 

At an altitude of 25,000 ft, and with a ground-range sweep of 0.5 
nautical mile per in., the sideways shift of fore-and-aft signals on the PPI 
is about 0.4 in. during a 3° roll. Such displacement might be serioua 
under special circumstances. However, for h = 10,000 ft, a = 3°, and 
a ground-range sweep speed of 1.0 nautical mile per in. the maximum 
signal displacement is approximately 0.08 in., a negligible error for 
ordinary navigational uses. 

In commercial air service, the relatively few procedure turns and other 
maneuvers can usually be anticipated; rough air motion is the most 
common reason for departures from level flight. Continuous rough air 
motions greatly reduce the usefulness of the radar and cause the indicator 
screen to resemble Fig. 5-10 much of the time. This is unfortunate since 
it is often precisely under these conditions that radar aid is most required. 

Angular motions of the aircraft do not affect the accuracy of range 
measurements, provided, of course, that the radar beam continues to 
illuminate the target. 

Stabilization Requirements.—It is possible either to reduce greatly 
or to eliminate both abnormal ground illumination and the pattern 
distortions by means of so-called " antenna-stabilization" techniques. 
To evaluate the need for such stabilizing devices it is necessary to know 
the magnitude of roll and pitch to be expected during various flight 
conditions and the effect of such motions on ground illumination and on 
pattern distortion. 

The angles of roll normally encountered are, on the average, about ten 
times as large as pitch angles. Angular rates of roll are also considerably 
greater than those of pitch. Hence, the problem is primarily one of 
correcting for roll. 

During coordinated turns, large roll angles develop. The roll angle 
during such a turn is given by 

vw 
tan a = =̂ 

720 X V 3 
where v is the true air speed in nautical miles per hour and w the turning 
rate of the aircraft in degrees per second. Thus, for an aircraft doing a 
3°/sec coordinated turn at a true air speed of 250 nautical miles per hr, the 
roll angle is 30°. 

One set of measurements of average rough-air motions has been made 
by the National Advisory Committee for Aviation on a Lockheed trans
port of 55-ft wingspan. I t was found that roll angles exceeded 10° 
during only 6 per cent of the flight time. These figures apply to average 
air and were compiled under conditions in which the pilot attempted to 
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fly a straight and level course. Clearly special operating conditions will 
cause wide departures from these figures. 

Effects of pitch during turns and in rough air are usually small. 
Leveling difficulties may occur, however, under special circumstances. 
In every aircraft there is a pair of level pads, small machined bosses so 
placed that the line joining them is horizontal during level flight at rated 
indicated air speed and for normal aircraft load. The radar scanner is 
installed so that its rotational axis is perpendicular to the line determined 
by the level pads. Departures of the level-pad line from the horizontal, 
caused by climbs or dives, operation at other than standard indicated air 
speed, and operation with other than standard loading, produces distor
tion of both the illumination and the apparent azimuth on the radar. 
A range of adjustment of 10° in the direction of the scanner axis can 
compensate for most of these departures from horizontal. 

The variations in pitch described above can be easily compensated for 
by means of a screw so arranged that it can tilt the scanner base through 
+ 5° about an axis parallel to the wingspan line axis. This screw may 
be operated manually with a flexible shaft either at the scanner or by 
remote control. The adjustment is made in flight, the criterion being 
that the ground clutter signals in the forward and rear sectors on the 
PPI appear equally bright. Automatic operation with a pendulum-con
trolled motor is also possible. Even though many aircraft now in service 
do not have leveling screws, they are a useful feature. 

Methods of Stabilization.—The ideal solution to the problem of non-
level flight would be to support the rotating antenna system in a double 
set of gimbals, driven in such a fashion that the scanner rotational axis 
always remained vertical. This stable-base stabilization is relatively 
costly in weight and is probably not justified for general commercial 
application. There are less costly approximate corrective devices which 
perform quite adequately. Two of these, line-of-sight stabilization and 
roll stabilization, are discussed below. 

A need common to all stabilization schemes is a device for detecting 
departures of the aircraft from level flight. A gimbal-supported gyro
scope provided with some self-erecting mechanism is nearly always used 
for this purpose. I t has the drawback that the erecting mechanism, 
which is purposely gravity-sensitive and acts so as to align the gyrospin 
axis with the vertical during level flight, also responds to centripetal 
forces. During a protracted turn it will tend to pull the gyroaxis away 
from the vertical and align it parallel to the resultant of gravity and the 
centripetal acceleration. This effect, which is serious only in long turns, 
may be eliminated in some cases by disabling the erecting mechanism 
during these turns. 

The most common method of stabilization is called line-of-sight 
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stabilization. Here the scanner base is fastened rigidly to the aircraft, 
and the beam is held pointed in the right direction by tilting the antenna 
as the scanner rotates. Thus if the right wing drops (right roll), the 
antenna must tilt upwards from its normal level flight position when 
pointing to the right and downward when pointing left to maintain 
normal ground illumination. When pointing fore or aft no tilt correction 
is required. Thus one complete cycle of tilting per revolution must be 
accomplished. For rapid-scanning or sector-scanning systems this can 
prove costly in terms of weight and power. 

Ground illumination maintained by line-of-sight stabilization is 
adequate only for roll or for pitch. For combined roll and pitch, the 
illumination pattern departs somewhat from the normal. Because the 
scanner rotational axis actually leaves the vertical during maneuvers, 
PPI azimuth distortions occur to the same extent as if no stabilization 
were used at all. These distortions can be partially compensated for 
by displacing the PPI pattern with the aid of electrical information from 
the gyro. The weight of present line-of-sight stabilizing equipment is 
about 50 lb. for a 360-lb radar system. 

Roll Stabilization.—A second method, which has been used only in 
experimental installations, is roll stabilization. While it weighs more 
and requires more space in the radome (for 360° coverage at least) this 
scheme corrects perfectly when roll alone occurs. There is no provision 
for correction of pitch but, as has been pointed out, pitch effects can 
usually be neglected. 

Roll stabilization, in its simplest form, is accomplished by suspending 
the scanner on trunnions so that it can be made to rotate about an axis 
parallel to that of the aircraft level-pad. When the aircraft is rolling, 
this rotatable scanner assembly is driven by a motor, deriving its exci
tation signal from the gyro. The motor has to operate only slowly 
and infrequently in comparison with the tilt motor of line-of-sight 
stabilization. 

Stabilization of antennas is a fairly recent development in airborne 
radar. The choice between roll stabilization and line-of-sight stabiliza
tion is difficult. In general, the cost of somewhat greater weight and 
radome size required by roll stabilization will be worth while only when 
correction of the azimuth distortion is important. Antennas of many of 
the radar systems now in service are not stabilized at all. Of those that 
are, nearly all are stabilized in line-of-sight. Unstabilized radars include 
systems developed before the advent of stabilization and more recent 
systems of small antenna diameter (broad antenna beam) designed for 
service at medium and low altitudes. A complete discussion of antenna 
stabilization will be found in Radar Scanners and Radomes, Vol. 26, Radia
tion Laboratory Series. 
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ENGINEERING AND ECONOMIC CONSIDERATIONS 

B Y W. M. CADY, F. R. BANKS, JR . , R. L. SINSHEIMER, D. HALLIDAY, 
AND H. FAHNESTOCK, JR . 

6-1. Installation.1 Scanner Installation and Radome Problems.—The 
installation of the scanner presents a difficult problem. Some compro
mise which gives a good vantage point for viewing the ground, minimizes 
the drag coefficient of the airplane, and at the same time makes the 
scanner easily accessible must be found. 

The only position from which the scanner has a good 360° view is 
beneath the fuselage. But in this location, too great a protrusion below 
the keel line adds to the aerodynamic drag. On the other hand, if the 
antenna is retracted too far, coverage is inadequate because the field of 
radiation is partially blocked. The minimum protrusion allowable from 
the radar point of view in the prototype of each installation must be 
determined by measurements of the antenna pattern made with the 
antenna installed in a mockup. Such measurements have shown that 
certain recent scanning fanbeam antennas give satisfactory results if they 
are installed so that nearly half their height is above the keel line of the 
airplane. These experimental results have been confirmed by observa
tions of the indicator in flight. Even in a belly installation, however, 
parts of the aircraft may cast shadows. Figure 6-1 shows the blanking 
of a part of the landscape caused by the partially retracted landing wheels 
of a C-47 in which the equipment was installed. Similar blocking due 
to the close approach of another aircraft is shown in Fig. 6-2. 

The airborne scanner must be housed for protection against wind and 
weather. Its shelter is called the radome, and must be considered a part 
of the radar. The radome presents difficult problems of aerodynamics, 
transmission of electromagnetic waves, and structural design. 

The aerodynamic problem arises because the antenna must protrude 
from the airplane; this requirement is probably most embarrassing in the 
case of belly installations. Antennas now in use must protrude somewhat 
more than half their height (12 to 36 in.) and the radome must protrude 
enough to allow about an inch clearance as the antenna scans. Early 
radomes were cylindrical and not streamlined at all. They reduced the 

1 By W. M. Cady. 
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Flo. 6*1.—The aircraft wheels block the radar beam and produce two wedge-shaped shadows 
on the P P I . 

F I Q . 6-2.—A shadow on the P P I caused by a large airplane that blocks the radar beam. 
This airplane is flying just below and slightly behind the one in which the photograph was 
taken. The radar signal from the airplane is lost in the bright spot at the center of this 
picture. 
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speed of the airplane as much as 13 mph. Later, streamlined radomes, 
which reduced speed as little as 2 mph, were installed in some large 
airplanes. If coverage to the rear is not required, the scanner can be 
located well forward where the keel line of the fuselage slopes upward to 
the nose. In such a location the radome becomes part of the skin, thus 
offering no increased drag whatsoever. This is the desired ultimate in 
radome installations. 

Flo. 6*3.—This recent belly installation of a 60-in. radar antenna on a large airplane proved 
satisfactory. 

Figures 6-3 and 6-4 are examples of aerodynamically good and bad 
installations, respectively. These installations are for identical functions. 
The installation in Fig. 6-4 was not carefully planned, whereas Fig. 6-3 
shows a good example of the results of cooperation between the radome 
designer, the antenna designer, and the aircraft manufacturer who also 
engineered and constructed the antenna. Similar cooperation in the 
case of another installation, shown in Fig. 6-5, has resulted in a satis-
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A ^ I Q - ° t, T j " 6 a r I y a n t e n n a installation on a large airplane is aerodynamically poor, 
A retractable radome (1) is partly extended below the fuselage, and the transmitter unit 
(2) is aft of the radome. 

Flo. 6-5.—The design of a radome to house an 8- by 3-ft parabolic reflector underneath 
the airplane presented a difficult problem in streamlining. Two additional vertical sta-
buiiers were required. 
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factory solution of an extremely difficult problem involving an 8-ft 
antenna. It required the addition of two outboard vertical stabilizers 
to the empennage. 

In radome design transmission of the radiant energy is a consideration 
even more important than streamlining. Indeed, if the streamlining is 
carried too far, the energy from the antenna may fall upon the radome at 
angles so oblique that a great part of it will be reflected instead of trans
mitted. At present, the best radome design for the 3-cm band transmits 
efficiently only if the angle of incidence never exceeds 70°. After an 
aerodynamically reasonable shape has been decided upon, it is therefore 
necessary to check the angles of incidence of the radiation with the aid 
of a ray diagram. 

The thickness and construction of the wall of the radome can be 
determined on the basis of structural considerations within the limits 
determined by the allowable reflection. The reflection is a function of 
the dielectric constants, thickness of the material, and angles of incidence 
of the radiation. The fundamental electrical equations and engineering 
considerations are given in Radar Scanners and Radomes, Vol. 26, Chaps. 
9 to 14, of this series. The combined one-way reflection and transmission 
losses do not usually exceed 10 per cent. Actual structural and electrical 
tests are necessary to assure a satisfactory design, for in a streamlined 
shape the calculations can at best be only approximate. 

Installation of Other Units.—The other units of the radar are easier 
to install than the scanner and the radome. The designers of the aircraft 
and of the radar must collaborate in order to assure optimum perform
ance. For operational comfort, the indicator should be at a convenient 
height and angle, and the most frequently used controls should be close 
at hand. The ambient light and glare in the operator's compartment 
should be kept very low. For the remaining electronic components, 
the installation requirements are rather less stringent. 

6-2. General Design Considerations.1 Temperature, Pressure, and 
Humidity.—The ambient operating conditions—temperature, pressure, 
and humidity —for an airborne radar are often extreme. The same set 
that must be ready for immediate use after standing in the desert sun 
must also perform at stratospheric temperatures. The required ambient 
temperature range has been set by the Army and the Navy at — 67°F to 
+ 160°F, even though the equipment is not often subjected to these 
rigorous extremes, particularly in peacetime. In some components, 
however, particularly in sealed electronic units, the internal temperature 
rise is sometimes considerably above this temperature range. 

Operation at high humidity is a requirement to which, for several 
reasons, increasing attention must be given. First, after use at low 

1 By W. M. Cady. 
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temperature (for example, in the stratosphere), a rapid descent to a region 
of high absolute humidity causes the formation of much frost and dew 
on mechanical and electrical parts. These formations may cause short 
circuits, corrosion, and energy loss in the transmission lines. Second, 
the diurnal temperature changes in the tropics cause "sweating" and 
consequent deterioration of electrical parts. And third, humid condi
tions favor the growth of fungus, even on circuit components. The 
defense against humidity is to seal the transmission lines hermetically 
and to seal or "fungus-proof" the electrical components. 

Equipment to be used in the tropics should be treated with any of 
several commercially available fungicidal paints and sprays. When the 
equipment is not in operation, it should be kept at a temperature above 
that of the surroundings to reduce the humidity and inhibit fungus 
growth. The temperature may be maintained at an appropriate level 
by leaving the heaters of vacuum tubes turned on. 

The range of pressure in which a radar must operate extends from 
atmospheric to about one-sixth of an atmosphere. The most notable 
effect of lowered pressure is arcing, which may occur in the transmission 
line, particularly at connectors and rotary joints, or in the modulator or 
other circuits where high voltages exist. Arcing is prevented by careful 
design of the transmission line, adequate spacing of circuit elements, 
and particularly by hermetic sealing. The transmission line, whether 
it is waveguide or coaxial conductor, can be hermetically sealed even at 
the rotary joints; similarly, the high-voltage circuits can be packaged in 
an airtight container. It is rather common practice to maintain the 
pressure in some parts by a small airpump because truly hermetic sealing 
is often difficult and impractical. Sometimes almost the entire radar 
is sealed in an airtight "bomb." 

An airborne radar is subject to certain mechanical hazards, of which 
vibration is one of the more serious. Most of the chassis that house the 
electronic components are vibration-isolated, but the scanner is usually 
rigidly attached to the airframe. The shock of a rough landing can 
cause damage to the radar. Vibration isolators and shock mountings are 
probably not effective in softening a hard landing, however, because 
their total motion could not much exceed i in.—an insignificant addition 
to the protection already afforded by the shock-absorbing mechanism of 
the landing-gear. As for the scanner and the cabling, inexpert handling 
is probably even more destructive than vibration and shock, and extra 
ruggedness must be planned for these components. 

Reduction of Weight.—Weight1 is an extremely important considera
tion for airborne radar, as for any other flying equipment. Although the 

1 W. L. Myera, "Weight Analysis of Airborne Radar Sets," RL Report No. 450, 
Jan. 1, 1945. 
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urgency of war often prevented the most careful attention to the problem 
of weight reduction, one military system, AN/APS-10, was engineered 
with ounces in mind. Table 6-3 lists the approximate weight of each 
component of this navigational radar, including its mounting. 

The general trend of weight reduction for airborne radars is concen
trated along several channels. Perhaps the greatest reductions in weight 
have been effected by the replacement of heavy components with 
radically new and much lighter ones, like miniature tubes and the hydro-
gen-thyratron modulator. Miniature tubes are, in themselves, not much 
lighter than standard ones, but their use permits the design of very much 

F I G . 6-6.—Rear view of an 8-ft. parabolic reflector constructed for airborne use according 
to aircraft design methods. The radome shown in Fig. 6-5 wns designed to house this unit. 

smaller and lighter chassis. In some cases, also, the power required is 
substantially reduced. Aluminum and magnesium find increasing appli
cation in chassis for the electronic units, in the transmission line, and in 
the scanner. Nickel has been successfully used as the material for light
weight electroformed transmission lines; metalized plastics may possibly 
be put into use for this purpose. The methods of aircraft structural 
engineering have proven adaptable, especially for the larger antennas. 
Such methods have been used in the construction of the 8-ft reflector of 
a recent system designed for the 10-cm band and the 60-in. antenna of a 
set operating at about 3 cm. These are illustrated in Figs. 6-6, 6-7, and 
6-3. 

Roughly 10 per cent of the weight of an installed airborne radar set 
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is in the transformers. I t is obvious that transformers of lighter weight 
are very desirable.1 Improved core materials have been developed, and 
transformers may now be impregnated with a polymerizing varnish 
instead of being "po t ted" in a can of oil. 

The manner of packaging the radar and the construction of the inter
connecting cables is important in saving weight. The use of a few large 
packages is more economical than the use of many small ones, because 
large packages require fewer chassis and cables. The cables, representing 
about 10 per cent of the weight of the installed radar, are now often 

FIG. 6-7.—This 5-ft antenna may be installed partly within the fuselage. 

sheathed in a flexible plastic tube rather than in a heavy metal conduit, 
thus both saving weight and improving water resistance. Certain of the 
conductors in such cables, however, may require individual electric shield
ing. In designing the installation it must be remembered that the 
transmitter frequency will be unstable if the magnetron is too far from 
the antenna; practical limits are from 25 ft for 10-cm coaxial line to 6 ft 
for 1-cm waveguide. This limitation is discussed at greater length in 
Microwave Magnetrons, Vol. 6 of Radiation Laboratory Series. 

A reduction in the weight of a radar might be attained by altering the 
1 Recent advances in the engineering of transformers and other electrical com

ponents are discussed in Components Handbook, Vol. 17, Chap. 1, Radiation Laboratory 
Series. 
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frequency and voltage of the power sources now available. I t is ques
tionable, however, whether frequencies higher than the nominal 400 cps 
now in use would be very effective because the saving in transformer 
iron might be offset by an increased weight of equipment for controlling 
the voltage and the waveform. Voltages higher than the nominal 24 
volts d-c now used would allow reduction of the weight of the copper in 
the cables. 

Although the weight of existing radar sets ranges from 50 to as high 
as 500 lb, in redesign for peacetime use newer manufacturing practices 
will probably make possible a material reduction. 

Primary Electrical Power.—The power for operating an airborne radar 
comes from generators mechanically driven by the aircraft engines. 
The requirements- are for a small amount of d-c power at 27 volts and a 
preponderance of a-c at 115 volts and 400 to 800 cps. For microwave 
radar, the a-c load is usually in the range 1 to 3 kw. Some simple radar 
devices, such as altimeters and the like, require less than 100 watts. 

Although the d-c generators now in use are fairly satisfactory, the 
rigid insistence on light weight has prevented realization of both reliabil
ity and satisfactory output characteristics in the a-c generators. At 
present, heavy generators must be tolerated if the requirements of con
stant waveform and voltage (sometimes as strict as ± 3 per cent) are to 
be met despite reasonable variations in frequency (400 to 800 cps) and in 
load characteristics. Although a sinusoidal waveform is not essential 
for its own sake, generators which provide an extremely impure output 
are also likely to produce an undesirable change in the waveform with 
changes in load. In most installations the a-c power is still supplied by 
an inverter, but single-engine Navy airplanes have engine-driven gener
ators for both alternating current and direct current. 

Electrical Noise Interference and Its Elimination.—The radar may 
cause noise in the radio and intercommunication systems. Correct 
design and installation of both these and the radar system can greatly 
mitigate this disturbance.1 Any wire that is not within a shielded 
enclosure and carries high frequency or sharply varying current is a 
possible source of noise. Pickup may be prevented by: shielding or 
filtering the leads of the communication systems; designing the radar to 
avoid, as far as possible, pulsed or high-frequency currents in long leads, 
and shielding the leads which must carry such currents; filtering at the 
noise source within an offending unit; and providing adequate grounding 
of all shields and chassis to the airframe. Any spare wires in cables should 
be grounded. 

D-c motors are notorious sources of noise. At present, the usual cure 
'Air Technical Service Command Technical Note TN-TSERR2-1, "Notes on 

Design of Radar Systems Which do not Cause Radio Interference." 
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for an offending motor is to filter its leads and enclose it in a grounded 
cage. Because brushless a-c motors are not noise sources, they would be 
preferable, although at present they are not in wide use. 

The noise normally observed on the indicator of any radar should be 
merely that unavoidable noise due to statistical fluctuations in the input 
circuit and in the first tubes of the receiver. Other noise, which must be 
ascribed to external causes, is sometimes visible, however. Interference 
from other radar sets is occasionally bothersome; if it originates in the 
same airplane it can be suppressed by blanking the receiver of each radar 
at the instant that the other one is transmitting a pulse. In general, 
however, it can be said that airborne radar is much less vulnerable to 
noise than is the radio. 

Test Equipment.*—The reason for maintenance of airborne radar 
systems, as of radio transmitting and receiving stations, is to attain and 
maintain peak performance. Only the general nature and extent of 
radar maintenance is discussed here.2 

The two major factors on which the performance of a radar system 
depend are, in order of importance: the sensitivity of the receiver, or its 
ability to detect very weak signals; and the pulse power output of the 
transmitter. Test equipment used has to be capable of measuring 
accurately both of these quantities. 

I t has been found desirable to divide the maintenance of aircraft radar 
systems into three major categories: tests made in flight; tests made at the 
aircraft on the ground; and tests made on the bench (after equipment has 
been removed from the aircraft). The other aspects of the maintenance 
program, such as the test equipment to be used, the measurements to be 
made, and the scope of the maintenance personnel training follow these 
three divisions. 

Tests are made in flight simply to provide the radar operator with a 
means of deciding what reliance should be placed on the radar equipment, 
or to locate and repair very simple equipment failures. Only a very 
limited number of measurements3 can be made; the test equipment for 
these measurements has to be simple, and the instruction literature and 
the training required for using the equipment should not be extensive. 

1 By F. R. Banks, Jr. 
2 See Radar System Engineering, Vol. 1, Chap. 17, Radiation Laboratory Series. 
3 A permanently installed "echo box," which can be tuned by a control near the 

radar operator or provided with automatic tuning, has been used as test equipment in 
flight. Carefully calibrated echo boxes can be very useful for measuring over-all 
radar performance (a combination of pulse-power output and receiver sensitivity). 
An echo box, however, is not suitable for checking the sensitivity of the beacon receiver 
of the aircraft. Alternatively, a separate power meter and r-f noise generator might 
be used. The equipment used in flight should, in general, be no more complicated 
than either of these devices; and the total weight should not exceed 10 to 15 lb. Of 
course, a simple test meter to check voltages, fuses, and continuity of leads, is essential. 
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This airborne test equipment must be lightweight and compact, and the 
cost of carrying it must be balanced against the increased usefulness of 
the radar. 

Tests made at the aircraft on the ground are designed to provide a 
quick, reliable check of the radar system, and to isolate and replace a 
faulty major assembly such as a receiver-transmitter unit, an indicator 
unit, or a synchronizer unit. Because these tests can be made by the 
same personnel who check the radio equipment and inspect the motors 
of the aircraft, the training for both radar and radio maintenance can be 
conducted concurrently. The test equipment can be somewhat heavier 
and more versatile than that carried in the aircraft but must be portable 
and not too complicated for speedy use. The instruction literature and 
the training program become correspondingly more extensive. The 
speed and efficiency with which measurements are conducted depend on 
a thorough familiarity with the equipment and on the kind of measure
ments to be made. 

Tests made on the bench are the most extensive in the maintenance 
program. They have three objectives: first, to ascertain what sub-
assembly or functional unit is causing the reduced performance of a 
particular major assembly; second, to replace or repair that subassembly 
or functional unit; and third, to have a ready supply of major assemblies 
available for immediate call. Because these measurements are compre
hensive, an extensive line of test equipment must be available. It may 
be an integral part of a permanent maintenance installation since porta
bility is not an important consideration. The instruction literature and 
the training program have to be very complete; thoroughness is more 
essential than speed. Experience has shown that personnel trained in 
"trouble shooting" in radio circuits become most adept in this kind of 
maintenance. 

If a maintenance program such as that outlined above is to be fol
lowed, corresponding requirements are placed upon the design of the 
radar system. The system as a whole must be comprised of individual 
major assemblies which can be isolated readily one from another in the 
event that one is faulty; and the major assemblies must be comprised 
of subassemblies or functional units. 

An estimate of the cost of training maintenance personnel, of the 
installation and maintenance of equipment, and of operating an airborne 
radar system is given in Sec. 6-7. 

6-3. Performance of AN/APS-10.1—The preceding sections in this 
part of the book have described the functional and engineering principles 
involved in the design of an airborne radar system. The application and 
integration of these principles may best be illustrated by an analysis of 

1 Sections 6-3 to 6-5 by R. L. Sinsheimer. 
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the design of a simple airborne system, AN/APS-10, manufactured by 
the General Electric Company. 

This radar is designed to serve as a general-purpose navigational aid, 
to provide adequate radar mapping and storm warning for most naviga
tional purposes, and is equipped to interrogate and receive radar beacons. 

Because this system was designed for use in many and varied aircraft, 
such qualities as reliability, ease of maintenance, light weight, low power 

i / 

F I G . 6-8.—A typical arrangement of an AN/APS-10 system installed in an airplane. 

consumption, simplicity of operation, and flexibility of installation have 
been stressed rather than extreme range performance or highest resolving 
power. A typical installation of this equipment is shown in Fig. 6-8. 
Figures 6-9 and 6-10 show that its resolution is adequate to define coast
lines clearly, to outline lakes, to reveal moderately broad rivers, and to 
distinguish cities, mountains, ridges, and gaps. Figure 6-11 shows beacon 
replies. 
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________-Philadelphia 

--Wilrftington 

-—Delaware River 

" Chesapeake Bay 

_ _ Baltimore 

F I G . 6-9.—AN/APS-10 presentation of the Chesapeake Bay area, Maryland, from 5600 
ft. The engine nacelles mask signals at azimuths of 100° and 260°. Pulse length 0.8 jisec, 
range circles 10 nautical miles apart. 

T A B L E 6 - 1 . — R A N G E P E R F O R M A N C E OF AN/APS-10 
Target Range in naut ical miles 

5000-ton ship 25 
Land " p a i n t i n g " 25-30 
Storm clouds 10-40 
Mountains 25-35 
Cities 20-50 
Beacons 

A N / C P N - 6 150 if not limited by horizon 
Pe rmanen t ground installation 
A N / U P N - 3 At least 115 if not limited by horizon 
Semi-portable 
A N / U P N - 4 40-70 
Portable 
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Typical maximum ranges achieved by AN/APS-10 with radar targets 
and beacons are shown in Table 6-1. 

6-4. Characteristics of the AN/APS-10 Radar: I. Choice of Func
tional Parameters.—The small space available for antennas in aircraft 
was the principal limiting factor in determining the functional parameters 

F I G . 610.—Presentation showing Narragansett Bay, R.I., from 1000 ft. Taken with 
an AN/APS-10 using a special antenna with a beamwidth of 3° instead of the usual 5°. 
Pulse length 0.8 /xsec, range circles 2 nautical miles apart. 

of the AN/APS-10 set. Scanning of the entire 360° of azimuth was 
considered essential for the radar to accomplish its purpose as a naviga
tional aid. This required that the antenna be below the airplane to 
secure unobstructed vision. 

The use of a small antenna necessitated the use of a short wavelength 
to obtain the narrow beam necessary for adequate radar mapping. It 
was impractical to use 10 cm for this reason and 1.25-cm apparatus was 



SEC. 64] CHARACTERISTICS OF THE AN/APS-10 RADAR 175 

in a relatively new and undeveloped state at the time of the design of 
AN/APS-10. Furthermore, at 1.25 cm the range is cut down by the 
absorption by water vapor. The remaining available microwave band 
at 3 cm was selected. 

The 5° beamwidth obtained at 3 cm with an 18-in. paraboloid gave 

Boston, Massachusetts 
^(Deer Island) 

. South Weymouth, 
Massachusetts 

Code: 2-1-1 

^T^Quonset Point, 
Rhode Island 

Code: 2 1 

Fisher's Island, 
Connecticut 
Code: 1-2-3 

F I G . 6-11.—Signals from four different beacons on the indicator of AN/APS-10 from 
an aircraft about 5 miles west of Woonsocket, R.I. Range circles 20 nautical miles apart , 
altitude 3200 ft. Note the coded response. 

adequate azimuth resolving power for general navigation. An 0.8-fisec 
pulse length with wide-band i-f and video amplifiers provided the neces
sary resolution in range. 

For uniform mapping, a cosecant-squared antenna pattern in the 
vertical plane is desirable even though such a pattern can be optimum 
for only one altitude. Also, the higher the altitude for which the pattern 
is designed the lower the antenna gain. A cosecant-squared pattern 
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suitable for an altitude of 7000 ft was chosen as a compromise. Such a 
pattern (see Figs. 6-12 and 6-13) is useful at ordinary altitudes (from 
1000 to 10,000 ft) without too strongly over-illuminating the foreground 

Slant range in nautical miles 

Curved 
earth 

F I G . 6-12.—Coverage diagram of AN/APS-10 showing the range at which average ter
rain can be detected at different angles of depression. The range of detection on rough 
terrain is greater, and on smooth terrain less, than is indicated in this diagram. 

F I G . 643.—Coverage diagram of AN/APS-10. A three-dimensional view of the coverage 
shown in cross section in Fig 6.12. 

at low altitude or under-illuminating it at high altitude. This antenna 
has a gain of 700. 

The pulse-power output needed to achieve adequate range perform
ance was determined from this antenna gain and from figures for the best 
receiver sensitivity available, and by comparison with the range perform-
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ance and parameters of existing systems. The calculations revealed 
that a pulse-power output of 8 to 10 kw was necessary. This permitted 
the use of a lightweight low-voltage transmitter—the 2J42 magnetron 
—and resulted in appreciable reduction in the weight, power consump
tion, and complexity of the modulator and modulator power supply as 
compared with previous similar equipments. 

Because of this low-power output and the small antenna, a stable 
receiver of high sensitivity was required. As in most radar systems, a 
superheterodyne receiver is employed. Reliability is improved by the 
use of an AFC system for the local oscillator with a separate mixer for 
the AFC channel. 

The choice of other parameters, such as pulse-repetition frequency, 
PRF, and scan rate, depended on the requirements of coverage and range 
performance. The PRF on search operation was limited by the time 
necessary for each pulse to go to the maximum useful range and return, 
in addition to the time required for the indicator circuits to recover 
between successive sweeps. This consideration led to a P R F of 810 per 
sec. For beacon operation this value is halved so that the 2.2-jtsec pulse 
length necessary for beacon interrogation will not too drastically increase 
the power requirements of the modulator above that of search operation. 

This lower repetition frequency on beacon operation sets an upper 
limit to the scan rate since several pulses, at least, must trigger the beacon 
each time the beam sweeps by. In an aircraft traveling 4 to 6 miles per 
min, only a few seconds can be allowed between successive scans in order 
that the range of nearby targets should not change too rapidly (see Sec. 
5-3.). As a compromise, a scan rate of 30 rpm was adopted. This 
provides a look at each target every 2 sec and even at the lower repetition 
rate five or six effective pulses per scan strike the beacon.1 

To provide reliable long-range beacon operation, every effort has been 
made to achieve a high receiver sensitivity for beacon signals. Auto
matic frequency control with a reference cavity is used to hold the local 
oscillator of the beacon to the proper frequency for the beacon reception. 
Video pulse stretching of the beacon signals (see Radar Beacons, Vol. 3, 
Sec. 2-3) is incorporated to enhance the brilliance of the beacon return on 
long-range sweeps. 

Presentation.—The PPI presentation, best for a navigational radar 
system, is employed in AN/APS-10. The M-S type is used because it is 
lighter and gives more accurate azimuth data transmission than the M-E 
type, and does not require the precise mechanical construction needed 

1 Only half the pulses incident upon the beacon are effective because the frequency 
range to which the beacon (AN /CPN-6) is sensitive is rapidly switched between two 
bands. This is done in order to cover the wide range of frequencies used for 3-cm 
airborne radar. 
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for the M-M type. (See Sec. 1-8 for a discussion of these three methods 
of deflecting the beam.) 

The choice of range sweeps closely follows the operational capabilities 
of the system. An adjustable sweep, continuously variable from 4 to 
25 miles, is provided for the operator's convenience in following the 
target. A 50-mile sweep allows the detection of cities beyond the general 
area of land mapping. Extra 0- to 90- and 70- to 160-mile beacon sweeps 
are provided to take advantage of the ability of the system to pick up 
distant beacons. The range marks provided are those most convenient 
to the operator. The specifications for the sweep lengths and range 
marks are shown in Table 6-2. 

TABLE 6-2.—SWEEP LENGTHS AND RANGE MARKS USED IN AN/APS-10 
Sweep ranges in miles Range marks 

0—4 to 0-14 (continuously variable) every 2 miles 
0-15 to 0-25 (continuously variable) 1 every 10 miles 
and 0-50 J 
0-90 and 70-160 every 20 miles 

A tube face with a diameter of 5 in. was the smallest that could be used 
to provide a picture easily interpreted by the operator. The restricted 
space in aircraft prohibited the use of a larger tube. The persistence of 
the cathode-ray tube was chosen to match the scan rate by providing a 
map that neither faded between scans nor blurred after the second scan. 
For the avoidance of blurring a P-14 was found to be preferable to a P-7 
phosphor. 

To combat unfavorable ambient light conditions, cathode-ray tubes 
giving high light intensity are employed, but for many installations—and 
especially for any cockpit installation for a pilot—a visor is necessary for 
observing the tube. 

There is usually an indicator at the navigator's position in an aircraft. 
For some installations, however, it is desirable that the pilot also have an 
indicator. For this purpose full provisions for a second, remote indicator 
are included. 

Operation.—Considerable effort was expended to simplify the operat
ing controls of AN/APS-10 and to make them virtually foolproof. 

There are four frequently used and four infrequently used operating 
controls, and two more that are primarily for the operator's convenience. 
The four commonly used controls are: 

1. A Range Selector Switch to select the scale of the radar map dis
played on the PPI. 

2. A Receiver Gain Control to obtain information about the relative 
strength of the radar targets and to bring out terrain detail other
wise hidden. 
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3. A Tilt Control and Tilt Meter to permit adjustment of the depres
sion angle of the antenna beam to the optimum value for any 
given altitude. The tilt meter is calibrated in terms of altitude 
in thousands of feet to serve as an appropriate guide to the proper 
antenna depression for maximum coverage at any given altitude. 
The beam can be tilted from horizontal to 18° below horizontal. 

4. A Search-Beacon Switch to convert the search radar system into a 
beacon interrogator and receiver, and vice versa. Considerable 
internal complexity is required to perform this conversion by a 
simple switch operation, but the resultant ease of beacon oper
ation justifies it. 

The less commonly used controls are: 

1. The Off-On Switch. 
2. The Focus Control. 
3. The Brilliance Control for adjusting the over-all brilliance of the 

PPI picture to the best level relative to the ambient illumination. 

TABLE 6 3.—WEIGHTS, DIMENSIONS, AND POWER REQUIREMENTS OF AN/APS-10 

Unit 

Transmitter-re
ceiver 

Synchronizer. . . 
S y n c h r o n i z e r 

power supply 
Scanner* 

Indicator and 
visor 

Pressure pump.. 
Trim control in-

Totalt 

Weight, 
lb 

46 
13.1 

19 4 
20 

25 
8.3 

6. 

2.5 
2.4 

142.7 

Weight 
of 

mount
ing, lb. 

4 
0.8 

1 2 

0.3 

6.3 

A-c power, 
watts 

185 

150 

Included 
with synch. 

335 

D-c 
power, 
watts 

15-25 
3 

30-50 

48-78 

Maximum 
over-all di
mensions of 

units, in. 

H 

12! 
9! 

1H 

28 

61 

31 

W 

12f 
6! 

9 
18 

8 

51 

D 

20A 
14| 

12 
18 

134 

4 1 
4 2 

Pressuriza-
tion 

Yes 
No 

No 
Feed and r-f 
lines pres
surized 

No 

* These figures apply to the standard AN/APS-10 scanner. A special lightweight (13-lb.) Bcanner, 
suitable for most applications, was also developed for AN/APS-10. (See Vol. 1, Sec. 9*12.) 

t Approx., depends upon type of installation. This does not include connecting cables, which 
weigh about 12 lb, or the inverter, weighing about 26 lb. The grand total weight is 189 lb. 
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4. The Trim Control for keeping the axis of the scanner vertical 
despite varying attitudes of flight caused by changes in loading, 
etc. I t operates with a hand crank. The position of the scanner 
axis may be determined by means of a bubble-type level indicator. 

The two "convenience" controls are the Range Mark Intensity and 
the Dial Light Intensity (azimuth scale brilliance) controls. 

F I G . 614.—Components of airborne navigational radar AN/APS-10. 

This simplicity of control has been achieved by an increase of internal 
complexity. Thus the operator does not have to tune the receiver in 
either search or beacon operation because of the automatic frequency 
control provided for both. The 3-min warm-up period required for the 
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modulator tubes is obtained by an automatic time-delay switch. I t has 
been estimated that any trained navigator can learn to operate AN/APS-
10 satisfactorily in one hour. 

6-5. Characteristics of the AN/APS-10 Radar: II.—The special 
engineering problems associated with the cramped, extremely variable 
conditions peculiar to aircraft have been discussed in Sees. 6-1 and 6-2. 
The way in which each of these problems was solved in the design of 
AN/APS-10 is described below. 

Form.—This radar system consists of five major units: a transmitter-
receiver, synchronizer, synchronizer power supply, antenna, and indica-

Range marks 

Transmitter ■ receiver 

Modulator Search and 
beacon AFC 

X 
Receiver 

Magnetron 
X 

Duplexer 

Sweep voltages Intensity gate 

Sweep 
circuits 

Intensity gate 
*-| and trigger 

circuits 
i 

Timing 
oscilliator 

Range 
circle 

circuits 

Trim control 
Controls 

Tilt control Scan control and 

Selsyn 

R-( signals " Antenna 

Fia. 6 15.—Block diagram of AN/APS-10. 

tor; and two minor components, a trim control box and a pressure pump. 
Weights, dimensions, and pertinent data about these units are summa
rized in Table 6-3, and illustrated in Fig. 6-14. Salient technical char
acteristics are summarized in Table 6-4. 

The transmitter-receiver contains the magnetron transmitter, TR 
switch and mixer, and the two local oscillators (see Fig. 6-15). I t 
includes the modulator and its power supply, a motor-driven time-delay 
switch and a trigger amplifier for the modulator. Also in this component 
are the receiver, the AFC unit, and their low-voltage power supplies. 
The synchronizer unit includes the primary timing circuits for the sweeps, 
range marks and triggers; the operating controls for the system are on 
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TABLE 6-4.—TECHNICAL CHARACTERISTICS OF AN/APS-10 
Power 340 watts of a-c power at 115 v, 400-2400 cycles 

80 watts of d-c power at 27.5 v 
R-f 

Transmitter frequency 9375 + 55 Mc/sec 
Pulse power output 10 kw 
Receiver sensitivity 131 dbw on search, 125 dbw on beacon for mini

mum discernible signal 
Pass band of untuned r-f com

ponents 9280 + Mc/sec 
Modulator 

Pulser Hydrogen thyratron (3C45) 
PRF 810/sec on search; 405/sec on beacon 
Pulse length 0.8 jusec on search; 2.2.,usec on beacon 

I-f 
IF 30 Mc/sec 
Bandwidth of i-f amplifier 5.5 ± lMc/sec 
AFC On search the local oscillator is held 30 Mc/sec 

above transmitter frequency; on beacon the 
local oscillator is held 30 Mc/sec below beacon 
frequency 

Indicator 
Indicator PPI with M-S type of azimuth data transmission 
Focus Permanent magnet focus is used 
CRT 5FP14 or 5FP7 
Bandwidth of video amplifier... 3 Mc /sec 

Antenna 
Size 18-in. paraboloid of 5.67-in. focal length altered to 

produce a cosecant-squared pattern for 7000 ft 
Feed 2 dipole 
Gain 700 
Polarization Horizontal 
Azimuth beamwidth 5° 

Scanner 
Scan rate 30 rpm 
Tilt angle 0° to -18° 
Trim angle 6.5° to -10 .5° 

System, number of tubes 
Transmitter-receiver 31 tubes, 3 crystals 
Synchronizer 25 
Indicator 4 
Synch-pwr supply 6 
Total 66 tubes, 3 crystals 

its front panel. The indicator unit includes the video amplifier in addi
tion to the indicating tube with its deflection yoke and focusing magnet. 
The synchronizer power supply provides the voltages for both the indi
cator and synchronizer. 

The limited space in aircraft was the reason for designing the set in 
several small components rather than in a single large one. A separate 
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transmitter-receiver that could be located near the antenna would permit 
the use of a short r-f transmission line. Even though the set does have 
several small components only seven interconnecting cables are required 
because the synchronizer also serves as a junction box and control box. 
As some installations may require cable runs as long as 25 ft between the 
various units, the circuits were designed to allow for appreciable cable 
capacitance and significant voltage drops. Since the synchronizer is also 
the control box, it has to be small so that it can be made accessible to a 
navigator already surrounded by instruments. The use of a separate 
power supply permits a compact synchronizer. For flexibility of instal
lation the synchronizer mounting is so designed that the control panel 
may be either vertical or horizontal. A typical installation has been 
shown in Fig. 6-8. 

Weight and Power.—The data given in Table 6-3 show that 189 lb is a 
reasonable figure for the total installed weight of this equipment. 

Miniature tubes and components and lightweight alloys were used 
and the layout was made compact. Power requirements were reduced 
to the minimum consistent with satisfactory circuit operation. Of 
particular importance is the previously mentioned use of a lower pulse-
power magnetron output than is commonly used by search-type radars 
—only 10 kw. The transformers and power-supply filters were designed 
only for 400-cycle or higher-frequency power supplies. 

The achievement of light weight made necessary the omission of 
certain refinements which include antenna stabilization, sector scan, and 
ground range sweeps. The point of view adopted was that this equip
ment could be used for special purposes by the addition of special devices 
(for example, the use of GPI as an aid to navigation). A trigger and a 
video output are available for any such attachment. Also there are 
provisions to accommodate an additional azimuth take-off and external 
means for reversing the azimuth motor. 

Operating Conditions.—AN/APS-10 is expected to operate without 
trouble at all altitudes up to 30,000 ft. The potential dangers of arcing 
and of condensation of water vapor are eliminated by pressurizing the 

* transmitter-receiver and the r-f line. The former is contained in a 
cylindrical tank sealed by a rubber gasket under compression. The 
cable connectors on the tank are pressurized and a plastic window is 
placed across the waveguide output. The r-f line is sealed as much as 
possible and is connected to a pressure pump fitted with a desiccator. 

The use of a pressurized container for the transmitter-receiver greatly 
complicates the cooling problem for that unit. Because most of the 
power entering the transmitter-receiver is dissipated as heat, the interior 
of the tank rises to a temperature many degrees above ambient. An 
internal fan to circulate the air past hot spots and an external fan to 
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maintain a steady stream of air over the container combine to reduce the 
rise above ambient to 35°C. Because, however, this system is required 
to operate indefinitely at 50°C and to withstand an hour's operation at 
71°C, the internal components had to be carefully selected to permit 
operation at temperatures close to 100°C. Oversize resistors and 
potentiometers and plastics that would not weaken were selected. 

At the other extreme are the very low operating temperatures encoun
tered at high altitudes; the set is expected to operate satisfactorily at 
— 55°C. To insure proper operation over this extreme range of tempera
ture, wire-wound resistors and capacitors having predictable temperature 
coefficients are used for many of the circuits. The reference cavity for 
beacon AFC is made of invar. Special lubricants are used that will not 
cause fan and scanner motors to freeze up at — 55°C, and that will not be 
too thin at 71°C. Rubber bellows and the like are of a type that will 
not crack at — 55° C. 

The components are designed to withstand, despite their light weight, 
the severe conditions of vibration and shock encountered in aircraft. 
This is accomplished by shock-mounting all components except the 
antenna and trim box. Where possible, as in the transmitter-receiver, 
the center-of-gravity type of shock mount is used. Shock-mounting is 
impractical for the antenna which must be made sufficiently rugged to 
withstand vibration. Pressurized flexible waveguide is used to conduct 
the radar energy from the shock-mounted transmitter-receiver to the 
rigidly mounted antenna. 

Primary Power Supply.—In order to minimize the effects of the 
variations in frequency and waveform of aircraft power, rectifier supplies 
of the full-wave choke-input type are used. Power transformers have 
been carefully designed to avoid resonances throughout the frequency 
region of 400 to 2400 cps. Electronically regulated power supplies have 
been used where necessary to maintain exact voltages or to remove the 
low-frequency ripple found in the output of many aircraft inverters. 

Noise Elimination.—All units are grounded to the airframe; cables 
and fan blades are shielded. Filters have been inserted in the power 
leads to fan motors, antenna motors, and all circuits capable of generating 
r-f energy. 

Maintenance.—The contemplated variety and wide dispersion of 
AN/APS-10 installations made the maintenance problem exceedingly 
difficult. A defective unit should be quickly replaceable. From this 
point of view the presence of several radar boxes both simplified and 
complicated replacement. Small units are easier to remove and to 
replace, but the defective unit must first be identified. 

For ease of maintenance all units have been made independently 
replaceable with no need of adjustments. Within the transmitter-
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receiver, the individual functional units are built upon subchassis, which 
can easily be removed by undoing a few screws and internal connectors. 
The receiver and AFC units are so complex that no attempt to repair 
them should be made in the field. They should be returned to major 
depots for repairs. 

External test points have been provided on the transmitter-receiver 
and synchronizer power supply to aid in identifying a defective unit. 
On the transmitter-receiver, these include a test trigger from the modu
lator, an extra video channel, and a lead to a directional coupler incor
porated within the transmitter-receiver. On the synchronizer power 
supply, pin jacks are provided at which the power-supply voltages can 
be measured. Further convenient test points are incorporated on many 
of the subchassis of the transmitter-receiver unit. 

These external test points, combined with a routine procedure of 
inspection, permit maintenance to detect incipient failure and to ensure 
peak performance. 

Future Trends.—AN/APS-10 was designed during 1944. Although 
a few modifications have been made, its design has remained substantially 
unchanged. Improvements in the radar field since 1944 suggest that a 
redesign taking full advantage of existing techniques1 would result in 
appreciable improvement of range performance, resolution, and relia
bility. More specifically, an increase in range performance of perhaps 20 
per cent, a decrease in weight of perhaps 25 per cent, and an improved 
reliability and ease of maintenance could be attained with improved 
components and techniques. 

This system has been selected for detailed analysis as representative 
of a large class of general navigational-radar systems. Airborne radar 
has many functions, however, and has taken many other forms to fulfill 
them. Some of the more characteristic of these are described briefly in 
the following section. 

6-6. Typical Performance of Some Existing Systems.2—The systems 
described below are offered as a selection from existing equipments that 
illustrate the radar performance that results from typical choices of basic 
design parameters. Systems with considerable field service as well as 
recently developed laboratory prototypes are included so that trends 
can be observed. The listing is in chronological order of development 
and includes only developments made in the United States. Attention 
is given chiefly to navigational functions that have commercial applica
tion although all were designed for military purposes. Table 6-5 con
tains a resume1 of some fundamental design parameters of each of these 

1 R. L. Sinsheimer, "A Final Report on AN/APS-10," RL Report No. 874, March 1, 
1946. 

• By D. Halliday. 
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equipments; the symbols used in Table 6-5 have the same meaning as 
those used in Chap. 1. An examination of Table 6-5 shows that the 
trend in airborne search radars is toward higher power, narrower beams, 
longer pulses for long-range search and mapping, and shorter pulses when 
good discrimination is required. Most of the PPI photographs of Chap. 
3 were taken with one or another of these equipments. 

TABLE 65.—SOME DESIGN CHARACTERISTICS OF AIRBORNE RADAR SYSTEMS 

p , kw 

T,* f iaec, p u b e length 

Installed weight, X lb 

ASB-3 

54 
11 
5 
24 

(array) 
2 
400 
45 
Wing 
edge 

Manual 
No 

AN/APS-3 

3.22 
700 
40 
18 

1 

3 
Nose 

Sector 
No 

AN/APS-15 

3.22 
800 or 1200 
40 
29 

1 or 0.5 
650 or 1010 
3 
Ventral 

360° or sector 
Yes 
370 

AN/APQ-7 

3.22 
1500 
50 
190 

0.4 
400 or 1600 
0.4 
Special 

housing 
±30° 
No 
775 

AN/APQ-13 
with large 
antenna 

3.22 
1130 
35 
60 

0.5. 1.13 
1350, 624 
1.3° 
Ventral 

360° or sector 
No 
500 

Rapid 
scan 

1.25 
4000 
24 
29 

0.16 
6000 
1.0 
Ventral 

360° 
No 
350 

* Most of the radars here described also have a 2-/isec pulBe and a Buitable repetition rate for beacon 
interrogation. 

f The lower value of P R F is used with the large value of T. 
t These weights include cables but not the primary power supply. In certain cases they include 

the weight of specific military equipment such as bombing computers. 

ASB-3.—This is an early search and homing radar, operating at 58 
cm (515 Mc/sec). Its antenna consists of an array of reflecting and 
directing rods since parabolic and similar extended reflectors are pro
hibitively large for airborne use at these relatively long wavelengths. 
Because of the relatively wide beam, no automatic scanning provision is 
made; the antenna is directed by hand. The indicator is a modified 
A-scope. Land masses to 70 miles and large ships to 30 miles are stand
ard performance. 

AN/APS-3.—This Navy 3-cm radar, which has seen extensive field 
service, is designed for use at altitudes from 500 to 10,000 ft. I t has only 
a sector type of scan with a B-scope presentation. Ranges of 80 nautical 
miles on single freighters and land mapping to 50 miles have been com
monly attained. 

AN/APS-15.—This is, a Navy 3-cm radar system with two alternate 
antennas, one providing a cosecant-squared pattern suitable for use at 
altitudes from 10,000 to 36,000 ft. The other antenna of higher maxi
mum gain provides a cosecant-squared pattern suitable for low-altitude 
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use. With this equipment, which has had extensive field service, land-
mapping can be done to 40 nautical miles, using the high-altitude antenna, 
and large cities can be seen at 90 miles. 

AN/APQ-7.—This Army equipment, which has been in limited field 
service, is designed as a high-resolution system primarily for high-altitude 
use (25,000 ft). The antenna is a 16-ft linear array of dipoles housed in 
a special wing-like nacelle. Scanning is done by a special method which 
permits the dipole array to remain stationary. Ranges up to 160 miles 
have been obtained on cities. 

AN/APQ-13 with Large Antenna.—The basic equipment of AN/APQ-
13 was modified by the addition of a 60-in. antenna for high-altitude 
operation in large aircraft, as shown in Figs. 6-3 and 6-7. The aim was 
primarily to provide a high-resolution system and secondarily to reduce 
the protrusion of the antenna housing below the aircraft fuselage to as 
small a value as possible. Painting of land is to 70 miles at 20,000 ft and 
35 miles at 5000 ft. The antenna housing protrudes only 10 in. below the 
keel line of the aircraft. 

Rapid Scan.—The "Rapid Scan" system is a recent laboratory 
development. It produces a presentation of very high resolution at 700 
scans per min on a cathode-ray tube of very short persistence. Although 
the range is limited by water-vapor attenuation, it represents a somewhat 
new philosophy of design which will be extremely useful where very fast 
moving aircraft are involved. The present land-mapping range is about 
9 miles on a dry day but this can probably be improved. 

6-7. Economic Aspects of Airborne Radar.1—This discussion deals 
with quantities whose magnitudes cannot be known accurately. Some 
of them have been guessed at; others have been obtained from a TWA 
engineering report, ANOA.2 A quotation from ANOA follows: 

All cost analyses shown in this report are to be taken as rough estimates 
representing about the average condition. 

At the present time delays and cancellations on a fleet equivalent to forty-five 
DC-3's cost TWA a loss of $250,000 per month [$67,000 per aircraft per year], 
on a survey made of operations between January and July of 1945. By far the 
greatest cost was involved in weather cancellations and delays, this amounting 
to $165,000 [$44,000 per aircraft per year] of the $250,000. This loss can be 
greatly reduced by providing better air navigation, instrument landing, and 
traffic control.3 

Initial Cost of Installed Equipment.—Since it is assumed that the 
airborne radar of the near future will resemble AN/APS-10 more closely 

1 By H. Fahnestock, Jr. 
! R. C. Ayres and H. K. Morgan, "Air Navigation Operational Analysis," TWA 

Engineering Report 650, Nov. 10, 1945. 
' ANOA, p. 4. 
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than it will any other present set, the specifications for this system are 
used as a basis for the discussion. 

In January 1945 the airlines of the United States were operating 
between 500 and 600 aircraft, and it is expected that this number will 
increase to about 1000 by 1947. If airborne radar is to be used at all 
on the domestic airlines, it is to be expected that several hundred installa
tions will be made. The Army Air Forces had an order during the war 
for 5000 AN/APS-10 units at $8000 each. Balancing the smaller 
peacetime numbers against peacetime economies of production it would 
appear that this figure, also assumed by ANOA, will cover the price of 
the equipment plus the cost of installation. If the set were depreciated 
over a period of five years, the cost of depreciation would amount to 
$1600 per aircraft per year. If very careful planning were done in 
advance, it should take a four-man crew about three days to install the 
system. 

Costs of Flying, Operation, and Maintenance.—Unless otherwise 
stated, all further cost figures are for one aircraft per year. From ANOA 
we learn that it costs $30 per year to fly one pound of extra equipment. 
Other airlines find that this cost may be $200. The total installed weight 
of AN/APS-10, with all necessary auxiliary equipment, is about 190 lb. 
In addition, because the radome drag may reduce cruising speed by 3 
mph, in order to maintain the same margin of safety in range, a DC-3 
must carry 60 lb of extra fuel on a 6-hr flight, and a DC-4 170 lb on a 
10-hr flight. 

Both a radio operator and a navigator are now normally part of the 
crew of a large ship in international service, and the radar set would be 
operated by one of these—probably the navigator. If the crew consists 
only of a pilot and a copilot, as in a DC-3, the equipment would be 
operated by the copilot. AN/APS-10 was designed with this in view. 

In neither case is an extra crew member needed, but those who do 
operate the set must be given special training, about 25 hours on a ground 
trainer, followed by studies of oscilloscope photographs. The operator 
should then have some 20 hours' further work in the air on oscilloscope 
interpretation. Many former radar navigators in the Army Air Forces 
are now available who would need very little further training to qualify 
as civilian air navigators. This subject is discussed in greater detail in 
Sec. 3-3. 

Maintenance would logically be done by the present radio mainte
nance personnel after additional training. An experienced aircraft radio
man would require about 6 months' schooling in general radar principles 
and in servicing AN/APS-10. But here again experienced men are 
available from the Army Air Forces. 

The maintenance work could be done in existing radio repair shops 
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if they were provided with special radar test equipment and supplies of 
spare parts. The time that the aircraft is grounded for radar mainte
nance should not exceed that for the radio maintenance, but actually the 
number of man-hours necessary would be somewhat greater simply 
because of the greater complexity of equipment and the short life of cer
tain special tubes. In ANOA it is stated that maintenance costs of the 
radar are $600 per year. 

Ground Beacons.—The capabilities of the radar set cannot be fully 
realized unless beacon stations are established. I t is not expected that 
their costs will fall upon the airlines; more probably some government 
agency such as the Civil Aeronautics Authority would install and main
tain them, just as it now does visual beacons and other ground accessories 
to flight. Nevertheless the matter is mentioned here for completeness. 

During the war 1000 ground-based beacons (AN/CPN-6) were 
ordered by the Navy at $30,000 apiece. About half this figure repre
sents the cost of the beacon alone and the remainder is the cost of an 
abundant supply of spare parts. These beacons were more powerful 
than would be necessary or desirable for the application under discussion. 
Let us assume that each beacon and its spare parts may be purchased for 
$20,000; allow $10,000 more for the purchase or lease of a site and the 
construction of a road, power line, and equipment shelter. Let us further 
assume that one man can maintain 3 beacons and their spares at a cost 
of $6000 a year. The initial cost per beacon station would then amount 
to $50,000, or $5000 per year if amortized over a 10-year period. The 
cost of maintenance would increase this figure to an annual cost of $7000 
per beacon station. 

When two beacons are placed at each location the spare could be 
arranged to turn on whenever the first beacon failed. The response of 
each beacon could have some peculiar characteristic by which an airplane 
observer could identify that particular beacon. 

TABLE 6-6 

At $30/lb per yr 

DC-3 DC-4 

At $100/lb per yr 

DC-3 DC-4 

Cost of equipment amortized over 5-yr 
period 

Cost of flying 190 lb of equipment 
Cost of flying extra fuel; 6-hr trips on DC-3, 

10-hr on DC-4 
Maintenance 
Cost to airline per year per airplane 

$1,600 
5,700 

1,800 
600 

9,700 

$ 1,600 
5,700 

5,100 
600 

13,000 

$ 1,600 
19,000 

6,000 
600 

27,200 

$ 1,600 
19,000 

17,000 
600 

38,200 
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Net Cost and Savings.—The above costs to an airline per airplane per 
year are tabulated for a DC-3 and a DC-4 using two values for dollars 
per pound per year in Table 6-6. 

There are no figures in ANOA which correspond directly with these. 
There is one of $12,440, the greater part of which is radar cost, but it 
includes the cost of some other equipment as well. The above costs are 
to be compared with expected decreased costs of $28,000, about one-half 
of which can be fairly ascribed to the use of radar equipment.1 

If dollars were the sole consideration it appears that there would be 
no particular advantage in installing AN/APS-10 in commercial aircraft. 
However, the increase in good will and respect for air travel which would 
go hand-in-hand with progressive increases in safety and dependability 
might far outweigh the foregoing economic considerations. 

1 ANOA, pp. 24, 30. 
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CHAPTER 7 

TYPES OF GROUND-BASED RADAR AND SPECIAL EQUIPMENT 

BY M. A. CHAFFEE, J. S. HALL, H. B. ABAJIAN, H. P. STABLER, 
G. C. COMSTOCK, A. G. EMSLIE, J. B. PLATT, R. M. WHITMEE, 

J. M. STURTEVANT, AND R. H. MULLER 

SEARCH AND AUTOMATIC-TRACKING RADARS 

The following two chapters are intended to give the reader insight 
into the problem of air traffic control and landing. The basic naviga
tional aids required for a reasonable solution of this problem may be used 
in any one of many possible forms. The rather heterogeneous collection 
of aids described in this chapter are molded into several possible patterns 
in the chapter that follows. 

7-1. A Long-range Microwave System.1—There appears to be a 
peacetime need for a radar set with long range and high resolution which 
should be able to deal with large numbers of aircraft, give a complete 
over-all picture of the air traffic, and permit detailed examination of the 
activity in a small selected area. High resolution would allow aircraft 
flying close together to be seen separately on the PPI and would reduce 
the possibility of target confusion due to ground signals. 

Let us first pursue the line of thinking which a radar designer would 
probably follow if he were to design a long-range microwave ground-based 
radar. 

Specifications.—The specifications of such a microwave radar may be 
summarized briefly as follows. I t should be capable of detecting a single 
four-engined airplane above the horizon up to an altitude of 30,000 ft 
and out to a range of about 200 miles. The rate of scan is 4 rpm; at 
least 15 pulses per scan should strike each target. Resolution in range 
and azimuth should be as high as is compatible with these specifications 
for range and rate of scan. 

An inspection of a coverage diagram such as that shown in Fig. 7-6 
indicates that two separate antenna systems might be used. The long-
range system would produce a single lobe with a vertical spread of 3°. 
If the axis of this lobe were elevated 1° above the horizontal, such a beam 
would satisfy the range-height specification at low elevation angles. The 
short-range antenna system must have a beam that is fanned at least 25° 

1 By M. A. Chaffee and J. S. Hall. 
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F I G . 7-1.—A microwave radar antenna mounted 85 ft above the water on the south coast of England. 
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in the vertical plane to give a reasonable approximation to the required 
high coverage. One satisfactory way of doing this is to shape the dish 
in the vertical plane in such a manner as to obtain the required high 
coverage. The feed could in this case consist of a linear array of dipoles. 
The horizontal dimension of the two reflectors is made identical in order 
that the angular width of the signals remain constant as an airplane 
passes from one antenna beam to the other. 

These two antennas could be placed back to back on the same mount 
as shown in Fig. 7 1 . The signals picked up by either antenna might 
be switched to any indicator. Aside from this consideration all other 
components are duplicated. The antenna mount should be installed 
high enough above the ground to permit the antenna beams to clear 
near-by obstacles, such as trees, buildings, and hills. If the antenna were 
installed 100 ft above the ground, an airplane at 30,000 ft would be on 
the radar horizon at 255 statute miles. 

Since the intent here is to indicate one approach in designing a 
long-range radar system, only that portion of the system which gives 
coverage to about 200 miles will be considered. 

Choice of Wavelengths.—The choice of wavelength is perhaps the most 
important factor in radar design; each variable and its relationship to 
wavelength in the general range equation will be discussed in turn. A 
detailed analysis of the choice of wavelength for this kind of system is 
given in Radar System Engineering, Vol. 1, Radiation Laboratory Series. 

The expression for the maximum range 7Jm„ (Sec. 1-3) at which a 
signal from a target of cross section a can barely be detected under search-
lighting conditions may be written as 

when PR, the receiver sensitivity, is substituted for <Smi„. 
If the wavelength is small compared to the dimensions of the aircraft, 

the value of <r is nearly constant. With wavelengths that approach the 
dimensions of the aircraft impractically large antenna arrays must be 
used to obtain satisfactory angular resolution. It may be assumed here, 
therefore, that a is constant. 

We next consider how the ratio of the available transmitter power to 
the receiver sensitivity changes with wavelength. Since the maximum 
range varies directly as the fourth root of this ratio, the quantity {PT/PR)^ 
is tabulated for different wavelengths in the last column of Table 7 1 . 
Only the most optimistic values for PT and PR in early 1945 are presented. 

It is evident from an inspection of the final column in Table 7-1 that 
the largest values of (PT/PR)^ (and therefore maximum range) occur at 
wavelengths of 10 cm or longer. 
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TABLE 71.—EFFECT OF (PT/PR)^ ON THE RANGE OF A RADAR STSTEM 

Band 

K 
X 
S 
L 
P 

Wavelength, 
cm 

1.25 
3.2 

10.7 
25 

100 

Peak power 
PT, kw 

25 
50 

1000 
1000 

500 

Recvr. sens. 
PR, pn watts 

0.20 
0.13 
0.08 
0.05 
0.03 

Range factor 
(PT/PR)H X 10« 

1.9 
2.5 
6.0 
6.7 
6.4 

The last factor in the range equation (A/X) is closely related to 
both the required range and coverage of the radar system. I t will be 
recalled that in addition to the 200-mile range requirement the set must 
scan at 4 rpm and that a minimum of 15 pulses must hit each point target 
per scan. The range requirement limits the pulse repetition rate which, 
when combined with the rate of scan and the required number of hits 
per scan, defines the horizontal beamwidth of the antenna. The vertical 
beam width is 3°. 

If the radar is to have a useful range of 200 statute miles, the pulses 
must be spaced at least 200 X 10.74, or 2148 yiisec apart. Because it is 
necessary to allow additional time for the indicator circuits to recover 
between successive sweeps, the interval between pulses should be about 
2500 /isec. This spacing corresponds to a repetition rate of 400 pulses 
per sec. Fifteen pulses occur in -̂ ny or 0.037 sec. Since 4 rpm is equiva
lent to an angular rate of 24° per sec, the antenna beam progresses 0.037 
X 24° or 0.9° in 0.037 sec. The horizontal beamwidth must therefore 
be at least 0.9° wide. If it is wider than 0.9°, an unnecessary loss in 
resolution would result. 

An antenna beam that is 0.9° wide and 3° high, then is compatible 
with the requirements of this early-warning problem. Table 7-2 gives 
the approximate antenna dimensions required to produce a beam 0.9° 
wide and 3° high at different wavelengths. 

TABLE 7-2.—EFFECT OF 04,/X)^ ON THE RANGE OF A RADAR SYSTEM 

Band 

K 
X 
S 
L 
P 

Wavelength 

cm 

1.25 
3.2 

10.7 
25 

100 

ft 

0.041 
0.10 
0.35 
0.82 
3.26 

Dimensions 

Vertical, 
ft 

1 
2.5 
8 

19 
75 

of reflector 

Horizontal, 
ft 

3 
8 

28 
66 

264 

Range factor 

8.6 
14.1 
25.3 
39.1 
77.9 



SEC. 7-1] A LONG-RANGE MICROWAVE SYSTEM 197 

(e) (/) 
FIG. 7-2.—An airplane passing over a storm area. Photographs taken at 15-sec inter

vals. Range lines 2 miles apart. Anticlutter circuits bring out the signal from airplane in 
(/) when it is still over this area. 
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The data in Tables 7-1 and 7-2 indicate that a wavelength of 25 cm or 
longer should be used if maximum range is the only consideration. 
Otherwise, the wavelength used for this set should not be longer than 
about 25 cm or shorter than 8 cm. The reasons for this are as follows. 

1. The mechanical difficulties of building and mounting reflectors 
larger than 25 ft in one dimension increase rapidly with increasing 
sizes. 

2. Ground reflections become appreciable at longer wavelengths and 
tend to introduce objectionable nulls and peaks such as are pro
nounced at 10 cm only in propagation over water. 

3. If ground reflections do exist, the height of the antenna must be 
increased in the same ratio as is the wavelength in order to main
tain the same low coverage. Also, when shorter wavelengths are 
used, there is less angular separation of vertical lobes, permitting 
better continuity of signal strength with change of elevation angle. 
Ttese effects are described in Sec. 10-1. 

4. At wavelengths longer than 25 cm, rain clouds or storm areas dan
gerous to aircraft may be missed entirely. At wavelengths shorter 
than 8 cm, such areas frequently obscure otherwise useful informa
tion. A series of photographs of an expanded PPI showing a local 
storm area and an airplane flying above it is presented in Fig. 7-2. 
The radar was operating at a wavelength of 10 cm. Just prior to 
the expected reappearance of the airplane from over the area of the 
disturbance, anticlutter circuits in the receiver were switched on. 

5. The available power and receiver sensitivity at wavelengths shorter 
than 8 cm require large dishes for obtaining adequate range. This 
makes the horizontal beamwidth too small and reduces the number 
of pulses hitting each target per scan to less than 15. The power 
and receiver sensitivity given for 10.7 cm in Table 7 1 is now 
available down to 8.0 cm. 

The wavelength region between 8 and 25 cm therefore seems practical 
for an early warning set. If a large number of pulses per target are 
required (as in the case of MTI, moving target indication, Sec. 7-9) a 
wide horizontal beamwidth is indicated and a wavelength nearer 25 than 
8 cm may be found desirable. If, on the other hand, fewer pulses on a 
single target are sufficient, the wavelength could be nearer 8 cm. 

Let us assume that a wavelength of 10.7 cm is to be used and that the 
reflector is 8 ft high and 24 ft wide with an area of 192 ft2. Since at 
10 cm, PR = 0.08 X 10-12 watt (Table 71) , the rate of scan is 24° per 
sec, the P R F is 400, and the beamwidth is 0.9°, these values may be 
substituted in Eq. (3) of Sec. 1 -3 to evaluate Smi*. We then have 
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90 /24 X 
400* V 0.9 

8)N 
(0.08 X lO"12) = 5 X 10- watt. 

When we substitute this value in Eq. (2) of Sec. 1-3 fl»« is found to be 
225 statute miles. This value is 12 per cent larger than that attained 
in the field, and is considered a reasonable agreement for a computation 
of this kind. 

■ > 

Ksfc-$9'?*. «? »•"-
«Wl 

Fia. 7-3.—An off-center PPI. 



200 GROUND-BASED RADAR AND SPECIAL EQUIPMENT [SEC. 7 1 

Although the range would be increased by lengthening the pulse, it 
is desirable to limit the pulse length to 1- or 2-/isec duration. Longer 

pulses would make it more difficult to resolve airplanes close to one 
another and shorter pulses might cause serious loss in range. 

Radar information must be presented in such a way that the operators 
have a clear picture of all activities in a particular area. In the early 
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Army procedure, each radar operator relayed the observed position of air
craft to a plotter a t a central filter board. This was a large table with the 
map of the area drawn on it. The aircraft positions obtained from all 

F I G . 7*5.—Plotters marking the back of a plotting board at Grayfriars, England. 

radars in the area were represented by small markers. The central filter 
room correlated this information with the known operations and dis
tinguished between hostile and friendly aircraft. 
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I t was proved during the war that a long-range microwave radar 
scans such a large area and detects so many aircraft that it is necessary 
to divide the area into several sectors with one radar operator observing 
each sector. Because the B-scope is capable of presenting areas bounded 
by two given azimuths and two given ranges, a number of them were 
used at first with each radar set. More recently, off-center PPI 's (Fig. 
7-3) were found to be more satisfactory and were substituted for B-scopes. 
The combination of a microwave PPI radar and a height-finding radar 
provided the basic information for an excellent up-to-the-minute picture 

0 25 50 75 100 125 150 175 200 
Range in statute miles 

F I G . 7-6.—Coverage diagram of a long-range microwave radar. 

of air activity up to 30,000 ft and out to a range of 150 or 200 miles. 
Figures 7-4 and 7-5 are examples of a filter room and plotting board used 
for this purpose. 

The coverage pattern shown in Fig. 7-6 was first constructed from data 
obtained by operators in Holland. They found from experience that 
airplanes of the indicated types could be followed continuously if they 
were within the shaded areas. Groups of high-flying four-motored air
planes were followed to 250 miles (on the second sweep). Buzz bombs 
(V-l's) were frequently detected at the horizon 70 miles from one set 
located near Dover, England. A D-day photograph of a PPI is shown 
in Fig. 7-7. 

7-2. Automatic Tracking Systems.1—The automatic tracking of 
aircraft by radar has attained a high degree of precision and may be 

1 By H. B. Abajian. 
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applicable to navigational problems such as ground control of approach 
(GCA), and accurate positioning of aircraft. 

The basic components of an automatic tracking radar differ from 
those of a nontracking system by the addition of a scanning antenna, a 

F I G . 7-7.—PPI on D-day. One large group of aircraft has just left the coast of England; 
another large group is about to pass over the Cherbourg Peninsula. Aircraft already over 
the peninsula and others returning to England are at the right. The air traffic is moving in 
a counterclockwise sense. 

gating system in the receiving channel to isolate the desired signal, and a 
servomechanism system consisting of an error signal detector, a resolver, 
and a power amplifier. 

Scanning Techniques.—An antenna with a dipole feed as shown in 
Fig. 1-2, Chap. 1, is considered first. This arrangement produces a 
radiation pattern in space consisting principally of a single lobe. If the 
lobe axis were offset from the axis of the paraboloid, the pattern of Fig. 
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7-80 would Tesult. One way of "squinting", the lobe is to displace the 
dipole from the paraboloid axis. If the displaced dipole were rotated 
about the axis of the paraboloid, the pattern in a plane containing the 
paraboloid axis and the lime of sight to the aircraft would be as in Fig. 
7-86. The rotating lobe axis describes a cone around the paraboloid 
axis; hence, t&e name conical scanning. 

bSbeains 

'sqaint" 

Azimuth 

Lobe axis 

<f\ .paraboloid 

^4^ 8 X i 9 -
' *•* *- deviation " 

angle 
v\Une-of-

Position I Lobe axis 

<P) 
F I G , 7-8.—Polar plot of intensity in one plane showing (o) lobe axis offset from the para

boloid axis and (6) rotating offset lobes. 

In Fig. 7-8 let the line OMN be the line of sight to the aircraft, angle 
<t> being the deviation from the paraboloid axis. When the lobe is in 
position I, the vector ON is a measure of the signal intensity received 
from the aircraft. When i t is in position II , the vector OM is a measure 
of the signal intensity. For one complete rotation of the dipole, there
fore, the signal intensity varies from a maximum value, ON, to minimum, 
OM. It can be shown that the variation from maximum to minimum is 
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sinusoidal with a frequency equal to the number of rotations per second 
of the dipole drive shaft. The output of the receiver would be as shown 
in Fig. 7-9a. 

Suppose the line of sight to the aircraft were coincident with the axis 
of the paraboloid. Then the received signal for both positions I and I I 

f 
Modulation due to 
conical scanning 

/ Video pulses 

"V -
tffll 

video pulses 

Time 
F I G . 7-9.—(a) Video modulation 

- when an error exists. 

Time 
F I G . 7-9.—(b) Constant-amplitude 

video when no error exists. 

would be of equal intensity as represented by vector OP and the receiver 
output would be as in Fig. 7-96. The percentage modulation of the 
received signal, therefore, is a measure of the deviation of the line of 
sight to the aircraft from the axis of the paraboloid. 

Gated Receiver.—In order to confine the tracking of the antenna to the 
selected aircraft only, the receiving system must isolate the signal from 
that aircraft. Angular isolation is provided by the directivity of the 
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F I G . 7-10.—Block diagram of the gating system. 

antenna. Range discrimination, however, must be obtained from the 
timing circuits of the system. These provide a rectangular pulse, called 
a "gate," coincident in time with the desired signal to switch on a nor
mally cutoff section of the receiver. Since the range to the aircraft 
changes continuously, the timing of the gate must also be variable to 
maintain coincidence of the aircraft signal and the gate. A simultaneous 
display on a cathode-ray tube of both the gate and the received signals 
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gives a continuous monitor on the position of the gate with respect to the 
selected signal and easily permits continuous coincidence. Figure 7-10 
is a block diagram of a gating system. 

Gate tracking can be accomplished automatically by "range scan
ning" in much the same manner as conical scanning is employed in auto
matic angular tracking. The resultant error signal is used to operate 
a motor that controls the gate timing. As long as this coincidence is 
maintained on the cathode-ray tube, the output of the gated channel 
(also called the " servomechanism channel") of the receiver is only the 
signal from the selected aircraft. A representative figure for the width 
of the gate is 0.6 >isec. In an existing system with a 0.6 ^sec gate, the 
antenna beamwidth is about 1.75° for both azimuth and elevation. 
From these figures the dimensions of the volume in space, at any given 
range, to which the gated channel of the receiver is sensitive can be 
calculated. The price that is paid for such selective response is reflected 
in the difficulty in making the original pickup, particularly at high angles 
of elevation. 

Servomechanism.—In the discussion on conical scanning it was shown 
that any deviation of the aircraft from the axis of the paraboloid would 
result in modulation of the received signal, the frequency of modulation 

being determined by the rate of rotation 
of the dipole. Referring to Fig. 78 , if <j>' 
instead of <t> had been the deviation angle 
it can be shown that the modulation 
envelope of Fig. 7-9 would have been 
shifted 180°. In other words, if the angular 

FIG. 711.—Error signal after deviation is kept constant and the line of 
demodulation of video when an s i g h t t o t n e a i r c r a f t i s rotated around the 
error exists. . . . 

axis of the paraboloid, the modulation of 
the received signal will have constant amplitude but will be shifted 
continuously in phase. The phase and amplitude of this modulation 
compared to standard azimuth and elevation voltages determine the 
resolution of the error signal into azimuth and elevation components. 

Further demodulation of the video output of the receiver gives a 
voltage as shown in Fig. 7-11; the amplitude and phase varies as the 
vector sum of the azimuth and elevation deviations from the axis of the 
paraboloid. Since both azimuth and elevation deviations are included 
in the above error voltage, it must be resolved into azimuth and elevation 
components. Each component voltage is then amplified as necessary 
and applied to its appropriate motor on the antenna which is driven in 
the direction of the aircraft. When the axis of the paraboloid passes 
through the aircraft, the error signal falls to zero and the antenna-driving 
motors stop. Because an aircraft moves continuously in space, however, 
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the antenna must move continuously to keep azimuth and elevation 
deviation as near zero as possible. 

Data Transmission.—There remains only the question of transmission 
of the data to the communication center. Single and multispeed syn
chros geared to the antenna provide precise angular data; single and 
multispeed synchros geared to the controls which position the ranging 
hairline as well as the range gate provide precise slant-range data. If 
desired, potentiometers can be substituted for the synchros, or both can 
be used simultaneously. 

Auxiliary Equipment.—In order to make full use of the information 
available at the system described, the following auxiliary equipment 
would be desirable. 

1. Suitable PPI 's for initial search or to aid in providing homing 
information. 

2. Range, azimuth, elevation, and altitude synchros grouped and 
photographed by a constant-speed camera to make a permanent 
record of the course of the aircraft. The disadvantage of such a 
system is that considerable computation is necessary in order to 
reconstruct the course and to determine rates. 

3. An altitude converter, solving the equation H = D sin E, where 
H = altitude, D = slant range, and E = elevation angle, to gi\e 
the true altitude of an aircraft above the radar position. 

4. An automatic plotting board to trace the ground course accurately 
on a map. In addition to the ground plot, the plotting board can 
be made to include the following aids: (a) timing markers to permit 
easy calculation of rates at any point at any future time; (b) rate 
meters so that rates can be read instantaneously; (c) a ground-
bearing meter to indicate the bearing of the ground course. Drift 
can then be determined easily from this indicated bearing and the 
compass bearing in the aircraft. 

5. A computer to give flying time, course, and glide angle for bringing 
an aircraft to the airport. 

6. A parallel receiving system, tuned to a beacon transponder in the 
aircraft, to receive only coded beacon responses. 

HEIGHT FINDERS 

B Y H. P. STABLER 

7-3. Height-finding Methods. Introduction.—Radar height finders 
are devices for measuring the slant range of an airplane and the elevation 
angle of the radiation path between the airplane and station. Of these 
two factors, the angular measurement is peculiar to height-finding 
whereas the measurement of slant range presents no unusual problem. 
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Except at short ranges the elevation angle is small and difficult to measure 
to the required precision. For example, most civilian airplanes today-
fly at heights under 10,000 ft which means that at 10 miles, 25 miles, and 
75 miles the elevation angles to be measured are generally smaller than 
11°, 4.2°, and 1.1°, respectively. An uncertainty of only 0.1° at 50 miles 
causes a corresponding height uncertainty of about 500 ft. These figures 
suggest that either an exploratory radiation beam that is very thin in the 
vertical dimension must be used with the height finder or else some means 

Range in miles 
FIG. 7-12.—Vertical coverage diagram of a long-wave set. The frequency is 100 Mc/sec 

and the antenna is placed 300 ft above a flat reflecting surface, in this case the sea. The 
lobes show the regions in which airplanes can be detected. {Courtesy of United States 
Army.) 

must be provided by comparison of intensities of echoes for accurate 
interpolation within a beamwidth. 

Height is calculated by the relation 

H = 5280ft sin 8 + ^ + H ° - (2) 

In this expression H is the height in feet above sea level, R the slant range 
in miles, 6 the elevation angle of the radiation path as measured at the 
station, and H0 the height in feet of the station above sea level. The 
term R*/2 is an approximate correction for the curvature of the earth 
and the slight curvature of the radiation beam due to normal refraction. 
Usually the height calculation, including the curvature correction, can 
be incorporated directly in the indicator design. 

Long-wave Methods.—Radars employing frequencies between 100 and 
300 Mc/sec have beam patterns that are characterized by a multiple-lobe 
structure. A typical height-range antenna diagram of a 100-Mc/sec set, 



SEC. 7-3] HEIGHT-FINDING METHODS 2 0 9 

used primarily for search but also for height information, is shown in 
Fig. 7-12. 

The radiation nulls, which are spaced a degree or so apart in elevation, 
result from interference between energy coming directly from the antenna 
and energy which first strikes the ground and is then reflected. The beam 
is rotated continuously in azimuth but it is fixed with respect to the 
vertical. Because of the fine structure of the pattern, the intensity of 
the echo from an airplane flying a radial course changes periodically with 

u 0 25 50 75 100 125 150 
Range in miles 

FIG. 713.—Vertical coverage diagram of a long-wave set employing lobe-switching. 
Two different patterns are drawn. The two patterns are used alternately on successive 
pulses and the ratio of alternate echo intensities is a measure of the elevation angle of the 
airplane. 

changes in the elevation angle of the airplane. By noting the ranges at 
which nulls and echo intensity peaks occur during the course of flight, 
a good estimate of height can be made. In a sense, the airplane, during 
its flight, scans a fixed radiation pattern. This method has two serious 
limitations in that echo intensity comparisons must be made for several 
minutes at least, during which time the airplane is assumed to have 
constant altitude, and an accurate knowledge of the vertical pattern is 
required. 

A more satisfactory long-wave method uses lobe-switching. By 
changes in the interconnections of the antenna array two different 
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vertical lobe patterns are possible. These may be as shown in Fig. 7-13, 
pattern A in solid lines and pattern B in dotted lines. 

Automatic switching occurs in such a way that the two patterns are 
used alternately on successive pulses. The echo intensity for pattern A 
is compared with that for B, and their ratio is a measure of the elevation 
angle of the airplane. Additional patterns are available to resolve 
ambiguities and to give better high-angle coverage of the whole field. 
The echo-intensity ratio is estimated from an A-scope display (without 
interrupting the azimuth sweep of the antenna) and height is read from a 
carefully prepared calibration chart. Under favorable circumstances, 
good readings require two or three sweeps of the antenna, a time interval 
of perhaps a minute. 

Satisfactory lobe patterns can be obtained only by very careful selec
tion of the site. For example, the ground should be a good conductor, 
and level to within a few feet in all directions from the antenna for a 
distance of £ mile. Calibration patterns are likely to be dependent on 
azimuth since the ground characteristics as far away as 1 mile have some 
effect on pattern intensity. Because of this dependence on site and 
because of poor resolution and low-angle coverage, long-wave height 
finders are decidedly inferior to the more recent microwave systems. 

"Pencil Beam" with Conical Scan.—If a microwave pencil beam is 
pointed directly at an airplane, the elevation angle required for a height 
reading is determined by measuring the tilt angle of the antenna. The 
sharper the beam, the more accurately can its center be recognized and 
the smaller will be the uncertainty in the angular measurement. The 
sharp beam gives the required angular precision, however, at the expense 
of making the target difficult to find. 

Precision of setting with a broad pencil beam is achieved by a conical 
scan as described in Sec. 7-2. This method also depends on a comparison 
of echo intensities within a beamwidth. Unless the target lies directly 
on the axis of the radiation cone, the signal is amplitude-modulated at the 
scan frequency. The modulation is indicated by an error detection 
meter and the antenna orientation is adjusted until the meter shows zero 
modulation. Range-gating is required and the height is computed 
electrically and read on a meter. A conical scan system is well-suited to 
tracking individual targets but the searchlighting procedure is slow when 
the heights of several airplanes must be found rapidly. 

Vertically Scanned Beams.—Height systems employing a vertical 
scan are frequently called " beavertails " because of their flapping motion 
and the shape of their beams. The beams are thinner in elevation than 
in azimuth, a typical cross section being 1° by 4°. The beam sweeps up 
and down continuously across a target and the echo is observed on a 
range-height indicator, RHI, which shows height and range as rectangular 



SEC. 7-3] HEIGHT-FINDING METHODS 211 

coordinates. The echo extends over perhaps a 1° elevation angle, and 
height readings are made directly by interpolating to the center of the 
corresponding pip on the face of the scope. 

Beavertails fall into two categories according to whether their azimuth 
motion is discontinuous or continuous. The discontinuous type is 
searchlighted in azimuth and is always operated in connection with an 
associated search set which furnishes azimuth and range information. 
The azimuth data is used to orient the height-finder mount correctly 
(by means of a servo); the range then identifies the airplane in question 
on the indicator. 

The continuous type of beavertail rotates in azimuth as it sweeps 
rapidly in elevation, the rate of advance in azimuth being such as to leave 
no gaps in the coverage of the whole field. Azimuth and range informa
tion from an associated search set are used to select the appropriate 
sector for presentation on the RHI, although this is not necessary for its 
operation. A continuous beavertail scanner can furnish data to many 
RHI's operating independently of each other. If the time for one 
complete azimuth circuit can be made sufficiently short, this type 
of system is well-suited for handling a large number of control problems 
simultaneously. 

V-beam.—With this method the functions of plan position search and 
height-finding are combined into a single system. Two radiation 
sheets are employed. These are thin in the azimuth direction and suffi
ciently broad in elevation to give the desired vertical coverage. One 
sheet is vertical; the other is tilted at an angle of 45° to the vertical. The 
antennas for the two sheets are mounted on a single platform that rotates 
continuously in azimuth. The direction of rotation is such that the 
vertical sheet always leads the slant sheet. In each revolution a target 
is intercepted, first by the vertical beam, and then by the slant beam. 
The angle through which the mount turns between the two interceptions 
is a measure of the elevation angle of the target. It is clear that the 
motion of the slant sheet in azimuth also results in a simultaneous 
sweep in elevation. Angles of elevation are thus turned into apparent 
azimuth delay angles. The vertical beam alone is used for plan 
position information. 

If the antennas for the vertical and slant sheets are oriented on the 
mount so that the two sheets intersect in a horizontal plane, the two 
beams form the edges of a large tipped " V " or trough, the leading edge 
being vertical and the trailing edge at 45° with respect to it. In this 
case the sine of the azimuth-delay angle is equal to the tangent of the 
elevation angle, and the two angles are very nearly equal. A difficulty 
with this arrangement is that the finite azimuth thickness of the beams 
causes them to overlap near the horizon with the result that the slant 
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and vertical echoes from a low elevation angle target are not resolved. 
This difficulty is avoided by offsetting the slant antenna by a fixed lag 
angle 10° in azimuth behind the vertical. The ground edges of the two 
beams are then separated by 10° and all delay angles increased by this 
amount. This design also makes it possible to divide the height-indi
cator screen into two regions, one restricted to vertical signals and 
the other to slant signals. The fixed delay must be kept small since 
it increases the percentage accuracy requirements of the angular 
measurement. 

The height indicator is a modified B-scope with range plotted hori
zontally and azimuth vertically. The lower portion of the indicator 
screen receives vertical beam signals over a particular 10° azimuth sector 
chosen by the height operator. The remaining upper portion of the 
presentation receives echoes from the slant beam. Each echo in the lower 
portion has a companion slant echo in the upper portion at the same 
range. A movable external scale is used to measure the azimuth separa
tion of the echoes and gives readings directly in height. Many height 
indicators can be operated independently of each other from the same 
system and, like the continuous beavertail, the V-beam method is par
ticularly suited to handling many control problems simultaneously. 

7-4. General Problems of Design. Absolute and Relative Height 
Accuracy.—It is desirable to distinguish between the accuracy of the 
measurements of difference of the height between two airplanes and the 
accuracy of the absolute value of the height obtainable for a single air
plane. If the two airplanes are widely separated in bearing, range, and 
height, the accuracy in the difference in height may be little better than 
the absolute accuracy. As the separation of the two airplanes decreases, 
the accuracy of the difference tends to improve. A specification of rela
tive height accuracy implies that the two airplanes are within a few 
thousand feet of each other in height and sufficiently close in azimuth 
and range to be seen simultaneously with the same indicator setting. 

Accurate readings of absolute height require correct adjustment of 
the expansions of the indicator sweep and careful determination of the 
zero altitude position whereas height differences are not so dependent on 
calibration. For example, if the vertical axis of a beavertail mount is 
actually not quite vertical, all elevation angles may appear to be too 
large at one azimuth and too small in the opposite azimuth by perhaps 
0.5°. This error does not affect relative height measurements for air
planes at the same azimuth. Or again, if the indicator expansions on an 
RHI are incorrect by 10 per cent, measurements on two airplanes at 
10,000 ft and 12,000 ft, respectively, will have absolute height errors of 
about 1000 ft but a relative height error of 200 ft. 

In regions of anomalous propagation the measured absolute heights 
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are likely to be too high, although the effect is important only for air
planes that have true elevation angles less than about 1.0°. Relative 
heights are affected less, provided that the airplanes are close together. 

Absolute height readings with respect to sea level represent values 
that are like barometric altimeter readings made in the airplane in that 
they do not represent height above the surface of the ground directly 
below the airplane. Such information, however, is an important requisite 
in regions where the topography is varied. 

, Effect of Elevation Beamwidth on Accuracy.—If an airplane is within 
an elevation beamwidth of the horizon it can receive simultaneously 
energy that has traveled by two different paths: energy from the upper 
part of the beam comes directly from the antenna while energy from the 
lower part of the beam reaches the target after reflection from the ground 
at grazing incidence. The result is much the same as if the airplane 
were accompanied by a companion image airplane an equal distance 
below the horizon and the ground were not present. Because of inter
ference between the two paths, the signal intensity may be either stronger 
or weaker than normal. The effect is much more pronounced over 
water than over poorly reflecting dry ground or broken surfaces. As 
explained in the previous section, long-wave systems use this intensity 
variation for their height-finding information. With microwave height 
finders the surface reflection, if important, fixes a lower limit to the size 
of elevation angles that can be measured reliably. 

Because the variations of intensity resulting from interference disturb 
the correct setting of the antenna on the target with a conically scanned 
pencil beam, erratic height readings are obtained (over water) if the 
target elevation angle is less than about 0.7 of the beamwidth in elevation. 
With beavertail and V-beam systems the companion image airplane 
produces a signal below the horizon on the height indicator. If the target 
echo and the image echo are not resolved on the indicator it is difficult 
to determine the center of the true echo. 

Tests made over water with a continuous beavertail height finder 
show that satisfactory readings are possible if the target is not closer to 
the horizon than 0.6 of an elevation beamwidth. The V-beam should give 
similar results, except that in this case the satisfactory minimum target 
elevation should be 0.6 of the azimuth beamwidth of the slant sheet. 

Besides this minimal height effect, the elevation beamwidth causes 
an uncertainty of interpolation in all height readings. The error-detect
ing device of conical scan allows accuracy of the elevation angle up to 
about ^ of a beamwidth. For beavertails, a good operator can select 
the center of the signal on an RHI screen to 0.1 beamwidth or better. 
With V-beam, the uncertainty is greater than this because the separation 
between two echoes must be measured on the screen. 
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While the beamwidth spoken of here refers to the two-way half-power 
width which is a function only of the wavelength and antenna size, the 
actual echo length of the spot on the screen of an indicator depends also 
on the signal intensity, that is, on the range and size of the target. Fre
quently, the best height readings are obtained when the signal is 
relatively weak and the echo correspondingly small. It is impor
tant that the antenna be designed to reduce elevation side lobes to a 
minimum. 

Pulse Spacing Effect.—Target information is not obtained continu
ously, but at the pulse repetition frequency, P R F ; a beam which is 
scanning may move appreciably between pulses and produce a corres
ponding uncertainty in the measured data. For instance, suppose that a 
beavertail beam requires the time of an integral number of pulses to 
sweep across a target. As the beam sweeps upward, a pulse may occur 
either just before or at the moment that the upper edge of the beam 
reaches the target. The difference in height reading between these two 
possibilities is the vertical distance (at the target range) that the beam 
moves between pulses. A fair measure of the uncertainty in elevation 
angle due to this effect is one-half the angular displacement of the beam 
between pulses for continuous beavertail systems and, on a probability 
basis, somewhat less than twice this amount for V-beam systems. The 
uncertainty with discontinuous beavertails can be reduced by multiple 
vertical scans. 

Scanning Losses and Speeds.—To compare the effect of scanning on 
the range capabilities of different beavertail and V-beam systems, it is 
convenient to write the scanning-loss ratio discussed in Sec. 1-3 in the 
following form: 

„ . , _ /solid angle over which energy is spread in 8 sec\ ! i 

\ beam cross section / 

This represents the loss on a power basis, while the factor by which range 
is reduced is obtained by changing the exponent from ^ to j . Both the 
solid angle of scan and the cross section of the beam are to be measured in 
the same units, square degrees, for example, and their ratio indicates how 
thinly the energy pulses are spaced. In calculating the ratio for dis
continuous beavertails, the azimuth beamwidth appears as a factor in 
both numerator and denominator, thus canceling out; and similarly, 
the vertical beamwidth cancels from the ratio for a V-beam. Clearly 
the scanning loss becomes a particularly important consideration in the 
design of continuous beavertails, since the numerator involves motion 
in both azimuth and elevation. 

The traffic capacity of discontinuous beavertails is limited by operator 
time (for azimuth servo adjustment and height reading), azimuth slewing 
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time, and elevation sweep time. If slewing is done at the rate of 40° to 
60° per sec, and the elevation sweep at 1 or 2 oscillations per second, the 
chief limitation is probably operator time. Decreasing the speed of the 
elevation sweep increases the difficulty both of finding the target and of 
keeping the mount at the proper bearing during observations. 

If a V-beam system is operated with a slow azimuthal speed, measured 
heights must be corrected for changes caused by tangential motion of the 

Fio. 7'14.—The AN/TPS-10 mount. This is a 3-cm beavertail height finder designed for 
portability and high resolution. 

target. The correction is equal to the tangential distance in feet that 
the airplane moves between interceptions with the two beam sheets. 
This distance is usually sufficiently small to be neglected for a rotation 
rate of 6 rpm, a 45° tilt angle, and a fixed delay angle of 10°. 

Many methods are available for producing the elevation scan for 
beavertail systems. Although these are discussed in detail in Radar 
Scanners and Radomes, Vol. 26, Chap. 7, Radiation Laboratory Series, 
a few of the principal methods should be mentioned here. They may be 
characterized as slow, medium, and fast according to their inherent speed 
limitations. 
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The simplest and slowest scan arrangement consists of a paraboloid 
and horn feed "wobbled" as a unit through the required scan angle. 
With a large paraboloid it may prove mechanically difficult to achieve a 
scan rate as rapid as 1 cps. The amplitude of the required mechanical 

F I G . 7-15.—The AN/TPS-10 range-height indicator. Elevation is presented vertically 
and range horizontally. The knob to the right of the cathode-ray tube controls the position 
of a mechanical height line, and at the same time turns a calibrated dial around the edge of 
the scope screen. After adjusting the line to cover the center of the target echo, height is 
read directly from the dial. The handwheel shown at the left controls the azimuth position 
of the mount. (Courtesy of United States Army.) 

motion is reduced by a factor of 2 if the horn feed is fixed and the parabo
loid alone is wobbled. A difficulty with this latter arrangement is that 
the beam width broadens when the feed is more than 4° or so from the focal 
point. Since one of the extreme positions of the swing is approximately 
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along the horizon, the greatest broadening of the beam occurs just where 
it is most desirable to keep the beamwidth narrow. 

If a fixed cylindrical paraboloid is illuminated by a linear dipole 
array, the direction of the beam can be changed merely by changing the 
width of the waveguide that feeds the dipoles. Changing the width 
of the guide changes the wavelength of radiation inside the guide; this 

Fie . 7-16.—An AN/TPS-10 presentation. This shows the appearance of typical signals. 
The ground clutter is about 2° above the lower limit of the sweep. The two targets shown 
between the 40- and 50-mile range markers are 5000 ft high and about 1 mile apart. (Cour
tesy of United States Army.) 

in turn changes the relative phase of the energy radiated from each dipole. 
The effect is to vary the direction of the radiated wavefront and thus of 
the beam. The method works well at 3-cm wavelengths but the mechani
cal arrangements of the waveguide become bulky at 10 cm. This 
technique is further described in Sec. 7-8. 

One example of a fast scan suitable for continuous beavertails is the 
Robinson method. The speed is due to the fact that the only mechanical 
motion involved is one of rotation. The method, in effect, moves a horn 
source rapidly up and down in front of a paraboloid reflector. Actually, 
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Fia. 7-17.—Antenna mount of a 10-cm beavertail long-range height finder. The dif
ference in size between a 3- and 10-cm antenna can be appreciated by comparing this picture 
with Fig. 714 . 

the horn rotates inside a specially shaped cylindrical throat which, in 
turn, feeds the paraboloid. The beam moves downward during 80 per 
cent of the scan cycle and the upward motion is blanked. 

7-5. Illustrations of Some Recent Systems.—The photographs of this 
section show characteristic features of four recent microwave height 
finders. These comprise two discontinuous beavertails, AN/TPS-10 at 
3 cm (Figs. 7-14, 7-15, and 7-16) and a similar set at 10 cm (Figs. 7-17, 
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718, and 719) ; a shipborne continuous beavertail (Figs. 7-20, 7-21, and 
7-22); and a V-beam set at 10 cm (Figs. 7-23, 7-24, and 7-25). 

The antenna systems in Figs. 7-20 and 7-23 provide complete search 
data in addition to their height-finding function and consequently are 
considerably more elaborate than the simple beavertails. Since 
AN/TPS-10 is probably the most likely of the four sets to serve as a 
model for a future aircraft-control height finder, a brief consideration of 
its design constants may be of interest. 

AN/TPS-10 was actually planned with two uses in mind; first, as a 
medium-range height finder for use with a companion search system and 

FIG. 7'18.—RHI presentation. The vertical lines are range marks at 10-mile intervals. 
Height is read directly from an overlay, constant height lines a t 1000-ft intervals appearing 
as dark horizontal lines slightly curved to allow for the curvature of the earth. The faint 
lines slanting outward from the origin indicate the direction of individual sweep traces. 
Airplanes are shown at 6500 ft, 5200 ft, and 10,500 ft; at 47, 57, and 59 miles. 

second, as a general-purpose ground radar for use in mountainous regions 
where ground clutter makes operation of an ordinary cosecant-squared 
search beam of doubtful value. Since these purposes require a high-
resolution beam and easy portability, a 3-cm set is necessary. 

A picture of the AN/TPS-10 mount is shown in Fig. 7-14. The 
antenna consists of an elliptical section of a paraboloid, 10 ft high by 3 
ft wide (an area of 24 ft2), which is fed by a waveguide horn placed at the 
focus. The resulting beam has half-power widths of 0.7° in elevation 
and 2.2° in azimuth, with an antenna gain factor of 17,000. A motor-
driven crank produces the elevation sweep by rotating the reflector and 
horn together as a unit about a horizontal axis. The beam sweeps from 
2° below to 23° above the horizon and back in 1 sec. When operating 
with a separate search system the beam is oriented in azimuth toward 
particular targets by means of a handwheel in the indicator shack and a 



(a) (6) 
FIG. 7-19.—Effects of anomalous propagation: (a) shows the PPI screen of a cosecant-squared search beam during severe anomalous propaga

tion. The extensive ground clutter (out to 50 miles) results from trapping and makes the search system almost useless on such occasions; (6) 
was taken at the same time and shows the RHI screen with the mount rotation at 300°. An airplane is shown flying above an anomalous signal 
at 5000 ft and 21 miles. This illustrates the value of a vertical presentation. 
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mechanical linkage to the mount. If the set must perform its own search 
functions, on the other hand, it can scan as a slow continuous beavertail 
over selected azimuth sectors. This is accomplished by a scan motor 
that advances the mount in azimuth by 2° for each vertical oscillation, or 
at the rate of £ rpm. 

FIG. 7-20.—An experimental arrangement showing the search and height-finding anten
nas on a single mount. The search antenna is shown at the left and the height finder at the 
right. They rotate continuously in azimuth at 4 rpm. 

The transmitter has a pulse power output of 60 kw, a pulse length of 
1 n sec and a repetition rate of 1000 pulses per second. The receiver has 
a 2-Mc/sec pass band and an over-all noise power about 15 db above the 
theoretical minimum value. These two components are mounted 
together in a box placed just behind the center of the reflector; a single 
rotating r-f joint is used to allow for the vertical oscillation. Figure 
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715 shows the range-height indicator while Fig. 7-16 shows a typical 
appearance of the indicator face. 

Suppose now we calculate some of the performance characteristics 
that can be expected. If the beam is swept 
up and down continuously across a target 
without change in azimuth, the solid angle 
of scan is 2.2° X 25°, which when divided by 
the beam cross section (2.2° X 0.7°) gives 
a scanning loss factor of 6 in power. A 
receiver pass band of 2 Mc/sec and noise 
level of 15 db corresponds to a noise power 
of 2.6 X 10-13 watt. If we make use of Eq. 
(3) in Sec. 1-3, we can calculate the minimum 
observable signal 

90 
(1000)* 

= 44 X 10"13 

X 6 X 2.6 X 10-13 (3) 

watt. 

This enables us to calculate the expected 
range from Eq. (2) in Sec. 1-3. Setting 
P, = 6 X 104 watts, A = 24 ft2, X = 0.105 
ft, and assuming a target for which a = 800 
ft2, we find that 

Rm = 70 miles. (4) 

Actually the ranges reported with early 
models of the set are about 60 miles, a 
reasonable agreement as radar calculations go. 

If the beam is scanning in azimuth at 2° 
per sec as well as sweeping up and down, the 
scanning loss (in power) becomes 

/ 16° X 25° Y 1fl , « 
^2.2° X 0.7°/ = 1 6 ( 5 ) 

instead of 6, corresponding to a further reduc
tion in range by 28 per cent. While 2° per 
sec or i rpm is much too slow a scan rate 

for 360° search coverage, it is useful for covering small azimuth sectors. 
Thus, AN/TPS-10 could be used to survey the air traffic coming over a 
narrow mountainous pass where almost any other type of radar would be 
unsuitable. If the set were to be used as a continuous beavertail for all-
round search or control, either the elevation scan rate would have to be 
much more rapid or else the azimuth beamwidth considerably increased 

Fio. 7-21.—Robinson scan
ner. This is a view of the 
specially shaped throat of the 
Robinson scanner, which is used 
to illuminate the reflector of a 
height finder. I t can be seen 
mounted in front of the reflector 
a t the right in Fig. 7-20. A 
rotating waveguide feed is at
tached to the coupling shown in 
the center. (Courtesy of Ameri
can Machine and Foundry Com
pany.) 
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to allow more rapid azimuth rotation. Either change involves a loss in 
range. 

The unusually narrow beamwidth in elevation of 0.7" allows excellent 
resolution in height. An airplane echo is separated from ground clutter 
if it is a beamwidth above the horizon while airplanes can be recognized 

FIG. 7-22.—An indicator which presents both search and height data. The P P I at 
the left presents signals from the search antenna. Expanded off-center PPI sectors can be 
displayed in the center, and the height indicator (RHI) at the right can be adjusted to display 
signals continuously or only for the particular azimuth sector selected by the operator. An 
airplane at 31 miles and 10,000 ft is about to pass above the clouds at 38 miles. 

as such and heights determined for flights even lower than this. Assum
ing an indicator interpolation uncertainty of one tenth of a beamwidth 
we can expect measurements of elevation to have a relative accuracy of 
±0.07° or ±300 ft at 50 miles. The pulse spacing is ^s°, assuming a 
constant scan speed; since the scan is actually sinusoidal the spacing is 
considerably closer than this near the horizon and should not enter as an 
uncertainty in the height data if time enough is allowed for several sweeps. 
Field tests show that an elevation angle resolution of J V (slightly better 
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FIG. 7-23.—The V-beam mount. This picture shows the relation between the vertical and slant-beam antennas. 
turns in azimuth at 6 rpm and the vertical coverage is 25°. This is a 10-cm system. 
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FIG. 7-24.—V-beam height indicator presentation: (a) 10- to 80-mile scale. The vertical lines are range marks at 10-mile 
intervals. Airplanes are shown at 12, 12j^, 19, and 49 miles at heights of 6000, 7000, 15,000, and 10,000 ft, respectively. The 
height scale can be moved up and down and is shown adjusted to read the height of the airplane at 19 miles. The demarcation 
between vertical- and slant-beam signals is clearly indicated by the thin dark line across the screen; (6) 70-to 140-mile scale. 
Airplanes ere shown at 77, 91, 92, and 112 miles at heights of 19,000, 15,000, 10,000, and 17,000 ft, respectively. 
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than the 0.07° above) can be recognized provided that the two airplanes 
involved are resolved in range. I t is reported that 70 per cent of field 
height readings have an absolute height error of lees than 1000 ft with a 
maximum error of about 2000 ft. 

A 3-cm beavertail designed for air traffic-control purposes today could 
give markedly better performance than AN/TPS-10. Pulse powers of 
200 kw rather than 60 kw are now available and a 10-db receiver noise 
level is reasonable. These would give an increase in the range factor of 

Fia. 7-25.—Control room. Six PPI ' s and four height indicators (with viewing hoods) 
are shown. Aircraft are controlled directly from the PPI ' s ; the course of flights and other 
data can be marked on the vertical plotting board in the background. 

1.8 or a total range of about 125 miles for a large airplane. With this 
increased range, however, the repetition frequency would have to be 
reduced to perhaps 650, equivalent to a range reduction of 6 per cent. 
A permanent installation would use a 12-in. cathode-ray tube for the 
RHI and the angular data take-off from the mount and the accuracy of 
calibration could be considerably improved. 

The azimuth orientation of the mount should be controlled by a 
servomechanism and the height-finder orientation accurately indicated 
by a radial cursor on the associated PPI of the search set. This last 
arrangement is very necessary since it is operationally difficult to keep 
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the 2° beam of AN/TPS-10 properly oriented for airplanes that are 
moving rapidly in azimuth. 

RADAR AIDS FOR LANDING 

B Y G. C. COMSTOCK 

During the past five years radar principles have been applied to 
ground-based landing aids. Since these aids have been developed almost 
exclusively for the Armed Forces, the equipment was designed for military 
operations. We shall discard the embellishments that are purely for 
military use and concentrate on the features that have universal 
applications. 

These radar landing aids can be divided into three general classes: 

(1) Beam approach equipment. 
(2) Beacon approach equipment. 
(3) Ground-scanning radars utilizing ground control of approach 

or GCA techniques. 

7-6. Beam Approach Systems.—The pulsed technique was first 
applied to the development of microwave straight-line glide-path and 
localizer systems presenting equisignal paths in elevation and azimuth 
and with pilot presentation on cross-pointer meters or similar indicators. 
Similar systems, using c-w techniques, were being developed at lower 
frequencies. 

Before the war, microwaves were considered extremely promising for 
overcoming a number of the fundamental difficulties encountered in 
similar systems at longer wavelengths. These included the problems 
arising from the reflections of the radio waves from the ground and obsta
cles which gave erroneous directional information in both localizers 
and glide paths, and the problem of producing adequately narrow beams 
with reasonably sized antenna structures. 

A complete c-w microwave localizer and glide-path system has been 
under development in this country for the past four years. Pulsed 
microwave development was begun simultaneously although only the 
glide path was thoroughly developed. During the early development of 
conical-scanning gun-laying systems a preliminary investigation was 
made of the production of a conical beam, such as a glide path, down 
which an airplane should fly. 

The conical beam was generated by rotating a 10-cm transmitting 
dipole through a small circle about the focus of a parabolic reflector. 
The conical beam was divided into four 90° quadrants, each having a 
different repetition frequency. This was done by commutating the 
transmitters mechanically to get PRF's of 2000 and 2400 cps for upper 
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and lower vertical quadrants, and 1800 and 2200 cps for the two horizontal 
quadrants. The receiving equipment in the airplane consisted of a simple 
bolometer and amplifier feeding into four audio filters, each tuned to the 
frequency of one quadrant. The output of these filters then was pro
portional to the intensity of the lobe at the receiving antenna in the 
airplane. Outputs of corresponding pairs such as the two vertical ones 
were fed to a cross-pointer meter or to the plates of a cathode-ray tube. 
Figure 7-26 shows a block diagram of this early experimental system. 
The idea, of course was to use the indicator as a null instrument to locate 
the position of equal signal intensity. 

Antenna nutating motor 
Commutator-,\ / F j | t e r s 

Bolometer Amplifier 

Keying 
oscillators 

Pilot's indicator 
(CRT) 

Transmitter unit Receiver unit 
Fia. 7-26.—Block diagram of an early experimental bolometer.blind-landing system. 

This early system, despite its inadequate range and too narrow 
azimuth beam, led to the complete development of what became known 
as the pulsed glide path, PGP. A discussion of PGP will illustrate the 
problems inherent in designing systems of this type. 

Specification of Pulsed Guide Path, PGP.—Among the'general provi
sions to be met in the design of a pulsed glide path were the following: 

1. Lightweight ground-transmitting equipment, easily portable at an 
airport, and air transportable. 

2. Minimum weight and bulk of airborne equipment—rreceiver to 
weigh 10 lb or less. 

3. A reliable range of at least 10 miles. 
4. Glide path provided at angles from 2° to 3°. 
5. A vertical antenna pattern sufficiently narrow to eliminate almost 

all ground reflection from flat terrain. A horizontal pattern suffi
ciently wide to allow for setting the transmitter several hundred 
feet from the runway. This required that antenna patterns have 
very weak side lobes in all directions. 
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The production version of the pulsed glide path was a 3-cm straight-
line equisignal glide path produced by sending out a dual lobe, each lobe 
pulsed at a different repetition frequency as indicated in Fig. 7-27. The 
upper beam was pulsed at 2200 cps and the lower at 1800 cps. The dual 
lobes were formed by feeding the RF alternately to two pill-box antennas. 
Each antenna consisted of a thin parabolic cylinder with a 4-ft opening, a 

Glide-path equisignal 
intersecting plane 

Antenna 

Ground 
FIG. 7-27.—Dual-lobe glide path. 

width less than X/2, and depth greater than its focal length. This gave 
a vertical beamwidth of about 2° with side lobes less than 0.5 per cent. 
The cylinder was flared along its 4-ft length to give a desired horizontal 
half-width of about 30°. The feed was a slotted waveguide. 

The antennas were so placed that their horizontal patterns were 
coincident, but with an angle of approximately 2.25° between the vertical 
beams, giving a crossover of about 60 per cent (see Fig. 7-28). 

Point of contact 

Transmitter 

FIG. 7*28.—Horizontal beam pattern of dual glide path. 

The transmitter was of conventional design with a magnetron of 
15-kw pulse power, which could be replaced by a magnetron capable of a 
pulse power of 50 to 100 kw to obtain the desired range more consistently. 
An r-f switch in the form of a slotted disk rotating between two waveguide 
chokes alternated the power to the antennas. At the same time the 
pulse frequency of the modulator was altered synchronously with the 
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power switching so that each lobe had its identifying pulse modulation. 
The entire transmitter, including antennas, when mounted in a case 
weighed about 375 lb and could be transported by air. The system was 
built for operation on 400-cycle power. 

The airborne receiving antenna system was extremely simple. A 
small horn in a streamlined lucite housing fed a crystal matched into a 
short piece of waveguide. The rectified output was fed to a simple 

Fio . 7-29.—Cross-pointer meter for pulse glide path. {Courtesy of Sperry Gyroscope 
Company.) 

three-tube audio amplifier using parallel-T filter networks, each designed 
to pass the pulsed modulation of one of the beams. 

The pilot indicator was a cross-pointer meter, shown in Fig. 7-29. 
The output of the amplifier was applied to the horizontal needle so that 
a downward deflection was shown when the aircraft was in the upper 
beam, and an upward deflection when in the lower beam. A small air
plane was painted in the center of the face of the meter and the pilot flew 
the airplane on the meter up and down with respect to the needle to get 
an on-course indication. 

To achieve a reduction in angular sensitivity of the indicating system 
as the airplane approaches the transmitter, the receiver uses an AVC that 
produces a drooping output characteristic for increasing input. It has 
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been found necessary to use such a softening of the course indication 
when flying cross-pointer indication to prevent excessive "hunt ing" by 
the pilot. 

Evaluation of Pulsed Beams.—The PGP system as tested at a number 
of different airports has the following advantages: 

1. Over flat terrain, the glide paths were straight and flyable with 
steady needle action that indicated no bends (due to reflections) 
for glide paths down to 2°. Because the narrow 2° beam with low 
side lobes allows little energy to strike the ground near the airport, 
the glide path is essentially independent of local ground conditions 
of moisture, etc. 

2. Over obstructions such as hangars, etc., there were considerably 
fewer bumps in the path due to reflections than encountered with 
lower frequency c-w systems. 

3. A reliable range of 15 miles is attainable with recent standard 
transmitting and receiving techniques. 

4. Size and bulk of ground equipment has been reduced to a minimum, 
offers little hazard to flight, and can be transported from runway 
to runway. 

5. Airborne equipment is simple and reliable. 

The limitations are, in general, the same as those of the c-w beam 
systems, namely: 

1. Dependence on beam intensity for information, particularly on the 
constant crossover of dual beams, is a weakness that can be alle
viated partially by constant ground monitoring of beam position 
and by some simple and, if possible, automatic means of correcting 
"squinting" errors. No monitoring equipment was designed for 
PGP. Such a step is not inconceivable, however, although it is 
difficult to monitor an elevated beam without creating a ground 
hazard. The type of antennas, feed, and power switching used in 
microwave equipment reduces the likelihood of such beam swinging 
but does not entirely eliminate it. Monitoring for localizers would 
present fewer complications. 

2. Siting problems due to reflections from obstacles, are reduced. 
3. The equipment gives the pilot no information on the position of 

obstacles. The safety of the pilot depends only on whether a clear 
airport site has been selected. If a poor approach is made he is in 
little danger azimuthally and can make a pull-out at a safe altitude 
as indicated by his altimeter and his knowledge of the terrain. 
Unfortunately only a few airport runways at which it would be 
desirable to make instrument approaches under all-weather flying 
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conditions are as safe as this and then usually in but a single run
way direction per airport. 

4. The equipment gives no warning of the presence of other aircraft 
on the glide path. 

5. No information as to range or rate of approach is available to the 
pilot. Thus, one of the real advantages of pulsed techniques has 
gone unused. 

6. There is considerable danger of interference between ground sta
tions and of audio jamming of the receiving and indicating equip
ment by other radars unless some form of audio channeling is 
provided. 

7. The presentation of relative position only on a cross-pointer meter 
requires that the pilot have considerable skill and practice in inter
pretation and coordination to obtain the necessary heading and 
rate of descent for a successful low approach, particularly under 
cross-wind conditions. 

8. The equipment is purely a pilotage device; it supplies no informa
tion to the ground for controlling traffic into or on the final approach 
zone. 

The fundamental advantages discussed above seem to be primarily 
those of microwaves and do not show any clear advantage of pulsed 
techniques over c-w methods in producing pure beam-type glide paths 
and localizers as long as stable transmitters and lightweight reliable 
receivers are available for both types. 

The limitations listed above show that pure beam approach systems 
are rudimentary. In the discussions that follow, the real advantages of 
radar technique in overcoming some of these limitations are seen. 

7-7. Beacon Approach Systems, BABS.—BABS or Radar BA Type 
is a radar aid to approach, designed to provide single or multilobed 
localizer and glide paths. Airborne indications showing the position of 
the airplane with respect to these paths includes continuous indication of 
the range from ground-based beacons. The interrogator-responsor is 
carried in the aircraft and the indicator may be either a double A-scope 
(L-scope) or a meter. This system grew out of the need in the early part 
of the war for systems using available airborne radar gear to replace the 
inadequate radar aids to approach. 

The pilot is "talked down" by the navigator who gives him the neces
sary information about heading and range. This talk-down procedure 
is not inherent in the system; the information can be presented to the 
pilot and copilot directly. Many pilots, however, prefer to have the 
information assimilated by some one else so that they can give more 
attention to their other flight instruments. 
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In spite of the advantages that would result from the use of micro
waves, all development of BABS equipment has been at frequencies 
below the microwave band, generally near 200 megacycles. The three 
necessary components of a BABS system are an airborne interrogator-
responsor, indicating equipment, and a ground beacon. 

Interrogation.—Airborne radar systems such as the early aircraft 
interception, AI, and aircraft-to-surface-vessel, ASV, equipment, and 
interrogator-responsors similar to those used for IFF were used in BABS 
in its early forms. 

Fio. 7-30.—A 200-Mc beacon for beam approach. (Courtesy of United States Army.) 

The interrogator of the newest British version can be set at any one 
of 12 frequencies, and the ground beacon at each particular location is 
assigned one of these frequencies. Thus, a number of airfields in close 
proximity can be equipped with approach systems which are readily 
identified and which do not interfere with one another. 

A cross-band airborne interrogator-responsor recently developed con
sists of an L-band (about 25 cm) transmitter operating on a number of 
preselected frequency channels and a 10-cm receiver tunable to any one of 
a number of 10-cm reply channels. 

Ground Responder Beacons.—Early development in England and in 
this country was concerned primarily with split-beam localizers. Glide 
paths have been devised only recently. 

The first BABS equipment was a lashed-up dual-beam localizer pro
duced by lobe-switching the output of an IFF transponder by connecting 
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it in turn to two different antennas for different lengths of time. The 
antennas were the Yagi arrays used with ASV radar. The two beams 
were thus time-coded, giving " d o t s " on one antenna and "dashes" on 
the other. The equipment was placed at the windward end of the run
way so that the equisignal path was directly down the runway. 

The American version of this equipment used a portable responder 
beacon whose output was switched alternately to two transmitting 
antennas mounted vertically in front of a corner reflector (Fig. 7-30). 
The dual beam was time-coded in a similar way. 

These earlier forms suffered severely from beam-shifting that resulted 
from changes in relative output power 
of the two antennas, from side lobes 
in the antenna patterns which gave 
false indications in the airplane, and 
from unstable transmitters. Conse
quently, they were dangerous to use in 
many locations. 

More recently an antenna has been 
developed that does not produce this 
disastrous beam-swinging. A com
mon transmitting and receiving anten
na radiates a split beam that is formed 

, , by alternately switching energy to 
Fio. 7-31.—L-scope localizer pre- J J 6 6 . 

sentation when used with dual receiving one or t h e other 01 two slots cut in 
antennas. a c a v i t y resonator fed by a single-
probe radiator. The beam-switching is done in the antenna itself. 

A similar antenna has been devised for a dual-beam glide path. 
Instead of dots and dashes, pulses of different width are used to distin
guish the two lobes; each slot is fed for the same length of time but the 
length of the radiated pulses is different (5 and 12 /isec for the two beams, 
for example). 

Airborne Reception and Indication.—Several types of indication have 
been tried with various BABS systems. The double A-scope or L-scope 
has been used when the interpretation is done by a navigator or radar 
operator. When the airborne receiving antennas were dual, as in the 
early AI and ASV systems, the signal from each antenna was fed to one 
of the two A-scope sweeps (Fig. 7-31). Equality of signals indicated 
that the beacon was dead ahead. Range was indicated continuously and 
could be relayed to the pilot as needed. The relative amplitudes of the 
dot and dash pulses indicated angular position in the beam, and the com
parison of the right and left amplitudes from the two antennas gave 
some indication of heading. Thus, when the airplane was flying down 
the center of the beam, headed directly toward the beacon, as at a, Fig. 
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7-32, the signal was a pulse of constant amplitude on each sweep and of 
equal amplitude on the two 
sweeps. At position b, the short 
pulses predominated and at posi
tion c, the longer pulses predomi
nated. Since the a i r p l a n e is 
headed toward the beacon in each 
case, the right and left amplitudes 
are always the same. 

This alternately collapsing and 
expanding display was too difficult 
to interpret and too insensitive to 
small changes of position and 
heading to be of much use to 
anyone but an extremely well-
trained operator. I t has been 
abandoned in favor of very rapid 
alternations of pulses of different 
durations in the two lobes of the 
beacon antennas. 

Figure 7-33 is the presentation 
obtained with systems using dual beams that are coded by changing the 
pulse length and in which the airborne antennas are single arrays. The 

FIG. 7-33.—Airborne indicator for recent British BABS system. L-scope presentation. 

AN/CPN-7-
beacon antenna 

Runway 

1 BABS pulse 

LA r T* 
! ■f" 

F I G . 7-32.—L-scope presentation of Amer
ican 200-Mc BABS system. The three 
indicator presentations a, b, and c correspond 
to the three different positions of the aircraft. 
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localizer presentation is on one time base of the L-scope and the glide 
path on the other. Both long and short pulses of the two beams appear 
on the same sweep; deviation from the center of the beam is judged by 
the relative amplitudes of the two signals. No direct indication of 
heading is given. 

If the localizer beam looking out to the right of the runway and the 
lower glide-path beam are coded with the shorter pulse lengths, the pres
entation shown in Fig. 7-33 indicates that the aircraft is to the left of the 
course and below the glide path. 

This type of presentation has been successfully used by trained oper
ators. Because these scope presentations are far too complicated for 
general use by pilots a circuit has been devised to present the variations 
of amplitude of the two pulsed beams on a cross-pointer meter. Both 
localizer and glide-path information can be presented in this way. In 
addition, automatic tracking circuits have been used to present the range 
on a meter in front of the pilot. 

Trial flights indicate that these meters are at least as practical as 
similar cross-pointer indications used with c-w beam systems on the same 
frequency band. The continuous-range meter was found to serve as a 
monitor on the beams, giving the pilot an additional indication that the 
ground equipment was operating. 

Rates Technique.—The availability of continuous-range data in the 
airplane has led to the experimental use of a valuable technique that 
indicates to the pilot his rate of approach toward the path he wishes to 
fly. Although this technique can be used for both the glide path and the 
localizer, it is discussed here only in terms of azimuth. The pilot can be 
given an indication of his rate of approach to the desired path in a direc
tion perpendicular to it. By making this rate of approach proportional 
to the displacement from the path, even a fairly inexperienced pilot can 
make a creditable approach along a path that approaches the desired 
path asymptotically. 

Evaluation.—The possible advantages of beacon systems as compared 
with c-w and pulse beams on the same frequency bands are: 

1. The reduction of interference between several installations result
ing from the small portion of the total time that any given beacon 
is operating. 

2. Identification of ground stations and reduction of interference by 
use of appropriate channels. 

3. Range information continuously available in the airplane. 
4. Possible use of the rate-of-approach technique. 
5. A fair presentation of information to the operator and pilot on the 

cathode-ray tube. Advantages 3 and 4 should make flying easier, 
however, if the information is given to the pilot by suitable meters. 
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Its disadvantages with respect to other beam systems on similar fre
quencies are that : 

1. The inclusion of additional functions makes the airborne equip
ment heavier, bulkier, and more complicated than simple beam 
receiving equipment. 

2. Cathode-ray tube information can be used to best advantage only 
by a highly trained radar operator and a pilot working together. 
This characteristic limits its use in civilian flying. 

The possibilities of microwave BABS equipment would seem to give 
the added advantages over the lower-frequency system, discussed in the 
previous section. Airborne microwave interrogator-responders are fea
sible but would probably be heavier. 

The beacon technique is well-advanced. Microwave beacons used 
with proper antennas could produce dual glide paths and localizers that 
would reduce the reflection and siting problems encountered at lower 
frequencies. 

Although it is clear from the above discussion that systems of the 
BABS type are improved beam systems, they are subject to some of the 
fundamental limitations already noted, namely: 

1. Dependence of the reliability of the information on constancy of the 
intensities of the beams. 

2. Lack of means for warning pilots of obstacles. 
3. Lack of means for giving warning of the presence of other aircraft 

on the glide path. 
4. Complication of airborne indication. 
5. Limited information available for traffic control. 

Beacons have been used experimentally for a method of handling 
traffic in which the pilot is notified to circle the airport at a given constant 
range from the beacon. A holding pattern of concentric circles is then 
formed in which airplanes are flying circular paths at different fixed 
ranges. They are then successively cleared from inner circles into final 
approach. 

7-8. Ground-based Scanning Radar Systems.—A significant contri
bution to instrument landing made during the war was the use of ground-
based scanning radar for obtaining accurate relative position of a landing 
airplane with respect to a safe path of descent to a runway, combined 
with "talk-down" techniques for giving information and instructions for 
landing to the pilot by voice radio. 

The prime equipment produced for these purposes was the ground 
control of approach system, GCA, built in considerable quantities in this 
country for use by the United States Army and Navy, and by the British. 
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In the later phases of the war in the European, Aleutian, and Pacific 
theaters GCA (AN/MPN-1) proved to be a versatile emergency landing 
facility that could be used by any type of aircraft. I t was used with 
safety even by relatively inexperienced instrument pilots under conditions 
of ceiling and visibility worse than those that would permit use of the 
fixed-beam system. The GCA, having served with distinction during 
the later stages of the war, emerges as an important weapon in the battle 
for achieving all-weather civilian flying. 

The basic concepts of the GCA system—its method of obtaining data 
on the position of the airplane relative to the runway, the kind of data 
obtained, and the method of presentation to the pilot—all depart radically 
from traditional glide-path-localizer techniques developed before the war. 

The AN/MPN-1 (see Fig. 7-34) is a self-contained mobile unit con
sisting of two radars, a 10-cm search radar, and a 3-cm sector-scanning 
system that covers a limited volume of space surrounding the final path 
of descent. All equipment is compactly housed in an operations trailer. 
The trailer contains the two radars and the operating positions for the 
crew of six: four scope operators, the controller of the final approach, 
and the crew supervisor (Fig. 7-35). Since AN/MPN-1 was designed 
as a complete control unit in itself for use in forward areas, the trailer 
contains complete radio equipment for communicating with both landing 
aircraft and the control towers at the airport. The truck contains the 
prime power generators, air-conditioning units, tools, etc. 

The primary function of the search system is to detect and identify 
individual airplanes coming into the landing zone and, by instructing 
the pilot over voice radio, to guide the airplane through an approach 
pattern into a rough alignment with the final descent path at a distance 
of from 4 to 10 miles from the field. The search set thus feeds the air
plane into the region where the 3-cm scanning beams are operating and 
where the pilot receives more precise information as to his position. 

The search antenna was designed to cover those regions in which air
planes approach the airport for a landing. It was not meant to provide 
high angle coverage over the airport for airplanes passing through the 
region. The antenna consists of an 8-ft linear dipole array which feeds 
a semicylindrical reflector with parabolic cross section, both mounted 
vertically on top of the trailer. The beamwidth is approximately 5° 
in azimuth with a cosecant-squared coverage extending in elevation from 
3° to 10° above the horizon. The peak of the beam is normally at the 
3° angle of elevation in order to minimize ground clutter. The require
ment for frequent search information when airplanes have to be controlled 
accurately at short ranges, 10 to 30 miles, is met by scanning the search 
array through 360° in azimuth at 30 rpm. With a transmitted pulse 
power of 100 kw the search system is capable of detecting airplanes at 
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ranges of 15 to 30 miles at angles of elevation of 2° to 10° with an upper 
limit of about 5000 ft in height. 

The search data are presented on two identical 7-in. PPI 's equipped 

with switchable range scales of 7.5, 15, and 30 miles (Fig. 7-36) and with 
a compass rose and heading lines. The two PPI operators, the traffic 
controller, and the airplane selector, although supplied with identical 
information, perform different functions in normal GCA operation. 
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The controller observes the traffic entering the area and identifies those 
airplanes calling in for landing instructions by requesting unique maneu
vers, by the use of auxiliary aids such as ground-direction-finding infor
mation, or by the pilot's giving his position as obtained from other 
navigational aids. The traffic controller normally guides the airplanes 
through a definite traffic pattern, turning them over to the airplane 
selector at some predetermined point, generally on the cross-wind leg. 
The airplane selector guides the airplanes into the narrow sector covered 

F I G 7-36.—Photo of GCA PPI showing ground track of an airplane making a ground-
controlled approach (obtained by taking successive exposures every 4 sec of P P I signals, 
hence ground clutter greatly overexposed). Range circles every two miles. 

by the 3-cm scanning system until the airplane is being tracked by the 
precision operators and the final approach controller takes over for the 
final landing instruction. 

Separate communication frequencies have been provided for each 
PPI operator. In general practice, however, it is not possible to use 
three frequencies in the landing procedures, two for the PPI operators 
and one for the final controller. With single airplanes, one frequency 
passed along from operator to operator suffices. But when two to four 
airplanes are being handled simultaneously, two frequencies are required, 
at least one being reserved for PPI operation. 

The GCA search function was not designed to serve as a full traffic 
control system to ensure adequate time separation in the arrival of a 
large number of aircraft at an airport; its effectiveness in moderate 
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fc) id) 
F I G . 7-37.—Antenna beam coverages of the GCA system, (a) GCA alignment with 

runway and search and precision scanning beams. (6) Search-antenna beam coverage. 
(c) Elevation beam scans vertically from —1° to +6° in elevation, (d) Azimuth beam 
scans horizontally over 20° sector. 
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traffic must not be underestimated, however. When airplanes arrive 
every 3 min or when the situation is such that the traffic controller 
can pull out the bottom airplane from a stack of planes every 3 min, 
15 to 20 airplanes can land per hour by the use of GCA. 

The GCA system is the first landing aid that has been used to help 
solve the approach zone traffic problem by effectively feeding airplanes 
into the final approach. For the first time, quantitative navigational 
information is available to the pilot when outside the narrow sector of 
the descent path. As a result the time-consuming procedures of orienta
tion and bracketing on range legs and localizers are eliminated. 

The final letdown approach to visual contact with the runway is 
observed with the 3-cm system, generally referred to as the precision 
system. Two narrow fan beams, one scanning in azimuth and the other 
in elevation, locate the airplane in an area 20° wide in azimuth up to 6° 
above the horizon in elevation, and within a range of 10 miles. Figure 
7-37 shows the coverage of the three antenna beams of the GCA. The 
elevation beam has a one-way half-power width of 0.55° in elevation 
and 3.5° in azimuth. The azimuth beam has a one-way half-power 
width of 0.85° in azimuth and 2.0° in elevation. The approximate 
location of the trailer on the field is shown in the figure. The unit is 
normally sited on the right-hand side of the runway (looking out toward 
the airplane approaching at the upwind end of the landing strip), 200 to 
500 ft from the center of the runway, and 2000 to 4000 ft down the strip 
from the approach end so that the airplane can be "seen" to touchdown. 
The coverage of the azimuthal scan is from 5° on the right side to 15° on 
the left side of a line parallel to the center line of the runway and running 
through the center of the trailer. 

These fan beams are each produced by a dipole array that is fed by a 
squeezable waveguide placed along the focal line of a semicylindrical 
reflector of parabolic cross section. Figure 7-38 shows the combination 
of the two antenna arrays and a cross section of the waveguide portion 
of the arrays. The beam is scanned electrically by varying the width of 
the waveguide periodically—that is, by moving one of its sides parallel 
to itself. The two arrays are alternately fed power from the same trans
mitter. The scan cycle is such that each antenna beam sweeps through 
a complete cycle (two looks) in 2 sec. A scan rate four times as fast 
as this is available for operation at short range. 

The data received from each of the precision scans is presented on a 
separate pair of 7-in. expanded partial PPI 's, one having a 10-mile range 
and the other a 2-mile range, that is, a five-fold expansion of the final 2 
miles. Two operators, the azimuth tracker and the elevation tracker 
follow the airplane signal on their respective pairs of indicators. Mov
able lighted cursors (Fig. 7'41 shows an elevation cursor) superimposed 
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on the indicators are controlled through operation of a handwheel by each 
operator so that they constantly bisect the signal of the incoming airplane. 

The expanded partial PPI presentation reproduces on the tube the 
sector scan of the antennas multiplied in angle. The sweeps are altered to 
show objects at constant range along straight lines. In this way linear 
measurement on the scope face corresponds to linear measurement in 
space. Thus, the elevation scopes are range-height presentations with 
height measured in a direction parallel to the range lines; azimuth scopes 

permit lateral measurement right or left of the center line of the runway 
in a direction parallel to range lines. Figs. 739, 7-40, 7-41 and 7-42 
illustrate both types of presentation for fast and slow sweeps. 

Lines can be drawn on the faces of the indicator tubes representing a 
safe descent path both in elevation, the glide path; and in azimuth, the 
center line of the runway. (Actually, all GCA scopes are viewed indi
rectly through a half-silvered mirror so that the indicator face is seen 
superimposed on map surfaces on which the lines mentioned above are 
drawn.) The tracking cursors are geared to potentiometers whose 
voltage output is fed to sensitive error meters in front of the final-
approach controller (Figs. 7-43 and 7-35). The circuits are so adjusted 
that when the tracking cursors are made coincident with the desired 
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F I G . 7-39.—GCA azimuth precision indicator showing successive 
positions (every 4 sec) of airplane making a ground-controlled 
approach. Range lines every Vi mile. 

F I G . 7-40.—GCA elevation precision indicator showing airplane 
flying at elevation of 100 ft above 40-ft water tower at airport boundary, 
4000 ft in range from GCA trailer. 
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F I G . 7-41.—GCA azimuth precision indicator (10-mile sweep) 
showing successive positions of airplane making a ground-controlled 
approach. (Companion picture to Fig. 7-42 covering same region.) 

F I G . 7-42.—GCA elevation indicator (10-mile sweep) showing S 
successive positions of airplane making a controlled approach. Lighted lo 
cursor shows safe 3° glide path. Note changes oi rate of descent. 

do 
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flight path, these error meters indicate zero error. The process of track
ing the airplane signal by displacing the cursors in a direction parallel to 
the range lines, then, feeds to the controller's meters a quantitative 
measurement of linear deviation of the airplane from the desired path 
in the two coordinates, elevation and azimuth. 

Since the indicators are used as measuring instruments, they must 
be reliable and easy to calibrate. Careful e ectronic regulation is used 

Fia. 7-43.—Controller's error-meter panel (AN/MPN-1A). (Courtesy of Bendix 
Aviation Corporation.) 

throughout the indicator circuits to ensure stability. Furthermore, the 
final precise alignment of the system and the calibration of the indicators 
is done by using signals from corner reflectors (Sec. 9"4) permanently 
placed on the field at surveyed positions. The operator can monitor his 
presentation constantly and make any necessary readjustment imme
diately, by observing the signals from these corner reflectors. 

One other important function of the operator must be mentioned. 
Figure 7-37 shows the dimensions of the scanning beam. The azimuth 
beam, for example, while scanning through an angle of 20° in azimuth, 
has only a 2° coverage in elevation. Obviously, to see an airplane which 
may be at any elevation up to 6°, the beam must be centered on it in 
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elevation by tilting the whole azimuth antenna assembly around a 
horizontal axis. This is done by the elevation tracker who controls the 
elevation adjustment of the azimutn antenna by foot pedals in the indi
cator rack. The position of the antenna is indicated on his cathode-ray 
tube by an additional transparent cursor linked to his foot pedals. By 
keeping the cursor roughly aligned on the airplane signal, the elevation 
tracker makes sure that the azimuth operator can see this signal on his 
indicator. A similar arrangement permits the azimuth tracker to adjust 
the position of the elevation antenna in azimuth. (In Fig. 7-42 the 
antenna-follower cursor is clearly shown.) 

The final controller has available on his error meters the linear devia
tion of the airplane in azimuth and elevation from the desired path and 
can obtain from either of his trackers continuous data on the range of the 
airplane. By observing the motion of his error-meter needles, he gets 
an indication of the rate of closing to the path. From these data and 
observations on wind drift he controls the descent of the airplane by 
giving instructions to the pilot on the changes in heading and rate of 
descent necessary to keep the airplane on the proper path. He warns the 
pilot of the presence of any aircraft on collision courses and of his prox
imity to dangerous obstacles on the ground. It is his responsibility to 
give orders to pull the airplane out of its approach if at the specified safe 
minimum altitude the airplane is not in a proper position to land or if 
there is evidence that ground equipment is malfunctioning. Since he is 
acting as the pilot's "second brain" he must be very familiar with the 
landing characteristics of various aircraft and the landing procedures. 
The entire crew must be carefully trained and ever alert to the various 
emergencies that arise in instrument landing. 

Advantages and Limitations.—GCA equipment was used with phenom
enal success during its first year of operation. It made possible several 
thousand instrument approaches and numerous emergency landings 
under conditions of very poor visibility. and often with pilots who had 
never previously made an approach under GCA supervision. This 
record indicates that the system possesses a number of exceptional 
attributes lacking in other landing aids. 

1. Since it feeds information to the pilot over normal radio com
munications, the system requires no additional specialized gear 
in the airplane. I t can therefore be considered a universal 
system if the proper communication channels are made available. 

2. The information received aurally by the pilot requires little 
interpretation of data on his part because he does not have to 
pay close attention to additional meters or CRT's and is relieved 
of part of the burden placed upon him by the instrument flying 
condition. 
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The radar information obtained through the use of narrow-beam 
scanning antennas is not subject to error caused by reflections 
from the ground, hangars, other aircraft, etc. The position of 
the airplane can be determined with an accuracy of approximately 

F I G . 7-44.—GCA elevation indicator (2-mile sweep) showing reflections from a water 
tower 135 ft high and also ground image of tower. 

0.1° in elevation, 0.2° in azimuth, and 300 ft in range. This 
means that at a range of 1 mile, variations of 10 ft in elevation 
and 20 ft in azimuth can be detected. An example of ground 
reflection is shown in Fig. 7-44 where the mirror image of a signal 
from a water tank 135 ft above the ground appears below the 
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ground level. Ground-reflected energy that reaches the airplane 
and is returned is thus separated from the direct signal response 
until the airplane is less than 0.2° from the ground. 

4. Signals from fixed objects close to the desired landing path, 
instead of being harmful, provide the ground crew with informa
tion as to the proximity of the airplane to these objects and the 
pilot can be told how to avoid them. Figure 7-40 shows the 
airplane signal clearly resolved from the ground return as it 
passes over a 40-ft tower with a clearance of 100 ft at a range of 
4000 ft. Figure 7-39 shows the azimuth track of an airplane 
which has flown over the same obstacle. 

5. The operators can give aid to all types of aircraft and provide 
glide paths wdthin the range of 2° to 5° simply by realigning the 
elevation-tracking cursor to coincide with the proper glide-path 
line drawn on the map face. 

6. The radar scope presentations permit constant monitoring of the 
alignment of the system, a tremendous safety factor that helps to 
increase the pilot's confidence in the system. 

7. The system is provided with standby dual channel equipment for 
all components except antenna arrays and indicators so that a 
rapid changeover can be made upon failure of components in 
use. 

8. The fact that the unit can be moved from runway to runway 
eliminates the inflexibility of single runway operation required 
with most landing aids. Any necessary realignment of equip
ment can be accomplished within half an hour. 

9. It can be used by tired pilots or those who have had little or no 
previous experience with the equipment. Indoctrination of 
pilots and a few preliminary flights, however, help to familiarize 
the pilot with the procedure and establish his confidence in its 
reliability. 

10. The traffic-handling capacity of the system is as great as that of 
any other landing aid that has been proposed and is greatly 
enhanced by its unique partial traffic control provided by the 
search system. 

The following limitations have most frequently been pointed out by 
the critics of GCA: (a) large, highly skilled crews are needed for 24-hr 
service; (6) the system does not include a completely satisfactory identi
fication system; (c) multichannel communication is required for landings 
in traffic of high density, particularly for closely adjacent fields; (d) 
there is the problem of language when GCA is used by pilots of different 
tongues; (e) the rate of landing is limited to one aircraft every 2 to 3 
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min; this is not a limitation under present traffic conditions but may 
develop into one. 

Some of these limitations are being alleviated by improvements and 
new developments. The inadequacy of present communication facilities 
will be reduced with the widespread use of very-high-frequency multi
channel equipment. The language problem, already present in normal 
control tower operation, suggests that universal codes could be devised 
for the talk-down procedure. 

The identification problem is greatly improved by presenting directly 
on the GCA indicators azimuth-bearing information obtained by radio 
direction finders. 

The greatest progress in decreasing the requirement for operators, in 
increasing the traffic capacity of the system, and in improving the control 
information would result from direct reading of the indicators of the 
precision system by the controller. Although in the AN/MPN-1 the 
controller was placed between the two trackers in the expectation that he 
could view the scopes directly, the physical arrangement made it difficult 
for him to do so. Operational experience in controlling airplanes by 
using the azimuth and elevation indicators directly either by having both 
operators give instructions to the pilot alternately or having a single 
controller observe both indicators, has proved that there are considerable 
advantages to this procedure. Shorter controlled runs can be made 
with greater accuracy when the controller can observe the interrela
tion between the signal trails and the desired flight paths directly and 
instantly. 

One manufacturer is developing a single tube on which both azimuth 
and elevation signals will be displayed simultaneously. It is hoped that 
this will permit reduction of the present team of three men for the pre
cision system to a single controller. In regions of heavy traffic where 
landings at the rate of one per minute are desired, these indicators could 
be duplicated and a second controller could give instructions to a second 
airplane on the glide path. 

Many instrument approaches are made under conditions that do not 
require the use of the full precision team, for instance, with ceilings of 
500 ft or more and visibility of 1 mile. In many locations, descent under 
such conditions can be effectively controlled from the PPI alone if the 
pilot is told what his elevation should be as he approaches the field. If a 
remote PPI were to be provided in the control tower, such information 
could be used to speed up traffic by reducing the number of missed 
approaches that result from poor alignment in letdowns relying solely 
on radio range and localizers. The addition of the surveillance fea
ture provided by ground radar is a must in future instrument landing 
procedures. 



252 GROUND-BASED RADAR AND SPECIAL EQUIPMENT [SEC. 7-9 

SPECIAL RADAR AIDS 

7-9. Moving Target Indication.1 How MTI Works.—MTI is a 
method of displaying radar echoes that discriminates between fixed and 
moving targets. The basic idea is to use some sort of clock to time the 
flight of the pulse out to the target and back. If the time interval is the 
same for each transmitted pulse, the target is fixed; if it varies, the target 
is moving. Suppose that 1000 pulses per second are sent out and that 
the target is moving toward us at 200 mph. Then the distance traveled 
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F I G . 745.- -Block diagram of radar set with M T I showing the position of the 
oscillator and the delay line. 

1 clock' 

by the target between pulses is 0.3 ft. and the path traveled by successive 
pulses is continuously shortened by steps of 0.6 ft. The pulse travels 
this distance in only 6 X 10 -10 sec; the clock must be able to measure 
this very brief time interval. The only clock that can do this is a high-
frequency oscillator vibrating at about 3000 Mc/sec. The clock then 
goes once around in 3.3 X 10 -10 sec, which is just about right for measur
ing the time interval under discussion. 

Now, there are two questions to ask: How is the clock started, and 
how is it used to measure the returning echoes? I t is started by the 
transmitted pulse which forces the r-f clock into step with itself. When 
the echoes return, their cycles are compared with those of the clock 
simply by adding the two sets of cycles together. After this has been 

1 By A. G. Emslie. 
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done, the resulting signals have all the necessary information; i.e., the 
signal from a fixed target stays the same size while that from a moving 
target fluctuates. 

We can now arrange to keep the fluctuating 
signals and get rid of the steady ones by cancella
tion. The echoes from one transmitted pulse are 
delayed or stored until the corresponding echoes 
from the next pulse start coming in. The stored 
echoes are then subtracted from the newly arrived 
echoes and the net signals are displayed on the 
indicator. A block diagram of a radar with MTI, 
where a supersonic delay line is used to delay the 
echoes, is shown in Fig. 7-45. 

The Delay Line.—In the supersonic delay line 
the electrical echoes are converted into high-
frequency sound waves by a piezoelectric quartz 
crystal. The vibrating crystal transfers the sound 
waves to the medium of the delay line, which is 
usually a liquid contained in a metal tube. A 
similar crystal at the far end of the delay line turns 
the sound waves back into electrical impulses. 
Figure 7-46 shows one delay line that has been 
used. The steel tube, folded for compactness, is 
16 ft long and uses mercury as the transmitting 
medium. The delay is ^fas sec. The total weight 
of the line, including the supporting steel channel, 
is about 200 lb. For sets with a higher repetition 
rate the delay line is shorter and lighter. 

Storage Tubes.—A storage tube can also be used 
to delay the echoes. In this case, they are con
verted into electrical charges and distributed over 
an insulating screen in a cathode-ray tube by being 
made to control an electron beam that sweeps over 
the screen. The stored echoes can be removed 
from the screen at a later time by sweeping it 
again with the electron beam. Because of 
difficulties caused by secondary electrons emitted 
by the storage screen, the storage tube has not yet 
been developed to a point where it can replace the 
delay line in MTI. 

Performance of MTI.—Figure 7-47 shows how the application of 
MTI improves the appearance of the PPI . The ground clutter, which 
is about 1000 times as strong (in voltage) as the minimum detectable 

l't 

FIG. 7-46.—Delay line for 
use with MTI. 



to 

s 

o 
c: 
<P 
to !» 
Do 
tq 
to 
So 

to 
!». 
to 
S* 

to 

% 
o 
1 - 1 

fa 
C! 
"o 
ft: 
ts 
fe: 
•■a 

F I G . 7-47.—Comparative photographs with and without M T I showing how i t eliminates signals from stationary targets. 

<b 



SEC. 7'9] MOVING TARGET INDICATION 255 

signal, is canceled on the MTI photograph leaving nothing but moving 
targets. 

In addition to removing ground clutter, MTI can cancel clouds, 
provided a high enough repetition rate is used. Figure 7-48 shows how 
the canceled signal voltage depends on the radial speed of the target. 
The graphs apply to 10-cm operation at repetition rates of 300 and 3000 
pulses per second. The response is zero at those speeds for which the 
round-trip echo time changes by a whole number of cycles of the clock 
oscillator from pulse to pulse. It will be seen that, when the repetition 
rate is 300, there is considerable response at speeds as low as 10 mph. 
Thus, clouds do not cancel at such a low repetition rate. At 3000, on 

Repetition rate 3000 pps 

105 140 175 210 245 280 315 350 
Radial speed in mph 

F I G . 7-48.—MTI response curves for 10-cm operation. 

the other hand, the response is rather small at 10 mph and clouds cancel 
well. 

MTI cannot be applied to rapid-scan systems because the ground 
clutter changes enough from pulse to pulse to make it indistinguishable 
from moving targets. What matters is the number of pulses per beam-
width, which should be about 10 or more. 

Shipborne and Airborne MTI.—The application of MTI to a ship-
borne radar for the purpose of aiding navigation is not nearly so straight
forward as the application to a ground-based set. The problem here is 
to distinguish shore lines, buoys, and ships from sea clutter and clouds. 
If the repetition rate is high enough to cancel clouds, then everything else 
will cancel because the speeds relative to the ship are all of the same 
order of magnitude. Giving the ship a suitable virtual velocity by 
applying a correction to the clock oscillator at the time of each trans
mitted pulse will keep the repetition rate low and " s t o p " the clouds. 
The correction varies with the bearing of the particular cloud being 
canceled, but it could probably be fed in automatically. Because the 
virtual velocities required for clouds and sea clutter at a given bearing 
will not be the same, they cannot both be canceled simultaneously on 
the same indicator. 
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For aerial navigation, clouds should be eliminated and landmarks 
retained. Thus, the problem is similar to that just discussed but with 
emphasis on the high virtual velocity that an aircraft must have to make 
a cloud "s top." This condition poses a difficult technical problem 
for which no practical solution has yet appeared. 

7-10. Beacons.1 Use of Airborne Beacons for Navigation—The 
function of an airborne beacon is to reply, when interrogated by a ground 
radar, with a pulse or a series of pulses which can be received by the 
ground radar. A general description of radar beacons may be found in 
Sec. 1-9. Airborne beacons have been built in the 3000-Mc/sec region 
which can be seen at 300 miles by high-powered ground radars. They are 
coded for identification, weigh less than 40 lb, and require about 150 
watts of power; similar beacons, slightly heavier and requiring more 
power, have been built in the 10,000-Mc/sec region. Beacons weighing 
as little as 7 lb have been built for operation at 200 Mc/sec, but their 
azimuth resolution is poor. 

The advantages of using beacons are: 

1. Range. The beacon reply is generally much stronger than the 
natural radar echoes from the same aircraft. Originally, airborne 
beacons were used to increase the range at which an aircraft could 
be seen. With the advent of high-powered long-range ground 
radars, this increase in range has become relatively less important. 

2. Identification. Using the coding systems described in Chap. 1, 
each aircraft carrying a beacon can be identified. 

3. Elimination of extraneous echoes. If the beacon does not reply 
on the radar transmitter frequency, the radar is insensitive to 
normal echoes when its receiver is tuned to the beacon frequency. 
Hence, ground clutter does not appear. 

4. Communication. Since it is fairly easy to obtain a much larger 
number of codes than are necessary for aircraft identification, 
those remaining can be used for communication. This does not 
give the complete flexibility of voice communication, but does 
allow a large number of standardized messages to be handled— 
the reporting of aircraft altitude, for example. The various coding 
systems may also be applied to the radar signals which interrogate 
the beacon, making radar-to-beacon communication possible. 
In its present state the decoding equipment would probably be 
too heavy to justify its installation in an aircraft, but future 
developments and demands may alter this situation. Radar-to-
beacon communication can be applied more easily when the radar 
"searchlights" the target than when it scans. 

1 By J. B. Platt and R. M. Whitmer. 
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Maximum and Minimum Ranges.—A well-designed long-range 
ground radar can see a lightweight airborne beacon anywhere above the 
radar horizon provided the aircraft is below an altitude of 35,000 ft. 

Two factors affect minimum range. First, the beacon reply is often 
sufficiently powerful so that, if both receivers remain at high sensitivity, 
the beacon may be seen in the side lobes of the radar antenna pattern, or 
even through 360° of the scan. At close range, then, it would be impos
sible to locate the aircraft in azimuth. If sensitivity time control is used 
on the radar receiver, its sensitivity is decreased at close ranges. The 
second factor affecting minimum range is antenna pattern. Because both 
radar and beacon have antennas that radiate and receive little energy 
vertically, there may be so little coupling between antennas for an air
craft high above a radar even though at close range that the signal is 
lost. This situation may be avoided by proper antenna design. 

Radar-beacon System.—We have seen that the combination of ground-
based radar and airborne beacons makes possible location and identifi
cation of all aircraft within a control area, transmission of data from air 
to ground, and transmission of data or instructions from ground to air. 
The amount of permissible complexity in equipment limits the number 
of functions that a system can perform. 

A system that would use a high-powered, scanning, ground microwave 
radar is presented as an example. This radar is equipped with separate 
radar and beacon receivers, whose two outputs may be presented simul
taneously on the same indicators. Because the radar receiver output 
is delayed by an amount equal to the delay at the beacon, the beacon 
reply from a given aircraft is seen at the same point as the radar echo. 
The STC feature is included, as well as decoding apparatus to be described 
later. Let us suppose that every aircraft coming within the control 
zone of this radar carries a lightweight range-coded beacon with six code 
pips. The first code pip has the same delay (the minimum possible) for 
all beacons, and hence can be used for measurements of range. The 
second code pip can be delayed by the altimeter reading from 5 to 20 
Msec, in steps of 1 /isec. Thus, the aircraft altitude, from 1 to 15,000 ft, 
can be transmitted. The remaining four code pips are factory-set in 
l-^sec steps for identification in the following intervals: 25 to 34, 40 to 
49, 55 to 64, and 70 to 79 ^sec making a total of 10,000 "license numbers" 
available. 

Decoding equipment at the radar might consist of an expanded A-
scope, gated in range and azimuth, on which 1-^sec calibration pips are 
also displayed. To identify any aircraft and determine its altitude, 
the radar operator needs only to set the A-scope sweep to the azimuth 
and range of the aircraft in question. If the calibration pips were 
derived, say, from a pulsed crystal oscillator triggered by the first beacon 
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reply, the altitude and the identification could be read directly from the 
A-scope. Other arrangements with more complicated apparatus but 
simpler to operate can be conceived of; such a discussion, however, is 
beyond the scope of this book. 

If the radar operator wants to see on his PPI display only those 
aircraft at a particular altitude, a filter could be used that would pass 
to the video input of the PPI only those beacon replies with the correct 
spacing between the first two pips. Thus, by changing a selector switch, 
the operator could see only that part of the air traffic between 8500 and 
9500 ft, or only that part between 1500 and 2500 ft. 

Thus, the radar operator—and through him the air traffic controller 
—knows the position, altitude, and identity of every aircraft within 
range of the radar. 

It is obvious, however, that difficulties would arise because of the 
overlapping of the coded replies from two beacons at nearly the same 
azimuth and range. There is, therefore, an upper limit to the traffic 
capacity that beacons with such coding provisions can efficiently handle. 

7-11. Radar Relay1—In any practical system of air-traffic control it is 
probable that radar information will be transmitted to a remote station 
by means of a radio link. The process by which video, trigger, and angu
lar synchronization data are transmitted to and received at some remote 
point is called radar relay. The design of such equipment is largely 
dependent on the particular function of the radio link; the complexity of 
the angle information to be transmitted, and whether or not directional 
antennas can be used, are important factors. The two most important 
types of radar relay link likely to be used in air traffic control are con
veniently referred to as Type A and Type B. 

Type-A Relay Link.—It is essential that traffic controllers at airports 
have accurate up-to-date information on the position of all aircraft 
within the region surrounding the airport. It may not be possible to 
place a search radar at the airport because in order to get adequate 
coverage the radar must be placed at a site that overlooks the surround
ing terrain. Consequently, the information from the search radar will 
often have to be relayed back to the airport. 

The more important characteristics of this link may be fisted as 
follows: 

1. The transmitting and receiving stations will be at fixed locations, 
i.e., it will be a point-to-point link. 

2. Since the transmission path will be close to the surface of the earth, 
considerations of profile will arise. 

i By J. M. Sturtevant. 
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3. The search radar will probably employ a circular scan of constant 
rate, making the problem of angle synchronization relatively 
simple. 

4. There should be as much freedom of choice of presentation at the 
relay receiving station as at the radar. It should, for example, be 
possible to use simultaneously B-scopes or PPI 's off-centered in 
various directions. This means that the output of the relay 
receiver must contain all essential information that is available at 
the radar station. 

Links of this type may also be required to relay information from 
search radars distributed along the important traffic lanes to the various 
airport control centers. In this application the transmission path may 
be so long that intermediate relay, or "booster," stations will have to be 
used between the transmitting and receiving ends of the link. 

Type-B Relay Link.—It may be advantageous to install relay-
receiving equipment with an indicator in a commercial airplane. If this 
is done the pilot will have before him the complete information of the 
ground-based radars placed at strategic intervals along the air lanes. 
Such information is superior in many ways to that obtained by the use of 
lightweight airborne equipment. 

The important characteristics of such a ground-to-aircraft link are as 
follows: 

1. Because the receiving station is not at a fixed location, its range 
and orientation relative to the transmitting station will be chang
ing constantly. The link will thus be nondirectional (except for 
a possible small degree of directivity in the vertical dimension). 

2. Because the transmission path will usually be at a considerable 
elevation angle it will be relatively free from the limitations 
imposed by the terrain. In other words, whenever ground-based 
radar can detect the airplane, it will be possible to relay informa
tion to it. I t will be seen later, however, that interference 
caused by reflections from the surface of the earth must be given 
more careful attention in Type-B links. 

3. Angle synchronization presents more of a problem with Type-B 
than with Type-A links. I t may be necessary to have a really 
tight system of synchronization of angles because more trouble is 
to be expected from fading and insufficient attention of the operator 
in an airborne relay receiver. 

4. I t is desirable to exercise considerable freedom of choice of display 
in the aircraft. Thus, if the aircraft is at a considerable distance 
from the ground-based radar it will be necessary to employ an 
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off-center PPI or some type of "blown-up" indication in order to 
utilize the full resolution and precision of the radar. 

The General Design Problem.—Past experience has shown that the 
transmission of radar information by means of voice communication is 
unsatisfactory, chiefly because it is impossible to transmit more than a 
very small fraction of the available information in any reasonable length 
of time. A satisfactory relay system must therefore transmit two types 
of information, namely radar echoes and synchronization data. In order 
to preserve the excellent resolution and precision in range and azimuth of 
a microwave radar it is necessary to employ a broadband transmission 
system with an over-all frequency response fiat from low audio frequencies 
up to a megacycle or more, depending on the pulse width of the radar. 
This requirement obviously rules out the use of ordinary telephone 
circuits for Type-A links. Coaxial transmission lines may be employed 
for moderate distances (up to a few miles).1 Such lines having low 
enough attenuation to be useful for longer distances, together with the 
necessary booster and compensating amplifiers, will probably be more 
costly to install and maintain than a radio relay link. 

The band of frequencies required for relaying radar information is no 
wider than that used for television. This suggests that a convenient 
relay system might be obtained simply by televising one of the radar 
indicators. This line of attack is receiving some attention but it is 
ruled out for present purposes because the presentation employed at the 
receiving end would be rigidly restricted to the particular display televised 
at the transmitter. Thus we are forced to devise relay systems in which 
" r a w " radar video together with complete sweep and angle information 
are transmitted by a radio link in such a way that the choice of presenta
tion at the receiving station is as wide as that at the radar. 

Minimum Usable Signal.—Before proceeding further with a dis
cussion of design it is important to point out that the concept of minimum 
usable signal strength is a very different thing in the relay system from 
what it is in the original radar. The received relay signals should be 
strong enough to prevent the relay receiver from contributing appreciably 
to the final noise level, even during periods of fading, if possible. I t 
seems reasonable to specify that the received relay signal power should 
be at least 40 db above (10,000 times) the relay-receiver noise power 
during periods of normal (nonfading) propagation. We accordingly 
define the range of a relay system as the maximum distance at which 
this specification is fulfilled. I t is to be noted that relay applications 
enjoy the very great advantage of one-way as compared to two-way 
radar transmission. 

1 See the interesting cost analysis by C. W. Hansell, Proc. I.R.E., 33, 156 (1945). 
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Choice of Frequency.—The two types of links will use different carrier 
frequencies. Type-A links should operate at very high carrier fre
quencies (10,000 Mc/sec or more), for the following reasons: 

1. High antenna gain. Highly directional antennas can be employed 
in relaying information between fixed points. This means that 
relatively lightweight transmitters of low power can be used 
because the power deficiency will be taken care of by high antenna 
gain. Since only one-way transmission is being considered, if all 
other factors are held constant, doubling the frequency will result in 
an increase of 6 db (a power factor of 4) at the receiver terminals. 
In other words, the free-space range will be doubled. The follow
ing set of possible parameters will serve as a numerical example. 
Suppose a relay link is to operate at 10,000 Mc/sec. with 4-ft 
parabolic antennas at each end of the link. The transmitter 
power is to be 100 mw (easily realizable with a 419 klystron), 
and the receiver is to have a bandwidth of 10 Mc/sec and a noise 
figure of 12 db. If the antenna efficiency is 0.6, the free-space 
range (40-db signal) should be 55 miles, a satisfactory distance 
for most Type-A links. 

2. Narrow beamwidth. High-gain antennas lead to narrow beam-
widths, which by minimizing possible difficulties arising from 
accidental or intentional interference are advantageous in point-
to-point relay links. Some thought must be given to what mini
mum beamwidth is consistent with the mechanical limitations 
imposed by the rigidity of the antenna towers and the difficulty of 
lining up the transmitting and receiving antennas. 

3. R-f bandwidth. In some Type-A applications it may be desirable 
to have several relay links feeding into one receiving station. If 
this necessitates the use of booster stations to surmount inter
vening obstacles, several r-f channels must be available in order to 
avoid interference. Since equipment can be designed to cover a 
much broader band at high than at low frequencies, a larger 
number of channels can be fitted in at the high frequencies. 

The problem of frequency control resulting from the use of a high 
carrier frequency has been solved recently in a satisfactory manner by 
the use of an r-f discriminator,1 which makes tuning at 10,000 Mc/sec 
almost as easy as it is at ordinary broadcast frequencies. 

Type-B links will probably have to operate at relatively low fre
quencies, about 500 Mc/sec. In a nondirectional link, brute force of 

1 L. M. Hollingsworth, H. Logemann, Jr., A. W. Lawson, Jr., J. M. Sturtevant, 
"An X-band Frequency-modulated Relay System for Video Frequencies," RL 
Report No. 977, Jan. 3, 1946. 
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high transmitter power is the chief means available for obtaining sufficient 
signal power at the receiver. A small antenna gain in the vertical 
dimension can be used, possibly 4-fold for the airborne and 30-fold for 
the ground antenna. No very-high-frequency oscillator tubes are now 
available with power outputs of the order of several watts which can be 
frequency- (or amplitude-) modulated with any degree of linearity and 
without a great deal of spurious frequency or amplitude modulation. 
High-frequency transmitters with relatively high power output in which 
a low-frequency oscillator is frequency- or phase-modulated, and whose 
output is then subjected to several steps of frequency multiplication and 
power amplification have been built. This procedure, however, requires 
bulky and complicated equipment. Present techniques, therefore, limit 
the carrier frequencies for nondirectional systems to values of approxi
mately 500 Mc/sec, where modulation and power amplification can be 
readily accomplished. High transmitter power is a very important 
factor in a nondirectional relay link. For example, suppose a trans
mitter operates at 500 Mc/sec, antenna gains are 5 and 15 db at the 
airplane and ground ends of the link, respectively, and the receiver 
sensitivity is 10 -13 watt (so that the received signal should be 10~9 watt). 
A transmitter power of 40 watts will be needed then to give a free-space 
range of 100 miles. 

Although propagation factors do not greatly influence the choice of 
carrier frequency, they should not be overlooked. Four of the more 
important factors and their relations to the carrier frequency selected 
are discussed briefly. 

1. Interference effects. Interference effects result when radiation 
reaches the receiver either by a direct path or by one or more 
paths involving reflection. The important reflections are those 
of microwave radiation from water surfaces, and of radiation of 
longer wavelengths from both water and relatively level ground 
surfaces. I t has been found that there is little reflection of micro
wave radiation from relatively smooth terrain. The interference 
resulting from these reflections is briefly discussed in Sec. 10-1 and 
in detail elsewhere.1 The points of interest here may be sum
marized as follows: 

a. Difficulties can be avoided in point-to-point links if the antenna 
heights are such that the receiving antenna is at the point below 
the maximum of the first interference lobe. This condition exists 
when the reflected path is one sixth of a wavelength longer than 
the direct path. This criterion2 represents a compromise between 

1 Propagation of Short Radio Waves, Vol. 13, Radiation Laboratory Series. 
s C. W. Hansell loc. cit. 
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greater signal strength and increased cost of antenna towers. I t 
can be shown that the antenna heights H, measured in feet, needed 
to satisfy this criterion over a path of L miles at a wavelength of 
X centimeters are given by 

H = 0.123L2 + 3.8 V \ L . 

The first term on the right represents the antenna heights necessary 
to obtain a line-of-sight path over a smooth spherical earth. 

b. Interference effects in Type-B links will cause fading as the aircraft 
moves in the lobe pattern of the transmitter. Since Type-B links 
will operate at relatively low frequencies, such effects may result 
from ground as well as water reflections. The only way to alle
viate this difficulty is to have the lobes in the transmitter pattern 
as close together as possible. This is accomplished by using the 
highest possible frequency and the highest possible antenna at the 
ground station. 

2. Shielding effects. Radiation at frequencies of interest in the 
present connection is restricted to line-of-sight propagation paths 
since there is no appreciable ground wave. Practical experience1 

with microwave links has shown that the line-of-sight criterion is 
actually not stringent enough; fades presumably caused by changes 
of refraction are more severe if the transmission path comes too close 
to grazing an intervening object. A more satisfactory criterion 
appears to be that the first Fresnel zone of the beam should be 
clear of all obstructions. According to this criterion, the line-
of-sight path should clear any obstruction by a minimum height 
h feet given by the expression 

h = 13.2 V>d, 

where I is the distance in miles to the transmitter or receiver, which
ever is nearer. 

3. Refractive changes. Fades caused by abnormal refraction will 
occur with both Type-A and Type-B links, and little can be done 
about them. The level of the normal relayed signal therefore must 
be high. The observations of Durkee indicate that fading is 
less troublesome in Type-A links operating at microwave frequen
cies if the path lengths do not exceed 30 to 35 miles. 

4. Atmospheric absorption. Since absorption caused by atmospheric 
moisture and oxygen may become serious only at frequencies 
above about 15,000 Mc/sec, this factor needs to be considered 
only in Type-A links. According to S. C. Hight2 a light rain 

1 A. L. Durkee, BTL Report MM-44-160-190, August 1944. 
* 8. C. Hight, BTL Report MM-44-170-50, Oct. 1944. 
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(precipitation of 1 mm/hr) causes attenuations at 10,000 and 
30,000 Mc/sec of 0.05 and 0.33 db per mile, respectively. These 
figures correspond to absorptions of 68 per cent and 99.95 per cent 
in a path 100 miles long. Cloudburst precipitation (100 mm/hr) 
causes attenuation 100 times greater; such intense rain squalls, 
however, are very rare in many parts of the world, and are likely 
to be restricted in area. 

Intermediate Stations.—Type-A links may sometimes require inter
mediate stations in order to surmount hills or to prevent serious fading 
over long paths. Ideally, a repeater station would consist simply of a 
receiving antenna, an r-f amplifier, and a transmitting antenna. Because 
good r-f amplifiers are not now available at the high frequencies recom
mended for point-to-point links, it is usually necessary to place "back-to-
back" a receiver and a transmitter operating on different frequencies. 
This procedure is entirely satisfactory in spite of its apparent cumber-
someness, provided distortion of signals is carefully avoided. Such 
distortion accumulates rapidly if the individual transmitters and receivers 
are not accurately linear in their over-all amplitude response. 

I t may be mentioned here that the apparently simple device of two 
large antennas back-to-back, or a system of two large plane reflectors 
at 45° to the line of the beam, is not a satisfactory means of carrying a 
relay beam over an obstruction, except possibly in the case of very short 
links. A rough computation of power levels to be expected and a con
sideration of line-up difficulties resulting from the extremely narrow 
diffraction patterns of such reflectors show this to be true. 

Amplitude or Frequency Modulation.—Because the types of atmos
pheric and man-made interference against which frequency modulation 
gives a large measure of protection at low frequencies, do not have 
appreciable components in the region above 300 Mc/sec, there is no clear-
cut choice between amplitude and frequency modulation for relay work. 
H. M. James1 has analyzed the situation and has concluded that "reliably 
predictable differences between a-m and f-m systems are either not very 
great or not very important, and it appears that under present conditions 
considerations of availability and cost can reasonably be made the pri
mary basis for decision." 

Multichannel Transmission.—In some applications more than one 
channel of radar information may have to be transmitted. For example, 
it may be important to transmit from a ground-search radar to aircraft 
in the vicinity both the radar echoes and a video map, or some sort of 
height information may be essential. I t is highly desirable that such 
multichannel data be transmitted over a single high-frequency relay 

> H. M. James, RL Memo, March 23, 1945. 
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channel. Multiple simultaneous modulation of a single r-f channel, such 
as is used in multiplex carrier telephony, has not yet been developed at 
very high frequencies nor with broadband modulation signals, though 
there is no obvious reason why such methods could not be worked out. 

The method most available now for multichannel transmission is that 
of time-sharing. Two types immediately suggest themselves; one in 
which each radar repetition interval is divided into two or more sections 
during each of which a different type of video is transmitted; and one in 
which, for example, one type of video is transmitted for one or more full 
repetition intervals, followed by a second type for one full interval. 

The first system leads to a mixed presentation at the receiving indi
cators and will probably not be of any importance in the present connec
tion. I t requires no special provision for synchronization. The second 
type allows the two kinds of videos to be separated at the receiving end; 
a method of accomplishing the necessary synchronization of the trans
mitting and receiving video switches is described elsewhere in this series. 
If a video channel is transmitted for a fraction a of the repetition inter
vals, it will suffer a loss in effective signal-to-noise ratio of —5 log a db 
because its repetition rate is, in" effect, decreased by the factor a. Thus, if 
two channels share the time equally each will lose 1.5 db1 in signal-to-
noise ratio. 

Synchronization.—Since the general question of synchronization is 
discussed at some length elsewhere in this series (Electronic Time Meas
urements, Vol. 20, Chaps. 10 and 11, RL Series), only one simplification 
that could probably be worked out for a link designed to relay data from 
a radar employing a steady circular scan is mentioned here. With such a 
link, angle synchronization, which is, in general, the most difficult aspect 
of the synchronization problem, could be accomplished by careful and 
separate control of the rate of rotation of both the radar antenna and the 
receiving PPI . The receiving PPI could then be easily brought into 
step with the antenna by transmitting a north marker mixed with the 
radar video signals. If several indicators were to be used at the receiving 
station, the rate of rotation of one or more synchro generators supplying 
normal angle information would be controlled. 

Summary.—In the preceding pages, the more important points to be 
considered in the design of the relay systems that might be of use in 
systems for air-traffic control have been discussed briefly. Particular 
attention should be paid to the Radiation Laboratory Report2 which 
describes in detail what is probably the first ultra-high-frequency (10,000 

1 For a discussion on gating circuits for video switching see J. M. Sturtevant and 
E. W. Samson, "Synchronization Systems for Ground Radar Relay," RL Report 
No. 978, Nov. 1945. 

* Hollingsworth, et. al., op. cit. 
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Mc/sec) transmitter and receiver for relaying broadband information. 
This equipment, though still in the experimental stage, was found to be 
satisfactory in preliminary tests. Figure 7-49 is a good illustration of 
the lack of distortion in this equipment. On the left is a photograph of 
the PPI of a radar at Bedford Airport (sweep length about 50 miles), and 
on the right is a photograph of a PPI taken at the same time, showing 
the same video after passage through two 10,000-Mc/sec transmitters 
and two receivers. 

7-12. Video Mapping.1—The experienced radar operator often covers 
the indicator tube with marks that indicate the location of natural or 
man-made hazards and with temporary notations of flight tracks. He 
often works with a grease pencil in one hand and a cloth eraser in the 
other. 

These markings can be put on the tube for him in advance by the use 
of video mapping. This is a method of applying information to the face 
of the indicator tube by inserting appropriate signals into the video 
channel. I t is possible either to reproduce maps made in advance or to 
reproduce information of any type as it is being written upon the face of 
an indicator. The map may consist of a single dot or it may be a copy 
of a complicated chart. The minimum information is usually provided 
to avoid confusion and obliteration of important echoes. This informa
tion retains its value, regardless of expansion of the sweep or off-centering 
because it comes through the video channel and is inflexibly related at all 
times to the radar echoes in range and azimuth. The formal points of 
reference provided on standard radar indicators by range and azimuth 
marks possess no particular conveniences. A video map can be made to 
show the navigator the reference points he most wants to see, no more 
and no less. 

General Principles.—The problem presented by video mapping is 
essentially one of rudimentary television. It is necessary to scan the 
desired map or indicator, to translate this information into video signals 
and present it on other indicators. The problem is simpler than that of 
ordinary television because no motion of the subject is involved. In 
other respects the requirements are equally severe and exacting. For 
example, accurate synchronization with the motion of the antenna and 
with the radial sweep of the indicator tube must be maintained. The 
video map must be accurately oriented with respect to the radar pattern. 

The ideal video map would present desired information in the form 
of sharp distinct lines, equivalent to the sharpness of good range or angle 
marks. The ability to do this is limited by factors affecting each stage 
of the process—scanning, video transmission, and presentation. At the 
present time, there is room for improvement in this direction although it 

> By R. H. Muller. 
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makes relatively little difference whether one is trying to bisect a large 
target image with a fine line, or to fit an echo to the center of a relatively 
broad map line. There is no question that a fine line is preferable because 
i t is easier to align with reference points and is less likely to obscure faint 

echoes. 
Reproduction of "Canned" Data. 

The only field and tactical tests of 
video mapping made so far are those 
based upon a modification and 
adaptation of the Emerson trainer in 
which carefully prepared maps were 
reproduced. Other a p p r o a c h e s , 
embodying considerable simplifica
tion and improvement, have been 
studied in the laboratory and will be 
described later. The E m e r s o n 
trainer was designed to simulate the 
radar presentation that airborne 
radar equipment received from ter
rain or fixed targets. 

The essential elements for use in 
this type of video mapping are shown 
in Fig. 7-50. A photographic nega
tive of the map is scanned by a 
cathode-ray tube that is used as a 
light source. A projecting lens 
system brings this light to a focus in 
the plane of the map. The light 
transmitted by the map is focused 
through a condensing lens system 
onto the cathode of a photomultiplier 
tube. The scanning process is the 
resultant of two motions; the radial 

sweep of the cathode-ray tube source is synchronized by the main trigger, 
and the repetition rate of the radar set and the azimuthal rotation of 
the sweep are synchronized with the motion of the radar antenna. In 
practice, the azimuthal rotation, although synchronized with the antenna 
motion, must be displaced by 180° because the projecting lens system 
inverts the image of the light source. The need for a linear sweep is 
evident. Linearity is best examined by scanning test patterns which 
consist of uniformly spaced concentric circles or rectangular coordinates. 

Video-map information should be available to the scope operator at 
all times, and its presentation should not distract him. He should be 

F I G . 7-50.- -Schematic diagram of scanner 
for video mapping. 
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able to switch the video-map information on or off and to vary its bright
ness. Since beacon responses will often be required, it has been found 
useful to install a small general-purpose video-mixer box on the console 
from which beacons, video mapping, and other information can be 
selected and controlled. 

A map holder accommodates a standard 4- by 5-in. plate and is pro
vided with a tangent screw for rotating the map about the optical axis. 
Two other screws at right angles permit a lateral shifting of the map 
roughly in the north-south or east-west direction. It is practical to 
include reference marks on the map itself and to align these with the 
appropriate range and azimuth marks on the CRT. If the plate holder 
is well-designed, the map may be replaced repeatedly without shifting 
the pattern on the scope. 

Suitable map information has been produced in a number of ways, 
the adoption of any particular method depending entirely upon the 
purpose for which video mapping is being used. I t is very important 
to decide whether speed or precision is desired. The photographic 
method would seem to be slow; actually it was found that the necessary 
operations could be accomplished in less than ten minutes. 

Although standard photographic techniques can be used to photo
graph the maps, several special precautions must be taken in this pre
paration. The lines must be fine and show a high degree of contrast, 
Blooming will appear on the PPI if the intersections of lines are not 
broken. When a simple pattern is required, the scratch-plate technique 
is very useful. It consists of coating a clear glass plate with an alcoholic 
dispersion of colloidal graphite to which a plasticizer has been added. 
Very fine lines can be scratched on the opaque coating with a stylus; 
the degree of contrast so obtained is generally superior to the best high-
contrast negatives. A precision pantograph might be used, but the scale 
reduction that is required is of the order of 20 to 1. I t is very helpful 
to mark four spots at 90° intervals and preferably at different ranges to 
serve as orientation points. 

A representative setup for video mapping is shown in Fig. 7-51. The 
converted Emerson trainer is at the left. The map carriage, with its 
adjusting screws, is above the glass table top and occupies the space 
between the two parts of the barrel containing the optical projection 
system. A light shield has been opened to show the accessibility of the 
map carriage. Only two of the controls, Tube Brilliance and Video 
Gain, on the front panel of the chassis, are concerned with video mapping. 

At the right is a 12-in. off-center PPI . This is identical with the 
other PPI 's and is simply used for monitoring. Suitable cables and 
junction boxes enable the operator to switch the desired video-mapping 
information on his own PPI and then to place the same information on 
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the scopes in the main operations room. At the upper left of the sloping 
PPI panel is a small box containing a sweep expander that enables the 
operator to make small adjustments in the video-map scale and to align 
reference points accurately with the range marks. Immediately above 
is the video mixer box with which the map signals can be switched on 
or off or changed in brilliancy. The large box to the right is a visual aid 
for the operator. I t not only shows a large-scale version of the video 
map that is being presented on the scope, but it also contains boldly 
printed notations, names, and directions which are readily correlated with 

F I G . 7-51.—A typical video-mapping installation using a converted Emerson trainer. 

the picture on the PPI . I t is illuminated with filtered light that can be 
adjusted to the desired intensity. 

The conventional communication facilities enable the operator to 
give the pilot directions after comparing the position of his airplane 
(indicated by radar signals) with the video map. 

Applications.—Of the many conceivable applications of video map
ping, a few which have been investigated may be described briefly. 

In the delineation of flight paths a simple example is afforded where 
the locations of a dozen or more airports are indicated by circles, inter
connected by straight lines. I t is possible to follow many flights along 
these routes and to tell at a glance whether each airplane is on its proper 
course. I t is equally easy to give corrections for minor course deviations, 
especially those that arise from cross winds or other effects not immedi-
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ately evident to the pilot. As an example, Fig. 7-52 shows a number of 
paths over which pilots have been directed with great ease and con
venience. Such a network of flight lines brings a degree of order to 
free-space navigation akin to the inflexibility of the railroad or motor 
highway. 

Another way in which video mapping can be used as an aid to naviga
tion is to help controllers identify check points to pilots. In Fig. 7-53 
the map line, which runs roughly 
north-south and approximately 30 
miles west of the radar site, repre
sents a railroad, and lateral marks 
on this line indicate towns, cross
ings, rivers, and other distinctive 
landmarks. If an airplane is 
directed over this course, it is easy 
for the controller to identify each 
landmark for the pilot as he passes 
over it. A conducted travelog of 
this sort is rather startling to a 
pilot, especially if he is not aware 
of the simple means used to 
furnish him with this information. 

Video mapping can assist in 
the air-traffic control problem by 
feeding aircraft into the GCA 
system from great distances, after 
which GCA properly takes over 
the landing operation. Referring 
again to Fig. 7-53 the crossed 
pattern at 47 miles and 243° 
azimuth indicates the location 
of an airport. The small dot near the intersection of this pattern repre
sents an airplane that has been brought by video mapping to within half 
a mile of the field. Figure 7-54 is an aerial photograph taken from this 
airplane at 8000 ft showing an approach to the same airport specifically 
aimed at the north-south runway. Because of a minute error in map 
alignment, the approach is about three quarters of a mile east of the run
way. This would be of no consequence if local GCA precision equipment 
were taking over control at that point. 

Frequently the operator of a search radar has to designate the location 
of aircraft to other operators. It is convenient to use video mapping 
for this purpose. The polar coordinates (range and azimuth marks) of 
the remote station are presented as a video map on the search-radar 

F I G . 7-52.—Delineation of flight paths by 
video mapping. Several airports are repre
sented by circles that are interconnected by 
straight lines. Range circles are shown at 50 
and 150 miles. 
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F I G . 7-53.—Check-point designation and application to GCA. Irregular line represents 
a railroad with identifying marks along its course. Cross pattern to the left defines location 
and approaches to an airport. Note profusion of echoes from airplanes. 

F I G . 7-54.—Aerial photograph from 8000 ft confirming the accuracy of an approach 
directed with the aid of video mapping. Precision blind-landing equipment at the airport 
would take over before this stage of the approach was reached. 
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indicator. Airplane echoes are now reported to the remote station 
directly in terms of its own PPI coordinates. Tests have shown that 
this method saves much time, especially with rapidly moving aircraft. 

Precision.—The present limitations in producing fine lines by this 
method are best evaluated by reference to Fig. 7-55. A point 70 miles 
from the radar site has been designated by the intersection of two straight 

Fia. 755.—Designation of point by intersection of two straight lines, 70-mile range with 
off-centered presentation. 

lines. This appears on the scope, with an off-centering of about 1.5 
radii and the most distant end terminating at a thunderhead. The echo 
from a four-engine airplane is approaching the intersection along a desig
nated heading of about 304°. Since the echo itself is relatively broad 
there is no particular handicap in the considerable width of the video-
map line. 

Figures 7-56<z and 7-566 show a more complex pattern, also at a range 
of 70 miles. In Fig. 7-56a an airplane is approaching the intersection 
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from the northeast. In Fig. 7-56b it is over the intersection. This air
plane was repeatedly directed to this intersection, each time from a dif
ferent direction. Its average distance at nearest approach was 245 yd. 
Each approach was approximately 20 miles in length. It was apparent 
from the vectoring information given to the pilot along different legs 
that a considerable wind-drift correction was necessary. The video-map 
line is helpful in estimating wind direction and magnitude. 

Reproduction of Live Data.—Some of the severe limitations imposed on 
video mapping by the use of an Emerson trainer can be avoided by 
methods that permit the scanning of larger map diagrams. One of these 

(a) (£>) 
F I G . 7*56.—Airplane destination designated by cross pattern, range 70 miles, (o) Airplane 

approaching destination from northeast; (6) airplane is now over destination. 

uses a 12-in. PPI as the light source.1 The map is drawn directly on 
the tube face or a photographic negative is placed directly in front of it. 
No optical system is used, but a photomultiplier tube must be placed 
at a distance of about 75 cm. 

The simplicity of this arrangement, shown in Fig. 7-57, is very 
attractive. Because the reproduction is almost instantaneous, this 
technique is a very promising aid in the air-traffic control problem. 

The map surface is sufficiently near the screen material so that 
resolution is not noticeably decreased, and the variations in light intensity 
are picked up directly by the collector, a photomultiplier tube. This 
simple arrangement is made possible by the short persistence of the blue 
flash on a 12DP7 tube, and the relatively low sensitivity of a RCA 931A 

1 J. Hexem, "Video Mapping," RL Report, January 26, 1946. 
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photomultiplier tube to the yellow persistence of the screen combined 
with its high sensitivity to blue light. 

The mapping signals may be obtained by two different methods 
which will be referred to as "posit ive" or "negat ive" data take-off. 
Either method may be used with the various limitations mentioned below. 

Negative data take-off applies when the field is opaque and lines are 
transparent; the signals are obtained by transmission of light from the 
scanning beam through the transparent lines, as shown in Fig. 7-58. 

FIG. 7-57.—Equipment for video mapping by direct scanning on the tube face. 

Figures 7-586, c, and d show reproductions of this type of field on remote 
indicators. The sweeps on the scanning indicator may be off-centered or 
delayed, as desired, and no particular precautions in amplifying the 
video signals need be observed. But the opaque mapping surface 
precludes the possibility of using this method for plotting. A yellow-
filter surface with data lines made by removing the surface might con
ceivably be used. 

In positive data take-off the scanning tube face (or data plate) is 
clear, lines are opaque as shown in Fig. 7-59, and signals are obtained by 
interruption of the scanning beam. Figures 7-59b, c, and d show the map 
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as viewed on a second indicator. This method appears to be more 
flexible operationally than that outlined above but the handling of the 
signals from the photocell is somewhat more complicated. 

(a) (b) 

(c) (d) 
F I G . 7-58.—Method employing negative data take-off; 150-mile sweep on scanner. 

(a) Scanning scope, (b) Image on repeater scope without magnification, (c) Image on 
repeater scope, 2 to 1 magnification, off-centered, (d) Image on repeater scope, 4 to 1 
magnification, off-centered. 

Two methods have been used successfully to overcome technical dif
ficulties. In one of these the video is differentiated and the boundary of 
the mapped area is then surrounded by a circle; only the leading edges 
of extensive signals will appear and radial map lines must be dotted in 
order to be seen. The scanning scope can be off-centered or delayed at 
will. In the second method the video is gated and the solution is easy 
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if the scanning scope is operated "on-center." Even so, undue com
plications arise only when a rotating coil PPI is used. 

The degree of success that can be attained in overcoming these dif
ficulties is evident from a comparison of the photographs made in the 

(c) (d) 
FIG. 7-59.—Method employing positive data take-off; 150-mile sweep on scanner, (a) 

Scanning scope, (b) Image on repeater scope without magnification, (c) Image on 
repeater scope, 2 to 1 magnification, off-centered, (d) Image on repeater scope, 4 to 1 
magnification, off-centered. 

laboratory. There is no reason to believe that equally clear reproduction 
cannot be achieved in the field; the accuracy has not yet been determined. 

With this positive data take-off system, it is possible to calibrate 
mapped data against range and azimuth marks or against permanent 
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echoes from radar return. Alterations or additions in map data can be 
made easily with a reasonably sharp black grease pencil. The CRT can 
still be used for other operations and it is possible to share time between 
radar and mapping signals. In this way, a plotting procedure can be 
set up so that track progress and identification can be transmitted to 
other indicators. Such a time-sharing procedure can be based on sharing 
either recurrence periods or azimuth scan cycles. 

A disadvantage common to all these methods is that the intensity of 
the CRT trace must be increased for the map-scanning period. The 
yellow afterglow layer is strongly excited and tends to obscure regular 
radar return during its share of time. The recurrence-period sharing 
technique seemed promising, but insufficient work was done to guarantee 
the results. 

The photocell pickoff and stovepipe assembly unit shown in Fig. 7-57 
was designed to fit a PPI indicator. A sliding door is incorporated to 
provide access to the face of the CRT when the unit is in operation. 
The unit is so hinged that it may be swung away from the indicator 
when not in use. 

The electrical components include the photomultiplier and a cathode 
follower to drive a low-impedance line to the video amplifier which is 
located elsewhere. This amplifier was designed to accept either the out
put of a positive or negative data take-off system. 

In summarizing, it should be added that electromechanical scanning 
systems are not ruled out although synchronization would be difficult. 
Likewise,1 the iconoscope and orthicon still remain as interesting possi
bilities. 

I t is likely that precision and the general convenience of operation 
will be the most important factors in determining the usefulness of video 
mapping. In some applications the time involved in preparing maps 
would be of no consequence; a library of video maps, any one of which 
could be selected and used at a moment's notice, would be at hand. In 
other applications, it might be advantageous to draw and present a video 
map or instructions on the face of the tube for immediate transmission 
to a remote indicator. 

7-13. Radar Aids to Mapping.1—A good map is often the best aid to 
navigation. It is fitting, therefore, to discuss how radar can indirectly 
help the navigator by facilitating the construction of accurate maps. 

Present Methods.—The latitude and longitude of any point on the 
surface of the earth are determined by astronomical observations. The 
positions of a number of points can be combined into a common network 
by trigonometric surveys. This process increases the accuracy of the 
position of each point with respect to the mean position of the network. 
The fundamental point of "Nor th American D a t u m " is on Meades' 

• By J. S. Hall. 
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Ranch, Kansas, and its assumed coordinates are given to 0.1 ft. Such 
surveys are made in this country by government agencies including, 
principally, the United States Coast and Geodetic Survey and the United 
States Geological Survey. 

The astronomical position of any point can be determined with a 
probable error of ± 1 " or smaller with an astrolabe. This angle cor
responds to 100 ft in the horizontal plane. Each astronomical position 
so obtained must be corrected for the earth's figure and for local abbera-
tions of the plumb line caused by uneven terrain before it can be converted 
to geographical position. This correction is the so-called "station error." 
Station errors determined on the west coast vary from about 10" to 20" 
and can be estimated to about 1" or less. The combination of an ocean 
and a mountain, however, produce a station error estimated to be 64" at 
the southern end of Hawaii. The uncertainty of this value is several 
seconds of arc. 

After the accurate position of a large number of control points on the 
surface of the earth has been established by a combination of astronomical 
observations and trigonometric surveys, the use of aerial photographic 
methods (photogrammetry) permits accurate mapping at a very much 
reduced cost as compared to classical methods. Photogrammetry has 
recently come into extensive use; about one quarter of the land surface 
of the earth has been photographed from the air. Although most aerial 
photographic mapping relies on vertical or nearly vertical photography, 
a considerable amount of experimental work has been done with oblique 
photography that permits fair accuracy over a much larger area; about 
100 square miles can be mapped in this way on a single exposure. The 
details of either method are beyond the scope of this book. We are most 
interested in discussing how radar techniques can rapidly increase the 
number of control points, upon which accurate photogrammetry depends. 

Because the angular accuracy obtainable with radar is much less than 
that obtainable with much simpler equipment such as a theodolite, the 
use of radar should be confined to the measurement of range. 

Short Range Measurements.—Several radar systems capable of accu
rate measurement were developed during the war. Calibration tests 
conducted by expert personnel on an especially tailored SCR-584 system 
indicated that ranges up to 10 miles could be measured to 10 or 15 ft. 
There is no reason to believe that this same accuracy would not hold up 
to ranges of 100 miles or more. The precision with which range can be 
measured by these techniques decreases very slowly with range. The 
precision of range measurements made by trigonometric surveys decreases 
at a rate proportional to the range. The SCR-584 was a gun-laying set 
and obviously not practical for solving problems of this sort. A light
weight radar called the Handy Radar which has similar ranging circuits 
is shown in Fig. 7-60. 
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Target identification presents a very important problem in accurate 
radar ranging. Since radar beams are often a degree or so wide, a specific 
point of interest must be identified. The best way of doing this is to 
place a radar beacon at that point to receive each pulse and after a fixed 
delay of 1 or 2 ^sec, to transmit another pulse at a different frequency. 

FIG. 7-60.—The Handy Radar. A complete 10-cm system with a 4-ft reflector. Weight, 
250 lb. Power required, 1500 watts. 

In this way only beacon signals would be presented on the A-scope. 
The difficulty here involves the measurement of the delay time of the 
beacon; since radio waves travel 984 ft/^sec either this delay must be 
carefully monitored at the beacon or an extremely reliable beacon must 
be used.1 

1 As an alternative, a flat metallic reflector could be placed at the desired point. 
If this plate were carefully oriented by means of a transit in such a manner that the 
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The accuracy with which range can be determined by ground-based 
radars with present equipment over ranges of 10 to 50 miles is somewhat 
less than that obtainable by direct trigonometric surveys using angular 
methods. When distances of one hundred miles or more are measured, 
radar techniques may be extremely useful. In order to achieve a long 

FIG. 7-61.—Shoran ground station showing the power generator, antenna, and tent housing 
the beacon and communication equipment. (Courtesy of the United States Army Air Force.) 

line of sight the interrogating equipment must be carried in an airplane 
and flown in such a way as to determine the ranges of beacons situated 
at control points on the ground. Shoran (devised by RCA) has been 
used for this purpose. A typical ground station is shown in Fig. 7-61. 

Shoran.—The airborne equipment consists of a transmitter for inter
rogating two ground-based beacons and a range circuit for accurately 
measuring the time that it takes the pulses to make the round trip. The 
two beacons are alternately interrogated on different frequencies and the 

radio wavefront would s tr ike it normally a s trong signal would result . This elimi
nates the necessity for measur ing the signal delay, bu t there is some question as to 
whether such a plate would give a signal s trong enough to be distinguished from ground 
clutter. T h e use of corners reflectors (Sec. 9 4 ) should also be considered. 
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range is indicated continuously on dials by methods of aided tracking. 
The method described here has been developed largely under the direction 
of Lt. Col. Carl Aslakson of the 7th Geodetic Control Squadron. Col. 
Aslakson, a commander in the United States Coast and Geodetic Survey, 
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FIG. 7-62.—Shoran equipment, airborne station. (Courtesy of the United States Army Ai 
Force.) 

is also the Shoran expert of the 311th Reconnaissance Wing, AAF, 
Buckley Field, Colorado. 

When this method is used for determining the geodetic distance 
between two points, the airplane approaches the mid-point of the line 
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between them at right angles. When the sum of the two measured 
distances is a minimum, the airplane will be directly over this line. In 
order to facilitate the recording of the data a 35-mm camera is installed 
in front of the panel board and pictures are taken automatically every 3 
sec. The Shoran operator must keep signals properly aligned on a 
cathode-ray tube while these measurements are being made. When the 

FIG. 7-63.—Shoran equipment, ground station. (Courtesy of United States Army Air Force.) 

sum of the observed distances is plotted against the time of each exposure, 
the points lie along a curve which for practical purposes may be assumed 
to be a parabola. The most probable minimum value for the sum of the 
ranges is then computed by the method of least squares. This distance 
then must be corrected for atmosphere refraction, altitude of the airplane, 
altitude of the beacons, etc. The airborne and ground-based equipment 
is shown in Figs. 7-62 and 7-63. 

In order to ascertain just how accurately Shoran measures range, the 
United States Coast and Geodetic Survey was asked to determine the 
geodetic positions of points at Pikes Peak and La Junta, Colo.; Cheyenne, 
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Wyo.; Imperial, Neb.; and Garden City, Kan. Ground stations were 
erected at these points and the lines between them were flown many times 
with Shoran-equipped airplanes. The average of all line crossings made 
in the experimental area with rather crude equipment indicated an error 
of 1 ft in 33,000. This compares favorably with the permissible error 
of 1 part in 25,000 in first-order control work in geodetic surveys. The 
accuracy covered a wide range. For example, the error in the Pikes 
Peak—La Junta line was 1 ft in 6000 (comparable to third-order work) 
whereas the error in the Cheyenne—Garden City line was only 1 ft in 
150,000. I t is expected that new and improved installations will increase 
this accuracy. 

The accurate position of a third point may be determined by measur
ing the distance between two known positions and that of the unknown 
using similar procedures. If this process were continued, it is estimated 
that a control network for the entire world could be extended from a base 
line no longer than Florida. The length of line that can be measured by 
the Shoran method depends on the maximum altitude that the airplane 
can fly and on the elevation above sea level of the two points involved. 
Distances between points 400 and 500 miles apart can be directly measured. 

The accuracy obtainable by Shoran is of the same order as that with 
which the velocity of light is known. There is no reason to suspect that 
this differs from the velocity of radio waves. Comparison between the 
results of angular- and direct-ranging methods of measuring distance may 
lead to a better determination of the velocity of radio waves. 

This method appears to be a very promising one for determining posi
tions of numerous control points throughout the world. The spaces 
between these points can then be accurately filled in by photogrammetry. 



CHAPTER 8 

RADAR AIDS TO AIR NAVIGATION AND TRAFFIC CONTROL 

B Y G. C. COMSTOCK, J. H. BUCK, M. A. CHAFFEE, AND J. S. HALL 

8-1. Statement of the Problem.1—When the air age was in its infancy, 
the navigational problems that faced a pilot were taking off, piloting, and 
landing his airplane. As long as he chose a clear day for flying so that 
his visibility was comparatively unrestricted, he could navigate in reason
able safety with almost complete disregard of other aircraft. 

The necessity of flying at night or in unfavorable weather, and there
fore under conditions of poor visibility, required the addition of instru
ments like altimeters, gyrocompasses, and artificial horizons, and of other 
ground and airborne aids, such as radio ranges, radio compasses, and 
optical and radio beacons. When combined with dead reckoning, these 
aids ensured reasonably reliable point-to-point navigation. The prob
abilities of safe arrival were increased when, more recently, landing aids 
like localizers, glide paths, and fan markers were installed. 

Vast progress still needs to be made, nevertheless, in providing navi
gational aids that are accurate, flexible, and reliable enough to enable the 
pilot to navigate as freely and precisely by instruments as by visual con
tact. Fog, snow, and thunderstorms either must be made " t ransparent" 
or avoided. Night must be made, so to speak, as clear as day. An 
adequate collision-warning device which will eliminate the hazards of 
flying over mountainous terrain must be provided. Airplanes must not 
become lost nor be allowed to stray. Better instrument navigation must 
be achieved so that the single airplane can fly in all weather. 

As the air age has grown into boisterous adolescence, the increased 
number of airplanes in the air has hampered free flight from point to 
point. Safety has been sharply reduced, departure often delayed, and 
travel time greatly increased. The situation under instrument flying 
conditions is now so deplorable that despite all the existing navigational 
aids and the ability of the pilot to use them, purposeful air travel has 
dwindled to a surprisingly small fraction of good-weather flying. The 
air traffic problem has become the major one in navigation, seriously 
threatening the further growth of air travel. 

Although the problem is one of efficient maintenance of a smooth 
traffic flow when flights must be made either completely or partly on 

1 By G. C. Comstock. 
285 
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instruments, a traffic problem also exists under contact conditions, 
particularly where traffic is dense, as at an airport. 

A completely self-regulatory system does not appear to be feasible. 
In addition to the traffic rules that are now in force, external traffic-
control devices to aid in maintaining a safe and efficient flow and to pro
vide surveillance over possible infringements of the rules must be devised. 
Because the amount and severity of control needed depends on the 
density of the traffic, the control required in "instrument weather" in 
the approach zone surrounding one or several airports is likely to be much 
more severe than elsewhere. 

Because it is desirable to use as many of the same navigational aids 
as possible both for pilotage and for the air-traffic control system, these 
problems should be considered together. A combined air-navigation and 
traffic-control system would appear to be the ideal solution. Little 
thought is now being given to such an over-all system, nor is there as yet 
(Spring, 1946) any general agreement among the users of air equipment, 
the agencies now responsible for traffic regulations, and the equipment 
manufacturers, as to the basic principles which should underlie such a 
system. 

Some feel that the over-all system must be flexible enough for use in 
both contact and instrument flying conditions. Many feel that it must 
be introduced gradually, both in the sequence of installation of the 
equipment and in the complexity appropriate to various densities of 
traffic and various types of users such as transport airplanes, military 
aircraft, and private airplanes. 

There is sharp disagreement over the distribution of the traffic-control 
function between the pilot and the external ground agency. One group 
believes that the airplane crew should be given navigational and control 
information that is sufficiently reliable and easy to interpret for the flight 
plan to be carried out with minimum reference to the ground agency. 
The information is transmitted through a combination of airborne and 
ground equipment and as far as possible, should be obtained and conveyed 
automatically. Surveillance would be left to the ground personnel who 
monitor operations in the control area and take control through direct 
communications when the traffic plan is violated. The pilot, however, 
must be given opportunity to obtain clearance for altering the flight 
when emergencies arise. 

Others agree that such a system is feasible, but only in areas of very 
dense traffic; still others emphasize the need for the human brain rather 
than an automatic device to be dominant in the control system. Many 
who disagree completely with the idea of sharing control between air and 
ground argue that the cockpit should be furnished with so complete a 
picture of the traffic situation that the pilot can maneuver his airplane 
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with at least the same degree of safety and efficiency achieved in contact 
flying today without any reference to ground agencies whatsoever. 

Obviously, if progress is to be made in establishing any portion of an 
over-all system some agreement must be reached. Each philosophy, 
therefore, must be examined, in the light of various traffic situations, as 
to the limitations to efficient flow of traffic and to safety of aircraft 
inherent in each. This calls for coordinated analytical thinking by all 
parties concerned, a program of experimental tests, and agreement as to 
the implications of the data obtained. 

For all of these reasons, no attempt is made here to propose a complete 
navigational and traffic system based primarily on information obtained 
by radar methods. Radar, through its ability to provide in any weather 
continuous accurate information as to a pilot's position with respect to a 
desired course, his proximity to other aircraft and ground obstacles, and 
miscellaneous meteorological information, provides a new tool which 
should help to meet the equipment demands of whatever plan is adopted. 
Radar methods can supply only a fraction of the required information, 
however, and do that effectively only if integrated with all the other aids. 

The remainder of this section is a review of the present system of air 
navigation and traffic control and its shortcomings in instrument weather. 
The next section discusses the contributions that various radar aids can 
be expected to make in providing navigational and control information 
under various general system philosophies. 

Present Traffic-Control System.—The air-traffic control system devel
oped in the United States during the past 20 years is now administered by 
the Civil Aeronautics Administration, CAA, through the Department of 
Commerce. Among its functions are the establishment of rules and 
regulations for civil air traffic; establishment, operation, and maintenance 
of federal airways including installation of radio ranges, fan markers, 
ground communication facilities, instrument landing aids, etc.; establish
ment of airway control centers; and, during the war, the operation 
of the major airport control towers. Usually airports and their control 
towers are owned municipally or privately and are operated under CAA 
supervision. 

A detailed discussion of the difficulties of maintaining efficient and 
safe air-traffic flow is found in the authoritative "Air Traffic Control" 
(1945) by G. A. Gilbert and in the many publications of the CAA. In 
general, the CAA provides two kinds of service, ground navigational aids 
and traffic control. The navigational aids are available in all kinds of 
weather, 24 hours a day. Air-traffic control ensures safe and efficient 
traffic flow when the pilot is unable to proceed safely or expeditiously by 
himself, that is, under conditions of reduced visibility and in heavy air 
traffic. 
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The air-traffic rules of the Civil Air Regulations recognize two kinds 
of flight conditions: clear-weather flying under contact flight rules, CFR, 
and bad-weather flying under instrument flight rules, IFR. 

Under CFR, it is the pilot's responsibility to avoid collision. He is 
subject to only a few instructions for expediting traffic at or near airports. 
Under IFR, the pilot flies by instruments, follows an established flight 
plan along controlled airways and is also subject to ground-control 
instructions. By setting up regulations concerning his position in rela
tion to other aircraft, the instrument flight rules attempt to protect him 
from collision and at the same time to maintain an uninterrupted flow of 
traffic. 

Let us enumerate briefly the traffic-control and navigational aids 
provided for enroute flying, in the approach zone surrounding the airport, 
and at the airport itself. 

The United States is crisscrossed by a series of controlled airways 
outlined primarily by optical beacons and low-frequency radio ranges 
supplemented by fan markers, compass-locator stations, and communica
tion facilities. These provide paths over which the pilot can navigate 
from point to point. A series of radio fixes over range stations, inter
secting ranges, and fan markers give positional checks. Movements of 
aircraft along these airways are supervised by about 25 air-traffic control 
centers located in or near the major airports of the United States. 

Each center controls all IFR air traffic within its specified area. 
Each area is subdivided into sectors, the size of which is determined by 
the maximum amount of traffic which the personnel can handle and by 
the minimum area which permits sufficient time for analysis and issuance 
of instructions. 

The functions of the centers are as follows: 

1. To issue traffic-control instructions and information to aircraft 
flying along the civil airways for the purpose of preventing colli
sions when visibility is low. 

2. To provide a well-regulated and fast-moving flow of air traffic 
during unfavorable weather conditions. 

3. To warn pilots of hazardous weather conditions and supply infor
mation concerning suitable alternate airports or other changes in 
flight plan. 

4. To check periodically on all aircraft for which flight plans have 
been filed and to initiate action for locating overdue aircraft. 

5. To report accidents occurring on a flight plan and to provide the 
fullest possible assistance to aircraft known to be in difficulty. 

The heart of each air-traffic control center is a series of flight progress 
boards, one for each range station or other positional fix in the control 
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area. A number of controllers keep a continuous record of the path of 
each airplane through the region by posting such flight information as the 
expected departure time, estimated times over various fixes enroute, 
reported time over the fix, altitude at which the airplane has been cleared, 
etc. This information is obtained from the flight plan, positional reports 
from the pilot, and estimates from other air center personnel. The 
airway controllers, by examining the posted data and applying the instru
ment flight rules, approve flight plans, issue instructions to airplanes 
enroute confirming or altering flight plans, etc. All such messages are 
relayed to the pilot. In commercial air traffic, there is no direct radio 
communication between the pilot and the control center. All informa
tion is relayed to the center on interphone or teletype by the radio station 
of the air carrier which maintains contact with its own aircraft. In 
noncommercial air traffic the pilot communicates indirectly with the 
control center through radio range stations. 

Because the only actual positional data available to the center are 
the departure times and times over fixes (generally 70 to 100 miles, that 
is, 20 to 30 min, apart) the method of control must be mostly by pre
diction based on extrapolation of the data. These extrapolated data are 
often meager and inaccurate; consequently, the aircraft is assigned an 
airspace whose dimensions during smooth flow of traffic are 10-min 
flying time in length, 1000 ft high, and one-half the width of the airway. 
In other words, each aircraft has an airspace 30 miles long, 5 miles wide, 
and 1000 ft high assigned for its exclusive use at any given time. 

When the numerous maneuvers, such as climbing and descending, the 
crossing of other airways, and the various and varying speeds of aircraft 
are considered, it is seen that the assembling of the flight progress data 
and the issuance of control instructions is an extremely complicated, four-
dimensional process requiring the perfect coordination of a number of 
controllers in order to arrive at unconflicting decisions. Furthermore, 
as traffic density increases, it can be shown that the work load of the 
center increases at a rate at least proportional to the square of the number 
of aircraft handled; as more controllers are added to cope with the 
increased work load, the intercoordination required becomes excessive. 
Hence, there appears to be a saturation point that ultimately limits the 
traffic-handling capabilities of this type of control. Judging by the 
number of flight cancellations and delays in certain congested control 
areas during very bad weather, this saturation point appears to have been 
reached already at a level of traffic flow much less than the normal CFR 
flow and several times below what will be desired in a few years hence. 

The present airport traffic control is needed primarily because of the 
density of traffic rather than because of weather. Its major function is 
a CFR function; it is to issue instruction and information in order to 
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prevent collision of taxiing aircraft and of aircraft taking off or landing, 
or approaching for a landing. I t offers information on field conditions, 
warns pilots of improper functioning of their aircraft, relays control 
messages, weather information, etc. Controllers at an airport are 
concerned only with the aircraft they can see, with which they establish 
direct contact either by radio or by signal light. 

As the visibility and ceiling around an airport drop, knowledge at the 
control tower of the immediate situation becomes increasingly meager and 
coordination of activity with the traffic-control center becomes increas
ingly necessary. The tower maintains control over traffic taxiing on the 
ground and over any visible airborne traffic. Take-off clearance must be 
obtained through the air-traffic control center and relayed to the airplane. 
Unless the tower has been specifically designated to control IFR traffic in 
the airport region (approach control), the control of the airplanes from 
take-off until contact before landing is under the jurisdiction of the air
way control centers. 

In this connection, a note on the standard method of instrument 
approach still generally used in this country is informative. The radio 
range serves as the standard navigational aid for instrument approach 
except at a few airports, at which the CAA localizer—glide-path instru
ment landing systems have been installed. In general, one leg of the 
range lies across the airport in line with the landing strip that is best 
for use under instrument conditions. A standard instrument approach is 
pictured in Fig. 8-1. The pilot flies toward the range station at the mini
mum instrument altitude (at least 1600 ft), crosses the zone of silence, 
and proceeds on course away from the range station, maintaining altitude 
for four minutes. He then makes a 180° procedure turn, heads back 
toward the field, crosses the zone of silence over the field at 800 to 1000 ft, 
and continues descent to the minimum letdown altitude (500 to 800 ft, 
depending on the terrain). If the pilot breaks through upon reaching 
this altitude he lands visually; if not, he pulls up. If an instrument-
landing runway localizer is available, the minimum ceiling can generally 
be reduced by a factor of 2. This approach procedure takes 12 to 15 
minutes, and, because the exact position of the airplane in this path 
is not known to the traffic-control center, only one airplane at a time is 
cleared to land until it has made contact and is under control of the 
tower. Holding stacks over fixes becomes common in instrument 
weather when traffic piles up because of the landing rate of only four to 
five aircraft per hour. These stacks are normally under the control of 
the airways center as is the aircraft throughout the letdown procedure. 
Only upon break-through is the pilot cleared to the tower. 

When CAA took over operation of a number of major airport towers 
during the war, it instituted a system of approach control by which 
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certain towers were given the IFR control of aircraft at the holding fix, 
and the subsequent control was done by the tower through direct radio 
contact. In addition to this, the holding fix was made a fan marker on 
the approach range leg in some instances and the approach procedure was 
considerably shortened in time by making straight-in approaches over the 
range station from the holding fix. By authorizing succeeding airplanes 
to leave the holding fix at specified intervals, it has sometimes been 
possible to shorten the time intervals between aircraft landings to from 
5 to 8 min. 

A third method of approach control, called " A D F " approach control, 
is under test (Spring 1946) at La Guardia Airport, New York. This and 

/Zone of silence 

Fid. 8.1.—Standard instrument approach for radio-range letdown procedure. 

other methods of approach control also being tried utilize the present fix 
information. 

I t is clear that at the present time the major bottleneck to traffic flow 
in IFR conditions lies in the inadequacy of the airport traffic-control 
procedures and instrument-landing facilities. 

Limitations of the Present System.—In summarizing a few of the lim
itations to the present systems it should be noted that many of these 
have been pointed out by CAA, Army and Navy, and air-line personnel 
for years. Some of the deficiencies will be alleviated with the installation 
ol tht' proposed CAA vhf improvements. Others require radical changes. 

In enroute flying, the major limitations are: 

1. The airways are outlined by two course ranges in inflexible fixed 
lines of flight which take no account of weather hazards, unusual 
traffic-density conditions, and emergency failures; they often 
require considerable lengthening of flight paths between designated 
points. 

2. Low-frequency ranges are not entirely reliable; they are subject to 
night effects and swinging of the course over uneven terrain and 
are susceptible to interference by static. 
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3. Reported positional information as determined by the pilot from 
dead reckoning, altimeter setting, and range fix data is not suf
ficiently accurate to prevent collision with other aircraft, partic
ularly unreported aircraft. 

4. No warning for preventing collision with terrain can be given. 
5. Conflicting decisions result when the work load of normal data 

coordination at the airway control center becomes excessive 
because of heavy traffic density. 

6. The entire airplane-to-ground communication procedure of report
ing position and control information is complicated by the number 
of messages sent, delays encountered, and inaccuracies transmitted. 

7. The entire control procedure permits human failure on the ground 
without the pilot's being aware of it. Also, because the ground 
station possesses no direct evidence that its instructions are being 
followed, a pilot's error may be unknown until long after it has had 
serious consequences. 

8. The restrictions that flight separation rules impose on traffic flow, 
necessitated by the infrequent and inaccurate positional informa
tion, limit traffic to a volume below even present requirements. 

Radio ranges provide an inadequate number of approach paths into 
airports. Navigational instruments do not give the pilot continuous and 
sufficiently accurate positional information. In short, no approach 
control system which can handle the traffic requirements in regions of 
heavy traffic flow exists. The lack is most serious in regions where there 
are many airports. 

Final-approach and landing traffic is hampered by the following 
factors: 

1. The minimum letdown altitude on the radio-range legs cannot 
safely be lowered. Because of the broadness of the range leg and 
the use of the altimeter alone for obtaining elevation information, 
positional information as to the deviations of the airplane from a 
safe line of descent is not sufficiently accurate to permit descent 
below these minimums as a standard procedure. 

2. The very limited traffic-handling capacity of the radio-range let
down procedure reaches, at best, 6 to 12 landings per hour. The 
CAA-Army glide-path—localizer system (SCS-51), although an 
improvement over the radio-range procedure, can be flown success
fully only by an efficient instrument pilot. 

3. No provision is made for emergency landing either of unequipped 
aircraft or of those in which airborne equipment has failed. There 
is no way for the ground personnel to monitor the descent of the 
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aircraft and to warn the pilot of any dangerous departure from the 
landing path or of the presence of other aircraft. 

Available Radar Aids.—Both airborne and ground-based radars were 
used during the World War II as aids to navigation and control of air
craft but the problem of converting these to peacetime use is not simple. 
In peacetime, safety of operation is of paramount importance. Further
more, the traffic problem stems from large numbers of individual aircraft 
and not from groups of aircraft, as in military situations. Fixed routes 
and many navigational aids do, however, simplify some aspects of the 
peacetime problem. 

The limitations of our present navigational system indicate that an 
air-traffic control and navigational system must be so designed that : 

1. Weather conditions (poor visibility, thunderstorms, icing, static, 
etc.) do not reduce safety requirements nor impose any restrictions 
on the capacity of the system to handle air traffic. Ideally, the 
system should be efficient to the point that its use is advantageous 
under all conditions of visibility. 

2. All danger of collision between aircraft or between aircraft and 
terrain or fixed objects is removed. 

3. It is capable of handling diversion or interruption in the flow of 
traffic. For example, if hazardous weather conditions exist on one 
air route the system must be able to divert traffic to an alternate 
route. 

4. It can detect and correct immediately an infraction of the air 
traffic rules, whether voluntary or involuntary. 

5. It is available to all classes of aircraft, commercial, military, and 
private. 

With these requirements in mind, various types of airborne and 
ground-based aids are now discussed. 

8-2. Navigation and Traffic Control Using Airborne Radar Aids.1 

Information Confined to Aircraft.—This extremely " a i ry" point of view 
is suggested by consideration of present methods of navigation and 
traffic control under CFR conditions. If radar instrumentation in the 
airplane can improve or at least equal CFR conditions and apply them to 
all-weather flying, present limitations on navigation and traffic control 
will be largely removed. 

Under CFR conditions a pilot flies a flight plan over a certain route 
and at a specified altitude. Once off the ground he is essentially on his 
own. Avoiding obstructions, reporting position, navigation, approach, 
and landing are his responsibilities. Traffic patterns and runways are 

1 By J. H. Buck. 
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set up by the airport but the pilot's ability to use and follow the patterns 
depends on his ability to estimate his position. The radar instrumenta
tion necessary to carry out these procedures in either CFR or IFR is 
discussed here with respect to enroute, approach, and landing problems. 

To fly the enroute zone between two airports, the pilot must be able 
to fly over the best route to his destination, to " see" and therefore to 
avoid collisions with terrain or other aircraft, and to avoid bad weather, 
particularly thunderheads. To carry out these requirements under all 
weather conditions the pilot should have, in addition to some of his 
present instruments, a scanning radar for navigation and detection of bad 
weather and dangerous terrain ahead, and a radar collision-warning 
device preferably to scan through 360° in azimuth (180° possibly satis
factory) and +30° in elevation. This collision-warning device must be 
able to detect approaching airplanes in time to allow the pilot to avoid 
them. 

The first requirement can be satisfied by very slight modifications of 
present airborne systems. Navigation can be accomplished as discussed 
in Chap. 3, either by direct reference to the ground picture or by reference 
to beacons on the PPI. 

Ground speed and drift can be obtained from the picture and a 
course followed fairly easily if the pilot is provided with appropriate 
radar maps. He cannot, however, expect to glance at the radar scope 
every half hour and be able to identify immediately the signals that 
appear. A special navigator is not required, however, since either the 
pilot or the copilot can plot a course on radar maps. 

The second alternative provides a system of ground beacons installed 
along each airway to enable the pilot to fly a radar airway just as he 
flies visual beacons on a clear night. The beacons would be coded to 
avoid confusion of airways. Lateral separation with opposing traffic 
would be maintained by flying to one side of the line of beacons. Because 
aircraft can be maintained fairly accurately at a fixed distance from the 
line of beacons, parallel airways along which airplanes can fly different 
distances from the beacon line can be set up. 

With either method the radar gives the pilot a means of obtaining 
ground speed and drift and allows him to obtain accurate range and 
bearing information on his check points in order to report proper fixes—a 
definite improvement even over present CFR flying. 

The most difficult problem to be solved in the enroute region 
for purely airborne equipment is that of collision. Although proper 
scheduling and right-left separation along a radar airway reduce the 
hazard, the increased number of commercial and private airplanes is a 
complicating factor. Under present CFR, the pilot sees only about 180° 
in azimuth and a few degrees vertically. This is sufficient to prevent 
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collision with the terrain but not collisions with aircraft in heavy traffic. 
Any collision-warning device must therefore " s ee" at least this much, 
preferably with the addition of tail warning, and should give automatic 
indication of any dangerous condition. 

If a reasonably good pencil beam is provided, a radar terrain-warning 
device can be obtained with present search equipment. AN/APS-10 
equipment without the cosecant-squared modification provides a fairly 
simple set for this purpose and has an indicator that is easy to interpret. 
A narrower beam of 2° or 3° rather than the AN/APS-10 beam of 5° 
would improve the system. 

The more difficult problem of aircraft-to-aircraft collision warning, 
was discussed in Sec. 4-2. The long-range warning now required suggests 
the possibility of equipping the airplanes with beacons coded to give 
altitude information so that warning is received only from aircraft in the 
same altitude region. The beacon signals must appear in such a way as 
to give both range and altitude, perhaps on a PPI which could be com
bined with the main radar equipment. 

It should be noted that in order to keep schedules under all weather 
conditions all of the above airborne radar equipment is essential in any 
nonpressurized aircraft forced to fly over mountainous terrain. Only 
airplanes equipped with both radars and beacons should be allowed to 
fly during instrument weather. 

Somewhere near his destination the pilot reaches a point where he 
must turn off the airway, mingle with traffic from other airways, and get 
into a position for landing. This is the approach zone, which at present 
is the bottleneck in IFR weather because of the separation required 
between aircraft. Using the airborne radar equipment suggested for the 
enroute zone, however, a pilot could follow a given route from the airways, 
and if cleared to land, turn into the landing pattern with traffic just as 
he now does under CFR. Rules for this procedure would have to be 
established but they would allow the pilot to make his own decision, 
within the regulations, from the information he would have. 

Because the general clutter of radar signals around most airports 
makes quick interpretation of a PPI picture for exact navigation 
extremely difficult, one of the most promising methods for providing the 
pilot with suitable information in the approach zone, as well as enroute, 
appears to be an approach pattern indicated by beacons. 

To consistently land an airplane correctly, the pilot must have better 
information from airborne radar then he now has under CFR. With 
good visibility the pilot turns from his approach pattern onto a glide-path 
approach to the end of the runway. But visual estimation of range and 
altitude causes frequent bad landings and overshooting. To prevent this, 
the radar must not only give the pilot some sort of glide-path and azimuth 
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information but must also indicate how far he is from the field and, when 
he is not in the correct position, how far off he is. 

Some glide-path—localizer installations now in use can be modified to 
give the pilot most of this information without attempting to control 
his movements. A simple glide path, for instance, might be combined 
with an extension of a beacon approach path, which would prevent 
separation or change in procedure in the transition from enroute to 
approach to landing. It is doubtful, however, whether a beacon localizer 
could provide the very high azimuth accuracy required to bring an air
craft down on a narrow runway. Thus, the best solution for purely 
airborne radar appears to be a combination of a glide-path—localizer 
system with a beacon path leading into it. The question still remains 
whether this method of providing instrument landing is preferable to a 
system like the ground control approach, GCA. 

In sum then, it appears that under present traffic conditions an air
borne radar system can be devised that will gather enough information 
for the pilot to navigate efficiently from airport to airport in all weather 
with no more ground control than is at present exercised under CFR 
conditions. In all probability the system would require ground installa
tions such as radar beacons instead of the radio ranges and visual beacons 
used under CFR. Furthermore, all aircraft flying under IFR would 
have to carry radars and beacons in order to provide collision warning. 
Such a system appears to be essential for the future on open airways, 
particularly in mountainous terrain. 

The final approach and landing zones present the greatest difficulties. 
In these zones the system will begin to fail in bad weather for the same 
reason that CFR flying fails—because of increased traffic. At present, 
most airports have no difficulty under CFR conditions, but traffic around 
New York and Chicago is already reaching the point at which more 
control is needed. Because of its ability to provide accurate fixes, air
borne radar will improve the congestion somewhat, with the result that 
IFR traffic will be equal to present CFR traffic. If, however, traffic 
becomes still heavier, policing to enforce strict adherence to the rules will 
be necessary, and for this to be effective more knowledge will be required 
on the ground. 

Information Relayed to Ground.—To prevent the confusion caused by 
the airborne radar system under conditions of heavy traffic, coordinating 
ground agencies will be needed at busy centers to carry out more intense 
policing duties. This arrangement is almost analogous to our present 
automobile-traffic-control system—on the open highway certain safety 
rules are occasionally enforced but otherwise the driver is left to his own 
devices. As congested areas are approached, rules are more rigidly 
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enforced, passing of other automobiles is limited, and in congested dis
tricts (as in the landing zone) the traffic is limited to a single line. 

If the coordinating agency is to have a complete picture from the 
airborne radar systems the following minimum information is required 
from each airplane: first, position—range and bearing from a radar fix, 
and destination; second, ground speed and preferably air speed; third, 
altitude; and fourth, identification. 

Overlooking for the moment the very important problem of airplane-
to-ground communication that enters into any system of traffic control, 
let us consider the transfer of the above data from airplane to ground. 
In the enroute zone the data are transmitted primarily to provide an 
over-all picture for the coordinating agency so that it can forecast traffic 
conditions and aircraft arrivals at various airports. Airborne radar can 
provide accurate position and ground-speed information which are of 
prime importance here. Identification of the aircraft is of equal impor
tance in all zones and must be made an integral part of all transmissions 
In the enroute zone, altitude information is used only to determine 
whether the aircraft is following the flight plan. 

In the approach zone the altitude information becomes of equal 
importance with the position and speed data. Because it is not possible 
to maintain the 1000-ft separation in heavy traffic, the pilot and the 
coordinating agency must have accurate altitude information. For 
uniformity, this should be barometric altitude rather than terrain-
clearance data. The present barometric altimeter, if corrected for local 
conditions, appears to be sufficiently accurate. Ideally a barometric 
altimeter should have the following attachments: 

1. A receiver with follow-up to feed corrective data to the altimeter so 
that it may be corrected by ground stations transmitting local 
barometric pressures. 

2. A data take-off to a transmitter which sends out the altitude 
signal of the airplane—for example, the take-off should change the 
frequency of an oscillator in accordance with the altitude. 

With these accurate position, speed, and altitude data at hand the 
ground coordinating agency can predetermine traffic conditions and 
know exactly when to slow down, detour, or hold aircraft. 

Although in normal circumstances the information obtained from the 
various aircraft will be sufficient to keep plots and to keep traffic operating 
smoothly, it is essential that an overriding policing control be provided 
for emergency conditions. The ground coordinating centers can obtain 
additional information from a few ground surveillance radars located 
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only at the busiest airports and possibly at intersections of a few congested 
airways. 

An Illustrative Flight.—It is possible to imagine the following flight 
between Chicago and San Francisco in a radar-equipped aircraft using 
this system. The pilot files a flight plan giving scheduled time of depar
ture, route to be flown, flight number (if commercial), type of aircraft, 
and scheduled time of arrival at destination. A few minutes before 
departure time, the pilot is given clearance, exact time of take-off, 
cruising altitude, and points at which to climb and descend. In addition, 
he is given a summary of expected traffic conditions at various check 
points along his route. 

The pilot climbs to 1000 ft and flies toward a beacon 10 miles away, 
which marks the edge of the through airway. After the pilot has passed 
the beacon he turns on course and climbs rapidly at the side of the airway 
to a 20,000-ft cruising altitude, watching all the time for other aircraft 
beacon signals. His PPI presents beacon responses from other traffic 
and indicates that all airplanes are at least 1 mile to his left; it also 
coincides with the traffic conditions predicted on his clearance chart. 
As he levels off at 20,000 ft he finds no traffic nearby so he swings in 
toward the line of beacons and settles on course 5 miles to the right of 
this line. 

Let us suppose that the cabin pressurization begins to fail halfway 
between Cheyenne and San Francisco. This immediately forces the air
plane down to at least 12,000 ft for the sake of the comfort and safety 
of the passengers; however, the pilot finds thunderstorms and very low 
visibility at this altitude. Under these conditions, flying amid high 
mountains would be extremely dangerous because static would cause 
indistinct radio ranges. With the airborne radar on combined search and 
beacon operation, however, the pilot can continue his course, swinging off 
occasionally to avoid thunderheads that appear on the radar scope. 
The terrain-warning device in the aircraft enables the pilot to keep clear 
of dangerous peaks. 

The control center at San Francisco has been notified of the change in 
flight and is kept informed of the progress of the aircraft as the pilot 
reports in at various check points. Because the airplane will arrive late, 
plans for its arrival are changed at the San Francisco control center to 
fit it in with other scheduled flights. As the aircraft approaches San 
Francisco, the control center informs the pilot that it is necessary to hold 
the airplane for four minutes beyond the estimated time of arrival. On 
receiving this information, the pilot cruises the last 75 miles at lower 
speed. At the new scheduled time, he flies over the approach pattern 
check point, follows the approach beacon into the glide-path—localizer 
pattern, and lands the airplane safely. 
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During the last few miles of this journey the airplane, of course, was 
seen by the surveillance radar. Because no traffic violations nor emer
gencies occurred, however, no " overcontrol" was applied. 

As previously stated, no such system is available at present but it 
appears to be entirely feasible. This system insures utmost safety to 
each aircraft under all conditions, allows flexibility of flight path and 
control, and permits flights to be made at the pilot's discretion but with 
an overriding safety control at busy centers. 

In this as in every other navigational and control system, however, 
the communications problem is extremely serious. For very dense 
traffic the ground must be able to send and receive information from 
isolated areas of space—in other words, to carry on spot communication. 
If spot communication proves impractical the minimum requirement is 
a directed pencil- or narrow fan-beam communication system probably 
requiring microwave techniques. 

8-3. Navigation and Traffic Control Using Ground-based Radar Aids.1 

The air navigation and traffic-control system that is to operate under 
conditions of increased air traffic will probably be some combination of 
airborne and ground equipment guiding the aircraft through space and 
regulating the traffic almost entirely by automatic means. 

However perfect such a system is, there will be occasions when the 
uniform flow of traffic breaks down and unsafe conditions arise because 
of failure of the equipment, infringement of the regulations, or congestion 
that requires the human element to cope with the situation. Such 
deficiencies in the airway control system must be corrected by airway 
traffic supervisors from traffic-control centers. These men must have an 
accurate and complete up-to-the-minute picture of the status of the air 
traffic, complete overriding control of any automatic control system, and 
the facilities for sending information or directions to one or more aircraft 
or airspaces. 

Most of the information needed for this system can be obtained from 
ground-based radar and can be used in at least three different forms 
having widely different degrees of complexity and utility. The dis
cussion of these different philosophies is followed by a general description 
of radar systems and special equipment which might prove useful in 
reaching a solution. 

In its simplest form this system might consist of long-range ground 
radars, with air-traffic controllers giving instruction to the pilot by voice 
radio, a procedure that proved successful during the war. If ground-
based radars were operated with a network of the navigational aids like 
the present CAA network, several of the weaknesses of the CAA system 
would be eliminated. 

1 By M. A. Chaffee and G. O. Comstock. 
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Because these radars could give highly accurate positions of aircraft, 
the load on the radio networks now used for positional reports by the 
pilot would be somewhat relieved. The ground controllers would still 
have to give the pilot accurate positional information if he were off-course, 
and they would warn him if he were about to enter an unsafe area. This 
accurate positional information would reduce considerably the danger of 
terrain collision (usually due to the pilot's being off-course), and permit a 
substantial increase in the traffic on the airways. 

Such a system of traffic control suffers from the fact that a very high 
degree of coordination is required among all controllers issuing instruc
tions to the aircraft and because its success depends heavily on radio-
voice communication on overloaded radio networks. These disadvan
tages can be partially eliminated by adopting a system of intermediate 
complexity that feeds the data into equipment that automatically does 
most of the work of the controllers. Computing machines, such as an 
adaptation of GPI, can be used to predict future positions of aircraft 
and automatically sends out warnings to prevent collision. 

With a system of fixed or moving blocks, the controllers could see to 
it that only one aircraft occupies a block at a time; each block would 
appear on the PPI together with the signals from the aircraft. This 
application of video mapping (Sec. 712) would permit the controllers to 
determine at a glance the position of each aircraft in its assigned block. 
The control information could be transmitted to the aircraft in much the 
same manner as messages are transmitted with beacons, by a bank of 
colored lights giving the pilot instructions to hold, turn right or left, or 
change his altitude. 

In any system the pilot must be able to indicate that he has received 
control information. Furthermore, he must be able to challenge the 
ground controllers at all times if for any reason he feels it necessary to 
have the control procedure altered, for example, if he desires to change 
altitude or take an alternate route. 

Those who adhere to the third control system believe that further 
drastic reduction in ground-to-plane voice transmission is essential. 
Automatic transmission of data by radar relay (Sec. 7-11) would give a 
PPI presentation in the cockpit of as much of the ground display picture 
as the pilot desired. 

Any visual presentation in the cockpit must be kept as simple as 
possible. The pilot is not interested in having a picture of all the aircraft 
about him. He would prefer a pictorial display of his position in relation 
to his destination. The beacon signal from his own airplane would serve 
to identify it and a moving electronic marker would indicate the proper 
course to be taken. The pilot's job would then be to stay on the correct 
course and at the speed that the ground controller designates. Entire 
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supervision of this procedure remains with the ground controllers who 
have access to exactly the same display as the pilot and can monitor his 
decisions. 

Proposed Rough Specifications of Radars for Airway and Airport Con
trol.—The design specifications for an airway-control radar system depend 
somewhat on their projected disposition along the airways. Let us 
investigate the distribution required for effective supervision of air 
traffic. 

The radar beam is propagated in a line which is slightly curved toward 
the earth by atmospheric refraction, following a curve that has a radius 
^ that of the curvature of the earth (see Sec. 1-4). Let ha and ht represent 
the height, in feet, of the antenna and target respectively. The maximum 
distance D at which a target is above the radar horizon is given approxi
mately by the expression D = \/2ha + \/2ht. The distance D in this 
case, is expressed in statute miles. 

If the radar antenna is placed 500 ft above the surface of the earth, an 
aircraft 100 miles distant would be seen if its altitude were higher than 
2400 ft. For the radar to detect all aircraft above 1000 ft, the maximum 
distance from the aircraft to the radar set should be no more than 77 
miles. For this to be possible over a large area, say the entire United 
States, radar systems with antennas 50 ft above the surrounding terrain 
must be located 150 miles apart; 250 such stations would be required to 
cover the entire United States. With such a distribution, a radar range 
of 100 miles for small single-engined aircraft allows sufficient overlap. 
This is equivalent to a range of 200 miles for the detection of a four-
engined airplane considered in Sec. 7 1 . 

The distribution of airway control centers in any area would depend 
upon the traffic density. In the areas of greatest density, a control 
center would be located at each radar site. In areas of less density, 
radar information could be relayed to the control center from adjoining 
radars. 

It was explained in Sec. 1-2 that range resolution is defined by the 
pulse length, and azimuth resolution by the beamwidth. Furthermore, 
range resolution does not vary with range, but azimuth resolution does 
when considered in linear dimension. A 1-^sec pulse length permits 
resolution of two objects more than 500 ft apart at any range and a 
beamwidth of 1° resolves two targets 1 mile apart at a distance of 57 miles. 
The accuracy with which position can be determined from an echo on a 
PPI is much higher than the resolution. Position can be measured to 
approximately one-tenth the angular beamwidth and one-half the pulse 
length. 

A system using a beamwidth of 1° might be useful for the surveillance 
of the airways. Since it is to be expected that airplanes can be kept at 
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least 1 mile apart, a 2-/isec pulse could be used, permitting a range resolu
tion of 1000 ft. As compared with a l-^sec pulse, the 2-/*sec pulse allows 
a small increase in range without serious loss in efficiency. 

The requirements for a radar for surveillance and air traffic control 
in the vicinity of airports are somewhat different. Because information 
must be obtained at intervals of 5 sec or less, a scan rate of at least 12 
rpm is indicated. This would cause a trail of signals from a single air
craft to persist on the tube face, enabling the controller to estimate at a 
glance the speed and course of an airplane and thus make quicker identi
fications. Fortunately, the range requirement for a four-engined airplane 
could be reduced from 200 to about 70 miles. Since the repetition rate 
could then be tripled or increased in the same ratio as the scan rate, the 
same number of pulses per target per scan would result, if the azimuth 
beamwidth of 0.9° were maintained. Since most of the air traffic is at 
lower altitudes in the vicinity of airports, coverage to 15,000 instead of 
30,000 ft would be adequate, but this coverage should extend from 70 
miles out to directly over the airport. Also, since the traffic is more con
gested, the 500-ft resolution obtainable with a l-/usec pulse would be 
desirable. In order that airplanes may be clearly distinguished from the 
ground clutter of numerous nearby signals, moving target indication, 
MTI, should be used. 

A radar for air supervision should " see" clouds that are dangerous, 
but not see the ordinary rain clouds that merely clutter up the screen. 
Only rough estimates can be given for a wavelength to detect the intense 
storm centers alone, but for a high-precision radar about 10 to 15 cm is the 
most desirable figure. I t has been found that, in general, clouds seen on 
a 10-cm radar are dangerous to flying, but at 3 cm large areas of returns 
from harmless clouds are visible. 

Special Equipment.—Because the altitude of an aircraft changes much 
less than its other coordinates, height information is most important when 
two aircraft are on converging courses. A height-finding radar may be 
tied to the search equipment by using a common rotating mechanism 
(e.g., V-beam) or it may operate independently of the search system but in 
such a manner that the range-height information may be easily coordi
nated with the range-azimuth data for purposes of identification. 

I t appears that all height information can be obtained by a separate 
height-finding radar, but the complication of such an instrument may 
outweigh the usefulness of the knowledge gained. It is possible that 
height information can be obtained more easily and in several ways from 
the airborne equipment. The pilot can give his altitude by radio com
munication, or the aircraft altimeter can send out a response by radio or 
radar method which can be read from a ground station. 

Indicators, for presenting information must be added in the control 
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room or installed in a special radar control room so that radar information 
added to the control tower can be coordinated with the nonradar data 
already available at the tower. 

As in the airway control centers, a large PPI will be the principal 
indicator for search data. Experience with experimental equipment 
indicates so far that the clutter-free off-center PPI with a video-mapping 
feature is a most effective device in supplying the airport controller with 
an up-to-the-minute picture of his traffic problem. 

At present, the 12-in. PPI appears to be the best one available com
mercially; a 20-in. PPI is now being used for experimental purposes. 
Tubes with brighter traces may soon be available for use in less subdued 
light. A study of other types of indicators such as dark- and bright-trace 
tubes, photographic projection, etc., should be made to see whether 
indications can be obtained that are more effective and more adaptable 
to the partially or completely lighted rooms than are the ordinary CRT's. 

The ability to add the exact position of runways, other airfields, radio 
ranges, holding points, etc. to the azimuth picture and to be able to off-
center the picture without distortion has been found to be a most vital aid. 

The operator should be able to use at will any one of several range 
sweeps equipped with corresponding fixed range marks and angle marks, 
to choose normal radar video signals or M T I video signals, to add video-
mapping features, and to add such identification aids as indications of 
direction-finding equipment using communication radio or the response 
to beacons in target aircraft. 

Another attachment useful for controlling aircraft presents the radio 
direction-finding bearing on the PPI . This is best done by a rotating 
shaft of light with the PPI map center as the center of rotation. The 
rotating is synchronized by remote methods with the direction-finding 
equipment. When a radio reception is made, the shaft of light intersects 
the radar echo of that aircraft and gives immediate identification. This 
means of identification is much more effective than that which depends 
so heavily on the commonly used flight plan. As traffic increases, still 
more positive means of identification can be achieved by installing a 
beacon in each aircraft. The beacon, triggered by the radar beam, gives 
a response which can be coded for positive identification of the aircraft. 
Fortunately, beacons can be made light enough to be installed in small 
private airplanes. The number of PPI 's used depends on the density of 
traffic. Each PPI should display no more than an area in which the 
number of aircraft does not exceed what the controller can efficiently 
handle. One great advantage of radar is that it can handle increased 
traffic density merely by the addition of more displays. In regions 
of low traffic density, one controller with one PPI can do the entire job. 
High traffic density, on the other hand, may require as many as twelve 
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controllers and twelve PPI 's . Although radar could cope with this situa
tion, it may overload the limited number of radio channels. 

To avoid the danger of collision, one-way traffic lanes which would 
consist of two vhf radio beams parallel to each other, each for traffic in 
opposite directions, have been suggested. Assignment of different 
altitudes for different speeds would make this a smooth-flowing 
system. 

The crossing airways present another problem that has been partially 
solved by assigning odd altitudes for, say, the east-west, and even for the 
north-south, airways. There is, however, the ever-present possibility 
of error in altitude, especially in private airplanes where check on the 
instruments is not so rigid. A radar height finder could detect this 
error, but the number of height finders required would be very great. 
Perhaps the best solution would be to give the pilot more information 
about surrounding aircraft. 

This discussion of the incorporation of ground-based radar into the 
air-traffic-control system has been based on the premise that any system of 
traffic control is improved by increasing the accuracy of the data. The 
second premise is that additional equipment should not be added to the 
aircraft, with the possible exception of a radar beacon. Such a modifica
tion would not require a simultaneous change in the entire system but 
would occur at the rate at which radar equipment is made available. 
The suggested radar equipment and aids for control are those actually 
used in wartime. Other aids can be devised or adopted to reduce further 
the guesswork on the part of the controllers. 

The introduction of search radar into the air-traffic-control system 
will not solve the problem completely, but it will temporarily alleviate 
the present difficulties. Unless more efficient ways are devised to control 
aircraft, the control system will soon bog down with increased traffic. 
If it is assumed that control is to be exercised when two aircraft pass on 
an airway, it can be shown that the number of passings increase as (n/2)2 

where n is the number of aircraft. This means that a 10-fold increase in 
traffic would require a 25-fold increase in work by the controllers. An 
attempt should be made, therefore, to increase the efficiency of each con
troller in order to avoid a tremendous increase in controller personnel. 

Control in Approach Zones.—The complexity of the control problem 
may vary from just a few airplanes per hour in the approach zone to 
traffic densities of 150 to 200 per hour, which the major airfields in a large 
metropolitan area like New York must handle. The amount of radar 
indicating equipment required depends partly on the traffic load. The 
way in which the radar information is utilized in the control procedure is 
bound up in the general problems of how human controllers or mechanical 
control devices are to compile this information, what kind of traffic 
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patterns and flight procedures are to be used, and how control instructions 
are to be issued to the pilots. 

There are at least three general viewpoints of the problem of approach 
control that merit discussion. The first two of these are based on supply
ing control information over voice radio channels. The third would 
transmit the control information either as automatic coding or as relayed 
pictorial information to be presented in display or meter form to the pilot. 

As an introductory and interim procedure, it has been suggested that 
the tower controllers should be supplied with one or two PPI ' s as supple
mentary sources of information, and a range-height indicator mounted 
into the control desks. This may possibly eliminate the reporting-over-
fix procedures now used by pilots to supply ground controllers with posi
tional data, and hence greatly reduce aircraft-to-ground communication. 

I t has been suggested also that with radar surveillance of the existing 
stacking areas, the present holding procedures could be retained with 
modifications allowed by the additional position knowledge supplied the 
controller from the radar indicator scopes, and result in reduction of the 
time separation of the airplanes emerging from such a stack to 2 or 3 
minutes with no reduction in the degree of safety now attainable. Such 
a method of control would not attempt to produce exact spacing between 
aircraft nor to eliminate the stack forming. If airplanes could be brought 
in with 2- to 3-min spacings rather than the 12- to 15-min spacings now 
necessary, it is expected that for the next few years instrument-flying 
traffic densities would not be so great as to require large holding stacks. 

I t is very doubtful whether tower controllers could benefit much from 
radar scope data without almost continuous concentration on the scope 
presentation. I t seems probable that the controller finding himself 
more and more dependent on the radar data will wish that either he him
self or an assistant become essentially a PPI operator. I t is difficult to 
see how these indicators can be added to the tower without an increase 
in control personnel since with high handling rates the function of ground 
control will be likewise intensified. 

Although this limited application of radar information may alleviate 
some congestion for a few years and can be considered as a necessary step 
in the education of tower personnel in radar techniques, little real advance 
in safety and efficiency of control can be expected without a very radical 
change in the fundamental procedure. Such a change is suggested by the 
second viewpoint which involves expanding the control room of the tower 
into a radar operating center. This means an increase in personnel to 
obtain and coordinate positional data and to issue control information, 
and the addition of automatic mechanical or electronic devices to aid in 
the analysis of routine problems, thereby releasing human controllers for 
more important duties. 
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Such a control room need not involve the large number of personnel 
associated with similar radar centers for control of military aircraft during 
the war. I t does, however, assign definite tower personnel to scope 
positions to observe continuously changing radar data. It is thought 
that the use of three or four PPI ' s to observe particular sectors either in 
azimuth or range may be required, with a height-finder operator to furnish 
height data. The use of large plotting-boards in approach zone control 
is not considered so economical in manpower and time. 

Senior or master controllers will have to supervise the analysis of the 
information presented. One of their major jobs will be to effect the 
desired spacing between the airplanes being directed off or onto the air
ways. Paper study and the little experimental evidence that is available 
show that if a specified control pattern is to be followed this spacing 
cannot be accomplished without the aid of correlating devices to indicate 
to the controllers the relation between the actual and desired position of 
every airplane. 

One means of accomplishing this is to add to the PPI indicators either 
mechanically, optically, or electronically, a series of moving lines or dots 
spaced according to the desired separation. These lines would be 
assigned to the different airplanes approaching the field from the different 
airways. The controller's function would be to give the pilot whatever 
instructions are necessary to keep his airplane coincident with the cor
responding line or pip. If traffic patterns called for feeding all airplanes 
into the airport through a common point, such lines might be a series of 
concentric circles about the " g a t e " point. Vacant spaces could be left 
in the pattern to provide holding spaces for itinerant aircraft or those 
making emergency landings. 

Control in Final Approach and Landing.—The navigational informa
tion and traffic-control procedures utilized in the approach to an airport 
have put the aircraft into such a position relative to the runway that the 
pilot can begin his final instrument approach at a safe interval from 
aircraft in front of and behind him. 

The following appear to be the major requirements for an instrument 
approach system: 

1. The system must provide the pilot with aural or visual information 
as to his position with respect to a safe glide path. This sense of 
relative position must be in both horizontal and vertical planes 
and must be of sufficient accuracy and of such easily interpretable 
presentation to allow the pilot to make a descent to within a few 
feet of the runway surface, from which point a visual landing is 
made. For a completely blind landing, the pilot must be supplied 
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before contact with information such as the drift " c r a b " angle in 
order to change his direction down the runway. 

2. Indication of the distance of the airplane from the runway is 
necessary. Continuously available range information is preferable 
to one or two checks. 

3. Indication of the ground tracks of the airplane and the rate of 
closure with respect to the desired glide path helps to smooth the 
path by eliminating oscillations about the correct path. 

4. The pilot must have means of determining that both ground and 
airborne equipment are functioning correctly so that he can use the 
information coming to him aurally or visually or break off his 
approach because he knows that it is erroneous. 

5. The ground must at all times be ready to warn pilots, as they land, 
of dangerous departures from the landing path, and of proximity 
to ground obstacles and other aircraft. 

6. The system must provide for the emergency landing of radio-
equipped aircraft unable to carry the normal instrument-landing 
gear or of airplanes in which the airborne equipment has failed. 
This implies continuous ground surveillance and some form of 
"talk-down" procedure with the help of data obtained on the 
ground. 

7. The system should supply the data necessary for control of an 
automatic pilot so that eventually a completely automatic landing 
system can be achieved. 

In Sec. 7-8 a ground scanning radar approach system, GCA, developed 
for use by the Army and Navy was described, and its advantages pointed 
out. In its present form it combines a short-range radar for surveillance 
of the airport traffic with the final landing function. Only the 3-cm 
final-approach portion need be considered here because the surveillance 
function has been discussed. 

The 3-cm radar, with its two narrow beams scanning the glide-path 
region in azimuth and elevation, provides the essential elements of a 
system that meets most of the general requirements listed above. 

Although three ground operators are now required, development is 
under way aimed at presenting to a single operator on one cathode-ray 
tube all the very accurate navigational information obtained. This 
single operator who observes directly the radar signals in azimuth, eleva
tion, and range, and the ground track of the airplane can give information 
to the pilot by radio and ensure a safe approach. A single operator 
could handle airplanes at 2- to 3-minute intervals. With duplicate 
indicators and two operators, so that one man could handle every other 
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airplane, a higher rate of landings could be attained. If a remote indi
cator were provided at the control tower, the operation of the landing 
system could be completely integrated with the traffic-control system. 

A radar system like this can be used in two ways: first, as a "talk-
down" instrument-approach system in itself, or, second, as a supple
mentary system auxiliary to a beam approach system, such as one with 
a localizer and glide path, to make up for its deficiencies. Experience 
with the GCA system has shown that, in the accuracy of the information 
it provides to the pilot as to his relative position in the glide path, in the 
availability of range information at any time during the approach, in its 
ability to warn of the presence of obstacles or other planes, it provides a 
facility that can be used successfully by even a fairly inexperienced 
instrument pilot. Because only radio equipment is required in the air
plane, the GCA constitutes a generally usable emergency facility that has 
proved its usefulness time and again. 

Although radio transmission of navigational information to the pilot 
by another person is of great value in providing flexibility for use of GCA 
as an emergency device, it is, paradoxically, the major deficiency of the 
GCA procedure. During instrument flight, the pilot cannot determine 
completely whether the transmitted data are correct. By following 
blindly the information and instructions given him, he is at the mercy of 
the ground controller, and subject to the controller's errors in speech and 
judgment. It is true, of course, that the pilot's confidence in the system 
can be established by trial flights in good weather to demonstrate that the 
information obtainable from the system is accurate. The many thou
sands of GCA instrument approaches (made by service and transport 
personnel), many hundreds of them with ceilings below 100 ft, and a 
number of landings under zero-zero conditions, show that such confidence 
can be established. To maintain it, however, the ground control person
nel must be expertly trained and entirely reliable. One of the dem
onstrated advantages of the talk-down method, particularly for the 
relatively inexperienced pilot, is the reduction of tension of the pilot who 
does not have to make difficult interpretation of navigational information 
normally presented on meters or by aural signals. I t is still true, how
ever, that many pilots approaching a difficult landing through dangerous 
terrain in soupy weather, would like to be able to " see" their relative 
positions for themselves and then take decisive action on their own 
responsibility, and to be able to tell when any incorrect decision has been 
made by the ground controller. 

There appear to be three possible ways, none of them tried opera
tionally as yet, to present by indicators in the cockpit at least some of 
the radar information now available on the ground. One obvious method 
is to take the azimuth and elevation deviations obtained by manually 
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tracking radar signals (now obtained as voltages and applied to error 
meters for the controller) and transmit them as modulation on radio 
carriers so that they can be applied to suitable indicators in the cockpit. 
Such a procedure would require that the ground personnel manually 
track each aircraft with the possible transmission of tracking inaccuracies 
and errors to the pilot. 

A second and much more desirable procedure would be to add semi
automatic tracking features to the ground equipment—not an automatic-
tracking radar whose antenna follows the motion of the airplane, but a 
system of electronic gating in range and azimuth (or elevation) of the 
radar signals of the scanning radar so that the signal would be followed 
automatically in the two coordinates. By comparing electrically the 
position of the tracked signal with the desired azimuth (or elevation)" for ( 'J 
a given range, a deviation voltage could be obtained and transmitted to[ /] 
the airplane as such a modulation. Continuous range, and even the rate l( ) 
of approach to the runway, could be similarly obtained and transmitted, r * 
A ground operator would still be given his scope pictures, but the tracking i \ 
gates would show as pips. Thus, the operator would act as a monitor r r 

to make sure that the tracking equipment was functioning correctly. ( ) 
He would always be available as a talk-down controller in emergencies ( ) 
or for unequipped aircraft and could serve as a master controller by radio \ j 
if the pilot failed to follow his own indication properly or was in danger < J 
of collision. 

A third system, involving either radar relay or television techniques^ ^ 
would be to present pictorially to the pilot, preferably on a cathode-ray J 

tube, the radar information obtained on the ground, and to use ground ', 
indicators solely as monitors. No method has yet been devised to present 
by radar relay the sector scan type of indication normally used in the ,' 
ground landing radar, but it is not inconceivable that workable devices j 
could be produced. ^ 

I t may be that , at least for the immediate future, instrument ap- /) 
proaches can be most safely achieved and the most protection afforded jj 
by the combination of the two distinctly different microwave aids^ a j , r i * 
localizer—glide-path fixed-beam system with a ground-based radar 
scanning system. 

The beam system would give the pilot direct deviation informa
tion. The scanning radar would provide surveillance of each descent 
with the possibility of overcontrol function for correcting deviations 
from the desired path and for giving warning of obstacles and air
planes. The scanning radar would likewise provide the function of 
a talk-down procedure for unequipped airplanes, those whose equip
ment is not properly functioning, or for any pilot who prefers such 
procedures. 
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I t is certain that, whatever aid is eventually adopted, microwave 
techniques will be utilized completely. 

Advantages and Limitations.—Three proposals have been made for 
the use of ground-based radar and other auxiliary equipment to provide 
some of the information necessary for the solution of the air-traffic control 
problem. The most complicated of these is one in which the information 
is automatically relayed to the pilot. This costly method requires a 
large amount of equipment and many controllers on the ground, and the 
installation of both beacon and radar relay equipment in all airplanes 
flying under IFR conditions. Although it cannot yet be decided whether 
the return would be commensurate with the expense of production, this 
proposal does have certain advantages. The pilot would have before 
him all the basic information necessary for making his own decisions. 
He would not have to depend on the judgment of someone on the ground 
who would be ignorant of many of the factors involved in flying a partic
ular airplane at a particular moment. He would have before him on the 
PPI a video map showing the traffic situation, the general plan of traffic 
control in effect at that moment, the intersection of airways, the approach 
pattern of airport runways and, above all, accurate indication of his own 
position with respect to all of these. These indicators, similar to the 
off-center PPI 's , would show in maplike form an enlarged picture of the 
area immediately surrounding the airplane. The off-centering of the 
range and the selection of the azimuth in this area could be done auto
matically by simple equipment in the airplane. The picture would have 
the same orientation as the ground under the pilot as he looks out the 
window. 

He would have his own choice of sweeps so that he could look at the 
entire area, or in heavy traffic see only those aircraft at nearly the same 
altitude as his own. Important ground features could be indicated on 
the video map without any ground clutter. 

Such a system requires that the ground controllers set up only the 
general traffic plan and that the pilots fly the aircraft with the same 
freedom as under contact flight rules, but with much more extensive 
and complete information at hand. The density of traffic under these 
circumstances could be very much higher. 

Several maps could be transmitted by radar relay either on several 
different frequencies or by time-sharing on the same frequency. The 
selection of these maps might include a general facility map, a detailed 
terrain map, a weather map showing positions of dangerous storm areas, 
and an emergency landing map showing all landing fields within the 
immediate vicinity of a particular airplane. These maps could all be 
coordinated at the ground stations to prevent confusion regarding the 
position of the aircraft relative to each fixed location. 
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The same general procedure could be used both on the airway and in 
the approach zones. As an approach for landing was to be made, the 
amount of information required would be considerably increased. It 
seems reasonable to suppose however, that techniques can be developed 
which would enable the pilot to land under IFR conditions with little or 
no dependence on the judgement of ground controllers. These last 
would direct traffic and monitor all landings without giving detailed 
instructions. 

On the airways and in the approach zones, the pilot would have at 
his disposal information fiom a radar having 360° azimuth coverage, 
adequate vertical coverage, high resolution in both range and azimuth, 
no ground return, and a range of at least 100 miles on all types of aircraft. 
The complicated equipment requiring skilled personnel, together with 
suitable stand-by equipment, would be on the ground. Only relatively 
simple equipment capable of presenting all the available information, 
and probably not weighing more than 75 lb, would be in the aircraft. 

8-4. Summary of Proposed Aids.1—The last two sections have 
described how airborne and ground-based radar equipment may be used 
to help solve the problems of control of air traffic. Although the opinions 
expressed in the two preceding sections differ in their emphasis on the 
relative importance of airborne or ground-based equipment in solving 
the problems, there is agreement as to what a specific airborne or ground-
based radar can do. The uncertainty lies for the most part in regions 
where human factors predominate. It is clear that a careful plan includ
ing the best combination of aids to traffic control and air navigation must 
be put into operation before there can be a substantial increase in air 
traffic under IFR conditions. 

Airborne radar aids alone can greatly improve navigational accuracy 
and help the pilot avoid bad weather and terrain collision. Traffic lanes 
along the airways can be delineated by coded ground-based beacons. 
Collision warning against other aircraft probably can be achieved only if 
beacons are required for all aircraft flying under IFR conditions. Air
borne radar should be particularly useful in overwater flight where the 
pilot must often obtain his own weather information and where the 
number of aircraft would be so small that beacon standardization could 
be more easily achieved. 

Ground-based radars can provide more information but require a 
substantial outlay of money for establishing a network of radar control 
centers over the entire country. In spite of the expense, these would 
remove the necessity of having the same airborne beacon installed in all 
types of aircraft as a safeguard against collision. A PPI presentation 
relayed from the ground to the airplane should allow the pilot considerable 

1 By J. 8. Hall. 
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freedom of action, and at the same time permit the ground controller to 
monitor and control the traffic. In regions of uneven terrain this system 
will have blind areas but these can often be made small by mounting 
the antennas at commanding positions. 

Improved ground facilities such as GCA or a glide-path—localizer and 
beacon arrangement might be used as aids to landing under conditions 
of very poor visibility. High-intensity lights and fog dispersal methods 
effectively raise the ceiling under conditions of poor visibility and provide 
added safeguards when used with the facilities mentioned above. At 
congested airports, ground surveillance radars might be used advantage
ously to control traffic at all times. 

To repeat, a combination of airborne and ground-based aids is 
indicated. Whether the eventual solution puts the main emphasis on 
airborne or ground-based equipment, the principal difficulty will be 
encountered at or near the airports where there is a definite limit to the 
number of aircraft that can be controlled. Means of accurate navigation 
in the airplane will help simplify the situation and reduce the load on 
the controllers. 

It would be sadly negligent not to emphasize the close relationship of 
radars, beacons, and communication equipment. The frequencies and 
codes used for the radar-beacon combination and for radio communica
tion must be rigidly standardized. It is of no use to try to interi ogate a 
beacon with a radar which transmits at the wrong frequency or does not 
respond to the frequency of the beacon reply; it is of little avail to 
receive a coded beacon reply and not know what it means. Furthermore, 
it does not help a radar controller to know that two airplanes are on 
collision courses and then to find himself unable to communicate with 
either. 

Even under the stimulus of war the Combined Communication 
Board was not able to achieve a unified system. Although the outlook 
for the peacetime standardization of beacons on an international scale 
is not bright, standardization may be possible within the boundaries of 
the United States because such coordination comes directly under the 
jurisdiction of the Federal Communications Commission. Otherwise, 
confusion and a considerable waste of money and materials will result 
from lack of coordinated planning. 

A number of interested groups, including the CAA, the Army, the 
Navy, the commercial air lines, and private fliers, are concerned with the 
general problem of air-traffic control. I t appears to be necessary that a 
small, highly competent group of men (working it is hoped, in close 
cooperation with similar groups in other countries) be empowered to 
select the best solution, the adoption of which would be mandatory. 
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Obviously, these men must be carefully chosen to ensure a wholly 
impartial analysis of the probhm. 

The question of who would pay for these radar aids naturally arises. 
At first thought, it might be supposed that all equipment in the aircraft 
should belong to its owner, and that the ground-based equipment would 
be paid for partly by the government, partly by a tax on owners of 
private aircraft, and partly by a surcharge on fares for travel on com
mercial air lines. The economic aspect of the problem is beyond the 
scope of this book. Any solution must, of necessity, include stand
ardization of all equipment. This may necessitate government owner
ship and operation of ground-based equipment and government supply 
of airborne equipment on a rental basis. A company might be estab
lished for this very purpose. 

The cost to the government of modernizing its air navigation and 
traffic-control system may be comparable to what it expends on other aids 
to navigation. These include maintenace of lighthouses and other use
ful markers, dredging of rivers and harbor entrances, etc. I t also 
maintains the United States Coast Guard, whose chief peacetime function 
is to safeguard the lives of mariners in distress. Few, if any, question 
the value of these services. From a strictly economic viewpoint the 
increase of air traffic resulting from such a modernization might more 
than compensate for its cost. 

The advisability of interim measures and piecemeal installations 
which are not a part of long-range planning is questioned. Although 
these might put more airplanes in the air in the next few years, they 
would also be expensive and eventual standardization would be retarded 
because of natural reluctance to displace such interim equipment. Even 
though the growth of air travel in the near future might be delayed by tak
ing time to work out a comprehensive system, the long-range advantage 
would more than make up for the temporary delay. 

In conclusion, it is necessary to emphasize again the importance of 
making it possible for a small group of able men to study this problem, 
to formulate a solution, and to dictate a policy. These men may make 
mistakes, and their dictatorial power might be objectionable from some 
points of view. But it is possible only in some such way to bring order 
out of chaos and save the American public vast sums of money. 
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CHAPTER 9 

NAVIGATION AND PILOTAGE 

B Y R. M. EMBERSON, J. P. NASH, E. E. MILLER, D. B. MCLAUGHLIN, 
AND C. A. SMITH 

9-1. How Radar Can Help the Navigator.1—There is perhaps no 
peacetime application of radar where its advantages are so clearly 
indicated as in shipborne navigation. Wartime experience has shown 
clearly that even a simple radar is so useful that its cost is very small 
compared to the return, especially for freighters and passenger ships 
engaged in world-wide or coastwise trade. The use of radar should 
reduce the danger of collision to such an extent that vessels so equipped 
might often proceed at full speed even under conditions of poor visibility, 
thus saving one or two days in passage. Furthermore, at their destina
tions, they could be docked without delay under conditions which would 
otherwise be impossible. 

I t was shown in Chap. 2 how long-range electronic navigational 
systems like Loran may be used as aids to navigation far at sea. I t was 
also explained how the direction-finding stations along the coast can 
give navigators fixes within a range of 100 or 200 miles. When land 
masses rise above the optical horizon, shipborne radar becomes important 
as an aid to navigation or pilotage. After a land mark has once been 
identified, the navigator may easily determine its bearing to one or two 
degrees and its range with an accuracy of 100 or 200 yd. This far exceeds 
the capabilities of a human eye, or even of optical devices such as stadio-
meters and range finders. In short, the navigator may determine a fix 
with an accuracy far greater than that to which he has been accustomed. 

Pilots in harbors, rivers, and lakes find radar information extremely 
helpful. The photographs in this section are of PPI 's attached to sets 
especially designed to provide both high and close-in resolution. Their 
important characteristics are narrow beamwidth, short pulse length, and 
fast indicator sweeps. Figure 1-17 (Sec. 18) shows an aerial photograph 
of the Sagamore end of the Cape Cod Canal and a PPI photograph show
ing the entrance of the canal taken on a ship about a mile offshore. Fig
ure 9-1 shows two photographs taken while the ship was actually passing 
through the canal. The range circle has a diameter of 2000 yd. I t is 

1 Sections 91 to 9-3 by R. M. Emberson. 
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easy to see that the ship was "centered" in the canal. 
similar objects can also be identified. 

Bridges or other 

Railroad 
bridge 

Bourne Vehicular 
bridge 

Fia. 9 1 . — P P I of a high-resolution radar when the ship was in Cape Cod Canal. A 
railroad bridge at 1300 yd and a vehicular bridge at 800 yd are conspicuous in one photo
graph. 

Figure 9-2 is a PPI photograph taken from a ship in Boston harbor. 
The arm-like configuration in the upper left corner leads to the junction 
of the Charles and Mystic rivers; the individual wharves and piers can 
be easily identified. Although it is possible to superimpose a map or 
chart on the PPI , it is not usually necessary in close waters. The motion 
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of ships in harbors is slow enough to allow even inexperienced pilots to 
identify the various objects on the PPI by reference to a nearby chart. 

In coastal waters, the radar navigator detects buoys, lighthouses, and 
other ships. By comparing the coastline with the PPI he can obtain 
accurate fixes as often as he desires. The range at which he can see the 
coastline depends, of course, on the heights of the coastline and the radar 
antenna, and the wavelength used. This distance may vary from 5 to 
50 miles or more. 

F I G . 9-2.—PPI photograph taken from a ship in Boston Harbor. 

An unpublished study sponsored by the Navy and Coast Guard has 
shown that both a 10-cm and a 3-cm radar will detect icebergs many 
miles away. As the icebergs melt and disintegrate, detection becomes 
more difficult. When they have melted down to "growlers" (that is, 
a chunk of ice so small that it rises and falls with the motion of the waves), 
the detection range is reduced to a very few miles; if the sea is rough, the 
growler signal may be masked by signals from the waves. Since growlers 
may show only as much as 5 or 10 ft above the water, with the largest 
portion submerged, they constitute a real danger to shipping that present 
radars do not entirely eliminate. 

A shipborne radar should be useful to the navigator as an aid in 
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forecasting the weather. A series of echoes which represent a cold front 
is shown in Fig. 9-3. These echoes represent areas of showery unsettled 
conditions. The return from a typhoon which occurred near the Phil
ippine Islands is pictured in Fig. 9-4. 

It is important to remember that radar has its limitations. I t can
not seek out only those targets of interest to the navigator and ignore 
all others. Each signal in the indicator represents some object and until 

FiQ. 9-3.—A cold front. This photograph w7as taken with an experimental high-power radar 
at the General Electric Plant, Bridgeport, Conn., by Mr. G. W. Fyler. 

that object has been identified it may portend danger for the ship. The 
experienced operator knows that the small signals that appear for only a 
short time and then disappear come from waves, birds, or whales and 
porpoises broaching in their play. Persistent signals may come from a 
rough patch of water over a submerged reef, a rain cloud, an iceberg, 
or a ship or other floating object. It is never safe to ignore a persistent 
radar echo. 

9-2. Coordination of Radar Data with Other Data.—Modern micro
wave radars can supply graphic information of the position of a ship 
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relative to other objects within the field of view. Many other devices, 
however, some of long years' standing, furnish equally important infor
mation. The modern gyrocompass provides a fixed reference line. 
Fathometers (sonic or supersonic) continuously indicate the depth of 
water under the keel. Mechanical sounding devices can determine not 

Fio. 9-4.—A typhoon as it appeared on the P P I of a high-power 10-cm radar. 

only the depth of water but also the character of the ocean floor. Aural 
aids (bellbuoys, whistles, and horns) are valuable under conditions of 
poor visibility. All visual aids (the peloruses or, better, self-synchronous 
alidades, buoys, fixed ranges and lights) actually constitute the most 
basic means of pilotage when conditions permit their use. A good pilot 
automatically collects all the available data, judges its relative merits, 
and then formulates his conclusion. Some correlation may be done 
instrumentally. For example, compass data may be assimilated by the 
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radar to provide a true bearing display. But, in general, the separate 
instruments are too divergent in character to permit an easy and simple 
combination. Radar information should be presented on the bridge or 
at another point convenient for the pilot or navigator in such form that 
it can be seen and understood at a glance without need of deliberate 
mental gymnastics. 

9-3. Marine Radar Beacons.—Although radar beacons were widely 
used for air navigation during the war, the war ended before they could 
be put into operation for marine use. I t is apparent, nevertheless, that 
they could have been extremely useful. 

Location.—In regions where there are a large number of accurately 
charted and easily identifiable radar targets—in harbors, for example— 
the capabilities of existing marine radars are such that beacons may have 
little to contribute to safety and ease of navigation. The shortest 
beacon codes now in use are 2 to 3 miles long and they might so clutter 
up the indicator that beacons actually would be undesirable. (Shorter 
codes can be used when expanded sweeps are in common use.) But, on 
the other hand, codes might be unnecessary in such locations; the beacon 
could reply with a single pip, which the operator would recognize as a 
beacon simply because the signals were received on the beacon frequency 
rather than the radar frequency. This would be practical only in 
locations where one beacon could not be mistaken for another. 

Beacons would probably be of the greatest value when a ship ap
proaches a coastline or enters a harbor where the number of useful points 
of navigation is relatively small. 

There are intermediate waters like Chesapeake Bay and Puget Sound, 
for which it is difficult to make a prior judgment. In Puget Sound, 
in particular, the channels are lined on both sides by high land masses 
that give false echoes because of the weak side and back lobes of the 
antenna pattern. These echoes obscure targets in other directions. 
Low-powered beacons might prove useful here. 

Operational Use.—The techniques described in Sec. 3-8 for air nav
igation with beacons could be applied in marine navigation, but because 
the speed of a surface vessel is much less than that of an airplane the 
beacons would be most useful in simply getting continuous running 
fixes. 

Beacon signals tend to spread in azimuth at short ranges if the 
receiver gain is not reduced. High land masses near the ship may act 
as mirrors and reflect radar signals to the beacon and beacon signals 
back to the radar. Under these conditions, also, the false signals can 
sometimes be eliminated by reducing the receiver gain. The problem is 
primarily one of beacon siting, discussed at greater length in Radar Bea
cons, Vol. 3, Radiation Laboratory Series. 
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Beacon Design.—The use of interrogation coding was discussed in 
Sec. 1-9. There it was stated that the purposes are to reduce the demands 
on the beacon transmitter and to eliminate partly the false signals that 
are seen when more than one radar is interrogating the beacon. Beacon 
transmitters can be designed to withstand any likely overloading. 
Clumsy and complicated as they might be, they would permit simpli
fication of the radar. Because there will be far fewer beacons than radars, 
the use of powerful beacon transmitters would be an economical solution 
to this problem, but interrogation coding helps solve the problem of false 
signals in regions of dense traffic. 

The density of traffic on the seaward side of a coastline beacon might 
be small, and its antenna could be designed to be insensitive to inter
rogation from harbors and other waters carrying heavy marine traffic on 
the landward side. In such a case, interrogation coding would be unnec
essary. Unless it can be shown, however, that in every location either 
(1) the situation is such that beacons are not needed or (2) the marine 
traffic within a range of several miles will never be very dense, it would 
appear that interrogation coding should be used, 

Beacon signals will be of benefit only at limited ranges, except in 
coastline installations. Since the signals from a sensitive and powerful 
beacon are displayed as very wide arcs on the PPI of a nearby ship, 
sensitivity and transmitter power of the beacon receiver should be 
limited in some locations. 

From this discussion and that in Sec. 1-9, these rough specifications 
for marine radar beacons can be set down: 

1. The maximum range of each beacon should be determined by its 
particular location. 

2. The receiver should cover the entire marine scatter band. 
3. The beacon should contain an interrogation decoder if it is so 

situated that traffic conditions warrant it. 
4. The transmitter must be accurately held to the assigned frequency, 

preferably by an automatic mechanism. 

Radar Design.—The operator should be able to switch radar echoes or 
beacon signals, or both together, onto the indicator. When both are 
presented, the beacon signals should be appreciably brighter than the 
echoes. This means that there should be a beacon receiver with a higher 
video output level that is separate from the radar receiver. 

There may be a delay of as much as 2 or 3 fisec in the beacon response. 
This is important when fast sweeps are being used. I t may be compen
sated for by delaying the sweeps an equal amount. When echoes and 
beacon signals are to be presented together, the echoes must also be 
delayed. 
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In the past, the most common form of interrogation coding was a 
long pulse, which requires a somewhat complicated modulator and often 
a reduced pulse-repetition rate. The coding may be done, however, by 
using two or more short pulses of the same total length as a single search 
pulse. Another method, which was used with I F F sets during the war, 
is to have a second low-frequency radar interrogator synchronized with 
the microwave set. The beacon operates only when signals are received 
simultaneously from both radar and interrogator. 

The rough specifications for the marine radar to operate with beacons, 
then, may be summarized as follows: 

1. Interrogation coding. 
2. A separate beacon receiver with a video output level higher than 

that of the radar receiver. 
3. Provision for presenting the output of the receivers separately or 

together. 
4. For extreme accuracy with fast sweeps it is desirable that compen

sation be made for the delay of the beacon response. 

9-4. Corner Reflectors.1—It is sometimes desirable to increase the 
radar reflecting properties of a target to make its echo stand out more 
clearly on the indicator. During the war, it was found that rubber life 
rafts could not be detected by radar sets of searching aircraft. When a 
special target, called a corner reflector, was included as part of the emer
gency rescue equipment of the rafts, however, they could be detected 
from a range of many miles. 

Corner-reflector buoy markers should prove to be a valuable aid to 
pilotage because some buoys are difficult to detect, especially the nun 
buoys which have smooth curved surfaces. Bell buoys are more easily 
detectable, but even the echo from one of these will be more prominent 
if a corner reflector is mounted on it. This is especially true when the sea 
is rough and sea return obscures the relatively weak signal from a buoy. 
Radar pilotage along a channel can be carried out easily under all visibil
ity conditions if all buoys are easily detectable. Corner reflectors placed 
at strategic positions on land can sometimes solve marking problems. 
This is possible where the land signals are weaker than those from the 
corner reflectors. 

Corner reflectors have also been used to intensify the echoes from 
small boats. They would aid materially if used in small boats on fishing 
banks, both to keep the boats from being run down by ships when visibil
ity is poor and to enable a radar-equipped mother ship to keep track of 
them. Echoes from an 8-ft corner reflector attached to a meteorological 

1 By J. P. Nash. 
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balloon have been followed from 3 to 63 nautical miles. The height of 
the balloon, measured by radar, at this maximum range was 43,000 ft. 

The most effective target with a given intercepting area is a flat plate, 
mounted perpendicular to the incident radar beam. The radar cross 
section can be very large if the wavelength is small compared with the 
area of the plate. Unless the flat plate, with its highly directional 
characteristics, is perpendicular to the radar beam, however, very little 
radiation is returned. 

The corner reflector takes advantage of the large radar cross sections 
obtained from a set of properly oriented flat plates by returning radiation 
over a much wider range of angles than does a single flat plate. I t con-

FIQ. 9-5.—Triangular and square corner reflectors. 

sists of three mutually perpendicular intersecting metallic planes, analo
gous to the floor and two side walls in the corner of a room. Two corner 
reflectors, differing in the area of the planes used, are shown in Fig. 9-5. 
The radiation reflected from all three of the planes will be sent back in 
the direction from which it came. The same principle is applied to the 
small glass reflectors used as highway markers to reflect light into the 
driver's eyes. The highway reflector is purposely made imperfect so that 
reflected light fills a cone large enough to include not only the source (the 
automobile headlights), but also nearby receivers (the driver's eyes). 

The maximum amount of energy will be returned to the radar if its 
radiation is directed into the corner reflector in such a way that the direc
tion of propagation makes equal angles with all three planes. As the 
direction of the incident radiation is changed with respect to the optimum 
position, the amount of returned energy diminishes but very slowly when 
compared to the energy reflected by a single flat plate at optimum 
orientation. 

In Fig. 9-5 the optimum values for 0 and <f> are 45° and 35°, respec
tively. In practice, the corner reflector is oriented so that the line I is in 
the direction of the radar antenna. For use on ships this direction is 
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horizontal and may be achieved by tipping the unit forward 35° or by 
using a cluster oriented as shown in Fig. 9-6. 

Clusters of corner reflectors are usually used so that the target will 
be a good reflector in all directions; the most common arrangement con
sists of eight triangular corner reflectors arranged as shown in Fig. 9-6. 
This arrangement will give the proper orientation to four of the corners 
when the search radar antenna is directed horizontally, making the orien
tation correct for shipboard radar sets. 

F I G . 9-6.—Clusters of corner reflectors. 

An idea of how a corner reflector returns energy from various direc
tions (sending it back in the direction from which it came) can be obtained 
by considering what happens if <$> is held at 35° and d is varied. The 
results are summarized in Table 9-1, along with some data showing the 
directional nature of the return from a flat plate for purposes of compari
son. I t has been assumed that the plate is 2 ft2 on a side oriented with 
two edges vertical, and that the radar antenna directs the energy hori
zontally. The wavelength assumed is 10 cm; for shorter wavelengths, 
the effect of turning the plate is even more critical. 

T A B L E 9 1 . — V A R I A T I O N OF R A N G E W I T H C O R N E R - R E F L E C T O R O R I E N T A T I O N 

Reflector type 

Triangular corner reflector 

Square corner reflector.... 

Variation of B 
from optimum 

26° 
33° 
15° 
24° 
2.5° 
4.0° 

Energy reflected re
lative to optimum, 

per cent 

42 
17 
42 
17 
42 

6 

Optimum range 
free space, 
per cent 

80 
64 
80 
64 
80 
50 
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I t is apparent from the table that a corner reflector is an efficient 
target over a large range of angles, and that a flat plate is practically 
worthless as a target except when the radar beam is perpendicular to its 
face. 

The radar cross section of a corner reflector can be easily calculated 
for optimum orientation. I t is given by1 

12ira4 , 4ira4 

«r. = - ^ - and *« = - 3 ^ 

for units made of squares and triangles, respectively. The dimension a is 
a side of the square or a short side of the triangle, as shown in Fig. 9 5 . A 
calculation of <r( for a equal to 2 ft and X equal to i ft (10 cm) gives a radar 
cross section of approximately 600 ft2. A 2-ft triangular corner reflector 
has approximately the same radar cross section as a boat about 80 ft long; 
to get comparable ranges with the corner reflector it must be mounted at 
least as high as the effective heights of the other targets. If the wave
length is 150 cm the radar cross section is only 2.7 ft2. I t is thus apparent 
that small corner reflectors, in order to be useful targets, must be observed 
with microwave radar. 

I t is evident from the formulas given above that the area of the radar 
cross section of the square corner reflector is nine times that of one made 
of right triangles with legs equal to the sides of the squares. There is only 
twice as much material in the square reflector, but it is used more effec
tively. The reflection from the square corner reflector, however, falls 
off more rapidly with deviation from the optimum (see Table 91) so that 
for wide angles the triangular corner reflector is more efficient for the same 
area. 

In free space the factor of 9 will make a square corner reflector at 
optimum orientation visible about 70 per cent farther than a triangular 
one at optimum orientation in which the triangles are each half as large 
as the squares. Over water, however, the advantage is less for low 
targets, i.e., targets which are below the lowest lobe in the intensity 
pattern. In the "surface region" (defined in Sec. 101) there will be 
about a 30 per cent range advantage with the square corner reflector. 

There is a simple range dependence on size of either type of corner 
reflector. Since the radar cross section varies as the fourth power of the 
length of the side, the free-space range varies directly as the length of 
the side. In the surface region the range varies as the square root of 
the length of the side. 

Figure 9-7 shows a polar plot of free-space range against bearing for 
corner reflectors oriented as in Fig. 9-6, and it reveals the nature of the 

1 R. C. Spencer, "Optical Theory of the Corner Reflector," RL Report No. 433, 
March 2, 1944. 
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coverage to be expected from energy that reflects from the planes of the 
reflector. The four main lobes of the pattern are not equally spaced over 
360°; a study of the corner-reflector cluster oriented as in Fig. 9-6 will 
show that they should not be. Such a study will also reveal that when 
the cluster is so oriented that it gives one of the nulls between the large 
lobes, it is in a position to return energy from two planes intersecting 
along a horizontal line or from a flat plane perpendicular to the radar 
beam. In the figure, a value o = 6X was assumed in order to calculate 
the single-plane and two-plane patterns. Extensive experiments, which 
were carried out during the development of corner reflectors for life rafts, 

180" 
FIG. 9-7.—Angular distribution of energy from a cluster of corner reflectors. Solid lines, 

square corner reflectors. Dotted lines, triangular reflectors. 

failed to reveal any pronounced effect on range when the cluster was 
viewed over a wide range of angles. 

Because it is easier to construct, the triangular corner reflector has 
been used much more than the square one. In particular, if flexible 
metallic fabrics are to be used for the conducting surfaces, the triangular 
cluster can be made with a minimum of rigid members. This design 
was used in the construction of folding corner reflectors for rubber life 
rafts;1 a photograph of one of these units is shown in Fig. 9-8. A similar 
design should undoubtedly be adopted for life boats and rafts of peace
time ships. The units developed for the armed forces were made of 
triangles with a short side approximately 2 ft long. Much larger ones 

1 J. P. Nash and E. L. Hudspeth, "Corner Reflectors for Life Rafts," RL Report 
No. 608, Aug. 1, 1044. 
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would be practical for large lifeboats, and the corner reflectors could be 
mounted considerably higher than the 4-ft height that was the limit for 
rubber boats. 

In order to get increased ranges from corner reflectors used with ship-
borne radar, experiments have been made with reflectors carried aloft by 
balloons or kites. I t was found that increasing the height of the corner 

F I G . 9-8.—A corner reflector of the collapsible type mounted on a life raft. [Courtesy of 
United States Navy.) 

reflector has little effect on airborne radar sets, but greatly increases the 
pickup ranges when the radar antenna is low. Ranges cannot be 
increased beyond a certain value, however, no matter how high the 
corner reflector is elevated because the radar set has a definite range 
limitation for a target of given radar cross section. 

Efficient corner reflectors must be carefully designed. When one 
part of a reflector returns radiation which is out of phase with another 
part, destructive interference which reduces the efficiency of the reflector 
can be set up. Roughly speaking, a deviation of one third of a wave-



(o) 0>) 
F I G . 9-9.—A 4-ft corner reflector built with close tolerances, (a) Front view, (b) Side view. 
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length at the outside edge of the three planes of a corner reflector will 
reduce the signal strength by one half. As the size of the corner is 
increased, therefore, the resulting angular tolerance allowed in construc
tion becomes small. For example, if a triangular corner reflector with 
legs 2 ft long is to return at least one half of the 10-cm radiation incident 
upon its effective area at optimum orientation, the allowable error in 
construction of the three angles is 3.3°. For a wavelength of 3 cm this 
would be only 1°. The tolerances for square corner reflectors with the 
same edge sizes are even smaller. Three errors of about two thirds of a 
wavelength at the edge reduce the reflected energy by about 90 per cent. 

If a corner reflector is to be used as a marker where weight is not an 
important factor, it can be made very accurate.1 The 4-ft experimental 
model shown in Fig. 9-9 weighs 315 lb exclusive of the base and costs about 
$1200. (This is to be compared with a cost of a few dollars apiece for 
reflectors used in life rafts; in Sec. 6-7 the cost of a ground-based beacon 
is estimated at $20,000.) The accuracy of construction was such that its 
effective cross section at 1.25 cm was found experimentally to agree with 
the theoretical value of 600,000 ft2. 

The echo from this reflector at 1.25 cm was slightly stronger than that 
from a standard wooden airplane hangar 217 ft long and 160 ft wide. 
It could be detected at 30 miles with an experimental airborne 1.25-cm 
radar. A 1-in. displacement of one side caused the signal to disappear in 
the ground clutter. The ease with which this corner could be made to 
modulate the echo by moving one side made it easy to identify its echo. 
It was not possible to identify its echo with a 3-cm radar. 

In sum, corner reflectors used with microwave radar have many 
possible applications. Although it may not be possible to distinguish a 
4-ft reflector from ground clutter at 3 or 10 cm, the possibility of using 
larger reflectors and shorter wavelengths should not be overlooked. 

9-6. Principle of Superposition Navigation.2—When a radar set is 
operating within range of land, its indicator displays a pattern which 
resembles the actual land configuration. If the operator can match the 
radar pattern by superposing a map on it he can easily and accurately 
determine his position with respect to the land. The recognition of the 
PPI pattern is a prerequisite to the solution of many shipborne and air
borne navigational problems. 

Recognition.—Recognition is based upon the study of one or more of 
the following properties: (1) the relative signal intensities expected from 
the various topographical features and buildings; (2) the vertical dimen
sion (height) which controls shadows and which—because of the curva-

1 E. G. Martin, "Design of a 4-ft Corner Reflector for K-band," RL Report No. 
642, Aug. 20, 1045. 

» By E. E. Miller. 
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ture of the earth—controls the distance at which objects are visible; and 
(3) their relative positions and shapes in the horizontal plane. 

Of these, the first is not very reliable, but the second and third are 
geometric properties which can be analyzed quantitatively. The second 
property, the effect of height, can be analyzed by using terrain models 
with a point of light to replace the radar; this approach, however, is 
tedious and subject to serious deficiencies such as the variation of PPI 
patterns with variations in atmospheric refraction. 

The third property is the most useful and can be put into convenient 
quantitative form merely by optical superposition on the PPI of a map 
having the same number of miles per inch. When the position of the map 
is adjusted to match the radar pattern, each point on the map coincides 
with a corresponding point on the PPI . Thus, the relative positions and 
shapes of all features are easily and accurately compared, and the relative 
positions of objects with respect to each other are independent of the 
position of the radar set. 

I t is very much easier to identify a PPI pattern by matching to it a 
superposed image of a map than it is to find a resemblance between the 
two when they are observed side by side. The effects of curvature of the 
earth, shadowing, spreading of signals in azimuth due to the finite beam-
width of the radar, and the presence of a few ships on the water fre
quently combine to make a PPI pattern have little evident resemblance 
to the map. This pattern can, nevertheless, be lined up easily by 
superposition so that (1) each signal (except those attributable to ships, 
etc.) coincides exactly with a map feature which would reasonably be 
expected to give a signal, and (2) conversely, no map feature which 
should definitely give a return fails to have its superposed signal. The 
variations in the pattern caused by the effects of atmospheric refraction 
and the unpredictable variations in relative signal strengths of various 
types of land features do not preclude consistently reliable results. 
This, then, is a basic point: the quantitative comparison of relative 
positions on the map and the PPI forms so good a recognition tool that 
it overrides the inability to predict just what kind of a PPI pattern is 
expected; in fact, it normally requires the use of only a small fraction of 
the qualitative knowledge that we possess concerning radar signals. 

By the use of superposition, the relative positions and shapes of all 
signals can be ascertained very quickly. Some of these signals are simple 
and consistent, as are those from land-water boundaries for example. 
Others, like the difference between a river and flat land, may be confus
ing—sometimes the river is brighter than the land because of trees and 
buildings which line it; sometimes the reverse is true. But regardless of 
whether the course of the river is brighter or darker, so long as it matches 
its map counterpart in shape and position, and is consistent with the 
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other features, it contributes to recognition of the pattern by super
position. 

A question frequently raised by those unfamiliar with the technique 
is: What happens when the shoreline is straight and featureless? A 
number of deliberate attempts have been made to find such a shoreline. 
They have always failed. 

Matching Techniques.—As in airborne radar,it is necessary to vary 
the receiver gain control over a wide range in order to extract all of the 
useful information from the radar. Fortunately, there is normally an 
oversupply of information so that two or three convenient settings of gain 
control will suffice. The use of a three-tone PPI which shows informa
tion from two gain settings at two brightness levels, would obviously be 
a convenience, especially if the gain of the two levels could be varied at 
will. At full gain, a set with ample range will tend to block in a solid 
mass of signals from every land area within line of sight. Full receiver 
gain is, therefore, desirable for getting the initial rough match between 
the map and the PPI . 

Any PPI pattern should be regarded as being made up of the return 
from a large number of point reflectors on the map. These reflectors 
can have a variety of signal strengths. The return from each point will 
appear as a broadened signal on the PPI, centered on the associated 
point of the map. The amount of broadening of individual signals 
depends upon the effective beamwidth of the antenna and may be 
decreased by turning down the gain so that many weak signals disappear, 
isolating the stronger ones. 

It has been found by experience that many strong signals are located 
exactly on the shoreline. This is probably a combination of three 
circumstances: 

1. Many houses, docks, sea walls, etc., are built along shorelines. 
2. The objects on the shore are the nearest ones. 
3. Shoreline objects are reflected in the water. 

Whatever the reason, the phenomenon is very helpful because it makes 
possible the use of an isolating process for determining the proper position 
of the shoreline. 

When properly matched, the shoreline should bisect exactly a number 
of signals which are isolated by gain reduction (see Fig. 9-10). I t is 
expected that a large number of inland signals which, of course, are not 
bisected by the map shoreline will remain. Although ships may be 
visible on the seaward side, their signals remain isolated even at high 
gain, and so do not confuse the situation. The number of signals not 
bisected by the shoreline is immaterial, provided it bisects exactly a 
considerable number of signals. 
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■ O Position of ship"' j 
F I G . 910.—Bisection by shoreline of many signals isolated by reduction of the receiver gain. 

F I G . 911.—Tangency method of obtaining a navigational fix at high receiver gain. 

When the ship is fairly close to shore, a tangency method may be 
used for aligning the map accurately at high receiver gain. This method 
is particularly effective when the shoreline is sufficiently irregular to show 
up definitely at two or more points which are convex toward the radar. 
These points can be set tangent to and bisecting the seaward arcs in 
which the signal mass ends. This seaward arc represents in each case 
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the broadened signal of the land point nearest the radar and its nearer 
edge is not obscured by any other signal. This is shown in Fig. 9-11. 
Where the shore is indicated on the map as a low flat sandspit, the 
extreme shore edge is considered unlikely to give a return even at highest 
gain, especially when the radar set is at some distance. When several 
points can be made tangent to and bisecting their respective signal arcs 
and when the remainder—which are not tangent—can be fully explained 
by assuming that their extremities are too low and distant to give a 
return, the operator is safe in assuming that his match is correct. The 
tangency method can be extended to small protrusions along a shore 
where the full arc is not exposed, although bisection cannot be used on 
such points. Frequently, however, when the gain is reduced, these small 
points and spits will be seen perfectly bisected by one or more small 
signals, which in effect provide tangency plus bisection in two steps. 

With practice, an operator can learn a number of tricks which may 
prove useful when difficult conditions arise. At various gain levels, for 
instance, it may be possible to use map features like rivers, bridges, 
terraces, small isolated hills, etc. The top of a hill or ridge forms a 
shadow which can sometimes be used, particularly if the map shows 
contour or form lines to indicate the exact curve along which the shadow 
will start. (A shadow starts at points where the contour lines are 
tangent to a line connecting them to the radar position, that is, where 
they are tangent to the PPI trace as it crosses the region.) Bodies of 
water can often be outlined exactly on the PPI particularly at close 
range, by turning the gain very low. 

The kinds of artifices used depend on the nature of the terrain. On 
a flat coast, even electric power and telephone lines can sometimes be 
matched, but in mountainous country tangencies and shadows may be 
the only visible features that are reliable. On one occasion, an unusual 
example of the usefulness of this kind of matching was provided by an 
underwater reef, shown on the map, which could be perfectly matched 
to a region of abnormal sea return caused by the breakers on the reef. 

Buoys, which can be used when within range, furnish an added 
assurance that the match is generally correct. It has been found, how
ever, that buoys are rarely positioned with an accuracy comparable to the 
radar fixes. Accordingly, an inability to match buoys accurately with 
their charted positions should be expected, and land features should be 
relied upon to furnish the most accurate fixes. 

9-6. Chart-matching Equipment.1—Several devices have been de
signed and used for the superposition of charts on the PPI pattern. 

Direct projection of a real chart image on the tube face is out of the 
question because it would make the tube fluoresce and cause confusion. 

1 By D. B. McLaughlin and C. A. Smith. 
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All the devices described below are based on the superposition of a virtual 
image on the tube face, which involves the use of a partially reflecting, 
partially transmitting plate of glass, one side of which is coated with a 
nonrefiecting film. In one form the reflection that is used depends 
Bimply on the ordinary 4 per cent reflection from the untreated side of 
the glass. In another type, the reflecting side is specially coated to 
transmit yellow light and reflect blue light. 

Virtual PPI Reflectoscope, VPR.—The VPR is a device that presents 
the virtual image of a chart on the face of the PPI . A diagram of the 
optical system is shown in Fig. 9-12. 

F I G . 9-12.—Optical system of the Virtual PPI Reflectoscope, VPR, and of the Navigational 
Microfilm Projector, N M P . 

The chart table slopes at 45° to the vertical and stands in front of 
the operator like a sloping desk or drawing table. The mirror is vertical; 
the filmed glass slopes at 22.5° to the vertical with its upper edge nearer 
the operator and the reflecting side toward him. The operator looks into 
the tube along a horizontal line and sees the PPI face through the filmed 
glass without loss of resolution and clearness and with only a slight loss 
of intensity due to reflection. Light from a point on the chart is reflected 
first by the mirror, then by the unfilmed side of the glass plate and thence 
to the eyes of the operator. If the VPR has been adjusted so that the 
distance PR + RD is equal to the distance P'D, then the virtual image of 
the chart will appear to be in a plane that intersects the curved face of the 
cathode-ray tube. An example of a PPI pattern superimposed on a map 
is given in Fig. 9-13. 

When the chart is used with an indicator that shows only relative 
bearing, no further accessories are required. It is held by hand, flat 
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against the sloping chart table, and is shifted along or rotated to preserve 
the match with the PPI signals. In this case the top of the face of the 
cathode-ray tube is "dead ahead" and the operator can read off the 
information in terms of right or left of the course and distance along 
the course. 

F I G . 9-13.—Example of PPI pattern superimposed on map. 1, 2, and 3 are buoys; note 
small imperfections in positions of 1 and 3. 4, 5, 6, 7, and 8 are points of tangency; note 
slight errors in 6 and 7. Extreme sand spit at 5 does not show. 9 is a signal from a light
house only. 10 and 11 are ships. 12 represents small signals from debris. 13 is a ship's 
head marker. 14 is a position fix. 

When the radar is north-stabilized, north always appears at the 12-
o'clock position. The chart may then be affixed to a carriage which can 
be translated in two coordinates. Figure 9-14 shows a VPR with such a 
chart table in which the motion is effected by two long screws at right 
angles to one another. For convenience these should be so oriented that 
one is due north-south and the other east-west. Then all charts can be 
instantly and correctly oriented simply by making an orientation line on 
the chart parallel to a side of the chart carriage. The use of true bearing 
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assures greater accuracy and speed in obtaining a match because the 
operator does not have to hold the paper chart in place nor change its 
position angle. 

A gyrocompass is necessary for obtaining north stabilization auto
matically. On some small ships which may not have such a compass 
the P P I can be north-stabilized by means of a manual bearing unit. 
This unit is an auxiliary piece of equipment in which a differential 
generator is connected in series with the synchro leads from the antenna 

F I G . 9-14.—VPR with map table. 

to the PPI . By rotating the handwheel of the manual bearing unit, the 
PPI can be made to lead or lag the antenna by any number of degrees. 
The operator can set the manual bearing unit by judging the orientation 
of the PPI , or, if he knows the ship's heading, he can set the unit by 
means of a dial, graduated in degrees, which is geared to the handwheel. 
Although the manual bearing unit is not automatic and does not give as 
good north stabilization as a gyrocompass, it makes possible the advan
tageous use of any of the chart-matching devices which require north 
stabilization described below. 

The Navigational Microfilm Projector, NMP.—This projector is essen-
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tially a VPR, (Fig. 9-12), but the chart table is replaced by a translucent 
projection screen with a film projector beneath it. 

The entire projector is mounted in a frame which can be traversed in 
two perpendicular directions by means of long screws. Its operation is, 

Fiu. 9-15.—NMP attached to indicator. 

therefore, very similar to that of the VPR with a map table. Obviously 
the N M P can be used only with indicators that display the pattern in 
true bearing because there is no provision for rotating the projector or 
film holder. Figure 9-15 shows the N M P attached to an indicator. 

A great many charts can be carried on a 10- or 20-ft roll of film. Once 
a frame of the film has been placed in the film holder and correctly 
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oriented, the projector is moved in traverse by means of the screws to 
preserve the match of signals to the chart. When a screw reaches the 
end of its thread, it is run back, the film is repositioned, and the process 
is repeated. 

Standard scales of film charts are 1/2,400,000 and 1/6,000,000. Films 
of a number of United States Hydrographic Office charts have been made 
to these scales. The 1/2,400,000 film can be projected with lenses that 
magnify approximately 6 or 12 times (giving scales of 1/400,000 and 
1/200,000) to match the scales of the 12-mile and 6-mile sweeps used on 
Navy indicators. An alternative pair of lenses, magnifying 8.5 or 17 
times is used for indicators having a 5-in tube and sweeps of 4, 10, and 
20 miles. Thus, the magnification of 17 applied to the 1/2,400,000 chart 
gives an image of scale 1/140,000, approximately the scale of the 4-mile 
sweep. Magnifications of 8.5 and 17 applied to the 1/6,000,000 chart 
match the 20-mile and 10-mile sweeps. The pair of lenses to be used 
must be suited to the particular radar indicator. 

Film charts should be prepared by photographing the original charts 
as negatives on microfile film, which gives high contrast and clear lines 
on a dark grey field. With proper precautions, the scale of the film chart 
can be kept within a fraction of a per cent. 

The VPR and N M P both permit plotting on the chart (either the 
actual paper chart or the chart image projected on the screen). If the 
operator makes a mark on the chart or screen so placed that its virtual 
image lies at the center of the PPI , the mark will indicate the instan
taneous position of the ship relative to the charted region. A course line 
can be laid out and divided into segments, and fixes can be expressed 
in terms of the distance and direction that the ship is off course. The 
distance along course can be designated by position within each segment. 
Alternatively, a rectangular grid can be used, and fixes expressed in terms 
of the grid coordinates. 

The Autofocus Radar Projector, ARP.—The optical system of the ARP 
is shown diagramatically in Fig. 9-16. The microfilm is projected on the 
screen SS' and since QD = DQ' its virtual image appears at Q'. A two-
lens autofocus projection system gives magnifications ranging from 8.5 to 
42.5 and makes possible the matching of the scale of any of a wide range 
of PPI sweeps. With either scale of film, 1/2,400,000 or 1/6,000,000, 
the PPI 's with sweeps ranging from 2 to 20 miles can be matched. 

The single reflection between the projection screen and the eye 
eliminates the possibility of plotting on the projection screen. Instead 
of moving the projector and screen, the film is traversed in two mutually 
perpendicular directions by means of accurate screws. Distance counters 
geared to the traversing screws measure in yards the distance that the 
film travels on the scale of the film chart. (A gear shift makes it possible 
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to record the distances for either of the two film scales). The PPI center 
is always virtually on the axis of the optical system. 

The operation is as follows: a 1000-yd transparent grid is superimposed 
on the navigator's chart so that the origin of coordinates is at some chosen 
reference point, for example, a lighthouse or other precisely located point. 
In the projector the image of that reference point is made to coincide 
with the center of the PPI and the counters are set to zero. Then, when 
the film is moved to match the chart to the signal pattern, the counters 
at once read the distance in yards north or south and east or west of the 

r Mirrors 

Reflecting 
prism 

Coated glass lN 

F I G . 9-16.—Cross section of the optical system of the Autofocus Radar Projector, ARP. 

reference point. This fix can be quickly plotted on the chart by means 
of the superimposed grid. 

Less accurate fixes can be obtained by the principle of two bearings. 
A plexiglas protractor can be slipped into a slot just above the projection 
screen and rendered visible in silhouette by red lamps several inches above 
the screen. When the protractor is properly centered and oriented, it 
can be used to read bearings of a selected map point. These bearings 
can then be plotted on the paper chart and the position of the ship 
obtained by intersection. The fix depends on estimation of the nearest 
degree (between 5° marks), however, and this does not make full use of 
the accuracy of the map-matching technique. 

A photograph of the ARP is shown in Fig. 9-17. In Fig. 918 it is 
shown attached to a radar indicator. 

The Radar Chart Projector, RCP.—The preceding instruments are 
accessory devices designed to be attached to already existing indicators. 
The RCP, however, is itself a remote indicator with built-in projector 
and could be connected to any one of a number of different radar sets. 
It is intended to be used specifically for navigation. The place for the 
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F I G . 9-17.—Side view of ARP. 
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Flu. 9-18.—ARP mounted on radar indicator. 
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RCP, therefore, is on the bridge. The instrument is shown in Fig. 9-19 
and a diagram of its optical system is shown in Fig. 9-20. 

Except for the shifting of lenses to change magnification, the optical 
projection system remains fixed in position while the cathode-ray tube 
is moved in two perpendicular directions. The operator not only sees 
the chart in virtual superposition on the PPI by looking through the 
viewing lens, but he can also see the chart displayed on the projection 
screen on the top of the indicator. On the screen a course line can be 

F I G . 9-19.—Radar Chart Projector, RCP. 

laid off and rendered visible on the PPI by back-lighting the screen with 
the lamp above it. The position of the ship carrying the RCP can be 
plotted by making the shadow of the pencil point that is held against the 
screen coincide virtually with the PPI center; positions of other ships 
can be plotted by placing the pencil point (virtually) on the centers of 
the corresponding signals. 

The RCP contains two projectors and film holders (scale of film 
1/1,200,000 and 1/6,000,000. The two projectors (see Fig. 9-20) send 
out, to a second mirror, beams that are reflected by two pairs of prisms 
and a common mirror. The light then goes to the upper half-silvered 
mirror and from there to the screen. The image on the screen is seen 
reflected by the lower half-silvered mirror. Even though the passage 
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through these two beam-splitters involves considerable loss of light the 
image is bright and weH-defined enough for use. 

Operation is similar to that of the NMP, except that the projectors 
remain fixed and the PPI is moved. Almost all the features of the N M P 
are incorporated, including the tie-in of sweeps with chart scales. 

The sweep selector switch also selects the scale of projection to 
match the sweep. Four scales of projected image are obtained. The 
1/1,200,000 film magnified 30 times and 15 times gives 1/40,000 and 
1/80,000 whereas 1/6,000,000 film with the same magnifications gives 
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F I G . 9-20.—The optical system of the RCP. 

1/200,000 and 1/400,000. These correspond on a 7-in. tube to approxi
mately 2-mile, 3^-mile, 8-mile, and 16-mile sweeps. Precise scale match 
is secured by adjustment of the sweep length which varies all sweeps by 
about 10 per cent. No variation of magnification is possible except that 
due to changing lenses. 

9-7. Accuracy Obtainable by Chart Matching.1—Only two conditions 
normally require precise navigation: (1) operation near other vessels or 
other floating objects, and (2) operation near land or fixed objects. For 
the first, scanning radar equipment is the only safe answer, because it can 
detect uncooperative hazards such as icebergs, derelicts, and sea monsters. 
Scanning radar that employs map superposition is well suited to the 

1 By E. E. Miller and D. B. McLaughlin. 
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second condition because its accuracy increases as the shore is approached 
—just when it is needed. 

Navigation by superposition, using modest radar equipment, is 
markedly superior to visual navigation in clear weather, except for 
negotiating very narrow buoyed channels or breakwater entrances, 
coming in to mooring or docks, etc. These latter are more problems of 
pilotage and helmsmanship than navigation. Extensive tests of radar 
pilotage by methods of map-matching have shown an accuracy that is 
fully as great as that to be expected from the best visual fixes based on 
pelorus readings. The precision of the radar fixes could not equal nor 
even approach that of three-point sextant fixes, nor is such accuracy 
necessary. 

Accuracy is always limited by the accuracy of the PPI sweeps and 
the maps; given modern M-M PPI ' s with accurate range markers, and 
maps of United States Coast and Geodetic Survey quality, the limitation 
reduces in every case to the ability of the eye to detect small discrepancies 
at the scale of the PPI . Maximum errors over a large number of tests 
measure about ^ t in. on the scale of the PPI . I t would be unreasonable 
to expect more of the human eye. 

To obtain the most accurate fixes with present equipment, the use of 
distance counters geared to a traversable film holder appears to be the 
logical solution. The adaptation of such a projector to existing indicators 
could take a variety of forms, but use of the principle of virtual super
position can hardly be improved. Two reflections between the projection 
screen and the eye offer the possibility of plotting and measuring on the 
projection screen. One reflection makes this difficult, but the use of 
distance counters eliminates the need for screen plotting. The autofocus 
feature is not essential; adjustment of the sweep length for scale matching 
would be equally useful. 

Although the ease and certainty of identification are enhanced by 
narrowing the beamwidth and by shortening the pulse length, no great 
increase in accuracy has been found to accompany these refinements. 
I t is probable that most of the improvement resulted from the fast sweep 
rather than from the improved resolution. This surprising result was 
not anticipated by anyone, but the reason for it is plainly implied in the 
basic point brought out above, namely, that recognition by superposition 
is a quantitative procedure which normally requires only a fraction of the 
radar information available. 

Because of imperfections in indicators and maps, a compromise is 
required when fitting a map to the PPI . I t is usually necessary to 
tolerate some deviations in every direction and to make the general 
average of all deviations as small as possible. This type of averaging 
may be compared to plotting a large number of visual fixes on different 
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landmarks and taking the center of the cluster for the actual position. 
I t constitutes a check on both the map and the PPI and, except when the 
information is very scanty, it furnishes fixes more accurate than those 
that could be obtained by precision ranging on only two or three points, 
because any one of these points could be inaccurately located on the map. 

Although the motion of the ship between scans and during the time 
spent in matching detracts from the accuracy of fixes, ship speeds are so 
slow that the decrease in accuracy is not serious. 

TABLE 9-2.—RADAR FIX ERRORS 

Beamwidth, 
degrees 

12 
2 

12 
2 
2 

Pulse length, 
^ sec 

1 
0.2 
1 
0.2 
0.2 

Sweep length, 
miles 

12 
10 
6 
4 
2 

Maximum error 

miles 

0.1 
0.1 
0.05 
0.04 
0.02 

yds 

200 
200 
100 
75 
30 

Equipment used 

VPR, NMP 
ARP 
ARP, VPR, NMP 
ARP 
ARP 

All the data shown in Table 9-2 were obtained from observations made 
on moving ships. The figures represent maximum observed errors 
rounded off in such a way that not more than 10 per cent of a statistically 
large group of errors would exceed the values quoted. The procedure 
used was this: fixes were given at certain intervals. Between fixes the 
operator ran through various gain settings, very frequently moving the 
map by small amounts. Satisfied with the general correctness, he 
concentrated on the most reliable combination of features that could all 
be used with some particular gain setting. He then used the gain setting 
and the limited selection of features for getting a fix quickly—a timed fix, 
if desired. Although no data obtained with RCP are available, there is 
every reason to believe that this device is just as accurate as the others. 

One of the most serious problems is reading off the fix in suitable 
coordinates or transferring it to a navigational chart without incurring 
sizable error. This is made easier if both the matched map and the 
navigator's chart have identical grids. Ordinary navigational features 
like channels and shoals may be included on the map so that an operator 
sitting at the radar can plot the position of the ship directly on the super
posed map and give constant course and speed instructions to the helms
man. This method is probably the simplest, surest, and most accurate. 
Superposition equipment that allows plotting directly on the matched 
map is convenient for this purpose. 

Radar Maps.—Radar maps are used in a dim light and with PPI 
signals superposed on them; usually the scale is small. This limits the 
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symbols, shading, and coloring which may be used advantageously. 
Maps used in tactical operations during the war were made in only 
black and white and had standard symbols and nomenclature. Figure 
9-21 shows the symbols most frequently required. Hachures have been 
found to be more legible than the more conventional contour lines; and 
the numbers assigned to hills, lighthouses, and other tall targets are the 

(7) Lighthouse 

© Tanks or stacks 

p i Skyscraper or 
monument 

♦ Buoy 

City or industrial area 

Bridge 

Shoreline 
(mean low tide) 

Bank hachures 
Abank at the shore 
B-bank back from shore 

Bluff at shoreline 

'//mm* 

Hill hachures-
visible from 
surface at 
15 miles 

Mountain-
hachures 

vhfM i II fir - ^ " ^ V Mountain-
\\\\W ?l J){{ A. form lines 
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W Depression 
hachures 

&} H 11 fl Ravine 
^ ^ < ( j j _ L i hachures 

0 1 
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2 
nil , 

3 4 5 6 7 8 9 
. . 1 . . . . 1 . . . ,■ . . . . 1 ■■ , , 1 M . , 1 , 
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1 11 
nil 

12 
,1 

Thousands of yards scale 

• • • • • 
2000 yards per dot 
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• • 

F I G . 9-21.—Symbols commonly used on radar maps. 

normal detection ranges in nautical miles (approximately equal numer
ically to y/lih, where h is the height in feet) obtained with a radar 
antenna at zero elevation. The shoreline is drawn for the mean low-
water level. Figure 9-22 is a sample radar map of Cape Cod. 

Maps which have been used in United States coastal waters are 
1:80,000 United States Coast and Geodetic Survey navigation charts and 
the United States Geological Survey, USGS, topographic maps. Most 
of the shorelines, etc., are traced full-scale from the more up-to-date 
Geodetic Survey charts. The USGS maps are then used for filling in 
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the topographic features, a process made tedious by the difference in 
scale. At best, maps so prepared show only about one third of the water 
tanks and stacks, vital shorelines only approximately, and banks lower 
than 20 ft hardly at all. 

o 
O 
a a O 

*o 
P. 
6 

In European and Pacific waters, the available charts and maps have 
been used either in their orginal form or retraced with suitable symbols. 
Either black-on-white tracings prepared from this material or the orginal 
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maps themselves are copied photographically and printed as negatives 
(white lines on black) at the proper scale. 

The best source of data for these maps is an up-to-date aerial survey 
with complete stereo-pair coverage, but this would require a large 
investment in mapping, in terms of the amount gained over maps and 
charts now in existence. In the future, whenever a coastal survey is 
revised, aerial photography will undoubtedly be used. I t is to be hoped 
that those in charge will be aware of the requirements of maps for radar 
uses when they set up their procedures for reducing the photographic 
material to map form. 

The distortion involved in reproducing, on a plane, a section of the 
curved surface of the earth sets a limit to the size of the region that 
can be covered by a single radar map. Even for the small regions used 
thus far, attention must be paid to the type of mapping projections. 
The United States Coast and Geodetic Survey navigation charts are 
Mercator projections, which means that the latitude and longitude lines 
are straight and parallel. Each chart has a scale 1:80,000 in all direc
tions at its mid-latitude. As a result, the features of one chart cannot 
be brought into exact register with those on the next chart to the north 
or south. 

Conic projections are standard for Geological Survey maps and many 
others because they represent the surface of the earth more accurately. 
In the conformal conic projection, parallels of latitude become concentric 
circles, and meridians of longitude become radial lines. The distortion 
of a Mercator projection at latitude 50°, with respect to a PPI on an 
80-mile sweep, amounts to about ± 1.5 per cent of the sweep length, 
whereas the corresponding distortion of a conic projection is certainly 
less than a tenth of that. Nevertheless, for sweeps of 12 miles or less, 
the distortion of the Mercator charts is not appreciable. Because so 
many nautical charts are Mercator, the practice in the immediate 
future will probably be to use them as a basis for radar maps. 

Many errors found in charts or maps are due to failure of the chart 
paper to hold its orginal dimensions, not to surveying or drafting errors. 
Absolute scale is not important in charts carrying a scale printed on them, 
but when a strain in the material causes shrinkage in one direction that 
is different from that in another direction, the resulting distortion is 
serious. The dimensional stability of photographic film is adequate for 
the purpose, but that of printing paper is not. Almost all printing 
papers are so glossy as to cause glare in the superposition device; but 
far more serious is their large distortion in processing. Certain kinds of 
ozalid-type paper, and at least one kind of waterproof print paper, that 
have adequate stability and no gloss are available. In some forms of 
superposition equipment the material is reduced to the microfilm size 
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used in a projector. These films are free from distortion, but there are 
other practical drawbacks to the microfilm method. 

Paper prints are usually prepared in sections that overlap each other. 
When large maps are required, wide scrolls that roll vertically and are 
translated horizontally may be made. 

Indicator Requirements.—Since accurate adjustment of scale between 
the map and the PPI must be made by changes in the sweep speed of 
the PPI, the sweep-length control should be accessible on the front of the 
indicator. A second control is required to move the beginning of each 
sweep toward, or away from, the center of rotation. The linearity of 
modern M-M PPFs is excellent except for a small region at the start of 

• H-l-H-l • ) H l l | 
Incorrect Correct 

(a) Adjustment of trace length. 

[• [• M- H • H H -H 
Incorrect 

Correct 
(b) Adjustment of centering. 

F I G . 9-23.—Adjustment of PPI scale and centering for map-matching. The arcs are 
segments of range circles of the indicator and the dots represent the scale of the map. 

the sweep. For optimum performance, the sweep should be so designed 
that the nonlinearity at the start is as short as possible. This means 
that there will be a small but harmless hole in the center of the PPI 
pattern when it is properly adjusted for mapping. This hole must not 
be confused with the much larger altitude hole which is normally char
acteristic of an airborne PPI presentation. 

One method of checking the zero error is to measure the ranges to 
known points when the radar location is known, and then compare the 
radar results with map measurements. Another method using super
position requires fitting the PPI to a number of map points on all sides of 
a harbor or bay and making the final adjustment by changing the center
ing control if necessary. Then, by spanning the PPI with the scale of 
dots normally used in its adjustment, the centering error of the pips 
(which is now the zero error of the range markers) can be determined by 
fitting the dots to one side of the PPI, estimating the misfit (algebraic 
average) on the other side in fractions of a mile, and dividing by two— 
since the zero error appears twice in the diameter. This process is 
illustrated in Fig. 9-23. 
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The off-center PPI is, unfortunately, rather badly distorted as soon 
as it is off-centered by more than one tube diameter. A centered M-M 
PPI, the only known CRT presentation that gives a geometrically precise 
two-dimensional display, is responsible in large measure for the success 
and accuracy of the superposition technique. North-stabilized PPI 's are 
far more convenient to use and are more accurate than relative-bearing 
types. The greatest advantage of the stabilized indicator is that yaw does 
not interfere with the measurement of angles between signals. An accu
rately stabilized PPI would completely eliminate rotation as a degree of 
freedom in map-matching, and this in turn would make it possible to 
obtain fixes with less radar information on the tube. For this purpose, 
compasses correct to +0.5° at all times are desirable because an error of 1° 
in the orientation of the matched map can easily be detected. 

Suggested Improvements.—Greater compactness of matching devices 
is desirable. To this end, a PPI built into the same cabinet with 
the projector is suggested. The RCP is suitable for a large ship where 
there is room for such remote indicators, but for general use a smaller 
instrument is required. A short range sweep (1 or 2 miles) on a cathode-
ray tube, which is flat-faced to minimize parallax in superposition and 
used with the basic VPR, would be a compact and simple arrangement. 

Because it is difficult to examine rolls of film in order to find the desired 
frame, even on a well-indexed roll, it may be desirable to use a separate 
slide for each chart. More space would be needed for storage but 
selection of the desired frame could be made more readily than with 
a roll of film. 

The dead-reckoning tracer or odograph resolves the motion of the 
ship in rectangular coordinates and traces the course on a plotting sheet. 
This suggests the use of the odograph data for driving the projector 
screws (or the film-holder screws), thereby keeping the chart matched. 
To compensate for set and drift, differentials could be inserted between 
the input of odograph data and the projector drive (or film-holder drive) 
for each coordinate. The differential component due to set and drift in 
each coordinate could be determined by the rate of motion required to 
keep the chart in match with the PPI . Once determined, this rate 
could be constantly fed into the differential and as long as the rate 
remained constant, the chart would stay in correct match. 

9-8. PPI Simulations.1—Many attempts have been made to use sets 
of PPI patterns for navigational purposes. One method of obtaining 
PPI patterns is to send out an airplane or boat to patrol a desired area 
and constantly take PPI photographs. Another method of obtaining 
PPI patterns in advance is the Radar Planning Device (RPD) technique. 
The RPD is essentially a point source of light fitted for mounting on a 

1 By D. B. McLaughlin. 
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relief model of a portion of the surface of the earth. Intended orginally 
for determining radar coverage against hostile airplanes, it was found to 
be extremely valuable for the prediction of PPI patterns and for the 
preparation of simulated PPI pictures. 

The point of light is placed on the relief model at a point corresponding 
to the position of the radar antenna. Areas that will give signals will be 
illuminated and other areas will appear dark. A photograph of the 
model thus illuminated will show spots of light in the positions of the 
corresponding scope signals. The spread of signals in azimuth can be 
simulated by copying the picture on a film mounted on an easel that is 
arranged to rotate about the center of the simulation as the exposure is 
made. The resulting picture almost perfectly duplicates an actual PPI 
photograph obtained with a radar situated at the corresponding point on 
the land or water. 

Such simulations have been used in navigation tests, principally by 
two methods. In the first, the simulation is mounted in the chart 
position on a VPR which is on a table that can be traversed a short 
distance in rectangular coordinates. With the simulation centered on the 
PPI, the adjustable scales of X and Y are set to zero, and the table is 
traversed until the simulated and the true PPI 's are superimposed as 
exactly as possible. The distance of the ship from the position for which 
the simulation was prepared can be read on the scales. 

The other method makes use of a rectangular grid superimposed on 
the simulation. The signal patterns of the PPI and the simulation are 
made to coincide, and the apparent place of the PPI center is read off at 
once in terms of the rectangular grid. 

The application of the R P D technique is limited. To be of use, it 
requires that the course to be followed must have been chosen well in 
advance and the simulation prepared from a relief model constructed at 
the cost of much time and effort. Such cases did arise during the war 
when invasions were prepared months in advance, but it does not appear 
feasible to use these techniques for general navigation except in special 
regions—where a narrow channel is to be negotiated, for example. 

The greatest value of RPD for navigation would appear to be in 
briefing and in the aid it can give the radar operator in showing what 
topographic features will give signals and what ones will not. This 
would greatly facilitate recognition of terrain features and identification 
of signals. If the simulations are used in the VPR, however, they should 
certainly be a part of the VPR chart. As always, the chart should have 
the shoreline and the more prominent topographic features marked by 
their conventional signs, and the simulated scope pattern should merely 
supplement these chart features. In tests of navigation, by matching 
simulated PPI's to real signal patterns, the fixes did not attain the degree 
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of accuracy given by the simple chart-matching procedure that makes 
use chiefly of a chart on which the shoreline is by far the most important 
feature. 

Both PPI photographs and R P D simulations are sensitive to such 
factors as variation in atmospheric refraction whereas the accuracy of 
simple map superposition is not affected. Indeed, the map-superposition 
method benefits by supernormal propagation in that it is able to obtain 
fixes at a greater distance from shore. 
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CHAPTER 10 

A SHIPBORNE NAVIGATIONAL RADAR 

B Y J. P. NASH, R. M. EMBEBSON, AND R. E. MEAGHBR 

The problem of designing a shipborne navigational radar is influenced 
3trongly by several factors beyond the designer's direct control. These 
are the low altitude of both the antenna and targets, the effect of the 
curvature of the earth, the interference between direct beams and those 
reflected from the water, and atmospheric refraction. I t is fitting, 
therefore, to begin this chapter with a discussion of radar propagation 
over water. 

10-1. Radar Propagation over Water.1—The propagation of radar 
waves over the curved conducting earth is complicated, although there 
is little reflection of microwave radiation by the ground, and the antenna 
pattern over land is usually a clean-cut lobe. Over water (and over land 
with long-wave radar) the situation is more complicated. The problem 
can be studied as a problem in diffraction by careful analysis with ray-
tracing methods near the radar set and in the region below the horizon. 
A detailed discussion is found in Propagation of Short Radio Waves and 
Radar System Engineering, Vols. 13 and 1, Radiation Laboratory Series. 
Only enough of the theory to give the reader a feeling for what goes on 
outside the shipborne radar set is presented here so that he may under
stand more fully the nature of the problems that arise and how proper 
radar design can solve them. 

Before studying the contribution of the surface of the ocean to the 
behavior of radar waves after they leave the antenna, the so-called 
"free-space" case, in which the radar set and its target are supposed to 
be in an otherwise empty space, should be reexamined. In Sec. 1-3 it was 
pointed out that in free space the dependence of range upon other factors 
can be expressed by the equation 

I t is apparent that the free-space range varies inversely as the square 
root of the wavelength if all other quantities in Eq. (1) are held fixed. 
That is, in two radar sets for which all quantities of Eq. (1) except X 

1 J. P. Nash. 
354 
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are the same, one of which has a wavelength of 10 cm and the other a 
wavelength of 40 cm, it is clear that the 10-cm set gets twice the range of 
the 40-cm set. This increase of range, however, comes from a greater con
centration of energy by the 10-cm set, caused by a narrowing of the radar 
beam. The 40-cm set will have the same range if the area of the antenna 
A is increased by a factor of 4. Because this dependence on wavelength 
is actually a dependence on the ratio of the wavelength to the area of the 
aperture, the quantity A/\ should be held fixed to determine what 
happens outside of the radar set when the wavelength is changed. In 
this way the wavelength factors associated with overwater propagation 
phenomena are separated from those related to the free-space range of the 
set. 

The most important aspects of the problem are brought out by assum
ing that the earth is flat within the horizon circle of the radar antenna 

Height of y r ^ ^ ^ ^ ^ "e«U" f 

antenna ha]_ \ ^ ^ ^ ^ ^ ^ ^ | J_ t a r 8 e t h' 

Surface of water 
F I G . 10-1.—Diagram showing paths of energy from radar antenna to and from the target. 

and that the surface of the ocean reflects radar energy perfectly, so 
that all of the energy striking the water continues on its way after 
being reflected. These two assumptions, a flat surface and 100 per cent 
reflection, greatly simplify the problem and permit the derivation of 
theoretical results of practical value. The approximation, as a matter of 
fact, is not bad with horizontally polarized 10-cm radiation. The theo
retical value of the reflection coefficient for a smooth sea is 95 per cent 
for a grazing angle of 0.5° and 85 per cent for an angle of 2°. The actual 
value of the coefficient is subject to rapid fluctuations about the average 
value. 

What happens if a radar antenna at height ha sends energy out over a 
perfectly reflecting flat surface? As indicated in Fig. 101, a point P at 
height ht in space will receive energy that travels along two different 
paths, one a straight line and the other an indirect path by way of the 
reflecting surface. The amplitude will vary from point to point because 
of the difference in phase introduced by the two path lengths. If ha and 
h, are small relative to R, the amount of energy going by one path can 
be assumed to be the same as that going by the other. 

I t can be shown, assuming a phase shift of 180° upon reflection from 
the water, that if a radar set has a pulse power output of Pt watts, an 



356 A SHIPBORNE NAVIGATIONAL RADAR [SEC. 101 

antenna of area A and a wavelength X, the power flow per unit area S a t 
the point P is given by 

^ ^ " ' I * * [2jr hah, [ 
X R J (2) 

when /i„ and ht are small compared with R. The value of the antenna 
gain G = JL4/X2. 

This discussion applies only to radar propagation inside the circle of 
the horizon. This space can be divided vertically into two regions. 
The first, the surface region, is immediately adjacent to the water where 
the targets of greatest interest to shipborne radar he. A special range 
equation applies to this surface region. The second region, the lobe 
region, lies above the first. 

Lobe Region.—It is more convenient to discuss the lobe region first. 
Because of the sine-squared factor in Eq. (2), at a fixed range the value 
of S can be made to vary between zero and a maximum of Pfr/irR2 by 

Lobes at 
= 60 cm 

5 10 15 
Ranee in nautical miles 

F I G . 10-2.—Lobe structure for 10-cm and 60-cm radiation over a flat reflecting surface. 

varying the values of X, ha, and ht. Maxima occur when the angle is an 
odd multiple of ir/2, the first maximum appearing when 

h = A. 
R Ah' (3) 

But ht/R, to a good approximation, is the elevation angle of P from the 
transmitting antenna. Hence, the elevation angle of the first maximum 
above the water is X/4/ia radians, that of the second is 3X/4/j0, etc. In a 
similar manner, minima at \/2ha, 2\/2ha are found. The field distribu
tion in space consists, then, of a number of lobes, with a maximum 
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intensity along the center line of each lobe. The lobes are separated by 
regions of low intensity. If the two assumptions above were correct, the 
intensity would be zero, theoretically, midway between two adjacent 
lobe maxima. 

Figure 10-2 shows the lobe structure above a flat reflecting surface for 
two radar sets operating on wavelengths of 10 and 60 cm and with 
antennas 30 ft high. A good 10-cm radar set with a pulse power output 
of about 20 kw and an antenna area of about 2 ft2 should detect a large 
airplane along these contours. The surface region for 10 cm is indicated. 
It is important to notice that the lobe structure is much finer for the 10-cm 
than for the 60-cm radiation and that there are six times as many lobes 
at the shorter wavelengths. They also increase in number as the antenna 
is raised. 

Surface Region.—The surface region lies beneath the lowest lobe. It 
is more important to the navigator because its position determines the 
radar coverage near the water. From Eq. (3), which defines the position 
of the lowest lobe, it is clear that targets are in or above the lowest lobe if 

R g ^ ' (4) 
A 

and are in the surface region if R is greater than this value. For targets 
that are at a reasonable distance the angle of Eq. (2) is small and the sine 
may be replaced by the angle. If ha = 30 ft, ht = 20 ft, and 

X = 10 cm = i ft, 

the surface region is more than 2400 yd away. If there is a point 
target of radar cross section a at P (Fig. 10-1) and if the minimum 
detectable signal of the radar set is Smin, it can then be shown from Eq. 
(2) that 

This equation has been called the "eighth-power range formula" because 
range varies as the eighth root of the transmitted or received power 
rather than as the fourth root in free space [see Eq. (1)]. Equation (5) 
is valid only for a point target in the surface region (a region often 
referred to as the "eighth-power region"). 

As an example of the use of Eq. (5), let us calculate the maximum range 
at which a small cabin cruiser can be detected with a radar set mounted 
40 ft above the water, assuming that the cruiser can be treated as a point 
target. Let us assume t h a t P ( = 20 kw at 3 cm, thatPi/<SmiD = 2 X 1016, 
and A is 1.3 ft2 or 0.8 ft2 when an efficiency factor 0.6 is used. A 
reasonable value for the radar cross section a of the target is 70 ft2, and 



358 A SHIPBORNE NAVIGATIONAL RADAR (SEC. 101 

a good target height to assume for a small cabin cruiser is 10 ft. A 
substitution of these quantities into Eq. (5) gives R = 27,000 ft or about 
9000 yd. I t must be emphasized that this value of R is based upon a 
flat-earth approximation and upon the assumption of a point target and 
cannot be relied upon as an exact value. It does, however, give the 
proper order of magnitude for the expected maximum range on a cabin 
cruiser when conditions of standard refraction exist. 

Table 10-1 gives some experimentally determined values1 of heights 
and radar cross sections of several kinds of vessels. The values given 
were derived from data obtained with 3-cm equipment. Because the 
dependence on wavelength is small, the heights and cross sections are 
applicable for most microwave frequencies and low antenna heights. 

T A B L E 1 0 1 . — E F F E C T I V E H E I G H T S AND R A D A R C R O S S SECTIONS 
V E S S E L S 

Target 

Low cabin cruiser about 40 ft long 
Tanke r 
Large freighter 
U. S. N a v y cruiser 

Effective height, hi, 
ft 

10 
30 
60 

100 

FOR S E V E R A L S U R F A C E 

R a d a r cross section, 
ft2 

70 
24,000 
80,000 

150,000 

We have given in the preceding paragraphs some equations that 
reveal the general nature of the behavior of radar energy over water. 
The conclusions which may be drawn from this discussion are as follows: 

1. In the lobe region, because of reflection from the water, ranges on 
targets (such as aircraft) at the centers of the lobes may be increased 
over the free-space values by nearly a factor of 2. Also, in the same 
region, the range on similar targets between the lobes will be much less 
than the free-space range. 

This can be seen by setting the sine-squared term in Eq. (2) equal 
to unity and comparing the resulting expression for S with 

P = 4irfl2 

given in Sec. 1-3. Since four times the power is present at 
point P, 16 times as much power returns to the radar antenna. 
Since the range (in the lobe or free-space region) varies as the 
fourth root of the power, it is apparent that the range in this case 
is doubled. 

1 O. J. Baltzer, V. A. Counter, W. M. Fairbank, W. O. Gordy, E. L. Hudspeth, 
"Overwater Observations at X and S Frequencies on Surface Targets," RL Report 
No. 401, July 26, 1943. 
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In actual practice the roundness of the earth and the imperfect con
ductivity and roughness of sea water make the range increase less 
than a factor of 2 for microwaves, but ranges approaching the 
doubled value have been observed. Also, since there is no way of 
getting extra power for nothing, the range on an airplane midway 
between two lobes, although theoretically zero, is actually very 
greatly reduced from the free-space value. 

2. Other factors being equal, the best radar coverage over water is given by 
short wavelengths. This is immediately apparent from Eq. (3) 
because the elevation angle of the lowest lobe varies directly with 
the wavelength. Figure 10-2 shows this clearly. A quantitative 
idea of the advantage of short wavelengths is obtainable from Eq. 
(5). The fourth-root term involving A/\ is ignored since it was 
assumed that this factor was held constant in comparing one set 
with another. From the square-root factor (/i<,/ij/X)w, it is seen 
that the range in the surface region varies inversely as the square root 
of the wavelength. This means that if the free-space ranges of a 
10-cm and a 40-cm radar were equal, the 10-cm system would have 
twice the range of a 40-cm radar set on targets in the surface region. 

Equation (5) also shows that the range in the surface region is directly 
proportional to the square root of the product of ha and ht. Since 
the height of the target is beyond the control of the radar designer 
he must content himself by mounting the radar antenna as high 
as is practical. An antenna mounted at a height of 40 ft will give 
twice the surface range of the same antenna when only 10 ft above 
the water. 

For point targets like corner reflectors, the square-root relationship 
between R and h, has been confirmed experimentally. For larger 
targets like ships an "effective height" must be used to calculate 
ranges. Its determination would be relatively simple if it were 
not for the presence of the unknown value of a which also appears 
in Eq. (5). When a target moves out of the lowest lobe and into 
the surface region, the returned energy no longer obeys an inverse 
fourth-power law, but follows an inverse eighth power, as given by 
Eq. (5). Hence, it is possible to determine experimentally the 
range at this point of transition and to calculate an effective height 
from Eq. (4); a can then be found from Eq. (5). The values given 
in Table 10-1 were obtained in this way. 

3. Intensity of energy in the surface region is low. Since range varies 
as the eighth root of the output power for targets in the surface 
region, this power must theoretically be increased 256 times in 
order to double the range. In practice the figure may even be 
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higher than this. The free-space factor for doubling the range is 
only 16. This means that maximum ranges in the surface region 
are much lower than in free space for the same power and target 
size. I t also means that for targets in the surface region, changes 
in power have a much smaller effect upon range than they do in 
free space. 

Nonstandard Propagation.—The above discussion of the structure of 
the composite radiation pattern caused by the interference between the 
direct and reflected beams has been based on the assumption of a flat 
earth and 100 per cent reflection from the water. In Sec. 1-4 it was 
stated that the distance to the radar horizon for microwave energy is 
normally 14 per cent greater than the geometrical value. The energy is 
sometimes refracted nonuniformly, however, in such a way that surface 
detection ranges many times greater than those ordinarily achieved 
result. I t is also possible for the reverse to happen, in which event ranges 
of less than the expected values will be obtained. Since decreases in 
range occur much less frequently than increases, a prolonged period of 
substandard ranges usually means that the radar set is not performing as 
it should. Extensive studies have been made of the causes of nonstand
ard propagation, and a more detailed discussion of the subject will be 
found in Vol. 13, Chaps. 3 and 4, of this series. 

The atmospheric conditions that cause nonstandard propagation 
usually occur within a few hundred feet of the surface of the earth, 
although higher layers are sometimes of considerable importance. Unless 
the radar energy is directed almost parallel to such a layer, it is affected 
very little. Consequently, airborne radar sets are not affected by non-
standard propagation phenomena unless the aircraft are flying very low. 
Aboard ship, these effects are important because the antennas are low. 
It is possible, by means of temperature and humidity measurements over 
a range of heights, to determine whether or not a trapping condition 
exists at a given time, but the problem is so complicated that reliable 
prediction of periods of nonstandard propagation is not yet possible. 

Low-level ducts that guide microwave energy in such a way as to 
permit the detection of objects at great distances below the horizon are a 
common occurrence. Under some conditions, the ranges for detection of 
surface targets can be extended by reducing the height of the radar 
antenna, but these low ducts do not occur often enough to warrant mov
ing the antenna down. In periods when the duct does not exist or is 
very weak, lowering the antenna causes a loss in range. 

Very strong trapping of the shortest wavelengths in surface ducts is 
likely to occur only near large land masses. The longer wavelengths may 
be affected similarly both near to and far from land because of elevated 
regions of nonstandard refraction as well as surface ducts. 
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Measurements have been made over a 36-mile one-way path along 
the coast of Massachusetts with a transmitter at 100 ft and receivers at 30 
and 130 ft, together with simultaneous meteorological and radar observa
tions, for the purpose of studying the details of the mechanism underlying 
nonstandard propagation. I t was found that during the fall and summer 
"standard signal"1 was the exception rather than the rule for microwaves. 
Owing to the types of atmospheric conditions that exist when there is 
warm dry air over water, one-way signals from 1000 to 100,000 times 
(30 to 50 db above) the standard signal level occurred with equal fre
quency at 3 cm and at 10 cm. 

On the other hand, when the air was colder than the water, 3-cm 
radio waves were affected more than 10-cm waves, although both were 
affected less than previously. Signals at both wavelengths increased in 
power from 10 to 1000 times (10 to 30 db above) the standard. The 
3-cm signal was strong more often than the 10-cm, and it usually was 
higher above the standard level. During these periods radar ranges on 
surface targets were extended by as much as 25 per cent above normal. 

Substandard conditions were present when the air was warm and 
moist, and they sometimes existed for several days at a time. The 
reduction in radar ranges on surface targets which accompanied sub
standard conditions did not markedly change with wavelength. 

Results of these experiments showed variations in one-way received 
power by a factor of more than one billion, or 90 db, and the radar 
ranges on random surface targets varied from approximately 10 miles up 
to 240 miles. 

The following table gives the observed data. It should be emphasized 
that these data refer only to this particular transmission circuit, time, 
and location. 

T A B L E 10-2 .—STATISTICS OF S- AND X - B A N D TRANSMISSION IN SUMMER, 1944, ALONP 
THE N E W E N G L A N D C O A S T 

D a t e 

July 10-16 
Aug. 21-27 
Aug. 28-Sept . 3 
Sept. 25-Oct . 1. 

Oct. 16-22 

X, cm 

10 
3 

10 
3 

Per cent 
of t ime 

above s t andard 

63 
97 
80 
58 
80 
76 
92 

Per cent 
of t ime 

s t andard 

1 
0 
5 

27 
20 
22 

Per cent 
of t ime 

substandard 

36 
3 

15 
15 
10 

2 
0 

1 Standard sigtial level is denned as t h e "signal level a t the receiving an tenna 
computed for an ea r th ' s radius assumed to be | t he t r ue rad ius , " i.e., for s t andard 
refraction. 



362 A SHIPBORNE NAVIGATIONAL RADAR [SEC. 10-1 

An example of unusual atmospheric refraction is shown in Fig. 10-3. 
The ship is 30 miles east and slightly north of Cape Charles, Va. The 
sweep length is 100 nautical miles. The echoes from 0 to 100 miles 
at a bearing 30° east of north are reflected from Long Island and 
the Connecticut and Rhode Island coasts on third sweeps of the PPI. 

F I G . 10-3.—An example of nonstandard propagation. The signals at bearing 30° extending 
from the center to the edge of the picture are between 200 and 300 nautical miles distant. 

Since these signals are, in effect, delayed 200 miles, a considerable amount 
of distortion results. Signals from the Rhode Island and Cape Cod 
coasts were visible at the time of this photograph on the second sweep 
of another indicator when a 200-mile sweep was used. These signals 
represent targets between 275 and 345 nautical miles away. 

An extreme case of anomalous propagation has occurred over the 
Indian Ocean. Echoes from the coast of Arabia have been seen from 
the west coast of India, a distance of 1200 miles. 
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In general, 3-cm energy from low antennas is more likely to be trapped 
and guided along the surface than is 10-cm radiation. Other things 
being equal, then, a 3-cm set is likely to give better surface coverage than 
a 10-cm set when its antenna is mounted at the same height, for in 
addition to the low-cover advantage obtained from the shorter wave
length under standard propagation conditions, there is the added pos
sibility of radiation trapping. 

Propagation over land is also affected by nonstandard refraction, 
but in this case the effects are even more complicated. Periods of non-
standard refraction usually occur at night; one of the principal results is 
an increase in ground clutter caused by guiding of energy near the surface 
of the earth. 

I t has been suggested that there may be refraction effects that will 
cause the rays to bend appreciably in the horizontal plane, giving rise to 
possibly erroneous bearing information. The small amount of informa
tion now available (obtained over land, which may possibly exaggerate 
the effect) indicates that an extreme value for such bending is about 0.1°. 
It is, at any rate, too small to measure very accurately. Bending in the 
vertical plane may be somewhat larger, according to the small amount 
of information available. 

10-2. General Specifications of a Shipborne Navigational Radar.1— 
Although the basic electronic circuits in a shipborne radar may be 
identical with those used in airborne or ground radars, the operating 
conditions and requirements peculiar to shipborne equipment are prob
ably more severe. Ship equipment must operate dependably for 
several weeks at a time. It must be designed to withstand continuous 
vibration and high humidity coupled with the highly corrosive action of 
salt air, and to operate in spite of large voltage fluctuations in the power 
supply of the ship. 

The simplest radars are designed as a single unit. Any departure 
from this construction increases the complexity of the system. On the 
other hand, if a number of units are used, only the indicators need be 
installed on the bridge or at other already crowded stations. A surface-
search radar may be conveniently designed in four units: an antenna 
assembly, a transmitter-receiver or r-f package, an indicator and control 
package, and a power-supply package. 

Before a radar set is designed for use on a ship it must be decided 
whether the set is to interrogate beacons. If beacons are to be used, 
either with or without interrogation coding, they and the radar set must 
be designed together as components of a more comprehensive system. 
Beacons designed as an afterthought have never been completely satis
factory. I t must be decided, in particular, whether the radar traffic is 

1 Sections 10-2 to end of chapter by R. M. Emberson and R. E. Meagher. 
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likely to be so dense that interrogation coding for beacons will be needed; 
the design of the modulator will depend on the decision. Also, the 
desirability of rapid switching between reception of beacons and echoes, 
and of automatic control of the tuning for reception of beacons must be 
judged, and the receiver designed accordingly. The special requirements 
to be incorporated into a radar that is to operate with beacons have 
been given in Sec. 9-3. AN/APS-10 was designed and built to operate 
with beacons. I t is not necessary to discuss this aspect of the problem 
explicitly here since it is discussed in Sec. 6-3. 

The general specifications are as follows: 
Antenna: Horizontal beamwidth 2° or less; vertical beam width 15°. 

In the horizontal plane, the secondary side lobes less than rinns of the 
central beam intensity at all angles more than three beamwidths (6°) 
from the axis. Scan rate approximately 6 rpm. 

Transmitter: at 3.25 cm, with 50-kw pulse power and ^-/isec pulses; 
repetition rate 1000 cps. 

Receiver: noise figure no more than 15 db below the value theo
retically possible; 6- to 8-Mc/sec bandwidth with a 30-Mc/sec i-f ampli
fier. Video channels in the receiver and indicator should be at least 
6 Mc/sec wide. 

Indicator: 12-in. PPI , with 2-, 10-, 20-, and 40-mile sweeps. Angular 
accuracy to be better than 2°, with a lag of less than 0.5° and a " j i t t e r " 
of less than 0.05°. Accuracy of range markers to be better than 1.5 per 
cent of the indicated amount. 

10-3. Antenna Assembly.—The most common radiation pattern of a 
radar antenna is a beam widened in one direction rather than a symmet
rical pencil beam with a circular cross section. Shipborne radar intended 
solely for navigation and pilotage ideally should have the sharpest 
possible pencil beam to provide the greatest resolution in azimuth and the 
maximum detection ranges. The relationship between resolution and 
beamwidth is illustrated by Fig. 10-4. The rolling and pitching of a 
ship, however, make the utilization of a sharp beam impractical. Sta
bilization problems are discussed in connection with airborne radar in 
Sec. 5-4 and in more detail elsewherein this series.1 Aspects of the prob
lem particularly pertinent to shipborne radars are briefly treated here. 

Deck-tilt Errors.—The use of an unstabilized fanned radar beam can 
introduce appreciable azimuth or deck-tilt errors for certain relative 
bearings. This is easily understood if one considers first a radar antenna 
turned to a target located at 270° relative bearing, i.e., on the port beam. 
Let us assume that the ship does not pitch. Then, as the ship rolls the 
vertically fanned beam will sweep up and down across the target, but 

1 Radar System Engineering, Vol. 1, Chap. 9; Radar Scanners and Radomes, Vol. 
26, Chaps. 4 and 7. 
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will always point correctly in bearing. Consider now the same conditions 
(i.e., roll onlyof the ship) with the target just off the port bow, for example 
at a relative bearing of 340°. If the antenna is properly pointed at the 

F I G . 10-4.—Three P P I photographs taken from three different radars from the same posi
tion (near Governor's Island) in Boston Harbor. 

target when the ship is on an even keel, the roll of ship to port will make 
the beam pass to the port side of the target and the bearing of the antenna 
will have to be changed, to 343°, for example, in order to bear on the target. 
Similar deck-tilt errors can be caused by pitching of the ship or, of course, 
bv the combination of roll and pitch. 
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Table 10-3 gives an idea of the magnitude of the deck-tilt errors to 
be expected for various degrees of roll and pitch. The errors vary in 
both magnitude and sign in a complicated manner. There is symmetry, 
however, between starboard and port bearings and between positive and 
negative roll and pitch angles. Although deck-tilt errors may be as 
large as several degrees, actually they are not troublesome in simple 
navigational operations unless the antenna scan is exactly synchronized 

TABLE 10-3.—DECK-TILT ERRORS POSSIBLE WITH VERTICALLY FANNED BEAM OR 
LLNE-OF-SIGHT STABILIZATION * 

5 = true bearing 
8' = apparent bearing 
P = pitch angle 
R = roll angle 

(a) GENERAL TABLE OF DECK-TILT ERRORS, S — i' 

1' 

0 
15° 
30° 
45° 
60° 
75° 
90° 

105° 
120° 
135° 
150° 
165° 
180° 

P-0 

R = 10° 

0 
+0.2° 
+0.4 
+0.4 
+0.4 
+0.2 

0.0 
- 0 . 2 
- 0 . 4 
- 0 . 4 
- 0 . 4 
- 0 . 2 

0.0 

fi = 20° 

0 
0.8° 
1.6 
1.8 
1.5 
0.9 
0.0 

- 0 . 9 
- 1 . 5 
- 1 . 8 
- 1 . 6 
- 0 . 8 

0.0 

R=30° 

0 
2.2° 
3.7 
4.1 
3.4 
1.9 
0 

- 1 . 9 
- 3 . 4 
- 4 . 1 
- 3 . 7 
- 2 2 

0.0 

fi = 45° 

0 
5.7° 
9.2 
9.7 
7.8 
4.2 
0 

- 4 . 2 
- 7 . 8 
- 9 . 7 
- 9 2 
- 5 . 7 

0.0 

P = 7J° 

R = 0° 

0 
-0 .1° 
- 0 : 2 
- 0 . 2 
- 0 . 2 
- 0 . 1 

0 0 
0.1 
0.2 
0 2 
0 2 
0 1 
0.0 

R = 10° 

- 1 3 ° 
-1 .1° 
- 0 . 8 
- 0 5 
- 0 . 2 

0.0 
0 0 

- 0 . 2 
- 0 . 5 
- 0 . 8 
- 1 . 1 
- 1 3 
- 1 3 

K = 20° 

-2 .7° 
-1 .8° 
- 0 . 7 

0.2 
0.7 
0.6 
0.0 

- 0 . 9 
- 1 . 9 
- 2 . 8 
- 3 . 3 
- 3 3 
- 2 . 7 

R =30° 

- 4 3° 
-2 .0° 
+0.4 
+1.9 
+2 .3 
+1.6 

0.0 
- 2 . 0 
- 4 . 1 
- 5 . 7 
- 6 . 4 
- 5 . 9 
- 4 . 3 

P - 15° 

8 = 0° 

0 
-0 .5° 
- 0 . 8 
- 1 . 0 
- 0 . 9 
- 0 . 5 

0.0 
0.5 
0.9 
1.0 
0.8 
0 5 
0.0 

fl = 10° 

-2 .6° 
- 2 . 7 
- 2 . 5 
- 1 . 9 
- 1 . 2 
- 0 5 

0.0 
0.1 

- 0 . 2 
- 0 . 8 
- 1 . 5 
- 2 . 1 
- 2 . 6 

B = 20° 

- 5 . 4 ° 
- 4 . 7 
- 3 . 5 
- 2 0 
- 0 . 7 

0.0 
0.0 

- 0 . 7 
- 1 . 9 
- 3 3 
- 4 . 5 
- 5 . 3 
- 5 . 4 

R = 30° 

- 8 . 5 ° 
- 6 . 5 
- 3 . 7 
- 1 . 0 

0.7 
1.0 
0 0 

- 1 . 9 
- 4 . 3 
- 6 . 7 
- 8 . 4 
- 9 . 1 
- 8 . 5 

(b) BEARINGt AND VALUE OF MAXIMUM ERROR 
~ ~ - - ^ Roll 

Pitch ^ ^ - ^ 

0" 

7i° 

15° 

Bearing 
Max. error. . . . 
Bearing 
Max. error. . . . 

0° 

45.1°, 134.9° 
+ 0.2° 

45.5°, 134.5" 
± 1 . 0 ° 

10° 

44.8°, 135. e° 
+ 0.4° 
m.#° 
- 1 . 5 ° 

12.7° 
- 2 . 7 ° 

20° 

44.1", 135.9° 
± 1 . 8 ° 
157.1" 
- 3 3° 
174.5" 
- 5 . 4 ° 

30° 

42.9°, 137.1" 
± 4 . 1 ° 
161.9° 
- 6 . 1 ° 
166 7" 
- 9 . 1 ° 

45° 

40.1", 139.9" 
± 9 . 9 ° 

* Data computed by Dr. H. M. James, RL Personal Communication. 
t Bearing represents bearing at whicb deck-tilt errors are maximum. 

with the roll and pitch of the ship. Then each target will be shown with 
the same deck-tilt error on each rotation of the antenna. Ordinarily 
no such synchronization will exist and the apparent target position on 
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the PPI , which is a time-average of several scans, will be close to the 
true bearing. 

Radar Azimuthal Errors.—There is an entirely different source of the 
azimuthal error which appears only under very special conditions; its 
magnitude may be compared to small deck-tilt errors. 

If the target is a large complicated structure like a nearby ship, the 
echo that reaches the radar is a composite wavefront made up of com
ponents contributed by the various parts of the target. If one part is 

F I G . 10-5.—Photograph of line-of-sight antenna mount. 

nearer the radar than another, the reflected energy may be out of phase 
and the apparent direction of the ship may be slightly changed. Since 
there is no reason to suspect that such apparent shifts would be syn
chronized with the rotational speed of the antenna, however, this error 
can be ignored for all practical purposes. 

Stabilization.—The azimuthal axis of a radar antenna can be main
tained in a vertical position to within 1° by one of several types of stabili
zation. The simplest of these, in principle at least, is line-of-sight. 
As the name implies, it operates either with the reflector or feed or both, 
movable in what is nominally the vertical plane. A servomechanism 
(Sec. 1-7) coupled to a stable control element then serves to keep the axis 
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of the beam directed to the horizon. Deck-tilt errors will be present, 
however, unless a suitable computer is combined with the stable element 
to feed compensating elevation and azimuth angle corrections into the 
servomechanism. Figure 10-5 shows a line-of-sight antenna mount with 
two axes for a 3-cm radar. One axis, the more complicated vertical 
axis, permits azimuthal motion. I t has a waveguide rotary joint for 
transmission of the r-f energy, and a number of slip rings and brushes to 

F I G . 10-6.—Photograph of stable-base antenna mount. 

provide the various signal voltages and power required to operate the 
servomechanism. The second, or elevation axis, is contained, along 
with the associated servomechanism, in the large housing just behind the 
reflector. In the design used here, the reflector is the only component 
that moves in elevation. 

Another type of stabilized antenna used with surface-search radars 
is the stable-base mount shown in Fig. 10-6. Basically, it consists of a 
small platform, stabilized about two horizontal axes, one parallel and the 
other perpendicular to the keel of the ship. On this always-level base is 
placed the antenna mount proper. Because the rotational axis of the 
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antenna is never tilted, the axis of the radiated beam will always point 
towards the horizon. 

A stable-base mount permits the use of a sharp, high-gain beam and 
is free from deck-tilt errors. This is of particular importance if it is 
desirable to have a high rate of scan, for the correcting accelerations for 
an equivalent line-of-sight mount would put too great a demand on the 
servomechanism. The principal disadvantage of the stable-base mount 
are the greater topside weight and the additional r-f line and rotary 
joints that are needed to accommodate the two stabilization axes. 

As an alternative to antenna stabilization, the beam may be widened 
in the vertical plane. The pattern is fanned symmetrically above and 
below the beam axis, which is a radical departure from the shaping pro
cedure used for airborne and ground-based radars in which most of the 
widening is done on only jne side of the beam. The amount of fanning 
is usually such that the half-power point of the beam will be on the 
horizon when the ship reaches its maximum roll in a moderately rough sea. 
The Navy has found a vertical beamwidth of 15° to be practical for ships 
of 5000 tons or more. 

Since antennas are usually mounted very high on a ship, where sub
stantial weight seriously affects its stability, the simplest and lightest 
antenna—a fan-beam unstabilized mount—should be used. The model 
shown in Fig. 10-7 was designed for use at 3-cm, and has a truncated 
parabolic reflector. I t produces a beamwidth of 2° and 7° in the hori
zontal and vertical planes, respectively. If, however, maximum ranges 
are required and random deck-tilt errors cannot be tolerated, some other 
mount will have to be used. 

A navigational radar might be equipped with a mount somewhat 
similar to that shown in Fig. 10-7 but with the beam fanned out more in 
the vertical plane to provide a beamwidth of 15°. To attain this amount 
of fanning, and at the same time to provide the narrow horizontal beam-
width, requires a different arrangement from the familiar parabolic 
section for a reflector with a simple antenna feed. Since it is the effective 
aperture that determines the beamwidth, the following equipment can be 
used: (1) a section of parabolic cylinder, 60 in. across the horizontal width 
and 18 in. high; (2) a horn feed, approximately ^ in. wide horizontally 
but flared to a vertical width of 5£ in. which gives a primary pattern with 
a vertical width of 15°. Because the reflector is not curved in the vertical 
plane, radiation from the feed will be reflected with the vertical beam-
width unaltered. On the other hand, the -j-in. aperture of the feed will 
give a very broad horizontal beamwidth sufficient to illuminate the entire 
60-in. horizontal aperture of the reflector. Since the reflector is parabolic 
in the horizontal plane, the resultant horizontal beamwidth will be less 
than the specified 2°. 
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Fia. 10-7.—Unstabilized antenna mount. Beam fanned in vertical plane. 

A scan rate of 6 rpm will help simplify the design of the antenna 
assembly as well as the servomechanism linkage between the antenna and 
the indicator. This rate is fast enough to permit the operator to view 
the PPI indicator as a whole. A slower rate would force him to adopt the 
tiresome procedure of continually following the sweep around the tube. 
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A switch should be attached to the antenna mount in such a way that a 
voltage is generated each time the antenna passes a position dead ahead. 
This voltage, by intensifying a sweep on the PPI, indicates the ship's 
heading. 

10-4. Transmitter-receiver Package.—The transmitter-receiver pack
age can be subdivided into two sections. One contains the transmitting 
components, that is, the transmitting tube and the high-voltage pulse-
forming modulator that drives it. The other section contains the radar 
receiver and the beacon receiver. If the relatively simple and compact 
hydrogen-thyratron modulator is used, the interval between successive 
pulses can be made constant, an important consideration for certain 
types of recently developed anticlutter circuits. The modulator can be 
installed in one of two locations. In early practice the modulator proper 
was placed below deck and the output pulse was transmitted through a 
suitable high-voltage cable up the mast at an intermediate voltage level. 
At the top of the mast the voltage pulse was passed through a pulse 
transformer that raised its value to the high level needed for driving the 
transmitting tube. The alternative, and the one suggested here, is to 
place the modulator very close to the transmitting tube. 

When the radar must operate at the greatest possible ranges, as in the 
detection of aircraft during the war, the amount of waveguide between 
the transmitting tube and the antenna should be kept to a minimum. 
For navigational radar, on the other hand, surface targets, for which the 
maximum detection range is limited by the horizon, are of primary 
interest. The specifications given for the output power and the receiver 
sensitivity are more than ample to ensure the detection of a target out to 
the horizon limit and to allow for some superfluous losses in transmission 
of the r-f energy. The transmitter and receiver can therefore be mounted 
below deck whete they will receive the proper maintenance. Of the four 
major units in the radar system, this one particularly must be well 
shielded and grounded to reduce possible interference from nearby com
munication radio sets. The problem of noise elimination here is very 
similar to that discussed in connection with airborne radar in Sec. 6 2. 

Since the navigational radar will use fairly short sweeps, a high 
repetition rate may be used, limited only by the power capacity of the 
transmitting tube. A 1000-cps rate and a |-Msec pulse will not put too 
much of a strain on the transmitter, and at the same time the number of 
pulses that hit the target during each scan will be large enough to give 
good results. A pulse length shorter than \ jisec would permit better 
resolution in range but it would require the addition of unnecessary 
complexities in both the transmitter and receiver components. 

The choice of wavelength depends on two somewhat conflicting 
factors. We have learned that surface coverage improves with decreasing 
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wavelength. On the other hand, if the wavelength is too short—1.25 cm, 
Tor instance—atmospheric absorption may be serious. Consequently, it 
is better to operate on 3.2 cm, the shortest wavelength at which com
ponents are now fully engineered and which is not seriously affected by 
atmospheric attenuation. If engineered components were available, 
however, a wavelength of 2 cm would probably be preferable. 

The basic considerations of receiver design have been mentioned in 
earlier chapters of the book. They lead to the conclusion that to take 
advantage of the short pulse length selected for the transmitter a band-

to (ft) 
FIG, 10-8.—Comparative photographs showing removal of sea clutter by sensitivity time 

control. A ship 500 yd away is clearly visible (at 1 o'clock) in (ft). 

width of 6 to 8 Mc/sec must be used, with a comparable bandwidth for 
the video amplifier of the receiver. The receiver design is of little concern 
to the operator, if the engineering of the receiver has been well done. 
Two factors are, however, very important in the operation of a shipborne 
navigational radar and are therefore given special emphasis here. First, 
in order to detect signals, such as docks, at very close ranges the receiver 
must recover quickly—in a fraction of a microsecond—from any initial 
paralysis resulting from the leakage of a relatively minute part of the 
transmitted pulse into the receiver. Secondly, there must be no sea 
return to mask near-by signals. At close ranges the signal return from 
sea clutter may be strong enough to saturate the receiver. As a result, 
the many sea-clutter signals may form a solid mat over the central portion 
of the PPI and completely mask the signals from other targets, even 
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fairly large ones. The design characteristics which determine the resolu
tion for ordinary targets (short pulse length, narrow beamwidth, and 
fast indicator sweeps) help eliminate sea clutter, but a sensitivity time-
control (STC, see Sec. 1-2) circuit is more effective than any of these. 

Two PPI photographs are presented in Fig. 10-8. The first shows 
sea-clutter signals that appear with a "normal receiver," that is, a 
receiver with constant gain. The two V-shaped indentations in the 
signals were caused by shadows from a near-by mast and funnel. The 
signal from a ship only 500 yd away, indicated by an arrow, is completely 
masked by sea clutter. The second photograph, taken less than a minute 
later, shows the great reduction in sea clutter when an STC circuit is used. 

These photographs cover a circle only a little more than 2 miles in 
diameter. The sea conditions at the time the photographs were taken 
were such that no appreciable sea-clutter signals were visible beyond a 
range of about 1^ miles. The STC circuit was adjusted so that beyond 
that range there was no difference in the appearance of the PPI with or 
without STC in operation. 

10-6. Indicator.—The superior accuracy of the M-M PPI for map-
matching techniques was cited in the previous chapter. Such PPI 's 
were built and put into service very early in the development of micro
wave radars, and have been installed in the great majority of all shipborne 
radars. The M-E PPI, which has the very marked advantage of contain
ing no mechanically moving parts that require precision gears and bear
ings, was not acceptable at that early date. The M-M PPI system lends 
itself very readily to north stabilization, to the use of remote indicators, 
and to other applications that make use of the existing systems of synchro-
transmitted positional data. 

Radar indicators usually follow one of the two basic mechanical 
designs shown in Figs. 10-9 and 1010. The operating plan for the radar 
determines which should be used. In the Navy, at least one operator 
was assigned full-time to each radar. He was provided, almost without 
exception, with a console or table-type indicator. Navy remote indi
cators were usually deck-mounted and placed at various stations on the 
ship for the convenience of men and officers with related duties who could 
not spend full time at any one station. They could obtain information 
from any of these indicators with a minimum of effort and confusion. 

Probably only the largest commercial ships will have full-time radar 
operators. The indicator will probably be mounted on the bridge where 
it will be readily accessible to those concerned with navigation and 
pilotage. For this purpose a deck-mount indicator with a horizontal 
tube face is preferable. 

The size of the indicator tube depends primarily on the type of cabinet 
selected and on the way in which the indicator will be used. Three 
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tube sizes are currently available, 5, 7, and 12 in. in diameter. Since 
the internal construction of these tubes is very similar, they are really 
scaled models of the same design. The spot diameter (Sec. 1-6) increases 
in almost direct proportion to the tube size, with the result that the same 
amount of detail and the same resolution may be obtained with any of 

F I G . 10-9.—Shipborne indicator and control panel. Table type of mounting. 

the tubes. Although the face of a 12-in. tube is more "out-of-plane" at 
the edges, its central 7-in. portion is flatter than the entire face of a 7-in. 
tube. Thus, other things being equal, a 2-mile sweep on a 12-in. tube 
is preferable to a 1-mile sweep on a 5- or 7-in. tube. The desirable 
tube size is also determined by the number of persons who might have 
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occasion to look at the indicator at the same time. For a single operator 
seated at a table model, a 7-in. tube is sufficient. A 12-in. tube is pref
erable for a deck-mount indicator to be used by three or four persons 
simultaneously, or if the tube face is to serve as a plotting surface. 

The indicator should provide several sweeps. A 2-mile sweep on a 
12-in. tube (or a 1-mile sweep on a 7-in. tube) permits the definition and 

Fia . 10-10.—Shipborne indicator. Deck type of mounting. 

resolution adequate to take advantage of the short transmitter pulse 
length and narrow antenna beam pattern for navigating in close waters. 
A 10-mile sweep would provide coverage out to the normal radar horizon 
for antenna heights up to about 75 ft, and would be particularly useful 
in large bays, outer harbors, or in other areas where a ship may safely 
proceed at only slightly reduced speed and a careful watch must be kept 
on many relatively near-by objects. A 20-mile sweep would be most 
useful for coastal and ocean navigation, and a 40-mile sweep would prove 
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useful for making a landfall either of a high land mass or a high beacon 
installation. 

The shipborne radar should have a movable range mark on the PPI 
with the attendant circuits, mechanical gears, and a counter or dial 
mechanism to indicate the position of the movable marker in yards. 
Four or five fixed range marks on each sweep allow accurate estimates to 
be made to a fifth or even a tenth of the distance between range marks. 
Thus, on the 2-mile sweep the four fixed range marks would subdivide 
the indicator into 1000-yd units and a target signal could be located by 
a visual estimate within one of these divisions with an accuracy of better 
than 200 yd. At the other extreme, the 40-mile sweep would be sub
divided into 10-mile divisions and a visual estimate would be no better 
than 1 mile. The fixed range marks should have an accuracy of 1 per 
cent or better. The essential parts of the range-mark oscillator should 
be well designed and packaged in a plug-in unit that can be replaced 
easily should it become defective. 

Since almost all large ships will be equipped with some type of gyro
compass in addition to a magnetic compass, directional data will be 
available for north-stabilizing the PPI . This great convenience is 
definitely worth the additional cost of the converter that may be needed 
to change the electrical output of the compass to a form readily assimi
lated by the radar. A switch on the indicator will provide means of 
converting the PPI to relative-bearing operation should the compass data 
fail or not be available. 

I t was mentioned previously in Sec. 7-13 that a radar is an excellent 
device for measuring ranges but is inferior to most optical methods for 
determining angular positions because of the relatively large beamwidths 
required. Some of the radar azimuthal errors, however, are of an instru
mental nature and arise either in the linkage between the antenna and 
indicator or in the indicator itself. I t has already been seen that a good 
servomechanism system may link the antenna and indicator with errors 
substantially less than 1°. 

Nearly all shipborne radars measure bearings by the use of a graduated 
ring around the edge of the PPI tube. A mechanical cursor of some sort 
is added frequently to eliminate parallax errors introduced by the appre
ciable distance between the graduated ring and the sensitive surface of 
the indicator tube. The center of the graduated ring and the center of 
the cursor must coincide with the center of rotation of the electro-
optical elements of the PPI tube or errors in bearing will result. Elec
tronic angle markers go through the same shifts as the target signals and 
are, therefore, not susceptible to such errors. Such markers are, of 
course, absolutely essential for off-center PPI 's but do not seem necessary 
for the radar discussed here. Off-center PPI 's may be useful for mag-
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nifying a distant cluster of signals, but are not so free from distortion as 
centered PPI 's . 

Operating Controls.—Because the indicator may be the operating 
center for the entire radar, most of the controls should be installed in 
the indicator panel, along with a small meter and a selector switch by 
means of which the operator may quickly monitor most of the important 
voltages required for the operation of the several components. The 
controls mounted on the indicator panel should be kept to a minimum, 
however, to avoid confusion and "over-manipulation" of the radar. For 
a simple navigational radar the following controls seem desirable: 

1. On-off switch for main power. 
2. On-off antenna rotation switch. 
3. Receiver (i-f) gain control. 
4. PPI range selector switch. 
5. Presentation selection switch: radar signals only, beacon signals 

only, or both simultaneously. 
6. Beacon receiver (i-f) gain control. 
7. On-off switch for the high-voltage transmitter. 

A secondary group of controls requiring only occasional adjustment 
should be placed beneath a hinged cover, but still in a position accessible 
to a person observing the indicator. 

1. Monitoring meter selector switch. 
2. Manual receiver-tuning and AFC on-off switches. 
3. Manual beacon-receiver tuning and AFC on-off switches. 
4. On-off switch for head marker of ship. 
5. PPI focus. 
6. PPI dial light control. 
7. Relative-true bearing selector-switch. 

A few other controls may be necessary to take care of production 
tolerances in replaceable parts. Because these controls would be 
adjusted only when a part is replaced or when it is necessary to com
pensate, after a long period of operation, for aging and change in opera
tional characteristics, they should be located inside the component as 
near as possible to the associated parts. 

10-6. Power Supply.—The primary power supply on the ship may be 
either direct or alternating current. The voltage at which direct current 
is used is not great enough to meet the requirements of the electronic 
circuits. If direct current is used, therefore, a special converter must be 
supplied. If a-c power is used, however, the radar may be able to use 
it directly. In general, however, the ship will have the wrong voltage or 
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a polyphase supply. Transformers or converters are necessary, therefore, 
for shipborne radars. 

The converter output for the radar, furthermore, is usually unstable 
in both voltage and frequency because the primary power supplies are 
traditionally unstable. If the radar is designed to operate on a supply 
with a nominal rating, for example, of 115 volts and 60 cps, the compo
nents must be designed to operate satisfactorily with variations in 
voltage between 105 and 125 volts and variations in frequency between 
55 and 65 cps. The navigational radar discussed in this chapter should 
be made to operate on single-phase, 115-volt, 60-cycle power; probably 
less than 1 kw of power would be required. 

The power-supply component of the radar is actually a collection of 
transformers, rectifiers (perhaps both dry-disk and electronic-tube types), 
voltage regulators, and filters, which together supply the special voltages 
required by the various other radar components. 

It is usually impossible to use the same rectifier units on several 
independent circuits. For example, the modulator requires a high volt
age to drive the transmitting tube; the indicator tubes also require 
relatively high voltages, but they must be free of transient voltages 
caused by the modulator. Similarly, the receivers require voltages that 
are free of any disturbances from the indicator sweep circuits. The 
supplies to the various components may all be fused in the power-supply 
package, which then also serves as a junction and distribution box. The 
fuses should be provided with blow-out indicators and the cables should 
terminate on simple strips. Since the installation is permanent in the 
same sense as any other wiring on the ship, it is desirable that the wires 
be soldered in position. If this is not feasible, they should be securely 
fastened with an individual screw or clamp for each wire. None of the 
many types of available cable connectors is entirely satisfactory. They 
should not be used except for very special applications—for example, in 
an installation that includes pulse transformers between the modulator 
and the transmitting tube, it is necessary to terminate the interconnecting 
high-voltage cable with a special type of coaxial connector. 

In tropical areas equipment is subject to the attack of fungi and other 
tropical microorganisms. Except for quantitative differences, the radar 
components that are mounted at protected interior stations are sus
ceptible to deterioration to the same degree as other electronic equipment 
such as communication radio transmitters and receivers. Frequently, 
however, one or more of the radar components are mounted in the open; 
these call for special design. The antenna, mounted at a high, relatively 
inaccessible position, is a complex mechanical device that often includes 
several electrical components, each of which must be completely sealed. 

In the past, small electronic equipment was usually shock-mounted in 
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such a way as to attenuate most of the higher frequency vibrations. 
Similar shock mounts proved inadequate during the war for the larger and 
heavier components. This problem should not be difficult to solve when 
only peacetime applications are involved. 

Experience has taught that an attempt to seal a unit and to desiccate 
its interior with silica gel or some other drying agent is usually less 
satisfactory than the simpler procedure of permitting the unit to "breathe" 
and keeping its temperature slightly above ambient. During the war, the 
Navy kept all radars on "stand b y " wher .ot in actual operation; 
enough heat was dissipated by the vacum-tube filaments and resistors to 
keep the components warm. I t has been recommended that future 
marine radar components be equipped with independent heater elements 
mounted with suitable relays or switches so that the heaters will be 
energized automatically by the primary power of the ship whenever the 
radar is turned off. 

The r-f components for modern microwave radars are usually of the 
waveguide type. Although all connections, rotary joints, and termina
tions are often sealed, as are the pressurized types used with airborne 
radars, it is best to allow them to breathe, and if necessary, to provide a 
drain in the form of one or more small holes located at the low point of 
each section. 

10-7. Physical Characteristics of the Components and Test Equip
ment.—Estimates of the dimensions, weights, and power requirements of 
the components of a shipborne radar are shown in Table 10-4. These 
estimates are conservative and probably are larger than the figures for 
actual equipment. 

T A B L E 10-4 .—ESTIMATED D I M E N S I O N S , W E I G H T S , AND P O W E R R E Q U I R E M E N T S OF 
THE R A D A R C O M P O N E N T S 

Dimensions, 
in., 

L W H 

Weight, 
lb 

Power, 
wa t t s 

Antenna 
Rf p a c k a g e . . . 
Indicator*. . . . 
Power supply. 

60 24 24 
40 18 18 
24 15 45 
12 12 30 

125 
175 
225 
200 

150 
100 
250 
200 

+ The values given are for a deck-mount indicator; a table type might be 2 ft less in height and 25 to 
50 lb lighter. 

The Navy made a careful survey of the performance of its surface-
search radar systems in 1944. When it was found that a large number 
of them were capable of picking up targets at only half the expected free-
space range, "echo boxes," together with carefully written instruction 
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(a) (b) 
Fia. 10-11.—A series of photographs of an A-scope taken at 16 frames per second 

showing (a) the rapid variation in the strength of a signal from a typical ship and (b) the 
relatively steady signal from the periscope of a submerged submarine. In both (a) and 
(6) the signal on the left was produced by a signal generator at the radar. 

manuals were hurriedly distributed to the fleet. The strength of the 
signals received from other ships usually varies rapidly. This condition 
precludes their use as satisfactory standards of reference. Such rapid 
variations (Fig. 10-11) are caused by the rolling and pitching of the target. 
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An "echo box," shown in Fig. 10-12, is a device for feeding back 
pseudo-standard signals to the receiver. After a small part of the pri
mary pulse is fed into an echo box, the box will "ring" for many micro
seconds while it slowly feeds energy back into the radar receiver. This 
energy will appear on the radar indicator as a long continuous signal 
that starts at zero range and extends out a few thousand yards. Figure 
10-13 shows the diagram of an echo-box signal on both an A-scope and a 
PPI . The exact range at which the echo-box signal becomes so small 
that it disappears into the normal receiver noise varies with each operator. 

FlQ. 10-12.—An echo box. (Courtesy of Johnson Service Company, Milwaukee.) 

Most people find it a little easier to make the measurement on the A-
scope. With a little practice one may obtain equally good results on a 
PPI . The important thing is that the operator must be able to make 
consistent measurements. The range at which the signal disappears is 
in a sense indicative of the over-all performance of the system; the 
greater the range, the better the performance. The echo boxes, used 
with the Navy practice of a careful check by experienced personnel 
whenever the ship was in port, were found to improve the radar per
formance considerably. 

A radar system requires several times as much equipment as an 
ordinary radio and, consequently, must be very carefully engineered. 
Many otherwise difficult tests can be made routine, however, if the 
designer incorporates simple devices for testing the various components 
into the system. These provisions, a few simple pieces of external test 
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equipment, and a carefully written instruction manual in the hands of a 
normally intelligent man, go a long way toward solving the maintenance 
problem at sea. 

1 
1 
1 

— Transmitter pulse 

]r*— Ring-time -» j 

K ! 

Ilk 
Range ■ Range 

Correct gain setting Gain setting too high 
(a) Ring-time patterns on A-scope. 

Correct gain setting Gain setting too high 
(fe) Ring-time patterns on PPI . 

Fia . 10-13.—Signals from an echo box. 

A wartime visitor noticed this maxim hung over the workbench in a 
radar maintenance shack on a tropical island in the Pacific: "If the 
tubes light and the voltages are right, the damn thing will work." It is 
difficult to think of a set for which this statement, broadly interpreted, 
would not be true. 
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Foreword 

THE tremendous research and development effort that went into the 
development of radar and related techniques during World War II 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. Because this 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super
vision of the National Defense Research Committee, undertook the great 
task of preparing these volumes. The work described herein, however, is 
the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 

-' and other Dominions. 
'" The Radiation Laboratory, once its proposals were approved and 

finances provided by the Office of Scientific Research and Development, 
- chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 
'' project. An editorial staff was then selected of those best qualified for 

/> this type of task. Finally the authors for the various volumes or chapters 
or sections were chosen from among those experts who were intimately 
familiar with the various fields, and who were able and willing to write 
the summaries of them. This entire staff agreed to remain at work at 

i MIT for six months or more after the work of the Radiation Laboratory 
"ii was complete. These volumes stand as a monument to this group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of other scientists, engineers, and others who actually carried 
on the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and they 
worked so closely together even though often in widely separated labora
tories that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote reports 
or articles have even been mentioned. But to all those who contributed 
in any way to this great cooperative development enterprise, both in this 
country and in England, these volumes are dedicated. 

5 L. A. DUBRIDGE. 
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Preface 

THIS book is about radar beacons. As far as the authors are aware, 
no other books on radar beacons have yet appeared. Because beacons 

constitute an important aspect of radar, an attempt will be made in this 
book to give a comprehensive survey of the present state of the beacon art. 

Beacons were, at first, a minor and neglected aspect of the radar art. 
Their usefulness was recognized in nearly all laboratories working 
on radar, but only after the design of the radar was well advanced. 
Organized work on beacons at the Radiation Laboratory started only 
when the laboratory was in its second year; a separate beacon division 
was not organized until the summer of 1943. The influence of beacons 
was slow in making itself felt; nevertheless, by the end of the war, it had 
established itself firmly in the thinking of the designers of airborne and 
ground radar equipment and was beginning to be accepted for ship radar. 

This survey is divided into four parts. Part I, Chaps. 1 to 6, dis
cusses the nature of beacons and the principles according to which 
systems using beacons are designed. Part II , which includes Chaps. 7 
to 16, is concerned with the design of beacons. Part III , Chaps. 17 to 19, 
takes up the design of beacon interrogators and gives examples of com
plete systems using beacons. Part IV, Chap. 20, covers the operation 
of beacon systems in the field. 

This volume represents a summary of the efforts of Division 7 of the 
Radiation Laboratory, which was charged with work on radar beacons. 
In an attempt to give a complete picture of the beacon art, however, 
the authors have included much that did not originate at the Radiation 
Laboratory. 

The plan of the book was drawn up by an editorial board before the 
personnel of the division was dispersed. Many members of the division 
were thus able to contribute to the book; and it could certainly never 
have been written without the contributions of so large and representa
tive a group of the members of the division. Any omissions are due 
either to inadvertence or to residual military security. 

Full acknowledgment to everyone who contributed to this book is 
impossible; apology must be made in advance for any omissions. First 
acknowledgment must go to L. A. Turner, who, as technical editor, 
guided the manuscript from the beginning. A special debt of gratitude 
is due to B. V. Bowden of the British Air Commission, whose thorough 

ix 



X PREFACE 

acquaintance with the subject and friendly interest in the manuscript 
were of inestimable value. The authors wish to express their apprecia
tion to J. R. Feldmeier, S. A. Goudsmit, D. E. Kerr, and F. F. Rieke for 
their constructive comments and contributions to the manuscript, to the 
RCA-Victor Company for permission to describe Shoran, and to Stuart W. 
Seeley of that company for comments on its treatment. 

Thanks are due to Constance R. Henderson, who, as production 
assistant, shepherded the manuscript and figures through the mazes of 
production; and to Nina M. Kropoff and Margaret Jordan for their 
secretarial assistance. Especial thanks are owed to Beka Doherty, to 
whose editorial efforts is due what degree of literacy the book may possess, 
and who aided immeasurably in its final organization and intelligibility. 

ARTHUR ROBERTS. 
CAMBRIDGE, MASS., 

May, 1946. 
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PART I 

BASIC CONSIDERATIONS 

"They also serve who only stand and wait." 





CHAPTER 1 

THE USES OF BEACONS 

BY L. A. TUKNER AND A. ROBERTS 

THE NATURE OF RADAR BEACONS 

l-l. The Echo and the Beacon.—As is well known, a radar set oper
ates by sending out powerful pulses of radio waves and then receiving 
the portions of the energy that are reflected back to it. The elapsed time 
between the emission of a pulse and the return of an echo is a measure 
of the distance to the reflecting target. Further, by means of suitable 
antenna systems, the radio energy is concentrated into narrow beams—in 
somewhat the same way that light is concentrated into a beam by a 
searchlight—so that the echoes are received only when the radar set is 
looking at the target. By proper coordination of the motion of the 
antenna and the sweep of an intensity-modulated beam of electrons of a 
cathode-ray tube, a plan view of the reflecting targets in the region of the 
radar set is traced out for the use of the operator. 

The simple radar set is entirely adequate for many purposes. Often, 
however, echoes are too weak to be observed, as are those from a small 
airplane at a great distance, for example. Under other circumstances, 
strong echoes from numerous buildings, hills, or mountains mask weaker 
echoes from targets of greater interest. Furthermore, for the benefit of 
aircraft carrying radar sets, it is sometimes desired to mark some partic
ular place on the ground that gives no distinguishing echo. In all such 
cases radar beacons find their use. 

A radar beacon is a device that, upon reception of the original radar 
pulses, triggers its own transmitter to give a strong reply of one or more 
pulses independent of the possible radar echoes from the vicinity. The 
beacon, therefore, may be said to act as an amplifier of the echo. The 
beacon transmitter need not be very powerful to be able to give a reply 
much stronger than the echo from usual targets. Figure 1-1 shows the 
appearance of beacon replies on a plan-position indicator (PPI). 

1-2. What the Beacon Is and Does.—A radar beacon is a device that 
is normally quiescent; it is passive. Without external stimulation, a radar 
beacon does nothing of any interest whatever. When a suitable pulsed 
signal reaches it, however, the beacon is actuated—the standard ter
minology is "triggered"—by the received signal, and emits a pulse 

3 
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or series of pulses. The process by which a radar set transmits a signal 
suitable for triggering the beacon is known as "interrogation"; the 

F I Q . 1-1.—Beacon presentation on PPI and type B displays. Azimuth is read to the 
center of the reply, range to the nearest reply arc. 

communication link that is thus established is called the "interroga
tion link." Any device used to interrogate a beacon may be designated 
as an "interrogator." 
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When the beacon is interrogated, it emits signals that are received by 
the interrogator. The independent communication link thus established 
is called the "response link"; the beacon is said to have "replied" or 
"responded" to the interrogation. In general, then, the operation of a 
beacon system may be visualized as shown in Fig. 1-2. 

A ground beacon that is interrogated by suitable pulses from an 
airborne interrogator has been chosen arbitrarily for an illustration. 
The interrogator in the aircraft emits suitable interrogation pulses that 
reach the beacon receiving antenna. These signals actuate the beacon 
transmitter, which sends out a pulsed reply; the reply is then detected by 

Fia. 1-2.—The operation of an airborne-interrogator-ground-beacon system. When 
the directional beam of the interrogator sweeps over the beacon, omnidirectional replies 
are emitted. 

a receiver associated with the interrogator. Although the response is 
like an echo, it differs from one in several significant respects. The 
strength of the response is independent of the intensity of the interrogat
ing signal, provided only that the interrogating signal exceeds a threshold 
value of intensity. The response frequency is independent of the 
interrogation frequency, and in practice is usually different from it. 
The response signal pulse may differ from the interrogation signal in form. 
It may even consist of more than one pulse, the duration and spacing 
of the pulses being arbitrary. Finally, an unavoidable delay of a few 
microseconds' duration is introduced between the reception of the 
interrogating signal and the emission of the reply. This delay is usually 
a fixed amount for any particular beacon; the range of the beacon may be 
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determined accurately by taking the known value of the delay into 
account. 

1-3. Terminology.—Radar beacons have been called, variously, 
"beacons," "transponders," "responder beacons," and "racons." 
There are no generally recognized differences of meaning among these 
different terms. 

A device used to interrogate a beacon is generally called an "inter
rogator." The interrogator may be a radar set. It may be a device 
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F I G . 1-3.—Block diagram of a system using a radar beacon. 

designed especially to interrogate beacons; in this case it is called an 
"interrogator-responsor." The British have designed auxiliary equip
ment to be used with radar sets that do not themselves interrogate 
beacons. Such an auxiliary equipment they call an "inquisitor."1 

The provision of a special character to the pulsed signals of either 
the interrogation or the reply link is called "coding." A device that 
sets up such a coded signal is called a "coder"; a device that deciphers 
the code at the other end of the link is called a "decoder" (or, sometimes, 
a "discriminator"). 

1 T h e most-used example of th is t y p e was named " L u c e r o , " after a particularly 
interesting sadtst of the Spanish Inquisi t ion. 
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1-4. Block Diagram of a Beacon System.—Figure 1-3 shows a block 
diagram of a system consisting of a beacon and a radar set used as an 
interrogator. In this diagram many of the important features of beacon-
system design are illustrated. 

The complete cycle of operation starts with the generation of a trigger 
pulse by the synchronizer in the radar set. This pulse initiates the 
transmission of an interrogating signal by the radar set, and also starts the 
cathode-ray-tube sweep on the indicator. The transmitted signal is 
received by the beacon receiving antenna, which passes it to the beacon 
receiver. The beacon receiver puts out a video signal to the decoder, if 
there is one. The decoder examines the video signal to see if it conforms 
to an acceptable code; if it does not, it is rejected. If it is accepted, a 
trigger pulse is passed to the blanking gate and to the coder. The blank
ing gate generates a pulse that prevents the coder from responding to any 
further triggers for a time sufficient to permit the complete response 
code to be generated. This time is generally from about 50 to 150 iisec. 
The coded response signal is supplied to the modulator, which raises 
it to a power level suitable for pulsing the transmitter and, in addition, 
shapes the pulses properly. The transmitter, often controlled in fre
quency by a stabilizing device, supplies r-f pulses to the transmitting 
antenna. 

The response of the beacon is received by the radar antenna, detected 
by the receiver, and displayed on the indicator. 

Some of the features in the system illustrated may be left out. The 
overinterrogation control has the purpose of preventing transmitter 
overload by lengthening the pulse supplied by the blanking gate when 
the number of interrogations becomes too large. A frequency stabilizer 
is not always required; neither are the coder and decoder. The beacon 
may employ a duplexer and use only one antenna instead of separate 
antennas. 

The interrogator may have separate transmitting and receiving 
antennas. I t may or may not have a coder to impart a special character 
to the interrogating pulses, and it may or may not include a decoder 
so that only suitably coded reply signals are displayed on the indicator. 
The desirability and use of these and other optional features will be 
discussed in succeeding chapters. 

HOW BEACONS HAVE BEEN USED 
The radar beacon was invented, to the best of our knowledge, in 

1939 by a group1 at the Bawdsey Research Station of the Air Ministry. 
It came into being in response to a military need, and its invention was not 

1 The group included F. C. Williams, R. H. A. Carter, D. H. Preist, and R. W. 
Taylor. 
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made public for reasons of security. During the war radar beacons were 
used by the Germans and by the Japanese as well as by the Allies. It 
is not known with certainty at present whether the enemy engineers 
invented beacons independently or whether they learned of them from 
the original British use. The former alternative seems more likely, 
because the idea is not especially difficult to come by. Certainly beacons 
were invented independently in the United States. In any case, the 
German beacons were found to differ significantly from the first British 
beacons and to be superior in some respects. 

Because the invention, in all these countries, was veiled by military 
security, there were no prewar nonmilitary uses of beacons. A summary 
of their past use, therefore, is restricted to military uses. This is merely 
a historical accident. There are many peacetime applications of beacons; 
their past use for military purposes exclusively should not prevent the 
exploration of more pacific applications. 

1-5. IFF and GCI.—The initial purpose of beacons, the one that led 
to their greatest numerical use by far, was for I F F (Identification of 
Friend or Foe). 

In the early part of the war, before the Allies had organized against 
the German power that had pushed them off the Continent, their strategy 
had to be primarily defensive. The Royal Air Force was numerically 
weak; fortunately it was superior to the Luftwaffe in quality. The 
function of the radar network ringing the British coast was to give warn
ing of the approach of hostile aircraft. A radar echo from an aircraft 
carries no national insignia, however; it cannot reveal hostility. The 
decision to install radar beacons on all British aircraft—and later on all 
Allied combat aircraft—was intended to permit the differentiation of 
echoes into two sorts: friendly and hostile. Knowledge of the nature of 
approaching aircraft made it unnecessary to investigate all approaching 
aircraft indiscriminately, and thus conserved the strength of the inter
ceptor groups. In addition, night fighters equipped with aircraft-inter
ception (AI) radar were greatly aided in their task by being able to 
disregard friendly airplanes and to concentrate on attacking hostile ones. 

I t was soon discovered that beacons on night fighters could be used for 
offensive purposes. Since the ground radar stations were able to spot 
both enemy and friendly aircraft, they could give directions to friendly 
night fighters to help them in their attacks against hostile bombers. 
A technique for ground-controlled interception, GCI, was developed, in 
which the I F F beacon played an essential role. The beacon in GCI was 
not used solely for identification of an airplane as friend or foe, but also 
for identification as a particular friend—in other words, for identification 
of a particular night fighter. The IFF beacon was used for this purpose 
throughout the defensive phase of the war. Later, with the advent of 



Fio 1 -4 —The use of beacons for ground control of aircraft. Aircraft are guided by a ground radar set to a point within range of a tactical control 
set like the SCR-584. <° 
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microwave ground-control stations, special beacons were developed for 
all ground-control purposes including purposes other than interception. 
Figure 1-4 shows how such control was carried out. 

1-6. Ground Beacons for Air Navigation.—The antisubmarine 
campaign, important throughout the war, was especially significant in its 
early months. British Coastal Command ASV (air-to-surface-vessel) 
radar-equipped aircraft played an important part in the campaign. To 
assist these airplanes in homing to their bases and in making rendezvous 
with Allied convoys, beacons were installed at bases and on ships. These 
beacons served for both identification and navigation. Similarly, 
beacons were used on the ground to assist radar-equipped night fighters 
both in patrol and in homing to their bases. 

F I G . 1-5.—The use of Rebecca-Eureka in paratroop operations. Aircraft equipped 
with Rebecca home on Eureka beacons on the ground; minimum dispersion of the forces 
on the ground is thus assured. 

The recognized value of these beacons working with the low-frequency 
AI and ASV radar led to the development of analogous beacons for use 
with microwave AI and ASV. This was the initial step in the develop
ment of microwave beacons in the United States, which was under way 
in the Radiation Laboratory by the end of 1941. 

By the end of the war a network of navigational beacons at both high 
and low frequencies extended over all continents and constituted an 
important aid to navigation of radar-equipped aircraft. 

1-7. Lightweight Ground Beacons for Tactical Uses. Rebecca-
Eureka.—The first, and easily the most important, tactical use of light
weight ground beacons was their employment in the Rebecca-Eureka 
system. This system included a series of airborne interrogator-respon-
sors called "Rebecca" and a series of ground beacons called "Eureka." 
Originally designed at Telecommunications Research Establishment, 
(TRE), for British use, the Rebecca-Eureka system was later adopted by 
the United States Army and used in many operations. 
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In the most frequent use of the Rebecca-Eureka system, Eureka 
beacons were carried down to the ground by pathfinder groups of para
troopers and set up immediately. Airplanes carrying the main para-
troop force were equipped with Rebecca. By homing on the Eureka 
beacons, they were able to carry the paratroops to the correct drop
ping zones and to discharge them in well-concentrated groups that 
could be organized on the ground in a minimum of time (see Fig. 1-5). 
Rebecca-Eureka was used in this way in Sicily, Italy, Normandy, 
southern France, in the Burma-China Theater, and elsewhere. After 
initial operational difficulties were surmounted, the system became the 
main reliance of Troop Carrier Command for such operations. 

F I G ^ 1-6.—Type L presentation. Azimuth determinations are made by rotating two 
antenna arrays until the deflections to left and right are equal; the antenna crossover 
vector is then pointing at the target. 

Other uses of Rebecca-Eureka suggested themselves. The original 
purpose of the system was to facilitate rendezvous with secret agents 
operating behind enemy lines. Eurekas were supplied to partisan and 
guerilla forces in northern Italy, France, and Yugoslavia. Operated 
behind enemy lines, they made possible the delivery of supplies and 
personnel by aircraft, requiring previous agreement only on the general 
area within which a rendezvous was to be effected. The hand-operated 
reply coding of the Eureka identified the particular beacon and provided 
a valuable safeguard against enemy deception by use of captured 
beacons. 

The Rebecca-Eureka system operated near 200 Mc/sec and used lobe-
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switched antennas for azimuth determination and type L presentation 
(see Fig. 1-6). 

Lightweight Microwave Ground Beacons.—Lightweight ground beacons 
were developed at 10 cm and 3 cm for use with microwave airborne radar. 
Of these the 10-cm beacons were used as paratroop beacons with the 
SCR-717 as an interrogator (as Rebecca-Eureka was used), and also to 
mark traffic lanes for units of the Troop Carrier Command in the Nor-

Fio. 1-7.—Target designation by portable beacons. A formation of aircraft led by an 
aircraft equipped with an interrogating radar can drop bombs on a point designated by 
one or more beacons some miles away. The beacon replies shown here are uncoded. The 
proper release point is reached when the aircraft are in line with the two beacons and some 
distance beyond them. 

mandy landings. They were used also as portable navigational beacons 
at advanced air bases. 

The lightweight 3-cm beacons that were in production at the end of the 
war were intended for various purposes. Among these were the 
designation of targets to tactical bombers and to ships off shore, and 
the establishment of precise coordinates (by the fl-system, see Sec. 1-10) 
whereby the initial contingent of pathfinder paratroops might be dropped 
accurately at any desired location. (See Figs. 1-7 and 1*8.) 

1-8. Airborne Beacons.—Beacons installed in aircraft were used 
during the war for IFF and GCI, as we have already noted. Among the 
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other uses found for airborne beacons were ground control for purposes 
other than interception, and aircraft rendezvous. 

Cat 
beacon 

~r^ *~nj£$-" * 

(a) 

Lakes 

(b) 
FIG. 1-8.—The use of portable beacons to designate dropping zones for paratroop 

pathfinders. A "cat-mouse" course (a) or a Micro-H hyperbolic course (o) can be flown 
(see Sec. 1-10). The beacons are located in friendly territory. 

Air-to-air Rendezvous.—It is clear that an aircraft equipped with an 
interrogator may home on a beacon either at an airport or in another 
aircraft. 
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In sea-search operations, when a search plane had located an object of 
interest, such as a submarine or a convoy, it turned on its beacon, and 
the beacon could then be used by other aircraft or by surface vessels for 
homing. Operations against the Axis supply line to North Africa were 
carried on in this way. In the rendezvous of formations, a beacon in the 
lead aircraft permits assembly of the formation with ease. 

Close Control.—As the strategy of the war shifted from the defensive 
to the offensive, the purpose of ground control of aircraft shifted away 
from interception of enemy bombers. Emphasis was placed on the control 
of large formations of our own fighters and bombers. The advent of 
high-resolution microwave ground radar made it possible to get a com
plete picture of the deployment of hundreds or thousands of aircraft, 
spread over an area of tens of thousands of square miles. Surveillance 
and control of this situation was facilitated by IFF beacons, and later by 
special microwave beacons designed for the special purpose of close 
control. 

Used with air-surveillance radar, the beacons permitted the identifica
tion of individual airplanes or formations. With fire-control radar sets 
provided with suitable instrumentation (in particular, the SCR-584) 
control for tactical bombing with high accuracy was achieved. 

BOMBING SYSTEMS 

1*9. Oboe.—One important use of airborne beacons was in a system 
called "Oboe" originally devised by TRE for precision bombing. In the 
Oboe system, two special interrogator-responsors were located at precisely 
known locations on the ground. Before the start of a mission, the 
distances between the ground stations and the target were computed 
with great accuracy. An aircraft carrying a beacon that would be 
interrogated by the ground stations was then flown toward a target. 
The system was so arranged that communication signals could be sent 
over the beacon system. These signals were used to instruct the pilot of 
the aircraft as to the course to fly, and also to instruct the bombardier 
as to when to drop his bombs. The Oboe system is illustrated in 
Fig. 1-9. 

As used at night by the British, the beacons were installed in path
finder aircraft—usually Mosquitoes—and these airplanes dropped flares 
on the target. The main force of bombers then bombed these flares by 
optical methods. When the U.S. Army's Ninth Air Force adopted the 
system, the pathfinder was the leader of a formation of Marauders 
bombing in daylight, and the formation dropped its bombs when the 
leader dropped his. 

The tactical successes of Oboe were considerable; much of the bombing 
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of the Ruhr in 1942 and 1943 was done with its aid. The story of these 
successes is told in detail elsewhere and we cannot pursue it further here. 
The system is noteworthy from a technical viewpoint in its utilization of 
the range extension provided by beacons, of the phenomenal precision of 
range measurement which is possible, and of the transmission of intel
ligence over the interrogation and response links. 

Courses Possible.—In the Oboe system as it was used, the course flown 
by the aircraft is a circle. The center of the circle is at one of the ground 
stations, called the "ca t " station; the circle passes through the correct 
point for releasing the bombs so that they will strike the target. This 

The oboe system Scale 
Fio. 1*9.—The Oboe system. An aircraft carrying a beacon flies a t constant range 

from the cat station, until it reaches a predetermined range from the " m o u s e " station. 
The ranges are so determined as to bring the aircraft to the proper release point for the 
target chosen. 

point is defined by its range from the other station, called the "mouse" 
station. Circular courses of this nature are called "cat-mouse" courses. 
They are not difficult for experienced pilots to fly, unless the radius is 
less than about 20 to 40 miles. 

1-10. H-systems.—As everyone knows, the oboe is an ill wind that 
no one blows good.1 The relevance of this bit of musical folklore to the 
Oboe bombing system lies in the fact that Oboe was operationally a dif
ficult system and required virtuoso performances to achieve satis
factory results. The virtuosos were developed; the need for them was 
regrettable. 

i See, for example, S. Fine, "Anatole of Paris," Decca C-91-4, 36583, Co 32301, 
U.S. Patent 1625705/1702564. 
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A solution for many of the difficulties encountered in the Oboe system 
is to be found in its converse, which is called the "H-system." In an 
^-system, the aircraft carries an interrogator and measures precise 
ranges to two ground beacons at accurately known locations. (See Fig. 
1-10.) 

Courses Possible.—In an H-system, the crew of the aircraft has 
control of the courses to be flown. With suitable instrumentation, a 
variety of choice is possible. Cat-mouse courses may be flown, as in Oboe. 
In addition, courses such that the difference of range to the two ground 
beacons is constant may readily be flown; such a course is a hyperbola. 

The H-system Scale 
FIG. 1-10.—The //-system. This is the converse of the Oboe system (Fig. 110). 

aircraft carries an interrogator, and the two ground stations are beacons. 
The 

With a suitable computer and instrumentation, arbitrary courses may 
be flown. Such computers were designed but not used in combat. 

Comparison of Oboe and H-systems.—The major advantages of an H-
system over an Oboe system are the following: 

1. A very large number of aircraft can use the system at one time; 
in Oboe, one airplane is directed at a time by one pair of ground 
stations.1 

2. Each plane can, if desired, attack a different target; many more 
targets are thus possible than with Oboe. 

3. No communication to aircraft from ground stations, or between 
ground stations, is required; much less organizational effort is thus 
required to set up a mission. 

* More complex Oboe systems which permitted simultaneous control of several 
planes were designed but not put into operation. 
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4. As noted above, a wider variety of choice of course to be flown 
is possible. 

5. In the case of aircraft carrying bombing radars, little auxiliary 
equipment is required for beacon interrogation; the same aircraft, 
therefore, can be used for either radar or //-bombing. Oboe 
requires more specialized aircraft. 

Several different //-systems were used in the war. We will examine 
these briefly. 

"Gee-H."—This British system was made by altering ground stations 
of the Gee hyperbolic navigation system so that they operated as beacons. 
Additional equipment was added to the aircraft Gee receiver to convert 
it into a Gee-H beacon interrogator. Both the RAF and the Eighth Air 
Force used this system successfully during the last year of the war in 
Europe. 

Rebecca-H.—By altering the airborne Rebecca indicator, provision 
was made for displaying two beacon responses simultaneously on an 
expanded delayed sweep. The standard Eureka beacons were used. 
Installed in photo-reconnaissance aircraft of the RAF, Rebecca-// was 
used to direct airplanes to locations at which reconnaissance photographs 
were required. 

Micro-H— The 3-cm bombing radars AN/APS-15 and AN/APQ-13 
were designed with beacon interrogation provisions and with expanded 
delayed sweeps. They were thus readily adaptable to //-bombing. The 
Eighth Air Force used the AN/APS-15 (called "Mickey" by the crews) 
together with 3-cm beacons (sometimes called "Minnie") for //-bombing 
during the last nine months of the European war. This system was 
known more formally as Micro-//. Micro-// and Gee-H helped turn 
the tide toward victory in the battle of the Ardennes (the "Bulge"). 

Shoran.—Probably the first of all //-bombing systems to be designed, 
Shoran was also the best instrumented and the most precise. I t was, 
however, the last to be produced and used. It consisted of an interroga-
tor-responsor and beacons especially and solely designed for H-bombing. 
It was used with remarkable success by the Fifteenth Air Force in Italy 
and the Ninth Air Force in Germany, and was nearly ready for use 
against Japan when the war ended. 

HOW BEACONS ARK USED 

We have reviewed briefly the major uses to which beacons were put 
during the war. Because beacons boast no peacetime history, an analy
sis of their wartime uses is the best guide to how they may be used in the 
future. Such an analysis may be made from at least two points of view. 
We can analyze beacon systems according to the functions they perform 
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or according to the functions that need to be performed. A brief analy
sis from each of these points of view is given below. 

T H E FUNCTIONS OF BEACONS 

The data obtained from beacon replies differ somewhat from those 
obtained from a radar echo. Replies from beacons, for one thing, convey 
more information. 

In the case of radar echo, the information obtained is entirely depend
ent upon the characteristics of the radar set and target. The range of 
the echo is measured with a precision characteristic of the timing circuits 
of the radar set. The azimuth is measured with a precision characteristic 
of the azimuth-determining equipment of the radar. Resolution in 
range depends upon the pulse duration; and resolution in azimuth depends 
on the antenna characteristics and the frequency used. 

The beacon reply may be treated like an echo by the interrogator, 
as far as range and azimuth determination are concerned. If the beacon 
reply is coded, however, it conveys information about the beacon. I t 
may tell, for example, where the beacon is; in this case coordinate infor
mation is transmitted. I t may identify itself by conveying identifying 
information. Finally, if the beacon system is properly designed and 
used, it may communicate still other general information. 

1-11. Coordinate Fixing.—Beacons can be used to mark and identify 
known positions on the ground so that an airplane can determine its 
position with reference to them. The combination of an airborne 
interrogator with ground-based beacons thus constitutes an additional 
aid to navigation, which is compared with other types in Sees. 1-18 to 1-22. 

When a fix of only moderate accuracy (within about a mile or two) 
is needed, the determination of the range and bearing of one beacon 
suffices. For the utmost accuracy—determination of position to within 
100 ft—distances to two beacons at known positions are measured 
simultaneously because range can readily be measured much more 
accurately than bearing. Systems of this latter type are useful in 
applications demanding great accuracy. These include bombing, 
mapping by airplane photography, in which high accuracy of fix of the 
camera is required, and similar applications. I t is necessary, of course, 
that the beacon delay—the brief time required for it to reply—be made 
constant and that allowance be made for it. 

Obviously, the converse application can be made. The location of a 
beacon-carrying aircraft can be determined accurately by one or more 
ground stations at known positions. As we have seen, some systems of 
precision bombing employed in the war used beacons in this way. In 
principle, the beacon was superfluous because the radar echoes of the 
aircraft might have sufficed. In practice, however, the beacons ensured 
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reliable operation at long range and positive identification of the aircraft. 
Shore beacons may be used with shipborne interrogators as lighthouses 

are used. Observation of a single beacon determines a fix. The ship 
gets not only the bearing, as it does from a lighthouse, but also the 
range. Shipborne interrogator-shore beacon systems should be especially 
useful under conditions of poor visibility. Beacons have not been widely 
used in this way so far, but the introduction of such a system is now 
contemplated by the U.S. Coast Guard. 

The coordinates of the interrogator may be determined whenever a 
beacon is located at a known position and a fix is taken on it, and the 
coordinates of a beacon may be determined when a fix is taken on it by a 
stationary interrogator of known position. 

When neither the interrogator nor the beacon is at a known location, 
relative coordinates are still of value for homing. Thus, a naval aircraft 
may home on an aircraft carrier without knowing its precise location 
and, indeed, while its location is changing. Similarly, aircraft may home 
on a ground beacon without caring where it is, as in Rebecca-Eureka. 

Since a series of fixes determines a course, it is possible to set a course 
and navigate it by means of beacons. It is easy to remain within a mile 
of such a predetermined course, and even within a quarter of a mile 
without too much trouble. Greater precision requires some special 
instrumentation, such as an expanded sweep; with the aid of such 
instrumentation, however, a ship or airplane can remain within 100 ft of a 
predetermined course. By such methods, it is feasible to fly an aircraft 
by instruments to an airport, to let down through an overcast, and to 
emerge from it at an altitude of 100 ft, directly over the end of the 
runway. 

1-12. Identification.—An airplane or ship equipped with a beacon of 
particular characteristics is thereby marked and identified to some extent, 
as we saw in previous discussion of IFF, the identification system used 
most widely during the war. Because aircraft were often detected by 
radar long before they could be seen, the problem was one of classifying 
the radar-reply pips as belonging either to friendly or to hostile aircraft. 
The radar sets were of many different types, operating over a wide range 
of frequencies; each one, therefore, had to be provided with a separate 
IFF interrogator-responsor working at one of the frequencies chosen for 
the IFF system. The interrogator was often synchronized with the 
radar set so that the interrogating pulses went out together, and the 
radar echoes and IFF replies arrived together and could be displayed on 
the same indicator tube to give proper correlation in range. In order to 
hinder the enemy in using captured transponders for deception, I F F 
beacons were coded in various ways. A thorough presentation of the 
special problems of IFF would require another volume. They will not 
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be treated further in this book, partly because many of them do not arise 
in peacetime uses of radar or beacons, and partly because IFF has been 
considered, oddly enough, as particularly sacred from the standpoint of 
military security. 

There is a peacetime problem of identification, however, that is 
closely related to that of IFF. I t is the problem of identifying any 
particular one of many radar echoes in the neighborhood of busy airports 
when airplane traffic is being controlled through radar surveillance. 
A beacon with enough complication of coding to give positive individual 
identification of every aircraft seems to be needed. Fortunately, the 
problem is simpler than the I F F problem in one respect: I t is not necessary 
that all aircraft have their identifying beacons turned on at nearly all 
times. 

The identifying reply codes of fixed navigational beacons are assigned 
by a central authority and published for the information of those who 
use them. An aircraft navigator within range of such a beacon identifies 
the beacon by means of its code, and thus can locate the aircraft with 
respect to the beacon. The code of a shipboard beacon identifies the 
ship carrying it. 

1-13. Communication.—By its very nature the beacon system 
involves the use of two nearly independent send-receive systems, as do 
all two-way communication systems. Furthermore, it is rather wasteful 
of its portion of the electromagnetic spectrum in that the r-f bandwidth 
required for satisfactory transmission of the simple pulses would permit 
the superposition of intelligence-conveying modulation. The various 
kinds of reply codes mentioned in Sec. 1-2 can be considered as commu
nication of a rudimentary sort. So can interrogation codes that ensure 
that the beacons will reply only when properly interrogated. Coding of 
both kinds and several more elaborate ways of using the beacon channels 
for communication and remote control are discussed at length in succeed
ing chapters (Chaps. 5 and 11). 

TYPES OF BEACON SYSTEMS 

1-14. Air-to-surface Systems.—A method of classification of radar-
beacon systems that brings out some points of interest is according to the 
location of the interrogator and of the beacon. Thus, an air-to-surface 
system is one in which an airborne interrogator works with a beacon 
located on the surface of the earth. 

The beacon in such a system may be used as a reference point for air 
navigation, as we have already seen. If so, it usually has a receiver of 
good sensitivity and a powerful transmitter so that it may be interrogated 
and received by all aircraft out to horizon range. Beacons of this kind 
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have been installed on shipboard to enable aircraft to home on vessels, 
and other shipborne beacons have been used for identifying ships. 

Light portable beacons with short ranges were used in the war to 
give the locations of isolated forces such as paratroop pathfinders, guerilla 
units, and secret agents. 

Air-to-surface systems, then, are used mainly for navigation. When 
this navigation is of high precision, the system may be used for special 
purposes. One of these is bombing. The use of precision navigation as 
exemplified by bombing may be described in more general terms as the 
delivery of cargo at a designated location. The procedure is simplest 
when the location is designated by placing a beacon there, but it is still 
readily feasible when the beacons are elsewhere. 

Another purpose of precision air navigation may be the making of a 
map. Extensive development of Shoran for the purpose of aerial photog
raphy was undertaken, and it is expected that excellent maps will be 
prepared from pictures taken in this way. 

One other application is for air-sea rescue. Lightweight beacons were 
provided in life rafts for this purpose; in peacetime it appears that all 
lifeboats should be so equipped. 

1-16. Surface-to-air Systems.—The principal use of surface-to-air 
systems is to aid in the surveillance and control of large numbers of 
aircraft, either from a fixed station on land or from a ship. This was one 
of the most important uses of radar during the war. The system was 
found to work better when the aircraft carried identifying beacons. A 
similar system including beacons might aid the control of civilian air 
traffic, but there would be obvious problems of installation, reliable 
maintenance, and correct operation of beacons in aircraft operated by 
numerous companies. Unsolved problems of controlling air traffic, 
however, are already limiting the operation of civilian airlines. If a 
radar-control system is to be used—and several such systems have already 
been proposed—then beacons will undoubtedly have their place in it. 

Surface-to-air systems can be used for precision navigation of aircraft 
as are the air-to-surface systems described in Sec. 1-14. However, it is 
possible to do very accurate navigation with only one ground station 
when the control is exercised from the ground. This is because a ground 
station can obtain accurate azimuth information by means of conical 
scanning or other methods of comparing signals that are used for fire-
control radar. Where only one ground station can be used conveniently, 
a system of this type is advantageous. The error is not independent of 
range, however, as is the case with triangulation systems that measure 
range only. The error in location introduced by an error in azimuth 
increases with range; the precision at very long ranges is not so good as 
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with a two-station system. The error is about i mile at 100 miles with 
an SCR-584. 

Certain surface-to-air systems have been supplemented by auto
matic plotting boards that make a permanent and accurate record of 
the aircraft course. In addition, they can be used to direct aircraft on 
arbitrary courses with great precision and would be suitable for control 
of aircraft near airports. 

1-16. Air-to-air Systems.—The principal use of air-to-air beacon 
systems during the war was for rendezvous of aircraft. When, for 
example, a submarine had been sighted, an airplane could patrol the 
adjacent region until it could be relieved or assisted. If it carried a 
beacon, the airplane coming to take over the patrol could home on the 
beacon and make contact with ease. 

o 
Ground station 
(interrogator or r ^ r f - R e l a y plane 

Course of relay plane 

Aircraft beacon 
^Courseofrelay plane o r interrogator 

beacon) 

- Relay plane 
o 

Ground station 
(interrogator or beacon) 

F I G . 1-11.—Beacon relay system. Interrogations and responses are relayed between 
ground stations and aircraft. The range of the system may be as great as 700 miles. 

I t seems unlikely that a peacetime need for a system of this sort will 
arise. One possible use, however, is for collision warning. Relatively 
simple equipment would make it possible for one airplane to have warning 
of the proximity of another beacon-carrying airplane. The same 
apparatus might function both as beacon and as interrogator-responsor. 
In this application however, the difficult problems of achieving universal 
use of the equipment again would be encountered. 

Relay Beacons.—The maximum range of beacon systems is limited by 
the radio horizon. When one end of the system is on the surface of the 
earth, the range is determined by the altitude of the aircraft at the other 
end. At 30,000 ft the horizon range is about 250 miles. Air-to-air 
systems have the longest horizon ranges; 500 miles may be obtained. 
This property is of interest for relay systems. In such systems the 
effective range of an air-to-surface or surface-to-air system may be 
tripled, if the interrogation and response are relayed by an aircraft 
(see Fig. 1-11). In order to preserve the accuracy of ranges measured in 
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such a system, either the courses of the relay aircraft must be restricted, 
or computers that make suitable corrections must be used. 

As an alternative, an air-to-air beacon system may be used. In such 
a system the range of an aircraft from two other aircraft is determined. 
To convert such measurements into Alrborne ^ ^ 
ground coordinates, the position of the 
two reference aircraft must be known at 
all times. These positions may be deter
mined by an auxiliary radar or beacon 
system. Such a system is illustrated in 
Fig. 112. _ 

A system of this type is of interest interrogator 
because it makes possible precision navi- Airborne beacon 
gation anywhere within approximately 
500 miles of identifiable radar landmarks. 
It does this at the expense of consider
able complication, both of equipment and 
opera t ional procedure . FIG. 1-12.—Airborne-beacon 

During the war several relay systems l^TCnlZJ^ZlZ 
were projected. An Oboe relay sys tem, vey information as to their instan-
with an airborne relay, was actually used t a n e o u s loca t ions-
successfully by the RAF for at least one bombing operation in 1943. 

1-17. Surface-to-surface Systems. Ground-to-ground Systems.—Bea
cons have been used in surveying. With easily portable beacons and 
special interrogators, it is simple to get accurate measurements of the 
distances between widely separated points in fairly rough country. In 
this application it is necessary, however, to have a nearly clear line of 
sight from the interrogator to the beacon. At some lower frequencies, 
the beacon will be interrogated and will give a reply, even though there 
are sizable obstacles like hills in the direct line. The shortest distance of 
travel of the radio waves, however, is not the true distance because they 
have to travel around the obstacles. 

Ground-to-ground surveying systems are usually designed to give 
measurements of range only, with precisions of 5 to 10 yds. They are 
usually short-range systems because of line-of-sight limitations. The 
equipment may be so designed that it can be used either as an inter-
rogator-responsor or as a beacon by throwing a switch, or as both in 
rapid alternation with automatic switching between the two functions. 

Ship-to-shore Systems.—The methods of precision navigation de
scribed above for aircraft may be applied to ship navigation. No such 
applications have yet been made, but they have been considered. For 
ship navigation off shore and in rivers, lakes, and harbors, systems can 
readily be designed which are adequate to permit navigation in well-
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defined lanes. In fact, plotting-table techniques can be used to permit 
continuous tracing of the position of the ship on a chart; they can even 
be extended to make possible the automatic steering of a ship along a 
predetermined course. Life on the Mississippi can now be made simpler 
for the pilot, even though somewhat less picturesque. 

COMPARISON OF BEACONS WITH OTHER NAVIGATIONAL AIDS 
1-18. Beacons and Ordinary Navigation.—The use of beacons, 

especially with a radar indicator that gives a maplike presentation (plan 

F I G . 1-13.—Four 3-cm beacons seen simultaneously on the P P l of an AN/APS-10 
radar. Range circles are 20 miles apart. The beacons are as follows: (a) Code 2-2-2; 
Deer Island, Boston, Mass, (b) Code 2-1-1; South Weymouth, Mass, (c) Code 2-1; 
Quonset, R.I. (d) Code 1-2-3; Fisher's Island, N.Y. From a compass reading and the 
range and azimuth data obtained from any one of these beacons, it may be deduced t h a t 
the aircraft is 2 miles north of Woonsocket, R.I., and headed toward Lexington, Mass, 

position indicator, PPI) is in some ways merely an extension of ordinary 
nonradio navigation. Because beacons can be seen at much greater 
ranges than most landmarks can be seen visually, they give a much larger 
area of certainty of fix. An airplane with any standard airborne radar 
set can now fly the whole seaboard of the United States at an elevation of 
5000 ft or more without ever being out of touch with one or more beacons. 



SEC. 1-20] BEACONS, RADIO RANGES, AND RADIO COMPASSES 25 

This means that drift may be measured fairly accurately and checked 
frequently so that navigation becomes a nearly continuous process rather 
than a repeated checking of dead-reckoning predictions. Figure 1-13 
shows a PPI photograph taken with an AN/APS-10 3-cm radar. Four 
3-cm beacons are seen, at ranges between 30 and 50 miles. Each of these 
is identified by its code; any one of them would fix the position of the 
aircraft. 

1-19. Beacons and Radar Pilotage.—Ordinary radar without 
beacons makes possible a similar type of pilotage if the terrain being 
flown over has distinctive configurations that do not present any ambi
guities that hinder recognition. This fortunate condition, however, is 
not realized as often as is desirable; the addition of beacons to radar 
equipment gives much greater certainty of fix. 

The inclusion of beacon-interrogation provisions in an airborne or 
ship radar set is a simple matter and is generally inexpensive. The 
augmentation of navigational facilities thus afforded is likely to be an 
excellent investment. Few American airborne radar sets were built 
during the war without such beacon-interrogating provisions. In these 
few cases, the special character of the radar sets made beacon operation 
impossible or impractical. (An example is the AN/APQ-7, which has 
beacon-interrogating provisions but is sometimes unable to use them 
because of the peculiar "squint" of the linear array antenna used.) 

1-20. Beacons, Radio Ranges, and Radio Compasses.—In some ways 
the radio range is the simplest type of radio aid to navigation. The 
equipment carried in the airplane is simple and so is its use by the pilot. 
The information that it gives, however, is incomplete because it is merely 
a line of position. For adequate information, therefore, it has to be 
supplemented by other aids. Furthermore, since it gives only one line 
of flight, radio-range navigation does not permit any flexibility in choice 
of course. 

The radio compass can indicate only the bearing of the transmitter 
being received. When two or more such bearings can be determined in 
rapid succession, a fairly accurate fix can be had, but this is not always 
possible. A fix is also obtained from one bearing taken while the airplane 
is flying a radio-range course. Both of these procedures involve some 
work with charts or computation. 

An air-to-ground beacon-navigation system involves the use of more 
complicated apparatus in the airplane, but, in compensation, every 
reading of the range and bearing of an identifiable beacon gives a fix. 
When a PPI or type B indicator is used, the information is presented 
in a particularly simple and readily assimilable form. Furthermore, 
complete flexibility in choice of course is possible. Techniques have 
been worked out for navigation of an arbitrary course by the aid of a 
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beacon. They are described in Radar Aids to Navigation, Vol. 2, 
Sec. 3-8, Radiation Laboratory Series. 

1-21. Beacons and Loran.—In the Loran system and the Gee system, 
a moderately simple receiver-indicator is used in the plane. A reading 
of the difference of the time of arrival of pulses from two synchronized 
stations gives a location on a hyperbolic line of position. A second read
ing made on pulses coming from a second pair of stations gives another 
hyperbolic line of position. The intersection of the two lines gives 
the fix. The airplane must be equipped, in addition, with suitable 
charts giving Loran coordinates. This system permits navigation over 
long stretches of water, far out of the range of any possible beacons. 
Beacon-interrogating equipment is more complicated in design but 
simpler in use. 

1-22. Summary.—The major characteristics of radar beacons, with 
an analysis of their uses, are summarized below. 

1. Radar beacons are useful at ranges that may be limited only by 
the horizon. For air-to-surface or surface-to-air systems, such 
ranges depend on the aircraft altitude and are about 250 miles for 
aircraft at 30,000 ft. For surface-to-surface systems, ranges are, 
in general, considerably smaller. 

2. At the frequencies used for beacons, no interference by atmospheric 
disturbances is encountered. 

3. Beacons permit navigation of aircraft along arbitrarily chosen 
courses. A single observation on a beacon provides a fix. The 
accuracy of fixes taken with beacons may be as precise as desired, 
errors of less than 100 ft being readily possible. 

4. Beacons permit ship navigation, within horizon range of land, 
with similar precision. 

5. Long-range navigation very far from land is not readily possible 
at the frequencies used by beacons. 

6. Beacons are excellent for homing. They may be so used at air
ports or for the delivery of airborne cargo. 

7. Aircraft, flying predetermined courses, can use radio aids requiring 
less airborne equipment than is needed for interrogating beacons. 
Aircraft that do not adhere to rigidly predetermined routes may 
navigate arbitrary courses with ease by beacon methods. 

8. Beacons installed in aircraft facilitate ground control by radar. 
Beacon responses can be displayed without interference from 
ground, sea, or cloud echoes, and convey much more information 
than echoes. They may be used for identification. 

9. With some limitations, beacon systems can be used for communi
cation. 



CHAPTER 2 

THE REQUIREMENTS OF SYSTEMS USING BEACONS: 
RANGE CONSIDERATIONS 

B Y H. H. BAILEY AND A. ROBERTS 

In this chapter and the four following chapters the principles upon 
which the employment of radar beacons in pulsed systems is based will 
be discussed. These principles have been painfully evolved during the 
war and it may well be that they are not as yet completely understood, 
since the beacon art is still young. However, some fundamentals are 
clear; they will now be set forth. Other points are controversial; an 
attempt will be made to define them, even if they cannot be settled. 

2-1. Statement of Requirements.1—A system that is to use beacons 
is projected in response to a need or purpose, generally expressed in the 
form of a statement of requirements for the system. Explicit statement 
of the requirements is always desirable, and, in fact, is usually essential 
for proper design of the system. 

A statement of requirements for a system using beacons should 
specify the following: 

1. Other uses of the interrogator, if any. 
2. The reliable range and the degree of reliability desired. 
3. The minimum range requirement, if any, and the coverage needed. 
4. The expected density of beacons and interrogators. 
5. The limitations of size, weight, power, etc. 
6. The method of using the information obtained and the speed 

with which it must be made available. 
7. The type of position information wanted and the precision 

required. 
8. The amount of attention or maintenance available at the beacon. 
9. The amount of information to be conveyed from beacon to 

interrogator. 
10. The amount of interference to be expected. 
11. The need, if any, for transmission of data (for example, control 

signals) over the interrogation and response links. 

Succeeding sections of this chapter will discuss these requirements in 
detail. 

1 Sees. 21 to 2-3 by A. Roberts. 
27 
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2-2. First Principles of the Beacon Art.—The most fundamental of 
all principles governing the design of beacons is this: A beacon cannot 
properly be designed by itself, in isolation or in vacuo; the entire interrogating 
and reply system must be considered as a single unit. 

Self-evident as it may appear, this principle has been more often 
violated than observed. The exigencies of war have often resulted in 
systems that a conscientious engineer must abhor for their disregard of 
the simplest principles of efficiency or economy. Such systems have 
been made to work; often they have even worked satisfactorily in the 
field. But in any future design, to be governed by ordinary engineer
ing and economic practices, it is essential to start from the standpoint 
that a beacon system has two ends that must be designed together for 
optimum efficiency, economy, and utility. 

Beacons can be designed or modified to be used with interrogating 
equipment already in widespread use; likewise, interrogating equipment 
can be designed or modified to be used with beacons already in widespread 
use. Restrictions are likely to be encountered, however, which make the 
task difficult and the result only partially satisfactory. 

One of the first questions to ask before designing a system using 
beacons is this: Will the interrogating equipment be used for radar 
echoes as well as for beacon responses? 

If the interrogating equipment is to be used for radar echoes as well 
as for beacon responses there are two separate cases to consider: that in 
which the radar function is primary and the beacon-interrogation function 
secondary, and that in which the beacon function is primary and the radar 
function secondary. In the first case, the considerations determining 
radar performance will, then, in many particulars take precedence over 
beacon requirements (the choice of frequency, for instance). Since 
beacon requirements can be fulfilled more flexibly than radar require
ments, a suitable beacon system can be designed for almost any contem
plated radar system, after due consideration of requirements, cost, and 
probable performance. Beacon facilities cannot always be added, how
ever, when the radar design has been fixed without regard for beacon 
performance. 

If the radar function is secondary to the beacon function of a system, 
an interrogator-responsor can be so designed as to be useful as a radar, 
but its usefulness is likely to be limited. I t may, for example, be restrict
ed to collision warning. 

If the interrogator is to be used solely with beacons, beacon require
ments only will need to be considered. This fact, however, instead of 
simplifying the problem may make it more difficult since a large number 
possibilities is opened up. 

I t may happen that the beacon function is the more important, but 
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a subsidiary radar function would be desirable if possible. In this case 
several alternate designs should be considered and a decision arrived at 
after consideration of the various alternatives. 

Two lesser principles govern the design of systems using beacons. One 
is that the use of microwaves for systems employing nondirectional or only 
slightly directional antennas at both ends is uneconomical. It will be seen 
later that the power requirement for such systems increases as the inverse 
square of the wavelength. 

The second principle is that for systems using nondirectional antennas 
at one end and fixed antenna apertures at the other end, the. power require
ments are to a first approximation independent of wavelength. The beam-
width of the fixed aperture antenna will, of course, decrease directly 
as the wavelength. 

2-3. Characteristics of Beacon Systems.—The characteristics of a 
good beacon system designed for cathode-ray-tube display are 

1. Accurate range (as accurate as desired). 
2. Accurate azimuth (as accurate as desired). 
3. Presentation of many beacons simultaneously without confusion. 
4. Narrow azimuth arcs, good azimuth resolution. 
5. Good over-all resolution, hence good identification. 
6. Complete coverage, even at low angles of elevation. 
7. Map type of presentation. 
8. Simple correlation of echo and beacon responses. 
9. Adequate traffic capacity for both interrogation and response. 

10. Fast reading of beacon codes. 
11. Ability to space beacons closely. 

Many of these characteristics are more readily attained with microwave 
beacons than with, lower-frequency systems. 

Azimuth Requirements and Frequency Choice.—It is rarely desirable 
to use microwaves for systems used exclusively for beacon responses. 
If the interrogator and beacon both use a nondirectional antenna, micro
waves are, as has been stated, uneconomical. If the interrogator uses a 
directional beam, a suitable interrogator-responsor has all the properties 
of a radar set and for maximum economy ought to be used as such in 
addition to being used for interrogation of beacons. This is true since 
even low (8-kw) pulse powers are useful for microwave radar; lower 
powers do not give proportionate reduction in size, weight, or power 
consumption. 

I t may, of course, happen that requirements for extremely accurate 
azimuth information will dictate the use of microwaves in a system 
intended only for beacon use. Thus microwaves might well be used in 
a ground interrogator for automatic tracking even if no radar use were 
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contemplated. Such a set would nevertheless be useful as a radar set. 
It may also be necessary to use microwaves when spectrum space is 
not available at lower frequencies. 

If fixes on a beacon are to be taken by range and azimuth, the superior 
directional properties of microwaves suggest their use, especially if any 
considerable degree of precision is required (about +1° in azimuth or 
better). If fixes are to be taken by range measurements only, using two 
or more beacons and triangulation methods, any frequency above about 
30 Mc/sec is useful. 

Good range and azimuth information can be obtained at lower fre
quencies as well as at microwave frequencies. Azimuth accuracy of 
plus or minus a few degrees can be obtained by lobe-switching techniques. 
The chief characteristic difference between systems that use lobe switch
ing for azimuth accuracy and systems that obtain the same accuracy by 
using narrow beams is the much greater traffic capacity of the latter. 

Identification and Frequency Choice.—For purposes of identification, 
microwaves are far superior to ultrahigh frequencies. Only frequencies 
that permit PPI presentation are capable of providing identification in 
any but the simplest situations. 

The problem of instantaneous identification of any one beacon from 
thousands of others is still unsolved. It is certainly soluble, however; it 
is even possible that a solution will be attained within the next several 
years. The problem is essentially one of display. It is necessary that 
numerous coded replies be observable simultaneously; thus reply codes 
must not take much range on the PPI and must, at the same time, convey 
the desired information in a form readily observable by the eye. 

RANGE REQUIREMENTS 

B Y H. H. BAILEY 

2-4. Maximum Reliable Range.—Range, of course, refers to the 
distance between the interrogating equipment and the beacon. There 
are both upper and lower limits to the range at which a system can 
function properly. A discussion of minimum useful range will be given 
later. 

More important and much more fundamental is the maximum range, 
if this phrase is properly interpreted. The greatest possible range obtain
able with a system has little practical significance, since it can be affected 
markedly by such things as performance of individual sets, temporary 
atmospheric effects, and the skill of the operator. 

A far more useful concept is that of maximum reliable range, or simply 
the reliable range. This is the greatest range that can ordinarily be 
counted upon under practical conditions with average personnel operating 
production equipment. A precise definition of reliable range, from its 
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very nature, cannot be given. However, excellent correlations between 
experiment and theory have been obtained in the case of scanning radars 
by considering as reliable that range at which a good radar operator can see 
the beacon on three-fourths of the sweeps. 

The reliable range of a complete system is a property that, more 
than any other, depends inherently upon the characteristics of both sets 
in the system. Indeed, it is affected by a great many factors. Futher-
more, a given range can be obtained by many different designs. For 
these reasons, it is not possible to treat the desired range as a design 
parameter and then attempt to show how best to design a system having 
that range. Rather, considerations of size, weight, cost, availability of 
components, and other required functions, as applied to the two parts of 
the system separately, must be adjusted to fit the overriding requirement 
of range. Accordingly, the point of view adopted here will be to show 
how the reliable range to be expected can be computed when all the 
detailed characteristics of the interrogator and the beacon are known. 

2-6. The Range Equation.—All of the systems under consideration 
make use of two distinct propagation links: the interrogation link and 
the response link. I t is clear that the controlling equations will be those 
for one-way transmission applied to the two links separately (as differ
entiated from the round-trip formulas applicable to radar echoes). 
Obviously, the reliable range of the system will be the lesser of the ranges 
computed for the two links. The transmission equations for free-space 
conditions may be derived as shown in the following paragraphs. 

Consider an isotropic radiator emitting a total power PT watts. The 
power radiated in any direction is PT/4ir watts per steradian. If the 
radiator is replaced by an antenna with a gain (over isotropic) of gT in 
the desired direction, the power radiated in that direction is Pr<7r/4ir. 
If a receiving antenna with an effective cross section a is placed at a 
distance R from the transmitter, it subtends a solid angle a/R2 steradians, 
so that the power intercepted by such an antenna is Prgra/AirR2 watts. 
In order to achieve symmetry and greater generality, o is expressed in 
terms of the gain of the receiving antenna gR.1 The needed relationship, 
which is derived in Microwave Antenna Theory and Design, Vol. 12, 
Chap. 6, Radiation Laboratory Series, from a straightforward computa
tion of the power pattern of the antenna, is that gR = 4iro/X2. Thus 
the power received is 

p PrgrggX2 

" (4irfl)2 ' 

I t will be found convenient to use only the maximum gains GT and G« 
of the transmitting and receiving antennas respectively, and to apply a 

1 For a Hertzian half-wave dipole, the gain is $ and the equivalent area 3\*/8r. 
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correction factor whenever the geometry of a situation is such that the 
full gain of an antenna is not utilized. It will also be appropriate for the 
present purposes to solve the above equation for R2. The range equation 
then becomes 

fi, / x Y P ^ . (1) 

Considerable care must be exercised to combine or modify suitably 
the quantities that are directly measured or computed before inserting 
them into this equation. It is, therefore, necessary to rewrite the 
equation, as applied to each link separately, in terms of readily measurable 
quantities, including all losses. In order to do this, a rather complete 
system of notation must be established: 

Let R = reliable range as defined above, in any units. 
P = power, in watts. 
G = maximum effective gain of an antenna over isotropic. 
L = transmission line loss, in decibels. 

M = reduction from maximum gain to utilized gain, in decibels. 
A = atmospheric absorption, in decibels. 
X = wavelength of radiation used, in same units as R. 

K = loss factor [see Eqs. (2) and (3) below]. 
i subscript refers to interrogation link. 
r subscript refers to response link. 
T subscript refers to transmitting components. 
R subscript refers to receiving components. 
Primed quantities refer to the beacon. 
Unprimed quantities refer to the interrogator. 

Equation (1) now gives rise to two equations, as follows: 

R \ = (MtoyiPjG&yp'jLi) \ 
where \ (2) 

Ki = antilogio (LT + L'R + MT + M'R + A<)/10 J 
and 

R* = {\r/^)KP'TG'TGR/PRKT) . 
where ' 

Kr = antilogjo (L'T + LR + M'T + MR + A,)/10 

Another useful formulation is the set of equations, Eqs. (4) and (5) below: 

10 log10 P'a = 10 log10
 P ^ p - (LT + Mr + At + M'R + L'R). (4) 

This gives the power, in decibels below 1 watt, available at the input 
terminals of the beacon receiver. 
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10 log10 Pn = 10 Iog,0
 P ' ^ p ~ (L'T + M'T + AT + MR + L.). (5) 

This gives the power, in decibels below 1 watt, available at the input 
terminals of the interrogator receiver. 

Interpretation of the Quantities in the Range Equation.—The loss terms 
require discussion. The line losses, including duplexing losses if they 
exist, are directly measurable and cause no difficulty. M' is often zero, 
since beacon antennas usually have their maximum gains close to the 
horizontal and so make use of the full gains at maximum range. M is 
arbitrarily taken as 3 db so that signals will be considered reliable when 
they occur over an arc equal to the half-power beam width of the antenna. 
An experimental justification for this value of M is given later (Sec. 2-9). 

The absorption A of the atmosphere is a function of wavelength, 
pressure, and humidity as well as range, and the rate of absorption may 
vary considerably along the path of the radiation (as when thunderstorms 
are present). Nevertheless it can usually be estimated with sufficient 
precision and in most cases is actually negligible. 

The interpretation of the power terms also needs some clarification. 
The transmitted power refers to the pulse power as measured at the 
transmitter itself. The received power refers to the effective receiver 
sensitivity. In the beacon receiver, it has been found experimentally, as 
discussed in Sec. 8-3, that a signal must have an amplitude at least 4 db 
above rms noise1 to produce consistent triggering of the succeeding cir
cuits when the gain is set so that triggering on noise itself is negligible. 
The sensitivity of a beacon receiver is therefore quoted in terms of the 
reliable tripping level, and this quantity is P'R directly, by definition. 

PR is the power arriving at the radar receiver which produces a reliable 
result. This is different, in general, from the advertised value of the 
receiver sensitivity; consequently the advertised value must be corrected. 
The incoming signal required, even by identical receivers, depends 
markedly on the final result that is to be achieved. Sets such as beacons 
themselves, in which the signals actuate electrical or mechanical detecting 
devices, respond to individual pulses and can be made to operate on 
signals comparable to noise peaks or even less if the noise firing itself 
is not harmful. On the other hand, in sets that must average or integrate 
the received signals for automatic tracking purposes, random triggering 
is quite harmful. Such sets may have to operate at signal-to-noise 
ratios of about 10 or even higher. The exact value is a function of the 
circuits involved and of the accuracy of tracking required. The widest 
application is to sets that provide a visual indication on some kind of 
a cathode-ray tube, and these will be discussed at greater length. 

1 This figure applies for a square-law receiver. For a superheterodyne, the value 
is 8 db. 
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D I S P L A Y L O S S E S 

2-6. Losses in CRT Displays.—In sets using CRT displays, the 
desired final result is not achieved until an operator has noticed or turned 
his attention to the presentation of a signal. Thus, two very complicated 
sets of phenomena become involved—various characteristics of the CRT 
screen and the physiology and psychology of a human observer. This 
extremely difficult subject has been investigated in experiments 
that are described in Threshold Signals, Vol. 24, Chaps. 7, 8, and 9, 
Radiation Laboratory Series. Certain facts and relationships have 
emerged which are very useful in deriving the corrections that must be 
applied to measured values of receiver sensitivity before they can be 
used in Eq. (2). 

Minimum Discernible Signals.—The strength of a signal that can just 
be discerned in noise varies inversely as the square root of the pulse-
repetition frequency, other things being equal. This is true for both 
deflection-modulated and intensity-modulated CRT displays. Thus, if 
under certain conditions a signal-to-noise ratio of 1 is necessary at 80 cps, 
a signal at 400 cps such that the signal-to-noise ratio is l/\/5 can still be 
seen, the gain in sensitivity being 3.5 db; 7 db of sensitivity are gained 
over the original if a rate of 2000 cps is used. 

The same law holds even when the pips are not superimposed. That 
is, a signal that occurs on four times as many sweeps as a second signal 
can be detected in noise when it has half the strength of the second signal, 
even when the successive sweeps are displaced, as in B-scope or PPI 
presentations. It may be noted that the conditions for these two laws 
become identical in A-scope presentation. In fact, the two laws are but 
different aspects of a fundamental relationship that has been derived by 
G. E. Uhlenbeck1 from purely statistical arguments on the comparison 
of a signal with the appropriate amount of noise. 

Scanning Losses.—The importance of the second relationship lies in its 
application to scanning. Thus, a minimum detectable signal under 
scanning conditions must be greater than the corresponding signal under 
"searchlighting" conditions by a factor that is the square root of the 
ratio of the total angle scanned to the angle over which the signal is 
actually seen (nominally, the horizontal beamwidth). For example, 
consider a receiver with a certain sensitivity as measured with a signal 
generator under nonscanning conditions. Used with an antenna that has 
a beamwidth of 3° and scans through 150°, it will suffer an 8.5-db loss 
(i.e., y/ris) m sensitivity. This square-root scanning loss is actually 
subject to the restriction that the scanning period be less than about 
6 to 10 sec. However, the transition from the above law to no loss at all 

1 Threshold Signals, Vol. 24, Chap. 7, Radiation Laboratory Series. 
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(for extremely slow scanning rates) sets in gradually and begins to be 
effective in reducing the scanning loss only on the large ground radars. 

Pulse Width.—One additional correction, usually small, is for pulse 
width. The beacon signals may have in general a different, and usually a 
shorter, pulse width than those with which receiver sensitivity is ordi
narily measured. The importance of this difference depends, of course, 
on the bandwidth of the receiver. The correction is most easily deter
mined by a straightforward sensitivity measurement using signals with 
the actual beacon pulse width. 

The experimental curves of minimum discernible signal strength vs. 
width of the indication on the screen (see Fig. 2-1) are found to be concave 
upward with a broad minimum at 
about 1 mm. This result, at first 
sight rather surprising, is almost 
independent of CRT focus or spot 
size and seems to be related to the 
resolving power of the eye. At 
signal widths less than 1 mm— 
that is, at slower sweep speeds— 
the familiar square-root law is 
approximately followed. For ex
ample, a 0.5-/isec pulse viewed 
with a 100-mile sweep on a 5-in. 
PPI tube is 0.025 mm wide, and the curve indicates that the effective 
sensitivity obtainable under these conditions is 4.8 db below the optimum 
and 4.5 db below that measured on a 4-mile sweep (signal 0.6 mm wide). 

Response Losses.—Even granted adequate power and sensitivity on 
the interrogation link, 100 per cent response by the beacon is not assured. 
This effect, unlike that for radar reflections in which there is a statistical 
distribution of intensity of the reflected signal, involves the phenomenon 
of missing responses. It is produced because all beacons have a "blank
ing ga te" that produces a "dead" time. Under conditions of interroga
tion of a beacon by a number of interrogators, the per cent response W 
can, in principle, be computed.1 Then, theoretically, PR should be 
increased by the factor 1/W^, or the corresponding range decreased by 
WVt. Actually, beacons should be designed with sufficient traffic capacity 
for a given application (a discussion of the parameters controlling this is 
given in Chap. 6); thus, in practice, W will seldom assume values low 
enough to cause a significant reduction in range. This effect will be 
neglected in the remainder of the present section. 

The Observer.—Finally, there is the observer to consider. Semitrained 
personnel, who are usually depended upon in the use of specialized elec-

1 See Chap. 6. 
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F I G . 2-1.—Relative intensity of minimum 
discernible signals as a function of signal 
width on the C R T screen, (a) A-ecope; 
(b) B-scope or P P I . 
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tronic equipment, differ greatly in their skill and motivation. Factors 
like ambient noise and ambient light have an important effect on the 
attentiveness required to achieve maximum performance. The supply 
of oxygen or lingering effects of the previous night's diversion can alter 
the degree of attention of which an operator is capable. These variable 
effects obviously cannot be evaluated quantitatively, but they do make it 
advisable to provide a margin of 10 db or so more power or sensitivity 
than would otherwise be indicated, when the additional cost, weight, 
power, time, and so forth, are not prohibitive. 

Summary.—To ecapitulate, the value to be used in Eq. (2) for PR— 
the effective sensitivity for producing a desired result "reliably"—must 
be obtained from the measured value of sensitivity by making appro
priate allowances for probable conditions of use and the final result 
desired. In particular, if a visual indication is to be presented to an 
observer, corrections must be made according to known laws when the 
conditions under which the quoted sensitivity was measured and the 
actual conditions in the field differ in pulse width, scanning rate, or sweep 
speed. If possible allowances must be made for the differences between 
real observers and ideal observers. 

Sometimes receivers are used for functions other than beacon reception, 
such as radar reception. Their sensitivities are often measured by main
tenance personnel under almost optimum conditions (long pulse, high repe
tition rate, no scanning, fast sweep) so that optimistic values are quoted. 
The corrections are therefore usually necessary, and they may be sizable. 

2-7. Losses in Other Displays.—Radar information, whether 
obtained from echoes or from beacons, is ordinarily displayed on CRT 
screens. However, this information can also be displayed in other ways. 
The most important of these are probably the use of meters or the use 
of motor-driven indicating mechanisms. Rows of lights are used on 
occasion; relays or other trigger devices also may be employed. 

Such indicating devices are invariably operated by circuits that 
detect the received pulse in the presence of noise. They do this by 
comparing the signal plus noise to the noise alone. I t is immediately 
clear that such circuits are free from most of the defects of the human 
observer using a cathode-ray tube, and are best compared to the expanded 
A-scope presentation because of their ability to ignore irrelevant noise. 
Accordingly, one expects the losses in such circuits to be low compared to 
CRT losses, which is actually the case. As an example, a pulse-width 
discriminator circuit that has been used in beacons will trip reliably when 
the signal is 4 to 5 db above noise. For other circuits the margin may 
be even less. This is to be compared with CRT display losses, which 
may exceed 15 db; signals must, therefore, be 10 db or more above noise 
to be reliable. When the general noise level is subject to short-term 
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fluctuation, however, the human 
observer may do better because 
of his intelligent selection of the 
intervals of time to be taken as 
significant. 

2-8. Video Stretching.—It has 
been seen that a presentation loss 
is incurred if the length of the sig
nal on the CRT sweep is different 
from an optimum value of about 
1 mm. Figure 2-1 shows the loss 
quantitatively as a function of 
signal length. In many systems, 
much of this loss can be avoided 
by the use of an expedient known 
as "video stretching." 

If it were possible to lengthen 
the beacon reply pulse to 3 to 5 
jjsec, it is clear that on long sweeps 
much of the loss could be avoided. 
A 10-mile sweep on a 5-in. PPI is 
about 60 mm long and covers 120 
Msec; a 0.5-jusec pulse is then 0.25 
mm long. On a 100-mile sweep 
on the same tube it is only 0.025 
mm long. The corresponding loss 
compared to a 1-mm signal is 5.5 
db. If the pulse were 5 ^sec long 
the loss would be 1.0 db; this is 
an improvement of 4.5 db. 

Now the use of 5-^sec reply 
pulses rather than a 0.5-/isec pulse 
would increase the beacon duty 
ratio by a factor of 10; the de
crease in traffic capacity would be 
intolerably great in cases in which 
the duty ratio is a limiting factor. 
For microwave beacons this is 
almost always true. The equiv
alent effect for strong signals can 
be achieved by so arranging the 
video circuits of the interrogator 
receiver that incoming pulses are 

F I G . 2-2.—B-scope showing beacon sig
nals without video stretching in the interro
gator receiver. The range marks are 20 
miles apart . 

FIG.2-3.—B-scope showing beacon signals 
with video stretching in the interrogator 
receiver. The range marks are 20 miles apart. 
The increased illumination of the screen is of 
most value for long sweeps. Note that range 
measurements of the leading edge of the sig
nal are unimpaired. 
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"stretched." The stretching should be done in such a way that range 
accuracy is preserved; thus, the leading edge of the pulses should be 
unaltered. The rest of the pulse should be stretched out so that it 
appears like a 2- to 3-/isec pulse on the cathode-ray tube. Longer 
stretching interferes with range code legibility. Figures 2-2 and 2-3 
show the effect of video stretching on code legibility. 

It should be clearly understood that video stretching is effective in 
increasing the reliable range, not the maximum range. It can only 
eliminate or reduce the long sweep loss. I t cannot change the maximum 
range because it does not affect the ratio of signal to noise. In systems 
working with signals very close to noise, video stretching will introduce 
no improvement; with scanning microwave radar sets and average radar 
operators, a very considerable improvement is introduced. Field 
experience confirms this. 

In systems using automatic range-tracking, or any signal detector 
other than the cathode-ray tube, video stretching is unnecessary and 
undesirable. 

APPLYING THE RANGE EQUATION 

2-9. Experimental Verification of Reliable Range.—In order to design 
a certain lightweight beacon so that it would just meet and not exceed 
the requirements for performance, an extensive series of carefully con
trolled flight tests was conducted by the beacon group of the Radiation 
Laboratory. An airborne scanning 3-cm radar was used to interrogate 
an experimental 3-cm beacon; the effective power output and receiver 
sensitivity of the beacon could be adjusted at will over a fairly wide range 
of values. These experiments constitute an excellent test of the range 
equation and all the corrections that must be applied to measured 
values in the use of that equation. They have verified the theory com
pletely within the experimental error. Other isolated cases in which all 
of the necessary data were available have also given similar checks, but 
this particular series of tests is sufficiently significant to warrant noting 
some of the results here. 

The beacon contained a more powerful transmitter and a more sen
sitive receiver than necessary and was fitted with calibrated attenuators 
in both lines. Thus, two things could be accomplished: By removing 
the attenuation from one line, one link could be made very strong to 
ensure that the observations of range would be affected by only one factor 
at a time; by varying the other attenuator, a variable power output or 
receiver sensitivity could be simulated. Under a variety of conditions, an 
experienced radar operator in the aircraft made runs approaching the 
beacon and recorded, whenever possible, both a maximum and a "reli
able" range on each run. The latter was, by definition, that range at 
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which this particular operator could "see" the beacon on three-fourths 
of the scans past the beacon. His observations when testing the response 
link are indicated in Fig. 2-4. It should be noted that the maximum 
range data have a much greater spread than the reliable range figures— 
an additional reason for con
sidering reliable ranges the more 
significant. 

The upper d i a g o n a l line, 
marked "unconnected," represents 
the theoretical dependence of 
range on output power with none 
of the required display corrections 
made to Eq. (2). In order to 
simplify t h e a r g u m e n t , the 
attenuator readings are used to 
adjust PT. System corrections 
include a measured loss in the 
beacon r-f transmission line up 
to the antenna of 0.5 db, a negli
gible radar r-f line loss, 3 db loss 
taken (arbitrarily) in M, atmos
pheric absorption neglected; hence there was 3.5-db loss. Interference 
nulls were minimized by flying high. 

The lower line takes into account the CRT display corrections to 
receiver sensitivity which are computed as follows. The receiver sensi
tivity was measured by feeding in 1-usec pulses at 500 cps and observing 
the indication on an A-scope with a 4-in., 15-mile sweep. The flight 
conditions, on the other hand, were 0.5-jusec pulses at 400 cps viewed 
on a B-scope using a 4-in., 100-mile sweep, with the radar's 5°-beam 
scanning through 150°. The corrections are then: pulse width 0.2 db 
(not measured in this case but computed from the known i-f bandwidth), 
repetition rate 0.5 db (from \/500/400), sweep speed 4.9 db (from 
Fig. 21) for 0.27- and 0.04-mm signals (including the small difference 
between A-scope and PPI or B-scope presentations), and scanning 7.4 db 
(from 150°/5°), for a total of 13.0 db. Note that every one of the 
corrections is in the direction of reducing the effective sensitivity. 

The correlation that Fig. 2-4 exhibits between the finally computed 
ranges, after all known corrections have been made, and the experimental 
observations based on an arbitrary three-fourths rule is better than could 
be hoped for. The best straight line (of proper inverse square slope) 
through the observed points is within 1 or 2 db of the theoretical curve, 
and that difference is certainly less than the probable error in the absolute 
values of the two r-f power measurements. 

Beacon power in watts 
F I G . 2-4.—Experimental verification of 

the range equation, with display corrections. 
(For details of the corrections, see text.) 
The two lines are drawn with an inverse 
square slope. The upper line represents 
uncorrected predicted range. The lower line 
shows the predicted range with the calculated 
display correction of 13.0 db. Data are for 
the response link of a 3-cm airborne-radar-
ground-beacon system. 
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Similar tests made under conditions in which the limiting was in the 
interrogation link checked the theory equally well. For both links, the 
mean of the maximum ranges differs from the average reliable range by 
about 50 per cent, equivalent to 3 to 4 db. The value of 3 db which was 
adopted for M, the radar antenna pattern loss, under reasonable but 
rather arbitrary assumptions, can now be considered as justified by this 
experimental determination of the difference between maximum and 
reliable ranges. 

2-10. General Application to a System.—After ranges have been com
puted by Eqs. (2) and (3) for the interrogation and response links respec
tively, the smaller of the two is, of course, adopted as the reliable range 
of the system. The link with the smaller range is known as the "limit
ing link." 

If the interrogation link limits, the response is comparatively strong. 
This is advantageous, particularly for interrogators with a visual pres
entation, as has just been explained. It is expensive, however, from 
the beacon point of view, since transmitter and modulator power are 
expensive in terms of input power and hence in space and weight. If 
the response link limits, more skill is required of the interrogator operator 
in observing signals that are down in the noise. 

Obviously, any appreciable unbalance between the two links is waste
ful and should be avoided. The condition for balance is easily obtained 
from Eqs. (2) and (3), for, if the ranges are equal, the right-hand sides 
of those equations are equal to each other. In many practical cases, 
X; = Xr, the antenna gains are the same on both links, and, if there is no 
large duplexer loss, even the K's may be approximately equal. In such 
cases, the condition of balance reduces to the so-called "power product 
theorem," 

PTPR = P'TP'R. (6) 

Actually this relationship must be used with caution. There is not only 
the restriction that the K's should be approximately equal, but also that 
for PR the corrected radar receiver sensitivity must be used. It can 
nevertheless be useful as a rough criterion in the early stages of design. 

2-11. Minimum Range.—As the range between an interrogator and 
a beacon decreases, only the quantities R, M, and M' in Eqs. (2) change. 
In general, two effects take place. At medium and fairly short ranges 
the vertical angular relationships, and hence M and M', change very 
little; since R* decreases manyfold, the strength of the received signal 
on both links increases by many decibels. At short ranges (a few miles) 
in systems in which one of the sets is airborne, the losses in the M's, 
caused by operation down on the sides of the antenna patterns, become 
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serious. They may even overcome the inverse square effect of the 
range to produce a "cone of silence" directly over or under the beacon. 

The predominating effect of the inverse square law in raising the 
level of the received signal at decreased ranges has two serious conse
quences that must be considered in the design of a system. First, the 
beacon receiver must be capable of receiving very strong signals, 60 db 
or more above minimum, without being blocked or otherwise rendered 
insensitive for an appreciable period of time. This requirement cannot 
be avoided; the interrogator-transmitter power might be varied appreci
ably, but such variation would not always be desirable because there 
might be another beacon at maximum range in the same azimuth. 
Similarly, the beacon receiver should not have its gain or sensitivity 
varied for the analogous reason that there might be an interrogator 
at maximum range trying to get responses at the same time. 

Second, signals may be received over a very wide arc, even 360°, 
because the M factor of the interrogator antenna can decrease as much 
as R* decreases, and operation will still be maintained. This amounts to 
reducing or even removing the azimuth information just when, for some 
applications, it may be needed most of all. Various methods can be used 
to minimize this effect. The operator may simply reduce his receiver 
gain (thus increasing the required received power P'R) or change the 
tilt of his antenna (thus decreasing M) when he wishes to concentrate 
on a near-by beacon. Either procedure, of course, sacrifices replies from 
more distant beacons; this may or may not be serious. 

I t is also possible to install on the receiver an automatic variable gain 
control, which markedly reduces the gain immediately following the 
transmission of each pulse and then allows the gain to recover in such a 
manner that near-by strong responses and weaker signals that arrive later 
from more distant beacons can all cause satisfactory indications out to 
maximum range. This procedure is relatively inexpensive and produces 
excellent results. It is called "time-varied gain," TVG, and is described 
at length in Microwave Receivers, Vol. 23, Chap. 9, Radiation Laboratory 
Series. 

The "cone of silence" phenomenon is controlled entirely by the two 
antenna patterns and the range of tilt that are available. Both patterns 
ordinarily have very low gain in the vertical direction, since in both 
cases primary emphasis is placed on the horizontal direction or on 
moderate elevations or depressions. It is, however, possible to design a 
beacon antenna to overcome this effect (see Sec. 7-3). 



CHAPTER 3 

PROPAGATION AND COVERAGE CONSIDERATIONS 

B Y A. R O B E R T S 

PROPAGATION EFFECTS 

Interrogators and beacons do not operate in free space. It is now 
time to consider this fact seriously. Both interrogators and beacons are 
close to a nearly spherical earth and are immersed in an atmosphere of 
air that has pronounced and not always predictable effects on signals. 
The signals are reflected or scattered from the earth, refracted and 
absorbed by the atmosphere, reflected and refracted by boundaries 
between significantly different portions of the atmosphere, and diffracted 
by obstacles, including the horizon. Some of these effects will now be 
considered briefly. 

3-1. Coherent Interference.—Whenever coherent waves from an 
emitter reach a remote point by two or more paths, interference occurs. 

This effect is well known for light waves, 
and is the basis of methods of measuring 
the wavelength of light. 

The signal from a transmitter can 
reach a receiver by two paths when the 
path between them is unobstructed and 
part of the transmitted signal reaches the 
receiver after reflection by the earth. 
When this effect takes place, the resultant 
signal at the receiver may have a value 
widely different from what it would have 
been had only one signal arrived. The 
reason is that the two signals are coherent, 
that is, related in phase. The amplitudes 
of the two signals must therefore be 

added vectorially; the resulting amplitude can be either greater or 
smaller than the free-space value, as shown in Fig. 3-1. The variation 
of amplitude gives rise to a series of "lobes," each of which corresponds 
to a maximum in the interference pattern. 

In the simple case of a flat reflecting surface and radiation of equal 
intensities on both paths, the effect can be described by the relation 

|F| = |1 + Pe"\ = V I + P2 + 2p cos a, (1) 
42 

F I G . 3-1.—Coherent interfer
ence due to reflection from the sur
face of the earth (the Lloyd's 
mirror phenomenon), (a) Inter
ference maximum: phase difference 
= n\. (b) Interference minimum: 

phase difference = in — $)\ . The 
pattern propagation factor \F\ is 
plotted as a function of altitude at 
a fixed range. 
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where F = "pattern propagation factor," the ratio of the resultant 
electric-field amplitude at the point in question to the value 
it would have under free-space conditions, 

p = magnitude of the reflection coefficient of the reflecting sur
face (for the particular angle of incidence, the frequency, and 
the polarization of the incident radiation), and 

a = phase difference between direct and reflected rays. 
The phase difference a is composed of two parts—the phase change 

on reflection, <t>, and that due to the path difference AR between the 
direct and reflected rays, which is 
2TAR/X. Thus \F\ varies between 
1 + p and 1 — p, as we can see from 
Fig. 3-2. 

Clearly, the effect is of greatest 
consequence in the simple case in 
which there is only one reflected „ „ „ « . . , 

. - , n *IG" 3'2-—Graphical representation 
ray, and p is nearly equal to \; t of F as a function of P and «. \F\ 
accordingly varies between its limits = I1 + P«"*I-
of 0 and 2. When p is much less than 1, \F\ varies only slightly about 
a mean value of unity. 

Since the power reaching the receiver depends on F2, it can be expressed 
as 

and may thus vary between zero and four times the free-space value. 
In terms of decibels, the signal may be as much as 6 db more intense, or 
any number of decibels less intense, than the free-space value. 

We have seen that the important term that determines just what the 
intensity at a particular point will be is a, the phase difference between 
the two paths, and that 

a = <t> -\ ^— (3) 

For heights of receiver and transmitter hi and ht, the path difference 
AR (neglecting terms in (h/R)* and higher powers) is, assuming a flat 
earth, 

2/iifc. m i = 

Thus 

AR = ^ p (4) 

a " * + ~RT (5) 
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(6) 

From Eqs. (2) and (6) the value of PR can now be calculated at 
any point if the following quantities are known in addition to system 
parameters: 

1. The phase change on reflection 4>- This depends on the nature 
of the reflecting medium, the angle of incidence, the frequency, and 
the polarization of the incident radiation.1 

2. The magnitude of the reflection coefficient p. This depends, both 
theoretically and experimentally, on the grazing angle of incidence, 
the polarization of the incident radiation, the degree of irregularity 
of the reflecting surface, and the electrical properties of that sur
face. The degree of irregularity, which determines the resem
blance of the surface to a mirror, depends on the wavelength of 
the radiation. A surface that is smooth for radiation of 1-m wave
length may be rough for 10-cm radiation. This is of especial 
importance in land reflections. 

When the path difference AR is small, the angle 2rrhih2/\R may be 
set equal to its sine and Eq. (6) may be rewritten for the case p = 1, 
* = 180°, 

4Tr/ll/l2 „ . /2irfei/l2\ 
2 s i n T j | \R 

Equation (2) now becomes 

P* = PTG^H ^ ^ - (7) 

This equation applies to the region lying between the lowest inter
ference lobe and the ray tangent to the earth. At microwave frequencies 
the lowest lobe lies close to the tangent ray; in consequence, the region 
in which the equation is valid is small. At lower frequencies the region 
is greater and accordingly more important. Since it is derived on the 
assumption of a flat earth, it applies best for short ranges and low antenna 
heights.2 

It is of course possible to make all the foregoing considerations more 
rigorous. Directionality of the transmitter antenna may be taken into 
account by weighting the amplitudes of direct and reflected rays by the 
gain factors /(0i) and /(02), where the 0's are the respective angles that 

1 Propagation of Short Radio Waves, Vol. 13, Sec. 51, Radiation Laboratory Series. 
* The validity of Eq. (7) is discussed in detail in Propagation of Short Radio Waves, 

Vol. 13, Sees. 213 and 215, Radiation Laboratory Series. 
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the rays make with the axis of the beam. The two rays do not arrive 
at the receiver from exactly the same direction. The earth is spherical, 
not flat, and waves reflected from it diverge. All of these considerations 
give rise to corrections that are small in most cases.1 

3-2. The Practical Effects of Interference.—At microwave frequencies 
(3000 Mc/sec and up), land reflections are generally considered to be 
unimportant in producing a regular interference pattern since the surface 
of the earth is rarely mirrorlike to the degree required for coherent 
reflection of waves shorter than about 10 cm. Thus microwave early 

Fio. 3-3.—The lobe structure due to coherent reflection from sea water, as a function 
of frequency. Contours of equal intensity ( — 100 db relative to the intensity 1 m 
from the transmitting antenna) are shown for 100, 200, and 3000 Mc/sec. The t rans
mitting antenna height is 30 ft and polarization is vertical. Refraction is taken into 
account by assuming a $ earth radius. Note the great advantage of microwave frequencies 
in providing coverage at low angles of elevation, near the horizon. 

warning radar sets are designed to obtain full coverage without benefit of 
reflection from the earth. Often only the lowest interference lobe is 
observed. I t has been observed, however, that portable microwave 
systems located at airports give pronounced interference patterns when 
their antennas are low (about 4 or 5 ft). This occurs because for 
such low antenna heights the reflection takes place close to the antenna 
on the extremely flat surface of the airport. Ground reflection coeffi
cients of more than 0.6 have been observed for 9-cm radiation. 

If the antenna heights are greater, and the reflections consequently 
take place further away and over a larger, rougher area, the reflection 
may often diminish to the point at which the nulls are negligible. 

1 See Propagation of Short Radio Waves, Vol. 13, Sees. 2 1 3 , 5-2, and 5-3, Radiation 
Laboratory Series. 
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the transmitter. The conditions are the same as for Fig. 3-4, except that the polarization 
is horizontal. Note the markedly greater depth of the nulls. 
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Application of Results.—One would suppose that, if all quantities 
were known, they could be substituted into the appropriate equations 
and would yield correct results. This is true to a degree. The procedure 
is generally worth carrying out to find the theoretical norm. The results 
of such calculations are shown for several representative cases in Figs. 3-3, 
3-4, 3-5, and 3-6. It is of the greatest importance, however, to realize 
that such results are to be used with discrimination. 
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F I G . 3-6.—Field intensity as a function of receiver height in the diffraction region 

(in the absence of "anomalous" propagation). Transmission is over sea water. The 
transmitter height is 30 ft, polarization vertical. The values shown are for a distance of 
100 miles from the transmitter. 

The skepticism implied is not due to any fault of the calculations, but 
rather to the fact that the conditions of the problem refuse to remain 
fixed. Neither the atmosphere nor the surface of the earth is constant 
in its effect. The ground and its covering vegetation change their 
reflecting properties with their moisture content, and both the ground 
and the sea change their configurations with the wind. Observations of 
power received at a fixed point well within the horizon range from a fixed 
distant transmitter show that very wide fluctuations occur, 30 to 40 db 
having been observed. 

Our picture of the effects of interference, in so far as it concerns system 
design, should then be about as follows. Within the interference region, 
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under standard refraction conditions, and over a not-too-rough earth, a 
transmitter at any given height will give rise to a pattern of sharp lobes 
because of the interference between direct and reflected rays. The height 
of the maxima will be as much as 6 db above the free-space value, but 
sharp and deep minima will exist; the intensity may drop almost to zero. 
The spacing of these maxima and minima will decrease with decreasing 
wavelength, with distance from the transmitter, and with increasing 
height above the reflecting surface of either transmitter or receiver. The 

-1401 I I I I I l \ I 
0 2 4 6 8 10 20 

Range in statute miles 
FIG. 3-7.—Graphical evaluation of the effect of interference nulls in the response link 

of a 9-cm airborne-radar-ground-beacon system. The data are for an aircraft height of 
10,000 ft, a beacon height of 5 ft, and horizontal polarization. Note the importance of 
the value of the reflection coefficient in determining the number and width of the regions in 
which response failure occurs. The interrogator (AN/APS-2) receiver is exceptionally 
insensitive because of high duplexing losses. 

reflection coefficient of the surface and the refractive index of the atmos
phere may vary with time. Thus the depth of the minima and the height 
of the maxima may fluctuate with time, and their locations may shift. 

Furthermore, since the interrogation and reply frequencies of a beacon 
system are seldom identical, the interference patterns for the two links 
of a beacon system will be different. If these two frequencies are nearly 
the same, the respective minima will be close together. The effect will 
be that of widening the minima somewhat; for an aircraft flying radially 
one link will fail first, then the other; after the aircraft passes through a 
minimum, the second link to fail will be the second to recover. With 
wider frequency separation between the interrogating and reply links 
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the separa t ion of t h e m i n i m a will increase fur ther unt i l t hey are well 
resolved, a n d sepa ra t e failures of in te r roga t ion a n d reply will be observed. 
T h e d e p t h of t h e m i n i m a depends cri t ically upon t h e reflection coefficient, 
and t h u s on t h e smoothness of t h e ea r th and on t h e polar izat ion and 
glancing angle of t h e incident rad ia t ion . W h e t h e r or no t a given mini
m u m will resul t in t h e comple te loss of t h e signal is a quest ion of t h e 
power marg in avai lable a n d t h e d e p t h of t h e null. 

A graphical me thod of eva lua t ing t h e effect of interference nulls a n d 
max ima is shown in Figs. 3-7 and 3 8 . These are plots of signal s t r eng th 

1 2 4 6 8 10 20 40 60 80 100 
Range in statute miles 

Fia. 3-8.—The same as Fig. 3-7, except that the altitude of the aircraft is 2000 ft. 

vs. r ange , for a fixed set of sys tem values, for t he response link of an 
airborne-radar-ground-beacon system. 

3-3. Anomalous Propagation.—Having discussed the effect of inter
ference in the orthodox case, we must show how atmospheric conditions 
may drastically alter the picture, especially in transmission over water. 

In many cases the atmosphere is in a state in which its index of 
refraction varies nearly linearly with altitude. I t can be shown that 
propagation in such an atmosphere is equivalent to that in a homogeneous 
atmosphere about an earth with a radius ka, where A; is a constant and a 
the actual radius.1 The factor k is given by 

1 J. C. Schelling, C. R. Burrows, and E. B. Farrell, Proc. JRE, 21, 27 (1933). 
C. R. Erglund, A. B. Crawford, and W. W. Mansford, Bell Syst. Tech. J., 14, 

369 (1935). 
Propagation of Short Radio Waves, Vol. 13, Sec. 2-4, Radiation Laboratory Series. 
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-('♦•a)"" 
where dn/dh is the gradient of the refractive index with respect to height 
above the surface. The use of a fictitious radius is permissible only when 
the gradient is essentially constant and k is positive. In temperate 
climates, for altitudes up to several thousand feet, a good average value 
for k is £. The value k = % is known as the standard value. When the 
gradient of the index is not nearly linear with height, the concept of an 
equivalent radius for the earth is no longer valid and the conventional 
procedures given above for calculating F are no longer applicable. 

It is not possible in this book to consider at any length departures 
of propagation from those of standard refraction. These matters are 
fully discussed in Vol. 13 of this series, Chaps. 1, 2, and 4. A few recog
nized cases of this so-called "anomalous" propagation, however, will be 
pointed out. 

1. The gradient of the index of refraction may be lower than standard. 
This may occur, for example, during the presence of certain types 
of fog, such as that due to moist, warm air flowing over cold water. 
In this case, abnormally short ranges may be encountered. 

2. A pronounced maximum of the gradient near the ground (a sharp 
decrease of the index of refraction in the first few hundred feet or 
less of the atmosphere) results in a layer at the surface with a 
higher index of refraction than that lying above it, and thus may 
give rise to the phenomenon generally known as " t rapping" or 
"superrefraction." When such a layer or " d u c t " exists, radiation 
starting out nearly parallel to the earth's surface may be partially 
confined to it; the layer, in effect, acts like a rather leaky wave
guide. Extremely long ranges for ground returns may then be 
obtained by ground and ship radar sets within the duct. This 
phenomenon may be caused by temperature inversion, sometimes 
accompanied by a rapid decrease of water-vapor pressure with 
height. I t occurs when offshore winds are warm and dry, or 
during a sea breeze, or at night during rapid cooling of land masses, 
and often in winter in polar regions, especially over land. 

3. Trapping may also occur when the maximum of the gradient 
occurs at some higher level. The trapping layer may or may not 
be ground-based, and may be deeper than in the case described 
above. The depth affects the maximum wavelength that may be 
trapped. 

The conditions under which anomalous propagation occurs are due to 
various meteorological factors, and it is the purpose of radar forecasting 
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to study these factors with a view to predicting the occurrence of abnor
mal conditions. At the moment, it is desirable to emphasize that the 
Usual approximation of $ a for range calculations is merely a convenient 
fiction founded on assumptions that are not always valid, and that the 
existence of many other kinds of atmospheric condition must be taken 
into account in considering the performance of systems using beacons. 

3-4. Horizon Range.—We have seen that, for standard refraction, the 
effect of the atmosphere may be taken into account by assuming that 
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the earth has a radius ■£ times its actual value, and by computing geo
metrical horizon ranges on this assumption. When this is done (as in 
Fig. 3-9) the horizon will be at a distance r from a point at height h 
above a spherical earth given by 

r = 1.22 \/h 
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R = V2h 
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The radio horizon distance between a point at height hi and another 
at height ht is 

r = 1.22 \HH + 1.22 y/ht. (9) 
The square root dependence emphasizes the importance of elevating the 
antennas of ground beacons as much as possible. Even 100 ft will add 
12 nautical miles to the range of an aircraft interrogating a beacon. 

200 220 240 260 280 300 320 
Distance in nautical miles 

FIG. 3-10.—Frequency and signal strength in the diffraction region. Intensities rela
tive to those at 1 m from the transmitter are plotted for four frequencies as functions 
of altitude and range. Note the slower decrease in intensity beyond the horizon, at lower 
frequencies. 

3-6. Diffraction.—Ranges, of course, are not sharply defined. The 
intensity of the signal does not drop instantaneously as the horizon is 
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crossed. Near the horizon, diffraction is important. The principal 
regions of signal coverage are the interference region (within line of 
sight), a transition region, and the diffraction region beyond the horizon. 
We have already discussed the interference region. Signals in the diffrac
tion region may be treated theoretically; Fig. 3-10 shows the importance 
of frequency in determining the signal strength in this region. As might 
be expected, the shorter the wavelength, the more rapidly the intensity 
of the signal falls off in the diffraction region. 

The effect of diffraction extends into the region within the horizon, as 
optical theory predicts. In this transition region, theoretical treatment 
is difficult. A suitable compromise is usually made by joining smoothly 
the solution for the interference region with that for the diffraction region 
(see, for example, Fig. 3-7, Sec. 3-2).l 

Because the intensity of the signal falls off approximately exponen
tially in the diffraction region, increase in power to increase the range 
beyond the radar horizon is unprofitable. At 3 cm, for example, 4 db is 
required for each mile of additional range. This is the reason for calling 
microwaves "quasi-optical." 

On the other hand, atmospheric effects may, by increasing the appar
ent radius of the earth, or by trapping, occasionally lead to high signal 
strengths in the diffraction region and to anomalously long ranges. A 10-
cm ground beacon has been seen at over 300 miles by an aircraft at 5000 ft. 
A 200-Mc/sec beacon has been seen at 1500 miles by an aircraft at 5000 ft. 
In general these effects are much too unreliable for practical use; they 
should be kept in mind, however, because they occasionally lead to 
observations on second or third sweeps of the indicator which may be 
misinterpreted by observers as echoes or beacons in unlikely locations. 

3-6. Atmospheric Absorption and Scattering. Absorption.—Electro
magnetic radiation is subject to absorption by any substance through 
which it passes. The frequencies at which absorption occurs are char
acteristic of the substance. In the optical range, they furnish a means 
of identifying substances. 

Frequencies below about 10,000 Mc/sec are not appreciably absorbed 
in the atmosphere. Two components of the atmosphere, however, do 
absorb the higher microwave frequencies: oxygen and water vapor. 

An absorption curve for oxygen and water vapor is shown in Fig. 3-11. 
The total absorption by the atmosphere is the combination of these two. 
The amount of the absorption depends on the position of the path 
through the atmosphere (which determines the oxygen pressure) and on 
the vapor pressure and distribution of water vapor along the path. I t 
should be noted that a path tangential to the earth and extending from 

1 See also Propagation of Short Radio Waves, VoL 13, Sec. 215, Radiation Labora
tory Series. 
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sea level through the entire atmosphere is equivalent t~ -nly 125 nautical 
miles of atmosphere at sea level, as far as oxygen absorption at frequencies 
off resonance is concerned. 

At frequencies above 15,000 Mc/sec, absorption begins to play a 
more and more important role. Absorption differs from other range-
limiting factors importantly because it is exponential. The inverse-
square law results in a 10-db decrease in intensity between 1 and 10 miles, 
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F I G . 3-11.—Atmospheric attenuation due to oxygen and water vapor, at frequencies 

above 10,000 Mc/sec (wavelengths below 3 cm). The attenuation due to water vapor is 
usually assumed proportional to its concentration; this is probably true in the range of 
concentrations encountered in the atmosphere. N O T E : Solid part of each curve has been 
measured experimentally. Dashed parts of curves are based on theory. Dotted curve is 
sum of oxygen and water-vapor curves. 

and again between 10 and 100 miles. An attenuation of 0.5 db per mile, 
however, will lose only 4.5 db between 1 and 10 miles, but will lose 
45 db between 10 and 100 miles. Correspondingly, in this example, a 
6-db increase in transmitter power would double the range in the absence 
of attenuation, for example, from 100 to 200 miles. With 0.5 db attenua
tion per mile, however, it would add only something under 12 miles of 
range. The limit thus imposed is almost insurmountable since any 
large increase in range would require prohibitive increases in power. 
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Long ranges at frequencies at which appreciable absorption is present 
are therefore unpractically expensive in power; short ranges suffer con
siderably less. High frequencies may thus be used for short-range 
systems even when they would be impractical for long-range systems. 

At frequencies up to 30,000 to 40,000 Mc/sec, the attenuation due to 
the oxygen absorption that has its maximum at 50,000 Mc/seo is not 
very great. However, the water-vapor absorption near 25,000 Mc/sec 
is important for frequencies above about 18,000 Mc/sec. Because the 
water-vapor content of the atmosphere is variable, system perform
ance in this region will depend markedly on the atmospheric conditions 
and become poorer when the vapor pressure is higher. Unfortunately, 
the need for good performance is greatest when the conditions are least 
favorable—in bad weather. 

Because of atmospheric absorption, frequencies above about 15,000 
Mc/sec are not ordinarily useful for horizon-range navigational aids, 
though for short ranges the limit on frequency can be extended somewhat 
further. 

Rainstorms.—In addition to absorption by water in the vapor 
state, attenuation of signals may occur because of water droplets in the 
atmosphere. 

I t is well known that storms and storm clouds are readily observed 
by microwave radar sets. This property is often useful to pilots for 
avoiding storm areas. The existence of such storm echoes testifies to the 
reflection and scattering of microwaves by certain types of cloud. Ordi
nary clouds consist of extremely minute water droplets that have little 
effect on signals. The size of droplets that affects signal propagation 
depends upon the ratio of droplet size to wavelength. In storm clouds 
the droplets are large enough to give observable reflections. 

Such reflection and scattering of radiation necessarily results in 
attenuation of the signal traversing the cloud. When the attenuation 
reaches sufficiently high values, radar "shadows" are cast by the cloud, 
and no echoes from regions behind the cloud are observed. 

As we have noted, the effect increases with decreasing wavelength. 
At 10 cm, cloud shadows are observed only during storms like tropical 
thundershowers that contain very large drops of water. At 3 cm, some
what less severe disturbances may produce shadows. At 1 cm, even 
moderate rainstorms have serious effects. 

The actual amount of attenuation caused by such storms is not, 
ordinarily, very great. I t must be remembered that radar shadows 
from clouds are due to attenuation in two-way transmission. In beacon 
systems we are concerned with one-way transmission. Experience has 
shown that beacon operation either at 10 cm or at 3 cm is almost never 
seriously affected by storms. The existence of attenuation due to 
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storms is, however, one more reason for providing a comfortable margin 
of power in microwave beacons designed for reliable long-range operation. 

3-7. Polarization.—The polarization used for a system employing 
beacons depends on several factors. If the system is one in which the 
interrogators are used also as radar sets, the considerations that govern 
the choice of polarization for the radar use will be paramount. As far 
as the beacon use is concerned, airborne-radar-ground-beacon or air
borne-radar-ship-beacon systems will operate satisfactorily with either 
horizontally or vertically polarized radiation. Over water, the nulls will 
be less pronounced if vertical polarization is used. For ground and ship 
beacons, the shorter the wavelength and the higher the beacon antenna 
installation, the less does polarization matter. Beacons that must oper
ate with both vertically and horizontally polarized interrogating radars 
may use circularly polarized antennas, with an antenna loss of 3 db in 
both links of the system. 

In microwave ground and ship radar sets, vertical polarization is 
usually used to minimize interference effects, and horizontal polariza
tion to enhance them; airborne microwave beacons work well enough 
with both. However, at 10 cm, the smallest antennas for airborne 
beacons can be made with vertical polarization; they consist of quarter-
wave dipoles mounted on the skin of the aircraft. 

Automatic Tracking.—The conical scan of automatic-tracking sets is 
sometimes achieved by rotating a suitably designed dipole feed so that 
the plane of polarization rotates continually. Plane-polarized receiving 
antennas for beacons will then receive an amount of power proportional 
to the square of the cosine of the angle between the plane of polarization 
of the incident radiation and the plane of the beacon antenna. The same 
will be true on the reply link. Accordingly, the beacon will not be 
interrogated throughout the entire 360° of rotation of the dipole, but 
through a smaller angle that depends on the available power. Likewise, 
the reply signal will be a maximum at points on the cycle 180° apart in 
phase and zero at some intermediate points. As a consequence, such a 
system can supply good data either for elevation or for azimuth tracking, 
but not for both at the same time. Which it will be depends upon the 
plane in which the beam is offset when the polarizations of the antennas 
of the radar set and beacon are the same. 

To obtain good tracking in both azimuth and elevation, a system must 
be used in which the amplitude of the received signal depends only upon 
the orientation of the scanning beam. In a beacon system this is impor
tant only for the response link since the beacon response does not vary 
with the illumination as a radar signal does, but is either present or 
absent. 

This dependence can be achieved in two ways. Either circular 
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polarization can be used for the beacon antennas, or the conical scan 
can be achieved with a fixed plane of polarization, for example, with an 
antenna feed nutated around the axis of the paraboloid. Difficulty will 
be encountered with circularly polarized beacon antennas if the antenna 
feed of the paraboloid has side lobes of improper polarization since error 
signals at right angles to the proper direction will then be generated and 
the tracking will be lost. In practice this has been difficult to correct. 
Furthermore, the resultant polarization of signals returned by a plane-
polarized beacon transmitting antenna mounted on an aircraft is not 
unique, and is unpredictable. Reply signals are generally ellipticaUy 
polarized, and the constants of the ellipse are different for every aspect 
of the aircraft. Accordingly, attempts to radiate circularly polarized 
signals from an airborne beacon are not likely to be successful. 

COVERAGE CONSIDERATIONS 

The coverage of a radar system or of a beacon system refers to the 
shape and volume of the space in which useful signals are obtained. 
The extent of the coverage depends upon the range of the system and 
upon the antenna patterns. The required coverage is ordinarily one 
of the fundamental parameters determining the design of the system. 

In systems used both for radar echoes and for beacon replies, the 
requirement for beacon replies is usually that the beacon coverage be at 
least coextensive with the radar coverage, and greater if possible. Unless 
the beacon coverage is at least the same as the radar coverage, there will 
be regions in which radar signals will not be accompanied by beacon 
signals. Since one of the chief advantages of using beacons is their 
extension of the range, it is most often desirable to have beacon coverage 
greater than radar coverage. 

The shape of the coverage volume is largely determined by the 
antenna patterns of interrogator and beacon antennas. We will consider 
various types of antenna and the problems arising in connection with 
them. 

3-8. General Considerations.—The coverage of a radar set is deter
mined by the antenna pattern. It determines the illumination of the 
target and the amount of the reflected signal received. Thus, the two-
way or signal pattern is the square of the one-way or illumination pattern. 
The signal pattern is, therefore, sharper and narrower than that for the 
one-way illumination. For the beacon coverage to equal or exceed the 
radar coverage, the receiver sensitivity and receiving antenna pattern of 
the beacon must be adequate to trigger a response that will return at 
least as much energy to the interrogator receiver as would a target of 
appropriate size at the same place. This requirement is to be fulfilled 
at maximum radar range. It cannot possibly be fulfilled at all ranges 
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because the radar return varies as the inverse fourth power of the dis
tance, and the beacon return varies as the inverse square. There will, 
accordingly, always be a certain range beyond which the beacon return 
exceeds the radar echo and within which the reverse is true. 

The importance of this consideration depends upon the display 
method used. I t is of little consequence if beacon returns and radar 
returns are not displayed simultaneously since in this case the radar 
and beacon signals are, by definition, under independent control. When 
the returns are displayed simultaneously, however, independent control 
is of great importance for getting satisfactory display. The use of 
independent receivers and independent video-limit levels is clearly 
indicated.1 

Further requirements must be imposed upon the beacon antenna 
patterris. The patterns of the receiving and transmitting antennas of 
the beacon must be such that when the beacon is within the coverage 
volume it will at all times receive enough energy for triggering and return 
enough for adequate display. In general, then, the patterns of the 
beacon antennas must be less directional than those of radar antennas. 

3-9. Airborne Interrogator—Surface Beacon.—The coverage volume 
of an airborne radar set depends upon the altitude of the aircraft. Both 

maximum and minimum ranges of 
objects on the ground will vary 
with altitude. Depending upon 
the type of antenna used, there 
will be a cone of greater or lesser 
vertex angle under the aircraft, 
in which the signal intensity will 
be very low. (See Fig. 3-12.) 
When the radar antenna is de
signed for uniform ground return 
(cosecant-squared antenna) this 
cone is small. When the radar 

FIG. 3-12.—The "cone of silence" (a) for an fails t o tr igger a g round beacon 
airborne radar set; (6) for a ground beacon. ^ ^ ^ ^ ^ & g 0 . c a l i e d 

"cone of silence" exists for the radar set. A ground beacon also 
has a cone of silence directly above it, unless special care is taken 
to illuminate this region. The combination of patterns of radar and 
beacon often results in no signal being received by an airborne radar 
close to a ground beacon. The difficulty of eliminating the region 
of silence, which naturally increases in diameter with the altitude, 
becomes so severe at high altitudes that most of the energy of the beacon 
would have to be directed upward to insure complete coverage. Accord-

1 See, in this connection, Chap. 17, Sec. 17-3. 
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ingly, the attempt is usually given up and a compromise by which the 
cone of silence is kept reasonably small is worked out. In practice, the 
cone of silence above a beacon is of little navigational significance since 
there is no directionality in azimuth vertically above the beacon. Only 
at low altitudes is it likely to be important to know that one is directly 
over a beacon and we have seen that response can usually be maintained 
at low altitudes. 

Shipborne Beacons.—To maintain good operation of shipboard 
beacons, the effect of the shifting of the antenna pattern that results from 
the motion of the ship must be counteracted. This can be done in either 
of two ways: At the expense of antenna gain, the elevation width of the 
pattern can be made so broad that roll and pitch do not exceed the vertical 
beamwidth, or the beacon antennas may be stabilized vertically by a 
gyrostabilizer. 

3-10. Ground Radar—Airborne Beacons.—Good angular coverage of 
most of the sky can be obtained with ground radar. The airborne 
beacon antenna must accordingly be omnidirectional, with a fairly broad 
vertical beam to take into account the banking of the aircraft. 

At microwave frequencies, difficulty arises because it is impractical, 
if not impossible, to install omnidirectional airborne antennas that will 
not be shielded from the ground radar during maneuvers of the aircraft. 
Good coverage is thus limited to the intervals in which aircraft are not 
executing maneuvers that result in shielding the antenna on the aircraft 
from the radar on the ground. In practice this problem is not serious 
because the identity of the beacon return is unmistakable and the beacon 
is picked up again as soon as the maneuver is over. The worst case of 
this type occurs with automatic-tracking radar sets, in which tracking 
will be thrown off and must be locked on again after the signal returns. 

In antenna installations for airborne beacons, reflections and diffrac
tion from the surfaces of the aircraft are important in determining the 
over-all antenna pattern. Accordingly, every actual installation must 
be tested carefully since theoretical patterns are too hopelessly compli
cated to permit evaluation. 

3-11. Example of Range Calculations.—A sample calculation of range 
will show how all the factors influencing range may be taken into account. 

Suppose an airborne radar of light weight has been designed, together 
with a suitable ground beacon, as a general-purpose navigational aid. 
Given the characteristics of the two sets, range may be calculated. 

The pertinent characteristics for this calculation are set forth in 
Table 3 1 . 

To evaluate the effect of coherent interference, it will be convenient 
first to calculate the power available at the input terminals of the beacon 
receiver at a range of 1 nautical mile. For this purpose, the range equa-
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TABLE 31.—CHARACTERISTICS OF A 3-CM AIRBORNE RADAR AND A GROUND BEACON 

Rada Beacon 

Frequency: interrogation 
Frequency: response 
Pulse power (kw) 
Antenna gain (max) 
Beamwidth (half power) 
Scan 
Antenna rotation speed, rpm. 
Pulse length, jjsec _ 

Sweep (max) 
Display 
Receiver sensitivity, watts. 

R-f line loss (receiving) 
R-f line loss (transmitting), db. 

9330-9420 Mc/sec 

PT = 8.0 
GT =GR = 700 
5° (azimuth) 
360° 
20 
2.5 (beacon) 

100 miles 
5-in. PPI 
5 1 0 _ u (min. detect
able signal) 

L« = 5 db max. 
LT = 0.5 

9310 Mc/sec 
P'T = 0.3 
G'T =G'S = 10 
12° (elevation) 

0.5 (3, with video-
stretching) 

P'R = 1-10-' 
(triggering) 

h's = 0.5 db 
L'T = 0.5 

tion in the form of Eq. (4), Sec. 2-5 is used. This equation reads 

PTGTGR\? 10 log10 P'R = 10 log10' (4Wfc)« (LT + MT + At + M'R + L'R). 

It gives the power available in decibels below 1 watt. 
We assume that MT, the pattern loss of the interrogator transmitting 

antenna, is 3 db because we demand triggering between half-power 
points; we also assume that M'R, the pattern loss of the beacon receiving 
antenna, is zero at long range and that atmospheric absorption At may be 
neglected. All other relevant quantities are given in Table 3-1. Sub
stituting them in the above equation, with Ri taken as 1 nautical mile, 
we find that 

10 logi, P'R = -44 . 

The power available at the input terminals of the beacon receiver at a 
range of 1 mile is then 44 dbw. 

A curve showing the received power for free-space conditions can now 
be drawn, as shown in Fig. 3-13; it shows the inverse square drop. It 
intersects the beacon-triggering level, which is at 89.5 dbw, at a range 
of 185 miles. This is the free-space range for interrogation. 

A similar calculation is now made for the response link. For this 
link, the relevant equation is Eq. (5), Sec. 2-5, which reads 

10 log10 PR = 10 log, P.fi'TGs\\ 
' (4x#r)2 - (L'r + M'T + Ar + M* + LK). 
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We assume that M'T is zero, Ar is zero, and MR is 3 db. For Rr equal to 
1 nautical mile, this gives 

101og10JPs = - 6 2 . 5 . 

The power at the input terminals of the interrogator receiver is thus 
62.5 dbw. We have not yet taken into account display losses. The 
receiver sensitivity quoted, 5 X 10 -13 watt, is for a minimum detectable 
signal on the PPI . 

1 2 4 6 8 10 20 40 60 80 100 1 200 400 
Range in nautical miles 

F I G . 3*13.—Graphical evaluation of the range of the interrogation link of an airborne-
radar-ground-beacon system. The location, depth, and width of the first two interference 
nulls are shown for a beacon height of 25 ft, a radar height of 10,000 ft, sea-water reflection, 
and horizontal polarisation. 

This must be corrected for losses as follows: 

Scanning loss1 (5°/360o)w 9.0 
Long-sweep loss,2 from Fig. 2-1, Sec. 2-6 2.0 

Total 11.0 db 

The receiver sensitivity useful for reliable beacon signals is then 
112 db below 1 watt, - 5 X 10-1S wat tor 123 db below 1 watt, corrected 
for 11-db losses. This yields a calculated free-space range for response 
of 300 miles (see Fig. 3 14). 

The system is not quite balanced. The response link has 4 db more 
power margin than the interrogation link; it is 4 db stronger. In general, 

1 The scanning period is so short (3 sec) that this expression may be used without 
correction. 

* The pulse length on the sweep is 3 /isec ■ 60 mm/100 mile • 12 /»sec per mile = 0.15 
mm. Note that without video-stretching the i-jisec beacon pulse would be 0.025 mm 
long, and the loss would then be 5 db (compared with optimum conditions). 
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a slight unbalance in this direction is a good thing: when the beacon 
signal appears, it appears strongly, and less fatigue and strain are neces
sary to pick it up at long range. The range of the system will depend 
less on the skill of the radar operator than it would if the system were 
unbalanced in the opposite sense. 

The effect of nulls resulting from reflections over water can now be 
evaluated. In Fig. 3-13 the first two interference maxima and minima 
have been sketched in for a beacon 25 ft high, a radar set at 10,000 ft, 
and horizontal polarization. The nulls are narrow but deep. At the 
beacon-triggering level the farthest (and widest) null is less than 2 
miles wide. For general navigational purposes such nulls are of little 
importance since they are narrow. Neither pickup of the beacon at long 

1 2 4 6 8 10 20 40 60 80100 200 400 600 1000 
Range in nautical miles 

FIG. 3*14.—Graphical evaluation of the range of the response link. The effects of 
interference are not shown for this link; they are evaluated in the same way as that shown 
for Fig. 313. 

range nor ordinary navigation with respect to it are seriously affected by 
failure to see the beacon for a half-dozen scans, more or less. 

The great increase in power level necessary to override the nulls com
pletely at long range can also be evaluated from such diagrams. More 
than 20 db would be required in our case; for interrogation this might 
mean 10 db more in transmitted power and 10 db more sensitivity in the 
beacon receiver. The advantage of vertical polarization is likewise evi
dent (see Figs. 3-4 and 3-5). 

The peculiar advantages of microwaves are also evident. The frac
tion of time spent in nulls is about the same for all frequencies, for sys
tems of equal range. At microwave frequencies the nulls are narrow and 
closely spaced; at lower frequencies they would be wider and farther 
apart. At 30 cm, the null under our conditions would be 10 to 20 miles 
•wide, and thus of considerably greater navigational significance, espe
cially over water. 



CHAPTER 4 

FREQUENCY CONSIDERATIONS 

B Y A. ROBERTS 

The choice of the frequencies for a beacon system is dictated by a 
variety of considerations. The primary question is whether the system 
is to be used for radar echoes as well as for beacon responses. If it is, the 
considerations that determine the radar frequency are likely to be para
mount. If the frequency thus determined is compatible with the condi
tions governing beacon-frequency choice, the radar set can be used 
to trigger the beacons and to receive their responses. If not, sepa
rate interrogator-responsors with a common display system should be 
considered. 

GENERAL CONSIDERATIONS IN THE CHOICE OF FREQUENCY 

4-1. Omnidirectional Systems. Free-space Systems.—Let us calcu
late the power P'R received by an omnidirectional beacon antenna of 
gain G', from an interrogator of power PT, with an omnidirectional 
antenna of gain G. Using the notation of Sec. 2-2, and assuming free-
space conditions, 

= P , £ O V 

Solving for R, 

For antennas of fixed gain at both ends of the system (for example, 
antennas omnidirectional in azimuth with a fixed vertical beam width), the 
range is proportional to the wavelength. Accordingly, systems in which 
range only is desired should use long wavelengths, not microwaves. 

Over-water Systems.—An exception to this conclusion occurs in the 
use of ship-tc-ship or ship-to-shore systems, which may operate all or 
most of the time in the region below the first interference lobe described 
by Eq. (7), Sec. 3-1, 

P'B = P^TG'R{^- (3) 

Solving for R, 

R = ( M , ) * (p^)H- (4) 
63 
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For such systems, the range is independent of wavelength when 
omnidirectional antennas of fixed gain (for example, dipoles) are used. 
The choice of frequency is then to a first approximation immaterial as 
long as the frequency is not chosen so high that the system no longer 
operates in the region described by Eq. (3). 

The implications of Eq. (4) for ship-to-shore beacon systems are quite 
important. In the first place, the range follows an inverse fourth-power 
law rather than the inverse-square law. Second, it places great emphasis 
on the heights hi and h2 of the two ends of the system; doubling either 
height results in a fourfold increase in received power. Third, the 
received power is independent of wavelength for transmission between 
antennas of fixed gain. This is in marked distinction to the free-space 
equation [Eq. (2)] where the power received is proportional to wave
length for transmission between antennas of fixed gain. In ship-to-shore 
beacon systems, for example, transmission between dipoles gives results 
independent of the wavelength. Omnidirectional ship-to-ship and ship-
to-shore beacon systems may profitably employ considerably higher 
frequencies than systems in which the range is governed by Eq. (2). 

Examples.—An example of an omnidirectional range-only system is 
one in which a nondirectional airborne interrogator is used with non-
directional ground beacons as a range-only auxiliary to radio ranges and 
landing systems in which fixed aircraft courses determined by other 
means are being followed. Another example is special equipment for 
determining position accurately by means of precision range measure
ments on two or more beacons at known locations (triangulation systems). 
Still another would be nondirectional survey beacons for measuring the 
distance between points on the ground. In such systems, the provision of 
means for identifying the beacons is important to prevent confusion. 

Applications.—Range-only systems are obviously inferior for identifi
cation purposes and particularly for identification of aircraft. Correla
tion with radar reflections is difficult or impossible except when traffic 
density is very small. 

Omnidirectional systems should be low-power or short-range or both; 
otherwise, useless interrogating signals will fill large volumes of space. 
Omnidirectional systems that do not, in fact, have to receive signals from 
widely different directions are uneconomical. The emission of signals 
into regions where they are not needed is wasteful and produces unwar
ranted interference. 

4-2. Directional Interrogation, Omnidirectional Response. Free Space. 
Consider now an omnidirectional beacon being interrogated by an 
interrogator with a directional antenna of fixed aperture A. What is the 
dependence of range on wavelength?1 

1 Identical considerations will apply to a system with omnidirectional interrogation 
and a directional reply. 
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We have from Eq. (1), neglecting losses, for free-space conditions, 

p , _ PrG'GX2 

' (4TT#) 2 ' 

But now 

G = ^ , (5) 

with k ~ 0.6 to 0.7, and A the area of the transmitting radiator. Thus 

which is independent of the wavelength but proportional to the linear 
dimensions of the transmitting radiator. This has been shown for the 
interrogating link only; it is obviously true as well for the response link. 

Accordingly, when a directional interrogator and an omnidirectional 
beacon are to be employed, the range of the system is to a first approxima
tion independent of wavelength. 

Since the aperture A is fixed, G\2 will remain constant), G increasing as 
X2 decreases. The beamwidth of the interrogator antenna thus decreases 
linearly with the wavelength, and shorter wavelengths will result in 
sharper beams and better azimuth resolution. 

Since the range of the system is independent of wavelength, and since 
antenna aperture is one of the limiting factors in airborne-radar design, 
the beacon places no limitation on the choice of frequency for airborne 
radar, to a first approximation. Other considerations, however, do enter. 
These are the maintenance of the required receiver sensitivity and power 
output for the frequency required; the difficulties of using very sharp 
beams in aircraft, which roll, pitch, and yaw; the scanning losses intro
duced by narrow beams; and the maintenance of a sufficiently narrow 
frequency "scatter band." The attenuation by the atmosphere of fre
quencies above 15,000 Mc/sec must also be considered. 

This approximate independence of wavelength is one of the considera
tions that make the use of radar sets as interrogators for beacons 
attractive. I t results in maximum economy of equipment, in the auto
matic provision of beacon information as accurate as the radar infor
mation, and in extremely simple and direct correlation of beacon and 
radar information. 

Over Water.—Ship-to-ship and ship-to-shore systems operating in the 
region below the first interference lobe, again, are exceptions to the con
clusion that the range of the system is independent of wavelength. 
Equation (4) now shows that for a system with an antenna of fixed aper
ture at one end and an antenna of fixed gain at the other, the range is 
proportional to the square root of the frequency. For such systems, the 
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highest practical frequency should be chosen; this gives not only the 
maximum range but also the best azimuth resolution. The highest prac
tical frequency will be determined by the values of hi and hi likely to be 
encountered, by the range requirements, by considerations of atmos
pheric absorption, and by practical considerations such as availability of 
suitable equipment. 

4-3. Interrogators as Radar Sets.—One problem still remains. Sup
pose it is desired to design a beacon system to give both range and azi
muth information, to operate independently of any radar system. How 
shall its frequency be determined? 

Before answering this question, let us first note the following. A 
system with good azimuth resolution will be able to function as a radar 
set with results similar in precision to those obtained by the use of 
beacons. I t is then pertinent to ask what the radar range of such an 
interrogator will be and how it will compare with the beacon range. 

Before we attempt a quantitative solution to this question, we can first 
make some qualitative observations. Clearly, if the beacon is less sensi
tive and emits less power, the interrogator must be more powerful and 
have a more sensitive receiver; the performance of the interrogator as a 
radar set will be better. Thus, if low-performance beacons (that is, those 
with low sensitivity and low power output) must be used for reasons of 
economy of weight or for any other reasons, the interrogator must have 
better potential radar performance than it would if the beacon could be 
more sensitive and emit more power. Likewise, the greater the required 
beacon range and the greater the safety margin of excess signal required, 
the more powerful the interrogator must be. It is evident that systems 
that are required to have a large margin of safety at horizon range at all 
altitudes are likely to have good radar performance. This fact is relevant 
particularly for the design of systems for precision navigation. The 
quantitative treatment will show that for representative values of the sys
tem parameters, the radar range of microwave interrogators is about one-
tenth to two-tenths of the beacon range. 

The quantitative treatment is based on the range equation. We 
assume for convenience a balanced system with equal interrogation and 
response ranges. For radar, the received (reflected) signal at the range 
Rn from a target of cross section a, will be PT, given1 by 

_ PT*k*A* 

For beacon operation at the range Rb, the power received from the beacon 
is (in the notation of Chap. 2) 

1 Radar System Engineering, Vol. 1, Sec. 2-4, Eq. (4a), Radiation Laboratory 
Series. 
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Pt = T^m" (8) 

At the same range Rr = Rh = R; then, from Eqs. (5), (7), and (8) 

(9) Pb _ P;g'rX2fi2 _ P;.G'r4Trfl2 

P r PT)U<r PjGa 

This equation gives the ratio of beacon signal to radar signal at any 
range R. This ratio will be unity (that is, equal signals) at the critical 
range R„it when 

PTG* = P'TG'T ■ 4irfl2
rit 

\4*PWJ Bcrit = \MWJ ' (10) 

The maximum radar range of the beacon interrogator is given by that 
range Rr at which the return echo is equal to the minimum useful power 
PR. This is given by the relation1 

_ PTCGW Ps - wm' { ' 
whence 

For the range of the system for beacon responses, we have, for the 
interrogating link, from Eq. (2) 

\PTGG'R\*~\H 

«» = 77^£r ■ (13) 

The ratio of radar to beacon range is then 

Rr _ | Pr<7(?2X2[(4B-)2P;]2 

Rb l(4^)P f l(PrG(?;x2)2) 

= (_J**P2_Y- (14^ 
For a balanced system the power-product theorem [Eq. (6) Sec. 2-10] 

gives us PRPT = P'RP'T; then, if G'R = G'T = G', 

Rr 
Rb 

The ratio increases with decreasing wavelengths as X -^. Further
more, for a balanced system, the ratio depends only on the properties of 

1 Radar System Engineering, Vol. 1, Sec. 2-3, Eq. (36), Radiation Laboratory 
Series. 

lr _ ( 4™ P'RY (lS) 

Tb-WwWT)- (15) 
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the beacon except for the obvious dependence on <r. It is greatest for 
small beacons (low power, low sensitivity). Unless the system is bal
anced, Eq. (14) should be used rather than Eq. (15); otherwise the value 
of P'T to be used in Eq. (15) should be the one that would make the 
system balance. 

Examples.—For a typical airborne-beacon-ground-radar system, 
with the values <r = 106 cm*, P'R = 5 X lO-8 watt, PT = 5 X 104 watts, 
P , = 5 X lO"12 watt, X = 10 cm, G' = 1, G = 108, Eq. (14) gives 

§ = 0.12. 

The range for radar echoes will be, from Eq. (12), 
RT = 23 km. 

This predicts a beacon range of 23/0.12 = 200 km. Let us verify this. 
From Eq. (13) 

*' = 4U^rT = 200km-
In airborne-interrogator-ground-beacon systems, shorter wave

lengths and larger values of a for ground reflections will tend to compen
sate for the higher values of G' and for smaller values of P'B/P'T. A 
typical case might, for example, have a = 5 X 107 cm2, P'R = 5 X 1G~9 

watt, PT = 1 X 104 watts, PR = 5 X 10~12 watt, X = 3.2 cm, G' = 10, 
G = 10*. Equation (14) now gives 

^ = (3 X 10-4)« = 0.13. tit 

The radar range will be, from Eq. (12) 
RT = (5 • 1026)M = 47 km. 

The beacon range should be 47/0.13 = 360 km. We get from Eq. 
(13) 

1 /101 7 \* Rb = i I i^-J = 350 km. 

These examples demonstrate the principle that highly directional 
interrogator systems are in general useful as radar systems and should 
be designed as such. 

Choice of Frequency.—We may now answer the question raised above 
as to wavelength dependence in systems that are to give good azimuth 
information but are intended for beacon operation only. If it should be 
decided not to use the system for reflections, the governing equation is 
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Eq. (6); then the wavelength should be the longest that will give the 
required resolution with an antenna of maximum permissible area A. 
We have seen that such a design is uneconomical for airborne use and of 
doubtful value for ground use. 

We see that, as would be expected, interrogator-responsors are pro
gressively more useful as radar sets, as the beacon-transmitter power and 
receiver-sensitivity decrease, and as X decreases; for horizon- or greater-
range beacon systems they are at least respectable as radar systems. 
Thus for good angular resolution, which implies high gain, radar inter
rogators ought to be used. One implication of this is that systems using 
crystal-video beacon receivers should, in general, have radar interrogators; 
the converse is that systems for beacon use alone should have super
heterodyne beacon receivers. The most appropriate system of this 
nature, and the most flexible too, will be one in which the beacon trans
mitter power and receiver sensitivity are identical with the power and 
sensitivity of the interrogator. In such a system the same equipment 
can often be used both as a beacon and as an interrogator by means of 
suitable switching circuits. 

We may conclude also that a system for accurate range and bearing 
should usually have a radar interrogator. This applies to all ground and 
ship installations working with airborne beacons, all the more because 
the latter should, in general, be lightweight and thus low-power. Air
borne low-power interrogators, for range only, should not be microwave; 
airborne interrogators with narrow beams should indeed be radar sets. 

Even in the special case of long-range airborne interrogators for range 
only, it appears wise to consider the alternative use of radar interrogation. 
Here the improved radar performance, the minimizing of interference by 
using narrow beams, and the navigational facilities afforded by radar 
may make the choice preferable. In view of the amount of computing 
equipment needed for triangulation and the development of lightweight, 
low-drag, microwave scanning antennas and mounts, the microwave 
alternative in this case may be preferable to an uhf system. 

SYSTEM CONSIDERATIONS IN THE CHOICE OF FREQUENCY 

4-4. Ground or Ship Beacons.—Ground or ship beacons can be 
designed for any useful portion of the radio spectrum. Their size, com
plexity, and cost are a function of many variables, including frequency. 

In a ground beacon for aircraft navigation, the maximum range is 
horizon-limited if enough power and sensitivity are available. This is 
technically feasible for reasonably wide frequency bands at all useful 
frequencies. The horizon range at a given altitude varies somewhat with 
frequency above 100 Mc/sec, but only slightly (see Fig. 3 9). 
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Since ground-beacon antennas will generally be nondirectional in 
azimuth, the useful gain in the vertical plane will be limited by the 
minimum beamwidth and the beam shape necessary for good coverage at 
all altitudes. In shipboard antennas, the gain will be limited by roll 
and pitch—unless the antenna is stabilized, in which case the situation is 
identical with that for ground beacons. The antenna cross section will 
decrease with increasing frequency after the minimum beamwidth has 
been reached. Maintenance of the same range then requires more 
receiver sensitivity in the beacon or more received power per unit area 
from the interrogator. 

4-6. Airborne Beacons.—We can apply the same considerations to 
airborne beacons. Here, however, considerations of aircraft motion lead 
us to the conclusion that in order to permit banking to occur without 
loss of the signal, the beamwidth of the beacon antenna must not be less 
than some fixed angle that is about 45°. As with ground antennas, a 
maximum constant antenna gain is required. Again the range is to a first 
approximation independent of wavelength for a fixed beacon-antenna gain 
and a fixed size of the antenna of the ground radar. 

With airborne beacons, however, another consideration enters. The 
problem of mounting an omnidirectional antenna on an aircraft in such 
a way as to provide good coverage at all azimuths becomes progressively 
more difficult as the frequency increases. At 200 Mc/sec, omnidirectional 
quarter-wave dipoles will provide such coverage with relative ease. At 
1000 Mc/sec, the problem is more difficult, but soluble. At 3000 Mc/sec, 
the task is still more difficult. Solutions can be found, in many cases, 
only by designing special antennas for a particular aircraft. The prob
lem has not been attempted at 3 cm as yet. 

The reason for the difficulty is, of course, the increasing ratio of air
craft dimensions to wavelength as the frequency increases. The larger 
the ratio becomes, the greater becomes the likelihood of occurrence of 
deep nulls resulting from interference between waves that have traversed 
paths differing by large fractions of a wavelength. This consideration 
militates against the choice of wavelengths of less than 10 cm for airborne 
beacons. 

4-6. Crossband-beacon Systems.—In the type of beacon system 
usually referred to as "crossband," the interrogation and reply links are 
on widely different frequencies; in general, separate transmitting and 
receiving antennas are used at each end of the system. For this case 
the range equation takes the form 

„ Xi (PTGTG'R\ ' 

(16) 
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where the subscripts for i and r refer to the interrogation and response 
links respectively. The power product theorem in the form of Eq. (6), 
Sec. 2-10, is clearly inapplicable even for a balanced system. We may 
rewrite it in the form 

^PrP*GT = KKPj&r. ( 1 7 ) 

Since the beacon antennas are omnidirectional, cannot have high 
gain, and should have identical coverage, considerations of economy of 
beacon size would clearly dictate that Xr > X,. Economy of interroga
tor-transmitter power dictates a large value of GT/GR; it also favors 
Xr > K. 

A crossband system with X, > X< thus yields the maximum economy 
of equipment in the interrogation and beacon sets. Let us now consider 
the operational characteristics of such a system. 

Crossband Systems with Xr > Xv.—A crossband system with a higher 
frequency for the interrogation link than for the response link has these 
characteristics: 

1. The angular width of the beacon arc on the display screen is con
trolled by the interrogating link. It is the angle over which the 
signal from the interrogator will trigger the beacon during a scan. 
This follows from the fact that GT will undoubtedly exceed GR 
(for equal effective areas GT/Gs ~ XJ/X*). 

2. The angular width of the reply will vary with range in the usual 
way—that is, as determined by the pattern of the interrogator 
transmitting antenna—and side-lobe triggering will occur at close 
ranges. 

3. In contrast to the control possible with high-gain receiving anten
nas, reducing the gain of the receiver in the interrogator will not 
eliminate the side lobes unless GB ~ Gr. 

4. Accordingly, arc-width control cannot be achieved except by 
auxiliary means. These include reducing interrogator-trans
mitter power and varying the interrogation-code parameters to 
reduce the effective beacon-receiver sensitivity. 

5. The angular resolution over the largest fraction of the range will, 
however, be much better than it would be if Xr were used for both 
links. 

6. Somewhat better continuity of response from an airborne beacon 
may be achieved, perhaps, in a crossband system than in a micro
wave system. As we have seen in Sec. 4-5, it is more difficult to 
achieve a satisfactory coverage pattern for the transmitting 
antenna of an airborne beacon if the transmission is at microwave 
frequencies than if it is at lower frequencies. This is of importance 
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only in the reply link; for interrogation the systems are identical 
and can both be improved to any desired degree of excellence by 
studding the aircraft with as many receiving antennas as may be 
desired. To avoid interference effects each must have its own 
crystal-video receiver; the outputs of these must all be connected 
together. 

We see that a simple crossband system of this type offers economy of 
construction as compared with straight microwave construction. For 
azimuth information it is superior to nondirectional systems, and prob
ably superior to lobe-switched directional systems; but it is not equal in 
performance to complete microwave systems. 

Systems of this kind have been used when beacon facilities were to be 
added to a microwave radar system and it was not feasible to add micro
wave beacons to aircraft already equipped with lower-frequency beacons. 
The adaptation was made by adding lightweight-microwave receivers of 
the crystal-video type and special uhf transmitters to the beacons, which 
supplied the needed power. The improvisational nature of the system 
is evident; this did not detract from its utility. If the entire system had 
been designed from the beginning, a complete microwave system might 
have been used. 

There are, however, certain advantages to crossband beacons which 
may recommend their use even in systems engineered from the beginning. 
They can be somewhat lighter than an all-microwave beacon, at least with 
current design techniques. Although this difference is not large and can 
be expected to decrease, it is still important. 

More significant, however, is the possibility of providing a system 
capable of working with a much greater variety of interrogating equip
ment than is possible with any single-band system. A standardized 
reply frequency, which all interrogators would be equipped to receive, 
could be used with an interrogation band as wide as one would like—up 
to several thousand megacycles per second or even more, assuming this to 
be desirable. 

Crossband Systems with X; > Xr.—Because of their less directional 
interrogation, crossband systems with Xi > Xr would give unwarranted 
triggering of beacons not being used. However, the more directional 
response link would permit display of signals with narrow arcs at all 
ranges. If both links are microwave—for example, 10-cm interrogation, 
3-cm response—the objection of nondirectional interrogation disappears, 
and excellent azimuth discrimination can be attained. The beacon 
transmitter may possibly be somewhat bigger than at 10 cm (for technical 
reasons only, the power-output requirement being identical), and the 
approximate comparisons would be with systems using 10 or 3 cm on both 
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links. A system of this type is probably less economical in requirements 
for transmitted power than the inverse system. 

4-7. Sweeping-frequency Systems.—Systems have been used in 
which both the beacon receiver and transmitter were swept back and 
forth synchronously across a band of frequencies. Others have been 
used in which the interrogator receiver alone swept a band of frequencies 
(for example, AN/APS-4). 

Such systems introduce scanning losses; in addition, depending upon 
the constants involved, they may restrict operation. One of the sweeping 
beacons referred to above swept a 30-Mc/sec band once every 2£ sec 
with a receiver whose r-f passband was about 3 or 4 Mc/sec wide. 
Such a system is clearly useless with a scanning radar; the probability 
that the beacon will be tuned to the correct frequency at the instant the 
radar happens to be looking at it is too remote. Very fast (electronic) 
sweeping would avoid this, but would not avoid the scanning loss. 

The swept receiver of the interrogator mentioned above was intended 
to obviate the need for AFC of the local oscillator at a fixed frequency. 
I t did, but at the expenditure of a considerable scanning loss since it 
scanned 16 to 30 Mc/sec with a 2-Mc/sec bandwidth. 

The scanning loss in frequency sweeping is analogous to that resulting 
from scanning in space, hence its name. Its value is determined by the 
loss in the limiting link. For a sweep of a transmitter through a fre
quency band of width W, which is being received by a receiver of band
width r (at the signal level used), the loss is fractionally (r/W)H. The 
same equation will hold for the sweep of a receiver of bandwidth r (at 
the signal level actually used) through a band of width W. For the 
sweeping beacon mentioned above, the loss is (A)W = 0.32 = 5 db. For 
the sweeping interrogator receiver, the loss is (-&)^ = 0.26 = 6 db. 

FREQUENCY ASSIGNMENTS 

4-8. General Considerations.—Once the frequency region or band to 
be used has been decided upon, the method of allocating specific fre
quencies must be considered. Frequency assignments of beacons are 
contingent upon the use for which the system is intended. I t was found 
very early that it was desirable for the frequency of the beacon return 
to be different from that of the interrogator. This permits the signal to 
be distinguished from ground returns by detuning. Almost all beacon 
return signals have been off frequency (as referred to the interrogation 
frequency). 

Stated very generally, the problem is to discover how the beacon signal 
can be made to appear in a readily distinguishable manner to different 
interrogators. The solution is that off-frequency response must be used, 
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not only to separate beacon replies from ground returns, but also for 
another reason. 

Experience has shown that with high-resolution radar sets it is desir
able to be able to view the radar picture and the beacon returns both 
separately and together. Such analysis and correlation are best facili
tated by the use of off-frequency response. 

Reply-frequency Coding.—If beacon replies are to be off frequency, the 
simplest arrangement is to have all beacons reply on the same frequency, 
which is then standard for all radar sets. I t may happen, however, that 
it is desired to obtain more data from the beacon return than are con
veniently transmitted by the reply coding. Division of beacons into a 
few classes may then be desirable, either for the sake of more rapid recog
nition of the response or because the number of codes available in the 
reply coding is inadequate. In this case, reply-frequency coding may 
offer a solution. 

An example of the use of reply-frequency coding arose in the opera
tions during the land war in Europe in 1944-1945. Both the Eighth and 
Ninth Air Forces had ground-radar surveillance sets, with which they 
followed the movements of both their own and hostile planes. Both air 
forces had a limited supply of airborne beacons operating with their 
ground-radar sets. Since the functions of Eighth and Ninth Air Force 
aircraft were very different, it seemed desirable to be able to distinguish 
readily between them. The number of pulse reply codes available in the 
airborne beacons was small—most of them were preliminary models with 
no reply coding. Other beacons provided seven reply codes. In view 
of the importance of distinguishing the aircraft of one air force from those 
of the other, and the relatrv e lack of interest in definite identification of 
planes of the other air force, it was decided to use different reply fre
quencies for the two sets of beacons. 

The decision for or against the use of coding by a chang*e of reply 
frequency depends on the answers to the following questions: 

1. Is it desired on occasion to remove from the screen all aircraft 
responses except those of one of a limited number of classes? 

2. Is it better to use frequency coding for this than other methods of 
reply coding? 

3. Is it feasible to use frequency coding of the beacon reply rather 
than other methods of reply coding? 

4. Does the reply coding have a function other than identification? 

It is easier to change the number or spacing of reply pulses than to 
change the reply frequency. Only when the pulse coding of the reply 
has a function in addition to identification should frequency coding be 
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necessary. Reply-frequency coding might also be used in airborne 
beacons to indicate altitude and identity, or, in ground beacons, to indi
cate location and weather data. 

It seems desirable to restrict coding, if possible, to pulse characteristics 
and spacing rather than to use frequency, both for simplicity of design 
and for economical use of the limited spectrum space. Reply coding is 
discussed in detail in Chap. 5. 

4-9. Frequency Channels for Single-band Microwave Systems.—For 
microwave beacons designed to operate with microwave-radar sets of one 
type only or of several types in the same frequency band, the pattern of 
frequency allocation is simple. A fixed band is assigned to the radar 
sets. This band is determined by two major factors—the likelihood of 
interference between radar sets, and the technical difficulties of maintain
ing a narrow band. 

I t is often desirable to restrict the band of frequencies to a region 
having a width of only ^ or 1 per cent. This is economical of spectrum 
space, a consideration that has not been important at microwave fre
quencies in the past but is likely to become more important in the future. 
Restricting the band usually permits simplification or improvement of the 
design of the beacon, and thus lighter weight or greater sensitivity. 

Too narrow a restriction of frequency is undesirable because it might 
increase unduly the likelihood of interference between radar sets. This 
interference appears in the form of unsynchronized signals, " h a s h " or 
"fruit," on the radar screen. I t is particularly evident when many radar 
sets are operating near each other, as in naval formations. Design of the 
radar receivers to have low sensitivity outside of the desired pass band 
and a judicious spreading of frequency in the radar sets are mitigating 
procedures. 

A factor that in the past has determined the minimum band required 
for a radar set is the frequency spread of the fixed-tuned magnetrons used. 
Such magnetrons, when tuned to a nominal frequency by cold resonance 
methods before sealing off, exhibit a spread of 15 to 60 Mc/sec, or even 
more, after being sealed off. This factor is no longer limiting, since 
tunable magnetrons that can be tuned to a spot frequency at will have 
now been developed. Accordingly, in systems in which radar sets are 
fairly well separated in space, narrow frequency bands and even spot-
frequency operation are now technically possible. 

Allowance must be made, in defining the frequency band, for a shift 
ing of frequency of magnetrons which often occurs in operation. SucI 
a shift may be due to variation of the reactance presented by the output 
circuit to the magnetron, to heating, aging, power-supply variations, 
and so on. All of these can be minimized by proper design of the radar 
set, as they have had to be in beacons to get proper operation at a fixed 
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frequency. To obtain maximum output and simplicity, however, such 
frequency shifts are often tolerated. 

Some of these causes of change in frequency give rise to variations 
proportional to the frequency, whereas other shifts are independent of 
frequency. The r-f bandwidth necessary for proper pulse reproduction 
in the beacon receiver is independent of frequency, and the absolute 
width of the band required to minimize interference is likewise independ
ent of frequency since it depends only on the radar density. On the other 
hand, "pulling" of the magnetron, and frequency drifts due to heating, 
aging, and power-supply variations are all more or less proportional to the 
frequency. 

Which of these two sets of factors is the determining one depends upon 
circumstances. For high frequencies and low traffic densities, the fre
quency-dependent variables will determine the minimum bandwidth. At 
10,000 Mc/sec an over-all bandwidth of less than 15 to 20 Mc/sec would 
be difficult to maintain in the field using current techniques; by applying 
frequency-stabilization procedures it could probably be cut to about 6 to 
10 Mc/sec. At higher traffic densities at any frequency, the requirement 
for interference-free operation will dictate a minimum bandwidth of 
about 20 Mc/sec. It will be understood that more precise figures must 
be estimated from the detailed constants and behavior of the system. 

The band for interrogator operation having been determined, the 
response should be located at a safe distance outside the band on a clear 
channel (that is, one not used for any other purpose). A reasonable 
distance appears to be from 5 to 20 Mc/sec. Some bands and beacon 
frequencies used in the past are listed in Table 4-1. 

TABLE 41.—MICROWAVE BANDS USED FOR BEACON SYSTEMS 

System Radar band, Mc/sec 

3267-3333 
9330-9420 
2700-2900 

Beacon-response 
frequency, Mc/sec 

3256 
9310 
2907 

These bands, especially the first two, are wider than would be required 
now. Each of them could now be reduced by a factor of 2. The ground-
radar band was made wide to handle high traffic density. 

4*10. Fixed-channel Operation.—Fixed-channel operation is useful 
when exclusive channels are required, when traffic density is low, when 
considerable excess power—and thus high-sensitivity narrow-band 
receivers—are needed for utmost reliability, whenever narrow-band 
receivers are used in beacons, and in nondirectional, low-frequency bea-
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cons. In the past, systems for automatic ground control of aircraft have 
fallen into this category wherever the control was exercised from the 
ground by the interrogator signal itself. Control by radio-telephone 
instructions to the pilot can be carried out by independent means when 
scanning radar sets are used. Automatic control by way of the interroga
tion signal generally requires a searchlighting interrogator. 

The separation and distribution of such channels depend upon the 
selectivity of the interrogator and beacon receivers and upon their image-
rejection characteristics. Receivers used in systems of this nature should 
have sharp slopes to their bandpass characteristics and as good image 
rejection as possible. Channel separation will also depend upon fre
quency stability. 

Maximum economy of spectrum space will be achieved by the use of 
interrogation coding in addition to frequency channeling. Unless such 
coding is used, two interrogators on the same frequency may on occasion 

TABLE 4-2.—FIXED-CHANNEL BEACON SYSTEMS 

System 

1. Rebecca-Eureka; air
borne interrogator, 
ground beacon 

2. Oboe , M a r k I I , 
ground interroga
tor, airborne bea
con 

3. CCB-ground inter
rogators (SCR-
584), airborne bea
con (AN/APN-19) 

4. CCB with interro
g a t i o n c o d i n g 
( d o u b l e - p u l s e 
type ) , airborne 
beacon (AN/APN-
19A) 

Interro
gation 

channels, 
Mc/sec 

A 209 
B214 
C219 
D224 
E229 

A 3150 
B3195 
C 3240 

2890 
2830 
2770 
2710 

2890 
2830 
2770 
2710 

Response 
channels, 
Mc/sec 

209 
214 
219 
224 
229 

A 3135 
B 3180 
C3225 

2907 

2907 

Characteristics 

Only cross-channel operation used; 
e.g., interrogation on A, response 
on B, C, D, or E. Beacon-receiver 
selectivity inadequate for channel 
separation used—7 db down at 
5 Mc/sec off frequency 

Only AA, BB, CC used. The 
beacon receiver had an inter
mediate frequency of 15 Mc/sec 
and a bandwidth of 10 Mc/sec 

All beacon responses were on the 
same channel. Selectivity between 
interrogation channels was achieved 
with a filter cavity (Q-500) in the 
antenna of the crystal-video re
ceiver of the beacon 

Four double-pulse interrogation 
codes were available for each inter
rogation channel, making a total of 
16 channels 



78 FREQUENCY CONSIDERATIONS [SEC. 410 

trigger the same beacon, even if they have directional antennas. In some 
control systems this will not matter; in others it will be detrimental. 
For example, if the beacon traffic-capacity is too low to handle simul
taneous interrogation by two such interrogators and still maintain a 
satisfactory percentage of response, or if the repetition rates of the two 
interrogators are crystal-controlled and hence practically identical, the 
control may be jeopardized by such interference because of beacon 
"stealing." Interrogation " j i t t e r " or interrogation coding will take care 
of this situation. 

The characteristics of several fixed-channel systems used in the past 
are given in Table 4-2. 

In Systems 3 and 4, the AN/APN-19 beacon used could be adjusted 
for wideband operation so that any signal in the 2700- to 2900-Mc/sec 
band would trigger it. This adjustment was used when it was desired to 
respond to all scanning radars for purposes of general surveillance. A 
switch permitted operation with narrow-band reception by introducing 
a cavity filter in the receiver antenna line. This was used to exclude all 
interrogations except those on one of the four frequency channels above. 
In addition, the AN/APN-19A introduced into the circuit, when desired, 
a double-pulse decoder, permitting simultaneous use of any of four 
double-pulse channels on any of four frequencies. This gave a total of 
16 interference-free channels. 

System No. 1 is an example of poor design, in that the frequency 
channels are too close for the selectivity available.1 For good channel 
separation, signals in adjacent channels should be many decibels down as 
compared with the desired channel. This gives a readily computed ratio 
of triggering range between two adjacent channels. The proposed use of 
the system will determine what factor is actually necessary. Horizon-
range systems with some excess power will require ratios of 200 or more 
in range between desired and off-frequency channels (46 db) if operation 
at all ranges is required. Systems to work only at long range, or within 
a restricted spread of range, may be designed with less adjacent channel 
rejection. 

System No. 1 also suffers from several other flaws; The identity of 
interrogating and reply frequencies rules out some channels because of 
the occurrence of radar echoes when the two frequencies are the same. 
Beacons on different channels may trigger each other since the receiver 
frequency of one beacon may be the transmitter frequency of an adjacent 
beacon. " Ring-around" (continuous mutual triggering) may even occur 

1 In practice, the system worked satisfactorily in the field, but fewer channels 
were available than would have been available if adequate selectivity had been pro
vided. The designers of the system were, of course, well aware of its faults when it 
was designed; this was a case in which the exigencies of war took precedence over 
engineering judgment. 
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in such systems, provided the frequencies are reciprocal and the dead 
time of the beacon short.1 If one beacon triggers another, the reply of 
the second beacon may break through in the receiver of the interrogator 
that tripped the first beacon. When this happens, an undesired response 
from the second beacon will appear, at an incorrect range that is neces
sarily greater than the true range. 

In System No. 2 these faults do not appear. Provided the local-
oscillator frequencies of the beacon receivers are identical with the beacon-
transmitter frequencies, image interference will be absent. On the other 
hand, the system is rather prodigal of spectrum space. A proper choice 
of intermediate frequency is helpful here. The channel separation in this 
system is large because of image rejection difficulties resulting from the 
bandwidth of 10-Mc/sec of the beacon receiver. Had a 30-Mc/sec inter
mediate frequency been used, five channels could have occupied the 
same spectrum space, as shown in Table 4-3. 

TABLE 4-3.—REVISED CHANNEL ASSIGNMENT FOR OBOE MAKK II 
Interrogation, Mc/sec Response, Mc/sec 

3160 3150 
3180 3170 
3200 3190 
3220 3210 
3240 3230 

Any intermediate frequency greater than 25 Mc/sec (one-fourth the 
frequency band available plus one-fourth the receiver bandwidth) will 
permit a choice of local-oscillator frequency which makes the image fre
quency fall outside the band. In System No. 1, an intermediate fre
quency greater than about 6 Mc/sec would be adequate.2 

4-11. Adjacent-channel Selectivity and Pulse Shape.—To achieve 
satisfactory operation with fixed channels, it is not sufficient for the bea
con and interrogator receivers merely to have adequate r-f selectivity. 
In addition, the spectrum of the radiated pulses from each transmitter 
must contain insufficient power on adjacent channels to interfere with 
normal operation. Thus in the system just described in Table 4-3 it is 
necessary for satisfactory operation that signals transmitted 20 Mc/sec 
off the frequency in use should not trigger the beacon. 

Now, if the adjacent-channel selectivity is to be, for example, 40 db, 
a signal on a channel adjacent to the one in use would have to be 40 db 
stronger than a signal on the correct channel before triggering would 
occur. But if there are components of such off-frequency transmissions 
in the received-band intensity with more than —40 db relative to the 

1 The dead time was too long for this to occur in the Eureka beacon. 
2 The receivers used in most Eureka beacons were superregenerative because of 

weight and space limitations. 
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intensity at the main frequency, it will be impossible to achieve the 
required selectivity. 

I t is well known that a square pulse of amplitude E, duration d, on a 
frequency f0, can be analyzed by means of a Fourier integral. The 
analysis shows1 that the amplitude at any frequency / will be given by 

A .,. = Ed sin ir(/ - f0)d (18) 
2* *(J-fo)d 

Either a voltage or a current pulse may be analyzed in this way. The 

FIG. 4*1.—(a) A rectangular pulse. Q>) Its frequency spectrum, (c) The A-scope appear
ance of such a pulse received off frequency. 

power at any frequency / will be proportional to the square of the ampli
tude: 

, sin2 *•(/ - f0)d P(f) = constant • £2d2 ° ' " . n j ,/"'."'■ (19) 
I^U — Jo)a\ 

These relations are shown in Fig. 4-1. 
T A B L E 4 - 4 . — P O W E R RADIATED ON FREQUENCY / RELATIVE TO P O W E R RADIATED AT/O 

Expressed in db 

Pulse 
length, 

jigec 

0.5 
1.0 
2.0 

5 

db 
- 1 2 
- 1 8 
- 2 4 

/ — /o, Mc/sec 

10 

db 
- 1 8 
- 2 4 
- 3 0 

20 

db 
- 2 4 
- 3 0 
- 3 6 

30 

db 
- 2 7 . 5 
- 3 3 . 5 
- 3 9 . 5 

50 

db 
- 3 2 
- 3 8 
- 4 4 

1 See, for example, E. A. Guillemin, Communication Networks, Vol. 2, Wiley, 
New York, 1935, p. 463. 
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Let us see what the numerical values of the power radiated off fre
quency are. Table 4-4 gives some representative values for the maxima 
nearest the frequency deviation given. 

It is clear that channel selectivity of 40 db is difficult to achieve if 
square pulses are used for transmission. 

There are two ways of attacking this problem. One is to change the 
pulse shape in such a way that the off-frequency interference is reduced. 
For example, a rounded pulse with the shape of a Gauss error curve 
(E = Eoer"') has a spectrum with the same shape (with a change of 
scale), which falls off much more rapidly than the sin2 x/x2 curve of Eq. 
(19). Thus, a pulse of this shape has much less power at remote fre
quencies than a square pulse does. The other way is to discriminate 
against the "spikes" produced by off-frequency components [Fig. 4-l(c)] 
by a suitable circuit in the receiver (for example, an integrator). This is 
equivalent to narrowing the video bandwidth of the receiver. 

I t is certainly more desirable to prevent the radiation of unwanted 
signals than to devise methods for minimizing their interference after 
they reach the receiver. Thus, changing the pulse shape in such a way 
as to eliminate or drastically reduce off-frequency components is prefer
able to changing the receiver. 

The required change in pulse shape is of interest. Any rounding off 
of the steep edges of the pulse will be of value. This may be achieved in 
the modulator by various means. In fact, most microwave magnetrons 
will not perform properly with too sharp a rise of applied voltage; thus 
rise times (from 10 to 90 per cent voltage) of the applied pulse 
from the modulator seldom are less than 0.1 MSGC when magnetron 
transmitters are used. 

An even better way of minimizing the radiation of off-frequency com
ponents is to insert a tuned circuit of suitable pass band in the antenna 
line of the transmitter. For example, a transmission cavity with a band
width of 5 Mc/sec between half-power points will give the following 
attenuation off frequency, if the cavity is correctly matched to the line 
in both directions: 

Mc/sec off frequency Attenuation, db 
5 7 

10 12 
20 18 
30 22 
50 26 

The loss of power in such a cavity at the resonant frequency is given by 

loss in db = 10 log10 n
 Qu

 n • (20) 
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Thus, at 3000 Mc/sec, the loaded Q, QL, would be * ^ = 600; if the 
unloaded Q, Q„, were 3000, the loss in the cavity would be 10 log™ TITTS, 
or 1 db. 

The use of a cavity filter in this way can be thought of as providing 
automatically just that degree of rounding off of the r-f pulse that is 
required to give the desired result.1 The obvious complication of another 
tuning adjustment is introduced. 

The pulse cannot, of course, be too drastically modified without 
prejudicing the precision with which range is determined or pulse width 
defined. 

1 At frequencies off resonance, the cavity will, of course, present a reactive load 
to the transmitter. The problems that this entails are discussed under the subject 
of stabilizers in Chap. 12. 



CHAPTER 5 

CODING AND COMMUNICATION 

B Y A. ROBERTS 

INTERROGATION CODING 

The use of interrogation coding implies the introduction into the 
interrogator of equipment capable of producing some special character
istic in the interrogating signal, and the introduction into the beacon 
of equipment capable of recognizing such a characteristic. A beacon 
system so equipped discriminates against signals not possessing the 
required characteristic. The beacon is provided with a lock for which 
the correct interrogation code constitutes a key. 

6-1. Functions of Interrogation Coding.—The purposes of introducing 
interrogation coding into a beacon system may be any or all of the 
following: 

1. To restrict interrogation of the beacon to a class of radar sets. An 
example of such restriction is the prevention of interrogation of 
ground beacons by airborne search-radar sets not interested in 
seeing them. Such restriction decreases the load on the beacon 
and increases its effective traffic-handling capacity. 

2. To restrict interrogation of the beacon to a particular radar set. 
Thus, automatic-tracking sets using conical scan may sometimes 
require that for good tracking no other sets trigger the beacon. 

3. To reduce random triggering, as, for example, that due to ignition 
noise or other interference. 

4. To convey information to the interrogating radar set. If several 
different interrogating signals are available for beacon interroga
tion, successive trials will determine which of these will trigger the 
beacon. The setting of the beacon to respond to this particular 
signal may then convey information to the radar operator. Dis
advantages of this use are obvious. 

In many circumstances no special restriction need be placed on the 
character of the interrogating signal other than that it fall within a 
particular frequency region. 

6-2. Signal Characteristics.—The beacon may utilize any of the 
characteristics of the interrogating signal to make its decision as to 

83 
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whether or not to respond. 
characteristics include 

In addition to adequate intensity, these 

1. Frequency (or frequencies). 
2. Number of pulses per interrogating signal. 
3. Pulse spacing. 
4. Pulse shape (including pulse duration). 
5. Signal repetition frequency. 

In practice, all of these have been used. The choice must depend on 
circumstances. 

A decoding device should not lead to an unintentional decrease of 
traffic capacity. This implies that it should not introduce additional 
" d e a d " time into the system. Otherwise the presence of numerous sig
nals of extraneous origin, which do not form the proper code pattern, will 
tend to paralyze the system for an appreciable fraction of the time. 

5-3. Types of Decoders: Trigger and Storage.—Pulse decoders may 
be classified into two general types: trigger devices and storage devices. 

Signal_ 
in 

Pulse 
shaper 

1 

1 Coincidence 
amplifier 

Multivibrator 

generator 

2 

V 

V 
(a) 

FIG. 51.—(a) Double-pulse decoder using multivibrator delay. 
numbered points of (a). 

<M 

(b) Waveforms at 

In a trigger device, the various elements of the interrogating signal initiate 
a sequence of events which is carried out regardless of anything tha t may 
happen in the meantime. In a storage device, the circuit "remembers" 
what has happened, and acts accordingly. 

As an example of a trigger device, consider a double-pulse decoder 
(see Fig. 5-1) which, upon receipt of a pulse, initiates a square pulse of 
width equal to the code spacing. The end of the square pulse generates 
an artificial pulse, which is fed into a coincidence circuit. If the second 
pulse of the code now arrives at just the right instant, it will combine with 
the artificial pulse in the coincidence circuit to give an output signal. 

In such a circuit, every random incoming signal will trigger the multi
vibrator. Thus, a random pulse coming just before the arrival of a 
properly coded pair will prevent a response to the true code. This 
happens because the multivibrator circuit, being a trigger device, "shuts 
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its eyes" after the receipt of the first pulse for the time of operation of 
the gate. 

Let us now contrast this with the behavior of a storage device. As an 
example of a storage device, let us consider a circuit in which the multi
vibrator of Fig. 5-1 has been replaced by a delay line, which delays the 
original signal for a time equal to the code spacing before applying it to 
the coincidence circuit. The delay line is a storage circuit, since it will 
store, for an interval, in proper order, all incoming pulses of whatever 
spacing. With this type of circuit, an interfering pulse occurring just 
before the true code will not prevent a response to the proper code.1 

I t will be seen that storage devices are superior to trigger devices 
because they do not "close their eyes" but remain alert. Furthermore, 
in the examples given, a regular train of closely spaced pulses could 
effectively paralyze the trigger decoder; no matter what spacing they 
had, they would not affect the storage decoder. 

CODING PARAMETERS AND RANDOM INTERROGATION 

5-4. Frequency.—The use of frequency as a coding parameter depends 
largely upon the number, character, and importance of extraneous signals. 
To begin with, any receiver defines a limited frequency range for interro
gating signals under all conditions of operation. 

Multiple frequencies can be used in obtaining coded interrogation 
signals. Beacons have been constructed which require simultaneous, or 
nearly simultaneous, reception of signals on two frequencies for a response 
to be emitted. Usually two receivers and a coincidence circuit are 
employed for this purpose. 

Probability considerations show here that if the fraction of time during 
which signals arrive on frequency Fi i s / i , and the fraction of time during 
which signals arrive on frequency F2 is /2, then the fraction of time / 
during which signals will be received simultaneously by chance on both 
frequencies is 

/ = / 1 / 2 , 

provided that the signals on both frequencies are independent of each 
other.2 For example, if/i = 0.01 and/ 2 = 0 .05, / = 0.0005. In general, 
for n frequencies, / = / i / 2 . . . / » . 

In considerations such as these the independence of the signals on one 
frequency from those on the other is important. If some signals are 
crystal-controlled in pulse-repetition frequency on both frequencies, they 

1 This is not always strictly true; wide pulses may cause troublesome interference 
even in storage-type decoders if they overlap any pulse in the code. 

2 Ignition noise has a very broad spectrum, and signals on widely different fre
quencies due to ignition noise are therefore not independent. 
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are not independent in time. Less rigorous control of the repetition rate 
makes for a closer approach toward true randomness. 

The number of random coincidences per unit time is of more signifi
cance. If the average pulse length is T\ on frequency Fi and T2 on fre
quency Fi, the number of pulses per unit time is iVi = /1/V1 on Ft, and 
Nn = /2A2 on F2- The number of coincidences per unit time is then 
determined by the distribution in time of / . 

A coincidence will occur in the instances in which the beginning of 
one of the Ni pulses on Fi is followed within time TI by a pulse on F2, or 
when a pulse on Fi is followed within r2 by a pulse on Fi. The number of 
such events per unit time is 

iV = JViiVJ(r1 + TO. (1) 

Each of the two terms represents the frequency of occurrence of these two 
possibilities. The time T\ + T2 is a natural or inherent resolving time 
that depends solely on the widths of the pulses. 

The validity of Eq. (1) is subject to the restriction that both iVm and 
AV2 are small compared with unity. To extend our example, if JVi = 10* 
sec -1 , TI = 10 - 6 sec, Ni = 104 sec -1, and T2 = 5 1 0 - 6 sec, Eq. (1) gives 
AT = 600 sec -1 . We see from this how much coincidence techniques 
can reduce random interrogation on frequencies on which there is a great 
deal of traffic. 

Resolving Time.—We have not considered the effect of finite resolving 
time of the coincidence circuit. If this is long compared with the pulse 
widths involved, the resolving time T is greater than TI + T2, and the 
number of coincidences per unit time will be given by the formula 

N = 2NIN2T. (2) 

Using the numerical data of the previous example, with T = 5-10-6 sec, 
we get from Eq. (2) N = 1000 sec -1, as against 600 sec - 1 calculated from 
Eq. (1). Usually the resolving time can be made equal to or less than 
the pulse width. 

A more rigorous treatment is possible but of doubtful value in practical 
cases. The orders of magnitude are correctly indicated by the equation 
given. 

Effect of Delay.—The entire treatment above has been based on the 
assumption that the pulses on the two (or more) frequencies used actually 
overlapped in time. It is clear that none of the above considerations will 
be altered if a delay is inserted in the output of one receiver, and a cor
responding interval between the pulses is required to give an apparent 
coincidence at the receiver outputs.1 

1 It must be remembered that our treatment is for random pulses only. Non-
random interference, such as ignition noise, may give different results. Delayed 
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6-6. Number of Pulses, Pulse Spacing.—The use of multiple interro
gating pulses on the same frequency is another way of excluding unwanted 
interrogations. This method places some obvious requirements on the 
modulator and transmitter of the interrogator. Multiple pulses can be 
electronically decoded by a decoder in the beacon. Timing circuits in 
the radar set must be triggered by the last pulse, the one which elicits 
the response of the beacon. 

This method is often more economical of equipment than the use of 
multiple-radio frequencies, and involves fewer antenna problems. I t is 
also economical of r-f spectrum space, since several pulse channels can 
occupy the same r-f channel. 

The problem of random interrogation here takes the form: Given a 
system requiring, for triggering, n pulses with intervening spaces slf 
s2, . . . s„_i, what is the likelihood that signals from different radar sets 
will duplicate the correct triggering arrangement by chance? 

We first assume that all interfering pulses from different radar sets 
are independent. This is not strictly true because pulses come from 
timing circuits and are related by the recurrence interval. If we choose 
the shortest recurrence interval as our unit of time, the interfering pulses 
may be regarded as nearly random. In what follows, then, we are speak
ing of events occurring over 500- to 1000-^isec intervals. I t is further 
assumed that the entire sequence of coding pulses is emitted in a time 
that is less than the chosen interval. 

Double Pulses: Storage Decoders.—We take first the simplest case, 
in which two pulses must be separated by an interval between ii and t2 to 
trigger the beacon. We assume that the decoder is of the storage type 
in which a pulse occurring between two pulses making up the selected 
interval, or just before the first one, does not interfere with the decoding 
action. 

We now ask what is the number a per unit time of random interroga
tions if an average of N pulses per unit time are received? If t2 is much 
less than unit time, this is given by the interval law expression1 

a = N[l - e-*<"-">]. (3) 

This depends only on the difference t2 — h and not on the magnitude 
of i\. Thus the value of code spacing is irrelevant. 

If N(t2 — ti) « 1, as is usually the case, then 

o « N*(t2 - U). (4) 

coincidence between pulses at two different frequencies can, however, give improve
ment where none at all would be had with simple coincidence of such pulses. 

'Derived from the Poisson distribution; see, for example, E. Marsden and 
T. Barratt, Proc. Phys. Soc. 23, 367 (1911) and 24, 50 (1911). 
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We see that the number of random triggers per unit time is comparable 
to that obtained from random pulses on two frequencies. In fact, for 
N = 10* sec"1 and T2 - n = 2-10-6 sec, a = 200 sec~l. 

Double Pulses: Trigger Decoders.—We now consider decoders in 
which an interfering pulse arriving just before a coded gain will prevent 
a response. Trigger decoders are of this type. If the interval during 
which an extraneous pulse can prevent a response is U, the number of 
responses per unit time to random interrogations will be given by 

a = N[l - e-"(-t'-">]e-m: (5) 

This expression differs from Eq. (3) by the factor e~m", the probability 
that no pulse arrives during the interval U. 

I t must be noted in this connection that although a storage decoder 
will respond to all correctly spaced pairs (in principle) the trigger decoder 
will respond only to the fraction e~N" of them. 

Multiple Pulses.—Equations governing more complex codes contain
ing more than one interval are readily derived from Eq. (3). For a code 
which contains two intervals, the first from h to i2, the second from <8 to 
U, we obtain for the number of random interrogations of a storage decoder, 

o = N [1 - e-*c»-'i>] [1 - «r"«.-«.)] » AT3(;2 _ tl)(tt - <,), (6) 

since the coincidences are independent, and so on for more intervals. 
Multiple-pulse coding is thus as good as coincident multiple-frequency 
interrogation for reducing random triggering in this general case. 

Similar development of Eq. (5) gives for trigger decoders the equation 

a = Ne-m°[l - e-w(<*-">][l - <?-"««-<•>] (7) 

for two consecutive intervals. 
6-6. Pulse-width Coding.—Pulse-width coding has been widely used 

for airborne radar sets interrogating ground beacons. It is easy to pro
duce a wider pulse in almost any modulator, and pulse width is easy to 
decode. Consequently this type of coding has met with considerable 
favor. Pulse-width decoders introduce no dead time. 

A standard system now in use requires that search pulses from air
borne radar sets be shorter than 1 jisec or longer than 5 yusec. Beacon-
interrogating pulses must be between 2 and 4 /isec long. This system 
allows both short and long pulses for search, but it preserves a distinguish
able beacon interrogating pulse. Pulse-width coding can be combined 
with other forms of coding as desired. 

5-7. Other Interrogation Coding Systems.—Additional tumblers can 
be added to the lock on a beacon as desired. It is possible to require 
that incoming signals have the correct pulse-repetition frequency before 
a response will be given. Such a pulse-repetition frequency-selection 
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circuit generally follows other circuits that have already excluded signals 
other than those of proper spacing and proper radio frequency. 

OTHER INTERROGATION CODING CONSIDERATIONS 

6-8. Slow Interrogation Coding.—We have been considering what 
may well be called "fast" interrogation coding, in which each interroga
tion signal is itself coded. Obviously "slow" interrogation coding is 
likewise possible. In such a system, the beacon would reply only to 
interrogation pulses within some time interval t, which might be as long 
as a few seconds, and which would follow the transmission of a series of 
keyed pulses conforming to a specified, predetermined code such as a 
Morse letter. The code would take a time of the order of 1 sec to 
transmit. Such methods have been used in automatic distress-signal 
systems. 

The disadvantages of systems that take a long time to operate and 
that unlock the beacon for a long period of time are obvious. Such 
systems are useless with narrow-beam scanning radar sets. 

6-9. Limitations on Interrogation Coding.—Codes may become 
garbled in various ways in transmission. This must be considered when 
reliable operation under all circumstances is a prime necessity. 

If a signal can arrive at a beacon over two paths differing in length 
by more than the length of a pulse, a double pulse will be received. This 
must be considered in double-pulse systems in which the interval is to be 
short. 

If the path difference is less than the pulse width, the pulse may be 
"stretched." Such stretching can be a serious annoyance in pulse-
width coding. Proper siting and suitable receiver design are both 
remedies for this difficulty. 

REPLY CODING 
6-10. Reply Coding Parameters.—For reply coding, the characteris

tics of the return signal must be arranged so as to convey information in a 
useful form. Let us consider these characteristics. We have at our 
disposal 

1. Frequency of each pulse. 
2. Number of pulses per reply. 
3. Duration and shape of each pulse. 
4. Spacing between pulses. 
5. Relative amplitude of pulses. 

These variables have almost all been used in existing systems. 
Because the reply frequency is capable of practically infinite variation, 

its use as a coding parameter places certain obvious requirements on the 
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receiver used to detect it. The number of pulses per reply has been from 
one to six. The duration of reply pulses has been varied over a hundred
fold range; it is capable of conveying much information. Pulse shape 
(other than pulse width) has not been used; it requires careful design and 
somewhat elaborate equipment. Pulse spacing is a widely used variable 
and an easy one to control in transmission and reception. Relative 
amplitude is an inefficient parameter from a signal-to-noise standpoint. 

DISPLAY CONSIDERATIONS 

5-11. Cathode-ray Tube Displays.—The type of coding used, of 
course, depends on the display. 

Deflection-modulated Displays.—With deflection-modulated displays 
(for example, types A and L) and nonscanning beams, all the possibilities 
mentioned can be used. In practice, changing the pulse duration by 
Morse code has proved satisfactory in many applications. This is usually 
interpreted by eye; it is, therefore, called "slow" coding, since only a few 
Morse characters—usually about 10 to 20—are transmitted per minute. 
This is generally adequate for identification. Electronic reading of such 
characters is, of course, feasible. For example, it is possible to turn the 
slow code into an audible Morse signal. 

Intensity-modulated Displays.—With intensity-modulated, persistent, 
map-type displays and narrow beams, a series of spaced pulses is uni
versally used. This type of coding is called " fas t" coding or " p i p " 
coding. Spaces generally run between 5 and 40 /isec. For this type of 
display, amplitude modulation is not very practical. Pulse-width varia
tion can be used, but cannot be varied in time except at a rate either slow 
or fast compared with the scanning rate. With accurate measurement 
of the interval between pips, much information can be conveyed. For 
visual interpretation only, it is found that two spacings, "shor t" and 
"long," are all that can be used safely unless expanded displays and 
calibrated time scales are available. 

Azimuth " Chopping."—It is sometimes possible to introduce a kind of 
azimuth coding on PPI displays. This can best be applied in those cases 
in which signals occupy an appreciable angle (10° or more) on the tube. 
Azimuth coding is best accomplished by interrupting the interrogation at 
a frequency suitable for "chopping" the arc into small segments with 
clearly visible spaces between them. Such a display, which is not, 
strictly speaking, a form of response coding, is quite distinctive and 
readily recognizable. 

When the interrogating signal is the radar signal itself, azimuth coding 
is not always feasible. If no special interrogation code is used, the 
chopping can be accomplished by suitable interruption of the response 
signal. If an interrogation code is used, it can be accomplished by having 



SEC. 512) RANGE CODING AND PPI "CLUTTER" 91 

only a suitable fraction of pulses transmitted with the correct code for 
interrogating the beacon. When a separate interrogator-responsor is 
used in conjunction with a radar set, the interrogator trigger can be 
interrupted. 

Interruption of the interrogation is preferable to artificial chopping of 
the response because it is more economical of beacon traffic capacity. 
Also, interruption at the interrogating end is preferable to interruption 
at the beacon end of the system. This is true both for the sake of 
economy of transmitted signals and because a fixed rate of interruption 
might not be suitable for all the different radar sets that would interrogate 
the beacon. With suitable electronic instrumentation for decoding 
replies, all the possibilities mentioned can be used. 

One difficulty encountered with azimuth chopping is that any clutter 
on the screen which is interrupted by the chopping will tend to take on the 
appearance of coded signals. When heavy clutter is likely to be encoun
tered, it is important not to interrupt it by the chopping method used. 
Such interruption of "frui t" cannot be avoided. Azimuth chopping is 
thus undesirable when many beacon responses are present. 

6-12. Range Coding and PPI "Clutter."—One of the drawbacks of 
range or pip coding is that it takes up a considerable amount of space on 
the display. Six-pip codes from ground beacons take as much as 10 
miles of range, and could take more if it were not for the fact that the 
longer codes that are possible with six pips are not often used. If many 
beacons are to be viewed simultaneously on a PPI, overlapping and 
"clut ter" may assume serious proportions. 

Two problems which arise in connection with PPI clutter must be 
carefully distinguished. One is the problem of distinguishing beacon 
signals—that is, of discerning the existence of separate responses appear
ing as coded groups from different beacons. The other is the question of 
legibility—the problem of providing codes that can be readily identified 
by eye. 

Distinguishability.—In a complex situation, when many beacons are 
present, overlapping of codes can become serious. Experiments have 
shown that beacons spaced in azimuth by less than the beamwidth of the 
radar, or in range by less than the over-all code length when in the same 
azimuth, cannot be distinguished easily. 

For a 3-cm airborne radar, this may mean that the ground beacons 
should be separated by perhaps 3 to 5° in azimuth, and by 10 miles in 
range when at the same azimuth. The 5° az separation is impor
tant at long range. At 115 miles, this requires a separation of 10 miles 
between beacons for good resolution. Ordinarily beacons for aid to long-
range navigation are not spaced as close as 10 miles. However, even 
when there is confusion, the greatest course error that can occur is the 
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beamwidth of the radar—in this case, 5°. Furthermore, the confusion 
will disappear and the course could be corrected when the aircraft cornea 
nearer the beacons. For a ground radar with a 1° beam, azimuth confu
sion occurs if beacons are separated by less than 2 miles at a range of 115 
miles. We may conclude that clutter is of little significance for naviga
tional beacons. 

Airborne beacons that happen to be at nearly the same azimuth are 
unlikely to remain so. Clearly, azimuth confusion is of less consequence 
than range confusion in general. This emphasizes the importance of 
using coding methods that do not take up too much range. 

Legibility.—Increasing the number of distinguishable pulse spacings 
and utilizing other methods of reply coding will tend to reduce the number 
of pips required for the code, and thus to reduce the length of the code. 
Any such coding methods, however, result in codes that are not as readily 
identified by eye on compressed sweeps. They can be identified on 
expanded sweeps by eye, or decoded electronically independently of the 
display. Decoders that generate artificial signals can furnish no solution 
to the problem of putting a very large number of codes on the display 
because, if this were possible, the satisfactory reply codes could be 
emitted by the beacons. 

We see then that for easy legibility on compressed sweeps a compro
mise between number of codes and density of beacons is necessary. The 
merit of the compromise is greater, the greater the number of possible 
codes per mile of range. No extensive experiments have been conducted 
to determine the number of codes legible by eye as a function of sweep 
expansion. Experiments that have been performed have been concerned 
mainly with distinguishability and have shown that beacons separated in 
angle by the beamwidth are readily resolved at all ranges, and beacons 
at the same azimuth are confused only when the codes overlap. 

Number of Distinguishable Beacons.—These facts allow us to write an 
expression for the maximum number of distinguishable beacons on a PPI 
or B-scope. Let 

6 = angle covered by scan (360° for PPI) , 
/3 = arc width (equal to the nominal interrogator azimuth beamwidth), 
I = sweep length in miles, and 
c = code length in miles. 
The maximum number of distinguishable beacons N will then be1 

1 It is assumed that means are provided to keep the arc width independent of 
range, such as time-varied gain. 
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As an example, for a 100-mile PPI sweep, an arc width of 5°, and a 
maximum code length of 10 miles, N = 720. For a sweep of 200 miles, 
an arc width of 1°, and a code length of 2 miles, N = 36,000. 

The foregoing calculation is, of course, unduly optimistic, because it is 
based on extremely unrealistic assumptions concerning the distribution 
of the airborne beacons in space. The maximum number we have 
defined is not a practical working figure, because the relative motion of 
radar and beacons continually changes the configuration and a sym
metric distribution is never achieved. However, the numbers are so 
large that even if we say that one-twentieth of the maximum is the 
largest figure that is safe operationally, the number of distinguishable 
beacons in the two cases will be 36 and 1800. 

In the latter case, the problem of legibility then becomes one of obtain
ing a number of codes not exceeding 2 miles in length, of such a nature 
that at least 1800 different codes are distinguishable. As has already 
been intimated, no adequate experimental data on this subject exist. 
The possibility of achieving adequate legibility on PPI tubes certainly 
depends on the sweep expansion—the number of miles per inch. If we 
assume that the eye can distinguish readily distances differing by about 1 
mm, a sweep expansion corresponding to 1 /jsec/mm (2.5 miles per inch) 
would permit visual distinction between pulse lengths and pulse spacings 
differing by 1 ^sec. A 12-in. PPI would then contain a 15-mile sweep, 
which seems adequate for dense traffic, such as that at an airport. 

6-13. Distinguishability of Beacon from Radar Signals.—Whenever 
both radar and beacon signals are displayed simultaneously on a single 
cathode-ray tube, it is desirable to be able to distinguish one type of sig
nal from the other at a glance. Any special characteristic of either 
signal which assists in doing this is valuable. 

Although the various kinds of coding we have discussed aid in making 
this distinction, other means are available and should be used whenever 
possible. These include the use of " two-tone" presentation and the use 
of different colors for the two kinds of signal—"two-color " presentation. 

Two-tone presentation depends on the use of different intensity levels 
for two kinds of signal. By using different video limit levels for the 
beacon and radar signals, the maximum intensity of the beacon signals 
can be made significantly greater than the maximum intensity of the 
radar signal. This simple method is effective because beacon signals are 
usually strong and can be made to limit easily. Good contrast is readily 
achieved. The system clearly will not work well for weak (not limited) 
signals. 

Two-color presentation is much more spectacular, considerably more 
difficult, and extremely effective. It is achieved by using two display 
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tubes giving different colors, one for each type of signal, and combining 
the two displays by optical methods. 

6-14. Coding by Amplitude Modulation.—The amplitude modulation 
of received radar or beacon signals can be detected readily by appropriate 
circuits in the interrogator receiver. Cathode-ray tubes are not suitable 
indicators if the pulse is displayed directly on the screen, because the eye 
is unable to follow rapid fluctuations in intensity or amplitude though it 
may perceive that they are present. 

Audio presentation of the modulation is possible. A very ingenious 
method that has been used involves applying the audio modulation to a 
set of tuned reeds which cover the portion of the audio spectrum desired, 
and noting which of the reeds are set into vibration. This is a visual 
display of the audio spectrum of the modulation. By this means it has 
been shown that most radar echoes contain appreciable modulation. 
The echoes from aircraft, for example, are modulated by the motion of the 
propellers, and the percentage of modulation is high. If the number of 
blades in the propeller is known, it is, in fact, readily possible to deduce 
the speed of revolution of the engine. 

Beacon replies may be subject to similar modulation in certain cases. 
The reply from an airborne beacon may be modulated by the propeller 
if the propeller blades can intercept the radiation. More important, 
however, is the possibility of deliberate modulation of the beacon reply. 

It will be seen that maximum effectiveness of amplitude modulation 
of the reply will occur in searchlighting systems. Data of this type are 
not suitable for transmission by scanning systems. 

Experiments have shown that modulation of beacon replies well over 
50 per cent can be achieved. The modulation frequency then constitutes 
a parameter which is, in principle, continuously variable from zero to the 
maximum and which can be superposed upon the pulse-repetition fre
quency as a carrier. Furthermore, the harmonic content can also be 
varied at will. The amount of information transmissible in this way is, 
as shown in Sec. 5-18, the amount that can be carried in a channel having 
a width that is half the pulse-repetition frequency. 

It is usually easier to modulate a beacon transmitter in frequency than 
in amplitude, but more space in the spectrum is needed. An amplitude-
modulation receiver of bandwidth less than twice the frequency deviation 
will receive a modulated signal from such a transmission. To obtain the 
best results, however, an auxiliary detector of frequency modulation to 
follow the i-f stages of the receiver should be used. 

NUMBER OF REPLY CODES 

6-16. General Considerations.—The number of different codes needed 
depends upon the purpose of the beacon system. 
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The number of navigational ground beacons seen at one time need 
rarely, if ever, exceed two or three for entirely adequate navigation. 
They should be spaced 30 to 100 miles apart. If allowance is made for 
repetition of identifying codes after a suitable distance, 50 seems an ade
quate number of codes. Two to six pips with either narrow or wide 
spacings are enough to provide this number. 

The transmission of other information over the ground beacons must 
then be by means of coding of frequency, pulse duration, or ampli
tude. Special means must be provided for the interpretation of any of 
these. It is, of course, possible to transmit to the aircraft a great deal 
more information than is at present conveyed by the beacon-reply code. 

With deflection-modulated displays, fewer beacons can be interpreted 
at one time than on a PPI, but the number is always sufficient for 
navigation. 

With airborne beacons, it may be desired to obtain a great amount of 
data from the reply. These may include 

1. The identification of the aircraft carrying the beacon—as to class 
or even serial number. 

2. The altitude of the aircraft which is more readily determined in the 
aircraft than from the ground, and which is of importance for 
traffic control. 

3. Information of miscellaneous type—distress signals, requests for 
information, or any other standardized and uniform data. 

As this shows, airborne beacons may need to return more data than do 
ground beacons, and may thus require more complex coding. On the 
other hand, they need also to be simpler, smaller, and lighter. This dual 
requirement imposes a burden on the ingenuity of the designer. 

Up to the present, the spacing between pips in microwave beacon 
responses has been used for visual identification only, generally on long 
sweeps. Only short and long spaces were used, centered at 15 and 35 
Msec, respectively. There seems to be no objection to using spaces 
accurately adjusted to one of 10 values between about 10 and 30 or 5 and 
25 jisec, each representing one digit. Four such digits would give 10,000 
possible codes that could be electronically decoded and set up on counters. 
Such a code would identify an aircraft by serial number. The obvious 
limitation on this procedure is confusion caused by the overlapping of 
codes from different aircraft. 

Other information, such as altitude, can use either another space or 
another variable. Since altitude information ought to be transmitted in 
such a way that aircraft changing altitude could be classified at two levels 
when in an overlap region, the use of a continuous variable is indicated. 
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Frequency, code-space, and pulse width are all available, although use of 
any one of them involves difficulty. 

6-16. Pip-coding.—In pip coders generating range-coded signals, the 
number of possible codes varies exponentially with the number of different 
code spaces. 

If there are p code pips and n distinguishable values of code spacing, 
the number Np of different codes with p pips is 

Np = vT-x. 
In addition, all codes with fewer pips are possible. The total number of 
possible codes, then, is 

N = }NP= ) n"-1. (9) 
p k-l 

To get large numbers of codes it is necessary to provide a large number 
of pips, since the number of pips appears as the exponent in the expression 
for the number of codes. In the important case that p = 6, n = 2 (long 

6 

and short code spaces only), JV = \ 2 t _ l = 63. 

Thus, the number of codes increases exponentially with the number of 
pips. The amount of coding equipment required to generate the codes 
increases only linearly, or even somewhat more slowly, however, because 
each additional pip adds one more pip generator and spacing control. 
Consequently, when it is not certain that the number of codes required 
will remain small, a small saving in coder design is very expensive in the 
number of possible codes and may be false economy. 

The above arguments apply to any coding or decoding system in which 
circuit elements contribute digits in a code. Each digit represents an 
exponential increase in the number of codes, and a linear or slower increase 
in the circuit complexity. 

6-17. Combined Pulse-width and Pulse-spacing Coding.—A coder 
utilizing both pulse spacing and pulse width as coding parameters has a 
large number of possible codes. A three-pulse coder has five variables— 
as many as a six-pip coder using pulse spacing only. The number of 
possible codes is not usually so great, however. 

If there are p pulses, there are p — 1 spaces, and 2p — 1 total varia
bles. If each variable may take on n values, the number of possible 
combinations is n , p _ 1 . If, in addition, the number of pulses can be any 
number from one to p, the total number of possible codes is 

V 

N = V n* (10) 
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This is not so large as the corresponding number for the pulse spacing 
2v 

coder with 2p pulses, which was shown in Eq. (9) above to be / n t _ 1 . 
t = i 

A more general expression for the case in which the pulse width may 
take on any one of m values and the pulse spacing may take on any one 
of s values is of interest. If there are p pulses and p — 1 spaces, they 
may be arranged in m» • s^-1 different combinations. The total number 
of codes possible by varying the number of pulses from one to p is now 

p 

N = y mksk~\ (11) 

For p = 2, m = 3, s = 5, N = 48, 
For p = 3, TO = 3, s = 5, N = 723, 
For p = 4, m = 3, s = 5, N = 10,848. 

DATA TRANSMISSION AND COMMUNICATION 
An interrogator-beacon system has many of the properties of a com

munication system. In fact, each link of the beacon system can be said 
to be a communication system. The very names given to the links— 
interrogation and response—imply communication of intelligence. 

Up to the present only that amount of communication which is 
included in interrogation or reply coding has been considered. I t is now 
our purpose to consider how many and what kinds of additional data may 
be transmitted over the links of a beacon-interrogator system. 

5-18. Channel Width and Data-handling Capacity.—A familiar 
theorem of communication states1 that the amount of information which 
can be transmitted over a communication channel is independent of the 
carrier frequency and proportional to the absolute frequency width of 
the channel and to the duration of the signal. The highest modulation 
frequency which can be transmitted is half the width of the r-f channel.2 

Thus, a broadcast station requires an r-f channel width of at least 20 
kc/sec to transmit the audie frequency spectrum up to 10 kc/sec, and the 
width is independent of its carrier frequency. A broadcast receiver, 
correspondingly, will require a 20-kc/sec r-f pass band and a 10-kc/sec 
audio pass band to receive the modulation properly. 

We have seen that the r-f channels used for beacon systems are wide. 
Interrogator receivers for beacon signals are seldom less than 2 Mc/sec 
wide, and beacon receivers are often several hundred megacycles per 
second wide in r-f coverage. A more relevant characteristic is, of course, 
the video bandwidth. This is usually 1 Mc/sec or more, in the interroga-

1 Hartley's theorem; R. V. L. Hartley, Proc. I.R.E. 11, 34 (1923). 
* Special procedures like single-side-band modulation are neglected here. 
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tor receiver. The video band-width of a beacon receiver may be several 
megacycles per second, or, in light-weight systems, it may be only a few 
hundred kilocycles per second. 

These channels are wide enough to allow a considerable amount of 
intelligence to be transmitted. They cannot be narnnved . without 
sacrificing the essential purposes of the system; for example, accurate 
range data require sharp leading edges on pulses in both links of the sys
tem and, thus, the ability to receive frequencies of the order of the 
reciprocal of the pulse rise time. A flat pulse with a rise time of 0.1 ^sec 
requires a video pass band of 2 Mc/sec or more for reasonable reproduc
tion. The narrow video bandwidth of lightweight beacons is used at the 
expense of range accuracy. 

Continuous-wave and Pulse Modulation.—Complete utilization of the 
capacity for data transmission of a channel requires continuous-wave 
operation. The channel is not completely utilized unless data are con
tinuously transmitted to the fullest possible extent. The use of pulses 
immediately imposes a severe restriction on the usable bandwidth of the 
channel. The use of pulses may be regarded as the superposition upon 
a carrier frequency of a modulation envelope which has zero amplitude 
most of the time, and a large amplitude during the pulse intervals. For 
such a case the effective width of the channel, from the standpoint of 
data transmission, is decreased by the duty ratio of the pulses. This 
decrease greatly modifies the possibilities for transmission of data, since 
a 2-Mc/sec r-f channel, which for c-w transmission could handle a modu
lation band 1 Mc/sec wide, will handle only 1 kc/sec of modulation if the 
duty ratio is roVrr- Of course, many such low-duty-ratio pulse systems 
can be accommodated on the same r-f channel if means of distinguish
ing them are provided at the receiver; this has been done in one 
beacon system. 

The relation between r-f bandwidth and the amount of modulation 
carried by a pulse system is 

where / = r-f channel required, in cycles per second, 
m = width of modulation band required, in cycles per second, 
w = average pulse width, in seconds, and 
p = pulse repetition frequency, in cycles per second. 

Prf-lirnitation.—In a radar or beacon system the pulse-repetition 
frequency depends upon the maximum range R of the system and i9 
limited by the velocity of light c, according to the relation 
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If a higher pulse-repetition frequency is used, replies will arrive back at 
the receiver after a second interrogating pulse has been transmitted; and 
confusion in range will ensue. A system to work to 186 miles range 
must, therefore, have a pulse-repetition frequency less than 500 cps; a 
further factor of 20 per cent or so is usually allowed in order to permit the 
indicator sweep circuits to recover. 

This limitation of p is important because p cannot be made high 
enough to allow the pulse-repetition frequency to be used as a carrier 
frequency for speech modulation except for the shortest distances or in 
cases in which not all transmitted pulses are used for ranging. To carry 
speech modulation, p must be about 4000 cps or more. The introduc
tion of speech modulation is possible with relatively simple techniques 
of frequency or phase modulation (for examples, see Chap. 11). 

From Eq. (12), we see that to transmit speech information, the audio 
spectrum of which is generally taken as the range from 200 to 2000 cps, a 
duty ratio of at least 0.0018 is required with a 2-Mc/sec r-f channel. 
Few radar sets or beacon interrogators have as high a duty ratio as this. 
Smaller duty ratios can be used if wider r-f channels are used. A 2-,usec 
pulse, with a pulse-repetition frequency of 400 cps, theoretically can 
transmit speech information on an r-f channel which is 4.5 Mc/sec wide; 
in practice this would probably be difficult. Data less complex than 
speech modulation naturally require smaller bandwidths. 

6-19. Data Transmission over Systems Using Beacons.—The above 
considerations are entirely general; they will be applied briefly to radar 
and beacon systems. In the first place, systems designed to obtain good 
general radar performance are inherently unsuited for communication 
purposes. Good radar search performance is achieved by the use of 
narrow beams and scanning antennas. Accordingly, the communication 
links between such a radar and a beacon exist only when the beacon is 
being triggered and received, or while the antenna is pointing at the bea
con, usually only a small part of the time. As a result, the useful com
munication-channel width is decreased from what it would be for a 
searchlighting radar by a factor equal to the ratio of the scanning angle 
to the beam width; this factor may be as high as 360. Voice communica
tion over such systems is impossible for all practical purposes. Extremely 
wide r-f channels would be needed and rather esoteric techniques would 
have to be developed—first to store information, and then to cram it all 
into the short periods of communication. 

Even the transmission of much simpler data, like Morse coding, is 
difficult to achieve with systems using scanning antennas. No attempt 
at communication other than interrogation and reply coding has been 
made for such systems. In consequence, nonscanning- or searchlighting-
radar sets are of most interest as far as communication is concerned. 
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Interrogation and Response Links.—Communication on the interroga
tion link of a beacon system is, in principle, straightforward. It need 
not interfere with the beacon function unless a very large amount of data 
is transmitted. The essential requirements are means for suitable modu
lation of the transmitted signal and for demodulating the signals in 
order to detect the transmitted intelligence. The property of the trans
mitted signal used to trigger the beacon may be independent of the 
characteristics used for data transmission. This allows the repetition-
rate restrictions imposed by the velocity of light to be disregarded for 
data-transmission purposes. Thus, a beacon with pulse-width dis
crimination would reply only to those pulses of the correct width, but 
other, auxiliary, pulses could be used for communication (see Chap. 11). 

The response link presents a different problem, because beacon 
replies are not sent out at will but only in response to interrogating pulses. 
The carrier pulses for the transmission of intelligence are, therefore, not 
under complete control at the beacon; and the problem of transmitting 
intelligence becomes more difficult. Clearly, the difficulty is greatest 
when many interrogators are triggering the beacon. Thus, omnidirec
tional interrogator-beacon systems are not so satisfactory for two-way 
communication purposes as are directional searchlighting systems. Of 
directional searchlighting systems, the most satisfactory for communica
tion purposes will be those in which provision is made to prevent all but 
one interrogator from using the beacon at a time. 

Data Transmission and Coding.—Ordinary interrogation and reply 
coding differ from the dat'i transmission we have considered above in 
that the intelligence they convey is not contained in the signal but is 
prearranged, like a cipher. The range code 2-2-2 means "this is a beacon 
at Deer Island, Mass., located at latitude 42° 21 ' 01.8" north, longitude 
70° 57' 32.8" west," in precisely the same fashion as the cable address 
"Nareco" means "National Research Council, 2101 Constitution Ave
nue, Washington, D.C." Such abbreviations are extremely valuable, 
but it is essential to realize that their "meaning" is not contained in the 
transmitted signal. 

PRECISE DATA 
6-20. The Use of Precise Positional Data.—The most fundamental 

data obtained from a beacon are its range and azimuth. One of the 
special features of radar beacons, as compared with other navigational 
aids, is the extraordinary precision of these data. The proper utilization 
of such data requires special thought. 

I t is readily possible to measure range to a beacon with a relative 
precision1 of 10 to 20 yd, at all ranges up to 250 miles. This precision 

1 The absolute precision may be only 20 to 40 yd. The reason for this is the 
variation of signal path and of signal velocity due to changes in atmospheric propaga-
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can be achieved on any radio frequency used for beacons; it is accom
plished by means of quartz crystal-controlled ranging units. 

By means of the techniques developed for fire-control radar, azimuths 
may be measured to 1 mil or better. This corresponds to an azimuth 
error of TATT of the range, or 0.25 miles at 250 miles. 

There are thus two techniques available for very accurate navigation. 
The more accurate technique makes use of range measurements from two 
points on the ground at accurately known locations; two such measure
ments made simultaneously determine position. The other method uses 
precisely measured range and azimuth from one point accurately located 
on the ground. 

Ordinary PPI displays do not permit one to take advantage of this 
precision. In order to use the precise data, special displays are required. 
These may be sweeps expanded sufficiently to allow the leading edge of 
the pulse to be distinguished, or they may be special ranging circuits. 
An expansion of at least 1 in. per mile is desirable. This obviously 
requires a method of delaying the beginning of the sweep by an amount 
that is accurately known. 

With a suitably expanded display, relative motions of 5 yd can be 
detected readily by comparison with a range mark. Automatic range-
tracking circuits have been developed which will indicate range, or range 
minus a fixed quantity, on a meter. Such circuits can also be made to 
measure radial velocity, by means of differentiation of the range with 
respect to time. Position can be plotted on a map on an automatic 
plotting board with high precision to give a permanent record. 

6-21. System Delays.—Whenever the maximum possible range pre
cision is to be achieved, it is especially important to be able to correct 
accurately for the delays inevitable in the circuits of the system. Beacon 
and interrogator delays are considered in turn below. 

Beacon Delay.^-The delay in a beacon is inherently inconstant because 
the beacon is a triggered device with a variable-amplitude trigger. It 
always contains a circuit (generally a blocking oscillator or multivibrator) 
somewhere which gives a response only when the input signal is above a 
certain voltage level. This circuit is usually the one triggered by either 
the receiver output or, if there is a discriminator, by the discriminator 
output. Such circuits are always regenerative and have an initial feed
back gain that depends upon the input signal level. They also have a 
finite bandwidth. Accordingly, near the threshold, there will be a region 
of trigger amplitude in which the delay—that is, the time required for 
the output signal to reach its full value—depends upon the signal strength. 

tion and in atmospheric index of refraction. The latter is more important, depending 
mainly on changes in water-vapor pressure. 

E. G. & G. LIBRARY <*</ 
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With proper precautions, this variation in delay can be reduced to a 
small value. Noise fluctuations superposed on the signal, however, will 
tend to widen the threshold region. The only way to avoid this difficulty 
is to sacrifice sensitivity by demanding a higher signal-to-noise ratio for 
triggering. Over-all variations in delay of not over 0.1 ^sec (17 yd in 
range) can be achieved without undue sacrifice of sensitivity. This value 
can be achieved for signals that trigger the beacon at 5 db above noise. 
Smaller variations may require more signal relative to noise. 

Aside from inherent variations of this sort, other beacon delays should 
be kept to a minimum. The pulse-width discriminator introduces an 
unavoidable delay, but this can be maintained relatively constant. Too 
narrow a video pass band in the receiver is bad both for over-all delay 
and for variation delay. Chapter 16 deals with this subject at greater 
length. 

It should also be remembered that some present-day aircraft, and 
most ships, are so large that the difference in range between the location 
of the beacon antennas and the point at which radar reflection occurs 
may be appreciable. Thus, ranges being measured to the beacon antenna 
may differ appreciably from radar ranges, and may be more accurate. 

Interrogator Delay.—The trigger pulses used in the interrogation part 
of the circuit are usually of constant amplitude. Delays due to them 
are therefore fixed and are normally compensated for. 

There are, however, other sources of variation of delay. Variations 
of signal strength in the interrogator receiver can give a shift in apparent 
range. In addition, in systems using interrogator-responsors in associa
tion with radar equipment, delays may be introduced if the antennas of 
the two systems are separated physically. A displacement of 100 ft 
between the antennas will give a range difference of 0.2 /*sec, which will 
be added when the antennas point in one direction and subtracted when 
they point in the opposite direction, and will take on intermediate values 
at intermediate angles. 

6-22. Methods for Using Data of High Precision.—High-precision 
range measurements are made for one of two reasons. Either the loca
tion of a moving vehicle, usually an aircraft, is being determined with 
respect to a good map, or a map is being made. 

In either case, an understanding of the nature of maps and of geodesy 
is important for proper utilization of accurate positional data. This 
subject is outside of our province. It will suffice to point out that large-
scale maps, with a scale of about 1 mile per inch (for example, 1:25,000 or 
1:50,000) are required for full utilization of precise data. Such maps 
should have inscribed upon them coordinates suitable for the measure
ments being made. In the case of range measurements from two ground 
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stations, these will be lines of constant range from the stations (circles, if 
the earth were spherical and the maps undistorted). 

Sometimes even such maps are not sufficient. Instrumentation can 
be devised which will permit the navigator and pilot to follow a prede
termined course. The use of plotting boards, with the desired course 
drawn on a map, and servomechanisms designed to steer the ship or 
aircraft to follow the desired course, is feasible, although complex. 



CHAPTER 6 

TRAFFIC AND ENGINEERING CONSIDERATIONS 

B Y H. H. BAILEY AND A. ROBERTS 

TRAFFIC CONSIDERATIONS 

An important operational property of any system using beacons is its 
traffic capacity. By this term is meant both the number of interrogators 
to which a beacon can respond adequately and the density of beacons 
which an interrogator can trigger with satisfactory results. The prob
lem may be viewed as one of determining both the traffic capacity of the 
interrogation link and the traffic capacity of the response link of the 
system. There are several kinds of limitations which affect these two 
problems under different circumstances. In this chapter these effects 
will be described briefly. 

6-1. Saturation of the Interrogation Link.1—The limitation of possible 
traffic by overinterrogation comes about through a reduction in the 
response which the beacon will give as the number of interrogators is 
increased. The response is denned as the ratio of the number of 
responses by the beacon to the number of interrogating signals which 
have sufficient power to trigger the beacon. The reason that beacons 
do not give 100 per cent response and that the response diminishes 
significantly with increasing numbers of interrogators is the fundamental 
one that beacons are provided with a blanking gate, or " d e a d " time, 
during which an interrogating signal will elicit no response. Also, the 
allowable duty ratio of beacon transmitters is finite and small. To put 
it simply, the chance that a given interrogating signal will arrive at the 
beacon during a dead time caused by another interrogator increases as 
the number of interrogators increases. 

I t should be clear from Sec. 2-6 that, when the response link limits the 
range, any reduction in the number of response signals will entail a 
reduction in maximum range, according to a fourth-root law. Reduc
tion of the response to 80 per cent has a negligible effect on the attainable 
range, but a 50 per cent response results in a 16 per cent loss in range. 

Even when saturated signals can be received at horizon ranges, there 
is still a limitation inherent in the finite number of pulses that are received 

1 Sees. 61 and 6-2 by H. H. Bailey. 
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per scan; a reasonable limit in these cases might be 20 per cent response. 
Per cent response is not ordinarily included in calculations of reliable 
range since, as will be shown, with a proper (and practicable) design the 
traffic that is required to produce an appreciable range reduction is larger 
than is commonly attained. 

The above arguments apply to any type of interrogator whether on 
the ground, aboard ship, or in the air, and in particular to any scanning 
radars operating with any kind of beacon. A somewhat different 
phenomenon, beacon "stealing," becomes important in the special case 
of airborne or other mobile beacons being tracked by searchlighting 
ground or shipborne radar sets. I t is of particular importance if the 
radar pulse-repetition frequencies are high and very close together, if, 
for example, they are crystal-controlled. Only two radars may be 
involved in such a case; but, if one of them "s tea ls" a beacon away from 
the other, it will continue to prevent the original set from receiving 
signals from the beacon until their two repetition rates have run through 
the necessary fraction of one period of the beat that corresponds to the 
difference between the two pulse-repetition frequencies. This interval 
may be long enough for the first set to lose its target completely. The 
chance of this happening is good, granted an approximate intersection 
of the beams, if the beacon dead time is comparable to the radar repeti
tion period. This situation is so serious that, if a high geographical con
centration of such sets is contemplated, either the system should employ 
some kind of interrogation coding or a suitable " j i t t e r " should be intro
duced into the pulse-repetition frequency. The latter expedient has 
been used in several beacon systems. 

6-2. Beacon Density.—The parameter of the system that is most 
important in determining the permissible density of beacons is the azi
muth resolution of the interrogator (as discussed in Sec. 5-12). The 
actual distance between beacons may be so small that one beacon might 
be able to trigger another. The delay inherent in all beacons, however, 
ensures that any such second-hand trigger will arrive after the beacon 
has already received the original interrogating signal. The spurious 
trigger, therefore, arrives during a dead time and has no effect. 

A possible exception occurs when there is a long line of closely spaced 
beacons, of which only those at one end are triggered by the radar. In 
this case the rest of the string will transmit at successively later times. 
This condition is not easily achieved, as we shall see in Sec. 6-9, because 
beacons do not ordinarily have a large range for mutual tripping. It is, 
furthermore, an unstable arrangement that would be unsatisfactory 
operationally. An ultimate minimum separation would be that distance 
at which beacons could burn out each others' receiving crystals. These 
effects, however, are seldom the limiting ones. 
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6-3. Saturation of the Response Link.1—Saturation of the response 
link is approached when the number of beacon replies appearing on the 
display becomes large enough to spoil it. The controlling factors in 
such saturation are the decrease of distinguishability and legibility of the 
display. 

The character of the display depends strongly upon the nature of the 
interrogator. Narrow beamwidths and fast sweeps add considerably to 
the traffic capacity of the response link. Thus, a system which is 
saturated for one interrogator may be satisfactory for another and might 
even be satisfactory for the same one if a faster sweep speed could be used. 

The dependence of response saturation on the azimuth beamwidth 
of the interrogator is obvious. The narrower the beamwidth, the fewer 
the beacons that are triggered at one time and the more that can be 
distinguished on the scope. The dependence on sweep speed is likewise 
clear. The smaller the area displayed on the scope, the fewer the num
ber of signals that will appear upon it. 

Both these considerations are relevant to an evaluation of the impor
tance of unsynchronized replies or "fruit." These are replies of the 
beacons being viewed to other interrogators. They are unsynchronized 
because the pulse-repetition frequencies of different interrogators are 
usually unsynchronized and their effect is to add to clutter on the display. 
Whether or not saturation of the response link occurs will depend on the 
number of beacons simultaneously viewed and the number of interroga
tions to which they are replying. The latter, in turn, depends upon the 
traffic capacity of the interrogation link. It is only when many beacons 
capable of a high duty ratio are displayed simultaneously that saturation of 
the response is likely to occur. 

When saturation of the response link takes place, two general methods 
of improvement, other than improvement of the interrogator, are possi
ble. One of these is gating; this is applicable only when the beacon-
carrying target gives a radar echo and the radar and beacon signals are 
being received simultaneously. Each radar return is made to generate a 
short gate so that only beacon signals falling within the gate and there
fore associated with the particular radar signal are allowed to appear on 
the screen. Aside from its limitation to ground-radar-airborne-beacon 
systems, this method suffers from the drawback that the beacon range is 
restricted to the radar range. No improvement in range by use of 
beacons is possible. 

A better method is that known as "video integration." In this 
method, all the replies received after one pulse is emitted are stored, either 
on an uncoated cathode-ray tube face or in a supersonic delay line. They 
are then compared with the signals following the next pulse, in much the 

1 By A. Roberts. 
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same way as that used for moving-target indication,1 but with a significant 
difference. In moving target indication, replies from alternate sweeps 
are subtracted from each other so that constant replies disappear. In 
video integration, successive replies are added and then applied to a 
biased tube in such a way that pulses present on a single sweep produce 
no output; only constant replies appear. The resolution of the system 
is made sufficiently low that successive pulses from a target overlap even 
though the target moves between sweeps; only random unsynchronized 
pulses disappear. This effectively removes the fruit from the screen, 
and, in principle at least, can even improve the signal-to-noise perform
ance of the system. Video integration becomes impractical when the 
beacon response is significantly less than 100 per cent. 

Saturation of the response link occurs relatively infrequently, but it 
is more likely to occur with nonscanning interrogators. Most microwave 
beacons saturate on the interrogation link before response saturation 
occurs; hence this trouble is more likely to be encountered with lower-
frequency sets. 

In the case of tracking radars, a different approach must be used. 
Resolving power as such loses its significance, but the beacons must be 
separated enough to permit the radar to lock on the desired beacon easily 
and then to stay locked on without interruption until a desired objective 
is accomplished. In general, this constitutes a rather severe restriction 
on the permissible number of beacons within range, the actual numbers 
again being determined more by the radar than by the beacon design. 

6-4. Overinterrogation Control.2—Because a beacon can receive more 
interrogation than it can respond to safely, and because of limitations in 
power dissipation in the transmitter, modulator, or other circuits, some 
kind of overinterrogation control is required. A dead time of suitable 
duration following each response will prevent overinterrogation. It will 
be seen later that this is unfavorable for high-percentage response at 
traffic levels below the permissible maximum. 

I t is often advisable to incorporate special circuits into the beacon to 
achieve overinterrogation control by limiting the response to some pre
determined safe value. The question arises as to how this control is to 
be exercised. There are two major possibilities—control by reducing the 
receiver sensitivity and control by increasing the dead time. The former 
method will discriminate against weak interrogation signals; the latter 
will reduce the response to all signals impartially. 

The choice of the method to be used depends on the purpose of the 
beacon system. All microwave beacons for navigational purposes have 
used the second method. It is important for distant interrogators to 

•' Radar System Engineering, Vol. 1, Chap. 16; Vol. 2, Sec. 7-9, of this series. 
2 By H. H. Bailey. 
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receive a response, and the amount of traffic would have to be phenom
enally high before any great reduction in range would occur. It is 
experimentally true that under conditions of maximum interrogation the 
range of the large microwave ground beacons is not greatly reduced. 

On the other hand, for airborne beacons used for air traffic control, 
reduction of receiver sensitivity is the preferable method. I t is better 
for the effective range of the beacon to be reduced than to deprive all 
interrogators of an adequate response; and for control purposes the 
nearest interrogators must be given the preference. 

T H E PROBABILITY OF BEACON RESPONSE 

BY H. H. BAILEY 

6-6. Statistical Analysis of the Probability of Response.—We return 
now to the primary effect which limits the traffic capacity of beacons, 
that is, the reduction in W, the probability of response or per cent 
response, with increasing n, the number of interrogators. With a knowl
edge of both W and n, the duty ratio of the beacon is also known. A 
statistical analysis will be given using as a parameter T, the ratio of the 
beacon dead time to the nominal interrogator repetition period. 

The validity of statistical averages must be examined in every applica
tion by considering the ratio of the time required for a random reshuffling 
of the relative phase of the repetition periods of several interrogators to 
the integration or "memory" time of the display screen plus the observer 
(about 8 sec). We must also consider the number of pulses per thermal 
time constant of the dissipation-limiting components, and the number of 
interrogations per scan. In beacons that have been designed to date, the 
constants are such that observable fluctuations are superimposed on the 
computed averages; these fluctuations do not detract from the usefulness 
of the statistical results. 

Preliminary Considerations.—A simple but incorrect approach to a 
specific formulation of a relationship between W, n, and T is to state 
algebraically that the probability of not getting a response is equal to the 
fraction of the time that is occupied by all the dead times. That is, 
1 - W - Wnr, or 

W - (TT^)- (1) 

This formula cannot be correct1 since it gives values of W less than unity 
even when n = 1. More generally, it errs in allowing all of the dead 
times, including the one started by any given interrogation, to affect the 

1 This equation is, however, strictly correct for predicting the response of a circuit 
with a dead time T to random interrogations, the average number of which per unit 
time is n. 
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probability that the same interrogation will obtain a response. A better 
approximation is to say that, given re — 1 interrogators, the chance that 
an nth interrogator does not get a response is equal to the fraction of the 
time occupied by the n — 1 dead times. That is, 1 — W = Win — 1)T, 
or 

W = [l + (l_ 1)T]~ (2) 

This formula goes too far in correcting the error of Eq. (1), as will be 
shown presently. However, it is a useful approximation since it gives 
more accurate results than Eq. (1) for very small values of n, and it has 
the same correct asymptotic behavior. 

Calculation of the Response for Light Traffic.—An exact expression for 
W can be obtained through a careful analysis of the addition of the reth 
interrogating signal to a sequence containing n — 1 signals. Assuming, 
for simplicity, that the various interrogators are using the same nominal 
pulse-repetition frequency, the number of dead times already existing 
is Wn-i(n — 1), where Wx indicates the value of W that obtains under 
conditions of simultaneous interrogation by x interrogators. Therefore 
the probability that the reth interrogation does not elicit a response is 
Wn-\ (n — l)r. But the reth interrogator is just one of n interrogators, 
all of which have the same a priori chance of receiving responses. That 
is, the probability just computed for the reth interrogator is the prob
ability of failure of response to any one of the n, or 1 — Wn. 

In symbols, then, 1 — Wn = Wn-i(n — 1)T, with the result that we 
have the recursion formula 

Wn+l = 1 - nrWn. (3) 

Given the condition that Wi = 1, Eq. (3) defines W for all integral 
values of n. 

The solution of Eq. (3) is the polynomial 

Wn+i = 1 - m + n(n - 1)T2 + • • • + n!(—r)" (rer < 1). (4) 

This expression is valid only for m < 1. The reason for this is the 
breakdown of the assumption of the periodicity of the beacon response at 
the nominal radar pulse-repetition frequency. This breakdown will occur 
as soon as all the intervals between arriving signals can become less than 
the dead time. I t is then no longer true that the dead times cover 
just the period (n — 1) TF„_IT. The pattern of the response is not obvious; 
the addition of an nth interrogating pulse may rearrange the response 
pattern to many other pulses, and the effects of dead times just at the 
end of a repetition period will change the pattern of the response in the 
next repetition period. 
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Calculation of the Response for Heavy Traffic.'—When m > 1 an exact 
formula seems difficult to derive. The following derivation approaches 
the right result for large values of nr, and gives results which are some
what too large for smaller values of nr. It is therefore conservative to 
use this expression to estimate the loading of the beacon. The formula is 

Wn = 1 [1 - (1 - r)"] (nr > 1). (5) 

The derivation is as follows. Divide the repetition period into equal 
spaces of length T. Let there be s such spaces; s = 1/T. We now apply 
reasoning similar to that used above, but applied to "dead" and "open" 
spaces instead of to interrogations. Consider n interrogations and let 
there be on the average rn dead spaces. Now add the (n + l ) th interroga
tion. There is a chance r„/s that this added interrogation falls in a dead 
space, and that the number of dead spaces remains rn. There is, on the 
other hand, a chance (s — rn)/s that the added interrogation falls in an 
open space and that the number of dead spaces is r„ + 1. The average 
number of dead spaces for (n + 1) interrogations is therefore 

rn+i = rn — + (r„ + 1) — - — , 
o S 

or 
r„+i = 1 + (1 — r)rn. 

Now r„+i is the number of responses or (n. + l)TF„+i, giving 

(n + l)Wn+1 = 1 + (1 - T)nW„, (6) 

which yields Eq. (5) above. 
We have thus obtained equations characterizing the beacon response 

to sustained interrogation at low [Eq. (4)] and at high [Eq. (5)] traffic 
densities. 

An empirical approximation that is satisfactory at all traffic densities 
can be obtained from inspection of Eqs. (1) and (2) by writing 

W = [1 + (n - W)r] ( 7 ) 

This formula gives values which always lie between those of Eqs. (1) 
and (2). It approaches Eq. (2), as it should, for low values of n and 
converges for all values of n. The results are just distinguishable from 
values computed from the exact Eq. (3) in practical cases for which the 
computations have been carried out, but the errors may be considerably 

This calculation was made by S. A. Goudsmit. 
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larger when the dead time is very large (T ^ 0.5). Equation (7) can be 
written as a quadratic in W and solved for W, or it can be solved for n 
and put into a form that is much more convenient for computation, 
namely, 

1 - W . TO 

6-6. The Effect of Duty-ratio Limitation.—In practice, the duty 
ratio of a beacon is limited, usually by the maximum thermal dissipation 
in one or more components. When the maximum duty ratio has been 
attained, the response must thereafter decrease inversely as the number 
of interrogations. If the allowable duty ratio is less than that imposed 
by the dead time alone, some type of duty-ratio limitation is called for. 
As an example, dead time might be increased during periods of heavy 
traffic. 

In Fig. 6-1 the beacon response W is plotted against the number n 
of searchlighting interrogators, for various values or T. Equation (3) is 
used up to m = 1, and Eq. (7) is used for higher values of nr. The actual 
response of a beacon to a number of interrogators is found by following 
out the full line for the proper value of T until the limiting duty-ratio 
contour (in dotted lines) is reached. The duty-ratio contours are plotted 
in terms of m, the number of interrogators required to give the maximum 
allowable duty ratio (assuming uniformly spaced interrogations). If the 
duty ratio is limited in the beacon, the duty-ratio contour must be fol
lowed from here on, to obtain the response. If it is not, the beacon will 
be overloaded, but the response will be greater. 

I t is clear that use of a short dead time and electronic duty-ratio 
limitation will provide a much more satisfactory response than use of 
the dead time which by itself would limit the duty ratio to the required 
value. Application of Fig. 6-1 shows, for an example picked at random, 
that a beacon which must be protected against a duty ratio greater than 
that due to five searchlighting interrogators will give much better service 
under light to medium interrogation with duty-ratio limitation and a T 
of 0.05 than it could with the very high T of 0.30 (or possibly 0.25) that 
would be required without duty-ratio limitation. Nothing is lost or 
sacrificed under very heavy interrogation. 

All the above considerations are directly applicable to nonscanning, 
that is, to searchlighting interrogators. 

It is also worth noting, in view of the importance of keeping the 
dead time short, that it is wise to use a time constant in the overinterroga-
tion control circuit which is roughly the same as the thermal time constant 
of the dissipation-limiting component of the beacon. Thus the dead 
time will be only as long as it needs to be to protect the beacon. 
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6-7. Scanning.—It remains to superpose on these results the effects 
of scanning. This can be done only very roughly and with the help of 
several arbitrary assumptions. The complete solution to the problem of 
the random occurrence of related series of events is extremely difficult 
and complicated. However, correct orders of magnitude for the number 
N of scanning radars that are "equivalent t o " (that is, which obtain 
the same response and load the beacon as much as) n searchlighting sets 
can be arrived at as follows. 

Let us define a scanning factor S as the ratio of the total angle scanned 
to the angle throughout which a beacon is triggered. Then, for averages 
over long enough periods of time, N is obviously equal to Sn. But with 
the limited number of pulses that can ordinarily be received per scan 
past a beacon, such a simple result can be very misleading. The quan
tities that are most meaningful are the maximum duty ratio and the 
minimum per cent response to interrogations; hence the nature of the 
fluctuations from the long-term statistical averages must be examined. 

We assume that the scanning period is divided into S equal intervals 
and that the interrogations from any one radar occur entirely within one 
or another of these intervals. It is then a matter of straightforward 
computation to find the probability that any desired number of interro
gations occurs within a particular interval.1 The situation is like that 
of N balls falling at random into S slots, and the problem is to compute 
the chance that just b balls fall into one particular slot. We further 
assume, quite conservatively, that the largest 1 per cent of the fluctua
tions can be ignored; in other words, the response of the beacon will fall 
below the value we calculate only 1 per cent of the time. The computa
tion must then be extended to find the number n such that the sum of 
the above probabilities for 1 g b g n is 99 per cent. The analogous 
problem with the balls is to add up the chances for b = 1, 2, 3, . . . 
until the total probability is 0.99; then the last value of b to be used is n. 

The result, expressed in our notation, and also in the more usual 
binomial form (where p = 1/S), is obtained when 

Z/W^W'S^ = L, CtV(1 ~ p)N'b = " per cent' 
b = l b-1 

which defines N as a function of n for any value of S. The calculations 
can be carried out by means of the normal probability integral for most 
values of n, and for small values of n the binomial coefficients can be 
computed directly. Any value from 1 up to about 1000 can be taken 

1 Precisely the same result is obtained if one assumes that interrogations arrive 
at random instead of all within one of the S intervals. 
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by S, but the results for two fairly typical values, S = 25 and 75, are 
indicated in the bottom scales of Fig. 6 1 . 

It must be emphasized that the scanning results are only approximate 
because of the arbitrary selection of 1 per cent as the fraction of the 
fluctuations to be ignored; there is also a difficulty in assigning a value of 
S to any real situation because the effective beamwidth is a function of 
range for each interrogator. The values of n can be depended upon; the 
values of N may be in error by 30 to 50 per cent or even more, depending 
on many circumstances, and should be used only as an aid in estimating 
the real traffic capacity of beacons. 

The point made near the beginning of this section, that the traffic 
required to limit performance significantly can be made quite large, can 
be demonstrated very easily with the aid of Fig. 6T. A typical set of 
values for the beacon, parameters might be T = 0.10, maximum duty 
ratio corresponding to 3.3 searchlighting interrogators. Using those 
curves, it is seen that some 25 sector-scanning (S » 25) radars or at 
least 60 medium-resolution 360°-scanning (S « 75) radars can interrogate 
such a beacon simultaneously with negligible loss of performance (80 per 
cent response). The corresponding numbers are 70 and 200 to obtain 
our arbitrary limit of 50 per cent response, and the numbers get up to 
125 and 350 before the range is reduced by a quarter (W = 32 per cent). 

Strictly speaking, the calculations above apply best at long ranges, 
where S remains reasonably constant. It is of great importance to 
remember that at short ranges, where 30 db or more of excess power is 
available for interrogation, the directional properties of the interrogation 
may vanish completely, and that side-lobe triggering will occur at 
slightly greater ranges. Under such conditions it is extremely dif
ficult to evaluate the exact amount of traffic that can be handled. The 
equations and curves given can be used as a guide, however, under all 
circumstances. 

INTERFERING SIGNALS IN BEACON SYSTEMS 

BY A. ROBEETS 

Like all other radio systems, beacon systems are subject to various 
forms of interference from unwanted radio signals. We may now con
sider the types of interference which are encountered, the way in which 
they affect beacon systems, and the measures that may be taken to 
counteract their effects. 

6-8. Extraneous Interference.—Interfering signals arising outside the' 
system may be due either to natural causes or to man-made sources of 
radiation. The natural sources of electromagnetic radiation in the 
spectrum are electrical discharges, such as lightning and corona, and 
thermal and spectral radiation from atoms and molecules. 
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Throughout most of the radio spectrum used for beacon systems, 
neither of these sources of interference is important. Electrical dis
charges—lightning, static, precipitation static, St. Elmo's fire (corona), 
and such phenomena—have rather broad frequency spectra, almost 
entirely located below 100 Mc/sec. In addition, the line-of-sight propa
gation characteristics of high radio frequencies result in the absence of 
interference from sources beyond the horizon; thus, distant thunderstorms 
or similar high-power disturbances do not have the long-range effects 
which they exercise at lower frequencies. 

From the viewpoint of thermal or black-body radiation, or of charac
teristic spectrum lines, the radio spectrum lies in the very far infrared. 
It now extends so far, however, that, at frequencies above 10,000 Mc/sec, 
definite thermal and spectral effects of the atmosphere are observable in 
absorption. 

The radiation spectrum of any heated body—for example, the sun— 
extends in theory to infinitely low and infinitely high frequencies. Most 
of the energy of the sun's radiation is in and near the visible spectrum, 
and little energy is radiated at radio frequencies. However, it is possible 
to detect the radiation emitted by the sun in the 30,000-Mc/sec region 
by radio methods, that is, with an antenna and a receiver. The radiation 
in the 1-cm region from a lighted match is likewise detectable at close 
range. The intensity of all such radiation is, however, very feeble. It 
requires a fair amount of experimental skill to detect it and with ordinary 
radar or beacon systems no perceptible interference from thermal radia
tion is to be expected. . 

The difficulties encountered from atmospheric absorption at fre
quencies about 15,000 Mc/sec have already been mentioned. These 
result from the selective absorption by constituents of the atmosphere 
of radiations having the same frequency as characteristic resonances of 
atoms or molecules in the atmosphere. I t might be feared that radiation 
of these same frequencies could be a source of radio interference. Such 
interference is not observed; theoretical considerations show that its 
intensity is such as to render it practically unobservable. 

Man-made Interference.—A radar or beacon receiver may pick up 
interfering signals by way of the antenna, in the i-f stages (of a super
heterodyne receiver), in the video stages, or by way of the power supply. 
Pickup in i-f and video stages and from the power supply can be avoided 
by suitable filtering and shielding. Antenna pickup is, however, unavoid
able, if the interfering signals are similar to the signals used in the system 
being considered. 

Interference caused by radiation from other radar sets or beacons 
entering the antenna is minimized by improved r-f selectivity and by 
antenna directivity. Keeping the r-f pass band as narrow as the system 
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requirements will allow cuts the interference to a minimum. Antenna 
directivity cuts down signals at the system frequencies which come from 
directions other than those desired. The effect of antenna directivity 
is measured by the ratio of the gain in the desired direction to the gain in 
the direction of the interfering signal; factors of hundreds or thousands 
are readily attained. Since microwave systems usually possess antennas 
of higher gain than lower frequency systems, they have an advantage 
in this respect. 

6-9. Interference within the Beacon System. Mutual Triggering.— 
Beacon systems are subject to several characteristic types of interference 
or malfunction, most of which can be eliminated by suitable design. 

Mutual triggering of beacons, or "ring-around," occurs when beacons 
are close enough to each other to trigger one another continuously. The 
range for mutual triggering is ordinarily very much smaller than the 
interrogation range in microwave systems because of the low gain of 
beacon transmitting antennas as compared to microwave interrogator 
antennas. With high-powered sensitive beacons working with only 
slight directional interrogators this problem can become more serious. 
The ratio of the range for mutual triggering of beacons to the interroga
tion range is, from the range equation,1 

littig __ *i 11 <fJf ORtT\f* flint \ t /Q\ 

Ral Xr \PTGT Gnial* R t"l/ 
We have explicitly included X,, Xr, and the terms G'Railll G'Rmtl P'Rml, 

and P'Btri« to emphasize that a suitably designed beacon should require 
very much more power P'R tni to trigger on Xr than the amount P'R int 
required on X<, and that the gain G'B i„i of the beacon-receiving antenna 
in the direction of the interrogator may be different from the gain G'R tris 
in the direction of the triggering beacon. 

Mutual triggering is usually prevented by the dead time, the interval 
of insensitivity of the beacon for a time t after it is triggered. Thus even 
if a beacon A should be triggered by a signal, and in replying should set 
off a beacon B, the reply from B cannot trigger A, starting a continuous 
ring-around, unless the time taken for the last reply pip from B to reach 
A is greater than t, measured from the instant A was first interrogated. 

An example will help to make this clear. Suppose A has a dead time 
t equal to 150 ^sec and a code whose last pip is emitted 90 jtsec after 
triggering. Suppose B has the same dead time t and a code whose last 
pip is emitted 120 jusec after triggering. Let the time for a signal to 
travel from A to B and return be 21AB. Then, if the first reply by A to 
an incoming signal triggers B, the last code pip from B will arrive back 

1 See Chap. 2, Sec. 2-5. 
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at A after 120 + 2lAB /isec. If B started the cycle, the last code pip 
would return to B after 90 + 2tAB jusec. If 2tAB is more than 30 /usec, 
corresponding to a distance of about -3 statute miles, then A can start a 
continuous ring-around (see Fig. 6-2o). If 2tAB is more than 60 jisec, a 
trigger from B can also start a continuous ring-around (see Fig. 6-2 b). 
Ring-around may occur even with a single beacon, if echoes from the 
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F I G . 6-2.—Mutual triggering of beacons (see text for explanation), (a) Mutual 
triggering of two beacons A and B, initiated by A. The beacons are about 3 miles apart . 
(b) Mutual triggering of two beacons A and B, initiated by B. The beacons are about 
6 miles apart. 

surroundings return after the dead time is over. This is an infrequent 
occurrence. 

We see that short over-all code lengths and long dead times increase 
the minimum range within which ring-around is impossible. Duty-ratio 
limitation, which increases the dead time under conditions of high traffic 
density, will not stop ring-around unless the permissible duty ratio is 
exceeded, in which case the dead time may be increased sufficiently to 
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stop the triggering cycle. However, it will not prevent it from starting 
again. Long dead times are, as we have seen, very undesirable from the 
standpoint of traffic capacity. 

Interrogation coding of any kind greatly reduces ring-around if the 
beacon replies are coded differently from the interrogation. Thus, in a 
ground beacon responding only to interrogating pulses over 2 /xsec long, 
the pulse-width coding will prevent interrogation by another beacon 
since the beacon reply pulses are only 0.5 ^sec long. The interrogation 
coding effectively increases P'R t,„ by 60 db or more. 

To summarize, the maximum range of mutual triggering can be 
minimized by decreasing the ratio P'B L,t/P'R m„ by means of good r-f 
selectivity between X; and Xr, and by interrogation coding. The minimum 
range for mutual triggering can be increased by increasing the dead time. 
The prevention of mutual triggering without undue sacrifice of traffic 
capacity then calls for keeping the dead time short, but it still calls for 
making the maximum range, as derived from Eq. (8), less than the 
minimum range, determined by the considerations of Fig. 6-2. 

6-10. Spurious Responses.—We have seen from Fig. 6-2 that if two 
beacons are located sufficiently close for one to trigger the other, continu
ous ring-around can be prevented by a sufficiently long dead time. 
However, the triggering of the second beacon by the first one may not 
go unnoticed at the interrogator which sets off the cycle by triggering 
the first beacon. When the response of the second beacon is visible to 
the interrogator, the second beacon will appear at greater range, and 
possibly at an incorrect azimuth. This situation arises only when the 
interrogator for some reason triggers only the first beacon and not the 
second one. A direct path to the second beacon will always be shorter 
than the indirect path via the first one; thus if the second beacon replies 
to the direct interrogation it will be dead when the indirect interrogating 
pulse arrives (provided that the path difference is not so long that the 
time required to traverse it exceeds the dead time). Such failure of 
direct interrogation may occur, for example, if a hill is in the way. Since 
the conditions which prevent the interrogator from triggering the second 
beacon are likely to prevent it from seeing the spurious reply, this dif
ficulty is rare. 

Spurious responses can also appear if two interrogators have exactly 
the same pulse-repetition frequency. In this case the response to inter
rogator A will be synchronized on the scope of interrogator B, at an 
entirely random range depending upon the geometry of the situation and 
the phase of the signal. The slightest difference in pulse-repetition 
frequency will prevent this. 

6-11. Unsynchronized Signals.—One type of interference which is 
difficult to eliminate, but which gives little trouble in general, is the 
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appearance on the interrogator scope of unsynchronized signals. These 
have been discussed in Sec. 6-3. They are unmistakably different from 
a synchronized reply. They may even be useful if the response link is 
much stronger than the interrogation link; the azimuth of a beacon being 
interrogated by others can then be determined by the appearance of 
unsynchronized signals when the beacon is beyond the range for getting 
a synchronized reply. 

6-12. Power Considerations in the Avoidance of Interference.—The 
power product theorem (Sec. 2-10) states that for systems with similar 
interrogation and reply frequencies and similar transmitting and receiving 
antenna gains 

ITPR = rTrR. 

A given interrogation range can be obtained with a high-power interroga
tor and an insensitive beacon receiver, or with a low-power interrogator 
and a more sensitive beacon receiver. Similar considerations apply to 
the response link. 

From the standpoint of avoiding interference, it is clearly desirable 
to use high-power, insensitive interrogators, high-gain antennas, and 
high-power, insensitive beacons. The use of insensitive receivers reduces 
the range of interfering signals of any given power level. Freedom from 
interference can be bought at the price of large interrogators and large 
beacons. 

ENGINEERING CONSIDERATIONS 

B Y A. ROBERTS 

6-13. Physical Limitations and Design Economy.—The use contem
plated for a beacon often will impose limitations on the possible size, 
weight packaging, and power consumption, in addition to setting perform
ance requirements. There are always limits to the minimum con
struction which will provide the performance required, and the task of 
the design engineer often is to push these limits as far as he can. 

Although it is impossible to define such limits in detail in this general 
discussion, it will be valuable to indicate the compromises in design that 
involve the least sacrifice of performance for the greatest reduction in 
physical characteristics. 

Factors tending to increase beacon size and weight are increases in 

1. Pulse power output. 
2. Duty ratio. 
3. Receiver sensitivity. 
4. Number of reply codes. 
5. Number and type of interrogation codes. 
6. Built-in monitoring and test features. 
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Power Output.—Decrease of modulator power output to about 2 to 
5 kw pulse power is a common method of decreasing size and weight. 
In larger beacons, the modulator and associated power supply occupy an 
increasing fraction of the total size because size and weight go up sharply 
with increasing voltage. In one case, decreasing the pulse power output 
of a hard-tube modulator from 150 to 25 kw reduced the size of the 
modulator and associated power supply from 250 to 50 lb. 

Since this decrease in power is about 8 db, it becomes apparent that 
improvement of the receiver of the interrogator may result in over-all 
economy of design. Thus, for economical design, reduction of duplexing 
losses to a reasonable value is essential. This has not always been 
achieved in the past. 

When the modulator has been made as small as one of the other 
components, little is gained by further reduction in power output, since 
other factors are now controlling in over-all size. 

The duty ratio of the transmitter determines the average power 
requirement of the modulator and its power supply; high duty ratios 
will increase weight, but a decrease below about 0.25 per cent gives little 
gain with high-power transmitters, and even larger values cost little in 
low-power sets. 

Receiver.—Superheterodyne receivers are much more sensitive than 
crystal-video receivers. The lightest and most compact superheterodynes 
are comparable in size to the largest broadband crystal-video sets. For 
minimum size, the crystal-video receiver has not been surpassed; models 
the size of a cigarette case have been made. 

Interrogation Coding.—Pulse-width discrimination imposes severe 
requirements on the beacon receiver, which must give faithful pulse-shape 
reproduction for successful discrimination. Discrimination between 
1- and 2-/xsec pulses demands a video bandwidth of at least 1 Mc/sec and 
the use of a method for achieving wide frequency coverage without 
sacrificing fidelity of reproduction. This rules out the use of very low 
intermediate frequencies. For the ultimate in light weight or portability, 
pulse-width discrimination must be sacrificed. 

Pulse-spacing discrimination involves no such receiver restrictions, 
however, and may be used in lightweight and airborne equipment. 
Because low-power transmitters are, in general, capable of higher duty 
ratios than high-power transmitters, it is often feasible, in low-power 
beacons, to omit discrimination entirely and allow the interrogation of 
the beacon by all radar sets in the frequency band. 

Response Coding.—We have seen in Sec. 5-16 that the amount of 
equipment required for pip generation increases only as the logarithm 
of the number of codes possible, or even more slowly. Accordingly, it 
may represent false economy to keep the number of response codes small 
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by reducing the size of the coder, if the system is capable of using many 
codes. 

Monitors.—For minimum size, monitoring and test features must be 
sacrificed; built-in signal generators, video amplifiers, and cathode-ray 
tube circuits are the first to go. Minor features—such as test points for 
observing voltages and waveforms, standard frequency cavities, audio 
amplifiers, meters, and so on—can often be retained. 

General.—In considering over-all design it must be taken into account 
that for a given (low) pulse power output, uhf transmitters may be 
somewhat lighter than microwave transmitters. As the frequency 
increases, radiationless design becomes more and more imperative for 
triode transmitters; completely enclosed cavities which have more 
weight and bulk than transmission-line oscillators are required. Micro
wave magnetrons need magnets of appreciable bulk and weight. 

This advantage of uhf transmitters is probably a temporary one 
which will change as techniques improve. In principle, one can expect 
that microwave transmitters, with smaller resonant circuits, will even
tually require as little or less weight and volume than lower frequency 
transmitters of comparable output. This is already true at pulse power 
levels of 5 kw and up1. 

6-14. Need for Attendance. Ground Beacons.—When a beacon is 
operating properly there is usually nothing for the beacon operator to do. 
The beacon attendant, if any, is more properly called a maintenance man 
than an operator. His function is to keep the beacon in adjustment. 
The operation of the beacon is essentially automatic. 

In the design of the beacon those features which require occasional 
adjustment for proper operation must be considered in the light of the 
amount of attention the beacon will receive. Experience has shown that 
well-designed beacons on all frequencies can operate with very little 
attention indeed. Cases of satisfactory operation for 1000 hours with 
no attention at all are on record. 

The features which determine how much attention will be required 
are the following. 

1. Life of components. 
2. Stability of receiver adjustment. 
3. Need for changing codes. 
4. Stability of decoder or discriminator adjustment. 
5. Stability of frequency of the transmitter. 
6. Weatherproofing. 
7. Independence of prime power fluctuations. 

1 In 1945 an experimental 3-cm magnetron (BM-50) with a pulse power output 
of 50 watts and weight of less than 1 lb including the magnet had been designed and 
was in process of redesign for production. 
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The mean life of the beacon between breakdowns will be determined 
by the component life. Good engineering practice will dictate the design 
and choice of suitable components. 

The stability of receiver adjustment will depend upon the type of 
receiver used; the crystal-video receiver is probably the least troublesome. 
In superheterodynes, local-oscillator frequency stability is a consideration 
of importance. Automatic frequency control is desirable for unattended 
operation. 

Circuits can be devised for changing codes by remote control. 
The transmitter frequency is usually the most troublesome of all 

parameters to maintain; good design is of the utmost importance. With 
AFC, however, operation without attendance becomes feasible. Even 
with cavity stabilization alone, the frequency can be maintained within 
suitable limits. The bandwidth of the radar receiver used for beacon 
signals determines how much stability is required. 

Weatherproofing is an obvious necessity for proper operation. This 
applies particularly to antennas and r-f transmission lines. Independ
ence from fluctuations in line voltage, and the like, is desirable for 
unattended operation and implies the use of well-stabilized power 
supplies. 

Airborne Beacons.—Operators are not usually assigned to airborne 
beacons. Any adjustment required, such as change of code, either will 
be made by a crew member who has other duties or will be performed 
automatically. 

The applicable design considerations are similar to those for ground 
beacons. Servicing and adjustment will be performed on the ground; 
the interval between servicings need not be as long as it is for ground 
beacons. The conditions of operation—temperature, pressure, and so 
on—will vary more widely than on the ground, and power sources may 
be less constant and reliable. 

Beacons designed for operation without continuous attendance often 
incorporate remote monitors and alarms. Thus, the interrogation of the 
beacon can be monitored by audio means from a distance, and a qualita
tive idea can be obtained of how well the beacon is operating. Remote 
alarms can give warning of power failure, blown fuses, open relays, or 
other failures. 

Permanent records of beacon operation are likewise possible. Record
ing milliammeters or watt-hour meters can give a record of the time and 
intensity of interrogation. 



PART II 

BEACON DESIGN 

In the following chapters the components of beacons and their 
integration into complete beacons are described. Most of the compo
nents are described from the point of view of the system's engineer rather 
than from the viewpoint of the component designer. Although this 
treatment results in what may appear to be a disproportionate emphasis 
on certain components, it is adopted in order to avoid duplication of 
detailed descriptions given in other volumes of the Radiation Laboratory 
Series. References are given to such descriptions. It is intended that 
enough material be included in all cases to give a coherent, self-sufficient 
treatment. 





CHAPTER 7 

BEACON DESIGN: R-F COMPONENTS 

B Y W. A. DOWNES, E. R. GAERTTNER, S. E. GOLIAN, 
J. J. G. M C C U E , AND T. S. SAAD 

BEACON ANTENNAS1 

Because beacons do not have to scan and usually must have wideband 
receivers, it is often easier to provide them with two separate antennas 
than to design a broadband duplexing circuit to use with a single antenna. 
Because the received power is much smaller than the transmitted power, 
the power-handling capacities of the two are different. Their required 
bandwidths are also, in general, different. In the following paragraphs, 
requirements common to all types of beacon antenna are discussed. 

GENERAL, REQUIREMENTS 

The parameters that must be considered in the design of any beacon 
antenna are pattern, gain, frequency, and polarization. Because a 
beacon must necessarily operate in conjunction with an interrogator, 
these parameters for its antennas are determined largely by the system 
requirements. Other factors that must be considered are power-handling 
capacity and case of construction. The way in which each of these 
factors affects the design is discussed in the following sections. 

7-1. Gain.—Antenna gain is a measure of the concentration of 
power radiated in a particular direction. Since there is a fixed amount 
of power to be divided over all space, it is evident that high gain is always 
obtained at the expense of angular coverage. One of the basic problems 
of beacon-antenna design is to make the best compromise between gain 
and coverage. In general, the beacon antenna must be omnidirectional 
in azimuth to allow interrogation and reply in all directions. As a result 
the maximum gain is relatively small compared with that of a parabolic 
reflector, which concentrates the radiated power in azimuth as well as 
elevation. 

The maximum value of gain that is of practical use increases some
what with frequency. At the lower frequencies the maximum attainable 
gain for a practical antenna may be limited by its physical size. Thus, 
a 100-Mc/sec beacon antenna of gain 10 would be 15 m high. At micro-

1 By E. R. Gaerttner and S. E. Golian, with contributions from C. L. Longmire. 
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wave frequencies maximum gain is limited not so much by physical size 
as by the required coverage. Values of maximum gain greater than 
about 20 usually give coverage in elevation that is inadequate for use 
with airborne interrogators. The gain requirements for various types 
of beacon installation are discussed in Sec. 7 6. 

Frequency.—In general, a beacon is required to receive over the band 
of frequencies available to the interrogator-transmitter, and to reply on 
one or more selected frequencies. This means that the receiving antenna 
should be matched over the whole required operating band. The 
antenna for the transmitter needs to be matched only for the beacon reply 
frequencies. In practice, it is often advisable to make the bandwidth of 
antennas reasonably wide and to use auxiliary devices, such as tuned r-f 
niters, for any r-f selectivity that may be necessary. 

7*2. Antenna Patterns.—The antenna pattern is a three-dimensional 
plot of the relative power radiated in all directions. The "free-space" 
pattern is determined theoretically by the nature of the radiator. In 

practice, however, the pattern is affected 
by reflection, interference, diffraction, 
refraction, and absorption of the radiated 
power. The actual pattern depends on 
the beacon site. It is assumed in the 
following paragraphs, for the sake of dis
cussion, that the beacon site is ideal— 
that is, that the free-space patterns are 
approximately realized. 

The pattern most commonly used is 
the one shown in Fig. 7 1 . It is a figure 
of revolution about a vertical axis through 
the beacon antenna; consequently, it is 

The elevation pattern is determined by the 
vertical half-power width, which is usually given in terms of the angle 
0 enclosed by two vectors drawn to the half-power points as shown in 
Fig. 7 1 . 

7-3. Coverage.—By coverage is meant that region in space within 
which the beacon can be interrogated and the interrogator can receive a 
response. I t is clear that the coverage depends on the patterns of both 
beacon and interrogator antennas, as well as on other parameters, of 
which the most important are transmitter power and receiver sensitivity. 
The way in which the coverage is influenced by the patterns of the 
interrogator and the beacon is illustrated in Fig. 7-2. 

Figure 7-2o illustrates the relationship between an airborne interroga
tor and a ground beacon at long range. Because of the large distance 
between the two, the maximum gain of each antenna is effective. With 

Horizontal I Half-power point 

I^Axis of revolution 
(vertical) 

F I G . 7-1.—A cross section in the 
vertical plane of the radiation 
pattern most commonly used in 
ground-beacon an tennas . The 
complete pattern is the figure of 
revolution obtained by rotating the 
figure shown about the vertical 
axis. The figure is a polar plot of 
radiated power vs. angle. Side 
lobes are omitted. 

omnidirectional in azimuth. 
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sufficient transmitter power and receiver sensitivity in each link, the 
maximum range may then be limited by the horizon only. 

The relationship between interrogator and beacon at short range is 
shown in Fig. 7-26. It is clear that for an aircraft flying toward the 
beacon at a constant altitude, a point is eventually reached at which the 
product of the gains measured along the line joining the two becomes too 
small to give the interrogator a response. The point at which this happens 
depends, of course, on the altitude, the tilt of the interrogator beam, and 
other parameters of the beacon and radar. It can be calculated from 

Aircraft 

F I G . 7-2.—The relationship between the antenna patterns of an airborne interrogator 
and a ground beacon. The curvature of the earth is not shown. The maximum gains 
are effective at long range, but the useful gain diminishes at shorter ranges. 

the range formula1 if all factors are known. The region within which 
the interrogator can no longer receive a response because of failure of 
one or both of the links is called the "cone of silence." 

In Fig. 7-3 is shown a plot of the relative power received by the beacon 
or the interrogator as a function of range and altitude for a number of 
values of tilt of the interrogator antenna. It is assumed that both 
antenna patterns are like those shown in Fig. 7-2. 

If the maximum gain of the beacon antenna is in the horizontal 
direction, and the pattern is symmetrical, as it usually is, half the power 
of the beacon will be radiated downward. Much of the power of a 
ground beacon will be wasted unless the beacon is at an unusually high 
elevation, with a sky line free of obstructions. In order to improve the 

1 See Chap. 2, Sec. 2-5 of this volume. 
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coverage by directing more of the radiated power into the sky, the beam 
may be tilted upward slightly. The surface of revolution described by 
the vector denoting maximum gain is then no longer a plane but an 
inverted cone of half angle somewhat less than 90°. Not much tilt can 
be permitted, since maximum gain is still desirable in directions close to 

4 6 8 10 20 40 60 80 100 200 
Slant range from interrogator to beacon in miles 

FIQ. 7-3.—The strength of the signal received by a ground beacon from an airborne 
interrogator under various conditions. I t is assumed that the airborne interrogator 
antenna has an elevation half-power width of 6°, and that the beacon receiving antenna 
has a half-power width of 10°, with the axis of the beam horizontal, (a) Inverse square 
signal dependence. (6) Received signal for interrogator altitude 0.6 miles, 0° tilt of beam. 
(c) Interrogator altitude 2.4 miles, antenna directed at beacon. This shows the effect 
of the beacon antenna elevation pattern, (d) Interrogator altitude 2.4 miles, antenna 
tilt 3° below horizontal, (e) Interrogator altitude 2.4 miles, antenna tilt 0°. 

horizontal. A suitable compromise seems to be a tilt of about one-
quarter the beam width; this reduces the gain at the horizon about 1 db 
(see Fig. 7-4). 

Overhead Coverage.—If coverage above a ground beacon is a prime 
objective, it can be approximated by using a cosecant-squared pattern 
for the interrogator antenna and an isotropic pattern for the beacon 
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antenna, as illustrated in Fig. 7 5. In a cosecant-squared pattern, the 
gain within the antenna lobe is proportional to the square of the cosecant 
of the angle 6 measured from the horizontal plane through the aircraft. 
With this arrangement, both antennas have appreciable gain near the 
vertical direction. This system provides not only overhead coverage 

Vertical axis 

Beam axis 

Horizontal 
F I G . 7-4.—Antenna pattern with axis 

of the beam elevated above the horizon by 
one-fourth the beamwidth. 

Airborne interrogator 

GT 

Beacon 
F I G . 7-5.—Overhead coverage with 

isotropic pattern of the beacon antenna 
and cosecant-squared pattern of the 
interrogator antenna. 

Vertical 

but also a strength of reply that is nearly independent of range. This 
is evident from the following consideration: for a constant beacon-
antenna gain G', an interrogator gain G proportional to csc2 6, and a 
constant altitude h, the factor G'G/R2 appearing in the range equation is 
independent of the slant range R, because csc2 6 = R^/h2. 

A disadvantage of this type of 
beacon antenna is that the gain at 
low angles may be too small to give 
satisfactory range. It is possible, 
however, to make an antenna with 
a pattern that is effectively a combi
nation to give both range and cover
age overhead as shown in Fig. 7-6. 
The gain at low angles for such a 
pattern is, of course, less than that 
of the standard pattern because 
considerable power is used in its isotropic portion. For example, if the 
low-angle gain in the standard pattern is 10, then for added overhead 
coverage of gain 1 the low-angle gain is reduced to about 5. 

Horizontal 
F I G . 7-6.—Antennfc pattern of a 

ground beacon that combines the stand
ard pattern with overhead coverage. 
Maximum gain at low angles has been 
decreased to provide overhead coverage. 

BEACON ANTENNA DESIGN 

The design of antennas varies greatly with frequency over the range 
of frequencies from 100 to 30,000 Mc/sec. Over this range, the length 
of a half-wave dipole varies from 150 to 0.5 cm. In the following para
graphs, the design of a number of antennas for different microwave 
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frequency ranges is discussed. The discussion will be limited to antennas 
that are omnidirectional in azimuth.1 

7-4. Microwave Antennas. Ten-centimeter Antennas.—In the neighbor
hood of 3000 Mc/sec, the basic element used for a horizontally polarized 
omnidirectional antenna consists of three dipoles mounted in a circle as 
khown in Fig. 7-7. I t is often called a "tripole." This combination 

F I G . 7-7.—■"Tripole" (horizontally polarized) linear-array antenna for use at 3000 
Mc/sec. Note phase reversal of alternate elements, (a) Tripole element, (b) Exciting 
screw. 

gives an azimuth pattern uniform to within 3 db in power. When 
several of these elements are combined, the resultant pattern is con
siderably more uniform. The dipoles are excited by means of pins that 
extend into the coaxial line. The gain for a single element is about f 
in the plane of the dipoles. Higher gains can be obtained by stacking 
the elements coaxially to form a linear array as shown in Fig. 7-8. In 

1 For a complete discussion see Microwave Antenna Theory and Design, Vol. 12, 
Chap . 9, Radia t ion Labora tory Series. 



S E C . 7-4] MICROWAVE ANTENNAS 131 

the linear array, the elements are spaced one-half wavelength apart 
along the coaxial line, and they are caused to radiate in phase by revers-

-(a) 

r- •■ —<6) 

\ : 
L. 

\>^(d) 

F I G . 7-8. F I G . 7-9. 
F I Q . 7'8.—Horizontally polarized, coaxially fed, " t r ipo le" linear-array antenna for 

10-cm beacon, complete with pressure-tight housing. I t includes two 10-element arrays, 
one for transmitting and one for receiving, (a) Receiving antenna, (b) Isolating 
diaphragm, (c) Transmitt ing antenna, (d) Transmitting antenna input, (e) Receiving 
antenna output. 

Fid. 7-9.—Horizontally polarized, coaxially fed, linear-array, " leaky p ipe" antenna 
for 3-cm use. The pressure-tight housing (similar to that shown in Fig. 7'8) is not shown. 
There are two 10-element arrays, one for transmitting and one for receiving. Note the 
phase reversal of alternate elements, (a) Receiving array, (b) Radiating slot, (c) 
Exciting screws, (d) Transmitting array. 

ing the phase of alternate elements. The pattern of such an array is 
similar to that shown in Fig. 7-1. 

Three-centimeter Antennas.—At about 10,000 Mc/sec and above, 
dipole elements usually are not used because of their small size. At 
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these frequencies a more convenient radiator is the so-called "leaky pipe" 
(slotted coaxial line or waveguide) shown in Fig. 7-9. It consists of a 
series of narrow slots in the wall of the transmission line with pins extend
ing into the transmission line adjacent to the slots for extracting power. 
The slots are cut parallel to the r-f line and are about one-half wavelength 
long. It can be shown that such a slot behaves like an electric dipole 
rotated 90°. A ring of slots in a plane perpendicular to the transmission 
line (four slots in Fig. 7-9) is analogous to the three-dipole 10-cm element 
discussed above. A 3-cm linear array consists of a series of such rings 
with their centers separated by one-half the wavelength in the trans
mission line, with phase reversal on alternate elements. 

Gain and Beamwidth.—For all types of linear array considered here 
the maximum gain G is approximately equal to the number of half 
wavelengths contained in the length of the array. 

Thus 

G « £ (1) 

where d is the length of the array and X is the wavelength measured in 
air. The b e a m w i d t h 6 at half 

<\i _ power is given approximately by the 
equation 

9 X 

oo 

U3-

o J 

s in 2d (2) 

The relation between gain and beam-
width is therefore 

9 (3) 

FIG. 7-10.—Vertically polarized an
tenna for use at 3000 Mc/sec. (o) 
Transmitting antenna, (b) Receiving 
antenna. 

The gain and beamwidth for a 
given number of elements depend on 
whether the feed is a coaxial line or 
a circular waveguide. This is true 
because the spacing of the elements 
is determined by the wavelength 

inside the r-f line, which is greater in waveguide than in coaxial line. 
Hence, for a given number of elements, a waveguide array is longer than a 
coaxial-line array. Equations (1) and (2) are always applicable. 

In a vertically polarized array suitable for microwave frequencies, the 
elements radiate parallel to the feed. At 3000 Mc/sec the radiator is a 
cylinder. Because the radiator is symmetrical about the vertical axis, a 
pattern is formed which is omnidirectional in azimuth. Arrays are con-
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structed of the cylindrical elements in the manner described above. An 
example is shown in Fig. 7-10. Vertically polarized beacon antennas for 
use at 3 cm have not been designed. 

Antennas for Overhead Coverage.—In addition to the arrays discussed 
above, which, in general, give patterns of the type shown in Fig. 7-1 or 
Fig. 7-4, arrays can be made to shape the beam into other types of pat
tern. Patterns suitable for overhead coverage, for example, can be made 
in this way by adjusting the separation of two or more adjacent elements 
in the linear array to less than one-half wavelength, thus adding some 
"end fire" radiation to the standard pattern. Patterns with uniform 
gain between about 20 and 70° from the vertical direction have been 
obtained in this manner. The decrease in low-angle gain will, of course, 
depend upon the percentage of the power used in overhead coverage. 

7-5. Constructional Features.—Dual antenna systems may be made 
by mounting the receiving array directly above the transmitting array. 
This arrangement is necessary for high-power systems to prevent coupling 
between the transmitting antenna and the receiving antenna that would 
damage the receiver crystal. The upper antenna may be fed by a line 
that passes in front of the lower antenna. The effect of this line on the 
lower antenna can be minimized by placing the line at an angle to its axis 
and at some distance from it. 

To eliminate the external transmission line that feeds the upper 
antenna, double coaxially fed antennas may be used. Examples of such 
antennas for 3-cm and 10-cm operation are shown in Figs. 7-8 and 7 9 . 
In this construction, the lower antenna is fed by a coaxial line which uses, 
for its inner conductor, the outer conductor of the coaxial line feeding the 
upper antenna. Because of its simple shape, this type of antenna is use
ful in airborne and portable installations. In both types of construc
tion, however, precaution must be taken to prevent coupling of the 
transmitting and receiving antennas. 

Power-handling Capabilities.—The power-handling capability of any 
antenna is limited by voltage breakdown. For the 10-cm three-dipole 
radiator, the voltage breakdown occurs between the probes and the inner 
conductor. For the 3-cm leaky pipe, the breakdown occurs across the 
slots. Obviously trouble from breakdown may be expected to be greater 
for short arrays, in which the power per element is greatest. The meas
ured value of breakdown power for a two-element, leaky-pipe, circular 
waveguide array is about 50 kw. A single tripole element with its probes 
0.5 mm from the center conductor will not break down at 10 kw. 

7-6. Beacon-antenna Requirements and the Nature of Beacon 
Installations.—The design of a beacon antenna depends on the installa
tion for which it is intended, whether for a permanent, portable, or air
borne installation. If the beacon is a permanent ground or shipborne 
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installation, physical size and weight of the antenna are secondary to 
reliability. But if the beacon is to be highly portable, antenna size and 
weight become important. An antenna designed for extreme portability 
must be built of the lightest possible material. If the beacon is to be 
airborne, the antenna must be lightweight and also streamlined to reduce 
aerodynamic drag. Problems peculiar to permanent, portable, and 
airborne installations, respectively, are considered in the following 
paragraphs. 

Ground Installations.—Permanent ground installations are usually 
put on hills, tall buildings, and the like, to get the least departure from 
free-space conditions. The gain may be as large as is consistent with the 
desired coverage. A small beamwidth is no handicap because the 
antenna can be vertically aligned as accurately as desired. 

Portable Beacon Installations.—The site for a portable beacon cannot 
always be selected with much care. I t may be in fields, in woods, and in 
other areas where natural, obstructions are encountered. Further, 
because of the haste with which most portable installations are made, the 
antenna may not be accurately aligned vertically. For these reasons, it 
may be desirable to use antennas of lower gain than those used for the 
permanent ground installations. In portable installations, the antenna 
shape is more important than it is in a ground installation. In micro
wave beacons requiring two separate antennas, coaxially fed antennas of 
the type shown in Figs. 7-8 and 7 9 are the most serviceable. 

Ship Installations.—A ground antenna can be kept vertical, but a 
shipborne antenna, unless vertically stabilized, pitches and rolls with the 
ship. If the antenna beam is narrow, the consequent motion of the 
pattern may interfere seriously with consistent beacon operation. Two 
alternatives suggest themselves: vertical stabilization of the antenna or 
large antenna beamwidth. Since a beamwidth of 30° or more is needed 
to counteract the motion of the ship, a serious loss in gain may result. 
This loss in gain is particularly unfortunate at microwave frequencies, 
because of the large transmission-line losses likely to be present in most 
ship installations; the shipborne beacon and its antenna often must be 
widely separated. For example, the antenna may be mounted on the 
mast and the beacon be installed below deck. Accordingly, if the system 
is one with small margins of power, gyrostabilization of shipboard 
antennas is advisable when possible. 

Airborne Installations.—The motion of an aircraft in flight makes it 
more difficult to get proper coverage by an antenna. Furthermore, 
obvious aerodynamic requirements and the possibility of screening by 
portions of the aircraft increase the difficulty. Ideal coverage would be 
such that satisfactory operation with the interrogator could be obtained 
to maximum range irrespective of the aspect of the aircraft. Thus, an 
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ideal condition calls for either a spherical pattern or limitation of the 
aspects for which the system is required to operate. 

Although free-space conditions can be realized to a fair degree in most 
ground installations, this is generally not true for aircraft because the 
antenna is necessarily mounted near the skin of the aircraft, which is 
usually metal. As a result, the antenna pattern is usually affected by 
interference between the radiation from the antenna and from its image 
in the skin. The resulting pattern must usually be determined by 
measurement, although it can be computed in some instances. 

Although it has been found desirable to place the antenna some dis
tance from the skin of the aircraft to reduce such interference effects and 
to get clear of obstructions, it is difficult to do this without either greatly 
increasing the aerodynamic drag or sacrificing the mechanical strength 
of the antenna support. Nevertheless, some installations have been 
made on aircraft fuselages with supports allowing the antenna to be 
placed some 6 to 10 in. from the aircraft skin. An installation of this 
type makes the beacon pattern less dependent on the configuration of the 
particular aircraft in question (see Sec. 20-8 of this volume). 

Duplexed antennas, double coaxially fed antennas, and separate 
receiving and transmitting antennas are all used in aircraft installations. 
The duplexed system is preferred because of its small size. I t is useful 
at ultrahigh frequencies, but has had limited use at microwave frequencies 
because of the relatively high transmitter power currently required for 
broadband microwave duplexed systems. Double coaxial feed permits 
one antenna to be mounted directly above the other; such a combination 
is often small and easily streamlined. 

If separate antennas are used, they must be mounted in such a way 
as to give a minimum of screening, and far enough apart to ensure that 
the transmitted power will not damage the receiver crystal. The mini
mum required separation d can be conservatively calculated from the 
range equation, assuming that the burnout power of the crystal is known. 
The equation is 

, Xr PTGTGR 

where Xr is the wavelength, P'T is the transmitter power in peak watts, 
G'T and G'R are the gains of the transmitting and receiving antennas, 
respectively, and PB is the pulse power in watts at the receiving antenna 
terminals required to damage the receiver crystal. The r-f line losses 
have not been specifically included, but they must, of course, be taken 
into account. For example, with Xr = 10 cm, G'T = G'R = 1, P'T = 100 
watts, PB = 1 watt, and negligible r-f line losses, the separation should 
be at least 30 cm. 
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COMPONENTS FOR R-F TRANSMISSION 

In the following sections some of the r-f components which lie between 
the transmitter-receiver and the antenna will be discussed very briefly. 
They include transmission lines, duplexers, r-f filters, and certain r-f 
accessories. Certain other r-f components, namely, superheterodyne 
mixers, crystal detectors for video receivers, and magnetron stabilizers 
will be discussed in connection with the appropriate receiver and trans
mitter components. Others, such as transitions, joints, couplings, 
waveguide bends, twists, and so on, will not be discussed at all; they are 
not peculiarly related to the beacon art.1 

7-7. Transmission Lines.2—Over the range of frequencies from 100 
to 30,000 Mc/sec the choice of a suitable transmission line3 varies con
siderably. At microwave frequencies, the useful transmission lines are 
coaxial lines and waveguides. At lower frequencies, coaxial lines and 
two-wire lines are used. 

Transmission at 3 Cm.—At 3 cm, r-f power is usually transmitted 
through air-filled rectangular waveguides. Two sizes are in use: 1 by 
£ in. by 0.050-in. wall, and l i by | in. by 0.064-in. wall (outside dimen
sions). The larger guide is used in installations requiring very long lines 
such as ship installations and permanent ground installations because the 
attentuation of r-f power is less in the larger guide than in the smaller 
guide. The main advantages of the small guide are its size and its weight, 
which is about one-half as much per unit length as for the larger size. 

At 3 cm, air-filled coaxial line is used only in short lengths because of 
its high attenuation. Solid dielectric transmission lines are, in general, 
ruled out at 3 cm because of prohibitive r-f losses. In Table 7 1 the 
attenuation per meter for copper waveguide and coaxial line is given. 
For other metals the attenuation is proportional to the square root of 

T A B L E 7 1 . — A T T E N U A T I O N BY TRANSMISSION L I N E S AT 3.2 C M 
Loss in db per 

Type of line meter a t 20°C 
\ in. air dielectric coaxial line (copper) 0 23 
I X i in. waveguide (copper) 0 .117 
I I X I in. waveguide (copper) 0.072 

the resistivity. Special materials, such as silver-plated molded plastics, 
can also be used when very light weight is a requirement, and in sections 
of guide that must provide thermal insulation. An air-filled rubber-

1 A complete description of microwave r-f components is to be found in Principles 
of Microwave Circuits, Vol. 8, and Microwave Transmission Circuits, Vol. 9, of 
th is series. 

2 By E. R. Gaer t tner , W. A. Downes, and T. S. Saad. 
3 Transmission lines are discussed in detail in Microwave Transmission Circuits, 

Vol. 9, Radia t ion Labora tory Series. 
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covered flexible waveguide is also used where a flexible link in the r-f lino 
is desired, as between a shock-mounted receiver or transmitter and the 
line to the antenna. I t may also be used to allow for the thermal expan
sion and contraction of solid lines. 

Transmission at 10 Cm.—At 10 cm, r-f power is transmitted through 
either air-filled waveguide or coaxial lines. The size of the waveguide i& 
l£ by 3 in. by 0.08-in. wall. Waveguide is less universally used than it 
is at 3 cm; it is used principally in applications in which very long lines or 
high pulse power are required. Air-filled coaxial line is generally used at 
10 cm. The standard 50-ohm air-filled coaxial line has an outside 
diameter of % in. and a stub-supported inner conductor. I t has an 
attenuation greater than that of waveguide. Solid dielectric-filled 
coaxial line in the form of flexible cables is also used at 10 cm. Although 
lossy, it can be used for short lines. Flexible cable finds its main use in 
highly portable or airborne beacons in which the line lengths do not 
exceed about 6 to 10 ft. I t may also be used where a short flexible link 
in a line is necessary, for example, between a shock-mounted airborne 
beacon and its antenna. In Table 7-2 the attenuation for waveguide and 
some types of coaxial line is given. 

TABLE 7-2.—ATTENUATION BY TRANSMISSION LINES AT 10 CM 
Loss in db per 

Type of line meter at 20°C 
1J X 3 in. waveguide (copper) 0.0199 
If in. stub-supported coaxial (copper) 0.038 
J in. stub-supported coaxial (copper), RG-44/U 0.075 
Polyethylene-filled coaxial cable, RG-17/U 0.328 
Polyethylene-filled coaxial cable, RG-9/U 0.558 

Transmission at Lower Frequencies.—At lower frequencies, dielectric-
filled flexible cables of the RG-9/U or RG-58/U type are generally used. 
Their use at longer wavelengths is permissible even for long transmission 
lines because the r-f losses decrease markedly with wavelength. 

Pressurizing.—Moisture, in the form of vapor, has little effect on r-f 
transmission. If considerable changes in temperature take place, how
ever, moisture may condense as dew inside the transmission line. Water 
has a very high dielectric constant and is lossy. Condensed water in a 
transmission line is disastrous to system performance. 

Accordingly, it is essential that steps be taken to exclude water from 
all air-dielectric transmission lines used in field installations. This is 
accomplished by pressurizing the lines. The entire transmission-line 
system is made gastight by suitable design. The line is then kept filled 
with dry air at a pressure slightly above atmospheric, so that moist 
atmospheric air is excluded. If slight leaks are present, the pressure of 
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dry air can be maintained by occasional pumping. In permanent instal
lations, automatic pumps and desiccators are convenient for this purpose. 

DUPLEXEES 

B Y E. R. GAERTTNER AND W. A. DOWNES 

A duplexer is a device that makes possible the use of a single antenna 
and transmission line for both receiving and transmitting purposes. I t 
must also, of course, prevent the receiver from being damaged by the 
transmitter. A good duplexer must transmit almost all the transmitter 
power toward the antenna and almost all the received power from the 
antenna to the receiver.1 

I t is evident that a radar duplexer must contain nonlinear elements, 
since it must behave differently at high power levels (transmitting condi
tion) than at low power levels (receiving condition). These nonlinear 
elements must be so situated in the circuit as to introduce impedance 
changes appropriate to effect the desired power transfer. They may con
sist of gas-filled switch tubes. Diodes have been used, as has the non
linear grid-cathode input impedance of the first receiver tube. 

7-8. General Considerations.—Most microwave duplexers depend for 
their operation on the use of gas-filled switch tubes. These are tubes 
filled with a suitable gas mixture at a low pressure; they contain electrodes 
between which a discharge can be maintained, if sufficient voltage is 
applied. In a duplexer, one or more such tubes are placed in the r-f 
circuit in such a way as to ensure that 

1. When the transmitter is operating, the receiver is disconnected and 
all (or almost all) the transmitted power is directed to the antenna. 

2. When the transmitter is inoperative, the receiver is connected to 
the antenna and the transmitter is disconnected so that all (or 
almost all) the received power enters the receiver. 

These switching actions are obtained by the impedance changes pro
vided by the firing of the gas-filled tubes when the transmitter is turned 
on. Switch tubes that protect the receiver are called " T R tubes," and 
those used to disconnect the transmitter are commonly called "ATR 
tubes." 

An essential part of the duplexing arrangement is the use of sections 
of transmission line as transformers. Figure 7-11 shows the principle of 
the usual microwave duplexer, drawn for convenience as a two-wire 
transmission line. 

1 Duplexers are discussed in detail in Microwave Duplexers, Vol. 14, Radiation 
Laboratory Series. 
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1. Transmitting condition: Both TR and ATR tubes fire. Both 
present short circuits X/4 from transmission line, and thus have 
little effect. No power goes to receiver; almost all goes toward the 
antenna. 

2. Receiving condition: Both T R and ATR tubes quiescent, unfired. 
The ATR line presents a short circuit at the end of a X/2 line, thus 
a short circuit at junction a. This short circuit appears at the 
receiver-line junction b, X/4 away as an open circuit. No received 
power is then transmitted down the line toward the transmitter; 
all goes toward the receiver. 

In the usual microwave duplexer, somewhat different r-f elements are 
used. The most conspicuous difference is that the TR and ATR tubes 
are usually in resonant cavities. 

FIG. 7 1 1 . -The equivalent two-wire transmission-line circuit of the usual microwave 
duplexer. 

The ATR tube is sometimes omitted; this is possible if the line length 
from the receiver T-junction b to the transmitter can be adjusted so that 
the transmitter presents a high impedance at the junction when "cold," 
that is, not transmitting. This requires individual adjustment of lengths 
of lines for each transmitting tube if the cold impedance of the tube is not 
uniform enough to allow the use of a standard length of line. In the past, 
some types of magnetron have been sufficiently uniform; others have not. 

At lower frequencies duplexing has been accomplished both by gas-
filled switch tubes and by the use of grid current in the first receiver stage 
without gas-filled tubes. The second method is possible when the 
receiver uses a tube (not a crystal) as its first stage, and the average 
transmitter power is not large enough to damage this tube by the amount 
of grid current drawn. The latter restriction usually means that not 
more than a few watts average power can be duplexed in this way. 

7-9. Radar and Beacon Duplexers.—In the usual radar duplexer, the 
TR tube is located in a resonant cavity, the loaded Q of which is usually 
150 to 300. This acts as a broadly tuned r-f filter in receiving; it is not 
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nearly broad enough, however, for use in most microwave beacons, where 
a 1 to 2 per cent frequency band must be transmitted. For beacon use, 
cavities with much lower Q are required. Such duplexing systems have 
now been designed for both 3-cm and 10-cm operation. Figure 7-12 
shows a 3-cm beacon duplexer. 

F I G . 7-12.—Broadband 3-cm beacon duplexer. (a) Connection to antenna. (6) Connec
tion to receiver, (c) T R tube, (d) ATR switch, (e) Connection to transmitter. 

At 10 cm either a combination of TR and ATR tubes or a special 
form of triode duplexer may be used. Figure 7-13 illustrates a 10-cm 
duplexer. 

These broadband duplexers have certain disadvantages that restrict 
their use at present to high-power beacons. First, a minimum trans
mitter pulse power of 4000 watts at 3 cm and 10,000 watts at 10 cm is 
required to fire the low-Q gas-filled TR tube.1 Second, there is a loss in 

1 So far, no a t t e m p t s have been made to lower these power requirements by using 
a n auxiliary firing pulse. 
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received power amounting to about 2 db at the edge of the scatter bands. 
This loss, although small from the standpoint of range performance, 
nevertheless may be the deciding factor in choosing between the use of a 
duplexer or separate antennas. 

7-10. Duplexing without Gas-filled Tubes.—When the input circuit 
goes to the grid of a tube, duplexing may be accomplished by using the 
change of input impedance when grid current flows. Since the trans-

F I G . 713.—Broadband 10-cm beacon duplexer. (a) Connection to transmitter . 
Note use of two ATR switches. (6) ATR switch, (c) Connection to receiver, (d) 
T R switch, (e) Connection to antenna line. (/) ATR switch. 

mitter and receiver are connected to the same antenna, enough of the 
transmitted signal arrives at the receiver to cause grid current to flow 
in the first input stage; as a result, there is a change in the receiver input 
impedance during the transmitting period. At the transmitter, there is 
a change in the internal impedance of the transmitting tubes as the signal 
is sent out. These two changes in impedance are made use of in the 
following duplexing schemes. 

Ten-centimeter Triode Duplexer-mixer.—Some triodes, such as the 2C40 
lighthouse tube, may be used to duplex 10-cm beacons. In this application 
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the tube is used instead of a crystal as the mixer for a superheterodyne 
receiver.' In one type of 10-cm duplexer-mixer, the tube is mounted in 
the center of a flat radial cavity as shown in Fig. 7-14. Coaxial-line con
nections are made to the antenna and transmitter. Duplexing is accom
plished in the following manner. During the transmitting period, the 
triode grid draws current, and, therefore, its grid-cathode impedance is 
low. The low impedance is converted to a high impedance at the 
T-junction by placing the cathode an odd number of quarter wavelengths 
from the T-junction. During the receiving period, the relatively high 
impedance of the inactive magnetron transmitter is transformed to a high 
impedance at the T-junction by making the distance between the two an 

Transmitter 
T junction 

F I G . 7-14.—Ten-cm duplexer-mixer. Advantage is taken of grid current flowing 
during the transmitting period to present a high impedance to the transmitter signal 
at the T-junction. 

integral number of half wavelengths. This distance may be fixed, or, if 
necessary, adjusted with a phase shifter. The loss in received power does 
not exceed 2 db anywhere within the 66-Mc/sec band, and the loss in 
transmitted power is about 1 db. 

Ultrahigh-frequency Duplexers.—A simple form of fixed-tuned 
duplexer, employed in an airborne transponder, is shown in Fig. 7-15a. 
I t consists of a X/4 section of coaxial cable connecting the transmitter and 
receiver. The transmitter is a push-pull pair of 6C4 tubes in a self-
excited oscillator circuit, and it delivers a pulse output power of approxi
mately 25 watts. The receiver is a special form of superregenerative 
detector using a type 9002 triode. 

The transmitter coupling loop is adjusted to deliver maximum power 
output. Inasmuch as weight and space requirements are strict, no 
attempt is made to convert the balanced transmitter and receiver lines 
to unbalanced lines before duplexing. 

1 The performance of the tube as a mixer is discussed in Sec. 8-15. 
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In Fig. 7-156 is shown the approximate equivalent circuit for the 
transmitting condition, where all tuned circuits are resonant at the same 
frequency, and Tt = the transmitter tank, Td = the X/4 transformer, 
R,a = antenna load, and TB = the receiver tank. The components to 
the right of Ra present a high impedance and absorb little power. 

Figure 7-15c is the approximate equivalent circuit for the receiving 
condition. The transmitter has a high impedance and absorbs little 
power. No data are available on the losses in this duplexing system; the 

Transmitter Receiver 

FIG. 7*15.—Equivalent circuits of a uhf duplexer. (a) Schematic circuit. (6) Equivalent 
circuit when transmitting, (c) Equivalent circuit when receiving. 

losses are, however, small when transmitting and not serious when 
receiving. 

Duplexing with R-f Filter Protection.—In case the receiver and the 
transmitter operate at different frequencies, duplexing can be accom
plished without the use of nonlinear elements in the circuit. I t is some
times possible to duplex the system by placing an r-f bandpass filter 
between the receiver and the junction of the receiver and the transmitter 
line. The success of such a system depends upon the frequency separa
tion of the transmitter and receiver, and the required band coverage of 
the receiver. For a " spo t " receiver frequency, a narrow bandpass 
filter can be used successfully if the transmitter and receiver frequencies 
are widely separated. For the common case of wideband coverage, the 
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" " " " 

design characteristics of a suitable r-f filter are difficult to meet. At 10 
cm, for instance, the filter must pass a 2 per cent band without apprecia
ble loss in received signal over the band and reject the transmitter fre
quency that lies only 0.3 per cent from the edge of the band. When r-f 
filter duplexing is used, loss of the received signal into the transmitter 
line is prevented by placing the transmitter at such a distance from the 
junction of the lines that a high impedance is presented by the transmitter 
line to the junction. 

OTHER R - F COMPONENTS 

7-11. Radio-frequency Filters.1—In this section we consider the use 
of r-f components to achieve a desired degree of selectivity. Used in this 

way, they may be classified as 
filters. As filters, in turn, they 
may be classified as low-pass, 
high-pass, or bandpass, or, simi
larly, as rejection filters.2 

Bandpass Filters.—Bandpass 
filters are used to restrict the 
signals that reach the receiver to 
those occurring within a specified 
band of frequencies. This may 
be necessary to protect receiver 
crystals from near-by high-power 
radars operating at frequencies 
other than beacon frequencies or 
to prevent unnecessary triggering 
by signals outside the beacon 
band. 

Single-tuned Filter.—In Fig. 
7-16 is shown a single-tuned 10-
cm filter that is used for frequency 
channeling in the AN/APN-19 
beacon described in Sec. 4-10. I t 
is a silver-plated coaxial resonator. 
The length of the invar center 
conductor is approximately three-

By adjusting its length, the cavity 
The loaded Q is 450 to 650 for an 

000 for a loss of 

F I G . 716.—Single-tuned 10-cm r-f filter. 
The insertion loss and selectivity may be 
varied by rotating the coupling loops. 

fourths the resonant wavelength, 
is tunable from 9.0 to 11.2 cm. 
insertion loss at the band center of 1 db, and 700 to 

1 By E. R. Gaer t tner and W. A. Dowries. 
2 A complete discussion is to be found in Microwave Transmission Circuits, Vol. 9, 

Chaps. 9 and 10, Radiat ion Labora tory Series. 
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2 to 3 db. The band center is stable to within 1 Mc/sec for a 100°C 
change in ambient temperature. 

Double-tuned Bandpass Filters.—A double-tuned filter is. in general, 
preferable to a single-tuned filter because its response can be flat over a 
wide range of frequencies. Such filters can be made by coupling two 
resonant circuits tuned to slightly different frequencies.1 

At 3 cm such coupled cavities are conveniently made from sections of 
waveguide used as cavities. At 10 cm two cavities like that shown in 
Fig. 7-16 may be coupled by means of a short section of transmission line. 
The advantages to be secured by the use of a double-tuned circuit are 
better off-frequency rejection and a wider pass band with less critical 
tuning. On the other hand, the insertion loss is approximately doubled 
and the alignment of the filter is more complicated. 

Coupled-mode Filter.—Another type of filter uses a "two-in-one" 
cavity, shown in Fig. 7-17. The normal TEl0-mode in the rectangular 
waveguide applies power into the cylindrical cavity through a f-in.-
diameter circular window, exciting the domi
nant TZJi.i-mode. The electric vector in the 
cavity is excited parallel to the electric vector 
in the incoming waveguide. A mode trans- f™ 
former consisting of a screw C, inserted at C= 
135° to the axis of the entrant waveguide, lnPut 

excites a !T.Ei,i-mode with the electric vector 
perpendicular to the original electric vector in 
the cavity. The power from this induced 
mode is then applied to the rectangular wave- FIG. 717.—Ten-cm coupled-
guide perpendicular to the original guide. m o d e filter cavlty-
The single cavity acts as two coupled resonant cavities. The set screws 
A and B are used to vary the frequencies of the respective modes in order 
to allow for differing input and output impedances. The pass band may 
be made nearly flat for a frequency range of 45 Mc/sec at 3000 Mc/sec 
with an insertion loss of about 1 db. 

High-pass Filters.—A short section of rectangular guide of proper 
width can be used as a high-frequency high-pass filter. For wavelengths 
X < 2a, where a is the guide dimension perpendicular to the electric vector 
in the TSo,i-mode, the attenuation in copper guide is shown in Fig. 7-18. 
It is seen to be low and relatively constant for 2a/X > 1.1. For 
X > 2a, the attenuation is very large; it is plotted in Fig. 7-19 in decibels 
per wavelength of guide. For example, a 6-in. length of guide for which 
a = 1.95 in., b = 0.870 in., has an attenuation of 0.01 db at X = 9 cm 

1 Microwave Transmission Circuits, Vol. 9, Chape. 9 and 10, Radiation Laboratory 
Series. 
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and 28 db at 10.5 cm. The filter section may be inserted in either a 
coaxial or a waveguide line by means of suitable couplings. 

Cutoff filters of this type are useful to keep interfering signals from 
entering a beacon receiver, provided that the interfering wavelengths are 

at least 10 per cent longer than 
the operating wavelength of the 
beacon. This difference is nor
mally necessary because the filter 
must be matched to the regular 
transmission line over the beacon 
receiver band and the filter react
ance changes rapidly with wave
length near the cutoff wavelength, 
X = 2a. 

Band-rejection Filters.—If it is 
desired to keep interfering signals 
of a single frequency, or a narrow 
band, from entering the receiver 
of a beacon, a band-rejection filter 

is needed. A fairly closely coupled resonant cavity inserted so that its 
iris is in the broad face of a rectangular guide will offer a high impedance 
at resonance. The loaded Q should be made as low as possible to 
minimize transmission losses subject to the requirement that the filter 
reactance be small at the beacon receiver band. 
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-Attenuation in decibels per wavelength in rectangular guide beyond cutoff. 
X = wavelength, o = width of guide. TEoi mode. 

Another type of band-rejection filter has been designed to attenuate 
3-cm radiation in a 10-cm dielectric-filled coaxial transmission line. This 
is a section of line into which "chokes"—which are essentially resonant 
elements tuned to the unwanted frequency—are inserted. These are so 
spaced as to present either a short circuit (in parallel) or an open circuit 
(in series) for the undesired frequency, and to have little or no effect at 
the desired frequency. Relative attenuations of 10 to 15 db are readily 
attained. 
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7-12. Radio-frequency Accessories.1—In this section a few of the 
available r-f devices which have been of particular use in beacon design 
will be discussed briefly. 

Directional Couplers.—A directional coupler may be used in a micro
wave beacon to extract a small amount of power from the transmission 
line for the purpose of measuring either the transmitted power or the 
frequency. It may also be used to inject a small amount of power into 
the receiving line for the purpose of monitoring the receiver. A direc
tional coupler performs these functions without introducing an apprecia
ble loss into the receiving or transmitting lines. It is superior to a fixed 

FIG. 7-20.—Three-cm r-f switch. With plungers in positions shown, (c) and (e) are 
connected and (d) is disconnected. With plunger (a) in and plunger (6) out, (c) and (d) 
are connected and (e) is disconnected. 

probe extending into the line because it gives a constant coupling inde
pendent of the standing-wave ratio in the line. This is true because it 
rejects the reflected wave—hence its alternative name, "wave selector." 
Each directional coupler has a fixed coupling determined by its design, 
and a suitable value for this coupling must be chosen for each application. 

In beacon receivers, directional couplers are used to couple the signal 
from the test set into the incoming r-f line in order to monitor the sensi
tivity, bandwidth, and pulse-width discrimination. One advantage of 
the directional coupler over the r-f probe in such uses is that the signal 
from the test set is directed to the receiver and only a negligible portion 
is allowed to go toward the antenna. 

1 By J. J. G. McCue, E. R. Gaerttner, and W. A. Downes. 



148 BEACON DESIGN: R-F COMPONENTS [SEC. 7 12 

Dummy Loads.—In high-power beacons, dummy loads are used both 
as a replacement for the antenna during testing and as a component part 
in the transmitter-stabilizing tuner. Dummy loads at 10 cm are avail
able both in i-in. coaxial line and in waveguide. For 3-cm beacons, 
dummy loads are made of waveguide with a stepped polyiron insert. A 
dummy load must present a good match over a suitable frequency band 
and must be capable of dissipating the required amount of power. 

At low powers (less than 1 watt average), a dummy load may consist 
of a dissipative platinized glass attenuator in a line terminated by a short 
circuit. 

Radio-frequency Switches.—Radio-frequency switches are used when 
it is necessary to be able to switch r-f power quickly from one transmis
sion line to another. In 3-cm beacons, they are convenient for connecting 
stand-by beacons to the antennas. A 3-cm switch is shown in Fig. 7-20. 

At 10 cm, a multiposition r-f switch for coaxial line has proved useful 
in some applications. It was used in an airborne beacon, for example, to 
switch the antenna from one of two receiver inputs to the other; in this 
application it saved the use of an additional antenna on the aircraft. 

Phase Shifters.—Phase shifters are used in beacons whenever it is 
necessary to adjust the effective r-f line length. For this reason they 
are often called "line stretchers." 

In waveguide a phase shifter that utilizes a X/2 section of dielectric 
that can be moved in the //-plane has been used. This unit does not 
change the physical length of the line, but it changes the wavelength by 
effectively varying the dielectric constant. 

In £-in. coaxial line a " t rombone" phase shifter which physically 
lengthens the line is available. 



CHAPTER 8 

BEACON RECEIVERS 

B Y E. R. GAEBTTNER, J. H. TINLOT, AND G. P. WACHTELL 

8-1. Introduction.'—The function of a beacon receiver is to detect the 
pulse-modulated r-f carrier received from an interrogator and amplify the 
demodulated signal to a useful output level. Beacon receivers differ 
from radar receivers in several respects. Usually they need not be as 
sensitive as radar receivers. They must often cover a wide frequency 
band. Their output need not necessarily provide as good pulse repro
duction but simply a response suitable for tripping a trigger circuit, 
without excessive delay or variation of delay. 

Because receiver characteristics change markedly over the range from 
i00 to 30,000 Mc/sec, it is necessary to divide the carrier frequencies into 
two regions. The r-f characteristics of ordinary grid-controlled tubes 
are such that they are no longer useful as r-f amplifiers above about 1500 
Mc/sec.2 The figure depends on the particular tube in question; further
more, the criteria of usefulness are somewhat vague. Our treatment 
will be divided in accordance with the frequency. The classification is 
based on the use or absence of r-f amplifiers. 

GENERAL CONSIDERATIONS 

BY E. R. GAERTTNER 

8-2. Types of Beacon Receiver.—The types of receiver which are 
important in beacon applications are the superheterodyne (see Fig. 8-1), 
crystal video, tuned radio frequency, and superregenerative. In uhf 
superheterodynes, r-f amplifiers may be used. In the microwave region, 
none are as yet entirely suitable. The crystal-video receiver consists 
of a detector and a video amplifier, the last two components in Fig. 8 1 . 
The trf receiver combines an r-f amplifier with a crystal-video receiver— 
components 1, 4, and 5 in Fig. 8 1 . The superregenerative receiver 

1 By E. R. Gaerttner. 
2 It is, of course, true that any tube that oscillates at a frequency / must amplify 

this frequency; otherwise it could not supply its losses and maintain oscillation. 
Radio-frequency amplification by klystrons, magnetrons, and other tubes at micro
wave frequencies is possible and has been accomplished in the laboratory, though not 
applied in the field. The signal-to-noise ratio is sometimes poor even when the gain 
is appreciable. 

149 
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combines in one tube a special form of r-f amplifier and detector, and it 
usually has a video amplifier. The last two types of receiver cannot be 
used when r-f amplification is impractical.1 

The fundamental properties which must be considered in the design 
of any beacon receiver are sensitivity, selectivity or frequency response, 
and fidelity. 

8-3. Sensitivity.—Beacon receiver sensitivity is conveniently defined 
as the least r-f power which will produce a signal sufficient to trip a trigger 
circuit an arbitrary fraction of the time, usually taken to be 90 per cent. 
Since the maximum attainable sensitivity is needed for many applica
tions, it is often necessary to work with signals near the noise level. All 
beacon circuits following the receiver which have so far been developed 

Ante 
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;nna 

1 

R-f 
amp ifier 

Local 
oscillator Detector 

l-f 
amplifier 

Video 
amplifier 

" 

1 Z 3 
F I G . 8*1.—The essential components of a superheterodyne receiver. At microwave 

frequencies, the r-f amplifier is omitted. In a crystal-video receiver, components 1, 2, 3, 
and 6 are omitted; in a T R F receiver, components 2, 3, and 6 are omitted. 

require a signal-to-noise ratio greater than 1. For example, it has been 
found from experience that for tripping a 2-^sec pulse-width discriminator 
reliably, a signal 8 db above the root-mean-square value of the noise is 
required.2 There will, of course, still be some random tripping on noise 
at this level. The amount depends on the statistical distribution of the 
noise peaks and on the frequency spectrum of the noise. The effect of 
the latter depends upon the frequency response of the circuit that is 
triggered by the receiver output. Because of these factors, it is obvious 
that a numerical value for random noise tripping at the 8-db level, or at 
any other level, will not apply to all cases. If minimal noise tripping is 
essential, then an additional loss in sensitivity must be accepted. 

The sensitivity required for a given application depends on the system 
parameters and signal attenuation. A detailed account of these factors 

1 Microwave superregenerative receivers can be reasonably sat isfactory; micro
wave trf receivers are not . 

2 Signals 8 db above noise are commonly called " t a n g e n t i a l " because, on an A-scope, 
the noise superposed on the signal is roughly tangent ia l to noise. Unsatisfactory 
as this criterion m a y appear , it is justified by custom and permits surprisingly accurate 
reproduction. 
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is given in Part I. In most cases, the power that will be available to trip 
the beacon at maximum range will lie between 10 - 7 and 10 -12 watt. 

The type of receiver to be used for a particular application depends on 
many factors. The choice is dictated first of all by the sensitivity 
requirements for a given range performance. 

The maximum sensitivities in microwave beacon receivers (with 
band widths of 1 Mc/sec or more), can be obtained with the superhet
erodyne. They vary from 10~9 to better than 10 -12 watt. 

The crystal-video receiver, depending as it does on a square-law 
detector, is inherently much less sensitive to weak signals than a super
heterodyne. Crystal-video receivers have sensitivities near 10 - 8 watt. 
It is evident that a good superheterodyne receiver can give many times 
the range performance of a good crystal-video receiver. 

In a beacon system using a crystal-video beacon receiver, the range 
is not independent of the average power as it is to a first approximation 
when superheterodynes are used. The integrated pulse power detectable 
by a superheterodyne is roughly constant; if the peak power is doubled 
and the duration halved, doubling the bandwidth of the superheterodyne 
receiver will again give nearly the same signal-to-noise ratio. With a 
crystal-video receiver this is not true, since the output power will be 
doubled by making the same changes. Thus, in systems using crystal-
video receivers, range performance can be increased without increasing 
the average transmitted power, by increasing the peak power and short
ening the pulse in proportion. 

Higher sensitivities can be obtained at lower frequencies; tuned-radio-
frequency or superheterodyne receivers can have a sensitivity of 10 - 1 3 

watt or better. The sensitivity of superregenerative beacon receivers 
runs from about 10 - 7 to 1 0 - u watt. 

To achieve maximum sensitivity the gain of a beacon receiver must 
be sufficiently high to produce about 5 to 10 volts of noise at the output 
of the amplifier, since the following circuits in the beacon are found to 
work best for signals of about this amplitude. 

8-4. Frequency Coverage.—Frequency coverage in a beacon receiver 
is defined as the range of frequencies over which the receiver gives a 
triggering signal for a signal power greater than a specified minimum. In 
other words, it is the frequency range over which the beacon receiver 
satisfies the sensitivity requirements discussed in the preceding section. 

A narrow-coverage (high-selectivity) beacon receiver is one that 
responds to a single carrier-frequency channel or a narrow band of fre
quencies. I t has a bandwidth comparable to the reciprocal of the pulse 
width (width of the region of the spectrum in which most of the energy 
of the pulses is found). Fortunately, it is not often necessary to strive 
for the maximum attainable sensitivity, as one must with a radar receiver. 
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Even In the so-called "narrow-coverage beacon receiver," it is generally 
desirable to increase the bandwidth somewhat, although some sensitivity 
may have to be sacrificed, to allow for variations of the interrogator fre
quency resulting from thermal changes, and so on. 

A wide-coverage beacon receiver, on the other hand, is one which 
responds to a band of carrier frequencies which is very large compared 
with that needed for any one set of the pulse signals. Receivers that 
have very wide coverage are required because of the large scatter bands 
used by microwave radars. For several reasons, chief among which 
were the necessity of avoiding mutual interference between radars, the 
lack of tunable magnetrons, and the manufacturing tolerances of fixed-
tuned magnetrons, 66 Mc/sec were allocated at 3300 Mc/sec and 110 
Mc/sec at 9375 Mc/sec. A beacon must have a receiver broad enough 
to cover one of these bands, if it is to respond to all radars in it. 

8-6. Fidelity.—The fidelity of a beacon receiver is a measure of its 
ability to reproduce the envelope of the pulse at the output of the video 
amplifier. To do this, the pass band of the amplifier must be comparable 
to the spread of the important frequency components of the pulse. For 
a video amplifier, this means that to reproduce a rise time of r ^sec, a pass 
band of a/r Mc/sec is needed, where a is about 0.35. 

When nothing more than triggering of the beacon is required, faithful 
reproduction of the pulses is unnecessary. One important requirement, 
in these cases, is that the leading edge of the pulse be steep enough to 
trigger the following circuits with as little time delay as possible, in order 
to keep the range error small. 

Delay.—The magnitude of the time delay depends on the frequency 
response of the amplifiers, both i-f and video, and on the signal strength. 
Intermediate-frequency amplifiers, which in beacon receivers usually 
have a wide pass band, cause very little delay. Video amplifiers, on the 
other hand, may cause appreciable time delay if the pass band is too 
small. The time delay varies inversely with the video bandwidth and 
its value for a given bandwidth depends on the signal strength. Thus, 
for 2-Msec signals slightly above the tangential level required for reliable 
triggering, the delay is negligible for a video pass band of 2 Mc/sec and is 
equal to the pulse width (2 jusec) for a pass band of about 200 kc/sec. For 
increasing signal strength the delay for the narrow pass band decreases 
somewhat. 

Discrimination.—When information is to be derived from the pulse 
shape, however, as in pulse-width discrimination, the pulse must be 
reproduced with high fidelity so that the discriminator following the 
receiver can distinguish between pulses of different widths. The prob
lem here is how to design a receiver that will preserve the pulse width 
over a wide dynamic range of signal strength, that is, one that will not 
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unduly stretch the pulse for r-f signal strengths as much as 80 or 90 db 
above the minimum detectable level. 

Superheterodyne receivers generally preserve the pulse width better 
than crystal-video receivers do. First, the mixer in a superheterodyne is 
linear, and the crystal detector in a crystal-video receiver is square law; 
for a variation of n db in r-f power, there is a variation of 2w db in signal 
power in stages following the detector in the crystal-video receiver, and 
n db in the superheterodyne. Second, a large part of the gain in a super
heterodyne is in the i-f amplifier, which has good overload characteristics 
—that is, its recovery time is short in comparison with the duration 
of the pulse. On the other hand, because of its greater sensitivity, better 
overload characteristics are required to get pulse-width discrimination 
at short ranges. For example, assume sensitivities of 100 and 80 dbw, 
for the superheterodyne and crystal-video receivers respectively, and 
assume that discrimination is required to within TV mile of the beacon. 
If the signal received by the beacon at this range is 20 dbw, discrimination 
over a dynamic range of 80 db is required for the superheterodyne, and 
over a 60-db range for the video receiver measured at the antenna termi
nals, or 120 db at the first amplifier grid. Discrimination is readily 
obtained over the required dynamic range with a superheterodyne; it can 
be obtained, but with difficulty, in a practical crystal-video receiver. 

NARROW-COVERAGE RECEIVERS 

8-6. Superregenerative Receivers.1—The superregenerative receiver 
is useful in beacon applications only when coverage of a moderately 
narrow band is desired. Most of the applications have been at lower 
frequencies, so the practical examples are taken from this region. Possi
ble uses and limitations in the microwave region will also be discussed.2 

The components of a superregenerative receiver are shown in the 
block diagram, Fig. 8-2. They consist of a superregenerative amplifier 
and detector, a quench oscillator, a quench filter, a video amplifier and 
(optionally) automatic gain control, AGC. The amplifier and detector, 
in conjunction with the quench oscillator, amplify and detect the r-f 
signal. The quench filter is a low-pass filter that prevents the quench 
frequencies from being amplified. Automatic gain control stabilizes the 
r-f gain of the receiver. 

The receiver has some characteristics that make it desirable whenever 
small size and weight and moderately high sensitivity are required. The 
outstanding characteristic of the receiver is the high r-f gain of 50 db or 

1 Sees. 8-6 to 8-9 by E. It. Gaerttner. 
2 For a complete discussion of superregenerative receivers see Microwave Receiver?. 

Vol. 23, Chap. 217, Radiation Laboratory Series. 
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more which can be obtained in one stage. Consequently, a receiver may 
consist of as few as three tubes: a detector, a quench oscillator, and a 
video amplifier. Its sensitivity is greater than that of a crystal-video 
receiver. 

The superregenerative receiver can be used as a combination receiver 
and transmitter. I t can be so used because the receiving tube, to be 
effective as a superregenerative amplifier, necessarily oscillates at the 
carrier frequency; consequently, it can be made to transmit on nearly 
the same frequency. 

The superregenerative receiver is limited in use, however, in that it is 
not well suited to applications in which accurate range information is 

desired. This is because the time 
delay between the leading edge of 
the r-f pulse and the output video 
pulse depends on the time of ar
rival of the r-f pulse relative to 
the phase of the quench, and also 
on the r-f signal strength. 

Perhaps the greatest disad
vantage of the receiver is the 
instability of r-f gain, which is 
caused by changes in tube charac
teristics, variations in r-f loading 
by the antenna, and fluctuation in 
supply voltage. Stability can be 
obtained by adding an automatic 
gain control. However, the com

ponents that must be added to achieve the necessary stability tend to 
nullify in part the receiver's main features—its simplicity and small 
number of components. 

Theory of Operation.—It is well known that a tube connected so as to 
have sufficient regenerative feedback to produce self-sustained oscillation 
is also a sensitive receiver. The greatest sensitivity is obtained when the 
detector circuit is just able to sustain oscillations. Almost any oscillator, 
whether a triode, a velocity-modulated tube, or a magnetron,1 can in 
principle be used as such a detector. In the superregenerative detector, 
the oscillations are not allowed to build up to a self-sustained state of 
constant amplitude, but are periodically quenched at a rate that is low 
compared with the normal oscillation frequency. The oscillations will 
then build up exponentially during the quench cycle; they are initiated 

F I G . 8-2.—Block diagram of a super
regenerative receiver. Automatic gain con
trol is optional. 

1 An early Japanese radar set a t 10 cm used a superregenerative magnet ron 
receiver. 
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either by noise or by external signals. Two types of operation result, 
depending on when the oscillations are quenched. In the first, the 
quench action is applied before the oscillations build up to a saturation 
amplitude; in the second, the quench action is applied after the oscilla
tions build up to a saturation amplitude. In the former, the rectified 
output is proportional to the r-f signal power; amplitude discrimination 
between signals and noise, therefore, is possible. In the latter, saturation 
amplitude is obtained independent of the signal strength, and the dura
tion of the signal is proportional to the logarithm of the input power. 
After the output signal passes through the low-pass filter, its amplitude 
is proportional to the logarithm of the input signal. 

Sensitivity.—Assuming sufficient r-f and video gain to bring the noise 
level to about 10 volts, the ultimate sensitivity depends upon the noise 
voltage generated at the input of the receiver. The noise factor is higher 
than that of a superheterodyne of comparable bandwidth. For example, 
the noise factor of an experimental 10-cm receiver using a 2C40 triode is 
about 30 db. The noise factor of a typical 150-Mc/sec superregenerative 
receiver with a bandwidth of 4 Mc/sec is 25 db. Thus, as far as sensi
tivity is concerned, the superregenerative receiver is often intermediate 
between the crystal-video receiver and the superheterodyne. 

Quench Frequency.—The quench frequency is a small fraction of the 
carrier frequency. In practice it has been found that it should be about 
twice the modulation frequency. Thus, for a 2-/usec pulse, a minimum 
quench frequency of about 1 Mc/sec is required; for a 5-Msec pulse, 400 
kc/sec, and so on. One reason for having a quench frequency higher than 
the modulation frequency, aside from the requirements of pulse reproduc
tion, is that such a frequency can be filtered from the video amplifier by 
placing a low-pass filter between the detector and the amplifier. 

Two factors determine the upper limit of the quench frequency. One 
is the point at which the gain is greatly reduced because the oscillations 
fail to build up sufficiently. This occurs for frequencies about equal to 
the r-f bandwidth. The other factor is the storage of energy in the 
antenna system, including the transmission line. If a long line is used, 
difficulty is encountered with any but perfectly matched lines, because 
power from the oscillation that was started in the previous quench cycle 
may be reflected back and forth and enough may remain when the quench 
cycle starts to interfere with proper operation. Antenna mismatches 
can likewise, by means of the "long-line" effect (see Sec. 13-9) prevent the 
receiver from operating at all at some frequencies. 

In pulse detection, it follows from the frequency limitations that the 
period of the quench voltage should be less than the pulse duration. This 
inevitably leads to an unwanted time delay, however, which varies from 
zero up to the quench period. In addition, if the pulse duration extends 
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over a number of quench periods, a series of signals that are separated in 
time by the quench period will be formed; the quench filter will tend to 
recombine them. 

Frequency Coverage.—The r-f coverage of the superregenerative 
receiver is equal to the bandwidth of the superregenerative amplifier. I t 
depends on a number of parameters, the most important of which are the 
transconductance (gm) of the tube, the total shunt capacity of the resonant 
circuit, the strength of the input signal, and the waveform of the quench 
voltage. Sine-wave quench is almost universally used. A square-wave 
quench causes the oscillations to rise most rapidly and consequently gives 
the greatest bandwidth of any waveform (and also the poorest off-fre
quency rejection). For a gm of 5000 ^mho and a shunt capacity of 20 
/ijuf the approximate bandwidth at half amplitude for a square-wave 
quench is 5 Mc/sec. For other values of gm and capacity, the correspond
ing bandwidth can be scaled roughly to this example, according to the 

usual relation bandwidth = con
stant X gm/c. A measured value 
for a beacon at 150 Mc/sec using 
a 2C22 tube is 4 Mc/sec. 

An example of a conventional 
superregenerative receiver with a 
sine-wave quench oscillator is 
shown in Fig. 8-3. The entire re
ceiver consists of three tubes: a 
superregenerative d e t e c t o r , a 
quench oscillator, and one stage 
of video amplification. The sensi

tivity is 87 dbw and the frequency coverage for weak signals is 6 Mc/sec. 
The detector can be tuned to any frequency in the band 660 to 720 
Mc/sec. The quench frequency is 625 kc/sec. 

"Single-cycle" Quenching.—In applications in which it is intended 
that the superregenerative detector be insensitive except at a predeter
mined time, it is possible to use a "single-cycle" quench initiated by an 
external source. This type of operation has been used for coincident 
interrogation by pulses on two different carrier frequencies, as, for 
example, a microwave channel at 3000 Mc/sec and a uhf channel at 
200 Mc/sec, the latter being detected by a superregenerator. The micro
wave pulse, after being received and amplified, initiates a square pulse 
that activates the superregenerative detector of the uhf receiver, thus 
rendering it receptive to a nearly simultaneous uhf pulse. The micro
wave pulse alone is ineffective because the superregenerative receiver 
receives no signal, and the uhf pulse alone is ineffective because the 
superregenerative detector is not sensitized. 

R-f 
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In Fig. 8-4 is shown a block diagram of a coincident interrogation 
receiver using a single-cycle-quench uhf receiver. It consists of three 
tubes: a superregenerative detector, one stage of video amplification, 
and a quench generator. The quench is a square wave initiated by a 
10-cm receiver in the manner de
scribed in the preceding para
graph. The sensitivity is 87 dbw 
and the frequency coverage is 2 
Mc/sec.1 

8-7. Superheterodyne Receiv
ers.—Superheterodyne receivers 
are characterized by high sensi
tivity and the possibilities of high 
selectivity. The high sensitivity 
is inherent in the type of detection 
used; high selectivity is possible 
because the frequency coverage, 
if one assumes a stable local oscil
lator, is determined at the rela
tively low intermediate frequency. 
Wideband coverage is likewise pos
sible. In all other types of receiv
ers, the frequency coverage is determined primarily by r-f components. 

For convenience, the discussion of narrow-coverage superheterodyne 
receivers2 is divided into two parts: (1) microwave receivers, which do 
not employ r-f amplifiers, and (2) lower-frequency receivers which, in 
general, do employ r-f amplifiers. 

Microwave Receivers.—The sensitivity (for signal equal to noise) of 
an ordinary commercial superheterodyne radar receiver is about 120 to 
130 dbw for an i-f bandwidth of 1 Mc/sec. Because of this high sensi
tivity, the superheterodyne is universally used in radar sets. 

The frequency coverage required for operation on a single fixed 
channel is determined by the frequency stability of the interrogator 
transmitter and the beacon-receiver local oscillator, and by the band
width necessary to pass the video pulse satisfactorily. To achieve 
maximum stability AFC should be applied to both the interrogator 
transmitter and the beacon local oscillator. 

R-f Amplifiers.—In the uhf region it is, in general, advantageous to 
add an r-f amplifier to the superheterodyne receiver. This is possible, 

1 For a detailed discussion of the circuits, see Microwave Receivers, Vol. 23, Chap. 21, 
Radiation Laboratory Series. 

2 For a complete discussion, see Microwave Receivers, Vol. 23, Radiation Laboratory 
Series. 
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F I G . 8-4.—A single-cycle superregenera
tive receiver. It operates in coincidence 
with a 10-cm receiver which supplies a 
trigger to a square-wave quench-pulse gen
erator for each 10-cm pulse received, thereby 
sensitizing the superregenerative detector 
for a short time. The sensitivity is 87 dbw 
and the band coverage is 2 Mc/sec. The 
detector can be tuned to any carrier fre
quency in the band 205 to 215 Mc/sec. 
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at present, for frequencies less than about 1500 Mc/sec. There is, of 
course, no sharp line of demarcation since the use of an r-f amplifier 
depends upon getting tubes with suitable r-f characteristics. 

A superheterodyne receiver, in conjunction with an r-f amplifier, i 
affords a means of obtaining the ultimate sensitivity with good selectivity. 
The sensitivity depends on a number of factors, especially the noise 
factors of the mixer and i-f amplifier and the noise factor and gain of 
the r-f amplifier. I t is, of course, clear that the noise factor of the r-f 
amplifier must be appreciably less than that of the mixer and i-f amplifier 
combined, if the ultimate sensitivity of the receiver is to be increased by 
adding an r-f amplifier. Moreover, considerable r-f gain is needed. 

If the noise factor of the r-f amplifier is F\, its gain (in power) gi, and < 
the noise factor of the mixer and i-f amplifier combined is F2, the noise 
factor Fi2 of the receiver using the r-f amplifier is1 , 

F1, = Fl+F^-^- (1) 

As an example, suppose an r-f amplifier 2 Mc/sec wide has a noise 
factor of 3 (5 db) and a power gain of 20 (13 db). If the noise factor of 
the mixer and i-f amplifier is 10 (10 db), the noise factor of the receiver 
using the r-f amplifier -will be 3 + -fc = 3.5, or 5.4 db. The improvement 
is then 4.6 db. 

The selectivity curve of the receiver is the product of the selectivity 
curves of the r-f and i-f amplifiers. Since i-f bandwidth can be made 
small, the problem of getting high selectivity is simple, as compared with , 
the same problem in the trf receiver, for example. 

I t is clear from the sensitivity and selectivity characteristics that this 
type of receiver finds its best use in highly selective systems. Its com
plexity does not recommend it for use in systems in which low sensitivity 
and poor selectivity are acceptable. 

8-8. Crystal-video Receiver with R-f Filter.—Although a crystal-
video receiver is Inherently a wide-coverage receiver, its frequency cover
age can nevertheless be narrowed by inserting a bandpass filter in the r-f 
line between the antenna and the crystal detector. This system is 
simpler than the narrow-coverage superheterodyne and is equally—or, 
perhaps, even more—stable in frequency. A good filter should not 
introduce more than a 1- or 2-db loss in sensitivity. 

The limitation of this system is the low sensitivity of the crystal-
video receiver, which is currently 75 to 85 dbw in the microwave region. 
Nevertheless, it has a number of applications. 

A typical example is one in which a high-power microwave ground 
radar is used for surveillance and control of aircraft equipped with bea-

1 See, for example, Vacuum Tube Amplifiers, Vol. 18, Chaps. 13, 14, and 15, , 
Radiation Laboratory Series. 
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cons. Since the pulse power and antenna gain of such a ground system 
are large, the beacon sensitivity may be low, even for long-range per
formance. It can readily be shown that the required sensitivity for 
reliable operation up to 200 miles with the usual 10-cm ground-control 
radar is approximately 60 dbw, a value readily obtainable with a crystal-
video receiver. 

8-9. TRF Receiver.—The combination of an r-f amplifier with a 
crystal-video receiver constitutes what is called a "tuned radio-frequency 
receiver." The use of this type of receiver is naturally restricted to 
frequencies at which r-f amplifiers are practical.1 

The sensitivity of a trf receiver may be made comparable to that of a 
superheterodyne if r-f amplifiers with suitable noise factor and gain are 
available for the frequency range considered. For example, the noise 
power of an r-f amplifier at a few hundred megacycles per sec, of 5-Mc/ 
sec bandwidth and 10-db noise factor, may be, say, 37 db less than the 
noise power (not the triggering level) of a good crystal-video receiver, 
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F I G . 8-5.—A 200-Mc/sec T R F receiver. I t has a sensitivity of 130 dbw and an r-f 
bandwidth of 3 Mc/sec. The r-f amplifier has 30 db gain. The video amplifier ie 0.6 
Mc/sec wide and has 116 db gain. 

which is about 10~9 watt. For the minimum detectable power to be 
substantially equal to the noise power of the r-f amplifier, the r-f gain 
should be sufficient for the amplified r-f noise to exceed the video noise by 
about 10 db. For this to be true, the r-f gain must be 47 db. For larger 
bandwidths and higher noise factors the required gain is, of course, less. 

The frequency coverage is limited by the r-f response of the amplifier. 
On the one hand, high selectivity cannot be achieved because narrow
band, high-gain r-f amplifiers are unstable. On the other hand, coverage 
comparable to that of a crystal-video receiver cannot be obtained. 
Consequently, for covering a band of frequencies this type of receiver is 
intermediate between the crystal-video and the superheterodyne. 

The design of a tunable multistage r-f amplifier at high frequencies 
is relatively easy if each stage is tuned independently. It becomes dif
ficult if the tuning must be accomplished with a single knob and the 
several stages must, therefore, track. 

The application most suitable for this type of receiver is one in which 
high sensitivity and narrow coverage (but not high selectivity of the sort 
obtainable with a superheterodyne) are required. Economy in tubes 
and power is possible with most of the receiver gain in the video amplifier. 

1 For a further discussion see Microwave Receivers, Vol. 23, Chap. 5, Radiation 
Laboratory Series. 
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The receiver does not have the difficulty with image response experienced 
with the superheterodyne. 

In Fig. 8 5 is shown a block diagram of the trf receiver used in a ship-
borne beacon. The entire receiver consists of two stages of r-f, a crystal 
detector, and three stages of video amplification. The noise power is 130 
dbw. The r-f amplifier has a bandwidth of 3 Mc/sec, 30 db r-f gain, and 
it can be slug-tuned to a particular carrier frequency within the range 
202 to 208 Mc/sec.1 

8-10. Radio-frequency Channeling.2—We have seen in Sec. 5-14, 
that one of the simplest kinds of interrogation coding that can be applied 
to a beacon system is the use of several different radio frequencies for 
interrogation. This implies that the beacon will be equipped with a 
narrow-coverage receiver capable of sufficient selectivity to receive any 
one of these channels and to reject the others. The receiver must also 
be capable of being switched readily from one channel to another. 

The various receivers that have been discussed are all capable of ful
filling such requirements; they must, nonetheless, be considered carefully 
during the design of the receiver. The over-all system design will 
dictate the amount of adjacent-channel selectivity required and the 
necessary ease of switching. 

Adjacent-channel Selectivity.—This may be defined as the quantity 
Pa/Pb, expressed in decibels, where Pa is the amount of received power, of 
frequency corresponding to channel a, which is required to trigger a 
beacon tuned to the adjacent channel b, and which is capable of being 
triggered by an amount of received power Pb in channel b. 

In a superheterodyne receiver, this quantity can be made very large 
indeed; 40 db or more is readily attained. One must take care that the 
intermediate frequency—or channel separation—is so chosen that the 
adjacent channel does not fall near the image frequency of a super
heterodyne without good image rejection. In superheterodynes using 
r-f amplifiers this is easier to accomplish. 

In trf receivers, the adjacent-channel selectivity will depend entirely 
upon the selectivity and number of the r-f amplifier stages. High selec
tivity is likely to involve difficulty in switching from one channel to 
another. 

In a crystal-video receiver with an r-f filter, the r-f selectivity is 
determined entirely by the filter; a filter with suitable properties can be 
chosen. 

The r-f selectivity of the standard sine-wave quenched superregen-
erative receiver is good; it corresponds to that of an i-f amplifier with an 
infinite number of stages. (See Microwave Receivers, Vol. 23, Chap. 21.) 

1 For a detailed discussion of the circuits see Microwave Receivers, Vol. 23, Chap. 5, 
Radiation Laboratory Series. 

1 By E. R. Gaerttner and G. P. Wachtell. 
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Channel Switching.—The process of tuning the receiver from one 
frequency to another varies in complexity with the type of receiver being 
used. In the crystal-video receiver with an r-f filter and in the super-
regenerator, only one component needs to be tuned. In a microwave 
superheterodyne, only one receiver component, the local oscillator, needs 
to be tuned if the other r-f components have sufficient bandwidth. In a 
uhf superheterodyne, the r-f amplifier and mixer as well may need to be 
tuned. In the trf receiver the r-f amplifier needs to be tuned. The 
tuning in the last two cases is apt to be time-consuming. 

WIDE-COVERAGE RECEIVERS: SUPERHETERODYNES1 

The following discussion of wide-coverage receivers is restricted to 
microwave receivers, because the problem of wide frequency coverage 
has so far arisen only in the microwave region. 

In the microwave region, r-f amplifiers are not available. Further
more, the mixer is generally a crystal instead of a tube because the noise 
factors of crystals are considerably lower. There are exceptions; some 
triodes, for instance the 2C40 lighthouse tube, are moderately satis
factory up to 3000 Mc/sec. A mixer made with this tube is discussed 
in Sec. 8-15. 

A superheterodyne receiver is used in applications requiring greater 
receiver sensitivity than can be obtained with the simpler crystal-video 
receiver. The use of superheterodynes is necessary whenever maximum 
range performance is a requirement. 

8-11. General Considerations. Echo Suppression.2—In pulse-width 
discrimination it is necessary for the receiver to preserve the pulse shape 
well enough for the discriminator to distinguish between 1-^sec search 
pulses and 2-Msec beacon-interrogation pulses. This requirement, of 
course, imposes certain restrictions on the fidelity of the receiver, espe
cially the pulse stretching due to poor overload characteristics of the 
video amplifier. 

In addition, however, there is the possibility that the effective pulse 
length may be increased by r-f echoes from near-by objects. Thus, a 
l-/isec pulse and its echo from a near-by hill or building may be super
imposed; if the echo lags the direct pulse by 1 /isec, an effective 2-/isec 
signal is received. The direct signal is usually stronger than the echo; 
however, the combination may still be amplified sufficiently to activate 
the discriminator. Consequently, some provision for suppressing the 
echoes must be made in the amplifier if good pulse-width discrimination 
is desired, especially in a sensitive receiver like the superheterodyne. 

' & E . R Gaerttner. 
' By J. H. Tinlot and E. R. Gaerttner. 
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Because the echoes necessarily occur after the main signal and are of 
lesser amplitude, the problem resolves itself into desensitizing the 
amplifier for the period of time in which undesired echoes are expected.l 

Methods of Covering Microwave Bands.—Frequency coverage is 
usually limited by the bandwidth of the i-f stages because the bandwidth 
of the mixer and r-f components is, in general, much larger. With 
conventional methods of coupling i-f stages, the bandwidths are relatively 
narrow—usually less than 8 or 10 Mc/sec; consequently, to cover the 
microwave beacon bands, a number of special methods have had to be 
used. Three methods that have been successfully applied to super
heterodynes are the following. 

1. Single-frequency local oscillator with wideband i-f amplifier. 
2. Square-wave-modulated (switched-frequency) local oscillator. 
3. Frequency modulation of local oscillator. 
To keep the problem concrete, it should be remembered that the 

frequency coverages required of 10-cm and 3-cm beacon receivers are 
66 and 110 Mc/sec, respectively. The methods for achieving wide fre
quency coverage are all designed to provide coverage of 70 Mc/sec or 
more. 

8-12. Wideband I-f Receiver.2—The wideband i-f amplifier is a 
natural extension of the narrow-band i-f amplifier to give wide coverage 

in one sideband. To accomplish 
this, the conventional i-f inter
stage coupling methods are re
placed by another type known as 
"shunt-series peaking." Essen
tially, the shunt-series peaking 
circuit is a video circuit that may 
be designed to give a pass band 
extending from zero cps to a 
maximum frequency determined 
by the filter constants and the 
shunt capacities of the tubes. 
In order to prevent the i-f pass 
band from overlapping the pass 

band of the video amplifier, suitable low-frequency rejection filters are 
introduced. These filters may be in the cathodes of the i-f tubes (result
ing in selective degeneration) or they may be added to the interstage 
coupling filter, or both. 

1 For a detailed discussion of the "echo-suppress ion" circuit as applied to i-f 
amplifiers see Microwave Receivers, Vol. 23, Chap . 19, Radia t ion Labora tory Series. 
An application of this t y p e of circuit is given below in Sec. 8-13. 

2 Sees. 8 1 2 to 8 1 5 b y E. R. Gaer t tner . 
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Fia. 8-6.—Coverage of the 10-cm band 
from 3267 to 3333 Mc/sec with a wideband 
i-f receiver. The required coverage is cross-
hatched. Coverage is accomplished by 
making the pass band of the i-f amplifier 
greater than the width of the scatter band 
and by adjusting the local-oscillator fre
quency so tha t all portions of the band are 
covered. The image-frequency sideband 
provides undesired coverage. 
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In a receiver designed to cover the 66-Mc/sec band at 10 cm, the i-f 
amplifier must have a pass band of at least 66 Mc/sec. The i-f amplifier 
shown in the following example has a pass band extending from 6 to 
76 Mc/sec. The method of covering the band with this amplifier is 
illustrated in Fig. 8-6. The image-
frequency band, also shown in Fig. 
8 6, lies outside the desired fre
quency coverage and is not used. 
I t may even be a source of inter
fering signals. 

In principle it is desirable for 
the frequency response of the i-f 
amplifier to be perfectly flat; actu
ally the curve is like that shown in 
Fig. 8-7. The variation of 4 to 6 db 
in gain over the band is not objec
tionable if the sensitivity is adequate at all frequencies. At the lowest 
point, the triggering sensitivity is greater than 100 dbw. 

High fidelity, necessary for pulse-width discrimination, is obtained 
by using a video amplifier with a bandwidth of about 2 Mc/sec. This 
is possible in this type of receiver because of the relatively high frequency 

76 
Frequency in Mc/sec 

F I G . 8-7.—Frequency response of a 
6- to 76-Mc/sec i-f amplifier using shunt-
series peaking. 

R-f 
input 

Mixer 
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9 stages-6AK5 
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oscillator 
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2nd detector 
1-6AL5 diode 

Automatic 
frequency 

control 
1 '/2-6SL7's 

2-2D2l's 

Video amplifier 
2-6AC7's 

pass band: 
0-1.7 Mc/sec 
gain 45 db 

Video 
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FIG. 8-8.—The wideband i-f receiver used in AN/CPN-17. This receiver covers the 
band 3265 to 3335 Mc/sec with a minimum sensitivity of 100 dbw. The band coverage is 
stabilized by AFC of the local oscillator. 

of cutoff at the lower limit of the i-f pass band (6 Mc/sec in the example). 
Thus ample bandwidth is allowed in the video without overlapping into 
the i-f pass band. 

The ultimate limit of the band coverage that can be achieved by this 
method is determined by the greatest width of the i-f pass band that can 
be achieved. With the best tubes (6AK5) and circuits now available this 
is about 100 Mc/sec. 

Figure 8-8 shows a block diagram of such a receiver used in the 
AN/CPN-17, a high-power 10-cm beacon for ground and shipborne 
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installations. The specifications call for a minimum sensitivity of about 
95 dbw and pulse-width discrimination. No severe restrictions are 
placed on size, weight, or power consumption. Some features of this 
receiver are AFC of the local oscillator and duplexing; AFC is discussed 
in Sec. 8-16, and duplexing in Sec. 7-9. 

8-13. Square-wave-modulated Local Oscillator.—This method is 
used when the band to be covered is larger than the maximum practical 
i-f bandwidth, and both high sensitivity and high fidelity are necessary. 
The wideband i-f receiver is thus ruled out. The method of coverage is 
given in Fig. 89 . 

(a) 

( » ) ■ 

w-

9320 
I-f side band 8-48 Mc/sec 

9430 
I-f side band 8-48 Mc/sec 

Frequency 
Mc/sec 

19312 93521 
Z LO frequi 

|9368 9408 
lency 9360 Mc/sec 

Frequency 
Mc/sec 

93421 

I I 

[9382| /F2 |9398l 94381 Frequency 
I LO frequency 19360 Mc/sec I M c / s e c 

Overlap regions I I I 

9312 9342 9352 F, 9438 Frequency 
Mc/sec 

F I G . 8-9.—The method of covering the 9320- to 9430-Mc/sec band by means of a super
heterodyne receiver with an i-f pass band of 8 to 48 Mc/sec and a square-wave-modulated 
local oscillator, (a) The required coverage, 9320 to 9430 Mc/sec. (b) The pattern of the 
band covered with the LO frequency 9360 Mc/sec. (c) The pattern of the band covered 
with the LO frequency 9390 Mc/sec. ((i) The sum of (b) and (c)—the total coverage. 
All parts of the band, except for regions of overlap (cross-hatched) are covered half the time. 
The switch frequency for the local oscillator is 200 cps. 

The frequency coverage of the receiver is 126 Mc/sec, although the 
actual bandwidth of the i-f amplifier is only 40 Mc/sec. The i-f stages 
use shunt-series coupling with a pass band extending from 8 to 48 Mc/sec. 
By using the image-frequency bands, therefore, signals can be received 
with frequencies either 8 to 48 Mc/sec above or 8 to 48 Mc/sec below the 
local-oscillator frequency. Thus, a band of frequencies 96 Mc/sec wide, 
with a 16-Mc/sec gap in the middle, is covered. To fill in the gap and 
widen the over-all band coverage, the frequency of the local-oscillator 
tube is switched one-half the time to a frequency 30 Mc/sec away. The 
four bands thus cover a total of 126 Mc/sec. The two bands covered 
by having the local oscillator at one frequency overlap the two bands 
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covered with the local oscillator at the other frequency. The overlap 
regions, as shown in the illustration, are 10, 14, and 10 Mc/sec wide, 
respectively. If the frequency of a received signal lies in one of these 
overlap regions, the signal will get through the receiver all the time. If 
the signal frequency is within the band but does not lie in one of the 
overlaps, the signal will get through the receiver only half the time. 

This alternation of intervals of sensitivity and insensitivity is the major 
disadvantage of the square-wave-modulated local oscillator as a means 
of achieving wide coverage. By using the image-frequency bands, a 
maximum of four times the i-f coverage can be achieved; but the receiver 
will then be sensitive to any one frequency no more than half the time. 

I f amplifier 
8 stages-6AC7 
pass band 8 
to 48 Mc/sec 

gain 70 db 

Rf 
input 

2nd detector 
V2 6SN7 

diode-connected 

Video amplifier 
V2-6SN7 and 

2-6AC7. pass band: 
0-1.7 Mc/sec 

Video 
output 

Mixer 
IN23 A crystal 9360 

Mc/sec 
or 

9390 
Mc/sec 

Local 
oscillator 
723 A/8 200 

cps 
square 
wave 

L.0. switch 
l'/2.6SN7 

F I G . 8*10.—Superheterodyne receiver using image-frequency response and a square-
wave-modulated local oscillator to achieve wide coverage. The coverage is obtained in 
the manner shown in Fig. 8-9. 

The 50 per cent response introduces a scanning loss of 1.5 db in the 
response link, as pointed out in Sec. 2-6. In order to lessen the effect 
of the switching, the i-f pass band is usually extended toward the local-
oscillator frequency to increase the region of overlap, as in the example 
given. The switching rate is made somewhat less than one-half the 
minimum repetition rate of the interrogating signals, or about 150 to 
200 cps. High fidelity, necessary for pulse-width discrimination, is 
obtained by using a video amplifier with a bandwidth of about 2 Mc/sec. 

Figure 8-10 shows a block diagram of such a receiver used in the 
AN/CPN-6, a high-power 3-cm beacon designed for ground and ship
board use. The specifications call for a minimum sensitivity of 90 dbw 
and pulse-width discrimination. The actual sensitivity runs between 
100 and 110 dbw. No severe limitations are placed on size, weight, or 
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power consumption. One feature of the i-f amplifier is echo suppression, 
discussed above in Sec. 8-11. 

8-14. Sine-wave Frequency-modulated Local Oscillator.—This type 
of receiver is used in applications in which greater sensitivity than can 
be attained with a crystal-video receiver is required, but pulse-width 
discrimination is not required. I t provides the widest coverage of all 
superheterodyne methods. 

In the wideband i-f receiver discussed above, the frequency coverage 
is determined by the i-f pass band. It is clear that if the i-f amplifier 
could be made to amplify frequencies from zero to / , then the total band 
coverage would be 2/ because the two adjacent sidebands could be 
employed as shown in Fig. 8-11. 

In practice, of course, it is not possible to extend the i-f pass band to 
zero frequency. Thus a "ho le" in the response curve will appear at the 

2 Mc/sec 2 Mc/sec 2 Mc/sec 

F I G . 8-11.—Coverage of the 9320- to 9430-Mc/sec band by a superheterodyne receiver 
using a frequency-modulated local oscillator. Local-oscillator frequencies of 9335, 9375, 
and 9415 Mc/sec are produced by modulating a local oscillator on 9375 Mc/sec with a 
40-Mc/sec sine wave. The i-f pass band extends from 1 to 21 Mc/sec. The 2-Mc/sec 
"ho les" are filled by "wobbling" the local-oscillator frequencies over 4 Mc/sec with a 
small amount of power-line frequency f-m. 

local-oscillator frequency, the width of the hole being twice the low-
frequency cutoff of the i-f pass band. If the frequency width of the hole 
is made less than the frequency-spectrum-width of the received pulse, 
a pulse that is centered on the hole is still amplified although with reduced 
gain and considerable distortion. 

The coverage of such a receiver is, of course, limited by the maximum 
frequency response of the i-f amplifier. If greater frequency coverage 
than can be attained in this way is desired, it can be had by providing 
additional local oscillators. To understand the principle of such a 
receiver, assume that three local oscillators, separated by 40 Mc/sec, 
furnish power to the same crystal mixer. If the i-f pass band extends 
from 1 Mc/sec to 21 Mc/sec, the r-f coverage would then be as indicated 
in Fig. 811 . It is clear that 122 Mc/sec is covered all the time (except 
for the three 2-Mc/sec gaps) by a receiver using an i-f amplifier of about 
one-sixth this total bandwidth, with some overlapping of bands. To fill 
in the 2-Mc/sec gaps, a small amount of audio-frequency FM (total 
deviation 4 Mc/sec) is applied to the local oscillators. This is obtained 
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by applying a small a-c voltage, derived from the power line, to the 
reflector. The beats between the local oscillators lie at multiples of 
40 Mc/sec, outside the i-f pass band. 

In the sine-wave frequency-modulated receiver the three local-
oscillator frequencies are obtained from a single tube by frequency-
modulating a velocity-modulated local oscillator. This is accomplished 
by the application of a sine-wave voltage to the reflector. It is well 
known that, if an oscillator of frequency F is frequency-modulated by a 
sine-wave of frequency fm, discrete frequencies F ± nfm among others 
will appear simultaneously in the output (n is a positive integer). Con
sequently, to provide for the local oscillators shown in Fig. 8-11, 40-Mc/ 
sec frequency modulation is required. The number and relative ampli-
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9373-7 ?Mc 
9413-7J 
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FIG. 8-12.—Block diagram of a superheterodyne receiver using a sine-wave frequency-
modulated local oscillator as shown in Fig. 8-11. 

tudes of frequencies appearing depend upon the frequency deviation 
used. In practice these parameters depend upon the characteristics of 
the local oscillator tube. 

The video pass band is made very narrow (less than 0.3 Mc in the exam
ple, Fig. 8-12) to avoid overlapping into the i-f pass band; consequently 2-
Msec beacon interrogation pulses are distorted so badly that pulse-width 
discrimination is impossible. However, a signal suitable for triggering 
the succeeding beacon circuits is produced. 

Figure 8-17 shows a block diagram of a complete receiver using local-
oscillator frequency modulation. Figure 8-13 is a photograph of such a 
receiver used in AN/UPN-3, a portable 3-cm beacon. The specifica
tions call for a minimum sensitivity of 90 dbw and no pulse-width 
discrimination. Emphasis is placed on light weight, low power consump
tion, and ease of adjustment. A complete circuit diagram of the receiver 
and an analysis are given in Microwave Receivers, Vol. 23, Chap. 19. 
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This type of receiver provides the widest coverage for a given i-f 
bandwidth. In the example given, and in actual practice, only three 

-j local-oscillator frequencies are used. Actu
ally, because of the characteristics of f-m 
sidebands, other virtual local oscillators are 
present at + 80 Mc/sec from the center fre
quency, others at +120 Mc/sec, and so on, 
with less and less power. In the receiver 
described, enough local-oscillator power is 
present so that two additional 40-Mc/sec-
wide regions exist, one on either side of the 
main frequency-coverage band; receiver 
sensitivity in these is down only 10 to 15 
db as compared with the central region. 

Increasing the coverage by actually pro
viding more local oscillators is no doubt 
feasible. This would reduce the sensitivity 
somewhat by increasing the crystal current 
in the mixer above the optimum, but the 
reduction would not be great. 

It is possible to create the sideband 
powrer needed for virtual local oscillators by 
applying the modulating voltage to the crys
tal mixer rather than to the local oscillator. 
By such methods, higher modulating fre
quencies can be used than can successfully 
be applied to local-oscillator tubes. 

If the i-f amplifier has a pass band from 
1 to 100 Mc/sec, one local oscillator fre
quency-modulated at 200 Mc/sec (if this 
were feasible) would give a coverage of 600 
Mc/sec by the methods already used. If 
three such modulated LO's were used, a 
coverage of 1800 Mc/sec could be obtained. 
These coverages are sufficiently great to 
require reexamination of the selectivity of 
r-f components. 

8-16. M i x e r s . Crystal Mixers.—The 
mixer1 in a superheterodyne receiver is the 
component in which the r-f signal is mixed 

with the local-oscillator frequency to produce the intermediate frequency. 
1 For a complete discussion of mixers see Microwave Receivers, Vol. 23, Chap . 2, 

Radia t ion Labora tory Series. 

F I G . 8-13.—Lightweight, 
low-power receiver strip using 
f r e q u e n c y-modulated l o c a l 
oscillator, designed for the port
able 3-cra beacon, A N / U P N - 3 . 
(a) Leads to power terminals. 
(b) 40-Mc/sec oscillator, (c) I-f 
input, (d) I-f amplifiers, (e) 
S e c o n d detector. (/) Video 
amplifier, (g) Multivibrator 
(output trigger). 
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At 10,000 Mc/sec and higher frequencies, it may consist of a section of 
waveguide suitable for the frequency range considered, with a crystal 
mounted across the guide. At lower frequencies the mixer may consist 
of a section of coaxial line. In either case, the line must be properly 
terminated to prevent r-f loss. This requires a tuning adjustment if 
maximum power sensitivity is desired for all crystals of a given type. 
With a fixed-tuned adjustment, up to 1 db in sensitivity may be lost 
with some crystals. The mixer must also be sufficiently broadband to 
cover the frequency band used. This requirement is, in general, easy 
to meet. 

Mixer Crystals.—Two quantities which are measures of the per
formance of a mixer crystal1 are the conversion loss and output noise 
ratio (noise temperature). The output noise ratio indicates how much 
more noise is generated by the crystal than by an equivalent resistance 
at the same temperature. Numerical values for a number of crystals in 
common use are given in Table 8 1 . 

T A B L E 8 -1 .—CHARACTERISTICS OF M I X E R CRYSTALS 

Crystal 

1N21 \ 
1N21A[ 
1N21BJ 
1N23 \ 
1N23A } 
1N23BJ 

Band, 
cm 

10 

3 

Max. conversion loss, 
db 

8.5 
7.5 
6.0 

10.0 
8.0 
6.5 

Output noise ratio, 
max. 

4.0 
3.0 
2.0 
3.0 
2.0 
2 0 

Tube Mixers in the Microwave Region.—Some triodes may be used 
as mixers in wide-coverage 10-cm superheterodynes. At first sight it 
appears that a tube mixer with its high noise factor (about 10 db more 
than a crystal) would give an unwarranted loss in sensitivity over what 
might be obtained with a crystal mixer. However, the noise factor of a 
wideband i-f amplifier may be high, perhaps as much as 10 db. Thus, 
with a crystal mixer, the noise level might be primarily that of the i-f 
amplifier. Consequently, there is little loss in sensitivity with a tube 
mixer as long as its noise factor is not much greater than that of the i-f 
amplifier. Moreover, triodes give conversion gain (10 db in one 10-cm 
experimental model), thus overbalancing i-f noise and requiring less gain 
in the i-f stages than would be required for a ciystal mixer. 

From Eq. (1), Sec. 8-7, we can see just what loss in performance may 
be expected in a representative case. Suppose we have a crystal mixer 

1 Mixer crystals are discussed in detail in Crystal Rectifiers, Vol. 15, Radia t ion 
Labora tory Series. 
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with a gain </i of i (conversion loss 6 db) and an output noise ratio of 2.0. 
Its noise factor Fi is then 4-2 or 8. Suppose the noise factor F 2 of the 
wideband i-f amplifier is 10 (10 db). The noise factor of the receiver is 

then 8 + * ~ l = 44 = 16.5 db. 

If we now substitute for the crystal mixer a tube mixer whose noise 
factor is 100 (20 db), but which has a conversion gain gi, of 10, the noise 

factor of the receiver will be 100 H r^— = 101 = 20 db. Thus the 

tube mixer reduces the performance by only 3.5 db in this case. 
A 10-cm mixer cavity using the 2C40 lighthouse tube is described in 

Sec. 7-10. The noise factor of such a mixer is about 100 with 20 mw of 
local-oscillator excitation. Because of the tight coupling and electron 
loading the Q is about 10, assuring adequate coverage of the 66-Mc/sec 
band. 

One useful characteristic of the triode mixer is that antenna duplexing 
can be combined with mixing in the same component, as we have seen 
in Sec. 7-10. 

8-16. Receiver AFC.1—Automatic frequency control2 is desirable in a 
beacon superheterodyne receiver to assure that the receiver covers the 
specified band of frequencies at all times. In the superheterodyne 
receiver, which in the majority of cases covers the required frequency 
band without much excess coverage, the need for AFC arises from changes 
in frequency of the local oscillator resulting from thermal drifts, aging, 
line-voltage changes, and so on. The function of an AFC circuit is to 
prevent drift of the local oscillator. Although drift can be minimized by 
careful construction of the receiver, AFC eliminates not only the possi
bility of its passing unnoticed but also the necessity for manual control of 
the tuning—an important point in assuring ease and reliability of 
operation. 

The Phase Discriminator.—Like all automatic control systems, AFC 
systems depend for their operation on the generation of an error signal. 
In a beacon receiver, it is required that the local oscillator be tuned to be 
as close as possible to a specified frequency. With microwaves, this 
standard frequency can be set most easily by means of a fixed resonant 
cavity (see Fig. 8-14). The error signal required for AFC may be 
obtained by modulating the frequency of either the local oscillator or the 
cavity. The error signal thus obtained should not only indicate devia
tion from the correct frequency but also the sign of the deviation. Since 
it is much simpler to produce the desired modulation of the local oscillator 

1 By J. H. Tinlot and E. R. Gaerttner. 
2 A complete description of receiver AFC is given in Microwave Receivers, Vol. 23, 

Chap. 30, Radiation Laboratory Series. 
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than it is to modulate the frequency of the standard cavity, only the 
former means will be discussed. 

The phase discriminator circuit to be described provides a control 
signal that acts only when the oscillator is tuned to a frequency slightly 
lower than that of the cavity. If the oscillator is tuned higher than the 
cavity frequency, no control (or error) signal will result; other means of 
correcting such a deviation are provided, 

A means of detecting on which side of the cavity frequency the 
oscillator is tuned is provided by sine-wave frequency modulation of the 
oscillator. Suppose the frequency of the oscillator to be momentarily 
slightly higher than that of the cavity, and suppose that a little frequency 
modulation is applied to the local oscillator. The signal appearing at the 
output of the cavity crystal will be a superposition of a rectified d-c 

To mixer 

Local 
oscillator 

t 
Control 
circuit 

, ! , Standard 
cavity 

I 
Detector 

F I G . 8-14.—Block diagram of receiver AFC circuit. 

voltage and an a-c component, because the oscillator is tuned to a fre
quency corresponding to a sloping portion of the cavity response curve. 
If the local oscillator is at a frequency slightly lower than that of the 
cavity, the same situation results, but with the important exception that 
the a-c component will now be exactly 180° out of phase. I t is the dif
ference in phase between the modulating voltage and the a-c component 
of the error sighal that is used to determine whether the oscillator is tuned 
higher or lower than cavity frequency. 

Gas-filled-tube Control Circuit.—One widely used control circuit 
employs two 2D21 gas-filled tubes. If we neglect for the moment the 
action of the first tube, the second, or search, tube causes the local oscil
lator to change in frequency at a slow rate from higher to lower frequen
cies. A further slight frequency modulation is effected by a superimposed 
60-cps voltage. A sawtooth oscillation is produced at the plate of the 
gas-filled tube with a frequency of about 3 cps. When it is applied to 
the local-oscillator reflector through an isolation circuit, the local-oscilla
tor frequency also varies along a sawtooth path. Thus, the local-oscillator 
frequency searches for the cavity frequency. 

The amplified output of the crystal detector of the reference cavity is 
applied to the control grid of the first gas-filled tube, and a 96-volt, 60-cps 
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signal is applied between its screen grid and cathode. When the local 
oscillator is tuned far from the cavity frequency or is even slightly above 
the proper frequency, the tube remains nonconducting and does not 
affect the sawtooth oscillation of the search tube in any way. When the 
local oscillator is tuned slightly below the cavity frequency as a result of 
the search of the second tube, both the control grid and the screen grid are 
driven positive in phase and cause the tube to conduct. Small sawtooth 
oscillations with a frequency of 20 cps are produced at its plate and used 
to counteract the sawtooth action of the search tube. The result is 
that the local-oscillator frequency hunts around the cavity frequency. 
This type of circuit, using a reference cavity of Q ~ 1000, will stabilize 
the frequency of a 2K28 10-cm local oscillator to +0.5 Mc/sec. 

WIDE-COVERAGE RECEIVERS: CRYSTAL-VIDEO RECEIVERS 

B Y E. R. GAERTTNER 

8-17. Video Crystals and Crystal Detection.—The crystal-video 
receiver consists, as its name implies, of a crystal that detects the r-f 
signal received from the antenna and an amplifier that amplifies the 
resulting video signal. For a crystal detector at low levels of signal, the 
output power is accurately proportional to the square of the r-f signal 
power. The sensitivity is inherently less than that of a crystal used as a 
mixer in a superheterodyne, which produces output power proportional 
to the r-f signal power. 

Components of a Crystal-video Receiver.—In a crystal-video receiver, 
the r-f pulse passes from the antenna line through a matching transformer 
to the crystal detector. The rectified pulse appearing across the output 
terminals of the crystal detector is then amplified by the video amplifier. 
The ultimate sensitivity depends upon the r-f match, the crystal, and the 
coupling into the amplifier. Because of the low detection efficiency of 
the crystal, the r-f circuit and the video circuits are, in effect, decoupled. 

Crystal Holders.—At 10 cm, the crystal is mounted at the end of a 
coaxial line with a suitable choke system for bringing out the video pulse. 
Matching transformers, either tunable or fixed-tuned, are used to match 
the r-f line to the crystal. Examples of 10-cm holders are shown in 
Fig. 815. 

At 3 cm, the detector crystal is mounted either at the end of a coaxial 
line or across a waveguide. An example of a tunable 3-cm holder for 
1N30 crystals is shown in Fig. 8-16. A commonly used fixed-tuned 
coaxial holder matches over 50 per cent of all 1N31 crystals to within 1 db 
loss over the 110 Mc/sec band. 

Frequency Coverage.—The wideband coverage of the crystal-video 
receiver can be attributed largely to the inherent insensitivity of crystals 



SEC. 817] VIDEO CRYSTALS AND CRYSTAL DETECTION 173 

to changes of frequency; it is limited only by the frequency sensitivity of 
the r-f components. The r-f crystal circuit, consisting of the holder 
and the crystal, can, in general, be represented by a low-Q resonant cir-

FIQ. 815.—Ten-centimeter crystal holders, (a) Tunable. (1) tuner; (2) r-f input; (3) video 
output, (b) Fixed-tuned. (1) fixed tuning stub; (2) r-f input; (3) video output. 

cuit. At 10 cm it has a Q of 5 to 10. At 3 cm the Q is somewhat larger 
because of the large r-f transformation ratios required by the capacity of 
the tungsten-silicon contact. The limits of frequency coverage result, 
of course, from the frequency sensitivity of these matching structures. 
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Sensitivity.—Let us now consider the crystal and its coupling into the 
video amplifier. Aside from the r-f loss, it is this part of the receiver 
which determines its ultimate sensitivity.1 

F I G . 8-16.—Tunable 3-cm crystal holder, (a) Tuner. (&) Cap, removable for crystal 
replacement, (c) R-f input, (d) Video output connector. 

The process of rectification, that is, the conversion of r-f power into 
d-c power, is customarily described by the equation 

P 

where P is the r-f power, i is the current into a short circuit, and 6 is the 
constant of rectification in watts per ampere and is of the order of mag
nitude of unity. The crystal can now be regarded as a current source 
shunted by its video resistance and the combined capacitance of the r-f 
circuit and the first amplifier tube, as shown in Fig. 8-17. Disregarding 
the effect of the capacitance on transient signals, the signal voltage 
appearing on the grid of the first tube is therefore 

e = R~ (2) 

1 A complete analysis of crystal detection is given in Crystal Rectifiers, Vol. 15, 
Radiation Laboratory Series. 



SEC. 8-17] VIDEO CRYSTALS AND CRYSTAL DETECTION 175 

This signal appearing on the grid of the first amplifier tube must, of 
course, compete with the thermal (Johnson) noise, which originates 
mainly in the crystal, and the shot and partition 
noise of the first amplifier tube. If RA is the 
equivalent noise-generating resistance of the first y* # | 
stage (approximately 1200 ohms) and R is the t 
video resistance of the crystal, then the root- l e l /£ c u i

8
t ' \7

o r ^ ^ i 
mean-square noise voltage n generated in these detector. 
resistances in series is 

n = \/±kTB(R + RA). (3) 

T is the absolute temperature, k is the Boltzmann constant, 1.38 X 10~23 

joule/degree, and B is the video bandwidth. The resistance R can 
vary from a few thousand ohms to about 20,000 ohms (see Table 8-2) 
and RA is about 1200 ohms. 

The ratio of Eqs. (2) and (3) gives the signal-to-noise ratio, 

\b \/R + RAJ VikfB 
(4) 

The bracketed quantity (with RA taken as 1200 ohms) is largely charac
teristic of the crystal and is defined as the video crystal's "figure of 
merit" (F). I t is seen that for a given receiver bandwidth and specified 
signal-to-noise-ratio the receiver sensitivity varies inversely as the figure 
of merit. Values of receiver sensitivity as a function of figure of merit and 
receiver bandwidth are given in Fig. 8-18. 

It is noteworthy that the minimum detectable power varies directly 
as the square root of the video bandwidth. This means, in general, that 
increased receiver sensitivity is obtained at the expense of fidelity. 

I t is also worth remarking that, for a given value of b, the higher 
figures of merit are obtained for higher values of the video impedance R. 
The range of values of video impedance that can be tolerated in any par
ticular application depends upon the fidelity required of the receiver and 
especially upon whether or not pulse stretching will be objectionable. 
High-impedance crystals result in a longer time constant at the first grid 
and, therefore, in longer discharge times of the grid capacity. In 
receivers designed for pulse-width discrimination, low-impedance crystals 
must be used. 

One effect of changing the video impedance of the crystal is to change 
the absolute noise level. Crystals with equal figures of merit but differ
ent video impedances will have equal signal-to-noise performance but 
different noise levels. Allowance must be made for this in video ampli
fier design; a gain control may be necessary. 
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Crystal Burnout.—In some systems the r-f power input can reach 
large values and the crystal must be able to withstand high pulse powers 
without damage. I t can happen that a ground beacon operating close 
to a high-powered radar installation will receive signals of 1 watt r-f 
pulse power. Some approximate numerical values of burnout power are 
given in Table 8-2. 

0.1 0.2 0.4 0.6 0.8 1.0 2.0 4.0 6.0 8.0 10 20 40 
Video bandwidth in Mc/sec 

F I G . 8-18.—Sensitivity of crystal-video receiver (signal power = noise power) as a 
function of video bandwidth for values of the crystal figure of merit shown on the curves. 
These values are higher than those realized in beacon receivers, where a margin of 4 db or 
more ia required for triggering. 

Video-crystal Specifications.—The specifications of figure of merit {F) 
and video impedance for a number of commonly used video crystals are 
summarized in Table 8-2. The values are for an ambient temperature of 
20 to 25°C. 

T A B L E 8 -2 .—CHARACTERISTICS OF V I D E O C R Y S T A L D E T E C T O R S 

Crystal 

1N27 
1N30 
1N31 
1N32 

Band, cm 

10 
3 
3 

10 

Figure of merit, 
minimum 

60 
55 
55 

100 

Video impedance, 
ohms 

4000 (max) 
7000-21,000 
6000-23,000 
5000-20,000 

Burnout, 
peak watts 

2.5 
1 
0.5 
2.5 
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Low-temperature Performance of Video Crystals.—The theory of the 
rectification process in a crystal leads one to expect that its properties 
will vary radically with temperature; this is verified experimentally. At 
low temperatures, the video impedance R becomes very large, and the 
rectification constant b increases. This tends to maintain the figure of 
merit constant, but the noise level of the crystal changes with the video 
impedance. Thus, a set that has been adjusted to trigger perhaps once a 
second on noise at 20°C may trigger continuously at — 10°C. 

There is no solution for this within the crystal; it is an inherent prop
erty of the device. The practical solution may lie in adjusting the gain 
as the temperature varies, if the change in video impedance is not other
wise harmful. Alternatively, the temperature range of the crystal may 
be suitably restricted by temperature control of the crystal holder. The 
latter alternative is generally preferable. The degree of control required 
is not great. I t is sufficient to keep the temperature of the crystal from 
dropping below 0°C. 

8-18. Video-amplifier Design.—The amplifier for a crystal-video 
receiver1 must have high gain and also must handle large dynamic ranges 
for incoming signals. Furthermore, for some applications, high fidelity 
is required. 

Gain.—To obtain maximum sensitivity the amplifier should have 
gain enough to bring pulses just above the noise level up to an amplitude 
of about 10 volts, sufficient for triggering the succeeding beacon circuits. 
If one assumes an impedance of the source of 3000 ohms, a 1-Mc/sec 
bandwidth, and a 3-db noise factor, the noise voltage input at room 
temperature is 10 nv. To obtain an output of 10 volts, a gain of about 
120 db is required. The gain required will be different for other band-
widths, output levels, and source impedances, but the order of magnitude 
will remain the same. 

A consequence of high video gain is trouble with microphonics, which 
are not usually annoying in the low-gain video amplifier of a super
heterodyne receiver. 

Since microphonics are due to mechanical vibrations of the tube 
elements, their spectrum lies largely within the audio-frequency range. 
They can, therefore, be eliminated or much reduced in intensity by 
reducing the gain at these relatively low frequencies. Unfortunately, 
this cannot always be done without interfering with the fidelity required 
to give the good reproduction of the pulse shape required for pulse-width 
discrimination. A compromise must, therefore, be made between 
excessive microphonics and high fidelity, by introducing a suitable low-
frequency rejection circuit into the video amplifier. 

1 For a detailed discussion, see Vacuum Tube Amplifiers, Vcl. 18, and Microwave 
Receivers, Vol. 23, Radiation Laboratory Series. 
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Dynamic Range of R-f Signal Strength.—The overload properties of 
the amplifier must be good because of the wide range of r-f signal strength 
encountered. For example, the r-f power received by the antenna can 
vary from the minimum detectable value of about 10 - 8 watt up to 1 
watt for a near-by interrogator. Special care must be taken, therefore, 
to prevent blocking of the amplifier by strong signals for any considerable 
period of time. 

Pulse stretching occurs with the stronger input signals. For an 
amplifier intended for use with a pulse-width discriminator, it can happen 
that strong 1-psec pulses are stretched to 2-^sec pulses in the receiver 
circuits. These, of course, get through the discriminator adjusted to 
accept 2-Msec pulses. By choosing video crystals of low impedance and 
by careful amplifier design, it has been possible to exclude l-/xsec r-f 
pulses that have an r-f pulse power 60 db above the minimum detectable 
level for a 2-jusec pulse. 

Crystal-video receivers may be classified in many ways, depending 
upon their applications. For the sake of illustration, they may be 
classified as follows: high-fidelity receivers and low power-drain receivers. 
High fidelity is a prerequisite for a receiver suitable for pulse-width 
discrimination, and low power drain is a prerequisite for a receiver to be 
used in a lightweight beacon. These two properties are not independent, 
for, in general, to get a large bandwidth, large plate currents (and small 
plate load resistors) must be used to obtain adequate gain; this in turn 
calls for high power drain. Examples of a receiver designed primarily 
for high fidelity, and one designed primarily for minimum power con
sumption, are given below. 

High-fidelity Receiver.—A high-fidelity receiver is used in the 
AN/CPN-8 beacon, a medium-power 10-cm beacon for ground instal
lations. The specifications call for a minimum triggering sensitivity 
of 74 dbw and pulse-width discrimination. 

The components consist of a 1N27 crystal in a tunable 10-cm holder, 
and a six-stage resistance-coupled amplifier, using three 6AC7 tubes in 
the stages where the control grid is driven negative and three 6AG7 
tubes in the stages where the grid is driven positive. 

The characteristics of the amplifier are the following: gain 120 db, 
discrimination 50 db, recovery time 25 ynsec, bandwidth 1.7 Mc/sec. 
Aside from amplifier design, stretching is avoided by using low-impedance 
crystals, less than 4000 ohms. To shape the pulse properly, the video 
pass band extends down to 100 kc/sec. The gain is still sufficient at 
audio frequencies to result in some microphonics. These can be over
come for the most part by shock-mounting the first amplifier tube. The 
recovery characteristic permits the receiver to pass a weak 2-jtsec pulse 
25 ftsec after receiving a strong l-/isec pulse. 
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Receiver with Low Power Drain.—Such a receiver is used in the 
AN/UPN-4, a portable 3-cm beacon. Two basic design parameters 
are lightweight and low drain, because the equipment is battery-operated. 
The specifications call for a minimum triggering sensitivity of 77 dbw 
and no pulse-width discrimination. 

The components consist of a 1N31 crystal mounted in a 3-cm holder, 
and a five-stage resistance-coupled amplifier using 3A5 miniature dual 
triodes. 

The characteristics of the amplifier are: gain 120 db, bandwidth 
250 kc/sec, and recovery time 150 ^sec. The gain in the audio range is 
too small for microphonics to give trouble. Multiple overshoots are 

FIG. 8-19.—A 10-cm crystal-video receiver using SD-834 tubes, (a) R-f filter, (b) Tube 
holder, (c) Crystal holder. Photo is two-thirds actual size. 

produced and are "ga ted" out by the trigger circuit that follows the 
receiver. The total power drain is 3.2 watts of plate power and 0.9 
watt of filament power. 

Figure 8-19 shows a small receiver using SD-834 tubes; it is slightly 
larger than a cigarette case. 

Miscellaneous Properties.—Other characteristics of receivers must be 
considered for certain applications, as, for instance, operation from 
28-volt d-c aircraft supplies, special output circuits, two-channel inter
rogation, and so on. Noteworthy also are types of amplifier coupling 
other than resistance coupling, such as inductance coupling and direct 
coupling. For further discussion, see Vacuum Tube Amplifiers, Vol. 18, 
Chap. 4, and Microwave Receivers, Vol. 23, Chap, 20, of this series. 



CHAPTER 9 

INTERROGATION CODING 

B Y C. L. LONGMIRE AND G. P. WACHTELL 

I t is frequently desirable to use coded interrogation in a beacon-
interrogator system to allow the beacon to ignore ordinary radar search 
signals and concentrate on answering interrogators that desire to " see" 
it. Interrogation coding is not used in some lightweight, low-power 
beacons, however, because the decoding circuit adds to the weight and to 
the power requirements. I t also places more stringent requirements on 
the receiver; this is especially true in pulse-width coding. 

The signal characteristics most often used for interrogation coding 
are radio frequency, pulse width, pulse-repetition frequency, and pulse 
spacing in multiple-pulse codes. Radio-frequency decoding is introduced 
quite naturally by using a receiver with a limited bandwidth. Methods 
of decoding other types of codes are discussed at length in the following 
sections. 

Coded interrogation has uses other than the identification of interroga
tors desiring to interrogate beacons. One such use, for example, is in 
remote control of equipment located at the beacon. A discussion of 
methods for its use in this way is to be found in Chap. 11. 

PULSE-WIDTH DISCRIMINATORS 

B Y C. L. LONGMIRE 

In considering methods of interrogation coding to be used by air
borne radar sets, it was early decided that pulse-width coding was the 
simplest and most economical. Early microwave radars used search 
pulses of 1-̂ isec duration or less; it was natural, therefore, to choose 
2-jusec pulses as the standard beacon-interrogation signal. The beacon 
discriminator then had to reject signals of less than 1.9-/usec duration (to 
allow a margin of safety). Later, when microwave radars with 5-/isec 
search pulses were designed, the discriminators had to be designed to 
reject signals longer than about 4.5-/i*sec as well. 

There are two basic circuit types that can be used in pulse-width dis
crimination; each may have several variations. One may be called the 
"integrator" type and the other the "delay-line" type. 

9-1. Integrator Discriminators.—In the integrator type of circuit, the 
received signal is converted into a sawtooth voltage, of constant slope 

180 
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for all signals greater than the threshold level, and with a duration equal 
to that of the signal. Obviously, the maximum amplitude of the saw
tooth voltage is then directly proportional to the duration of the signal. 
The sawtooth wave is applied to biased amplifiers arranged to give an 
output trigger when the peak of the sawtooth voltage is within the proper 
limits. 

+250 v 

Neg. trig-

Neg. 
signal in 447 k 12.7 

Fia. 9-1.—(a) An integrator-type discriminator rejecting short puUes. The minimum 
pulse width accepted is determined by a potentiometer adjustment. Vi—input diode. 
Vi—integrator. Va—biased amplifier. Ri—potentiometer for adjustment of minimum 
pulse width accepted. (6) Waveforms at numbered points. 

Discriminator to Reject Short Pulses.—An example of an integrator-
type discriminator designed to reject short pulses only is shown in Fig. 
9-1. Waveforms are sketched for several points. The signal from the 
receiver is negative and limits at 20 to 40 volts. On the end of the signal 
there is apt to be a positive "overshoot" of short duration, and the base
line is cluttered with noise, 6 to 10 volts peak to peak. 

The signal is first passed through a diode to remove the positive over
shoot. If this were not done, the overshoot would cause grid current to 
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flow in the integrator tube that follows; this current would produce an 
additional voltage drop across the coupling condenser, which would per
sist for some time after the positive overshoot ended. The resulting 
shift in integrator grid voltage would be greatly amplified in the integrator 
plate circuit, and the sawtooth waveform for a following signal would 
start from a different voltage level, causing a shift in the minimum 
acceptable pulse width. The diode also removes the positive part of the 
noise and, by virtue of a small bias built up on the coupling condenser by 
rectification of noise, some of the negative part. 

The signal, still negative, but with the overshoot and some noise 
removed, is then applied to the grid of the integrator tube. The grid 

Operating -
point 

Path of 
- — operation 

~ - --_ 
<«» Ep- E" 

2jusec 

0.75 
Msec Saturated signals 

^ Weak signals 
Saturated signals 

Weak signals 

to (d) 
F I G . 9-2.—Characteristics of pentode and triode integrators. In (a) and (b) are shown 

the plate characteristics of pentodes and triodes for various values of grid bias; in (c) and 
(d) are shown the corresponding integrator waveforms. In (c) and (d) the full lines show 
the operation with 2-/jsec signals and the dotted lines with 0.75-jisec signals. 

return resistance must be fairly low because it must discharge the stray 
capacitance at the end of a signal when the diode does not conduct. The 
integrator is a sharp cutoff pentode normally at zero bias, the plate cir
cuit of which consists of a parallel resistance-capacitance circuit with 
a time constant of about 5 /^sec, including the effect of stray capacitance. 
When the negative signal is applied to the grid, plate current becomes 
zero for all signals above the threshold level, and the plate voltage rises 
with an exponential waveform that is approximately linear for the first 
2 or 3 jusec. At the end of the signal, plate current resumes, and the 
plate-circuit capacitance is discharged rapidly to the original voltage 
level. Quick return of the plate voltage is desirable, because it reduces 
additive effects for closely spaced signals and thereby reduces plate-volt
age fluctuations resulting from noise. 
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To achieve a quick return, the plate-circuit capacitance should be 
small and the tube should be capable of drawing large currents. The 
minimum capacitance is the stray capacitance, but this should not be 
used alone as it may vary from set to set. 

I t is usually possible to obtain larger currents for low plate voltages by 
using pentodes rather than triodes with the same cutoff voltage [see Fig. 
9-2 (a) and (b)]. Another advantage of the pentode is the removal of 
some baseline noise by virtue of the coincidence of several grid-voltage 
curves at the operating point. A third advantage is that signals weaker 
than the threshold level do not have so great an effect as in a triode cir
cuit [see (c) and (d) of Fig. 9-2]. Weak short signals (noise) are "ampli
fied" more in the triode circuit. Noise on the integrator plate results in 
" t ime j i t ter" and broadens the discrimination. 

The sawtooth voltage is applied to the grid of the biased amplifier, 
the bias of which is adjusted so that, when the signal is longer than the 
minimum acceptable signal, the tube conducts and delivers a trigger to 
the blocking oscillator, which is normally biased off. The discriminator 
output trigger is obtained from the plate circuit of the blocking oscillator. 
The recovery time of the blocking oscillator is kept small by using a bias 
network with a small time constant. Quick recovery in all discriminator 
circuits is essential to maintaining a constant level of discrimination. 

I t is clear that the delay in this discriminator is constant, barring 
threshold effects, with respect to changes in signal width and amplitude. 
Threshold effects are discussed below (Sec. 9-6). The actual delay from 
leading edge of signal to leading edge of output trigger is about 2.5 jusec 
when the circuit is adjusted to discriminate at 1.9 /isec. Of the total 
delay, 1.9 jusec is unavoidable, because it is impossible to tell whether a 
signal is 1.9 /isec long or longer without allowing the signal to continue for 
at least that length of time. The remainder of the delay is due to the 
blocking oscillator. 

Discriminator to Reject Short and Long Pulses.—The integrator princi
ple can also be used for rejection of long signals. Figure 9-3 shows an 
example of a "trailing edge" type of discriminator, so called because the 
output trigger is initiated by the end of the signal. It is evident that, for 
the discriminator to accept only signals between 2 and 5 j*sec in duration, 
there must be a delay of at least the duration of the signal in question. 

In Fig. 9-3, the diode and integrator stages are identical with those of 
the circuit just discussed. Following the integrator is a biased cathode 
follower with a differentiating network in the plate circuit. If the saw
tooth output of the integrator is large enough to drive the cathode fol
lower to conduction, the differentiating network generates a rather sharp 
positive trigger at the end of the signal. The bias on the cathode follower 
is so adjusted that for a signal 1.9 Aisec long this trigger is just large enough 
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to initiate regeneration in the blocking oscillator, which then produces the 
output trigger. 

The cathode circuit of the cathode follower reproduces that part of the 
sawtooth input which is above the conduction level and passes it on to 
the grid of the biased amplifier. The bias of this tube is adjusted so that 
signals longer than 4.5 jisec cause conduction; the negative waveform 
generated in the plate circuit then cancels the positive trigger, which 
comes from the differentiating network at the end of the signal, and the 
blocking oscillator is not driven into the regenerative region. 

+250v 

-105v — 
FIG. 9-3.—An integrator-discriminator which accepts only pulses between 2 and 5 jusec 

long. V\—diode; Vz—integrator; Yia—differentiator and cathode follower; Vsb—biased 
amplifier; Vt—blocking oscillator; Ri—adjustment for minimum pulse width accepted; 
Ri—adjustment for pulse-width interval accepted. 

There are doubtless many possible variations of the integrator type of 
pulse-width discriminator. The examples given are discriminators that 
have been used in beacon circuits and have proved satisfactory. 

9-2. Delay-line Discriminators.—Unlike the integrator type of dis
criminator, which may be said first to convert pulse width functionally 
into pulse amplitude and then to discriminate on the basis of pulse ampli
tude, the delay-line discriminator actually discriminates on the basis of 
pulse width. The principle used, in general, is to compare the time 
duration of the signal with a fixed standard time interval obtained from a 
delay line or other delay device. 

Discriminator to Reject Short Pulses.—Figure 9-4 shows an example of a 
delay-line discriminator for rejection of short pulses. The purpose of the 
diode is, as in the integrator discriminator, to remove positive overshoots 
and to eliminate a substantial portion of the receiver noise. The next 
stage is a limiter that saturates at about 4 volts; signals below this level 
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are disregarded. The delay line is matched in impedance at the input end 
and open-circuited at the other. A voltage step applied at the input at a 
given instant travels down the line, is reflected, appears at the input 1.6 
usec later, and adds to the initial voltage step. No further reflections 
occur because of the impedance match. 

If a 1-jisec signal is applied, the waveform at the amplifier grid is as 
shown in Fig. 9-4. The bias of the amplifier tube is large enough so that 
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F I G . 9-4.— (a) A delay-line discriminator which rejects short pulses (less than 1.6 /isec 
in this case). The minimum pulse width accepted is determined mainly by the delay 
line. Vi—diode; Vit,—limiter; Via—biased amplifier; V21,—blocking oscillator, (b) Wave
forms at numbered points in (a), for both l-/xsec signals (which are rejected) and 2-/jsec 
signals (which are accepted). 

this waveform does not cause conduction (the waveform is of constant 
amplitude for all limited signals). However, if a 2 -/xsec signal is applied, 
the initial pulse and the reflected pulse overlap in time at the amplifier 
grid, which is driven twice as far positive as before. The amplifier then 
conducts and triggers the blocking oscillator, which delivers the output 
trigger. 

The delay in this discriminator must be longer than the time required 
for a signal to travel down the line and back. The total delay from 
leading edge of signal to leading edge of output trigger is about 2.5 ^sec, 
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including the time required by the blocking oscillator. Barring threshold 
effects, the delay is constant for changes in signal length and amplitude. 

Discriminator to Reject Long and Short Pulses.—Figure 9-5 shows an 
example of a delay-line discriminator designed to reject short and long 
pulses. No input diode is shown, although a diode may be necessary 
if considerable noise and large overshoots exist. The first stage shown, 
the limiter, should saturate on all usable signals. The delay line coupled 
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F I G . 9-5.—(a) A delay-line discriminator which accepts only pulses between 1.7 and 

3.5 Msec wide. The acceptance interval is 2 X 1.3 Msec + 2 X 0.45 Msec. Vi„—limiter; 
Vib—buffer-inverter; Via—coincidence amplifier; Va,—blocking oscillator, (b) Wave
forms at numbered points for 1-, 2-, and 5-Msec pulses, p—Pulse reflected by 1.3-Msec line. 

to the plate of the limiter is short-circuited at its output end and matched 
in impedance at its input end by R^ The plate resistance of the limiter 
tube should be much greater than Rx so that there will be a good match 
whether the tube is conducting or not. Typical waveforms are shown 
in Fig. 9-56. The short-circuited delay line transforms every voltage 
step into a rectangular voltage pulse of the same sign and 0.9 Msec long. 
Each signal is therefore converted into two rectangular pulses, a posi
tive one starting with the leading edge of the signal, and a negative 
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one starting with the trailing edge of the signal. The buffer-inverter 
inverts these (and therefore must be able to pass both positive and 
negative pulses) and passes them into the 1.3-^sec delay line. The 
pulses travel down this line, are reflected with opposite sign, and appear 
again at the input 2.6 jusec later. Further reflections do not occur 
because Ri, R3, R^ and the buffer-inverter plate resistance in parallel 
are chosen to match the line impedance. Therefore, at the grid of the 
coincidence amplifier there are four successive 0.9-jisec rectangular 
pulses, the first and last of which are negative whereas the intervening 
two are positive. The bias of the coincidence amplifier is such that 
neither of the positive pulses alone will cause conduction; but if the two 

1 positive pulses overlap in time, the grid of the coincidence amplifier is 
driven twice as far in the positive direction as before; the coincidence 

, amplifier then conducts and triggers the blocking oscillator. The two 
positive pulses overlap enough to cause triggering for signals between 
1.9 /usec and 3.3 /xsec long. This allows a 0.2-^sec overlap as the mini
mum amount to cause triggering. 

In Fig. 9-5, the limiter and buffer-inverter are shown as triodes. In 
some cases, it may be necessary to use pentodes to preserve pulse shape 
and still have sufficient gain. Delay lines that have good frequency 
characteristics should be used because less sharp discrimination results 
from rounding off the edges of pulses. 

The delay in this discriminator, barring threshold effects, is constant 
at slightly more than 2.6 jusec for signals between 1.9 /xsec and 2.6 ^sec 
long. For signals between 2.6 ^sec and 3.3 usec long, the delay is 
slightly greater than the duration of the signal. 

There are many other variations of the delay-line type of circuit. 
Different types of coincidence circuits and different arrangements of 
delay lines can be used. The circuits described have the advantage of 
being fairly economical with respect to delay lines, because pulses are 
run down and back to get the same delay with half the usual amount of 
line. 

9-3. Comparison of Integrator and Delay-line Discriminators.—It 
is an experimental result that the integrator type of discriminator can 
be adjusted to give a sensitivity about 3 db better than the delay-line 
type for the same amount of noise firing. The integrator type can be 
set to accept tangential signals (see Sec. 8-3) without triggering appreci
ably on noise alone, but the delay-line type, if set to accept the same 
signal, triggers excessively on noise. The advantage is inherent in the 
integration. In the delay-line type, a high, narrow noise "sp ike" may 
appear at the coincidence tube at just the right time to coincide with a 
l-/xsec signal and cause an output pulse. In the integrator type the 

» same kind of spike would, at worst, only make a 1-jisec signal look a little 
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longer. In other words, the video bandwidth of the integrator is nar
rower than that of the delay-line type; noise is correspondingly diminished. 

The integrator type is more easily adjustable over a wide range than 
is the delay-line type. On the other hand, it is necessary to adjust the 
integrator type but not the delay-line type, which may be factory-set 
at the proper value. 

Delay lines at present are fairly bulky and usually present a special 
problem to a manufacturer. The integrator type uses, in general, no 
more tubes than the delay-line type. 

In integrator-type discriminators that must reject signals longer 
than beacon-interrogation pulses, weak, long signals may cause triggering. 
If the integrator tube is not cut off, the sawtooth voltage has a smaller 
slope and may not reach the amplitude necessary to cause rejection. 
For still weaker signals, the sawtooth voltage does not even reach the 

amplitude corresponding to a 2-jisec sig-
y/\~ nal. I t is apparent that the range of 
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5-jisec pulses which do not saturate increase each of these values slightly, 
the integrator grid may be ac- possibly to 3 and 5 db, respectively. Now, 
cepted. (a) Acceptance interval in ,, r n . 
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terval in amplitude, (c) Saturated r a n g e j according to the inverse square law. 

Thus, in the worst case, all long-pulse 
search radars of a given type between 100 and 180 miles from the beacon 
might trigger a beacon with a superheterodyne receiver of the appropriate 
sensitivity. 

Obviously, the seriousness of the defect depends upon the use of the 
long-pulse search radars and the sensitivity of the receiver. The latter 
is unlikely to have just the critical value to cause failure of satisfactory 
discrimination at horizon range. The defect can be removed, at the 
expense of adding tubes, by adding an amplitude discriminator that will 
not allow the pulse-width discriminator to trigger the coder unless the 
input signal is large enough to cut off the integrator. Circuits of this 
kind are described in the following section. 

From these considerations, it is apparent that the delay-line type of 
pulse-width discriminator should be used when noise is small compared 
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with the minimum signal and a system that requires no adjustment is 
desired. The integrator type has more to offer, on the other hand, for 
adjustability, ease of manufacture, and sensitivity. 

9-4. Delay Considerations.—When it is desired to range on a 
beacon with great accuracy (to about 20 yds, for example), delay in the 
beacon cannot be neglected. It is easy to compensate for the beacon 
delay in the range calculations, provided the value of the beacon delay is 
known. This implies that the beacon delay (and therefore the discrimi
nator delay) must be maintained constant to ±0.1 ^sec over reasonably 
long periods of time for the above range accuracy to be attainable. Delay 
accuracy to ±0.1 jusec except for weak signals can be had with either 
type of discriminator, although the integrator type may, perhaps, 
require more frequent checking. 

Many factors tend to cause variations in discriminator delay. Cor
rections for some of these, like tube aging and replacement of tubes or 
components, can be made during periodic checks by adjustment of the 
over-all delay. Delay variations due to other causes, such as changes 
in interrogation-pulse width and amplitude, receiver noise, voltage-supply 
variations, and temperature variations, must be minimized by suitable 
circuit design. 

When serious delay variations are caused by temperature changes, 
they can usually be eliminated by using capacitors with the correct 
temperature coefficient in the delay network of the discriminator. For 
instance, if increasing temperature causes the resistance in the plate 
circuit of the integrator tube to increase, the time constant of the RC-
circuit can still be maintained constant by using a capacitor with a neg
ative temperature coefficient of the correct magnitude. 

The effects of supply-voltage variations are usually made negligible 
by using a regulated supply. There are, however, methods of compensa
tion for voltage variation. One is to let a bias voltage change in such a 
way as to counteract the effect of change of plate voltage. 

Noise spikes add to or subtract from the signal, when signals close 
to noise are used. The leading edge then appears earlier or later than 
it should. The only successful method of removing this kind of time 
jitter is to increase the ratio of signal to noise. 

Other methods proposed are based on the idea of averaging out the 
noise by viewing several pulse-repetition cycles at once; they require a 
knowledge of the repetition rate of the interrogating signal. Systems of 
this type using supersonic delay lines or storage tubes have been devel
oped. Since several scanning radars with different pulse-repetition 
frequencies are often interrogating a single beacon, which must answer 
each radar, pulse for pulse, this idea does not seem practical for 
beacons. 
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Effect of Signal Length.—Changes of discriminator delay with signal 
length are of two types: threshold variations, which occur when the 
signal is barely long enough to trigger the discriminator, and inherent 
variations, which are fundamental in the method of discriminating. 

The final stages of all the discriminators shown in the two proceding 
sections are regenerative trigger circuits, which, for practical purposes, 
have the property of putting out either a full-sized pulse or nothing, 
depending on the size of the trigger from the preceding stage. Now, if 
the signal length is varied continuously across the threshold value, the size 
of the trigger to the trigger circuit changes continuously from a value too 
small to a value sufficient to initiate regeneration. The action of regen
erative circuits is not instantaneous, because of the retarding effects of 
shunt capacitance and (in this case) leakage inductance. The action is 
an accelerating change somewhat of the form Ae i / r; larger triggers may be 
considered as resulting in larger values of the constant A. As a result, 
the output pulse rises to saturation in a shorter time than for smaller 
triggers. As A approaches zero (corresponding to the threshold), the 
rise time, and therefore the discriminator delay, may increase without 
limit. Actually, we have oversimplified, for the regenerative circuit has 
a minimum frequency for which the gain of the circuit is greater than 
unity, so that, whatever waveform results, the voltage must return to 
the initial value within a half period of this minimum frequency. 

The question "Why not use a high-gain amplifier instead of a regen
erative circuit?" might be asked. The answer is that usually somewhere 
in the beacon there is a trigger circuit; wherever the first one is, there the 
same variation in delay will occur. Even if high-gain amplifiers are used, 
delay variations at threshold will still occur. 

For the blocking oscillators used, the maximum shift of output trigger 
at the threshold is about a microsecond. In the circuit of Fig. 9-1, Sec. 
9 1 , the region of pulse width over which objectionable threshold varia
tions occur is about 0.2 ^sec. This region can be reduced in size by using 
more gain before the blocking oscillator; it is usually sufficient, however, 
when constant delay is desired, to set the discriminator slightly lower 
than normal so that 2-/usec pulses will be clear of the threshold region. 

The discriminator shown in Fig. 9-3, Sec. 9-1, has inherent delay vari
ations with signal length because the output trigger is initiated by the end 
of the signal. This type of discriminator is not suitable for accurate 
ranging, unless special precautions are taken to prevent stretching of the 
signal in the receiver. The discriminators of Figs. 9-1 and 9-4 have 
delays inherently independent of signal length. The circuit of Fig. 9-5, 
Sec. 9-2, has a delay inherently independent of signal length for signals 
between 1.9 and 2.6 ^sec. 
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9-5. Constant-delay Discriminator for both Long and Short Pulses.— 
A discriminator of the integrator type to reject short and long pulses can 
be designed to have a delay inherently independent of signal length; a 
suggested block diagram is shown in Fig. 9-7. The biased amplifier forms 
a negative rectangular pulse from the portion of the sawtooth voltage 
that comes 2 jisec after the beginning. This rectangular pulse travels 
down a l-^sec delay line which is terminated in a small condenser that 
short-circuits only the high frequencies in the pulse. The reflected wave, 
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FIG. 9-7.—(a) An integrator type of discriminator with constant delay, which accepts 
1.8- to 3.8-/isec pulses but rejects shorter and longer pulses. C is a short circuit for high 
frequencies. Vi—biased amplifier; Vt—amplifier, (b) Waveforms at numbered points 
for 2- and 5-jisec signals. R—reflected pulse. 

which is absorbed at the input end, is shown by itself in Fig. 9-7; a short 
positive trigger occurs at the input end 4 jisec after the beginning of the 
signal. If the signal is still present, the positive trigger is canceled by 
the negative pulse still present at the plate of the biased amplifier. If the 
signal has ended at 4 ^sec, the positive trigger drives the coincidence tube 
to conduction; this tube in turn triggers the blocking oscillator. The 
output trigger always comes at slightly after 4 ^sec. In this circuit, 
special precaution must be taken to maintain the d-c level at the biased 
amplifier grid, because grid current flows regularly; either d-c coupling 
from the integrator or d-c restoring can be used. The bias on the biased 
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amplifier determines the lower level of acceptance, and the delajr line 
fixes the interval of acceptance. 

9-6. Effect of Signal Amplitude.—The discriminator delay varies 
considerably for signal amplitude below some particular level. Signals 
that do not cut off the integrator tube cause sawtooth waveforms of a 
lesser slope than normal, and the biased amplifier is turned on at a later 
time. The delay-line type of discriminator also has this defect; wave
forms below the limiting value at the coincidence tube cause a smaller 
trigger to the blocking oscillator, which therefore triggers with greater 
delay. For weak signals, the delay is likely to be as much as a micro
second greater than normal. 

Ordinarily this weak-signal error is not objectionable. When a radar 
is scanning, the first and last beacon responses of each scan are the only 
ones likely to be in error, because for these the interrogation pulses are 
near the threshold. The intervening responses can be ranged on by an 
operator without objectionable inaccuracy. If automatic-tracking cir
cuits having "velocity memory"1 are used, however, an inaccuracy of the 
last pulse during a scan may affect the remembered velocity seriously; 
this results in " jumpy" range data. The error depends upon the num
ber of pulses per scan and the constants of the memory circuit. 

I t may be desired, therefore, to take steps to ensure that the beacon 
delay is correct even for weak signals, if the beacon responds to them at 
all. This can be assured by suppressing all responses for which the delay 
is not correct. (These threshold variations in delay have nothing to do 
with noise; there is nothing to gain by increasing the ratio of signal to 
noise.) 

Figure 9-8 shows a block diagram of a discriminator that corrects for 
weak-signal variations. The method used is to place an amplitude dis
criminator that triggers only on signals above a given amplitude level in 
parallel with an ordinary discriminator having constant delay for all 
signals above the same amplitude level. A coincidence circuit is then 
used to give an output only when both discriminators fire. Note that 
the amplitude discriminator itself must contain a regenerative circuit, so 
that its output waveform will also be subject to delay variations for 
signals that barely trigger it. Therefore, its output waveform must be 
"f lat" over the entire interval within which the trigger from the pulse-
width discriminator may arrive. A flat-topped waveform is obtained 
by using a rectangular pulse generator—the current waveform from a 
blocking oscillator, for instance. For the weakest signal accepted, the 
rectangular pulse must reach its maximum before the trigger from the 
pulse-width discriminator. The signal is differentiated before triggering 

1 Circuits that store in a resistance-capacitance network a voltage proportional 
to the rate of change of range are said to possess "velocity memory." 
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the rectangular-pulse generator in order to reduce delay variations of the 
rectangular pulse. 

9-7. General Characteristics of Pulse-width Discrimination.—The 
circuits that have been described can discriminate perfectly between 1-
and 2-u.sec signals, and between 2- and 5-u.sec signals. One might sup
pose, then, that the problem of pulse-width discrimination is completely 
solved. Such is not the case, however, for there are tendencies in the 
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F I G . 9-8.—(a) A discriminator in which the over-all delay A is independent of signal 
strength. The amplitude discriminator prevents responses of incorrect delay, (b) Wave
forms at numbered points. In waveform (4), the amplitude-discriminator pulse may 
move between the limits indicated by the full and dotted lines with varying signal strength. 

beacon-interrogator system for the interrogator pulse to be increased in 
length before arriving at the discriminator. This stretching arises from 
two major sources: receiver pulse-stretching and echo-stretching. 

Receiver Pulse-stretching.—Receiver pulse-stretching is mainly the 
result of overloading in the video stages of the receiver, combined with 
resistance-capacitance distortion, as shown in Fig. 9-9. In typical high-
fidelity crystal-video receivers, increasing the r-f power by 60 db above 
the threshold value increases the receiver-output signal width by about 
1 fisec. Such a receiver is said to possess 60 db of discrimination between 
1- and 2-u.sec signals. In superheterodyne receivers, when the number 



1 9 4 INTERROGATION CODING [SEC. 9-8 

of video stages is only one or two, the stretching for a 60-db increase in 
r-f power is normally less than 0.25 jusec, and this is not objectionable. 

Stretch-amplitude Compensation.—The 
discrimination can be improved a few deci
bels by using the increase in signal ampli
tude to cancel the stretching associated with 
the increase in amplitude. Unless changes 
are made in the receiver, it is possible to 
cancel only the stretching that occurs be
tween tangential and limiting signals at the 
receiver output. For the crystal-video re
ceiver, this improves the discrimination by 
about 12 db (or a factor of 4 in range). 

A modification to introduce stretch-am
plitude compensation into the integrator 
type of discriminator is shown in Fig. 9-10. 
In the diagram, C is a blocking condenser, 
and R is chosen so that a negative signal that 
is just limited at the receiver output sub
tracts from the sawtooth amplitude an 
amount equivalent to the stretching between 
tangential and limiting signals. I t is then 
necessary, when adjusting the discriminator, 
to check the acceptance of 2-jusec signals at 
both tangential and limiting levels. 

By taking a signal from an early stage in the receiver, where there are 
more decibels between tangential and limiting signals, a greater improve-

F I G . 9-9.—The origin of 
pulse stretching in a video 
amplifier, (a) .RC-coupled am
plifier. (b) Waveforms at num
bered points. 
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F I G . 910.—An RC feedback circuit which Fia . 911.—The origin of echo-
diminishes pulse stretching in an integrator stretching, (a) Direct signal, (b) Re-
discriminator by "stretch-amplitude com- fleeted signal, (c) Receiver output. 
pensation." Vi—diode; Vz—integrator. 

ment in discrimination is theoretically possible. It is technically difficult 
to do this, however, without causing oscillations. 
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Echo Stretching.—Echo stretching results when signals reach the 
beacon antenna by both direct and reflected paths. The reflected signal 
necessarily arrives slightly later than the direct signal. The receiver may 
limit even on the reflected signal, however, so that the receiver output 
signal is as long as the direct and the reflected signal combined. (See 
Fig. 9-11.) 

It is obvious that nothing can be done in the discriminator to remedy 
this situation. Echo stretching is discussed in Sees. 811 and 20-1. 

OTHER TYPES OF DECODER 

9-8. Double-pulse Decoders.1 General Considerations.—In double-
pulse coding the interrogator transmits two pulses a few microseconds 
apart; normally it would transmit just one pulse. Circuits at the beacon 
cause it to respond if the separation of the pulses is correct for that 
beacon. Thus, different beacons can have different interrogation codes. 

The problem of double-pulse decoding can be treated with varying 
emphasis on security, by which we mean freedom from response to incor
rect interrogation codes. The simplest and least secure method is for 
the beacon to accept signals that exist at any two instants separated by a 
given amount of time At; here a single pulse longer than At might cause 
triggering. A more complex method is for the beacon to accept only 
pairs of pulses, the leading edges of which differ by an amount At, and 
which, in addition, do not have other pulses between them.2 Another 
method is for the beacon to accept any two pulses the leading edges of 
which are separated by an amount At; in this case a series of closely 
spaced narrow pulses might cause triggering. This last method is per
haps the best for general use, and it alone will be described here. 

The usual method of decoding is to delay the first pulse by an amount 
equal to the correct value for interrogation; a coincidence detector then 
gives out a trigger if the second pulse coincides in time with the delayed 
first pulse. Two methods of obtaining a delay have been considered: 
multivibrators and delay lines. Multivibrators have a dead time after 
each signal triggers them; this type of circuit, therefore, has a definite 
maximum working rate. Delay lines do not have this defect, and they 
have the advantage of being less subject to unwanted variations. For 
these two reasons they have found favor. However, in some systems in 
which there are few interfering signals (signals not intended to interrogate 
the beacon), the maximum working rate limitation of multivibrators does 
not become objectionable. The general question of the relative virtues 

1 By C. L. Longmire and G. P. Wachtell. 
2 A circuit which prevents a response when an intervening pulse is present is 

sometimes called a "wonter." 
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of trigger and storage devices, which is pertinent to this argument, has 
already been discussed in Chap. 5. 

Another factor that must be considered is the amount of delay 
required. Electronic delay lines at present are practical only for delays 
up to about 10 /asec, whereas the multivibrator is best suited for delays 

+300 v 

-\0M sec 

F I G . 9-12.—(a) Double-pulse decoder using delay lines. The delay line has an imped
ance of 650 ohms and a total delay, with the switches open, of 2.5 jxsec. Fib—buffer; 
V^—biased amplifier; Vib—blocking oscillator, (b) Waveforms at numbered points in (o). 
Ri and iia are the first and second reflections of the initial pulse as they appear a t the 
input terminals of the delay line. 

greater than 5 jisec. For code intervals longer than 10 paec, the advan
tages of storage devices can be preserved by using supersonic delay lines. 

Delay-line Type.—One form of double-pulse decoder that has been 
used successfully is shown in Fig. 9-12. The circuit shown can be made 
to accept pulses with any one of four values of pulse separation. The 
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acceptable pulse separation is changed by changing the position of the 
short circuit on the delay line. 

The input signal is cleared of noise, shaped, and limited. The result
ant pulses are then applied to the grid of the buffer. The first pulse is 
inverted by the buffer and fed into the delay line as a negative pulse. 
(The biased amplifier does not conduct.) This pulse travels down the 
line, is reflected with a change of sign, and returns to the input of the line 
as a positive pulse. The imped-
ance shunting the input of the line J ' 
is much higher than the impedance oTT'l-i... •"'• f": — 
of the line; the pulse is, therefore, i i J L ^ i—i_L^—L_l__r_J—L^_ .̂ 
reflected again, this time without a ~> T\—! 2£,ol; j j ; 
Change of sign. T h e pulse then F l Q g . ^ - T h e response 7f the delay 
makes ano the r t r ip down the line line in Fig. 912 to a single pulse of ampli-

j v. l c „n . _„+..„,;„„ „„ „ tucle E. The attenuation of the delay line 
and back, finally returning as a for t w o r o u n d t r i p a ia a 
negative pulse. If another pulse is 
applied to the grid at the same instant that this negative pulse reaches 
the plate of the buffer, the two pulses combine at the plate of the buffer. 
The resultant pulse is large enough to drive the biased amplifier to 
conduction and to trigger the blocking oscillator. 

Each pulse is reflected several times in the line. Figure 9-13 shows 
the response of the line to a single pulse. 

If it were not for attenuation, all of the reflected pulses would be 
twice as large as the initial pulse fed into the line, because the impedance 
shunting the input terminals of the line is much greater than the charac
teristic impedance of the line. Obviously, some attenuation is desirable 
so that coincidences with reflections other than the first negative one 
will not drive the biased amplifier to conduction. To get the greatest 
range of safety for the bias on the biased amplifier, it is necessary to 
choose the attenuation so as to give the greatest possible difference in 
amplitude between the first and second negative reflections. Mathe
matically, if a is the attenuation for two round trips on the line, it is 
necessary to maximize the expression 2Ea — 2Ea2. This is done by 
making a equal to ^; then, the first negative reflection is equal in ampli
tude to the initial pulse. The resistors associated with each short-
circuiting switch are chosen to give the correct amount of attenuation. 
Noise and threshold effects in this circuit are similar to those in the delay-
line type of pulse-width discriminator, because the circuits are similar. 

The second pulse in a double-pulse signal is usually the range-
reference pulse of the interrogator; it is, therefore, better to time the 
decoder output trigger from this pulse rather than from the first. To do 
this it is necessary to choose the length of the line so that the second pulse 
of the signal arrives at the plate of the buffer slightly after the first nega-
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tive reflection; it is then the second pulse that actually drives the biased 
amplifier to conduction. 

Multivibrator Type.—Because both multivibrator and delay-line 
decoders operate on the same general principles, the multivibrator type 
will not be discussed at great length. A block diagram of this type of 
discriminator is shown in Fig. 9-14. The first step is to remove noise and 
shape the signal as in the preceding section; in some systems, however, 
this may not be necessary. The first signal then triggers a biased multi
vibrator which produces a rectangular pulse of duration equal to the 
acceptable separation of signals. The trigger to the multivibrator passes 
through a diode in order to isolate the multivibrator when it is triggered, 
so that the second pulse will not interfere with the production of the 
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F I G . 9*14.—Double-pulse decoder using multivibrator delay. 

Waveforms at numbered points. 
(a) Block diagram, (b) 

trailing edge of the multivibrator pulse. The trailing edge is differen
tiated and shaped to look like the shaped signal; the two are then applied 
to the coincidence tube, which produces an output trigger when the second 
signal coincides with the delayed trigger from the multivibrator. As soon 
as the multivibrator recovers, the circuit is ready to accept another pair 
of pulses. It is thus important to keep the recovery time small. If the 
correct spacing of pulses is fairly long, the multivibrator may waste 
much time on single signals. Since the maximum triggering rate is the 
reciprocal of the code interval, many correctly coded signals may go 
unanswered. Operation is improved if several multivibrators are used 
in cascade to provide the code interval. Each one contributes only a 
fraction of the total delay, with the result that the maximum triggering 
rate is the reciprocal of the delay contributed by each multivibrator. 
Care should be taken to use multivibrators for which the delay does not 
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vary with repetition rate. A decoder in which multivibrators are used in 
cascade is considerably more complicated than a delay-line decoder. 

9-9. Multiple-pulse Decoders.1—The methods of double-pulse decod
ing can be extended to apply to any number of pulses. The remarks 
made in Sec. 9-8 regarding the degrees of security of various methods of 
decoding apply equally well in this situation. Only the method described 
in detail in Sec. 9-8—accepting pulses the leading edges of which are 
separated by the correct intervals—will be treated here. The basic 
method, when used for multiple-pulse decoding, may be divided into two 
slightly different methods, according to whether delay lines or multi
vibrators are used. 

Two-by-two Coincidence.—The first might be called the method of 
two-by-two coincidence. In this method, the first pulse is delayed by 

-LTLrLTLr,. 
Limited 5 
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input 
F I G . 9-15.—Four-pulse decoder, using two-by-two coincidence. 

Bias 

Vib, V^, and Va are 
coincidence stages for the first, second, and third pair of pulses, respectively. The delay 
lines L\, L2, and L3 determine the acceptable code intervals. 

the correct amount for the first code space; if the second pulse coincides 
with the delayed first pulse, the second pulse is passed and delayed by the 
correct amount for the second code space, and so on. Each coincidence 
is only a double coincidence. A skeleton diagram of this type of circuit 
is shown in Fig. 9-15. 

The signal at the input is negative and limited. It consists of four 
shaped pulses, of width D ^sec, with noise suppressed, coming from a low-
impedance source. The signals are fed directly to the cathodes of all the 
coincidence tubes; this in itself, however, is not enough to drive the tubes 
to conduction. The first pulse is also applied to the input of the line Li, 
which is matched at its input end, short-circuited at its output end, and 
has a tap at D /xsec from the input end. The negative first pulse travels 
down the line and is reflected as a positive pulse, gets back to the tap at 
the instant the second pulse is supposed to occur, and passes on to the 
input end of the line where it is absorbed. If the second pulse does occur 
when it is supposed to, coincidence occurs in the first tube and a negative 

1 Sees. 9-9 and 9-10 by C. L. Longmire. 
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pulse coincident with the second pulse of the signal is started into the 
second line Lj. The action is now repeated in this line; if the third pulse 
occurs at the right time, coincidence is achieved in the second tube, and 
so on. If all pulses have the right spacing, the last coincidence tube gives 
out a trigger. If, on the other hand, coincidence does not occur at any 
stage, the remaining stages do not act at all. The short section of line D 
is necessary to prevent the reflected pulse from being canceled by the 
pulse with which it is supposed to coincide. 

Codes may be changed by using plug-in delay lines or by using 
switches or relays to short-circuit the lines at various points. A large 
number of codes is possible: if there are three code spaces, and if each 
may have, for instance, any of five values, the total number of possible 
codes is 53 or 125. 

Limited, J^ ^ ^ 
shaped ■ ~ 
negative 

signal input 

F I G . 9-16.—Four-pulse decoder, multiple coincidence. 

If the code spacings are so large as to make electronic delay lines 
impracticable, multivibrators or supersonic delay lines may be used to 
obtain the delays. 

Multiple Coincidence.—The second method of multiple-pulse dis
crimination might be called the method of multiple coincidence. In this 
method, each pulse is delayed long enough to make it coincide with the 
last pulse. A multiple-coincidence circuit is then used to produce a 
trigger only if all the delayed pulses coincide with the last pulse. 

A skeleton diagram of this type of circuit is shown in Fig. 9-16. The 
negative input pulses, which must be limited and shaped, pass down the 
line and are absorbed in the resistance at the output end. L\, L2, and L3 
have delays equal to the proper first, second, and third pulse spacings 
respectively. If the signal has the right pulse spacings, then all of the 
grids will be driven negative together at the same time, and an output 
trigger will result. If all of the grids are not driven negative at the same 
time, however, there will be no appreciable output trigger. In this cir
cuit the attenuation in the delay lines is cumulative; amplifiers may be 
needed, therefore, if the total delay required is fairly large. This method 
is best suited for short intervals. 
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The delay of both types of multiple-pulse circuits described in this 
section is such that the output trigger is timed with the last pulse of the 
interrogating signal. 

Coincidence Decoding.—Coincidence decoding is a form of multiple-
pulse decoding in which all pulses arrive at the same instant. The pulses 
must be received separately on different receivers. When received, they 
are applied to a coincidence circuit. It is usually necessary to suppress 
noise and to limit and shape the signals before they reach the coincidence 
tube.1 

9-10. Pulse-repetition-frequency Discriminators.—It may be desired 
to accept only those pulses that arrive at the beacon with a certain 
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F I G . 9-17.—Simple pulse-repetition-frequency discriminator for beacons receiving only 

one interrogating signal, (a) Block diagram, and (b) waveforms at numbered points, 
showing how the discriminator locks on a signal of the correct pulse-repetition frequency. 

repetition frequency. An obvious method for doing this is to delay each 
pulse by an amount equal to the correct repetition interval and to accept 
it if it coincides with the next pulse. Repetition intervals are usually 
so long as to prohibit the use of electronic delay lines. Other delay 
systems, therefore, must be used. Supersonic delay lines are admirably 
suited to this purpose. 

Another method suitable for beacons designed to receive only one 
interrogating signal involves the use of multivibrators. Since the delay 
circuit must work for each pulse of the desired signal, and the required 
delay is equal to the time between signals, at least two multivibrators in 
cascade must be used to obtain the total delay and allow each one time 

1 For a thorough discussion of coincidence circuits refer to Waveforms, Vol. 19, 
Chap. 10, Radia t ion Labora tory Series. 
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to recover. Figure 9-17 shows a block diagram .' ' a system using two 
multivibrators to select one set of received signals. 

Suppose that a signal passed by the gated amplifier triggers the first 
delay multivibrator. When approximately half the desired repetition 
interval has elapsed, the first multivibrator triggers the second. This, 
in turn, triggers the short gate immediately before the next signal should 
occur. The short gate turns on the amplifier. If the next signal does 
occur at the proper time, it turns the amplifier off momentarily, thus 
triggering the first multivibrator again, and the cycle repeats. A coinci
dence circuit accepts a signal if it succeeds in passing through the gated 
amplifier. 

If the signal does not occur within the short gate, the end of the gate 
turns the amplifier off again. This action triggers the first multivibrator 
again, and the cycle repeats itself. Obviously, if signals do not fall 
within the short gate, the circuit runs freely at a frequency slightly lower 
than that of the desired interrogating signal. Therefore, if a signal with 
the correct repetition frequency is present, the phasing of the signal with 
respect to the short gate will change continuously until the signal falls 
within the gate. If the difference between the free-running frequency 
and a triggering frequency is, for example, 10 cps, then the circuit should 
lock on a signal within iV sec. 

To prevent locking-in on signals with repetition frequencies other than 
those desired, the length of the short gate is made such that two successive 
pulses with an incorrect repetition frequency would not fall within it. 
Because the desired pulse usually comes very close to the beginning of the 
short gate, the probability that an undesired signal will cut in even once 
is small. If a system including several of these circuits, each receiving 
a different pulse-repetition frequency, is planned, it is well to use a set of 
pulse-repetition frequencies no two of which have low common multiples. 

This type of interrogation coding is not suited to scanning narrow-
beam systems because of the long time necessary for locking-in. If the 
short gate is widened to increase the "searching" rate, the band of pulse-
repetition frequencies that can lock in increases; consequently distin
guishable frequencies must be farther apart. 

Instead of two multivibrators to provide delay, several multivibrators 
may be used in cascade, each contributing a small amount to the total 
delay. If the final output trigger coincides with the next signal, an out
put trigger is obtained. Such a circuit has the advantage of being able 
to work on several recurring signals at once. If many interfering signals 
are present, however, they steal responses from signals with the correct 
repetition frequency; greater per cent response can then be obtained by 
increasing the number of multivibrators, and thereby decreasing the dead 
time. This circuit requires less time for a signal to break in than does 
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that described above, except when interference is heavy. The delay 
multivibrator should be designed to have a fast recovery, so that the 
delay will be independent of the working rate. The complication 
required is such that the alternative method, which is the logical result 
of carrying this procedure to the limit, should be used in most cases; we 
refer, of course, to the use of a storage method, using supersonic delay 
lines. 



CHAPTER 10 

RESPONSE CODERS 

B Y C. L. LONGMIRE 

In this chapter we consider coders used for identifying beacons. 
Codes and coders for other purposes, such as communication, data 
transmission, and remote control, are discussed in Chap. 11. 

10-1. General Considerations.—One of the most useful attributes of a 
beacon is that it can identify itself. In air navigation, the operator of an 
airborne interrogator must know the geographical location of a beacon 
BO that the data he obtains from it will have a reference point; the beacon 
must therefore locate the reference point by identifying itself. Con
versely, if a ground interrogator is controlling one of several beacon-
carrying aircraft, the operator must be able to single out on his scope the 
particular aircraft he desires to control; the airborne beacon in which 
he is interested must be able to make itself distinguishable from beacons 
carried by other aircraft in the vicinity. In short, it is important tha t 
beacons have "names" just as people have names. 

A beacon can identify itself only by its response. A beacon that does 
not respond is of no more value in identifying its particular location than 
"no beacon" would be; codes that interrupt the response of the beacon 
are, therefore, undesirable. The mere presence of a response is highly 
identifying, regardless of its form, because it indicates that the beacon 
was able to respond to the particular form of interrogating signal used, 

A beacon is partially identified by coded interrogation, which was dis
cussed in the preceding chapter from a different standpoint. The beacon 
decoder was there regarded as a circuit to establish the identity of the 
interrogator from which signals come, instead of as a means of identifying 
the beacon. Interrogation coding as a means of identification has the 
disadvantage that many—all but one, usually—of the reply codes consist 
of no response. 

In response coding, just as in interrogation coding, significance can 
be attached to several characteristics of the signal. The radio frequency 
of the response almost always identifies the beacon to some extent. The 
principle involved is obvious so that nothing further need be said of this 
type of coding. 

Codes based on variation of pulse amplitude usually are not useful 
because they involve a reduction in the range of the system. Further-

204 
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more, variations in the strength of various signals received by the inter
rogator would necessitate a fairly complex automatic-gain-control system 
to prevent limiting of the beacon signal in the interrogator receiver. A 
third disadvantage of amplitude coding is that the best source of high-
power microwaves—the magnetron—is not at present capable of reliable 
amplitude modulation. 

The repetition rate of the beacon response cannot be varied in the 
same way as that of an interrogator because the beacon depends upon the 
interrogator for its repetition rate. By causing the beacon not to respond 
to all signals, however, the response rate can be made to equal submulti-
ples of the interrogation rate. For instance, a particular beacon might 
be identified by the property of answering only every third interrogation 
from a given interrogator. It would be easy to make a beacon respond in 
this way if only one interrogator were triggering it, but it would be more 
difficult if several interrogators were triggering it at the same time. 

The pulse width of the reply is usually available for coding. Because 
it is desirable to keep the pulse width short to save power, it becomes 
necessary to use fine gradations of pulse width in order to obtain an 
appreciable number of codes. An expanded sweep is then necessary for 
interpreting the code visually. For easy visual interpretation, pulse-
width response coding is less desirable than multiple-pulse coding. If 
the decoding or interpretation is done by circuits, however, this is no 
longer true. For pulse-width coding, the interrogator-receiver must be 
designed carefully to avoid stretching the signal. 

A multiple-pulse code has three identifying features: number of pulses, 
spacings of pulses, and pulse widths. Codes of varying complexity can 
be constructed by using these three features. The simplest type is one 
in which number of pulses only is significant, and all spacings and pulse 
widths are the same. The most complex is one in which the number of 
pulses, each code space, and each pulse width are assigned one oi a large 
set of values. Use of this method yields many identifiable codes. (See 
Sec. 5-17.) A system of medium complexity that has found considerable 
use allows each space to be either " long" (35 fisec) or "short"(15 ^sec), 
varies the number of pulses from two to six, and makes all pulses the same 
width (0.5 /isec). 

Fine gradations of spacing and pulse width can be decoded better by 
circuits than by visual interpretation because a code that is to be inter
preted visually must have features that are resolvable on the interrogator 
scope. The spacings given in the preceding paragraph were chosen to 
make a code just resolvable on a 100-mile sweep on a 5-in. PPI. From 
the size of the required spacings, it is plain why significance was attached 
to spacing but not to pulse width. If the interrogator has an expanded 
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sweep that can be started at any range, however, shorter codes involving 
pulse width are feasible for visual interpretation. 

10-2. Single-pulse Response Coders. Pulse-width Coders.—In all 
pulse modulators, a circuit element fixes the duration of the transmitted 
pulse,1 whether pulse-width coding is to be used or not. Thus, all modu
lators contain some of the essential elements for pulse-width coding. 

The simplest type of pulse-width coding is that in which the beacon 
responds with one of a given group of pulse widths. As it may be desir
able to change the code (or pulse width) of a beacon from time to time, 
the circuit that fixes the pulse width should be equipped with a multi-
position switch that has a position for each pulse width. In line-con
trolled blocking oscillators and thyratron pulse-forming circuits, the 
multiposition switch controls the length of the delay line. Multivibra
tors, which are often used to fix the pulse width when fairly long pulses 
(greater than 2 or 3 /isec) are used, are easily controlled by varying a 
voltage or a resistance. In all cases, the tolerance of the various pulse 
widths must be less than the minimum difference in pulse widths for 
different codes. 

Another method of pulse-width coding is that of varying the pulse 
width in time according to a definite plan. For visual interpretation, 
the pulse width may be alternated between long and short values, the 
ratio of these values being 2 or 3 to 1. The pulse width may be "modu
lated" automatically in the desired manner by a motor-driven cam or 
coding wheel. Obviously, the decoding time in such a system is a matter 
of several seconds and even longer if there are many complex codes. 
This method is, therefore, not suited to scanning interrogators. Morse-
code characters are universally used in practice. 

Because of the long time necessary to transmit all the elements of a 
code, pulse-width coding is often called "s low" coding. 

I t is possible, by obvious means, to present the code visually, in the 
form of a blinking light, or aurally, as ordinary radio code signals. 

MULTIPLE-RESPONSE PULSE CODERS 

A multiple-pulse coder usually consists of three parts: a blanking gate, 
trigger delay stages, and a collecting and amplifying circuit.2 

The trigger delay stages actually form the code, one pulse at a time; the 
last step is to collect and combine the individual pulses and perform the 
necessary shaping. The collecting methods depend somewhat upon 
the method of obtaining the delay; they vary for different types of delay 
stage and will be discussed in connection with each. 

1 See Chap. 12. 
1 For a complete discussion of the circuits used for generating the waveforms 

used in response codes, see Waveforms, Vol. 19, Radiation Laboratory Series. 
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10-3. Blanking Gate.—The blanking gate is used to prevent extra
neous signals from interfering while the coder is forming a code. The 
term "blanking ga te" has been used to denote both the circuit and the 
waveform that it produces. Sometimes the last stage of the component 
preceding the coder may act as the blanking-gate generator; in some 
instances of low working rate a blanking gate may not be necessary, 
because of the small probability of 
interference. Duty-ratio limita
tion is often secured by varying 
the duration of the blanking gate.1 

The blanking-gate generator 
usually consists of a multivibrator 
that produces a rectangular wave
form longer than the code, and 
has as short a recovery time as is 
possible practically; therefore the 
probability of occurrence of ab
normal gate lengths is small.2 

The multivibrator is put into the 
circuit so that the incoming trig
ger sets it off, and the leading 
edge of its waveform is then used 
in turn to trigger the first delay 
stage. Care must be taken in the 
design to avoid the possibility of 
firing the first delay stage on the 
input t r i g g e r even when the 
multivibrator does not fire; this 
might happen, for example, if the 
multivibrator has been triggered just previously. 

One simple method that guarantees correct action is to pass the input 
trigger through a diode that is biased off as soon as the gate fires. (See 
Fig. 10-1.) In this circuit the triode 7 2 is normally on and Vi normally 
off, and the voltage across the diode Vs is practically zero. The first 
incoming negative trigger is passed by the diode and triggers the multi
vibrator. The plate of the diode is pulled far negative with respect to 
the cathode during the rectangular multivibrator waveform, so that 
additional input triggers do not get through the diode. If it were not for 
the diode, additional triggers would be passed on to the first delay stage. 
The product RiC determines the gate length, other parameters being 

1 See Sec. 6 4 . 
2 Abnormal gate lengths occur if a mul t iv ibra tor is triggered before it has com

pletely recovered. 

© \f 
(b) 

F I G . 10-1.—(a) Blanking gate generator 
■with diode input. (6) Waveforms at num
bered points of (a). T—rejected trigger 
pulse. 
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fixed. The product (Rt+ R3)C determines the recovery time, inde
pendent of Ri. It is therefore well to use a large value of Ri and a small 
value of C to obtain both the proper gate length and quick recovery. 

10-4. Coders for Equally Spaced Pulses.—Two methods have been 
used to generate a given number of equally spaced pulses for each input 
trigger. A skeleton diagram of one method is shown in Fig. 10-2. In this 
circuit the blocking oscillator y 2 is normally biased off. The incoming 

© 
[Loadl 

Positive 
trigger 

o—it y?f i i i s 

-a n a-
F I G . 10-2.—(a) Blocking oscillator for generating equally spaced pulses. Li—delay 

line for controlling pulse width, hi—delay line for controlling pulse spacing. The delay 
in Lt is one-fourth the pulse spacing, (b) Waveforms at numbered points. 

trigger is amplified by Vi and triggers the blocking oscillator Vi, which 
regenerates and produces a pulse the length of which is determined by the 
delay line Li in the grid circuit. A negative pulse is fed into the delay 
line Li connected to the plate of the blocking-oscillator tube. The nega
tive pulse travels down the line, is reflected with a reversal of sign at the 
short circuit, and travels back to the plate where the impedance presented 
is essentially that of an open circuit. The pulse is therefore reflected 
without a change in sign. It then makes another trip down the line and 
back, coming back as a negative pulse this time. This negative pulse 



SEC. 10-4] CODERS FOR EQUALLY SPACED PULSES 209 

triggers the blocking oscillator again, and the action is repeated. After a 
time that depends on the size of the cathode condenser, the cathode volt
age rises to a point at which the doubly reflected pulse is not large enough 
to initiate regeneration. The reflections then die out in the plate line, 
and the cathode voltage returns exponentially to its normal value. 
Meanwhile, the proper number of properly shaped pulses have been 
delivered to the load, which may be a power amplifier to drive the 
transmitter. 

Variable positive 
bias 

Neg. bias 
(a) 

© I T 

Cutoff 

RC charging curve 

•JUUUU 
(6) 

F I G . 10-3.—(a) Gated blocking oscillator for generating equally spaced pulses. Via, 
Vib—multivibrator; Vi—diode; Vn—blocking oscillator, (jb) Waveforms at numbered 
points in (a). 

The slow return of the cathode voltage is detrimental in that closely 
spaced additional input triggers are apt to get responses that contain 
fewer pulses than the correct code. A less economical coding method 
that does not have this disadvantage is to generate a gate of the proper 
length and to allow a blocking oscillator to run freely during the gate. A 
circuit of this type is shown in Fig. 10-3. 

In this circuit, the incoming trigger fires a multivibrator Vi, Vi, which 
produces a positive gate the length of which is controlled by the variable 
positive bias. The diode Vs normally conducts and so causes the block
ing oscillator V4 to be cut off. The leading edge of the gate triggers the 
blocking oscillator, which regenerates with the result that the grid is left 
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with a large negative voltage. This voltage rises exponentially toward 
the plate-supply voltage with the time-constant RC; it now passes its 
normal level because the diode cathode voltage has been raised by the 
gate. Thus the grid enters the conducting region and the blocking 
oscillator fires again. This action is repeated until the gate ends and no 
longer allows the blocking-oscillator grid to enter the conducting region. 
The number of pips can be changed by changing the gate length. The 
multivibrator should have a short recovery time. 

I t is evident that the above circuits do not require pip-collecting cir
cuits, although shaping and power amplification may sometimes be 
required. 

PULSE-SPACING CODERS 
10-6. Delay-line Delay Stages.—When the spacings are small, less 

than about 10 jusec, delay lines can be used to obtain the code. Figure 
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Fio. 10-4.—(a) Three-pulse delay-line coder. Delay of Li = half of first code space. 
Delay of Li = half of second code space. (6) Waveforms at numbered points of (a). 

10-4 shows a skeleton circuit. Each of the tubes is normally biased to 
cutoff. The incoming positive trigger turns on the first amplifier, which 
starts a negative pulse into the first delay line; this pulse is reflected and 
reappears as a positive pulse at the input terminals, where it is absorbed. 
The reflected positive pulse turns on the second amplifier, and so on. A 
common resistor in the cathode circuits of all the tubes collects the pips 
forming the code. These pips may be amplified and shaped if necessary. 
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Each code space can be varied by changing the position of the short 
circuit in the delay line corresponding to that space. 

The circuit described above has two advantages: it uses each line to 
get twice the normal delay, and the amplifiers counteract the effects of 
attenuation in the lines. These advantages over the simplest type of 
circuit, consisting of one long line with taps to take off the pulse with 
various delays, are well worth the additional complications. 

10-6. Multivibrator Delay Stages.—Cascaded biased multivibrators 
may be used economically to obtain the delays necessary for pip coding 

-«-+250v 

F I G . 10-5.—Two types of multivibrators used in pip coders, (a) Grid-plate-coupled 
type. T\—trigger to collecting line; Ti—trigger to next stage. (6) Waveforms at num
bered points in (a), (c) Cathode-coupled type. Ti—trigger to collecting line; Tt—trigger 
to next stage, (d) Waveforms at numbered points in (c). N O T E : In both circuits capaci
tances are in n/ii. Values are such that the delay with 5 open is 12 jusec; with S closed 
it is 40 fisec. 

for a wide range of code spaces—from 2 or 3 /*sec up. In this type of 
circuit, each multivibrator except the first is triggered by the trailing 
edge of the rectangular wave produced by the preceding multivibrator. 
The first multivibrator is triggered by the leading edge of the blanking 
gate. Small triggers are produced by differentiating the trailing edge 
of the rectangular wave produced by each multivibrator, and the leading 
edge of the first rectangular wave; these are collected, amplified, and 
shaped. 

Two general types of multivibrator have been used: the plate-grid-
coupled type and the cathode-coupled type. Both are shown in Fig. 
10-5. In the plate-grid-coupled type the delay is changed by switching 
in additional capacitance between the normally on plate and the nor-
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mally off grid. The circuit shown gives a spacing of about i Msec with 
Ct out and 40 ^sec with C3 in. The sizes of C\ and Ci are such that C2 
controls the length of the short space, and C\ controls the length of the 
long space; a trimmer capacitor across each of these makes long and short 
spaces adjustable separately. 

In multivibrators of the cathode-coupled type, the spacing is increased 
by switching out a portion of the cathode resistance. Errors in any cir
cuit component except Ei have proportionate effects on the short and 
long spaces so that adjustment of the potentiometer tends to correct both 
short and long spaces, although not equally well. 
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F I G . 10-6.—Collecting network for cathode-coupled multivibrator coders, (a) Block 
diagram, showing collecting stage. (f>) Waveforms at numbered points in (a). 

For the particular circuits shown, multivibrators of the plate-grid-
coupled type require much less plate current than those of the cathode-
coupled type, although this need not be a general rule. 

Figure 10-6 shows how the pips may be collected in a circuit using the 
cathode-coupled multivibrators of Fig. 10-5. The condensers couple to 
the first or second plate (in Fig. 10-6), according to their position relative 
to the block representing each multivibrator. Two collecting lines are 
necessary to avoid canceling of simultaneous positive and negative 
triggers. The trigger on one line is positive when the trigger on the other 
line is negative; as a result, either one or the other of the biased amplifiers 
is driven to conduction. The output pulses of the double amplifier are 
usually amplified, inverted, and passed through a cathode follower to 
give a low output impedance. 
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In collecting pips from a multivibrator of the plate-grid-coupled type, 
advantage may be taken of the almost triangular waveform at the second 
plate. On differentiation, this waveform gives only a small positive 
trigger at the leading edge and a considerably larger negative trigger at 
the trailing edge; this allows collecting of all triggers on one line, as is 
shown in Fig. 10-7, because the negative triggers override the positive 
ones. 

In the multivibrator circuits shown, the spacing is controlled by 
means of switches. Continuous electronic control of the spacing may be 
desired in some instances. For this purpose, control of the voltage of the 
normally-off grid in the cathode-coupled multivibrator gives approxi
mately linear control of the spacing. 

B+ 

f » • , . . ? © 

F I G . 10-7.—Collecting network for grid-plate-coupled multivibrator coder, (a) Block 
diagram. (6) Waveforms at numbered points in (a). Note the use of a single collecting line. 

The number of pips can be reduced simply by biasing off or removing 
plate voltage or ground from the later delay stages. 

10-7. Overshoot Delay Stages.—A delay circuit of the overshoot 
type uses a single triode section to obtain each delay and is based on the 
formation of overshoots by differentiation. Figure 10-8 shows a skele
ton diagram of two stages. 

In this circuit the tubes are normally at zero bias, and the resistor Z2i 
is much larger than the zero-bias resistance of the tube; consequently 
very little voltage drop appears across the tube. Assume that the current 
in Vi is shut off for a period TV The waveform at the plate of Vi is 
then as shown, the time constant of the rise of the pulse being RiC. The 
grid resistance of Vi is much smaller than Ri and is neglected. Since 
RiC is somewhat less than the shortest desired delay, the maximum 
amplitude of this pulse is relatively independent of T\. During T\ the 
grid voltage of F 2 does not rise much because of the low grid resistance. 
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But at the end of Tu the grid of Fj is swung negative far beyond cutoff. 
However, the grid voltage immediately starts to rise exponentially 
toward the plate-supply voltage at a rate determined mainly by C, Rt, 
Ri, and the zero-bias resistance of V\ but stops and remains at zero. 
Thus, plate current in 7S is turned off for a period Ti immediately 
following T\. The magnitude of Tj is independent of Ti but can be 

changed by short-circuiting R3. At 
the plate of Vi, another positive 
rectangular pulse is developed, 
which can be used for driving the 
next stage. 

The amount of delay per stage 
can also be varied by changing the 
voltage to which the grid resistance 
is returned, instead of changing the 
resistance itself. This method is 
advantageous when the code spaces 
must be controlled from a distance 
through cables; it is not subject to 
the distortion of a high-impedance 
waveform by the capacitance of the 
cables. 

It is evident that in a circuit of 
this type the first delay stage cannot 
be triggered in the usual manner. 
A negative rectangular trigger pulse 
is required. Such a waveform can 
be obtained from the blanking gate 
which usually precedes the delay 
stages. 

Tubes with low zero-bias resistance and with high gm are required; 
otherwise the waveform degenerates from stage to stage. This type of 
circuit is better when the number of stages in succession is small, because 
trouble results from the small positive part of waveform 3 when the 
amplification is large. Three stages of 7F8 tubes work well to give a 
four-pip code. 

Pip Collection.—An attempt to collect in the same manner as for 
multivibrators will fail because the extra loading is injurious to the wave
form at each stage. However, the method shown in Fig. 10-9 has been 
used successfully. Here the first and third positive rectangular waves 
are applied to the grids of a double amplifier through the networks con
sisting of fli, fij, and C. The high resistors Ri and R2 do not load the 
plates of the delay stages; C is small and is added to prevent degeneration 

F I G . 10-8.—(a) Two stages of an over
shoot delay circuit, (b) Waveforms at 
numbered points of (a). Mote that the 
input trigger controls the first space. 
S changes the code space value. 
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of the waveform. Across the primary of the transformer T\ there is a 
trigger, positive or negative, at the beginning and at the end of each 
delay. Two secondaries of 7\ are connected so that one or the other of 
the blocking-oscillator grids is brought into the conducting region regard
less of the sign of the trigger across the primary of T\. When regenera
tion begins in one tube of the blocking oscillator, it soon spreads to the 
other tube, so that both tubes contribute to the pulse. The recovery 
time of the bias network for the blocking oscillator is less than the mini
mum spacing of the code pips. 
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F I G . 10-9.— (a) Pip collecting in overshoot coder. Vn, Via, Vib—delay stages; Vta, 
y36—collecting stages; Via, Vn—blocking oscillator, (b) Waveforms at numbered points 
of (a). N O T E : All tubes are 7F8. With fli = 470K, R* = 270K, K3 = 56K, C = 47 ^if, 
short spaces are 12 jusec. 

The overshoot type of coder is a little more economical than the 
multivibrator type. There are, however, as mentioned above, limitations 
on the possible number of code pips, and particular tube types are 
required. 

10-8. Blocking-oscillator Delay Stages.—Blocking oscillators can be 
used economically to form the basis of delay stages. (See Fig. 10-10.) 
In this circuit a positive trigger is required for the first stage. The con
stants of the grid circuit of V\ should be chosen with due consideration 
for the circuit supplying the initial trigger. The blocking oscillator Vi 
is normally biased off. When fired by the initial trigger, it draws a short, 
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heavy current pulse that charges C8 in the plate circuit. The current 
pulse flowing through Rt produces the first pip. 

As soon as the pulse is over, the resonant circuit composed of C3 and 
the 85-mh choke starts to oscillate. The value of R2 is chosen to give 
the correct amount of damping. The second biased-off blocking oscilla-

+300 
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F I G . 10-10.—Three-pip blocking oscillator coder, (a) Circuit diagram. Tubes are 
all 7F8. (fr) Waveforms at numbered points in (a). Note that no special collecting 
circuit is required, average current is low, a minimum of tubes is used, and the output 
voltage is large and from a low impedance source. 

tor y 2 fires on the positive rise of this waveform. The grid circuit of 72 
does not recover fast enough to fire twice. 

The resonant circuit in the plate of V? then oscillates in the same man
ner as the first stage and fires V3, which does not require a resonant cir
cuit because it produces the last pip. 

The spacing between the positive output pips may easily be changed 
by switching the values of the condensers in the plate tank circuit and 
by adjusting the bias of the blocking-oscillator grids. With the con-
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stants shown, the bias values may be adjusted to give spacing of about 
45 iisec. 

The circuit has several advantages. All tubes are normally noncon
ducting and the average plate current drawn is very low even for high 
working rates—less than 2 ma for 4 pips at 2000 responses per second. 
Only one triode is required per pip, and the collecting requires no special 
circuit. The output consists of sharp triggers from a low-impedance 
source. 

OTHER TYPES OF CODER 

10-9. Miscellaneous Pip Coders. CRT-Pip Generators.—An interest
ing method has been proposed for generating pip codes by means of a 
special tube. The method has not been used in beacons but has been 
used for similar purposes in other pulse equipment. The beam of a 
cathode-ray tube is deflected by a linear sweep circuit that is triggered 
by the input signal. The tube face has a number of evenly spaced elec
trodes so placed that the beam is swept across them.1 The electrodes 
are grounded through a common resistor, across which there appears a 
trigger each time the beam strikes an electrode. These triggers may be 
amplified and shaped to form a pip code. The spacings may be changed 
by changing the sweep voltage and by selection of appropriate electrodes. 

Linear Sweep Delays.—A method similar to the one just described, 
but which has not been thoroughly developed, is one in which one linear 
voltage rise is used as the source of all the delays. The voltage sweep is 
triggered by the input trigger, and pulses are generated at the instants 
when the voltage passes certain preset levels. 

The voltage-level-selecting circuit is the main problem. Unless each 
pip can be obtained with one triode, or less, the circuit is not economical. 
An arrangement using neon bulbs could be used, each bulb breaking down 
at a different value of the sawtooth voltage; but it has been found that 
bulbs available at present do not break down at the same voltage on 
every sweep. Standard "pickoff" schemes involve at least a double 
triode. 

Low-power Coders.—Low power drain is often of prime importance 
as, for example, in battery-operated beacons. Power is consumed 
mainly for two uses: filament supply and plate supply. Considerable 
power can be saved by choosing tubes with low filament-power require
ments, although such tubes frequently do not have other desirable 
characteristics. 

Some circuits require fewer tubes and less plate power than others; 
the blocking-oscillator type described above in Fig. 10-10 is best from this 

1 A general discussion of such devices is given in Waveforms, Vol. 19, Chap. 3, 
Radiation Laboratory Series. 



218 RESPONSE CODERS [SEC. 1010 

standpoint. The tubes shown in Fig. 10-10 do not have low-drain 
filaments; low-drain tubes would have to be substituted to make a low-
power coder. The tube type chosen should have a sharp and uniform 
grid-cutoff characteristic to insure stability of the blocking oscillators. 
In the past, no low-drain tubes with the necessary sharp cutoff have been 
available. Large variations in cutoff characteristics from tube to tube 
make it difficult to adjust the bias to a value such that no tubes oscillate 
spontaneously, and all tubes operate on the input trigger. Both 3A5 

e n n 
F I G . 10-11.—(a) Two-pulse combined coder-pulser for a low-power transmitter. Vi, 

Vi—pulser stages; Vu—delay stage. L\ and Lz control the first and second pulse widths 
respectively. RC controls the spacing between pulses, (b) Waveforms at numbered 
points of (a). 

and 3B7 tubes have been used; neither type is completely satisfactory. 
Sacrifices must often be made in the total number of codes and in per
formance to get lower drain. 

10-10. Coder-pulser Combinations.—Usually the code is generated 
in more or less " rough" form in the coder and passed on to the pulser for 
power amplification and pulse shaping. Special circuits in which the 
tube generating the code delivers enough power with the proper wave
form for modulation can be designed, however, at least for simple codes 
and low-power transmitters. Such circuits may permit a considerable 
saving of tubes, space, and power. 
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For pulse-width coding it is merely necessary to use the pulse-width 
determining circuit element with a tube that will supply the necessary 
power. This is, in fact, usually done, making coder and pulser indistin
guishable. A familiar method is the use of a thyratron to discharge a 
delay line of variable length. ' 

F I G . 10-12.— (a) Combined pulse-width and pulse-spacing coder. Li—delay line that 
determines first pulse width; Lt—delay line that determines first space; Lz—delay line 
that determines second pulse width; L\—delay line that determines second space; Ls—delay 
line that determines third pulse width. Switches control the delay-line constants, (b) 
Waveforms at numbered points in (a). 

Figure 10-11 shows a combined coder-pulser for multiple-pulse codes, 
using 2D21 thyratrons to generate the pulses. The delay is obtained by 
differentiation of the " s t e p " waveform resulting from discharge of the 
line associated with the first pulse. The delay lines determine the width 
of the pulse. More stages can be added to give more than two pulses. 

10-11. Combined Pulse-width and Pulse-spacing Coders.—If the 
interrogator sweep is fast enough to resolve differences in pulse width, 

1 See Chap. 12. 
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multiple-pulse codes using both pulse spacing and pulse width can be 
used. For the same number of pulses, a code of this type has one more 
than twice as many variables as a pulse-spacing code, and the number of 
possible codes is greater than the square of the number of a pulse-spacing 
code. Figure 10-12 is an example of a circuit readily permitting control 
of both pulse width and pulse spacing. 

In order to conserve power and minimize display space, pulse widths 
and pulse spacings will usually be short—a few microseconds at most; 
delay-line circuits will probably, therefore, be preferable to multivibra
tors. In Fig. 10-12 each pulse is generated by a line-controlled blocking 
oscillator. A rectangular voltage pulse occurs across a resistor in the 
plate circuit; this rectangular pulse is differentiated, giving a positive 
trigger at the end of the voltage pulse. The positive trigger is passed 
through a delay line of length adjusted to give the correct spacing, and 
then triggers the next stage. The output pulses are already collected, 
and come from a low-impedance source. In amplifying, care should be 
taken to preserve pulse width and spacing. 



CHAPTER 11 

BEACONS AS PULSE COMMUNICATION SYSTEMS 

B Y G. 0 . HALL, C. L. LONGMIRE, R. A. MINZNEB, 
M. D. O ' D A Y , AND A. ROBERTS 

11-1. Beacon Communication Systems.'—In previous chapters, 
beacons have been considered from the standpoint of their use as navi
gational devices. In this chapter, methods by which the interroga
tor-beacon system can be used as a pulse-communication system are 
discussed. The use of such methods is limited to systems in which bea
con interrogation is continuous. No communication methods have as yet 
been devised for systems in which the interrogator scans and the beacon 
is interrogated intermittently. 

Bandwidth requirements discussed in Sec. 5-18 must be met before 
voice-communication systems can be built. A pulse system has a band
width adequate for voice communication only if its pulse-repetition 
frequency is high or if each pulse contains more than one element of 
information. 

It is legitimate to question the advantage of adding complications to a 
beacon system in order to provide an auxiliary communication system. 
There are reasons for doing so. For example, very often the saving in 
power and weight over another communication system makes the use of a 
beacon-communication system desirable. The weight added to the 
beacon may be only that of a code-sending key, or, if equipment making 
complex modulation possible is added, it may amount to 10 or 20 lb. 
Considerable security may be provided. A distinct advantage is that 
the interrogator operator can communicate with the operator of any 
particular beacon he is interrogating. 

Another advantage of a beacon-communication system is the possi
bility of getting a high signal-to-noise ratio. The power margin available 
in a beacon system may be large compared with that available in a 
pulse-communication system, especially when radar sets are used as 
interrogators. 

I t is true, however, that the traffic capacity of a beacon may be 
reduced while it is being used as part of a communication system. Not 
only will it be unable to answer as many interrogations as it could other-

1 By M. D. O'Day. 
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wise, but the communication replies may cause the type of clutter called 
"fruit." It is, therefore, not often desirable that a fixed long-range 
navigational ground beacon be used for communication that requires 
high repetition rates, because such a beacon may have to respond to the 
routine interrogations of a large number of aircraft. 

Many applications in which beacons are used, however, do not utilize 
their maximum traffic capacity; this is often true in many uses of airborne 
beacons and portable ground beacons. A communication system may 
be of advantage i i connection with such beacons in definitely identifying 
the beacon operator and permitting moderately secure communication 
between him and the interrogator operator. Even when security is not 
important, it can be advantageous to be sure that one is talking to an 
operator associated with a specific target on the interrogator scope. 

COMMUNICATION METHODS NOT INVOLVING SPEECH TRANSMISSION 

B Y C. L. LONGMIBE AND G. 0 . HALL 

The purpose of a communication system is to transmit data that may 
vary widely in complexity. They may be simple, indicating only whether 
the state of a system is A or B, or they may be as complex as speech itself. 
At the moment, we are concerned with methods of transmitting data 
that require less bandwidth than is necessary for voice communication. 
Pulse-repetition frequencies lower than those that must be used in voice 
work are useful. 

The functions of modulation and interpretation may be performed 
by operators, by circuits, or by combinations of operators and circuits. 
The treatment that follows is divided according to the methods used. 

METHODS OF MODULATION 

Of the large number of possible methods of modulating a series of 
pulses, we will discuss only a few in detail. Pulse-amplitude modulation 
is undesirable if one wishes to obtain the best possible signal-to-noise 
ratio; it is also difficult to apply to magnetrons of current design. In the 
methods to be discussed the pulse power does not vary, although the 
average power may do so. 

11-2. Modulation of the Pulse-repetition Frequency.—The pulse-
repetition frequency is often one of the easiest parameters of a pulse 
transmission to change, and there are simple and effective methods 
available for modulating it. A reactance tube may be used to vary the 
frequency of an oscillator. More often, the length of the cycle of a 
multivibrator or other square-wave generator that controls the repetition 
period is varied by varying a grid voltage. 

Pulse-repetition-frequency modulation is best adapted to hard-tube 
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pulsers. It is not often feasible in interrogators using resonant charging 
of pulse-forming networks in the pulser. 

11-3. Space Modulation.—A method of communication from inter
rogator to beacon is illustrated in Fig. 11-1. In this method, 2n pulses 
are sent out per second, but with 
a spacing somewhat as illustrated 
as in (6) of Fig. 11-1. The whole 
array of pulses may be considered 
as the superposition of two sets of 
regularly spaced pulses of n per 
second each, the pulse interval 
being T — 1/n, but with the two 
sets displaced relatively by a time, 
in general, different from half of 
this interval. Each of the partial 
sets of pulses may be represented 
by a Fourier series having terms 
corresponding to frequencies of 0, 
n, 2n, 3n, etc. By use of a suit
able filter the component of fre
quency In can be isolated. Each 
of the two sets of interlaced pulses 
will contribute a component oscil
lation of the same amplitude at 
this frequency, the resultant depending on the relative phases. A dis
placement in time of the two sets of pulses by an amount At corresponds 
to a phase displacement at frequency 2n of 

At _ iirAt 
(T/2) ~ T ' 

When the sets of pulses are symmetrically interlaced to give a regularly 
spaced set of pulses as in (a) of Fig. 11-1, At equals T/2 and the phase 
displacement is 2ir. The two partial oscillations are then in phase and 
give a maximum resultant. When the spacing is 37'/4, as in (6) of 
Fig. 11-1(6), the phase difference is 3ir and the two oscillations are just 
out of phase and cancel to give a zero resultant. Obviously the general 
expression for the square of the resultant is given by R2 = 2 — 2 cos 
4xAt/T, which oscillates between 4 and 0. Its value as a function of 
At is shown in Fig. 11-2. 

If alternate pulses are moved slowly from position T/2 to position 
3T/4 [as in (6) and (d) of Fig. 11-1], the intensity of the tone of frequency 
2n is gradually decreased to zero, according to the curve in Fig. 11-2. 
By abruptly shifting the alternate pulse position between T/2 and ST/4, 

1 1 A 
2 2 2 

Time in terms of the fundamental period T sec 
F I G . 11-1.—Space-modulation beacon com

munication. (a) A series of unmodulated 
2 pulses with a pulse-repetition frequency of —■ 

(b) A series of modulated pulses similar to (a) 
but with alternate pulses delayed by an 

T 
amount — sec. (c) Secomd harmonic com-

4 
ponent of series of pulses in (b) (tone fre
quency). (rf) A series of pulses similar to (b) 
but with alternate pulses space-modulated 

5T \3T 21T 
about the positions —-> —— > > etc. 
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therefore, the tone 2/71 can be keyed on or off without changing the 
average working rate of the transmitter. 

Now if, instead of varying between the extreme positions T/2 and 
37V4, the pulse is moved between two positions closer to the center pulse 
position at 57V8, as in (b) and (c) of Fig. 11-3, alternate intervals of 

1 2. A i i A 
2 16 8 16 4 

Pulse position in terms of T 
F I G . 11-2.1—Tone-amplitude-pulse-position relationship. As the position of alternate 

T 371 

pulses in Fig. 11-1 (d) varies from position — to position -—7 the square of the amplitude 2 4 
of the second harmonic varies according to the curve shown. 

20 I 
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JL 
1 20 ' 1 

JL.r-.M_ 

(o) 
Phase-shift as a function of T 
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Dashes 
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Tone energy 
Fia. 11-3.—Phase-shift-tone relationship -with square-wave modulation. Dots and 

dashes relative to background tone are shown for four different modulations. The pulses 
are shown modulated with square waves of % sec duration spaced Y± s e c m the center part 
of the diagram and with the reverse timing in the lower section. 

higher and lower intensity tone mil result; and the higher intensity 
portions may be heard as dots or dashes as the case may be (see Fig. 11-3). 
If the amplitude of the pulse-position modulation decreases to zero (no 
movement of the pulse from its center position) a steady tone of half the 
maximum intensity is heard as in (d) of Fig. 11-3. 

http://JL.r-.M_
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Course information for aircraft may be transmitted by this method. 
A series of dashes may indicate that the airplane is to the left of the course, 
a series of dots may mean to the right of the course, and a steady tone 
may mean on course. Like other methods for interpretation by an 
operator, this method can be used for continuous relative control; that is, 
instead of transmitting only the commands "left" or " r ight , " an indica
tion of "how far left" or "how far r ight" can be given. The amplitude 
of the dots or dashes relative to the background tone is then an indication 
of how far to the left or right of course the airplane is flying. The aural 
indications of this system are similar to aural indications received from 

Multivibrator 
with double 

output 

, - „ (A) 
^- _ ( B ) To voltage 
— - (C) sensitive 
~*~ ~ (D) delay circuit 

(E) 

w-piz^pzr^fzr^pri 

E(Df 

r r rq j 4 J = -

.Ft 

( ^ z t z j q _ = n = R . 
F I G . 11-4.—Continuous modulation of pulse position. A double-output multivibrator 

is connected to a center-tapped variable resistor with an adjustable arm. As the arm is 
moved from position (A) through (B), (C), and (D) to (E) the voltages at the arm are 
indicated by the waveforms EA, EB, EC, ED, and EE, respectively. These voltages when 
fed to a voltage-sensitive delay circuit may be used to obtain space modulation of pulses. 

the widely used A—N radio-beacon navigation system, and may, in fact, 
be identical with them. Space modulation of this type was used for 
communication in the Oboe beacon bombing system (see Chap. 1). 
With this method of modulation there is no variation at the modulation 
frequency of the average transmitted power. 

The pulse position can be modulated in the way described above by 
manual control of the timing of alternate pulses through a voltage-
sensitive delay circuit, as shown in Fig. 11-4. More often, the modulation 
is applied automatically by a circuit. For instance, the waveforms (a) 
and (e) of Fig. 11-4 can be applied to a double-triode mixer, the output 
voltage of which depends on the biases of the triode grids. The bias 
voltages may be obtained from the output of a double-gate range-error-
indicating circuit. l 

1 For a discussion of such circuits, see Waveforms, Vol. 19, Chap . 14, and Electronic 
Time Measurements, Vol. 20, Radiation Laboratory Series. 
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11-4. Pulse-width Modulation.—Code letters can be sent and received 
by having the modulating signals vary the duration of the transmitted 
pulses if a pulse-width discriminator is followed by an audio amplifier at 
the receiver output. The receiver must, of course, be one that preserves 
the relative width of narrow and wide pulses. 

By modulating the pulse width around an intermediate value in the 
manner shown for space modulation in Fig. 11-1, continuous relative 
control commands can be transmitted. For this purpose, the output 
voltage of the pulse-width discriminator in the receiver should be pro
portional to the pulse width over the region of modulation. This sort 
of modulation does produce a variation of the average transmitter power 
at the modulation frequency. 

METHODS OF INTERPRETATION BY AN OPERATOR 

11'6. Visual Methods.—If an interrogator is searchlighting a beacon, 
the beacon reply is steadily visible on the interrogator scope. Now, if 
the beacon is keyed on and off according to some code, the code can be 
interpreted readily by an operator at the interrogator. The code may 
be simple, as an A—N code to give left-right directions, or it may be the 
Morse code, enabling the transmission of complex data. The keying of 
the beacon may be manual or automatic. For this method to operate 
satisfactorily, the beacon response must be steady. 

It is possible and, indeed, preferable to produce a code by keying 
the width of the response pulse from one value to another. Because 
the pulses are usually short, a delayed fast sweep is often required at the 
receiving station for visual interpretation. The system must preserve 
the relative width of pulses. 

11-6. Aural Methods.—In a system in which the beacon replies off 
frequency, the beacon response normally appears on the interrogator-
receiver display without radar ground echoes. The initial interrogator 
pulse can also be gated out. Then, if an audio amplifier and speaker are 
connected to the output of the interrogator-receiver the pulse-repetition 
frequency / will be heard only when a beacon responds. Keying the 
beacon on and off would then be a method of transmitting code. If more 
than one beacon responds, the audio-amplifier input can be range-gated 
so that beacons at different ranges can be distinguished. 

If it is desired not to take the beacon completely off the air while 
keying, the response-repetition rate can be keyed by interrupting the 
beacon response at a low rate / i ^ / / 2 when the key is pressed. The 
audio amplifier at the interrogator may then have a low-pass filter to 
pass / i but not / ; the audio output then appears to be keyed on and 
off. Rejection of / removes the initial pulse and ground echoes. Alter-
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natively, the width of the reply pulses can be changed and a pulse-width 
discriminator inserted in the audio channel. 

METHODS FOR AUTOMATIC INTERPRETATION 

11-7. Pulse-repetition-frequency Systems.—Signals in the form of 
pulses with a modulated repetition frequency can be interpreted auto
matically by filtering out all except the fundamental frequency com
ponent of the received pulses. The fundamental frequency component 
is then applied to a frequency discriminator.' The output voltage can be 
amplified and applied directly to the controlled element, or it can be 
applied through a servomechanism. 

11-8. Pulse-width Systems.—Circuits for automatically interpreting 
coding signals based on pulse width have been described in Sees. 9-1 to 9-7. 
The same basic principles can be used for automatic interpretation of 
control signals using pulse width. One method is to convert the signals 
into sawtooth voltages (the peak amplitude of which is therefore pro
portional to the duration); to rectify and filter the sawtooth voltage, 
obtaining a d-c voltage proportional to signal width; and to apply this 
voltage to the controlled element either directly or through a servo-
mechanism. Interference from unwanted signals may be prevented by 
using some additional form of coding—for instance, by having the control 
signals transmitted at a repetition frequency which differs from that of 
interfering signals and using a pulse-repetition-frequency discriminator. 

11-9. Multiple-pulse Systems.—We have already considered (in 
Sec. 99) circuits for interpreting multiple-pulse identification signals 
automatically. Multiple-pulse signals can also be used in transmission 
of control signals for automatic interpretation. If a signal contains N 
pulses, there are N — 1 spaces and each can be used to control a param
eter. The method of measuring the pulse spacings is similar to that 
described in Sec. 9-10 for measuring the interval between recurring pulses. 
The first pulse starts a first linear sweep; the second pulse causes a 
first capacitor to be charged to the voltage of the first linear sweep at 
that instant, and so on. The capacitor voltages are then used directly 
or through mechanisms. I t is necessary to sort out the pulses in the order 
of their arrival and to apply each at a different point; this is done by 
means of gated amplifiers switched on by pulses associated with each 
linear sweep. The first pulse may be identified from interfering signals 
by using some form of code—for instance, a pulse-width or a double-
pulse code.2 

1 Circuits that respond to particular pulse-repetition rates have been discussed 
in Sec. 910 of this volume. 

s For a description of complete multiple-pulse systems see Waveforms, Vol. 19, 
Chap. 10, and Electronic Time Measurements, Vol. 20, Chap. 10, Radiation Laboratory 
Series. 
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Use of each code space allows control of a parameter over a limited 
range, but a parameter 6 can be controlled over an unlimited range if 
both sin 8 and cos 6 are transmitted, each by a different code space. 
However, unless special precautions are taken, there will be an ambiguity 
in 6 of 2nir, where n is any integer. 

In multiple-pulse systems, all pulses need not be transmitted on the 
same radio frequency. Greater privacy and automatic separation result 
from using separate frequencies. 

SPEECH TRANSMISSION ON BEACON SYSTEMS 

11-10. Pulsed Voice Systems.1—As was pointed out previously, it is 
necessary to add special equipment to both interrogator and beacon to 
allow voice communication in the interrogator-beacon system. 

It was shown in Sec. 5-18 that channels wide enough for voice com
munication may be obtained even with low pulse-repetition frequencies, 
if a sufficiently wide r-f bandwidth is used. In such systems more than 
one element of information must be transmitted by each pulse. Systems 
of this nature are clearly more difficult to design than systems in which 
only one element of information is transmitted by each pulse; as far as we 
are aware no such system has yet been proposed. Our discussion will be 
limited, therefore, to systems in which the pulse-repetition frequency is 
used as the carrier frequency for the voice modulation, and in which the 
pulse-repetition frequency, consequently, is 4000 cps or more. It 
is possible, however, to send some pulses on one frequency and the 
remainder on another, and to distinguish between the replies to the 
pulses. If this is done, a lower pulse-repetition frequency may be used 
for the beacon range and azimuth data, and only replies to the lower 
pulse-repetition frequency displayed on the cathode-ray tube. The 
severe restrictions on range resulting from high pulse-repetition fre
quencies can thus be removed. 

It is well known that a set of uniformly spaced pulses having a pulse-
repetition frequency Fo can be represented or replaced by a Fourier 
series of terms involving frequencies of 0 (the d-c term), F0, 2F0, 3F0, etc. 
When the amplitude of the pulses is modulated at a frequency Fm, each 
of the original frequencies NFo in the expression for the unmodulated 
pulses is replaced by a triplet of frequencies NF0 — Fm, NFo, NF0 + Fm, 
as with ordinary amplitude modulation of continuous waves. This is 
not surprising since the component terms of the Fourier expansion are 
continuous. More careful examination shows that when the modulating 
envelope is considered actually to modify the shape of the top of the 
pulses the two sideband frequencies NF0 — Fm and NF0 + Fm will be of 
equal amplitude. When, however, the pulses are assumed to be rec-

1 Sees. 11-10 and 1111 by M. D. O'Day. 
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tangular with heights corresponding to the position of their centers on 
the curve of modulation, the sidebands will, in general, not be of precisely 
equal amplitude. The relative amplitudes will then be given by the 
familiar expression sin ITTF/TTF where F is the actual frequency and T is 
the duration of the pulse. These points are discussed more fully in 
Appendix A. 

A characteristic of pulse modulation that tends to limit its usefulness 
is an ambiguity with respect to the frequency of the modulation. If 
regularly spaced rectangular pulses having a pulse-repetition frequency 
Fa are modulated in amplitude with a frequency Fm, the resulting set of 
pulses is entirely indistinguishable from other sets of modulated pulses 
where the modulation frequencies are NF0 + Fm, Ar taking different 
integral values. These equivalent modulations must, of course, have the 
appropriate values of amplitude and phase. To see that this is true, 
consider a set of rectangular pulses centered at times 0, l/F0, 2/F0, 
3/Fo . . . with their heights given by the expression 

A = Ao[\ +p cos (2irFmt + <#>)], 

in which A0 is the average height of the pulses, Fm is the frequency of 
modulation, p is a fraction expressing the percentage of modulation, and 
<t> is a phase factor put in for the sake of generality. 

The values of the cosine term for the successive pulses are 
cos <t>, 
COS (2irFm/F0 + 4>), 
cos (4irFm/F0 + </>), e t c 
If now, for example, we substitute NF0 —Fm in place of Fm and take 

the phase to be — <j>, the successive values will be 

cos (— 4>) = cos <t> 

-[ t2?ea-]-K , '-fe)-] 
-c„.[-(i£ + ♦)]-«. (<£ + ♦), etc. 

Comparison of this set of values of the cosine term with the former set 
shows that they are identical. Thus, there is a modulation of frequency 
NFo — Fm that gives a set of pulses identical with those given by modula
tion at frequency Fm. The same argument is obviously applicable for 
all the frequencies of modulation given by NFa + Fm. 
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The practical consequence is that the modulation frequencies used 
with pulses should be limited to values less than half the pulse-repetition 
frequency, since any modulation frequency Fm that lies between Fa/2 
and Fa can give an apparent modulation at Fa — Fm which will be less 
than Fa/2 by the same amount that Fm is greater than Fa/2. Similarly 
the receivers for modulated pulses should contain filters to eliminate 
modulation frequencies greater than Fa/2. Thus, if voice frequencies up 
to 2000 cps are to be used for modulation, the pulse-repetition frequency 
must exceed 4000 cps. 
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11*11. Types of Modulation.—Perhaps the simplest type of modula
tion which can be employed is frequency modulation of the pulse-
repetition frequency. When this method is used, the beacon is equipped 
with an f-m discriminator which converts frequency modulation into 
amplitude modulation. The system is then restricted to the use of one 
interrogator at a time for each beacon. 

Other types of modulation which can be employed are double-pulse 
modulation, in which the spacing between a pair of pulses is used as the 
parameter to be modulated, pulse-width modulation, and pulse-amplitude 
modulation. In general, such modulation is detected by transforming it 
to amplitude-modulated pulses so that most of the important relation
ships can be brought out by consideration of amplitude modulation. 
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Figure 11-5 shows a block diagram of a two-way beacon speech-com
munication system. 

11-12. "Talking Rebecca-Eureka."1—The simplest voice-communica
tion beacon system that has been worked out, and the only one that 
seems to have been used in the field, is that employed in the "talking 
Rebecca-Eureka" system. The Rebecca-Eureka system has been dis
cussed in Sees. 1-7 and 4-10; it consists of an airborne interrogator with 
lobe switching for azimuth determination and a very light portable 
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F I G . 11-6.—Block diagram of talking Rebecca-Eureka. (a) Interrogator, (b) Beacon. 

ground beacon with an omnidirectional antenna. No interrogation 
coding is used, and response coding is by manual pulse-width keying. 

The useful range of the system is short and the interrogation is 
essentially continuous. As a result, it has proved possible to introduce 
two-way voice communication into the system without impairing the 
performance of the beacon except by the inevitable reduction in traffic 
capacity consequent on its use as part of a communication system. 
Figure 11-6 shows a block diagram of the talking Rebecca-Eureka. 

When a Rebecca-Eureka system is to be used for voice communication, 
the pulse-repetition frequency of the interrogator is increased to about 
5000 cps; the range of the system is thus limited to about 15 miles. 

1 By A. Roberts. 
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Responses from more distant beacons appear on incorrect sweeps. 
Ambiguities in range may be resolved by momentarily changing the 
pulse-repetition frequency. Modulation is introduced in the interroga
tion link by frequency-modulating the pulse-repetition frequency. The 
beacon is equipped with a discriminator tuned to the mean pulse-repeti
tion frequency; its output is an audio signal corresponding to the voice 
modulation. 

In the response link, modulation is accomplished by varying the pulse 
width of the response. No range error or variation is thus introduced into 
the normal beacon response, which appears as before on the interrogator 
scope. The interrogator receiver is equipped with an integrating circuit 
which converts the pulse-width modulation into an amplitude-modulated 

n n n n audio output. Range-gating of the bea-

_ J T ~ L _ J L _ c o n r e s P o n s e *s u s e ( i both to reduce 
R M R M ignition and other interference and to 
FIG. ii-7.—Double-pulse modu- select the correct beacon response. 

S i r p u ^ ^ r ^ ^ " • ! » • Double-pulse Modulation.^-
with respect to the reference An easy method of modulation is to send 
p se out paired pulses, as shown in Fig. 11-7. 
One pulse acts as a reference pulse, and the second pulse is called the 
modulation pulse. It is not necessary that these pulses be sent on the 
same carrier frequency; the reference pulse may be that of a radar, and 
the modulation pulse may be produced by an interrogator associated 
with it.2 

VOICE-MODULATION SYSTEMS TO WORK WITH RADARS 
BY M. D. O'DAY AND R. A. MINZNER 

The following hypothetical paired-pulse communication system has 
been suggested for use in conjunction with ground radar. The reference 
pulse is that of the ground radar. Although the modulation pulse can 
be on any carrier frequency, there are certain advantages in having this 
frequency low enough to make omnidirectional antennas effective. The 
system is most useful when operated with a ground-interrogator-air
borne-beacon system; it might also be used with airborne interrogators 
working with portable ground beacons. 

1 By M. D. O'Day. 
s It may be possible to combine various types of modulation to form a more 

secure communication system and also to improve the signal-to-noise ratio. One 
method might be to combine, in the audio part of the receiver, modulation envelopes 
sent both by pulse-repetition frequency modulation and double-pulse modulation. 
Circuits would be introduced which would not respond to any signals except those 
which are present at the same time and in the same phase with both types of 
modulation. 
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The system will be illustrated by two examples: 
1. A short-range interrogator with a high pulse-repetition frequency. 
2. Other radars with pulse-repetition frequencies too low for voice 

communication. 
11-14. Communication with a Radar of Very High Pulse-repetition 

Frequency.—Let us assume that we have a radar with a pulse-repetition 
frequency in excess of 4000 cps. Associated with it is an interrogator 
which transmits a modulation pulse shortly after each radar pulse. The 
delay time of the modulation pulse can be varied with respect to the 
reference pulses. At the receiving end, the time between the reference 
pulse and the modulation pulse is integrated and converted into an audio 
signal. 

A considerable degree of security can be provided by the use of sepa
rate frequencies for the two pulses. Suppose the reference pulse has a 
random " j i t t e r" which is several times greater than the total excursion 
of the modulation pulse with respect to the reference pulse. At the 
beacon end, then, it would be necessary to receive the reference pulses 
in order to decode the information, because the random jitter of the 
reference pulse with respect to any fixed repetition period would cor
respond to a high noise level. 

A second feature of this system is its ability to reject random pulses 
that may cause interference. Suppose that the excursion of the modula
tion pulse around its average value is only 20 per cent of the spacing 
between the two pulses. Decoder circuits which will not recognize any 
pulses that do not have a spacing corresponding to this range can then 
be used. 

The beacon transmitter and modulator are somewhat simpler. I t is 
unnecessary to transmit the reference pulses back to the interrogator 
since they are already available there. The beacon replies are varied 
periodically in range around an average value which is somewhat greater 
than the range of the equipment as measured by the radar. The range 
measurement is corrected for the delay in the beacon reply. The 
demodulation at the interrogator is similar to that at the beacon. Range-
gating is used to select the correct beacon response for the input to the 
audio channel. 

The operational procedure at the interrogator is simple. The 
operator searchlights the beacon and obtains the beacon reply on the 
indicator. He then adjusts a range gate which brackets the beacon 
reply (see Fig. 11-8). The system is then ready for operation. The 
interrogator operator can talk to the beacon operator and he will receive 
only replies which are at the same range as the beacon. Azimuth 
resolution depends upon the interrogator beamwidth. As a consequence, 
there is usually no ambiguity as to which target is talking to him. 
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This feature of the system has two advantages; it identifies the con
versation as orginating from a particular target, and it eliminates a great 
deal of interference and noise. Only interference which enters the range 
gate is received. The identification of a particular signal as correspond
ing to that of a selected target on the radar indicator can be of great 
advantage in ground control of aircraft flying under conditions of poor 
visibility. 

Figure 11-9 shows a block diagram of an experimental beacon used 
in a communication system of this type. The beacon is interrogated 
simultaneously by a 10-cm radar and a 500-Mc/sec interrogator-respon-
sor. I t replies at about 500 Mc/sec. Double-pulse modulation is used 
in both interrogation and reply links. 

0;acon reply M, 

Range gate 
ta» M 

R X~ 
Main radar transmitted pulse IRangel 

(6) g a t e 

Clipping level 

(c) 
F I G . 11-8.—Operation of range-gated beacon communication system, (a), (b) The 

operator brackets the beacon reply with a range gate, (c) The range gate triggers the 
sawtooth gate on -which rides the pulse M. The fraction of M above the clipping level 
changes as it changes its position with respect to the range gate. N O T E : This will work 
with self-synchronous systems since the range gate is initiated by the main radar pulse. 

11-15. Voice Communication with Low-repetition-rate Radars.— 
Because powerful radars do not have high repetition rates, the system 
just described is greatly restricted in its use. I t has little advantage 
over the simpler talking Rebecca-Eureka. I t is not difficult to modify 
it for use with low-repetition-rate radars, however, retaining most of its 
advantages. Modification can be accomplished readily because the 
intelligence does not have to be contained in the reference pulse but may 
be largely in the modulation pulse. I t is necessary then to transmit 
several modulation pulses corresponding to each reference pulse. If there 
is a random jitter in the radar, these trains of pulses will jitter with the 
reference pulses. The system is illustrated in Fig. 11 ■ 10. For simplicity, 
we have taken a case in which four modulation pulses are required for 
each radar pulse. In the beacon, each reference pulse sets up several 
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F I G . 11-9.—(a) Block diagram of an experimental coincident crossband voice communication beacon. Double-pulse modulation is used in 
both interrogation and reply links. (6) Waveforms at numbered points. (1) Received double-pulse interrogation on 500 Mc/sec. (2) Received 
interrogation on 10-cm—a single pulse coincident with the first pulse of the 500-Mc/sec pair. (3) Coincidence stage output trigger for beacon 
range reply pulse. (4) Sawtooth voltage sweep used for demodulation of 500-Mc/sec. interrogation. (5) Modulation detector output waveform. 
The amount of the modulation pulse above the clipping level varies with the pulse spacing. (6) Reply pulse pair, generated by the pulse gener
ator. The pulse spacing varies with the applied audio voltage. (7) Beacon reply at 500 Mc/sec. 
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gates (four in Fig. 11-10 instead of one). The circuits are necessarily 
more complicated than in the first system described; some adjustment 
must be available to accommodate radars of differing repetition rates. 
In other respects, however, the system acts just as in the case in which 
the radar has a high recurrence rate. 

I t is to be noted, however, that in order to keep replies to the modula
tion pulses from showing on the indicator, some type of response coding 
should be used to differentiate them from the beacon reply to the radar 
pulses. Such response coding may be pulse-width coding, or by reply 
on a different frequency. If a different frequency is used, the beacon 
must have two transmitters, and the interrogator-beacon system has 
been complicated to the extent of adding an additional transmitter and 

R M. M, M. 

ML 
M2 M3 M, 

if if TT (o)-T1 

(a) 

(W 
F I G . 11-10.—(a) Modification of the 

double-pulse modulation system to worK 
with low-repetition-rate radars. In this 
case the reference pulse R sets up a number 
of modulation pulses equally spaced in the 
time interval between pulses, each of which 
varies separately with respect to its refer
ence pulse, (b) Sawtooth sweeps generated 
by the reference pulse and used to decode 
the modulation. 

( & ) -

W-

<<*)-
F I G . 11-11.—Beacon pulse communica

tion system with modulation, using a radar 
of low pulse-repetition frequency, (a) 
Radar reference pulses, (b) Modulation 
pulses, (e) Beacon replies. The first of 
each quartet of pulses is wider, (d) Display 
on radar indicator; pulse-width discrimina
tion has removed the auxiliary communica
tion pulses. 

receiver at each end of the system. If pulse-width coding is used, replies 
to the radar pulses alone can be allowed to appear on the display, and the 
demodulation of all the beacon reply signals can be carried out as in the 
previous example. Figure 11-11 shows a pulse diagram of such a system. 

11-16. Use of More Complex Modulation Envelopes.—In the pre
ceding sections systems using only the characteristics of simple rectan
gular pulses—amplitude, duration, and spacing—have been described. 
It is theoretically possible to pack an almost unlimited amount of 
information into a pulse—for instance, by having the r-f amplitude or 
frequency envelope take on very complicated forms. One practical 
limitation is in the bandwidth required; another is tha t high-power 
magnetrons do not readily permit amplitude or frequency modulation. 
The transmission of data more complex than any described above, how
ever, is possible. For instance, one line of a television transmission 
may be regarded as a pulse which contains data expressing the value c ' 
a function at every point on a line of finite length. 



CHAPTER 12 

MODULATORS 

B Y P. A. DE PAOLO, J. J. G. M C C U E , K. R. MORE, AND J. C. R E E D 

12-1. General Considerations.1—The beacon modulator is essentially 
a device for supplying a voltage pulse to a transmitting tube. Its func
tion, therefore, is the same as that of a radar modulator and it has much 
the same general design. It differs from the radar modulator, however, 
in three important respects: 

1. When range coding is used, the interval between pulses may be 
only about 10 jisec, or even less in some cases. 

2. Usually there is n.o fixed repetition rate; the duty ratio fluctuates 
with time. 

3. All pulses emitted by the transmitting tube must have the same 
frequency; the voltage pulse delivered by the modulator must 
remain constant in spite of variations in duty ratio and line 
voltage. 

The small interval between pulses may make it difficult to use gas-
filled tubes as switches. The time required for recombination of the 
ions in a gas-filled tube is of the order of 50 ^sec or more. Furthermore, 
a gas-filled tube must be used in conjunction with a pulse-forming net
work which cannot be recharged very quickly. It will be shown below 
that these difficulties do not entirely exclude gas-filled tubes from use in 
beacon modulators, but they do account for the fact that the modulator 
for a range-coded beacon usually consists of a hard-tube switch driven 
by a blocking oscillator. 

The greatest differences between beacon and radar modulators arise 
from the need for frequency stability in a beacon. The two principal 
causes of frequency instability are spontaneous frequency shifting in 
magnetrons and dependence of transmitter frequency on modulator 
output. 

Spontaneous frequency shifting (often incorrectly called "moding" 
or "double moding") is a discontinuous change in the output power and 
frequency of a magnetron when there is no intentional change in the 
pulse applied to the magnetron. The magnetron oscillates at one fre 

1 By J. J. G. McCue and P. A. de Paolo. 
237 
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quency during some of the pulses and at another during the rest of the 
pulses. Frequency shifting is much more likely to cause trouble in 
beacons than in radars for two reasons. The use of a reactive r-f load 
to pull the magnetron to a spot frequency increases the tendency of a 
magnetron to shift frequency spontaneously, and the presence of fre-

F I G . 12-1.—Effect of spontaneous frequency shifting on the appearance of a beacon 
response. In the B-scope photo, the beacon whose code is 2-1 shows a normal response. 
The response of the other beacon, whose code is 1-2-3, is erratic, with many pulses missing, 
so that the code is difficult to read and the response weak. 

quency shifting in a beacon may make the identification of a range code 
difficult or impossible. In a radar, on the other hand, it simply lowers 
the effective pulse-repetition frequency. Figure 12-1 shows two beacon 
signals appearing on the screen of a radar. 

The beacon on the right exhibits spontaneous frequency shifting; that 
on the left does not. Spontaneous frequency shifting often can be pre-
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vented by making the time of rise of the voltage pulse applied to the 
magnetron sufficiently large—for example, 0.2 /jsec (see Sees. 13-3 and 
13-4)—and can be inhibited by running the magnetron at a carefully 
chosen operating point. 

If possible, the transmitting tube should be so operated as to have a 
low "pushing figure"—that is, changes in the current pulse in the trans
mitter should cause only a slight change in the frequency of the r-f output. 
Once the tube has been chosen, preventing it from being "pushed" 
away from its assigned frequency is essentially a matter of regulation. 
The modulator and power supply should be designed so that the pulse 
applied to the transmitting tube does not vary with line voltage or duty 
ratio or from pulse to pulse in a code group. 

The pulse applied by the modulator to the transmitting tube may be 
formed in the coder and amplified and shaped by the modulator itself. 
The advantages of this method are that the coder design need concern 
itself only with the spacing of the code pips, without regard to their 
shape, and that it avoids the difficulty of maintaining the shape of short 
pulses passing through several stages of amplification. In either case, 
the pulse may be formed in one of the ways described below. 

PULSE-FORMING CIRCUITS 

B Y J. J. G. M C C U E AND P. A. DE PAOLO 

The principal circuits used for pulse formation in beacons are multi
vibrators, line-controlled blocking oscillators, and pulse-forming networks 
used in conjunction with gas-filled tubes. 

HARD-TUBE PULSE-FORMING CIRCUITS 

12-2. Multivibrators.—The use of multivibrators for pulse formation 
is discussed in Waveforms, Vol. 19, Chap. 5, Radiation Laboratory Series. 
It is enough to note here that if a multivibrator is to generate short 
rectangular pulses, the time constants of the circuit and also the inter-
electrode capacitances of the vacuum tubes must be kept small, and that 
tubes with high mutual conductance give steeply rising pulses. Figure 
12-2 shows a circuit that has been used to produce short pulses of adjust
able length. 

The chief advantages of multivibrators for rectangular pulse forma
tion are 

1. Very flat-topped pulses are obtainable. 
2. No transformer is needed. 
3. Long pulses are easily obtained. 
4. Low peak currents permit continuous operation with very short 

intervals between pulses. 
5. Adjustable pulse length is easily obtained. 
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Their disadvantages are low pulse-power output combined with high 
average power input. 

The multivibrator can be made to give rectangular pulses as short as 
1 Msec. For pulses less than 10 /isec long, however, a blocking oscillator 
is usually preferable to a multivibrator because of its superior efficiency. 

7k ) Negative 
trigger 

Fio. 12-2.—Multivibrator and cathode follower for 1- to 100-jisec pulsea. The pulse 
length is controlled by varying the 100-juf condenser and the 1-M resistor. 

For pulses less than 2 >isec long, it is very difficult to make a multivi
brator work at all without using tubes that consume a great deal of 
power. 

12-3. Blocking Oscillators.—The form of blocking oscillator, or 
regenerative pulser, which has been found most useful in beacon modula
tors is shown in Fig. 12-3. This circuit, when set into operation by a 

trigger pulse of noncritical shape, pro
duces a rectangular pulse of pre
determined width, at a power level 
that may be very high. For example, 
25-kw pulses, 1 /*sec long, are obtain
able from a 3E29 tube in a circuit that 
functions on a 100-volt trigger obtain
able from a 6SN7 cathode follower. 
Such a circuit can, of course, be used 
to drive & transmitting tube; but 
operation that is less critical, especially 

with regard to the load impedance, can be obtained by using a low-power 
blocking oscillator to drive a switch tube, which in turn drives the trans
mitting tube. 

The theory of the blocking oscillator is discussed in Pulse Generators, 
Vol. 5, Sec. 14-2, and in Waveforms, Vol. 19, Chap. 6 of this series. In 
brief, the blocking-oscillator grid potential is raised above cutoff by a 
trigger pulse and regeneration drives the grid further positive. The 
plate current rises rapidly at first and the plate voltage drops. Then, if 

T. 1— ' 

Positive 
trigger 

F I G 
Bias 

12-3.—Series-triggered line-con
trolled blocking oscillator. 
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Positive' 
trigger 

L-^swr>-^Trffr>-»JTr5Tn 

F I G . 12 -4.—Parallel-triggered line-con
trolled blocking oscillator. 

the circuit satisfies certain conditions we will not discuss here, the operat
ing point of the tube changes in such a way as to maintain a constant 
voltage in the output winding of the transformer. Meanwhile, the cur
rent in the grid circuit charges the delay line. After a time depending 
on the characteristics of the delay line, the voltage across the terminals 
of the delay line changes abruptly and causes a sharp drop in the grid 
potential. The corresponding drop in plate current drives the grid 
beyond cutoff by regenerative action. The charge on the delay line leaks 
off through the grid resistor, and the circuit is ready to be triggered again. 

The time required for the grid potential to return, after the pulse, to a 
value such that the trigger pulse can set off a new pulse, is called the 
"recovery time." It is a particularly 
important parameter in beacon modu
lators because it sets a lower limit on 
the spacing between pips in a range 
code. The recovery time of a block
ing oscillator depends on the nature 
of the trigger pulse and on the grid 
bias; it also depends on the grid 
resistor and the capacitance of the 
delay line. Since, for a given pulse 
duration, the capacitance of the delay line is inversely proportional to 
the square of the characteristic impedance of the line, a high-impedance 
line makes for a short recovery time. 

If the output pulse of the blocking oscillator is to be rectangular, the 
characteristic impedance of the delay line must be matched to the genera
tor that charges it, which is the transformer feedback secondary winding 
in series "with the impedance of the trigger source and the grid-cathode 
impedance of the tube. For this reason, it is well to use in the blocking 
oscillator a tube having a low amplification factor. Such a tube will 
require a small ratio (for example, 1-to-l) of primary turns to feedback 
secondary turns in the transformer. This implies a high impedance for 
the feedback winding and therefore a high impedance for the delay line. 

It might be inferred that a trigger source with high internal impedance 
is desirable. This is not true, however, because a high-impedance trigger 
source would limit the grid current, and thereby limit the output power 
and impair the rectangular shape of the pulse. A cathode follower makes 
a good trigger source. 

When the impedance of the trigger source is high, the circuit shown 
in Fig. 12-4 may be used. Here the grid current does not pass through 
the trigger source. 

The chief advantages of the blocking oscillator are that it draws 
current only during the pulse and that it generates a high voltage in a 
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low-impedance output. I t is therefore a very efficient pulse generator 
compared with a multivibrator. For pulses less than 10 ixsec long, it has 
few disadvantages in modulation applications; the top of the pulse can be 
made nearly flat, and the possible inconvenience arising from the need for 
a transformer and delay line is outweighed by the high power level of the 
output. 

LINE-TYPE PULSE-FORMING CIRCUITS 

12-4. Pulse-forming Networks and Switch Tubes.—The line-type 
pulse-forming circuit, widely used in radar modulators, consists of a 
pulse-forming network like a lumped-constant transmission line, a low-
impedance switch to discharge the network into the load, and means for 
recharging the network. In a beacon, the switch must be triggered by 
the coder output; the switch is therefore a gas-filled tube. An appro
priate circuit is shown in Fig. 12-5. Here the charging circuit is simply 
the power supply and the resistor Rc which, during the charging process, 
limits the current in the tube to a value that prevents maintenance of the 
discharge in the gas. 

When the switch tube is fired, its resistance is so low that the charged 
network is connected across a 

Positive [^Tmr^w^Tiwr^""j l o a d t h a t c o n s i s t s mainly of the 
I CT Cj Cl ! primary of the pulse transformer. 

■ -1 If the characteristic impedance of 
the network matches the imped
ance of the load, the network dis
charges completely into the load, 

FIG. 12-5.—Pulse-forming network and gas- i • _ „ *„„*.„i . 
filled switch-tube modulator. producmg an approximately rec

tangular pulse the duration of 
which is determined by the design of the network. The magnitude of 
the voltage pulse across the primary of the transformer is half of the 
supply voltage minus the voltage drop in the gas-filled tube. 

If the pulse-forming network in Fig. 12-5 is a lumped-constant trans
mission line as shown, then it will usually consist of from two to five sec
tions, the inductance and capacitance of which are first computed from 
the desired characteristic impedance and pulse duration, and then altered 
empirically to give a suitable pulse shape across the transformer second
ary. In general, the larger the number of sections, the flatter the pulse. 
Other forms of network are sometimes used.1 

Resistance Charging.—When the network has discharged into the load, 
the resistor Rc limits the current in the switch tube to such a low value 

1 The designer will find detailed information on pulse-forming networks in Pulse 
Generators, Vol. 5, Chap. 6, Radiation Laboratory Series. Gas-filled switch tubes 
are discussed in Chap. 8 of the same volume. 

,0Load 
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that the ions recombine, and the tube ceases to conduct after a time that 
depends on the circuit and on the nature of the gas in the tube; it is of the 
order of 10 to 100 jusec. The pulse-forming network then charges 
through the resistance Rc. Since Rc is ordinarily large compared with the 
characteristic impedance of the network, the charging is very nearly 
exponential, with a time constant equal to Rc times the total capacitance 
CN of the network. The blanking gate preceding the modulator should 
be of such length that the switch tube will not be triggered again until the 
network is sufficiently charged. After a time 4.RCCX has elapsed, the net
work will be charged to 98 per cent of the supply voltage. Recharging 
can be hastened by placing an induc
tance in series with Rc; the effect is 
shown in Fig. 12-6. 

A recently suggested method for 
eliminating the "dead" time due to 
exponential recharging is described in 
Pulse Generators, Vol. 5, Chap. 11, 
Radiation Laboratory Series. The 
network is first charged through the 
load when one switch tube is conduct
ing, then discharged through the load 
while another switch tube conducts. 
By using two primaries in the trans
former, output pulses that all have 
the same polarity can be obtained. 
The interval between pulses can be as small as the recombination time of 
the tubes. 

When the spacing of the pulses has to be less than the recombination 
time of a gas-filled tube, a separate pulse-forming network and switch 
tube can be used for each pulse, all of the network-switch combinations 
being connected in parallel across the load. In this way, a closely spaced 
code group can be transmitted.1 Such a circuit was briefly described in 
Sec. 1010. 

12-5. Other Charging Methods. D-c Resonance Charging.—Energy 
dissipation in the resistor Rc reduces the efficiency of the line-type pulse-
forming circuit. In interrogators, or in beacons designed to operate at 
fixed repetition rates, resistance charging of the pulse-forming network 
can be replaced by more efficient methods. These methods depend on 
substituting for the charging resistor Rc an inductance Lc, which combines 

F I G . 12-6.—Resistance- and induct
ance-resistance charging, (a) Resist
ance-charging c h a r a c t e r i s t i c . (6) 
Inductance-resistance charging charac
teristic. T\—recombination time of gas 
ions in switch tube. 

1 A circuit of this sort is discussed in detail in Pulse Generators, Vol. 5, Chap. 11, 
Radiation Laboratory Series, which also describes a circuit for getting still smaller 
spacing between pulses by means of an open-ended delay line used in conjunction 
with a single switch and pulse-forming network. 
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Time 
F I G . 12-7.—D-c resonance charging. 

The dotted line shows the damped 
oscillation which would occur if the 
switch tube were not fired at the peak 
of the charging cycle. 

with the capacitance CV of the network to form a resonant circuit whose 
natural frequency is half the pulse repetition frequency. That is, Lc is 
chosen so that ir \ZLCCS = TR, where TK is the interval between pulses. 
Because of damping, the first surge of current in the capacitor charges 
it to a little less than twice the supply voltage EB, that is, to about l.9EB. 
The switch tube is triggered at this time, and the network discharges a 
pulse of about 0.95UB into the switch tube and transformer; then the 

cycle is repeated. The voltage across 
the pulse-forming network is shown 
as a function of time in Fig. 12-7 
where the dotted line shows the oscil
lations that would occur if the switch 
tube were not fired. In the figure, 
the pulse duration is exaggerated to 
show the voltage step in the dis
charge. The recombination time, 
however, is not shown in the figure 

because, although it is usually longer than the pulse duration, it is usually 
too short to be noticeable on the scale of the figure when resonance 
charging is used. 

This charging method avoids most of the loss inherent in charging 
through a resistance and also permits the use of a lower power-supply 
voltage. I t has the disadvantage of requiring a change in the inductance 
when the network capacitance CN is altered to change the pulse duration, 
or when the interval TR between pulses is changed. This disadvantage 
can be eliminated by placing a "hold-off " diode in series with the induct
ance Lc, so that the network cannot 
discharge through the inductance. 
Another reason for using a hold-off 
diode is that it permits the use of a 
s m a l l e r inductance. The hold-off-
diode arrangement might be applied 
to a beacon operating at an irregular 
rate; this has not been attempted. 

Straight-line Charging.—An alternative method for inductance charg
ing, which permits a change in the repetition rate, is that known as 
"straight-line charging." In this method a charging inductance about 
four or more times as large as that required for resonance charging is used. 
The mathematical analysis is somewhat involved,1 but physically it is 
clear that the large inductance tends to keep constant the current in the 
charging circuit, and therefore the voltage across the network will change 
at a nearly constant rate. The network voltage as a function of time, 

1 See Pulse Generators, Vol. 5, Chap. 9, of th is series. 
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Fxa. 12-8.—D-c straight-line charging. 
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after a steady state has been reached, is shown in Fig. 12-8. The funda
mental difference between d-c resonance charging and straight-line charg
ing is that in straight-line charging the current in the charging inductance 
is not zero when the network begins to recharge. Straight-line charging 
permits switching from one repetition rate to another. It has not, how
ever, been used in beacons. Because of the steep slope of the charging 
curve at the instant of firing, straight-line charging is undesirable when 
the repetition frequency is subject to short-time fluctuations. In such 
cases, d-c resonance charging, perhaps with a diode, is indicated. 

A-c Resonance Charging.—The pulse-forming network can be charged 
through an inductance connected directly to the power transformer, 
provided the power-supply frequency is constant and bears an integral 
relationship to the repetition frequency. This is called "a-c resonance 
charging"; it has been used successfully on certain large fixed radar 
installations, where the alternating current for charging is obtained from 
a generator run by a synchronous motor. I t is discussed at some length 
in Pulse Generators, Vol. 5, Chap. 9, Radiation Laboratory Series. I t 
has not been used in beacons. 

12-6. Summary.—The advantage of a line-type pulse-forming circuit 
is its large output power with simple circuit design. Its disadvantages 
are that it produces rather poorly shaped pulses and that it will not func
tion at high repetition rates nor even, in some cases, at variable rates. 
Furthermore, it introduces a delay that may be as large as 1 jisec, which 
is subject to change when the gas-filled tube is changed. The circuit 
has the further disadvantage that a 10 per cent change in supply voltage 
causes a change in output power of about 20 per cent, because the power 
output is proportional to the square of the supply voltage. 

PULSE FORMATION IN MODULATORS 

The blocking oscillator and the line-type pulser, which are the pulse 
generators usually employed in beacon modulators, can either generate 
the pulse at the power level required by the transmitter or they can gener
ate low-power pulses that drive the grid of a hard-tube switch. In the 
interests of simplicity and efficiency, the pulse-forming network is usually 
operated at a high power level, and its output pulse is applied to the 
transmitting tube through a pulse transformer. On the other hand, the 
blocking oscillator is almost always used at a low power level and made to 
drive a hard-tube switch. There is reason to believe that blocking 
oscillators operating at high power levels would be practical for some 
applications. 

Present beacon modulators are therefore divisible into two categories: 
1. The "line type" modulator, consisting of a pulse-forming network 

and a gas-filled switch. 
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2. The "hard- tube" modulator, consisting of a blocking oscillator 
driving the grid of a hard-tube switch. 

12-7. The Line-type Modulator.'—Since the line-type modulator is 
simply a pulse-forming circuit designed to drive the transmitting tube, 
the basic principles involved in its design have already been discussed 
above. The application of these principles will be clarified by an 
example. Suppose that a modulator is required for a beacon subject to 
random interrogation, that no coding is required, and that the modulator 
is to have the following characteristics: 

Pulse power output = 1000 watts into 1000 ohms. 
Pulse duration = 1 ^sec. 
Duty ratio = 0.1 per cent. 
Power-supply voltage = 300 volts. 

The random interrogation of the beacon makes resistance charging 
imperative. A duty ratio of 0.1 per cent can be achieved with a blank
ing gate of 1000 Msec, which may not be long enough to permit the use of 
resistance charging. We shall therefore compute the characteristics of a 
suitable network, and then check to insure that it will recharge in 1000 
Msec. The circuit is shown in Fig. 12-5 (Sec. 124). 

The efficiency of the output transformer must first be reckoned with. 
A well-designed transformer of the type needed here will have an efficiency 
of about 85 per cent; the effect of the losses will be to increase the primary 
current by about 10 per cent and to shorten the pulse in the load by 
about 5 per cent. 

Although no adequate pulse specifications on the 2D21 gas-filled 
tube exist at present, it is the only tube available now which might be 
suitable for a circuit of this kind. Its suitability can be verified only 
by experiment. 

During the pulse, the voltage drop across the switch tube is about 
30 volts, regardless of the current. Therefore the pulse current, allowing 
for transformer efficiency, is 

T , , 1000 watts „ _ 
7* = L 1 (150-30) volts = 9 2 a m P -

The 2D21 tube has been found to handle 10-amp pulses satisfactorily, 
so the choice of this tube still looks reasonable. The average current at 
the full duty ratio of 0.1 per cent is 9.2 ma, which is well within the 2D21 
rating of 100 ma. Let Zp be the impedance presented by the primary 
of the transformer, and recall that the transformer reduces the power of 
the pulse by 10 per cent. Then 

1 Sees. 12-7 and 12-8 by J. J. G. McCue and P. A. de Paolo. 
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1%ZP = 1.10 ■ 1000, 

whence 
Zp = 13.0 ohms. 

Since the drop of 30 volts in the switch tube carrying 9.2 amp makes 
the tube have an effective impedance of 3.3 ohms, the pulse-forming 
network discharging into the transformer primary and switch tube in 
series will match its load if its characteristic impedance ZN is 

ZN = 13.0 + 3.3 = 16.3 ohms. 

The inductance L and capacitance C of each section of the network can 
be computed from the relationships 

and 
r = 2n VLC, 

where T is the pulse length and n is the number of sections in the network. 
Choosing n = 3, which is reasonable, and letting r = 1.05 /jsec to allow 
for pulse shortening by the transformer, we have 

L = 2.8 Mh, 
C = 0.010 id, 

C = 0.030 Mf. 

The transformer must transform the 1000-ohm load on the secondary 
to a primary impedance of 13.0 ohms; the required transformer stepup 
ratio is therefore (1000/13)V4, or 8.8 to 1. 

The minimum value of Rc which is required to quench the discharge 
in the switch tube can be computed from the supply voltage and the 
minimum current required to maintain the discharge. For the 2D21, 
this current is about 40 ma, hence, at a minimum, 

R- = £ = S = 75o° °hms-
If the time required to recharge the pulse-forming network through this 
resistor is taken as 4.RCCV, then the recharging time is 4 • 7500 • 0.030, or 
900 Msec. Allowing 100 Msec for recombination in the switch tube, we 
need a total of 1000 j*sec between pulses. This is just the gate length 
required to limit the duty ratio to 0.1 per cent. Therefore we are operat
ing on the fringes of feasibility; it would be well to place some inductance 
in series with Rc to ensure quenching and hasten recharging. 

The efficiency of the modulator can be estimated as follows: The pulse-
forming network puts 150-volt pulses into its load, of which 20 per cent 
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appears across the switch tube and 80 per cent across the transformer 
primary. The efficiency of the transformer is 85 per cent. Therefore 
the efficiency with which energy stored in the network is transferred to 
the 1000-ohm load is 0.80 • 0.85, or 68 per cent.1 But only 50 per cent 
of the energy taken from the voltage source can be stored in the network 
if resistance charging is used; the rest is dissipated by the resistor Rc. 
This consideration reduces the efficiency to 34 per cent. A further loss 
is incurred through heating of the resistor during the recombination 
period. This loss will vary from tube to tube; experience indicates that 
it may amount, on the average, to about 30 per cent of the power used to 
charge the network. When this loss is taken into account, the efficiency 
is about 25 per cent. The load draws 1 watt at full duty ratio. The 
network circuit therefore draws about 4 watts from the high-voltage 
supply. The heater of the 2D21 requires another 4 watts. The over-all 
efficiency is therefore something like 12 per cent. 

A more conservative design could be obtained if the power-supply 
voltage EB could be raised to 400 volts; for this case, the constants 
become 

Pulse current 6.5 amp 
Network impedance 31 ohms 
Inductance per section 5.4 ^h 
Capacitance per section 0.0056 /it 
Charging resistor (minimum) 10,000 ohms 
Charging time (minimum) 700 psec 
Transformer ratio 1 to 6.2 

This circuit has several advantages over the one designed for 300-volt 
operation. The pulse current in the 2D21 is smaller, satisfactory design 
of network and transformer is easier, and quenching can be ensured 
by making the charging resistor larger than the minimum value. The 
improvement in efficiency is trivial. 

I t would be misleading to leave the subject of line-type modulators 
without noting that the design of pulse-forming networks is an art as 
well as a science. The calculated values of the network constants serve 
simply as a point of departure; the final values must be reached empiri
cally. Much helpful practical and theoretical information is to be 
found in Pulse Generators, Vol. 5, Chap. 6 of this series. 

12-8. Hard-tube Modulators.—The hard-tube modulator consists of 
a pulse-generating circuit followed by an amplifier for raising the power 
level of the pulse. The pulse-generating circuit is almost always a 
blocking oscillator. The use of an amplifier has certain advantages: it 
can flatten the top of the pulse, and it makes the pulse shape relatively 
independent of changes in the load. 

1 This computation neglects energy losses in the capacitive part of the load. 
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1, 
> 'Switch 
ci tube 

r-i 
1 Transmitting 

tube 

High voltage 
source 

Although the amplifier is of the ordinary Class C type, it is convenient 
to regard the amplifier tube merely as an electronic switch connected in 
series with the transmitting tube and a source of high voltage.1 The 
switch has an appreciable inherent impedance; therefore, part of the 
supply voltage appears across the transmitting tube and the rest appears 
across the switch. Figure 12-9 shows a block diagram of a hard-tube 
modulator. 

< - - 1 

F I G . 12-9.—Block diagram of a hard-tube switching circuit. 

Except for spontaneous frequency shifting, the problem of frequency 
stability is that of stabilizing the current pulses in the transmitting tube. 
There are two approaches to this problem: one is to prevent the supply 
voltage from varying with line voltage or with duty ratio, or from varying 
from pulse to pulse in a code group. The second is to use a switch that 
passes constant current, that is, one whose impedance increases as the 
voltage across it increases. The 
first approach is adopted in triode 
switching, the second in tetrode 
switching. 

Triode Switching.—Figure 
12-10 shows a triode-switching 
circuit. The triode is normally 
cut off by its grid bias. When 
the blocking oscillator driver (of 
which 71! is a part) fires, a posi
tive pulse is impressed on the grid 
of the triode, which becomes con
ducting and permits a current 
pulse to pass through TV A negative voltage pulse is therefore impressed 
on the cathode of the magnetron transmitter. The secondary of the 
transformer r 2 is a bifilar winding that permits the magnetron cathode 
to be heated by a grounded transformer T3. The transformer r 2 is a 
stepup transformer which permits the use of a power supply, HV, the 
voltage of which is less than the operating voltage of the magnetron. 
The supply voltage should be kept as small as practical, since it must be 

1 A discussion of hard- tube switches is given in Pulse Generators, Vol. 5, Chap . 3, 
Radiat ion Labora tory Series. 

High 
voltage rara 

F I G . 12-10.—Triode switching and trans
former coupling. Note bifilar transformer 
winding which permits heating of the trans
mitter cathode from a current source near 
ground potential. 
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regulated to prevent it from varying with line voltage or with duty ratio. 
Since such regulation is difficult and expensive, triode switching is almost 
never used in beacon modulators. Except for very low voltage trans
mitting tubes, tetrode switching is much more convenient. 

Tetrode Switching.—The difference between triode and tetrode 
switch tubes lies in their plate current-plate-voltage characteristics, of 
which typical examples are shown in Fig. 12-11. 

Suppose that a triode switch is operating properly and then the high 
voltage increases. The current-voltage characteristic curve of a mag
netron is such that a large change in current results from a small change 
in voltage. An appreciable part of the increase in supply voltage, 
therefore, will appear across the triode, moving its operating point from 
A to B. The current in the triode and in the magnetron will experience 
considerable increase; the result will be a change in frequency of the 
magnetron r-f output. 

Suppose, on the other hand, that a tetrode is used as a switch tube. 
Almost all of the increase in supply voltage will appear across the switch 

tube, moving the operating point from 
A' to B'. It is clear that the current 
in the switch tube and in the magne
tron will change very little; the trans
mitter will stay on frequency. As 
long as the operating point of the 
tetrode stays on the flat part of the 
characteristic, changes in supply volt
age will have no appreciable effect on 
the magnetron current. The high 

Plate voltage — - voltage supply, therefore, need not be 
FIG. i2-ii.—Triode and tetrode posi- well regulated. I t is sufficient to 

tive-grid characteristics. regulate the screen voltage, which is 
easy because the voltage is low and the current small. A modulator 
using this type of switching is sometimes called a "constant-current 
modulator." 

An important aspect of operation on the flat part of the tetrode 
characteristic is that the current in the tube depends upon the grid drive. 
The pulse from the driver must therefore be shaped better than would be 
necessary with a tetrode operating on the steep part of the characteristic 
curve. The output current is approximately independent of variations 
in the high voltage, but it can be adjusted by adjusting the screen voltage 
or the drive on the control grid. The output power does vary somewhat 
with supply voltage but, since the current is nearly constant and most of 
the change in voltage appears across the switch tube, a 10 per cent change 
in supply voltage may cause as little as 5 per cent change in output power. 



SEC. 12-9] OUTPUT COUPLING CIRCUITS 251 

F I G . 12-12.—Tetrode switching with direct 
coupling. The pulse energy is stored in C, 
which recharges between pulses through Ri, 
Ri, and Lc. T2 is a low-capacity transformer. 

12-9. Output Coupling Circuits.1—The tetrode can be coupled to the 
magnetron through a pulse transformer, as in Fig. 12-10, or the direct-
coupled arrangement of Fig. 12-12 can be used.2 Here the switch 
connects the magnetron in series with a capacitor C charged to an 
appropriate high voltage. The capacitor is made large enough so that it 
is only slightly discharged by each pulse; between pulses it is recharged 
by the power supply through the 
resistors Ri and fi2. The induct
ance Lc is made large enough so 
that the current in it does not 
build up to a very large value 
during the pulse; therefore, most 
of the pulse current goes through 
the magne t ron . Furthermore, 
the current in Lc tends to remain 
constant even after the switch 
tube is cut off; this results in the 
rapid discharge of the distributed 
capacitance C, associated with the 
circuit and thus the trailing edge 
of the pulse is steep. The value 
of Lc must be made large enough 
to present a high impedance to the pulse but small enough to give a 
sufficiently steep trailing edge. The resistor R2 is adjusted to damp 
critically the oscillations induced in Lc and Cs. 

The secondary of transformer T2, which supplies the heater current 
for the magnetron, must have a very low capacitance to ground because 
this capacitance is in parallel with the magnetron. I t must also be 
insulated to withstand the voltage across the magnetron. 

A pulse transformer may be desirable to permit the use of a low power-
supply voltage, but it lowers the impedance into which the modulator 
works and therefore may lower the efficiency. Maximum power transfer, 
which is frequently more important than maximum efficiency, is obtained 
by matching the load impedance to the internal impedance of the switch-
tube circuit. A constant-current modulator usually requires a trans
former ratio near 1 to 1, and this ratio is therefore approximated with 
direct coupling. 

When the modulator and transmitter are far apart, it is desirable to 
connect the modulator to a stepdown transformer that works into a low-
impedance line, with the transmitter connected to the other end of the 

1 By J . J. G. McCue, P . A. de Paolo, K. R. More, and J. C. Reed. 
2 The design of ou tpu t circuits is t rea ted in considerable detail in Pulse Generators, 

Vol. 5, Chap . 2, of th is series. 
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line through a stepup transformer. Here the modulator works into a 
high impedance, but the efficiency suffers nevertheless because a loss of 
5 to 10 per cent is incurred in each of the two transformers. The choice 
of output circuit should, in general, be governed by the consideration 
that direct coupling is more efficient than transformer coupling and 
causes less distortion of the pulse. 

Triode Transmitter.—In the foregoing paragraphs of this section it 
has been assumed that the transmitting tube is a magnetron. The same 
considerations apply to pulsing the plates of triode oscillators except that 
in this instance the need for a positive pulse makes transformer coupling 
mandatory unless a cathode-follower arrangement of the switch tube is 
used; also, the starting time of the oscillations may be longer than for 
magnetrons. If the triode oscillator is operating near its low-voltage 
limit, the starting time of the oscillations may be several tenths of a 
microsecond. This effect can be allowed for by making the drive pulse 
longer than the desired r-f pulse or by reducing the starting time through 
an increase in the pulse voltage. 

Tube Choice.—The choice of a switch-tube is inseparably connected 
with the power-supply voltage and determines the choice of output cir
cuit. The family of plate-current-plate-voltage curves for various 
control-grid and screen-grid potentials constitutes the crucial information 
about the switch tube. I t is clearly desirable that the sharp bend in the 
characteristic curve occur at a low plate voltage and that the slope of 
the curve for higher plate voltages be small. It is also desirable that 
the ratio of plate current to control-grid current be high, in order that the 
control grid may be driven by a blocking oscillator of moderate size. The 
tube must pass the desired plate current for reasonable values of the volt
ages of the control grid and screen grid. Care should be taken to 
choose a tube with a plate well enough insulated to withstand the full 
voltage of the power supply. At present the number of tube types 
suitable for any given application is limited. 

Table 12-1 lists some of the switch tubes, together with suitable 
drivers, that have been used successfully in beacon modulators. 

TABLE 12-1.—HARD SWITCH TUBES AND DRIVERS 

Switch 
tube 

3D21A 
715C 
Two 715G's 

Blocking-
oscillator 

tube 

Two 6C4's 
807 
3E29 

Load 
current, 

amp 

1.0 
3.0 

10 

Load 
voltage, 

kv 

2.5 
4.5 

10.5 

Supply 
voltage, 

kv 

2.5 
6.7 

15 

Ratio of 
coupling 

1 to 1.5 
Direct 
Direct 
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12-10. The Blocking-oscillator Driver.'—The current required by 
the control grid of the switch tube furnishes a guide to the type of tube 
required in the blocking-oscillator driver stage of the modulator, but the 
choice of this tube type cannot at present be based on computation. 

On the basis of Table 12-1 and such other information of this kind as 
may be obtainable, an experimental modulator should be constructed, 
and a few trials made, to find a suitable blocking-oscillator tube. The 
output obtained from a given tube can be varied over rather wide limits 
by adjusting the plate voltage. By experimenting with different block-

15 k -wv-
65>i*if | 

65wif' 
— K — 

6 5 / v f ' 
—K—! 

50/»h 

50*. h 

^50/»h 

coder — 
F I G . 12-13.—A typical hard-tube modulator, delivering about 2-kw pulses. 7FC— 

blocking-oscillator driver; 3D21A—tetrode switch tube; T—low-capacity transformer; 
M—magnetron transmitter (2J41); J—monitoring point; Ei—adjustable regulated supply, 
about 350 volts; Ez—3.5 kv, unregulated. 

ing-oscillator transformers and different line impedances, the designer 
can shape the pulse on the grid of the switch tube in such a way as to 
produce a satisfactory current pulse in the transmitter tube. Large 
leakage inductance in the blocking-oscillator transformer causes a pulse 
with a long rise time and a rising top. The rising top may compensate 
for a "d roop" introduced in the output transformer, and a moderately 
long rise time may be desirable in order to eliminate a peak at the begin
ning of the current pulse or in order to eliminate spontaneous frequency-
shifting. I t is sometimes advisable, therefore, to put 10 to 250 ph in 

1 Sees. 1 2 1 0 and 12-11 by J. J. G. McCue and P. A. de Paolo. 
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series with the transformer primary in order to increase the effective 
leakage inductance. The added inductance may be critically damped 
with a shunting resistance. If the blocking oscillator uses two tubes in 
parallel, resistances of about 20 ohms may be placed in series with the 
individual grids and plates to prevent parasitic oscillations and to equalize 
the powers contributed by the two tubes. Oscillations set up in the 
transformer can be damped out by placing resistors in parallel with one 
or more of the windings. 

Too large a grid bias will prevent triggering of the blocking oscillator, 
but too small a bias will permit the oscillator to fire without being trig
gered. The bias should be set near the middle of the range which gives 
satisfactory operation. Since the pulse duration is slightly dependent on 
bias, precise adjustment of pulse duration can be made by carefully 
selecting the bias. 

After the circuit constants have been chosen, the modulator should 
be tested to ensure that the modulator output does not vary appreciably 
with duty ratio, with the code employed, or with line voltage. A typical 
circuit of a complete hard-tube modulator is shown in Fig. 1213. 

Efficiency.—The efficiency of a tetrode modulator cannot be estimated 
easily. In fact, one of the chief advantages of the tetrode modulator is 
that its efficiency changes automatically when the supply voltage changes. 
Nevertheless, the factors influencing efficiency can be considered qualita
tively and rough quantitative estimates can be made. 

The high impedance of the hard-tube switch is its principal character
istic. When maximum transfer of power is more desirable than maxi
mum efficiency, the load impedance should be matched to the tube 
impedance, to get an efficiency in the output circuit of 50 per cent. When 
high efficiency is desired, the load impedance should exceed the switch 
impedance by as much as possible. Direct coupling is clearly desirable. 
In a direct-coupled modulator, the efficiency of capacitor discharge into 
the load is likely to be near 70 per cent with present tubes. (Knowledge 
of the load impedance, the characteristic curves of the switch tube, and 
the impedance of the charging circuit permits the efficiency to be cal
culated in each instance.) The efficiency of charging the storage capac
itor is hard to estimate, but it is much higher than the value of 50 per 
cent which characterizes resistance-charging in a line-type modulator 
because the storage capacitor loses only a small fraction of its charge 
during the pulse. 

The foregoing considerations tend to favor the hard-tube modulator, 
as compared with the line-type modulator. Nevertheless, when the 
power expended in heating the cathodes of the switch tube and blocking 
oscillator, and the power dissipated by the switch-tube screen and the 
blocking-oscillator plate are taken into account, it is found that the hard-
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tube modulator has about the same efficiency as a line-type modulator 
that uses resistance charging. 

12-11. Comparison of Line-type and Hard-tube Modulators.—The 
only general rule to guide the designer in his choice of modulator is that 
the choice must depend on a detailed analysis of the requirements the 
modulator must meet. The bases for the choice can be summarized 
as follows: 

I. Advantages of the Line-type Modulator 
A. It is small and light 
B. I t uses a simple circuit 
C. It operates from relatively low voltage 
D. It has relatively high efficiency when resistance charging can 

be avoided 
II. Disadvantages of the Line-type Modulator 

A. In its simple form, it requires a long time between pulses 
B. It introduces a delay which may be as long as 1 iisec and may 

change when the switch tube is changed 
C. Its output power depends on supply voltage 
D. I t is not very tolerant of changes in load impedance 
E. The top of the output pulse is not very flat 
F. In high-power circuits the pulse width is not easy to change 
G. I t becomes complex for multiple-pulse codes 

III. Advantages of the Hard-tube Modulator 
A. It will function at high and variable repetition rates 
B. It introduces only a small delay 
C. Its output power is nearly independent of supply voltage over 

a considerable range, provided the proper part of the tetrode 
characteristic is used 

D. It is flexible as to load impedance 
E. The top of the output pulse can be made very nearly flat 
F. The pulse width is easily changed 
G. It is well suited to multiple-pulse codes 

IV. Disadvantages of the Hard-tube Modulator 
A. It is bulkier and heavier than a line-type modulator with the 

same output power 
B. It uses a relatively complex circuit 
C. I t requires a high supply voltage and one or more auxiliary 

voltages 



CHAPTER 13 

BEACON TRANSMITTERS: MAGNETRONS 

B Y R. DICKINSON, K. R. MORE, P. A. DE PAOLO, AND J. C. R E E D 

13-1. General Considerations.1—The beacon transmitters to be dis
cussed below cover the frequency range from about 100 to 30,000 Mc/sec. 
The types of tube and circuit used depend on the frequency. For fre
quencies from 100 to about 3000 Mc/sec, specially designed triodes and 
suitable external circuits, can be used. Magnetrons are used for fre
quencies from about 2000 Mc/sec to 30,000 Mc/sec or more. When 
cavity magnetrons are used, the oscillating circuits are contained within 
the tube. Both magnetrons and triodes are used in the 3000-Mc/sec 
region. The choice is usually determined by availability, power require
ments, and restrictions of weight and size on the beacon. 

Requirements for transmitted pulse power are generally lower for a 
beacon system than for a radar system because only one-way transmis
sion is used. The pulse-power output required varies with the frequency 
used and with the type of interrogator. The ranges of pulse power that 
have been used are 3 to 10,000 watts at 100 to 300 Mc/sec, 15 to 5000 
watts at 500 to 1200 Mc/sec, 50 watts to 20 kw at 3000 Mc/sec, and 300 
watts to 40 kw at 10,000 Mc/sec. The wide variations are due to 
variations in the receiver sensitivity, antenna gains, and displays of the 
interrogators, as well as in the required range. Large ground or ship 
radars with high antenna gains and sensitive receivers can pick up replies 
from relatively low-power distant beacons. On the other hand, airborne 
radars with small antennas and perhaps less sensitive receivers require 
a larger power output from beacons if the replies are to be received 
properly. 

While the pulse power for a beacon transmitter is relatively low, the 
average power is greater in relation to the pulse power than for a radar set 
because of the high interrogation rates possible and the use of a multiple-
pulse reply code. Duty ratios as high as 1 per cent or more are used, 
compared with the usual radar duty ratios of 0.1 per cent or less. 

The requirements for frequency stability are more stringent for 
beacons than they are for radars because beacons usually must use fixed 
reply frequenciee. Since many interrogator receivers have bandwidths 
of 2 Mc/sec or less, beacon transmitters must often be on the correct fre-

1 Sees. 131 to 1310 by K. R. More and P. A. de Paolo. 
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quency to within + 1 Mc/sec. I t is often difficult to attain this degree 
of stability in view of the frequencies used and the wide range of interroga
tion rates possible. Change of frequency with duty ratio, power supply 
voltage, r-f load, and ambient temperature must be kept to a minimum. 

The use of a fixed reply frequency also makes it necessary that the 
beacon transmitter be tunable, to some extent. Tuning sometimes is 
done over a range only great enough to tune any tube of a given type to 
the desired frequency; when more than one fixed frequency must be 
available, however, tuning over a fairly wide range is required. 

The important general properties of magnetrons1 and various special 
beacon requirements and applications are discussed, briefly in this 
chapter. Discussions of triode tubes and oscillator circuits used in 
beacons follow in Chap. 14. 

13-2. Performance Charts and Rieke Diagrams.—The performance 
of a magnetron may be described in terms of seven variables: magnetic 
field, applied voltage, input current, wavelength, power output, load 
resistance, and load reactance. The last two are frequently referred to 
as " the load," and are determined by the r-f line and load coupled to the 
output of the tube. 

Data on magnetron performance are conveniently presented graphi
cally by means of performance charts and Rieke diagrams. Performance 
charts are obtained by fixing the load, varying the magnetic field and 
voltage, and measuring the resulting values of input current, wavelength, 
and power output. The data can then be presented graphically as per
formance charts by plotting the pulee voltage as ordinate against the 
pulse current as abscissa. The magnetic field, power output, efficiency, 
and wavelength are marked for each point for which data are taken. 
Contours of constant magnetic field, constant power, constant efficiency, 
and constant wavelength are drawn. A typical performance chart is 
given in Fig. 13-1. The principal region of poor performance is in
dicated on the chart. The regions of poor performance frequently are 
those in which the tube shows more than one frequency of oscillation. 

Performance charts are convenient for choosing the most suitable 
operating values of voltage, current, and magnetic field for a given mag
netron in order to obtain a desired power output from a given magnetron. 
They are also useful in making the choice of magnetron to be used for a 
given purpose, considering the power output desired and the pulse voltage 
and current that can be made available to drive the tube. 

The data for Rieke diagrams are taken by varying the load while 
keeping the magnetic field and input current constant. The wavelength, 
power output, voltage standing-wave ratio in the line, and the position 

1 The subject of magnetrons is taken up in detail in Microwave Magnetrons, 
Vol. 6, Radiation Laboratory Series. 
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of a minimum of the standing wave as referred to the output coupling are 
measured. The values of the phase and amplitude of the standing wave 
represent the load, since the standing wave is determined by the imped
ance that the line presents to the magnetron. The data are plotted on 
circle diagrams as illustrated in Fig. 13-2. The power standing-wave 

0 5 10 15 20 25 30 35 
Pulse current in amperes 

Fia . 131.—A typical magnetron performance chart. The family of parallel straight 
lines indicates the operating points as a function of magnetic field. Contours joining 
points of equal efficiency, power output, and frequency are drawn in. The principal 
region of unsatisfactory operation, as evidenced by a poor spectrum, is the area to the 
left of the steep diagonal line which starts at 8 kv, 5 amp. Operation is with a matched 
load. 

ratio (r2) is plotted as the radial coordinate. The angular coordinate is 
computed from the position of the standing-wave minimum measured 
from an arbitrary reference point. I t is expressed in degrees, with one-
half wavelength equal to 360°. The angular coordinate increases as the 
minimum moves away from the load. Contours of constant frequency, 
constant power, constant voltage, and constant efficiency may be drawn. 
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For any system, the choice of the operating point is a compromise. 
The region of maximum power output frequently occurs near the region 
of frequency instability and high standing-wave ratio. In such a case a 
point of lower power and reasonable frequency stability must be chosen. 

180° 
F I G . 13'2.—Rieke diagram of a 2J41 magnetron. The radial coordinate is the reflection 

coefficient of the load (actually values of power standing-wave-ratio are shown). The 
angular coordinate is the position of a minimum in the standing-wave pattern with respect 
to the magnetron output coupling. The full lines are contours of frequency shift in 
Mc/sec, as referred to the matched-load frequency. Dotted lines show contours of con
stant efficiency. The input current, pulse-repetition frequency, and pulse length are fixed. 

13-3. Frequency Stability.—The frequency at which a given magne
tron oscillates depends upon the operating conditions and specifically 
upon the load, magnetic field, and tube current. Because of the thermal 
expansion of the resonant cavities of the anode, the frequency also 
depends upon the ambient temperature and upon the average power 
dissipated in the tube. For a 10-cm magnetron with a copper anode the 
frequency decreases about 0.06 Mc/sec per °C rise in the temperature of 
the block, and about 0.18 Mc/sec per °C for a 3-cm tube. Methods of 
increasing the frequency stability to the degree required for beacon 
operation will be discussed below. 

"Pulling Figure" and "Pushing Figure."—The "pulling figure" of a 
magnetron is defined as the maximum change in frequency which occurs 
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when the load is varied in such a way as to maintain a voltage standing-
wave ratio of 1.5 while varying the phase over a range of 360°. Pulling 
figures of available 3-cm magnetrons range from 6 to 15 Mc/sec and from 
4 to 10 Mc/sec for 10-cm magnetrons. 

The frequency shift, or pulling, as the load changes, may be very 
serious in system operations because r-f loads are subject to accidental 
variations. Pulling, however, can be used as a means of tuning over a 
narrow range by controlled changes in the load, as will be discussed. 

The "pushing figure" is defined as the frequency change for a current 
change of 1 amp when the magnetic field and load are held constant. 
This is of importance in determining the degree of regulation of the 
modulator and power supply, with respect to changes in input voltage 
and duty ratio, needed to obtain a given desired frequency stability. 

Pushing figures vary not only from one type of tube to another, but 
also with the operating point for any given tube. In choosing the operat
ing point, the pushing figure and the probable current variation to be 
expected from the power supply must be kept in mind. A typical push
ing figure for a typical 10-cm 12-kv magnetron in its normal operating 
region is 3 Mc/sec per amp. With many types of tubes operating as 
recommended, pushing figures are negligible. 

Mode Changes.—The types of frequency instability discussed above 
give rise to shifts in frequency amounting to a fraction of a per cent. In 
addition, there is the possibility that the magnetron may change its 
frequency—sometimes erratically—by 10 per cent or more by changing 
its mode of oscillation. The mode-selection properties of magnetrons vary 
with the type of the tube and also depend upon the operating conditions. 
Mode changes may set both upper and lower limits to the current at which 
operation is satisfactory, but these limits often may be altered by chang
ing the internal resistance of the modulator and the rate at which its 
output voltage rises at the beginning of the pulse. 

Spectrum.—The spectrum of a magnetron gives a measure of the fre
quency distribution of the emitted energy. I t can be plotted graphically 
as intensity versus frequency. The theoretical distribution, which has 
the form sin2z/:r2 in power for a rectangular pulse, is shown in Fig. 4-1, 
Sec. 4-11. The distance between the first minima in Mc/sec is 2/t, where 
t is the pulse duration in microseconds. The spectrum of a good magne
tron approaches that theoretically expected, though the relative inten
sities of the secondary maxima frequently exceed the theoretical values. 

Certain conditions that lead to a poor spectrum should be avoided. 
One is operation near regions in which unwanted frequencies occur. Some 
defective tubes show additional regions of bad spectrum for certain values 
of voltage and 3urrent. Poor pulse shape can give rise to a broadened 
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spectrum if the tube is operating in a region in which the frequency 
changes rapidly with current. 

13-4. Magnetron Input Requirements.—It has been mentioned pre
viously that mode selection is influenced by the rate at which the voltage 
applied to the magnetron rises at the beginning of the pulse; in addition, 
the tendency of the magnetron to spark may be enhanced if the voltage 
rises too rapidly. The sparking may shorten the life of the tube or cause 
the frequency of the magnetron to drift during the life of the tube through 
the deposition of material on parts of the oscillator structure. 

Both sparking and mode-changing are connected with the facts that a 
finite time is required for oscillations to build up in the magnetron, and 
that the buildup can continue only as long as the applied voltage remains 
within a rather narrow range. If oscillations do not build up completely 
and thus cause the magnetron to draw current sufficient to load the modu
lator, the voltage applied to the magnetron may reach abnormally high 
values, particularly if the modulator is of a type which normally operates 
with a large internal voltage drop. At the higher voltage, the magnetron 
may start oscillating in some undesired mode or it may spark. 

Trouble of this kind can be minimized by the use of inductance to 
limit the rapid rise in the current, and by the use of a capacitor that is 
charged from the pulse voltage supply through a resistor in order to reduce 
the rate of rise of the voltage.1 

Sparking difficulties are less likely to occur with hard-tube modula
tors because of their different regulating properties. The voltage rises 
only a small amount above the operating value during the starting 
interval. 

Not all magnetrons have the same starting interval. Some types 
begin to oscillate at low power before the voltage reaches the operating 
value, with the power rising rapidly as the voltage increases. The start
ing interval varies as the operating conditions are changed, even for a 
given tube. 

Even if sparking does not occur, too rapid a rise in the voltage pulse 
may result in a gradual drift of the frequency of oscillation, usually to 
lower values, accompanied by a tube life too short for satisfactory per
formance. This can be avoided by reducing the rate of rise of the voltage 
pulse, particularly near the top of the pulse. These phenomena are 
apparently associated with rapid deterioration of the cathode that may 
result from excessive evaporation of the cathode coating. Good cathodes 
do not show this trouble to any extent, although many inferior cathodes 
have been used in production tubes in the past. 

1 These magnetron-modulator interactions are taken up in more detail in Microwave 
Magnetrons, Vol. 6, Chap. 8, Radiation Laboratory Series. 
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SPECIAL BEACON MAGNETRON REQUIREMENTS 

We have seen that magnetrons for beacon service must satisfy certain 
requirements not encountered in ordinary radar sets. In most cases the 
power output required is less than that required of magnetrons for radar 
use, because beacons use one-way transmission. For airborne beacons, 
weight is also an important factor. Beacon transmitters frequently 
work at high duty ratios because beacons use multiple-pulse reply codes 
and must respond to high interrogation rates. The common beacon 
practice of having a standard fixed reply frequency places more stringent 
requirements on tunability and frequency stability than for radar sets. 

13-6. Coded Operation.—When a magnetron is used as a beacon 
transmitter, it may be called upon to transmit a series of r-f pulses which 
are relatively closely spaced. The commonly used code spacings vary 
from about 10 to 45 ^sec. The use of multiple-pulse codes brings up two 
problems in connection with magnetron performance. First is the duty 
ratio, which may be as high as 0.6 per cent for a six-pulse code with 
0.5-fisec pulses and an interrogation rate of 2000 cps. The design of the 
magnetron must take into account the duty ratio and the pulse power at 
which the tube will be operated. Also, the changes in duty ratio result
ing from changes in interrogation rate, as mentioned above, may result 
in a change in the frequency of the transmitted r-f power. When this is 
excessive, steps must be taken to reduce the shift. 

The second problem arising because of coded operation is that of the 
equality of the pulse power emitted during the different pulses of the code. 
Experiments with present beacon magnetrons have shown that the pulse 
power outputs are equal, for the pulse spacings used, provided the pulse 
current drawn by the tube is not too great. When the current is increased 
beyond a certain value, the power output of the last pulse of a six-pulse 
code may be 10 to 20 per cent below that of the first pulse. In view of 
the relatively low power output required of a beacon transmitter, it is 
usually possible to operate at currents low enough for satisfactory 
performance. 

13-6. Tuning.—The use of fixed-frequency transmission in beacon 
services makes it necessary to provide some means of tuning the magne
tron to the desired frequency. Two methods of tuning are available. 
One is the use of a tunable magnetron. The other is the use of controlled 
variations of the magnetron load to pull the frequency to the desired 
value. 

Whenever frequency stabilization of the magnetron is desirable, 
which is almost invariably the case, tunable magnetrons are preferable 
to fixed-tuned magnetrons. The attainable stabilization is better if the 
stabilizing device does not have to pull the magnetron frequency as well 
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as stabilize it. In the past fixed-tuned magnetrons have been used in 
beacons largely because tunable tubes were not available. 

Tunable Magnetrons.—One method used for tuning magnetrons 
involves changes in the internal resonant circuits of the magnetron by a 
mechanism that can be controlled externally. Another method involves 
the use of a tunable cavity coupled to the magnetron cavity, the two 
cavities forming a common evacuated system. A third method involves 
the use of electronic tuning. Some of the mechanisms demanded by 
these methods, however, add appreciably to the size and weight of the 
tube, which may be a drawback in lightweight beacon systems. 

Mechanical Tuning.—The tuning range available with mechanical 
tuning1 is limited by the drop in power output at the ends of the tuning 
range, and in some cases by mode trouble. In general, tunable magne
trons now available have a usable tuning range of 5 to 10 per cent of the 
center frequency. With this amount of tuning, the power output at the 
ends of the tuning range will be 10 to 20 per cent below the maximum 
power output near the center of the range. Some tubes give a tuning 
range up to 12 per cent, with a drop of power of about 50 per cent. 
A tuning range of 1 to 2 per cent is adequate for fixed-frequency 
beacon operation. Such a tuning range is readily achieved by a simple 
mechanism which introduces capacity loading of the resonant cavities in 
the end space. 

Electronic Tuning.—As in the case of mechanical tuning, electronic 
tuning2 may be applied to the resonant circuits of the magnetron or to an 
iris-coupled cavity which forms part of the magnetron vacuum chamber. 
Either a controlled beam of electrons is passed axially along one of the 
slots of the magnetron or the beam is passed along the axis of the cavity. 

At present, electronic tuning is in an experimental stage. No tubes 
that use it are yet available. Should electronically tuned magnetrons 
become available for beacon use, very accurate automatic frequency 
control will become readily possible. 

13-7. Fixed-tuned Magnetrons.—Methods of tuning fixed-tuned 
magnetrons depend on the changes of the operating frequency of a mag
netron with changes in the impedance of the output load, as discussed 
in Sec. 133. Controlled changes in load impedance thus can be used to 
tune the magnetron. Frequency variations of a fraction of 1 per cent 
are possible by this method. Although this is not a wide tuning range, 
it is sufficient for many beacon services if the tubes chosen have matched-
load frequencies close to the desired beacon frequency. 

1 Mechanical tuning is discussed at length in Microwave Magnetrons, Vol. 6, Chap. 
14, Radiation Laboratory Series. 

1 Electronic tuning is discussed in detail in Microwave Magnetrons, Vol. 6, 
Chap. 15, Radiation Laboratory Series. 
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Stub Tuners.—A single-stub tuner correctly placed along the trans
mission line provides a convenient means of varying the load impedance. 
With this method, tuning is accomplished by one adjustment. The 
power-output variations are not excessive. Double-stub or double-slug 
tuners are not convenient in actual use because they require two adjust

ments, each of which influences both 
the frequency and power output. 
The use of the single-stub tuner is 
adequate when frequency stabilization 
is not required. 

The impedance presented to the 
magnetron by a properly located vari
able stub and a matched line is repre
sented by points on the heavy solid 
circle in the Rieke diagram shown in 
Fig. 13-3. Tuning the stub moves the 
operating point around the circle, 
with a c o r r e s p o n d i n g frequency 
change. Stable operation and smooth 
tuning are obtained for points far 
away from the region of greatest 
frequency sensitivity, the frequency 
"sink," which is the point toward 
which the f r e q u e n c y c o n t o u r s 
converge. 

If the stub is not properly located 
the impedance is represented by points 
on a circle like the heavy dotted one. 
In such a case the range of tuning for 
stable operation is less than for a 
properly located stub. The location 

is not critical, however, and a suitably chosen average position is 
possible for tube types that show a reasonable degree of uniformity. 
The 10-cm tubes now available often exhibit sufficient uniformity; 3-cm 
tubes do not. 

The correct position for the stub can be determined bj r constructing 
a Rieke diagram for the magnetron. The point toward which the fre
quency contours converge corresponds to a minimum in the standing-
wave pattern at a particular position along the line. The stub should be 
connected at such a point. For best operation, a position as close to the 
magnetron as possible should be chosen. A second method is to make 
cold impedance measurements on the magnetron. The stub should be 
placed at a position of a standing-wave minimum for wavelengths well 

F I G . 13-3.—Rieke diagram showing 
the operation of a tuning stub. The 
frequency contours are labeled with 
respect to the beacon frequency. The 
matched-load frequency of the magne
tron is about —6 Mc/sec referred to the 
beacon frequency. The dotted lines 
are power-output contours. The heavy 
circles represent the effect of tuning the 
stub; the full heavy circle is for a 
properly located stub, and the heavy 
dotted circle for an improperly located 
stub. When the stub is properly 
located at the frequency sink, maximum 
tuning effect is obtained. The oper
ating point is the intersection of the 
heavy circle with the contour of zero 
frequency shift. 
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off resonance. For tubes with nonuniform characteristics, the correct 
position must be determined for each tube, either by the user or by the 
manufacturer. 

Cavity Tuners.—A tunable cavity correctly placed along the trans
mission line provides another method for varying the load impedance. 
The use of a cavity having a loaded Q greater than that of the magnetron 
also provides a considerable degree of frequency stabilization. A more 
complete discussion of the stabilizing tuner is given in Sec. 13 10. 

13-8. Frequency Modulation.—In some cases it is desirable to intro
duce frequency modulation of the beacon reply frequency. This has 
been done when the frequency stability was inadequate to insure recep
tion, and stabilization techniques were not yet developed. I t may still 
be desirable as a coding parameter, as described in Chap. 5. However, 
frequency modulation is undesirable as a substitute for adequate stability 
because of the display losses involved. It is no longer necessary tech
nically since adequate stabilization techniques are now available. 

The frequency of either fixed-tuned or tunable magnetrons may be 
swept over a narrow band by the addition of a variable reactance in the 
line. This can be done in principle, for example, by driving the plunger 
of a stub tuner with a reciprocating motion. The use of a rotating 
resonant ring1 in the transmission line is more satisfactory and can be 
done quite simply in the case of a waveguide system by placing the ring 
across the guide. For a coaxial transmission line, a short waveguide 
section containing the resonant ring can be iris-coupled to the line, as a 
stub. This waveguide stub should be located in the place that is best 
for the single-stub tuner. 

With present designs it is not convenient to sweep the frequency of a 
tunable magnetron of the mechanical type by periodic driving of the 
tuning mechanism. I t is, of course, quite easy to sweep the frequency 
of an electronically tuned tube by means of the electronic controls. 

13-9. Long-line Effect.—In many beacon installations the line from 
the transmitting tube to the antenna necessarily has considerable length. 
The effects of mismatches of the line and antenna on the frequency of 
oscillation of the magnetron may be serious when the transmission line is 
long.2 

When a magnetron is used with a long transmission line the tuning 
may become irregular, or even discontinuous if the mismatch is serious. 
Such irregular tuning is illustrated in Fig. 13-4 where the frequency of 
oscillation under operating conditions is plotted against the frequency 
which would be obtained for the corresponding tuning setting if the load 

1 Details of the theory and design of resonant rings are given in Waveguide 
Handbook, Vol. 10, Chap. 6, Radiation Laboratory Series. 

2 Discussed further in Microwave Magnetrons, Vol. 6, Chap. 7 of this series. 
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were perfectly matched. The tuning in Fig. 13-46 is discontinuous. In 
Fig. 13-4o it is continuous, but there are regions of very rapid change of 
frequency and poor spectrum. The effect of an unmatched Une on tun
able magnetrons is shown as a function of line length, degree of mismatch, 
and pulling figure in Fig. 13-5. From this figure the effect of any given 
mismatch may be determined. The interval / between breaks in the 
tuning curve is given by the equation 

' - %■ 

where I is in megacycles per second, A and X„ are, respectively, the free-
space and transmission-line wavelength, and L the line length in meters. 

Frequency when coupled to ___ Frequency when coupled to 
matched load matched load 

(o) (6) 
F I G . 13-4.—The long-line effect. The tuning of a magnetron coupled to a long line not 

perfectly matched may be irregular, as in (a), or even discontinuous, as in (b). (a) Tuning 
curve when magnetron is coupled to a long line with a slight degree of mismatch, (b) 
Tuning curve when a magnetron is coupled to a long line with a greater degree of mismatch. 
The degree of mismatch necessary to produce discontinuous tuning and the fraction 
/ / / of the tuning range which is missing are given in Fig. 13-5. If the tuning is dis
continuous, a phase-shifter can be used to assure that the operating frequency may be 
obtained. 

If there are no actual breaks in the tuning curve, as in Fig. 13-4, I gives 
the extent of a tuning cycle. I t is clearly preferable to operate to the 
left of the curve for W = 0, so that tuning will be continuous. When a 
long line is used, it is advisable to incorporate in it a phase shifter, so 
that the effective line length may be varied. If the desired frequency of 
operation falls in a break in the tuning curve or in a region of rapid change 
when no breaks occur, a change of the line length that need be no more 
than a fraction of a half wavelength will move the point of operation to 
the flat part of the curve. When the system operates on the flat part of 
the curve, the long line, acting in somewhat the same way as a stabilizer, 
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prevents frequency changes. This type of stabilization is not very 
desirable because of its relative unmanageability. 

One of the serious aspects of the long-line effect is its variation with 
temperature. The thermal expansion of a long transmission line with 
the normal temperature changes encountered in most climates is often 
enough to change the effective line length an appreciable fraction of a 

1 2 4 6 10 20 40 60 100 200 400 600 1000 

—^— in meters x Mc/sec 

F I G . 13-5.—The magnitude of the long-line effect. The magnitude of the reflection 
coefficient of the load \K\ and the voltage standing-wave ratio r are plotted against the 

/ X f 
function —-— Curves are shown for various values of the degree of discontinuous tuning 

W. L is the line length in meters; \6 is the transmission-line wavelength, X the free-space 
wavelength in the same units; F is the pulling figure of the magnetron in Mc/sec. W is 
defined as the ratio J /I, where J is the width of the break in the tuning curve in 
Mc/sec, and / = 150 X/LXff is the interval between breaks in the tuning curve (see Fig. 
13-4) in Mc/sec. The mismatch is assumed to occur at the end of the transmission line. 

wavelength. This expansion may pull the magnetron far off its assigned 
frequency. 

There is no cure for this difficulty. It must be avoided by careful 
matching of the r-f load, and, if necessary, by controlled phase-shifting 
as the temperature changes. 

13-10. Magnetron Stabilization.—Although it is nearly always neces
sary to keep the transmitted frequencies of beacons as close as possible 
to their assigned values, it is difficult to achieve the stability desired when 
a magnetron is used as a transmitting tube, for several reasons. A change 
of duty ratio causes a change in temperature of the magnetron and, 
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therefore, a change in physical dimensions. Shifts in ambient tempera
ture also cause changes in magnetron temperature and changes in the 
length of the line between the magnetron and the antenna. Poor regula
tion in the transmitter power supply and aging of the modulator tubes 
cause variations in magnetron pulse current, and, therefore, in frequency. 

Temperature.—When a magnetron is delivering 100 watts of average 
r-f power with an efficiency of 20 to 40 per cent, about 150 to 400 watts 
of power are dissipated in the magnetron. At zero duty ratio this power 
is not present, which means that as the duty ratio varies large shifts of 
temperature and hence of frequency can occur. In a 3-cm magnetron, a 

F I G . 13-6.—A 3-cm cavity stabilizing tuner. The stabilizing cavity (a) and associated 
matched load (b) are mounted on a sliding section (c) whose position is read from a scale on 
the fixed section (d). The 3-cm 2J48 magnetrons with which this tuner is used require 
individual adjustment of the slider setting. The tuning adjustment (e) tunes the cavity 
and the magnetron. 

change of 50°C in the temperature of the copper anode results in a fre
quency shift of about 9 Mc/sec; in a 10-cm magnetron about one-third this 
shift occurs. Thermostating is used to minimize temperature changes. 
The magnetron is kept at some temperature above the maximum operat
ing temperature it would attain if no external heating were used. A 
cartridge-type heater is often used to keep the magnetron hot during 
periods of low duty ratio, and a blower to prevent excessive rises in tem
perature as the beacon is interrogated. Control within 5°C is adequate 
at 3 cm. 

The Stabilizing Tuner.—It is possible to reduce the effect of all three 
general causes of magnetron frequency instability by coupling a tunable 
resonant cavity to the magnetron output. This cavity has the dual 
purpose of tuning the magnetron and stabilizing its frequency. The 
cavity, together with an associated dummy load, is called a stabilizing 
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tuner1 and is equivalent to a parallel-tuned circuit and resistance con
nected in series across the r-f line. When a stabilizing tuner is coupled 
at the correct distance from the magnetron, it exerts an appreciable fre
quency-stabilizing effect. The ratio of frequency change without a 
stabilizing cavity to frequency change with a stabilizing cavity is called 
the stabilization factor. Stabilizing tuners with stabilization factors 
from 3 to 10 or more, depending upon the tube used, have been built. 
I t is necessary that the cavity used in the tuner be compensated for tem-

F I G . 13-7.—A 10-cm stabilizing tuner. In contrast to the 3-cm tuner, there is no sliding 
arm. The waveguide stabilizing cavity is fixed in position, since the 2J59 magnetrons 
used with this tuner have uniform characteristics, (a) Waveguide cavity. (6) Matched 
load, (c) Tuning adjustment. 

perature changes; otherwise it will contribute to temperature-induced 
frequency instability by pulling the magnetron off frequency. 

Photographs of 3-cm and 10-cm stabilizing tuners that have been used 
in beacons are shown in Figs. 13-6 and 13-7, respectively. I t will benoted 
that the cavity of the 3-cm tuner is mounted on a side arm that is adjust
able by means of the sliding section, but that in the 10-cm tuner the posi
tion of the waveguide cavity is fixed. In either case, the cavity should be 
coupled to the line at a minimum of the standing-wave pattern, as in the 
case of the single-stub tuner. Fixed positions are possible for tube types 

' The theory and design of stabilizing tuners is discussed in Microwave Magnetrons, 
Vol. 6, Chap . 16, Rad ia t ion Labora to ry Series. 
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that show a sufficient degree of uniformity, as is the case with the 10-cm 
tubes (2J59) used with the stabilizer shown in Fig. 13-7. The 3-cm tubes 
(2J48) used with the stabilizer shown in Fig. 13-6 do not show sufficient 
uniformity to permit the use of fixed positions. The correct setting of the 
sliding section is stamped on each tube by the manufacturer. 

Some data obtained with a thermostated tube and the stabilizing 
tuner shown in Fig. 13-6, are of interest. A change in duty ratio from 
0.06 to 0.24 per cent causes a frequency shift of about 1.75 Mc/sec. 
Normally the beacon transmitter would be tuned at a duty ratio midway 
between the minimum and maximum limits, so that the shift in frequency 
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F I G . 13-8.—The stabilizing factor, pulling figure, and pulse power output of a 2J48 

3-cm magnetron with a stabilizing tuner, as a function of frequency. The matched-load 
frequency (MLF) is 9312 Mc/sec. 

would be centered about the correct frequency. Figure 13-8 summarizes 
the performance. 

AUTOMATIC FREQUENCY CONTROL, AFC 

B Y R. DICKINSON, K. R. MORE, P. A. DE PAOLO, AND J. C. R E E D 

The requirement of microwave beacons for frequency stability makes 
some kind of automatic control of transmitter frequency necessary if a 
very high degree of stability is to be attained under all conditions of 
operation. Because some radar receivers have bandwidths less than 
2 Mc/sec, the transmitting frequency of a beacon working with such sets 
ought to be held to within + 1 Mc/sec of the assigned frequency under 
all operating conditions. The stabilizing tuner described in Sec. 13-10 is 
not quite adequate for this degree of stability. An AFC system can 
control the frequency to +0.5 Mc/sec or better at 3 cm. Under heavy 
transient loads, the beacon-transmitter frequency may shift as much as 
2 Mc/sec when using no AFC; under the same conditions, if AFC is used, 
the frequency shift will be less than 0.5 Mc/sec. 
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The systems to be described achieve frequency control by means of a 
servomechanism operated by an error voltage developed when the magne
tron drifts away from the desired frequency. An AFC system consists 
of a discriminator that produces an error voltage when the transmitter 
is off frequency, an amplifier, and a servomechanism that operates from 
the information given by the amplifier. The servomechanism drives a 
tuner that brings the magnetron back to the desired frequency. A 
servomechanism is used rather than an electrical control, because avail
able magnetrons cannot be tuned suitably by electrical means. 

The methods for automatic control of frequency of beacon trans
mitters differ from those used with c-w oscillators for several reasons. 
First, because mechanical tuning is required, the time constant of the 
control system is necessarily increased. Second, the system must 
operate with pulses. If crystal detectors are used, the danger of crystal 
damage limits the pulse power which can be applied to the crystal. 
More important, the r-f information is no longer continuous, but consists 
of an amplitude-modulated series of pulses. Finally, the pulse-repetition 
frequency of beacons is not constant. The amount of information avail
able is variable, and may be zero for long periods of time. All these 
factors must be taken into account in the design. 

13-11. AFC Discriminators.—Discriminators for AFC of beacon 
transmitters at microwave frequencies differ from those customary at 
lower frequencies because oscillators 
in this region are not stable enough 
to be relied upon as frequency 
standards. The most accurate sys
tems at the present time use a reso
nant cavity as a reference standard 
and approach the degree of stability 
that can be expected from the cavity. 

The error voltage obtained from 
the discriminator must show when 
the magnetron is off frequency and 
in which direction (see Fig. 13-9). 
A simple high-Q transmission cavity 
with a crystal-rectifier output is not 
a suitable discriminator. I t tells 
when the oscillator is off frequency, but not in which direction. The 
systems to be described below each use a reference cavity, but additional 
means are provided to supply the necessary error information. 

Modulaled-cavity Single-crystal Discriminator.—In the modulated-
cavity discriminator, the frequency of a reference cavity is varied by a 
diaphragm driven like that in an earphone. The cavity is modulated 
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F I G . 13-9.—Discriminator character
istic. The discriminator error voltage 
changes sign as the frequency passes 
through /o at resonance. 
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over the range of frequency over which the transmitter is to be controlled 
by applying a low-frequency (60 to 400 cps) voltage to the coil that drives 
the diaphragm. A small portion of the transmitter output is coupled 
to the reference cavity and detected by a crystal detector coupled to the 
cavity. If the transmitter is tuned to the mean frequency of the reference 
cavity, the crystal will detect resonance twice for every complete cycle 
of the modulation applied to the reference cavity. 

Comparison of the phase of the crystal output with the phase of the 
modulating voltage shows that the fundamental of the modulating 
frequency in the crystal output will change in phase by 180° as the trans
mitter frequency shifts from one side of the mean frequency of the refer
ence cavity to the other. The even harmonics do not change in phase 
under the same conditions. Discrimination is achieved by filtering out 
all but the first harmonic of the modulation frequency from the crystal 
output and by comparing the phase of this voltage to the phase of the 
voltage applied to the modulator of the reference cavity. 

The amount of first harmonic present, and thus the amount of useful 
information available, is affected by the pulse width of the transmitter 
and the number of pulses present. The effective pulse width can be 
increased by allowing the pulse to charge through a low impedance a 
condenser that has to discharge through a high impedance. At low 
repetition rates there are few pulses, and thus few data from which to 
extract the first harmonic; this may cause an objectionable phase "flut
ter." Experience shows that, with sufficient pulse broadening, the phase 
flutter is not objectionable if the repetition rate is at least three times the 
modulating frequency. Since the pulse-repetition frequencies of inter
rogators usually exceed 200 cps, 60-cps modulation is satisfactory. 

The modulated-cavity system gives trouble when used in a beacon 
with a receiver that has a square-wave-modulated local oscillator. 
Signals received over most of the band are modulated at the switching 
frequency, which is about 150 to 200 cps. Beats between the pulse-
repetition frequency and the switching frequency may introduce low-
frequency components which interfere with proper operation. Because 
of these difficulties, the two-crystal standing-wave discriminator has met 
with greater favor. 

Two-crystal Standing-wave Discriminator.—The two-crystal1 methods 
of discrimination operate on the principle that a cavity presents a capaci-
tive susceptance above the resonant frequency, and an inductive sus-
ceptance below resonance. To make use of this fact, a portion of the r-f 

1 Another type of two-crystal system, not discussed further here, uses a magic T 
as a discriminator. A comprehensive treatment of the magic T as an r-f discrimina
tor is given in Technique of Microwave Measurements, Vol. 11, Chap. 2, Radiation 
Laboratory Series. 



SEC. 13-11] AFC DISCRIMINATORS 273 

energy is taken from the transmitter output through a directional coupler 
into a section of waveguide terminated by a sealed reference cavity of the 
desired frequency. When this is done, the standing waves set up in the 
waveguide by the reference cavity termination will change in phase and 
amplitude as the transmitting frequency shifts from one side of the 
resonant frequency of the cavity to the other. 

Two pickup crystals are located in this waveguide. One is placed 
an odd number of eighth wavelengths from the equivalent cavity position, 
the other is spaced an odd number of quarter wavelengths from the first 
crystal. The two crystals will accord
ingly be at maxima of the standing-
wave pattern opposite in phase when 
the frequency corresponds to the 
cavity resonance. At frequencies off 
resonance, the output of one crystal 
will exceed that of the other, the 
difference will change sign as the fre
quency passed through resonance, so 
that the discriminator characteristic 
of Fig. 13-9 will be obtained. The 
standing-wave patterns are shown in 
Fig. 1310. 

Initial balance of the crystal out
puts when the reference cavity is at 
resonance is secured by gain controls 
in the amplifier stages so that zero 
d-c voltage is derived from balanced 
diode detectors. The balance is de
stroyed by a shift of the frequency to 
one side of resonance and the d-c out
put-control voltage increases posi
tively in one channel and negatively 
in the other. A shift of frequency to the other side of resonance produces 
a d-c control voltage with reversed polarity. The discrimination charac
teristic is thus obtained by taking the difference of the two rectified output 
voltages. 

The loaded Q of the cavity controls the slope of the discriminator 
characteristics of Fig. 13-9. The useful range of control is the frequency 
range over which the characteristic is nearly straight. High-Q cavities 
will give sharp slopes and better frequency control at the expense of a 
smaller useful range of control. The loaded Q of the cavity may be 
adjusted to give the desired width of frequency range covered between 
discriminator points either side of center frequency. Most sensitive 
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F I G . 13-10.—Standing-wave patterns 
in two-crystal standing-wave discrimi
nators. (a) Position of crystals with 
respect to resonant cavity. (6) Stand
ing-wave pattern at resonance, (c) 
Standing-wave pattern off resonance in 
one direction, (d) Standing-wave pat
tern off resonance in the opposite 
direction. 



274 BEACON TRANSMITTERS: MAGNETRONS [SEC. 1312 

control of frequency will occur when the cavity is matched to the charac
teristic impedance of the line. 

13-12. AFC Amplifiers.—The purpose of the AFC amplifier is to take 
error information from the discriminator and amplify it enough to actuate 
the motor driving the frequency-changing mechanism. The features of 
amplifiers of special importance for AFC of beacons will be discussed in 
this section. 

Error information comes from the discriminator in the form of pulses. 
The amplifier must retain the amplitude information of the pulses; it is 
also desirable to stretch the pulses in order to increase the average current. 
Pulses are stretched by charging a condenser through a low resistance by 
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F I G . 13-11.—Block diagram of modulated-cavity method of AFC. 

means of a tube and letting it discharge through a high resistance before 
the next pulse arrives. 

One problem that must be solved in servomechanism systems of this 
kind is that of "hunting," or overcorrection by the motor. When a 
correction has been completed and the motor switched off, the motor 
coasts through the position corresponding to the correct frequency and 
tunes the system off frequency in the opposite direction. An error volt
age of opposite sign is immediately created and the motor reverses 
its direction. This cycle continues and causes the system to hunt.1 

Although the hunting can be eliminated by reducing the amplifier gain, 
the sensitivity is also reduced. Automatic gain control is a satisfactory 
solution; it has the advantage of not affecting weak signals seriously. 

Amplifier for the Modulated-cavity Discriminator.—The error informa
tion from the modulated-cavity type of discriminator is the phase shift 
and change of amplitude in the first harmonic of the modulation of the 

1 The theory of servomechanisms of this type is treated in detail in Theory of 
Servomechanisms, Vol. 25, Chap. 4, Radiation Laboratory Series. 
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reference cavity. The amplifier uses this information to control the 
grids of a double triode which, in turn, supplies excitation for one phase 
of a two-phase a-c motor. 

The amplifier circuit consists of a stage of pulse amplification followed 
by a low-pass filter, which passes only the first harmonic of the modulating 
frequency. Three stages of resistance-coupled amplification increase 
the level of this signal before it is applied to the grids of the driver which 
governs the direction of rotation of the motor. A gain control in the 
final amplifier stage, and AGC in earlier stages, are used to control hunt
ing. A block diagram is shown in Fig. 13-11. 

Amplifier for Two-crystal Standing-wave Discriminator.—A block 
diagram is shown in Fig. 1312. The two-crystal discriminator has two 

0-c tuning 
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F I G . 13-12.—Block diagram of two-crystal AFC. 

separate voltage outputs. One output voltage increases while the other 
decreases when the transmitter shifts away from the frequency of the 
reference cavity. The amplifier therefore has two channels of typical 
audio-frequency design, combining resistance and transformer coupling 
between stages. Diode rectifiers convert the amplified pulsed informa
tion to d-c control voltages. The diodes are balanced for zero output at 
the beacon frequency by adjusting the gain. Sufficient amplification is 
available to permit the crystals to work at very low level, a total of 70 db 
attenuation being used between the r-f pickup and the crystal input. I t 
is not found necessary to change crystals nor to make other adjustments 
in the system over long periods of continuous operation. 

Automatic gain control is applied by taking a portion of the d-c voltage 
developed across the diode load resistor as a bias for the input to the 
first stage of the twin amplifier triode tube. The negative voltage 
developed in the diode rectifier of one channel is used as a bias in the input 
circuit of the first amplifier stage of the other channel to reduce the posi-
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v 60 cps 

tive voltage at the output of the rectifier in this channel. Strong signals 
are thereby prevented from overdriving the motor; weak signals are 
affected only slightly. A potentiometer, as part of the diode load resistor, 
is used for final adjustments. 

13-13. AFC Servomechanisms. Modulated Cavity System.—The 
servomechanism for the modulated cavity can best be described by 
analyzing the simplified circuit of the driver and its effect upon the fre
quency-correcting motor. The motor used in this system is of the 
two-phase "squirrel-cage" induction type. The direction of rotation can 

be reversed by retarding or advancing the 
phase of the current in either field winding 
by 180°. A method of accomplishing this 
is shown in Fig. 13-13. In this figure F1 
and F2 are the two field windings of the 
motor. The two capacitors C\ and C2 
set the phases of the fields approximately 
90° apart. The combination of the in
ductance of F2 and the capacitor C2 reso
nates at a p p r o x i m a t e l y the supply 
frequency and thus reduces the frequency 
distortion due to the rectifying effects of 
the tubes, resulting in practically pure 
first-harmonic current through F2. The 
phase of this current depends upon which 

tube conducts more. If the phase of the signal applied to the grids is 90° 
out of phase with the voltage applied to the plates, the resultant field 
averaged over one cycle is zero. 

Two-crystal Standing-wave System.—The most satisfactory servo-
mechanism for the two-crystal standing-wave AFC system uses a small 
d-c motor, the field windings of which are excited by the plate currents 
of a twin-triode driver. The motor is designed with two field windings 
that can be used separately to govern its direction of rotation. By plac
ing one field winding in the plate circuit of one triode unit and the other 
field winding in the plate circuit of the other triode unit, direct control of 
the motor in response to signals on the grids of the twin-triode tube is 
obtained. The armature is excited by a constant current. 

In the two-crystal standing-wave AFC system, a d-c error voltage is 
developed at the grids of a twin-triode control tube in the final stage when 
the frequency is off resonance. There is no net error voltage when the 
beacon is on frequency, and therefore no signal voltage at the grids of the 
control tube. As soon aa the frequency shifts, however, one or the other 
of the grids is driven positive and the corresponding plate current of that 
section causes the motor to rotate in such a direction that the system is 
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F I G . 13-13.—Driver circuit for two-
phase servo motor. 
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retuned to the correct frequency. A 6SL7 tube is suitable for this 
application. Considerable degeneration is provided by a resistor in the 
common cathode return. 

Limit switches or other preventive methods must be used to keep the 
motor from driving the tuning mechanism too far should the AFC lose 
control. The arrangement used in the servomechanism consists of a 
gear drive that moves the tuning plunger into or out of the cavity to cor
rect for frequency changes. Reversing switches are actuated by the 
plunger at the limits of its travel. The reference cavity is designed to 
give a correction range of 12 Mc/sec on either side of the center frequency. 
Should the correction go beyond these limits, the drive continues until 
"pull-in" is again established on the return movement. This is accom
plished by placing the plunger at the correct distance in the cavity during 
the initial adjustments on beacon frequency and making the limits of the 
movement such as to cover the tuning range desired. The reduction-gear 
box is designed to give a tuning rate of about 2 Mc/sec2, which is satis
factory for all operational requirements. 

AFC with Short Interrogations.—When a single scanning radar inter
rogates a beacon at long range, the beacon may not be interrogated for a 
long enough period to permit the AFC system to make a full correction. 
A device called "Yehudi" has been designed to overcome this difficulty. 
Yehudi begins its cycle of operation immediately after the first interroga
tion. The first interrogation closes a relay in the AFC unit. A set of 
contacts on this relay then causes a relay in Yehudi to close and to hold 
itself closed even after the AFC relay opens. The relay in Yehudi starts 

T A B L E 1 3 1 . — A F C P E R F O R M A N C E D A T A 

Frequency shift, Mc/sec 

PRF change 

200 — 400 
200 — 600 
2 0 0 - . 8 0 0 
200 — 1000 

No AFC 

9310.0 — 9309.0 
9310.0 — 9309.0 
9310.0 — 9308.3 
9310.0 — 9308.0 

A F C on 

9310.0 — 9309.8 — 9310.0 
9310.0 — 9309.5 — 9310.0 
9310.0 — 9309.3 — 9310.0 
9310.0 — 9309.3 — 9310.0 

Time for shift and 
correction, sec 

No A F C 

40 
30 
30 
28 

AFC on 

2 
1 
1 
1 

a 1-rpm motor which closes a pair of contacts for about 3 sec. Closing 
these contacts sets off a 400-cps blocking oscillator which trips the 
beacon at this rate for 3 sec, after which the oscillator stops. The motor 
continues to turn for another 57 sec, after which it automatically opens 
the relay, thus turning itself off. Yehudi is now set to repeat its cycle 
if the beacon is again interrogated. The 3-sec steady interrogation is 
sufficient to pull the beacon to correct frequency. Yehudi thus tunes 



278 BEACON TRANSMITTERS: MAGNETRONS [SEC. 1313 

the beacon when it is interrogated and maintains silence when no one is 
using the beacon. 

Performance Data.—Typical performance data on a 3-cm ground 
beacon, showing comparisons between the operation of the beacon 
without AFC and with a two-crystal standing-wave AFC system, are pre
sented in Table 13-1. The magnetron was thermostatically temperature-
controlled. I t was tuned by a stabilizing tuner. The data are for a code 
of six pips, each of 0.5-fisec duration, the beacon being triggered by a 
signal from a 3-cm test set. The beacon was manually tuned to the 
correct frequency, 9310.0 Mc/sec, at a 200-cps repetition rate. 



CHAPTER 14 

TRIODE TRANSMITTERS 

B Y P. A. DE PAOLO, K. R. M O E E , AND J. C. R E E D 

PROPERTIES OF TRIODE OSCILLATORS 

B Y P. A. DE PAOLO 

14-1. General Considerations.—Triode oscillators have been used in 
beacon transmitters at frequencies up to 3300 Mc/sec. Triodes suitable 
for use at higher frequencies are not currently available, nor are suitable 
magnetrons available at the lower frequencies. Magnetrons are avail
able for radar use at frequencies below 3000 Mc/sec, but they have not 
been used in beacons until now (1945). 

A triode oscillator is somewhat more flexible than a magnetron in 
several respects. For example, a triode may be made to perform satis
factorily over a plate-voltage range of 5 to 1 or more (except when 
transit-time limitations intervene), without any circuit complications; 
this cannot be accomplished readily with a magnetron. A given triode 
may be made to oscillate over a very wide range of frequencies by the 
proper choice of the external circuit. On the other hand, a magnetron is 
designed for a given frequency range and the tunable magnetrons now 
available can be operated only over a narrow range (+ 5 to 10 per cent) 
of frequeneies around the design center. 

Magnetrons, in general, are more expensive to build than low-power 
triodes,1 when the two are compared on a power basis. Although this 
may not be true for high-power units, no comparison can be made because 
high-power triodes have not been built for use in the regions in which 
magnetrons are used. 

In recent years, magnetrons have been improved rapidly because 
radar applications required very high pulse power. This concentration 
on magnetrons has resulted in a relative lack of attention to the develop
ment of triodes for use in the uhf and microwave regions. 

At the present time few transmitter tubes having a power output 
above 5 kw are available for beacon use in the frequency range from 500 
to 3000 Mc/sec. Development of such tubes is required in order to fill 

1 A more correct comparison is, perhaps, the cost of the magnetron with the cost 
of the triode and its associated oscillator circuit; however, in replacements, only the 
triode is replaced. 

279 
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the need for beacons having power outputs above 5 kw in the uhf range 
above 500 Mc/sec. One of the most promising tubes available for this 
frequency range is the 2C39 ("oil can") tube. Even this tube, however, 
when used in a push-pull circuit, is limited to a maximum power output 
of about 10 kw. Furthermore, since it is difficult to utilize push-pull 
operation in cavity circuits, even this power is probably difficult to 
achieve above 1000 Mc/sec. Attention should be given to the develop
ment of small magnetrons for beacon use in this region. 

I t is well known that special precautions must be taken in the design 
of tubes and circuits for uhf and microwave use because lead length and 
transit time become important factors at these frequencies. The problem 
of heat dissipation also requires special attention because the tube ele
ments are small. 

14-2. Basic Circuits.—The triode transmitters used in beacons can 
be classified as follows: 

1. Lumped-constant transmitters. 
2. Parallel-line transmitters. 
3. Coaxial-line transmitters. 
4. Cavity transmitters. 
5. Special (combinations of above). 
Triode transmitters using lumped constants in the tank circuit are 

conventional and have been used as pulsed-beacon transmitters, either 
single-ended or in push-pull circuits. Principles that must be observed 
in designing this type of circuit for pulsed operation will be discussed in 
Sec. 14-8. 

Parallel-line Oscillators.—Parallel-line oscillators in which the lumped 
inductors and capacitors used in the resonant circuits are replaced by 
parallel transmission lines have been used in beacon systems. The 
parallel lines may be looked upon as having small distributed elements of 
inductance and capacitance which function in combination like the 
normal " t a n k " circuit. 

The lines are referred to as being one-quarter, one-half, three-quarters, 
etc., of a wavelength long because their lengths approach these dimen
sions when the lead length and tube interelectrode capacitances are small. 
In some cases, however, the tube capacitances are large, with the result 
that the actual length of quarter-wave lines may be only a fraction of a 
quarter wave. 

Depending on the tube used and other circuit conditions, the oscilla
tor tube may be placed either at the end of quarter-wave lines or at the 
center of half-wave lines. The choice depends largely on the frequency 
range of operation of a given tube. For example, suppose it is desired to 
operate a certain tube as a parallel-line oscillator near its upper frequency 
limit. The use of quarter-wave lines would require that the lines be very 
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short; however, if the tube were placed at the center of half-wave lines, 
the effective line length would be increased. Thus it may be said that, 
if the frequency is low, the length of the line will be quite long and 
quarter-wave lines should be used. However, as the frequency increases 
and the quarter-wave lines become inconveniently short, it is advisable 
to use either half-wave lines or coaxial lines, assuming that a suitable 
tuning method is used. 

Parallel-line oscillators are tuned by changing the length of the lines, 
by capacitance or, rarely, by inductance tuning. The former method is 
the most desirable. The length of the lines may be changed readily in 
push-pull circuits; this change is more difficult to accomplish in single-
ended circuits. Capacitance loading at the high-impedance end of the 
lines is readily accomplished in either case. The tuning capacitor should 
have very low losses and excellent mechanical stability. Inductance 
tuning is accomplished by introducing a movable loop that decreases the 
inductance by acting as a short-circuited secondary. 

Coaxial-line Transmitters.—Some transmitters use coaxial lines rather 
than parallel lines for the resonant elements. This has some advantages 
when tubes like the lighthouse tube (2C40, 2C43) which lend themselves 
readily to coaxial-line construction are used. Another advantage of 
coaxial-line circuits is that contact fingers rather than flexible leads are 
used to connect the tube in the circuit. Such contact fingers, in general, 
have larger area and lower inductance; the upper limit of the operating 
frequency will be increased, therefore, with the same interelectrode 
capacitance. Coaxial-line circuits are, in general, self-shielding and thus 
relatively free from radiation losses. This is important when space is 
limited, since shielding is usually necessary, except at the lowest fre
quencies. For a given tuning range, power output, and circuit effi
ciency, coaxial-line oscillators will occupy less space than parallel-line 
transmitters. 

Tuning is accomplished as with parallel lines by changing the length 
of the resonant line or by capacitance loading at the high-voltage end 
of the line. Inductance tuning is not convenient. Tuning by changing 
the line length of quarter-wave coaxial oscillators is not difficult to 
accomplish; it is rather difficult, however, with half-wave lines. 

Cavity Oscillators.—Oscillators that use cavities as resonant elements 
are referred to as "cavity oscillators." A quarter-wave coaxial-line 
oscillator used at ultrahigh frequencies is, in a sense, a cavity oscillator. 
Cavity oscillators take many forms but, in general, can be divided into 
two types, the reentrant and nonreentrant cavity.1 

' For a discussion of reentrant and nonreentrant cavities the reader is referred to 
Klystrons ond Microwave Triodes, Vol. 7, Chaps. 7 and 8, of this series. 
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The cavity resonator has high Q, high shunt impedance, and high 
efficiency. Cavities are often used at ultrahigh and microwave fre
quencies for beacon transmitters. They may be used at lower fre
quencies, but the cavities then become so large that designers often 
prefer parallel-line or coaxial-line oscillators. The size of the cavity 
a t low frequencies can be reduced by "folding"; the r-f energy is then 
caused to travel over large surfaces by dividing the cavity into compart
ments. This has the same effect as increasing the size of the cavity. 

At frequencies above about 500 Mc/sec, the designer must use coaxial 
lines or cavities for triode transmitters, since the elements of other types 
of circuit become so small at higher frequencies that they are impractical. 
More important, at ultrahigh frequencies and microwave frequencies the 
circuit elements themselves may well become efficient radiators; the 
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F I Q . 14-1.—Miniature beacon transmitter at 200 Mc/sec using parallel lines in the 

plate circuit and lumped constants in the grid circuits. N O T E : inductance tuning by 
rotating a closed loop in the plate circuit. 

circuit may radiate all of the energy it can supply without any connection 
to an antenna circuit if enclosed electrical circuits are not used. Con
versely, at these high frequencies, the oscillator is sensitive to other 
components within its radiation field. Shielding is thus an important 
consideration; cavities are self-shielding. If the designer uses holes and 
slots in the cavity for ventilation, adjustment, etc., care must be taken 
to locate and orient them suitably, for they can become effective radiators 
at ultrahigh and microwave frequencies. 

Combinations of parallel lines and lumped-constant circuits have been 
used as resonant elements in beacon transmitters. For example, in 
Fig. 14-1 is shown a push-pull transmitter using parallel Unes in the plate 
circuit and lumped constants in the grid circuit. The cathode and 
filament circuits are isolated by means of r-f chokes. This combination 
was used for saving space, and in general this is probably the only reason 
for the use of such a combination. 
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Other combinations of lines, cavities, and lumped constants can be 
used in the same oscillator circuit. 

14-3. Frequency Range and Limitations.—The basic transmitters 
discussed in the previous section have fairly definite frequency limitations 
and are used only over certain frequency ranges for reasons of size, 
efficiency, and simplicity. 

There are certain limitations that apply in greater or lesser degree to 
all the types of oscillators discussed. One of these is the plate voltage, 
whether it is d-c or pulse voltage. Tubes designed for uhf and microwave 
operation have small elements closely spaced to reduce transit-time 
effects. These small spacings limit the plate voltage that may be used 
and consequently limit the output power. This limitation becomes more 
and more serious as the operating frequency is increased. 

A second limitation that confronts the designer, and becomes increas
ingly serious at higher frequencies, is tube dissipation. As was pointed 
out above, the elements in high-frequency triodes are small and therefore 
limited as to the power tha t they can dissipate. 

Another limitation that may cause trouble for plate-pulsed oscillators 
is a low L/C ratio in. the plate circuit. The capacitance of the tuned cir
cuit is in shunt with the pulse circuit. When this capacitance is large, 
input pulses having short rise-and-fall times will suffer deterioration. 

Design characteristics that will correct some of the limitations above 
conflict with steps taken to correct others. For example, when the tube 
designer cuts down the element spacing in order to decrease transit-
time limitations, the voltage that may be applied to the tube will be 
decreased. 

The circuit designer should select a transmitting tube that will deliver 
the desired power near its maximum voltage rating, with all other factors 
considered. In so doing, several desirable conditions are achieved. 
First, the tube selected will have the minimum size and heater drain for 
the application. Second, since the tube is operated with nearly maximum 
plate voltage, transit-time effects will be minimized. Often, these condi
tions cannot be met, particularly at the higher frequencies, because the 
design may fall in a region in which a tube even approximately suitable 
for the application is unavailable. 

Lumped-constant Transmitters.—Transmitters using lumped con
stants have been used in beacon systems up to frequencies in the region 
of 200 Mc/sec. The practical limit is currently in the region of 300 
Mc/sec, and depends on the stability desired and on the tuning range 
the transmitters are to cover. The efficiency of this type of transmitter 
may be very poor at higher frequencies; extra precautions must, there
fore, be taken in the selection of low-loss insulation for the support of the 
resonant elements. Changes in the physical dimensions of the inductance 
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and capacitance elements due to temperature changes may shift the 
operating frequency over a wide range. 

Parallel-line Transmitters.—Parallel-line transmitters have been used 
in beacons over the frequency range from 150 to 500 Mc/sec. These are 
not the frequency limits for this type of construction. The upper limit 
is determined by the triode used, by the tuning range desired, and by 
radiation losses. In general, it is desirable to keep most of the frequency-
determining elements external to the tube. The lowest frequency at 
which lines are used, in general, depends on the space that can be assigned 
to the beacon transmitter. 

Coaxial-line Transmitters.—Coaxial lines may be used a t somewhat 
higher frequencies than parallel lines for three reasons: (1) tubes well 
adapted to coaxial-line construction generally have small lead lengths; 
(2) coaxial-line construction, in contrast to parallel-line construction, 
involves no flexible leads; (3) radiation losses are largely eliminated. 
Coaxial lines as resonant elements have been used at frequencies up to 
1000 Mc/sec. The upper limit again depends on the tube used; for tubes 
currently available, the upper limit is probably in the region of 1200 
Mc/sec. The lower limit depends on ths space that the designer can 
devote to the transmitter. While coaxial lines have been used close to 
1000 Mc/sec, it is probably safe to say that effective use in this region is 
the exception and not the rule, and that cavities are more stable, more 
efficient, and probably more satisfactory at these frequencies. 

Cavity Transmitters.—The cavity-type oscillator has been used as a 
beacon transmitter at frequencies up to 3300 Mc/sec. Again the limiting 
factor is not the cavity but the triodes available for use at these fre
quencies. At the present time, the lighthouse tube (2C40 and 2C49) is 
the only type of triode that has been used in the field as a beacon trans
mitter at these high frequencies.' I t must be remembered that the triode 
transmitters used at 3000 Mc/sec are usually low-power units—from 
50 to 2000 watts pulse power—and that the magnetron is usually used 
for higher-power outputs. 

14-4. Delay and Impedance. Pulse-delay Characteristics.—When triode 
oscillators are pulsed with rectangular pulses, the transmitted r-f pulse is 
delayed with respect to the modulator pulse. The magnitude of this 
delay varies with the type of oscillator used and with the rise time of the 
modulating pulse, as well as with the type of pulsing used. In general, 
the delay between modulator and r-f pulse is undesirable, and every effort 
is made to keep this delay to a minimum. 

The factors affecting this delay are the rise time of the modulating 
1 However, a new tube that appears to be satisfactory in the region of 3000 Mc/sec 

has been developed. This is the Sylvania type SB-846B. Whether or not the 
SB-846B can be used at frequencies above 3000 Mc/sec has yet to be determined. 
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pulse, energy storage in the oscillator, the type of pulsing used (grid-, 
plate-, or cathode-pulsing), and the magnitude of the pulse voltage. 

In the design of triode transmitters it is difficult, and in most cases 
impossible, to predict just what the delay will be. The designer can 
observe certain rules, however, which will simplify his problem and avoid 
unreasonable pulse delays. Long time constants in the grid circuit of 
the transmitter should be avoided. The use of degenerative circuits in 
the cathode of the transmitter should be avoided; they result in delayed 
pulses and lowered efficiency. If the transmitter resonant circuit stores 
much energy, one can expect to get pulse delays. This is especially true 
if the modulating pulse has a long rise time. In general, however, even 
though the resonant circuits by themselves may have a high Q, when the 
oscillator tubes are added and an antenna load is coupled tightly into 
the transmitter, the resultant loaded Q will be considerably less than the 
unloaded circuit Q. 

Other things being equal, the designer should try to use as high voltage 
as possible on the transmitting tube, especially if the tubes used are 
operating near the limit set by the transit time. 

Impedance-matching.—In order to obtain maximum power from the 
r-f oscillator it is important to match the output impedance and, usually, 
the input impedance as well. The input impedance of the transmitter 
is often, though not always, matched to the output impedance of the 
modulator. More important for maximum power output1 the output 
impedance of the oscillator should match the load impedance. Input 
impedance matching is especially necessary when a gas-filled tube modu
lator is used to plate-pulse the transmitter. When the transmitter 
impedance is different from the modulator impedance, the pulse will 
suffer reflection, and the main pulse may be followed by a second unde
sirable pulse. Should the transmitter impedance be lower than that of 
the modulator, the voltage at the r-f oscillator will be low and the power 
put out may decrease. 

It is difficult to estimate the impedance of an oscillator intended for 
pulse operation unless the designer has had previous experience with the 
circuit or has data available as to the impedance of the tube as an oscilla
tor. The pulse impedance increases as the plate voltage on the tube is 
decreased. This is not a linear relationship; the impedance varies as 
some power of the plate voltage, in the region that the cathode emission is 
not limited. The factors that influence oscillator impedance for a given 
tube are plate voltage and grid-circuit impedance. In general, most of 
the triode transmitters used in beacon applications have an impedance 
somewhere between 500 and 4000 ohms. 

1 It may sometimes be desirable to sacrifice power by mismatch to achieve greater 
frequency stability, etc. 
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Once a model of the oscillator is constructed, the input impedance 
may be determined by the substitution method. The proper operating 
voltage is applied to the oscillator from a source of variable pulse voltage. 
This voltage is observed with a synchroscope and a suitable voltage 
divider. The oscillator is then replaced with a variable noninductive 
resistor, and its value adjusted until the same pulse voltage is observed. 
This value of resistance equals the oscillator impedance. When more 
accurate results are desired, the pulse current may be measured by observ
ing the voltage drop across a resistor in series with the oscillator supply 
voltage. The pulse supply voltage is also observed. From these two 
quantities the oscillator impedance may be computed. The impedance 
will vary as various oscillator tubes are substituted in the circuit. A * 
spread between maximum and minimum impedance of about ±20 per 
cent for most triodes of a given type is to be expected. » 

TYP ES or MODULATION FOE TRIODE OSCILLATOBS 

The triode transmitter may be modulated by means of plate pulsing, 
grid pulsing, or cathode pulsing; combinations of these three methods 
are also possible. 

The type of modulation selected depends almost entirely upon the 
requirements placed on the beacon. For example, when accurate range r 
information is needed, plate or cathode pulsing should be used to keep 
the delay time to a minimum constant value. On the other hand, if the 
beacon must be very light and a gas-filled tube modulator cannot be used, 
grid pulsing may have to be employed at the expense of extreme range 
accuracy. Grid pulsing should not be used, however, if the beacon is to 
be coded and the time between pulses is comparable to the pulse width. 

In general, one may say that if the delay time is to be kept to a mini
mum and the amount of driving power is no limitation, plate pulsing 
should be used. If the driving power must be kept to a minimum with 
low plate voltage, and delay time is not important, then grid pulsing will 
be the favored method. Cathode pulsing may be used when the avail
able driving power is limited, but the delay time is to be kept within the 
limits obtainable with plate pulsing. Detailed discussion of the various 
methods follows. 

14-6. Plate Pulsing.—Plate pulsing, which is most widely used in 
beacon systems, has several advantages over other pulsing methods. 
One is that the delay time usually can be held to a minimum. Once 
the circuit has been designed to operate under a given set of conditions, 
the delay time will not vary with normal changes in plate voltage, 
heater voltage, and temperature, nor with the use of different tubes in 
the circuit. This, of course, is very desirable when precise range informa-
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tion is important because, if the delay is known and fixed, it can be readily 
accounted for in the associated circuits. 

In the case of plate pulsing, no steady voltage is used on the oscillator. 
The transmitter is caused to oscillate by the application to the plate of a 
rectangular pulse of sufficient amplitude to give the desired power output 
and of such a width and shape that it will give the desired r-f pulse. 
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FIG. 14-2.- -Circuit diagram and typical waveforms for a push-pull triode transmitter at 

200 Mc/sec, suitable for plate pulsing. 

Another advantage of plate pulsing over other methods is that a lower 
d-c supply voltage may be required for the same power output since the 
pulse transformer may have a stepup ratio. Designers have also found 
that tubes can operate at higher plate voltages when they are plate-
pulsed than when they are grid-pulsed. For example, the 2C26A is rated 
at 3500 volts maximum on the plate of the tube for plate-pulsed conditions, 
but it is rated at only 2500 volts maximum for grid-pulsed conditions. 

Plate pulsing is very satisfactory when the beacon is to be coded 
because the transmitter circuit recovers very rapidly after the pulse is 
over. 
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In Fig. 14-2 is shown a plate-pulsed tiiode transmitter. I t will be 
noted that no d-c voltages are used. 

14-6. Grid Pulsing.-—Grid pulsing differs from plate pulsing in that a 
constant d-c potential is applied to the plate of the oscillator. The grid 
bias is generally fixed and applied to the grid circuit, although cathode 
bias has been used. The bias is fixed at a value such that the transmitter 
tube will not oscillate during the quiescent period. The modulating 
pulse drives the grid of the oscillator tube or tubes into the region in which 
the tube oscillates. 
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F I G . 14-3.—Circuit diagram (a) and waveforms (b) for grid-pulsed oscillator. 

The bias level is determined by the d-c voltage applied to the plate of 
the tube, and the bias is made high enough so that any tube placed in the 
circuit will not oscillate unless the proper modulation pulse is applied to 
the grid. For any given plate voltage, the power developed by a grid-
pulsed oscillator will increase as the grid drive is increased. The limits 
are reached when the grid drive reaches a point at which sparking occurs 
between grid and cathode, when the drive is increased to the point at 
which the maximum grid dissipation of the tubes is reached, or when the 
peak cathode emission becomes the limiting factor. 

Grid pulsing is often used when a single-pulse reply code is to be 
transmitted and the d-c voltage necessary to give the required power 
is low (under 1200 volts or thereabouts). By using grid pulsing, the 
modulator is made very simple since the power that the modulator has 
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to deliver to the grid of the oscillator is small compared with the power 
that the modulator would have to deliver to the plate were the transmitter 
plate-pulsed. 

Grid pulsing, however, has disadvantages. One is the variable delay 
between the applied modulator pulse and the r-f pulse. This delay time 
varies with grid bias, grid drive, plate voltage, tube characteristics, and 
with antenna loading. I t is designated as h in Fig. 14-3, which shows the 
circuit diagram and waveforms for a grid-pulsed oscillator. 

By observing a few rules, designers can keep the delay variation to a 
minimum. The modulating pulse should have a fast rise time and the 
time constant of the grid circuit should be as short as possible so that the 
leading edge of the modulating pulse will not deteriorate. Grid bias is 
more desirable than cathode bias, not only to reduce pulse delay, but also 
to eliminate cathode degeneration. It is desirable to regulate the grid-
bias supply voltage. 

In general, grid pulsing with techniques now in use appears less desir
able than plate or cathode pulsing. When either of these is used, the 
grid can be tied to r-f ground and much trouble avoided. Furthermore, 
experience tends to indicate that plate-pulsed tubes have longer life, 
although no thorough study has been made of tube life under various 
conditions. The currently accepted explanation for the discrepancy in 
tube life is that the plate pulses used are short; accordingly, ions formed 
by ionization of residual gas in the tube do not move far in the short 
period of the pulse. In consequence, arc-over and sparking within the 
tube do not often get started, and do not cause permanent damage even 
if they do start. With grid pulsing, on the other hand, any transient 
that causes the tube to arc over will result in dissipation of damaging 
amounts of energy in the tube because of the steady d-c plate voltage. 

14-7. Cathode Pulsing.—In Fig. 14-4 are shown a circuit and wave
forms for a transmitter using cathode pulsing with a fixed d-c voltage on 
the plate of the oscillator. The capacitor used in the plate supply is 
large enough to ensure that the power-supply impedance will be very low 
during the pulse interval. In this circuit, the grid is tied directly to the 
r-f ground and the bias is applied in the cathode circuit. Enough bias is 
used to insure that the tubes are practically biased to cutoff during the 
quiescent period. The negative modulating pulse is applied to the cath
ode circuit by means of a pulse transformer. During the pulse interval, 
the cathode is driven negative with respect to the bias level and the 
transmitter is caused to oscillate actively for the pulse interval. As with 
grid pulsing, power output from the oscillator will increase with increase 
in the drive voltage. When cathode pulsing is used, the delay between 
the modulating pulse and the r-f pulse is comparable to the delays caused 
by plate pulsing. This delay is usually small, and fairly constant over 
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wide ranges of plate voltage and bias voltage. It does not vary much 
from tube to tube. 

Several precautions must be taken to achieve good design. Since the 
winding capacitance of the filament transformer is in shunt with the 
secondary of the pulse transformer, it must be kept low if pulses with a 
fast rise are supplied by the modulator. When cathode-type tubes are 
used, this is not so important, for the cathode-heater capacitance will 
usually be small. Unless the heater winding is allowed to "float," 
however, the designer must make sure that the cathode bias required to 
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F i e -Circuit diagram and typical waveforms for a 170-Mc/sec cathode-pulsed 

oscillator. 

cut off the oscillator does not exceed the maximum rated heater-cathode 
potential. 

The designer must also make sure that the pulse impedance in the 
cathode circuit of the oscillator is kept to a minimum. This means that 
the pulse transformer must have a low-impedance secondary winding 
and that a large bypass capacitor must be used in the bias supply. As 
the cathode is driven more and more negative with respect to the bias 
level, the impedance of the cathode circuit decreases. This means that 
for high power output from the transmitter, corresponding to a high 
driving voltage from the modulator, the modulator is required to supply a 
considerable amount of power to the cathode circuit of the transmitter 
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Combination Pulsing.—A combination of plate and cathode pulsing 
has been used in several portable beacons in order to realize the desired 
power at a low d-c supply voltage. In general, combination pulsing is 
not desirable because it adds complications to the system and, except in 
rare instances as mentioned above, has no particular advantages. 

Comparison of Pulsing Methods.—In general, when space and power 
are available, plate pulsing is preferable to the other methods, since it is 
the easiest to handle. Grid pulsing may be considered when the modula
tor must be simple and the plate voltage necessary for the desired power 
output is low. When the modulator can supply some power, but not 
enough to accomplish plate pulsing, and a constant delay time is desired, 
cathode pulsing should be considered. 

VHF AND UHF TRIODE OSCILLATORS (200 TO 1000 M C / S E C ) 

In this section a few oscillators that have been used in beacons will 
be discussed in a general way to illustrate a few of the problems involved 
in the design of oscillators for beacon service. 

The oscillators to be described use conventional lumped-constant 
elements, parallel lines, coaxial lines, and cavities as resonant elements. 
They cover a frequency range from 200 to 1000 Mc/sec and have power 
outputs from 10 to 3000 watts of pulse power. 

14-8. Lumped-constant Oscillators.—As we have seen, the practical 
upper limit of frequency for this type of oscillator is in the region of 
300 Mc/sec for the tubes normally used. 

The efficiency for pulsed operation of this type of circuit is 20 to 30 
per cent in the region of 200 Mc/sec for the tubes currently used in 
beacon service. It is determined largely by the quality and design of the 
components used in the oscillating circuits. I t is important, therefore, 
that the designer choose these components carefully and integrate them 
into the circuit so as to make the tube efficiency be the limiting factor. 

14-9. Parallel-line Oscillators.—Parallel-line oscillators have been 
used for beacons in the frequency range from 150 to 500 Mc/sec and at 
power levels from 10 to 3000 watts. This type of transmitter is stable 
and can be tuned mechanically over a fairly wide frequency range with
out too much difficulty. For use at the lower frequencies this type of 
oscillator may be quite large, since the length of the resonant lines may 
approach one-quarter wave of the resonant frequency. Parallel-line 
oscillators are inferior to coaxial-line oscillators, however, because they 
require shielding. 

Figure 14-5 is a photograph of a push-pull transmitter using tuned 
lines in the plate circuit, and untuned grid and cathode circuits. This 
transmitter was designed for operation in the region of 200 Mc/sec and 
may be tuned over a 5 per cent band. A wider band of frequencies 
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L_ - ..a 
F I G . 14-5.—Photograph of a complete 200-Mc/sec beacon transmitter and its compo

nent parts . The circuit of this transmitter is shown in Fig. 14-2. (a) Frequency indicator 
(Veeder-Root counter), (b) Antenna tuning control, (c) Frequency control, (d) Insu
lating supports, (e) Ventilation grille. (/) Output connection, (g) Grid-circuit assembly. 
(A) Tuning knob and tuning mechanism (insulated), (i) Movable shorting bar. (j) Plate 
lines, (k) Ground strap. (I) Antenna coupling lines. 
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could be covered by lengthening the lead screw actuating the short-
circuiting bar. This oscillator was designed for plate pulsing. It 
supplies 2.5 to 3 kw of pulse power when a plate voltage of 3000 to 3500 
volts is used. The power output is essentially constant over the band 
when the transmitter is feeding a matched load. The plate-power 
efficiency is about 20 per cent and could be increased by increasing the 
antenna coupling. This, however, would make the system more sensitive 
to changes in line voltage and standing-wave ratio of the load. The 
frequency stability of this oscillator is ±0.13 Mc/sec for plate-voltage 
variation of ±10 per cent and temperature variations from — 40°C to 
+40°C. 

Figure 14-2, Sec. 14-5, shows the circuit diagram for the transmitter 
shown in Fig. 14-5. I t will be noted that this oscillator utilizes quarter-
wave lines in the plate circuit, and untuned lines in the grid circuit. 
Radio-frequency chokes are used to isolate the cathode and heater from 
the common r-f ground. The length of grid lines was chosen to give the 
desired grid excitation, and the size of the lines is such that the resonant 
frequency of the grid circuit is far removed from the frequency of opera
tion of the oscillator. This is important for, if the resonant frequency 
of the grid circuit falls within the operating range of the oscillator, fre
quency instability may be encountered, with the transmitter tending to 
oscillate in an unloaded mode. 

When space is available, it is desirable to use lines to tune the grid, 
plate, and cathode. Space limitations prevented this for the design 
under discussion, so it was elected to tune the plate circuit and isolate the 
cathode and heater circuits by means of low-loss r-f chokes. 

The r-f energy is coupled out of the circuit by means of quarter-wave 
capacity-tuned lines. The oscillator output circuit is matched to the 
transmission system by tapping the lines so that the oscillator output 
impedance is equal to the impedance of the transmission system. 

14-10. Coaxial-line Oscillators.—The coaxial line can be either one-
quarter wave long or one-half wave long, depending on space require
ments, the tube used, and the complexity of the tuning mechanism. A 
quarter-wave coaxial-line oscillator can be designed to have a very simple 
tuning mechanism, but the isolating capacitor between the center 
conductor and the tube presents a difficult mechanical problem. On the 
other hand, in the case of a half-wave oscillator, no blocking capacitor is 
required, but the tuning mechanism may become more complicated. 

The 500-Mc/sec Oscillator.—In Figs. 14-6 and 7-14 is shown ahalf-wave 
coaxial-line oscillator using an Eimac 15E tube. I t is plate-pulsed and 
intended for operation in the region of 500 Mc/sec. The pulse voltage 
is fed to the center conductor of the line at a point having approximately 
zero r-f potential and no blocking capacitor is necessary. An r-f choke 
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is used at the point where the pulse voltage is applied so that no r-f 
energy is fed back into the pulse circuits. This choke is necessary 
because the oscillator tunes over a band of frequencies, and tuning is 
accomplished by increasing or decreasing the length of the center con
ductor. This means that the pulse tap can be at zero r-f potential for 
one frequency only and will be unbalanced for any other frequency. The 
filament circuit is bypassed by small built-in mica capacitors. Ordinary 
capacitors cannot be used at these frequencies because of lead inductance. 
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F I G . 14-6.—Diagram of a half-wave coaxial line oscillator at 500 Mc/sec. 

This oscillator can be pulsed at voltages from 6 to 10 kv and will 
deliver up to 5 kw of pulse power. Its efficiency at the higher voltages 
is about 30 per cent. The r-f energy may be coupled out either by a 
capacity probe or by a small coupling loop. The method used will 
depend on the load and the power variation that can be tolerated over 
the frequency band. 

The 700-Mc/sec Oscillator.—Figures 14-8 and 14-9 show a photograph 
and circuit diagram of a miniature half-wave coaxial-line oscillator de
signed for operation in the region of 700 Mc/sec. I t is unusual in that it 
is used as both transmitter and receiver in a small beacon. During the 
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reception period it is a superregenerative receiver; during the trans
mission period it is a plate-pulsed half-wave coaxial-line oscillator. The 

FIG. 14-7.—Photograph of the half-wave coaxial-line 500-Mc/sec oscillator shown 
schematically in Fig. 14-6. (a) Tube 15E. (f>) R-f output connector, (c) Outer con
ductor. (d) High-voltage bushing ior modulation voltage, (e) Filament connection. 
(/) Built-in mica capacitors. 
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Fia. 14-8.—Miniature half-wave coaxial oscillator for operation at 700 Mc/sec. 

tube used is a 6F4 which has double leads for the grid and plate elements 
to reduce lead inductance. 
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Tuning is accomplished by changing the capacitance at the open end 
of the coaxial line. The photograph shows the effect of lead inductance 
and interelectrode capacitance of the tube on the physical length of the 
inner conductor of the line. The tuning mechanism on this circuit pro
vides for tuning over about a 10 per cent band. 

F I G . 14-9.—Photograph of a miniature half-wave coaxial-line 700-Mc/sec oscillator. 
The circuit diagram is given in Fig. 14-8. (a) Outer conductor, (b) Antenna connector. 
(c) Heater connector, (d) 6F4 tube, (e) Plate choke. (/) Capacity probe, (ff) 
Antenna connector, (h) Probe-adjusting screw, (i) Micrometer tuning control, (j) 
Tuning capacitor. (A:) Plate lead connection. (0 Grid connection, (m) Cathode 
connection. 

Another unusual feature of this circuit is that connection clips and 
isolating chokes are soldered directly to the tube lead extensions; they are 
supplied as a part of the tube and are replaced with it. 

As a transmitter, this circuit delivers a 0.75-^sec 15-watt pulse. The 
plate pulse voltage applied to the circuit as a transmitter is about 600 
volts. Power is taken from the oscillator by means of a capacity probe 
coupled to the open end of the line (see Fig. 14-9). Micrometer adjust-
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ment of the coupling is obtained by means of a screw at the end of the 
probe. As a receiver, this circuit has a sensitivity of 2 X 10 - 9 watt for 
triggering. Even though different voltages are apphed to the plate of 
the tube during transmission and reception, the frequencies of trans
mission and reception differ by less than 2 Mc/sec. They can be made 
very nearly the same by careful adjustments, especially of the cathode 
impedance. 

14-11. Cavity Oscillators at 700 and 1000 Mc/sec.—It was pointed 
out in Sec. 14-3 that, while circuits like coaxial lines may be used at ultra-
high frequencies, the cavity is especially suited for these frequencies. 

Two examples of cavity oscillators used at ultrahigh frequencies are 
given below. Like the miniature half-wave coaxial oscillator mentioned 
above, both of these cavity oscilla
tors are used as superregenerative 
receivers during the reception period 
and as plate-tuned cavity oscillators 
during the transmission period. Both 
cavity oscillators are provided with 
a coarse frequency adjustment so that 
they may be tuned to the center of 
the proper band. In addition, a F l o . 14.,o.-Equivaient circuit for 
motor-driven variable capacitor is the 700-Mc/sec cavity oscillator shown 
provided. It sweeps the beacon fre- i n lgs ' 
quency through a band so that the beacon may respond to interrogations 
on different frequencies in the band. 

The 700-Mc/sec Oscillator.—The cavity oscillator shown in Figs. 14-10, 
14-11, and 14-12 is designed for operation in the region of 700 Mc/sec. 
It uses the 2C40 lighthouse tube and is pulsed in the plate and cathode 
circuits. The center conductor of the cavity is at the same r-f potential 
as the plate of the tube. A blocking capacitor is provided so that the 
d-c supply will not be short-circuited. Grid excitation is obtained by 
means of two inductive loops tapped in at the cathode end of the cavity. 
The cathode is connected directly to the cavity by a built-in bypass 
capacitor in the 2C40. The r-f energy is coupled out by means of an 
inductive, untuned coupling loop placed in the cavity at the plate end. 

Coarse frequency settings are made by sliding the cathode end of the 
cavity in or out until it is approximately on frequency. The final adjust
ment is made by moving the rotor of the tuning capacitor with respect 
to the stator, which is fastened to the plate rod. The frequency is then 
swept by driving the rotor of the capacitor with a motor. 

The coarse tuning covers about a 25 per cent band; the fine tuning 
covers a 10 per cent band. The frequency of the oscillator is swept over 
a 6 per cent band. 
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The pulse power output of this oscillator is about 50 watts when plate 
and cathode are pulsed simultaneously. The circuit shown was so 
arranged that there were 400 volts on the plate and, in addition, a pulse 
voltage of +1200 d-c volts during the pulse interval. The transmitting 
efficiency could be improved by using it as a transmitter only. The 
receiver functions, however, were favored in the design of this circuit. 
The frequency stability is better than ±0.5 Mc/sec for plate voltage 

F I G . 1411.—Photograph of a cavity oscillator for use at 700 Mc/sec. The equiva
lent circuit is shown in Fig. 14-10 and a cross section in Fig. 14-12. (a) Grid lead. (6) 
Antenna connector, (c) Plate lead terminal, (d) Frequency sweeping mechanism. 
(e) Fixed plate of the tuning capacitor. (/) 2C40 plate connectors, (g) Plate capacitor. 
(h) Inductive coupling loop, (i) Grid-feedback loop, (j) Contact fingers, (fc) Sliding 
section. 

variations of +10 per cent and temperature variations from — 40° to 
+60°C. The difference between the transmitted and received frequency 
is less than 1 Mc/sec. As a superregenerative receiver this unit has a 
sensitivity of 2 X 10~9 watt for beacon triggering. 

The 1000-Mc/sec Oscillator.—The cavity oscillatorshowninFigs. 14-13, 
14-14, and 14-15 is intended for operation in the region of 1000 Mc/sec. 
It is designed around the small 2C40 lighthouse tube. This cavity may 
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be referred to as a "grid-plate cavity," and is similar to a tuned-plate-
tuned-grid circuit. In this case, the grid is connected to the cavity for 
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FIG. 14-12.—Cross-sectional view of a 700-Mc/sec cavity oscillator. The equivalent circuit 
diagram and photograph of this oscillator are shown in Figs. 14-10 and 14-11, respectively. 

radio frequency, but not for direct current, since quench voltage is 
applied to the grid during the reception period. The inner conductor is 
insulated from the outside shell of the 
cavity and is connected to the plate. 
Excitation is obtained by means of 
cathode fingers, which excite a second 
cavity. The r-f energy is taken from 
the cathode cavity by means of an in
ductive loop. The oscillator is tuned 
by means of a capacitor on the end of 
the plate line. The rough frequency 
adjustment is by means of a slotted rotor plate, which is moved longi
tudinally so as to give a larger or smaller effective plate area. The fine 

F I G . 14-13.—Equivalent circuit 
for the 1000 Mc/sec-cavity oscillator 
shown in Figs. 14-14 and 14-15. 
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frequency adjustment is made by means of a screw assembly that also 
increases or decreases the plate area. 

This beacon, like that just described, was designed to sweep a band 
of frequencies. The sweeping of the frequency band is accomplished by 
means of a motor drive on the variable capacitor mentioned above. 

As a transmitter, this oscillator delivers about 70 watts of pulse 
power to the antenna, with an efficiency of about 40 per cent. The 

F I G . 1414.—Photograph of a cavity oscillator for use at 1000 Mc/sec. The equivalent 
circuit is shown in Fig. 14-13 and the cross Bection in Fig. 14-15. (a) Grid lead, (b) 
Antenna connector, (c) Center-conductor supporting screws, (d) Frequency-sweeping 
mechanism, (e) Rotor of the tuning capacitor, (f) Plate choke, (fl) Bypass capacitor. 
(A) Stator of tuning capacitor, (i) Cathode fingers. (;) Inductive coupling loop, (fc) 
Antenna connector. (I) Cathode cavity. 

circuit was arranged so that there were 400 volts d-c on the plate and, in 
addition, a pulse voltage of +1200 volts during the pulse interval. The 
center frequency could be set anywhere in a 25 per cent band, about which 
the motor-driven capacitor swept the frequency over a 5 per cent band. 
The frequency stability is better than ±0.5 Mc/sec for plate voltage 
variations of ± 10 per cent and temperature variations from — 40° to 
+60°C. The difference between the transmitted and the received fre-
njienrj; isJfissLtJmn-1. MA/SPJV Aita-SJUjfirrft^inpjJitJy.e. receiver this unit 
has a sensitivity of 2 X 10 - 9 watt. 
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FIG. 14-15.—Cross-sectional view of a 1000-Mc/sec cavity oscillator. The equiva
lent circuit diagram and photograph of this oscillator are shown in F"igs. 14-13 and 14-14 
respectively. 

MICROWAVE TRIODE OSCILLATORS 

14-12. Microwave Cavities and Tubes.1—A cavity oscillator for use 
with triode tubes in the microwave region near 10 cm may have a cavity 
for the grid-plate region, a second cavity for the grid-cathode region, and 
a method for providing feedback between the two. If the cavities are 
separate, the feedback may be supplied by the cathode-plate or grid-
plate capacitance of the tube, by coupling loops or probes, or by a 
matched transmission line coupling the two cavities. In the case of a 
reentrant cavity, there is no clear distinction between the cavities and 
the feedback. 

The microwave cavity oscillators to be discussed are versions of the 
reentrant cavity. The exact form of the cavity depends somewhat on 
the design of the tube used. There are two types of reentrant cavities 
in general use. One uses a tuned plate line coupled to a coaxial grid line. 

1 Sees. 1412 to 1 4 1 5 by K. R. More, J. C. Reed, and P. A. de Paolo. 
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The other type uses a tuned cathode line and a coaxial grid line. In 
each case the two coaxial lines are built into the same cavity. Cross-
sectional diagrams of the two cavity types are shown in Figs. 14-16 and 

Grid cylinder ™ * 

Capacity choke 

Output 
F I G . 14-16.—Cross section of a 10-cm plate-tuned reentrant cavity oscillator, using 

a 2C40 lighthouse tube. This oscillator will cover the range from 2700 to 3300 Mc/sec 
with different grid cylinders. 

- Main cavity 

Brass V.AV.'///////,77A 
Mica ■ 

FIG. 14-17.—Cross section of cathode-tuned reentrant cavity. 

14-17. The choice of cavity type depends on the tube to be used. The 
plate-tuned type of cavity is convenient for use with triodes of the light
house type, such as the 2C40 and 2C43. Cathode-tuned cavities, on XW 
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other hand, are convenient for use with tubes like the 2C36 and SB-846B. 
This discussion of microwave cavity oscillators is divided into three 

parts. The first takes up the tube design considerations made necessary 
by beacon requirements. The second discusses the cavity design and 
operational characteristics for the plate-tuned reentrant cavities used 
with lighthouse tubes. The third part takes up the cathode-tuned 
reentrant cavity. 

14-13. Tube Requirements.—The two main requirements placed on 
microwave oscillator tubes used as transmitters in radar beacons are 
frequency stability and the ability to give the desired power. Frequency 
stability is important because a beacon is expected to reply on a given 
frequency under all conditions of interrogation. The low power-output 
requirement—usually 50 to 150 watts pulse power—makes impossible 
the use of some tubes that are satisfactory at higher pulse powers. 
Higher pulse powers at microwave frequencies are usually obtained from 
magnetrons. 

Three important causes of frequency change are changes in inter
rogation rate, heater voltage, and input-pulse voltage. Changes in inter
rogation rate cannot be controlled because they depend on the repetition 
rate of the interrogator and on the number of radar sets interrogating 
the beacon. Changes in input voltages sometimes can be reduced by 
regulators, but it is frequently impossible to hold voltages to better than 
+ 5 per cent. These fluctuations lead to changes in the temperatures of 
the various tube elements. The consequent expansions and contractions 
change the interelectrode capacitances and thus the operating frequency. 

The effort to reduce frequency drifts affects the designs of both tube 
and cavity. Both tube and cavity are designed to provide good thermal 
contact between the plate of the tube and the plate connector of the 
cavity. This is more difficult in the case of the plate-tuned cavity and 
lighthouse tube, in which the plate rod makes a sliding contact with the 
tube plate cap, than it is with the cathode-tuned cavity and tubes like 
the 2C36 which have a plate flange convenient for fixed contact. 

The design of the grid structure is also influenced by stability require
ments. Lighthouse tubes now use stretched or " t a u t " grids to prevent 
buckling of the grids when the temperature rises. Data on the attainable 
degree of frequency stability are given in Sec. 14-15, since the designs of 
both tube and cavity influence frequency stability. 

The power-output requirements and the fact that efficiencies of 15 
per cent or greater are desirable place limits on the range of power inputs 
to be used. Such limits may be given roughly as 300 to 1000 watts. 
Since these cavity oscillators have circuit impedances of 1000 to 2000 
ohms, the pulse voltages required are about 500 to 1400 volts. 

Experience shows that the 2C43, the only lighthouse triode that 
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carries specifications for pulsed operation, will not operate satisfactorily 
below about 1800 volts. The effect of a gradual reduction in voltage is 
a gradual increase in the starting time of the tube, until the starting 
time exceeds the width of the voltage pulse. It is therefore necessary to 
use voltages high enough to keep the starting time small—preferably less 
than 0.1 Msec. Most 2C40 tubes operate very well a t pulse voltages of 
800 or higher. The 2C40 is not designed for pulsed operation, however, 
and some tubes give poor performance. A new Ughthouse tube, the 
2C49, for low-power pulsed operation, was in process of development 
in 1945. 

Tubes of the 2C36 type work well in a cathode-tuned cavity with 
input voltages as low as 600 volts. The operating frequency is relatively 
independent of heater voltage. 

REENTRANT CAVITIES 

14-14. Plate-tuned Reentrant Cavities.—The general features of the 
plate-tuned reentrant cavity are shown in Fig. 14-16, Sec. 14-12. A 
detailed photograph of an actual cavity is shown in Fig. 14-18. The 
design shown in Fig. 14-18 provides for convenient changes of tubes and 
grid cylinders. The position of the plate rod is controlled by coarse and 
fine adjusting screws. The capacity-coupled output probe may be 
moved in and out to maximize the power output. The position of the 
choke can be changed as required, but such a change involves partial 
disassembly of the plate-tuning mechanism. 

Frequency.—The frequency at which such a cavity oscillates is deter
mined mainly by the length of the grid cylinder and the setting of the 
plate rod. The former is the more important. The frequency is affected 
only slightly by the position of the terminating choke. As an example, 
the cavity illustrated in Fig. 14-18, using a 2C40 tube, may be tuned over 
a range of about 1 cm in the 10-cm region by adjusting the plate rod, for 
any given grid-cylinder length. On the other hand, for a given plate-rod 
adjustment, change n grid cylinder length from 0.96 to 1.12 in. will 
change the wavelength from about 9 to 10 cm. Longer wavelengths can 
be achieved by the use of even longer grid cylinders and cavities. For 
beacon service at a specific frequency, the grid cylinder length is chosen 
to give that frequency when the plate rod is set to the center of its range 
of motion and a tube of average plate-grid capacity is used. Tubes of 
other capacities are tuned to frequency by adjusting the plate rod. 

Chokes.—Two types of terminating choke are illustrated in Figs. 
14-16, 14-18, and 14-19. The first figure shows a quarter-wave capaci
tance choke making no contact with the outer conductor. The second 
and third figures show a choke making a sliding contact with the outer 
conductor; it serves as a capacity quarter-wave choke at the plate 
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rod. A polystyrene or polyglas sleeve insulates the plunger from the 
plate rod. This type of choke has two disadvantages common to all 
systems involving adjustable contacts: wearing of the contacts and arc
ing if they are poor. Chokes of both kinds can be clamped at different 
places along the plate rod to provide for the setting of the choke for 
optimum power output for each grid cylinder length used. For a system 

FIG. 14-18.—Exploded view of 2C40 cavity oscillator at 2900 Mc/sec. (a) Fine-tuning 
control. (6) Coarse-tuning control, (c) Plate choke, (d) Plate-tuning plunger, (c) 
Capacitive r-f pickup probe clamp. (/) JAN-2C40. (g) Fine-tuning control, (h) 
Coarse-tuning control, (t) JAN-2C40. 0') Tube socket, (k) Grid cylinder (in place). 
(0 Stop, (m) Limit pin. 

designed for a narrow frequency range only, however, chokes of the 
capacity type are generally soldered to the plate rod to eliminate sliding 
contacts. 

More elaborate chokes lead to improved performance, by reduction 
of leakage and the effect of reflections at the end of the cavity. The 
chokes discussed above have attenuations of about 15 db over the 9- to 
11-cm band. Attenuation as small as this permits enough leakage power 
to escape to cause interference with beacon receivers that are mounted 
in the same box as the transmitter. Furthermore, power reflected back 
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into the cavity impairs the oscillator performance for certain critical 
distances from the choke to the open end of the cavity. Both troubles 
can be reduced when necessary by the use of a polyiron termination.1 

In the design of more elaborate chokes, it is necessary to keep the capaci
tance from the plate rod to ground to a reasonably low figure. Otherwise 
the capacitance will load the modulator heavily, and the voltage pulse 
will be distorted as a result. In spite of the disadvantages of the chokes 
shown in Figs. 14-16 and 14-18, they are used widely in pulsed trans
mitters because of their simplicity. 

Fine tuning -

Output 
connector 

FIG. 14-19.—Cross section of a plate-tuned reentrant cavity oscillator, using a 2C40 
lighthouse tube. Note that the plate choke makes a sliding contact with the outer con
ductor. Dimensions given are for operation at frequencies between 2700 and 3000 Mc/sec. 

Outpui Coupling.—The size of the output probe button influences the 
maximum power output attainable and the ease of adjusting the probe 
to give maximum power output. In general, a large probe gives greater 
power output and a broader power maximum than a small probe. A 
probe diameter of 0.25 to 0.31 in. is satisfactory for the cavity shown in 
Figs. 14-18 and 14-19. The larger diameter broadens the maximum of 
the power vs. probe-position curve but does not raise it. 

Grid Connection.—The grid contacts are insulated from the cavity 
shell. This permits operation with a grounded grid or with a bias resistor 
between grid and ground. These cavities give satisfactory performance 
when one grid contact only is used; however, the use of three contacts 
symmetrically located around the outer tube of the cavity is advisable 

1 See, e.g., Technique of Microwave Measurements, Vol. 11, Chap. 12, Radiation 
Laboratory Series. 
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for both mechanical and electrical reasons. Vibration may result in poor 
contact if one contact only is used and the increase in power output 
gained by using a grid resistor is greater with three contacts than with 
one. 

The output probe and grid contacts lie in a plane perpendicular to 
the axis of the cavity. The location of this plane is determined experi
mentally; it should be one that gives suppression of oscillations at 
unwanted lower frequencies. 

Construction.—The materials used in cavity construction may be 
chosen to compensate for the frequency shifts that accompany changes 
in the temperature of the tube and cavity. One such method is the use 
of a steel outer shell to reduce the over-all cavity expansion and of a 
plate rod having a high coefficient of expansion to compensate for the 
expansion of the tube and the outer shell. The plate contacts must be 
made of spring material, like beryllium copper or phosphor bronze, in 
order to provide a good sliding contact. A section of duraluminum for 
the outer end of the plate rod increases the expansion. 

The insulating materials used for mounting the plate rod and insulat
ing the choke from it must not distort under pressure at the highest 
temperatures likely to be reached during the operation of the beacon. 
High-quality linen-base bakelite is satisfactory for the tuning arm. 
Polyglas-D molded to the plate rod insulates the choke. Polystyrene or 
copolystyrene sleeves are not satisfactory because the distortions to 
which they are subject even at ordinary operating temperatures result 
in frequency shifts of the order of 3 Mc/sec. 

14-15. Operational Characteristics.—The position of the terminating 
choke has an important effect on the operation of the lighthouse-tube 
reentrant cavity oscillator. Power output, input current, optimum out
put probe position, and wavelength are plotted in Fig. 14-20 as functions 
of the distance d of the choke from the end of the plate rod, under condi
tions of constant input voltage, grid-cylinder length, and plate-rod 
position. These curves show that the position of the choke must be 
held within reasonably close limits to keep the power output near the 
maximum value. Furthermore, since the input current increases with d, 
it is advisable to keep d slightly below the value giving maximum power 
output. This is particularly true if a line-type pulse generator is used 
to supply the power. The low impedances associated with large values 
of d load the generator excessively, and a lower pulse voltage results. 
As has already been mentioned, too low a voltage may result in poor 
performance of the tube. 

The frequency of oscillation of any tube in a given cavity is deter
mined by the grid-to-plate capacitance. This effect is shown in Fig. 
14-21. The over-all scatter of wavelength in this particular cavity due 
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F I G . 14-20.—The effect of plate-choke position on wavelength, pulse-power output, 
input current, and optimum probe distance, in the 10-cm reentrant cavity oscillator. 
Data are for the average of several 2C43 tubes. 

to the permissible variation in Cep is about 0.5 cm. This reduces the 
usable band of wavelengths from the 1.1-cm range provided by the plate 

_̂ tuning to a usable range of 0.6 cm, for 
tubes whose grid-plate capacitances 
differ most from the mean value. 
The additional scatter due to cavity 
tolerances reduces the usable range 
of wavelengths for a given grid-
cylinder length and choke position to 
about 0.5 cm. The use of an exten
sion on the plate cap extends the 
tuning range. 

The performance chart of Fig. 
14-22 shows the behavior of a typical 
reentrant cavity oscillator. Contours 
of constant grid-bias resistance and 
of constant power output are drawn 

on a current vs. plate-voltage diagram. The use of grid-bias resistors 
of approximately 50 to 150 ohms is useful as a means of increasing the 
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Fio. 14-21.—Wavelength as a func
tion of grid-plate capacitance for a 
fixed setting P of the plate rod (as shown 
in Fig. 1414). Data are for 2C43 
tubes in the same cavity, under identical 
operating conditions. 
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impedance. Values as high as 500 ohms impair performance at the 
low-voltage limit of operation. 

The manner in which the output power varies with the position of the 
output probe depends on the position of the choke and on the adjustment 
of the plate rod. The power may fall off from a maximum for the probe 
touching the grid cylinder, as shown in Fig. 14-236, or it may drop to a 
minimum and rise to another maximum before falling off, as in Fig. 

2 3 4 
Pulse plate potential In kilovolts 

FIG. 14-22.—Average performance chart of 10 2C43 tubes in a plate-tuned reentrant cavity 
at about 11 cm, as a function of grid-bias resistance. 

14-23o. In either case, it is advisable to set the probe at a position 
enough beyond that which gives the maximum so that the power drops 
to about 90 per cent of the maximum. A Rieke diagram (see Sec. 13-2) 
for the oscillator shows that the pulling figure (see Sec. 13-3) is appre
ciably lower when the probe is set in this way than when it is set for 
maximum power. 

The examples used above to illustrate operational characteristics are 
all based on the 2C43 lighthouse tube, even though this tube is used only 
at power levels higher than are needed for lightweight beacons. More 
complete data are available for the 2C43 tube, however, than for the 
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2C40 tube, which is used in some beacons. Data available for other 
tubes used in beacons agree in general behavior with data on the char
acteristics of the 2C43. Voltages, currents, and power figures, of course, 
are lower for the 2C40. Some data on power output and efficiency for 

*1.2 

.5 
I 0 8 

§0.6 

* "0 0.025 0.050 0.075 0.100 
Output probe distance D in inches 

F I G . 14-23.—Power output vs. position of output probe for the plate-tuned reentrant 
cavity shown in Fig. 14 14. Curves are for two different settings of plate, choke, and plate 
rod. 

2C40 tubes used in cavities of the type shown in Fig. 14-18 are given 
in Table 14-1. 

T A B L E 1 4 1 , — W A V E L E N G T H , I N P U T P U L S E VOLTAGE, P U L S E C U R R E N T , I N P U T P O W E R , 
O U T P U T P O W E R AND P > F I C I E N C Y , FOR T W O 2C40 T U B E S * 

Tube 

A 

A 

B 

B 

\ (cm) 

9 .85 
10.24 
10.90 

9 .85 
10.24 
10 90 

9.81 
10 .23 
10.97 

9 .81 
10.23 
10.97 

Ep (volts) 

987 
940 
917 

1078 
1036 
987 

910 
889 
855 

994 
980 
932 

Ip (amp) 

0 .57 
0 .58 
0 .61 

0 .62 
0 .63 
0 .65 

0 .57 
0 .62 
0 .63 

0 .63 
0 .64 
0 .66 

Pi (watts) 

560 
535 
560 

670 
650 
640 

520 
550 
540 

625 
625 
615 

P„ (watts) 

65 
115 
113 

97 
199 
183 

122 
155 
148 

164 
204 
184 

Eff 
(per cent) 

12 
21 
20 

15 
31 
29 

23 
28 
27 

26 
33 
30 

* Wavelengths are for the low limit, middle, and high limit of the tuning range obtained by plate-rod 
adjustments. Data are for two settings of input pulse, 

Frequency Stability.—The change in frequency of a 2C40 10-cm 
oscillator, resultmg from a change in filament voltage from 6.3 to 6.9 
volts, is from 0.5 to 3.0 Mc/sec, averaging about 2.0 Mc/sec. The change 
resulting from a pulse-repetition-frequency change from 500 to 2000 cps 

\ V \A V \ \ 
\ V \ s \ 

~~ . 
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is about 1 Mc/sec, varying from 0.3 to 1.5 Mc/sec. The frequency 
change accompanying an input voltage change of 100 volts is about 1 
Mc/sec. Accordingly, it is desirable to stabilize the heater current and 
the applied pulse voltage for maximum frequency stability. 

14-16. Cathode-tuned Reentrant Cavities.1 Cavity Design.—The grid 
element of xhe cathode-tuned reentrant cavity is decisive in determining 
the oscillator frequency. Changing the position of the terminating 
choke will shift the frequency less than 1 per cent and the efficiency will 

i 1 i_ i i i i i 

FIG. 14-24.—Cathode-tuned reentrant cavity 10-cm oscillator using the SB-846B 
triode. A diagram is given in Fig. 14-17. (a) Transmission line, (b) SB-846B tube. 
(c) Insulated plate connection, (d) Grid-ground connection, (e) Cathode choke. (/) 
Heater connection, (g) Micrometer tuning control, (h) Tube-retainer plug, (t) Grid 
sleeve, (i) Plate flange, (fc) Output connector. 

vary considerably over this tuning range. This feature complicates the 
tuning mechanism, but the oscillator is, in general, more stable than the 
plate-tuned type of reentrant oscillator. 

There are two methods of tuning the cavity. One is changing its 
length, and the other is capacitance-loading of the grid element. When 
either of these methods is used, the cathode cavity must be retuned to 
realize maximum efficiency. The cavity shown in Figs. 14-17 (Sec. 14-12) 
and 14-24, using the SB-846B tube, is tuned by varying the capacitance 
between the end of the grid element and the inner conductor of the 
cathode cavity. Under these conditions, changing the position of the 

1 By J. C. Reed. 
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cathode-cavity terminating choke will also tune the grid element. If 
this system is used, a 10 per cent tuning range can be realized, with a 
difference of power output over the tuning range of less than 20 per cent. 

The terminating choke does not make contact with either the inner 
conductor or the outer conductor. I t obtains its mechanical support by 
sliding on a polystyrene sleeve that surrounds the inner conductor. The 
position of the choke is controlled by means of a screw adjustment. 
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I 2981 
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2979 
5.4 5.6 58 60 62 6.4 66 6.8 

Filament volts, curve A 
1000 2000 3000 4000 

Repetition rate in cps, curve B 
300 400 500 600 700 800 900 1000 

Plate pulse voltage, curve C 
F I G . 14-25.—The frequency-stability characteristics of the oscillator of Figs. 14-17 

and 14-24. (a) Frequency vs. repetition rate, with filament-voltage constant at 6.3 volts 
and plate pulse at 800 volts, (b) Frequency vs. filament voltage, with pulse-repetition 
frequency constant at 800 cps and plate pulse at 800 volts, (c) Frequency vs. pulse plate 
voltage, with filament-voltage constant at 6.3 volts and pulse-repetition frequency at 
800 cps. 

Operating Characteristics.—The efficiency of the SB-846B tube is 15 
per cent or better over the tuning range 3100 to 2900 Mc/sec when used 
in the cavity shown in Fig. 14-24. At Et = 6.3 volts, the rated heater 
voltage, and Ep = 800 volts, the efficiencies of 10 sample tubes were 
between 20 and 28 per cent. At Ef = 5.8 volts, Ep = 800 volts the 
efficiencies of the same tubes were between 17 and 27 per cent. The 
pulse power output was approximately 100 watts. The excellent fre
quency stability of the oscillator is shown in Fig. 14-25. 
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POWER SUPPLIES AND PERFORMANCE TESTING 

B Y B. W. P I K E , M. J. COHEN, AND J. J. G. M C C U E 

POWER SUPPLIES 

B Y B. W. P IKE 

Radar beacons have, in general, the same power-supply requirements 
as other complex electronic equipment that must be reliable: a suitable 
primary power source and suitable heater, plate, and bias power supplies 
for electron tubes. In addition, a few special power-supply problems are 
met in beacons. These arise from the use of magnetrons, planar triodes, 
and velocity-modulated tubes, and from the need for a high order 
of frequency stability of those tubes used as self-excited oscillators. 
Only points of special interest to beacon designers will be discussed in 
this chapter. General theory and design data on power supplies are well 
covered in generally available texts, handbooks, and periodicals. 

Beacon Power-supply Requirements.—The particular requirements of 
beacon power supplies, in addition to the basic requirements of long life 
and a high degree of reliability, are listed below. 

1. Good voltage regulation over a wide range of loads, primary supply 
voltage, and temperature. 

2. Power-control circuits suitable for automatic, unattended opera
tion of beacons used as continuous-duty navigation aids. 

3. Both high no-load efficiency and high full-load efficiency, because 
of the intermittent nature of the load. 

4. Freedom both from self-generation of noise and from pickup of 
extraneous electrical noise that would trigger the beacon because 
of the limited duty ratio of the beacon. 

Primary Power Sources and Power Supplies.—Primary sources of 
electric power of three types have been used for radar beacons: (1) com
mercial a-c power; (2) the alternator driven by a gasoline engine; and (3) 
the storage battery, used either alone or with a generator or other charger 
connected to it. 

Three types of power supply are used widely in beacons. Beacons 
designed to operate from a-c power lines use single-phase rectifier supplies. 

313 
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Beacons intended for portable ground operation often use a storage 
battery to feed a vibrator supply. Some battery operated ground bea
cons are supplied from dynamotors. Almost all airborne beacons have a 
dynamotor with a carbon-pile primary voltage-regulator. A few air
borne beacons operate from variable-frequency constant-voltage alter
nators, driven either by the engine or by a d-c motor. 

16-1. Prime Power Sources. Commercial A-c Power Lines.—Because 
even the largest beacon yet made requires no more than 2 kva, single-
phase alternating current has been used exclusively in a-c operated 
beacons. Recently designed large beacons can be operated either at 
115 or at 230 volts ± 7 per cent, at 50 to 70 cps; smaller beacons, at 115 
or 230 volts ± 10 per cent, 50 to 2400 cps. 

In some early beacons, an a-c voltage regulator was needed even on 
well-regulated power lines. The resonant type of constant-voltage 
transformer was used. This type of regulator is satisfactory provided 
certain factors are taken into account. The first is that these trans
formers usually have a large third-harmonic component in their output 
voltage. This means that the high-voltage supplies, if designed for a 
pure sine wave, may not deliver enough voltage. Second, these regula
tors are frequency sensitive and, therefore, unsuitable except for constant-
frequency lines. Third, they usually employ electrolytic capacitors and 
therefore may not be satisfactory over a wide range of temperatures. It 
is preferable to make the entire beacon capable of accommodating the 
expected variations of line voltage by using regulated power supplies and 
constant-current modulators (see Sec. 12-8). 

Engine-driven Alternators.—Small alternators driven by gasoline 
engines are widely used for operating a-c beacons and battery chargers 
in locations where a-c power is not available. Except in the large sizes 
(5 kw and up), these power supplies often suffer from relatively poor 
voltage regulation and from the need of frequent removal of carbon from 
the engine. Furthermore, the small engines are often unreliable. There
fore, for a-c beacons that must maintain continuous operation, a dual 
installation is necessary. 

For such beacons, engine generators like the Army PE-214B (see Fig. 
15-1) may be used successfully. The PE-214B weighs 50 lb and produces 
300 va at 115 volts, 60 cps. This unit comprises a single-cylinder, two-
cycle gasoline engine, direct-coupled to a permanent-magnet alternator. 
Since it uses a voltage-controlled throttle rather than a speed governor, 
the regulation is satisfactory. 

Inasmuch as power supplies can be made insensitive to variations of 
frequency, a voltage-regulated variable-frequency alternator coupled to 
the engine of an aircraft provides an excellent prime power source for 
airborne electronic equipment. Audio-frequency alternating current 
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-(a) 

FIG. 15-1.—A lightweight 10-cm a-c-operated beacon (AN/UPN-2) with an engine-
driven alternator prime power source, (o) Antenna, (h) Transmitter-receiver, (c) 
PE214B engine-driven alternator. 
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appears to be the best primary electric power1 for reliability, light weight, 
freedom from radio interference, and the like. 

Dry-cell and Storage-cell Batteries.—Because of their relatively poor 
regulation, failure at low temperatures, and poor storage properties, dry 
cells have not been used for beacons. Except for the British lightweight 
220-Mc/sec Eureka beacon, alkaline storage cells have not been used 
widely in beacons because of their poor low-temperature capacity, un
favorable discharge-curve shape, and unavailability during the war. 
Instead, the lead-acid type of cell, readily available in several "spill-
proof" forms, with a relatively flat discharge curve, was generally used. 
For applications in which the battery can be kept sufficiently warm, 
however, the alkaline battery is advantageous because of its high capacity 
and ruggedness. 

The batteries used for beacons have varied from a single 2-volt cell 
to the 28-volt battery system used in military aircraft. Several beacons 
were equipped with auxiliary battery chargers, both for charging batteries 
and for "floating" the batteries for continuous operation of the beacon 
when prime a-c power was available. Such chargers generally consist of 
a transformer for operation from 115 to 230 volts, 50 to 2400 cps, with a 
tapped secondary for supplying a dry-disk rectifier of the selenium type.2 3 

Wind-driven battery-charging generators are useful auxiliaries in remote 
permanent stations. 

15-2. Alternating-current Power Supplies.—High-performance power 
supplies of this type are the most flexible, simple, and reliable of all those 
used in beacons. Among them four classes can be distinguished: high-
voltage supplies for magnetron modulators; medium-voltage supplies for 
grid-pulsed oscillators, modulator drivers, and so on; low-voltage supplies 
for receivers, coders, and so on; and low-voltage grid bias supplies. 
Medium, low-voltage, and bias supplies are often combined into multiple-
output units. Examples will be described in Sees. 15-8 and 15-9. 

High-voltage Supplies.—The high-voltage a-c power packs for mag
netron modulators fall in the range 15 kv at 40 ma to 3 kv at 5 ma, 
according to the type of modulator and magnetron. As was shown in 
Sec. 12-8, a magnetron with a triode switch-tube requires very good 
regulation of the power-supply voltage to maintain the required frequency 

1 For these reasons, the MIT Radiation Laboratory developed several versions 
of small engine-driven high-frequency alternators for lightweight radar and beacon 
equipment. These involved rotary steam engines, turbines, etc. See Components 
Handbook, Vol. 17, Sec. 12-3, Radiation Laboratory Series. 

2 J. K. Yarmack, "Selenium Rectifiers and Their Design," Elec. Eng., 61, 488 
(1942). 

3 Reference Data for Radio Engineers, Federal Telephone and Radio Corp., 
New York, 1943. 
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stability. Triode switch-tubes are no longer used for magnetron trans
mitters in beacons; tetrodes are used exclusively because no regulation 
of the high-voltage supply is required. 

Medium-voltage Supplies.—Medium-voltage a-c power supplies for 
drivers, for the screens of constant-current tetrode modulators, and for 
grid-pulsed oscillators fall within the range 500 to 1500 volts, 5 to 25 ma. 
For modulator drivers, the voltage need not be electronically regulated 
because a driver stage can be designed to deliver a small excess of modula
tor-grid drive at the lowest expected plate voltage. Higher plate voltage 
is accommodated by driving the modulator grid positive through a series 
grid resistor. 

Both for grid-pulsed oscillators and for the screen grids of constant-
current modulators, however, it is essential to have good electronic 
regulation. In drivers for constant-current modulators, it is common to 
use the supply voltage of the driver with an electronic regulator for 
supplying the screen voltage of the modulator. This voltage must be 
adjustable in order to control the current level of the constant-current 
modulator. 

Low-voltage Supplies.—Low-voltage a-c supplies for receivers, coders, 
and gas-filled tube modulators are those in the range from 100 to 400 
volts and 10 to 200 ma. These supplies are always regulated either with 
a hard-tube or gas-filled-tube regulator, except when used for certain non-
critical stages of receivers. Because of the filtering action of these 
regulators, only a small value of filter capacitance is necessary. I t 
is not difficult to reduce ripple to 0.05 volt without the use of electrolytic 
(high-capacity) filter condensers. Mineral-oil-filled condensers are pref
erable to those filled with the relatively temperature-sensitive polar 
dielectric fluids. 

An electronically regulated power supply, because of its very low 
generator impedance, is well suited to supplying two different loads which 
might interact through a common coupling. For example, a receiver and 
a coder have to be powered from separate supplies, or at least from sepa
rate filters, unless regulation is used. 

Bias Supplies.—Negative bias supplies for a-c beacons differ little 
from low-voltage supplies, except that the load current is small. For 
circuits that draw varying grid current, a low-impedance bias source is 
necessary to prevent "grid-leak" action. Unless integral multiples of 
the voltages available from VR tubes can be used, it is necessary to use 
a hard-tube regulator which can be adjusted to the desired voltage for 
this type of bias load. It is usually possible to use either no regulation 
or VR-tube regulation for beacon bias supplies. For simplicity it is 
sometimes desirable to have a dual low-voltage and bias supply by using 
a single transformer-rectifier to feed a VR-tube voltage divider with the 
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desired point grounded. Alternatively, separate rectifiers can be fed 
from the same transformer voltage. 

Rectifiers.—All high-voltage a-c beacon supplies have used vacuum-
tube rectifiers. Vapor rectifiers have not been used because of their poor 
temperature characteristics. High-voltage, low-current selenium recti
fiers, developed during the war, have proved satisfactory in vibrator 
supplies (see Sec. 15-3). 

Because of the relatively large currents sometimes required from low-
voltage supplies, it is desirable to use efficient rectifiers. Gas-filled diodes 
and selenium dry-disk rectifiers now appear to be satisfactory. The 
gas-filled rectifiers eliminate the temperature problem, but generate r-f 
noise that is difficult to filter. For this reason, the noise-free, tempera
ture-insensitive, selenium dry-disk rectifier will probably be preferred. 

Transformers.—Transformers for beacon use are usually hermetically 
sealed in metal containers; they are reliable but large and heavy. For 
transformers of small sizes, the new plastic-coating methods will prob
ably cut down size and weight effectively without sacrificing the water
proof construction. Such transformers, when properly made, give good 
service. 

16-3. Vibrator Power Packs.—Only a few special aspects of a-c power 
supplies were touched on in Sec. 15-2 because a-c supplies have been 
rather fully discussed in previously published literature. This is not 
true for vibrator power supplies (discussed, in Sec. 12-7 of Components 
Handbook, Vol. 17, Radiation Laboratory Series). Few authentic data 
on vibrator power supplies have been published in the United States 
because, to paraphrase an excellent British report,1 vibrator manufac
turers keep to themselves whatever scientific or empirical approaches to 
the design of associated circuits they have been able to develop. 

For small battery-operated beacons requiring high voltages, the 
vibrator type of supply is now preferred to rotating machinery. Direct-
current generators for high voltage are hard to build to a reasonable 
size because of the difficulties of commutation at high voltage. An a-c 
machine to supply an ordinary transformer-rectifier power supply has 
inherent advantages, but no a-c machines small enough for lightweight 
beacons are available. For the power levels now possible from vibrators, 
vibrator supplies are always superior to rotating machinery in efficiency 
and weight. Field experience has shown, furthermore, that hermetically 
sealed vibrators, including those of the synchronous rectifying type, are 
thoroughly reliable. 

There is not much difference between dynamotor and vibrator 
supplies in the amount of radio interference they cause. The dynamotor 

1 E. H. Niblett, Vibrators and Vibratory Converter Techniques in America, Signals 
Research and Development Establishment, Report 862, May 1943. 
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may appear to be simpler, but it can cause increased interference at high 
altitudes or as the brushes and commutator wear. In any case, the 
operation of a beacon from a single low-voltage battery requires very 
careful elimination of noise. (See Chap. 16.) 

Vibrator supplies for beacons, like a-c operated supplies, fall into four 
classes: high-, medium-, and low-voltage plate supplies, and negative 
bias supplies.' High-voltage vibrator supplies, for low-power magnetron 
modulators, grid-pulsed oscillators, and so on, usually fall in the range 
1000 volts at 6 ma to 3000 volts at 4 ma. For these high voltages, the 
synchronous rectifier is not usable. Vacuum, gas-filled diode, or sele
nium, rectifiers are necessary. The gas-filled diode and the selenium 
dry-disk rectifier have the great advantage that it is not necessary to 
heat rectifier filaments with power taken through the vibrator and 
transformer. 

Miniature vacuum rectifiers, gas-filled rectifiers, and VR tubes, which 
have become available recently, should simplify the design of small 
vibrator supplies.2 With vibrator supplies, the additional radio inter
ference caused by gas-filled rectifiers is negligible. The new gas-filled 
tubes, therefore, may have some advantages of weight, size, efficiency, 
and reliability over selenium rectifiers for this type of service. 

It is sometimes possible to combine both low- and high-voltage 
supplies by using a synchronous-rectifier supply for the low voltage and 
having a separate transformer winding and rectifier for the high voltage. 
For all but the smallest beacons, however, the sum of the power require
ments of the two supplies exceeds the permissible load on vibrators 
currently available. 

For reasons of power economy, high-voltage supplies for battery-
operated beacons ordinarily are not regulated. Either constant-current 
modulators are used or the variations in performance that result from 
poor regulation are tolerated. 

Medium-voltage vibrator supplies are used for the screen grids of 
low-power constant-current modulators and for the plates of drivers, 
blocking oscillators, and so on. The voltages required range from 300 
to 500 volts at 10 ma or less. Because these voltages are too high for 
synchronous rectifiers, selenium, gas-filled, or vacuum rectifiers have 
been used. When regulation is required, VR tubes are customarily used. 
Tubes of small size and low filament power, suitable for electronic 
regulation, are not available. 

In a battery-operated vibrator supply, the range of input voltage is 
usually large. I t can extend from 10.5 to 12.5 volts for a 12-volt lead-
acid battery, a range of 20 per cent. This means that, because both VR 

1 Examples are given in Sec. 1510. 
2 See Components Handbook, Vol. 17, Chap. 16, Radiation Laboratory Series. 
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tubes and electronic regulators dissipate power, and because long battery 
life is desired, every effort should be made to design voltage-compensating 
circuits that do not require regulation. This has been accomplished for 
most receivers and for a few other circuits by allowing the bias voltage 
to increase negatively in proportion to an increase in plate voltage. 
Critical circuits such as discriminators, range coders, and constant-current 
modulators, however, require regulation for the plate, screen, and bias 
voltages. 

Since these medium voltages are not used for high-gain circuits like 
beacon receivers, the filtering of ripple is not critical. Oil-filled con
densers of relatively low capacitance, plus resistance, or resistance and 
VR tubes are sufficient. 

Low-voltage vibrator supplies supply voltages in the region near 250 
volts at 50 ma. This region is that of the common supply for automobile 
radios; it makes use of the self-synchronous rectifier type of vibrator. In 
beacons, these supplies can be used for noncritical circuits in receivers, 
and so on, and are not regulated. The use of these supplies in beacons 
presents no new problems except that removal of radio noise may have 
to be more complete than in such an application as automobile radio. 
Electrolytic capacitors are practically essential for vibrator supplies to be 
used with beacon receivers. 

Vibrator bias supplies usually are of low power and low voltage, such 
as 100 volts and 10 ma. They are often combined with either the high-, 
medium-, or low-voltage supply. This is done either by adding a separate 
transformer and a secondary rectifier, by using a center-grounded voltage 
divider, or by using reversed rectifiers on a medium voltage secondary. 
When a synchronous rectifier is used, a separate bias winding is necessary. 

16-4. Dynamotor Supplies.—Because of the difficulty of commutating 
high voltage in machines of size commensurate with the power required 
for battery-operated radar beacons, only beacons that can operate on 
less than about 500 volts direct current use dynamotors. This means 
that , even for low-power beacons, only low-impedance modulators with 
stepup pulse transformers can be used with dynamotors. 

The usual dynamotor supply is designed to work at 12 or 24 volts 
and to make use of a series carbon-pile regulator which delivers 19.5 volts 
from a 24-volt supply.1 These regulated dynamotors have now attained 
good performance under the conditions of altitude, temperature, and 
vibration encountered in military aircraft. Although, in the past, 
dynamotors have been preferred over vibrators for beacons, because they 
were thought to be more reliable and accessible to inspection, the sealed 
vibrator now competes successfully with the dynamotor for battery-

1 A typical airborne-beacon dynamotor supply is described in detail in Sec. 15-11. 
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operated beacons in applications in which more than 500 volts are 
required. 

The problem of eliminating radio noise caused by brush-sparking in 
dynamotors is almost as difficult as that encountered in vibrators. I t 
is discussed in Chap. 16. 

15-5. Filament Supplies.—Filament supplies do not offer any great 
problems in beacons. Magnetrons are usually pulsed negatively on the 
cathode. The filament transformer, therefore, must have adequate 
insulation to withstand the high-voltage pulse and very low capacitance 
to ground. Such special transformers are not difficult to design. When 
pulse transformers are to be used to drive magnetrons, the filament power 
can be obtained from the ground end of the secondary through a bifilar 
secondary winding, thereby allowing the use of an ordinary filament 
transformer. 

Some magnetrons require that the cathode heater be turned off at 
high duty ratios, the cathode being heated by electrons that return to it. 
In beacons, the duty ratio varies; a relay in series with the magnetron 
anode current may be used to turn the filament off at high duty ratios. 
More satisfactory results can be obtained with saturable core reactors or 
filament transformers. 

Planar triode oscillators at high frequencies change in frequency with 
change of heater voltage so that regulation is required. In battery-
operated beacons, either no regulation is provided or the carbon pile 
that regulates the dynamotor is used. Beacons operating on alternating 
current use a constant-current ballast tube of the iron-filament type. 
Because of variations in commercial tube heaters and ballast tubes, it is 
usually necessary for optimum regulation to include two adjustable 
resistors in the circuit. Such a ballast-tube regulator is described in Sec. 
15-9 as a part of the lightweight a-c beacon power supply. 

15.6. Miscellaneous Power Supplies.—A number of types of power 
supply that might be used in beacons will be discussed below, although 
they have not been used widely until now (1946). 

A power supply using a small rotary converter and rectifier for 
stepping up d-c voltage was used in some German military beacons, but 
no attempts to develop this type of supply are known to have been made 
in the United States. Although airborne beacons are often supplied by 
converters giving alternating current at high audio frequencies, small 
converters have not been built into airborne beacons as part of each 
battery-operated power supply. This type of power supply appears to 
involve a roundabout power conversion compared to that of the dyna
motor or the vibrator, but it has some advantages for small d-c-operated 
beacons because it combines the reliability of the dynamotor with the 
flexibility and reliability of the a-c power supply. In addition, it is 
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flexible as to input voltage. A simple exchange of a plug-in converter 
allows a different battery voltage to be used, and because the power-
supply unit can also operate from a-c sources, a-c-d-c operation is 
possible. 

Vacuum-tube oscillator supplies have been considered for low-power 
requirements. Because of the simplicity and light weight of the high-
voltage transformer needed, such power supplies are especially useful 
when high voltages at very small currents are required. This type of 
supply has not been used, however, because the high-voltage requirements 
of small beacons are at a lower impedance range than would justify its 
use. I t appears unlikely that such tube-type inverters can ever compete 
with vibrators at supply voltages as low as 26 volts because the tube 
drop is such a large fraction of the available voltage. For higher supply 
voltages, however, tube inverters can be reasonably efficient and fairly 
reliable. 

15-7. Power-control Circuits.—Beacon power-control circuits perform 
the following functions: overload protection, preheating of cathodes, 
indication of trouble by alarms, conservation of power between inter
rogations, and automatic restoration of power following overload or 
failure of prime power. 

Overload Protection.—The simplest and most commonly used overload 
protection is the fuse. For simple beacons, only fuses are used for 
protection. In more complex beacons, circuit breakers backed up by 
fuses are preferred. Fuses or thermal circuit breakers are always used 
in the prime-power lines. In more complex beacons, each power supply 
has its own primary fuses; the critical circuits, such as the transmitter, 
have overload relays. 

Overload relays are necessary because of the occasional internal 
spark-over that will occur in pulsed vacuum tubes. The overload relay 
disconnects the high-voltage supply to extinguish the arc. The usual 
rapid-acting overload relay is made to reclose the high voltage after a 
second or less. In the simplest beacons, this overload relay merely 
continues to reclose if there is a short circuit. If the proper size fuse is 
placed in the high-voltage supply primary, the fuse will be heated a little 
more on each overload cycle and will blow after about a dozen successive 
reclosings. A slow-release slug-type overload relay of this kind is shown 
in the power supply of the a-c lightweight beacon described in Sec. 15-9 
(Fig. 15-7). " 

In more complicated beacons, like the large ground and shipboard 
beacon described in Sec. 15-8, an overload integrator is more suitable 
than a fuse. I t may be a thermal circuit breaker to which heat is applied 
at a definite rate during the time that the overload relay has the high 
voltage turned off, or a slow-return synchronous timer which integrates 
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the number of overloads per unit time in a similar way. When the 
number of allowable overloads per minute is exceeded, the integrator 
permanently disconnects the high voltage and sounds an alarm. 

The preferred type of overload relay is the so-called "slow-action, 
slow-release" slug relay, which has a heavy short-circuited turn a t the 
armature end of the coil. These relays can operate on about 5 ma or 
more, with an operating delay of a few hundredths of a second and a 
release or reclosing delay of as much as 0.3 sec. The slow-action relay 
is preferred to the rapid-action, slow-release type, because the rapid-
action relay is too sensitive to small transient overloads that actually do 
no harm. The slow-action type, on the other hand, trips only on over
loads of sufficient duration to be serious. I t also ensures that the slug 
has sufficient circulating current to hold the relay open for its normal 
length of time following the overload. Because, in large beacons, it is 
desirable to keep the high voltage off for more than 0.3 sec following each 
overload, the slug relay is used to release a quick-return timer which 
delays the reclosing of the high voltage by about 3 sec. This syn
chronous-motor timer, in addition to releasing the high-voltage primary 
relays, applies power to the overload integrator during each 3-sec return 
period. If 10 overloads take place within a period of approximately 30 
sec, the integrator trips and removes the high voltage until it is reset 
manually. A power-control system illustrating the use of such overload 
devices is described in Sec. 15-8. 

Cathode Preheating.—Preheating of cathodes is necessary with a num
ber of the higher-voltage vacuum tubes used in beacons, and especially 
with some of the large constant-current modulator tubes like the 715C. 
These tubes spark over badly unless the cathode is heated for 3 to 5 
min before applying plate voltage. Gas-filled tubes, like those used 
in low-impedance modulators, also must be preheated properly to avoid 
damaging the cathode by applying the plate voltage too soon. 

Small beacons that use gas-filled modulator tubes have either man
ual control of filament and plate voltage, or, better, automatic time 
delay. Time-delay relays for direct current are not entirely satisfactory. 
Another safety device used consists of a small relay whose coil is placed 
in series with the receiver plate supply in order to delay application of 
the modulator plate voltage until the receiver cathodes are hot. This 
method is not completely satisfactory, because the modulator-tube 
cathode usually requires a longer preheating time than the receiver-
tube cathodes do, and so it is not sufficiently heated when the relay closes. 
One type of small d-c timer is the thermal time switch; commercial models 
are often unsatisfactory. 

Alarms.—Alarm circuits for beacons, used on large ground and ship 
beacons for sounding an alarm whenever any fuse or relay of the power-
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control circuits opens, consist of a pair of normally closed contacts on the 
high-voltage primary relay. This relay is connected in such a way that 
if any fuse blows or any overload relay trips, or if any access door is 
opened, the high voltage is turned off and the alarm circuit is completed. 
The circuit is usually used to control a remote battery-operated bell. 

Power-saving Circuits.—Beacons that must operate long hours with 
only an intermittent traffic load can make use of a device that disconnects 
all power except the receiver and the cathode heaters of the other com
ponents during periods of no interrogation. Such circuits use a relay that 
operates from the receiver output. The relay turns on the rest of the 
beacon for a period of 1 or 2 min for each single pulse received. One 
such circuit is shown in Fig. 15-2. 

-Bias 
F I G . 15-2.—A circuit which disconnects the power from the plates of circuits beyond 

the receiver when no interrogations are being received. R, C-time-delay network; RC 
is about 10 sec. 

Here, a single received pulse triggers the biased multivibrator, which, 
in effect, "stretches" the pulse to operate relay Ry. 1; this in turn cuts 
off a resistance-capacitance time-delay relay tube, which turns on the 
power by means of Ry. 2. If interrogations continue to arrive, the beacon 
remains on. If they stop coming, the RC tube will turn the power off 
after a minute or two. 

EXAMPLES OF POWER SUPPLIES AND CONTROLS 
OF TYPICAL RADAR BEACONS 

The general specifications and details of the power supplies and 
control circuits of four representative beacons are described below. 

15-8. AN/CPN-6: A Large A-c 3-cm Beacon for Ground or Ship
board Installation.—This microwave radar beacon is designed for use 
with airborne radars. A photograph is shown in Fig. 15-11, Sec. 15-12. 
The beacon requires 2 kva of power at 115 or 230 volts, 50 to 70 cps, 
single phase. 
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The circuit diagram of the low-voltage supply is shown in Fig. 15-3. 
An inspection of this diagram will show that it is a very common type 
of regulated supply, except, perhaps, for the feedback resistor labeled 
2.2 M. This positive feedback improves the regulation with respect to 
fluctuating line voltage. 

The medium-voltage supply is similar to the low-voltage supply, 
except that it is used at higher voltages and lower currents. Its circuit is 
shown in Fig. 15-4. The only unusual thing about this supply is the 
multiplicity of output voltages: eight d-c voltages are available. 

The high-voltage circuit is a conventional voltage-doubler circuit. 
This circuit is shown in Fig. 15-5. The power supply incorporates a 

To i-f plates 

-150 v 

Six filament windings 
FIG. 15-3.—Low-voltage supply of a large 3-cm a-c-operated ground beacon (AN/CPN-6) . 

Capacities are in fit. 

tapped bleeder to supply a voltmeter. Also, the 7500-ohm modulator 
plate-load resistor is built into the power supply proper. Note that the 
special condenser is built into one can with three terminals insulated and 
with internal balancing resistors around each section of the condenser. 

The power-control circuit is shown in Fig. 15-6. In this circuit, 
when the high-voltage switch is on "automat ic" and the main switch is 
closed, all filaments, blowers, and heaters, and all power supplies except 
the high-voltage supply, are turned on. After 120 sec, the timer Ry-1 
supplies voltage to the 2-sec timer Ry-2. Two seconds later, Ry-2 
energizes Ry-3, which turns on the high voltage. When a high-voltage 
overload occurs, the slug-type overload relay Ry-4 opens and disconnects 
Ry-2 and Ry-3 for 0.3 sec, thereby turning off the high voltage. During 
the 0.3 sec, Ry-2 drops back to zero. When the overload relay Ry-4 
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F I G . 15-4.—Medium-voltage supply of a large 3-cm a-c-operated ground beacon 
(AN/CPN-6). Capacities are in f̂. 

^ 

6 v pilot light 

HI o > !° 
2 

5v= 

705-A 

5600 v 
gioo 
c ma 5v= 

+15 kv to mod. plate 

7500 
90 w 

12m 
8w 

150mn->l.o4= 

150 W i 1.0+ 

100 k 
To overload 

relay coil 
and 

milliammeter 

1 1 5 v 6 0 c p s Voltmeter -15 v 
F I G . 15-5.—High-voltage (15 kv) supply for a large 3-cm a-c-operated ground beacon 

(AN/CPN-6) . The 7500-ohm resistor is the modulator plate-load resistor. 
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recloses after disconnecting the high voltage, Ry. 2 starts its 2-sec cycle. 
During this 2-sec period, the 20-sec slow-return timer Ry. 5, the overload 
integrator, is energized, but advances only 10 per cent of its total travel. 
If the overload continues, the cycle is repeated, each time advancing the 
20-sec timer Ry. 5, until after 10 to 15 overloads, Ry. 5 breaks its contacts, 
thereby releasing Ry. 2 and disconnecting the high-voltage power until 
the manual reset button is pushed. 

. Trans. 
cabinet ' 
blower 

/ — N ^ Rec. cabinet blowers 

- ^ — j l r «—-Variac 115 v 60 cps~ 

-15kv 
Note: Relays and switches are 

in "off" position. 
F I G . 15-6.—Power-control circuit for a large 3-cm a-c-operated ground beacon 

(AN/CPN-6) . Ry. 1 = 120-sec. sync, timer, rapid return; Ry. 2 = 2-sec. sync, t imer, 
rapid return; Ry. 3 = power contactor; Ry. 4 = slug-type slow-release overload relay; 
Ry. 5 = 20-sec. sync, timer, slow return; Ry. 6 = sensitive relay, operates 8 to 10 ma. 

Note that if any of the seven fuses blows, the high voltage will be 
disconnected and the alarm sounded. The manual high-voltage switch 
is provided to make it possible to bypass all relays. 

15-9. AN/UPN-2: Lightweight A-c 10-cm Ground Beacon.— 
AN/UPN-2 weighs 50 lb, exclusive of antenna and prime power source. 
The power required by the beacon is 150 va at 115 or 230 v + 10 per 
cent, 50 to 2400 cps, single phase. Its high-voltage and low-voltage 
power supplies are combined. The circuit is shown in Fig. 15-7. The 
high-voltage supply is a conventional electronic regulating circuit, 
making use of the VR-tube output voltage of the low-voltage supply as 
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a reference voltage. The overload relay is of the rapid-action slug type 
discussed in Sec. 15-7. The low-voltage supply is a conventional VR-
tube supply with a "floating negative" to supply bias voltages. The 
lighthouse-tube (2C40) filament supply uses an iron-filament ballast 
tube. The complex resistor network is necessary to adjust the regulator 

115-230 v±10# 50-2400 cps 150 « 
o^> oj 

F I G . 15-7.—Complete power supply of a lightweight 10-cm a-c-operated ground beacon 
(AN/UPN-2) . Capacities are in yi. 

and filament for optimum regulation. With this network, it is possible 
to adjust the voltage applied to the regulator and to shunt either the 
ballast tube or the lighthouse-tube filament to obtain the best possible 
regulation over the desired ± 10 per cent voltage range. 

15-10. AN/UPN-4: A Battery-operated "Lightweight" Beacon.— 
This 3-cm beacon is probably the most complex battery-operated beacon 
designed and produced to date (1946). Its power supplies, therefore, 
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are good examples of recent design. The lead-acid battery supplies 50 
watts at 12 volts to the power supplies for approximately 5 hours. The 
power supplies are required to deliver 250 volts at 30 ma, 300 to 400 
volts adjustable, 300 volts regulated, 2,300 volts at 3.5 ma, and various 
fixed bias voltages from 0 to —100 volts. Because the total power and 

250 v unreg. 30 ma 

L 

FIG. 15-8, -Low-voltage power supply for a lightweight battery-operated 3-cm beacon 
(AN/UPN-4) . Capacities are in /if. 

Selenium rectifiers 4 kv inverse-. 

Oak V6485 

COD ?r ran 
±1-50 
^P25v 

0.5 

0.2 

2kv 

Ml.5± 

+2900 
±600 v 
3.5 ma 
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Fio. 15-9.- -High-voltage power supply for a lightweight battery-operated 3-cm beacon 

(AN/UPN-4) . 

number of voltages exceed the capacity of a single vibrator, two separate 
supplies are used in this beacon. 

The low-voltage supply circuit is shown in Fig. 15-8. This multiple-
output supply makes use of the conventional self-synchronous circuit 
for the unregulated 250-volt high-current output. The regulated outputs 
are obtained from a separate winding which supplies a selenium bridge 
rectifier. These rectifiers (Federal Telephone and Radio No. 23D1182), 
rated at 5 ma average at 65°C ambient and 1 kv peak inverse, are £ in. 
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in diameter and If in. long. The bridge output supplies a resistor VR-
tube voltage divider and regulator network. This power supply exclusive 
of VR tubes is completely enclosed in an aluminum shield can 3 in. by 
7 in. by 9 | in. The entire low-voltage supply weighs 7 lb and operates 
at 60 to 65 per cent efficiency. 

The high-voltage supply, shown in Fig. 15-9, makes use of the same 
type of vibrator as the low-voltage supply but does not utilize the syn
chronous rectifying contacts. Instead, a voltage doubler with Federal 
Telephone and Radio No. 23D1101 selenium rectifiers is used. These 
rectifiers are also rated at 5 ma average at 65°C, but the peak inverse 
voltage is increased to 4 kv by increasing the number of disks. These 
rectifiers are ^ in. in diameter and 4f in. long. The high-voltage supply 
is enclosed in a tight aluminum shield 4 in. by 7 in. by 5£ in. and weighs 
51b. The efficiency at full load is 60 per cent. Because the high-voltage 
supply causes less radio interference than the low-voltage unit does, it is 
unnecessary to use a capacitor-type bushing for the high-voltage lead. 

16-11. AN/APN-19: A D-c-operated Airborne 10-cm Beacon.— 
This beacon is a small unit designed especially for installation in aircraft 

Circuit 
breaker Regulator-Eclipse 1077 x-l-A 

^ . r -i r 

■ Filter 

F I G . 15-10.—Power supply for a small 10-cm airborne beacon (AN/APN-19). 

and use with ground radars. It operates from the 26-volt d-c aircraft 
supply and requires approximately 150 watts. The power supply is a 
carbon-pile-regulated dynamotor with a dual output. The circuit dia
gram of this supply is shown in Fig. 15-10. 

Although the supply, as shown in the diagram, is very simple, some 
difficulties were experienced with it. Among them was brush sparking, 
which caused radio interference. This can be ameliorated by adding a 
small choke and a bypass condenser to the 19.5-volt lead to the dynamo-
tor. Also, the time-delay relay Ry-1, which closes when the receiver 
begins drawing plate current, does not give adequate heating time for 
the 2D21 gas-filled modulator tubes. In addition, operation of 6.3-volt 
tubes in series of three across 19.5 volts did not prove very satisfactory. 

Because of these difficulties, a special dynamotor power supply was 
designed by Bendix. This dynamotor, with a third output of 6.3 volts 
for parallel heaters and with a shunt-field type of carbon-pile regulation, 
is a much better power supply for this type of beacon. 
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PERFORMANCE TESTING 

B Y M. J. COHEN AND J. J. G. M C C U E 

15-12. Monitors and Test Equipment.—In order to adjust the various 
controls of a beacon and to ascertain whether its performance is satis
factory, certain auxiliary apparatus is required. If this apparatus 
supplies continuous information, it is called a "monitor"; if not, it is 

F I G . 15-12.—AN/CPN-8, a 10-cm ground beacon. The built-in test equipment, 
called the monitor unit, is shown in Fig. 15-13 and does not appear in this photograph. 
It is inserted in place of the blank panel. 

called " tes t equipment." A monitor is usually built into the beacon. 
Whether test equipment is built in or not depends largely on the allowable 
weight and bulk of the beacon. The two approaches are illustrated in 
Figs. 15-11 and 15-12. Building the test equipment into the beacon 
cabinet provides several important advantages: over-all compactness, 
convenience, and assurance that the test equipment is available. The 
last is the most important of the three. If a pair of beacons is installed, 
one to act as stand-by, some saving might result from using a single set 
of test equipment for both. Since, however, expensive and complex items 
of test equipment, like the synchroscopes and signal generators described 
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below, are vital to the daily maintenance of the beacon, and are at least as 
liable to failure as the beacon, it is desirable to provide spares. On the 
whole, it is certainly advisable to build in as much of the specialized test 
equipment (as opposed to general-purpose test equipment like tube 
testers, etc.) as is consistent with over-all size and weight limitations on 
the individual packages. 

Figure 15-13 shows the so-called "monitor" unit of the AN/CPN-8, 
a medium-power 10-cm ground beacon. It contains an r-f signal genera
tor, an r-f wattmeter for setting the signal generator level and for measur-

FIG. 1513.—The "monitor" unit of the AN/CPN-8. 

ing the transmitted power, a standard cavity for setting the transmitter 
frequency, and a synchroscope and trigger generator for viewing wave
forms throughout the beacon. 

T E S T EQUIPMENT 

The following sections describe the functions and general principles 
of operation of the more important pieces of test equipment1 required 
for beacon operation. 

15-13. The Signal Generator or "Test Set."—The usual signal gen
erator for testing beacons contains— 

1. A low-power oscillator tube, tunable over the frequency range of 
the receiving and transmitting bands of the beacon. 

1 The actual design of test equipment is discussed in detail in Technique of Micro
wave Measurements, Vol. 11, Radiation Laboratory Series. 
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2. A circuit for pulsing the oscillator tube, driven either by an exter
nally supplied trigger or by an internal trigger source. 

3. Provision for coding the output pulse in accordance with the 
interrogation codes used in the system, so that the operation of 
the beacon decoder can be tested. 

4. A device, such as a thermistor bridge, for absolute measurement 
of r-f power at low levels, and a power-adjustment control to 
enable the pulse power output to be adjusted to a standard level. 

5. A wide-range calibrated attenuator for adjusting the pulse power 
output over a range suitable for testing the beacon receiver. 

6. A frequency meter for use in setting the frequency of the output. 

F I G . 15-14.—The TS-120/UP, a 3-cm test set. 

Provision is frequently made for measuring the power level of an 
external source, such as a beacon transmitter, by use of the same power-
measuring device. The signal generator is usually called a "test set." 
A 3-cm test set, the TS-120/UP, is shown in Pig. 15-14. 

15-14. The Synchroscope and Envelope Viewer.—The synchroscope 
is a cathode-ray oscilloscope with a horizontal sweep initiated by a trigger 
circuit. The phase of the sweep with respect to the trigger is adjustable. 
The sweep speed is also adjustable; in current designs it usually has an 
upper limit of about 1 in.//jsec. The sweep speed can be measured by a 
built-in timing circuit that provides accurately timed calibrating marks. 
For vertical deflections, the signal is usually applied directly to the deflect-
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ing plates. Many synchroscopes contain a crystal detector that can be 
coupled to the vertical-deflection plates through a moderate-gain broad
band video amplifier. This accessory, called an "envelope viewer," is 
useful for observing the shape of pulse envelopes. Figure 15-15 shows 
the TS-143/CPM-1, a synchroscope designed for use with beacons. 

F I G . 15-15.—The TS-143/CPM-1, a synchroscope designed for beacon use. 

15-15. The Spectrum Analyzer.—The high-frequency spectrum 
analyzer is essentially a superheterodyne receiver with a frequency-
swept local oscillator and a narrow-band i-f amplifier. The output 
of the receiver produces a vertical deflection on an oscilloscope, while the 
horizontal sweep on the oscilloscope is the same sawtooth wave that 
sweeps the frequency of the local oscillator. The pattern on the oscillo
scope screen is therefore a graph of output voltage as a function of fre-
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F I G . 1516.—A 3-cm spectrum analyzer (type 105). 
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quency. The distribution of power in a pulse of any given shape can be 
calculated by Fourier analysis. By examining the r-f pulse with a 
spectrum analyzer, it can be determined whether the actual shape 
approximates the desired shape, and, in particular, whether the r-f pulse 
shape is approximately rectangular, whether its width is correct, and 
whether the frequency of the pulse is centered at the proper value. A 
spectrum analyzer is a convenience for beacon operation but not a 
necessity; the necessary functions it performs can be carried out by other ( ) 
means. Figure 15-16 shows a 3-cm spectrum analyzer. |" 1 

16-16. Wavemeters and Reference Cavities.—Ultrahigh frequencies 1 
can be measured by means of a heterodyne wavemeter, which consists of ' 
a variable-frequency oscillator, a detector amplifier, and a pair of head- ■ \ 
phones. The detector amplifier permits the operator to adjust to zero 
beat between the oscillator and the signal by matching the oscillator ' 
frequency to the signal frequency. The oscillator is carefully calibrated, ) 
and the calibration can be checked by beating the oscillator against a i 
harmonic of a low-frequency (5-kc) crystal-controlled oscillator, which is a 

built into the equipment. The high-frequency oscillator can also be 
used as a signal generator for other tests. This technique can be uspd } 
at microwave frequencies when very high precision is required. 

At microwave frequencies, the coaxial wavemeter is less accurate but i 
very useful. In the reaction-type coaxial wavemeter, a small amount , 
of power is coupled through a probe into a section of coaxial line, short- * 
circuited by a plunger. By means of a precision screw, the plunger can j 
be moved along the line until resonance causes a change in the output x 
voltage of a crystal rectifier connected to the probe. The distance ) 
between two successive resonating positions of the plunger is half a '] 
wavelength. In transmission-type coaxial wavemeters, the crystal -J 
detector is connected to a separate probe, and its output voltage is zero 
except when the plunger is at or close to one of the resonating positions. 
An advantage of the reaction type is that its output voltage is different 
from zero whenever the oscillator is functioning, but the transmission 
type exhibits a greater change in output voltage when the plunger passes 
through a position of resonance. Fluctuations in oscillator output are 
therefore less likely to mislead the operator if a transmission-type wave
meter is used. 

Coaxial wavemeters are most useful in the wavelength range from 
about 5 to about 50 cm; rough measurements at shorter wavelengths are 
possible. 

In the 1-cm to 10-cm region, resonant cavities with adjustable tuning 
plungers are used as wavemeters in conjunction with crystal detectors. 
Both reaction and transmission types are available. Their operation is 
similar to that of coaxial wavemeters, but they are superior in applica-
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tions requiring temperature compensation, high selectivity, or high pre
cision, and are more convenient to use because only one reading is 
required. Cavities with dials reading directly in frequency or wave
length are available. 

No tunable wavemeter has yet been able to meet the requirement of 
fixing the beacon frequency in the 3-cm range to about + 1 part in 10,000. 
Transmitters in beacons operating in this range are, therefore, monitored 
by fixed-tuned resonant cavities with Q's of about 2000, which have 
negligible temperature coefficients and are hermetically sealed to prevent 
the resonant frequency from changing with humidity. For protection 
and convenience, such reference cavities are usually built into the beacon. 
A fixed probe or a directional coupler takes a small fraction of the trans
mitter power, which passes through the standard cavity and is detected 
by a crystal. The output of the crystal is sometimes connected to a 
meter through a d-c amplifier. More commonly, however, the connec
tion is through an audio amplifier which covers the range of the pulse-
repetition frequencies. 

The local oscillator in microwave beacon receivers is usually set to 
the proper frequency with the aid of a standard cavity; when possible, 
this should be accomplished by AFC. If AFC is not feasible, the stand
ard cavity is used in the same way as the transmitter reference cavity. 
In this case the amplifier may be unnecessary, because the local oscillator 
is not pulsed and the average input power to the crystal is large enough 
to give a reading on a milliammeter connected directly to the crystal. 
The local-oscillator frequency need not be adjusted with the precision 
required in the case of the transmitter frequency, because the i-f band 
coverage usually can be made enough broader than the required coverage 
to allow for some inaccuracy in centering. 

16-17. Measurement of R-f Power.—At microwave frequencies, r-f 
power is almost always measured by means of its heating effect. The 
most direct method for high power levels is to measure the temperature 
rise of a stream of water in which the power is absorbed; this method is 
widely used in the laboratory but seldom in the field. 

The most common devices for use outside of the laboratory are based 
on the change of resistance of a suitable material with temperature. A 
thermistor, or other bolometer, in one arm of a Wheatstone bridge can 
be matched into a waveguide or other transmission line so that it absorbs 
practically all of the power in the line. The r-f power is measured by 
comparing it with the d-c power required to maintain the thermistor at 
the same temperature. Present thermistors operate in the range from 
10 (iw to 10 mw. Higher powers are measured by interposing a cali
brated attenuator between the oscillator and the thermistor. 

I t is possible to measure the power in a waveguide without absorbing 
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much of it by using a Johnson meter, which consists essentially of a 
short section of waveguide made of thin constantan. Radio-frequency 
power transmitted through the guide is, in part, dissipated in the poorly 
conducting constantan, thereby heating it. The temperature rise in the 
constantan is measured by means of a resistance thermometer and is 
proportional to the power transmitted through the waveguide. Average 
powers of a few tenths of a watt of 3-cm radiation can be measured; the 
meter is less sensitive at longer wavelengths. Since the special section of 
waveguide absorbs only a small fraction of the power in the guide, it can 
be installed as a permanent part of the r-f line. The Johnson meter has 
the further advantage of being rather insensitive to frequency change 
because no matching is necessary, but this advantage is not likely to be 
significant in beacon applications. 

MONITORS AND BUILT-IN TEST FACILITIES 

15-18. Test Jacks.—The beacon should have built-in jacks at several 
points. Such jacks facilitate the measurement of voltage and the viewing 
of waveforms with a synchroscope, simplify routine checking, and permit 
quick location of trouble in the beacon. I t is useful to provide jacks for 
testing the outputs of the receiver, discriminator, coder, and modulator, 
and the transmitter current. The circuits should include voltage dividers 
where necessary, so that the synchroscope can be applied, for example, 
directly to the test point for the modulator output. 

In addition to the test points listed above, r-f test points must be 
provided in both the receiver and the transmitter lines. The former are 
used for measuring receiver sensitivity and the latter for measuring 
transmitter power. Since these test points should incorporate fixed and 
known attenuation, directional couplers are well suited for the purpose. 
They need not be built into a beacon designed for maximum portability 
provided the antennas are readily removable so that the test equipment 
can be applied directly to the antenna connections. The receiver-input 
test point can be used to introduce into the receiver, by means of a signal 
generator, an r-f signal that is initiated by the synchroscope trigger and 
is therefore in the proper phase with the synchroscope sweep. The 
synchroscope is then applied to the various test points. 

It is convenient to locate all the test jacks in one accessible location, 
but care must be taken to prevent undesirable interaction of the leads. 
The lead from the receiver output must not place enough capacitance 
across the output terminals to distort the pulse, and must not feed any 
of the output voltage back into the input terminals. Isolating this lead 
by means of a cathode follower is sometimes desirable. 

The viewing of the current pulse in the magnetron is accomplished 
by placing a suitable resistor (10 to 100 ohms) between the anode and 
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ground. The test lead runs to the magnetron anode through a suitable 
matching resistor. The trouble of insulating the anode from ground will 
usually be well compensated for by the ease and assurance with which 
both magnitude and duration of the pulse of current in the magnetron 
can be adjusted and observed. Any malfunction of the magnetron 
resulting from aging, mismatch in the antenna system, or other cause, is 
indicated unmistakably by the appearance of the current pulse. 

A resistor placed in the cathode lead of a hard switch-tube will produce 
a pulse of voltage which can be correlated rather directly with the mag
netron pulse. This method can be used when it is essential to ground 
the anode of the magnetron. 

15-19. Audio Monitors.—Because pulse-repetition frequencies used 
in interrogators lie in the audible range, it is possible, with the aid of 
audio amplifiers, to monitor the operation of the beacon aurally. The 
information may be made available at the beacon and at remote monitor
ing points. Monitoring the receiver or coder output enables one to 
determine whether pulses are reaching the beacon and whether they are 
interrogating it. A crystal detector used with a resonant circuit permits 
aural monitoring of the transmitter frequency. 

When the coder is operating, the blanking gate provides a signal of 
relatively high power level, because both the voltage and the duration of 
the gating pulses are considerable. A cathode follower driven by the 
blanking gate will often give sufficient power to operate a headset. If 
there is no coder, the blanking gate for the receiver can be used, but some 
amplification before the cathode follower may then be necessary. 

The signal from the crystal detector of a transmitter monitoring 
cavity is necessarily weak, because the crystal will burn out unless there 
is considerable attenuation between it and the transmitter. This 
signal must, therefore, be amplified perhaps as much as 30 db. I t is 
desirable to approach a match of the crystal detector to the grid of the 
first amplifier tube by using a stepup transformer of high ratio. A 
microphone input transformer with a stepup ratio of 1:20 to 1:50 is often 
satisfactory. Because the resistance of the crystal is lowered by the r-f 
signal, a condenser in parallel with the crystal charges rapidly with the 
pulse and discharges slowly after the pulse. This widens the voltage 
pulse on the grid of the first tube, and therefore increases the average 
power available in the amplifier output. The input circuit must be 
carefully shielded to minimize pickup of video signals from the modulator 
or elsewhere, and to prevent r-f power from entering the crystal detector 
without passing through the resonant cavity. The frequency character
istic of the amplifier does not have to be very flat, because only the funda
mental—and perhaps the first few harmonics—of the interrogating 
pulse-repetition frequency need be amplified. If the monitor is to be 
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switched successively to different test points in the beacon, padding 
should be introduced to bring all of the output signals to approximately 
the same level when the beacon is functioning properly, to prevent incon
venient variations in the output level when the monitor is switched from 
one test point to another. A milliammeter in the output circuit of the 
amplifier is sometimes useful to provide a visual indication. 

There should be sufficient decoupling in the input circuit so that the 
amplifier will not affect the circuits that it is monitoring. The power-
supply leads to the amplifier may require decoupling. Careful grounding, 
perhaps through a common ground, may be needed to avoid pickup and 
regeneration arising from currents circulating in the chassis. 

470 k 
Input from receiver 0.001 gate - . V \ A r - o » i /" 

+4 +250 -20 +2 
F I G . 15-17.—An audio monitor for a portable beacon. 
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Figure 15-17 shows the circuit of an audio monitor for a portable 
beacon. 

16-20. Other Test Facilities. Built-in Meters.—It is desirable to 
show the power-line voltage, the high voltage for the modulator, and the 
transmitter current, on built-in panel meters. As mentioned above, it 
will often be convenient to read the output signal of the audio monitor 
on a meter. 

Other Test Equipment.—Items of test equipment that are not built in 
but should be available for maintenance work, include the following: 
a well-matched dummy load which can dissipate the maximum trans
mitter power, for use when the antenna mismatch is suspected or for 
tests on the beacon transmitter when it is not desirable to radiate high 
power; a capacity-voltage divider, if one is not built in, for viewing the 
transmitter voltage pulse; and standard items such as a volt ohm-
ammeter, tube tester, and a fluxmeter (if the beacon uses a magnetron). 



CHAPTER 16 

BEACON SYSTEM SYNTHESIS 

B Y B. W. P IKE, .1. J. G. M C C U E , AND M. J. COHEN 

Beacon synthesis here is taken to mean the part of beacon designing 
that remains after over-all performance specifications have been deter
mined by the methods outlined in Part I and the required major compo
nents have been designed as described in the previous chapters of Part II. 
The remaining problems of design are control of the over-all delay of the 
beacon, interaction of the components, prevention of radio noise, sup
pression to prevent triggering by near-by radar sets, protection of the 
crystal, and packaging. 

16-1. Beacon Synthesis.1—Because beacon synthesis is something of 
an art, it is difficult to analyze the methods used by designers. Usually, 
after specifications of the entire beacon-interrogator system have been 
decided upon, the characteristics desired for the interrogator and for the 
beacon are outlined in detail. The beacon designer then starts with 
consideration of the specifications for over-all performance, weight, size, 
and shape, which are determined by the specific tasks the beacon is to 
perform. From these specifications, the specifications for the perform
ance of the major components are calculated, and a guess made as to 
the proportion of the available space and weight to allow to each major 
component. At the same time, a rough idea of the desired shape of each 
major component may be formed, in view of the desired final shape of 
the beacon. 

The second step is to reduce the major component specifications to 
practice in the form of "breadboard" circuits or models. When all 
major components are operating individually, the critical third step is 
made. 

The third step, assembly of the beacon, is the test of the adequacy 
of the major component specifications, for it is here that over-all delay, 
interaction of components, and radio noise problems first appear. It is a 
rare designer indeed whose beacon immediately functions properly at 
this step. 

After the components have been made to work together properly by 
modification of the circuits, shielding, filtering, and so on, the fourth step 

1 Sections 161 to 16-9 by B. W. Pike. 
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is to package the components into an integrated beacon. After a pack
aged prototype is built, new problems of component interaction, noise, 
packaging, and the like, usually arise. The final step is the correction 
of these unforeseen difficulties. 

After all these steps have been taken, it is usually found that the 
beacon meets performance specifications, but is just a little larger and 
heavier than originally planned. 

16-2. Interaction of Components.—The subject of component inter
action, exclusive of radio noise, will be discussed by considering each 
major interconnection of components and pointing out the known inter
actions and their cures. Cross interactions will be considered later. 

Receiving Antenna to Receiver.—Difficulty is experienced here when a 
tuned receiver input is affected by the reactance of a mismatched antenna. 
This effect is aggravated when the antenna-to-receiver line is many 
wavelengths long, because small temperature changes can then cause 
changes in the line length which may result in considerable detuning of 
the receiver. The obvious cure is a well-matched antenna and line. If 
necessary, a phase shifter can be adjusted manually to present the 
desired impedance at the receiver. 

Receiver to Decoder.—Few troubles are met here if the output circuits 
of the receiver were designed with the decoder in mind. The designer 
should be sure that a signal of adequate amplitude and shape from a 
source of the proper internal impedance is delivered to the decoder. Care 
must be taken to prevent reaction on the receiver from the decoder when 
signals are rejected. Decoder-video reaction from accepted signals is 
not important. Because decoders are often quite sensitive to supply 
voltages, the receiver should not affect the power supply of the decoder 
in any way. 

Decoder to Blanking Gate and Coder.—The possibility of interaction 
among these components is small, because the blanking gate and coder 
go into action only after the decoder has completed its work. The end 
of the blanking-gate pulse, however, must not be allowed to react on the 
decoder. 

Coder and Blanking Gate to Modulator.—Here again it is important to 
match the coder output to the required modulator input, remembering 
that the modulator must be capable of responding to the closely spaced 
pulses of the code. Although coder circuits are relatively insensitive, 
there is a possibility that video pulses from the modulator or transmitter 
r-f pulses at the beginning of the code can interfere with the formation 
of the remainder of the code. Also, the trailing edge of the blanking-gate 
pulse must not be allowed to reenergize either the coder or the modulator. 

Modulator to Transmitter.—The major precaution required here, 
assuming proper matching of the modulator output to the transmitter 
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tube, is the necessity for providing for the very large transient voltages 
or currents produced by spark-over of either the modulator tube or the 
transmitter tube. If the transmitter is not matched to the modulator, 
reflection of the modulator pulse may occasionally produce a second 
unwanted transmitter pulse. 

Transmitter to Antenna.—Here a problem similar to that encountered 
in the antenna-to-receiver link exists. It is usually more serious in 
transmitters, because a mismatch can pull the oscillator frequency enough 
to cause serious trouble. As in the antenna-to-receiver link, the designer 
can match the load and line or use a phase shifter. With transmitters, 
control of the frequency by an AFC system or a stabilizing tuner helps 
to minimize this difficulty. 

Cross-interactions: Transmitter Antenna to Receiver Antenna.—This 
linkage can cause two types of trouble. The first occurs when enough 
power is coupled into the receiver from the transmitter antenna to damage 
crystal detectors. This problem is solved by proper design and location 
of antennas or by duplexing when a single antenna is used. The second 
difficulty arises when the strong transmitted signal blocks the receiver, 
or when reflected transmitter signals return to the receiver after a delay 
long enough to allow them to reinterrogate the beacon. The reinterro-
gation problem is solved by the methods described in Sec. 6-9. The 
problem of receiver blocking must be taken care of in the design of the 
receiver; when a blanking gate is used, the receiver is allowed some time 
to recover. 

Miscellaneous Cross Interactions.—Common coupling through power 
supplies can cause difficulties. For example, in an airborne beacon whose 
transmitter and receiver are supplied by a dynamotor, the receiver 
sensitivity may exhibit an oscillatory variation caused by a drop in its 
plate voltage when the modulator is triggered. Elimination of any com
mon power-supply impedance, such as a common filter choke, usually 
solves this problem. 

Some receivers and transmitters are microphonic. Care must there
fore be taken to see that blower motors and the like do not cause inter
fering vibrations. 

From the above, it can be seen that troubles with component inter
action are likely to arise from problems which are obvious in retrospect 
but are sometimes overlooked in design. 

OVER-ALL CONTROL OF THE DELAY 

16-3. General Considerations.—Beacon delay may be defined for 
convenience as the time lag between the reception of an r-f interrogating 
pulse and the transmission of the first r-f reply pulse by the beacon 
antennas. In the case of coded interrogations, the r-f interrogating 
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pulse is taken to be the one which elicits the response; it is usually the 
one which triggers the range circuits of the interrogator. Beacon delay 
exists because of the finite time required by circuits used in beacons to 
respond to pulses impressed upon them and because of time for propaga
tion in transmission lines. 

Good beacon design, in general, keeps the absolute over-all delay 
from r-f reception to r-f transmission at a minimum. In addition, varia
tion or change in delay with such factors as signal strength of the inter
rogating pulse, or line voltage fluctuations, should be kept at a minimum. 
Pulse-to-pulse changes in delay, which are evidenced as jitter in the 
reply pulse of the beacon, should also be minimized. 

The exact amounts of over-all delay, variation in delay and jitter 
that can be tolerated will depend largely on the application of the system, 
and the precision of the range information required. In many cases, it 
is more desirable to have a considerable over-all delay that is known and 
constant than to have a comparatively short delay which exhibits such 
variation or jitter as to make its precise value uncertain. In normal 
beacon navigation, a delay of about 5 //sec is of small consequence, even 
though it constitutes an error of ^ mile in range. Not only is this 
small in comparison to any but the shortest sweep length on a typical 
airborne radar, but it can be allowed for readily. Here, too, as much as 
0.25-/usec jitter goes unnoticed by the radar operator. 

16-4. Magnitude of Delay.—An estimate of the magnitude of the 
time delays to be expected from various circuits used in beacons is given 
below. This should make clear the nature of the problem presented and 
indicate where the greatest delays and delay variations are to be expected. 

Receivers. 
1. Wideband Video ( « 1.5 Mc/sec). The delay introduced is small 

for all signal strengths (0.1 ,usec). This applies to all receiver 
types. 

2. Narrowband Video. For very weak signals, the delay introduced 
here may equal the width of the interrogating pulse width. The 
delay occurs because the beginning of the receiver output pulse is 
not steep. This results in a variation with signal strength in the 
time required to reach some threshold value. When signal level 
is about 6 db or more above the minimum for triggering the delay 
decreases considerably, to about 0.5 fisec. 

3. Superregenerative Receivers. Superregenerative receivers are sub
ject to a variable delay which takes any value between zero and 
the quench period. (See Sec. 8.6.) This delay is different in a 
random way from pulse to pulse, and thus constitutes a jitter as 
well. 
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4. Low Intermediate Frequency. In some beacon receivers, very low 
intermediate frequencies, down to 1 or 2 Mc/sec, are used. The 
effect of this is similar to that produced by the quench frequency 
in a superregenerative receiver. Both delay and jitter of an 
amount that is an appreciable fraction of one period in the inter
mediate frequency are introduced. 

Decoders.—The delay depends upon the type, as follows. 

1. Pulse-width discriminator to reject pulse over 2 psec long. This 
necessarily produces a delay of about 2 /isec, sometimes slightly 
more. 

2. Pulse-width discriminator to reject pulse over 5 iisec long. The delay 
is equal to the pulse width for some designs. It is maintained at 
a constant value of 5 ^sec for other designs. 

3. Coincidence. The delay depends on the circuit but is generally 
quite small (less than 0.25 /tsec). 

4. Double-pulse. The delay is usually less than 0.25 Msec with respect 
to the second pulse. 

Duty-ratio Limiting Gate (Blanking Gale).—This circuit normally pro
duces a delay less than 0.2 /isec. The circuit can cause serious jitter, if 
poorly designed, particularly near the maximum duty ratio. 

Blocking Oscillators and Multivibrators.—The delay is small here, 
being about 0.1 to 0.2 /isec, including the regeneration and pulse rise 
time, if the circuits are properly designed. If, however, even a well-
designed blocking oscillator is fired by a small or insufficiently sharp 
trigger, the regeneration or starting time may increase to 0.5 to 1.0 /xsec, 
although the time of rise from 10 to 90 per cent of full voltage of the 
output waveform may still be under 0.2 /usec. In general, multivibrators 
produce somewhat less delay than blocking oscillators. 

Modulators.—The delay depends on the type, as follows. 

1. Hard-tube. This type normally produces a small delay. 
2. Gas-filled Tube. This type produces a considerable delay, from 

0.5 to 1.5 /xsec, depending on the amplitude of the trigger used 
for the gas-filled tube and on the type of tube. 

Transmitter.—The delay depends on the type as follows. 

1. Magnetron. Magnetrons generally have a negligible inherent 
starting time (0.1 Msec or less). Frequently, however, the modula
tor pulse is purposely sloped to help the magnetron start oscillating 
in the proper mode. The over-all delay of the applied pulse plus 
the magnetron starting time is then about 0.1 to 0.25 Msec. 
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2. Triode Oscillators. The delay caused by the build-up time is 
about 0.1 to 0.3 fiaec. Use of an applied pulse which is too fjnall 
may increase this figure. 

R-f lines.—The delays in r-f lines are usually small enor 0 n to be 
negligible except for high-precision ranging systems. The delay is 
readily calculated from the length of line and the group velocity of 
propagation in it. 

Despite the manifold causes of beacon delay, it is quite possible to 
keep over-all delays to as little as 1 /isec by suitable design. More 
important, the delay jitter can be kept less than 0.1 /isec for accurate 
ranging. This requires wideband video circuits, and is accordingly 
expensive in power and weight. 

16-6. Intentional Delays.—In some beacons a known and constant 
delay of comparatively great magnitude is intentionally introduced for 
various reasons, as follows. 

1. Airborne beacons frequently must have suppressors by which 
they are prevented from replying to a radar in the same aircraft. 
A fixed delay is introduced before the circuit to be suppressed in 
order to give the suppressor time to work. 

2. Coders and decoders generally involve intentional delay circuits, 
such as delay lines, gates, sloping triggers, or other delay devices 
(see Chaps. 9 and 10). 

3. Over-all beacon delay, radio frequency to radio frequency, may 
purposely be made any desired value greater than the minimum 
inherent delay, by adding delay by various devices described below. 

Added delay may be required to bring the over-all beacon delay to 
some fixed predetermined figure, which is monitored and accurately 
maintained. Fixed precise delays are needed in systems in which ranges 
to the beacon are measured with great accuracy for precision navigation. 

Herewith are enumerated the various methods of achieving the inten
tional delays referred to above. 

1. Electronic delay circuits, such as multivibrators, phantastrons, and 
so on, may be used to induce an intentional delay. The principle 
here is to use a pulse to initiate a delay circuit which produces an 
output signal after proper delay. The output signal is then used 
to form a sharp pulse by differentiation. An obvious example is 
the production of the second, third, and following code pips in a 
beacon. The same methods can be used to delay the first pip if 
desired. These methods are best suited for delays greater than 
5 Msec. 
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2. Delay lines in various arrangements are frequently used for delays 
of a few microseconds. Whereas the first method mentioned 
above offers a continuously variable adjustment by the use of a 
gate whose length is continuously variable, this method offers 
adjustment of delay in steps by use of a tapped delay line. It is 
best suited for delays less than 10 jisec. 

3. Supersonic devices can be used for very long delays. Suitably 
designed supersonic delay lines provide delays of the order of 
milliseconds, with a precision of fractions of a microsecond. 

4. Sawtooth voltages also offer continuous control of delay. Here the 
bias on a stage triggered by a sawtooth waveform is controlled and 
varied, thus varying the time it takes to trigger the stage. 

16-6. Summary.—The causes of delay and variation of delay are 
tabulated below. Causes of jitter are listed separately, although in most 
cases they are distinctly related to delay itself. 

1. Causes of delay and delay variation: 
a. Rise time in narrowband circuits. 
b. Propagation time in r-f and video lines. 
c. Time required for decoding. 
d. Sloping waveform reaching some threshold point. 
e. Regeneration time in regenerative stages. 
/ . Build-up time in oscillators. 
g. Rise time in very-low-frequency i-f amplifiers. 
h. Intentional delays, using delay lines or other devices. 

2. Causes of Jitter: 
a. Uncertainty of threshold levels. 
b. Uncertainty in regeneration times. 
c. Uncertainty in build-up time in oscillator. 
d. Use of low-frequency i-f amplifiers. 
e. Use of superregenerative receivers. 

Both delay and jitter are cumulative from stage to stage, and their 
" c u r e " is obvious from the causes enumerated above. They can be 
eliminated by the use of fast-rise-time waveforms, strong triggers for 
regenerative stages, and the use of correct voltages and loads for oscilla
tors. As a general rule, circuits with more inherent delay have more 
inherent jitter and more inherent variation of delay due to supply voltage 
changes and other parameter variations. 

PREVENTION OF RADIO NOISE 

16-7. Noise Triggering and Noise Radiation.—The designer of a 
radar beacon is concerned with two aspects of the radio noise problem. 
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The first is the protection of the beacon from triggering by radio inter
ference, coming from outside the beacon or generated by some component 
within the beacon itself. Second is the prevention of noise generated 
by the beacon from being of sufficient strength to interfere with adjacent 
electronic equipment. 

The first problem is merely a part of making a beacon that operates 
properly, but the second has often been neglected, with unfortunate 
results. The armed services have published general specifications1 

which may serve as guides to the allowable amount of noise that may be 
radiated or conducted into or away from the equipment. The major 
points of these specifications are summarized below: 

1. Conducted noise, as measured across any two terminals, including 
ground, shall not exceed 50 p.v from 0.150 to 20 Mc/sec. 

2. Radiated noise shall not exceed 5 juv from 0.150 to 150 Mc/sec 
when measured with an approved noise meter at 3 ft from the 
equipment. 

3. Any device intended to be nonradiating, such as a receiver, shall 
not feed more than 400 ww of r-f energy into its antenna. 
(This requirement is unnecessarily severe, and is often impossible 
to meet.) 

4. The conducted noise susceptibility ratio (antenna input/any other 
input) required of any receiver shall be 1000 to 1 over the entire 
receiver frequency band. 

5. Radiated noise susceptibility shall be such that no interference 
shall result from a field of 1 volt per meter of any frequency or 
type of modulation likely to be encountered as a result of operation 
near other electronic equipment. 

16-8. Elimination of Noise Produced by Beacons.—Pulsed radar 
beacons are inherently prolific sources of radio interference because of 
the high-power video pulses generated by their modulators. The cor
responding radiated energy must be confined to the beacon enclosure. 
rf he noise from other sources in beacons, such as d-c motors, vibrators, 
and so on, not only must be confined to the beacon cabinet, but also 
must be kept out of the beacon receiver. 

Obviously, the receiver should be shielded and filtered to prevent 
noise from reaching it. The remaining components, including all noise 
sources, should be placed in other shielded and filtered enclosures to pre
vent the escape of noise energy. This procedure, although it is simple 
in principle, is not always easy to follow, as it is difficult to filter connect-

1 U. S. Navy Dep't Specification, RE 13A 554 E, Aug. 25, 1944. 
U. S. Army Air Force Specification No. 71-854, Gen'l Spec, for Aircraft Electronic 

Equipment, Sheet No. 30. 
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ing leads adequately over the required frequency range without intro
ducing numerous large and complex filters. Also, in some cases, shielding 
of the required excellence interferes with proper dissipation of heat. 

The preferred method is to concentrate on each individual generator 
of noise in order to decouple it from other circuits by careful placing of 
components, conductors, grounds, and shields. When RC or LC filtering 
is used with each noise generator, the noise level within the beacon 
cabinet should be low enough to allow the use of ordinary shielding and 
filtering of the receiver. When the level of internal ambient noise is low, 
ordinary shielding and filtering of the beacon as a whole will suffice to 
prevent excessive radiation. The following points will serve as a guide 
to these preferred methods of eliminating noise. 

Circuit Design.—Waveforms with changes of slope that are more 
abrupt than necessary for proper performance should not be generated 
because they involve radiation of unwanted high frequencies. In general, 
video waveforms that have components of appreciable strength at fre
quencies above 10 Mc/sec are not needed in beacons and should be 
avoided. The usual modulator with pulses from 0.5 to 1 jusec long 
generates most noise energy between 0.2 and 4.0 Mc/sec. 

Video pulses should be generated near the point of application and 
confined to a limited volume or a shielded compartment by keeping all 
noise-free wires away from the pulse-carrying circuit. Wires placed 
close to the pulse circuit must be shielded or filtered. Putting a noise-
free wire in a cable with even as little as a few inches of " h o t " wire results 
in pickup of noise. The chassis should not be made a part of a high-
current pulse circuit because the ground current is likely to induce noise 
in circuits that would otherwise be noise free. Instead, the pulse circuit 
should be completed in a coaxial line or a wire loop having the smallest 
possible area consistent with permissible capacitance, and grounded to 
the chassis at only one point. Care should be taken to see that currents 
are not induced across joints in shields or chassis or in noise-free wires 
by this pulse loop. 

Obviously, care should be taken to prevent corona discharge and 
sparking in high-voltage d-c circuits. Full use should be made of the 
isolation properties of circuit elements, such as an electrostatic shield in 
a transformer, the inductance of the series field of a d-c motor, the shield
ing action of grounded leaves in relay spring piles, and so on. 

Shielding.—For levels of internal noise less than 150 nv as measured 
with a 1-in. electrostatic probe, an enclosure should be complete except 
for louvers, with all mating surfaces paint free and bolted or spring-
clipped together at intervals of a few inches. If the noise is greater than 
150 juv, all openings should be screened and all joints should have con
tinuous high-pressure contact by means of multifinger spring contacts ov 
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electric gaskets. These requirements are sometimes difficult to meet in 
pressure-tight containers. The sealing gaskets must not be placed 
between mating surfaces but should be pressed against the edges or backs 
of mating parts after electrical contact is made. When a flexible ground 
is required, a strap is to be preferred to a braid.' 

Filtering.-—Commerical noise filters having a wide range of attenua
tion characteristics are available. When the noise frequencies that must 
be attenuated are known, a filter can usually be found to serve. I t is 
important however, that the filter be properly installed, preferably with 
one terminal projecting through the shield wall in the form of a bushing, 
and with the filter case firmly grounded to the shield wall. In fact, the 
feed-through capacitors of the bushing type, with a low series inductance, 
are excellent niters for higher frequencies especially when a resistor can 
be used in series with the lead inside the shield to form an i?C-filter. 

I t has been found that for the noise frequencies generated by radar 
modulators, single L-section low-pass filters are adequate. In many cases 
they are superior to II-sections because of the difficulty of grounding the 
II-capacitors without a common impedance. Such filters, when designed 
by the simple theory which assumes pure lumped elements, should have a 
10-db safety factor at the critical frequency. Single L-section filters 
designed in this way give 40 to 50 db attenuation from 0.2 to 20 Mc/sec 
and, sometimes, with excellent grounding and shielding, as high as 70 db. 
For attenuations of 60 to 100 db, two-section filters must be used. A line 
filter that has been found to be very useful consists of a 60-/ih inductor 
with a 1-jjf capacitor. 

In using L-section LC filters, it is preferable to connect the capacitor 
to the noise source. With the reverse connection, it is sometimes 
possible for the series LC circuit to resonate and actually increase the 
noise voltage across the condenser. 

Noise sometimes escapes from the beacon cabinet by way of the 
antenna itself. This can be minimized by use of a filter in the antenna 
circuit which narrows its pass band to just the amount required for the 
received and transmitted pulses. This can be done by using tuned stubs 
as filters, by using waveguide, or by making the antenna itself appear as 
a short circuit at the noise frequencies. For ungrounded open-wire 
transmission lines, in addition to stubs for short-circuiting off-frequency 
noise components, inductive coupling with a Faraday shield is desirable 
to prevent the line from acting as an antenna against ground at noise 
frequencies. 

Cabling.—External pulse cables can cause much trouble by poor 
contact of the outer conductor at connectors. In general, double-braid 

* A good discussion of shielding principles can be found in E. E. Zepler, Techniques 
of Radio Design, Wiley, New York, 1943, Chap. 8. 
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shielded cable should be used, with well-soldered coupling of the braid to 
the connector or a reliable mechanical coupling of high quality. A 
common mistake is to connect a shielded wire to a shielded pulse circuit 
or receiver by passing the wire through a grommet and grounding the 
braid to a point inside the shield. This makes the shield of the cable 
become an excellent inductively coupled antenna. The correct tech
nique is to ground the braid completely to the outside of the shield to 
prevent this. 

Flexible cables carrying high-power pulses often emit too much leak
age radiation and must, therefore, be run through rigid metal conduits 
for shielding. 

General.—The suggestions given above, though general, can be applied, 
by trail-and-error methods and experience, to a successful elimination of 
the radio interference caused by beacons. An example that shows the 
possible effectiveness of good circuit design and shielding, is a 200-kw 
pulse power modulator designed by the modulator group of the MIT 
Radiation Laboratory. It gave less than 50 pv of conducted noise from 
0.15 to 20 Mc/sec without the use of filters. 

PROTECTION OF BEACONS FROM INTERFERENCE 

16-9. Noise Triggering.—Spurious interrogating noise must be kept 
out of beacon receivers because short-pulse or "spike" interference, which 
would be only inconvenient in a communication receiver, can easily 
absorb a large fraction of the available duty ratio of a beacon. 

There are two main types of interference to consider. The first is 
that caused by r-f signals in an adjacent channel received through the 
antenna (see Sec. 4-11). The second is caused by noise that enters the 
beacon by way of its antenna, power input or other cables, or is generated 
within the beacon itself. 

Two things can be done to reduce the effects of interference of the 
second kind. First, the receiver circuit itself can be made as insensitive 
to noise as possible. The crystal-video receiver has a broad r-f pass band 
and is also very sensitive to video-frequency interference. The amplifier 
should be designed to have good low-frequency rejection to prevent 
amplification of microphonics and ripple from the power-supply. It 
should not have a video pass band that is wider than necessary for the 
required reproduction of pulse shape. The broadband superheterodyne 
beacon receiver, though approximately one hundred times more sensitive 
than the crystal-video receiver, does not present very much more diffi
culty because the high sensitivity is confined to a relatively narrow band. 

Second, the interference must be kept out of the receiver, either by 
shielding the filtering the receiver completely or by attenuating the noise 
sources by shielding and filtering. In general, it has been found necessary 



SEC. 16-9] NOISE TRIGGERING 353 

to shield and filter both the receiver and the noise sources that cannot 
be eliminated. Methods of filtering and shielding the antenna circuit 
are discussed in Sec. 16-8. 

Adequate shielding and filtering of noise sources within the beacon is 
sometimes very difficult. High-voltage corona, commutators, slip rings, 
vibrators, and, to a lesser extent, gas-filled and vapor-filled switch or 
rectifier tubes should, if possible, be avoided in the original design. 

Fortunately, the modulator, the largest single source of noise within a 
beacon, does not cause much trouble because it operates only after the 
receiver has been interrogated, and the receiver usually is given time to 
recover by the blanking gate. If large video or r-f signals reach the 
various receiver grids, bias blocking may result from grid currents. 
However, normal shielding of the receiver is usually sufficient to prevent 
such blocking. The shielding of the receiver from the transmitter does 
not have to be as good in a beacon as in a radar set because the beacon 
receiver does not have to receive within a few microseconds after the 
modulator has been triggered. 

A sufficiently large video or r-f signal from the first pulse of the trans
mitter can interfere with the proper formation of the remaining pulses 
by the coder. The coder, however, is relatively insensitive and little 
trouble is to be expected. If normal precautions are taken to confine 
the transmitter video and r-f energy, shielding of the coder will not be 
necessary—except, perhaps, to confine video noise generated by the coder. 

If noise sources like d-c motors or vibrators are present in the beacon, 
however, effective shielding and filtering of the receiver may be necessary. 
For example, an airborne beacon was triggered by noise from d-c blower 
motors, in spite of filtering of the motors and grounding of a shielded i-f 
lead from the crystal mixer to the amplifier. I t was finally found that 
this shield was improperly grounded. Changing the grounding of the 
i-f lead eliminated the trouble completely, after all attempts to filter the 
motors had failed. 

A device that greatly facilitates the location of leaks in shielded 
receivers is a concentrated noise source. Such a source can be made by 
enclosing a battery-operated high-frequency buzzer in a very tight shield 
can, and bringing out a shielded coaxial lead from one of the buzzer 
contacts to a small exposed probe. Such a noise source can save many 
hours of trial-and-error work. 

Even with a-c-operated beacons which have no moving contacts to 
generate noise, precautions must be taken to prevent noise from the power 
cables from getting into the receiver. With superheterodyne receivers, 
it is sufficient to shield the receiver and use a power-supply transformer 
that has an electrostatic shield around the primary winding. With 
crystal-video receivers filament chokes on the first video amplifier tubes 
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are necessary to keep power-line noise from interrogating the beacon. In 
one early installation, video noise entering by way of the filaments of the 
crystal-video receiver was eliminated only by placing a double low-pass 
audio-video filter in the a-c line to the power supply of the receiver. 
Commercial noise filters were of no use because the offending noise was 
of lower frequency than they could reject. 

Battery-operated beacons with vibrator or dynamotor supplies pre
sent difficult problems of protecting the receiver because both dynamotors 
and vibrators are strong sources of noise over a great range of frequencies. 
I t is necessary to shield and filter vibrator supplies completely, and some
times necessary to shield dynamotors, although the dynamotor case itself 
is usually sufficient shield if the leads are filtered very close to their point 
of exit from the dynamotor. 

With battery-operated beacons having vibrator supplies, it is not 
only necessary to shield and filter the d-c outputs of the power supply 
very carefully, but the a-c voltage generated in the internal impedance 
of the battery by the pulsing load of the vibrator must also be filtered 
out of the filaments of the receiver tubes. This is particularly important 
with crystal-video receivers using filament type tubes. The filtering is 
usually done with a Il-filter having an iron-core inductor of several henrys 
inductance and two electrolytic capacitors of 25 ni or more capacitance 
(see Fig. 15-8). 

The brushes of dynamotors to be used at high altitudes present a 
special problem. Ordinary brushes which do not spark at sea level spark 
badly at high altitudes and cause intense triggering of a beacon. The 
life of the brushes is short under these conditions. Satisfactory brushes 
for use at high altitudes are now available, but even when they are used, 
the shielding and filtering of the dynamotor should be good in order to 
allow for the increased sparking that will result from reduced pressures 
and wear of the commutator. 

In sum, the problem of radio interference in beacons is solved by 
skillful application of the principles of circuit design, shielding, and 
filtering. I t must be admitted, however, that application of these 
principles is an art and not an exact science, so that methods of trial and 
error are often necessary. 

16-10. Suppression.1—It is often necessary to install a beacon so close 
to other radar equipment or other beacons that continuous triggering of 
the beacon when the neighboring set is in operation cannot be prevented. 
When such triggering occurs, it can be prevented only by using a signal 
from the interfering set to suppress the response of the beacon by making 
it insensitive for a short interval. The suppression trigger is used to 
generate a suppressor gate. If suppression is not used, the needless 

'Sees. 1610 and 1611 by J. J. G. McCue and M. J. Cohen. 
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responses will waste an appreciable part of the available duty ratio of the 
beacon, and will clutter the screens of the interrogators that are actually 
using the beacon. 

The signal which suppresses the beacon may be transmitted to the 
beacon either as a video pulse on a wire, or as an r-f pulse through space. 
Clearly, the suppression signal must act on the beacon before the inter
fering signal produces the undesired response. Since the beacon receiver 
introduces some delay, a suppressor gate triggered by the suppression 
signal can usually be made to render the coder inoperative by the time 
the radar signal has passed through the receiver. If the suppression 
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FIG. 16-1.—A suppressor circuit to prevent interrogation by a near-by radar. N O T E : All 
tubes are 7F8's. 

signal is generated before the radar signal, the problem is simplified. In 
most cases, the suppression signal from the radar will be used merely as 
a trigger for generating the suppressor pulse. This pulse may be gener
ated by either a multivibrator or a blocking oscillator. 

The suppressor pulse must satisfy the following conditions: (1) it 
must make the beacon inoperative before the interfering signal triggers it; 
(2) it must not itself trigger the beacon through stray capacitance; (3) it 
must not interfere with normal beacon operation if the beacon has already 
been triggered by a desired signal just before the suppressor signal arrives. 

The suppressor pulse can be used to render inactive the tube which 
triggers the coder. Figure 16-1 shows a highly satisfactory circuit, which 
introduces an adjustable delay and incidentally acts as a pulse-width 
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discriminator. If the receiver already introduces enough delay, or if the 
video suppression trigger from the radar is generated before the r-f pulse, 
the delay circuit in Fig. 16-1 is unnecessary. In this case F 3 could be 
omitted, and the pulse from Vu, could cut off a tube in the video amplifier 
of the receiver. 

When a video connection between the beacon and the interfering 
radar is impractical, r-f pickup may be used. This system is useful, for 
example, in ground beacons that are close to a maintenance base for air
borne radars. I t involves the use of an auxiliary receiver of low sen
sitivity which will detect signals from radar sets up to about 1 mile 
away. The auxiliary receiver generates the suppression signal for the 
beacon. The antenna for the auxiliary receiver should have a pattern 
covering only the area from which the disturbing signals are emitted. 
This will minimize the unintentional suppression of responses to radars 
which are trying to interrogate the beacon from close range. The 
required sensitivity of the receiver depends, of course, on the antenna 
used. The receiver may be of the crystal-video type, with a sensitivity 
of the order of 40 db below that of the beacon receiver. Unless the 
beacon contains a decoder that delays the signal received by the beacon 
receiver by an appreciable amount, the video bandwidth of the auxiliary 
receiver must be much wider than that of the beacon receiver. This is 
necessary for the suppressor gate to be generated soon enough, and is 
feasible because of the lower gain of the auxiliary receiver. The output 
of the receiver is a video pulse which can be used as a suppression trigger 
in the manner described above. 

The r-f transmission of suppression signals has not been used with 
airborne sets. An airborne beacon will usually be interfered with only 
by a radar in the same plane. When this is likely to happen, video 
transmission of the suppressor pulse saves space and weight. Often, 
however, a radar will not interfere with a beacon in the same aircraft, 
particularly if the radar and beacon frequencies are very different. 

Radio-frequency filters are sometimes useful to prevent interference. 
For example, a 10-cm beacon with a crystal-video receiver can be pro
tected from a 3-cm radar in the same plane by installing a 3-cm r-f rejec
tion filter in the beacon receiver. (See Sec. 7-11.) 

A beacon with a superregenerative receiver sometimes radiates 
enough noise from the quenched oscillations to jam a near-by interrogator 
receiver operating on the same frequency. The superregenerative 
receiver can then be suppressed, by a video pulse, for the duration of the 
range sweep in the interrogator. This is a drastic remedy, because it 
puts the beacon out of action for a large fraction of the time. This 
constitutes an argument against using superregenerative receivers in 
beacons operating on the same frequency as a near-by interrogator. 
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16-11. Crystal Protection.—Crystal detectors in microwave beacons 
often are damaged by pulse powers of the order of 1 watt, and must, 
therefore, be protected against being burned out or damaged by their own 
transmitters or by others near by. 

The crystal in a beacon using a single antenna is protected by the 
duplexing system. Here the transmitter fires a gas-filled TR-switch 
tube which places a protective short circuit in the line to the crystal. 
Wideband duplexers of current design function only on high-power pulses, 
and are, therefore, not suitable for low-power beacons. 

If the beacon uses two antennas, they must be so disposed that the 
leakage from one antenna to another is low enough to prevent crystal 
damage. In a portable or airborne set with removable antennas, the r-f 
leakage may increase to an unsafe level when the antennas are removed. 
This is especially true of 3-cm beacons using waveguide parts that are 
adjacent to each other. A short-circui+ing post, automatically inserted 
into the waveguide when the antennas are removed, will protect the 
crystal by reflecting power that leaks into the guide. In a beacon that 
operates intermittently, crystal damage can be reduced by installing in 
the receiver r-f line a short-circuiting device called a "crystal ga te" that 
is withdrawn automatically (by a solenoid) when the beacon is turned on, 
but falls back into its protecting position when the beacon is turned off. 

The use of filters to protect crystals from damage due to neighboring 
systems is discussed in Sec. 7-11. 

PACKAGING 

B Y B. W. P IKE 

Packaging of the major components into a beacon is difficult because 
none of the numerous configurations possible is ever entirely free of 
faults. A careful study of the many possibilities, however, will yield 
dividends. The packaging of any beacon must take into account cer
tain general considerations as well as considerations special to the unique 
purposes of the beacon. 

1612. General Considerations.—The first of these are considerations 
of weight, size, and shape, which may be general enough so that the 
designer can give most consideration to other factors in deciding on the 
final shape. Sometimes, however, the intended use of a beacon is so 
specific that rigid specifications for weight, size, and shape must be laid 
down. 

Another important aspect of package design is shielding. Beacons 
are usually packaged in metal to assure adequate shielding as well as 
adequate mechanical strength. One recent design uses a metal-lined 
plywood case. 
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F I Q . 16-2.—AN/UPN-1, a lightweight 10-cm battery-operated beacon with waterproof 
packaging. 
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Weatkerproofing and Heat Dissipation.—Weatherproofing and heat 
dissipation are important but difficult aspects of beacon packaging. 
Weatherproofing includes "splashproof," "waterproof," and "pres
surized" packaging. In splashproof packaging, the components them
selves are made moistureproof. This packaging permits free access of 
moisture-laden air but shields the components from direct rain or splashed 
water. This type of packaging has the advantages of simplicity and of 
offering a simple solution to problems of dissipation of heat; it is the type 
most widely used for large and medium ground beacons. Splashproof 
packaging is illustrated by the large 3-cm ground and shipboard beacon 
which is shown in the photograph, Fig. 15-11, Sec. 15-12. 

F I G . 16-3.—AN/APN-19, an. airborne beacon illustrating pressure-type packaging, (a) 
Control boxes. (6) Antennas, (c) Transmitter, (d) Receiver. («) Dynamotor. 

Where the amount of heat to be dissipated permits, the preferred 
packaging is the waterproof type, in which the beacon is hermetically 
sealed and a dehydrating agent is placed within the cabinet. This type 
of packaging allows the use of ordinary nonwaterproof components, 
which are smaller and lighter than those which have been waterproofed. 
I t is illustrated by a lightweight 10-cm battery beacon, AN/UPN-1 , 
the prototype of which is shown in Fig. 16-2. 

The third type, the high-altitude hermetic packaging, differs from 
the waterproof type only in tha t the container must be capable of main
taining an appreciable pressure differential. For much airborne equip
ment intended for high-altitude use, this type of packaging is essential, 
even when the problem of heat dissipation complicates the design. This 
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type of packaging is illustrated by AN/APN-19, an airborne 10-cm 
beacon, shown in Fig. 16-3. 

16-13. Vibration and Shock Mounting.—Vibration and shock must 
be considered in the packaging of any beacon. Sometimes the beacon is 
made rugged enough to operate without special mountings, but usually 
it is mounted on rubber. The subject of shock and vibration mounting 
is complex. A beacon designer, therefore, will do well to consult with 
experts. Commercially available rubber shock mountings do a fairly 
satisfactory job if the designer chooses the correct stiffness of disk and 
places the disk correctly. In general, a stiff mounting is desired for 
protection from shock and a soft mounting is required for vibration. The 
lower the vibration frequency, the softer the mounting must be. If 
possible, the disks should be placed symmetrically around the center of 
gravity and should be loaded in shear. In order to accommodate 
vibration or shock in all three planes, two or three sets of ordinary disks 
are needed. Recently developed special mountings using sponge rubber 
are very effective, but each must be custom-designed for a given device. 

16-14. Other Considerations.—Miscellaneous general considerations, 
like ease of operation, ease of maintenance, and safety must be considered 
in packaging design. Ease of operation can be achieved by having all 
the required meters, controls, and indicators conveniently placed for 
manipulation and inspection. 

Ease of maintenance is more difficult to achieve. A compromise 
usually must be made between ease of maintenance and the extra space 
and weight required to give easy access to all parts of the beacon. A 
method which is always used for large beacons is to install the different 
major components as separate removable units. The same principle can 
well be applied to small beacons in order to waste no volume in the form 
of access space. 

For safety from high voltages, it is advisable to use door interlocks, 
warning signs, pilot lights, and guards. Bleeders, or better, automatic 
door-operated grounding switches, should be used on high-voltage sup
plies. When blowers are used to ventilate cabinets, the blower should 
draw air through a filter in order to keep dust out of the beacon. 

Beacons intended for specific uses usually have a few special packaging 
requirements. These will be discussed by listing various uses of beacons 
with some examples. 

Ground and Shipboard Beacons.—Such beacons are usually large, 
complex, high-performance sets. For convenience in shipboard installa
tion, it is preferable to have the beacon require access from the front only. 
Also, the height should not be greater than about 6 ft. For convenience 
in handling, the beacon should have hoisting eyes on the top and several 
handles on the sides. 
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For ship installation, vibration mounting is difficult because of the 
low frequencies involved. On warships, this problem is complicated by 
the very high shock of gunfire. In such cases a dual mounting of stiff 
and flexible mounts in series is usually necessary. AN/CPN-6, shown in 
the photograph, Fig. 15-11, of Sec. 15-12, is a large 3-cm ship and ground 
beacon which illustrates the typical packaging for such a beacon. I t is 
housed in two relay-rack cabinets, with the major components in drawers. 
The transmitter, modulator, and high-voltage supply are in one cabinet. 
The other cabinet contains the receiver, coder, and driver. Each cabinet 
is equipped with thermoswitch-controlled blowers. 

Lightweight Beacons.—Beacons for portable use should be light and 
easy to carry. The weight of any single package should be no greater 
than about 50 lb. The shape should be such that the beacon can be 
carried easily by hand or as a back pack. The beacon should also be 
easy to assemble and place in operation, and because shelter is not always 
available, a portable beacon should have hermetically sealed waterproof 
packaging. Also, because of the bumps and blows that hand-trans
ported equipment receives, the beacon should be either internally shock-
mounted or carried in a padded case. 

An example of this type of packaging is the 10-cm battery-operated 
beacon, AN/UPN-1, shown in Fig. 16-2. The beacon proper weighs 
35 lb, is internally shock-mounted, and is of waterproof packaging. The 
antenna, also waterproof, weighs 15 lb. The storage battery box weighs 
25 1b. 

Airborne Beacons.—Airborne beacons must be packaged to obtain the 
lowest possible weight and volume. Although pressure-type packaging 
is usually necessary, it requires extra weight and should be avoided if 
the beacon can be designed to operate satisfactorily without it. When 
the beacon is being designed to fit aircraft in which space will be allotted 
to it, the beacon should be built into a single container and have a single 
control box built into the aircraft radio control panel. However, if the 
beacon must fit into an aircraft already crowded with equipment, it may 
be preferable to package it in several units which can be placed in what
ever space is free. 

A 10-cm airborne beacon, AN/APN-19, is shown in Fig. 16-3. This 
beacon was designed to fit into an already crowded aircraft. The receiver 
and transmitter are each in a pressure-tight cylindrical container. The 
remaining parts of the beacon are the dynamotor power supply, two 
control boxes, an r-f filter, and three antennas. This beacon weighs 35 
to 40 lb installed. 





PART III 

INTERROGATOR AND SYSTEM 
DESIGN 

In the following chapters the design of interrogators and examples of 
complete systems are treated. 

Interrogator design is discussed briefly. Only features of radar sets 
concerned with interrogation of beacons are taken up; radar design itself 
is covered in other volumes of this series. Design of interrogator-
responsors is similarly treated; only those special features which differ 
from radar design are discussed. 





CHAPTER 17 

RADAR DESIGN FOR BEACON OPERATION 

B T W. M. PRESTON 

It has already been emphasized in this volume that a radar beacon 
and the equipment which is to interrogate it form a system and should 
be designed together. This is obviously true in the case of an interroga-
tor-responsor unit, the sole purpose of which is to work with beacons. 
The primary function of a radar set—be it sea search, fire control, early 
warning, or any other—will usually take precedence in its design. I t is 
precisely because compromise may be necessary that the secondary 
beacon function should be planned in advance, and its design correlated 
with the design of the beacon itself. It seems useful, therefore, in a book 
dealing with beacons, to discuss those parameters of radar equipment that 
concern satisfactory operation with beacons. Since radars now being 
designed are predominantly microwave sets, we will be considering 
primarily microwave radar-beacon systems. 

17-1. The Transmitter. Power Output Control.—One radar param
eter usually determined by echo considerations is the power output of 
the transmitter. With the antenna gain, it determines the maximum 
range of the radar with a given beacon, as discussed in Chap. 2. The 
power output also influences the minimum range at which the beacon 
will be triggered on the side lobes of the antenna pattern, with resulting 
loss in azimuth discrimination (see Sec. 211) and possible overloading of 
the beacon. 

The minimum range at wrhich side-lobe triggering occurs could be 
decreased if the operator could reduce the power put out by the radar 
transmitter at will. Continuously variable power dividers have been 
made, but they are relatively complicated and require the operator to 
manipulate an additional control. A compromise to be considered is a 
fixed r-f attenuator, with an attenuation of about 20 db, to be introduced 
into the transmitter line at the discretion of the radar operator by a 
switch on the control panel. 

In a plane homing on a beacon, the fixed r-f attenuator would be 
used as soon as side-lobe triggering began, and it would reduce the range 
at which it occurs by a factor of 10. The value of 20 db is suggested 
because it is approximately the ratio between the power in the main lobe 
and that in the first few side lobes of a good antenna. If, at a particular 

365 



366 RADAR DESIGN FOR BEACON OPERATION [SEC. 171 

range, the power in the side lobe is just sufficient to trigger a beacon, the 
main-lobe intensity reduced by 20 db should be sufficient to trigger it. 

Frequency Stability and Scatter Band.—Frequency stability1 in the 
radar transmitter is not critical when operation over a wide scatter band 
is allowed. The beacon receiver must cover the entire band; it can 
usually be made somewhat broader to allow for possible frequency drift 
in the radar transmitter. 

In some systems, however, operation on assigned spot frequencies is 
required in order to reduce interference. The radar must then have a 
tunable transmitter and provisions muet be made in the field to tune it 
to the correct frequency channel. It is desirable to make the pass band 
of the beacon receiver as narrow as possible in order to increase selectivity, 
but before choosing a value for its bandwidth, specifications for the 
frequency stability of the radar transmitter must be determined. This 
requires a study of variations of frequency with temperature, line voltage, 
and other factors, and of the tolerances that can be maintained in the 
test equipment which is used in adjusting the transmitter. Similar 
tolerances are necessary for the beacon, and all must be considered 
together in deciding on the pass band of the beacon receiver. Few 
decisions are more difficult to make in the early stages of design of a 
system because of the large number of interrelated variables. 

Width and Form of Transmitted Pulse.—The conditions on the trans
mitter pulse are not stringent in systems that do not employ pulse-width 
discrimination. Even when spot frequency channels are used, the band-
widths of beacon receivers are normally greater than the bandwidths 
required to pass radar pulses of normal duration because of the tolerances 
discussed above. Systems demanding maximum range accuracy must 
use transmitter pulses with steep leading edges. A beacon is triggered 
when the incoming pulse reaches a certain required amplitude; if the 
leading edge of the pulse slopes, the time at which the beacon is triggered 
will vary with strength of the signal and there will be a corresponding 
variation in the apparent range to the beacon. 

In contrast, pulse-width discrimination requires that strict tolerances 
be set on the duration of pulses from the radar transmitter. As an 
illustration, consider microwave ground beacons for aircraft navigation 
and the airborne radars which operate with them. The durations of 
search pulses are limited to values less than 1.0 ixsec or greater than 5.0 
fisec, while beacon interrogating pulses must be between 2.0 and 3.0 jusec. 
If it is decided that a tolerance of 10 per cent is the greatest that can be 
held in the field, radar pulse widths should be designed for 0.9 fisec or less 
for search and for 2.2 /xsec for beacon interrogation. Similarly, to allow 
for setting errors, the beacon discriminator should be set at 1.9 Msec 

1 General considerations of frequency choice are covered in Chap. 4. 
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Multiple-pulse Interrogation Coding.—Multiple-pulse interrogation 
coding is introduced into some systems in order to obtain interference-
free channels; the radar modulator must be designed accordingly. For 
example, a double-pulsed system which employs an airborne beacon and 
a modified SCR-584 has been used. The latter has a crystal-controlled 
timing circuit which supplies timing pips at intervals of approximately 
12 jisec; this rate is counted down to give the pulse-repetition frequency, 
1707 cps. To obtain an 8-,usec code space, each 1707-cps pulse triggers a 
phantastron delay of 4 /^sec. The phantastron output then triggers the 
modulator, formmg the first code pip. A gating circuit selects the next 
timing pulse, which occurs 8 /usec later, permits it to trigger the modulator 
a second time and, simultaneously, to start the range sweep. Now, the 
beacon cannot reply to a double-pulse interrogation until the second 
pulse arrives, but if the start of the radar range sweep is delayed until 
the second transmitter pulse, the beacon signal will appear on the indica
tor at the proper range. The problem of the tolerances to be placed on 
the spacing of the pulses in multiple-pulse interrogation systems has 
been discussed briefly in Sec. 5-5. 

Pulse-repetition Frequency of the Transmitter.—The minimum detect
able signal on the radar indicator decreases inversely with the square 
root of the pulse-repetition frequency, as discussed in Sec. 2-6. This 
indicates the desirability of high rates of interrogation. Even if an upper 
limit on the pulse-repetition frequencj' is not dictated by the range 
sweep used, such a limit must be set arbitrarily to prevent overloading 
the beacon transmitter if high traffic-handling capacity is required. 
Pulse-repetition frequencies greater than about 500 cps are rarely used for 
beacon operation; values as low as 200 cps are often satisfactory. 

THE RECEIVER 

17-2. Bandwidth.—The i-f bandwidth of the radar receiver is deter
mined by the relation B = a/V, where B is the bandwidth in megacycles 
per second, r is the beacon transmitter pulse duration in microseconds, 
and a is a numerical factor which has the theoretical value of 1.2 for best 
signal-to-noise ratio, but which in practice is found to be better taken as 
1.5. 

If radar search functions alone determine the i-f bandwidth, the 
beacon pulse width will necessarily be chosen accordingly. When this 
was done in the past, for example, ground beacons for aircraft navigation 
were limited to minimum pulse widths of 0.5 Msec because of the small 
bandwidths of conventional radar receivers. From the point of view of 
beacon design, shorter pulses are sometimes desirable in order to decrease 
the duty ratio and thus to increase traffic capacity. Tt is advantageous, 
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therefore, to have a broader i-f pass band whenever the slight reduction 
in receiver sensitivity entailed can be tolerated. 

Radar receivers have been made with variable i-f bandwidth; a narrow 
band could be used for search and a broader one for beacon reception. 
A still more flexible arrangement is tha t of using an entirely separate 
receiver for beacon reception. I t will be described below. 

The beacon usually replies on a nominal spot frequency. The local 
oscillator in the radar receiver is frequently tuned for reception at this 
nominal frequency by an AFC circuit. Whether AFC is used or not, it 
is necessary to allow a tolerance. There is, therefore, a strong reason to 
make the i-f bandwidth of the radar receiver somewhat greater than the 
value determined by the width of the beacon pulse alone, so tha t optimum 
reception will be obtained with due allowance for the tolerances on 
beacon frequency and on tuning of the local oscillator of the radar. 

R-f bandwidth.—Until recently, duplexing in microwave radars was 
accomplished by means of gas-filled discharge tubes in relatively high-Q 
resonant cavities tuned to the radar frequency. The loaded Q's are 
between 100 and 300. The earlier airborne radar sets thus suffered a 
loss up to 20 or 30 db in receiving beacons; in the worst case, the beacon 
reply could differ by as much as 2 per cent from the radar frequency to 
which the TR switch is tuned. This necessitated a corresponding 
increase in the power output of the beacon and made it impossible to 
balance the interrogating and receiving links over the whole scatter band. 
The first solution introduced was tha t of retuning the T R cavity. A 
magnetically controlled slug was adjusted so that the T R cavity was 
tuned to the radar frequency when the slug was inserted, and to the 
beacon frequency when it was withdrawn. The slug was actuated 
automatically by the search-beacon switch. 

More recently, TR and ATR tubes which cover a 2 per cent frequency 
band (or more) with a signal loss received of less than 2 db have become 
available (see Sec. 7-9). These tubes make it possible to spread radar 
transmitter frequencies over a corresponding scatter band without any 
need for retuning the T R and ATR cavities. At the same time, they 
eliminate most of the loss in beacon reception. 

17-3. Receiver Channeling. Single-receiver Channel.—If the reply 
frequency of the beacon differs from that of the radar transmitter and a 
single receiver is used for both, either the local oscillator must be retuned 
or two local oscillators must be used. Because the scatter bands of air
borne radar transmitters at both 10 and 3 cm are broader than the 
electrical tuning range of local oscillator tubes now available, the second 
alternative has usually been chosen. The two local oscillators usually 
feed into a common mixer; it is then impossible to run both continuously 
because of pickup of high harmonic beats falling within the i-f band of 
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the receiver. The heaters alone are left on and the plate voltage ia 
switched from the search local oscillator to the beacon local oscillator by 
the search-beacon switch. Recent r-f circuit developments, including 
use of separate mixers, have made it possible to operate both local 
oscillators simultaneously in many cases. 

Precise tuning of the local oscillator for beacon signals may be accom
plished in several ways. A manual tuning control which relies on the 
reception of a beacon signal as a tuning indicator can be provided. 
Alternatively, some of the local-oscillator power may be led through a 
high-Q standard cavity to a crystal rectifier and meter output; maximum 
meter deflection then indicates when the local oscillator is correctly 
tuned. I t is then unnecessary to hunt for a beacon signal while tuning 
manually. Most satisfactory of all is the use of an AFC circuit, which 
tunes the local oscillator automatically so as to "peak" the standard 
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F I G . 17-1.—Schematic representation of the r-f components in two types of dual-

channel operation, (a) Separate beacon and search TR cavities are used; they may be 
high-Q. (b) A single broadband TR cavity is used with an auxiliary filter for the beacon 
frequency. 

cavity output. "Push-but ton" beacon reception, which will almost 
certainly be demanded in future systems, is thus made possible. Details 
of beacon AFC circuits can be found in Microwave Receivers, Vol. 23, 
Chap. 3, Radiation Laboratory Series. 

Separate Receiver Channels.—The method of reception of off-frequency 
beacon response that is most flexible provides separate receiving channels 
for search and beacon signals. This implies, in general, separate TR 
tubes, mixers, local oscillators, detectors, and i-f amplifiers. The signals 
can be mixed after the second detector and fed into a common video 
amplifier or, preferably, they are mixed after some video amplification. 
The following advantages are realized. 

1. The i-f bandwidth of the beacon receiver can be chosen for optimum 
reception of beacons without having to meet search requirements. 

2. Separate time-varied gain circuits can be provided for search and 
beacon (see Sec. 17-4). 
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. Separate controls of i-f gain and video output level can be used; 
beacon and search signals can be presented with different inten
sities (see Sec. 7-4). 

Figure 17-1 illustrates two arrangements of the r-f components which 
ovide separate receiving channels. In Fig. 17-la the two r-f channels 
e completely separate. If the beacon and search functions are on dif-

Fio . 17-2.—Beacon receiver components of a ground radar set, exclusive of displ 
(a) Beacon box. (b) Main chassis, (c) VL box, (d) I-f strip, (e) Junction l 
CD Beacon T R cavity, (g) Connector well. 
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ferent spot frequencies, the two TR cavities can have relatively high 
Q's, each will offer a high impedance at the frequency to which the other 
is tuned, and there will be negligible loss on either channel resulting from 
the presence of the other. If the search function requires a broad scat
ter band, the search TR cavity will be of the low-Q type and will present 
a low impedance at the beacon frequency. As a result, beacon reception 
will suffer a loss of approximately 
3 db, half of the signal being lost 
in the search receiver. Figure 
17-lb shows an alternative ar
rangement which employs a single 
broadband TR tube, and a rela
tively high-Q filter in the beacon 
line. Its advantage over the pre
vious circuit is that a filter cavity 
requires less attention than a TR 
cavity. 

Figure 17-2 shows a photo
graph of the beacon receiver com
ponents of a 10-cm ground radar 
system. These are all the com
ponents, exclusive of the displays, 
which are required for adding 
beacon facilities to the radar set. 
Some of the components shown 
are associated with the trans
mitter and receiver for the verti
cal lower (VL) beam of the system 
(cf. Chap. 19). 

Figure 17-3 shows a block diagram of the complete receiver system. 
Noteworthy features are its 8-Mc/sec-wide i-f amplifier, the AFC of the 
local oscillator, and the time-varied control of the i-f gain. The last of 
these requires further discussion. 

17-4. Receiver Gain Control and Time-varied Gain.—We have 
already mentioned, in Sec. 17-1, the loss of azimuth discrimination which 
can occur at short ranges because of the presence of side lobes in the radar 
antenna pattern. The ideal solution, as pointed out there, is to reduce 
the emitted power of the radar enough to prevent triggering the beacon 
by side lobes at short ranges. If this is not practical, azimuth dis
crimination may be obtained by reducing the gain of the i-f amplifier in 
the radar receiver. This has the drawback that frequent adjustment of 
the control is necessary for an airborne radar homing on a beacon. An 
automatic-gain-control circuit which varies the gain during each sweep 

Output 

F I G . 17-3.—Block diagram of beacon re
ceiver. Note wide i-f pass band (8 Mc/sec), 
adjustable time-varied-gain control, and 
independent video signal level control. 
AFC of local oscillator is not shown (see 
Fig. 814) . 
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partially overcomes this difficulty. This system is called "time-varied 
gain."1 In TVG, the i-f gain is reduced at the start of each range sweep 
and allowed to recover to its normal value at a predetermined range. 
The ideal rate of change of gain would follow the inverse square of the 
range for beacon reception and the inverse fourth power of the range 
for radar search. The provision of separate receiving channels allows 
optimum independent adjustment of the TVG-circuit constants, while a 
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F I Q . 17-4.—(a) Circuit diagram of beacon receiver time-varied-gain control circuit. 

1 1 —:„+„ ~t e„\ pj—time-varied gain range control. Pi— 
Pt—Maximum gain adjustment. 
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(b) Waveforms at numbered points of (a) _ . 
TVG amplitude control. Pa—manual gain control. 

compromise must be accepted if a single receiver is used simultaneously 
for both search and beacon. 

Figure 17-4 shows the time-varied gain circuit used in the beacon 
receiver of a ground radar system. The input trigger, which is coin
cident with the transmitted pulse, is amplified in the buffer and initiates 
regeneration in the blocking oscillator. The blocking oscillator, during 
its pulse, drives the grid of the sawtooth generator to conduction. Prior 
to this pulse the condenser C\ is charged to the voltage determined by the 

In t h e pas t it has been widely known as "sensi t iv i ty- t ime-control ," S T C . 
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setting of P^. During the pulse, Ci is discharged rapidly through the 
sawtooth-generator tube. Immediately after the pulse, the voltage on 
Ci begins to rise exponentially toward its former value with a time con
stant adjustable by means of Pi . The sawtooth waveform is passed 
through the cathode follower and applied as a bias voltage to the grids 
of the second and third i-f amplifiers in the receiver, where it controls 
the receiver gain. 

With the TVG switch in the OFF position, the grid of the cathode 
follower is grounded, and the cathode is near ground. Potentiometer 

0 2 4 6 8 10 20 40 60 80 100 
Range in miles 

F I G . 17-5.—Time-varied-gain control characteristics. 

P 3 provides manual control of the receiver gain by controlling the bias 
of the second and third i-f amplifiers. The maximum gain adjustment 
Pi is adjusted so that the voltage at the cathode of the cathode follower 
is the same for both positions of the TVG switch; this results in equal 
maximum values of gain for both manual and automatic gain control. 
The TVG amplitude control Pi adjusts the amount of change in sen
sitivity and P i and P2 together control the time (or range) of complete 
recovery of sensitivity. Figure 17-5 shows the range-sensitivity char
acteristics that can be obtained with several settings of P i and Pi, as 
well as the theoretically desired curves to compensate for the inverse 
square of range. 

The strength of the beacon signal received by a radar increases 
inversely with the square of the range only if the product of the effective 
antenna gains remains constant. At high altitude and short range, an 
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airborne radar may receive only a weak signal from a ground or ship 
beacon, unless the beacon antenna has been specially designed to have 
good overhead coverage (see Sees. 7-3 and 7-4). Time-varied gain in this 
case reduces the gain most just when maximum gain is needed. There
fore, if good overhead coverage by an airborne radar is desired, it may 
be preferable to use a fixed attenuator of the type described in Sec. 17-1, 
in the r-f line. If the attenuator is placed in the r-f line between the 
antenna and the TR switch, it will reduce the strength of both the out
going (transmitted) signal and of the incoming (received) signal. Like 
the manual gain control, however, its use requires attention on the part 
of the operator. 

The performance of the TVG circuit will be less dependent on the 
characteristics of individual tubes if the TVG is used to vary the cathode 
current in the i-f amplifier stage rather than the grid bias. 

ANTENNA DESIGN 

17-5. General Properties. Beamwidth and Stabilization.—Other 
factors being equal, the accuracy with which azimuth may be read is 
inversely proportional to the half-power width of the radar antenna 
beam. Antenna stabilization is a virtual necessity for narrow-beam 
shipborne radars and a great help for airborne radars with narrow beam-
widths. In the latter case the added weight may be a serious factor.1 

Polarization.—Beacon antennas can be made with either horizontal 
or vertical polarization. The choice can be made for any radar set, 
therefore, on the basis of optimum conditions for the radar function 
alone. As we have seen in Chap. 3, nulls give less trouble with vertical 
than with horizontal polarization. 

However, all types of radar which are to operate with any one type 
of beacon must have the same direction of polarization, because cross 
polarization produces a large loss. Beacon antennas have been made 
with circular polarization, but such antennas necessarily involve a loss in 
signal strength of 3 db when used with plane-polarized radar sets. 
Vertically-polarized single-element beacon antennas for installation on 
aircraft are often considerably more compact than horizontally polarized 
antennas intended for aircraft use, so ground or shipborne radars for use 
with airborne beacons are preferably polarized vertically. 

Certain automatic-following radars have used an off-axis rotating 
dipole as the antenna feed for lobe switching. This supplies continuous 
information for radar search because the cross section of most targets 
does not vary greatly with polarization. For linearly polarized beacon 

1 For a discussion of antenna stabilization, refer to Radar Scanners and Radomea, 
Vol. 26, Chaps. 4 and 7, Radiation Laboratory Series. 
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F I G . 17-6.—Crossover point of 
lobe-switched antenna. A and B 
are the directions of the main lobe 
of the antenna pattern in its two 
extreme positions. The length of 
a vector from 0 to any point on 
either curve is proportional to the 
power radiated in that direction. 
The crossover point C of the two 
lobes is, in this case, at about 75 
per cent of maximum power in the 
directions OA or OB. 

antennas, however, the signal strength varies as the square of the cosine 
of the angle between the plane of polarization of the beacon and that of 
the radar. A nutating eccentric antenna feed which maintains the plane 
of polarization constant has been developed and should be more satis
factory with beacons because it will give 
continuous interrogation and more nearly 
constant reply signals. 

Crossover Point.—Antenna lobe switch
ing is frequently employed in radars 
designed for getting accurate angular 
information. The crossover point of the 
two lobes must be selected for best opera
tion, especially with automatic-tracking 
sets like the SCR-584 (see Fig. 17-6). 
Suppose, for example, that it is desirable 
to have the received signal strength from 
a target in the direction OC of the an
tenna axis 50 per cent of the received 
signal strength when the target lies along OA or OB. For tracking by 
radar echoes, the crossover point must then be set at 70.7 per cent. The 
target on the axis will then be illuminated with 70.7 per cent of the maxi
mum energy, and the return signal will be reduced by 70.7 per cent, a 
total reduction of 50 per cent. When tracking a beacon, however, the 
crossover point must be set at 50 per cent. The strength of the beacon 

signal is independent of the strength of the 
interrogation pulse, as long as it is above the 
threshold for triggering; the lobe-switching dis
crimination enters only into the receiving link. 
I t may be necessary, therefore, to use antennas 
with different crossover points for best operation 
with beacons and radar echoes. 

17-6. Dispersion or "Squint."—The direction 
of the beam from a linear array varies with 
frequency. For this reason, an error will be made 
in determining azimuth by radars that have 
linear arrays as antennas or antenna feeds, if the 

frequency of the beacon replies differs from that of radar echoes. This 
error is sometimes called "squint." A method of computing it is 
described below. 

In Fig. 17-7, A and B are two successive elements of a linear array, 
with separation S. The arrows indicate the direction of the wave normal. 
The wavcfront AC will make the angle 6 with AB and the phase at A 
and C is the same. Let us assume that A and B are dipole elements in 

FIG. 17-7.—Elements of a 
linear-array antenna. 
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a waveguide in which the wave travels from A to B, and that theii 
phases are opposite. 

Let X and X„ be the free-space wavelength and guide wavelength, 
respectively, and Xo and X„ be the values of the same quantities at the 
frequency for which the antenna is designed. Then if S = \ / 2 , the 
phase at A and B is the same, 0 = 0 , and the wave normal is perpen
dicular to the array at the design frequency. 

At any other frequency, X y^ Xo, and the condition for equality of 
phase at A and C is 

5 Ss in 0 _ 1 
X0

 + X ~ 2' 
from which 

Using the relation 

sin 0 

X„ = FWT 
where Xc is the critical guide wavelength, we have also 

•"[-©T 
and introducing a new variable I = X/X0 and a constant lc = Xo/Xc, we 
have 

sin 6 = 1(1 - l*)» - (1 - I2®*. 

Differentiating with respect to I, 

cos 8%l = (1 - PJ>* + m 
dl v HJ r (1 - ppc)» 

When X « Xo, I « 1, cos 6 ~ 1, and the above reduces to 

de l 
dl (1 - /»)* near 0 = 0. (1) 

For commonly used rectangular guide, lc = X0/Xc = 0.7, and d9/dl = 1.4. 
For a change 5Z = 0.01, this gives 50 = 0.014 radian = 0.8°. Hence, 
if beacon and radar signals are presented simultaneously, there 
will be a relative azimuth error of 0.8° for a 1 per cent difference in 
frequency. If a coaxial-line array is used instead of waveguide, Eq. (1) 
reduces to d8/dl = 1, and the shift is correspondingly smaller. 
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In electrical scanning waveguide arrays in which the scanning is 
accomplished by varying the width of the guide, the azimuth error due 
to off-frequency response varies with the azimuth, being a minimum on 
one side of the forward direction and a maximum at the other extreme 
where the guide wavelength is very large. I t appears to be impractical 
to get beacon azimuth information from such a system unless the beacon 
frequency happens to be very close to that of the radar transmitter. 

When space and weight are not of primary consideration, as in heavy 
ground radar sets, the azimuth error due to off-frequency reply can be 
eliminated by using a separate beacon receiving antenna which can be 
aligned independently of the radar antenna. 

INDICATORS 

17-7. Sweep Speed and Code Legibility.—Range coding (see Sec. 
5-12) has been used widely as a means of beacon identification. Several 
conditions must be fulfilled if this type of code is to be identified readily 
on a cathode-ray-tube display. First, if several different pulse spacings 
are employed, they must be sufficiently different so that the observer can 
distinguish between them quickly. Common practice has been to 
restrict the number of different spaces to two, the ratio of the longer to 
the shorter having a value of about 2.5. This makes it possible to identify 
a code group by means of the relative spacing alone, provided that neither 
codes with long spaces only, nor those with short spaces only, are used. 
If a greater variety of spaces is used, means must be provided on the 
radar indicator for measuring the intervals. 

The code must be recognizable on the slowest sweep; thus allowing 
a reasonable safety factor, the smallest code space must be at least twice 
the minimum spot size when the cathode-ray tube is focused carefully. 
For example, for a 5-in.-diameter PPI tube, the minimum spot diameter 
is about 0.016 in. If the shortest code space is 1 nautical mile, then it 

will be resolved clearly on a sweep of . . . . . = 3 1 nautical miles per 

inch. Long ranges may be measured by means of delayed sweeps, thus 
avoiding the need for very slow sweeps. 

The code cannot be identified unless the whole code is visible on the 
cathode-ray tube. For example, a fast sweep of 1 mile /in. may be desired 
for accurate ranging, while a six-pip beacon code may extend over 10 miles. 
Alternative solutions are to switch to a slow sweep for purposes of identi
fication, or to provide a separate indicator with a slow sweep. The latter 
is done in the SCR-584, in which tracking is done on a 1-mile sweep 
J-scope and identification on a 16-mile J-scope or a PPI with 50- or 100-
mile sweeps. 
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17-8. Signal Intensity.—The following remarks apply to intensity-
modulated indicators and particularly to airborne search radars. A 
number of factors influence the intensity of beacon signals which are 
considerably above noise level, without greatly changing the minimum 
signal strength which can be detected. An intense signal is desirable 
because it is less tiring to detect and observe it. 

I t has been found that the optimum video level for beacon reception 
is frequently higher than that for search operation. In the latter case, a 
fixed low video level makes it possible to see weak signals close to strong 
signals, thus giving maximum discrimination in land painting. In 
beacon reception, since all pips of a beacon code have the same intensity, 

2nd det. 
6AC7 

1st. video 
stage 
6AC7 

F I G . 17-8.- -Video-stretching circuit. The switch S, when open, inserts the 60-k resisto 
which increases the discharge time of the 20-/z^f condenser. 

the i-f gain control can be used to reduce signal strength if "blooming" 
causes loss of definition. 

Each individual pip of a code is formed on the indicator tube by a 
number of pulses, occurring on successive sweeps. In order to take 
maximum advantage of the build-up on a screen that gives a persistent 
image, these pulses should overlap. That is, the displacement of the spot 
corresponding to the angular rotation of the scanner between successive 
sweeps should be less than the diameter of the spot of the cathode-ray 
beam. For a PPI indicator, this requires 

nvDS 
AT 

< d 

where S is the number of scans per second over the beacon, D the useful 
diameter of the tube face, N is the repetition rate, and d is the diameter 
of the spot. For a given diameter of tube and repetition rate, then, the 
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signal intensity will be higher if <S is made small enough to satisfy this 
relation. 

Another method of increasing signal intensity is known as video 
stretching, which is discussed in Sec. 2-8. Suppose a range sweep of 40 
nautical miles/in. is used on a PPI tube, the minimum spot diameter 
being 0.016 in. at sharpest focus. If the duration of the pulse from the 
beacon is 0.5 jusec, this is equivalent to 0.001 in. on the screen, so the actual 
length of the signal on the screen is determined almost entirely by the 
spot size. Figure 17-8 shows a modification made on a standard airborne 
radar receiver to introduce video stretching. A resistor Ri is added in 
the plate circuit of the second detector. The slope of the leading edge 
of an incoming signal is unaltered, but the trailing edge is considerably 
extended by lengthening the time constant for discharge of condenser C\. 
This increases the effective length of an incoming 0.5 ;tsec pulse by a 
factor of approximately 5. There is little loss in signal definition, which 
is still largely determined by the spot size, but the intensity is increased 
considerably. There is no gain in signal-to-noise ratio because noise is 
also stretched in the same way. 

17-9. Range Accuracy: Correction for Beacon Delay.—All beacons 
return their first signal after a slight delay corresponding to the time 
required for the pulse to actuate their various circuits. In particular, a 
beacon which incorporates pulse-width discrimination, accepting pulses 
only if they are longer than r ^sec, must obviously have a minimum delay 
greater than this. Representative figures for the total delay range from 
1 to 5 /isec. Variations in delay range from +0.5 to ±0.1 /xsec. 

Aside from this inherent delay, the accuracy with which a radar can 
measure ranges to a beacon is determined by the ranging circuit and the 
indicator display. The delay in the beacon, assuming that it is constant, 
can be allowed for by incorporating a delay in the starting of the radar 
range sweep. This is best done by adding an accurate fixed delay in 
the radar sweep, and using a delay " t r immer" in each beacon to permit 
adjustment to the standard value. The delay in the range sweep should 
be connected to the search-beacon switch, so as to be out of the circuit 
on search operation. However, in systems having dual presentation, in 
which both radar and beacon signals are displayed on the indicator 
simultaneously, it is necessary to introduce a delay both in the video 
channel of the search receiver and in the range sweep, so that both radar 
echoes and beacon signals will be accurately registered in range. The 
required delays are small enough to be achieved with delay lines; these 
must have adequate bandwidth. 

On a J-scope indicator with 1-mile circular sweep, used in some accu
rate ranging radars, a range setting to 0.1 Msec (50 ft) or better is easily 
possible. Allowing for a ±0.1-Msec delay variation in the beacon, maxi-
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mum range errors of 100 ft or less are easily attained with precision 
range circuits. In the case of intensity-modulated presentation, setting 
errors are slightly greater; the "edge" of a signal is slightly less well 
denned, even on an expanded scale. Expansion of the scale is worth 
while up to the point at which the width of the pulse on the indicator 
is considerably greater than the size of the spot. 

F I G . 17-9.—Split azimuth presentation. The sweep length is 12 miles. The sweep for 
the azimuth sector containing the beacon whose code is 3-1 is delayed 114 miles. The sweep 
for the other beacon (code 1-3) is delayed 74 miles. Precise range measurements on both 
beacons are thus made possible at the same time. 

17-10. Split Azimuth Presentation.—In an //-system of navigation, 
the distances to two beacons at known locations are measured by a radar 
in order to obtain a fix. With PPI presentation, range delays must be 
introduced in order to get an expanded scale. In order to see two beacons 
at different ranges, so-called "split presentation" has been used. Azi
muth switches, the positions of which can be varied, are used on the PPI 
to switch between independently variable accurate delays in two sectors. 
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For example, suppose the positions of two beacons are 87 miles at 90° 
and 133 miles at 210°. The azimuth switches might be set to switch at 
150° and 300°, with delays of 85 and 130 miles in the two sectors. Then 
on a 5-mile delayed sweep, the beacons would appear at 2 and 3 miles, 
respectively, and ranges could be measured much more accurately than 
on a long common sweep. Figure 17-9 shows such a split, delayed 
presentation. 

F I G . 17-10.—Simultaneous beacon-radar P P I presentation on AN/APS-10. The 
beacon (code 2-1-1) at 21 miles, 145°, is the South Weymouth, Mass., 3-cm installation. 
The radar presentation shows the coast line near Plymouth, llange circles are at 10-mile 
intervals. 

Independent vs. Dual Presentation-—In the earlier beacon-radar 
systems, a function switch gave either radar or beacon signals on the 
indicator. I t was early realized that in many situations it would be advan
tageous to have both on the screen simultaneously. Consider, for exam
ple, an aircraft navigating cross-country by radar, looking for an airport 
near a city. The city and its surroundings show up on radar in many 
cases as a confused mass of signals. If there is a beacon at the airport, 
the operator can switch to beacon operation and home on it, but he then 
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loses the benefit of radar. With both together on the screen, the beacon 
signal clearly locates the airport with respect to the radar map of the 
city. Or again, a plane may be homing on a beacon from a great dis
tance, yet wish to use its radar to navigate around storms or to warn of 
approaching aircraft or mountain tops. Figure 17-10 illustrates simul
taneous beacon-radar reception on an airborne radar set. 

F I G . 17-11.—Simultaneous beacon-radar PPI presentation on a 10-em ground radar 
set. An airborne beacon (code 2-1) is seen at 20 miles. Range circles are at 10-mile 
intervals. 

Several methods have been suggested for obtaining dual presentation. 
If a single receiver is used for both search and beacon, it is practical to 
switch from beacon to search on alternate scans (as in Fig. 17-10), pro
vided the scanning rate is neither too fast nor too slow. Another 
suggestion is a much more rapid switch, either on alternate pulses or on 
alternate groups of pulses. Both systems involve some presentation 
loss on both radar and beacon. 
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When weight, space, and complexity permit, the best solution 
involves separate receivers for beacon and search functions, with mixing 
after the video amplifier (Sec. 17-3). In this manner, selector-switch 
choice of search only, beacon only, or search and beacon simultaneously 
is available. The greatest benefits of this flexibility are realized with 
multitone presentation. For example, the beacon video-output signal 

F I G . 17-12.—Radar presentation alone (same as in Fig. 1711). 

may be limited at a value 50 per cent above that of the search receiver. 
Beacon signals will then be clearly distinguishable even if superimposed 
directly on search signals. 

Figures 17-11, 17-12, and 17-13 illustrate dual presentation of an 
airborne beacon on a ground radar set. Figure 17-12 shows the ground 
echo pattern. Figure 17-11 illustrates dual presentation, with the signal 
from an airborne beacon in among the permanent ground echoes on the 
screen of a ground radar. Two-tone presentation was not used; the 
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beacon signal is, therefore, not easily picked out. Figure 17 13, a photo
graph taken shortly after Fig. 17-11, shows the same beacon at a slightly 

FIG. 17-13.—Beacon presentation alone. This picture, taken slightly later than Fig. 17-11, 
shows the beacon further away. 

greater range, with the radar echo receiver turned off. All but the 
closest ground signals have disappeared. 



CHAPTER 18 

THE DESIGN OF INTERROGATOR-RESPONSORS 

BY G. O. HALL AND M. D. O ' D A Y , WITH CONTBIBUTIONS BY J. R. LIEN 

All interrogator-responsors include antenna systems, drivers, modula
tors, transmitters, and receivers, the design of which is determined 
largely by the specific application intended for the device. In some 
cases it is necessary to add other elements, such as coordination circuits 
and indicators. Figure 18-1 shows a block diagram of a typical inter-
rogator-responsor; only those components common to all units of this 
type are indicated. The similarity to a radar is evident. If the trans
mitting and receiving frequencies are the same, and if ranging circuits 
and an indicator are included, the 

Transmitter 

Modulator Receiver ■ Video 
output 

interrogator-responsor is a radar. 
The various circumstances un

der which radar sets are used as 
interrogators and under which 
interrogator-responsors are used 
alone or in conjunction with radar 
sets have been discussed in Part I. 

Several practical considera
tions often make an interrogator-
responsor quite different from a 
radar. The element of expense 
may be important; interrogator-
responsors will often be less ex
pensive than radar sets. Because one-way transmission is involved, the 
power of the interrogator can be less than that of a radar transmitter. 
For the same reason, the transmitter of the beacon can be designed so 
that the responsor can be rather simple. 

Driver ■ Synchronizing pulse 

F I G . 18-1.—Block diagram of a typical 
interrogator-responsor. 

INTERROGATOR-RESPONSOR USED ALONE 
FOR RANGE-ONLY INFORMATION 

Since applications of operation of this type usually demand precise 
ranging, reduction of system delays and methods for accurate measure
ment of range are prime design considerations. Accuracies greater than 
±20 yd (±0.12 jusec) are required in many cases. Unless both the 

385 
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interrogator-responsor unit and the beacon are integrated in design to 
reduce over-all errors to a minimum, such accuracy is impossible. 

18-1. Antenna.—Because no azimuth information is desired, the 
antenna can be stationary with an omnidirectional azimuth pattern. 
The improvement in signal-to-noise ratio obtainable with a directional 
array should be considered, however, as many applications will permit 
some directivity of the antenna without sacrificing the general flexibility 
of the system. Even if an omnidirectional azimuth pattern is needed, 
appreciable gain in the vertical radiation pattern may still be desirable. 
For applications such as the establishment of an accurate baseline in 
surveying, the direction of the interrogated beacon is known at least 
approximately and the azimuth pattern can be narrowed to give improved 
performance. The choice between a single antenna or separate antennas 
for transmitting and receiving depends upon specific design character
istics—in particular the power, the frequency, and the relative advantages 
of duplexing and using separate antennas. 

18-2. The Interrogator. Modulator.—The modulator for the inter
rogator-responsor must supply output pulses with steep leading edges. 
A rapid rise of the modulator output pulse is essential not only for reduc
ing fixed system delay but also for reducing the variation in delay 
introduced by replacing oscillator tubes. Because a minimum potential 
must be applied to an oscillator tube before it will oscillate, a slow rise of 
the pulse will delay the start of oscillations. A slight difference in the 
characteristics of replacement tubes will alter the threshold potential and 
cause variation in delay if the applied voltage pulse rises slowly. 

Plate- or cathode-pulsing of triode oscillator tubes is preferable to 
grid pulsing because grid pulsing introduces greater delays and variation 
of delays with change of tubes. 

Transmitter.—Frequency stability and power output are important. 
Delay also depends on frequency stability. The beacon receiving the 
interrogations has a certain receiver pass band; some threshold value of 
voltage delivered by the receiver is required before the transmitter will 
be triggered. Should the interrogating r-f pulse be off frequency, the 
beacon receiver will have lower sensitivity and the r-f interrogation will 
have to reach a higher amplitude before sufficient receiver output is 
obtained. Inasmuch as every r-f interrogation and every video signal 
from a receiver will have a sloping leading edge, frequency shift will 
result in increased delay in the reply. 

Furthermore, the signal level of the system should be high so that r-f 
pulses of large amplitude will reach the beacon receiver. If the signal 
is well above the level necessary for triggering the beacon, delay varia
tions will be at a minimum. High signal level will also decrease the 
variation in delay resulting from shift of frequency. 
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Synchronization.—Synchronization and methods for measuring range 
accurately must receive careful consideration in design. A crystal 
oscillator is the usual basic timing device used for high precision; opera
tional accuracies of +50 ft are obtained. With careful design and 
calibration, the errors can be reduced to less than + 10 ft. 

Two types of crystal-oscillator-controlled ranging circuits are used 
with interrogator-rcsponsors.' In one type the frequency of the crystal 
oscillator is divided by means of blocking-oscillator dividers to provide 
accurately spaced timing pulses that are used to synchronize the trans
mitter and indicator circuits. The time interval between pulses is too 
great-for direct use for accurate range measurement; calibrated vernier 
delay circuits such as phantastrons or delay multivibrators are utilized 
to interpolate between timing pulses. 

The other system utilizes sine-wave frequency division and calibrated 
phase shifters to vary the time relation of selected cycles of the crystal-
oscillator output. The phase-shifting type of circuit is generally more 
accurate but is more complex and heavier. Selection of the synchronizing 
and ranging circuit to be employed will depend upon the accuracy 
demanded of the system and the limitations on space and weight. 

18-3. The Responsor. Receiver.—A receiver with constant delay and 
minimum distortion is a necessity for accurate range measurement. The 
distortion and variation in delay inherent in a superregenerative receiver 
preclude its use for this application. Tuned radio frequency and super
heterodyne receivers have suitable characteristics if properly designed. 
In order to reproduce the envelope of the received pulse, adequate i-f 
and video bandwidths must be provided. The frequency of operation 
will be an important factor in the choice of receiver type. 

Indicator.—The indication should be such as to make accurate 
ranging easy. Since no azimuth information is required, deflection-
modulated presentations such as type A or J are employed. In order 
to obtain an accurate range measurement, the final determination of range 
is performed on an expanded presentation. For high accuracy the 
expanded sweep speed should be about 1 in. per 1000 ft. 

I t is necessary that this expanded sweep cover the period of time 
during which the beacon reply is received. This can be accomplished 
either by advancing the time of the transmitted pulse or by delaying 
the start of the sweep with respect to the sine wave from the crystal 
oscillator. For example, if a beacon reply is being received at a range 
of 101 miles and the expanded sweep is 2 miles long, the reply will be 
visible on the scope if the transmitted pulse is advanced a time equivalent 
to 100 miles or if the sweep start is delayed by 100 miles. 

1 For details of these systems see Electronic Instruments, Vol. 21, Sees. 6-4, 6-5, 
6-9, 7-4, and 711 through 716, Radiation Laboratory Series. 
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If the transmission of intelligence along with the beacon interroga
tions is required, the modulation circuits can be modified by the methods 
outlined in Chap. 11. 

For some applications, it may be desirable to have a common location 
for both an interrogator-responsor and a beacon. In this event, the 
units can be consolidated to save space, weight, and cost. 

Other Display Methods.—A simplification of the equipment is possible 
by eliminating the cathode-ray tube and using a lamp, meter, or "magic-

Lamp 
Super-

regenerative 
receiver 

Level 
adjuster 

Sensitizing -
pulse 

Biased 
multivibrator-

_n_ 

_n_ _n_ 
Biased 

multivibrator 

Delay 
adjuster 

Delay 
multivibrator 

Delay 
multivibrator-

output 

Modulating 
trigger 

_TL J 1 _ 
Trigger 

from 
modulator 

F I G . 18-2.—A simple superregenerative responsor. A lamp display is used; the lamp 
lights only when the response appears at a range included within the short sensitizing 
gate. 

eye" tube. Such circuits permit the display of only one beacon response 
at a time. 

A simple responsor using a lamp to locate a beacon in range is shown 
in Fig. 18-2. The superregenerative receiver is biased to a point at 
which it is insensitive to incoming replies. A sensitizing pulse overcomes 
this bias and thus makes the receiver sensitive for the duration of the 
pulse. If a reply is received during the sensitizing pulse, the superre
generative tube will oscillate and plate current will flow through the lamp 
in its cathode. Each time an interrogating pulse is transmitted, the 
synchronizing pulse triggers a delay multivibrator, which in turn triggers 
a delayed sensitizing pulse. The length of the delay is determined by 



SEC. 18 5] ANTENNA 389 

the position of a calibrated range dial. A switch is employed to change 
the constants of the multivibrator so that there is produced a long sen
sitizing pulse for searching (this waveform is not shown in the diagram) 
for beacons. This pulse extends from the end of the synchronizing pulse 
for a time sufficient to sensitize the receiver for the maximum operating 
range of the system. In order to secure proper sensitivity for the 
receiver, the output pulses from the delay multivibrator are adjusted in 
amplitude by the level-adjusting circuit, which can be a clipping diode 
or a voltage-dividing potentiometer. 

Operation of the equipment is rather simple. With the receiver 
tuned to the proper frequency and the switch on "range," the sensitivity 
control is adjusted until the lamp is on the threshold of operation on 
noise. The range dial is oscillated back and forth to make certain that 
this adjustment is not being made while a reply pulse is present in 
coincidence with the sensitizing pulse. The switch is then thrown to 
"search" to produce the long sensitizing pulse and the antenna is rotated 
until the lamp lights and thereby indicates that a beacon has been 
received. The switch is then thrown to " range" and the range dial is 
rotated until the lamp lights. Range is read directly from the calibrated 
range dial. 

18-4. Combined Interrogator-responsor-beacon.—In lightweight 
range-only systems, it is possible and economical to design the system so 
that the same equipment can be used as either an interrogator-responsor 
or as a beacon simply by throwing a switch. The equality of transmitter 
powers and receiver sensitivity thereby attained assures a balanced 
system. Lightweight systems of the kind, weighing less than 25 lb, 
have been built for ground-to-ground use in surveying. 

INTERROGATOR-RESPONSOR USED ALONE FOR RANGE 
AND AZIMUTH INFORMATION 

Present applications for operation of this type do not demand accu
racies in ranging comparable to the accuracies demanded of interrogator-
responsors for range-only information. The less rigorous requirements 
allow simplification of the design with resulting economy. 

18-6. Antenna.—The direction of a beacon being interrogated can 
be determined by the use of a single directional antenna or by lobe 
switching. The choice of the antenna system will depend upon fre
quency, allowable weight and size, azimuth accuracy demanded, and 
any special design characteristics imposed by the application. In 
general, lobe switching will give greater azimuth accuracy than a single 
directive antenna of the same beamwidth. 

For ground or mobile installations, the antenna must be rotatable, 
with suitable azimuth-indicating equipment to show the direction in 
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Longitudinal 
axis of plane 

which the array is pointing. On aircraft, the antennas may be fixed 
and the aircraft rotated to alter the directions in which the array is 
pointing. Azimuth information can then be obtained from the aircraft 
compass, and special azimuth-indicating equipment will not be needed. 
A fixed antenna array pointing dead ahead reduces the weight, complexity, 
and cost of the system. 

If the frequency is low, an array producing a narrow beam will have 
large physical dimensions; such an array is permissi
ble for most ground installations but impractical for 
airborne equipment. When the frequency is high, 
a suitable directive antenna for aircraft is generally 
of moderate size and the use of lobe switching or 
two antennas is not required unless extreme accuracy 
of azimuth is required. 

Lobe-switching Systems.—One airborne system, 
operating at the comparatively low frequency of 200 
Mc/sec, avoids the large size of a single highly 
directional antenna by using two small directional 
antennas. The two antennas are attached rigidly 
to the aircraft and so oriented that the antenna 
radiation patterns overlap with the line of equal 
signal strength coincident with the longitudinal axis 
of the plane, as shown in Fig. 18-3. Transmission 
and reception are alternated between the two 
antennas at about 15 cps by means of a motor-
driven switching unit. Azimuth accuracy is about 
+ 3° for 45° half-power widths. 

Airborne lobe-switching systems with fixed antennas suffer from one 
serious defect, however. In the presence of cross wind, the ground 
track of the aircraft is not along the direction of the aircraft heading. 
In homing, the object of the aircraft navigator is, of course, to find a 
heading such that the ground track of the aircraft will pass through the 
beacon. If the heading of the aircraft differs from the ground track, 
which is the case when any component of the wind exists at right angles 
to the ground track, the two pips obtained by lobe switching will not be 
equal in amplitude when the aircraft has the correct ground track. 

Figure 18-4a shows the appearance of the L-scope when the aircraft 
has the heading that will make its ground track pass through the beacon. 
Figure 18-46 shows what happens if the navigator flies a course such that 
the two deflections are equal. If the plane is continually oriented to keep 
the deflections equal, the course flown will be a spiral of continuously 
decreasing radius of curvature. Homing under these circumstances is 
difficult, and sometimes impossible. 

F I G . 18-3.—Direc
tion-finding by lobe-
switching in an air
borne interrogator. 
The two overlapping 
a n t e n n a r a d i a t i o n 
patterns have equal 
intensities only in one 
direction, usually the 
longitudinal axis of 
the plane. 
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The difficulty can be cured either by the use of suitable procedures of 
navigation or by the use of a movable antenna system, as shown in Fig. 
184c. Suitable navigational procedure with fixed antennas requires 
the navigator to find and keep a heading at which the deflections are 

oBeacon o Beacon 

Aircraft 
heading 

° Beacon 

Aircraft 
heading 

F I G . 18-4.—The effect of cross wind on homing with airborne lobe-switched antennas. 
In (a) the unequal deflections, resulting when the aircraft heading differs from the ground 
track, are shown. In (b) is shown the ground track resulting from an at tempt to home by 
matching pips. A cure for this difficulty, the installation of movable lobe-switched anten
nas, gives the result shown in (c), where the antennas are displaced through the drift 
angle. In case (c) alone is homing by pip matching possible. 

unequal, but their ratio remains constant, as shown in Fig. 18-4a. This 
is difficult in practice. A movable-antenna system permits the use of 
equal deflections to give the proper heading, as in Fig. 18-4c. In this 
case, the navigator rotates the movable array through an angle equal to 
the drift angle. The proper course is then indicated by equal deflections 
on the scope. 
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Although movable antennas are more complicated and more difficult 
to install than fixed antennas, satisfactory homing under conditions of 
strong cross wind is almost impossible without them. In addition, 
movable antennas make it possible to obtain fixes in range and azimuth 
on other beacons off course. The best solution available is, of course, 
the use of a rotating microwave antenna which gives a map display. 

18-6. Interrogator. Modulator.—Because only moderate range accu
racy is required, the shape of the r-f interrogating pulse is not critical. 
Any one of a wide variety of modulation methods may be employed. 
Inasmuch as a constant pulse-repetition frequency is not essential, a 
simple and economical method for modulation is self-pulsing of the oscil
lator. Figure 18-5 shows the basic elements of a self-pulsed oscillator1 

with accompanying grid and cathode waveforms. 
Each time the tube oscillates, the plate current produces a voltage 

drop across the cathode resistor Rk, and synchronizing pulses are obtained 

Synchronizing 
pulses envelope 

L_n n 
Fio. 18-5.- -Self-pulsed oscillator. RffCff determines the repetition period. 

not square, but decrease in amplitude. 
The pulses are 

as shown by the cathode voltage waveform. The condenser C* is of 
small size so that it will bypass the r-f. The r-f pulses produced by a 
self-pulsed oscillator are more or less rounded in shape, but provide 
leading edges accurate enough for most applications. The r-f components 
are omitted from Fig. 18-5 because any triode oscillator can be self-pulsed 
in this way. 

More power output can be obtained from the triode oscillator if it is 
plate-pulsed; most triodes will operate with about 50 per cent higher 
plate voltage when plate-pulsed than when grid-pulsed. The addition 
of another tube operating as a free-running blocking oscillator with 
pulse-transformer output can be used to provide plate-modulation pulses 
for the oscillator, as shown in Fig. 18-6. The pulse transformer in the 
plate of the blocking oscillator can often have a stepup ratio and thus 
reduce the high-voltage requirement. The grid condenser and resistor, 
C„ and Rg, determine the pulse-repetition frequency and pulse width for 
the system in the same way as for the self-pulsed oscillator. The require-

1 Such an oscillator is sometimes called a "squegging" oscillator. 
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ment that the blocking oscillator tube handle both the power necessary 
for the triode oscillator and the power for supplying its own losses must be 
taken into consideration in selecting a tube for this purpose. With a 
good pulse transformer, the shape of the r-f output pulses will be better 
than those delivered by a self-pulsed oscillator. Synchronizing pulses 
for the indicator equipment can be obtained from a resistor placed either 
in the blocking oscillator or in the r-f oscillator cathode. 

Transmitter.—The r-f oscillator must be stable in frequency and pro
vide adequate power output. The required range of operation and 
characteristics of the beacons to be interrogated will determine the degree 
of frequency stability required and the power output needed. The pass 

F I G . 18-6.—Simple blocking-oscillator modulator. 

band of the beacon receiver will determine the frequency deviation 
allowable for a given power in the interrogating pulses. The power 
output from the interrogator should be sufficient to trigger a beacon 
consistently at the maximum range required for the system. 

18-7. Responsor. Receiver.—The receiver may be of any type 
suitable for reception of pulses. Its sensitivity will be dictated by the 
signal voltage obtained from a beacon at the maximum range of the 
system. When high range accuracy is not required, the receiver may be 
very simple. 

The superregenerative receiver is a simple, low-cost receiver suitable 
for many applications. Gains of the order of 106 can be obtained by a 
single stage; its comparatively small size and light weight make it 
particularly desirable for airborne installations. 

Indicator.—Either an A-scope or an L-scope, depending upon the 
method for obtaining directivity with the antennas, is suitable for 
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displaying the beacon replies. For a low-cost system, the expense of a 
cathode-ray tube and its associated circuits can be avoided by the 
use of a range-gated indicating device, such as a bell, lamp, or meter 
(as described in Sec. 18-3) with, however, the corresponding sacrifice 
of the ability to see more than one beacon at a time. 

Some applications for interrogator-responsors may demand that 
communications be transmitted along with or by the interrogating pulses. 
This is discussed in Chap. 11. 

RANGE-ONLY INTERROGATOR-RESPONSORS USED WITH RADARS 

I t is often desirable to display beacon replies and radar echoes on the 
same indicator in order to associate a specific beacon reply with the 
radar echo from a particular ship or plane. Since a beacon system replies 
on a fixed frequency and radars may operate over a wide range of fre
quencies, an interrogator-responsor may be employed to challenge the 
beacons if the system is to be used with many different radars. 

To simplify the interrogator-responsor, an omnidirectional antenna 
may be utilized. Because the correlation between beacon replies and 
radar echoes is by range only when an omnidirectional antenna is used, 
it is essential that there be sufficient difference in range of radar echoes to 
resolve any ambiguity. For example, three radar echoes and a beacon 
reply might appear at the same range and it would be impossible to 
decide which of the echoes should be associated with the beacon. If the 
echoes represent three airplanes, however, their ranges will change in 
a comparatively short time; the beacon-carrying plane can then be 
identified. 

18-8. Synchronization.—All interrogator-responsors that work with 
radars must have circuits that coordinate the information coming from 
the radar to the interrogator-responsor, and vice-versa. The first func
tion of such a circuit is to accept synchronizing pulses from the radar 
for triggering the signals from the interrogator. The pulse-repetition 
frequency of the interrogator should be held under 500 cps to minimize 
over interrogation of the beacons. Consequently, the synchronizing 
network incorporates circuits to prevent the interrogation rate from 
exceeding 500 cps, while at the same time it synchronizes the interroga
tions with individual radar pulses. This is accomplished by circuits 
that prevent the interrogator from accepting pulses from the radar for a 
given dead time after it has accepted a synchronizing pulse. Blocking 
oscillators, step chargers, and multivibrators have been used for this 
purpose. 

As an example, it is supposed that a blocking oscillator that cannot be 
retriggered for 2400 /xsec after it has once fired is employed. I t is assumed 
also that this system is used with a radar set that has a repetition rate 
of 2000 pulses per second. The synchronizing pulses from this radar 
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occur at intervals of 500 /isec. Once the blocking oscillator has fired, 
the next four pulses occur during the dead time but the fifth pulse (at 
2500 itsec) arrives after the dead time and will trigger the blocking 
oscillator again. Thus, the interrogator will send out pulses synchronized 
with every fifth pulse from the radar, that is, 400 pulses per second. In 
this system the pulse-repetition frequency of the interrogator-responsor 
will vary with the pulse-repetition frequency of the radar. If the radar 
has a pulse-repetition frequency less than the reciprocal of the dead time, 
(416.7 pulses per second in our example), the radar and interrogator-
responsor will transmit at the same pulse-repetition frequency. If the 
radar pulse-repetition frequency exceeds the reciprocal of the dead time, 
the circuit will divide the pulse-repetition frequency of the radar by some 
integer. At a radar pulse-repetition frequency of 500 cps, for example, 
it will divide by two. 

If it is necessary for the beacon reply to occur at exactly the same 
range as the radar echo from the beacon-carrying plane or ship, the 
coordination circuit must compensate for the delays inherent in modu
lators, synchronizing circuits, and beacons. If the synchronizing pulse is 
simultaneous with the radar output pulse, there will be a delay in the 
synchronizing and interrogator circuits of 0.5 to 4 jusec, depending upon 
the circuits involved. This delay, plus the delay in the beacon, must 
be taken into account to achieve range coincidence between echoes and 
beacon replies. I t is often possible to obtain a prepulse from the radar 
synchronizer and thus to compensate for the delay by giving the inter
rogator-responsor system extra time. If a prepulse is not available, 
the beacon replies can be displayed on a delayed sweep to obtain range 
coincidence, or the radar display can be delayed by the same amount. 
The use of a delayed sweep requires that the radar and responsor share 
time on the radar indicator. I t can be seen that the use of a prepulse or a 
delayed radar display is simpler and more satisfactory and should be 
adopted whenever possible. In some cases it may be desirable to have 
a definite delay between radar echoes and beacon replies. This delay 
can be incorporated in the coordination circuits. 

If the interrogator-responsor is located near a beacon of the same type 
that it challenges, it may be required to supply a suppression pulse to 
this beacon to prevent it from replying. 

18-9. Interrogator. Transmitter.—It is usually desirable to have the 
range of the interrogator-responsor-beacon system greater than the radar 
range so that beacon replies will be received from beacon-carrying 
targets at greater ranges than those at which they are detected by the 
radar. The interrogator power and responsor sensitivity, therefore, 
must be determined on the basis of maximum range requirements. The 
required interrogator power and responsor sensitivity may be calculated 
from the considerations of Chap. 2. 
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Modulator.—If the pulse-repetition frequency of the interrogator-
responsor is fairly constant, a simple gas-filled tube modulator is very 
satisfactory. Modulation that makes plate pulsing possible is preferable. 
For frequencies below 500 Mc/sec, it usually is possible to attain an 
oscillator plate efficiency greater than 20 per cent. The pulse power of 
the modulator can usually be calculated on this basis. 

18-10. Responsor. Receiver.—Both superheterodyne and superre-
generative receivers have been used for this application. A well-
designed superheterodyne receiver with adequate over-all bandwidth 
will reproduce faithfully the pulses received from beacons. The super-
regenerative receiver, however, has advantages of light weight and lower 
cost which may, in some cases, outweigh its inferior performance. I t 
has been used extensively in airborne interrogator-responsors. 

If the output of the responsor is connected to the radar indicator 
at all times, the responsor must be made inoperative except for the 
sweep period after each interrogation so that interference from it will 
not be displayed continuously on the radar screen. If a superregenera-
tive receiver is used, it must be suppressed in this way even if 
it is not continuously connected to the radar indicator. Otherwise, 
radiation from the receiver can enter the radar and might produce 
interference. 

Indicator.—The use of the radar indicator for combined display of 
beacon replies and radar echoes assists materially in reducing weight 
and space requirements in aircraft. If the display is on an A-scope, 
the beacon replies can be introduced into the indicator with polarity 
opposite to the radar echoes. This will cause the deflections from beacon 
replies to be opposite to those for radar echoes and thus make them easy 
to distinguish. 

Because the pulse-repetition frequency of the interrogator is usually a 
fraction of that of the radar, it is possible to share time on the indicator 
between radar echoes and beacon replies. This reduces noise introduced 
from the responsor since the responsor output is blanked while radar 
information is presented. 

INTERROGATOR-RESPONSOR USED WITH RADARS FOR RANGE 
AND AZIMUTH INFORMATION 

The azimuth of beacon replies can be determined either by the use 
of a directional antenna on the interrogator-responsor or by the employ
ment of beacons that reply only when interrogated simultaneously by 
the radar and the interrogator-responsor. In the latter case, the direc
tivity of the radar interrogation is used. 

18-11. Design Considerations. Antennas.—If a directional antenna 
is used for fixed ground, mobile, or ship installations, the antenna is 
rotated in synchronism with the radar antenna so that both antennas 
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point in the same direction. The simplest method for obtaining this 
synchronism is to mount the interrogator-responsor antenna with the 
radar antenna so that both rotate together. Because aircraft can be 
oriented easily in azimuth, it is common practice in aircraft installation 
to use fixed antennas that interrogate a sector directly ahead of the 
aircraft. If beacons requiring coincident interrogation are employed, 
the interrogator-responsor antenna can be omnidirectional; the improve
ment in signal-to-noise ratio obtainable with a directional interrogator-
responsor antenna, however, makes its use desirable. In this case, the 
antenna need not produce a narrow beam and a comparatively simple 
array may be employed. 

Synchronization.—The problems of coordination between the radar 
and the interrogator-responsor are identical with those covered in Sec. 
18-8, and similar techniques are employed to prevent overinterrogation, 
range errors, and so on. When coincidence beacons are employed, the 
characteristics of the beacons dictate the time relation between the radar 
pulse and the interrogating pulse because the beacons cannot reply unless 
this time relation is correct. 

If azimuth information is obtained by a directional interrogator-
responsor antenna, it is often desirable to incorporate circuits that can 
be used to operate the interrogator-responsor self-pulsed so that the 
system can be used independent of the radar by providing it with a 
separate indicator. Operation of this type is discussed in Sec. 18-6. 

Modulator.—The modulator must be capable of delivering ample 
power to the transmitter for the requisite r-f power output. A steep 
rise in the modulator pulse is essential for obtaining accurate timing for 
use with coincidence beacons. Pulse width will be determined by the 
Bystem characteristics. 

Transmitter.—The power output will be determined by the range of 
the radar, the directivity of the antenna, and the characteristics of the 
beacons employed. An adequate power margin should be available at 
the maximum operating range to insure positive triggering. 

Receiver.—A well-designed superheterodyne receiver gives the best 
performance. For airborne interrogator-responsors in which weight 
and size are important considerations, superregenerative receivers have 
been utilized, but only at the expense of loss in performance. 

Indicator.—In displaying the beacon replies and radar echoes on the 
same screen, the problems are the same as those covered in Sec. 18-10 
and are solved by the same techniques. 

If the system is designed so that it can also be used alone with its 
own indicator, provision must be made for synchronizing pulses to trigger 
the sweep-generating circuits. 

If communication is required, the methods discussed in Chap. 11 
can be employed. 



CHAPTER 19 

TYPICAL BEACON SYSTEMS 

B Y G. C. DANIELSON, P. A. DE PAOLO, AND F. P. ZAFFARANO 

In this chapter several beacon systems of various types are described 
briefly. Most of the examples are of existing systems; where no sys
tems of the type desired exist, hypothetical examples have been given. 
The systems described will, we hope, illustrate the principles and 
practices of beacon design as presented in the preceding chapters. 

AIRBORNE-RADAR-GROUND-BEACON SYSTEM FOR AIR NAVIGATION 

B Y G. C. DANIELSON AND F. P. ZAFFARANO 

A typical airborne-radar-ground-beacon system is the AN/APS-10 
radar in the aircraft operating with the AN/CPN-6 beacon on the 
ground. The system is designed for navigation of aircraft and pro
vides data on range and azimuth to the aircraft navigator. Navigation 
can be accomplished either by radar pilotage, using the PPI presenta
tion of radar echoes from the ground, or by taking fixes, using responses 
from fixed beacons at known locations on the ground. 

19-1. Airborne Radar (AN/APS-10).—AN/APS-10 is a lightweight, 
low-power navigational set designed for compactness, simplicity, and 
reliability, rather than for long radar range. A photograph is shown in 
Fig. 19-1, and a complete description is given in Radar Aids to Navigation, 
Vol. 2, Chap. 6, Radiation Laboratory Series. The important charac
teristics of AN/APS-10 as a component of the complete radar-beacon 
system are listed below. 

General 

Wavelength: 3 cm 
Weight (installed): 150 lb, plus cables 
Number of operators: one 
Power supply: 340 watts a-c, 115 volts, 400 to 1600 cps; 80 watts 

d-c, 27.5 volts 
Packaging: five units—antenna assembly, transmitter-receiver, indi

cator, synchronizer, and synchronizer power supply 
398 
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F I G . 19-1.—Assembly of AN/APS-10, lightweight 3-cm radar components, (a) 
Antenna, (b) Transmitter, (c) Indicator, (d) Synchronizer, (e) Synchronizer power 
supply. 

Antenna Assembly 

Type: dipole in 18-in. paraboloid modified for csc2 8 coverage to 
7500 ft altitude 

Azimuth coverage: circular scan 360°, 30 rpm, half-power beam-
width 5° 

Elevation coverage: tilt adjustment —21° to +3° 
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Polarization: horizontal 
Gain: 700 

Transmitter 

R-f source: 2J42 magnetron 
R-f scatter band (including drift): 9375 + 45 Mc/sec 
R-f pulse power: 10 kw 
Pulser: line type; 3C45 thyratron switch-tube 
Pulse-repetition rate, radar: 810 pps 
Pulse-repetition rate, beacon: 405 pps 
Pulse duration, radar: 0.8 /isec 
Pulse duration, beacon: 2.2 /jsec 

Receiver 

Type: superheterodyne 
Stages: six i-f, two video 
I-f pass band: 5.5 Mc/sec 
Sensitivity (minimum discernible signal): 131 dbw on search, 125 

dbw on beacon 
Special beacon features: separate beacon local oscillator with AFC, 

slug-tuned TR cavity, broadband ATR cavity, video stretching 

Indication 

Type: 5-in. PPI 
Sweeps: 4 to 25 nautical miles, continuously variable on search or 

beacon; 
50 nautical miles, search or beacon; 
90 nautical miles, beacon only; 
70- to 160-nautical-mile delayed sweep; beacon only 

Range marks: 2-mile range marks on 4- to 14-mile sweep; 
10-mile marks on 15- to 25-mile sweep and on 50-mile sweep; 
20-mile marks on 90-mile sweep and on 70- to 160-mile sweep 

Azimuth marks: 10° angle marks 

19-2. Ground Beacon (AN/CPN-6).—AN/CPN-6 is a high-power 
ground beacon which accepts 3-cm interrogation pulses and transmits a 
3-cm range-coded reply. Radar-equipped aircraft are thus provided 
with range, direction, and identification of the beacon station. A block 
diagram is shown in Fig. 19-2, and a photograph is shown in Chap. 15, 
Fig. 1511. 
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F I G . 19-2.—Operational block diagram of A N / C P N - 6 beacon. 

The important characteristics of this beacon are listed below. 

General 
Wavelength: 3 cm 
Weight (installed): 1300 lb 
Number of operators: none 
Power supply: 2 kva 115/230 volts, 50 to 70 cps 
Packaging: three major units—receiver cabinet, transmitter cabinet, 

antenna assembly; dimensions of each cabinet, 27 by 18 by 
43 in. high; of antenna 5 by 15 by 60 in. high 

Antenna Assembly 
Type: separate receiving and transmitting antennas, each a linear 

array of 12 slotted-waveguide elements 
Azimuth coverage: 360° 
Elevation coverage: half-power beam width of 5°, with direction of 

maximum gain 1° above horizontal 
Polarization: horizontal 
Gain: 20 
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Transmitter 

R-f source: 2J48 magnetron 
Response frequency: 9310 Mc/sec 
R-f stability: ± 3 Mc/sec 
R-f pulse power: 20 to 40 kw 
Maximum duty ratio: 0.2 per cent 
Pulser type: 5D21 constant current 
Pulse duration: 0.5 Msec 
Blanking-gate duration: 175 Msec 
Overinterrogation protection: blanking gate increases from 175 to 

1500 /xsec a t high interrogation rates 

Receiver 
Type: superheterodyne with square-wave-modulated local oscillator 
Stages: eight i-f, two video 
I-f pass band: 12 to 47 Mc/sec 
R-f coverage: 110 Mc/sec (between 9320 and 9430 Mc/sec) 
Sensitivity (minimum interrogation signal): 97 dbw 

Coding 
Interrogation: pulse-width discrimination; 2- to 5-j/sec pulses are 

accepted 
Reply: range-coded reply of two to six pulses with long (35 /xsec) 

or short (15 Msec) spaces; total number of possible codes, 62 

Special Features 
Power-supply control: overload and time-delay relays; autoxiiatic 

reclosing (Sec. 15-8) 
Beacon delay: without 5-/usec discrimination, delay modification 

allows establishment of fixed over-all delay at 4.3 ± 0 . 1 Msec 
Automatic frequency control: AFC modification allows transmitter 

frequency stability of ±0.5 Mc/sec 
Test equipment: complete test equipment supplied including signal 

generator and synchroscope 

19-3. System Performance.—The radar performance of AN/APS-10 
is described in detail in Radar Aids to Navigation, Vol. 2, Chap. 6, 
Radiation Laboratory Series. Briefly, maximum range for land "paint
ing" is 25 to 30 nautical miles; maximum range for cities is 30 to 50 
nautical miles; radar resolution is adequate to distinguish coast lines, 
lakes, and rivers. The beacon performance of AN/APS-10 operating 
with AN/CPN-6 beacons is discussed below. 
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Coverage.—Range coverage is limited only by the horizon or by inter
ference nulls. Since the cosecant-squared pattern of the airborne 
antenna tends to equalize the received-signal strength, the radar can 
receive beacons at different ranges on a single scan without adjustment 
of the tilt or gain controls, as shown in Chap. 1, Fig. 1-14. Azimuth 
coverage is uniform (within 3 db) in all directions from the beacon 
station. Elevation coverage is uniform (within 3 db) only in the region 
from —1.5° to +3.5°, measured from the beacon station. High-flying 
aircraft will thus lose beacon signals when directly over, or nearly over, 
the beacon station. 

Range.—The reliable beacon range is 160 nautical miles; it is limited 
by the radar sweep length if not by the horizon. Theoretical reliable 
range calculations computed as in the example in Sec. 3 4 1 , indicate 
(1) that the response link is much stronger (18 db) than the interrogation 
link, and (2) that the interrogation range is about 350 nautical miles. 
At an actual range of 160 nautical miles, approximately 7 db are thus 
available for overcoming possible interference nulls. Except in the 
improbable case of the aircraft flying in a circular course around the 
beacon, loss of beacon signals from interference nulls will not in general 
interfere with ordinary navigation. 

Minimum range is 400 yd for aircraft flying at altitudes sufficiently 
low so that beacon reception is not limited by poor overhead coverage 
of the beacon antenna. Hence, a beacon station at an airport can assist 
an aircraft in making its approach. 

Accuracy.—Range accuracy depends upon radar-sweep speed and 
the skill of the operator. A reasonable probable of error observation is 
0.05 in. on the 5-in. PPI, or 2 per cent of the full-scale sweep. Range 
error is then ±0.08 mile on the 4-mile sweep and +1.8 miles on the 
90-mile and 70- to 160-mile sweeps. Variation of +0.1 ^sec in beacon 
delay increases these possible range errors by ±0.01 mile. 

Azimuth accuracy depends upon the width of the beacon signal and 
the skill of the operator. I t is generally possible to reduce the width of 
the beacon signals to the half-power beamwidth of 5°. With the aid 
of the 10° markers provided on the PPI , an average operator can then 
estimate the center of this 5° signal to ± 2° or better. On the outer half 
of the indicator, the azimuth error is likely to be less than ± 1°. 

Traffic Capacity.—Traffic capacity—the number of radars that can 
interrogate the beacon simultaneously—can be estimated by the methods 
discussed in Chap. 6. Assuming that 25 per cent response is adequate 
for ordinary navigation, we get an estimate of 200 interrogating radars 
(scanning 360°) when a six-pulse reply code is used. However, interro
gation over angles larger than the 5° beamwidth by radars near the 
beacon station reduces this estimate by an indefinite factor. A maxi-
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mum traffic capacity of 50 to 100 interrogating radars appears very 
reasonable under most circumstances. 

Coding.—Interrogation coding by pulse-width discrimination allows 
the beacon channel to be independent of the radar channel. For response 
coding, two two-pulse codes, four three-pulse codes, eight four-pulse 
codes, 16 five-pulse codes, and 32 six-pulse codes (a total of 62 response 
codes) are available. Two-pulse and three-pulse codes are used for 
beacons likely to be subjected to greatest interrogation and hence to 
highest duty ratio. 

Operational Reliability.—The system is very reliable. Both radar 
and beacon are excellently designed and are built of high-quality com
ponents. In addition, AN/CPN-6 beacons are usually installed in pairs 
with automatic alarm and switch-over in case of failure. The simplicity 
of operation of the AN/APS-10 and its high standard of components 
and ease of maintenance are fully discussed in Radar Aids to Navigation, 
Vol. 2, Chap. 6, Radiation Laboratory Series. 

Comments.—Although airborne AN/APS-10's operating with AN/-
CPN-6 ground beacons constitute a very satisfactory navigational aid 
for transport aircraft, a number of major improvements in the system 
have been suggested. These are briefly discussed below. 

Wavelength 
The optimum wavelength for airborne radar for maximum range 

and azimuth resolution appears to be about 2 cm; the system 
described operates at 3 cm. Below 2 cm, absorption by water 
vapor in the atmosphere begins to be serious for horizon beacon 
ranges (Sec. 3-6). 

Scatter band 
Precision pretuning of fixed-tuned magnetrons in the manufactur

ing process has made the scatter band of + 55 Mc/sec unnecessar
ily large. Furthermore, tunable magnetrons are now available. 
A scatter band of ±30 Mc/sec would simplify the beacon-
receiver design because it would allow the square-wave-modu
lated local oscillator and 35 Mc/sec i-f bandpass receiver to be 
replaced by an unswitched local oscillator and a 60-Mc/sec i-f 
bandpass receiver (as in the AN/CPN-17 beacon, Sec. 8-12). 
Tunable magnetrons minimize any possibility of radar inter
ference by allowing a uniform distribution of radar frequencies 
over the scatter band. 

Range balance 
The existing system is unbalanced, the response link being much 

stronger (18 db) than the interrogation link. A low-voltage 
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magnetron with 5- to 10-kw pulse power output, similar to that 
in the air-borne transmitter, would reduce the size and weight 
of the beacon considerably without any sacrifice in range per
formance. The resulting loss of 3 to 6 db in the response link 
is readily allowable. A low-voltage magnetron can easily be 
designed for a i to 1 per cent duty ratio, thus allowing a signif
icant increase in the traffic capacity of the ground beacon. 

Overhead coverage 
Performance of the system when the aircraft is near the beacon 

(e.g., airport approach) can be improved by providing improved 
overhead coverage (see Sees. 7-3 and 7-4). 

Simultaneous beacon-radar presentation 
Incorporation of a separate beacon receiver in the airborne radar 

appears to be worth its cost in weight and complexity. I t 
would allow beacon and radar signals to be observed simultane
ously with beacon signals stronger and clearly distinguishable 
from the radar signals (Sec. 17-3). 

19-4. Lightweight Beacons.—Three types of lightweight beacon 
which operate satisfactorily with AN/APS-10 are shown in Fig. 193 
(AN/UPN-3), Fig. 19-4 (AN/UPN-4), and Fig. 19-5 (an airborne 
beacon). 

AN/UPN-3.—The AN/UPN-3 set (Fig. 19-3) is a lightweight 
navigational beacon. I t has the following characteristics: 

Weight (installed): 120 lb, two 60-lb packages 
Power supply: 250 watts, 115 volts, 50 to 4000 cps 
Antenna: double linear-array; azimuth coverage 360", elevation 

half-power beamwidth 10°, gain 10 
Transmitter: 2J41 magnetron, r-f pulse power 300 watts, duty ratio 

0.3 per cent, 3D21 hard-tube pulser 
Receiver: superheterodyne with frequency-modulated local oscillator 

to cover 110 Mc/sec, sensitivity 90 dbw 
Coding: no interrogation coding, 12 response codes 
Range: 100 to 150 nautical miles with AN/APS-10 

AN/UPN-4.—AN/UPN-4 is a lightweight navigational beacon which 
can operate from self-contained batteries. I t differs from AN/UPN-3 in 
the following characteristics: 

Weight (installed): 55 lb plus 35-lb batteries (for 5-hour operation) 
Power supply: 50 watts either from batteries or from 115-volt, 

50- to 400-cps line supply 
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-(ft) 

F I G . 19-3.—A lightweight 3-cm ground beacon, AN/UPN-3 , set up and ready for operation. 
(a) Antenna, (b) Transmitter-receiver, (c) Power supply, (d) Tripod. 
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Receiver: crystal-video with sensitivity 77 dbw 
Coding: no interrogation coding, 5 response codes 
Range: 30 to 50 nautical miles with AN/APS-10 

F I G . 19-4.—A lightweight battery-operated 3-cm ground beacon, AN/UPN-4 , set 
up and ready for operation, (a) Antenna. (/;) Transmitter-receiver, (c) Battery box. 
(d) Tripod. 

An airborne beacon for air rendezvous which operates from an aircraft 
power supply has been designed. Tt has the following characteristics: 

Weight: 50 lb (single package) 
Power supply: 130 watts 115 volts, 400 to 2400 cps; 50 watts, 27 

volt d-c 
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Antenna: double linear array with coaxial feed in streamlined housing 
projecting 1 ft from aircraft 

Coding: no interrogation coding, 11 response codes 

F I G . 19-5.—An airborne 3-cm beacon. The antenna, in a streamlined radome, is con
nected to the beacon by means of flexible waveguide. A small control box is not shown. 
(a) Antenna. (6) Transmitter-receiver. 

GROUND-RADAR-AIRBORNE-BEACON SYSTEM 

B Y G. C. DANIELSON 

The description of a ground system operating with the AN/APN-191 

beacon designed for ground control of all types of aircraft follows. I t 
provides range and azimuth information to the controller on the ground 
and, by means of an auxiliary radio communication link, to the pilot in 
the aircraft. Under most circumstances ground control can be accom
plished with radar echoes alone; beacons in the aircraft, however, afford 
at least three important improvements in performance: 

1. Range on all aircraft (including small single-engine aircraft) is 
extended to the horizon for any altitude up to 40,000 ft. 

2. Positive simple identification is available for control of heavy air 
traffic such as that encountered in the vicinity of an airport. 

3. Ground and cloud "clut ter" are eliminated by the off-frequency 
beacon response. 

1 The A N / A P N - 1 9 beacon was affectionately known aa " R o s e b u d " during the war. 
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19-6. Ground Radar.—The ground radar described is designed for 
long range, accurate azimuth determination, and height finding. A 
simplified block diagram is shown in Fig. 196 and the complete layout 
on the ground is shown in Fig. 19-7. The important characteristics of 
the radar as a component of the complete radar-beacon system are listed 
below. 

General 
Wavelength: 10 cm 
Weight (installed): 20 tons, not including power units or shelters 
Number of operators: 25 (including communication operators) 
Power supply: 40 kva, 120 volt, 60 cps, three-phase 
Packaging: six shelters and antenna with tower 

Antenna assembly 
Type: two fan beams, one vertical and one at 45°to vertical;in scan

ning, the delay between the incidence of the two beams on a tar
get depends upon its height and slant range, and hence provides 
height information 

Vertical beam: 10 by 25 ft paraboloid, three feeds 
Slant beam: 10 by 32 ft paraboloid, two feeds 
Azimuth coverage: circular scan 360°, 6 rpm, half-power beam width 

1° 
Elevation coverage: 0 to 30° for radar, 0 to 2.2° half-power beam-

width for beacon 
Polarization: vertical for vertical beam, 45° for slant beam 
Gain (vertical beam): 10,000 for 0 to 2.2° (radar and beacon) 4800 

for 2.2 to 8.2° (radar only); 2200 for 8.2 to 30° (radar only) 

Transmitter 
R-f source: 5 HK7 magnetrons 
R-f scatter band: 3019 to 2700 Mc/sec for radar; 2965 to 2992 

Mc/sec for beacon interrogation 
R-f pulse power: 1000 kw (per tube) 
Pulser type: rotary spark gap 
Pulse-repetition frequency: 350 cps 
Pulse duration: 1.0 ^sec 

Beacon receiver 
Type: superheterodyne 
Stages: six i-f: two video 
I-f pass band: 8 Mc/sec 
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F I G . 19-6.—Simplified block diagram of a 10-cm ground radar set. 



Indicator-shelter Spare parts shelter 

FH;. 13 7.—Ground layout of a 10-cm ground radar military installation. Six shelters are used, (o) Antenna mount. (6) Slant beam reflector. 
(c) Vertical beam reflector. 
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Sensitivity (minimum discernible signal): 130 dbw 
Special beacon features: beacon local oscillator AFC, separate T R 

cavity, time-varied gain 

Indication 
Type: eight 12-in. PPI ' s ; five 7-in. B-scopes; four 12-in. height 

tubes 
Sweeps: 10 miles per in., displaying 45 miles; 20 miles per in., 

displaying 90 miles; 5.5-35 mile per.in., continuously variable 
Sweep delay: sweep may start anywhere from 0 to 240 miles; off-

center operation allows expansion of any sector desired 
Range marks: 10-mile range marks 
Azimuth marks: 10° angle marks 
Selector switch (three-position): allows presentation of radar only, 

beacon only, or radar and beacon simultaneously 
19-6. Airborne Beacon (AN/APN-19).—AN/APN-19 is a lightweight 

airborne beacon which accepts 10-cm interrogation pulses and transmits 

l"fl" 

Receiver unit 

F I G . 19-8.- -Block diagram of AN/APN-19. 
separate antennas, and the r-f filter used in one channel 

Key 
D-c & control cord 
R-f signal cable 
Video signal cable 

Transmitter unit 
Note two interrogation channels, A, B, with 

a 10-cm range-coded reply. I t is designed to operate primarily with 
ground radars. A block diagram of the AN/APN-19 beacon is shown in 
Fig. 19-8; a photograph of the components is shown in Chap. 16, Fig. 
16-3. The characteristics of this beacon are listed below. 
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General 

Wavelength: 10 cm 
Weight (installed): 35 lb including cables 
Number of operators: one (any crew member) 
Power supply: 150 watts; 26.5 + 2.5 volts d-c 
Packaging: receiver (pressurized), transmitter (pressurized), power 

supply, two control boxes, three antennas (two receiving, one 
transmitting) 

Antennas 

Type: weatherized vertical quarter-wave dipoles, f in. diameter and 
projecting l£ in. from aircraft fuselage 

Azimuth coverage: 360° unless shielded by aircraft 
Vertical coverage: depends upon shape of aircraft surface: typical 

installation has half-power beam width of 50° ( + 10° to —40° 
from horizontal) 

Polarization: vertical 
Gain: 1 to 3 depending upon installation 

Transmitter 

R-f source: triode—2C49 or 2C40 selected for plate pulsing 
Response frequency: 2907 Mc/sec 
R-f stability: ± 3 Mc/sec 
R-f pulse power: 100 watts 
Maximum duty ratio: 0.4 per cent 
Pulser: line-type modulator using three 2D21 gas-filled tubes 
Pulse duration: 0.7 ^sec 
Blanking-gate duration: 450 Msec 
Overinterrogation protection: blanking gate only 

Receiver 

Type: crystal-video with dual input for allowing two independent 
receiver channels 

Stages: four 7F8 twin triodes 
R-f pass band: 300 Mc/sec 
Sensitivity (minimum interrogation signal): 77 dbw 

Coding 

Interrogation: r-f filter in one receiver input permits frequency 
coding in that channel. Four frequencies are used 

Response: seven codes (throe pulses) 
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Other Features 

Power supply: dual output dynamotor giving +360 volts d-c plate 
supply and —100 volts d-c bias supply; carbon-pile regulator 

Controls: off-standby-on switch; response code switch (seven 
positions); receiver channel switch (2 positions) 

Beacon delay: 2.25 ± 0.10 jusec 
Monitoring features: test jacks on receiver control box; audio out

put of interrogation rate available from receiver 
Test equipment: AN/APM-53 (includes oscilloscope and signal 

generator) 

19-7. System Performance.—The maximum reliable radar search 
range is 100 miles on small aircraft and 170 miles on large aircraft. For 
height-finding, the maximum range is 70 miles on small aircraft and 120 
miles on large aircraft. Minimum radar range is 3 miles. The accuracy 
of radar location is ±0.5 miles in range, ±0.5° in azimuth, and ± 500 ft 
in relative height. The performance of the radar with AN/APN-19 
beacons, illustrated in Fig. 19-9, is discussed below. 

Coverage.—Range coverage is limited only by the horizon or by 
interference nulls. Azimuth coverage is uniform (within 3 db) in all 
directions from the beacon antenna, unless the antenna is shielded by a 
portion of the aircraft (for example, by the wings when banking, pro
pellers, or auxiliary fuel tanks). Elevation coverage is limited to 2.2° 
(half-power beamwidth) from the radar antenna, because only the lower 
antenna feed of the vertical beam is connected to the receiver. Adequate 
coverage at short ranges is obtained from side lobes of the lower vertical 
beam of the radar; elevation coverage appears inadequate, however, for 
high-flying aircraft at intermediate ranges. Aircraft at 30,000 ft altitude 
are not within the 2.2° half-power beamwidth when the distance from 
aircraft to radar is less than 150 miles. 

Beacon Antenna.—Linear-array feeds of some antennas possess the 
property of "squin t" discussed in Sec. 17-6. Accordingly, if the ground 
radar has such an antenna, beacon operation is made possible by the 
addition of an auxiliary beacon-receiving antenna which is so oriented 
that its beam points in the same direction as the main beam. This makes 
possible the reception of beacon replies on a frequency different from the 
interrogating frequency. The gain of the auxiliary antenna is lower than 
that of the main beam, but there is sufficient power margin available so 
that beacon operation to horizon range is assured. 

Range.—Maximum reliable beacon range is at least 270 statute miles, 
if not limited by the horizon. Theoretical maximum range calculations, 
computed as in the example in Sec. 3-11, indicate (1) that the interroga
tion link is appreciably stronger (6 db) than the response link, and (2) that 
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the reliable response range is about 800 statute miles. At an actual 
maximum range of 270 miles, approximately 9 db are thus available for 

FIG. 19-9.—Beacon operation and target appearance on indicators of the large 10-cm 
ground radar. 

overcoming possible interference nulls. The radar described is generally 
free from interference effects, partly because of its antenna design and 
partly because of the way it is usually sited. 
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Minimum range for azimuth discrimination, even with the time-varied 
gain feature, is 5 to 10 miles. Hence, for airport control, it is advanta
geous to locate the ground radar at least 10 miles from the airport. 

Accuracy.—Assuming a probable observation error of 0.05 in., the 
range error is ±1.0 mile on the 20-mile/in. sweep, +0.5 mile on the 
10-mile/in. sweep, and ±0.3 mile on the 6-miIe/in. variable sweep speed. 
Variation in beacon delay is negligible. 

The azimuth error for 1° signals (the half-power beamwidth) is 
approximately TS the distance between 10° markers over the central and 
'Duter portion of the PPI. This represents a probable azimuth error of 
about ±0.5°. 

Height information is obtained only by radar echoes. The probable 
error in relative height is about ± 500 ft. 

The maximum accuracy in range, azimuth, and height is inherently 
limited by the slow rotation speed (6 rpm) of the large antenna. Special 
computing devices designed to predict the exact location of the aircraft 
between scans can, however, reduce this difficulty. 

Traffic Capacity.—Since it is practically impossible to overload the 
airborne beacon with scanning ground radars, the traffic capacity of the 
system is limited only by the operational capacity of the ground equip
ment. Allowing two observations per PPI, the normal complement of 
eight tubes permits plotting and following 16 aircraft (or 16 groups of 
aircraft) simultaneously. An alternative to providing more indicator 
tubes is to photograph each complete scan and project it within 10 sec 
on a vertical plotting board. Such additional equipment, which allows 
50 or more aircraft to be numbered, identified, and followed on one large, 
illuminated, semitransparent screen, is particularly valuable for control 
of heavy airport traffic. 

Coding.—Since pulse-width discrimination is omitted from the beacon 
in order to lessen weight, size, and power, all 10-cm ground radars can 
interrogate the beacon on every scan. The absence of interrogation 
coding causes no difficulty at the beacon because of the very low duty 
ratio resulting from a scanning ground radar, and no difficulty at the 
radar because the three-position selector switch on each PPI can separate 
beacon and radar presentations. 

A total of seven response codes is available—one one-pulse code, two 
two-pulse codes, and four three-pulse codes. 

Operational Reliability.—The system has a high degree of reliability. 
The ground radar is a high-performance device maintained at peak 
performance by trained crews. The airborne beacon is built to withstand 
large variations in ambient temperature and pressure. Special trans
mitter cavities give good frequency stability over these wide variations 
in ambient conditions. A serious problem with some aircraft, however, 
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is the difficulty of determining a location for the beacon antennas which 
will provide adequate coverage in all aircraft aspects during level flight 
and during normal climbs, dives, and banks. 

19-8. Comments.—The radar-beacon system described is one of the 
best currently available systems of air traffic surveillance and control for 
most types of aircraft. I t provides particularly valuable navigational 
assistance to single-place aircraft, which are too small to carry complete 
radar equipment but are large enough to carry a 35-lb beacon. I t 
does not include airport approach and landing facilities. Some sug
gestions that have been made to increase the usefulness of the system 
are discussed briefly below. 

Antenna Coverage.—The elevation coverage of the ground radar for 
beacon is nominally 0 to 2.2°; this hardly seems adequate. By using 
the middle antenna feed (double 60° horn, 2.2° to 8.2°, gain 4800) as 
well as the lower antenna feed, the coverage at intermediate ranges and 
high altitudes becomes excellent. The improved performance seems well 
worth the cost of an additional beacon receiver in the radar. 

The quarter-wave dipole beacon antennas, projecting 1^ in. from the 
fuselage, provide good coverage for most aircraft but are entirely unsuit
able for some aircraft (for example, the P-38). For these difficult cases, 
a streamlined two-element vertically polarized linear-array antenna has 
been developed. This antenna is built to project about 8 in. from the 
fuselage, instead of only l£ in., and is thus more suitable for aircraft with 
flat bottoms and low wings. 

Range Balance.—The system is slightly unbalanced, the interrogating 
link being about 6 db stronger than the response link. In general, it is 
better to have the response link somewhat stronger so that the beacon 
signals will always appear strong. In this system, the strength of the 
interrogation link would be reduced, and at the same time protection 
against beacon-receiver crystal damage would be increased, if slightly less 
sensitive high-burnout crystals were used in the beacon receiver. The 
usefulness of such a change is, however, questionable. 

Beacon Delay.—The constant beacon delay of 2.25 yusec (0.2 mile), 
"when significant, is subtracted from a beacon-range reading. Compensa
tion for this constant error can be accomplished more easily by delaying 
the output of the radar receivers by 2.25 /usec. If desired, the magnitude 
of the beacon delay can be reduced considerably. 

Coding.—For ground control of heavy air traffic, several methods of 
increasing the amount of information conveyed by response coding have 
been suggested. One of the more elaborate methods suggests six-pulse 
codes. The first pulse gives range, the second gives altitude if the spacing 
between first and second pulses is controlled by the aircraft altimeter, 
and the remaining four pulses give 10,000 identification codes by allowing 
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each space ten values. Special decoding equipment would be needed at 
the ground radar (see Sec. 515). 

19-9. Interrogation Channels.—AN/APN-19 can also be used 
with automatic-tracking ground radars, such as the SCR-584 (see 
Fig. 19-10), if interrogation channels are provided to prevent beacon 
"stealing."1 The simplest type of interrogation channeling is by fre
quency. AN/APN-19 is already provided with a separate receiving 

F I G . 19-10.—The SCR-584 automatic-tracking radar. Used with the AN/APN-19, it 
provides very accurate control of aircraft at distances up to 100 miles. 

antenna, an adjustable r-f filter cavity, and a separate detector and first 
stage in the receiver. By switching from one receiver input to the other 
it is possible to change from wideband reception (for search) to narrow
band reception (for tracking). For aircraft installations requiring the 
larger linear-array beacon antenna, it is preferable to use an r-f antenna 
switch instead of the additional receiving antenna in order to minimize 
drag. 

A more effective and flexible solution to the problem of getting more 
channels is offered by double-pulse interrogation coding (Sec. 5-5). The 

1 See Sec. 6 1 . 
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ground-tracking radar interrogates the beacon with a double pulse of 3-, 
6-, 9-, or 12-^sec separation. The beacon receiver is followed by a 
decoder which allows only the appropriate double pulse to interrogate 
the beacon. Selection of any channel is accomplished in the air by a 
simple electrical four-position switch. This improvement is incorporated 
in the AN/APN-19A. 

SHIP INTERROGATOR-RESPONSOR-SHORE-BEACON SYSTEM 

B Y P. A. DE PAOLO 

19-10. Introduction.—In the following pages, we describe a hypo
thetical ship interrogator-responsor-shore-beacon system suitable for 
off-shore navigation of surface vessels. By including this description, 
we do not mean to imply that the system described is necessarily the 
best that can now be designed for the purpose. In fact, a microwave 
system offers a number of advantages over the system to be described.1 

However, we wish to include a description of a long-wave navigational 
system using lobe switching for azimuth determination. The system 
described purports to be an improvement over many such systems that 
have been used. 

The system described below gives line-of-sight range (or a maximum 
reliable overwater range) of 75 miles. Azimuth data are obtained by 
using a lobe switched antenna system on the interrogator-responsor. 
The system uses off-frequency response in order to eliminate ground 
clutter when ships are navigating close to land masses. The maximum 
range that can be obtained with this system depends on the heights above 
sea level of the beacon antenna and the interrogator antenna. 

Navigation is accomplished either by homing on a particular beacon, 
by taking fixes on one or more beacons, or by triangulation with respect 
to several beacons. Any of these methods requires that the navigator 
have accurate maps or charts of the area to be traversed and that the 
location of the beacons in this area be known accurately. 

19-11. Interrogator-responsor.—Figure 19-11 is a block diagram of 
the interrogator-responsor and its display and control circuits. The 
system is divided into three packages: the antenna and lobe switch; the 
transmitter and receiver; and the indicator central and ranging unit. 

Timing and synchronizing are accomplished in this system by means 
of a crystal-controlled oscillator operating at a frequency of 81,882 cps. 
The period of this oscillator is equal to 12.3639 /isec, and corresponds 
to the time required for an r-f pulse to travel a round-trip nautical mile. 
The sine-wave output of the oscillator is squared, formed into pips, and 

1 For a description of a proposed microwave ship radar with beacon navigation 
facilities, see Radar Aids to Navigation, Vol. 2, Sees. 10-2 to 10-5, Radiation Labora
tory Series. 
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amplified. The repetition rate of the amplified output pips is first 
divided by 2, then by 5, and finally by 30. The original pips give accurate 
range marks for 1-mile intervals; the first and second divisions give range 
marks for 2- and 10-mile intervals; the output pulses of the last divider 
have a P R F of 81,882/300, or 269.6 cps; after suitable amplification they 
are used to trigger the modulator and the sweep circuits on the indicators. 

Q. _Q 

switch 

Antenna 
control 

Duplexer Transmitter Modulator 

Superhetero
dyne 

receiver 

Indicators Indicator control 
and 

range circuits 

Fio. 9-11.—Block diagram for a shipborne inten-ogator-responaor. The antennas are 
Yagi arrays with a gain of 6, switched 60 times per sec. The receiver has a sensitivity of 
123 dbw. The transmitter has a pulse power output of 750 watts. The display uses a 
5-in. A-scope for range data and a 2-in. L-scope for pip-matching. The range scope has 
sweeps of 1, 2, S, 10, 20, and 40 nautical miles with range marks of 1, 6, and 10 nautical 
miles. The transmitter and receiver tune from 480 to 520 Mc/sec. 

A random variation of the division ratio of the last frequency divider is 
intentionally introduced. This varies the pulse-repetition frequency 
somewhat, without introducing any error in range, and prevents beacon 
stealing (Sec. 6-1). 

The indicators are of conventional design and include a 5-in. A-scope 
for ranging and a 2-in. L-scope for pip matching. The 5-in. range scope 
has a total of five sweep speeds, corresponding to total sweep lengths of 
1, 5, 10, 20, and 40 nautical miles. The range marks are mixed with 
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the output of the responsor and displayed simultaneously on the range 
scope. 

The L-scope sweep is initiated by the trailing edge of the pulse from 
a continuously variable delay multivibrator. The sweep length is equal 
to 1 nautical mile. The delay multivibrator is adjusted so that the 
desired beacon signal appears on the L-scope. The input signals to the 
L-scope are switched at 60 cps in synchronism with the antenna switch 
so that the beacon signal appears on the screen alternately as a deflection 
to the left and then as a deflection to the right. Azimuth data are 
obtained by rotating the antenna until the left and right signals have 
equal amplitudes, indicating that the beacon is being received with equal 
signal strength on both antennas, as shown in Sec. 1-1, Fig. 1-6. It is 
important that the receiver gain be so adjusted that the receiver does 
not saturate. Unless this is done, both signals appearing on the L-scope 
will have equal amplitudes over a wide arc, and incorrect azimuth data 
will be obtained. 

The rest of the interrogator-responsor is of simple but reliable design. 
The modulator uses a hydrogen thyratron with resonance charging and 
a holding diode. This will allow the use of a low-voltage power supply 
for the modulator. 

The transmitter uses a 15E tube in a half-wave coaxial-line oscillator. 
The main requirements for the transmitter are that it deliver adequate 
power over the operating range of frequencies and that it have good fre
quency stability. 

The receiver is of the superheterodyne type. The first r-f stage is a 
grounded-grid amplifier which is used to improve the noise figure of the 
receiver. The i-f and video systems are of conventional design. The 
receiver is equipped with time-varied gain in order to prevent blocking 
when navigating close to a beacon. In addition, the receiver is pro
vided with a manual gain control for use during pip matching. 

The antenna system consists of two Yagi arrays mounted on a cross-
arm. The antenna system is so arranged that it may be rotated 360° 
in azimuth. The position of the antenna may be controlled by means 
of a simple motor drive or by a manual control. The direction in 
which the antenna is pointing is indicated by means of a selsyn motor 
at the operating position. 

Summary.—The characteristics of the interrogator-responsor are 
listed below. 

General 
Frequency: 480 to 520 Mc/sec 
Weight (installed): about 150 lb 
Number of operators: one 



422 TYPICAL BEACON SYSTEMS [SEC. 19-12 

Power supply: 400 watts, 115 five, 60 cps 
Packaging: 3 units—transmitter-receiver; indicator, indicator con

trol, and antenna control panel; antenna assembly 

Antenna Assembly 
Type: two separate Yagi arrays with r-f switch 
Azimuth coverage: 360°; half-power beam width for each antenna 

60° 
Polarization: vertical 
Gain: 6 

Transmitter 
R-f source: one 15E triode 
Frequency range: 480 to 520 Mc/sec 
R-f pulse power: 750 watts 
Pulser type: 3C45 hydrogen thyratron 
Pulse-repetition frequency: 270 cps 
Pulse duration: 0.75 psec 

Receiver 
Type: superheterodyne 
Stages: one r-f, six i-f, two video 
I-f bandwidth: 2.0 Mc/sec 
Sensitivity: 113 dbw 
Special features: time-varied gain, remote gain control 

Indication 
Type: 5-in. A-scope; 2-in. L-scope for pip matching 
Sweeps: 1-, 5-, 10-, 20-, and 40-nautical-mile 
Range marks: 1-, 2-, and 5-mile 

19-12. The Ground Beacon.—Figure 1912 is a block diagram of the 
ground beacon used in this system. The receiver uses a single r-f stage 
ahead of the mixer. The r-f amplifier is of the grounded-grid type. 
The receiver should be designed to have good frequency stability and it 
should not block when receiving interrogations at short ranges. 

The output signals of the receiver are fed into the coder. The coder, 
in combination with the modulator, provides 10 reply codes. These 
codes are selected by means of the code switch. The coding is a combi
nation of pulse-width and multiple-pulse coding. 

The modulator uses thyratrons in order to cut down the stand-by 
power. The multiple pulses are generated by using two thyratrons and 
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two pulse-forming networks. The pulse-width coding is accomplished 
by changing the constants of the pulse-forming network. 

The coaxial-line transmitter 
uses a miniature tube (6F4) 
which is operated well below its 
maximum ratings to ensure relia
bility and to minimize frequency 
drift due to variation of duty 
ratio. The t r a n s m i t t e r must 
have excellent frequency stability 
and must deliver adequate power 
over the f r e q u e n c y band of 
operation. 

The antenna is a half-wave, 
center-fed dipole, e s s e n t i a l l y 
omnidirectional, and m a t c h e d 
from 480 to 520 Mc/sec. The 
transmitter and r e c e i v e r are 
duplexed into one antenna. 

Power is supplied from bat
teries that can be charged by en
ergy from a local power line, from 
an automatic motor-generator 
set, or from a wind charger. The 
method used will depend on local 
conditions. 

Summary.—The characteristics of the ground beacon are listed below. 

General 
Frequency: 480 to 520 Mc/sec 
Weight (installed): about 40 lb (does not include batteries or 

charger) 
Number of operators: none 
Power supply: batteries 
R-f lines: flexible coaxial RG-8/U 
Packaging: three units—antenna assembly; transponder; and 

power supply (control box is built into the transponder) 

Antenna 
Type: single, center-fed, half-wave dipole 
Coverage: 360° in azimuth; can be modified to suit local needs 
Polarization: vertical 
Gain: 2 

Duplexer 

Super
heterodyne 

receiver 

Transmitter Modulator 

F I G . 19-12.—Block diagram of the shore 
beacon. This beacon has a receiver sensi
tivity of 110 dbw and a power output of 100 
watts. I t provides for 10 reply codes. The 
receiver and transmitter are duplexed into a 
common antenna and may be tuned from 
480 to 520 Mc/sec. 



424 TYPICAL BEACON SYSTEMS [SEC. 19-13 

Transmitter 
R-f source: one 6F4 tube 
Frequency range: 480 to 520 Mc/sec 
R-f pulse power: 100 watts 
Pulser type: (2) 2D21 thyratron 
Pulse rate: 0-5000 pps 
Pulse duration: 0.75 or 1.5 Msec 

Receiver 
Type: superheterodyne 
Number of stages: one r-f (grounded-grid), six i-f, two video 
I-f bandwidth: 2.0 Mc/sec 
Sensitivity: 105 dbw 
Special features: provision to prevent c-W blocking 

Coding 
Interrogation: none 
Reply: range- and pulse-width coding with two pulse widths (0.75 

and 1.5 /xsec) and two pulse spacings (3 and 5 jisec) 
Number of possible codes: 10 

19-13. System Performance.—Because the system described above 
has never been built or used, no actual data on its performance can be 
given. From experience with similar systems, however, predictions as 
to the probable performance of this system can be made. 

Coverage.—The range coverage of this system will be limited by the 
horizon or, rarely, by interference nulls. The azimuth coverage is 360°. 
However, for any given antenna setting, beacons located over at least a 
90° arc will be interrogated. This is undesirable but very difficult to 
overcome unless antennas of higher resolution are used; it is one of the 
arguments mentioned above for using microwaves. 

Range.—The computed reliable free-space range for this system is 
about 75 nautical miles. This will not be the usable range because of 
the horizon limitation and because the system works over water. If the 
beacon is located on high terrain (about 200 ft above sea level) and the 
interrogator antenna is mounted at about 25 ft above sea level, the com
puted overwater range (from Eq. (4) Sec. 41) is about 60 miles. Since 
the horizon range is only 22 miles for antennas at these heights a reliable 
horizon range of about 25 nautical miles can reasonably be expected. 

The system uses off-frequency response; hence the minimum range is 
limited by the pulse width of the interrogator, and will be approximately 
rV mile. Responses picked up by the antenna side lobes should not 
appear if the responsor is operated at low gain at close ranges. 
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Accuracy.—If it is assumed that the total usable sweep length on the 
5-in. A-scope is 4 in., and that the probable observation error is 0.05 in., 
then the range error is ±0.01 mile on the 1-mile sweep, ±0.02 mile on 
the 2-mile sweep, ±0.06 mile on the 5-mile sweep, ±0.12 mile on the 
10-mile sweep, ±0.25 mile on the 20-mile sweep, and ±0 .5 mile on the 
40-mile sweep. I t is assumed tha t the beacon delay is small and of 
constant value. 

The azimuth accuracy of this system will depend almost entirely 
on the original alignment of the system and the skill of the operator. 
Several radar systems with switched antennas at 500 Mc/sec have been 
used. The azimuth accuracy of these systems was about ±1.0° to 
±2.0°. I t is reasonable to assume the same degree of accuracy for the 
system described. I t is expected that the azimuth accuracy will decrease 
when the vessel is sailing in heavy seas, because the beacon signal will 
vary with the pitch and roll of the vessel and more time will be required 
to get a fix under these difficult conditions. 

Traffic Capacity.—The system described has a high enough safety 
factor in both links so that the beacon signal should be very strong at 
all times. The operator should be able to get good fixes, therefore, even 
when the beacon is counting down due to overinterrogation. Assuming 
that 25 per cent response is adequate, we find that about 100 interro
gators can see the beacon at any one time. This figure, of course, 
includes interrogators which do not use the beacon intentionally but 
which interrogate it nevertheless because of their wide antenna patterns. 
Saturation of the response link is likely to limit the usefulness of the 
system because of "frui t" on the display. This limitation, which occurs 
at a traffic level that depends on the expansion of sweep used, will prob
ably occur at a density appreciably lower than that given above for the 
interrogation link. 

If the shore beacon system were to be laid out carefully, and several 
different beacon frequencies used, the traffic capacity of the system 
would be increased manyfold. 

Comments.—The ship-interrogator-responsor-shore-beacon system 
described should give good results as a navigation system. In combi
nation with a small radar for collision warning, it should constitute an 
excellent navigation aid for coastwise shipping.1 The receiver and 
transmitter of the interrogator-responsor may be tuned to the same 
frequency and used as a radar system, which should give a radar range 
of 5 miles or better on a large vessel; radar performance will obviously 
be poor. 

1 In contrast, the microwave ship-navigation radar described in Radar Aids to 
Navigation, Vol. 2, Chap. 10, Radiation Laboratory Series, provides both radar and 
beacon information. 



426 TYPICAL BEACON SYSTEMS [SEC. 19-14 

SHORAN-A PRECISION BEACON-NAVIGATION SYSTEM 

B Y G. C. DANIELSON 

A typical example of a precision beacon system is the Shoran system, 
produced (except for the computer, which is omitted from this discussion) 
by RCA Laboratories under the sponsorship of the Wright Field Radio 
and Radar Laboratory. Shoran is an //-navigational system which uses 

an AN/APN-3 interrogator-re-
sponsor in the aircraft, operating 
with two AN/CPN-2 beacons on 
the ground. The navigator in 
the aircraft determines his posi
tion accurately by measuring 
range only to the two fixed 
beacons at known locations on 
the ground. The system is de
signed for any application re
quiring precision range measure
ment, such as aerial mapping. 
A block diagram of the Shoran 
system is shown in Fig. 19-13. 

19-14. Interrogator-responsor 
(AN/APN-3).—The AN/APN-3 
is designed solely for operation 
with ground beacons in an H-type 
system. It indicates accurately 
ranges to two beacons and is not 
required to indicate either radar 
echoes1 or beacon azimuth. A 
photograph of the Shoran air

borne equipment is shown in Figs. 19-14 and 19-15. Characteristics of 
the AN/APN-3 interrogator-responsor are listed below. 

General 
Wavelength: 1 m 
Weight (installed): 205 lb, including cables but not bombing attach

ments; 280 lb with bombing attachments and inverter power 
supply 

Number of operators: one 
Power supply: 459 watts, 27.5 volts d-c; 665 volt-amp, 115 volts, 

400 to 2400 cps 
Packaging: four units; transmitter, timer-indicator, comparator, 

two antennas; bombing attachments include computer, compar
ator, and two PDI (pilot direction indicators) 

1 Ground echoes are somet imes used for a l t i tude measurement . 

Fio. 19-13.—Block diagram of the 
Shoran navigational system. Figures refer 
to frequencies in Mc/sec. R—Receiver. 
T—Transmitter. M—Modulator, i"—Indi
cator. P.G.—Pulse generator. 
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\ ^ 
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_ i i i_ _i i i ■ 
10 12 

F I G . 19-14.—Timer-indicator unit of the Shoran airborne interrogator-responsor 
(AN/APN-3). 

F I G . 19-15.—Transmitter of Shoran airborne interrogator-responsor (AN/APN-3), 



428 TYPICAL BEACON SYSTEMS [SEC. 19-15 

Antenna Assembly 

Type: vertical coaxial dipole; separate receiving and transmitting 
antennas; one antenna mounted on top, the other on bottom of 
aircraft 

Azimuth coverage: 360° 
Elevation coverage: ±45° 
Polarization: vertical 
Gain: 1-5 

Transmitter 
R-f source: triode, (2) 4C28 
Radio frequency: two frequencies (one for each beacon) separated 

about 20 Mc/sec in the 220- to 260-Mc/sec band. 
R-f stability: 0.2 per cent 
R-f pulse power: 12 kw 
Frequency switching rate: 10 cps (-gV sec of interrogation for each 

beacon separated by ^Vsec intervals of silence) 
Pulser type: hard-tube, (2) 3E29 
Pulse rate: 931 pps derived from 93-kc master oscillator 
Pulse duration: 0.5 /isec 

Receiver 
Type: superheterodyne 
Frequency range: 220 to 330 Mc/sec 
Stages: six i-f 
I-f pass band: 4 Mc/sec 
Sensitivity: 128 dbw 

Indication 
Type: (1) distance dials; (2) two PDI (pilot direction indicators); 

one PDI indicates displacement from track (full-scale deflection 
either 1000 or 400 ft) and the other PDI indicates rate of 
approach to track; (3) one 3-in. J-scope 

Sweeps (J-scope): 1-mile time base (7 in./mile); 10-mile time base 
(0.7 in./mile); 100-mile time base (0.07 in./mile). 

Range measurements: beacon range corresponds to phase shift in 
precision goniometers (100 mile, 10 mile, 1 mile) and is indicated 
on Veeder-root counter; accuracy of 1-mile goniometer is 1.5° or 
22 ft; smallest dial on counter indicates 0.01 mile allowing 
estimates to 0.001 mile 

19-15. Ground Beacons (AN/CPN-2).—Two AN/CPN-2 beacons 
are required for operation with the AN/APN-3 interrogator-responsor. 
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In the usual application, the aircraft flies a circular track around one of 
the beacons (called the "drift s tat ion") and determines its position on 
this circular track by the other beacon (called the " r a t e s ta t ion") . The 
beacons are interrogated on different frequencies but respond on a 
common frequency. Photographs of the Shoran ground beacon are 
shown in Figs. 19-16, 1917, and 1918. 

F I G . 19-16.—Shoran beacon (AN/CPN-2) receiver-monitor uni t . 

Characteristics of AN/CPN-2 are as follows. 

General 
Wavelength: one meter 
Weight (installed): 1150 lb, including 310 lb for beacon, 460 lb for 

antenna and mast, and 380 lb for two power units and fuel cans 
Number of operators: one 
Power supply: 0.4 kw 24-volts d-c, 1.2 kw, 115 volts, 400 cps 

Antenna assembly 
Type: vertical coaxial dipole set in a corner reflector; separate 

receiving and transmitting antennas mounted on a 50-ft mast 
Azimuth coverage: 90° 
Elevation coverage: ±45° 
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Polarization: vertical 
Gain: 6 

FIG. 19-17. Shoran beacon transmitter unit. 

Transmitter 
R-f source: triodes, (2) 4C28 
R-f response frequency: selected in 290 to 320-Mc/sec band bj 

tunable transmitter 
R-f frequency stability: 0.2 per cent 
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R-f pulse power: 30 kw 
Maximum duty ratio: 0.4 per cent 
Pulser type: hard-tube, (4) 3E29 
Pulse duration: 0.55 Msec 
Blanking gate duration: 5 /xsec 
Overinterrogation protection: high-voltage overload relay and 

warning bell 

.../.... mk 
F I G . 19-18.—Shoran ground beacon (AN/CPN-2) antenna installation. 

Receiver 
Type: superheterodyne (identical with AN/APN-3 receiver) 
Frequency range: 220 to 330 Mc/sec 
Stages: six i-f 
I-f passband: 4 Mc/sec 
Sensitivity: 128 dbw 
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Coding 

Interrogation: frequency discrimination by narrow-band receiver 
Response: no range coding; provisions in. aircraft to identify 

responses to its own interrogations and to distinguish drift from 
rate station (one appears as outward, the other as inward pip on 
circular trace in J-scope) 

Special features 
Power units: two PU-4/CPN-2 gasoline-power units are supplied 

with each beacon; each unit is 24-volt d-c, 115-volt 400-cps, 
1.7-kw supply. 

Frequency monitor: provisions for monitoring both interrogation 
and response frequencies 

Beacon delay monitor: 3-in. A-scope with 1-mile sweep allows 
monitoring of delay to better than ±0.1 /asec. 

Calibration broadcast: pulses from a standard temperature-
controlled crystal (93,109 + 2 cycles) are broadcast by ground 
station at intervals of exactly 100 statute miles. 

These pulses are used to check the time base in the airborne equip
ment. 

19-16. System Performance. Coverage.—Range coverage is limited 
only by the horizon. Azimuth coverage is limited to a 90° sector from 
each beacon station when the corner reflectors on the beacon antenna 
are used; azimuth coverage is uniform in all directions when the corner 
reflectors are removed. Elevation coverage is uniform from 0 to 45°. 
Hence, when airborne and beacon antennas are properly mounted, the 
system gives essentially complete line-of-sight coverage. 

Range.—Maximum reliable range is limited only by the horizon 
(about 280 miles at 40,000 ft). Theoretical maximum range calculations 
indicate adequate reserve power for strong signals (20 db above minimum 
discernible) and for interference nulls. 

Accuracy.—The accuracy of the Shoran system depends as much upon 
external factors, such as variations in propagation velocity, as upon 
instrumental errors. By adjustment of the timing crystal with the aid of 
standard frequency transmissions the crystal error can be made negligible. 
With careful adjustment the errors in the equipment can be reduced to 
+ 25 ft. at any operational distance. This precision and the speed with 
which fixes may be taken make the system the best existing one for precise 
navigation for any purpose. 

Traffic Capacity.—Twenty interrogator-responsors can operate with 
one pair of ground beacons simultaneously. 

Coding.—Interrogation coding is by frequency channeling only and 
there is no response coding. Provisions are made in the interrogator-
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responsor to distinguish the constant-range (drift, or " c a t " ) station from 
the variable-range (rate, or "mouse") station. 

Operational Reliability.—The equipment is designed for just one pur
pose: precision navigation as an //-system. The operation of the 
airborne equipment can be made almost entirely automatic; course 
information can be delivered to the automatic pilot and fixes can be 
taken automatically. Hence the period of training required to operate 
the equipment is very short and the possibility of personnel errors is 
reduced to a minimum. 

Comments.—Shoran is the most accurate radar system for aircraft 
navigation to horizon ranges that has been developed to date (1945). 
I t owes its great precision to the inherent advantage of requiring range 
measurements only (because these can be determined much more precisely 
than azimuth- or elevation-angle measurements) and to the excellence of 
its instrumentation, which utilizes this inherent advantage by employing 
devices such as expanded sweeps, tracking circuits, calibration checks, 
and automatic operation. 

Shoran is not adapted to any applications other than those using H-
navigation, since the equipment is not designed to indicate either radar 
echoes or beacon azimuth. Although its dipole airborne antenna has 
the advantage of low drag on the aircraft, it prevents getting the large 
traffic capacity associated with scanning radars even when range-coded 
beacons are used with the latter. 

Extensive experimental work has shown that it is possible to incor
porate the //-system of navigation into the airborne radar (AN/APS-10)-
ground beacon (AN/CPN-6) system described earlier in this chapter. 
I t is necessary to add an accurate ranging unit (a fundamental component 
of the Shoran interrogator-responsor), and provisions for a split-azimuth 
indication (one-half of the PPI for each beacon, described in Sec. 17). 
Sweep expansion, tracking circuits, and ground track determination (by 
the "pulse-doppler"1 method) and a pilot's direction indicator greatly 
improve the accuracy. Such auxiliary equipment can give an //-system 
of precision +100 ft. without sacrificing the normal radar- and beacon-
navigation features. The total weight of airborne equipment is com
parable with that for Shoran. No modification of the AN/CPN-6 
ground beacons is necessary. 

Extensive experiments by RCA have also shown that the instru
mental errors of Shoran can be reduced to a value not exceeding + 10 ft. 

1 See Radar Aids to Navigation, Vol. 2, Chap. 3, Radiation Laboratory Series. 
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CHAPTER 20 

INSTALLATION, OPERATION, AND MAINTENANCE 

B Y W. M. PRESTON AND A. ROBEBTS 

In this chapter the installation, operation, and maintenance of bea
cons is discussed. There are four main groups: heavy beacons for fixed 
ground installations; heavy beacons for shipboard use; airborne beacons; 
and portable and mobile beacons. Although this classification is not 
all-inclusive, the principles involved are illustrated sufficiently so that 
they can be extended readily to other beacon types not specifically 
included. 

HEAVY GROUND BEACONS 

B Y W. M. PRESTON 

Beacons intended as fixed navigational aids have one primary require
ment, reliability. They are frequently called upon to operate contin
uously; weight and complexity are usually of secondary importance. 

20-1. Choice of Site. Altitude.—It is usually desirable to locate a 
beacon antenna at the highest point available. Microwave signals, 
like light, neither follow the curvature of the earth nor bend appreciably 
around objects that are large in comparison with a wavelength. There
fore, if 360° coverage in azimuth is required of a beacon, it must be located 
above all neighboring obstacles. 

The average maximum range to the radar horizon, as discussed in 
Sec. 3-4, is given by Eq. (3-9): 

R = 1.22 y/Hi + 1.22 \/% nautical miles, (1) 

where hi and h2 are the heights of the antennas of the beacon and inter
rogator, respectively, measured in feet. If a ground-based beacon is to 
have maximum range for low-flying aircraft or for ships, then since hi 
for the aircraft will be small, it is necessary to locate the beacon antenna 
as high as possible. 

Interference Nulls.—Interference between the direct beacon-to-inter
rogator or interrogator-to-beacon signal and the signal reflected from the 
earth's surface has been discussed in Sees. 3-1 and 3-2. The resultant 
periodic fading is nearly always noticeable on an interrogator in an air
craft flying toward a beacon or away from it. The depth of the nulls 
depends on the reflection coefficient of the earth's surface, which is 

437 
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usually considerably greater for water than for land. There is, therefore, 
a definite advantage in locating a coastal navigation beacon far enough 
inland so that the ocean surface is not visible from the beacon antenna. 
However, unless the coast is very flat, the range may be reduced by the 
sky line (see below), and the decrease in depth of nulls may not be worth 
the cost. 

The spacing between interference nulls, for a given range and wave
length, is inversely proportional to the product hjii. The gain in maxi-

Fio. 20-1.—Reduction in range due to sky-line elevation. AB is the tangent to the 
sea-level surface of the earth, from the beacon A at height h to the aircraft B at height hi. 
S = AC is the reduced range when the sky-line elevation angle is a above the sea-level 
horizon. 0 is the center of the earth, whose radius is R. AD is the horizontal at the 
beacon. 

mum range by increasing the height of a beacon antenna from 5 to 20 ft 
is relatively small, but the decrease in separation of nulls by a factor of 
4 may be important, as pointed out in Sees. 3-2 and 3-11. 

Absorption by Trees.—Little quantitative information is available 
about the absorption of microwaves by trees, largely because of the 
impossibility of defining a " t ree unit," although the absorption is known 
to be large. Tests conducted in Florida pine woods indicate little effect 
on range when a 3-cm beacon is set up in flat country in a very open 
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forest (trees 50 to 100 ft apart). In a dense pine forest, on the other 
hand, the reduction in range was large, reaching 80 to 90 per cent. This 
subject is discussed further in Sec. 20-10, below. 

Sky Line: Mapping Beacon Coverage.—The maximum range as given 
by Eq. (1) will seldom be attained in practice except over the ocean or 
exceptionally flat terrain. Hills, trees, or other objects on the sky line 
reduce the range by intercepting the beam at low angles of elevation. 
Reduced range may be computed as follows: In Fig. 20-1, let the beacon 
at A be at height hi. Let AB be a line from the beacon that is tangent 
to the earth's surface at sea level. The point B is the intersection of this 
line with a plane that is a distance hi above the earth's surface. Then 
AB is the maximum range between a beacon at A and an interrogator 
at B in the absence of any sky-line obstruction. If some object on the 
sky line subtends an angle a at the beacon A, the range in that direction 
will be reduced to AC Note that the angle a is measured up from the 
tangent to the earth, AB. The problem is to find S = AC in terms of 
the heights hi and hi and the sky-line angle a. 

Assuming that the angle a is small, 

sin a « a ~ ^ 7 V and S ~ AE. (2) 
o 

Then from Eq. (1) (with all quantities in the same units) 

S « y/2Rhi + V 2 % -
Eliminating y and solving for S, 

S = V2fiAi - Ra + (RW - 2Ra V^Rhi + 2Rh1)». (3) 

Taking R = 4 the mean earth's radius, as is commonly done to allow 
for refraction, and expressing hi and hi in feet and a in degrees, 

S = 1.22 y/hi - 80.0a + (6400a2 - 194a -y/hl + 1.46/i2)w (4) 

nautical miles. 
The importance of proper selection of a permanent beacon site 

justifies a careful sky-line survey from which a coverage diagram can 
be constructed. To do this, a transit should be mounted at the 
same height as that proposed for the beacon antenna and close to 
it. After careful leveling, the transit should be swung around in small 
steps, taking readings of the elevation angle of the sky line a t intervals 
of a few degrees. The results can be plotted as elevation angle against 
azimuth. Figure 20-2 shows such a diagram, and Fig. 20-3 the corre
sponding coverage chart, for a hypothetical site in which the beacon 
antenna is assumed to have an elevation of 100 ft above sea level, and 
to be located on the shore with open ocean from 0 to 180° azimuth. 
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The angles actually measured with a transit will be relative to the 
horizontal at the beacon, and these are shown on the scale at the left of 

I|+0-2 
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F i o . 20-2.—Sky-line survey. The elevation of the sky line, in tenths of a degree, is 
plotted against azimuth for an imaginary beacon site. The left-hand scale gives the ele
vation angle 8 relative to the horizontal at the beacon; the right-hand scale gives the angle a 
relative to the sea-level horizon, a = d + 6. The beacon antenna height is 100 ft. 

Fia . 20-3.—Beacon coverage diagram, from data from Fig. 20-2. Horizon ranges, in 
nautical miles, for aircraft at the designated altitudes, are plotted as a function of azimuth 
angle. 

Fig. 20-2. The angles a to be used in Eq. (4) are measured up from the 
sea-level horizon; they are shown on the right-hand scale. In an inland 
site where no part of the sky line is at sea level, it will be necessary to 
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compute the angle d (Fig. 20-1) between the horizontal and the sea-level 
horizon. This can be done by means of the formula 

d = 0.018 Vh degrees, (5) 

where hi, the height of the beacon antenna, is expressed in feet above 
sea level. 

The coverage diagram, Fig. 20-3, was prepared by means of Eq. (4), 
using the angles a from Fig. 20-2, a beacon height hi = 100 ft, and 
interrogator altitudes h2 from 1000 to 10,000 ft as indicated. 

Reflections.—The discrimination of ground beacons in systems that 
use interrogation coding may be greatly reduced in poor locations. 
Consider, for example, an interrogator sending out l-/isec signals on 
ordinary search operation, and located at R in Fig. 20-4. The direct 
signal RB will not by itself trigger the beacon at Bh which we will 
assume to have a pulse-width discriminator set to accept only signals 

W±o 

B 
FIG. 20-4.—Echo stretching. Signals from the interrogator R to the beacon B, reflected 

from the object O, are delayed relative to the direct signals RB. 

between 2 and 4 /isec. However, if an object O, such as a building, 
is located at a distance from the beacon such that the time taken by 
the signal to travel from R to 0 to B is just 1 ^sec longer than the time 
from R to B directly, the two signals will overlap. Together they will 
form a pulse 2 j*sec long, which will pass through the discriminator. 
More generally, there will be many objects around a beacon which will 
reflect or scatter energy toward the antenna. With sufficient ampli
fication the signal received at the beacon will then consist of the direct 
pulse followed by a long irregular train of weaker, overlapping signals 
which may continue above the background noise level for 10 or 20 times 
the length of the direct signal. If the receiver sensitivity is sufficient 
for triggering by an interrogator at 100 miles, the direct signal will be 
40 db stronger when the interrogator is only 1 mile away; reflected pulses 
have to be more than 40 db weaker than the direct signal if discrimination 
is to be preserved at this range. 

Shipboard installations are not troubled in this way; the uniform sur
face of the ocean gives no spurious pulses. Land installations in which 
the beacon antenna is on top of a high, bare hill are good provided there 
are no large objects near by. The small vertical beamwidth of beacon 
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antennas is helpful. For example, with a half-power beamwidth of 5° 
in elevation, objects that lie more than 5° above or below the horizontal 
at the beacon antenna reflect comparatively little energy into the antenna. 
The conditions for eliminating spurious interrogating pulses over land are 
so stringent, however, that they cannot always be met satisfactorily. 
For this reason, it is important to use receiver circuits that minimize the 
effect of the secondary signals (see Sec. 8-11). 

Radar Interference.—In siting a permanent beacon station, an effort 
should be made to avoid unintentional triggering of the beacon by radar 
sets in its vicinity. For example, if the station is located near an airport, 
high-power search or ground-control radar sets or repair shops where 
airborne radar sets are serviced and tested may be near by. The ground 
radar sets should be operated on different frequency bands from those to 
which the beacons respond, but if the radar sets are very close, it may 
be necessary to install niters in the r-f lines of the beacon receiver. 

Alternatively, a trigger pulse from the ground radar can be fed to a 
suppression circuit in the beacon and the beacon receiver blanked for a 
short interval during each radar pulse. Repair shops should be located 
away from the beacon and every effort made to avoid the radiation of 
strong signals during testing by use of dummy loads or absorbers over 
the antennas. Methods for suppression are treated in Sec. 16-10. 

INSTALLATION 

20-2. Housing.—Housing for ground beacons ranges all the way from 
tents for temporary locations to special buildings for permanent use. 
When possible, it is advantageous to allow room for a workbench for 
servicing and for shelves to store spare parts and other supplies near the 
beacon. The test equipment that is essential for maintaining beacon 
performance will probably suffice for most repair work; it is, therefore, 
logical to plan to do all ordinary servicing at the beacon. Provision of 
adequate heat, light, and space will be repaid by better maintenance. 

Beacon stations are comparable to lighthouses. I t may even happen 
sometimes that beacons will be installed at lighthouses; hence, a similar 
degree of self-sufficiency and a similar approach to the problems of main
tenance are indicated. 

Primary Power Supply.—Heavy ground beacons designed in the 
United States usually require 60-cps single-phase alternating current at 
115 or 230 volts. Stations for intermittent operation can be supplied from 
motor-driven generators; permanent sites, from central power stations. 
Although beacons can be designed to work over a reasonable supply-
voltage range, their stringent frequency-stability requirements make it 
wise to provide a power supply free of violent voltage fluctuations 
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resulting from transient loads. If lines must be run a long distance, 
they must have sufficient capacity to prevent undue voltage drop at the 
maximum load imposed by the beacon. 

Arrangement of Associated Test Equipment.—The guiding principle in 
the arrangement of external test equipment in a permanent beacon 
station should be convenience. Test equipment not built into the beacon 
can be located on shelves or brackets—as shown, for example, in Fig. 
1511, Sec. 1512. Every control to be used for adjusting the reading of 
a meter must be located so that the meter can be watched as the adjust
ment is made. 

20-3. Antenna Installation.—Once a site has been chosen and housing 
has been provided for the beacon, the installation of the antenna must 
be carefully planned. 

Mast.—Often the antenna must be mounted on a mast in order to 
clear its immediate surroundings. The mast must have adequate 
strength and be strongly guyed so as to withstand the maximum wind 
velocities expected, with a suitable safety factor. In high latitudes, 
further allowance must be made for ice loading. 

Deicing.—Although ice is relatively transparent to microwaves, 
water absorbs them strongly. A thin layer of ice may absorb rather 
little power, but it may reflect enough to produce serious long-line 
pulling of the transmitter frequency. If no provision for heating or 
other deicing is provided the antenna must be readily accessible for 
manual cleaning in regions where snow and ice are encountered. 

R-f Lines.—It is always advantageous to keep the r-f lines that feed 
the antenna as short as possible. The maximum permissible length from 
the equipment to the antenna is determined by two factors: the power 
attenuation and the danger of long-line effects. The latter depend on 
the antenna match, the line length, and the transmitter-tube character
istics. A maximum allowable line length, which takes into account both 
attenuation and long-line effects, should be specified by the manu
facturers for each type of beacon. 

Pressurizing.—The need for pressurizing air-filled transmission lines 
has been set forth in Sec. 7-7. In field installations, the r-f transmission 
lines and the antennas should be made a common system for gas pressure. 
A pressure gauge at the beacon should be provided, and either a con
venient inlet valve for a hand-operated pump, or a permanently con
nected motor-driven pump. In order to prevent condensation of 
moisture only dry gas should be introduced into the lines. Air dried by 
passage through silica gel or other suitable desiccators is thoroughly 
satisfactory. In a permanent installation, automatic pressure main
tenance is advisable. This is achieved by a pressure-operated switch 
which is connected to the antenna lines and controls a motor-driven 
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pump so as to keep the r-f lines filled with dry air between specified 
pressure limits. 

Multiple Installations and Crystal Damage.—In many cases, a station 
will consist of a number of beacons on different frequencies, with, possibly, 
dual installations on each frequency. When uninterrupted operation is 
essential, a dual installation provides a complete stand-by unit which can 
be switched in rapidly. In the resulting clutter of antennas, care must 
be taken to avoid damaging the receiving crystal in one beacon by the 
transmitter of another. Beacons using waveguide will ordinarily be 
protected against frequencies substantially lower by the cutoff property 
of waveguide; there is, however, a possibility that higher harmonics 
may be present with sufficient power to cause trouble. If there is any 
doubt, a direct calculation of the power received should be made,1 as 
follows: 

p / _ X2 PTGTG'R< 
r * ~ (4^p R* ' W 

where the notation is that of Chap. 2. I t is assumed that the two 
antennas are in the same horizontal plane, so that the receiver is in the 
direction of maximum gain of the transmitter. 

In a typical case, X = 10 cm = 0.33f t ;P r = 10,000 watts, GT = G'R = 10. 
For R = 25 ft, from Eq. (6) the received power P'R = 1.1 watt, which is 
just about the safe upper limit for many crystals. The antennas, there
fore, must be separated by at least 25 ft; if they must be closer, they 
should be staggered in height, so that the receiver of each lies far enough 
below or above the transmitter of the other to be out of the main lobe 
of the pattern. 

Shielding by Masts.—With multiple-antenna installations, care must 
be taken that the different antennas or their masts do not shade each 
other. In Fig. 20-5, A is a beacon antenna; B is a cylindrical pole, of 
metal or other material opaque to the beacon radiation. The diameter 
of B is S, and its distance from A is a. At a distance b from the pole, 
the latter will interfere with the antenna pattern over a region R, which 
is at least somewhat larger than the geometrical shadow. 

Let us assume that b» a, a » X , that A can be regarded as an 
infinite line source of radiation, and that the pole B is a perfect absorber 
for microwaves. Then it can be shown by means of diffraction theory2 

1 The inverse square law may be applied for distances from the antenna greater 
than 2d2/\, where d is the antenna aperture. For linear arrays, Eq. (7-1), Sec. 74 , 
gives, for the minimum distance at which the inverse square law holds, the value 
G2\/2. At shorter distances the inverse square law breaks down, the actual received 
power being less than that predicted. 

2 See, e.g., Jenkins and White, Fundamentals of Physical Optics, McGraw-Hill, 
New York, 1937, p. 199. 
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tha t the intensity will nowhere be down by more than 3.5 db if 

S < 0.35 VX^, (7) 

where X is the wavelength and S, X, and a are all measured in the same 
units of length. This gives for the case X = 3.3 cm and o = 3 meters, 
S = 0.35 \ / 3 . 2 X 300 = 11 cm. At a large distance behind a pole of 
this diameter, therefore, the intensity will nowhere be more than 3.5 db 
below what it would be if the pole were absent. 

Equation (7) can be considered only a rough guide when the assump
tions are not valid. In particular, if the pole B is of metal and relatively 
close to the antenna, resonant currents may be set up on it which will 
reradiate energy and modify the antenna pattern considerably, not only 
behind the pole but in all directions. It should, however, be possible to 

F I G . 20-5.—Antenna shielding by neighboring objects. A is a linear-array beacon 
antenna, axis perpendicular to the plane of the diagram. B is a cylindrical pipe of diameter S 
and axis parallel to A. R is the region of the diffraction pattern observed on a plane P. 

eliminate resonant currents by coating metallic surfaces with a material 
that absorbs microwaves.1 

20-4. Operational Check.—Following the completion of a new beacon 
installation, particularly one intended as a permanent navigational aid, 
it may be desirable to make an operational test of its performance. For 
an airborne-interrogator-ground-beacon system, one or more flights can 
be made to check extreme range in various directions and at various 
altitudes, minimum range, and decoding. In order to get useful quanti
tative information, however, a flight test of an interrogator against a 
beacon must be made with great care. The characteristics of the inter
rogator and the beacon, such as power output and receiver sensitivity, 
must be known accurately. Otherwise, a test with an interrogator of 
above-average performance will overestimate the beacon performance. 
In addition, temporary conditions of anomalous propagation may result 

1 See Principles of Microwave Circuits, Vol. 8, Chap. 11, Radiat ion Labora tory 
Series. 
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either in abnormally large ranges at low altitudes, or sometimes in 
abnormally low ranges. 

Because microwave propagation under normal conditions is so nearly 
rectilinear, the coverage of a beacon can be predicted accurately by the 
ground-survey method discussed in Sec. 20-1. All other characteristics 
of the beacon can be measured accurately by suitable test equipment at 
the beacon; if these meet specifications, the beacon range can be cal
culated for any type of radar. In the absence of precise data on the 
propagation characteristics to be expected during a test, the laws of 
optics are a better guide to the range to be expected than a flight test 
made at random. For these reasons, operational flight tests seldom 
serve a useful purpose. 

OPERATION AND MAINTENANCE 

20-5. Local Performance Checks. Personnel.—The use of heavy 
ground beacons as continuously operating navigational aids for radar-
equipped aircraft has encouraged their design as automatic devices 
requiring no operator. Since weight is ordinarily secondary to reliability, 
recycling relays are usually provided to reestablish operation following a 
transient overload or power failure. Some installations include a com
plete stand-by beacon, and provision may be made for switching over to 
it automatically if the main unit should fail. In this way, the need for 
constant attendance can be eliminated. 

However, continuous operation requires routine performance checks 
at stated intervals, as well as regular preventive maintenance. Since, in 
addition, it is usually desirable to make all ordinary repairs at the beacon 
site, a highly skilled maintenance man should be available at each beacon 
installation. This contrasts, for example, with the problem of maintain
ing small beacons in aircraft, in which case major equipment troubles are 
frequently eliminated by replacement of the whole unit, which is then 
sent to a central depot for servicing by specialized personnel. 

Over-all Check of Performance.—A complete over-all check of beacon 
performance indicates whether or not the equipment puts out an r-f 
signal (1) of power greater than the minimum specified; (2) at a frequency 
within the specified limits; (3) with the proper number and spacing of 
code pips, when it is triggered by an r-f signal (4) of the minimum 
specified power; (5) of frequency within the receiver band; (6) with pulse 
coding (if coding is provided) only within specified limits, and (7) between 
the lower and upper limits of pulse-repetition frequency. A satisfactory 
test of this nature shows that the beacon is operating properly; failure at 
any point indicates the need of more detailed tests to localize the trouble. 

A considerable amount of test equipment is necessary to conduct 
such an over-all check and it must be of high quality and good design 
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since absolute rather than relative values of quantities are required- and 
some of the tolerances are close. Finally, the simpler and more automatic 
we try to make the process of measurement, the more complex the design 
of the test equipment becomes. As a result, it may be advisable, after a 
study of the probabilities of various failures in a beacon, to devise a 
simpler and less inclusive over-all check which can be carried out at more 
frequent intervals. 

List of Test Equipment.—The list of test equipment which follows 
includes the items needed for complete maintenance of a typical micro
wave ground beacon:1 

1. Test set or pulsed-signal generator. 
2. Synchroscope. 
3. Transmitter frequency standard. 
4. Volt-ohmmeter. 
5. Voltage divider. 
6. Dummy load. 
7. Local-oscillator frequency standard (when superheterodyne 

receiver is used). 
8. Standard tube tester. 
9. Fluxmeter (for checking the field strength of the magnetron 

magnet). 
10. Aural monitor (with provision for switching to any one of a 

number of test points). 

Of these items, the first five are the most essential. The dummy load 
is used rarely, but it is needed when antenna line mismatch is suspected 
and when it is undesirable to radiate power during testing of the trans
mitter. The local-oscillator standard cavity will be part of the receiver 
if the latter has local-oscillator AFC; it will be unnecessary if the fre
quency meter in the test set is accurate enough to check the local oscilla
tor. A standard tube tester saves time and helps to anticipate tube 
failure, but its provision may not be justified except in a large beacon 
station. Magnet failure is unusual, but difficult to discover without a 
fluxmeter. An aural monitor may be classed as a convenience; it is 
useful both for testing and for continuous monitoring. 

Over-all Check.—Using the test equipment listed above, the complete 
over-all check may be performed as follows: 

1. Trigger the test set from the synchroscope. Adjust the output of 
the test set to a frequency within the receiver band, to a pulse code 

1 The items themselves are described functionally in Sees. 15-12 to 15-20. Although 
specialized units, such as the test set, may be built into the beacon cabinets instead 
of being packaged separately, their functions will be essentially the same in oil her case. 
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that should trigger the beacon, and to the power level correspond
ing to the minimum specified receiver sensitivity. Connect the 
voltage pulse on the magnetron, from the appropriate test point, 
to the vertical deflection plates of the synchroscope. If a pulse is 
visible, it indicates that the beacon is being triggered by the 
minimum specified power. 

2. Vary the frequency of the input signal over the whole specified 
receiver band. The beacon should be triggered continuously. 

3. Vary the coding of the input signal. The beacon should start to 
trigger at the lower limit of the pulse-coding tolerance and cease 
to trigger above the upper limit. (The synchroscope may be used 
to monitor the pulse code, and the aural monitor to indicate when 
triggering commences.) 

4. On a suitable synchroscope sweep speed, check the number, width, 
and spacing of the beacon code pips at the modulator-voltage-
pulse test point. 

5. Trigger the beacon from the synchroscope at some convenient 
point, such as the coder input. This is done to release the test set 
so that its r-f output can be connected to the r-f test point on 
the transmitter line. The power monitor in the test set is now 
used to measure the beacon transmitter average power. From the 
repetition rate and duration of the voltage pulse of the modulator, 
the pulse power can be computed. 

6. Check the transmitter frequency by tuning it to peak the out
put of the standard cavity. Then vary the triggering repetition 
rate over the specified limits. The output frequency should 
remain within the required limits. Relative frequency changes 
can be measured with sufficient accuracy with the frequency meter 
in the test set, still connected as in the preceding paragraph. 

Mention should be made here of a difficulty in making a satisfactory 
over-all check which was not mentioned in the foregoing description. I t 
is obviously desirable, in such a check, to introduce the triggering signal 
at the receiving antenna and to check the transmitted power at the 
transmitting antenna. Only in this way will the test include the condi
tion of the antennas and r-f transmission lines. To do this requires (1) 
a pickup dipole or other device located close to each beacon antenna, 
adjusted to a known coupling, and (2) r-f lines from each of the pickup 
elements (in the case of systems with separate receiving and transmitting 
antennas) down to the equipment. When the antenna lines are long, 
about 50 ft, the test lines themselves introduce an uncertainty at least 
equal to that of the beacon lines proper. For such distances, the attenua
tion and general unreliability of coaxial line is generally too great to be 
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tolerated at 10 cm and even more so at shorter wavelengths, and four 
lines of waveguide running up to the antenna make a heavy and clumsy 
installation. Recently, duplexers of bandwidth sufficient for microwave 
beacon use have become available; these switches make it possible to 
have a single antenna line and a single test dipole line. 

The alternative practice has been to measure receiver sensitivity and 
power output at test points close to the beacon equipment. Waveguide 
losses are brought about by physical injury, which can be spotted by 
careful inspection, or by dirt or water inside the guide. If the antenna 
and guide lines down to the equipment are sealed off and maintained a t 
a pressure above atmospheric, no increases in attenuation will occur. 
Operating practice has been to keep both antenna and lines pressurized 
and to assume that they are in good condition. 

Another method of measuring the total line losses has been used with 
some success but is applicable only to systems having separate trans
mitting and receiving antennas. A bar or other device is clamped 
temporarily in a reproducible position where it increases the coupling 
between the two antennas to a figure of 20 to 30 db. The receiving line 
is disconnected at the beacon and connected to the test set, which is then 
used to measure the average received power when the transmitter is 
running. This is compared with the power from a directional coupler in 
the transmitting line near the beacon. The difference, corrected for the 
coupling between the antennas and the coupling of the directional 
coupler, is the sum of the losses in both antenna lines. If the coupling 
between the antenna lines is not known, changes in line loss from day to 
day can still be detected. 

Maintenance Schedule.—It is impossible to draw up a maintenance 
schedule to apply to heavy beacons in general since it must be based on 
a study of the performance and reliability of a particular type of equip
ment. I t should probably call for a daily over-all check of the type 
outlined above, with whatever additional checks experience might 
dictate. At longer intervals, a thorough overhaul of all components will 
serve to anticipate trouble. For example, when data on tube life are 
available, it may be advisable to schedule a change of tubes shortly 
before the end of their average useful life. 

20-6. Remote Performance Checks. Remote Monitors.—Ground 
beacons will frequently be located at or near airports, Coast Guard 
stations, or similar establishments. The best location for the beacon may 
be some distance from the base—on a neighboring hill, for example. 
Since beacon equipment is automatic and requires attention 'only when 
something goes wrong, a remote monitor at the base will save time by 
making it possible to check operations without going to the actual 
beacon site. 
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In most respects, the design of a remote monitor is straightforward 
and depends primarily on the complexity and expense which appear to 
be justified. The simplest monitoring can be done by means of wire 
connections between the beacon site and the base. For example, a 
remote indicator light can be used to give warning when the high voltage 
has gone off because of power failure, overload, or other cause. A more 
complicated system might contain provision for turning on the test set 
described above, preadjusted to feed in an r-f signal to the receiver at a 
power level approximating that corresponding to minimum receiver 
sensitivity. An aural monitor, consisting of amplifier and loudspeaker, 
can serve as indicator. Connected to the output of the transmitter fre
quency standard, it would show whether or not the beacon was putting 
out a signal on the correct frequency, and give some idea of the relative 
power output. This would be a simplified and reasonably satisfactory 
over-all check, but it would need to be supplemented by periodic and 
more extensive checks at the beacon site. 

Another monitoring system involves a calibrated interrogator at the 
base. This requires first of all a clear line of sight from the monitor 
antenna to the beacon antenna. There are, however, other limitations. 
If the beacon has a high-gain antenna and is located on a hill consider
ably higher than the monitoring station, the latter may be below the 
main lobe of the beacon antenna pattern. As a result, an impractical 
amount of power may be required to trigger the beacon. In addition, 
if the path between monitor and beacon is over water, interference 
between the direct and reflected rays (Sec. 3-1) will cause large variations 
in signal strength due to tidal changes in the level or v a r ing surface 
conditions of the water. While variations over land will be much less 
because of the lower reflection coefficient, they may still limit the accu
racy of the system. 

This type of monitor may be built primarily from radar components. 
I t is probably simpler to use separate receiving and transmitting anten
nas; these can be relatively small paraboloids mounted so as to point at 
the beacon. The received signal is led to the receiver through a cali
brated variable r-f attenuator. The indicator may be a synchroscope 
used for type A presentation. The synchroscope is also used to trigger 
the modulator. A second calibrated variable attenuator in the trans
mitter line makes it possible to vary the r-f output. With directional-
coupler test points in the receiver and transmitter lines, a test set of the 
type described in Sec. 15-13 will make it possible to calibrate the power 
output and receiver sensitivity and to measure the frequency of the 
monitor transmitter and of the beacon transmitter. By decreasing the 
monitor power output until the beacon ceases to trigger, the beacon 
receiver sensitivity can be checked. The bandwidth of the beacon 
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receiver can be tested if the monitor has a tunable transmitting tube. 
The power output of the beacon can be checked by varying the attenua
tor in the receiving line of the monitor until signals reach a calibrated 
amplitude. Interrogation coding may be checked by providing a suit
able coder for the monitor modulator, giving pulse codes than can be 
varied above and below the specified pulse-code limits. 

Quantitative Flight Checks.—It has been said above that routine flight 
tests of ground beacons, using standard airborne radar equipment, are of 
doubtful utility. Beacon performance can be checked more easily and 
accurately by using test equipment. However, occasions will arise—for 
example, in the design of new beacons—when flight tests will be desirable 
to verify the calculated performance. 

By modifying a standard airborne interrogator along the following 
lines, a satisfactory airborne testing device, which can be monitored and 
controlled while in flight, may be built. 

1. Insert a power divider between the transmitter tube and the TR 
switch. Couple a thermistor bridge or other power-measuring 
device into the transmitter line by means of a directional coupler 
or similar device. 

2. If the frequency is to be varied, a tunable transmitter tube is 
required. Its frequency can be measured by a frequency meter 
in the line between the directional coupler and the power monitor. 

3. Mount a pulsed-signal generator of the type described in Sec. 15-13 
near the interrogator, and trigger it from the synchronizer. Con
nect the r-f output of the signal generator to the antenna line 
through a second directional coupler so as to send signals toward 
the receiver. 

4. Add an A-scope indicator, if the interrogator does not have one 
already. 

5. Replace the antenna by a smaller reflector giving a half-power 
beamwidth of at least 20°. Because of the motion of the aircraft, 
it is difficult to make quantitative measurements in flight if the 
antenna beamwidth is small. 

In operation, beacon-receiver sensitivity can be tested by reducing 
the radar power output and determining the level at which the beacon 
ceases to reply. Bandwidth can be checked by varying the radar trans
mitter frequency. Beacon power output can be determined by matching 
in amplitude the beacon signal on the A-scope with an artifical signal 
from the signal generator. 

It is well to work over land, rather than over water, and to fly at 
altitudes and ranges well above the radar horizon, in order to reduce 
variations of signal strength due to interference (Sec. 3-1). Range 
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measurements made with reduced radar power output and sensitivity 
can be extrapolated to give reliable range by means of Eqs. (2-2) and 
(2-3), Sec. 2-5. 

The precision of such measurements is reasonably good. An idea of 
the variations to be expected can be obtained by an examination of the 
dispersion of the experimental points in Fig. 2-4 about the inverse 
square line to be expected from theory. The mean of a series of careful 
measurements made on a flight should predict the system performance 
with a probable error not exceeding 2 db. 

SHIP BEACONS 

B Y W. M. PKESTON 

Since weight and complexity are usually secondary to serviceability 
and reliability, shipborne beacons of the type intended as navigational 
aids are in many respects similar to the heavy ground beacons discussed 
above. Here attention will be called only to the principal differences 
between installations on shipboard and those on land. 

20-7. Installation, Operation, and Maintenance. Location of Equip
ment.—As compared with ground installations, space for beacons on 
shipboard is limited. By mounting components in drawers that pull 
out and lock and by making it possible to get at all components from 
the front of the cabinets, however, most beacon maintenance can be done 
right at the equipment. The equipment can be mounted close against 
a bulkhead out of the way, and lateral shock-mount brackets added 
where necessary. 

Since the antenna is usually mounted as high on the mast as possible, 
the antenna lines are long at best. Moreover, installation of the antenna 
lines is frequently difficult, particularly if they must be run through one 
or more decks. I t is, therefore, wise to locate the equipment on an 
upper deck, if space can be found, in order to keep the length of the 
antenna lines to a minimum. 

Antenna and Antenna Lines.—If all-round coverage is required, the 
antenna must be mounted near the top of the mast. Where this is 
impossible, it may be put on a yardarm. Equation (7) may be used as 
a guide in determining whether or not the mast or other vertical cylindri
cal structures will cause an appreciable shadow. If other radar equip
ment is near by, consideration must be given to the dangers of damaging 
the crystal of the beacon receiver and of picking up excessive interference. 
I t is usually possible to find a satisfactory solution because of the direc
tivity of the antennas, as long as they are not located on the same level. 

The range of a beacon on shipboard will be given by the simple 
formula, Eq. (1), since the horizon is sea level, except as the antenna 
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Ships 

Beacon 

pattern may be obstructed by masts or other elements on the ship itself. 
Interference nulls will always be a prominent feature because of the high 
reflection coefficient of sea water (Sec. 3-2). Pulse stretching at sea will 
ordinarily be negligible. 

For wavelengths of 10 cm or less, the r-f lines will normally be wave
guide, which has lower attenuation and which is far more rugged than 
coaxial line. It has been common practice to 
solder all joints or to seal them with gaskets and to 
maintain a positive pressure of dry air in the lines 
at all times. This prevents internal corrosion and 
the losses that result from condensed moisture and 
it also gives an indication of any break in the lines. 
Most installations will require specially fabricated 
bends. Because the bending of waveguide requires 
equipment and skill, it must be done by experienced 
personnel. 

Reflections.—When ships are isolated, reflections 
give very little trouble at sea. There are, how
ever, circumstances under which reflections may Interrogator 
cause difficulty with shipboard beacon installations. 

When the ship carrying the beacon is close to a 
coast line, echoes may give rise to disturbances, just 
as in the case of ground installations. This, how
ever, is a relatively trivial matter. 

The large radar cross section of ships, however, 
may cause confusing reflections when ships are 
within only several miles of each other. Dif
ficulties may arise through reflection of either the interrogation or the 
response, or both. 

In Fig. 20-6, suppose Ship A carries a beacon, and Ship B is a few 
miles away. An interrogation reflected from B may trip the beacon on 
A. The beacon response is then observed by the interrogator at an 
incorrect range. I t is possible also that a direct signal from the inter
rogator may trip the beacon, and the beacon response then may be 
reflected from B to the interrogator giving incorrect range and bearing. 
Finally, both the interrogation and response may be reflected from B. 

The seriousness of such spurious indications depends upon the 
angular discrimination of the interrogator and the geometry of the 
situation. The spurious indication will always be at a range greater than 
the correct range, so that a careful operator can distinguish between 
them. Angular discrimination alone is of no assistance when both 
interrogation and response are reflected. When many ships are assem
bled, as in naval formations, spurious "beacons" may, because of 

F I G . 20-6.—The ori
gin of spurious interro
gations and responses 
of shipboard beacons by 
reflections from another 
ship. A beacon on one 
ship may be interro
gated by a signal re
flected from another, 
and its response may in 
turn be reflected from it. 
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reflections, appear on every ship in the formation at short ranges. Rela
tive intensity and range are the parameters by which the interrogator 
operator can distinguish true response from reflections. In practice, it 
is not often difficult to distinguish true from false indications. 

Response coding is of great assistance in distinguishing beacon replies 
from radar reflections that may break through when the interrogator is 
adjusted for beacon reception. For example, suppose an airborne or 
shipborne radar used as a beacon interrogator has a maximum free-space 
range of 60 miles on a large ship. At 6 miles the radar response is then 
40 db above the minimum useful response. If the selectivity of the 
interrogator-receiver, or channel rejection, between radar and beacon 
signals is 40 db, the radar reflection from the ship carrying the beacon 
will begin to appear on the screen at 6 miles even though the interroga
tor is tuned to beacon signals. If the beacon replies are uncoded this 
may result in serious confusion; response coding usually will eliminate 
any possibility of such confusion. 

Distortion or garbling of interrogation coding by reflections is possible 
in ship formations; but it is relatively infrequent, since the geometrical 
conditions for this occurrence are stringent. On very large ships, pulse-
width coding may give trouble, since echoes from distant portions of the 
ship may act to stretch incoming pulses. 

Time-varied gain of the interrogator-receiver will eliminate or greatly 
reduce spurious effects due to reflections. The suppression of spurious 
pulses in the beacon receiver is of less value than with ground receivers, 
since the interfering echoes come relatively long after the direct signal. 

Interference.—A thorough search for possible interference should be 
made after installation of a beacon on a ship. The type of interference to 
be looked for includes not only unwanted triggering of the beacon by 
other radar or communication equipment, but interference by the beacon 
with other radar and communication sets. It has been demonstrated 
that it is practical to eliminate virtually all interference that does not 
actually enter the antenna by proper design, involving good grounds and 
shielding and filtering of power lines. 

I t has been the rule to set the beacon transmitter frequency in a clear 
channel in order to avoid interference with radar sets, and to operate 
ship radars on different bands from airborne equipment so that a beacon 
intended for airborne interrogators should not be triggered by sets on 
the ship. If, however, one or more ship radars cause interference which 
triggers the beacon through the r-f system and which cannot be elimi
nated by filters, it will be necessary to use a suppression circuit (Sec. 16-10). 

Operation and Maintenance.—The operation and maintenance of 
shipboard beacons are similar to those of heavy ground beacons. It is 
usually possible to mount close to the beacon all test equipment necessary 
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to make a complete over-all check of operation similar to that described 
in Sec. 20-5. The same adherence to a definite preventive maintenance 
schedule is required if continuous, reliable operation is desired. The 
antenna and lines on shipboard are particularly liable to damage by 
strain and vibration, and they are seldom readily accessible. It is, there
fore, desirable to be able to measure the over-all line and antenna losses 
by means of a separate waveguide connected to a pickup probe at the 
antenna, as described in Sec. 20-5. 

AIRBORNE BEACONS 

B Y W. M. PRESTON 

Airborne beacons are generally characterized by their light weight 
and, in comparison with ground or ship installations, by their simplicity. 
They are operated intermittently, although quite possibly for many hours 
at a stretch; during operation little or no maintenance is possible. 

20-8. Installation. Location of Antenna.—Every type of aircraft 
presents a new problem in antenna installation, and the solution usually 
involves compromises. The stringent requirements of minimum aero
dynamic drag must be met, and at the same time a location is required 
which gives the best possible coverage and a mounting that is structur
ally practicable. The lowest point of the underside of the fuselage, in 
normal flight aspect, is frequently the obvious choice. This location 
may be ruled out if it is shielded by external wing tanks or radomes, and 
it may be relatively poor in low-wing models because the wing will 
obscure the antenna when the aircraft banks. 

Trials of double installations have been made, for example, with two 
receiving antennas located on opposite wing tips and connected to the 
receiver in parallel, and two transmitting antennas similarly located. 
Although it is possible thus to insure that coverage is obtained in all 
directions, the interference pattern in directions from which both anten
nas are simultaneously visible is complicated by many lobes. These 
lobes are probably intolerable for automatic-tracking radars like the 
SCR-584 which require continuous information. Such antenna installa
tions may, however, be used with separate receivers for each antenna, 
with mixing of the video output signals. 

The mocking-up of an antenna installation in a new aircraft type is a 
major undertaking, and it must be done and the testing carried out in a 
well-equipped laboratory. The approved mockup must be followed 
carefully in later installations, since small changes in location may affect 
the pattern. The difficulty increases with decreasing wavelength of the 
system. 

Location of Equipment.—Aircraft beacons are usually designed with 
small control boxes that can be mounted within convenient reach of the 
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operator. The equipment proper may then be located wherever space 
is available, subject to the stipulation that the lengths of the antenna 
lines be held to a specified minimum. 

Reflections.—Airborne beacons may be triggered by reflections of the 
interrogating signals from the ground, or, more infrequently, from other 
aircraft. An interrogator in the same aircraft can trigger an airborne 
beacon, even if there is a direct suppression connection, if the signal 
reflected from the ground returns with sufficient intensity after the sup
pression period is over. Suitable choice of the suppression interval, so 
that the reflected signal is too weak to trigger the beacon at altitudes for 
which the reflection time exceeds the suppression interval, is necessary. 

With ground interrogators, reflected interrogations from large objects 
on the ground may reach the airborne beacon after the direct signal. 
This may result in apparent double pulses being received at the beacon; 
if double-pulse coding is used, codes may be simulated, so that the beacon 
may be triggered by interrogators that are not meant to trigger it. If 
the decoder is not suitably designed, the reflected pulse, appearing 
between the two direct pulses of the code, may prevent a response. 

Beacon responses to an airborne or ground interrogator can be 
reflected from the ground and thus appear at incorrect ranges and 
azimuths. As in other cases, angular discrimination in the interrogator 
and time-varied gain of its receiver will tend to remove these interfering 
signals. 

Interference.—In locating the beacon antenna in the mockup of a new-
type aircraft, care must be taken that sufficient power from other radar 
equipment to damage the receiving crystal does not enter the beacon. 
This is unlikely to occur unless a radar antenna points almost directly at 
the beacon antenna. If an actual measurement of the power reaching 
the beacon crystal shows it to be excessive, either an r-f filter must be 
installed or the beacon antenna must be relocated. Triggering of the 
beacon by other radar equipment can be eliminated by using a suppressor 
blanking pulse. 

20-9. Operation and Maintenance. Personnel Requirements.—The 
operation of an airborne beacon is usually extremely simple and may 
consist of little beyond turning it on or off. In any case, its operation 
will be a minor duty of a pilot, radio operator, or other crew member who 
cannot be expected to be highly trained in maintenance. 

Actual maintenance will be done on the ground. Since it is difficult 
to make extensive repairs of radar equipment inside the aircraft, it is 
desirable to provide for making a very simple over-all check of beacon 
operation at the aircraft. If any major difficulty is encountered, either 
the troublesome component or the whole beacon should be replaced 
immediately. This check can be made by relatively unspecialized per-
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sonnel and the defective components sent to a depot to be serviced by 
capable maintenance men under favorable working conditions. 

Built-in Monitoring Equipment.—For airborne beacons, built-in 
monitoring equipment is usually held to a minimum by limitations on 
space and weight and may be entirely absent. Perhaps the most useful 
single test feature that may be supplied is a push-button-operated video 
triggering circuit to actuate the equipment beyond the decoder and a 
tuning control and meter indicator for setting the transmitter frequency. 

Preflight-check Test Equipment.—If the maintenance organization 
suggested above is followed, relatively simple test equipment for checking 
a beacon in an aircraft is wanted. The quantities to be checked are (1) 
power output, (2) frequency, (3) response code, (4) receiver sensitivity, 
(5) receiver band coverage, and (6) interrogation coding. Moreover, 
because of the considerable chance of injury to the antennas due to their 
exposed position, or to the antenna lines due to the extreme vibration to 
which aircraft are subject, an over-all check should certainly include the 
antennas and their lines. 

These specifications will almost certainly require a special piece or 
set of test equipment designed for this purpose alone. I t must fulfill 
most of the major functions of the test set and synchroscope described 
in Sec. 20-5, such as providing a pulsed signal of known frequency and 
variable calibrated power output, measuring the frequency and power o 
the beacon signal, and examining the code. Ideally, it would be battery-
operated ; alternatively, it may be run from mobile engine-driven genera
tors of the type expected to be available at airports. I t must either be 
readily portable, or it must be carried by a test truck, and the latter 
must be available in the required locations. A reproducible method of 
coupling the test set to the beacon antenna is required. This problem 
has been solved in one case by a "black," or completely absorbing, " h a t " 
to be fitted over the beacon antenna, with pickup dipoles built into it. 

Bench Test Equipment.—Complete test equipment must be supplied 
for general maintenance work. If the procedure suggested is followed, 
servicing will be done in a repair shop under favorable conditions. 
Hence, flexibility and reliability will be required of the test equipment 
and weight will be secondary. The same set of test equipment will be 
used to service many beacons and possibly other radar gear. I t will be 
essentially that listed in Sec. 20-5. 

Remote Monitors.—Although in most cases the system of preflight 
checking described above will be entirely sufficient, occasions may arise 
when it is desirable to obtain an operational check of an airborne beacon 
just before takeoff, or in flight, while the aircraft is still near its base. 
A monitoring station for this purpose can be constructed from a modified 
interrogator. I t must have a rotatable or omnidirectional antenna in 
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order to follow the aircraft easily. The extent of the modification 
required depends, of course, on the completeness of the over-all check 
desired. A power divider in the transmitter line, a tunable transmitter, 
and an attenuator in the receiver line, together with a test set for cali
bration, will make possible rough quantitative checks on beacon power 
output and receiver sensitivity. I t should be pointed out that a unit 
of this type may be complicated and expensive. 

PORTABLE AND MOBILE BEACONS 

B Y A. R O B E R T S 

20-10. Installation, Operation, and Maintenance.—The installation 
of a portable or mobile beacon differs from that of a large ground beacon 
I 

FIG. 20-7.—An ideal portable beacon location: the top of Mt. Wachusett, Mass. 
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in that it is likely to be temporary rather than permanent. There may, 
therefore, be less time to survey available sites so that the best one may 
be chosen. In a temporary installation, furthermore, the erection of 

l ' la. 20-8.—A voiy good poit^blo beacon location. The sky-line elevation is raised some
what by the trees. 

high masts may not be practical, unless these are of the sectional type 
and provided as part of the beacon equipment. 

The considerations governing the choice of site are, of course, identical 
with those for permanent installations. In view of the possible necessity 
of setting up a beacon hurriedly in an unsurveyed location, it is important 
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for the operator to be well acquainted with the requirements for satis
factory beacon sites and with the performance of his equipment under 
conditions of unfavorable location. 

The height of the beacon antenna in temporary installations is 
generally determined by the antenna support supplied with the equip
ment. In rolling or hilly country the operator should, of course, try to 
select a site on top of a hill rather than in a valley. 

F I G . 2010.—An excellent beacon location. The antenna mast is nearly as high as the 
distant trees. Homing on a portable beacon may be very accurate. 

The effect of interference nulls may be very noticeable for portable 
beacons, even if the reflections occur on land rather than on water. 
The possible height of the beacon antenna is not great and for this reason 
the nulls will be relatively far apart. Location in flat, open country 
favors interference nulls; location on a hilltop suppresses them. 

The effect of trees on range must be well understood by the operator, 
and this can be learned only from experience. Figures 20-7 to 20-17 
show portable-beacon locations of varying excellence and give an idea of 
the effect of trees on reducing range. The reduction of range by trees 
may result either from attenuation or from an elevated sky line. At the 
lower frequencies, polarization is of importance. Horizontally polarized 
radiation will be attenuated less by trees than vertically polarized 
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radiation, when the wavelength is considerably greater than the diameter 
of the average tree. 

Pulse stretching is not usually a problem with portable beacons 
because the light weight requirements of the equipment ordinarily pre
clude the use of a decoder. If there is a decoder, the requirements will 
be the same as those for permanent ground beacons. 

and the sky line is not blocked by trees. 

J'he sky line should be surveyed carefully by the operator before the 
equipment is set up. Ordinarily no survey with a transit can be made, 
and a visual inspection must suffice. A good operator will be able to 
guess with fair accuracy from a visual inspection the directions in which 
reduced range is to be expected. If certain directions are more important 
than others, the selection of the site can be made accordingly. 

The operator will be able to exercise little control over installation 
problems. These must be solved in the design of the equipment, which 
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must provide for assembling, testing, and operating the equipment out
doors under unfavorable weather conditions. 

Because little or no auxiliary test equipment will be available, all 
checking will have to be done with built-in test equipment. Portable 
microwave beacons have often been so designed that when two beacons 

FIG. 20'13.—A satisfactory beacon location. The sky is visible through scattered trees; 
range will not be materially reduced. 

were available, one could be used as a signal generator to check the other. 
A rough field check can readily be obtained in this way. 

20-11. Surface Beacon Systems.—Previous sections of this chapter 
have been concerned mainly with beacon systems in which either the 
interrogator or the beacon was explicitly or tacitly assumed to be air-
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borne. A brief discussion of beacon systems in which both ends of the 
system are on the surface of the earth is in order because they present 
some special problems of design, siting, and propagation. Of the three 
possible surface combinations—ship-to-shore, shore-to-ship, and ground-
to-ground—we are particularly concerned with the last. Ship-to-shore 
and shore-to-ship systems present different, rather special problems.1 

Frequency.—In ground-to-ground systems, relatively short ranges are 
required. The beacons or interrogators, or both, are usually lightweight 

FIG. 20-14.—A poor beacon location. Underbrush is high and the beacon is in a clump of 
trees. Range will be materially reduced. 

and portable. Because of line-of-sight limitations, long ranges—30 
miles or more—require considerable elevation at both ends of the system. 
The signal path is always close to the surface of the earth and often passes 
through trees or other vegetation. The effect of obstacles of this nature 
and of resulting diffraction depends on the frequency used. 

Experiments show that microwave radiation is practically useless in 
ground-to-ground beacon systems unless there is a clear line-of-sight 
path for the signal. Signals of lower frequency become progressively 
better for nonoptical paths, and, at frequencies of 200 Mc/sec or less, a 
fair amount of transmission through trees and nonoptical transmission 

1 A discussion of a shore-beacon-ship-interrogator system can be found in Chap. 
19, Sees. 1910 to 1913. 



466 INSTALLATION, OPERATION, AND MAINTENANCE [SEC. 2011 

becomes feasible. The remaining discussion will be restricted to fre
quencies below 200 Ale/sec. 

Azimuth Discrimination.—At the lower frequencies, azimuth deter
mination is most conveniently performed by lobe-switching techniques. 
Moderate accuracy (±3° to 5°) can be obtained in this way; however, 

F I G . 20-15.—A poor beacon location. The beacon is in the open, but dense trees near by 
cut off vision rather completely. Range will be materially reduced. 

there are often errors. Figure 20-18 shows the distribution of errors of 
azimuth determinations in 129 fixes in a 175-Mc/sec system with lobe-
switched arrays having a half-power beamwidth of about 70°. Less than 
half of the fixes were over optical paths. The inherent azimuth error 
under excellent conditions was less than 1°. Some large azimuth errors 
are due to reflections; these can often be recognized as such by the opera
tor. A more serious type of error is that due to coherent interference 
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directions, however. Range will be materially reduced. 
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F I G . 20-19.—The change of pulse shape due to coherent interference. A 5-^sec pulse 
took on the various appearances shown as the path between beacon transmitter and 
receiver was varied a few feet a t a time. 
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Fio. 20-20.—Effect of coherent interference on pip matching. The shapes of the 
pulses received by the two antennas are different; matching, and thus azimuth deter
mination, become diflScult. (a) Antenna axis pointing at beacon. (6) Antenna axis 
swung to left, (c) Antenna axis swung to right. 
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FIG. 20-21.—In passing over this hill, vertically polarized 175-Mc/sec signals were attenuated more than horizontally 
polarized signals. 
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between the direct ray and one reflected from neighboring terrain; this 
is like the interference that normally occurs in transmission over water. 
However, such interference can change the shape of the pulse, as shown 

Vic 20-22.—At 175 Me/.spr, a 100-ft path through these trees attenuated horizontally 
polarized signals G db, and vertically polarized signals 21 db. 

in Fig. 20-19. If the signals displayed on the cathode-ray tube have 
different pulse shapes, which will be the case if the reflection effects differ 
for the two switched antennas, matching of amplitudes will then be 
difficult or impossible (see Fig. 20-20). 
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Coherent interference can change markedly over very short distances; 
moving the antenna system a few feet may alter the pulse shapes notice
ably. (See Fig. 20-19.) 

Range Errors.1—Range determinations suffer no systematic difficulties 
in ground-to-ground beacon systems. Reflections can, of course, give 
false indications; good operating techniques can detect most of these. 
The most precise ground-to-ground measurements are made with range-
only triangulation systems. These are particularly applicable because of 
the low frequencies necessary and the corresponding difficulty of obtain
ing good azimuth information. In systems with excess power, azimuth 
and range determinations can still be made with good accuracy for non-
optical paths, provided the signal strengths are adequate. Except for 
possible reflections, such determinations are made just as with optical 
paths. The significance of the measured range is, however, sometimes 
doubtful when the shortest possible path is longer than a direct optical 
path. 

Polarization.—At 175 Mc/sec, a considerable difference exists between 
the characteristics of vertically and horizontally polarized signals with 
respect to transmission over nonoptical paths. I t is found that vertically 
polarized radiation is attenuated more by trees than is horizontally 
polarized radiation. In transmission over obstacles like hills, ver
tically polarized radiation sometimes gives weaker signals in the dif
fraction region—perhaps because of the effect of the trees on the hill 
(see Fig. 20-21). 

In the terrain shown in Fig. 20-22, the total attenuation of vertically 
polarized radiation by about 100 ft of trees was 21 db, whereas horizon
tally polarized signals passing along the same path were attenuated 
only 6 db 
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AMPLITUDE MODULATION OF PULSES 

B Y L. A. TURNER 

I t is well known that an infinite sequence of rectangular pulses of 
width r, spaced T seconds apart, can be represented by a Fourier series 
of harmonic terms having frequencies of 0, Fo, 2F0, 3Fo ■ ■ ■ , where 
F0 = 1/T. In particular, if zero time be taken at the center of one of 
the pulses, this series has the form 

S - I A N ■ cos 2KNF4-

The amplitude coefficients A N are given by 
sin TTNFOT 

AN = / ITF 0 
TNFK 

in which h is the height of the single pulse. 

/ 
A \-A 

Time—* 
F I G . A-l.—Amplitude-modulated series of pulses. 

If the pulses are made to be of an infinitesimal width At, all the 
amplitudes AN become equal to hFoAl. I t should be noted in passing, 
since it gives a result needed later, that the pulse of width T can be 
considered as the superposition of a whole set of the infinitesimal pulses 
appropriately displaced with respect to one another. The corresponding 
Fourier terms are obtained by combining those of the thin pulses with 
differences of phase corresponding to the relative displacements of the 
sets of pulses. In the limit, this becomes the familiar integration 
encountered in the diffraction of light by a single slit: its result is expressed 
by the expression given above for As. 

If we now consider the set of pulses of width T to be modulated as 
in Fig. A-l, this can be expressed by multiplying the original rectangular 
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pulse function by a modulating factor of the form 1 + p cos (2ir Fmt + </>). 
Since the rectangular pulse function and the Fourier series are completely 
equivalent, the series can equally well be multiplied by this factor to get 
an expression for the modulated waves. Corresponding to each of the 
orginal Fourier components of frequency NFo, these will now be a triplet 
of three components at frequencies NF0 — Fm, NFo, and NF0 + Fm with 
amplitudes that are respectively p, 1, and p times the amplitude of the 
original component. 

If, however, the pulses are still rectangular but modulated in height 
as in Fig. A'2, the results are slightly different. This case can be handled 

, 
,' 
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T T N 
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Ihr 
Time—-

F I G . A-2.—Amplitude-modulated series of pulses. 

by starting with a set of infinitesimally thin pulses and applying the 
modulating factor to them as above to get the same sideband frequencies. 
The pulses of finite width are now obtained as above by superposition of 
suitable sets of thin pulses. The amplitude factor becomes 

, „ sin WFT nfo — = — . 

in which F is the actual frequency of any component whether it be side
band or otherwise. The two sideband components of a given triplet 
now do not have equal amplitudes, but rather amplitudes that differ in 
accord with their different frequencies. 
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AGC.—Automatic gain control. 
AI.—Airborne interception. 
AN/APN-3.—The SHORAN airborne INTERROGATOH-RESPONSOR. 
AN/APN-19A.—A modification of AN/APN-19 including double-pulse interrogation 

coding, with four double-pulse channels. 
AN/APM-63.—Test equipment for AN/APN-19 beacon. 
AN/APQ-13.—A 3-cm bombing radar; used by the Twentieth Air Force. 
AN/APS-4.—A 3-cm airborne radar, used both for sea search and AI. 
AN/APS-15.—A 3-cm bombing radar; used by the Eighth and Fifteenth Air Forces; 

MICKEY. 
AN/CPN-2.—The SHORAN ground beacon. 
AN/CPN-6.—A high-power ground or shipboard 3-cm beacon. 
AN/CPN-8.—A medium-power 10-cm ground beacon. 
AN/CPN-17.—A high-power ground or shipboard 10-cm beacon. 
AN/UPN-1.—A battery-operated lightweight 10-cm ground beacon. 
AN/UPN-2.—An a-c-operated lightweight 10-cm ground beacon. 
AN/UPN-3.—A lightweight a-c-operated 3-cm ground beacon. 
AN/UPN-4.—A battery-operated lightweight 3-cm ground beacon. 
ASV.—Air-to-surface-vessel. 
automatic range-tracking.—The process of obtaining a voltage or shaft rotation 

proportional to range by using a circuit that locks on and follows a received 
signal. 

automatic tracking.—The process of using range data or angular data in such a way 
as to obtain error signals; these are used to drive devices that keep the system 
locked to a target. 

beacon.—See RADAR BEACON. 
blanking gate.—A circuit used to produce a rectangular pulse when a beacon is 

triggered; it prevents further triggering for a period of time, called the DEAD 
TIME.—Also, the rectangular pulse it generates. 

CCB.—Close control bombing. 
"cat."—A ground station about which a circular course is flown. 
"cat-mouse" course.—A method of bombing whereby aircraft fly a circular course 

around a CAT station and release bombs at a predetermined range from the 
MOUSE station. 

coding.—The provision of a special character to interrogation or reply signals. 
cone of silence.—For a beacon, the approximately conical volume overhead or 

beneath in which the interrogation or reply link fails because of inadequate 
antenna coverage. For an airborne scanning INTERROGATOR, the conical volume 
below not included in the coverage of the antenna scan. 

crystal-video receiver.—A receiver with a crystal detector and a video amplifier. 
dead time.—The period following reception of a signal triggering a beacon, during 

which the beacon cannot again be triggered. 
decoder.—A device which deciphers a coded signal. 
discriminator.—A DECODER. 
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drift station.—SHORAN parlance for a CAT beacon. 
fruit.—In an interrogation display, beacon replies to other INTERROGATORS; they are 

not synchronized and constitute a type of clutter. 
GCI.—Ground control of interception. 
Gee.—A 20-100 Mc/sec hyperbolic navigation system, using pulse transmission. 
Gee-H.—A British //-system for bombing using equipment adapted from the GEE 

navigation system. 
H-system.—A beacon bombing system, in which an aircraft equipped with an INTER

ROGATOR measures precise ranges to two beacons on the ground; the converse of 
OBOE. 

IFF.—Identification, friend or foe. 
inquisitor.—An attachment to a radar set, to enable it to interrogate beacons and 

obtain their replies. 
interrogation.—The transmission of pulses designed to TRIGGER a beacon; the pulses 

triggering a beacon. 
interrogator.—Any device intended to TRIGGER a beacon by means of r-f pulses trans

mitted through space. 
interrogation link.—The communication link whereby an INTERROGATOR triggers a 

beacon. 
interrogator-responsor.—A transmitter and receiver especially designed for opera

tion with beacons, rather than as a radar set. 
leaky pipe.—A slotted coaxial-line or waveguide antenna. 
limiting link.—That link of a beacon system which determines the reliable range. 
lobe switching.—A type of azimuth determination. 
Loran.—A low-frequency hyperbolic navigation system using pulse transmissions. 
Mickey.—The AN/APS-15 radar. 
Micro-H.—An American //-SYSTEM used for bombing, using the AN/APS-15 airborne 

bombing radar and AN/CPN-6 ground beacons. 
Minnie.—The AN/CPN-6 beacon. 
"mouse."—A reference station from or by which range is measured to an aircraft 

flying a CAT circle. 
Oboe.—A beacon bombing system, whereby a beacon-equipped aircraft is guided by 

two interrogators on the ground; the converse of the //-SYSTEM. 
pattern propagation factor |F|.—The ratio of the resultant electric-field amplitude at 

a point when both reflected radiation and direct radiation reach it to the value 
due to direct radiation only. 

PDI.—Pilot's direction indicator, a meter showing a pilot in which direction to fly. 
racon.—See RADAR BEACON. 
radar beacon.—A device that, upon reception of a suitable interrogating pulse signal, 

automatically responds with another pulse signal. 
rate station.—SHORAN parlance for a MOUSE beacon. 
Rebecca-H.—A British //-SYSTEM used for photo-reconnaissance, adapted from 

Rebecca-Eureka. 
reply.—Same as RESPONSE. 
responder beacon.—See RADAR BEACON. 
response.—The act of the beacon in emitting a signal when triggered by an interroga

tion. 
response link.—The link by which beacon responses are received by an INTERROGATOR. 
ring-around.—Continuous mutual triggering by two beacons, each of which rrplies 

to and triggers the other. 
Rosebud.—The AN/APN-19 10-cm airborne beacon. 
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SCR-684.—A 10-cm fire-control radar designed for AA use; later adapted for control 
of aircraft. 

SCR-717.—A 10-cm airborne ASV radar. 
Shoran.—A 250-Mc/sec 77-SYSTEM used for bombing and mapping. 
slow coding.—A type of response coding in which the response code occupies a time 

of the order of seconds. 
"squegging" oscillator.—A self-pulsed oscillator, the pulse duration and repetition 

rate of which are determined by the oscillator constants. 
squint.—The dispersion properties of a linear array antenna, which causes the direc

tion of the antenna pattern to vary with frequency. 
STC.—Sensitivity-time control—see TIME-VARIED GAIN. 
tangential signal.—A signal which, superposed on noise, appears tangential to the 

noise on an A-scope. 
time-varied gain.—An automatic variation of receiver gain with time, usually in such 

a way as to reduce the gain immediately following a pulse transmission, and 
bringing it back to its normal value in a predetermined way. 

traffic capacity.—The ability of an interrogator-beacon system to operate satis
factorily when large numbers of interrogators or beacons are operating. 

transponder.—See RADAR BEACON. 
trigger.—To initiate a RESPONSE from a circuit; a signal which initiates such a 

RESPONSE. 
tripole.—A set of three dipoles mounted in a circle and excited in phase, to give a 

pattern uniform in azimuth; used as an element of linear-array antennas. 
TS-143/CPM-1.—A synchroscope especially designed for microwave beacon testing. 
TVG.—See TIME-VARIED GAIN. 
wonter.—A circuit in a double-pulse or multiple-pulse DECODER, which prevents 

response when an extraneous pulse is present between two pulses with the correct 
spacing. 

Yehudi.—A triggering device used in beacon-transmitter AFC systems, which tunes 
the beacon to the correct frequency when INTERROGATION occurs. 





LIST OF SYMBOLS 

In range equations, primed quantities refer to the beacon and 
unprimed quantities refer to the interrogator. 
A Area of antenna; antenna aperture. 
A Atmospheric absorption, in decibels. 
a Radius of the earth. 
B Video bandwidth. 
B I-f bandwidth. 
b Constant of rectification of a crystal. 
CV Total capacitance of pulse-forming network. 
C, Distributed capacitance of modulator output circuit. 
c Velocity of light. 
EB Supply voltage. 
F Pattern propagation factor; ratio of electric field to value it would 

have under free-space conditions. 
F Figure of merit of crystal detector. 
F\ Noise factor of r-f amplifier. 
Fi Noise factor of mixer and i-f amplifier. 
Fi2 Over-all noise factor. 
G Maximum gain of an antenna, as referred to an isotropic radiator. 
h Height. 
Ip Pulse current. 
i As subscript, refers to interrogation link. 
K Loss factor of a transmission line. 
k Factor for increasing earth's radius to compensate for atmospheric 

refraction. 
k Boltzmann's constant, 1.38-10-23 joule/degree. 
L Transmission line loss in decibels. 
Lc Charging inductance for pulse-forming network. 
M Reduction from maximum antenna gain to utilized gain, in decibels. 
N Number of possible codes. 
n Index of refraction of the atmosphere. 
n Number of spaces in a range code. 
n Noise voltage. 
P Number of pips in a range code. 
P R-f power. 
QL Loaded Q of a resonant circuit. 
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Qu Unloaded Q of a resonant circuit. 
R Range. 
R As subscript, refers to receiving components. 
Rc Charging resistor for pulse-forming network. 
r As subscript, refers to response link. 
S Scanning factor: the ratio of the total angle scanned to the angle 

over which the beacon is interrogated. 
T As subscript, refers to transmitting components. 
TB Interval between pulses; recurrence interval. 
W Percent response of a beacon to interrogation. 
Wn Percent response of a beacon searchlighted by n interrogators. 
Zn Characteristic impedance of pulse-forming network. 
Zp Impedance presented by primary of pulse transformer. 
X Wavelength. 
p Magnitude of the reflection coefficient of the earth. 
<r Phase difference between direct and reflected range. 
T Ratio of beacon dead time to the nominal interrogator repetition 

period. 
<t> Phase change on reflection. 
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A 

Absorption, 53 
atmospheric, 53-56 
oxygen, 53 
by rainstorm, 55 
by trees, 438 
water vapor, 53 

A-c resonance charging, 245 
AFC, 170, 270-278 

receiver, 170-172 
AFC amplifiers, 274-276 
AFC discriminator, 271-274 

modulated-cavity single-crystal, 271 
two-crystal standing-wave, 272 

AFC servomechanisms, 276-278 
AI, 8 
Air-to-air rendezvous, 13 
Air-to-air systems, 22 
Air-to-surface systems, 20 
Air-to-surface-vessel (see ASV) 
Airborne beacons, 12-14 

choice of frequency in, 70 
Aircraft carrier, 19 
Aircraft interception (AI), 8 
Alarms, 322 
Alternator, engine-driven, 314-316 
Amplifier, i-f, 157-158 

r-f, 157 
video, 177-179 

AN/APN-3, 426 
AN/APN-19, 77, 359, 408 

power supply for, 330 
AN/APN-19A, 77 
AN/APQ-7, 25 
AN/APQ-13, 17 
AN/APS-4, 73 
AN/APS-10, 398 
AN /APS-10 beacon-radar presentation, 

381 

AN/APS-15, 17 
AN/CPN-2, 426 
AN/CPN-6, 398 

power supply for, 324-327 
AN/CPN-8, 332 
AN/UPN-1, 358, 359 
AN/UPN-2, power supply for, 327 
AN/UPN-3, 405 
AN/UPN-4, 405 

power supply for, 328 
Antenna, beacon, 125-135 

requirements for, 133 
microwave, 130-133 
for overhead coverage, 133 
3-cm, 131 
10-cm, 130 

Antenna design, beacon, 129-135 
radar, 374-377 

Antenna gain, 125 
Antenna installation, 443—445 

deicing, 443 
mast, 443 
pressurizing, 443 

Antenna patterns, 126 
Arc-width control, 71 
ASV, 10 
Atmospheric absorption, 53-56 
Aural methods of interpretation, 226 
Automatic frequency control (see AFC) 
Azimuth chopping, 90 
Azimuth discrimination, 466 

B 

B-scope, 37 
Bandwidth, receiver, 151, 367 
Barratt, T., 87 
Beacon antenna (see Antenna, beacon) 
Beacon art, first principles of, 28 
Beacon coverage, mapping, 439 
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Beacon density, 105 
Beacon design, 123-361 
Beacon modulator (see Modulator, bea

con) 
Beacon operation, radar design for, 

365-384 
Beacon power supply (see Power supply, 

beacon) 
Beacon-radar presentation, simultane

ous, PPI, 381 
Beacon receiver (see Receiver, beacon) 
Beacon response, probability of, 108-114 

(See also Response) 
Beacon signals, distinguishability of, 

from radar signals, 93 
Beacon stealing, 105, 420 
Beacon synthesis, 342-361 
Beacon system, airborne, used with 

ground radar, 408-419 
characteristics of, 29 
crossband, choice of frequency in, 

70-73 
ground, used with airborne radar for 

air navigation, 398-408 
microwave bands for, 76 
navigation, precision, Shoran, 426-433 
shore, used with ship interrogator-

responsor, 419-426 
surface, 464-472 
types of, 20-24 
typical, 398-433 

Beacon system synthesis, 342-361 
Beacon transmitters, 256-312 
Beacons, airborne, installation of, 455-

458 
maintenance of, 456-458 
operation of, 456-458 

block diagram of, 6-7 
comparison of, with other navigational 

aids, 24-26 
distinguishable, number of, 92 
functions of, 18-20 
how used, 17-24 
installation of, 437-472 
lightweight, 405-408 
maintenance of, 437-472 
mobile, installation of, 458-472 

maintenance of, 458-472 
operation of, 458-472 

operation of, 437-472 
portable, installation of, 458-472 

maintenance of, 458-472 

Beacons, portable, operation of, 458-472 
protection of, from interference, 352-

356 
radar, characteristics of, 26 

nature of, 1-7 
ship, installation of, 452-455 

maintenance of, 452-455 
operation of, 452-455 

3-cm, 12, 24 
10-cm, 12 
triode transmitter for (see Oscillator, 

transmitting triode) 
uses of, 1-26 

(See also Airborne; Ground; Relay; 
Responder; Shipborne; Shore) 

Beamwidth, antenna, 374 
Blanking gate, 206 
Blocking oscillator, 240 

line-controlled, 239, 240 
Blocking-oscillator driver, 253 
Bombing systems, 14-20 
Burnout, crystal, 176 
Burrows, 49 

C 

Cabling, 351 
Carbon-pile regulator, 320 
Carter, R .H. A., 7 
Cat-mouse courses, 15 
Cat station, 15 
Cathode pulsing, 289 
Cavities, microwave, 301 

reentrant, 301, 304-311 
cathode-tuned, 311 
plate-tuned, 304 

reference, 337 
CCB, 77 
Channel switching, 161 
Channel width and data-handling capac 

ity, 97-99 
Check, preflight, 457 
Chokes, 304 
Close control, 14 
Clutter, PPI, 91-93 
Code, distinguishability of, 91 

legibility of, 92, 377 
reply, number of, 94-97 

(See also Coder; Coding) 
Coded operation, 262 
Coder, 6 
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Coder, combined pulse-width and pulse-
spacing, 219 

for equally spaced pulses, 208-210 
low-power, 217 
pulse, multiple-response, 206-210 
pulse-spacing, 210-217 
pulse-width, 206 
response, 204-220 

single-pulse, 206 
(See also Code; Coding) 

Coder-pulser combinations, 218 
Coding, 6, 83-103 

by amplitude modulation, 94 
combined pulse-width and pulse-spac

ing, 96 
and data transmission, 100 
interrogation, 83-89, 180-203 

functions of, 83 
multiple-pulse, 367 
slow, 89 

pip, 96 
pulse-width, 88 
range, 91-93 
reply, 89-97, 204-220 
reply-frequency, 74 
response, 89-97, 204-220 

(See also Code; Coder) 
Coding parameters, 85-89 

reply, 89 
Communication, 20, 97-100 
Communication systems, beacon, 221-

236 
pulse, 221-236 

Compass, radio, 25 
Cone of silence, 41, 58 
Conical scan, 56 
Coordinate fixing, 18 
Coverage, 42, 57, 126-129 

frequency (see Frequency coverage) 
overhead, 128 

Coverage considerations, 57-62 
Crawford, 49 
CRT-pip generator, 217 
Crystal damage, 444 
Crystal detection, 172-177 
Crystal holders, 172 
Crystal mixers, 168 
Crystal protection, 357 
Crystal-video receiver (see Receiver, 

crystal-video) 
C-w modulation (see Modulation, con

tinuous wave) 

D 

Data, of high precision, methods for 
using, 102 

precise, 100-103 
Data transmission, 97-103 

and ceding, 100 
over systems using beacons, 99 

Data-handling capacity and channel 
width, 97-99 

D-c resonance charging, 243 
Decoder, 6 

double-pulse, 195-199 
multiple-pulse, 199-201 
pulse, 84 
storage, 84 
trigger, 84 

Delay, beacon, 101, 344 
correction for, 379 

in beacon receiver, 152 
beacon system, 101 
intentional, 347 
interrogator, 102 
linear sweep, 217 
over-all control of, 344-348 

Delay considerations, 189 
Delay stages, blocking-oscillator, 215-217 

delay-line, 210 
multivibrator, 211-213 
overshoot, 213-215 
trigger, 206 

Detection, crystal, 172-177 
Diffraction, 52 
Directional coupler, 147 
Discrimination, 152 

pulse-width, general characteristics of, 
193-195 

Discriminator, 6 
AFC (see AFC discriminator) 
constant-delay, 191 
delay-line, 184-187 

and integrator, comparison of, 187-
189 

integrator, 180-184 
phase, 170 
pulse-repetition-frequency, 201-203 
pulse-width, 180-195 
to reject short and long pulses, 183, 

186 
to reject short pulses, 181-186 

Dispersion, 375-377 
Display loss, 34-38 
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Double-moding, 237 
Drift station, 429 
Duct, 50 
Dummy load, 148 
Duplexer, 138-144 

beacon, 139-144 
radar, 139-141 
with r-f filter protection, 143 
ultrahigh-frequency, 142 
without gas-filled tubes, 141 

Duty-ratio limitation, 111 
Dynamotor supplies, 320 

E 

Echo, 3 
Echo stretching, 195, 441 
Echo suppression, 161 
Eighth Air Force, 17, 74 
Engineering considerations, 119-122 
Englund, 49 
Envelope-viewer, 334 
Error, range, 472 
Eureka, 10 

F 

Ferrell, 49 
Fidelity, of beacon receiver, 152 
Fifteenth Air Force, 17 
Figure of merit of video crystal, 175 
Filament supplies, 321 
Filter, r-f, 144-146 

bandpass, 144 
band-rejection, 146 
coupled-mode, 145 
double-tuned bandpass, 145 
high-pass, 145 
single-tuned, 144 

Filtering, 351 
Fine, S., 15 
First principles of beacon art, 28 
Fixed-channel operation, 76-79 
Flight checks, quantitative, 451 
Free-space systems, 63 
Frequency, choice of, 29, 63-73 
Frequency assignments, 73-82 
Frequency channels for single-band mi

crowave systems, 75 
Frequency considerations, 63-82 
Frequency coverage, 151, 162, 172 
Frequency modulation, 265 

Frequency-shifting, spontaneous, 237 
Frequency stability, 256, 259-261, 303, 

310, 366 
Frequency stabilization (see component 

stabilized) 
Fruit, 75, 222 

G 

Gain, antenna, 125 
GCI, 8 
Gee-//, 17 
Gee hyperbolic navigation system, 17 
Gee system, 26 
Goudsmit, S. A., 110 
Grid pulsing, 288 
Ground beacon, choice of frequency in, 

69 
choice of site for, 437-442 
heavy, 437-452 

maintenance of, 446-452 
operation of, 446-452 

lightweight, 10-12 
lightweight microwave, 12 

Ground control of interception (GCI), 8 
Ground-to-ground systems, 23 
Guillemin, E. A., 80 

H 

//-systems, 15-17 
H-type system, 426 
Hartley, R. V. L., 97 
Hash, 75 
Heat dissipation, 359 
Housing, 442 
Hyperbolic course, 16 
Hyperbolic navigation system, Gee, 17 

I 

Identification, 19, 30 
Identification systems (IFF), 8, 19 
I-f amplifier, 157-158 
Ignition noise, 85 
Impedance-matching, 285 
Indicators, radar, 377-384 
Inquisitor, 6 
Installation, of beacons, 437-472 

(See also class of beacons) 
ground beacon, heavy, 442-446 

Interaction of components, 343 
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Interference, 454 
coherent, 42-45, 466 
effects of, 45-49 
radar, 442 
within beacon system, 116 

Interference lobe, 45 
Interference nulls, 42-49, 437 
Interfering signals in beacon systems, 

114-119 
Interrogation, 4 

directional, 64-66 
random, 85-89 

Interrogation channel, 418 
Interrogation coding (see Coding, inter

rogation) 
Interrogation lii.k, 4 

saturation of, 104 
Interrogator, 4, 6, 386 

as radar set, 66-69 
shipborne, 19 

Interrogator-responsor, 6, 385 
design of, 385-397 
ship, with shore-beacon system, 419-

426 
used alone for range and azimuth 

information, 389-394 
used alone for range-only information, 

385-389 
used with radars for range and azimuth 

information, 396 
used with radars for range-only infor

mation, 394-396 
Interrogator-responsor-beacon, combined, 

389 
Inversion, temperature, 50 

J 

Jenkins, F. A., 444 

L 

L-scope presentation, 11 
Limiting link, 40 
Line, transmission, 136-138 
Linear array, 130, 375 
Lloyd's mirror, 42 
Lobe-switching, antenna, 375 
Lobe-switching systems, 390 

airborne, 390 
Local oscillator, sine-wave frequency-

modulated, 166-168 
square-wave-modulated, 164-166 

Long-line effect, 265-267 
Loran, 26 
Loss, in CRT displays, 34-36 

in other displays, 36 
(See also type of loss) 

Lucero, 6 
Luftwaffe, 8 

M 
Magnetron frequency, stabilization of, 

267-270 
Magnetrons, 256-278 

beacon, requirements for, 262-270 
fixed-tuned, 263-265 
input requirements of, 261 

Maintenance of beacons, 437-472 
(See also class of beacon) 

Mansford, 49 
Marauders, 14 
Marsden, E., 87 
Mickey, 17 
Micro-#, 17 
Military uses, 8 
Minnie, 17 
Mixer crystals, 169 
Mixers, 168-170 

crystal, 168 
tube, 169 

Mode changes, 260 
Moding, 237 
Modulation, amplitude, of pulses, 473 

continuous-wave, 98 
double-pulse, 232 
pulse, 98 
of pulse-repetition frequency, 222 
pulse-width, 226 
space, 223-226 
types of, 230 

Modulator, beacon, 237-255 
hard-tube, 248-250 
line-type, 246-248 

and hard-tube, comparison of, 255 
pulse formation in, 245-255 
radar, 237 

Monitors, 332, 339-341 
audio, 340 
remote, 449, 457 

Mosquitoes, 14 
Mouse station, 15 
Moving target indication, 107 
Multivibrators, 239 
Mutual triggering, 116 
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N 

.Navigation, air, 10 
airborne-radar—ground-beacon sys

tem for, 398-408 
Navigation system, precision beacon— 

Shoran, 426-433 
Navigational aids, other, comparison of, 

with beacons, 24-26 
Niblett, E. H., 318 
Ninth Air Force, 14, 17, 74 
Noise, produced by beacons, elimina

tion of, 349-352 
radio, prevention of, 348-356 

Noise radiation, 348 
Noise triggering, 348, 352-354 

O 

Oboe, 14, 225 
Oboe Mark II, 77 
Oboe Mark III, 98 
Observer, 35 
Omnidirectional systems, 63 
Operation of beacons, 437-472 

(See also class of beacons) 
Operational check, 445 
Oscillator, blocking (see Blocking oscil

lator) 
squegging, 392 
transmitting triode, 279-312 

cavity, 281-284, 297-301 
coaxial-line, 281, 284, 293-297 
frequency range of, 283 
limitations of, 283 
lumped-constant, 283, 291 
microwave, 301-312 
microwave cavity, 301 
parallel-line, 280, 284, 291 
types of modulation for, 286 
UHF, 291 
VHF, 291 

Output coupling circuits, 251 
Overinterrogation control, 107 
Overload protection, 322 
Over-water systems, 63 

P 

Packaging, 357-361 
pressurized, 359 
splash-proof, 359 
waterproof, 359 

Paratroop pathfinders, 13 

Paratroopers, 11 
Pathfinder, 11 
Pattern propagation factor, 43 
Performance, over-all check of, 446 
Performance charts, 257-259 
Performance check, local, 446-449 

remote, 449-452 
Performance testing, 332-341 
Personnel, 446 
Personnel requirements, 456 
Phase difference, 43 
Phase shifter, 148 
Pilotage, radar, 25 
Plan-position indicator (see PPI) 
Plate pulsing, 286 
Polarization, 56, 374, 472 

horizontal, 46 
vertical, 46 

Power, conservation of, 322 
restoration of, following overload, 322 

Power-control circuits, 322-324 
Power controls, examples of, 324-332 
Power output control of radar trans

mitter, 365-367 
Power product theorem, 40, 119 
Power-saving circuits, 324 
Power sources, primary, 313-316 
Power supply, 313-322 

alternating-current, 316-318 
beacon, 313 
examples of, 324-332 
primary, 442 

Power-supply requirements, beacon, 313 
PPI, 3, 24 
PPI clutter, 91-93 
Preheating of cathodes, 322 
Presentation, dual, 381 

split azimuth, 380-384 
two-color, 93 
two-tone, 93, 383 

Priest, D. H., 7 
Propagation, anomalous, 49-51 

effects of, 42-57 
Pulling figure, 259 
Pulse-delay characteristics, 284 
Pulse formation in modulators, 245-255 
Pulse-forming circuits, 239-245 

a-c resonance charging in, 245 
d-c resonance charging in, 243 
line-type, 242-245 
resistance charging in, 242 
straight-line charging in, 244 
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Pulse-forming networks, 239, 242 
Pulse modulation, 98 
Pulse-repetition frequency, 367 
Pulse shape and adjacent-channel selec

tivity, 79-82 
Pulse spacing, 87 
Pulse-width loss, 35 
Pulser, regenerative, 240 
Pulses, amplitude modulation of, 473 
Pushing figure, 239, 259 

Q 

Quenching, single cycle, 156 

R 

Racons, 6 
Radar, air-surveillance, 14 

airborne, with ground beacon system 
for air navigation, 398-408 

ground, with airborne-beacon system, 
408-^19 

Radar band, 76 
Radar beacon (see Beacons, radar) 
Radar design for beacon operation, 365-

384 
Radar modulator, 237 
Radar shadows, 55 
Radar signals, distinguishahility of, from 

beacon signals, 93 
Radio compass, 25 
Radio frequency (see R-f components) 
Radio range, 25 
Rainstorm, absorption by (see Absorp

tion, by rainstorm) 
Range, free-space, 60 

horizon, 51-53 
minimum, 40 
radio, 25 
reliable, 30 

experimental verification of, 38-40 
Range accuracy, 379 
Range calculations, example of, 59-62 
Range coding, 91-93 
Range considerations, 27-41 
Range equation, 31-33, 66 

application of, 38-̂ 41 
Range-only systems, 63 
Range requirements, 30-41 
Rate station, 429 
RCA Laboratories, 426 

Rebecca, 10 
Rebecca-Eureka, 77 

talking, 231 
Rebecca-Eureka system, 10 
Rebecca-//, 17 
Receiver, beacon, 149-179 

delay in, 152 
fidelity of, 152 
narrow-coverage, 151 
types of, 149 
wide-coverage, 152 

crystal-video, 172-179 
with r-f filter, 158 
sensitivity of, 176 

i-f, wideband, 162-164 
microwave, 157 
narrow-coverage, 153-161 
radar, 367-374 
superheterodyne, 157, 161-172 
superregenerative, 153-157 

single-cycle, 157 
TRF, 159 
wide-coverage, 161-179 

Receiver AFC (see AFC, receiver) 
Receiver bandwidth, 367 
Receiver channel, separate, 369 

single, 368 
Receiver channeling, 368-371 
Receiver components, beacon, of ground 

radar set, 370 
Receiver gain control, 371-374 
Receiver sensitivity, effective, 33 
Recovery time, 241 
Rectifiers, 318 
Reflection coefficient, 43 
Reflections, 441, 453 
Refraction, standard, 50 
Relay beacons, 22 
Relay system, beacon, 22 
Reply coding (see Coding, reply) 
Requirements, statement of, 27 

for system using beacons, 27 
Resistance charging, 242 
Resolving time, 86 
Responder beacons, 6 
Response, for heavy traffic, 110 

for light traffic, 109 
omnidirectional, 64-66 
spurious, 118 

Response coding (see Coding, response) 
Response link, 5 

saturation of, 106 
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Response loss, 35 
Kesponsor, 387 
R-f amplifier, 157 
R-f bandwidth, 368 
R-f channeling, 160 
R-f components, 125-148 
R-f filter (see Filter, r-f) 
R-f power, measurement of, 338 
R-f switch, 148 
Rieke diagrams, 257-259 
Ring-around, 78, 116 
Rosebud, 408 
Royal Air Force (RAF), 8, 17 
Ruhr, 14 

S 

Saturation of response link, 106 
Scan, conical, 56 
Scanning, 113 
Scanning loss, 34, 73 
Scatterband, 366 
Scattering, 53 
Schelleng, 49 
SCR-584, 9, 14, 77, 418, 455 
SCR-717, 12 
Selectivity, adjacent-channel, 79, 160 

and pulse shape, 79-82 
Sensitivity, 159, 174 
Sensitivity-time control (see Time-varied 

gain) 
Shielding, 350 

by masts, 444 
Ship-to-shore systems, 23 
Shipborne beacons, 59 

choice of frequency in, 69 
Shock mounting, 360 
Shoran, 17, 426-433 
Shore beacons, 19 
Signal, minimum discernible, 34 
Signal generator, 333 
Signal intensity, 378 
Signal-to-noise ratio, 34 
Site, choice of, 437-442 
Skyline, 439 
Skyline survey, 439 
Spectrum, 260 
Spectrum analyzer, 335 
Speech transmission on beacon systems, 

228-236 
Splash-proof packaging, 359 
Squegging oscillator, 392 

Squint, 375-377 
Stability, frequency (see Frequency sta

bility) 
Stabilization, antenna, 374 

frequency (see component stabilized) 
STC (see Time-varied gain) 
StraighHine charging, 244 
Stretch-amplitude compensation, 194 
Superheterodyne receiver (see Receiver, 

superheterodyne) 
Superrefraction, 50 
Superregenerative receiver (see Receiver, 

superregenerative) 
Suppression of unwanted triggering, 

354-356 
Surface-to-air systems, 21 
Surface-to-surface systems, 23 
Sweep speed, 377 
Sweeping-frequency systems, choice of 

frequency in, 73 
Switch tubes, 242 
Synchronization, 387 
Synchroscope, 334 

T 

Taylor, R. W., 7 
Telecommunications Research Estab

lishment (see TRE) 
Test equipment, 332-339 

list of, 447 
Test facilities, 339-341 
Test set, 333 
Testing, performance (see Performance 

testing) 
Tetrode-switching, 250 
Time-varied gain (TVG), 41, 371-374 
Tracking, automatic, 56 
Traffic capacity, 104, 221, 403 

of interrogation link, 104 
of response link, 104, 106 

Traffic considerations, 104-119 
Transformers, 318 
Transmission line (see Line, transmission) 
Transmitters, beacon, 256-312 

triode, 279-312 
Transponders, 6 
Trapping, 50, 53 
TRE, 10, 14 
Triode-Bwitching, 249 
Triode transmitter (see Oscillator, trans

mitting triode) 
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Tripole, 130 
Troop Carrier Command, 11, 12 
Tube requirements, 303 
Tuners, cavity, 265 

stabilizing, 268 
stub, 264 

Tuning, 262 
TVG (see Time-varied gain) 

U 

Uhlenbeek, G. E., 34 
U.S. Army Air Force, 349 
U.S. Navy Department, 349 
Unsynchronized signals, 118 

V 

Velocity memory, 192 
Vibration, 360 
Vibrator power packs, 318-320 
Video amplifier, design of, 177-179 
Video crystals, 172-177 

characteristics of, 176 

Video crystals, low-temperature perform
ance of, 177 

Video integration, 106 
Video stretching, 37, 379 
Visual methods of interpretation, 226 
Voice-modulation systems, 232-236 

W 

Wavemeters, 337 
Weatherproofing, 359 
White, H. E., 444 
Williams, F. C , 7 
Wright Field Radio and Radar Labora

tory, 426 

Y 

Yarmack, J. E., 316 
Yehudi, 277 

Z 

Zepler, E. E., 351 
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Foreword 

THE tremendous research and development effort that went into the 
development of radar and related techniques during World War II 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. Because this 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super
vision of the National Defense Research Committee, undertook the great 
task of preparing these volumes. The work described herein, however, is 
the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 
and other Dominions. 

The Radiation Laboratory, once its proposals were approved and 
finances provided by the Office of Scientific Research and Development, 
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 
project. An editorial staff was then selected of those best qualified for 
this type of task. Finally the authors for the various volumes or chapters 
or sections were chosen from among those experts who were intimately 
familiar with the various fields, and who were able and willing to write 
the summaries of them. This entire staff agreed to remain at work at 
MIT for six months or more after the work of the Radiation Laboratory 
was complete. These volumes stand as a monument to this group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of other scientists, engineers, and others who actually carried 
on the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and they 
worked so closely together even though often in widely separated labora
tories that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote report? 
or articles have even been mentioned. But to all those who contributed 
in any way to this great cooperative development enterprise, both in this 
country and in England, these volumes are dedicated. 

L. A. DUBRIDGE. 
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Preface 

THE preceding volumes of the Radiation Laboratory Series are surveys 
of radar system engineering, radar systems of navigation, and radar 

beacons. Like radar, the long-range system of navigation described 
in this volume depends upon the transmission and reception of pulsed 
radio signals, but it makes use of much lower radio frequencies and does 
not involve reflection from a target. 

The Loran system was developed at the Radiation Laboratory during 
World War II to meet the needs of the Navy in convoy operations and to 
provide all-weather navigation for aircraft by day and night. At the 
close of the war, some 70 Loran transmitting stations were in operation, 
providing nighttime service over 60 million square miles, or three-tenths 
of the surface of the earth. About 75,000 shipborne and airborne naviga
tion receiver-indicators had been delivered by various manufacturers, 
while the Hydrographic Office had prepared and shipped 2\ million 
charts to the operating agencies. 

The purposes of the present volume are to describe the Loran system, 
its principles and its equipment, as they existed at the end of the war 
and to offer suggestions for their adaptation and improvement for 
civilian service in time of peace. Since electronic time measurements 
are fully discussed in other volumes of this series, these techniques have 
not been treated in detail here. Similarly, relatively little space has been 
devoted to material found in the instruction books for various items of 
Loran equipment. 

Wherever possible, the individual chapters have been written by 
those members of the group who have been most closely associated with 
the material concerned. However, many former members of the group 
who contributed greatly to the development of Loran concepts and equip
ment have been unable to describe their work in this volume. To Mr. 
Melville Eastham belongs the credit for the organization and adminis
tration of the Loran Group during the difficult early days. His leadership 
made the whole development possible and procured the needed support 
from the Services before the merit of the system had been fully demon
strated. Mr. Donald G. Fink and Professor J. C. Street made many 
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contributions and successively assumed the administrative burdens 
after the retirement of Mr. Eastham and before being called to more 
responsible duties elsewhere. Throughout the program Mr. Walter L. 
Tierney, who managed all field activities, was a source of strength to the 
entire group. Professor J. A. Stratton made valuable preliminary studies 
of propagation at Loran frequencies, but his knowledge and talents were 
soon demanded for other purposes. After the Loran system had been 
successfully demonstrated, Mr. Robert J. Dippy, the originator of the 
Gee system, brought the experience of the British laboratory, TRE, to 
bear upon Loran problems and helped the group especially in improving 
the designs of the receiver-indicator and the transmitter timer. 

The U.S. Coast Guard, Bureau of Ships, General Electric Company, 
Sperry Gyroscope Company, Fada Radio and Electric Company, Radio 
Engineering Laboratories, and the Bartol Research Foundation have 
kindly supplied photographs and granted permission for their use as 
illustrations of Loran ground stations and equipment. The Hydro-
graphic Office has granted permission for the reproduction, as Appendix 
A, of a summary report on its Loran program. Thanks are also due to 
Miss Constance Henderson for her aid in preparing the drawings and to 
Miss Corinne Susman for her capable service as editorial assistant. 

The publishers have agreed that ten years after the date on which 
each volume of this series is issued, the copyright thereon shall be relin
quished, and the work shall become part of the public domain. 

T H E AUTHORS. 
CAMBRIDGE, MASS., 

October, 1946. 
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THE LORAN SYSTEM 





CHAPTER 1 

INTRODUCTION 
B Y B. W. SITTERLY AND D. DAVIDSON 

The Loran system, is a radio aid to navigation. I t provides means, 
independent of all other aids (including even the compass and the log or 
air-speed meter), for locating a moving vehicle at a given moment and 
for directing it to a predetermined point or along a predetermined path. 
There are many other radio aids by which ships or aircraft may be 
located or guided; these operate in accordance with various principles, 
and as a background to the discussion of Loran it is profitable to consider 
some of these principles and to describe and compare some of these aids 
briefly. 

NAVIGATION BY FIXING OF POSITION 
In general, a navigator locates himself at the intersection of two lines 

of position on the surface of the earth. Each line is the locus of the 
points at which some observable quantity has a specific value. For 
example, the visual compass bearing of a recognized landmark places the 
navigator upon a line that is the locus of all points from which the land
mark has the given bearing. This line is practically identical with a 
rhumb line (line crossing successive meridians at a constant angle) on 
the earth, laid off from the mark along the reverse bearing. A sextant 
altitude of the sun places the navigator upon a line from all points of which 
the sun will be seen at that altitude. This line is a circle on the earth, 
centered at the subsolar point, of spherical radius equal to the complement 
of the altitude. I t will be convenient to classify navigation aids accord
ing to the forms of the lines of position that they give. 

1-1. Position from Measurement of Two Bearings (Lines Are Radii). 
Direction-finding.—This is the familiar method used in visual piloting of 
a ship, in which the navigator takes bearings of two known marks and 
plots on the chart the reverse bearings from the marks; the intersection 
of the lines is his location. Conventional radio direction—finding is the 
same geometrically; each mark is a transmitter sending out radio signals. 
In the simplest form of system the operator, instead of sighting over a 
pelorus, hears the signals through a receiver connected to a loop antenna 
that he rotates around a vertical axis until an aural null is obtained. The 
normal to the plane of the loop then lies in the direction from which the 
signals come. If the distance between the receiver and the transmitter 
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4 INTRODUCTION [SEC. 1-1 

is considerable, the line of position will not be quite straight on a chart, 
nor will its direction at the transmitter be quite the same as at the receiver, 
but a simple correction can be applied to the readings to allow for these 
differences. There are many more elaborate forms of radio direction
finder, employing more complex antennas, automatic null-seeking or 
scanning and visual instead of aural presentation, but all operating in 
accordance with the same principles. 

As a refinement to facilitate the operation of the direction-finder, the 
loop can be rotated automatically by a motor, with the indication elec
trically coupled so that it follows the rotation of the loop. Compensation 
for quadrantal error can be made automatically, and all bearings can be 
presented as true bearings. 

An increase in precision may be gained by transferring the direction-
finding function to receivers at fixed ground stations. The navigator 
uses no equipment but his communications transmitter, with which he 
asks the stations for bearings. Their receiving antennas determine the 
directions of his signals, and they communicate the bearings to him for 
plotting. 

Orfordness Beacon.—The British "Orfordness" beacon exemplifies an 
ingenious technique by which the navigator obtains his bearing from a 
ground station by a time measurement, using only his communications 
receiver and transmitting no signals himself. The ground station or 
beacon transmits a steady tone from a loop antenna that is rotating once 
a minute about a vertical axis. The radiation pattern has two opposite 
null lines that sweep around the beacon at the rate of 6° per sec, and as 
one of these passes the north direction, the signal is given a coded inter
ruption. The azimuth of a navigator from the station is therefore six 
times the interval in seconds from the time when he hears the interruption 
to the time when the null passes over him (or this amount plus 180°). 

Sonne.—The German "Sonne" beacon (termed "Consol" by the 
British) combines the principles of the Orfordness beacon and the com
mon radio range described in Sec. 1-5 but is much more elaborate and 
accurate than either. The ground station has three fixed vertical anten
nas in line, so spaced, keyed, and phased that interference between their 
signals produces a radiation pattern of about a dozen sectors in which 
successions of dots are heard that alternate with sectors in which dashes 
are heard. Since the dots and dashes are interlocked, along the radial 
lines bounding the sectors they merge into a steady tone (equisignal). 
The dots and dashes are emitted, one a second, for a minute, during 
which time the radiation pattern is slowly rotated by shifting the phases 
of the two outside antennas, and hence at the end of the minute each dot 
sector has moved into the place of the adjacent dash sector, and vice 
versa. During the next minute a steady omnidirectional tone is emitted 
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by the central antenna. Then the dots and dashes are repeated, starting 
at the initial configuration and going through the same rotation again, and 
so on. A navigator determines his radial line of position within his 
sector by measuring the time that elapses from the beginning of any dot-
and-dash period to the instant at which the advancing equisignal bound
ary of the sector sweeps over him. He does this by simply counting the 
dots and dashes for these beat seconds, and one changes to the other as 
the boundary passes. Which sector he is in must be determined by con
ventional direction finding on the signal during the steady-tone period 
or by dead reckoning. The transmissions are received on an ordinary 
radio receiver in the 250- to 500-kc/sec region, and fixes are plotted on a 
special chart giving the various zones and a key for each zone for inter
pretation of the received dot-and-dash cycle. 

Omnidirectional Radio Range.—The so-called "omnidirectional radio 
range" operates still differently. It may be regarded as a development 
of the radio range of commercial air traffic (see Sec. 1-5) to which the 
Sonne beacon is also akin. Four antennas mounted at the corners of a 
square at a ground station send out a continuous signal, the different 
antennas being phased so that a figure-eight radiation pattern results, 
and the phases are steadily and uniformly shifted so that the pattern 
rotates around the station. At a distance, the received and rectified sig
nal has an audio modulation whose phase at any instant depends on the 
azimuth of the receiver from the station. In order to obtain a bearing 
from the phase of the audio modulation some reference direction must be 
established. This is done by exciting a center antenna in the square at 
the carrier frequency, amplitude-modulating the signal at 10 kc/sec and 
frequency-modulating the 10-kc/sec modulation at the frequency (60 
cps) of rotation of the radiation pattern. This reference frequency 
modulation is made to reach its maximum when the maximum of the 
directivity pattern passes through North. At any receiving point, the 
difference in phase between the reference signal and the rotating signal 
is examined, and this phase difference in degrees is exactly equal to the 
bearing to the beacon in degrees. A 180° ambiguity occurs, but this is 
resolvable in the receiving apparatus. 

The receiving equipment contains a receiver whose output is fed to 
two separate channels. In one, a low-pass filter sorts out the 60-cps 
modulation of the carrier (the rotating phase signal), whereas in the other 
a high-pass filter presents the 10-kc/sec subcarrier to a discriminator that, 
in turn, removes the subcarrier and yields the 60-cps reference signal. 
By suitable comparing and indicating circuits, the phase of the reference 
voltage is compared with that of the rotating phase voltage, and the 
bearing is shown on a meter. 

For the long-range version of the system, the 10-kc/sec subcarrier 
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would be replaced by a 1-kc/sec subcarrier, and large towers would be 
used instead of high-frequency arrays. 

1-2. Position from Measurement of One Bearing and One Distance 
(Polar Coordinates).—A compass bearing on a visible object plus a 
sextant measurement of its apparent size or a radio bearing on a beacon 
plus a measurement of the interval between the receptions of synchro
nized radio and sound signals coming from it will provide a navigator with 
his polar coordinates with respect to the object or beacon. (The bearing 
as observed must be reversed, of course, since it places the origin at the 
observer.) The celestial altitude and observed azimuth of a heavenly 
body will theoretically give similar information, but it is not useful prac
tically because the linear equivalent of the uncertainty of the compass 
reading may be a hundred miles as a consequence of the great distance 
to the substellar point that is the origin of the coordinates. 

Radar {Range and Bearing).—Most radar systems give distance and 
direction (range and bearing). A highly directional transmitting antenna 
sends out a narrow beam of energy and rotates or fans over a sector, in 
order to scan its field. The returning echoes are made to intensify the 
beam of a cathode-ray tube. The range is commonly presented by 
deflecting the electron stream of this cathode-ray tube away from a normal 
equilibrium track down the axis of the tube (where it produces a light 
spot at the center of the circular screen) toward the edge of the screen, 
the range being approximately proportional to the deflection. By 
synchronizing the direction of the deflection with the scanning mechanism 
of the antenna, bearing on the earth's surface is presented as bearing on 
the screen. This displaying mechanism is the well-known plan position 
indicator, PPI . I t gives the observer, in effect, a map of the region 
scanned, centered at his location. Because the distance measured by 
the travel time of the signal is the airline distance (slant range) and not 
the projection of this on the ground, the map is somewhat distorted. 
The measured ranges are accurate, being taken with reference to accurate 
calibration markers provided by a precise high-frequency oscillator, but 
a correction that is a function of the range and the difference of elevation 
between the observer and the target must be applied to reduce the 
observed slant range to range from the point on the ground beneath the 
observing aircraft. 

The terrain in the vicinity of the aircraft is scanned by a narrow beam 
of energy produced by a suitable antenna and reflector. I t is fanned 
vertically so as to irradiate all objects on the ground at different ranges 
but at the given bearing. This fan beam is rotated or oscillated back 
and forth so as to cover either the full 360° of azimuth or a selected sector 
of it, as desired. Because of the differing reflectivity of the various 
features of the terrain, and because of the distinctive echoes returned by 
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some geographically prominent ones such as cities and large bridges, a 
plot of the scanned terrain is presented on the radar oscilloscope or PPI . 
Although such systems are seldom used for navigation by actually plotting 
positions of the aircraft on a chart, they have'been widely used for what 
can be thought of as extended visual piloting. In cloudy weather the 
radar information takes the place of visual information, and even in fair 
weather the radar data supplement visual observation in a useful way. 

The properties of such radar systems and various applications of them 
are discussed at length in Vol. 2 of the Radiation Laboratory series 
entitled Radar Aids to Navigation. 

Radar Beacons.—It sometimes happens that important places on the 
ground are not unambiguously marked by characteristic radar patterns 
on the PPI . This can be remedied by the use of radar beacons. The 
beacon acts to some extent as an amplifier of radar echoes. I t has a 
receiver that detects the pulses sent out by a radar set and causes them 
to trigger the beacon's transmitter to emit single reply pulses or groups 
of pulses. Since the time required for the circuits of a beacon to act can 
be made to be negligibly small, the reply is much like a radar echo. I t 
differs in that it can have any desired frequency and can be a pulse or 
group of pulses differing in duration from the original interrogating pulse. 
The replies can thus be coded for identifying the beacons. Since the 
frequency of the reply is different from that of the interrogating radar 
pulse, the reply pulses can be received and displayed separately from the 
radar echoes, provided that the radar set has a receiver tuned for these 
beacon signals. Such radar-beacon systems are discussed further in Vol. 
2 mentioned above and more thoroughly in Vol. 3 entitled Radar Beacons. 

Rebecca-Eureka.—One radar-beacon system that found considerable 
use in the war is called the Rebecca-Eureka. In this system an aircraft 
carries an interrogator (the Rebecca), which may transmit on any one 
of a group of frequencies around 200 Mc/sec. Directional receiving 
antennas (dipole and director) are mounted on each side of the fuselage 
near the nose, and by lobe switching these are made to receive replies 
from a fixed ground beacon (the Eureka) alternately. Transmissions of 
the Rebecca are made from a stub mounted under the fuselage. The 
indication provides two vertical deflection-modulated traces back to back 
in the center of the oscilloscope; range is measured upward from the base. 
Thus the vertical displacement of the signal gives the range, and the 
horizontal deflection of the signal gives a left-right indication; a beacon 
to the left gives a greater deflection in the left half of the oscilloscope 
than in the right. Since the screen has a grid superimposed on it, bear
ings can be estimated roughly. Homing to a Eureka beacon is accom
plished by flying a course such that the oscilloscope deflections to the 
right and left remain equal. The range of the system is about 25 to 50 



8 INTRODUCTION [SEC. 1-3 

miles, depending upon the Eureka beacon and the altitude of the aircraft. 
Some of the Eureka beacons weigh only about 20 lb complete and hence 
are readily portable. 

Control of Aircraft by Ground Radar.—Use has also been made of 
ground radar stations for determining the azimuth and distance of air
craft, the location to be communicated to the navigator. This has been 
employed particularly in the surveillance and tactical control of military 
aircraft. Ships or aircraft may be detected at the station merely by the 
radar signals that are reflected from them, or they may carry radar 
beacons, which will also identify them to the station. If separate 
receivers are provided, the same transmitter may be used to handle at 
the same time craft with radar beacons and those without. When a 
single craft or group of craft is to be located or directed, increased 
accuracy in bearing may be obtained by using special transmitting 
antennas which project two-lobed or alternating-lobed patterns nearly in 
the same direction. The equisignal zone between the lobes is narrow, 
so that discrimination in angle is considerably improved. These systems 
and methods are also discussed in Vol. 2 of this series. 

It is to be noted that in general the bearing is much less accurately 
determined than is the range, so that for the most precise determination 
of position two ranges should be used rather than one range and one 
bearing. 

1-3. Position from Measurement of Two Distances (Lines Are 
Circles).—This form of position finding has many varieties. Three 
commonly used methods that do not use radar technique may be men
tioned. The distance of a visible mark of known linear dimension may 
be calculated if the apparent angular magnitude of this dimension is 
measured with a sextant; this distance is the radius of a circular line of 
position whose center is the mark. Distance from a point is also the 
quantity obtained in celestial navigation, as was mentioned above. A 
navigational beacon that emits simultaneously a radio signal and a sound 
signal in air or under water gives the navigator a measure of his distance 
from the beacon, for this is proportional to the time interval between the 
radio signal and the sound signal as they are received by him. Two 
observations of any of the above sorts establish two circular lines of 
position; their intersection gives the fix. 

Radar and Radar-beacon Methods.—Since a radar set can readily 
measure range to an accuracy of a few hundred feet or better, a precision 
much higher than it gives for measurements of bearing, it is peculiarly 
suitable for getting fixes by measuring the distances to two objects at 
mown positions. In principle this can be done by using two natural 
•adar echoes. In practice this procedure is not so accurate as it might 
'.ppear to be at first glance, since the connection between the observed 
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range of an echo and the exact distance to some particular point of the 
extended object that produces the echo is not always well enough known. 
If the full potentialities of the method are to be realized, radar beacons 
at accurately known locations must be used. Systems of this type in 
which apparatus in an aircraft measures the distances from it to two 
beacons on the ground are known as H-systems. 

In this type of system, in which ranges only are measured, there is 
no need for using directional antennas in the interrogating aircraft. The 
particular radio frequency used is of no consequence, provided that it is 
high enough to allow the use of the short pulses required for accurate 
measurement of distance. The principal H-systems used during the war 
and their frequencies are the following: 

1. Gee-H. Gee-H operates at 80 to 100 Mc/sec for interrogation, 
20 to 40 Mc/sec for reply. The transmitters of the Gee system 
were modified so that they could operate as beacons in addition to 
emitting their regular pulses (see Sec. 1-4), and special interro
gating equipment was added to the aircraft. 

2. Rebecca-H. The Rebecca-H operating in the 200-Mc/sec region 
made use of the airborne Rebecca equipment previously mentioned 
with special high-powered Eureka beacons. 

3. Micro-H. Micro-H operates in the 10,000-Mc/sec region. The 
airborne AN/APS-15 bombing and navigational radar sets interro
gate AN/CPN-6 ground beacons. 

4. Shoran. This system operates in the 300-Mc/sec region. It was 
specially designed for this purpose. 

All of these H-systems except Shoran involved a somewhat makeshift 
adaptation of existing equipment. Shoran was developed for this type 
of navigation alone, with careful attention to appropriate instrumenta
tion. I t has remarkable over-all accuracy, errors of fix of less than 75 ft 
being readily obtainable. I t was just coming into widespread use in 
bombing of high precision as the war ended. It seems likely that it will 
be of great usefulness for accurate mapping by aerial photography. 

Although the H-system is simple enough in principle, the computa
tion of the location from the two observed ranges or the advance compu
tation of the two ranges to a desired location is laborious. During the 
war much effort had to be spent on computations of this sort. 

One advantage of the H-system is that numerous aircraft flying inde
pendently can get fixes by interrogating the same beacons. The number 
that can use the beacons at the same time varies in the different forms of 
the system because of differences in the design of the beacons and in the 
effects on the airborne equipment of the beacons' replies to the other 
aircraft. 
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Oboe.—The Oboe system, much used during the war for accurate 
blind bombing of the Ruhr valley, is the converse of the H-system. Two 
ground stations measure the distance to a beacon-carrying airplane and 
give it signals so that it can fly on a circle of predetermined radius about 
one station and release a bomb when it arrives at the proper distance 
from the other station. In this system the careful measuring can be 
done in ground stations that are spacious compared with the cabins of 
aircraft. The traffic capacity is low, however, and a high degree of 
coordination between the ground stations and the airplane is required. 

In both the H-system and the Oboe system the distance from the 
ground stations is limited to the radar-horizon range given roughly by 
the formula 

''(milea) = v2/l(r««). 

These systems are discussed in greater detail in Vol. 3 of the present 
series entitled Radar Beacons. 

1-4. Position from Measurement of Two Differences of Distance 
(Lines Are Hyperbolas).—During World War I a method was developed 
for locating enemy guns by measuring the differences between the times at 
which their reports were heard at three different listening posts. The 
posts were electrically connected so that the three detonations received 
from a shot from a given gun could be recorded on one chronograph. 
The time interval, from the arrival of the report at one post to its arrival 
at another post, is a measure of the amount by which the gun's distance 
from the latter post exceeds its distance from the former. This differ
ence is precisely the constant that defines a hyperbola with respect to 
the two posts as foci. The time interval between the reception of the 
gun's report at the middle listening post and its reception at one end post 
locates the gun upon a hyperbolic line of position that passes between 
the two posts and is concave toward the nearer one. The interval 
between the received reports at the middle post and at the other end post 
locates the gun upon another hyperbolic line of position. The two 
hyperbolas intersect at the gun. 

This particular system has never been used in navigation. Employ
ing sound signals, it possesses no advantages over other short-range 
locating systems but is more complex. Systems similar in principle, 
however, using radio signals and radar time-measuring techniques, with 
reversal of the direction of travel of the signals (so that they are sent out 
by ground stations and received by the navigator), have been developed 
in Great Britain and the United States within the past five years and have 
proved extremely valuable. The most widely used of these systems are 
Gee (British) and Loran (American). 

In Gee and Loran the fundamentals of operation are the same. Two 
ground transmitting stations define a family of lines of position by 
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emitting pulses in such a manner that the pulses from one are distinguish
able from those of the other. The interval from the emission of a pulse 
by station A to the emission of the next pulse by station B has a fixed, 
known value. The interval between these pulses as they are received 
by the navigator depends upon his location. It will be equal to the fixed 
value if the navigator is equally distant from the stations. It will be 
greater than the fixed value if he is nearer to A (for then the pulse from 
B, traveling farther than that from A, falls farther behind it in time) and 
less if he is nearer to B (for then the pulse from B gains by its shorter 
j ourney). Every distinguishable interval characterizes a different hyper
bola of position, which is a fixed line on the earth's surface and may be 
precomputed and drawn on a chart. Two pairs of stations (which may 
be three stations in all) define two intersecting families of lines of positon, 
forming a Gee lattice or Loran grid; two observed time intervals, one 
from each family, define an intersection or point on this coordinate system. 

The navigator is provided with a receiver having a cathode-ray tube, 
the face of which displays the successive incoming pulses as pips upon a 
calibrated time base, in the manner of radar. The time intervals are 
accurately read by means of the calibrations (the latest Loran indicator 
shows them directly on numbered dials). The navigator enters the 
chart with the numbers as read and finds by inspection the corresponding 
point among the grid lines. 

Gee.—In the Gee system the baselines are approximately 75 miles 
long and are disposed with the master station in the center and two or 
three slaves dispersed around it. Each of these groups of stations (chains) 
operates on a different radio frequency, and there are half a dozen fre
quencies available in each of four bands. This frequency flexibility is 
necessary, since as many as six chains have been operated in one region; 
it was also convenient during World War II to have different frequencies 
available in order to make the enemy's problem of jamming the system a 
more formidable one. The frequencies commonly employed are between 
20 and 85 Mc/sec; hence the range is slightly more than optical, the best 
results being observed at high altitudes. 

The navigator's indicator presents visually a family of four or five 
pulses, two being transmitted from the master station and one from each 
slave. A double slow-trace pattern having a total length of 4000 /isec 
is employed. By the use of delay circuits, four fast traces can be initiated 
at such times that the master-station pulses appear on two fast traces 
and the inverted pulses from any two slave stations appear on the other 
two fast traces. Each of the slave pulses can be laterally adjusted to lie 
with its base coincident with the base of one of the master pulses. When 
this adjustment is completed, the two time differences (between each of 
the master pulses and its corresponding slave pulse) are read from the 
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relation between families of markers which can be switched onto the 
oscilloscope traces. The most closely spaced family of markers has a 
unit separation of 6f jusec and interpolation to tenths permits a reading 
to f /asec. The received pulses are about 6 /»sec in length. 

Gee is a free-running system (as is Loran). The recurrence rate of 
the stations (250 pps) is based on the recurrence rate of the master 
station. The master may drift, and the slaves will follow this drift in 
rate without affecting their time difference. To a navigator this drift is 
immaterial, for his equipment is also freely running. As soon as he has 
received the signals from the ground stations, he adjusts his equipment 
for minimum drift during the time of measurement. Once he has made 
the lateral adjustment of the pulses (in Loran it would be the match of 
the pulses), he no longer requires the signals and can make the actual 
reading at his leisure. In the meantime, the signals may have drifted 
with respect to his equipment, but this will, of course, have no effect on 
his reading or any subsequent readings. 

Standard Loran.—Loran is a pulsed medium-frequency long-range 
system of hyperbolic navigation. Shore stations, synchronized in pairs 
by means of ground waves, provide lines of constant time difference of 
arrival of the pulses from each pair. The navigator may select any two 
pairs to obtain a fix, reading the time difference of one pair at a time. In 
the daytime, only ground waves are available, and they are used over 
water out to 700 nautical miles or more. At night, ground waves are 
received only to 500 nautical miles because of the higher noise level; but 
because of the stability of the lower ionospheric layer, fixes are available 
out to 1400 nautical miles by.using single reflections from this layer. 
As many as eight station pairs can be operated on a single radio frequency, 
and four radio frequencies have been assigned. The pairs at a common 
radio frequency are identified by means of the different recurrence rates 
at which they operate. 

A pair of received signals is displayed on a double-trace oscilloscope 
pattern whose total length is about 40,000 ^sec. By the use of delay 
circuits two fast cathode-ray traces are initiated at such times that one 
trace exhibits the master signal and the other exhibits the slave. The 
leading edges of the pulses are superimposed, and the amplitudes are made 
equal. When this final adjustment is complete, the time difference is 
read by removing the signals and reading the relation between families 
of markers that are switched onto the traces. This time difference 
establishes one line of position, and it is necessary to repeat the procedure 
with pulses from a second pair of stations to secure a second time differ
ence and line of position. The total time required to take and plot a fix 
under average conditions is about three minutes. 

SS Loran.—Sky-wave Synchronized Loran is a nighttime version of 
Loran wherein a pair of ground stations are synchronized by the reflection 
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from the lower ionospheric layer. Baselines are from 1000 to 1400 
nautical miles in length. Stations are usually disposed in a quadrilateral 
formed by two pairs. The navigator follows the same procedure as in 
Standard Loran except that sky waves only are used for reading. Cover
age over both land and sea is good, and signals are equally well received 
at all altitudes. Over most of the coverage area crossing angles are 
greater than 70°, and the position lines of a pair are almost parallel. 
The system can be used for general navigation and has been used for 
area bombing by the RAT. 

Decca.—The British Decca system is similar in geometrical principle 
to Gee and Loran but very different in detail. The transmitting stations 
send out c-w signals; their interference generates hyperbolic coordinates 
that are continuously and automatically presented by phase meters that 
form part of the navigator's receiver. Operation of these meters is 
wholly differential; the coordinates of the point of departure must be 
set into the instrument manually at the beginning of every continuous 
run. 

As in other hyperbolic systems, at least three stations (two pairs) are 
necessary to establish a fix. The master station transmits at the basic 
frequency of the system, and the slave in one pair radiates at a different 
frequency related to that of the master by some simple ratio such as 
3/2 or 4/3 . The other slave in a triplet operates at still another simply 
related frequency. Each slave monitors the master's transmissions and 
maintains its own emissions at its assigned frequency but with phase 
rigidly related to that of the master. The family of hyperbolic lines that 
result are thus lines of constant phase difference. 

The navigator's equipment consists of a receiver channel for each 
station (three in all for fixing), suitable multiplying and phase-comparing 
circuits, and two phase-indicating meters (similar to watt-hour meters). 
Maintenance of a constant-phase reading indicates that a hyperbolic line 
is being followed, and changes in phase may be summed up when cutting 
across these "lanes." The wavelengths used are of the order of a mile, 
and the reading precision has been variously quoted to be TWO to -yV of 
a wavelength. 

Since interfering continuous waves can distort the readings in Decca 
almost without limit and without the navigator's being immediately 
aware of it, the use of baselines more than 100 miles long is not satisfac
tory, because of the distorting effects of sky waves at greater distances, 
and the geometrical accuracy is therefore low. The useful service radius 
is similarly limited to as little as 200 miles. 

POPI.—The post office position indicator, POPI, embodies a different 
application of hyperbolic navigation. It was advanced by the British 
Post Office as a general navigational system that when fully exploited in 
its principles might even provide blind-e.pproach and glide-path facili-
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ties. I t has not been introduced to service or commercial usage, having 
been carried through the trial stage only. 

Two signals originate from two vertical antennas located a short 
distance apart, the operating frequency being alternately transmitted 
from each antenna at the rate of five times per second. Since the anten
nas are separated, the phase difference registered everywhere describes 
a family of confocal hyperbolas, with foci at the antennas. In POPI, the 
antennas are erected so closely together compared with the distances to 
the receiver that the family of hyperbolas effectively degenerates into 
a system of straight lines issuing from a point midway between the radia
tors. Thus, although POPI is technically a hyperbolic system, for all 
practical purposes it must be considered a radial system. 

The system of lines is mirrored with respect to the line joining the 
radiators. To avoid ambiguity, signals are also radiated from a third 
antenna located at the third corner of an equilateral triangle. Usually 
the spacing is a half wavelength. The keying sequence is then "A, B, 
C, space, A, B, C, space," etc., and the receiver compares the phases of 
any two. The bearing is determined by selecting the signals from the 
two antennas that are most nearly equidistant, and the remaining signal 
is used to establish the sector. Six sectors are defined, and the purpose 
of selecting the signals from the two antennas most nearly equidistant is 
to obtain greater discrimination (near the perpendicular bisector there 
are more lines per mile and therefore the geometrical accuracy is greater). 
This choice of signals from the two more nearly equidistant antennas is 
also advantageous from a propagational standpoint. For signals travel
ing equal distances errors arising from ionospheric reflections are smaller 
than for signals traveling unequal distances. A navigator requires at 
least two POPI stations to obtain a fix with his indicator. 

The chief feature that distinguishes POPI from other systems is the 
method of presenting the coordinate information in the navigator's 
equipment. In what has been described above, the phase differences 
that occur over the radiation pattern are obviously those of radio fre
quencies, a typical frequency being 800 kc/sec for the system. In order 
to facilitate detection and measurement it is desirable to examine the 
phase difference at audio frequency. This audio frequency is supplied 
by radiating a frequency that differs from the operating frequency by a 
small amount of about 80 cps, from a fourth antenna placed at the center 
of the triangle. Since this is mixed in the receiver with the transmissions 
from the other antennas, an audio signal results. The original phase 
difference between the r-f signals received from two antennas is equal to 
the phase difference between the audio signals that result from the beat
ing of these two r-f signals with the signal from the central antenna. 
The receiver delivers an audio signal into a "r inging" circuit which con-
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tinues to oscillate with a definite phase relationship to the incoming 
signal even after the signal is no longer received. The output of this 
circuit is compared in phase with the output of a similar circuit actuated 
by the second signal (in the A, B, C sequence), and the difference is 
recorded on a meter. An interval follows, and the comparison is made a 
second time, the whole cycle recurring five times per second. Actually, 
there are three signals in the sequence, and the navigator can select any 
two of these for the phase comparison. 

NAVIGATION BY TRACKING AND HOMING 

1-6. Tracking.—A vehicle may be directed along a given path by 
any of the methods mentioned above, except by celestial observations. 
Celestial navigation is unique in that the lines of position which it fur
nishes move over the surface of the earth at a speed much greater (in low 
and middle latitudes) than the cruising speed of any aircraft that is now 
practicable. All the other forms of visual and radio navigation may be 
used to guide a navigator along a track that may be a straight line, a 
circle, a hyperbola, or some other curve (a " t rue course" by compass, 
for instance, is a spherical equiangular spiral, or rhumb line). In the 
following discussion, only radio and radar methods of tracking will be 
considered. 

Radio Range.—The most widely used method of defining a path for 
traffic is the radio range. In the commonest form of this, a ground 
station has two crossed loop or Adcock antennas. The code letter A 
(dot-dash) is transmitted from one of the antennas, while the other sends 
out the letter N (dash-dot), interlocked with the A. Since each antenna 
pattern has two lobes separated by nulls and these patterns are crossed, 
the result is a combined pattern of four sectors, two where A predominates 
and two where N predominates. Since the successions of A's and N's 
are interlocked, a continuous tone is heard along the equisignal boundary 
between adjacent sectors. This tone, heard in the communications 
receiver of the navigator, guides him along the boundary. If he departs 
from it, the tone breaks into A's or A^'s, and the letter tells him the side 
to which he has wandered. The four tracks defined by this system may 
be directed as desired by suitably choosing the forms of the antennas, 
the angle between them, and the relative power of the A's and N'a. 
The tracks are straight, extending out from the station. 

Circular Tracks by Radar.—If a navigator directs his craft so that the 
radar signal returned from an identified mark on the earth maintains a 
constant delay, indicating a constant distance, the track followed is a 
circle around the mark with radius equal to the distance. The distance 
may be chosen so that the circle passes through a desired destination. 
The navigator may use his indicated distance from a second mark as a 
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measure of his approach to the destination; when this distance coincides 
with the known separation between mark and destination, he has arrived. 
The marks are generally radar beacons. As described, the method is 
simply a particular use of the H-system of position finding that has been 
discussed in Sec. 1-3. 

Hyperbolic Tracks.—A constant reading, maintained on the Gee, 
Loran, or Decca indicator carried by a vehicle, guides the vehicle along 
one member of the family of hyperbolas generated by the pair of trans
mitters whose signals are compared. Location along this track is shown 
by the changing reading on another pair of transmitters as the aircraft cuts 
across its associated hyperbolic family. A hyperbolic track will also be 
followed if a radar navigator maintains a constant difference between his 
distances from two marks or radar beacons, so that these increase or 
decrease at the same rate. The constant difference may be automatically 
added to the nearer reading by introducing a corresponding time delay 
either into the response of the radar beacon on the ground or into the 
action of the receiver in the aircraft. This difference is then maintained 
between the actual distances, and the apparent distances remain equal. 
The radar indicator displays this equality clearly, and the navigator 
can easily hold to it. The Micro-H bombing system used circular 
or hyperbolic tracks at will; along the latter, the bomb was released 
when both apparent distances together reached the precomputed 
value. 

1-6. Homing.—A track defined in one of the ways just described may 
be chosen so as to pass through any desired destination within range, 
but it will be a unique track, except in the special case that the destina
tion is the center from which a family of radial tracks proceed (as in 
direction finding). In that case only is a navigator in any arbitrary 
location able to travel directly to the destination along one line of 
position. In every other case he must follow the line of one family that 
passes through his location until it intersects the line of another family 
that passes through the destination, or else he must cut across both 
families. 

The obvious and most commonly used method of homing is to steer 
so that a radio signal emitted at the destination is always received from 
dead ahead, according to the navigator's direction-finder, or so that the 
image of the destination on the PPI screen of his radar set always appears 
dead ahead. This is the special case just mentioned. I t is to be noted 
that if this procedure is followed when there is any cross wind or current, 
the aircraft or vessel will not travel in the direction in which it is headed 
but in a curve concave toward the direction from which the deflecting 
force acts and increasing in curvature as the goal is approached. The 
navigator may maintain a straight approach by heading to windward of 
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the direction of the destination, but this requires accurate knowledge of 
the drift. 

Homing may be accomplished in the general case, cutting across the 
two coordinate families, by steering so that the two instrument readings, 
which indicate the present position of the craft, approach their destina
tion values at rates approximately proportional to the amounts by which 
they respectively differ from those values. (For example, if the present 
Gee coordinates of an aircraft are 6.4 and 38.5 and the destination is at 
16.6, 35.1, the craft should be steered so that the first coordinate increases 
about three times as fast as the second diminishes.) In a system like 
Gee, where both the destination readings can be set into the indicator 
beforehand, an almost direct homing track may be held by eye estimation 
of the motion of the pips on the screen. Strict proportionality of change 
of coordinates could be maintained by the use of rather simple auxiliary 
equipment, which would direct the craft along a definite track to the 
destination. Such equipment has not been developed as yet, but sug
gestions regarding its form and use in the Loran system are given in 
Chap. 4. The technique might be adapted to any system in which 
position is referred to a coordinate grid based upon instrument readings. 

1-7. General Comparison of Basic Techniques.—Some comparison 
of the basic techniques can be made without entering into details of 
instrumentation or operation. 

1. The direction-finding and hyperbolic systems, which do not use the 
echo or bounce-back principle of radar, have a great advantage in 
range or coverage, both because they are not subject to the two
fold dispersal of a signal traveling over a return path and because 
they can operate with long waves, for which attenuation is much 
less than it is for short waves and for which range may be extended 
by ionospheric reflection. Radar systems must use ultrahigh or 
microwave frequencies in order to get definition in the optical 
sense. 

2. Systems that measure distance by timing' of signals give greater 
line-of-position accuracy than direct angle-measuring systems. 
With radar systems, accuracy of the circular lines of position is 
independent of distance or direction. With angle systems, accu
racy is inversely proportional to distance. With hyperbolic sys
tems (and the Sonne direction-finding beacon) accuracy depends 
on both distance and direction. At long distances the hyperbolic 
systems effectively determine angle by distance-measuring tech
nique, with a considerable advantage in precision. Both angle 
and hyperbolic systems are affected at long ranges by errors due 
to variations in the ionosphere, but these affect the direction of 
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transmission more seriously than the time of transmission, again 
favoring the hyperbolic systems. 

3. Continuous-wave systems require much narrower transmission 
bandwidths than pulsed systems, per transmission station. But 
this advantage is balanced by the fact that many pulse-emitting 
stations may operate in the same band, being distinguished by 
different pulse recurrence frequencies or different forms of coding, 
whereas each c-w station requires a band to itself. 

4. Pulsed systems can generally work through higher atmospheric 
noise than can c-w systems and at long ranges are less seriously 
affected by vagaries of the ionosphere. 



CHAPTER 2 

HISTORY OF LORAN 
B Y J. H. HALFORD, D. DAVIDSON, AND J. A. WALDSCHMITT 

2-1. Origin of Pulsed Hyperbolic Navigation in the United States. 
The UHF Proposal.—The pulsed, hyperbolic, radio grid-laying system for 
long-range navigation which finally evolved into the Loran system was 
first proposed to the Microwave Committee in October 1940, by its 
chairman, Alfred L. Loomis. This proposal involved the use of synchro
nized pairs of high-power high-frequency pulse-transmitting stations 
separated by distances of the order of several hundred miles. The 
families of confocal hyperbolic lines of constant time difference generated 
by these pairs of transmitting stations could then be interpreted as lines 
of position by observers equipped with electronic receiver-indicators 
capable of measuring the elapsed time between the arrival of correspond
ing pulses from the two members of each pair of stations. Ranges from 
300 to 500 miles for high-flying aircraft were anticipated. 

The Army Signal Corps Technical Committee had set up the following 
requirements for a "Precision Navigational Equipment for Guiding 
Airplanes" at its meeting on Oct. 1, 1940: 

a. General: it is desired to have precision navigational equipment for 
guiding airplanes to a predetermined point in space over or in an 
overcast by radio beams, detection apparatus, or direction-finders. 

6. Distance: maximum possible. Five hundred miles desired. 
c. Altitude: the ceiling of present heavy bombers; about 35,000 ft. 
d. Accuracy, the greatest accuracy obtainable. One thousand feet at 

200 miles is desired. 

The Loomis navigation system proposal was quickly accepted by the 
Microwave Committee and established as Project 3. A coordination 
subcommittee whose first recorded minutes are dated Dec. 20, 1940, was 
formed to arrange for the procurement, installation, and field testing of 
one pair of transmitting stations and suitable navigation equipment as 
outlined in the original proposal. This committee was made up of 
representatives from several of the large electronic manufacturing 
companies. 

Although the precise method of synchronizing the transmitters had 
not been determined, and no agreement had been reached concerning the 

19 
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most practical method of constructing a suitable navigator's receiver-
indicator, the committee initiated the following orders for about $400,000 
worth of equipment during December 1940: 

o. 2 receiver-indicators—RCA. 
b. 2 receiver-indicators (independent design)—Sperry. 
c. 2 crystal-controlled timers—Bell Laboratories. 
d. 1 1.5-megawatt transmitter—Westinghouse. 
e. 1 1.5-megawatt transmitter—General Electric. 
/ . 6 high-frequency pulse triode transmitting tubes—RCA. 

When the orders for equipment were placed, it was estimated that most 
of the items would be available for test during the summer of 1941. 

In addition to much discussion concerning the most practical methods 
of synchronizing the stations and providing the navigator with time-dif
ference readings, there was considerable indecision concerning the best 
places to locate the experimental stations. Several mountain peaks were 
considered before it was finally decided to request permission to use two 
abandoned Coast Guard lifeboat stations located at Montauk Point, 
Long Island, and Fenwick Island, Del. This provided a 209-nautical 
mile baseline entirely over water and at the same time kept the stations 
within a reasonable distance of the Bell Telephone Laboratories in New 
York, from which Project 3 was coordinated. 

Meetings of the Project 3 Committee and several subcommittees set 
up to coordinate transmitter, transmitting tube, and receiver-indicator 
development were held regularly throughout the winter and spring of 
1941. The minutes of these various meetings contain numerous discus
sions of possible methods of synchronization of the stations and of measur
ing the time difference between the received pulses in the field. 

Several distinguished British visitors attended many of these meetings. 
E. G. Bowen of the British Mission was present at the Project 3 Commit
tee meeting on Dec. 20, 1940. Later, Squadron Leader G. Hignett of the 
British Embassy also participated. Although these British scientists 
were aware that a somewhat similar navigational system of hyperbolic 
grid-laying was under development in England, they were not completely 
familiar with it and were, therefore, able to give only general advice to 
the Project 3 Committee. 

That the project, new in concept and untried experimentally, was 
foredoomed to failure under control of a loose administrative committee 
became apparent. This weakness was recognized particularly by Mel
ville Eastham, who advised turning the central authority over to a full-
time group at Massachusetts Institute of Technology that could make 
trials, suggest changes, and guide the whole development as experiment 
indicated. 

Experiments at Lower Frequencies.—As soon as a few personnel had 
been hired, Eastham suggested to the Project 3 Committee that some of 
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these people might be assigned the job of assisting RCA and Sperry in the 
development of a suitable indicator for the system. In the early spring 
of 1941, a small navigation group (four or five men) was formed, there
fore, at Radiation Laboratory under the direction of Eastham and was 
gradually augmented, until in 1943 there were about 30 staff members. 
This group was under the technical direction of J. C. Street, on leave from 
Harvard University. 

In addition to the receiver-indicator assignment, this group became 
interested in the basic concepts of the entire system. By early summer 
of 1941, the Radiation Laboratory Navigation Group, which had taken 
over the project from the microwave subcommittee, had come to the 
conclusion that far greater ranges might be attained from a medium-
frequency system wherein sky-wave reflections could be utilized as in 
communications. 

Accordingly, two portable pulse transmitters capable of tuning from 
8.5 down to 2.9 Mc/sec and generating pulses of about 5-kw peak power 
were hastily constructed during the early summer of 1941 for the investi
gation. These transmitters were set up at the Montauk Point and 
Fenwick Island stations and pulsed at 33£ pps by impulses from the Bell 
Laboratories timers that had been installed for use with the still unfinished 
Project 3 high-frequency transmitters. No attempt was made at syn
chronization during these tests. When this system was first proposed 
to Eastham and Bowen, they got the mistaken idea that it was for 
long-range direction-finding only, not grid-laying, as precision time 
measurements via the ionosphere were at that time unheard of. This 
misconception was not clarified until after the successful completion of 
the tests. 

A set of receiving equipment was installed in a station wagon tha t 
roved as far west as Springfield, Mo. As expected by the Radiation 
Laboratory group, the sky-wave signals from the E-layer of the iono
sphere were fairly strong and relatively stable. The stability of the first 
reflection was particularly encouraging. The lower frequencies produced 
the most stable signals at night, with the higher frequencies giving more 
stable sky-wave reflections by day. 

These tests tended to show that the medium frequencies might be 
used for a truly long-range navigation system although the potential 
accuracy could be only estimated. I t also became obvious during the 
tests that the circular sweep form of indicator could not be used satis
factorily for making time-difference measurements to the order of 1 ^sec 
and, furthermore, that some form of two-trace indicator providing for a 
direct comparison of pulses by superposition of displaced sweeps would 
be necessary. 

While these medium-frequency tests were underway, the first concrete 
information about the British Gee system was supplied to the Radiation 
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Laboratory during the late summer of 1941 by A. G. Touch of BAC. 
The visit of Touch was timely, since it came when all of the early Project 
3 ideas on indication had been found awkward, if not impractical. 
Touch described the Gee system in cursory fashion but left two very 
important ideas in the minds of the navigation group: 

1. Accurate measurements (to better than 1 /isec) could be made with 
portable equipment. 

2. A multiple-trace indicator providing a means of matching pulses 
in time on delayed sweeps was a practical means of accomplishing 
this. 

Similar conclusions had been reached by the field party that was away 
making observations at the time of Touch's visit. I t is a striking coinci
dence that this party returned with a strong recommendation for a two-
trace indicator at the same time that the Laboratory group had reached 
the same conclusion from consideration of Touch's report. 

The evaluation of the circuits for a workable two-trace indicator 
followed during the fall of 1941, although many essential refinements 
came later. 

During tests of the first two-trace indicator at Montauk, it was found 
that the 5-kw signals from Fenwick would be ample for direct synchroni
zation, especially on the lower frequencies. On the basis of this informa
tion the Radiation Laboratory group decided that the long-range features 
of the medium-frequency system were of such great value that this sys
tem should receive the full attention of the MIT group, since no great 
advantage in duplicating the efforts of the British on the high-frequency 
system could be seen. The work on the original Project 3 was abandoned. 

In spite of many technical shortcomings, the medium-frequency sta
tions were synchronized during 1941, by means of the first experi
mental two-trace indicator located at an intermediate monitoring 
station at Manahawkin, N.J. (where the two signals had nearly equal 
amplitudes and could be more easily compared). Shortly thereafter, 
observers departed for Bermuda with slightly more carefully constructed 
equipment incorporating the two-trace indicator technique. Because the 
original low-power variable-frequency transmitters were still being used, 
the ground-wave signals were not expected to and did not reach Bermuda. 
Excellent sky-wave results were obtained, however, and the time-differ
ence measurements made during January 1942 indicated an average error 
in the line of position of only about 2\ miles. Various frequencies 
(3.0, 4.8, and 7.7 Mc/sec) were used for these tests in order to determine 
which would give the best sky waves by night and which by day. Many 
excellent quantitative data were obtained from these tests. 

While the observers were in Bermuda, a scheme was devised for 
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changing the recurrence rate of the timing chain by small amounts, 
thereby providing a simple and effective means for causing the distant 
signal to appear to drift to a chosen position on the traces of the indicator. 
Further investigation of this method revealed the possibility of readily 
providing seven discrete increments in the recurrence rate in steps of 
1 part in 400. These various rates could be used to permit the oper
ation and identification of several pairs of stations at the same radio 
frequency. This improvement applied equally well both to the ground-
station timers and those incorporated in the observers' portable indicators. 

A few months before the official termination of Project 3, the entire 
field organization, including its manager, W. L. Tierney of the Bell 
Laboratories, was transferred to the Radiation Laboratory Navigation 
Group at Massachusetts Institute of Technology. As this field organi
zation had worked out its own purchasing, receiving, and shipping pro
grams, authority was granted by the Division of Industrial Cooperation 
of Massachusetts Institute of Technology to continue with these activities 
independent of the rest of the Radiation Laboratory. This arrangement 
continued throughout the life of the Loran group (later designated Divi
sion 11) and facilitated the carrying out of numerous critical field programs 
as well as the hasty procurement of much equipment for the Services. 

Work that had been initiated during the latter part of 1941 on 100-kw 
pulse transmitters with plug-in tank circuits for operation on several fre
quencies was expedited during the spring of 1942 in order to provide a 
full-scale demonstration of the new medium-frequency system. With 
this power and frequency of 1.95 Mc/sec it was estimated that ground 
waves could readily be used for direct synchronization and that ground-
wave ranges of roughly 600 to 700 nautical miles over sea water and 
sky-wave ranges out to 1300 to 1400 nautical miles by night could be 
achieved. Daytime sky-wave service over similar ranges was to be pro
vided by transmitters operating simultaneously on about 7.5 Mc/sec. 
These secondary transmitters were actually never installed, partly 
because of doubt about the real utility of the additional service, but 
primarily because new transmitters were always required as fast as they 
could be produced for 2-Mc/sec service in new areas. 

One of the most serious shortcomings of the Loran receiver-indicators 
used for the Bermuda tests was the difficulty of accurately measuring the 
time difference between two signals of different amplitudes. A relatively 
simple method of differential gain control was developed, thereby com
pleting the basic evolution of the Loran receiver-indicator as reproduced 
by the tens of thousands for use during the war. 

The First Loran Trials.—By June 1942, the first two high-power 
(100-kw peak power) transmitters had been installed and tested in the 
old Project 3 stations at Montauk Point, Long Island, and Fenwick 
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Island, Del. The first Radiation Laboratory timer (Model A) had been 
installed at Fenwick, the slave station, and direct synchronism estab
lished. One of the Bell timers was used in the master station at Montauk. 
During the spring of 1942 the basic recurrence rate for the system was 
reduced from 33£ to 25 pps in order to provide a larger recurrence interval 
for the accommodation of signals (with sky-wave reflections) from such 
long baseline installations as were already being planned for linking 
Labrador and Greenland. 

In the same month the first Naval Liaison Officer for Loran was 
appointed. He was Lieut. Comdr. (now Captain) L. M. Harding, USCG. 
He and his successors in that office were invaluable in making arrange
ments for Naval cooperation in trials and in surveying the sites for new 
stations. 

On June 13, 1942, an improved model of the receiver-indicator, 
incorporating multiple recurrence rates and differential gain control, was 
taken aloft in a Navy blimp from Lakehurst, N.J., for a full-scale demon
stration of the Loran system. Later that month arrangements were 
completed to send another receiver-indicator and observers out on 
an extended long-range observation trip on the USS Manasquan, a Coast 
Guard weather ship. The frequencies used for these tests were 1.95 and 
7.5 Mc/sec, of which the former gave the better reception. Although 
only one set of lines of position was available for both of these tests, the 
results were so encouraging that immediate high-level Army and Navy 
action was instituted to underwrite the procurement and installation of a 
number of stations and shipborne receiver-indicators for an operational 
service test in the Northwest Atlantic, extending from Fenwick Island 
to Cape Farewell, Greenland, with sky-wave signals extending as far east 
as the Azores. 

NDRC Procurement.—Several joint Army-Navy-NDRC meetings 
were held during the early summer of 1942 to discuss the progress of the 
system and to formulate plans for the most expeditious introduction of 
Loran to service use. As a result of these meetings, representatives of 
the Radiation Laboratory agreed to have four stations and three lines 
of position available for a full-scale service test on Oct. 1, 1942. For 
future installations in the North Atlantic and Aleutian areas, for oper
ational trials, the Navy requested that the following equipment be pro
cured by NDRC: 

a. 250 model LRN-1 and model LRN-1A shipborne receiver-indicators. 
b. 62 100-kw transmitters. 
c. 50 navigator trainer units. 
d. 80 transmitter timers. 
e. 50 special receivers for transmitter timers. 

The total cost of these items amounted to about $1,250,000 for which the 
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Navy agreed to reimburse NDRC. The question of airborne receivers, 
although the Radiation Laboratory had initiated development work under 
NDRC contract at General Electric Company in Bridgeport, Conn., was 
turned over to the Aircraft Radio Laboratory of the Signal Corps at 
Wright Field. The Army then requested the Radiation Laboratory to 
cancel all work being done by General Electric Company, even though 
they had already finished one excellent model, and gave the job to Philco. 
This decision set the development and production of the AN/APN-4 
airborne receiver-indicator back about a year, although it may have 
ensured earlier large-scale production. 

In anticipation of high-level service backing, negotiations had been 
opened with the Royal Canadian Navy during the spring of 1942, and 
two suitable sites had been selected by Radiation Laboratory field engi
neers at Baccaro Point and Deming Island, Nova Scotia. The RCN 
arranged for the use of the sites chosen and assisted in the erection of 
the stations during the summer of 1942. While these stations were 
being erected, three additional sites were chosen by a joint USN, RCN, 
Radiation Laboratory flying survey. 

During the summer of 1942 the closest possible coordination of the 
Loran effort with British work in the pulsed-hyperbolic-navigation field 
was achieved. R. J. Dippy, the originator of the British Gee system, 
was sent to this country by the Telecommunications Research Establish
ment at the request of the Ministry of Aircraft Production. During his 
8-month stay at the Radiation Laboratory he succeeded in standardizing 
the physical size of the airborne Loran equipment with its British counter
part so that the sets could be readily interchanged. Eighty-volt taps on 
the power transformers were also specified for the Loran sets in order 
that they could be used in British planes that had 80-volt variable-
frequency generators. By great perseverance Dippy managed to force 
these requirements through, with the result that Loran receiver-indicators 
were readily interchangeable with Gee sets. After getting the airborne 
program standardized, Dippy assisted in the design and development of 
new Loran ground-station timing equipment in which the British experi
ence was joined to that of the Radiation Laboratory. Although Dippy 
was called back to England before this timer could be completed, he con
tributed significantly to its design. 

The summer and early fall of 1942 were spent producing equipment 
for the two stations in Nova Scotia and for the three northern stations in 
Bonavista, Newfoundland; Battle Harbour, Labrador; and Narsak, 
Greenland. The final production design of the shipborne receiver-
indicators was subcontracted to the RCA License Laboratory in New 
York. The RCA engineers also assisted in getting this equipment into 
production at the Fada Radio and Electric Company. Incidentally, the 
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entire job of production engineering and design of the equipment by 
RCA, procurement of parts by Fada, and delivery of the first sets to the 
Radiation Laboratory in September 1942 took less than five months. 
This was made possible by the unusually good design work of the RCA 
License Laboratory and by the willingness of the Radiation Laboratory 
to accept good broadcast-receiver-type parts and construction. 

At that time, it was assumed that the Navy would have their own 
standard type of receiver-indicators in production within a few months, 
at which time the Radiation Laboratory sets could be discarded. Actu
ally, many of these sets are still in service, and the Navy eventually 
reordered several thousand substantial copies of the original Fada equip
ment. It should be pointed out that one of the principal reasons for the 
excellent results achieved with the Fada equipment was due to the radical 
method of shock-mounting it. Early in the installation program, it 
became obvious that the sets would never survive under the extreme 
conditions of vibration and shock encountered on a fighting ship, and a 
project was instituted to find a better type of shock-mount. The new 
mounts had a period of about 2 cps and were so soft that they appeared 
sloppy. However, they soon proved their ability to absorb the most 
violent shocks, and gratifying reports began to filter back to the Radiation 
Laboratory both from the USN and RCN concerning the remarkable 
ability of the Loran receiver-indicator to stand up under battle conditions. 

2-2. North Atlantic Standard Loran Chain. Establishment of Ground 
Stations.—By Oct. 1, 1942, the two Canadian stations had been essentially 
completed, although no standby equipment was available, and a sufficient 
number of Royal Canadian Navy personnel had been trained by the 
Radiation Laboratory to inaugurate regular service by the four-station 
(three-pair) chain for 16 hr daily. The remaining 8-hr period each day 
was required for maintenance work and installation of various accessories, 

Late in September, the first shipborne receiver-indicators began to 
arrive at the Radiation Laboratory for final inspection and alignment 
before being turned over to the Atlantic fleet, whose Commander-in-
Chief had stationed a number of noncommissioned personnel at the 
Laboratory to receive and install these sets on certain carefully chosen 
ships. The first such installation was on the old battleship New York, 
on Oct. 18, 1942. Other installations followed during the fall until about 
45 sets had been put in service by the end of 1942. About 5 of these 
early sets were turned over to the RCN for use in navigator and main
tenance training programs that were set up in Halifax. These Canadian 
sets soon found their way onto certain key escort craft doing convoy duty 
along this coast. 

In spite of every possible effort by the Radiation Laboratory, the usual 
procurement and shipping difficulties made it impossible to complete the 
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three northern stations in Newfoundland, Labrador, and Greenland 
during 1942. Labrador managed to get on the air in November 1942, but 
food, permanent housekeeping equipment, and personnel were lacking. 
Newfoundland was ready for synchronization trials in January 1943. 
Actual synchronization of this pair, however, was delayed due to an 
unannounced change in recurrence rates and lack of communication 
between stations and other Naval organizations. The Greenland station 
was delayed by several unfortunate difficulties, including a storm that 
destroyed the station buildings—fortunately, however, before the equip
ment had been installed. With the help of the local service people, the 
Radiation Laboratory engineers erected spare buildings which the Navy 
had sent with the expedition. During February the station managed to 
get on the air, but synchronism was not established immediately owing 
to the very great distance to the Labrador station. After installing a 
directional receiving antenna and rebuilding the receivers for greater 
sensitivity, the pair finally established synchronism in the spring of 1943. 

On Jan. 1, 1943, the U.S. Coast Guard formally took over the full 
responsibility for the original two stations at Fen wick and Montauk 
Point. At about the same time, the RCN took over the responsibility 
for the two stations in Nova Scotia. During the winter and spring of 
1943, the full effort of the Laboratory was devoted to the design and 
production of improved timing and transmitting equipment as well as 
more reliable test equipment and other accessories for the ground stations. 
The Labrador, Newfoundland, and Greenland stations were turned over 
to the USCG, which had manned them from the start, during June 1943, 
and thereafter full 24-hr daily operation was maintained throughout this 
original seven-station system. 

Thus by October 1942, four Standard Loran stations had been estab
lished by Radiation Laboratory personnel and later had been operated on 
a 16-hr-a-day schedule by the RCN and USN. The chain comprised 
the two test stations, Montauk and Fenwick, as well as the permanent 
installations at Baccaro and Deming, Nova Scotia. The Fenwick station 
was later moved to Bodie Island, North Carolina, and the Montauk 
Point station was moved to Siasconset on Nantuoket Island. 

The Loran system became fully operational in the spring of 1943 when 
charts for the four-station North Atlantic chain were made available, and 
about 40 ships of the United States Atlantic fleet and a number of 
Canadian corvettes had been equipped with Loran receiver-indicators. 
In the early summer of the same year, the North Atlantic chain was 
extended northward and eastward to Newfoundland, Labrador, and 
Greenland. These stations were established under the supervision of 
Radiation Laboratory personnel and were operated by the USN. Later 
the chain was extended to Iceland, the Faeroes, and the Hebrides to give 
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day and night navigational service over the North Atlantic shipping 
lanes. These stations were operated by the British Admiralty. At the 
request of Royal Air Force Coastal Command for Loran service along the 
coast of Norway, a station was installed in the Shetland Islands and was 
operated by the RAF. Another station was added to the North Atlantic 
chain at Port-aux-Basques in Newfoundland, in 1945, to serve the Gulf 
of St. Lawrence. 

The Hatteras-Florida chain, consisting of Bodie Island, N.C., 
Folly Island, S.C. and Hobe Sound, Fla., was established in 1945 to 
extend Loran service to the Caribbean. The Gulf of Mexico chain, 
consisting of Matagorda Island, Tex., Cameron, La., and Port Isabel, 
Tex., is used chiefly for training. 

Development of Loran Navigation at Sea.—The operational use of 
Loran by the USN expanded rapidly after its introduction in the spring 
of 1943. Installation, maintenance, and navigator-training facilities 
were set up in many ports on the mainland and in several extraterritorial 
bases. By the end of the war practically every surface vessel of destroyer-
escort size or larger in the United States fleet was equipped with Loran. 

Installation of Loran receiver-indicators in surface vessels of the RCN 
was initiated in the summer of 1943. A maintenance depot and a navi
gation school were established at Dartmouth, Nova Scotia. At the close 
of the war approximately 120 corvettes, 40 frigates, 15 destroyers, and 
2 cruisers were equipped with Loran receiver-indicators. The Loran 
system was used extensively in convoy escort and submarine patrol. 

Practically all ships of corvette size or larger in the Royal Navy were 
equipped with Loran receiver-indicators, not only for operation in the 
North Atlantic, but also in the Indian and Pacific Oceans. 

The Loran system was found to be useful not only for normal naviga
tion but for rendezvous between convoys and escorting aircraft and 
surface vessels and for the accurate location of enemy shipping and 
U-boats. Few merchant ships were equipped with Loran, but the large 
fast troopships, which traveled without escort, relied on Loran for 
navigation. 

As reliable airborne receiver-indicators were not available until the 
summer of 1944, little use was made of Loran by the American Air 
Forces in antisubmarine operations along the Atlantic Coast. Many 
valuable Loran trial flights were carried out, however, and the system was 
used extensively for the training of aerial navigation. 

Development of Loran Navigation in the Air.—By the fall of 1944 
enemy submarine packs were driven from American coastal waters and, 
consequently, antisubmarine operations were extended far out to sea. 
The Royal Canadian Air Force took an active part in these submarine 
patrol activities. Two very long range, VLR, squadrons of Liberators 
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were organized at Gander, Newfoundland. Because of the difficulty of 
navigating in bad weather, the pilots had to reserve at least an hour of 
flying time for searching for the airdrome. When these squadrons were 
equipped with Loran, it was found that this search time could be almost 
eliminated, and the patrol range was correspondingly increased. 

As mentioned in preceding sections the North Atlantic chain was 
extended eastward to Iceland, the Faeroes, and the Hebrides in the fall 
of 1943. These stations were established and operated by the British 
Admiralty. With the western stations they constitute a conventional 
Loran chain. 

When the French coast was liberated in the summer of 1944, sub
marine activity and the requirements for convoy protection shifted 
northward to the Murmansk route. To protect this route and also to 
facilitate attacks on enemy shipping and installations along the coast of 
Norway, it became evident that Loran coverage should be extended to 
this coast. Because all eight of the specific recurrence rates were already 
assigned to existing or projected stations of the North Atlantic chain, 
it was decided that a station should be constructed in the Shetlands to 
transmit on the same radio frequency and at the same recurrence rate 
as those in the Faeroes and the Hebrides. However, it was to be so 
phased that its signal would always appear on the lower trace of the 
navigator's receiver-indicator and to the right of the signal from the 
Hebrides. I t was further to be identified by a distinctive blink. The 
station was constructed and put into service by the RAF in November 
1944. Used extensively by surface vessels escorting convoys to Mur
mansk it also aided the RAF Coastal Command on such missions over the 
coast of Norway as the attack on the Tirpitz. 

RAF Coastal Command took an active and continued interest in 
Loran from the time of its introduction in the European Theater. A 
training school for Loran navigators and maintenance men was estab
lished by Coastal Command at Mullaghmore in northern Iceland in the 
fall of 1944. The installation and training programs were carried out 
smoothly and efficiently. Coastal Command made use of Gee for short-
range missions and Loran for long-range missions. The installations 
were so arranged that an aircraft could carry either Gee or Loran, the 
choice depending on the type of navigation provided over the proposed 
route. Navigation by Loran was confined primarily to the area covered 
by the North Atlantic chain, although later, as described below, SS Loran 
coverage was used for anti-U-boat patrol over the Bay of Biscay. At 
the end of the war in Europe, Coastal Command was operating nine 
squadrons of Liberators, seven squadrons of Wellingtons, seven squadrons 
of Sunderlands, three squadrons of Catalinas, and four squadrons of 
Halifaxes, or a total of approximately 450 aircraft. These were engaged 
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in meteorological, antishipping, anti-U-boat, convoy-escort, and recon
naissance operation. Loran and Gee sets were available for all these 
aircraft, and either Loran or Gee equipment was carried on almost every 
sortie. There were also four USN squadrons of Liberators engaged in 
anti-U-boat activities operating with Coastal Command. They were 
also equipped with the alternative Loran or Gee installation. 

2-3. European Sky-wave Synchronized Loran. The Proposal.—On 
returning from loan to the Bureau of Ships where he assisted in getting 
some official Naval activity started on the production of Navy-approved 
shipborne receiver-indicators, as well as preparing the complete operating 
and maintenance instructions for the original NDRC receiver-indicators, 
J. A. Pierce assumed the leadership of the Loran Operational Research 
Group. The principal interest of this group was in the analysis of sky-
wave propagation of Loran signals in order to establish reliable sky-wave 
correction curves. As Pierce had suspected from the earliest days of the 
medium-frequency project, the probable errors of sky-wave observations 
over distances greater than a few hundred miles were strikingly low, and 
transmission was remarkably stable over the longer distances. This led 
to the informal experimental test of a very important new concept on 
the night of Apr. 10, 1943. The Fenwick Island station was requested 
to attempt to maintain synchronism by means of the sky-wave signal 
received from Bonavista, Newfoundland, 1100 nautical miles away, 
during one of the regular off-schedule periods. The results of this 
experiment were observed at the Radiation Laboratory and revealed a 
line-of-position probable error of only 0.5 mile. And thus Sky-wave 
Synchronized Loran (usually referred to as SS Loran) was born. 

Although SS Loran could be used only at night, it made possible 
1200- to 1300-nautical mile baselines, and it could be used nearly as well 
over land as water. Here then was a method of providing fairly accurate 
navigational coverage over most of central Europe, far deeper into enemy 
territory than any other existing system. The first proposal was to have 
one pair of stations in Scotland and near Leningrad and another between 
Scotland and North Africa. It soon appeared, however, that it would 
not be easy or expedient to try to arrange for a station in the U.S.S.R. 
at that time, and hence a plan was prepared that called for one station in 
Scotland and three in North Africa. 

As these plans were being made and being introduced in England by 
D. G. Fink, who had become head of the Loran Division upon the retire
ment of Eastham, arrangements were made for extensive tests of the 
SS Loran concept in the United States. Equipment was assembled and 
modified to provide four transmitting stations. The new Radiation 
Laboratory experimental station at East Brewster, Mass., and a new 
station at Gooseberry Falls, Minn., were synchronized to provide an 
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East-West baseline, and stations at Key West, Fla., and Montauk Point, 
Long Island, gave a North-South baseline. This test system was ready 
for full operation in the early fall of 1943. Night after night, Army, 
Navy, and Royal Air Force observation planes flew throughout the East-
central United States navigating entirely by SS Loran—the observers 
including high-ranking officers of all three services. At the conclusion 
of the tests late in October 1943, a complete report covering ground-
station performance, as well as the detailed results of the navigational 
tests, was prepared by the RAF delegation in Washington. The average 
error of hundreds of navigational fixes proved to be between 1 and 2 miles 
over the entire service area. 

At the conclusion of the SS Loran tests, a joint committee consisting 
of a representative of Chief of Naval Operations, one from Air Ministry, 
and one from the Army Air Forces decided that the system was of such 
operational value as to justify the diversion of much needed U.S. Navy 
ground-station equipment to the European Theater for RAF use. The 
test system was immediately dismantled, and the equipment returned to 
Radiation Laboratory for reconditioning. Seven Radiation Laboratory 
engineers and a computer went to the European Theater to aid in putting 
the system in service. 

Establishment of Ground Stations.—With the reluctant approval of the 
British Admiralty, after an extended study of possible interference with 
established communications, the 1900-kc/sec channel was chosen for the 
European SS Loran system. Installation and testing of the four ground 
stations shown in Fig. 2-1 were completed in the spring of 1944. 

Tactical use of the system was delayed by a scarcity of reliable air
borne equipment and by a lack of satisfactory charts. The early air
borne sets, AN/APN-4 Modifications I and II , were unsatisfactory for 
high-altitude service because of a tendency of the high-voltage trans
former to form corona. This weakness was corrected in the AN/APN-4 
Modification III , but sets of this type did not reach the European Theater 
in sufficient numbers until late in the summer of 1944. 

The early charts were inconvenient to use because the sky-wave 
corrections were tabulated on a separate sheet and inaccurate because of 
insufficient knowledge of E-layer reflections in the European area. The 
sky-wave corrections were based on relatively few measurements of the 
ground-to-sky-wave interval made in the British Isles under conditions 
that were not entirely equivalent to those encountered in Loran oper
ations. These measurements indicated that the E-layer at the relatively 
far northern latitude was several kilometers higher than it had been 
observed in Loran tests in the United States. Subsequent observations 
showed that a sky-wave correction curve based on Loran measurements 
accumulated in the United States from Loran transmitting and monitor 
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stations during the SS Loran tests gave more accurate results. In the 
revised charts, the sky-wave corrections were derived from the more 
extensive and reliable American observations and were incorporated in 
the time-difference values shown on the charts. The revised charts were 
made available early in the fall of 1944. 

F I G . 2*1.—Area over which SS Loran was available for air navigation during the winter of 
1944-1945 at low level and at 20,000 ft. 

The transmissions from Port Errol in Scotland were synchronized by 
means of the first sky-wave reflection from the E-layer (first-hop E) with 
the transmissions from Bizerte in Tunisia. The transmissions from Oran 
in Algeria (on a different recurrence rate) were similarly synchronized 
with the transmissions from Apollonia in Libya. Transmission was 
maintained from about an hour before dusk until about an hour after 
dawn. 
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Development of SS Loran Navigation.—The navigators were instructed 
to use only the first-hop E-reflections in making their time-difference 
measurements. The range of the first-hop E-reflection is limited by tne 
curvature of the earth and the height of the reflecting layer. It is found 
to be approximately 1400 statute miles for low-flying aircraft and approxi
mately 1600 statute miles for planes flying above 20,000 ft. The coverage 
area shown in Fig. 2-1 extends over a large portion of continental Europe. 
Over the Channel coast the signal from Apollonia was rather weak. To 
improve the signal in this area and to extend the coverage over the 
Channel and southern England, a station was eventually established at 
Brindisi on the heel of Italy to replace the one at Apollonia. However, 
it was never used tactically in operations against the enemy because the 
war ended before the charts for the new system were available. 

Trials made with the experimental SS Loran system in the United 
States and reports from the European SS ground transmitting and 
monitoring stations indicated that the probable error in timing (the sum 
of errors due to variation of sky-wave transmission and equipment and 
personal errors in timing) amounted to about 8 Msec, which corresponds 
to a probable positional error of 1 statute mile near the baseline and 1.6 
statute miles near the limit of the coverage area. Because of the time 
required to obtain a fix and the high speed of the planes, this accuracy 
was not realized in the air. 

It was originally intended that a homing chain, consisting of three 
Standard Loran stations should provide navigational information for air
craft returning to their home airfields and that Loran should be the only 
navigational system required. Unfortunately, the sites were chosen to 
give coverage over southeastern England at relatively high altitudes. 
The stations were too far apart to provide satisfactory signals at the 
altitudes at which the planes were returning to their home fields (a few 
thousand feet). Consequently, the homing chain was abandoned, and 
aircraft were equipped with both Gee and Loran. Gee was used for 
homing and for short missions over the continent wherever Gee cover 
was provided. Loran was used for night operations deep in enemy 
territory beyond the range of the Gee stations. 

The European SS Loran system was first used operationally by the 
RAF Bomber Command in October 1944. Because most of the opera
tions of this command were carried out at night and at rather long range, 
the SS Loran system was well suited to its needs. Ultimately all bombers 
in the command engaged in deep missions over enemy territory were 
equipped with both Gee and Loran. 

The largest group in Bomber Command was 5-Group, composed of 
about 350 Lancasters and 20 Mosquitoes. It was almost self-sufficient, 
as it had its own bomber force, flare force, pathfinders, and windfinders. 
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I t had developed a method of vector bombing at night by the use of 
target-indicating flares. The main bomber force was preceded by a 
number of windfinding planes, a flare force, a "controller," and one or 
more of his deputies. The windfinding planes informed the rest of the 
force of the direction and velocity of the winds along the route to aid them 
in their navigation and bombing. The controller directed the dropping 
of the target-indicating flares and, later on, the bombing of the target. 
Flying low and fast, usually in a Mosquito, he observed the location of 
the flares in relation to the target, selected one conveniently to windward 
of the target (so that smoke of subsequent bombing would not obliterate 
the flares), and directed the flare force to reinforce it. Then as the main 
bomber force came in, he directed it to bomb the target-indicating flares, 
using a false wind vector such that the bombs would strike the target 
rather than the target-indicating flares. He corrected any tendency of 
the bombing to drift away from the target by modifying the false-wind 
vector. On nights of poor visibility, parachute flares were placed above 
the clouds and over the target by means of Gee, H2S, or Loran. 

The Pathfinder Force, 8-Group, was composed of roughly 170 Lan
cas te r and 200 Mosquitoes. Its function was to lead the heavy bombers 
of other groups to the target and to mark the target by means of flares. 
The Mosquitoes also engaged in intruder operations and nuisance bomb
ing. All planes of this group were equipped with Loran and Gee. Seri
ous objection was raised to the use of a trailing antenna, especially with 
the fast Mosquitoes, because it reduced the speed and maneuverability and 
had a tendency to break off. A fixed antenna with coupling unit was 
finally developed that gave satisfactory results. 

Early in February 1945, the Mosquitoes of 8-Group bombed Berlin. 
This nuisance bombing of Berlin continued almost every night until the 
end of the war. Loran was used for navigation and for bomb release. 
To obtain sufficient accuracy for bombing it was necessary to reduce the 
time required to take a reading. The indicator was modified by the 
addition of a second pair of time-difference controls in order to provide 
separate controls for each of two recurrence rates. The pilot followed a 
Loran line passing over the target and released the bombs on crossing the 
proper Loran line on the other recurrence rate. Although no great 
accuracy was claimed for the system, its users considered it highly effec
tive and a relatively simple, safe method of bombing. 

2-4. Loran in the China-Burma-India Theater. Establishment of 
the Hump Triplets.—In the fall of 1943, a Loran system was proposed to 
provide navigation over the Army Air Transport Command route from 
India to China. The route at that time was a nonstop flight for an 
airline distance of less than 500 nautical miles over mountainous country 
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with peaks up to 17,000 ft. The greater part of this distance was over 
enemy territory. In addition, the route was plagued by seasons of very 
high winds, monsoons with heavy rain, continual low overcast, numerous 
thunderstorms, and heavy precipitation static. 

This system, as orig nally conceived, consisted of a single pair of 
stations at each end of the route, providing overlapping lines of position 
nearly parallel to the line of flight. These were to guide the large number 
of aircraft engaged in this operation without danger of collisions. 

Lightweight, Air Transportable equipment was designed and con
structed by Radiation Laboratory for four such stations. A prototype 
installation was made in a mountainous section of California, flight-
tested, and reported on by Headquarters, Army Air Forces, Office of the 
Air Communications Officer. 

However, theater operations did not permit straight-line routes but 
rather required a system providing navigational fixes. The plans were, 
therefore, amended to include a triplet on each side of the Hump. 

Owing to the overland synchronism paths, the baseline lengths are 
limited to roughly 50 to 75 nautical miles depending on the soil conduc
tivity and the noise level. 

Owing to poor coordination by the various AAF organizations in the 
United States the ground-station equipment did not reach the theater 
until August 1944. 

Geographical coordinates for one station, Paya, as determined by 
astro-observations were found to be in error by about 0.8 nautical mile 
due to the deflection from the vertical resulting from the near-by Himal
aya Mountains. The coordinates that proved to be correct were obtained 
from the Survey of India charts. The need for highly accurate coor
dinates is especially great for short baseline systems. The ground-station 
installations and operation were handled by the Fourth Army Airways 
Communication System Wing, AAF. 

The Assam Hump (India) triplet was tested and finally placed in 
operation in October 1944. 

Flight tests and subsequent reports indicated a ground-wave range 
eastward over the Hump of 280 to 300 statute miles during the daytime 
and 200 to 250 miles at night. The daytime westward range over the 
flat lowland country is somewhat greater, with ranges of more than 400 
statute miles having been obtained. In this case the range was limited 
only by the receiver sensitivity and noise. 

The system orientation fortunately provided coverage not only for 
the northern direct Hump route in use when the system was conceived 
but also for the tactical areas of Myitkyina, Bhamo, etc., and the final 
Hump route via Myitkyina. 
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Approval of the required air-hump tonnage (60 tons) for the triplet 
east of the Hump was withheld by the China Theater Commander until 
after the successful testing of the Assam triplet. 

The China triplet was placed on a 24-hr operating schedule on Mar. 
15, 1945. 

Sky-wave Synchronized Pairs.—In addition to these two triplets com
prising the Hump system, the China and India-Burma Theaters' Loran 
program quickly expanded to include the SS Inland China pair, the East 
India Coast Standard triplet, the SS Burma pair, and the Chengtu triplet. 
A Radiation Laboratory representative was assigned as a technical 
observer to the Headquarters Fourth AACS Wing, AAF, India-Burma 
Theater for the period June 1944 to March 1945, to assist in all phases of 
the Loran program. 

An SS Loran pair was requested by the Twentieth Bomber Command, 
AAF, to provide line-of-position navigation over enemy-occupied China 
to the edge of the Japanese home island. Used in conjunction with the 
APQ-15 high-altitude radar equipment, night navigation over this large 
area was to be furnished. 

As originally conceived, a station was to be located near Luchow, 
Kweichow, China, and the other near Paoning, Szechwan, China. This 
orientation placed the center line (perpendicular bisector of the baseline) 
directly through the southwestern Japanese home islands and gave a 
baseline length of about 480 nautical miles. I t did not provide coverage 
over the home bases of the Twentieth Bomber Command near Chengtu, 
Szechwan, China, owing to the nearness of the northern station to this 
area. However, the loss of Luchow and all of the surrounding area to the 
Japanese forced a relocation of the system. 

The slave station was combined with the southern slave station of the 
Kunming Hump triplet chiefly to alleviate the Hump supply problem. 
The master station at Manchung, Szechwan, China, was sufficiently 
removed from the Chengtu area to provide homing coverage from the 
pair over this important area. This relocation of the pair provided a 
useful increase in the baseline length to about 605 nautical miles and 
placed the center line toward Formosa, retracting the coverage toward 
Japan. Operation on this pair began Mar. 15, 1945, on a 24-hr-a-day 
basis. 

East India Coast System.—This system was requested by the RAF to 
provide long-range navigation over the Bay of Bengal, the Andaman 
Islands, and Rangoon and by night to Bangkok and toward Singapore. 
The equipment was allotted by the Joint Chiefs of Staff to the AAF from 
the U.S. Navy. The siting, installation, and initial operation were the 
responsibility of the Fourth AACS Wing, AAF. Operation was initiated 
on Apr. 15, 1945. 

This system was turned over to the Royal Air Force on July 1, 1945. 
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RAF flight reports indicate excellent signals at 700 to 800 statute miles. 
Errors were reported to be less than 1 mile for the favorable coverage 
areas and up to 2 to 3 miles in the unfavorable regions (off the baseline 
extensions). 

Loran Navigation in the Air.—Initial requests for airborne sets were 
made by the ATC and the Twentieth Bomber Command in March 1944. 
By the time the China triplet was placed in operation, which completed 
the Hump system (1-j years after its inception), the tactical situation in 
Burma had been cleared up, the Hump route moved south over more 
favorable terrain, and a large number of radio beacons had been installed 
across the route. The Hump tonnage had been increased to about 30,000 
tons per month. The ATC aircraft, numbering more than 300 type C-46, 
were 90 per cent equipped with AN/APN-4's. The radio compass was 
the common navigational instrument in use, with Loran being employed 
more frequently as personnel familiarity with it improved. 

The eastward coverage toward the China coast, Kweilin, Luchow, etc., 
of the Kunming Hump triplet was still of great value both for tactical 
and expanding ATC and combat cargo operation. Small initial ship
ments (ATC) were received in October 1944. A severe shortage of air
borne equipment continued to exist through 1944 and until late spring of 
1945. Installation of equipment for ATC—India-China Division 
received top priority. Combat cargo and troop carrier units of the 
Tenth Air Force and Combat Cargo Task Force (RAF and AAF) were 
next on the priority list under a plan to provide a minimum of two instal
lations per squadron for training and pathfinding purposes at the earliest 
possible moment. This plan was then extended to include heavy bom
bardment (China Theater and India-Burma Theater), photomapping, 
night fighters, and air-sea-rescue in roughly this order. This plan was 
completed in the early part of 1945. 

The presence of airborne installations in replacement and additional 
aircraft helped alleviate the very poor airborne set supply situation so that 
all of the units had a high percentage of installations by the summer of 
1945. 

2-6. Operations in the Pacific.—Loran chains in the Pacific were 
planned to cover as much of the advance to Japan as was possible geo
graphically. Support of naval and air operations in the forward areas 
was envisaged, but due consideration was also given to coverage of the 
supply routes from Hawaii and the United States. Loran planning was 
carried out at a high level as early as 1943 with the purpose of coordinating 
the establishment of Loran service with military and naval advances in 
the island war. 

North Pacific Chain.—By the time the North Atlantic chain became 
familiar to the Atlantic fleet, a directive was issued, in January 
1943, for Loran coverage in the Aleutians. Two rates began 10-hr opera-
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tion in October 1943, extending service to 22-hr operation in January 1944. 
With the addition of one more pair in July 1944, 24-hr transmissions 
followed. This chain employs the same recurrence rates and radio fre
quency as the North Atlantic chain, yet no records of any interference 
between the two areas have been reported. In the sweeps to Para-
mushiru in the Kurils and in the naval campaign off the Aleutians both 
before and after the last Japanese were eradicated from the westernmost 
part of these islands, the Loran chains on our Alaskan steppingstones 
played a very important role. Since Aleutian weather is inclement, 
celestial observations were entirely out of the question. Conditions 
there are so bad that it was only with extreme difficulty that astrometrical 
observations at the stations were obtained during the siting process. 

Central and Southwest Pacific Chains.—The Hawaiian triplet came into 
service in October 1944. A month later a second triplet in the Phoenix 
Islands became operational. The capture of the important Japanese 
bases in the Marshalls (Kwajalein, Majuro, etc.) enabled establishment of 
a triplet there, with service beginning in December 1944. As soon as 
Guam and Saipan were in Allied hands, the Marianas chain (Guam, 
Saipan, Ulithi) was sited, becoming available to navigators in December 
1944. This preceded the peak days of the B-29 raids, and therefore 
Loran service in the area from the Marianas westward paved the way for 
the heavy bombers to do more effective work by justifying a reduction in 
fuel reserve and an increase in bomb load. The Coast Guard continued 
its installation program in 1945 with the triplet Ulithi-Suluan (East 
Philippines)-Mapia in April. These pairs were ground-wave synchro
nized by day and sky-wave synchronized by night. The coverage of 
these somewhat overlapped that of the Morotai-Pulo Anna-Palau triplet, 
which was placed in service in January 1945; and when the war was near 
its end, the Ulithi-Suluan-Mapia triplet was withdrawn. When position 
lines were needed over Japan to cross with those from the Marianas, the 
link between Okinawa and Iwo Jima was formed in May and June 1945. 
At first, this pair was ground-wave synchronized by day (baseline 727 
nautical miles) and sky-wave synchronized by night, but soon afterward, 
by the use of suitable antennas and by auxiliary monitors, the pair 
employed ground-wave synchronization entirely. To bolster activities in 
the South China Sea, a triplet on the western Philippines (Luzon-Tal-
ampulon-Palawan) became serviceable in July 1945. 

The Army Air Forces undertook coverage of the lower East Indies 
with a chain in northwestern Australia. This was known as the Banda 
Sea chain and commenced service in September 1944, guiding sweeps on 
the Celebes, Java, and Halmahera. 

With the end of the war, the requirement for a navigational system 
for the occupation air and sea forces in Japan has resulted in the current 
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TABLE 21.—LORAN OPERATIONS BY TWENTY-FIRST BOMBER COMMAND 

No. of missions 

26 
29 
34 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
55 
59 
60 
63 
64 
67 
68 
70-95 
96 
97-125 
126 
139 
146 
163 
167-171 
172 
174 
176 
178 
181 
183 
186 
187 
188 
189 
191 

No. of aircraft 

109 
112 
117 
145 
229 
191 
313 
310 
295 
331 
298 
251 
161 
102 
135 
94 

149 
230 
194 

53 
221 
167 
348 
337 
627 
131 
640 
106 
195 
170 
343 
218 
102 
524 
516 
309 
514 
452 
510 
509 
523 
449 
116 

14,249 

No. of fixes 

N o t reported 
Not reported 
Not reported 
Not reported 
Not reported 
Not reported 
Not reported 
4350 
Not reported 
Not reported 
Not reported 
Not reported 
Not reported 
Not reported 

160 
Not reported 
Not reported 
2225 
1312 
364 

1400 
Not reported 
2362 
2992 
Not reported 
1050 
Not reported 

790 
1998 
1428 
2935 
Not reported 

681 
4318 
4968 
2148 
2386 
Not reported 
Not reported 
Not reported 
Not reported 
1767 
1044 

Max. fix range, miles 

1000 
750 
800 
850 

Not reported 
1000 
Not reported 
1200 
1070 
1500 
1200 
1200 
Not reported 
Not reported 
1200 
Not reported 
1200 
1500 
750 

1000 
1000 
1000 
1250 
1425 
1000 
1300 
Not reported 

900 
1150 
712 
885 

Not reported 
895 
693 

1083 
842 

1200 
1091 
911 
893 
911 
848 
900 
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installation of a Loran pair between a site near Tokyo Bay and one of the 
islands adjacent to Okinawa. This pair and the Okinawa-Iwo Jima pair 
provide excellent cover from the Bonins to Japan. 

West Coast Chain.—Priority dictated that the first chains in the Pacific 
should be in the forward areas, and, consequently, the gap between the 
west coast of the United States and Hawaii has been sorely felt all along, 
particularly by the air transports and by the fleet moving in and out of 
San Francisco. In June 1945, the first step in filling the West Coast gap 
began with the AT triplet Point Arguello-Point Sur-Point Grenoble 
covering the approach to San Francisco. These AAF stations will be 
replaced later by a West Coast chain of six pairs, extending from Van
couver Island, British Columbia, to Guadalupe Island, Mexico. When 
this has been accomplished, great-circle flying from Japan to the United 
States will have fairly complete Loran coverage, since the Aleutian chain 
already provides much of this. Throughout the war, the principal radio-
navigational systems between California and Hawaii were certain radio 
ranges at either end and radio beacons installed aboard lightships several 
hundred miles to the east of Hawaii. The first of the final six Loran 
pairs has been operating since July 1945, between Point Grenville and 
Cape Blanco, and the link between Vancouver and Point Grenville became 
operational in October 1945. 

Airborne Operations.—The files of the War and Navy Departments 
contain a large number of reports summarizing the use of the Pacific 
chains by various services. Rather than include here any individual 
testimonials, we present a table of the results of a large number of B-29 
missions to Japan (Table 21) . The number of fixes per sortie (where 
reported) averages about eight. The variations in performance are 
attributed by the War Department to the advent of new B-29 wings to 
those already in the Marianas and to the departure of those who had 
completed their tours. 

2-6. Charting and Training. Charting.—During the last part of 
1944 and in 1945 a large portion of the Pacific Ocean was covered by 
Coast Guard Loran installations made under Navy auspices at the direc
tion of the Joint Chiefs of Staff. The only exceptions were the China-
Burma-India installations and a Standard Loran triplet installed by the 
Army Airways Communication System for the Army Air Forces along 
the northwest coast of Australia. In both of these programs Radiation 
Laboratory engineers participated. Figures 2-2 to 2-4 show views of 
various Loran ground stations. 

One of the most critical aspects of the rapid expansion of Loran 
coverage to include a large fraction of the navigable world was the 
tedious computation, drafting, and reproduction of the necessary navi
gators' charts and tables. Although this was initially handled by the 
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Radiation Laboratory group, the Hydrographic Office of the Navy pre
pared to assume this responsibility during the latter part of 1942. To 
ensure minimum delay in this undertaking, F. G. Watson, who was 
responsible for the original work, resigned from the Radiation Labora
tory, accepted a Navy commission, and departed for Washington to 
assist in setting up a suitable Loran section. Since its inception, that 
department has produced a total of 2£ million copies of well over a 

FIG. 2-2.—A typical ground station. Building to the left contains equipment; those in 
the background are quarters. The Wincharger tower is a t the right. (Courtesy of U.S. 
Coast Guard.) 

hundred different charts covering over 60 million square miles of the 
earth's surface. During April 1945 alone, 230,482 Loran charts were 
distributed to all services. These charts have been produced both in 
this country and at certain forward bases where suitable facilities were 
installed. The detailed history of the Hydrographic Office charting 
activity is given in Appendix A. The Royal Air Force and the AAF 
also produced a number of Loran charts for inland areas in which the 
Navy had little interest. 

Training of Ground-station Operators.—During late September and 
early October 1942, after the experience gained from putting the Canadian 
stations in operation, a series of talks was given at the Radiation Labora
tory, summarizing for the technical staff of the Loran Division all the 
information then known and of value to the system. Up to this point 
only a few Royal Canadian Navy personnel had received a sketchy train
ing at the Montauk and Fenwick held stations and in the Laboratory 
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Flo . 2-8.—Aerial view of a typical ground station (located on Baker Island of the Phoenix Islands group). Note the radial ground system and 
the location of the various operating and emergency antennas. (Courtesy of U.S. Coast Guard.) 
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F I G . 24.—A station located on Sydero in the Faeroe Islands. (Courtesy of the Royal Air Force.) to 
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with a view toward fitting them for their duties in operating and main
taining the Baccaro and Deming stations. The Laboratory instruction 
was available to officers and enlisted men of the Navy who were attached 
to the Loran Division as well as to an RCN group who had been sent for 
training. From the former group there evolved the Boston Loran Train
ing School, operated by the Coast Guard, which in turn prepared Navy, 
Army, and Allied officers and men for operation of equipment and the 
eventual establishment of other training centers. Close liaison was pos
sible between the Laboratory and the Coast Guard school until its later 
removal to Groton, Conn. Its debt to the Laboratory was repaid many 
times over by the pretraining of several groups, who were then sent to 
Cambridge for special training. Part of the success of the Groton school 
lay in the fact that a large number of its later instructors had actually 
operated stations of the Atlantic chain and in the Aleutians. 

Whenever possible, the men were given an opportunity to visit and 
operate a field station employing equipment or techniques that they had 
been studying. Occasionally, it was possible to operate prototype equip
ment in the Laboratory; and in a few instances men were allowed to help 
build some of the gear that they later employed. 

The Air Transportable Loran project involved the need for a quick, 
accurate means of charting the area to be served and the development 
of a rapid technique for printing many hundreds of maps in a short time. 
The charting requirement was finally solved so well that relatively 
inexperienced men with high-schooi education could plot Loran coordi
nates on a tracing from a standard Army map. The process of deter
mining coordinates was considerably aided by the development of some 
standard printed forms. The printing method best adapted to the par
ticular military requirements was the photostat process, although a silk-
screen method or offset lithography might have served other requirements 
much better. 

The important task of producing instruction books and manuals was 
not undertaken until early in 1943 and even then on a rather informal 
basis. Almost concurrent with the organization of a Sky-wave Synchro
nized Loran school, the importance and magnitude of this branch of 
instruction became apparent, and a small subgroup was formed. This 
Manual subgroup acted as a clearing house for information, maintained 
active liaison between the engineers and the Navy and Army, and fur
nished drawings and text to manufacturers under contract for Loran 
equipment developed by the Laboratory. All the earlier manuals were 
issued through the Navy Liaison Officer for Loran, because the Navy 
was the principal user of the system. At a later date, when demands 
for printed material began to arrive from diversified Sources, all material, 
except that printed at Navy request, was distributed through the 
Document Office. 
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Whereas Loran system operation was the responsibility of the Chief 
of Naval Operations, training of Navy personnel in manipulation and 
maintenance of shipboard Loran equipment was under the direction of 
the Bureau of Personnel. Airborne Loran training was kept within the 
jurisdiction of the Bureau of Aeronautics. Since construction and oper
ation of Navy Loran stations was delegated to the Coast Guard, that 
agency conducted its own ground-station training program. 

The Coast Guard, as operating agency for the U.S. Navy, constructed, 
installed, and ran the Loran stations that were under the cognizance of 
the Chief of Naval Operations. Its association with Loran began in 
1942, shortly after the Radiation Laboratory had conducted field trials 
on the first pair of synchronized stations. With the aid of the Labora
tory, the Coast Guard inaugurated a training program on ground-station 
equipment at a naval Loran school in Boston. Enough men were trained 
so that the stations referred to could be taken over by the Coast Guard 
in January 1943 and so that entire complements of personnel could be 
engaged in the erection of stations in the far north. When the Boston 
school was disbanded at a much later date, the Coast Guard removed its 
ground-training program to Groton, Conn., not far from the Academy at 
New London. The basic electronics training at the Academy included 
instruction on many of the fundamental circuit arrangements found in 
Loran. Those completing the course who were going to work on Loran 
were transferred to Groton, Conn., to receive information on timers, 
transmitters, antennas, and monitors. Typical monitoring was demon
strated at Groton, and trainees were required to put in a short residence 
at one of the near-by Loran stations. Officers and enlisted technicians 
were given about five weeks of training, and operators received three-
week training. The courses given were so comprehensive that other 
services such as the AACS, the RCN, and the Royal Navy sent trainees 
through this school rather than establishing formal schools of their own. 

Training of Shipboard Navigators.—In the early days of Loran, all 
Navy and Coast Guard training was concentrated in the one school in 
Boston, Mass., which was organized by the Naval Liaison Officer for 
Loran at Radiation Laboratory, the Naval officer in charge at Massa
chusetts Institute of Technology, and the District Coast Guard Officer. 
During the introduction of Loran in the Aleutians in the latter part of 
1943, a school for navigators was established at Adak, Alaska. Progress 
was slow at first, since the instructors were mainly self-taught and equip
ment was scarce. However, the Loran program expanded rapidly, and 
this school became inadequate because of the geographical distribution 
of Loran chains and personnel. In February 1944, the Bureau of Per
sonnel established Loran schools at the following naval bases: Boston, 
New York, Philadelphia, Charleston, Norfolk, New Orleans, and Casco 
Bay. Later schools were set up at Treasure Island (San Francisco), 
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Chicago, and Pearl Harbor. Here navigators and interested quarter
masters of the fleets were trained in shipboard Loran manipulation. A 
comprehensive 4-day course was given, because the amount of shore time 
available to personnel was seldom more than this. Liberal supplies of 
manuals and notes were made available to these men at the conclusion 
of the course so that they could continue to study while at sea. Although 
the formal instruction was rather short, its quality was high, for the reli
ance placed on Loran by the members of the fleet is shown in the reports 
that are in the files of the Chief of Naval Operations and the Hydro-
graphic Office. 

Technicians also were trained at the bases listed above. In general, 
it was the Navy policy to make all radar mechanics familiar with Loran 
ship equipment and its circuits. 

Navy Training of Air Navigators—The Bureau of Aeronautics formed 
the Airborne Coordinating Group, ACG, early in the war. Civilian 
radar technicians were sent into all theaters where naval aviation was 
playing its part, and they acted as trouble-shooters, instructors, and 
advisers with respect to the many radar equipments in service. These 
men made their reports to the Naval Research Laboratories, which in 
turn published their comments for general distribution. Loran was one 
of the systems with which the ACG fieldmen were concerned. An official 
journal, the Digest, was published by the Bureau of Aeronautics and 
served as a medium for passing the latest information concerning air
borne equipment to these men and to other interested services. Many 
valuable suggestions and advance information on airborne Loran were 
contained in this journal. 

The Hydrographic Office established an informal "clinic" at the New 
York project office (where computations for Loran charts were per
formed). Navigators were invited there to discuss their results and to 
leave copies of their logs for analysis. Recommendations were thus 
easily made on the spot for improved use of the equipment and the 
system. 

The Bureau of Aeronautics combined a good deal of its Loran work 
with Link trainer instruction at its Air Navigation training units, which 
were found at the major air-training bases. This bureau also issued some 
very valuable booklets on Loran operation, and these were disseminated 
widely. In October 1944, the Bureau of Aeronautics sponsored a Loran 
research flight through the North Atlantic with participants from many 
branches of the Naval Service and from the AAF. A thorough study of 
the service available from each Loran pair was made, and many useful 
photographs of signals were included in the report. 

The Navy issued several Loran films for the instruction of both ship 
and air navigators that were widely distributed to all the services using 
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Loran. A helpful series of 35-mm slides supplemented the films and were 
particularly valuable for instruction of mechanics. 

Training in the RAF.—The introduction of Loran to the RAF actually 
began in the United States in 1943 when a number of officers and enlisted 
men were trained by the Radiation Laboratory in SS Loran and took part 
in the operation of the test system. Of this group, one officer and two 
enlisted men later were instrumental in establishing a school in Loran for 
mechanics of Bomber Command; another officer carried through the 
initial instruction of navigators and mechanics at various Coastal Com
mand bases; still a third officer directed the ground-station operations 
and training for 60-Group, the group primarily responsible for ground 
navigational equipment. Ground-station training was carried out at 
the station sites in the United Kingdom and Africa, and a large number 
of mechanics and WAAF operators soon became proficient in the system. 
By the spring of 1944 the technical standards at the RAF stations were 
high. 

Coastal Command, using the North Atlantic chain in its U-boat 
campaign, relied on a traveling team of instructor and mechanic during 
its installation program in early 1944. It also encouraged the exchange 
of information among Loran-fitted squadrons. Later, a special Loran 
training unit was established by the Command in northern Ireland, 
offering a 2-weeks course in the subject and giving several training nights 
in the ground- and sky-wave coverage. An advantage here was that 
instruction was carried out in the same area where the trainees were later 
to use the system operationally. Coastal Command placed great empha
sis on Loran, for much of their flying was at low altitudes and at latitudes 
where the weather was generally inclement. Early training was given to 
the meteorological squadrons so that the accuracy of their important 
weather information could be improved. 

When the Bomber Command fitting program began in the fall of 
1944, small groups of navigators were being trained by Bomber Command 
Development Unit, which conducted Service trials on equipment designed 
for the Command. As this was insufficient to meet the initial demands 
of one of the groups of the Command that was engaged in extensive night 
raids on the Continent, hundreds of navigators, pilots, and bomb aimers 
were introduced to Loran by lectures given by Loran experts of the 
British branch of the Radiation Laboratory. These lectures were 
enhanced by USN films and slides. Later on, facilities of Bomber 
Development Unit were enlarged. 

When SS Loran became operational, it was evident that the Service 
plan for training of navigators was seriously behind schedule, and inade
quate. Men of the British branch of the Radiation Laboratory were 
instrumental in conducting classes with small groups of navigators in one 
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of the Eighth U.S. Air Force bomb groups. These navigators became 
familiar with Loran both in regard to the use of North Atlantic Loran for 
meteorological squadrons and in regard to SS Loran for night reconnais
sance over the Continent. The navigators of this bomb group served as 
a nucleus for U.S. Air Force navigator training on Loran in the United 
Kingdom, since Loran training was included as prerequisite for redeploy
ment of the Eighth Air Force to the Pacific Theater. 

As soon as the RAF 5-Group of Bomber Command made known their 
intention of equipping the entire force of 250 to 300 planes for SS Loran 
operation, and when it was apparent that any school established at that 
time would be insufficient to meet demands of this group for immediate 
operation, men of the.British branch of the Radiation Laboratory cir
culated among airdromes of 5-Group and instructed large classes of pilots, 
navigators, and bomb aimers. This instruction was necessarily abbre
viated because of the size of classes and was therefore augmented by 
special training films and slides. The British branch also produced some 
written material on SS Loran and its peculiarities that was widely dis
tributed among the groups of Bomber Command. Although this process 
was hasty, it was fairly effective, for most of the RAF navigators were 
well acquainted with hyperbolic navigation through their use of Gee. 
In the over-all training picture, a fair share of the burden of indoctrination 
was carried by members of the Telecommunications Research Establish
ment, TRE, the British organization responsible for radar and hyperbolic 
systems. Most of the RAF navigators were very conscientious in their 
interest and took advantage of their frequent raids over the Continent 
to learn through using; as a result there was very soon a large number of 
fairly skilled Loran navigators. 

Army Air Force Training.—Navigators of the AAF relied at first upon 
facilities offered by the USN and Coast Guard for training. As Loran 
chains appeared in the theaters and as airborne equipment became avail
able, schools were established with varying degrees of success. Rarely 
were these schools ahead of the actual operation of the neighboring Loran 
chain, and thus in many cases service to navigators was available before 
they had been adequately trained. The lack of familiarity of the average 
AAF navigator with hyperbolic-navigation systems or for that matter 
anything different from a homing beacon or radio range made it generally 
difficult to introduce this new type of navigation with the degree of 
.success attendant upon the introduction of Loran to the RAF navigators, 
who were already well versed in Gee. 

I t was not until the latter part of 1944 that the Air Transport Com
mand had an appreciable number of navigators availing themselves of 
Loran service in the Atlantic or the Pacific. The ATC Loran School at 
Wilmington, Del., organized early in 1944, had trained about 700 person-
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nel in 1944 and a total of 1682 by August 1945. Of these, 235 were 
commercial air-line navigators who were members of contract carrier 
crews, flying military aircraft. Two mobile training units were formed 
by this school, one of which toured airfields in the United States, whereas 
the other toured several theaters. 

As the flow of B-29's and B-24's increased to the Pacific, the continen
tal air forces assumed a larger share of the burden of training air crews. 
Consequently, Loran instruction in the latter part of the war was included 
in all the major air-navigation schools of the AAF. Training flights 
were carried on in the area served by part of the North Atlantic chain, 
and in 1945 a Gulf Coast and a West Coast triplet simplified the training 
of B-29 navigators. Although no formal training ever took place at 
Guam and Saipan, a certain amount of spot-training and briefing by 
Loran officers did take place there. 

2-7. Service Areas.—Loran operation began on the East Coast of the 
United States simply because the system was developed there and a pair 
of trial stations already existed. The expansion up the coast of North 
America was natural and desirable, because the Atlantic convoy route 
was subject to adverse weather and the rendezvous problem was acute. 

Even before the completion of the Atlantic chain by the installation 
of stations north of the United Kingdom, the need for Loran service in 
the Aleutian Islands was recognized and statisfied. At this time, early 
1944, a chart of the area served by Loran bore a striking resemblance to a 
diagram showing the parts of the world subject to mean annual cloudiness 
of 0.7 or more. This was no coincidence. 

The operation of the SS Loran system in Europe and extensive instal
lations in the Pacific, China, and India extended the nighttime service 
over two great areas. With the installation of stations on the Gulf of 
Mexico and California coasts (primarily to provide actual signals for 
airborne training of navigators) the gap between these areas has been 
closed. At night the service area is, as shown in Fig. 2-5, a belt extending 
320° in longitude with a width varying from about 10° of latitude in the 
western United States to about 100° in the central Pacific Ocean. The 
stations that providcn this service are listed in Appendix B. The total 
area served by Aug. 15, 1945, was about 63 million square miles, or 32 per 
cent of the area of the earth. 

In the daytime the service area is far smaller, about 15 million square 
miles. Although it is possible by day to fly the northern route between 
the United States and the United Kingdom without losing Loran cover, 
the areas in the Pacific are not contiguous and serve only as essentially 
"local" approach systems of 700-mile radius centered in the various 
island groups. There is no significant daytime Loran service over land, 
except for the traffic guidance system over the Hump in Burma. 
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In the daytime the total overwater service area is about 300,000 
square miles per station (neglecting stations not located to give service 
over water), and at night the service area is about 1 million square miles 
per station. 

The curve relating the total area served by Loran at night to the date 

July July July July July July 
1941 1942 1943 1944 1945 1946 

F I Q . 2-6.—The total area over which Loran navigation is available has grown since its 
beginnings in 1942 to almost a third of the earth's surface at the end of the war. 
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is unusually interesting. It is shown in Fig. 2-6. The diagram begins 
at July 1, 1941, because, as explained in Sec. 2-1, that may be regarded 
as the first date in the full scale development of Loran. For a year, tests 
were made and equipment was developed. Then, in July 1942, the first 
demonstrations were given, and NDRC agreed to begin the installation 
of operational stations. The program went forward for two years after 
that at the modest rate of 10 million square miles per year. This pace 
seems to have been determined primarily by the rate at which procure
ment of transmitting equipment was had through NDRC. Another 
limiting factor was that installation of the system in each new area had 
to be sold to the potential users who, of course, could not assess the poten
tial merit of the system because it was entirely new to them. 

By July 1944, however, Naval procurement of transmitting equipment 
was in effect, and the system had won general acceptance. Thereafter 
installations proceeded at a rate commensurate with the enhanced pro
curement program, or about 40 million square miles per year. This rate 
persisted to the end of the war. 

The current (November 1945) area served at night is believed to be 
about 70 million square miles. I t is difficult to justify this figure, how
ever. A number of new installations are being pushed forward, as they 
have been since August 1945, but some pairs, which had only military 
significance, have already been discontinued. The degree of acceptance 
of the Loran system for peacetime military and civil use is not at all 
certain. At this date, therefore, it is believed that the question mark 
adequately expresses the current and future coverage. 

t G. & 6. LIBRARY 
U S VEGAS BRANCH / 



CHAPTER 3 

PRINCIPLES OF LORAN 
B Y B. W. SITTERLY 

3-1. Time Differences and Lines of Position. Fundamental Relations. 
The primary fact upon which Loran is based is that the transmission time 
taken by a radio pulse to travel over a distance measures the distance. 
The pulse travels 983.24 ft, or 0.18622 statute miles, or 0.16171 nautical 
miles, or 0.299692 km, in one microsecond (millionth of a second; abbre
viation, usec). The pulse takes 5.3700 Msec to travel 1 statute mile, 
6.1838 //sec to travel 1 nautical mile, 3.33676 ^sec to travel 1 km. 
Convenient approximations to these relations are 8 statute miles ~ 43 
jisec; 5 nautical miles « 31 ^sec; 3 km ~ 10 /usec. I t is advantageous to 
use 983.24 ft as a unit of length in Loran computations; this unit may be 
called a light-microsecond or simply a microsecond. In this unit, dis
tance is numerically equal to transmission time. 

If a pair of Loran transmitters A and B were to emit pulses simul
taneously, a navigator equally distant from A and B would receive them 
simultaneously, but a navigator not equally distant from A and B would 
receive the pulse from the farther station later than that from the nearer. 
The time difference measured by the navigator from one pulse to the other 
would be numerically equal to the difference between the distances 
traveled by the pulses, measured in light-microseconds, or in form of an 
equation, 

t = v, (1) 

where t is time difference and v is difference of light-microseconds. If 
station B were farther, its pulse would be received later than A's pulse; 
if nearer, earlier. The two cases may be distinguished formally by mak
ing t and v positive in the former case, negative in the latter. In observa
tion, however, it is not possible to determine the sign, for pulses from 
different Standard Loran stations are exactly alike. 

In order to resolve the ambiguity in practice, the pulses are emitted, 
not simultaneously, but alternately, from the two stations. The interval 
from the emission of a pulse from A to the emission of the next pulse from 
B is called the absolute delay and denoted by D. As the pulses are received 
by the navigator, the time difference t is greater or less than D by the 
same amount that B is farther or nearer than A (in light-microseconds). 

52 
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That is, 
t = D + v, (2) 

where v is positive if B is farther than A and negative if it is nearer, as 
before. This relation is fundamental in Loran; it should be clearly under
stood (see Fig. 3-1). 

FIG. 3-1.—Time and distance relations in Loran. Absolute delay = intervals 1 + 2 ; 
time difference = intervals 2 + 3 . If BN is longer than AN, Interval 3 is longer than 
Interval 1, and the time difference is longer than the absolute delay by the same amount: 
(2 + 3) — (1 + 2) = 3 — 1 = BN — AN = v, if distances are expressed in light-
microseconds. 

The range of possible values of v is evidently from +/9 to — 0, where /3 
is the length of the direct line from A to B, called the baseline, measured 
in light-microseconds (for in the triangle ABN, where N is the navigator's 
location, the difference between the lengths AN and BN cannot exceed 
the length AB). The range of t is, therefore, between D + /S and D — fi; 
and if D is made greater than /3, t will always be positive, or the pulse 
from A will everywhere be received before the corresponding pulse from B. 

The Line of Position and the Fix.—There are many points at which the 
difference between the distances from A and B is the same, although the 
distances themselves have various values (Fig. 3-2). These points make 
up a line (approximately a hyperbola) all along which v and ( have con-
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C 

m 
D 

(AB) Is a pair of stations, (CD) another 

If signals from pair AB tell 
navigator that he is 50 miles 
farther from B than from A, 
he is somewhere on line WX. 

If signals from pair CD tell him 
that he is 300 miles farther from 
D than from C, he is somewhere 
on line YZ. 

W~. 

A 

„Since he must be on both lines, 
navigator is here 

Fio. 3-2.—Determination of position by Loran. 
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stant values. To every possible value of v or t there corresponds one of 
these lines of position, passing between A and B and slightly concave 
toward the nearer of them. All the lines make up a family, generated by 
the two stations. An observer, measuring a certain value of t, can deduce 
which of these lines he is on but not where he is on it. 

To locate himself definitely, the observer must also measure the time 
difference between the pulses emitted by a second pair of stations. This 
pair generates a second family of lines of position, which intersect the 
first family. Every intersection represents a pair of measured time 
differences (one from each pair of stations) and defines a point that is the 
location or fix of the navigator who made the measurements. Conversely, 
two pairs of stations are required to provide a navigator with a fix. This 
does not necessarily mean four stations, for three stations may operate 
so that one of them forms a pair with each of the others. So arranged, 
the stations make up & Loran triplet. Four or more stations may similarly 
form three or more pairs, every station except the end ones being common 
to two adjacent pairs; this is called a Loran chain. In some situations, 
four stations operating as two pairs, with their baselines crossed nearly 
at right angles, form an advantageous configuration; this is a Loran 
quadrilateral. 

Since the locations of Loran lines of position depend only upon the 
positions of the stations generating them, the lines are fixed on the surface 
of the earth. It is a task to calculate their course (see Chap. 6), but the 
calculation may be made once for all, and the lines printed on charts and 
labeled with the appropriate values of the t'.me difference. Any two 
intersecting families will then form a Loran coordinate system, as definite 
as the geographical system of latitude and longitude and independent of 
it. The navigator, having read two time differences, need find only the 
intersection of the two corresponding lines on his chart to locate his posi
tion without any computation. Three or more intersecting Loran 
families will afford a check or double check on position, like three or more 
star sights in celestial navigation. 

Numerical Values of /S, D, and Other Quantities.—The value of /S, the 
electrical length from A to B, is limited by the fact that the stations keep 
to their correct time relation by receiving each other's pulses and by 
maintaining constant time differences between the received and emitted 
pulses. To do this, the stations must be near enough together so that 
each receives the other's pulses clearly. The nature of the surface over 
which the pulses pass and the level of atmospheric electrical "noise" 
prevalent in the region of operation, as well as the power and radio fre
quency of transmission, are the factors controlling the practicable separa
tion of stations. At this writing (January 1946), all regularly operating 
Loran transmitters employ radio frequencies between 1700 and 2000 
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kc/sec. This range of frequencies constitutes the Standard Loran band. 
The pulse power radiated at the transmitting antenna is normally about 
100 kw, and under average conditions the pulses will carry over water to 
a distance of 400 or 500 nautical miles with 24-hr reliability and sufficient 
strength to enable two stations at that separation to hold to their timing. 
In fact, one pair (Labrador-Greenland) operates over a baseline of 590 
nautical miles. To obtain a wide area over which both stations of the 
pair can be received, however, the baseline should be considerably shorter 
than the maximum range. Three hundred nautical miles (1855 jusec) 
has been found to be about the optimum baseline length for effective 
coverage. Stations separated by land must be much closer together 
because with Standard Loran frequencies the low conductivity of soil 
and rock greatly reduces the range. An overland baseline of 100 nautical 
miles (618 jusec) is about the longest practicable. 

A Loran network operable only by night was employed in the strategic 
bombing of Germany, with baselines 1130 and 1300 nautical miles long 
(6980 and 8050 ,usec). These great separations were obtained by the use 
of sky-wave transmission of pulses (see Sec. 3-2) between stations, at 
some sacrifice of precision and reliability, and with complete interruption 
of service during the day. 

Trials of a Low Frequency Loran triplet, transmitting on 180 kc/sec 
with peak radiated power near 100 kw, are in progress. Data so far 
obtained indicate that reliable continuous operation can be maintained 
even in the tropics with 600 miles of water separating the stations. If the 
baseline is principally over land, the distance should probably not exceed 
400 miles. 

The value of D, the absolute delay, is dictated by the form of the 
receiving and measuring apparatus (the Loran receiver-indicator). This 
apparatus displays the received pulses as vertical deflections of a horizon
tal line or trace that appears on the face of an oscilloscope screen. This 
trace is the path of a light spot sweeping from left to right across the 
screen, then snapping back and sweeping again. The spot sweeps across 
many times in a second so that the trace is steadily visible and does not 
flicker. 

During each sweep of the light spot across the screen, electrical 
impulses from a crystal clock are impressed upon the moving light spot, 
producing time markers on the trace. The position of a received pulse 
among these markers indicates the interval between the beginning of the 
sweep and the time at which the pulse arrived. If the pulse and the 
sweep are made to recur exactly the same number of times per second, 
successive pulses will always appear at the same place on the trace, 
persisting as a single stationary mark whose time may be accurately read. 
To effect this, each transmitting station sends out its pulses in a steady, 
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equally spaced succession; the number of pulses per second is called the 
pulse recurrence rale, PRR. The time interval between successive pulses 
from the same station is called the recurrence period, L. The indicator 
sweep is adjusted to recur at exactly the recurrence rate of the stations. 
In present Loran systems, two basic recurrence rates are used; 25 per 
second {low rate) and 33-j per second {high rate). Corresponding values 
of L are 40,000 and 30,000 Msec. 

The time sequence of pulses, as alternately emitted from a pair of 
stations, is ABAB . . . . The interval between successive A's or suc
cessive B's is L. The transmission interval AB is the absolute delay 
D, which must therefore be less than L. The time sequence of pulses as 
received is also ABAB . . . , and the interval between successive A's or 
B's is L, but the reception interval AB is the time difference t, which 
varies with the location of the navigator, between the values D + /3 and 
D-0. 

In order that no ambiguity may occur in identifying pulses on the 
screen of the indicator, D is made of such length that AB as received will 
always be greater than (L/2) and less than L, which will make AB every
where longer than BA. This will be true if 

D ~ » = \ + S, 

where S is some arbitrary time interval, less than (L/2) — 2/3. That is, 

D = \ + /3 + S, 

which is the equation defining the value of D for a particular pair of 
stations. Then the fundamental relation t = D + v becomes 

t = \ + 09 + <5) + v, (3) 

and t ranges from {L/2) + 6 to (L/2) + (2/3 + 5). 
With /3 usually 3000 /xsec or less, and L/2 15,000 or 20,000 Msec, there 

is a wide choice of 6. In Standard Loran systems it has hitherto been 
1000 or 2000 ^isec, but other values may be used with installations now 
being set up. For purposes of security in war time, S may be changed 
from time to time, and consequently only those having knowledge of the 
changes can interpret Loran readings correctly. For this reason 6 is 
called the coding delay. 

It is not difficult to visualize these relations spatially. All points 
that are receiving a pulse at a given instant lie upon a circle, the center 
of which is the station that emitted the pulse. This circle expands with 
the speed of radio transmission, 0.16171 nautical mile per microsecond. 
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Figure 3-3 shows successive positions of the "pulse circles" emitted by a 
station pair. Figure 3 -3a and b shows the position of the pulse circles 
at the instant when station A emits a pulse and when the pulse emitted 

(o) •B 

(b) 

<c) 

W) 

F I G . 3-3.—Time differences and space relations. 

by station A is received at station B. The position of the pulse circles 
at the instant when station B emits a pulse and when B's pulse is received 
by A is shown in Fig. 3-3c and d. From instant a to instant c is the abso
lute delay [j3 + (X/2) + &]; it is the radius of A's pulse circle when B's 
pulse is emitted. From instant b to instant c is the time difference 
[(L/2) + S] observed at B, whereas from instant a to instant d is the time 
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difference [2/3 + (L/2) + S] observed at A. Note that the first of these 
intervals is the shortest distance in light-microseconds between the two 
circles and that the second is the greatest distance. Since the circles 
expand at the same rate, these distances will remain the same as the 
pulses move on. Note also that at any point over which the pulse circle 
from A is passing, the time that will elapse before the circle from B will 
arrive is the distance to the B-circle, measured along the radius to B from 
the point. This is the time difference at that point, and it is evident 
that the extreme values of this difference occur at points on the extended 
baselines and that at a point P equidistant from A and B the value is 
[0 + (L/2) + 5]. 

The form of the display on the Loran indicator and the method of 
reading the time difference are such that the actual number measured is 
not t but t — (L/2). This reading is called the indicated time difference 
and denoted by T. In practical operation, T is always used instead of 
t and referred to as the time difference. The Loran lines on the charts 
are labeled, therefore, with values of T instead of t. From Eq. (3) it is 
evident that 

T = (0 + 5) + v (4) 

and that its extreme values are 5 and (2)3 + 5). Along the continuation 
of the baseline beyond station B, T = 5; along the center line, T = 0 + 5; 
and along the extended baseline beyond station A, T = 20 + 6. For a 
typical Standard Loran station pair, numerical quantities might be 
0 = 1855 ,usec (corresponding to 300 nautical miles), 5 = 1000 ,usec, and 
T would range from 1000 jisec, at or behind station B, to 4710 /isec, at or 
behind station A. 

In all the preceding relations, note that the stations are not denoted 
by the letters A or B indifferently. Station A is always that one of a 
pair whose pulse begins the absolute delay (L/2) + (0 + S); station B is 
the one whose pulse ends it. Station A is usually also the one whose 
crystal oscillator defines the recurrence rate; station B must regulate the 
frequency of its crystal oscillator to match A's. In this case station A is 
called the master station of the pair, and station B is called the slave 
station. Sometimes the initials M and S are used to represent them, 
instead of A and B. 

3-2. Propagation and Range. Ground- and Sky-wa«e Transmission.— 
Up to this point it has been assumed that the Loran radio pulses travel 
close to the surface of the earth and consequently that their time delays 
measure ground distances. This is true but not the whole truth. Loran 
pulses travel upward as well as outward; and, when they reach the iono
sphere (an electrically charged region in the upper atmosphere), they are 
reflfci. xd back to earth in considerable strength, A transmitter at point 
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X (Fig. 3-4) will, therefore, send a pulse to a receiver at point R by two 
paths, the direct path XR and the indirect path XIR, where / is a point 
in the ionosphere. The pulse taking the direct path is said to be carried 
by ground waves; that taking the indirect path is carried by sky waves. 

I 

FIG. 3-4.—Ground waves and sky waves. 

The distance XIR is obviously greater than the distance XR. The 
sky-wave transmission time is, therefore, longer than the ground-wave 
transmission time, and a single pulse from the transmitter, arriving at 
the receiver over the two different paths, will be received as two pulses, 
the sky-wave component coming after the ground-wave component by 
an interval equal to the difference XIR — XR in light-microseconds. 
This difference is called the sky-wave transmission delay; it may be 
denoted by E. 

Actually, there are several possible paths for sky waves. The iono
sphere contains two principal layers of electrified particles at different 
heights above the earth's surface; the lower (called the E-layer) is par
tially transparent to waves of the Standard Loran frequency band, with 
the result that these waves are both reflected from it and transmitted 
through it to be reflected from the upper or F-layer. Moreover, multiple 
reflections between ionosphere and ground occur (see Chap. 5, Fig. 5-13). 
The various paths are of different length, producing a series or train of 
sky waves following the ground wave. But only the sky wave traveling 
by the shortest path, the one singly reflected from the E-layer, is reliable 
enough in its persistence and timing to be used in Standard Loran, and 
all of the following discussion refers to it. In the special case of Low 
Frequency Loran, the pulse put out by the transmitters is so long that 
the ground wave and various sky waves are not resolved in reception. 
The behavior of this composite pulse is discussed in Chap. 5. 

The greater the direct or ground-wave distance the less the indirect or 
sky-wave distance exceeds it. That is, if R (Fig. 3-5) is a receiver, XA a 
near-by transmitter, and XB a distant transmitter, then (XBIBR — XBR), 
or EB< is less than {XAIAR — XAR), or EA. This is evident from the 
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figure, for the first of these differences is the length of the dotted portion 
of the indirect path in the neighborhood of IB, and the second is the length 
of the dotted portion near I A. On a flat earth, E would approach zero 
as XR increased; on the actual earth, it does not, because of the earth's 
curvature and other factors, but instead becomes practically constant at 
long distances. The amount of the sky-wave transmission E-delay is 
determined by observation of actual Loran pulses (see Chap. 5). It is 
somewhat variable, both from season to season and from hour to hour. 
The larger E is, the larger its range of variation. 

F I G . 3-5.—The sky-wave- transmission delay. 

The Sky-wave Correction.—Reflection from the ionosphere is weak and 
erratic by day at the standard frequency, but by night sky waves can be 
received in usable strength three times as far as ground waves. Loran 
coverage at night is, therefore, greatly extended if the navigators use 
time differences obtained from pairs of sky-wave pulses to define lines 
of position. These sky-wave time differences may be denoted by Ts. 
In general, Ts will be different from the time difference T between ground-
wave pulses that would be observed at the same place, and, conversely, a 
sky-wave measurement and a ground-wave measurement that are the 
same in amount will define lines of position that are different. Separate 
charts showing sky-wave Loran lines may be furnished to the navigator, 
in addition to the ground-wave Loran charts, or the same charts may carry 
both sets of lines. But many charts are inconvenient, and many sets of 
lines on a chart are confusing. Therefore the standard procedure hitherto 
has been to put on the charts only ground-wave lines representing values 
of T and to provide the navigator with tabulated sky-wave corrections, such 
that a correction, applied to an observed value of Ts, will reduce it to the 
value of T at the same place. 

The quantitative relation between Ts and T may be developed as 
follows: 

Ts = 03 + 5) + (XBIBR - XAIAR) 
= (fi + S) + {XBR + EBI - (XAR + EA) 
= OS + 5) + (XBR - XAR) +JEB - EA). 

T = (0 + 5) + v = (0 + 5) + (XBR - XAR). 
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Comparing the last two equations, 

T = Ta - {EB - Ej) = Ts+ (EA - EB) = TS + C, (5) 

where C, the sky-wave transmission delay from A minus that from B 
(note the order of subtraction), is the sky-wave correction. C always has 
the same sign as v, positive if station A is nearer than B, negative if it is 
farther. 

On the center line C is zero, as is v, for there EA = EB- Across the 
hyperbolas, away from the center line, C becomes positively or negatively 
greater as the nearer station is approached. Along a hyperbola, it 
approaches zero as the distance from the baseline increases, vanishing 
at great distances. Over the larger part of the region within which sky-
wave time differences are reliable, C is less than 10 fisec. I t becomes 
larger when the navigator is near both stations and largest when he is 
close to one station and far from the other. For example: 

Distances of stations, nautical miles C, j<sec 
Both > 600 < 12 
500 and 800 16 
400 and 700 26 
300 and 600 42 
300 and > 1000 53 

The transmission delay from a near station varies unpredictably, some
times by as much as 20 /isec, making the corrections that involve this 
station correspondingly uncertain. As a general rule, 250 miles may be 
considered the shortest distance from a station at which reasonably 
reliable lines of position may be obtained from its sky-wave pulses. 

The Range of Loran Transmission.—The greatest distance at which 
Loran pulses can be received in strength sufficient for measurement is 
different at 1950 and 180 kc/sec, different for ground waves and sky 
waves, different by day and by night, and different over water and over 
land. The ground wave at 1950 kc/sec, by day, has a usable range of 
700 or 800 nautical miles over salt water, under low-noise conditions. 
At night the normal increase in natural noise cuts this down to approxi
mately 450 miles. Over land of average conductivity, the ranges are 
one-half to one-third of these, at considerable elevation above ground; 
on the surface, they are even less. 

The one-hop E-layer sky wave at 1950 kc/sec is not normally observ
able by day over the most generally navigated regions of the earth, 
except at extremely short ranges (at which its time delay is unreliable). 
Southeastern Asia in the dry season, however, seems to be an exception 
to this statement. 

At night this sky wave carries pulses to a range of 1400 nautical miles 
over water and only slightly less over land (because the land attenuation 



SEC. 3-3] PRINCIPLES OF OPERATION 63 

is effective only in the regions near the transmitter and receiver, where 
the wave is near the ground). 

At 180 kc/sec, the ranges are much greater than at the standard fre
quency. Data obtained over several months of experimental trials indi
cate that by day the ground-wave range over sea is at least 1200 nautical 
miles and over land 1000 miles. As at the higher frequencies, the sky 
waves are largely absorbed by the ionosphere. At night, over land or 
sea, the sky-wave range usually exceeds 1500 nautical miles. 

These ranges vary from day to day, seasonally, and with the locality, 
since they depend upon ionization in the upper atmosphere, severity of 
natural electrical disturbance, and surface conductivity. 

3-3. Principles of Operation. Time-difference Measurement.—As has 
been mentioned, the time difference is presented to the observer visually 
as a length between marks on a line, which appears on the oscilloscope 
screen of the Loran receiver-indicator (see Chap. 11). The Loran trans
mitter timer, which controls and regulates the emission of pulses by the 
transmitting stations, is described in detail in Chap. 7. These two 
instruments embody the same principles, although they make different 
use of them. A brief and simplified description of a widely used form of 
the receiver-indicator is given here, followed by a statement of the addi
tional elements that the transmitter timer requires to perform its functions. 

The Loran receiver is a conventional superheterodyne with four 
rather broad fixed-tuned channels. The indicator contains a cathode-
ray oscilloscope. The horizontal deflection of the beam and the graduat
ing vertical deflections are precisely controlled by a crystal clock; other 
vertical deflections are produced by the pulses from Loran stations com
municated to it through the receiver. The combination acts as a stop 
watch with a graduated dial (the oscilloscope trace, graduated by pulses 
from the crystal) and two independent hands (the delay circuits described 
below) that may be set to mark the times of arrival of the two pulses, after 
which the relative position of the hands measured by the graduations 
shows the time interval between pulses. 

The cathode-ray beam striking the oscilloscope screen produces a 
spot of light. Potential differences for deflecting the cathode-ray beam 
are regulated by the crystal clock in such a manner that their variation 
swings the beam back and forth across the tube, sweeping the light spot 
over the screen in a regular pattern. This pattern is the slow-trace 
pattern, and the period of its repetition is called the recurrence period L. 
A. typical value of L is x^j sec, or 40,000 ixsec. During this interval the 
noving spot goes through this sequence: 

1. I t sweeps steadily from left to right across the upper part of the 
screen. This upper trace is traversed in about 19,930 yusec—almost 
half of L. 
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2. It snaps downward and to the left. This retrace takes about 70 
/usec. 

3. I t sweeps from left to right across the lower part of the screen. 
This lower trace takes about 19,930 /isec. 

4. I t snaps upward and to the left. This retrace takes about 70 jusec. 

The sequence, repeated twenty-five times a second, is rapid enough to 
make the path of the spot visible as a continuous line, 1 and 3 being bright 
and 2 and 4 almost invisible (Fig. 3-6). As the spot sweeps across the 
screen, slight vertical displacements are imparted to it at 10-^sec intervals 
by the vibrating crystal, and greater displacements every 50 and 500 

Msec. This action causes gradua
tions, or time markers, to appear 
along the trace. 

The pulses from the L o r an 
transmitters are passed to the oscil
loscope by the receiver and also ap
pear as vertical displacements of 
the moving spot. Since the dura
tion of a pulse, as distorted in the 
receiver, is about 75 ^sec, a hump 
with this length and with a height 
depending on the intensity of the 
pulse is seen on the trace in a posi
tion corresponding to the position 

F I G . 3-6.—Indicator oscilloscope traces. r ,, , . . . 
oi the spot at the time oi the recep

tion of the pulse. The interval between pulses from the same station isL. 
During this time the light spot runs through its entire cycle and returns to 
the same point. The hump, therefore, is repeated at this point in every 
cycle and appears as a stationary feature of the trace. 

Between a pulse from station A and one from station B, the interval is 
t, or (L/2) + (j3 + S) + v. During this time the spot traces a little more 
than half its path on the screen; therefore, if the hump caused by the 
pulse from A appears on the upper trace, the hump caused by the pulse 
from B will appear on the lower trace, a little to the right of the other 
(Fig. 3-7). For example, if t is 23,250 jusec, the pulse from B will appear 
to the right of that from A by the distance over which the spot moves in 
3250 Msec. It is this displacement to the right which the observer 
measures. The time difference that he reads from it is T. 

The crystal of the indicator is in no way locked to the incoming pulses. 
When the indicator is turned on, the A -pulse may appear at any point of 
the trace, and the recurrence period of the indicator may not exactly 
match that of the pulse, in which case the pulse will drift slowly along 
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the trace. But an adjustment is provided to alter the effective crystal 
frequency (regulate the clock) so as to stop the drift. There is also a 
LEFT-RIGHT switch to retard or accelerate the crystal momentarily (set 
the clock); by its use the A-pulse may be caused to drift rapidly to the 
left or right until it occupies its proper position on the upper trace. 

Ideally, the measurement might be made by simply counting time 
markers from the beginning of each trace to the hump on that trace and 
taking the difference. Actually, on the linear scale imposed by the size 
of the screen, only the 500-^isec markers can be counted, because those 
which are only 50 ^sec apart blend together. Furthermore, the pulses 

(a) _ (i>) 
FIG. 3-7.—Reading time difference from the indicator, (a) The complete traces, 

without magnification. Markers are 500 /isec apart. True time difference 23000+ . 
Time difference as read, 3000 + . (o) The sections adjacent to the two pulses, as magnified. 
Markers are 50 jusec apart. Displacement as read, 250. Total reading, 3250. 

might drift appreciably along the traces while the two measurements 
were being made successively. To avoid these difficulties, means are 
provided to select a short section of each trace (distinguished from the 
rest of the trace by being slightly elevated above its line and, therefore, 
called a pedestal) and to display the pedestal in place of the whole trace, 
on a scale greatly expanded in time. The effect is as though the selected 
sections of trace were viewed with a magnifying glass. This display is 
called the fast-trace pattern; the unmagnified, complete display is called 
the slow-trace pattern. The upper pedestal is fixed near the beginning of 
the upper trace, whereas the lower pedestal may be moved along the lower 
trace by coarse and fine delay controls. With the LEFT-RIGHT switch the 
A-pulse is drifted to a position on the upper pedestal; with the delay 
controls the lower pedestal is moved under the S-pulse (Fig. 37a) . 
Then the complete traces are replaced by the pedestals alone (Fig. 3-7fe), 
and the fine delay control manipulated until the B-pulse occupies exactly 
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the same position on the lower pedestal that the A -pulse occupies on the 
upper pedestal. To make this adjustment precise, the lower pedestal is 
raised and the upper brought down until they coincide; the pulses can 
then be superposed with a normal reading error of less than 1 /tsec, 
roughly 1 per cent of the apparent width of the pulse. 

When this has been done, the relative horizontal displacement 
between the pedestals is exactly the same as that between the pulses. 
This displacement, therefore, measures the time difference T at the 
moment when the pulses are superposed. The stop-watch analogue to 
this operation would be to set one stop-watch hand to the time of arrival 
of one pulse and the other hand to the time of arrival of the other pulse, 
and to make the settings simultaneously. Drift of the pulses does not 
matter as long as superposition is effected (just as in a sextant observa
tion, where sun and horizon may swing back and forth together in the 
field of view as long as they are brought to tangency). Once the setting 
has been made, the displacement of the lower pedestal relative to the 
upper is read by counting the markers occurring after the start of the 
top pedestal and before the start of the lower pedestal. The 500-jisec 
markers are counted from the slow-trace display, and the 50- and 10-/usec 
markers are counted from the fast-trace display (see Fig. 3-7, which is 
simplified and schematic, and Fig. 11-2 of Chap. 11, which shows the 
complete procedure of measurement). 

Maintenance of Delay between Stations.—The two transmitting stations 
that make up a Loran pair are electrically independent. The pulses 
emitted by a station are triggered by a free-running quartz-crystal oscil
lator, carefully controlled in temperature to maintain frequency within 
1 part in 300 million (1 jusec in 5 min). The vibration frequency of the 
crystal is 50 kc/sec and is reduced by divider circuits to the chosen 
recurrence rate for the pair. The crystal-oscillator and divider circuits 
are similar to those of the navigator's indicator, but somewhat more 
elaborate and stable. They actuate a display of traces, time markers, 
and pedestals on two oscilloscope screens (so as to present both slow and 
fast traces at the same time), and both pedestals are controlled by separate 
delay circuits. At the master station, the circuit that controls the upper 
pedestal also triggers the transmitter. The pulse would be emitted 
exactly at the instant indicated by the left end of the pedestal if the trans
mitting system acted instantaneously. A receiver is connected to the 
timer oscilloscope, as with the indicator; if the receiver also acted simul
taneously, the transmitter pulse that is received after traveling only a few 
hundred feet would appear on the pedestal just at the beginning of the 
pedestal. Actually, transmission and reception take about 50 £isec 
because of lag in the circuits, and consequently the pulse is displaced to 
the right on the pedestal by this distance. 



SEC. 3-3] PRINCIPLES OF OPERATION 67 

At the slave station an exactly similar timer operates, but here the 
transmitter is triggered by the circuit that controls the lower pedestal, 
and hence the local pulse appears on it. 

When the timers at the two stations are adjusted so that each pulse 
emitted from the slave transmitter follows the corresponding pulse emitted 
from the master transmitter by the absolute interval (L/2) + (/S + S), 
the stations are said to be in delayed synchronism. As has been explained, 
the indicated time difference observed at the slave station is then equal 
to i, whereas at the master station it is (2/3 + 6). Maintenance of 
synchronism is the duty of the operator at the slave station, who adjusts 
his timer to keep step with the pulse received from the master station. 
With the two timers and transmitters running independently, the oscillo
scope at either station will show the pulse emitted at that station (local 
pulse) at a fixed point on its pedestal, but the pulse received from the 
other station (remote pulse) will be drifting along the traces, for the crys
tals will not, in general, be vibrating at exactly the same frequency. 
The slave operator synchronizes his transmitter with the other in two 
steps. First, he sets his lower pedestal (carrying his local pulse with it) to 
a position 6 j*sec to the right of his upper pedestal by means of the delay 
controls. Next, he varies the frequency of his oscillator in order to drift 
the remote pulse onto the upper pedestal and to bring it to rest at the 
same place on this pedestal at which the local pulse is fixed on the other 
pedestal. He makes this adjustment by superposition, as does the 
observer on a ship or airplane, but instead of bringing this about by vary
ing the delay to fit two remote pulses, he leaves the delay at its fixed setting 
and varies the oscillator phase, carrying the local pulse with it, until it 
fits the remote pulse. When this has been accomplished, the two pulses 
have the same time relation as the two pedestals and are therefore in 
delayed synchronism. They will remain so as long as the two crystals 
hold the same frequency. Generally this will be of short duration, since 
neither oscillator is perfectly stable. For this reason the slave oscillator 
must be made to follow the slight variations of the master. The slave 
operator may do this manually, watching the superposed pulses on the 
fast-trace display and advancing or retarding his oscillator slightly as the 
remote pulse begins to slide out from coincidence with the local. Coinci
dence may also be maintained by the Loran automatic synchronizer, an 
electrical network linking the receiver input with the oscillator control. 
This device "views" a portion of the rising slope of the remote pulse after 
it has been manually set in its proper place on the upper trace and accel
erates the oscillator if the average elevation of this slope becomes greater 
(because the pulse has drifted to the left) or retards it if the elevation 
becomes less (because of a drift to the right). In either case the effect is 
to counteract the drift. The synchronizer cannot set the pulses in 
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coincidence—this must be done by visual inspection of the pulse images— 
but it will hold coincidence within 1 or 2 /isec if there is not too much 
electrical noise. Under noisy conditions manual control is necessary. 
The stability of the oscillators is such, however, that synchronism may be 
maintained by an experienced operator through long periods of electrical 
disturbance if he can glimpse the remote pulse for a few seconds from time 
to time. 

While the slave operator maintains synchronism, the master operator 
keeps a continuous watch over the timing by means of his own oscillo
scope. He sets the delay controls so that the lower pedestal is at a dis
tance (2/3 + 5) to the right of the upper pedestal (on which his local pulse 
is fixed). If the slave transmitter is timed correctly, the remote pulse 
coming from it will appear on the master's lower pedestal, in position so 
that the two pulses will coincide in the fast-trace display. If they do not, 
the master operator actuates a device that "bl inks" his pulse (causes it 
to jump regularly back and forth), telling the slave to make a correction 
and warning observers not to make readings. The master does not, 
however, change the frequency of his own oscillator. 

Generally, the master is the station called A whose pulse initiates the 
delay, and the slave is B whose pulse terminates it. In emergencies, A 
may act as slave and B as master, with respect to dependence and inde
pendence of the frequency of the oscillators, but they do not exchange 
positions in the sequence. If they should do so, the time order of the 
Loran lines around the stations would be reversed, making the charts 
useless. 

At each station a switched electronic attenuator is inserted between 
the receiving antenna and the receiver, which allows the remote pulse to 
come through undiminished but cuts down the extreme intensity of the 
local pulse so that on the oscilloscope screen it can be matched in ampli
tude with the remote pulse. The attenuator is designed to act on the 
pulses without introducing any differential delay; but since it is the one 
circuit in the timer that does not treat them exactly alike, such a differen
tial may well creep in, falsifying the timing at the two stations in opposite 
senses. To detect such an effect and to check the operating personnel, 
the equipment, and propagation conditions, it is highly desirable that a 
monitor station^ equipped with a standard indicator, be maintained in a 
known position within good receiving distance of both ground stations and 
far enough from both so that neither pulse has to be greatly attenuated 
for comparison with the other. The synchronism, pulse shapes, and 
signal strengths should be observed, and routine reports should be sub
mitted to the operating authorities. 

Distinction between Pairs of Stations.—The navigator cannot determine 
his position unless he can receive pulses from two pairs of stations. In 
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many areas he may be within range of three or more pairs. In order that 
he may obtain readings from several pairs in rapid succession with as 
little readjustment of his instrument as possible and without losing time 
in search of the pulses, chains of adjacent pairs of Loran stations operate 
on the same frequency and at nearly the same recurrence rate. All 
pulses strong enough to be detected appear together on the screen of the 
navigator's indicator; and, if the recurrence rate of the indicator is properly 
adjusted, they will all be steadily visible. 

If the indicator and all the station pairs operated at exactly the same 
frequency and same recurrence rate, the pulses would all look and behave 
alike and identification would be impossible. To avoid this, different 
pairs of the same chain of stations operate on rates that differ but slightly; 
they are distinct but are all near the same basic rate. The two basic rates 
now in use are 25 cps (the low, or L, basic rate) and 33^ cps (the high, or 
H, basic rate). A chain or series of pairs operate on specific rates that are 
related to the basic rate as follows: 

Specific rate, cps 
(° 
* U 

L 
25 
25A 
25i 
25 A 

II 
33 J 
3 3 | 
331 
33! 

and so forth, up to specific rate 7, 2 5 ^ , or 34£ cps. These values are 
close approximations but are not exact. The exact relations are defined 
in terms of the recurrence period, as follows. For the L-rates, the 
specific recurrence periods are (40,000 — lOOn) ;usec and for the .H-rates 
(30,000 — lOOn) Msec, where n takes the integral values from 0 to 7. 
Thus under each of the basic rates there are eight specific rates, called by 
the numbers 0, 1, 2, . . . , 7. These are the station-selection numbers. 

On the indicator panel there are two switches, one of which may be 
set to H or L, the other to any number from 0 to 7. If these are set to 
H and 4, for example, the indicator will run at recurrence rate 33^ cps. 
A pulse coming in at this rate will appear stationary on the trace, for the 
moving light spot will just complete a circuit of the screen between recur
rences of the pulse. But pulses at the slower rates HO, HI, H2, or H3 
will drift to the right along the trace, for between recurrences of a pulse 
the light spot will complete a circuit and go on a little way, and hence the 
pulse will recur later and later on the trace. Similarly, pulses at the faster 
rates Hh, H6, or HI will drift to the left. Pulses on all the much slower 
L-rates will go to the right by long jumps; they will flicker erratically over 
the screen and can easily be ignored. 

Although all Loran stations operating at present use the same band 
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of radio frequencies, between 1700 and 2000 kc/sec, they all do not use the 
same frequency. Four different frequencies have been used—1750, 1850, 
1900, and 1950 kc/sec. These radio frequencies are referred to as 
channels, and they are numbered. Channel 1 is 1950 kc/sec; Channel 2 
is 1850; Channel 3 is 1900; and Channel 4 is 1750. The Loran receiver 
may be tuned to any channel by turning a channel switch to the proper 
number. 

A pair of Loran stations bears a designation made up of the channel 
number, basic-rate letter, and station-selection number. The first two 
of these characterize an entire group, or chain, of stations that are to be 
used by navigators in a particular area or in connection with particular 
operations. Such a group of stations might include pairs designated 
2#0 , 2H\, 2H2, 2H3. For all these the channel is 1850 kc/sec and the 
basic rate is 33-J cps; the specific rates are 33^, 33 | , 33f, and 33-f cps. 
The designation is prefixed to any value of T read by a navigator from 
the pulses of a pair and is part of the label of any charted Loran line. 
Such a line might be labeled 2H2-3380; the four-figure number being the 
value of T, the prefix the designation of the pair. 

I t has been mentioned that in a triplet of Loran stations, one station 
acts as a member of two pairs and that in a chain of stations, all members 
but those at the ends act in this way. Sometimes the three stations of a 
triplet use the same recurrence rate (as explained in Sec. 3-5 in the dis
cussion of systems), but usually they use different specific rates. In a 
chain, adjacent pairs always use different rates. This means that a 
station which is a member of two pairs sends out two independent 
sequences of pulses, one slightly more closely spaced than the other. 
These pulses must be triggered by different timers but may be sent out 
from the same transmitter. Double pulsing, as this method of operation 
is called, decreases peak power somewhat by altering the duty cycle of 
the transmitter and slightly disturbs the timing of both pulses at the 
moment when the one of higher rate overtakes the other. I t has been 
widely employed, however, in Loran operation because of its economy of 
equipment, of which there was a critical shortage throughout the war 
period in which Loran grew up. 

3-4. Loran Geometry: the Pair. The Loran Hyperbolas.—A hyper
bola is by definition the locus of points all of which are farther from one 
fixed point than they are from another fixed point by the same distance. 
The two fixed points are the foci. A Loran line of position is therefore 
a hyperbola with its foci at the two transmitting stations A and B. 

If the surface of the earth were a plane, the lines generated by a pair 
of stations would form a family of confocal plane hyperbolas (Fig. 3-8). 
The baseline, connecting the stations, would be a straight line. The line 
T = P + S or v = 0 would be a straight line called the center line, bisecting 
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the baseline perpendicularly, a hyperbola of zero curvature. The actual 
lines of constant time difference approximate these hyperbolas and have 
very much the same properties. It is, therefore, convenient to discuss 
them as if they actually were such confocal plane hyperbolas. The 
hyperbolas in the neighborhood of the center line curve slightly away 
from it; the hyperbolas in the neighborhood of a station curve sharply 

Base line V=-1800 
£ extension 7"»1000 

V=-1500 
, . . ^ T-1300 
\ \ \ V=-1200 
A \\ r=i6oo 
* V=-600 

V=0 T-2200 
T-2800 

Via. 3-8.—A family of plane hyperbolas. /3 = 1800 istec; i = 1000 psec. 

around it. The lines T = 20 + & and T = 5 or v = +/9 and v = - / ? 
are straight lines continuing the baseline beyond A and beyond B, 
respectively, and are called the baseline extensions. They are hyperbolas 
folded together, with curvature degenerated into 180° angles at the 
respective stations. At large distances from the baseline (more than 
5/8 or so) all the hyperbolas are very nearly straight, becoming asymptotic 
to radii extended from the intersection of baseline and center line and 
defined by the equation 

cos 9 = 0 (6) 

where 6 is the angle between radius and baseline. A Loran reading made 
at a great distance from a pair of stations is, therefore, an indication of 
the direction of the observer from the pair, but the change of angle with 
a given change of reading varies from a minimum on the center line to a 
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maximum on a baseline extension, and two directions that are not oppo
site correspond to one reading. 

If the earth were a true sphere, the baseline would be a great circle. 
The center line and extended baselines would also be great circles, and 
the other Loran lines would form a family of confocal spherical hyperbolas. 
The earth is actually not quite spherical, so the Loran lines are slightly 
(but quite perceptibly) distorted from spherical hyperbolas to more com
plex curves. This distortion must be allowed for in precise charting 
over large areas. The Loran hyperbolas are discussed further in Chap. 6. 

The Factor of Geometrical Precision.—Since no observation is exact, an 
observed reading will differ from the true value of the measured quantity 
by an amount that cannot be predicted for the individual observation 
but may be estimated as an expected or "probable" value derived from 
many comparisons between observed and " t r u e " values. This expected 
error is usually taken as 0.67 \/7:r2/n, where 2r2 signifies the sum of 
the squares of the deviations of a typical series of n observed values from 
the true values found by some more accurate method. If the distribution 
of deviations follows the gaussian normal law, the result thus derived is 
also the median of the deviations. There are as many deviations that 
are greater than the median as there are deviations that are less; therefore 
the median is called the probable error. 

If the probable error of a Loran measurement of time difference is 
x /usec, an observer who obtains the reading T from his indicator is as 
likely to be actually located between the Loran lines T — x and T + x 
as to be outside this region. As far as he is concerned, the reading does 
not represent a sharp line but a strip at least 2x jisec wide between two 
hyperbolas. The width of this strip in units of length is obviously a 
matter of importance to the observer, since he desires to obtain his loca
tion on the earth. The width is not 2x times 0.1617 nautical miles, as 
might be assumed without due thought. In fact, the conversion factor 
cannot be a constant, for it is obvious that two hyperbolas of the same 
family are farther apart at a long distance from the baseline than they 
are close to it. I t is also true that hyperbolas which cross the baseline 
near a focus diverge more sharply than those which cross near the center 
line. 

We may, therefore, write for y, the probable error in the position of the 
observer's Loran line corresponding to a probable error of x in the measure
ment of the time difference, y = kwx. In this, A; depends on the unit of 
length and is, for example, unity if distance is measured in light-micro
seconds. The other factor, w, that depends on the observer's position 
may be called the factor of geometrical precision. I t equals i csc ty, in 
which ^ is the angle between the two directions from the observer to the 
transmitting stations. See Appendix C-l for the proof of this relation. 
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We have, therefore, 

kw = 0.08086 csc if 
= 0.09311 csciiA 
= 0.14985 csc if 
= 491.62 c s c # 

(nautical miles/Msec) 
(statute miles//usec) 
(km/Vsec) 
(f t/yusec). (7) 
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Small values of f, the angular separation of the two transmitting stations 
from the observer's position, correspond to large values of kw and cor
respondingly large values of y, the prob
able error of location of his line of 
position. 

The curve of constant w, on a plane, 
is a curve of constant f and is there
fore one of the two arcs into which a 
circle passing through the two trans
mitting stations A and B is divided by 
the stations. The two arcs are charac
terized by two different values of w that 
correspond to two values of f whose 
sum is IT. The complete locus for one 
value is the figure eight or lens formed 
by corresponding arcs of two circles, 
symmetrically placed with respect to 
the baseline (Fig. 3-9). If P is a point 
where one of these circles intersects the 
center line, w is given by 
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F I G . 3-9.—A graphical construction 
for determining w. 

where d is the length AP or BP and b 
the length of the baseline AB. At any 
other point Q on the arc, the angle AQB 
is equal to the angle APB, by the ele
mentary geometry of the circle. Thus 
an approximate value w can be quickly found for any point Q on a Loran 
chart by constructing the circle ABQ, finding the point P where the arc 
AQB intersects the perpendicular bisector of the line AB, measuring the 
lengths AB and AP or BP, and computing the ratio. Neither a table of 
trigonometric functions nor a protractor is necessary. 

The corresponding curve on a sphere is of the fourth degree, but it 
approximates a spherical ellipse passing through A and B and having its 
semimajor axis a and semiminor axis a' in the ratio sin a = tan a'. The 
major axis lies along the center line, but, of course, the minor axis doeB 
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not lie along the baseline except in the special case f = 90°, w = \y/2. 
In this case only is the approximation exact. 

An approximate expression for w, in terms of the distance r and direc
tion 6 of the observer from the point midway between the stations, is 
often useful. I t is close to the truth if the distance is several times the 
baseline length, but it breaks down at short distances. The expression is 

W = (0 CSC "> (9) 
where r is the distance from the midpoint, 6 is the length of the baseline, 
and 9 is the angle that the line from midpoint to observer makes with the 
baseline. This is the formula for the spacing of the asymptotes of the 
plane hyperbolas and is obtained by differentiating the equation of an 
asymptote, cos 9 = v/@ (Sec. 3-4), and noting that in this case w = r d9/dv. 

Although w increases without upper limit as ^ decreases or r increases, 
its lower limit is not zero but unity. This is its value along the baseline, 
where ^ = 180°. Here the conversion factor kw is equal to the numerical 
coefficient in Eq. (7). Over a considerable area near the baseline, w is 
not much greater than unity and the precision is nearly constant. The 
optimum geometrical precision is therefore the same for all hyperbolic 
coordinate systems, whatever the length of baseline, and improvement in 
the accuracy with which an observer may locate himself can be effected 
only by decreasing the probable error of a time-difference reading in micro
seconds. The precision falls off, however, with distance from the baseline 
less rapidly if the baseline is long than if it is short. 

To recapitulate: Slight departures from synchronism at the stations, 
slight variations in time of travel of the pulses, and slight errors in pulse-
matching by the observer combine to build up the probable error of a 
measured Loran time difference. Let the measured value be 7" /isec and 
the probable error x fisec. The probable error of the line of position 
designated by 7" is represented geometrically by the strip on the earth, 
bounded by the hyperbolas 7" — x and 7" + x. The distance across 
this strip in linear units is 2kwx. If the line of position on which the 
observer is actually situated when the measurement is made is T, it is 
equally probable that T differs from 7" by less than x or by more than x, 
in either the positive or the negative direction, and equally probable that 
the observer's actual line of position lies within or without the strip and 
that it is distant from the hyperbola 7" by less or by more than kwx, in 
linear units. The value of x must be determined experimentally or by 
statistical analysis of large numbers of readings taken in actual Loran 
operation. 

The Service Area of a Pair.—The area within which an observer can 
receive measurable pulses from bolh stations of a Loran pair is the area 
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common to two circles described around the stations with radii equal to 
the effective range of a transmitter. This is called the service area of the 
pair. I t is symmetrical about the center line of the pair, which is its 
longest dimension. The two stations must be within the area in order 
to maintain synchronism. If 0 is much smaller than the range, the service, 
area is almost round (Fig. 3 10a); 
if jS is nearly equal to the range, 
the area has a lenticular form (Fig. 
3106). 

As has been shown, an ob
served reading designates a line of 
position more precisely in some 
parts of the area than in others. 
This inherent inequality of pre
cision is expressed by the variation 
of the factor w over the area, which 
is indicated in the figure by con
tours of constant w, with the re
gions bounded by them stippled 
and shaded appropriately. Val
ues of kiu in nautical miles per 
microsecond are appended to the 
contours. In the solid black re
gions, where kw is more than 2 
miles per microsecond, the preci
sion is so low that we may practi
cally count these regions out of the 
area of useful service; the rest of 
the area is thus given a characteristic " butterfly" shape. 

I t is evident that the precision is relatively high over a much larger 
part of the service area when the stations are near maximum separation 
than when they are close together. However, overlap between adjacent 
service areas, which is obviously necessary to provide navigational fixes, 
is obtained in the Standard Loran chain arrangement only by making 
the baselines relatively short (see Sec. 3-5). Short baselines are also 
conducive to reliable synchronism of stations under adverse conditions. 

The symmetrical forms of Fig. 3-10 only hold if propagation is equally 
good in all directions. If sea water extends on one side of a pair and land 
on the other, the arcs bounding the area must be drawn with the appro
priate different radii. With Standard Loran frequency, the daytime 
ground-wave extent of the service area on the landward side is less than 
half that to seaward. But at night the sky-wave ranges are nearly equal. 
(f the regions covered are partly sea water and partly land or fresh water 
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(the propagational characteristics of which are not much better than 
those of land), the ranges are intermediate. They depend so much upon 
the local conductivity that they are troublesome to calculate even if data 
are available. 

Since the ground-wave range by day is greater than the ground-wave 
range by night and less than the sky-
wave range by night, the boundary of 
the service area can be defined only 
with reference to the time and the 
form of propagation. The same pair 
may have a nighttime sky-wave area 
of the form a, a nighttime ground-
wave area of the form b, and a daytime 
area of intermediate form. The con
tours of precision remain fixed with 
respect to the stations, since they de
pend upon geometry, not propaga
tional characteristics. 

3-5. Loran Geometry: Triplets, 
C h a i n s , and Quadrilaterals. The 
Common Service Area of Two Pairs.— 
The region within which an observer 
can obtain a fix, or determination of 
position, from Loran measurements 
must be the region common to the 
service areas of two pairs of stations. 
Evidently the size and shape of this re
gion depends upon the arrangement of 
the pairs with respect to each other; 
evidently it is smaller than the service 
area of either pair and may be much 
smaller. The first Loran installations 
and those of the British hyperbolic 

Fio. 311.—Standard form of a Loran system " G e e " were set up to provide 
t n p e t ' service over an area with the transmit

ting stations all on one side of it—for the British, northwestern Europe 
with stations in England; for the Americans, the western end of the North 
Atlantic sea route with stations along the coasts of New England and 
Canada. The region to be covered in either case had length and width 
much greater than the practicable length of baseline. In these cases the 
only feasible arrangement of pairs was with baselines end to end—the 
chain arrangement mentioned earlier, the special case of only two pairs 
being the triplet. Since any chain is a succession of overlapping triplets, 
the triplet may be considered the type form. 
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The typical service area of a triplet of this type is depicted in Fig. 
3-1 la, where it is the area within the heavy boundary. In the stippled 
areas, the signals of only one pair are measurable. Within the common 
service area, the vertically shaded regions are those in which geometrical 
precision for the pair AB is worse than 1 nautical mile per microsecond, 
the horizontally shaded regions those in which this is true of the pair AB'. 
In the solid black regions precision is worse than 2 nautical miles per 
microsecond for one pair or the other. Only within the dashed boundary 
is the precision better than ^ nautical mile per microsecond for both pairs. 

Scale Statute miles 
0 100 » 0 300 WO 500 

F I G . 3*12.—A Standard Loran chain of three pairs. 

Figure 3-lla would be symmetrical with respect to the baselines AB 
and AB' if these formed a single straight line. As they are placed, with 
an angle between them, the common service area is larger and the preci
sion better on the side where the angle is less than 180°. A triplet of 
stations placed along a coast line gives better service if the shore presents 
a concave curve toward the sea over which the traffic passes. Note that 
close to the baselines on the convex side the precision is very low. 

The manner in which the service areas of successive triplets overlap 
in a Loran chain is illustrated by Fig. 3-12. The chain here has three 
pairs forming two triplets, and over a considerable region the navigator 
can obtain three lines of position, which should concur in a point at his 
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location. Errors of operation or observation will cause the point to 
become a triangle, the smallness of which will indicate the amount of 
confidence that the observer may give to the result of his measures. The 
North Atlantic Loran system, a series of chains and triplets extending 
from Florida to the Faroes, provides in some regions as many as five con-

F I Q . 313.—Part of the Standard Loran service area in the western Atlantic 

current lines of position—but, of course, some of these are of low precision 
and cross the others at poor angles. A part of this area off the East Coast 
of the United States is shown in Fig. 3-13 which is traced from a Standard 
Loran chart. 

The common service area is greatly narrowed if the baselines are made 
almost as long as the range (Fig. 3116) so long as the angle BAB' is very 
obtuse. For this reason, as well as the necessity for reliable synchronism 
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between stations under all conditions, baselines in most Loran installa
tions have been kept much shorter than the range in spite of the advantage 
in precision that long baselines afford. If the baselines can be of length 
comparable to the diameter of the region over which service is required 
so that they may surround it, making the angle BAB' between 60° and 
90°, the service area will have both good shape and good precision, as 
shown in Fig. 3-14. In both forms 
shown, the factor kw is smaller 
than i nautical mile per microsec
ond all over the common service 
area except in the corners behind 
the stations. The equilateral tri
angle b may be operated with par
ticular advantage if all three sta
tions transmit at the same pulse 
rate, A sending out a single suc
cession of pulses with which both 
B and B' are synchronized. In 
this case the two latter stations 
will necessarily also be in synchro
nism with each other, and time 
differences measured between the 
B- and B'-pulses will define a fam
ily of hyperbolas of which the 
baseline is the line BB'. With 
this family and the other two (AB 
and AB') three-line fixes are avail
able to the navigator, giving a 
check against reading errors. 

Four-station Configurations.— 
A still more advantageous ar
rangement of two pairs with long "'" •'-■■""' (6) 
baselines is possible if four Stations F lQ- 314.—Triplets with long baselines. 
are used. This is the Loran quadrilateral, the ideal form of which is given 
in Fig. 3-15a. Here the baseline of one pair is the center line of the other, 
and the center of the service area is the region of optimum precision for 
both families of position lines. Practical considerations of station siting 
will generally modify this configuration. 

The stations of the night-bombing Loran installation mentioned in 
Sec. 3-1 were arranged in a quadrilateral. Stations in the north of Scot
land and at Bizerte, Tunisia, formed one pair, and the other pair were 
located at Oran, Algeria, and Appollonia, Cyrenaica (Chap. 2, Fig. 21) . 
Though it was necessary to place the first baseline entirely north of the 
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other, the geometry of the lines of position over Germany, where the two 
center lines intersected, was excellent. No other Loran system has been 
set up to contain or span the area of operations by the baselines, but it is 
probable that some future Low Frequency installations may take this 
form. 

F I G . 3-15.—Quadrilateral and star chain. 

The British Gee system has frequently used a configuration of four 
stations called a star chain. The master station is at the center, and three 
slaves, all on the same pulse rate, are placed around it in directions 
roughly 120° apart (Fig. 3-156). This provides three triplets of the 
form of Fig. 311<z, "back to back," so that good service is provided all 
around the chain. Three-line fixes are theoretically provided, but they 
are not practically worth while because the region of best fixes from any 
triplet (two pairs) is crossed by the extended baseline of the third pair. 
The regions served by each triplet are labeled in Fig. 3-15b by the letters 
denoting the two slave stations concerned (the master A being a member 
of all pairs). 

The Crossing Angle of Two Lines of Position.—The degree of precision 
with which a line of position is determined by an observation has been 
represented by replacing the line by a strip of specified width. Similarly 
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the degree of precision with which the crossing point of two lines of 
position is determined by two observations may be represented by 
replacing the point by a surface of specified size and shape. Two inter
secting strips define a four-sided figure, which may be considered a 
parallelogram, since it is so small that the curvature and divergence of 
the pairs of hyperbolas which form its sides are inappreciable along its 
length and width. The area of this parallelogram is 4xix2 csc *, where 
2xi and 2x2 are the widths of the two strips and * is the angle at which 
they intersect (see Fig. 3-16). This crossing angle is therefore as impor
tant a criterion of the precision of a fix as are the values of w that 
characterize the hyperbolas at the intersection (to which the x's are 
proportional). 

1 
2*1 v» 

2X2 

F I G . 3-16.—The parallelogram is larger when the crossing angle is smaller. 

In the case of a triplet, $> is half the angle between the directions to 
the end stations (B and B') from the point. This is made evident by 
recollection of the demonstration (App. C-1) that each hyperbola bisects 
the angle Sf between the directions to the two stations (A and B or A and 
B') whose pulses define the hyperbola. The angle between the hyper
bolas is therefore ^ i + £*2 . But Vi + * 2 is the angle between the 
directions to the two end stations, which is therefore 2$. 

The curve of constant * for a triplet, on a plane and therefore approxi
mately on a chart, is one of the two arcs into which a circle passing through 
the two end stations is divided by the stations (see the description of the 
curve of constant w, Sec. 3-4). If the distance between the end stations 
is g and G is the angle at the center of the circle, between the directions of 
the end stations, the radius of the circle is \g csc \G. Then * = %G 
along the greater arc of the circle, and $ = 90° — ^G along the smaller 
arc. As in the case of w, the complete locus for one value of * is in general 
a figure eight or a lens. If <p = 45°, it is a circle with center on the line 
connecting the stations. If $ = 90°, the locus is the connecting line. 

The distribution of crossing angles for a Standard triplet and a tri
angle with long baselines are shown in Fig. 3-17a and b. Within the 
lens-shaped blank areas * is between 00° and 90°; along the dot-and-dash 
lines it is 90°; in the stippled areas it is between 30° and 60°; and in the 
shaded areas, between 15° and 30°. For the triangle, the crossing angles 
are those of the two families AB, AB' only. It is evident that for any 
two pairs the best angles (near 90°) arc in the neighborhood of the base-
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line of the third pair so that by always obtaining a fix from the two mo 
distant pairs and using the line from the third only as a check, an observi 
will have crossing angles better than 60° practically all over the servit 
area shown in Fig. 3 136. 

F I G . 3-17.—Curves of constant crossing angle. 

The crossing angle at a given point is not so simply specified if a 
quadrilateral or two separate pairs generate the lines. But three simple 
rules may be stated for finding $ in these cases. Denote the stations of 
one pair by S, s and of the other pair by S', s' (which are masters and 
which slaves do not matter). Take the directions in order, clockwise or 
counterclockwise around the point. If the order is S, s, S', s', then 

ISS' + tsS' = 2*. 
If the order is S, S', s, s', then 

/ S s ' - / S ' s = 2*. 
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If the order is S, S', s', s then 

ZSS' - As's = 2*. 

The sign of * is to he disregarded in the last formula. These formulas 
give values of <t> from 0° to 180°, whereas the rule for drawing the circular 
loci of * in the case of a triplet always gives less than 90°. But since the 
crossing of two lines results in four angles, two equal and less than 90° 
and two that arc supplements of these, we may always take * as denoting 
the first-quadrant angles. 

The curves of constant 4> for four stations are not circles (except in 
the special case of the four stations lying on the circle). They are the 
curves obtained by connecting the appropriate intersections between the 
family of circles, Zl = constant; and the family of circles, ZII = con
stant, where ZI is the first angle and ZII the second in any of the formulas 
of the last paragraph. Figure 3-17c, depicting crossing angles for the 
quadrilateral, was constructed in this way. The contours for only one 
quarter of the area are shown, since they are the same in the other three. 
This symmetry is, of course, a consequence of the symmetry of arrange
ment of stations. 

In regions far enough from the two pairs so that the hyperbolas are 
very close to their asymptotes (Sec. 3-4) the curves of constant crossing 
angle approximate closely the greater arcs of circles passing through the 
midpoints of the two baselines and having radii ^m csc *, m being the 
distance between the midpoints. The circle for 15° has the radius 1.93m. 
Fifteen degrees may be considered about the smallest crossing angle that 
will yield a usable fix. If the angle is smaller, the rectangle representing 
the precision becomes so elongated that it practically degenerates into a 
single line of position (of high weight, of course, because it results from 
the concurrence of two measures). 

Measures of the Precision of a Fix.—Let 7" and T" be measured time 
differences, obtained at the same place from different pairs of stations. 
Let the corresponding hyperbolas P and Q intersect at C, forming the 
acute angle *. If these measures were without error, the true location of 
the observer would be at C. In fact, the measures differ from the correct 
values Ti and T2 by unknown errors, and the true location is at a perpen
dicular distance kwi(Ti — T') from P and at a distance kw>(T2 — T") 
from Q, where kw has the same meaning as in Sec. 34 . If we call these 
distances p ' and p" , the distance d of the true location from C is 

d = v V ) * + ( p ' T + 2p'p" cos <*>, 

where the plus sign is used if p ' and p" have the same sign within the 
acute angles, the minus sign if their signs are different. 

Assume that the errors affecting 7" are independent of those affecting 
T" and that for a great number of measures both sets of errors have a 
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statistically normal distribution. The measures will then have standarc 
deviations <n = y/X(T' - Txy/n\ and <r2 = y/X{T" - TiY/n'i and 
probable errors «i = 0.6745aL and t% = 0.6745V2. The sums of the 
squares of the residuals are determined from a large number n of observa
tions made in actual operation of a Loran system. The distances p ' and 
p"will have standard deviations Si = kwi<ri and S2 = kw<&i and probable 
errors pi = O.G745si and p2 = 0.6745s2. 

Let AB and DE in Fig. 3-18 represent the hyperbolas T' + / « i and 
T' - fa and AD and BE the hyperbolas T" + fi2 and T" - fa, respec
tively, / being an arbitrary factor. If / is given the value 1, then by the 

FIG. 3-18.—The error parallelogram, ellipse, and cirole. 

definition of the probable error, the chance that the observer's actual line 
of position Ti lies between the lines AB and DE is i; the chance that the 
actual line Ti lies between AD and BE is also ■£. Therefore the proba
bility that the observer's true location is within the parallelogram A BCD 
is (£)2, or T- If / is taken as 1.56, the probability that either hyperbola 
lies between the limits given is 0.707; consequently the chance that their 
intersection is within the parallelogram is 0.7072, or ^. This latter 
probable parallelogram (by analogy with probable error) rather simply and 
conveniently visualizes the accuracy of a fix and can easily be sketched 
on a Loran chart, interpolating by inspection between the printed lines 
of position. The perpendicular distance between AB and DE in linear 
units is 3.12pi; that between AD and BE, 3.12pj. The length of the 
sides of ABCD parallel to the hyperbola P is 3.12p2 csc * ; the length of 
sides parallel to Q is 3.12pt csc * ; and the diagonals have lengths 3.12 
csc * V p i + pl ± 2pip2 cos $>. 
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The probable parallelogram is convenient because for a given locality 
it may be sketched on a Loran chart without computation. I t is not 
theoretically very satisfactory, however, for its boundary is not a contour 
of constant probability. The chance that the true point is within a 
small area of given size, situated in the middle of one side of the parallelo
gram, is greater than the chance that it is within an area of equal size at 
a corner. I t may be shown (Appendix C-2) that contours of constant 
probability are ellipses, and a probable ellipse, of such dimensions that 
the chance is even that the true point is within it, may be determined. 
This is the ellipse having conjugate axes along the hyperbolas P and Q 
and tangent to the four hyperbolas T' ± 1.74c,, T" ± 1.74<E2. The 
lengths of the major and minor axes of this ellipse are functions of p,, p2, 
and*. Expressions for them are given in Appendix C-2. The probable 
ellipse is drawn as a dashed curve in Fig. 3-18. 

The probable error in distance may be denoted by P and defined as 
follows: If d is the actual distance between the point corresponding to the 
observed readings and the observer's true location, the chance is even 
that d is less than P. The length of P is a function of p,, p2, and <f>. It 
may be expressed as an integral, but the integration can be performed 
only numerically. However, P is approximated closely enough for 
practical purposes by the expression 

p = 4 ^ | VPFFPI- (io) 
sin * 

The dotted circle in Fig. 3-18 has the radius P. The derivation and the 
validity of Eq. (10) are discussed in Appendix C-3, which gives references 
to more detailed and comprehensive treatments of the precision of a fix. 

3-6. Standard Loran. Location of Standard Loran Stations.—Loran 
was originally developed as a wartime radio system of navigation for the 
U.S. and Canadian Navies. It was intended to provide reliable service 
over sea water, by day or night, to distances of roughly 500 nautical 
miles and to give fixes as accurately as good celestial navigation. To 
attain the range desired with reasonable transmitter power, the frequency 
had to be much lower than those employed by radar; to provide pulses 
that could be matched with the requisite precision (within a few micro
seconds), the frequency had to be above the ordinary broadcast band. 
The choice of approximately 2 Mc/sec as the frequency to use was made 
partly on theoretical grounds and partly because experiment showed that 
a remarkably low level of noise at this frequency permitted reception of 
ground-wave pulses beyond 500 nautical miles by day whereas steady and 
reliable E-layer sky-wave transmission at night multiplied the daytime 
ranges by two. In order to confine transmission to a narrow band the 
pulses had to be extremely long by radar standards, but their shape 
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could be so well controlled by proper transmitter and receiver design and 
the amplitude-balance matching technique that two pulses from different 
stations might be matched with a probable error of setting near 1 per cent 
of the pulse width. 

The frequency once chosen and satisfactory prototype equipment 
developed, it was necessary to "freeze" the basic specifications and 
designs so that production might be speeded up. Consequently only 
three varieties of the Loran system, all using similar equipment, have 
actually been used, and four-fifths of all stations are of one variety—the 
"original" system developed for naval use and called Standard Loran. 

Standard Loran transmitting stations are located along seacoasts or 
on islands. Pairs are arranged in chains or in triplets with obtuse angles 
between the baselines, so that coverage may be provided as far to 
seaward as possible along thousands of miles of coast line or from island 
chain to island chain. The continuity of service provided by the over
lapping of service areas along a long chain or a succession of triplets was 
considered fundamental in the development of the Standard Loran sys
tem. The scheme of assigning to each pair its own recurrence rate, 
described in Sec. 3-3, was devised so that pairs might be chosen for 
measurement in any convenient combination. To obtain this flexibility, 
the possibility of simultaneous measurement of two pairs of pulses (one 
of the most advantageous features of the British Gee system) was sacri
ficed. The optimum baseline length is considered to be about 300 nauti
cal miles. This gives a common daytime service area for two pairs of the 
form described in Fig. 3-11a. The area extends 800 nautical miles to the 
right of A and 650 to the left, and its greatest vertical dimension is 1000 
nautical miles. If the baselines are longer, the common area is smaller. 
Furthermore, high accuracy in synchronism must be maintained through
out the night and through the highest noise levels that may be expected. 
Such conditions may reduce the range by nearly half; and if the distance 
between stations becomes comparable to the range, the quality of the 
received pulses may not permit accurate matching by the slave operator. 
On the other hand, if the baselines are shorter, the area of good geometri
cal accuracy for each pair is smaller in proportion, as is the area of good 
crossing angles for the triplet. 

In practice, geographical considerations force departures from the 
norm. The Labrador-Greenland pair, mentioned earlier, forms with a 
station in Newfoundland a nearly right-angled triplet, with its service 
area resembling that shown in Fig. 3-14a. Maintenance of synchronism 
over twice the optimum baseline length is possible because the noise level 
in northern latitudes is lower than farther south. A still more widely 
separated pair was operated between Iwo Jima and Okinawa (725 nautical 
miles) during the final stages of the war with Japan. However, it could 
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not maintain a 24-hr schedule, although advantage was taken of very low 
noise and good station sites. The other extreme in separation of a stand
ard pair is that between Guam and Saipan, with a baseline of only 130 
nautical miles. 

To attain the maximum range, Loran transmitting stations must be 
sited carefully. The imperfect electrical conductivity of rock and soil 
acts to attenuate the signal rapidly with distance traveled, and the 
attenuation is exponential in form, reducing signal amplitude to some
thing like -fa for each hundred miles traversed at standard frequency. 
Over salt water, the conductivity of which is good, the amplitude is 
reduced only to about r\ for each hundred miles. Land close to a trans
mitting antenna, therefore, greatly decreases its range of transmission. 
Accordingly, a Loran station is placed as close to the actual water line as 
possible, and an extensive ground system of copper wires or straps is laid 
on the ground around the antenna. No island or cape should lie across 
the path of desired transmission, within a considerable distance. A salt 
marsh, however, may intervene without serious effect, for its conductivity 
approximates that of the sea. 

The combined conditions imposed upon Loran station sites by geom
etry, geography, and conditions of terrain affecting transmission have 
resulted in the location of many of these stations in extremely inaccessible 
and uncomfortable places. 

Equipment of a Standard Loran Station.—At a Standard Loran station 
that serves in two pairs, there are two 100-kw transmitters, four trans
mitter timers, at least two gasoline or diesel power generators, and 
auxiliary equipment. The transmitters and timers are housed in a single 
building, the timers being placed in an enclosure of wire netting to shield 
them from the field of the transmitters. In operation, two timers are 
connected to one transmitter, which is fed by one power plant; the other 
instruments are stand-bys and are frequently alternated with the first 
set so that the equipment may be periodically overhauled and components 
replaced without interrupting service. Transmitting and receiving 
antennas are separate and placed several hundred feet apart. The 
former is nondirectional, either a vertical wire or steel tower about 110 
ft in height or an inverted-L 55 ft or so along each arm. The receiving 
antenna is usually a single nondirectional vertical one about 50 ft long; 
but, if reception from the other member of one of the pairs is difficult, a 
long horizontal (Beverage) antenna, extended toward the distant station, 
is used to pick up its signals. Generally complete living and supply-
storage quarters must also be provided, and therefore the whole station 
occupies several acres. 

Equipment in a station that belongs to only one pair is the same, 
except that there are only two timers, one in use and one standing by. 
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Shy-wave Matching in Standard Loran.—Over the greater part of the 
regions frequented by ships and aircraft, only ground waves are trans
mitted by day to any considerable distance at the Standard Loran fre
quency, and the identification and matching of the pulses from two pairs 
of stations present no difficulty. During the war it was found that in 
west China and Burma at some seasons the E-layer sky-wave pulse per
sists all day except for fading periods near sunrise and sunset, with 
practically the steadiness of a ground-wave pulse, and is frequently just 
preceded by a pulse of smaller amplitude, apparently reflected from the 
D-layer of the ionosphere. But in general it is only at night that the 
complex pulse trains sketched in Fig. 5-13 appear. These multiple 
images, varying in timing and amplitude, present a serious problem of 
identification to the Loran observer. A single pulse may show six or 
more images, spread over 10,000 ^sec along the trace. The first of these 
may be the ground wave, the first E-reflection, or one of the F-layer 
images. From two such trains he must pick out the two ground-wave 
pulses (G-images) if present, or the two first E-reflections (El-images), 
and match them. If only F-images are visible, no match must be made. 
Mismatching will give a false reading, which will not always be far 
enough from the expected true value to be recognized as erroneous. 

If the ionosphere were a perfectly reflecting surface at a constant 
height above the earth, sky-wave pulses would be as easy to measure and 
as reliable as ground-wave pulses. Actually, "reflection" is a complex 
process, and the pulse that is measured is often the resultant of com
ponents that have travelled into the ionosphere and out again by several 
slightly different paths. The recombination of these components at the 
receiver gives rise to superposition and interference effects, which vary 
rapidly as conditions vary within the ionospheric layer traversed and 
constantly change the form and size of the pulse as it appears on the 
viewing screen. At times the pulse may split into a doubly or multiply 
humped shape or may fade into invisibility. Furthermore, the iono
spheric layer rises and falls, diurnally and seasonally, with variations in 
the magnetic field of the earth, and irregularly over long and short inter
vals. The irregular variations in particular tend to be local, and hence 
regions not very far apart rise and fall almost independently. This 
change of height causes the transmission delays and sky-wave corrections 
to vary in a largely unpredictable manner. 

Matching pulses that are splitting and fading requires patience and 
watchfulness and development of the habit of ignoring momentary form? 
and setting the pulses so that their fluctuating leading edges rise to abouf 
the same " idea l" envelope on the display screen. The establishment o 
a good match takes time; a single snap measure at a predetermined.instan 
is reliable only if conditions are momentarily good, but a series of setting 
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yields a much better average than appearances would lead the measurer 
to expect. When the technique ha.s been mastered, matches made with 
sky-wave pulses are unlikely to be more than 3 /xsec in error. 

Some general precepts, for the identification of pulse images at night, 
may be stated: 

1. Within 500 or 600 statute miles of the station emitting the pulses, 
the G-image is the first in order, the El-image next. From the 
ground-wave limit to 1500 or 1000 miles the El-image is firs.t, fol
lowed by E2 or F l (the E2-image is often imperceptible except at 
long distances). 

2. Normally the ground-wave image does not split or fade, though 
when it is not much stronger than the "noise," it appears to 
fluctuate in a manner that sometimes resembles splitting, and the 
image height will also vary with any oscillation of the receiving 
antenna owing to motion of the ship or aircraft. The El-image 
splits and fades, but less violently than do later images and over 
longer cycles'. At times it is as steady as a ground-wave image. 

3. The time interval in microseconds between the G- and El-images is 
roughly 

40 + ^ ° d < 10, a 

where d is the distance of the emitting station in hundreds of nauti
cal miles. The interval between E l and E2 is roughly 

40 + ^ 5 d <; 10; 
a 

that from E2 to F l , a little more than this. 
The limit of ground-wave reception varies with the amount of noise 

above which the pulse must rise and with the location of the station. 
Consequently a zone exists within which the first image may be G or E l , 
and it must be identified by its behavior and its interval from the next 
image. If both images appear, their separation is 75 to 100 jtsec in this 
zone. An occasional extra El-image ("sporadic E " ) , immediately after 
the regular one or overlapping its following side, may confuse the picture. 
Similarly, the outer boundary of the sky-wave service area takes the form 
of a similar zone, within which the first image may be E l or E2; if both 
appear, their separation is 75 to 100 fisec in this zone. I t is important to 
turn up the receiver to the highest practicable gain when identifying the 
first image of a train, to make sure that there is not another weak image 
to the left of it. A steady scrutiny is necessary, for unusually high noise 
may obscure a ground-wave image, or prolonged fading may obscure an 
El-image for some time. 
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The characteristic difference between the splitting and fading of E l 
and later images is recognizable after a little experience. The splitting 
cycle of the 101 -image is usually less than a minute, and the distortion 
commonly takes the form of a depression that appears at the peak of the 
pulse and runs down one side and up again, as shown in Fig. 319. Dis
tortion of the leading side of the image is "dangerous splitting"; of the 
following side, "harmless splitting." At the climax, the side affected is 
displaced by as much as 10 ,usec, but the pulse shape is nearly enough nor-

Dangerous splitting A A A A JV AA 
(a) (ft) (e) (d) Early Almost 

Normal Beginning Middle Climax i pregnancy normal Normal 
-(e) Shape regained -

F I G . 3-19.—Splitting of an El-image. 

mal to tempt the observer into an incorrect match unless he watches the 
pulse for 10 or 20 sec at least. El-images from near stations are subject 
to more complicated distortion. The rippling of the trace due to noise 
is, of course, superposed upon all images also. Fading causes the El-
images to rise and fall, and those from distant stations sometimes dis
appear into the noise for some minutes. 

E\ El Fl 

I J K 
GEl Fl 

Fio. 3-20.—Pulse trains from a pair of stations approximately matched for sky-wave 
readings. 

The E2- and F-images suffer more complex and violent splitting than 
does E l , and they undergo long slow rises and falls as well as abrupt 
changes. The F's tend to be wide and multiply peaked and sometimes 
occur in groups. A long series of them, at intervals of 1000 to 2000 jjsec, 
may extend over nearly half a recurrence interval. The leading F-images 
are sometimes more conspicuous than G or E l and may be the only ones 
to appear above a high noise level if they come from stations near the 
service limit. 

The navigator will facilitate correct identification of pulse images if 
he presets his indicator to the expected sky-wave time difference for his 
position, as estimated by dead reckoning. This setting will in most cases 
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be close enough to the true one to align the two pulse trains, and thus 
corresponding images will be near each other on the oscilloscope screen 
(Fig. 3-20). The navigator may then resolve doubts by observing the 
behavior and spacing of the images, being especially careful that one of 
the El's is not missed because of momentary fading. 

Probable Errors in Standard Loran.—Experience has shown that a 
pair of Standard transmitters can be held to synchronism with a probable 
error a little less than a microsecond and that the probable measuring 
error of an observer with an indicator, matching ground-wave pulses, is 
about the same. The combined probable error of a Standard Loran 
ground-wave reading may therefore be taken as about 1 /»sec, the probable 
error of a line of position as 0.162w nautical mile, and the probable error 
of a fix between two ground-wave lines of position as 0.186 csc # y/w\ + w\ 
nautical miles. 

If the observer is matching sky waves, his probable error of measure
ment is a little greater, because of the fluctuations mentioned above; but 
if he makes no measurements when the leading edges of the pulses are 
noticeably distorted, the error will be less than 2 jisec. An additional 
uncertainty is present, however, because of the variation of the sky-wave 
transmission delays from the mean values used to compute sky-wave 
corrections. The observer must use the unvarying computed corrections, 
and therefore an additional random error is introduced into the finding 
of the line of position. Its probable value depends upon the distances of 
the observer from the two stations, because the amounts of the delays 
depend upon these distances, and their variations are nearly proportional 
to themselves. The farther the observer is from the stations, therefore, 
the more reliable is the sky-wave measurement; at the limit of range its 
probable error due to ionospheric variation is less than 2 j»sec. But at 
250 nautical miles from either station this probable error is at least 5 /isec, 
and more if the stations are quite unequally distant. The combined 
probable error of a sky-wave reading made on a Standard pair, as indica
tion of a line of position, may be taken as 2 jisec near the range limit and 
6 iiBec within 300 nautical miles of either station. Within 250 nautical 
miles of a station, the sky-wave delay is so affected by ionospheric fluctua
tions that sky-wave measures are not considered usable. 

Generally speaking, the regions where the sky-wave probable error is 
high are those where w is small, and vice versa, and it is a roughly true 
statement that at all distances from the stations, along the center line of 
a pair, the probable error of a line of position in nautical miles is the 
same, about 400 divided by the baseline length in nautical miles. Though 
the probable error does not increase appreciably with distance in a given 
direction from the mid-point of the baseline, it does change with that 
direction, increasing approximately with the secant of the angle that the 
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line from midpoint to point of observation makes with the center line. 
This angle is the complement of 8 [see Eq. (9)], and this rule is simply an 
application of that equation, the distance factor (r/b) dropping out because 
of the decrease of measuring error with distance. 

If W denotes the probable error of a sky-wave line of position in 
nautical miles, we may then write W — 400/6 csc 6 and take 1.15 csc * 
\/W\ + W\ as a fair approximation to the probable error of a skywave fix. 

A more precise evaluation of the probable errors of Standard Loran 
sky-wave lines of position is ex-

s'"'"~~~"*^ hibited in Fig. 5-22. 
, ' ' "*v Service Areas in Standard 

/ ' \ Loran.—Although Loran readings 
on a pair of stations may be made 
wherever both pulses can be re
ceived, they are of little value if 
made in regions where the prob
able error is large. I t has been 
customary to consider the useful 
ground-wave service area of a 
Standard pair to be those regions 
where kw is less than 2 nautical 
miles per m i c r o s e c o n d . The 
areas thus excluded are shown in 
black in Fig. 3 10. Their bounda
ries are arcs of circles, with centers 
on the center line at a distance of 
six baseline lengths from the 
stations. From the useful sky-

wave service area are excluded the region within 250 nautical miles of 
each station (two circles which usually overlap) and also the region 
adjacent to each extended baseline, bounded by the lines 6 = csc - 1 (6/100), 
where 6 is in nautical miles. This angle is 30° if 6 is 200, 19.5° if 6 is 300, 
14.5° if 6 is 500. In these regions, according to the formula for W stated 
above, the probable error of a sky-wave line of position exceeds 4 nautical 
miles. The two areas, delimited in this way, are shown in Fig. 3-21. 

The useful common service area for a triplet or two pairs consists 
of those regions which fall within the boundaries for both pairs, as 
described above, and in addition are included inside the figure eight along 
which * for the two pairs is 15°. For a triplet, the two lobes of this 
contour are circles drawn through the end stations, with radii equal to the 
distance between these stations. For two separate pairs with the mid
points of their baselines not too close together, the lobes are nearly enough 

FIG. 3 -21.—Useful service areas of a Stand
ard Loran pair. Solid line: ground-wave 
boundary; dashed line: sky-wave boundary. 
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circles drawn through the midpoints, with radii equal to twice the distance 
between these points. When these various boundaries have been laid 
out for two pairs, those areas included inside all of these will form an 
irregular figure such as that shown in Fig. 3-22. 

Of course, these conventional limits are somewhat artificial, especially 
the crossing-angle limit. More correctly, this and the limit kw = 2 

F I G . 3-22.—Common ground-wave service area for two pairs. 

nautical miles per microsecond should be replaced by the curve 0.18C 
csc * y/w\ + w\ = 2, for ground waves, or 1.15 csc * \ /wJ + w\ = 4, 
for sky waves, a curve that would have to be plotted laboriously by points. 
But any hard-and-fast limit is artificial, and the conventional construc
tion gives a fair indication of the advantages and disadvantages of a given 
or proposed station configuration. A more detailed exhibit of the varia
tion of W with position is given in the chapter on wave propagation 
(Chap. 5). 

Air Transportable Loran.—A form of Standard Loran employing 
special lightweight equipment was developed at the Radiation Laboratory 
for the Army Air Forces. I t was intended for use inland, in the rugged 
territory of northern Burma and southwestern China. Over land, 
Standard Loran has no advantage in range or geometrical precision over 
the higher-frequency British Gee system and has some disadvantage in 
ease and precision of time-difference measurement. In mountainous 
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country, however, its signals can be received behind the mountains, 
whereas propagation at the Gee frequency is limited to the line of sight. 

Timers and transmitters were designed to be transportable by air 
completely assembled, and tactical use of the system, advancing the 
stations with the advancing armies, was envisaged. The timers were 
adaptations of the navigator's indicator. Their crystal oscillators and 
divider circuits were less stable than those of the standard timer, but 
when properly handled they gave reliable service with only a small 
decrease in timing precision. The light transmitters were somewhat 
disappointing in power output and in other respects and were not actually 
used in the field; instead Standard transmitters were used. In operation, 
ground-wave ranges by day from 240 to 350 nautical miles were obtained 
and 220 to 270 by night (for high-flying aircraft). Because all baseline 
lengths were less than 60 nautical miles, the geometrical precision at the 
daytime ground-wave limit was no better than 1 nautical mile per micro
second, and the crossing angles were small. Greatly increased range 
given by sky waves at night was not useful practically, and therefore sky 
waves were used as substitutes for ground waves only when high noise 
made the latter unusable. 

3-7. Sky-wave Synchronized Loran.—The successful use of sky 
waves in extending the coverage of Standard Loran at night showed that 
a nighttime Loran system, using sky-wave transmission for synchronizing 
the pairs of stations as well as for position finding, was feasible. Though 
necessarily inoperative by day except under special conditions, such a 
system would permit long baselines to be set up across land, giving high 
geometrical precision and good crossing angles to great distances, advan
tages that would offset the decrease in timing accuracy resulting from the 
use of sky waves to link the stations. These advantages recommended 
the system for the guidance of night bombers over central Germany; and 
as described in Chap. 2, such a system was tested in the eastern United 
States in the autumn of 1943 and operated over Europe during the last 
year of the war. A Standard Loran frequency and Standard Loran 
equipment were used. Two separate pairs of stations were arranged in 
a modified quadrilateral, the form of which (Fig. 2-1) gave the best 
geometrical characteristics obtainable while all western Europe was still 
held by the Central Powers. The system was called Sky-wave Syn
chronized, or SS, Loran. In the spring of 1945, two SS pairs began 
operation in southeast Asia. They were not arranged in a quadrilateral 
but gave separate families of position lines, one over the region of eastern 
China held by the Japanese, the other over Burma and Malaya. 

The variability of the ionosphere affects Loran measurements in two 
ways. The varying density of the layer and its departure from homo
geneity cause the total intensity of sky-wave signals to increase and 
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(a) In standard Loran operation 

decrease, the pulses rising and falling, changing their shape, and fading 
out completely at times, by reason both of energy absorption and of 
interference between components of the signal traversing slightly different 
paths. The varying effective elevation of the layer above the earth 
lengthens and shortens the time of travel of a pulse from station to 
observer. The variation of intensity and form is not a great handicap 
to the maintenance of synchronism at a slave station by matching the 
sky-wave pulse received from the master. The slave operator need 
only exercise patience and restraint, comparing pulses when the remote 
pulse is strong and of proper shape and relying on the stability of the 
two oscillators to bridge intervals 
of poor transmission. /~\x 

The time variation is more 
serious. When sky waves from a 
pair of Standard Loran stations 
are measured by a navigator, the 
allowance that he makes for the 
extra delay in sky-wave transmis
sion is the sky-wave correction C, 
which is the difference between the 
two sky-wave delays EA and EB. 
If the E-layer of the ionosphere 
rose and fell as a unit, both the E's 
would change in the same direction 
by amounts roughly proportional 
to the reciprocals of the corre
sponding distances, and the change 
in C would be the arithmetic differ
ence of the changes in the E's and F l ° - 3-23.-Sky-wave reflections. 
would usually be less than the smaller of these, unless one station were 
much closer than the other. In its seasonal and diurnal variations, the 
E-layer does tend to rise or fall in this way, but observations show that the 
short-time and irregular fluctuations in height at different places are 
strongly correlated only if the places are within a couple of hundred 
miles of each other. For regions separated by more than 500 miles, the 
variation may be in opposite directions. As Fig. 3-23 shows, the points 
of reflection, X, Y in the figure, of sky waves traveling from two stations 
A, B, to a navigator N are about half as far apart as the stations. In 
Standard Loran, X and Y are usually less than 200 miles apart, and their 
random variations in height show considerable correlation. The varia
tion of C about its calculated value, as indicated by operational data, 
has a median absolute value of a few microseconds, and this is practically 
the probable error of a navigator's time difference, for the probable error 

(6) In SS Loran operation 
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of synchronism between stations (maintained by ground-wave transmis
sion) is less than 1 /usec. 

The absolute delay between a pair of SS Loran stations, as the slave 
operator holds his timer to a time difference S, is 

2 + P + Et+l, 

EA being the extra length of time taken by the sky-wave pulse from the 
master transmitter to traverse the path AZB (Fig. 3-23) instead of AB. 
As the elevation of Z above ground fluctuates, EA varies, but the longer 
AB is the smaller is the variation (by reasoning similar to that used in the 
explanation of Fig. 3-5, Sec. 3-2). For this reason, as well as to obtain 
the most advantageous geometry, SS baselines are made as long as 
possible. The longer baseline in the European quadrilateral was 1300 
nautical miles. Even with this length, the observed median absolute 
variation of EA from its calculated amount, regarded as a probable error, 
is about 5 /isec. This variation enters into the absolute delay D in its 
full amount, for there is no EB to balance EA in the expression above, 
since the local pulse at the slave station is not reflected from the iono
sphere. The observed time difference at N varies with D as well as with 
C; moreover, C fluctuates more widely in SS observations than in Stand
ard ones, because if AB is 1300 nautical miles, XY is 650, and the changes 
in the elevation of Y are to a large extent independent of those of X. 
The combined effects of the variations at Z, X, and Y give a probable 
error of about 8 ^sec for a measured time difference in the SS Loran 
system, according to observations made when the first experimental SS 
stations were operated in the eastern United States, in 1943. 

When enough is known about the systematic variations in ionospheric 
elevation to predict its value to some extent, it may be possible to vary 
5 at the slave station so as to correct in part the changes in EA and hold 
D nearer to constancy. The data collected during the experimental 
operations in 1943 did not give much encouragement in this direction. 
Without any such correction, the probable timing error of 8 fisec resulted 
in a median discrepancy of about 1£ nautical miles between SS Loran 
fixes and visual pinpoint locations. This very satisfactory accuracy was 
due to the low average value of the geometrical factor kw within most of 
the area served by the quadrilateral, less than \ nautical mile per micro
second, and the large crossing angles, between 60° and 90°, as well as to 
rather expert handling of well-adjusted indicators and low speed of the 
aircraft. In actual use of the system over Germany, the accuracy of fix 
was not quite so good. 

The "blind spot" close to each transmitting station, due to the 
unreliability and large delay variation of sky waves traveling short 
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distances, is unimportant in Standard Loran because there is 24-hr 
ground-wave service in this region. But in SS Loran, the neighborhood 
of a station is beyond the ground-wave range of the other station of the 
pair. I t is quite possible, however, to match the ground-wave pulse from 
the near station and the sky-wave pulse from the distant one, just as the 
SS slave operator does in maintaining synchronism and the master opera
tor in monitoring. 

Charts for SS Loran navigation do not carry ground-wave lines of 
position and numerical values of C as do Standard charts. Instead, the 
sky-wave corrections are incorporated in the calculations, and the given 
lines of position represent sky-wave time differences, so that the navigator 
need make no correction to his reading. Ground-against-sky lines of 
position, appropriately distinguished from the others, are provided within 
250 miles of each station. 

3-8. Low Frequency Loran.—When Standard Loran was first devel
oped, it was felt that precise measurement of time intervals between 
pulses would not be practical at frequencies much below 1 Mc/sec, 
because the pulses would have to be extremely slow in rise and fall in 
order to avoid use of an excessive bandwidth. Furthermore, natural 
noise at low frequencies was known to be high. But the remarkable 
precision with which the Standard pulses (themselves very long in com
parison with radar pulses) could be matched and the success of Loran 
operators in measuring through noise of much greater amplitude than the 
pulses encouraged a reconsideration. A system with longer ranges and 
longer baselines than Standard Loran was desired for covering the great 
spaces of the Pacific, particularly near Japan and the Chinese ports, and 
a 24-hr overland service over eastern China, from stations either to sea
ward or in western and southern China, would have been of material 
assistance in an East Asia land campaign against Japan. Equipment for 
such a system was designed and constructed during the winter and spring 
of 1944-1945 on an emergency basis, using the Standard timer with some 
modifications and incorporating some sections of the Standard trans
mitter into the LF transmitter. The transmitting antenna was a 1300-ft 
vertical wire supported by a barrage balloon, to be used temporarily and 
replaced as soon as practicable by a 625-ft steel tower supporting a top-
loaded umbrella-type antenna. A converter was provided for the navi
gator, by the use of which signals at the frequency chosen, 180 kc/sec, 
would be received by the Standard Loran receiver-indicator. Low Fre
quency experimental transmitting stations were placed on Cape Cod, 
Mass., Cape Fear, N.C., and Key Largo, Fl., and operated as a triplet 
during the summer of 1945, with generally satisfactory results. But 
before the equipment could be transferred from these stations to the 
Pacific, the war ended. 
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Data obtained from the experimental operations are discussed in detail 
in Chap. 5. Some general characteristics of the system are stated here. 
The peak power of the transmitters was about 100 kw, which gave 
summer daytime ranges near 1200 and 1000 nautical miles over sea and 
land respectively and a summer nighttime range of 1500 or more. These 
figures are subject to large variations with time of day and season because 
of the very great fluctuations in the natural electrical noise at 180 kc/sec 
and the variability of the sky-wave transmission also. The former may 
be expected to decrease, and the latter to improve in winter, giving greater 
ranges. 

The length of the pulses as received is more than 300 /isec; require
ments of efficient antenna radiation and the need to keep the bandwidth 
narrow to avoid interference with adjacent communication channels pre
clude a sharper pulse form. Pulse-matching accuracy is therefore lower 
than in Standard Loran; but, when ground waves are matched, the 
probable error is only a few microseconds. With these long pulses and 
a sky wave that is apparently reflected from the E-layer only, the ground-
wave and sky-wave pulse images, when both are present, overlap in a 
single composite envelope. The long trains of pulses characteristic of 
Standard Loran by night are not present at the low frequency—a great 
advantage, since a principal cause of large errors in Standard pulse-
matching has been mistaking a sky wave for the ground wave or an 
F-image for an E. 

The coalescence of ground wave and sky wave has a serious dis
advantage, however. At ranges between about 400 and 1200 nautical 
miles, the proportion of ground- and sky-wave components in the observed 
pulse varies with distance, with the momentary intensity of the sky wave, 
and with the r-f phase difference between the ground and sky waves. 
The rising slope of the pulse is composite or discontinuous (see Figs. 
5-31 and 5-32), and the time difference obtained by matching it with 
another pulse is somewhere between the values for pure ground wave 
and pure sky wave, varying with the conditions and with the point on 
the slope at which the match is made. Beyond 1200 nautical miles the 
ground wave is absent, but the first- and second-hop sky waves combine 
in a similar fashion, and beyond 1800 miles the second and third combine. 
Measured time differences at all distances greater than a few hundred 
miles must be considered as including a transmission delay increasing 
with distance (contrary to the pure first-hop sky-wave delay of Standard 
Loran, which decreases). The curve of increase has a wavy or " s t e p " 
form (Fig. 5-30), and the height and spacing of the steps differ by day and 
night, over land and water (Fig. 5-46), and probably in summer and 
winter. The short-time variation of the delay curve contributes to 
measured time differences a probable error of apparent delay similar to 
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that given to Sky-wave Synchronized Loran measurements by changing 
layer height, but somewhat greater, particularly where the delay curve 
is steep. 

The baseline lengths of the experimental LF triplet were 535 and 606 
nautical miles. Over these distances, the ground wave received at the 
slave stations from the master was always strong enough to control the 
first 30 or 40 ^sec of the visible pulse form, even at night when the sky 
wave dominated the top of the envelope. Therefore the slave operator 
could always hold synchronism by ground wave. A specially designed 
receiver-indicator, displaying the pulses at the i-f heterodyne stage, with
out rectification, enabled him to superimpose the individual i-f cycles of 
the two pulses instead of their rectified envelopes. The cycles could be 
matched with a probable error of setting of about 0.1 /isec when the signal 
strength was well above the noise, so that synchronism could be main
tained with several times the precision of Standard Loran once an opera
ting technique had been devised for detecting and correcting occasional 
mismatches of one or two whole cycles. Unfortunately, cycle matching 
is not practicable at distances where the ground wave is too weak to rise 
well above the noise before the sky wave joins it, because in the composite 
part of the pulse, interference between ground and sky wave introduces a 
variable and unpredictable r-f phase shift. 

With synchronism accurately maintained by ground wave and trans
mitters arranged in line with double master station between the two 
slaves, the LF system as operated resembled a Standard triplet on twice 
the scale rather than a day and night SS system. The 24-hr service area 
provided over water was about twice that of a Standard triplet, and the 
land service area was roughly two-thirds of that over water. Ground-
wave accuracy of fix by Low Frequency was at least equal to Standard 
accuracy at equal distances from the baselines, for the greater timing 
error with the long pulses was compensated by the more favorable 
geometry provided by the long baselines. The accuracy might have been 
increased if time differences had been measured by cycle-matching, but 
no method was found to avoid errors of one or more whole cycles in these 
measures (the navigator could not have the ground-station operator's 
advantage of knowing the true value in advance). Low Frequency sky-
wave accuracy at long distances was less than that given by Standard or 
SS Loran. Accuracy figures obtained at some monitor stations are given 
in Table 5-4. 

The advantage of being able with equal facility to choose any two of 
several families of position to obtain a fix is not very great in a system 
where two pairs of stations command as large a common service area as 
does an LF Loran triplet or quadrilateral. On the other hand, a system 
with a large land coverage, extensively used by fast-moving aircraft, 
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should require as short an interval as possible between the two time-
difference readings necessary for a fix. Two simultaneous readings, as 
provided by the Gee system, are, of course, the ideal, but to incorporate 
this feature into the Loran indicator would necessitate complete redesign
ing, which was out of the question in view of the wartime urgency, and 
the alternative of carrying two indicators in an aircraft was prohibited 

F I G . 3-24.—A Low Frequency Loran triplet. Time differences at P are V6000, F2000, 
Z4000; at Q, AT3800, Z5500, WU00. 

by weight and space limitations. In Standard Loran a considerable part 
of the interval between readings is consumed in changing specific recur
rence rate between pairs, and this change was eliminated in the LF system 
by running all three stations on the same rate. Since sky-wave trains 
did not appear, a scheme for distinguishing pulses by position was feasible. 
Loran navigators had been trained to read time differences from master 
to slave, and the indicator was designed to read intervals greater than 
L/2. To preserve these features in the LF time relationships, the master 
station was pulsed at twice the recurrence rate of the slaves. Two 
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master pulses, separated by the interval L/2, and one pulse from each 
slave were emitted during a recurrence period L; one slave maintained 
synchronism with the first master pulse; the other with the second. 
Denoting the two master pulses as X and Z and the two slaves as Y and 
W, the order of emission was X-Y-Z-W, W being synchronized with X 
and Y with Z. In this way the intervals X-W 
and Z-Y, read by the navigator, were always 
greater than L/2, as required by standard read
ing procedure. 

Since W and Y both maintained synchro
nism with the master XZ, on the same rate, they 
were in synchronism with each other, and the 
interval from one slave pulse to the other de
fined a family of hyperbolas with respect to 
the very long baseline between the slave sta
tions. Figure 3 -24 shows the relationship of this 
WY family to the other two. The time differ
ence between W and Y at any point (P or Q) is 
the difference between the time differences X-W 
and Z-Y. Where these two are equal, W and 
Y are separated by just L/2, one appearing di
rectly above the other on the indicator, and the 
time difference between them is zero. Where 
X-W is greater than Z-Y (as at P) , Y appears 
to the left of W, the time difference is read from 
Y to W and labeled Y; when Z-Y is greater than 
X-W (as at Q), 1^ is to the left of Y, the read
ing is from W to Y and labeled W. 

The appearance of the pulses as the naviga
tor viewed them is sketched in Fig. 3-25. In 
order that slaves and navigator might distin
guish between the X- and Z-pulses of the master, 
the X-pulse was followed by an identifying 
" ghost," produced by delaying X by 1000 jxsec in 
every third recurrence period. The procedure of time-difference measure
ment had three steps. (1) The pulses were placed on the indicator as in 
the upper figure of 3-25, and the interval X-W read; this was called reading 
X and denoted a hyperbola generated by the master and slave W. (2) 
The pulses were slid to the left if Y appeared on the screen to the left of 
W, until Y mounted the upper pedestal, and the interval Y-W read, as 
in the middle figure. This reading, called Y, devoted a hyperbola of the 
family generated by the two slaves, on the side of the zero reading toward 
Y. (The dashed line through P in the figure is an example.) If W 

FIQ. 3-25.—Low Frequency 
Loran readings. 
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appeared on the screen to the right of Y (not shown in the figure), the 
pulses were slid to the right until W mounted the upper pedestal and the 
interval W-Y read. This reading W denoted a hyperbola of the same 
family, on the side of the zero toward W (e.g., the dashed line through Q). 
(3) The pulses were slid again to the left (or right) to bring Z to the 
upper pedestal, and the interval Z-Y read, as in the lower figure. This 
reading Z denoted a hyperbola generated by the master and slave Y. 
The relations X-Z = Y, Z-X = W checked the consistency of the 
readings. 

The hyperbolic family W-Y possesses greater geometrical precision 
(smaller w) at a given distance from the baseline than either of the other 
two families because of the greater baseline length. In the experimental 
system, W and Y were within sky-wave range of each other and were 
able to act as a low-frequency SS pair at times when the master station 
was inoperative and the noise was not too high. Station W, acting as 
slave in this case, maintained as a negative coding delay the same time 
difference that was obtained by reading the F-pulse against the local 
PT-pulse while both stations were synchronized with XZ. The delay 
had to be negative, whether W matched Y or Y matched W, because at 
either station the local pulse was emitted less than half a recurrence 
period after the remote pulse came in (because of the transmission time 
over the long baseline). 

Though 700-mile baselines for ground-wave synchronism are short 
compared with SS baselines, they are long enough to surround an area 
of half a million square miles, over which the geometrical advantage of the 
quadrilateral, triangle, or L-arrangement of stations can be provided, 
with 24-hr ground-wave service over land or sea. A considerably larger 
area could be covered with accurate station synchronism by arranging 
five stations in a semicircle and operating them as two triplets, each on 
one rate, the middle station acting as a double slave. The baselines 
between the middle station and the two end ones would be some 1200 
miles long and make nearly a right angle. Each of these pairs would hold 
accurate synchronism by maintaining ground-wave matches with their 
intermediate master. To run all five stations on the same rate would 
give great flexibility and the advantage of speedy fixes, but the problem 
of identifying pulses would be serious. With four stations on the arc cf 
a circle, pulse identification would be feasible with operation on one rate. 
A W-iorm of arrangement, operated in the same manner as the semicircle, 
would give sky-wave coverage to great distances. 

3-9. Procedure in Loran Navigation.—The Loran navigator may use a 
measured time difference and the corresponding watch reading to lay 
down a line of position upon a standard navigational chart, just as he 
uses a radio bearing or a celestial observation. Loran tables have been 
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prepared, giving the intersections of the Loran lines with the meridians 
and parallels. By interpolating in these tables, three points of the line 
corresponding to his reading may be plotted on the chart, and a curve 
drawn through them and labeled with the reading, rate (to identify the 
family), and time of the observation. (Two points may serve in some 
regions and on some forms of chart, but in general the line is curved on 
the chart.) If he uses a Loran chart, the tables are unnecessary. Lines 
at convenient intervals of time difference (every 20 or 50 ^isec is most 
usual) are printed on the chart, and the line representing the reading is 
interpolated by estimation between them. 

A reading on another pair of stations gives the navigator a second 
line of position intersecting the first line. I t is similarly drawn and 
labeled. If the navigator is on a slow ship, the change of position of the 
ship is negligible during the interval between observations, and the point 
where the lines intersect is the navigator's location at both the recorded 
times. But a fast ship moves a considerable part of a mile in a minute, 
and an aircraft moves several miles. In these cases, the lines of position 
must be considered to move over the earth, and their intersection at the 
same time must be found. 

One way to do this is to advance the first line of position to the time 
of the second, according to standard plotting practice for all kinds of 
lines of position—lines obtained in piloting, radio bearings, or celestial 
lines. From any arbitrary point on the first line (conveniently near the 
navigator's estimated location) is measured a distance equal to the 
product of the speed of the craft and the time interval between observa
tions and taken in the direction of the motion. This distance and direc
tion locate a new point through which a new line of position is drawD 
parallel to the first line. The intersection of the new line with the line 
representing the second observation is the position of the craft at the time 
of the second observation. 

Another way is to make observations in groups of three—the first and 
last on one pair of stations and the middle one on the other pair. An 
experienced observer can make the time intervals between readings 
nearly equal. Then the average of the first and last readings will be 
practically equal to the reading that would be obtained if this pair had 
been observed simultaneously with the other pair. The line representing 
the average reading is drawn upon the chart and labeled with the average 
watch time. If the time intervals are decidedly unequal, an interpolated 
reading is taken instead of the average. This method may be used with 
any number of observations greater than two if they are taken in a sym
metrical order. 

A graphical variant of this procedure is useful when a number of 
observations are taken under poor conditions so that accidental errors 
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produce a considerable scatter. Observations on two pairs are taken 
alternately or in alternate groups and plotted directly against time on 
cross-section paper—both pairs on the same sheet or on different sheets 
as convenient. Smooth curves are drawn to represent the series of 
measures on each pair, and points on the two curves, for the same time, 
give the fix at that time. 

All these methods tell the navigator where he was in the past, not in 
the present. An experienced observer, using a Standard airborne indica
tor, can make two readings and plot the fix on a Loran chart in less than 
3 min if conditions are good. If the two pairs of pulses matched are on 
the same recurrence rate, as in the Low Frequency triplet described above, 
the time is somewhat shortened. The recently produced direct-reading 
indicator for shipboard use exhibits the time difference numerically on a 
dial as the observer matches the pulses. This eliminates the separate 
operation of counting markers on a screen and further shortens the time 
required to make a reading, but the instrument as now produced is too 
bulky and heavy to use in an aircraft. The only really satisfactory 
method of observation in an aircraft is simultaneous matching of two 
pairs. If space can be spared for two airborne indicators, it is possible 
for one observer to do this. A lightweight double direct-reading indicator 
is a technical problem that will undoubtedly be solved in the near future; 
by its use a continuous indication of the track followed would be given 
as long as the observer held the pulses in coincidence by turning the 
controls. The further step from this to linkage of the delay controls 
of the indicator with a tracer moving over a chart is a short one, 
which has already been successfully taken in trials with somewhat crude 
instrumentation. 

The device was called the Loran 'plotting board. I t consisted of a pen, 
moving over a board to which a Loran chart was clamped, and connected 
to linkages by which linear motions of the pen, parallel to two guides, 
were made proportional to the rotary motions of the setting controls of 
two indicators. The guides were set parallel to Loran lines on the chart, 
and the linkages adjusted so that when either of the indicators was set 
upon a given reading in microseconds, the tracer was set upon the cor
responding Loran line; and when the indicator setting was turned through 
a given interval in microseconds, the tracer, sliding along the appropriate 
guide, passed over a corresponding number of miles on the chart. In 
operation, once this correspondence between indicators and chart was 
established, the observer simply picked up the proper pairs of pulses, 
matched them, and maintained the matches by turning the controls as 
the pulses drifted with the progress of the craft. No numerical readings 
were taken; the linkages continuously transferred the readings to the 
chart. 
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As used, the plotting board had a limited range; and since it translated 
the time differences mechanically into rectilinear coordinates, it was 
accurate only to the extent to which the Loran lines in the area approxi
mated families of straight parallel lines uniformly spaced on the chart. 
The approximation was fairly good in the experimental Sky-wave Syn
chronized system in connection with which the trials were made. Means 
for correcting these defects and lines of future development are discussed 
in Chap. 4. 

Several automatic plotting boards have been developed, which trace 
the path of a ship or aircraft by combining the velocity vector furnished 
by the instruments with current or wind data, and integrate over the 
elapsed time. It is the distinctive feature of Loran plotting that no 
extrapolation from past to present occurs nor is any correction for motion 
of the medium involved. The instantaneous position with respect to 
fixed stations is constantly displayed; and with a proper chart projection 
and a correctly designed linkage between delay circuit and tracer, the 
only appreciable errors should be those of pulse timing and matching. 
These are not cumulative, but on the contrary tend to average out over 
a period of time. 

Loran may be used simply as an aid to conventional navigation by 
compass and log or air-speed indicator, furnishing check points for dead 
reckoning. I t may also be used as a complete system for guiding the 
vessel along a track defined by Loran readings to a destination located 
by Loran readings. The simplest way to do this is to seek that hyperbola 
which passes through the destination and to follow it in. The reading 
defining this hyperbola is preset into the indicator, and the craft directed 
so that the pulses from the corresponding stations, widely separated where 
the craft is distant from the line, drift into coincidence and remain so. 
Progress along the line is determined by switching the indicator periodi
cally to another pair of pulses, while holding the course, and noting the 
times at which lines of that family are crossed, then returning the indicator 
to the first setting and pair to continue tracking. This was the procedure 
used by the Royal Air Force in bombing Berlin by SS Loran. To facili
tate alternation between pairs, Standard indicators were modified by the 
addition of a second pair of delay controls so that the controls could be 
set at two different readings and either switched into operation. With a 
double indicator, displaying both pairs of pulses at once, no alternation 
would be necessary. But, generally, this method strongly resembles the 
procedure of the days before the chronometer, when a navigator, trusting 
only his determination of latitude, might sail along the parallel that passed 
through his destination until he made his landfall. However, as lines of 
various slopes may be defined in rectangular coordinates, track lines that 
cut the hyperbolic families with various generalized slopes may be defined 
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in Loran coordinates and directly tracked by the use of suitably modified 
Loran indicators. Such lines, analogues of the rhumb lines of present-day 
navigation, have been called Lorhumbs. The required instrumental 
modifications, while conceptually simple, have not yet been embodied in 
working models. Lorhumb navigation therefore belongs to the future 
and is discussed in Sec. 4-4. 



CHAPTER 4 

FUTURE TRENDS 
B Y J. A. PIERCE 

4-1. Potential Accuracy and Range.—The factors that control the 
accuracy of timing with which two pulses can be compared do not, in 
general, vary except with radio frequency. If the pulses are superimposed 
visually and have their amplitudes made equal, and if the signal-to-noise 
ratio is really good, the precision of measurement is about 1 per cent of 
the length of the pulses. This accuracy can be realized in practice 
because in the hyperbolic systems, the two signals to be compared pass 
through the same receiving networks and encounter exactly the same 
artificial delays and distortions, and therefore their time difference is not 
at all affected by the circuit parameters, except to the extent that the 
pulses are lengthened beyond their proper duration. 

A considerable number of experiments indicate that the length of 
pulses which can be used effectively cannot easily be made less than some 
50 or 60 cycles of the radio frequency employed. Combination of this 
estimate with that of the preceding paragraph indicates that a Loran 
system should yield matches that are accurate to about half a wave
length. This accuracy corresponds to a minimum error in a line of posi
tion of a quarter wavelength, or 125 ft at the frequency used for Standard 
Loran. Actually the minimum error in Standard Loran is about 500 ft, 
an increase due in part to the use of pulses about twice the length sug
gested above and in part to the use of reading techniques that are not so 
precise as they might be. 

The accuracy of Loran, in the ground-wave service area, could no 
doubt be quadrupled by the use of shorter pulses and navigators' indica
tors having more stable circuits and more closely spaced families of marker 
pips, but these improvements would not enhance the sky-wave service 
(which contributes a large part of the usefulness of the system) because 
in that case the accuracy is controlled by propagational variations that 
seldom permit an average error of less than 2 /isec, which is twice the cur
rent reading error. 

The Low Frequency Loran system that was under development at the 
end of the war should, according to this argument, give average errors of 
about x mile in the best areas. Unfortunately, propagational factors as 
well as geometrical ones will probably operate to increase the errors over 
a large part of the service area. 

107 
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Transmission ranges and service areas also depend primarily on fre
quency, but in this case the lower the frequency the better. Throughout 
the microwave region the reliable range is little more than the optical 
range. Even in the very high frequency band, ranges are not more than, 
say, one and a half times the optical range. This often results in good 
cover for high-flying aircraft, but the distances usable at the surface of the 
earth are too small for the system to be of much use for navigation. 

As the frequencies decrease through the high- and medium-frequency 
regions, ground-wave ranges increase and the differential between 
behavior at high and low altitudes grows smaller, especially over sea 
water, but the propagation of signals is no longer simple because of the 
complex structures of multiple sky-wave reflections that vary tremen
dously with the time of day and, at the higher frequencies, are extremely 
unpredictable. 

These sky-wave phenomena become simpler and more predictable in 
the lower part of the medium-frequency range, but only at the low fre
quencies is there such a degree of stability that sky waves can be used 
without some undesirable confusion of the navigator. At the very low 
frequencies propagation over thousands of miles is easy and reliable, but 
wideband antenna systems are not available (because the required size is 
prohibitive) so long as current techniques prevail; therefore, the pulse 
methods cannot be expected to operate there. I t seems at present that 
100 to 150 kc/sec is about the lowest limit at which pulse systems can be 
used. At these frequencies ranges of 1600 miles should be obtained by 
day or night, over land or sea, and at any altitude. 

4-2. Automatic Data Analysis.—It requires only limited acquaintance 
with a Loran receiver to realize that it will be simple to perform all 
manipulations of the set automatically. That is, there is no technical 
problem in producing a receiver that will automatically present on a pair 
of dial counters, say, the Loran readings on two lines of position at two 
selected rates. For military purposes there has been little or no require
ment for this sort of receiver, and it has been advisable so far to apply 
the available research and development efforts to standardization and 
rapid production of manually operated sets. 

With the application of hyperbolic navigation to commercial trans
portation, however, there will be a demand for a position-determining 
set that operates continuously, like the chronometer in the chart room, 
and at which the navigator may look when he wishes to know his position. 
There are many ways in which such machines can be built, but all or 
most of them may be so complicated that the navigator would be properly 
skeptical of their reliability. 

The most common suggestion for a device of this kind is that the 
machine be made to read directly in latitude and longitude rather than in 
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Loran coordinates essentially by recording Loran charts or tables in 
mechanical form. This is a natural but misguided desire, as there is 
little that is inherently more desirable or informative in latitude and 
longitude than there is in the Loran coordinates themselves. The two 
facts that a navigator always wants to know are the distance and direc
tion to one or to several points. 

The next picture that comes to mind is that of a black box containing 
a number of push buttons and a pair of visible counter mechanisms. A 
navigator might push the button marked BERMUDA, whereupon the 
counters would spin and stop so that he could read "distance 342 miles; 
course 114°." This device, however fine a toy it may be, fails because the 
navigator should not be satisfied unless he is told his relation to a great 
many different places. To obtain this information he must, using either 
the black box or the latitude-longitude indicator, proceed to plot his 
position on a chart before he can understand the interrelations between 
his position and all other interesting points. 

Obviously the only really effective automatic aid to navigation will 
plot the position of the vessel continuously and preferably leave a per
manent track on the chart so that the navigator can see at a glance his 
current position in its relation to all other points on the chart and also 
can have the history of his voyage presented before his eyes. 

There are many ways to build a device of this sort, and most of them 
suffer from a high degree of complexity. The desirability of such an 
instrument, however, will be especially obvious to the sales managers of 
our larger electronic corporations who, after the war as before it, may be 
expected to be in a position to see that the necessary development time 
is spent to reduce such a device to practice. The only prerequisites are 
that ground stations must be in operation to provide the necessary 
coverage and that the control of the ground stations be in responsible 
hands. 

I t is worth while here to point out only a single concept, which, 
although it violates sea-going tradition, may have some influence because 
of its simplicity. In any Loran indicator there is sure to be a shaft whose 
rotation is more or less linearly proportional to the Loran reading. This 
shaft may be connected to a pen through a mechanism such that the 
lateral position of the pen also bears a linear relation to the Loran reading. 
A second shaft from the same or a second indicator may be connected so 
that a rotation of that shaft in accordance with a second Loran reading 
produces a linear motion of the pen at an angle to the first motion. With 
this arrangement any pair of Loran readings that define a point on the 
surface of the earth also define a position of the pen point on a plane. A 
sheet of paper over which the pen moves is therefore a chart drawn in 
Loran coordinates. This simple system has the defect of considering all 
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Loran lines in a family to be straight and parallel and also of considering 
that the angles of intersection between the lines of the two families are 
constant all over the chart. These limitations, however, may not be too 
severe, especially in the case of an area at some distance from the ground 
stations. The angle between the two directions of motion of the pen may 
be set at the mean value of the crossing angle of the Loran lines in the 
area, and the rates of motion in the two directions may be set to be pro
portional to the relative separations of the lines in each family. 

This plotting-board concept has the immense advantage of mechanical 
and electrical simplicity. In many cases, if the area on a chart is not too 
great and if the ground stations themselves are not in the charted area, 
the distortions encountered in drawing such a chart in Loran coordinates 
are no greater than those involved in many other projections. 

Figure 4-1 is a chart in these Loran coordinates that represents nearly 
the worst possible conditions. In this case, as seen in Fig. 3 1 3 , both the 
families of lines have a focus at a station on Nantucket Island so that the 
curvature and divergence of the lines are both at a maximum. Even 
though the distortion of Cape Cod, Nantucket, and Martha's Vineyard is 
extreme, the outline of southeastern New England is clearly recognizable, 
and the chart is useful for navigation. 

4-3. Right-left Indicators.—It is mentally only a very short step and 
mechanically not a long one from automatic presentation of position 
on a map to the making of a connection between the map and the rudder 
of a vessel so that a predetermined track may automatically be followed. 
The means are easy to visualize and are already at hand. Only a little 
incentive and time are required, and hence, here again, commercial enter
prise may be relied upon to bring a family of such devices into being. 

One variant from past experience with direction finding must be 
pointed out. When using a direction-finding system, any change of 
course is immediately indicated and measured so that its correction, if it 
be accidental, can be made instantaneously. When a hyperbolic system 
is used, however, a change of course does not lead to any change of indica
tion until after the new course has been held for a finite time. That is, 
the hyperbolic system gives an indication of position, not of direction, 
and the indication does not at all depend upon the attitude of the vehicle. 
This is an important point and a valuable one. I t makes navigation 
independent of currents in sea or air because all courses and speeds directly 
derived from hyperbolic systems are ground courses and ground speeds. 

If a simple RIGHT-LEFT indicator is built to show an airplane pilot 
whether he is to the right or left of a Loran line that he wishes to follow 
and even how far to the right or left he is, it will not be very successful as 
a means for aiding him to follow the line. This is so because there is no 
appreciable relation between the indications on the meter and the course 
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FIG. 4-1.—Rectilinear Loran projection of eastern Massachusetts. 
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that the pilot should follow, and thus he tends to turn more and more to 
the right if the meter shows him to be to the left erf his desired track until 
he crosses the line at a large angle and has to repeat the process in reverse. 
The net result is a zigzag track which does, in fact, pass nearly over the 
objective but which wastes unreasonable quantities of time, fuel, and 
pilot's energy on the way. 

This difficulty could theoretically be removed if the pilot would study 
the behavior of the RIGHT-LEFT meter in enough detail to appreciate both 
his displacement from the line and his rate of progress toward or away 
from it. With a knowledge of both these factors he could determine a 
reasonable course change that would bring him gently to the desired 
track and maintain him on it with only small excursions. The pilot is, 
however, too much occupied with his proper business to enter into such 
a study; therefore it is necessary to advance the equipment another stage 
and to present to the pilot both his rate of approach and the distance to 
the line that he wishes to follow. Thus he may be shown two meter 
readings, one of which tells him, say, that he is 1000 ft to the left of the 
line while the other shows him that he is approaching the line at 50 ft/sec. 
I t is immediately clear that if he continues on the same course that he 
has been holding, he will reach the line in 20 sec and that if he wishes to 
come smoothly onto the line, he should begin to change course to the left. 
This conclusion is, of course, the opposite to that which would be derived 
from the simple RIGHT-LEFT indicator and shows clearly the defect in that 
presentation. 

Within certain limits it is possible to combine the factors of displace
ment and rate of change of displacement automatically so that instead of 
two meters mentioned in the preceding paragraph the pilot could be 
presented with a single indicator calibrated in terms of the appropriate 
course correction such as "2° to the left." The only defect in this instru
ment would be the existence of a time constant dependent upon the time 
required to analyze the rate of approach to the track so that the pilot 
would have to learn not to make a second correction too closely upon the 
heels of the first. 

This difficulty would vanish if the meter indication, instead of being 
presented to a human pilot, were connected to a gyro-controlled automatic 
pilot, because in that case the linkage to the automatic pilot could easily 
be given the appropriate time constant to prevent overcorrection. 

4-4. The Lorhumb Line.—The mechanism suggested above is the 
simple and natural way to build a device that will automatically follow a 
Loran line. This is worth while because there is always a line passing 
through any target in a Loran service area, but it falls far short of the 
really desirable solution. The most important quality that the automatic 
equipment, like the human pilot-navigator combination, should have is 
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the ability to proceed by a simple and reasonably direct course from 
wherever the vessel happens to be to wherever it should go. 

This ability can stem only from simultaneous examination of two 
families of hyperbolas. There are many ways to make this examination, 
as there are many ways to make a plotting board, but one of them offers 
such great advantages of simplicity that it should be developed here. 

Assume a Loran receiver capable of automatically following two Loran 
readings in two families of hyperbolic lines. The shaft rotation corre
sponding to either of these readings could be connected through the dis-
placement-and-rate device mentioned above to the rudder of the vessel 
so that any desired Loran line in the corresponding family could auto
matically be followed. A Loran line passing through the initial position 
of the vessel could, for instance, be followed until it intersected a line 
passing through the objective after which instant the second line could 
be followed. This would produce the desired end result, but it might 
be by a very indirect route indeed. 

A much more direct path would be one cutting across both families of 
lines in such a way that the rates of change of the two Loran readings 
would constantly bear the same ratio to each other as the total changes 
between initial and final readings. Along such a path, if the changes in 
one Loran reading were automatically followed while the delay between 
the second pair of cathode-ray traces (corresponding to the second read
ing) were constrained to vary in the designated ratio to the variation in 
the first reading, then the second pair of pulses, once set to coincidence, 
would remain so. The steering mechanism might be controlled by the 
second pair of pulses so as to maintain the coincidence, thus directing the 
vessel along the chosen path. 

For example, if the readings were 3500 at the initial point and 2700 
at the objective on the first Loran pair and 1400 and 1800 on the second 
pair, the linkage between the indications would be set at —-j-. The 
vessel would then follow a course such that it would successively pass 
through points whose Loran coordinates were (3400, 1450) (3300, 1500) 
. . . (2800, 1750) to the objective at (2700, 1800). The course would 
be quite direct unless it passed very near one of the transmitting stations. 
In fact, the course would differ from a great circle only in proportion as 
the Loran lines differed from being straight and parallel. 

Figure 4-2 shows two lines of this sort drawn upon a Loran chart of 
part of India. The great circle from Calcutta to Benares is shown as a 
dashed line whereas the proposed curve, or "Lorhumb line," which crosses 
the East-West Loran lines at two-thirds the rate that it crosses the 
North-South lines, is shown as a solid line. In this case the shortest 
distance is 387 miles. The Lorhumb line is 1.9 miles, or 0.5 per cent, 
longei . 



114 FUTURE TRENDS [SEC. 4 4 

A second Lorhumb line is drawn between Benares and point Q which 
is about halfway from Benares to Chabua. Here the geometry of the 
Loran lines is less favorable, and thus the proposed course is 2.0 per cent, 

FIG. 4-2.—Lorhumb line in north India. 

or 7.0 miles, longer than the great-circle distance of 358 miles. If an 
at tempt were made to span the distance from Benares to Chabua with a 
single Lorhumb line, the excess distance would be about 30 miles, or 4 per 
cent of the total distance. 
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This sort of path has been called the Lorhumb line because it is the 
exact parallel, in hyperbolic navigation, of the rhumb line in Mercator 
sailing. Various Lorhumb lines might be connected by the navigator as 
indicated in Fig. 4-2 to form an approximate great circle or any other 
desired path. Devices utilizing this principle will probably be adequate 
for navigational purposes (as distinguished from problems of pilotage) 
and will presumably be more simple than others that, through more 
complete analysis of the exact forms of the hyperbolic lines, could follow 
slightly more direct paths. The advantages of the design are so obvious 
that devices which embody this principle may be expected to be ready for 
experimental operation soon after the release of engineering talent from 
more immediate military requirements. 

4-5. Relayed Fixes.—A device for retransmitting the hyperbolic 
indications from the receiving point to a remote indicator may be applied 
to Loran. Equipment of this sort may take the form of a pulse trans
mitter that is triggered by the various pulses in the output of a receiver 
tuned for a hyperbolic system or may be essentially a superheterodyne 
receiver in which the intermediate frequency is sufficiently amplified and 
radiated. An indicator, of course, may or may not be used at the relay 
point. 

The obvious uses for a system involving relayed fixes are those in which 
it is more necessary or convenient for a distant controller to have knowl
edge of position than it is for the occupants, if any, of the vehicle under 
control. Probably the only really military use might be in the control 
if fighter aircraft (or pilotless aircraft), where it could be expedient to 
relay fixes to a carrier or other base for analysis and appreciation and then 
to retransmit the appropriate action information through a communica
tion circuit. 

A somewhat similar use may be for extensive study of ocean currents. 
In this case, a number of automatic drifting buoys could relay their fixes 
to one or more control stations, afloat or ashore, and thus permit the 
gathering of precise continuous data in any weather and over long periods 
of time. 

Probably the most important peacetime use of such a system, how
ever, would involve the standardized installation of relay equipment in 
lifeboats. The information received from them would be far more useful 
for rescue work than directional data because it would permit potential 
rescuing vessels to determine at once not only the direction but the dis
tance to those in need of assistance. Such a program must await the 
general use of Loran receivers on shipboard but could then easily be 
integrated with an automatic distress-signal receiving mechanism, pro
vided that a frequency channel entirely devoted to such operation can be 
made available. 
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4-6. Guidance of Pilotless Aircraft.—Since hyperbolic navigation 
does not call for the transmission of any information from the vehicle 
under control, it is a mechanism with vast potentialities for the two-
dimensional guidance of automatic projectiles. If flying bombs are to 
become the all-weather air forces of the future, no other system offers such 
immediate possibilities for the mass control of very large numbers of 
projectiles. 

Systems that require some contact between a projectile and ground 
operators other than the launching crew may well have many tactical 
uses in close support operations, but the possibility of maintaining stra
tegic bombardment by such methods is remote. A hyperbolically con
trolled flight of pilotless aircraft, on the other hand, could be operated 
without any close coordination between launching crews and the controll
ing groups and without saturation of the guiding facilities. 

The receivers for hyperbolic operations of this sort would differ greatly 
from the present Loran receivers. In fact, their evolution should be in 
nearly the opposite direction from that suggested in the last few pages. 
Instead of being adapted to more flexible and versatile methods for general 
navigation, the equipments for pilotless aircraft should be reduced to the 
stage where they know only a single time difference but know it well. 
The corresponding ground equipment, however, must have a degree of 
flexibility not now in use so that the hyperbolic lines recognized by the 
aircraft might be made to lie across any desired target. A pair of ground 
stations would establish a line of position extending from the launching 
area to the target, while a second pair would define the intersecting line 
at which the projectiles would descend. Under gyroscopic control the 
projectiles could be launched at any time and in any number and the 
accuracy of their initial courses would need only to ensure an intersection 
with the first hyperbolic line before passing the target. 

With a system of this sort, aircraft could be launched from many 
points in a large area. Dozens or hundreds of launching sites would 
independently send off aircraft sensitive to a single line of position, with
out any requirements for coordination except that the control system 
would have to be in operation. These aircraft would follow their inde
pendent courses, perhaps for half the distance to the target, until they 
came within the zone of influence of the hyperbolic line, whereupon each 
would change its course and come about exponentially to ride the line to 
the objective. The effect would be that of raindrops falling into a gigantic 
funnel and being concentrated into a steady stream playing upon the 
target. 

Such a stream of bombs would, of course, rapidly obliterate any objec
tive. In practice, therefore, the ground-station operators would steadily 
alter their timing constants so that the line followed by the projectiles 
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would be caused to sweep back and forth over the target area, and the 
constants of the release line would be altered, perhaps in steps, to provide 
the requisite variations in range. Thus the stream could be played back 
and forth across the target area like the stream of a fire hose or, more 
exactly, like the stream of electrons scanning a television screen; all 
this control could be exercised without any cooperation from the launch
ing crews who would, like the loaders on a battleship, simply maintain 
the flow of projectiles without giving thought to their destination. 

Similarly, the beam of pilotless aircraft could be swung from target 
to target, to satisfy tactical requirements, without requiring any change 
in the launching technique or orders, provided only that the rate of sweep 
of the line be commensurate with the transverse acceleration available in 
the aircraft. 

This use of the hyperbolic principle differs from Loran in that many 
types of transmission should be made available for it. Although coding 
and other features may reduce the susceptibility to jamming, the best 
defense is unexpected variation of the operating frequency. If this sort 
of mass control of pilotless aircraft is to be developed, great attention 
should be given to all the timing elements to ensure that none of the 
boundary conditions of the system shall inhibit the free choice of radio 
frequency. The indicating and control mechanisms should be standard
ized and reduced to practice in the simplest and most reliable form, but 
the method of transmission and detection of the hyperbolic information 
should be capable of alteration at a moment's notice so that, whereas 
Loran frequencies might be used for one tactical operation, microwaves 
or infrared might be used for the next. 

In this respect, as in the additional flexibility of the ground stations 
and the simplification of the airborne equipment, the development of 
hyperbolic control of pilotless aircraft lies in a direction different from 
that in which commercial development of a general navigation system 
may be expected to go. I t is, therefore, clear that although the exploita
tion of the new methods of navigation may be left to private enterprise, 
the development of a "hyperbolic air force" must, if it is desired, be 
obtained through direct and positive action by the Armed Services. 

4-7. Hyperbolic Surveying.—A version of Low Frequency Loran that 
may become extremely important, at least for certain applications, is 
called "cycle matching" and consists of comparing the phase of r-f or 
i-f cycles of a pair of pulses rather than comparing the envelopes of the 
two pulses. Equipment for utilizing this technique is still in such an 
early stage of laboratory development that an accurate appreciation is 
impossible, but it seems reasonable to expect that measurements may be 
made to TV itsee over ground-wave ranges. The facility with which such 
readings can be taken is as yet unknown, but it is probably safe to predict 
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tha t after a difficult development program, cycle matching can provide 
a blind-bombing system with errors in the tens of yards and with a range 
of 600 or 800 miles. 

Whatever the merits of cycle-matching LF Loran for navigation or 
blind bombing, it shows great promise for the precise measurement of 
distances of several hundred miles. Under "laboratory" conditions, it 
seems reasonable to expect an error of roughly 10 ft in a single measure
ment of the distance between two transmitting stations, and the average 
of a number of observations made under good conditions in the field 
should exhibit about the same precision in the hands of skilled crews. 
This is about the accuracy with which a good trigonometrical survey 
measures a distance of 100 miles. 

I t seems probable, therefore, that radio surveying can supplement 
the ordinary methods for regions in which the basic triangulation system 
can be on a large scale. The procedure might be as follows. Three 
stations could be set up at the vertices of an equilateral triangle several 
hundred miles on a side, and the lengths of the sides determined by repeated 
measurements of the bounce-back time over a period of several weeks. 
During these measurements a number of "navigators '" receivers could 
be set up and operated for brief periods at points that could be identified 
on airplane photographs, thus providing a network of points of secondary 
accuracy based upon the original triangle. After thus surveying the area 
contained in the triangle, one station could be removed to a new location 
on the opposite side of the remaining baseline, and the process could be 
repeated. Thus a precise triangulation would be extended over immense 
areas in a relatively short time, and as many points as desired could be 
located with respect to the basic network. Neighboring secondary points 
would not be known, with respect to each other, with the precision 
obtainable by optical survey, but the absolute errors should not be more 
than a few yards and the speed of the whole operation should make it 
economically available in parts of the surface of the earth that could not 
otherwise be surveyed for many years to come. By this method, of 
course, islands and shoals that cannot be reached by optical means could 
be accurately charted. 

Unfortunately, this is the sort of enterprise which cannot be under
taken on a small scale but must be attacked with vigor and with the 
expenditure of considerable money and time. I t appears, however, that 
once in motion, the method could produce surveys of an accuracy com
parable to that of any other method and produce them in a time far 
shorter than that now required. Good coordination of these methods 
with airplane photography may permit the charting, within the next few 
years, of very large areas that are relatively inaccessible and therefore 
not well known but that nevertheless may be of actual or potential mili
tary or economic importance. 
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4-8. The Current Problem.—Hyperbolic navigation is no longer a 
secret. I t may develop into a great aid to international commerce, but 
its availability for wartime navigation is at an end. If we are faced with 
another war, one of the first steps taken at its onset will be to shut down 
all Loran stations exactly as the lighthouses were darkened at the begin
ning of the last war. Hyperbolic navigation must therefore be exploited 
commercially or reserved for occasional specialized and limited military 
purposes. I t is obvious that the first course will lead to the greater good. 

All of the equipment now in Loran operation is of 1942 design. In 
every category it was necessary, because of the wartime need for speed 
and for standardization, to adopt and build in quantity the first device 
that could be shown to be reasonably satisfactory. Although the present 
equipment is obsolete, it cannot immediately be abandoned because of the 
financial investment that it represents and because nothing is available 
with which to replace it. 

The major question of the moment is this: Who is to be responsible for 
the development of new equipment, and, more especially, who shall con
trol its introduction? 

During the war Loran was used internationally with good success 
because there was only a single source of transmitting equipment—the 
"Navy pool"—and therefore problems of technical and operational 
standardization were reduced nearly to zero. As we look forward into 
an era of peace, this unifying force will no longer exist. Major decisions 
must be made on an international basis if Loran service over the oceans 
of the world is to be available to all. This can mean only that control of 
Loran in the United States must be vested in an authority that can make 
the necessary international commitments and enforce American compli
ance with them. 

Even on a national basis unified control must be set up. At present, 
with the dissolution of the MIT Radiation Laboratory, there exists no 
central technical organization. The Naval Research Laboratory should 
accept much of this responsibility but, so far, has had to confine its 
activities to routine testing of equipment after the fact of its manufacture. 
The Bureau of Ships and Bureau of Aeronautics of the Navy and the 
Army's Air Technical Service Command have all made efforts to assume 
technical control by writing specifications for production equipment and, 
to some extent, by writing development contracts with commercial manu
facturers. These steps, however successful, will not lead to the establish
ment of a single qualified technical group having cognizance of the 
operational needs of all services. The system planning, which should be 
similarly unified and based upon the knowledge of such a technical group, 
has hitherto been exercised by arbitration between the Chief of Naval 
Operations Office and the Air Communications Office of the Army Air 
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Forces, with some independent action by the Royal Air Force. The 
U.S. Coast Guard, which has done well as the Navy's operating agency, 
has made some attempts to conduct research leading to improved equip
ment but has been forced by circumstances to spend most of its available 
energy on day-to-day operation, as have the Royal Navy and Royal 
Canadian Navy. The latter service has dealt magnificently with the 
simultaneous problems of Loran transmission, navigation, and training 
but has had to follow the lead of the U.S. Navy in all technical matters. 

The problem of integrating all the varied activities that have con
tributed to make up Loran as we know it and, we hope, of adding other 
activities in the future is complicated by the fact that most of the Army 
and Navy officers who have been closely associated with the program 
are now returning to varied civilian activities. They must be replaced. 
Ways must be found for giving civil aviation and maritime groups a voice 
in the technical and administrative decisions of the future. The organ
izational problem is severe enough on a national basis. Internationally 
it is acute. 



CHAPTER 5 

PROPAGATION 
B Y J. A. PIERCE 

INTRODUCTION 

6-1. Ground-wave Transmission at 2 Mc/sec. Field Strength and 
Noise Factors.—If no errors are made in the estimation of radiated power, 
the methods of calculation of ground-wave field intensity developed by 
B. van der Pol and H. Bremmer1 and exhibited most simply by K. A. 
N»rton2 yield results that are in perfect agreement with observations at 
2 Mc/sec and 180 kc/sec. 
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Fio. 5-1.—The variation of field strength with distance: (a) a t 2 Mc/sec; (fc) a t 180 

kc/sec. The inverse distance and ground-wave curves were computed by conventional 
methods, and the sky-wave curves were determined experimentally. Separate sky-wave 
curves are shown for one- and two-hop E-layer transmission at 2 Mc/sec because a t that 
frequency Loran technique permits their resolution. 

Figure 5-la shows computed field intensities for ground-wave trans
mission at 2 Mc/sec, and Fig. 5-16 the equivalent data for 180 kc/sec. 
These curves are drawn for a power of 100 kw and for transmission over 
sea water and rocky ground. The same figures give experimental curves 
of field intensity of sky waves at night. 

1 B. van der Pol and H . Bremmer, Phil. Mag., 24, 141-176, 825-864 (1937). 
»K. A. Nor ton, Proc. IRE, 29, 623-639 (1941). 
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The range of transmission is dependent upon the ambient noise level. 
At 2 Mc/sec the signal required for satisfactory Loran operation is about 
5 Aiv/meter in the middle latitudes in daytime. This corresponds to a 
maximum range of about 700 nautical miles, the nominal radius of the 
Loran service area. Table 5-1 shows the magnitudes of the required 
signals and the usable ranges for Standard Loran ground waves over sea 
water. 

T A B L E 5-1.■ - R E Q U I R E D SIGNALS AND U S A B L E G R O U N D - W A V E R A N G E S STANDARD 
L O R A N OVER S E A W A T E R 

Latitude 

Middle 

Arctic 

Season 

1 Summer 
| Winter 
| Summer 
t Winter* 

Day 

Required 
signal, 

fiv /meter 

25 
5 
1 
1 
1 

Range, 
nautical 

miles 

550 
700 
850 
850 
850 

Night 

Required 
signal, 

^iv/meter 

250 
50 
10 
10 

1 

Range, 
nautical 

miles 

400 
500 
650 
650 
850 

* The range in winter in quiet regions is limited by the finite sensitivity of the Loran receivers. 

These ranges are approximate. There are, of course, day-to-day 
variations of considerable magnitude. A thunderstorm, for instance, if 
close to the receiver, will produce an effect very similar to tropical night 
conditions. 

Velocity of Ground-wave Propagation.—From time to time, there have 
been tendencies to explain minor variations from expected Loran delay 
readings as indicating departures from the expected velocity of propaga
tion. In most cases improvement in observing technique has dispelled 
the first opinion. One attempt was made to examine the time difference 
carefully at a point that involved 50-mile transmission over land from 
one station of a pair wrhile the path from the other station was over sea 
water. Although the results indicated an extra delay of about 2 ^sec in 
the overland transmission, there was no evidence that the probable error 
of the results was significantly less than that figure. In the case of the 
base-lines of 125 and 160 miles over land that were set up in England, the 
readings at the master station were about 2 ^sec greater than expected, 
but these deviations are not greater than some that have been observed 
for pairs operating over sea water. 

Thus, there is as yet no real evidence that transmission over land is at 
a lower velocity than over sea water. In the latter case the velocity of 
propagation is equal to that assumed within the limits of current measur
ing techniques. 



SEC. 6-2] SIGNAL-TO-NOISE FACTORS AT 180 KC/SEC 123 

The velocity assumed from the start of the Loran program is that 
determined by W. C. Anderson,1 299,776 km/sec in vacuum. This figure 
is assumed to be reduced 84 km/sec by the group retardation in the lower 
atmosphere. The value used is, 
therefore, 299,692 km/sec. Trans
mission time is calculated* as: 

3.33676 ;usec per kilometer. 
5.3700 jusec per statute mile. 
6.1838 /xsec per nautical mile. 

This value of the velocity is 
assumed to apply even for sky-
wave t r a n s m i s s i o n . There is, 
therefore, a slight error in all the 
sky-wave delay o b s e r v a t i o n s . 
This error is unimportant, however, 
since the sky-wave delay data must 
be obtained empirically. 

It is probable that with the ad
vent of cycle-matching techniques 
the velocity of propagation can be 
measured with great accuracy, but 
this step has not yet been taken. 
To date, it can be stated only that 
this velocity agrees with the veloc
ity of light within a part in a few 
thousand. 

6-2. Signal-to-noise Factors at 
180 k c / s e c . — C o n d i t i o n s at 180 
kc/sec are more complex than at 2 
Mc/sec, in that the day-to-day and 
even hour-to-hour noise variations 
are large in the summer. A simple 
tabulation is impossible, but a 
rough idea of summer-daytime conditions may be had from the statement 
that 100-kw signals are occasionally useful at 2400 nautical miles and 
nearly always useful at 1000 nautical miles. In the presence of a local 
thunderstorm the required signal may be 1000/iv/meter, whereas on a 
quiet day in winter 0.2 ^v/meter has been known to be enough. 

1 W. C. Anderson, Jour. Optical Soc. Am., 31, 187-197 (1941). 
* Actually, transmission time is usually calculated in terms of the oblatcness and 

the equatorial radius of the earth which is assumed to be 21,282.5 light-microseconds 
(see Chap. 6), 

0 20 40 60 80 100 
Per cent of time required signal 

is less than ordinate 
(b) Cape Cod-Summer 

Fio. 5-2.—Diagrams showing the per
centage of time that Low Frequency Loran 
signals must exceed certain values in order 
to be useful. Curves are shown for tropical 
summer and mid-latitude summer condi
tions. Each diagram shows curves for 
morning, afternoon, and night. For winter, 
or more northerly latitudes, noise conditions 
are less severe, and the required signals are 
correspondingly smaller. 
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Figure 5-2 shows measured distribution curves of the required signal 
(about 10 db above the mean noise) for tropical summer and midlatitude 
summer. Curves are drawn for the periods from sunrise to noon, noon 
to sunset, and sunset to sunrise. These curves were drawn taking the 
maintenance of synchronism between two ground stations as a criterion; 

the navigator can work success
fully with a somewhat poorer sig
nal. 

The most general conclusion 
that can be drawn is that summer 
noise conditions at the low fre
quencies are extremely variable 
whereas in winter the noise is fairly 
low and constant. Some efforts 
have been made to correlate noise 
observations made in studies of 
Loran transmission with the meth
ods for estimating the required 
signal given in the Radio Trans
mission Handbook of the Inter-
service R a d i o P r o p a g a t i o n 
Laboratory. In various experi
ments the signal r e q u i r e d for 
Loran operation has ranged from 
23 to 33 db less than the hand
book estimate of the signal re
q u i r e d for r a d i o t e l e p h o n e 
reception. The major part of the 
discrepancy, of course, is due to 
the difference in methods of obser
vation. The eye is not shocked 
into insensitivity, as is the ear, by 

a sudden burst of "noise." The cathode-ray traces may be seriously dis
turbed by noise, but the overloading effect, with proper receiver design, is 
negligible. If the traces are clear and stable for a substantial fraction of 
a second every few seconds, Loran operation is possible (although tiring), 
whereas under the same conditions most other forms of radio transmission 
would be useless. 

In general, the work on Loran has been done in terms of only two 
grades of circuit merit—useful and useless. This is not a desirable status 
in the long run, but it has led to rapid exploitation of the system under 
wartime conditions. As a result of this policy the most useful information 
on the merit of Low Frequency Loran transmission is found below in the 
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F10. 5-3.— (a) The diurnal variation of 

the average noise level in the tropics in 
summer and the corresponding required field 
strength for a Low Frequency Loran signal; 
(b) the field strength of a 100-kw signal at 
about 1200 nautical miles. During the day
light hours the signal is almost entirely 
ground wave, but sky-wave transmission 
accounts for the high levels attained at night. 
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form of data on the hours of reception of test transmissions at various 
distances and in the number of readings successfully made. 

Qualitatively, we may roughly summarize the low-frequency trans
mission conditions thus: 

1. In midlatitudes in summer, the daytime sky wave is almost com
pletely attenuated by absorption; in winter, however, substantial 
daytime sky wave is present. 

2. At night, sky-wave field strengths are only a few decibels below the 
theoretical inverse distance fields. 

3. Transmission of both desired signals and noise is good at night and 
poorer by day. 

4. Because generation of at
mospheric noise (lightning) 
has a maximum in the late 
a f t e r n o o n , the signal-to-
noise ratio is poorest at that 
time. 

Figure 5 -3<z shows the diurnal 
variation of the noise and required 
Loran signal at 180 kc/sec in the 
Carribean area in the summer. 
The sharp drop at sunrise indi
cates that long-distance noise falls 
away as sky-wave transmission 
fails. The noise rises continu
ously throughout the day as the 
temperature rises until it passes through a maximum at about four in 
the afternoon. Thereafter, the noise begins to fall, but night condi
tions soon obtain, and the noise reassumes its nighttime value. 

The corresponding behavior of a signal received over about 1200 
nautical miles is shown in Fig. 5-3b. Although converted to a value of 
100 kw, the observations were actually made at much lower power; 
consequently few readings could be made in the late afternoon. The 
character of the curve is clear, however. Only the ground wave is present 
in daytime, and a very substantial change in signal strength occurs at 
sunset and, in reverse, at sunrise. Curves of the forms shown in Fig. 5-36 
may be drawn for various distances and compared with noise curves, 
similar to those of Fig. 5-3a, to derive curves relating distance to time of 
day. Two of these curves, for summer tropical and temperate zones 
(and for a severe accuracy criterion), are shown in Fig. 5-4. 

It will be noted from Fig. 5-16 that the ground wave (which seems to 
control the field strength in summer daytime) is attenuated about 1 db 
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F I G . 5-4.—The approximate diurnal 
variation of the useful range of 100-kw Low 
Frequency Loran signal for tropical and 
temperate summertime conditions. The 
curves are drawn for a high degree of Loran 
accuracy. Useful results can be had at 
ranges 200 to 400 miles greater than those 
shown. 



126 PROPAGATION [SEC. >3 

for 22 nautical miles and the night sky wave decreases, on the average, 
about 1 db for 60 miles. The curves of Fig. 5-4 may be adjusted for 
various power levels through the use of these constants. Variation with 
the required accuracy is more difficult to estimate. I t has, however, 
been found that a fair standard of practical operation is available at 
distances 200 to 400 miles greater than those shown in Fig. 5-4. 

LORAN SKY-WAVE TRANSMISSION AT 2 Mc/sec 
6-3. The Ionosphere.—The ionosphere is usually defined as " tha t 

region of the earth's atmosphere which is ionized sufficiently to affect the 
propagation of radio waves." For practical purposes it may be thought 
of as all the atmosphere above the stratosphere, or, more specifically, the 
atmosphere between 30 and 300 miles above the surface of the earth. 

The atmosphere at such heights consists primarily of the same con
stituents as at sea level, nitrogen and oxygen. Above 60 miles the oxygen 
presumably exists in atomic rather than molecular form because the 
ultraviolet light from the sun dissociates the atoms much faster than they 
recombine 

There is little to indicate that the heavier elements settle out at the 
lower altitudes. Probably all the components of the atmosphere are 
well mixed, except for the change from molecular to atomic oxygen at 
60 miles. It may be that hydrogen and helium escape into space; there 
is no strong evidence that they exist at all in the upper air. 

The atmospheric pressure decreases more or less exponentially with 
increasing height to very small values. At 60 miles it is about one-
millionth of the sea-level pressure; at 200 miles it is probably thousands 
of times again as small. The mean free path, at 60 miles height, may be 
taken as 1 cm, and at 200 miles it may be as much as a mile or more. 
This mean free path is the average distance which a particle—molecule, 
atom, heavy ion, or electron—will travel before it collides with another 
particle. I t is a very important quantity. 

The temperatures in the ionosphere are high. This does not mean 
that there is much heat in the upper air, because there are very few 
particles to contain heat, but it does mean that the particles travel 
rapidly. At sea-level temperatures the air molecules travel at about 
0.5 km/sec; at an altitude of 200 miles they move several times as fast. 
The temperature after falling to about — 70°F in the stratosphere increases 
to nearly the sea-level value at about 30 miles. Then there may be a 
sharp drop to about - 140°F at 50 miles. Above that the temperature 
(velocity of particles) rises rapidly to somewhat more than 80°F at 60 
miles and to perhaps 1400°F at 200 miles. 

If a certain wavelength of solar ultraviolet light excites one of the 
electrons in an atom so that it breaks away from the atom and exists 
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alone, the atom is ionized. The electron is usually called a negative ion, 
and the positively charged remnant of the atom is called a heavy or posi
tive ion. The electron is small and light. It will travel, independent of 
the heavy ion, at great speed until it finds another heavy ion with which 
it can unite permanently or until 
it finds an atom or molecule to 
which it can stick temporarily. 

Let us assume that ultraviolet 
light of some ionizing wavelength 
is falling upon the atmosphere. 
There will be, in general, enough 
energy at this wavelength to pene
trate some distance into the air 
but not enough to reach the sur
face of the earth before it has all 
been expended in ionization. At 
several hundred miles above the 
surface little ionization will be pro
duced because there are very few 
atoms to absorb the energy. The 
ionization will therefore increase 
as the height decreases because 
there is more and more material 
t h a t can be ionized. As the 
height decreases further, however, 
a substantial fraction of the origi
nal ultraviolet energy has been 
used up; thus, although the num
ber of atoms continues to increase 
very rapidly, the number of elec
trons set free does not increase so 
rapidly. At still lower heights the 
number of free electrons actually 
begins to diminish and, lower yet, decreases to zero when all of the suitable 
incoming energy has been used up. 

This behavior can be calculated, under certain simplifying assump
tions, and gives a curve of the shape of Fig. 5-5 which is known as the 
"Chapman distribution." The height at which the free electrons are 
produced and the thickness of the layer of electrons depend upon the kind 
of ionizing energy, the kind of atoms that are ionized, and the tempera
ture of the air. The number of free electrons produced depends upon the 
same things but especially upon the total energy available in the ionizing 
ultraviolet light. 

Rate of production of free electrons 
Fio. 5-5.—The vertical distribution of 

ionization that would be produced by a 
single ionizing agent acting upon a homo
geneous atmosphere. The actual ionosphere 
may be simulated by a number of curves of 
this form superimposed in various ways. 
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than those above. 

The true picture of the vertical distribution of free electrons is much 
more complicated than is indicated in Fig. 5-5. A separate distribution 
of the form shown in Fig. 5-5 is produced for every combination of ionizing 
ultraviolet wavelength and atomic constituent in the atmosphere. Many 
of these distributions overlap each other, but some are well separated. 
Furthermore, these Chapman curves define the rate at which free elec
trons are produced. There is some diffusion from the heights at which 
they are produced, and the electrons at lower levels recombine faster 

Both of these factors operate to cause the heights at 
which the density of ionization is 
maximum to be greater than the 
heights at which the electrons are 
set free most rapidly. 

Figure 5-6 shows the approxi
mate distribution of free electrons 
as they exist by day and by night. 
The maximum at about 250 km 
is called the "F-layer," or "Ap-
pleton layer." The small bump 
on the lower side appears only in 
daytime in summer, because it 
recombines quickly at night and is 
swamped in the body of the F-
layer in the winter. When it ap

pears it is called the "Fi-Iayer" and the remainder of the F-region is 
known as the "F2-layer." The F-layer varies greatly in height, thick
ness, and density of ionization. 

The E-, or Kennelly-Heaviside, layer, at about 100 km, is much more 
stable. Its density of ionization follows the altitude of the sun quite 
closely, except that some ionization remains throughout the night when 
the sunlight does not fall on the layer. We shall be primarily concerned 
with the E-layer. 

The " t a i l " of the E-layer, perhaps at about 70 km above the earth, 
sometimes shows a small maximum which is called the "D-layer." 
Because the density is low, only low-frequency waves can be reflected 
from it. The D-layer is primarily of importance because in it energy is 
absorbed from radio waves. 

We have been speaking of free electrons. Actually there must be 
about as many heavy positive ions as there are free electrons in the 
ionosphere. The heavy ions are unimportant in radio propagation, how
ever (except that their existence permits the free electrons to recombine), 
because their relatively great mass prevents them from giving appreciable 
interaction with radio waves. 

-slOO 

500,000 1,000,000 0 500,000 
Free electrons per cubic cm 

FIG. 5-6.—The approximate distribution 
of the density of ionization with height in the 
ionosphere by day and by night. 
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5-4. Reflection.—A rough model for the action of electrons in an r-f 
field has been given by P. O. Pederson.1 In a qualitative way it may be 
described as follows. 

Assume a small volume of the upper atmosphere to be equivalent to a 
capacitor with the space between its plates filled with air and a number 
of free electrons. If an r-f voltage is applied across the capacitor, there 
will be a displacement current proportional to the capacitance of the 
plates. In addition, the free electrons will be excited to vibrate back and 
forth along the lines of electrostatic force at the frequency of the applied 
voltage. Because of the inertia of the electrons, the phase of their 
oscillation will lag the applied emf by 90°. The moving electrons there
fore constitute a current between the capacitor plates—a current in 
opposite phase to the displacement current. The magnitude of the 
electron current depends upon the magnitude of the capacitance under 
consideration and upon the applied emf, and it also varies directly as the 
number of free electrons. 

The capacitor containing a volume of ionized air may now be thought 
of as a capacitance in parallel with an inductance that is inversely pro
portional to the number of free electrons. If the number of electrons is 
small, the inductance shunting the capacitance is nearly infinite. As the 
number of electrons increases, the inductance decreases and the circuit 
becomes more and more nearly antiresonant. The net effect is that of a 
capacitor whose net reactance increases as the number of electrons 
increases. That is to say, the capacitance can decrease to zero if the 
density of free electrons is properly proportioned to the radio frequency. 
This means that the air-plus-electrons has a dielectric constant and an 
index of refraction that are less than unity. If the electron current 
exceeds the displacement current, the reactance does not become induc
tive; the index of refraction, however, becomes imaginary. These are 
concepts which do not occur in simple optics. 

The effect of the heavy ions that are, of course, present can be 
neglected because, although they are excited to oscillate (in the opposite 
phase to that of the electrons), their great mass limits the acceleration 
that can be imparted to them. Thus the amplitude and velocity of their 
oscillations are very small in comparison with those of the electrons. 
The current flow is, of course, proportional to the velocity; thus the net 
effect of the positive ions is very small in comparison with that of the 
electrons. 

If a radio wave penetrates obliquely into the ionosphere, the phase 
velocity, which determines the direction of the wavefront, increases as the 
index of refraction decreases. At the same time the group velocity, which 

1 P. 0. Pederson, The Propagation of Radio Waves along the Surface of the Earth 
and in the Atmosphere, " Danmarka Naturvidenskabelige Samfund," Copenhagen, 1927. 



130 PROPAGATION [Sac. 5-4 

is the velocity with which the energy travels, decreases in the same ratio. 
Thus the upper part of the wavefront travels faster as the wave pene
trates into an ionized layer because the density of ionization is increasing. 
The wave is therefore refracted so that it curves back toward the earth, 
but a pulse travels more slowly while being refracted. 

In Fig. 5-7a we have postulated an ionospheric layer whose density 
(number of free electrons per cubic centimeter) is roughly indicated by 
the density of dots. Three rays of r-f energy are shown entering the 
layer. If the frequency is such that "reflection" can occur at oblique 
incidence on the layer but not at vertical incidence, the behavior will be 
as shown. A ray C departing at a small angle to the horizontal will 

(o) (6) 
FIG. 5-7.—Qualitative diagrams illustrating the reflection of rays of energy in the 

ionized layer's, (a) A possible variation of the reflection pattern with the angle of depar
ture of the ray; (b) the effect of the layers at various radio frequencies, where the various 
rays are assumed to leave the transmitter at the same angle. 

require only a modest amount of refraction before it is turned parallel to 
the surface of the earth. It will therefore not need to penetrate far into 
the layer and will span a long range in a single "hop ." Another ray B 
departing more steeply from the earth will penetrate the layer more 
deeply because it must be turned through a greater angle. If the 
required bending cannot be achieved, because the frequency or departure 
angle is too high or the density of the layer is too low, the ray A will 
penetrate the layer, traveling on a path that is concave downward until 
the height of maximum ionization is reached and concave upward beyond 
that height. This ray, of course, leaves the earth completely unless it is 
turned back later by a higher layer. The effect of this penetration is to 
establish the well-known "skip distance" within which sky-wave signals 
are not received. All rays travel in straight lines except while in an 
ionized layer. 

There is a definite maximum range that can be spanned by "single-
hop" transmission. This is the distance covered by a ray departing 
horizontally (or as nearly horizontally as antenna radiation can be 
effective) and is about 1500 miles in the case of E-layer transmission, 
At greater distances the signal is cut off by the earth itself. This shadow 
effect can be seen clearly in the sharp drop in the one-hop sky-wave 
field-intensity curve of Fig. 5-la. 
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A rough diagram indicating the typical action of both E- and F-layers 
is given in Fig. 5-76. Here we have assumed a number of rays at different 
radio frequencies, all departing from a transmitter along the same path. 
The medium frequencies shown, 500 kc/sec and 2 Mc/sec, are both 
reflected by the E-layer, but the 2-Mc/sec ray penetrates much more 
deeply and travels somewhat farther. At 5 Mc/sec, the ray is refracted 
strongly in the E-layer but does penetrate it and is easily reflected by the 
F-layer. The 15-Mc/sec ray is less affected by the E-layer and pene
trates more deeply into the F-layer, but the general behavior is much 
the same as at 5 Mc/sec. Under the conditions we have postulated, how
ever, 30 Mc/sec is too high a frequency to be returned. The ray passes 
the E-layer with little refraction and is refracted strongly by the F-layer 
but without being turned back toward the earth. The energy at this 
and all higher frequencies, such as 300 Mc/sec, escapes into space. As 
the frequency increases, the deviation of the ray in the layers decreases 
until at microwave or optical frequencies the effect of the ionization is 
not at all perceptible. 

The whole structure of Fig. 5-76 depends upon the density of ioniza
tion in the layers and upon the angle of departure of the orginal rays. 
At a lower angle the 5-Mc/sec ray might often be reflected from the 
E-layer and the 30-Mc/sec ray would be returned from the F-region. 

6-5. Absorption.—The reflection of radio waves in the ionospheric 
layers is only part of the process of radio transmission by sky waves. 
The absorption of energy from the waves is of at least the same importance. 

Some mention was made above of the mean free path of an electron 
(or other particle) in the upper atmosphere. This quantity, or more 
properly the inversely varying frequency of collision, controls the energy 
lost by a radio wave. Although there may be a million free electrons 
per cubic centimeter in a highly ionized layer, there are typically a million 
times as many neutral atoms or molecules with one of which an electron 
may collide at any instant. Suppose, for example, that on the average 
an electron can move freely only for a millionth of a second before colliding 
with a heavy atom. If the electron is being vibrated by an r-f field at 
1 Mc/sec, there is only about one chance in two that the electron can 
complete a cycle of oscillation before a collision interferes with its motion. 

Collisions are important for the following reason. Some energy is 
abstracted from the radio wave to provide the kinetic energy contained 
in the moving electrons. This energy is, in effect, lost to the radio wave 
only for a half cycle because the moving electron, since it constitutes a 
moving charge, reradiates an electromagnetic field whose energy is equal 
to the energy absorbed by the electron. As the radio wave passes through 
the ionosphere, the energy reradiated by all the electrons adds in phase 
to constitute a wave traveling in the same direction as the original wave. 
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If the electrons can move freely, tiny elements of the energy in the wave 
flow back and forth between electromagnetic and kinetic states, but the 
total energy in the wave remains the same. If, however, an electron 
rebounds from an atom while temporarily carrying some of the energy, 
two things happen. The less important is that the direction of motion of 
the electron is changed. The energy is then reradiated in a different 
orientation, with the result that the phase relation with the radiation 
from other electrons is damaged. Even more serious is a real loss of r-f 
energy because the atom is accelerated slightly and carries off part of 
the kinetic energy that had been loaned to the electron. This energy is 
completely lost to the radio wave and remains in the atmosphere in the 
form of increased kinetic energy, or heat. 

If the probability of collision and loss of energy is high enough, the 
radio wave will be completely attenuated in the ionized layer. The 
degree of absorption is less as the frequency is increased because the elec
trons are more likely to be able to complete their half cycles of oscillation 
before a collision occurs. In the F-layer, there is little "collisional fric
t ion" because the mean free paths are long and the collisional frequency 
is low. In the E-layer, collisions are so frequent that waves of frequency 
below 2 or 3 Mc/sec are completely absorbed in the daytime. At night 
the density of ionization in the E-layer decreases to perhaps a tenth of 
the daytime value. The absorption goes down to low values because the 
chance of a collision between an electron and some other particle is simi
larly reduced. 

We may summarize the situation thus: Ionization is needed to reflect 
radio waves, but ionization at low heights in the atmosphere absorbs 
energy from the waves. The higher the frequency the stronger the ioni
zation required for reflection and the less the absorption. 

Since most ionization in the atmosphere is produced by the action of 
ultraviolet light from the sun, there is little new ionization created at 
night. The free electrons recombine, but so slowly that a substantial 
number of them remains throughout the night. Thus the maximum 
ionization occurs at or soon after noon, and the minimum at sunrise. 
Similarly the ionization is more intense in summer than in winter because 
the incidence of the sunlight upon the atmosphere is more nearly perpen
dicular and the ionization increases as does the temperature. 

Whether radio transmission is better by day or by night, in winter or 
in summer, is a question of frequency. At high frequencies, for example, 
20 Mc/sec, the weak ionization may prevent sky-wave transmission com
pletely in the winter or at night; in summer or daytime the stronger 
ionization will support transmission and absorption is relatively unim
portant. At broadcast frequencies, absorption is complete in the day
time, with the result that only ground-wave ranges are useful. At night, 
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F I G . 5-9.—A diagram illustrating the 

variation of penetration into an ionized 
layer as a function of the distance traversed 
by a ray. 

long-distance transmission is possible, and the decreased absorption in 
winter makes communication better than in summer. 

5-6. E-layer Transmission.—Figure 5-8 shows typical variations of 
the critical frequencies (which are proportional to the square roots of the 
maximum densities of ionization) in the E- and F-regions throughout the 
day. Recombination is so slow in the F-region that the maximum occurs 
well after noon, although all of the ionizing energy appears to come 

directly from the sun. The smooth 
decrease throughout the night is 
another manifestation of the fact 
that some free electrons have life
times of many hours in the F-layer. 
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Local time 
F I G . 5-8.—A typical diurnal variation 

of the critical frequencies of the E- and F-
layers of the ionosphere. This quantity is 
proportional to the square root of the maxi
mum density of ionization in a layer. 

The behavior of the E-layer at night is not understood. At the height 
of the E-layer, complete recombination takes only a few minutes and 
consequently, in daytime, the density of ionization adapts itself very 
quickly to the amount of energy being received from the sun. The 
E-layer curve of Fig. 5-8, between sunrise and sunset, is nearly propor
tional to the fourth root of the cosine of the sun's distance from the 
zenith. This is so exactly true that without question the ionization would 
go almost to zero at night if direct ultraviolet light from the sun were its 
only source. 

The energy brought into the earth's atmosphere by meteoric bombard
ment may possibly be enough to sustain this nighttime ionization.1 In 
any case, meteoric effects are definitely perceptible and certainly cause 
many of the variations in the density and distribution of free electrons 
in the E-layer even though they are probably not the major cause of the 
ionization. The random variations in the density of the E-layer are of 
the first importance in the propagation of Loran signals by sky waves, 
because they determine the errors of the system. 

The transmission time of a sky wave is greater than the transmission 
time of the ground wave, primarily because of the greater distance 

1 J. A. Pierce, "Abnormal Ionization in the E Region of the Ionosphere," Proc 
IRE, 26, 892-908 (1938). 
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traveled but also because the wave travels more slowly during the process 
of refraction. The difference between the two times is called the "sky-
wave delay." Figure 5-9 shows that the sky-wave delay observed at a 
point very near the transmitter (if penetration does not occur) is essen
tially equal to the transmission time of the sky wave. As the distance 
increases (rays B, C, and D), the transmission time of the sky wave 
increases but the transmission time of the ground wave increases more 
rapidly. The sky-wave delay therefore decreases as the distance of trans
mission increases and, in fact, becomes very nearly constant at distances 
of a thousand miles or more. Figure 5-10 shows the standard delay curve 

for Loran, which is drawn for re
flection from the E-layer. The 
curve is a mean for night condi
tions at a frequency just below 2 
Mc/sec, and the shaded area indi
cates the limits of variation. It 
is never drawn back to zero dis
tance because a 2-Mc/sec wave 
nearly always penetrates t h e 
nighttime E-layer at short dis
tances, and because the delay 
b e c o m e s more variable as the 
distance decreases. At distances 
less than 200 nautical miles the 
delay is completely unreliable. 

Fortunately for Loran the ground-wave service of the system is ordinarily 
available at distances up to those at which the E-layer transmission 
becomes satisfactory. 

The stability of the reflection becomes greater at longer distances 
partly because grazing reflection is better than reflection at a steep ang'e, 
but primarily because a change in the height of reflection does not greatly 
change the total distance traveled by the ray. At a distance of 1000 
miles the length of the sky-wave path increases only 1.78 miles for a 
change in the height of reflection of 5 miles. This is a change in the time 
of transmission of less than 10 jisec or about one-fifth of the corresponding 
change at a short distance. 

Variations of 5 miles in the height of reflection are rare but do occur 
at times. Their effect upon Standard Loran is not too large because such 
an extreme variation is likely to exist over a large area. I t will therefore 
operate to increase (or decrease) the transmission times from both stations 
of a pair so that the time difference measured by the navigator does not 
vary as much as the individual delays. 

The discussion in the last few paragraphs has been specifically applica-

0 200 400 600 800 1000 1200 
Distance in nautical miles 

FIG. 5-10.—The Loran delay curve. 
Delay is the amount that a sky wave lags 
behind a ground wave traveling from the 
same transmitter to the same receiver. The 
shaded area shows the limits of variation of 
the delay. 
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ble to the E-layer. Only this layer is used in Loran because the F-layer 
is too variable to permit prediction of the times of transmission with the 
necessary accuracy. A comparison between the layers is shown in Fig. 
5-11, which shows the apparent variation of the line of position through 
a point in Bermuda. These observations were made as part of the first 
experiments on Loran. For ob
vious reasons, work involving the 
F-layer was discontinued after 
that time. The example shown 
is typical of the behavior cf both 
layers, although the time of day 
was not favorable to maximum 
stability of either. The average 
deviations of the line of position 
are 18 miles for the F-layer and 2 
miles for the E-layer. The dis
tance was 625 miles from the sta
tions; consequently the equivalent 
average errors in the bearing of 
Bermuda, as seen from near New York, were 1.7° for the F-layer experi
ment and 0.2° for the E-layer. 

As will be seen from the notation on Fig. 5-11, the layer can be selected 
by proper choice of frequency. At the time of these experiments, 7.7 
Mc/sec penetrated the E-layer and 3.0 Mc/sec did not. The Loran fre
quency is chosen as one that will be reflected by the E-layer at all times 

1800 1820 1900 1920 1840 
EST 

Fia. 5-11.—The variation with time of the 
Loran line-of-position error in Bermuda when 
using E- and F-layer reflection. The insta
bility of the F-layer is so great as to preclude 
its use for hyperbolic navigation. 

Mostly penetration with 
poor, if any, reflection 
at short ranges Good reflection with 

some penetration of 
medium ranges 
y 

Nearly total reflection 
.*- at long ranges 

- Transmitter 
Fia. 5<12.—A diagram indicating variation with angle of the partial internal reflection 

obtaining at 2 Mc/sec at night. 

at all distances that will not be adequately served by ground waves. 
It is possible that frequencies as high as 2.5 Mc/sec might satisfy this 
criterion, but both ground-wave range and sky-wave stability are 
improved by using lower frequencies. (The lower limit of frequency, 
incidentally, is that at which it becomes too difficult to generate and 
radiate a sufficiently short pulse for Loran purposes. With the criteria 
adopted for Standard Loran, this frequency is probably about 1 Mc/sec.) 
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It should be noted that the last paragraph did not state that signals 
at the Loran frequency would not penetrate the E-layer. They almost 
always do penetrate at short distances, and part of the energy may pene
trate the layer at long distances. This seems to be possible because, 
contrary to what has been suggested above, the E-layer is not really a 
smooth homogeneous layer at night, although it is one in the daytime. 
At night the layer is porous. I t seems to consist of many nuclei or clouds 
of ionization chiefly at about the same height—a little below the height 
of the daytime or normal E-layer—with either spaces or patches of sparse 

„ J l^_A /V 
G IE 2E IF ZF 

Time—*-
F I G . 5-13.—A diagram indicating at (a) a number of the possible ray paths between a 

transmitter and a receiver and at (b) the approximate pulse pattern received in this case. 
ionization between them. The density of the ionization in the clouds is 
not very great, so that 2-Mc/sec rays pass vertically through the "layer," 
partly by penetrating the clouds and partly by passing between them. 
At angles closer to grazing incidence the probability of passing through 
the spaces becomes smaller and usually goes to zero for transmission over 
the longer distances.1 A diagram showing this effect is given in Fig. 5-12. 

In general, some energy will be reflected by the porous nighttime 
E-layer, and some will pass through it and be reflected from the F-layer. 
Multiple-hop transmission is possible in both cases, so that the pattern of 
received pulses may therefore be very complex. The structure of some 
of these components of the received pattern is shown at A of Fig. 5-13. 
The way the corresponding signals look on a linear oscilloscope trace is 
indicated at B. This diagram is idealized. A more accurate representa
tion of a pulse train in the presence of fading and noise has been given in 
Chap. 3. 

1 This same result would be produced by a homogeneous layer if the layer were not 
thick compared with the wavelength. It is hard to believe that this is the case, how
ever, because the layer would have to be only a few hundred yards thick at most. 
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The " spo t ty" character of the nighttime E-layer gives rise to pulses 
whose shape is not the same as that of the pulses when they leave the 
transmitter. Several of the small clouds of ionization in the neighbor
hood of the midpoint of the transmission path may reflect the pulse. 
Although each reflection may be a complete and perfect reproduction of 
the transmitted pulse, the overlapping components arriving at the 
receiver may combine to give a very complex form indeed. This is 
particularly true at very short distances, say up to 100 miles, where often 
a family of ten or a dozen contiguous or overlapping pulses may be seen. 
As the range increases, the weak Transmitted Received pulses 
multiple pulses move toward each Pu|se 
other and coalesce into a single 
strong pulse t h a t occasionally is 
seriously dis tor ted. Figure 5-14 
a t t e m p t s to show some of the Very short range Short Medium or 
typical reflection pa t t e rn s received (a) (6) (c) (<f) 
between, Say, 100 and 400 miles Fio. 514.—A representation of the com-
from a Loran transmitter. The T

plex pu
f
lse ohserJed ^ s h w t distance., from a 

Loran transmitter. Loran sky-wave opera-
reason for not using sky Waves at tion is uncertain and inaccurate except at 
very short distances is clear. m e d i u m a n d l o n g ranges-

5-7. The Loran Sky-wave Delay Curve.—The standard technique in 
Loran is to measure to the first visible component of a pulse even though 
the pulse be complex. As seen in Fig. 5-14 this may be quite different 
from measuring to the dominant component. This decision was first 
made on theoretical grounds and was based on the belief that if a pulse 
should be simultaneously reflected from a number of clouds of ionization, 
the part arriving first must travel by the simplest and most direct path 
and should therefore be the most reliable. This thesis has been amply 
confirmed by experiment, as measurements made on the first component 
exhibit smaller mean deviations than those made in any other way. 

At the start of the Loran program the nighttime E-layer was scarcely 
known to exist and its properties could not be predicted. It was neces
sary, therefore, in the interests of speed, to determine the necessary factors 
empirically. More than this has not yet been done. Fortunately the 
layer was found to be remarkably stable. That is, its characteristics 
change very little from one hour of the night to another. More sur~ 
prisingly, the properties of the layer seem to be essentially the same at 
all latitudes and to vary only simply and moderately between winter and 
summer. These auspicious discoveries greatly facilitated the use of sky 
waves for Loran. 

The sky-wave delay curve (Fig. 5-10) already cited was determined by 
making Loran observations on sky waves at accurately known points 
and comparing the observed readings with time differences calculated 
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(for the locations where they could not be directly measured) in terms of 
ground-wave transmission. Figure 515 shows the delay curve again so 
that its derivation and use may be discussed. 

Standard Loran charts and tables are computed in ground-wave time 
differences even though the distances are so great that ground waves 
cannot be received. A correction must be applied when sky waves are 
used. The correction can be read from the sky-wave delay curve if the 
distances to the two stations are known. Suppose that da in Fig. 5-15 
represents the distance of the navigator from the master station while ds 
is the distance from the slave. The first-hop E-layer sky wave from the 

master will arrive A« Msec after the 
» 160| (-V.H 1 1 i 1 1 ground wave, and the correspond

ing slave pulse will be As Msec later 
than its ground wave. Since the 
navigator measures the time dif
ferences between the M- and S-
pulses, his sky-wave reading will 
differ from his ground-wave read
ing (if he has made one) by 
(A.« — As)MSec. This amount is 
the sky-wave correction. In this 
case (closer to the master station) 
the sky-wave reading is smaller 

than the ground-wave reading. The correction is therefore called posi
tive, so that when it is added to the sky-wave reading, the ground-wave 
time difference, which is shown on the charts, will be obtained. 

The sky-wave corrections can, of course, be calculated easily at the 
time when the charts are prepared. They are ordinarily exhibited on 
the charts as small numbers printed at the intersections of the whole 
degrees of latitude and longitude. Since the magnitude of the corrections 
is small, interpolation by inspection is adequate. On the center line of 
the pair and at long distances from both stations the corrections are zero 
because the master and slave sky-wave delays cancel each other. 

The delay curve was constructed through study of many thousands 
of Loran sky-wave readings made at various distances from the stations. 
At points-within ground-wave range of one or both transmitting stations, 
the difference in the arrival times of the two ground waves and the differ
ence in the arrival times of the ground wave from one station and the sky 
wave from the other station were measured, and average values for these 
two time differences were obtained. The difference in these two averaged 
time-difference measurements gave the sky-wave delay for the distance 
between the monitor station and the transmitting station from which the 
sky wave was received. Points derived in this way are shown at A, B, 

0 1000 tm ts 3000 5000 7000 
Ground-wave transmission time in microseconds 

F I G . 5-15.—The derivation and use of the 
Loran delay curve. 
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and C of Fig. 5-15. For longer ranges, where ground waves could not be 
used, an inverse process had to be employed. The sky-wave readings of 
a pair were averaged and compared with the calculated ground-wave 
reading at the monitor station. The discrepancy (ei or et in the figure) 
was, of course, the sky-wave correction. Since the two distances were 
known, the correction gave the slope of a chord of the delay curve, as 
shown at Di-D2 or Ei-E*. Many lines of this slope could be drawn in an 
effort to find the vertical position of the line that would fit its end points 
into a smooth curve with the end points of other similar lines at other 
distances. If enough observations are available, at enough distances, 
the curve can easily be constructed. 

The curve that seems, after three years' experience in various latitudes, 
to be the best average approximation to the true values is shown in Fig. 
5-10. This curve is represented by the following equation: 

/7000 A3 

Sky-wave delay in Msec = D + 0.3 ( ^ J + 0.18 X 10- ' 
where D is the minimum sky-wave delay which varies between 65 /isec 
in winter and 75 ^sec in summer. The transmission time of the ground 
wave in microseconds is represented by t. 

This formula applies for distances less than about 1130 nautical miles 
(where t — 7000). For greater distances the sky-wave delay equals D. 
This equation is purely empirical. 

As shown by the variation of the quantity D, the layer height is some
what greater in summer. However, the delay curve, for all practical 
purposes, simply moves upward; thus the correction, which is always the 
difference between two delays, is not affected. There is an error intro
duced by this change in two cases; the case when the navigator may 
occasionally wish to measure the time difference between a sky wave and 
a ground wave and the case of the synchronization path in sky-wave 
Synchronized Loran which will be discussed below. 

The only important latitude effect is that the delay curve may be used 
at shorter distances at low latitudes. Near the equator fairly reliable 
operation may be had at as little as 150 nautical miles, whereas at 45° 
latitude about 250 miles is the minimum safe distance. The curve itself 
does not seem to vary appreciably over the latitude range from 25°N to 
63°N within which it has been carefully checked. 

LORAN SKY-WAVE TRANSMISSION ERRORS AT 2 Mc/eec 
6-8. Normal Variations in the Sky-wave Delay.—Since we propose to 

examine closely the averages and the mean deviations of the sky-wave 
delay and sky-wave corrections, it is necessary to test the accuracy with 
which transmitter synchronism can be maintained. An example, some
what better than normal, is given in Fig. 5-16. This figure shows the 

/ 7 0 0 0 - A 
V 1000 / 
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F I G . 5-16.—A distribution curve showing 
the normal scatter of Loran observations 
when ground-wave transmission is used. 
The average reading error is small compared 
with the random variations of sky-wave 
transmission time. 

number of the various ground-wave readings observed at a monitor sta
tion where the computed reading was 3510.6 /*sec. The mean, as is usual, 
agrees with the computation within 0.2 or 0.3 usec, and the average 
deviation is of the order of 0.6 /jsec. A series of sky-wave readings usually 
shows an average deviation at least four or five times as great as the 

average error in synchronism. I t 
is, therefore, nearly always satis
factory to assume that the syn
c h r o n i s m of the transmitting 
stations is rigid and that any devi
ations observed are the result of 
variations in sky-wave propaga
tion. Exceptions to this assump
tion are usually obvious. 

Three distribution curves of 
observations of the sky-wave de
lay are given in Fig. 517. The 
curves, which are drawn to have 
the same area, exhibit clearly the 
two important facts of sky-wave 

transmission for Loran. The average sky-wave delay diminishes as the 
distance increases, as shown by the delay curve, and the spread of the read
ings also decreases in about the same proportion. The probable errors in 
this set of observations are 

9.9 usec at 240 nautical miles. 
9.0 usec at 290 nautical miles. 
5.8 fisec at 450 nautical miles. 

The first two are somewhat below the normal scatter at these distances. 
At long distances it is impos

sible to measure delay directly. 
Figure 5-18 shows two distribution 
curves of the sky-wave reading 
(not delay) at distances of 870 and 
1350 nautical miles. The corre
sponding probable errors arc 2.1 
and 2.4 usec, although a smaller 
error would be expected at the 
greater distance. These are er
rors in the sky-wave correction. 
As remarked above, major changes 
in the height of reflection of a sky 
wave may be expected to affect both transmission paths in the same way 

450 nautical miles 
t i l l 

290 nau ical miles 
■ 1 
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0 20 40 60 80 100 120 140 160 180 
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FIG. 517.—Three distribution curves 
exhibiting the way both dcloy and probable 
error of delay decrease as the distance of 
transmission increases. 
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F I G . 5-18.—Two examples of the scatter
ing of Loran sky-wave readings at medium 
and long distances. The average errors are 
four or five times those of Fig. 5.16. 

and, therefore, to cancel to some extent. In other words, there is a corre
lation between the two delay patterns, and the error of a sky-wave meas
urement is smaller than it would be if the two reflection points behaved 
independently. For instance, the probable error of sky-wave delay at 
1000 miles averages about 3.9 ^sec. 
If every point in the reflecting 
layer varied independently, the 
probable error of a sky-wave read
ing would be about y/2 X 3.9 
lisec, or 5.5 /jsec. Actually, for 
baseline lengths of about 250 or 
300 miles, the probable error of a 
reading is usually between 1.5 and 
2.0 /isec for a 1000-mile range. 
This indicates a fair degree of cor
relation in the behavior of the 
layer at points separated by 100 
miles or more. 

The probable error of sky-wave delay is shown in Fig. 5-19 as deter
mined from monitor-station readings on many different pairs of stations. 
The points for ranges greater than could be served by ground waves were 
determined during the American trials of the Sky-wave Synchronized 

Loran system. The e q u a t i o n 
given on the diagram defines the 
smooth curve but has no other 
significance. 

If no correlation existed be
tween the layer heights at the two 
points of reflection, the probable 
error of a sky-wave reading would 
be found by taking the square root 
of the sum of the squares of the 
two values of probable error of de
lay for the two distances involved. 
Since there is a correlation, an 
estimate of the probable error of a 
reading can be made by multiply
ing the "no correlation" value 
by a factor smaller than unity 

which can be obtained by experiment. This factor is given in Fig. 5-20, 
where it is plotted against the length of the baseline in light-microseconds. 
The positive slope means simply that the greater the separation of the 
stations the less the variations in delay tend to cancel each other. The 
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Fro. 5-19.—The probable error of a single 
observation of sky-wave delay at 2 Mc/sec. 
This is the probable error of a single trans
mission time, not of a Loran reading. 
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factor "P.E. of synchronization" is given in the equation on the figure 
because sometimes, as in the case of SS Loran, the absolute accuracy of 
synchronism cannot be assumed. In SS Loran, of course, the probable 
error of synchronism is equal to the probable error of sky-wave delay at 

the distance separating the sta
re.. r . = K V P £ * U » M * P^MayS + pEa<< 

1.0 

0.8 

0.6 

0.4 

0.2 

tions. 
Figure 5-21o and o shows the 

degree of approximation with 
which this treatment agrees with 
the measured probable error of 
readings, for short (Standard) and 
long (SS) Loran baselines. 

6-9. Sky-wave Accuracy Pat
terns.—The accuracy (or average 
error) with which a sky-wave 
Loran reading can be made can be 
estimated by the method discussed 
in Sec. 5-8. This average timing 
error may or may not correspond 

to a significant number of miles, depending upon the distance from the 
stations and their orientation with respect to the navigator. 

- - " " * — K - 121 + O.OX 

_ ^ . m * " 
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8000 0 2000 4000 6000 
0 - Baseline in microseconds 

Fio. 5-20.—A form of the correlation 
coefficient defining the relative behavior of 
two points in the ionosphere, plotted against 
the separation between two transmitting 
stations, M (master) and £ (slave). 
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FIG. 5-21.—Examples of the probable error of both Standard and Sky-wave Synchron-

iied Loran observations. The smooth curves are computed by empirical methods given in 
the text, and the circles indicate experimental observations. 

The geometrical methods of Chap. 3 permit the calculation of the 
number of miles corresponding to a change in reading of 1 ysec. These 
formulas may be combined with the methods discussed in this chapter 
to yield the average error of a sky-wave reading expressed in miles. 

Two diagrams are given, in Figs. 5-22 and 5-23, that show how the 
probable error of a sky-wave line of position (in nautical miles) varies 
over the service area of a Loran pair, whether Standard or Sky-wave 
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220 nautical 
miles 

F I G . 5-22.—A contour diagram showing, as a function of the geographic position with 
respect to the transmitting stations, the probable error of a Standard Loran line of position 
when using sky waves. 

F I G . 5-23.—A contour diagram showing, as a function of the geographic position with 
respect to the transmitting stations, the probable error of a Sky-wave Synchronized Loran 
line of position. 
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Synchronized. The Standard Loran diagram (Fig. 5-22) is drawn for 
the relatively short baseline of 220 nautical miles. For modest changes 
in the baseline the errors would vary in inverse proportion, since the 
timing errors would not change appreciably. 

I t is of special interest to note that the errors increase very slowly 
with distance along the center line of the pair. This is because the timing 
errors due to variation of the sky-wave delay are nearly inversely pro
portional to distance and almost cancel the increasing geometrical error. 
Beyond the 1400-mile limit or within 250 miles of the stations it is not 
safe to use sky waves because of difficulty in sky-wave identification in 
the first case and erratic behavior in the second. 

The accuracy of SS Loran is greater than the sky-wave accuracy of 
Standard Loran, as shown in Fig. 5-23, because the long baselines (in this 
case 970 nautical miles) greatly improve the geometrical accuracy, or 
miles per microsecond of timing error. The timing error itself is not so 
good as in Standard Loran, primarily because of sky-wave variations on 
the synchronizing path, but the timing er.ror is not increased so much as 
the geometrical factors are improved. The total area served by an SS 
pair is not so great, but the errors are smaller and more constant except 
along the baseline extensions. 

6-10. Sporadic E-region Ionization.—One of the outstanding anoma
lies in the E-region is the existence of sporadic ionization. This takes 
the form of clouds of free electrons, at a very constant height, that are 
sporadic in both time and space. They may appear at any time, day or 
night, and last for a few minutes or for hours. Their size may be any
thing up to hundreds of miles across. They sometimes appear to move 
with great velocities, and at other times they seem nearly stationary. 
The density of ionization is often low but occasionally is very great indeed 
—even greater than the greatest density ever observed in the F-layer. 
On at least one occasion the density has been observed to be enough to 
reflect signals up to 110 Mc/sec over a 1000-mile path. 

These clouds are probably caused by corpuscular bombardment of 
the atmosphere by particles shot off by the sun, in much the same way 
that northern lights are formed. Although sporadic E-region ionization 
may appear at any time, it is most likely in summer and at times of 
sunspot maximum. It is most probable at high latitudes and is seldom 
observed at the magnetic equator—again like the aurora borealis. 

In the early days of Loran it was feared that signals from one station 
of a pair might be reflected from a cloud of sporadic E-region ionization 
while the signals from the other station would be transmitted by the 
'normal" nighttime E-layer, thus leading to large and unpredictable 
Trors. Fortunately this is not the case, apparently because the normal 
eflections occur at a height somewhat below that of the sporadic E; 
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consequently the signals normally are not propagated by the sporadic 
clouds.' 

The best evidence to this effect is given in Table 5-2 which exhibits 
the average value and probable error of sky-wave readings when sporadic 
E-region ionization is and is not present. These data were taken in 
Ottawa, Canada, by the Canadian Navy in May, June, and July 1943, 
the season of maximum sporadic ionization. During this period the 
sporadic E-layer appeared about one-third of the time at Ottawa. Of 
course there is no proof that sporadic ionization existed at the points of 
reflection at the same time they were observed at Ottawa, but it is more 
likely to have existed there at that time than when it was not observed 
at Ottawa. As the table shows, there was no significant change in the 
Loran reading at times when sporadic E-region ionization was observed. 
The probable errors (or average errors) of the readings were actually 
smaller at those times, but the difference was not large enough to be 
significant. 

TABLE 5-2.—EFFECT OF SPORADIC E-REGION IONIZATION ON LORAN READINGS 

Pair 

MF 
MB 
DB 

Computed 
reading 

2932.4 
3814.7 
1342.4 

Normal 

No. of ob
servations 

561 
422 
368 

1351 

Mean 
reading 

2932.1 
3816.3 
1342.5 

Probable 
error 

3.2 
4.4 
3.7 

During sporadic E 

No. of ob
servations 

305 
256 
206 
767 

Mean 
reading 

2932.6 
3816.8 
1341.8 

Probable 
error 

2.9 
3.6 
3.1 

6-11. Magnetic Activity.—Sudden or large variations in the earth's 
magnetic field are associated with changes in the ionosphere, although 
both are probably secondary effects of some other phenomenon such as 
corpuscular bombardment of the atmosphere. In the F-region the 
"magnetic effects" are extreme, presumably because of the relative ease 
with which the free electrons can move. There are no indications that 
the total number of free electrons is greatly changed in the F-layer. The 
layer heights increase and the densities decrease during magnetic activity, 
much as though the atmosphere (or at least the electrons in it) were being 
pulled up by the top and stretched somewhat. In fact, during severe 
magnetic storms (extremes of activity) the F-layer is essentially "blown 
out of the atmosphere" and a new layer is formed underneath the rem
nants of the old one. 

1 At very short distances sporadic E-region ionization frequently does cause strong 
steady reflections. Since the height of reflection differs from the normal, this con
tributes to the unreliability of sky-wave transmission at short distances at 2 Mc/sec. 
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In the E-layer the magnetic effects are less pronounced. There is a 
tendency for the layer height to change, but the electron densities do not 
decrease much. There is usually an increase in absorption presumably 
due to the decrease in layer height or to the formation of new ionization 
at low levels through corpuscular bombardment of the sort that may 
produce sporadic E-region ionization or aurora. This increase of absorp
tion is particularly severe in the auroral zones, within perhaps 30° of the 
magnetic poles of the earth, where it is largely responsible for extremely 
poor transmission by sky waves. 
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F I G . 5-24.—The reduction in the serviceability of a Sky-wave Synchronized Loran 

pair with increasing magnetic activity. This effect is important only when the midpoint 
of the pairis within about 30° of the earth's magnetic pole. 

The Sky-wave Synchronized Loran trial system in the United States 
operated over two baselines, one (referred to as "Rate 5") about 1100 
nautical miles long with its point of reflection about 120 miles east of 
Charleston, S.C., or 39° from the North magnetic pole. The second 
baseline (Rate 6) had its center over Georgian Bay, Ontario, about 26° 
from the pole. In the first case, variations in magnetic activity did not 
materially affect the ease with which synchronism could be maintained 
between the transmitting stations. In the case of Rate 6, however, a 
moderate increase in the magnetic activity was usually accompanied by a 
considerable decrease in the fraction of the nighttime hours within which 
satisfactory synchronism could be maintained. The correlation is shown 
in Fig. 5-24 where the abscissa displays the magnetic activity reported by 
the Cheltenham Magnetic Observatory. Unity on the ordinate scale is 
the number of hours from sunset to sunrise on the night in question. 
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Each dot represents a night's operation. Occasionally, when the mag
netic activity was lower than average, operation was maintained from 
before sunrise to after sunset. On nights of high magnetic activity 
operation tended to start late and to be intermittent, with successful 
periods of an hour or two scattered throughout the night. There was no 
indication that the loss of synchronism was due to anything except weak
ness of signals; that is, this figure 
indicates the increase of absorp
tion with increasing magnetic ac
tivity. 

During these trials the sky-
wave delay was averaged nightly 
for each synchronism path and 
compared with the magnetic ac
tivity as shown in Fig. 5-25. The 
data for Rate 6, at the bottom 
of the figure, show a fairly con
sistent decrease of about 10 /isec in 
the sky-wave delay over the nor
mal range of variation of the mag
netic index. The Rate 5 data, on 
the other hand, seem to show a 
slight increase, although that con
clusion is not statistically reliable. 
The real decrease has not been 
observed outside the auroral zone. 

When the magnetic index is at 
or below 2.0, there is no difference 
in the average height of reflection 
over these two paths. When, 
however, the magnetic activity rises to about 4.2, there is a difference of 3.0 
nautical miles in the height of the two points of reflection, which are sepa
rated by about 750 miles. This is a consistent difference of about the mag
nitude of many random variations. 

The same change in the time of transmission is exhibited in Fig. 5-26a 
and b in the form of distribution curves of the double transit time plus 
the coding delay (minus 1000 j»sec in this case). Figure 5-26a shows the 
slight but not important increase in transmission time with magnetic 
index for the southern pair, and Fig. 5-266 gives the significant decrease 
in time of transmission and decrease in accuracy for the northern pair 
when the magnetic index exceeded 3.0. This effect, it should be repeated, 
does not seem to be significant when the points of reflection from the 
ionized layer are outside the auroral zone. 
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FIG. 5-25.—Variations in the sky-wave 

delay with magnetic activity over paths of 
approximately 1000 miles. The upper curve 
represents the behavior on a path whose mid
point was 39° from the magnetic pole; the 
midpoint of the other path was within 26° of 
the magnetic pole. 
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It seems, therefore, that the ordinary phenomena which disturb radio 
transmission have no serious effect upon the accuracy of Standard Loran 
sky-wave readings, although the reliability of the service may suffer in 

4001 1 1 1 1 t he case of opera t ion too near t he 
magne t i c pole. 
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F I G . 5-26.—Distribution curves exhib
iting data for the same transmission 
paths as in Fig. 5.25, for high and low 
values of magnetic activity. Here again 
the only serious effect is observed for 
operation near the magnetic pole. 

LORAN TRANSMISSION AT 180 
KC/SEC 

Introduction.—We h a v e sug
gested that the optimum Loran fre
quency is the lowest at which a 
complete ground-wave pulse can be 
received before the arrival of the first 
sky-wave pulse. This would cer
tainly be a desirable frequency, but 
valuable work can be done at lower 
frequencies because of the greater 
ranges that can be had there. The 
concepts of the system are consider
ably changed, but the increased 
transmission range operates, much as 
in Sky-wave Synchronized Loran, to 
permit the use of long baselines and 
thus make the measurement of time 
difference less critical. 

The Radiation Laboratory work 
on this new system was done at 170 
and 180 kc/sec. A single transmit
ting station operated at 170 kc/sec 
from August 1944 to April 1945. 
From then until September 1945, 
three trial stations were in use at 180 
kc/sec. These stations were moni
tored, as shown in Fig. 5-27, at Ber
muda, Puerto Rico, Trinidad, and 
the Azores for determination of over-

The signals over land were observed at water transmission conditions. 
Wright Field and Little Falls, Minn., as well as in an aircraft that spent 
several hundred hours of flying time investigating the range and accuracy 
of the system. The Army also observed these transmissions at Eaton-
town, N.J., and at Mobile, Ala., while the Canadian Navy and the U.S. 
Coast Guard operated monitor stations at Halifax (Camperdown) and 
Bermuda, respectively. Unfortunately, only summertime observations 
were recorded by this trial network. 
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6-12. Low Frequency Loran Pulse Shapes.—The transmission band 
that can be made available for any service in the neighborhood of 200 

Fio. 5-27.—A map exhibiting the locations of the transmitting and monitoring stations 
used in the experimental Low Frequency Loran program in the summer of 1945. 

kc/sec is, of course, severely limited by the requirements of other services. 
This means that an L-F pulse system must operate with narrow bandwidth 
and long pulses.1 Since the sky-
wave delay at 180 kc/sec is even 
less than at 2 Mc/sec, say about 
50 /usec at 1000 miles, the first two 
or three sky-wave components of 
the received signal arrive before 
the end of the ground-wave pulse. 
Thus, the received pulse may be 
a composite of ground and sky 
waves, and its shape will not be 
that of the transmitted pulse 
except at short ranges where the 
ground wave dominates. 

As shown in Fig. 5-28 (which 
shows much of the data of Fig. 5-lb on a linear distance scale), 
the night sky wave, on the average, exceeds the ampUtude of the 
ground wave at distances beyond 300 or 400 nautical miles. As far 

1 Even if th i s political l imita t ion did not exist, i t would be very difficult to radia te 
short pulses from a n y pract ical 180-kc/sec an tenna system. 
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Distance in nautical miles 
Fro. 5-28.—The variation of Low Fre

quency Loran signal strength with distance. 
The data are the same as those of Fig. 5-lb, 
except that in this case they are plotted 
against a linear distance scale. 
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as is now known, the daytime sky wave may have nearly the value of 
the night sky wave in high latitudes in winter, but it is so completely 
absorbed as to be negligible at low latitudes in summer. Curves have 
not been shown for the daytime sky wave because of insufficient 
information. The night sky wave is, of course, made up of many 
multiple reflections. Its field strength vs. distance curve is probably 
made up by the summation of a number of individual curves, those for 
the higher multiples having lower field strengths at the short distances 
and extending to longer ranges before dropping sharply when the shadow 

4000 
At 2 5 0 , 
naut., 
mi. 

At 750 naut mi. At 1000 naut. mi. 

300 0 300 0 
Time in microseconds 

FIG. 5-29.—The way that Low Frequency Loran ground and sky waves may add at 
various distances. The »ero of each horizontal scale marks the instant at which the first 
point of the ground-wave pulse arrives. The relative amplitudes are given by the changing 
ordinate scale. 

of the earth cuts them off. A more precise experimental determination 
of the night sky-wave curve of Fig. 5-28 would probably show these 
irregularities. 

The exact shape of the received pulse at any distance depends upon 
the length of the transmitted pulse, the amplitude of the sky-wave com
ponents relative to the ground-wave, and the sky-wave delays. Various 
assumptions may be made about all of these factors, and most of them 
lead to very similar conclusions. The effect is demonstrated in Fig. 5-29 
where a pulse length of 200 >»sec has been chosen. This figure has been 
drawn on the assumption that the ground-wave and various sky-wave 
pulses are always in the same r-f phase at the receiver, so that the individ
ual pulse envelopes can be added to give the composite envelope. This 
assumption is contrary to fact, as will be explained below, but it yields 
results that are useful in understanding the problem. At 250 nautical 
miles the figure shows a nighttime condition where the first sky wave 
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arrives about 100 jisec behind the ground wave and is of somewhat 
greater amplitude. The composite envelope exhibits a distinct shelf at 
the point where the sky-wave pulse begins. At 500 nautical miles the 
sky-wave delay is decreased to the point where ground wave and first 
sky wave merge into a fairly smooth pulse. The second-hop sky wave 
is beginning to overlap at the tail of the pulse and produces an irregularity. 
As the distance increases, the received pulse envelope passes through 
various distorted forms until at 1500 miles the ground-wave and first 
sky-wave components are assumed to be negligible and the pulse regains 
a fairly simple shape, at least throughout its first half, which is used for 
measurement. The pulse arrives about 110 ^sec later than the theoretical 
time of arrival of the ground wave. 
sky-wave components drop out and 
the total sky-wave delay increases 
accordingly. The changes in am
plitude with distance may be judged 
by the changes of scale of the ordi-
nates in Fig. 5-29. 

One great advantage of L-F 
t r a n s m i s s i o n is already clear. 
However complex the sky-wave 
components may be, nearly all the 
energy reaches the receiver in a 
single pulse because no energy pen
etrates the E-layer and the effec
tive E-layer components are more 
or less superimposed. Thus the 
pulse shape may be complex, but there is only one pulse received per pulse 
transmitted; the navigator, therefore, is not led astray by errors and 
ambiguities in the choice of the pulse with which he should work. 

It is already clear that the low-frequency sky-wave delay curve, if 
one can be drawn, differs radically from that at 2 Mc/sec because, as 
Fig. 5-29 indicates, the greater the distance the greater the delay. This 
effect may be thought of in the terms indicated in Fig. 5-30 where the 
delay curves for one-, two-, three-, and four-hop transmission are indi
cated. At 2 Mc/sec no attention is paid to the two-, three-, or four-hop 
delays, if they exist. The operator effectively uses the zero-delay line 
(ground waves) whenever he can and then when necessary makes a 
deliberate transition to the one-hop delay curve. This cannot be done 
at 180 kc/sec because the shape of the received signal pattern does not 
clearly show which components are being received. It is, however, 
possible to say that at short distances the ground wave will predominate 
and zero delay will be observed. At some distance, as suggested in the 

At longer and longer ranges various 

Distance in nautical miles 
F I G . 5-30.—The way in which an approxi

mate Low Frequency Loran delay curve can 
be made up from the individual delay 
curves for multiple-hop transmission. An 
explanation is given in the text. 
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1000-mile diagram of Fig. 5-29, the effective time of arrival of the received 
pulse is approximately that of the first-hop sky wave. At some greater 
distance, say 2000 miles, both the ground wave and the one-hop sky wave 
have negligible amplitude and the time of arrival is essentially that of the 
two-hop sky wave. Thus the equivalent low-frequency sky-wave delay 
curve, as shown by the wavy line on Fig. 5-30, will find its way across 
the figure with, in general, a positive slope. The tendency for this delay 
curve to cling to each of the separate multiple-delay curves is affected by 

many factors including the pulse 
length and receiver bandwidth but 
depends particularly upon the rela
tive amplitudes of the. v a r i o u s 
multiple reflections. Thus, if the 
two-hop component should be very 
weak compared with the one-hop 
c o m p o n e n t , the effective dejay 
might tend to cling to the one-
hop curve over a considerable dis-
t a n c e , p e r h a p s almost to the 
distance at which the one-hop sig
nal disappears. This effect can be 
understood easily by reference to 
the night sky-wave curves of Fig. 
51a. 

We are thus led to the conclu
sion that over long distances the 
time of transmission of a pulse in

cludes a delay that increases with distance and that may, with minor 
inaccuracies, be considered as a small reduction in the velocity of propa
gation. 

The assumption that the amplitudes of the various pulse components 
may be added to give the amplitude of the composite pulse is, of course, 
contrary to fact. The first-hop sky wave is in general delayed from 10 
to 25 cycles (at 180 kc/sec) behind the ground-wave pulse and is just as 
likely to arrive out of phase as in phase. The height of reflection is not 
constant but is usually slowly increasing or decreasing, so that the phase 
of the one-hop sky-wave component may change through 2 or 3 cycles 
with respect to the ground-wave pulse over a period of several hours. 
The effects of this phase change may be examined with the aid of Fig. 
5-31, which has been drawn assuming that no second- and higher-multiple 
reflections exist and that the ground wave has about half the amplitude 
of the sky wave. If these components could be seen individually, the 
ground wave would appear as shown by the dotted pulse between A and 

C 
Time—— 

F I G . 5-31.—A simplified diagram indi
cating how Low Frequency Loran pulse 
shapes can vary with the phase relation 
between ground- and sky-wave components. 
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D, and the sky wave might appei 
times marked B and C are those 
at which the sky wave begins and 
at which the ground and sky waves 
have equal amplitude. If the 
ground and sky waves arrive in 
phase, the envelopes may be add
ed (as shown in Fig. 5-29) to give 
the envelope ALE of Fig. 5-31. 
The amplitude at time C is twice 
the amplitude of the individual 
pulses a t tha t instant. If, how
ever, the sky-wave delay is an odd 
number of half cycles so tha t the 
components are in r-f opposition, 
the resultant envelope is different 
in major respects. There can be 
no change with phase between 
instants A and B because through
out that interval only the ground 
wave is being received. At time 
C, however, the two equal ampli
tudes of the individual compo
nents will cancel, so that the 
resultant amplitude of the enve
lope is zero. The complete re
sultant envelope is that shown as 
AMCNE which is, of course, the 
absolute magnitude of the differ
ence between the two individual 
pulse envelopes. The r e l a t i v e 
amplitude of the peaks at M and 
N depends primarily upon the rel
ative amplitudes of the individual 
pulse components, although it is 
affected by the ratio of the delay 
to the length of the transmitted 
pulse. The v a r i a t i o n of the 
resultant envelope with r-f phase 
is shown in Fig. 5-32a. I t will 
be observed that a 90° phase dif
ference produces a composite en
velope that is not conspicuously 

as shown between B and E. The 

Time—*-
(a) 90-/isec delay 

Amplitude ratio 1 to 2 

JXJ^L 

(6) 60-^sec delay 
Amplitude ratio 1 to 5 

Time—*-
<c) 90-/*sec delay 

Amplitude ratio 1 to 1 
Fia. 5-32.—Diagrams of the pulse shape 

expected for a simple combination of ground 
wave and one-hop sky wave for three relative 
pulse amplitudes and for various phase 
relations. 
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different from that for zero degrees. Figure 5-326 and c shows the same 
sort of diagrams for relative ground-to-sky amplitude ratios of 1/5 and 
unity, respectively. In practice the patterns with plateaus or notches 
in them are encountered infrequently, typically for 5 or 10 min. every 
2 hr. This low probability of occurrence stems from two causes: (1) 
With low ground-wave amplitudes, phase opposition must be attained 
within 30° or 40° in order to produce any significant change in the 
appearance of the pulse. (2) A second reason stems from the fact that 
the shape and length of the received pulse is ordinarily determined by the 
bandwidth of the receiver. The distorted shapes represented in these 
figures require a wider bandwidth for their satisfactory reproduction than 
do the simple or in-phase shapes. This can be seen most clearly in Fig. 
5-32c where it is obvious that reproduction of the diagram for 180° will 
require approximately twice the bandwidth needed for the case of 0°. 
There is, therefore, a tendency in the receiver to smooth out the more 
eccentric pulse shapes, thus tending always to make the pulse look more 
like the in-phase pulse than it really is. 

The major timing errors in LF Loran arise from the condition shown 
in Fig. 5-326 where the ground wave is relatively weak compared with 
the one-hop sky wave. In the 180° curves of Fig. 5-32a and c a large 
error is not ordinarily to be feared because the first rise of the ground-
wave pulse has sufficient amplitude to permit the operator to make his 
reading on the ground-wave component and to disregard any peculiar 
shapes introduced by the sky waves. In Fig. 5-326, however, the ground 
wave contributes only the wedge-shaped beginning of the pulse. If the 
noise is sufficiently low, the operator may be able to increase the gain of 
the receiver and make what amounts to a ground-wave match; but, if the 
noise is high, the navigator may miss the snout of the pulse and make his 
measurement on the steeply rising portion. This can result in an error 
of as much as 50 jusec. It is practically impossible for the navigator to 
estimate corrections that would make his reading more truly representa
tive of his position, on the basis of the pulse shape that he sees. In 
general, the average value of the effective delay of the pulse must be 
incorporated in the construction of the navigator's charts, and any 
deviations from this average value must be accepted as errors. The 
chart-producing agency cannot determine in advance whether or not the 
navigator will identify the snout on the pulses in Fig. 5-326. The charts 
must, therefore, be drawn in terms of the average reading made by the 
average operator under these conditions. This is equivalent to saying 
that larger errors must be expected at the distances at which the low-
frequency delay curve of Fig. 5-30 is most steep. At distances where the 
delay curve is essentially horizontal there is little opportunity for 
ambiguity. 
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The slopes at which these pulses rise are inversely proportional to the 
receiver bandwidth. The degree of smoothing depends essentially upon 
the ratio between the reciprocal of the receiver bandwidth and the sky-
wave delay time. I t is therefore obvious that the effective time of arrival 
of a composite pulse depends upon the bandwidth of the receiver used to 
observe it. This is an unfortunate condition in that it, to some degree, 
requires the specification of the receiver to be used in the LF Loran system 
before the empirical sky-wave delay data can be gathered. In the case 
of the Radiation Laboratory experiments it appears now that the band-

A/V 
1015 1022 1025 

1040 1047 1057 EWT 
FIG. 5-33.—Low Frequency Loran pulse shapes under conditions that closely approximate 

those of Fig. 5-32c. 

width of the converters that were built to permit operation of standard 
receiver-indicators for LF Loran operation should have been about 12 to 
14 kc/sec rather than the 8 kc/sec that was used. A brief experiment 
conducted just before the end of the experimental program indicated that 
the average errors of an LF Loran reading could be reduced in some cases 
by a factor of 2 by the use of a receiver having a bandwidth of 14 kc/sec. 
The additional noise introduced by this increase in bandwidth did not 
seem materially to affect the operation of the system. 

In practice, the pulse shapes observed are more complex than those 
shown in the last few pages because of the presence of components repre
senting second, third, and higher multiple-hop transmission. These more 
complex forms, however, do not materially affect the navigator's opera
tion, because his attention is confined to the first part of the pulse. Figure 
5-33 shows a condition (Key Largo observed at Puerto Rico between 

7H 
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10:00 and 11:00 A.M. in June) that closely resembles that of Fig. 5-32c. 
The amplitude of a one-hop sky wave is approximately equal to that of 
the ground wave, and the higher multiple reflections are not of sufficient 
amplitude to affect the picture significantly. The figure shows a series 
of photographs of the traces on the Loran indicator during the transition 
from phase opposition to phase addition. 

0016 0022 0031 EWT 
FIG, 5-34.—Two superimposed Low Frequency Loran pulses under more complex 

conditions than those of the last two figures. Note that the shape of the ground-wave part 
of the pulses (at the left) remains unchanged although there are violent changes in the 
shape of the remainder of the pulses. 

Figure 5-34 shows the more complicated conditions obtaining at night. 
These pictures were made at about midnight in summer at a point about 
halfway between Brewster and Cape Fear. The distances are so short 
that the first part of the pulses, which are shown matched, is the ground-
wave portion corresponding to the time interval AB on Fig. 5-31. The 
indicator was not readjusted throughout this series of photographs. 
Although each of the pulses passed through extreme gyrations of shape, 
the match of the leading edges was always good. Figure 5-35 shows the 
match between a pair of pulses at a greater average distance, at about 
the same time of night. One of the pulses exhibited a fairly strong 
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ground-wave component, but the second one was dominated by the 
first-hop sky wave. The changes in shape were less rapid and extreme, 
but the precision of the match of the front edges was not nearly so good 
as in Fig. 5-34. Figure 5-35 is much more representative of the typical 
behavior of LF Loran pulses that are the two that precede it. 

0112 0116 0118 

0125 0129 0137 EOT 
FIG. 5-35.—Low Frequency Loran pulse shapes. This figure indicates approximately the 

average behavior of the pulses under operational conditions. 

5-13. Observations on the Experimental Low Frequency Loran 
Triplet.—Because of the complicated pulse structures described in the 
last few pages, it is necessary to adopt rather simple operating techniques 
for the use of the navigator and to accept as errors any variations that 
cannot be reconciled with the simple instructions. If any errors turn 
out to be consistent in certain areas or at certain distances from the trans
mitters, they can be incorporated in one or more sky-wave delay curves 
of the form shown in Fig. 5-30. Separate delay curves can be used for 
transmission over land and over water without difficulty because the 
agency that calculates the Loran charts and tables can select and use the 
appropriate corrections. To some extent, differing sky-wave corrections 
can be used for day or night and winter or summer conditions. This 
trend cannot be carried far before it results in undesirable confusion for 
the navigator, but there is a precedent for the use of sky-wave corrections 
to be applied at night. We are justified, therefore, in considering that 
four sky-wave delay curves will be used: for day and night, land and 
water. Charts will presumably be drawn including the sky-wave cor
rections applicable for daytime operation, and nighttime corrections, 
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4000 

3000 

2000 

analogous to the sky-wave corrections in Standard Loran, will be used 
wherever they are necessary. Whether separate charts or separate sky-
wave corrections will be required for summer and winter operation is not 
yet clear. 

Since the sky-wave corrections could not be estimated before the 
start of the experimental program, the LF Loran tables were made up by 
the Hydrographic Office on a basis of ground-wave transmission, assum
ing the same velocity of propagation, 299,692 km/sec, that has been used 
in preparing charts for Standard Loran. Monitor-station operators were 
instructed to use as high a receiver gain as the noise permitted and to 
match the leading edges of the pairs of pulses, paying no attention to the 
relative amplitudes of the pulse peaks. These data, comprising some 

80,000 individual readings, have 
been summarized and analyzed. 
The consistent variations of the ob
served readings from the predicted 
ground-wave readings have been 
used to construct the equivalent 
delay curves for LF Loran opera
tion in summertime. The devia
tions from these average readings 
are summarized below as errors. 
This treatment is not strictly accu
rate, as the delay curves, of course, 
do not pass through all the experi
mental points; there are, therefore, 
some residual errors that would op
erate to increase the average devi
ation. I t is felt, however, that this 
effect would be offset by the im
provement to be expected from the 
use of a somewhat wider pass band 
in the receiving equipment, which 

has been suggested above. It is probable, therefore, that the data to be 
presented give a good estimate of the errors to be expected in LF Loran 
operation. 

In working up the data, it has been assumed that the synchronism of 
the transmitting stations is rigorous and that all of the observed variations 
occur in the paths between the transmitting stations and the monitoring 
stations. Figure 5-36, a distribution curve showing the master-station 
readings on the Z-pair, indicates that this assumption is justified. The 
average deviation of synchronism is not, in general, more than a few per 
cent of the deviations observed at any of the monitoring stations. 

i 

1 
1 

, ■ 

J 

Cape Fear 
Key Largo 
2 0 + <5 

1 
i O— 

1000 

8600 8610 8620 
Reading in /*sec 

F I G . 5-36.—A distribution curve indi
cating the reliability with which Low Fre
quency Loran observations can be made at 
distances where the ground-wave compo
nent dominates the pulse shape. 
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A very fair indication of the diurnal variatons in the usefulness of the 
signals received at various distances is given in Fig. 5-37. These curves 
represent the relative number of readings made on the Z-pair at various 
distances, plotted as a function of time of day. The habits of the 
operators at the transmitting and monitoring stations appear in these 
data but do not materially affect 

Beginning of schedule 
Approx. sunsets A, 

End of 
schedule -

Little Falls 
1420 miles over land 

Trinidad 
1670 miles over water 

1 1 I „„_! 

1° 
i z>ff^ 1 !"~1 

, ! 

i Puerto Rico 
1090 miles over water 

the conclusions. The number of 
readings between the morning 
hours of eight and nine is low, as 
the transmitting stations were 
frequently late in coming on the 
air, because ground fog prevented 
the flying of the balloons that sup
ported the transmitting antennas. 
These points have been neglected 
in drawing the smooth curves. 
Two significant conclusions may 
be drawn from Fig. 5-37. (1) As 
seen in the two lower curves, 
there is, during the afternoon and 
night, a steady increase in the dif
ficulty in making readings at dis
tances where the ground-wave 
component of the received pulses 
is considerable. This effect is due 
to the steady rise of the noise level 
and indicates the disinclination 
of the operators to take many 
readings rather than the impossi
bility of making measurements. 
The peak at 17 hr. in the Puerto 
Rico curve is probably fictitious. 
(2) The curves for Trinidad and 
Little Falls indicate the impossibil
ity of taking readings at those dis
tances when the afternoon noise reaches its peak at about 18 hr. The sig
nals are recovered when the sky-wave components increase in amplitude at 
sunset. In summer, the portions of the curves before 18 hr. represent 
primarily ground-wave transmission, whereas those between 18 hr. and 
sunrise are due mostly to the sky-wave components. There is some 
evidence to indicate that in winter daytime sky-wave transmission will 
dominate at ranges beyond 800 or 900 miles, but this suggestion needs 
additional verification. 

12 18 00 06 
Eastern war time 

Bermuda 
930 miles over water 

Fia. 5-37.—The diurnal variation of the 
serviceability of Low Frequency Loran signals 
at various distances in summer. The ordi-
nates represent the average number of read
ings successfully made at various fixed moni
tor stations. 
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F I G . 5-38.—The diurnal variation of the various Low Frequency Loran readings at six 
monitor stations. The ordinates indicate the mean readings, and the lengths of the line 
segments are approximately proportional to the number of observations in each case. 
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The diurnal variations of the 
readings at the six regular monitor 
stations are exhibited in Fig. 5-38a 
to / inclusive. In these diagrams 
the vertical position of each line 
segment indicates the mean reading 
for the hour in question, and the 
length of the segments represents 
roughly the relative number of ob
servations. That is, the lengths of 
the lines indicate data of the form 
exhibited in Fig. 5-37. In the cases 
of Bermuda and Little Falls (Fig. 
5-38a and / ) there is little indica
tion of any diurnal trend in the 
readings, although the signals at 
Little Falls fail for 4 or 5 hr. in the 
late afternoon. The other figures 
in this series indicate either a con
sistent difference between daytime 
and nighttime readings or a fluctu
ation that does not appear to be 
statistically reliable in indicating a 
diurnal effect. There is, however, 
an indication that transmission con
ditions are usually more stable in 
the daytime. This has led to 
breaking the bulk of the data into 
two groups with a nominal dividing 
line at sunset. Distribution curves 
indicating the spread of daytime 
and nighttime readings at the 
various monitor stations are given 
in Figs. 5-39 to 5-45 inclusive. 
All of these diagrams arc plotted 
in terms of the Loran reading in 

Fra. 5-39.—The distribution curves of 
the three Low Frequency Loran readings at 
Bermuda. In each case a subsidiary 
abscissa scale has been appended with its 
zero at the reading computed without 
benefit of sky-wave corrections. The sub
sidiary scale gives the line-of-position error 
in nautical miles. 
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microseconds, but to each of them is appended a scale giving the cor
responding displacement in nautical miles perpendicular to the line of 
position. The zeros of these scales are at the computed ground-wave 
readings, so that a visual estimate may be made of the errors introduced 
by neglecting the sky-wave corrections. The algebraic signs attached to 
these subsidiary scales have no significance. The daytime curve of 
Fig. 5-39o, for instance, indicates that most of the readings fall within 
the range 5350 to 5400 ;usec, or about —6 to + 3 nautical miles. The 
position corresponding to the mean reading (on a ground-wave basis) is 
about 2 miles from the actual site. 

In general, nighttime readings have a larger spread than those taken 
in daytime. They may also, as in Figs. 5-40 and 5-426, exhibit a con

sistent shift. The Camperdown 
readings on the X-pair (Fig. 5-41a) 
are particularly interesting. In 
this case the slave station was at 
such a short distance that the re
ceived pulse was essentially pure 
ground-wave at all times. The 
master station, however, at 930 
nautical miles, was received by 
ground-wave transmission in the 
daytime but was dominated by 
sky-wave at night. This would 
have caused little difficulty, since 
n i g h t t i m e measurements could 
have been made on the ground-
wave part of the c o m p o s i t e 
pulse, except that the monitor
ing station was subject to periods 

of extreme man-made interference from neighboring installations. When 
this noise was high, it would cover up the ground-wave contribution to 
the composite pulse (see the 1000-mile curve of Fig. 5-29) with the result 
that the apparent time difference was changed by about 50 jusec, the 
amount of the sky-wave delay. Thus the night distribution curve of 
Fig. 5-41a tended to have two maxima corresponding to the reading of 
essentially pure ground wave or pure sky wave from the master station. 
I t should be noted that the night maximum at 2055 ^sec and the daytime 
maximum both agree with the computed ground-wave time difference. 

I t will be noticed that in general there is not a great difference in the 
total spread of the curves as a function of distance. On the average, 
half of the daytime observations fall within ± 10 jusec from the median, 
and at night 50 per cent of the readings are within ±13 ^sec. At some 

8450 8500 8550 
Reading in /isec 

F I G . 5-40.—Distribution curves, similar 
to those in Fig. 5-39, of the Low Frequency 
Loran readings at Brewster. 
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Fio. 5-42.—Distribution curves, similar 
to those of Fig. 539, of Low Frequency 
Lorun readings at Puerto Rico. 

Fio. 5-41.—Distribution curves, similar to 
those of Fig. 5-39, of Low Frequency Loran read
ings at Camper down. 
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distances such as in the Camperdown case quoted above or in the case 
of the 890 miles over land represented in Fig. 5-446 and c, there is con

siderable ambiguity in that the 
operator may read essentially a 
ground wave or a sky wave or a 
composite value. I t will be real
ized that this distance is that at 
which the estimated delay (Fig. 
5-30) is making its sharpest rise. 

The discrepancies between the 
observed readings and those com
puted for ground-wave transmis
sion are exhibited in Table 5-3. 
The discrepancy in Column 7 or 
Column 9 is, with due regard for 
sign, a chord of the delay curve 
(see Fig. 5-30) between the two 
transmission times given in Col
umns 3 and 4. By starting at the 
shorter distances, at which the de
lay may be assumed to be zero, 
points may be connected to define 
approximately the shape of the 
curve, as was done to derive the 
2-Mc/sec delay curve. Fitting 
these various data together calls 
for the exercise of judgment 
because the agreement between 
separate sets of observations is 
never so good as could be wished. 
In general, all of the observations 
except those at Bermuda fit into 
the delay pattern exhibited in 
Fig. 5-46. The Bermuda obser
vations have been weighted very 
lightly in drawing these curves 
because the anomalies there may 
be attributed to a faulty ampli

tude-balance circuit in the receiver used at that station.1 

The shape of the overwater curves of Fig. 5-46 resembles the curve of 
1 A receiver that was known to be satisfactory was operated in Bermuda for a few 

days toward the end of the program. The observations with this receiver, although 
few in number, were in good agreement with the curves of Fig. 5-46. 

3800 3600 3650 3700 3750 
(c) Reading in /isec 

FIG. 5-43.—Distribution curves, similar 
to those of Fig. 5-39, of Low Frequency 
Loran readings at Trinidad. 
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F I G . 545 .—Dis t r ibut ion curves, similar 
to those of Fig. 5-39, of Low Frequency 
Loran readings at Little Falls. 

F I G . 5-44.—Distribution curves, simi
lar t o those of Fig. 5-39, of Low Frequency 
Loran readings a t Wright Field. 
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F I G . 5-46.—The four experimental Low 
Frequency Loran delay curves for summer 
operation. 

Fig. 5-30 except that the height of the steps is less than had been antici
pated. I t is reasonable that the night curve should resemble the day 
curve, displaced to the left, because any daytime ratio of first-hop sky-
wave amplitude to that of the ground wave can be found at night at some 
shorter distance. I t is possible that the initial slope of the land curves 

represents a decrease in the veloc
ity of ground-wave propagation 
over land. The curves have been 
drawn as they are because there 
is no evidence that the land curves 
leave the origin along the abscissa. 
If the velocity is less over land, the 
shapes of the land curves may be 
very nearly those of the water 
curves superimposed upon a veloc
ity slope, which here seems to be 
about 1 in 250. This hypothesis 
accounts for the shape of the 
night-land curve, but we should 

expect that the slope of the day-land curve would begin to decrease at 
about 7000 jisec. More overland data should be taken to clarify this 
question. 

That the minor variations in the delay curves of Fig. 5-46 are not of 
extreme importance is indicated in Columns 4 and 5 of Table 5-4. These 
columns give the displacements of the line of position (in nautical miles) 
corresponding to the discrepancies of the mean readings, from the cal
culated ground-wave values, which were given in Columns 7 and 9 of 
Table 5-3. The entries for Brewster and Camperdown in Table 5-4, 
Columns 4 and 5, are nearly meaningless because the monitoring stations 
were located almost upon the baseline extensions where the system is not 
expected to provide navigation. The remaining figures in these columns 
indicate the consistent discrepancies that the equivalent delay curves 
are expected to correct. That is, the position lines at distances of the 
order of 1000 miles are, in general, in error by less than 10 miles even if 
the delay curves are totally neglected. 

Columns 6 and 7 of Table 5-4 give the average deviations from the 
mean reading observed at the various monitor stations. Here again the 
entries for Brewster and Camperdown are not significant from the view
point of navigation. The figures in Columns 6 and 7, Table 5-4, do not 
form a very coherent pattern because the monitor stations he at various 
angles to the baselines. This effect has been removed in columns 8 and 
9 where the stations are assumed to he on a great circle that intersects 
the center of the baseline at an angle of 45°. The geometrical factors 
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have also been adjusted to apply to a baseline whose length is 600 nau
tical miles. The only assumption involved in this treatment is that 
the scattering of the observed time differences does not depend upon the 
orientation of the baseline. This is not strictly true, but most of the 
adjustments are relatively minor. 

300 500 1000 1500 300 500 1000 1500 2000 
Mean distance in nautical miles Mean distance in nautical miles 

(a) Summer day (6) Summer night 
F I G . 5-47.—The median errors of the Low Frequency Loran experimental observations 

plotted as a function of distance. The curves are corrected to simulate operation at an 
angle of 45° from a 600-mile baseline. The heads of the arrows appended to many of the 
experimental points indicate the values before correction. 

300 500 1000 1500 2000 300 500 1000 1500 2000 
Mean distance in nautical miles Mean distance in nautical miles 

(a) Summer day (4) Summer night 
Fio. 5-48.—Error diagrams for day and night operation, similar to those of Fig. 5-47, but-

indicating the errors exceeded less than 10 per cent of the time. 

The median errors from Columns 8 and 9 are plotted in Fig. 5-47a 
and b. In these diagrams the solid lines represent the errors associated 
with a baseline length of 600 nautical miles, and the dashed lines represent 
the errors associated with Y- and PF-readings which have a 1200-mile 
baseline. The arrows attached to many of the points indicate the mag
nitude of the corrections that were made for the positions of the monitor 
stations. That is, the actual observed errors (Columns 6 and 7 of 
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Table 5-4) lie at the heads of the arrows. Figure 5-48a and b exhibits 
very similar data. In this case the curves represent the errors (of line 
of position) that were not exceeded in more than 10 per cent of the 
readings. 

The observations were reduced to positions at an angle of 45° from 
the baseline to represent average navigational conditions. The variation 
of error with angle is small for short distances. At long distances, say 
more than one baseline, the accuracy varies approximately with the 
cosine of the angle that measures the navigator's position with respect 
to the normal to the baseline. In other words, the errors on the center 
line may be expected to be about 0.7 of those plotted in these figures, and 
the errors at 30° off the baseline should be about 1.4 times the quantity 
that has been plotted. 

T A B L E 5-3. - D A T A FOR L F LORAN SKY-WAVE C O R R E C T I O N C U R V E S 

All figures in microseconds 

1 

Monitor 
station 

Over sea water: 

Bermuda 

Brewster 

Camperdown. 

Puerto Rico. . . 

Trinidad 

Over land: 

Wright Field. 

Little Falls 

2 

Pair 

1 
1 
1 

1 

f 
W 
z 

11 

if 
X 
z 
w 
X 
z 
w 

3 4 

Time of 
transmission 

Master 
station 

4186 
4186 
3838 
3746 
5721 
5721 
2031 
6737 
6737 
5182 

10332 
10332 
8629 

2828 
2828 
4019 
6450 
6450 
6680 

Slave 
station 

3838 
5737 
5737 
6914 
2031 
8766 
8766 
8660 
5182 
8660 

11883 
8629 

11883 

4019 
5524 
5524 
6680 
8770 
8770 

5 

Com
puted 

ground-
wave 

reading 

5385.2 
6862.0 
1476.8 
8472.2 
2053.6 
8349.1 
6295.6 
7667.1 
3749.5 
3917.5 
7295.5 
3601.7 
3693.8 

6934.9 
7999.8 
1064.8 
5977.0 
7624.0 
1647.0 

6 7 

Day 

Mean 
ob

served 
reading 

5374.4 
6888.8 
1508.8 
8496.8 
2052.4 
8377.5 
6338.8 
7675.1 
3740.1 
3938.9 
7308.6 
3605.0 
3696.8 

6939.9 
8044.3 
1107.7 
5981.2 
7661.3 
1679 1 

Ob
served 
minus 
com
puted 

- 1 0 . 8 
26.8 
32.0 
24.6 

- 1 . 2 
28.4 
43.2 
8.0 

- 9 . 4 
21.4 
13.1 
3.3 
3.0 

5.0 
44.5 
42.9 

4.2 
37.3 
32.1 

8 9 

Night 

Mean 
ob

served 
reading 

5369.3 
6887.8 
1514.6 
8508.9 
2031.3 
8364.4 
6350.7 
7674.4 
3753.4 
3929.4 
7317.6 
3598.0 
3723.6 

6934.4 
8005.2 
1071.2 
5981.8 
7665.3 
1687.1 

Ob
served 
minus 
com
puted 

- 1 5 . 9 
25.8 
37.8 
36.7 

- 2 2 . 3 
15.3 
55.1 

7.3 
3.9 

11.9 
22.1 

- 3 . 7 
29.8 

- 0 . 5 
5.4 
6.4 
4.8 

41.3 
40.1 
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The discussion has been limited to the errors of a line of position, 
because the errors of fix are complicated by the variation of the crossing 
angle between two lines of position. This matter is so complex that an 
attempt to treat it in a simple way usually fails of its purpose. The 
errors of fix for any proposed orientation of stations must be examined 
as a specific problem by the ordinary methods through the treatment 
outlined in Chap. 3. It should be remembered that this question of the 
error of fix is not peculiar to Loran but occurs in exactly the same way 
when celestial navigation or radio direction finding are used. 

TABLE 54.—DATA ON THE SCATTER OK LF LORAN READINGS 
All figures in nautical miles 

1 

Monitor 
station 

Over sea water: 

Camperdown 

Trinidad 

Over land: 

Wright Field 

Little Falls 

2 

Pair 

[w 
Z 

\ l 

[w 

[I 
[I 
[i 
(w 

3 

Mean 
distance 

649 
802 
774 
862 
627 

1171 
873 

1245 
964 

1119 
1796 
1533 
1658 

554 
675 
772 

1062 
1231 
1249 

4 5 

Magnitude of 
sky-wave 
correction 

Day 

1.9 
7.3 
3.6 

20.8 
1.0 

25.1 
19.5 
3.0 
3.1 
3.8 
6.6 
1.7 
0.8 

0.8 
14.7 

1.4 
1.2 

18.5 
5.9 

Night 

2.8 
7.0 
4.3 

31.1 
18.6 
13 5 
24.8 

2.7 
1.3 
2.1 

11.0 
1.9 
7.7 

0.1 
1.8 
0.7 
1.4 

20.4 
7.3 

6 7 

Median 
deviation 
observed 

Day 

0.8 
2.7 
1.2 
6.8 
4.0 

11.1 
6.3 
2.3 
3.2 
2.3 
3.5 
3.2 
2.7 

1.4 
5.0 
1.8 
2.2 
3.7 
1.5 

Night 

1.9 
3.7 
2.0 
8.0 

15.2 
10.6 
5.7 
2.9 
2.6 
3.6 
9.1 
5.8 
4.5 

1.9 
5.5 
1.1 
2.6 
5.9 
2.5 

8 9 

Median devia
tion reduced 
to b = 600, 

B = 45° 

D a y 

1.1 
2.8 
1.2 
2.5 
1.0 
5.4 
1.9 
2.8 
3.4 
2.4 
4.7 
3.6 
3.1 

1.6 
3.6 
1.8 
3.1 
3.4 
1.7 

Night 

2.4 
3.8 
2.0 
2.9 
3.9 
5.2 
1.7 
3.6 
2.8 
3.8 

12.3 
6.5 
5.2 

2.2 
3.8 
1.1 
3.6 
5.5 
2 . 9 



CHAPTER 6 

METHODS OF COMPUTATION OF LORAN TABLES AND CHARTS 
B Y B. W. SITTERLY 

6-1. Equations for Distance over the Earth.—The equation for the 
time difference T, which is the quantity measured by the Loran timer or 
indicator, has been shown to be 

T = (0 + 5) + v 
Eq. 4 of Sec. 3 1 , where /3 is the distance between the master and the 
slave station and v = sB — sA, sB and SA being respectively the distances, 
from the point at which T is determined, to the slave and to the master 
station. The three distances are taken along geodesies over the earth's 
surface and expressed in light-microseconds. 

For Loran computations it is not accurate enough to consider the earth 
as a sphere; it must be taken as an oblate spheroid. The length along a 
geodesic between two designated points on a spheroid cannot be calculated 
directly but may be approached to any degree of approximation by a 
somewhat lengthy step-by-step process.1 For the purposes of Loran, 
great accuracy is unnecessary; the nearest hundred feet is close enough. 
This precision may be attained by rather simple modifications of the 
calculation for a sphere. Two such modifications have actually been 
used in Loran computations. 

The first method used was one devised by Doolittle and described by 
Hayford.2 In this method the true geodesic distance between a point on 
the earth at latitude <pi and a point at latitude <p2 (where <pi is farther 
from the equator than <p2) is approximated by the great-circle distance 
between a point at latitude 

<Pi — ie2(<Pi — ̂ 2) cos2 i(pi + <p2) 
and a point at latitude 

¥>2 + i«2 (•Pi — <pi) cos2 £(<pi + vi) 
on a sphere of radius 

E 
V l - e2 sin2 i(tpi + <p2) 

1 See W. D. Lambert, "Effects of Variations in the Assumed Figure of the Earth 
on the Mapping of a Large Area," U.S. Coast and Geodetic Survey, Special Pub. 100, 
p. 16, 1924. 

2 J. F. Hayford, "The Figure of the Earth and Isostasy," U.S. Coast and Geodetic 
Survey, p. 88, 1909; F. G. Watson, "Computation of Loran Lattice Points," RLLoran 
System Report No. 23, p. 1, 1942. 

170 
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where E is the equatorial radius of the earth and e is the eccentricity of a 
meridian section. It was found that this approximation was not suffi
ciently close in some latitudes and orientations of points, so a second 
method of computation, independently originated by Andoyer1 and by 
Lambert,2 has been generally adopted for computing Loran distances. 
In this method the great-circle distance is computed on a sphere of radius 
equal to the earth's equatorial radius E, between points having the same 
longitudes and latitudes on the sphere as on the earth. Then a small 
correction is applied to this distance to reduce it to its true value. If a is 
the great-circle distance in radians, the true distance 8 in linear units is 
given by 
s = Ea + is, 

= -(1 - V I - e2) cos^V* Bin2 2 (*'1+*'2) c o s 22 ^Vl ~ VtA (1) 
3 sin <r + <r , 1 . . . . 1 , .1 

s inH„ C08 2 (*1 + **> Sm 2 ( * " w ) } 
Since Ss is quite small, never exceeding two-thirds of 1 per cent of 8, it is 
convenient and precise enough to find it from tables' or graphically.4 

The last equation of (1) may be written 
Ss = p(sin #i + sin fa)1 — g(aia <f>i — sin fo)2, 

E /i n ;v3s in<r — a 
(1 - V 1 - e2) y 8V v ' cos2*? } (2) 

E /i /l 5\ 3 sin <r + (r 

The factors p and q are tabulated against a in the Hydrographi'c Office 
report mentioned. The computation may be made with a slide rule. 
The equations may also be written in the form 

-*('+£)■ 
^ _ (1 - V I - « ' ) [(1 - A) Bin'i (♦, + *,) . ( 3 ) 

- ( 2 - B)r«coB»i (*i + *,) 1 
= C sin2 U<t>i + 4>i) - D cos2 *(*, + *,), 

where r = (<£i — <t>i)/o-, which is practically equivalent to the cosine of 
1 M. H. Andoyer, "Formule dormant la longueur de la geodesique, etc.," Bull. 

Geodeaique, 34, 77 (1932). 
2 W. D. Lambert, "The Distance between Two Widely Separated Points on the 

Surface of the Earth," Jour. Washington Acad. Sci., 32, 125 (1942). 
* Hydrographic Office, U.S. Navy, Loran Technical Report No. 3, 1945. 
* B. W. Sitterly and J. A. Pierce, "Simple Computation of Distance on the Earth's 

Surface," RL Report No. 582, 1944. 
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the "average" true bearing along the great circle whose length is <r, and 
A and B are small quantities, functions of r and a. A rather simple 
nomogram may be constructed, for reading the coefficient E[l + (8s/Ea)] 
directly, against the three arguments i(<pi + <pi), r, and a, to a precision 
better than 1/100,000 of a, or against the two arguments $(<pi + vi) and 
r, to a precision of about 100 ft. at distances less than 1000 miles. The 
nomogram is described and examples given in the Radiation Laboratory 
report mentioned. The quantity E[l + (Ss/Eo-)] may be regarded as 
the "effective radius of curvature" of the arc <r. 

In all these methods, the great-circle distance <r is calculated by one 
of the standard formulas 

cos a = sin v>i sin <pi + cos <p\ cos <pi cos AX, (4) 
hav a — hav (<pi — <P2) + cos v>i cos <pi hav AX, (5) 
hav a = hav AX hav [180° — (<pi + V2)] 

+ hav (180° - AX) hav (*>, - p2), (6) 
where AX is the difference between the longitudes of the points and hav a 
(the haversine of <r) is sin2 \a. Since a is usually less than 20°, seven 
significant figures are required to determine it to 1" (100 ft.) from its 
cosine, five figures to determine it from its haversine. But, if a calculating 
machine is used, seven figures are not much more troublesome than five, 
while the five-place tables of haversines included in most collections of 
nautical tables1 give only three or even two significant figures in the 
natural values for small angles, since the first two or three decimals are 
zero. Five-figure tables giving one million times the haversine, between 
a = 0°10' and a = 25°00', were prepared in 1944 at the Radiation Labora
tory2 for the solution of Eq. (6). This form of solution has been found 
convenient and rapid. If a is less than 2°, the direct formula3 

s = V[/i(*>i - * 2 ) ] 2 + (A AX)2 (7) 
is sufficiently accurate. Here / i = R sin l ' , / 2 = iVco8i(vi + <pi) sin 1', 
where R is the radius of curvature along the meridian and N the radius of 
curvature perpendicular to the meridian, at latitude £(̂ >i + <pi). The 
differences (<pi — >̂2) and AX are expressed in minutes of arc, and the 
linear unit of s will be that of R and N. Tables of /1 and / 2 are given in 
the reference3 the linear unit being the light-microsecond. Tables of 
R and N appear in standard geodetic texts. 

The small error in s which results from the use of the approximate 
correction Ss may be made still smaller by using the parametric or reduced 
latitudes of the two end points, instead of the geographical latitudes, in 

1 For example, in the American Practical Navigator, Hydrographic Office, U.S. 
Navy, Publication No. 9, revised every few years. 

' "Manua l of Procedures for Mobile Charting Units, Air Transportable Loran 
System," RL Report No. M-183, 1945. 

5 Hydrographic Office, U.S. Navy, Loran Technical Report No. 3, 1945. 
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Eqs. (1) to (6) inclusive. In this case the second equation of (1) is 
modified by substituting sin a for 3 sin a in both the bracketed terms. 
This substitution alters the values of p and q in Eq. (2), making p negative 
and very small and about halving q. In Eq. (3), 1 — A is to be replaced 
by —A' and 2 — B by 1 — B', where A' and B' are small quantities 
slightly different from A and B. The parametric latitude, which we 
may denote here by 8, is defined by the relation 

tan 6 = \ / l — e2 tan <j>, 

<j> being the geographical latitude. According to examples worked out 
by Lambert, use of the parametric latitude reduces the error of the 
approximation by about half. 

Over a small area the surface of the earth is very nearly a plane. 
Along a narrow strip it approximates closely a cylindrical or conical sur
face which may be developed into a plane. In so far as this approxima
tion holds, the earth may be represented truly to scale by a chart, and 
distances directly measured between charted points. If one light-micro
second on the earth is equivalent to k mm. on the chart, the point on the 
earth where v = SB — sA will correspond to the point on the chart where 
a circle, described about the slave station with radius ksB, intersects a 
circle described about the master station with radius ksA- If a family of 
such circles be described about each station and those intersections 
between the families selected, for which the difference (ksB — ksA = kv) 
has a constant value, the curve passing through these intersections on the 
chart will represent the Loran line {T = v + /3 + 5) on the earth. This 
technique has been used in constructing preliminary charts when the 
utmost rapidity in production was demanded. 

6-2. Equations for a Loran Line of Position. The Plane Approxima
tion.—For navigational purposes, the form of the earth may be taken to 
be spheroidal. No direct expression for the coordinates of a line of con
stant difference of distance on a spheroid has been developed as far as 
the writer is aware. But to the extent that a portion of the surface of the 
earth approximates a plane, a Loran line approximates a plane hyperbola, 
with its foci at the two transmitting stations. Three simple equations 
for the plane hyperbola are the central equation in rectangular and in 
polar coordinates, with origin midway between the foci, and the polar 
equation with origin at a focus. These are, respectively, 

x2 
c2 — a2 

a2(c2 - a2) 
c2 cos2 d — a2 

a< 
c cos 6 

(8) 
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where 2c is the distance between the foci and c/a the eccentricity of a 
hyperbola, x is taken parallel to and y perpendicular to the line connecting 
the foci (baseline), and 6 is zero when r coincides with this line. When 
y = 0, x = a. To distinguish the two branches of the hyperbola of 
eccentricity c/a, which correspond to different values of T, x and o are 
considered positive on the side of the center line (y-axis) on which the 
master station lies, negative on the other, so that o has the sign of v. In 
the denominator of the last equation the upper sign is applied to a if the 
origin of polar coordinates is taken at the master station, the lower if it is 
at the slave station. 

The constants a and c in Eq. (8) are related to the constants v and /S 
of a Loran line by the relations 

where k is the length of a light-microsecond in the linear units in which 
x, y, and r are expressed. By means of Eqs. (9) and (8) the lines of a 
Loran family may be plotted by points upon a chart on which the appro
priate coordinate grid, properly centered and oriented, has been con
structed. The rectangular equation is the best for this purpose, because 
rectangular coordinates are easier to lay out than polar. The Hydro-
graphic Office has published a table1 giving x with arguments a and y, for 
a < 0.75, and y with arguments a and x, for o > 0.70. The unit of 
length is c; the interval in a is 0.001; and the tabulated coordinate is given 
to four decimal places. There are also instruments for tracing plane 
hyperbolas mechanically, without calculation, tables, or constructed 
grids; one of these is described in Sec. 6-6. 

The plotted lines on the chart will depart from the course of the actual 
lines on the earth to the extent to which the chart projection distorts the 
earth's surface in representing it on a plane. This distortion is small 
enough in the case of the azimuthal and conic projections, within certain 
limits, so that corrections may be determined and applied to the plane 
hyperbolas, "warping" them to fit the other features of the chart. 
Distortion in the Mercator projection is too great to be corrected in this 
way, except in regions near the equator. 

In theory, it should be possible to express the coordinates of Eq. (8) 
in terms of latitude and longitude on the chart, by an algebraic trans
formation, since meridians and parallels on the chart form a plane 
coordinate grid. Such a transformation is practicable in the case of 
projections on which parallels and meridians are represented by a grid 
of straight lines, circles, or both; for others it is not. In all cases, graphi-

1 Hydrographic Office, U.S. Navy, "Tables for the Construction of Plane Hyper
bolae," H.O. Misc. 11,486 (1944). 
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cal construction is quicker and accurate enough for charting, while 
determination of exact general formulas to correct the plane hyperbolas 
for the terrestrial curvature and the form of the projection is not practica
ble. Approximate correction may be made by computing true Loran 
readings at selected points on the earth and adjusting the hyperbolas so 
that they will indicate these readings at the corresponding points on the 
chart. 

The Spherical Approximation.—A region of the terrestrial spheroid as 
large as the service area of a Low Frequency Loran triplet departs far 
from a plane surface, but it may be rather closely represented by a 
spherical surface. Loran lines on this surface are spherical hyperbolas. 
The first two equations below are, respectively, the central equation of a 
spherical hyperbola in spherical rectangular and in spherical polar coor
dinates; the last two are different forms of the spherical polar equation 
with origin at a focus. 

. , sin2 a cos2 c . , . . . sin2 x = -=—; :——- sin2 y + sin2 a, sin2 c — sin2 a 
2 _ tan2 o (sin2 c — sin2 a) 

sin2 c cos2 6 — sin2 a 
sin2 c — sin 

ti c cos c cos 6 + 
cos 2a — cos 2c 

, sm2 c — sin2 a \ , , „ , tan r = - —— : > (10) sin c cos c cos 6 ± sin a cos a 

sin 2c cos 6 ± sin 2a 
tan2 - 8 = s i n (c ± a ) s i n [r - (c + a)]^ 

2 sin (c + a) sin [r + (c ± a)]' 

where a, c, x, y, and r are spherical arcs. Here y is the spherical distance 
of a point of the hyperbola from the baseline (which is the great circle 
passing through the foci), that is, the arc intercepted between baseline 
and point, on a great circle that passes through the point and the poles of 
the baseline. Similarly, x is the spherical distance of the point from the 
center line (which is the great circle passing through the poles of the 
baseline and midway between the foci). The origin for the first two 
equations is the intersection of baseline and center line; for the third and 
fourth, one of the foci; and 6 is zero when r extends from this focus toward 
the other one, along the baseline. The first equation might have several 
other forms, since "spherical rectangular coordinates" may be chosen in 
several ways. The signs are taken in the same way as in Eq. (8). 

Conversion from the coordinates of Eq. (10) to geographical longitude 
X and latitude <p may be effected by standard transformation formulas of 
spherical analytic geometry or trigonometry. Convenient forms of these 
are given in Sec. 6-7 below [Eqs. (16) to (18)]. On a spherical earth of 
radius E, a series of points X, <p, computed by Eq. (10) and the trans-
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formation formulas, along a hyperbola specified by constants c and o, will 
define a Loran line for which 

P = 2Ec, ) 
v' = 2Ea, | (11) 
r = ft + & + v', J 

where E is the equatorial radius of the actual earth expressed in light-
microseconds, a and c are expressed in radians, and S is the coding delay. 
The longitudes and latitudes of the stations determine c, and a may then 
be chosen so that T' shall have any desired value. 

If the same series of points X, <p are transferred to the spheroidal earth, 
the lengths of all the great-circle distances will be changed, so that 
instead of B', v', and T' we will have 

0 = 2Ec + Ac, 
v = 2Ea + Aa, 
T = p + 5 + v 

= 2E(c + a) + 6 + Ac + Aa. 

Here Ac is the Lambert correction to the baseline, defined by Eq. (1) 
with a = 2c, and Aa is the difference between the Lambert corrections to 
the distances from the point X to the two stations. The correction Ac is 
constant for all the points, but Aa is not; consequently T is different for 
different points. Near each point, however, there will be another point 
X', <p', at which the time difference has the constant chosen value 7". 
Since the quantities Ac and Aa are small enough to be treated as infinitesi
mals to the accuracy required in Loran computations, the distance D 
from ip to <p' will be in light-microseconds 

D = i csc if (Ac + Aa) = w (Ac + Aa), (13) 

\j/ being the angle at X, <p between the directions to the two stations. 
The direction AD from X, <p to X', <p' will be perpendicular to the line con
necting neighboring points of the series X, <p and will extend in the direc
tion of decreasing T (toward the slave station) if Ac + Aa is positive, in 
the opposite direction if it is negative. Formulas for computing D and 
AD are developed in Sec. 6-7. When these have been found for each 
point X, ip, the coordinates of the corresponding point X', <p' are given by 

X' = X ± 0.162D sin AD sec <p, 
•p' = <p + 0.162Dcos AD. 

AD is measured from the north through the east, and the upper sign in the 
first equation is used if the longitude is east, the lower if it is west. The 
factor 0.162 converts D to minutes of arc. At the points X', <p' on the 
earth, the time difference is T'. A line drawn through these points is 

(12) 

(14) 
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the desired Loran line. I t practically coincides with the line drawn 
through the points X, <p near the baseline and diverges from it as distance 
from the stations increases. The divergence is greatest if the baseline is 
long, lies in middle latitudes, and runs nearly north and south, and if w is 
large. Over most of the ground-wave service area of an average standard 
Loran pair, it is less than a mile. 

6-3. The Three Basic Methods of Computation.—Basically, the 
course of Loran lines of position may be determined in three ways. The 
first may be called the inverse method. An array of regularly spaced 
points on the earth is chosen (for example, every whole degree in latitude 
and in longitude) over a service area. The distances on the earth from 
the transmitting stations to each of these points are computed, then the 
difference between each pair of distances, and the corresponding value of 
T. The resulting nonintegral values of T are tabulated against the 
corresponding integral values of latitude and longitude, and from this 
table another table, of integral values of T against nonintegral values of 
latitude and longitude, is obtained by inverse interpolation. Points 
having the same T lie on the same Loran line. This is the standard 
method used by the Hydrographic Office of the U.S. Navy in preparing 
Loran charts and tables (see Appendix A.) I t was developed under the 
direction of F . G. Watson, first as staff member of the MIT Radiation 
Laboratory and from 1943 to 1946 as Lieutenant and Lieutenant Com
mander in the U.S. Navy. 

The second and third methods may be called direct methods. In these, 
the earth is first assumed to be plane or spherical, the constants of the 
hyperbolas corresponding to desired values of T are calculated, and the 
equations solved for the rectangular or polar coordinates of points on 
the hyperbolas. Then transformation to geographical coordinates and 
correction for departure of the surface of the earth from plane or spherical 
form are effected. The plane approximation is used in the second 
method. Rectangular coordinates are laid down on a chart, and the 
plane hyperbolas plotted by points. Since the geographic grid of merid
ians and parallels is shown on the chart and the rectangular grid super
posed on it, no transformation by calculation is necessary. To correct 
the hyperbolas for the chart distortion, the accurate distances on the earth 
from the stations to chosen points and the resulting values of T are 
computed. The differences between these computed 7"s and those read 
from the plane hyperbolas are found and reduced to zero by shifting the 
hyperbolas. This method has been used by the U.S. Coast Guard and 
Army Air Forces for drawing preliminary Loran charts, where the required 
accuracy was not the highest but production of charts in the shortest 
possible time was desired. 

In the third method the spherical approximation is used. Constants 
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of the spherical hyperbolas are calculated. The spherical rectangular 
or polar coordinates of points on these hyperbolas are computed, and 
latitude and longitude obtained by means of the transformation equations. 
The latitudes and longitudes are then corrected for the spheroidal form 
of the earth (from X, ip to X', <p'), and the corrected coordinates plotted 
or interpolated to integral values for Loran tables. This method has 
never been employed in the construction of actual charts. Mathemati
cally it is the most elegant, but it lacks the simplicity of the first method. 
Its practicability depends upon rapid and easy determination of the 
necessary large number of small corrections. If suitable tables or graphs 
of these were prepared, the amount of computation in the third method 
could be made comparable to that in the first. 

6-4. The Standard Inverse Method.—At the end of 1945 the Hydro-
graphic Office had published approximately 1\ million Loran charts, and 
Loran tables for about 50 pairs of stations. Computations for all of 
these were made by the inverse method. 

The first step in the procedure is to select the points for which dis
tances to the stations are calculated. I t is convenient to take these at the 
intersections of all meridians, the longitudes of which are whole degrees, 
with all whole-degree parallels of latitude. Near the stations and the 
baseline extensions it is necessary to take half-degree or quarter-degree 
points, because the curvature or the change of spacing of lines is too rapid 
for interpolation over degree intervals unless differences above the second 
are taken into account. The number of points included within the sky-
wave service area of a pair of island stations, with oversea coverage on all 
sides, is generally between 1000 and 2000. 

The second step is to compute the distances sB and sA from each point 
to the stations, to take the differences sB — sA = v (in light-microseconds), 
and to obtain corresponding values of T by Eq. (3-4). The spherical 
arcs <r are calculated by Eq. (4), and the corrections 5s by Eq. (2). The 
Hydrographic Office computers use the parametric latitudes in these 
calculations, converting from geographical latitudes by tables. Other 
special tables give Eu, p, and q directly in microseconds with argument 
cos a. The baseline length /3 in microseconds is computed by the same 
process. The 7"s obtained are ground-wave time differences, but they 
are determined for points all over the sky-wave area as well as for those 
within ground wave range. Loran lines representing sky-wave time 
differences are not shown on Hydrographic Office charts. Instead, the 
sky-wave corrections are given in regions where sky waves are used. 

The sky-wave correction C at a point is the difference of the trans
mission delays, EA — EB [Eq. (3-5)], and E is a function of s, determined 
by observation (Sec. 5-3) and embodied in a curve (Fig. 5-10) or a table 
with s as argument. When SA and SB have been found as described 
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above, EA and Ea are read from the table, and their difference C taken, 
if both distances exceed 250 miles (the inner limit for reliable sky wave 
timing). Since C is a function of s, and sB together, it may also be read 
directly from a double-entry table, graph, or nomogram, against the two 
values of s. 

.The third step is to tabulate T against the argument X (longitude of 
each point) along parallels of latitude or against the argument <p (latitude 
of each point) along meridians. The former tabulation is made over 
areas in which the Loran lines intersect the parallels more nearly at right 
angles than they do the meridians, the latter tabulation if the reverse is 
the case. Where the angles are nearly equal, values of T are tabulated 
both ways. Then the first, second, and third differences of the 7"s are 
taken. 

The result of the third step is a series of tables of the following form: 
X_, 7'-, Ai, 

A_, Aia 

Xo To Aij 
Ai, 

Xx r, 
A? 

Xj 7 j Af 

where the argument is X and <p is constant, or of a similar form with 
argument if and constant X. The differences A follow the usual notation. 
The 7"s have nonintegral values, whereas the X's are whole degrees or 
simple submultiples, having the constant difference «. 

The fourth step is to choose values Tx that are multiples or simple 
submultiples of 100 fisec and to interpolate for corresponding values XT. 
Everett's central-difference formula inverted ' is used, carried to second 
differences only. (The third differences in the table above are taken only 
as a means for detecting errors.) Assume that Tz is between To and T\, 
and let 

_ Tx- T0 _ Ai, - _ A ? m = ; n == l — m, do — ~r~' of = — > 
Ao Ao Ao 

E2(m) = \m (1 - m) (1 + m), 
E2(n) = in (1 - n) (1 + n) = \m (1 - m) (2 - m). 

The formula for X* is then 
Xx = Xo + u[m + d\E\n) + fiE^m)]. (15) 

(Note that the superscript 2's do not indicate squares.) 
Davis gives a table2 of values of E2. 

1 H . T. Davis, Tables of the Higher Mathematical Functions, Vol. I, Bloomington, 
Ind., 1933, p. 82. 

* Davis, op. cit, Table D, p. 126. 



180 COMPUTATION OF LORAN TABLES AND CHARTS [SEC. 6-5 

Fourth differences can be taken into account by adding two more 
terms to the Everett formula, but it is better to make o> small enough so 
that A4 is negligible. In regions where the higher differences of T are 
not small in comparison with the first difference, inverse interpolation is 
not feasible. This is true close to the baseline extensions. But, if, instead 
of T, s/T — S be taken as the tabulated function in the neighborhood of 
the extension behind the slave station and -\/(2/3 + 6) — 71 in the 
neighborhood of the extension behind the master, the differences of these 
quantities will generally be found quite tractable. 

Tabulations of X, with argument Tt along the parallels and of <pz with 
argument Tx along the meridians, within the service area of a pair of 
stations, make up a Loran table for the pair. As mentioned in Sec. 3-9, 
these tables are published by the Hydrographic Office for the convenience 
of navigators who desire to lay down Loran lines of position, along with 
celestial lines of position and those obtained by radio bearings, upon 
standard navigation charts. 

The fifth step is to plot the points of the Loran tables upon charts, by 
means of the graduated geographical grid of meridians and parallels that 
appears on the charts, and to draw the Loran lines by passing a smooth 
curve through each set of points Tt = constant. The standard Hydro-
graphic Office Loran charts are on the Mercator projection. In addition 
to the rectangular geographical grid they show the principal features of 
the terrain in simple outline, with important seaports and airfields and 
selected navigational aids, in an unobtrusive background tone. Families 
of Loran lines generated by two or more pairs of stations will extend over 
all areas in which Loran fixes can be obtained. The different families 
are distinguished by different colors on the charts. The interval in T 
between lines is 20, 50, or 100 >isec, depending upon the spreading of the 
lines (values of w) and upon the scale of the chart. The chart scales vary 
froml in. = 14 nautical miles to 1 in. = 70 nautical miles (approxi
mately 1/1,000,000 to 1/5,000,000). 

Values of the sky-wave correction C at all points where X and <p are 
whole degrees are given as part of the Loran tables and are shown on the 
charts as small figures close to the intersections of the meridians and 
parallels. The correction for each pair is printed in the color used for 
the lines of that pair. 

6-6. The Direct Method, Using Plane Hyperbolas. The Coast Guard 
Method.—During the "island-hopping" stage of the war in the Pacific, 
when Loran stations were being set up and put into operation as rapidly 
as possible, "Mobile Charting Elements" of the Coast Guard were sent 
forward into the area of operations and produced temporary Loran charts, 
to be used until charts of standard form could be sent from the United 
States over the long shipping routes. These temporary charts were pre-
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pared by plotting plane hyperbolas on special geographical grids, correct
ing the hyperbolas for chart distortions, drawing in coast lines, location 
of navigation aids, etc., and reproducing the grids photographically by 
the Ozalid process. Details of procedure are given in a Coast Guard 
Manual.' 

The geographical grids were on transparent sheets of vinylite. These 
showed meridians and parallels at intervals of 1°, on a scale of 1/2,000,000. 
The projection was the Lambert conformal conic with two standard 
parallels, the same that is used in the Civil Aeronautics Authority and 
U.S. Army aeronautical charts. In this projection the distortion is small 
over regions between or near the standard parallels, so that Loran lines on 
the chart have nearly the form of plane hyperbolas. The parallels are 
shown as concentric circles; the meridians as straight lines radiating from 
the common center of the parallels; directions around any point are 
represented truly; and great circles appear as nearly straight lines if not 
carried too far from the standard parallels. 

With the geographical grids was used another grid of rectangular 
coordinates, also on vinylite. The stations of a Loran pair were plotted 
on the geographical grid, and this was placed over the rectangular grid, 
so that the x-axis of the latter passed through the stations and the j/-axis 
was midway between them. If the x-coordinates of the stations, in units 
of the grid, are + c (the positive sign being given to the master station), 
the inverse eccentricity a/c of the hyperbola representing time difference 
T is given by 

a _ T - Q8 + S) 
c p 

[from Eqs. (3-4) and (6-9)], and the coordinates x, y of points on the 
hyperbola are defined by the first of Eq. (6-8). In practice, x and y were 
obtained from the "Tables of Plane Hyperbolae" (see footnote, page 174), 
the tables being entered with the argument: tabular a = [T — (0 + 8)]/p 
(since c = 1 in the tables). The baseline distance /S in microseconds 
was calculated by the accurate formulas (4) and (2). The pairs of values 
x, y given by the table were multipUed by c and then plotted, by means of 
the rectangular grid, on the vinylite sheet bearing the geographical grid. 

If there were no distortion, the family of hyperbolas thus plotted 
would be a Loran chart. It would only remain to remove the rectangular 
grid, to draw in coast lines and other features of the terrain, and to make 
prints from the vinylite sheet. But distortion is not negligible even on 
the Lambert projection, except over small regions and nearly midway 
between the standard parallels; and, even if it were, a procedure to check 
the plotted hyperbolas is desirable. The procedure devised for checking 

1 U.S. Coast Guard, " Mobile Loran Monitor Charting Element," Manual of 
Methods and Procedure, with Addenda Noa. 1, 2, 1944, 1945. 
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and correction made use of a set of "Loran Grid Tables" computed for 
the purpose by the Hydrographic Office. Each of these tables gave the 
distance in microseconds (called d) and the azimuth in degrees and tenths 
(called A) from a center point, the latitude of which was a given whole 
number of degrees, to every other point within 1500 nautical miles, the 
latitude and longitude of which differed from that of the center point by a 
whole number of degrees. These tables were the counterpart, for the 
spheroidal earth, of the well-known celestial navigation tables H.O. 
No. 214 and H.O. No. 218. With these tables the true distances, and 
therefore v and T, for every intersection on the geographical grid of the 
chart could be read directly from the tables, if the stations were located 
at such intersections. In actuality, a station might be as much as 40 
nautical miles from the nearest center point, and every distance had to 
be corrected for the amount and direction of this offset, by a graphical 
method described elsewhere.1 

In this way true values of T for intersections of meridians and parallels 
of the vinylite chart were obtained and compared with chart values, 
found by interpolation between the plane hyperbolas. The differences, 
due to the distortion, were indicated on the vinylite, and the plane 
hyperbolas shifted by freehand sketching so as to make the interpolated 
values agree with those from the tables. The original hyperbolas were 
erased, the geographical detail sketched in and necessary labels and text 
supplied; then Ozalid prints were made from the sheet to serve as charts. 

The MIT-AAF Method.—The MIT Radiation Laboratory and the 
Army Air Forces worked out a charting procedure for use with the Air 
Transportable Loran system. The method is described in detail in 
MIT Radiation Laboratory Report No. M-183 (footnote, Sec. 6 1 , 
page 172). I t was similar in its main features to that of the Coast Guard 
and used the same Tables of Hyperbolae and Grid Tables but differed 
in several details. No special grids were employed. Each chart was 
drawn on tracing paper spread over a standard AAF chart of the region 
covered (Lambert projection, scale usually 1/1,000,000). The chart 
furnished the geographical grid, and the rectangular grid was drawn on 
the tracing paper, its meshes spaced to make the unit of x and y equal to 
half the distance between the plotted stations, so that c was unity and 
coordinates of the hyperbolas could be plotted as read from the tables. 

Plotting was not done, however, until after the corrections for distor
tion were determined. These were obtained in the form of small quanti
ties Q to be added to the a's and subtracted from the x's of the plane 
hyperbolas, bending them into approximate conformity with the distor
tion. The first step of the corrective process was to choose a dozen 
points or so, taken for convenience at intersections of the lines of the 

1 U.S. Hydrographic Office, "Graphical Methods," Loran Technical Report No. 1, 
1944. 
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rectangular grid and forming a ring around the baseline near the margin 
of the chart. For each of these points the distances to the stations over 
the earth were computed by Eq. (6) and the nomogram embodying Eq. 
(3). The difference v was found and divided by /3, giving the inverse 
eccentricity a of the plane hyperbola that would pass through the point 
if the chart truly represented the earth. With this value of a, the Table 
of Hyperbolae was entered and rectangular coordinates for the point were 
obtained. Any distortion would then appear as a discrepancy between 
these tabular coordinates and the actual grid coordinates. 

The second step was to find the correction to a that would change the 
curvature of the plane hyperbola so that it would pass through the chosen 
point. The correction, denoted by Q, is a function of the discrepancy 
and of the geometrical factor w at the point (given accurately enough 
by the tabular difference for consecutive a's in the Table of Hyperbolae). 
The functional relation is developed in detail in Report M-183. Q was 
found by a slide-rule computation for each of the chosen points. Then 
the values of Q were plotted against corresponding values of a on cross-
section paper, and a smooth curve drawn through the plotted points. 
From this curve Q might be read for values of a between those chosen, 
assuming that the distortion varied smoothly. 

The third step was to take from this curve a value of Q for every a 
that represented a desired value of T and to enter the Table of Hyperbolae 
with argument (a + Q) instead of a, obtaining a series of pairs of coordi
nates x, y. Then Q was subtracted from each of the x's, and the points 
(x — Q), y were plotted on the chart. In effect, this process amounted 
to choosing, instead of the hyperbola o, a neighboring hyperbola (o + Q) 
of suitable curvature and shifting it back into the place of the first 
hyperbola. 

This corrective procedure had the advantage that no " unconnected" 
hyperbolas were actually drawn and then erased. But it was a first-
order approximation, sufficient only if the distortion was small, which 
was generally the case over the chart sheets adjacent to the baseline. 
For outlying chart sheets, the entire method of charting was different. 
The inverse method of Sec. 6-4 was used, but the distances were obtained 
by means of the Loran Grid Tables, with a nomographic method of cor
rection for station offsets, and the inverse interpolation was done graphi
cally, by plotting and reading curves. As in the case of areas near the 
baseline, the Loran lines were drawn on tracing paper laid over standard 
charts, but no rectangular grid was constructed, since the latitudes and 
longitudes were read from the interpolating curves. 

After the Loran lines were drawn, other features of the chart were 
traced in, and photographic reproductions of the tracing were made by 
the Portagraph process. 

Neither of the plane hyperbola methods has been extensively used. 
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They were devised to enable small charting units, located in isolated 
regions and supplied with limited equipment, to produce usably accurate 
Loran charts quickly, and under normal conditions these limitations are 
absent. The outlines above describe the procedures as they were 
planned. In actual use, various modifications were forced by unantici-

F I G . 61.—Loran chart of a fictitious instal-
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pated conditions or suggested by experience. For example, the entire 
AAF procedure was set up for use with charts on the Lambert conf ormal 
projection, scale 1/1,000,000, covering areas about 4° by 6°. When the 
AAF charting units were required to produce single charts covering four 
times this area, at half this scale, and charts on the Mercator projection, 

lation prepared by the MIT-AAF method. 
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the method of correcting distortion had to be revised to deal with 
greater departures from the plane approximation than had been expected. 
That revisions of this sort were successfully improvised in the field was 
owing to the intelligence and resourcefulness of the charting personnel, 
both officers and men. 

A chart of a fictitious Loran installation, prepared during training by 
one of the AAF charting units, is reproduced as Fig. 6-1. 

6-6. A Mechanical Tracer of Plane Hyperbolas.—Numerous instru
ments for tracing plane hyperbolas have been devised. Some of these 
depend upon the property that the distances from a point moving along 
the hyperbola to a fixed point (focus) and to a fixed straight line (direc
trix) bear a constant ratio, equal to the eccentricity. Some depend on 

Flo. 6-2.—Diagram of the Hygraph. 

the projective properties of the hyperbola. The simplest devices make 
use of the constant difference v between distances of points of the hyper
bola from the foci. The Hygraph, a compact and accurate instrument 
of this type, designed at the MIT Radiation Laboratory, will be described 
briefly here. I t was tested for use in drawing Loran charts by the method 
of the plane approximation and found satisfactory when kept in proper 
adjustment. Its construction and operation are discussed in detail in 
the Hygraph Instruction Manual.1 

Figure 6-2 is a diagram of the essentials of the instrument. A metal 
bar EF carries three sliding parts, AA', BB', and D. A, A', B, and B' 
are swiveled bearings through which two cords run; D is a carriage that 
holds a rotating drum upon which the cords may be wound. On a 
separate carriage S a stylus is mounted, and the ends of the cords are 
attached to this carriage by means of rings centered on the stylus. When 
the drum is rotated, the two cords are pulled in together, so the equal 
lengths of cords DA'AS and DB'BS remain equal as they diminish. The 
points A and B are placed over the stations on a chart. The difference 
between the lengths A'D and B'D depends upon the position of the 

1 RL Report No. M-230, 1945. 
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movable carriage D. Since A'D is longer than B'D by just the same 
amount that AS is shorter than BS (because the total lengths DS are 
equal), the difference BS — AS remains constant as the drum is turned, 
and S describes a hyperbola having the stations as its foci. 

On the bar EF is engraved a scale, the units of which are half micro
seconds on the scale of the chart, but numbered as whole microseconds 
(so that the scale of the bar is half the scale of the chart); numbering is 
in both directions. The point A is to be set on the scale so that the index 
attached to it reads S (the coding delay). Then the bar is laid upon the 
chart (over which tracing paper has been spread) so that A coincides with 
the master station, and the point B is slid along the scale and the bar 
turned about A until B coincides with the slave station. The index 
attached to B will then read (20 + $)• That is, the scale reading at each 
station is the time difference T at the other station. The direction of 
numbering on the scale, from A to B, is the reverse of the true direction 
on the chart, because D must be moved to the left to place S on the right. 
With this arrangement, when the carriage D is set on the scale so that the 
index attached to it reads any chosen time difference T, the stylus S will 
draw the hyperbola corresponding to T, as the drum is rotated. 

Of course, since the cords must pull the stylus toward the bar, the 
hyperbolas on the two sides of the baseline must be drawn separately, 
the Hygraph being reversed in position on the chart between the two 
operations. 

In the preceding description it has been assumed that the scale 
engraved on the Hygraph bar exactly matches the chart scale. ' If it 
does not, let the ratio of Hygraph scale to chart scale be 20'//3, instead 
of 2. Then if the index at A reads S, the index at B will read (2/3' + 6), 
where P' is the "Hygraph baseline length," and to draw the hyperbola 
corresponding to actual time difference T, the index at D must be set to 
the value (07/3) 7\ 

Absence of distortion was also assumed above. If distortion exists, 
it may be detected and adjustment made by varying the Hygraph 
settings. The principle of the "Q-procedure," described in Sec. 6-3, is 
applied. First, the instrument is set up as above, and short sections of 
hyperbolas drawn, for selected values of T, conveniently spaced. On 
these hyperbolas, points are chosen, their latitudes and longitudes read 
from the chart, and true distances and true time differences Tc computed, 
as described in Sec. 6-3. Now, if we denote by q the equivalent of Q in 
microseconds, it may be shown that 

q = F(T- Tc), 

where F is a positive factor between 1 and 2, a function of the distance 
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and direction of the point from the center of the baseline. Usually it 
may be taken as 1, and in other cases it may be read from a small table. 
For each point q is found, and a curve of q against T. is plotted. To set 
the Hygraph to draw the corrected hyperbola T, the two station indices 
A and B are first shifted. The master index A is moved from the reading S 
S to the reading S + q, and the slave index B from reading 2/3 + 5 to the 
reading 2/3 + 5 + q, q being taken from the curve with argument T. 
Then the drum carriage index is set to read T + 2q instead of T. All 
these shifts are in the same direction, from master to slave if q is positive. 

As noted in Section 6-3, the Q method of correction is not generally 
adequate over the entire service area of a Loran pair even if the most 
advantageous chart projection is used. The Hygraph can be used, there- , 
fore, only over that part of the area which is fairly near the station. , 
But this is just the region where the standard inverse method is most 
laborious, because of the sharp curvature of the hyperbolas. So the 
Hygraph may be found a useful tool in Loran charting, if used with 
judgment, and in drawing charts for hyperbolic systems of short range it 
should be particularly valuable. 

6-7. The Direct Method, Using Spherical Hyperbolas. Equations of 
Transformation.—The formulas for a spherical hyperbola, Eq. (10) in 
Sec. 6-2, give rectangular coordinates x, y or polar coordinates r, 8 of 
points on the hyperbola. The second and third of these four equations 
will not be considered further here. If polar coordinates are to be used, 
it is advantageous to place the origin at a focus, so that the radial coordi
nate r shall represent the length of one of the actual signal paths. The 
origin is at a focus for both the third formula and the fourth, but the 
latter leads to more symmetry and convenience in computation. In 
the discussion below, equations for polar coordinates are given in form to 
be used with the fourth formula. 

Equations of transformation from the rectangular coordinates to geo
graphical coordinates X, <p are 

sin (p = sin X sin x + sin Y sin y 
+ sin <p0 s/l 

■ ,. , . sin An sin x — cos An sin y sin (X — Xo) = -
COS if 

where X, Y are the rectangular coordinates of the north geographical 
pole, Xo, <po the geographical coordinates of the origin and A0 the azimuth 
of the baseline, as defined below. These five quantities are determined 
from the geographical coordinates Xi, <ph and X2, <p? of the foci having 
rectangular coordinates +c , 0 and - c , 0 respectively, by the relations 

sin2 x — sin2 y, 
(16) 
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sin A = ± sin (Xi — Xj) -—^-> sin 2c 
sin <po = sin <pi cos c + cos <p2 sin c cos A, 

. , . . sin A sin (Xo — X2) = + sin c > . , „ „ cos <p0 ) (17) 
. sin A 

Sin Ao = COS tpi 1 
cos <po 

sin X = cos Ao cos <p0, 
sin Y = sin A0 cos >̂0, 

where A and A0 are the azimuths of Xi, <pi from X2, <pi and from X0, <p<, 
respectively, measured from the north through the east, and the upper 
signs are to be used in east longitude, the lower in west. The half-length 
c of the baseline is computed by Eq. (4), (5), or (6), setting 2c = cr. 

Equations of transformation from polar to geographical coordinates 
are 

-^a = -%Ao + sO, 
, „ . 1 sin £[(90° ~ V») + r] tan F = tan s a 1—L 

tan G = tan 

2 sin |[(90° - *>«) - r] 
1 cos £[(90° - VB) + r] 
2 cos £[(90° - *>«,) - r] ) (18) 

X = Xo + F - G, 
sin r cos tp — s 

sin (X — Xo) 
AD = F + G + to ± 90°. 

In these equations the origin is at a focus, so that Xo and <po are the geo
graphical coordinates of that focus, and Ao is equal to A as given by the 
first equation of (17), with X2 = Xo, the longitude of the origin, and 
Xi, <pi denoting the coordinates of the other focus. The angle 8 is meas
ured in the same direction as is A0. The last equation of (18) is used 
with the correction formulas discussed below. It gives the azimuth AD 
from X, <p to the corrected point X', tp'. 

Formulas for Correction to the Spheroid.—As shown in Sec. 6-2 above, 
the time difference T' at a point with coordinates X, <p on a spherical earth 
is specified by Eq. (11). But on the actual spheroidal earth T' is the 
time difference, not at X, <p, but at a near-by point X', <p', of which the 
distance from X, ^ is D and the azimuth AD. D is given by Eq. (13) in 
terms of three quantities: the Lambert correction Ac to the baseline, the 
difference Aa of the Lambert corrections to the distances of the foci 
(stations) from the point X, <p, and the angle ^ between the directions of 
the stations from the point. The correction Ac may be computed by 
Eq. (2), setting Ac = Ss, taking <pi and ^2 as the latitudes of the stations, 
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and obtaining the p and q functions from the tables or by calculation for 
a = 2c. 

The correction Aa is 
Aa = SsB — SsA, (19) 

where 6sB and SsA are the Lambert corrections computed by Eq. (2) for 
the distances aB and a A of the slave and master station, respectively, from 
the point. 

If X, <p have been computed from focal polar coordinates r, 8, 

oB = r + 2a, a A = r (20a) 

with origin at the master station, or 

<rB = r, OA = r - 2a (206) 

with origin at the slave station. If rectangular coordinates have been 
used, the a's may be computed by the formulas 

cos a A = sin c sin x + cos c \/l — sin2 x — sin2 y, 
<TB = a A + 2a. 

(21) 

The angle ^ is given by 

1 sin a A sin {a A + 2a) 
csc2 ^ i = -■—T—r—r^—? T (22) 

2 sin (c + a) sin (c — a) 

for use with rectangular coordinates, or 

2 X ; sin [r + (c + a)1 sin [r - (c + a)] 
CSC2

 s ^ = ; ; : r—; ; r h 1. {M) 
2 sin (c + a) sin (c — a) 

for use with polar coordinates. In Eq. (23) r is the radial coordinate of 
the last equation of (10), and the double signs have the same meaning as 
in that equation. The two equations (for tan2 id and csc2 ^ ) are 
conveniently used together, for the four sine factors are the same in both 
equations. 

To determine the corrected coordinates X', <p' from the spherical 
approximations X, <p, we calculate Ac by Eq. (2), find a A and <jB by (20) 
or (21) and Aa by (2) and (19), and obtain csc2 i ^ from (22) or (23). 
D is then computed by Eq. (13). If polar coordinates have been used, 
the azimuth Ac in which D extends from X, <p is found by the last equation 
of (18), interpreting the double sign so that X', <p' shall lie on the side of 
the hyperbola on which the slave station lies when Ac + Aa is positive, 
on the side of the master station when it is negative. If rectangular 
coordinates have been used, A D is given to a sufficient approximation by 

tan Ac = ., *"-* , (24) 
(X(r — X) cos <fi 
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where Air, <Pw are the longitude and latitude of the point next to X, <p, on 
the same hyperbola, to the westward. Of the two opposite azimuths 
given by Eq. (24) that one is chosen which locates X', <p' in accordance 
with the rule stated above. Finally, X' and <p' are determined by Eq. (14). 

The Complete Computation.—The computation of a Loran line repre
senting time difference 7", generated by a pair of stations having the 
geographical coordinates Xi, <pi and X2, <pt, may be recapitulated in three 
steps. These will be enumerated first for the method using polar coor
dinates, since this is the simpler and more direct. The first step is the 
calculation of constants for the whole family of lines, and those for the 
particular line 7". For the family we obtain c by Eq. (4), (5), or (6), 
0' by the first equation of (11), Ac by (2), and the azimuth A of the base
line by the first of (17). The true baseline length 0 = f}' + Ac should be 
determined also. An advantageous arrangement of the points X, tp may 
be obtained by using each station as origin for those lines curving away 
from it—the master station for negative values of v and a, and the slave 
for positive values. There will then be two values of A, nearly opposite, 
each of which serves as Aa for half the family of lines, while X0 and y>0 are 
the coordinates of one station for half the computations, and the other 
for the rest. For a particular line 7" is chosen, and v' and o obtained 
from the last two equations of (11). 

The second step is to choose values of r, and to compute corresponding 
values of X and <p. If the origin has been taken as stated above, the least 
value of T (for 8 = 0) is 

r = c + \a\. 
By making the interval between successive values of r the same as that 
between values of a for consecutive hyperbolas, the same numerical 
quantities, functions of r and its combinations with o, will recur many 
times in a set of computations, reducing the labor considerably. For 
each r, id is determined by the last equation of (10), ^ by (23), and X, <p, 
and AD by (18). Each angle will have two values, corresponding to 
positive and negative values of the tangent and cosecant. These repre
sent points symmetrically placed on opposite sides of the baseline. The 
values of ?6 and ^ having the same sign refer to the same point. 

The last step is to determine Ao by Eqs. (20), (2), and (19), D by 
Eq. (13), and X' and <p' by Eq. (14). This step is time-consuming, 
but since D is always small, three-figure accuracy in the computa
tions is sufficient. If tables of p and q and tables or nomograms of 
(sin <PI ± sin p2)2 are used, Eq. (2) can be very rapidly solved to this 
accuracy. Over large parts of the service area, D and AD change slowly 
and smoothly, and can be interpolated along the hyperbolas between 
separated points. 

When rectangular coordinates are used, the constants c, Ac, /3', and £ 
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are found as above, and X0, <po, X, and Y by Eq. (17). The coordinates 
of the master station are Xi, <pi in these equations. 7" is chosen, and v' 
and o determined as before. Then the quantities 

. , , sin2 a sin2 a and -=—„ :—=—> sin1 c — sin2 a 

which are constant for a hyperbola, are computed to be used in the first 
equation of (10). In the second step this equation gives values of x 
corresponding to a and a series of chosen values of y. Two values of i , 
both having the same sign as a, are obtained in each computation, one 
for +y and one for — y. If a is between + -gc, the same fairly widely 
spaced values of y may be used along all the hyperbolas, but as a 
approaches +c, the interval between y's must become smaller and 
smaller. For each point x, y Eqs. (16) give X and <p. For determination 
of the corrections, u± and aB are computed by Eq. (21), AD by Eq. (24), 
and it by Eq. (22). The last step is the same as for polar coordinates. 

6-8. Factors Affecting the Correctness of Computed Loran Time 
Differences.—Correspondence between the time differences actually 
observed over a Loran service area and those given by a Loran chart or 
table depends upon the assumption of the correct velocity of signal 
propagation, upon the holding of the correct coding delay by the slave 
station, and upon the knowledge of the true latitudes and longitudes of 
the transmitting stations, as well as upon accurate computations of the 
Loran lines and accurate pulse matching. Analysis of Loran operation 
up to the present has given no evidence that the signal velocity over sea 
differs from that stated in Chap. 5 and used in Hydrographic Office 
computations. Sufficient data have not yet been obtained to evaluate 
the velocity over land. The land range of Standard Loran signals is 
small, and there are no land baselines between permanent stations along 
which velocity measurements could most readily be made. The effect of 
a diminution of velocity upon the grid of Loran lines would be a shrinking 
of the entire pattern, and a corresponding increase in the time difference 
T at a fixed point on the earth, such that 

T' - s = (T - S) -,, c 

where T increases to T" as the velocity c decreases to c', and 5 is the coding 
delay. Existence of a proportionality of this sort between computed 
and observed time differences would reveal an abnormal signal velocity 
if this were uniform over the service area. But, if the velocity depended 
on the local electrical characteristics of the surface (as it might more 
plausibly do), the pattern of alteration of time differences might be very 
complex. 
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The operator of a slave station maintains the coding delay by keeping 
the time difference between the pulse from the remote master transmitter 
and that from his own adjacent antenna, as he observes them on his 
oscilloscope, equal to S. The powerful local signal is passed through the 
attenuator, in order that it may appear equal in amplitude to the weak 
signal from the distant master; and if there are maladjustments in the 
attenuating circuits, the local pulse may be deformed so that the apparent 
delay may differ from the actual time between pulses by several micro
seconds. Such an error in timing will appear in all measured time 
differences, as a constant increment to T, independent of the observer's 
location, and as such it may be recognized. 

The sites of Loran stations are often in places remote from accurately 
determined geodetic reference points, so that they cannot be tied in to 
such points by triangulation. The positions must be found by astronom
ical observations. The instrument may be either the theodolite or the 
prismatic astrolabe (also called the equiangulator). Both are easily 
portable, and either, in conjunction with a good timepiece and a radio 
receiver, will give positions with an internal probable error of the order of 
1 sec of arc (100 ft) or better, from a few nights' work. With the theo
dolite, latitude and longitude are determined separately by meridian 
observations of stars, by the methods set forth in standard geodetic 
textbooks. With the astrolabe, stars in all azimuths are observed at 
altitude 60° (or 45° in some forms of the instrument). The time at 
which each star passes this altitude is determined and the line of position 
computed by formulas similar to those used by the celestial navigator, 
but with greater precision; the concurrence of lines of position from all 
the stars gives the observer's location. 

Unfortunately, the internal probable error of a series of astronomical 
observations is not a reliable measure of the accuracy of the resulting 
position. In all such observations, the fundamental reference direction 
is the direction of gravity, which ideally is normal to the spheroidal sur
face but actually may be inclined to the normal by a considerable fraction 
of a minute of arc. This "station error," if not allowed for, will appear 
in its full size as an error in the observed position and can be detected only 
by triangulation or some equivalent method of comparing the positions 
of different points. Loran is such a method, and station errors will affect 
the Loran time differences; conversely, the errors may be determined from 
the deviations of observed time differences at accurately known positions 
from their computed values. 

At a given position of the observer, incorrect positions of the trans
mitting stations will affect three signal paths: that from each station to 
the observer and that from the master M to slave S. These will all 
combine to alter the observed time difference from its computed value. 
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That is, 
AT = At, - AC + Aft, 

where AT is the change in time difference, At the change in time of trans
mission from station to observer, and Aft the change in time of transmis
sion from master to slave, all in the sense, observed minus computed, and 
taken as positive or negative according as the transmission time is 
increased or diminished. Since an increase in tm delays the beginning of 
the interval T, it decreases T and must be subtracted. 

If D, and Dm denote the distance in microseconds from the position 
of each station, as determined by observation, to its true position, it is 
evident that At, is equal to the component of D, in the direction from S 
opposite to the observer's direction and similarly for Atm, while Aft is 
equal to the component of D, in the direction along the baseline away 
from M, minus the component of Dm in the direction along the baseline 
toward S. 

Since each D may be specified by two quantities, either amount and 
direction or rectangular components, observations of A T at four known 
points will determine the D's. If D', and D" denote the components of 
the displacement of the slave station along and perpendicular to the 
baseline respectively and D'm and D'„ those of the master, the points of 
observation may be so chosen that D'„ D'J, D'm and DZ are determined 
separately. Let D', and D'm be counted positive in the direction from 
master to slave. At Point 1 on the baseline, between the stations, D'J 
and D'J, do not enter into AT, At, = D'„ Atm = -D'm, Aft = D', - Um; 
consequently, A7\ = 2D',. At Point 2 on the extended baseline 
behind the master station, D'J and D'J, again have no effect, 
Aft = D'. - D'm, At, = D'„ Atm = D'm; consequently, AT2 = 2(DJ - D'J, 
or ATi — AT2 = 2D'm. At Point 3 on the perpendicular through the 
slave station and near the station on the positive side, D'J, has no appreci
able effect on AT, but At. = -D'J, Atm = -D'm, Aft = D', - D'm. Hence 
ATi = D', - D", or i A 7 \ - AT3 = D". If the point is on the negative 
side of the slave station, ATS = D', + D", or AT3 - iAT,. = D'J. Simi
larly, at Point 4 on the perpendicular through the master station and 
near the station, A7\ = 2D', — I/m, ±DZ, where the upper and lower 
signs apply respectively to points on the positive and negative sides of the 
master station. On the positive side ATT

4 — i(ATi + AT2) = D'^\ on 
the negative, \(ATy + ATi) - ATt = D'l. At Point 5 on the extended 
baseline behind the slave station, ATb is not affected by errors in the posi
tions at all. Neither does an incorrect assumption as to the velocity of 
propagation affect it. A discrepancy here, if not due to observational 
error, must represent an incorrect delay held at the slave station. 

Of course, observations at any four or more points, properly dis
tributed, will determine the station displacements. The theory of this 
determination is discussed in Appendix D. 
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CHAPTER 7 

TIMERS 
B Y R. H. WOODWARD AND J. C. WILLIAMS 

7-1. General Requirements.—The function of the Standard Loran 
timer is to control the synchronism of the pulsed transmissions of the 
ground stations. As explained in Sec. 3 3 , a master station transmits a 
series of pulses at an accurately constant recurrence rate. The time 
required for the signal to travel from the master station to the slave 
station is designated as /3. The transmission from the slave station is so 
synchronized with that of the master station that the interval of time 
(as observed at the slave station) between the reception of the signal 
from the remote master station and the reception of the locally trans
mitted slave signal is equal to half the recurrence period L plus the coding 
delay S. The slave timer must be capable of measuring this interval of 
time and maintaining this synchronism with an error of less than 1 ^sec. 
The interval of time (as observed at the master station) between the 
reception of the master signal and the reception of the slave signal is 
(L/2) + 2/3 + 6. Although the operator of the master timer does not 
control the synchronism of the signals, he must be able to measure the 
time difference between the two signals with an error of less than 1 /isec. 
If he observes that the synchronism is incorrect, he informs the slave 
operator and warns navigators of this fact by blinking the locally trans
mitted signal. 

The function of the timer in the Sky-wave Synchronized Loran system 
is similar to the function of the Standard Loran timer except that since 
the distance between master and slave stations in the SS system is 
greater, the value of /8 is correspondingly greater. The same timing 
equipment is used for both systems. The function of the Low Frequency 
timer is somewhat different and is discussed in Sec. 7-14. The Standard 
Loran timer must be modified for use in the LF system. 

Experience has indicated that in order to measure with the required 
precision time differences between the relatively slow-rising pulses of 
Standard and SS Loran, the presentation on the cathode-ray oscilloscope 
should be such that one fast Unear trace showing one pulse should appear 
directly above another fast Unear trace showing the other pulse. The 
timing of the traces must be adjustable so that the two pulses can be made 
to appear on the fast traces and one pulse can be positioned directly 
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above the other. The vertical spacing between the traces must be adjust
able so that when the pulses are vertically aligned, the spacing can be 
reduced to zero and one pulse thereby superimposed upon the other. 
Furthermore, the relative amplitudes of the two pulses to be measured 
(one from the remote transmitter and the other from the local) must be 
adjustable so that they can be made equal. Under this condition of 
superposition the time difference between the initiations of the two fast 
traces is equal to the time difference between the arrivals of the two pulses. 
The time difference between the initiations of the fast traces is measured 
by means of calibration markers derived from the blocking oscillators of 
the divider chain. 

The general requirements for the timer are that it shall be capable of 
providing trigger pulses to the transmitter at any one of a number of 
accurately constant, predetermined recurrence rates and that the trigger 
pulses shall bear a precise, predetermined time relationship to the pulsed 
signals received from a remote station. The equipment, supplemented 
by duplicate auxiliaries, must be capable of giving continuous service 
24 hr. a day with the exception of negligible switch-over time. Appro
priate monitoring facilities must be provided to permit operation as either 
a master or a slave timer. 

For satisfactory manual operation the slave timer must be capable of 
precise adjustment in frequency in relation to the master timer so that 
one series of pulses drifts with respect to the other less than 1 j«sec in 
5 to 10 min. For such precise adjustment, both master and slave timers 
must have crystal oscillators that fluctuate in frequency less than 1 part 
in 109 over short periods of time. 

The timing circuits required for initiating the fast traces and triggering 
the transmitter must be sufficiently flexible to cover continuously a wide 
range of possible time differences between the reception of the pulse 
from the remote station and the transmission of the local pulse. The 
timing circuits and associated sweep circuits must be stable. The cali
bration markers must be sufficiently clear to permit easy counting of time 
differences and sufficiently sharp to permit measurement with errors of 
considerably less than 1 jisec. I t must be possible to check and adjust 
these circuits during service without interfering with their operation. 

The bandwidth of the receiver must be wide enough to allow the 
pulse to rise rapidly for accurate timing and yet narrow enough to give 
satisfactory signal-to-noise ratios under severe conditions of noise. It 
has been found experimentally that a 6-db bandwidth of 60 kc/sec is a 
good compromise value and that bandwidths between 40 and 100 kc/sec 
are satisfactory. 

The early models of the timer (Models A, B, and B-l) were composed 
of the following units: 
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1. Oscillator unit, consisting of a highly stable crystal oscillator and a 
phase shifter. 

2. Divider unit, consisting of divider circuits with feedback, locked 
delay multivibrators for initiating fast traces, sweep generators, 
calibration-marker circuits, an attenuator circuit of the relay type, 
and a transmitter-trigger circuit. 

3. Oscilloscope. 
4. Receiver with amplitude-balance control. 
5. Regulated power supply. 
The later models (Models C, C-l, and UJ) have been improved in 

several respects. The phase-shift capacitor of the oscillator is geared to 
the frequency control in such a way that as it is rotated in maintaining 
synchronism, the oscillator frequency is automatically adjusted to reduce 
the rate of drift of the slave timer with respect to the master timer. The 
locked delay multivibrators used to initiate the fast traces have been 
replaced by selector circuits, each consisting of a delay multivibrator, 
which generates a gate of adjustable delay, and a gate-pulse mixer that 
permits the selecting of the highly stable pulses from the dividers for 
triggering other selector circuits and the fast-sweep generator. This 
selector circuit has the advantage that its adjustment can be checked 
without interfering with the operation of the timer. The single oscillo
scope has been replaced by a dual oscilloscope, one cathode-ray tube 
displaying the two fast traces and the other displaying the complete 
recurrence cycle on two slow traces. An additional oscilloscope is used 
for checking the adjustment of the divider and selector circuits while 
the timer is in service. A synchronizer automatically controls the fre
quency of the oscillator of the slave timer to maintain the prescribed time 
difference between the reception of the remote signal and the transmission 
of the local signal. 

The most recent version of the timer (Model UE-1) has been more 
carefully engineered than the earlier models, but it has few fundamentally 
new features. Probably the most important innovation is a motor-
driven phase-shift capacitor that is geared to the frequency control of the 
oscillator. The rotation of the phase-shift capacitor is controlled by 
the synchronizer. The advantages of the mechanical coupling between 
the synchronizer and the oscillator over the earlier electronic coupling are 
that the high stability of the oscillator is retained and the rate of drift 
is reduced to a minimum by the operation of the geared frequency control. 
As the rate of drift is reduced, the rate of phase compensation can be 
reduced with the result that the synchronizer operates smoothly and 
reliably under severe conditions of noise. 

7-2. Timer Models A, B, and B-l.—Models A, B, and B-l are the 
first three series of timers that were designed for the Loran system. A 
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FIQ. 71.—Model B-1 timer. 
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total of 56 timers of these types were constructed at the Radiation Labora
tory and at Research Construction Company. Since many of them are 
still in active service in the North Atlantic chain, the Aleutians, and 
many parts of the Pacific and probably will be for some time to come, it 
seems desirable to give a general description of the Model B-l timer (see 
Fig. 7-1) in spite of its obsolescence. 

Although the construction is somewhat crude, the fundamental design 
is similar to that of the modern timers. The block diagram of the 
Model B-l timer and attenuator is shown in Fig. 7-2. As mentioned in 
Sec. 7 1 , one fast linear trace showing one pulse is presented on a cathode-
ray tube directly below another such trace showing the other pulse. 
Since the local transmitter is triggered at the same instant that one fast 
trace is initiated, the local pulse remains stationary. The remote pulse 
on the other fast trace drifts slowly to the right or to the left if the recur
rence rate of the local timer differs slightly from the recurrence rate of 
the remote timer. In operation, at a slave station, the time difference 
between the initiations of the two fast traces (one for the local pulse and 
one for the remote pulse) is adjusted to a predetermined value. The 
remote pulse is placed on its fast trace below the local pulse on its fast 
trace. The recurrence rate of the local timer is then adjusted to the 
recurrence rate of the remote master timer until the remote pulse ceases 
to drift. By adjusting the phasing of the local timer, the remote pulse 
is moved directly below the local pulse. The amplitudes of the local and 
remote pulses are next equalized, and the vertical spacing between the 
two traces is eliminated so that one pulse is superimposed on the other. 
As long as they remain superimposed, the time difference between the 
reception of the remote pulse and the transmission of the local pulse is 
equal to the predetermined time difference between the initiations of the 
two fast traces. This time difference between the initiations of the fast 
traces is adjustable and is measured precisely by means of calibration 
markers. 

A slow-trace presentation is provided to aid the operator in placing 
the remote pulse on the fast trace. It consists of two slow linear traces, 
each of one-half the recurrence period, one placed below the other. The 
duration and timing of the fast traces with respect to the slow-trace 
pattern are indicated by pedestals on the slow-trace pattern. 

The Loran technique for measuring time difference requires timing 
equipment of high stability. The only device with the required stability 
is a crystal oscillator. Accordingly, a 50-kc/sec, X-cut quartz bar, 
suspended in a thermostatically controlled oven, is used in the Model B-l 
timer to control the oscillator frequency. The circuit consists of an 
amplifier, a phase inverter, and a resistance and lamp bridge which serves 
as an automatic volume control. 
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The phase-shift capacitor is a convenient device for precise shifting 
of the phase of the timer. The voltages impressed on its four sets of 
stator plates are mutually 90° out of phase. The phase of the voltage 
induced on the rotor plates varies uniformly as the rotor is turned from 
one set of stator plates to another. One complete turn shifts the phase 
of the output voltage one cycle (20 jusec) with respect to the voltage from 
the oscillator. In operation this causes the remote pulse to move along 
the trace a distance corresponding to 20 ^sec. Fractions or whole num
bers of rotations produce proportional positive or negative shifts of phase. 

The 50-kc/sec sine wave from the phase-shift capacitor must be 
reduced in frequency to a pulse recurrence rate of approximately 25 pps. 
Because of their greater precision, pulses of short duration are used instead 
of sine waves. An amplifier that is rapidly driven from cutoff to satura
tion converts the 50-kc/sec sine waves to square waves which on differen
tiation become positive and negative pulses recurring every 20 yusec. 
The pulse recurrence rate is reduced from 50,000 to 50 pps by a series of 
four dividers. A divider is a device that produces a single output pulse 
for a given whole number of input pulses. It consists of a capacitor that 
is charged in steps by the input pulses acting through a double diode and 
of a blocking oscillator that discharges the capacitor and produces an 
output pulse when the voltage of the capacitor reaches a certain value. 
The four dividers are arranged to divide by 5, 10, 5, and 4, which produces 
series of pulses with recurrence periods of 100, 1000, 5000, and 20,000 ^sec 
respectively. The recurrence period of the last divider is one-half the 
recurrence period required for Loran transmission. 

The recurrence period is doubled by a square-wave generator to give 
the recurrence rate of 25 pps required for Loran transmission. The 
square wave is impressed on the vertical plates of the cathode-ray tube 
to give the vertical displacement of the slow-trace presentation. The 
upper section of the square wave becomes the upper trace, and the lower 
section becomes the lower trace. The spacing between the two traces is 
adjustable. 

Since several pairs of Loran transmitters must operate on a single radio 
frequency, it is necessary that they transmit at slightly different recur
rence rates to permit a navigator to distinguish the signals of one pair from 
those of another and to obtain time-difference measurements from any 
pair of transmitters. The timing of each recurrence rate must be precise; 
and, for the sake of economy, it is desirable that all recurrence rates be 
derived from a single crystal oscillator. This is accomplished by feeding 
a pulse from the square-wave generator back into the second divider in 
such a way that it charges the capacitor of the second divider. If the 
charge from the square-wave generator is equivalent to a single charge 
from the first divider, the capacitor of the second divider is discharged 
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after receiving 9 charges from the first divider instead of the normal 10 
(in 900 >isec instead of the normal 1000 ^sec), and the final recurrence 
period becomes 39,900 /isec instead of the 40,000 usec with no feedback. 
Similarly, if larger charges are fed from the square-wave generator back 
into the second divider, recurrence periods of 39,800, 39,700, 39,600, 
39,500, 39,400, and 39,300 Msec can be obtained. The corresponding eight 
recurrence rates (numbered 0 to 7) are called "specific recurrence rates." 
A second set of eight recurrence rates is obtained by adjusting the last 
divider to divide by 3 instead of 4. The two different sets of recurrence 
rates, approximately 33i and 25 pps, obtained by adjusting the last 
divider are called the high and low, H and L, "basic recurrence rates." 

A coarse phase-shift control is required for quickly bringing the slave 
timer into approximate synchronism with the remote master timer. 
For this purpose pulses from the last divider are fed back into the first 
divider through a push-button switch. 

The oscillator, dividers, and square-wave generator produce the 
required recurrence period, which is represented as two slow traces, one 
below the other, on a cathode-ray tube. The relative timing and duration 
of the fast traces are indicated by pedestals on the slow traces. The 
receiver-output signals produce vertical deflections on the two traces and 
show the relative timing of the signal from the remote station with respect 
to the slow-trace pattern. The location of the remote signal on the slow 
trace can be adjusted by means of the coarse (feedback) and fine (phase-
shift capacitor) phase controls. 

The time difference between the initiations of the fast traces is adjusted 
to equal the required time difference between the remote and local pulses. 
At the slave station the remote (master) pulse must precede the local 
(slave) pulse by half the recurrence period plus a small constant time 
difference called the "coding delay." If necessary this delay can be 
changed, according to a predetermined schedule, to confuse the enemy. 
Thus the master pulse precedes the slave pulse over the entire coverage 
area and so can be readily identified by the navigator. At the master 
station the local (master) pulse precedes the remote (slave) pulse by half 
the recurrence period plus the coding delay plus twice the time required 
for a radio wave to travel from one station to the other. 

The required time differences are obtained from the A-, B-, and 
C-delay multivibrators. Since delay multivibrators are not sufficiently 
stable to give long delays with the required precision, the A- and B-delay 
multivibrators are locked by pulses from the second and first dividers 
respectively. The A -delay multivibrator gives delays that are multiples 
of 1000 usec and is adjustable from 1000 to 10,000 Msec. The S-delay 
multivibrator gives delays that are multiples of 100 jisec and is adjustable 
from 300 to 2500 Msec. The C-delay multivibrator is unlocked and is 
variable continuously from 30 to 170 /isec. 
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At the slave station the multivibrators are arranged so that the 
A-delay multivibrator is triggered at the start of one slow trace. This 
multivibrator is adjusted to give a delay of 2000 jtsec after which it triggers 
the fast-sweep generator and the local transmitter. The B-delay multi
vibrator is triggered at the start of the other slow trace. I t triggers the 
C-delay multivibrator which in turn triggers the fast-sweep generator. 
The B- and C-delay multivibrators are adjusted to place the master 
pedestal to the left of the slave pedestal by a distance corresponding to 
the coding delay. 

At the master station the fast-sweep generator and the local trans
mitter are triggered at the start of the upper trace. The three delay 
multivibrators are arranged in series so that the A-delay multivibrator, 
which is triggered at the start of the lower trace, triggers the B-delay 
multivibrator, which in turn triggers the C-delay multivibrator. The 
C-delay multivibrator initiates the fast trace. Thus the time difference 
between the initiations of the two fast traces is variable continuously 
from a little more than 1000 jisec to a little more than 10,000 /isec 
(plus half the recurrence period). With the proper time difference 
(2/3 + & + L/2) between the initiations of the two fast traces, the opera
tor at the master station should find the remote signal directly below the 
local signal on the fast traces. If he does not, the signals are improperly 
synchronized, and he notifies the slave operator of this condition by 
blinking his transmitter on and off. 

For the precise measurement of the time difference between the initia
tions of the fast traces, calibration markers are displayed on the slow and 
fast traces. Pulses from the pulse generator, the first divider, and the 
second divider are mixed and impressed on the vertical plates of the 
cathode-ray tube to form 20-, 100-, and 1000-jisec calibration markers. 
By means of the 1000-^sec markers displayed on the slow traces, the 
horizontal displacement of the lower pedestal to the right or left of the 
upper pedestal is estimated to the nearest thousand microseconds. On 
fast traces of approximately 1500-MSCC duration, the displacement of the 
1000-Msec markers on the lower trace with respect to those on the upper 
trace is estimated to the nearest hundred microseconds. Similarly, on 
fast traces of approximately 150-jisec duration the displacement of the 
20- and lOO-^sec markers is estimated to the nearest microsecond. 

MODEL C-l TIMER 
7-3. General Description of Timer Models C, C-l, and UJ.—The first 

completely redesigned timer, the Model C, occupies twice the cabinet 
space of the earlier models but is designed for ease of operation and for 
reliability in service. A dual oscilloscope gives a simultaneous display 
of both the slow- and fast-trace pattern, and a test oscilloscope provides 



206 TIMERS [SEC. 7-3 

a convenient means of adjusting the timer while it is in service. The 
locked delay multivibrators of the earlier models are replaced by selector 
circuits that serve the same purpose but have the advantage that they 

F I G . 7-3.—Model C-l timer. 

can be adjusted in service without interfering with their operation. 
Maintenance of synchronism at the slave station is simplified by gearing 
the phase-shift capacitor to the frequency control. An automatic syn
chronizer further facilitates the operation of the Model C timer by cor-
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recting the frequency and phase of the oscillator in the slave timer with 
reference to the pulsed signal received from the master station. 

The 70 Model C-l timers and the 80 Model C timers that were manu
factured by Research Construction Company differ in few respects. A 
clutch in the geared mechanical coupling between the phase-shift capaci
tor and the frequency control of the Model C-l oscillator permits the 
adjustment of the phase without altering the frequency adjustment. 
The trace-separation circuits are modified so that only the vertical 
separation between the fast traces is adjustable, whereas the separation 
between the slow traces is fixed. The 60 Model UJ timers manufactured 
by Du Mont Laboratories are similar to the Model C-l timers. 

As shown in Fig. 7-3 the Model C-l timer is housed in two standard 
relay-rack cabinets bolted together. The cabinet on the left contains 
the power-distribution panel, the test oscilloscope, receiver, dual oscillo
scope, and automatic synchronizer. The cabinet on the right contains 
the divider and selector circuits, the oscillator, and the high- and low-
voltage power supplies. A small box mounted on the side of the cabinet 
contains the controls for the synchronizer. 

7-4. Block Diagram of Model C-l Timer.—A block diagram of the 
Model C-l timer with the attenuator, antenna, and antenna coupling 
units is shown in Fig. 7-4. It differs from the Model B-l timer in the 
larger number of dividers, the substitution of two selectors for the locked 
delay multivibrators, the addition of a synchronizer, and the incorpora
tion of individual cathode-ray tubes for both the fast- and the slow-trace 
presentations. The test oscilloscope is not shown in the block diagram. 

Crystal Oscillator.—The oscillator, similar to that of the Model B-l 
timer, is controlled by a 50-kc/sec quartz bar that is mounted in a con
stant-temperature oven. The oscillator is sufficiently stable to maintain 
synchronism between the local and remote timers without adjustment for 
at least three minutes with an error not exceeding 1 jusec. The frequency 
of the oscillator can be varied several parts per million above and below 
the nominal value of 50 kc/sec. 

Phase-shift Capacitor.—Like that of the B-l timer, the phase-shift 
capacitor serves as the fine adjustment of phase, a single rotation of the 
phase-shift capacitor shifting the phase of the local signal one cycle, or 
20 ,usec, with respect to the signal from the remote station. Fractions 
or whole numbers of rotations produce proportional shifts of phase. The 
phase-shift capacitor is geared to the oscillator frequency in such a way 
that as the phase-shift capacitor is rotated in maintaining synchronism, 
the oscillator frequency is automatically adjusted to reduce the difference 
in the frequencies of the local and remote oscillators. 

Frequency Douhler.—The oscillator frequency of 50 kc/sec was chosen 
because, of the available crystals, those operating at 50 kc/sec were most 
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F I G . 7-4.—Block diagram of Model C-1 timer. 
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stable. To provide 10-/tsec calibration markers and to simplify the 
divider-feedback circuits, the 50-kc/sec signal from the phase-shift 
capacitor is doubled to 100 kc/sec. 

The blocking oscillator is controlled by the sinusoidal signal from the 
frequency doubler and produces, at lO-^sec intervals, sharp, precisely 
timed pulses that drive the dividers and serve as calibration markers. 

Dividers.—A series of six dividers reduces the recurrence rate (100,000 
pps) of the blocking oscillator to that desired for the slow and fast traces. 
For operation at the low basic recurrence rate (50 sweeps per second or 25 
locally transmitted pulses per second), the six dividers are adjusted to 
divide by 5, 2, 5, 2, 5, and 4, respectively. For operation at the high 
basic recurrence rate (33£ pps), the last divider is adjusted to divide by 3. 
The last divider triggers the slow-sweep generator and the square-wave 
generator. 

Eight specific recurrence rates (from zero through seven) at each of 
the two basic recurrence rates are derived from a single crystal oscillator 
by feeding pulses of adjustable amplitude from the last divider back into 
the second and third dividers. The second divider receives pulses from 
the first divider at intervals of 50 jusec and is adjusted to divide by 2. 
Therefore, if the amplitude of the pulse fed back from the last divider is 
equivalent to that received from the first divider, the recurrence period 
of the second divider is reduced from 100 to 50 Msec once for every recur
rence period of the last divider. The recurrence period of the last divider 
is reduced therefore by 50 /xsec. The amplitude of the pulse fed back 
from the last divider into the second divider can be adjusted either to 
reduce the recurrence rate of the last divider by 50 ^isec or not to reduce 
it at all. 

Similarly, the third divider receives pulses from the second divider at 
intervals of 100 yusec and is adjusted to divide by 5. The amplitude of 
the pulse fed back from the last divider into the third divider, therefore, 
can be adjusted to reduce the recurrence period of the last divider by 0, 
100, 200, or 300 /isec. The combination of feedback into the second and 
third dividers provides for reduction of the recurrence period of the last 
divider by 0, 50, 100, 150, 200, 250, 300, or 350 /isec. Since the recurrence 
period of the square-wave generator and of the transmitted signal is twice 
that of the last divider, the reduction of their recurrence period is 0, 100, 
200, 300, 400, 500, 600, or 700 Msec. 

The square-wave generator (Eccles-Jordan circuit) is made up of two 
symmetrically connected triodes, one of which conducts while the other 
is nonconducting. Each pulse from the last divider reverses the conduct
ing and nonconducting states of the triodes. The plate circuits of the 
triodes provide two square-wave output voltages that are mutally 180° 
out of phase. The square-wave generator divides the recurrence rate 
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of the last divider by 2, provides the vertical displacement of alternate 
traces of both the fast- and slow-sweep oscilloscopes, and triggers the 
A- and B-selectors, one of which in turn triggers the transmitter. 

Selectors.—A selector is a series of circuits that, after being triggered, 
selects a pulse from one of the dividers and emits a pulse following the 
trigger pulse by an adjustable period of time. It permits the introduc
tion of an adjustable time delay that has the inherent stability of the 
dividers. It has the further advantage that its adjustment can be 
observed and corrected without interfering with the operation of the 
circuits. 

Two selectors, both triggered by the square-wave generator, are used 
to initiate the fast traces and so to establish the time difference between 
the reception of the signal from the remote station and the transmission 
of the local signal. 

The A-selector, which is triggered at the start of the upper trace of 
the slow-trace pattern, initiates the fast trace which is represented by the 
upper pedestal shown in Fig. 7-5a. It can be adjusted to introduce a 
time delay equal to 1000M ^sec plus 50N ^sec, where M is an integer from 
1 to 12 and N is an integer from 1 to 13. 

Likewise, the B-selector, which is triggered at the start of the lower 
trace, initiates the fast trace which is represented by the lower B-pedestal. 
I t can be adjusted to introduce a delay equal to 1000M /isec plus 50N 
usec plus P Msec, where M and N have the values given above and P is a 
number, not necessarily an integer, between 40 and 120. Thus, although 
neither selector can be continuously varied over the range, the time differ
ence between the two fast traces can be adjusted to any value between 0 
and 11,500 jusec (plus one-half the recurrence period). As shown in 
Fig. 7-56 and c, the B-pedestal is placed to the right of the 4-pedestal at 
both the master and slave stations. 

The coarse delay is a delay multivibrator that is triggered by the 
square-wave generator and that can be adjusted to introduce a time 
difference between 1000 and 12,000 /isec. The differentiated output 
voltage, called a "gate ," cuts off one triode of the mixer for a period of 
approximately 1000 jusec. 

The gate-1000-/xsec pulse mixer is a coincidence mixer which consists 
of two triodes whose plates are connected (the so-called Rossi "coinci
dence circuit"). When both triodes are cut off at the same time, a large 
positive output pulse is produced; a relatively small pulse is produced 
when only one triode is cut off. Negative pulses recurring every 1000 
lusec from the fourth divider are applied to one grid; the differentiated 
negative gate from the coarse delay multivibrator is applied to the other 
grid. Thus, adjustment of the coarse delay permits the selection of a 
particular pulse from the divider to trigger the fine delay. 
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The fine delay is a delay multivibrator that can be adjusted to intro
duce a time difference of 50 to 650 Msec. The output signal is differen
tiated to produce a gate approximately 50 /isec long. 

The gate-50-/*sec pulse mixer is similar to the coincidence mixer 
described above. It selects a particular pulse from the first divider. 

la) Slow oscilloscope pattern 
without signals 

16) Slow oscilloscope pattern 
with signals as it appears 

at an A -station 

(c) Slow oscilloscope pattern 
with signals as it appears 

at a fl-station 

(d) Fast oscilloscope pattern 
with markers and with A-

and B-signals aligned 
Fia. 7-5.—Basic oscilloscope patterns. 

The continuous delay is a multivibrator whose delay can be varied 
continuously from 40 to 120 jusec. 

Exciter Driver.—At a master station the pulse-output circuit is con
nected to the .A-selector so that the local pulse appears on the upper or 
A-pedestal. At a slave station it is connected to the B-selector so that 
the local pulse appears on the lower or B-pedestal. The pulse-output 
circuit and exciter driver amplify and shape the pulse that drives the 
local transmitter. 
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Marker Mixer.—Calibration markers derived from the dividers are 
mixed and applied to the vertical plates of the fast and slow oscilloscopes 
for the measurement of the time difference between the initiations of the 
two fast traces. The 10-MSec markers are derived from the 100-kc/sec 
blocking oscillator; the 100-,usec markers are derived from the second 
divider; and the 1000-jusec markers are derived from the fourth divider. 

Sweep Generators.—The output pulses from the A- and B-selectors 
are mixed and applied to the fast-sweep generator to produce the upper 
and lower traces on the fast-sweep oscilloscope and the upper and lower 
pedestals on the slow-sweep oscilloscope. 

When the fast-sweep generator is triggered, it produces two equal and 
opposite voltage outputs that vary linearly with time and are applied to 
the horizontal deflecting plates of the cathode-ray tube. The intensifying 
grid of the cathode-ray tube is so biased that the electron beam is blanked 
out except for the duration of the fast trace. In this way the short 
intervals of time represented by the pedestals on the slow-trace pattern 
are expanded to form the fast-trace pattern of Fig. 7-5d, which shows the 
remote and local signals and the calibration markers. 

The slow-sweep generator is synchronized by pulses from the last 
divider and produces two voltage outputs that vary linearly with time 
during the interval between the synchronizing pulses. These equal and 
opposite voltage outputs are impressed on the horizontal plates of the 
slow-sweep oscilloscope to produce the two linear traces of the slow-trace 
pattern shown in Fig. 7-5a. 

Trace Separator.—The voltage output of the square-wave generator is 
applied to the vertical plates of both the slow- and fast-sweep oscilloscopes 
to produce the separation between the upper and lower traces. On the 
fast-sweep oscilloscope the separation is variable, whereas on the slow-
sweep oscilloscope the separation is fixed. 

An output voltage from the fast-sweep generator is mixed with that 
from the trace separator and impressed on the vertical plates of the slow-
sweep oscilloscope to produce the upper and lower traces and pedestals 
shown in Fig. 7-oa. 

Attenuator-bias Driver.—Since the attenuator does not respond instan
taneously, it is necessary to apply the attenuating bias some time before 
the transmission of the local signal. The attenuating bias is initiated, 
therefore, by a pulse from the coarse A- or ii-dclay multivibrator, the 
choice depending on the operation of the timer as master or slave. The 
operation of the attenuator is described in Sec. 8 3 . 

Receiver.—The attenuated local signal from the sampling network and 
the signals from the receiving antenna are amplified in the receiver and 
impressed on the plates of the fast- and slow-sweep oscilloscopes to pro
duce vertical deflections. 
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The receiver is a superheterodyne with one stage of r-f amplification, 
a frequency converter, three stages of i-f amplification, a video amplifier, 
and an output cathode follower. A ganged tuning capacitor tunes the 
receiver over a frequency range of 150 kc/sec. By the adjustment of 
three slug-tuned coils the center of the capacitor tuning range can be set 
at any frequency between 1750 and 2100 kc/sec. The intermediate 
frequency is 1600 kc/sec. The over-all bandwidth is approximately 
65 kc/sec at 6 db down from maximum response and 140 kc/sec at 30 db 
down. The receiver noise is equivalent to an input signal of less than 
3 juv, and the sensitivity is such that a 15-^v signal saturates the video 
amplifier and gives a deflection of 2 in. on the dual oscilloscope. 

The signals from the electronic attenuator are introduced to the 
receiver through a resistance network. The electronic attenuator elimi
nates all signals induced on the receiving antenna for a short time (approxi
mately 1800 Msec) during which the local signal is transmitted. The local 
signal is picked up on a small loop located near the transmitting-antenna 
coupling unit and is introduced to the receiver through a potentiometer 
in the resistance network. The potentiometer permits the equalization 
of the amplitudes of the local and remote signals as they appear on the 
cathode-ray tubes. 

Synchronizer.—The synchronizer automatically controls the frequency 
of the oscillator of the slave timer in order to maintain the prescribed 
time difference between the reception of the remote signal and the trans
mission of the local signal. A gate, adjustable in time to give the pre
scribed time difference, is used to sample, for the duration of the gate, 
the voltage of the signal from the master (remote) station. The sampled 
voltage is applied to the crystal oscillator to control the frequency in such 
a way that the gate seeks a position a third of the way up the leading edge 
of the signal from the master station. The same equipment is used at 
the master station (but disconnected from the oscillator) to sound an 
alarm when the synchronism is incorrect. 

Test Oscilloscope.—The test oscilloscope is designed for checking the 
operation of the timer and especially of the dividers and selectors, which 
are so designed that they can be checked while the timer is in service 
without interfering with its operation. The schematic diagram is shown 
in Fig. 7-6. 

The test oscilloscope consists of a 3-in. cathode-ray tube, a video 
amplifier, a sweep generator, and a delay multivibrator. A selection of 
three sweep speeds giving full deflection in approximately 130, 2400, and 
22,000 jusec is available. Pulses from any one of the last four dividers 
or from the square-wave generator can be used to trigger the delay multi
vibrator which in turn triggers the sweep generator. The time difference 
introduced by the delay multivibrator between the input trigger pulse 
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Flo. 7-7.—Schematic diagram of Model C-l oscillator. 
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and the initiation of the trace can be adjusted from 25 to 18,000 psec so 
that almost any desired portion of the period between trigger pulses can 
be displayed on the cathode-ray tube. 

7-6. Model C-l Oscillator.—As shown in Fig. 7-7, the oscillator 
consists of a crystal, an amplifier, an automatic volume control, and a 
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series inductance, capacitance, and resistance circuit. A signal applied 
to the amplifier is increased about one-hundred fifty times and applied to 
the automatic volume control, which maintains a constant amplitude of 
oscillation. The output of the automatic volume control drives the 
crystal at its natural frequency of 50 kc/sec. In series with the crystal, 
tuning coil, and resistor is a variable capacitor that controls the frequency. 
The signal generated across the resistor and applied to the amplifier com
pletes the oscillator circuit. 

The oscillator must be stable to 1 part in 100 million for an hour or 
two at a time. This requirement means that the Q of the crystal must 
be high lest its frequency of oscillation be appreciably influenced by 
variations in the electrical driving circuit. It must have a low-tempera
ture coefficient; the oven temperature must be constant; and the electrical 
driving circuit must be so designed that any phase shift which it intro
duces will be small and stable. 

The crystal is an -Y-cut quartz bar that oscillates at 50 kc/sec. The 
dimensions are 54 mm along the F-, or mechanical, axis; 9£ mm along 
the X-, or electrical, axis; and 7 5 mm along the Z-, or optical axis. The 
upper and lower surfaces (7-j by 54 mm) are electroplated, and electrical 
contact is made to them through very fine wires that are soldered to the 
metallic plating at the center of each surface. The crystal is supported 
between a cork pad and a felt pad of small cross section, which clamp the 
plated surfaces at the center points to which the wires are soldered. 
Since these points are nodes of vibration at the desired frequency, the 
clamping does not seriously affect the vibration of the crystal. The 
clamping pressure is controlled by a screw adjustment on the crystal 
mount. 

The dimensions of the crystal are chosen to give a high Q and a low 
temperature coefficient. If the crystal is represented by its equivalent 
electrical circuit of an inductance, capacitance, and resistance in series, 
Q is the ratio of oiL to R. The Q is approximately 65,000, and the resist
ance is approximately 3500 ohms. The temperature coefficient is nega
tive, about 1 part per million per degree centigrade at an operating 
temperature of 60°C. 

Baffle plates are mounted at short distances from the ends of the 
crystal to serve as sound reflectors. They reduce the amount of sound 
energy uselessly radiated and so increase the Q of the crystal. Since at 
reflection the sound wave is reversed in phase, the reflected wave at the 
end of the crystal should be in phase with the transmitted wave to rein
force the normal vibration. The baffles are therefore adjusted for a 
distance of a quarter wavelength of 50-kc/sec sound in air. 

The crystal oven consists of an outer aluminum case, an insulating 
layer of asbestos, and an interior aluminum case that contains the crystal; 
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its mount, and the inductor. The outer aluminum case is heated by six 
heater cards, one attached to each side. A mercury thermostat, mounted 
on one side of the outer aluminum case, controls the temperature by 
opening and closing the circuit through the heater cards. A balsa-wood 
box encloses and thermally isolates the whole assembly. 

Heat is applied to the outer case for about 1 min out of a 4-min cycle 
when the room temperature is 20°C. The heat "r ipple" caused by the 
on-and-off heating cycle is smoothed by the filtering action of the alternate 
conducting and insulating layers. The aluminum cases can be considered 
as having large thermal capacitance, and the insulating layer can be con
sidered as offering resistance to the flow of heat. 

A mercury thermometer extending into the inner case indicates 
externally the temperature of the crystal. The absolute value under 
normal stable conditions is not important as long as it is within a few 
degrees of 60°C. After the crystal temperature has reached equilibrium, 
it should be stable to within rs-°C. 

The oven temperature is raised when a relay allows current to flow in 
the heater cards. This relay is actuated by the mercury thermostat that 
consists essentially of a glass tube of fine bore into which a pair of fine 
contact wires are sealed. The contacts are so placed that they complete 
a circuit through the mercury column at about 60°C. Mounted on the 
outer aluminum case, the thermostat assumes the temperature of the 
metal. A rise in temperature of the outer oven closes the circuit through 
the relay coil, pulls up the armature of the relay, and opens the contacts 
of the heater circuit. Upon cooling, the circuit through the relay coil 
opens and allows the armature to fall back and close the heater circuit 
again. 

Because of its location, the thermostat has no immediate control over 
the temperature of the inner oven, and at least three hours are required 
for the crystal to reach a stable operating temperature. 

Because of the small size of the mercury thermostat, the short-circuit 
current must be limited to 10 ma and the voltage, when the circuit is 
open, to 12 volts. 

A selenium bridge rectifier converts 10-volt alternating current from 
the transformer to 8-volt direct current for the purpose of operating the 
relay. The transformer is protected by a fuse against short circuits in 
the rectifier. 

The amplifier, which furnishes the power to drive the oscillator, con
sists of two pentode tubes. Each tube operates under Class A conditions 
and has a gain of about 13. Small inductances have been introduced in 
the plate circuits to minimize the phase shift, and the unbypassed cathode 
resistors provide degenerative feedback to reduce distortion. 

The automatic volume control consists of a phase-inverting tube and 
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a bridge composed of two fixed resistors and two lamps whose resistance 
varies with temperature. The phase inverter is a triode with equal 
impedances in plate and cathode circuits. The cathode-output signal is 
in phase with the input signal on the grid; the plate-output signal is 180° 
out of phase with the grid signal. Since the same current is flowing in 
the plate circuit as in the cathode circuit, and since the plate and cathode 
impedances are equal, the 50-kc/sec alternating voltages at the plate and 
cathode are equal. 

When the oscillator is turned on, the lamps are cold, their resistance 
is low, and the bridge is unbalanced; consequently a large signal is 
impressed on the crystal. The mechanical vibration of the crystal and 
the piezoelectric signal associated with it build up with a time constant 
(Q/f) of about 1 sec. As they increase, the amplified signal and the out
put from the phase inverter also increase and cause the temperature and 
the resistance of the lamps to rise. As the bridge approaches balance, 
the signal transmitted through it to the crystal decreases (the attenuation 
of the bridge increases) until a stable state is reached. In the stable 
state, the bridge is slightly unbalanced. The gain of the amplifier is then 
equal to the attenuation of the bridge plus the loss in the crystal and tun
ing circuit. The bridge is thus a variable attenuator that acts like an 
automatic volume control without introducing the usual shift of phase 
and associated shift of frequency. 

The amplifier and automatic volume control are designed to minimize 
the shift of phase between the amplifier input and output, especially the 
shift of phase that might depend on variable quantities such as line 
voltage, temperature, or tube characteristics. Since the Q of the crystal 
is finite, the frequency at which it vibrates can be pulled slightly higher 
or lower by applying a driving voltage that either leads in phase or lags 
behind the crystal oscillation. (This is the principle by which the syn
chronizer controls the frequency of the oscillator.) The variable capaci
tance in series with the crystal, inductance, and resistance provides such 
a frequency control. This capacitance controls the phase of the signal 
applied to the amplifier input with respect to that derived from the crys
tal. I t therefore regulates the phase of the voltage from the automatic 
volume control that drives the crystal and, hence, controls the frequency 
at which the crystal vibrates. 

Rotation of the oscillator frequency control through one division on 
the dial varies the frequency by roughly 1 part in 3 million. This 
represents a change in rate of drift of 20 /usec/min. These figures are 
only approximate because the sensitivity of the oscillator to the frequency 
control depends on the fixed capacitor and on the Q of the crystal. The 
fine frequency control has a much smaller effect upon the circuit, its 
complete range corresponding to a little more than three divisions of the 
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coarse frequency dial. A clutch may be engaged so that the rotation of 
the phase-shift capacitor rotates the fine frequency capacitor, one com
plete rotation of the phase-shift capacitor corresponding to about seven 
divisions of the dial of the fine frequency capacitor. In this way, the 
difference between the frequencies of the local and remote oscillators is 
automatically reduced in maintaining synchronism. 

Since the oscillator is sensitive to loading, the output is taken from a 
cathode follower that draws no current from the oscillator. A signal from 
the grid of the phase inverter is impressed on the grid of the cathode * .. 
follower. 1 

A potentiometer controls the amplitude of the signal applied to the ' 
grid of the tuned amplifier and therefore controls the output of the oscil- I * 
lator unit. The tuned amplifier improves the waveform of the signal that t ) 
is applied to the grid of the phase inverter. The purpose of the phase \ 
inverter is to provide two output signals that are equal in amplitude and 
180° out of phase. These two signals are applied to four phasing net- ) ' 
works to produce four signals that are mutually 90° out of phase. If an \ 
alternating voltage is impressed across an impedance composed of a resist- i- J 

ance and a capacitance in series, the voltage across the resistor leads thep 
voltage across the capacitor by 90°. The voltage across the combination j 
is the vector sum of the voltage across the resistor and the voltage across , 
the capacitor; in phase it lies between the two component voltages. ) 
Since the capacitive reactance l/2ir/C equals the resistance, the voltage ' 
across the capacitor is equal to the voltage across the resistor. Under 
this condition the voltage across the resistor leads the voltage across the i 

combination by 45°; the voltage across the capacitor lags behind t<he \ 
voltage across the combination by 45°. Thus the four phasing networks ' 
produce four voltages that are mutually 90° out of phase. These are » 
impressed on the four stator plates of the phase-shift capacitor, whichUs-j ■''^4 

the same as that of the Model B-l timer described in Sec. 7-2. 
The tuned amplifier amplifies the signal from the rotor of the phase-

shift capacitor and improves its waveform. 
The frequency doubier differs from the tuned amplifier in that the 

plate antiresonant circuit is tuned to 100 kc/sec, and the positive bias 
of the cathode is larger (because of the high cathode resistance). The 
tube is nonconducting except for about a quarter of the 50-kc/sec period. 
The short pulse of current causes the tuned circuit to oscillate at its 
resonant frequency of 100 kc/sec. Since the amplitude of the oscillation 
decreases slightly between pulses, it is necessary to improve the waveform 
in a 100-kc/sec tuned amplifier located in the divider unit. 

The output stage is a cathode follower with cathode self-bias. 
7-6. Model C-l Divider Unit.—In the divider schematic diagram 

(Fig. 7-8), the tuned amplifier, blocking oscillator, and six dividers with 
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feedback arc shown together with the marker mixer, square-wave gener
ator, trace separator, and pedestal mixer. 

The output of the fretiuency doubler is a 100-kc/sec sine wave with 
alternate cycles of decreased amplitude. The tuned amplifier converts 
this output to a 100-kc/sec sine wave of constant amplitude. 

Since the sine-wave output signal of the 100-kc/sec shaper is not 
suitable for generating calibration markers or for driving the dividers, it 
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is used to synchronize a blocking oscillator that generates accurately 
timed pulses of short duration recurring every 10 fisec. When the grid 
of the triode is driven to the potential at which plate current flows, the 
plate current flowing through the transformer induces a voltage on the 
grid. The polarity of the transformer windings is such that the increase 
of plate current drives the grid of the tube to a positive potential. The 
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grid-voltage rise brings about a further increase in plate current which, 
in turn, causes an additional increase in grid potential. This regenera
tion continues until grid current is drawn and the grid capacitor is nega
tively charged. Its capacitance is small, and consequently it becomes 
charged very rapidly once the grid of the tube is driven into the high 
grid-current region. When the rate of change of potential on the 
capacitor caused by flow of grid current exceeds that caused by trans
former action, the grid voltage begins to decrease. This causes the plate 
current to decrease and hence reverses the polarity of the potential 
induced on the transformer secondary. The decreasing secondary volt
age augments the grid-voltage decrease until the cutoff voltage is exceeded 
and the flow of plate current ceases. The magnetic field that has been 
developed in the transformer by plate current collapses and induces an 
overshoot voltage. Since the grid has been driven below, cutoff, addi
tional oscillations are prevented until the grid capacitor is discharged, at 
which time the cycle is repeated. 

There are six dividers with feedback which reduce the recurrence rate 
(100,000 pps) of the pulses from the blocking oscillator to the recurrence 
rate of the traces (which is twice the recurrence rate of the transmission 
of the local A- or B-signal). 

A typical divider circuit consists of a charging capacitor, a double 
diode, a storage capacitor, and a blocking oscillator. The input pulses, 
through the action of the charging capacitor and the double diode, build 
up a charge on the storage capacitor in steplike fashion, each input pulse 
raising the charge and the voltage one step. When the storage capacitor, 
which is connected to the grid of the blocking oscillator, reaches the poten
tial at which plate current flows, the cycle of the blocking oscillator is 
triggered, an output pulse is produced, and the storage capacitor is 
discharged. This steplike accumulation of charge on the storage capaci
tor followed by its discharge is repeated indefinitely. 

The number of steps between discharges, or the dividing factor of the 
circuit, is inversely proportional to the input charge per step (which is 
proportional to the total positive input voltage applied to the charging 
capacitor and to the capacitance of the charging capacitor). It is directly 
proportional to the capacitance of the storage capacitor and directly pro
portional to the difference between the discharged potential and the 
potential at which the cycle of the blocking oscillator is triggered. When 
the storage capacitor is discharged by the blocking oscillator, it is first 
driven below ground potential but is immediately restored to ground 
potential by the double diode. The potential at which the cycle of the 
blocking oscillator is triggered is determined by the cathode bias, which 
is controlled by a potentiometer. 

Feedback is applied from the last divider to the second and third 
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dividers. By means of a second double diode connected to the storage 
capacitor of the third divider, for instance, every output pulse from the 
last divider supplies a charge of adjustable amount to the storage capaci
tor. This feedback reduces the recurrence period between output pulses 
of the third divider once every recurrence period of the last divider and 
thereby reduces by the same amount the recurrence period of the last 
divider. 

The functions of the square-wave generator are to divide the recur
rence rate of the last divider by 2 and to produce an output square wave 
for the vertical displacement of the upper and lower traces of the fast-
and slow-oscilloscope patterns. The square-wave generator is an Eccles-
Jordan circuit similar to a multivibrator, and it consists of two triodes 
whose plates are cross-coupled to the grids through resistors as well as 
through capacitors. I t is a balanced circuit, each component associated 
with one triode corresponding to an identical component associated with 
the other triode. There are two stable states of operation, in which all 
currents and voltages remain constant. In one state one triode conducts 
while the other is nonconducting; in the other state the conducting and 
nonconducting conditions of the triodes are reversed. The negative 
portions of the output pulses from the last divider are applied through 
a diode to both grids of the square-wave generator. Each pulse causes 
the states of operation of the triodes to reverse, producing at the two 
plates square-wave outputs that are equal in amplitude but opposite in 
phase. Since the square-wave generator is sensitive to loading, the out
puts are taken from two cathode followers. 

In the trace-separation pedestal mixer the square wave is mixed with 
the flat-topped intensifier pulses from the fast-sweep generator (shown 
in Fig. 7-9). The output is applied to one of the vertical deflecting plates 
of the slow oscilloscope to produce the upper or A -trace with the .4 -pedes
tal and the lower or B-trace with the B-pedestal. The vertical separation 
between the upper and lower traces of the slow oscilloscope is fixed. 
The square-wave and pedestal signals are applied to the grids of two triode 
amplifiers that are cathode-coupled. The signals applied to the grids are 
relatively small positive and negative voltages, and consequently both 
triodes operate over approximately linear portions of their characteristics. 
The current through the cathode resistor is controlled by the grid that is 
momentarily more positive. The voltage waveforms that appear on the 
plates of the triodes are similar although unequal and opposite in phase. 

The operation of the trace-separation circuit that gives adjustable 
vertical separation between the upper and lower traces of the fast oscillo
scope is similar to that of the trace-separation pedestal mixer. The cir
cuit consists of two cathode-coupled triodes that operate as cathode 
followers. An adjustable d-c potential is applied to one grid, and the 
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square wave is applied to the other. The cathode potential cannot fall 
appreciably lower than the higher of the two grid potentials. When the 
d-c grid potential is low, the cathodes are free to follow the square wave 
impressed on the other grid; when it is high, the cathode can follow only 
the positive portion of the square wave. The output from the cathode 
is amplified and applied to one of the vertical deflecting plates of the fast 
oscilloscope. 

The 10-, 100-, and 1000-psec marker mixer is a triple-coincidence 
mixer. The plates (with limiting resistors) of three normally conducting 
triodes are connected so that the combined plate currents determine the 
potential difference across the common plate resistor. The output posi
tive pulse is very small when one triode is cut off, somewhat larger when 
two are cut off, but very large when all are cut off. Negative pulses from 
the blocking oscillator recurring every 10 /isec are applied to the grid of 
the first triode and produce small positive output pulses. Once every 
100 /isec a pulse from the second divider is rectified and applied to the 
grid of the second mixing triode, which cuts it off for a period of approxi
mately 10 ^sec. A pedestal on the output waveform results, and one of 
the 10-Msec pulses is effectively amplified. Similarly, a pulse from the 
fourth divider produces a pedestal approximately 30 jisec long and 
effectively amplifies three of the 10-jusec pulses. The pedestals, which 
are appreciably smaller in amplitude than the 10-/*sec markers, are 
eliminated by the limiting action of the marker output amplifier. Thus, 
the output waveform is a series of marker pulses recurring accurately 
every 10 /zsec. Every tenth pulse is a 100-Msec marker of increased 
amplitude. Every tenth 100-/isec marker is identified as a 1000-fisec 
marker by a series of three pulses following the 100-Msec marker and 
spaced 10 /isec apart. 

7-7. Model C-l Selector Unit.—As shown in Fig. 7-9, the selector 
chassis contains the A- and B-selectors, the selector mixer, the fast- and 
slow-sweep generators and paraphase amplifiers, the exciter driver, and 
the attenuator driver. 

The function of the selectors is to permit the introduction of an adjust
able and highly stable time difference between the initiations of the fast 
A- and B-sweeps (see Sec. 7-3). After being triggered by the square-
wave generator, one selector circuit selects one of a series of pulses 
(recurring every 1000 jisec) from one of the dividers. The selected 
lOOO-^sec pulse in turn triggers another selector circuit, which selects a 
particular one of a series of 50-Msec pulses. The selected 50-^sec pulse of 
the B-selector triggers a continuously adjustable multivibrator whose 
output pulse initiates the fast sweep. 

A typical selector circuit, such as the coarse A-delay and the associated 
gate-1000-Aisec pulse mixer, consists of a delay multivibrator and a coin
cidence mixer. The delay multivibrator is a double-triode cathode-
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coupled multivibrator that is inactive until it is triggered by a positive 
pulse on the first grid or a negative pulse on the second grid. In the 
normal quiescent state the first triode is nonconducting while the second 
triode is conducting. The grid of the second triode is returned to the 
B-supply voltage through a high resistance so that the grid-to-cathode 
voltage is essentially zero. Therefore, the cathode potential is determined 
by the flow of current through the cathode and plate resistors and a 
triode operating at zero grid-to-cathode voltage. The bias of the first 
grid, which controls the time delay, must be negative with respect to 
the quiescent cathode potential. A positive trigger pulse applied to the 
first grid or a negative trigger pulse applied to the second grid causes the 
first triode to conduct and the second to be cut off. The cathode poten
tial and also the change in the plate potential from the nonconducting 
to the conducting state are determined by the grid bias. The change 
in plate potential determines the amplitude of the negative pulse impressed 
on the second grid. The potential of the second grid, therefore, varies 
exponentially with time and returns toward the B-supply potential with 
a time constant equal to the product of the grid resistance and the cou
pling capacitance. When it approaches the cathode potential (as adjusted 
by the grid bias), the second triode again conducts and produces a nega
tive output pulse, the first triode is cut off, and the circuits assume their 
normal quiescent state. The time delay, therefore, is a function of the 
time constant and the adjustable grid bias. Actually it is an approxi
mately linear function of the grid bias. 

The gate-pulse mixer is a double-triode coincidence mixer of the type 
previously described. The negative output pulse of the delay multi
vibrator is differentiated to cut off the first triode for a time determined 
by the product of the grid resistance and the coupling capacitance. 
Negative pulses from one of the dividers are impressed on the other grid. 
When both triodes are cut off, the resulting positive pulse is large enough 
to cause current to flow through the biased amplifier and trigger the 
following selector circuit. 

The purpose of the selector mixer is to produce for each negative 
pulse from the ^-selector and each negative pulse from the B-selector a 
positive output pulse to trigger the fast-sweep generator. I t is a pentode 
amplifier that is normally conducting. Positive and negative differen
tiated pulses from the ^.-selector are impressed on the suppressor grid, 
and positive and negative differentiated pulses from the ^-selector are 
impressed on the control grid. A positive pulse on either grid does not 
appreciably affect the flow of plate current; a negative pulse on either 
grid cuts off the plate current and produces a positive output pulse. This 
positive pulse is applied to a negatively biased amplifier that triggers the 
fast-sweep generator. 

The fast-sweep generator when triggered generates an output voltage 
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that varies linearly with time and deflects the cathode-ray beam hori
zontally to produce the A- and fi-traces of the fast oscilloscope. By 
means of a three-position switch and potentiometers the sweep speed can 
be adjusted from a speed that gives full deflection in 60 iJ.sec to one that 
gives full deflection in 1400 ^sec. The sweep generator also provides 
positive flat-topped intensifier pulses, which are applied to the intensifier 
grid of the cathode-ray tube. The cathode-ray beam is cut off except 
for the duration of the sweep. 

The fast-sweep generator is a sharp cutoff pentode amplifier whose 
plate is capacitance-coupled to the control grid. The potential of the 
suppressor grid is limited by diodes to the region between ground and 
85 volts below ground potential. In the quiescent state, the suppressor 
grid is held at —85 volts, and the control grid is connected through a 
high resistance to a positive potential. Consequently, no plate current 
flows, but there is a large flow of screen-grid current, and the screen-grid 
potential is low. 

A negative pulse applied to the plate and control grid momentarily 
cuts off the flow of screen-grid current, raises the screen-grid potential, 
and, through capacitance-coupling, raises the suppressor-grid potential 
from —85 volts to ground potential. The control grid immediately 
returns to a potential at which space current flows. Since the suppressor 
grid is at ground potential (where it remains for the duration of the sweep), 
less current flows to the screen grid, and the screen-grid potential remains 
higher than in the original quiescent state. The plate potential tends to 
decrease from the quiescent nonconducting value; but, because of the 
capacitance coupling of the plate to the control grid, the change in plate 
potential maintains the control grid at the potential (a few volts below 
ground) at which the plate current is controlled by the grid potential. 
Thus the plate potential is controlled by the potential difference across 
the coupling capacitor—a difference that is determined by the flow of 
charging current through the grid resistor. Since the grid potential and 
the adjustable positive bias are practically constant, the flow of current 
through the grid resistor is also constant, and the potential difference 
across the coupling capacitor (which is equal to the charge divided by the 
capacitance) is a linear function of time. Consequently, the plate 
potential is a linear function of time, and the rate of change of potential 
which determines the sweep speed is directly proportional to the difference 
of potential between the adjustable positive bias and the grid potential 
(approximately ground) and inversely proportional to the grid resistance 
and the coupling capacitance. As the plate potential approaches the 
knee of the characteristic curve of the tube, the screen-grid current 
increases and thereby reduces the screen-grid potential, drives the sup
pressor grid to negative potentials, and cuts off the plate current. As 
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the plate current is cut off, the plate potential rises rapidly and causes 
grid current to flow in the coupling capacitor, thus further increasing the 
screen-grid current and returning the circuit to its original quiescent 
state. 

The output of the sweep generator is applied to one horizontal deflect
ing plate of the fast cathode-ray tube, and the output of the paraphase 
amplifier is applied to the other. The output waveform of a paraphase 
amplifier is similar and equal to the input waveform (in this case the wave 
from the sweep generator), but it is inverted. The potential at a point 
midway between the deflecting plates of the cathode-ray tube remains 
practically constant, therefore, and defocusing at the ends of the trace is 
minimized. 

The slow-sweep generator and its associated paraphase amplifier are 
rather similar in operation to the fast-sweep generator and paraphase 
amplifier. They are triggered by pulses from the last divider and deflect 
the beam of the slow oscilloscope horizontally to produce the upper and 
lower traces of the slow-trace pattern. 

The exciter-driver circuit can be triggered by output pulses from either 
the A- or B-selector, the choice depending on the function of the timer as 
a master or a slave. The pulse is amplified to trigger a gas-filled tube, 
the output pulse of which is shaped in a resistance and capacitance net
work and transformer to drive the transmitter. 

Similarly, a negative output pulse from either the coarse A-delay 
multivibrator or the coarse B-delay multivibrator is chosen to control 
the bias of the electronic attenuator. The attenuator driver generates 
a positive flat-topped pulse so timed that the transmission of the local 
signal falls within its limits for all adjustments of the selectors. The 
duration (approximately 1800 /<sec) of the flat-topped biasing pulse is 
determined by the differentiation of the negative output pulse from the 
coarse A- or B-delay multivibrator. 

As a warning to Loran navigators, the transmitted signal is caused to 
blink if the synchronism is incorrect. This is done by a motor-driven 
switch (controlled from the panel of the dual oscilloscope) that changes 
the bias of the coarse delay multivibrator and therefore changes (ordi
narily by 1000 Msec) the time difference introduced by the selector for 
i sec every second. Viewing the slow-trace pattern, a navigator sees 
the signal shift periodically to the right or the left. The signal as viewed 
on the fast oscilloscope disappears for ■$■ sec every second. 

7-8. Model C-l Synchronizer.—The purpose of the synchronizer is to 
control the frequency of the oscillator of the slave timer automatically so 
that the prescribed time difference between the reception of the remote 
signal and the transmission of the local signal is maintained. The infor
mation obtained from the sampling of the leading edge of the received 
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remote signal is applied to the crystal oscillator in such a way that the 
position of the remote signal as it appears on the fast oscilloscope is held 
stationary. 
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F I G . 7 10.—Schematic diagram of Model C-l synchronizer. 

As a result of the delays in the transmitting and receiving systems, 
the local pulse does not appear precisely at the start of the fast trace but 
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is displaced to the right by a distance corresponding to a delay of approxi
mately 50 ^sec. When the signals at the slave station are properly 
synchronized, the remote signal appears on the fast ^4-trace directly 
above the local signal on the fast B-trace. An adjustable time difference 
of 50 fisec or so, therefore, must be introduced between the start of the 
fast A-trace and the initiation of the gate that samples the voltage of 
the leading edge of the remote signal. The delay multivibrator shown in 
Fig. 7-10 controls the position of the gate and of the remote signal on the 
fast yl-trace. The delay multivibrator is a cathode-coupled double-
triode multivibrator similar in operation to those in the selector unit. 

The positive flat-topped signal generated by the delay multivibrator 
is differentiated and applied to the grid of an amplifier. Since the grid 
of the amplifier is returned to the B-supply through a high resistance, the 
positive pulse at the start of the delay (coincident with the start of the fast 
j4-trace) does not appreciably affect the flow of current through the 
amplifier. However, the differentiated negative pulse following the delay 
cuts off the flow of current through the amplifier for a period of time 
determined by the product of the grid resistance and the coupling capaci
tance. The resulting pulse of approximately 20-Msec duration is inverted 
and amplified to produce the negative gate that is applied to the cathode 
of the coincidence mixer. The video signal from the receiver is applied 
to the grid of the coincidence mixer. The amplitude of the negative out
put pulse from the coincidence mixer is determined by the average 
amplitude of the video signal for the duration of the gate. In normal 
operation the gate falls approximately a third of the way up the leading 
edge of the remote signal. If it occurs a few microseconds early, the out
put is less than normal; if it occurs a few microseconds late, the output 
pulse is greater than normal. The output pulse, which is applied through 
a diode to a capacitor, charges the capacitor negatively. The capacitor 
is allowed to discharge to ground through a high resistance, the combina
tion having a time constant that is many times longer than the recurrence 
period of the charging pulse. Thus a sawtooth voltage is generated on the 
capacitor, the amplitude of the teeth and also the average negative poten
tial depending on the timing of the gate in relation to the remote signal. 

The negative sawtooth voltage is applied to one control grid of the 
differential amplifier. The other control grid is maintained at a fixed 
negative reference potential. The two tetrodes are coupled through a 
common cathode resistor and a common screen-grid resistor so that the 
two amplified output signals at the plates are sawtooth in form and oppo
site in phase. The relative average voltages at the plates depend on the 
relation between the average negative sawtooth bias and the negative 
reference bias and are applied directly to the two screen grids of the 
balanced phase corrector. These average voltages are equal when, in nor-
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mal operation, the gate is located one-third of the way up the leading edge 
of the remote signal. A 50-kc/sec signal from the crystal oscillator is 
impressed on the grid of a phase inverter, yielding two equal and opposite 
50-kc/sec signals which are applied to the control grids of the balanced 
phase corrector. The small coupling capacitances and small grid 
resistances produce a shift of phase of approximately 90°. This provides 
the proper phase of the frequency-correcting signal, which is applied to 
the crystal oscillator, to control the oscillator frequency. The control 
grids are normally biased at approximately ground potential, but they 
are connected through a high resistance to the detector of the receiver, 
and hence during large bursts of noise the grids are negatively biased and 
the synchronizer is paralyzed. Since the 50-kc/sec signals impressed 
on the control grids are opposite in phase, the phase of the output signals 
at the antiresonant common plate impedance depends on the relative 
average voltage on the screen grids. This output signal is applied to the 
cathode of one of the amplifiers in the crystal-oscillator circuit in such a 
way that it changes the phase of the signal impressed on the crystal and 
therefore tends to increase or decrease the frequency of the oscillator. 
The increase or decrease in the frequency depends on the unbalance of the 
differential amplifier, which in turn depends on the timing of the gate in 
relation to the remote signal. 

Thus at a slave station the synchronizer holds the remote signal at a 
predetermined position on the fast .A-trace by controlling the frequency 
of the crystal oscillator. When the differential amplifier becomes 
unbalanced, a buzzer that is connected between the plates of the differen
tial amplifier sounds an alarm indicating an error in synchronism. At a 
master station the automatic synchronizer is not connected to the oscil
lator, but it is used to sound the alarm when the synchronism is incorrect. 

A voltmeter connected between the plates of the differential amplifier 
provides an indication of the unbalance of the differential amplifier and 
of the amplitude of the frequency-correcting signal that is applied to the 
crystal oscillator. When the meter reads zero (and also during bursts of 
noise), no frequency-correcting signal is applied to the crystal oscillator. 
If the operator adjusts the oscillator fine frequency control so that the 
average reading of the voltmeter is zero, there is then no false correction 
applied if the synchronizing signal is momentarily removed by the paralyz
ing effect of a burst of noise. 

MODEL UE-1 TIMER 
7-9. General Description of Model UE-1 Timer.—In consultation 

with representatives of the Radiation Laboratory and the Bureau of 
Ships, the General Electric Company developed the Model UE-1 timer. 
Because it is constructed of Navy-approved components to meet Navy 
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F I G . 7-11.—Model UE-1 timer. (Courtesy of General Electric Company.) 
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specifications, it is somewhat larger and heavier than the Model C-l 
timer. Blowers circulate air through the cabinet to keep the components 
cool, and space heaters are provided to keep the equipment dry when it is 
idle. The mounting of all chassis on drawer slides facilitates the servicing 
of the equipment. 

There are few fundamental changes in circuit design. The oscillator, 
designed at the Bell Laboratories and manufactured by the Western 
Electric Company, is more stable than that of the Model C-l timer. 
The phase-shift capacitor and oscillator frequency control are motor-
driven and are mounted in a separate chassis. Also the dividers and 
selectors are mounted in two separate chassis. The use of locked delay 
multivibrators in the test oscilloscope permits the stable presentation of 
any portion of the recurrence period on the fast trace, and an internal 
system of cabling and switching provides a convenient means of observing 
waveforms at a number of test points. An infinite rejection wave trap 
incorporated in the receiver serves as an antijamming and anti-inter
ference device. 

The synchronizer differs from that of the Model C-l timer. The 
phase-correcting voltage, instead of electronically controlling the fre
quency of the oscillator, controls a motor that drives the phase-shift 
capacitor and the oscillator frequency control. Thus, as the synchronizer 
automatically maintains the prescribed synchronism, it also adjusts the 
oscillator frequency in such a way as to reduce the difference between the 
frequencies of the master and the slave oscillators. As the frequency 
difference is reduced, the operator can reduce the rate at which the syn
chronizer corrects errors in synchronism. This procedure permits the 
maintenance of stable and reliable synchronism even under severe condi
tions of noise. 

Figure 7-11 is a photograph of the Model UE-1 timer. The cabinet 
on the left contains the selector unit, receiver, dual oscilloscope, automatic 
synchronizer, and high-voltage power supply. The cabinet on the right 
contains the divider unit, test oscilloscope, crystal oscillator, phase-
control unit, main power supply, and bias power supply. 

Altogether 192 Model UE-1 timers have been ordered to replace timers 
of the earlier designs in most of the permanent stations.' 

Block Diagram of Model UE-1 Timer.—As shown in Fig. 7-12, the 
block diagram of the Model UE-1 resembles that of the Model C-l timer. 
Since the oscillator frequency is 100 kc/sec, no frequency doubler is 
required. The dividers, feedback, and square-wave generator are 
essentially unchanged. The introduction of an additional delay multi-

1 The Model UE-1 timer is described in detail in the "Preliminary Instruction 
Book for the Model UE-1 Timer," Navships 900, 427-IB, which is distributed by the 
Bureau of Ships, U.S. Navy Department, Washington, D C . 
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F I G . 7-12.—Block diagram of Model UE-1 timer. 
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vibrator and gate-pulse mixer in the B-selector provides complete and 
continuous coverage of the required time-difference range and eliminates 
the requirement for a fine delay multivibrator in the A -selector. 

The 100-kc/sec oscillator (Meacham) circuit consists of a two-stage 
amplifier and a bridge containing the crystal. It is described in Sec. 7-10. 

The automatic synchronizer maintains synchronism by controlling 
the rotation of a motor that is geared to the phase-shift capacitor and to 
the fine frequency control. The operation of the phase-control unit is 
described in Sec. 7-11. 

The receiver can be tuned to any frequency between 1700 and 2100 
kc/sec. The over-all 6-db bandwidth is approximately 70 kc/sec, and 
the sensitivity is such that a 2-/tv signal gives full deflection of the oscillo
scope trace. It is described in Sec. 7-12. 

Since the operation of the Model UE-1 synchronizer differs consider
ably from that of the Model C-l, it is discussed in detail in Sec. 7-13. 

Divider.—The divider circuits are similar to those of the Model C-l 
timer. The divider chassis contains a 10-/isec blocking oscillator, six 
dividers with feedback, a square-wave generator, a 2-/jsec marker gener
ator and marker mixer, slow- and fast-trace separators, and separator-
pedestal marker mixers. There are six dividers which divide by 5, 2, 
5, 2, 5, 4 (or 3), respectively. The 2-/xsec marker generator consists of a 
triode amplifier which is driven by the 10-/usec blocking oscillator and is 
transformer-coupled to a resistance amplifier. Both the primary and 
secondary of the transformer are tuned to 500 kc/sec. The resistance 
amplifier is cathode-biased so that it conducts for only a fraction of each 
cycle and generates sharp marker pulses that are capacitance-coupled 
to the output of the marker mixer. The marker mixer is a triple-coinci
dence mixer similar to that shown in Fig. 7-8. On the slow-sweep oscillo
scope only 1000-Msec markers are displayed, whereas 2-, 10-, 100-, and 
1000-Msec markers are displayed on the fast-sweep oscilloscope. Selector 
switches and cathode followers provide outputs for synchronizing the 
traces of the test oscilloscope and for testing the operation of the dividers. 

Selector.—The selector circuits differ from those of the Model C-l 
timer chiefly in the time-difference ranges of the delay multivibrators. 
There is only one delay multivibrator in the A-selector. It selects 1000-
Msec pulses and can be varied from 1000 to 15,000 jusec. Unlike that of 
the Model C-l timer, the 5-selector can be varied continuously over the 
full range from slightly more than 1000 ^sec to more than 15,000 jusec. 
The 1000 S-delay multivibrator, which selects 1000-/xsec pulses, can be 
varied from 1000 to 15,000 /usec; the 100 B-delay multivibrator, which 
selects lOO-^sec pulses, can be varied from 100 to 1100 jusec; the 10 B-delay 
multivibrator, which selects 10-/isec pulses, can be varied from 20 to 
130 Msec; and the continuous B-delay multivibrator can be varied con-
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tinuously from 10 to 21 /xsec. The selector chassis also contains the bias 
generator for the electronic attenuator, the transmitter-exciter driver, 
sweep generators, and a selector switch and cathode follower for testing. 

Test Oscilloscope.—The test oscilloscope is similar in function to that 
of the Model C-1 timer. A system of internal cabling and selector 
switches provides a convenient means of observing the signals at a number 
of test points in several chassis. The vertical-amplifier input circuit can 
be connected to the oscillator, the dividers, selectors, or an external probe. 
The sweep-synchronizing input circuit can be connected to the dividers 
or to an external probe. 

The vertical deflecting circuits consist of an attenuator that can be 
switched in or out, a cathode follower with a gain control, a video ampli
fier, a phase inverter, and a push-pull amplifier that is capacitance-
coupled to the vertical deflecting plates and the centering circuits. 

Either of two sets of pulses from the square-wave generator, differing 
in time by 20,000 ,usec and recurring every 40,000 /isec, can be selected to 
synchronize the sweep generator. The purpose of the sweep-synchroniz
ing circuits is to permit the observation on a fast trace of signals recurring 
during any portion of the main recurrence period of 40,000 ^sec. This is 
accomplished by introducing an adjustable time difference between the 
input synchronizing pulse and the initiation of the fast trace. To provide 
complete coverage of the whole recurrence period the time difference must 
be adjustable from a little more than 1000 Aisec to a little more than 
21,000 Msec. The synchronizing circuits consist of a pulse amplifier, a 
coarse delay multivibrator, and a fine delay multivibrator. To maintain 
the required stability over its wide range, the coarse delay multivibrator 
is locked on 1000-Msec pulses. It can be varied from 1000 to 20,000 fisec. 
The fine delay multivibrator is unlocked and can be varied continuously 
from 300 to 1500 Msec. 

The sweep generator, which is triggered by the fine delay multivibra
tor, generates traces of any one of three speeds which is selected by a 
switch on the panel. The three trace speeds correspond to durations of 
25,000, 3000, and 160 Msec. 

7-10. Model UE-l Oscillator.—The most stable oscillator that has 
ever been built in quantity is the Model UE-l . The crystal is a GT-cut 
quartz plate with a low temperature coefficient (approximately 1 part 
in 107 per degree centigrade). It is mounted in an evacuated glass bulb 
on wire supports that are soldered to its two silver-coated surfaces. This 
support is rugged and enables the crystal to withstand severe mechanical 
shocks without injury. 

The crystal unit is contained in a heavy copper tube that is closed at 
both ends to ensure uniformity of temperature distribution. The fine 
heater consists of four heating elements of the bridge which are associated 
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FIG. 7-13.—Schematic diagram of Model UE-1 oscillator. 
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with the heater oscillator shown in Fig. 7-13 and are wrapped around the 
copper tube. Although the resistances of two of them vary with tem
perature, the resistances of the other two are independent of temperature. 
The power supplied to these heating elements by the heater oscillator is 
controlled by the unbalance of the bridge, which in turn depends on the 
temperature of the heating elements. Thus the heating power is a con
tinuously variable function of the temperature of the copper tube that 
encloses the crystal and varies in such a way that it tends to maintain the 
temperature at a constant value. 

Surrounding the fine heater tube is a glass thermos cylinder closed at 
both ends by glass thermos plugs. This insulation minimizes the loss of 
heat from the fine heater. The thermos cylinder is enclosed in a copper 
tube with two end plates around which are wrapped the windings of the 
coarse heater. The power supplied to the coarse heater is controlled by 
a thermal switch mounted on one of the end plates. To minimize loss of 
heat and to provide uniform thermal distribution, the coarse heater is 
wrapped in alternating layers of felt and aluminum foil. The outer 
housing is a large chromium-plate brass cylinder. 

The 100-kc/sec crystal-oscillator circuit (Fig. 7-13) consists of a two-
stage amplifier and a bridge containing the crystal. The first stage is a 
resistance amplifier of moderately high gain. It is capacitance-coupled 
to the second stage which is transformer-coupled to the bridge circuit. 
The primary of the transformer is tuned to 100 kc/sec. Negative feed
back is applied from the secondary of the transformer through a filter and 
through a parallel combination of a resistor and a capacitor to the cathode 
of the first amplifier tube. The filter is a damped antiresonant circuit 
tuned to 100 kc/sec. This negative feedback reduces any tendency of 
the oscillator to oscillate at undesired frequencies. 

The output of the amplifier is applied to one terminal of a bridge, the 
opposite terminal being grounded. The voltage between the other two 
terminals is applied through a tuned transformer to the grid of the first 
amplifier tube. Two opposite arms of the bridge are resistors whose 
resistances are fixed and independent of temperature. Another arm is a 
lamp whose resistance varies with temperature and therefore depends on 
the amplitude of oscillation. The fourth arm contains the crystal in 
series with a network whose reactance can be adjusted to control the fre
quency of oscillation. Any reactance unbalance of the bridge causes the 
voltage impressed successively on the amplifier, on the bridge, and 
on the crystal to be phased in such a way that the frequency tends to 
increase or decrease so that the reactance unbalance is reduced. Thus the 
reactance introduced in series with the crystal controls the frequency of 
oscillation. Some of the power from the amplifier passes through the 
lamp and thereby heats it and controls its resistance. The resistance 
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unbalance of the bridge determines the fraction of the voltage impressed 
on the bridge which is transferred to the grid of the first amplifier tube. 
This resistance unbalance controls the amplitude of oscillation and acts 
as an automatic volume control without the phase instability of the more 
conventional types of automatic volume control. Thus the bridge con
trols both the frequency and the amplitude of oscillation. 

The coarse frequency control is a selector switch that permits the 
introduction of various' fixed values of capacitive or inductive reactance 
in series with the crystal in one arm of the bridge. The switch has ten 
positions, each introducing a change in frequency of approximately 
4 parts per million, and gives a total range of approximately 36 parts per 
million. The fine frequency control is a variable capacitor in series with 
the crystal and fixed reactor. It provides continuous control of the fre
quency over a range of 5 parts per million. In parallel with the fine 
frequency capacitor is another variable capacitor located in the phase-
control chassis and geared to the phase-shift capacitor. The latter 
variable capacitor is capable of controlling the frequency over a range of 
nearly 5 parts per million. 

An isolation amplifier and a transformer provide a low-impedance out
put and prevent any change in the output load from affecting the opera
tion of the oscillator. The output is approximately 14 volts rms. 

A microammeter with a selector switch and appropriate resistors and 
rectifiers provides a convenient means of checking the operation at several 
test points in the oscillator and oven-heater circuits. 

The stability of the oscillator is such that the rate of aging does not 
exceed 1 part in 109 per hour, and the average short time variation does 
not exceed 3 parts in 109 for a 10-min period. Provision is made for 
checking the oscillator frequency against the signals received from radio 
station WWV, operated by the National Bureau of Standards. 

7-11. Model UE-1 Phase-control Unit—The phase-control chassis 
contains an amplifier, phasing circuits, a phase-shift capacitor, and an 
output amplifier similar to those in the Model C-l timer. I t also con
tains an a-c shunt motor which through a gear train drives the phase-
shift capacitor and the variable capacitor that controls the oscillator 
frequency. Clutches that are operated by solenoids permit the decou
pling of the phase-shift capacitor and the frequency capacitor from the 
gear train so that they can be operated manually and so that the phase-
shift capacitor can be rotated without affecting the frequency of the 
oscillator. A functional diagram of the motor-drive system for the 
phase and frequency capacitors is shown in Fig. 7T4. 

The motor can be controlled by either the automatic synchronizer or 
a manual LEFT-RIGHT switch that causes the motor to rotate the phase-
shift capacitor so that the remote signal moves to the left or to the right. 
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When this switch is in the neutral position, the motor is controlled by the 
automatic synchronizer. The clutches that couple the phase-shift 
capacitor and the frequency capacitor to the gear train are disengaged 
when the solenoids are energized. When the automatic-synchronizer 
switch, located on the panel of the dual oscilloscope, is turned to the OFF 
position, it disengages the phase-shift capacitor clutch and grounds the 
output of the automatic synchronizer; consequently the motor does not 
turn, and the phase-shift capacitor can be rotated manually. The fre-

Solenoid disengages 
■ clutch 
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Y clutch 
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with respect to speed 
of phase capacitor 

Rotation indicator 

FIG. 7-14.—Functional diagram of phase- and frequency-control system of Model UE-l 
timer. 

quency-capacitor clutch is disengaged in the left and right positions (not 
in neutral) of the manual LEFT-EIGHT switch. It can also be disengaged 
by a frequency-reset push-button switch on the phase-control panel so 
that the frequency capacitor and fine frequency control in the oscillator 
may be reset when the frequency capacitor reaches the end of its range. 
Although no provision is maae for it in the Model UE-l timer, it would 
be desirable to have the phase-shift capacitor clutch disengaged when 
the signals are out of synchronism and the automatic synchronizer blinks 
the local signal. 

The vacuum-tube circuits shown in Fig. 7-15 control the amplitude 
and phase of the voltages impressed on the field coils of the motor. A 
60-cps signal from the heater supply is impressed on the grid of a phase 
inverter to provide two output voltages that are 180° out of phase. 
Either one of these can be selected by the LEFT-RIGHT switch to drive the 
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motor in one direction or the other. A potentiometer in the grid circuit 
controls the speed of the motor for manual control with the LEFT-RIGHT 
switch. The phase-corrector circuit provides for the proper adjustment 
of the phase of the field current with respect to the phase of the armature 
current. For manual control with the switch the output of the phase-cor
rector circuit is applied to the grid of the amplifier; for automatic control 
(with the switch in the neutral position) the output from the automatic 
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F I G . 7-15.—Schematic diagram of Model UE-1 phase-control unit. 

synchronizer is applied to the grid of the amplifier. The amplifier 
drives a phase inverter and two power amplifiers operating in push-pull. 
The field coils of the motor are the plate loads of the power amplifiers. 

Power at 60 cps is supplied through a transformer and a rheostat 
to the armature of the motor. The rheostat regulates the maximum 
speed at which the motor can rotate when it is controlled by the auto
matic synchronizer. When the switch is turned to the left or right 
position, the rheostat is short-circuited and consequently the speed is 
increased. In normal operation the maximum speed is reduced by means 
of the rheostat to the lowest value at which synchronization is possible 
in order to minimize the false corrections due to noise or interference on 
the incoming signal. When synchronization is first attempted, the dif
ference between the frequencies of the master and slave oscillators usually 
necessitates operation at a relatively high maximum speed. After a few 
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minutes of operation the maximum speed can be reduced. In this way 
the advantages of the automatic synchronizer and also the high precision 
of the crystal oscillator are retained. 

7-12. Model UE-1 Receiver.—The receiver, which is of the super
heterodyne type, is designed to operate at a single frequency. By means 
of screwdriver controls, however, the tuning can be adjusted to any fre
quency between 1700 and 2100 kc/sec. The tuning dial provides front-
panel adjustment of the tuning over a range of + 80 kc/sec. The over-all 
bandwidth is approximately 70 kc/sec as measured at 6 db below peak 
response. The sensitivity is such that a 2-/xv signal gives full deflection 
of the trace on the cathode-ray tube. 

As shown in the schematic diagram (Fig. 7-16) there are four tuned 
stages of preselection before the converter, providing an i-f and image-
rejection ratio of more than 60 db and four stages of i-f amplification 
operating at 1100 kc/sec. 

The remote signal (along with other signals) from the electronic 
attenuator of the switching equipment (Sec. 8-4) is impressed on the grid 
of the final stage of electronic attenuation, which functions as an amplifier 
except for a short period of time during which the local signal is trans
mitted. The local signal from the resistance attenuator of the switching 
equipment is passed through a resistance attenuator in the receiver and 
mixed with the signal from the electronic attenuator. The potentiometer 
in the resistance attenuator controls the amplitude of the local signal and 
is used to equalize the local and remote signals as they appear on the fast 
and slow oscilloscopes. 

There are several devices for reducing the effect of interference caused 
by enemy jamming, undesired signals, and random noise. A wave trap 
of the infinite-rejection type in the plate circuit of the r-f amplifier 
introduces an attenuation of 50 db or more over a narrow band of fre
quencies. A control mounted on the front panel permits the tuning of 
the wave trap to any frequency between 1700 and 2100 kc/sec. It is 
effective in reducing interference produced by jamming or by radio 
signals of frequencies close to the frequency of the Loran signals. The 
rejected band is so narrow that the wave trap can be tuned to the Loran 
frequency without distorting the shape of the signal beyond usability. 
A wave trap in the plate circuit of the first i-f amplifier serves a similar 
function in reducing interference from signals of the intermediate 
frequency. 

The r-f gain potentiometer controls the positive bias of the cathodes 
of the r-f amplifier and the first and second i-f amplifiers. The grids of 
the third and fourth i-f amplifiers are maintained at a positive potential 
of approximately 120 volts, and the cathodes are connected to the plate of 
a pentode that serves as a gain control and as an automatic volume con-
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F I G . 7-16.—Schematic diagram of Model TJE-1 receiver. 
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trol. The cathode of the AVC pentode is grounded, and the potential of 
the screen grid is controlled by the i-f gain potentiometer. The AVC 
selector switch has four positions. In the OFF position the grid of the 
AVC pentode is grounded; in the other three positions negative signals, 
resulting from the rectification of the output of the final i-f amplifier, are 
applied to the grid of the AVC pentode, and various capacitors are intro
duced in the plate circuit to provide three different AVC time constants. 

When, in normal operation, the AVC switch is in the OFF position, it 
grounds the grid of the AVC pentode, and the cathodes of the i-f amplifiers 
tend to follow the grids. The cathode-biasing resistance is dependent 
upon the d-c plate resistance of the AVC pentode that is controlled by 
the i-f gain potentiometer. With the AVC switch on one of the other 
positions, the d-c plate resistance of the AVC pentode is determined by 
the negative rectified signal. The plate resistance is low except during 
bursts of noise, when the pentode current is cut off. The cathodes of the 
i-f amplifier then rise to the peak grid voltages and remain at a positive 
potential with respect to the grids until the AVC pentode again conducts 
and discharges the plate capacitor. 

The video amplifier passes signals of frequencies between 500 eps and 
40 kc/sec. A high-pass filter, which attenuates video signals of frequen
cies below 2 kc/sec, is helpful in reducing some types of interference. 

A portion of the video signal is rectified and mixed with the normal 
AVC voltage and is applied to the grids of the balanced mixer in the 
automatic synchronizer to paralyze the automatic synchronizer during 
bursts of noise. 

7-13. Model UE-l Synchronizer.—At the slave station the remote 
signal on the A-trace precedes the local signal on the B-trace by a pre
determined time difference (ordinarily 1000 M^CC) plus half the recurrence 
period. The operator adjusts the A- and B-seleetors to give the pre
determined time difference between the initiations of the fast A- and 
B-traces and verifies the adjustment by means of calibration markers. 
Although the pulse that drives the local transmitter exciter occurs at the 
start of the fast B-trace, the local signal as it appears on the fast 7i-trace 
is displaced to the right because of the time delays in the transmission 
and receiving circuits. The remote signal on the A-trace is also delayed 
by the receiving circuits. When on the fast traces the remote signal is 
superimposed on the local signal, the time difference between the initia
tion of the A-trace and the rise of the remote signal equals and cancels 
the time difference between the initiation of the B-trace and the rise of 
the local signal. Thus the measured time difference between the initia
tions of the fast A- and 5-traces accurately represents the time difference 
between the reception of the signal from the remote transmitter and the 
reception (not the initiation) of the signal from the local transmitter. 
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Although the A- and 5-selectors are sufficiently stable to maintain for 
several hours the proper time difference between initiations of the two 
fast traces, an infinitesimal difference in the frequencies of the local and 
remote crystal oscillators causes the remote signal on the A-trace to 
drift to the right or to the left of the local signal on the B-trace. The 
purpose of the automatic synchronizer at the slave station is to hold the 
remote signal in a position directly above the local signal. 

As shown in the block diagram (Fig. 7-12) a delay multivibrator 
controls the position of a gate on the A-trace. The gate is mixed with 
the video signal from the receiver, and the output charges a capacitor 
through a diode. The charge delivered once every recurrence period to 
the capacitor is proportional to the average amplitude of the remote signal 
for the duration of the gate. The resulting sawtooth voltage is applied 
to the control grid of one pentode of the differential amplifier; a d-c 
voltage is applied to the grid of the other pentode. The two outputs of 
the differential amplifier supply the screen voltages of the two' pentodes 
that form the balanced mixer. Two 60-cps out-of-phase signals from a 
phase inverter are applied to the control grids of the balanced mixer. 
The output is applied through a phase corrector and through a phase 
inverter to the field coils of the a-c motor in the phase-control chassis. 
The motor drives the phase-shift capacitor in such a way that the remote 
signal appears to seek that position on the A-trace at which the gate lies 
a third of the way up the leading edge. More accurately, the timing 
of the fast traces and the transmission of the local signal with respect to 
the remote signal are so controlled by the automatic synchronizer that 
the gate seeks a position a third of the way up the leading edge of the 
remote signal. 

A milliammeter located on the panel of the dual oscilloscope indicates 
the degree of unbalance of the differential amplifier. When the unbalance 
corresponding to the error in synchronism exceeds a certain limit, an 
alarm buzzer sounds and the local transmission is blinked to indicate to 
users of the signals that the signals are improperly synchronized. 

At the master station, the local signal on the A -trace precedes the 
remote signal on the B-trace by a predetermined time difference of 
half the recurrence period plus the coding delay plus twice the time 
required for a radio signal to travel from one station to the other. The 
delay circuit of the automatic synchronizer is initiated at the start of the 
fast B-trace and is so adjusted that the gate lies a third of the way up the 
leading edge of the remote signal when on the fast traces the local signal 
is superimposed on the remote signal. The automatic-synchronizer 
switch is turned off; this grounds the synchronizer output and disengages 
the clutch between the motor and the phase-shift capacitor. In this 
condition, the automatic synchronizer sounds the warning buzzer and 
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FIG. 717.—Schematic diagram of Model UE-1 synchronizer. 



248 TIMERS [SEC. 7-13 

blinks the local transmission when the signals are incorrectly synchron
ized, but it does not directly control the synchronization. 

The schematic diagram of the automatic synchronizer is shown in 
Fig. 7-17. At the slave station the synchronizer delay multivibrator is 
initiated by the pulse from the gate-pulse mixer of the A -selector; at the 
master station it is initiated by the pulse from the final gate-pulse mixer 
of the ^-selector (because the pulse from the gate-pulse mixer is more 
stable than that from the continuous B-delay multivibrator). The 
trailing edge of the pulse from the delay multivibrator is differentiated 
to cut off the current through an amplifier and produce a positive flat-
topped pulse, or gate, of approximately 10-/nsec duration. This pulse is 
inverted in another amplifier whose plate is connected to the cathode 
of the gate-video coincidence mixer. Thus, the cathode of the coinci
dence mixer, which is normally at the potential of the B-supply, is driven 
to approximately ground potential for the duration of the gate. The 
video signal is impressed on the control grid of the mixer. The plate of 
the video mixer, which is normally at the potential of the 5-supply, is 
driven toward ground potential by the action of the gate on the cathode 
and by the action of the video signal on the grid. The change of plate 
potential depends on the amplitude of the video signal. 

To reduce the noise and increase the rate of rise, the lower third of 
the video signal is eliminated and the top is flattened in a negatively 
biased amplifier that is driven to saturation. In normal operation the 
gate is located on the steep leading edge of the amplified and limited 
remote signal. This signal is mixed in the blanking equalizer with a 
signal derived from the attenuator bias and is applied to the control grid 
of the gate-video coincidence mixer. At a double-pulsed station the 
attenuator is controlled by two timers operating at two recurrence rates. 
Consequently the remote signal as observed at either recurrence rate (on 
the oscilloscope of either timer) is periodically eliminated. Since the 
difference in recurrence periods is 100 ,usec and at the low basic recurrence 
rate the recurrence period is approximately 40,000 /Lisec, the difference in 
the timing of the two signals is repeated every 400 periods, or every 16 
sec. As an observer watches the slow-trace pattern, he sees a section of 
the trace from which the video signals have been eliminated move 
around the slow-trace pattern and then complete the circuit and eliminate 
the remote signal once every 16 sec. A signal of adjustable amplitude 
derived from the attenuator bias is introduced during the blanking period 
to compensate for the elimination of the remote signal and in this way to 
maintain proper synchronism. 

The negative output pulse from the coincidence mixer charges a 
capacitor through a diode. The charge leaks off with a time constant of 
7500 Msec, considerably less than the recurrence period of the remote 
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pulse, and the voltage resulting from the charge on the capacitor is applied 
to the control grid of one pentode of the differential amplifier. The con
trol grid of the other pentode of the differential amplifier is maintained 
at an adjustable d-c negative potential. When the local and remote 
timers are in proper synchronism with no difference in the oscillator fre
quencies, the gate lies approximately a third of the way up the leading 
edge of the remote pulse. The average potential on the charged capacitor 
and one control grid then equals the d-c potential on the other control 
grid, and the differential amplifier is balanced. A slight difference in the 
oscillator frequencies causes the remote signal to drift to the left or right 
with respect to the gate. Consequently the output of the coincidence 
mixer rises or falls with a corresponding change in the average potential 
of the charged capacitor and with a corresponding unbalance of the differ
ential amplifier. 

The two outputs of the differential amplifier supply the screen voltages 
for the two pentodes of the balanced mixer. Two equal 60-cps out-of-
phase voltages from a phase inverter are impressed on the control grids 
of the balanced mixer. The plates are connected in parallel to an anti-
resonant plate load so that the phase and amplitude of the 60-cps output 
signal is controlled by the relative balance or unbalance of the screen 
voltages of the balanced mixer. The screen voltages depend on the poten
tials of the control grids of the differential amplifier. During bursts of 
noise the output of the balanced mixer is reduced by the action of the 
receiver automatic volume control on the bias of the balanced mixer. 

By means of the phase corrector, the phase of the 60-cps output signal 
can be adjusted in relation to the phase of the current in the armature of 
the synchronizing motor to give maximum torque. As described in 
Sec. 7-11, the 60-cps output signal is applied to the field coils of the syn
chronizing motor and therefore controls the rotation of the phase-shift 
capacitor and the frequency capacitor. 

LOW FREQUENCY TIMER 

7-14. General Requirements.—As explained in Chaps. 3 and 5, a Low 
Frequency Loran system operating at 180 kc/sec has several advantages 
as compared with Standard Loran. The ground-wave ranges over both 
land and sea are greatly increased, and the factor of geometrical precision 
w is better because of the greater length of the baseline over which it is 
possible to synchronize the ground stations. 

Simultaneous Fixing.—As explained in Sec. 3-8, the importance of 
simultaneous fixing (the measurement of two time differences simultane
ously) for air navigation, for homing to an airport, and especially for 
aerial bombing has been clearly demonstrated. Because of the rapid 
motion of an airplane it is imperative that the navigator be able to obtain 
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a fix as rapidly as possible. In bombing by Loran it should be possible 
for the navigator or bombardier to set the delay controls to the pre
determined time differences of the target, fly along one line of position, 
and release the bombs when the signals corresponding to the other line 
of position move into coincidence. In homing to an airport, especially in 
congested areas, it should be possible for the navigator to apply the same 
technique. This cannot easily be done with pairs at two recurrence rates 
because the indicator would be too complex. Simultaneous fixing 
becomes practical when three ground stations, a master and its two 
slaves, operate at a single recurrence rate and the signals from any one 
station are everywhere distinguishable from the signals from any other 
station. 

The LF stations are now operated in accordance with these require
ments. The master station transmits signals at double the normal recur
rence rate. One slave station (operating at the normal recurrence rate) 
is synchronized with one series of alternate pulses from the master station, 
whereas the other slave station is synchronized with the other series of 
alternate pulses. The sequence of pulses as observed at the master and 
slave stations is shown in Fig. 7-18. One series of alternate pulses X 
transmitted at the master station is distinguished from the other series of 
pulses Z by an identifying "ghost" series of pulses X' which is shifted in 
phase by 1000 psec and appears fainter than the normal series of pulses 
because its recurrence rate is only a third of the normal recurrence rate. 
The other two series of pulses W and Y are transmitted by the two slave 
stations at the normal recurrence rate and are therefore normal in 
appearance. 

This system provides three families of time-difference readings and 
three corresponding families of lines of position. With Standard Loran 
indicators, time differences can be measured between signals Z and Y, 
signals X and W, and signals W and Y. The intersection of any two of 
the corresponding lines of position establishes a fix. 

Although the operation of the three ground stations on a single recur
rence rate necessitates little modification of the timers at the slave stations, 
it requires several modifications of the timers and operational procedure 
at the master station. Since the Z-pulse is required to follow the X-pulse 
by precisely one-half of the normal recurrence period, one timer, the 
master timer, is used to trigger the transmitter at double the normal 
recurrence rate and also to monitor the timing of the signal from one of 
the slave stations. Another timer, the monitor timer, is used to monitor 
the timing of the signal from the other slave station. The oscillator 
of the master timer provides the 50-kc/sec signal for the monitor timer; 
consequently both operate at the same frequency, and the locally trans
mitted signals observed on the monitor timer do not drift. 
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Because of the low frequency and the relatively narrow bandwidths 
of the transmitting and receiving equipment, there is a delay of 150 /usec 
or so between the triggering of the transmitter and the rise of the received 
locally transmitted signal. This delay necessitates the introduction of a 
time delay between the triggering of the transmitter and the initiation 
of the two fast traces. For the same reasons the received pulse rises 
slowly. This makes the accurate measurement of time differences diffi
cult. In an effort to improve the accuracy of time-difference measure
ments, the technique of matching i-f cycles of the remote and local signals 
has been adopted. 

Cycle-matching Technique.—The unrectified i-f (50-kc/sec) signal from 
the receiver is impressed on the vertical deflecting plate of the cathode-ray 
tube so that the individual cycles of the local signal can be superimposed 
on those of the remote signal. Although there is some difficulty in 
determining with certainty the proper cycle of one signal to be matched 
with a particular cycle of the other signal, the cycle-matching technique 
is capable of extremely accurate measurement of time differences when 
the proper correspondence of cycles has been established. With reason
able values of signal-to-noise ratio the cycle-matching technique seems 
to be capable of time-difference measurements with probable errors of 
approximately TV Msec. The cycle-matching receiver is discussed in 
detail in Sec. 12-2. One-microsecond markers have been added to the 
timers in order to take advantage of the improved timing accuracy 
offered by the cycle-matching technique. 

Communication by Blinking.—Because of the difficulty of establishing 
the proper correspondence between the i-f cycles of the local and remote 
signals, communication between the master and slave operators is 
required. In addition to the motor-operated blinking that is used to 
indicate incorrect synchronism, manual control of the blinking is provided 
for communication between the master and slave operators. A simple 
blinking code permits the master operator to instruct the slave operator 
to advance or retard the timing of the slave transmissions by the required 
interval of time and also permits the slave operator to acknowledge the 
message. 

At the slave station the operator superimposes the cycles of the 
remote signal on those of the local signal, selecting with some uncer
tainty the appropriate correspondence between cycles. As explained 
in Sec. 12-2, because of the irregular time difference (2/J + S + L/2) 
between local and remote signals, the operator at the master station 
cannot match cycles of the local and remote signals. Instead, he matches 
the envelopes. But, knowing the correct value of 2/3 + 5 + L/2 and 
comparing it with the measured time difference between the local and 
remote signals, he can judge whether or not the synchronism is correct. 
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If necessary he advises the slave operator to advance or retard the timing 
at the slave station by 5.5 ^sec (one cycle at the radio frequency of 
180 kc/sec). For the purpose of adjusting the synchronism at the slave 
station and of adjusting the timing of the transmitter-trigger pulse in 
relation to the r-f cycles, a variable time delay is introduced between the 
selector output pulse (which normally triggers the transmitter) and the 
output pulse from the exciter driver. At the master station this time 
delay is maintained at a fixed value. 

Because the phase of the i-f cycles of the receiver depends on the 
phase of the signal from the local oscillator as well as the phase of the 
received r-f signal, a highly stable local oscillator is required. For this 
purpose a 50-kc/sec signal from the crystal oscillator of the timer is 
converted in the receiver to produce a 130-kc/sec heterodyne signal. 
This beats with the r-f signal to produce an i-f signal of 50 kc/sec. 

Since the stability required for the cycle-matching technique cannot 
be achieved with the type of pulsed transmitter used for Standard Loran, 
an oscillator-amplifier type of transmitter is used for LF Loran. A 
50-kc/sec c-w signal from the timer is required to control the phase and 
frequency of the locally transmitted signal. It is converted in the 
transmitter to the pulsed r-f signal. 

The automatic synchronizer is not sufficiently stable for maintaining 
synchronism in the LF Loran system. All synchronizing and monitoring 
operations are, therefore, manually controlled. 

7-15. Block Diagram of Low Frequency Timer.—A block diagram 
of the Model C-l timer as modified for service at an LF Loran ground 
station is shown in Fig. 7-19. The modified timer can be used at either 
a master or a slave station. At a master station it can function as a 
master timer to trigger the transmitter at double the normal recurrence 
rate and to monitor the timing of the signals from one of the slave sta
tions, or it can function as the monitor timer to monitor the timing of the 
signals from the other slave station. The function of the slave timer is 
to trigger the local transmitter at the normal recurrence rate and in 
proper synchronism with the appropriate signal from the master station. 

Crystal Oscillator.—The monitor timer does not control the transmis
sion of either of the two local signals X and Z. To prevent the drifting 
of the master and slave signals as they appear on the oscilloscope of the 
monitor timer, the master and monitor timers are driven by a single 
oscillator, and therefore the phase shifter of the monitor timer, instead 
of being connected to its oscillator, is connected through a switch to the 
50-kc/sec driver of the master timer. 

50-kc/Sec Driver.—The phase-shifted 50-kc/sec signal from the timer 
oscillator must be supplied to the cycle-matching receiver in which it is 
converted to the 130-kc/sec heterodyning signal. When the timer 
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operates as a master or a slave, the 50-kc/sec signal is also supplied to 
the transmitter in which it is converted to the pulsed 180-kc/sec r-f 
signal. When the timer operates as a master, the 50-kc/sec signal is 
supplied to the phase shifter of the monitor timer. A driver consisting 
of a tuned amplifier with a low-impedance output supplies the 50-kc/sec 
signal for these three purposes. 

Because of the increased precision offered by the cycle-matching 
technique, l-;usec markers have been added to the calibration system. 
They provide a calibration scale with which it is possible to estimate 
time differences with a probable error of approximately 0.1 jisec. 

Transmitter Trigger.—When the timer functions as a master, the 
output pulse from the ^-selector triggers the transmitter. Consequently 
the .^-selector of the master timer is triggered at double the normal 
recurrence rate by the pulse from the last divider. The .A-selector of the 
monitor timer is triggered at the normal recurrence rate by the pulse 
from the square-wave generator. 

When the timer functions as a slave, the output pulse from the B-
selector triggers the transmitter, and both the A- and B-selectors are 
triggered at the normal rate by the pulse from the square-wave generator. 

The master operator monitors the timing of the slave signal and, as 
necessary, instructs the slave operator to advance or retard by one r-f 
cycle the timing of the slave signal. On the slave oscilloscope the i-f 
cycles of the remote signal are superimposed on those of the local signal. 
Therefore the slave operator must be able to shift as instructed the timing 
of the transmitter-trigger pulse. For this purpose a calibrated delay 
multivibrator is inserted ahead of the exciter driver. The slave operator 
normally adjusts it to give a delay of 10 /xsec. On instruction from the 
master operator, the slave operator can advance or retard the slave signal 
one r-f cycle with respect to the normal timing. At the master station 
the multivibrator is set and maintained at a fixed minimum delay. 
The calibrated delay multivibrator can also be used to adjust the timing 
of the transmitter-trigger pulse with respect to the r-f cycles. 

Triggering of Fast-sweep Generator.—When the timer functions as a 
master timer, the 4-selector is triggered at double the normal recurrence 
rate and the 5-selector is triggered at the normal recurrence rate. How
ever a single fast A -trace and a single fast 5-trace are required. The 
output pulse from the A-selector (corresponding to the Z-signal) on the 
lower trace is therefore suppressed. This is accomplished by a pentode 
amplifier (the pedestal-gate circuit) which passes the output pulse from 
the A-selector to the selector mixer. The suppressor grid of the pentode 
amplifier is controlled by a signal from the square-wave generator, and 
hence the pentode amplifier is nonconducting for the duration of the 
lower slow trace. 
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Since there is a delay of approximately 150 ^sec between the triggering 
of the transmitter and the rise of the local signal as it appears on the 
timer oscilloscope, a corresponding delay must be introduced between 
the triggering of the transmitter and the initiation of the fast A- or B-trace 
upon which the local signal appears. It is convenient to delay equally 
the initiation of both the fast A- and B-traces with respect to the output 
pulses of the A- and B-selectors. For this purpose the circuits have been 
modified by the addition of a delay multivibrator between the mixer 
and the fast-sweep generator. The delay multivibrator is continuously 
variable from 50 to 300 fisec. 

Identification Blinker.—As explained in Sec. 7-14, one series of alter
nate signals X transmitted by the master station must be distinguishable 
from the other series of alternate pulses Z. The distinguishing feature 
is an identifying ghost signal which is displaced slightly to the right of 
and is less bright than the X-signal. 

In order that this identification be achieved, every third X-pulse is 
delayed by 1000 Msec and appears on the slow trace in position X' of 
Fig. 7-18. The identification is recognizable on the fast trace by the 
horizontal line that passes through the base of the X-pulse (because every 
third X-pulse is missing). 

The identifying shift of timing is accomplished by means of a multi
vibrator that has a division ratio of 3/1 and a long cycle of operation 
(approximately 120,000 /usec). The multivibrator is triggered by every 
third positive pulse from the square-wave generator. The output signal 
is applied through a pentode amplifier to the bias of the coarse A -delay 
multivibrator and is adjusted in amplitude to shift the delay by 1000 
Msec once wTith every third recurrence of the X- (or X'-) pulse. 

The identifying shift of timing is required only for the X- (and X'-) 
pulse on the upper trace, not for the Z-pulse on the lower trace. There
fore the signal from the square-wave generator is applied to the suppressor 
grid of the pentode amplifier so that the phase-shifting signal is eliminated 
for the duration of the lower trace. 

Communication Blinker.—Provision must be made for two different 
blinker functions. At the master station independent controls of the 
motor blinker (indicating incorrect synchronism) for both the master 
X- and Z-pulses must be provided. Also, independent controls of the 
manual blinker (for communication between master and slave operators) 
for both master pulses are required. At the slave station the two blinker 
functions are simpler (because only one pulse must be blinked) and the 
same circuits are applicable. 

The motor blinker shifts the timing of the local signal by 2000 /isec 
for approximately -j sec every second. A cam, rotated by a synchronous 
motor, operates a switch with a period of 1 sec. The switch controls 
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ihe bias potential of the coarse A-delay multivibrator and by means of 
this controls the timing of the X- and Z-pulses. The switched bias 
potential is applied to the delay multivibrator through two pentode 
amplifiers acting in parallel. One of the two signals (which are 180° out 
of phase) from the square-wave generator is applied to the suppressor 
grid of one of the pentode amplifiers to permit the blinking of the X-pulses 
only. The other square-wave signal is applied to the suppressor grid of 
the other amplifier to permit the blinking of the Z-pulse only. 

The manual blinker permits the independent ke^nng of either of the 
local signals (by a shift in timing of 2000 /xsec) for the transmission of 
simple dot-dash messages to the slave operator. Two push-button 
switches control the bias of the coarse .A-delay multivibrator. The same 
two pentode amplifiers that control the motor-switched blinker bias also 
control the manual blinker bias. These manual push-button controls 
are independent of each other and independent of the motor-blinker 
controls. 



CHAPTER 8 

SWITCHING EQUIPMENT 
B Y R. H. WOODWARD 

8-1. General Requirements.—The Loran technique of measuring the 
time difference between the arrivals of two pulsed signals requires an 
oscilloscope presentation in which a fast trace showing one pulsed signal 
appears directly above a similar fast trace showing the other pulsed sig
nal. It must be possible to time the fast traces so as to make one signal 
appear directly below the other. Both signals as they appear on the 
oscilloscope must be of the same amplitude. These requirements are 
simple in principle, but it is difficult to comply with them at a Loran 
ground station because the signals to be compared differ so greatly in 
strength. The local transmitter produces signals in the receiving antenna 
that may be some 140 db greater than the signals from the remote sta
tion. It is necessary, therefore, to attenuate the local signal and to 
amplify (or pass unattenuated) the remote signal so that the local and 
remote signals as they are impressed on the inputs of the receiver are 
approximately equal; the final exact equalization is accomplished in a 
variable resistance network in the first stage of the receiver. Since the 
purpose of comparing the two signals is to measure their time difference 
accurately, the attenuator must not produce any appreciable delay or 
distortion of the local signal. 

The local and remote signals that are induced on the receiving antenna 
pass through a coupling unit and a transmission line to the attenuator 
and receiver. The signals are delayed and their shapes are slightly 
altered by the action of the antenna, the coupling unit, and the trans
mission cable. The delay and distortion of the signals depend on the Q 
of these circuits. A local signal is also induced on the interconnecting 
cables and on the power lines. This local signal and the remote signal 
are induced at different locations and (as they appear at the attenuator 
input) are delayed and distorted in different amounts. If the local 
signal induced on the cables and power lines reaches the receiver input 
in sufficient strength to cause a deflection of the oscilloscope trace, it 
causes an error in the time-difference measurement, and, therefore, it 
must be eliminated. 

The easiest way of providing adequate shielding is to enclose the 
attenuator and the timers in a doubly shielded room. Power is supplied 
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to the equipment in this room through an isolation transformer that 
eliminates any r-f signals picked up by the power lines. All cables that 
enter the room pass through a metal box which serves as a common 
ground for both the inner and the outer shields of the room and for the 
shields of all the cables that enter the room. 

It would be difficult to design an attenuator that would pass or amplify 
the remote signal and attenuate the local signal from the receiving antenna 
by a large constant ratio without causing delay and distortion. I t 
is easier to attenuate the local signal from the main antenna so thoroughly 
that the receiver's output is negligible and simultaneously to introduce 
a weak local signal of suitable strength from another local source. This 
can be a short ineffic ent antenna or a dividing network of resistances 
that bypasses the attenuator and allows a suitable fraction of the local 
signal to reach the receiver. 

The receiver has two inputs, one for the remote signal and one for 
the local signal, and these signals travel through different channels 
to the receiver. The remote signal is induced in the receiving antenna 
and passes through the coupling unit, the transmission cable, and the 
attenuator to the remote-signal input of the receiver. If the local signal 
is induced on a short antenna, it passes through a transmission cable to 
the local-signal input of the receiver. If the local signal is obtained from 
the receiving antenna, the strong local signal induced on the receiving 
antenna passes through the coupling unit, the transmission cable, and 
a passive attenuating network to the local-signal input of the receiver. 

If the receiving antenna is not used as the source of the local signal, 
it is convenient to limit the positive and negative r-f peaks of the local 
signal at the receiving antenna by means of two gas-filled tubes associated 
with the coupling unit. When the local transmitter sends out a puise, 
a discharge takes place in these gas-filled tubes that results in attenua
tion of the local signal from the receiving antenna. Because such limit
ing tubes distort the local signal, a local signal from another source 
must be provided for the measurement of the time difference. The use 
of two separate antennas for the remote and local signals, however, is a 
source of possible error in timing because of the different locations of 
the antennas and because of possible differences in the delays and dis
tortions introduced by the circuits of the two channels. The timing 
uncertainty is especially serious when a Beverage wave antenna (Sec. 
10-4) is used to receive the remote signal since a separate antenna must 
be used to receive the local signal. The use of a single vertical receiving 
antenna and a passive attenuating network to provide both the remote 
and local signals is preferred, therefore, when possible, even though the 
problem of attenuating an unlimited local signal is more difficult. 

The attenuator is controlled by the timer and switches the remote-
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signal input of the receiver alternately to the receiving antenna and to 
ground. In the early models the attenuator consists of two relays. In 
the later models it consists of two or more stages of amplification. The 
bias of the amplifiers is driven to a large negative potential during the 
transmission of the local signal. 

At a station transmitting at a single recurrence rate, there are two 
timers and two transmitters. The duplication assures continuous serv
ice and facilitates maintenance of equipment. At a double-pulsed 
station there are four timers and two transmitters. Each transmitter 
has two exciter units and a pulse mixer, so that it can be controlled by 
tv."2 timers and transmit at two recurrence rates at the same time. To 
t a t e tiiM advantage of the duplication of equipment, provision must be 
made for switching connections between the different transmitters and 
timers. This additional switching equipment is also housed in the 
shielded room. 

The switching equipment used with timer Models A, B, and B-l is 
primitive. The switching is accomplished by disconnecting cables from 
one set of terminals and connecting them to another. The attenuator 
consists of two relays connected in series between the receiving antenna 
and the receiver and controlled by the timer. For attenuation the cir
cuit between the receiving antenna and the receiver is opened at each 
relay and the conductor is grounded. During the part of the recurrence 
period when there is no attenuation, the receiving antenna is connected 
directly to the receiver through the relay contacts. The attenuation 
provided by this method is ample, but the operation of the relays is 
unreliable. 

The switching equipment Models C, C-l, and UK provide two 
selector switches for connecting each of two transmitter exciters with the 
exciter-driver circuits of any one of four timers. A two-stage low-gain 
amplifier, whose grids are driven below cutoff during a portion of the 
recurrence period, attenuates the local signal. 

The Model UM switching equipment for use with the Model UE-1 
timer provides complete switching between four transmitter exciters 
and four timers. Three discriminators, each consisting of an electronic 
attenuator with a bypassing resistance attenuator are provided. Each 
of two timers may be connected through an independent discriminator 
to a different antenna, and there is a third discriminator that may be 
taken out of service for maintenance. The use of a single antenna for the 
reception of both the local and remote signals is possible because of the 
resistance attenuators that bypass the electronic attenuators to provide 
undistorted local signals of the desired amplitude derived from the main 
receiving antenna. No gas-filled tubes are required to limit the local 
pulse. 
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A laboratory model of a Low Frequency discriminator has been con
structed and tested. I t consists of a four-stage triode electronic attenu
ator and a bypassing resistance attenuator. Special attention has been 
given to the shielding, the reduction of tube noise, and the elimination 
of distortion and unequal phase shifts, with the result that local and 
remote signals differing by 160 db or more can be handled with negligible 
errors in timing. 

8-2. The Switching Equipment Used with Model A, B, and B-l 
Timers.—All of these timers are enclosed in a shielded room. Limiting 
gas-filled tubes are used in the antenna coupling unit, and the weak 
local signals are supplied by a special inefficient antenna. The attenu
ator consists of two relays between the antenna and receiver that are 
open at the time of the local transmission. These relays are enclosed 
in individual insulated metal boxes, and the interconnecting leads pass 
through copper tubing, which serves both to shield the leads and to 
ground the boxes. The signals from the two antennas are both fed into 
a variable resistance network in the input of the receiver, where the 
final equalization of the remote and local signals is accomplished. 

The attenuation of the relays is sufficient, but their operation is too 
unreliable for ordinary service. Furthermore, since the time of the 
attenuated portion of the recurrence period cannot be accurately con
trolled, it must be made relatively long. At a double-pulsed station the 
two timers operating at different recurrence rates control a single set 
of attenuator relays. The relative phasing of the two sets of transmitted 
pulses runs through a complete cycle in about 15 sec. The signal from 
each of the two remote stations disappears for the part of the cycle in 
which it arrives simultaneously with the interval of attenuation corre
sponding to the transmission from the other remote station. The length 
of this time of disappearance is proportional to the length of the indi
vidual interval of attenuation. I t is, therefore, desirable to make this 
interval of attenuation as short as possible. For these reasons the pair 
of relays of the early model are replaced by an electronic attenuator in 
the later models of the switching equipment. 

8-3. Model C-l Switching Equipment.—Because the switching equip
ments designed for use with the Model C, C-l, and UJ timers are similar, 
only the Model C-l switching equipment (Fig. 8-1) is discussed in this 
section. It provides greater flexibility in switching than do the earlier 

\ models. It uses an electronic attenuator that is more reliable than the 
relays of the earlier models and operates with shorter intervals of attenua
tion. This type of switching equipment is used for Sky-wave Synchron
ized Loran as well as for Standard Loran. The block diagram of trans
mitting, timing, and Model C-l switching equipment at a typical Loran 
station is shown in Fig. 8-2. Provision is made for switching the exciter 
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FIG. 8*1.—Model C-1 switching equipment. 
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driver from any two of the four timers to the two exciters of either one 
of two transmitters. The switches are enclosed in a metal box mounted 
on the inner wall of the shielded room. 

The isolating transformer is located outside the shielded room just 
below the metal entrance box, which extends through the wall of the 
shielded room and serves as the common ground for the cable shields and 
for the inner and outer screens of the shielded room. The entrance box 
also encloses the first stage of the electronic attenuator, shown in Fig. 8-3. 

Bias driver Second attenuator stage Cathode follower 

Bias 
from 

timers 

0.001 i 7 5 ( M V & ^ - 3 L _ _ 0 . 0 1 139 I T0S04 f £ T X 2ooi ^± » o ' t r l 
; I ° °01 j 1 1 To transmitter 

test oscilloscope 
Flo. 8-3.—Schematic diagram of Model C-l switching equipment. 

The local signal is induced on a loop consisting of a single turn of 
sheet copper which is located near the coupling unit of the transmitting 
antenna. This signal is introduced into a signal-sampling network 
(mounted on the side of the transmitter) that has two outputs of local 
signal. A series-resonant circuit yields one signal of high voltage that 
is impressed directly on the vertical plate of the test oscilloscope of the 
transmitter. A second channel through a resistor supplies a local signal 
of suitable amplitude for the timers. Series resistors in the leads to 
the four timer receivers provide isolation between the receivers and so 
prevent changes of load with local-gain adjustments from changing the 
amplitude of the signal. As in the Model B-l timer the final equalizing 
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of the local and remote signals is accomplished in a variable resistance 
network in the input of the receiver where the local and remote signals 
are mixed. 

The gas-filled tubes mentioned in Sec. 8-1 are used to help in the 
attenuation of the large local signal induced in the main receiving antenna. 
The coupling unit of the receiving antenna transforms the resistance of 
the antenna to that of the transmission line and neutralizes the antenna's 
reactance at the required frequency. The remote signal induced on 
the receiving antenna passes through the coupling unit, transmission 
line, and attenuator to the receiver. The attenuator acts as an amplifier 
during the time of reception of the remote signal. I t consists of two 
6AC7 tubes connected as amplifiers in cascade. 

In the interval of attenuation of about 1800 /usec, the control grids 
of the attenuator tubes are driven far enough beyond cutoff so that no 
signals pass to the receiver. Since the local signal from the receiving 
antenna is then distorted by the limiting action of the gas-filled tubes, it 
must be completely eliminated from the input of the receiver. The 
maximum possible attenuation per stage is determined by the ratio 
between the grid-to-plate impedance and the plate-to-ground impedance. 
In practice this limit is not attained; the actual attenuation is limited by 
circulating ground currents and by pickup between the grid and plate 
circuits. To reduce these effects, the two stages are enclosed in sepa
rate boxes connected by coaxial cable and the grid and plate circuits are 
filtered. 

The bias-driver circuits of the timers are all connected at the input 
of the bias driver of the attenuator so that any one, two, or more timers 
can control the attenuator. A single attenuator can serve a double-
pulsed station operating at two recurrence rates. An attenuator for 
each of two antennas is required, however, at the double-pulsed stations 
where long baselines and severe noise conditions necessitate the use of 
Beverage antennas (see Sec. 10-4). 

8-4. Model UM Switching Equipment.—The use of two different 
antennas and coupling units for the reception of the local and remote 
signals is a source of possible error in timing. Consequently, in the 
discriminator of the Model UM switching equipment (Fig. 8-4) provision 
is made for the use of a single antenna for the reception of both signals. 
The discriminator consists of an electronic attenuator and bypassing 
resistance attenuator. No gas-filled limiting tubes are used. The elec
tronic attenuator is designed to handle the high voltages encountered 
during the transmission of the local signal. 

Experience has shown that in operation over a long baseline or over 
land, a Beverage or wave antenna at the ground station gives a higher 
ratio of signal to atmospheric noise than does the standard vertical 
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F I G . 8-4.— Model CM switching equipment. {Courtesy of General Electric Company.) 



SEC. 84] MODEL UM SWITCHING EQUIPMENT 267 

antenna and accordingly facilitates the maintenance of synchronism. 
Although the use of the Beverage antenna is not recommended, because 
of the resulting uncertainty of timing of the remote signal with respect 
to the local signal, it is sometimes necessary in maintaining synchronism 
over unusually long baselines. Since the Beverage antenna is directional, 
a separate antenna is required at a double-pulsed station for reception of 
signals from each of the two remote stations, and an individual discrimi
nator must be used with each antenna. Consequently, three independent 
discriminators are incorporated in the Model UM switching equipment, 
the third serving as a stand-by. 

Normally in a single-pulsed station there are two timers and two 
transmitters (four exciters); in a double-pulsed station there are four 
timers and two transmitters (see Fig. 8-5). 

The Model UM switching equipment is constructed in a single 
cabinet equipped with space heaters and a ventilating blower. The 
cabinet is installed in the shielded room near one wall. All leads enter
ing the shielded room pass through the entrance box, which protrudes 
through the wall and is bolted to it. The uppermost chassis contains 
(1) a selector switch for connecting a line from the standard frequency 
receiver (for checking the crystal oscillators against the Bureau of 
Standards time signals from station WWV) to the 100-kc/sec output 
of any one of four timers, (2) four selector switches for connecting from 
one to four transmitter exciters to any of four timers, (3) a line-frequency 
meter, and (4) a line-voltage meter. The second chassis contains (1) 
four selector switches for connecting the local- and remote-signal inputs 
of one to four timers to the local and remote outputs of any of three dis
criminators and (2) a toggle switch for connecting the ventilating blower 
of the cabinet to either of two power lines. The lowest panel contains 
circuit breakers, fuses, and switches for distributing power from either 
of two transformer-isolated sources to three discriminators in the cabinet 
and to the timers and lighting circuits in the shielded room. 

Figure 8 6 is a block diagram of the Model UM switching equipment. 
In each of three discriminators two channels are provided. One is the 
electronic attenuator whose output is connected to the remote input of 
the timer receiver; the other is an adjustable resistance attenuator whose 
output is connected to the local input of the timer receiver. Provision 
is made for connecting a single antenna to the inputs of both channels 
or for connecting individual antennas to the two inputs. A bandpass 
antenna filter is provided for the reduction of cross modulation caused 
by strong signals of frequencies outside the pass band. Its introduction 
in both channels causes no timing error because it delays and distorts 
both remote and local signals equally. A ganged selector switch with 
three positions makes it easy to change connections. The three com-
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binations are (1) single antenna with filter in, (2) single antenna with 
filter out, and (3) two antennas with filter out. 

The schematic diagram of the discriminator is shown in Fig. 8-7. 
The resistance attenuator forms a continuously open channel between the 
antenna and the receiver. There is no need to interrupt this channel 
as the electronic channel is interrupted, because, with the exception of 
the local transmission, all signals reaching the receiver through this 
channel are negligibly small. The resistance attenuator, which is 

Local-
signals 

Main 
receiving 
antenna 

Receiver 

Timing 
circuits 

Local signals 

Wall of 
shielded room 

Input selector 
switch * 

— | R e m o t e ^ \ 
j signals 

t Remote signals 
Blanking pulses 

r 100 Kc/sec signal | 
Excitation pulses Excitation 

switching 

Optional 
. l o c a l T J antenna | T o monitoring 

equipment 

100 kc/sec signal 
Excitation pulses 

Timer 
Excitation pulse 

from second timer 
if doubled pulsed 

Switching 
equipment 

—§-□ 

Transmitter 
antenna 

Transmitter 

FIG. 8-6.—Block diagram of Model UM switching equipment. 

adjustable in steps of 10 db from 20 to 130 db, can be set to compensate 
for the different signal strengths found at different stations. In normal 
operation the input voltage may be as high as 500 volts peak to peak. 
This is attenuated to approximately 150 ^v at the 130-db tap. If the 
local signal is weaker or the remote signal stronger, a tap giving less 
attenuation can be used. 

The electronic attenuator consists of three attenuator stages and a 
cathode-follower output. (There is a fourth attenuator stage in the 
receiver of the Model TJE-1 timer.) The attenuator stages are con
ventional low-gain amplifiers that are periodically cut off by the action 
of the bias amplifier. The first stage, a triode, is designed to handle the 
high voltage of the local transmission. The grid is driven 300 volts 
below ground potential. The attenuation and gain are approximately 
15 db and unity, respectively. The attenuating bias applied to the grids 
of the second and third stages, which are pentodes, is 90 volts. In 
each of these stages the attenuation and gain are approximately 60 and 
4 db, respectively. There is a loss of approximately 4 db in the low-
impedance cathode-follower output stage. 

To reduce leakage of the r-f signal from the grid to the plate circuits, 
the components of the plate circuit of one stage are mounted in the 
shield that encloses the succeeding stage. The plate and screen voltage 
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and bias leads are filtered by single ir-sections that are critically damped 
to prevent oscillations. The filament transformers and plate-supply 
transformers are provided with electrostatic shields. Each attenuator 
stage, each section of the input selector switch, the bandpass antenna 
filter, and the resistance attenuator are enclosed in separate aluminum 
castings insulated from the chassis. 

The bias for cutting off the attenuator stages is obtained from a bias 
amplifier. The timing and duration of the attenuating bias are con
trolled by the timers. The duration is approximately 1800 /usec. I t 
must be long enough to provide adequate attenuation for the entire 
period during which local transmission may occur. This period depends 
upon the adjustment of the timer. 

The bias circuits of all the timers are connected to a common resistance 
and to the bias-amplifier inputs of all the discriminators. Consequently, 
each operating timer controls all operating electronic attenuators unless 
its bias circuit is switched off. At a double-pulsed station all signals 
except the local transmissions are eliminated from two short sections of 
the slow-trace pattern. As observed on either of the two operating 
timers, one section remains stationary while the other moves around the 
slow-trace pattern, periodically eliminating the remote signal. The 
direction of motion is opposite for the two timers. 

8-6. Low Frequency Switching Equipment.—The experimental LF 
Loran stations have been operated with slightly modified Model C-l 
switching equipment. Since the requirements for switching equip
ment at an LF Loran ground station are more severe than those for 
Standard or Sky-wave Synchronized Loran, an experimental model of 
the proposed equipment has been built and tested at the Radiation 
Laboratory. 

Experiments in this country and experience with the European SS 
ground stations that do not have shielded rooms have shown that under 
normal conditions it is possible to design an attenuator capable of satis
factory operation without the protection of a shielded room. The 
advantages of elimination of the shielded room are increased convenience 
and simplification of operation and more space in the timer building. 
The problem of providing sufficient attenuation without a shielded room 
is greatly simplified if the electronic attenuator is incorporated in the 
timer, closely associated with the r-f stage of the receiver. This, of 
course, would call for a complete redesign of the timer, which has not been 
feasible. The laboratory model of the LF switching equipment has, 
however, been designed keeping in mind the possibility of eventual 
elimination of the shielded room. 

The requirements for the attenuator for the permanent LF system are 
more severe than those for the Standard and SS attenuator because the 
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anticipated output power is 1 megawatt instead of 100 kw, and because 
of the continuous output of the 90-kc/sec c-w driver of the transmitter. 
This is about 20 watts and is present even during reception of the remote 
signal. To avoid difficulty expected from the radiation of the second 
harmonic from the 90-kc/sec driver and to alleviate the problem of 
attenuating the local signal, it is planned that the transmitter building 
shall be located 1000 ft or so from the timer building and that the receiv
ing antenna shall be 1000 ft or more from the transmitting antenna. 
Furthermore, because the cycle-matching technique offers the possibility 
of measuring time differences with an error of only about xo fisec, the 
difference in phase shift (or distortion) introduced in the local-signal 
channel (resistance attenuator) and the remote-signal channel (electronic 
attenuator) must be less than 6°. If it proves to be necessary, an ampli
fier can be used in the local-signal channel that is a duplicate of the elec
tronic attenuator when it is amplifying the remote signal. 

As with the Model UM switching equipment a single receiving antenna 
and a resistance attenuator supply both the remote and local signals. 
With the exception of an additional switch for the 50-kc/sec signal to 
the transmitter, the switching is similar to that of the Model UM. 
However, in the design of the LF attenuator, considerable effort has 
been expended in reducing the thermal and " s h o t " noise in the electronic 
attenuator. The maximum over-all attenuation factor is determined 
by the negative grid bias of the first stage, which limits the maximum 
local signal that the attenuator can handle, and the thermal and shot 
noise of the attenuator (when acting as an amplifier), which limits the 
minimum remote signal that the attenuator can handle. In the design 
of the attenuator, the amplification when the attenuator is acting as 
an amplifier is limited by the cross modulation produced in the wide-
bandpass amplifier by strong signals of unwanted frequencies. In an 
effort to reduce the noise, low-noise triodes are substituted for the pen
todes of the earlier models. Although the maximum theoretical attenua
tion factor per stage of a pentode is greater than that of a triode, the 
attenuation factor attained in practice is limited by the coupling between 
the grid and plate circuits rather than by the ratio of the grid-to-plate 
and plate-to-ground impedances. The triode has the advantages that 
the circuit is simpler, microphonics and internal tube noise are lower, 
and cross modulation is less. Four low-noise triode stages of attenua
tion are used, instead of the two or three pentode stages of the earlier 
models. 

Figure 8-8 is a schematic diagram of the LF attenuator. The four 
stages of attenuation are enclosed in a long copper box, each stage being 
separated from the succeeding stage by a copper partition. As with the 
Model UM switching equipment, the plate circuit of one stage is mounted 
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inside the compartment of the succeeding stage to minimize the coupling 
between the grid and the plate circuits. The routing of the leads is 
designed to minimize the coupling between the grid and plate circuits, 
and all bias and power leads are shielded and filtered. A separate 
electrostatically shielded filament transformer supplies power to the 
filament of each triode. 

In an effort to reduce the phase shift through the attenuator, it is 
designed to pass all frequencies up to 10 Mc/sec. I t is estimated that 
it produces a phase shift not exceeding 6°. 

Each stage of attenuation is capable of an attenuation factor of 40 
to 50 db. The over-all measured attenuation factor is greater than 
165 db; the over-all measured gain is 45 db. The noise level is \ MV as 
compared with 10 juv for the Model C-l attenuator. 



CHAPTER 9 

TRANSMITTERS 
B Y A. J. POTE, R. B. LAWRANCE, AND G. C. TREMBLY 

9-1. General Requirements.—The design characteristics of the 
transmitter are based on the requirements of the system and on the 
accuracy with which time differences can be measured with the navi
gator's receiver-indicator. The navigator's instrument is designed to be 
capable of yielding readings to within 1 ,usec of the true value. With 
a short baseline and normal signal-to-noise ratio, an average error in the 
synchronism between two transmitters is approximately 0.5 ^sec. Since 
the period of a carrier cycle at the operating frequency is approximately 
0.5 Msec, the maximum error assignable to the transmitter is a small 
fraction of a cycle. Once started, the output pulse from the transmitter 
must rise smoothly and steadily to its maximum to prevent "flutter" 
of the received pulse from impairing the accuracy of the navigator's 
time-difference reading. 

To facilitate the accurate measurement of the time difference between 
pairs of received pulse signals, the leading edges of the signals should 
rise steeply. The reception of such pulses, however, necessitates wide
band receivers, with attendant increase in interference from noise and 
other signals. An experimental study has been made to determine 
optimum conditions consistent with the desired reading accuracy. The 
results of this study have led to the adoption of an effective receiver 
bandwidth of about 75 kc/sec. Under the stimulus of a trapezoidal 
transmitted pulse rising in approximately 10 ^sec, such a receiver yields 
an output pulse requiring 35 jusec to reach its maximum. The trans
mitted pulse must therefore be at least 35 ^sec long. An upper limit to 
the pulse length is set by the desirability of resolving sky-wave com
ponents which may follow at intervals as short as 65 /isec. A transmitted 
pulse length of approximately 45 jisec has been adopted. 

The rise time of the transmitted pulse is only broadly denned by the 
required end result on the navigator's instrument. From the standpoint 
of apparatus the rise time is more strictly determined by such interrelated 
factors as the antenna Q, the Q of the transmitter tank circuits, and the 
requirement that the oscillations start consistently. In a trapezoidal 
pulse the sideband distribution is determined primarily by the pulse 
width and secondarily by the rise time; since 10-^sec rise time is easily 
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achieved, this value has been adopted. The standard pulse has a rise 
time of 10 /xsec, flat top of 35 ^sec, and decay of 10 ^sec, making the width 
at half amplitude 45 ^isec. 

The technique of matching the envelope amplitudes and leading 
edges of two pulses yields its highest precision when the shapes of the 
two transmitted pulses are exactly the same. If the two transmitters 
differ in frequency, the two pulse shapes are distorted differently in the 
receiver, and an error is introduced in the time-difference measurement. 
It is therefore necessary that the Loran transmitters have inherent fre
quency stability and that provision be made for simple and positive 
means of monitoring and maintaining frequency. 

To conserve space in the limited frequency spectrum, pairs of Loran 
stations are identified by different recurrence rates rather than by differ
ent radio frequencies. This scheme also simplifies the receiver, although 
it requires a circuit complication in the indicator. Loran transmitters 
are accordingly designed in such a way as to be capable of emitting pulses 
at two recurrence rates concurrently. 

Pulsing the transmitter at two recurrence rates results in doubling 
the duty cycle, increasing the average power output from 100 to 200 
watts. These are reasonable values and present no problem; the real 
difficulties arise from the variable time interval between successive 
pulses. The starting and stopping characteristics of the transmitters 
and therefore the stability and shape of the emitted pulses are functions 
not only of the circuit constants but of the various voltages as well. 
Of practical necessity, these voltages perform some excursion during 
and immediately following each pulse. The conditions that determine 
the characteristics of a pulse, therefore, change with time; they depend 
on the variable time interval between successive pulses. The trans
mitters must perform so that the variation of pulse shape and amplitude 
and the variation in timing, caused by the fluctuations of the voltages, 
are restricted to tolerable limits. 

Originally the power capabilities of the transmitter were dictated 
chiefly by existing tube types and their availability. Propagation studies 
have predicted and experience has shown that a daytime ground-wave 
range of 700 nautical miles can be expected from a radiated power of 
100 kw. At the Loran frequency of 2 Mc/sec, a further increase in 
range of 100 miles would require nearly ten times the power, an increase 
that is not often worth while. A power of 100 kw gives ground-wave 
fields of about 500 ^v/m at normal baseline distances over water, which 
is adequate for synchronization in most latitudes. 

In addition to the system requirements for the transmitters, other 
important operating characteristics are required by the nature of the 
service to be rendered. The equipment must be capable of continuous 
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operation for long periods of time, in any climate from the Arctic to the 
equator. I t must be tolerant of power-source variations as well as being 
rugged, simple to operate, and easy to maintain. 

FIG. 9-1.—Model T D P transmitter. {Courtisy of liadin Engineering Laboratories Inc.) 

9-2. Standard Loran Transmitters.—The major requirements of the 
transmitter to be used in the 2-Mc/sec Loran system may be briefly 
recapitulated as follows: 

1. Starting time variation less than 0.1 ^sec. 
2. Smooth, steady rise of output pulse. 
3. Pulse length of 45 /zsec at half amplitude. 
4. Consistent pulse rise time of 10 /usec. 
5. Frequency stability and means for monitoring the frequency. 
6. Ability to transmit two trains of pulses at different rates. 
7. Peak power output of 100 kw. 
8. Continuous operation in all climates. 
9. Low harmonic radiation. 

10. Simple operation and maintenance. 
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Several transmitter models, differing in physical construction but similar 
in electrical design, have been produced. A total of 18 units of the early 
Model 108T have been manufactured by Harvey Radio Laboratories, 
Inc. The same manufacturer has produced 10 Model 125T and 12 
Model 170T transmitters. The Radio Engineering Laboratories, Inc., 
have constructed 36 Model 575 transmitters and 70 Model T D P (Fig. 
9-1) transmitters. The General Electric Company has designed the 
Model TDP-1 (Fig. 9-2) transmitter to meet Navy specifications and has 
manufactured 66 units. 

Model TDP Transmitter.—Electrically, Model T D P transmitter is a 
push-pull, tuned-plate, tuned-grid, self-excited oscillator with a modified 
form of cathode keying. Physically, it consists of two metal cabinets 
about 32 in. wide, 28 in. deep, and 72 in. high. One cabinet contains the 
power oscillator, modulator bias and screen supplies, output coupling 
circuits, and a dummy load. The second cabinet contains the control 
circuits, the high-voltage power supply, and the two exciter ("pulser") 
units. 

In order to achieve timing stability each exciter is fed with recurrent 
trigger pulses from one timer only. For double-pulsed operation the 
equipment is set up as shown in the diagram of Fig. 9-3, the two sequences 
of pulses being mixed just before the modulator. For single-pulsed 
operation one exciter is entirely disconnected and the other feeds the 
" bias-and-pulse" modulator input line without first going through the 
mixer. 

The trigger pulses are short and have a steeply rising front edge. 
After voltage amplification they trigger a gas-filled tetrode in a pulse-
forming stage, the output of which feeds a beam power output stage. 
Each positive-going output pulse is roughly rectangular, approximately 
45 /j-sec long, and several hundred volts in amplitude. One sequence of 
these pulses, together with a bias voltage, is fed from each exciter to the 
mixer, which in turn feeds the combined output and a resultant bias 
voltage to the grid of the modulator. The modulator is a normally off 
tube which is turned on by these high-voltage, positive-going pulses and 
is so connected that it keys the high-power oscillator on and off. The 
pulses of r-f energy are sent down a coaxial line to a tuning and matching 
unit at the base of the Loran antenna and thence to the antenna itself. 

Exciter Operation.—The operation of the exciter can best be under
stood by study of the simplified diagram (Fig. 9-4). The synchronizing 
trigger from the timer is a positive pulse of either 3 or 20 volts' amplitude, 
depending on the type of timer. This pulse is fed into a video preampli
fier which increases its amplitude to approximately 60 volts. The 
amplified pulse is then fed through the diode to the grid of the gas tetrode. 
In some of the later models the preamplifier is replaced by a pulse trans-
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former. Before it is triggered, the gas-filled tube is in the nonconducting 
condition, with its plate voltage at the level indicated as +LV. The 
0.008-^f capacitor has been fully charged through the 1-megohm resistor 

F I G . 9-2.—Model TDP-1 transmitter. (Courtesy of General Electric Company.) 

which, during the pulse, isolates the circuits from the power supply. 
Upon being triggered the gas tube becomes conducting; the capacitor 
begins to discharge through the 40-mh inductor, the gas tube, and the 
15-k cathode resistor. The increasing voltage across this resistor is 
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applied between the cathode and grid of the beam power tube and brings 
its bias rapidly from beyond cutoff to a slightly positive voltage. The 
plate current in the beam power tube and the output pulse voltage 
build up rapidly until the grid starts to draw current from the gas tube 
circuit. 

After this time the inductor, the two capacitors in series, and the 
grid-cathode resistance of the beam power tube behave as an under-
damped series circuit that executes a single half-cycle oscillation. During 
the first 20 jusec of this oscillation the grid swings slightly more positive 
and an even larger grid current flows; after 45 ^sec, however, the grid 
voltage becomes negative and grid current ceases. The circuits are 
proportioned in such a way that at precisely this time the 0.008-^f capac-
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F I G . 9-5.—Simple diagram of mixer circuit. 

itor is completely discharged; the gas tube again becomes nonconducting, 
and the output pulse is terminated. 

The output point carries direct bias voltage as well as the positive 
pulse and is thus suitable for direct coupling to the modulator grid. 
Both the gas tube and the beam power tube are connected as cathode 
followers, and the "boots t rap" circuit allows a very large voltage output 
to be obtained. The function of the isolating diode is to disconnect the 
grid of the gas tetrode from its bias source during the pulse, thereby pre
venting positive-ion grid bombardment as the cathode potential is 
carried toward +HV by the bootstrap action. 

For double-pulsed operation the two exciters are used in conjunction 
with the diode mixer shown in the simplified diagram of Fig. 9-5. The 
function of the mixer is to transmit the output pulses of the exciters to 
the common modulator while isolating them from each other; it also 
provides a connection for the modulator tube bias. Means are provided, 
by the 100-k resistors, to accommodate a small amount of unbalance 
between bias voltages furnished from the two supplies in the exciters. A 
40-mh inductance and shunting 150-k resistor are used to present a con
siderable impedance to the pulse output from the mixer, so that full vol
tage is applied to the modulator grid. 

All transmitters are equipped with two exciters and a mixer. Simple 



282 TRANSMITTERS [SEC. 9-2 

switching operations permit either single-pulsed or double-pulsed 
operation. 

Operation of Modulator and Power Oscillator.—The power oscillator 
has an essentially conventional tuned-plate, tuned-grid, push-pull cir
cuit. The modulator is connected between cathode and ground and is 
designed to provide a cathode bias considerably greater than cutoff, 

Osc. grid 
current 

Grid 
positive I 

supply -=r 

Bias and pulse ( • ) -
from mixer or 

exciter 

Output circuit 
not shown 

Isolating impedances 

_ Plate HV. 
-=r supply 
^ 20,000 v 

Modulator tube acts 
essentially as a short

ing switch with a 
small resistance 

Mod. cath. Screen 
current supply 

RF power oscillator 
To osc. cathodes 

Snuffing 
choke 

+ 2500 v 
~ | Osc.cathode current in 
_=- resistance and capacitor 
T acts essentially as a 

battery 

Action of modulator 
F I G . 9-6.—Simple diagram of modulator and oscillator. 

so that no oscillations occur between pulses. At the instant when modu
lation is applied, the cathode bias is reduced to a low value and oscilla
tions are started and sustained until the bias is again returned to a high 
value. Thus the modulator may be regarded as a shorting switch in 
series with a small resistance, as is shown at the bottom of the simplified 
diagram (Fig. 9-6). 

A better understanding of the action may be had if some figures are 
assigned to the various voltages. The tubes used are VT98's. The 
cutoff bias at 25-kv plate voltage is —1000 volts. Most of the Loran 
transmitters are operated at a plate voltage of 17.5 kv, and the cathode 
voltage above ground, sustained by the filter capacitor and oscillator 
cathode resistance, is 2500 volts. This circuit has a long time constant, 
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so that to all intents and purposes the voltage is constant. At the 
instant when the modulator is turned on, the oscillator cathode voltage 
drops to a value of about 500 volts and the remaining 2000 volts appear 

, I ( ± : ) !" "W- from plate 
, * N 3 y L , _ _ . : i C.duringp 

Voltage drops at; 
start of pulse to -j 

+ 500v 

Pulsed on 

^Plale current comes 
: capacitator 

g pulse. It does 
not flow through modu 
lator. 

20.000v 

Snuffing choke 
increasing current 

(6) End of pulse 

Voltage gradually 
returns to 
+2500u 

Snuffing choke 
decreasing current 

Plate capacitor 
re-charging current 

Resistor cu r ren t - " * - - - " -' 
(c) After pulse 

FIG. 9-7.—Current flow in transmitter, (a) During pulse; (6) end of pulse; (c) after pulse. 

across the snuffing choke. The plate power for the oscillator is supplied 
from the large storage capacitor connected between the cathodes and the 
center tap of the plate tank circuit. This capacitor is permitted to make 
the same voltage excursion as the cathodes by the isolating impedances 
between the center tap and the plate high-voltage supply. 

Figure 9-7a shows the various current paths during the pulse. The 
modulator grid has been driven positive by the exciter output. The 
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oscillator grid current path is through the modulator tube and the posi
tive bias supply, whereas the plate current path does not go through the 
modulator but is confined to the tubes, plate inductance, and storage 
capacitor. Another component of modulator plate current comes 
through the snuffing choke from the 2500-volt charged capacitor. This 
capacitor is also discharging slowly through the oscillator cathode resistor. 
The positive bias supply compensates for voltage drop in the modulator 
tube, making the initial flow of oscillator plate current large and greatly 
aiding the speedy and consistent start of oscillations. 

Figure 9-7b shows the current paths at the end of the pulse. The 
modulator grid voltage has been returned to below cutoff. Both grid 
and plate current of the power oscillator have stopped, as well as the 
plate and screen current of the modulator. Current is still flowing 
from the filter capacitor through the snuffing choke and into the distrib
uted capacitance of the oscillator cathode circuit (modulator plate 
current), and the filter capacitor is still discharging through the cathode 
resistor. At this instant the action of the snuffing choke has raised the 
oscillator cathode voltage to about 4500 volts, so that the oscillations 
are quickly quenched. 

The currents flowing shortly after the pulse are shown in Fig. 9-7c. 
The storage capacitor which has lost charge by supplying energy to the 
oscillator plates is being recharged from the plate high-voltage supply, 
as is the filter capacitor and the distributed capacitance of the cathode 
circuit. This recharging cycle lasts for a few hundred microseconds, so 
that after that interval another pulse may be satisfactorily transmitted. 
I t is apparent, however, that at times when the two pulses of different 
rates are nearly in coincidence, the circuit voltages do not have time to 
attain their steady value and the succeeding pulse is therefore of reduced 
amplitude. This is undesirable, but a more serious effect is a tendency 
to delay the starting time of the succeeding pulse for a few microseconds. 
This can happen if the operating voltages are not carefully maintained. 
In general, any condition that makes the device a poor oscillator results 
in a delay in starting time. The excursion of the cathode voltage immedi
ately after the modulator is turned off is a critically damped oscillation 
of the circuit made up of the snuffing choke and the distributed capaci
tance of the cathode circuit. 

The output circuit is shown schematically in Fig. 9-8. I t is desired 
to present a load impedance of 4000 ohms between the plates of the oscil
lator tubes. The stepdown from this value to the 50 ohms required for 
proper termination of the coaxial cable is achieved in two steps. A 
capacitance divider reduces the 4000-ohm impedance to approximately 
400 ohms, and the tuned transformer reduces that impedance to 50 ohms. 
Means are provided by taps and plug-in capacitors to tune the trans-
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mitter and coupling networks over the range from 1700 to 2000 kc/sec. 
As shown on the simplified diagram, the 0.002-/*f capacitor across the 
primary of the coupling transformer is the resultant of the capacitance 
divider and the capacitance required to tune the primary. In practice 
the transformer tuning procedure consists of shorting the primary of the 
coupling transformer and series-resonating the secondary, any residual 
detuning on the primary being taken care of in the tuning of the plate 
tank of the oscillator. 

Output 50 ohm 
coaxial cable to ant 

Dummy load 
50 ohm. 
300 watt 
approx. 

50/j/if 

820/yjf 
4 1 4 

To modulator To+20,000v 
v \ r-f output 

Fia. 9-8.—Simple diagram of output circuits. 

9-3. Transmitter Test Oscilloscope.—Alignment, operation, and 
maintenance of the transmitter require special testing facilities that can 
most conveniently be made in the form of an oscilloscope. Such an 
oscilloscope is required to inspect the envelope of the transmitted r-f 
pulse and to inspect certain r-f waveforms for measuring the transmitter 
frequency. The oscillator cathodes, the oscillator grids, the output 
terminal of the pulser, and the input stages of the pulser are normal points 
of inspection. A crystal oscillator and appropriate circuits for comparing 
its frequency with that of the transmitter are included in the oscilloscope. 
The triggered sweep circuits are sufficiently stable to permit careful 
examination of the r-f cycles. 

Several models of the transmitter test (or monitor) oscilloscopes have 
been produced. The Sylvania Electric Products, Inc., have manu
factured 25 Model A-l oscilloscopes (Fig. 9-9), and the Du Mont Labora
tories, Inc., have produced 40 Model CDU, 110 Model OCA, and 70 
Model OBN oscilloscopes. 
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The sweep is initiated by the same pulse from the timer that triggers 
the transmitter. Any one of three sweep speeds, giving full deflection 
in 20,000, 200 or 25 ^sec, may be selected. Provision is made for dis
playing the r-f cycles or video signals from the transmitter directly on 

F I G . 9-9.—Model A-l transmitter test oscilloscope. 

the cathode-ray tube or for displaying the rectified cycles either alone 
or mixed with the rectified signals from the internal crystal oscillator. 
A high intensifying voltage (9000 volts) provides satisfactory intensity 
even at the highest trace speed and at the low repetition rate. 

The frequency of the transmitter is measured by beating the pulse 
against a crystal oscillator. The mixing action is performed only when 
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the detector is in use, so the pattern that is observed is always a modifica
tion of the envelope of the r-f pulse. When the transmitter is about 
37 kc/sec off frequency, a pattern similar to that of Fig. 9-10a, which is 
a series of motion-picture frames, results. The beats appear as a sine-
wave modulation of the top of the pulse, moving laterally across the 
pulse. The operator makes a preliminary adjustment of the transmitter 

(a) (b) (c) (d) ^ 
FIG. 9 10.—Waveforms observed when the difference between the frequencies of the 

transmitter and of the crystal oscillator are (a) 37 kc/sec, (b) 20 kc/sec, (c) 4 kc/sec, (d) 
less than 1 kc/sec. 

and then observes that the picture on the oscilloscope screen looks like 
Fig. 9-106, which is another series of motion-picture frames with the 
transmitter 20 kc/sec off frequency. In this case, the beats are slower; 
thus the sine waves are longer, so that each cycle takes about the same 
time as the duration of the pulse and only one cycle can be seen at a time. 
The beats progress across the pulse as before but at a slower rate. When 
the operator makes a further correction of the transmitter frequency, the 
picture then resembles Fig. 9-10c. In this case the transmitter is 
about 4 kc/sec off frequency, so that only part of a beat can be seen at any 
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one time. The top of the pulse displays a rocking motion, and the thick
ness of the trace at the top of the pulse varies at the same time. The 
progression of the beats continues, giving the series shown, and in this 
case is an aid to detection of the beat. In fact, if the progression is not 
taking place, the operator must switch the crystal oscillator on and off 
in order to obtain random samples of the sequence shown, " a frame at a 
time," and judge the transmitter setting from them by careful observa
tion of the thickness of the trace at the top of the pulse. Finally, when 
the transmitter is as nearly on the desired frequency as the operator can 
set it, the picture is as shown in Fig. 9-10d. No rocking or changing in 
trace thickness from side to side can be seen, but only the bobbing of the 
top of the pulse and the uniform change in thickness of the trace. This 
setting is within 0.10 per cent of the frequency of the crystal oscillator, 
which is sufficiently accurate for the service required. 

Assuming that the two signals are in phase at the beginning of each 
pulse, the phase near the end of the pulse depends upon the difference 
in frequency of the two signals. For example, if the difference in fre
quency is 25 kc, the phase will have changed 360° in 40 jisec. One com
plete cycle of beat action will have been completed so that the pulse will 
appear to have one cycle of sine wave superimposed on it. The ultimate 
accuracy then depends on the minimum amount of phase change that 
can be detected during the pulse. 

LOW FREQUENCY LORAN TRANSMITTERS 
9-4. Low Frequency Transmitter Requirements. Introduction.—An 

LF transmitter intended for Loran timing measurements must meet 
rather stringent requirements, since the period of one carrier-frequency 
cycle becomes comparable with or greater than the maximum tolerable 
timing error. At a carrier frequency of 180 kc/sec each cycle is 5.55 
Msec long, and much refinement of conventional Loran practice is neces
sary in order to keep synchronization errors down to about 1 jisec. The 
principal requirements are the following: 

1. The carrier frequency must be established in such a way that it is 
accurately the same at all stations. Any frequency difference in 
two received pulses would lead to different pulse shapes at the out
put of the receiver, which has a fairly narrow bandwidth. No 
such difference in pulse shapes can be tolerated when the sought-
for timing accuracy is so high. 

2. All stations must radiate pulses whose waveforms have precisely 
the same characteristics, namely, the shape of the envelope and 
the timing relationship between the envelope and the carrier-
frequency cycles. 
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In addition to these two basic requirements it is desirable to incor
porate precautions for reducing all spurious harmonic and adjacent-
channel radiation to levels that will not cause excessive or unnecessary 
interference. 

The transmitter to be described was developed as part of an emergency 
program. It represents a valuable first step in the effort to meet the 
requirements just stated, and many of the techniques employed have 
proved entirely satisfactory. All of the individual circuits described 
have been in use for several months in the stations of the East Coast 
experimental triplet. 

The LF Station and Equipment.—As mentioned in Sec. 7-15, the timer 
is modified by the addition of a 50-kc/sec driver, one of whose functions 
is to provide the transmitter with crystal-controlled signals of this fre
quency. The act of holding the two stations of a pair in synchronism 
maintains their respective crystal oscillators at frequencies that differ 
by less than 1 part in 100 million. Their transmitted carrier frequencies 
can also be made equal, with this same accuracy, by designing the trans
mitter as an oscillator amplifier whose frequency-determining device is 
the continuously running crystal in the timer. 

The carrier frequency of 180 kc/sec must be obtained from the 
50-kc/sec crystal without dependence on any other frequency source; 
this is done by the use of circuits in which the crystal-controlled signal 
is heterodyned with other signals derived from it by frequency multi
plication and division. The phase and frequency of the eventual 
180-kc/sec output are thus rigidly determined by the phase and frequency 
of the crystal oscillator. 

Both the design of the frequency-changing and amplifying stages 
and the layout of the station are influenced by the fact that the remote sig
nal must be received during the interval between local pulses. Although 
the carrier frequency is to be derived from the 50-kc/sec crystal through 
frequency-changing stages that run continuously, the spurious signal 
picked up by the receiver from these stages must be much weaker than 
the remote signal. Two precautions have been adopted to avoid trouble 
from such interference. In planning the station layout the transmitter 
and the receiving equipment have been separated by about 1000 ft, 
the necessary interconnections being made with shielded cables.1 More 
important, in designing the transmitter the carrier frequency of 180 kc/sec 
is made to appear only during the transmission of the local pulse; the 
low-power continuously running stage operates at a frequency of 90 
kc/sec, and the following doubler stage is inactive except when inten
tionally pulsed. The stages following the pulsed doubler are used to 

1 Experience indicates that interference is not severe even with the transmitter 
and timer in the same building. 
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shape the 180-kc/sec pulse and amplify it to its final level of approxi
mately 100 kw. 

As shown in the block diagram of Fig. 9-11, the transmitter is supplied 
with two input waveforms: the usual trigger and the continuous 50-kc/sec 
wave. It is evident that the 50-kc/sec signal must be derived from a 
point following the capacitor phase-shift circuit in the timer oscillator; 
doing so allows the relative timing of the trigger and the 50-kc/sec 
wave to remain undisturbed when the timer phase shifter is manipu-
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Fia. 9-11.—Block diagram of Low Frequency transmitter. 

lated. The cycle-envelope timing relationship of the emitted pulse is 
hence independent of the setting of this control. 

In Sec. 7.15 it was also mentioned that the trigger output of the 
timer is passed through a calibrated delay multivibrator whose total 
adjustment range is about 16 Msec, or 8 /jsec each side of the normal 
center position. This trigger-delay control and the phase control in the 
transmitter are intended for use in obtaining and maintaining the proper 
relationship of the envelope and the carrier cycles. Once the envelope 
shape has been adjusted for proper rise rate and flat-top duration, the 
cycle-envelope relation may be adjusted by sliding the cycles relative 
to the envelope, using the phase control for the purpose; alternatively 
the envelope may be moved relative to the cycles by the trigger-delay 
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control. In the ultimate version of the transmitter only one of these 
two nearly equivalent controls will be retained, but further operating 
experience is necessary before the selection can be made. 

An oscilloscope is installed as one of the units of the transmitter. 
By manipulating selector switches the radiated pulse or the waveform 
at any one of 12 intermediate points in the transmitter may be observed 
on this test oscilloscope. The 12 test points have been chosen to provide 
maximum usefulness in initial tuning and adjusting, in detecting incipient 
failure of tubes or other components, and in quickly isolating the loca
tion and nature of any actual failure. The oscilloscope used is a close 
copy of the timer test oscilloscope, whose circuit is shown in Fig. 7-6. 
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F I G . 9-12.—Block diagram of 90-kc/sec generator. 

9-6. Low Frequency Transmitter. 90-kc/Sec Generator.—The func
tion of the 90-kc/sec generator is to take the low-power low-impedance 
50-kc/sec c-w input signal and convert it to a 90-kc/sec c-w output signal 
at a power level (about 2 watts) sufficient to excite the c-w channel of 
the r-f generator. A phase control is included for adjusting the cycle-
envelope relation of the transmitted pulse. Limiting amplifiers are 
included to make operation independent of input voltage and other 
factors over rather large ranges. All frequency-converting stages in the 
unit operate with sinusoidal input and output voltage waveforms, thereby 
minimizing the chances of producing and radiating harmonics at 180 
kc/sec. 

Figure 912 gives a block diagram of the unit, and the circuit diagram 
is given in Fig. 9-13. The incoming 50-kc/sec voltage is applied first to 
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a passive network associated with the phase control; the phase differ
ence between input and output voltages of this circuit depends upon the 
setting of the control. For adjusting the transmitter output cycle-
envelope relationship it is necessary to be able to vary the phase of the 
180-kc/sec carrier frequency through slightly more than one cycle. 
This frequency of 180 kc/sec is locked to that of the 50-kc/sec input 
to the generator, and the phase variation introduced at 50 kc/sec need 
therefore be but TVV of that required at 180 kc/sec. By the same token, 
phase shift occurring at the 90-kc/sec output of the generator will be 
£S the amount provided at 50 kc/sec. The range of operation of the 
phase control has been made approximately 120°, providing 216° varia
tion at 90 kc/sec and 432° at 180 kc/sec. 

The output voltage of the phase-control stage is not sufficient to 
operate the sine-wave divider. Moreover, the voltage amplitude at the 
output of the phase-control circuit varies by 2 to 1 through the control 
range. The sine-wave divider, on the other hand, operates most satis
factorily when the 50-kc/sec input to the mixer tube is constant in ampli
tude and ceases to function entirely when this input fails to exceed a 
certain minimum. An adequate and constant signal level is obtained 
by the use of preamplifier and limiter stages, which have sufficient gain 
to permit satisfactory operation even with abnormally low 50-kc/sec 
input voltage. 

The transition from 50 to 90 kc/sec is accomplished in three steps: 
(1) The input frequency of 50 kc/sec is divided by 5 to produce 10 kc/sec; 
(2) this is multiplied by 3 to obtain a frequency of 30 kc/sec; and (3) 
this in turn is multiplied again by 3, resulting in the final frequency of 
90 kc/sec. The factors by which frequencies in the generator are multi
plied and divided are small, leading to great stability of operation. 

The sine-wave divider stage, which divides the 50-kc/sec input fre
quency by 5, consists of a pentagrid-mixer circuit and a conventional 
frequency-quadrupling stage. The two control grids of the mixer are 
driven with 50 and 40 kc/sec, respectively; the 10-kc/sec output fre
quency is multiplied by 4 in the quadrupler to provide the necessary 
driving voltage at 40 kc/sec. Frequency-dividing operation starts 
spontaneously within a few tenths of a second after the 50-kc/sec input 
signal is applied and continues as long as the input signal is present. 
Bias voltages and signal levels are arranged so that no output is obtained 
from the 90-kc/sec generator if the crystal-controlled 50-kc/sec input 
from the timer is missing; thus the transmitter operates at the correct 
crystal-controlled frequency or not at all. 

R-F Generator. The r-f generator may be considered the heart of the 
transmitter. Its input voltages are the trigger from the timer, and the 
continuous 90-kc/sec sine wave from the 90-kc/sec generator. Its out-
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put is a completely shaped pulse at 180 kc/sec, requiring only further 
amplification before being fed to the antenna. 

The unit is designed to fulfill the following specific requirements: 

1. Negligible 180-kc/sec output except during transmission of local 
pulse. 

2. Sufficient power output for driving following amplifiers. 
3. Smooth and independent controls for adjusting the rise-time and 

the flat-top duration of the radiated pulse. 
4. Ability to give smooth variation in output cycle-envelope relation

ship as phase c6ntrol (90-kc/sec generator) or trigger delay (timer) 
are manipulated. 

+ 600v 

To buffer 
grid circuit 

F I G . 9-14.—Simplified diagram of push-push doubler. 

The pulsed doubler is located at the confluence of two types of signals 
—the amplified continuous sine wave from the 90-kc/sec generator and 
the modulating pulse generated by the modulator in response to a trigger 
from the timer. 

The usefulness of push-push frequency doublers has been known for 
many years. In this type of circuit the control grids of two tubes are 
driven from opposite ends of a center-tapped tank circuit tuned to the 
input frequency. If, as is usual, the grid bias is greater than cutoff, then 
the out-of-phase drive results in the tubes conducting alternately. The 
plates are connected in parallel to a tank circuit that is tuned to a fre
quency twice that of the grid tank; the desired high second-harmonic 
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output is produced by the equal and alternate surges of plate current 
drawn by the two tubes. 

Figure 9-14 shows a simplified diagram of the push-push doubler used 
in the r-f generator. As can be seen from this figure the c-w excitation 
at 90 kc/sec is coupled inductively into the grid tank by a small link-
type primary coil. The normal bias and the superimposed modulating 
pulse are applied to the center tap of the grid circuit; and since the 
90-kc/sec coupling is inductive rather than capacitive, the speedy appli
cation and removal of the modulating pulse are not hindered by unwanted 
flow of modulator current in coupling impedances. 

As used in the r-f generator the tube cutoff bias is approximately 60 
volts and the alternating grid voltage is somewhat greater than 100-volt 
peak. The modulator pulse changes the bias to about 1.5 times cutoff, 
so that there are times when neither tube conducts. These operating 
conditions result in high efficiency and in adequate protection against 
unwanted continuous doubling. 

The pulsed doubler, then, requires two inputs with the following 
characteristics: 

1. An inductively coupled 90-kc/sec continuous wave, obtained from 
a source that can supply grid driving power without appreciable 
change in driving voltage. 

2. A bias whose steady value of approximately —200 volts can be 
pulsed, in response to a trigger from the timer, to a voltage in the 
range between —150 and —50 volts. This pulsed value is to 
remain constant for a controllable time and thereafter return to the 
initial value of —200 volts. 

The first requirement is met by the use of a c-w driver stage that 
amplifies the output of the 90-kc/sec generator to a level of about 20 
watts, nearly all of which is intentionally dissipated in fixed resistors. 
During the pulse the grids of the pulsed doubler absorb energy at a rate 
of less than a watt, so the effect of their additional load is negligible. 
Figure 9-15 shows the complete circuit diagram of the r-f generator, 
including the c-w driver. 

The modulator is simply a delay multivibrator whose flat-topped 
output pulse is passed through a cathode follower to the center tap of 
the doubler grid circuit. The need for a —250-volt bias supply for the 
doubler and the following buffer makes natural the use of this supply 
for the plate voltage of the multivibrator and cathode follower. Oper
ating these circuits from this negative supply makes the power-supply 
problem simpler and, by permitting direct-coupling, gives a flat-topped 
modulating pulse without the use of a large coupling capacitor. The 
modulator output potentiometer is used to establish the operating condi-
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tion of the pulsed doubler for maximum output and efficiency, and in 
so doing it is capable of compensating for a considerable variation in the 
amount of 90-kc/sec grid driving voltage. 

Buffer and Driver Grid-lank Circuit.—The standard pulse envelope 
used in experimental LF work is a nonisosceles trapezoid, modified so 
that the rising and falling edges are approximately half-cycle sine curves 
rather than straight lines. The rise and flat top are obtained by impres
sing on the grid of an amplifier (the driver) an r-f voltage whose amplitude 
starts at zero and increases linearly with time. At first this input signal 
produces no output because the grid bias is greater than cutoff. When 

-2V31 Modulator multivibrator Cathode follower -250v 
F I G . 9-15.—Schematic diagram of r-f generator. 

the grid voltage starts to swing above cutoff, the plate-circuit output 
increases with time, first parabolically and then linearly. Finally, at 
the crest of some input cycle the grid attempts to swing to a higher poten
tial than the cathode. At this time grid current through a series resistor 
causes the grid swing to be limited to a few volts positive. The larger 
input cycles that follow are limited in a similar way, with the result that 
a flat top is produced on the envelope of the plate-current alternating 
output voltage. The smoothness of the transition from the linear rise 
to the flat top may be controlled by choosing the proper size of series 
grid resistor. 

The essentials of the pulse-shaping scheme outlined above are thus 
an amplifier whose grid is biased slightly past cutoff and an r-f driving 
voltage whose amplitude increases linearly with time. In the present 
transmitter the buffer tube, located in the r*f generator and driven by 
the pulsed doubler, produces the required linearly increasing oscillation 
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in the driver grid tank. The circuit is shown in Fig. 9-16. The elements 
associated with the buffer plate and driver grid function as a single 
unified circuit, although for convenience some components are located 
in the exciter cabinet and some in the driver. 

The grid of the buffer tube is operated Class C, with bias well past 
cutoff and with a large 180-kc/sec driving voltage from the pulsed 
doubler. The flow of grid current in a series resistor limits the positive 
excursion of the grid to a few volts above cathode potential, and plate 

Exciter (buffer tube of r-f generator) Driver 

(One of four 
in parallel) 

-250v 

Test point Test point 
-600v 

Bias supply 

—wv 
100k 

' Driver test point F I G . 9-16.—Simplified circuit of buffer. 

current is accordingly drawn in definite-sized short pulses. The buffer 
plate tank circuit (driver grid tank) has unusually high capacitance, low 
inductance, and high Q. When the trigger, modulator, and pulsed 
doubler have impressed 180-kc/sec driving voltage on the buffer grid, 
therefore, many cycles elapse before the plate-circuit oscillations reach 
their full amplitude. The initial portion of this buildup is sufficiently 
long and linear to be useful in forming the desired leading edge. 

The time to reach full amplitude (or the saturation that produces 
the flat top on the output pulse) is controlled by varying the screen vol
tage of the buffer tetrode, thus adjusting the amount of charge drawn 
from the tank circuit by each pulse of plate current. The correct setting 
of the rise control is easily arrived at by observing the final radiated 
pulse waveform on the test oscilloscope while the adjustment is made. 
As the rise control is varied, the slope of the leading edge changes smoothly 
and at an approximately imiform rate; the control exerted by the pulse-
width adjustment is also inherently continuous and linear. Special 
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circuit precautions are necessary, however, to ensure smooth cycle-
envelope adjustment by the phase control and trigger-delay control. 
The normal buffer plate current pulses are of uniform size; it is necessary 
that at least the first of these pulses be made smaller than the others 
and capable of growing smoothly to full size or diminishing smoothly 
to zero as the phase control is manipulated. This is easily accomplished 
by the use of a high-capacitance plate tank circuit in the pulsed doubler, 
spreading the rise of buffer grid voltage over approximately 12 cycles. 

The five r-f generator test points are shown in Fig. 9-15. The first 
test point is connected through a small capacitor to one of the pulsed-
doubler grids, revealing quickly the presence of 90-kc/sec input, proper 
functioning of the c-w driver, the presence of pulse output from the 
modulator, and satisfactory operation of the —250- and 600-volt supplies. 
It is thus useful for a rapid comprehensive check at the point where the 
pulsed- and continuous-wave signals are united. 

Test Point 2 is directly connected to the pulse-voltage output of the 
modulator and is intended for measurements that might be necessary 
in correcting a fault in the modulator circuit. Test Point 3 samples the 
cathode-current pulses of the pulsed doubler by observing the voltage 
across a small noninductive cathode resistor. It is used in observing 
and adjusting the balance between the doubler tubes. Test Point 4, 
which is connected through a small capacitor to the doubler plate tank 
circuit, is used for making nearly all the r-f generator tuning adjustments 
as well as for establishing the proper setting of the modulator-output 
control. Finally, test Point 5 is connected to the small cathode resistor 
of the buffer tube. I t serves as a trouble-tracing point that gives 
information about the buffer tube; the presence of plate, screen, and 
bias voltages; the condition of the plate-circuit components in the r-f 
generator; and the proper connection and functioning of those tank cir
cuit components located in the driver. 

Driver and Power Amplifier.—Except for the driver grid tank, which 
is functionally part of the buffer stage of the r-f generator, the driver 
and power-amplifier stages are rather conventional Class B linear ampli
fiers. The chief reason for departures and refinements is that the major 
emphasis is placed on careful control of the pulse leading edge, even at 
the sacrifice of a large proportion of the output power obtainable from 
the tubes. Thus although more than 40 kw is available from the four-
tube driver, the major part of this power is dissipated in the fixed-load 
resistors necessary to obtain adequate fidelity in the power amplifier; 
the net power gain obtained from the power amplifier is thus but a factor 
of 2 or 3, which is relatively inefficient. 

A simplified diagram of the driver is shown in Fig. 9-17. Four 5D21 
high-current tetrodes are used in parallel, with screen and plate-supply 
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voltages of 1100 volts and 8 kv, respectively. The use of individual 
metering positions for reading the cathode current of each tube allows 
qualitative check on their parallel operation, and oscilloscope test points 
are provided on the grid and plate circuits. 

D r i v e r Power amplifier 

Fio. 9-17.—Simplified circuit of driver. 

Fio. 9*18.—Simplified circuit of power amplifier. 

The power amplifier (Fig. 9-18) is notable chiefly in that although two 
VT98 triodes are used in parallel, no neutralization is required- This is a 
consequence of the low operating frequency and of the heavy grid damp
ing to ground by the noninductive linear-load resistors. The plate tank 
circuit is designed to work into a 50-ohm coaxial transmission line, and 
one of its two tuning adjustments is a continuously variable crank coil. 
Test points are provided so that grid, plate, and output waveforms may 
be viewed on the oscilloscope; the latter position is extremely valuable 
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in that it allows the oscilloscope to be used as an accurate pulse volt
meter, for relative measurements. 

Using the oscilloscope as a voltmeter makes it relatively simple to 
adjust the transmitting-antenna coupling unit without an r-f bridge or 
other measuring apparatus. This procedure recommends itself, since 
the adjustment for best transient performance, which can be obtained 
with the oscilloscope, is not necessarily identical with that for best c-w 
performance as obtained from single-frequency impedance measurements. 
The technique consists of first measuring the r-f output current and oscil
loscope deflection when a 50-ohm noninductive resistor is used as a load 
for the transmitter. The transmission line, terminated with the coupling 
unit and antenna, is then connected in place of the resistor. Adjustments 
are systematically made to the coupling unit until the r-f line current and 
oscilloscope deflection regain their former values. 



CHAPTER 10 

ANTENNA SYSTEMS 
B Y R. B. LAWRANCE 

10-1. Requirements for Ground-station Antennas. General Charac
teristics: Polarization.—Transmitting and receiving antennas for Loran 
ground stations are designed for vertical polarization, since the horizontal 
field of a wave traveling along the earth's surface is rapidly attenuated. 
All Loran synchronizing paths depend on propagation either by ground 
waves that follow the curvature of the earth's surface or by sky waves 
that are emitted at low angles and are then reflected from the ionosphere 
to a distant receiving station. Efficient low-angle radiation and recep
tion are obtained by the use of extensive radial ground systems that also 
minimize the variable effects of soil conductivity on transmission and 
reception. 

Transmitting Antennas.—Four requirements determine the design of 
Loran transmitting antennas. (1) The Q of the antenna must be low 
enough to permit the radiation of a rapidly rising pulse. (2) The direc
tive pattern must be such as to irradiate the intended service area effec
tively, without substantial loss of energy in other directions. (3) The 
input impedance must be stable and present a suitable load for the trans
mitter, so that the radiated pulse shapes are the same for all stations. 
(4) The antenna must be capable of handling the required peak and 
average power. 

The widespread use of modulated oscillators (whose frequency 
depends on the impedance of the antenna) for the 2-Mc/sec ground-
station transmitters has made the third requirement particularly 
important. I t has been almost universal practice to use a single vertical 
transmitting antenna with no large potentially resonant metallic objects 
in its vicinity, thereby avoiding interaction which might distort the 
all-important leading edge of the radiated pulse. This construction 
gives an efficient and simple radiator with no inherent directivity in the 
horizontal plane. This lack of horizontal directivity is not often serious. 

Since none of the energy radiated at angles higher than about 20° 
above the horizontal is useful for Loran purposes, it is necessary to con
serve and if possible enhance the low-angle radiation. The use of an 
extensive radial ground system involving a half ton or more of copper 
wire has been found to give a worth-while increase in signal strength at 
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extreme ranges, attributable to decreased loss of low-angle energy in the 
region near the antenna. 

All short vertical antennas operated against such a ground system 
exhibit almost similar radiation patterns in elevation. As the antenna 
length is increased to a half wavelength or slightly more, however, the 
proportion of low-angle radiation increases significantly. A half-wave
length antenna at Standard Loran frequencies would be approximately 
260 ft high; although an antenna of this size would be beneficial in a 
peacetime Loran system, the wartime requirements have been better 
met with a length of the order of 110 ft, slightly less than a quarter 
wavelength. This gives an antenna that is relatively easy to erect and 
that meets the electrical requirements satisfactorily. Both the full-
length vertical and the "inverted-L" types have been used. 

The Low Frequency Loran experiments have involved a carrier fre
quency of 180 kc/sec, for which a quarter wavelength is of the order of 
1360 ft. A temporary solution of the mechanical and electrical problems 
has been the use of a thin wire 1300 ft long, supported by a helium-filled 
barrage balloon. A more permanent antenna has been designed but not 
yet erected; it consists of a 625-ft self-supporting top-loaded base-
insulated steel tower. 

Receiving Antennas.—The primary function of the receiving antenna 
at a ground station is to deliver to the receiving apparatus a remote-signal 
voltage considerably in excess of the internal-noise voltage. The form 
of the received pulse at the receiver-input terminals should not be appre
ciably distorted or delayed; hence the receiving-antenna system must 
have adequate bandwidth. 

If the baseline is not too long, the received signal is at all times use
fully stronger than the received atmospheric noise. Under these cir
cumstances a simple vertical receiving antenna is adequate even though 
it lacks directivity in the horizontal plane. The length of the antenna 
is determined by the necessary bandwidth and is ordinarily between an 
eighth and a quarter wavelength. Such a nondirectional receiving 
antenna is particularly useful at a double station, where two remote 
signals must be received usually from quite different directions. 

When circumstances force the use of long baselines or a poor receiving 
location, the remote signal may no longer predominate over atmospheric 
noise and other received interference. Since the interference generally 
arrives from all directions and the desired signal arrives from but one, 
a directive antenna is helpful. The simplest nonresonant directive 
antenna is the Beverage " w a v e " antenna, which has been used success
fully for 2-Mc/sec Loran. This type of antenna is simple to construct 
and works best when the soil conductivity is poor, but it requires consid
erable ground space. 
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10-2. Antenna Coupling Units. General Considerations.—There are 
two common schemes for coupling energy from the transmitter to the 
transmitting antenna. In the simpler of these the transmitter is located 
near the input terminals of the antenna, and the connection is made 
without the use of a transmission line. The antenna input impedance is 
seldom suitable for use directly as a plate load, but an impedance match 
can be accomplished by the use of a reactive network. Such a network 
may or may not resemble a conventional tank circuit; its design requires 
fairly accurate knowledge of both the desired plate-load impedance and 
the antenna input impedance as well as of the nature of the signals to 
be transmitted. This type of coupling between transmitter and antenna 
has not been used in any Standard Loran equipment. 

In the more complex scheme the transmitter is located at a convenient 
distance from the antenna and is connected to it by a transmission line. 
This gives more freedom in the layout of the transmitting station and, 
since the characteristic impedance of the transmission line is known in 
advance, makes it possible to design the transmitter for a single standard 
value of load impedance. The input impedance of the transmission 
line is a pure, constant resistance over the range of frequencies for which 
the terminating impedance equals the line characteristic impedance. 
Over the range of frequencies including the carrier and all significant 
sideband components, therefore, the coupling unit should be able to 
transform the frequency-varying resistance and reactance of the antenna 
into an impedance equal to that of the transmission line, primarily 
resistive and practically constant. 

In Low Frequency Loran the shape of the transmitted pulses must be 
controlled with great care, and even with the faster-rising pulses of 
2-Mc/sec Loran the antenna and coupling unit must not produce appre
ciable lengthening of the pulse rise time. This requirement may be 
stated in terms of input impedance, as in the preceding paragraph, or in 
equivalent and alternative terms of energy storage. 

Consider an antenna that is radiating energy at a constant power level; 
stored in the electric and magnetic fields surrounding the antenna is an 
amount of energy several times as great as that radiated per cycle. This 
means that if the flow of energy to the antenna is suddenly stopped, the 
antenna will continue to radiate, with slowly decreasing amplitude, until 
this stored energy is exhausted. Conversely, if input power is suddenly 
applied to an antenna, several cycles will elapse before the stored energy 

I builds up and the antenna radiates at full power. 
[ The presence of some stored energy is unavoidable, but for pulse 
I transmission the amount must be kept relatively low. For a given length 
I of antenna, the stored energy may be reduced by increasing the effective 
| diameter of the antenna conductor. From an impedance standpoint, 
i 

i 
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—rprfZ— 

■Xs, 

this causes the input reactance to vary less rapidly with frequency; 
hence the bandwidth is increased. The effects of an antenna's dimensions 
on its input impedance and bandwidth are discussed in Sec. 10-3; in 
designing a coupling unit the bandwidth of the antenna is always the 
limiting factor. 

Simple Reactance Networks.—In general the input resistance of a 
Loran transmitting antenna is different from the characteristic impedance 
of the transmission line, and the input reactance is not, except fortuitously, 

equal to zero. Although ideally 
the coupling unit should provide 
exact matching over a consider
able range of frequencies, it has 
been found that under certain con
ditions it is sufficient to design the 
unit for exact matching at the car
rier frequency only. If the Q of 

Xom~xa the antenna is not excessively 
7~~> high, and if the antenna input 

x ° » I resistance is not too greatly differ-
{_ ""' < ent from the line impedance, sim

ple ladder networks of two or three 
reactances can be used. In order 
to keep to a minimum the energy 
stored in the coupling unit, all 
series impedances (which carry 
high current) are made small 
whereas the shunt impedances are 
made as large as is feasible. 

The transmission line common-
, . ly used in Loran stations is a stand-

FIG. lo.i—Simple L- and T-networks for ard solid-dielectric coaxial cable 
matching impedances at carrier frequency. ^ ^ a nominal characteristic im

pedance of 52 ohms. Since the antenna input resistance is usually between 
15 and 45 ohms, a small impedance transformation is required. Figure 
10'1 shows three simple networks that are suitable for the purpose. 
In all three circuits the symbols are defined as follows, values being taken 
at the carrier frequency: 

RA = antenna input resistance, 
XA = antenna input reactance, 
Ri = source resistance to be matched (usually the characteristic 

impedance of a transmission line: 52 ohms), 
XAM — reactance of antenna arm of matching unit, 
Xm = reactance of input arm of matching unit, 

(*) 
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Xsu = reactance of shunt arm of matching unit, 
XAA — net reactance of antenna and antenna arm of matching unit. 

For the T-network, which is the more general form, the relations between 
the quantities are given in the formulas below. In these formulas all 
reactances, capacitive and inductive, appear as positive numbers, their 
nature being indicated by the note at the side of the equation and by 
the symbols in the diagram. 

XSM 2i -\/RARI (capacitive). (la) 

XAA = Xsu — + (XlM — RARI) TT (inductive). (16) 

X,tt = XSM — A{X\U — RARI) jr (inductive for RA large, (lc) 
capacitive for RA small). 

XIM changes sign when RA/Ri = X%M/(XlM + R]). 

A slight change in RA necessitates no readjustment of XAA (but does 
require an adjustment in XIM) when XSM = -\/2RARI. 

The mathematical treatment yields two solutions each for XAA and 
XIM, one having a positive sign before the radical and the other having a 
negative sign. However, the choice of the positive sign yields values of 
reactances that are unnecessarily large (with excessive stored energy and 
consequent reduction of bandwidth). The fact that two sets of adjust
ments exist which give proper matching at the carrier frequency is, 
of course, a consequence of the fact that the coupling unit has three inde
pendent elements. This is one more than the minimum number neces
sary for independent adjustment of input resistance and reactance; if 
XSM were continuously variable, there would be an infinite number of 
suitable settings. 

As in all reactive impedance-transforming circuits, conditions at the 
carrier frequency remain unaltered if each inductive reactance is replaced 
by a corresponding capacitive reactance, and vice versa. Conditions at 
other frequencies are reversed; if for the original circuit a slightly higher 
frequency gives an increased resistance and a capacitive reactance com
ponent, then for the revised circuit a slightly lower frequency gives a 
similar increased resistance and a corresponding inductive reactance. 
This effect is discussed later, in connection with Fig. 10-4. In general 
the use of a capacitive shunt arm is preferable, since harmonic com
ponents are bypassed. 

The T-network is most useful when RA is greater than about one-half 
Ri, although it may be used for values as low as one-fourth R, if XSM is 
changed or if a capacitor is inserted at a-a in the input arm. A T-net
work is used, in the form shown in Fig. 10-le, for matching the Win-
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charger antenna (see Sec. 10-4). I t can also be used satisfactorily with a 
vertical wire antenna if the inductor XAH is sufficiently large. In the 
LF application the T-network is used with both the balloon-supported 
wire antenna and the permanent umbrella-loaded tower (see Sec. 10-5); 
for use with the tower the reactance of XSM is reduced and a series capaci
tor is inserted at a-a. With the balloon antenna, XSM is proportioned so 
that changes in antenna resistance, produced by varying angle of inclina
tion, cause relatively little error in coupling unit adjustment. 

For the lower values of antenna resistance, as obtained with inverted-L 
and T-antennas, the L-network is satisfactory. The standard coupling 
unit, Navy type CG-47368, is normally used as a T-network but can be 
reconnected as an L-network; thus a single unit is adequate for use with 
all 2-Mc/sec Loran transmitting antennas. Since the step-up (looking 
from antenna into transmission line) L-network may be regarded as a 
T-network with series input reactance XIM equal to zero, the formulas 
for its elements are the following: 

X,u = 0. (2a) 

XAA = V(RA)(Rr'zrR:). (2c) 

Of the two forms of stepup L-network shown in Fig. 10-1 the first is 
the more useful, since at Loran frequencies variable inductors of appropri
ate reactance are simpler and less expensive than corresponding variable 
capacitors. In addition, since a low-resistance antenna usually has 
capacitive input reactance, a smaller inductor may be used at XAil, 
making the over-all bandwidth appreciably greater than with the circuit 
of Fig. 10-lb. The suppression of harmonic radiation is the sole advan
tage of the latter circuit. 

Finally, there is another form of the L-network that can be used to 
step down antenna resistances that are greater than twice the line charac
teristic impedance. This network may also be derived from the T-net
work formulas, by setting XAA equal to zero. As yet, however, it has not 
been used as a Loran coupling unit. 

Adjustment of T- and L-networks.—The adjustment of these coupling 
units may be facilitated by the use of r-f impedance-measuring equip
ment, but this is not essential. In the absence of measuring equipment 
the transmitter is first tuned into a 50-ohm resistance load, and the out
put current, pulse shape, and operating conditions are carefully noted. 
The output connection is then transferred to the transmission line and 
antenna circuit, and the two coupling-unit tuning controls are adjusted 
until the previous conditions are closely simulated. Careful use is made 
of the transmitter-testing oscilloscope during the tuning procedure, 
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because the appearance and relative size of the pulse are valuable guides 
to proper adjustment. 

In the LF transmitter the built-in oscilloscope can be connected in 
such a way that it serves as an accurate output voltmeter. This facili
tates the tuning of the coupling unit, since with proper coupling-unit 
adjustment the input impedance of the transmission line is nearly 52 
ohms, making the current and voltage at the transmitter output terminal 
the same as for the resistive load. Higher voltage and lower current 
indicate higher input impedance, whereas the reverse shows the input 

- 5 0 1 1 1 1 1 i i I 
1700 1750 1800 1850 1900 1950 2000 2050 

Frequency in kc/sec 
F I G . 10-2.—Illustrative bandwidth calculation for Wincharger antenna. 

impedance to be too low. Large currents and voltages, together with 
low antenna current, indicate a severe mismatch, causing the transmission 
line and coupling unit to appear almost purely reactive. Simple rules 
indicate the proper sequence and nature of corrective adjustments. 

Input Impedance over a Band of Frequencies.—As yet, relatively little 
has been said about the exact behavior of the L- and T-networks at side
band frequencies. The input impedance of the coupling unit would 
change but slowly with frequency if it were not for the rapidly changing 
reactance of the antenna. This changing reactance, together with the 
antenna input resistance, determines an important quantity A/, which 
may be called the bandwidth of the antenna. Figure 10-2 illustrates 
the calculation of Af for a Wincharger antenna. 

At resonance the antenna resistance is approximately 29.5 ohms, and 
the reactance is zero but changes at the rate of 0.245-ohms per kc/sec 
shift in frequency. This rate of change, which is quite constant for 
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frequencies near resonance, is termed the reactance slope; mathematically 
it is the derivative dXA/df. Although the antenna resistance also 
changes appreciably with frequency, it may, for simplicity, be considered 
as constant, with its resonant value of 29.5 ohms. The bandwidth A/ is 
defined as the range of frequency over which the reactance is numerically 
less than this resonant resistance. For the resonant Wincharger antenna, 
calculation gives 

2RA _ (2) (29.5) 
A/ (dXA\ 

\df ) 
(0.245) 

240 kc/sec. (3) 

The nature of the approximations involved is evident from Fig. 10-2; 
owing to the variation of antenna resistance the two frequencies of 45° 
phase angle actually lie approximately 275 kc/sec apart and are not 
centered on the resonant frequency. Fortunately, for antennas of lower 
resistance or larger reactance slope the approximation is much better, 
and the simplified description is useful in comparing the performance of 
various coupling units and antennas. An approximate value of the Q of 
a resonant antenna is given by the formula 

Q h 
Af 

.'•(f) (4) 

+100 
0.9 fih 

52fl - p 1800 fifif 

-100 
1700 2000 1800 1900 

Frequency in kc/sec 
F I G . 10-3.—Input impedance of T-type coupling unit and Wincharger antenna, in the 

region of 1850 kc/sec. 

For an antenna not operated at its resonant frequency a similar analy
sis may be made by adding to the reactance slope of the antenna the slope 
contributed by the loading coil or capacitor. This calculation is per
formed in Sec. 10-3, and the results are shown there in Figs. 10-13 and 
10-14; for antennas operated below their resonant frequency A/ is smaller 
and Q is larger than for a similar resonant antenna. 

Figure 10-3 shows the calculated input impedance of a Wincharger 
antenna operated at 1850 kc/sec and matched to a 52-ohm line by a 
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standard T-network. At the carrier frequency the input reactance is 
zero, and it remains very small for all sideband frequencies below the 
carrier. For the upper sidebands the reactance increases capacitively 
at a nearly constant rate of 0.45 ohm per kc/sec, reaching a maximum 
capacitive reactance of slightly more than 50 ohms at approximately 
1980 kc/sec. The input resistance has a value of 52 ohms at the carrier 
frequency, smaller values for lower frequencies, and larger values for 
higher frequencies. At approximately 1900 kc/sec a characteristic broad 
resistance maximum is reached, and it should be noted that, as is true in 
general, this maximum occurs at a frequency removed from the carrier 

5.55 ̂ h 

52n R>3.21/ih 

X 
1850 1900 1950 2000 2050 

Frequency in kc/sec 
FIG. 10*4.—Input impedance of L-type coupling unit and inverted-L antenna, in the region 

of 1950 kc/sec. 

by less than one-half A/. At frequencies 50 kc/sec below and above the 
carrier frequency the input resistances are 33 and 63 ohms respectively, 
whereas the corresponding reactances are 5 ohms inductive and 23 ohms 
capacitive. Although this is not perfect, it is adequate, and the Win-
charger antenna tuned in this manner has performed satisfactorily. 

The corresponding curves for an inverted-L antenna tuned by a two-
inductance L-network are shown in Fig. 10-4. The bandwidth of this 
antenna is only four-tenths that of the Wincharger antenna. 

Figure 10-5 gives the data of Figs. 10-3 and 10-4, replotted in terms of 
antenna bandwidth. The total variations of resistance and reactance 
are somewhat smaller for the Wincharger antenna, but the general shapes 
of the two sets of curves are quite similar. The behavior of the input 
impedance may be summarized as follows: 

1. A frequency shift in the direction that causes the shunt reactance 
Xsu to decrease produces an increase in the input resistance. 

2. For this direction of frequency shift the input reactance increases 
rapidly; for shift of one-half A/ the reactance has a value approxi
mately equal to the matched input resistance at the operating 
frequency. 
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3. For this direction of frequency shift the input reactance is of the 
same nature as the shunt reactance XSM, for example, capacitive. 

4. For the opposite direction of frequency shift the reactance remains 
small and the resistance decreases. For a shift of one-half A/, the 
resistance is approximately 40 per cent of the matched value at the 
operating frequency. 
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F I G . 10-5.—Coupling-unit input impedance for low- and high-Q antennas, in terms of 

antenna bandwidth. 

Coupling Networks with Symmetrical Impedance Characteristic.— 
Spectrum measurements on signals from the present type of 2-Mc/sec 
Loran station have always showed asymmetrical sideband distribution 
and the presence of somewhat higher-order sideband energy than is 
desirable or necessary. With the end of the war it has become essential 
to re-examine the possibilities of reducing interference while retaining 
navigational usefulness. The larger part of the modernization program 
concerns the transmitters, which at present are modulated oscillators 
and which are to be changed to crystal-controlled multistage units. It 
is probable that with the transmitter-output circuits there will be associ
ated a spectrum-control filter, used to reduce the amplitude of the high-
order sidebands. Such a filter would presumably require that the 
transmission-line input impedance be very nearly a pure, constant 
resistance for all frequencies in the pass band of the filter. This would, 
in turn, require a more accurate impedance match by the coupling unit. 

Some of the design factors for such a coupling unit are considered 
briefly in the following discussion. Although written in terms of antennas 
that are operated in the vicinity of the first resonance, the discussion can 
easily be applied to antennas operated at or near the second resonance. 
The process for doing this is familiar in network theory. 
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Impedance-changing circuits with symmetrical characteristics are 
most easily obtained by the use of a transformer. Since a physically 
realizable transformer has neither infinite inductance nor perfect coupling 
it can be represented in terms of an ideal transformer combined with 
finite impedances. A simple equivalent circuit of this type, valid when 
losses and distributed capacitances may be neglected, is shown in Fig. 
10-6. The properties of the ideal transformer are that its open-circuit 
primary and secondary impedances are infinite, that its short-circuit 
impedances are zero, and that the primary voltage and current are exactly 
related to the secondary voltage and current by the turns ratio. Any 

•*S 
Ls. I*. 

Coeff of coupling =*=.-

Ideal transformer 
%h 

Equivalent circuit 
for antenna 

(a) Circuit including practical transformer 

Pri. turns . 
Sec. turns~ 

FIG. 10-6.—Equivalent circuit 
for practical transformer, in terms 
of ideal transformer. 

j r uTHr- r oTTMi 3 ^ / ( M a k e equal to 
characteristic 
impedance of 
trans, line.) 

(6) All impedances "transferred" to primary side 

Fia. 10-7.—Use of transformer in matching antenna 
to transmission line. 

impedance appearing at one side of the transformer may thus be "trans
ferred" to the other side by simply multiplying by the square of the 
appropriate turns ratio. 

The simplest use of a practical transformer for matching an antenna 
to a transmission line is shown in Fig. 10-7. Values of the equivalent 
series inductance and capacitance of the antenna may be calculated by 
the methods described in Sec. 10-3. If the antenna has a capacitive 
input reactance larger than the transformer leakage reactance, the capaci
tor C» is replaced by an inductor. Tuning of the circuits is simple both 
theoretically and practically: the primary circuit is tuned to resonance 
while the secondary is open-circuited, and the secondary is similarly 
tuned with the primary short-circuited. 

The transformed antenna resistance can be made equal to the line 
impedance, but at the input terminals it appears in series with a series-
resonant circuit, the combination being in parallel with the shunt-
resonant primary circuit. The behavior at frequencies off resonance 
depends on the relationship that the values of the resonant-circuit 
reactances bear to the transformed resistance. Since the antenna con-



312 ANTENNA SYSTEMS 

+ 2R 

+R 

[SEC. 10-2 

Transformed impedance 
of antenna 

(Resistance assumed constant) 

-nnftp-|(-i 
-QR 

-2R 
+2R 

| + fl 

Resistance 

7 

: ^ - £ R. 

Mid-shunt half-section filter 

KQR 

-KQR 

-2R 
+2R 

QR 
TToTT'-K-l *R 

-QR 

Modified mid-shunt half 
section filter 

-R 

-2R 

^7 \ Res 

VRe 

stance 

actance 

^ 

fo-V h-? fo 
Fio. 10-8.—Simple coupling units with symmetrical impedance characteristics. 

/o+ f fo+*f 



SEC. 10-2] ANTENNA COUPLING UNITS 313 

tributes large reactances to the series-resonant circuit, the Q of this 
circuit cannot be less than that of the antenna; if any tuning reactances 
are necessary, the circuit Q will be somewhat larger. Thus the antenna 
limits the bandwidth of a transformer-type coupling unit, exactly as with 
the T- and L-networks. As shown in Fig. 10-7 the coupling unit and 
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FIG. 10-9.—More elaborate coupling units with symmetrical impedance characteristics. 

antenna form an embryonic bandpass filter, whose bandwidth cannot 
exceed the bandwidth A/ of the antenna. 

The way in which the input impedance varies with frequency may be 
controlled by adjusting the impedance level of the shunt-resonant circuit, 
as shown in the second curve of Fig. 10-8. By making the resonant shunt 
reactances smaller than the transformed resistance, by a factor equal to 
lie Q of the secondary circuit, the input reactance can be made to have 
■ero slope at the operating frequency. This gives a desirable behavior 
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for frequencies in the immediate region of the carrier, but for frequencies 
removed by one-half A/ the reactance and resistance are equal. The 
third set of curves in Fig. 10-8 shows a method of improving the input 
impedance at the higher sidebands, with some sacrifice of performance 
near the carrier frequency. 

Figure 10-8 shows the curves for a coupling unit treated as a midshunt 
half-section filter; in Fig. 10-9 the characteristics of a midseries full-section 
filter are shown. The improved resemblance to the filter-theory behavior 
is evident, with the reactance very nearly zero throughout the pass band 
and with the resistance decreasing smoothly to a small value at the edge 
of the band. A modified circuit, with performance intermediate between 
the two filter circuits, is also shown in Fig. 10-8. I t is thought that in 
the embodiment in which the factor K is equal to approximately 0.75 a 
circuit may be provided that will terminate the transmission line satis
factorily for all significant components transmitted through the filter at 
its input. 

10-3. Prediction and Simulation of Antenna Characteristics.—In the 
design of Loran transmitting and receiving antennas it is obviously 
desirable to be able to predict the various characteristics in advance, 
with a fair degree of accuracy. Estimates of the bandwidth are necessary 
for reassurance that distortion of the pulse signals will not be excessive, 
and predictions of antenna impedance furnish the starting basis for 
coupling-unit design. 

Furthermore, in experimental work with transmitters, it is desirable 
to have available dummy antennas that are capable of handling the full 
transmitter-output power and that simulate closely the steady-state ant] 
transient response of the antenna to be used ultimately. Both experi
mentation and the training of personnel are facilitated by the use of such 
dummy antennas. 

In recent years the accurate calculation of antenna input impedance 
has been the subject of many published papers. The most comprehensive 
and apparently the most accurate methods are those of Schelkunoff, and 
the reader is referred to his papers.1 The present section is concerned 
with calculations in which some accuracy is sacrificed for simplicity; in 
some cases results are taken from Schelkunoff directly, and in others 
approximations are made from his formulas. In a few cases original 
empirical results have been found useful and are given. The discussions 
are confined to vertical antennas of uniform cross section operated at or 
below the first resonant frequency. 

1 S. A. Schelkunoff, "Theory of Antennas of Arbitrary Size and Shape," Proc. IRE, 
29, No. 9, September 1941; "Concerning Hallen's Integral Equation for Cylindrical 
Antennas," Proc. IRE, 33, No. 12, December 1945; "Principal and Complementary 
Waves in Antennas," Proc. IRE, 34, No. 1, January 1946. 
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Characteristic Impedance and Electrical Length.—The concept of 
characteristic impedance, much used in discussing transmission lines, is 
also useful in antenna theory. Strictly speaking, a biconical antenna is 
the only type possessing uniform characteristic impedance, since its 
inductance and capacitance per unit length do not change with distance 
from the generator. The cylindrical antennas can, however, be con
sidered as having an average characteristic impedance, which is useful in 
both the detailed and simplified theories. Schelkunoff gives a formula 
that, for a cylindrical antenna operated against a perfectly conducting 
ground plane, may be written as 

Z„ = 138.2 log l 0J + 23.2, (5) 

where Z0 = average characteristic impedance, ohms, 
I = length of antenna conductor, any units, 

d = diameter of antenna conductor, same units as I. 
It is interesting to note that this is exactly the characteristic imped

ance of a single-wire transmission line operated against ground, where 
the height is 1/2.718 times the length I of the antenna. Other authors 
have given other formulas, differing in the additive constant by as much 
as 40 ohms and sometimes including a term dependent on frequency. 

The first, "quarter-wave," resonance occurs at a frequency lower 
than that giving a free-space quarter wavelength equal to the length of 
the antenna. One of the many alternative ways of representing this 
effect is by defining an electrical length 6, such that 

6 = Ke l> (6) 

where 8 = electrical length, degrees, 
Ke = a factor greater than 360°, 

X = free-space wavelength, same units as I. 
Inserting the wavelength-frequency relation and expressing the quantities 
in convenient units, we obtain 

9 = (1.016) (Ke) (k*) ( / « ) (10-6). (7) 

The factor Ke is a function of the proportions of the antenna and is 
hence a function of Z0; it is plotted in Fig. 10-10. The reason for express
ing the electrical length in this manner is that in the region of the first 
resonance the input reactance varies approximately as a cotangent func
tion. This relationship is not theoretically exact except for antennas of 
infinite characteristic impedance, but its simplicity is a great asset, and 
its accuracy is quite good for frequencies up to and slightly beyond the 
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first resonance.1 If subsequent discussions are confined to electrical 
lengths not exceeding 90°, then the reactive component of the antenna 
input impedance is given by the approximate formula 

XA = -Z0 cot d, (8) 

where XA = antenna input reactance, ohms. 
The input resistance of an antenna is customarily analyzed into three 

components, one of which represents the useful radiation of a portion of 
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F I G . 10-10.—Effect of average characteristic impedance in lowering first resonant frequency 
of vertical cylindrical antennas. (Data from Schelkunoff, Proc. IRE, September, 1941.) 
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the input power. The other two components represent dissipation in the 
imperfect conductors of the antenna and of the ground. For a good 
radial ground system and a reasonably efficient antenna conductor the 
latter two resistance components are usually of the order of 2 to 5 ohms; 
thus when the electrical length is greater than approximately 45°, the 
radiation resistance is the dominant component. 

The radiation resistance may be represented as a function of the 
electrical length and of the characteristic impedance. For a given length 
of antenna the radiation resistance increases slightly as the diameter is 

1 Fo r example, reactance measurements on a uniform 300-ft tower wi th Z0 — 264 
gave points evenly scat tered abou t a cotangent curve, the average deviat ion being 
2 per cent. The measurements covered the region from 8 = 16° to B = 125°. 
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increased; the lowering of the resonant frequency and the consequent 
increase in electrical length are, however, more pronounced, with the 
result that the radiation resistance of a " f a t " antenna at resonance is 
somewhat lower than that of a " t h i n " one. Figure 10-11, adapted from 
Schelkunoff, shows this effect; by 
adding an estimated value of loss 
resistance the total input resist
ance at resonance may be ob
tained. 

For frequencies below the first 
resonance it has been found ex
perimentally that a single curve 
well represents the variation of 
total input resistance with fre
quency, provided that ground 
losses are reasonably low. Ex
perimental data from seven widely 
different antennas with uniform 
cross section1 have been analyzed; 
these data follow a single curve within errors of approximately 5 per cent. 
Figure 10-12 shows this curve, whose empirical equation, valid forelectrical 
lengths between 45° and 110°, is 

20 40 60 80 90 100 110 
Electrical length 0 in degrees 

F I G . 10-12.—Empirical variation of input 
resistance of short vertical antennas. 
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in which RAo = input resistance at resonance, 
RA = input resistance for electrical length 6. 

With the aid of Figs. 10-10 to 10-12, therefore, approximate values of 
the input resistance and reactance of a vertical cylindrical antenna can 
be obtained simply and rapidly. The real usefulness of these simplifica
tions lies in their adaptability to discussions of antenna bandwidth and of 
equivalent circuits. 

Bandwidth Considerations.—The bandwidth of an antenna of electrical 
length 6 depends on its input resistance and reactance and upon the rate 
with which the input reactance changes with frequency. When the 
electrical length is less than 90°, the input reactance is capacitive, and 
the necessary series loading coil may cause a significant increase in the 
net Q of the antenna circuit. In making comparisons it is convenient to 
calculate the effect of a series inductance just sufficient to reduce the net 
input reactance to zero. A coil with inductance L henrys has a reactance 
that changes with frequency at a rate of 2wL ohms per cycle per second; 
since the value of inductance is determined by the antenna reactance 

Three of the an tennas were of the inverted-L type . 
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Z0 cot 6 we find that the coil contributes a "reactance slope" of value 

oi v d , v . 2irfL Za cot 8 ... 
Slope XL = j , (XL) = —Jj- = — ^ , (9) 

where d/df (XL) = rate of change of loading-coil reactance with fre
quency. 

By a simple differentiation we find that for the input reactance of the 
antenna itself the rate of change is 

If <**> - | <~Z- C0t 6) 

- . ° j , (8 radians). sin2 8 df ' 

But since 8 radians = (x/2) (///„), we obtain 

Slope X , = | ( X . ) = 2 / ^ - <10) 

The net reactance slope is obtained by adding the components due to 
the antenna and to the loading coil. Since we are interested in comparing 
at the same operating frequency the performance of antennas with dif
ferent electrical lengths, we express the net reactance slope in the follow
ing form: 

Slope X^ = | ( X ^ , ) = Z-f (cot 8 + 2 ^ T - e ) 

Z°( * a i e radians\ . . 
= j \ e o t e + s&ir)- (11) 

For an antenna of resonant length, 8 is equal to 90° and the total react
ance slope is equal to irZ„/2/. By division we obtain the relations that 
are plotted in Fig. 10-13: 

Slope Xtata, 2( . . . 8 radians\ . . 
S 1 — ~ = - 1 cot 8 H . , . )• (12a) Slope A<,<,mt,.„t. T\ sin2 8 / 

Slope XA _ 2 (8 radians\ . . . 
Slope X™,p.„i. ir \ sin2 8 J 

Slope XL 2 . 
— cot 8. (12c) Slope X oonip. ant . *T 

in which 

Slope XJI = -;> (XA) — reactance slope of antenna at operating fre-aj 
quency / . 

>e XL = -r, dj 
resonate antenna at operating frequency / . 

Slope XL — -jj (XL) = reactance slope of series-loading coil required to 
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Slope Xtot«i d (Xj. + XL) = reactance slope of combination at oper-

Slope X* reactance slope of a similar, larger, antenna self-

4f 
ating frequency / . 

irZc ~w = 
resonant at the operating frequency ("comparison antenna"). 

It will be seen that reducing the electrical length of an antenna does 
not produce extreme increases in reactance slope, since the net slope at 
45° is only 64 per cent greater than that at 90°. Reduction in electrical 
length does, however, profoundly affect the input resistance and hence 
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Fio. 10-13.—Reactance slopes with 
vertical antennas shorter than the length 
for first resonance. 
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F I G . 10-14.—Increase of antenna cir
cuit Q as length of vertical antenna is 
decreased. 

the Q. If RA is the antenna input resistance for an electrical length 6, 
then the Q of the antenna and loading coil, considered as a simple series 
circuit, may be expressed as 

Q ~ 2RA If ( X t o U l ) 

cot e + 
d radiansN (13) 2RA V""" " ' sin2 6 ) 

This has a value Q0 for an antenna resonant at the operating frequency 
T Z0 

4RA' 
Qo 

From Figs. 10-12 and 1013, it can be seen that both the decreasing 
input resistance and the increasing reactance slope cause the Q to rise 
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cot 6 + (14) 

rapidly as the electrical length is decreased; this result is shown in Fig. 
10-14. The factor KQ is defined as follows: 

fl_radians\ 
sin2 8 ) 

= ratio of net Q to Q of comparison antenna (both at operating fre
quency / ) 

= ratio of net Q to Q of the antenna at its resonant frequency. 
The net Q of a particular antenna can be obtained from the expression 

Q (15) 

I t will be noted that the use of an antenna of electrical length 70° 
gives a Q that is double the resonant value whereas for an electrical length 
of 45° the factor is nearly 7. I t is thus evident that for transmitting 
purposes the electrical length should not be much less than 90°. 

- A / W 
Simplest equivalent circuit 

- # ■ 
-TWS^ ■ 
tt-i-AZ.) 

( — v j i M y H 
More elaborate circuit 

Fjo. 10-15.—Equivalent circuits for input impedance of a short vertical antenna. 

It should be mentioned that the above values of Q are calculated on 
the basis of negligible damping by the internal impedance of the source 
feeding the transmitting antenna (or by the load impedance fed by the 
receiving antenna.) If such a matched impedance is used and if the 
impedance is essentially a pure resistance, the resulting Q will have half 
of the value given. This is almost always true in the case of Loran 
ground-station receiving antennas, a fact that allows moderately short 
antennas to be used without trouble from inadequate antenna-circuit 
bandwidth. For transmitting antennas the situation is somewhat 
complicated, since the impedances of both the transmitter and the 
antenna may be considered to change during the different portions of 
the pulse. In general, however, the radiated pulse can be made to rise 
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to 95 per cent of full amplitude in a number of cycles slightly less than 
the value of Q obtained from Eq. (15). 

Design of Dummy Antennas.—The foregoing analysis may be used in 
designing dummy antennas for the simulation of actual load conditions 
during transmitter testing. Use is made of the expression for the antenna 
input reactance, XA = — Z0 cot 8. 

The way in which the input reactance varies with frequency leads to a 
simple lumped-parameter equivalent circuit consisting of an inductance 
and a capacitance in series. The input resistance is represented in series 
with these reactances, and the full circuit takes one of the forms shown 
in Fig. 10-15. In designing a network to simulate the input impedance 
of a particular antenna in the region of a preassigned operating frequency, 
series inductance and capacitance values may be chosen in such a way 
that their net reactance has both the proper value and the proper rate of 
change. The formulas are 

_Z„ I ( 8dK! 180 cot 6\ _ Z„ 
Lx ~ 7 726 \tiETe r ) ~JKL 

\sir 

(16) 

Cl " fZo , (j^_ 180 cot o\ - fz.Kc' (17) 

^sin2 8 ~l~ 7T / 

in which / = specified center frequency, cycles/sec, 
Z0 = average characteristic impedance, ohms, 
Li = equivalent series induct'ance, henrys, 
Ci = equivalent series capacitance, farads, 

0d« = electrical length, degrees. 
The labor of computing results from these formulas is reduced by 

taking the values of KL and Kc from Figs. 10-16 and 10-17, respectively. 
For the simpler equivalent circuit the input resistance is regarded as being 
essentially constant over the range of frequencies in question and is 
simply represented by a fixed series resistor. 

For antennas of low Q it may be desirable to make the input resistance 
of the dummy antenna vary with frequency in approximately the same 
manner as that of the real antenna. The second equivalent circuit of 
Fig. 10-15 is useful for this purpose; the values of the components that 
represent the frequency-varying input resistance are 

U = (0.82) ^ henrys, (18) 

Ci = ^ ^ farads, (19) 
it A] 

RI = 2RA, 
RI = 0.7RA; 

file:///tiETe
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where / = specified center frequency, cycles/sec, 
RA = input resistance at this frequency, ohms. 

An alternative way of expressing the relation of Lj and Ci is by the 
formulas 

Resonant frequency 

Impedance level 

2r VUC, 
= (0.8)/. 

gr = (4.1)«* 

The means by which the frequency variation is obtained are obvious. 
If the antenna is known to possess small loss resistance, the total input 
resistance can be included in RA; but if the loss resistance is comparatively 
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large, it should be represented separately as a fixed resistor in series with 
L\ and C\, the radiation resistance alone being simulated by the com
ponents R\, RI, Z/2, and C2. 

The circuit for producing the frequency-varying resistance possesses 
at the operating frequency a small inductive reactance, approximately 
equal to RA- The value of L\ should thus be decreased by an appropriate 
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small amount AL in order to restore the net series reactance to the proper 
value. 

A measured or computed set of values for antenna input resistance 
and reactance can, with a little experimenting, be simulated with errors 
of less than 5 per cent over a band of frequencies extending 10 per cent 
each side of the operating frequency. A dummy antenna constructed 
for use with Loran transmitters should, of course, be capable of handling 

FIG. 10-18.—Standard " L " transmitting antenna. 

the average power and peak voltages involved. The voltages across the 
components L\ and C\ are approximately equal to those at the top of the 
antenna, and comparable insulation is required. 

10-4. Ground-station Antennas for 2-Mc/sec Loran. Inverted-L 
Wire Transmitting Antennas.—The earliest standard transmitting 
antenna used for 2-Mc/sec Loran was an inverted-L antenna suspended 
between two medium-sized telegraph poles. The appearance of a typical 
installation is shown in Fig. 10-18. The two 65-ft telegraph poles are 
installed with a distance between them of about 80 to 90 ft, and the four 
top guys on each pole are arranged in such a manner that the region 
between the poles is left clear. In the guy wires compression-type insula
tors spaced approximately 20 ft apart are used to reduce power loss and 
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pattern distortion. Figure 10-19 shows the input impedance of such a 
transmitting antenna. 

In antennas of this type, the radiation resistance is of the order of 
15 ohms, or approximately half what it would be if the entire length of 
antenna wire were suspended vertically. Good efficiency and good low-
angle radiation require an adequate and well-bonded ground system, 
keeping the ground-loss resistance to the order of 2 ohms. 
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F I G . 10-19.—Input resistance and reactance of 107-ft inverted-L antenna bent at 53 ft. 

A typical ground system that has been used with the inverted-L 
antenna consists of 120 AWG No. 10 copper wires converging toward a 
point beneath the antenna downlead. The radials have a minimum 
length of 150 ft and are usually simply laid on top of the soil rather than 
being plowed below its surface. 

The weatherproof house containing the coupling unit is located 
within 2 or 3 ft of the ground-system center and the antenna downlead 
for short connections. An effort is made to reduce to a minimum both 
the resistance and the inductance of the connection from the coupling 
unit to the radial ground system and earth. The need for a low-induct
ance lead may be seen from the fact that with a pulse input of 100 kw the 
current in this connection has a value of more than 100 amp peak. Even 
with a ground-lead inductance of only half a microhenry, the potential 
difference between "ground" points, supposedly at the same potential, 
would reach 600 volts peak. The use of ground rods, 6-in.-wide copper 
strap, and careful bonding of the transmission-line sheath reduces such 
potential differences to a satisfactorily low value. 

For a peak-power level of 100 kw, adequate insulation of the trans
mitting antenna is obtained with standard porcelain insulators having 
anticorona bell-shaped metal end pieces. At the upper end of the 
antenna a single insulator 12 in. in length and 1-| in. in diameter is usually 
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used. Where fog and salt air make leakage likely, two such insulators 
are connected in series. 

Steel Mast Transmitting Antenna.—The Wincharger 110-ft steel mast 
has been almost universally used as the main transmitting antenna in 
Loran stations installed since the latter part of 1944. As shown in Fig. 

\ 
\ 

F I G . 10-20.—Elevation of Wincharger 110-ft transmitting antenna. 

10-20, the antenna conductor extends 110 ft above the top of the base 
insulator. Ten feet of additional height is sometimes obtained with a 
piece of l^-in. pipe. 

The cross section of the mast is an equilateral triangle 13 in. on a side 
and is uniform except for the tapering 5-ft top section. On each of the 
three sides three guys are used, spaced vertically at intervals of slightly 
more than 30 ft. These three guys are brought through turnbuckles to 
a common ground anchor at a distance of 75 ft from the tower base. At 
one ground anchor the turnbuckle assembly includes three individual 
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spring-balance devices. By virtue of the 120° spacing of the guys around 
the mast, the three spring balances suffice for adjusting the tensions in 
all nine guy wires. All guys are insulated from the mast and from 

Fio. 10-21.—Crew erecting a Wincharger antenna on Lorainne Island, Majuro Atoll of the 
Marshall Islands group. (Courtesy of U. S. Coast Guard.) 

ground and are in addition broken up with compression-type insulators 
every 25 ft to avoid resonance and power loss. 

The mast is erected in 20-ft sections, each section being assembled 
on the ground from preformed parts. Figure 10-21 is a photograph 
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showing the second section ready for hoisting into place. Bolts are used 
both for the section assemblies and for holding the sections together. 

The standard radial ground system with which this antenna is used 
consists of 120 radials of AWG No. 10 copper wire, each 300 ft long. At 
their outer extremities these radials are bonded to a piece of AWG No. 8 
copper wire formed in a circle of 600-ft diameter. Twenty ground rods 
are ordinarily used around this circle, spaced at 18° intervals. A 25-ft 
circle of wire near the center of the system is similarly bonded to the 
radials, and at the center heavy copper strap and wire cable are used for 
bonding and connection. Ground rods are used at the antenna base and 
around the 25-ft circle. 

The input impedance of a Wincharger antenna in the 2-Mc/sec Loran 
range is shown in Fig. 10-22. These data, taken from a Navy instrue-

1750 1800 1850 1900 1950 
Frequency in kc/sec 

FIG. 10-22.— Input resistance and reactance of Wincharger 110-ft antenna. (Data from 
U.S. Navy and General Electric Co.) 

tion book,1 are of interest in that the input reactance is given as zero at 
1842 kc/sec, corresponding to a free-space quarter wavelength of 133 ft. 
Since 110 ft is shorter than this value by 17 per cent, it is believed that 
in making the measurements either the additional 10-ft top section or a 
rather high-inductance connection was used. 

Comparing the curves of Fig. 10-22 with those of Fig. 10*19, it can 
be observed that the input resistance of the Wincharger antenna at 
1950 kc/sec is 31.5 ohms as compared with 19 ohms for the inverted-L 
antenna. In the region of this frequency, the input reactance of the 
former changes at the rate of 0.25 ohm per kc/sec, whereas that of the 
latter has a slope of 0.35 ohm per kc/sec. Although the difference in 
resistances is primarily a matter of vertical extension, the relatively large 
equivalent diameter of the Wincharger mast makes its reactance vary 
less rapidly with frequency. In both of these respects the Wincharger 
antenna is a less frequency-selective device and consequently more 
suitable for the radiation of pulses. Some slight additional benefit is 

1 "Instruction Book for Antenna Coupling Unit N a v y Type CG-47368," Navahips 
KM, 751, June 9, 1945. 
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derived from the fact that the coupling unit for the Wincharger antennas 
may be made of greater bandwidth, since smaller impedance transforma
tion is required to match the 52-ohm transmission line. 

Vertical Receiving Antennas.—The receiving antenna consists of a 
vertical wire, No. 10 enameled copper, about 55 ft long suspended from 
a telephone pole with crossarm at the top. The lower end of the wire is 
secured by a deadman anchor. A ground system of 60 radials of No. 10 
copper wire approximately 125 ft long, placed on the ground, ensures a 
low resistance and, probably more important in this case, a more constant 
real component of antenna impedance under varying weather conditions. 

The impedance of the antenna is about 10 — J550 ohms in the vicinity 
of 2.0 Mc/sec, and for a bandwidth of 100 kc/sec the equivalent circuit 
is approximated by a series 10-ohm resistor and 150-Ai/if capacitor. 

Beverage Receiving Antenna.—Because of its inherently circular 
pattern in the horizontal plane the vertical antenna may not provide a 
sufficiently high signal-to-atmospheric-noise ratio when the remote 
station is unusually far away. Under these conditions, it is desirable to 
use an antenna that provides some directivity in order to raise the signal-
to-noise ratio. 

The Beverage or wave antenna has been used at some Loran stations 
in order to raise the ratio of signal to atmospheric noise. This antenna 
has a marked directional characteristic and little sensitivity for horizon
tally polarized waves. A great reduction in precipitation static has been 
reported at stations that experienced much trouble from this source when 
using the vertical antenna for reception. 

The Beverage antenna as used in typical Loran installations consists 
of a straight horizontal wire (No. 10 or No. 12 enameled copper) from one 
to two wavelengths (500 to 1000 ft) long, supported 6 to 10 ft above the 
earth. The wire is located so that one end of it is several hundred feet 
from the timer building, the far end pointing toward the station to be 
received. 

This far end is terminated in a noninductive resistance to ground equal 
to the characteristic resistance of the antenna (usually of the order of 
500 to 1000 ohms). The other end is terminated in a coupling unit that 
transfers the energy from the antenna to the 50-ohm coaxial line leading 
to the attenuator. 

The antenna functions best over soil of poor conductivity. The 
voltage in the antenna is induced by a horizontal component whose 
direction is the same as that of the wave propagation. This horizontal 
component is the result of the forward tilt of the vertically polarized wave 
that suffers progressive attenuation as it travels over the earth's surface 
(Fig. 10-23). The effect of the earth's conductivity and dielectric con
stant on the tilt angle are shown in Table 10-1. If the antenna is ter-
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minated at each end by an impedance equal to the characteristic imped
ance of the line, no reflections occur, the energy from waves traveling 
toward the receiving end is transferred to the receiver, and energy from 
waves traveling toward the far end is dissipated in the terminating 
resistance. 

TABLE 101.—PENETRATION DEPTHS AND TILT ANGLES* FOR VARIOUS GROUNDS AT 
2.0 M C / S E C 

Character 

Sea water 
Salt marsh 
Dry ground 
Average l a n d . . . . 
Rocky ground 
Very dry ground. 

Conductivity, 
a (emu) 

5 X 10" 
4 X 10-
2 X 10" 
5 X 10" 
2 X 10" 
1 X 10" 

11 

12 

13 

14 

14 

15 

Dielectric 
constant, c 

80 
30 
10 
15 
4 
4 

Penetration 
depth d, ft 

2 5 
9.0 

41.5 
86.0 

131.0 
1575.0 

Tilt 
angle, 

0° 
0 
2 
7 

10 
23 

* Depth given is that at which the current density is one-quarter of the surface current density. 
angle is the angle between normal to the surface and the wavefront. 

This component 
excites beverage 

Tilt angle antenna, 

\ 
eh 

Tilt 

Rec. 

FIG. 10-23.—Beverage antenna. The poor conductivity of the soil attenuates the 
vertically polarized signal and produces a forward tilt of the electric vector. The resulting 
horizontal component induces a voltage in the Beverage antenna. 

Signal-to-noise improvements of the order of 3 to 10 over the vertical 
antenna (and larger increases in the ratio of signal to precipitation static) 
have been reported. 

Owing to the fact that the internal resistance of the Beverage antenna 
is about fifty times greater than that of the vertical antenna, the Beverage 
antenna delivers less energy to the receiver than does the vertical antenna. 

10-6. Ground-station Antennas for 180-kc/sec Loran: Balloon-sup
ported Transmitting Antenna.—Reconciliation of the mechanical and 
electrical requirements of an antenna suitable for the transmission of 
high-power Loran pulses is somewhat more difficult at a carrier frequency 
of 180 kc/sec than at the higher frequencies of Standard Loran. In the 
Low Frequency application the shapes of the pulses actually radiated from 
all ground stations must be precisely the same in order to preserve match-
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ing accuracy with the long rise times and pulse lengths. This implies 
that the antenna structures must behave identically or else that their 
pulse-shaping effect must be made negligible compared with that of other 
controllable variables. Thus it is desirable for the bandwidths of the 
antenna and coupling unit to be at least as broad, relative to the fre
quency, as those of the Wincharger antenna and coupling unit in the 
2-Mc/sec Loran band. 

A scale model of the Wincharger antenna would be a base-insulated 
tower approximately 1120 ft high, having a uniform cross section of 
approximately 10-ft equivalent diameter. Even with considerable 
sacrifice in electrical requirements the engineering and construction of a 
r 

F I G . 10-24.—Barrage balloon used to support the experimental Low Frequency transmitting 
antenna. 

permanent antenna structure would, it is clear, require considerable time 
and effort. Since the LF Loran program aimed at a speedy test and 
demonstration of the effectiveness of Loran techniques at 180 kc/sec, a 
cruder antenna was acceptable. The transmitting antenna used in the 
tests was a long thin wire supported by a lighter-than-air balloon. 

The Copperweld antenna wire is 1300 ft in length and r j in. in 
diameter. Its d-c conductivity is 30 per cent of that for a pure copper 
wire of the same diameter, because of the steel core. At 180 kc/sec, 
however, the effective conductivity is only a few per cent less than for 
pure copper, since the skin depth for copper at this frequency is only 
approximately 0.006 in. The weight of the antenna wire is approximately 
38 lb; the insulators and other hardware weigh about 10 lb. 

A small barrage balloon is used to lift the antenna. The type used 
in the tests has a fully dilated volume of 3000 cu ft; its length is 
approximately 36 ft, and it is 14 ft in diameter. The balloon has three 
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wooden-braced, cloth-covered stabilizing fins which give kiting action in 
the presence of wind. When used with helium the lifting force is 58 lb, 
or 15 lb less than would be obtained with hydrogen. A photograph of 
the balloon is shown in Fig. 10-24. 

Although soil is a much better conductor for 180 kc/sec than for the 
higher frequencies of Standard Loran, an adequate ground connection is 
still necessary. A ground system with 120 AWG No. 10 copper radials 
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each 400 ft long has been used successfully, but ground rods at the center 
and around the circumference are relatively more important than at 
2 Mc/sec. In later installations 1000-ft radials of No. 10 Copperweld 
wire have been used; although no measurements are available, an 
improvement in efficiency is to be expected. 

The input impedance of a typical balloon-supported antenna is shown 
in Fig. 10-25. The resistance of the antenna wire is about 4.5 ohms per 
thousand feet, indicating that 2 or 3 ohms of the input resistance are 
attributable to this factor. The ground loss also contributes a resistance 
component of the same order of magnitude, leading to an estimated 
radiation efficiency of approximately 80 to 85 per cent at 180 kc/sec. 

The input reactance of this antenna changes rapidly with frequency, 
and the input impedance has a phase angle of 45° at about 7 kc/sec 
either side of the operating frequency. Thus the apparent Q of the 
antenna, considered as a series combination of inductance, capacitance, 
and resistance, is approximately 13, about twice that for the Wincharger 
antenna. The reason for the high reactive slope is that the antenna is 
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extremely thin compared with its length. This gives an unusually high 
characteristic impedance, of the order of 720 to 740 ohms. 

The balloon-supported antenna has several disadvantages, some of 
which significantly affect its usefulness for Loran purposes. Most of 
these stem from the varying position of the balloon with changing winds 
and temperatures. I t is not abnormal for the balloon to drift laterally 
as much as 450 ft from its ideal location directly over the base of the 
antenna; in this condition the antenna wire makes an angle of about 45° 
with the ground. 

In maintaining synchronism it is desirable that several quantities 
remain constant, notably the radiated power, the cycle-and-envelope 
structure of the radiated pulse, the amplitude and phase of the received 
local signal, and the amplitude and phase of the received remote signal. 
Changes in the attitude of the balloon-supported transmitting antenna 
cause variations in each of these quantities. 

As a vertical antenna is inclined, its radiation resistance decreases, 
changing both the radiation efficiency and the power delivered by the 
transmitter. With some sacrifice in output power these changes can be 
made to cancel; partial compensation is achieved if the coupling unit is 
initially adjusted to match an inclined antenna. Another objectionable 
result of variable antenna resistance is that the Q and bandwidth of the 
antenna are affected, with some effect on the shape of the radiated pulse. 
Compensation for this effect requires vigilance on the part of the trans
mitter operator. 

In addition to influencing the radiated signals, changes in the attitude 
of the transmitting antenna can affect both the remote and local signals, 
as obtained from the receiving antenna. This antenna, located about 
1000 ft from the transmitting antenna, is in a region where the induction 
field contributes as much to the local-signal pickup as does the radiation 
field. If the effective distance to the transmitting antenna decreases by 
100 ft (a conservative estimate), then the amplitude of the local signal 
will increase by about 15 per cent, giving a total range of variation of 30 
per cent. Under some circumstances this causes operational error. 
Even without this amplitude change a timing error is introduced that, 
although small, is greatest for the otherwise optimum orientation of 
transmitting and receiving antennas. Finally there is the possibility 
that the rather closely coupled transmitting antenna may, by acting as a 
tuned parasitic element, affect the directive pattern of the receiving 
antenna. Movement of the transmitting antenna can thus affect 
remote-signal reception. 

Tower Transmitting Antenna.—In designing the permanent trans
mitting antenna for an LF Loran station the problem of reconciling elec
trical requirements with mechanical limitations of strength, weight, and 
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size becomes acute. I t is vital for the antenna input impedance to have 
sufficient bandwidth so that the fast-rising pulses can be radiated with 
negligible shaping. During each cycle the antenna must thus radiate a 
fairly large percentage of the reactively stored energy present, in its 
fields and in the coupling unit, at the beginning of the cycle. In other 
words, the antenna and coupling unit must have a suitably low value of Q. 

As previously mentioned, satisfactory electrical characteristics could 
be obtained with a base-insulated tower of approximately 10-ft diameter 

FIG. 10-26.—625-ft top-loaded tower antenna designed for Low Frequency Loran. 

and 1120-ft height. Such a tower not only would be difficult and expen
sive to erect but would also require elaborate guying and an extremely 
strong insulator at its base. Extensive tests made with model structures 
have led to the design of a more practicable antenna whose main com
ponent is a self-supporting tapered steel tower 625 ft high. The cross 
section of the tower is a square whose side tapers from 59 ft at the base 
to 5 ft at the top. The four legs are supported on push-pull porcelain 
insulators with a 10-in. leakage path and an over-all height of nearly 
5 ft. Since the insulators can withstand both tension and compression, 
the tower requires no guying. 

The distinctive feature of the antenna is its top-loading by 12 con
ductors arranged like the ribs of an umbrella. As shown in Fig. 10-26 
these elements are held away from the tower by insulated guy wires which 
are anchored 850 ft from the tower base; because of sag the angle between 
the tower and the umbrella elements is approximately 45°. The small 
tensions required in the umbrella-supporting guy wires and the sym
metrical nature of their mechanical load make the umbrella lighter, 
simpler, and safer than a comparable inverted-L or T-antenna. If 
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certain proportions are assumed for the central tower, much can be 
learned by studying the effects of varying the number, length, and angle 
of inclination of the umbrella elements. Such a study yields values for 
the optimum sizes of the tower and umbrella structure and also gives 
estimates of the bandwidth, insulation requirements, and efficiency. 

Comprehensive measurements have been made with a 60-ft model 
tower constructed of copper wire and suspended over an extensive radial 

ground system. Input impedance 
has been measured over a large 
range of frequencies in the vicinity of 
the first resonance, and field-strength 
measurements have been made for 
the evaluation of efficiency. A por
tion of the impedance data is present
ed in Figs. 10-27 to 10-29. In these 
figures the frequencies have been di
vided by 12.5 in order to convert the 
data for application to a 625-ft tower. 
The values of reactance and resists 
ance are unchanged. 

Figure 10-27 shows how the input 
resistance is affected by changing 
the number of umbrella elements 
from 12 to 8, by changing their length 
from 312 ft to 469 ft, and by moving 
their anchor points from 835 to 1250 
ft from the tower base. The signifi

cant fact to be noted is that the input resistance at 180 kc/sec remains 
within 10 per cent of 16 ohms for all the top-loading conditions shown. 

As shown by Figs. 10-28 and 10-29, however, the input reactance at 
180 kc/sec can be varied over a large range with different top-loading 
conditions. Figure 10-28 shows results for eight umbrella elements; as 
the length is increased from 312 to 469 ft, the input reactance increases 
positively from —23 ohms (capacitive) to + 4 4 ohms (inductive). An 
example of the effect of holding the umbrella elements out at a slightly 
greater angle, obtained by moving the anchor points from 835 to 1250 ft, 
is also shown in Fig. 10-28. 

Figure 10-29 shows similar effects when 12 umbrella elements are 
used. By comparison with the 8-element curves of Fig. 10-28 it will be 
noted that in all cases 12 elements give the more inductive reactances. 
Average values of the various effects are given below in Table 10-2. 

I t is worthy of note that all the reactance curves in Figs. 10-28 and 
10-29 display very nearly the same slope at 180 kc/sec, the values ranging 

150 170 190 210 
Frequency in kc/sec 

F I G . 10-27.—Input resistance of 625-ft 
tower antenna for various top-loading 
conditions. (.A) Twelve elements, length 
469 ft, anchored at 835 ft; (B) twelve 
elements, length 512 ft, anchored at 
1250 ft; (C) twelve elements, length 312 
ft, anchored at 835 ft; (D) eight elements, 
length 312 ft, anchored at 835 ft. (All 
data from measurements on 50-ft scale 
model.) 
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+ 120 

170 180 190 200 210 220 
Frequency in kc/sec 

FIG. 10-28.— Input reactance of 625-ft top-loaded tower antenna with eight umbrella 
elements. (A) Length 469 ft, anchored at 835 ft; (B) length 416 ft, anchored at 835 ft; 
(C) length 365 ft, anchored at 835 ft; (£>) length 312 ft, anchored at 835 ft; (E) length 312 ft, 
anchored at 1250 ft. (All data from measurements on 50-ft scale model.) 

+ 120 

170 180 190 200 210 220 
Frequency in kc/sec 

FIG. 10-29.—Input reactance of 625-ft top-loaded tower antenna with tvelve umbrella 
elements. (A) Length 469 ft, anchored at 1250 ft; (B) length 469 ft, anchored at 835 ft; 
(C) length 312 ft, anchored at 1250 ft; (Z>) length 312 ft, anchored at 835 ft. (All data from 
measurements on 50-ft scale model.) 
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from 2.0 ohms per kc/sec for the more capacitive arrangements to 2.2 
ohms per kc/sec for those with the higher inductive reactances. For 
comparison, the tower without top loading has at 180 kc/sec an estimated 
capacitive reactance of —180 ohms and an estimated reactance slope of 
1.6 ohms per kc/sec. These values are used in estimating the antenna Q, 
as given in a later table. 

TABLE 10-2- -AVERAGE CHANGES IN 180-KC/SEC REACTANCE FOR VARIOUS UMBRELLA 
CHANGES 

By increasing 

Number of elements from 8 to 12 . . . . 
Length from 312 to 469 ft 

Anchor distance from 835 to 1250 ft. . 

Reactance is increased 
inductively, ohms 

27 
72 

(46 ohms/100 ft) 
13.5 

Resonant frequency 
is lowered, kc/sec 

13 
33 

6.5 

Specifications of the physical structure must start with the dimensions 
of the tower. As previously mentioned the preceding data have been 
presented in terms of a 625-ft tower; Fig. 10-30 gives the data upon which 

this choice of height was based. Al
though, as shown in Fig. 10-27, the 
input resistance of a given tower of 
fixed dimensions does not vary great
ly as the top loading is changed, it is 
not true that the input resistance is 
independent of tower height. In 
plotting Fig. 10-30 the data have 
been treated somewhat differently, 
the model height of 50 ft being mul
tiplied by the ratio of the observed 
resonant frequency to 180 kc/sec. 
Thus Fig. 10-30 represents the input 
resistance of towers of various 
heights, the top loading in each case 

being adjusted to produce resonance (zero input reactance) at 180 kc/sec. 
The required length of umbrella elements is given for each measured point; 
it is estimated that a tower approximately 1250 ft high would be self-reso
nant at 180 kc/sec and hence would require zero length of umbrella 
elements. 

Figure 10-30 shows that the resonant value of input resistance increases 
rapidly with increasing tower height, being relatively unaffected by the 
exact top-loading arrangement except for the smaller tower heights. 
With the shorter towers a considerable length of umbrella elements is 

500 600 700 
Height of tower in feet 

FIG. 10-30.—Effect of tower height on 
resonant input resistance. Numbers are 
lengths of elements at ISO kc/sec. Ele
ments are anchored at distances of (1.33) 
X (tower height). 
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required to resonate the antenna; when this length exceeds approximately 
seven-tenths of the tower height, the umbrella produces a shielding effect 
that reduces the external field and severely decreases the radiation resist
ance. In order to make an effective radiator with a tower height of, say, 
500 ft, it would be necessary to use the maximum feasible number of 
umbrella elements and hold them away from the tower at the greatest 
practicable angle, both factors tending to reduce the required length and 
consequent shielding effect of the umbrella. Even so, the input resistance 
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FIG. 10-31.—Input reactance at 180 
kc/sec of 625-ft top-loaded antenna vs. 
length of loading elements. (A) Twelve 
elements anchored at 1250 ft; (-B) twelve 
elements anchored at 835 ft; (C) eight 
elements anchored at 1250 ft; (Z>) eight 
elements anchored at 835 ft. (All data 
from measurements on 50-ft scale model.) 

200 500 300 400 
Umbrella element length in feet 
10-32.— Input resistance at 180 

of 625-ft top-loaded antenna vs. 
of loading elements. (.4.) Twelve 

elements anchored at 1250 ft; (B) twelve 
elements anchored at 835 ft; (C) eight ele
ments anchored at 1250 ft; (Z>) eight elements 
anchored at 835 ft. (All data from measure
ment on 50-ft scale model.) 

FIG 
kc/sec 
length 

and radiation efficiency would be lower than desirable, and the use 
of many umbrella elements in high mechanical tension would be 
disadvantageous. 

Twelve is a desirable number of elements electrically, and is not too 
elaborate mechanically; an angle of 45° for the umbrella elements is about 
the maximum that can be obtained with reasonably light guy tension. 
These values have accordingly been chosen for the final design. A 
height of 625 ft requires approximately 310 ft of umbrella length, which 
gives little shielding and a good measured efficiency. This height has 
therefore been chosen as being both mechanically practicable and elec
trically suitable. 

Figures 10-31 and 10-32 show, in somewhat condensed form, the 
180-kc/sec reactance and resistance for various top-loading conditions 
including that of the final design. In Fig. 10-31 the four reactance curves 
converge, as the umbrella-element length is decreased, to a value estimated 
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as —180 ohms. I t should be mentioned that all reactance data were 
measured with umbrella elements simulating six-wire cages 6 in. in diam

eter. Other measurements indi
cate that a reduction of umbrella-
element diameter to 0.2 in. would 
make the reactances on the average 
15 ohms more capacitive and the 
resonant frequencies 6 kc/sec 
higher. 

The effect of shielding by the 
umbrella is clearly shown in the 
lower curve of Fig. 10-32 wherein 
the input resistance reaches a defi
nite maximum for an umbrella 
length of the order of 420 ft. Fin
ally, Fig. 10-33 gives a rough esti
mate of the efficiency to be expected 

from a properly top-loaded 625-ft tower antenna. At 180 kc/sec the 
expected efficiency is of the order of 80 per cent or better. 

Table 10-3 summarizes the characteristics of various LF transmitting 
antennas. 

150 160 170 180 190 
Frequency in kc/sec 

F I G . 10-33.—Estimated efficiency of 
625-ft tower antenna with twelve umbrella 
elements. Top-loading varied to control 
resonant frequency, (a) Length 450 ft, 
anchored at 850 ft; (6) length 325 ft, 
anchored at 850 ft. (All data from meas
urements on 50-ft scale model.) 

T A B L E 10-3 .—COMPARISON OF 1 8 0 - K C / S E C TRANSMITTING A N T E N N A S 

Vertical length, ft 
Equivalent diameter 
180-kc reactance, ohms 
React , slope, ohms per kc / sec . 
180-kc/sec resistance, ohms. . . 
Q* with loading coil 

" Win-
charger " f 

1120 (est.) 
9 .6 ft (est.) 
0 
2 . 5 
29 

"Ba l 
loon " t 

1340 
0 .1 in. 
0 
6 .5 
39 
15 

'Tower "§ 

625 
40 ft (est.) 
- 1 8 0 (est.) 
1.6 (est.) 
10 (est.) 
23 (est.) 

" U m 
brel la" 

625 

0 
2 .0 
16 
11 

* In calculating Q the effects of generator resistance and of coupling-unit reactances other than that 
of the loading coil have been neglected. The effective bandwidth is in general greater than indicated 
by this value of Q. 

t Scale model of Wincharger antenna, enlarged by a factor of approximately 10.2 for resonance at 
180 kc/sec. 

X Balloon-supported wire antenna, lengthened 4 per cent for resonance at 180 kc/sec. 
§ Tower antenna with square cross section tapering from 59- to 5-ft side. Resonant at approxi

mately 360 kc/sec. 
|| Same tower top-loaded with 12 umbrella elements approximately 310 ft long, anchored 835 ft from 

base. Resonant at 180 kc/sec. 

It will be noted that because of its extreme thinness, the balloon-
supported wire has a reactance slope of 6.5 ohms per kc/sec. At the 
other extreme, the 625-ft tower without top-loading has a reactance slope 
estimated as 1.6 ohms per kc/sec. The capacitive input reactance, how-
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ever, is estimated to be —180 ohms or even somewhat more negative; the 
necessary loading coil will hence contribute an additional slope of at 
least 1.0 ohm per kc/sec. The net Q of the tower without top loading is 
therefore approximately 23. By the use of top loading the Q of the 
tower antenna is made to approach that of the desirable but impracticable 
Wincharger scale model. With a balloon-supported antenna, pulses 
rising in 10 or 12 cycles can be radiated satisfactorily; the umbrella-
topped tower antenna should be capable of radiating pulses rising in 8 
cycles. 

Experimental LF Loran stations have used pulse powers of the order 
of 100 kw, but in order to allow eventual increases in transmitter power 
the tower antenna has been designed to handle pulses of 1 megawatt. 
With this power the input current will have a value of approximately 
250 amp rms, and the question of adequate insulation arises. Since the 
antenna is operated in the vicinity of resonance, the voltage across the 
base insulators will not be excessive, having a value of about 5.7-kv peak 
if the antenna is resonant and 8-kv peak if the antenna's input reactance 
is allowed to equal its input resistance. 

The insulation of the guy wires has received much attention. At the 
ends of the umbrella elements, in particular, the voltage to ground is 
expected to be of the order of 50-kv peak. The qualitative arguments 
leading to this conclusion are based on the concept, recently set forth by 
Schelkunoff,1 that it is valid to consider a straight vertical antenna of 
reasonably uniform longitudinal cross section as a dissipationless trans
mission line, with radiation represented as a terminal impedance. 

Consider that the G25-ft tower represents a portion of a transmission 
line with characteristic impedance of the order of 200 ohms. We know 
that 625 ft is about one-eighth wavelength, and we know furthermore 
that the addition of top-loading reduces the input reactance to zero. 
The umbrella can be considered as shunting the top of the tower to ground 
with a lumped capacitive reactance, which must be of the order of 200 
ohms. The 1-megawatt input current is estimated as 250 amp rms; this 
will be reduced to 175 amp rms at the top of the tower. By the flow of 
this current through a capacitive reactance of 200 ohms a potential to 
ground of 35 kv rms (50-kv peak) will be produced. Since the umbrella 
elements are each but 6 per cent of a wavelength long, little resonant 
increase of this voltage is to be expected, and the potential to ground of 
the umbrella elements will be substantially that of the top of the tower. 

As a check of this argument it is worth while calculating approximately 
the capacitance of the umbrella. A single element has a capacitance to 
ground of approximately 750 MM1, and it appears reasonable for a com-

1 S. A. Schelkunoff, "Theory of Antennas of Arbitrary Size and Shape," Proc. IRE, 
J9, No. 9, 493-521, September 1941. 
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bination of 12 such elements to have the 4400 ^^f required for a reactance 
of 200 ohms. 

Another cruder estimate is based on the fact that for a quarter-wave 
resonant vertical antenna the voltage at the top is greater than that at 
the base by a factor which is approximately the ratio of characteristic 
impedance to input resistance. We should expect this relation to hold 
within perhaps a factor of 2 when we apply the criterion to our very 
different antenna structure. The characteristic impedance is of the 
order of 200 ohms, and the input resistance is 16 ohms; this indicates 
that the base voltage of 4 kv rms will be stepped up to 50 kv rms, which 
is of the same order of magnitude as the preceding estimate. 

Only a small fraction of this total voltage to ground appears across 
the insulator separating an umbrella element from its supporting guy 
wire. As pointed out by Brown,1 estimates of the voltage ratings 
required for guy insulators are frequently too conservative. In his paper 
are published results of insulator-voltage measurements on a thin steel 
mast guyed at three levels. The topmost guys were attached about 
two-thirds of the way up the mast, a total of four equally spaced insulators 
being used in each guy. His measurements and calculations show that 
at a frequency making the mast 0.1425 wavelength long, a power input 
of 500 kw would produce across the insulators voltages of 3.38, 1.83, 1.21, 
and 1.14 kv rms respectively, the highest voltage occurring at the top. 

This evidence, together with the preceding qualitative arguments, 
indicates that moderate-sized insulators will be adequate. The principal 
concern is the prevention of corona by carefully maintaining suitably 
large radii of curvature for the metallic surfaces of the umbrella elements 
and tower top. 

The physical size of the antenna may be judged from the fact that 
the weight of the tower itself is approximately 170 tons. The radial 
ground system planned for permanent installation is 2000 ft in diameter 
and involves 46 miles of No. 8 Copperweld wire. 

Receiving Antenna.—The receiving antenna is a 59-ft Lingo pole that 
is constructed of sectionalized steel tubing tapering from a diameter of 
3-j in. in the center to 2\ in. at each end (Fig. 10-34). I t is mounted 
vertically on a compression-type insulator at the base and is guyed at four 
levels. Each level is guyed every 90°, and the four ground anchors are 
spaced symmetrically around the pole, each being 33 ft 6 in. from the 
center of the base insulator. A boom section, built into the assembly, 
enables two men to erect the pole in a short time. 

Because of its large diameter, the reactance of the Lingo pole at 2.0 
1 G. H. Brown, "A Consideration of the Radio-frequency Voltages Encountered by 

the Insulating Material of Broadcast Tower Antennas," Proc. IRE, 27, No. 9, 566-578, 
Septemr ?r 1929 
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Mc/sec is lower than that of the 55-ft vertical wire antenna. The 
impedance of the antenna is about 10 — j350 ohms at that frequency. 
At 180 kc/sec the impedance as measured with a rather poor ground sys
tem is 45 — J3700 ohms. 

F I G . 10-34.—Perspective view of Lingo 59-ft mast. 

The ground system consists of 60 radials 100 ft in length. There is 
little point in striving to attain an extremely low resistance, as the Q of 
the antenna must be held below 10 to prevent undue shaping of the pulses. 
The reason for specifying an extensive ground system is to ensure a 
resistance independent of the soil conditions. 

The coupling unit (Fig. 1035) is designed to meet the low-Q require
ments and to transfer sufficient voltage to the input of the attenuator. 
The 3.5-nih inductance resonates with the antenna capacitance, and the 
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560-ohm resistance determines the Q of the circuit. The center parallel-
resonant circuit is tuned to 180 kc/sec and presents a high resistance to 
ground at and near this frequency. The capacitance of the 50-ohm 
transmission line is part of the total 0.02 jif. The 1.5-mh inductance 
and the 600-^f capacitance are series-resonant, and the grid voltage at 
the first attenuator tube is that produced across the 600-/xf capacitor. 
The 10,000-ohm resistor damps this circuit. 

The over-all gain should be such that every microvolt per meter of 
field strength produces about 10 pv at the input of the attenuator. 

Ant 
(■) wv 

560 

0.005 

0.0025 

Located at 
base of antenna 

10 mh 
total 

0 0025 
-€> 

0.0025' 
||| 35 to 

i Located in attenuator 
I 

1.5 mh 

r-®-^nnr>- lst grid lstgn 

600 ;10k 
Each 2.5 k 

^ 

I Local signal output 
I J I 
Flo. 10-35.—Network for coupling Low Frequency receiving antenna to input of attenuator. 

Because of atmospheric noise a field strength of at least 200 ^v/meter is 
required for reliable synchronization. This would produce 2000 jiv at 
the attenuator input, which is ample in comparison with internal attenua
tor and receiver noise and simplifies the problem of attenuating the local 
signal. During summer months, particularly in the lower latitudes, 
field strengths of 500 to 1000 jiv/meter are desirable. 

10-6. Receiver-indicator Antennas. Shipboard Antennas.—The ship
board receiving antenna usually consists of a fairly long (50 to 125 ft) 
vertical wire, strung between two strain insulators, one connected to the 
end of a yardarm and the other to a brace on the side of the cabin or 
compartment housing the receiver-indicator. 

The coupling unit, which is merely a loading coil with appropriate 
connectors, is located near the lead-through insulator either inside or 
outside the cabin. A lead-in wire connects the lower end of the antenna 
to the input of the loading coil, and a shielded cable connects the output 
of the loading coil to the receiver. The input impedance of the receiver 
matches the characteristic impedance of the cable. The purpose of the 
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cable is to shield the receiver from noise generated in the cabin housing 
the receiver-indicator. 

The loading coil is adjusted approximately to balance the capacitive 
reactance of the antenna. Since the antenna is long enough to give strong 
signals, the reception (signal-to-noise ratio) is limited by atmospheric 
noise rather than by internal noise in the receiver. Therefore the tuning 
of the coupling unit is not critical. 

Airborne Trailing Antenna.—All airborne Loran equipment now in 
service has been designed with the expectation that it is to be used with a 
trailing antenna. Because of the noise generated inside the aircraft, the 
lead from the antenna reel must be shielded, and the receiver input 
impedance is designed to match the impedance of the shielded cable. 
The wire cable with a weight of several pounds on the end is reeled out 
to a length of 120 ft or so (approximately a quarter wavelength), although 
satisfactory results are obtained with considerably shorter lengths. 
Because of the length of the antenna, the received signals are so strong 
that no coupling unit is required. The reel for the British trailing 
antenna is manually operated and is usually mounted in the belly of the 
plane; the American reel is electrically operated and is usually mounted 
near the tail of the plane. 

There are several serious objections to the use of a trailing antenna. 
There is danger, especially in fast planes, that the weight or the complete 
antenna may be broken off by the strong wind. Both the British and 
American types of reel occasionally jam (this is especially serious in icing 
conditions), and the reeling of the antenna in and out are two more 
inconvenient operations for the navigator. The trailing antenna is an 
intolerable hazard in flying in tight formation and during evasive action. 

Fixed Airborne Antenna.—Toward the end of the war an intensive 
effort was made to substitute a fixed antenna for the trailing antenna. 
In a fighter or light bomber it is usually possible to install a 30-ft fixed 
antenna; in a heavy bomber it may be possible to install a 60-ft antenna, 
although usually a length of only 30 ft or so is available for Loran. I t is 
estimated that the capacitance of the antenna lies between 50 and 300 
niA. Without the use of a coupling unit, the signal induced on such a 
short antenna is too small for satisfactory reception; the signal-to-noise 
ratio is limited by the internal noise of the receiver. 

Coupling units of several types have been tested. I t has been found 
that the results obtained with a loading coil are as good as those obtained 
with coupling units that match the impedance of the antenna to the 
impedance of the cable. The gain of the coupling unit (the ratio of the 
signal with the coupling unit to the signal with direct connection to 
the cable and receiver) is practically independent of the type of coupling 
unit provided the antenna is tuned. The gain is between 6 and 10, depend -
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ing on the untuned impedance of the antenna. I t has also been found 
that the effective capacitance of the antenna decreases when the plane is 
airborne. Therefore the coupling unit and the first r-f transformer should 
be adjusted in the air. 

The physical location of the coupling unit between the antenna and 
the cable or between the cable and the receiver is of no consequence 
electrically. However, since it must be tuned in the air, a convenient 
location is near the receiver. The tuning of the coupling unit (since the 
Q is necessarily rather high) must be readjusted for each change of the r-f 
channel (a different loading coil is required for the Low Frequency 
channel). Therefore, in the design of future equipment, individual load
ing coils should be incorporated in the receiver so that they are selected 
by the r-f channel selector switch. 

Precipitation Static.—Loran reception like that of all airborne radio 
systems, is seriously affected by precipitation static. No completely 
satisfactory equipment for eliminating such static was available at 
the end of the war. However the findings of the scientists of the Army-
Navy Precipitation Static Project are reasonably promising.1 

1 "Precipitation Static," Air Forces Manual No. 40, December 1944; R. Gunn, 
\V. C. Hall, and G. D. Kinzer, "Precipitation-static Interference Problem and 
Methods for Its Investigation," Proc. IRE, 34, 156-160, April 1946; R. C. Waddel, 
R. C. Drutowski, and W. X. Blatt, "Aircraft Instrumentation for Precipitation-static 
Research," Proc. IRE, 34, 161-166, April 1946; R. G. Stimmel, E. H. Rogers, F. E. 
Waterfall, and R. Gunn, "Electrification of Aircraft Flying in Precipitation Areas," 
Proc. IRE, 34, 167-177, April 1046; G. D. Kinzer and J. \V. McGee, "Investigationsof 
Methods of Reducing Precipitation-static Radio Interference," Proc. IRE, 34, 234-
240, May 1946; R. Gunn and J. P. Parker, "The High-voltage Characteristics of 
Aircraft in Flight," Proc. IRE, 34, 241-246, May 1946; M. Newman and A. 0. 
Kemppainen, "High-voltage Installation of the Precipitation-static Project," Proc. 
IRE, 34, 247-253, May 1946. 



CHAPTER 11 

RECEIVER-INDICATORS 
B Y R. H. WOODWARD 

SHIPBOARD RECEIVER-INDICATORS 

11-1. Requirements and General Description.—The receiver-indi
cator is the instrument with which the Loran navigator measures the dif
ference in the times of arrival of pulsed signals. The navigator takes 
measurements of signals from two pairs of ground stations. Each 
measurement determines a line of position, and the intersect on of two 
such lines establishes a fix, the navigator's position. 

Time-difference Measurement.—As explained in Sec. 3-3, the method of 
measurement of the time difference is similar to that used at the ground 
stations (see Chap. 7). The signals of a particular recurrence rate from 
two ground stations are displayed on an oscilloscope pattern of the same 
recurrence rate. The pattern consists of two horizontal traces, one 
above the other and each having a duration of half the recurrence period. 
Since the recurrence rates of the signals and of the oscilloscope patterns 
are the same, the signals remain stationary on the pattern (whereas 
signals of other recurrence rates drift to the right or to the left). If one 
pulse appears on the upper trace and the other on the lower trace, the 
pulse that appears to the left of the other is by definition the A -pulse 
and the one to the right is the B-pulse. The A- and B-pedestals are 
small rectangular deflections of the traces that indicate those portions 
of the total recurrence period to be examined later in detail. The 
j4-pedestal is fixed in position near the beginning of the upper trace, 
whereas the B-pedestal can be continuously adjusted to any position 
on the lower trace to the right of the A -pedestal. By momentarily 
increasing or decreasing the recurrence rate of the oscilloscope pattern, 
the pulses can be moved to the left or to the right on the traces and from 
one trace to the other. In this way the navigator causes the A-pulse to 
move onto the upper trace if originally on the lower one and then onto 
the A-pedestal (see Fig. 11-la); the B-pulse then appears on the lower 
trace to the right of the A-pulse. The initiation (which determines the 
position) of the B-pedestal with respect to the slow-oscilloscope pattern 
is adjustable, and the navigator so adjusts the initiation that the B-pedes-
tal appears under the B-pulse. 

The time difference is taken as the horizontal distance from a point 
345 
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(d) Slow sweep. Each marker representing 
500 microseconds^Reading is 3,000+ 

fe) Medium fast sweep. Short markers represent 50, 
long markers 500 microseconds. Reading is 400+ 

(r) Fastest sweep (/) Fastest sweep. Markers represent 500, 50, and 10 
microseconds as shown. Reading is 24 

FIG. 11*1.—Oscilloscope patterns of Model DAS-1 receiver-indicator, (a) Slow-trace 
pattern with signals; (6) medium-trace pattern with signals; (c) fast-trace pattern with 
signals; (<f) slow-trace pattern with 50- and 500-usec markers, showing time difference of 
3000 iiaec plus approximately 500 /wee; (e) medium-trace pattern with 50- and 500-psM 
markers, showing additional time difference of 400 jisec plus approximately 30 usec; (/) fast-
trace pattern with 10-, 50-, and 500-usec markers, snowing time difference of 24 usec. ToUl 
time difference is 3424 psec. 
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on the lower trace, directly below the /1-pulse to the B-pulse. This 
convention cancels out one half of the recurrence period. The time dif
ference can be estimated approximately by means of calibration markers. 
A method of greater precision is required, however. The upper and 
lower pedestals of Fig. l l - l o are expanded and displayed as two full-
length traces (Fig. 11-lb,) one above the other. The amplitudes of the 
A- and B-pulses are equalized by means of the balance control. The 
recurrence rate of the oscilloscope pattern is altered slightly to move the 
4-pulse to a position near the left end of the trace, and the initiation 
of the B-pedestal (lower trace) is adjusted to move the B-pulse into posi
tion directly below the yl-pulse. On a third oscilloscope pattern (Fig. 
111c) consisting of a faster pair of traces between which the vertical 
separation is eliminated, the amplitudes are more accurately equalized, 
and the leading edge of one pulse is superimposed on that of the other. 

When the signals have been so matched, the time difference between 
them is exactly the same as that between the initiations of the pedestals. 
This time difference is estimated to the nearest 500 fisec by calibration 
markers on the slow-trace pattern (Fig. 11-lrf). The displacement 
between a 500-Msec marker on the lower fast trace and one on the upper 
fast trace gives the time difference to the nearest 50 ^sec (Fig. UTe). 
Similarly, the displacement between 50-jusec markers on two faster traces 
gives the time difference to the nearest microsecond (Fig. 11-1/). 

This method of presentation for measurement of time differences is 
employed in all shipboard Loran receiver-indicators except the direct-
reading receiver-indicator, Model DBE, described in Sec. 11-4. The 
method of presentation and the receiver-indicators described in this 
chapter can be used for all Loran systems—Standard, Sky-wave Syn
chronized, and Air Transportable—with the exception of Low Frequency. 
For LF Loran, a small low-frequency converter is required in conjunction 
with the receiver-indicator. 

Requirements.—The transmissions from Loran ground stations are 
identified by their radio frequencies and their pulse recurrence rates, 
The receiver-indicator must be capable, therefore, of receiving signals 
and measuring their time differences at several radio frequencies and at 
several recurrence rates. Four r-f channels have been assigned for Loran 
transmission in various parts of the world: Channel 1, 1950 kc/sec; 
Channel 2, 1850 kc/sec; Channel 3, 1900 kc/sec; Channel 4, 1750 kc/sec. 
These signal frequencies are easily identified by a four-position switch 
that selects any one of four fixed-tuned channels in the receiver. Each 
channel should be tunable from 1700 to 2000 kc/sec. 

Pairs of stations operating in a particular region on a single radio 
frequency are distinguished by their pulse recurrence rates. Signals 
from all Loran stations operating at a single frequency and within receiv-
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ing range are displayed on the cathode-ray tube and drift across the 
screen at various speeds. The recurrence rate of the oscilloscope pattern 
of the indicator is adjustable. Only the signals from that pair of stations 
operating at the same recurrence rate as the indicator remain stationary. 
Ground stations are operating at two basic recurrence rates, approxi
mately 25 and 33£ pps, designated as low, L, and high, H, respectively. 
If necessary, a slow, S, basic recurrence rate of approximately 20 pps 

T A B L E 1 1 1 . — P U L S E R E C U R R E N C E R A T E S 

Designation 

L0 
LI 
L2 
L3 
L4 
L5 
L6 
L7 
HO 
HI 
H2 
H3 
H4 
H5 
H6 
H7 

Approx. No. 
of pps 

25 
25tV 
25A 
25A 
25T^ 
25A 
25r

6
5 

25A 
3 3 | 
33* 
33f 
3 3 | 
33 J 
3 3 | 
34 
34 i 

Recurrence 
period, jisec 

40,000 
39,900 
39,800 
39,700 
39,600 
39,500 
39,400 
39,300 
30,000 
29,900 
29,800 
29,700 
29,600 
29,500 
29,400 
29,300 

may be used in the future. As shown in Table 111, eight specific recur
rence rates, numbered from 0 through 7 for each basic recurrence rate, 
are in general use. The indicator should be provided with a switch for 
selecting either the high or low basic recurrence rate and with another 
switch for selecting any one of the eight specific recurrence rates. 

In addition to the r-f channel switch and the basic PRR and specific 
recurrence-rate (station) selector switch, the receiver-indicator must be 
provided with the following front-panel controls: the receiver-gain con
trol, the amplitude-balance control for equalizing the oscilloscope deflec
tions of the two signals from a pair of stations, coarse and fine framing 
or phase-shift controls for placing the A-signal on the A-pedestal, and 
coarse and fine delay controls for placing the 5-pedestal under the B-sig-
nal. A fine control of the trace recurrence rate (oscillator frequency) 
allows it to be made exactly equal to the recurrence rate of the received 
signals, thus causing the signals to remain stationary. A trace-speed 
switch, a receive-calibrate switch for selecting the display of received 
signals or calibration markers, and a control of the trace separation are 
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also required. In some models several of these controls are combined in 
a single switch. 

General Description.—As indicated in Table 11-2, all models of the 
shipboard receiver-indicator are similar, with the exception of the Model 
DBE. There has been a steady trend toward standardization of the r-f 
channels in the range of frequencies between 1700 and 2000 kc/sec, and 
many of the early models have been modified to provide four channels in 
this frequency range. Models LRN-1 and LRN-IA, constructed for 
NDRC, are copies of an experimental receiver-indicator designed at the 
Radiation Laboratory. Models DAS-1, DAS-3, and DAS-4 (see Sec. 

TABLE 11-2.—- REFERENCE DATA FOB SHIPBOARD RECEIVER-INDICATORS 
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11-2), constructed for the Navy, are practically identical with Model 
LRN-IA electrically but show a steady improvement in mechanical con
struction and in the quality of components. Models DAS and DAS-2 
(see Sec. 11-3) are designed to meet Navy specifications and are therefore 
heavier and more rugged. The operation of these models is simplified 
by combining the coarse and fine framing controls and by combining the 
trace-separation and sweep-speed controls in a five-position switch. 
There are also several improvements in the electrical design. 

Trends in Design.—For service aboard ship, the size, weight, and 
power consumption are minor considerations. The chief requirement is 
that the equipment give reliable service under abnormally severe condi
tions of temperature, humidity, salt-water spray, and shock. Further-

file:///3400
file:///2000
file:///2000
file:///2000
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more, the operation should be simple and as free as possible from sources 
of error. Probably the chief source of error is the counting of calibration 
markers; and, as a consequence, considerable effort has been spent in 
designing an indicator with which it is possible to read the time difference 
directly on calibrated scales or on a mechanical counter. 

Such an indicator was designed at the Radiation Laboratory in 1942. 
I t consisted of two divider chains, one of which was driven by a 100-kc/sec 

FIG. 11-2.—Model DAS-1 receiver-indicator used on ships. (Courtesy of Fada Radio and 
Electric Co., Inc.) 

oscillator and the other by the 100-kc/sec output signal from a phase-
shift capacitor. The number of rotations of the phase-shift capacitor 
(multiplied by 10) gave the time difference in microseconds. A later 
version was similar in operation but somewhat simpler, because the 
oscillator operated at 10 kc/sec. Both designs were rather complicated 
electrically and mechanically. Another direct-reading indicator, built 
of miniature components, is described in Vol. 20 of this series. The 
Model DBE, the only direct-reading receiver-indicator to be produced 
commercially, is described in Sec. 11-4. 

11-2. Model DAS-1 Receiver-indicator.—The Model DAS-1 receiver-
indicator has been used extensively by the U.S. Navy, the Ptoyal Navy 
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and the Royal Canadian Navy for convoy duty in the North Atlantic. 
A photograph of this equipment is shown in Fig. 11 -2. 

Functional Description.—As indicated in Fig. 11-3, the necessary 
accuracy and stability for the timing of the sweeps and for the generation 
of the calibration markers are derived from a 100-kc/sec crystal oscillator. 
The oscillator is capable of adjustment to a frequency that is a few parts 
per million above or below the nominal frequency to permit synchroniza
tion with signals whose recurrence rates are not precisely accurate. 
Furthermore, a momentary change in the oscillator frequency permits a 
fine adjustment of the timing of the sweeps with respect to the received 
signals for the proper positioning of the signals on the traces. 

The pulse generator is an amplifier that is driven between saturation 
and cutoff by a 100-kc/sec sine-wave signal from the oscillator. The 
output is roughly a square wave that on differentiation yields positive 
and negative pulses of short duration for driving and precisely controlling 
the divider circuits. 

By means of the divider circuits, output pulses of a recurrence rate 
corresponding to that of the sweeps and to twice that of signals from each 
ground station are derived from the crystal oscillator. The four divider 
circuits are adjusted to divide by 5, 10, 5, and 8 or 6. The adjustment 
of the last divider to divide by 8 yields the low basic recurrence rate; for 
the high basic recurrence rate the last divider is adjusted to divide by 6. 
A six-position selector switch permits the adjustment of the feedback of 
pulses from the last divider to the second divider for the control of the 
specific recurrence rate. A momentary change of the feedback provides 
a coarse adjustment of the timing of the oscilloscope sweeps with respect 
to the received signals for positioning the signals on the slow-trace pattern 
The output pulse from the last divider initiates the square-wave generatoi 
and the slow-sweep generator. 

The output pulses from the first and second dividers are mixed and 
impressed on one vertical plate to provide 50- and 500-Msec markers. A 
100-kc/sec sine-wave signal from the oscillator is shifted in phase, 
peaked, and applied to the other vertical plate to form lO-^sec markers. 
The phase of the 10-^sec markers is adjusted to coincide with that of the 
50-Msec markers. 

The square-wave generator, an Eccles-Jordan circuit, produces two 
square-wave outputs identical in form but opposite in phase. The 
polarity of each output is reversed with each triggering pulse from the last 
divider. Voltages of variable amplitude and derived from the square-
wave amplifier are impressed on the vertical plate of the oscilloscope to 
raise or lower alternate horizontal traces. These voltages produce the 
upper and lower traces of the slow and fast oscilloscope patterns. 

The A-delay multivibrator is triggered by one output of the square-
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FICJ. 11-3.—Block diaeram of Model DAS-l receiver indicator. 
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wave generator at the beginning of the upper slow trace. I t introduces a 
fixed time delay of approximately 1000 fisec. The coarse B-delay multi
vibrator is triggered by the other output of the square-wave generator 
at the beginning of the lower slow trace. I t introduces a time delay that 
is variable in increments of 500 /isec from approximately 1000 to approxi
mately 11,000 Msec. Both the A -delay and the coarse B-delay multi
vibrators are stabilized by the introduction of 500-jisec locking pulses 
derived from the second divider. The coarse B-delay multivibrator 
initiates the fine 5-delay multivibrator which introduces an additional 
time delay that is continuously variable from 200 to 700 psec. The 
delayed outputs of the A-delay and the fine B-delay multivibrators are 
mixed and used to trigger the pedestal generator. 

The pedestal generator produces identical square-wave outputs which 
are impressed on the vertical plate of the oscilloscope to produce the A-
and B-pedestals of the slow trace pattern. Any one of three values of the 
pedestal length can be selected by means of the fast-sweep switch. 

The fast-sweep generator is triggered by the pedestal generator and 
produces a sweep voltage whose amplitude varies linearly with the time 
represented by the pedestal. When the horizontal plates of the oscillo
scope are switched from the slow to the fast sweeps, only that fraction of 
the recurrence interval represented by the tops of the pedestals is shown 
on the oscilloscope screen. The traces are expanded to the full width of 
the screen, and the trace of the A-pedestal appears directly above the 
trace of the B-pedestal. 

The transmitted pulses are received and amplified in a superhetero
dyne receiver and are impressed on the vertical plate of the oscilloscope. 
The receiver consists of one stage of r-f preselection, a pentagrid converter, 
three i-f stages operating at 1050 kc/sec, a diode detector, and one stage 
of video amplification. The bandwidth is approximately 80 kc/sec at 
6 db, and the sensitivity is such that a signal of less than 10 juv gives full-
scale deflection of the oscilloscope. Any one of four fixed-tuned r-f 
channels can be selected by a switch. The frequency ranges of the 
channels are given in Table 11-2. The pulses as displayed on the oscillo
scope are of approximately 75-^sec duration. 

The amplitude-balance circuit, driven by the square-wave generator, 
applies adjustable voltages of either polarity to one stage of i-f amplifica
tion. This provides a control of the relative gain of the receiver on alter
nate oscilloscope traces and permits the equalization of the amplitudes 
of the A- and 5-pulses. Such equalization is required for the accurate 
measurement of time differences. 

Manipulation.—In carrying out the time-difference measurement as 
outlined in Sec. 11-1, the operator of the Model DAS-l receiver-indicator 
must manipulate the following controls: 
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1. Radio-frequency channel switch. This is a four-position switch 
for selecting any one of four preadjusted channels corresponding 
to the frequency of the transmitted signals. 

2. Station selector. A six-position switch varies the divider feed
back and the trace recurrence rate to correspond with the specific 
recurrence rate of the signals. By means of the phase-shift 
switch the number of specific recurrence rates can be extended 
to eight. The last divider is adjusted by screwdriver to control 
the basic recurrence rate. 

3. Receiver gain. The gain control varies the cathode bias of the 
r-f stage, the converter, and first and second i-f stages of the 
receiver. There is no automatic gain control. 

4. Phase shift. The feedback in the divider chain is controlled by a 
three-position switch that is used for momentarily changing the 
trace recurrence rate to position the j4-pulse on the A-pedestal 
of the slow-trace pattern. 

5. Coarse B-delay. By means of the coarse B-delay control the 
B-pedestal can be moved in increments corresponding to 500 jisec 
from a position below the A -pedestal to a position halfway across 
the lower slow trace. 

6. Fine B-delay. By means of the fine B-delay control the B-pedes-
tal can be moved continuously over the 500-Msec increments of the 
coarse B-delay. On the fast trace pattern the B-pulse can be 
placed precisely below the 4-pulse. 

7. Sweep speed. A two-position sweep-speed switch provides the 
selection of the slow-trace pattern or one of the fast-trace patterns. 

8. Fast-sweep switch. A three-position switch selects any one of 
three fast-sweep speeds. The three speeds give full-scale deflec
tion in 2000, 700, and 150 Msec. 

9. Framing or left-right switch. A three-position switch, controlling 
the frequency of the crystal oscillator, momentarily changes the 
trace recurrence rate by a small amount for positioning the 
A-pulse on the fast A -trace. 

10. Oscillator frequency control. The frequency of the crystal 
oscillator is continuously variable over a range of ± 30 parts per 
million for accurately synchronizing the trace recurrence rate 
with that of the signals. When the traces are properly synchro
nized the signals remain stationary. 

11. Amplitude balance. A continuously adjustable potentiometer 
controls the relative gain of the receiver throughout the A- and 
B-traces for equalizing the amplitude of the A- and B-pulses. 

12. Trace separation. A potentiometer provides a continuous con
trol of the vertical spacing between the A- and B-traces. 
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13. Receiver switch. A two-position receiver switch permits the 
selection of receiver signals or calibration markers for display on 
the oscilloscope. 

14. Filter. A toggle switch permits the insertion of a high-pass filter 
in the receiver video circuit for reducing certain types of inter
ference. 

F I G . 11*4.—Model DAS-2 receiver-indicator used on ships. {Courtesy of General Electric 
Company.) 

There are also several oscilloscope and divider controls, but these do 
not require frequent manipulation. In the designs of later models an 
attempt has been made to reduce the number of controls and to simplify 
the procedure for time-difference measurements. 

11-3. Model DAS-2 Receiver-indicator.—The Model DAS-2 receiver-
indicator (Fig. 11-4) is heavier and more rugged than the Model DAS-1. 
It is constructed of Navy-approved components and is designed to meet 
Navy specifications. 

Functional Description.—As indicated in Fig. 11-5 the calibration 
markers and the trace recurrence rates are derived from a 100-kc/sec 
crystal oscillator and four dividers similar to those of the Model DAS-1. 
The introduction of the time corrector, however, is an improvement. 
The interval of time between the initiation of the .A-delay (or the coarse 



Square-wave 
generator 

Coarse B-delay 

F I G . 11-5.—Block diagram of Model DAS-2 receiver-indicator. 
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B-delay) multivibrator and the succeeding 500-,usec locking pulse from 
the second divider varies with the position of the station selector switch 
that controls the feedback. This interval of time is equal to 500 Msec 
minus 50JV ,usec, where N is the feedback number and may be any integer 
from 0 to 7. Because of the variation of this interval of time, the design 
of the Model DAS-1 A- and coarse B-delay multivibrator is more com
plicated than would otherwise be necessary. The purpose of the time 
corrector is to eliminate the variable time interval between the initiation 
of the ^4-delay (or coarse _B-delay) multivibrator and the succeeding 
500-jusec locking pulse. The time corrector is a derivative of the Eccles-
Jordan circuit that has two inputs. I t generates a fiat-topped signal that 
is initiated by the pulse from the last divider and is terminated by the 
first succeeding 500-Msec pulse from the second divider. The duration 
of the flat-topped signal is 500 Atsec minus 50iV /tsec. The square-wave 
generator and the A- and coarse B-delay multivibrators are initiated at 
the termination of the flat-topped signal. The time corrector also 
simplifies and improves the operation of the slow-sweep generator and 
suppresses the retrace of the slow-trace pattern. 

The A-delay multivibrator is locked by 2500-Msec pulses from the 
third divider and is adjusted to introduce a fixed time delay of 2000 /jsec 
after the initiation of the upper slow trace (2500 yusec minus 50iV /usec 
after the pulses from the last divider). The B-delay multivibrators, 
pedestal generator, sweep generator, and receiver are similar in function 
to those of the Model DAS-1 receiver-indicator. 

Manipulation.—The manipulation of the Model DAS-2 receiver-
indicator is somewhat simpler than that of the Model DAS-1. A PRR 
toggle switch provides a convenient selection of the two basic recurrence 
rates. The trace-separation control and the fast-sweep switch are 
eliminated, and their functions are performed by the sweep-speed switch. 
A single LEFT-RIGHT switch shifts the positions of the A- and B-signals on 
both the slow and fast traces. 

To measure a time difference, the operator must manipulate the fol
lowing controls: 

1. R-f channel switch. A four-position switch selects any one of the 
preadjusted channels listed for the Model DAS-2 receiver-indica
tor in Table 11-2. 

2. PRR switch. A toggle switch with L (low) and H (high) positions 
selects one of two adjustments of the last divider to provide the 
required basic recurrence rate. 

3. Station selector. An eight-position switch controls the specific 
pulse recurrence rate. 

4. Gain control. This varies the amplitude of the received signals 
as they appear on the oscilloscope. 
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5. LEFT-HIGHT switch. By means of the LEFT-RIGHT switch the 
operator can adjust the positions of the signals on the traces. 
On the first (slow trace) position of the sweep-speed switch, the 
timing of the traces is shifted rapidly with respect to the timing 
of the signals by the introduction of pulses of either polarity from 
the A-delay multivibrator to the first divider. On the other posi
tions of the sweep-speed switch a slight change in the oscillator 
frequency provides an appropriate change of the recurrence rate. 

6. Coarse delay. By means of a potentiometer control the interval 
of time between the start of the lower slow trace and the initiation 
of the S-pedestal can be varied in increments of 500 /usec. 

7. Fine delay. The fine S-delay control enables the operator to 
vary continuously the total B-delay time over the required range. 

8. Sweep speed. A five-position switch provides selection of the 
slow-trace pattern with wide trace separation, fast traces of 2300-
Aisec duration with medium separation, fast traces of 650-/jsec 
duration with medium separation, fast traces of 160-/xsec duration 
with small separation, or fast traces of 160-yusec duration with no 
separation. 

9. Frequency control. A fine control of the frequency of the crystal 
oscillator permits precise synchronization of the oscilloscope 
traces with the received signals. 

10. Amplitude balance. A potentiometer controls the relative ampli
tudes of the A- and B-pulses as they appear on the oscilloscope. 

11. Receiver switch. By means of a four-position switch any one of 
four types of signals can be selected for display on the oscilloscope. 
In the OFF position, calibration markers alone are displayed. In 
the ON position, calibration markers are displayed with signals 
from the receiver. In the CAL. 1 position, the stair-step pattern 
of the second divider is displayed for checking the adjustment of 
the second divider and the feedback. In the CAL. 2 position, the 
stairstep pattern of the third divider is displayed for checking the 
adjustment of the third and fourth dividers. The first divider is 
checked by means of the 10- and 50-Msec calibration markers. 
For checking feedback on position CAL. 1 and on the third position 
of the sweep-speed switch, the sweeps are initiated at the start of 
the flat-topped time-corrector signal instead of at its termination. 

12. Filter. A toggle switch permits the introduction of a filter for 
reducing certain types of interference. 

11-4. Model DBE Receiver-indicator.—The direct-reading Model 
DBE receiver-indicator (Fig. 11-6) stands upright on the deck and is 
secured to the deck and bulkhead by S-shaped steel springs that serve as 
shock mounts. The oscilloscope screen and operating controls are on 
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FIG. 11-6.—Model DBE direct-reading receiver-indicator for use on ships. (Courtesy of 
Sperry Gyroscope Co., Inc.) 
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the top panel. The front cover is removable for routine adjustment 
of the dividers, multivibrators, oscilloscope, and receiver. The entire 
chassis assembly can be rolled forward out of the cabinet on rails for 
servicing. 

The oscilloscope presentation and the procedure for positioning and 
matching the pulses are similar to those described in Sec. 11-1. The 

F I G . 11-7.—Front panel of Model DBE rereiver-indicator showing slow-trace presentation 
without signals. (Courtesy of Sperry Gyroscope Co., Inc.) 

counting of calibration markers, however, is eliminated. When the 
pulses have been matched, the time difference is indicated on a Veeder-
Root counter (see Fig. 11-7). 

Functional Description.—As indicated in Fig. 11-8 the crystal oscillator, 
divider, feedback circuits, square-wave generator, pedestal generator, 
sweep generator, and receiver are similar in their function to those of 
Models DAS-1 and DAS-2. There are five dividers, each one of which 
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divides the pulse recurrence rate by a ratio of 5/1 or less. Because of 
the lower dividing ratios the over-all operation is more reliable than that 
of earlier models. The transient delay circuit is a locked delay multi
vibrator that serves the same purpose as the time corrector of Model 
DAS-2. I t also reduces the effect of the distortion of the phase-shifting 
sine waves caused by feedback. 

The rotations of the 200- and 1000-cps phase-shifting transformers 
and of the 20-kc/sec phase-shifting capacitor control the position of the 
B-pedestal and determine the measured time difference when the received 
signals are matched. The sine waves of the three phase-shifted frequen
cies are derived through amplifiers and low-pass filters from the dividers 
of the appropriate recurrence rates. The three phase shifters are coupled 
through a gear train to the time-difference counter and to the coarse and 
fine delay controls. Since the gear ratios between the phase shifters are 
equal to the ratios of their frequencies, a rotation of the fine delay control 
produces the same change in time difference in all three frequencies. 
The three phase-shifted sine waves are squared and differentiated to 
yield the pulses that terminate the flat-topped output signals of three 
selector circuits. Each selector circuit is a multivibrator of the Eccles-
Jordan type with two inputs similar to the time-corrector circuit of 
Model DAS-2. The first selector circuit is initiated at the start of the 
lower slow trace by a pulse from the square-wave generator. The output 
signal is terminated, depending on the bias selected by the extender 
switch, by the first, second, or third 5000-Msec pulse derived from the 
200-cps phase-shifting transformer. By means of the fine delay control 
the time delay introduced by the first selector may be varied continuously 
from less than 1000 to more than 18,000 tisec. The time delay so intro
duced, however, is not itself sufficiently accurate for the time-difference 
measurement. To obtain the precision required for the time-difference 
measurement, the selecting process is repeated in two succeeding selectors 
of greater precision whose output signals are terminated by pulses derived 
from the phase-shifted 1000-cps and 20-kc/sec signals. The second selec
tor is triggered at the termination of the first selector output signal, and its 
output signal is terminated by a pulse derived from the phase-shifted 
1000-cps sine wave. The third selector is triggered at the termination of 
the second selector signal. Its output signal is terminated by a pulse 
derived from the phase-shifted 20-kc/sec sine wave and having the pre
cision required for the time-difference measurement. The pedestal 
generator and fast-sweep generator are triggered at the termination of the 
third selector output signal. 

By means of the coarse delay control the S-pedestal can be moved 
rapidly by increments of 1000 /asec. The coarse delay control through 
the range-extender switch varies the bias of the first selector and shifts the 
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phase of the terminating pulse. Also, through a differential gearing and 
detent system, it rotates the thousands and ten-thousands dials of the 
time-difference counter. 

Similarly the A -delay is obtained from the combination of a fixed 
coarse selector (1000-Aisec delay) and a fixed fine selector (A-pedestal 
synchronizer). The output signal of the 1000-yusec delay is terminated 
by a 1000-Msec pulse from the third divider, and the output signal of the 
A-pedestal synchronizer is terminated by a 50-jusec pulse from the first 
divider. The pedestal generator is triggered at the termination of the 
output signal from the A-pedestal synchronizer. 

Manipulation.—As shown in Fig. 11-7 the manipulation is simplified 
by the arrangement of the controls. The three station-selecting switches, 
r-f channel, basic PRR, and specific PRR, are grouped in a row. The 
coarse and fine delay controls are concentric, as are the gain and amplitude 
balance controls. The LEFT-RIGHT switch and drift (oscillator frequency) 
control are a concentric lever and disk. The four-position operations 
switch provides selection of the normal slow-trace pattern, a pair of 
vertically spaced 1300-Msec traces, a pair of spaced 175-yusec traces, and a 
pair of 175-jusec traces with no trace separation. 

AIRBORNE RECEIVER-INDICATORS 
11-6. General Description and Trends in Design.—The methods of 

measurement, the oscilloscope presentation, the r-f channels, and recur
rence rates of the airborne receiver-indicator are similar to those of the 
shipboard instrument. For airborne equipment the requirements of light 
weight and small size are severe. As indicated in Table 11-3, these 
requirements are recognized, and an effort has been made to reduce the 
weight, size, and power consumption as far as practical. All airborne 
receiver-indicator models have been designed for operation in both 
American and British aircraft, and most of them are physically inter
changeable with Gee sets. They can be operated on input power of 
either 80 or 115 volts and of any frequency between 400 and 2400 cps. 

General Description.—The Models SCR-722 and SCR-722A are light
weight modifications of the Model DAS-1 receiver-indicator with a power 
supply designed for operation at 400 to 2400 cps instead of 60 cps. They 
are awkward for operation in the air but have been used for training 
purposes. 

The Model AN/APN-4 receiver-indicator, of which there are five 
modifications, was used most extensively during World War II . Modifi
cations I and II could not be used in normal service because of divider 
instability and high-voltage arcing at high altitudes. Modification I I I 
has been used extensively and has performed well. There has been no 
large production of Modification IV, and Modification V reached the 
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European Theater too late for service. Modification V has a basic PRR 
switch and six dividers instead of four; it is described in Sec. 11-6. 

All the components of Model AN/APN-9 receiver-indicator (described 
in Sec. 11-7) are contained in a single case that fits the same shock-
mounted frame as the AN/APN-4 and Gee indicator. The set weighs 
only 40 lb, and its power consumption is only 190 watts. Although it 
arrived too late for service in the European Theater, it was used in the 
Pacific. Its notable features are a 3-in. cathode-ray tube with a magnify
ing glass, nonlinear sweeps, and a rather complicated system of calibration 
markers. 

Trends in Design.—Because of the rapid motion of an aircraft, the 
time required to make two readings and plot a fix is a most important 
quantity, and, indeed, the reduction of this time should be the prime con
sideration in the future development of the Loran system and equipment. 
For example, a plane may travel at a speed of 5 miles per minute, and the 
navigator may require 1 min for the measurement of each time difference 
and another minute for plotting the lines of position. Since the plane 
travels 5 miles while he makes the second measurement and 5 miles while 
he plots the lines of position, the intersection of the two lines does not 
represent the navigator's true position. There are two methods for over
coming this difficulty, both of them awkward. The navigator may cal
culate the distance that the plane has traveled in the interval between 
the two measurements and advance the first line of position by the appro
priate distance. The intersection of the advanced first line of position 
with the second line is the true position at the time of the second measure
ment. As an alternative method, the navigator may make three 
measurements (with equal intervals of time between the first and second 
measurements and between the second and third measurements) and 
compute the mean of the first and third measurements. The intersection 
of the second line of position with the line corresponding to the mean of 
the first and third measurements determines his position at the time of 
the second measurement. 

To reduce the time required to make a reading, the airborne receiver-
indicators are designed so that the operator can control the sweep speed, 
the trace separation, and the selection of received signals or calibration 
markers by means of a single selector switch. This unification of the 
controls simplifies the operation slightly but leaves much to be desired. 
The Gee indicator, for instance (see Sec. 1-4), is much simpler to operate 
than the Loran indicator because it permits the measurement of two time 
differences simultaneously and thus eliminates the necessity of advancing 
a line of position or of making three readings to determine a fix. For this 
reason the Gee system is admirably adapted to a simple and useful type 
of navigation, called the homing technique, that is described in Sec. 1-6. 
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This technique cannot easily be applied to navigation by Loran in its 
present form. 

As mentioned in Sees. 3-8 and 7-7 the requirements for instantaneous 
fixing over a particular area are that it shall be possible to receive signals 
from two pairs of ground stations transmitting at a single recurrence rate 
and that the navigator shall be able to adjust two sets of controls to 
measure the appropriate time differences simultaneously. The simplest 
system of synchronization of the ground stations is that used for the Low 
Frequency trials and described in Sec. 7-8. The same system can be 
applied to Standard Loran with practically no modification of the ground-
station equipment now in service, but long trains of sky waves may at 
times make the presentation confusing. 

The simplest type of receiver-indicator for instantaneous fixing is one 
similar to AN/APN-4, but it is provided with a second set of delay con
trols and a switch for simultaneously selecting either pair of 5-delay 
controls, either of two gain-balance adjustments, and either of the out
puts from the square-wave generator for initiation of the A- and B-delay 
multivibrators and for the trace separation. Such a receiver-indicator 
would be little more complex than AN/APN-4. The only duplication 
would be in the potentiometers that control the biases of the delay multi
vibrators and the relative amplitudes of the signals. 

A decimal system of calibration markers similar to that of the Gee 
indicator seems preferable to the common Loran display of 10-, 50-, 500-, 
and 2500-Msec markers on the slow, medium, and fast traces. The dis
play of 1000-jLisec markers on the slow traces, 1000- and 100-jusec markers 
on the medium traces, and 100- and lO-^sec (and possibly 1- or 2-Aisec) 
markers on the fast traces seems satisfactory. Furthermore, the 100-Msec 
markers should coincide in time with the corresponding 10-jusec markers 
as do the markers displayed on the oscilloscope of the timer. 

A much simplified form of the synchronizer (Sec. 7-3) has been 
designed to control the frequency of the crystal oscillator in such a way 
that the signal from the master station remains stationary on the upper 
pedestal. This feature, called " top locking," is believed to be a worth
while convenience for the operator of the receiver-indicator. 

By the addition of a third delay multivibrator the advantage of the 
direct-reading indicator can be incorporated in the instantaneous-fixing 
receiver-indicator. In such a receiver-indicator, the first delay multi
vibrator would be variable in increments of 1000 Msec and the second delay 
multivibrator would be variable in increments of 100 ,usec. Calibrated 
selector switches would indicate the numbers of thousands and hundreds 
of microseconds of time difference. The third delay multivibrator would 
be variable continuously from 20 to 120 jjsec, and a calibrated dial on the 
potentiometer would indicate the number of units of time difference. 
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The two switches and one potentiometer would be duplicated, but the 
delay multivibrators would not be duplicated. 

As suggested in Sec. 10-6, individual loading coils should be built in 
the receiver and should be selected by the r-f channel switch. 

Low Frequency Converter.—No receiver-indicator designed for the 
reception of LF signals has been manufactured. However, an LF con
verter in conjunction with a standard receiver-indicator permits the 

FIG. 11-9.—Converter attached to a standard receiver-indicator (AN/APN-4) to permit 
either Standard or Low Frequency signals to be observed. 

reception and measurement of signals of either Low or Standard Loran 
frequencies. The converter, shown in Fig. 11-9 with a Model AN/APN-4 
receiver-indicator, has been produced on a rather large scale. I t converts 
the LF signal to a Standard frequency of 1950 kc/sec. The schematic 
diagram is shown in Fig. 1110. 

11-6. Model AN/APN-4 Receiver-indicator.—The Model AN/APN-4 
airborne receiver-indicator (Fig. 11-9) has been produced in greater 
quantity and was more extensively used during World War II than any 
other Loran or radar equipment. The smaller unit contains the receiver 
and power supply; the indicator, consisting of the crystal oscillator, 
dividers, delay and deflecting circuits for the 5-in. cathode-ray tube, is 
enclosed in the larger unit. Of the five modifications of the Model 
AN/APN-4 receiver-indicator, the latest and most satisfactory is 
described in this section. 
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F I G . 11-11.—Block diagram of Model AN/APN-4 receiver-indicator. 
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Functional Description.—The block diagram of the Modification V 
Model AN/APN-4 receiver-indicator, shown in Fig. 11-11, is similar to 
that of the Model DAS-1 receiver-indicator (Fig. 11-3). Since there are 
six dividers instead of four, the maximum dividing ratio is 5/1 instead of 
10/1, and the operation is therefore more reliable. The output pulse 
from the last divider is fed back to the second and third dividers to control 
the specific recurrence rate. 

Pulses derived from the crystal oscillator and from the first, third, and 
fourth dividers are mixed and applied to the vertical plate (along with 
the trace separation and pedestals) of the cathode-ray tube as calibration 
markers, at time intervals of 10, 50, 500, and 2500 jusec. 

The complete schematic diagrams of the receiver and the indicator are 
shown in Figs. 11-12 and 11-13. Circuits of these types are described in 
some detail in Chap. 7 and in other volumes of this series. 

Manipulation.—In making a time-difference measurement, the opera
tor must manipulate the r-f channel; basic PRR and station selector 
switches; the gain, amplitude-balance and frequency controls; the LEFT-
RIGHT and sweep-speed switches; and the coarse and fine 5-delay con
trols, as well as the usual oscilloscope controls. These controls are 
simpler to operate than those of the Model DAS-1 receiver-indicator and 
are similar to those of Model DAS-2. 

When the slow-trace oscilloscope pattern is displayed, the LEFT-RIGHT 
switch moves the signals rapidly along the trace by momentarily changing 
the feedback; when one of the fast-trace patterns is displayed, the switch 
moves the signals slowly by changing the oscillator frequency. 

The eight-position sweep-speed switch is so designed that in making a 
time-difference measurement the operator rotates the switch in numerical 
sequence from Position 1 to Position 7. The first four positions show the 
received signals and are used for positioning and matching the signals. 
On the first position the normal slow-trace pattern is displayed. The 
patterns of the second and third positions are fast traces of 750 /^sec and 
200-iusec respectively. For the final matching of the pulses, the separa
tion of the 200-jtisec traces is eliminated in Position 4. Positions 5, 6, 
and 7 are used for measuring the time difference between the initiations 
of the fast traces corresponding to the time difference between the received 
signals. For this purpose 10-, 50-, 500-, and 2500-Msec calibration 
markers are displayed on these three positions. The pattern on Position 
5 is two 200-Msec traces with markers; on Position 6 it is two 750-Msec 
traces with markers; and on Position 7 it is two slow traces with pedestals 
and markers. On Position 8 two 200-/usec traces with the stair-step 
pattern of the third divider are presented for checking the adjustment of 
the feedback. 
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11-7. The Model AN/APN-9 Receiver-indicator.—The Model AN/ 
APN-9 airborne receiver-indicator, shown in Fig. 11-14, is constructed in 
a single unit weighing only 40 lb and consuming 190 watts of power. It 
employs a 3-in. cathode-ray tube and is equipped with a magnifying glass 
and detachable visor. 

Oscilloscope Presentation.—As indicated in Fig. 11-15, the oscilloscope 
patterns differ radically from those of the earlier models. The slow-trace 
pattern with received signals (Fig. ll-15a) consists of two slow linear 
traces. The slow-trace pattern with 1000- and 5000-Msec calibration 
markers (Fig. 11-15/) is a single slow linear trace, the lower trace of Fig. 
11-15a. The relative timing of the two fast traces is represented on 
the slow trace by two differentiated negative markers instead of the A-
and B-pedestals of other models. One differentiated marker (correspond
ing to the B-pedestal) is stationary at the left end of the lower trace; the 
position of the other (corresponding to the A-pedestal) can be varied from 
the right end of the lower trace to approximately the center of the lower 
trace. In earlier models of the receiver-indicator the time difference is 
measured from a point on the lower trace directly below the start of the 
A-pedestal to the start of the B-pedestal. In Model AN/APN-9 the time 
difference is measured from the right end of the lower trace, which is the 
same in time as the point on the upper trace directly above the start of 
the B-marker, to the start of the A -marker. 

The fast-trace pattern consists of two nonlinear fast traces with 
received signals (Fig. 11-15&, c, d, and e) or with calibration markers 
(Fig. ll-15gr). The nonlinear trace is derived from a sweep waveform 
having a double slope and a duration of 1400 Msec. During the first 
100 jusec of the trace the slope is steep; the cathode-ray beam moves 
rapidly to the right. During the remaining 1300 iisec the slope is less 
steep, and the beam moves more slowly to the right. Because of the 
nonlinearity of the fast trace, the received signals are distorted. As the 
signals move from left to right along the fast trace, they decrease in 
width. Similarly, the spacing between calibration markers decreases 
along the fast trace from left to right. The calibration markers on the 
upper fast trace, spaced at intervals of 10, 100, and 1000 /jsec, are used 
for measuring the time difference in the initiations of the fast traces. 
Calibration markers spaced at 10-, 50-, and 500-/isec intervals are dis
played on the lower trace, but in measuring the time difference the opera
tor uses only the second 50-/isec marker as a cross hair. He measures 
the distance in microseconds from a point on the upper trace directly 
above the cross hair to the 10-/isec marker immediately preceding the 
first 1000-/isec marker to the right. Since the sweep waveform for the 
upper trace is similar to that for the lower trace, the time difference 
between the initiations of the fast traces is equal to the time difference 
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measured from a point above any 1000-Msec marker to the first lOOO-jusec 
marker to the right on the upper fast trace (plus the appropriate number 
of thousands of microseconds). However, to attain the required preci
sion, the estimation of the units and tens of microseconds must be made 
on the expanded portion of the trace. If there were no time delay in the 
divider circuits and the square-wave and sweep generators, a 1000-/isec 
marker would appear at the start of the lower trace and it would coincide 

F I G . 11-14.—Model AN/APN-9 airborne receiver-indicator. 

in time with the corresponding 10-jusec marker. Since the total time 
delay introduced by these circuits is slightly less than 50 Msec, the first 
50-MSec marker following the lOOO-jusec marker appears at the start of the 
lower fast trace. It is convenient to make the measurement from the 
second 50-yusec marker, which serves as a cross hair, to the 10-jusec marker 
on the upper trace that precedes the first 1000-/usec marker to the right 
of the cross hair. The true time difference between the received signals 
(and the initiations of the fast traces) is equal to the number of thousands 
of microseconds (observed on the slow trace) plus the time difference 
between 1000-/isec markers (estimated on the fast-trace pattern). Since 
the cross hair follows the invisible 1000-Msec marker that initiates the 
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lower trace by 100 ^sec, this period must be added to the time difference 
measured from the cross hair. 

Operational Procedure.—On Position 1 of the function switch both 
received signals are placed on the lower trace by means of the left-right 
switch and the signal at the left is moved to the extreme left end of the 
lower trace. The operator adjusts the coarse delay control to place the 
variable delay marker under the signal appearing to the right (Fig. 11-15a). 

The received signals appearing on the fast traces of Position 2 (Fig. 
ll-15b) are balanced in amplitude, and the lower signal is moved to the 
left, expanded portion of the trace. The fine-delay control is adjusted 
to move the upper signal to a position directly above the lower signal 
(Fig. ll-15c). 

On Position 3 (Fig. ll-15d) the separation between the two traces is 
eliminated. The operator adjusts the amplitude-balance and the fine-
delay controls so that one signal is superimposed on the other (Fig. 11-15e). 
In this condition the time difference between the received signals is equal 
to the time difference between the initiations of the fast traces. 

On Position 4 of the function switch (Fig. 11-15/) the time difference 
between the initiations of the fast traces (less half the recurrence period) 
is measured from the right extremity of the trace to the start of the 
variable delay marker. The operator counts the number of whole 
1000-̂ csec intervals in this distance. In the example shown there are 
six such intervals, indicating that the time-difference reading is 6000 ^sec 
plus a small time difference to be measured on the fast-trace pattern. 

With the function switch turned to Position 5, the time interval from 
a point directly above the cross hair to the 10-/isec marker preceding the 
first 1000-Msec marker is estimated to the nearest microsecond. In the 
example shown (Fig. ll-15g) the interval is 25 iisec, and the total time-
difference reading is 6000 plus 25 plas 100 ^sec, or 6125 ^sec. 

The oscilloscope pattern displayed on Position 6 is similar to that on 
Position 2 and is used in that method of navigation called "homing" 
(Sec. 1-6). The operator preadjusts the coarse and fine delay controls 
to the time difference corresponding to his destination. Then, observing 
the received signals, he flies such a course that one signal approaches a 
position directly above the other. If he has two receiver-indicators, he 
may fly such a course that the two time-difference values approach the 
destination values simultaneously. Otherwise, it is common practice to 
bring one time difference to the destination value and then, flying along 
the corresponding line of position, to observe the time difference between 
the other pair of received signals as it approaches the destination value. 

Functional Description.—The block diagram of the Model AN/APN-9 
receiver-indicator as arranged for generating the slow-trace pattern (on 
Positions 1 and 4 of the function switch) is shown in Fig. 11-16. The 
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F I Q . 11-10.— Block diagram of Model AN/APN-9 receiver-indicator on Positions 1 and 4 of the function switch. 



SEC. 117] THE MODEL AN/APN-Q RECEIVER-INDICATOR 379 

oscillator, dividers, feedback circuits, and square-wave generator are 
similar to those of Model AN/APN-4. 

The coarse delay multivibrator, triggered by positive pulses from the 
square-wave generator, is locked by 500-MKCC pulses from the third divider. 
The delay introduced by this multivibrator can be varied in increments 
of 500 Msec from approximately 3000 M«ec (to the right of the left extremity 
of the lower trace) to 15,000 fiscc (the right extremity of the lower trace) 
on the high recurrence rate and from 0000 to 20,000 /*sec on the low recur
rence rate. Thus the time difference as measured from the right extremity 
of the lower trace can be varied from zero to 12,000 ^sec on the high 
recurrence rate and from zero to 14,000 /uscc on the low recurrence rate. 
The fine delay multivibrator, which is tripped by the coarse delay multi
vibrator, is continuously variable from approximately 400 to 1400 /isec. 
The positive output pulses from the fine delay multivibrator and from 
the square-wave generator are differentiated, mixed, and displayed on the 
cathode-ray tube to indicate the relative timing of the fast trace. 

The slow-sweep generator is triggered by the output pulses from the 
last divider and provides linear sweeps each of which has a duration equal 
to half the recurrence period. On Position 4 the upper trace is eliminated 
by the action of a square wave on the grid of the cathode-ray tube, and 
calibration markers are displayed on the lower trace at 1000- and 5000-
^sec intervals. 

When the function switch is turned to Position 2, 3, 5, or 6 to display 
one of the fast-trace patterns, the circuits are arranged as indicated in the 
block diagram shown in Fig. 11-17. On the slow trace both markers 
indicating the initiations of the fast traces appear on the same level, 
whereas for the accurate matching of signals, one fast trace must appear 
directly above the other. For the fast-trace presentation, therefore, the 
square wave that provides the trace separation (and the amplitude-
balance) is delayed approximately 3000 jusec with respect to the original 
square wave that initiates the stationary fast trace. To accomplish this 
the original square wave is passed through a delay network and the result
ing differentiated waveform is applied at the appropriate level to the grid 
of a squaring amplifier. 

In Position 5, output pulses from the first and third dividers are mixed 
in a circuit that is activated by the square wave. The output of this 
circuit is applied to one vertical deflection plate of the cathode-ray tube 
to provide 50- and 500-/jsec calibration markers on the lower trace only. 
Similarly, 100-and 1000-Msec markers from the second and fourth dividers 
are displayed on the upper trace. Pulses from the blocking oscillator are 
applied to the other vertical deflecting plate to provide 10-/isec markers 
on both traces. 

The fast-sweep generator, when triggered, produces a waveform that 



F I Q . 11-17.—Block diagram of Model AN/APN-9 receiver-indicator on Positions 2, 3, 5, and 6 of function switch. 
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varies rapidly with time during the first 100 /usec and varies more slowly 
during the remaining 1300 ^sec of the sweep. Two networks, one having 
a long time constant and the other having a short time constant, are 
connected in series between ground and the cathode of a triode. The 
junction between the two networks is connected to the cathode of another 
triode. The triodes, which are normally conducting, are cut off for the 
duration of the fast sweep. The cathodes, which are normally at high 
potential, are allowed to approach ground potential at rates that are 
determined by the characteristics of the networks. The combination of 
the two rates produces the desired waveform for the nonlinear traces. 

T E S T AND T R A I N I N G E Q U I P M E N T 

11-8. Pulse-signal Generators.—A low-power pulse-signal generator 
capable of simulating Loran signals of various radio frequencies, various 

F I G . 11-18.—Pulse-signal generator for testing receiver-indicator. 

pulse recurrence rates, and various time differences is a convenient device 
for training Loran operators and for testing Loran receiver-indicators. 
The Model I-204-A pulse-signal generator is designed for operation with 
shipboard indicators. The radio frequency can be varied from 1700 to 
2000 kc/sec; and since the pulse generator is triggered by a standard 
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indicator, the recurrence rate and time difference can be adjusted to any 
values encountered in standard Loran operations. 

The Model I-194-A pulse-signal generator is designed for operation 
with airborne indicators. The circuit is similar to that of the Model 
I-204-A, but it is designed for operation on power of 80 or 115 volts and 
of a frequency from 400 to 2500 cps. The pulse generator is triggered by 
the indicator at the start of each pedestal. The differentiated positive 
pulse is amplified in two stages and impressed through a cathode follower 
on the screen grid of a pentode that serves as a pulsed Hartley oscillator 
operating at an adjustable radio frequency. The r-f pulse is amplified 
by two untuned pentode amplifiers and a tuned beam power amplifier. 
The amplitude and relative amplitudes of the output signals can be varied 
by means of the indicator gain and amplitude-balance controls. 

The Model TS 251/UP test set (Fig. 11-18) has been developed as a 
portable pulse-signal generator for servicing Loran receiver-indicators. 
It produces signals at any one of three radio frequencies (1850, 1900, and 
1950 kc/sec) and at any one of three amplitudes (15 MV, 1 mv, and 1 volt). 
The pulse recurrence interval, derived from a 1818.18-cps crystal oscil
lator, is 3300 /xsec. On the Loran indicator oscilloscope this pulse recur
rence interval produces a stationary pattern for the following basic and 
specific recurrence rates: 

Basic PRR Specific PRR 
S (20 per sec) 5 
L (25 per sec) 4 
H (33^ per sec) 3 

As indicated in the schematic drawing (Fig. 11-19) the crystal is of the 
duplex plate type. Its frequency varies only a few parts per million over 
the ordinary range of room temperature. A 6 to 1 divider provides the 
required recurrence interval, and a multivibrator and cathode follower 
drive the screen grid of a pentode oscillator that provides the output 
signal. 

11-9. The Supersonic Trainer.—A simple pulse generator of the type 
discussed in the preceding section is adequate for training navigators in 
the use of the receiver-indicator for measuring time differences between 
simulated ground-wave signals. For training in the recognition of sky 
waves and in navigating by Loran from one point to another, a more 
elaborate trainer is required. Such a trainer, designed for the transmis
sion and reception of supersonic pulses, has been developed by the Bartol 
Research Foundation. 

The supersonic trainer simulates a Loran system of three ground 
stations (each of two transmitting at different recurrence rates and the 
third transmitting at both of the recurrence rates) and a mobile receiving 
station, representing the navigator. The three supersonic transmitters 
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are set up on a flat table on which a moving crab, whose motion may be 
controlled by the instructor or by the navigator, carries the receiver, a 
piezoelectric crystal transducer. The receiving transducer transforms 
the supersonic (200-kc/sec) pulse signals to pulses of electrical energy 
which are converted to r-f (1950-kc/sec) signals and are amplified and 
radiated as electromagnetic energy. By means of a standard receiver-
indicator the navigator receives the radiated energy and measures the 
time differences between the signals. A number of navigators, each 

F I G . 11-20.—Supersonic pulse transmitter to simulate Loran ground station. 

equipped with a receiver-indicator, can receive these signals at the same 
time. Interference in the form of random noise, radar interference, c-w 
signals, keyed c-w signals, or motor interference can be introduced at will. 

Supersonic signals propagated over the surface of the table simulate 
ground-wave Loran signals. A ground-glass plate, upon which a latitude-
longitude grid is drawn and upon which cross hairs are optically projected 
from the transmitters and from the mobile receiver, is supported several 
inches above the surface of the table. Reflections of the supersonic 
signals from the glass surface simulate reflections of Loran signals from 
the E-layer of the ionosphere. No attempt is made to simulate reflections 
from the F-layer. Splitting of sky-wave signals, caused by interference 
between sky waves that travel different paths and therefore reach the 
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receiver in different phases, is produced by moving vanes in the vicinity 
of the transmitter, which introduce varying reflections of the sky waves. 

The transducer unit representing the ground-station transmitter is 
shown in Fig. 11-20. Eight z-cut Rochelle salt crystals, in the form of 
45° trapezoidal plates, are mounted with thin metallic electrodes between 
them in the form of a ring. The driving electric signal is applied between 
one set of alternate electrodes and the other. Since each electrode is 
common to two adjacent crystals, the electric field in any crystal is 180° 

FIG. 11-21.—Mobile supersonic pulse receiver to simulate moving navigator's equipment. 

out of phase with that of the crystal next to it. The crystals are so 
oriented that the direction of the positive x-axis of one crystal is opposite 
that of the two adjacent crystals, and the supersonic radiation from one 
crystal is therefore in phase with the radiation from adjacent crystals. 
The ring of crystals is immersed in oil, which damps the system and serves 
to match the impedance of the crystal system with that of the air. The 
supersonic radiation is directed downward through a quarter-wavelength 
of oil and a thin aluminum membrane into the air. I t is reflected hori
zontally and slightly upward from a conic surface at the base of the trans
ducer unit. A synchronous motor rotates a ring about the vertical axis 
sf the transducer. The ring supports a number of metallic vanes which 
produce the splitting of the first- and second-hop E-layer reflections. 

The transducer unit representing the mobile receiver (Fig. 11-21) is 
mounted on a mobile carriage. Otherwise it is similar to the transmitter. 



CHAPTER 12 

SPECIAL TECHNIQUES AND MEASUREMENTS 
B Y G. H. MUSSELMAN 

12-1. Receiver-design Notes. Introduction.—The circuits of Loran 
receivers in general use are similar in many respects to those in communi
cations types. They differ principally because of requirements for wide
band response and the need for a different amount of gain for alternate 
pulses. Aside from these restrictions and the modifications that they 
imply, the usual design practices for good superheterodyne receivers can 
be followed. The deviations from the normal will be discussed in some
what greater detail. 

Most Loran receivers are provided with four identical r-f channels 
that are tuned to assigned frequency bands in the range of 1700 to 2000 
kc/sec. A selector switch with positions numbered 1, 2, 3, and 4 allows a 
choice of 1950, 1850, 1900, and 1750 kc/sec, respectively. 

Early receivers were designed for high-impedance input with the idea 
that a short antenna could be terminated directly at the receiver. This 
arrangement proved to be undesirable, since better signal-to-noise ratios 
are obtained with an antenna resonated at the operating frequency by a 
loading coil, connected through a shielded coaxial cable to a receiver input 
of 50 to 100 ohms. The antenna is thus kept farther from sources of 
man-made noise. 

One stage of amplification at radio frequency between the low-imped
ance input and the mixer is mandatory to provide image rejection and a 
signal well above the mixer noise. Successful receivers have been built 
with only one tuned circuit between the plate of the r-f stage and the 
signal grid of the mixer. This construction results in simplicity of 
switching and some saving of space but lacks the improved bandpass 
characteristics obtained with a double-tuned circuit that reduces cross 
modulation and response at spurious frequencies. A remote cutoff tube 
such as the type 6SK7 has been found superior in this stage to the type 
6AC7, despite the higher mutual conductance of the latter. The 
inferior remote cutoff of the 6AC7 produces distortion of pulses of large 
amplitude. 

A gain of 30 or 40 per stage is reasonable; with a gain of about 7 for the 
input transformer this gives a total gain of 210 to 280 from antenna ter
minal to the grid of the mixer. 

386 
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A mixer stage employing a 6SA7 tube in either a Colpitts or Hartley 
oscillator circuit designed to prevent frequency drift is customarily used. 
The oscillator frequency is higher than the signal frequency by the amount 
of the intermediate frequency. Optimum injection voltage should be 
always used to secure the maximum conversion mutual conductance. 
A quartz crystal might be used in the oscillator circuit of each channel if 
operating extremes, such as temperature, required the additional expense 
and slight inflexibility of a more stable circuit. 

Intermediate frequencies used in different receivers have varied from 
500 to 1600 kc/sec. The latter frequency was used in early receivers 
mainly because of easy procurement. The most used frequency has been 
1050 kc/sec, although the second harmonic is close to the r-f value and 
may produce undesirable effects with large signals. The 550-kc/sec 
channel does not suffer from this defect. 

Double-tuned circuits, critically coupled with unity-turns ratio 
between primary and secondary, have been used with various values of 
tuning capacitance, the lower capacitances allowing higher values of 
damping resistors for the same bandwidth. The response of each stage 
is designed to be down 1 db or less at 25 kc/sec each side of the center 
frequency. By using a desirable type of tube such as the 6SK7, stage 
gains in the order of 30 to 40 are possible. Generally three stages are 
employed followed by a diode detector. 

The problem of matching two pulses of generally unequal amplitude 
was first solved by applying a voltage square wave to the cathode of the 
last i-f amplifier and varying the gain of this stage differentially. The 
square wave is timed by the indicator circuits, the magnitude and relative 
polarity being controlled by a potentiometer known as the gain- or 
amplitude-balance control. In later receivers the control is put on the 
first r-f tube to prevent overloading by strong signals. This typical 
feature of the Loran receiver is discussed in greater detail in Sec. 12-2. 

A diode detector can be arranged in a conventional circuit to provide 
either positive or negative swing corresponding to increased carrier. 
The polarity chosen depends both upon the number of phase reversals 
encountered between detector and oscilloscope and upon which vertical 
plate of the oscilloscope is used for the video signal. It has been common 
practice to use the detector connected so that the output is negative and 
to follow this with one high-gain video stage. The video stage, usually 
a 6AC7 with little bias and a 20,000-ohm plate load, is resistance-
capacitance-coupled to that plate of the oscilloscope which gives an 
upward deflection for positive-going signals. 

I t is desirable to operate the detector at a carrier level of about 10 
volts peak. Receivers designed for operation at lower levels than this 
showed nonlinearity of the detector with small signals. Furthermore, if 
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the level at the detector is kept up, it is easier to design effective limiting 
circuits that prevent large bursts of noise from overloading the video 
stage. 

The main gain of the receiver is controlled by varying the cathode 
voltage of all the remote cutoff tubes, bringing the cathodes to ground 
through a common gain potentiometer. Sufficient r-f filtering must be 
applied at the individual cathodes to prevent undesired interstage 
coupling through the control. 

A high-pass filter section between the detector output and the input 
to the video stage reduces certain types of interference (mainly that from 
c-w stations) but should be normally switched out of the circuit, since it 
degrades the desired pulses. The filter usually takes the form of a simple 
resistance-capacitance network that cuts off at about 1000 cps. Nor
mally, the video response is uniform from 100 cps to 50 kc/sec. 

The over-all bandwidth from the antenna terminal to the oscilloscope 
should be 50 kc/sec measured at points 6 db down from the maximum. 
If, however, the r-f stage and the mixer stage are too broad, cross modula
tion between Loran signals and broadcast or other strong signals in the 
region of 2.0 Mc/sec will occur. Single-tuned parallel- or series-resonant 
trap circuits tuned to the intermediate frequency can be inserted in the 
antenna and r-f stages to reduce cross modulation. A parallel-tuned 
circuit in series with the screen grid of the r-f amplifier tube is effective. 
But because the screen is a nonlinear modulating element, when large 
increments of screen voltage occur, a similar circuit placed in series with 
the cathode of the same tube is even better. 

General Requirements. Bandwidth.—Total receiver bandwidth should 
be 50 kc/sec at 6 db down and 150 kc/sec at 60 db down. This over-all 
measurement can be made by applying a 30 per cent modulated signal 
from a calibrated signal generator to the antenna terminals. The output 
is measured on the indicator oscilloscope or a d-c voltmeter connected 
to the diode-load resistor. As the input frequency is varied by 5-kc/sec 
increments, the input level is adjusted to maintain constant output. 
Plotting the required input level against frequency gives a selectivity 
curve that contains most of the bandwidth information at a glance. A 
second rough curve should be drawn for a greatly different input level; if 
its shape departs widely from that of the first curve it indicates the 
presence of regeneration in the i-f or r-f amplifier. 

Image-rejection Ratio.—The receiver's effectiveness in rejecting images, 
signals having a frequency numerically twice the intermediate frequency 
plus the desired signal frequency, is expressed as the ratio between the 
image, frequency signal applied to the input and the signal of the desired 
frequency that, when applied to the input, produces the same output. 
The ratio should be 60 db or better. 
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Spurious Response.—The ratio of undesired signal amplitude to 
desired signal amplitude giving the same output from the receiver is 
measured with one or more signal generators. All spurious response 
should be down 60 db or more. 

/ - / Rejection Ratio.—The i-f rejection ratio is the ratio between the 
amplitude of an i-f signal applied to the input of the receiver and the 
amplitude of the desired r-f signal that when applied to the input of 
the receiver, produces the same output. Although some Loran receivers 
do not meet the figure, a ratio of 60 db is desirable. 

Noise Factor.—The combination of r-f and i-f noise should not exceed 
the equivalent of 0.5 iiv. I t can be measured by introducing an unmodu
lated signal from a calibrated signal generator to the antenna terminals. 
At full gain, the ratio between this signal voltage and the resulting d-c 
voltage produced across the diode load resistor is determined. The 
calibrating voltage must be large compared with the residual-noise voltage 
but small enough to ensure linear response from the diode. A second d-c 
voltage reading is taken with the signal generator removed. (This 
voltage is actually a combination of noise and diode emission.) The 
product of the second voltage and the ratio is the residual noise expressed 
as an equivalent voltage referred to the antenna circuit. 

Maximum Sensitivity.—About 1-in. peak-to-peak deflection on the 
indicator oscilloscope should be produced with a 5.0-MV signal (50 per 
cent modulated at 400 cycles) applied to the input terminals. Much 
greater sensitivity than this is not necessary because atmospheric noise 
at this frequency limits the usable over-all gain. 

Sensitivity Range.—A receiver should be capable of reducing a 
200,000-Kv 50 per cent modulated signal applied at its input terminals to 
a 2-in. peak-to-peak deflection on the indicator oscilloscope, with the 
gain-balance control in the center position. The entire receiver should 
be designed to amplify a signal of 600,000 /xv linearly, even though it 
produces more deflection than can be accommodated on the face of the 
indicator oscilloscope. If an iron-core choke is used as plate load for 
the video stage, for the same plate-supply voltage considerably more 
swing without overloading is possible than with resistance load. The fre
quency characteristic can be improved by introducing negative feedback. 
Several of the present receivers overload with a signal giving a little above 
3-in. deflection. 

Gain-balance Range.—The amplitude- or gain-balance circuit should 
have a maximum range of 1000 times with no more than 1 /xsec of intro
duced error. This range should allow a maximum signal of about 2.0 
volts rms to be matched with one of 2000 AIV rms. Thus, a receiver 
embodying the specified sensitivity range should be capable of operating 
anywhere in the service area and within 10 miles of one station, assuming 
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an antenna system of about 5 meters effective height for the receiver and 
a radiated power of 100 kw for the transmitters. 

This measurement must be made with a special generator capable of 
emitting pulses similar to those of the Loran transmitters. The equip
ment has a calibrated attenuator; and, although the recurrence rate is not 
critical, it should have such a value that at least one pulse per trace is 
visible when the output is applied to a Loran receiver. The timing of 
this generator should be locked in with the Loran indicator associated 
with the receiver under test. A reliable differential-gain system with no 
phase error incorporated in such equipment would enhance its value. 
If, instead, a standard attenuator is used, it is desirable to operate the 
signal generator so that there is one pulse emitted per 40,000 /isec. As 
the signal amplitude from the generator is varied, the range of the receiver 
amplitude-balance circuit can be determined from the amount of change 
of the balance control required to maintain the pulse at constant height 
on the indicator oscilloscope. The shape of the pulse is traced on the 
screen with a crayon to facilitate the test. In checking the phase error 
in the receiver, the signal generator should be locked to the indicator 
recurrence rate so that there is no drift of the pulse on the indicator screen. 
As the attenuator and gain-balance controls are varied over the extreme 
range, any shifting of the pulse in phase will be immediately evident. 

Although the above specifications seem desirable in the light of 
experience consistent with present-day standards for Loran, it should be 
noted that many receivers in current use vary widely from these standards. 

12-2. Differential-gain Principles.—Most pulse systems depend 
entirely on fast-rising pulses in order to achieve precision. The limita
tions imposed upon pulse shape through the use of medium radio fre
quencies for Loran service require a superposition technique to attain the 
degree of precision necessary. Because each signal of a pair is usually 
received at a different amplitude, the time difference between two series 
of recurrent pulses is most accurately determined by amplifying each 
series by a proportionate amount; and thus when the two pulses are 
viewed on the oscilloscope trace, they are of equal amplitude. 

Ground-station Requirements.—The average Loran ground-station 
receiving problem is one of matching two series of pulses that differ by 
between 20,000 and 200,000 to one in amplitude depending on station 
and system layout. The problem is still more complex because the 
larger of these two series of pulses (the local signal) has an amplitude of 
several hundred peak volts. 

The present method accomplishes the desired result in two steps. An 
amplifier with negligible delay time passes the small remote signal but is 
biased to cutoff during the local-signal time. The desired amount of 
local signal is paralleled with the inactive amplifier output to the receiver 
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input. The timing of the biased-off interval is controlled by the timer 
that also triggers the local transmitter. Leakage through the attenuating 
amplifier is negligible in the biased-off condition compared with the 
signal fed around by the resistance-attenuator network. I t is desirable 
to have an even number of tubes in the amplifier so that a 180° phase 
difference is not encountered between the signal from the amplifier and 
that from the resistance network. This is particularly true when the 
cycle-matching system is used in the receiver. 

The delay time through the biased amplifier is held to a low value by 
using resistance-capacitance coupling between stages, with a plate-load 
resistance small in comparison with the total shunt capacitance and the 
series coupling capacitors large so that their reactance is small compared 
with the grid resistors. 

The signal leakage through the biased amplifier in the off condition is 
theoretically a function of the ratio of plate-load resistance to the grid-
plate capacitive reactance. In practice, it is almost impossible to achieve 
as low a degree of leakage, because couplings from input to output of the 
amplifier by way of chassis currents and stray capacitances determine 
the lower limit. Vacuum-tube heater leads and plate-supply and bias 
leads must be equipped with adequate filter networks. I t is possible to 
increase the over-all ratio by adding more stages, which increases the gain 
during the remote signal time without greatly increasing the leakage 
during the local signal time. The transmission band of the amplifier 
must, however, be kept extremely wide. 

Navigator's Equipment.—The difference in signal amplitude at the 
navigator's receiver depends on the location of the equipment with respect 
to the stations being received and can vary from zero when the location 
is equidistant from the stations to a large number when the location is 
close to one of the stations. The extreme ratios encountered in the opera
tion of ground-station equipment need not be considered in the design 
of mobile receivers. A large percentage of the service area can be 
utilized with a receiver capable of handling a ratio of 30/1 , and all of the 
original Loran receivers were so designed. Current practice tends toward 
a 1000/1 ratio, which includes more of the service area close to the stations. 

The receiver must equalize the amplitude of pulses seen on a cathode-
ray tube without adding any appreciable differential delay. In standard 
2.0-Mc/sec operation, circuits are designed so that no more than 1 jisec 
of error is introduced by the gain-balance circuit at its extreme range. 
In general, a variable-^ pentode tube is used in the i-f or r-f amplifier 
channel, the bias of which is controlled by a potentiometer to apply a 
square wave of variable polarity and variable amplitude. The source 
of the square wave is the Eccles-Jordan circuit in the indicator, and thus 
the gain of the receiver can be reduced during either the period of the 
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upper trace or that of the lower trace. The amount of gain reduction 
and the trace on which it operates correspond to the amplitude and 
polarity respectively of the square wave as determined by the manual 
setting of the potentiometer. 

An early form of amplitude-balance circuit used a cathode follower to 
raise or lower the current through the amplifier cathode resistance, 
increased current corresponding to higher bias or less amplification as 
shown in Fig. 12-1. The static current drawn by the amplifier limits 
the effect of the cathode follower to the positive-going portion of the 
square wave. As a result, when the potentiometer is set anywhere but 

t-f amplifier 

_ r u u 
To square wave 

0.5 M generator 
in indicator 

-UT-T 

F I G . 12-1.—Early gain-balance circuit. 

at the midpoint, the gain during the sensitive or unbiased trace remains 
constant, whereas the gain during the time of the less sensitive trace is 
decreased progressively as the control is advanced. This effect is 
desirable in that the main gain can be set for the proper amplitude of the 
smaller pulse, after which the balance control is adjusted to lower the 
amplitude of the larger signal. 

In later Loran receivers the controlled stage is the first r-f amplifier. 
Because there is less danger of large signals overloading the receiver 
ahead of the gain-balance stage, the equipment can be used close to the 
transmitting stations. 

In order to obtain optimum ratio of gain between the sensitive and 
attenuated traces, it is necessary to hold the screen voltage constant, with 
either a heavy-current bleeder or a regulator tube. The suppressor grid 
is grounded instead of being returned to the cathode. 

It is comparatively easy to obtain ratios of the order of 30 or 40 with 
negligible distortion of the larger signal. Attempts to exceed this ratio 
result in a distortion of the larger pulse such that it cannot be accurately 
matched with the weaker. The distortion encountered is probably a com
bination of amplitude nonlinearity and leakage of the signal through 



SEC. 12-2] DIFFERENTIAL-GAIN PRINCIPLES 393 

stray capacitances around the amplifier tube. Ratios in the order of 
100/1 have been accomplished by taking extreme care in circuit layout. 
For larger ratios it seems imperative to cascade two controlled amplifiers. 

A system using two amplitude-balance stages separated by a con
ventional amplifier stage has been used in the portable cycle-matching 
receivers. Here each controlled stage consists of two cathode followers 
illustrated in Fig. 12-2. One tube, for example, is on by virtue of its 
plate voltage being at about 200 volts during the upper-trace time, 

Dual cathode-follower gain-balance circuit. 

whereas the other tube is off owing to the fact that its plate voltage is only 
slightly positive. During the period of the lower trace, the operating 
conditions of the tubes are interchanged so that a different tube is con
ducting for the duration of each trace. The Eccles-Jordan circuit 
provides this timing, and each tube experiences the same operating volt
ages regardless of the degree of amplitude balance desired. The differ
ence in gain is obtained by varying the input signal applied to each tube 
by means of a potentiometer and resistance network. Using resistors 
and a potentiometer of about 500 and 1000 ohms respectively, it is possible 
to obtain ratios of about 30 per stage with little distorting of the pulses. 
It is important that the grid-to-cathode capacitive reactance of each 
tube be small compared with the effective resistance between cathode 
and ground. When these values begin to approach equality, the pulse 
at the cathode becomes the resultant of that from the capacitive path and 
the true pulse generated by the tube current through the cathode resistor. 
It is also important that the potentiometer resistance be small compared 
with the wiring and other shunt-capacitive reactances to avoid phase 
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shift between the signal voltages applied to the two grids, resulting in the 
creation of differential delay for large ratios. 

The 180-kc/sec frequency at which cycle-matching receivers are used 
is well suited for this type of gain-balance circuit because the reactances 
are high enough to allow reasonable values for the potentiometer and 
resistance network. Since both the input and output of the amplitude-
balance stage are low-impedance terminations, series-resonant circuits 
are employed, the inductors and capacitors of which have such values 
that the terminations of the stage serve as the damping components to 
provide sufficient bandwidth. 

The corresponding potentiometers in the two amplitude-balance 
stages are operated from common shafts. Radio-frequency filtering is 
employed in the plate circuits of the cathode followers to prevent the 
signal leakage between stages. A maximum range of 1000 to 1 is avail
able with less than 1 /isec of introduced differential error, using the first 
stage in the receiver as an amplitude-balance stage. 

All efforts toward perfecting amplitude-balance techniques have been 
restricted to the current use of Loran which requires matching only two 
pulses at a time. I t may be desirable in an improved system to employ a 
master and two easily identified slaves at the same recurrence rate, the 
three matched simultaneously to provide the navigator with a fix from 
one operation rather than two as now. This development would neces
sitate a three-trace indicator and a gain-balance circuit capable of hand
ling three different amplitudes instead of two. For this application, the 
variable-^ pentode controlled stage is more flexible than the cathode-
follower type. 

Some thought has been given to a receiver that would have automatic 
gain control for the pulses on the pedestals. Any simple refinement of 
the AVC principle seems doomed, because a large pulse would arrive 
at the oscilloscope electrodes before the gain of previous r-f amplifiers 
could be decreased. A rather elaborate modification would enable a 
sampling network to measure, for example, the pulse on the A.-pedestal, 
generate a bias sufficient to reduce the gain of a controlled stage by the 
proper amount, and store this bias until just before the A-pedestal 
appeared, before applying the bias to the controlled stage. 

By this method each individual pulse on the A-pedestal would be 
sampled, and the voltage created from it would control the gain of the 
next individual pulse. For three pedestals it would require sampling each 
signal and storing the appropriate bias in three separate circuits, together 
with a switching system, to apply the bias to the controlled tube at the 
proper time. 

Another system would amplify all signals in several stages and then 
sample them for amplitude. A long delay line might be used to retard 



SEC. 12-3] PULSE-SIGNAL GENERATOR 395 

the pulse appreciably so that the gain of succeeding stages could be 
controlled and brought to the proper sensitivity by the time the pulse 
emerged from the delay line into the succeeding stages. I t would, how
ever, require a line of approximately 100-Msec minimum delay to provide 
sufficient time for the controlled stage to reach equilibrium before apply
ing the actual pulse signal. Such a line would be prohibitive in size if 
composed of ordinary lumped constants. I t might be entirely possible 
to construct an acoustic line employing supersonic frequencies for this 
purpose. The design of the sampling voltmeter capable of handling the 
necessary ratios is also interesting to contemplate. 

The pressure of wartime Loran developments did not permit the expen
diture of effort on operational refinements, but current progress in this 
direction is important, particularly since the use of automatic receivers 
for automatic pilotage of various sorts hinges to a great extent on a simple 
but foolproof automatic gain-balance system. 

12-3. Pulse-signal Generator. General Description.—For the Low-
Frequency project a signal generator was built that proved to be exceed
ingly usefvil for general receiver and attenuator testing. The device 
generates 180-kc/sec pulses of the same shape as those emanating from 
the Loran transmitters operating at that frequency, although the shape 
can be varied somewhat from normal to suit individual test requirements. 
A crystal oscillator is used as the primary timing source, with a series of 
blocking-oscillator dividers and one multivibrator-type divider to count 
down to the desired recurrence rate. The pulse recurrence rate is 40, 50, 
or 6 6 | pps, depending on a potentiometer adjustment in the last timing 
stage, which can divide by 10, 8, or 6. 

The r-f pulse is generated by a Hartley LC oscillator circuit, which is 
screen-grid-pulsed by the timer and shaping circuits. The radio fre
quency is adjustable over a range of about 10 kc/sec each side of 180 
kc/sec by means of a tuning capacitor controlled from the front panel. 

The output amplitude of the pulses can be varied from 1 jiw to 1 volt. 
A peak vacuum-tube voltmeter reads the input level to an attenuator; 
and when the level is properly set according to the meter, the output 
amplitude is read directly from the attenuator and a calibrated poten
tiometer. Accuracy of calibration is good to about 10 per cent for long 
periods of time. 

Timer Circuit.—A triode oscillator controlled by a 100-kc/sec crystal 
drives the counter chain. The first stage, dividing by 2, is a blocking-
oscillator divider with the time-constant circuit in the cathode, since it 
was found that the cathode current is less affected by changes in filament 
voltage than is the grid current. The next three dividers are of the same 
type, except that each divides by 5. The last divider stage is a cross-
coupled multivibrator that favors even counts. The count can be 
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adjusted for 6, 8, or 10 by varying the bias voltage applied to the control 
grids. If the d-c voltage is near ground potential, the count is long and 
decreases as the voltage is made more positive. The output of this stage 
is essentially a square wave, but during the decreasing voltage time there 
is sufficient undershoot so that a biased cathode follower is used to elimin
ate it. The output of the cathode follower is a clean square wave. Two 
additional tubes are used to shape and amplify the pulsing pip, and a 
cathode follower raises the screen grid of the 6V6 oscillator tube to several 
hundred volts during the pulse time. The cathode of the oscillator is 
held at a sufficiently positive voltage to cut the tube off at all other times. 

Radio-frequency energy is taken from the oscillator by means of a 
small link coupled to the plate tank and fed through a concentric line to 
an L-pad. It is important that any setting of the pad present a constant 
resistance to the line so that there is no effect on the frequency of the 
oscillator. The output of the L-pad is connected to the vacuum-tube 
voltmeter and to the calibrated potentiometer. 

The vacuum-tube voltmeter consists of a diode rectifier with a time 
constant that is long compared with the period between successive pulses. 

A d-c amplifier follows the diode and drives a 0- to 200-Ma d-c meter 
used only as a reference indicator. The equipment is calibrated by com
paring the pulse (peak) output with the c-w output of a standard 180-
kc/sec source using an oscilloscope as the indicator. With the General 
Radio attenuator dials set to the value of the known calibrating voltage 
the carrier-set control (L-pad) is adjusted until the two outputs are the 
same in peak amplitude. The meter reading under these conditions is 
used for the standard oscillator output setting. 

A selector switch and inspection jack permit checking the operation 
of each divider stage with a small oscilloscope. Each divider is provided 
with an adjustable coupling capacitor to vary the count by one or more 
steps. 

The 100-kc/sec oscillator has a frequency adjustment in the form of a 
variable capacitor across the crystal to permit slight changes so that the 
pulse signal can be stopped on the traces of the indicator associated with 
the receiver under test. 

12-4. Pulse-bandwidth Measurements.—The action of tuned circuits 
on the shaping of pulses has been a subject of particular interest in the 
Loran development. Most other systems base their accuracy on the 
principle of using fast-rising pulses, so that a comparatively large per
centage of shaping can be tolerated. Bandwidth requirements for such 
pulses are easily satisfied in the microwave region. At medium and 
particularly at low radio frequencies the bandwidth is appreciable com
pared with the carrier frequency, and the use of slow-rising pulses is 
mandatory. In order to realize adequate precision at these frequencies 
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it is necessary to match two pulses closely by bringing them both to the 
same amplitude and to superimpose them. The accuracy of measure
ment obtainable depends to a great extent on the shape of the pulses. 

A square-wave-pulsed 180-kc/see oscillator, triggered by a Loran 
indicator, was built as a part of the experimental program summarized 
below. The pulse rises to full amplitude in two cycles, remains fiat for 
150 jisec, and then falls in several cycles. A, cathode-follower type of 
pulser applied across the oscillator tank coil starts the oscillator at almost 
full amplitude, provided the static current drawn by the cathode follower 
through the inductance is carefully adjusted. 

The output of the oscillator is taken through a cathode follower to 
obtain a low-impedance output. A wideband receiver (80 kc/sec at 3 db 
down, 95 kc/sec at 6 db down) operates into a conventional indicator 
with cathode-ray tube. 

With the square-wave 180-kc/sec signal applied to the test receiver, 
the pulse rises in about 15 ^sec to 95 per cent of full amplitude. This is 
within 16.7 per cent of the calculated value of 12.5 /xsec which is given 
by the reciprocal of the bandwidth (7" = 1/80,000) at the 3-db points. 
A slight error in measuring the bandwidth or a small error in reading the 
rise time of the pulse can account for the large apparent discrepancy. 
When a 20-kc/sec-wide circuit is placed between the generator and the 
receiver, the pulse rises in 55 ^sec or within 9.1 per cent of the calculated 
value. A 12-kc/sec-wide circuit produces a pulse that rises in 80 ,usec, 
within 4 per cent of the calculated value. 

Other experiments have been carried out, shaping the pulse from the 
generator so that its rise time is 65 /xsec. When this signal is applied to 
various tuned circuits, the resulting final pulse rise time may be expressed 
as follows: final rise time (in seconds) = \ A 2 + (l/BW)", in which t is 
the rise time of the generator pulse in seconds and BW is the bandwidth 
of the receiver at the 3-db points in cycles. 

12-5. Spectrum Measurements. Field Equipment.—Measurements 
have been made of the distribution of energy with respect to frequency of 
Loran transmissions at both 2 Mc/sec and 180 kc/sec. Development 
work associated with improving transmitting-antenna coupling systems 
or limiting the width of sideband radiation requires a measuring setup 
located several miles from the antenna to indicate when progress is being 
made. 

A National HRO receiver with a General Radio ladder attenuator 
(identical with that used in the Model 605-B signal generator) connected 
between the antenna and receiver served satisfactorily. The receiver 
was operated with the selectivity controls set for narrow-band operation. 
Under these conditions the bandwidth is about 2 kc/sec. The connection 
between the attenuator and the input to the receiver must be well shielded, 
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and the attenuator calibration must be checked with a reliable signal 
generator applied to the input of the attenuator before measurements 
are made. 

The audio output of the receiver is connected to the vertical plate of 
the oscilloscope in a Loran indicator. ; 

The nonlinear relationship between input and audio output for pulse 
emission in the receiver is, such that it must be used at constant input. 
The voltage ratios between the various frequencies can be read from the 
calibrated attenuator that is adjusted for constant output to the oscillo
scope. Readings are recorded against frequency and can later be 
converted into decibels and then plotted to show the complete energy-
frequency distribution curve. 

It is imperative that the gain of the receiver be set so that the reference 
output agreed upon does not overload any of the receiver circuits. Usu
ally it requires a trial of several locations to determine a proper distance 
from the transmitting antenna that gives a high signal at the center fre
quency and still ensures reception from the antenna alone, well out of the 
induction field. 

12-6. Cycle-matching Receivers. Pulsed Injection.—With the devel
opment of Low Frequency Loran at 180 kc/sec it became apparent that 
matching longer pulses to the same accuracy as in the 2.0-Mc/sec system 
would be difficult in the presence of a finite signal-to-noise ratio. Accord
ingly, the development of receivers for matching r-f cycles instead of the j 
rectified-pulse envelopes was undertaken. The cycle-matching technique 
had been considered almost from the beginning of Loran, but only the LF 
system with its increased range but decreased accuracy of matching 
provided sufficient incentive to investigate the possibilities of cycle-
matching. The system may be considered one in which phase is meas
ured, the cycles being shaped into a pulse for purposes of identification. 

The use of a tuned r-f receiver with no detector would necessitate a 
gain of about 4 million, in order to amplify an input signal of 10 MV rms 
to 120 volts peak to peak at the vertical plate of the oscilloscope. The 
anticipated instability owing to so great a gain at one frequency was 
discouraging. 

The present experimental receivers are the superheterodyne type. 
The input signals are amplified through two 180-kc/sec r-f amplifiers and 
then heterodyned to 50 kc/sec by a frequency of 130 kc/sec. The result
ing pulses of 50 kc/sec are amplified to about 200 volts peak to peak and 
applied to the vertical plate of the oscilloscope in a modified Model DAS-1 
indicator. They are provided with 1-/Msec markers and a superfine delay 
adjustment. The stability is ample even with no particular shielding 
precautions. A diode detector can be switched IN for making approxi
mate measurements. After the pulse envelopes have been matched, the 
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detector is switched OUT and the precision match of cycles is made. 
When the proper cycle is chosen, it is possible to match and read the time 
difference with an error not greater than 0.1 /*sec. 

The i-f cycles are phase sensitive to both the input signal and the 
heterodyning frequency. If the normal type of free-running oscillator 
were used for the heterodyning source, the i-f cycles would appear in 
constantly changing phase of a random nature related to the heterodyning 
frequency. In order to overcome this difficulty, the local oscillator is 
pulsed at the beginning of the fast-sweep trace, and thus there is no oscil
lation except during the trace time. This results in a heterodyning source 
that has no phase differential between upper and lower fast traces; and so 
when two pulses are matched exactly, they each experience the same 
effects from the heterodyne and, as a result, any differential effects are 
canceled out. Because the oscillator is triggered by the fast trace, the 
delay setting has no effect on the converting system. 

The scheme of starting the local oscillator at the beginning of the fast-
sweep trace has one annoying defect. The circuit that initiates the fast 
trace is the pedestal generator in the indicator. This generator is nor
mally triggered from the output of a mixer, which combines the output of 
the .4-delay and the fine B-delay multivibrators. When the local oscil
lator is turned on, there is a large transient produced in the plate current 
of the mixer in the receiver. This transient results from the sudden 
application of heterodyning voltage. In order to keep this transient 
from interfering with the received signal, the indicator is arranged so tha t 
the delay mixer starts the local oscillator and a multivibrator with a fixed 
delay of about 1000 /*sec. When the pulse from this multivibrator 
collapses, it triggers the pedestal generator. The fast-sweep trace occurs, 
therefore, about 1000 i*sec after the local oscillator has been started, and 
the transient has had plenty of time to degenerate by the time the signal 
arrives. Care must be taken to ensure that there is no differential phasing 
effect as a result of these linkages. In the experimental receivers a push
button switch is incorporated that transfers a portion of the heterodyning 
voltage to the vertical plate of the oscilloscope. When the switch is 
operated, the heterodyning voltage is plotted on a trace, and the delay 
controls can be adjusted while looking for any phase differential. The 
over-all operation of the circuits is such that time-difference readings 
accurate to 0.1 jusec are obtained. If greater precision were needed, some 
difficulty might be experienced using this particular technique because 
of the tie between the delay mixer, the start of the local oscillator, and 
the initiation of the fast trace. 

The indicator has been further modified so that when the slow trace 
is used, the heterodyning voltage runs continuously; otherwise, there 
would be no signals observed until they were coincident with the pedestals. 
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To realize the full potentialities of this scheme it is necessary to control 
the phase of the cycles of the r-f pulse at the Loran transmitting stations. 
This control has been established using a cycle-matching receiver for 
monitoring at the slave station. 

The greatest problem associated with cycle-matching at present is 
that of determining which cycles of the respective pulses should be 
matched. The long slow rise of the leading edge (100 to 150 /isec) makes 
identification of the initial cycle difficult. A preliminary investigation 
indicates that the pulse must rise within 10 or 12 cycles to remove this 
ambiguity completely. The shorter the rise time the easier it is for the 
navigator to pick the right cycle, but the bandwidth of the system is 
greater. This feature affects receiver design in that more noise is accepted 
and the stages must be designed for larger bandwidth with decreased gain 
per stage. Using an intermediate frequency of 50 kc/sec puts a very real 
and rapidly approached limitation on the amount of bandwidth possible; 
and even with narrow bandwidths, there is not much Q left in these 
circuits. Fortunately, the detector need not be used for the precision 
measurement. 

I t is noteworthy that when cycles are being matched, considerably 
greater amounts of impulse noise can be tolerated than when using 
rectification. This seems to be the result of using a truly linear receiving 
system. In any detector system for pulse reception, noise charges up the 
diode-charging capacitor that can be drained only as rapidly as the time 
constant employed permits. With large bursts of noise there is con
siderable bouncing of the oscilloscope traces which makes matching 
desired pulse envelopes difficult. This effect can be only partially 
eliminated with the best diode-limiting and restoring devices. On the 
other hand, the cycle-matching system allows noise to appear in the 
truly a-c sense, so that immediately after a large noise burst or impulse 
the trace is back in its neutral position on the oscilloscope, ready to handle 
the desired Loran pulse. If too large a burst occurs, the video stage 
overloads, with the resultant degrading effect of blocking and filtering 
capacitors changing charge. Even so, this effect occurs at much higher 
noise levels than can be tolerated with a rectifier system. The overload
ing can be minimized somewhat by incorporating a balanced diode 
limiter without capacitors in the stage preceding the video-amplifier 
stage. At the ground stations, where the delay is fixed and the operator 
concentrates on the leading edge of one cycle, large bursts of noise can be 
tolerated at the same time accuracy of synchronism is held to 0.1 Msec. 

A few navigators' receivers built for cycle-matching are 12 kc/sec 
wide at 6 db down. The sensitivity is such that 10 yuv applied to the 
antenna terminals produces a 2-in. deflection on the oscilloscope. The 
gain-balance circuit is capable of handling a differential ratio of 60 db 



SEC. 12-6] CYCLE-MATCHING RECEIVERS 401 

with negligible distortion, and at least 40 db can be accommodated with
out exceeding a differential delay error of 0.1 /iscc. 

Controlled Injection.—A modified form of the cycle-matching receiver 
has been developed specifically for ground-station use. At the slave 
station the delay held is predetermined and fixed when the charts are 
drawn, with the result that the receiver need be much less flexible than 
a navigator's. When a heterodyning voltage of 130 kc/'sec derived from 
the 50-kc/sec crystal oscillator in the timer is used at a timer (ground-
station) receiver, any delays that are whole multiples of 100 Msec can be 
held, and the heterodyning voltages will be in the proper phase for both 
local and distant pulses. 

This relationship is simply visualized by considering that there are 
13 cycles for every 100 ,usec of time; and hence whenever there is a whole 
number of 100-fisec intervals between the start of the top pedestal and 
the start of the bottom pedestal, there is a whole number of 130-kc/sec 
cycles between these two points. In addition to the above requirement, 
it is also necessary to use an even pulse recurrence rate, such as 0, 2, 4, G. 
The necessity for such a relationship is clear if it is recognized that the 
feedback takes out 50 /isec per trace per rate so that on odd rates, there 
is an extra 50 ^sec in the total time between the start of the upper pedestal 
and the start of the lower one. This condition results in the heterodyning 
voltage being exactly 180° out of phase for upper and lower pedestals 
when an odd recurrence rate is used. It may prove upon further investi
gation, however, that the interlaced pattern of i-f cycles resulting when 
the Loran pulses are matched may prove to be acceptable in operation. 

The receiver has two r-f stages at 180 kc/sec, a mixer tube with 130 
kc/sec injected as the heterodyning voltage, an i-f amplifier at 50 kc 'sec, 
and a diode detector that can be switched in or out of the circuit. I t also 
has a video amplifier good to about 70 kc/'sec and of sufficiently low out
put impedance to drive the capacitance of the leads feeding the vertical 
plates of the timer oscilloscopes. 

The heterodyning voltage is produced within the receiver chassis. 
Some 50-kc/sec voltage from the main crystal oscillator is used to excite 
a sine-wave divider, which divides by 5. It has been found that in the 
plate circuit of this divider a sufficient amount of 130-kc/sec current is 
available and can be utilized by segregating it by means of a circuit tuned 
to 130 kc/sec. 

Between the first and second r-f stages, provision has been made to 
change the selectivity by switching in either of two bandpass coupling 
transformers. In operation, the wider band is employed to choose the 
correct cycle, and then the bandwidth is narrowed to exclude noise. 

The cathode of the first r-f amplifier tube is connected to a high-Q 
tuned circuit, the inductance of which is variable so that the trap can be 



102 SPECIAL TECHNIQUES AND MEASUREMENTS [SEC. 12-6 

tuned with a front-panel control to any frequency from about 150 to 
over 200 kc/sec. The trap has been incorporated so that large unwanted 
signals in the region of 180 kc/sec can be rejected. A similar trap, but 
fixed-tuned to 130 kc/sec, is used in the cathode of the i-f amplifier to 
reject the 130 kc/sec that leaks through the mixer-plate circuits. Since 
these circuits between the mixer plate and i-f grids are low Q, their 
inherent rejection to 130 kc/sec without the additional trap is not 
sufficiently high to prevent an annoying amount of 130-kc/sec voltage 
from getting through the video stage to the oscilloscope. 

The ground-station attenuator equipment determines the differential 
gain, and the local and remote pulses are mixed at the front end of the 
receiver. The resistance network associated with the first r-f transformer 
provides a means of mixing as well as damping the first circuit for the 
proper bandwidth. 

The over-all bandwidth is 20 kc/sec at 6 db down with the selectivity 
control in the broad position, and in the narrow position the bandwidth 
is about 8 kc/sec total. The sensitivity is such that a 15-^v unmodulated 
180-kc/sec signal applied to the input terminals produces a 1-in. peak-to-
peak deflection. Since the attenuator used ahead of the receiver has 
considerable gain, the receiver is always used at much less sensitivity than 
maximum. 

The whole cycle-matching technique needs reexamination in the light of 
current trends. Only the groundwork for the development has been laid. 
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THE LORAN PROGRAM IN THE HYDROGRAPHIC OFFICE1 

The following statements are recorded to present in one binder an 
accurate chronological narrative of Loran, with particular emphasis upon 
the system as it has been administered by the Hydrographic Office from 
Jan. 1, 1943, to the end of 1945. No attempt will be made to discuss any 
of its technical aspects; such information may be found in technical reports 
issued by the Bureau of Ships, MIT Radiation Laboratory, Aviation 
Training Division of the office of the Chief of Naval Operations, and the 
Hydrographic Office. A complete list of publications is included at the 
end of this report. 

HISTORY OF DEVELOPMENT OF SYSTEM 

The Loran system was developed by the Radiation Laboratory during 
1941 and 1942 from ideas proposed earlier. Specialists at Massachusetts 
Institute of Technology built experimental models of transmitting and 
receiving equipment, surveyed sites, installed transmitters, computed 
tables, and demonstrated the possibilities of the system. Original 
experiments were made in 1941 using frequencies of 2.5 to 8 Mc/sec with 
low power. Results were unsatisfactory for obtaining the ground-wave 
range sought. A frequency of approximately 2 Mc/sec produced the 
required results, and sky-wave usage was deemed practical. 

First experimental transmitting stations were located at Montauk 
Point, Long Island, and Fenwick, Del., in two abandoned Coast Guard 
lifeboat stations. These stations operated on 1950 kc/sec, 25 pps, 
specific pulse recurrence rate 0. Synchronization of the stations was 
attempted in December 1941; success was attained by January 1942, when 
participants in the trials went to Bermuda to test the effectiveness of the 
system at long range. 

The first demonstration of the use of Loran was made on June 13,1942, 
with a laboratory model of the LRN receiver-indicator installed on the 
airship K-2 during a flight south from Lakehurst along the coast of New 
Jersey and Delaware to Ocean City, Md. Since only the Montauk-
Fenwick stations were in operation, it was impossible to obtain fixes. 
Good ground-wave signals were observed, however, to the 250-mile 

' Reprinted by permission of the Hydrographic Office, U.S. Navy. 
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extremity of the trip. The procedure of homing on a Loran hyperbola 
was used, and position-line accuracy of the system along the baseline was 
verified. 

On July 4, 1942, the first readings from a plane were made on a 
laboratory receiver-indicator installed in a B-24 during a test flight from 
Boston to Cape Sable, Nova Scotia. Good signals were received and 
useful data obtained on signal range of stations M and F. 

The first tests made aboard ship occurred on the CGC Manasquan 
during a weather cruise off Newfoundland from June 17 to July 17, 1942. 
Observations of both ground- and sky-wave signals during that period 
indicated a total range of 1300 nautical miles and an overlap of ground 
and sky coverage. The results were considered good enough to warrant 
the expansion of the system and its recommendation to navigational 
agencies. 

Experimental service was extended by the construction of a slave 
station at Baccaro, Nova Scotia, to operate with the double-pulsed master 
at Montauk Point on specific pulse recurrence rate 1, and the construction 
of a second master at Deming, Nova Scotia, to operate with the slave at 
Baccaro on specific pulse recurrence rate 2. These stations were con
structed during the late summer and went into operation under the Royal 
Canadian Navy on Oct. 1, 1942. 

Preliminary tables for the three rates were computed at the Radiation 
Laboratory during August, September, and October 1942 and were 
reproduced by hectograph for temporary experimental use. 

On Nov. 1, 1942, a test flight was made to Bermuda in a PBY for the 
purpose of demonstrating the use of Loran in obtaining fixes. Repre
sentatives of the Bureau of Aeronautics, Radiation Laboratory, Army 
Air Forces, and other interested activities were in the flight party. The 
demonstration was so successful that the observers were convinced that 
Loran could perform an important service in the war effort. 

The Navy followed the development of the system with interest 
through the Office of Research and Inventions. The Hydrographic 
Office became involved because of the necessity for production of tables 
and charts. On June 13, 1942, Comd. G. A. Patterson, USN (ret.), 
Officer in Charge of the Division of Research of the Hydrographic Office, 
and E. B. Collins, senior nautical scientist of the division, met with 
Admiral Furer, Director of Research and Inventions, to review progress 
of Loran. On July 29 a conference of all interested parties was held. 
Progress report given at this meeting included the following statements: 
Experimental stations at Montauk and Fenwick were in operation; the 
Canadians were building two stations in Nova Scotia (Baccaro and 
Deming) under the supervision of the Radiation Laboratory; sites had 
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been chosen for stations in Newfoundland; and Greenland was suggested 
as a possible location. On Aug. 15, 1942, F. G. Watson, then of the 
Radiation Laboratory, visited the Hydrographic Office to exhibit sample 
tables prepared at Radiation Laboratory and to report on further 
developments. 

NAVY ADMINISTRATION 

The administration of Loran was officially transferred to the Navy on 
Jan. 1, 1943. The Montauk and Fenwick stations were thereby trans
ferred from the Radiation Laboratory to the operational cognizance of 
the U.S. Coast Guard. The Deming and Baccaro stations had been 
transferred on Oct. 1, 1942, to the Royal Canadian Navy. Monitor 
stations in the United States were established by the Coast Guard and 
Canadian monitors by the Canadian Navy as soon as the system passed 
from the experimental stage early in 1943. 

The Coast Guard had been directed on Oct. 31, 1942, to establish 
three new stations as follows: single master station at Fredericksdal 
(Narsak), Greenland, double slave at Battle Harbor, Labrador, and single 
master at Bonavista, Newfoundland. Siting had already been done by 
the Radiation Laboratory, RON, U.S. Navy, and USCG during the 
summer of 1942. Surveys were made during November and December 
to establish coordinates, and in December mechanics were set up on the 
Division of Research of the Hydrographic Office for the computation of a 
table for utilization of service from stations VL, at Bonavista and Battle 
Harbor. 

While the computations for VL were being made, 100 copies of the 
Radiation Laboratory preliminary tables were printed by the Hydro-
graphic Office and bound in pressboard. This publication contained 
instructions for the use of Loran tables, illustrated by examples, a chartlet 
and tables for each of the station pairs, MF (Montauk-Fenwick), MB 
(Montauk-Baccaro) and DB (Deming-Baccaro). The publication was 
distributed chiefly to a training activity sponsored by the Navy in Cam
bridge, Mass., and to naval vessels that had received the first sets of 
Loran equipment. 

During the latter part of February 1943, arrangements were made in 
New York for the establishment of a unit composed of about 40 computers 
known as the Hydrographic Office New York Project for the purpose of 
computing Loran tables. It was located in the Hudson Terminal Build
ing at 50 Church Street and officially began operations on Mar. 1, 1943, 
with Lieut, (jg) F. G. Watson as officer in charge. The first table to be 
computed was that for stations NL, Narsak, Greenland, and Battle 
Harbor, Labrador. 
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Montauk Point, Long Island, had been a suitable location for the 
experimental operation of the system, principally because of its accessi
bility and the availability of housing facilities in a Coast Guard building. 
I t was not suitable propagationally, however, for the permanent trans
mitting station. It was decided, therefore, to replace that station by one 
located at Siasconset, Nantucket Island. On Nov. 27, 1942, the Coast 
Guard was directed to establish the replacement, and on Dec. 15, 1942, 
it was directed to establish a permanent station at Fenwick to replace the 
temporary experimental station already operating there. 

The computation of new tables for SF and SB (rates 1L — 0 and 1L — 1) 
to replace the MF and MB sections of the Radiation Laboratory tables 
was made necessary by the transition. This was undertaken by the New 
York Project following the computation of the NL table and after the 
surveys of the new sites had been completed and the coordinates deter
mined. I t was completed by April 1943, when the first Hydrographic 
Office tables were published; H.O. No. 221 was assigned to Loran tables. 
Tabular values for SF, SB, DB (from the Radiation Laboratory table), 
and VL, together with a revision of the Introduction which had appeared 
in the earlier tables, were reproduced by multilith in black and bound as 
Vol. I, numbered serially 1 to 145 and 491 to 946. Table NL was bound 
separately as Vol. I I , numbered 146 to 490 and 947 to 1200. These 
tables were termed preliminary, as were the earlier ones, and bound in 
pressboard. Distribution was made on May 1, 1943, to cognizant 
activities in the USN, AAF, British and Canadian Navies. The USN 
distribution list included approximately 40 ships of the Atlantic fleet: 
three battleships, two heavy cruisers, three light cruisers, and about thirty 
destroyers. 

Drafting was begun on the first Loran charts in February 1943, by 
draftsmen from the Division of Air Navigation. I t was decided to use a 
Loran-hyperbola overprint on a plotting sheet, Mercator projection, 
scale 1/1,094,400 (l°Lo = 4 in.). Loran curves were plotted at inter
vals of 20 jusec, and each separate rate was printed in an identifying 
color. 
Original colors used were 

Rate 0 Garland green 
Rate 1 Autumn brown 
Rate 2 Banner blue 
Rate 3 Magenta 
Rate 4 Sepia 

When Rates 5 and 6 were added later they were shown in damage-control 
green and jewel blue, respectively. 

Five hundred copies of the first edition were printed as follows: 
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Short title of chart 

E-5-NW 
E-6-NW 
E-7-NW 
F-4-NW 
F-5-NW 
F-6-NW 
F-7-NW 
G-3-NW 
G-4-NW 
G-5-NW 
G-6-NW 

Rates* 

0, 1, 2 
0, 1, 2 
0, 1, 2 
2, 3, 4 
0, 1, 2 
0, 1, 2 
0, 1, 2 
3,4 
3,4 
1, 2, 3, 4 
1, 2, 3, 4 

Date 

April 1943 
April 1943 
April 1943 
April 1943 
April 1943 
April 1943 
May 1943 
May 1943 
May 1943 
May 1943 
May 1943 

* Rate 0, SF; Rate 1, SB; Rate 2, DB; Rate 3, VL; Rate 4, NL. 

Montauk remained in operation until July 1, 1943, when it was 
permanently discontinued at 1800 Z; at 2200 Z on the same date Siascon-
set went into operation replacing it. All Radiation Laboratory prelim
inary tables were directed to be destroyed by burning June 28, 1943. 
Both tables and charts had been distributed for the new rate well in 
advance of the institution of service. 

Difficulties prevented the early completion of some of the stations, so 
that it was not until Dec. 1, 1943, that continuous service was confirmed 
for navigational use on stations NL and VL. Service was announced 
for the permanent Fen wick Station on Rate 0 on Dec. 10, 1943. The 
early transmitting stations operated only a partial daily schedule. For 
some weeks they maintained an 8-hr schedule, which was later prolonged 
to 16, to 20, and finally to 24 hr. This was true of all the stations in the 
Atlantic chain in operation before 1944, including the two rates operated 
by the British. 

The New York Project devised an improved form for presenting the 
tables during the summer of 1943. In addition to the tables previously 
published in temporary binders, two new tables for stations UA and UK, 
installed and operated by British Admiralty, were prepared in the revised 
form. Originals were completed about Oct. 10, 1943. The tables were 
printed in the colors assigned to the respective rates and bound in per
manent composition binders, stamped in gold leaf. Serial numbers 1001 
to 2000 were assigned to this printing. The improved edition was com
pleted about Nov. 13, 1943. All tables previously issued in pressboard 
binders were declared obsolete when complete distribution of the per
manent book had been effected. 

EXTENSION OF SERVICE TO NORTH PACIFIC 
Imperative need for improved navigational methods in the Aleutian 

area gave impetus to an effort to introduce Loran coverage into that area 
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early. A survey party from the AAF, Coast Guard, and Radiation 
Laboratory went into the Bering Sea area and surveyed sites on St. 
Matthew, St. Paul, and Umnak Islands during September 1942. The 
Coast Guard was directed on Jan. 28, 1943, to establish the three stations 
sited. Construction was in progress during the summer, and completion 
was expected in September 1943. Tables, the first to be set up in the 
improved form and bound in permanent binders, were ready for distribu
tion in August 1943. Serial numbers 0 through 1000 were assigned and 
this volume was designated H.O. No. 221A—North Pacific. The Radia
tion Laboratory sent ten Loran receivers to Adak, Alaska, on Aug. 18, 
1943. The stations began transmitting intermittently in September, 
but signals were not accepted as reliable for navigational use. Ten-hour 
service was instituted Oct. 18, 1943; 16-hr service on Nov. 10, 1943; 22-hr 
service on Jan. 1, 1944; and 24-hr service on July 10, 1944. 

Additional service was ordered by directive of Aug. 11, 1943, to the 
Coast Guard to establish stations on Attu and Amchitka. These stations 
were placed on 24-hr operation June 8, 1944. Tables had been computed, 
printed, and distributed as addenda to H.O. No. 221A in January 1944. 

Charts were designed for the Aleutian area on Mercator projection, 
scale 1/1,094,400 (1 in. = 15 nautical miles). The first edition of the 
charts contained only the two rates 1L-1 and 1L-2 from the Bering Sea 
stations. Five hundred copies of charts were printed as follows: 

Short titles Curves printed 
F-10,ll,12-N September 1943 
G-9,10,ll-N September 1943 
H-6,7,8,9-N September 1943 
I-5,6,7-N September 1943 

These charts were reprinted to include Rate 1L-0 (Attu-Amchitka), and 
the following additional ones had been completed by the time distribution 
was made during March and April 1944: F-9-N and G-7,8-N. The 
Aleutian Islands had not been tied into a triangulation system at the time 
when the surveys were made. Gravitational errors and adverse weather 
conditions prevailing most of the time during the survey caused the 
coordinates of the Loran stations to be somewhat in error. By extensive 
observations a correction pattern was devised for each of the three rates, 
which enabled the Loran operator to use the system in that area with 
confidence. These corrections were issued in chartlet form and were 
distributed about Oct. 1, 1944. 

SERVICE EXTENSIONS TO CENTRAL PACIFIC 

As the war progressed, extensions of Loran service were demanded. 
Survey was completed Dec. 10, 1943, for three stations in the' Hawaiian 
Islands located on French Frigate Shoals, Niihau, and Hawaii. On 
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Feb. 5, 1944, the Coast Guard was directed to establish three stations in 
the Phoenix Islands on Baker, Gardner, and Atafu Islands. Surveys for 
stations in the Marshall Islands (Kwajalein, Majuro, and Makin) were 
made in February and March 1944. The Army Air Forces were author
ized on Feb. 10, 1944, to establish the Banda Sea chain, and coordinates 
were furnished to the Hydrographer on Mar. 9, 1944. 

Tables and charts were prepared for these stations during the spring 
of 1944. A target date of July 1, 1944, was set for the completion of 
VL-30 and VL-70 charts of the area. On Apr. 14 standard channel 
designations for the high and low channels were assigned. The method 
of labeling Loran curves on charts was modified on the next printing to 
include the basic recurrence rate, the channel, and the specific rate in 
addition to the T-value of the curve. For example, each curve contained 
a legend such as 2L-0 or 1H-3 preceding the T-value on these and subse
quent charts. On earlier charts Loran curves had been labeled with the 
T-value preceded only by the specific recurrence rate. 

Stations were completed for testing as follows: 
Niihau-Hawaii (Rate 2L-0) began testing July 11, 1944. 
Niihau-French Frigate (Rate 2L-1) began testing July 27, 1944. 
Majuro-Kwajalein (Rate 2L-2) began testing Sept. 28, 1944. 
Majuro-Makin (Rate 2L-3) began testing Sept. 28, 1944. 
Gardner-Baker (Rate 2L-4) began testing Sept. 28, 1944. 
Gardner-Atafu (Rate 2L-5) began testing Sept. 28, 1944. 
Service was approved for navigation for the Hawaiian chain (Rates 

2L-0 and 2L-1) on Oct. 19, 1944, for the Phoenix chain (Rates 2L-4 and 
2L-5) on Nov. 21, 1944, and for the Marshall chain (Rates 2L-2 and 2L-3) 
on Dec. 1, 1944. 

Tables, bound permanently, numbered 2001 through 3000, and 
identified as H.O. No. 221B, Loran Tables, Central Pacific, were dis
tributed during July 1944, as were the following charts: 

Chart No. 

VI^30-30 
VT^30-31 
VI^30-42 
VI^30-43 
VL-30-44 
VJ^30-45 
VT^30-56 
VT^30-57 
VI^30-58 
VJ^30-70 
VI^30-71 
VRI^202 

Rates 

21^0, 1, 2, 3 
2L-0, 1 
2H-4, 5 
2H-4, 5; 21^2, 3 
2L-2, 3 
21^0, 1, 2, 3 
2H-4, 5 
2H-4, 5 
2L-2, 3, 4, 5 
2H-4, 5 
2H-4, 5 
2L-0, 1, 2, 3, 4, 5 

Curves printed 

June 1944 
May 1944 
June 1944 
June 1944 
June 1944 
June 1944 
May 1944 
May 1944 
June 1944 
May 1944 
May 1944 
June 1944 
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Tables for the Banda Sea Chain, Rates 2H-4 and 2H-5, were bound in 
permanent binders numbered 3001 through 4000 and identified as H.O. 
No. 221C, Loran Tables, South Pacific. Original distribution was made 
July 24, 1944. Four additional sections were later added to this volume 
as service was extended westward. 

CHINA-BURMA-INDIA 

An acute need for an accurate navigational system for all weather 
conditions was felt by aviators operating "over the h u m p " in the China-
Burma-India Theater. The Army Air Forces were given cognizance of 
establishing service in that area. Surveys were made in April 1944 for a 
chain of three stations near K'un-Ming and for another in Assam. The 
Hydrographic Office computed tables, which were completed in July, and 
plotted curves for Loran overlays on three AAF strip charts. These 
charts were printed and distributed by the Aeronautical Chart Service 
of the AAF. The Assam stations were in operation in September 1944. 
The K'un-Ming stations were relocated a few months later; surveys were 
made in October; tables were completed in December; and stations went 
into operation in February 1945. The first charts were produced by the 
Aeronautical Chart Service for AAF from tables computed by the Hydro-
graphic Office. The earliest Hydrographic Office charts carrying these 
rates were distributed during March 1945. 

In December 1944, the AAF also made surveys for two stations on the 
Bay of Bengal and two Sky-wave Synchronized links—one known as 
SS China and the other as SS Burma. A station in interior China was 
synchronized with the slave of the K'un-Ming trio for SS China, and the 
northernmost station of the Bengal trio was synchronized with one of the 
Assam slave stations for the SS Burma link. The first tables and charts 
were completed in February 1945; service was initiated in April. 

Tables for the Bay of Bengal stations were issued in May 1945, bound 
in permanent binders, titled H.O. No. 221D, Loran Tables, Asiatic Area. 
Charts had been issued in March. In July the tables for the two SS links 
were incorporated in H.O. No. 221D. 

Operation of the Bay of Bengal stations was transferred to the Royal 
Air Force soon after establishment. The Assam chain and the SS Burma 
link operated under the auspices of the AAF until Oct. 25, 1945, when 
they were discontinued. The K'un-Ming trio and SS China link went 
off the air in November 1945. 

ON THE ROUTE TO JAPAN 

Expansion of Loran in the Pacific from the Marshalls and Phoenix 
Islands westward was dependent upon the progress of the war and closely 
followed the invasion forces into occupied territory. In the Southwest 
Pacific service was extended early in 1945 by the installation of two Sky-
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wave Synchronized links that operated on Rates 4H-0 and 4H-1. Sta
tions were established on the islands of Mapia, Suluan (Philippines), and 
Ulithi in March 1945. Charts were provided by a Coast Guard detach
ment located at Morotai and were ready for use by the time service was 
stabilized for navigational use about the middle of April 1945. Rate 
4H-1 was synchronized for use only during the hours of darkness and was 
discontinued on Aug. 1, 1945. No tables or charts were issued for this 
rate by the Hydrographic Office. Service provided by Rate 4H-0 was 
synchronized by ground waves during the daytime and by sky waves 
during the darkness. This rate was shown on Hydrographic Office 
charts which appeared May 15, 1945. A table was printed for inclusion 
in H.O No. 221D, but service was discontinued on Sept. 25 shortly before 
the new reprint appeared; the section was destroyed before it was placed 
in distribution. 

In order to provide service over the area northwest of New Guinea and 
east of the Philippines, the Coast Guard established mobile stations on 
Peleliu, Pulo Anna, and Morotai and issued temporary charts for the 
utilization of this service. The charts were one-color ozalid editions. 
The Coast Guard unit stationed at Morotai produced the charts and 
distributed them to the Loran users in the area. This type of chart was 
valuable because of the rapidity with which it could be produced in the 
field. Surveys were made during November and December 1944, and 
signals from the mobile stations went on the air Jan. 18, 1945. The 
temporary ozalid charts were issued Jan. 1. Later these stations were 
converted into permanent ones. Hydrographic Office issued permanent 
tables as addenda to H.O. No. 221C. Both tables and charts were en 
route to users in April 1945, and the mobile equipment was replaced by 
permanent on June 14, 1945. 

As steppingstones toward Japan from the Marshalls and the Phoenix 
chains, stations were placed first in the Marianas and then on Iwo Jima 
and Okinawa in turn as soon after capture of those islands as installation 
could be completed. Surveys for stations on Saipan and Guam were 
made during September and October 1944. The Hydrographic Office 
gave high priority to production of charts and tables. Tables were en 
route to holders of H.O. No. 221C (viz., all Loran-equipped units in the 
Pacific area) on Nov. 28, 1944, and the charts followed one week later. 
Even though this service provided only a single line of position over the 
area of combat, its availability was of great value to ships operating in 
that area, which fact is evidenced by comments received from navigators. 
As soon as possible a station was installed on Ulithi to operate with the 
double master on Guam. Survey was made early in December, and 
charts including the new rate were sent out from the Hydrographic Office 
during the first week in January 1945. Tables followed to holders of 
H.O. No. 221C during the first week in February 1945. 
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As the spearhead of battle neared Japan, stations were established on 
Iwo Jima and Okinawa. Surveys were made in April and May 1945. 
Coast Guard Unit 203 at Guam arranged to produce temporary charts 
rapidly for use in the theater of operations. Temporary charts were 
ready in June, and the stations went into continuous operation on June 
10, 1945. Permanent tables were en route from the Hydrographic Office 
to holders of H.O. No. 221D on July 2, and charts followed as they became 
available from July 3-20. 

After the reconquest of the Philippines, three stations were erected 
on the west coast of these islands to generate signals on Rates 1L-6 and 
1L-7 for the use of Loran users operating in the area west of the islands. 
Surveys were made in May and June 1945. Coast Guard Unit 203 pro
duced temporary charts and had them ready for distribution about the 
time the stations went into continuous operation on July 19, 1945. Per
manent tables were mailed from the Hydrographic Office to holders of 
H.O. No. 221D during the last week of August 1945. Charts were dis
tributed at the same time. 

EXTENSIONS TO ATLANTIC SERVICE 

By early 1944 extended coverage in the Atlantic was greatly needed, 
particularly by training activities located in the southeastern states. 
The decision was made to relocate the Fenwick station southward. A 
site was selected on Bodie Island, N.C., near Cape Hatteras. CNO 
issued a directive for its establishment June 19, 1944. Survey was 
made in September, and tables were distributed to holders of H.O. No. 221 
during December 1944. Revised charts were distributed during Decem
ber and January. On Feb. 1, 1945, at 0000 GCT, the station at Fenwick 
was discontinued and new service from Bodie Island was instituted to 
replace it. The Coast Guard was also directed by CNO on Aug. 12, 1944 
to build three stations along the southeastern coast. High basic rate 
was assigned for the two specific rates to be generated. Sites were 
selected at Folly Island, S.C., and Hobe Sound, Fla., to operate with 
a satellite station near the one on Bodie Island. Surveys were made 
during November and December 1944 for the two northernmost stations 
and in January 1945 for the Hobe Sound site. The stations went into 
full operation in April for Rate 1H-1 (Bodie Island-Folly Island) and in 
May for 1H-2 (Folly Island-Hobe Sound). Tables for the two new rates 
were distributed to holders of H.O. No. 221 on Apr. 12, 1945, and charts 
were available during the same month. 

Because of a need for better crossing angles in the region near the 
British Isles a new station was established at Skaw in the Shetland 
Islands during the fall of 1944. This station operated with a character
istic blink on the same frequency and recurrence rate as station UA (rate 
1L-6). Operation began in November 1944. The Hydrographic Office 
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prepared tables that were added to H.O. No. 221 in January 1945, and 
charts including the new rate were ready in March. 

The Royal Canadian Navy requested additional coverage to provide 
better crossing angles off the coast of Canada and in the Gulf of St. 
Lawrence region. Installation of a new slave station at Port-aux-
Basques, Newfoundland, to operate with the single master at Deming 
was approved. Survey was made in July 1944. The Coast Guard had 
been directed to operate the Port-aux-Basques station, which was com
pleted and signals went into service on an 8-hr daily schedule Mar. 15, 
1945. Difficulties experienced in completing the installation of the 
master facilities at the Deming station were responsible for the delay in 
providing master signals. Master signals were on the air Sept. 10, 1945, 
and continuous navigational service was announced Oct. 26, 1945. 
Tables had been printed and issued as Vol. II of H.O. No. 221 in December 
1944, and charts with the new rate appeared about the same time. A 
reprint of the Atlantic tables had become necessary by the time this new 
section was issued. The reprinted copies, numbered 6001 to 7000, were 
arranged in such manner that tables for the stations located on the Atlan
tic seaboard of North America were included in Vol. I and those for the 
North Atlantic and the Northeast Atlantic were placed in Vol. II . 

ARMY AIR FORCES AIR TRANSPORTABLE STATIONS 

The AAF established several Loran chains during the first six months 
of 1945 chiefly for the purpose of providing effective signals for training 
schools operating under the direction of that activity in the United States. 
To serve the training schools located near the Gulf of Mexico three sta
tions were located on the coasts of Texas and Louisiana—at Port Isabel, 
Tex., on Matagorda Island, Tex., and at Cameron, La. This chain 
provided useful signals over the area of the Gulf of Mexico and for some 
miles inland over the Gulf states. Surveys were made during March and 
April, and the stations went into continuous operation on May 23, 1945. 
Temporary charts were made available by the Army Aeronautical Chart 
Service at Love Field, Dallas, Tex., during June. The Hydrographic 
Office computed tables and issued them in temporary form and limited 
quantity on July 26, 1945. The first permanent Hydrographic Office 
charts carrying these rates appeared Aug. 31, 1945. 

An urgent need had been felt for a considerable period of time for 
signals on the West Coast of the United States for use by aviation activi
ties near the coast and for approach to the coast from the Pacific. To 
fulfill these requirements, an AT chain was located at Point Arena, 
Point Sur, and Point Arguello on the coast of California. Surveys were 
completed during March and April and temporary charts were prepared 
by the AACS in June. The stations went into continuous operation on 
1 July. The Hydrographic Office issued tables in limited quantity on 
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Aug. 14, 1945, and the first Hydrographic Office chart carrying the two 
Pacific Coast rates appeared Oct. 15, 1945. 

The third chain was located at Danville, Illinois, George Field, 111., 
and Sturgis, Ky. This chain was designed primarily for the training of 
navigators to man the B-29's, which operated so effectively during the 
last months of the war against Japan. Surveys were made during June, 
and temporary charts were available during the same month. The 
Hydrographic Office computed tables which were available in August 
1945, but these rates were not shown on any Hydrographic Office chart. 
Service was available in July and operated on an 8-hr daily schedule. 

All Hydrographic Office tables issued for AT stations were published 
in temporary form and in limited quantity. 

RECENT PERMANENT WEST COAST AND PACIFIC INSTALLATIONS 
To provide permanent service on the West Coast the Coast Guard 

established stations at Point Grenville, Washington, and Cape Blanco, 
Oregon, in June and July 1945. Temporary charts were produced by the 
Coast Guard charting unit on the West Coast and issued by the District 
Coast Guard Officer at Seattle. These charts were available in July 
1945. They were of the temporary, one-color, ozalid type. Corrected 
coordinates were not furnished the Hydrographic Office for these stations 
until October 1945, when coordinates were received for the site surveyed 
during that month on Spring Island, Vancouver, for a station to operate 
with the double master at Point Grenville. 

During October, coordinates for a station on 0 Shima, off Kyushu, to 
operate with the double master on Iwo Jima, were received. Table had 
been computed by Nov. 1. Work was in progress on charts carrying the 
new Rate 4H-5. 

PAUSE TO LOOK BACKWARD AND FORWARD 
On Nov. 1, 1945, there were in operation throughout the world 61 

transmitting stations emitting 41 separate signals; 7 stations had been 
discontinued; 2 were in process of construction, and plans were under way 
for additional stations on the West Coast of the United States, along the 
great circle route from Seattle to Tokyo, and in the South Pacific along 
the air route from San Francisco to Sydney. 

LOHAN PUBLICATIONS ISSUED BY THE HYDROGRAPHIC OFFICE 

Preliminary Loran Tables January 1943 
(Reprint of Radiation Laboratory Tables) (obsolete) 

Preliminary Loran Tables, Hydrographic Office Vols. I and II May 1943 
(obsolete) 

H.O. No. 221, Loran Tables, 2d ed., North Atlantic Chain, February 1943 
Vol. I Reprint December 1944 

Reprint June 1945 
H.O. No. 221. Loran Tables, 2d ed., North Atlantic, Vol. II December 1944 

Reprint July 1945 



LORAN PROGRAM IN THE HYDROGRAPHIC OFFICE 415 

H.O. No. 221A, Preliminary Loran Tables, North Pacific 

H.O. No. 221B, Loran Tables, Central Pacific 

H.O. No. 221C, Loran Tables, South Pacific 

H.O. No. 221D, Loran Tables, Asiatic Area 

Loran Tables for Strait of Belle Isle 
Entrance, Halifax Harbor 
Loran Tables for CBI Chain: 

AB, AC 
DE, DF (superseded) 

XB, GF 
Loran Tables, European Chain (SS) 
H.O. No. 221S, Multiplication Table 
Loran Tables, Gulf of Mexico Chain 
Loran Tables, West Coast AAF Chain 
Loran Tables, Central Interior Chain 
Loran Technical Report No. 1, "Graphical Methods" 
Loran Technical Report No. 2, "Corrections in the Aleu

tians" 
Loran Technical Report No. 3, "Simplified Method of Deriv

ing Accurate Distance on the Earth's Surface" 
Loran Technical Report No. 4, "Analysis of Ship Reports 

from the Southwest Pacific" 
Table for the Construction of Plane Hyperbolae 
Grid Tables: 

0° to 20° 
21° to 45° 

H.O. No. 1-L, Loran Charts and Service Areas Catalog: 
1st ed. 
2ded. 

H.O. No. 
NHO No. 
NHO No. 
NHO No. 

1-L, Catalog of Loran Charts and Service Areas 
958, Loran Work Log* 
1040, Loran Navigation Report Form 
1042, Loran Navigation Report Form 

Loran Operational Report No. 1, "Navigators' Comments" 
H.O. Misc. 11,701, Loran Research Flight* 
Loran Operational Notes: 

No. 1 
No. 2 
No. 3 
No. 4 
No. 5 
No. 6 

Loran Interpolator 
* Prepared by Aviation Training Section, Chief of Naval Operations. 

January 1944 
Reprint October 1944 
Reprint October 1945 
June 1944 
Reprint January 1945 
Reprint June 1945 
June 1944 
Reprint February 1945 
Reprint May 1945 
May 1945 
Reprint October 1945 
1943 
1943 

July 1944 
Original July 1944 
Revised December 1944 
February 1945 
August 1944 
October 1944 
July 1945 
August 1945 
August 1945 
August 1944 
December 1944 

April 1945 

September 1945 

August 1945 

October 1945 
December 1945 

September 1944 
February 1945 
October 1945 
January 1944 
December 1944 
December 1944« 
November 1944 
November 1944 

February 1945 
April 1945 
May 1945 
July 1945 
August 1945 
December 1945 
March 1945 
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Survey made 

VL (1L-3) July 1942 
NL (1L-4) July-Aug. 1942 
M F (1L-0) CG sites used 
SF (1L-0) Dee. 1942 
SB (1L-1) Dec. 1942 
D B (1L-2) Summer 1942 
U K (1L-5) June 7, 1943* 
UA (1L-6) June 7, 1943 
U W (lL-6b) 
SH (1L-0) Sept, 1944 
MB (1L-1) Summer 1942 
D P (IL-7) July 1944 
C T (1L-0) Fall 1943 
P M (1L-1) Sept, 1942 
P U (1L-2) Sept, 1942 
L B (1L-6) M a y - J u n e 1945 

R B (1L-7) M a y - J u n e 1945 

QJ (2L-0) Dec. 1943 
QG (2L-1) Dec. 1943 
D K (2L-2) Mar . 1944 
D L (2L-3) Mar . 1944 
R E (2L-4) Feb . 1944 
R F (2L-5) Feb . 1944 
M R (2L-5) Mar . -Apr . 1945 

F'irst signals 
on air 

Mar . 1943 
Mar. 1943 
Dec. 1941 
Ju ly 1, 1943 
Ju ly 1, 1943 
Oct. 1, 1942 
Nov. 25, 1943 
Dec. 15, 1943 
Nov. 3, 1944 
Dec. 18, 1944 
Sept. 1942 
Mar. 15, 1945 
Dec. 1943 
Sept. 1943 
Sept. 1943 
July 4, 1945 

July 4, 1945 

July 11, 1944 
July 27, 1944 
Sept. 28, 1944 
Sept. 28, 1944 
Sept. 28, 1944 
Sept. 28, 1944 
M a y 1, 1945 

Cont inuous operat ion 

Jan . 15, 1944 
Jan . 15, 1944 
May 1942 
Dec. 10, 1943 
Dee. 10, 1943 
Oct. 1, 1942 
July 16, 1944 
July 16, 1944 
Nov. 15, 1944 
Feb. 1, 1945 
Oct. 1, 1942 
Oct. 26, 1945 
June 8, 1944 
July 10, 1944 
July 10, 1944 
July 19, 1945 

July 19, 1945 

Oct. 19, 1944 
Oct. 19, 1944 
Dec. 1, 1944 
Dec, 1, 1944 
Nov. 22, 1944 
Nov. 22, 1944 
May 23, 1945 

Tables available 

May 1, 1943 
May 1, 1943 
Jan . 1942 
May 1, 1943 
May 1, 1943 
Oct. 1942 
Nov. 13, 1943 
Nov. 13, 1943 
Jan . 1, 1945 
Dec. 1944 
Fall 1942 
Dec. 4, 1944 
Jan . 1944 
Aug. 1943 
Aug. 1943 
Aug. 29, 1945 

Aug. 29, 1945 

June 24, 1944 
June 24, 1944 
June 24, 1944 
June 24, 1944 
J u n e 24, 1944 
June 24, 1944 
July 26, 1945 

Char t s available 

May 1943 
M a y 1943 
None 
May 1943 
May 1943 
May 1943 
Apr. 1944 
Apr. 1944 
Mar. 1945 
Jan . 1945 
None 
Dec. 1944 
Mar. 1944 
Sept. 1943 
Sept. 1943 
CO 203-20 Ju ly 1945 
H.O. Aug. 31 , 1945 
CG 203-20 July. 

H.O. Aug. 31 , 1945 
July 11, 1944 
July 11, 1944 
July 11, 1944 
July 11, 1944 
July 11, 1944 
July 11, 1944 
AACS T e m p . June 1945 
H.O. Aug. 31 , 1945 



MT (2L-6) Mar.-Apr. 1945 

GF (4L-0) Dec. 1944 

DF (4L-1) Orig. Apr. 1944 
Rev. Oct. 1944 

DE (4L-2) Orig. Apr. 1944 
Rev. Oct. 1944 

AC (4L-3) Apr. 1944 
AB (4L-4) Apr. 1944 
XB (4L-5) Dec. 1944 

XY (4L-6) Dec. 1944 
ZY (4L-7) Dec. 1944 
CH (1H-1) Nov.-Dec. 1944 

CG (1H-2) Nov.-Jan. 1945 
SA (1H-6) Mar.-Apr. 1945 
SG (1H-7) Mar.-Apr. 1945 
WN (2H-4) Jan. 1944 
WA (2H-5) Jan. 1944 

(2H-4) April-May 1945 
(2H-5) Oct. 1945 

PD (2H-6) June 1945 
PS (2H-7) June 1945 
NP (4H-0) Feb. 1945 

HP (4H-1) Feb. 1945 

HV (4II-2) Dec. 1944 
SY (4H-3) Sept.-Oct. 1944 

M a y 1, 1945 

Apr. 1945 

Dec. 16, 1944 

Dec. 16, 1944 

Sept. 1944 
Sept. 1944 
Mar. 1945 

Feb. 1945 
Feb. 1945 
Mar. 25, 1945 

Jan. 17, 1945 
June 15, 1945 
June 15, 1945 
July 1945 
July 1945 
June 6, 1945 

July 1945 
July 1945 
Mar. 24, 1945 

Mar. 24, 1945 

Dec. 27, 1944 
Nov. 28, 1944 

May 23, 1945 

Apr. 1945 

Feb. 1945 

Feb. 1945 

Sept. 1944* 
Sept. 1944* 
Mar. 1945* 

Feb. 1945 
Feb. 1945 
Apr. 11, 1945 
(Aug. 21, 1945) 
May 15, 1945 
July 1, 1945 
Ju ly 1, 1945 
Aug. 1944 
Aug. 1944 
July 24, 1945 

July 1945 
July 1945 
Apr. 7, 1945 

Apr. 7, 1945 

Jan . 12, 1945 
Dec. 16, 1944 

+ Date coordinates sent from British Adini liralty. 

July 26, 1945 

Temp . Feb. 6, 1945 
H.O. 221 Ju ly 2, 
Orig. July 1944 
Rev. Dec. 1944 
Orig. July 1944 
Rev. Dec. 1944 
July 1944 
July 1944 

1945 

Temp . Feb. 6, 1945 
H.O. 221 July 2, 
May 17, 1945 
May 17, 1945 
Apr. 12, 1945 

Apr. 12, 1945 
Aug. 14, 1945 
Aug. 14, 1945 
June 14, 1944 
June 14, 1944 

Aug. 1945 
Aug. 1945 
Mar. 19, 1945 

Mar. 23, 1945 

Feb. 5, 1946 
Nov. 28, 1944 

1945 

AACS T e m p . June 1945 
H.O. Aug. 31, 1945 
Feb. 22, 1945 
Mar. 31, 1945 
F e b . - M a r . 1945 

Feb.-Mar. 1945 

Mar. 20, 1945 
Mar. 20, 1945 
Mar. 20, 1945 

Mar. 31, 1945 
Mar. 31, 1945 
Apr. 19, 1945 

Apr. 19, 1945 
Oct. 15, 1945 
Oct. 15, 1945 
June 21 , 1944 
June 21 , 1944 
Temp . CG13ND—July 1945 

Temp. AACS—June 1945 
Temp. AACS—June 1945 
Temp. CG—Apr . 1945 
Perm. H O — M a y 15, 1945 
Temp. CG—April 16, 1945 
Not on H.O. charta 
Jan . 5, 1945 
Dec. 2, 1944 

to 

si 

3 

to 

S3 

>£>■ 
I—' 
^1 



i—* 
00 

T A B L E Al.—(Continued) 

Survey made 

K J (4H-4) A p r . - M a y 1945 
K O (4H-5) Oct. 1945 
T U (4H-6) Nov. 1944 (mobile) 

T M (4H-7) Nov. 1944 (mobile) 

First signals 
on air 

May 16, 1945 

Dec. 6, 1944 

Dec. 6, 1944 

Cont inuous operation 

June 10, 1945 

June 14, 1945 (perm.) 

June 14, 1945 (perm.) 

Tables available 

July 2, 1945 

Apr. 19, 1945 

Apr. 19, 1945 

Char t s available 

Temp . CG 203—June 1945 
Perm. H.O. July 20, 1945 
Temp. CG—Jan. 1, 1945 
Perm. H . O - M a r . 30, 1945 
Temp. CG—Jan . 1, 1945 
Perm. H O . — M a r . 30, 1945 

* Discontinued 25 Oct. 1945. 



APPENDIX B 
LORAN GROUND STATIONS1 

H A T T E K A S — F L O R I D A C H A I N 
Frequency : 1950 kc (channel No. 1) 
Basic pulse r a t e : 33J pps (high) 

Recurrence 
rate 

1-H-l 

l-H-11 
l-H-2 J 

l-H-2 

M 
S 

S 

M 

S 

Station 

H 

C 

G 

Location 

Bodie Island, N.C. 

Folly Island, Charleston, S.C. 

Hobe Sound, Fla. 

Coordinates 

135° 49' 04"697N 
(75° 34' 0O'.'l28W 
(32° 41' 02!'787N 
(79° 53' 13"131W 
(27° 04' 4l!'098N 
180° 07' 14"574W 

N O R T H ATLANTIC C H A I N 
Frequency: 1950 kc (channel No . 1) 
Basic pulse r a t e : 25 pps (low) 

Recurrence 
rate 

1-L-O 

l-L-01 
1-L-l J 
1-L-l) 
1-L-2J 
l-L-21 
l-L-7/ 

l-L-7 

l-L-3 

l-L-31 
l-L-4 J 

l-L-4 

l-L-5 

l-L-51 
1-L-6J 

l-L-6 

l-L-6b 

M 

S 

M 

S 

M 

S 

M 

S 

M 

S 

M 

S 

S 

Station 

H 

S 

B 

D 

P 

V 

L 

N 

K 

U 

A 

W 

Location 

Bodie Island, N. C. 

Siasconset, Nantucket 

Baccaro, Nova Scotia 

Deming, Nova Scotia 

Port-aux-Basques, Newfoundland 

Bonavista, Newfoundland 

Battle Harbor, Labrador 

Narsak, Greenland 

Vik, Iceland 

Skuvanes, Faeroes 

Mangersta, Hebrides 

Skaw, Shetlands 

Coordinates 

(35° 50' 07 
(75° 33' 32 
(41° 14' 59 
(69° 58' 21 
(43° 27' 33 
l65°28' 16 
(45° 12' 53 
(61° 10' 32 
(47° 33' 53 
159° 09' 50 
(48° 41' 45 
153° 05' 18 
(52° 14' 51 
155° 36' 43 
{59° 58' 57 
144° 39' 51 
(63° 24' 08 
U9°02 ' 17 
(61° 27' 22 
I 6° 49' 21 
(58° 11' 11 
1 7° 05' 51 
(60° 49' 47 
1 0° 46' 41 

'96N 
'53W 
'752N 
'732W 
'45N 
'33W 
'49N 
'34W 
'80N 
'69W 
'66N 
'24W 
'3N 
'2W 
'ON 
'3W 
'N 
'W 
'N 
'w 
'N 
'w 
'N 
'9W 

1 Revised to Oct. 15, 1945. 
419 
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EUROPEAN SS SYSTEM 
Frequency: 1900 kc (channel No. 3) 

Basic pulse rate: 33^ pps (high) 

Recurrence 
ra te 

3-H-4 

3-H-4 

3-H-5 

3-H-5* 

3-H-5 

M 
S 

M 

S 

M 

S 

S 

Stat ion 

700 

23001 

23002 

23003 

Location 

Por t Errol, Scotland 

Bizcrte, Nor th Africa 

Oran, Nor th Africa 

Apollonia, Nor th Africa 

Brindisi, I ta ly 

Coordinates 

/57° 24 ' 40'.'224N 
I 1° 50' 2l ' . '959W 
137° 19' 57'.'1N 
t 9° 5 1 ' 30' . ' lE 
135° 53 ' 15'.'8N 
1 0° 19' 17"2VV 
132° 54' 07'.'54N 
121° 59' 03742E 
140° 40' 48"1N 
t l 7 ° 56 '09: 'OE 

* No longer transmitt ing. 

NORTH PACIFIC CHAIN 
Frequency: 1950 kc (channel No. 1) 
Basic pulse rate: 25 pps (low) 

Recurrence 
ra te 

1-L-O 

1-L-O 

1-L-l 

1-L-l 1 
l -L-2/ 

l-L-2 

M 
S 

M 

S 

S 

M 

S 

Stat ion 

C 

T 

M 

P 

U 

Location 

Amchi tka Island 

At tu Island 

St. Ma t thew Island 

St. Paul Island 

U m n a k Island 

" A d o p t e d " 
coordinates 

f 51° 22 ' 0l ' . '34N 
(179° 12' 09'.'25E 
f 52° 45 ' 0 9 " N 
1172° 54' 31"E 
i 60° 2 1 ' 30"N 
(172° 42 ' 56"W 
f 57° 09 ' 40"N 
(170° 24' 4l ' . '5W 
/ 52° 56' 05'.'5N 
1108° 57' 23'.'5W 
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CENTRAL PACIFIC CHAIN 
Frequency: 1850 kc (channel No. 2) 
Basic pulse rate: 25 pps (low) 

Recurrence 
rate 

2-L-O 

2-L-Ol 
2-L-li 
2-L-l 

2-L-2 

2-L-21 
2-L-3J 

2-L-3 

2-L-4 
2-L-41 
2-L-5J 

2-L-5 

M 
S 

S 

M 

S 

S 

M 

S 

a 
M 

s 

Station 

J 

Q 

G 

K 

r> 
L 

E 

R 

F 

Location 

Hawaii Island 

Niihau Island 

French Frigate Shoals 

Kwajalein Atoll 

Majuro Atoll 

Makin Atoll 

Baker Island 

Gardner Island 

Atafu Island 

Adopted 
coordinates 

f 20° 15' 16"5N 
1155° 53' 23'.'3W 
J 21° 48' 16"4N 
(160° 14' 13'.'5W 
/ 23° 47' 04'.'7N 
1166° 12' 39'.'5W 
( 9° 00' 52'.'35N 
1167° 43' 52'.'42E 
f 7° 13' 0l'.'34N 
t l71°04 '29"96E 
f 3° 16' 19'.'8N 
1172° 40' 35'.'9E 
/ 0° 11' 46'.'23N 
1176° 28' 26'.'l4W 
f 4° 41' 4l'.'65S 
(174° 29' 50'.'61W 
f 8° 31' 53'.'6S 
(172° 31' 06'.'0W 
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S O U T H W E S T P A C I F I C C H A I N 
Frequency: 1750 kc (channel No. 4) 
Basic pulse r a t e : 33^ pps (high) 

Recurrence 
ra te 

4-H-O* 

4-H-0*l 
4 - H - l * / 
4-H-l *1 
4-H-2 J 
4-H-2) 
4-H-3J 

4-H-3 

4-H-41 
4-H-5J 

4-H-4 

4-H-5 

4-H-6 

4-H-61 
4-H-7J 

4-H-7 

4-H-O 1 
4-H-l J 

M 
S 

M 

S 

M 

S 

M 

M 

S 

S 

s 
M 

S 

Stat ion 

N 

P 

H 

V 

S 

K 

J 

r 
T 

M 

Location 

Mapia 

Suluan, Philippines 

Potangeras , Ulithi 

Guam 

Saipan 

Iwo J ima 

Okinawa 

O Shima, J apan 

Ngesebus Island, Palau 

Pulo Anna 

Morota i 

Aguni, Okinawa 

Coordinates 

( 0° 50' 29"N 
(134° 18' 15"E 
/ 10° 46 ' 13'.'9N 
1125° 56' 28'.'4E 
/ 10° 04 ' 14'.'5N 
1139° 40' 24"3E 
f 13° 13' 42'.'1N 
1144° 38' 40"5E 
j 15° 07 ' 50'.'17N 
1145° 4 1 ' 40!'20E 
f 24° 48 ' 26'.'1N 
| l 4 1 ° 17' 30"E 
| 26° 23 ' 49'.'4N 
1128° 00' 04'.'5E 
f 34° 40' 36'.'0N 
1139° 26' 3 3 " E 
1 7° 03 ' 5 1 " N 
(134° 15' 16"E 
f 4° 39' 21"N 
1131° 5 6 ' 4 2 " E 
f 2° 35 ' 05"N 
(128° 36' 16"E 
f 26° 35 ' 0 1 " N 
\127° 12' 2 7 " E 

* No longer transmitt ing. 

B A N D A S E A C H A I N 
Frequency: 1850 kc (channel No. 2) 
Basic pulse r a t e : 33 j pps (high) 

Recurrence 
ra te 

2-H-4 

2-H-41 
2-H-5J 

2-H-5 

M 

S 

M 

S 

Stat ion 

N 

\V 

A 

Location 

Ba thurs t Is land 

Sir Graham Moore Island 

Champagny Island 

Coordinates 

f 11° 45 ' 38"S 
|130° 0 1 ' 4 3 " E 
/ 13° 52 ' 18"S 
1126° 30' 10"E 
( 15° 16' 56"S 
(124° 16' 2 5 " E 
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CHINA-BURMA-INDIA (CBI) CHAIN 
Frequency: 1750 kc (channel No. 4) 
Basic pulse rate: 25 pps (low) 

Recurrence 
rate 

4-L-4) 
4-L-3J 
4-L-4 \ 
4-L-5*/ 

4-L-3 

4-L-21 
4-L-l/ 

4-L-2 

4-L-l 1 
4-L-O*/ 

4-L-O* 

4-L-6 1 
4-L-5*/ 
4-L-61 
4-L-7/ 

4-L-7 

M 
S 

M 

S 

S 

M 

S 

S 

M 

M 

S 

M 

Station 

A 

B 

C 

D 

E 

F 

G 

X 

Y 

Z 

Location 

Hoogrijan, Assam, India 

Paya, Assam, India 

Amguri, Assam, India 

Kunyan, Yunnan, China 

Lutze Yunnan, China 

Ami, Yunnan, China 

Hanchung, Szechwan, China 

Char Chapli Island, Bengal, India 

Puri, Orissa, India 

Coconada, Madras, India 

Adopted 
coordinates 

(27° 22' 5l'.'5N 
195° 14' 4l"3E 
|27°51'46'. '0N 
(95° 59'05'.'2E 
(26° 45' 45'.'0N 
194° 36' 15'.'0E 
f 24° 39' 34'.'4N 
1102° 37' 56"7E 
f 25° 22' 49'.'5N 
1102° 17' 54'.'2E 
| 23° 40' 22'.'4N 
1103° 14' 56"7E 
1 33° 09' 02'/5N 
(107° 11'46"4E 
(21° 47' 5 0 ^ 
l90°09'08'. '9E 
(19° 48' 12"4N 
185° 51' 10''6E 
f 16° 55' 06"3N 
182° 14' 24'.'0E 

Sky-wave Synchronized. 

GULF OF MEXICO TRAINING CHAIN 
Frequency: 1850 kc (channel no. 2) 
Basic pulse rate: 25 pps (low) 

Recurrence 
rate 

2-L-51 
2-L-6J 

2-L-5 

2-L-6 

M 
S 

M 

S 

S 

Station 

M 

R 

T 

Location 

Matagorda Island, Tex. 

Cameron, La. 

Port Isabel, Tex. 

Coordinates 

(28° 20' 18'.'6N 
(96° 25' 22''4W 
(29° 45' 52"9N 
193° 22' 19'.'0W 
(26° 04' 48"0N 
197° 09' 55'.'8W 
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CENTRAL INTERIOR UNITED STATES TRAINING CHAIN 
Frequency: 1850 kc (channel no. 2) 
Basic pulse rate: 33j pps (high) 

Recurrence 
rate 

2-H-61 
2-H-7) 

2-H-6 

2-H-7 

M 
S 

M 

S 

s 

Station 

P 

D 

S 

Location 

George Field, 111. 

Danville, 111. 

Sturgis, Ky. 

Coordinates 

f38° 46' 59'.'7N 
187° 39' 08'.'9W 
/40° 06' 13'.'3N 
l87°32' 26'.'4W 
f37° 32' 54"ON 
187° 57' 58'.'lW 

WEST COAST CHAIN 
Frequency: 1850 kc (channel no. 2) 
Basic pulse rate: 3 3 | pps (high) 

Recurrence 

2-H-4 
2-H-5 
2-H-4 
2-H-5 

M 
S 

My 
M) 
S 
S 

Station Location 

Point Granville, Wash. 

Cape Blanco, Ore. 
Spring Island, Vancouver Island 

Coordinates 

ARMY STATIONS 
WEST COAST CHAIN 

Frequency: 1950 kc (channel no. 1) 
Basic pulse rate: 33j pps (high) 

Recurrence 
rate 

l-H-61 
l-H-7/ 

l-H-6 

l-H-7 

M 
S 

M 

S 

S 

Station 

S 

A 

G 

Location 

Point Sur, Calif. 

Point Arena, Calif. 

Point Arguello, Calif. 

Coordinates 

f 36° 19' 01"N 
(121° 53'34"W 
/ 38° 55' 08"N 
1123° 43' 23"W 
f 34° 34' 59"5N 
| l20° 38'37'.'0W 

SOUTH CHINA SEA CHAIN 
Frequency: 1950 kc (channel no. 1) 
Basic pulse rate: 25 pps (low) 

Recurrence 
rate 

l-L-6 

l-L-61 
l-L-7 J 

l-L-7 

M 
S 

M 

S 

s 

Station 

L 

B 

R 

Location 

Nawlo Point, Luzon 

Talampulon 

Palawan, Tarumpitao 

Coordinates 

f 15° 42' 22"01N 
(119° 53'45'.'35E 
f 12° 07' 54"69X 
(119° 50' 3l'.'42E 
| 09° 02' 57'.'5N 
1117° 37' 44''3E 
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DEMONSTRATIONS CONCERNING THE GEOMETRY 
OF LORAN LINES 
B Y B. W. SITTERLY 

C-l. The Factor of Geometrical Precision (Supplementary to Sec. 
3-4).—The factor of geometrical precision w is the ratio of the linear 
distance between a point on a Loran line and the nearest point on an 
adjacent line of the same family to the interval between the corresponding 

F I G . C-l.—The factor of geometrical precision. 

time differences. The linear distance is expressed in light-microseconds; 
the interval in microseconds of time. If the angle between the directions 
from the point to the two Loran transmitting stations is \p, 

w = \ csc %\p. 

This relation may be simply demonstrated geometrically. 
Consider the triangle ABO (Fig. C-l), where A and B are the stations 

and 0 is the observer. The triangle may be plane, spherical,or spheroidal. 
Let the difference between lengths AO and BO be v. Let P be a point such 
that in the triangle ABP, AP = AO + x and BP = BO + x, x being small 

425 
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enough to be regarded as negligible compared with AO and BO. Then in 
the neighborhood of 0 and P, AP is considered as parallel to AO and BP to 
BO, and all the small triangles in the following discussion are considered 
as plane. 

Connect 0 to P by a straight line. The difference between the lengths 
AP and BP is the same as between AO and BO, and therefore OP is an 
infinitesimal segment of the hyperbola v. Drop a perpendicular from 0 
upon AP, meeting it at Q, and one upon BP, meeting it at R. Since these 
perpendiculars are of infinitesimal length, AQ = AO, BR — BO, and 
thus QP = RP = x. The right triangles PQO and PRO are therefore 
congruent, and the angles OPQ and OPR equal. Consequently the 
hyperbola bisects the angle APB and, if extended beyond 0, bisects 
the equal angle AOB, which is the difference between the directions of 
the stations from 0 or its neighborhood. Denote this angle by *//. 

Erect a perpendicular upon BP at P, and extend it to meet at S the 
extension of OQ (which is perpendicular to AO at 0). S is a point on the 
hyperbola (v + x), for in the triangle ABS, AS = AO and 

BS = BP = BO + x. 
Drop a perpendicular ST from <S upon OP. ST is then the distance apart 
of the hyperbolas v and (v + x) in the neighborhood of 0. Denote this 
distance by y. 

Now the angles OPQ and TSP are equal, having respectively perpen
dicular sides. For the same reason, the angles OPR and TSO are equal, 
so all four angles are equal to |i/<, and T bisects OP. 

Hence 
ST = iOP cot (angle OST or PST), or y = \0P cot \ty-

But 
OP = PQ sec (angle OPQ) = PR sec (angle OPR) = x sec # • 

Therefore 
y = x ( | csc ty). 

If x is expressed in light-microseconds, it is equal to the change in the 
time difference observed in passing from 0 to S, from the hyperbola v to 
the hyperbola (v + x). Since y is the distance between these hyperbolas, 
in the same units as x, k is unity and 

w = i csc \^. 
If y is desired in nautical miles, statute miles, kilometers, or feet, w must 
be multiplied by the appropriate value of k, giving 

kw = 0.08086 csc \\p (nautical miles/Vsec) 
= 0.09311 csc \t (statute miles/Vsec) 
= 0.14985 csc \ty (km/Msec) 
= 491.62 csc \t (ft/msec). 
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C-2. The Probable Ellipse (Supplementary to Sec. 3-5).—In the 
theory of simple correlation it is demonstrated that if the position of a 
point is defined by two independent rectilinear (but not necessarily 
rectangular) coordinates, both subject to errors that are normally dis
tributed, all these infinitesimal equal areas within which the point has 
some numerically specified chance of falling lie along an ellipse. All these 
ellipses are concentric and have the same eccentricity. Since Loran read
ings define coordinates of this sort over a small area, the theory may be 
applied to Loran fixes. Let rectangular coordinates be taken, with origin 
at the intersection of hyperbolas P and Q and z-axis along P, x being posi
tive in the direction in which time differences of the family of T" increase, 
y in the direction in which those of the family of T' increase. (The nota
tion here and below is that of Sec. 3.5.) The point (Tx - T', T2 - T") 
or (p',p") has rectangular coordinates 

x = p' cot $ + p" csc $, 1 . 
y = p>. } W 

Though the possible values of p' and p" are not correlated, those of x and 
y are. Their standard deviations sx and sv and correlation coefficient rzy 
are given by the expressions 

Xx2 

= s? cot2 <£ + si csc2 <£, n ' 
2v2 

n S " 
(2) = 2*2/ 

nSj-Sy si \/s{ cot2 $ + s"; csc2 <i>' 
_ si cot <2>. 

V S ] COt2 # + S2 CSC2 $ . 

In forming the right-hand members of these equations, terms in 2p'p" 
vanish because for any given pair of numerical values p', p" that have 
the same sign there is another numerically equal pair having opposite 
signs, since p' and p" are independent and normally distributed. It may 
be shown1 that the probability that the true point has coordinates between 
given values x, y and x + Ax, y + dy is 

dx dy 
~ = exp 

2-irSzSy V l - d 
2(1 - r\y) \sl Sxsy ^ si) (3) 

the equation applying generally to normally correlated pairs of quantities 
1 H. C. Plummer, Probability and Frequency, Macraillan, London, 1940, pp. 224-

231; G. TJ. Yule, Introduction to the Theory of Statistics, Griffin, London, 1927, pp. 
317-322. 
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x, y. The ellipses 
x* __ 2xyrx,1 + g = ^ _ ^ (4) 
ST ^zSy Sj. 

are curves of constant probability, and the probability that the true point 
is within one of these ellipses is 

1 — exp ( — c2). 

Substitution of Eq. (2) into Eq. (4) and of pi and p2 for si and s2, with 
recombination of terms, gives 

sin2 * , 2 sin # cos $ /cos2 * 1 \ , , , , 

^ r * PI—x y + vw + pfJ"' = 4-396c (5) 

as the equation of the ellipses in this case. If the arbitrary constant c 
is given the value 0.8326, the probability that the point is within the 
ellipse is one-half. This ellipse is equivalent to the probable parallelo
gram and has been called the -probable ellipse. Its conjugate diameters 
along P and Q have length 3.49p2 csc $ and 3.49pi csc <f> respectively. Its 
major axis (FG in Fig. 3-18) lies within the acute angle between P and 
Q and makes the angle ft with the x-axis (the angle PCG). If we repre
sent Eq. (5) by 

Ax* + 2Hxy + By2 = C, 

in terms of the rectangular coordinates x, y, it may be transformed to the 
standard central equation of the ellipse 

a1 y-

in terms of a rectangular coordinate system with £- and i;-axes coinciding 
with the axes of the ellipse, by means of the relations 

-211 

which follow 

tan 2ft 

a2 + 72 

a2 — 7 2 

directly 

= 

= 

= 

B - A 
A + B 

2a2 = 

2 7
2 = 

AB - IP 
(B - A) sec 20 

AB - H2 ' 

A (I - sec 2ft) + B(l + sec 29.) 
AB - H-

A{\ + sec 29.) + Jj(l - sec 20) 
AB - H-

Putting in the values of A, B, and H and reducing, we obtain 
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_ 2p\ cot $ _ p? sin 2* j 
t a n _ p2(cot2 * - 1) + p|(cot2 * + 1) ~ p? cos 2* + p2 ' / 

, > (6) 
a = v i ( P i + P2) C S ° 2 * + PI cot * csc 20., I 

7 = \ / i ( P ] + vl) csc2 $ — p2 cot * csc 2ti. j 

The two axes of the ellipse (FG and HJ in Fig. 318) have lengths 3.49a 
and 3.497 respectively, and these lengths, with the angle Q between the x-
and £-axes, give a definite picture of the theoretical distribution of errors of 
fix around a point. The probability that the true position is within an 
ellipse similar to the probable ellipse and similarly placed, but with dimen
sions multiplied by 1.82, is nine-tenths. 

C-3. The Probable Error of a Fix (Supplementary to Sec. 3-5).—The 
probable error pi or p2 is the "expected" distance between the hyperbola 
P or Q specified by the observed time difference and the true line of posi
tion at the time of observation, in the sense that it is equally probable that 
the actual distance is greater or less. An expected or probable distance, 
in the same sense, between the intersection of P and Q and the true fix 
is for many purposes the most useful measure of the error of fix. Unfortu
nately, this distance cannot be simply specified. The quantity - \ / (2d 2) /n , 
where d = \/x2 + y2, is the standard deviation of distances between the 
observed fix and the true fix. It may be denoted by D. Squaring, 
adding, and summing the expressions in Eq. (1) and remembering that 
terms in Sp 'p" vanish, we obtain 

.2d2 _ Zz_2 2j/_2 

n n n 
sf(cot2 $> + 1) + s2 csc2 *. 
csc * 's/sl + si. 

Though values of x and y are normally distributed, d is not. The proba
bility that d is less than D varies with the shape of the error ellipses; when 
these are circular, the probability is 0.632; and when they are extremely 
eccentric, the probability approaches 0.683, the value for the standard 
deviation of a single variable. The quantity 0.6745Z) is not the median 
value of d, or probable error of a fix, for the probability that d is less than 
0.6745Z) is 0.366 if the error ellipses are circular and tends to 0.500 only as 
their eccentricity approaches unity. 

The distribution of the values of d is investigated1 by transforming Eq. 
(3) into polar coordinates r and 8 and integrating over all values of 6 
and from r = 0 to r = R. The value of the integral is the probability 

1 Operational Research Staff, Office of the Chief Signal Officer, "The Range, 
Reliability, and Accuracy of a Low Frequency Loran System," Report ORS-P-23, 
Appendix II, Washington, 1946, pp. 77-81. The discussion below is adapted from 
that given in this reference. 

Z>2 

D 
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that d is less than R. I t is necessary to perform the integration with 
respect to r by numerical quadratures. The probability is found to be a 
function of R/D and of s(/s, or a/y. If R = 1.2Z), the probability is 
about 0.77 for all values of a/y; for any value of R much smaller, the 
probability increases as a and 7 become more unequal, whereas for any 
value much larger, it decreases. If R = 0.775D, the probability that d is 
less than R is 0.452 if a = 7 and approaches 0.562 as a and 7 become very 
unequal, whereas for error ellipses of moderate eccentricity it is quite 
close to one-half. This value of R is therefore an approximation to the 
probable error of a fix, close enough for practical purposes. I t may be 
denoted by P; and since 

D = csc $ \Zs\ + si = ^ 4 5 Vp? + Pi, 

we have 

p - 1.15 csc * VPT+71 = S - ^ 1 + ( £ ) ' • (7) 

where the latter form of the right-hand member is handy for computation 
if p2 is taken larger than pi, since the radical varies only between 1 and 
■\/2. In Fig. 318 P is the radius of the dotted circle, which is analogous 
to the probable parallelogram and probable ellipse in that it contains 
approximately half the possible locations of the true fix. 

P may be found by measurement on the Loran chart if the probable 
errors «i and e2 of the time difference measures are the same (ei = e2 = «). 
Consider the parallelogram formed by two pairs of hyperbolas, printed 
on the chart and equally spaced in time difference, enclosing the fix as 
determined by the measures. The time interval between the pairs may be 
20, 50, or 100 ^sec, according to the chart scale; let us denote it by m. 
The distances between hyperbolas are kmw-i and kmw2; the sides of the 
parallelogram have lengths kmu>i csc 3> and kmwi csc ■£; and the diagonals 
have lengths km csc * \/w\ + w\ ± 2«hu>2 cos $. The square root of the 
sum of the squares of the diagonals is km csc $ \Z(wj + wl); let us denote 
it by S. Now pi = kwie and p2 = kw2t; so 

S = — csc $ y/p\ + p\, 

or 

P = 1.15 - S. (8) 
m 

Therefore if the diagonals of the printed parallelogram are measured in 
miles or kilometers by means of the chart scale, squared, and added and 
the square root taken, P is immediately obtained from Eq. (8). 

It is to be noted that P is not the average error of fix, derived in A. 
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Bravais' classic paper1 and appearing in some statistical texts.' The 
average error is a little larger than P. It is mathematically more elegant, 
for it may be evaluated directly from D by means of a table of elliptic 
integrals, but it is not so convenient as P. 

In all the discussion, it was assumed that no correlation between 
the errors of the two measurements existed. But there may well be some 
correlation. Then the relations given above are replaced by more 
complicated ones. A detailed exposition of this case is given in the refer
ence on page 429. 

1 A. Bravais, Analyse malktmalique sur les probabiliUs des erreurs de situation 
d'un point, Academie des Sciences. Memoires par divers savants, 2me serie, Tome 9, 
Paris, 1846, p. 225. 

8 Plummer, op. cit., p. 231. 
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DETERMINATION OF ERRORS IN THE POSITIONS 
OF LORAN TRANSMITTING STATIONS1 

B Y B. W. SITTERLY 

I t is often necessary to place Loran transmitting stations at points 
whose geographic positions cannot be tied into geodetic triangulation 
networks. The astrometric determination of these positions can be cor
rected for deflection of the vertical only by estimation. Consequently, 
appreciable errors may affect the station positions, and these errors will 
cause the time differences Ta observed at various points in the service 

F I G . D-l.—Displacement of stations. MA. and Mr are the assumed and true positions 
of master station; SA and ST those of slave. P is a point of observation. Z)s and D„L are 
separate displacements of stations; D/ and Dm' relative component; De common component. 

area to differ from the time differences Tc that have been calculated for 
the same points and indicated on the Loran charts. The difference 
{T0 — Tc) at a point is a function of the distance D and direction o> from 
the position of each station as assumed in the calculations to its true 
position, and also of the directions 6 from the stations to the point of 
observation. The functional relations are simple if no other errors are 
present. They have been given by Lieut. Oomdr. F. G. Watson (Loran 
Report No. 26 of the Radiation Laboratory and Loran Technical Report 
No. 2 of the U.S. Hydrographic Office) in substantially the form 

AT - A/3 = -D, cos (8. - <os) + D,„ cos (dm - &jm). (1) 
A/3 = D, cos (u, - *,) - Dm cos (w„ - *m) = iATm, (2) 

in which AT = T0 — Te; A/3 is the true baseline length (in microseconds) 
minus the baseline length calculated from the assumed station positions; 

' L o r a n Memorandum No. 14'J. 
432 
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D, and Dm are the distances in microseconds and w, and u>„ the directions 
(Fig. D-la) from the assumed station positions to the true station posi
tions, s indicating the slave and m the master station; 8, and 8m are the 
directions from the slave and master station respectively to the point at 
which AT was obtained; ATm is the value of T observed on the extended 
baseline behind the master station, minus the calculated value of (2/3 + 6) ; 
"i, is the direction from the slave station along the extended baseline 
away from the master; and ~$?m is the direction from the master station 
along the baseline toward the slave (these differ slightly because the 
meridians converge). All the directions must be measured in the same 
sense of rotation from the same initial direction; either sense and any 
initial direction may be chosen, but clockwise and north are convenient 
choices, making all the angles true bearings. They have been used in 
all the examples below. 

Values of T „ are directly observed. Values of Tc, 8, and ^ may be 
read from a chart or calculated, since the locations of all points of obser' 
vation are known. The only unknowns in the equations are D„, &>,, Dm, 
and um. 

If four values of AT have been obtained by observation at properly 
distributed points, it is ideally possible to compute the magnitudes and 
directions by which the actual stations are displaced from their assumed 
locations, by solving four equations simultaneously for the four unknown 
quantities. Equations (1) and (2) are not of suitable form for the solu
tion, but they may be combined and transformed into the single equation 

AT = D, cos u,(cos * , — cos 6,) + D„ sin w,(sin ^ , — sin 8S) 
— Dm cos w„(cos * „ — cos 6m) — D„ sin wm(sin ¥m — sin 8m), (3) 

which is linear if D, cos u„ D, sin &>,, Dm cos <am, and D„ sin wm are taken 
as the unknowns. When these have been determined, the equations 

D, = V(D7co~$Wyr+ (D, sirT^T2, 
, Ds sin us 
t a n CO, = yr , 

D, cos w„ 
together with two similar expressions in Dm and u>m, will give the dis
placements and their directions. If the directions are true bearings, 

A<ps = +9.7D s cos ws. ) 
. , _ ±9.7D s sin u, } (5) 

COS <£s ) 

where 4>, is the assumed latitude of the slave station, A<£s is its true lati
tude minus its assumed latitude, and AX„ its true longitude minus its 
assumed longitude. A^s and AA„ are in seconds of arc. The positive 

(4) 
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signs are used in north latitude and east longitude; the negative in south 
latitude and west longitude. Two similar equations give A<£m and AX„ 
for the master station. 

This ideal solution is possible only if the errors in the station locations 
are wholly responsible for the values of AT. Actually, the position of 
any point at which AT1 is observed may be as much in error as that of a 
station; the observation itself is also subject to error. Therefore a 
method of solution is generally preferable that utilizes many observed 
values of AT, enough so that the random errors peculiar to the individual 
points tend to cancel each other. The standard method in this case is 
that of least squares, but with four unknowns it is quite laborious. Since 

F I G . D-2.—Displacement of one station, or relative displacement. Numbers give A T as a 
fraction of Ds or Dm. 

observations will not usually be numerous enough or distributed advan
tageously enough to give accurate values for the station displacements, 
a graphical form of solution will save time and labor, give results as 
definite as the observations warrant, and exhibit clearly the uncertainties 
in the quantities determined. Such a graphical solution is described 
below. 

A set of expressions in the form of Eq. (1) gives a definite pattern of 
errors over the chart. The two terms on the left are observed quantities. 
The values of their difference are distributed over the chart in accordance 
with the combined effects of the two terms on the right. Each of these 
right-hand terms, by itself, would give the pattern a simple, symmetrical 
form. Along any great circle radiating from the station the difference 
(AT — A/3) would be constant; in two opposite directions it would be 
zero, and in two opposite directions at right angles to these it would be 
an extreme, the maximum in one direction and the minimum, of equal 
magnitude but opposite sign, in the other (Fig. D-2). In the case of the 
first term, the maximum would be equal in magnitude to D, and lie 
along a great circle in the direction 0S = o>„ + 180° from the slave station; 



DETERMINATION OF ERRORS IN LORAN STATIONS 435 

in the case of the second term the maximum would be equal to Dm and 
lie along a great circle in the direction 0m = &>„ from the master station. 
To express the symmetry differently, if Am were zero, and if (AT — A0) 
were plotted against 8„ its values would define a cosine curve of ampli
tude D„ with its minimum value at phase (8, = &>,). If D, were zero, 
a similar plot against 8m would exhibit the magnitude and direction of Dm. 
In either case such a plot would furnish an immediate graphical solution 
for the displacement of one station if the other were known to be cor
rectly located. 

Since the locations of both stations must generally be considered as 
doubtful, neither term can be ignored in practice. But over the outer 
parts of the service area of a pair, 8m does not differ greatly from 8,; 
therefore in these regions the two cosine terms are nearly equivalent to 
a single cosine term, with either 8, or 8m as angular argument, and ampli
tude and phase which represent the vector difference of the displacements 
of the two stations, which is the relative displacement of one station 
with respect to the other. The equivalence is not exact; a plot of (AT — A/3) 
against either 8m or 8, will give a curve that departs from true cosine 
shape because in addition to the relative displacement there is a common 
displacement of the two stations, the effect of which is large upon values 
of T observed near the baseline and center line and small but appreciable 
at large distances. If 8, is taken as argument in the plot, the curve will 
show the effect of the displacement of the slave station relative to the 
master, plus the effect of a common displacement equal to the actual 
amount that the master is out of place (Fig. D l b ) . If 0m is argument, 
the curve will represent the displacement of master relative to slave, 
plus a common displacement equal to the actual displacement of the 
slave (Fig. D i e ) . The combinations are equivalent, of course, but the 
components are not the same. The two relative displacements are equal 
in magnitude but opposite in direction; the two common displacements 
are quite different. The curves drawn with arguments 8, and 8m will 
differ from each other as well as from true cosine form, and a correct 
interpretation of the general form and of the differences should in theory 
yield values of the sizes and directions of both relative and common dis
placements and therefore of the separate displacements of the two 
stations. 

In practice, the presence of random observational errors will make a 
correct interpretation of the differences between two curves of similar 
form almost impossible. But if Eqs. (1) and (2) are restated in terms 
of the relative and common displacements so that the effect of each is 
expressed explicitly and separately, this difficulty is avoided. Let the 
relative displacement be assigned to the slave station and its magnitude 
and direction denoted by D'„ and u's. Let Dc denote the magnitude of 
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the common displacement, and let (a>c -+- ^A^) denote its direction at the 
slave station and (uc — ^A*) its direction at the master station, A^ being 
(St', — * m ) . Then the equations 

Dm = Dc, um = uc - iAV, \ 
D, cos a;. = D1, cos u, + Dc cos (uc + ^A*), I (6) 
D, sin a;, = D', sin u, + Dc sin (o>c + M * ) J 

define the separate displacements in terms of the relative and common 
displacements. Equation (1) may be written as 

A T = —D, cos 8, cos a>, — Z), sin 8, sin u, 
+ Dm cos 0m cos uim + Z>„, sin 6„, sin w„,, 

where A T = AT" — A/3. Substituting the relations (6) gives 

A T = — D', cos 0„ cos w, — Dc cos 0, cos (wc + iA^) 
— I)', sin 0, sin û  — Dc sin 0, sin (wc + lA1*) 
+ De cos dm cos (o)c — £A*) + De sin 0m sin (&>„ — |A*) 

= - D ; cos (e, - &>;) 
- ZMcos [8, - (uc + iA*)] - cos [0m - (uc - 1A^)]>, 

which reduces to 

A T = -Z>; cos (0, - ui) + 2DC sin /i sin ( # - Uc), (7) 
where ft = |[(0, - 8m) - A*], H = i(8, + 0m). Equation (2) may be 
written as 

A/3 = D, cos co, cos SP, — Dm cos &>„ cos * m 

+ Ds sin w, sin ^ , — Z)m sin &j„, sin *,„, 

and substitution of relations (6) leads to 

A/3 = D's cos (Js - *.) = lAr m . (8) 
The pattern of errors corresponding to a set of expressions in the 

form of Eq. (7) is, of course, the same as that corresponding to a set in 
the form of Eq. (1). But the two right-hand terms of Eq. (7) contribute 
to the pattern very differently. The first term is similar to either right-
hand term of Eq. (1) and gives by itself the same form of distribution 
(Fig. D-2). The second term by itself gives a much more complicated 
distribution (Fig. D-3) in which the skew shape is due to the combined 
effects of the two sine factors, which vary in different ways with direction 
from the center of the baseline, whereas the confining of large values to 
regions not far from the center is due to the first sine factor. The 
distribution is symmetrical in the sense that the term has the same value 
in amount and sign at any two points equally distant from the center in 
opposite directions. The pattern has different forms for different values 
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of uc, but values of A T further from zero than ±Dc/2 cannot occur out
side a "figure-eight" area bounded by two circles that pass through the 
stations and through two points on the center line that are 1.9 baseline 
lengths away from the baseline on either side (the dashed circles in 
Fig. D-3). At every point on this boundary, sin h = ±0.25. A larger 
figure eight, cutting the center line at 4 baseline lengths from the baseline, 
encloses all possible values of A T further from zero than + Dc/4. 

The second right-hand term of Eq. (7) represents the departure of 
the AT-curve from the cosine form expressed by the first term. I t is 
evident that for points of observation where h is small—points that are 
well outside the figure-eight areas—the second term has little influence 
on the value of A T , and this influence does not have a simple 360° period. 
Therefore if the points of small h are plotted against 0„ it will be possible 
to draw a cosine curve that will represent their distribution reasonably 
well. The amplitude and phase of this curve will furnish fair approxi
mations to the values of D's and u's. 

Now if we set 
A ' T = A T + D's cos (0, - 60 (9) 

(where the underlined quantities are the approximate values just read 
from the curve) and rewrite Eq. (7) in the form 

2 ^ f = Dc sin (H - ««), (10) 
sin h 
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values of D', and u>, may be inserted into Eq. (9) and A"T computed for 
all points of observation where h is not small. Then the left-hand mem
ber of Eq. (10) may be plotted against H for these points. This plot 
has the form of a sine curve. Its amplitude is approximately Dc, and 
it crosses the horizontal axis, from the negative to the positive side, 
nearly at the phase H — a>e. 

The values of D't and <Jt obtained from the first curve, and of Dc and we 
obtained from the second, constitute the first approximation to the solu
tion of the problem. This solution is to be tested by inserting these 
values into the equation 

AT - &, cos (w, - *,) + iy, cos (8, - wi) 
- 2DC sin h sin (H - u t) = AT, 

where the first term is the observed error, the next three make up the 
corrective effect of the approximate displacements just found, and the 
last term is the residual, which would be zero for every observation if 
the displacements exactly corrected the errors. The residuals are due 
partly to the approximate character of the graphical solution, partly to 
errors not caused by incorrect station positions. To improve the 
approximation, AT is plotted against 6,, as was A'T, but on a larger 
vertical scale. No improvement is possible if the plotted points are 
distributed at random; but if their arrangement shows traces of a cosine 
curve, its amplitude and phase represent a correction D't, u's to the relative 
displacement of the slave station. D't and u', are found from this curve 
as before, and A"T computed for the points. Then ^A"T/sm h is 
plotted against H. If the distribution on this plot is random, no further 
improvement can be made; but, if a sine curve is indicated, a correction 
Dc, uc to the common displacement is obtained. Residuals from the 
second approximation are given by 

AT + £>'. cos (0, - «() - 2Z>e sin h sin (H - ur) = AT. (12) 

Since a correction to one displacement may reveal a correction to 
the other, the process described should be repeated until a random 
distribution of residuals is reached. Under actual field conditions, if 
reasonably good judgment has been used in fitting curves in the first 
approximation, the observational errors will scatter the points on the 
plots for the second approximation to an extent that will make curve-
fitting a matter of guesswork, and hence the first displacements obtained 
will be final. Three approximations will almost never be possible. 

Since the first approximate displacements and subsequent corrections 
are vectors, they must be added vectorially. This may be done graphi
cally (see Fig. D-4) or by means of the equations 

(11) 
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LX cos (JI, = D', cos u>, + iy, cos <J, + 
V, sin a', = I?, sin u| + g sin ^ + 
Dc cos ue = Dc cos o)c + -Dc cos uc + 
Dc sin o)c = Dc sin a>e + Dc sin uc + 

where the symbols not underlined are the final values. Equations (6) 
followed by Eqs. (4) and (5) are then used to obtain the separate dis
placements of the stations. 

§7 &,. ~§T 

Fia. D-4.—First and second approximation. 

As a final check, these displacements may be inserted into Eqs. (1) 
and (2) or (3), and AT computed for all the points of observation. These 
computed values, subtracted from the observed values of AT, should give 
residuals identical with the last ones found in the solution, except for 
occasional differences of a unit (rarely 2) in the last figure, due to rounding 
off in the calculations. 

The detailed procedure of a solution may be illustrated first by an 
ideal example, in which the quantities AT are due only to incorrect 
positions of the stations. The first step in the procedure is to put the 
observed data into a suitable form. The actual observations are various 
values of T„ measured at specified locations. These locations are marked 
on the Loran chart (or any other), and their directions 6, and 6m from 
the two stations read off accurately enough with a protractor. The 
directions ¥ , and tym are also read off; if their difference A* is smaller 
than 2°, it may be considered as zero and * , and ^ m replaced by their 
mean * taken to the nearest degree. If the distances are long and the 
chart a Mercator in high latitudes, the correction from Mcrcator to 
great-circle bearings should be applied, as in radio direction-finding. 
Values of Tc should be computed by standard formulas; if read from the 
chart, they will be affected by any chart errors that may exist. Usually 
values of T0 will not be accurate within 1 ^sec, nor will the locations at 
which they were observed be known within 10", and thus an accuracy 
of 1 usec in T0 is sufficient. If T0 has been observed at a monitor station 
so that the mean of the observations is considered to be trustworthy to 
0.1 ixsec, and, if the location of the monitor station is thought to be 
accurately known (to 2 or 3 " including geodetic "station error"), Te 
may be computed to 0.1 MSCC and T„for this point taken to this precision. 

(13) 
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The values of (T„ — Tc), or AT, are now tabulated, with the directions 
9S and 6m and the quantities h and H. In computing h, the order of sub
traction and the sign of AV must be watched. Table D-l presents the 
example; the corresponding points of observation are charted with the 
stations in Fig. D-5. Since this is an ideal example, AT is given to 
0.1 Msec throughout, contrary to the statement above, and computations 
are carried to 0.01 to protect the first decimal. 

12 

/ 
O 

5 
O 

4 

3 

F I G . D-5.—Points of observation in Examples I and II . 

I t has been assumed throughout the previous discussion that the 
time difference on the extended baseline behind the master (which may 
be denoted by Tm) has been observed, and hence ATm, which is equal to 
[Tm — (2/3 + 8)], is determined along with the other values of AT. In 
theory, Tm is the reading obtained from the master timer, but in practice 
it is extremely desirable to obtain it by making readings in the immediate 
neighborhood of the extended baseline, far enough from the station so 
that a standard airborne or shipborne indicator may be used for the 
measurement. This is so because a systematic error may possibly be 
introduced into the reading at the station by the action of the circuits 
that pick up and attenuate the local signal. Since readings close to the 
extended baseline are almost unaffected by small errors in the location 
of the observer, and, since several series of readings back and forth across 
the line may be made and the maximum value—which is the reading on 
the line—determined, ATm should be taken to 0.1 /isec and considered 
more reliable than any other value of AT. In the method of solution 
outlined above, it is assumed to be correct, and half its value (which is A/3) 
is subtracted from every value of AT, giving A'T (Table D-l Column 7). 
This subtraction completes the first step of the solution. In order to 
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avoid introducing the small systematic error that would result from 
rounding off %ATm, all the values of A'T should be recorded to 0.1 fisee, 
though individually they have not this precision. Note that ATm is 
tabulated with the rest (last line of Table D-l, with the label M); for it, 

8S = * s + 180°, 6n = * m + 180°, h = 0°, \ . . 
ATm - A/3 = A'Tm = iATm. f U * J 

The second step in the solution is the determination of approximate 
values of D's and <J3. For this purpose it is convenient to divide the data 

of observation into three classes, (Table D-l, Column B), Class A 
including values for which h is less than 15°, Class B including those for 
which it is between 15° and 30°, and Class C those for which it is 30° 
or more. These limits are arbitrary, simply dividing up the data accord
ing to the importance of the sine term in Eq. (7). As the classes are 
chosen here, Class A includes all points outside the dashed "figure eight" 
in Fig. D-3. A rectangular graph is prepared, on which A T is plotted 
vertically against 6S horizontally. The different classes are identified 
by different symbols so that in fitting a cosine curve to the points, those 
of Class A may be given the greatest weight. Points of Class C, for 
which influence of the sine factor may predominate, should be practically 
ignored in fitting the curve and may well be omitted from the graph. 

A simple and rapid way to fit a cosine curve to the points is to use a 
family of such curves of different amplitudes, drawn on transparent 
material. Figure D-6 may be carefully copied on tracing cloth or paper 
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to serve this purpose. Horizontal and vertical plotting scales to match 
the curves are graduated along the edges of the transparency. These 
scales are to be used to construct the graph on plain paper, as follows: 

A horizontal axis (A'T = 0) is drawn across the middle of the paper, 
and a vertical axis (0S = 0°) perpendicular to the other near the left-hand 
edge of the paper. To plot a point having, for example, A'T = +7 .3 , 
6, = 128°, the transparency is laid upon the paper, with its central 
horizontal axis (not its horizontal plotting scale) in coincidence with the 
horizontal axis (AT = 0) on the paper and with the vertical axis (8, = 0°) 

Horizontal plotting scale 
360° 330° 300° 270° 240° 210° 180° 150' 

V 6 S = 128" 

F I G . D-7.—Plotting the point, 0, = 128°, A'T = +7 .3 . 

on the paper intersecting the horizontal plotting scale on the transparency 
at 128°; then the desired point is at +7 .3 on the vertical plotting scale 
of the transparency (Fig. D-7). 

When the graph has been completed, the transparency is laid over it 
and slid to left or right (keeping the central horizontal axes in coincidence) 
until a position is found in which one of the curves may be chosen as 
fitting the points as well as possible; or an interpolated choice may be 
made, between two curves (Fig. D-8a). The value of D's is the amplitude 
of the chosen curve (indicated for every alternate curve by an attached 
number). The value of u's is read from the scale for u's at the point where 
the axis intersects it. 

The curve chosen must pass right through the point on the graph 
that represents A'Tm, for this quantity has been assumed to be correct. 
This should be checked, when D's and us have been read, by verifying 
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that 
A'Tm + D's cos (¥, + 180° - w's) = A"Tm = 0 (15) 

and w's adjusted if necessary to make the equality exact. The curve will 
not pass through the other points, in general, because they may be 
expected to be individually in error and also because the sine term has 

some effect upon even the points of Class A. In the example given here, 
individual error is absent, but the effect of the sine term is evident. In 
Fig. D-8o the points of Class A follow fairly closely the curve 

A'T = - 3 . 5 cos (0. - 085°), 

whereas some of the Class B points diverge considerably, and some of 
Class C widely from this curve. The divergence tends to be positive-
negative-positive-negative, with the positive swings much more pro
nounced. (Note that this is similar to the second or third pattern in 
Fig. D-3 with right and left interchanged, suggesting that uc is in the 
fourth quadrant. The next step will confirm this supposition.) Since, 
on the whole, the divergence decreases the negative amplitude of the 
curve with respect to the axis {A'T = 0) and increases the positive 
amplitude, it does not seriously affect the, average amplitude, which is 
what the cosine curve on the transparency must represent. The crite-
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rion that D'r cos (200° — w's) must exactly equal —1.50 requires 
o>j = 084°6 if D[ = 3.50. The tenths of a degree have no real significance 
but are retained so that subsequent computations shall check out to 
0.01 )isec. The phase (w's = 084?6) is the horizontal interval from the 
vertical axis (03 = 0°) to the abscissa at which the curve attains its 
extreme negative ordinate, but the scale for w's gives this interval directly 
at the point where the vertical axis intersects it. 

The third step is the determination of approximate values of Dc and 
o>c. Adopting the values found above as first approximations to D'3 
and w[, A"T and then (-jA'T/sin h) are computed for all points (first five 
columns of Table D-2), and the latter quantity is plotted against H (Fig. 
D-8b). The computations may be performed very rapidly with a slide 
rule having a sine scale. Note that A"Tm = 0, as it should be, and that 
since sin h = 0 for the extended baselines, the quotient is indeterminate 
and therefore the point representing the master reading Tm cannot 
appear on this plot. In fitting a curve to the plot, it must be borne in 
mind that points of Class C should be given highest weight and points 
of Class A almost no weight. Ideally, they should all fit the curve, but 
actual small divergences will be greatly magnified in the case of a Class A 
point by the small denominator of the quotient (-jA'T/sin h) so that a 
large departure of the point from the curve will indicate only a small 
divergence in A"T. Class B points behave similarly, in less degree. 
The points are in effect weighted in proportion to h and should be treated 
so. 

The points of Class C in Fig. D.8b fit the curve of amplitude 5, on 
the transparency, very well, in the position where the interval is about 
316° from the axis (H = 0°) to the rising intersection of the curve with 
the axis (-jA'T/sin h = 0). The scale for wc (just below the scale for 
w's on the transparency) reads 316° at the point where the axis (H = 0°) 
crosses it. Since no one point on the curve has to be exactly fitted, 
We is not determined to a fraction of a degree, as was w's. The departure 
of points of Classes A and B from the curve defined by the Class C 
points is very slight, considering the weighting effect just described, but 
it is systematically positive, indicating that the previous determina
tions of D's and w's are slightly in error. The second approximation will 
take care of this. 

The first approximation to the solution of the example has been found 
to be 

D[ = 3.50 ^ e c , ws = 084°6, 
Dc = 5.00 Msec, wc = 316?0. 

The fourth step is to compute the residuals AT, by Eq. (11), and plot 
them against 0,. If the plot shows a systematic trend, a second approxi-
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mation is made. The first three terms of Eq. (11) add up to A"T, for 
D'a cos(u's — "JO was made exactly equal to A/3. Consequently 

A"T - 10.00 sin h sin (7/ - 316°) = AT, 

in this example. The sine term is computed for each observation (again 
a rapid slide-rule process) and set down in Column 7, Table D.2, and 
Column 4 minus Column 7 gives AT in Column 8. 

For the second approximation, 

A/3 = 0, \ 
AF = ~D'> c o s (e' ~ ?«) + 2= c s i n h s i n (H ~ " ^ \ (16) 

ATj, = 0," " ~ " j 
corresponding to Eqs. (7) and (8), A/3 and ATm being the residuals to the 
baseline length and to the master extension reading. These are zero 
because A/3 was exactly fitted in the first approximation. When the 
residuals of Table D-2 are plotted against d„ (Fig. D-8c), the periodic 
distribution of the points of Classes A and B shows that D'e is of appre
ciable size, and the separation of the Class C points from the others 
suggests that Dc is also appreciable. 

We therefore proceed to the second approximation. The point 
representing the master extension reading {ATm = 0, 8S = 200°), which 
the curve must again pass through, requires a/s = 110° or 290° (expressing 
the fact that D's must make right angles with the baseline if /3 is not to be 
corrected further). Evidently the latter value is the right one, and the 
curve D's = 0.25 fits the Class A and B points quite well. Now the 
quantities 0.25 cos (0, — 290°) are computed and added to AT, giving 
A"T, which is halved and divided by sin h (Table D-3, first five columns). 
These last quantities are plotted against H, on the large scale again. 
From this plot the values De = 0.50, coc = 110° are obtained (Fig. D-8d). 

To test the adequacy of the second approximation, new residuals AT 
are now obtained by computing the quantities 1.00 sin h sin (H — 100°) 
(Column 7 of Table D-2) and subtracting this column from Column 4. 
Only two residuals exceed 0.05; and since the original errors were given 
only to 0.1, this is a practically perfect agreement, and there is no need 
to make another plot. 

The last step is to combine the first approximations with the correc
tions to obtain the second approximations, which are taken as final, and 
to compute from these the separate station displacements. Equations 
(13) and then (6), (4), and (5) are solved by slide rule. The computation 
is given in Table D-4, the results being 

Dm = 4.56 Msec, um = 317°8, A<t>m = + 3 3 " , AXm = - 3 9 " , 
Ds = 3.91 Msec, cos = 004°6, A*. = +38 ' / , AX, = + 4 " , 
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assuming that the stations are in east longitude, the master and slave 
being in 42° and 44° north latitude, respectively. The displacements 
actually used in setting up the example are 

Dm = 4.55 Msec, oim = 318°0, Ds = 3.90 Msec, u>. = 005°0. 
The extremely close agreement, though the given values of AT7 were 
rounded oft to 0.1 >isec, is, of course, due to the absence of random errors. 

(a) £;=3.0 u',=0&f 

(c)'D,'=0.2 (̂ =110° 

Class (a) omitted 

360 

360 270 180 

(6) 5C=4.5 ^=315° 

Class (a) omitted 

(d) Dc=0.6 wc'090° ' 

+3-

+2-

+1-

-1 

- 2 J 

90 180 360 

(e) No further correction 

FIG. D-9.—Plots, Example II. 
To simulate actual field conditions, the foregoing example may be 

modified by rounding off values of AT to the nearest microsecond and 
altering some values by 1 and some by 2 jusec to introduce "random 
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errors." One value of AT, to represent an accurately located monitor 
station, is given correctly to 0.1 (this is observation 4). The modified 
values of AT appear in Table D-5, Column 2 (0„, 6m, h, and H are the 
same as in the first example), and the first approximation fills the remain
ing columns of the table, whereas the plots are shown in Fig. D-9a and 
b. The points of Class A are omitted from the second plot; their low 
weight and their scatter make them practically useless here. The curve 
for Dc and uc is made to fit the monitor station exactly. When the 
residuals AT are plotted against 9, (Fig. D-9c), it is evident that the 
"errors" leave little meaning to a second approximation, but a slight 
improvement in D', is suggested. When i A ' T / s i n h is plotted (Fig. 
D-9d), it appears that if a small error at the monitor station is admitted, 
the other Class C points can be satisfied a little better. The second 
approximation is detailed in Table D-6; and when AT (Column 6) is 
plotted (Fig D-9e), it is evident that no further approximation will 
mean anything. The residuals that are introduced into the example 
(Table D-5, Column 2, minus Table D l , Column 2) are given in Column 
7. They are not quite so small as those resulting from the solution. 
This, of course, should be so, for the solution accommodates itself to the 
erroneous "observed readings," not to the " t r u e " values. The final 
values are given in Table D-7. 

The relative displacement of the slave with respect to the master 
was used in Eq. (7) instead of that of the master with respect to the 
slave, because Loran stations are commonly operated in triplets, one 
master working with two slaves. When this is the case, solution is made 
for the displacements of the three stations. The relative displacement 
of each slave is determined from the observations on the pair of which it 
is a member, but the master displacement, which is Dc for all three sta
tions, is found by combining the observations on both pairs in a single 
sine curve. Of course all directions for both pairs must be measured 
from the same zero direction. If a triplet operates with two masters 
and one double slave, the relative displacements must be assigned to 
the masters and Dc made equal to the slave displacement. The sub
scripts s and m must be interchanged in all the equations, and the signs 
of the cosine terms in Eqs. (7) to (12) and (15) and (16) must be reversed. 

Example I I I , which appears in Tables D-8, D-9, and D-10 and Fig. 
D-10, deals with an actual triplet. Evidently larger errors of observa
tion are present than in Example II . These errors appear to obscure 
the common displacement altogether, though the relative displacements 
are conspicuous. The curve in Fig. D-10c was made to fit the two moni
tor readings (observations 3 and 16). I t represents the other points 
for the first pair about as well as any curve (though not much better 
than a straight line), but the points for the second pair call for a larger 
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displacement in the opposite direction. In Fig. D-10d, residuals from 
the first approximation are plotted against 8a for the two pairs. These 
plots (which are not expanded in vertical scale) give no encouragement 
toward a second approximation; so the first is taken as final. Table 
DTO includes values of the displacements of these stations as obtained 
from geodetic data, for comparison with the results of the solution. If 
the geodetic values are inserted into Eq. (11), the sum of the squares 
of the residuals obtained is 50 per cent larger than the sum of (AT)2 from 
Table D-9, suggesting that the geodetic data are somewhat questionable. 

0 270 

360 

(a) First pair. D's = 5.5 u^ = 286.°5 (6) Second pair. D'B = 6.5 w's= 148° 

(e) Both pairs. Cc = 1.3 o)c= 073° 

+ 5 

0- 180 360 

W) J J I pair. No corrections ' Second J 

o- 90 ▲ 180 °270 360 
A A « 

FIG. D10.—Plots, Example III. 

As already mentioned, it has been assumed throughout that the time 
difference Tm on the extended baseline behind the master station has 
been correctly observed. I t has also been assumed that the correct 
coding delay has been held at the slave station. The coding delay should 
be checked by observation on the extended baseline behind the slave, for 
the delay set on the timer may not be the actual delay in transmission. 
A systematic error may occur here, as in monitoring at the master sta
tion, and for the same reason. If the delay that actually occurs is 
greater than that set for the pair, all observed readings will be greater 
than corresponding computed readings by the amount of the excess, 
and the quantity S (observed) minus 5 (computed), which may be denoted 
by AS, should be subtracted from all readings including Tm, before the 
values of AT" are taken. 

If for any reason trustworthy observed values of 5 and T* have not 
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been obtained, it is possible, in theory at least, to obtain them in the 
course of the graphical solution. Considering AS and A/3 as unknowns, 
Eq. (7) is written in the form 

AT = [AS + iAfi - D'a cos (9. - a',)] + 2D, sin h sin (H - uc). (17) 
On the first plot, AT is plotted against 0S. A vertical line is drawn on 
the plot at (6, = +180°). The central horizontal axis of the family 
of curves is not constrained to remain in coincidence with the axis 

A T ' A i + A f l ^ ' 
Ar=AS+^A/3-

A r = A 6 - ^ — 
LT=0*— 

F I G . D-ll .—Graphical solution if A/3 and A5 are unknown. 

(AT = 0) of the plot, but the curves are moved both vertically and 
horizontally until the points of Class A are fitted. Z)'c and uc are read 
as before, but now in addition (Fig. D- l l ) the vertical distance, from the 
axis (AT = 0) of the plot to the central horizontal axis of the curves, is 
equal to AS + |A/3, whereas the vertical distance, from the central hori
zontal axis of the curves to the point where the curve of amplitude D' 
crosses the line (0, = * + 180°), is equal to |A/3, the upward (downward) 
direction in either case indicating the positive (negative) sign. Then 
Eq. (9) becomes 

A"IF = AT - (AS + iA/3) + D's cos (9. - <S,), (18) 

and the rest of the first approximation is performed as before. In Eq. 
(11) defining the residuals, the term —AS is added to the left-hand mem
ber. In the second approximation the process described above is 
repeated, yielding corrections A5 and A/3 along with the other corrections. 

In dealing with real observations, the introduction of two more 
unknowns into the solution tends to make the convergence of the approxi
mate process slower, and thus an additional approximation may be 
required to reduce residuals to minimum size and random distribution. 
A more serious effect is that the individual uncertainties of the quantities 
determined are increased, because A5, A/3, and the component of Dc 
perpendicular to the baseline contribute to AT in very much the same 
way, over a large part of the service area. So the solution in a given 
case, obtained by any method of analysis, may be quite misleading because 
of a few errors of observation if the extended baseline readings have not 
been obtained. 

Of course, the displacements as determined will be affected by the 
computer's judgment in giving relative weights to discordant observations. 
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This difficulty is unavoidable. No method except the laborious least-
squares solution will apportion the influence of the several observations 
automatically or will assign separate probable errors to the quantities 
determined. The graphical treatment has the advantage of making the 
uncertainties evident and providing some basis for their estimation. 
For instance, in Example II it is clear from the plots that Observation 
7 is particularly discordant, and that the relative displacement of the 
slave station is determined much more definitely than the common 
displacement, which is very dependent upon the relative weights given 
Observations 2, 6, and 9 and 11 (assuming that the "monitor reading" 
No. 4 is of high weight). Actually, the first approximation, in which 
Observations 9 and 11 were almost ignored and Observation 2 and the 
monitor were considered exactly correct, is nearer the " t r u t h " than the 
finally adopted value, which distributes the discordances more evenly. 
In Example I I I , the directions of the relative displacements are very 
definite. Their magnitudes are more doubtful, but the true values are 
probably not less than half or more than twice those adopted. How
ever, the individual locations of all the stations remain quite uncertain 
because even the quadrant in which the common displacement lies is 
not sure. This situation is often to be expected if a solution is made 
from observations taken on routine missions, for there will usually be a 
deficiency and a poor distribution of Class C points, because of the small 
area within which they must lie. To locate the stations definitely, 
observations must be obtained in numbers sufficient to cancel out local 
errors, in all four quadrants, both well within the figure-eight area (near 
the baseline) of each pair and well outside it. In this case a least-square 
solution may be worthwhile, using Eq. (3) with a constant term A5 added 
to the right-hand member and treating the readings made on the baseline 
extensions simply as single observations of very high weight. 

Although the solution of Example I I I gives geographic station posi
tions that are uncertain in an absolute sense, a Loran chart calculated 
from these positions will be in good accordance with observation over 
most of the service area, for only near the baselines do the absolute 
positions have much effect on the readings, and here the time-difference 
errors in microseconds have the least equivalents in miles. In general, 

* the final results A<t> and AX are to be regarded as formal corrections by 
means of which a chart fitting the observations may be computed, not as 
accurate station displacements. I t may well be that the real principal 
cause of observed discrepancies is systematic error in the survey data 
by which features of the terrain have been charted. In this case the 
solution will bring the locations of the stations into the frame of reference 
defined by the terrain, whatever that may be. But, after all, this is 
what the navigator wants. 
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TABLE Dl .—EXAMPLE I. OBSERVATIONS 
4,, = 44°, <*>„ = 42°, * , = 020°, * m = 018°, &T„ = +3.0 /̂ sec 

1 

Obs. No. 

1 
2 
3 
4 
5 
6 

7 
8 
9 

10 
11 
12 

M 

2 

AT 

- 0 . 9 
+ 2 . 8 
- 0 . 3 
+ 0 . 7 
+ 1 . 5 
+ 8 . 2 

+ 6 . 7 
+ 6 . 9 
+ 5 . 6 
+ 5 . 3 
+ 2 . 5 
+ 3 . 0 

+ 3 . 0 

3 

8,, degrees 

079 
112 
132 
153 
195 
226 

258 
263 
274 
283 
306 
321 

200 

4 

Qm 

065 
046 
114 
113 
171 
352 

290 
313 
346 
301 
006 
337 

198 

5 

h, degrees 

+ 6 
+32 
+ 8 
+ 19 
+ 11 
- 6 4 

- 1 7 
- 2 6 
- 3 7 
- 1 0 
- 3 1 
- 9 

0 

6 

H, degrees 

072 
079 
123 
133 
183 
289 

274 
288 
310 
292 
336 
329 

199 

7 

A'T 

- 2 . 4 
+ 1 . 3 
- 1 . 8 
- 0 . 8 

0.0 
+ 6 . 7 

+ 5 . 2 
+ 5 . 4 
+ 4 . 1 
+ 3 . 8 
+ 1 0 
+ 1.5 

+ 1.5 

8 

Class 

A 
C 
A 
B 
A 
C 

B 
B 
C 
A 
C 
A 

TABLE D-2.—EXAMPLE I. FIRST APPROXIMATION 
D[ = 3.50, J, = 084?6, Dc = 5.00, a>„ = 316° 

1 

Obs. 
No. 

1 
2 
3 
4 
5 
6 

7 
8 
9 

10 
11 
12 

M 

Class 

A 
C 
A 
B 
A 
C 

B 
B 
C 
A 
C 
A 

2 

0» -
084?6, 
degrees 

354.4 
027.4 
047.4 
068.4 
110.4 
141.4 

173.4 
178.4 
189.4 
198.4 
221.4 
236.4 

115.4 

3 

3.50 cos 
(«. -

084?6) 

+3.48 
+3 .11 
+2 .37 
+ 1.29 
- 1 . 2 2 
- 2 . 7 4 

- 3 . 4 7 
- 3 . 5 0 
- 3 . 4 5 
- 3 . 3 2 
- 2 . 6 3 
- 1 . 9 4 

- 1 . 5 0 

4 

A 'T 

+ 1.08 
+4.41 
+0.57 
+0.49 
- 1 . 2 2 
+3.96 

+ 1.73 
+ 1.90 
+0.65 
+0 .48 
- 1 . 6 3 
- 0 . 4 4 

0.00 

5 

\A"T/ 
sin h 

+5.26 
+4.16 
+2.05 
+0 .75 
- 3 . 1 9 
- 2 . 2 0 

- 2 96 
- 2 . 1 6 
- 0 . 5 4 
- 1 . 3 8 
+ 1.58 
+ 1.40 

6 

H -
316°, 

degrees 

116 
123 
167 
177 
227 
333 

318 
332 
354 
336 
020 

• 013 

7 

10.00 sin 
h sin 
(H -
316°) 

+0 .94 
+4.45 
+0.31 
+0 .17 
- 1 . 4 0 
+4 .08 

+ 1.96 
+2.16 
+0 .63 
+0.71 
- 1 . 7 6 
- 0 . 3 5 

0.00 

8 

AT 

+0.18 
- 0 . 0 4 
+0.26 
+0 .32 
+0.18 
- 0 . 1 2 

- 0 . 2 3 
- 0 . 2 6 
+0.02 
- 0 . 2 3 
+0 .13 
- 0 . 0 9 

0.00 
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TABLE D-3.—EXAMPLE I. SECOND APPROXIMATION 
D[ = 0.25, u, = 290°, Dc = 0.50, <*c = 110° 

1 

Obs. 
No. 

1 
2 
3 
4 
5 
6 

7 
8 
9 

10 
11 
12 

M 

(Class) 

A 
C 
A 
B 
A 
C 

B 
B 
C 
A 
C 
A 

2 

e, -
290°, 

degrees 

149 
182 
202 
223 
265 
296 

328 
333 
344 
353 
016 
031 

270 

3 

0.25 cos 
(», -
290°) 

- 0 . 2 1 
- 0 . 2 5 
- 0 . 2 3 
- 0 . 1 8 
- 0 . 0 2 
+0.11 

+0.21 
+0.22 
+0.24 
+0.25 
+0.24 
+0.21 

0.00 

4 

&"T 

- 0 . 0 3 
- 0 . 2 9 
+0 .03 
+0.14 
+0.16 
- 0 . 0 1 

- 0 . 0 2 
+0.04 
+0.26 
+0.02 
+0.37 
+0.12 

0.00 

5 

hA"T/ 
s'mh 

- 0 . 1 4 
- 0 27 
+0.11 
+0.21 
+0.42 
+0.01 

+ 0 03 
- 0 . 0 5 
- 0 . 2 2 
- 0 06 
- 0 . 3 6 
- 0 . 3 8 

6 

H -
110°, 

degrees 

322 
329 
013 
023 
073 
179 

164 
178 
200 
182 
226 
219 

7 

1.00 sin h 
sin (H -

110°) 

- 0 . 0 6 
- 0 . 2 7 
+0 .03 
+0 .13 
+0 .18 
- 0 . 0 2 

- 0 . 0 8 
- 0 . 0 2 
+0.22 
+0 .01 
+0.37 
+0.10 

0.00 

8 

AT 

+0.03 
- 0 . 0 2 

0 00 
+0.01 
- 0 . 0 2 
+0.01 

+0.06 
+0.06 
+0.05 
+0 .01 

0.00 
+0.02 

0.00 

TABLE D-4.—EXAMPLE I. FINAL VALUES 

Equations (13) 
D', cos a', = +0.33 + 0.09 = +0.42 
D', sin J, = +3.48 - 0.23 = +3.25 
Dccosuc = +3.60 - 0.17 = +3.43 
Dc sin uc = -3 .47 + 0.47 = -3.00 

Equations (6) 
D, cos w, = +0.42 + 3.48 = +3.90 
D, sin a, = +3.25 - 2.94 = +0.31 

Dm 

t a n J>C 

Equations (4) 
= \ /3 .43 2 = Dc = V3.432 + 3.002 = 4.56 j.sec 

-3.00/+3.43, uc = 318°8 
+ JA* = 319?8 

u . = u, - l A * = 317?8 
D. = V3.902 + 0.312 = 3.91 jisec 

tan u. = 0.31/+3.90, u. = 004?6 

Equations (5) 
A4>„ = + 3 3 " A<t>, = +38" 
AXm = - 3 9 " AX, = + 4 " 
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TABLE D-5.—EXAMPLE II. OBSERVATIONS AND FIRST APPROXIMATIONS 
Stations, observation points, angles, and ATm same as in Example I 

D', = 3.0, «; = 080°, £>c = 4.5, ac = 315° 

1 

Obs. 
No. 

1 
2 
3 
4 
5 
6 

7 
8 
9 

10 
11 
12 

M 

(Class) 

A 
C 
A 
B 
A 
C 

B 
B 
C 
A 
C 
A 

2 

AT 

0.0 
+ 3 . 0 
- 1 . 0 
+ 0 . 7 
+ 2 . 0 
+ 6 . 0 

+ 9 . 0 
+ 6 . 0 
+ 7 . 0 
+ 5 . 0 
+ 4 . 0 
+ 1.0 

+ 3 . 0 

3 

A'T 

- 1 . 5 
+ 1.5 
- 2 . 5 
- 0 . 8 
+ 0 . 5 
+ 4 . 5 

+ 7 . 5 
+ 4 . 5 
+ 5 . 5 
+ 3 . 5 
+ 2 . 5 
- 0 . 5 

+ 1 . 5 

4 

3.0 cos 
(». -
080°) 

+ 3 . 0 
+ 2 . 5 
+ 1.8 
+ 0 . 9 
- 1 . 3 
- 2 . 5 

- 3 . 0 
- 3 . 0 
- 2 . 9 
- 2 . 8 
- 2 . 1 
- 1 . 5 

- 1 . 5 

5 

A"T 

+ 1.5 
+ 4 . 0 
- 0 . 7 
+ 0 . 1 
- 0 . 8 
+ 2 . 0 

+ 4 . 5 
+ 1.5 
+ 2 . 6 
+ 0 . 7 
+ 0 . 4 
- 1 . 0 

0.0 

6 

W'T/ 
sin h 

+ 7 . 2 
+ 3 . 8 
- 2 . 5 
+ 0 . 2 
- 2 . 1 
- 1 . 1 

- 7 . 7 
- 1 . 7 
- 2 . 2 
- 2 . 0 
- 0 . 4 
+ 3 . 2 

7 

9.0 sin h 
sin (H -

315°) 

+ 0 . 8 
+ 4 . 0 
+ 0 . 3 
+ 0 . 1 
- 1 . 3 
+ 3 . 5 

+ 1.8 
+ 1.8 
+ 0 . 5 
+ 0 . 6 
- 1 . 7 
- 0 . 3 

0.0 

8 

AT 

+ 0 . 7 
0.0 

- 1 . 0 
0.0 

+ 0 . 5 
- 1 . 5 

+ 2 . 7 
- 0 . 3 
+ 2 . 1 
+ 0 . 1 
+ 2 . 1 
- 0 . 7 

0.0 

TABLE D-6.—EXAMPLE II . SECOND APPROXIMATION 
D', = 0.2, u, = 110°, Dc = 0.6, co. = 090° 

1 

Obs. No. 

1 
2 
3 
4 
5 
6 

7 
8 
9 

10 
11 
12 

M 

(Class) 

A 
C 
A 
B 
A 
C 

B 
B 
C 
A 
C 
A 

2 

0.2 cos 
(». -
110°) 

+ 0 . 2 
+ 0 . 2 
+ 0 . 2 
+ 0 . 1 

0.0 
- 0 . 1 

- 0 . 2 
- 0 . 2 
- 0 . 2 
- 0 . 2 
- 0 . 2 
- 0 . 2 

0.0 

3 

A ' T 

+ 0 . 9 
+ 0 . 2 
- 0 . 8 
+ 0 . 1 
+ 0 . 5 
- 1 . 6 

+ 2 . 5 
- 0 . 5 
+ 1.9 
- 0 . 1 
+ 1.9 
- 0 . 9 

0.0 

4 

jA"T/ 
sin h 

+ 4 . 3 
+ 0 . 2 
- 2 . 9 
+ 0 . 2 
+ 1 . 3 
+ 0 . 9 

- 4 . 3 
+ 0 . 6 
- 1 . 6 
+ 0 . 3 
- 1 . 8 
+ 2 . 9 

5 

1.2 sin h 
sin (H -

090°) 

0.0 
- 0 . 1 
+ 0 . 1 
+ 0 . 3 
+ 0 . 2 
+ 0 . 4 

0.0 
+ 0 . 2 
+ 0 . 5 
+ 0 . 1 
+ 0 . 6 
+ 0 . 2 

6 

AT 

+ 0 . 9 
+ 0 . 3 
- 0 . 9 
- 0 . 2 
+ 0 . 3 
- 2 . 0 

+ 2 . 5 
- 0 . 7 
+ 1.4 
- 0 . 2 
+ 1 . 3 
- 1 . 1 

0.0 

7 

True AT 

+ 0 . 9 
+ 0 . 2 
- 0 . 7 

0.0 
+ 0 . 5 
- 2 . 2 

+ 2 . 3 
- 0 . 9 
+ 1.4 
- 0 . 3 
+ 1.5 
- 2 . 0 

0.0 
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TABLE D-7.—EXAMPLE II. FINAL VALUES 

Eqs. (3) and (6) 

D', cos J, = +0.4 
D', sin a, = +3.2 
Dc cos uc = +3.2 
Z)£ sin u, = —2.6 
D. cos o>, = +3.6 
D, sin u, = +0.7 

Eqs. (4) 

Dc = Dm = 4 . 1 jusec 
coc = 321 
c* + i A * = 322° 
u„ = 320° 
D, = 3.7 ^ e c 
w, = 011° 

Eqs. (5) 

A<#>„ = + 3 0 " 
AXm = - 3 4 " 
A*, = + 3 5 " 
AX, = + 9" 

TABLE D-8.—EXAMPLE III . OBSERVATIONS 
First pair, * = 223°, ATm = +4.9 ^sec 

1 

Obs. No. 

1 
2 
3 
4 

5 
6 
7 
8 

M 

(Class) 

A 
B 
C 
C 

A 
B 
A 
B 

2 

AT 

- 4.3 
- 5.2 
+ 2.2 
+ 9 
+ 5.6 
+ 5.0 
+ 10 
+ 4.5 

+ 4.9 

3 

8,, degrees 

259 
263 
033 
051 

075 
100 
106 
119 

043 

4 

degrees 

254 
243 
307 
120 

086 
130 
115 
137 

043 

5 

h, degrees 

+ 2.5 
+ 10 
+43 
-34.5 

- 5.5 
-15 
- 4.5 
- 9 0 

0 

6 

H, degrees 

256.5 
253 
350 
085.5 

078.5 
115 
110.5 
128 

043 

7 

A T 

- 6.6 
- 7.6 
- 0.2 
+ 6.6 

+ 3.2 
+ 2.6 
+ 7.6 
+ 2.0 

+ 2.45 

9 
10 
11 
12 

13 
14 
15 
16 

17 
18 
19 

M 

A 
A 
B 
B 

B 
B 
C 
C 

A 
A 
C 

Second pair, * = 053°, A7V = 

- 2 
- 4.8 
-11 
- 8 

- 6.8 
-10 
- 7 
+ 0.4 

- 1.7 
- 3.3 
- 1 

- 1.1 

074 
126 
133 
145 

153 
165 
224 
242 

243 
253 
253 

233 

060 
116 
113 
126 

136 
129 
120 
307 

247 
256 
039 

233 

— 1.1 jjsec 

+ 7 
+ 5 
+ 10 
+ 9.5 

+ 8.5 
+ 18 
+52 
-32.5 

- 2 
- 1.5 
-73 

0 

067 
121 
123 
135.5 

144.5 
147 
172 
274.5 

245 
254.5 
326 

233 

- 1.4 
- 4.2 
-10.4 
- 7.4 

- 6.2 
- 9.4 
- 6.4 
+ 10 

- 1.2 
- 2.8 
- 0.4 

- 0.55 

Observations given to 0.1 (except Nos. 3 and 16) are means of reading a t three or more neighboring 
points. These were given extra weight in drawing the curves. Observations 3 and 16 were made a t a 
monitor station and are means of many readings. The boundary between Claaaes A and B has been 
shifted to A "■ 8° to give a better apportionment. 
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TABLE D-9.—EXAMPLE III . SOLUTION 

455 

1 

Obs. 
No. 

1 
2 
3 
4 

5 
6 
7 
8 

M 

(Class) 

A 
B 
C 
C 

A 
B 
A 
B 

2 

5.5 cos (8, — 
286?5) 

+ 4 . 9 
+ 5 . 0 
- 1 . 6 
- 3 . 1 

- 4 . 7 
- 5 . 5 
- 5 . 5 
- 5 . 4 

- 2 . 4 5 

3 

A"T 

- 1 . 7 
- 2 . 6 
- 1 . 8 
+ 3 . 5 

- 1 . 5 
- 2 . 9 
+ 2 . 1 
- 3 . 4 

0.0 

4 

lA'T/sin h 

- 1 9 . 5 
- 7.5 
- 1.3 
- 3.1 

+ 7.8 
+ 5.6 
- 1 3 . 4 
+ 10.9 

5 

2.6 sin h sin 
(H - 073°) 

0.0 
0.0 

- 1 . 8 
- 0 . 3 

0.0 
- 0 . 4 
- 0 . 1 
- 0 . 3 

0.0 

6 

AT 

- 1 . 7 
- 2 . 6 

0.0 
+ 3 . 8 

- 1 . 4 
- 2 . 5 
+ 2 . 2 
- 3 . 1 

0.0 

6.5 cos 
(6, - 148° 

9 
10 
11 
12 

13 
14 
15 
16 

17 
18 
19 

M 

A 
A 
B 
B 

B 
B 
C 
C 

A 
A 
C 

+ 1.8 
+ 6 0 
+ 6 . 3 
+ 6 . 5 

+ 6 . 5 
+ 6 . 2 
+ 1.6 
- 0 . 5 

- 0 . 6 
- 1 . 7 
- 1 . 7 

+0.57 

+ 0 . 4 
+ 1.8 
- 4 . 1 
- 0 . 9 

+0 
- 3 
- 4 
+0. 

- 1 . 
- 4 . 
- 2 . 

0.0 

+ 1.6 
+ 10.3 
- 1 1 . 8 
- 2.7 

+ 1.0 
- 5.2 
- 3.0 
- 0.5 

+26.0 
+86.0 
+ 1.1 

0.0 
+0.2 
+0.3 
+0.4 

+ 0 . 4 
+ 0 . 8 
+ 2 . 0 
+ 0 . 5 

0.0 
0.0 

+2.4 

0.0 

+ 0 . 4 
+ 1.6 
- 4 . 4 
- 1 . 3 

- 0 . 1 
- 4 . 0 
- 6 . 8 

0.0 

- 1 . 8 
- 4 . 5 
- 4 . 5 

0.0 

TABLE D10.—EXAMPLE III . RESULTS 
Values from computations 

First slave: D', = 5.5 /isec 
D, = 4.5 Aisec 

<t> = 27° A0. = +19" 
Second slave: D1, = 6.5 ^sec 

D, = 7.0 *isec 
<t> = 28° A0, = - 5 0 " 

Master: Dc 1 
Dm ) ~ 1 3 " s e c 

* = +27?5 A<*.„ = + 4 " 

o)a = 286.5 
a>. = 296° 

AX. 44" 
a;,' = 148° 
we = 138° 

AX. = + 5 1 " 

"c 1 = 073° 

AX„ = +14" 

D, = 5.4 ^sec 
D, = 6.8 psec 

A0. = +44" 
D, = 3.5 Msec 
D, — 1.6 /*sec 

A*. 9" 

r.° \ = 2 . 3 Msec 

A<l>m = +22" 

Values from geodetic data 
w, = 295° 
a, = 318° 

AX, = - 5 5 " 
«.' = 154° 
w.. = 125° 

AX. = + 1 5 " 
< * 

AX„ 2" 
: ( - 356° 





LORAN BIBLIOGRAPHY 

The material has been arranged with a view to the user's interest so that the 
items generally appear in a chronological sequence that is the key to their present 
importance. Many of the reports having historical significance may be practically 
accessible only at some cost for photostating. 

The bibliography has been divided into four main categories and subgroups as 
follows: 

1. Reports 
a. Of the Loran system 
b. Aspects of the system 

2. Magazine articles 
a. Of a technical nature 
b. Of popular descriptions 

3. Instruction books describing 
a. The system 
b. Ground-station equipment 
c. Navigators' equipment by type number 

4. Internal memoranda reporting on 
o. The system 
b. Ground stations 
c. Navigators' equipment 

The availability of magazine articles is apparent; some titles are followed by t-
number prefixed by the letters " P B " and the rest are followed by a superscript that 
indicates the most likely source of further information, described below. 

PB, Department of Commerce, Office of Technical Services, Washington 25, D.C. 
3, War Department, Army Air Forces, Air Communications Office, The Pentagon, 

Washington 25, D.C. 
4, Navy Department, Bureau of Ships, Washington 25, D.C. 
5, Librarian, MIT Library, 77 Massachusetts Ave., Cambridge 39, Mass. 
6, Navy Department, Hydrographie Office, Washington, D.C. 
7, Treasury Department, Coast Guard Headquarters, Washington, D.C. 
8, Navy Department, Chief of Naval Operations, Washington, D.C. 
9, War Department, Office of the Cbief Signal Officer, The Pentagon, Washington 

25, D.C. 
10, Sperry Gyroscope Company, Inc., Great Neck, Long Island, New York. 

la. REPOBTS OF THE LORAN SYSTEM 

Cruft Laboratory, Harvard University, "Electronic Navigation Systems," OSRD 
Report No. 6279, Dec. 1, 1945, p. 1201-12-29 (Confidential). 

Descriptive and critical survey of electronic navigation systems. Loran described 
in 29 pages with bibliography appended. 

Coast Guard, "Electronic Navigational Aids," Public Information Div., 1945.' 
Basic description of Loran, radar, and racon as applied for commercial use. 

FINK, D. G., "Description of the Long Range Navigation (LRN) System," RL Loran 
Report No. 19, Div. 11, July 31, 19426. 

Outline of principles of Loran, including requirements of transmitting and receiv
ing installations and use of station chains. 
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Headquarters Army Airways Communications System, " Operations Standard Loran, 
Theory, Adjustment, Procedure," AACS Manual 1-16, July 15, 1944.J 

Summary of Loran information and practice as affecting AACS personnel. 
Navy Department, "Loran Long Range Radio Navigational Aid," OpNav 25-A-2, 

PB-18603, 1945.8 

A brief description of the Loran system and suggestions as to its peacetime use. 
PIERCE, J. A., "The Future of Hyperbolic Navigation," RL Report No. 625, PB-25369, 

Aug. 18, 1945. 
Three hyperbolic navigation systems are studied, Gee, Loran and Decca. Future 

trends are suggested, including automatic navigation and surveying. 
SITTERLY, B. W., "Elements of Loran," RL Report No. 499, Mar. 8, 1944.6 

Complete handbook of LoTan principles and some operating hints for navigators. 
Has been replaced by revised Navships 900,027. 
, "Elements of Loran," Navships 900,027, Navy Dept., PB-25369, April 1944. 

A fundamental source book on the Loran system. RL Report No. 499 was revised 
for the Navy Department. 

STREET, J. C , "Navigation," Loran Memorandum No. 118, Nov. 4, 1942.6 

lb. ASPECTS OP THE SYSTEM 

BATEMAN, R., " Measurement of Factors Affecting Radio Communication and Loran 
Navigation in SWPA," Signal Corps ORS Report No. 2-4, PB-27051, December 
1944. 

Intensity of atmospheric noise level in Australia and New Guinea and its effect on 
communications and Loran transmissions. 

Carnegie Institution of Washington, "Measurements of Oblique-incidence Propaga
tion," Kensington Ionospheric Laboratory, January 1944, Apr. 12, 1944.4 

CRICHELOW, W. Q., et ah, "The Range, Reliability and Accuracy of a Low Frequency 
Loran System," with supplement, "Measurement Technique and Analysis of a 
Low Frequency Loran System," Signal Corps ORS P-23, P-23-S, PB-28958, 
January, May 1946. 

First part of the report duplicates PB-16236. 
CRICHLOW, W. Q., and J. W. HERBSTREIT, "Radio Navigational Accuracy Charts with 

Application to Low Frequency Loran," PB-32229, June 1946. 
Charts are described that give contours for several arrangements of transmitters 

to give good accuracy over greatest possible areas. 
DAVIDSON, D., "Notes on the Ionosphere," Loran Memorandum No. 124, June 4, 

1943.' 
, "Some Notes on 2-Mc Loran Propagation," Loran Memorandum No. 134, 
Jan. 1, 1944.' 

FINK, D. G., "Determination of Errors in the Loran System," Div. 11, RL Loran 
Report No. 26, Apr. 6, 1943.6 

A consideration of the various types of errors in a Loran fix and means of deter
mining their magnitude. 
, "Time and Distance Relationships in the Loran System," RL Loran Report 
No. 25, Div. 11, Oct. 15, 1942.' 

Report on time and distance factors in Loran, including choice of pulse rate and 
use of different rates for identification of station pairs. 
, J. A. PIERCE, and F. G. WATSON, "Loran System-characteristics of the North 
Atlantic Station Chain," Loran Report No. 100, Aug. 28, 1942.6 

KELLY, M. J., "Interference of Loran Pulse Signals with Radio Telephone and Tele
graph Reception," NDRC Report No. 14-163, PB-32726, March 1943. 

Tests made by Bell Telephone Laboratories at Fenwick and Montauk. 
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National Bureau of Standards, "Experimental Studies of Ionospheric Propagation as 
Applied to the Loran System," Report No. IRPL-R6, PB-13778, 1944. 

Methods and results of a study of time-difference measurements from pulse 
transmissions involving ground and sky waves. 
, "Second Report on Experimental Studies of Ionospheric Propagation as 
Applied to the Loran System," Report No. IRPL-R7, PB-13777, 1944. 

Supplement to Report No. IRPL-R6 with particular reference to variations due to 
seasons of the year. 

Navy Department, Loran Notes No. 2, Hydrographic Office Apr. 3, 1945.6 

Operations reports, bibliography. 
— , Loran Operational Notes No. 3, Hydrographic Office, May 15, 1945.6 

Operational report summary, charts revisions. 
, Loran Operational Report No. 1, Hydrographic Office, 1944.6 

Summary of Navigators' comments, Jan. 1, 1944, to Oct. 1, 1944. 
, "Graphical Methods," Loran Technical Report No. 1, Hydrographic Office, no 
date.6 

Evaluation of mechanical, optical and graphical methods for rapid location of 
Loran lines. 
, "Loran Corrections in the Aleutians," Loran Technical Report No. 2, Hydro-
graphic Office, 1944.6 

Analysis of system errors due to erroneous coordinates adopted for the trans
mitters. 
, "Simplified Method of Deriving Accurate Distances on the Earth's Surface," 
Loran Technical Report No. 3, 1945.6 

Complicated geodetic formulas for obtaining precise distances have been modified 
and a set of auxiliary tables compiled. 
, "The Loran Program in the Hydrographic Office," no date.8 

History and administration of Loran and the part played by the Hydrographic 
Office (See Appendix A.). 

PIEECE, J. A., "Factors Affecting E-Layer Propagation in the LRN System," RL 
Loran Report No. 21, Div. 11, May 15, 1942.5 

A description of the use of the E-layer for Loran propagation. Use of delay 
curves is given. 
, "Service Areas of Loran Pairs and Chains," RL Loran Report No. 28, Div. 11, 
Mar. 6, 1943.6 

A summary of simple constructions to determine areas of satisfactory Loran 
coverage. 

SITTEBLY, B. W., "Determination of Errors in the Positions of Loran Transmitting 
Stations," Loran Memorandum No. 149, RL Report No. 11, July 21, 1945.5 

A method is suggested for correcting the considerable errors of time difference 
encountered when Loran stations cannot be tied into geodetic triangulation 
networks (See Appendix D.). 
, "Manual of Procedures for Mobile Charting Units, Air Transportable Loran 
System," RL Report No. M-183, Mar. 30, 1946.5 

Rapid approximative methods for computing and plotting Loran lines of position, 
and for drawing and reproducing Loran charts, are described. Forms, tables 
and graphs are included. 
, and J. A. PIERCE, "Simple Computation of Distance on the Earth's Surface," 
RL Report No. 582, PB-6607, July 8, 1944. 

The Andoyer-Lambert correction from a spherical to a terrestrial distance, if 
expressed as a fraction of the distance, is nearly independent of the distance 
and so small it may be read from a nomogram. Examples are reproduced. 
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STKATTON, J. A., "Factors Governing the Accuracy of a Pulse Navigation System," 
RL Loran Report No. 20, Div. 11, May 23, 1942.5 

Study of system geometry, including probable accuracy to be expected, propaga
tion factors, and prediction of range. 

WATSON, F. G., "A Report on Three-line Fixes," Loran Memorandum No. 122, Dec. 
15, 1942.6 

, "Computation of Loran Lattice Points," RL Loran Report No. 23, Div. 11, 
Sept. 15, 1942.s 

A summary of methods used in preparation of Loran charts and tables. 

la. MAGAZINE ARTICLES OF A TECHNICAL NATURE 
DAVIDSON, D., "Loran Indicator Circuit Operation," Electronic Ind., March 1946, 

p. 84. 
Brief discussion of 2-Mc propagation and complete circuit information of the 

DAS-1 receiver-indicator. 
FINK, D. G., "Loran Receiver-indicator," Electronics, December, 1945, p. 110. 

Circuit details and operational procedure of the navigator in obtaining a fix. 
, "Loran Transmitting Stations," Electronics, March 1946, p. 109. 

Circuits and operating functions of the timer, transmitter, and synchronizer. 
, "The Loran System-Part I," Electronics, November 1945, p. 94. 

This section of a three-part story deals with the system in general. 
MCKENZIE, A. A., "Loran—the Latest in Navigational Aids," Part I—Fundamental 

Principles, QST, December 1945, p. 12. 
An explanation in three parts written for amateurs. Issued by Radiation Labora

tory. 
, "Loran—the Latest in Navigational Aids," Part II—Ground Station Equip
ment, QST, January 1946, p. 54. 

Station layout, timer, and transmitter are described. 
, "Loran—the Latest in Navigational Aids," Part III—Navigators' Equipment 
and Summary, QST, February 1946, p. 62. 

Receiver-indicators, with block diagram and typical chart. 
PIERCE, J. A., "An Introduction to Hyperbolic Navigation, with Particular Reference 

to Loran," Jour. IEE, July 1946, p. 243. 
Abstract of a paper read before convention of the IRE, Jan. 24, 1946, and pres

ented simultaneously by recording in London. An interesting discussion is 
recorded to which the author briefly replies. 
, "An Introduction to Loran," Proc. IRE, May 1946, p. 216. 

History of the Loran program, fundamental concepts of hyperbolic navigation, 
potential usefulness of the system, problems to be met. 
, "2-Mc Sky-wave Transmission," Electronics, May 1946, p. 146. 

An extremely clear summary of ionospheric knowledge together with results of 
Loran operational findings concerning the E-layer. 

ROCKETT, F. R., "An Evaluation of Hyperbolic Avigation," Aviation, August 1946 
p. 51. 

Comparisons of Loran, Shoran, Gee and Decca as to range and accuracy. 

26. MAGAZINE ARTICLES OF A POPULAR DESCRIPTION 
DAVIDSON, D., "Loran Has Potential' in Commercial Operations," Am. Aviation, 

Dec. 1, 1945, p. 79. 
A one-page summary. 

KENYON, R. W., "Principles of Loran in Position Location," Electronic Ind., December 
1945, p. 106. 
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LEKASHMAN, R,., "Stars for Romance—Loran for Navigation," Air Transport, 
February 1946, p. 57. 

General discussion of the system with particular emphasis on its use for aircraft 
navigation. 

MANCHESTER, H., "Streets Painted on Air," Reader's Digest, June 1946, p. 101. 
Description of a flight in a Loran-equipped plane and resume of the system and its 

potentialities. Condensed from Sci. American. 
, "Successor to the Sextant," Sci. American, June 1946, p. 36. 

Navy Department, "Microsecond Navigation," Air Navigation Bull., Suppl. 1, 
PB-17626, 1943. 

First of a series of articles illustrating use of Loran in air navigation. Sample logs 
are shown. 

"Race on for Navigation Aids," Business Week, June 29, 1946, p. 56. 
Description of Decca navigation system with comments upon its competitive 

position with Loran. 
WATSON, F. G., "Part VI. Loran, New Long-range Aid to Navigation," Civil Eng., 

July 1946, p. 297. 
Evaluation of the system with emphasis on its use for future marine surveying 

and fathometry. 
and H. H. SWOPE, "Loran," Sky and Telescope, V, Nos. 2 and 3, December 

1945 and January 1946. 
General description of the system with particular emphasis on charting. Some 

reports from ships using the system. Both authors were formerly staff mem
bers, Radiation Laboratory, later Navy Dept. Hydrographic Office. 

WOLFF, I., "Radar Aids to Navigation—Loran, Teleran, Television," Princeton Eng., 
May 1946. 

3a. INSTRUCTION BOOKS DESCRIBING THE SYSTEM 

Navy Department, Bureau of Ships, "Loran Handbook for Aircraft," Air Forces 
Manual No. 37, Training Aids Div., September 1944.3 

Similar in content to Ships 278 but revised for aircraft use by ACO. 
, "Loran Handbook for Shipboard Operators," Ships 278, PB-13519, July 1, 
1944. 

The principles and practice of operation of Loran receiving equipment is described 
for navigators and quartermasters. An appendix describes alignment and 
operation of shipboard equipment. 

Navy Department, "Loran Handbook for Shipboard Operators," ATavships 278, 
PB-19961, January 1945. 

The principles and practice of operation of Loran receiving equipment. See 
PB-13519. 
, "Pocket Handbook of Airborne Loran Electronic Navigation," Navaer 
00-80V-48, PB-17622, 1945. 

Navigators' Ixjran handbook describing the use of AN/APN-4 equipment. 
3b. INSTRUCTION BOOKS DESCRIBING GROUND-STATION EQUIPMENT 

Allen B. Du Mont Laboratories, Inc., "Instruction Book for Loran Switching Equip
ment Navy Model UK," Navships 900,377(A), April 19464. 

Switching equipment suitable for use with Model UJ timer. 
Allen B. Du Mont Laboratories, Inc., "Preliminary Instruction Book for Navy Model 

UJ Timer," Navships 900,375-IB, no date.4 

Final book Navships 900,375A in preparation. The timing equipment described 
is comparable to the Model C-l Timer, Navships 900,221-IB. 
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General Electric Company, "Instruction Book for Loran Switching Equipment Navy 
Model UM," Navships 900,745, Navy Dept., GEI-19667, PB-17715, July 1945. 

The most modern type of switching equipment used in conjunction with Model 
UE-1 Loran transmitter timer. 
, "Instruction Sheet for Loran Isolation Transformer, Navy Type CG-301227," 
Navships 900,803, GEI-19666, PB-37922, September 1945. 

The isolation transformer was used at ground stations to isolate power lines enter
ing the shielded timer room. 
, "Preliminary Instruction Book for Model UE-1 Timer," Navships 900,427-IB, 
Navy Dept., GEI-19660, PB-17714, December 1944. 

This equipment is the largest and most modern of transmitter timers. This publi
cation will be replaced by final book Navships 900,427A. 

GIFFORD, H., "Modification of Loran Indicator ID-6B/APN-4 for Use with Timer 
Assembly ID-7/CPN in AT Loran Ground Stations AN/CPN-11 and AN/-
CPN-12," AAF Radar Lab , TSERR2D5-166, PB-9724, 1945 

Adjustments and modifications to an indicator for use in master or slave stations. 
MCKENZIE, A. A., "Harvey 170-T Loran Transmitter Manual," RL Report No. 

M-162, May 10, 1944.6 

An improved self-excited oscillator type of Loran transmitter designed to be inter
changeable with the Navy's type TDP. A limited number were manufactured. 
, "Lightweight Loran Transmitter (LLTX)," RL Report No. M-158A, Apr. 
3, 1944.6 

A lightweight, semiportable transmitter to be used with similar synchronizing 
equipment in the China-Burma-India Theater is described. 

Navy Department, "Instruction Book for Navy Type CAQT-47438 Antenna Cou
pling Assembly," Navships 900,403A, no date.4 

, "Instruction Book for Navy Type CG-47368 Antenna Coupling Unit," 
Navships 900, 751, no date.4 

, "Instruction Book for Navy Type CDU 60073 Transmitter Monitor Oscil
loscope," Navships 900,430-IB, no date.4 

Supersedes preliminary Navships 903-IB-l. 
, "Instruction Book for Navy Model OBM Timer Monitor Oscilloscope," 
Navships 900,222A-IB, no date.4 

, "Instruction Book for Navy Model OBN Transmitter Monitor Oscilloscope," 
Navships 900, 429-IB, no date.4 

, "Instruction Book for Navy Model OCA Monitoring Oscilloscope," Navships 
900,376A-IB, no date 4 

Replaces preliminary Navships 900,376-IB. 
, "Instructions for Navy Type CG-301227 Loran Isolation Transformer," 
Navships 900,803, no date.4 

, Bureau of Ships, "Loran Transmitting Station Manual," (text) Navships 
900,060A and (drawings, Coast Guard) 900,060B, PB-16036, Mar. 1, 1945. 

General, installation, maintenance information for Loran transmitting and 
receiving equipment. 

■ , "Synchronizer Modification Kit (for Model UJ Timing Equipment)," Nav
ships 900,371-1-IB, PB-17712, August 1944. 

Modification to Model UJ Timer synchronizer to permit automatic synchronism 
at double-pulsed stations. An addendum to Navships 900,375-IB. 

Radiation Laboratory, Installation Notes, Parts List, and Drawings for Loran System 
Transmitter Timer Model C-l, D-ll-12, NLO, Apr. 1, 1944.6 

, "Instruction Book for Model C and C-l Switching Equipment," Navships 
900,294-IB, Navy Dept., July 1944.4 
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Use of equipment usually employed to connect transmitter timers in a shielded 
room to a Loran transmitter and allow the synchronizing function of the 
timers by blanking out the local transmitter pulse from the receiver. 
, "Instruction Book for Model C-l Timer," Navships 900,221-IB, Navy Dept., 
August 1944. Includes Addendum 1, Navships 900,221-1-IB. 

Complete information on the first major modification of the Loran transmitter 
timer and synchronizing equipment designed by Radiation Laboratory and 
manufactured by Research Construction Co. 
, Instruction Manual for Loran System Transmitter Timer Model C, D-ll-10, 
NLOL, Div. 11, July 1, 1944.5 

, Loran Synchronizer Instruction Book, NLOL, Div. 11, September 1943.6 

The automatic synchronizing equipment to be used at slave stations employing 
Model C timers is described. 
, Preliminary Handbook of Maintenance Instructions for AT Loran Stations 
AN/CPN-11 and AN/CPN-12," D-ll-16, ALO, Nov. 10, 1944.5 

Operation and maintenance of master and slave Air Transportable I^oran sta
tions is described. In this equipment, the slave station is automatically 
synchronized by the master pulse received. 
, Supplement to Preliminary Handbook of Maintenance Instructions for AT 
Loran Stations AN/CPN-11 and AN/CPN-12, D-11-16A ALO, Feb. 15, 1945.6 

Circuit changes, corrections, and additional operating information. 
Radio Engineering Laboratories, Inc., "Instruction Book for Navy Model TDP 

Loran Transmitter," Navships 900,330, Navy Dept., PB-17999, Jan. 23, 1945. 
Self-excited oscillator transmitter used as standard ground-station equipment. 

This publication replaces preliminary book, Navships 925B-1. 
Sylvania Electric Products, Inc., "Preliminary Instruction Book for Navy Model 

UK Loran Switching Equipment," Navships 900,377-IB, Navy Dept., PB-
17713, October 1944. 

The equipment described was designed primarily as a necessary adjunct to the 
Model UJ Loran transmitter timer. 

3c. INSTRUCTION BOOKS DESCRIBING NAVIGATORS' EQUIPMENT BY TYPE 
NUMBER 

Fada Radio and Electric Company, Inc., Equipment Spare Parts List for Model 
DAS-4 Radio Navigation Equipment Receiver and Indicator, Navy Dept., 
Bureau of Ships, PB-24916. 

The spare parts list is for shipboard Loran equipment that is described in 
PB-24915. 
, "Instruction Book for Radio Navigation Equipment Model DAS-4 (Loran 
System)," Ships 322, Navy Dept., PB-24915, April 1945. 

Information on a late model shipborne receiver-indicator. 
MCKENZIE, A. A., "Handbook of Maintenance Instructions for Loran Low Frequency 

Converter CV-27/UPN," RL Report No. M-225, PB-40630, July 6, 1945. 
The converter described can be connected between the antenna and Standard 

receiver to adapt the equipment for reception of either Standard or Low Fre
quency signals. 
, "Handbook of Operating Instructions for Loran Low Frequency Converter 
CV-27/UPN," RL Report No. M-222, PB-40631, Apr. 27, 1945. 

Use of a converter between antenna and Loran receiver-indicator allows operation 
on either Standard or Low Frequency Loran. 

Navy Department, "Catalog of Loran Charts and Service Areas," H.O. No. 1-L, 
Oct. 1, 1945.6 
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A description of the Loran system and list of charts available covering the areas 
served by the system. Indicator alignment information is given. 
, "Handbook of Maintenance Instructions for Test Set TS-251/UP," Navships 
900,652, no date." 

Same as publication AN 16-35TS251-2. 
, "Instruction Book for Navy Types CME-60069 and -60069A Signal Genera
tor," Ships 369, no date. 4 

Operator training equipment. 
, Bureau of Ships, "Supplement 1 to Model DAS-1, LRN-1, and LRN-1A 
Shipboard Loran Instruction Books," Oct. 1, 1943.' 

Operating and alignment instructions. 
, "Supplement 2 to Model DAS-1, LRN-1, and LRN-1A Shipboard Loran 
Preliminary Instruction Books," Navships 929-1B, PB-18107, Mar. 1, 1944. 

Instructions for use of basic recurrence rate 3 3 | pps and errata. 
Philco Corporation, Handbook of Maintenance Instructions for Radio Set *AN/APN-4, 

CO-AN 08-25CA-1, revised Mar. 10, 1944.3 

The airborne Loran navigation equipment comprising *R-9/APN-4 receiver and 
'ID-6/APN-4 indicator operating on either 80 or 115 volts, 400 to 2400 cycles, 
is described. See supplements for further modifications. 
, Handbook of Operating Instructions for Radio Set *AN/APN-4, AN 08-10-184, 
June 24, 1943.3 

Installation and operating instructions for airborne Loran receiver-indicators. 
, "Model *AN/APN-4, Bull. 1 and 2, Apr. 12, 1944.3 

Replacement of glass tubes in receiver units and change of resistors. 
, "Model *AN/APN-4," Bull. 3, 4, and 5, May 22, 1944.3 

Replacement of power transformer, parts changes, test procedure for Modification 
III . 

, "Model *AN/APN-4," Bull. 6 and 7, July 7, 1944.3 

Test procedures for Modifications I, II, and III and addition of resistor in 
second and fourth counters. 
, "Model *AN/APN-4," Bull. 8 and 9, Aug. 25, 1944.3 

Addition of capacitors in square-wave generator and corrections to previous 
bulletins. 
, "Model *AN/APN-4," Bull. 10, Sept. 20, 1944.' 

Description of the Modification V indicator. 
, "Model *AN/APN-4," Bull. 11 and 12, Sept, 9, 1944.3 

Modification IV receiver and Modification V indicator. 
, "Model *AN/APN-4," Bull. 13, Nov. 29, 1944.3 

Test procedure Modification IV receiver. 
Radiation Laboratory, "Loran System Receiver-indicator LRN-l-A Operation and 

Maintenance Instructions," NLOL, Div. 11, Feb. 2, 1943.6 

Description of first large-production model of Loran navigation receiver and 
indicator. 
, "Preliminary Instruction Book DAS-1 Loran System Receiver-indicator," 
Navships 929-1, Navy Dept., PB-17823, 1943." 

The shipborne navigation equipment described was manufactured by Fada 
Radio and Electric Co. 

Radio Corporation of America, Handbook of Operating Instructions for Radar Set 
AN/APN-9, AN 08-30APN9-2, Nov. 15, 1944.3 

Description, alignment, and use of airborne Loran navigation equipment. 
Radiomarine Corporation of America, " Instruction Book for Loran Receiving Equip-



LORAN BIBLIOGRAPHY 465 

ment, Navy Model X-DBS," Navships 900,755, PB-17887, PB-37923, June 
1945. 

The equipment described is a modified R-65/APX-9 receiver-indicator operating 
from 60-cycle, 115-volt lines. 

Sperry Gyroscope Company, Inc. "Instruction Book for Loran Receiving Equipment 
Models CXJD and XBDE," Ships 231, PB-24940, November, 1944. 

Shipboard units and their use are described. 
, "Loran Receiving Equipment, Mark I, Mod. 1," Sperry Instruction Book No. 
23-205, June 1946." 

The equipment described is a direct-reading indicator for shipboard use. It is 
similar in most respects to the Navy type DBE. 
, "Loran Receiving Equipment Model DBE," Aravships 900,659, June 27, 1945.4 

Equipment described is direct-reading shipboard receiver-indicator. 
War Department, Complete Course of Instruction on AN/APN-4 Operation and Service, 

USAAF, Air Service Command, December 1943.3 

and Navy Department, Air Council of the United Kingdom, Handbook of 
Maintenance Instructions for Radio Set AN/APN-4. (AN16-30APN4-3), 
PB-14797, April 1945. 

General description, operating instructions, diagrams of an airborne Loran 
receiver-indicator. 
, Handbook of Maintenance Instructions for Radar Set AN/APN-9, AN 16-
30APN9-3, PB-14878, September 1945. 

Description of an airborne receiver-indicator. 

4o. INTERNAL MEMORANDA REPORTING ON THE SYSTEM 

DAVIDSON, D., "A Condensed Report of LRN Observations—June 17-July 17, 1942," 
RL Loran Report 18, Div. 11, July 22, 1942.5 

Preliminary appraisal of results of Loran observations aboard USCG Manasquan. 
See Loran Report 22. 
, "Report on Loran System Tests Made aboard the USCG Manasquan," RL 
Loran Report No. 22, Div. 11, Aug. 15, 1942.5 

Both ground and sky waves were used from a pair of experimental, synchronized 
Loran transmitters to obtain navigational fixes that were compared with the 
results of conventional navigation methods. 
, "Some Observations, Comments, Recommendations of the Operation of 
Project C Equipment—USS Manasquan," Loran Memorandum No. 106, July, 
1942.5 

DORR, R., D. DAVIDSON, and F. G. WATSON, "Sky Wave Observations over the 
Eastern Half of the United States" (describing a series of four nights called 
the "AT-11 Reports 1, 2, 3, 4"), Div. 11, Radiation Laboratory, 1943.6 

DUVALL, G. F., Lieut. USN (ret.) "Conventional Navigation-USCG Manasquan" 
RL Loran Report No. 17, Div. 11, July 1942.5 

A report of conventionl navigation methods during the period of Loran tests. 
See Loran Report No. 22. 

ELMORE, W. C , et al, "Third Report on Crystal Clock Project," NDRC Report No. 
14:145, PB-19646, May 1943. 

Report of research on development of crystal oscillator for Loran system use, 
including special thermostat and Meacham-type circuits. 
, "Fourth Report on the Crystal Clock Project and Preliminary Report on 
10-kc Oscillator," NDRC Report No. 14:175, PB-19645, August 1943. 

Report covers development of two types of oscillators, one crystal and one stable 
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L-C, under development foT use in Loran equipment. Work was done at 
Bartol Research Foundation. 
, "Fifth Report on the Crystal Clock Project and Report on 10-kc LC-oscil-
lator," NDRC Report No. 14:193, PB-19644, October 1943. 

The report deals with the performance of the General Radio thermostat and its 
influence on oscillator stability as well as development of a 10-kc LC-oscillator. 
The work was done at the Bartol Research Foundation. 
, "Crystal Clock Project: Final Report and Report on 10-kc LC-oscillator," 
NDRC Report No. 14: 226, PB-19647, January 1944. 

Summary of five earlier reports on stable crystal oscillator for use in Loran trans
mitting stations, and stable LC-oscillator for use in a Loran receiver. A project 
of Bartol Research Foundation, Swarthmore, Pa. 

FINK, D. G., "The Lodar System of Pulse Direction Finding," RL Lodar System 
Report No. 1, Div. 11, July 1, 1943.6 

Discussion of a proposed system of pulse direction finding using a loop antenna. 
, "The Lodar System of Pulse Direction Finding," Div. 11, Radiation Labora
tory, July 1, 1943.6 

, J. A. PIERCE, and J. C. STREET, "Loran System—Definition of Terms and 
Symbols," RL Loran Report No. 25, Div. 11, Aug. 28, 1942.8 

Loran terminology and symbols. 
, J. A. Pierce, and J. C. Street, "Proposal for a Loran System Using Sky-wave 
Synchronization," RL Loran Report No. SS-1, Div. 11, May 15, 1943.6 

MUSSELMAN, G. H., and E. J. STEPHENS "Report on Aircraft Test, Boston to Nova 
Scotia and Return," RL Loran Report No. 15, Div. 11, July 1942.6 

An observational flight to investigate field intensity of signals from the Montauk 
Station at the proposed site for a station near Cape Sable, Nova Scotia. The 
trip was made July 4, 1942. 

MUSSELMAN, G. H., and J. K. TBOLAN, "Low Frequency Noise at Key West, 
Florida, Feb. 1 to Feb. 10, 1944," Loran Memorandum No. 139, RL Report 
No. 11, Feb. 23, 1944.5 

Office of the Chief Signal Officer, "Measurement Technique and Analysis of a Low 
Frequency Loran System," Report No. ORS-P-23-S, May 1946.9 

Supplement to Report No. ORS-P-23 and bound with it. 
, "The Range Reliability and Accuracy of a Low Frequency Loran System," 
with supplement, Report No. ORS-P-23, January 1946.9 

An experimental and theoretical study of the RL Low Frequency Loran triplet 
made by the Operational Research Staff of Office of the Chief Signal Officer. 
The supplement describes measurement and analysis techniques. 

PIEBCB, J. A., "Group C Test Report, Jan. 2-Jan. 17, 1942," RL Loran Report No. 
16, Div. 11, Jan. 22, 1942.6 

A test of the hyperbolic navigation system using ionospheric reflection was made 
in Bermuda. E-layer signals at various frequencies indicated the usefulness 
of such a system, but F-layer signals were judged to be too unstable. 
, " 170-kilocycle Noise and Pulse Transmission Measurements," Loran Memo
randum No. 148, RL Report No. 11, Nov. 3, 1944.6 

, "LRN Tests at Lakehurst, June 13, 1942," RL Loran Report No. 13, Div. 
11, June 17, 1942.6 

First edition of a report on the use of Loran aboard a Navy blimp. Ground-wave 
signals from the experimental, synchronized stations at Montauk and Fenwick 
were used. 

War Department, "Radio Navigational Accuracy Charts with Application to Low 
Frequency Loran," Office of the Chief Signal Officer, June 1946.' 
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Prepared charts are used to plot contours for various arrangements of transmitters 
for optimum coverage. 

WATSON, F. G., "Flight Tests over Bermuda," Loran Memorandum No. 116, Nov. 18, 
1942.B 

4b. INTERNAL MEMORANDA REPORTING ON GROUND STATIONS 

DORR, R., "High Frequency Supplementary Synchronization Unit," Loran Memoran
dum No. 142, RL Report No. 11, Apr. 29, 1944.5 

FINK, D. G., "Delays in the Monitoring Antenna System," Loran Memorandum No. 
I l l , Oct. 21, 1942.5 

JANSKY and BAILEY, Instruction Book for Field Intensity Meter Type 43A, Washington, 
D.C., January 1945.6 

LAWRENCE, R. B., and A. J. POTE, "Impedance Characteristics and Equivalent 
Circuits for Vertical Radiators," RL Report No. 512, PB-32746, Apr. 15, 1944. 

Discussion and set of curves for predicting input impedance of an antenna struc
ture over a range of frequencies. 

MCKENZIE, A. A., "Sites No. 1 and No. 2," Loran Memorandum No. 108, Oct. 10, 
1942.' 

MUSSELMANN, G. H., "Identification Blinker, Model A-l," Loran Memorandum No. 
147, RL Report No. 11, Aug. 31, 1944.5 

, "Modification of Lightweight Loran Timing Equipment for Double Master 
Operation," Loran Memorandum No. 145, RL Report No. 11, June 27, 1944." 

PIERCE, J. A., W. L. TIERNEY, and W. E. OWEN, "Memorandum on Proposed Loca
tion for a Loran Station on Nantucket Island," Loran Memorandum No. 110, 
Oct. 22, 1942.6 

POTE, A. J., "Adjustment of Loran Antennas and Antenna Coupling Units at Fre
quencies between 1700 and 2000 Kilocycles," RL Report No. 511, PB-2466, 
Feb. 20, 1944.' 

Characteristics of a standard Loran antenna and a method of tuning and cou
pling to it for any of the normal operating frequencies. 

and R. B. LAWRANCE, "Voltage Patterns," Loran Memorandum No. 107, 
October, 1942.* 
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A 

A-l oscilloscope, 285 
A timer, 199 
Absolute delay, 52, 56, 96 
Absorption, 131, 146 
Accuracy. 107 
Aeronautics, Bureau of, 45 
Air navigators , 46 
Air Transpor table equipment , 35 
Air Transpor table Loran, 44, 93 
Air Transpor table stat ion, 413 
Airborne receivers, 25 
Aircraft, fighter, control of, 115 

pilotless, guidance of, 116 
Aleutians, 37 
Amplifier, differential, 231, 246 

paraphrase , 229 
power, 298 

Ampli tude-balance control, 387 
A N / A P N - 4 receiver-indicator, 25, 31, 

363, 367 
A N / A P N - 9 receiver-indicator, 365, 374 
Angle, crossing, 80, 83 

ti l t , 328 
Angle systems, 17 
Antennas, 87 

airborne trailing, 343 
bandwidth of, 307 
Beverage, 87, 267 
Beverage receiving, 328 
cylindrical, 315 
dummy, 314, 321 
fixed airborne, 343 
for 180-kc/sec, 329 
ground-stat ion, 301 
inverted-L, 323 
net Q of, 320 
Q of, 301 
receiver-indicator, 342 
receiving, 302, 340 
resonant, Q of, 308 
shipboard, 342 

Antennas, t ransmit t ing (see Transmi t t ing 
an tenna) 

for 2-Mc/sec Loran, 323 
umbrel la- type, 97 
vertical receiving, 328 
wave, 301 

Antenna characterist ics, 314 
Ant i jamming, 234 
Apollonia, 32 
Area bombing, 13 
Army Air Force, 48 
Army Air Transpor t Command , 34 
Army Airways Communicat ion System, 

40 
Assam H u m p triplet , 35 
Atlantic fleet, 26 
Atlantic service, 412 
Attenuat ion, 63 
At tenuator , 68, 207, 212, 213, 229, 258, 

259, 265, 269, 271, 272 
At tenuator -b ias driver, 212 
At tenuator driver, 229 
Aural null, 3 
Auroral zones, 146 
Automatic plot t ing boards , 105 
Automatic synchronizer, 67 
Automatic volume control, 217, 240 

B 

B timer, 199 
B-l t imer, 199, 201 
Baccaro, Nova Scotia, 27 
Balloon, barrage, 330 
Banda Sea chain, 38, 422 
Bandwidth , 155, 198, 317, 388 

of an tenna , 307 
Baseline, 13, 53, 56, 62, 70, 96, 99, 102 

extended, 59 
Baseline extensions, 71 
Baseline length, 86 
Beacon, Orfordness, 4 

469 
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Beacon, radar, 7 
Sonne, 4 

Bearings, 3 
Bengal, Bay of, 36 
Bermuda, 22 
Beverage antenna, 87, 267 
Bizerte, 32 
Blind-approach facilities, 13 
Blink, 68 

warning, 229 
Blinker, communication, 256 

identification, 256 
Blinking, 197 

communication by, 252 
Blocking oscillators, 209, 221, 222 
Bodie Island, 27 
Bombardment, corpuscular, 144 

meteoric, 133 
Bootstrap, 281 
Boston Loran Training School, 44 
Bounce-back time, 118 
Bridge, 239 
British Admiralty, 28, 31 
British Mission, 20 
Buffer, 296 
Buoys, automatic, 115 

C 

C-l switching equipment, 261 
C timer, 205 
C-l timer, 205 
Calibration markers, 205 
Capacitor, phase-shift (see Phase-shift 

capacitor) 
Cape Cod, 97 
Cape Fear, 97 
CDU oscilloscope, 285 
Center line, 62, 70 
Central Pacific chain, 38, 408, 421 
Chain, 11, 70, 76 

Banda, Sea, 38, 422 
Central Pacific, 38, 408, 421 
China-Burma-India (CBI), 423 
Hatteras-Florida, 419 
Loran, 55 
North Atlantic, 26, 78, 419 
North Atlantic Standard Loran, 26 
North Pacific, 37, 420 
Pacific, 37 
South China Sea, 424 
Southwest Pacific, 38, 422 

Chain, star, 80 
training, Central Interior, 424 

Gulf of Mexico, 423 
West Coast, 40, 424 

Channels, 70 
r-f, 347 

Chapman distribution, 127 
Charting, 40 
Charts, 31, 55, 104, 109, 154, 173, 180 

for SS Loran, 97 
standard navigational, 102 

China-Burma-India (CBI) chain, 423 
China-Burma-India (CBI) Theater, 34, 

410 
China triplet, 36 
Choke, snuffing, 283 
Circuit merit, 124 
Clouds of ionization, 136 
Coast Guard (see U. S. Coast Guard) 
Coding delay, 57, 102, 204 
Coincidence, 105 
Coincidence circuit, 210 
Communication by blinking, 252 
Communication blinker, 256 
Computation, direct methods of, 177, 

180 
inverse method of, 177, 178 
methods of, 177 

Conductivity, 56 
Constant-temperature oven, 207 
Continuous-wave systems, 18 
Converter, 97 

Low Frequency, 367 
Coupling networks, 310 
Coupling units, 303, 324, 341, 342 

adjustment of, 306 
gain of, 343 

Crossing angle, 80, 83 
Crystal, 216, 237 
Crystal oscillator, 201, 207, 253 
Cycle matching, 99, 117, 252, 400 

D 

D-layer, 88, 128 
DAS receiver-indicator, 349 
DAS-1 receiver-indicator, 349-355 
DAS-2 receiver-indicator, 349, 355-

358 
DAS-3 receiver-indicator, 349 
DAS-4 receiver-indicator, 349 
DBE receiver-indicator, 349, 358 
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Decca, 13 
Delay, absolute (see Absolute delay) 

coding (see Coding delay) 
differential, 391 
sky-wave (see Sky-wave delay) 

Delay controls, 65 
fine, 65 

Delay curve, 134 
(See also Sky-wave delay curve) 

Delay multivibrators, 199, 204, 206, 
210, 211, 226 

Delay patterns, correlation between, 141 
Delayed synchronism, 67 
Deming, Nova Scotia, 27 
Dielectric constant, 129 
Differential amplifier, 231, 246 
Differential delay, 391 
Diode mixer, 281 
Direct-reading indicator, 104 
Direction-finding, 3, 17, 110 
Discriminator, 260, 261, 265, 269 
Dividers, 199, 203, 209, 219, 222, 236 
Double pulsing, 70 
Driver, 298 

attenuator, 229 
attenuator-bias, 212 
exciter, 211 
50-kc/sec, 253 

E 

E-layer, 60, 95, 128, 135 
one-hop, 62 

E-layer transmission, 133 
East India Coast system, 36 
Eccles-Jordan circuit, 209, 223 
Electrical length, 315 
Electrons, free, vertical distribution of, 

128 
Ellipse, probable, 85, 427 
Envelope, composite, 151 

resultant, 153 
Equisignal, 4 
Error, 157 

determination of, 432 
geometrical, 144 
median, 167 
positional, 33 
probable (see Probable error) 
station, 193 

European SS system, 420 
Exciter driver, 211 
Exciter units, 278 

F 

F-layer, 128, 135 
Fading, 88, 90, 95 
Faeroes, 27 
Families, 55, 99, 180 

of hyperbolas, 113 
Fast-sweep generator, 199, 205, 212, 227, 

228 
triggering of, 255 

Fast-sweep oscilloscope, 212 
Fast-trace pattern, 65 
Feedback, 203, 209, 222 
Fenwick Island, Del. 20, 27 
Field equipment, 397 
Field intensity of sky waves, 121 
Field strength, 121 
50-kc/sec driver, 253 
5-Group, 33 
575 transmitter, 278 
Fix, 53 

errors of, 169 
precision of, 83 
probable error of, 429 
relayed, 115 

Fixing, instantaneous, 366 
simultaneous, 249 

Foci, 70 
Folly Island, 28 
Frequency of collision, 131 

low, 108 
resonant, 317, 322 

Frequency doubler, 207, 219 

G 

Gain, differential, 390 
Gain balance, 389, 393 
Gain control, automatic, 394 

differential, 23 
Gate, 210, 231, 246 
Gate-pulse mixer, 199, 227 
Gee, 11, 17, 80, 100 
Gee-H, 9 
Gee lattice, 11 
Gee system, 22 
Generator, fast-sweep (see Fast-sweep 

generator) 
90-kc/sec, 291 
pulse-signal, 395 
r-f, 293 
slow-sweep, 209, 212, 229 
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Generator, square-wave, 203, 209, 21 
sweep, 212 

Geodesic, 170 
Geodetic reference points, 193 
Geographical grids, 181 
Geometrical error, 144 
Geometrical precision, 72, 102 

factor of, 425 
Ghost, 101 
Ghost pulses, 250 
Glide-path facilities, 13 
Graphical solution, 434 
Greenland, 27 
Groton school, 44 
Ground-station antennas, 301 
Ground-station operators, 41 
Ground stations, 31, 419 
Ground system, 87, 301, 324, 340, 341 
Ground-wave ranges, 23 
Ground waves, 60 
Group velocity, 129 
Guy insulators, 340 
Guy wires, 339 

H 

H-systems, 9 
Hatteras-Florida chain, 419 
Hawaiian triplet, 38 
Hebrides, 27 
Hobe Sound, 28 
Homing, 16 
Hop single, 130 
Hump triplets, 34 
Hydrographic Office, 41, 46, 403 
Hygraph, 186 
Hyperbolas, 11, 70 

families of, 113 
spherical, 72, 175 

Hyperbolic line of position, 10 
Hyperbolic navigation, 19 
Hyperbolic surveying, 117 
Hyperbolic systems, 17 
Hyperbolic track, 16 

I 

Iceland, 27 
Identification blinker, 256 
I-f rejection ratio, 389 
Image-rejection ratio, 388 
Impedance, characteristic, 315 

input, 307, 324, 327, 331 

Impedance level, 322 
Index of refraction, 129 
Indicated time difference, 59 
Indicator, 11 

direct-reading, 104 
Loran, 100 
right-left, 110 
two-trace, 21, 22 

Injection, controlled, 401 
pulsed, 398 

Input reactance, 318 
Input resistance, 317 
Instruction, 45 
Instruction books, 44 

Loran, 457, 461-465 
Ionization, 127 

clouds of, 136 
maximum, height of, 130 
sporadic E-region, 144 

Ionosphere, 59, 88, 94, 126 
Isolation transformer, 259 
Iwo Jima, 38 

K 

Key Largo, 97 

L 

L-network, 306 
Labrador, 27 
Lambert correction, 176 
Lambert projection, 181 
Latitude effect, 139 
Lifeboats, 115 
Light-microsecond, 52 
Line of position, 3, 52, 102 

error in, 107 
hyperbolic, 10 

Loran, Air Transportable, 44, 93 
internal memoranda on, 457, 465-468 
Low Frequency, 60, 97 
magazine articles on, 457 
sky-wave synchronized (see SS Loran) 
Standard, 12, 56, 85 

Loran bibliography, 457-461 
Loran charts, 41, 406 
Loran computations, 170 
Loran coordinate system, 55 
Loran coordinates, 109 

chart in, 110 
Loran distances, computing, 171 



Loran frequency, 135 
Loran grid, 11 
Loran indicator, 100 
Loran line, 173 
Loran network, 56 
Loran plotting board, 104 
Loran pulse shapes, low frequency, 
Loran quadrilateral, 55, 79 
Loran system, history of, 403 
Loran tables, 102, 180 
Loran Training School, Boston, 44 
Loran transmitters, pair of, 52 
Loran trials, 23 
Lorhumb, 106 
Lorhumb line, 112 
Low Frequency Loran (see Loran, 

Frequency) 
LRN-1 receiver-indicator, 349 
LRN-1A receiver-indicator, 349 

M 

Magnetic activity, 145 
Manuals, 44 
Marianas Islands, 38 
Marker mixer, 212, 226 
Markers, 12, 66, 104 

calibration, 205 
Marshall Islands, 38 
Master station, 59, 68 
Mean free path, 131 
Measurement, precision of, 107 
Median errors, 167 
Memoranda, internal, on Loran, 457, 

465-468 
Mercator projection, 174 
Meteoric bombardment, 133 
Micro-H, 9, 16 
Microwave Committee, 19 
Mixer, balanced, 246 

coincidence, 231 
gate-pulse, 199, 227 
pulse, 210 

Modulator, 278 
operation of, 282 

Monitor station, 68 
Monitor timer, 250 
Montauk Point, L. I., 20, 27 
Multiple-hop transmission, 136 
Multivibrators, delay (see Delay multi

vibrators) 
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N 

Naval Liaison, 24 
Navigation, hyperbolic, 19 
Navigators, air, 46 

shipboard, 45 
Navy Administration, 405 
Network, coupling, 310 

L-, 306 
Loran, 56 
reactance, 304 
T-, 305, 306 

New York Project, 405 
Newfoundland, 27 
90-kc/sec generator, 291 
Noise, 62 

atmospheric, 125 
long-distance, 125 

Noise factors, 121, 389 
North Africa station, 30 
North Atlantic chain, 26, 78, 419 
North Atlantic Standard Loran chain, 26 
North Pacific, service to, 407 
North Pacific chain, 37, 420 
Nova Scotia, 27 

O 

OBN oscilloscope, 285 
Oboe, 10 
OCA oscilloscope, 285 
Okinawa, 38 
Omnidirectional radio range, 5 
108T transmitter, 278 
125T transmitter, 278 
170T transmitter, 278 
Optical survey, 118 
Oran, 32 
Orfordness beacon, 4 
Oscillator, 215 

blocking, 209, 221, 222 
crystal, 201, 207, 253 
power, operation of, 282 
self-excited, 278 
UE-1, 237 

Oscilloscope, 199, 205 
A-l, 285 
CDU, 285 
fast-sweep, 212 
OBN, 285 
OCA, 285 
slow-sweep, 212 
test, 213, 237, 285, 291 
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Oven, constant-temperature, 207 
crystal, 216 

Oven temperature, 217 

Pacific chain, 37 
Pacific installations, 414 
Pair designation, 70 
Pairs, of stations, 11 

two, 76, 86 
Parallelogram, probable, 84 
Parametric latitude, 173 
Pathfinders, 33 
Pedestal, 65 
Phase control, 240 
Phase corrector, 231 
Phase inverter, 218, 219 
Phase shift, coarse, 204 
Phase-shift capacitor, 199, 203, 207, 219 
Phase velocity, 129 
Phoenix Islands, 38 
Plan position indicator, 6 
Plotting board, 110 

automatic, 105 
Loran, 104 

Polarization, 301 
POPI, 13 
Port Errol, 32 
Position-determining set, 108 
Positional error, 33 
Power amplifier, 298 
Power plant, 87 
Preamplifier, 278 
Precipitation static, 328, 344 
Probable error, 72, 84, 91, 95, 98, 140, 193 

in distance, 85 
of fix, 429 

Project, New York, 405 
Project 3, 20 
Propagation, velocity of, 122, 166 
Pulse, ambiguity in identifying, 57 

composite, 60 
ghost, 250 
length of, 98 
local, 67 
overlapping, 137 
remote, 67 
shaping of, 396 
time sequence of, 57 

Pulse-bandwidth measurements, 396 
Pulse-matching accuracy, 98 

Pulse mixer, 210 
Pulse power, radiation of, 56 
Pulse recurrence rate, 57, 348 
Pulse shapes, Low Frequency Loran, 149 
Pulse shapes, 155 
Pulse-signal generator, 395 
Pulsed doubler, 294 
Pulsed injection, 398 
Pulsed system, 18 
Pulsing, double, 70 

Q 

Q of resonant antenna, 308 
Q-procedure, 187 
Quadrilateral, 94 

Loran, 55, 79 

R 
Radar, 6, 15 
Radar beacons, 7 
Radar systems, 17 
Radiation, low-angle, 301 
Radiation resistance, 316, 324 
Radio direction-finding, 3 
Radio frequencies, 55 
Radio range, 15 

omnidirectional, 5 
RAF Bomber Command, 33 
RAF Coastal Command, 29 
Range, 62, 98, 107, 122 

maximum, 130 
Rate, basic, 69 

specific, 69 
Reactance networks, 304 
Reactance slope, 318 
Rebecca-Eureka, 7 
Rebecca-H, 9 
Receiver, 212 

airborne, 25 
cycle-matching, 398 
UE-1, 243 

Receiver, design, 386 
Receiver-indicator, 56, 63, 99, 345 

airborne, 363 
direct-reading, 358 
shipboard, 345 
(See also various models of receiver-

indicator) 
Recurrence period, 57 
Recurrence rates, 12, 23 

basic, 204, 348 
high, 57 
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Recurrence rates, low, 57 
pulse, 57, 348 
specific 204, 348 

Reflection, 88, 129 
multiple, 60 
stability of, 134 

Refraction, 130 
Remote signal, 259 
Rendezvous, 28 
R-f generator, 293 
R-f receiver, tuned, 398 
Rhumb line, 3 
Royal Air Force, 47 
Royal Canadian Air Force, 28 
Royal Canadian Navy, 25 
Royal Navy, 28 

S 
Scotland, 30 
SCR-722 receiver-indicator, 363 
SCR-722A receiver-indicator, 363 
Selector circuits, 199, 206 
Selectors, 210, 226, 236 
Sensitivity, 389 
Service area, 49, 74, 92, 99 
Shetlands, 29 
Shipboard navigators, 45 
Shock-mounting, 26 
Shoran, 9 
Siasconset, 27 
Sideband energy, 310 
Signal, local, 259 

remote, 259 
required, 122, 124 

Skip distance, 130 
Sky-wave accuracy patterns, 142 
Sky-wave components, 151 
.Sky-wave corrections, 31, 61, 62, 138, 

157, 180 
Sky-wave delay, 134, 139, 147 
Sky-wave delay curve, 137 

low-frequency, 152 
Sky-wave phenomena, 108 
Sky-wave pulse, 88 
Sky-wave ranges, 23 
Sky-wave results, 22 
Sky-wave synchronized Loran (see SS 

Loran) 
Sky-wave synchronized pairs, 36 
Sky-wave transmission, 59, 159 
Sky-wave transmission delay, 60, 62 
Sky-wave transmission errors, 139 

Sky waves, 60, 91, 95 
field intensity of, 121 
train of, 60 
transmission time of, 133 

Slant range, 6 
Slave station, 59, 68 
Slow-sweep generator (see Generator, 

slow-sweep) 
Slow-sweep oscilloscope, 212 
Slow-trace pattern, 63 
Sonne beacon, 4 
Southwest Pacific chain, 38, 422 
Spectrum-control filter, 310 
Spectrum measurements, 397 
Spheroid, oblate, 170 
Split, 88 
Splitting, 90 
Spurious response, 389 
Square-wave generator (see Generator, 

3quare-wave) 
SS Loran, 12, 30, 94, 144 

charts for, 97 
SS Loran navigation, 33 
SS Loran tests, 31 
SS system, European, 420 
Standard Loran, 12, 56, 85 
Standard Loran station, equipment of, 87 
Standardization, 119 
Star chain, 80 
Station error, 193 
Station positions, 432 
Station selection, 69 
Steering mechanism, 113 
Superposition, 67 
Sweep, 56 
Sweep generators, 212 
Switching equipment, 260, 261 

C-l, 261 
low frequency, 271 
UM, 265 

Synchronism, 101 
average deviation of, 158 
delayed, 67 

Synchronizer, 199, 213, 229, 234 
automatic, 67 
UE-1, 245 

T 

T-network, 305, 306 
TDP transmitter, 278 
TDP-1 transmitter, 278 
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Telecommunications Research Ei 
lishment, 25 

Test oscilloscope, 213, 237, 285, 291 
Tilt angle, 328 
Time difference, 12, 52, 59, 63, 67, 

432 
indicated, 59 

Time-difference measurement, 345 
Time markers, 56 
Time sequence of pulses, 57 
Timer, 67, 87, 197 

A, 199 
B, 199 
B-l, 199, 201 
C,205 
C-l, 205 
low-frequency, 249 

block diagram of, 253 
monitor, 250 
UE-1, 232 
UJ, 205 

Timing errors, 144 
Top loading, 334 
Top locking, 366 
Trace, 56 
Trace separation, 223 
Trace-separation circuits, 207 
Trace separator, 212 
Traces, nonlinear, 374 
Trainer, supersonic, 382 
Training, 40 
Trains, 98 
Transformer, isolating, 264 

isolation, 259 
Transmission, E-layer, 133 

ground, 59 
ground-wave, 121 
multiple-hop, 136 
sky-wave, 59, 159 

Transmission conditions, 161 
Transmission delay, 98 

sky-wave, 60, 62 
Transmission line, 304 
Transmission time, 123 

of sky wave, 133 
Transmitter timer, 63 

i- Transmitter, 87, 275, 277, 278, 575 
Loran, pair of, 52 
Low Frequency, 288, 291 

block diagram of, 290 
[, 108T, 278 

125T, 278 
170T, 278 
Standard Loran, 277 
TDP, 278 
TDP-1, 278 

Transmitting antenna, 97, 301 
balloon-supported, 329 
Low Frequency, 330, 338 
steel mast, 325 
tower, 332 

Trap circuits, 388 
Trigger pulses, 198 
Triplet, 70, 92, 97, 102 

Assam Hump, 35 
China, 36 
Hawaiian, 38 
Hump, 34 
Loran, 55 

Two-trace indicator, 21, 22 

U 

XJE-1 oscillator, 237 
UE-1 receiver, 243 
UE-1 synchronizer, 245 
UE-1 timer, 232 
UHF proposal, 19 
UJ timer, 205 
UM switching equipment, 265 
Umbrella, top-loading, 333 
U.S. Coast Guard, 27, 38, 40, 45 
U.S.. Fleet, 28 

V 

Vector bombing, 34 
Volume control, automatic, 217, 240 

W 

West Coast chain, 40, 424 
West Coast installations, 414 
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Foreword 

THE tremendous research and development effort that went, into i,hc 
development of radar and related techniques during World War II 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields, Because tliis 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super
vision of the National Defense Research Committee, undertook the great 
task of preparing these volumes. The work described herein, however, is 
the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 
and other Dominions. 

The Radiation Laboratory, once its proposals were approved and 
finances provided by the Office of Scientific Research and Development, 
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 
project. An editorial staff was then selected of those best qualified for 
this type of task. Finally the authors for the various volumes or chapters 
or sections were chosen from among those experts who were intimately 
familiar with the various fields, and who were able and willing to write 
the summaries of them. This entire staff agreed to remain at work at 
MIT for six months or more after the work of the Radiation Laboratory 
was complete. These volumes stand as a monument to this group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of other scientists, engineers, and others who actually carried 
on the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and they 
worked so closely together even though often in widely separated labora
tories that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote reports 
or articles have even been mentioned. But to all those who contributed 
in any way to this great cooperative development enterprise, both in this 
country and in England, these volumes are dedicated. 

L. A. DUBRIDGE. 





Preface 

WHEN the Radiation Laboratory was organized in the fall of 1940 in 
order to provide the armed services with microwave radar, one of 

the important technical problems facing this group was that of devising 
equipment capable of delivering high-power pulses to the newly developed 
cavity-magnetron oscillator. To be sure, some techniques for generating 
electrical pulses were available at this time. However, the special 
characteristics of these magnetrons and the requirements imposed by the 
operation of a microwave-radar system (high pulse power, short pulse 
duration, and high recurrence frequency) made it evident that new 
techniques had to be developed. 

During the existence of the Radiation Laboratory the group assigned 
to the problem of pulse generation grew from a nucleus of about five peo
ple to an organization of more than ten times this number. The coordi
nated efforts of this group extended the development of pulse generators 
considerably beyond the original requirement of 100-kw pulses with a 
duration of 1 jusec and a recurrence frequency of 1000 pps. The develop
ment extended to both higher and lower powers, longer and shorter 
pulses, and lower and higher recurrence frequencies. Besides the 
improvement of existing techniques, it was necessary to devise entirely 
new methods and to design new components to provide satisfactory pulse 
generators for radar applications. The use of a lumped-constant trans
mission line (line-simulating network) to generate pulses of specific pulse 
duration and shape was carried to a high state of development. As a 
result of work both on transformers that could be used for short pulses 
and high pulse powers and on new switching devices, highly efficient and 
flexible pulse generators using line-simulating networks were available 
at the end of the war. Concurrent with the work at the Radiation 
Laboratory, a large amount of work was done at similar laboratories in 
Great Britain, Canada, and Australia, and at many commercial labora
tories in this country and abroad. 

The purpose of this volume is to present the developments in the 
techniques of pulse generation that have resulted from this work. These 
techniques are by no means limited to radar applications: they may be 
used with loads of almost any conceivable type, and should therefore be 
applicable to many problems in physics and engineering. The discussion 
of pulse-generator design and operation is divided into three principal 
parts. Part I is concerned with hard-tube pulsers, which are Class C 

in 
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amplifiers specifically designed for the production of pulses of short 
duration and high power; Part II presents the characteristics of the 
line-type pulser, which utilizes the line-simulating networks; Part III 
considers the design and characteristics of pulse transformers. Through
out this volume both the theoretical and the practical aspects of pulse-
generator design are given in order to avoid restricting the available 
information to radar applications. 

Although the major part of this volume is written by a few members 
of the Radiation Laboratory staff, many other individuals at the Radi
ation Laboratory and elsewhere have contributed their ideas in the 
preparation of this material, and we hereby acknowledge their con
tributions. Particular mention must be made of the work done by Miss 
Anna Walter in connection with many of the mathematical analyses 
Her painstaking work in checking the mathematical derivations and 
making the long and tedious calculations necessary for many of the curves 
and numerical examples is gratefully acknowledged. We are glad to 
acknowledge also the work of Miss F. Newell Dutton, who processed the 
numerous pulse photographs that appear throughout the volume. 

We are also indebted to the many people who have contributed their 
time freely in reading various chapters and sections of the manuscript, 
and who have made valuable suggestions for the improvement of the 
discussion. We wish to acknowledge the help received in this way 
from Mr. J. P. Hagen and his associates at the Naval Research Labora
tory; Dr. J. E. Gorham and his associates at the Army Signal Corps 
Laboratory; Dr. F. S. Goucher, Mr. E. P. Payne, Mr. A. G. Ganz, Mr. 
A. D. Hasley, Mr. E. F. O'Neill, and Mr. W. C. Tinus of the Bell Tele
phone Laboratories; Mr. E. G. F. Arnott, Mr. R. Lee, Mr. C. C. Horst-
man, and Dr. S. Siegel and his associates at the Westinghouse Electric 
Corporation; Mr. H. W. Lord of the General Electric Company; Dr. A. 
E. Whitford of the Radiation Laboratory and the University of Wiscon
sin; and Dr. P. D. Crout of the Massachusetts Institute of Technology. 

The preparation of the manuscript and the illustrations for this 
volume would have required a much longer time if we had not had 
the aid of the Production Department of the Office of Publications of the 
Radiation Laboratories. We wish to express our appreciation of the 
efforts of Mr. C. Newton,'head of this department, for his help in getting 
the work done promptly and accurately. 

CAMBRIDGE, MASS., 
June, 1946. 

T H E AUTHORS. 
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CHAPTER 1 

INTRODUCTION 

B Y G. N. GLASOE 

Microwave radar has required the development of pulse generators 
that are capable of producing a succession of pulses of very short time dura
tions. The pulse generators of a radar system fall into two principal 
categories, namely, those that are associated with the transmitter and 
those that are used in the indicator and ranging circuits. The principal 
distinguishing feature of pulse generators of these two types is the output 
power level. The radar transmitter requires the generation of high-power 
and high-voltage pulses whereas the indicator and ranging circuits 
require pulses of negligible power and relatively low voltage. The pur
pose of this book is to record information that pertains to the basic prin
ciples underlying the design of power pulse generators. Although most 
of these principles have been developed primarily in the field of microwave 
radar, they are equally adaptable to a very large number of applications 
not associated with radar. The discussion is general, and reference to 
specific microwave-radar applications is made only when they serve as 
examples of attainable results. Specific design information is given for 
some of the practicable circuits that have been built and have proved to 
be satisfactory. 

The most commonly used source of the high-frequency energy that is 
necessary for microwave radar has been the magnetron oscillator. The 
problem of power-pulse-generator design has, therefore, been greatly 
influenced by the characteristics of these magnetron oscillators. By 
virtue of this application many of the basic principles of pulse-generator 
design are better understood. 

The power pulse generators used in the transmitters of radar systems 
have been variously referred to as "modulators," "pulsers," and "key-
ers." Since the function of these generators is to apply a pulse of voltage 
to an oscillator and thereby produce pulses of high-frequency energy to 
be radiated by the antenna, the term "pulser" is a descriptive abbrevia
tion for pulse generator. Throughout this book, therefore, the term 
"pulser" will be used in preference to the terms "modulator" and 
"keyer." 

1-1. Parameters Fundamental to the Design of Pulse Generators.— 
There are certain parameters of a pulser that are common to all types 
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and that affect the design. The most important of these parameters 
are pulse duration, pulse power, average power, pulse recurrence fre
quency, duty ratio, and impedance level. Before proceeding to the 
detailed discussion of pulser design, therefore, it is well to introduce the 
parameters by defining some terms and indicating the ranges which have 
been common in the microwave-radar field. 

In its broadest aspects, the term "pulse duration" is the time during 
which a voltage or current maintains a value different from zero or some 
other initial and final value. The term "pulse shape" is used to refer 
to the form obtained when the pulse amplitude is plotted as a function of 
time. When referring to such a plot, it is convenient to discuss the details 
of a particular pulse shape in terms of the "leading edge," the " t o p , " 
and the "trailing edge" of the pulse. If a pulse of voltage or current is 
truly rectangular in shape, that is, has a negligible time of rise and fall 
and is of constant amplitude for the intervening time interval, the pulse 
duration is simply the time elapsed between the deviation from and the 
return to the initial value. The term "negligible t ime" is, of course, 
relative and no strict boundaries can be attached. For most practical 
purposes, however, if the rise and fall times for a pulse are about a tenth 
or less of the pulse duration, the pulse is considered substantially rec
tangular. A current pulse of this type is required for a magnetron oscil
lator by virtue of the dependence of the output frequency on the current, 
which is called the "pushing factor." For pulses which are definitely 
not rectangular, the effective or equivalent pulse duration is either the 
time measured at some fraction of the maximum pulse amplitude that is 
significant to the particular application, or the time corresponding to a 
rectangular equivalent of the pulse in question. The interpretation of 
pulse duration is discussed in Appendix B, and when particular cases 
come up in the text they are considered in more detail. 

The pulsers that have been designed for microwave-radar applica
tions have pulse durations covering the range of 0.03 to 5 /jsec. The 
design of a pulser for short pulse durations with substantially rectangular 
pulse shape requires the use of high-frequency circuit techniques since 
frequencies as high as 60 to 100 Mc/sec contribute to the pulse shape and 
the effects of stray capacitances and inductances become serious. 

In the microwave-radar field the voltage required across the magne
tron ranges from as low as 1 kv to as high as GO kv. If a voltage pulse is 
applied to some type of dissipative load, a magnetron for example, there 
will be a corresponding pulse of current which depends on the nature of 
this load. The pulse current through the magnetron ranges from a few 
amperes to several hundred amperes. The combined considerations of 
short pulse duration and rectangularity therefore require that careful 
attention be given to the behavior of the pulser circuit and its components 
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under conditions of high rates of change of voltage and current. The 
rate of change of voltage may be as high as several hundred kilovolts 
per microsecond, and the current may build up at the rate of hundreds to 
thousands of amperes per microsecond. 

The product of the pulse voltage and the pulse current is the pulse 
power. When the voltage and current pulses are rectangular, the cor
responding pulse power is unambiguous. When the pulses are irregularly 
shaped, however, the meaning of the term "pulse power" is not so clear 
because somewhat arbitrary methods are often used to average the prod
uct of voltage and current during the pulse. The peak power of a pulse 
is the maximum value of the product of the voltage and current. Thus, 
for rectangular pulses the peak power and the pulse power are the same, 
but for irregularly shaped pulses the peak power is greater than the pulse 
power. 

In this connection there are two general types of load that are dis
cussed most frequently, namely, the linear load, such as a pure resistance, 
and the nonlinear load, such as the magnetron. The magnetron load 
can be approximately represented as a biased diode with a dynamic 
resistance that is low and a static resistance that is about ten times higher. 
Static resistance is the ratio of the voltage across the load to the current 
through the load, whereas the dynamic resistance is the ratio of a small 
change in voltage to the corresponding change in current. When the 
dynamic resistance of the load is small, the magnitude of the pulse cur
rent varies greatly with only small variations of the pulse voltage, and for 
loads such as a magnetron, for example, the behavior of the pulser with a 
linear load is not necessarily a good criterion. 

Since the pulse-power output of pulsers for microwave-radar applica
tion has ranged from as low as 100 watts to as high as 20 Mw, the average 
power output as well is important to the design. The average power 
corresponding to a particular pulse power depends on the ratio of the 
aggregate pulse duration in a given interval to the total time, and this in 
turn depends on the pulse recurrence frequency, PRF, which is the num
ber of pulses per second (pps). If the pulse duration is T and the time 
between the beginning of one pulse and the beginning of the next pulse 
is T,, then 

P*v = I 7p~ 1-PjmU. = T(PRF)P P U 1,„ . 

A similar equation can be written in terms of the current if the pulse 
voltage is essentially constant during the time corresponding to the cur
rent pulse, thus 

/«v = I Tp- I /pills. = T(PRF)/ B U | .O . 
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Since the average current and the PRF are relatively easy to measure, 
this relation may be used to define a pulse current if the top of the pulse 
is irregular but the rise and fall times are negligibly small. It may also 
be used to define an equivalent pulse duration for a pulse shape that is 
trapezoidal and perhaps rounded at the top, but where some significance 
can be attached to a pulse-current measurement. 

The ratio T/T,—or the product T ( P R F ) — i s commonly called the 
pulser "du ty , " "du ty cycle," or preferably "du ty ratio," and is expressed 
as a fraction or a percentage. Thus l-^sec pulses repeated at a rate of 
1000 pps correspond to a duty ratio of 0.001 or 0.1 per cent. Pulsers 
have been constructed with a duty ratio as high as 0.1, but for most radar 
applications a value of 0.001 or lower is most common. As with any 
power device, the over-all efficiency of a pulser is an important considera
tion in its design. This is particularly true when the average power out
put is high, that is, a combination of high pulse power and high duty 
ratio. This point is stressed in the discussion and is frequently a decid
ing factor in choosing one type of pulser in preference to another. 

The pulse recurrence frequency affects the design of a pulser in ways 
other than from the standpoint of the power considerations. The pulser 
circuit may be considered to have a quiescent state that is disturbed 
during the pulse interval and to which it must return before the initiation 
of the next succeeding pulse. If the P R F is very high, the problem of 
returning the circuit to this quiescent state becomes of importance. 
Such things as time constants and deionization times may impose a 
limit on how small the interpulse interval can be without unduly com
plicating the design. This limit becomes especially important whenever 
it is necessary to produce a series of closely spaced pulses to form a code 
such as is used in radar beacons. 

The choice of the internal impedance of the pulse generator depends 
on the load impedance, the pulse-power level, and practical considera
tions of circuit elements. Impedance-matching between generator and 
load is of prime importance in some cases, especially with regard to the 
proper utilization of the available energy and the production of a particu
lar pulse shape. Impedance-matching is not always convenient with the 
load connected directly to the pulser output; however, matching can 
readily be attained by the use of a pulse transformer. By this means it is 
possible to obtain impedance transformations between pulser and load 
as high as 150/1, tha t is, a transformer with a turns ratio of about 12/1. 
The magnetrons which have been used in microwave radar have static 
impedances ranging from about 400 ohms to about 2000 ohms; in general, 
the higher the power of the magnetron, the lower its input impedance. 

The impedance-transformation characteristic of the pulse transformer 
also provides a means of physically separating the pulser and the load. 
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Thus the power may be transmitted from the pulser to the load through a 
low-impedance coaxial cable, provided that pulse transformers are used 
to match impedances. For most efficient power transfer such impedance-
matching is necessary between pulser and cable and between cable and 
load. In this way it has been possible to transmit high-power pulses of 
short duration over as much as 200 ft of cable without a serious loss in 
the over-all efficiency or a deterioration of the pulse shape. 

The pulse transformer has another function that is important to pulser 
design, namely, it provides a means for reversing the polarity of a pulse. 
This feature of the pulse transformer together with the impedance-
transformation property considerably extends the range of usefulness for 
pulsers of any type. 

1-2. The Basic Circuit of a Pulse Generator.—The pulse generators 
discussed in this book depend on the storage of electrical energy either 
in an electrostatic field or in a magnetic field, and the subsequent dis
charge of a fraction or all of this stored energy into the load. The two 
basic categories into which the largest number of pulser designs logically 
fall are (1) those in which only a small fraction of the stored electrical 
energy is discharged into the load during a pulse, and (2) those in which 
all of the stored energy is discharged during each pulse. These two basic 
categories of pulsers are generally referred to as (1) "hard-tube pulsers" 
and (2) "line-type pulsers." 

To accomplish this discharge, it is necessary to provide a suitable 
switch that can be closed for a length of time corresponding to the pulse 
duration and maintained open during the time | , 
required to build up the stored energy again be- I Energy- I 
fore the next succeeding pulse. In its simplest S<Jev!ce Switch / 
form, therefore, the discharging circuit of a 
pulser can be represented schematically as shown 
in Fig. 1-1. The characteristics required for the 
switch will be different depending on whether or 

Load 

not all the stored energy is discharged into the Fio. 1*1.—Basic discharg
e d during a single pulse. Some pulse-shaping "»* c i r c u i t of a pulser-
will be necessary in the discharging circuit when all the energy is to be 
dissipated. 

Since the charging of the energy-storage component of the pulser 
takes place in the relatively long interpulse interval, the discussion of 
pulsers may logically be divided into the consideration of the discharging 
circuit on the one hand, and the charging circuit on the other. Power 
supplies for these pulsers are, in general, of conventional design and 
therefore usually need not be discussed, but wherever this design 
has bearing on the over-all pulser behavior, special mention is made 
of the fact. 
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Charging Discharging 
.circuit, circuit 

1-3. Hard-tube Pulsers.—In general, the energy-storage device for 
these pulsers is simply a condenser that is charged to some voltage V, 
thus making available an amount of electrical energy ?CV2. The term 
"hard- tube" refers to the nature of the switch, which is most commonly 
a high-vacuum tube containing a control grid. The closing and opening 
of this switch is therefore accomplished by applying properly controlled 
voltages to the grid. Since only a small fraction of the energy stored in 
the condenser is discharged during the pulse, the voltage across the 
switch immediately after the pulse and during the charging interval is 
nearly the same as it is at the beginning of the pulse. It is therefore 
necessary that the grid of the vacuum-tube switch have complete control 
of the conduction through the tube. This required characteristic of the 
switch tube rules out the possibility of using known gaseous-discharge 
devices for this type of pulser. 

It is generally desired that these pulsers produce a succession of pulses, 
and therefore some provision must be made to replenish the charge on 
the storage condenser. This is accomplished by means of a power supply 
which is connected to the condenser during the interpulse interval. The 

combination of the discharging 
and charging circuits of the pulser 
may be represented schematically 
as shown in Fig. 1-2. In order to 
avoid short-circuiting the power 
supply during the pulse interval, 
some form of isolating element 
must be provided in series with 
the power supply. This element 
may be a high resistance or an 
inductance, the particular choice 
depending on the requirements of 
over-all pulser design. The pri
mary consideration is to keep the 
power-supply current as small as 

possible during the pulse interval. However, the impedance of this isolat
ing element should not be so high that the voltage on the condenser at the 
end of the interpulse interval differs appreciably from the power-supply 
voltage. 

Because of the high pulse-power output, pulsers for microwave radar 
require switch tubes that are capable of passing high currents for the 
short time corresponding to the pulse duration with a relatively small 
difference in potential across the tube. Oxide-cathode and thoriated-
tungsten-filament tubes can be made to pass currents of many amperes 
for the pulse durations necessary in the microwave-radar applications 

Isolating 
element 

_ L Storage 
'condenser 

Power _±_ 
supply —r-

'/ 
Switch 

Load 

F I G . 1-2.—Charging and discharging circuit 
for a hard-tube pulser. 
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with a reasonable operating life expectancy. The cathode efficiency, 
that is, amperes of plate current per watt of heating power, is consider
ably less for the thoriated-tungsten filament than for the oxide cathode. 
For switch tubes with oxide cathodes it has been common to obtain 
about 0.3 to 0.5 amp/wat t of heating power, although as much as 1 
amp/watt has been obtained, whereas for thoriated-tungsten filaments 
this amount is generally less than 0.1 amp/watt . The tungsten-filament 
tube, however, is less subject to sparking at high voltages and currents 
and, within Radiation Laboratory experience, these tubes have not 
exhibited cathode fatigue, that is, a falling-off of cathode emission during 
long pulses. This cathode fatigue is sometimes a limitation on the long
est pulse for which an oxide-cathode switch tube should be used. 

In order to obtain a high plate current in these switch tubes, there 
must be a fairly high positive voltage on the control grid and therefore 
considerable grid current. In the case of a tetrode, there is a high screen-
grid current as well The duty ratio permitted in a given pulser is often 
limited by the amount of average power which the particular tube can 
dissipate. 

The output circuit of a hard-tube pulser does not usually contain any 
primary pulse-shaping components, although its design, in combination 
with the load, has a marked effect on the ultimate shape of the pulse. 
In a pulser of this type, the pulse is formed in the driver circuit, the out
put of which is applied to the control grid of the switch tube. From the 
standpoint of over-all pulser efficiency, it is desirable that the switch 
tube be nonconducting during the interpulse interval. The control grid 
must therefore be at a voltage sufficiently negative to keep the tube cut 
off during this time, and consequently the output voltage from the driver 
must be sufficient to overcome this grid bias and carry the grid positive. 
For most designs of hard-tube pulsers, this requirement means that the 
driver output power must be a few per cent of the actual pulser output 
power. 

The resistance of available vacuum tubes used as switches in hard-
tube pulsers ranges from about 100 to 600 ohms. If the pulser is con
sidered as a generator with an internal resistance equal to that of the 
switch tube, the highest discharge efficiency is obtained when the effective 
load resistance is high. Matching the load resistance to the internal 
resistance of the pulser results in an efficiency of 50 per cent in the output 
circuit and the switch tube must dissipate as much power as the load. 
Because of these considerations, the hard-tube pulser is generally designed 
with a power-supply voltage slightly greater than the required pulse 
voltage. This design practice has not been followed when the output 
voltage required is higher than the power-supply voltage that is easily 
obtainable. The power-supply voltage may be limited by available 
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components, size requirements, and other special considerations. A 
pulse transformer may then be used between the pulser and the load to 
obtain the desired pulse voltage at the load. 

1-4. Line-type Pulsers.—Pulse generators in this category are referred 
to as "l ine-type" pulsers because the energy-storage device is essentially 
a lumped-constant transmission line. Since this component of the line-
type pulser serves not only as the source of electrical energy during the 
pulse but also as the pulse-shaping element, it has become commonly 
known as a "pulse-forming network," PFN. There are essentially two 
classes, of pulse-forming networks, namely, those in which the energy for 
the pulse is stored in an electrostatic field in the amount iCT 2 , and those 
in which this energy is in a magnetic field in the amount ^LP. The first 
class is referred to as "voltage-fed networks" and the second as "current-
fed networks." The voltage-fed network has been used extensively in 
the microwave-radar applications in preference to the current-fed net
work because of the lack of satisfactory switch tubes for the latter type. 

The pulse-forming network in a line-type pulser consists of induc
tances and condensers which may be put together in any one of a number 
of possible configurations. The configuration chosen for the particular 
purpose at hand depends on the ease with which the network can be 
fabricated, as well as on the specific pulser characteristic desired. The 
values of the inductance and capacitance elements in such a network can 
be calculated to give an arbitrary pulse shape when the configuration, 
pulse duration, impedance, and load characteristics are specified. The 
theoretical basis for these calculations and the detailed discussion of the 

role of the various network parameters are given 
in Part II of this book. 

The discharging circuit of a line-type pulser 
PFN i . using a voltage-fed network may be represented 

Switch^ schematically as shown in Fig. 1-3. If energy 
has been stored in the network by charging the 
capacitance elements, closing the switch will 
allow the discharge of this energy into the load. 
When the load impedance is equal to the charac-

Fiu i•■'! —Discharging teristic impedance of the network, assuming the 
circuit for a voltage-fed switch to have negligible resistance, all of the 

energy stored in the network is transferred to 
the load, leaving the condensers in the network completely discharged. 
The time required for this energy transfer determines the pulse duration 
and depends on the values of the capacitances and inductances of the net
work. If the load impedance is not equal to the network impedance, some 
energy will be left on the network at the end cf the time corresponding to 
the pulse duration for the matched load. This situation leads to complica-

Load 
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F I G . 1-4.—Charging 
discharging circuit for a 
rent-fed network. 

and 
cur-

tions in the circuit behavior and is to be avoided if possible by careful design 
and construction of the network to insure an impedance match with the 
load. The voltage appearing across a load that matches the impedance 
of a nondissipative voltage-fed network is equal to one half of the voltage 
to which the network is charged just before 
closing the switch. 

The corresponding circuit for a current-fed 
network may be represented as shown in Fig. 
1-4. In this case the switch acts to close the 
network-charging circuit and allows a current 
to build up in the inductance of the network. 
When this current is interrupted by opening 
the switch, a high voltage, whose magnitude 
depends on the load impedance and the current 
in the inductance, appears across the load. 
Impedance-matching between the load and a 
network of the current-fed type results in a 
division of current such that the load current is one half of that in the 
network just before the switch is opened. 

The consideration of impedance-matching is of extreme importance 
in designing a line-type pulser because it affects the utilization of the 
energy stored on the network, as well as the ultimate shape of the voltage 
and current pulses at the load. For these reasons, the nature of the load 
must be known before proceeding to the design of the pulser. If the 
load is nonlinear, as in the case of a magnetron, it very often happens 
that the load characteristics can be taken into account only approxi
mately, and the ultimate design of the network may have to depend on 
experimental tests with subsequent modifications to obtain the desired 
pulse shape. 

Pulse-forming networks can be designed to have any value of charac
teristic impedance, but matters of practical convenience, such as the 
available size of inductances and condensers and the maximum permis
sible switch voltage, often dictate that this value be different from that 
required to match the impedance of the load. When the network 
impedance is different from the load impedance, the matched condition 
is attained by the use of a pulse transformer. Again, for reasons 
of engineering convenience, it has been common to apply the pulser 
output directly into one end of a coaxial cable, thus facilitating the 
physical separation of the pulser and the load. The impedance of the 
cable matches that of the network, and a pulse transformer at the other 
end provides the impedance match to the load. Since the cable that has 
been most available for applications of this type has a characteristic 
impedance of 100 ohms or less (commonly 50 ohms), most of the voltage-
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fed line-type pulsers for microwave radar have been designed for the 
50-ohm level, thereby making the use of a pulse transformer a necessity 
with magnetron load. The pulse transformer therefore becomes an 
essential part of the discharging circuit in a low-impedance pulser used 
with high-impedance load, and as such its characteristics have an effect 
on the pulse shape and the over-all behavior of the discharging circuit. 
I t is desirable and often necessary that the design of the pulse transformer 
and the design of the pulse-forming network be coordinated in order to 
obtain the most satisfactory pulser operation. 

Since the impedance-transformation ratio for a transformer is equal 
to the square of the voltage-transformation ratio, the use of a low-
impedance pulser with a load of higher impedance requires the use of a 
pulse transformer that gives a voltage stepup between pulser output and 
load input. Thus, when a line-type pulser with a 50-ohm voltage-fed 
network is used to pulse an 800-ohm load, for example, the voltage 
stepup ratio is about 4 /1 , and the current in the discharging circuit of 
the pulser becomes about four times the load current. Accordingly, the 
switch in the discharging circuit of a line-type pulser is required to pass 
very high pulse currents for high pulse power into the load. Since the 
switch is in series with the pulser output, its effective resistance must be 
small compared with the characteristic impedance of the pulse-forming 
network if high efficiency is desired. 

When a pulser uses a voltage-fed network, the voltage across the 
switch falls to zero at the end of the pulse because the stored energy is 
completely discharged. This consideration, in conjunction with the 
high current-carrying capacity and low resistance required of the switch, 
suggests the use of a form of gaseous-discharge device, which must remain 
nonconducting during the interpulse interval if it is desired to apply a 
succession of pulses to the load. If it is also required that the interpulse 
intervals be of controlled duration, the switch must have a further 
characteristic which allows a positive control of the time at which con
duction is initiated. These switch requirements can be met by rotary 
spark gaps, which depend on overvolting by a decrease in the gap length, 
or by fixed spark gaps, in which the discharge is initiated by an auxiliary 
electrode. A grid-controlled gaseous-discharge tube such as the thyra-
tron is particularly well suited to this application since it is possible to 
start the discharge in a tube of this type at any desired time, within a 
very small fraction of a microsecond, by the application of pi oper voltage 
to the grid. Several grid-controlled hydrogen-filled thyratrons of dif
ferent voltage and current ratings that cover the range of pulse-power 
output from a few kilowatts to almost two megawatts have been devel
oped for this application. These hydrogen thyratrons have proved to 
be very practical switches for line-type pulsers because they fulfill ade-



SEC. 1-4] LINE-TYPE PULSERS 11 

quately all the switch requirements mentioned above and have a stability 
against ambient temperature variations that is considerably better than 
that of the mercury thyratron. Hydrogen thyratrons that have a 
satisfactory operating life and yet can hold off 16 kv with the grid at 
cathode potential and carry pulse currents of several hundred amperes 
for a pulse duration of 2 /isec and a recurrence frequency of 300 pps have 
been developed and manufactured. 

The grid-controlled high-vacuum tube is not well suited to serve as 
the switch in a low-impedance line-type pulser using a voltage-fed net
work because of its rather low cathode efficiency and relatively high 
resistance during the conduction period. An oxide-cathode high-vacuum 
tube that requires 60 watts of cathode-heater power, for example, can 
carry a pulse current of about 15 amp for a pulse duration of a few micro
seconds, and under these conditions, this tube presents a resistance of 
perhaps 100 ohms to the circuit. A hydrogen thyratron, on the other 
hand, with equivalent cathode-heater power can carry a pulse current of 
about 300 amp, presenting an effective resistance to the circuit of about 
one ohm. 

As stated previously, a line-type pulser using a current-fed network 
requires a switch capable of carrying a current at least twice that 
desired in the pulser load. The further requirement that this switch 
must be capable of interrupting this current and withstanding high volt
age during the pulse eliminates the gaseous-discharge type and points to 
the grid-controlled high-vacuum tube. The low current-carrying capac
ity of existing tubes has, therefore, been the principal deciding factor in 
choosing the voltage-fed network for line-type pulsers rather than the 
current-fed network. 

Several different methods are used 
to charge a voltage-fed network in a 
line-type pulser. Since the general 
aspects of these methods are not ap
preciably affected by the discharging 
circuit, the requirements imposed on 
pulser design by the charging circuit 
can be considered separately. If the 
time allowed for the charging of the 
network is sufficiently long compared 
with the pulse duration, the charging 
cycle is simply that corresponding to 
the accumulation of charge on a con
denser. Figure 1 • 5 indicates schematically the relation between the charg
ing and discharging circuits of a pulser with voltage-fed network. For 
example, the network may be recharged from a d-c power supply through 

Isolating 
element 

Charging .Discharging. 
- circuit •»!*- circuit ■• 

Power ; = -
supply — 

PFN 

Load 

/ Switch 

F I G . 1-5.—Charging and discharging cir
cuit for a voltage-fed network. 
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a high resistance, in which case the equilibrium voltage on the network 
can be nearly equal to the power-supply voltage. The requirement on the 
series-resistance isolating element in this charging circuit is simply that 
it must be large enough to allow only negligible current to be taken from 
the power supply during the pulse and the deionizing time for the switch, 
but not so large that the RC time constant becomes comparable to the 
interpulse interval. To get the highest network voltage from a given 
power-supply voltage with this arrangement, the length of the interpulse 
interval should be several times greater than the RC time constant in the 
charging circuit. This method of charging the network is inherently 
inefficient—its maximum possible efficiency is only 50 per cent. 

Since the efficiency of the network-charging circuit with a resistance 
as the isolating element is very low, the use of a nondissipative element, 
such as an inductance, suggests itself. When a capacitance is charged 
through an inductance from a constant potential source, the voltage 
across the capacitance is in the form of a damped oscillation the first 
maximum of which is approximately equal to twice the supply voltage if 
the initial voltage across the capacitance and the current through the 
inductance are zero. This maximum occurs at a time equal to w \/LC 
after the voltage source is connected to the inductance-capacitance 
combination. The inductance to be used with a given network is, there
fore, calculated by setting the interpulse interval equal to r y/LC, where 
C is the network capacitance. This type of network charging is called 
"resonant charging." If the pulse recurrence frequency is less that 
1/T \/LC, some current will still be flowing in the inductance at the 
beginning of each charging period and, under equilibrium conditions, this 
initial current will be the same for all charging cycles. The network will 
again be charged to approximately twice the power-supply voltage. This 
type of network charging is called "linear charging." 

With careful design of the inductance, the efficiency of the charging 
circuit is as high as 90 to 95 per cent, and the power-supply voltage needs 
to be only slightly greater than one half of the desired network voltage, 
resulting in a great advantage over resistance charging. A factor of 1.9 
to 1.95 between network and supply voltage can be obtained if the 
charging inductance is designed so that the quality factor Q of the charg
ing circuit is high. 

Resonant charging can also be done from an a-c source provided 
that the pulse recurrence frequency, PRF, is not greater than twice the 
a-c frequency. If the pulse recurrence frequency and the a-c frequency 
are equal, the network voltage attains a value te times the peak a-c volt
age. This voltage stepup becomes greater as the ratio of a-c frequency 
to pulse recurrence frequency increases. The voltage gain soon becomes 
expensive, however, and it is not practical to go beyond an a-c frequency 
greater than twice the PRF . 
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1-5. A Comparison of Hard-tube and Line-type Pulsers.—Although 
it is not possible to give a set of fixed rules to be followed in determining 
the type of pulser best suited to a particular application, it is possible to 
give a few general comparisons of the two types which may aid in choos
ing between them. The comparisons made here concern such things as: 
power output and efficiency, pulse shape, impedance-matching, short 
interpulse intervals, high-voltage versus low-voltage power supply, the 
ease with which pulse duration and pulse recurrence frequency can be 
changed, time jitter, over-all circuit complexity, size and weight of the 
pulsers, and regulation of the pulser output against variations in input 
voltage. This list does not include all the possible points for compari
son, but only those that are of primary importance in choosing between 
the two pulser types. 

The over-all efficiency of the line-type pulser is generally somewhat 
higher than that of the hard-tube pulser, particularly when the pulse-
power output is high. This is due in part to the fact that the hard-tube 
pulser requires a larger overhead of cathode-heating power. Further
more, a high-vacuum-tube switch dissipates a greater portion of the 
available pulser power by virtue of its higher effective resistance than 
does a gaseous-discharge switch. The power required for the driver of 
the hard-tube pulser is not negligible and, since this component is not 
necessary in a line-type pulser, the over-all efficiency of the latter is 
thereby enhanced. 

The pulse shape obtained from a hard-tube pulser can usually be 
made more nearly rectangular than that from a line-type pulser. This 
is particularly true when the network of the pulser has low impedance, 
and a pulse transformer must be used between the pulser and a nonlinear 
load such as a magnetron. In this case, small high-frequency oscilla
tions are superimposed on the voltage pulse at the load. These oscil
lations make the top of the pulse irregular in amplitude. The amplitude 
of the corresponding oscillations on the top of the current pulse depends 
on the dynamic resistance of the load and, if this is small, these oscilla
tions become an appreciable fraction of the average pulse amplitude. 
The hard-tube pulser is, therefore, generally preferred to the line-type for 
applications in which a rectangular pulse shape is important. 

Impedance-matching between pulser and load has already been 
mentioned as an important consideration in the design of line-type pul
sers. Usually, an impedance mismatch of ±20 to 30 per cent can be 
tolerated as far as the effect on pulse shape and power transfer to the load 
is concerned, but a greater mismatch causes the over-all pulser operation 
to become unsatisfactory. The load impedance of the hard-tube pulser, 
however, can be changed over a wide range without seriously affecting 
the operation. The principal limitation in the latter case is that , if the 
load impedance is too low, the required current through the switch tube 
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is large and the power dissipated in the switch becomes a larger fraction 
of the total power, thus lowering the efficiency. In applications of the 
line-type pulser it is possible to effect an impedance match for any load 
by the proper choice of pulse transformer, but this procedure is somewhat 
inconvenient if, for example, it is desired to vary the power input to a 
nonlinear load between wide limits. 

Switches of the gaseous-discharge type, which are commonly used in 
the line-type pulser, place a stringent limitation on the minimum spacing 
between pulses. After the pulse, the network must not charge up to any 
appreciable voltage until the deionization is complete, otherwise the 
switch will remain in the conducting state and the power supply will be 
short-circuited. For this reason, the interpulsc interval must be several 
times as long as the switch deionization time when the gaseous-discharge 
type is used. The high-vacuum-tube switch in the hard-tube pulser does 
not present any similar limitations on the interpulsc interval, but in this 
case the problem becomes one of designing the circuit with small RC and 
L/li time constants. It has been possible, for example, to construct 
hard-tube pulsers with 0.2-^sec pulses spaced 0.8 ^sec between leading 
edges. 

It has been stated in the preceding discussion of hard-tube pulsers 
that a high-voltage power supply is necessary for highest efficiency. 
This requirement is sometimes a very serious limitation on the design of 
such pulsers for high-pulse-power output. The low-impedance line-type 
pulser using resonant charging of the network, on the other hand, can be 
designed with a much lower power-supply voltage for a pulse-power 
output comparable to that of a hard-tube pulser. For example, a hard-
tube pulser with a pulse-power output of 3 Mw has been built with a 
35-kv power supply, whereas for a line-type pulser with d-c resonant 
charging of the network, the same power output is obtained with only 
about 14 kv from the power supply if a standard 50-ohm network is used. 
A line-type pulser using a-c resonant charging, on the other hand, requires 
an a-c power source giving a peak voltage of about 8 kv in order to provide 
a pulse-power output of 3 Mw. It should be stated, however, that in 
both of the line-type pulsers mentioned here the pulse-forming networks 
are charged to about 25 kv, but this voltage does not present such serious 
design problems from the engineering standpoint as the design of a power 
supply of equivalent voltage. It would have been advantageous to 
have a power-supply voltage greater than 35 kv for this 3-lIw hard-tube 
pulser, but a higher voltage was impractical because the pulser design 
was limited by the available components, in particular by the switch 
tube. 

It is sometimes desirable to have a pulser capable of producing pulses 
of several different durations, the particular one to be used being selected 
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by a simple switching operation. The pulse duration is determined in 
the driver of the hard-tube pulser, where this type of pulse selection is 
easily made since the switching can be done in a low-voltage part of the 
circuit. In the line-type pulser, however, the pulse duration is deter
mined by the network and in order to change the pulse duration a different 
network must be connected into the circuit. This can be accomplished 
by a switching operation, but because of the higher voltage involved it is 
not so simple as in the hard-tube pulser. A further complication may 
arise in the line-type pulser since a change of network affects the character
istics of the charging circuit, and practical considerations of inductance 
charging therefore limit the ranges of pulse duration and pulse recur
rence frequency that can be covered. The ease with which the pulse 
duration may be changed in a hard-tube pulser provides a flexibility that 
is difficult to obtain with a line-type pulser. 

In many pulser applications it is important to have the interpulse 
intervals precisely determined. In hard-tube pulsers and some line-type 
pulsers, constant interpulse intervals are obtained by using a trigger pulse 
to initiate the operation of the pulser. These trigger pulses can be gener
ated in a low-power circuit independent of the pulser, and it is a simple 
matter to design such a circuit so that the trigger pulses occur at pre
cisely known time intervals. When the successive output pulses from 
the pulser start with varying time delay after the start of the trigger 
pulse, there is said to be time jitter in the output pulses. If the trigger 
pulses are used to initiate the operation of other apparatus, which is 
auxiliary to the pulser, this time jitter results in unsatisfactory over-all 
operation of the equipment. Hard-tube pulsers can be easily designed 
to make this time jitter negligible, that is, ~ 0.02 /jsec or less. The time 
jitter is also small in line-type pulsers that make use of a hydrogen thyra-
tron as the switch. With line-type pulsers using the triggered spark 
gaps (series gaps), however, the time jitter is considerably greater, about 
0.1 to 3 jiscc depending on the gap design. Recent development of a 
triggered spark gap having a cathode consisting of spongy iron saturated 
with mercury has made it possible to obtain time jitter as small as 0.02 
(jsec with the series-gap switch. When a rotary spark gap is used as the 
switch in a line-type pulser, the interpulse intervals are determined by 
the rotational speed and the number of sparking electrodes. In this 
case time jitter refers to the irregularity of the interpulse intervals and 
may amount to as much as 20 to 80 jisec. 

Because the circuit for the hard-tube pulser is somewhat more com
plex and requires a larger number of separate components than that of 
t-he line-type pulser, both the problem of servicing and the diagnosis 
of faulty behavior of the hard-tube pulser are more difficult. Because of 
the combination of fewer separate components and higher efficiency, a 
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line-type pulser can generally be designed for smaller size and weight than 
a hard-tube pulser with etiuivalent pulse- and average-power output and 
with comparable safety factors in the individual components. 

TABLE 11.—COMPARISON OF THE TWO PULSER TYPES 

Characteristics Hard-tube pulser Line-type pulser 

Efficiency. 

Pulse shape 

Impedance-matching 

Interpulse interval... 

Voltage supply 

Change of pulse dura
tion 

Time jitter 

Circuit complexity.... 

Effects of change in 
voltage 

Lower; more overhead power 
required for the driver, cath
ode-heating, and for dissipa
tion in the switch tube 

Better rectangular pulses 

Wide range of mismatch per
missible 

May be very short; as for cod
ing beacons (i.e., < 1 I (isec) 

High-voltage supply usually 
necessary 

Easy; switching in low-voltage 
circuit 

Somewhat easier to obtain 
negligible time jitter (i.e., 
< 0.02 Msec) than with a 
line-type pulser 

Greater, leading to greater 
difficulty in servicing 

For design having maximum 
efficiency, (&P/P) output = 
6(±V/V) input. By sacri
ficing efficiency in the design, 
(Al'/P) output ~ 0.5(*V/V) 
input can be obtained 

High, particularly when the 
pulse-power output is high 

Poorer rectangular pulse, par
ticularly through pulse trans
former 

Smaller range of mismatch 
permissible (±20 to 30%). 
Pulse transformer will match 
any load, but power input to 
nonlinear load cannot be 
varied over a wide range 

Must be several times the 
deionization time of dis
charge tube (i.e., > 100 ^sec) 

Low-voltage supply, particu
larly with inductance charg
ing 

Requires high-voltage switch
ing to new network 

High-power line-type pulsers 
with rotary-gap switch have 
an inherently large time jitter; 
with care in design and the 
use of a hydrogen thyratron 
or enclosed gaps of mercury-
sponge type, a time jitter of 
0.02 /isec is obtainable 

Less, permitting smaller size 
and weight 

Better than a hard-tube pulser 
designed for maximum effi
ciency since (AF/P) output 
~ 2(AF/V) input for a line-
type pulser, independent of 
the design 

The effect on the power output of a pulser resulting from a change in 
the input voltage is sometimes of considerable importance to the particu
lar application. For a line-type pulser, the percentage change in output 
power is about two times the percentage change in input line voltage, and 
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little can be done to change this ratio appreciably. In the case of the 
hard-tube pulser, however, this ratio may be controlled by the proper 
choice of the switch tube and its operating conditions. The percentage 
change in output power from a hard-tube pulser may be varied over the 
range of 0.5 to 0 times the percentage change in input line voltage. This 
advantage with the hard-tube pulser is gained only at the expense of 
lower efficiency, however, and the ratio is large when the discharging 
circuit is designed for maximum efficiency. 

These comparisons between hard-tube and line-type pulsers are 
summarized in Table 1 1 . 

It should be evident from these general remarks concerning the rela
tive merits of hard-tube and line-type pulsers that a perfunctory analysis 
of the requirements for a particular application cannot lead to an intel
ligent choice of the pulser type to be used. A detailed analysis requires a 
thorough understanding of the characteristics of pulsers in general, and 
of the two types in particular. It is the purpose of the following chapters, 
therefore, to present the available information on hard-tube and line-
type pulsers in considerable detail in order that it may be of the great
est possible aid in the design of high-power pulse generators for any 
application. 





PART I 

THE HARD-TUBE PULSER 





CHAPTER 2 

THE OUTPUT CIRCUIT OF A HARD-TUBE PULSER 

B Y G. X. GLASOE 

2-1. The Basic Output Circuit.—As stated in Chap. 1, pulse-generator 
design and operation are discussed here from the standpoint of the basic 
circuit shown in Fig. 1 1 , the essential elements of which are the reservoir 
for electrical energy, the switch, and the load. These components con
stitute the output circuit of the pulser, and their inherent characteristics, 
together with the circuit behavior, almost exclusively determine the pulse 
shape and amplitude. The power output from a pulser is usually 
required to be a succession of pulses occurring at more or less regular time 
intervals with a specified time duration for each pulse. The complete 
pulser circuit must therefore contain, in addition to the output circuit, a 
means of controlling the duration of the pulse and of replenishing the 
electrical energy in the reservoir during the interpulse intervals. Since 
the pulse shape and amplitude are usually the most important character
istics of the pulser output, it is logical to begin the discussion with a con
sideration of the output circuit. 

The hard-tube pulser derives its name from the fact that the switch is a 
high-vacuum tube, the conduction through which can be controlled by 
the application of the proper voltage to a grid. In its simplest form such 
a switch is a triode, but, as is shown later, a tetrode or pentode can often 
perform the switching function more satisfactorily. The choice of the 
tube to be used as the switch in a pulser designed for high pulse-power 
output depends on the capability of the tube to pass high peak currents 
and to stand off high voltages. The voltage drop across the switch tube 
must also be considered in connection with over-all pulser efficiency 
and allowable power dissipation in the tube, particularly if the duty ratio 
for the pulser is high. The discussion of the design of hard-tube pulsers is 
therefore influenced to a considerable extent by the characteristics of 
the high-vacuum tubes that have been available. 

Condenser as the Energy Reservoir.—The reservoir for electrical energy 
in a hard-tube pulser may be either a condenser or an inductance. The 
hard-tube pulsers for microwave-radar applications have most commonly 
heen of the condenser type. The two possibilities may be represented 
schematically as shown in Fig. 2 1 , where the load is indicated as a pure 
resistance. In Fig. 2-la switch (1) is introduced only for convenience 

21 
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in the present discussion and is replaced by a high-impedance element in 
the more detailed discussion in the following sections. 

Assume that the switch (1) in Fig. 2-la is closed long enough to allow 
the condenser to become charged to the power-supply voltage. An 
amount of energy ^C^EW is then available to be discharged into the load 

Switch 

(a) (6) 
I'M;. 2 - 1 . ~ Basic hard-tube puUer circuits, (a) Ttie condenser type. (M The inductance 

type. 

by opening switch (1) and closing switch (2). During this condenser dis
charge, the voltage across the load decreases with time according to the 
relation 

Vt = Ebbe~"(*<+',><?- - VP, 

where I is measured from the instant the switch is closed, and Vp = Ipr„ is 
the voltage drop in the switch. If the switch is closed for a time small 
compared with the time constant (Ri+ rp)Cu, only a small part of the 
total energy stored in the condenser is removed, and the voltage across 
the load and the current through the switch are very nearly constant. 
The load is therefore subjected to a voltage pulse of duration correspond
ing to the length of time the switch is kept closed. The capacitance that 
is necessary to keep the pulse voltage between the limits Vi and Vi — AVi 
can easily be calculated if the pulse current and the pulse duration are 
specified. If the pulse duration T is assumed to be small compared with 
the ItC time constant of the discharging circuit, the change in voltage of 
the condenser during the pulse may be written 

AVi 

If switch (1) is closed again for the time between pulses, after opening 
switch (2), the energy in the condenser is replenished from the power 
supply. A repetition of this switching procedure produces a succession 
of identical pulses. The important point of this discussion is that the 
switch tube, represented by switch (2), carries current only during the 
pulse interval. Hence the average power dissipated in the switch tube is 
equal to V PIp r/Tr, where V p is the tube drop, Ip is the plate current, T is 
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the pulse duration, and TV = l/fr is the recurrence interval. The power 
dissipated in the switch tube is augmented slightly by replacing switch 
(1) by a high-impedance element, but for the present considerations this 
increase may be neglected. Figure 2-2 shows a sketch of the conden
ser voltage as a function of time when switch (1) is replaced by a high 
resistance. 

FIG. 2-2.—Idealized sketch of the time variation of the voltage on the storage condenser 
in a hard-tube pulser. 

Inductance as the Energy Reservoir.—Consider next the pulser repre
sented in Fig. 2-lb, in which an inductance serves as the electrical-energy 
reservoir. When the switch is closed, a current builds up in the induct
ance according to the relation 

where rp, the effective resistance of the switch, is considered to be small 
compared with Ri, and the resistance of the inductance is assumed to be 
negligibly small. If the switch is opened at a time U, the initial current 
in the load resistance is iL{U) and decreases with time according to the 
relation 

t i ( 0 = ii,(h)e~rt' 

where t' is measured from the instant of opening the switch. If ti ^> Lw/rp, 
the initial voltage across the load is Eu,Ri/rv. A pulse is produced by 
keeping the switch open for the time interval desired for the pulse dura
tion. If this time is small compared withLu,/.ff;, the current in the induct
ance, and hence that in the load, decreases only slightly during the pulse, 
and a large fraction of the energy initially stored in the inductance is 
still there at the instant the switch is closed. As a result, the current in 
the switch at the start of the interpulse interval is almost as large as it 
was at the start of the pulse. If a succession of pulses is obtained by 
repeating the switching procedure, the average current through the 
switch tube is nearly equal to the pulse current. 

Comparison of a Condenser and an Inductance as the Energy Reser
voir.—The pulse current through the switch tube for a given pulse power 
into a load is the same whether the electrical energy is stored in an induct
ance or in a capacitance. Thus, the voltage drop across a given switch 
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tube is comparable in the two cases. The average power dissipated in 
the switch tube, however, is much higher when an inductance is used 
because the tube is conducting during the interpulse interval, whereas, 
when a capacitance is used, it is conducting only during the pulse interval. 
The idealized sketch shown in Fig. 2-3 indicates the current in the induct
ance as a function of time. 

F I G . 2-3.—Idealized sketch of the time variation of current in the storage inductance of a 
hard-tube pulser. 

Although the power-supply voltage required for a pulser with an 
inductance for energy storage is considerably less than the desired pulse 
voltage across the load, the switch tube must be capable of withstanding 
approximately the same voltage as when a capacitance is used. In a 
pulser of the type shown in Fig. 2-la, the maximum voltage across the 
switch tube is equal to the power-supply voltage, which must be greater 
than the load pulse voltage by an amount equal to the voltage drop in 
the tube. The maximum voltage across the switch tube in the circuit 
of Fig. 2- lb is equal to the magnitude of the pulse voltage plus the power-
supply voltage. Pulsers of the two types that are designed to give the 
same output voltage and current for a particular load therefore require 
approximately the same characteristics for the switch tube. 

If the effective resistance of the switch tube is reduced, the average 
power dissipation in the inductance pulser becomes a less serious matter. 
A tube of the gaseous-discharge type is capable of conducting a high 
current with a very small voltage drop across the tube, and hence intro
duces a low effective resistance into the circuit. With conventional tubes 
of this type, however, once the gaseous discharge is initiated it cannot be 
extinguished by application of voltage to a grid. For this reason, the 
known gaseous-discharge tubes are not practicable switches for the induct
ance pulser. 

There is a method by which the energy dissipated in the switch tube 
can be reduced to a reasonable value in spite of the relatively high effec
tive resistance of high-vacuum tubes. The method is to allow all the 
energy stored in the inductance to be discharged into the load before the 
switch is closed again. As a result, the pulse current drops to zero and 
the pulse shape, instead of being rectangular, has the form 

-*-V 
ii(t') = idh)e L" . 
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Pulse ->l 

Switch tube Switch tube 
nonconducting conducting 

F I G . 2-4.—Inductance current as a func
tion of time when all the energy stored in 
the inductance is discharged into the load. 

The average power dissipation in the switch tube is kept small by closing 
the switch for only a short time interval before the start of the pulse. 
The current in the inductance as a 
function of time is shown in Fig. 2-4. 
The undesirable nonrectangular 
pulse can be transformed into a rec
tangular pulse by making the in
ductance a part of a current-fed 
pulse-forming network. This pos
sibility is discussed in detail in Chap. 
6, where it is shown that with such 
an arrangement the pulse current 
in the load is only one half of the current built up in the inductance. 
The average power dissipation in the switch tube is therefore reduced at 
the expense of a higher pulse-current requirement on the tube. 

Because of the preceding considerations and the characteristics of 
conventional high-vacuum tubes, the condenser was chosen as the elec
trical-energy reservoir for a hard-tube pulser. A detailed discussion of 
the pulse shape obtainable with such a pulser must involve the particular 
characteristics of the load and of the switch tube. There is invariably 
some distributed capacitance across the load which must be taken into 
account when considering the shape of the leading and trailing edges of 
the pulse. If, for example, the load is a biased diode, a conducting path 
must be provided in parallel with the load in order to allow the storage 
condenser to be recharged. 

In the following sections the possible arrangements for the pulser 
output circuit are discussed, with emphasis on the effect of the various 

circuit parameters on the shape of 
IV | the output pulse and on the effi

ciency of the discharging circuit. 

THE DISCHARGING OF THE 
STORAGE CONDENSER 

In Chap. 1 and in the preced
ing section, the use of a reservoir 
for electrical energy in a pulse gen
erator has been emphasized and 
reasons have been given for choos
ing a condenser to serve as such a 

reservoir in a hard-tube pulser. A pulser of this type is actually a Class C 
amplifier whose coupling condenser is considered to be the energy reservoir, 
as becomes evident when the circuit of Fig. 1-2 is redrawn with a three-
element vacuum tube in the switch position, as shown in Fig. 2-5. By 

FIQ. 2-5.- -Hard- tube pulser with a triode as 
the switch tube. 
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comparing the circuit of Fig. 2-5 with that of Fig. 1-2, it is seen that the 
discharging circuit consists of the condenser Cw, the load Ri, and the tube 
T. The charging circuit consists of the primary electrical-energy source 
EM,, the isolating element Rc, the condenser C„, and the load Ri. As 
with the Class C amplifier, in order to operate this circuit as a pulser the 
grid of the vacuum tube must be biased beyond cutoff so tha t the tube is 
normally nonconducting. The application of a voltage Va of amplitude 
sufficient to overcome the grid bias causes the tube to conduct and a 
voltage to appear across the load Ri. There are two major differences, 
however, between the operation of such a circuit as a pulser and as a 
conventional Class C amplifier that make it desirable to deviate from the 
usual method of amplifier-circuit analysis in the discussion of pulser 
operation: 

1. The ratio of conducting to nonconducting periods for the vacuum 
tube is considerably smaller in pulser operation than in amplifier 
operation. Thus, the pulser discussion is usually concerned with a 
ratio of the order of magnitude of 1/1000, whereas a conventional 
Class C amplifier involves a ratio slightly less than 1/2. 

2. In pulser operation the shape of the voltage at the load is of funda
mental importance. 

The effects of the various circuit parameters on the pulse shape can 
best be discussed by considering the discharging circuit from the stand
point of transient behavior. In the following discussion of pulse shape, 
a linear load is represented by a pure resistance and a nonlinear load by a 
biased diode. When the biased diode is used, it is necessary to intro
duce a conducting path in parallel with the load in order to provide a 
recharging path for the storage condenser during the interpulse interval. 
The effect of this shunt element on the pulse shape is considered for the 
cases where it is a pure resistance or a combination of resistance and 
inductance. 

2-2. The Output Circuit with a Resistance Load.—For the present 
discussion of the pulser discharging circuit, the switch tube is considered 
to function as an ideal switch, that is, as one requiring negligible time to 
open and close, in series with a constant resistance rv. Actually, the 
particular tube characteristics and the shape of the voltage pulse applied 
to the grid by the driver modify these considerations somewhat, as dis
cussed in Chap. 3. The simplest form for the discharging circuit is 
shown in Fig. 2-6. In this circuit the condenser C, has been introduced 
to represent the shunt capacitance, which is the sum of the capacitance 
of the load, the capacitance of the switch tube, and the stray capacitance 
of the circuit wiring. 

In order to discuss the effect of the circuit parameters on the pulse 
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shape, it is necessary to find an expression for the voltage across the load 
as a function of time, that is, an equation for Vba(t). For the present 
discussion the storage condenser is considered to be charged to a voltage 
V„ that is very nearly equal to the power-supply voltage. It is further 
assumed that the capacitance of Cw is so large that the change in voltage 
during a pulse is negligibly small. The analytical expression for Vta(t) 

V r̂  T >Ri 

FIG. 2-6.—Discharging circuit of a hard-
tube pulser with a resistance load and a 
shunt capacitance. 

F I G . 2-7.—Equivalent output circuit 
for a hard-tube pulser with a resistance 
load. The charged storage condenser is 
replaced by a battery. 

can be obtained by replacing the charged condenser Cw by a battery of 
voltage Vw, as shown in Fig. 2-7. The complete shape of the voltage 
pulse across the load resistance Ri is determined in two steps: 

1. The switch ST is closed at t = 0 and Vtdf) is evaluated over the 
time interval 0 ±= t ^ t\. 

2. The switch ST is opened at t — ti and V^t) is evaluated for t S: tu 

The time interval during which the switch is closed essentially deter
mines the pulse duration r in many cases. It is sometimes desirable, 
however, to define pulse duration in a manner significant to the particular 
application and, although related to the time interval 0 s= t g t\, T may 
be either greater or smaller than this interval. 

The expression for 7^,(0 is found by solving the differential equations 
for the circuit subject to the initial conditions corresponding to the two 
steps indicated above. For this circuit and others to be discussed later, 
the Laplace-transform method1 2 will be used to obtain the solution 
of the circuit equations. A further simplification in the analysis of a 
circuit such as that of Fig. 2-7 can be accomplished by replacing the 
voltage source by a current source.2 This interchange of source makes it 
possible to write a single differential equation instead of the two simul
taneous equations required for the two-mesh circuit. When the voltage 
source V„ and series resistance rv are replaced by a current source Iw and 

1 H. S. Carslaw and J . C. Jaeger, Operational Methods in Applied Mathematics, 2nd 
ed., Oxford, New York, 1943. 

' M. F. Gardner and J . L. Barnes, Transients in Linear Syste7iis, Vol. I., Wiley, 
New York, 1942. 
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shunt conductance gp such that 

lw— — »«^p» 

the circuit shown in Fig. 2-8 is equivalent to the circuit of Fig. 2-7. Using 
Kirchhoff's current law, the differ-

.*£. 

F I G . 2-8.—Equivalent circuit for calcu
lating the leading edge and top of the 
pulse for a hard-tube pulser with a resist
ance load, Jw = QPVW, QP = l/rp and 
01 = 1/Bi. 

ential equation for this circuit when 
the switch ST is closed is 

(g„ + giW** + C.^f = / . . (l) 

The Laplace transform of a func
tion V(t) is written V(p), and is 
defined by the equation 

V(p) = / V(l)er" dt. 

The Laplace transform for the circuit of Fig. 2-8 is then 

(gP + giWiaiv) + CApV^ip) - VUO)] = / . 

(2) 

(3) 

in which V^O) is the initial voltage on the condenser C, at the beginning 
of the time interval under consideration. The desired function Vha{t) 
is found by solving Eq. (3) for Vt„(p) and evaluating the inverse Laplace 
transform, thus 

vut) = £-'[VUP)]. 

Let Vi(t)ost<t, be the value of Vba(t) during the first step in the process 
of finding the pulse shape for the circuit of Fig. 2-6. Since the condenser 
C, is assumed to be completely discharged at the instant of closing the 
switch, Via(0) = 0. The Laplace transform for Vi(t) is obtained from 
Eq. (3) by putting F ta(0) = 0. 

h 
V V,{p) = 

C.p + (gP + gi) (4) 

If the right-hand member of this equation is broken into partial fractions, 
there is obtained 

Vl(p) + 
B 

P + (gy + gi\ 
\ c. ) 

(5) 
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in which A and B are evaluated by standard methods, giving 

A = - ' -
gf 

and 

v 
, = - fli 

?» + Qi rp 

B = - / „ V-
ffi 

« i 

where Ri is the effective resistance of rp and /?i in parallel. The inverse 
Laplace transform of Vi(p) can then be written 

where 

a i = 
gP + g) 

C8 

1 
R\C, 

(6) 

(7) 

Equation (6) gives the shape of the leading edge of the voltage pulse 
across the load resistance Rt. If the switch is closed for a time ti » RiC„ 
the voltage at the top of the pulse is 

Pl(0fliC.«<§i, = —- Rl (8) 9, 

The second step in determining the pulse shape 
involves calculating Vba{t)tih with the switch ST 

open and the condenser C, charged to the poten
tial difference Vi(d) given by Eq. (6). The equiv
alent circuit for this step is shown in Fig. 2-9. The 
Laplace-transform equation for this case is obtained from Eq. (3) by 
setting J„ = 0, gp = 0, and 7 t a(0) = V,(ti) and letting Fta(0<£<i = V2(t). 

F I G . 2-9.—Equivalent 
circuit for calculating the 
trailing edge of the pulse 
for a hard-tube pulsei 
with a resistance load. 

Thus 

from which 

where 

Vt(p) = Vi(*0 

P + C, 

V*(0«i. = ^i«i)e-" ( '-

(9) 

(10) 

a2 = RiC, 

If ii » /BiC, Eq. (8) may be used, and Eq. (10) becomes 

(11) 
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It is evident from Eqs. (0) and (10) that the stray capacitance across 
the output of a pulser—that is, across the load—has an important effect 
on the times of rise and fall of the pulse voltage. The most efficient 
hard-tube pulser is one in which the load resistance is considerably larger 
than the effective resistance of the switch tube, and hence the time 
constant 

RiCs» 1 ^ * - Cs. Hi + r„ 

Under such conditions the time for the trailing edge of the pulse to return 
to zero, or the initial value, is greater than that required for the pulse 
voltage to build up to its maximum value. In order to produce as nearly 
rectangular a pulse as possible with a given resistance load, Cs must be 
kept small and rp should be small. 

The effect of the connection to the power supply indicated in Fig. 2-5 
has been neglected in drawing the equivalent circuits for the pulser out
put circuit. Since the isolating element in series with the power supply 
usually has an impedance that is high compared with r,,, its effect on the 
leading edge of the pulse is small. For the calculations for the voltage 
across the load after the switch is opened, the isolating element is in 
parallel with the load and the shunt capacitance. Therefore, unless the 
load resistance is also small compared with that of the isolating element, 
the circuit element gi in Fig. 2-9 must be considered as the sum of the 
conductances of the load and the isolating element. 

From a practical standpoint, it is necessary to have some part of the 
output circuit at ground potential. The cathode of the switch tube is 
grounded, since the contribution to C, introduced by the switch tube is 
best minimized in this way, and the voltage pulse at the load is therefore 
negative. In order to obtain a positive pulse at the load, the cathode 
of the switch tube must be insulated to withstand a high voltage, and 
consequently the capacitance of the filament-heating transformer also 
contributes to C,. The presence of C, results in an increase in the average 
power taken from the power supply for a given duty ratio and pulse 
power into the load, as is shown in Sec. 2-7. 

The effect of the capacitance C, and the conductance gi on the voltage 
pulse across a resistance load is illustrated in the photographs of oscil
loscope traces shown in Fig. 2-10. These pictures were obtained with a 
hard-tube pulser in which the capacitance of the storage condenser was 
0.05 fif, the isolating element Rc was 10,000 ohms, rp was approximately 
150 ohms, and the pulse voltage at the load was 10 kv. Oscilloscope 
traces of the voltage pulse are shown for values of C, equal to 50, 80, 
and 140 nrf and for Hi equal to 1000, 5000, and 10,000 ohms. Also shown 
in Fig. 2-10 are the plots of the pulse voltage as a function of time calcu-
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i 
| I :s 

(a) Ri = 1000 ohms. (ft) 72; = 5000 ohms! (c) ifc = 10,000 ohms. 
Capacitance in parallel with the load = 50 p/if. 

:i »Mlll 
(d) to = 1000 ohms. (c) Ki = 5000 ohms. (/) fli = 10,000 ohms. 

Capacitance in parallel with the load = 140 jujuf. 

!! 

ig) Hi = 1000 ohms. (k) Rt = 5000 ohms. (i) Si = 10,000 ohms. 
Capacitance in parallel with the load = 80 fi/ii. 

(j) Ri = 1000 ohms. (fc) Ri = 5000 ohms. (I) Ri = 10,000 ohms. 
Pulse shapes calculated from equivalent circuit (m) for shunt capacitance = 80 pfil. 

ST f 
FIG. 2-10.—Oscilloscope traces and calculated shapes 

for 10-kv voltage pulses obtained with a hard-tube - - ^ - n , / p 
pulser for various values of load resistance and shunt X f c 
capacitance. Sweep speed: 10 div. = 1 /isec; vertical 
scale: 10 div. = 10 kv. 

(m) Equivalent circuit for cal
culations. 
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(a) 

lated from Eqs. (6) and (10) for the three values of Ri with C, = 80 wl. 
Since the 10,000-ohm isolating element is taken into account in these 
calculations, the value of gi in Fig. 2-9 is the sum (l/Ri) + {\/Rc). 
The calculated leading edge of the pulse differs slightly from the experi
mental value in that the observed t'ime of rise is greater than the calcula
tions indicate. This difference occurs because the switch tube does not 

behave as the ideal switch used 
for calculations, principally be
cause of the shape of the driver 
output pulse. The difference is so 
small, however, that the calculated 
values give a reasonably good pic
ture of the pulse shape to be ex
pected from the pulser. 

2-3. The Output Circuit with 
a Biased-diode Load.—In micro
wave-radar applications, the hard-
tube pulser has most commonly 
been used with a magnetron load. 
The current-voltage characteristic 
of a magnetron for a particular 
magnetic field is shown in Fig. 
2-11. As i n d i c a t e d in these 
sketches, the current through a 
magnetron is very small until the 
voltage has reached the value V,. 
For most practical purposes the 
I-V curve can be assumed to have 
the form indicated by the dotted 
line in Fig. 2-11a, that is, a sharp 
knee at the voltage V, and zero 
current below this voltage. In 
some cases, however, the behavior 
of a magnetron is approximated 
better by the I-V characteristic 

indicated by the dotted lines of Fig. 2-lib. This approximation involves 
the assumption that the magnetron presents a high dynamic resistance to 
the circuit for voltages below a critical value V, and a low dynamic resist
ance above this voltage. Whether the I-V characteristic sketched in Fig. 
211a or b is to be used in any given case depends on the particular type 
of magnetron and the values of the circuit parameters. 

For the I-V characteristic of Fig. 2-11a, the behavior of a magnetron 
as the load on a pulser is equivalent to that of an ideal diode, that is, 

-Current voltage characteristic of 
a magnetron. 
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/Switch 

C.=f= 

F I G . 2-12.—Discharging circuit of a 
hard-tube pulser with a biased-diode 
load and a recharging path for the 
storage condenser. 

one that has a linear I-V characteristic, in series with a battery of voltage 
V, whose polarity is in opposition to that of the pulse voltage. For 
circuit analysis, it is possible to represent such a load as a biased resistance 
in series with a switch that is assumed r c 

to be closed only during the time when 
the magnitude of the pulse voltage is 
greater than V,. 

The biased-diode load is used to 
indicate the effect of nonlinear and 
unidirectional characteristics of the 
load on the output of a hard-tube 
pulser. The output circuit in this case 
is shown in Fig. 2-12. In this circuit 
U is the dynamic resistance of the 
load, V, is the bias voltage, and Si is a switch that is closed only when 
Vba S V,. The shunt path indicated as Z, must be provided with a 

load of this type in order to allow the charge 
on the storage condenser to be replenished 
after the pulse. 

Resistance for the Recharging Path.—The 
simplest form for Z, is a resistance, and the 
corresponding equivalent circuit is shown in 
Fig. 2-13. The calculation of the complete 
pulse shape for this circuit involves four steps: 

1. The switch ST is closed at t = 0, Si is 
open and Vba(t) is evaluated up to time t = U, 
such that VtJjLi) = V,. 

2. The switch ST is closed, Si is closed at 
t = t\, and Vba(t) is evaluated over the time interval l i ^ l i U, where U 
is the time at which ST is opened. 

3. The switch ST is open, Si is closed, and Vba{t) is evaluated over 
the time interval U ^ t ^ t3, where t3 is the time at which Visits) = V,. 

FIG. 2-13.—Equivalent out
put circuit for a hard-tube 
pulser with a biased-diode load 
and a resistance for the re
charging path. The charged 
storage condenser is replaced by 
a battery. 

«=0 t=t , t=t 
2 W:--J-^ 

FiQ. 2-14.—Sketch of pulse shape indicating the four steps necessary in the calculations 
for a hard-tube pulser with a biased-diode load. 

4. Both switches are open and Vba(t) is evaluated for time / ^ t3. 
The procedure is represented in the diagram of Fig. 2-14. 
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The circuit equivalent to that of Fig. 2-13 with current sources in 
place of voltage sources is shown in Fig. 2-15. In this case /„, = gpVw 

ST ;^~. 
Cs^ 

^£L 

X't \<T, 

F I G . 2-15.—Equivalent circuit for calculating the pulse shape for a hard-tube pulser with a 
biased-diode load and a resistance for the recharging path. 

and 7, = giV„ where gv = l/r„, gi = 1/n and g, = 1/R,. Using Kirch-
hoff's current law, the equation for this circuit with both switches closed 
is 

(9P + 9* + 9i)Vha + Cs^i"- = IW + I.. (12) 

The pulse shape is obtained by solving this equation for Vha(t) using the 
a initial conditions imposed by the four 

steps indicated above. 
'9S 

Step 1. The equivalent circuit for 
this case is shown in Fig. 2-16. Equa
tion (12) reduces to 

'8, ^ A 

F I G . 2-16.—Equivalent circuit 
for Step 1 in the calculation of the 
pulse shape for a hard-tube pulser 
with a biased-diode load. 

(9P + ff.) Vta + Ca- dt (13) 

and the Laplace-transform equation then becomes 

fa, + O.Wi(p) + CApV^p) - VM] = ( 1 4 ) 

where Vi(p) is the Laplace-transform for VhJj) in the time interval 
0 5= t 5= U, ti being the time at which Vba = V,. Since it is assumed that 
C. is initially uncharged, 7i(0) = 0. Solving Eq. (14) for F,(p), 

F l ( p ) = Csp + (gP + g.) 
(15) 

If the right-hand member of Eq. (15) is broken into partial fractions. 
there is obtained 



SEC. 2-3] OUTPUT WITH BIASED-DIODE LOAD 35 

The inverse Laplace transform of this equation is 

UP T y« 
where 

ai = 

If Eq. (17) is expressed in terms of the parameters of the circuit of Fig. 
2-13, and the fact that the voltage function is to be evaluated over a 
specific time interval is taken into account, 

Fi(Oos«s«> = — Bi(l - e "Sc- ' ) , (18) 
rp 

where 
Rtrp fli R, + rv 

Equation (18) gives the voltage at the pulser output as a function of 
time up to the time at which the magnitude of the voltage is equal to 
that of the load bias voltage V,. At the time t = t,, Vi(ti) = V„ the 
switch S; is assumed to close, and the starting point for Step 2 is reached. 

Step 2. The equivalent circuit during the time interval t\ g t g t> 
is that of Fig. 2-15 with both switches closed, and the Laplace transform 
of Eq. (12) is 

(g, + 9> + giivtv) + Cslpv^p) - F2«,)] = I-^±L> (ifl) 

where Vi(t) is the value of Via in the time interval t? — th and F2('i) = 1". 
is the initial voltage on C, at the start of this interval. The time t-< 
is that at which switch ST is to be opened. Solving Eq. (19) for Vi(p), 
there is obtained 

v.P + g>v'° + g'v' 
V.(P) = 7 ~k— - (2°) 

p(p + £ ) 
where G is written for gP + g. + gi- Equation (20) may be written in 
the form 

T. , . A i A 2 , V, 
V , -G . G 

(21) 
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The inverse Laplace transform of Eq. (21) for the time interval under 
consideration is 

T/ /t\ — 9i'w < Ql"• n ViWustst, — Q U e c-(l "'] + V,e c -£«-<.) (22) 

Let R2 be the equivalent resistance for rP, R,, and n, in parallel such that 

Xl2 Tp li, Ti 

Then Eq. (22) becomes 

^ ( O i i s c s i i 
(L» + Y^ Ri [1 _ e-^ ( ' - '"] + F.e-^ ('-"> (24) 

Equation (24) gives the pulse shape after the voltage has reached the 
value V, and up to the time when switch ST is opened. After some time 
ta < U such that 

(ta - tl) » RlC„ 

the pulse voltage is very nearly constant, since the exponential terms 
become negligibly small, and Eq. (24) reduces to 

V,{Q (Z-- + * ) 
\rp n) 

Ri (25) 

This relation, therefore, gives the voltage at the top of the pulse. The 
leading edge and top of the current pulse in the load are obtained from 
Eqs. (24) and (25) by calculating the current from the relation 

7.(0 - V. (20) 

From this equation it is evident that the current builds up from zero to 
its maximum value in the time required for the pulse voltage to build up 

from the value V, to F2(/a), and that this time is 
less than that required for the voltage to build up 
from zero to V\ if Vs is nearly equal to T'„-. The 
time constant for the current buildup is /?2C,. 
When the switch ST is opened at / = i2, the volt
age across the pulser output starts to fall, and the 
shape of the pulse for the next time interval is 
found by the procedure outlined in Step 3. 

Step 3. The next calculation for the voltage 
Vha covers the time taken for the voltage to fall 
from the value Yi(tt) to V, again. The equivalent 

circuit is determined by keeping switch ST open and iSj closed as indicated 
in Fig. 217. The initial condition for this circuit is that the charge on 

F i o . 2 1 7 . — E q u i v a 
len t c i rcu i t for S t e p 3 
in t i ie c a l c u l a t i o n of t h e 
pul.se s h a p e for a h a r d -
t u b e pu lser wi th a b ia sed-
d i o d e load . 

http://pul.se
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C, must correspond to the voltage V2(<2). Let the value of Vba{t) during 
the calculation be Vzit) and h be the time such that Vs{ts) = V,. The 
Laplace-transform equation for this circuit is then 

(g. + gi)Vi(p) + c,[pV3(P) - v2(u)] = I. 

Solving for Viip), 

V*(p) = 
V2(h)p + gjV. 

c. 
,(,+*%*) 

(27) 

(28) 

In a manner similar to that used in Step 2, the inverse Laplace trans
form of Eq. (28) gives 

^3(0l:S«S'i = 
*V. r i _ - ^ ' O - ' " ) o. + at, 

9. + 9i 
[1 - e c- ']+ Vt(h)e c- U-ti) (29) 

If g. + gi = 

7I (0 I . ««SI . = — R* [1 - e_ f l ' c ' ( ' W] + V2(h)e **? w (30) 

n 
At some time t3 > U the voltage Vi(t) falls to the value V„ at which time 
the switch Si is assumed to open. The final step in the pulse-shape 
calculation is then reached. 

Step 4. For this calculation both switches are open, and the initial 
charge on C, corresponds to the voltage ^3(^3) = V,. The equivalent 
circuit is now reduced to the simple parallel combina- a 

tion of C, and R. as shown in Fig. 2-18. 
The voltage V^ = Vt(t)tzt, can be written im

mediately, 
'■«-'■> (31) 

^ C , 

V«(0IB«. = V.e R-C-
F 1 a . 218 — 

Equivalent circuit 
for Step 4 in the 
calculation of the 
pulse shape for a 
h a r d - t u b e p u l s e r 
with a biased-diode 
load. 

The complete calculation of pulse shape for a cir
cuit such as shown in Fig. 2-12 consists of the four 
steps carried out as above. The composite picture 
of the pulse is obtained by plotting the four voltage 
functions Vi(Oos<g<i, Vi{t)hzts,t„ V3(t)t,si£t„ and 
Vt(t)i,n as calculated from Eqs. (18), (24), (30), and (31) respectively, 
and is of the form shown in Fig. 2-14. 

The photographs of oscilloscope traces reproduced in Fig. 2-19a and 
6 show the voltage and current pulses with a magnetron load. These 
traces were obtained with a hard-tube pulser in which C„ = 0.05 yi, 
R, = 10,000 ohms, C. = 115 ntf, r„ = 150 ohms, and the isolating ele-
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mcnt was a 10,000-ohm resistance. The characteristics of the magnetron 
were such that ri = 200 ohms and Vs = 8.5 kv. The voltage pulse 
shown in Fig. 2-19a has an amplitude of 10.5 kv, and the average ampli
tude of the magnetron current pulse is 10 amp. The voltage-pulse 
shape was also calculated from the equivalent circuit shown in Fig. 2-19(7, 
in which the charged storage condenser is replaced by a battery and the 
voltage Vs is represented as a biasing battery. For a 10.5-kv pulse 
across the magnetron, the condenser voltage V„ ~ 12 kv; therefore, 

T 
■s~: : : i 1 W ! 5 

t 

j 
, ■ ■ ■ 1 l i t , m n 

r I I I L. 1 1J 

" " * " ■ ■ ■ ■ ■ ■ ■ 

■ i : M U - - - - -
: : : :" : : : : : : : : : : : : : : 

i 
k ■ ■ 1 1 ' ' 1 13 amn M| 0 ■ i\J a . 
|̂ 

(a) Magnetron voltage. (b) Magnetron current. (c) Magnetron current. 

:::::::::::::^hf:: 
_ l{ 

/ r 
f 

(d) M a g n e t r o n v o l t a g e 
pulse calculated from 
equivalent circuit (ff). 

(e) Current in recharging (/) Current in recharging 
path, 10-k NI resistor. path, 10-k wirewound re

sistor. 

F I G . 219 . -Oscilloscope traces and calculated 
voltage pulse for a hard-tube pulser with a magnetron 
load, a resistance recharging path and C,s = 115/i/jf. 
The dotted line on the calculated pulse (d) is the trailing 
edge obtained with the magnetron assumed to be 
infinite resistance after .Si opens. The solid line is the 
trailing edge assuming an effective resistance of 8000 
ohms for the magnetron, that is, switch S.\t closes 
when St opens. Sweep speed: 10 div. = 1 jisec. 

(g) Equivalent circuit for calcu
lations. 

V9 ~ 0.7Vw. The trailing edge of the voltage pulse indicated by dotted 
lines in Fig. 2-19d was calculated by assuming the I-V curve for the mag
netron to be of the form shown in Fig. 2-11a, that is, that the magnetron 
becomes open-circuited as soon as the pulse voltage falls to the value Vt. 
On the basis of this assumption, the pulse voltage falls more slowly than it 
does on the oscilloscope trace. Another calculation was made by assum
ing that the magnetron presents an effective resistance of about 8000 
ohms, instead of an infinite resistance, to the circuit for voltages less than 
Vs, corresponding to the I-V curve of Fig. 2-116. The value of 8000 
ohms was obtained by determining the effective magnetron resistance 
from the voltage and current pulses at several instants during the time 
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the pulse voltage is dropping. The resistance in parallel with Cs during 
the fourth step in the calculations for the pulse voltage was therefore 
that of the 10,000-ohm charging path, the 10,000-ohm isolating clement, 
and the 8000-ohm magnetron resistance in parallel. The pulse shape 
calculated under these conditions, shown as a solid line in Fig. 219d, 
agrees very well with the oscilloscope trace of F g. 2-19a. 

In Fig. 2-19 the traces (e) and (/) were obtained for the current flow
ing in the recharging path during the pulse. A noninductive resistor 
was used for the trace (e) and an ordinary wire-wound resistor for trace 
(/). The magnetron current pulses corresponding to these two conditions 
are shown in Fig. 2-19b and c where no essential difference is observable. 

It is evident from Eqs. (18) and (24) that the effect of Rs on the lead
ing edge of the voltage pulse is small, provided that the switch-tube 
resistance and the dynamic resistance of the load are small. After the 
switch tube and the load have become nonconducting, however, the 
value of R„ has a marked effect on the trailing edge of the pulse. If 
the load is a nonlinear resistance, that is, if there is no bias voltage or 
switch Si in the equivalent circuit, the trailing edge of the pulse is deter
mined by the parallel resistance of Rs and ri, and as ri increases this 
effective resistance also increases. It is advantageous, therefore, for 
R, to be as small as possible in order to have the pulse voltage drop quickly 
at the end of the pulse. Since R, is in parallel with the load, some pulse 
power is lost in it, thus increasing the necessary power input to the pulser 
for a given load power. From the standpoint of pulser efficiency, it is 
desirable to have as large a value for R„ as possible. In choosing a value 
for Rs, a compromise must be made between the need for high efficiency 
and that for a steep trailing edge. 

Inductance for the Recharging Path.—The power loss in the shunt 
element Zs, which is necessary to provide a recharging path for the storage 

C„, sT 

ST 

^FCS 

FIG. 2-20.—Discharging circuit of a 
hard-tube pulser with a biased-diode load 
and an inductive path for recharging the 
storage condenser. 

F I G . 2-21.—Equivalent output circuit 
for a hard-tube pulser with a biased-diode 
load and an inductive path for recharging 
the storage condenser. The charged stor
age condenser is replaced by a battery. 

condenser, can be reduced by using an inductance in place of a resistance 
as just discussed. The output circuit of the pulser using an inductance 
for Zs is shown in Fig. 2-20 for a biased-diode load. As before, the charged 
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condenser C» may be replaced by a battery, and the circuit becomes that 
shown in Fig. 2-21. The equivalent circuit for calculating the pulse 
voltage as a function of time is again set up by replacing the batteries by 
current sources, and the circuit of Fig. 2-22, in which the conductance 
g, of Fig. 2-15 is replaced by the seriesL,R, combination, is obtained. 

<£>l 

- ^ 

T C 

- V * 

\Q 

F I G . 2-22.—Equivalent circuit for calculating the pulse shape for a hard-tube pulser with a 
biasecWdiode load and an inductance for the recharging path. 

In order to be able to write the Laplace-transform equation for this 
circuit, it is first necessary to find an expression for the Laplace transform 
of the current in the inductance in terms of VM- Considering this branch 
first, 

di, Vba = L. -j-" + R,i„ 

for which the Laplace-transform equation is 

VUP) = L,[pi.(P) - i.(0)] + R.i.ip). 
Solving for i,(p), 

i.(p) = Vta(p) + L.iM 
L.p + R. 

(32) 

(33) 

(34) 

The complete Laplace-transform equation for the circuit of Fig. 2-22 
with both switches closed is, therefore, 

(<7P + giWUp) + C.[VVUP) - VUO)] + VUP) + £.t.(0) 
L.p - R, 

/» + /. (35) 

where V^O) and is(0) are the initial voltage on C, and the initial current 
inL, respectively. Solving Eq. (35) for V^ip), 

(7. + I.)R. 
Vu(p) = 

(36) 
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The calculation of the pulse shape in this case is again carried out in the 
four steps shown in Fig. 2-14, for which the four equivalent circuits are 
shown in Fig. 2-23. 

The Laplace transform of Vba(t) is found from Eq. (30) by using the 
initial conditions and circuit parameters appropriate to the equivalent 
circuit in each step. The procedure is similar to the previous analysis 
for a resistive shunt element, but is complicated by the fact that the initial 

h b 
(a) Step 1: 0 £ t £ h . (6) Step 2: U £ t g U. 

Initial conditions: Vba = 0, Initial conditions: Via = Vi(j,i) = V„ 
i, = 0 . i, = ii(«,) 

a 

is § / , 

(c) Step 3: ii S 1 £ d. 
Initial conditions: Vb< 

(<2) Step 4: t, g t. 
Initial conditions: yjfo), Initial conditions: Vba = V%((3) = V9t 

i, = ii(h). i, = is(ia). 
FIG. 2-23.—Equivalent circuits for the four steps in the calculation of the pulse shape for 

a hard-tube pulser with a biased-diode load and an inductive recharging path. 

current in the inductance must be evaluated by using Eq. (34) in each 
step except the first. The algebraic expressions for VhJt) become rather 
involved, and are not given in detail here. 

Some general remarks can be made about the character of the pulse 
shape because the denominator of the Laplace-transform equation is of 
the same form for each of the four time intervals considered. The 
inverse Laplace transform 

has similar algebraic forms for each step. The term in braces in the 
denominator of Eq. (36) may be written in the form 

p2 + 2ap + b (37) 
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where 

2a 

and 

R> , 

l + (<7 

(gP + ?«) 
c. 

, + gt)R. 

(38) 

b = C.L. '• ( 3 9 ) 

This term may be put in a form more convenient for finding £~l[Vt*,(p)] 
by completing the square, thus 

p2 + 2ap + b = (p + a)2 + a>2 (40) 
where 

cu2 = 6 - a2. (41) 

The right-hand member of the Laplace-transform equation can be 
broken up into partial fractions with the result 

VUP) = ± + Y*+$+*. (42) 
p (p + a)2 + o)2 

where the terms A, Bh and B2 are evaluated by standard methods. The 
form of the inverse Laplace transform now depends on the following three 
conditions that can be placed on u2: 

1. If b > a-, a;2 > 0. ) 
2. If 6 = a2, a>2 = 0. | (43) 
3. lib < a2, <o2 < 0. J 

Condition 1. a>2 > 0. The inverse Laplace transform for Eq. (42) 
is 

Vtait) = A + Bxe-at cos ul H 2 e"" sin cot. (44) 
CO 

Condition 2. a>2 = 0. The inverse Laplace transform for Eq. (42) 
is 

Vu(t) = A + Bie-« + B4e~at. (45) 

Condition 3. to2 < 0. Let co2 = — k2, then the inverse Laplace 
transform for Eq. (42) is 

V t a(0 = A + B1e-a< cosh kl + ^ e—' sinh fa. (46) 

The Eqs. (44), (45), and (46) are of particular interest in connection 
with the calculation of the trailing edge of the pulse, that is, in Step 4 
of Fig. 2-14. In this case the expressions for o>2 and k2 are 
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and 
R% 1 k*= \i>. ~ ex (48) 

The trailing edge of the pulse is part of a damped oscillation if 

R, 2 

and is aperiodic if 
R. 2 

r. > v^r: (50) 

If condition (49) exists, the voltage across the pulser output oscil
lates at a frequency determined by Eq. (47) after the switch tube and the 
load become nonconducting. The voltage therefore passes through zero 
and reverses its polarity. This reverse voltage appearing at the pulser 
output is commonly referred to as the "backswing voltage." The period 
of the oscillation becomes smaller as R. is decreased, and the trailing edge 
of the pulse becomes steeper as the ratio R./L, is decreased relative to 
2/y/CJj,. The damping of the oscillation depends on the exponential 
terms in Eq. (44) and, since the exponent is R./2L., a lower value for 
R,/L, causes a decrease in damping and hence a higher value for the back-
swing voltage. A high backswing voltage is very undesirable because it 
adds to the power-supply voltage at the plate of the switch tube, and 
increases the danger of flash-over and sparking within the tube. 

The magnitude of the current that builds up in the inductance also 
has an effect on the rate at which the voltage drops at the end of the pulse, 
as is evident if the coefficients A, Bh and fi; are evaluated for the equiva
lent circuit of Step 4. From Eqs. (42) and (36) these values become 

A = 0, 
B . = V3(t3) = V., 

and ) (51) 
V.R, ii(tt) B2 = 

When Bi is negative, tha t is, 

2L. C. 

t.(i.) 
C > V.R. 

2L. 

it is seen from Eq. (44) that, as 13(̂ 3) increases, the value of Vt(f) decreases 
more rapidly for given values of the other parameters. The value of 
13(̂ 3) increases with time up to a limiting value determined by the mag
nitude of R,. As long as the current in the inductance continues to 
increase with time, therefore, the trailing edge of the pulse is steeper for 
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the longer pulse durations than for the shorter ones. The oscilloscope 
traces shown in Fig. 2-25 illustrate this behavior. 

The oscillating voltage at the end of the pulse is undesirable not only 
because it produces backswing voltage, but also because it becomes of 
the same polarity as the forward pulse voltage on the return swing. This 
post-pulse voltage may be large enough to cause appreciable current to 
flow in the load, and therefore is a secondary pulse. When the damping 
introduced by the resistance of the inductance is small, it is necessary to 
increase the damping by connecting a diode across the pulser output in 
such a way that it is conducting only when there is backswing voltage. 
The equivalent circuit with a shunt diode is shown in Fig. 2-24. The 

®1 
>R. 

F I G . 2-24.—Equivalent circuit for calculating the pulse shape for a hard-tube pulser 
with a biased-diode load, an inductive recharging path, and a shunt diode to reduce the 
"backswing voltage." 

diode is represented by the conductance gd and switch Sd that is assumed 
to close only when the voltage Vba is opposite in sign to the normal pulse 
voltage. If gd is large, the backswing voltage is negligibly small, and no 
post-pulse voltage appears with the same polarity as the pulse voltage. 

The oscillating voltage after the pulse can also be avoided by making 
R,/L, > 2/-\/C,Lt. For this purpose, an inductance with high resistance, 
that is, an inductive resistor, must be used and, under such conditions, 
the voltage corresponding to the trailing edge of the pulse becomes 
aperiodic, as shown by Eq. (46). The time of fall for the voltage decreases 
for smaller values of the ratio R,/L,, and the transition between the 
aperiodic and oscillating condition occurs when this ratio equals 2/\/CaL,. 
From a practical standpoint, such an inductive resistor is usually designed 
to have a ratio of R,/L, slightly less than the minimum for the aperiodic 
condition. For this condition, the voltage is oscillatory, but the damping 
is high and the backswing voltage is correspondingly small. The choice 
between a large value of R,/L, without a shunt diode or a small value of 
R./L, with a shunt diode depends on the importance of having a small 
time of fall for the voltage pulse. 

I t is difficult to make a detailed analysis of the effect of the circuit 
parameters on the leading edge of the voltage pulse without actually 
carrying out the calculations for Vta(t) using numerical values for the 
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circuit components. A very general statement can be made, however, 
to the effect that, as the switch-tube resistance or the shunt capacitance 
increases, the time of rise for the voltage pulse also increases. The 
effect of the shunt inductance on the leading edge of the pulse over a 
fairly wide range of values for the ratio R./L, is rather small. 

If there is a resistance in parallel with the shunt inductance, the times 
of rise and fall of the voltage pulse become shorter: the smaller the resist
ance, the smaller the rise and fall times. Such a resistance is introduced 
into the circuit when the connection to a power supply for recharging the 
storage condenser, as indicated in Fig. 2-5, is considered. In Sec. 2-4 it is 
shown that for good pulser design, the resistance Rc is large, but its effect 
on the trailing edge of the pulse is still appreciable. 

A set of photographs of oscilloscope traces illustrating the effects of 
various circuit parameters, together with the pulse shapes calculated 
from the equivalent circuits discussed above, are shown in Figs. 2-25,2-26, 
2-27, and 2-28. 

The oscilloscope traces reproduced in Fig. 2-25 were obtained with 
the magnetron and pulser used for the pictures of Fig. 2-19, replacing the 
resistance recharging path in the pulser by a 10-mh inductance and a 
shunt diode. In each case the magnetron voltage and current pulses 
and the current flowing in the 10-mh inductance are shown for pulse 
durations of 0.5, 1, and 2 /isec. The pulse voltage and pulse current were 
adjusted to 10 kv and 10 amp respectively for each pulse duration. The 
effect of the increase in current in the shunt inductance is shown in the 
more rapid fall of voltage as the pulse duration increases. The calculated 
values for the voltage pulses (j), (k), and (l) take into account the 10,000-
ohm isolating resistance and an assumed equivalent resistance of 8000 
ohms for the magnetron after the voltage has dropped to the value V,. 

The oscilloscope traces shown in Fig. 2-26 are for the l-/isec pulse 
duration with a sweep speed about one tenth of that used for the traces 
of Fig. 2-25. The traces (a), (d), and (g) are the slow-sweep presentation 
of the l-/isec pulses shown in Fig. 2-25, and indicate the effect of a good 
shunt diode, that is, one with high cathode emission. The traces (6), 
(e), and (h) were obtained with a shunt diode having lower cathode 
emission, and a small backswing voltage of about 1 kv is observable on 
the voltage pulse. The traces (rf), (e), (g), and (h) show that the cur
rents in the 10-mh inductance and in the shunt diode decrease more 
rapidly when the shunt diode has a higher effective resistance. When 
the shunt diode is removed from the circuit, a backswing voltage of about 
6 kv appears after the voltage pulse, and the pulse shapes of Fig. 2-26c 
and / are obtained. The oscillation resulting from the use of the induct
ance for the recharging path is damped by the 10,000-ohm resistance of 
the isolating element that is in parallel with the discharging circuit for 
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I 11 I 1 
(a) 0.5 ^sec. (b) 1 Aisec. (c) 2 ^sec. 

Magnetron voltage pulses of amplitude = 10 kv. 

I 
m 

(d) 0.5 MSCC. (e) 1 juscc. (/) 2 jusec. 
Magnetron current pulses of average amplitude = 10 amp. 

_. . , 

:: E:~:: : : : : : (g) 0.5 Msec. (fc.) 1 fisec. (i) 2 Msec. 
Current in the 10-mh-inductance recharging path. 

- . . . - - -: : ,» - / ' :. . _ / 
A : " — 7...—~ . . . J . . . 

. . _ f 
. . t- --; ; ; . [ « I I I 

(j) 0.5 /isec. (fc) 1 /isec. (/) 2 /isec. 
Voltage pulses calculated from the equivalent circuit (m). 

F I G . 2-25.— Oscilloscope traces and calculated pulse 
shapes for a hard-tube pulser with a magnetron load, 
a 10-mh inductance as the recharging path, a shunt 
diode, and ("% = 115 /î f- Voltage pulses were calcu
lated from the equivalent circuit (m) and ST closed 
0 < t < T. Si closed for t'p.„ > 0.7EI,I„ S.\t closed when 
Si opens and until Vha = 0, S<t closed for negative 
values of Vi.a. Sweep speed: 10 div. = 1 ^sec. (m) Equivalent circuit for cal

culations. 
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the shunt capacitance. The calculated values for the current in the 
10-mh inductance are plotted in Fig. 2-26i, assuming the effective 
resistance of the shunt diode to be 500 ohms. I t can be seen that the 
calculated current in the inductance for the l-/nsec pulse agrees very well 
with the corresponding trace obtained when the good diode was used. 

i iEE iEEEEEEEEEEEEE EiE=====EE=E==EE===E EitE=M=E==E===E===E 
(a) Good shunt diode (b) Poor shunt diode. 

Magnetron voltage pulses. 
(c) No shunt diode. 
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(d) Good shunt diode. (e) Poor shunt diode. (/) No shunt diode. 
Current in the 10-mh-inductance recharging path. 

- - - ■ ■ ' - ' • ■• •■» ■» * 

" j j » = : 1.2 amp. ~" 

; ; i : : : _ i : : " : : 
i 
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L̂ 37 
(9) Good shunt diode. (A) Poor shunt diode. (i) Calculated currents in the 

Current in the shunt diode. recharging path for the 
circuit {m) of Fig. 2-25. 

Fiu. 2-20.—Oscilloscope traces and calculated recharging-path currents for a hard-tube 
puiscr with a magnetron load and a 10-mh inductance as the recharging path, (a) and (d) 
are the slow-sweep-speed presentations corresponding to the 1-jisec pulses of Fig. 2-25. 
Horizontal scale — 1 jxsec/div. 

When an inductive resistor with a resistance of 7500 ohms and an 
inductance of 3 mh is used for the recharging path in the pulser, the oscil
loscope traces appear as shown in Fig. 2-27. The small backswing volt
age that appears after the pulse indicates that the value of R,/Ls for this 
inductive resistor is slightly less than the value for critical damping. 
The magnitude of this backswing voltage is so small, however, that a 



(a) 0.5 ^sec. 
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(e) 0.5 /isec. 

(i) 0.5 jtsec. 

(fa) 1 /isec. (c) 2 fiaec. 

Magnetron voltage pulses of amplitude = 10 kv. 

I! 

(/) 1 /isec. (ff) 2 /isec. 

Magnetron current pulses of average amplitude = 10 amp. 

(d) Voltage pulses calculated from 
equivalent circuit (h). 

: : : : : : : : : : : : : : : : ; 

J JZj; :_, - _-,,■■ . 1 ; m | g * |K _ 

* r r ■ ™i jW ' 1 
" ' * u *r J ' i ' 1 ' ' 1 

S i i j [ K 2 ■ ■ 1 h i T T T T T T | * J i " W ' m t. ' 
■ i c — * 0 9 amp. ' L J ( " r r T T T r %. | 2 ampnh 1 

5 i l l * " —1.1 amp. ' 11 H ^^^ i i i t^ L 1 
1 IMit 1 1 J W M H H 1 

'm * * _ ' • - * ■ . - . t i l l 1 1 M i l ■! I „ ' 

(h) Equivalent circuit for calcu
lations. 

( j) 1 ftaec. (k) 2 ^tsec. 
Current in the 7500-ohn 3-mh recharging path. 

(/) Currents in the recharging path 
calculated from the equivalent cir
cuit (h). 

F I G . 2-27.—Oscilloscope traces and calculated pulse shapes for a hard-tube pulser with a magnetron load, a recharging path consisting of a 
7500-ohm resistance in series with a 3-mh inductance, and shunt capacitance of 115 fifit. In the calculations the effective resistance of the 
m a g n e t r o n w a s a s s u m e d t o be 80O0 o h m s af te r Si o p e n s , t h a t is, S\t c loses -when Si o p e n s . S w e e p s p e e d : 10 d i v . -=■ 1 /xsec. 



SEC. 2-3] OUTPUT WITH BIASED-DIODE LOAD 49 

shunt diode is unnecessary. From a comparison of the voltage pulses 
of Fig. 2-27 with those of Fig. 2-25 it is seen that the voltage for the 0.5-
jusec pulse drops at about the same rate in each case. At a pulse duration 
of 2 Msec, the voltage drops faster with the 10-mh inductance for the 

(a) l/i sec = 10 div. (b) lji sec = 1 div. (c) Calculated for circuit (/) . 
Magnetron voltage pulses of amplitude = 10 kv. 

10 div. (e) Ifj. sec = 1 div. (/) Equivalent circuit for calculations. 
Magnetron current pulses of average amplitude = 10 amp. 

(g) Ifi sec = 10 div. (A) lji sec = 1 div. (t) Calculated from circuit (/). 
Current in the 20-mh inductance recharging path. 

FIG. 228.— Oscilloscope traces and calculated pulse shapes for a hard-tube pulser with 
a magnetron load, a 20-mh inductance as the isolating clement, a 20-mh inductance as the 
recharging path, no shunt diode, and C = l l o ^ f . Voltage pulse and current in the 
20-mh recharging path calculated from equivalent circuit (/) with the conditions: .SV opens 
at (?, Si opens at (3, S.\ii closed tz to (4, all switches open U to (5, *S.u-j closed h to 1%, all switches 
open tt to ti. 

recharging path than with the 3-mh 7500-ohm inductive resistor. The 
reason for this behavior is evident from a comparison of the currents in 
the recharging paths. 

For the oscilloscope traces of Figs. 2-25, 2-2o\ and 2-27 the isolating 
element was a 10,000-ohm resistance. If an inductance having a low 
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resistance is used for this isolating element, the damping of the oscillation 
that occurs after the switch tube becomes nonconducting is usually 
small, as shown by the pictures reproduced in Fig. 2-28. These pic
tures were obtained with the magnetron load, an inductance of 20 mh 
as the recharging path, and an identical inductance as the isolating 
element. Each of these inductances had a resistance of 160 ohms. The 
backswing voltage for this circuit becomes larger than the pulse voltage 
when there is no shunt diode, as can be seen in Fig. 2-286. Since the 
damping in the circuit is small, the voltage swings back to the polarity 
of the main pulse and causes a small current to flow in the magnetron, 
as indicated by the trace (e). In calculating the voltage across the load 
as a function of time from the equivalent circuit shown in Fig. 2-28/, it 
is therefore necessary to introduce an effective resistance for tne magne
tron during the time when this post-pulse conduction occurs. The 
calculated values plotted in Fig. 2-28c and i were obtained by assuming 
the effective resistance of the magnetron to be 8000 ohms, and the magni
tude of the voltage for the trailing edge of the voltage pulse was con
sidered to be less than V, but greater than zero. During the time 
corresponding to the backswing voltage, the magnetron is considered to 
be open-circuited, and hence to have an infinite resistance. When the 
post-pulse conduction occurs, the magnetron is assumed to appear 
as a 10,000-ohm resistance. The comparison of the plots for the load 
voltage and the current in the recharging path with the corresponding 
oscilloscope traces indicates good agreement between calculated and 
experimental values. 

The assumptions made in the foregoing calculations with regard to 
the effect of the magnetron on the behavior of the pulser output circuit 
lead to reasonable agreement with the experimental data. This agree
ment may be considered a justification for the assumption that the shape 
of the I-V curve for a magnetron, shown in Fig. 2-116, can be closely 
approximated by a high dynamic resistance for voltages less than V,, 
and by a low dynamic resistance for voltages greater than V„. If the 
load resistance is nonlinear, the functional relationship between n and 
Vba must be taken into account in the calculations, and the analysis of 
pulse shape becomes considerably more complicated. Another com
plication arises if it is necessary to consider the variation of switch-tube 
resistance with the plate current in the tube. 

At the start of this discussion of pulse shape as affected by pulser 
circuit parameters, it was assumed that the capacitance of the storage 
condenser was very large in order tha t the voltage across it could be 
considered constant during the pulse. I t is stated in Sec. 2-1, however, 
that the storage-condenser voltage is less at the end than at the beginning 
of a pulse. This change in voltage depends on the magnitudes of the 
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pulse current, the storage capacitance, and the pulse duration. As is 
shown in the following section, it is often impractical to have a storage 
capacitance that is large enough to keep this voltage change less than a 
few per cent of the initial condenser voltage. The actual pulse shape 
obtained from a hard-tube pulser 
of this type, therefore, does not : r r J 
have a flat top, but rather has a ^ \ _ 1 "T 1 - — -^^ 
sloping top as indicated in the \ j ] ! y^ 
sketch of Fig. 2-29. _ \ ^Af 

Since with a resistance load ** s \̂ ____i/_ 4 v 
the pulse current has the same Vmi~ 

pe a s t h e p u l s e V o l t a g e , t h e F I G . 2-29.—Sketch of the voltage pulse 
ratio M/I^ is equal to the ratio s! lape show. ing t h e ,fect .of. t h e

f . d r o p . i n 

' ^ storage-condenser voltage during the pulse. 
AF/7m.i. If the load is a biased-
diode or magnetron with a low dynamic resistance, however, the ratio 
M/Im*i may be many times as great as the voltage ratio AV/Vm^. In 
Sec. 2-4 it is shown that 

A7 AV Fm« 
T V V — V 
± max » max ' max » * 

The effect of the drop in pulse voltage on the current in a load that has a 
low dynamic resistance can be seen in the oscilloscope traces shown in 
Figs. 219, 2-25, and 2-27. I t is also evident that, if AV is large, it is 
possible for the pulse voltage to fall below Vs before the switch ST is 
opened. As a result, the load current stops flowing before the end of 
the intended pulse interval. 

If the switch-tube resistance increases with time during the conduc
tion interval, the effect is similar to a change in voltage on the storage 
condenser. Such behavior of the switch tube is experienced with some 
oxide-cathode tubes, particularly for long pulses and high currents, and 
is referred to as cathode fatigue. I t is very difficult to take into account 
the effect of cathode fatigue on the pulse shape, since it can vary so much 

• from one tube to another of the same type. The magnitude of the 
cathode fatigue tends to increase as the tube gets older, but it is not 
uncommon for it to decrease during the first few hours of operation. 

THE CHARGING OF THE STORAGE CONDENSER 
The energy removed from the storage condenser during the pulse 

interval causes the potential difference across this condenser to be less 
at the end than at the beginning of the pulse. If the output of the pulser 
is to be a succession of identical pulses, it is necessary to provide some 
means by which the energy in the condenser can be replenished during 
the interpulse interval. This energy can be supplied by connecting the 

E. G. & G. LIBRARY . . ^ . J ' ~ - V ^ 
LAS VEGAS BRANCH • . v 
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condenser to a primary electrical-energy source such as a battery or power 
supply during the interpulse interval. The ideal arrangement would be 
to make the charging and discharging cycles completely independent by 
using a switch as shown in Fig. 21a. The use of such a switch is imprac
tical for pulses that recur at rates of several hundred to several thousand 
per second. The pulser must therefore be designed with a conducting 
path between the condenser and the power supply that has the least 
possible effect on the discharging of the condenser during the pulse 
interval. 

One method that is used to isolate the power supply from the con
denser-discharging circuit is shown in Fig. 2-5. In this method a resist
ance element is connected in series with the power supply. If this 
resistance is sufficiently high, the current that flows through the switch 
tube from the power supply is small enough to be neglected. When 
the switch tube is conducting for a very short time interval—that is, for 
short pulse durations—an inductance in series with the power supply can 
provide satisfactory isolation. This method has the disadvantage that 
the current from the power supply increases with time and, since this 
current flows through the switch tube, the tube drop during the pulse is 
also a function of time. 

Although the reason for introducing the isolating element is to keep 
the current flowing from the power supply through the switch tube as 
small as possible, there are other points to be considered in choosing the 
particular element. Since the condenser is connected to the power 
supply in order to be recharged, the isolating element must not make the 
charging time constant so large that the condenser voltage at the end of 
the interpulse interval differs appreciably from the power-supply voltage. 
The connection to the power supply during the pulse interval has an 
effect on the leading edge and on the top of the pulse. The magnitude 
of this effect depends on the relative size of the impedances of the isolat
ing element, the switch tube, and the load. When the switch is non
conducting, this isolating element is effectively in parallel with the pulser 
output circuit and therefore has an effect on the trailing edge of the pulse. 
These effects on the pulse shape can be taken into account in the analysis 
of the discharging circuit, as discussed in Sees. 2-2 and 2-3, by introducing 
the isolating element as an additional circuit parameter. The ultimate 
choice of the element is generally based on a compromise between these 
considerations. 

2-4. The Output Circuit with a High Resistance as the Isolating 
Element.—The equivalent circuits for the pulser with a high resistance 
as the isolating element are shown in Fig. 230a and b. For reasons 
already stated, the resistance Rc is assumed to be very large compared 
with rv. The analysis of the circuit behavior during the interpulse 
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interval (that is, when switches ST and Si are open), is similar for the 
two circuits (a) and (b) if Z, is a resistance. If Z, is an inductance, the 
algebraic expressions become complicated, and circuit (a) is therefore 
used as the basis for the present discussion. 

% ST % 

(a) Resistance load. (b) Biased-diode load. 
FIG. 2-30.—Hard-tube pulser circuits with a resistance as the isolating element in series 

with the power supply. 

Assume that the switch ST is open initially for a long time and 
therefore that the condenser Cw is charged to the voltage of the power 
supply. If the switch is then closed for a time T and open for a time 
T, — T, and this procedure is repeated, a succession of pulses is obtained 
with a recurrence frequency f, = 1/Tr. During the time T the con
denser voltage decreases and during the time Tr — T it increases. If the 
time Tr — r is not many times greater than the time constant of the 
circuit, the condenser voltage is appreciably less than the power-supply 
voltage at the end of this interval. Equilibrium values for the condenser 
voltage at the beginning and at the end of the interval r will be obtained 
if the switching procedure is repeated a sufficiently large number of times. 
This approach to equilibrium is shown diagramatically in Fig. 2-31. 

— 1 V I - -
— V, 

FIG, 2-31.—The voltage on the storage condenser of a hard-tube pulser as a function 
of time after the start of a series of regularly spaced pulses when a resistance isolating ele
ment is used. 

It is of interest to obtain the value of Vu./Eu, for any given set of 
circuit parameters. Let V'w be the value for the condenser voltage at 
the start and V'T be the voltage at the end of any particular pulse, 
and let Vw and VT be the equilibrium values of these voltages. During 
a charging interval the switch ST is open, and the expression for the 
condenser voltage as a function of time is 

Vc(t) = Eu, - {Eu VI) e~ (K« + Bi)C (52) 
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ivhere t is measured from the start of the interpulse interval. The 
condenser voltage at the end of the interval is then 

( T , - 0 
V'u, = £ » - (Ebb - V'T)e <K.+K<>C„. (53) 

If it is assumed that Rc ^> rp, the connection to the power supply may be 
neglected when considering a discharging (pulse) interval. The con
denser voltage during this interval is thus 

Vc(t') = V'u.e ^r+R,)c.t (54) 

where /' is measured from the start of the discharging interval. The 
condenser voltage at the end of this interval is then 

V'r = V'we v»+*<><?-. (55) 

For a continuous succession of pulses the equilibrium values of V'w in 
Eqs. (53) and (55) must be equal and likewise the values of V'T. Solving 
these equations for V'w, there is obtained 

( T r - T ) 

Tr Eu, [1 - e <«.+«>)C] 
1 W ~ r r (7"r-r) "I ' 

\l — e L(rp+«oc»' (ft.+ftoc.Jj 
which may be written 

Vw = E^y. 
A similar solution for V'T gives 

T 

Vr = Enye ('p + «0C. 

(56) 

(57) 

(58) 

From Eq. (56) it is seen that the value of the ratio Vw/Ebb for a given 
set of circuit parameters increases as T is decreased and T, is increased. 
Also, for given values of T and Tr, the condenser voltage approaches the 
power-supply voltage as Rc and C„ are decreased. By decreasing Re, 
however, the current through the switch tube is increased. This increase 
is particularly undesirable in high-power pulsers where the load current 
and hence the switch-tube current are already large. The effect of vari
ations in T, Tr and C„, are illustrated in curves of Fig. 2-32. These curves 
were calculated from the exact expression for the equilibrium condenser 
voltage Vw, taking into account the effect of the power-supply connection 
on the discharging circuit. The equation for Vw is 

r-.-ifer.O + ^T') (59) Rc + Tp 
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Ratio of the equilibrium condenser voltage at the start of the pulse to the power-supply voltage as a function of capaci
tance, pulse duration, and interpulse interval for Rc = 10,000 ohms, Ri = 1000 ohms, and r„ = 100 ohms. 
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and the voltage at the end of the pulse becomes 

Rc + rp\ rp ) 
where 

1 _ p-PiTr-r) 

~ _ (j-faH-flCj-i—7)1' 

1 
(Rr + Ri)CJ 

Rr + rp 

If Rc » r„ 
(R,r„ + RcRi + R,r„)C„. 

1 
(r„ + R,)Cu 

(60) 

(61) 

(62) 

and y' ~ y. Thus, for Rc ~ I00rp, the value of V„- calculated from Eq. 
(59) is about 1 per cent greater than the approximate value calculated 
from Eq. (56). In designing many pulsers, it is therefore sufficiently 
precise to calculate the equilibrium condenser voltage by neglecting the 
effect of the power-supply connection on the discharging circuit. 

If only the charging circuit for the storage condenser is considered, 
an advantage is apparently gained by having the capacitance as small 
as possible. This supposition is contrary, however, to the conclusion 
reached by considering the discharging circuit. From Eqs. (59) and 
(60) the difference in the condenser voltage at the beginning and at the 
end of a pulse is 

- p-"') (63) 

Equation (63) may be reduced to the corresponding relation obtained 
from Eqs. (57) and (58) if Rc » r„, namely 

Vu. - V r = 7„.[1 - e O-.+KOC]. (64) 

If r « (rp + Ri)C„; Eq. (64) may be written 

v* - v* - TF^ku: (65) 

Again, if V„. — Vr is small, the change in load current during the pulse 
is small and 

T - F -
' r, + R, 
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which leads to the approximation 

V„ - VT ~ f± T. (66) 

This expression may be used to determine the magnitude of the capaci
tance required for a particular load current in order to keep the load 
voltage within certain limits during the pulse. In general, it is desired 
that the load voltage during the pulse be as nearly constant as possible, 
and therefore C„- must be large. 

The same conclusion is reached if a corresponding analysis is made 
for a biased-diode load in the circuit of Fig. 2-3Qb. If it is as.sumed that 
the power-supply connection may be neglected in determining the con
denser voltage during the pulse interval, the difference in condenser 
voltage at the beginning and at the end of the pulse is 

F„. - \% = (V„. - V.) [1 - c "« + ">r„]. (67) 

The relation (66) is obtained from Eq. (67) by the same reasoning used 
to obtain it from Eq. (64) using the approximation that 

V — V 
r,, + rt 

As may be seen from a consideration of the change in load current 
during a pulse, it is more important to keep the change in load voltage 
small for a biased-diode load than for a resistance load. Neglecting the 
power-supply connection again, the currents at the beginning and at 
the end of a pulse for a resistance load are, 

v 
(/|)o rv + Ri 

and ^ (68) 

For the biased-diode load, the corresponding currents are 

and } (69) 
V — V 
r„ + ri 

The ratio of the change in current during the pulse to the current at the 
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beginning of the pulse for the resistance load is therefore 

(/i)o - (7i)r _ V. ~ Vr 
(/i)o 7 . ' 

and for the biased-diode load, 

(/i). - (/'l)r 
(!',) l)0 

7 , - Vr 
vw - v.' 

(70) 

(71) 

It is evident from Eqs. (70) and (71) that, for a given percentage change 
in load current, the ratio of the 
value of Vu> — Vr for a biased-diode 
load to that for a resistance load is 
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The effect of the capacitance of 
the storage condenser on the current 
through the load during a pulse is 
illustrated by the curves of Fig. 
2-33. These curves are plotted 
from the equation 

(il)o ~ (Il)r 
(*i)o 

( 1 - e r - ) , (72) 

where a is the value given by Eqs. 
(61). From Eqs. (64) and (70) a 
similar expression is obtained in 
which a « l/(rP + Ri)Cw, namely, 

o.oi 0.02 0.04 0.1 0.2 
Capacitance C» in jtf 

F I G . 2-33.—Ratio of the change in load 
current during a pulse to the load current 
a t the start of the pulse for various values 
of pulse duration and storage capacitance. 
This ratio is approximately equal to the 
ratio of the change in condenser voltage 
during the pulse to the voltage at the start 
of the pulse. The curves are plotted for 
Ki = 1000 ohms, Rc = 10,000 ohms, and 
7-p = 100 ohms. 

0.4 

Wo = U 
V W * T (73) 

Curves of the type shown in Figs. 
2-32 and 2-33 can be used to deter
mine the best value for the capaci
tance of the storage condenser for 

given values of T and T, when Rc y> rv. A compromise must be made 
between the equilibrium condenser voltage and the amount of voltage drop 
that can be tolerated during the pulse for the particular pulser application. 

From Eqs. (52) and (54) it is possible to calculate the time required 
for the condenser voltage to attain a value approaching Vw after the 
beginning of a succession of pulses. This time can best be expressed in 
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terms of the number of pulses such that (V£,)» = kVw, with k some value 
slightly greater than one. The curves plotted in Fig. 2-34o and b give 
the values of n as a function of the capacitance of the storage condenser 
for k = 1.01 and 1.001 and for several values of T and TT. If the value 
V„/Ebi, is much less than 1.0, the number of pulses required to approach 
the equilibrium value may affect the operation of loads with low dynamic 

D' — w — i ^ 1 - 1 - 1 - ■ — - r I o i 1 1 1—<—> 1 ■==—I 
0.01 0.02 0.04 0.06 0.08 0.1 02 0.4 0.01 0.02 0.04 0.06 0.08 0.1 02 0.4 

Capacitance C„ in u» Capacitance Cw in ill 

(a) (t) 
FIG. 2*34.—Number of pulses required for the storage-condenser voltage to reach kVv 

as a function of Cw for various values of r and Tr, with Re = 10,000 ohms, Ri = 1000 ohms, 
and r, = 100 ohms, (o) k = 1.01, (b) k = 1.001. 

impedance such as the magnetron. A large value of n indicates that the 
current through the load is larger than the current obtained with con
tinuous pulsing for a time that may be long enough to be deleterious to 
the magnetron cathode. This high current may also aggravate any 
tendency for sparking to occur in the load. 

In designing a hard-tube pulser with a resistance as the isolating 
element, it is important to know how much average power will be dis
sipated in the resistor. There are two major contributions to this power, 
that from the current flowing in the resistance during the pulse interval 
and that from the current flowing during the interpulse interval. When 
the switch tube is conducting, the current flowing in the isolating resist-
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ance is 
. . . EK, — vp W i = — ^ — ? » 

where vp = iprp and ip is the total instantaneous plate current in the 
switch tube. For most practical purposes, it may be assumed that rp 

is constant during the pulse interval since its variation is usually small 
compared with E^ — vp. The current (ic) i is therefore considered to be 
constant for a time r, having the value 

11 \ — Ebb—Vp - ^ ' 

and the average power dissipated in Rc is then 

P, = (Ir)\Rr ~ (74) 

During the interpulse interval the amount of current flowing in Rr 

depends on the power-supply voltage and on the voltage on the storage 
condenser. Thus 

, . . Ebb — Vc 
(lc)2 = ^ 

where Vc is a function of time with the value given by Eq. (52), that is 

Vc(t) = E» - (Eu - VT)e *+«<>c, (52) 

In this equation the term Ri may be the value for either a resistance load 
or the recharging path if Z„ in Fig. 2-30b is a resistance. Substituting 
Vc from Eq. (52), the expression for (ic)2 becomes 

_ QEM - VT)e («.+«■><?-
Uc)s ^ (75) 

The average power dissipated in Rr corresponding to this condenser-
charging current is 

1 [(T'-r) 

(70) 

Using the value of (i'r)2 in Eq. (75) and neglecting r because, generally, 
T, » T, the integration in Eq. (70) gives 

P2 = ^ W ± ^ [1 - f-*^H (77) 

The total power dissipation in the isolating resistance is the sum of the 
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values for the pulse interval and that for the interpulse interval given 
by Eqs. (74) and (77). Thus 

T . Cy(Ebb Vr)*(Rc + Rl) 
2RCTT 

[1 - c (*«+«')c.]. (78) 

In many cases the contribution of the first term of Eq. (78) to the 
power dissipation in the isolating resistance is several times larger than 
that of the second term. Consequently, the approximate value of PK 
may be calculated somewhat more simply by taking advantage of the 
fact that the average condenser-charging current is approximately equal 
to the average load current. The average load current is the Value of 
the pulse current multiplied by the duty ratio. Since the condenser-
charging current as given by Eq. (75) is an exponential function of time, 
the rms and average values are nearly equal, provided that the time 
interval is not large compared with the time constant (Rc + Ri)Cw- I t 
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Fia. 2-35.—Ratio of rms to average current as a function of t/RC for a current of the form 

is seen from the plot of Im,/I^ versus TT/(Re + Ri)C„- in Fig. 2-35 that, 
for T, = (Rc + Ri)Cu-, the rms current is only 1.04 times the average 
current. For the value of rms current determined in this way, the 
average power corresponding to Eq. (77) is 

P* = Iln.Rc 

2-6. The Output Circuit with an Inductance or an Inductive Resistor 
as the Isolating Element.—The equivalent circuits for the pulser with 
resistance load and biased-diode load are shown in Fig. 2-36a and b. 
The analytical expressions for the equilibrium condenser voltages at the 
beginning and at the end of the pulse are considerably more complicated 
for these circuits than for those with a pure-resistance isolating element. 
A few general conclusions can be drawn, however, from a simplified 
analysis of the circuits of Fig. 2-36. 

When the recharging circuit alone is considered and the switch ST is 
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open, the circuits of Fig. 2-36a and b, in which Z, is a resistance, reduce to 
a simple series LCR-circuit as represented in Fig. 2-37. The initial 
conditions imposed on the equation for this circuit are (1) that the con
denser is charged to a potential difference V„ and (2) that a current i0 

T \ 
j - ^W 

(a) Resistance load. (b) Biased-diode load. 
F I G . 2-36.—Circuits for hard-tube pulsers with an inductive isolating element in series 

with the power supply. 

is flowing in the inductance. The Laplace-transform equation for the 
circuit is therefore 

Lc\ple(p) - 7.(0)] + (Re + Bdleip) + T ^ § = E* " Vr- (79) 

Let (Rc + R,) = R'c and Ic(0) = i„. Then, if Eq. (79) is solved for 
c 7<(P)> 

-nmr—wv—^Hf: E»- Vr 

UP) 
+ pia 

F I G . 2-37.—Equiva
lent circuit for the con
denser-charging cycle in 
a hard-tube pulser with 
an inductive isolating 
element. 

p2 + — p -\ — 

UP) 
(p + a)i0 + VT — aio 

(p + a)2 + w* (80) 

where a = R'J2LC, a>2 = b - a2, and 6 = l/LeC„ 
lib < a2, let a2 - b = k2, and Eq. (80) becomes 

L(P) = 
(p + a)io + E»- VT 

ato 
(p + a)2 - k2 (81) 

Equations (80) and (81) give the Laplace transform of the current for 
the cases in which it is oscillatory and aperiodic respectively. The 
critically damped condition corresponds to u2 = k2 — 0. The inverse 
Laplace transform of Eq. (80) gives the time function for the current, 
thus 
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T r,\ (#M - Vr)e-°< . . , . _ , / , a . , IS) = - j sin ait + toe I cos ait sin a>t 

Similarly for Eq. (81), 
> 

IS) = (Et* L ^ r ) e °' sinh kt + t„e-" ( cosh kt - | sinh kt \ i„e-<" I c 

The voltage on the condenser expressed as a function of time is 

Vc(t) = VT + i - / IS) dt, 
o» Jo 

63 

(82) 

(83) 

(84) 
so the integration of Eqs. (82) and (83) gives the expressions for the 
voltage on the condenser during the recharging interval. Thus, for the 
oscillatory case where \/LcCw > R'c'/-iL2

c, the condenser voltage is 

(85) Vc(t) = Ea - e-" (Ea - V,)[- sin ait + cos ait) - -p- sin ait\ L \u / LwOi J 

Similarly, Eq. (84) and integration of Eq. (83) give the condenser voltage 
for the aperiodic case where \/LcCw < R'c /4LL\, namely, 

Vc{t) = E»- er" (Ebb - Vr) (^ sinh kt + cosh kt) - ^ sinh kt • 

(86) 

For the critically damped case in which l/LeCw = R'c /4L*, the condenser 
voltage is 

Vcit) = En, - e~ (Eu, - VT){at + 1) £«} (87) 

Equations (85) and (86) can be written in a more convenient form by 
combining the sine and cosine functions in the one case and the sinh and 
cosh functions in the other. Thus Eq. (85) becomes 

Vc(t) = Ebb - e~"A sin {ait + <p), (88) 
where 

and 
- V (Ebb - Vr)a io_ 

a> Cwai 

<p — t a n - 1 

+ (Ebb 

Ebb- Vr 
(E* - Vr)a i\J 

Ul CwOl 

VrY 

Similarly, Eq. (86) becomes 

Vc{t) = Ea, - e~alB sinh (kt + 9), (89) 
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where 

B V 
and 

(EM, — VT)a _ to 
k CJ: 

6 = tanh" (EM 

- (Ebb - \%y-

Yr) 
(Ehh - Vr)g 

k Cuk 

As the parameters Lc, C„ and /?' are varied, the transition from the 
aperiodic to the oscillatory condition occurs when Lc = j f l f C ; thus, 
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F I G . 2-38.— Values of Lr and R'r,'2Lr necessary to critically damp the condenser-charging 
current in the circuit of Tig. 2-37. 

if Lc is larger than this value, the condenser voltage and the power-supply 
current oscillates. Since, for the critical-damping case, 

„ _ K _ 2 

values of 
K 2_ 
2LC K'C 

correspond to the oscillatory condition. The curves of Fig. 2-38 give 
the maximum values of Lc and the minimum values of R'C'2LC for aperiodic 
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charging of the storage condenser for a range of R'c and Cw values. When 
the oscillatory condition is satisfied, the voltage on the condenser reaches 
a maximum value that is greater than the power-supply voltage by an 
amount depending primarily on the initial current in the isolating induct
ance. It is evident from the circuits of Fig. 2-36 that a current in the 
inductance is built up during the pulse interval when ST is closed, and 
that its magnitude depends on the pulse duration, the power-supply 
voltage, and the value of the inductance. If the pulse duration is small 
and the switch-tube resistance and the resistance associated with the 
inductance are small, the current can be calculated approximately from 

Ebb 

The approximation is better the smaller the value of n is, compared with 
the maximum possible value when t is very large, namely, 

— ^hh 

It is of interest to note that the aperiodic charging of the condenser, 
as given by Eq. (89), may also cause the value of Vc(t) to become larger 
than En. If i0 is large (actually, if i„/Cwk > (Ebi — V,)a/k), 8 is 
negative, and there is some value of t for which Vc(t) = Ebb. For t greater * 
than this value, Vc(t) is greater than Ebb, reaching a maximum value 
after which it decreases and approaches the value EM asymptotically. 

Although the voltage on the condenser may rise to a value greater 
than the power-supply voltage during the recharging interval, the 
resultant pulser operation is not necessarily unsatisfactory. If VT is 
only slightly less than Ebb and it, is not large, the maximum value of Vc(t) 
may not exceed Ebb by a dangerously large factor. The primary con
sideration is to determine that the maximum value of Vc(t) does not 
exceed safe operating voltages for the condenser and the switch tube, 
and that sufficient damping is present to make the amplitude of oscillation 
negligibly small at the end of the interpulse interval. 

For given values of R'c and Cw it is reasonable to assume that the 
quantity EM — V, is independent of the value of Lr, provided that the 
resistance Rc is always small compared with Rt. Since, for small values 
of Lc, the charging is aperiodic with large values for i0, the magnitude of 
B and 6 in Eq. (89) may be strongly affected by this initial current in 
the inductance. As Lc is increased, the critically damped condition is 
approached and ia decreases, becoming less effective. A still further 
increase in Lc leads to the oscillatory condition, and a maximum value for 
the frequency, um„ = l/R'JJu, which occurs when Lc = iR'c'C. 
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F I G . 2-39.—Storage-condenser voltage as a function of time during the recharging 
interval for an inductive element in series with the power supply; large values of R'c/Le. 
The portion of the curves C, D, E, and F beyond i = 150/t sec are plotted on expanded 
scales in (6) in order to show the transition from the aperiodic to the oscillatory conditions. 
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To illustrate the effect of the inductance of the isolating element on 
the charging of the storage condenser, the six curves shown in Fig. 
2-39a have been plotted using the values of [VC{1) — Ebb] calculated 
from Eqs. (88) and (89) for various values of Lc. The calculations were 
made for R'c = 1000 ohms, E^, = 10 kv, and C„ = 0.05 jif in the circuit 
of Fig. 2-36a. Since the equations for Vc{t) involve the terms {EH — VT) 
and to, it was also necessary to specify a particular pulse duration. For 
these calculations T = 1/xsec was chosen, and the assumptions were 
made that Rc ~ rp for all values of Lc, and that the voltage on the storage 
condenser was equal to .EM, at the start of the pulse. The values of 
{Ett, — VT) and ia used in the calculations were therefore obtained from 
the relations. 

{En — V,) ~ p77~r r 

and 
Ea, 

10 ~ -J- T. 

For the values of the circuit parameters given above, {Ebb — V,) = 200 
volts and i0 = 10~2/LC amp. 

The curves A and B are obtained for Lc equal to 5 mh and 10 mh 
respectively. These values of Lc are less than the value for critical damp
ing, so curves A and B are aperiodic. When Lc = \R'C Gw = 12.5 mh, 
the curve C is obtained, which corresponds to the critically damped 
condition. Curves D, E, and F are oscillatory, with Lc equal to 16 mh, 
25 mh, and 50 mh respectively. The value of 25 mh corresponds to 
Lc = iR'cC„, producing the maximum frequency for the oscillation. 
Portions of the curves C, D, E, and F are plotted in Fig. 2-39b with an 
expanded ordinate scale in order to show the details of the curves when 
Lc is larger than the value for critical damping. The curve G in Fig. 
2-39a shows the effect of a 10,000-ohm noninductive resistance as the 
isolating element, and is included to emphasize the rapid buildup of the 
condenser voltage when an inductance is used. 

The curves of Fig. 2-39 also apply for values of Cw other than 0.05 pi 
if R'c, Ebb, and r are not changed and a scale factor is introduced. With 
the scale factor K°^{Ebb — Vr)/R'c, the ordinate scale corresponds to 
[Vc{t] — Ebb]/K and the abscissa scale is Kt. The condition is imposed 
that 

( C ) a _ (Le), _ 1 
0.05M/ (ic)i K' 

where the values of {Lc)1 are those that correspond to the curves of Fig. 
2-39 for which K = 1. Thus, if (C„)2 = 0.01Mf, the scale factor is 5 
and {Lc)i for curve A, for example, is 1 mh. The curves C and E again 
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correspond to the critically damped and the maximum-frequency condi
tions respectively. 

To illustrate the effect of small damping on the charging of the storage 
condenser, the curves shown in Fig. 2-40 were calculated from Eq. (88). 
For the three curves A, B, and C a value of R'JLC = 10 ohms per mh was 
used with C„ = 0.05 fti, E^ = 10 kv, and T = 1 /isec. The values of 
Lc are 5 mh, 10 mh, and 20 mh, respectively, for the curves A, B, and C. 
The effect of adding some resistance in series with Lc is indicated by the 
curve A' for which Lc = 5 mh and R' = 500 ohms. These curves are 

600 r 

- 600 
F I G . 2-40.—Storage-condenser voltage as a function of time during the recharging 

interval for an inductive element in series with the power supply; small values of R'e/Le. 
For curves A, B, and C the value of R'c/Lc is 10 ohms per mh with L c = 5 mh, 10 mh, and 
20 mh respectively. For curve A', Lc = 5 mh and R'c = 500 ohms. Ebb = 10 kv and 
Cw = 0.05/if for all curves. 

indicative of the way in which the storage-condenser voltage varies during 
the interpulse interval if small inductances and small values of Rc/Lc are 
used both for the isolating element and for the recharging path Z, of 
Fig. 2-366. 

There are two principal advantages to be gained by the use of an 
inductance as the isolating element. The possibility of having the con
denser voltage equal to the power-supply voltage at the start of each pulse 
provides better utilization of the available power-supply voltage. Also, 
the power dissipated in the resistance associated with the inductance 
can be less than in the case of a high-resistance isolating element. In 
any pulser design, these advantages must be weighed against the undesir
able possibility that the recharging of the condenser may be oscillatory, 
and also against the increase in current through the switch tube with 
time during the pulse interval. The latter consideration is perhaps the 
more serious, since it may cause a larger drop in pulse voltage during the 
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pulse than that which results from the change in the storage-condenser 
voltage. 

The more rapid increase in the storage-condenser voltage during the 
interpulse interval, which is possible with the inductive isolating element, 
can be used to advantage in pulsers designed for closely spaced pulses, 
particularly if the interpulse intervals are of nonuniform duration, as in 
the case of pulse coding. 

When an inductive element is used in parallel with the load in order 
to bring the trailing edge of the pulse down rapidly, as discussed in Sec. 
2-3, this inductance becomes part of the recharging circuit as well. The 
current flowing in the inductance may be oscillatory and of sufficient 
magnitude to exert considerable influence on the initial conditions for the 
recharging cycle. It is therefore obvious that a complete analysis of the 
recharging of the storage condenser is too complex to permit as detailed 
conclusions to be drawn as are possible in the case of the resistive isolating 
element. 

POWER TRANSFER TO THE LOAD 

One of the important considerations involved in the design of a pulser 
is the magnitude of the pulse power to be delivered to the load. This 
pulse power is equal to the product of the voltage and current during the 
pulse. If the pulses of voltage and current are constant in amplitude for 
the pulse duration, the terms "pulse power" and "peak power" have 
the same significance. When the pulse amplitude is not constant during 
;he pulse, the peak power refers to the maximum voltage-current product, 
ind the pulse power is the product of an average amplitude for the voltage 
ind current pulses. There are several possible methods by which this 
iveraging may be done (see Appendix B). For the hard-tube pulser, 
the voltage and current pulses generally have a top that is relatively flat, 
and the meaning of "average pulse amplitude" is reasonably clear. 
For the present discussion the term "pulse power" refers to the average 
voltage-current product for pulses that do not deviate very much from 
constant amplitude. 

It may be necessary to have some circuit elements in parallel with 
the load in order to change pulse shape or to provide a recharging path 
for the storage condenser, as shown in Sees. 2-2 and 2-3. Some power is 
dissipated in these shunt elements, and this power must be taken into 
account in designing a pulser for a given power output to a load. By 
careful design, however, it is generally possible to make the power loss 
small compared with the load pulse power. The present discussion of 
power transfer to the load on a hard-tube pulser is simplified by the 
assumption that any shunt losses may be considered as part of the pulser 
load. 
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I t is evident from the circuit of Fig. 2-5 that the current through the 
switch tube is approximately equal to the current through the load. 
Also, the pulse voltage across the load is approximately equal to the 
power-supply voltage minus the voltage drop in the switch tube. These 
considerations are of fundamental importance in the design of a hard-
tube pulser when a definite load impedance and pulse-power output are 
specified. The connection of the load to the pulser as indicated in the 
circuits discussed in Sees. 2-2 and 2-3 is referred to as a "direct-connection." 

If the pulse power and the load impedance are specified, the require
ments for the switch tube and the power supply are almost completely 
determined for the load directly connected to the pulser. Thus, if the 
pulse power is Pi and the load impedance is Ri, the pulse voltage is 
Vt = s/PiRi and the load current is h =. y/Pi/Ri. The switch tube 
must therefore be chosen so that the current Ii can flow without making 
the voltage drop in the tube too high. When the magnitude of this volt
age drop is known, the required power-supply voltage is also known. 
The switch tube must also be capable of withstanding the power-supply 
voltage during the interpulse interval. The switch tubes that have 
been available for microwave-radar applications of hard-tube pulsers 
have had effective resistances ranging from about 50 ohms to several 
hundred ohms. Most of these tubes have a maximum current-carrying 
capacity that is determined by available cathode emission or by electrode 
power dissipation. For pulsers with low average power, the cathode 
emission determines the maximum current, and for pulsers with high 
average power, the allowable electrode power dissipation usually imposes 
the limit on the current. The effective resistance introduced into the 
puise circuit by the switchj tube is relatively constant over the usable 
range of current, except for special design, such as operation on the flat 
portion of the pulse characteristic of a tetrode (see Chap. 3). 

2-6. Impedance-matching and Pulse-transformer Coupling to the 
Load.—A hard-tube pulser may be considered as a generator with an 
internal impedance equal to the effective resistance of the switch tube. 
If the resistance of the load is high compared with the generator internal 
resistance, the efficiency is also high but the power delivered to the load 
is small compared with the maximum power tha t could be obtained. I t 
is shown in most textbooks on electricity tha t the maximum power is 
delivered to a load when the load and generator resistances are equal. 
This condition means, however, tha t as much power is lost in the gen
erator as is delivered to the load, and the efficiency is only 50 per cent. 
Since a maximum of 50 per cent efficiency can not be tolerated in most 
harc-tube-pulser applications, impedance-matching is seldom used. 

Impedance-matching is important in the line-type pulsers to be dis
cussed in Part II . Since for these pulsers the internal impedance is 
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nondissipative, the above-mentioned difficulty for hard-tube pulsers is 
not encountered. It is possible, however, to achieve some gain in hard-
tube pulsers designed for low pulse-power output by changing the load 
impedance presented to the pulser. In particular, it is possible to use a 
lower power-supply voltage for a given pulse power into a high-impedance 
load if a pulse transformer is used to transform the load impedance to 
a lower value at the pulser output terminals. The details of pulse-
transformer design and construction are given in Part III . 

A brief discussion of the considerations involved in the use of a pulse 
transformer with a hard-tube pulser serves to indicate when such an 
arrangement is advantageous and to point out the limitations. For 
this purpose, the hard-tube pulser 
is represented as a battery in series 
with the switch-tube resistance, as 
shown in Fig. 2-41. The primary of 
the pulse transformer is connected 
to the pulser output terminals, and 
the load is connected across the sec- j V p 

ondary. The secondary is considered FIG. 2-41.—Equivalent circuit for a 
to have n t imes as m a n y t u r n s as hard-tube pulser with pulse-transformer 

. . coupling to the load. 
the primary, and the power-transfer 
efficiency, ?j, of the transformer is assumed to be determined only by shunt 
losses. This assumption is justified by experience with such trans
formers in the microwave-radar applications. The following relations 
may then be written: 

J5 = n (90) 
and 

thus 

VaIs ( 9 1 ) 

(92) 

The power into the load is 

and 

Pi 

vP 
Vs 

VPIP 

j VIF 
*3 — n 

fli 

= v„ -
= IsRi, 

7, 

Ipr 

(93) 

(94) 
(95) 

where the switch-tube current Ip is equal to the primary current IP and 
the load current h is equal to the secondary current Is- Combining 
these relations, the expression for the load power becomes 
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{Ri-n + rvn*Y 
(96) 

The condition for maximum power in the load, as governed by the trans
former turns ratio, is obtained by differentiating Eq. (96) with respect 
to n and equating the result to zero; thus, 

R, 
«m = V —! for (Pj)„„, 

and the maximum power is 

{Pi)- 4r„ 

(97) 

(98) 

Equation (98) is the familiar result for a generator with matched load, 
except that in this case it is modified by the efficiency of the pulse trans
former. This efficiency may be between 75 and 95 per cent, depending 
on the transformer construction. 

TABLE 21.—COMPARATIVE VALUES FOR THE OPERATION OF A HARD-TUBE PULSER 
WITH A PULSE TRANSFORMER AND MAXIMUM POWER OUTPUT, AND FOR A 

DIRECT-CONNECTED LOAD* 

With pulse transformer, maximum 
power output 

T, = 0.85 
(Rn, 

= 9.2 

V, = T/FJF, = 3.16 X 103 volts 
p~l 
Ri = 0.316 amp 

Hrr 

V 

I„ = —' / ; = 3.4 amp 

2V, 
wm 

700 volts 

Average Pp (switch tube) 

No pulse transformer, load 
direct-connected 

Vi = 3.16 X 103 volts 

Ii = 0.316 amp 

Ir = Ii = 0.316 amp 

Vw = V, + Iprp = 3.2 X 103 volts 

Average Pp = l\rv X 10"' = 0 . 1 watts 

* Test conditions: 
Load resistance, Ri = 10.000 ohms. 
Load pulse power, Pi = 1 kw. 
Switch-tube resistance. rp = 100 ohms. 
Duty ratio = 0.001. 

If the load resistance is greater than the switch-tube resistance, the 
maximum-power condition requires a stepup transformer, that is, n > 1. 
The voltage that appears across the load is then 

V (99) 
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and the switch-tube current is 

Iv = — / , . (100) 
v 

The significance of these considerations is best brought out by com
paring the values of the pulser parameters for the case of the direct-
connected load on the one hand and that of the transformer-coupled load 
with maximum power output on the other hand. The results are given 
in Tables 2 1 and 2-2 for two values of load resistance and pulse power. 

T A B L E 2 - 2 . — C O M P A R A T I V E V A L U E S FOR T H E O P E R A T I O N OP A H A R D - T U B E P U L S E R 
W I T H A P U L S E T R A N S F O R M E R AND M A X I M U M P O W E R O U T P U T , AND W I T H A 

D I R E C T - C O N N E C T E D L O A D * 

With pulse transformer, maximum 
power output 

, = 0.85 

n. = V ^ = 2.9 
Vi = VP~Jti = 104 volts 

Ii = \ T T = 10 amp 

/„ = — / ; = 34 amp 

V„ = — = 7 X 103 volts 
Average Pp (switch tube) = 120 watts 

No pulse transformer, load 
direct-connected 

Vi = 10* volts 

Ii = 10 amp 

Ip = h = 10 amp 

V« = Vi + I,r, = 11 X 103 volts 
Average Pp (switch tube) = 10 watts 

* Test conditions: 
Load resistance, Ri = 1000 ohms. 
Load pulse power, Pi — 100 kw. 
Switch-tube resistance, rp = 100 ohms. 
Duty ratio - 0.001. 

Examination of these tables indicates that, with the 10,000-ohm load 
and 1-kw pulse power, the gain in using the pulse transformer is large as 
far as power-supply voltage is concerned. The switch-tube current is 
more than ten times the load current, but is still within the operating 
range of available tubes. The power dissipation of 1.2 watts in the 
switch tube is also not prohibitive. The question to be decided in this 
case is whether or not the reduction in power-supply voltage, from about 
3 kv to 700 volts, is important enough to warrant the use of a switch 
tube that can pass a current of 3.4 amp with the additional power loss of 
approximately one watt. 

For the 1000-ohm load and 100-kw pulse power, the increase in switch-
tube current from 10 amp to 34 amp produced by using the pulse trans
former and maximum power design is generally more serious than the 
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factor of 10 increase in the previous case. A relatively small tube1 

can be used to provide the 0.3 or 3.4 amp, whereas the increase in plate 
voltage from 700 volts to 3 kv may both increase the size of the tube and 
impose greater problems in its fabrication. The increase in tube cur
rent from 10 amp to 34 amp, however, may necessitate the use of two or 
three tubes in parallel or the use of a larger cathode, which is generally a 
serious problem in tube manufacture. For tubes that have been avail
able for the microwave-radar applications, the gain introduced by the 
reduction of plate voltage from 11 kv to 7 kv does not offset the difficulties 
introduced by the increase in plate current. The increase of more than 
100 watts in power dissipation in the switch tube also imposes a more 
serious problem than the 1-watt increase for the 10,000-ohm load. 

These examples show that the use of a pulse transformer to reduce the 
necessary power-supply voltage is not a priori always advantageous to 
pulser design. However, the pulse transformer is not used only to give 
the maximum power output. There are situations in which a small 
reduction in the necessary power-supply voltage may be warranted at 
the expense of slightly higher switch-tube current. Under these condi
tions, it is necessary to use Eq. (96) for power output in terms of the 
circuit parameters in order to determine the design best suited to the 
available components. 

The above design considerations lead to the minimum values of 
switch-tube current and power-supply voltage for a given load impedance 
and pulse power. To these values must be added any contributions 
resulting from the connection between the charging circuit and the dis
charging circuit as discussed in Sees. 2-4 and 2-5. These contributions 
can usually be kept small, but in some cases, such as a design for closely 
spaced pulses, it may be necessary to allow for increases of as much as 
25 to 50 per cent above the minimum values. 

C,„ 

F I G . 2*42.—Two possible arrangements for the use of a pulse transformer with a hard-tube 
pulser. 

A pulse transformer may be used with a hard-tube pulser in either of 
two ways. The two possibilities, with a triode as the switch tube, are 
shown schematically in Fig. 2-42. In Fig. 2-42a the primary of the pulse 

1 R. B. Woodbury, "Pulse Characteristics of Common Receiver Type Tubes,'; 
RL Report No. 704, Apr. 30, 1945. See also tube data given in Chap. 3. 
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transformer takes the place of the load in the circuits of Sec. 2-2. In 
the circuit of Fig. 2-426 the storage condenser is eliminated and the pulse-
transformer primary is in series with the power supply and the switch 
tube. I t has been mentioned previously that, from a practical stand
point, some part of the circuit must be at ground potential, and reasons 
were given for connecting the switch-tube cathode, rather than the plate, 
to ground. Thus, if point g is connected to ground in Fig. 2-42a, one 
end of the pulse-transformer primary is grounded, and the winding must 
be insulated only for the maximum pulse voltage. If the cathode of the 
switch tube is connected to ground in the circuit of Fig. 2-426, the primary 
of the transformer must be insulated for the d-c power-supply voltage. 
This voltage is greater than the pulse voltage by the amount of the 
voltage drop in the switch tube, which may amount to 10 to 20 per cent 
of the power-supply voltage. The problem of providing adequate insula
tion for d-c voltages in such a transformer is somewhat more serious than 
for an equivalent pulse voltage. This difficulty causes a transformer 
designed for the circuit in Fig. 2-426 to be somewhat inferior to a trans
former suitable for the circuit of Fig. 2-42a as regards the effect on pulse 
shape. There is a greater deviation from a rectangular pulse shape at 
the load because of the less satisfactory ratio of leakage inductance to 
distributed capacitance in the transformer. The transformer for 
circuit in Fig. 2-426 may also have a somewhat lower power-transfer 
efficiency. 

There is a further argument in favor of the use of a storage condenser 
with pulse-transformer coupling to the load. If the load is a magnetron 
or some other device that may exhibit sudden changes in impedance 
because of sparking or voltage breakdown, a high-voltage surge occurs at 
the plate of the switch tube. This transient voltage may be sufficient 
to cause the switch tube to spark internally, thus vitiating the control of 
the grid over the tube conduction. When the grid loses control, the time 
during which the switch tube is conducting may exceed the desired pulse 
duration by a large factor. In the circuit of Fig. 2-426 this behavior 
causes more energy to be discharged into the load than that corresponding 
to the normal pulse, with the result that the sparking condition is aggra
vated. In the circuit of Fig. 2-42a, the same sequence of events is not as 
serious, since the available energy in the storage condenser is considerably 
less than that in the filter condensers of a power supply. Because of the 
inherent characteristics of a pulse transformer, it is actually possible to 
use a smaller capacitance for the storage condenser in the circuit of Fig. 
2-42a than that necessary for a direct-connected load in order to obtain a 
given flatness for the top of the pulse. 

If a pulser is designed to use a pulse transformer and no storage con
denser, the versatility of the unit is decreased. A pulser of the type 
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shown in Fig. 2-42a can be used equally well with a direct-connected load 
within the limits of its design. With a load substituted for the pulse 
transformer in the circuit of Fig. 2-42b, the load or the switch tube must 
be operated at high d-c potential with respect to ground. 

2-7. The Effect of Stray Capacitance on the Pulser Power Output.— 
When the duty ratio is high, the average-power considerations may out
weigh the pulse-power requirements in governing the choice of com
ponents for the pulser. As has already been men+ioned, the switch-tube 
dissipation can impose a limit on the maximum allowable pulse current. 
The choice of the capacitance for the storage condenser is also affected by 
a high-duty-ratio requirement, but in different ways depending on 
whether the high duty ratio is due to a long pulse duration, or to a high 
recurrence frequency. Thus, if the pulse duration is long and the inter-
pulse interval is also long, the storage condenser must have a high 
capacitance in order to keep the pulse current as constant as possible 
during the pulse. When the recurrence frequency is high, however, the 
interpulse interval is small, and the condenser capacitance must be as 
small as possible to best utilize the power-supply voltage, and it may 
also be necessary to have a higher current from the power supply during 
the pulse interval. 

The stray capacitance in parallel with the pulser load becomes an 
important consideration when the recurrence frequency is high and the 
pulse voltage is large. This capacitance becomes charged during the 
time required for the pulse voltage to build up, and its discharge starts 
when the switch tube becomes nonconducting. The energy stored in 
this capacitance, therefore, does not contribute to the pulse power in 
the load except during the time corresponding to the trailing edge of the 
pulse. The average-power loss that corresponds to the charging of this 
capacitance is simply the energy stored per pulse multiplied by the 
number of pulses per second, that is, 

P R F X iCsH 
In the example used for the values of Table 2-2, a stray capacitance of 
100 fifii introduces a loss of about 5 watts if the 0.001 duty ratio corre
sponds to a P R F of 1000 pps. At a PRF of 10,000 pps, however, this 
power loss is 50 watts, which is one half of the average power delivered to 
the load. 

The current required to charge the stray capacitance also has an 
influence on the pulse power for which the pulser is to be designed. If 
it is desired to have a high rate of rise for the voltage pulse, the current-
carrying capabilities of the switch tube must satisfy the relation 

7 _ r
 dVl 
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If the value 100 wi is again taken as an example, this current is 10 amp 
for dVi/dt = 100 kv/jusec, which corresponds to a time of rise of O.ljtsec 
for a 10-kv pulse. In the example used for the values of Table 2-1, a 
switch tube capable of carrying 0.5 amp is adequate for the direct-con
nected load, but the maximum dVi/dt is then 5 kv/jusec, corresponding 
to a time of rise of 0.6 /*sec for a 3-kv pulse. Thus, the peak-current 
limitation for a particular switch tube may be high enough to satisfy 
the load pulse-power requirement and still limit the maximum rate of 
rise of the pulse voltage. 

2-8. Output Power Regulation.—The change in output power from a 
hard-tube pulser, which is caused by a change in the power-supply volt
age, may be expressed in terms of the switch-tube and load characteristics. 
This relation is of practical importance in pulser applications because it 
gives an indication of the stability of the power output as a function of 
the voltage input to the pulser. If the change in the power output is 
APj, the ratio APi/Pi, expressed in terms of the ratio AEbb/Eu, for the 
power-supply voltage and the circuit parameters, gives the regulation of 
the output power. Thus, for a given set of conditions, the regulation is 
determined by the relation 

-rl=k~EZ- <1 0 1) 
If k is large, the regulation is poor, that is, the percentage change in out
put power is large compared with the percentage change in power-supply 
voltage. Conversely, if k is small, the regulation is good. 

The value of A: in Eq. (101) depends on the pulser parameters and on 
the load characteristics. In order to find an expression for k, let it be 
assumed that a biased-diode load is used, and that the voltage on the 
storage condenser differs very little from the power-supply voltage. The 
power into the load is 

Pi = Vth (102) 
and 

V, — V 
I, = ^ — ^ * (103) 

n 
where Va is the bias voltage and n is the dynamic resistance of the load. 
The voltage across the load is 

Vt = Eu, - I,rp, (104) 

where the effects of elements in parallel with the load and of the recharg
ing circuit are neglected in considering the switch-tube current. Com
bining Eqs. (102), (103), and (104), the expression for the power becomes 

p _ (Jg»n + Vjr,){E» - V.) ( . 
Fl (r, + rvY U 0 5 ) 
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Differentiating Eq. (105) with respect to En and forming the ratio 
APi/Pi, there is obtained 

APt = AEbb 

Pi Ebb 

' 2r-l + ^.(l-r-L)' 
rv Ebb \ rv) 

V, EjY E»J. 
(106) 

If the load dynamic resistance is equal to the switch-tube resistance 
and the bias voltage in the load is 0.8 times the power-supply voltage, 
Eq. (106) gives 

APi AEbb 2 AEu, nn~r\ 
-P1=1^X L8-X0T2 = 5 ' 6 1 ^ - ( 1 0 ? ) 

Thus, for these conditions, the percentage change in the output power is 
about six times as large as the percentage change in the power-supply 
voltage. Since the values chosen for this example are typical for the 
medium-power magnetrons used in microwave radar, this result is 
important in pulser applications with magnetron loads. 

If the bias voltage is zero, that is, V, = 0, Eq. (106) becomes 

^ = ^ X 2 . (108) 

The power regulation for a pure-resistance load is therefore considerably 
better than that for a magnetron or biased-diode load. 

In the discussion of Chap. 3, it is shown that advantage may be taken 
of the characteristics of tetrodes as switch tubes in order to improve the 
power regulation for a hard-tube pulser. As in any power-generating 
device, however, improved regulation is obtained at the expense of 
additional power loss. 

2-9. Effects of Pulse-transformer Coupling to the Load.—There are 
three principal advantages to be gained by coupling the output of a 
hard-tube pulser to a load by means of a pulse transformer. One of 
these has already been indicated in the discussion of Sec. 2-6, namely, 
that a transformation of the load impedance can be accomplished with a 
pulse transformer, that is, the impedance presented to the output of the 
pulser can be made either higher or lower than the load impedance. A 
gain in voltage, current, or power at the load can be obtained in this 
manner for given pulser and load characteristics. Another advantage is 
obtained by the use of two pulse transformers, a stepdown transformer at 
the pulser output terminals and a stepup transformer at the load, with a 
low-impedance cable between them. This arrangement facilitates the 
physical separation of the load and the pulser, which is a desirable engi
neering convenience in many cases. The third advantage of transformer 
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coupling is that it provides a means of reversing the polarity of the pulse 
at the load. The use of two pulse transformers with different turns 
ratios for the stepup and stepdown transformers makes it possible to 
obtain all three of the advantages simultaneously. 

In microwave applications, pulse transformers are used with hard-
tube pulsers primarily because of the advantages to be gained by the 
physical separation of the load and the pulser. Serious difficulties arise 
in transmitting high pulse power and the correspondingly high pulse 
voltage more than a few feet from the pulser to the load. The use of 
stepdown and stepup pulse transformers makes it possible to transmit the 
pulse power at relatively low voltage over flexible coaxial cable for dis
tances as great as several hundred feet. Associated with this added 
convenience, however, there is some power loss, some pulse-shape dis
tortion, and sometimes increased backswing voltage. In any given case, 
therefore, it is necessary to weigh these disadvantages against the 
advantages. The purpose of this section is to indicate the extent to 
which the disadvantages may affect the design of the hard-tube pulser. 

The theory of pulse transformers and the considerations involved in 
their design and construction are given in detail in Part I I I . There it is 
shown that the equivalent circuit for a pair of pulse transformers may be 

Output terminals of a 
hard-tube pulser 

Stepdown Stepup 
transformer transformer 

Fio. 2-43.—Equivalent circuit for a stepdown and a stepup pulse-transformer combination 
for a hard-tube pulser and a biased-diode load. 

represented as in Fig. 2-43. The elements Le, Lc, and Cc are associated 
with the low-voltage winding of the transformer, which is referred to as the 
primary, Le being the effective shunt inductance and Cc the distributed 
capacitance of this winding. The so-called "charging inductance," 
Lc, is introduced to account for the nonuniform current distribution along 
the coil corresponding to the flow of charge into Cc- The element LL is 
the leakage inductance, Re represents the effective shunt loss in the trans
former, and LD and CD have the same significance for the high-voltage 
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or secondary winding that Lc and Cc have for the primary winding. The 
capacitance introduced by the load is represented by Ci. 

In Sec. 14-1 it is shown that the leading edge of the pulse is affected 
principally by the elements LL, Re, and Co, which cause the time of rise 
for the voltage pulse to be greater than it would be for a load direct-
connected to the pulser. This effect may cause a rounding of the leading 
edge at the top of the pulse. With a pure-resistance load and no bias 
voltage, this increase in the time of rise for the pulse voltage becomes very 
noticeable. The best design of a pulse transformer for optimum pulse 
shape results when the static resistance of the load 

Rl-h- V"c" 
where ZLL is the total leakage inductance of the two transformers plus 
the inductance of the cable (which is usually negligible), and 

C = CD + Ci. 

Since the capacitance of the load is involved, it is necessary to have a 
knowledge of this parameter before designing the transformer. 

When the load is a biased diode or a magnetron, the load current does 
not start to flow until the voltage Vi is greater than the bias voltage Vs. 
For a load that is direct-connected to the pulser, as discussed in Sec. 2-3, 
the load current builds up to the value 

, Vi - V. 

in a very short time, and Vi = V„. The current / ; is referred to as the 
"normal load current." For the present, the cable between the pulse 
transformers is assumed to have negligible length. During the time 
required for the pulse voltage to build up to the value V„ there is a cur
rent ic flowing through the leakage inductance that corresponds to the 
flow of charge into the capacitances C„ and Cj. Thus, when the switch 
Si is closed, there is a current flowing in LL the magnitude of which may 
be greater than, equal to, or less than the normal load current. If the 
effective series inductance inherent in the load itself is small, the load 
current builds up to the value ic in a negligibly short time after switch Si 
closes. If ic is larger or smaller than /;, the current during the pulse 
interval decreases or increases respectively until the value h is reached. 
For ic = 11, the static resistance of the load must be equal to V Z L L / C . 
When Ri > y/2LL/C, the top of the current pulse droops, that is, 
the current decreases during the pulse, and when Ri < y/'ZLL/C, the 
top of the current pulse rises. The effect of Le is to cause a small droop 
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in the current pulse even for the optimum value of •%/XLL/C. A series 
of oscilloscope traces that illustrates the foregoing statements is repro
duced in Figs. 2-44 and 2-45. 

(a) Ri > 1100 ohms. (o) Ri ~ 1100 ohms. 
Magnetron current pulses. 

(c) Rt < 1100 ohms. 

9 ■ 
_ k 

__ 

(d) Rt > 1100 ohms. (e) Rt ~ 1100 ohms. (f) Ri < 1100 ohms. 
Magnetron voltage pulses. 

™ ~ *—— i t i i i T i i T - _ — _ - _ _ _— . . . I _ _ _ _ _ _ _ _ _ _ _ _ _ _ ___. 

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : » : : : : : : : : : : : : : : : : : : : ; 
I " : : : " : : : : " " : : : : : : : : : : : : : : : : : : 3 r : : : : : : : : : : : : : : : : : : : 
::::::::;::f::f[: ::::::::::::::::::: ::::::::::::::::::: 

^i^isii^ii:::: ::::::::::::::::::: :::::::::::::::;::: 
: : : : : : : : : : : : : : : : : : : ; ; ; ; ; ; ; ; ; i i i i : : : : : : : : : : : : : : : ; : : : : : : : 

((;) fli > 1100 ohms. (A) fi, ~ 1100 ohms. (i) fi( < 1100 ohms. 
Voltage pulses at the input terminals of the stepdown transformer. 

F I G . 2-44.—Oscilloscope traces for 2-^isec pulses of magnetron current, magnetron 
voltage, and pulser output voltage for a hard-tube pulser with pulse transformers and G ft 
of 50-ohm pulse cable. The 232AW stepdown and the 232BW stepup transformers, for 
which -S/ZLL/C = 1100 ohms, were used for these traces. 

The effect produced by the effective shunt inductance and trans
former losses may be seen by comparing the pictures of Figs. 2-44 and 2-45 
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for the cases where Ri = V ~ZLL/C. It is to be observed that the current 
pulse droop is greater for the 135AW-141BW transformer combination 

■1 
(a) Ri > 880 ohms. (b) P. « 880 ohms. (c) Ri < 880 ohms. 

Magnetron current pulses. 

: : : : : : : : : : : : : : : : : : : a;:::::::::::::::: «;[::: ::*:::::::::::::::: ~::::::::±::::::: ::::: 

id) Ri > 880 ohms. (e) R, « 880 ohms. if) Ri < 880 ohma. 
Magnetron voltage pulses. 

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ; : : : : : : : : £ : : : : : : : : : : : : : : ; L 

(?) fli > 880 ohms. (fe) fl, = 880 ohms. (i) ft < 880 ohms. 
Voltage pulses at the input terminals of the stepdown transformer. 

F I G . 2-45.—Oscilloscope traces for 2-/Lisec pulses of magnetron current, magnetron 
voltage, and pulser output voltage for a hard-tube pulser with pulse transformers and 
6 ft of 50-ohm pulse cable. The 135AW stepdown and the 141BW stepup transformers, 
for which 'S/ZLL/C = 880 ohms, were used for these traces. 

than for the 232AW-232BW combination. The latter pair of trans
formers have higher efficiency as determined by calorimetric measure
ments of power loss. 
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When the current in the leakage inductance is greater or less than 
the normal load current, the rate at which the pulse current decreases or 
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(a) iii > 1250 ohms. (6) Ri « 1250 ohms. 

Magnetron current pulses. 
(c) i?i < 1250 ohms. 

(d) i2i > 1250 ohms. (e) flj « 1250 ohms. (/) « i < 1250 ohms. 
Magnetron voltage pulses. 
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(a) Ri > 1250 ohms. (A) Si = 1250 ohms. (t) « i < 1250 ohms. 
Voltage pulses at the input terminals of the stepdown transformer. 

F I G . 2-46.—Oscilloscope traces for 2-jisec pulses of magnetron current, magnetron 
voltage, and pulser output voltage for a hard-tube pulser with the 232AW and the 232BW 
pulse transformers and 175 ft of 50-ohm pulse cable. The 50-ohm cable impedance is 
transformed to 1250 ohms at the output of the pulser and the input to the magnetron 
because the turns ratio for each transformer is 1 to 5. The transit time for the trans
formers and cable is 0.42>isec. 

increases during the pulse depends on the time constant "2,LL/(rp + ri), 
where rv is the internal resistance of the pulser. For the 232AW-232BW 
transformer combination and the magnetron used to obtain the oscil
loscope traces of Fig. 2-44, this time constant is about 0.3 Msec, whereas 
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for the 135AW-141BW combination it is about 0.18 ^sec. This dif
ference is observable in the pictures of Figs. 2-44 and 2-45. 

Reflection Effects Caused by Impedance Mismatch with Long Cable.— 
Another effect is observed when the cable is so long that the time required 
for the pulse to travel from one transformer to the other is an appreciable 
fraction of the pulse duration. Discrete steps appear on the top of the 
current pulse as a result of an impedance mismatch between the load 
and the cable. Some photographs of oscilloscope traces showing this 
phenomenon are reproduced in Figs. 2-46 and 2-47 for the 232AW-232BW 

(a) Ri > 1250 ohms. (6) Ri ~ 1250 ohms. 
Magnetron current pulses. 

(c) R, > 1250 ohms. (d) Ri = 1250 ohms. 
Magnetron voltage pulses. 

F I G . 2-47.—Oscilloscope traces for 2-^isec pulses of magnetron current and voltage for a 
hard-tube pulser using the 232AW and 232BW pulse transformers with 100 ft of 50-ohm 
pulse cable. The transit time for transformers and cable is 0.25jisec. 

transformer combination and 175 ft and 100 ft of 50-ohm coaxial cable. 
These transformers have a turns ratio of 5/1 for the secondary and pri
mary coils. Thus the 50-ohm impedance of the cable is transformed 
into an impedance of 1250 ohms at the high-voltage windings of the 
transformers. 

The combination of pulse-transformer and cable may be considered 
as a transmission line of characteristic impedance Z0 = 1250 ohms. 
If the impedance of the load is different from 1250 ohms, a voltage 
reflection occurs whose magnitude and sign depends on the reflection 
coefficient 

_ Zi — Zt> 
K Zt + Z. ' 
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Let VP be the pulse voltage at the pulser output and let S be the time 
required for the pulse to travel in one direction through the transformers 
and the cable.1 If Vi denotes the pulse voltage traveling from the 
pulser to the load, the magnitude of V\ at the pulser is VP. Because 
there is some attenuation of the pulse voltage in traversing the trans
formers and cable, the voltage appearing at the load end is kVP, where 
k < 1. When Zi > Zo, the reflection coefficient at the load is positive, 
and the reflected voltage is 

This voltage therefore adds to the incident voltage at the load, producing 
an actual load voltage 

(Fi)i = kVF + V[ = kVF\l + fe +'lj\- (HO) 

The load pulse voltage can be larger than the output voltage of the pulser, 
as in the first series of pulse pictures of Fig. 2-46. 

The reflected voltage travels back toward the pulser, where it is again 
reflected. At the pulser the reflection coefficient 

Zp Zo 
Zv + Zo 

where Zp is the internal impedance of the pulser. For a hard-tube 
pulser Zp is merely the switch-tube resistance rp. Since, in general, 
Zp is considerably less than 1250 ohms, the reflection coefficient is nega
tive, and the polarity of the reflected voltage is opposite to that of the 
main-pulse voltage. At a time 25 after the start of the pulse at the pulser 
output, the voltage at the input terminals of the stepdown pulse trans
former is 

V'P=VP + kV[ + V,, (111) 
where 

7'-*r>(fS0 (112) 
The pulse voltage traveling away from the pulser toward the load is now 
Vi + Vi, which is less than VF because Vi is of opposite polarity to V\. 
At the time 35 this new pulse voltage appears at the load, where a reflec
tion again occurs such that 

(Z, - Z<\ 
\Z, + Zo/ V',= k(V1 + Vt) ^ + "Z'J, (113) 

1 The velocity of propagation in the cables used with pulsers for microwave applica
tions is about 450 ft/^sec. The observed time delay in the pictures of Fig. 2-46 is 
0.42 /isec, indicating that the two transformers introduce a delay of about 0.03 Msec in 
addition to that of the cable. 
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and the load is subjected t o a voltage 

(7i)i = HV1 + 72) + V'i = k(V1 + Vt) [ l + C z,- z, 
Zi + Z ')] (114) 
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Since (Vi + Vi) < VP, the pulse voltage at the load changes suddenly 
at time 38 from the value given by Eq. (110) to that given by Eq. (114), 
producing the first step that appears in the pictures of Fig. 2-46. 

If the pulse duration is several times longer than 26, a succession of 
these steps occur as indicated in the sketch 
of Fig. 2-48. The successive steps become 
progressively smaller, as evidenced by the 
fact that (Zi)j and (It)t in Fig. 2-47 are al
most equal. These pictures were obtained 
with the same transformers and magnetron, 
but with 100 ft of cable instead of the 175 
ft used for the pulses shown in Fig. 2-46. 

When the impedance of the load is less 
than that of the cable, the steps are in the 
opposite direction, as can be seen in the third 
series of pictures in Fig. 2-46. As a result of 
the change in load impedance during the time 
the pulse voltage is built up, reflections of 
short time duration occur. The effect of 
these reflections is evident from the second 
series of pictures in Figs. 2-46 and 2-47, in 
which the load and cable impedances are ap
proximately equal. Small irregularities occur 
at the times corresponding to the steps in the 
other two series of pictures. 

As an example of the foregoing discussion, 
the experimental and calculated values corresponding to the first series of 
pictures in Fig. 2-46 are given. The voltage at the pulser output is 

Vr = 8.55 kv 

1 ! I 
1 ' 

1 i 
I i 1 I < 

Fm. 2-48.—Sketch of volt
age and current pulses indicat
ing the steps resulting from an 
impedance mismatch between 
the load and the cable when two 
pulse transformers are used with 
a hard-tube pulser. The load 
impedance is greater than the 
cable impedance referred to the 
high-voltage windings of the 
transformers. 

and that at the load is 

(V,)l = 9.36 kv 
Since 

(7i)i = 4.82 amp, 
. „ . 9.36 X 103

 i n . n , 
(Zi) 1 = r-xx— = 1940 ohms. 4.82 

The reflection coefficient at the load is therefore 
Zi - Za 1940 - 1250 
Zi + Z0 1940 + 1250 = 0.216, 
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and the value of k may be determined with the aid of Eq. (110), that is, 

9.36 X H P _ 
K 8.55 X 103 X 1.22 U y 

The reflected voltage traveling toward the pulser is then 

V[ = 0.9 X 8.55 X 103 X 0.216 
= 1.65 kv. 

The reflected voltage, V2, at the pulser is 

V2 = 0.9 X 1.65 X 103(-0.82) = - 1 . 2 0 kv, 

where the reflection coefficient (K = —0.82) is obtained by assuming 
the switch-tube resistance to be 125 ohms. The pulse voltage traveling 
toward the load after time 25 is therefore 

Vx + V2 = (8.55 - 1.20) kv = 7.35 kv. 

When this voltage reaches the load at time 38, the reflected voltage is 
determined by a new load impedance, since the pulse voltage is less than 
the original value of 9.36 kv. In this case the new reflection coefficient is 
0.346, and 

(7 ; ) 2 = 0.9 X 7.35 X 103 X 1.35 kv = 8.90 kv. 

The dynamic resistance of the magnetron used for the pictures of Fig. 
246 was determined experimentally to be 250 ohms, and the starting 
voltage Vs was 8.10 kv; thus 

/8.90 - 8.10\ 
V 250 ) W ' = t 2 5 0 ' j - " " » P -

This calculated value for the magnetron current after the first step agrees 
reasonably well with the value of 3.4 amp measured experimentally. 

The above numerical example is given to justify the previous argu
ment explaining the presence of the steps in the load current and voltage 
pulses when a long cable is used between the transformers. I t is possible 
to derive relationships from which the load current and voltage may be 
calculated for the successive steps. To do this, it is necessary to know 
the load pulse voltage and current before the first reflection is effective, 
the dynamic resistance and bias voltage for the load, the cable impedance 
referred to the secondary of the transformers, and the pulser internal 
resistance. If the attenuation factor k is known from auxiliary experi
ments, the initial pulse voltage and current at the load need not be 
known, and the pulse voltage at the pulser output terminals can be used 
as the starting point for the calculations. 
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1*K;. 2-4!*.— Oscilloscope traces of voltage 
pulses showing oscillations superimposed on 
the general backswing voltage that is charac
teristic of the use of pulse transfoi iner.s with a 
hard-tube pulser. Pulse amplitude ^ 1 1 kv. 

In the pulse pictures of Figs. 
2-44 and 2-45, the steps resulting 
from reflections are not resolved 
since the transit time for the trans
formers and the 6-ft cable is only 
about 0.04 Msec as compared with 
0.42 /xsec for the 175-ft cable and 
0.25 Msec for the 100-ft cable. 
The effect of the reflections is pres
ent, however, even for the short 
cable, and is superimposed on the 
current pulse droop or rise result
ing from a value of Ri different 
from \ZXLL/C. In order that 
neither of the two effects occur, 
the pulse transformers must be 
designed so that the normal load 
impedance matches the cable im
pedance, and at the same time is 
equal to \/ZLLC. 

In the pulse pictures of Figs. 
2-44, 2-45, 2-46, and 2-47 there are 
small oscillations superimposed on 
the top of the current and voltage 
pulses. These oscillations are due 
to the shock excitation of the cir
cuit containing the elements L» 
a n d CD- T h e i r amplitude is 
greater with some transformers 
than with others, as can be seen 
by comparing the pictures in Fig. 
2-44 with those of Fig. 2-45. 

Backswing Voltage.—It was in
dicated in Sec. 2-3 that the volt
age at the pulser output terminals 
reverses its polarity at the end of 
the pulse when there is an induct
ance in parallel with the load. 
This backswing voltage is inherent 
in p u l s e r s using pulse trans
formers. In this case it is due to 
the current built up in the shunt 
inductance Le during the pulse. 
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It is shown in Sec. 14-1 that the amplitude and duration of the backswing 
voltage depends on Le, Rf, C, and iL„ the current flowing in Le at the 
instant the switch-tube becomes nonconducting. For any given pulse 
transformer the maximum amplitude of the backswing voltage increases 
as the pulse duration is increased. 

When it is necessary to use a pulse transformer for a range of pulse 
durations, a compromise must be made between a high backswing voltage 
for the longest pulse and a slow rate of fall for the shortest pulse. The 
slow rate of fall is not serious if the backswing voltage is aperiodic. How
ever, there are high-frequency oscillations superimposed on the general 
backswing voltage because of the current flowing in the leakage induct
ance at the end of the pulse, and the presence of the capacitances CD 
and Ci. For short-pulse operation these oscillations may be large enough 
to cause the load voltage to swing over to normal pulse polarity again 
and cause some load current to flow. In microwave-radar applications 
this occurrence may cause some post-pulse energy to be radiated, leading 
to confusion with the echoes from nearby objects. The form and 
amplitude of the oscillations is indicated in the oscilloscope traces repro
duced in Fig. 2-49. When the load is unidirectional, these oscillations 
are damped only by the transformer losses represented by the shunt 
resistance Re. 

A high backswing voltage is to be avoided in the operation of a hard-
tube pulser, as is stated in Sec. 2-3. Since the voltage appearing across 
the switch tube is the sum of the power-supply and the backswing 
voltages, a high backswing voltage may seriously aggravate any tendency 
for the switch tube to spark. However, a shunt diode may be used tc 
prevent the backswing voltage from becoming effective. 



CHAPTER 3 

VACUUM TUBES AS SWITCHES 

B Y G. N. GLASOE 

3-1. Required Characteristics.—The switch used in a pulser with a 
condenser as the electrical-energy reservoir is a high-vacuum tube rather 
than a gaseous-discharge tube when only a small part of the stored 
energy is discharged during a pulse, hence, the name "hard-tube pulser." 
The reasons for this choice of switch are mentioned briefly in Chaps. 1 
and 2. The purpose of this section is to elaborate upon them, and to 
discuss the characteristics required of the switch tube for satisfactory 
pulser operation. The following sections of this chapter consider the 
inherent characteristics of available high-vacuum tubes with particular 
reference to switch-tube operation. 

As is evident from the discussion of the pulser output circuit in Chap. 
2, there are four major considerations that determine the properties a 
tube must have in order to function satisfactorily as the switch: 

1. Current. During the pulse interval the switch must conduct a 
current that, under the most favorable conditions, is slightly 
larger than the pulse current at the output terminals of the pulser. 

2. Effective resistance. The switch is in series with the pulser load 
during the pulse interval. For maximum efficiency, therefore, the 
effective resistance of the switch must be as small as possible, that 
is, the potential difference across the switch tube, called the " tube 
drop," must be small during the conduction period. 

3. Voltage. During the interpulse interval the switch must be able 
to withstand the power-supply voltage, which is slightly larger than 
the pulse voltage at the pulser output terminals. (If backswing 
voltage is present, it must be added to the power-supply voltage 
for this consideration.) The current through the switch during 
this interval must be negligibly small. 

4. Transition from the conducting to the nonconducting state. I t 
must be possible to change the switch from the conducting to the 
nonconducting state, and vice versa, in a negligibly short time. 
This transition must be possible while the power-supply voltage is 
applied to the switch terminals. 

90 
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The characteristics of a gaseous-discharge tube such as the thyratron 
satisfy the current and tube-drop requirements better than those of con
ventional high-vacuum tubes. The thyratron can be kept nonconduct
ing if the grid is near cathode potential, or somewhat negative with respect 
to the cathode, before the plate voltage is applied. Once the gas is 
ionized, however, and the tube is conducting, the nonconducting state 
cannot be attained again without first removing the plate voltage for a 
time long enough to allow complete deionization of the gas. It is this 
feature of available thyratrons that prevents their use as switches in 
pulsers of this type. A similar objection can be raised against the use 
of triggered spark gaps. 

In contrast to the thyratron, it is possible to control the conduction 
through a high-vacuum tube merely by changing the voltage of the con
trol grid with respect to the cathode. The voltage on the grid of a high-
vacuum tube has a large effect on the tube drop and the plate current, 
but in order to make the best use of the available electron emission from 
the cathode it is necessary to apply a high positive voltage to the grid, 
hereafter referred to as the "positive grid drive." This positive grid 
drive causes a grid current to flow, and requires power to be delivered to 
the grid during the pulse interval. 

For a given cathode material, size, and temperature the positive grid 
drive that is necessary to obtain a particular plate current depends on 
the number and disposition of electrodes in a high-vacuum tube. The 
plate current in a triode is given by1 

where Eg is the grid voltage, V„ is the plate voltage, n is the amplification 
factor, and k is a constant sometimes referred to as the perveance. This 
relation indicates that the influence of the plate voltage on the plate cur
rent is increased by decreasing y.. A low value of fi, however, is incon
sistent with the need for a low cutoff bias. In a tetrode the space 
current (the sum of the plate and screen-grid currents) is influenced 
very little by the plate voltage, and is given by 

/ E„ \M 
I. = k'[Egi + —') , 

where Eg is the control-grid voltage, E„ is the screen-grid voltage, 

\U-Cjg /1, constant 

1 F. E. Terman, Radio Engineers' Handbook, McGraw-Hill, New York, 1943, Sec. 4, 
par. 6. 

file:///U-Cjg
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is an amplification factor analogous to that of a triode, and k' is a constant 
depending on the electrode geometry. As indicated by this relation the 
tetrode is preferable to the triode because a reasonable cutoff bias can 
be obtained with a low value of /i,„ and the required positive grid drive is 
therefore less because of the effect of the screen-grid voltage on the plate 
current. The choice of the particular tube to serve as the switch in a 
given pulser design requires some compromise between the necessary 
positive grid drive, the grid power, the cathode-heating power, the 
effective tube resistance, the ability to withstand high voltage, and the 
physical size of the tube. 

In order to maintain the nonconducting condition in the high-vacuum 
tube, it is necessary to apply a sufficiently large negative bias voltage 
to the grid. The transition from the nonconducting to the conducting 
state is then accomplished by removing or neutralizing this bias voltage 
and supplying enough voltage to carry the grid positive. The time 
required for this transition depends on the rapidity with which the grid 
voltage can be changed, which in turn depends on the associated circuit 
and the grid capacitance. Since the total change in grid voltage during 
the pulse, called the "grid swing," is the sum of the bias voltage and the 
positive grid drive, it is desirable that the required bias voltage be as 
small as possible. For this reason, a switch tube having a sharp cutoff is 
generally used in order to have a negligible amount of current flowing 
through the tube during the interpulse interval. 

For example, in a pulser designed to deliver 100-kw pulses to a load 
at 0.001 duty ratio, suppose that the plate voltage on the switch-tube 
during the nonconducting interval is 11.5 kv. If the unbiased current 
through the tube is 1 ma, the average power dissipated in the tube is 
11.5 watts. The switch-tube current during the pulse is about 10 amp, 
and for available high-vacuum tubes the tube drop is about 1.5 kv. 
Thus, the average power dissipated in the tube during the pulses is 15 
watts. Although the 1-ma plate current during the interpulse interval 
is only one-ten-thousandth of the pulse current, the corresponding tube 
dissipation is almost equal to that resulting from the pulse current. If 
the tube does not have a sharp cutoff, it may therefore be necessary to 
use a very high bias voltage in order to keep the tube dissipation small 
during the interpulse interval. This high bias voltage increases the 
required grid swing and input power and makes the grid-driving circuit 
more complicated. 

The desirability of using a switch tube that is nonconducting during 
the interpulse interval arises from the consideration of average power. 
For a conduction period corresponding only to the pulse interval, 
it is possible to use a smaller tube for a given output pulse power 
and duty ratio. For this reason, it has been possible to use available 



SEC. 3-1] REQUIRED CHARACTERISTICS 93 

high-vacuum tubes as switches for pulsers having a high pulse-power 
output. 

Some Switch-tube Characteristics Affecting Pulser Design and Circuit 
Behavior.—For microwave-radar applications, it has been necessary to 
design hard-tube pulsers within the limits imposed by commercially 
available high-vacuum tubes. These tubes have generally been designed 
for c-w oscillator or amplifier service, and not for pulse applications, and 
their voltage and current ratings are accordingly based on satisfactory 
operation in conventional oscillator and amplifier circuits. The upper 
limits for these ratings are usually determined by the allowable power dis
sipation for the tube elements. I t is not surprising, therefore, that 
experience with these tubes has proved that they may be used as pulser 
switch tubes with plate voltages and pulse currents many times greater 
than the maximum values given in the normal tube ratings. A separate 
set of specifications has been developed for some tubes that gives the 
allowable values of plate voltage and plate current that are applicable 
to pulse operation. 

The maximum allowable plate voltage for pulse operation generally 
depends on the tendency for sparking to occur between the tube elements. 
The ability of a tube to withstand a high plate voltage with the grid 
biased beyond cutoff depends on the tube construction and the nature 
of the tube elements, particularly the cathode. One of the first tubes 
used successfully in a high-power pulser for microwave radar was the 
Eimac 304TH. This tube has a rating of 3 kv for oscillator use (that is, 
6 kv peak), but it has been used as a switch tube with as much as 15 to 
20 kv applied to the plate during the interpulse interval. 

The cathode of the 304TH is a thoriated-tungsten filament that 
requires 125 watts of heater power, and the plate and grid are such that 
they can be very thoroughly outgassed during the evacuating process. 
The pulser design is limited, however, by the pulse current that can be 
obtained with this tube for a reasonable positive grid drive. The tube 
was successfully used with a pulse plate current of about 6 amp, but 
the necessarily high bias voltage makes the required grid swing about 
1300 volts. 

Another tube that has been widely used as an oscillator and amplifier 
and has proved to be a useful switch tube is the RCA 829 beam tetrode. 
This tube has a maximum plate-voltage rating of about 750 volts and a 
d-c plate-current rating of about 200 ma. The tube has an indirectly 
heated oxide-coated cathode that requires 14 watts of heater power. 
In pulser circuits it has been possible to use this tube satisfactorily with 
a plate voltage as high as 2 kv and a pulse plate current of several 
amperes. The plate-voltage rating for this tube is limited because of 
internal sparking at relatively high plate voltages. This sparking is con-
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sidered to be caused by foreign matter introduced into the tube by the 
mica sheets used to space and support the plates. By removing the mica 
and using ceramic spacers for the plates, it was possible to place a rating 
of 5 kv on the tube. I t was then found, however, that the ceramics 
tend to limit the operation of the tube in a high-frequency oscillator, and 
therefore two tube types were designated. The tube suitable for normal 
high-frequency oscillators and amplifiers was called the 829B, and that 
for pulser applications was designated the 3E29. The 829B can be used 
up to a plate voltage of about 2 kv and a pulse plate current of about 
2 amp, whereas the 3E29 is rated at a plate voltage of 5 kv and a pulse 
plate current of 8 amp. The 829B and 3E29 tubes are almost identical 
in construction, and the difference in ratings corresponds to limitations 
of the tests to which the tubes are subjected by the manufacturer. 

Experience with commercial tubes has shown that those having a 
thoriated- or a pure-tungsten filament can be operated at a plate voltage 
considerably higher than that at which tubes having oxide cathodes can 
be operated. A partial explanation lies in the fact that it is difficult to 
outgas a tube with an oxide cathode to the extent possible with one having 
a tungsten filament. Also, the oxide-cathode tube is apt to have small 
particles of the oxide material on various parts of the tube elements, and 
these increase the tendency for a spark to occur. Tungsten-filament 
tubes have been used with plate voltages in excess of 35 kv, but about 
20 kv have been the limit with available oxide-cathode tubes. The 
715B is an oxide-cathode tube, with aligned grids, which was developed 
in the Bell Telephone Laboratories primarily for pulser applications and 
was manufactured by the Western Electric Company and by the Ray-
theon Company. This tube has a plate-voltage rating of 15 kv and a 
pulse-plate-current rating of 15 amp. The 5D21 tube is identical in 
construction to the 715B, but has a plate-voltage rating of 20 kv. This 
increase in the maximum safe plate voltage was made possible by a more 
careful processing of the tube, and by tube selection in the final testing of 
completed tubes. I t is not meant to imply here that 20 kv is a practical 
upper limit for tubes with oxide cathodes; improvement in the tube 
manufacture will undoubtedly raise the allowable plate voltage for non-
sparking operation in pulser applications. 

The nature of the sparking in tubes with an oxide cathode is such that 
it is difficult to correlate cause and effect. Some tubes spark violently 
when subjected to a steady high plate voltage with the grid biased beyond 
cutoff. When these tubes are used as the switch in a pulser and made 
alternately conducting and nonconducting, however, the plate voltage 
may sometimes be increased without sparking to as much as 25 per cent 
above the limit for a steady-state operation. The explanation is some
what difficult to determine because the interpulse interval may be 99.9 
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experience with the tubes, and correspond to reasonable values of positive 
grid drive, tube drop, and operational life. To obtain satisfactory 
switch-tube operation with a high plate voltage it is necessary to accept 
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the disadvantage inherent in the high cathode-heating power required for 
tungsten filaments. 

As has been mentioned, it is usually necessary to drive the grid of a 
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tube positive in order to obtain the required plate current. The grid 
current associated with tube operation of this type causes a certain 
amount of power dissipation in the grid. During the outgassing process 
in tube manufacture, some of the material that is always vaporized from 
the cathode may settle down on the grid wires. Since this vaporized 
material contains thorium from the thoriated filaments and barium from 
the oxide cathodes, it lowers the work function of the grid-wire material. 
Thus, when the grid becomes heated, there is a greater tendency for the 
emission of primary electrons from the grid. The emission of secondary 
electrons may also be enhanced. Electron emission, whether primary 
or secondary, is very undesirable for proper tube operation, and can 
vitiate the control of plate current by the externally applied grid voltage. 
Various methods have been used to minimize this contamination of the 
grid. Gold plating and platinum plating of the grid wires have both 
been fairly successful in this connection. The practical difficulty, in 
many instances, is the evaporation of the plated material during the 
processing of the tube, which may progress to such an extent that the 
operational life of the tube is materially shortened. Since it is almost 
impossible to detect this evaporation in a tube by tests in the 
manufacturing plant, the best safeguard seems to be the rigid con
trol of the processing schedule, correlated with life tests on completed 
tubes. 

Oxide cathode tubes have exhibited a behavior that was never 
observed at the Radiation Laboratory with thoriated-tungsten-filament 
tubes, namely, cathode fatigue. As a result of cathode fatigue, some 
tubes show a marked decrease in plate current during a pulse. This 
decrease may be as much as 40 to 50 per cent during a 2-^sec pulse. The 
phenomenon seems to be correlated with inherent cathode activity, but 
the wide spread of values obtained with tubes of a given type indicates 
that the reason for this fatigue is probably complex. Some tubes that 
exhibit cathode fatigue to a marked extent when they are first put into 
operation tend to improve with age for a short time and then become 
worse, other tubes show a progressive deterioration from the very begin
ning of operation, and still others may never exhibit the fatigue during 
many hundreds of hours of operation. Cathode fatigue is probably 
related in a complex way to the method of processing and inherent 
characteristics of the cathode material, and to the manner in which the 
material is activated in the completed tube. 

In most microwave-radar applications of hard-tube pulsers, the ability 
to withstand a high plate voltage and to conduct a high pulse current 
have been the major considerations in the choice of the switch tube 
because the duty ratio is of the order of magnitude of 0.001, and average-
power considerations arc therefore not important. When the duty ratio 
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becomes high, however, the average power dissipated in the switch tube 
may govern the choice of the tube to be used. It may then be advisable 
to use two or more tubes in parallel, rather than a single larger tube. 
Pulsers with as many as six tubes in parallel have given completely 
satisfactory operation. The most serious difficulty encountered in such 
an arrangement is usually the difference in the plate current for tubes of 
the same type corresponding to a given positive grid drive and tube drop. 
If the tubes are very different in this respect, the total plate current is 
nonuniformly distributed between the tubes. A fairly large factor of 
safety must be allowed in the power dissipation and the pulse current 
required of each tube when assuming equal current distribution. 

3-2. The Characteristic Curves for Triodes and Tetrodes and Their 
Importance to the Function of a Pulser Switch Tube.—As with any 
application of vacuum tubes, the functional relationships between the 
various tube parameters such as plate current, plate voltage, grid voltage 
(or voltages), and grid current (or currents) are important in the proper 
choice of the operating conditions for a switch tube. In general, these 
relationships are difficult to express analytically, for a wide range of values, 
and graphical representations given by the so-called "characteristic 
curves" are used instead. These curves are plotted for corresponding 
values, obtained experimentally, of any two of the tube parameters, 
holding all others constant. A third parameter may be introduced by 
plotting a family of curves, each one of which corresponds to a particular 
value for this third parameter. (Each curve of such a family is actually 
the boundary of the intersection of a plane with the surface generated by 
plotting the corresponding values of the three quantities along the axes 
of a rectangular-coordinate system.1) 

For conventional oscillator and amplifier applications, the static 
characteristics for a tube are usually adequate. The data for such curves 
are obtained by applying d-c voltages to the plate and to the grid or 
grids, and measuring the d-c plate and grid currents. For the operation 
of a pulser switch tube during the pulse interval, however, the range of 
values for the plate current and the control-grid voltage given in the 
static characteristics is generally too small. The limiting values of these 
quantities are usually imposed by the average power dissipation allowable 
in the tube elements. In order to extend the range of values, it is neces
sary to apply a pulse voltage to the control grid and to measure the pulse 
plate and grid currents with d-c voltage applied to the plate, and, in the 
case of a tetrode, to the screen grid as well. The curves plotted from 
data obtained in this way are referred to as the "pulse characteristics." 
In the following discussion the pulse characteristics are those obtained 

1 E. L. Chaffee, Theory of Thermionic Vacuum Tubes, 1st ed., McGraw-Hill, New 
York, 1933. 
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with l-/jsec voltage pulses applied to the control grid at a recurrence 
frequency of 1000 pps. 

Plate-current—Grid-voltage Characteristics.—During the interpulse 
interval the switch tube is nonconducting; therefore, the tube characteris
tic of interest is the curve showing the plate current as a function of negative 
grid voltage. As mentioned in the preceding section, the plate voltage 
during this interval can exceed the normal tube rating in many cases. 
It is necessary, in such cases, to extend these curves in order to include 
the higher plate voltages required for pulser operation. Since the inter
pulse interval may be very long compared with the pulse duration, the 
data for such curves must be obtained in the manner used for the static 
characteristics of the tube. The shape of these curves in the region of 
small plate current is particularly important to pulser design. As 
pointed out previously, a plate current as small as 1 m# can cause an 
appreciable amount of power dissipation in 
the switch tube for a high-power pulser. 
A plate current of this magnitude can often 
be the result of leakage current in the tube. 
This leakage current may be due to a bent 
grid wire or to a grid structure that is im
properly placed so that it fails to screen a 
small portion of the cathode from the plate. -~" 
When this condition exists, there is a small Negative grid voltage 
residual plate current that is relatively i'i"- 3-2.—Plate-current— 

cc . j r ■ • i- - j grid-voltage characteristic of a 
unaffected by an increase in negative grid high-vacuum tube showing the 
V o l t a g e . T h i s e f fec t i s i n d i c a t e d b y t h e effect of leakage current resulting 
two curves sketched in Fig. 3-2, in which f r o m i m p r o p e r gr ld s t r u c t u ' e-
the solid line represents the normal tube characteristic and the dotted 
line shows the behavior when leakage current is present. 

The negative grid voltage necessary to make the plate current equal 
to some arbitrarily chosen small value is called the cutoff bias voltage, 
or simply the cutoff bias. The particular value of plate current chosen 
for cutoff depends on the application, and often on the shape, of the 
characteristic. For switch-tube applications, a good choice is the maxi
mum plate current that is allowable during the interpulse interval. 
There are three aspects of the tube cutoff that should be considered in 
connection with pulser design. First, it is desirable to have as small a 
cutoff bias as possible because the required negative grid voltage must 
be added to the positive grid drive in order to determine the necessary 
grid swing. The second aspect is the range of cutoff bias voltage for 
different tubes of a given type. Tf this range is large, provision must be 
made for a bias voltage considerably higher than that needed for an 
average tube in order to insure a small plate current for all tubes. This 
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increase is a serious m a t t e r when the necessary min imum bias vol tage is 
a l ready large. T h e th i rd aspect is t he var ia t ion of cutoff bias with plate 
vol tage and, in t he case of a t e t rode , with screen-grid vol tage as well. 
T h e pulser m u s t be designed to provide a bias vol tage large enough to be 
effective for t h e highest p la te and screen-grid vol tages t h a t m a y be 
encountered in the opera t ion of the pulser, par t icu lar ly when the pulser is 
designed to have different o u t p u t powers for var ious appl ica t ions . In 
the operat ion of a ha rd - tube pulser. the ou tpu t power can most readily 
be varied by changing the power-supply voltage. 

Because of the effect of the screen grid, the cutoff bias for a t e t rode is 
usual ly less t h a n t h a t necessary for a t r iode having comparable ca thode 

emission, as i l lus t ra ted by the 
curves of Figs. 3-3u and h. As 
indicated in Tab le 3 T , the (iC"21 
t r iode and (he (il)21 t e t rode are 
almost identical with respect to 
ca thode-hea t ing power and pulse 
plate current , and both have thori-
a t ed - t u n g s t e n filaments. The 
304TI I t r iode has a thor ia ted-
tungs ten filament, whereas the 
5D21 t e t rode has an oxide-coated 
ca thode and is capable of more 
than twice the pulse plate current 
obta inable with t h e 3 0 1 T I I . The 
values of screen-grid vol tages cor
responding to the curves for the 
te t rodes are approx imate ly those 
that have been used in microwave-
radar appl icat ions. T h e ranges of 

' l p ' cutoff bias voltages shown on the 

curves of Fig. 3 3 are based on da ta taken for a larue number of 
tubes , and are fairly represen ta t ive ; a small percentage of tubes may be 
found to have cutoff values lying outside of the ranges shown, but nor
mally such t ubes are apt to be interior in o ther respects and should be 
rejected in the final tes ts by the manufac ture r . 

The cutoff bias of a t e t rode is a function of the screen-grid voltage as 
well as the plate voltage, as is indicated by the curves of Fig. 3-4 for the 
51)21 te t rode . The effect of screen-grid vol tage is an added complica
tion in tic- u~e of a t e t rode ;i- a pulser switch tube . However, the 
maximum bias vol tage required for a tet rode is -mailer t han that required 
for a comparab le t r iode. even when t ak ing into account the possible 

12 14 
Plate voltage in kv 

(')! T h e ;{(!4Tir t r i p l e and III,- .11)21 t l- lro, lc 
F u . . :i-.'{. V a r i a t i o n -if cutoff bias wi th i-lan 

16 
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variation in screen-grid voltage, by an amount that is large enough to 
give preference to the tetrode. 

Plate-current-Plate-vollage and Grid-current-Plate-voltage Characteris
tics.—It has already been mentioned that a higher plate current can be 
used with pulse operation of available high-vacuum tubes, and that, 
consequently, the range of values must be extended beyond those of the 
ordinary static characteristics. This extension is accomplished by 
applying the pulse voltage to the control grid and measuring the resulting 
pulse plate and grid currents. The measurements of the pulse plate 
current are made by using the tube as the switch in a hard-tube pulser 
with a noninductive resistance of known low value as the load. The 
pulse voltage developed across this resistance by the pulse current can 
be measured with the aid of a synchroscope, as described in Appendix A. 
The plate voltage or tube drop corresponding to the pulse current is the 
difference between the power-supply voltage (measured with a d-c volt
meter) and the load pulse voltage. For high values of plate voltage the 
load voltage may be neglected, since about 50 volts is adequate for the 
precision required in such meas
urements. For low plate voltage, 
however, the correction for load 
voltage should be made in order 
that the curves may be used pro
perly. If the voltage pulse across 
the resistance load is rectangular 
in shape, and the pulse duration 
and pulse recurrence frequency 
are accurately known, the aver
age power-supply current can be 
used to calculate the pulse current 
with reasonable precision. The 
principal error introduced in this 
procedure is due to the contribution to the average power-supply current 
resulting from the recharging of the storage condenser. 

The pulse grid voltage can also be measured with the use of a syn
chroscope. Since it is the value of positive grid voltage that is important, 
the negative bias voltage must be subtracted from the pulse-voltage 
measurement. The latter is a rather difficult measurement to make 
with high precision because of the self-bias generated in the grid circuit. 
The preferred way of measuring this positive grid voltage has been with 
a positive peak voltmeter. The precision that can be obtained in such a 
measurement depends on the flatness of the top of the grid-voltage pulse. 
For pulse-characteristic measurements, it is necessary to be able to view 
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F I G . 3-4.—Variation of cutoff bias with 
screen-grid and plate voltages for the 5D21 
tetrode, Ip = 0.2 ma. 
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the grid pulse on a synchroscope in order to make the top of the pulse as 
flat as possible. If a spike is present on the top of the pulse, the peak-
voltmeter reading may correspond to the spike maximum, thus giving an 
erroneous reading of the positive grid voltage. The pulse grid current is 
difficult to measure, and has usually been obtained from the average grid 
current and the measured duty ratio. Although this procedure is lack
ing in precision, it has been adequate for pulser applications in micro
wave-radar systems. 

In order to obtain the data necessary for the pulse characteristics of 
small tubes of the receiver type, a circuit was devised which made it 
possible to read pulse voltages and currents directly on ordinary d-c 
meters.1 This circuit uses pulse voltmeters to measure pulse voltages, 
and the pulse currents are obtained by measuring the pulse voltages across 
precision noninductive resistors connected in series with the grids and 
the plate of the tube under test. A block diagram of this circuit is shown 
in Fig. 3-5, and a schematic diagram in Fig. 36 . 

Pulse in 

Variable 
bias 

supply 

Tube 
under 

test 

Peak 
detector meter 

R, 

Variable 
plate-

voltage 
supply 

Peak 
detector 

and 
eg meter 

Peak 
detector 

and 

Peak 
detector 

and 
ep meter 

F I G . 3-5. -Block diagram of a circuit used to determine the pulse characteristics of a tube 
of the receiver type. 

The pulse characteristics for several tubes are shown in Figs. 3-7-3-11. 
From curves such as these, the effective resistance of the tube and the 
grid-driving power can easily be determined for the pulse current cor
responding to the pulser output power. One of the first hard-tube 
pulsers to be used extensively in a microwave-radar system used two 
Eimac 304TH tubes in parallel as the switch. A pulse-power output 
of about 150 kw with a pulse voltage of 12 to 13 kv was required for this 

1 R. B. Woodtmry, "Pulse Characteristics of Common Receiver Type Tubes," 
RL Report No. 704, Apr. 30, 1945. 
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(a) 5D21 (WE) and 715B (WE and Ray-

pulser. The 304TH was found to withstand the high plate voltage dur
ing the interpulse interval. The curves of Fig. 3-7 indicate the reason 
that two tubes in parallel were needed to carry the pulse current. From 

these curves it is seen that a posi
tive grid drive in excess of 400 volts 
is required to obtain a pulse plate 
current of 12 amp, and that, under 
these conditions, it is necessary to 
operate the tube with a tube drop 
of 4 to 5 kv. For two tubes in 
parallel, however, the required pulse 
plate current can be obtained with 
a positive grid drive of about 200 
volts and a tube drop of about 2 
kv. The low grid-driving power 
necessary to operate the 304TH as 
the pulser switch tube was an addi
tional reason for its selection. One 
of the most undesirable features is 
the high cathode-heating power 
required, 125 watts for each of the 
two tubes. 

After the 715B tube was devel
oped by the Bell Telephone Labora
tories, it was possible to construct 
a hard-tube pulser for 150-kw power 
output with a higher over-all effi
ciency and more satisfactory pulser 
operation. The curves for this tube 
are shown in Fig. 3-7, where it can 
be seen that a pulse current of 15 
amp can be obtained with a tube 
drop of about 1.5 kv and a positive 
grid drive of 200 volts. In this 
case also, the grid-driving power is 
small because a grid current of less 
than 1 amp is necessary. Since 
the cathode-heating power for the 
715B is 56 watts, a saving of 

about 200 watts is effected when this tube is used in preference to 
two 304TH tubes. Also, slightly less power is dissipated in the 
715B tube than in two 304TH tubes because of the lower tube drop. 
The power dissipation resulting from the screen-grid current is not suf-

(6) 5D21 (WE: 

2 3 
Plate voltage in kv 
and 715B (WE and 

i). £'„, = 1200 volts 

2 3 4 
£ Plate voltage in kv 

(c) 304TH (Eimac). 
FIG. 3 7.—Pulse-characteristic curves 

for the 5D21 and 715B tetrodes and the 
304TH triode. 
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ficient to offset the decrease in plate dissipation. The screen-grid volt
age, required because the 715B is a tetrode, can generally be obtained 
from the power supply for the driver circuit, and the pulser design is not 
further complicated. 

In addition to the positive grid drive and the tube drop necessary in 
order to obtain a given value of plate current, the shape and disposition 
of the characteristic curves as a function of grid voltage are also important 

0 400 800 1200 1600 0 400 800 1200 1600 
Plate voltage in volts Plate voltage in VOltS 

(a) Etl - +200 volts (a) E,, = + 200 volts 

FIG. 3-8.—Pulse-characteristic curves F I G . 3-9.—Pulse-characteristic curves for 
for the two sections of the 829 beam tetrode the 3D21 beam tetrode (Hytron). 
(RCA, NU, Kenrad, Raytheon). 

to pulser operation. The effect of variation in grid voltage on the output 
pulse of the pulser may be illustrated by drawing the load line on the 
plate-current-plate-voltage diagram. In Fig. 3-12 a family of character
istic curves is drawn for a tetrode such as the 715B for constant screen-
grid voltage. Two load lines are drawn on this diagram. Line (1) 
corresponds to a low-resistance load in series with a bias voltage, such as 
the dynamic resistance of a magnetron or biased diode, line (2) corre
sponds to a high-resistance load of the same magnitude as the static 
resistance of the biased diode for the operating point Ov. From this 
diagram it is evident that a change in grid voltage corresponding to the 
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curves A, B, and C has a negligible effect on the operating point for the 
switch tube. The only change in the operating point is due to the slight 
shift of the curves toward lower plate voltage as the grid voltage is low
ered. This effect is observable in the tetrode characteristics shown in 
Figs. 3-7, 3-8, and 3-9, and is caused by the smaller grid currents that 
correspond to the lower values of positive grid drive. The load voltage 
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F I G . 3-10.—Pulse-characteristic curves for 
the 6D21 tetrode and the 6C21 triode. 
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Fia . 3-11.—Pulse-characteristic curves for 

the 6SN7 and 527 triodes. 

and the load current therefore remain very nearly constant even though 
the grid voltage may change within this range during the pulse. There
fore, if adequate positive grid drive is provided to keep the operating 
point for the tube somewhat below the knee of the characteristic curve, 
irregularities in the top of the grid voltage pulse are not observed on the 
pulser output pulse. This consideration is of considerable importance to 
the design of the driver circuit. 

If the initial operating point corresponds to the curve C of Fig. 3-12 
and the grid voltage changes over the range C to E, a different situation 
obtains. In this case both the load voltage and the load current are 
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affected. For the low-resistance load the change in voltage is AF t and 
the change in current A/i. Similarly, for the high-resistance load the 
corresponding changes are AF2 and A/2- Because of the slight upward 
slope of the characteristic curves above the knee, the change in current is 
greater for the low-resistance load and the change in voltage is less. 
When the pulser switch tube is operated in this manner, irregularities in 
the grid-voltage pulse are transferred to the load pulse. 

When the characteristic curve of the switch tube does not have a 
knee as shown in Fig. 3-12, the shape of the grid-voltage pulse must be 
controlled more carefully in order to obtain a flat-topped pulse at the 

FIG. 3-12.—Family of plate-current—plate-voltage curves with load lines corresponding 
to a low and a high resistance showing the effect of a change in grid voltage on the operating 
point of a pulser switch tube; A, B, C, D, and E are curves for different values of Eg with 
EB = constant. 

load. As an example, see the curves for the 304TH tube in Fig. 3-7. 
There are triodes that exhibit a knee in the characteristic, as shown by 
the curves for the 6C21 and the 527 in Figs. 3-10 and 3-11. If these 
curves are compared with those for the tetrodes in Figs. 3-7, 3-8, and 
3-9, however, it is seen that the curves for different grid voltages are 
separated by a greater amount below the knee. The change in the 
operating point that results from a change in grid voltage is not as great 
as that resulting from operation above the knee of the characteristic 
curve. For a 6D21 tetrode this knee occurs at such a low current that 
the tube is usually operated well above the knee. Because of the greater 
slope of the upper portion of the curves for this tube, the variation in 
grid voltage does not have as great an effect as it does for comparable 
operation of the 6C21 triode. 

A comparison of the curves for the 6C21 and the 6D21 in Fig. 3-10 



108 VACUUM TUBES AS SWITCHES [SEC. 3-3 

with the curves for the 5D21 and 715B in Fig. 3-11 indicates that the 
latter tubes are better from the standpoint of plate current and grid-
driving power. The only reason for using a 6C21 or a 6D21 as a pulser 
switch tube is the fact that they can stand a higher plate voltage than 
can the 5D21 or 715B. This comparison illustrates the increased dif
ficulty involved in dasigning a hard-tube pulser for a power-supply 
voltage in excess of 20 kv with existing high-vacuum tubes. When pulse 
power of the order of magnitude of several megawatts is wanted, how
ever, this disadvantage must be accepted until better tubes are available. 
A 1-Mw hard-tube pulser using three of the 6C21 tubes in parallel as 
the switch has been built and used extensively. This pulser has a pulse 
output of 25 kv at 40 amp. The 6D21 was used in a pulser designed to 
have an output of 3 Mw, 30 kv at 100 amp. In this case five tubes were 
used in parallel. The highest power hard-tube pulser built at the Radia
tion Laboratory used six 527 tubes as the switch. This pulser had an 
output of about 25 kv at 400 amp, and a grid-driving power of about 700 
kw. 

An effect similar to that resulting from variation in grid voltage is 
observed if the screen-grid voltage of a tetrode is allowed to change. The 
effect is illustrated by the family of curves for the tetrodes in Figs. 3-7, 
3-8, and 3-9 in which the control-grid voltage is constant and the screen-
grid voltage is varied. For satisfactory operation of a tetrode as the 
switch tube, therefore, the voltage of the screen grid must not be allowed 
to change during the pulse. Because of the flow of pulse current to the 
screen grid and the plate-to-screen capacitance, it is necessary to provide 
a large bypass condenser between the screen grid and the cathode. For 
most effective operation, this condenser must be connected as close to 
the tube element as possible. 

The curves for the 829 beam tetrode shown in Fig. 3-8 illustrate 
another consideration in the operation of a tetrode as the switch tube. 
For a given pulse plate current and tube drop it is advantageous to use 
the highest possible screen-grid voltage and the lowest possible positive 
grid drive. The curves of Fig. 3 8 indicate that the control-grid current 
decreases as the screen-grid voltage is increased for a given positive grid-
drive voltage. Since the screen-grid current increases with the screen-
grid voltage, some compromise must usually be made between the two 
grid voltages for most efficient tube operation. 

The shape of the characteristic curves has another effect on pulser 
operation. If the grid voltages are held constant, there is still the pos
sibility of changing the operating conditions by varying the power-supply 
voltage. This effect is discussed in detail in the following section. 

3-3. The Effect of Switch-tube and Load Characteristics on the Pulser 
Regulation.—The characteristics of the switch tube in a hard-tube pulser 
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may be utilized to a certain extent to minimize the change in load cur
rent resulting from a change in the power-supply voltage. This power-
supply voltage may vary because of changes in either the input voltage 
to the pulser or the average current from the power supply. The change 
in average current may be brought about by variations in the duty ratio 
that occur as a result of changes in either the pulse duration or the pulse 
recurrence frequency. The discussion of this section shows the way in 
which this regulation depends on the characteristics of the load and the 
switch tube. 

Those features of a hard-tube pulser that are essential in this discus
sion are shown schematically in Fig. 3T3. In this circuit ST and rp 
represent the switch tube, Ebb is the power supply, Rc is the isolating 

C,„ 

F I G 313.—Equivalent circuit of a hard-
tube pulser with a biased-diode load. 

FIG. 

■>\ \ \ V 

3-14.—Current-voltage characteristic 
of a high-vacuum switch tube. 

resistor, Cw is the storage condenser, Zs is the condenser-recharging path 
that is necessary when the load is unidirectional, and rj, Si, and V, 
represent the load. The considerations are restricted to the voltages and 
currents that correspond to the top of a pulse when the pulsing is con
tinuous, and to pulse durations that are considered small compared with 
the interpulse interval. 

The plate-current-plate-voltage characteristic of the switch tube may 
be represented as shown in Fig. 3-14. For the purposes of the present 
discussion, the Iv-Vv curve is very nearly a straight line above some 
current value Ip , and for the greater part of the curve below some cur
rent Ip. The knee of such a curve, already referred to in the preceding 
section, is the region between /P j and IP}. Two tube resistances may be 
denned, one for the operation of the switch tube below the knee, and the 
other for the operation above the knee. Thus 
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and 
tan 5 

tan 7 
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For a tetrode, two families of characteristic curves may be drawn, 
one for E„ constant and the other for E0i constant. I t is evident from 
the tetrode curves shown in Figs. 3-7, 3-8, and 3-9 that the values of 
r'P for various values of the grid voltages are essentially the same. The 
value of rp, however, does change somewhat with variations in either of 
the grid voltages. The change is small, and is neglected in this discus-

p 
(a) Egt constant, (b) E0i constant. 

F I G . 3-15.—Idealized current-voltage characteristics of a tetrode. 

sion. The idealized curves for a tetrode are sketched in Fig. 3-15. The 
curves of Fig. 3-15a may also be considered applicable to a triode. The 
value of rp is more dependent on £,„i in a triode than it is in a tetrode, but 
the characteristic curves shown in Figs. 3-10 and 311 indicate that r'p is 
practically independent of Eg. 

The most general load that can be considered is one having a non
linear current-voltage characteristic as sketched in Fig. 3-16. The 

magnetron or biased-diode load dis-

f l / / cussed in Chap. 2 is a special case of 
I a I the nonlinear load in which the current 

below V, is considered negligibly small 
and the I-V curve above V, is linear. 
Compare Fig. 3 ■ 16 with Fig. 2 • 11. In 
discussing the effect of the load charac
teristics on the pulser regulation, it is 
not necessary to restrict the argument 
to this special case since only the 
values of Vi and / ; at the top of the 
pulse are being considered. It is as
sumed, however, that the range of 

voltage and current values is so small that the I-V curve may be con
sidered linear at the operating point. 

The static resistance of the load is given by 

F I G . 3-16.—Current-voltage character' 
istic of a nonlinear load. 

Ri = V tan /3 (3) 

and the dynamic resistance is 
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n = - r j - = tan a. (4) 
alt 

For a small range of values about a particular operating point, the follow
ing relationships hold approximately: 

Vi=V. + nh (5) 
and 

Vi — V 
h = - -"• (6) 

n 
By using the above relations for the switch-tube and load char

acteristics, and referring to the pulser circuit of Fig. 313 , it is pos
sible to derive the relationships that express the load operating voltage 
and current in terms of these characteristics and the circuit parameters. 
In particular, there are two operating conditions for the switch tube to 
be considered, namely, (1) operation above the knee of its characteristic 
curve corresponding to the point marked A in Fig. 3-15 (type A opera
tion), and (2) operation below the knee corresponding to the point B 
indicated in Fig. 3-15 (type B operation). 

Operation of the Switch Tube above the Knee of the IP-VP Curve.—As 
stated previously, the power-supply voltage £«, varies principally because 
of changes in line voltage and duty ratio. Variation of the line-voltage 
input to the pulser causes a change in all the voltages in the pulser, and 
therefore changes the voltages applied to the grids as well as the plate 
voltage of the switch tube. As indicated in Fig. 315 changes in the grid 
voltages cause the value of the intercept 1'^, indicated in Fig. 3-14, to 
change. Therefore, in considering the effect of line-voltage changes on 
the operating conditions for the load, the variation in ZJ*, must also be 
taken into account. The change in operating values for the load and 
switch tube that results from the simultaneous variation of E^ and 
I'vo may be written as follows: 

dI'-ikdE» + iiLdr~' (7) 
dVi = w dEit + av, dI,^ (8) 

dEu, dlp 
dV' = ikdE» + ifcdr>* (9) 

Referring to Fig. 3-14 and the definition of r'p given by Eq. (2) the 
plate current for the switch tube is given by 

i> = r~ + ^r- (io) 
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Considering the pulser circuit of Fig. 3-13, the plate current is 

Ir = Ii + I. + L- (11) 

As discussed in Chap. 2, the voltage across the condenser, F„, is never 
very different from Ebb if the capacitance is sufficiently large. For steady 
pulsing the condenser voltage is slightly less than the power-supply 
voltage, but for the purpose of this discussion it is reasonable to neglect 
this difference and to assume that Vw = Ebb. The voltage across the 
load with switches ST and Si closed is, therefore, 

Vi = V, - Vp = Ebb - Vp. (12) 

The currents I. and Ic in Eq. (11) can be expressed in terms of Vi, thus, 

l' = W. (13) 

where Z, is the effective impedance of the condenser-recharging path. 
Also 

L = ^ ^ = p - (14) 

Thus from Eqs. (6), (10), (11), (12), (13), and (14), the expression for the 
load current becomes 

-■V+i Eu - V, | 1 + l* + ^ T A po' v 

Tl + * + Rc
 + Z. 

(15) 

From Eqs. (6) and (15), 
y _ EbbTi + V.r'p + I'^rir'j, 

' 1 ' _l_ r'vri _L r ' p r ' 
r, + ^ + x + ir From Eqs. (12) and (16), 

Ebb [ r» + Rc
 + Z, \ * *fp ■* VO^P^l 

r. + r' + V , V-n + r" ^ « , + Z. 

(17) 

I t is seen from Eqs. (7) and (15) that the variation of load current can 
be made zero if 

j « dEbb , . e - . 
dlvo = IT— ( 1 S ) 

r„ 
The characteristic curves for tetrodes shown in Figs. 3-7, 3-8, and 3-9 
and sketched in Fig. 315 indicate that it is possible to satisfy this rela-
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tion. For a particular tetrode and for moderate changes in grid voltages, 
the following relations are approximately true: 

dl'^ = (fadE^E,^, (19) 
and 

dl'po = {kidE^E,^^. (20) 

If the characteristic curves for the switch tube are known and the values 
of ki and A;2 therefore determined, it is possible to devise a control circuit 
that changes the grid voltages, as Ebb varies, in such a way as to satisfy 
Eq. (18). Since the voltage outputs of the grid and plate power supplies 
may depend on the input line voltage to approximately the same degree 
such a control circuit should not be very complicated if the duty ratio 
remains constant. When the duty ratio changes, however, the average 
currents also change, and the added factor of inherent regulation in these 
power supplies has to be considered, which complicates the design of the 
control circuit considerably. 

For a low-power pulser using a tetrode switch tube, grid voltages of 
only a few hundred volts are generally required. Power supplies that 
are electronically regulated against variations in input voltage and output 
current can easily be built for these voltages. It is not economical, 
however, to construct a high-voltage power supply with similar regula
tion. The changes in load and switch-tube operating values that 
are due to variations in the high-voltage power supply only may be 
obtained from Eqs. (15), (16), and (17) by differentiating with 
respect to Ebb- Since the denominator of each of these expressions is the 
same, let 

Then 

and 

> = r , 

avv 
dEbb 

< + ', 

dh 
dEbb 
dVi 
dEbb 

r' p 

D 

, r p n 
^ Re 

1 
~D' 

ri 
-£>' 

H—— 
+ Re 

D 
- ri 

+ 

+ ■ 

rpri 

z.' 

i'prt 

z. 

D 

(21) 

(22) 

(23) 

(24) 

(25) 

The Eqs. (15), (16), and (17) do not explicitly involve time. If 
the condenser-recharging path Z, is an inductive resistor, however, the 
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time measured from the start of the pulse is included because, for this 
case, 

R. Z.= 
1 - e L-

where R, is the resistance and L. is the inductance of the element. Three 
cases are of interest in this connection: 

1. When the recharging path is a wire-wound resistor whose induct
ance is not negligible. In general, L,/R, « t where tm** — T (the 
pulse duration), so Z, ~ R„ 

2. When the recharging path is an inductance coil of low ohmic 

resistance such that L,/R,» t where {„ , = T. Expanding e Ll 

and using only the first two terms, Z, = L,/t. 
3. When the recharging path is a combination of inductance and 

resistance for which L./R, ~ T. If, for a particular value of T, 
L./R, = T, then Z, = R./0.63. 

When the recharging path is an inductance having low resistance 
Condition 2 obtains, and the load current decreases during the pulse, as is 
evident from Eq. (15) in which the term r'p/ZB increases with time. For 
long pulses, that is, with a duration of 2 jisec or more, this effect may 
become prominent. This decrease in load current during the pulse 
occurs in addition to the change in load current given by Eq. (22). 
Other effects already discussed, such as the drop in voltage across the 
storage conaenser and the possible change in cathode emission in the 
switch tube, can also cause the load current to change during a pulse. 

Operation of the Switch Tube below the Knee of the Ip-Vp Curve.—The 
switch tube is now operated at point (B) indicated in Fig. 315 . If 
Fig. 3-14 is again referred to, it is evident that the relationships derived 
above also apply to this case, when rp is substituted for r'p and l^ is sub
stituted for l'^. The value of Ivo may be expressed in terms of Vpo, thus 

ho = - ^ - (26) 

With these changes, the Eqs. (15), (16), and (17) become 

*»-y-V+r±+r±]-y 
I, = != — ^ , (27) 

, , rvri , V i 

Y =
 E<*ri + V>rP - Vpori . ^ 

rl + rp + r-£ + r-p' 
tic &> 
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and 

rP + "-p + "-f] - V.rp + Vpor, 
v , = ^ ^ J (29) 

« + r, + r-g + r-g 
In general, V„ is so small compared with EM that it may be neglected. 

When the switch tube is operated below the knee of the IP-VP charac
teristic curve, it is evident that changes in line-voltage input to the pulser 
affect the operating values for the load only because of the resulting 
change in the power-supply voltage, since all the terms in Eqs. (27), 
(28), and (29) except Ebb are independent of the pulser input voltage. 
The pulser regulation is therefore obtained simply by differentiating these 
equations with respect to Ebb without considering the variation of grid 
voltages. The resulting expressions are identical with Eqs. (22) to (25) 
when rp is replaced by r'v. 

Examples of the Two Types of Switch-tube Operation.—The order of 
magnitude of the effect of variations in the high-voltage power supply 
on the operating values for the load and switch tube is illustrated by the 
following typical values for two pulser-load combinations. As an 
example of a medium-power combination, the operation of a pulser is 
considered with a 715B switch tube and a 725A magnetron as the load. 
The 2J41 magnetron operated with a pulser using a 3D21 switch tube is an 
example of a low-power combination. Data are given for the two types 
of switch-tube operation in each case. The term " type A operation" 
refers to operation of the switch tube above the knee of the IP-VP curve, 
and the term " type B operation" refers to operation below the knee of 
the curve. 

For type A operation of the 715B tube, the applied screen-grid voltage 
is about 1000 volts, and the positive grid drive must be about 100 volts 
in order to obtain a current of 10 amp through the 725A magnetron. 
With a magnetic field of about 5000 gauss the voltage across this magne
tron is approximately 11 kv for a 10-amp current pulse. In order to 
obtain the same operating conditions for the magnetron with type B 
operation of the 715B, the screen-grid and control-grid voltages must be 
raised to about 1200 volts and 150 to 200 volts respectively. 

The normal operating voltage and current for a 2J41 magnetron are 
about 2.5 kv and 1 amp. The 3D21 switch tube in a pulser operating 
with this magnetron requires about 300 volts on the screen grid and a 
25-volt positive grid drive for type A operation. For type B operation 
of the 3D21, these grid voltages must be increased to about 400 volts 
and 50 volts respectively. 

Values of pulser and switch-tube parameters considered typical for 

EH 
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the above-stated operating conditions are given in Table 3-2. The 
values of the quantities dli/dEa, dVi/dEbi,, and dVp/dEu, that have 
been calculated from these data and from Eqs. (22), (23), and (25) are 
also tabulated. I t is to be noted that the quantities rpri/Rc and rpri/Z. 
may be neglected for all practical purposes, since their sum is only one 
or two per cent of the sum (rp + n). A negligible error would therefore 
have been introduced for these examples if the switch-tube current had 

T A B L E 3 - 2 — V A L U E S CALCULATED FROM E q s . (22), (23), AND (25) FOR T Y P I C A L 
O P E R A T I N G C O N D I T I O N S FOR T W O P U L S E R - L O A D COMBINATIONS 

Rr 

z. 

t 

ri 

r 

R, 

V ' 
z, 

TvTi 

Re 

rpri 

z, 
dh 

aE,,b 

dVi 
SEtib 

dVp 

dEbb 

715B switch tube, 725A magnetron, 

type A operation 

10,000 ohma 

(1) 10 mh 

(2) (7500 ohms + 
3mh) 

2500 ohms 

125 ohms 

31 ohms 

for ( = 10~6 sec 
(1) 31 ohms 
(2) 46 ohms 

3 . 7 X 1 0 - ^ 
volt 

0.047 

0.95 

type B operation 

10,000 ohms 

(1) 10 mh 

(2) (7500 ohms + 
3mh) 

100 ohms 

125 ohms 

1.25 ohms 

for I = 10~6 sec 
(1) 1.25 ohms 
(2) 1.5 ohms 

" x i o - ^ 

0.55 

0.45 

3D21 switch tube, 2J41 magnetron 

type A operation 

15,000 ohms 

15,000 ohms + 
5 mh 

15,000 ohms 4-
5mh 

3500 ohms 

200 ohms 

47 ohms 

for ( = 10~6 sec 
44 ohms 

2 . 6 X 1 0 « volt 

0.052 

0.95 

type B operation 

15,000 ohms 

15,000 ohms + 
5 mh 

15,000 ohms + 
5 mh 

200 ohms 

for ( = 10 * sec 

« « .« . amp 3.6 X 10"3—rf volt 

0.72 

0.28 
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been assumed to be equal to the load current. It is also evident that, 
for the type A operation of the switch tube, the value of ri may also be 
neglected in the denominator of the expressions (22), (23), and (25) with
out causing serious error in the calculated pulser regulation. 

These examples indicate that the change of load current that is due 
to the variation of the high-voltage supply is decreased by a factor of 
about 10 if the switch tube is operated above rather than below the knee 
of the Ip-Vp characteristic. It must be remembered, however, that in 
order to realize this gain, the screen-grid voltage and the positive grid 
drive must not be allowed to change. As pointed out in the previous 
section, when the load line crosses the switch-tube characteristic above the 
knee, the shape of the control-grid voltage pulse is transferred to the load 
pulse. In order to take advantage of the better regulation against power-
supply variations, and thus to realize an output-pulse amplitude that 
is constant throughout the pulse duration, the control-grid pulse must 
have a flat top. The particular application to which a pulser is to be 
adapted generally determines the type of switch-tube operation that is 
desirable. 

Some pulser applications require that the operating conditions for 
the load must not change even though the duty ratio may vary over wide 
limits. For such a pulser, either the high-voltage power supply must 
be regulated for a large variation in the average current delivered, or 
the regulation must be obtained by type A operation of the switch tube, 
in which case the voltage across the switch tube changes by almost the 
same amount as the power-supply voltage. It is therefore necessary 
to adjust the pulser voltages so that the lowest value of EM to be expected 
in the operation does not cause the tube drop, Vp, to fall below the value 
Vp, indicated in Fig. 3 14. 

For a pulser designed to operate at constant duty ratio, the variation 
in power-supply voltage produced by the change in average current is 
less important than that caused by changes in the line voltage. It must 
be decided, therefore, whether or not the improved regulation provided 
by type A operation of the switch tube compensates for the difficulty 
of regulating the grid-voltage power supplies. If the effect of line-volt
age variation is not serious, there are some advantages to be gained by 
operating the switch tube below the knee of the Ip-Vv curve. Besides 
the smaller effect of change in grid voltage mentioned in the previous 
section, there is also the advantage that a lower power-supply voltage is 
required, as can be seen from the relative positions of points A and B in 
Fig. 3-15. 

When the load has a dynamic resistance that is low compared with its 
static resistance, the variation of load current is generally of more interest 
than the variation of load voltage. (In the operation of a magnetron the 
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oscillation frequency is a function of the magnetron current. The change 
of frequency, /, caused by current change is referred to as the "pushing 
figure" of the magnetron, and is generally expressed as the value of 
df/dlm, where Im is the magnetron current.) For a magnetron load, the 
ratio dli/h is often more significant than the value of dli. From the equa
tions developed in the preceding discussions it is possible to express 
the ratio dli/Ii in terms of the ratio dEbb/Ea. Thus Eq. (22) gives 

dl, = ^ (22) 

Dividing by the value of It given by Eq. (27) for type B operation, 

dli dEbb ^ Ebb /ofv\ X 
Ii Ebb „ 

Ebb - V, 1 + TJL _i_ Z?_ 

For type B operation of the 715B switch tube, a 725A magnetron operat
ing at 11 kv and 10 amp, and the data given in Table 3-2, 

V. = 9750 volts 
and 

Ebb = 12 kv. 

With these data, Eq. (30) gives 

dli dEbb .. c 

T " ~F~ x 6-
This value is the same as that obtained in Sec. 2-8 by the use of Eq. 
(2-106) assuming that n = rv. Thus, the variation in load current leads 
to very nearly the same regulation factor as the variation in load power 
when the dynamic resistance of the load is small. 

If the high-voltage power supply has very good regulation, the per
centage change in the input line voltage and in the power-supply voltage 
is almost the same. The percentage change in load current is therefore 
about six times the percentage change in input line voltage for an average 
magnetron load. For a pure-resistance load, V, = 0, and the percentage 
change in load current is equal to the percentage change in input line 
voltage. 



CHAPTER 4 

DRIVER CIRCUITS 

B Y G. N. GLASOE 

In the preceding discussion of the hard-tube pulser circuit, it is 
assumed that there is an available means of making the switch tube con
ducting for a controlled length of time that corresponds to the desired 
pulse duration. The control of the pulse duration can be accomplished 
by the application of the proper voltage to the grid of a high-vacuum tube. 
The circuit that performs this function is called the "driver," and is an 
essential part of a hard-tube pulser. 

In the discussion of switch-tube characteristics in Chap. 3 it is pointed 
out that, in order to obtain the necessary plate current, the grid of the 
switch tube must be at a positive potential relative to the cathode during 
the pulse. Since this grid must be maintained at a high negative voltage 
during the interpulse intervals, the output voltage of the driver must 
equal the sum of the bias and positive grid-drive voltages. This required 
voltage output is called the "grid swing," and may vary from about a 
hundred volts to several kilovolts depending on the switch-tube charac
teristics. The pulse-power output of the driver is, therefore, the product 
of this grid swing and the grid current in the switch tube. For very high 
power pulsers, for example, the one using six 527 tubes in parallel men
tioned in Sec. 3-2, the driver output power may amount to as much as 
ten per cent of the pulser output power. In general, however, it is more 
nearly of the order of magnitude of one per cent of the pulser output 
power. 

The pulse duration is entirely determined by the characteristics of 
the driver circuit for a hard-tube pulser. The circuit should, therefore, 
be designed so that all the pulses, in a long succession, are identical, and 
their duration can be determined accurately. For such a succession of 
pulses, it is generally desired that the interpulse intervals, as well as the 
pulses, be of controlled duration. The control of the interpulse intervals 
is usually accomplished by constructing the driver circuit in such a way 
that it does not produce an output pulse until it has received the proper 
impulse at its input terminals. These impulses are called trigger pulses, 
and are produced by some form of auxiliary timing circuit tha t has a 
negligible power output. In order to keep the pulser design as versatile 
as possible, this trigger generator is ordinarily not a part of the pulser, 

119 
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and is commonly used for other functions in addition to starting the action 
of the driver. One of the principal advantages of the hard-tube pulser 
over the line-type pulser is that the pulse duration is determined in a 
relatively low power circuit. For this reason, the driver circuit can 
be designed so that the pulse duration and the interpulse interval may 
be changed readily over a wide range of values without necessitating any 
major changes in the circuit. A given design of a hard-tube pulser may 
therefore be adapted to a large variety of applications with little dif
ficulty ; therefore, a pulser of this type is particularly suitable for research 
and development work where the specific values of pulse duration, 
interpulse interval, and output power desired are not definitely known. 

There is an inevitable time delay between the start of a trigger impulse 
and the start of the pulse at the pulser load. When this time delay varies 
in a random manner from pulse to pulse, there is said to be "t ime j i t te r" 
in the output pulses. This time jitter causes unsatisfactory operation 
when the functioning of auxiliary circuits depends on both the trigger 
impulses and the pulser output pulses. 

4-1. The Bootstrap Driver.—Many circuits that are available for 
generating voltage pulses are incapable of delivering enough power to 
drive the grid of a pulser switch tube. The obvious procedure is there-

Input pulse 

Output I 
P" s e Input pulse 

F I G . 4*1.—(a) Plate coupling; requires " o n " tube for a positive output pulse, (b) 
Cathode follower; requires "off' tube for positive output pulse, voltage gain less than one. 
(c) " B o o t s t r ap" cathode follower; requires "off" tube for positive output pulse, voltage 
gain greater than one 

fore to design an amplifier with a power gain sufficient to deliver the 
requisite power. Several stages of amplification may be necessary, and 
the problem of maintaining good pulse shape becomes rather serious. 
The so-called "bootstrap driver" was devised to generate a pulse at a 
low-power level, and to amplify it with a minimum number of tubes and 
circuit elements Although with the development of satisfactory pulse 
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transformers this circuit has become obsolete, it is discussed here because 
it was one of the first uses of the pulse-forming network as a means of 
determining pulse duration. 

Since the driver output pulse must be positive, the coupling to the 
plate of an amplifier tube, as indicated in Fig. 4-1, requires that the tube 
be conducting during the interpulse interval and nonconducting during 
the pulse interval. When it is considered that the output pulse must 
supply a current of the order of magnitude of several amperes to the grid 
of the switch tube, it is obvious that such plate coupling is very wasteful 
of power. The cathode follower provides a means of getting a positive 
output pulse with a normally "off" tube, as is indicated in Fig. 4-16. 
The disadvantage of this arrangement is that the ratio of the voltage 
output to the voltage input is less than one. The arrangement of Fig. 
4-lc, however, provides both a voltage and a power gain greater than 
one. However, the circuit generating the input pulse must be able to 
rise or fall in potential as the potential of the cathode rises or falls as a 
result of the flow of current in the cathode resistor. 

-*l® 

To grid of 
pulser 
tube 

F I G . 4-2.—Circuit for a bootstrap driver. 

The complete circuit of a bootstrap driver is shown in Fig. 4-2 The 
pulse is generated in the part of the circuit that is enclosed in the dotted 
lines. This pulse generator is merely a low-power line-type pulser in 
which the pulse-forming network, PFN, determines the pulse duration 
(see Part II for the detailed discussion of line-type pulsers). The gase
ous-discharge tube r 2 is the switch tube, and the resistance R2, in parallel 
with the input resistance of the amplifier tube Tt, is the pulser load. 
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In the quiescent state of this driver circuit, the reference potential for 
all voltages is determined by the grid-bias voltage required for the switch 
tube in the pulser output circuit. In Fig. 4-2 this voltage is indicated 
as (ECi),. Thus, the plate voltages for the two tubes are (Et)i and 
(Eb)3, and the grid voltages are (EC1)2 and (ECl)3 for tubes T^ and T3 
respectively. The grid voltages are adjusted to be sufficiently negative 
to keep the two tubes nonconducting. When tube T2 is nonconducting, 
the PFN is charged to a potential difference equal to (Eb)2. 

The operation of this circuit is initiated by applying a positive trigger 
voltage to the grid of Ti through the capacitance C\ and the diode T\. 
When this grid is raised in potential relative to the cathode, the gas in the 
tube becomes conducting, and the PFN is connected directly across the 
resistance i22. The point A is thus raised in potential relative to point B 
by an amount depending on the characteristic impedance of the PFN 
and on the effective resistance between A and B. In general, an attempt 
is made to match these impedances so that one half of the network volt
age appears across R^. By virtue of the coupling capacitance C3, the 
grid of T3 is raised in potential along with point A. The resistance Rt 
must be large enough to decouple the grid from the bias-voltage supply 
during the pulse. If the potential difference across R2 is greater than the 
bias voltage (ECJ)3, the grid of T3 becomes positive with respect to the 
cathode (point B in Fig. 4-2). Tube T3 is thus made conducting, and a 
current flows in the cathode resistance R3. This current causes the point 
B to rise in potential and, if the current is large enough, the grid of the 
pulser switch tube becomes sufficiently positive with respect to ground to 
make the plate current sufficient to obtain the required pulser output 
current. I t is to be observed that, as the point B starts to rise in potential 
because of conduction in tube T3, all the parts of the pulse-generating 
circuit must also rise in potential. The circuit is referred to as a boot
strap driver, since it is raised in potential by its "bootstraps," so to speak. 

The duration of the pulse from this circuit is determined by the time 
required for a voltage wave to travel down the PFN and return. When 
this time has elapsed, the network is completely discharged^ (if the PFN 
impedance is matched by the resistance between A and B), and the 
potential difference across R2 falls suddenly. This drop in potential 
cuts off the current in both T3 and its cathode resistor, thus removing the 
grid drive from the pulser switch tube. 

The bootstrap action of this circuit has important consequences that 
must be taken into account in the design. When point B rises in poten
tial, it causes the cathode of the gaseous-discharge tube to rise with it; 
therefore, the life of this tube is seriously affected if the grid can not 
also rise in potential. In order to permit the potential of the grid to 
increase, the capacitance C2, shown in Fig. 4-2, is added. The capaci-
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tance C\ and diode T\ are introduced to decouple effectively the grid of 
7*2 from the trigger-pulse-generating circuit during this action. The 
network of resistances Ri provides decoupling between the trigger input 
and the bias supply, and allows the circuit to return to its quiescent 
state during the interpulse interval. The resistance Ri provides decou
pling between the pulse-generating circuit and the power supply during the 
pulse. The value of this resistance should be as large as is possible 
without seriously reducing the voltage on the PFN at the end of the 
interpulse interval. 

Another consequence of the bootstrap action is that the stray capaci
tance of the circuit to ground (wiring, components, filament transformers, 
etc.) must be kept as small as possible. As the circuit rises in potential, 
this stray capacitance must be charged, and, unless it is small, the pulse 
shape is seriously distorted. At the end of the pulse the charge on this 
stray capacitance must leak off, and, as indicated in Chap. 2, if the RC 
time constant for the discharge is large, the trailing edge of the pulse falls 
slowly. In order to make the voltage drop more rapidly at the end of 
the pulse, the inductance L is introduced in parallel with the cathode 
resistance R3. 

This circuit was used successfully to drive the grids of two 304TH 
tubes in parallel as the pulser switch tube. A bias voltage of about 
—1000 volts and a positive grid drive of +300 to +400 volts were neces
sary. Thus, the voltage developed across the cathode resistance R3 
had to be about 1300 to 1400 volts. This voltage was obtained with 
(Et)3 equal to 1550 volts when an 829 beam tetrode was used as the tube 
T3. The gaseous-discharge tube T2 was either an 884 or a 2050, the 
performance of the latter being somewhat more satisfactory. The volt
age (ECl)2 for either of these tubes was critical: if it were too large or too 
small, the tube would tend to remain conducting. The value of (Ec,)2 
usually had to be adjusted for the particular tube being used. For this 
application, the circuit was designed to give three different pulse dura
tions, i , 1, and 2 jusec. By the use of a selecting switch, any one of three 
different networks could be connected into the circuit. For the high 
recurrence frequency (2000 pps) used with the shortest pulse, the PFN 

•did not become charged to the full value of (Eb)2 if Rs were very large. 
On the other hand, reducing i?6 made it more difficult to prevent tube T2 
from becoming continuously conducting. With careful adjustment of 
the circuit voltages and the values of the circuit elements, however, it 
was possible to obtain satisfactory operation at 4000 pps. The particular 
gaseous-discharge tube to be used had to be selected carefully, since the 
long deionization time for some tubes did not allow the charge on the 
PFN to accumulate fast enough to produce the full network voltage 
before the initiation of the next pulse. The values finally used were 
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(Eb)2 = 500 to 600 volts and J?6 ~ 0.6 megohm. The characteristic 
impedance of the PFN was about 1500 ohms, and R2 ranged from 1500 
to 2500 ohms. The other values of the circuit components were as 
follows: Ci = 0.005 Mf, C2 = C3 = Ct = 0.01 4 , Ri = 100,000 ohms, 
Rt = 1000 ohms, K4 = 25,000 ohms, R, = 30,000 ohms, L = 2.5 mh. 

4-2. The Blocking Oscillator or Regenerative Driver.—With the 
development of transformers capable of passing pulses of short duration, 
it became possible to design a driver circuit using a single tube. A cir
cuit of this type was used extensively in pulsers with medium-power 
output (150 to 250 kw) for airborne microwave-radar systems, and 
became known as the blocking-oscillator driver. This name was given 
to the circuit because of a similarity between it and the blocking oscil
lators used to produce pulses in television applications. The driver 
circuit is not an oscillator in the same sense as the circuit used in tele
vision, and may more properly be referred to as a "regenerative pulse 
generator." This term is not exclusively distinctive, however, since 
there is a large class of circuits, such as the multivibrator for example, 
which could go by the same name. The particular type of circuit dis
cussed here is called a "regenerative driver" in an attempt to avoid 
confusion with the circuit used in television. 

There are two essential differences between the regenerative driver 
and the conventional blocking oscillator: 

1. The regenerative driver can be kept in its quiescent state for an 
indefinite length of time, and starts its operating cycle only when 
the proper impulse is applied to the input terminals. 

2. The output pulse is almost constant in amplitude throughout the 
pulse duration, as a result of the circuit and tube characteristics. 

There is still a third difference that is not always essential, namely, 
that the pulse duration from a regenerative driver is usually determined 
by a Une-simulating network, whereas that from most blocking oscil
lators is determined by a parallel LC-combination. 

A regenerative driver circuit arrangement which incorporates an 
iron-core pulse transformer together with a line-simulating network in 
the grid circuit of a vacuum tube is shown schematically in Fig. 4-3. 
As discussed later, the range over which the pulse duration may be 
varied, by changing the network parameters, depends on the pulse trans
former characteristics. Because of the line-simulating network, the 
circuit has sometimes been referred to as a "line-controlled blocking 
oscillator." The triggering pulse for this circuit is introduced directly 
onto the grid; this arrangement is called "parallel triggering" in contrast; 
to the method of series triggering shown in the circuit of Fig. 4-4. The 
latter circuit has been widely used in pulsers for microwave-radar systems, 
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and the regenerative feature is therefore discussed from the standpoint of 
Fig. 4-4 rather than the earlier arrangement of Fig. 4-3. The series-trig
gering arrangement proved to be somewhat more stable and less critical in 
regard to the values of circuit parameters than the parallel-triggering 
circuit. 

T T ' 

PFN 

FiQ. 4-3.—Circuit of a regenerative 
driver with parallel triggering. 

Fia. 4-4.—Circuit for a regenerative driver with 
series triggering. 

The circuit of Fig. 4-4 consists of a tube Ti, pulse transformer PT, 
line-simulating network PFN, and power supplies for the tube-element 
voltages. The tube Ti is represented as a tetrode, but triodes can be 
used as well. The grid voltage for the tube is sufficiently negative to 
keep the tube nonconducting when the full values of plate and screen 
grid voltages are applied. The operating cycle of this circuit is initiated 
by applying a positive trigger pulse to one terminal of the PFN. This 
trigger voltage raises the potential of the line, the transformer winding 
(3), and the grid of T\ to a value sufficient to start a flow of plate current 
in the tube. Because of the flow of plate current, the voltage at Ime plate 
of Ti falls, causing a potential difference to appear across the primary 
winding (1) of the transformer. A voltage therefore appears simul
taneously across the other two windings, (2) and (3), of the transformer. 
The grid of 7\ is connected to the winding (3) in such a way that the 
voltage on this winding raises the potential of the grid. A regenerative 
action is thereby started, which continues until grid current starts to 
flow. 

The voltage across the grid winding of the transformer is divided 
between the PFN, the grid-cathode resistance of 7\ , and the output 
resistance of the trigger generator. A cathode-follower output is gener-
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ally used for the trigger generator in order to ensure a relatively low effec
tive resistance. The voltage appearing across the PFN starts a voltage 
wave traveling toward the open end, where it is reflected and returns 
toward the transformer end. When this cycle is completed the PFN is 
fully charged, and the potential of the grid of T\ starts to fall abruptly. 
The plate current in the tube then begins to fall, reducing the voltage 
across winding (1). This process results in a reduction in the voltage 
across winding (3) that makes the grid still more negative, and causes a 
regenerative shutoff of the plate current. The voltage across the grid 
winding then disappears, and the PFN discharges through the resistances 
R\ &nd Ri, driving the grid below cutoff. The bias voltage (ECl)i, 
keeps the tube nonconducting until the next trigger pulse starts another 
cycle. 

The above description of the action of a regenerative driver is very 
qualitative. The analysis of the effect of transformer and tube character
istics on this circuit is extremely difficult. An approximate analysis has 
been made with a simplified circuit for the effects introduced by the pulse-
transformer parameters. This analysis is given in Sec. 14-2. 

In the action of the regenerative-driver circuit a voltage is induced 
across the winding (2). This winding is connected between the bias 
supply and the grid of the pulser switch tube. In order for this circuit to 
function as the driver for the switch tube, the voltage appearing across 
this transformer winding must be equal to the required grid swing. The 
load introduced by the grid circuit of the switch tube has a strong 
influence on the flatness of the top of the voltage pulse appearing at the 
grid. If the load on winding (2) is small, the voltage pulse generally has 
oscillations of appreciable magnitude superimposed on its top. Since 

switch tubes of a given type vary 
considerably in their grid-voltage-
grid-current characteristics, it is 
sometimes necessary to introduce 
resistors across one or more of the 
transformer windings to damp out 
the oscillations. These oscilla
tions are the result of the inherent 
leakage inductance and distributed 
capacitance of the transformer, 
and they may therefore be mini
mized to some extent by careful 
transformer design. The oscillo
scope trace reproduced in Fig. 4-5 

indicates the character of the pulse obtained at the grid of a 715B switch 
tube from a regenerative driver using an 829 beam tetrode. 

F I G . 4-5.—Voltage pulse at the grid of a 
715B tube obtained from a regenerative 
driver using an 829 tube. Sweep speed: 
10 div. per jusec; pulse amplitude: 1000 volts. 
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Both the maximum and the minimum pulse durations obtainable 
with a given regenerative driver are dependent on the pulse-transformer 
characteristics. The maximum is determined by the magnetizing cur
rent and core saturation. When the magnetization of the transformer 
core approaches saturation, the magnetizing current increases very 
rapidly, increasing the tube drop and thereby reducing the voltage across 
winding (1), and hence across winding (3). This decrease in voltage 
causes the regenerative shutoff to start before the PFN is fully charged. 
The pulse may be terminated by this same process, even if the transformer 
core does not become saturated, if the magnetizing current becomes too 
great. The minimum obtainable pulse duration is determined by the 
inherent inductance and capacitance of the circuit (including the trans
former), exclusive of the pulse-forming network. For intermediate 
values of pulse duration, the duration of the output pulse corresponds 
reasonably well with the calculated value based on the inductance and 
capacitance of the network. Thus, if LN is the total inductance and Cs 
is the total capacitance of the network, the time required for a voltage 
wave to travel from one end to the other is y/LsCN and the pulse duration 
T = 2 VLJVCJV. 

I t has been possible to design regenerative drivers in which the pulse 
duration may be varied over a wide range merely by changing the con
stants of the PFN. With an 829 tube and a GE 68G627 pulse trans
former, satisfactory operation can be obtained in this manner over the 
range 0.5 iisec to 5 jxsec. The relatively low voltages involved in the 
circuit make it possible to change from one pulse duration to another by 
means of small remote-controlled relays. It is thus feasible to adapt a 
single design to a number of different applications. 

The range of pulse duration may be extended beyond 5 itsec merely 
by connecting the corresponding windings of two pulse transformers in 
series. In this way the circuit has been made to operate satisfactorily a t 
10 iisec. A second transformer can also be introduced with the aid of 
small relays, which thus provides a range from 0.5 iisec to 10 iisec with no 
major change in the circuit. 

The lower limit of the range in pulse duration that can be obtained 
with a given 68G627 pulse transformer is considerably less than 0.5 
iisec. Below this value, however, the inevitable small variations in 
transformer parameters from one unit to another begin to have a greater 
effect. With any given unit, it is possible to construct a pulse-forming 
network that produces a 0.25-/zsec output pulse from the driver. Although 
the same PFN in another circuit with a different transformer may produce 
a pulse duration as much as 50 per cent greater, the 0.25-iisec pulse dura
tion can generally be obtained by adjusting the constants of the PFN. 
I t is, therefore, possible to have the range 0.25 /xsec to 10 itsec available 
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from such a driver if the PFN's for the shortest pulses are properly 
adjusted for each individual case. 

When the desired range of pulse durations does not extend higher 
than about 1 Msec, a smaller pulse transformer than the 68G627 can be 
used. The Utah 0A18 transformer has been found satisfactory for the 
shorter pulses. Using this pulse transformer, it has been possible to use 
pulse durations as short as 0.1 yusec with no serious difficulty. When 
very short pulse durations are desired, the shape of the trigger pulse 
becomes important for reasons that are discussed below. 

(a) Six-section pulse-forming network with (6) Two-section pulse forming network with 
Zti = 1000 ohms. ZN = 1000 ohms. 

F I G . 4-6.—Oscilloscope traces of the pulse shapes occurring at various points in a 
regenerative-driver circuit with a GE 68G627 pulse transformer and an 829 tube. The 
letters correspond to the labelling on the circuit diagram of Fig. 4-4. Sweep speed ^ 10 
div. per j*sec. 

It has been found experimentally that, with some transformers and 
tubes, it is possible to maintain a reasonably good pulse shape for pulse 
durations as long as 2 /isec and as short as 0.1 msec by reducing the net
work to a single inductance and a single condenser. The pulse shape is 
not as good as that obtained from a multisection line, but, with a switch 
tube such as the 715B, the pulser output pulse can be made considerably 
more rectangular than the grid-driving pulse. (Compare Fig. 4-5 with 
Figs. 2-25, 2-26, 2-27, and 2-28.) The possibility of simplifying the net
work in this way has made it possible to adjust the pulse duration as 
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much as + 20 per cent by varying the inductance of the single coil. This 
inductance may be varied either by means of a slug of magnetic material, 
which may be moved in or out of the inductance coil, or by moving a 
piece of copper toward or away from the end of the coil. Oscilloscope 
traces of the voltage pulses appearing at various points in the circuit of 
Fig. 4-4 are reproduced in Fig. 4-6o and b. These two pictures indicate 
that the output pulse from the driver is the same whether a two-section 
or a six-section pulse-forming network is used to determine the pulse 
duration. 

The characteristic impedance ZN = y/LN/CN of the PFN used in a 
regenerative driver circuit has an effect on the circuit behavior. It 
has been found experimentally that there is a range of values of ZN that 
allows satisfactory operation. The extent of this range, however, varies 
with the particular combination of tube and pulse transformer. With 
an 829 tube and a GE 68G627 transformer the mean value of ZN for this 
range is about 1000 ohms, and the operation does not become seriously 
affected until ZN is reduced to about 500 ohms or increased to about 1500 
ohms. At the high impedance values the pulse duration may be too 
short, and there is sometimes a tendency for several short pulses to occur 
in the time corresponding to the normal pulse duration. At the low 
impedance values the pulse duration tends to become longer than it 
should be, and is finally limited by the transformer characteristics 
Thesa effects are illustrated in the oscilloscope traces reproduced in Fig 
4-7a, b, and c. 

As the desired pulse duration becomes shorter, the total capacitance 
of the PFN becomes smaller, and the magnitude of the trigger pulse tha t 
appears at the grid of the tube for a given input trigger pulse also becomes 
smaller. If the trigger-pulse amplitude at the grid becomes sufficiently 
small, the regenerative action may not start. Thus, for a low-capacitance 
line or a slow-rising trigger pulse, there can be an uncertainty in the time 
at which the regeneration starts. This effect is indicated by the sketches 
of Fig. 4-8 for a given network capacitance and for both a fast- and a 
slow-rising trigger pulse. Time jitter, that is, the uncertainty in the 
starting time for the grid pulse shown in Fig. 4-8b, is observed when a 
succession of pulses is desired. The effect shown in Fig. 4-86 is also 
obtained when the capacitance of the PFN is very small, even though the 
trigger-pulse voltage may rise fast enough for satisfactory operation with 
longer pulse durations. When this situation exists, it can generally be 
corrected by introducing a trigger amplifier and sharpener between the 
trigger generator and the driver input. 

The time delay between the start of the trigger pulse and the start 
of the driver output pulse also depends on the rate of rise of the voltage 
pulse appearing at the grid of the driver tube. For a given tube and 



o 

(o) Two-section pulse-forming network, Zn 
2000 ohms 

(6) Two-section pulse-forming network, Zti = (c) Two-section pulse-forming network, ZN = 
1000 ohms. 200 ohms. ZUUU onms. i u w uuiua. - — " "• 

F I G . 4-7.—Oscilloscope traces of the pulse shapes occurring at various points in a regenerative-driver circuit with a GE 68G627 pulse trans
former and an 829 tube. The letters correspond to the labeling in the circuit diagram of Fig. 4-4. Sweep speed «* 10 div. per Msec. 
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given circuit voltages, this time delay remains very nearly constant over 
long periods of time. The actual value of this time delay is a compli
cated function of the tube characteristics, the bias voltage, and the rate 
of rise of the trigger-pulse voltage. 

For a few pulser applications, for example, for pulse-coding in radar 
beacons, it is required that some of the interpulse intervals be comparable 
with the pulse duration. When it is necessary to have successive pulses 
of about l-/isec duration follow each other at intervals as short as 10 
to 15 Msec, special attention must be given to the driver design. The 
regenerative driver is readily adaptable to this application. By referring 
to the circuit of Fig. 4-4, it may be seen that the voltage of the grid of Ti 
becomes considerably more negative than the bias voltage at the end of 

-B 
(a) —*" (b) 

F I G . 4-8.—Sketch made from oscilloscope traces showing the effect of fast- and slow-
rising trigger pulses on the start of regeneration in a regenerative driver. Curve A is the 
trigger pulse at the input to the PFN. Curve B is the trigger pulse at the grid of the driver 
tube. Curve C is the grid voltage after regeneration starts. 

the pulse because of the discharging of the PFN through the resistances 
Ri and R2. The time constant of this discharge is therefore dependent on 
the capacitance of the network and on the values of these resistances. 
Since Ri serves to decouple the grid from the bias power supply during the 
pulse, it cannot be reduced in value without affecting the grid voltage at 
that time. The obvious alternative is to use a small inductance in com
bination with a small resistance in place of the high resistance Rt. For 
pulses with durations of the order of magnitude of 1 jusec, this inductance 
can be about 1 mh. A driver having an inductance of 0.5 mh in series 
with a resistance of 5000 ohms in place of .Ri and an 829 for Ti produces 
satisfactory 2-^sec pulses at a recurrence frequency of 80 kc/sec. 

The regenerative-driver design has proved to be a versatile one for 
use with 'a hard-tube pulser. In addition to the available flexibility in 
pulse duration and interpulse interval, it is also possible to accomplish 
some changes in pulse shape. For one particular application it became 
necessary to reduce the rate of rise of the output pulse at the magnetron 
load. Although this reduction can be effected in the output circuit, 
as indicated in Chap. 2, it was easier in this case to make the change in 
the driver circuit. The requisite change in rate of rise of the output 
voltage pulse was obtained by introducing a small inductance in series 
with the plate of the tube in the driver. When such an inductance is 
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used alone, large oscillations are superimposed on the pulse. They may 
be damped out, however, by inserting a resistance in parallel with the 
inductance. 

A regenerative driver using a single 829 tetrode provides a power out
put and grid swing that are sufficient to drive the grids of two 715B or 
5D21 tubes in parallel. This power output is 2 to 3 kw with a grid swing 
of about 1000 volts. The power output of the pulser is about 250 to 
300 kw. 

4-3. The Multivibrator and Pulse-forming-network Drivers.—Multi
vibrators are used extensively to generate pulses at low-power levels. 
Several arrangements of the multivibrator circuit are discussed in Vol. 
19 of the Radiation Laboratory Series. For microwave-radar systems, 
the so-called "biased multivibrator" has been adapted for use as the 
pulse generator in the driver of a hard-tube pulser. This circuit is suit
able for driver application because it has a single stable state. It is 
therefore possible to obtain an output pulse from a biased multivibrator 
only when the proper triggering impulse is applied to one of the tubes, and 
the length of the interpulse intervals can be determined by a timing cir
cuit that is independent of the pulser. 

A driver circuit utilizing a biased-multivibrator as the pulse generator 
has been devised for a 1-Mw hard-tube pulser (described in detail in 
Sec. 5.2). The switch in this pulser consists of three 6C21 triodes in 
parallel. I t is evident from the discussion of switch tubes in Chap. 3 
that the driver for such a pulser must deliver a pulse power of about 
15 kw to the three 6C21 grids. The grid-voltage swing required for 
1-Mw power output from the pulser is about 2.5 to 3 kv. Since it is 
impracticable to try to obtain this much power at the output of the 
multivibrator, it is necessary to use amplification. 

The shape and duration of the output pulse from a multivibrator 
depends on the load and on the values of the circuit elements and tube 
voltages. In practice, some variation must usually be expected in these 
parameters, and it is therefore necessary to allow sufficient latitude in the 
circuit design to accommodate a reasonable range of values. The most 
serious aspect of this characteristic of the multivibrator in the driver 
application is the possible variation of pulse duration. In this driver 
the difficulty was avoided by introducing an auxiliary means for determin
ing the pulse duration, which consisted of a delay line connected between 
the output of the driver and the input of the amplifier following the 
multivibrator. 

The block diagram of this driver circuit, shown in Fig. 4-9, indicates 
the way in which the pulse duration is determined. The multivibrator 
pulse generator is constructed so that the pulse fed into the amplifier at 
B is of longer duration than the pulse desired at the output of the driver. 
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When the leading edge of the pulse reaches A, a voltage wave starts to 
travel from A to B through the delay line. This voltage wave reaches B 
after a time determined by the constants of the delay line. If the pulse 
fed into the amplifier at B is positive and the pulse voltage at A is nega
tive, it is possible to neutralize the positive voltage at the amplifier input, 
and thereby to terminate the pulse appearing at A. The pulse duration 
at the driver output is thus fixed by the time it takes a voltage wave to 
travel the length of the delay line, independent of the multivibrator 
output. This arrangement has been expressively called the "tail-biting" 
circuit. 

In order to insure that only one pulse appears at the driver output 
for each trigger pulse, the output pulse of the multivibrator must not 
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FIG. 49.—Block diagram of the driver for a hard-tube pulser using a multivibrator pulse 
generator. 

last longer than twice the transit time for the delay line. For pulse dura
tions of about a microsecond, this latitude for the multivibrator output is 
ample. When the desired pulse duration is very short, however, more 
care must be exercised in the design of the circuit. The buffer amplifier 
is introduced to minimize the effect of loading on the output pulse shape 
and pulse duration obtained from the multivibrator. If the amplifier is 
carefully designed, the shape of the pulse at the driver output can be 
considerably better than that fed into the amplifier, and the dependence 
of driver output on multivibrator output is further reduced. 

A simplified schematic diagram for this driver circuit is shown in 
Fig. 4-10. The biased multivibrator, which consists of the two halves of a 
6SN7, delivers a negative pulse to the grid of the normally "on" buffer 
amplifier tube, a 6L6. A positive pulse is then obtained at the grid of 
the first 3E29 amplifier. The negative pulse that appears at the plate of 
this 3E29 is inverted by means of a pulse transformer, and the resulting 
positive pulse is applied to the grids of two 3E29 tubes in parallel. The 
negative pulse obtained at the plates of these tubes is also inverted by a 
pulse transformer in order to give a positive pulse at the grids of the 
6C21 tubes. A part of the negative pulse at A is impressed across the 
end of the delay line by means of the voltage divider consisting of Ri 
and Ri. After traversing the delay line, this negative pulse appears at B 
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with amplitude sufficient to neutralize the positive pulse output from the 
(5L6. This negative pulse lasts for a time corresponding to the pulse 
duration at point A and, if this time plus the delay time is greater than 
the duration of the pulse from the multivibrator, the bias voltage main
tains the 3E29 nonconducting when the pulse is over. 

The pulse duration from this driver may be varied by changing the 
length of the delay line between points A and B. The switch Si, indi
cated in Fig. 4-10, is provided to facilitate this change. The switch Si 

Input 
trigger 
pulse To grid 

of pulser 
switch 
tube 

Delay line 
Fio. 4-10.—Simplified schematic diagram of the driver for a hard-tube pulser using a 

multivibrator pulse generator and a delay line to determine pulse duration. 

is mechanically coupled with Si in order to change the pulse duration at 
the multivibrator output at the same time that the length of the delay 
line is changed. The constants in the multivibrator circuit are chosen 
so that the pulse delivered to the amplifier is about 25 to 40 per cent 
longer than the pulse duration desired from the driver. 

The operation of this driver requires two of the tubes, the 6L6 and 
one half of the 6SN7, to be conducting during the interpulse interval. 
When the pulser is being operated at a low duty ratio, where the inter
pulse interval is about 1000 times as long as the pulse interval, it is desir
able to have the power dissipated by these normally " o n " tubes as small 
as possible. The multivibrator power output should be kept small for 
this reason also, and the necessary output power from the driver must be 
provided by pulse amplification. 

Another driver circuit making use of a biased multivibrator has been 
devised for the 200-kw hard-tube pulser of a microwave-radar system 
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used in aircraft. The switch in this pulser consists of two 5D21 tetrodes 
in parallel. In this driver, the multivibrator serves a somewhat different 
purpose than it does in the circuit just discussed. The pulse shape and 
pulse duration are determined in this driver by a current-fed net-work 
(see Part I I for the detailed discussion of pulse-forming networks). 
The function of the multivibrator is to start and stop the current in this 
network. This circuit should, therefore, more properly be referred to as 
a "pulse-forming-network driver" rather than a "multivibrator driver." 

The operation of this driver circuit is best discussed with reference to 
the circuit diagram shown in Fig. 4-11. The two tubes, 6AG7 and 3E29, 

FIG. 4'11.—Driver for a hard-tube pulser using a biased multivibrator with one stable state 
and a current-fed network for pulse-shaping. 

and associated circuit elements constitute a cathode-coupled biased 
multivibrator. The values of the circuit elements and voltages are such 
that the 6AG7 is normally conducting and the 3E29 is nonconducting. 
A negative trigger pulse applied to the grid of the 6AG7 makes this tube 
nonconducting, and the plate rises in potential. As a result, the grid of 
the 3E29 is raised in potential by virtue of the coupling capacitance 
Ci, and plate current starts to flow. The current flowing in the cathode 
resistance of the 3E29 then raises the potential of the cathode of the 
6AG7 through the m'edium of the coupling capacitance d, keeping this 
tube in the nonconducting state. The 3E29 remains conducting until 
the potential of the 6AG7 cathode falls sufficiently to allow this tube to 
become conducting again. The time required for the cycle to be com
pleted is determined by the time constant of the capacitance Ct and the 
cathode resistance. 

A current-fed network is connected in series with the plate of the 
3E29. In its simplest form, such a network is a short-circuited line-
simulating network, as indicated in Fig. 4-12a. The configuration 
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actually used for one of the networks in this driver is shown in Fig. 
4-126. The network of Fig. 4126 is used in preference to that of Fig. 
4-12a in order to obtain a better pulse shape. During the time that the 
3E29 is conducting, current builds up in the inductance of the network, 
thus storing energy in the amount ^LP. When the 3E29 suddenly 
becomes nonconducting at the end of the multivibrator operating cycle, 
the network begins to discharge through the load presented by the grid 
circuit of the switch tube. A positive voltage pulse is thus started at 
the plate of the 3E29 and the grid of the pulser switch tube. If the net-

Cl™™. 

= — 1 3E29 

(a) i (6) 
F I G . 4*12.—Current-fed networks used to form the pulse in the driver circuit shown in 

Fig. 4 1 1 . 

work is well designed and the load presented by the grid circuit of the 
switch tube matches the characteristic impedance of the network, the 
pulse voltage drops to zero when the energy stored in the inductance is 
completely discharged. The construction of the network therefore 
determines both the shape and the duration of the driver output pulse. 

The pulse duration obtained from this driver may be changed by 
connecting different pulse-forming networks into the circuit. In one 
pulser design, which was widely used in airborne microwave-radar 
systems, three pulse durations can be selected by remote-controlled 
switching of networks. For all three of these pulse durations, £, l£, and 
2\ /tsec, the conducting period for the 3E29 is the same. In this particu
lar case, the multivibrator is designed to allow 4.5 ^see for the buildup of 
current in the network. A considerable range of pulse duration at the 
driver output may therefore be obtained without changing the constants 
of the multivibrator circuit. 

The time delay between the start of the trigger pulse and the start 
of the driver pulse is inherently longer with this circuit than for those 
previously discussed because of the time required for current to build 
up in the inductance of the pulse-forming network. The dependence of 
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the pulse duration of the multivibrator output on the circuit voltages 
affects this time delay. If, for any reason, the voltages applied to the 
tubes of the multivibrator are subject to random variations, the change 
in time delay appears as time jitter in the output pulse. 

Because of the effect just mentioned,. a later version of this driver 
incorporated a modification of the multivibrator circuit such that the 
6AG7 tube is returned to the conducting state by the positive pulse 
obtained by connecting a short-circuited delay line in parallel with the 
trigger input as shown in Fig. 4-13. For this modification, indicated 

Delay line 
^ = 1 5 0 ohms 
26 = 4.5/x sec 

F I G . 4-13,—Driver for a hard-tube pulser using a biased multivibrator with one stable state 
and one quasi-stable state. The pulse-shaping is obtained with a current-fed network. 

in Fig. 4-13, the coupling capacitance between the cathodes of the two 
tubes is removed, and a direct connection is made in its place. The two 
tubes have, therefore, a common cathode resistor. The behavior of this 
circuit when a negative trigger pulse is applied to the grid of the 6AG7 is 
the same as that for the circuit of Fig. 4-11. The 3E29 is changed from 
the conducting to the nonconducting state by the positive pulse at the 
6AG7 grid, and, because it is again desired to have 3E29 conducting for 
4-5 tisec, the delay line is constructed so that it has a two-way transit 
time of 4-5 /jsec. This circuit, as well as the earlier version, has a single 
stable state, but, because of the long time constants in the grid circuits, 
the state in which the 3E29 is conducting can be considered quasi-stable 
as far as the circuit operation is concerned. The principal advantages of 
this arrangement over the previous one are a smaller dependence of 
circuit behavior on the 3E29 characteristics, and the possibility of better 
control over the length of the PFN-charging period. 
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For reasons already mentioned, it is desirable to have the normally 
" o n " tube of the multivibrator dissipate as little power as possible. I t 
is also desirable to keep the conducting period for the 3E29 short in order 
to maintain a high over-all efficiency. 

A pulse-forming-network driver can also be designed with a voltage-
fed network. In this case the driver is a line-type pulser of the type 
described in detail in Part I I of this volume. Although the pulse genera
tor used in the bootstrap driver, discussed in Sec. 4-1, is such a line-type 
pulser, the output power is too small for the driver function, and it is 
necessary to provide amplification. The subsequent development of 
pulse-forming networks and satisfactory gaseous-discharge tubes capable 
of handling high pulse power has eliminated the necessity of amplification. 
With the 3C45, 4C35, and 5C22 hydrogen thyratrons it is now possible 
to design line-type pulsers having a range of pulse-power output from a 
few kilowatts to several megawatts. 

The schematic circuit for one possible arrangement of a pulse-forming' 
network driver using a voltage-fed network is shown in Fig. 4-14. The 
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FIG. 4-14.—Pulse-forming-network driver for a hard-tube pulser. 

PFN is charged during the interpulse interval from the d-c power supply 
through an inductance and a diode in series. The output pulse is 
initiated by the application of a positive trigger pulse to the grid of the 
gaseous-discharge switch tube. When the tube is conducting, the PFN 
discharges into the load, which consists of the cathode resistor and the 
grid circuit of the high-vacuum switch tube of the pulser output circuit. 
The pulse shape and the pulse duration are determined by the character
istics of the PFN and its discharging circuit. The reader is referred to 
Part II for further details concerning the operation of line-type pulsers. 

When the pulser application requires only one pulse duration and 
recurrence frequency, it is unnecessary to have a diode in the charging 
circuit of the network. With the diode, however, it is possible to change 
recurrence frequency over a considerable range, and the pulse duration 
may be changed by connecting different networks into the circuit. 
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By using a pulse transformer, it is possible to connect the cathode of 
the gaseous-discharge tube to ground, as shown in Fig. 4-15, and thus to 
eliminate the need for a filament transformer with high-voltage insulation. 
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F I G . 4-15.—Pulse-forming-network driver with pulse-tranaformer coupling to the grid of 
the high-vacuum switch tube. 

A possible disadvantage is that the introduction of the pulse transformer 
may result in a somewhat poorer pulse shape a t the grid of the high-
vacuum switch tube. 



CHAPTER 5 

PARTICULAR APPLICATIONS 

B Y G. N. GLASOE 
6-1. The Model 3 Pulser—A Light-weight, Medium-power Pulser 

for Airborne Radar Systems.—The original specifications for this pulser, 
based on the requirements for a light-weight airborne search radar, ASV, 
and an aircraft-interception radar, AI, were formulated in the winter of 
1941. By the summer of 1945 this pulser had been incorporated into 
six different radar systems and their various modifications. The pulser 
was manufactured in very large numbers by the Stromberg-Carlson 
Company and the Philco Corporation. A revised model of the pulser, 
Mark II , in which improvements were made in engineering and manu
facturing details, was manufactured during the last year of the war. A 
few circuit modifications were also incorporated as a result of the experi
ence gained in the operation of the original version, Mark I. The revised 
pulser was designed to meet the requirement that it be physically and 
electrically interchangeable with the original unit. The stringent require
ments placed on the size and weight of this pulser resulted in some depar
tures from accepted engineering practices. Improvements in techniques 
and in the design and manufacture of components, however, warranted 
such departures, and extensive laboratory tests proved their feasibility. 
Because of the small size of this pulser compared with others that had 
previously been constructed for an equivalent power output, the unit was 
facetiously referred to as the "vest-pocket pulser." 

The Model 3 pulser was designed to meet the following specifications: 
Output pulse power: 144 kw (12 kv at 12 amp). 
Duty ratio: 0.001 maximum. 
Pulse duration: 0.5, 1.0 and 2.0 /isec. (Remote control of pulse 

selection.) 
Size: must fit into a cubical space 16 in. on a side. 
Weight: preferably no greater than 60 lbs. 
Ambient-temperature range: —40 to +50°C. (External fan to be 

provided with ambient temperature above +30°C.) 
Altitude: must operate satisfactorily at 30,000 ft. 
Input voltages: 115 volts at 400 to 2000 cycles/sec and 24v d-c. 

(The a-c frequency range was changed to 800 to 1600 cycles/sec 
when the revised pulser was being designed.) 

140 
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The design of a pulser to meet these specifications was undertaken 
before satisfactory pulse transformers and line-type pulsers were devel
oped. The design, of necessity, included the high-voltage power supply 
associated with a hard-tube-pulser design. The combined size, weight, 
and altitude specifications therefore required that the pulser be housed 
in an airtight container in order to maintain atmospheric pressure around 
the high-voltage parts of the circuit, regardless of the reduced external 
pressure at high altitude. The need for an airtight housing complicated 
the problem of heat dissipation. Because the lack of ventilation and the 
high external temperature caused the components to operate at high 
temperatures, it was imperative that the over-all efficiency be as high as 
possible. The size and weight specifications imposed the necessity of 
using small components, resulting in small factors of safety. The com
pleted pulser unit was mounted on a square base 15 in. by 15 in. by 4i in. 
The airtight housing was a cylinder having a diameter of 15 in. and a 
dome-shaped end of dimensions such that the over-all height was l l £ in. 
The combined heights of the base and housing were 16 in. A space 
under the base was provided for mounting a magnetron, TR tube, pre
amplifier, and miscellaneous parts associated with the r-f components. 
The original unit manufactured by Stromberg-Carlson weighed 64 lb, 
and the Philco unit weighed 60 lb. The revised pulser, which was 
manufactured by Stromberg-Carlson, weighed 53 lb. Photographs 
of the Stromberg-Carlson pulser are reproduced in Figs. 5 1 and 
5-2, and the schematic diagrams for these two units are shown in 
Figs. 5-4 and 5-5. 

The control circuit and connections to the primary power source are 
omitted for the sake of clarity. 

The Output Circuit.—The original plans for the Model 3 pulser called 
for its operation with the 2.121 and 2J22 magnetrons. THe 725A magne
tron, which was developed later, replaced the 2J21 as soon as it became 
available. From a knowledge of the operating characteristics of these 
magnetron oscillators, it was decided that the output voltage pulse 
obtained from the pulser could be allowed to drop as much as 2 per cent 
during a 1-jusec pulse without seriously affecting the frequency of the 
magnetron output. The minimum capacitance of the storage condenser 
to be used in the pulser was, therefore, determined from the relation 
AVi = h At/C„, as indicated in Chap. 2. For a pulse voltage of 12 kv 
and a pulse current of 12 amp, the capacitance of the storage condenser is 

„ 12 X 1 X 10-6 

2 X 10"2 X 12 X 103 = 0.05 X lO"6 farad. 

Operation at a pulse duration of 2-^sec was considered satisfactory, even 
though it resulted in a 4 per cent drop in pulse voltage at the magnetron 
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input, because these pulses were intended only for beacon interrogation. 
The current drop in the 2J21 and 2J22 magnetrons corresponding to this 
change in pulse voltage was approximately 10 to 15 per cent for a 1-jisec 
pulse. 

When using the T R tubes and receivers first developed for microwave-
radar systems, it was considered necessary that the trailing edge of the 
voltage pulse applied to the magnetron drop to zero in i /isec or less. 

FIG. 5-3.—Sketch showing the two types of airtight housing used with the Model 3 hard-
tube pulser. 

In order to accomplish this voltage drop when using a resistance as the 
recharging path for the storage condenser, this resistance had to be only 
three or four times the static resistance of the magnetron. Since the 
resulting pulse-power loss in the recharging resistance was appreciable, 
the need for high efficiency made this arrangement impractical. A 
10-mh inductance was chosen for the recharging path because it brought 
the trailing edge of the pulse down quickly and wasted less power since 
the pulse current in this shunt path is only 1.2 amp at the end of a l-/isec 
pulse. 
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In the original design the isolating element in series with the high-
voltage power supply was a 5-mh inductance. Oscillations in the voltage 
of the storage condenser occurred during the charging interval, as indi
cated in the curves of Figs. 2-39 and 2-40. The amplitude of these oscil
lations was sufficient to induce voltages in other parts of the circuit, 
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-Schematic diagram of the original Model 3 hard-tube pulser. 
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FIG. 5-5.—Schematic diagram of the revised Model 3 hard-tube pulser. 

causing false signals to appear on the indicator of the radar system. I t 
was therefore necessary to introduce a 500-ohm resistor in series with the 
5-mh charging inductance in order to eliminate these oscillations. The 
result of the addition is shown in Fig. 2-40. Since it proved difficult to 
find a satisfactory 500-ohm resistor that was not too bulky, the 5-mh 
inductance was soon replaced by a 10,000-ohm resistor. The shape of 
the trailing edges obtained with the 10-mh recharging path and the 
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10,000-ohm isolating resistor for the three pulse durations is shown in 
the oscilloscope traces reproduced in Fig. 2-25. The traces reproduced 
in Fig. 2-19 indicate the corresponding behavior when the 10-mh induct
ance was replaced by a 10,000-ohm resistor. 

As the development of radar systems and components progressed, it 
became evident that the importance of having a steep trailing edge on 
the voltage pulse had been overemphasized. Therefore, in the design of 
the revised version of the pulser less attention was given to this detail. 
Perfectly satisfactory operation of the radar system could be obtained 
with a voltage pulse that dropped to zero in as much as 1.5 /isec. 

The use of an inductance as the recharging path causes a positive 
backswing voltage to appear at the end of the pulse. This positive volt
age is added to the power-supply voltage at the plate of the switch tube 
and may result in sparking, particularly when the power-supply voltage 
is near the safe upper limit for the tube. It is therefore necessary to 
introduce a shunt diode, as indicated in Chap. 2. When an inductive 
resistor is used as the recharging path, and the magnetron is connected 
directly to the output of the pulser, the shunt diode is unnecessary. 
(This was one of the modifications incorporated into the revised design as 
a result of the relaxed requirement on the time for the voltage to fall to 
zero.) The photographs of Fig. 2-27 show the voltage pulses obtained 
with an inductive resistor in parallel with the magnetron load. 

It is generally desirable to have some available means of monitoring 
the current through the magnetron. In a hard-tube pulser, the average 
magnetron current is equal to the average current corresponding to the 
recharging of the storage condenser. This current may be measured 
simply by connecting an ammeter in series with the recharging path as 
indicated in the Figs. 5-4 and 5-5. This meter must be bypassed by a 
capacitance sufficiently large to prevent the meter from being damaged 
by the pulse current that flows while the switch tube is conducting. The 
precautions necessary for such average-current measurements are dis
cussed in detail in Appendix A. A resistor is usually connected in parallel 
with the meter in order to provide a conducting path when the meter is 
disconnected. This resistance must be large enough so that it introduces 
a negligible error in the ammeter reading, but not so large that it appreci
ably increases the condenser-charging time constant. (In the Model 3 
pulser this resistance was about 200 ohms.) When a shunt diode is 
used in the pulser, the average-current meter must be connected in such 
a way that it measures the sum of the currents in the diode and the 
recharging path. 

When the design of the Model 3 pulser was begun, no really satis
factory switch tube was available. The 304TH, which had been used in 
previous designs, required so much cathode-heating power that it could 
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not be considered for a small airtight unit. The development of the 
715B provided a tube that was capable of withstanding the high voltage 
and had sufficient cathode emission for the required plate current. 
Since this tube has an oxide cathode, much skepticism was expressed 
concerning its suitability for an application where a plate voltage of as 
much as 15 kv and a pulse-plate current of almost 15 amp were needed. 
Extensive life tests, however, showed that factory tests could be devised 
that would eliminate the relatively few tubes that could not meet the 
pulser requirements. 

The 715B tube is a tetrode and, as indicated in Chap. 3, its pulse 
characteristics make it very suitable as a pulser switch tube. The bias 
voltage that is necessary to keep the tube nonconducting during the 
interpulse interval is about —500 volts, although occasional tubes require 
as much as — 750 volts. The Model 3 pulser was designed with a bias 
voltage of at least —650 volts in order to insure a negligible plate current 
during the interpulse interval for the majority of 715B tubes. The bias 
voltage and the screen-grid voltage of +1250 volts are both obtained 
from the power supply in the driver circuit. Since a high resistance is 
connected in series with the screen grid as a protection against excessive 
screen grid current, it is necessary to bypass the screen grid to the cathode 
with a reasonably large capacitance. This capacitance was 0.06 jif in 
the original model, but was increased to 0.3 id in the revised pulser. 
The increase in size of the bypass capacitance improved the pulse shape 
for marginal tubes, since it decreased the drop in screen voltage during 
the pulse. 

With a screen-grid voltage of 1250 volts and a positive grid drive of 
200 to 250 volts, a pulse current of 12 amp can be obtained in the magne
tron for a tube drop of about 1.5 kv in the 715B. The plate current at 
the start of the pulse consists of the load current and the current through 
the 10,000-ohm isolating resistor. At the end of the pulse, the current 
that has been built up in the 10-mh shunt inductance is an additional 
contribution to the plate current. As stated previously, this additional 
plate current is about 1.2 amp for a l-/tsec pulse. Thus, the plate cur
rent should increase from 12 amp to 13.2 amp during the pulse if the 
magnetron current remains constant. The drop in the voltage on the 
storage condenser, however, causes the load current to decrease by an 
amount which may actually be more than the increase in current occurring 
in the 10-mh inductance, and as a result the net plate current may be less 
at the end than at the beginning of the pulse. 

A plot of the components of the cathode current in a 715B switch 
tube used in one of these pulsers is shown in Fig. 5-6. The pulse current 
in the magnetron load, the current in the 10-mh inductance, the screen-
grid current, and the total cathode current were measured by means of a 
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synchroscope and calibrated noninductive resistors. The block labeled 
"I„ + 7ioKr«i.tor + errors" was not measured, but its magnitude agrees 
well with the expected value. With a power-supply voltage of 12 kv 
and a magnetron-pulse voltage of 10-5 kv, the current in the isolating 
resistor is about 1 amp, which leaves a value of about 0.5 to 0.9 amp for 
the control-grid current. This value agrees with the pulse characteristics 
for the 715B shown in Fig. 3-7. The drop in voltage on the 0.05-/if 

storage condenser for a 2-/*sec pulse 
should be about 480 volts. The 
observed drop in magnetron cur
rent was 3 amp, corresponding to 
a dynamic resistance of 160 ohms, 
a value that is also in agreement 
with the known characteristics of 
the 725A magnetron used for these 
measurements. From this plot it 
may be seen that the total cathode 
current actually decreases slightly 
during the pulse. The slight de
crease in the screen-grid current 
is due to a drop in screen-grid volt
age during the pulse caused by a 
bypass condenser of insufficient 
capacitance (0.06 id). 

Because of the high frequency 
of the primary power source, 400 to 
2400 cycles/sec for the airborne 
radar systems, it was possible to 
consider using a voltage-doubler 
rectifier for the high-voltage sup
ply. The size of the power trans
former and the voltage on the filter 

condensers for this design were less than those for an equivalent half-wave 
or full-wave rectifier. The over-all specifications for the systems using the 
Model 3 pulser called for reasonably good regulation of the voltage from the 
alternators. Therefore, because the inherent voltage regulation of the 
voltage-doubler power supply was poor, it was necessary to specify that 
the same duty ratio be used for each of the three pulse durations. The 
high-voltage power supply in this pulser consisted of two 0.15-^f 8-kv 
condensers in a single can, and two RKR72 rectifier tubes. (Later the 
3B24 became available and replaced the RKR72.) The high voltage 
could be changed by means of an 8-ohm variable resistor connected in 
series with the primary of the high-voltage transformer. In order to 

Time in /i sec 
F I G . 5-6.—Components of 715B cathode-

current pulse with magnetron load. 
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cover a wider range of voltage without using a larger resistance, there were 
three taps on the transformer primary. The regulation of the power 
supply was considerably poorer with the resistance in the circuit. The 
curves of Fig. 5-7 indicate the regu
lation obtained with and without 
the 8-ohm resistance. 

The average current taken from 
the high-voltage power supply dur
ing the operation of a pulser serves 
as a convenient means of monitor
ing the circuit behavior. A power-
supply current that is higher than 
the value corresponding to the av
erage current in the magnetron in
dicates the breakdown of insulation 
somewhere in the high-voltage part 
of the circuit. In this way, it is 
often possible to detect the start of 
breakdown of the insulation in the 
filter and storage condensers. The 
average current is measured in the ground connection to the power supply 
in the same manner used to measure the magnetron average current. In 
this pulser, the average power-supply current was about 5 ma higher than 
the average magnetron current, in the range 8 ma to 12 ma, when a 0.001 
duty ratio was used. 

One of the major circuit modifications made in the design of the 
revised Model 3 pulser was a change in the high-voltage power supply. 
At the beginning of the description of the pulser output circuit, it is 
stated that a 2 per cent drop in pulse voltage was considered allowable 
for a l-/isec pulse. One of the factors involved in this consideration was 
the physical size of the storage condenser. If it had been possible to use 
a capacitance larger than 0.05 /if in the available space, a drop in voltage 
smaller than 2 per cent would have been desirable. A smaller drop in 
voltage during the pulse was obtained by combining the condensers of the 
voltage-doubler rectifier with the storage condenser, as shown in Fig. 5-5. 
The same condensers serve both purposes, and the effective storage 
capacitance was therefore 0.15 /if. Thus, the drop in voltage is one third 
of that obtained with the 0.05-/if condenser of the original design. 

The power-supply arrangement of the revised pulser had one dis
advantage, namely, that the effective filtering action was not as good 
as that obtained with the original arrangement. This disadvantage was 
alleviated, however, by the fact that the minimum frequency of the pri
mary power supply had been raised from 400 cps to 800 cps by the time 
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this revision was considered. With the 800 cps a-c supply, a small 
amount (two or three per cent) of amplitude jitter was observable on the 
magnetron current pulse. This small amplitude jitter was not found to 
have any observable effect on the magnetron operation. 

The Driver Circuit.—The regenerative driver designed for this pulser 
used an 829 tube and a GE 68G627 pulse transformer. The circuit for 
this driver is discussed in Sec. 4-2 and is shown in detail in Figs. 5-4 and 
5-5. The power supply for the driver consisted of two half-wave recti
fiers, one for the positive and one for the negative voltages required. The 
same positive voltage was used for the 829 plate and the 715B screen grid. 
The 829 screen grid and bias voltages were obtained from taps on the 
bleeder resistance connected across the two parts of the power supply. 
In the revised design, the filter condensers in the driver power supply 
were made considerably smaller than those in the original, again because 
of the higher frequency of the a-c input. 

The pulse-forming networks used in the early driver units consisted 
of several inductance and capacitance sections. As stated in Sec. 4-2, 
the impedance of these networks is not critical, so it was possible to use 
standard sizes of condensers and then adjust the inductances to produce 
the desired pulse duration. The general procedure in designing such a 
network is to make an approximate calculation of the values of LN and 
CN from the two relationships r = 2 \/LNCX and ZN = \/LN/CN with 
Zw ~ 1000 ohms. The actual value of LN is then determined empirically 
using the nearest standard condenser size. Once the constants for the 
networks are found, it is somewhat of a problem to control the production 
methods so as to have pulse durations that lie within a +10 per cent 
tolerance about the nominal value. This problem arises from the fact 
that the actual pulse duration depends on many factors, such as the 
network itself, the pulse transformer, the stray inductances and capaci
tances in the driver circuit, the tube characteristics (to some extent), 
and also the load presented to the driver by the grid circuit of the switch 
tube. The final procedure adopted by the pulser manufacturers was to 
test each completed network for proper pulse duration, rather than to 
depend on inductance and capacitance measurements. 

Experience with the regenerative-driver circuit indicated that a 
satisfactory pulse shape could be obtained with pulse-forming networks 
that were reduced to single inductances and condensers, at least for a 
pulse-duration of 1 Msec or less. Accordingly, the networks used in the 
revised design were built in this manner, as shown in Fig. 5-5. I t thus 
became feasible to make the single inductance variable, and thereby to 
have an available means for varying the pulse duration. In the units 
manufactured by the Stromberg-Carlson Company the inductance was 
varied by means of a copper slug that could be moved toward or away 
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from the end of the coil. This copper slug provided an adjustment of 
about +10 per cent in the pulse duration. In units manufactured by 
the Philco Corporation, the variation was obtained by means of a ferro
magnetic slug that could be moved along the axis of the coil. A variation 
of about +20 per cent was made available by this arrangement. The 
variable inductance proved to be a great convenience because it allowed 
the pulse duration to be adjusted after the completion of the whole driver 
unit. 

Protective Measures.—Because of the strict limitation on the size of 
the Model 3 pulser, it was decided that a minimum of time-delay and 
overload-protection devices would be incorporated. Consequently, the 
control circuit was made as simple as possible. Two relays were pro
vided to be actuated by the available 24 v d-c. The first controlled the 
a-c input to all except the high-voltage transformer. By energizing the 
second relay, the high-voltage power supply was turned on. The only 
control over the delay time required after turning on the filaments and 
before turning on the high voltage was a sign warning the operator to 
wait three minutes. Instead of a relay for overload protection, two fuses 
were provided, a 10-amp fuse in the main a-c line to the pulser, and a 
5-amp fuse in series with the high-voltage power transformer. 

In the original unit, a bleeder resistance was provided across the 
high-voltage power supply. When the input circuit to the power trans
former was opened, this bleeder reduced the voltage on the filter condenser 
rapidly enough to give reasonable protection against electric shock. 
The bleeder resistance could not be used with the revised pulser, however, 
and it was therefore necessary to provide a shorting device. This device 
was a mechanically operated shorting bar that short-circuited the power 
supply when the airtight housing was removed. 

Heat Dissipation.—Since the unit was required to be airtight, it was 
necessary to circulate the air within the housing in order to obtain as 
much heat transfer as possible to the walls. This circulation was accom
plished by means of a small blower with a 24-v d-c motor. The outside of 
the housing was corrugated to increase the surface area exposed to the 
external air. The power input to the original pulser was about 450 watts 
for an output of 144 watts. Thus, about 300 watts were dissipated within 
the airtight container. The temperature rise within the unit under these 
conditions was about 55°C. With an external fan blowing air against 
the outside of the housing at the rate of 60 ft3/min, this temperature rise 
was reduced to about 40°C. The heat dissipation in the revised pulser 
was reduced slightly from the above figure and, with improved heat 
transfer to the walls of the housing, the internal temperature rise was 
about 40°C without an external fan. In the revised design, better heat 
transfer to the outside air was obtained by the use of a double-walled 
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housing. The internal blower forced the heated air to pass between the 
walls of the inner and outer housing wall, as shown in the sketch in Fig. 
5-3. Because of the high temperature at which the components of this 
pulser must operate, special attention was given to the choice of the 
condensers. The Sprague Vitamin Q condensers proved satisfactory up 
to 105°C, and were therefore used in both the original and revised 
Model 3 pulsers. 

6.2. The Model 9 Pulser—A 1-Mw Hard-tube Pulser.—The need 
for a high-power pulser to be used in the testing of magnetrons became 
urgent early in 1941. The research and development that was started 
at this time led to the design of a hard-tube pulser that could deliver a 
pulse power of 1 Mw (25 kv at 40 amp) to a magnetron. The original 
design of this unit was called the Model 4 pulser, but after some modifica
tions were introduced, particularly in the driver circuit, the pulser became 
known as the Model 9. In addition to its use in determining the per
formance characteristics of magnetrons, this pulser was used in some 
ground-based radar systems. One of these systems in particular was 
widely used as a mobile radar unit in both defensive and offensive opera
tions during the war. The Model 9 pulser was used in this radar applica
tion because its operational characteristics satisfied the requirements for 
precision ranging and automatic following. The operational use of this 
radar system demanded that a very high degree of reliability be main
tained over long periods of time under conditions of almost continuous 
operation. Because of the somewhat unsatisfactory life of the available 
switch tubes and magnetrons with the full 1-Mw pulse power, the pulser 
was operated at a pulse-power output of about 800 kw. 

The Model 9 pulser was designed to meet the following specifications: 
Output pulse power: 1000 kw (25 kv at 40 amp). 
Maximum duty ratio: 0.002. 
Pulse duration: 0.25 to 2.0 jisec (remote control of pulse selection). 
Size and weight: As small as possible compatible with good engineering 

design. 
Input voltage: 115 volts, 60 cycles/sec, single phase (the units for the 

mobile radar system were built for three-phase supply). 

The specified voltage and current output for this hard-tube pulser 
required that the high-voltage power supply be designed for about 30 
kv and 100 ma. Because of this high voltage and average current, it 
was impractical to design the pulser and the power supply as a single 
unit. Consequently, the pulser was built in one cabinet and the power 
supply in another, necessarily making the total weight larger than it 
would be for a single unit. The completed pulser occupies a cabinet 
26 by 34 by 55 in. and weighs about 800 lb. The power-supply cabinet is 
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approximately the same size but weighs about 1200 lb. The photographs 
reproduced in Fig. 5-8 indicate the disposition of the components in the 
pulser cabinet. The schematic diagram for the Model 9 pulser with 
control circuits omitted is shown in Fig. 5 9 . 

The Output Circuit.—For the measurements necessary in determining 
the performance characteristics of a magnetron, it is desirable to have the 
shape of the output pulse from the pulser as rectangular as possible. 
It was therefore decided that the top of the voltage pulse should be flat to 
better than the 2 per cent figure allowed in the Model 3 pulser design. 
The choice of the actual energy-storage capacitance to be used was 
influenced by the available high-voltage condensers. Since a value of 
0.125 nl was chosen, the drop in pulse voltage for a 1-^sec pulse is about 
1.3 per cent at the full output power from the pulser (25 kv at 40 amp). 
This value of the storage capacitance was considered sufficient for the 
majority of the applications, and for many of these, the drop in voltage 
was not greater than 1 per cent because the actual pulse current used 
was less than the maximum value of 40 amp. 

As in the case of the Model 3 pulser, the trailing edge of the voltage 
pulse was required to drop to zero in less than 0.5 /isec. With a magne
tron load, the rate of fall of the pulse voltage depends on the amount of 
energy stored in stray capacitance during the pulse, and on the nature of 
the recharging path for the storage condenser. The stray capacitance 
and voltage were larger for the Model 9 pulser than for lower-power 
pulsers, and consequently, if a resistance were to be used as the recharg
ing path, its value would have to be so small that a large amount of pulse 
power would be wasted. It was therefore decided to use a 5-mh induct
ance in place of the resistance, this value being adequate even for the 
0.5- and 0.25-/isec pulses. 

The isolating element in series with the high-voltage power supply is 
a 10,000-ohm resistance. Thus, a pulse current of about 2.5 amp flows 
through this resistance at maximum pulse voltage output from the pulser. 
The power lost during the pulse interval in this resistance at the maximum 
duty ratio of 0.002 is, therefore, 

P = PCRCT(PRF) = (2.5)2 X 104 X 0.002 = 125 watts. 

If the maximum duty ratio of 0.002 corresponds to operation at a pulse 
duration of 1 /usec and a PRF of 2000 pps, the interpulse interval is 
5 X 10 -4 sec. If it is assumed that the 10,000-ohm resistor constitutes 
the entire recharging path for the storage condenser, the power dissipated 
during the interpulse interval may be calculated as outlined in Sec. 2-4. 
Thus, in this case, the time constant is 

RC = 104 X 0.125 X 10-" = 1.25 X lO"3 sec. 
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and the interpulse interval is equal to OARC. The rms charging cur
rent is then 1.006 times the average current. For operation at full 
pulse power and 0.002 duty ratio, the average recharging current is 
80 ma, so (I,)™ = 80.5 ma, and the power lost in the charging resistor is 
(0.08)2 X 104 « 64 watts. The isolating resistance must therefore be 
capable of dissipating about 200 watts. Because of the high voltage 

rj rrh s-,'int 6C21 Driver 
induitmne lubes chassis 

FIG. 5-8.—Photographs of 

across this resistance, the pulser was designed with four 2500-ohm units 
in series. 

In order to eliminate the backswing voltage inherent in the use of 
the inductance recharging path, it was necessary to incorporate a shunt 
diode into the pulser design. This diode had to be capable of passing a 
pulse current of several amperes, and of withstanding an inverse voltage 
of 25 kv. The choice of tube for this function was somewhat limited, and 
it proved to be more economical of space and cathode power to use two 
8020 diodes in parallel, rather than a single large tube. I t was necessary 
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to use more than one 8020 tube because the plate dissipation was greater 
than that allowed for a single tube. 

The average magnetron current is measured by a meter connected in 
series with the recharging path for the storage condenser. In the Model 
9 pulser, a current-sensitive relay is connected in series with this meter. 
The contacts of this relay are connected in series with the primary winding 

the Model 9 1-Mw pulser. 

of the transformer used to heat the magnetron cathode. By adjusting a 
resistance in parallel with the coil of this relay, it is possible to have the 
magnetron-cathode heater current shut off when the average magnetron 
current reaches a certain minimum value. This feature was added to this 
pulser because the back-bombardment heating of the magnetron cathode 
became large enough at high average power to keep the cathode hot 
without any current in the heater. This automatic reduction of the 
cathode-heating power minimized the danger of overheating the cathode, 
and the consequent shortening of the life of the magnetron. 
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Control circuits are not shown 
FIG. 5 9.—Schematic diagram for the Model 9 1-Mw hard-tube pulser. Control circuits are not shown. 
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A survey of available tubes that could be used as the switch in the 
Model 9 pulser indicated that the Eimac 1000 UHF triode, later called 
the 6C21, was the best choice. The pulse characteristics for this tube, 
shown in Fig. 3 10, indicate that three tubes in parallel are required to 
obtain a pulse current of 40 amp in the pulser load. I t proved to be 
more economical of cathode-heating power and grid-drive power to use 
several of these tubes in parallel, instead of a single large tube that could 
withstand the plate voltage of 30 kv and carry the required pulse current. 
Although the 1000 UHF was rated for a considerably lower plate voltage, 
laboratory tests proved that the tube could be operated at 30 kv under 
the conditions of pulse operation. 

The pulse currents in the 10,000-ohm isolating resistance and in the 
5-mh recharging inductance must be added to the load pulse current 
when determining the total plate current for the switch tubes. For a 
40-amp load current in the Model 9 pulser, the total plate current is 
45 to 50 amp. The curves of Fig. 3-10 indicate that this plate current can 
be obtained with three 6C21 tubes in parallel if the positive grid drive is 
1000 to 1500 volts and the tube drop is 4 to 5 kv. Under these conditions 
the pulse-grid current becomes about 1.5 to 2.5 amp for each tube. In 
order to keep the 6C21 tube from conducting during the interpulse inter
val, the grid must be biased at least 1200 volts negative when the plate 
voltage is 30 kv. The pulser was designed with a grid bias of 1500 
volts to insure a negligible plate current during the interpulse interval for 
any tube. The grid-driving power necessary for the switch-tube opera
tion in this pulser is therefore about 20 kw. This value is not unreason
ably large for a 1-Mw pulser. 

The Driver Circuit.—The driver circuit used for the Model 9 pulser 
has been described in Sec. 4-3. A block diagram and a simplified sche
matic of this driver are shown in Figs. 4-9 and 4-10. The 3E29 tube was 
chosen for the final pulse amplifier in this driver because the grid swing 
of 2.5 to 3 kv required for the 6C21 tubes could not be obtained from an 
829 tube. As stated in Chap. 3, the 829 tube has a plate-voltage rating 
for pulse operation of 2 kv, whereas the 3E29 was designed for a plate 
voltage of 5 kv. Although the grid current of 5 to 8 amp in the three 
6C21 tubes could be obtained with a single 3E29 tube, the driver was 
designed with two of these tubes in parallel in order to provide a greater 
factor of safety. A plate voltage of 4 kv and a screen-grid voltage of 
720 volts was used for these final amplifier tubes in the driver. 

Since the voltage output available from the 6L6 buffer amplifier 
following the multivibrator was not sufficient, an intermediate amplifier 
tube was necessary. An 829 could serve this purpose, but in order to 
reduce the number of tube types, another 3E29 was used instead, which 
operated with the plate voltage and the screen-grid voltage obtained 
from a 750-volt power supply. 
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As stated in Sec. 4-3, the pulse duration obtained from this driver is 
changed by varying the length of the delay line in the feedback (tail-
biting) circuit. This variation is accomplished by means of a series of 
taps on the delay line which can be selected by a switch. This switch is 
mechanically linked with another switch that changes the constants in 
the multivibrator in order to keep the pulse duration for the multivibrator 
about 25 to 40 per cent larger than that desired at the output of the driver. 

The driver for the Model 9 pulser was constructed in a unit physically 
separable from the rest of the pulser. This arrangement provides an 
easy means of servicing the driver and making any desired modifications. 
All the d-c voltages necessary for the driver circuit, with the exception of 
the 4-kv supply for the 3E29 plates, are obtained from power supplies 
contained in the driver unit. 

Modifications to Obtain Continuously Variable Pulse Duration over the 
Range 0.5 usec to 5 fisec.—A slight modification of the driver circuit made 
it possible to vary the pulse duration continuously over the range 0.5 
to 5 /zsec. This variation was accomplished by removing the delay line 
entirely and introducing a variable resistance in place of the switch and 
the series of fixed resistances in the grid circuit of the normally "on" 
half of the 6SN7 multivibrator tube. Since the pulse duration is approxi
mately an exponential function of this grid resistance, a tapered potentio
meter was designed to allow the pulse duration to vary with the position 

of the adjustment control in a rea
sonably linear manner. The mod
ified multivibrator is shown in Fig. 
5-10. The circuit elements indi
cated in heavy lines are those that 
were changed from the original 
arrangement shown in Fig. 5-9 in 
order to obtain satisfactory opera
tion over the 0.5-to 5.0-/*sec range 
in pulse duration. The only other 
change in the driver circuit nec
essary for this purpose was the 
addition of an inductive resistor 

with a resistance of 1000 ohms and an inductance of 160 nh across the 
secondary of the pulse transformer following the first 3E29 tube. This 
element was necessary to make the driver output pulse fall more rapidly; 
it was not needed in the original circuit, because the feedback pulse 
through the delay line provided a sufficiently fast rate of fall for the driver 
pulse. 

Bosidss these changes in the driver circuit, two other modifications 
were mada in the Model 9 pulser for the extension to 5-/xsec Operation. 

1(W 0.003*1 

-15v +200v 
F I G . 5-10.—Modified multivibrator circuit 

for driver in Model 9 pulser to provide pulse 
durations continuously variable over the 
range 0.5 to 5 /jsec. 
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The 0.125-jif storage capacitance was replaced by a 0.3-/zf capacitance. 
With the larger capacitance, the drop in voltage during a 5-/isec pulse 
is about two per cent at the full power output of 25 kv and 40 amp. The 
other change in the output circuit consisted of replacing the 5-mh induct-

+ 600 v 

FILV. o*ll.—Regenerative driver for 0.1- to 0.5-/ise£ operation of the Model 9 pulser. 

ance in the storage-condenser recharging path by a 2.5-mh inductance and 
4000-ohm resistance in series. With this inductance-resistance combina
tion, the trailing edge of the voltage pulse is brought down quickly, and 
the pulse current in these elements is considerably less than that in the 
5-mh inductance for long-pulse operation. 
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Modification to Obtain Pulser Operation over the Range 0.1 usec to 0.5 
lisec.—A regenerative-driver circuit similar to that described in Sec. 4-2 
was also designed to be used with the Model 9 pulser for pulse durations 
from 0.1 to 0.5 jusec. The schematic circuit is shown in Fig. 5-11. This 
driver was constructed to be physically and electrically interchangeable 
with the variable-pulse-duration driver, thus providing a pulser that 
can be operated over the range in pulse duration from 0.1 to 5 jisec. For 
the operation, from 0.25 to 0.5 i^sec, the 4000-ohm resistance in the stor
age-condenser recharging path is short-circuited in order to make the 
voltage pulse fall quickly, and for 0.1-/xsec operation only 1 mh of the 
2.5-mh inductance is used. When a long tail on the voltage pulse is not 
objectionable, the output circuit of the pulser can be used in the same 
manner as for the longer pulse operation. 

Protective Measures.—Because of the high voltage necessary for this 
1-Mw hard-tube pulser, great care is taken to protect the operator from 
accidental shock. Interlocks are provided on all doors, and all the power 
supplies have bleeder resistances to discharge the filter condensers. An 
automatic shorting bar is actuated so as to discharge the storage con
denser when the cabinet doors are opened. Overload relays and fuses 
are incorporated to protect components against abnormal increases in 
voltage and current in critical parts of the circuit. 

Since several kilowatts of power are dissipated inside the pulser 
cabinet, it is necessary to provide protection against overheating of com
ponents. A large blower is therefore installed to draw air through a 
filter from outside the cabinet and circulate it inside the cabinet. 

6-3. A High-power Short-pulse Hard-tube Pulser.—This pulser was 
designed and constructed for the purpose of determining the behavior of 
magnetrons and the operation of radar systems under conditions of high 
pulse power and very short pulse duration. For these tests it was 
specified that the pulser be capable of delivering pulse power of 1 Mw or 
more to a magnetron at various pulse durations in the range from 0.03 
jisec to 0.15 jisec. The pulse shape was to be as rectangular as possible 
in order that a reasonable evaluation could be made of the magnetron 
and radar-system performance in terms of the pulse duration. It was 
further required that the pulse-power input to the magnetron be adjust
able from small to large values without any appreciable change in the 
pulse shape or the pulse duration. The combination of these require
ments dictated that the pulser be of the hard-tube type. 

The schematic diagram for the pulser circuit designed to meet the 
above requirements is shown in Fig. 5-12. Photographs of the unit 
constructed for the laboratory tests are reproduced in Fig. 5-13. 

The Output Circuit.—Because of the limitation imposed by available 
components, particularly the switch tube, the pulser was designed for a 
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maximum voltage-pulse amplitude of about 30 kv, and a pulse current 
of about 35 amp. Since it was desired that the short pulses be nearly 
rectangular, the output circuit had to be designed for a very high rate of 
rise of voltage. The inductance and the shunt capacitance in the pulser 
circuit therefore had to be kept as small as possible. In order to minimize 
the inductance introduced by the circuit connections, the components 
were mounted as close together as their physical size would permit, 
allowing for the spacing necessary to prevent high-voltage flash-over. 
The importance of keeping the stray capacitance small is evident when 

+ Hv 30-35 kv 

4 500v 

F I G . 5-12.—Schematic diagram of the circuit for a high-power short-pulse hard-tube pulser. 

the charging current, C. dvi/dt, for this capacitance is considered. For 
example, if the capacitance across the output terminals of the .-pulser is 
20 nni and the voltage pulse at the load is to rise to 30 kv in 0.01 Msec, 
the condenser-charging current is 60 amp. Since this current must flow 
through the switch tube, the maximum plate current needed to obtain a 
large value of dv/dt may be considerably greater than that needed to 
deliver the required pulse power to the load. The magnetron may have a 
capacitance of 10 to 15 /i/*f, between cathode and anode, so it is obvious 
that the additional capacitance introduced by the pulser circuit must be 
small. 
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The storage capacitance used for this pulser consisted of two 0.05-^f 
15-kv condensers connected in series. The effective capacitance of 0.025 
id was ample for the short pulse durations, since the drop in voltage is 
only 140 volts for a 0.1-/isec 35-amp pulse. These condensers were 
arranged so as to keep the connections short and the stray capacitance 
to ground low, as may be observed in the photographs of Fig. 5-13. 

One of the most serious problems encountered in the design of this 
pulser was the choice of a satisfactory switch tube. The requirements of 
high pulse voltage and high pulse current could not be met by a single 
tube of any available type. I t was necessary to choose the 6D21 tetrode 
from the standpoint of the high plate voltage needed, and to use four of 
these tubes in parallel in order to obtain the plate current required for 
the maximum pulse-power operation. The curves of Fig. 3-10 indicate 
that four 6D21 tubes are capable of a total plate current of 70 to 80 amp, 
which is sufficient to allow the voltage pulse to rise a t the rate of 3000 
kv/Vsec for a stray capacitance of about 20 nni. 

In order to minimize the inductance in the pulse circuit, the plate 
terminals of the four 6D21 tubes were interconnected by means of a 
thick brass plate. This brass plate served also as the mechanical support 
for one end of the storage condenser in order to provide a short connection 
and to keep the capacitance to ground small. The other terminal of 
the storage condenser was attached to the magnetron-cathode terminal 
as can be seen in Fig. 5-13. The inductance of the ground connection to 
the cathodes of the four 6D21 tubes was also kept small by mounting the 
sockets on a heavy brass plate that served as the common ground ter
minal for the pulser circuit. 

The low value of stray capacitance across the pulser output aided the 
quick return of the pulse voltage to zero at the end of the pulse. In 
order to make the voltage fall to zero in a few hundredths of a micro
second, however, it was still necessary to use a relatively low resistance 
for the storage-condenser recharging path. A value of 2000 ohms was 
used, although this value was only about twice the normal load resistance. 
The use of an inductance for the recharging path was not considered, 
because it would then be necessary to add a shunt diode to eliminate the 
backswing voltage, and the addition of such a diode to the circuit would 
of necessity increase the stray capacitance. It was considered more 
important to keep this capacitance small than to decrease the pulse power 
lost in the shunt path by the use of an inductance. 

The Driver Circuit.—Because of the relatively large pulse power 
required to drive the grid of four 6D21 tubes, it was decided to use a 
pulse-forming network driver of the type discussed in Sec. 4-3. This 
driver was a line-type pulser using inductance charging of the pulse-
forming network. A hold-off diode was used in the network-charging 
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circuit in order to provide some flexibility in the range of pulse recurrence 
frequencies that could be used. The circuit was so arranged that the 
screen-grid voltage for the 6D21 tubes was obtained from the power 
supply used to charge the network. 

The pulse-forming network in this driver consisted of a short length 
of 50-ohm high-voltage pulse cable. The pulse duration could then be 
easily changed by varying the length of the cable. The lengths actually 
used for various pulse durations were obtained experimentally, and are 
indicated in the diagram of Fig. 5-12. The approximate length to be 
used for a particular pulse duration can be calculated since it is known 
that the velocity of propagation for a voltage wave in this cable is about 
450 ft/Vsec and that the wave must traverse the length of cable twice 
during the pulse. The coil of cable used for the pulse-forming network 
may be seen in the photograph of Fig. 5-13. 

In order to obtain a fast rate of rise for the pulse applied to the grids 
of the 6D21 tubes, it was necessary to keep the connection between the 
driver and the grid terminals as short as possible. The 4C35 switch tube 
of the driver was therefore mounted upside down beneath the plate sup
porting the four tubes. Since the cathode of the 4C35 must rise and fall 
in potential along with the 6D21 grids, a low-capacitance transformer was 
used to supply the cathode-heating power. 

Operation.—This pulser was operated at pulse durations as short as 
0.02 jisec and at a pulse power of 950 kw with a magnetron load. The 
magnetron pulse current was not observed in the usual way (see Appendix 
A), in which a resistor is introduced between the magnetron anode and 
ground, because for these short pulses the added capacitance and induct
ance introduced by such a resistor was sufficient to cause distortion of 
the pulse shape. The pulse current was determined from the measured 
average magnetron current, the pulse recurrence frequency, and the 
pulse duration. The pulse duration was measured for the r-f envelope 
pulse, and the oscilloscope sweep speed calibrated by measuring the 
frequency difference between the first minima on either side of the center 
frequency of the r-f spectrum. This calibration was done with a 0.1-Msec 
pulse whose frequency difference of 20Mc/sec could be measured with 
reasonable precision. 

Photographs of the oscilloscope traces for some voltage and r-f pulses 
obtained with this pulser are reproduced in Fig. 5-14. The time delay 
between the start of the voltage pulse and the start of the r-f pulse is 
characteristic of magnetrons, and its magnitude depends on a large 
number of factors (cf. Chap. 9 of Vol. 6). The relatively slow rate of 
rise for the r-f envelope pulse is due in part to the detector and the oscillo
scope circuit used to obtain the trace. The fraction of the observed time 
required for the r-f pulse to build up that was due to the circuit and the 
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fraction that was inherent in the magnetron output were not determined 
in these cases. Other experiments1 have indicated that the time for this 
buildup may be about 0.01 ^tsec. 

One of the interesting results obtained with this pulser is the fact 
that a magnetron can operate satisfactorily with considerably higher 
pulse-power input as the pulse 
duration is decreased. With a 
725A magnetron, for example, the 
operation was satisfactory, tha t 
is, there was no sparking, with a 
pulse-power input of 900 kw at a 
pulse duration of 0.03 /jsec. The 
r-f power output under these con
ditions was 195 kw. In contrast, 
the magnetron could not be oper
ated above 15 kv and 15 amp 
without sparking when the pulse 
duration was about 2 /^sec. 

6-4. The Application of Pulse-
shaping Networks to the Hard-
tube Pulser .—Throughout the 
preceding discussions of the design 
of hard-tube pulsers, the effect of 
the value of the storage-condenser 
capacitance on the change in pulse 
voltage and pulse current during a 
pulse is emphasized. I t is shown in Chap. 2 that, if the time constant for 
the discharging circuit of the storage condenser is large compared with the 
pulse duration, the drop in pulse voltage during the pulse is given approxi
mately by the relation AVt = IIT/CW. If the pulse voltage changes, the 
pulse current also changes, but, as indicated in Chap. 2, the above relation 
is a sufficiently good approximation when AVi is only a small percentage 
of the pulse voltage. 

When the load on a hard-tube pulser is a pure resistance, 
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F I G . 5 14.—Photographs of oscilloscope 
traces for voltage and r-f pulses obtained 
with a high-power short-pulse hard-tube 
pulser. (a) 0.1 Msec pulses, (6) 0.03 psec pulses. 

A7 AV 

where /„,.» and Fm«i are the maximum load current and voltage at the 
beginning of the pulse. With a magnetron or biased-diode load the 
dynamic resistance is generally only a small fraction of the static resist
ance, and A / / / m „ > AV/Vm^, the inequality becoming larger as the 

1 F. F. Rieke and It. C. Fletcher, "Mode Selection in Magnetrons," RL Report 
No. 809 Sept. 28, 1945. 
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dynamic resistance becomes smaller, In some cases the magnitude of 
the current change may be so large that the operation of the magnetron 
oscillator is unsatisfactory. For given values of It and T the magnitude 
of AF can be decreased by increasing Cw, but the resulting increase in 
condenser size becomes a serious problem when the size and weight of 
the completed pulser are important. The purpose of the present discus
sion is to point out a method for reducing the change in load current 
during the pulse without increasing the storage capacitance. The 
method consists of adding a network in series with the discharging circuit 
of the storage condenser. The network may be simply a resistance and 
an inductance in parallel, or it may be a more complex combination of 
resistance, inductance, and capacitance. 

In order to indicate the effect of such a network on the load current 
during the pulse, an example in which the network consists of an induct
ance, L, and a resistance, R, in parallel is discussed in detail. The fol
lowing discussion deals only with the load current associated with the 
top of the pulse, so the output circuit of the pulser may be simplified by 
neglecting the stray capacitance and inductance inherent in any design. 
The circuit is further simplified by considering an ideal switch with its 

effective resistance combined in the load re
sistance. The analysis is made for the circuit 
shown in Fig. 5-15 with a pure-resistance 
load. The initial voltage on the storage 
condenser is Vw, and the current in L is 
assumed to be zero before the switch ST is 
closed in order to start the pulse. The re-

Fia. 515.—Simplified out- sistance R't includes any resistance in series 
puLrC'with an LB-networfto with the pulse circuit exclusive of that intro-
minimize the change in load duced by the network. Thus R\ represents 
current during the Pulse. t h e e f f e c t i v e r e s i s t a n c e (R, + rp) f or a resist
ance load Ri and a switch tube of resistance rp. Using Kirchoff's laws, 
the Laplace-transform equations for this circuit are 

Rn(p) + R'MP) + 7^7 = v ' ( 1 ) 

RU(p) + LpU{p) = 0, (2) 
and 

UP) + t2(p) = UP). (3) 
An equation for Ii(p) is obtained by combining Eqs. (1), (2), and (3), 
with the result 

ig)(p + i) w - , , {RRJ:VL ~'—R— (4) 
p + (R + R^LCv,v + (R + R\)LC„ 
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Let 

and 

_ _ RRiCw + L ,.-, 
2 0 _ (R + R\)LC„ {5} 

h ~ (R + R[)LCj ( 6 ) 

Then Eq. (4) may be written 

V* ( , B \ 

*<P) = {R^+'a? + ^' (7) 

where o>2 = b — a2. (8) 

The inverse Laplace transformation of Eq. (7) gives 

W) = 775-T^VT <r°' [cos ut + ^ T ^a> sin ul (9) 

If 6 < a2, let /c2 = -a ; 2 = a2 - b. Then 

J|(0 = T ^ T ^ e-°< [cosh fct + ^" 7,^UJ sinh to 
««; L 

(10) li—ir* cosh fct + ^ ^ - i a ) 

(B + fl{) L ifc 
If 6 = a2, 

These three equations give the load current as a function of time for any 
combination of the circuit parameters. Since in most pulser designs the 
time interval involved is very small, the point of interest is whether or 
not a condition can be found for the circuit parameters such that I(t) is a 
slowly varying function near t = 0. This condition can be determined 
by differentiating Eqs. (9), (10), and (11) with respect to time and equat
ing the derivative to zero. Thus from Eq. (9) 

dh Va J . . ,(R - La) 
sr — ST—i—TTT; e — os sm ut -\ f cos ut — a cos ut 
Of (it -+- tii) L " 

a(R — La) . 1 . . 
Lu Sln^J- (12) 

Equating this derivative to zero for t = 0 gives the condition 

R = 2La. (13) 

With the value of a from Eq. (5), Eq. (13) becomes 
L = #2C„. (14) 
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The identical condition is obtained by carrying out the same procedure 
•with Eqs. (10) and (11). If the relation of Eq. (14) is used, Eqs. (9), 
(10), and (11) become 

w = j^rm -"^ (<- «< + ssbsin 4 (15) 

'<« = c « T 5 5 ^ (cosh ki + 5*bsinh w ) <16) 

and 

(R + R'i) 

(R + flj) 

«o = 7^f^-"^-"(i + 5^;} (IT) 
( 

„ 2 
(fl + «J) 

Thus, when the condition of Eq. (14) is satisfied by the components of the 
LK-network, the plot of load current as a function of time has a zero slope 
at I = 0. The equation for the load current without the Lfi-network in 
the pulser output circuit is 

/ i (0 = ^ 7 e-**Z. (18) 

Since the plot of current versus time from this equation has a slope not 
equal to zero at t = 0, the decrease in load current obtained from Eqs. 
(15), (16), and (17) should be less for small values of t than that from 
Eq. (18). 

A numerical example shows more specifically the effect of the Li2-net-
work on the change of load current during the pulse. Assume the 
following values for the circuit parameters for Fig. 5-15: 

V„ = 12.5 kv. 
R'i = 1000 ohms. 
C„ = 0.05 MI-
R = 50 ohms. 
L = R2C„ = 125 ph. 
T = 1 lisec. 

If L = R2Cm is substituted in Eqs. (5) and (6), Eq. (8) becomes 

"2 = b - ° 2 = mcmr~m' m 

In the present example, SR < R'h so 

* ' = °2 " b = 4RWR™tf ( 2 0 ) 

and the current is given by Eq. (16). The change in current during 
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1 /xsec is therefore 

io s V ins 
A/, = logo [1 - e-0'2 (cosh 0.18 + 1.1 sinh 0.18)] 

= 11.9 X 0.005 = 0.06 amp. 

Without the L.K-network, the change in load current obtained from Eq. 
(18) is 

.T 12.5 X 103
 M _0 021 

Mt = IOOO [ 1 - e ] 

= 12.5 X 0.02 = 0.25 amp. 

Using the approximate calculation AVi = TTT> the change in pulse 
voltage is 

and 
AV, = 

A / j 

12.5 
0.05 = 250 volts, I 
WOTT = 0.25 amp. Y*r 

JT 

Fio. 616.—Simplified out
put circuit of a hard-tube 
pulser with a biased-diode 
load and an Li2-network to 
minimize the change in load 
current during the pulse. 

Thus the droop in the current pulse is de
creased by a factor of four when the LR-
network is inserted. 

If the load is a biased diode or a magnetron, 
the output circuit of the pulser appears as 
shown in Fig. 5-16. The analysis for this 
circuit is identical to that for the circuit 
of Fig. 5-15, r'i replacing R't and Vw — V. 
appearing in place of Vw. The resistance r\ represents the sum of the 
dynamic resistance of the biased diode and the effective switch-tube 
resistance, that is, (ri + rv). As another numerical example indicating 
the effect of the Lfl-network, consider the following values for the circuit 
parameters: 

V„ = 12.5 kv. 
V. = 10 kv. 
C„ = 0.05 /if. 
r', = 200 ohms. 
R = 50 ohms. 
L = R*CW = 125 ph. 
T = 1 usec. 

Since r\ > 3R, Eq. (16) again applies, and the change in load current 
during 1 /xsec is 

A/i = -Wo1 [1 - e-<>-2 (cosh 0.089 + 2.2 sinh 0.089)] 
= 10 X 0.015 = 0.15 amp. 
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Without the LiJ-network, the change in current according to Eq. (18) is 

A/i = W - (1 - e-01) = 12.5 X 0.095 = 1.19 amp. 

Using the approximate calculations for AV, 

and 

A^' = TM = 250 volts 

Ali = I U = 1.25 amp, 

which agrees reasonably well with the value of 1.19 amp calculated by 
the exact relation of Eq. (18). 

o-os?' 50 ohms 
IT 

°-°5f«' 50 ohms 

/.ft) 
/,(0) 

2 4 6 8 10 
t in/i sec after closing ST 

FIG. 5-17.—Change in load current as a function of time with and without an Li?-network 
in series with the output circuit of a hard-tube pulser. 

In order to keep the load current constant within 0.15 amp by increas
ing the capacitance of the storage condenser, this capacitance has to be 
about 0.4 ji»f. It is therefore evident that a significant advantage results 
from the use of the Li2-network in series with the discharging circuit of 
the storage condenser. If the allowable drop in the load current is larger 
than the values obtained in the above examples, the use of an LR-net-
work makes it possible to have a smaller capacitance for the storage 
condenser. 
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The general effect of the addition of the network on the load current is 
indicated by the curves of Fig. 5-17. One set of curves is given for a 
900-ohm resistance load, and another set for a biased-diode load with a 
100-ohm dynamic resistance, the switch-tube resistance being 100 ohms 
for each set. These curves show that a marked improvement in the slope 
of the top of the current pulse can be obtained even for relatively long 
pulse durations. The curves also indicate that the use of an LK-network 
is more important in the operation of the pulser with a low-resistance 
load. 

The examples given above indicate that there is also a disadvantage 
associated with the use of the LK-network. The presence of the resist
ance K in series with the load results in a lower pulse current for a given 
condenser voltage Vw. For the resistance load, the maximum value of 
the pulse current is 12.5 amp without the network and 11.9 amp with the 
network. For the biased-diode load, the corresponding current values 
are 12.5 amp and 10 amp. Thus, the pulse power delivered to the biased-
diode load having a dynamic resistance of 100 ohms is 110 kw with the 
LK-network, and 141 kw without it. In order to obtain the same pulse 
power in the load in both cases, it is necessary to increase the condenser 
voltage from 12.5 kv to 13.1 kv when the network is used. The actual 
power loss in the resistance of the LK-network is small (about 5 kw in the 
example given here), but the requirement of a higher condenser voltage is 
sometimes an inconvenience. In the design of a hard-tube pulser, it is 
therefore necessary to weigh the reduction in pulse power or the increase 
in condenser voltage against the drop in load current during the pulse or 
an increase in the capacitance of the storage condenser. 

U 

A- Ci A 

Fia. 5-18.—Output circuit of a hard-tube pulser with a network of passive elements to 
maintain approximately constant load current during the pulse. 

Another method by which the pulse current can be kept approximately 
constant for pulse durations of about a microsecond is indicated in the 
diagram of Fig. 5-18. This arrangement was first suggested to members 
of the pulser group at the Radiation Laboratory by Mr. A. A. Varela of 
the Naval Research Laboratory, Anacostia, D.C. 
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This arrangement has an advantage over the LK-network in that the 
network consists of passive elements. There is, however, a loss in pulse 
voltage, which makes it necessary to charge the condenser C« to a higher 
voltage than is required without the network for a given pulse voltage at 
the load. Another possible disadvantage of this arrangement is the need 
for three circuit elements, including a condenser with a relatively high 
voltage rating. 



PART II 

THE LINE-TYPE PULSER 
The general characteristics of line-type pulsers are given in Sec. 1-4, 

and a comparison of some features of the two principal types of pulsers 
are made in Sec. 1-5. The next six chapters of this volume present a 
detailed discussion of the line-type pulser. Before going into the analysis 
of the components and circuit behavior, it is well to summarize the general 
philosophy from which the line-type pulser has been developed. 

Fundamentally, the pulser consists of a reservoir of electrical energy 
that is allowed to discharge completely into a load at predetermined 
times to form the pulses, and that is connected to a source in such a way 
that the same amount of energy is stored in it during each interpulse 
interval. Obviously, there are many types of energy reservoirs that are 
unsatisfactory because the rate of discharge of their energy into the load 
does not produce the desired pulse shape. Chapter 6, dealing with pulse-
forming networks, sets forth the analysis by which combinations of 
inductances and capacitances are determined to approximate a specific 
output pulse shape, and gives the results obtained by various methods of 
analysis for the pulse shapes most commonly used in pulsers for micro
wave radar. The pulse-forming networks have been derived by con
sidering circuits that do not include losses, or stray capacitances and 
inductances, and for which the load resistance is equal to the network 
impedance. The effects on the output from the pulser of nonlinear loads, 
of impedance mismatch between load and network, of losses and of stray 
capacitances in the circuit are considered in Chap. 7. 

Chapter 8 gives a discussion of the types of switches most commonly 
used with line-type pulsers, and of the auxiliary circuits that they require. 
The different methods of restoring the energy to the pulse-forming net
work between pulses are considered in detail in Chap. 9, and the over-all 
performance of the pulser as it is affected by the various components and 
by variations in load impedance is discussed in Chap. 10. Finally, Chap. 
11 gives a few examples of pulsers in use at present, and also indicates 
the possibilities of some variations in the usual pulser circuit. 

It is worth noting again that the fundamental circuits of line-type 
pulsers are always very simple. There can be many variations, depend
ing on the required polarity of the output pulse and the power supply 
available. Possibly their greatest advantage, next to their inherent 
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simplicity, stems from the fact that only sufficient energy for one pulse is 
stored at any one time; by comparison, the energy stored in the reservoir 
of the hard-tube pulser is nearly always twenty to fifty times that required 
by the load for a single pulse. The possibility of damage to the load or 
to the pulser is thus naturally greater with a hard-tube than with a line-
type pulser. 

The circuit simplicity results in less flexibility than can be obtained 
from hard-tube pulsers. The latter type can usually be altered with 
little effort to satisfy new requirements of pulse duration and recurrence 
frequency. In the present state of development, a line-type pulser 
requires a new pulse-forming network if the pulse duration is to be 
changed and, in the case of a-c charging of the network, it is also inflexible 
as to recurrence frequency. 



CHAPTER 6 

THE PULSE-FORMING NETWORK 

2 
•a 

U a 
o 

B Y H. J. W H I T E , P. R. GILLETTE, AND J. V. LEBACQZ1 ( . ) 
The pulse-forming network serves the dual purpose of storing exactly ~\ 

the amount of energy required for a single pulse and of discharging tote-* 
energy into the load in the form of a pulse of specified shape. 'Jhe 
required energy may be stored either in capacitances or in inductanfeJJ <3t~:\ 
in combinations of these circuit elements. Networks in which the eaeiig^y, 
is stored in an electrostatic field are referred to as voltage-fed net*™.-^ 
networks in which the energy is stored in a magnetic field are referred to-
as current-fed networks. Networks of the voltage-fed type are* 
almost universally in practice because only with this type can the* 
gaseous-discharge switches, such as spark gaps and thyratrons, be ( 
The current-fed networks have certain important advantages, but^ 
far no suitable switch is available that permits high-power opera 
Therefore, the discussion of networks is confined largely to the consi lW.-*^^ 
tion of the voltage-fed type. 

6-1. The Formation and Shaping of Pulses. Determination of 
Pulse-forming Networks for Generating Pulses of Arbitrary Shape.— 
A general mathematical procedure exists for the determination of pulse-
forming networks to generate pulses of arbi
trary shape, and the outlines of the theory are 
given for the case of voltage-fed networks. 
If it is assumed that all the energy is stored in 
one condenser, the pulse-generating circuit 
takes the form of Fig. 6-1. The required cur
rent pulse i(t) flowing in the circuit may be 
arbitrary in shape but practical considerations 
limit it to finite single-valued functions hav
ing a finite number of discontinuities and a 
finite number of maxima and minima. In 
analyzing this problem the Laplace-transform method is used. The 
transform for the current may be found from the definition of the Laplace 
transform, and is 

i(p) = J i(f)e-"dl. (1) 
1 Section 6.S b y P . R. Gillette, Sec. 6.6 by J . V. Lebacqz, t h e remainder of C h a p . 6 

by H. J. White. 
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Pulse-forming 
network 

kSwit 

—Ir~ 

ch 

Pulse-shaping 
network 

Zs 
* l< 

F I G . 6-1.—Basic circuit 
for generating pulses of arbi
trary shape (voltage-fed 
network). 
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The Laplace-transform equation for the circuit of Fig. 6-1 is 

(* + *• + £ )<« -&-7 ' 

[SEC. 6 1 

(2) 

where Ri is the load resistance, Zs is the network impedance, CN is the 
network storage capacitance, and QN is the initial charge on the network. 
The amplitude of i(p) is determined by VN, the initial voltage on CN. For 
the present, VN may be considered as a known constant, and Eq. (2) 
may be solved explicitly for the unknown impedance of the network, 
giving 

Z" ~ Z7T-\ — Rl ~ r, _• (3) pi(p) CNp 

As a simple illustration, suppose that the current pulse is specified as 
being rectangular with amplitude Ii and duration T, and that the load is a 
pure resistance of value Ri. Then i(p) is found from Eq.(l) to be 

i(p) (1 - «-") . 

Substituting in Eq. (3), there is obtained 

vv* D i 
- Phil -

or rearranging, 

ZN + jr— = Ri 
Cup 

er") " ' CNP' 

l - e - " , 

If the numerator and denominator are multiplied by ePT/2, 

Zn + 7T = Rl 
CNp 

Rl 

\IiRi ) 
HZ. ~VT 

;2 + e 2 

coth ^ + (&-')• 

Choosing VN =• 2IJti, there is obtained 

1 
ZN + 

CNP 

7)T 
= Ri coth ~ (4) 

The right-hand member of Eq. (4) is recognized as the impedance 
function for an open-circuited lossless transmission line of characteristic 

file:///IiRi
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impedance Z0 = Ri, and transmission time & = T / 2 . Hence, in this 
case, either the pulse-shaping circuit plus the capacitance Cx must be an 
electrical equivalent for the transmission line, or the transmission line 
itself may be considered as one form of the network that generates the 
required rectangular pulse. 

Unfortunately, in all but the simplest cases it proves very difficult 
to recognize an actual physical network from the form of ZN given by 
Eq. (3), and there is no straightforward method for changing the expres
sion into a form which is so recognizable. The difficulty is increased by 
the fact that ZK generally contains dissipative as well as reactive elements. 
Hence, actual designs are usually based on more specialized and indirect 
approaches to the problem, the most important of which are discussed 
below. 

Pulses Generated by a Lossless Transmis- .'' IK * 
sion Line.—Since the microwave oscillators ^ ^ "*"i#"h Switch 

for which most pulsers have been designed soniineofcharao-
require the application of an essentially rec- teristic|npedance 
tangular pulse, the lossless open-ended trans- F l o 6-2.—Schematic cir-
mission line considered in the foregoing example p«it diagram for producing an 

i ■ i , _ , . • . • .i j . ideal rectangular pulse from 
may be taken as a starting point in the discus- a t r a n s m i s s i o n l ine

K 

sion. The nature of the transient produced by 
the discharge of such a transmission line into a resistance 'oad (see Fig. 
6-2), may be studied in more detail by further application of the Laplace 
transform or operational method of analysis. 

The a-c impedance, Z, of the transmission line, is given by elementary 
transmission line theory as 

Z = Zo coth juS. 

The Laplace-transform impedance is found by substituting p for ju, 
where p is the transform parameter. Then 

Z(p) = Z0 coth pS, (5) 

where S is the one-way transmission time of the line, and Z0 is its charac
teristic impedance. The current transform is then 

* ^ p(Ri + Zo coth pb) 
-2pt 

p(Z0 + Ri)'l+ 2,-R, e _ 2 „ 
Zo + Ri 
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where Vo is the initial voltage on the transmission line. 
transform gives the current as 

i(t) = Vo 
Zo + Ri 

\ - U ( t - 25) - § ! L _ § ! [U(t - 25) 

+ 
where 

Zo + Ri 

{kr^J m ~45) ~ U{t ~6a)] 

The inverse 

U(t - 45)] 

- ■ ■ ■ ) , ( 7 ) 

U(At) = 1 
U(At) = 0 

At = (t 

for At > 0 
f or At < 0 

nS), n = 2, 4, 6, 

If .Ri = Zo, that is, if the line is matched to the load, the current con
sists of a single rectangular pulse of amplitude Ii = Vo/2Z0 and duration 
T = 25. Current and voltage pulses for Ri = Zo, Ri = 2Z0, and Ri 
are shown in Fig. 6-3. 

-%Zo 

2Zn 

4Z„ 

0 L 0. 
25 

(a) R,=z0 

2 5 45 65 85 

(6) R, = 2Z0 

5 4 5 65 *8S 

R, = iZ0 

F I G . 6'3.—Current and voltage pulses for a lossless transmission line discharging into 
a resistance load. The solid and broken lines represent the voltage and current pulses, 
respectively. 

The effect of mismatching the load is to introduce a series of steps into 
the transient discharge. These steps are all of the same sign when 
Ri > Zo, and alternate in sign when Ri < Z0. An elementary explanation 
of the steps can be made in terms of reflections caused at the terminals of 
the line by mismatching the load resistance. These reflections traverse 
the line to the open end in time 5, are completely reflected there, and 
travel back to the load end in a total time 25, where they appear as posi-
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tive or negative steps depending upon the mismatch ratio. The reflec
tions continue in this way, with constantly diminishing amplitude, 
until all the energy initially stored in the line is dissipated in the load 
resistor. Both the design and operation of line-type pulsers are affected 
by these reflections. 

A transmission line having a one-way transmission time of S generates 
a pulse of duration 2d; assuming a pulse of 1-^sec duration and a signal 
velocity on the line of 500 ft/Vsec (a representative value), a line of length 
I = 500 X 1/2 = 250 ft is required. I t is obvious that a high-voltage 
line or cable of this length would be impractical because of its large size 
and weight, and hence, that a substitute in the form of a line-simulating 
network is necessary for any practical equipment. Pulse-forming net
works have other advantages in.that the pulse shape may be altered by 
varying the values of the network parameters and the number of elements. 

6-2. Networks Derived from a Transmission Line.—The develop
ment of pulse-forming networks that simulate a transmission line is a 
mathematical problem in network synthesis. As may be anticipated, no 
network having a finite number of elements can exactly simulate a trans
mission line which in reality has distributed rather than lumped param
eters. As the number of elements for a given network type is increased, 
the degree of simulation will improve. I t may happen, however, that 
the network pulse is a good approximation to the rectangular pulse during 
only a portion of the pulse interval. For example, the network pulse may 
exhibit overshoots and excessive oscillations, especially near the beginning 
and end of the pulse. These possibilities must be kept in mind, and the 
properties of networks derived by formal mathematical methods must be 
investigated with care to determine how closely the networks approxi
mate transmission lines. 

Network Derived by Rayleigh's Principle.—From the mathematical 
point of view, physical problems involving distributed parameters give 
rise to partial differential equations, whereas lumped-parameter problems 
give rise only to ordinary differential equations. Inasmuch as the 
partial differential equation for a physical problem may usually be derived 
by taking the limit of a set of ordinary differential equations as the num
ber of equations in the set approaches infinity,1 it is clear that a finite 
number can at best give only an approximate answer to the distributed-
parameter problem, but that the degree of approximation improves as 
the number of equations, and therefore the number of physical elements, 
is increased. This line of reasoning also appears plausible on purely 
physical grounds. 

1 Usually referred to as Rayleigh's principle. See, for example, A. G. Webster, 
Partial Differential Equations of Mathematical Physics, 2nd ed., Stechert, New York, 
1933, pp. 93-97. 
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Line simulating network 
A_ 

L 

z^C i C 4=C +.C i C 

v-jTnHP-o-o^ 

Application of Rayleigh's principle to the transmission line yields the 
two-terminal line-simulating network shown in Fig. 6-4. 

The properties of the line-simulating network of Fig. 6-4 may con
veniently be investigated by find
ing its impedance function. For 
present purposes the operator func
tion is used rather than the a-c 
impedance function. These two 
alternative forms are equivalent, 
but the operator form is particu
larly useful in calculating the tran
sient response. 

The impedance function may 
be found by writing down the set 

of n transform equations for the network and noting that these are differ
ence equations, each equation except the first and last being of the form 

FIG. 6-4.—Two-terminal line-simulating net
work derived by Rayleigh's principle. 

Cp + ( l*+^)w r(p) M-i(p) 
Cp = 0, (8) 

where r is the rth mesh. The general solution of this difference equation 
is 

UP) = Aere + Be-'» (9) 

where cosh 0 = 1 + (LC/2)p2, and A and B are arbitrary constants to 
be determined by substitution in the first and last mesh equations. Con
sider first the case for which the resistance Ri, in series with the battery 
Vs, is put equal to zero. The circuit is then composed of purely reactive 
elements, and the currents that flow upon closing the switch persist— 
that is, the currents continue indefinitely and represent a steady-state 
rather than a transient condition. Transients can arise only if dissipative 
elements are present. Solving for the arbitrary constants A and B and 
reducing to hyperbolic functions, the following expression is obtained for 
the current transform ii(p): 

. , v r v sinh nd 

*HPJ ^ v « s i n h ( n + 1 ) f l _ g i n h ng 

The corresponding input-impedance transform for the network is then 

7t„„\ V" 1 fsinh (n + 1)9 ] . . 
Z{P'H) =pA^p)=C-p [ sinh (n9) ~ l \ ( 1 0 ) 

I t may be of interest to find the limiting form of Z(p,ri) as n approaches 
infinity in such a way that the total inductance and capacitance of the 
network remain constant. 
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r *t ^ r l fsinh (n + 1)9 ] Jim Z(j>,n) = Jjm ^ [ s inh (nfl) - 1J 

= lim 7=- [cosh 9 + coth nO sinh $ — 1J 

But 
cosh0=l+^p' = l + ^ g V , 
sinh 0 = Vcosh' B - 1 = ^ ^ P > / l + i § V , 

n9 = 2 n s i n h - i ^ g ^ p , 

which gives 
( 1 . LNCNP s 

Jim *<*.) = nhm c ^ j j p - P' + — 5 - P V1 

coth (2n sinh-' ^ % ^ p ) ] = ^ ■ coth p V ^ C ^ 
= Z* coth pi, (11) 

which is the exact form for the impedance function for a transmission 
line given in Eq. (5). Thus, the network impedance function reduces in 
the limit to the transmission-line impedance function, in accord with 
Rayleigh's principle. 

The pulse shape generated by the line-simulating network of Fig. 6-4 
on matched resistance load, Ri = VLK/CK = VL/C, may be found by 
calculating the charging-current pulse when the voltage Vs is applied to 
the circuit of Fig. 6-4. If the voltage transform is divided by the sum of 
the load resistance and the network impedance [Eq. (10)], 

ti(p) = -7= —TT^ [L _1_ fsinh (n + 1)9 _ 1 
\ C ~ , " C p L sinh ntf J 

CVs 

but from the value of 9 in Eq. (9) 
2 . . 9 P = — / = sinh _> F VLC 2 

hence 
-• /~.\ — nv 

sinh (n + 1)9 + 12 sinh ■= - 11 sinh n9 
t,(p) = CVK ^ ^ , , (12) 
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Equation (12) is valid for any number of sections n. The simplest 
case occurs when n = 1, that is, when the network is reduced to a single 
mesh. In this case 

. , . _T sinh 0 
ti(p) = CVN (2 sinh | - l j sinh 26 + ( 2 sinh TT — 1 I sinh 8 

CV» 
a 

2 cosh 0 + 2 sinh jr - 1 

CVN 

2 + LCp2 + VLC p - 1 
= V* 1 

L . . l . 1 ' 
p +VWP+LC 

which is recognized as the current transform for a one-mesh iBLC-circuit 
with R = y/LjC. 

By the method used in deriving Eq. (11), the limit of ii(p) as n 
approaches infinity in such a way that the total distributed capacitance 
CN and the total distributed inductance LN remain fixed is shown to be 

lim n(p) = -^=- (1 - e -2V5^ j>) . (13) 

This is the Laplace transform for a rectangular current pulse of amplitude 

Vs 
2 VLN/CN 

and of duration 2 -\/LNCN, and is the result to be expected according to 
Rayleigh's principle. 

In order to check the theory, both calculated and experimental pulse 
shapes were obtained for a five-section uniform-line network on matched 
resistance load, that is, when Ri = ZN. The calculated pulse shape was 
found by using Eq. (12) with n = 5. In carrying out the solution, it is 
necessary to convert from the hyperbolic to the algebraic form corre
sponding to Eq. (12). Since the denominator is of the 10th degree ( = 2n), 
the roots are tedious to find. The resulting pulse shape is plotted in 
Fig. 6-5a, using dimensionless ratios for the coordinates. The corre
sponding experimental pulse shape, shown in Fig. 65b, was obtained by 
using an experimental network for which the actual values of all the 
parameters were within 1 per cent of the theoretical values. The cor
respondence between the calculated and experimental pulse shapes is 
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very close, the only significant difference being in the initial overshoot 
for which the calculated value is about twice the observed value. This 
difference occurs probably because the hydrogen-thyratron switch used 
in the experimental pulse-generator circuit does not close instantaneously, 
and also because there are, in any physical system, unavoidable losses 
and distributed capacitances and inductances. 

0 

0.8 

1.2 

> 

\ 
M 

0-5'/^ rl.0 1.5 

I 

jillil!!!!!! 
! 

\LC' 
(a) Calculated pulse. (6) Observed pulse. 

Fio. 6*5.—Pulse shapes produced by a five-section uniform-line network on matched 
resistance load. 

(o) Ri = Zt,. (jb) S i = 2ZN. 
Fio. 6-6.—Voltage pulse shapes obtained with the network of Fig. 6-5 as seen with a slow 

sweep speed. 

The oscillograms in Fig. 6-6 were taken with the same network; 
Fig. 6-6<z is identical with Fig. 6-5b except that a slower sweep speed was 
used in order to show the complete pulse tail. The effect of mismatch 
with Ri = 2ZN is shown in Fig. 6-6b, in which the series of steps as shown 
in Fig. 6-36 is evident, although not very well defined. It may be con
cluded that the five-section uniform-line network is a poor equivalent for 
a transmission line. A larger number of sections would give better line-
simulation, but this approach is not a very promising one. 

Relation to Steady-state Theory.—The network of Fig. 6-4 comprises a 
low-pass filter for alternating sine-wave currents. The correspondence 
between its transient d-c pulse properties and steady-state sine-wave 
properties is of considerable interest. For steady-state sine-wave cur
rents, the solution of the network is of the same form as Eq. (9), that is, 
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for the r th mesh 
i,(0 = Ae* + Be-'*, (14) 

where 0 is now denned by the expression 
.,2 

cosh 0 = 1 - ^ p - (15) 

Equation (14) shows that i,(t) will be attenuated only if 6 has a nega
tive real component, that is, if 

6 = a + j/3 and a < 0 

Then, as cosh 6 can be expressed in the form 

cosh 6 = cosh a cos /3 — j sinh a sin 0, 

it is clear that, for a = 0, cosh a = 1, sinh a = 0 and cos /3 = 1 — LCoi2/2. 
Inasmuch as cos 0 must satisfy the inequality |cos 0| = 1, there results 

1 _ L C w 2 

2 
or 

LCw* 

= 1, 

0 £ ^ - £ + 2. (16) 

Thus all frequencies, 0 ^ / ^ 1/ir y/LC, are passed without attenua
tion, whereas all higher frequencies are increasingly attenuated. 

The Fourier series for a succession of identical and uniformly spaced 
rectangular pulses contains discrete frequencies extending throughout 
the band to infinity. Most of the pulse energy is accounted for, how
ever, in the frequency band between zero and several times 1/T. A very 
conservative estimate for the significant upper frequency limit might be 
taken as 10/T. Thus, it is reasonable to set the cutoff point for the low-
pass filter that will transmit such rectangular pulses without appreciable 
distortion as 

, 1 10 
J» = 7T^ = ~' 

or 
VLC = ^ (17) 

The quantity y/LC represents the delay time per section of the low-
pass filter; therefore, an n-section filter structure, when used as a pulse-
generating network, should produce a pulse of duration 

T = 2n VLC. (18) 
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The factor 2 arises from the fact that the pulse wave traverses the filter 
twice and is reflected back to the load from the open end once. If 
Eqs. (17) and (18) are solved for n, the number of sections, a value of 
n = 5V w 16 is obtained. Less conservative estimates for the frequency-
transmission band required might yield, for example, n = 5 or 10. 

Networks Derived by Rational-fraction Expansions of Transmission-
line Impedance and Admittance Functions.—Two other networks tha t 
simulate a transmission line may be derived by the process of expanding 
the transmission-line impedance aDd admittance functions in an infinite 
series of rational fractions, and then identifying the terms of the series 
thus obtained with network elements. As given earlier in Eq. (5), the 
operational form of the impedance function for a lossless open-ended 
transmission line of characteristic impedance Zo and one-way transmis
sion time 5 is 

Z(p) = Z0 coth pS. 

The rational-fraction expansion for Z(p) is1 

Z{p) 

■ 2Z„a 

(19) 

The term Zo/Sp is the operational 
Cx = 8/Zo. The remaining terms 
of a series of parallel combinations 
such a combination the imped
ance operator is 

7 - L"P 
L" ~ 1 + LnCnp* 

By comparison of coefficients, 

, 2Zo5 2Z*y 

& Cx 

impedance of a capacitance of value 
represent the operational impedance 
of capacitance and inductance. For 

C„ = 2Z0 

(20a) 

(20b) 

2LK 

mm 

H H c» 
IT 

"WOT 

H H 
Cx. 

2Lx_ 

H H cK 
T 

Fio. 67.—Two-terminal network to simu
late an open-ended transmission line, ob
tained by rational-fraction expansion of the 
impedance function. 

The resulting network is shown in Fig. 6-7. 
The second line-simulating network is found by making a similar 

expansion of the admittance function 

Y{v) = zh) = ktanh *>*• (21) 

1 E. T. Whittaker and G. N. Watson, Modern Analysis, American ed., Macmillan, 
New York, 1943, pp. 134-136. 
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that is, 

» - i ir2(2n - l ) 2 + 

Each term can be identified with a series inductance-capacitance circuit 
for which'' 

v = C"P 
" L „ C „ p 2 + l ' 

A comparison of the coefficients shows the values of C„ and L„ to be 

and 

C = 8 *_ _ 8C" (o->„\ 
° " (2n - 1)2TT2 Z„ ~ (2n - 1)V K ' 

and the resulting network is shown in Fig. 6-8. 
The networks of Figs. 6-7 and 6-8 are approximately equivalent for a 

finite number of sections, but become exactly equivalent as n approaches 
infinity, that is, for an infinite number of sections. The total capacitance 
for the network of Fig. 6.8 is 

n - 1 n = l 

_ &CK 7T2 

l ) 2 7T2 ' 8 ' 

which is equal to the series capacitance in the network of Fig. 6-7, and is 
also the sum required by energy considerations when the network and 

transmission line are charged to the 
same constant potential. 

I t is difficult and tedious to obtain 
=j= ( 2 i^T > solutions for the current-pulse shapes 

^ to be expected on resistance load when 
FIG. 6-8.—Two-terminal network to , . 

oimulate an open-ended transmission USing more than two Or three sections 
line, obtained by rational-fraction ex- for the networks of Fig. 6"7 Or Fig. 6"8. 
pansion of the admittance function. T T . . . . . 

However, certain conclusions can be 
drawn from other considerations. For the network of Fig. 6-7 with a finite 
number of sections, it is clear that the current at the first instant (on 
matched resistance load) is double the matched value. 

The nature of the pulse to be expected for the network of Fig. 6-8 with 
a finite number of sections can be investigated by calculating the input 
current when a unit step voltage from a generator of zero internal imped-
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ance is applied to the network. This is a particularly simple calculation 
as each network section acts as an isolated unit, and the total current is 
simply the sum of the currents for the individual sections. The current 
for the rth section is 

*'(') = \hrsin n-Fr = 7oz—r^z\rsm ' /LJCr (2r - l)ir \ L * 2 y/T^Ul 
and the total current is then 

*w - W n 2/ (2T^i) ■» — ^ ^ = ; (24) 
r — 1 

Equation (24) with n —> oo is the Fourier-series expansion for a 
rectangular wave of amplitude \ZCN/LN and period 4 S/LNCN, that is, 
the waveform that would be obtained for the original transmission line. 

The degree to which the Fourier series, Eq. (24), converges toward a 
rectangular wave determines the extent to which the network simulates a 
transmission line. The convergence of a Fourier series is uniform in any 
region for which the original function is continuous (and has a limited 
total fluctuation), but is nonunifonn in any region containing a point of 
ordinary discontinuity. In the present instance, the only points at 
which trouble might be expected are the points of discontinuity which 
occur at t — 0 and at integer multiples of t = 2 S/LKCN. Hence, the 
convergence of the series should be investigated near these points. 
Denote the sum of the series (24) by S„(t). Then, it can be shown that, 
at time t slightly greater than zero, 

Iim S„(0+) = H * S 5 J de = 0.926. 
n—» 2 Jo ° 

Hence the maximum instantaneous current is given by 

m) = m^iM = 1.mM. (25) 

Thus, the current rises initially to a value about 18 per cent above the 
value that would be obtained for an actual transmission line, and at this 
point the network fails in its simulation of the transmission line. A 
similar effect occurs for t = 2 y/LsCs + «, where e approaches zero. 
An overshoot of the same type occurs when using a finite number of net
work sections. (This overshoot effect of the Fourier series near a point 
of ordinary discontinuity is known as the Gibbs phenomenon.) 

It is clear then that the networks of Figs. 6-7 and 6-8 fail to give a 
rectangular wave in that substantial overshoots occur near the beginning 
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- „ „ „ . . _ „ „. . . i ? ^ ? ^ ^ ¥ P ^ 

p iF " ■ ' f - ^ s ' i " : " ^ ; " ? 

and end of the wave, even though the number of network sections is 
increased without limit. 

The response of the networks of Figs. 6-7 and 6-8 in a pulse-generating 
circuit is similar, in a general way, to their performance in the rectangular 
wave-generating circuit just discussed, except that a single pulse is pro
duced instead of a continuing rectangular wave. When using a large 
number of sections of Fig. 6-8 and any number of sections of Fig. 6-7, this 
single pulse exhibits the same overshoot phenomenon near its beginning, 
and the amplitude of the overshoot is not reduced by increasing the 
number of network sections. The pulse shapes produced on resistance 
load by the networks of Figs. 6-7 and 6-8 are only approximately the 

same for a finite number of sec
tions, but become identical as n ap
proaches infinity (for an infinite 
number of sections). 

The pulse shape produced by 
the network of Fig. 6-7 with a finite 
number of sections has a high initial 
spike because the network has no 
series inductance, consisting merely 
of a series of anti-resonant sections 
and a series condenser. This spike 
is illustrated in the experimental 
pulse shape of Fig. 6-9 obtained with 

a six-section network; the pulse shape is a poor simulation of a rectangu
lar pulse. The high initial current is clearly in evidence, and is followed 
by a series of damped oscillations. The initial current does not reach twice 
the matched value as theoretically expected because of the distributed 
capacitance of the load and the initial voltage drop in the hydrogen-
thyratron switch used in the experi
mental pulser. In contrast, it may 
be noted that the network of Fig. 
6-8, which consists of resonant sec
tions in parallel, does have inductance 
in series with all the condensers. The 
initial current must therefore be zero, 
and there is not likely to be a high 
current spike as long as the number 
of sections is not very large. This 
premise is corroborated by the shape 
of the experimental pulse of Fig. 6-10, taken for a six-section network. 

Figure 6-11a shows the same pulse photographed with a slower sweep 
speed; Fig. 6-116 shows the effect of mismatching the load resistance Ri. 

Fio. 6-9.—Voltage pulse shape obtained with 
the network of Fig. 6-7. 

FIG. 6'10.—Voltage pulse shape for the 
six-section network of Fig. 6-8. 
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(a) Ri 
FIG 

tained 
with a 

— ZN. TO 
. 611.—Voltage 
with network of 
slow sweep speed. 

Ri = 
pulse 
Fig. 

2ZN. 
shapes 

6-8 as 
ob-

seen 

In this case, Ri = 1ZN, or twice the characteristic impedance of the net
work. The steps on the pulse tail are well denned, and four of them are 
clearly visible. A comparison of this pulse with the corresponding ideal 
pulse that would be produced by a lossless transmission line, as shown in 
Fig. 636, reveals a very close similarity. Therefore, for a line-simulating 
network of the admittance type, it may be concluded that the generated 
pulse shape on resistance load is 
good for a finite, but not very large, 
number of sections. I t has been 
shown that a very large number of 
sections produces overshoots on the 
pulse. The six-section network ap
pears to have an insufficient number 
of sections to produce the optimum 
pulse shape, as is indicated in Fig. 
6-10 by the fact that the initial peak 
is somewhat lower than the average 
top of the pulse. An increase in the 
number of sections would be expected to bring the first peak up to the 
average top of the pulse and, for a large enough number of sections, 
above that average. I t is, therefore, to be expected that some inter
mediate number of sections produces the optimum pulse shape. 

6-3. Guillemin's Theory and the Voltage-fed Network.—The results 
of the preceding section show that networks designed to simulate a 
lossless transmission line have limitations of a fundamental nature. In 
the generated pulse these limitations are evidenced by overshoots near 
the beginning of the pulse and excessive oscillations during the main part 
of the pulse as evidenced by Fig. 6-9. Guillemin correctly diagnosed 
these difficulties as being due to the attempt to generate a discontinuous 
pulse by means of a lumped-parameter network. In other words, the 
ideal rectangular pulse generated by a lossless transmission line has an 
infinite rate of rise and fall, and cannot be produced by a lumped-param
eter network. 

Guillemin1 then argued that, inasmuch as it is impossible to generate 
such an ideal rectangular pulse by means of a lurnped-parameter network, 
the theoretical pulse that is chosen should intentionally have finite rise 
and fall times. Mathematically, this condition means that the dis
continuity in the pulse shape is eliminated, and that the Fourier series for 
the generated wave has the necessary property of uniform convergence 
throughout the whole region. The property of uniform convergence 
insures that overshoots and oscillations in the pulse can be reduced to 

1 E. A. Guillemin, 'A Historical Account of the Development of a Design Pro
cedure for Pulse-forming Networks," RL Report No. 43, Oct. 16, 1944. 
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Switch 

Voltage-fed 
pulse-forming 

network 

any desired degree by using a sufficient number of sections. The intro
duction of an arbitrary pulse shape leads to a new difficulty, however, in 
that the impedance function necessary to produce the given pulse shape 
is unknown. 

The logical way to determine the impedance function would be to 
use the basic circuit of the line-type pulser and work backward from the 

specified pulse shape to the impedance 
function necessary to produce it. This 
procedure proves too difficult, how
ever, and instead, the steady-state 
problem for the circuit of Fig. 6-12 is 
solved. The alternating-current wave 
shape produced by this circuit is spe
cified to be similar to the pulse shape 
desired. I t is then assumed that the 

network determined on this basis will, when used in the basic line-type 
pulser, produce a pulse shape reasonably close to the desired form. This 
assumption has proved surprisingly valid in practice. 

There is a wide choice of reasonable pulse shapes possible. Two of 
those originally discussed by Guillemin are shown in Fig. 6-13a and b. 

F I G . 6-12.—Circuit for producing a 
specified steady-state alternating-cur
rent wave similar to the desired single-
pulse shape. 

ar 

(a) Trapezoidal alternating-current wave. (b) Alternating-current wave with flat top 
and parabolic rise and fall. 

Via. 613 . 

The rising portion of the wave in Fig. 6-136 is formed by an inverted 
parabola and joins smoothly to the flat top of the wave; the falling 
portion is similar but reversed. The equation for the parabolic rise is 

m 
li ar (26) 

The Fourier series for these waves may be found by the ordinary 
method as follows: 

Case 1. Trapezoidal wave. As i(l) is an odd function, the series 
contains only sine terms, and there is no constant term. Then 

i(t) = h y b, sin —> (27) 
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where 

&, = 2 f'Mfo!* (2g) 

and i{j) is defined by the equations 

7/1 1 aT 

y- = < 1, ar £t £T -ar, (29) 
> r — ar ^ t ^ T. 

ar 
The indicated integrations for b, yield 

b, = — • 5 5 J I 2 , where » = 1, 3, 5, • • -. (30) 
VTT VTCa 

Case 2. Wave with flat top and parabolic rise and fall. Again i(t) 
is an odd function, so that only sine terms occur in the Fourier series. 
Again, 

i(t) = 11 y b, sin —> 
,-i 

where 
, 2 fTi(t) . VTt,. b, = - l -r*- sin — dt, 

T JO II T 
and i(t) is defined by 

1, ar ^ t ^ T — ar, T £ = { 1, ar ^ / ^ r - ar, (31) 

■ — o r ^ < ^ T. 

From these equations, ft, is found to be 

(32) 

It is of interest to note that the order of convergence of the several 
waveforms considered is 

Rectangular wave like -

Trapezoidal wave like - j 

Wave with flat top and parabolic rise and fall like —% 
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These results could have been predicted from the general theory of the 
Fourier series. Likewise, it can be predicted that the Fourier series for a 
wave that has continuous derivatives up to order n, but a discontinuous 
nth derivative, will converge like \/vn+l. 

Determination of Parameters of the Admittance Network Required to 
Generate a Specified Steady-stale Waveform.—Each 
term of the Fourier series, Eq. (27), consists of a 

L„ sine wave of amplitude b, and frequency V/2T. Such 
C„ a current is produced by the circuit of Fig. 6-14. 

Switch 

*"» 
-L J 

FIG. 614.—Cir
cuit generating a 
sinusoidal steady-
state current. 

i. = V.v 
t 

. sin —. i 

L, VttT, 
= 1, 3, 5, (33) 

The value of L, and C, may be determined by com 
parison with the coefficients of the Fourier series, Eq. (27), which gives 

vrb, 
rbv 

VTTZK 

L, = 

C = 

(34) 

where ZN = Yn/Ii, and may be called the characteristic impedance of 
the network. 

The resultant network required 
to produce the given wave shape 
consists of a number of such reso
nant LC-sections in parallel, as 
shown in Fig. 6-15. The values of 
b„, L„ and C, for the several waves 
studied are given in Table 6-1. 

FIG. 6-15.—Form of voltage-fed net
work derived by Fourier-series analysis of 
a specified-alternating-current waveform. 

Networks of the parallel admittance type derived above are often 
inconvenient for practical use. The inductances have appreciable 

TABLE 61.—VALUES OF b„, L„, AND C, FOR NETWORK OF FIG. 615 

Waveform 

Rectangular 

Trapezoidal 

Flat top and parabolic rise and 
fall 

6, 

4 
VTT 

4 /sin vwa\ 
VTT \ VTTd ) 

4 /sin JriraV 
VT \ \VTCQ. / 

L, 

ZNT 
4 

ZNT 
A /"sin mra\ 

\ wo / 

Z \'T 
Vsin iwray 
\ i vira ) 

C, 

4 T 
^ ' ' ZN 

4 r sin na 
*»27r2 Zjv tnra 

4 T /sin | n r o \ s 

*V2 ZN V \"wa ) 

file:///VTCQ
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distributed capacitance, which in effect shunts them and therefore tends 
to spoil the pulse shape, whereas the condensers have a wide range of 
values which makes manufacture difficult and expensive. Therefore, 
it is desirable to devise equivalent networks that have different ranges of 
values for capacitance and inductance. 

Theoretically, it is possible to determine a large number of equivalent 
networks. The methods for carrying out the determinations are all 
based on mathematical operations on the impedance function of the net
work.1 From the mathematical point of view, the impedance function 
completely characterizes the network, and all networks that have the 
same impedance function are equivalent. The determination of equiva
lent networks is therefore primarily a mathematical problem. 

Equivalent Network Derived by Foster's Reactance Theorem.—The 
admittance function for the network of Fig. 6-15 may be written by 
inspection, and is 

n 

.-=1,3 

The right-hand member of Eq. (35) can be converted into the quotient of 
two polynomials the denominator of which is the product of all the 
denominators in the sum. Then, by inverting the quotient thus found, 
the impedance or reactance function, Z(p), is determined, that is, 

n 

n {L,G,V2 +1) 
* « = m = A ' " ' * - ■ (36) 

2 c,P n (LTCTP* + I) 
r - 1 , 3 , . . . 7 = 1 , 3 , . . . 

y = v is omitted 
The numerator is of degree 2n and the denominator of degree 2n — 1; 

consequently, Z(p) has a pole at infinity as well as at zero. The zeros of 
Z(p) are the poles of Y(p), as must be true from circuit theory. The 
poles of Z(p) must be found by carrying out the indicated operations and 
finding the roots of the resulting polynomial. As usual, the labor in 
finding these roots may be heavy. 

The function Z(p) may then be expanded in partial fractions about its 
poles, and an expression of the following form is obtained: 

Z^ = J+ X ^ ^ - r + ̂ -p- (37) A„p 
B,p* + 1 

1 For a detailed discussion of equivalent networks, see E. A. Guillemin, Communi
cation Networks, Vol. II, Wiley, New York, 1935, pp. 184-221. 
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Equation (37) represents the impedance function for the network of 
Fig. 6-16. By inspection, 

1 
To' 

L, 
rmw CN £/2n — Al (38) 

H H HH HH 
F I G . 6-16.—Form of network equiva

lent to tha t of Fig. 6 1 5 derived by 
Foster's reactance theorem. 

and it can be shown that the remain
ing elements are given by 

B, C, = ^- (39) L, — Ar> 

The values for Cs and L2„ are found from Eq. (35) by noting that 

and that 

CN = lim - Y(p) 

j — = lim pY(p) 
-L*2n p—» co 

n 

* = 1,3, . . . 

n 

h 17 

(40a) 

(406) 

Thus, CN is equal to the sum of the C ' s shown in Fig. 6-15, andL2» is equal 
to the inductance of all the Lv's in parallel. 

Equivalent Networks Derived by Cauer's Extension of Foster's Theorem. 
Two additional forms of physically realizable networks may be found 
by making continued-fraction ex
pansions of the reactance or admit
tance functions and identifying the 
coefficients thus obtained with net-
w o r k elements. The continued-
fraction expansion represents a 
ladder network, as can easily be 
seen by forming the impedance 
function, Eq. (41), for the ladder network of Fig. 617 by the method 
commonly used in finding a-c impedances: 

Fia. 6-17.—Form of network yielding a 
continued-fraction impedance function. 

Z = Z i - r -
•2/2 + 

1 

23 + 
Vi + 

+ Zn-l + 
(41) 
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An equation of the form of Eq. (41) may be formed from Eq. (36) by 
dividing the denominator of Eq. (36) into its numerator, which gives Zi, 
inverting the remaining fraction and dividing again, which gives 2/2, and 
continuing this process. The first division to find 2i gives by inspection 

21 = L'j>, where 
n 

1 

and is equal to the series inductance of the Foster network of Fig. 6-16. 
When the network involves more than a very few sections, this process 
can, from a practical point of view, be carried through only with numerical 
coefficients. It can be shown, however, that the network of Fig. 6-16 
always yields a network of the form of Fig. 6-18. 

1: u, 

±G 
1—'WO 65^—1 

=fccj ^cn.t £c; 
- I f -

C M -

34. 

FIG. 6-18.—Form of network equivalent 
to that of Fig. 6-16, derived by continued-
fraction expansion of the impedance 
function. 

F I G . 619.—Form of network equiva
lent to that of Fig. 6 1 5 derived by 
continued-fraction expansion of the 
admittance function. 

A network of the admittance type, shown in Fig. 6-15, can also be 
transformed into a ladder network by an exactly similar process, starting, 
however, with the admittance function Eq. (35) rather than with the 
reactance function. The form of the network thus obtained is similar to 
that of Fig. 6-18, except that the inductances and capacitances are inter
changed, as is shown in Fig. 6-19. The values of C[ and L'n can be deter
mined by simple means, for it is clear from Eq. (34) that 

C{ = i : m i Y(P) 
n 

I C„ (42) 

that is, C[ is the sum of all the capacitances C"', of Fig. 6-15. Likewise, 
from Eq. (34), 

-p = lim pY(p) L, L,' (43) 

Summarizing the discussion on equivalent pulse-forming networks, 
it may be said that three additional canonical forms of networks that are 
equivalent to the admittance network of Fig. 6-15 can be found by 
mathematical operations on the admittance and impedance functions. 
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Many more equivalent networks can be found by combining these 
mathematical operations in various ways, but most of these additional 
networks are of only limited interest. The form or forms of networks to 
be used in practice are determined by such practical considerations as 
ease of manufacture and specific pulser requirements. 

Networks of Equal Capacitance per Section.—The most important 
pulse-forming network obtained by combining the canonical network 

forms is the type shown in Fig. 6-20, 
0_^n({r^_r)re£-v_^ r̂ ffw -̂i which has equal capacitances. From 

the standpoint of mass production 
in manufacture, it is highly desira
ble to have all capacitances of equal 
value. This is particularly true for 

FIG. 6-20.—Pulse-forming network having high-voltage networks because the 
equal capacitances. ° ° 

condensers for these constitute by 
far the most difficult and expensive item to manufacture. The net
work of Fig. 6-18 has capacitance values that are not very far from equal, 
and is therefore chosen as the starting point in deriving the network of 
Fig. 6-20. The network derived under the condition that the capaci
tances be equal may be expected to have inductances in the shunt legs 
to compensate for the altered values of the capacitances. If the actual 
capacitance in a given shunt leg is increased in transforming from the 
network of Fig. 6-18 to that of Fig. 6-20, the compensating inductance 
may be expected to be negative, and vice versa. The detailed procedure 
for the derivation of the equal-capacitance network is described below. 

The capacitances of Fig. 6-20 are all known, each being equal to 
Cx/n where CK is the total energy-storage capacitance, whereas the 
inductances are all unknown. The admittance and impedance functions 
for the network are the known functions specified by Eqs. (35) and (36). 
In the unknown network of Fig. 6-20 it is noted that, if an impedance 
Lip is subtracted from the impedance function Z(p) so that 

Zx{p) = Z(p) - Up, (44) 

a zero of Zi(p) appears—that is, the series combination of Li2 and C 
corresponds to a zero of Zi(p) or to a pole of Yi(p) = 1/Zi(p). The 

Cv 
admittance of the series combination of Li2 and C is 7—„ ; Hence, 

LnCp2 + 1 
the poles of Fi(p) corresponding to the Li2 and C resonant section must 
be given by 

V = ± V^lb = ±Pl' 
and Yi(p) can be expressed in the form 
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^V) = j ^ J i + ^ + y.(p), (45) 

where K2(p) is a remainder admittance function regular at ±p\. 
The constants Oi and o2 can be found by algebra, for 

a, = lim (p - p1)Yl(p) = lim I" P ~ P l 1 
p—p, p — P l \_4\.V) - L,ip\ 

1 1 

dp1 - j - [Z(p) - L i p ] p ^ p i 

Likewise, 

02 = 
Z ' ( - P i ) - L i 

Since Z'(p) is a function of p1, as may be seen by differentiating Eq. (37), 
at = at = a. Thus Yx(p) can be expressed as 

p — Pi 
The first term of the right-hand member of Eq. (46) must be the admit
tance of L» and C in series, so 

Cp La _ 2ap 
L„Cp* + 1 =

 p2 + J _ " p* - p?- («) 
L12C 

The identity (47) gives the following two equations for determining 
the two unknowns pi and Ln'-

1 _ Z'{Vl)-U 
L l 2 ~ 2~a 2 ' ( 4 8 a ) 

and 
1 

L12C = -P?» (486) 

where p? is a root of Z(p) — Lip = 0; thus, Li = Z(p,)/pi. From Eq. 
(36) it is evident that the roots of Z(p) — Lxp = 0 are all of the form 
pj, and that there are n such roots. The root p\ is found by eliminating 
Lu between Eqs. (48a) and (486), and is given by 

Since the value of C is known and only pi is unknown, Eq. (49) deter
mines pi. 
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Then 

U = ^ > (50a) 
Pi 

L" = ^ 2 = ^[Z'(Pl)-L1]. (50b) 

It is clear that Ln is negative for all cases for which p\ is positive, and 
vice versa. In order to examine further the sign of the root p\, suppose 
that Zt(p) is expressed as the ratio of two polynomials—which is always 
possible—that is, 

JV(p') 
Zi(p) Dip) 

The coefficient of the leading term of Nip-) then contains the factor 
(L[ — Li), where L\ is the first inductance in the network of Fig. 618. 
All the other factors for all the coefficients of the polynomial Nip2) are 
positive because they are comprised of combinations of the inductances 
and capacitances of the network. By Descartes' rule of signs, Nip"1) = 0 
can have no positive roots unless the coefficients of its terms have at 
least one change of sign when considered as a sequence. This change of 
sign can occur only if (L[ — Li) < 0, that is, if Li > L[, in which case 
there is a single positive root. Hence, if p\ > 0, it follows that Lx > L[, 
lor which condition Li2 is negative. 

The nature of the root p\ may also be seen by expressing Eq. (49) in 
a somewhat different form. For this purpose it is noted that 

p ^ dp\_ p \ 

If the form of Z(p) given by Eq. (37) is used, 

2 n - 2 
Z{p) _ 4_„ Y A. 

V ~~ P2+ If B,p* + 1 + A2n 

and 

a 1 zjypj I _ -X/\Q V A,B.p\ 
P i ^ l - I - - ^ S - - 2 2 / iB,p\ + 1 

d_\Z(v)] = -2Ao 
dPl V L„, P\ " L, iB,p\ + \f 

Using this result, Eq. (49) becomes 

2 n - 2 

^A°+ X xiifw (51) 
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or, as A0 = 1/Ctf and 1/C n/Ctr, 
2 n - 2 

n - 1 _ Y 
CN " Li 

A,B,p\ 
{B,p\ + I)*' (52) 

The range of variation possible for C may be found by letting p\ vary 
between zero and infinity. The limits are 

C = Ao = 
1 when p\ = 0, 

7i —4o + 
2 n - 2 

2 d» 
B, + (W,+ + ■ 1 

r-2.4, . 
when pj —> oo 

The C.'s are for the network of Fig. 6-16. Inasmuch as the series induct
ance L2„ of the network of Fig. 6-16 is equal to L[ of Fig. 618, it is clear 
that the first capacitance C'2 of the latter network must be given by 

C2 CAT C2 C4 

Thus C must satisfy the inequalities 
+ 

In particular, it is noted that 

1 
CN 

C'% 

c2 

4 <k 
<C <CN. 

< c n 

(53) 

immmmm L.-L, 

is a condition to be satisfied if p\ is to be a positive root of Nip2) = 0. 
The foregoing procedure serves to determine L12 and L\, and reduces 

the degree of Z\{p) by 2. The whole process may then be repeated on 
the remainder function Z2(p) = 1/Yz(p), where Y2(p) is defined by Eq. 
(46), and L2 and L23 are thereby 
determined. A new remainder 
function Z3(p) = 1/F3(p) is left, 
and the whole process can be re
peated again and again until all 
of the roots are exhausted. 

Since negative inductance can 
be realized physically by the use of 
mutual inductance, the network of Fig. 6-20, in which the inductances 
L12, Z/28, • • • L(„_i)B are negative, may be realized by a mutual-induct
ance network of the form shown in Fig. 6-2]. The latter network, how-

c 

F I G . 6*21.-—Equal-capacitance mutual-
inductance network equivalent to tha t of 
Fig. 6-20. 
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ever, is a very practical form because all the inductances, including the 
mutual inductances, may be provided by winding coils on a single tubular 
form, and the condensers may then be tapped in at the proper points. 

Design Parameters for Guillemin Networks.—As has been seen, there 
are only a few canonical types of network that simulate rectangular 
waves. In contrast, Guillemin's networks have a pulse-shape parameter 
(a in the formulas) which is, in effect, the fractional rise and fall time of 
the generated pulse. This parameter may be chosen arbitrarily to have 
any value between zero and one-half. The value zero corresponds to 
the rectangular pulse and the value one-half corresponds to a triangular 
pulse. The number of network sections required to simulate the pulse 
shape corresponding to any given value of a is more or less in inverse 
proportion to a, that is, a one-section network is satisfactory for a = i, 
whereas a very large number of network sections are required to give a 
rectangular pulse shape, corresponding to a small value of a. 

In addition to the parameter o, there is another factor in Guillemin 
networks which may be varied, namely, the shape of the rising and falling 
sections of the pulse. The treatment herein has been limited to pulse 
shapes having linear and parabolic rising and falling sections. A great 
many more types are possible, but it does not appear profitable to con
sider them here. Pulse shapes having rapid rates of rise can be satis
factorily generated by networks that simulate trapezoidal pulses having 
small values of a; pulse shapes having slower rates of rise are satisfac
torily produced by networks that simulate parabolic-rise pulses having 
somewhat larger values of a. 

The first Guillemin networks were designed on the basis of a trape
zoidal pulse shape having a rise time of approximately 8 per cent. Both 
five- and seven-section networks were built, but the improvement of 
the seven-section over the five-section network was very slight. No 
more than five sections are therefore necessary to generate a pulse having 
an 8 per cent rise-time parameter. Elimination of the fifth section was 
found to have an appreciable, although small, deteriorating effect on 
the pulse. 

The number of network sections necessary to give good pulse shape 
can be estimated with fair accuracy by observing the relative magnitudes 
of the Fourier-series coefficients for the corresponding steady-state 
alternating-current wave. In the case of the five-section network just 
discussed, the relative amplitude of the fifth to the first Fourier coefficient 
is 0.04 and that of the sixth to the first is 0.02. In this case, the elimina
tion of all harmonic components having amplitudes relative to the funda
mental of 2 per cent or less has an inappreciable effect on the pulse shape, 
whereas the effect of eliminating the 4 per cent harmonic is appreciable 
although still small. 
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The basic network derived by the Guillemin design procedure is 
shown in Fig. 6-15, and consists of a series of resonant LC-elements con
nected in parallel. Design parameters for the first five sections of a 
network of this type, as well as the corresponding Fourier-series coef
ficients, are given in Table 6-2 for pulses having both linear and parabolic 
rise and fall, and for a range of values of the rise-time parameter o. 

0.0893 0.0202 0.0075 0.0026 

0.466 L|(J U t J L | ( _ l L | L _ r T">e /» 
"^0235 "^0259 lVa313 "^0506 

0.0781 0.0632 0.0658 0.0774 0,1093 
o—nnpr*-+-npflr*-t-nftv^-npflri-*-J7ffî ^ 

0.0646T 0.0642T 0.0703~F 0.089oT 0.1674T 

O f > f m , 

0.253 3 0.2701 0.3673 0.547 3 0.740 3 T y p e C 

0.4003*P 0,04161* o o n l T 0 0 0 3 ° r 0 0 0 1 7 T 

0.0914 0.0909 0.0908 0.0906 0.0882 

TypaZ) 

TypeF 

FIQ. 6-22.—Equivalent forms for five-section Guillemin voltage-fed network. Multiply 
the values of the inductances by Zm and the values of the capacitances by T/ZJV. The 
inductances are in henrys and the capacitances in farads if pulse duration r is expressed 
in seconds and network impedance ZN in ohms. 

I t may be noted that a few negative values of inductance and capacitance 
are listed for a trapezoidal pulse with a = 0.20. These negative values 
are, of course, not realizable in a physical network. 

Equivalent networks can be derived from the values listed in Table 
6-2 by the mathematical procedures outlined above. A set of equivalent 
networks for the five-section network producing a trapezoidal pulse with 
a rise time of about 8 per cent is shown in Fig. 6-22. 

Examples of one-, two-, and three-section networks, all for pulses 
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T A B L E 6 - 2 . — V A L U E S O P I N D U C T A N C E S 

Waveform 

Rectangular 
Trapezoidal 
Trapezoidal 
Trapezoidal 
Trapezoidal 
Parabolic rise 
Parabolic rise 
Parabolic rise 
Parabolic rise 
Parabolic rise 
Parabolic rise 
Parabolic rise 

0 
0.05 
0.08 
0.10 
0.20 
0.05 
0.10 
0.20 
0 .25 
0 33 
0.40 
0.50 

AND CAPACITANCES FOR F I V E - S E C T I O N P U L S E - F O R M I N G 

Fourier coefficients 

61 

1.2732 
1.2679 
1.2601 
1.2524 
1.1911 
1.2699 
1 2627 
1.2319 
1.2092 
1 1609 
1.1142 
1.0319 

b, 

0.4244 
0.4089 
0.3854 
0.3643 
0.2141 
0 4166 
0.3939 
0.3127 
0.2610 
0.1720 
0.1080 
0.0382 

6. 

0.2547 
0.2293 
0.1927 
0.1621 

0 
0.2418 
0.2064 
0.1032 
0.0564 
0.00930 

0 
0.00825 

67 

0.1819 
0.1474 
0.1015 
0.0669 

- 0 . 0 3 9 3 
0.1640 
0.1194 
0.0246 
0.00353 
0.00338 
0.0085 
0.00300 

b, 

0.1415 
0.0988 
0.0482 
0.0155 

- 0 . 0 1 4 7 
0.1194 
0.0691 
0.0017 
0.0017 
0.0064 
0.0015 
0.0014 

Inductance 

L i 

0.2500 
0.2510 
0.2526 
0 2542 
0 2672 
0.2507 
0.2521 
0 2584 
0 2632 
0.2742 
0 2857 
0 3085 

i i 

0.2500 
0.2595 
0.2753 
0.2912 
0.4455 
0.2547 
0.2694 
0.3393 
0.4065 
0.6168 
0.9821 
2.7747 

U 

0.2500 
0.2777 
0.3303 
0.3927 

CO 

0.2632 
0.3084 
0.6168 
1.1292 
6.8493 

00 

7 7160 

L, 

0.2500 
0.3578 
0.4478 
0.6796 

- 1 . 1 5 6 1 
0.2773 
0.3808 
1.8472 

12.887 
13.44 
5.346 

15.15 

L, 

0.2500 
0.3578 
0.7340 
2.2875 

- 2 . 4 0 5 2 
0.2961 
0.5122 

20.94 
21.37 

5.5556 
23.15 
25.00 

NETWORK O F FIG. 615 

Capacitance 

Ci 

0 4053 
0.4036 
0.4011 
0.3987 
0.3791 
0.4042 
0 4019 
0 3921 
0 3849 
0.3695 
0 3547 
0.3285 

c, 

0.04503 
0.04318 
0.04089 
0.03865 
0.02272 
0.04420 
0.04179 
0.03318 
0.02769 
0.01825 
0.01146 
0.00406 

C, 

0.01621 
0.01459 
0.01227 
0.01032 

0 
0.01539 
0.01314 
0.00657 
0.00359 
0.00059 

0 
0.00053 

C, 

0.00827 
0.00670 
0.00462 
0.00304 
0.00179 
0.00745 
0.00543 
0.00112 
0.00016 
0.00015 
0.00039 
0.00014 

C. 

0.00500 
0.00349 
0.00170 
0.00055 

- 0 . 0 0 0 5 2 
0.00422 
0.00244 
0.00006 
0.00006 
0.00023 
0.00005 
0.00005 

Multiply the inductances by Zjfr and the capacitances by T/ZN- The inductances are given in henrya and the capaci tances in farads if t he pulse durat ion 
i expressed in seconds and the network impedance is in ohms, a ia fractional rise time of wave, see Figs 6-13a and b. 
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with parabolic rise and for various values of the rise-time factor a, are 
shown in Fig. 6-23. The two- and three-section examples are of the type 
known as type A and consist of one or more antiresonant sections in series 
with an inductance and a storage condenser. Calculated pulse shapes 
produced on a matched resistance load by these three networks are shown 

0308 
-rgOTp-

0.329 

(a) One-section, a = 0.50. 

0.0606 
0.190 

03& 
0256 

(b) Two-section, a = 0.33. 

0.0768 0.0118 
nnnnnr| f tott t i 0.1402 

0232 0.382 
(c) Three-section, 0 = 0.25. 

Fio. 6*23.—Theoretical parameters of one-, two-, and three-section type-A voltage-fed 
networks for parabolic rise. Multiply the inductances by ZNT and the capacitances by 
T/ZN. The inductances are in henrys and the capacitances in farads if pulse duration r 
is expressed in seconds and network impedance ZN in ohms. 

in Figs. 6-24, 6-25o, and 6-26a respectively. The calculated pulse shape 
for the five-section network of Fig. 6-22 is shown in Fig. 6-27. 

Considerable improvement in the pulse shapes from networks of 
more than one section can be produced by slight departures from the 
theoretical values of the parameters. Figure 6-256 shows the improve
ment over Fig. 6-25a resulting from a 15 per cent increase in the series 
inductance, and Fig. 6-25c shows the 
further improvement resulting from a 
5 per cent increase in the capacitance 
of the storage condenser. Figure 
6-266 shows the improvement over 
Fig. 6-26o resulting from similar in
creases in inductance and capacitance 
in the three-section network. The 
fact that these improvements can be 
made is perhaps an indication that the 
correspondence between the steady-
state waveform and the transient pulse, which was assumed to be exact, 
is in reality only approximate. 

Design Parameters for Equal-capacitance Networks.—The physically 
realizable form of the equal-capacitance network in Fig. 6-22 is shown in 
Fig. 6-28. The values of inductance given in Fig. 6-28 are obtained from 
those given for the type D network in Fig. 6-22 by making the algebraic 
sum of the inductances around corresponding meshes the same in the two 
cases. As has been stated, all the inductances and the mutual induct-

0.5 1.0 
t/T 

Fia. 6-24.—Calculated pulse shape for 
the one-section network of Fig. 6-23a. 
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(a) Theoretical parameters. 
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(c) Li increased 16 per cent, Cn increased 
5 per cent from theoretical value. 

2ZN iNW 

£4J 

.-^-g^ 
0.5 1.0 — 1.5 

t/T 
(b) Lt increased 16 per oent from theo

retical value. 

>Rt~ZN 

am A. Parabolic rise. 

Flu. 6'28.—Calculated pulse shapes for the two-section network of Fig. 6-23o>. 

1.2 

M* *»(«) 

t/T 
(a) Theoretical parameters. (b) L« increased 21 per cent, Cx inrrcnwd 4 

pel- cent from theoretical value. 

Lt 

c2 c4 ( 
>K (=*.v 

a= | parabolic rise 
Flu. 6-2G.—Calculated pulse shapes for the three-section network of Fiir. 6 2:tc. 
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0 0.5 1.0 1.5 
t/r 

Fia . 6-27.—Calculated pulse shape for the 
five-section network of Fig. 6-22. 

ances may be obtained by winding coils on a single tubular form, and by 
adjusting the spacing between successive coils; however, care must be 
taken to insure that mutual-inductance effects between alternate coils 
are negligible. 

The networks derived from the 
theoretical type D network by re
placing the negative inductances 
in series with each condenser by 
mutual inductances between ad
jacent coils are normally referred 
to as type E networks. Experi
mental work done in early 1942 
by J. R. Perkins proved the valid
ity of the assumptions made in 
designing networks with induct
ances as given in Fig. 6-28. Further simplifications can be made, how
ever, by noting that the values of the inductances of the three center 
sections and of the mutual inductances from section to section are very 
nearly equal. I t has been found in practice that they can be made equal 
without affecting the pulse shape appreciably. 

One way of reducing a type E network to this latter physical form 
consists in winding a continuous 

8 M !S solenoid in such a way tha t its 
R o 3 o total i n d u c t a n c e LN = TZK/2. 

The total network capacitance, 
Cx = T/2ZK, is divided equally 
between the sections, and each 
condenser is connected to a tap 
on the solenoid. The taps are 
located to obtain equal inductance 
for all sections except the ends, 
which should have 20 to 30 per 
cent more self-inductance, and the 
ratio of length to diameter of the 
coil is chosen by a method involv
ing the use of Nagoaka's function 
to give a mutual inductance which 
is 15 percent of the self-inductance 

of each center section. The relative values of inductance and capacitance 
obtained by this method show good agreement with those given in Fig. 
6-28, and networks of five or more sections built in this manner give 
excellent results. The same pulse shapes can be obtained, however, by 
the use of coils judiciously designed and located, as long as the sum of 

„£ 
Ao/~ A 

0.0711 0:0801 0.0674 0.0668 0.0711 0.0805 

0.0910 0.0910 0.0910 0.0910 0.0910 

Fio. 6-28.—Kqual-capacitance mutual-
inductance network equivalent to the equal-
capacitance network in Fig. 6-22. The 
inductances are in henrys and the capaci
tances in farads if the pulse duration is 
expressed in seconds and network impedance 
in ohms. 
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their self- and mutual inductances agrees closely with the values of 
Fig. 6-28. 

If networks of less than five sections are to be designed, it is usually 
found that it is no longer possible to obtain satisfactory pulse shapes by 
using the same inductance per section. If the values corresponding to a 
type D network are known, the necessary values of self- and mutual 
inductances can again be computed, and the coils wound and spaced the 
right distance to duplicate these values. Or, charts can be obtained 
experimentally to determine the percentage inductance for each section 
and the total mutual inductance required to give a pulse shape that has 
certain characteristics of time of rise and ripple. The number of sections 
in the network varies with the time of rise required for the particular 
application: practical experience indicates that it is not always desirable 
to obtain a very fast rise (see, for instance, discussion on magnetron mode-
changing in Chap. 10 of this volume and in Chap. 8 of Vol. 6); and, in 
general, a shorter time of rise results in a ripple of higher amplitude on 
the top of the pulse. Practical considerations involving the size of the 
condensers and the inductances, as well as the effect of other pulser com
ponents, make it generally undesirable to use a large number of sections 
for very short pulses. Experience gained with type E networks shows 
that optimum over-all results are usually obtained for the following 
number of sections: 1 to 3 for pulse durations of less than 0.5 yusec, 2 to 5 
for pulse durations from 0.5 to 2.5 ^sec, and 3 to 8 for pulse durations 
from 2.5 to 5.0 /isec. 

To recapitulate, the Guillemin theory provides a means of designing 
pulse-forming networks that duplicate accurately the pulse shapes nor
mally required on a resistance load. I t is then possible to compute the 
actual pulse shape produced by the theoretical network and, by judicious 
changes in some of the parameters, to approximate even more closely 
the desired pulse shape. 

The theoretical design procedure is likely to be lengthy, especially 
for networks of more than two sections. In practice, therefore, it was 
found easier to derive experimentally any variations from the Guillemin 
design for a given pulse shape and number of sections, rather than to 
work through the detailed theory for each variation. The experimental 
procedure is necessary in any case to compensate for unavoidable sim
plifications in the theory. Stray capacitances and inductances, the effect 
of different qualities of dielectrics, the nonlinear and reactive character
istic of the load, and losses in the network cannot be accounted for easily 
in any kind of theoretical computation. 

For instance, the pulse photographs of Fig. 6-29 show the modifica
tions in pulse shape that can be obtained by altering some of the param
eters of the network of Fig. 630. The first photograph shows the 
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(a) Normal. (6) 20 per cent added ca- (c) 20 per cent added c«-
p a c i t a n c e b e t w e e n p a c i t a n c e b e t w e e n 
points 1 and 4. points 3 and 4. 

i! 

v. 

(d) 10 per cent added indue- (e) 10 per cent added in- (/) 10 per cent added ca-
tance at point 0. ductance at point 3. p a c i t a n c e b e t w e e n 

points 1 and 5. ■ f FFR »H ■Hi ;:: ::s:::::::::::::::::i!!: 
;;; ;;;E:EEEEEE;E:EEE:E2;E;; 
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LLU u . H i m i l T r n m 

Pulse-forming network 

(j) 10 per cent added ca- (ft) 10 per cent added ca- (i) 10 per cent added ca
p a c i t a n c e b e t w e e n p a c i t a n c e b e t w e e n p a c i t a n c e b e t w e e n 
points 2 and 5. points 3 and 5. points 1 and 5, 2 and 5, 

and 3 and 5. 
F I G . 6-29.—Effect of variations in the values of L and C on the pulse shape obtained 

with a type E network. The numbered circuit points correspond to those shown in 
Fig. 6-30. 

lesired pulse shape after the parameters of the network had been adjusted 
experimentally. The next four indicate the effect of changing the value 
of some of the parameters, and the 
last four show the effect of stray ca
pacitance from various points of the 
coil to ground. The c h a n g e s in 
pulse shape obtained for small vari
ations in parameters indicate the 
ease with which it is possible to meet 
specific requirements, but they» also 
show the necessity of holding the 
values of elements to close toler
ances and of minimizing the stray 
capacitances. 

6-4. Current-fed Networks.—Current-fed networks are distinguished 
from voltage-fed networks in that the energy is stored in inductances 

10 40 

TO5^^^^Q^06oo60ooo^ 
T 2 3 

5'A/VWAA/Vj« » 1 J I 

-= i - To synchroscope 

F I G . 6-30.—Circuit diagram for Fig. 6-29. 
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instead of in capacitances. A current-fed network is therefore recharged 
by building up a current in an inductance that is an integral part of the 
network. Upon discharge, a portion of the built-up current appears in 
the load in the form of a pulse whose shape may be controlled by varying 
the network construction. The whole theory of current-fed networks is 
entirely analogous to that of voltage-fed networks, except that the cur
rent rather than the voltage plays the primary role. 

As in the case of voltage-fed networks, it is instructive to consider 
first those current-fed networks that produce ideal rectangular voltage 
pulses on resistance load. The voltage across the resistance load for an 
ideal rectangular pulse is defined by the function v(t), 

v(t) = 
Vh for 0 < t < T, 

0, for t > T. 

The corresponding Laplace transform, v (p), is 

v(p) = ^ (1 T). (54) 

In solving this problem, it is simpler to consider the inverse case—that is, 
the case for which the pulse is pro
duced by charging the network in par
allel with the load resistance from a 
constant-current source. Since the 
pulse produced by discharging the 
network is identical with the charging 
pulse, the two cases are equivalent as 
far as determining the form of the 
network is concerned. 

The charging pulse is generated 
by opening the switch S in the circuit 

shown in Fig. 6-31. The Laplace-transform equation for the circuit 
written on a current-node basis is 

© 

1 

V 

I 

I 
Current-fed 
network of 

admittance YN 

i 

, , 

<h< 
V(t) 

. \ 
F I G . 6*31.—Schematic circuit for 

generating a rectangular voltage pulse 
by charging a current-fed network and 
a load of conductance Gi in parallel. 

(YK + Gi) v(p) = !*, (55) 

where YN is the network admittance, Gi is the load conductance, and IK 

is the initial current from a constant cur#ent source. Solving for YN, 

YN = IN 

= Gt 

pv(p) 

GtV, 

G,= IN 
VI(1 - e-") 

1 +e~" 

-G, 

1 - er" (56) 
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If the numerator and denominator are multiplied by e"/l and the terms 
rearranged to introduce the coth function, there results 

Y„ = Gl 
fe-y c°th T + * e 

2 - /. 2 

(57) 
e ' — e 

The constant lit has been treated as known, but is in fact arbitrary. 
Choosing 

I„ = 2G,Vt, 
the expression for YN reduces to 

YK = G, coth 2 \ (58) 

By substituting Eq. (58) in Eq. (55) and solving for v(p), the unknown 
quantity, it may be seen that 7* = 2GiVi is the correct choice for IK. 
The expression Gi coth pr/2 is recognized as the input admittance of a 
lossless transmission line of characteristic impedance Z0 = 1/Gi and of 
electrical length T/2 when the far end of the line is short-circuited. The 
required current-fed network must, therefore, be either a transmission 
line of this type, or an electrical equivalent of such a line. 

The functioning of the short-circuited transmission line in producing 
the desired rectangular pulse may readily be understood in terms of the 
elementary theory of wave propagation on such a line. At the instant 
at which the switch is opened, the current In from the constant-current 
source divides equally between the line and the resistance load if the 
resistances of the two are equal. A rectangular voltage wave of ampli
tude $IoZo travels down the line, is totally reflected with reversal of sign 
at the short-circuited end, and travels back to the input end in a total 
elapsed time of 25 = T. When the reflected wave reaches the input end, 
the voltage there drops immediately to zero and remains zero thereafter 
because the line is properly matched by the resistance Ri = Z0, and there 
is no reflection at the input end. However, the line is fully charged with 
magnetic energy because a constant current of value 7o is flowing through 
it. The voltage pulse generated at the load during the charging period 
clearly has an amplitude of ihRi and duration 25. 

If the circuit between the constant-current source and the transmis
sion line is then broken, an exactly similar voltage pulse is generated by 
the resulting discharge of the magnetic energy stored on the line. The 
total energy stored on the hne is iLoIl, where L0 is the total distributed 
inductance of the line. This energy must be equal to that dissipated in 
the load, or 

\LJl = GtFfr = g , 
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which reduces to the relation 

L. = 2Gi 
Rrr 
2 " (59) 

The analogy between the transmission line used as a voltage-fed cur
rent-pulse-generating source and as a current-fed voltage-pulse-generat
ing source is very close. The far end of the line is open-circuited when 
it is used as a voltage-fed network and short-circuited when it is used 
as a current-fed network. In the first case, the line is charged to a volt
age Vo, which produces a current pulse on matched load of amplitude 
Vo/2Ri; in the second case, the 1 ne is charged to a current /o, which 
produces a voltage pulse on matched load of amplitude 

2G, 
IQRI 

2 

Current-fed Networks Derived from a Transmission Line.—Current-fed 
networks may be derived from the short-circuited transmission line by 
methods exactly analogous to those used in Sec. 6-3 in deriving voltage-
fed networks from the open-circuited transmission line. A summary of 
the networks thus derived is included, but the details of the derivations 
are omitted as they are considered sufficiently obvious. 

Current-fed Network Simulating a Uniform Line Derived by Rayleigh 's 
Principle.—This network, shown in Fig. 6-32, is identical in form to the 
voltage-fed network of Fig. 6-15 except that the far end is short-circuited 
instead of open-circuited. 

i c * c 4=c *c 
rvm rm\ mri WF 

FIG. 6-32.—Current-fed pulse-forming net
work of the uniform-line type. 

HH HH HH HH 
Fia. 6-33.—Current-fed network de

rived by rational-fraction expansion of the 
transmission-line admittance function. 

Current-fed Networks Derived by Rational-fraction Expansions of the 
Admittance and Impedance Functions of a Short-circuited Transmission-
line.—These are analogous to the similar networks derived by rational-
fraction expansions of the impedance and admittance functions for the 
open-circuited transmission line. The network derived by expanding the 
admittance function 

Y =Y0 coth £ 
is shown in Fig. 6-33. 
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Similarly, the network derived by the rational-fraction expansion of 
the impedance function 

Z = Z0 tanh ^ 

is illustrated by Fig. 6-34. 
Current-fed Networks of the Guillemin Type.—The theory of the 

Guillemin current-fed network is similar to that of the voltage-fed net
work, except that the roles of the voltage and current are interchanged. 
Instead of generating a specified steady-state alternating current by 
applying a constant-voltage source to the unknown voltage-fed network, 

-X X 
FIG. 6-34,—Current-fed network de

rived by rational-fraction expansion of the 
transmission-line impedance function. 

f r 
Current-ted 

pulse-forming 
network 

Fio. 6-35.—Circuit for generating a spec
ified alternating-voltage wave similar to the 
desired single-pulse shape. 

a specified steady-state alternating voltage is generated by applying a 
constant-current source to the unknown current-fed network. Compare 
the circuit of Fig. 6-12 with that of Fig. 6-35. The alternating-voltage 
wave in this case is started by opening the switch rather than by closing 
it as in the case of the voltage-fed network. 

A Fourier-series expansion is made for the specified alternating-
voltage wave shape and the coefficients of the resulting series are identified 
with the network of Fig. 6-36. 

The voltage across the vth anti-
resonant section is given by 

V, = IN 
t 

„ sin —-. (60) 

000 
£3 
DOS 

i n 
000' 

FIG. 6-36.—Form of current-fed net
work derived by Fourier-series analysis of 
a specified alternating-voltage waveform. A comparison of Eq. (60) with Eq. 

(33), which is the corresponding 
expression for the voltage-fed network, shows that the two are identical 
in form with the exception that In appears in Eq. (60) instead of VN and 
that L, and C, are interchanged. All of the results derived for the volt
age-fed network may be immediately applied to the current-fed network 
by making the changes stated in the previous sentence. 

In particular, the values of L, and C, are given by the equations 

L, = rb, _ Zwrb, 
VVYN VTC (61) 
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(62) 

The parameter values given in Tables 6-1 and 6-2 for the voltage-fed 
network of Fig. 6-15 apply directly to the current-fed network of Fig. 
6-36, provided that the L„'s and CVs are interchanged and the induct-

f0.235 gjO.259 gjO.313 gto.506 J0.0781 

_?. _? r "Type 

"]D.0893 ']0.0202 "^0.0075 "Jfl.0026 
00646 0^642 00703 00890 01674 

0.0781 0.0632 0.0658 0.0774 0.1093 

0,4003. 0.0416 0.0111 0.00378 0.00169 

rTnnrs i-fTrotrs i-nnnrs r^nnrs 
0.253 0.270 0.367 0.547 0.740 HH HHHHHHHH 
0.195 0.182 0.423 1.83 21.2 

° ' l( t K l l(■ i It—i—iP 
30.456 SIO.054 3 0.0090 3 0.0012 30.000076 

Type 
B 

Type 
C 

Type 
F 

(Type D not physically realizable) 
FIG. 6-37.—Equivalent forms for five-section Guillemin current-fed networks. Multi

ply the inductances by ZJVT and the capacitances by T/ZN. Inductances are given in henrys 
and capacitances in farads if the pulse duration T is in seconds and the network impedance 
Zs is in ohms. 

0.329 

0.308 
H H 

(o) One-section, a = 0.50. 

0.220 T 1 

(b) Two-section, a = 0.33. 

0.232! 0.382; 0.4301 " • " *=) «^o 'a 0.1700T= 

0.0768T 0.0118T 
(c) Three-section, a = 0.25. 

FIG. 6-38.—One-r two-, and three-section type A current-fed networks. Multiply the 
inductances by Z^T and the capacitances by T/ZN. Inductances are given in henrys and 
capacitances in farads if the pulse duration r is in seconds and the network impedance 
Zs is in ohms. 
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ances are written in terms of T/YN = ZNT and the capacitances in terms 
of Ynr = T/ZS. AS an example, reference to Table 6-1 row 1 gives the 
following values for the corresponding current-fed network 

T - ^ZNT n - T 

L' ~ iv' c ' - izi; 
Likewise the voltage-fed networks shown in Figs. 6-22 and 6-23 can 

be transformed to current-fed networks by following an identical pro
cedure. The current-fed networks thus derived are shown in Figs. 
6-37 and 6-38. The five-section networks are correspondingly designated 
in Figs. 6-22 and 6-37. The type D current-fed network is not realizable 
in physical form because some of the capacitances are negative. I t is 
therefore omitted from Fig. 6-37. 

6-6. Materials and Construction.1 Coils.—The losses in the coils of 
a network can be determined by calorimetric measurement during opera
tion, provided that the coils can be thermally insulated from the con
denser elements. An alternate method is to calculate the frequency 

FIQ. 6-39.—Condenser-discharge currents in the four-section type-E network shown in 
Fig. 6-40. 

distribution of the currents in the various coils, and to determine the Q 
of the coils at those frequencies either by calculation or by measurement. 
The Q of a coil may often be calculated approximately with the use of 
one of various empirical formulas which are given in handbooks. I t 
is usually much easier, however, to measure the Q of a sample on an r-f 
bridge. The frequency distributions may be calculated from Table 6-2. 

The calculation of losses in the coils and in the condensers of a type 
E network during discharge may be simplified by the use of a single 
effective frequency instead of the band of frequencies given by Table 
6-2. The discharge currents in the condensers of a four-section type E 
network are shown in the oscillogram of Fig. 6-39 as obtained with the 
circuit of Fig. 6-40. 

• By P. R. Gillette. 
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i 

■© 
i 

F I G . 6-40.-
I 

—Circuit diagram 
Fig. 6-39. 

for 

The following approximate method of calculating this effective fre
quency leads to values of losses that are accurate enough for all practical 
purposes, although the frequency itself may be inaccurate. The actual 
currents shown in Fig. 6-39 may be represented approximately by por-

Puise forming network tions of sine waves as shown in Fig. 6-41a. 
The current in the end condenser is as
sumed to consist of two overlapping waves 
of the same form as those for the other 
condensers. These waves may be added 
to give the coil currents, as indicated in Fig. 
6-41. The frequency of the sine waves, 
in terms of the number of sections and the 
pulse duration, is given approximately by 
the expression / = n/2r. The effective 

frequency for the rise and fall of current is given to a similar degree of 
accuracy—that is, to within a factor of two—by the same expression. 

The discharge currents in the coils may each be broken up into a 
rising, a fla.t, and a falling portion, and the losses calculated separately 
for each portion. The power dissipated in a coil during the rise and fall 
may be calculated on the assumptions 
(1) that the current is a sine wave of 
period equal to four times the rise 
time and of peak amplitude equal to 
the pulse amplitude, and (2) that the 
effective resistance is the a-c resist
ance corresponding to the frequency 
of this sine wave. The power dissi
pated during the flat portion of the 
pulse may be calculated on the as
sumption that the current is a direct 
current of magnitude equal to the 
pulse amplitude. The power dissi
pated during the charging period may 
be calculated on the assumption that 
the current is a sine wave of frequency 
equal to half the pulse recurrence fre
quency. The total average power dissipated in the coil is the sum of the 
values of losses computed as above. 

In this way the correct wire size, the respective merits of solid, 
stranded, and litz wire, and coil shapes (single-layer, bank-wound, etc), 
may be determined. The power loss is usually a far more important 
consideration than is current density in the choice of wire size. Losses 
in coil forms may be reduced by the use of materials having low dielectric 

Time 
(a) in the condensers, 

Time «-
(6) in the coils. 

Fia . 6-41.—Simplified representa
tions of currents in the elements of a 
pulse-forming network. 
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loss and by the use of hollow rather than solid forms. Increasing the Q 
of coils by increasing their size may cause difficulties unless care is taken 
to keep the self- and mutual inductances constant. 

In addition to the generation of heat, the effect of losses in the coils 
is primarily to attenuate the high frequencies. A pulse with a smoother 
top and a slower rate of rise is thus produced with coils of higher losses. 

Condensers.—A network that satisfies all electrical requirements can 
be constructed of separate coils and standard mica condensers of suitable 
current and voltage ratings. A bulky network results, however, because 
of the problem of insulating the separate components, and also because 
the current ratings of standard condensers are based on continuous 
operation rather than on duty ratios of about 0.1 per cent. The expe
dient of overrating smaller conventional condensers is dangerous because 
they are designed with interdependent voltage and current ratings. It 
has therefore been found necessary to develop new techniques in design 
and construction. All components are put in one container, with com
mon means of insulation. The condensers are designed to withstand the 
high voltages, but have a smaller current-carrying capacity than is 
ordinarily associated with such voltages. 

Losses in the condenser elements can be calculated and measured by 
methods analogous to those suggested for coils. The losses may be 
measured calorimetrically, or the effective frequencies may be calculated 
by one of the two methods outlined in the discussion of coil losses, and the 
effective dissipation factor of the completed condenser either measured 
or calculated for those frequencies. The effective dissipation factor 
includes the losses in the dielectric, the foil, and the impregnant. Under 
most conditions, the effective current through the condenser foils is well 
within the current-carrying capacity of the thinnest commercial foils. 
For high duty ratios and short pulse durations, where the skin depth is 
less than the foil thickness, the foil resistance may become a limitation. 

Dielectrics such as mica, oil-impregnated paper (hereafter referred to 
as "paper"), and a relatively new material known as diaplex have been 
used successfully. Diaplex is an organic-inorganic material that was 
developed as a substitute for mica, and has been used in a number of 
special applications for which the requirements are especially stringent. 
Paper, the material used most commonly in high-voltage condensers, 
has found by far the widest application in network manufacture. Mica 
and paper condenser elements are almost always oil-filled; diaplex units 
are usually oil-filled, but it is also possible to use a plastic material as a 
bonding medium. 

In general, best results are obtained when the losses in a network are 
evenly divided between the inductive and capacitive reactances. If 
this rule is followed, it is generally possible to use paper dielectric for the 
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condensers. In this case, the temperature-limiting constituent of the 
condensers is the paper dielectric, and that of the coils is the enamel or 
other organic insulation. If mica or diaplex dielectrics are used in the 
condensers, and the coils are wound with glass-insulated wire, the phenolic 
insulating members, impregnating oil, and solder become the tempera
ture-limiting constituents. Mica or diaplex is therefore used as the 
dielectric in high-temperature units, and special high-temperature types 
of phenolics, oils, and solders are employed in the construction of the 
networks. 

A "hot-spot" temperature, the maximum stable operating tem
perature of the materials, is generally taken as a maximum both for 
condensers and coils. In paper condensers, the amount (thickness) of 
paper dielectric is determined by the hot-spot temperature, which is 
usually 125°C. If the thickness of dielectric has been chosen with regard 
to this temperature, the occurrence of corona in the paper may easily 
be avoided by conventional methods. The same consideration applies 
to diaplex at low and medium voltages. However, corona will appear at 
the higher voltages if a liquid impregnant is used, apparently because 
strong electric fields drive the oil out from between the layers of dielec
tric material. 

For mica condensers, the losses increase at a much greater rate than 
the applied voltage, partly because of corona in the voids of the mica 
itself. Hence, measurements made when the input power is low are not 
adequate to determine the maximum power that can be applied without 
exceeding the safe temperature for the other components. Mica is unique 
among dielectrics in that corona of moderate intensity does not produce 
chemical degradation of the dielectric, which would induce further losses. 
In this respect, paper is by far the worst of the three types of dielectric 
under discussion. Dielectric losses may also increase faster than the 
applied voltage with materials other than mica. Hence, empirical life-
testing of the network is an important part of the design procedure. 

Some of the electrical characteristics of mica, diaplex, and oil-impreg
nated paper condensers are listed in Table 6-3. 

TABLE 6-3.—ELECTRICAL CHARACTERISTICS 

Dielectric constant (25"C, 1 kc/sec) 
Dissipation factor (25°C, 1 kc/sec, % ) . 

Mica Diaplex Paper 

6.7 
0.15 

4.8 
0.35 

3.8 
0.2 

The variation with frequency and temperature of the capacitance and 
dissipation factor of condensers constructed with the three different 
types of dielectric is illustrated by the curves in Figs. 6-42 and 6:43. 
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Whereas the dielectric constant of mica and diaplex is nearly inde
pendent of frequency, that of paper decreases as the frequency is increased, 
particularly at low temperatures. Therefore, the energy stored in paper 
condensers of a pulse-forming network cannot be entirely removed in 
high frequency components of the pulse shape. Thus, at low tempera
tures, short pulses of 0.5 jusec or less have a duration shorter than that 
which is predicted from low-frequency measurements. 

lOOc/sec lkc/sec lOkc/sec 100 kc/sec 1 Mc/sec 
Frequency 

FIQ. 6-42.—Variation of capacitance with frequency and temperature. 

The dissipation factor of paper becomes very great at high frequencies, 
indicating that, as the time delay per section is decreased, the propor
tion of losses in a paper network increases rapidly. In a mica or diaplex 
network this effect is not nearly so pronounced. The increase in dis
sipation with frequency also causes the pulse from a paper network to 
be more rounded than that from a similar mica or diaplex network. 
The curve showing dissipation factor as a function of temperature leads 
to the interesting conclusion, borne out in practice, that the losses in a 
paper network are a minimum at 75°C. 

To summarize, both mica and diaplex may be used to advantage in 
small light-weight high-temperature units. Paper, because of its lower 
maximum operating temperature, gives, in general, a more bulky net
work. I t may be used in the storage condensers of type A networks, 
but the antiresonant sections usually require higher Q's than may be 
achieved with paper. Finally, the rapid decrease in dielectric constant 
at low temperatures discourages the use of paper in units required to 
operate at extremely low temperatures. Since paper is the least expen
sive of the three dielectrics discussed, it is generally chosen for applica
tions in which only a normal range of ambient temperature is encountered. 



218 THE PULSE-FORMING NETWORK [SEC. 6-5 

After the type of dielectric to be used in a given network is chosen, 
the required volume must be determined. This volume depends not 
only upon the amount of energy to be dissipated, but also upon the 
maximum hot-spot temperature that the dielectric can withstand in 
normal operation, the efficiency of heat transfer from the dielectric to 

100 c/sec lkc/sec lOkc/sec lOOkc/sec lMc/sec 
Frequency 

FIG. 6-43.—Variation of dissipation factor with frequency and temperature. 

the case, the efficiency of heat transfer from the case to the surroundings, 
and the maximum temperature of the surroundings. The efficiency of 
heat transfer from case to surroundings may be improved by mounting 
the case so that there is a large area of contact between it and a heavy 
metal plate, by the proper use of fins, and by forced air circulation. The 
efficiency of heat transfer from the dielectric and coil to the case may be 
improved by spacing the elements in the case in such a way as to achieve 
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the freest possible convection of oil, and hence the maximum convective 
cooling action. Improvement in any of these factors reduces the required 
volume of the dielectric. 

FIG. 6-44.—Typical type-E networks. 

Examples.—The four network designs listed in Table 6-4 are typical 
examples of networks used in pulsers for radar systems. The networks 
are shown in Fig. 6-44, and the pulse shapes produced on the appropriate 
resistance loads are shown in Fig. 6-45. 

TABLE 6-4.—-TYPICAL TYPE E NETWORKS 

No. 

1 

2 

3 

4 

Peak 
charg

ing 
volt

age, kv 

3 .5 

8 

8 

17 

Pulse 
dura
tion, 
/isec 

0 .84 
2.24 

0.25 
0.50 
2 .60 
5.20 

1.0 

2 .0 

PRF, 
ppa 

840 
420 

1600 
800 
400 
200 

1000 

300 

Impe
dance, 
ohms 

50 

50 

50 

25 

Nom
inal 

pulse 
power, 

kw 

25 

200 

200 

2000 

No. of 
sec
tions 

3 
3 + 5 

2 
2 
4 
4 + 4 

5 

2 

Dimensions* 

w., 
in. 

U 

2 

31 

41 

1., 
in. 

3 ! 

101 

41 

131 

ht., 
in. 

21 

51 

51 

91 

Wt. 

12 oz 

5 1b 
9 oz 

41b 
9 oz 

24 1b 
11 oz 

Appli
cation 

Airborne 

Airborne 

Ground-
based 

Ground-
based 

Mfg. 

GE 

Sprague 

Sprague 

GE 

* Not including insulators. 
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l 

T" -""""T"Jr" i l " ' , > " T" 

(a) Network No. 1; 0.84-jusec pulse (6) Network No. 1; 2.24-/xsec pulse 

—^ _ _ — — ■ > — — — — — — — — — 

(c) Network No. 2; 0.25-^sec pulse (d) Network No. 2; 0.5-/isec pulse 

iff 
(c) Network No. 2; 2.5-/isee pulse (/) Network No. 2; 5-/isec pulse 

II 
(ff) Network No. 3; 1-jusec pulse (ft) Network No. 4; 2-usec pulse 

F I G . 6-45.—Pulse shapes on resistance load from the networks listed in Table 6-4. 
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The construction of network No. 3 may be considered as typical of that 
employed in the majority of type E networks. I t is housed in a terne-
plate can with metalized glass bushings. The can is of sufficient resiliency 
to take care of differential expansion. The rive condenser sections are 
designed to distribute the voltage effectively by four series sections and 
to minimize the inductance arising from the lead connections. The 
gradient is approximately 210 volts per mil. The condenser sections are 
held between bakelite end plates by means of metal bands. The total 
capacitance of the network is adjusted so that it will be within + 5 per cent 
of the rated value after impregnation. 

The inductance consists of two close-wound coils wound on a £-in. 
ba'kelite form. The input inductance is wound with 32 turns of No. 22 
enameled wire and is mounted separately from the main coil, which 
consists of 26, 26, 26, and 31 turns of the same size wire. Although the 
input inductance must be separated from the other inductances because 
of the choice of can size and shape, it is possible to obtain a satisfactory 
wave shape on resistance load. The coils are mounted in a bakelite frame 
that can be attached to the end plates of the condenser bank before the 
assembly is placed in the can. 

6-6. Test Procedures.1—The electrical tests to which networks are 
subjected include a voltage-breakdown test, an insulation-resistance 
test, and a dissipation factor test; tests involving the determination of 
pulse duration, rate of rise, general pulse shape and impedance; and, 
finally, determinations of the temperature rise (which is a measure of 
efficiency) and life of the unit under normal operating conditions. Only 
those tests designed specifically for networks are described in this section. 

For temperature-rise and life tests, the network is operated under 
normal rated conditions in a pulser of a type similar to that in which it is 
to be used. Tests are conducted at both the maximum and minimum 
ratings for continuous operating temperatures, as well as at normal room 
temperature. 

The impedance of a network may be measured in several ways 
Probably the most obvious method is to discharge the network into a 
pure-resistance load through a bidirectional switch, and to adjust the 
resistance until no reflection is obtained after the pulse. The resistance 
of the network is then equal to the load resistance. The main drawback 
of this method is that it introduces an unknown quantity, the switch 
resistance. This difficulty can be avoided to a certain extent by the use 
of a long cable whose impedance has previously been determined by other 
methods, but the possible difference in its impedance under pulse and r-f 
conditions makes this expedient of doubtful value. In addition, the 
voltage of the first step is related to the voltage of the main pulse by 

1 By J. V. Lebacqz. 
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which can be rewritten 

Ri — Zs 
Ri + ZK 

V, 

zN = 
1 + Yx 

1-RX. 

In practice, the voltage Vi has to be 1 to 2 per cent of Vi in order to give a 
noticeable deflection on the CRT screen and, under these conditions, the 
maximum accuracy for measuring ZN is only 2 to 4 per cent. Actually, 
the error is greater because of the change in switch resistance during 
conduction after the pulse and the variation in pulse shape introduced by 
network attenuation and phase shift. For the same reasons, it has not 
proved satisfactory to measure impedance of actual networks by inten
tionally using a load that gives a large mismatch, and computing the 
impedance from the above formula as a function of the ratio of step 
voltages. Other methods used for cables (r-f bridge measurements of 
open-circuit and short-circuit impedances) are usually not applicable to 
pulse-forming networks because of distortions introduced by the lumped 
constants, and because only two terminals are available in the majority 
of cases. Pulsed bridge circuits were tried, and proved to be the most 
satisfactory means of measuring network impedance. 

High-
voltage 

input 

Trigger 
input 

-n-oHf 

Pulse-forming 
network 

under test 

To 
scope. 

F I G . 6-46.—Schematic diagram of pulsed bridge. 

The circuit finally adopted at the Radiation Laboratory is given in 
Fig. 6-46. As can readily be seen, the circuit is essentially a conventional 
bridge in which the external voltage is supplied by a pulse-forming net
work. Although with this system the switch resistance has no effect 
on the value obtained for impedance, great care must be exercised to 
eliminate stray capacitances and small additional inductances. This 
circuit has been used in either of two ways: as a matching method, or 
as a computation method. In the matching method, the switch £ is 
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a commutator and Ri is made equal to #2- The resistance Rz is then 
varied until the traces of the voltage across Ri and Ri appear super
imposed on the CRT screen through the action of the switch S, as indi
cated in Fig. 6-47a. The value of ZN is then equal to R3. 

In the computation method, all the resistors are fixed, and the value 
of ZK is easily obtained by measurement of the voltages Vi and Vj 
because 

ZK = jf -5- (R% + Ri) — Ri-
V I til 

The matching method is more convenient for the routine checking of 
networks. Difficulties are apt to arise, however, because of the induct
ance unavoidably introduced in building a variable resistance capable of 

(a) Oscillogram showing balance of im- (b) Oscillogram showing effect of non-
pedance in pulsed bridge. Trace A is ob- inductive resistor in pulsed bridge. Trace 
tained from the network arm of the bridge A is obtained with an inductive resistance 
and trace B from the resistance arm. and trace B with a noninductive resistance. 

FIG. 6-47. 

withstanding the power and voltage requirements. In the setup that 
has been used at the Radiation Laboratory, the resistor consists of non-
inductive elements connected through three selector switches to enable 
variations in steps of 10, 1, and 0.1 ohms. The additional connections 
necessitated by this system result in the appearance of oscillations on 
the top of the pulse, as indicated by Fig. 6-476. This figure shows the 
wave shape through the resistance arm of the bridge only; the smoother 
trace corresponds to use of a noninductive resistance for Rit the other one 
to the use of a variable resistance for R3. The two resistors were equal to 
within 0.1 ohm. 

The choice of the best possible pulse-forming network for the source 
still remains to be discussed. Experience has indicated that the value 
obtained for the impedance of the network under test depends slightly on 
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the characteristics of the source. I t is necessary to keep the resistances 
Ri and Ri small in order to produce the desired amount of deflection on 
the scope if the measurement is to be made at a power level comparable 
to that for which the network is designed. Thus, if the two networks 
have very nearly the same impedance, the source network is working 
into a load impedance that is considerably smaller than its own imped
ance. It has also been observed that this amount of mismatch has an 
effect on the oscillations on the top of the pulse. Figure 6-47a indicates 
that the response of a network and of a resistance to the leading edge of 
the pulse is not the same. In view of this fact, it is probably desirable to 
use for a source network one that has an impedance approximately equal 
to that of the load and whose other characteristics correspond, as nearly 
as possible, to those of the network under test. In order to meet these 
conditions, however, a large number of special source networks are 
required. In practice, either a network of the same series, or one of 
approximately the same pulse duration and impedance as the one under 
test, is used. 

The values of impedance obtained by pulsed-bridge methods can be 
duplicated easily with a circuit of the same type. Any discrepancies in 
the results that are obtained by the two methods (these discrepancies 
have been as high as 5 per cent) are caused chiefly by the inductance of 
the adjustable resistor that is used in the matching method. 



CHAPTER 7 

THE DISCHARGING CIRCUIT OF THE LINE-TYPE PULSER 

B Y J. V. LEBACQZ 

7-1. General Properties of the Discharging Circuit.—The basic 
characteristics of the discharging circuit are determined entirely by the 
elements making up that circuit: the pulse-forming network, the switch 
tube, and the load. A pulse cable and a pulse transformer are often 
added between the pulser and the load although they are not essential 
to the operation of the equipment. The pulse cable is usually added 
only for convenience in engineering, and for greater flexibility in the 
physical location of the pulser and the load. The pulse transformer, on 
the other hand, can often be considered a necessary component of the 
pulser because it reduces the maximum network voltage that is necessary, 
and thus eases the problems of switching. As a result, the design prob
lems are simplified, and a saving in weight and an increase in reliability 
are generally effected. The introduction of a pulse cable and a pulse 
transformer also affects the general characteristics 
of the discharging circuit. 

The general properties of the discharging cir
cuit can conveniently be arrived at by considering 
the simple circuit of Fig. 7-1. 

As has been seen in Chap. 6, a charged loss- ^Sw'teh 
less transmission line produces a rectangular pulse 
of energy if it is connected through an ideal switch 
to a pure resistance equal in magnitude to the 
characteristic impedance of the line. In practice, F l o 7.1—simple 
however, the pulse-forming networks do not dupli- schematic diagram of the 
cate exactly the pulse shape obtained from a loss- S " £ pV^r0"" ' " * 
less transmission line. 

The switch in a line-type pulser is not required to open the circuit at 
the end of the pulse because the current ceases to flow when all the energy 
stored in the pulse-forming network is dissipated. This important 
property of the circuit makes it possible to take advantage of the high 
current-carrying capacity and low voltage drop that are characteristic of 
gaseous-discharge switches. The mechanism of the switch operation has 
an important effect on the operation of the circuit, as is discussed later. 

225 

Pulse-forming 
network 

Load 
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The loads to which pulsers must supply power are not, in general, 
pure resistances. For most radar applications, the oscillator tube can 
be considered as a biased diode, as is already shown in Chap. 2 (Fig. 
2-11). Random variations in the values of either the bias voltage or 
the dynamic resistance may occur from pulse to pulse or during a single 

^___ pulse, and their effect on pulser performance 
| Z0 must be considered. 

Some of the characteristics of the circuit 
'z can be determined by considering the dis

charge of a lossless transmission line of 
impedance Zo through a resistance Ri. Con-

Fl?- . r ? _ " . e a l , dischar»ne sider the circuit of Fig. 7-2, in which the 
circuit for a line-type pulser. . ° ' 

switch can be closed instantly, and is assumed 
to have zero resistance when closed. If the line is charged to a potential 
Vo, the current in the load after closing the switch is given by 

m = z^Rt j 1 _ U(t -2S) - i ^ r t ^ - 2«) - u<f - 4«)] 
I Zo — Ri\ . 

where 
+ \fc+%) ^ - 45) ~ U<* ~ 6«)] - • ■ ■ ) ' (6-7) 

U(M) = 1 for At > 0, 
U(M) = 0 for At < 0, 

At = (t - nS), n = 2, 4, 6, • • • 

In general, only the energy transferred to the load during the first 
time interval 25 is of practical value, and in that case, 

7' = F»srrz0 (« 
and 

V<=V°RTho (2) 

The pulse power in the load is 

Pl = Vlh = («, + z0y Rh (3) 

and the energy dissipated in the load is 

w^Pir=(RTTZoyRtr' (4) 

where T = 2S is the duration of the pulse at the load. As can immediately 
be seen from the foregoing equations, the pulse power and the energy 
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dissipated in the load per pulse are a function of the load resistance. The 
value of load resistance for maximum power transfer can be obtained by 
differentiation of Eq. (3) ; 

dPi 
dR, 

2VIR, 
(Rt + Z„)2 (Ri + Z0y ~ 

and the maximum power transfer is obtained when 

Ri = ZQ. 

0, 

With this condition, 

and 

h = 

Vt = 

Pi = 

W,= 

2Z0' 
V0 

T' 
II 
4Z„ 
V 2 
' o 

4Z„ 

(5) 

(6) 

(7) 

(8) 

(9) 

The value of load resistance for maximum pulse power given by Eq. (5) 
could have been anticipated from physical considerations; Eqs. (1) to 
(4) apply only for the first interval 2$. If the load impedance equals the 
line impedance there are no reflections, and all the energy stored in the 
line is dissipated in the load during the interval 25. Any mismatch 
causes part of the energy to be dissipated in the load after the time 25, 
and thus results in a decrease in power during the main pulse. 

P,. 

1.0 

0.5 

o 

0.5 1.5 1.0 

F I G . 7-3.—Effect of load mismatch on power transfer. 

2.0 

Fortunately, exact matching of the load to the transmission-line 
impedance is not particularly critical from the standpoint of power trans
fer, as long as the mismatch does not exceed 20 to 30 per cent, as can be 
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shown by taking the ratio of the power into any load resistance Rt to 
the power into a matched load Z0. This ratio is 

,Ri PR, _ (R, + ZoY _ R, 1 
Px. Jl Z,/, , R^ {W> 

4Z0 ' ( - ! ) ' 
The values obtained for Eq. (10) are plotted in Fig. 7-3, showing the flat
ness of the curve near the maximum. As an example, the values of 
Ri/Zo for which 3 per cent of the energy stored in the transmission line is 
dissipated after the time 28, equal to the pulse duration r, are found as 
follows: 

1 - 0.03 = a 9 7 _ , zl 
1 (' + £)' 

= 1.42, 

0.70. 

Thus, from power considerations alone, the matching of the load to the 
line impedance has very little effect on the discharging circuit, since only 
3 per cent or less of the energy stored in the transmission line is not dis
sipated in the load if the load impedance varies from 70 to 142 per cent 
of the transmission-line impedance. 

The energy dissipated in the load under matched conditions is equal 
to the energy stored in the transmission-line capacitance before the pulse, 
or 

VI- T 1 

4Z„ " 2toV<" 

which gives the fundamental relation 

r = 2c„z„. ( in 
The pulser design is affected by the pulse-power and energy-per-pulse 
requirements in several ways. Equation (8) shows that the pulse output 
is proportional to the square of the voltage on the transmission line or 
network, and inversely proportional to the line or network impedance. 
Figure 7-4 gives the maximum pulse power PZo that can be expected from 
an ideal pulser for various line impedances and voltages. 

If nearly matched conditions are to be realized, it can be seen that the 
voltage necessary to supply a high pulse power to a high-impedance load 
becomes prohibitively high. For example, for a pulse-power require-
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ment of 1 Mw into an 800-ohm load, the theoretical transmission-line 
voltage is 60 kv. The practical figure is higher because the losses in the 
discharging circuit have been neglected. A slightly lower network 
voltage can be used if the line and the load are intentionally mismatched 

1 2 4 6 8 10 20 40 60 80 100 
V0 inkv 

FIG. 7-4.—Maximum pulse power output vs. transmission-line voltage at various impedance 
levels. 

because the power transfer is not seriously affected. In practice, up to 
about 40 per cent mismatch can be tolerated (Ri/Z, = 1.4), and under this 
condition, the line impedance is approximately 600 ohms with an 800-ohm 
load, and the voltage is 50 kv instead of 60 kv. 

Handling voltages of this order of magnitude presents serious engineer
ing problems. The most important problem is that of securing a suitable 
switch. Gaseous-discharge switches are not readily suited to the very 
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high voltages required in the high-impedance circuit. Neither would 
these circuits use the high current-carrying capacity of these switches to 
the best advantage. On the other hand, vacuum tubes have a high effec
tive resistance, and the losses that occur when these are used as switches 
in high-impedance line-type pulsers result in low efficiency. 

The small storage capacitance that results from the use of a high-
impedance transmission line or network leads to other difficulties. This 
capacitance is given by Co = T/2Z0 [Eq. (11)] and, for a given pulse 
duration, decreases proportionally to the increase in line impedance. 
Assuming, for example, an 0.8-/isec pulse and an 800-ohm transmission 
line, 

„ _ 0.8 X 10-' _ w . 
Co ~ 2 X 0.8 X 10» ~ ^ MMf• 

The small transmission-line or network capacitance may prove a serious 
handicap in the design of the charging circuit because a charging diode 
with peak inverse voltage greater than 30 kv is required to prevent the 
size of the charging inductance from becoming prohibitive. Also, the 
construction of the network itself presents very serious problems because 
the network inductances increase proportionately with the impedance, 
and the effect of distributed capacitance on wave shape becomes pro
portionately greater as the total active network capacitance is decreased. 

In spite of these difficulties, several line-type pulsers were designed in 
the early days of the Radiation Laboratory to operate directly into high-
impedance loads. However, a much more satisfactory solution to the 
problem was achieved by the development of an impedance-matching 
pulse transformer. These pulse transformers can be used over the wide 
range of output power (from 500 watts to 20 Mw) required from pulsers 
and over a range of pulse duration from less than 0.1 to more than 5 jusec 
without seriously affecting the shape of the output pulse. The impedance 
ratio of a pulse transformer is essentially equal to the square of the turns 
ratio. For a 1-Mw pulser supplying an 0.8-/*sec pulse to an 800-ohm 
load, and using a 4/1 pulse transformer, the load RK = 800 ohms that is 
across the secondary appears across the primary as 

Rn = W = 50 ohms. 
The maximum line or network voltage is now about 15 kv and its capaci
tance 

The disadvantages of a pulser coupled directly to a high-impedance load 
have now disappeared. Another advantage in the use of pulse trans
formers is the possibility of introducing a physical separation between the 
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pulser and its load. In many radar applications, it has been found neces
sary to separate the oscillator from the pulser itself—in some cases, 
because, of the physical motion of the oscillator. Under these conditions, 
a pi}j*\- cable links the pulser to the load. Theoretically, pulse cables 
can be made in almost any impedance range, but practical considerations 
limit their impedance to less than 100 ohms. In the United States, the 
50-ohm impedance level for pulse cable was standardized, and, for con
venience in matching cable to pulser when necessary, the great majority 
of line-type pulsers were designed to use 50-ohm pulse-forming networks. 
In special applications requiring an exceptionally high-power output, 
however, networks of 25 and even 12.5 ohms were used. In Great 
Britain, on the other hand, the network impedance was centered around 
80 ohms—again for convenience in cable matching. 

Since the loads used in microwave radar usually have input character
istics similar to those of a biased diode, the 
performance of the pulser circuit with this 
load must be considered in some detail. The 
method of approach, however, can be extended 
to pulser circuits with loads of any type 
imaginable. 

The current-voltage characteristic of a bi
ased-diode load can be represented by Fig. 7-5. 
For any point along the load characteristic, 

71 V, + h tan a _ V. + I<r, 
h h ~ It ' 

/ 

Load 

V* 

Ri 
FIG. 7'5.—Voltage-current 

characteristics of a biased-
diode load. 

where n is the dynamic resistance of the diode. Under these conditions 
the general expression (see Eq. (1)) for the current in the load becomes 

Vo V, Voli h = Ri + Z0 V. + I,r, + Zo 

or 

so 

and 

/« = Vo- V. 
ri + Z0 

Vo[ Vo 

*' + £ 

V. + 7,(r, + Zo) 

V. 

«« =■ r, + V. n + Zp 
Vo - V,' 

i+^y-
Vi - mi - TT+X \n + v-vo-=v.) ~ VoZo-—jr 

"*" Zo 

(12a) 

(126) 

(13) 
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In this case, the conditions for optimum power transfer between the 
transmission line and the load depend on the bias voltage as well as on 
the initial voltage on the line. Substituting Ri = Z0 in Eq. (126), 

(Z. - r,) ( 7 0 - V.) = V.(r, + Z„), 

which may be simplified to 

Z° = r>V^2V.> ( 1 4 ) 

or 

Vo = - ^ V (15) 
1 -%■ 

Zo 
Equation (15) expresses the voltage to which the transmission line must 
be charged in order that the load operate at the only point corresponding 
to matched conditions, or to maximum power transfer. 

Then, for matched conditions, 

and 

Vo 
Zo 

= 

1 -
1 - i 

z„ 
2 '+! 

Vo 

Pi 

- / « z „ = 

4Z0 

Vo 
2Z0 

Vo 
T' 

(16) 

(17) 

(18) 

It is seen that the expressions for current, voltage, and pulse power are 
identical with Eqs. (6), (7), and (8) obtained for a pure-resistance load. 

FIG. 7-6.—Simplified equivalent circuit for FIG. 7-7.—Simplified equivalent circuit for a 
a line-type pulser with a resistance load. line-type pulser with a biased-diode load. 

Expressions identical to those for the current and the voltage in the 
line-type pulser can be obtained from the consideration of a simple series 
circuit containing a battery of constant voltage Vo and internal resistance 
Zo, a switch closed for the time r, and a load resistance Rt (see Fig. 7-6). 



SEC. 7-2] PULSER CHARACTERISTICS 233 

For this circuit 

and 
II-

v,= 
Zo 

-■ Vo 

Vo 
+ Ri 

Ri 
V 1 D 

[See Eqs. (1) and (2).] 
resistance n, 

For a biased-diode load (Fig. 7-7) of dynamic 

T Vo - V. 

and 

Vi=V. + r, 

Zo + r{ 

- V, VoU + V.Z0 

Zo + rt Zo + rt 

[See Eqs. (12) and (13).] 
Since the circuits of Figs. 7-6 and 7-7 give the same results as those 

obtained by the transmission-line theory, they can be considered adequate 
equivalent circuits for a further discussion of the currents and voltages 
in line-type pulsers. On the other hand, this circuit is not satisfactory 
for determining energy relations because Z0 is not physically a dissipative 
element. The value of Z0 is determined from a fundamental considera
tion of the charging of an infinite transmission line, across which a battery 
voltage is suddenly applied, and is then defined as the ratio of voltage to 
current in the line. If the line is assumed to be lossless, the impedance, 
Zo = s/Lo/Co, has the dimensions of a pure resistance, but does not dis
sipate energy. It can easily be seen that the circuits of Figs. 7-6 and 7-7 
are identical with those of the hard-tube pulser discussed in Chap. 2. 
The principal difference lies in the ratio of Zo to Ri or rj. For most 
practical applications of line-type pulsers, Zo is very nearly equal to Ri, 

Vo 
or to n -rz ^ F ' whereas, in general, a hard-tube pulser is operated 

V o A V t 

with a load whose impedance is high compared with the pulser internal 
impedance (effectively the resistance of the switch tube, which is dis
sipative). This difference is very important in the consideration of pulser 
regulation, efficiency, and the effect of 
other circuit parameters on pulse shape. 

7-2. P u l s e r Characteristics.—A 
typical discharging circuit for a line-
type pulser can be represented by 
the diagram of Fig. 7-8. The ideal 
rectangular pulse that was considered 
in the preceding section is usually 
unobtainable in practice because of the characteristics of the various com
ponents used in the circuit. Some of the effects on pulser behavior and on 

Pulse-
forming 
network 

Switch 

Pulse 
trans
former 

Load 

Flo. 7-8.—Block diagram of the dia 
charging circuit of a line-type pulser. 
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© 
Pube input 

C. 

Flo. 7-9.—Electrical equi
valent of a pulse-forming net
work for the atudy of pulse 
shapes. 

pulse shape introduced by the characteristics of the separate components 
are discussed in this and in the following sections. A brief resume1 of 
the characteristics that affect the behavior of the discharging circuit is 
given here to facilitate reference. 

The PuUe-forming Network.—As explained in Chap. 6, the pulse-
forming networks used in practice can only 
produce an approximately rectangular output-
pulse on a pure-resistance load. In order to 
simplify the mathematical analysis, it is as
sumed in this chapter that the pulse shape 
generated by the network is either rectangular 
or trapezoidal. It should be noted, however, 
that most practical networks also produce 

amplitude oscillations during the "flat" portion of the pulse—that is, 
between the end of the rise and the beginning of the fall. In general, 
these oscillations are small and are neglected. In addition, actual net
works always have stray capacitances to ground that must be taken into 
account when particularly fast rates of rise or fall 
are desired. 

For simplicity in analysis, the stray capaci
tances to ground are lumped and connected at the 
capacitance input terminal of the network. The 
pulse-forming network can then be represented as 
in Fig. 7-9, in which the subscripts 0 for a lossless 
transmission line have been replaced by N. 

The Switch.—Three types of switches have been 
used extensively in pulser operations: rotary 
spark gaps, fixed triggered gaps, and thyratrons. 
In general, the electrical characteristics of these three types are the same 
during the main pulse or conducting period. Fixed gaps and thyratrons 
both show a rapid decrease in tube drop from time / = 0 (when the tube 
begins to conduct), and the tube drop stays very nearly constant for the 

remainder of the pulse. A typical curve of tube drop 
during a pulse is shown in Fig. 7-10. The time ta re
quired for the voltage to decrease to a steady-state 
value, Vp varies with the particular switch considered 
and is usually about 0.3 Msec for triggered gaps, and 
0.1 /isec for thyratrons. For a given tube the steady 
value of the tube drop is very nearly independent of 
the current, as shown by Fig. 7 • 11. The average values 

for Vp under actual operating conditions are approximately 120 to 150 
volts per gap for typical fixed spark gaps, and 70 to 110 volts for typical 
hydrogen thyratrons. 

ta 
BL 
t 

FIG. 7-10.—Typical 
switch drop as function 
of time. 

Fio. 7-11.—Typ
ical switch drop as 
function of current. 
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The data taken with rotary spark gaps points to approximately the 
same results as were obtained with fixed gaps or thyratrons. Rotary 
gaps, like thyratrons, have been used successfully at pulse durations of 
the order of magnitude of 0.1 /isec, indicating a very fast decrease in 
voltage drop across the gap after the initiation of conduction. Although 
the time jitter of the rotary gap does not directly affect the discharging 
circuit, it may affect the final charging voltage of the network. Under 
unfavorable conditions, the resulting change in power output from pulse 
to pulse may be several per cent. 

The principal difference that is introduced in the behavior of the cir
cuit by the switches occurs immediately after the pulse. Rotary gaps 
and triggered fixed gaps are essentially bidirectional devices, but the 
thyratron is unidirectional, and therefore holds off any negative voltage 
appearing at the plate as a result of impedance mismatch. This fact 
has a definite effect on the shaping of the tail of the pulse, causing post-
pulse conduction for bidirectional switches and a higher voltage back-
swing for the thyratron switch. Different principles of circuit-element 
protection must also be applied because of dif
ferences in the switches. j ^ " "? J ^ Secondary 

The Pulse Transformer.-—An equivalent 
circuit adequate for the discussion of the effect 
of pulse transformers is derived in Sec. 121 , 
and is given in Fig. 7-12 for reference. To 
make the analysis easier, however, further F l °- 712.—Equivalent circuit 

. . „ , . ,, . , , , j for a pulse transformer. 
simplifications are usually introduced, and 
those circuit elements that have little effect on the particular portion of 
the pulse under consideration are neglected. 

For simplicity, it is assumed in the following discussions that any 
pulse transformer introduced in the circuit having a voltage stepup ratio 
of n is replaced by a 1/1 transformer, and equivalent circuits for line-type 
pulsers are all referred to the secondary of the pulse transformer. Under 
these conditions, the actual primary voltages are multiplied by n, the 
actual primary currents are divided by n, and the actual impedances are 
multiplied by n2, that is, 

XLMO = 71 / £ p r i ; 

XJMO = ri Ltprif 

VNe = 9 C^pri. 

n' 
The assumption that the losses in the pulse transformer are negligible is 
sufficiently accurate for discussions of pulse shapes, and is warranted by 
the simplifications it introduces in the mathematics. When the losses 
have to be taken into account, it can be assumed that the voltage trans-



236 DISCHARGING CIRCUIT OF THE LINE-TYPE PULSER [SEC. 7-2 

formation is conserved, that is, the ratio of primary to secondary voltage 
is equal to the ratio of the number of turns in the pulse transformer. The 
losses then appear as shunt losses and affect the ratio of currents and 
impedances as follows: 

Z- -J - . 
TIT), 

'm i l 

where ij< is the efficiency of the pulse transformer. 
The Load.—As previously stated, the load most widely used in radar 

applications of pulse generators has the characteristics of a biased diode. 
In addition, a certain amount of capacitance is usually present in parallel 
with the load, and its effect on the leading and trailing edges of the 
pulse must be considered. Although the scope of this chapter does not 
permit a specific study of all the possible types of pulser loads that can 
be used, an important special application of the circuit has been found in 
the triggering of series gaps. In this case, the pulse shape is relatively 
unimportant, and the load is essentially a pure capacitance until the 
breakdown of the gaps, at which time the load is short-circuited. This 
particular case is considered in Chap. 8. 

Equivalent Circuit for a Line-type Pulser.—A complete equivalent dis
charging circuit for a line-type pulser, obtained from the above considera
tions,1 is shown in Fig. 7-13. 

= VJi 

Pulse 
transformer 

-Equivalent discharging circuit for a line-type pulser. 

For the remainder of this section, further simplifications can be made 
m this circuit. First, the output-power pulse is considered to be rec
tangular, even though it is shown in Sec. 7-4 that a perfectly rectangular 
pulse is unobtainable in practice. It is therefore necessary to define the 
pulse duration. In general, the pulse duration of any shape pulse is con
sidered here to be that of a rectangular pulse that has an amplitude equal 
to the average amplitude (see Appendix B) of the top of the pulse under 

1 The series resistance RP includes the equivalent switch resistance and the series 
losses in the network and pulse transformer. 
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veil dt 

consideration, and that delivers the same amount of energy to the load 
as does the pulse under consideration. Then the equation 

r ■ 
I Vfil 

T = i S 
Vdi 

gives the equivalent pulse duration, where Vi and 7| are the amplitudes 
of the voltage and current pulse averaged over the top of the pulse, and 
vi and it are the instantaneous values of voltage and current. 

The general circuit that is of interest in this discussion includes the 
losses of the components that make up the circuit. With the above 
definition of pulse duration, however, it is not necessary to refer to the 
actual pulse shape in order to determine the power and energy relation
ships; instead, the equivalent rectangular pulse is considered. The 
equivalent circuit of Fig. 7-13 can thus be further simplified by the fol
lowing assumptions: 

1. 

2. 

The series inductances are neglected, since no voltage can appear 
across them during the " t o p " of a rectangular load-current pulse. 
The time constant of Zs and CD is considered to be so small com
pared with the pulse duration that the charging time of CD, and 
therefore C» itself, can be neglected. 
The voltage drop across ZK and the series resistances produced by 
current flowing through Le is considered to be negligible, since the 
output current pulse is assumed to remain rectangular in shape, 
and thus Le can also be neglected. 

(a) Switch resistance is independ
ent of current. 

(6) Switch drop is independent of 
current. 

FIG. 714.—Equivalent circuits for the study of power transfer. 

4. The series losses produced by the switch, network, and pulse trans
former can, in general, be lumped into one resistance Rp, as indi
cated in Fig. 7-14a. This assumption is equivalent to saying that 
the switch has a constant resistance that is independent of the 
current. In cases where the switch drop is not very small (less 
than 10 per cent) compared with the network voltage, it is prefer
able to assume that the switch has a constant voltage drop Vp, 
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as indicated in Fig. 7-14b. In this case, the value of the series 
resistance is represented by R'p. 

Pulse Power, Power Transfer, and Load Line.—If the case of a resist
ance load, for which V. = 0 and n = Ri, is considered first, the current in 
Ri corresponding to Fig. 7-14a is given by 

VN = 7, ( l + j£) {ZH + RP) + IiRi, 
or 

VNRe 
II (R„ + R,)(ZK + RP) + RJt,' 

which can be written 

'• = —7 . x V \ ^-7-^- d9) 
M'+feK^ + TT-') 

Introducing the coefficients 

a = 1 + Zn -f- Rp 
R. 

and 

Eq. (19) becomes 
fi = 1 + #*> 

UN 

h = zwhtr* (2°) 
A comparison of this expression with Eq. (1), 

II ~ zTTRi (1) 

indicates that the load current is reduced by the losses in the circuit, 
since Vo and Zt> are equivalent to Vn and ZK respectively (the subscript 
zero refers to lossless transmission lines and the subscript N to actual net
works). For this reason, the coefficients a and 0 are referred to as 
"loss coefficients," a representing the shunt losses, and j8 the series losses. 

From Eq. (20), the load voltage is given by 

and the pulse power by 
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The relation between Ri and ZN for maximum power transfer into the 
load for a given network voltage can again be found by differentiating 
Eq. (22), and equating the result to zero; thus 

dpt 
dRi 

V% V„ROa 
(zNp + R,ay (zNp + Riay 

Zrf + R«* - 2Rv* = 0 
Ri = Z// — 

a 

— 0 
" 1 

or 

(23) 

Equation (23) shows that, when losses are taken into account, the maxi
mum power transfer to the load is obtained for a value of load resistance 
that is different from the characteristic impedance of the network. If 
only series losses exist (R. = <»), maximum power transfer is obtained 
for a load resistance that is equal to the network impedance plus the 
resistance corresponding to the series losses, that is, Ri = ZN + RP-
If only shunt losses exist (RP = 0), the value of load resistance for maxi
mum power transfer must be equal to the equivalent resistance of the 
network impedance and shunt-loss resistance in parallel, that is, 

ZjlRe Rt = 
ZN + Ri 

In general, the series and parallel losses are of the same order of mag
nitude (a «* 0). Therefore, it is usually sufficient to make Z* equal to 
Ri, and the departure from optimum power transfer is not great because 
of the flatness of the power-transfer curve (Fig. 7-3). When the condi
tions for maximum power transfer are realized for a resistance load, the 
expressions for load voltage, current, and power are 

(24) 

(25) 
and 

(26) 

The load current, voltage, and power are easily obtained by the same 
methods from Fig. 7-146 if VN is replaced by VK — Vp, Rp by R'p, a by a' 
and P by 0', giving 

II = zj> + Ri'' (27) 

v _ (VN - VP)R, m . 
Vl ~ Zrf' + Rv'' (28) 

v,= 
/ l = 

(P,)»* 

VN 

VN 
2ZN0' 

_ n 
A.7...~a 
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and 
p _ (v„ - vTYRi 
r% (Zip + R,a')*' W 

The maximum power that can be delivered by the circuit is 

W - " {Vlz~J/- 0») 
The principal reason for a representation of this type in the study of 

the obtainable pulse power is to emphasize the effect of tube drop in the 
design of low-power pulsers. As long as the tube drop is only a few per 
cent of the network voltage either presentation is adequate. However, 
the rapid increase in losses, and the corresponding decrease in available 
power as the switch drop increases, are more evident from Eq. (30) than 
from Eq. (26). For instance, if Vp is about 10 per cent of VK, the losses 
in the switch amount to nearly 20 per cent of the load power. 

In Fig. 7-4 a series of curves for Pz, = V%/(^Z0) are plotted. The 
same curves can, of course, be used to represent Eq. (26) if the coordi
nates are made to represent [a/9 Pj)nuJ and VK instead of Pz, and V0, or 
Eq. (30) if the coordinates are changed to [<*'/?'(.?»)■»■»] and (7* — Vp) 
respectively. 

If the load is considered in the more general terms of a biased diode of 
instantaneous static impedance 

p V. + Itn 
Ki = f ; 

the expression for load current [Eq. (20)] becomes 

This equation can be rewritten as 

U = y a I , > (31) 
£sP + rta 

which is of the same form as Eq. (12). 
With the value of / , from Eq. (31), the voltage across the load, 

Vi = In + V„ 
becomes 

and the pulse power is 
F | - y f ' + / ^ , (32) 

ft-W.-<^+J*«>&-™. ,33, 
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Maximizing the power as a function of rj, it is found that the network 
voltage giving maximum power transfer to the load is 

VN = 2V. (34) 
1 _ IL -

ZN' 0 

A comparison of Eqs. (15) and (34) shows that when the losses in the cir
cuit are considered, the voltage on the network for maximum load power 
is greater than that obtained when the losses are neglected, by a factor 
approximately equal to a. The same expression may be obtained by 
maximizing the power as' a function of V„ or by introducing the expres
sion for static impedance of the biased diode into Eq. (23) and using 
Eq. (31). I t is therefore evident that there is only one operating point 
for a nonlinear load where maximum power is obtained and, accordingly, 
that there is only one definite value of network voltage that leads to 
operation at that point. It is fortunate that the circuit performance is 
not greatly affected by slight deviations from the conditions giving maxi
mum power transfer. 

To demonstrate this point, Eq. (33) may be rewritten to express the 
pulse power as 

V2 ■te+fe'X'-fe-) 

By introducing Eq. (34) into Eq. (33), the pulse power corresponding to 
maximum power transfer is found to be 

F 2 1 
(Pi)m« = -rw- —? (35) v 4Zwa/3 

The power-transfer relation P I / ( P I ) » " can be expressed as 

,fe + fe')(-fe«) 
(' + £■) 

Pl = 4 a f l ^ » / " ' ^ . , '« J-. (36) 
(Pi) 

When Y,/VN equals zero, the special case of a pure-resistance load is 
obtained. For any value of V,/Vn greater than 1/a, the power output 
drops to zero because the expression gives a negative value for power 
under this condition. The curves of Figs. 7-15 and 7-16 indicate the 
effect of the losses in the circuit on the conditions required for optimum 
power transfer when the loss coefficients have the values 1.0, 1.1, and 1.2, 
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which cover the range ordinarily encountered in line-type pulsers. These 
curves also show that very little loss in power results from a slight mis
match, as was already determined in Sec. 7-1 (Fig. 7-4) for a resistance 
load and a lossless circuit. More important, these curves show that, in 
order to achieve maximum power transfer, the dynamic resistance of the 
load must decrease as the bias voltage is increased. This phenomenon 
can best be explained physically by a consideration of the load line of the 
pulser, a curve that gives the relation between output current and output 
voltage as the load resistance is varied, all other conditions remaining 
the same. Referring to the expressions (20) and (21), and eliminating 
Ri between them, there is obtained 

V, = — - hZN ^ (37) 
a a 

which is the equation for the pulser load line plotted in Fig. 7-17. By 
inspection of this equation, it can be seen that the open-circuit load volt
age is VN/OL, the short-circuit load current is VN/{ZN&), and that the 

FIG. 7-17.—Diagram showing the determination of the load voltage and current by the 
intersection of the load characteristic line with the pulser load line. 

function is linear. The load characteristics can be represented on the 
same plot; thus a resistance load is represented by a straight line passing 
through the origin, whereas a biased-diode load is represented by a 
straight line intersecting the V axis in the positive region. The inter
section of the pulser load line with the load characteristic line gives the 
operating point. A load characteristic line has been drawn for 
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corresponding to optimum power transfer from the pulser to the load. 
Its intersection with the pulser load line at point A corresponds to a 
voltage VN/{2(X) and a current VN/{2ZN0), the only point on the load 
line for which optimum power transfer obtains. Conversely, any load 
whose characteristic passes through that point enables the pulser to 
operate under the conditions of maximum power transfer. 

Such a load could be the biased diode represented in the Fig. 7-17. 
I t is evident from Eq. (36) that , unless negative resistance is considered, 
the highest value of bias voltage that permits operation at point A is 
Vf,/(2a) (see Fig. 7-16). I t is also apparent that the higher the bias 
voltage on the diode, the steeper the load characteristic must be if it 
is to pass through point A. This condition corresponds to a small 
AV/AI or dynamic resistance, and explains why the maxima in the 
curves of Fig. 7-16 shift toward small values of n/ZN when V,/VN is 
increased. 

7-3. Pulser Regulation and Efficiency.—Pulser regulation refers to 
the changes in pulser output voltage, current, and power resulting from 
changes in operating conditions. These changes may take place either 
during a pulse or from pulse to pulse. The present discussion neglects 
the circuit inductances and stray capacitances, and is valid as long as 
the "transient regulation" is not considered. The results therefore 
apply to the cases where a change in circuit parameters has taken place 
between two pulses, or, if the change takes place during the pulse itself, 
the results are valid only after any transient effects have been damped 
out. 

There are two types of regulation to be considered: (1) that produced 
by changes in the network voltage, and (2) that produced by changes in 
the load characteristic. In either case, transient regulation may appear. 
The effect on the pulser output of possible oscillations or irregularities 
on the top of the input voltage pulse can be analyzed only by methods 
similar to those of Sec. 7-4 used in studying pulse shape. If, on the 
other hand, the load characteristics suddenly change during a pulse, 
the transient behavior from one characteristic to the other depends on 
the values of the distributed capacitance across the load as well as on the 
series inductance introduced by the pulse transformer. 

Neglecting transients, the circuit of Fig. 7-14 can be used for the 
study of regulation, leading to the expressions for load voltage, current, 
and power obtained in Sec. 7-2, namely, 

V i = Vsn + F . Z ^ 
ZNP + ria 

, VN - V,a 
U Z^ + na 

(32) 

(31) 
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and 
p (VKr, + VJtf) (Fy - V.a) , ,_ . 
P t = " (Zrf + r,a)» ' ( 3 3 ) 

The regulation may be obtained from these equations by differentiation. 
Regulation against Variations in Network Voltage.—The voltage regu

lation is obtained by differentiation of Eq. (32), which gives 

dVt r, 
dVs ZN& + na 

Multiplying by CLVN, dividing by Vi, multiplying numerator and denom
inator of the right-hand member by Vx, and replacing the differential 
by a finite difference, there results 

c ri v„ A F t \ = ZN0 + na " AVN = 1 AV„_ 
Vijy, Vsn + V.Z„g VN F.Z, / » 

ZN0 + rta + VN r, P 

(38) 

For operation at maximum power transfer, 

1 _ IL1 
V^ Z„p 

VN 2a ' 

and the expression for voltage regulation becomes 

Y A F A 2 AFy 
U I / T , 1 + 2Z(LV"' 

TI a 

(34) 

(39) 

The expressions for current and power regulation are obtained in the 
same way, with the following results: 

f A/A = 1 AV„ 
{l,/v„ . V. VN' 

and 

\ Pjvs 
' & > - ) 2 + Yt\ri " "J AVK 

"h 

(40) 

(41) 

For the case of maximum power transfer, these equations may be sim-



246 DISCHARGING CIRCUIT OF THE LINE-TYPE PULSER [SEC. 7-3 

plified to 

@l) =—V^, (42) 

and 

For a resistance load, V, = 0, and the expressions for regulation reduce 

and 

Sl-'fc'' 

( * 

whether or not the load resistance is matched to the characteristic 
impedance of the network in order to obtain maximum power transfer. 

An examination of expressions (38) and (40) shows that, for a biased 
diode, the load voltage always changes less rapidly than the network 
voltage, whereas the load current changes more rapidly. For instance, 
assuming Zs/n = 10, a = 0 = 1, and maximum power transfer, Eq. 
(39) gives 

and Eq. (42) gives 
/ A / A 2 A 7 » _ . Re,AV„ 
\IlJyH 1.1 Vs Vs' 

The value of V./Vs corresponding to the above assumptions is 0.45 
(Fig. 7-16). It must be noted that the current regulation is improved 
(made smaller) if the ratio of V./Vs is decreased. For instance, for 
V./Vs = 0.4, 

f M ^ 1 AVs _ , fi- &Vs 
\IlJyM 0.6 Vs Vs' e 

It is interesting to note that the output-current regulation against a 
change of network voltage depends only on the ratio V./Vs- It is also 
worth noting, that, since the network voltage is directly proportional to 
the input voltage to the pulser circuit, Vs can be replaced by En, in 
the above expressions. This fact is important in pulser design, where 
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tolerances on the input voltage are usually known. For all practical 
operating conditions of magne ron load encountered to date, V,/VN is 
in the neighborhood of 0.4 to 0.45, and hence the percentage change in 
magnetron current resulting from pulser regulation alone is approximately 
1.75 times as great as the percentage change in input voltage. 

Regulation against Variations in Load Characteristic.—Two types of 
regulation of the pulser output against load variation are discussed here. 
First, it is assumed that the bias voltage, V„ of a biased-diode load may 
change either from pulse to pulse or during a pulse, but that the dynamic 
resistance, n, stays constant (this case corresponds quite closely to 
mode-changing in magnetrons). The expressions obtained for this case 
are 

ZK0 

G&. Zrf + na V' AV, = 1 AV. 
Vxn+V.Zrf V. t . Z i l L l V'' 

• IT 17 a 

(47) 

Zrf+r,a ' V,ZN/3 

V. (Al\ _ Zrf + r,a Y' AV. 
\h)y. Vs - V.a ' V. i _ YJL 1 V' 

Zrf + m V.a and 

m,r i _ IL1 _ 9Z1 
Z„(} 'Vya AV. (49) 

For operation at the point corresponding to maximum power transfer, 
the expressions for regulation against load bias voltage become 

AV\ 
ri a 

Z~N~fi AV. (i , _ 
\V,/r. . , Jl« V. 

+ Zs$ 
, n a 

(AI\ = _ ZNp AV.f 
\Ii/r. j , ri_ a V.' 

and 

+ Zw/3 

( a.-
It is obvious that the power regulation at the point of matched condi

tion is perfect—that is, a small change in load bias voltage around that 
point produces no change in power output from the pulser—since the 
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tangents to the power-transfer curves (Fig. 7-15a) are parallel to the 
VJVs axis at the points of maximum power transfer (matched condi
tions). For the same reason, the values of voltage and current regula
tion must be equal, but of opposite sign. For Zr,/rt = 10 and a = 0 = 1 , 

/ A F A 0 .9A7. AF. 

The second case to be considered is that in which the bias voltage, 
V., stays constant, but the dynamic resistance varies. Of special interest 
is the condition V. = 0, giving the regulation as a function of load varia
tion for a pure-resistance load as 

(50) \Vt)„ ! 
_ 1 Aff, 
. Ria Ri 

+ ~Zrf 
Ria 

+ 
and 

Zrf 

Ria 

Zrf 

For operation at maximum power transfer, 

A7A = lAfli 
Vt ) R l 2 Rt' 

m^^t 
( 
/Al\ _ 1 Afl, 
V h A, 2 R,' 

and 
/ A P . \ 

0. ( 
A P A 

It must be noted again that the above expressions apply only to small 
variations in the value of the load resistance. If the load variation is 
very large, as in the case of an accidental short circuit at the load, it is 
better to refer to the load line of the pulser under consideration. 

A special case of regulation from pulse to pulse, corresponding to 
the pulser using a unidirectional switch, is considered later (see Sec. 10-2). 
As has already Been pointed out, the network energy is conserved under 
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these conditions if Ri/Zn is less than one, and the network voltage after 
the next charging cycle is higher than normal. Since a discussion of this 
phenomenon involves the over-all pulser circuit it is beyond the scope of 
this section, which is concerned primarily with the characteristics of the 
discharging circuit. 

Efficiency.—The over-all efficiency of a line-type pulser can be 
obtained only by a consideration of the different parts of its circuit. 
Losses occur in the discharging as well as in the charging circuit. If 
rid and ric are the efficiencies of the discharging and charging circuits 
respectively, the total efficiency r/p of the pulser circuit is i)v = ijd X Jjc. 
This efficiency, however, does not take into consideration all the power 
that has to be supplied to the pulser. For d-c charging, a rectifier circuit 
having an efficiency i)b usually has to be introduced. For a-c charging, 
the frequency of existing power supplies is such that a special motor-
alternator or frequency converter is usually needed, which is also con
sidered to have an efficiency T?6. Finally, there are overhead losses, some 
of which are associated with the switch and some with the auxiliary cir
cuits and equipment. The hydrogen-thyratron switch requires filament 
power and sometimes a trigger amplifier, the series-gap switch requires a 
trigger generator, and the rotary-gap switch requires a driving motor 
(whose power loss may already be included in i)h). The auxiliary cir
cuits and equipment include line-switching relays, control circuits, cooling 
fans, etc. If the power required for the overhead is designated as PL, the 
over-all efficiency is given by 

_ {Pi)v> _ VbVi, ,_„.. 
(Pj).T . D i i PLVbVp V "L 1 -r Tpi— 
VbVp \."l)v> 

The following discussion is concerned principally with the efficiency 
of the discharging circuit, with an occasional reference to the over-all 
pulser efficiency. The over-all efficiency for a few special applications 
is considered in Chap. 11. 

The discharging-circuit efficiency is the ratio of the energy transferred 
to the load to the energy taken from the pulse-forming network per 
pulse. This definition of discharging efficiency is considered because, 
under some conditions of load mismatch, some of the energy may be 
conserved on the network when a unidirectional switch is used, as is 
evident from consideration of an idealized circuit (Fig. 7-2). The energy 
dissipated in the load is given by 

V2 

Wt = (Rt +NzNy RtTl' 
and the voltage left on the network after the main pulse is 
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VK-1-V"WTZ-K-
If Ri > ZN, VS-I is of the same polarity as VN, and the network dis
charges completely even through a unidirectional switch. If Ri < ZN, an 
amount of energy $CyV},_i is left on the network because a unidirectional 
switch does not permit the network voltages of polarity opposite to that 
of Vx to discharge. Under the latter condition, the amount of energy 
taken from the network is 

W. = \ C„(V% - FU = \ C71 [l - H ^ t f ; ] 
— 1 r 172 iRiZff 
~ 2 C " r K * ( « , + Zw)«" 

As was shown in Sec. 7-1, 
TK = 2CNZK, 

and the energy taken from the network is 

_ V%R: 
W N ~ {R, + ZK)*T"' 

which is exactly equal to that transferred to the load, provided that 
TI and TN are equal. This condition is obviously attained in a circuit 
containing only pure-resistance components, such as tha t of Fig. 7-2. 

I t may be concluded from the above considerations that it is desirable 
to use unidirectional switches and permit the load to be mismatched. 
Other disadvantages, however, result from changes in load impedance 
(see Sec. 10-2), and usually make it desirable to drain off most of the 
energy left on the network after the pulse. Accordingly, in the remainder 
of this discussion this energy is considered to be lost, tha t is, the network 
is considered to be completely discharged after each pulse. 

In Sec. 7-2 it has been shown that the maximum pulse power in the 
load is given by 

(P')- = S ^ (26) 

Then, if rj is the duration of the power pulse at the load, the maximum 
energy per pulse is given by 

^- = SS' (54) 
and the energy stored in the network is 

1 W* = ±CVl = j^rs, (55) 
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where u and TN are the equivalent pulse durations a t the load and at 
the network. I t must be noted that these pulse durations are not neces
sarily equal. Since the pulse power considered above is the average of 
any oscillations that may be present at the top of the pulse, the effect 
of the inductances and capacitances is small and has been neglected. 
The only factor that may be significant is the voltage drop across ZNfi 
caused by the current flowing through L€ and CD. Actually, the time 
constants are such that the effect of CD can, in general, be neglected except 
for the first 0.1 Msec. In order to avoid introducing the pulse duration 
into the expressions for pulse power, and because the pulse shape was 
considered rectangular, the effect of Le has been neglected until now. 

Actually, the effect of the shunt inductance cannot be neglected in 
discussions of efficiency. For simplicity, however, an approximate 
expression may be used. I t is assumed, as before, that the voltage across 
the load remains constant for the duration of the pulse, instead of droop
ing because of the additional voltage drop across the network impedance 
that results from the current flowing through L,. Under these conditions, 
the current through Lt at any time is given by 

i - V l t 

where t is the time elapsed from the beginning of the pulse, and the energy 
stored in the inductance at the end of a pulse of duration T\ is 

1 V\ 

The assumption of constant voltage Vi introduces a value for the losses 
in the inductance L, that is in excess of the actual value. On the other 
hand, any energy stored in the series inductance, LL, of the circuit at 
the end of the pulse is neglected because the value of this inductance is 
small compared with L,. For this reason, an assumption leading to 
the higher value for the losses in the shunt inductance seems to be 
reasonable. 

The losses in the total shunt capacitance across the load C, = CD + Cj 
appear only when the load is a biased diode, and can be written as \C.V\. 

If the inductances and capacitances are neglected, the energy output 
under the conditions for optimum power transfer is 

(Tr,)m" = dwT 
Actually, this energy output is decreased by the losses in L. and C. to 

^ • ' ' = 4 ^ - 2 X ' < S - 2 - W <56> 
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For optimum power transfer 

from Eq. (24), 
' 2a 

*-£('-£i) 
from Eq. (34), and 

Since ZN = TN/2CN, the discharging circuit efficiency can be expressed as 

~wf = tf[1~a£'eii~£v~w)i' (57a) Vi 

where y = C,/Cy. In general, n is nearly equal to TN; therefore only a 
very small error in introduced by rewriting 

Vd -iHfc-SO-fci)'} <™ 
The equation for efficiency for unmatched conditions is not given 

because it cannot readily be expressed in terms of the pulser parameters; 
however, it can usually be determined with sufficient accuracy by multi
plying the efficiency for optimum power transfer by the actual power 
transfer. 

An examination of Eq. (576) shows that the efficiency of the discharg
ing circuit decreases when the pulse duration is increased, and when 7 
(the ratio of distributed to network capacitance) is increased. If the 
distributed capacitance is constant, 7 varies inversely with pulse duration; 
consequently, the third term of the expression causes a decrease in effi
ciency when the pulse duration is decreased. Since the effects of the last 
two terms of Eq. (57a) are in opposition to each other, the curve showing 
efficiency as a function of pulse duration for a given set of pulser param
eters may be expected to have a maximum. The expression for the 
particular pulse duration that corresponds to maximum efficiency is 
easily obtained by the differentiation of Eq. (576), and is 

4-£i> (58) 

Assuming the usual ratio of 0.1 for ri/ZN and values for L. and C, that are 
found in typical pulse transformers and loads, the pulse durations cor
responding to maximum efficiency are found to be about 0.5 to 3 /isec. 
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Actually, the efficiency for very short pulses decreases much more 
rapidly than is indicated by Eq. (57) because of the nonlinear character
istic of the switch drop as a function of time. As explained in Chap. 8, 
a great part of the power loss in the switch occurs during the first 0.3 /isec, 
and sometimes during an even shorter time. As a result, the coefficient 0 
should actually be a function of time; however, the values obtained by 
expression (57) are sufficiently correct for most practical purposes. For 
very short pulses, the efficiency obtained from Eq. (57) is usually too 
high unless a value of /3 that holds for these short pulses can be used. 

The efficiency can also be expressed as the ratio of the average power 
transmitted to the load to the average power supplied by the pulse-form
ing network. Since 

(Pi)« = W, X / , 
and 

(Px)>, = wN x /„ 
the expression is the same as that obtained above. The efficiency of the 
charging circuit is discussed in Chap. 9. For d-c charging, it is given as 

TT 

_ 1 + e~™ 
Vc g 

and, for a-c charging, as 

Hence, the over-all circuit efficiency t\v can be obtained from the 
relation T\V = i\c X TJJ. 

The pulser power output is usually measured by two methods. The 
average power input into a magnetron may be represented by 

(Pi).v = Vt X (7i)„, (59) 
or by 

(P i ) - = Vi X h X T, X /,. (60) 

If Eq. (59) is used, the average magnetron current is measured directly 
by an appropriately protected d-c milliammeter (see Appendix A). For 
Eq. (60), a current-vie wing resistor is used to present the current pulse on 
the screen of the cathode-ray tube of a synchroscope. The average 
amplitude of the top of the pulse 7j, as well as the pulse duration TJ (at 
ih), is either measured directly with the synchroscope, or the area 

f' ii dt is integrated graphically from photographs of the oscilloscope 
trace. In general, readings of individual points by the two methods agree 
to within a few per cent; most of the difference can be attributed to experi
mental errors and, for a large number of readings, these errors cancel 
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each other. In some cases, however, a systematic difference in the read
ings is introduced, either by a small amount of post-pulse conduction, 
or by capacitance currents that may be recorded by the average-current 
meter, but are neglected in interpreting the oscilloscope trace. A sys
tematic difference greater than two per cent, however, usually indicates 
some fundamental difficulty with the calibration of either the sweep speed, 
the recurrence frequency, or the average-current meter. All three cali
brations are apt to be troublesome, those of the sweep speed and the 
recurrence frequency because they may vary slightly from time to time, 
that of the average-current meter because of the change in calibration 
produced by the shunt resistance that is usually introduced for protection 
in the metering circuit. 

It must be pointed out that, at best, Eqs. (59) and (60) are approxi
mate. They are rigorous only for a biased-diode load having a dynamic 
impedance equal to zero because they are obtained by assuming that the 
load voltage stays constant during the current pulse. In general, the 
results obtained from these equations are sufficiently precise as long as 
the top of the voltage pulse is flat and the duration of the top of the cur
rent pulse is long compared with the sum of the times of rise and fall of 
the current. Because of these restrictions, the method is not usually 
very precise for short pulses (less than 0.5 Msec), for which the time of 
fall of the current is often of the same order of magnitude as the duration 
of the top of the pulse. 

Obviously, the average-current meter cannot be used to measure 
average-power output for a resistance load, since the network-charging 
current flows through the meter and cancels the reading of the discharging 
circuit. Under these conditions, the average power may be computed 
from oscillographic observation, or measured by a calorimeter. 

The power input to the circuit can be measured by the standard 
procedure, a d-c voltmeter and an ammeter giving the output from the 
power supply when d-c charging is used, and a wattmeter giving the input 
to the resonant transformer for a-c charging. 

The average network power can be obtained by measuring the peak 
forward network voltage VN, that is, 

(p*).v = Kvn/r. 
If a unidirectional switch is used without shunt diodes to "bleed off" 
the inverse voltage left on the network by load mismatch, 

(P*U = ic„(vi - y*r_i)/r. 
The correction can usually be neglected because a value VN-I/VN = 0.2, 
which corresponds to a mismatch larger than usually tolerated, intro
duces an error in PN of only 4 per cent. In practice, it is difficult to obtain 
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an accuracy greater than 2 per cent in measuring VN, which corresponds 
to a 4 per cent inaccuracy in the value of (PAT).». 

Because of the inherent inaccuracy in the measurement of (Pu)„, it is 
generally not advisable to give as much weight to the measured values 
for the efficiencies of the discharging and charging circuits as is given to 
measurements of over-all circuit efficiency. 

Values of over-all circuit efficiency for line-type pulsers may range 
from less than 60 per cent to about 80 per cent depending on the power 
level, on the type of switch, and on the load. 

7-4. The Discharging Circuit and Pulse Shape.—A basic equivalent 
circuit that can be used to study the behavior of line-type pulsers during 
the discharge of the pulse-forming network has been obtained in Sec. 
7-2 (Fig. 7-13) by considering the characteristics of the various components 
of the circuit. This same circuit can also be used for an analysis of the 
output-pulse shape. Some further simplifications are necessary, however, 
if the equations are to be kept workable. Examination of the circuit 
indicates that those elements that have a large influence on the shaping of 
some parts of the pulse can readily be neglected in the study of other parts 
of the pulse without introducing appreciable errors. The number of 
meshes, and hence the degree of the differential equations, is thereby 
reduced. Thus, the discussion on pulse shape is divided into three parts 
concerning the leading edge, the top, and the trailing edge of the pulse. 

The Leading Edge of the Pulse.—The time variation of the switch drop 
during the ionization period undoubtedly affects the rise of the voltage 
across the load. Except in a few special cases, however, the complica
tions introduced in the equations by a nonlinear parameter are not war
ranted by the change in the results. A few examples are treated later 
to show the order of magnitude of the effect of variation in switch resist
ance, but for the remainder of the discussion the series losses are repre
sented by a resistance Rp, assumed to be constant, and the series 
resistance ZN + Rp is replaced by Z\. 

The effect of capacitance C,N (of the order of magnitude of 20 nni) can 
be neglected because the time constant of this capacitance and its series 
resistance Zt (about 1000 ohms) is approximately 0.02 psec. Hence, 
C,N is almost entirely charged in about 0.08 /isec, and the effect of charg
ing this capacitance can be neglected except when very short rise times 
or very short pulses are considered. Since the pulse-transformer shunt 
inductance, Le, is always much larger than the other inductances in the 
circuit, the pulse current flowing through it during the first few tenths of 
a microsecond is very small, and can be neglected for practical purposes. 
The load distributed capacitance Ci is, in general, much smaller than the 
pulse-transformer distributed capacitance CD. The two can be lumped 
together if the charging inductance LD is neglected. Actually, neglecting 



256 DISCHARGING CIRCUIT OF THE LINE-TYPE PULSER [SEC. 7-4 

Ci introduces some difference only at the very beginning of the pulse, as 
explained later, whereas neglecting LD leads to unsatisfactory conditions 

at the transition between the rise and the top 
of the pulse; hence, Cj is neglected here. 
The pulse-transformer shunt losses, repre
sented by Re, are usually so small (that is, 
Re is so large) that they have little effect on 
the voltage buildup across the load. For this 
reason they are neglected, and, until the out
put voltage exceeds the bias of the diode load, 
the circuit of a line-type pulser may be sim
plified as shown in Fig. 7-18. Assuming that 
the initial current through the inductances 

and the initial charge on the condenser are zero, the differential equation 
for this circuit is 

(LL + LD) - jf + Ziin + rr I is dt = vN(l). 

F I G . 7 1 8 . — S i m p l i f i e d 
equivalent circuit of a line-
type pulser for the analysis of 
the leading edge of the pulse. 

dt 
The Laplace-transform equation is then 

(LL + LD)piN(p) + ZiiN(p) + 

Solving for ix(p), 

i»(p) 
CDp vx(p). 

i*(p) = 
CDpvN(p) (61) Cu{LL + Ln)p2 + Z.Cop + 1 

and the Laplace-transform equation for vi is obtained from the relation 

vi{p) = LDpix(p) + in(p) 

and is given by 

t>i(p) 

CDp 

{LDCDp* + 1 K ( P ) 
+ LL 

(62) ~!D{LL + L c )p 2 + Z.Cop + 1 
For any specific form of applied voltage vN(l), the Laplace transform vi(p) 
defines a time function vi(t) that expresses the voltage applied to the 
load. As long as vi(t) < Vs, the circuit of Fig. 7-18 is applicable. A 
time ti can be found at which vi{t) = Vs, and the values of current ijv(<i) 
through the inductances and voltage vc(ti) across the condenser at that 
time can be determined. The value of vc is obtained by the Laplace-
transform equation 

CDp' Vc(p) 

At time t = t\, 

r/" 
I'D JO 

in dt. 
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This is the initial condition that applies to the study of the top of the 
pulse, during which time the load is taking power from the pulser. 

The Top of the Pulse.—The simplifications of the equivalent circuit 
of a line-type pulser applying to this part of the discussion are essentially 
the same as those used for the rising portion of the pulse. The capaci
tance C,N can be neglected, and Re is, in general, so large compared with 
Ri (static impedance of the load) that it may be omitted also. The pulse 
transformer shunt inductance Le should be included in this part of the 
discussion. The simplification of the equations, however, makes it 
advisable to consider the effect of Lc independently. If it is assumed that 
the voltage across Le is very nearly constant 
during the pulse, the current through it is 
given by 

In general, this current does not exceed 10 
per cent of the load current, so its effect is 
usually to introduce only a slight additional ^ J ^ V ^ 
voltage drop across Z\, with a resulting droop type pulser for the analysis 
in the voltage and current pulses. Since this of t h e t o p of t h e pulse-
droop is neglected in the following discussion, the circuit for analyzing the 
top of the pulse reduces to that of Fig. 7-19. 

The differential equations are, for tx ^ t ^ t2, 

Ziiti + LL -JT + LD-TJ (i\ — ii) + -fT I (*v — it) dt = vs{t), 

and 

LD ^7 (ii — in) + fT (ii — if) dt + rdi = — V, dt 
with the initial conditions 

IN = tV(<i) = / i , 
and 

vc = vc(ti) = VCl. 

The Laplace-transform equations can be written 

(CDpZx + CDLLP* + CDLDp* + l)iK(p) - {C„LDp* + l)ii(p) 
= CD[pvN(p) - VCl + PIL, (LL + LD)\, 

(CoLnp* + l)»w(p) - ( C ^ c p 2 + 1 + rtCop^p) = CD(V. - Vc,+LDpILl). 

By usual methods, the expressions for the current transforms are found to 
be 

*(P) = ^ (63) 
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and 

and the voltage transform vi is 

»«(P) = y + ri»i(p) = ^ = - 5 - ' (65) 
where 

A = p jc^LiLDp3 + C0[ri(LL + Lfl) + L^ZJp* 

+ (LL + C D I - I Z , ) P + ( Z , + n ) | -

tf/(p) = L c O ^ p 3 - [ C V . ^ i + LD) + LDCDZJL, - LLCDFc,]p2 

+ [Li 

= LDCD[VN(P) + Lz,7i,,]p3 

+ [LJLl + C f lZ,(yCl - 7.) + »*(p)]p - V., 
tfi(p) 

CD 
+ {rtCD[vK(p) + IL,(LL + LD)\ - V.CDLPW 
+ K ( p ) + L,,/,., - r ;Cc7C l]p - V„ 

^ = CcLp[F,Lx. + Ttv„(p)]p» 

+ [nCD(LLVCl - LDZJH) + V.CDLDZx\p* 
+ {LL(V. + nlLl) + r,[ow(p) + CDZXVCMP + V.Zi. 

Again, for any particular time function vN(t), the Laplace transforms for 
load voltage and load current lead to time functions that can be com
puted. The complexity of the solution is such, however, that little can 
be said about the effect of individual parameters. Examples are treated 
later, and more detailed discussions of a few special cases are given. This 
circuit can be used to obtain a reasonable approximation of the pulse 
shape until a time h. This time is defined as that for which the static 
resistance Ri of the load equals the shunt resistance Rt of the pulse 
transformer. 

The Trailing Edge of the Pulse.—The trailing edge is the part of the 
pulse that is applied to the load following the main pulse of energy 
delivered by the pulse-forming network. The shape is determined 
principally by the energy stored in stray capacitances and inductances in 
the circuit if it is assumed that maximum power transfer to the load is 
obtained, as is discussed in Sec. 7-3. Accordingly, it is assumed that 
vnit) = 0 after I = t2 as defined above. At this time, the energy that 
has been stored in the shunt inductance of the pulse transformer cannot 
be neglected. Since this inductance was not considered in the previous 
calculations, it is necessary to estimate the current flowing through it 
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at the time U. This current is given with sufficient precision by 
Vi 

iL.(h) = j - O2 — ti) = II,. 

At the time corresponding to zero current in the load, the currents in 
the transformer leakage and charging inductances (LL and LD) cause 
energy to be stored in these elements. This energy can be neglected, 
however, by comparison with that stored in the shunt inductance. 
Energy stored in the distributed capacitance CD must, of course, be con
sidered. The discharging circuit may then be reduced to a parallel 
ReLeC ̂ -combination. 

At this point, however, the assumption that the pulse-forming net
work may be replaced by a source of internal impedance Z\ no longer 
holds because, on this assumption and with vN(t) = 0, ZN is in parallel 
with the discharging circuit, causing a very fast dissipation of the energy 
stored in that circuit. Since a pulse-forming network is not a dissipative 
element, but rather is capable of storing electrical energy, the above 
assumption is obviously false. 

Practical networks are made up of series-parallel combinations of 
capacitances and inductances. In order to reduce the number of loops 
to a minimum, it is assumed that the network can be replaced by a simple 
series LC-circuit, with the conditions that 

^-yj£ 
and 

T = 2C tfZx, 

leading to the equivalent circuit of Fig. 7-20. FIG. 720.—Simplified 
If the pulse-transformer leakage inductance is ^ v p ^ V h T l h e ' analyst 
not negligible compared with the network of the trailing edge of the 
inductance LN, it can be added in series with p se ' 
Ln- The same equivalent circuit is still applicable if LN is replaced by 
(Lw + LL) in the equations. 

The initial conditions for this circuit are determined as follows. The 
voltage on CD and the current through L„ are obtained from the analysis 
of the top of the pulse. Since it is assumed that the energy stored in the 
network has been entirely dissipated in the load before the time U, the 
voltage across the network capacitance CN can be assumed equal to zero 
at the time h. However, the voltage across the network is not zero, 
but is given by F0(<2) = Yc„ and causes a rate of change of current 
through the network inductance given by 

din _ Vc, 
dt Lx 
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The current through the network is considered to be equal to the current 
7JV2 that was flowing through the source at the time U, and can be obtained 
from the analysis of the top of the pulse. This value satisfies Kirch-
hoff's law of currents in the present circuit, but implies a small amount of 
energy left in the network inductance; however, this energy is usually 
very small compared with the energy stored in the pulse-transformer 
shunt inductance. The equations for the circuit of Fig. 7-20 can then 
be written 

LN -^f + L, -ft (is — ii) + jj-\ i" dt = 0, dt dtK ' Cf 

Lt -r (IL - in) + ■£- / (it - u) dt = 0, 

k l <* - II) dt + iiRe = 0, 

giving the following Laplace-transform equations: 

LNIH(P)P + Le[in(p) — u(p)]p + -75— = LKINI + LJLI. 
ISNP 

Le[lL(p) ~ IN(P)]P + ^'p = -LJ.L1 ~ ~ 
o DP p 

t ' , ( p ) - f £ ( p ) + ».(p)«. = Zgi-
CDp r p 

From these, an expression for the Laplace transform of the current ii 
can be obtained, which, multiplified by Re, gives 

vi(p) = RMP) = Re ^ ^ -

where 

N[(p) = Le[LNCDCNVCtp% + LNCs(Isi - ILI)P2 + CDVc,p - II,], 
and 

A' = LNLeReCfiCDpi + LNLeCNp3 

+ Re(LeCD + L,CN + L » C A ) P 2 + Up + Rt. 

For most practical values of the coefficients at least two of the roots of 
the denominator A' are complex, and result in a damped oscillation of 
high frequency ( 1 / / is of the order of magnitude of T). This oscillation is 
superimposed on a low-frequency damped oscillation that corresponds to 
the voltage backswing on the network after the pulse. This voltage 
backswing can be estimated fairly accurately by obtaining the Laplace 
transform is(p), from which the network-condenser voltage is obtained as 

/ i ix(p) 
v"(p) = -c^p-
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This backswing has a polarity opposite to that of the original source 
voltage, and, if a unidirectional switch is used, is approximately equal to 
the inverse voltage left on an actual network. 

7-5. Computed and Actual Pulse Shapes.—In order to keep the treat
ment as general as possible, the previous discussion makes no reference 
to the time function that can be used, and pertains to a biased-diode 
load, which was chosen because of the flexibility that results from vary
ing either its bias or its resistance. 

If the load is highly capacitive, it is possible to use the same procedure 
by replacing the distributed capacitance Co by the load-plus-transformer 
capacitance. If the load is a pure resistance, V, = 0, and the first step 
is eliminated. It is conceivable that a pulser may be used to initiate an 
arc of negative-resistance characteristic; it should then be possible to 
use a negative value for r; to fit the arc voltage-current characteristic 
over the appropriate range, and again the general solution holds. 

The pulsers most widely used by the Radiation Laboratory had 
magnetron loads, and therefore the following examples consider the case 
of a magnetron such as the 4J52 operated from a typical pulser. Assum
ing that the characteristics of this magnetron are V, = 13 kv, and 
n = 100 ohms, and its operating current is 15 amp, the corresponding 
static load resistance is about 1000 ohms. In discussing examples of 
this type, it is convenient to refer all quantities in the pulser discharging 
circuit, including the pulse-transformer parameters, to the secondary of 
the pulse transformer. The sum of pulse-forming-network impedance 
and estimated series losses is thus assumed to be Zi = 1200 ohms, 
which necessitates a network voltage equal to 

VN = V. + (rJMB, + 2.) _ (13,000+100X15)2200 m 3 ^ ^ 
Hi 1UOU 

The characteristics of the pulse transformer are: LL = 90 /ih, 
Ln = 22 /ih, CD = 60 ntf, Le = 50 mh, and Re = 20,000 ohms. For 
the first example, the function Vy(t) is assumed to be a trapezoidal pulse 
with a time of rise equal to zero, a flat top of 2.5 jisec, and a time of fall 
of 0.25 /isec. The second example considers a similar pulse shape with a 
time of rise equal to 0.25 ^sec, a flat top of 2.5 /j.sec, and a time of fall of 
0.5 Msec. 

The time function of the applied voltage for the rising edge of the pulse 
is 

vN(l) = Vs, 

which gives the Laplace-transform equation 
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Introducing the voltage transform in Eqs. (61) and (62), the following 
time functions are obtained: 

iN(t) _ e~°' sin oit 
T 7 ~ {LL + LD)J 

vi(t) , , / LL , , a2LD+ LL . \ -£-!■ = 1 - er" ( -T r - y - cos ut -\ f—. T sin ut ) , 
VN \LL + LD til LL -T J-iD / 

where 

and 

Zi 
2(LL + LD) 

a ~ \CD{LL ■ + LD) " 

The voltage time function is plotted in Fig. 7-21. It may be noted that 
the voltage time function does not start from zero voltage, as is obviously 
never the case in practice. The two assumptions responsible for this 
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Fio. 7'21.—Computed load-current and voltage pulses for a line-type pulser (trapezoidal 
applied pulse, instantaneous rise). 

apparent discrepancy are (1) that the rise of applied voltage is instantane
ous, which is not possible in practice, and (2) that the capacitance across 
the load has been added to the pulse-transformer distributed capacitance. 
Hence, at the first instant, the total applied voltage appears across the 
series inductance of the circuit, and, since part of that inductance is 
directly across the load, a fraction of the voltage equal to LD/(LL + LD) 
must appear across the load. 
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This analysis is carried on until, by successive approximations, a 
time h is found such that 

V„ VN' 

The current through the circuit and the voltage across the condenser CD 
at that time are then computed. For the particular values of parameters 
chosen above, h = 0.087 /isec, ILJ Vs = 416 X 10 - 6 mhos, and 

^r5 = 0.383. 
V x 

The general form of the time function for the top of the pulse is too 
complex to permit a useful analysis of the effect of individual parameters, 
even with an applied voltage of the simple form assumed here. For the 
particular values chosen for the parameters, the load voltage is of the form 

Vl^]';S'S" = Av + Bve" + Cve" sin («,« + d), 

in which the first term has the value 

y-Zr + r, 
A, = l i — j - = 0.452, 

which is the steady-state value of the voltage arrived at from Other con
siderations in Sec. 7-2. 

The term fi„e" is an exponential with a very rapid decay, correspond
ing to the increase from starting to operating voltage. Again, for this 
example, Bv = —0.0048, and b = —14.5 for t expressed in microseconds. 
The last term corresponds to the oscillations on the top of the pulse, 
for which C„ = —0.416, c = —2.24 for t expressed in microseconds, 
ui = 27.35, and 8 = 1.431. The time function for the current is of the 
same form as that for the voltage; the coefficients are given by 

and 

Ai 

Bi 

Ci 

= 

= 

= 

1 - V. 
7y 

Tl + Zx 

Tl' 

c. 
—; 

and the exponents, frequency, and phase angle are the same. 
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A plot of the load-voltage time function obtained with the above 
assumptions is given in Fig. 7-21. The amplitude of oscillations is much 
greater than that observed in practice because of the shock excitation of 
the pulse-transformer circuit. This excitation is introduced partly by 
the discontinuous function chosen for the applied voltage, and partly 
by the assumption that the switch voltage drops instantaneously to its 
operating value. 

When the applied voltage begins to decrease at / = 2.5 Msec, its time 
function is given by 

MO -F.(.-0 
with t' = 0 at t = 2.5 ^sec, where t' is expressed in microseconds and 
a = 0.25 jtsec. The Laplace transform for the voltage 

V v apy 
introduced in Eqs. (63) and (65) leads to a time function containing terms 
of the same form as those for v.v(t) = VN, plus a term that is directly 
proportional to the time. For the particular example chosen, the oscil
latory term is negligible, and the expressions for the load voltage and 
current can be written 

and 

^ = 0.475 - 0.30& - 0.023e-14-62' 
V K 

10° ^ = 687 - 3077< - 230e-14-52' mhos. 

The expression for vi(t) is used until t — U, U having been defined as the 
time for which 

? = R.. 

The load static impedance at any instant is given by 

Vi _ V. + ijri _ ri 
it ii , _ V. 

Vl 

Equating this value to Re, the load voltage is determined as a function of 
load parameters, that is 

V.0.) = V. rJ^--
K, — Ti 
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The time t% at which this voltage is reached can now be obtained from the 
time function for vi. In the present example, it is 2.71 /isec. This value 
is used in turn to determine the initial currents to be introduced in the 
circuit from which the trailing edge of the pulse is computed. 

The amplitude of oscillations on the top of the current pulse is deter
mined to a large extent by the energy stored in the charging inductance 
of the pulse transformer, and their frequency is determined almost 
entirely by the distributed capacitance and charging inductance of the 
pulse transformer. 

Since the applied voltage vN(t) is considered equal to zero for t > U, 
the initial conditions fof the trailing edge of the pulse can readily be 
found as follows: 

k - rk «■ ~ « - ams*x 2-62 x 10-6 -24 x 10~6 mhos' 

and 

^ = 0.408, 

±P ~ 28 X 10-6 mhos. 
V N 

The values for LN and CN are found to be 

C* = 2 ' 5
2

X
0 o ° ~ 6 « 1000 X 10-12 farads, 

and 
LN = Z\CN « 1.4 X 10"3 henrys. 

If these values are introduced in the Laplace-transform equation for this 
circuit (Eq. (65)), the time function for the voltage across Re is found to 
be 

fi(Qt>ii = -0.178e-° °2261 sin (0.134* - 0.132) 

-0.386e-°-394 ' sin (3.52f - 1.49). 

As can be seen from Fig. 7-22, the load voltage during the tail of the pulse 
consists essentially of two damped sine waves, one of relatively high 
amplitude, frequency, and damping that corresponds approximately to 
the LNCo-circuit, and one of lower amplitude, frequency, and damping 
that corresponds very nearly to the L.Cjv-circuit. 

The voltage buildup on the network capacitance CN is given by the 
expression 

v"^}t>1' = -0.182e-°-022" sin (0.134* - 0.121) 
V N 

+0.022e-°-394' sin (3.52< + 1.434), 
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and is also plotted on Fig. 7-22. If the switch is unidirectional, the net
work voltage VN reaches a maximum negative value, at which time the 
discharging circuit is disconnected from the network, and only the charg
ing circuit needs to be considered. 
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F I G . 7-23.—Computed load-current and load-voltage pulses for a line-type pulser (trape
zoidal applied voltage, finite time of rise). 

One assumption that is implicit in the above discussion is that the 
charging circuit has no effect on the shape or on the trailing edge of the 
pulse. This assumption is correct only if the charging inductance is 
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very large compared with the shunt inductance of the pulse transformer. 
The effect may become appreciable if the ratio \/Lc/Le is less than 10. 

Figure 7-23 shows the voltage and current pulse shapes obtained for 
the same circuit conditions as those applying to the preceding discussion, 
but with an applied pulse shape that has a finite time of rise. The 
detailed analysis is not repeated, but it is worthy of note that the ampli
tude of the oscillations on the top of the pulse is reduced by a factor of at 
least two by the decrease in the shock excitation in the circuit, as is to 
be expected. In actual practice, the amplitude should be reduced even 
more because, as explained later, the switch-resistance characteristics 
in a line-type pulser tend to decrease the rate of rise of the pulse on the 
load even though a unit step function of voltage is applied to the circuit. 
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7-24.—Computed voltage pulse on the load and backswing voltage on the load and 
on the pulse-forming network (trapezoidal applied voltage, finite time of rise). 

The similarity between Fig. 7-24 and Fig. 7-22, showing the load voltage 
during and immediately after the pulse, and the voltage on the network 
capacitance, is quite obvious. The principal difference between the two 
cases is a phase shift of the post-pulse oscillations corresponding approxi
mately to the time of build-up of the front edge of the pulse. 

The series of oscillograms shown in Fig. 7-25 have been obtained with 
a circuit simulating a line-type pulser in order to indicate the effects of 
distributed capacitance and pulse-tranformer inductances on the top 
of the pulse. It may be noted that the damping of the oscillations is 
faster than that predicted by theory as a result of the losses in the simu
lating circuit, which were neglected when making computations. It is 
highly probable, however, that the losses in the actual circuit are even 
higher than those obtained by the use of air-core inductances and mica 
condensers. The frequency of the oscillations on the top of the pulse is 
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seen to depend on the value of the charging inductance Ld and on the 
distributed capacitance, but not on the leakage inductance. The ampli-■I 

(a) LL = 45 ph. Q>) LL = 110 ph. 
LD = 7 ph, CD = 90 ppf. 

I ■ lliiiiily 
I! I ■ 

(c) LL = 45 ph. (d) LL = 110 ph. 
LD = 16 ph, CD = 90 ppf. 

(e) LL = 45 ph. (/) i t = 110 ph. 
LD = 7 ph. CD = 1 5 0 ppf. 

(ff) £ i = 45 ph. (A) L L = 110 ph. 
LD = 16 ph, CD = 150 ppf. 

F I G . 7-25.—Observed output pulses from an equivalent circuit for a line-type pulser. 

tude of the first oscillation is, to a certain extent, determined by the leak
age inductance and the distributed capacitance, but it is evident that the 
principal factor contributing to that amplitude is the charging inductance. 
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A comparison of these photographs with those shown in Fig. 7-30 
indicates that the amplitude of the oscillations obtained in an actual 
pulser circuit and with a magnetron load is less than that to be expected 
from theoretical considerations. The circuit constants used for the above 
computations and photographs are very nearly equal to those obtaining 
for Fig. 7-30. The simplifying assumptions, such as the lumping of 
capacitances and inductances to obtain a workable circuit, account for 
this difference. 

Effect oj the Switch Resistance.—During the foregoing discussion the 
switch resistance is assumed constant in order to simplify the equations, 
although it is a function of time for the start of the pulse. A very simple 
example is treated here to show the effect of the switch resistance on the 
front edge of the voltage pulse on a resistance load. Figure 7-26 repre-

Fio. 7-26.—Equivalent discharging circuit 
for study of the effect of switch resistance. 

0 a t — 
F I G . 7-27.—Assumed switch-resistance char

acteristics. 

sents the discharging circuit and Fig. 7-27 gives the assumed switch-
resistance characteristics. 

Two assumptions are made concerning the variation of switch resist
ance as a function of time (discussed in Chap. 8): 

1. That the resistance decreases linearly from a value Rp0 at the 
beginning of the pulse to a value Rpa at a time t = a, and is equal 
to Rva for the remainder of the pulse. 

2. That the decrease in resistance from the same value Rp0 to the 
value Rra at t = a is parabolic. 

This latter method avoids any discontinuity if the vertex of the parabola 
is at point A and if its axis is parallel to the resistance axis. For a linear 
drop in resistance, the switch resistance from the time t = 0 to the time 
t = a is expressed as 

tipa HpO rv = 7?po + ■ t — Rpa "T* {RpO — Rpa) (H> 
and the voltage across the load resistance Ri is then given by 

vK(t)Ri v,(l) 
Z„ + Rt + rv 

for 0 < t < a, 
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vi(t) 
vN{t) 

Ri 
Zx + Rl + Rpa + (Rp Rpa) 0-0 

Assuming that »*(<) = 0 for / < 0, that vN{t) = VJV for t > 0, and that 
ZN = i?i, iipo = 2/?i, i?po = 0.05 i?;, and a = 0.25 /isec, the time function 
of the load voltage may be simplified to 

vjj) = 1 
7.v 4 - 7.8t 

for 0 < I < a, where t is expressed in microseconds. For t > a, 
vi(t) = R, = J _ 
Vs ZN + Ri + R^ 2.05 

for the values chosen. 
Assuming a parabolic decrease in resistance, the expression for resist

ance becomes 

— (Rpo — *w (i - A)2 
+ Rp for (0 < t < a), 

Ri 

and the load voltage becomes 

MO = 

ZN + Ri + Rpa + (Rp0 ~ Rpa) (l - j) 

Again, for t > a, 
vi(t) = Ri 
VK Zti + Rl + Rpa 

With the values of constants assumed for a linearly varying resistance, 
the expression for the voltage across the load 
resistance becomes 

vi(t) 
VN 
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effect of a variable switch 
resistance on the front edge 
','f the voltage pulse for a 
/esistance load and arectangu-
,riT applied pulse. 

time of rise of the applied voltage vK(t). 

1 
15.6* + 31.2i2 

The effect of a variable switch resistance 
is shown in Fig. 7-28. This effect is seen to 
be essentially the same as that obtained from 
a time function vx(t), with a time of rise 
longer than the actual one, and a constant 
switch resistance Rpa. Hence, the method of 
approach described earlier in this section can 
be used with reasonable accuracy, if the 
proper assumptions are made concerning the 
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Effect of Pulse Cable between Pulser and Load.—If a pulse cable is 
inserted between the pulser and the pulse transformer, its effect on the 
pulse shape does not lend itself to easy mathematical treatment for the 
loads encountered in practice. In general, it can be said that, if the load 
is a biased diode, the shapes of the top of the current pulse and the trail
ing edge of the voltage pulse are affected by changes in the length of a 
cable between pulser and load. Oscillograms of 0.2-/isec voltage and 
current pulses obtained with a 4J52-magnetron load using 6 and 50 

(a) 6 ft of cable, fast sweep. (6) 50 ft of cable, fast sweep. 

(c) 6 ft of cable, slow sweep. (rf) 50 ft of cable, slow sweep. 
F i e 7-29.—Oscillograms showing the effect of cable length on the pulse shapes for a 

0.2-/*sec current pulse. 

ft of cable are shown in Fig. 7-29. Slow and fast sweeps were used to 
show both the top of the current pulse and the trailing edge of the voltage 
pulse; sweep calibrations of 5 and 1 Mc/sec respectively are also shown. 
Two facts are immediately obvious: (1) in this particular case, the current 
amplitude tends to decrease as a function of time if a short cable is used, 
and to increase if a long cable is used, and (2) high-amplitude oscillations 
are present on the trailing edge of the voltage pulse when the long cable 
is used. 

Not enough information is available at present to evaluate exactly 
the causes for the changes introduced in the pulse shape by the cable; 
the problem involves, in addition to the cable characteristics, the variety 
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of parameters considered previously in this section. These characteris
tics include impedance, attenuation, and phase shift, which may vary as a 
function of frequency. Thus, individual cases lead to entirely different 
results. 

Another example is shown in Fig. 7-30, where voltage and current 
pulse shapes on a 4J52 magnetron are shown for a 2.4-jusec pulse. In 
this case, additional oscillations appear in the current pulse when a long 
cable is used. After the first 0.7 jusec, these oscillations take the shape of 

(o) 6 ft of cable, fast sweep. (6) 50 ft of cable, fast sweep. 

(c) 6 ft of cable, slow sweep. (d) 50 ft of cable, slow sweep. 
F I G . 7-30.—Oscillograms showing the effect of cable length on the pulse shapes for a 

2.4-y*sec current pulse. 

a distorted damped rectangular wave superimposed on the current pulse. 
Graphical subtraction of the two current pulses leads to the conclusion 
that this distortion is the result of a highly damped sine-wave oscillation 
superimposed on a slightly damped rectangular wave. The half period 
of thie distorted rectangular wave is slightly longer than the two-way 
transit time in the cable; the difference can almost entirely be accounted 
for by the time delay in the pulse transformer. The amplitude of oscilla
tions on the trailing edge of the voltage pulse is essentially the same for 
both long and short cables; the period, however, is slightly increased by 
the addition of a long cable. 



CHAPTER 8 

SWITCHES FOR LINE-TYPE PULSERS 

B Y J. V. LEBACQZ, H. J. W H I T E , J. R. DILLINGER, A. S. JERREMS, AND 
K. J. GERMESHAUSEN 

Some of the requirements for switches that can be used to initiate the 
discharge of the pulse-forming network have already been mentioned in 
Chap. 1. Briefly, these requirements may be summarized as follows: 

1. The switch should be nonconducting during the charging period. 
2. The switch should be capable of closing very rapidly at predeter

mined times. 
3. The switch resistance should be as small as possible during the 

discharge of the network. 
4. The switch is not required to interrupt the pulse current, since the 

current drops to zero or nearly to zero at the end of the pulse. 
5. The switch should regain its nonconducting state rapidly after 

the end of the pulse. 

The requirements of low resistance and rapid closing of the switch 
suggest that either spark gaps or gaseous-discharge tubes should be used 
as switches in line-type pulsers. The problem of closing the switch or 
initiating the discharge at predetermined times has beeij a serious one 
because, for some applications, an accuracy of about 0.02 /usec is desired. 
Both thyratrons and triggered spark gaps have been developed to meet 
this exacting requirement successfully. Rapid deionization of the gas 
after the discharge is essential if high recurrence frequencies are required. 
Since the nature and pressure of the gas, the electrode geometry, the total 
ionization produced by the pulse current, and the type of charging cir
cuit used all affect the deionization time, some compromise may have 
to be reached between the pulse power and the maximum recurrence 
frequency, independent of the safe allowable average power. In spark 
gaps electrode erosion occurs, changing the gap geometry and the break
down characteristics. Attention must also be given to the residual gases 
produced by the spark under certain conditions. 

Since rotary spark gaps had been used successfully in radio code trans
mitters, they were suggested for use in radar pulsers, and proved very 
satisfactory. They presented three main disadvantages, however: (1) 

273 
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they are not well suited for high recurrence frequencies, (2) they have an 
inherent uncertainty in the time of firing, which may be as high as 50 Msec, 
and (3) they cannot readily be adapted to applications requiring air
tight enclosures. As a result, developmental work was started on both 
fixed spark gaps and thyratrons. The early investigations covered such 
possibilities as veatrons (vacuum arc devices)a nd ignitrons,1 fixed two- and 
three-electrode gaps operating in air with a forced circulation of the air 
in order to aid deionization,2 and mechanical switches operating in a 
vacuum.3 The "trigatron,"4 an enclosed three-electrode gap was found 
to be satisfactory for lowpower applications in which long life was not 
required. Some work was done on an enclosed three-electrode gap for 
applications requiring high power and long life.5 Of all these devices, 
an enclosed fixed gap having two electrodes and operated in series with 
one or two similar gaps showed the greatest promise of early satisfactory 
development, and the effort was therefore concentrated on these so-called 
"series gaps."6 

A series-gap switch is preferable to the rotary spark gap for the 
following reasons: (1) the time fluctuations in the initiation of the dis
charge are smaller (1 to 2 ^sec for one type of series gap, 0.02 jusec for 
another type), (2) it can easily be operated at more than one pulse recur
rence frequency in a given installation, (3) it can be operated at recurrence 
frequencies that are higher than those conveniently obtained with a 
rotary gap, and (4) each fixed spark gap is completely enclosed. 

Early work on existing mercury thyratrons7 indicated the desirability 
of developing a switch that would eliminate the variation of character
istics as a function of ambient temperature, and that would use a gas 
that would not damage the cathode when passing the high peak currents 
required. Aftfr much experimentation, the hydrogen thyratron was 
developed at the Radiation Laboratory, and proved to be the most satis-

» C. M. Slack, "Report on Pulser Tube Development," NDRC 14-105, Westing-
house Electric Corporation, May 15, 1942. 

2 L. Tonks (General Electric Company), "Fixed Spark Gaps and Associated Cir
cuits," Spark Gap Colloquium, RL Report No. 50-1, Sept. 28, 1942. 

R. G. Fluharty, "Life Test Report on Triggered Spark Gaps Developed by L. 
Tonks at the G. E. Company," RL Internal Report 51-Apr. 7, 1943. 

1J. V. Lebacqz, H. O. Anger, and T. W. Jarmie, "Mechanical Vacuum Switches, 
Transmission Line and RC Pulsing Circuits," NDRC 14-156, U. of Calif., June 1, 1943. 

4 J . D. Craggs, M. E. Haine, and J. M. Meek, "The Development of Triggered 
Gaps with Particular Reference to Sealed Gaps," Metropolitan-Vickers Electric 
Co., Ltd., Report No. C-311, September 1942. 

* C. M. Slack, and E. G. F. Arnott, "Report on Enclosed Pressure Gaps," NDRC 
14-150, Westinghouse Electric Corporation, Dec. 31, 1942. 

• F. S. Goucher, J. R. Haynes, W. A. Depp, and E. J. Ryder, "Spark Gap Switches 
for Radar," Bell System Technical Journal, Oct. 1946. 

7 A. W. Hull (General Electric Company), "Mercury Vapor Thyratron," Modu
lator Colloquium, RL Report No. 50-2, June 9, 1943, pp. 118-120. 
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factory switch throughout the power range which it covers. With this 
switch, the time fluctuation can easily be kept to 0.02 /isec or less, and the 
auxiliary circuits required for the trigger pulse are very simple compared 
with those necessary to supply a high-voltage trigger pulse to the series-
gap switch. 

The characteristics, uses, and special requirements of rotary spark 
gaps, enclosed fixed spark gaps, and hydrogen thyratrons in pulser 
circuits are considered in this chapter. 

THE ROTARY SPARK GAP 

B Y J. V. LBBACQZ AND H. J. W H I T E 

A very brief discussion of the sparking mechanism at or near atmos
pheric pressure may be helpful in understanding the limitations and 
advantages of the different kinds of rotary spark gaps. A spark may be 
defined, for the purpose of the present discussion, as the transient, 
unstable breakdown of a gas between electrodes whereby the gas is 
suddenly changed from a good insulator to a relatively good conductor. 
It results from the formation of a highly ionized path between two 
electrodes, and, within the limits of voltages considered here, the final 
voltage-current characteristics of the spark usually depend more on the 
external circuit than on the gap dimensions. 

A spark is initiated between two electrodes by raising the voltage to, 
or above, the static-breakdown voltage. The static-breakdown voltage 
is the minimum voltage that , if applied to a given gap for a long enough 
time, eventually causes it to break down. The concept of time is intro
duced here because the breakdown is initiated by the ionization of the 
gas molecules by free electrons accelerated in a strong electric field. 
Under favorable conditions, the process is cumulative and breakdown 
results; however, the time lag, or the time elapsed between the applica
tion of the static-breakdown voltage and the initiation of the discharge, 
may be as long as several minutes. If a voltage higher thali the static-
breakdowta voltage is applied, or if a large number of electrons are made 
available in the gap, the chances of obtaining conditions favorable to 
ionization increase and the statistical time lag decreases. In general, 
if the voltage applied to the gap is two to three times the static-breakdown 
voltage, and if some initial ionization is provided, the time lag of the gap 
can be reduced to 10~9 to 10 - 7 seconds. 

Once the ionization process has been initiated, some time still elapses 
before the breakdown takes on the character of a spark. This time is 
referred to as the "breakdown time " of the gap and depends on its geom
etry and on the pressure and nature of the gas, as well as on the shape of 
the applied voltage wave. Observations indicate that the breakdown 
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time is usually very small—of the order of magnitude of 10 - 8 sec— 
although it increases for very nonuniform fields, and for low gas pressures. 

Since the breakdown of a gap can be controlled accurately by ade
quate overvoltage, the problem becomes that of obtaining the necessary 
overvoltage. This overvoltage can be obtained either by applying a 
high transient voltage to one of the electrodes if the gap geometry is 
fixed, or by varying the gap spacing as a function of time, as in the rotary 
spark gap. 

8-1. Electrical Considerations in the Design of Rotary Spark Gaps.— 
Rotary spark gaps consist of a set of moving electrodes rotating in front 
of one or more fixed electrodes. The minimum spacing is adjusted so 
that the corresponding static-breakdown voltage is smaller than the volt
age required on the network, and the motion of the electrodes is syn
chronized in such a way that the maximum network voltage is obtained 
a short time before the minimum spacing is reached. Although the final 
design of successful rotary gaps has been achieved primarily by trial and 
error, there are some fundamental factors to be kept in mind, and some 
experimental data that can be used as a guide. These factors are the 
gap geometry, the nature of the gas and electrode materials, and the 
number of electrodes. 

Gap Geometry.—Nearly all the successful rotary spark gaps used in 
pulsers were designed with cylindrical electrodes. I t is necessary to 
minimize the changes in gap geometry which are unavoidable in spark 
gap operation, if the operating point is to remain reasonably constant 
during life. The gaps were therefore built either with parallel electrodes 
having sufficient overlap to increase the effective area which the spark 
may strike, or the electrodes are in two planes normal to the axis of 
rotation. The moving electrodes are radial and the fixed electrode makes 
an angle of 20° to 40° with the raidus, so that the gap geometry is essen
tially unaltered as the electrode wears away slowly from its tip. 

Simple considerations of the voltage gradient between two moving 
cylindrical electrodes with parallel axes may be used to bring out some of 
the limitations of a gap of this cype. Consider two electrodes (Fig. 8-1) 
of equal diameter d, and having a minimum spacing a. For any distance 
s between the axis of the moving electrode and its position corresponding 
to minimum spacing, the breakdown distance between the two electrodes 
is given by 

D = Vs^+TdT^? - d. 
For a rotary gap, the angular velocity of the moving electrode is constant. 
Then, if to denotes the time at which D = a, the distance s can be expressed 
as a function of angular velocity u> and radius r of the circumference of 
the center of the electrode. Then s = ur{t0 — t). This equation is 
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correct only to the same approximation that u(to — t) « sin o>(U — t); 
for usual rotary-gap practice, the angle over which the spark may take 
place is always so small that the error introduced is negligible. Hence, 
the average voltage gradient between electrodes can be expressed as 

E = YJL 
D 

VN VK 

Vs2 + (d + a)2 - d Vo>2r2(to - 0 2 + id + a)2 - d' 

200 

:i00 

£ V ,Xc 

0.25 0.50 
s in cm 

where VN is the network voltage. For reasons explained later, resonant 
charging is nearly always used for rotary-gap pulsers. In this case, the 
network voltage is so nearly constant near the discharge point that it 
may be assumed constant without introducing appreciable error. An 
exact discussion of the sparking phenomena requires a knowledge of the 
maximum electric field between elec
trodes for every position of the moving 
electrode. In the following discus
sion it is assumed that the voltage 
gradient E is uniform between the 
electrodes. I t is also assumed that a 
spark may occur at any time after the 
electric field exceeds 30 kv/cm, and 
occurs instantaneously if the electric 
field reaches a value of 70 kv/cm. 
These assumptions are obviously far 
from correct, and are not intended to 
give a quantitative solution to the 
problem of gap design. If made con
sistently for various conditions, how
ever, they do lead to results that are 
in accord with experience, and are 
therefore sufficiently accurate to in
dicate the expected trends of the phe
nomena. For instance, it is shown 
later that the experimental average 
gradient before static breakdown for 
a given gap varies as a function of 
spacing, and is higher than 30 kv/cm 
at the smaller spacings. The introduction of this variation in the mini
mum average gradient in the discussion at this point would result in 
many additional complications without altering the conclusions. 

For any given values of applied voltage, electrode dimensions and 
minimum spacing; and velocity of the moving electrode, a time t = <i can 
be found at which the voltage gradient reaches 30 kv/cm. Similarly, a 
time t = h may be defined as the time at which E = 70 kv/cm. The 

0.75 1.00 

Moving 
electrode 

Fixed electrode 

F I G . 8-1.—Average field between 
rotary-gap electrodes. Curve A is for 
VN = 10 kv, a = 0.05 cm, curve B is 
for VN = 10 kv, a = 0.10 cm, and 
curve C is for VN = 20 kv, a = 0 . 1 0 cm. 
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spark then occurs between ti and <2- Thus, (U — ti) corresponds to 
the maximum time jitter that may be expected because of uncertainty in 
the initiation of the gap discharge. As an example, consider the hypothet
ical gap of Fig. 8 ■ 1, and assume that the electrodes are 0.25 cm in diameter. 
The average gradient has been plotted as a function of s for several values 
of Vw and a. Then, with the assumptions made above, a spark may take 
place at any point between s = 0.25 and s = 0.5 cm for curve A; between 
s = 0.18 and s = 0.43 cm for curve B; and between s = 0.41 and s = 0.85 
cm for curve C. To express these results as a function of time, some 
electrode velocity must be assumed. Taking r — 10 cm and a rotor 
speed of 60 revolutions per second, the linear velocity of the moving 
electrode is 

air = 2T X 60 X 10 = 3750 cm/sec 

Then, the maximum time jitter can be estimated as 0.25/3750 sec or 
65 fisec for curves A and B, and about 115 jusec for curve C. 

These values are larger than those normally found in practice (1) 
because of the crudeness of the assumptions concerning field distribution 
and breakdown voltages, (2) because the time lag at minimum breakdown 
voltage has been considered equal to zero, and (3) because the possibility 
of the formation of corona has been neglected. Actually, for the gap 
geometry considered, the minimum value of the average static gradient at 
breakdown is probably nearer 40 than 30 kv/cm. If this value is chosen, 
and if the gap is assumed to break down with a time lag smaller than 1 
Msec when the voltage is equal to 150 per cent of the minimum breakdown 
voltage, 60 kv/cm in this case, the values obtained for inherent time 
jitter in the gap are 30 ^sec for curves A and B and about 50 jtsec for 
curve C. Nevertheless, the results can be used either to compare the 
behavior of gaps having different geometries, that is, where the ratio of 
the minimum spacing to the electrode diameter varies, or to compare the 
operation of gaps with similar geometries at different voltages. 

The time jitter to be expected is inversely proportional to the relative 
speed of the electrodes. Thus, in order to decrease the inherent time 
jitter caused by the statistical nature of the sparking process, it is 
theoretically sufficient to increase the steepness of the curve showing 
the variation of field with spacings or time within the range of voltage 
gradients that is most apt to produce a spark. One method of achieving 
the desired result is to increase the speed of the moving electrode. A 
judicious choice of electrode diameter and spacing for a given operating 
voltage is also necessary. For instance, referring to Fig. 8-1 and the 
previous discussion, it is seen that the time jitter of the gap with a 
minimum spacing of 0.10 cm for an applied voltage of 20 kv is almost 
twice its value for an applied voltage of 10 kv. 
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If the moving-electrode velocity is held constant, the inherent time 
jitter of a gap that has an electrode diameter and minimum spacing that 
are twice those of the gap considered in the previous example and that 
operates at 20 kv is still much greater than that of the gap operating at 
10 kv. Since the mechanical design imposes a limit on the maximum 
electrode velocity, it is advantageous, in some cases, to use two gaps in 
series if the total voltage becomes very great. This method has been 
used in some rotary gaps designed at the Radiation Laboratory. 

If the voltage across a rotary gap is increased gradually, the gap 
begins to break down erratically when the field corresponding to the 
minimum spacing reaches the critical gradient at which the spark may 
occur with a long time lag. If the voltage is further increased, the gap 
begins to break down on every pulse, and usually reaches a point of opti
mum operation. If the voltage is increased still further, the length of 
the gap at which the spark jumps increases, as well as the time jitter. 

Another very important consideration in gap design is that of deioniza-
tion. As pointed out previously, the gap is not required to interrupt the 
main pulse current. The network, however, starts to recharge immedi
ately after the pulse, and care must be taken that its voltage does not 
exceed the breakdown voltage of the gap at any time before the end of 
the desired interpulse interval. Since the air in the vicinity of the 
electrodes is highly ionized by the passage of the spark current, it is safe 
to assume that there is very little time lag before breakdown, even for 
the minimum voltage gradient. If losses are neglected and the network 
is assumed to discharge completely, the voltage across the gap may be 
expressed as 

vN = ~Y (1 — c o s «oO 

for d-c resonant charging, and the average field is 

where D is defined as before. As an example, consider the gap of Fig. 8-1 
curve A with VN — 10 kv, and assume that the spark has taken place 
when E = 40 kv/cm. If the pulse recurrence frequency is 600 pps, 

t>,v = 5(1 - cos 600 Tt), 

and the electrode velocity is 3750 cm/sec. Thus, the voltage gradient 
across the gap can readily be plotted as in Fig. 8-2 for various positions of 
the moving electrode. For the particular values of parameters chosen, 
there is no danger of the gap restriking and establishing a short-circuiting 
arc across the power supply. If the same gap were used at VN = 20 kv, 



280 SWITCHES FOR LINE-TYPE PULSERS [SEC. 81 

1 
5 10 

1 

0 

20 kv. 

10 kv 

f 
/ 

> 

\ 
\ Network 
\ discharges 

\ \ here vv X 
1.0 0.5 0.5 1.0 0 

a in cm 
—— Direction of motion 

F I G . 8-2.—Average field between 
electrodes during the beginning of a 
charging cycle for d = 0.25 cm, a = 0.05 
cm, fr = 600 pps, wr = 3750 cm/sec, 
where d, a and 8 are shown in Fig. 8-1. 

however, the network discharge might take place at s = 0.7 cm. Then, 
the voltage built up on the network at the time of minimum spacing 
between the electrodes would be about 610 volts, corresponding to an 
average gradient greater than 12 kv/cm. Because of the nonuniformity 
of the field, which can be caused by rough electrodes resulting from long 

operation, the gap may be expected 
to restrike under these conditions. 
The average voltage gradient as a 
function of pin spacing has been 
plotted for this case in Fig. 8-2. 

In conclusion, some practical re
sults are given. Experience has shown 
that high-power gaps work satisfac
torily with an average gradient be
tween 60 and 70 kv/cm corresponding 
to minimum spacing (Fig. 8-1), and 
that low-power gaps may be built 
and operated with minimum spac-
ings that would correspond to aver
age gradients of between 200 and 300 

kv/cm if the gap did not break down before that point were reached. 
These figures are only indicative of the range that has been used, and 
each case has to be considered separately, depending on the required 
recurrence frequency, the time jitter, the type of charging circuit, and 
the type of load. 

Gas and Electrode Material.—According to the most widely accepted 
theories, gap breakdown takes place exclusively in the gas and is inde
pendent of the material used for electrodes, except inasmuch as it may 
contribute to the initial ionization of the gas, either by radioactivity or by 
photoelectricity. Thus, the choice of electrode material is determined by 
other considerations, such as the necessity of obtaining a long trouble-
free operating life. Since high temperatures are developed in high-cur
rent sparks, refractory material should be used for the electrodes, and 
consequently tungsten was chosen for the initial tests on rotary spark 
gaps. Because of the satisfactory operation of these gaps, tungsten 
electrodes were used in nearly all the rotary gaps designed at the Radia
tion Laboratory. The original gaps were designed to operate in air at 
atmospheric pressure, where a breakdown field of 30 to 50 kv/cm, 
depending on the spacing, is applied. Tests on sealed rotary gaps, as 
well as on fixed spark gaps, indicated that the presence of oxygen was 
necessary to obtain a satisfactory life from the tungsten electrodes. The 
exact reason is not known, but it is believed that the formation of a 
layer of tungsten oxide provides a protective covering for the gap spark-
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ing surfaces that greatly reduces the electrode wear. Ventilated rotary 
gaps using tungsten electrodes have been used in the great majority of 
radar applications, although they cannot be used in airborne radar sets 
because of the change in breakdown voltage with pressure. Sealed rotary 
gaps have been used in one airborne radar, set, for which the life require
ments are much less severe than for ground-based or shipborne sets. 

A number of life tests on rotary gaps have been made both at the 
Radiation Laboratory and at the Bell Telephone Laboratories. The 
results are all in reasonable agreement, and show that the rate of cathode 
wear is much larger than that of anode wear. Since the electrode wear 
appears to be approximately proportional to the total charge passed by the 
gap, a logical unit for rate of wear is the loss of mass per unit charge. In 
practice, a convenient unit for rate of wear is milligrams per ampere-hour. 
Experimental data obtained both at the Bell Telephone Laboratories 
and the Radiation Laboratory show that, for pulse currents from 40 
to 170 amp, the rate of cathode wear in air varies between about 2 and 
6 mg/amp-hour, 3 or 4 mg/amp-hour being the median value. In nitro
gen or gas mixtures that do not contain oxygen, the rate of wear is 10 
to 20 times greater. The order of magnitude of the rate of anode wear 
in air is only i that of the cathode. 
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FIQ. 8-3.—Diameter of the moving electrode for satisfactory gap operation and life. 
Figures 8-3 and 8-4 show the relationship between pulse power and 

average current and the diameters of the moving and fixed electrodes, 
obtained from gap designs that have given satisfactory operating life. 
In these gaps, the fixed electrode is the anode and, as there are always 
several moving electrodes, the wear is divided between them. The 
values indicated by the curves can be regarded as the maximum safe 
operating power and current for any given electrode diameter, as deter
mined from present experience, that allows a satisfactory gap life. 
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Number of Electrodes.—The number of fixed and rotary electrodes, 
Nf and N„ is related to the angular velocity, &>, of the rotor (in revolutions 
per second) and the required pulse recurrence frequency, /,, by the 
relation 

/ , = N,N*». . 

This relation applies only if the respective positions of fixed and rotating 
electrodes are such that the minimum spacing between electrodes is 
never reached simultaneously by more than one fixed and one rotating 
electrode. If, for instance, there are six rotor and six stator electrodes all 
spaced 60 mechanical degrees apart, the total number of sparks per 
revolution is six, the same number that would be obtained for one, two, 
or three stator electrodes equally spaced. If, on the other hand, there 
are five rotor and three stator electrodes equally spaced, the number of 
sparks per revolution is 15, and fr — 15OJ. 
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F I G . 8-4.—Diameter of the fixed electrode for satisfactory gap operation and life. 

In general, because of the mechanical difficulties involved, only one 
fixed electrode is used, except for special applications such as the Marx 
circuit (see Sec. 11-8) or the half-wave a-c charging circuit (see Sec. 
11-6). In these cases, it is necessary to obtain two or more sparks simul
taneously, and the number of fixed electrodes must therefore be at least 
equal to the total number of discharge paths desired. I t should also be 
pointed out that the formula gives the average recurrence frequency 
for one complete cycle, and does not specify the actual value of the recur
rence period. In general, it is desired to make all the interpulse intervals 
equal, so the angle between rotating electrodes is constant and equal to 
2TT/NT for the usual case of one fixed electrode. The radius of the circle 
of rotating electrodes is determined by considerations of electrode veloc
ity necessary to minimize the time jitter and to prevent the restriking of 
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the spark between electrodes during the charging period. I t has been 
found that satisfactory operation can generally be maintained if the 
distance in inches between consecutive electrodes is greater than one 
tenth the maximum network voltage expressed in kv. A factor of 
between one sixth and one eighth is commonly used to provide a desirable 
factor of safety. 

Finally, the length and overlap of the electrodes should be considered. 
Although no general rules can be given, a few facts can be used as a guide. 
The overlap should be large enough to allow a reasonable sparking area 
in order to prevent the gap geometry from being changed very rapidly 
by the wearing away of the electrodes; on the other hand, it has been 
found that the time jitter increases if the overlap becomes excessive. 
The total length of the electrodes protruding from the rotor or the stator 
bushing must be sufficient to produce as little field distortion as practi
cable at the ends of the cylindrical electrodes. The values which have 
been used in the rotary gaps designed at the Radiation Laboratory are 
given in Table 8 1 , and can be used as a guide in the design of gaps of 
similar specifications. 

From considerations of electrode wear, the rotating electrodes are 
usually made the cathode of the gap. With the pulser circuits most 
commonly used, it is therefore sufficient to ground the rotor to complete 
the pulser discharging circuit. Possibly the simplest way of accomplish
ing this grounding is to use a solid metal rotor and let the bearings carry 
the current; however, because of the local sparking and electrolysis action 
which takes place, the life of the bearings is considerably reduced if 
current is allowed to pass through them. Consequently, all rotors should 
be built with an insulating disk between the shaft and the sparking 
electrodes. The pulse current can then be collected either by brushes, 
which are satisfactory for low voltages and low power, or by a sparking 
segment that is located very near the rotor. 

8-2. Considerations of Mechanical Design.—The speed of rotation, 
the rotor diameter, the minimum electrode spacing, the number of elec
trodes, and their size and shape can be determined by considerations of 
electrical design. There still remains to be determined the rotor size, 
the motor power, the gap housing, and methods of mounting the elec
trodes. Actually, both mechanical and electrical design have to be 
carried out simultaneously, at least up to a certain point. For example, 
the rotor speed may have to be determined by the motor speeds avail
able, and the number of electrodes adjusted to obtain the required recur
rence frequency. 

Size of Rotor.—The rotor disk must run true on the motor shaft, must 
be free from wobble, and must have a thickness sufficient to insure rigidity 
and to permit machining. Nickel-plated brass is commonly used as 
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the rotor material, and the thickness varies from i to f in. The holes 
for mounting the tungsten pins used as electrodes are either bored or 
ground and tapered to insure an accurate fit. In order to obtain smooth 
satisfactory operation of a rotary gap, it is important to maintain the 
positions of the rotary electrodes within the specified maximum toler
ances. A precision index head must be used for this purpose. 

The importance of machining tolerances can readily be understood 
from the following discussion. Let 

, 2irr 

be the average peripheral spacing between rotary electrodes, and assume 
that Nf = 1. If one of the rotary electrodes is displaced by an amount 
AL along the circumference from the position it should occupy, so that 
the distance to adjacent pins is (L + AL) respectively, the corresponding 
interpulse intervals are given by 

and 

Tr - ATT = j;{L- AL) 

Tr + ATT = ^(L + AL), 

if the effects of time lag in breakdown discussed in Sec. 8-1 are neglected. 
It is thus seen that, for a displacement AL in one electrode, the expected 
time jitter produced by mechanical inaccuracy is given by 

ATT= ±Tr^-

If a tolerance of I is imposed on the peripheral location of the electrodes, 
the minimum and maximum spacings between consecutive electrodes may 
vary from (L — 21) to (L + 21) and the maximum time jitter that may be 
expected from this cause alone is 

21 
ATr= +Tr~ 

Errors in the radial position of the electrodes have a similar effect, 
as can readily be understood from Fig. 8 1 . If, for VN = 10 kv, the 
minimum distance a is increased from 0.05 to 0.1 cm (about 0.02 to 0.04 
in., or a radial displacement of 0.02 in.), and the breakdown of the gap is 
assumed to take place without time lag for an average field of 40 kv/cm, 
the distance s at which breakdown takes place is decreased from 0.40 
to 0.33 cm. Hence, the effect on time jitter is the same as if the spacing 
between consecutive rotary electrodes varied by 0.07 cm. This particu-
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lar case must be considered as an exception, in that the radial tolerance 
in position leads, in general, to less time jitter than an equal peripheral 
tolerance, and not to more as indicated by this example. 

The tolerances at the sparking point, which is usually near the tip 
of the electrode and not at the rotor disk, are the values to be controlled. 
Experience at the Radiation Laboratory indicates that, for most satis
factory operation, these tolerances should not exceed 0.005 in. for periph
eral and 0.003 in. for radial alignment at that point. Assuming that 
the electrodes are 1 in. long and perfectly spaced on the rotor, they have 
to be aligned with a deviation of less than 10 min of arc in order to satisfy 
the tolerance requirements. 

The results of tests on a 7-pin rotary gap with an outside diameter of 
5.5 in. and rotating at 3450 rpm indicate the effect of machining inac
curacy on time jitter. The average peripheral spacing was about 2 in., 
and the measured radial tolerance was ± 0.002 in. For a maximum meas
ured variation in peripheral spacing of 0.036 in., the maximum theoretical 
time jitter from this cause alone would be 45 jusec, and the observed time 
jitter was approximately 50 ^sec. When the variation in peripheral 
spacing was reduced to 0.010 in., the observed time jitter was reduced to 
approximately 25 /isec; a value of 13 /isec would be expected from the 
error in spacing alone. The figures for observed time jitter were obtained 
under conditions of network voltage corresponding to a minimum jitter. 

Motor and Housing.—In all practical gaps designed at the Radiation 
Laboratory, the rotor is mounted directly on the shaft of the driving 
motor; hence, the speed of the motor is easily determined. As has 
been mentioned previously, a compromise usually has to be reached 
between the number of electrodes and the speed of rotation. One of 
the factors limiting this speed is the life of the bearings: very fast motors 
normally tend to develop play in the bearings, which adds to the toler
ances of the gap and may render it inoperative in a very short time. 

Once the motor speed is determined, its power can be obtained by 
considerations of rotor inertia, which determines the required starting 
torque, and its windage and friction losses, which determine the running 
torque. Because of the required rigidity, the shaft and bearings have 
to be chosen as large as is practicable for the motor size required. In 
Table 8 1 the pertinent motor data for a large number of rotary gaps are 
listed, which can be used as a guide in design. All rotary gaps have 
been enclosed in a metal housing. The main purpose of the housing is 
to allow for self-ventilation of the gap and to prevent the corrosive vapors 
formed by the spark from escaping into the cabinet containing the pulser 
components. The nitric acid, which can be formed by combination of 
these vapors and water vapor in the air, must not be allowed to condense 
on any vital part of the pulser. By enclosing the gap in a housing it is 
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also possible to reduce noise, to protect against accidental electrode 
breakage, and to reduce the windage losses with a corresponding saving 
in motor size. 

Housings have been made of pressed steel, cast iron, or cast aluminum. 
The cast housings are usually preferred for the higher powers, and are 
used almost exclusively for gaps in a-c charging pulsers. In this case, 
the housing is required to perform the additional function of phasing the 
gap breakdown with the applied-voltage wave shape. This phasing is 
usually accomplished by rotating with respect to the frame of the motor 
the part of the housing that carries the high-voltage fixed electrode. Any 
number of screw and gear arrangements can be used to achieve this pur
pose, and the housing has to be machined in order to permit some rotation, 
the amount of which depends on the number of rotary electrodes. In 
some cases, the phasing adjustment is motor-driven in order to permit 
remote control. 

The self-ventilation of the rotor and pins is usually sufficient to pro
vide an air circulation of 1 or 2 ft3/min, which is adequate for the cooling 
of the gap and removal of the corrosive vapors. The air inlet and the 
exhaust port leading to the outside air through pipes are usually equipped 
with sound absorbing mufflers or silencers, and also with Davy screens if 
explosive gases or vapors are likely to accumulate in the neighborhood 
of the gap. 

Types of Rotary Gaps.—Of all the possible gap configurations, several 
have been used extensively and have proved the most satisfactory. In 
all of these gaps, the electrodes were tungsten rods, so the types of gaps are 
classified by their geometry. 

Figure 8-5a shows a perspective view of the parallel-pin rotary gap 
with sparking sector. A gap of this type was used extensively for a 
pulse-power range of 500 to 3000 kw. The clearance between the rim of 
the rotor disk and the sparking sector is usually from 0.010 to 0.050 in., 
corresponding to a static-breakdown voltage between 1 and 5 kv, approxi
mately. Hence, little time delay occurs once the gap between the pins 
has broken down, and most of the network voltage appears between the 
pins until this gap is broken down, since capacitance between them is 
very much smaller than that between the rim and ground. An important 
advantage of the parallel-pin gap is that its operation is relatively inde
pendent of the exact amount of electrode overlap, which in turn means 
that close end-play tolerances are not required of the motor driving shaft. 

Figure 8-56 shows a variation of the preceding design called the 
parallel-pin double gap. In this case, the rotor must be insulated for 
the full network voltage, and not just for the breakdown voltage of the 
sparking sector. The rotary pins extend on either side of the insulating 
rotor, and spark to two fixed pins. A gap of this type is especially useful 
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when using a Marx-circuit pulser (see Sec. 11-8) because, by using as 
many pairs of fixed pins as there are stages in the Marx circuit, the need 
for more than one rotor is avoided. I t is well suited for use in high-
voltage circuits. 

The radial-pin gap is commonly used for handling high powers. The 
fixed pin normally wears away rapidly, but it can be set at an angle as 

Fio. 8-5.—Types of rotary gaps, (a) Parallel-pin gap with a sparking sector, (b) 
Parallel-pin gap, double gap with an insulating rotor, (c) Radial-pin gap with a sparking 
sector, (d) Opposing-pin gap with a grounding brush, (e) Gap with holes in insulating 
disk. 

indicated in Fig. 8-5c in order to maintain very nearly constant gap 
geometry despite the erosion. For powers in excess of 3 Mw, the mini
mum gap spacing can be made greater than 0.05 in. As a result, the 
motor end play need not be kept to unusually small values; however, it is 
clear that, at small minimum spacings, the shaft end play must be very 
accurately controlled. A gap of this type has been successfully used in a 
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10-Mw a-c charging pulser in which the gap current exceeds 1000 amp. 
It was conservatively estimated that the fixed electrode would not need 
replacement in less than 1000 hours. 

Figure 8-5d shows the opposing-pin gap, which was used in early 
experimental sets. This gap was unsuitable for long service because of 
the rapid change in geometry with erosion. Except for very low powers, 
the grounding brush has also been abandoned because of the rapid 
deterioration of the brush and slip-ring surface. 

Many other types of gaps have been tried, including the "paddle 
wheel," adopted directly from the old radio transmitters. Two others 

F I G . 8-6.—Photograph of a parallel-pin rotary gap. 

deserve brief mention. Attempts at improvement of the types of gaps 
described above were made by introducing one or more corona points, 
in order to supply a larger initial ionization. In practice, it was found 
that the corona point improved the gap performance only over a very 
narrow range of voltages near the lowest operating point of the gap, and 
was ineffective or even had an adverse effect at higher voltages. As a 
result, the corona points were not used, except in a few gaps designed to 
operate below 6 kv. 

A gap in which both electrodes are stationary, and where breakdown 
is obtained by varying the dielectric constant and dielectric strength of 
the gap space, has also been built and operated satisfactorily. This 
variation was accomplished in one case by the method sketched in Fig. 
8-5e. which shows a micalex disk rotating between two fixed massive 
electrodes. A series of holes drilled in the micalex causes the gap charac-
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teristics to change as the holes pass between the electrodes, in such a 
way that a spark takes place at that time. The life of a gap of this type 
is limited by the eventual deterioration of the insulating disk, which is 
eaten away by the sparks. Since this gap has no particular advantage 
over those of Fig. 8-5a, b, or c, it has not been used in radar pulsers. 
Photographs of rotary gaps of the parallel-pin and radial-pin types are 
shown in Figs. 8-6 and 8-7 respectively. 

■ — i — i — i — i — i — i — i — i — i — i — i — i — i — i J — i — * — i 

F I G . 8-7.—Photograph of a radial-pin rotary gap. 

8-3. Rotary-gap Performance.—Little experimental data has been 
obtained for rotary gaps, and it is accordingly difficult to present a 
scientifically satisfying explanation of gap performance. Probably this 
dearth of extensive investigation had two causes: (1) the gaps that were 
built worked satisfactorily, even though their operation was not com
pletely understood, and (2) the time jitter inherent in the gaps makes 
their study difficult and unrewarding. Nevertheless, the results pre
sented in this section are believed to be, on the whole, representative of 
rotary-gap performance. 

Gap Efficiency.—Considering the general characteristics of a spark, the 
gap efficiency may be expected to be high, and general experience has 
indicated that such is the case. Measurements carried out by the Bell 
Telephone Laboratories for one gap corroborate this conclusion. The 
test was made by calorimetric methods on a gap operating at 7 kv, 70 
amp, and discharging a 50-ohm network into a 50-ohm load; the pulse 
duration was 0.75 ^sec and the recurrence frequency 1600 pps. Under 
these conditions, the average power input to the load was about 300 
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10 

watts, and the power loss about 12 watts, resulting in a gap efficiency of 
approximately 96 per cent. The gap efficiency may be expected to be 
higher at larger currents and longer pulse durations. The driving power 
of the gap, of course, is not included in the efficiency figure quoted above, 
and must be considered in order to obtain the over-all pulser efficiency. 

Tim* and Amplitude Fluctuation of the Pulses.—As has been pointed 
out before, the minimum spacing between electrodes is normally adjusted 
so that the gap is overvolted by a factor of 2 to 10 at the point of closest 
approach. As a result, the spark always takes place before the closest 

approach is realized, and the un-
201 I 1 certainty in the time of break

down produces time jitter. In 
order to reduce time jitter to a 
minimum, as explained in Sec. 
8-1, it is desirable to have the 
steepest part of the average field-
spacing characteristic (Fig. 8-1) 
occur at those fields at which 
breakdown is most likely to occur, 
or at about 40 kv/cm. (see Fig. 
8-8). If sufficient ionization is 
available, usually as a result of 
preceding sparks, the time jitter 
of the gap can be held to less then 
10 vsec. This figure depends on 
the relative velocity of the elec

trodes, and decreases as the velocity increases; it does not take into 
account the time jitter produced by mechanical inaccuracies, as dis
cussed in Sec. 8-2. 

Amplitude jitter, or fluctuation, of pulses produced by a rotary-gap 
pulser proved, in general, to be of secondary importance as long as a-c 
or d-c resonant charging was used. The reason is obvious from a con
sideration of the shape of the charging wave near the discharge point. 
For d-c resonant charging, the network voltage, neglecting losses, is 
given by 

Vw = . Ebb(l — COS (drt), 
so that, for t = Tr, 

VN = 2Etb 
and, for t = Tr - ATr, 

VN = 2Eu, COS (ur&TT). 
If ATr = 0.057%, 

v„ = 2Ebb cos ^ = 1.975£H,. 

/ 

Dynamic 
—-bceakdown 

— Static 
breakdown 

(H.V. negative) 

FIG. 

0 0.5 1.0 
Gap length in cm 

8-8.—Breakdown characteristics of the 
rotary gap used in a 1-Mw pulser. 
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If ATr = 0.02Tr, 

vN = 2Ebb cos ^ g « 2Ebb(l - 2 ^ Q J » 2#»(1 - 0.0005). 

In other words, a time jitter equal to 5 per cent of the recurrence period 
results in an amplitude variation in network voltage of about 1.2 per 
cent. The resultant variation in pulse power is less than 2.5 per cent. 
For a 2 per cent time jitter, the pulse-power variation is only 0.1 per 
cent. Since the time jitter is nearly always less than 2 per cent of the 
recurrence period, the pulse-amplitude jitter can usually be neglected. 

The performance of the rotary gap for a-c resonant charging is some
what different from that for d-c resonant charging. A complete theo
retical analysis of the difference has not been made. However, a partial 
analysis indicates that, with d-c resonant charging, the operation of the 
rotary gap tends to be slightly unstable. If the gap breaks down pre
maturely on one spark, there is a residual current left in the charging 
reactor which causes the subsequent voltage wave to rise to a slightly 
higher peak value at a somewhat earlier time. The next succeeding spark 
thus tends to occur still earlier. This effect may be cumulative over 
several cycles, and tho spark thus tends to fluctuate in a statistical way 
about some mean time interval determined by the electrode spacing. 

With a-c resonant charging, on the other hand, the rotary-gap opera
tion appears to be stable. In this case, if the gap breaks down pre
maturely, the subsequent voltage wave rises to a slightly higher peak, but 
at a somewhat later time. Thus the gap voltage at a time T, after a 
premature spark is not appreciably affected. There is therefore no 
tendency for the gap to break down still earlier, as in the case of d-c 
resonant charging, but rather there is a tendency to prevent the gap from 
breaking down prematurely. Thus slight variations in the breakdown 
time are not magnified by the charging circuit, and the operation tends 
to be stable with respect to such variations. I t should be pointed out, 
however, that a rotary-spark-gap pulser using a-c charging requires a 
careful selection of the effective charging inductance and careful adjust
ment of the gap phasing before the best stability can be obtained. 

If d-c linear charging is used, the amplitude fluctuation in the net
work voltage is almost directly proportional to the time jitter, and the 
percentage variation in pulse power is twice the ratio of the time jitter to 
the recurrence period. There is, in addition, some danger of the gap 
restriking at the beginning of the charging period because of the rapid 
increase in the voltage across the electrodes, which are still approaching 
each other. As a result, the rotary spark gap is unsuitable for use with 
pulsers having d-c linear charging. 

Breakdown Voltages and Fields of Rotary Gaps.—The average field at 
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TABLE 81.—DESIGN DATA 

Type of charging 

Electrical ratings 
Voltage range, kv 

Peak current, amp 

Normal operating voltage, 
kv 

Normal operating current, 
amp 

Normal average current, ma 

Pulse recurrence frequency, 
PPS 

Pulse duration, ^sec 

Pulse power, kw 

Pins 
No. of fixed pins 

Dia. of fixed pins, in. 

Dia. of rotary pins, in. 

Dia. of rotary-point circle, 
in. 

Pin length, in. 

Minimum spacing, in 

Overlap, in. 

Motor 
Type 

Driving power, H.P. 

Motor speed, rpni 

D-c resonant charging 

7-16 

160 

12 

120 

45 

410 

0.9 

600 

1 

7 

0.100 

0.100 

4.5 

7 
J 

0.015 

i 
4 

ind. 

i 

3500 

5 ->9 

>90 

8 

80 

100 

825 

1.5 

360 

1 

14 

0.188 

0.125 

9 

16j 16 

0.028 

A 

ind. 

A 
3535 

12-22 

220 

= 18 

180 

130 

800 

0.9 

1500 

2 

10 

0.125 

0.100 

10 

H 

0.020 

1 
2 

d-c 

1 

4800 

12-22 

220 

~18 

180 

130 

800 

0.9 

1500 

2 

14 

0.150 

0.100 

14 

If 

0.020 

i 
i 

d-c 

1 * 

3400 

5 ->9 

>90 

8 

80 

70 

750;375 

i i ; 2 i 

300 

2;l 

4 

0.125 

0.125 

6 

5 
8 

0.010 

1 
4 

ind. 

& 
5600 

D-c 
charg

ing 

8-13 

130 

13 

130 

70 

580 

0.9 

700 

1 

10 

0.120 

0.120 

7 

11 

0.015 

i 
2 

ind. 

A 
3450 

12-25 

250 

25 

250 

92 

410 

0.9 

3000 

1 

7 

0 150 

0.120 

7.5 

1 is 1 IT 

1 
8 

3 
16 

ind. 

4* 

3450 

12-24 

480 

20 

400 

140 

350 

1.0 

4000 

1 

6 

0.150 

0.120 

9.6 

1 ^ 
1 16 

1 
8 

1 
4 

ind. 

5* 

3500 
Drives the main pulse generator as well as the rotary gap. ind. = induction motor 
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FOR ROTARY SPARK GAPS 

A-c resonant charging 

12-24 

240 

20 

200 

130 

650 

1.0 

2000 

1 

11 

0.120 

0.120 

9.6 

1*1 

i 

J 

ind. 

4 ' 

3500 

15-27 

1170 

24 

1000 

350 

350 

1.0 

10,000 

1 

6 

0.2 

0.2 

12} 

lit 

i 

1 

ind. 

12* 

3500 

12-20 

200 

18 

180 

100 

630 

0.9 

1600 

1 

11 

0.120 

0.120 

9.6 

lit 

1 
l 
A 

ind. 

4* 

3400 

7-12 

120 

11 

110 

80 

800 

0.9 

600 

1 

14 

0.080 

0.080 

5.5 

l i 

A 

1 

M-G 

3450 

7-12 

120 

11 

110 

40 

400 

0.9 

600 

1 

7 

0.080 

0.080 

5.5 

l i 

A 

1 

M-G 

3450 

12-25 

250 

25 

250 

90 

400 

0.9 

3000 

1 

7 

0.120 

0.120 

7.5 

lit 

i 

A 

M-G 

3450 

8-12 

120 

12 

120 

45 

400 

0.9 

600 

1 

6 

0.100 

0.080 

4 

1 

A 

i 

2-cycle 
gas 

engine 

5* 

4000 

Half-
cycle, a-c 
resonant 
charging 

12-25 

250 

22 

220 

130 

120 

5.0 

2300 

4 

4 

3-0.080 
1-0.120 

0.120 

9.6 

lit 

A 

1 

syn. 

I 
4 

1800 

A-c 
diode 

charging 

8.5 

65 

30 

420 

1.0 

200 

1 

7 

0.060 

0.060 

4 

i 

0.015 

A 

M-G 

3600 

Blum-
lein 

15-27 

1000 

26 

1000 

350 

350 

1.0 

10,000 

1 

6 

0.2 

0.2 

121 

lit 

i 

1 

ind. 

12* 

3500 
ayn. ■■ synchronous motor M-G » motor-generator 
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breakdown of a rotary gap can be measured with good accuracy by 
measuring the spark length with a cathetometer and the voltage with a 
divider. The static characteristic corresponds to measurements obtained 
when the gap is stationary, and the dynamic characteristic is the break
down voltage measured while the gap is rotating. Figure 8-8 gives the 
observed breakdown voltage and computed average fields for the rotary 
gap used in a 1-Mw pulser, the electrode diameter of which is 0.120 in. 
The average field at breakdown is observed to be considerably higher for 
the rotating than for the stationary gap, particularly at the longer spac-
ings. This fact is presumably due to the presence of corona in the static 
case. When the electrodes are moving relative to one another, the corona 
does'not have time to form in the rapidly diminishing gap spacing before 
breakdown occurs. 

Considering a spacing of 0.3 cm, the average voltage gradient before 
dynamic breakdown is about 40 kv/cm, and the static average gradient is 
30 kv/cm. The gradient at the electrodes can be calculated by the 
relation1 

from which the maximum gradient for dynamic breakdown is found to be 
52 kv/cm, and that for static breakdown to be about 40 kv/cm. Since 
the electron multiplication varies exponentially with the Townsend coef
ficient a and the distance, and since a increases very rapidly in the high 
fields corresponding to the dynamic breakdown, the electron current 
builds up very rapidly once the breakdown has started. The time for 
this buildup is estimated at 0.01 /xsec from other data. 

In general, the ratio of the maximum to the minimum operating volt
ages for satisfactory operation of rotary gaps is about two. The mini
mum voltage is limited by the failure of the gap to break down con
sistently at the minimum electrode spacing, and the maximum voltage 
is usually determined by the restriking of the spark as explained in Sec. 
8-1. Table 8 1 gives the pertinent data referring to most rotary gaps 
designed and built either for service in radar systems or for laboratory 
testing of pulser components or magnetrons. 

ENCLOSED FIXED SPARK GAPS 

By J. R. DILLINGER 

When two or three fixed two-electrode gaps are connected in series, 
the breakdown of the entire switch can be accomplished rapidly by the 

F. W. Peek Jr, Dielectric Phenomena in High-voltage Engineering, 3rd ed., McGraw-
Hill, New York, 1929, p. 25. 
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successive breakdown of the individual gaps. This breakdown is 
obtained by applying a very high trigger voltage to one or both junction 
points. Since enclosed fixed spark gaps of this type have been used 
more frequently in this country than those of any other type, most of 
the following discussion is concerned with them. The trigatron and 
a three-electrode gap of one other type, in which breakdown is 
obtained by suddenly distorting the electric field between the main elec
trodes by applying a high voltage to a trigger electrode, are discussed 
briefly in Sec. 8-10. 

Two series-gap designs have been evolved. One has a cylindrical-rod 
anode surrounded by a hollow cylindrical cathode,1 and the other has a 
roa anode mounted above a mercury cathode,2 (the mercury is immobil
ized by a metallic sponge, and the mercury surface is continuously 
renewed through capillary action.) The basic features of the cylindrical-
electrode gap and of the metallic-sponge mercury-cathode gap are 
given in Sec. 8-8 and 8-9 respectively. The cylindrical-electrode gap 
is the result of early efforts3 to find a switch that would operate at 
lower voltages and have a smaller time jitter than the rotary gap, and 
that, in addition, would be completely enclosed. Later work showed 
that a gap of this type could be used over a wide range of operating con
ditions. The metallic-sponge mercury-cathode gap is not limited by 
cathode erosion and therefore operates satisfactorily at higher powers and 
longer pulse durations. The time jitter in gaps of this type has been 
reduced to 0.02 ^sec. 

As a result of work done at the Bell Telephone Laboratories, the 
Westinghouse Electric Corporation, and the Radiation Laboratory, 
series gaps have been developed that have an operating-voltage range 
such that the maximum operating voltage is slightly greater than twice 
the minimum operating voltage. These gaps operate successfully at 
voltages up to 30 kv, pulse currents up to 900 amp, and pulse durations 
from 0.25 to 5 ^isec. At the longer pulse durations, the maximum 
allowable pulse current is smaller. The maximum voltage at which a 
given switch operates is smaller for the higher recurrence frequencies, 
and the time jitter increases as the recurrence frequency is increased. 
Increased dissipation and electrode wear make the operation of these gaps 

1 F. S. Goucher, S. B. Ingram, J. R. Haynes, and W. A. Depp, "Glass Enclosed 
Triggered Spark Gaps for Use in High Power Pulse Modulators," BTL Report 
MM-43-110-3, Feb. 26, 1943. 

F. S. Goucher (Bell Telephone Laboratories), "Development of Enclosed Trig
gered Gaps," Modulator Colloquium, RL Report No. 50-2, June 9, 1943, pp. 1-15. 

* J. R. Haynes, "Some Experiments with Mercury Cathode Series Spark Gap 
Tubes," BTL Report MM-45-110-20, Mar. 3, 1945. 

* S. B. Ingram (Bell Telephone Laboratories), "Application of Fixed Spark Gap 
Tubes," Modulator Colloquium, RL Report No. 50-2, June 9, 1943, pp. 16-24. 
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at recurrence frequencies above 1000 pps impractical for very high power 
output. 

8-4. General Operating Characteristics of Series Gaps.—Two or 
three gaps connected in series, as shown in Fig. 8-9, constitute the switch 
in a line-type pulser. It is therefore necessary to consider the character
istics of a set of two or three gaps in series as well as those of a single gap. 

© —<SUlSLr 
Power 
supply G, 

Trigger r 

© ' i&flJLr 
Power 
supply G, 

Trigger 

© <MSLr 
Power 
supply 

Trigger 

id) 

(c) 
F I G . 8-9.—Four commonly used series-gap circuits. 

Static- and Dynamic-breakdown Voltages of a Single Gap.—The static-
breakdown voltage of a gap is defined as the voltage at which the gap 
sparks when the d-c voltage across it is slowly increased. This voltage 
can be used as an indication of the general hold-off characteristics of a 
single gap, but its value is not very reproducible, particularly after the 
gaps have been operated for a few hours. However, it is more nearly 
reproducible for mercury-cathode gaps than for aluminum-cathode gaps 
because the surface-discharge characteristics are more nearly constant 
for a liquid cathode. 

The dynamic-breakdown voltage is defined as the voltage at which 
the gap breaks down for given conditions of residual ionization. Immedi
ately after a pulse of current passes through a single gap, many ions are 
left in the gap.. These ions recombine rapidly, but some residual ioniza-
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tion still remains 1//V seconds after the pulse, where fr is the pulse recur
rence frequency. The dynamic-breakdown voltage therefore varies 
with the conditions of residual ionization, and thus with the recurrence 
frequency, the pulse duration, and the pulse current. 

Definitions of V^x, Fmi„, and y.«rt.—These three quantities are the 
characteristic breakdown voltages of the switch as contrasted with those 
of a single gap. In the following discussion, it is assumed that a voltage 
of the form 

M O = -iT (1 — COS Trfrt) 

is applied to point S in the circuits shown in Fig. 8-9, where vN(t) is the 
voltage at any time t, and Vx is the maximum value of this resonant-
charging transient. For charging waves of other forms, the definitions 
of the characteristic breakdown voltages are the same, but the actual 
values may be different. For example, F™, is slightly higher for linear 
charging than for resonant charging. It is also assumed in this discus
sion that a trigger pulse of the proper shape, and of amplitude sufficient 
to render the gaps conducting at intervals of l / / r when vx(l/fr) = VN, 
is applied to the points P. 

If the maximum value, VK, of the d-c resonant-charging transient 
applied to a given gap switch is slowly increased, a value is reached at 
which the switch breaks down before the trigger pulse is applied. This 
premature breakdown is called a "pre-fire." When a pre-fire occurs, 
the trigger loses control, and continuous conduction may set in, making 
it impossible to regain control. The maximum value of VN at which 
the rate of pre-firing is still negligible, for a given switch and operating 
conditions, is defined as Fmu. If the voltage-dividing resistors, the 
trigger-coupling condensers, and the recurrence frequency are such that 
the voltage is divided equally across the gaps at all times, Vm„ has the 
highest value that is theoretically possible, and is then called Vs. Since 
equal division of voltage is not obtained in practice, the observed value of 
Vm.x is always less than Vs. This observed value is referred to as Vu, 
and can be determined by observing the charging waves on an oscilloscope 
as the voltage is increased to a value just below that which is sufficient 
to cause pre-firing. The value of Vs can be determined from curves 
showing the variation in the ratio VM/VS with circuit conditions and 
recurrence frequency. 

Ideally, for a given switch and operating conditions, Vs is equal to 
the number of gaps in the switch multiplied by the dynamic-breakdown 
voltage of a single gap. Since this voltage fluctuates during the life of 
the gap in a random manner, it is extremely difficult to relate Vs to any 
breakdown-voltage measurement for a single gap. This fluctuation is 
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very noticeable for aluminum-cathode gaps operated at powers so high 
that their anodes become rough. In practice, the dynamic-breakdown 
voltage of a single gap is defined as Vs divided by the number of gaps. 

As the residual ionization is increased beyond some minimum value, 
Vs decreases. The variation of Vs with recurrence frequency and pulse 
duration is shown in the curves of Fig. 8-10. In order to obtain the data 

1 5 1 I I I I I 1 1 1 
0 500 1000 1500 2000 

Recurrence frequency in pps 
Via. 8-10.—Vs as a function of recurrence frequency. 

for these curves, three WX3226 gaps filled to a total pressure of 110 
cm of mercury with a mixture of 80 per cent hydrogen and 20 per cent 
argon were operated as the switch in a pulser having a 50-ohm network 
and a 50-ohm resistance load. The variations in pulse current corre
sponding to changes in switch voltage, of magnitude represented by these 
curves, have a negligible effect on the value of Vs determined from other 
data taken at different pulse currents with T and fr constant. 

If the maximum value, VN, of the resonant-charging voltage is slowly 
reduced, a value is found at which the switch fails to fire (misfires) when 
the trigger pulse is applied. The lowest value of Vn at which the rate 
of misfiring is negligible is defined as V^n, and can be determined by 
observing the charging waves on an oscilloscope as the voltage is reduced 
until the switch is seen to miss. As the residual ionization is increased, 
V,oin decreases by an amount that is small compared with the decrease in Vs-

If the power-supply voltage is increased slowly from zero, the switch 
voltage is equal to the power-supply voltage and is divided equally across 
the gaps. As the power-supply voltage is increased, a value can be found 
at which the switch either starts and continues to operate, or periodically 
starts and then stops after firing a few pulses. This power-supply volt
age is defined aS V start* 

Typical Switch Operation.—As an introduction to the problem of 
triggering, consider briefly the operation of three identical gaps with 
equal voltage-dividing resistors in the circuit (b) of Fig. 8-9. Assume 
that the switch voltage is zero at t = 0, and that the voltage VN at the 
end of each charging cycle is sufficient to break down one gap within a 
fraction of a microsecond after being applied to it. Then, if the ampli
tude of the trigger pulse applied to point P is sufficient to cause the break
down of gaps (?2 and Gs the full switch voltage is then applied to G\, 
causing G\ to break down, and allowing the network to discharge through 
the switch and the load. 
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The process just described occurs repeatedly, and the pulser circuit 
delivers a pulse to the load corresponding to each trigger pulse. Assum
ing that the trigger circuit does not drive point P negative after the break
down of (?2 and (?3, 7miI1 should be the dynamic-breakdown voltage of a 
single gap. Under idealized conditions the ratio of Vs to V^n for three 
gaps in this circuit is 3 /1 , but, because the breakdown characteristics of 
gaseous-discharge devices near their upper and lower limits are statistical 
in nature, ratios of 2/1 to 2.5/1 are obtained. This ratio decreases during 
the life of cylindrical-electrode gaps operated under conditions sufficient 
to cause considerable anode roughening. Time jitter in the operation of 
this switch is caused principally by the uncertainty in the firing of gap 
Gi, which can not be overvolted by the trigger as can G2 and G3. This 
time jitter is small for operating voltages near V3, but increases as V JV 
approaches Vmm. 

The above account of steady-state operation does not explain the 
starting of the gap when the pulse-generator voltages are first turned on. 
When the power supply is first switched on (neglecting any advantage 
that may result from a sudden rise in supply voltage), the network 
becomes charged to the no-load power-supply voltage -Bw., and the volt
age at P becomes %Eu,- Although, under these conditions, gaps G2 and 
(73 may not be broken down by every trigger pulse, it is assumed that 
Ebb is such that they are broken down occasionally. On one of the occa
sions when Gi and Gi are broken down, Ea, is also assumed to be sufficient 
to break down (?i, and the circuit goes into steady-state operation. 
The minimum value of Ebb for which starting takes place has been defined 
as y,i»rt, the value of which is fre
quently greater than the no-load 
power-supply voltage that corre
sponds to operation at Fmin. The 
lowest satisfactory operating volt
age of such a switch may then be 
limited by the starting-voltage re
quirements. This difficulty may 
be eliminated, however, by the use 
of a power supply with sufficiently 
poor regulation. 

The way in which V^u and V.i„t 
depend on the trigger voltage is 
shown in Fig. 8-11. These data 
were obtained by operating the 
three WX3226 gaps mentioned above at a recurrence frequency of 800 pps 
and a pulse duration of 0.9 jusec in circuit (a) of Fig. 8-9. From Fig. 8-11 it 
can be seen that Vs is unaffected by the trigger voltage as expected, and 

F I Q . 8-11.-

15 20 
Trigger voltage in kv 

-Operating range as a function of 
trigger voltage. 
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that both Fmin and V.a*t increase as the trigger voltage is decreased below 
some minimum value. In order to determine whether satisfactory opera
tion can be obtained over the entire range, it is necessary to consider the 
voltages V, V", and V", where V is V^n divided by the resonant-
charging stepup ratio (assumed to be 1.9 in this case), V" is V times the 
ratio of no-load to operating-load power-supply voltage (assumed to be 
1.25), and V" IS V start multiplied by 1.9. As long as V" is greater than 
V««rt, the gaps should start with the power supply adjusted for operation 
at Vmii,. Operation at voltages less than V" may be objectionable 
because the operation at a switch voltage V" during the starting of the 
gaps may produce an undesired overvolting of other components in the 
circuit. If V" is less than V.M, the lowest switch voltage at which 
operation is satisfactory from the standpoint of starting is greater than 
Vuta, and equal to y.t«t X 1.9/1.25. If 7.un X 1.9 is greater than VM, the 
switch pre-fires immediately after starting. 

Range Versus Number of Gaps.—Several factors need to be considered 
in determining the optimum number, n0, of gaps to use in series as the 
switch for a given application. The most important consideration is 
that of the range of operating voltage, which is defined as 

V s ' min 

V S ~Y~ ' min 

and is expressed in per cent. The value of n„ that gives the widest pos
sible operating range is determined from the following considerations. 

Under identical operating conditions, let the dynamic-breakdown 
voltages of Gi and G2 be Vm and (n — l)Vid respectively. Thus, Gj 
is considered to have a unit breakdown voltage, and n0 is the optimum 
number of gaps identical to Gi that could be used in series as the switch. 
The gap G2 may be thought of as replacing (n — 1) gaps identical to Gi. 
These gaps are assumed to be operated in circuit (d) of Fig. 8-9, with 
power-supply and trigger voltages of the same polarity. If these volt
ages are of opposite polarity, the following discussion is still valid if 
Gi and G2 are interchanged in the circuit (d). I t is assumed that any 
voltage applied at point S is divided so that the ratio of the voltage across 
Gj to that across Gi is exactly equal to (n — 1), and that a suitable trigger 
pulse of sufficient amplitude is applied to point P. 

In order to simplify the discussion, the following assumptions are 
made: 

1. That the voltage Vs is n times the dynamic breakdown voltage 
of Gi. The problem of finding n„ thus becomes one of finding the 
value for n for which Vmin/Vs is a minimum. 

2. That the breakdown voltage of a single gap is independent of the 
manner in which the voltage is applied to the gap. 
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3. That the breakdown characteristics of a single gap are the same, 
regardless of its polarity. 

There are two possible conditions for switch cutoff. Condition A 
occurs when (?i fails to fire after the breakdown of G2 because VN is less 
than the dynamic-breakdown voltage of Gi. Condition B occurs when 
the value of n is such that the lowering of VN changes the voltages on 
<?i and Gi so that the application of the trigger voltage, vi} to point P 
breaks down G\ before G2, whereupon the voltage across (72 falls to VN, 
which is less than the breakdown voltage of (z2. 

When the cutoff occurs according to condition A, y„ia is given by 

<y*)A = ^ CD 
n 

from assumption 1. 
The relationship between Fmin and n under condition B is next derived. 

As the trigger voltage, vt, rises toward the value at which breakdown 
occurs, the voltages across (?i and Gi are 

Vi = vt VN (2) 
n 

and 

* - ( » - i ) ( ; r ^ T * + | r l , ) . (3) 

For any particular pair of values of n and VN, there is a trigger-voltage 
amplitude Vt such that 

(n - l)v! = v2, for vt = Vt. (4) 

Substituting Eqs. (2) and (3) into Eq. (4), 

- VN = — ^ - V, + -n n — 1 n 
_ 2(n - 1) 

Vt ~ n(n - 2) VN-

At vt = Vt, the value of »i from Eq. (2) is 

v _ 2(n - 1) v ly __J_V 
Vl ~ n{n - 2) V» ~ n V" ~ T=2 V»' 

Under condition B, V ^ for a given n is the value of VN for which 7 4 
is equal to the dynamic-breakdown voltage of G\, referred to above as 
Va/n. Therefore, 

( 7 » t a ) , = ( n - 2 ) ^ . (5) 
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For any value of n, Vm\a is equal to either (Vmin)A or (Fmi„)fl, whichever is 
greater. Thus, from Eqs. (1) and (5), VmiD/Vs is the greater of the two 
expressions 

V ■ 1 
V mm A 

T7 ~ n 
and V 

* nun 

T7 
I -

J * 

1.0 
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/ / t 
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8-12.—Ratio of Vmill 
function of n. 

to Vs as 

Figure 8-12 is a graph showing Vm-m/Vs as a function of n. The lowest 
value of this ratio occurs when n = 3. The value of V^u is determined 

by cutoff condition A for n g 3 and by 
condition B for n ^ 3. The optimum 
number of gaps is thus n„ = 3. 

Conditions /I and B are based on 
the assumption that sufficient trigger 
voltage is applied to point P. If the 
trigger voltage is not sufficient to 
break down (?2, another condition for 
cutoff arises. The trigger amplitude 

required can be determined from the data of Fig. 8-11 for a given gap 
design. In general, it is about twice the value of Ymin and is therefore 
slightly greater than the normal operating switch voltage, assuming that 
the switch is usually operated at a voltage near the center of the range 
between Vmin and VM. 

Two- and Three-gap Operation.—When using the cylindrical-alu
minum-cathode gaps, it is generally desirable to place three gaps in series 
in order to obtain the maximum range, particularly at power outputs 
greater than 1000 kw. However, two-gap operation has proved satis
factory for some low-power applications. In using two, instead of three, 
gaps with equal breakdown voltages, additional requirements must 
be imposed on the shape of the trigger pulse in order to insure satisfactory 
starting. In circuit (d) of Fig. 8-9 it can be seen that the voltage at S 
for starting is just equal to the power-supply voltage EM- After the 
trigger causes Gi to fire, the voltage Ebb is applied across G\, which must 
break down if the gaps are to break down on the first pulse. Thus, 
Ebb must be at least as great as the breakdown voltage of one gap. After 
the first pulse, a voltage of about 1.9 E» is applied to point <S, which is 
sufficient to break down both gaps before the trigger is applied, since the 
practical ratio of Vs to F™n for two gaps is about 1.6. 

Satisfactory starting can be assured by supplying a bidirectional 
trigger pulse to point P as shown in Fig. 8-13. Suppose the voltage at 
S is positive and equal to the power-supply voltage En, which is assumed 
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to be less than the breakdown voltage G\. Gap G2 is then broken down 
on the positive part of the trigger in the region A, causing Ey, to be applied 
to Gi. If t of Fig. 8-13 has approximately the correct value, G2 deionizes 
during this time and can therefore hold off some voltage in the reverse 
direction. Point P can then be driven to a negative value by region B 
of the trigger pulse. The addition of the negative voltage at P to Eu, 
causes Gi to break down, initiating the pulse. This behavior can add to 
the time jitter; for an operating voltage near Vs, the switch is rendered 
conducting by region A of the trigger; near the middle of the range it is 
rendered conducting at A on some pulses and at B on others; and just 
above Vmm it is rendered conducting only in region B.1 

The choice among the three possible circuits for three-gap operation 
shown in Fig. 8-9 depends on several factors. For given values for equal 
voltage-dividing resistors, trigger-coupling condensers, and recurrence 
frequency, inequalities in the voltage division across the three gaps have 
the least effect on the difference between V.u and Vs for circuit (a). For 
three aluminum-cathode gaps, Fmi„ and y s t„ t are the same for (ai and (6), 
but are appreciably lower for (c), and for long-time operation at powers 
above 500 kw the change in V'.» is less in circuit (c) than in the other two. 
For these reasons, circuit (c) is generally preferred for the operation of 
aluminum-cathode gaps. However, other considerations such as the 
mounting space, the polarity of the most readily available trigger volt
age, and the voltage ratings of the coupling condensers may influence 
the final choice of circuit. 

When enclosed fixed spark gaps having mercury cathodes immobilized 
by means of an iron sponge are used in place of those having aluminum 
cathodes, both the optimum number of gaps and the best method of 
coupling the trigger (in three-gap operation) are very different. This 
difference is caused by the formation of a corona sheath about the anode, 
which changes the effective electrode geometry and, within limits, raises 
the breakdown voltage when the amplitude of the charging wave is 
increased. The need for a bidirectional trigger to start the two tubes is 
therefore eliminated. Test results show that the range of two of these 
gaps in series is satisfactory for all conditions at which they have been 
tested to date (see Sec. 8-9), and is greater than ±33 per cent at powers 
up to 10,000 kw for more than 500 hours. Tests also show that, if three 
gaps are used, circuit (a) of Fig. 8-9 is preferable to (b) or (c) f. om the 
standpoint of range alone because the breakdown characteristics of the 
individual tubes remain very nearly constant throughout life. Thus, 
the reduction in VM for given values of the voltage-dividing resistors, 

1 For a more complete analysis of gap operation of this type, see J. R. Haynes, 
"Some Characteristics of 1B22 Spark Gap Tubes," BTL Report MM-43-110-34, Oct. 
27, 1943. 
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K t *\ 
F I G . 8-13.—Bidirectional trigger 

pulse for satisfactory operation of a 
two-gap switch. 

trigger-coupling condensers, and recurrence frequency that is occasioned 
by changing from circuit (a) to (b) or (c) is also constant throughout life. 
Measurements also show that ymi„ and V„„rt are the same, regardless of 
which of the above three-gap circuits is used, contrary to the observa
tions made with three aluminum-cathode gaps. 

8-6. Trigger Generators.1—Amplitude, shape, and energy are the 
three major characteristics of the trigger-generator output pulse that 

must be specified. The pulse of Fig. 
8-13 is a tracing of the output of a 
typical condenser-discharge trigger 
generator. In this discussion, the 
amplitude of the trigger pulse is con
sidered to be the maximum value of 
the first swing of the trigger in re
gion A. If the operation of two alu
minum-cathode gaps is to be consid
ered, the amplitude of B and time t 
also have to be specified. 

In operating three aluminum-cath
ode gaps and two or three mercury-

cathode gaps, which are the arrangements of greatest interest, the shape 
of the trigger pulse need not be closely specified. Typical values in 
Fig. 813 are h — 1.5, t2 = 9, t3 = 17, and U = 30 fisec. For the opera
tion of two mercury-cathode gaps with time jitter of less than 0.02 /xsec, 
it is necessary that the rate of rise of that portion of the pulse between 
t = 0 and t = h be at least 35 kv/jjsec; 50 kv/^isec is usually taken as a 
design figure. Rates of rise as low as 15 kv/Vsec are satisfactory for 
operation of three aluminum-cathode gaps: higher values do not have an 
appreciable effect on time jitter, because the major source of jitter in 
these gaps is in firing the third tube, over which the trigger has no control. 

To date, it has not been necessary to specify the impedance of the 
trigger generator because the operation of these gaps is not critically 
dependent on the amount of energy dissipated in the gaps during the 
trigger discharge. The efficiency of the trigger circuit is usually not very 
important as the total power consumed by it is, in most cases, small. 
However, the effect of increasing the load on the trigger from that con
sisting of the input capacitance to the gaps in series with the coupling 
condensers to that of the coupling condensers alone when the gaps fire 
must be taken into account. This effect is of greater importance when 
the trigger is coupled to both intermediate points than when it is coupled 
to either the upper or lower point alone. 

Trigger circuits for series gaps are designed to generate a voltage of 
1 By A. S. Jerrems. 
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amplitude as high as 35 kv to be applied to a load equal to the capacitance 
from point P to ground in any one of the circuits of Fig. 8-9. Since 
this load is about 12 to 15 /x/ifj and the trigger circuits are sensitive to 
loading, some consideration must be given to the viewing system used to 
measure this voltage. One procedure is to use a special viewing system 
with very low input capacitance, and specify the voltage measured as a 
no-load value. As a result, the load on the trigger is increased consider
ably when the output trigger lead is connected to the gaps, with a 
resulting decrease in trigger output. Another procedure is to measure 
the load from P to ground and to use a viewing system with the same 
input impedance, with the result that the measured voltage is the same 
as that applied to point P. This substitution method has been used in 
making all trigger-voltage'measurements quote.' in the present discussion. 

The following three types of trigger circuits are discussed here: 

1. The inductive kicker, in which a transient high-voltage oscillation 
is obtained by rapidly cutting off the current in an inductance £ >-A 
shunted by a condenser. £ ^ 

2. The condenser-discharge circuit, a line-type pulser whose pulse- ( ) 
forming network is replaced by a condenser. r > 

3. The saturable-core-transformer circuit. This trigger circuit is i ■. 
similar to the condenser-discharge circuit, except that the trans- ■ ' 
former is saturable, and its secondary is connected in series with ( ) 
one or more gaps. The secondary has a high impedance during ( ) 
the trigger discharge, but offers a low impedance to the main pulse [ j 
because the transformer core is saturated by the pulse current. i * 

The Inductive Kicker.—The basic circuit of an inductive kicker is . 
shown in Fig. 8-14a. The tube is normally cut off, and positive gria t 

tL: 

3 

U U + v 
(a) Basic circuit. (b) Voltage waveform. 

F I G . 814.—The inductive kicker. 

pulses of duration At are applied to it at the desired recurrence frequency. 
During the interval between ti and U, current builds up in the tube in a 
nearly linear manner. At the end of the interval At, the tube is suddenly 
cut off, isolating the resonant circuit connected to its plate, and leaving a 
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current flowing in L. A transient damped oscillation of the form shown 
in Fig. 8-146 develops across the load and stray capacitances represented 
by C. If the damping and tube drop are neglected, and if it is assumed 
that there is an instantaneous cutoff of tube current, the output voltage, 
Vt, is given by 

"< = /V§ sin Vl~C 
where I is the current in L at h. In terms of the power-supply voltage, 

F < " > - ' (6) v, = y/LC 

For example, the output of a circuit with L = 0.5 mh, C = 20 u/if, 
V = 500 volts, and At = 1 jisec, according to Eq. (6), is an oscillation of 
amplitude 

T/ - y ( A < ) 

and period 
VLC = 5kv 

Tt = %r VLC = 0.6 Msec. 

Trigger 
input 

Output 

The approximate values of Vm calculated in this manner are invariably 
high, because of damping and noninstantaneous tube cutoff. The capaci
tance C is made small in order to get maximum output voltage for a 

given peak tube current. The in
ductance L is chosen for a particular 
circuit in order to get the desired 
rate of rise and amplitude of output 
trigger. One such trigger circuit, 
with L = 5 mh using a 5D21 as con
trol tube, has been found to be reli
able and give values of Vm up to 16 kv 
on a 15 nixt load at 1000 pps. 

The output of a circuit of the 
form just described is limited to the 
peak transient voltage that the con
trol tube can hold off. This limita
tion can be overcome by making L 
the primary of a stepup transformer. 
A circuit using an 807 tube and a 

stepup autotransformer, with turns ratio n = 5, was used successfully 
by the Bell Telephone Laboratories. 

A. disadvantage of the inductive kicker described above is the need 
of an additional circuit to supply the long rectangular input pulse. 

F I G . 8-15.—Simplified diagram of a 
line-controlled inductive-kicker circuit 
using screen-grid feedback with pulse-
transformer output. 
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A regenerative pulser using feedback from the screen-grid circuit that 
only requires a synchronizing trigger of indifferent shape and small 
amplitude has been developed. Because of the limitations on screen-
grid current, the maximum available output for a given tul>e is less than 
that obtained with externally triggered circuits. Figure 8-15 is a sim
plified diagram of a line-controlled inductive-kicker circuit using a screen-
grid feedback with a pulse-transformer output. 

I Cc 

F I G . 8-16.—Typical condenser-discharge trigger circuit. 

The Condenser-discharge Trigger Circuit.—The basic circuit of the 
condenser-discharge trigger, shown in Fig. 8-16, consists of a switch <S 
in series with a storage capacitance C, and a pulse transformer of stepup 
ratio n. The storage capacitance C, is charged through a large resist
ance or inductance, and then discharged into the pulse-transformer 
primary when S is closed. The switch S is a 
thyratron fired at the desired recurrence 
frequency by a signal from an external 
synchronizer. 

The operation of the circuit of Fig. 8-16 can 
be analyzed with accuracy sufficient for design 
purposes in terms of the equivalent circuit 
of Fig. 8-17. If the transformer is assumed 
to be phase-inverting, and if the voltage v, on 
the storage condenser has an initial value V, and S closes at time t = 0, 
the output voltage is 

nV.C. / , t 

Fio. 8 1 7 . — E q u i v a l e n t 
circuit for the condenser-
discharge trigger circuit. 

Vt = C. + n*C, 
in which 

and 

C0 = Cd + 

(1 — cos — ■ 1) 
VLLCJ 

( CCG, \ 
\CC + Cj 

C = n*C,C0 

C. + n*C0 

for the interval from time t — 0 to time t\ = w 
current waveforms are sketched in Fig. 8-18. 
the output pulse voltage is 

2nV.C. 
' C. + rfC' 

/LLC. The voltage and 
The maximum value of 
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and the voltage rises to this value in the time interval 

At = h - 0 = T y/LjC. (7) 

C„>C„n2 

For C, > ntC. there is a positive charge left on C, at the time h, which is 
then drained off through S. For C, = n^Co, v, is zero at time h. For 
C. < n2C0 a negative charge is left on C„ which cannot drain off if S is 
unidirectional. For a load consisting of a gap of capacitance C„ in series 

with a coupling condenser Cc, and 
of distributed capacitance Ca, these 
waveforms are distorted as a result 
of the firing of the gap. The effect 
of gap firing is, to a fair approxi
mation, that of an abrupt change in 
capacitance C0 from the value above 
to C„ = (Cd + Cc) after the gap fires. 

No detailed procedure can be set 
down for designing condenser-dis
charge triggers because the best de
sign for a particular case depends on 
the specifications for the trigger and 
on the type of charging used. For 
example, it may be desirable to use 
the lowest practical power-supply 
voltage for the trigger, or it may 
be necessary to use a power supply 
already set at a particular level, or 
limitations in the maximum con
denser voltage may be imposed by 
trigger-switch ratings. Resonant, 
linear, or resistance charging may 
be used. In general, there are sev
eral parameters to be chosen, and 
it is possible, within the limits im
posed by operating specifications, to 

maximize the efficiency. An outline of a design for a typical set of require
ments is given in the following paragraphs. 

A'trigger is required that will take its current from the principal 
pulser power supply at a voltage level Eu, and will deliver output pulses of 
maximum amplitude Vt and frequency fT = l/T, to a total effective 
capacitance load C„. I t is assumed that the trigger must use a switch 
tube that does not hold off voltages higher than the power-supply volt
age Eu,, and it is specified that the trigger pulse must rise to its peak value 
in a time interval At. 

(The cutoff 
I is due to 

|C rectifying 
' action of 
I thyratron 

«=0 «=«, K 

Time 
Fio. 8'18.—Voltage and current wave

forms in the condenser-discharge trigger 
circuit. 
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Because of the maximum-voltage requirement on the trigger switch, 
it is necessary to use resistance charging. The equivalent circuit is 
therefore that shown in Fig. 8-19, where Si is the trigger switch tube and 
St is a hypothetical charging switch. 
During the interpulse interval, Si is 
open and Sj is closed, and C, is charged 
through Rc and LL. The effect of LL 
on this charging process may be neg
lected. When the synchronizing sig
nal closes Si, S2 may be considered 
open, and C, discharges through the 
circuit consisting of Si, C, LL, and 
n2C0 in series. It is assumed that Rc is so large that it may be neglected 
during the discharging period. 

Since negative voltage left on C. at the end of a trigger pulse can only 
result in additional charging loss without any corresponding increase in 
output, it is assumed that C. ^ C0n2 (see Fig. 818), and consequently 
that the voltage on C, at the beginning of each charging cycle is zero. 
Under this assumption, the charging and discharging equations can be 
written independently and combined to get the maximum-voltage-output 
equation 

FIG. 8-19.—Equivalent circuit used 
in the design of a condenser-discharge 
trigger circuit. 

vt = 2C.nEt,, (1 - e **•?•) 
C, + n!C„ (8) 

where Vt, Eu, and / , are specified, and C, n, and Rc are chosen such that 
this equation is satisfied and maximum efficiency is obtained. 

Since the specifications require a particular power-supply voltage 
EM and power output Q.hJ£oV], the average power-supply current, / , 
is a reciprocal measure of the over-all efficiency of the trigger circuit. 

This current can be written in terms of the charging-circuit param
eters, that is, 

I 
/ = JrEu,C. (1 - e /**•) . 

Combining Eqs. (8) and (9) 

(9) 

(C. + n*C0)fr 
2n Yt' (10) 

in which the variables are C. and n. Differentiation of Eq. (10) with 
respect to n reveals that I has a minimum value 

Irin = frVt VClCl (ID 

http://2C.nEt
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at 
n=4% 

that is, for equal capacitances in the equivalent circuit. 
Substituting this value for n in Eq. (8), a relation between C, and Rc 

is obtained in which I is minimized with respect to n, namely, 

Rc^-7^—, 1 „ ^ ■ (12) v-^-m 
Since 7„j„ is proportional to y/C. (see Eq. 11), it is desired to make C, 
as small as possible. The lowest value of C, that satisfies Eq. (12) is 

V2 
C — —i-C 

which corresponds to Rc = 0. 
The storage capacitance C, must be chosen so that Rc does not dis

sipate appreciable power during the trigger-discharging period. For most 
radar recurrent frequencies (up to about 5000 pps) it is sufficient to take 

V2 

Cg — SC 80 = O -™" ^0- (l«j) 

The charging resistance that should be used with this storage capacitance 
is 

and the pulse 

Rc ■ 

-transformer ratio 

n = 

El 
2.58frV1C„ 

is 

= 1.7xf-

Referring to Eq. (7), the value of LL that should be used is 

( A 0 2 ^ LL = 
r vie. 

An expression for power-supply current is obtained by substituting Eq. 
(13) into Eq. (11), namely, 

I = 1.732 ^ ^ -
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If the output per pulse is taken to be the energy W„ delivered to C, 
when it is charged to a level Vt, the efficiency of the trigger circuit is 
given by 

_ WJr = 

EttJ 
o.5C„y?/r(ioo) 

1.732 
= 29 per cent. 

Eu 

Consider a particular pulser for which the total effective trigger load 
C0 is approximately 30 wi • Suppose that a 500-cycle/sec output trigger 
voltage rising to an amplitude of 16 kv in 0.5 /zsec is required, and that 
only a 6-kv power supply is available. From the above equations, the 
values of the parameters are then 

C, = 0.0007 MI 
Rc = 35 megohms 
n ~ 5 

LL = 20 iih. 

The current taken from the power supply is then approximately l i m a . 
The condenser-discharge trigger circuit is simple and flexible, and has 

been commonly used for triggering series spark gaps. The pulse of Fig. 
8-13 is typical of this circuit. Trigger circuits have been developed using 
the 4C35 hydrogen thyratron as switch to give pulses with amplitudes 
of 35 kv on 15 nid loads, and rates of rise of voltage from 15 to 200 
kv/Vsec. The losses in this circuit are principally in the pulse trans
former, which complicates its design 
at voltages of about 35 kv and at 
recurrence frequencies of about 1200 
pps. 

Trigger Circuit Using a Satu-
rable-core Transformer.—As shown in 
Fig. 8-20, the gap is overvolted by 
means of a trigger transformer whose 
secondary is in series with the spark 
gap. For most applications, the trig
ger transformer must be able to 
supply voltages of about 20 to 30 
kv, and it should have a high impedance during the rise of trigger voltage 
in order to avoid excessive primary current, but a low impedance during 
the passage of the main pulse. These requirements are met by designing 
the transformer so that its core becomes saturated abruptly a short time 
after the gap has been broken down by the trigger voltage. The effect 
of the saturated inductance on the principal discharging circuit is to 
round the leading edge of the output pulse. In order to maintain a 

To network i 

F I G . 8-20.—Trigger circuit using 
saturable-core transformer. 
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nearly rectangular pulse shape, the saturated inductance must not be 
greater than 5 /xh for a 25-ohm load impedance. A sufficiently high 
ratio of unsaturated to saturated inductance can be obtained by the use 
of special core materials. 

This trigger circuit has not been used extensively, but laboratory 
tests in which it has been used to trigger a special three-electrode gap, 
as well as series gaps, are promising. l 

8-6. Division of Voltage across Series Gaps.—In the foregoing discus
sion it has been assumed that the applied network or switch voltage is 
divided across the gaps that comprise the switch in the ratio of their 
dynamic-breakdown voltages. In general, however, such voltage divi
sion is not obtained when using practical values of voltage-dividing 
resistors, trigger-coupling condensers, and recurrence frequencies. 
Results of analyses concerning the division of voltage across series gaps 
in each of the four commonly used circuits shown in Fig. 8-9 for resonant 
charging of the network are given here.2 I t is assumed that a voltage 

wave, of the form vN = -g- (1 — cos vfj), where 0 < t < l / / r , is applied 

at point S in each of the four circuits of Fig. 8-9. The voltages Va and 
VM have previously been defined as the theoretical and experimental 
values of F m respectively. When using gaps with equal breakdown 
voltages, it is desirable to divide the applied switch voltage equally 
across the individual gaps in order that VM may approach Vs. 

During the network-charging cycle, the gaps Gh G2, and G3 of Fig. 
8-9 can be represented by the condensers c shunted by the resistors Ru 
Ri, and #3. The capacitance, c, includes the stray capacitance across 
each gap as well as that of the gap itself. In most circuits, c is about 
10 ntf, 6 of which represent the capacitance of the gaps. Since the input 
terminals of the trigger-coupling condensers can be considered grounded 
during the network-charging cycle, there is effectively an unbalanced RC 
voltage divider in parallel with the switch. 

The instantaneous values of the voltages V\, V2, and t>3 across G\, 
Gi, and G3 are shown in Fig. 8-21 for the circuit (a) of Fig. 8-9 with equal 
voltage-dividing resistors. I t can be seen that the voltages across G\ 
and G2 are identical, and reach a maximum at a time h smaller than the 

1 For additional operating characteristics, together with transformer-design 
information, see K. J. Germeshausen and H. R. Zeller, "Three Electrode Triggered 
Gap," RL Report No. 880, Oct. 11, 1945. 

2 For a more complete treatment, as well as the study of other cases, see J. R. 
Dillinger and F. E. Bothwell, "Division of Voltage Across Series Spark Gaps in a 
Line-Type Modulator," RL Report No. 682-2, Oct. 31, 1945; H. J. Sullivan, "Double-
triggering and Voltage Balancing for Series Gaps," NDRC 14-493, Westinghouse-
Electric Corporation, May 22, 1945. 
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time 1/f, at which the switch voltage applied at S reaches a maximum. 
The voltage v3 across G3 lags slightly behind vi and v2. 

There is a maximum voltage at which satisfactory operation can be 
obtained with a combination of gaps having equal breakdown voltages 
and used with equal voltage-dividing 
resistors. This value is the switch 
voltage at t = l / / r for which the values 
of V\ and v% at t = ti are just less than 
the dynamic-breakdown voltages of Gi 
and G2. If the switch voltage is in
creased beyond this maximum value 
VM, GI and G2 will break down at 
t = t\, causing an overvolting of G3 
and thus resulting in a pre-fire. Since 
VM is equal to the sum of Vi, v2, and 
v3 at t = l / / r , each of which is less 
than Vi or v2 at t = h, and since 
vi = Vi = §Vs and v3 < \VS at t = ti, 
VM must always be less than Vs. The 
ratio VM/VS is a figure of merit for division of voltage across the gaps 
and for given circuit conditions, since VM is the value that can be realized 
in practice, and Vs is an ideal value obtained by assuming equal voltage 
division. 

Fio. 8-21.—Sketch showing instan
taneous voltages across three series gaps 
having equal voltage-dividing resistors 
and connected as in Fig. 8-9<x. 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 
RfrCi RfrCt 

Fia. 8-22.—Ratio VM/VS as a function Fio. 8-23.—Ratio VM/VS as a function 
of ft/rCi for the series-gap circuit of Fig. of Rf,Ct for the series-gap circuit of Fig. 
8-9o. 8-96. 

Figure 8-22 shows VM/VS as a function of the product RfrC3 for the 
series-gap circuit (a) of Fig. 8-9. For these curves, Ri = R2 = R, which 
was found to be an optimum condition, and the effect of varying the ratio 
R/R3 is shown. For each value of RfrC3, there is some optimum value of 
R3, defined as Ra, that makes VM a maximum. The voltage v3 across 
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G3 then varies as shown in the curve labeled v3 in Fig. 8-21. Values of 
Ro for RfrCi below about 0.57 can be found by interpolation on the curves; 
for RfrC3 greater than 0.57, the optimum value for R3 is infinity. For the 
curves of Figs. 8-22, 8-23, 8-24, and 8-25, the resistances R, R3, and Ra 
are in ohms, the capacitances c and C3 are in farads, and the recurrence 
frequency fT is in pps. 

The actual solution for VM/VS includes both RfrC and RfrC3 as vari
ables, but the values of VM/VS are not critically dependent on RfrC. 
The curves of Fig. 8-22 are in error by less than 1 per cent for values of 
Rf,c between 0 and 0.024, and by less than 2 per cent for values of Rfa 
between 0 and 0.050. 

F I G . 8-24.—Ratio VM/VS as a function Fia. 8-25.—Ratio VM/VS as a function 
of RfrCt and RfTCi for the series-gap circuit of RfrCt for the series-gap circuit of Fig. 
of Fig. 8-9c. 8-9d. 

The curves of Figs. 8-22 to 8-25 are useful in choosing suitable voltage-
dividing resistors and trigger-coupling condensers for series-gap circuits. 
From the standpoint of maximum voltage range, it is desirable to make 
RfrC3 small. On the other hand, C3 must be large enough to avoid serious 
attenuation of the trigger pulse: 20 per cent of the trigger voltage is lost 
if C» is equal to four times the capacitance from point P to ground. 
Also, the chosen value of R must be large enough to prevent excessive 
dissipation of energy in the voltage-dividing resistors. 

Since the voltages across each resistor are not identical, the energy 
that each must dissipate is not the same, even though the resistors are 
of equal value. The amount of energy dissipated by each resistor 
depends on RfrCt and RfrCt in the same manner as the voltage distribu
tion. In most applications, however, it is sufficient to assume equal 
voltage division when calculating the energy dissipated, in which case 
the dissipation in all resistors is %V% divided by the sum of the resistances. 

As an example of the use of these design curves in choosing voltage-
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dividing resistors and trigger-coupling condensers, consider the circuit 
(a) of Fig. 8-9, and let it be required to operate at two recurrence fre
quencies / r i = 1000 pps and fr, = 600 pps. Assume that the dividing 
resistors are equal (Ri = R2 = R3 = R), which is the arrangement most 
commonly used. If C3 is 90 upl and R is 4 megohms, Rfr,C3 = 0.36 
and RfriC3 = 0.22. From Fig. 8-22 the ratio VM/VS is 0.905 for 1000 pps 
and 0.951 for 600 pps. The loss in trigger voltage across C3 is about 14 
per cent. For R = 4 megohms and VK = 20 kv and fr = 1000 pps, 5.7 
watts are dissipated in each resistor Ri and R2 and 1.9 watts in R3, if the 
uneven voltage distribution due to the charging current in condenser 
C3 is considered. If the voltage is assumed to be divided equally at all 
times, the total wattage rating of Ri, R2 and R3 must equal 

3 VI 
8 (Ri + R2 + R3)' 

or 4.2 watts each. 
I t can be seen from Fig. 8-22 that, at 1000 pps, VM/VS can be increased 

from 0.905 to 0.981 by making R3 = R0 instead of R3 = R. However, 
at 600 pps, a decrease in VM/VS from 0.951 to about 0.835 results, which 
may or may not be serious depending on the variation of Vs with recur
rence frequency. If this variation is assumed to be such that 

0.835(FS) 600 DPS — 0.981(FS)1 0OOP,», 

and if it is desired to have the same value for VM at both frequencies, an 
over-all gain in VM/VS is produced by setting R3 = R0. 

The curves in Fig. 8-24 for circuit (c) of Fig. 8-9 are plotted differently 
in order to show the effects of varying both coupling capacitances, C3 
and C4. The variables are fli/rC4 and RJTC3 and lines of equal ratio 
VM/VS are plotted for Ri = R2 = R3. 

Although these curves serve as a basis for choosing the voltage-
dividing resistors and trigger-coupling condensers for any given series-gap 
circuit, they cannot be used to determine which circuit to use for given 
gaps. Experience has shown that the choice of the optimum circuit 
depends on the type of gap being used and, in some cases, on the power 
level at which the gap is to be operated. From the standpoint of making 
VM/VS close to 1 for three-gap operation, the circuit (a) of Fig. 8-9 is 
the best, (6) the next best, and (c) the worst. However, experience has 
shown that, although V^ is not affected by variations in the division of 
voltage across the gaps, within limits, F™, for some gaps is appreciably 
altered, depending on where the trigger is coupled. These analyses have 
assumed that the dynamic-breakdown voltages of the gaps are equal 
and remain so throughout life. The reasons why these assumptions are 
not always valid are discussed in later sections. 
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8-7. General Considerations for Gap Design.—The three fundamental 
considerations in the design of enclosed gaps are (1) the choice of a suit
able gas or mixture of gases, (2) the choice of suitable electrode material, 
and (3) the determination of a satisfactory electrode geometry. There 
are many other considerations, including structural details, that are not 
discussed here. 

Choice of a Suitable Gas.—Deionization characteristics and chemical 
activity are of major importance in the choice of a gas. After conducting 
the required pulse, the gas must deionize at a sufficiently high rate in 
order that the gap will be able to hold off the network voltage that is 
applied following the pulse. In other words, the reignition voltage of 
the gap at any time after the pulse must be greater than the applied net
work or switch voltage at that time. The gas molecules should also 
have no metastable states in which electrons may be trapped during the 
discharge, and from which they would subsequently be released, causing 
a premature breakdown of the gap. During the required life of the tube, 
no constituent of the gas within the gap should be absorbed by or com
bine with any elements inside the tube in quantities large enough to 
affect the operating characteristics seriously. 

In discussing the operation of rotary gaps in previous sections of this 
chapter, it is pointed out that the erosion of the electrodes is severe when 
the gaps are operated in the absence of oxygen. Because of similar 
experience with enclosed gaps, a gas mixture of approximately 95 per cent 
argon and 5 per cent oxygen was used to fill the trigatron. The oxygen 
maintains an oxide coating on the electrodes in the sparking area that is 
sufficient to limit the electrode erosion encountered during the required 
life of the tube. However, as the oxygen is thus used up by chemical 
combination, the operating characteristics of the trigatron change. The 
need of a satisfactory switch for pulsers of higher power than those in 
which the trigatron operated satisfactorily resulted in investigations1 of 
enclosed gaps filled with various gas mixtures. The principal character
istic sought for in these investigations was stability of switch perform
ance over an extended period of operation. This work included the study 
of gas mixtures such as argon and helium, argon and oxygen, helium 
and oxygen, and helium, argon, and oxygen. As a result of other work2 

there was evolved a hydrogen-argon gas mixture that was found to 
have good deionization characteristics and to be stable jwith life. At 
first hydrogen alone was tried, but it was found that, after a few hours 
operation at low pulse currents, the tube drop during the discharge was 

1 C. M. Slack and E. G. F. Arnott, "Report on Enclosed Pressure Gaps," NDRC 
14-150, Westinghouse Electric Corporation, Dec. 31, 1942. 

1 F. S. Goucher, J. R. Haynes, W. A. Depp, and E. J. Ryder, "Spark Gap Switches 
for Radar," Bell System Technical Journal, October 1946, 
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abnormally high and fluctuated from pulse to pulse, causing undesirable 
amplitude jitter in the output pulse. I t was believed that this behavior 
did not exist during the first few hours of operation because of the presence 
of impurities in the hydrogen that aided the transfer from a glow to a 
low-voltage arc discharge. When argon was added to the hydrogen, the 
tube drop was found to remain low and constant throughout the life of 
the tube. Therefore, mixtures of approximately 80 per cent hydrogen 
and 20 per cent argon are commonly used. The argon acts as a stable 
impurity in that it performs the same function throughout life, as did 
the impurities in the tube during the first few hours before they were 
"cleaned up." The current at which this high-tube drop appeared could 
be reduced by increasing the percentage of argon, within limits. This 
high voltage drop did not appear with tubes filled with 20 per cent argon 
when conducting l-/tsec 100-amp pulses, but it did appear after operating 
these tubes for 25 to 50 hr with 1-̂ isec 50-amp pulses. Apparently, the 
above percentage of argon was not sufficient to effect the transfer from a 
glow to arc discharge at a pulse current of 50 amp without the help of the 
impurities present during the first few hours. Later work showed that 
no argon was needed at pulse currents of about 200 amp and above. 

Choice of Suitable Electrode Materials.—The choice of suitable elec
trode materials proved to be somewhat more difficult than the choice of a 
gas. I t was found that all the tested materials eroded rapidly in the 
hydrogen-argon gas mixture. The rate of erosion of the electrodes in 
rotary gaps and in the trigatron is kept low by the presence of a 
tough oxide coating on the surface which is constantly replenished. 
Studies of the erosion of several materials and combinations of materials 
when operated in a hydrogen-argon gas mixture show that the rate of 
erosion of the cathode depends somewhat on its geometry. Cathode 
erosion appears to be directly proportional to pulse current a t a given 
pulse duration, but is not directly proportional to pulse duration at a 
given pulse current. For example, at a constant pulse current, the 
erosion at pulse durations of 2 /isec and 5 Msec is about 2.7 and 8.3 times, 
respectively, tha t obtained at 1 jusec. 

Since all cathode-erosion studies have not been made with electrodes 
of the same geometry, or at the same pulse duration, it is not possible to 
present the results in concise tabular form. A few statements may be 
made, however, to indicate the scope and general results of the work. 
An early investigation conducted at the Bell Telephone Laboratories 
showed that the erosion rates of tungsten, molybdenum, and aluminum 
by weight were approximately the same, and much less than that of either 
gold or carbon. These values agreed with those for sputtering in the 
abnormal hydrogen glow discharge. A comparison made at the Radia
tion Laboratory of the erosion rates of vacuum-cast beryllium and alu-
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minum under the same conditions showed that of beryllium to be 0.38 
times that of aluminum by weight and 0.58 times that of aluminum by 
volume. The use of beryllium is objectionable because the eroded 
metallic vapor condenses into a fluffy material that drifts around inside 
the tube and causes occasional premature breakdowns of the gap. Alu
minum was chosen as the cathode material in one major type of series 
spark gap because the material sputtered off the cathode was found to 
be deposited on the anode in such a way that the gap spacing stayed 
approximately constant under limited operating conditions. Experi
ments have also been made with several sintered materials containing 
various oxides that have low work functions. It was found that cathodes 
made by sintering 5 per cent barium oxide, strontium carbonate, or 
beryllium oxide with a mixture consisting of 95 per cent tungsten and 5 
per cent nickel or copper for a binder had an erosion rate of about 0.025 
times that of tungsten or molybdenum alone.1 These materials were not 
used as the cathode in series gaps because of the development of the 
sintered iron-sponge mercury cathode, which was superior to them. 

Determination of a Satisfactory Geometry.—The wartime demand for 
operable tubes made it necessary to design and manufacture them before 
an adequate study of the erosion problem could be made, and before a 
material could be found that solved this problem in a hydrogen-argon 
gas mixture. Therefore, it was necessary to determine a disposition and 
design of the electrodes such that cathode erosion would have a minimum 
effect on tube characteristics. This approach has given rise to two 
basic designs for enclosed fixed spark gaps. One design has concentric 
cylindrical electrodes, the outer one being an aluminum cathode. By 
providing a large cathode area, the change in the electrode spacing 
produced by cathode erosion can be minimized. The other design uses 
a mercury cathode. In order to immobilize the mercury, it is held in 
the interstices of a sintered honeycomb structure of iron powder, called 
an "iron sponge." The design is such that within the operable power 
range only mercury is eroded from this cathode. 

8»8. The Cylindrical-electrode Aluminum-cathode Gap.—The ratio 
of the diameter of the outer electrode, or cathode, to that of the inner 
electrode, or anode, is made approximately equal to e, the base of natural 
logarithms. With this ratio, the highest possible breakdown voltage 
that does not cause the formation of corona before breakdown for a 
given outside diameter is obtained, and a minimum change occurs in 
this breakdown voltage for a slight change in the size or spacing of the 
electrodes. 

1 F. S. Goucher, J. R. Haynes, and E. J. Ryder, "High Power Series Gaps Having 
Sintered Iron Sponge Mercury Cathodes," NDRC 14-488, Bell Telephone Labora
tories, Oct. 1, 1945. 
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Cathode and Anode Erosion.—If the discharge takes place at random 
over the large cathode area provided by this geometry, considerable ero
sion can be tolerated before the gap spacing is changed enough to have 
any appreciable effect on the breakdown characteristics of the gap. In 
fact, cathode erosion is not a problem in a gap of this type, except insofar 
as it affects the buildup of material on the anode. 

These gaps are operated in a vertical position with the cathode open
ing downward in order to allow the material eroded from the cathode that 
condenses before reaching the anode to fall to the bottom of the tube. 
In spite of this arrangement, it has been found that a considerable fraction 
of the material eroded from the cathode per pulse is transferred to and 
deposited on the anode, which thus becomes coated with aluminum. 
For this reason the choice of anode material is not critical, and both iron 
and nickel have been used. The anode is not subjected to positive-ion 
bombardment during the main pulse; thus, anode erosion can take place 
only if there is reverse current in the circuit. In the usual designs for 
line-type pulsers, therefore, anode erosion does not impair the operation 
of a tube of this type. There are two results of the buildup of aluminum 
on the anode that can render the operation of the gap unsatisfactory. If 
the amount of material deposited on the anode per pulse is great enough 
to affect the voltage gradient at the anode appreciably, subsequent dis
charges take place to particular points on the anode, instead of being 
distributed over the entire surface in the sparking region. This poor 
distribution of the sparks causes the aluminum coating on the anode to 
be rough, instead of smooth. For a gap of a given design, there is a 
quantity of material M 1 deposited on the anode per pulse such that the 
anode buildup is a smooth coating for all values less than MY. There 
is also some value M2, greater than Mi, such that for all values greater 
than Mi such a large fraction of subsequent discharges takes place from 
a few points on the anode that the material is deposited in the form of 
"spikes," rendering the gap inoperative in a short time. For values of 
anode deposit between Mi and M2, predominant spikes are not formed, 
but the deposit of aluminum on the anode is so rough that the dynamic-
breakdown voltage of the gap, and hence the operating-voltage range 
of the switch, is decreased appreciably. 

Even with a smooth anode buildup the operation of these gaps may 
become unsatisfactory before the end of their required lifetime. If 
the smooth coating is very thick, a piece may break off, particularly from 
the end of the anode, when it is subjected to shock and vibration. The 
crater thus formed on the anode causes erratic operation of the gap. In 
short, for satisfactory operation of a gap of given design, there is an 
upper limit to the amount of material that can be deposited on the anode 
per pulse and to the total amount of material that can be deposited on 
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the anode during the required life of the gap. Despite the fact that anode 
buildup is a very serious defect in the cylindrical-electrode aluminum-
cathode gap, there are many combinations of operating conditions for 
which a tube of this type is satisfactory. 

Some conclusions concerning the effects on cathode erosion and anode 
buildup of variations in recurrence frequency, pulse current, pulse dura
tion, gas pressure, and gap spacing are stated here. These conclusions 
are based on data taken for gaps having 0.200-in. and 0.330-in. spacings, 
similar to the WX3226 and WX3240 gaps respectively, and filled with 
80 per cent hydrogen and 20 per cent argon to total pressures in the range 
of 68 to 175 cm of mercury. The ratio of the cathode radius to the anode 
radius was maintained at approximately e for all gaps studied.1 

The amounts of cathode erosion and anode buildup per pulse were 
found to be independent of the recurrence frequency in the range 200 to 
1200 pps. 

For a given gap spacing, pulse duration, and gas pressure, the cathode 
erosion and anode buildup per pulse were found to be directly propor
tional to pulse current in the range 100 to 400 amp. 

For a given gap spacing, pulse current, and gas pressure, the cathode 
erosion and anode buildup per pulse increase much more rapidly than the 
pulse duration in the range 0.9 to 5 jisec. As a result the maximum 
allowable pulse current for a given gap design decreases rapidly with 
increasing pulse duration. 

The ratio of anode buildup to cathode erosion per pulse was found to 
remain constant for a given gas pressure and gap spacing, even though 
the pulse current varied from 100 to 400 amp, the pulse duration varied 
from 0.9 to 5 ^sec, and the recurrence frequency varied from 200 to 
1200 pps, corresponding to a variation from 25 X 10~8 to 560 X 10~8 mg 
in the mass of aluminum eroded from the cathode per pulse. 

For a given gas pressure, pulse current, and pulse duration, an increase 
in gap spacing was found to decrease the amount of material eroded from 
the cathode per pulse, and the ratio of anode buildup to cathode erosion 
per pulse. A tube with large spacing may therefore be operated satis
factorily at higher values of pulse current and longer pulse durations 
than a tube with smaller spacing. 

For a given gap spacing, pulse current, and pulse duration, an increase 
in gas pressure was found to increase the cathode erosion per pulse slightly, 
and to increase the ratio of anode buildup to cathode erosion per pulse 
appreciably. The increase in cathode erosion is perhaps due to a decrease 
in the size of the cathode spot with increasing gas pressure, which increases 
its temperature, and thus increases the amount of material evaporated 
from the cathode per pulse. Because the temperature along the arc 

1 J . R. DillinRcr, "General Characteristics of Aluminum -cathode Type Series 
Spark Gaps," RL Report No. 682-3, Nov. 21, 1945. 
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column is high and the gas density is therefore low, and because a higher 
gap-filling pressure causes a region of higher gas density to surround the 
arc column, it is believed that the higher pressure aids in funneling 
aluminum vapor from the cathode across to the anode. The higher 
pressure thus concentrates the distribution of aluminum vapor from the 
cathode spot in the direction of the anode. 

Particular Designs for Enclosed Fixed Spark Gaps.—The photographs 
of Fig. 8-26 are of five different cylindrical-electrode aluminum-cathode 
gaps. Photographs (a), (b), (c), (rf), and (e), in Fig. 827 are x-ray prints 
of the 1B29, 1B22, 1B31, WX3226, and WX3240 tubes respectively. 

Fia. 8-26.—Photographs of various aluminum-cathode gaps. (Parts (a) and (6) courtesy 
of the Bell Telephone Laboratories.) 

The 1B29, 1B22, and 1B31 were made by the Western Electric Co. 
whereas the WX3226 and WX3240 were made by the Westinghouse 
Electric Corporation. 

As the required pulse current and pulse duration increased, it became 
necessary to develop gaps with larger spacings in order to limit the amount 
of material deposited on the anode per pulse. Since the gap dissipation 
increases with spacing, it is desirable to keep this spacing to a minimum, 
compatible with the allowable rate of anode buildup. Therefore, it is 
undesirable to operate a gap at pulse currents and pulse durations that 
are appreciably lower than the design figures. 

After the spacing of one of these gaps has been chosen with regard to 
anode buildup and dissipation, the breakdown voltage can be adjusted to 
the desired value by changing the gas pressure. The operation of gaps 
filled with 80 per cent hydrogen and 20 per cent argon has been satis
factory over a range of pressures from 50 to 250 cm of mercury.1 

1 E . G. F . Arnot t , " D e v e l o p m e n t of Series Spark Gaps , " N D R C 14-327, West ing-
house Electric Corporat ion, Aug. 14, 1944. 
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The tubes that were designed to operate at voltages below 5 kv per 
gap were difficult to start because of insufficient background ionization. 
Therefore, a small amount (about 0.002 mg) of a radium salt (either 
radium bromide or radium chloride) was added in order to provide 
additional ionization, and thus to aid in starting the gaps. For voltages 
higher than 5 kv the gaps start readily without this salt, because of 
ionization produced by corona at the edges of the electrodes. Special 
corona points were provided in the 1B29 and 1B22, as can be seen in 
Fig. 8-26, in order to give further aid in starting. 

(a) 1B29. (6) 1B22. (c) 1B31. (d) WX3226. (e) WX3240. 
F I G . 8-27.—X-ray prints of various aluminum-cathode gaps. (Parts (a), (6), and (c) 

courtesy of the Bell Telephone Laboratories.) 

Nominal ratings for each of the seven gaps developed are given in 
Table 8-2. The 1B34 is a WX3226 filled to a pressure of 75 cm of mer
cury, and the 1B41, 1B45, and 1B49 are WX3240 gaps filled to pressures 
of 90, 150, and 110 cm of mercury, respectively. 

TABLE 8-2.—NOMINAL RATINGS FOR VARIOUS FIXED SPARK GAPS 

T y p e 

1B29 
1B22 
1B34 
1B31 
1B41 
1B49 
1B45 

Ip, a m p 

30 
75 

200 
300 
450 
450 
450 

20 
50 
75 
30 

100 
100 
100 

T, iisec 

0 .75 0 .4 
0 .75 0 4 
2 0 .25 
5 0 25 
5 0 . 5 
5 0 . 5 
5 0 . 5 

/r, PPS 

2100 
1100 
2000 
1600 
2000 
2000 
2000 

7p.v, m a 

75 
lfiO 
150 
210 
210 
210 

Vsa, kv 

1.4 
2 . 1 
3 5 
4 0 
5 0 
5 .5 
6 . 5 

fr X r , 

0 001 
0.001 
0 001 
0 .001 
0 001 

Ip X T , 
coulombs 
per pulse 

2 X 10" 1 

3 . 8 
7 . 5 
7 . 5 
7 .5 



SEC. 8-8] ALUMINUM-CATHODE GAP 323 

When more than one value is given, the second value denotes the 
minimum allowable value of that quantity, whereas a single value or the 
first of two values denotes the maximum allowable value. In this table, 
Ip is the pulse switch current, T is the pulse duration, fr is the pulse recur
rence frequency, Ip„v is the average pulse switch current, and Vsa is the 
nominal operating voltage per gap, which can be relied on during at least 
500 hours of operation. If two or three gaps are used in series with reso
nant charging, the nominal operating switch voltage is about 2Vsa and 
3VSo respectively. The usable range of operating voltage above and 
below Vso depends on the operating conditions. It is sometimes advis
able to have a nominal operating voltage above or below Vsa in order to 
operate more nearly in the center of the operating-voltage range. 

Since Ip, T, and fr are interrelated insofar as their effect on the opera
tion of these gaps is concerned, it is necessary to state limits on the prod
ucts of these quantities taken two at a time. The product T/, is the 
duty ratio, TIP is the number of coulombs per pulse. I t is evident that, 
in order to prevent the growth of spikes on the anodes, the pulse current 
must be decreased when the pulse duration is increased. A limit on the 
product frIp is included in the limit on 7P„, which, together with the duty 
ratio, limits the gap dissipation and the total amount of material deposited 
on the anode during life. 

Change in Characteristics during Operation.—The dynamic-breakdown 
voltage of each gap decreases during life because of changes in the 
characteristics of the electrode surfaces that result from the erosion of the 
cathode and the buildup of material on the anode. The magnitude of 
this decrease depends on the rates of cathode erosion and anode buildup, 
which in turn depend on tube parameters and operating conditions, as 
discussed previously. Tests show that, for a large rate of anode buildup, 
the value of V M for a set of gaps decreases during the first 100 hr of opera
tion, and then remains very nearly constant for the remainder of a 500-hr 
period or longer. For a small rate of anode buildup, VM has been 
observed to remain constant during operating periods more than 500 hr 
long. For intermediate rates of anode buildup, VM may decrease gradu
ally for more than 500 hr. The values of Vmia and F.t»rt are only slightly 
affected by these changes in electrode-surface conditions. 

Figure 8-28 shows the variation of operating voltage range with time 
for a set of three 1B41 gaps operated in series with different trigger 
couplings as the switch in a 25-ohm line-type pulser at a pulse recurrence 
frequency of 300 pps and a pulse duration of 2 /isec. The operating 
switch voltage was 15.8 kv, making the pulse current approximately 
equal to 300 amp. The HK7-magnetron load used for the test was 
replaced by a resistance load for purposes of measuring the voltage range. 
A trigger voltage of 20 kv, measured on a 15 nfii load, was sufficient to 
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obtain the maximum range from these gaps. I t is seen from Fig. 8-28 
that both 7min and FsU,rl. are appreciably lower when the trigger is coupled 
to both intermediate points than when it is coupled to either the upper or 
lower point. This test and others show that the value of VM for new 
tubes with two-point triggering is lower than that for one-point triggering. 
After the electrodes become roughened, however, the difference becomes 
negligible, and, because of corona bursts in the gaps after the electrodes 
have become roughened, it is impossible to predict which method of 
triggering will give the highest VM- The assumption that the gaps behave 
as condensers, made in discussing the division of voltage across the gaps 

o Triggered as in Fig. 8.96 
• Triggered as in Fig. 8.9c 

°0 100 200 300 400 500 
Time in hours 

F I G . 8-28.-- Operating range as a function of houra of operation for the 1H41. 

for each method of triggering, does not hold after the electrodes have 
become roughened. Since Vmm and V„„, are lower, and over a long period 
of time VM is about the same whether the trigger is coupled to both 
points or to either the upper or lower point, it follows that two-point 
triggering generally gives the widest range of operation for three gaps 
in series.1 

Gap Dissipation.—By connecting the vertical plates of a modified 
synchroscope directly across the grounded gap in the pulser switch, 
the voltage drop across a single gap during the discharge was deter
mined. The oscilloscope traces were observed with self-synchronous 
operation of the oscilloscope, that is, the signal voltage applied to the 

1 J . R. Dillinger, "Cenora l Charaeterist ies of Aluiiiiiiiim-catluulr Typo Series 
C a p s , " RL Report No. 082-3, Nov. 21, 194o; J. H. DiUinger, "Some Charaeterist ies 
of the 1H41, 1B4."., and 1 B49 Series Spark ( l aps , " RL Report No. 0S2 4, Nov. 2(1, 
1945; K (I. V. Arnott , "Deve lopment of Series Spark C a p s , " N D R C 14-494, Westing-
house Hleetrie Corporation, July 12, 194.1. 
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vertical plates was also used to start the sweep. Because there is a 
slight time lag between the application of the voltage starting the sweep 
and the appearance of the trace on the oscilloscope screen, the initial 
portion of the voltage pulse cannot be observed. The curves in Figs. 
8-29 and 8-30 were drawn from these traces, and show the voltage drop 

Time in M sec Time in n sec 
Flo. 8-29.—Voltage drop across three F I G . 8-30.—Voltage drop across three 

fixed spark gaps having different electrode fixed spark gaps having different electrode 
spacings for a pulse duration of 0.9 jjsec. spacings for a pulse duration of 4.5 ;tsec. 

across each of three gaps having different electrode spacings for nominal 
pulse durations of 0.9 and 4.5 //sec, respectively. The gaps with spacings 
of 150, 200, and 375 mils were, respectively, the 1B22, WX3226, and a gap 
similar to the WX3240, but with a slightly greater spacing. The cor
responding current pulse is also shown; the rounding of the leading edge 
of the current pulse is a result of the high tube drop during the first part 
of the pulse. 

The tube drop was found to be independent of the gas mixture, the 
gas pressure, the pulse current, and the recurrence frequency within the 
limits of error of these measurements, and within the range over which 
these quantities were varied. The gas mixture was varied from 100 per 
cent hydrogen to 100 per cent argon, the pressure from 68 to 150 cm of 
mercury, the pulse current from 80 to 240 amp, and the recurrence fre
quency from 200 to 2000 pps. The tube drop is primarily dependent on 
the electrode spacing and pulse duration. 

The voltage across a gap during the first part of the discharge has 
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15 
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Time in n sec 
FIG. 8-31.—Power dissipated in one 

WX3226 gap as a function of time for 
a single pulse. 

been studied with the use of a capacitance voltage divider. By multiply
ing the values of tube drop and pulse current for each increment of time 
during the pulse, a curve can be obtained showing the rate at which energy 

is dissipated in a single gap during the 
pulse. Figure 8-31 shows such a curve 
for a WX3226 gap operated in series 
with two other gaps at a pulse dura
tion of 0.9 jusec and pulse current of 80 
amp. Integrating this curve, a value 
of 15.4 X 10 - 3 joules is obtained as 
the energy dissipated per pulse in one 
of these gaps. A measurement of the 
average dissipation by means of a cal
orimeter gave a value of 15.5 X 10 - 3 

joules per pulse. A comparison of 
other values obtained by integrating 
power-versus-time curves with those 
obtained calorimetrically also shows 
good agreement. 

The dissipation per pulse has been 
found to be directly proportional to 

pulse current and to gap spacing. By arbitrarily assuming that an 
equation for dissipation per pulse involves terms including T and T2, 
the following empirical relation has been developed: 

D = (0.703 X 10-6 + 0.420r - 0.0233 X lOVOS/p, 

where D is the dissipation per gap in joules per pulse, T is the pulse dura
tion in seconds, S is the gap spacing in mils, and Ip is the pulse current in 
amperes. This equation agrees reasonably well with experimental data 
over the range of 0.9- to 5.0-/jsec pulse duration, 0.200 to 0.440-in. spac
ing, and 80- to 500-amp pulse current.1 

Time Jitter.—Attempts to make the cylindrical-electrode aluminum-
cathode gap operate synchronously have not been successful. In using 
these gaps 1 to 3 jisec of over-all time jitter must be tolerated, depending 
on operating conditions and particularly on the value of the operating 
voltage relative to Vs and Vmiu. About 95 per cent of the pulses show a 
time jitter that is considerably less than 1 jxsec, but an appreciable num
ber of random pulses account for the over-all jitter of 1 to 3 /usec. 

The two gaps in a set of three that are broken down by the trigger 
1 R. G. Fluharty and J. R. Dillinger, "Dissipation in Series Spark Gaps and 

Voltage-current Relationships During the Discharge," RL Report No. 682-1, June 26, 
1945. 
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pulse can be made to fire accurately to within 0.1 jtsec. The primary 
source of jitter in a switch of this type is in the firing of the third tube, 
which cannot be overvolted by the trigger. After the two triggered tubes 
are broken down, the full switch voltage is applied to the third tube; 
thus, the greater the switch voltage, the greater the overvolting of the 
third tube. The jitter in this switch, therefore, decreases with increas
ing switch voltage. At a given switch voltage the jitter also varies 
during the life of the tube because of changes in electrode-surface 
conditions. l 

8-9. The Iron-sponge Mercury-cathode Gap.—A gap of this type2 

is an improvement over the cylindrical-electrode aluminum-cathode gap 
in at least three respects: 

1. The range remains constant during life. 9 
2. The time jitter can be maintained at a value of the order of mag

nitude of one per cent of the pulse duration. 
3. As wide an operating range can be obtained with two of these gaps 

as with three of the cylindrical-electrode aluminum-cathode gaps. 

For satisfactory operation, however, the reverse current must be kept 
very low. 

The anode of this gap is a molybdenum rod with a diameter of approxi
mately 0.060 in. The cathode is mercury that is immobilized by an iron 
sponge. This iron sponge contains about 60 per cent void space and is 
made by compressing iron powder into a kovar cup and sintering under 
appropriate conditions. After subsequent heat treatment in a hydrogen 
atmosphere the sponge of a typical gap holds about 9 cm3 of mercury 
when fully saturated. The mercury that is evaporated from the surface 
of the cathode during operation condenses and runs down the walls back 
into the sponge. Because of the surface tension of the mercury, a film of 
mercury is maintained over the surface of the iron sponge which prevents 
the erosion of the iron. In order to minimize the time jitter, the gaps are 
usually filled with 100 per cent hydrogen. Radium salts are generally 
omitted in order to increase the operating range and to further minimize 
jitter. 

1 H. L. Glick, "Triggering of High Power Spark Gaps," Westinghouse Research 
Report SR-307, Oct. 18, 1945. 

8 F. S. Goucher, J. R. Haynes, and E. J. Ryder, "High Power Series Gaps Having 
Sintered Iron Sponge Mercury Cathodes," NDRC 14-488, Bell Telephone Labora
tories, Oct. 1, 1945; J. R. Dillinger, "Operation of Sintered Iron Sponge-Mercury 
Cathode Type Series Gaps at 5 Microsecond Conditions," RL Report No. 682-5, Nov. 
28, 1945; and J. R. Dillinger, "Line-Type Modulator and HPIOV Magnetron Opera
tion at 6 Megawatts," RL Report No. 682-6, Nov. 30, 1945. 
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Particular Gap Designs.—Figure 8-32 shows the two tubes of this type 
developed to date. The cooling fins, which are in thermal contact with 
the cathodes of the tubes, can be seen. The 1B42 is shown in Fig. 
8-32<z and the Fe-I is shown in Fig. 8326. The large opaque spot just 

(o) 

F I G . 8-32.—Photographs and X-ray prints of iron-sponge mercury-cathode gaps. 
(a) The 1B42, (fe) the Fe-I. (The photographs for part (a) courtesy of the Bell Telephone 
Laboratories.) 
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above the kovar cup in the x-ray of the Fe-I tube is due to a globule of 
free mercury that collected there when the tube was placed in a horizontal 
position to take the x-ray. The small spots on the walls of the kovar cup 
were caused by drops of mercury adhering to the kovar. The upper 
portion of the anode is surrounded by glass shields in order to prevent 
mercury from dripping down close enough to the sparking region to affect 
the operation of the gap. The 1B42 is mounted by means of a bolt 
extending down from the cathode, and the cooling fin is an integral part 
of the tube. As shown in the sketch in Fig. 8-32b, the cooling fin of the 
Fe-I tube is not an integral part of the tube, but serves instead as a 
mounting socket. The operation of the Fe-I tube with various electrode 
spacings and gas pressures has been satisfactory for a variety of condi
tions, the reliable life of the tube being greater than 500 hr. 

Some specifications for these tubes are given in Table 8-3. Each 
quantity has the same significance as in Table 8-2. In columns contain
ing more than one figure, the first represents the maximum and the second 
the minimum rating. The value of Vsa, the nominal operating voltage 
per gap, has been obtained from data for the operation of two gaps in 
series. 

TABLE 8-3.—RATINGS FOR TWO IRON-SPONGE MERCURY-CATHODE GAPS 

No. 

1B42 
Fe-I 

Ip, amp 

300—80 
750—100 

T, jusec 

6.1—0.25 
5.5—0.5 

fr, PPS 

2000 
1000 

/P ,v , ma 

0.250 
0.450 

Vsa, 
kv 

5.0 
7.5 

rfr 

0.0012 
0.0011 

TI„, 
coulombs 
per pulse 

1.28 X 10"3 

1.5 X 10 5 

Mp, 
amp X 

sec - 1 

40 X 10< 
25 X 10< 

Operating Characteristics.—Two of these gaps are used in series as 
the switch in a line-type pulser because it was found that two gaps give an 
operating range greater than ±33 per cent, which is ample for most 
applications. In general, one would expect Fmi„ to be equal to the break
down voltage of one gap and Vs to be twice this value when using two 
gaps in series, making the range ±33 per cent. However, the applica
tion of the charging-voltage wave to these gaps causes a corona sheath 
to be formed about the anode, which changes the breakdown characteris
tics. The magnitude of this change increases with the amplitude of the 
charging-voltage wave. At voltages near Vaia, the corona sheath has a 
small effect, and the breakdown voltage of the gap is approximately 
characteristic of a point-to-plane discharge, as seen from the x-rays of 
Fig. 8-32. Near Vs, however, the corona sheath is large and shaped 
like a distorted sphere about the end of the anode, making the breakdown 
voltage per gap more nearly characteristic of that of a sphere-to-plane 
discharge. Thus, the dynamic-breakdown voltage per gap at voltages 
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in the region of Vs is greater than in the region of voltages near VmiB. 
Therefore, the ratio of Vs to F™ is greater than 2 to 1 for the operation 
of two gaps in series. If a small amount of radium salt is inserted in 
these gaps, the beneficial effects of this corona sheath are destroyed, and 
the ratio of maximum to minimum operating voltage obtained with two 
gaps becomes less than 2. 

For two Fe-I gaps operated at 15.5 kv, 290 amp, 300 pps, and 2 /usec, 
the voltage range of 10.5 to 22.5 kv is constant for more than 500 hr of 
operation, with F«.rt equal to 5.5 kv. The required trigger voltage is 
20 kv, and the time jitter is less than 0.02 fisec at voltages above 14 kv, 
provided that the rate of rise of trigger voltage is 55 kv//xsec or greater. 
For gaps filled to higher gas pressures, ranges of 13 to 29 kv for two gaps 
have been maintained during more than 500 hr of operation at 24.5 kv, 
925 amp, 250 pps, and 2 /isec. 

Time Jitter.—In operating two gaps in circuit (d) of Fig. 8-9, gap Gi is 
broken down by the trigger pulse, applying the full switch voltage to 
<?i, which is then broken down. If the delay in firing Gi is appreciable, 
Gt can partially recover and must be reignited after G\ breaks down. 
As a result, there are at least three sources of uncertaintyin the initiation 
of the discharge, which combine to produce the observed time jitter in 
the output pulse. 

The uncertainty in the firing of Gi by the trigger pulse can be made 
small compared with 0.02 /isec by making the rate of rise of the trigger 
voltage pulse equal to or greater than 55 kv/^sec. 

The uncertainty in the firing of Gi can be reduced by increasing the 
switch voltage, all of which appears across (?i after Gi breaks down. 
The time jitter introduced in reigniting G2 has been detected, but it is 
negligibly small. 

All three sources of time jitter, but particularly that introduced in 
the firing of Gh can be reduced by improvements in the tube design. 
The elimination of argon from the gas filling, a reduction in the diameter 
of the anode, and a decrease in the gap spacing have all been found effec
tive in reducing time jitter. I t is possible to eliminate argon from these 
tubes because they are intended for operation at pulse currents of 100 
amp and higher. A reduction in the anode diameter decreases the jitter, 
but increases the detrimental effects of reverse current in the tubes. The 
most effective way of reducing time jitter is to decrease the spacing, and 
to increase the gas pressure accordingly in order to obtain the desired gap 
breakdown voltage. However, the maximum gain that can be obtained 
by this method is limited because, for a gap with small spacing, the break
down voltage increases linearly with gas pressure in the region of low 
values, but for high gas pressures, this voltage is not affected appreciably 
by a change in pressure. 
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Effects of Reverse Current.—Reverse current damages iron-sponge 
mercury-cathode tubes by eroding the electrode that is the anode for 
the forward pulse and the cathode for the reverse current pulse. The 
resulting increase in spacing during operation causes V**, to increase and 
Va either to increase or to decrease. If considerable material is eroded 
from the anode and deposited on the tube walls, mercury condenses on it 
and partially covers the walls. This mercury may give rise to disturb
ances along the walls, which can lower V3 despite the increase in spacing. 
The increase in spacing also causes the time jitter to increase. Tests 
have shown that a given value of reverse current has a more detrimental 
effect on gap operation from the point of view of time jitter than from 
that of operating range. In order to specify the reverse current that can 
be tolerated in these tubes, limits are imposed on the maximum value of 
erosion per pulse and on the total erosion permissible for a life of 500 hr. 
The film of mercury that coats the end of the anode during operation has 
been found to limit the erosion rate of the anode to a value much smaller 
than would be obtained without this film. I t is therefore necessary to 
limit the amount of erosion per pulse of reverse current, otherwise the 
mercury film could be broken through during a single pulse of reverse 
current, thereby exposing the molybdenum of the anode and greatly 
increasing the erosion rate. By placing limits on the pulse current and 
the pulse duration the erosion per pulse can be limited. If the total 
erosion during a period of 500 hr were directly proportional to the num
ber of coulombs per pulse, it could be limited by a specification of the 
maximum allowable value of the average current. Although this linear 
relation does not hold over a wide range of pulse duration, the linearity is 
sufficient for general specifications. The limiting value of the average 
reverse current that does not affect time jitters appears to lie between 
1 and 2 ma. 

In addition to the need for limiting the reverse current in these tubes 
to a very low value because of its effect on range and time jitter, it is 
necessary to limit it in the tubes filled with 100 per cent hydrogen in 
order to eliminate amplitude jitter. In tubes containing 100 per cent 
hydrogen, the tube drop during the conduction of reverse currents of low 
peak value can be high and can fluctuate from pulse to pulse. A volt
age that is sufficient to affect the next charging voltage can therefore be 
left on the network after the pulse. Since the amount of voltage left 
on the network fluctuates from pulse to pulse, amplitude jitter can result 
in the output pulse. 

Dissipation.—As a result of calorimetric measurements made at the 
Bell Telephone Laboratories1 on iron-sponge mercury-cathode gaps 

1 F. S. Goucher, J. R. Haynes, W. A. Depp, and E. J. Ryder, "Spark Gap Switches 
for Radar," Bell System Technical Journal, Oct. 1946. 



332 SWITCHES FOR LINE-TYPE PULSERS [SEC. 810 

operated over a wide range of pulsing conditions, the following empirical 
formula has been established expressing the dissipation D in joules per 
pulse per gap in terms of the gap parameters and the pulsing conditions: 

D = 5.7 X 10-7/pS + (40 + 3.9 X 10-2p0iS)I„T, 

where IF is the pulse current in amperes, S is the gap spacing in mils, p 
is the gas pressure in inches of mercury, and T is the pulse duration in 
seconds. This equation has been established from data covering the 
following ranges of parameters: spacing, 40 to 350 mils; gas pressure, 28 to 
50 in. of mercury; pulse duration, 1 to 6 jisec; pulse current, 45 to 1070 
amp. The dissipation in watts per gap for any application may be 
obtained by multiplying the value of D by the recurrence frequency. 
This equation does not include the energy contributed by the trigger, 
which can usually be neglected, but which can be measured independently 
and added if necessary. 

Dissipation is an important consideration not only from the stand
point of circuit efficiency, but also in determining whether or not forced 
cooling is necessary when operating mercury-cathode gaps. Since 
mercury vapor has poor deionization characteristics, there is some upper 
limit to the partial pressure of mercury, and thus to the operating tem
perature of the gap, above which the poor deionization characteristics 
of the mercury override the good characteristics of the hydrogen. 

8-10. The Three-electrode Fixed Spark Gap.—In order to build a 
satisfactory three-electrode gap, it is necessary to have an electrode 
material such that its erosion rate at the desired operating conditions is 
negligibly small in the gas to be used. Since a gap of this type has a 
somewhat more complex electrode configuration than does a two-elec
trode gap, much less electrode erosion can be tolerated. 

The Trigatron.—The trigatron1 is a three-electrode tube filled with 
approximately 95 per cent argon and 5 per cent oxygen to pressures of 
about 1 to 6 atmospheres, depending on the desired operating voltage 
and on particular tube design. The British CV85 and the CV125 were 
the two most widely used designs. Typical operating conditions for the 
CV85 are 8 kv, 1200 pps, and 1 /usec in a 70-ohm line-type pulser. 
Photograph (a) of Fig. 8-33 shows a CV125 and (b) is a print of an 
x-ray of this tube. The anode and cathode are of molybdenum and the 
trigger pin is tungsten. The anode sleeve was found effective in making 
the time jitter less than 0.1 ^sec. 

Oxygen is used in a trigatron principally to maintain an oxide coating 
1 J. D. Craggs, M. E. Haine, and J. M. Meek, "The Development of Triggered 

Spark Gaps with Particular Reference to Sealed Gaps," Metropolitan-Vickers Electric 
Co., Ltd., Report No. C-331, September 1942. 
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on the surfaces of the electrodes and thereby to limit the rate of electrode 
erosion, since there are effectively two cathodes in the tube when it is 
operating. In this tube, the principal discharge does not start between 
the anode and cathode after the tube is triggered, but takes place from 
the cathode to the trigger pin to the anode. Thus, the trigger pin must 
serve as both an anode and cathode, and is therefore doubly subject to 
erosion. Because of the small size of the trigger pin and the other elec
trodes, this erosion must be minimized. The oxygen is also needed in 
these gaps to quench metastable atoms of argon after the discharge. 

(a) (6) 
F I G . 8-33.—(a) A photograph and (6) an x-ray print of the CV125 three-electrode gap. 

At a recurrence frequency of 800 pps and a pulse duration of 0.9 Msec, 
and in a line-type pulser with a 50-ohm network and 50-ohm load, a 
new CV85 trigatron has a range of about 3.5 to 11 kv with a starting 
voltage of 1.5 kv. A trigger voltage of 6.5 kv is sufficient. The curves 
of Fig. 8-34o show the variation in range with trigger voltage for a new 
CV125 operated in this circuit. A comparison of these curves with 
those of Fig. 8-11 for three WX3226 gaps filled to a pressure of 110 cm of 
mercury and operated under the same conditions shows that the range of 
a new CV125 is equivalent to that of three of these gaps in series. 

Figure 8-346 shows variations in range with life for a CV125 operated 
at 12 kv, 800 pps, and 0.9 /isec in a 50-ohm circuit. After 375 hr of 
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operation, this tube was found to fail to deionize at frequent intervals, 
agreeing with British experience. Failure of this tube is not due to 
electrode erosion, for it operates satisfactorily after being pumped and 
refilled. The failure may be due to the formation of nitrogen peroxide, 
which is known from experience with rotary gaps to have poor deioniza-
tion characteristics, or it may be due to a reduction in the amount of 
oxygen to a value that is insufficient to quench metastable atoms of argon 
after the discharge. This reduction is caused by the combination of 
oxygen with the molybdenum and tungsten electrodes during operation.1 
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F I G . 8-34.—Variation in voltage range of a CV125 three-electrode gap (a) with trigger 

voltage (new tube), (b) with time. 

Further comparison of the CV125 with a set of three WX3226 gaps 
operated under the same conditions at a pressure of 110 cm of mercury 
shows that a 13-kv trigger voltage is required to obtain the lowest values 
of !•'„,;„ and V.i„i for the series gaps, whereas 8 kv is sufficient for the 
three-electrode gap. I t is also to be noted that the CV125 requires a 
high trigger voltage primarily for good starting, whereas series gaps 
require a high trigger voltage to give a satisfactory operating range as 
well. The time jitter in the CV125 at 12 kv, 800 pps, and 0.9 fiscc in a 
50-ohm circuit remains less than 0.09 ^sec throughout life, a value that 
is much less than that for cylindrical-electrode aluminum-cathode gaps. 
The life of series gaps under the above conditions is considerably longer 
than that of the CV125, and can exceed 1500 hr. Also, the deionization 
characteristics of the series gaps are better than those of the trigatrons, 

1 These observat ions are in accord with repor ts of work done by the British a t 
Bi rmingham Universi ty. See D. T. Rober ts , " D e t e r m i n a t i o n of Oxygen and Ni t ro
gen Peroxide in Samples of Gas from Tr iga t rons T a k e n at Various Stages of Life," 
Bi rmingham University, C. V. D . Repor t BS/19 , 1943. 
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as is evidenced by the greater decrease in V u with increasing recurrence 
frequency for the trigatron than for the series gaps.1 

Hydrogen-filled Three-electrode Gap.—It would be desirable to combine 
the advantages of the hydrogen or hydrogen-argon gas filling, which is 
stable with life, with those of a three-electrode geometry of the trigatron 
type. Unfortunately, the erosion rate of possible electrode materials 
in the absence of an oxide coating on the surface is usually high. 

An attempt has been made to overcome this difficulty by using 
electrodes made by sintering tungsten and barium oxide together,with 
nickel as a binder. Statements concerning the erosion rate of these 
sintered mixtures have been given in Sec. 8-7. Some three-electrode 
tubes have been constructed with these materials, but sufficient tests 
have not yet been made to indicate the stability of their characteristics 
during life.2 

THE HYDROGEN THYRATRON 

B Y K. J. GERMESHAUSEN 

As explained in the introductory paragraph of this chapter, work was 
started early in the history of the development of pulse generators in 
order to obtain a satisfactory switch of the thyratron type. The advan
tages of the thyratron are many: the switch is small and light, it can be 
triggered accurately by applying low-voltage pulses to the grid, it has a 
high efficiency, and it can operate over a wide range of plate voltages. 

Experimental work was started simultaneously to improve existing 
mercury thyratrons and to develop tubes of new types. One disadvan
tage of mercury is its temperature sensitivity; this, however, can be 
remedied by thermostatic control of the enclosures. There are other 
difficulties specifically related to pulser operation, such as the long deion-
izing time and the low voltage drop at which ion velocities destroy the 
oxide cathode. To eliminate these defects, developmental work was 
started on a thyratron that would be particularly well suited to pulser 
operation. Hydrogen was chosen for the filling because it enables high 
pulse currents to pass through the tube without causing voltage drops 
great enough to destroy the cathode. Also, the structure of the tubes 
was designed specifically to withstand high voltages. The develop
mental work has been successful in creating and putting into production 
three tubes that provide for a continuous range of pulse power from about 
10 to 2500 kw; work has also been started on a tube capable of switching 

1 J. R. Dillinger, "General Characteristics of Aluminum Cathode Type Series 
Gaps," RL Report No. 682-3, Nov. 21, 1945. 

2 K. J. Germeshausen and H. R. Zeller, "Three Electrode Triggered Gap," RL 
Report No. 880, Oct. 11, 1945. 
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pulse powers ranging from about 5 to 8 Mw, but has not been completed 
at the time of this writing. 

8-11. General Operating Characteristics of the Hydrogen Thyratron. 
The use of hydrogen in place of mercury vapor or a rare gas as the filling 
for thyratrons,1 appeared to have some real advantage if an adequate 
life could be obtained. Drewell succeeded in making hydrogen tubes 
for sweep circuits, but their operating voltage and life were inadequate 
for pulser applications. His results, however, were considered encourag
ing enough to warrant further development, and consequently work was 
started in 1941. 

The primary advantage of hydrogen, when used in a thyratron, is 
the high fall of cathode potential that can occur without injury to the 
oxide cathode. The destruction voltage, or voltage corresponding to 
the ion velocity at which destruction of an oxide cathode sets in, is about 
30 volts for mercury ions and has about the same order of magnitude for 
the rare gases, including helium. For hydrogen the destruction voltage 
is about 600 volts, or 20 times as great. This fact is of considerable 
importance in the design of a thyratron for operation at high voltages 
and high pulse currents. 

A second advantage of hydrogen-filled tube is the short deionization 
time that is obtained. In any given circuit this deionization time is 
about one tenth that of mercury-, argon-, or zenon-filled thyratrons. 
The only other gas that provides such a short deionization time is helium, 
which cannot be used because of the cathode destruction previously 
mentioned. 

A serious problem connected with the use of hydrogen in thyratrons is 
gas cleanup, or the disappearance of the gas during operation. Gas 
cleanup is caused mainly by the great chemical activity of hydrogen, 
which combines readily with many substances including, under certain 
conditions, the oxide cathode. The.grade A nickel usually employed in 
vacuum-tube construction contains reducing agents, such as carbon and 
silicon, that combine with the hydrogen and promote cleanup. In 
addition, these nickels may contain other reducing agents, such 
as magnesium, which do not combine directly with hydrogen, but 
which can reduce the oxide cathode, releasing free barium. The free 
barium thus produced combines very readily with hydrogen and 
can cause a rapid disappearance of the gas in the tube. In order to 
obtain nickel free from these reducing agents, or other harmful 
impurities, it was necessary to develop a very pure grade of electrolytic 
nickel. 

In addition to the use of materials of carefully controlled purity, it is 
important to prevent contamination resulting from improper cleaning or 

i P. Drewell, Zeits. f. Techn. Phys., 16, 614, (1936). 



SEC. 811] OPERATION OF HYDROGEN THYRATRONS 337 

handling of the parts. The successful manufacture of hydrogen thyra
trons requires a much more rigid control of the various manufacturing 
processes than is usual in the manufacture of radio tubes. Great care 
must be taken to prevent the inclusion of any substance that can react 
chemically with the hydrogen. By proper design and processing, and 
by the use of selected materials, pressure cleanup has largely been elimin
ated and is no longer a serious limitation on tube life. 

Since the reducing action of hydrogen on the oxide cathode becomes 
serious at temperatures of about 900°C, it is necessary to maintain the 
cathode temperature well below this value. A maximum temperature 
of 850°C is permissible, but a somewhat lower value is preferable. On 
the other hand, cathode emission decreases rapidly at temperatures 
below about 800°C; hence, the operating range of cathode temperature 
is narrow. The filament voltage must therefore be kept within close 
limits, and variations in cathode temperature from tube to tube minim
ized. Variations in temperature 
over the surface of the cathode can 
be made much smaller for indi
rectly heated cathodes than for 
filament cathodes; hence, it is de
sirable tha t hydrogen tubes have 
indirectly heated cathodes. 

Because of gas cleanup, the gas 
pressure is raised as high as possible 
by making the spacing between the 
anode and grid much smaller than 
in the more conventional thyratron 
designs. The purpose of the small 
spacing can best be explained by 
referring to Fig. 8-35, which is a 
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F I G . 8-35.—Plot of breakdown voltage 

in hydrogen as a function of the product of 
spacing and pressure. 

plot of the breakdown voltage in hydrogen versus the product of spacing and 
pressure, the familiar Paschen curve of breakdown in gases. In thyra
trons the grid-to-anode spacing is such that the operating point is on the 
left-hand portion of the curve, where the breakdown voltage is rising 
rapidly as the product of spacing and pressure is reduced. Since the 
product of spacing and pressure must be maintained at a value less than 
that corresponding to the desired breakdown voltage, high gas pressures 
can be obtained only by reducing the spacing. In typical hydrogen 
thyratrons, the gas pressure is about 500 microns and the grid-anode 
spacing is about 0.0625 to 0.090 in. Smaller spacings make the mechani
cal assembly difficult, and may result in field emission from the grid. 
The perpendicular distance from grid to anode must not exceed the 
desired spacing at any point; the grid structure is therefore placed so 
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that it completely surround the anode, as shown in Figs. 8-36, 8-37, and 
8-38. Long-path discharges between the anode-lead wire and the out
side of the grid structure are prevented by surrounding the lead by a glass 
sleeve that fits tightly into a collar attached to the grid structure. From 
Fig. 8-36 it is apparent that the distance between 
the upper part of the anode lead inside the glass 
sleeve and the grid structure is considerably greater 
than the shortest spacing from grid to anode. 
Breakdown over this relatively long path is pre
vented partly by the small spacing between the 
glass sleeve and the anode lead, and partly by the 
fact that the field between the anode lead and 

Anode lead 

Glass sleeve 

Cathode -
shielding 

\ 
/ 

/ 

Cathode 
baffle 

Cathode 

Pio. 8-36.—Structure of a hydrogen thyratron. 

FIG. 8-37.—Cutaway 
perspective view of the 
5C22 hydrogen thyra
tron. 

the grid structure in this region is in such a direction that the accelera
tion of ions or electrons over the long path is prevented. 

Hydrogen thyratrons differ from the more common thyratron types 
in that they are designed with a positive control-grid characteristic. 
In order to trigger the tube it is necessary to drive the grid to a positive 
voltage sufficient to draw grid current between the grid and the cathode. 
Two considerations dictated the positive control characteristic. First, 
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positive control simplifies the trigger circuit, since, for most applications, 
no negative bias supply is required. Second, the extensive baffling 
between the anode and cathode that is associated with positive control 
minimizes grid-emission difficulties. 

In order to obtain a positive control characteristic, the cathode is 
completely shielded from the anode field in the manner shown in Fig. 
8-36. The grid itself is a perforated, 
or mesh, section situated just below 
the anode, and beneath it is a grid 
baffle, which is attached to the grid. 
In such a structure the anode field 
does not extend beyond the point 
marked A, and there is no opportu
nity for the anode field to act upon 
electrons emitted from the cathode, 
most of which are confined to the 
region inside the cathode shield and 
baffle structure. In order to trigger 
the tube, or to start conduction, it is 
necessary to draw current between the 
grid and the cathode. This current 
produces electrons and ions in the 
region o u t s i d e t h e cathode-shield 
structure, some of which reach the 
point A. As soon as the electron den
sity at A is high enough, the anode 
field is able to produce ionization 
in the region above the grid baffles, 
and breakdown takes place. During 
the initial stages of the breakdown, 
the anode current is drawn from the 
grid as a glow discharge because the 
anode field is unable to penetrate 
into the grid-cathode space. This 
glow discharge raises the grid to a 
high positive potential, which quickly 
ionizes the grid-cathode region to an 
extent sufficient to bring the grid back almost to the cathode potential. 
The entire breakdown process described above occurs in 0.02 to 0.07 
Msec, which is thus the ionization time. 

Tube Characteristics and Operation.—Photographs of the three hydro
gen thyratrons that have been developed are shown in Fig. 8-39, and 
their basic operating characteristics may be found in Table 8-4. 

FIG. 8-38.—X-ray photograph of 
hydrogen thyratron. 
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TABLE 8-4.—OPEKATINQ CHABACTEKISTICS OF THE 3C45, 4C35, AND 5C22 HYDROGEN 
THYRATRONS 

3C45 4C35 5C22 

Maximum forward anode voltage in kv 
Maximum inverse anode voltage in kv 
Maximum value of inverse anode voltage in kv for 25 /isec 

after pulse 
Maximum anode pulse current in amp 
Pulse power into resistance load in kw 
Maximum average anode current inma 
Cathode: indirectly heated, unipotential 
Heater power in watts 
Heater voltage in volts ( +7.5%) 
Maximum pulse duration in /isec . 
Grid bias in volts 
Minimum trigger voltage in volts 
Tube weight in grams 
Tube life at maximum ratings in hours 

3 
3.0 

1.5 
35 
50 
45 

15 
6.3 
6 
0 

150 
64 
500 

8 
8. 

2. 
90 
350 
100 

40 
6. 
6 
0 

150 
194 
500 

0 

5 

3 

16 
16.0 

5.0 
325 
2500 
200 

65 
6.3 
6 
0 

150 
273 
500 

A simplified diagram of a thyratron pulser is given in Fig. 8-40. 
Hydrogen thyratrons are designed to work primarily into a load 

impedance of 50 ohms and, in the case of the 3C45 and 4C35, maximum 
pulse power is obtained at this level. The 5C22 supplies its maximum 
pulse power at 25 ohms; however, the average power is the same as at 

Fia. 8-40.—A typical hydrogen-thyratron pulser circuit. 

50 ohms. Any desired load impedance may be used, provided that none 
of the maximum tube ratings are exceeded. In general, both pulse and 
average power are less if a load impedance of other than the optimum 
value is used. 

The life of the thyratron depends greatly on the operating voltage, 
current, and recurrence frequency. A typical life of about 500 hr can 
be obtained at the maximum voltage and current ratings, with recurrence 
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frequencies of 2000 pps for the 3C45 and 4C35 and 1000 pps for the 5C22. 
The length of life is considerably increased by reducing any of these 
parameters, and, in general, the operating level of thyratron pulsers 
should be kept somewhat below the maximum tube ratings. A much 
longer tube life can be obtained by operating the tubes well below these 
ratings; for instance, 4C35's operated at 4 kv and 45- to 50-amp pulse 
current usually give 2500 to 3000 hours of satisfactory service. Improve
ments in manufacturing methods are constantly increasing the life 
expectancy, which may soon be at least 1000 hr at full rating. 

Since the thyratron is a unidirectional switch, negative charges are 
left on the network if the load impedance is too low. When the load 
impedance varies erratically, as in the case of a sparking-magnetron 
load, variable negative charges may be left, which seriously affect the 
forward voltage of the succeeding pulse. In order to remove these 
negative charges and to minimize or prevent their effect on forward 
voltage, it is usually desirable to connect a shunt diode across the thyra
tron. The problem of unidirectional-switch operation is discussed in 
detail in Chap. 10. 

The tube heating time may be reduced by overvolting the heater by 
as much as 20 per cent, in which case the preheating time for the 5C22 
is reduced from five to two minutes. I t may also be possible to apply 
the anode voltage and heater power simultaneously; however, adequate 
tests and recommendations from the manufacturer are necessary if the 
present ratings and specifications are not followed exactly. 

Hydrogen thyratrons may be mounted and operated in any position, 
but care must be taken lest the life be reduced by gas cleanup or puncture 
of the bulb. Gas cleanup is accelerated if the bulb temperature is 
lowered by subjecting the tube to forced cooling, or if intense r-f fields 
are present to cause the ionization of the gas. Corona extending to the 
glass surface causes erratic operation and, eventually, puncture of the 
bulb. 

Series and Parallel Operation of Hydrogen Thyratrons.—It is often 
possible to satisfy switch requirements for which no single thyratron is 
suited by the operation of two tubes in series or in parallel.1 Parallel 
operation provides twice the load current, while series operation provides 
twice the load voltage. There are a number of possible circuits, two of 
which are shown in Figs. 8-41 and 8-42. 

In parallel operation, the principal problem that arises is to secure 
proper division of the current between the two tubes. When the anodes 
of the two tubes are connected directly, the tube that breaks down first 
reduces the anode voltage of the second tube so rapidly that it may not 

1 Experimental work on series and parallel operation has been carried out at the 
Evans Signal Laboratory, among other places. 

* 
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break down at all. The best way to avoid this difficulty is to use a 
balanced reactor in the thyratron-anode circuit, a device that has been 
used with gas-tube rectifier circuits. The reactor is wound so that the 
fields of the two halves are in opposition, and with very close coupling 
between the two. When the triggered tube is broken down, the full 
anode voltage appears across its half of the reactor, producing an equal 
and opposite voltage in the other half of the reactor which abruptly 
raises the anode voltage of the second tube to twice its previous value. 

F I G . 8-42.—Series operation of thyratrons. 

The grid-to-anode capacitance of the second tube is such that the grid is 
pulled positive by the transient voltage, thus triggering the second tube. 
Until the currents in the two halves of the reactor are equal, there is 
considerable reactance in each anode circuit; however, when they become 
equal the net reactance is negligible. Any tendency of one tube to draw 
more current than the other unbalances the reactor and raises the anode 
voltage of the lagging tube until the anode currents are again equal. 

A practical circuit for the operation of two thyratrons in series is 
shown in Fig. 8-42. Equal division of the voltage across the two thyra
trons is obtained by means of the voltage divider comprising the resistors 
R. The minimum value of the resistors R is limited by the excessive 
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10.000 

; 1,000 

drain on the power supply and by the effect on the peak network voltage. 
The maximum value is limited by the effect of the thyratron capacitance 
on the proper division of voltage. When the lower tube is triggered, 
the cathode potential of the upper tube is abruptly lowered to ground, 
but the potential of the grid of the upper tube tends to stay fixed because 
of the grid-anode capacitance. As a result, a positive voltage is applied 
to the grid of the upper tube, which triggers it. By this means both 
tubes are rendered conducting. 

Special problems related to the effect of pulser design on thyratron 
performance and, to some extent, to the effect of thyratron characteristics 
on pulser performance are discussed in the following sections. 

8-12. The Anode Circuit. Variation of Tube Drop with Time.—The 
major tube characteristic affecting the performance of the anode circuit 

is the variation of tube drop with 
time. I t may be divided into two 
regions: an initial, or ionization pe
riod, when the drop is relatively 
high, and a conducting period dur
ing the pulse when the tube drop is 
relatively low. In Fig. 8-43 is 
shown the relation between the tube 
drop, current, and impedance, as a 
function of time.1 The data for 
the curves were obtained from oscil-
lographic records of the operation of 
a 4C35 in a 50-ohm pulser circuit. 
The portion of the curves to the left 
of 0.05 /isec represent conditions in 
the tube during the time that the 
gas is being ionized. This section 
of the curves is called the ionization 
period. The portion of the curves to 
the right of 0.05 jusec, occurring after 
the gas is fully ionized, is the con
ducting period during which the tube 
drop remains relatively constant. 

Ionization time and the shape of the voltage-time curve during ioniza
tion are almost entirely independent of the external circuit, that is, they 
are a function of tube characteristics only, mainly because of the high 
anode voltages employed in pulser applications, which insure that any 
electrons present are accelerated sufficiently to ionize the gas. The 

1 S . J. Krulikoski, "Hydrogen Thyratrona in Pulse Generator Circuits," RL 
Report No. 953, Mar. 18, 1946. 
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F I G . 8-44— Var
iation in tube drop 
during the pulse 
with anode current. 

ionization time depends primarily on the probability of the collision of 
electrons with hydrogen molecules, and on the length of the path to be 
ionized. The factors affecting ionization time are, therefore, primarily 
the tube dimensions and gas pressure; the quality of the cathode has little 
influence on this characteristic. The ionization time is approximately 
proportional to the tube dimensions, hence large tubes 
have a longer ionization time than small tubes. The 
ionization time is about 0.03 jisec for the 3C45, 0.045 
jusec for the 4C35, and 0.07 /usec for the 5C22 at 
nominal operating pressures. Gas pressure has a very 
marked effect on the ionization time; a high gas pres
sure materially reduces the time required to establish 
conduction, whereas a low gas pressure increases it. 
When the gas pressure becomes very low, the ionization 
time may become long enough to affect the pulse shape 
considerably. Since ionization time is primarily a 
tube characteristic, parameters such as anode current, 
rate of rise of anode current, and initial plate voltage 
have very little effect on the time required to establish 
conduction. 

After conduction has been established the tube drop 
during the pulse is a function of tube current and of the quality of the oxide 
cathode. As can be seen from Fig. 8-44, the tube drop during the pulse 
does not vary appreciably with anode current. On the other hand, the 
quality of the cathode has as much effect on the tube drop as the varia
tions in current. For most pulser applications, the tube drop has a 
negligible effect on pulser performance. 

Tube Dissipation.—Since tube dissipation is one of the factors limit
ing tube performance, the parameters affecting it deserve considerable 

attention. In Fig. 8-45, is shown a 
plot of tube dissipation versus time 
for a single pulse of l.l-/isec dura
tion. The data for this curve were 
obtained from the volt-ampere char
acteristics of Fig. 8-43, considering 
the dissipation as the product of tube 
drop and tube current. The total 
integrated area under the curve is 
9.8 X 10~3 joules, of which approxi
mately 25 per cent is under the initial 
spike that occurs during the ioniza

tion period. The circuit parameters affecting tube dissipation per pulse 
are pulse current, pulse duration, anode voltage, and rate of rise of anode 
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8-45.—Plot of tube dissipa-
time for a single pulse (4C35, 

VN = 8 kv, IT = 90 amp, T = 1.1 ^sec). 
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current. For short pulses, where a large proportion of the tube dissipa
tion occurs in the initial spike, the most important parameters are the 
anode voltage and the rate of rise of anode current. For long pulses the 
factors controlling tube dissipation are the anode current and the pulse 
duration. 

In general, tube dissipation increases with decreasing pulse duration 
and constant duty ratio, since the average energy dissipated in the initial 
spike is proportional to pulse recurrence frequency and independent of 
pulse duration. This effect is accelerated by the increased rate of rise of 
current associated with the shorter pulses. The tube dissipation for 
short pulses can be reduced considerably by limiting the rate of rise of 
anode current. For a given pulser circuit, tube dissipation is also 
approximately proportional to the square of the applied anode voltage. 
Excessive tube dissipation shortens the life of the tube and can usually 
be detected through excess anode heating, which causes the anode to 
glow with a red color. If the anode of a tube turns red, either it is being 
operated above the ratings, or the gas pressure is too low. 

Forward Anode Voltage.—The forward anode voltage applied to the 
thyraton is limited by the maximum tube ratings and the method of 
applying it can considerably influence the maximum pulse recurrence 
frequency. If the pulses are spaced equally in time, linear charging, 
resonant charging, and diode charging are all equally satisfactory from 
the standpoint of obtaining a constant output pulse voltage. There is, 

however, a significant difference be
tween the anode-voltage waveforms 
for linear charging and that for reso
nant charging, as shown in Fig. 8-46. 
During the period immediately fol
lowing the pulse the anode voltage is 
much lower for resonant charging than 
it is for linear charging. When a 
positive voltage is applied to the 
thyratron before it has completely 

Resonant 
charging 

Linear 
charging 

Time 

Fio. 

Reignition 
voltage 

8-46.—Anode-voltage waveforms 
for linear and resonant charging. 

deionized, the tube starts to conduct when the anode voltage reaches the 
critical reignition voltage, which is about 100 to 200 volts, without the 
application of a trigger voltage. As a result, continuous conduction in 
the thyratron usually occurs, which causes the pulser to draw an excessive 
power-supply current. With resonant charging, the time required to 
reach this critical reignition voltage is a maximum. Any deviation 
from this condition causes a decrease in the maximum pulse recurrence 
frequency. 

Inverse Anode Voltage.—Inverse anode voltage may be divided into 
two types: that which appears immediately after the pulse, usually 
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because of mismatch, and that which appears during the interpulse 
interval, associated with a-c resonant-charging circuits. Since effect on 
tube performance is somewhat different in the two cases, they are con
sidered separately. If the load impedance is less than the network imped
ance, the anode potential becomes negative immediately after the pulse. 
The amount of this inverse voltage depends on the degree of mismatch, 
and it should not exceed the rating for the tube. When a high inverse 
voltage is applied to the anode before the ions in the grid-anode space 
have time to recombine, the ions are pulled into the anode with high 
velocity, and cause serious sputtering of the anode material. If the 
inverse voltage is high enough, a low-impedance arc may form between 
the anode and the grid, resulting in even more serious sputtering of these 
surfaces and, since the low-impedance arc removes the normal inverse 
voltage, the forward voltage of the next pulse is low. The time required 
for the grid-anode space to deionize is not known accurately, but it is 
about 5 Msec. Because of the relatively small grid-anode spacing, this 
time is much shorter than that required for the grid-cathode space to 
deionize; hence deionization problems are concerned mainly with condi
tions in the grid-cathode region. 

If the load is short-circuited, the thyratron conducts a current twice 
the normal pulse current, and the inverse voltage on the tube greatly 
exceeds its rating. Until a means of eliminating magnetron-sparking is 
found, there does not seem to be any remedy for this condition; however, 
there is no evidence that the thyratron life is seriously shortened by the 
amount of sparking that is usually tolerable in a radar transmitter. 

For a given circuit, the presence of inverse anode voltage increases 
the maximum recurrence frequency that can be obtained, before the 
thyratron starts to conduct contin
uously.1 As is shown in Fig. 8-47, 
the effect of inverse voltage is to in
crease the time that elapses before 
the anode potential reaches the re-
ignition voltage. This effect is simi
lar to that caused by the difference 
between linear and resonant charging 
as illustrated in Fig. 8-46. Higher re
currence frequencies can be obtained with resonant charging and some in
verse voltage on the network. A condition to be avoided is one in which 
the load impedance is higher than the network impedance. With a mis
match of this type, the anode voltage may not fall below the extinction 
voltage of the thyratron, and continuous conduction may result. 

1 S. J. Krulikoski, "Technical Data and Operating Notes for the 5C22 Hydrogen 
Thyratron," RL Report No. 828, Nov. 14, 1945. 

Fio. 

f Time 
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8*47.—Anode-voltage waveform 
with and without inverse voltage. 
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Time 
' Reignition / inverse \ 

voltage - ' voltage A 

F I G . 8-48.—Anode-voltage wave
form showing the removal of inverse 
voltage by means of a shunt diode. 

The practice of using a shunt diode in thyratron-pulser circuits 
changes the effect of inverse voltage on thyratron operation. A typical 
anode-voltage waveform, with linear charging which shows the removal of 

inverse voltage by a shunt diode, is 
given in Fig. 8-48. The impedance 
in the diode circuit is usually so great 
that the peak inverse voltage is not 
greatly changed, and the time required 
to remove the inverse voltage is long 
compared with the deionization time 
of the grid-anode space. Hence, sput
tering of the anode and grid-anode 
breakdown are not greatly reduced by 

the presence of a diode. However, the diode does remove the inverse 
voltage quickly enough to nullify its effect on the time for deionization of 
the grid-cathode space, and hence lowers the maximum recurrent 
frequency. 

A-c resonant-charging circuits apply an inverse anode voltage that is 
comparable to the forward voltage. The maximum inverse voltage usu
ally occurs near the middle of the interpulse interval, after the thyratron 
has become completely deionized, and hence has no adverse effect on 
the tube. Test data indicate that life expectancy is probably as great 
with a-c charging as with d-c charging, except possibly at high recurrence 
frequencies. 

Rale of Rise of Anode Current.—The rate of rise of anode current 
influences anode dissipation and, under some conditions, may cause 
cathode sparking. Anode dissipation and its relation to rate of rise of 
current are discussed in an earlier part of this section. Cathode sparking, 
although comparatively rare, may occur with very high rates of rise of 
anode current, particularly when the cathode temperature is low. Dur
ing the development of hydrogen thyratrons, various limits were placed 
on the maximum rate of rise of anode current, starting as low as GOO 
amp/^sec. This figure was based on British experience with mercury 
thyratrons; however, tests on hydrogen thyratrons have indicated that 
they are not damaged by a high rate of rise of current, the major limita
tion on this rate being anode dissipation. 

In general, the rate of rise of anode current depends both on the net
work design and on the pulser design. For type E networks it becomes 
lower as the number of sections is reduced, and is lower for long pulses 
than for short pulses. One very troublesome source of high rates of rise 
of current is the stray capacitance across the thyratron. As shown in 
Fig. 8-49, this capacitance can originate in the filament transformers for 
hold-off and shunt diodes, and in the capacitance between the network 
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and its container. Excessive cabled wiring in the thyratron circuit may 
also introduce appreciable stray capacitance. 

When the thyratron breaks down, these capacitances discharge 
through the tube, the rate of rise of current being limited only by the 
wiring inductance and thyratron impedance. The current flows in the 

Load current 

Time (a) 
Load current 

F I G . 8-49.—Typical pulser circuit showing distributed capacitance. 

thyratron and not through the load; hence, in checking the thyratron 
pulse current and the rate of rise of current, it is important to make the 
measurements at the tube. For small capacitances, the thyratron cur
rent differs only slightly from the load current, as shown in Fig. 8-50a. 
Pulser designs have been encountered, 
however, where the difference was as great 
as that shown in Fig. 8-506. The high-
frequency oscillation in the thyratron cur
rent is apparently due to oscillations 
between the distributed capacitance and 
the inductance of the circuit wiring. The 
effects of distributed capacitance may be 
reduced to a minimum by careful design 
of the components and circuit layout. 
For type E networks, the effect of the 
stray capacitance between the network 
and the case can be reduced by connect
ing the coil terminal to the thyratron, thus 
placing a small inductance in series with 
the distributed capacitance of the network. In some cases it may be nec
essary to add a small inductance of about 5 /ih in series with the thyratron 
anode lead. Such an inductance may distort the pulse shape slightly, 
particularly for short pulses, but it will effectively limit the rate of rise 
of thyratron current. 

8-13. The Grid Circuit.—One of the important advantages of hydro
gen thyratrons as compared with other gaseous-discharge switches is 

Thyratron 
current 

Thyratron 
current 

(6) Time 

Waveforms show-
thyratron current 

(a) for small distributed capaci
tances, (6) for large distributed 
capacitances. 

F I G . 8-50.-
ing load and 
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their excellent triggering properties. They can be triggered precisely, 
with very small delay and time jitter, by a low-voltage low-power trigger 
pulse that can be obtained from receiving-tube circuits. The variation in 
delay from tube to tube during life and with changes in operating param
eters is also small. Because of the importance of precise synchroniza
tion, the triggering properties of thyratrons have been carefully studied. 
It has been found that the major circuit parameters affecting delay and 
jitter are the amplitude and rate of rise of the trigger pulse, and the 
thyratron anode voltage. Neither hydrogen pressure nor cathode 
temperature have much effect on the time delay or jitter as long as they 
are kept within the normal operating range. The variation in triggering 
characteristics with circuit parameters has been measured for a large 
number of tubes. Most of the data has been obtained with the 4C35, 
but enough tests have been conducted with the other types to demon
strate that the same general conclusions hold. 

As has previously been explained, hydrogen thyratrons differ from the 
more common thyratron types in that they are designed with a positive 
grid-control characteristic. In order to trigger the tube, it is necessary 

m to drive the grid sufficiently positive 
150T to draw grid current between the grid 

and cathode. The voltage required 
to start conduction between the grid 
and cathode and the time that elapses 
before conduction starts depend on 
the rate of rise of the applied grid 
voltage, as shown in Fig. 8-51. When 
conduction has been established and 
the grid-cathode space is ionized, the 
anode-grid space breaks down with 

100 

50 

i5 0 0.5 1.0 1.5 a very short delay. As a result of 
Time in M sec t n j g Dreak:down, the grid is momen-

F I G . 8-51.—Grid-to-cathode break- , ., j , 1 • i_ • *■ i r 11 
down voltage as "a function of the rate t a r l l y r a l s e d t o a h l 8 h potential, fall-
of rise of grid voltage for a 4C35 ing back to a potential equal to the 
t yratron. cathode potential plus the normal 
grid-cathode drop in a time comparable to the thyratron ionization 
time. 

A pair of synchroscope photographs of the thyratron grid voltage are 
shown in Fig. 8-52. Trace A of Fig. 8-52o is the open circuit trigger 
voltage and trace B is the grid voltage when grid-cathode breakdown 
occurs. The effect on the grid voltage of the glow discharge and subse
quent entire breakdown of the anode-cathode space referred to previously, 
is shown in Fig. 8-526. The anode fires within 0.05 /usec of the time when 
the grid fires. In addition, the presence of the anode voltage slightly 
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lowers the grid-cathode breakdown voltage. As the anode voltage is 
decreased, its effect on grid-cathode breakdown becomes less, and the 
delay between grid-cathode breakdown and anode breakdown increases; 
these effects combine to increase the time between the application of grid 
voltage and anode breakdown. This time is considered to be the interval 
between the time when the grid 
voltage exceeds 6 volts and the time 
when the anode fires. 

Since the delay time is important 
in the design of precisely synchro
nized equipment, it has been meas
ured over a wide range of conditions. 
Figure 8-53 shows the effect of rate 
of rise of trigger voltage on the delay 
time with a constant trigger ampli
tude of 150 volts. Curve C is the 
average delay time for a group of 78 
tubes, while curves A and B repre
sent the longest and shortest delay 
times observed. From these curves 
it can be seen that, above about 200 
to 300 volts fisec, the reduction in 
time delay is small compared with 
the increase in the rate of rise of trig
ger voltage. In some applications 
in which a short delay time was de
sired, trigger pulses rising at the rate 
of 1200 volts/jisec have been used. 
For most applications, however, a 
rate of rise of about 200 volts//isec 
is adequate. The variation in delay 
time with anode voltage is relatively 
small, being about 0.07 /tsec from 
full to i maximum anode voltage. 
Decreasing the anode voltage in
creases the delay time. There is also 
some variation in delay time with 
life; in general, this delay decreases 
as the tube grows older, the maximum variation in delay with life being 
about 0.1 fisec. The effect of trigger impedance on the delay time has 
been studied over a range from a hundred to several thousand ohms. It 
was found that the delay time decreased about 0.1 /isec when the imped
ance was changed from 2000 to 200 ohms, and that no decrease occurred 

j±±t::: j::t:J: :::::::±: 

(6) With anode voltage. 
F I G . 8-52.—Photographs of synchroscope 

traces of thyratron grid voltage. 
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for impedances less than 200 ohms. The usual trigger circuits have an 
internal impedance of 300 to 500 ohms. 

Time jitter, or the variation in time delay from pulse to pulse, is 
invariably less than 0.05 ^sec with the trigger voltage shown in Fig. 8-52 

and a trigger impedance of 500 
ohms. Until recently, there has 
been no need for reducing the time 
jitter below this level, and no 
equipment for making significant 
measurements of shorter time in
tervals. T h e r e h a s , therefore, 
been no extensive investigation of 
time jitter, except for a few meas
urements on the 5C22. The re
sults tabulated in Table 8-5 show 
the effect that variations in the 
trigger parameters have on time 
jitter in the breakdown of a group 
of twenty-five 5C22's. Trigger A 
has the minimum amplitude and 
rate of rise permitted by tube spec

ifications. I t has been observed that jitter is associated with the a-c 
field produced by the cathode heater; however, it can be reduced below 
a measurable value by the use of d-c heater power. 

TABLE 8-5.—EFFECT OF VARIATIONS IN TRIGGER PARAMETERS ON TIME JITTER 
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Anode delay time in M sec 
F I G . 8-53.—Effect of the rate of rise of 

trigger voltage on the anode delay time. 
Curve A is for the shortest delay, curve B 
is for the longest delay, and curve C is an 
average based on A and B and statistical 
data. (4C35, Vs = 8 kv, trigger ampli
tude = 150 v.) 

1 
\ °\ 

Trigger 

Amplitude, volts 
Rate of rise, volts/fisec 
Output impedance, ohms 
Average time jitter for 25 5C22's, jusec 

195 
850 
230 
0.003 

The trigger generator for hydrogen thyratrons may be any of the 
various low-level pulse generators used in other parts of the radar system. 
A commonly used source consists of a regenerative pulse generator with 
a cathode-follower output, as shown in Fig. 8-54. The major require
ments are a suitable output pulse shape and a low internal impedance, 
preferably not more than 500 ohms. As explained in connection with 
Fig. 8-52b, the beginning of anode-current flow is associated with a high 
grid-voltage spike, which may approach the anode potential. This 
spike is usually of very short duration and has little energy associated 
with it, but it may cause the driving circuit to become unstable, or cause 
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the electrical breakdown of the low-voltage driver components. In 
order to avoid these difficulties, a low-pass filter circuit is usually con
nected between the thyratron grid and the driver. Such a filter is essen
tial when using a high-voltage tube like the 5C22, and is desirable with 
the 4C35 and 3C45. A typical filter circuit is shown in Fig. 8-54; its 
design is not critical, and in many cases a simple L-section filter is used. 
Since the voltages in the filter circuit may be very high, both the chokes 
and the condensers should have a rating of at least 2500 volts. 

The impedance to ground in the thyratron grid circuit is important, 
particularly for high pulse recurrence frequencies. By keeping this 
impedance low, it is possible to minimize the effects of thyratron anode-
grid capacitance, and to influence the deionization characteristics. 

Westinghouse 145 EW 
pulse transformer 

0.005 ni ( +250 volts 

Filter 
Thyratron 6SN7 6SN7 

Blocking Cathode 
oscillator follower 

F I G . 8-54.—Typical hydrogen-thyratron trigger generator. 

Because of the close grid-anode spacing, hydrogen thyratrons have a 
large grid-to-anode capacitance of about 10 to 15 MA. This capacitance 
causes coupling between the grid and anode circuits, which may pull the 
grid positive during the anode-charging cycle and cause the tube to break 
down. The effect of this coupling is most serious at high pulse recurrence 
frequencies when the rate of rise of anode voltage is high, or under 
conditions where high-frequency transients may appear at the thyratron 
anode during the charging cycle. Essentially, the grid-to-ground 
impedance consists of the thyratron grid resistor in parallel with the 
series combination of the coupling condenser and the cathode-follower 
resistor. The values for these components given in Fig. 854 are suitable 
for most applications. In order to obtain a low grid-to-ground imped
ance, the grid resistor may be replaced by an inductance of 2 to 5 mh. 
The low d-c resistance of this coil and its low reactance at the charging 
frequencies insure negligible coupling between the grid and the anode. 

At high pulse recurrence frequencies, the deionization time of the 
grid-cathode region may become a limiting parameter. Since deioniza-
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tion, or the recombination of the ions, takes place largely at the grid 
surface, it can be accelerated by applying a negative grid bias to pull 
the ions to the grid. One means of applying a bias is shown in Fig. 
8-55. The time required to remove the ions depends on the degree of 
ionization, which is a function of the pulse current, on the bias voltage, 
and on the impedance in series with this voltage. In other words, a 

charge represented by the ions must be removed 
by a current, i„ flowing in the bias circuit. Fig
ure 8-56 shows the grid voltage and current for a 
5C22 thyratron operating with a peak anode cur
rent of 160 amp, and a bias voltage of —45 volts. 
Two curves are given, one for an inductance L„ of 
1 mh, and one for an inductance of 5 mh; they 
show clearly the effect of series impedance on the 
rate of removal of ions. Since this rate depends on 
both the series impedance and the bias voltage, a 

similar result can be obtained by increasing the bias voltage and main
taining L0 at 5 mh. The rate of removal of ions is such that the induct
ance of Lg is more important than its resistance, resistances up to 500 
ohms having little effect on the deionization time. 

■± Bias 
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F I G . 8 -55 .—Thyra 
tron grid circuit with 
bias. 
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F I G . 8-56.—Thyratron grid voltage and deionization current. The solid and broken line8 
represent La = 5 and 1 mh respectively. 

In many circuits it is desirable to couple the trigger to the thyratron 
grid through a transformer. Such circuits must be used with care, since 
the transformer secondary may present a very high grid impedance, 
particularly with a cathode-follower driver. After the trigger pulse the 
tube in the cathode-follower stage is nonconducting, and the transformer 
primary is shunted only by its cathode resistor, which may be of con
siderable magnitude. When a transformer is used either the primary or 
the secondary must be loaded with a suitable impedance. 
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THE CHARGING CIRCUIT OF THE LINE-TYPE PULSER 
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F I G . 9-1.—Block diagram of a line-type 
pulser. 

B Y H. J. WHITE, P. C. EDWARDS, AND H. H. KOSKI 1 

In line-type pulsers, all the energy stored in the pulse-forming net
work is normally dissipated during the pulse and it is necessary to 
recharge the network during the interpulse interval. Since the voltage-
fed network is used in preference to the current-fed network in the over
whelming majority of practical appli
cations, the detailed discussion of the 
theory and practice of network charg
ing given in this chapter is restricted 
to the voltage-fed n e t w o r k . The 
charging circuit for a voltage-fed net
work, as shown schematically in Fig. 
9-1, consists of a power supply, charging 
element, pulser load, and the network. 

Although the charging circuit has 
little effect on the output charac
teristics of a pulser, the design of the circuit and the choice of the 
circuit components are of vital importance to the over-all pulser oper
ation and efficiency. One of the important considerations in the design 
of the circuit is that the same amount of energy must be stored in the 
network for each pulse. Another consideration is that the charging 
element must isolate the power supply from the switch during the pulse 
and for a short time immediately after the pulse. (The isolation during 
the pulse is necessary to minimize the current flowing from the power 
supply through the switch during the pulse interval, and the isolation 
immediately following the pulse is necessary to allow the gaseous-
discharge switch to deionize and return to its nonconducting state.) 
Finally, since the pulsers considered here are power devices, it is impor
tant that the charging circuit be designed for high efficiency. 

In general, the charging element can be either a resistance or an 
inductance. A resistance in series with the energy-storage condenser of a 
voltage-fed network and the power supply is a simple method of meeting 
the first two requirements stated above, but the inherent efficiency of 

1 Section 9 3 by P. C. Edwards and Sec. 9-8 by H. H. Koski, both of the General 
Electric Company, Pittsfield, Mass., the remainder of Chap. 9 by H. J. White. 
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such an arrangement is well known to be never greater than 50 per cent. 
The use of an inductance as the charging element, however, makes it 
possible to design the charging circuit for a very high efficiency and to 
obtain better isolation between the power supply and the switch than is 
possible with resistance charging under the same conditions of recurrence 
frequency and pulse power. As a result, inductance charging has been 
used almost exclusively in pulsers for microwave radar. 

The power supply may be either d-c or a-c, depending on the nature 
of the switch to be used, the pulse power, the recurrence frequency, and 
the required flexibility. Since the design of the charging circuit depends 
on the type of power supply, it is logical to divide the discussion into two 
parts: inductance charging from a d-c supply, and inductance charging 
from an a-c supply. 

INDUCTANCE CHARGING FROM A D-C POWER SUPPLY 
9-1. General Analysis of D-c Charging.—It is usually possible to 

analyze the behavior of the charging circuit by making the following 
simplifying assumptions: 

1. The pulse-forming network is represented by the capacitance 
CN appearing between its terminals. The effect of the PFN 
inductances on the charging voltage wave can be neglected because 
the frequencies involved during the charging cycles are very low 
compared with the natural resonant frequency of the network 
meshes. 

2. The pulser switch is assumed to be perfect—that is, its deionization 
is assumed to be instantaneous after the discharge of the network— 
and can be considered as an open circuit. 

3. The shunt inductance of a pulse transformer used with a unidirec
tional load has a negligible effect compared with the inductance of 
the charging reactor. 

4. The charging reactor is assumed to be linear, that is, its flux is 
assumed to be proportional to the current. Its inductance must 
therefore be constant. 

The equivalent charging circuit can then be represented by Fig. 
9-2 in which the switch S, not present in actual pulsers, is inserted as a 
schematic means of starting the charging cycle after the discharge of 
the pulse-forming network. The differential equation for this circuit, in 
terms of the instantaneous charge Qx on the network, is 

T d2l" J - p dq" -L q" - w m 
Lcap+Rcirt+-cr,-E>*> (1) 

where Rc is the resistance of the charging inductor and En is the power-
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supply vol tage. If it is a s sumed t h a t t he re is an init ial cu r ren t ic(0) 
in the charging induc tance Lc and an init ial vol tage VK(0) across t he net
work capac i tance CN, t he init ial condi t ions . 
imposed on Eq. (1) a r e : °^ 

q*(0) = Ow(0) \ :LB 
and ( ._. | 

(2) 

L,N -y-

(0). 
F I G . 9 - 2 . — E q u i v a l e n t 

charging circuit for a line-type 
pulser. 

With these initial condi t ions , E q . (1) leads to t he following Laplace-
t ransform e q u a t i o n : 

?w(p) = 
1 

Lcp .„,. 
P2 + T P + 

Re + 
-L/cC JV 

P + r?.v(o) 

2 , wc~ r 
P2 + 1 - P + T-7T 

+ — ir(0) 

Let 
flc. 
2 / , / 

Then Eq. (3) becomes 

1 (p + a) + a 
</,v(p) = CxEbt 

p (p + o) 2 + a2 

a2 = OJJ 

+ ?,(0) 

, . Rc , 1 
P2 + ,-P + T~r~ 

Lie Lic\; N 

1 R2 

L,Cy 4L? 

(p + a) + a 
(p + o)2 + a,2 

+ *,(0) 

(3) 

1 
(p + a)2 + w* 

and the corresponding t ime function can be ob ta ined by inverse t r a n s 
formation from tables of Laplace- t ransform pairs . For t he osci l latory 
case, which is t he only one of in teres t here, t h e t i m e funct ion is 

<7JV(0 = CNEU — e~al ( cos at H sin at) 

+ gN{0)e-al [ cos at + - sin at) + i c(0)e-° ' ?HL^_. ■ ( • (4) 

T h e expression for t h e ne twork vol tage follows immedia te ly . 

».v(0 = ^ 7 = ^ + 6-°' ( M O ) - Ebi cos «< H — sin at 

+ 7=r— Sin ui 
C.vU 

(5) 
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By differentiating Eq. (4) and simplifying, the expression for current 
becomes 

• ^ „/ \E» — u"(0) sin cot . , . [ a . "11 , . tc(0 = e -"' | j — — h tc(0) cos cot sin toM I • (6) 

As stated before, it is necessary that the pulse-forming network be 
charged to the same potential each time the discharge switch closes if all 
the output pulses are to be of the same amplitude. Examination of Eq. 
(5) indicates that, if this condition is met, and if the charging period is 
the same before all pulses and equal to the recurrence period Tr, the initial 
conditions, Vx(0) and ic(0), must be the same for each cycle. The value 
of I)AT(O) depends on the load characteristics and is usually constant, except 
in cases of faulty load behavior discussed in Chap. 10. Because of the 
short pulse durations that are involved, the current in the inductance at 
the beginning of a charging cycle can be considered equal to that at the 
end of the preceding charging cycle. Then, ic(0) = ic{Tr). From Eq. (6), 

t.(0) = t . ( r r ) = <r" ' 
sin col, 

+ ic(0) (cosuTr - - sin a>7\) ■ 

Solving, 

ic(0) = 
EH vK(0) sin ccT, 

L<fi> 
(7) 

e'T- + - sin oiTr - cos coT, 

and the following general expression for network voltage vx(t) is obtained 
by substituting Eq. (7) into Eq. (5): 

v»(t) = EM + [Ebb - vy(0)}e- sin cot sin coT, 

(<*"■- - cos o,7\ + - sin wTr) LcCVo>2 

— ( cos cot H— sin at) • (8) 

The value of network voltage at the time of discharge is given by 

vs(TT) = Ebb + [E^ - U.v(0)]e-"'r- r S m 2 uTr 

(e°T' - cos uTr + - sin coTr) LcCKu2 

IcoswTr + -smcoTTJ • (9) 

By substituting Eq. (7) in Eq. (6) in the same way a general expression 
for the current that charges the network is obtained, that is, 
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. = E» - vN{Q) e_at e°T- sin cot + sin co(Tr - t) 
Lew _T . a, . _ _ 

eOTr H— sin coi r — cos col\ 

If the resistance Rc can be neglected, that is, if there are no circuit 
losses, o = 0, the expressions (8) and (10) for voltage and current may 
be simplified to 

. 2t - Tr sin 
vN(t) = E» + [E» - vN(0)] 2 ^ C N (11) 

and 

O l l l , 

2y/LjC« 

TT - 2t 
io{t) = B» -MO) 2VL£-„ (12) 

sin yjc'„ '2VL^N 

(Equations (11) and (12) are not valid if Tr/2 -\/LCCN = nr.) 
The network voltage at the time of discharge given by Eq. (9) reduces to 

vviTr) = 2Ea - vs(0). (13) 

In the case of a lossless circuit, the sum of the initial and final network 
voltages is always equal to 22? ,̂, regardless of the value of the inductance 
chosen. Practical circuits always have losses, however, but if the "qual
ity factor," Q, of the charging circuit is kept high—10 or more—the ratio 
of network to power-supply voltage is only slightly less than two, and is 
not greatly affected by the actual value of inductance that is used. 

As a check on the previous computations, it is easy to arrive at Eq. 
(13) by very simple physical considerations. Again consider the circuit 
of Fig. 9-2, and assume Rc = 0 and an initial voltage vN(0) on the net
work. Assume that the energy stored in the inductance is the same at 
the end as at the beginning of the charging cycle, and that a charge gw 
has been transferred from the battery to the network, resulting in a 
voltage Vff(Tr). Then, to satisfy the law of conservation of energy, 

q„E» = £* {[vs(Tr)Y - MO)] 2 ) . 

But the electric charge 
q« = GN[vN{Tr) - MO)]. 

Hence, 

q*E» = ^ M T r ) + v„(P)]> 
or 

Vlf(TT) = 2Ebb - vN(0). (13) 
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Equation (7) indicates that the initial current in the inductance i„(0) 
may be either positive, zero, or negative, depending on the relative values 
of both the natural resonant period, (2TT/W), of the circuit and the pulse 
recurrence period. The special case where ic(0) = 0 is called "resonant 
charging," and corresponds to the first zero of sin oiTr as the argument 
increases, obtained when 

uTr = r. (14) 

For resonant charging, the expressions (5) and (6) for voltage and current 
may be simplified to 

vN(t) = Eu, + e-<" M O ) - Ebb]\ cos ut + ^ sin o>t (15) 

and 

i«(0 = g * T ^ ( 0 ) e-« sin a,t, (16) 

Lcoi 

giving a network voltage at the time of discharge 

v„(TT) = Ebb + [En - vK(0)]e-°T'. (17a) 
This equation can be rewritten as a function of the quality factor of the 
circuit. Since 

e = x' a = £' and aTr = m' 
the network voltage at the time of discharge is given by 

vN(Tr) = Eu, + [EH - »w(0)]e"5o. (176) 

It is evident from Eq. (15) that the rate of change of the charging voltage 
is small in the region of the maximum value. Hence, there are several 
advantages in operating near resonant charging, namely, small variation 
in output power even if the time jitter in the switch is large, no overvolt-
ing when the switch misfires, and a slow buildup of the voltage after the 
pulse, allowing a maximum length of time for the switch to deionize. 
The value of inductance corresponding to resonant charging is readily 
obtained from Eq. (14), and can be expressed, if the effect of the resist
ance is neglected, by 

L* = -ifirr' where/ r = ■=■■ ir 7;OJV i r 

Since the resonant frequency of the circuit is given by 
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it is immediately evident that 

/ , = 2/„. 

For any value of inductance larger thanL r , so-called "linear charging" 
results, that is, the voltage on the network is still rising at the time the 
switch is fired. At equilibrium, the voltage is essentially the same as 
that obtained by resonant charging when a choke with the same Q is 
used. In this case, the current in the charging choke never reaches 
zero, and the degree of linearity of both the charging voltage and current 
depends on the ratio of the actual circuit inductance to that which would 
produce resonance. By taking advantage of linear charging the same 
value of inductance can be used throughout large ranges of recurrence 
frequencies and pulse-forming-network capacitances. Care must be 
taken to insure that the switch operation is free from time jitter, and that 
the inductance current is small enough to allow the switch to deionize. 
Satisfactory deionization can usually be obtained by allowing a small 
inverse voltage to appear on the network after the pulse. 

If the value of charging inductance is made smaller than that cor
responding to resonant charging, the initial current ic(0) is negative, and 
Tr is longer than one half the natural period of the circuit. Consequently, 
additional losses occur in the circuit, and the pulse-forming network must 
be able to withstand a voltage higher than that at which the discharge 
takes place. For these reasons, the pulse recurrence period is never 
allowed, in practice, to become more than about 10 per cent larger than 
one half the natural period of the circuit. If other requirements of the 
pulser dictate the use of a small value of charging inductance, a simple 
artifice is used: a charging diode is connected in series between the charg
ing reactor and the pulse-forming network. This diode prevents reversal 
of current, and the voltage on the pulse-forming network assumes the 
shape indicated by Eq. (17) until the maximum value is reached. Except 
for possible leakage, the voltage remains at a maximum until the switch 
is fired. The shapes of charging-voltage and current waves for typical 
charging circuits and values of inductance are shown in Fig. 9-3 where 
the inductance L r corresponds to the special case of resonant charging. 
I t is therefore evident that inductance charging from a d-c power supply 
allows a great flexibility in the operation of a line-type pulser. This 
feature has been largely responsible for making the line-type pulser a 
competitor of the hard-tube pulser where variable pulse durations and 
recurrence frequencies are required; a pulser of this type has been pro
duced with pulse durations varying in the ratio of one to twenty and 
recurrence frequencies varying in the ratio of one to eight. 

Two quantities—the average and effective current—are necessary 
to the study of both the pulser charging circuit and charging inductance. 
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They can be obtained by integration over the charging period, using the 
well-known relations 

Ir JO 
Ut) dt, 

and 

^ = fr/o%'-(0I,'fl-
It is easier, however, to obtain the average current by considering the 
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FIG. 9-3.—Charging-voltage and current wave shapes, tit (0) = 0, Rc = 0, (a) Le = %Lr, 

(b) Lc, — LT, (e) LC = 4Lr. The dotted lines correspond to the use of a charging diode. 

charge on the network, thus 

lc. = fr = frCN[vN(Tr) - MO)]. (18) 

The expression for the effective value of the current is sufficiently accu
rate for most purposes if losses are neglected. The current ic{t) is given 
by Eq. (12); therefore, 
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I . sin £311.1 . 

Cs 2 \/L=CV 
[Ebb - ^(0)]2 / V Z ^ • 

2 ±±£ sin2 N 

Civ 2 \rLcCs 

1 + X i ^ s i n ^ _ . ( 19 ) 

The ratio of 7wm. to 7c.,, obtained from Eqs. (19), (18), and (13)[ is 
known as the "form factor," that is, 

1 Cnns TT \ "* w— S ln Tr VLcCN ( 2 Q ) 

I„ V2L£-„ 2 sin T' 
2 VLCCK 

For the special case of resonant charging, where TT/y/hcCn = ir, the 
form factor reduces to ir/2 y/2 = 1.11, the expected value for a sine 
wave. As the charging inductance increases, the form factor decreases 
and approaches unity, as is to be expected since the current approaches 
a constant value as the value of the inductance approaches infinity. 

The efficiency of inductance charging can be readily obtained as 
the ratio of the energy supplied to the network during the charging cycle 
to the energy taken from the power supply during the same period. Thus 

_ *C« [v%(Tr) - ifr(0)] 
Vc j? j rp 

Substituting 7MV from Eq. (18) and simplifying, 

Vli.Tr) + t>40) f9U 
v° = M^ (21) 

For the case of resonant charging, vN{Tr) is given by Eq. (176) and Eq. 
(21) may be simplified to 

l+e~* v„(0) 1 - e ~ 5 _ , / vN(0)\ 
* 2 + T^T 2 1 ~ 4Q V " B T A (Z2) 

In many cases, «»(0) is equal to zero, and the charging efficiency is given 
simply by 

V, = 1 - J (22a) 

It is seen that the efficiency varies from about 92 to 96 per cent values of 
Q ranging from 10 to 20, whereas for resistance charging the efficiency is 
only 50 per cent. 

http://Vli.Tr


364 THE CHARGING CIRCUIT OF THE LINE-TYPE PULSER [SEC. 9-2 

9-2. Practical D-c Charging Reactors.—The approximate ranges of 
values of inductance, average-current, peak-voltage, and recurrence-
frequency requirements for the majority of d-c charging reactors used in 
microwave-radar applications are as follows: 

Inductance 1 to 100 henrys 
Average Current 0.01 to 1.0 amp 
Peak Voltage 1 to 30 kv 
Pulse Recurrence Frequency 200 to 4000 pps 

The inductance and current requirements are such that it is nearly 
always advantageous to use iron-core inductors. Because of the high 
network voltages encountered and the surge voltage that appears between 
turns at the high-voltage end when the switch is closed, very careful 
insulating and processing of the units are required. Oil impregnation 
with hermetic sealing is used almost entirely for voltages higher than 
about 5 kv. 

Linearity Requirements for D-c Charging Reactors.—In the theoretical 
treatment of d-c inductance charging, a linear reactor of constant induct
ance is assumed. Linear, or approximately linear, inductors are also the 
most satisfactory in practice. As anticipated from physical considera
tions, small departures from linearity affect the results only slightly. 
Large variations in the charging inductance produced by saturation of the 
iron core are usually not permissible because of the excessive power loss and 
the possibility of operating in a region of nonrepeating charging voltage. 

In the theoretical discussion of d-c charging it is shown that, when 
using a linear charging choke, repeating transients may occur under all 

conditions. The proof is not valid when the 
inductance varies with the current or, more 
specifically, when the total magnetic flux in the 
reactor is not proportional to the current. For 
a nonlinear reactor, the differential equation for 
the charging current must be written in the form 

Ne d<t>c 
C»J + EJ + 77- / icdl = E*, (21) 

^e-
Fio. 9-4.—Flux 0C as a 

where Nc is the number of turns on the reac
tor and <f>c is the total flux, which is assumed 

function of current ie for a to be confined to the core. The total flux <j>„ 
charging reactor. i g a f u n c t i o n o f t h e charging current, <t>c = 4>(ic), 
which may be found by experiment and has the form shown in Fig. 9-4. 
Equation (21) may then be solved graphically or numerically for ic(t). I t 
should be noted, however, that this method of solution does not prove 
that the repeating transients required for stable d-c charging exist. 
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At currents sufficiently below saturation, <j>c ~ kic and the reactor 
becomes approximately linear. As the core becomes saturated, the 

incremental inductance Nc -y^> becomes very small, and large increases 
die 

in current are necessary to maintain a given voltage across the reactor. 
As a result high peak currents occur in the reactor when d-c charging is 
used. 

Experimental charging-current and voltage waveforms for a typical 
nonlinear reactor are shown in Fig. 9-5. At I,„ = 44 ma, the charging-
current waveshapes are the same as those to be expected from a linear 
phoke. At 50 ma, their loops have become quite peaked, indicating the 

T 

(a) Ir = 44 ma; (b) Ic = 50 ma; (c) h = 52 ma. 
F I G . 9-5.—D-c charging current and network voltage obtained from nonlinear charging 

reactor. 

onset of saturation. Finally at 52-ma average current, the loops no 
longer repeat from cycle to cycle, but rather repeat in alternate cycles, 
one cycle having a much higher peak current and condenser voltage than 
the other. This occurrence indicates a high degree of saturation and, 
of course, is not permissible in practice. A general explanation follows. 

At low average currents there is no flux saturation of the iron core, 
and the charging waves are those for a linear reactor. As the average or 
direct current is raised, a point is reached where the reactor starts to 
become saturated at the current peaks. This saturation lowers the 
incremental inductance, which in turn increases the peak current. The 
effect tends to be regenerative and somewhat unstable, and causes 
the current peaks to increase rapidly in amplitude as the direct current is 
raised. At the same time, the period of the LCC^-circuit decreases, caus-
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ing the charging voltage to overshoot and the charging current to become 
negative before the switch is fired. As a result, the reactor inductance 
remains high for a longer period on the following cycle, and the current is 
thereby prevented from reaching the high peak value of the preceding 
cycle. Since a higher inductance also means a longer charging period, 
the reactor current still has a positive value at the instant when the net
work discharges. Saturation is encouraged by this positive value of the 
initial current, and the high and low current loops are repeated alternately 
in a perfectly stable manner. The whole phenomenon occurs because 
the reactor has a relatively high average inductance on one cycle and a 
relatively low average inductance on the following cycle. 

The failure to obtain cycle-to-cycle repeating transients is a good 
illustration of the statement made earlier that repeating transients may 
or may not be obtained in any case, and that the proof of their existence 
is limited to linear reactors. Linearity is therefore important in the 
design of charging reactors for pulsers; however, its advantages have to 
be weighed against its cost. 

It is possible to make charging reactors with any desired degree of 
linearity, but, in general, they are larger and heavier, the stricter the 
linearity requirement. Thus, for use in airborne sets, they are usually 
made somewhat nonlinear in order to save weight and size. When weight 
is not an important factor, the majority of charging reactors for pulsers 
designed at the Radiation Laboratory satisfy the following conditions for 
linearity and inductance variations. 

1. Linearity. The inductance shall not change by more than 5 per 
cent measured at rated full-load and at half the rated full-load 
direct current. 

2. Inductance value. The inductance shall be within the tolerance 
range of from + 6 to — 2 per cent of the design value. 

Charging reactors for airborne applications are usually specified on 
the basis of samples that are tested in an electrical model of the pulser 
unit. Reactors having varying degrees of nonlinearity are tried until a 
satisfactory compromise is obtained between linearity and heating on 
the one hand and weight and size on the other hand. This method of 
design is justified on the basis of the large amount of adjustment necessary 
for airborne sets, and of the very large numbers in which these sets usually 
are made. 

Inductance Measurements.—Inductance-measuring circuits are de
signed to simulate the current wave shapes for d-c resonant charging, 
which consistof a series of half sine-wave loops. Such a current can be 
obtained exactly by using a line-type pulser of adequate voltage and 
current capacities, but this method is very awkward, inconvenient, 
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and expensive. The voltage and current wave shapes can be simulated 
by the output of a full-wave rectifier consisting of an LR-circuit of the 
proper ratio.1 This method, on the other hand, is rather slow and inac
curate because it involves adjustment of the resistance until the wave 

Transformer 
LF =15 h UuuJ 

D-c 
PowerPC 
supply ' 

Ocsillo-
scope 

^ ■ o 

& @ - M M / r 
1-20 

FIG. 9-6.—Circuit for measuring the inductance of a charging reactor. 

becomes tangent to the zero axis on an oscilloscope. Hence, the simulat
ing circuit shown in Fig. 9-6 has been used in preference to both the pre
vious methods, and its explanation follows. 

Superimposed direct and 60-cycle alternating currents are passed 
through the reactor Le under test, the alternating current being supplied 
by means of a transformer and the direct current by means of a d-c power 
supply to which an additional filter section CFLF has been added. The 
capacitance C provides a very low impedance path for alternating cur
rents, and an accurate measurement of the alternating component of 
the current may be obtained by inserting an accurate a-c milliammeter in 
series with C. 

In operation, the direct current is adjusted to the desired value and 
the alternating current is then ad
justed so as to have a peak value <■ 
equal to the direct current. For 
this condition, assuming a per- h 
fectly linear reactor and a purely 
sinusoidal voltage, the current 
wave becomes tangent to the zero 
axis and rises to a peak value equal 
to twice the direct current, as illus
trated in Fig. 9-7. 

The magnitude of the alternating current to be used is calculated 
from the relation 
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<aat 
Fio. 9-7.—Current through the charging 
reactor in the inductance-measuring circuit. 

Ic. = V2 
(22) 

1 A. C. Donovan, "The Measurement and Design of D-C Resonant Charging 
Chokes," RL Report No. 51-14, Nov. 23, 1942. 
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The value of Lc is given by 

Lc = - £ = - , (23) 

where the applied angular frequency a>„ = 377 for 60-cycle voltage. The 
use of 60-cycle voltage is preferred because both the frequency and wave 
shape supplied by the public utilities usually are accurately controlled, 
and also because 60-cycle frequency allows the use of relatively low alter
nating voltages to obtain the necessary (and sometimes high) values of 
alternating current. The meters used should be accurate to 1 per cent 
or better in order to obtain suitable accuracy for the inductance Lc. 

The ratio of peak to average current for the wave of Fig. 9-7 is 2 /1 , 
whereas the ratio obtained in the pulser circuit for a linear reactor and 
resonant charging is 7r/2 = 1.57. The test circuit therefore imposes a 
higher peak current in the reactor than it will carry in actual service. 
The increase, which is by a factor of 4/TT = 1.27 for d-c resonant charging, 
may be regarded as a safety factor in the measurement. The factor is 
greater for linear charging, approaching the value 2 in the limit. Advan
tage may sometimes be taken of the decreased peak current occurring for 
linear charging in order to decrease the size of the reactor core. 

When Lc is nonlinear, the method of measurement outlined above 
gives an approximate average value for Lc over the current range that is 
used. This value is satisfactory for checking inductors against the 
linearity and inductance conditions given in the preceding section. 

The inductance-measuring equipment usually incorporates an oscil-
loscopic viewing system for directly observing the B-H curve for the 
reactor under test. In Fig. 9 6 these added elements consist of the 
resistor Rit the resistor and condenser Ri and Cit and the oscilloscope. 
The voltage across R2 at each instant is proportional to the magnetizing 
force of the reactor, since 

v _ T p ' ^ p 
V^-IcRt- ^Ne Bt, 

and is applied to the horizontal deflecting plates. The voltage across C\, 
which is applied to the vertical deflecting plates, is proportional to the 
flux density, as is shown by the following calculations. Neglecting the 
voltage drop across the reactor resistance, the voltage across R1C1 is 
given by 

„ = Nj_ d& = NcA dB, 
u 108 dt 108 dt ' 

where A is the cross-sectional area of the core. If the values of Ri and 
d are chosen so that the current in that circuit is determined almost 
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exclusively by the resistance, the voltage across C\ is given by 

Vc> = k ) idt = k]Y5l dt NA 
Rid X 108 / 

dBc ,. _ NCA ■ 
dt m~ Rid X 108 "■ 

The degree of linearity of a charging reactor is probably best shown 
by means of oscillograms. For an ideal perfectly linear reactor having 
no losses, the B-H oscillogram consists simply of two straight lines 
enclosing zero area. The B-H oscillogram for a well-designed iron-core 
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reactor departs only slightly from the ideal case as it consists of two 
slightly bowed lines that form a narrow B-H loop of small area. A good 
example of such a B-H loop for a reactor tested at half-rated direct cur-

(o) Ic„ = 0.050 (6) /,„ = 0.100 amp, (c) Ic„ = 0.150 amp. (d) 7^v = 0.200 amp, 
amp, 

Le = 30.3 Lc = 29.1 henrys. Lc = 22.7 henrys. Lc = X5.6 henryi. 
henrys. 

W * . = 0-7°-

(e) h„ = 0.050 (/) Ic„ = 0.100 amp, (p) JCay = 0.150 amp, (ft) lHy = 0.200 amp, 
amp, 

Lc = 30.0 Lc = 29.9 henrys. Le = 26.5 henrys. Lc = 16.2 henrys. 
henrys. 

W - w = °-40-

(t) /«„ = 0.150 07 ̂ c„ = 0.200 amp, (*) / ^ = 0.250 amp, ffl 7,^ = 0.300 amp, 
amp, 

Lc = 27.1 Lc = 20.9 henrys. Lc = 10.6 henrys. L« = 7.1 henrys. 
henrya. 

W < „ = o-io. 
Fio. 9*9.—B-H oscillograms for a typical d-c charging reactor rated a t I,. — 0.19 

amp, B is vertical and H is horizontal. 

rent is shown in Fig. 9-8a. The onset of saturation of the reactor core 
when the direct current is increased to the rated value is shown in Fig. 
9-86. Further increases in the current produce core saturation over a 
greater range of the B-H loop (Fig. 9-8c and 9-8d.) 



SEC. 9-2] PRACTICAL D-C CHARGING REACTORS 371 

The saturated portion of the loop has a slope that is characteristic of 
the inductance of the equivalent air-core reactor. For example, in Fig. 
9-8d the relative slope of the steep to the flat portion of the B-H loop 
is about 20/1, which indicates that the inductance is increased by a 
factor of about 20 when the air core is replaced by an iron core of the same 
size. The corresponding ratio for the curve of Fig. 9-9d for another 
reactor is about the same. 

The oscillograms in Fig. 9-8 are all for the same reactor, but are taken 
for different values of the current ratio Ic /Ic , the ratios being 0.70 for 
Fig. 9-8d, 0.40 for Fig. 9-8e-fc and 0. l o l o r *Fig. 9-Si-l. The IcJIc„ 
current ratio of 0.70 corresponds to the test condition, the ratio of 0.40 to 
sine-wave or d-c resonant charging, and the ratio of 0.10 to nearly linear 
charging. In the case of linear charging, it should be noted that the B-H 
loops for large direct currents (Figs. 9-8fc and I) do not show the two-slope 
character, but rather are relatively linear. This linearity is a character
istic of the B-H loops that is to be expected when the component of 
alternating current is relatively small.1 

The oscillograms of Fig. 9-9 are similar to those of Fig. 9-8, but are 
for a reactor of somewhat different design. The latter reactor is definitely 
nonlinear when operated at its rated current of 0.190 amp. In a pulser 
circuit it will therefore give rise to a charging wave of the same general 
character as that previously shown in Fig. 9-5. I t is therefore unsuitable 
as a d-c resonant-charging reactor for a current of 0.190 amp, although 
for currents of 0.100 amp, or possibly 0.125 amp, it would be satisfactory. 
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Fia. 9*10.—Inductance as a function of current for iron-core d-c charging reactors, (o) 

linear reactor (see Fig. 9-8), (6) nonlinear reactor (see Fig. 9-9). 

The B-H oscillograms thus serve as a rapid and rather sensitive visual 
test of the linearity of a reactor and of its suitability as a charging choke; 
however, they should always be supplemented by meter measurements in 

1 For a discussion of the magnetic characteristics of iron under these circumstances, 
see Members of the Staff of the Department of Electrical Engineering, Massachusetts 
Institute of Technology, Magnetic Circuits and Transformers, Wiley, New York, 1943, 
pp. 197-202. 
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order to determine the numerical value of the inductance. Figure 9-10 
shows the results of such measurements for the same two reactors. 

The inductance of d-c charging reactors can also be measured by 
a power bridge.1 The voltage supplied to the bridge circuit is obtained by 
the addition of a-c and d-c voltages in such a way that the peak alternat
ing current is equal to the direct current. Inductance and quality-
factor measurements made with the power bridge can be accurate to 

within i and 1 per cent respectively. 
9-3 The Design of D-c Charging Reactors2. 

Figures 9-11 and 9-12 show the usual form of the 
d-c resonant-charging reactor. The essential 
elements of a complete reactor are the coil, the 
core, the air gap in the core, and the enclosing 
case. Accuracy in both design and manufacture 
is necessary to obtain reactor characteristics 
that are within specified limits. 

Core Design.—The degree of linearity of the 
inductance is determined by the relationship be
tween the characteristics of the core material and 
those of the air gap. The following limits, how
ever, have been found to apply generally to core 
steels: 

1. Maximum flux density in the core = 55 
kilolines/in2. 

2. Ratio of the air-gap spacing to the mean 
length of the magnetic path ^ 0 . 6 per cent. 

If the current density in the copper and the flux density in the core 
are held constant, a larger gap requires a greater number of turns in the 
coil and a smaller cross section for the core in order to produce a given 
inductance. Thus, as long as the above limits are met, the designer has 
the freedom to reduce the weight of either the copper or the iron. The 
ratio of copper to iron in the reactor is important from the standpoint of 
low cost and high operating efficiency. 

Laminations 0.014 in. thick can be operated a t frequencies up to 600 
cycles/sec, but for frequencies up to 15 kc/sec the thickness should not 
exceed 0.005 in. For any given operating frequency and steel thickness 
the designer can control the core loss by varying the peak operating flux 
density. The operating frequency to be used in the design is the resonant 
frequency of the charging circuit of the pulser. 

Coil Design.—Coils for resonant-charging reactors as well as for a-c 
1 Standard Handbook for Electrical Engineers, 7th ed., McGraw-Hill, New York, 

1941, pp. 180-185. 
* By P. C. Edwards of the General Electric Company, Pittsfield, Mass. 

Section A-A 
FIG. 911.—Sketch 

d-c resonant-charging 
actor. 

of 
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resonant-charging transformers (see Sec. 9-8) must withstand continued 
electrical impulses, as the voltage across the coil reverses in polarity 
in a few microseconds when the pulser switch closes. This condition is 
considerably more severe than that to which normal reactors and trans
formers are subjected. 

The distributed capacitance that occurs between the coil turns and 
the winding layers has several effects upon the circuit: it increases the 
losses by the dissipation of the stored energy, iC.Fjj,, at the time the 
switch closes; it tends to detune the charging circuit, an effect which is 
small except for very short pulses; in the case of d-c charging, it causes 
some impulse voltage to be applied to the rectifier circuit; and, during 

Fia. 9-12.—Core-and-coil assembly of a resonant-charging reactor. (Courteay of General 
Electric Co.) 

the discharge of the pulse-forming network, it produces an uneven voltage 
distribution throughout the coil, thus placing an undue stress on certain 
parts of the coil conductor and layer insulation. 

The distribution of impulse voltage can be improved by designing a 
coil so that the radial build is about % to | the length of the coil winding 
layer. This ratio is a compromise between that needed for good impulse-
voltage distribution and that for a low coil capacitance. As the ratio of 
the coil dimensions decreases the voltage distribution improves, but the 
capacitance becomes greater. I t is possible to control the distribution 
of impulse voltage by means of an electrostatic shield that is applied over 
the finish layer of the coil and connected to the output lead, as shown in 
Fig. 9-11. This shield can be either a metallic wire screen or a conductor 
on the last layer of the coil. 

Methods of Treating, Tanking, and Sealing.—In addition to the mag
netic and electrical design requirements outlined above, the reactors and 
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transformers developed for radar applications have to meet general 
specifications for humidity and temperature, acceleration, insulation, 
mechanical handling, and life. Accordingly, the higher-voltage units are 
usually built in hermetically sealed tanks, and special techniques of 
handling oil expansion, vacuum treatment, insulation, and heating are 
used. 

Varnished units are used whenever conditions of ambient temperature 
and humidity are not severe, voltages are not high, and low cost and 
light weight are of prime importance; new types of dry insulation recently 
developed have shown great promise up to 10 to 15 kv (see Sec. 14-3). 

When the reactor is enclosed in a hermetically sealed case, some type 
of filling compound or oil is required to aid in the process of cooling the 
core and coils, and to provide the necessary insulation between the coil 
and grounded parts. When used with vacuum-treating technique, oil 
has the advantage over the compounds now available in that it is able to 
fill all voids and remain free from cracks at normal operating tempera
tures. Since the initial corona discharge that is usually the starting point 
for insulation failure is often associated with air pockets and voids in the 
insulation (see Sec. 6-5), the flow of oil into the vicinity of the spark 
immediately after the internal nashover helps to prevent recurrence of 
such a breakdown, and the solid insulation does not become carbonized. 

When used with a hermetically sealed case, oil provides a durable, 
reliable, and long-lasting insulation, even at continuous operating tem
peratures as high as 115°C. Compounds provide an inexpensive, though 
not so reliable, filling medium for high-voltage units. The decision 
whether to use oil or compound is usually made on the basis of the 
applied voltage and reliability desired. 

Practical values usually accepted as the maximum allowable voltage 
gradients for a satisfactory reactor and transformer are listed in Table 
9 1 . 

TABLE 91.—MAXIMUM ALLOWABLE VOLTAGE GRADIENTS 
Working stress, 

Quantity peak volts/mil 
Solid insulation coil to ground 100 
Solid layer insulation 100 
No. 10-C transformer oil 75 
Surface creep from coil to ground 20 
Surface creep inside coil 20 

Representative charging reactors are shown in Fig. 9-13, and Table 
9-2 gives their significant design values. 

Heating.—The reactor losses produce heat in the core and coil. 
Excessive coil temperatures not only damage conductors, but also cause 
deterioration of the usual organic insulating materials. 
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Oil expansion and contraction give rise to forces on the sides of the 
tank, which may result in mechanical damage to the seams. Several 
methods have been used to limit the pressure built up in the tank. 

1. The amount of expansion can be reduced by the use of sand to dis
place part of the oil, and the pressure may sometimes be limited to 
a practical value by combining this method with a flexible tank. 

2. An air space at the top of the tank has been used to limit the pres
sure by compression of the air. 

Fia. 9-13.—Representative d-c charging reactors. 

3. Various mechanical expansion chambers have been used which 
reduce the pressure to its lowest possible value. The most satis
factory mechanical device is the metal bellows provided that the 
resultant increase in case size can be tolerated. An empirical 
equation for calculating the final oil temperature and pressure for 
a given design is given in Sec. 9-8. 

TABLE 9-2.—SIGNIFICANT DESIGN INFORMATION FOR REACTORS OF FIG. 9-13 

No. 

a 
b 

c 

d 

Type of 
service 

Airborne 
Ground or 
ship 

Ground or 
ship 

Ground or 
ship 

Weight, 
lb 

5} 
11} 

45 

Hi 

Over-all 
height, in. 

5 
7} 

10 

,11} 

D-c current 
rating, amp 

0.050 
0.100 

0.200 

0.400 

Peak volt
age rating, 

kv 

8 
8 

17 

17 

L 
rating, 
henrys 

98 
24 

28 

19 

Testing.—A preliminary test is conducted prior to sealing the core-
and-coil assembly into the case in order to insure that, as far as possible, 
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the final sealed unit will meet the inductance specifications, and thus to 
avoid the necessity of opening the case to adjust the reactor. A final 
test is also made in order to determine whether or not the reactor insula
tion has been damaged, the inductance and d-c resistance have changed, 
or the power loss or Q factor have varied excessively during the processing. 
A 1 per cent change in inductance can result from the treating process, 
which apparently modifies the gap spacing in the core slightly. 

The insulation tests consist of an applied-voltage test and an induced-
voltage test. In the applied-voltage test, which is used to check the 
major insulation of the reactor, a 60-cycle voltage, the rms value of which 
is 

4 ^ * + 1000 

VT—' 
is applied for one minute between ground and the two short-circuited 
reactor terminals. The induced-voltage test, in which the voltage is 
applied between the reactor terminals, checks the insulation between the 
turns and layers of the coil. In standard practice, the test duration is 
7200 cycles, and the rms value of the induced voltage is 1.5ij.E»/\/2. 

The test is made at frequencies from 
400 to 800 cycles/sec, depending 
upon the equipment available. 

A comparison of the preliminary 
and final values of either the power 
loss or the quality factor indicates 
whether or not the unit has passed 
the induced-voltage t e s t . This 
change is usually not over 5 per 
cent. Turn-to-turn failure in the 
coil is readily distinguished by an 
increase in power loss or decrease 
in Q, whereas the measured induct-

FIG. 9'14.—Reactor core formed of pre- , , . . . 
cut strip steel. (Courtesy of General ance does not change appreciably, 
Electric Co.) especially when the number of 
turns involved in the failure is small compared with the total number of 
coil turns. 

Finally, the d-c resistance of the coil is measured in order to make 
certain that the coil conductor is continuous and that the coil contains 
about the proper number of turns of the specified wire size. 

Sample Design.—The following sample calculations demonstrate two 
general design procedures. Figure 9-14 shows the core and Fig. 9-12 
shows the core-and-coil assembly in the mounting clamps. The specifica
tions applying to this unit are 
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D-c power-supply voltage: 13 kv. 
Inductance and tolerance: 7.4 henrys, — 2 to + 6 per cent a t full-load 

current and less than 5 per cent variation from 50 per cent to full-
load current. 

Average charging current: 0.274 amp.- Ratio of rms current to 
average current = 1.11. 

Recurrence frequency: 1170 pps. 
Core frequency: 585 cycles/sec. 
Peak-charging-wave voltage on pulse-forming network: 25 kv. 
Allowable minimum quality factor at rated core frequency: 25. 
Ambient temperature range: 0° to +60°C. 
Resonant charging. 
Bidirectional switch (triggered gap). 
Matched pulse load, that is, vK(0) = 0. 

Reactor design is usually based on experience. However, in the 
absence of suitable previous experience the design process can be started 
mathematically. l If the ratio of air-gap length to magnetic-path length 
is 0.6 per cent or more, and the flux change is large compared with the 
d-c flux, the energy stored per unit volume of core may be equated to the 
magnetizing force and flux density in the core steel, that is, 

I 2 **' L X 108' 
where 

that portion of the inductance of the reactor associated 
with the flux in the core steel (the flux that threads the 
coil turns but does not flow through the complete length 
of the core is disregarded in the initial design calculation), 
peak rated amperes flowing in the reactor, 
core volume in in.3 = lmAF,, 
length of average magnetic path in in., 
net cross-sectional area of the steel in in.2, 
flux density in core steel in lines/in.2, 

peak ampere-turns/in. 

i£Fc(/cp«*)2 is the maximum instantaneous magnetic 
energy, in watt-seconds, stored in the core. Since about 98 per cent of 
the total number of ampere-turns are required to produce the flux in 
the air gap, the energy in the reactor is predominantly associated with this 

1 C. R. Hanna, "Design of Reactances and Transformers Which Carry Direct 
Current," / . Amer. Inat. Elect. Engra., 46, 128 (1927). 

L F . = 

■*Cpe»k 

V = 

Aw. = 
BT. = 

and 

L 
Note that 
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part of the magnetic circuit. For simplicity in the calculation, however, 
the energy is apportioned to the complete core volume including the air 
gap. For a charging reactor using normal core steels, the value of 
(^Jcpakj/lm is approximately 85 when the flux density in the steel is 
55,000 lines/in.2 and the gap length is 0.6 per cent. This figure is 
adjusted somewhat to allow for flux-fringing at the air gap. The value 
is increased or reduced in inverse proportion to the fringing effect. 
Using the above figure, 

^I/F»(icyetlj = 0.023 watt-seconds/in.3 

of core, including the gap. Thus, the core volume is 

0.023 

The number of turns can be calculated from Nc = 85 lm/ICt»*. For 
minimum size, the reactor coil and insulation should fully utilize the 
area of the core window. 

Experience has shown that about 80 per cent of the total flux thread
ing the coil turns is in the core steel; the remainder is leakage flux. 
Hence, an approximate value may be obtained by considering LFo = 0.8LC. 

The energy iL^ / ,^^ , ) 2 stored in the reactor determines the core size 
and the operating voltage gives an indication of the additional space 
required for insulation. 

Graduated sizes of reactor cores can be designed and tabulated. The 
data required are: core dimensions, net cross-sectional area, weight, 
volume per unit of stack, length of magnetic path, and the maximum 
number of ampere-turns that can be wound into the window for different 
thicknesses of insulation (that is, various voltage levels). 

The designer can readily determine core dimensions, coil turns, and 
insulation thicknesses by trying two or three cores from the standard 
list prepared as above. In the following example, it is assumed that the 
reactor core and coil sizes have been determined, and that this calculation 
is the final check on the design. Note that the adjustment in core cross-
sectional area and coil turns must be made previously because the amount 
of leakage flux has been assumed. The actual values must be calculated, 
and used to determine the inductance. 

As a result of the design calculations, the coil is to be constructed of 
3394 turns. The major portion of the coil conductor is 0.0253 in. DEC 
wire that has a cross section of 0.000503 in.2 The last layer, shown as 
the finish layer in Fig. 9-11, is wound of 6/30 AWG tinned-copper cable 
insulated with paper to give an insulation layer thickness of 0.012 in. 
which adds 0.024 in. to the diameter of the stranded conductor. The 
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cable is finished with a 0.007-in. layer of cotton. The resulting dimen
sions for a rectangular coil are: 

k = 2.063 in. w{ = 2.438 in. 
I, = 5.813 in. w„ = 6.188 in. 

length of winding layer lw = 2.875 in. 

The core, Fig. 9-14, uses 0.014 in. by 1£ in. low-loss precut formed steel 
strips built up to A in. The center leg gross cross-sectional area is the 
strip width w2 times the total buildup h2, or 1.688 in.2 Assuming a space 
factor of 90 per cent the net steel cross-sectional area, AF„ is 1.519 in.2, 
and the windows for the coil are 4£ in. by 2^1 in. The mean length of 
the magnetic circuit lm is 

ln = 2(A, + to,) + ^ 7T = 15.9 in. 

where hi is the height and w, the width of the window, and -^ir is the 
corner allowance. 

If the length of the core gap l„ is chosen to be 0.114 in., 

lf = 0.0072, 
I'm 

and the net area of the air gap, including fringing, is given by 

A, = wJn + $(hi + w2)Za = 1.89 in.2, 

where h2 = l^in. and w2 = 1-J in. 
The area of the coil for leakage flux is given by 

Am = s Aa = 13.5 in.2 

The ampere-turns in the steel are determined as 20 (rms value) consisting 
of 1.15 ampere-turns/in. for the steel at 50,000 lines/in.2, and 1.7 ampere-
turns for the core joint. Finally, the design-center voltage across the 
reactor is obtained from 

Crms 

= 8450 volts, 
where 

/o = s- = 585 cycles/sec, 
La = design-center inductance, or rated value adjusted to be at 

the center of tolerance range = 1.02 X 7.4 = 7.55 henrys, 
and 

7c™, = 1.11 X 0.274 = 0.304 amp. 



380 THE CHARGING CIRCUIT OF THE LINE-TYPE PULSER [SEC. 9-4 

Checks on the design are then obtained by computing the inductance 
by either the a-c or the d-c method. 

By the a-c method, the voltage across the reactor is obtained from 

7« = 4.U<t>TNcfo X 10-8 volts, 

where 4>T, the total flux, is the sum of the flux in the core fc. and the leak
age flux fa. The total number of ampere-turns (rms value) is 

NJCrm. = 3394 X 0.304 = 1032, 

of which 20 are in the steel, and 1012 across the gap. Then, the flux in 
the gap and steel is given by 

0P . = 4.51 ^ 1012 = 76,000 lines, 

<t>ik = 4.51 ^~ 1032 = 21,900 lines, 

and 
4>T = 97,900 lines. 

where 4.51 is the permeability of air in lines per square inch per rms 
ampere-turn per inch from which Va = 8600 volts, which is within the 
manufacturing tolerance since the design-center voltage is 8450 volts. 

By the d-c method, the peak ampere-turns is 

NJevric = K /«v3394 = 1460 ampere-turns, 

resulting in a total flux of 97,900 lines, which corresponds to an inductance 

Lc = ^ 10-8 = 7.7 henrys. 

This value again checks closely with the value for the design-center 
inductance obtained above. 

INDUCTANCE CHARGING FROM AN A-C SOURCE 
9-4. General Analysis of A-c Charging.—The energy-storage con

denser of a voltage-fed network may be recharged from an a-c voltage 
source whose frequency is integrally related to the recurrence frequency 
of the pulse generator. Some intermediate element must be interposed 
between the pulse-forming network and the a-c voltage source; otherwise, 
it is impossible to discharge the network at a voltage peak and at the 
same time retain stable conditions. For example, if the network is con
nected directly to the terminals of an ordinary high-voltage transformer 
and then discharged at the peak of the transformer voltage, the network 
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tends to recharge immediately, and the transformer is short-circuited for 
the remainder of the half cycle under consideration. 

Perhaps the most obvious means of avoiding this difficulty is to use a 
hold-off diode between the network and the transformer, and to discharge 
the network on the following half cycle, which has a polarity opposite to 
that of the charging half cycle. Under these conditions the network 
does not recharge immediately; consequently, the circuit action is stable, 
but the utilization factor for the high-voltage transformer and a-c source 
is low (see Sec. 99) . 

The other simple method for recharging the network from an a-c 
source is to interpose a series inductance between the high-voltage 
transformer and the network. By the proper adjustment of the value 
of this inductance, the PFN capacitance, and the voltage phase, the 
network may be discharged at a voltage peak and stable circuit action 
retained. The series inductance also isolates the network from the power 
supply for an appreciable time after the pulse, allowing the switch restrik-
ing voltage to increase faster than the applied voltage. 

The conditions for a-c inductance charging are considerably more 
complicated than those for d-c charging, primarily because there are more 
variables to consider. These variables include the voltage phase angle 
at which the network is discharged, and the relation between charging 
period and impressed frequency. The equations for a-c inductance 
charging are therefore more difficult to derive and apply, and a reasonably 
complete study of all the possible variations is lengthy and somewhat 
cumbersome. 

The simplest type of a-c inductance charging (as well as the one most 
often used in practice in this country) is a-c resonant charging, in which 
the charging circuit is tuned to resonance at the impressed a-c frequency. 
The network voltage reaches a maximum value when the impressed 
sinusoidal voltage is passing through zero. The pulses therefore occur 
whenever the impressed voltage is zero. Although the pulse recurrence 
frequency is usually equal to the impressed a-c frequency, it is sometimes 
double the impressed frequency, in which case there is one pulse for each 
half cycle of the applied-voltage wave. The disadvantage of a-c resonant 
charging is that the voltage across the network continues to build up if 
the switch misses one or several pulses. Considerable work on a-c 
charging has also been done by the British, who often use nonresonant 
charging to alleviate this disadvantage. 

A-c inductance charging has the advantage of simplicity, and permits 
a net saving in weight and size, particularly since the inductance is usu
ally built into the high-voltage transformer. On the other hand, it 
generally requires a special motor-alternator for each design in order to 
supply the proper frequency, with a resultant lack of flexibility. The 
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CjfT,, cos «*„(♦*>) C,rT' 

disadvantage of requiring a special motor-alternator is offset to a certain 
extent by the advantage of being able to control the pulser power output 
by varying the relatively small field current of the alternator. In con
trast, the power output of a high-voltage d-c rectifier, such as used in d-c 
inductance charging, must usually be controlled by a large motor-driven 
induction regulator or a set of motor-driven variacs, which necessitates 
an increase in weight and a more complicated circuit. 

A-c charging pulsers having rotary-gap switches are used extensively 
where relatively high powers and low recurrence frequencies are specified. 
Rotary spark gaps, however, require self-synchronous triggers and also 
introduce a time jitter of about 25 /isec or more. Triggered fixed spark 
gaps or thyratrons produce very little time jitter, but, because a more 

complicated circuit is needed, they have not 
been used to any great extent in a-c charg
ing pulsers. 

The equations for a-c charging require 
the general solution of the series-LRC circuit 
for an applied a-c voltage of arbitrary fre-

FIG. 9-15.—Schematic cir- quency and phase. The following method of 
cuit for a-c inductance charg- s o l u t i o n for t h e c i r c u i t of Fig. 9-15 is based 
ing. # t ° 

on the use of complex quantities and numbers. 
The differential equation for the circuit in terms of the charge qN on 

the network is 

Lc 1W + Re II + IT q" = Eh C0S (w°* + *0 = *** (&e»'-0- (51) 
(Hereafter, the abbreviation " R e " meaning "real part of" is usually 
omitted.) As usual, Eb = Eve'*, so that Eb is the magnitude and <p the 
phase angle of Eb. The bar notation is used in this section to denote 
complex numbers. 

By inspection, the particular or steady-state integral of Eq. (51) has 
the form 

«i(0 = Q^-', 

where QN is determined by substitution in Eq. (51), tha t is, 

Qs = 
CNE}, 

1 - LCCNUI + JRCCNU* 

The complementary or transient integral is the same as that already 
found for the d-c charging circuit, namely, 

92(0 = A", 

where A is a complex constant of integration and 



SEC. 9-4] GENERAL ANALYSIS OF A-C CHARGING 383 

V 
fi. , . / i (nX 

As in the case of d-c charging, only the oscillatory solution need be 
considered. The complete solution is then 

q»{t) = qi(t) + qi(t) = QKe'-' + Ae*>. (52) 

Assume the initial or boundary conditions at t = 0 to be 

q»(t) = qK(0) 
i,(t) = ic(0). 

Substituting these values in Eq. (52) and the time derivative of Eq. (52), 

q»(0) = Re(QN + A) =_Qi + A1 
ic(0) = Re(jwaQn + pA) = —a>aQ2 — aAi — wA2. 

Solving for Ai and A2, 

At= - - \ic(0) + a,„Q2 + a[qN(0) - QJ}. (53) 

Ai = q„(0) - Qx 

A 

Now let 
A = \A\ = \A, + jA,\, 
\h = nhflco anorlo nf A = t .an -1 

A, 

A = \A\ = \A, + jA,\, 

\p = phase angle of A = t a n - 1 : 

Q* = \Q»\ = |Qi + jQt\, 

8 = phase angle of circuit = t a n - 1 c
T"%a »• 

The expression for QN is then 

The solution for qtf(t) may then be written 

qN(t) = Re(QNe'"'' + Ae*') 
= QAT cos (oij + <p - 6) + Ae~" cos (ut + f) . (54) 

Differentiating, 

ic(t) = uaQN cos IcoJ + <f — 6 + | J + cooAe-"' cos (ut + $ + 0), (55) 

where 
Q" = |l - L ^ f + j ^ c J = lQl + ^ ' 

ai = angular frequency of circuit, 

0 = tan"1 — , — o 
and 
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As in the case of d-c charging, one condition necessary for obtaining 
repeating transients is tha t the magnitude of the current in the inductance 
must be the same at the beginning and at the end of the charging period. 
In addition, the charging period must be an integral multiple of the half 
period of the applied voltage, that is, 

<i>aTr = nir where n = 1, 2, 3, • • •. 

For the case of an even number of half cycles, 

*'c(0) = ic(Tr). 

In the case where n is odd, that is, for an odd number of half cycles of 
applied voltage, the condition becomes 

t'c(O) = -UTr). 

The most general condition that must be satisfied in order to obtain 
repeating transients is then 

ic(mr) + t'^O) = oiaQN cos ( mr + *> - 6 + ^ J + cos I <p - 0 + | j 

+ w<,A e~m"' cos f nir — +} + 0 J + cos (f + |3) = 0 , (56) 

where the plus sign applies to n odd, the minus sign to n even. This 
equation is transcendental, and can be solved exactly by appropriate 
means. For the present discussion, however, it is sufficiently accurate 
to assume that a approaches zero, and to solve the simpler equation, 
provided that u T± «„. The relation 

cos (rnr — + f + 0 J ± cos (i + 0) = 0, (57a) 

can be written in product form, 

_ . (nw u \ . nw u n — 2 sin I -j ; h ^ + ^Js in-p; = 0 n even, \ £ OJ0 / I &>„ 

2 cos l-pr h ^ + 0 ) cos — — = 0 n odd. 
\ & 0>„ / £ bin 

For n even, the following solutions are obtained 

— = — where m = 0, 1, 2, • • • , «„ n 
and 

— = - ( m - ^ - i - ^ Y where m = 0, 1, 2, • • • 

(576) 
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For n odd, 
o> TO 

n 
where m = 1, 3, 

u 1 T 2 1 
— = - TO (^ + /3) , where TO = 1. 3, • • • . 

It is evident that oi/u„ = 0 is a trivial solution. The resonant solu
tion is a)/a>„ = 1, which must be examined because losses were neglected 
in deriving Eqs. (576). The solutions for o)/a>0 can be put in direct 
terms by noting that 

f + 0 = tan" 

= tan 

I 9w(0) - Q: + 2j 
giv(O) — QK COS y> 

t<:(0) . <0o „ 1 VJV s in <p us w 

= t a n - 1 
q»(0) - Qi 

(0 0> 

when losses are neglected. Making this substitution and simplifying, 
the following condition equations are obtained. For n even, 

q»(0) ~ Q 
ic(0) . u „ n . 
— ^ H Qw sin y> 

0) O) 

N COS <p , I TIT 0 ) \ T17T U> 
■ = t a n I rrvK s I = —tan -= > 

and for n odd 

g»(0) ~ 
fc(0) , 

(0 0) 

- Q w cos v? . / » » T m r . o A n7r a 
= tan ( -o Y ZT J = + c o t ~o~ — 

— QN s in <p x ' 

(58a) 

(58b) 

The quantities g*(0), ic(0), <p and oi/uia may be considered to be the 
variables in Eqs. (58). In practice, three of these quantities must be 
specified or determined by special considerations. For example, if tc(0) 
and <?jv(0) are specified to be zero and o>/a>„ is given, the values of the phase 
angle <p calculated from Eqs. (58) are those necessary to obtain the repeat
ing transients when n is even and odd respectively. 

There are a great number of special cases that are of interest. In 
general, these may be divided into two groups, depending on whether 
resonant or nonresonant charging is used. Resonance is defined by the 
relation 

1 - LCCN<*1 = 0 . 

If losses can be neglected, this relation is equivalent to a; = a>„; otherwise, 
the natural resonant frequency is less than the resonant frequency defined 
by the above relation. For most applications, the difference between 
a and u>„ is negligible, and it is sufficiently accurate to set u = ua. The 
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following two sections treat separately the cases of resonant and non-
resonant a-c charging. 

9-6. A-c Resonant Charging.—As defined in Sec. 9-4 the condition 
for a-c resonant charging is 

1 - LcCNo>l = 0 

With o> = «<,, Eq. (54) becomes 

q*(t) = QN cos (oiat + <p - 8) + Aer" cos (aat + f) 

where 

QN = -5 -^- e^"*-8' = QN sin <p - JQN cos <p, 

B = 2 
■K 

J = g j v(0) - QN sin <p - j \ l ^ - QN COS <p + — (qN(0) - QN sin <p) 
\_ Ola 01a J 

A„(0) n \ 
, - I - ^ - QN COS <p) 

, j. 1 Ai . _, \ Ola / d ■1/ = t a n - 1 -r = tan J . ^ . . . ^—-. r r Ai L (QN{0) — QN sin <p) a>a. 

Making these substitutions and reducing, the equation for qN becomes 

QNH) = QN(1 - e—') sin (01J + <p) + e - 0 ' gw(0) cos oiat 

, A,(0) . ogAr(O) a n . \ . ,1 , . + I —— + Qw sin p I sin a>„2 ■ (59) 
\ Ola Ola Ola / J 

The condition for repeating transients, namely, ic(nw) — ie(0) = 0, 
must be examined separately for the resonant case. The current can 
be obtained from Eq. (55) or by differentiating Eq. (59), and is 

*.(*) = ^ (1 - e~") cos {oiat + v) 

+ e~°' (t 'e(0) cos oiat — o>„giv(0) sin oiat + nr~ S^n <"<■* C 0 S <P) 

+ — <r« l ^ - sin <p - *'„(()) - aq„(0) sin oiat. (60) 
Ola \_2LcO)a J 

For repeating transients, uat = nir, and for n even, 

p n , r a _ n r a 

Unr> = =£ (1 - e ~ ) cos <p + ic(0) e "• = zc(0). 
tic 

For n odd, that is, for a charging period containing an odd number of half 
cycles, the condition for repeating transients is ic(mr) = — i„(0). Since 
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two successive charging periods correspond to an even number of half 
cycles, the initial current returns to its original value, and it is apparent 
that the above condition is correct, and is equivalent to that for full-
cycle charging. For n odd, 

jp nra nxa 

ie(nir) = — rr (1 _ e "') cos <p — e ~^ ic(0) = — i„(0). 

Solving for ic(0) for n odd or even, 

*.(0) = j | cos <p, (61) 

and the expression for qN(t) becomes 

F 
q«(0 = D - 5 - (1 - e-°! sin (uat + <p) 

( r F C F Tf "I \ 

qN(0) cos ud + - ~ cos v ^ sin <p + ~ ~ qN(0) sin wat! • 

Introducing the quality factor Q = - ^ = ^-=—, 

q*(t) = QCNEb (1 - e~W) S i n (Wa< + v) 
tllgt 

+ e~2Q 

qK(0) cos oij + I QCNEh cos <p ~ sin <p + ^Q Q"(Q) ) s i n <"<•< • 

( 6 2 ) 
Differentiating, the current is 

— Wat 

idt) = QCxEwa (1 - e** ) cos (UJ + v) 
Wat ( 

+ e 2<3 | QCNEaaa cos <p cos ojat 

?*(())&>,, 1 . ) 
4 Q 2 - J Sln »•* ) 

= QCNEW* f (1 - e 2« ) cos («„< + *>) 

+ e ^ T (cos 9 cos a>J - [ g ^ ( l - 4Q-2) - ^ sin „ ] sin a,J ) ) , 

which, to a close approximation, is 

( —taat 

(1 - e~W) cos («„t + ?) 

+ e2« COS <p COS Wat — - ? „ gr S l n < ■ > < • ' (63) 
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For some purposes Eq. (62) is more convenient when written in terms of 
the network voltage vN = qs/Cn, that is, 

^ = «{(1 -«~£) sinM + ri 
+ c Q IhMcos "•*+ vcos * ~ msin»+ 2^ • km)sin Hr 

(64) 
If the losses can be considered negligible, that is, if Rc —> 0, Eq. (60) 

becomes 
Eh limit ic(t) = -=- (at) cos (wj + <p) + te(0) cos &>„£ 

R,->0 « c 

+ 27^~~ c o s v ~ w«?w(0) sin w0< 
ci J r ET I 

= ST- cos (u0i + *>) + i«(0) cos ««.< + „j b cos <p — <*>,,g/f(0) sin a>,,2, 
(65) 

and 

tc(nir) = ± -|jr-^ cos <p + i„(0) . 

where the plus sign applies to n even, the minus sign to n odd. Obvi
ously, the only solution for the condition for repeating transients is 

cos <p = 0 or ip — + JTJ 

and therefore 
».(0) = 0. 

Equations (61), (63), and (64) are the fundamental expressions for 
a-c resonant charging. Equation (64) gives the voltage stepup ratio at 
the discharge point as 

5*f> = ± [Q U - r 5 ) sin „ + ggg e - i ] , (66a) 

where the plus sign applies to n even, the minus sign to n odd. For the 
case mr/2Q <K 1, the exponentials may be expanded to give 

vN(mr) nw 
~ET ~ ~2 0 - 5 ) —+ ^(>-5> <»> 

For the particular case of zero initial charge on the condenser and 
negligible losses, the expression becomes 

Vff(nw) nr . 
~ET = Tsin *• 
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Hence, for n = 2, or one-cycle charging, the maximum network voltage 
at the time of discharge is r times the maximum applied voltage. 

The curves of Fig. 9-16 illustrate typical voltage and current wave 
shapes for Q = 10, and <p = 90°. The values for average and effective 
current, circuit utilization factor, and efficiency are of interest in trans
former design. They can be obtained as follows. 

^v 0 r 

- 2 

t * 
cNEbaa 

-2 

\ ?Cy 

1 ^ * w » 

ttt-

-2 

-2 

vx * 1 ^ 

wt-

^ 

^ 

\J 
y\ 

at. 
(a) n = 2 (full cycle), (6) n = 2 (full cycle), (c) n - 1 (half cycle) 

t>jv(0) = -Eb w(0) = 0. !w(0) = 0. 
F I G . 9-16.—Voltage and current wave shapes for a-c resonant charging. The broken 

line is the impressed voltage. 

Average-current Component.—The average current is zero for any 
charging cycle involving an odd number of half cycles; if n is even it is 
calculated from Eq. (63), using the definition 

1 fT'. 
Trio l° dt, 

where T, is the recurrence period and can be considered equal to the charg
ing period, since T « TV 
Then 

i FT' I _?A 
h„ = Y J QCNE^ (1 - e 20) cos (uj + f) 

+ e w cos <p cos ual — jkrr-T-r sin w, -]) dt. 

Noting that T, = nir/a>0 and letting x = oij, 
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= QCj^E^ p j ( 1 _ e-^ cog (x + f) 
n* Jo [ 

+ e 2Q\ cos <p cos x — lip L sin a; I dx. 

The integral is calculated in a straight-forward manner and evaluated as 
follows: 

T QC*E*. ( 1 ~ 6 0 ) l s m y - Q C ^ - J ,_- , 
j _ -v ow« x -t ^ neven. (67a) 

" rnc 1 i 1 _ 
+ 4Q2 

If nx/2Q <<C 1, the expression for ICmr can be closely approximated by 
expanding the exponential to three terms and neglecting 1 /4Q2. Thus, 

T Ci/Etwa / , nv\ T . gw(0) 1 ,„_,. 
7v--2— ^ - i Q J r ^ ' f e ^ } neven- (676) 

ROTS or Effective Current in the Charging Circuit.—The rms current is 
calculated from the definition, using the value of ic given by Eq. (63), 
that is, 

= Y ] (QCxEvJ* 1(1 - e *») cos M + v) 

+ e 2Q I cos ip cos <■>„£ — *.-, L sin a>a< I f at. 

But T, = nr/ua and letting, z = <*at, the expression becomes 

+ e 2Q I cos <p cos z — J;,, L sin x 1 f dx. 

The calculation of this integral is tedious and is not given here. The 
result, after applying certain very close approximations, is 
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For no initial voltage on the network, 

= (Qcwr i -j in 
*™* 2 [_ 717T 

+ — (1 - e"20) ( j L cos v - sin v \ sin ^ . (69a) 

The exponentials in Eq. (69a) must, in certain cases, be calculated to 
5 or 6 significant figures in order to obtain sufficiently accurate results. 
A more convenient formula is obtained by expanding the exponentials 
for the case where nv/2Q <K 1, that is, 

/ J L = ^ F [Q2 co. . „ + ^ sin* „ + « ( l - g ) sin 2 , ] . (696) 

I t is of interest to find the value of <p for a minimum Ic . By the 
rms " 

usual method, 

"k - ^ [(=£ - «■) - 2 < + 1 (' - 5 ) - * ] - »■ 
or 

? (1 - ^ 

If Q is reasonably large, for example, Q > 10, 

tan 2? « 2Q-

The solutions are, to a very close approximation, 

<f> = JQ ± -~-i where m = 0, 1, 2, • • • . 

The solution <p = 1/4Q corresponds to the maximum Ie , while the 
1 7T solutions (p = -m + ~ correspond to the minimum Jc . Thus, 4Q 2 "™ 

To obtain the minimum rms current with no initial voltage on the net
work, <p must thus be made nearly equal to x/2. 
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Circuit Utilization Factor (C.U.F.).—This factor is defined as 

power input to network _ PN 
eres input 
Cso-'aiV^hnr 

p TT p __ 
volt-amperes input E^^, ■ Ic, 

2wr 
Eb CNEyua L, , . n V . 2 ,Q(, rm\ . 

— ^ - yJQ* cos2
 v + - ^ w? <p + ^ \ \ - ^ j s i n 2* V2 y/2 

- ( l - g ) ) ^ 
4 - J Q 2 cos2 * + ^ sin2 * + %(l - g ) sin 2* 

C.U.F. » , _ X H' (71) 

For <p = 7r/2, corresponding to the most common operating condition 
for a-c resonant charging, 

CUT.-^(l-5> 
Charging-circuit Efficiency.—By definition, the efficiency r\c is 

n° = Py + Il Rc
 = , , /* Re' ( ? 2 ) 

where 

/ ^ f l . = ^ ^ L [ Q ' c 0 S ^ + i y s i n ^ + i ^ l - ^ s 1 n 2 y J ^ - z r a 

P * CwUa^Cnir) 

4 [ Q * COS2 * + ^ sin2
 9 + | ( l - g ) s i n 2 * ] 

Qnw M - ^ J sin2 *> 

_ 4 [ Q c o t 2 , + g + i ( l - g ) c o W 

The maximum efficiency occurs when PCngRc/PN is a minimum. 
This minimum is obtained, to a very close approximation, when 

C 0 t * = ~ i Q OT * = ± 2 + 4Q" 
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Thus for maximum efficiency <p is very nearly equal to ±v/2, in which 
case 

An2*1 mr 
II Re 12Q 3Q 

Ps ( nr\ i _ «^ 
n7fV 2Q/ 2Q 

and the maximum charging efficiency is given by 

7MT 

2Q 

1 6Q 

nir 
3Q' 

(74) 

9-6. A-c Nonresonant Charging.—In resonant charging the voltage 
rise or gain may be considered a result of ordinary resonance multiplica
tion. In nonresonant charging, 1 — LcCx^l 7* 0, there is also a voltage 
gain which, if the duration of the transient is limited to one or two cycles, 
may even exceed that for resonant charging. The voltage gain for non
resonant charging may be considered a result of beats that occur between 
the steady-state voltage of angular frequency o>a and the transient voltage 
of angular frequency u. The voltage rises to high peak values for a 
few cycles, and then subsides to the steady-state values as the transient 
dies out. In resonant charging, on the other hand, the voltage rises to 
higher and higher peak values, and the steady-state value is limited in 
magnitude only by damping. It is clear, therefore, that damping can
not be important for nonresonant charging, except when resonance is 
approached, that is, when w ~ «„. For transients with durations of one 
or two cycles, however, damping may be neglected without making 
serious errors, at least when calculating wave shapes. 

Neglecting losses, the network charge as given by Eq. (54) may be 
simplified to 

where 

and 

quit) = QN COS (uat + <f> - 6) + A cos (ut + $), (75) 

Q« = 
CtiEb 

B = limit tan-' ^ H ° 
Rc^0 l - ^ 

for - ' < 1, 

for ^ > 1. 
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Full-cycle Charging.—The condition for repeating transients for full-
cycle charging [see Eq. (58a)] gives, for n even, 

, nir 03 cot ^ • — = 
(»e(0) , 01a n • \ 

OI 0) / tan ^ 
7AT(0) — Qjr COS >̂ 

when Rc = 0 ( t ha t is, a = 0) . T h e n 

7T mr o) . 3 r t i T u 

a n d Eq . (75) becomes 

q«(t) = Qi\r cos (uj + <p — 6) ± A sin — ( o>at — -^ \ 

W h e n t = 0, t h e following expression m a y be ob ta ined for A: 

QK COS (<p - 6) - qK(0) 
±A = 

sin 

Equation (76) can now be rewritten 

qAt) = Q" cos (o>at + <p — 0) 

+ [Qw cos (<p - 8) - qN(p)] 

a.2 

cos (o>J + * > ) + ' 

. oi / . Wir\ 

ai nir 
sin — • -=-

ai / . nw\ 

u mr 
sin — ■ -~-

OJa & 

COS p 

sin 
a; / . n i r \ 

- q»(0) 

T h e cur ren t equa t ion ob ta ined b y differentiating Eq . (77) is 

oi mr 
sin ~-

01a & 

%M = -i 
1 - - . 

oi oi I . mr\ 
— COS — \oiJ,--^-) 
Pig 0>e \ £ _ / 

oi mr 
sin — ■ -=-

cos y — sin (aia< + <p) 

oi ( . mr\ 

- 8»(0) 
a) COS 

at mr 
a in— -o-

0la & 

(76) 

(7"<< 

(78) 
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The network voltage is derived from Eq. (77) and may be expressed in 
ratio form VN/EI,, that is, 

Eb 1 -
COS (&)„( + <p) + 

sin * ^ - T) 
sin w wr cos <p 

Pjr(0) 
#6 

CO / . 7 l7r \ 

(79) 

The voltage stepup ratio at the time (<o«< = wr) when the network dis
charges is 

vN{nx) 2 cos ip «iv(0) 
Eh 1 - £„ 

(80) 

where <p is related to ic(0), qx(0), and o»/co0 by the relation 

ab ± Va* - lab* + 1 
s i n <p = — 

in which 

a = — tan -^ > 
CO Z 01a 

a 2 + 1 

,(0) 

(81) 

/V(0) ■ *.(0) V , _« | \ 
\ a C A r £ 6 ^ UaCsE,,) \ a , 2 / 

When ic(0) = 0 and qx(0) = 0, the value of <p reduces to 

, u . nx u tan <fi = — cot -= > 
0>a 4 U« 

(82) 

and the equation for voltage stepup ratio at the instant of discharge may 
be written as a function of u/oia alone, giving 

vN(nx) _ 2 cos <p _ 
Eb 

1 •■ V 1 ~ = V \ 1 + = i c o t 2Tc7a 

(83) 

The values of the stepup ratio and of <p are plotted for one-cycle charg
ing (n = 2) as functions of u>a/ai in Fig. 9-17. The steady-state value of 
the network-voltage stepup ratio, neglecting losses, is also plotted here. 
When resonance is approached, that is, when &> *= u>0, the steady-state 
voltage ratio rises to high values. The transient-voltage gain is greater 
than the steady-state gain for certain values of u>B/«, illustrating the 
phenomenon of beats. 
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The maximum stepup ratio for the transient case is about 3.66, and 
occurs at u . / u » 0.7 and <p « 21°. 
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Fi<}. 917.—Voltage stepup ratio and phase angle as a function of u 0 / u for a-c inductance 

charging (circuit losses are neglected). 
Curve A is the voltage stepup ratio for n = 2 (one cycle charging). 
Curve B is the voltage stepup ratio for n = « . 
Curve C is the phase angle <t>. 

Again it is of interest to obtain the average and effective values of 
the transformer currents. The d-c current may be obtained by integrat
ing Eq. (781 over the charging period Tr = mc/ua. Thus, 

1 fTr 1 fnT 1 /■"' 
7«„ = W / *-W dt = 7T *•<*) d W ) = zr / l'<(x) dx> i , Jo nr jo nr J0 

Then 

— qK(0)u 

where o>at = x for convenience 

fc. 

nr Jo sm — 
<D0 

nr 
T 

to / njr\ 

Straightforward integration gives, for n even, 

2̂  
fflr 

CnEbO),, COS v> 

1-^1 
— UO<7AT(0) 

sin (x + <p)\ dx. 

(84) 

The rms current is calculated using the definition 
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1 fTr 1 /*"» 
jr / »1(0 dt = ~ *M d(»J). 

The evaluation of this integral is long and is not carried out here. The 
result, however, is 

'̂ ip^YK""*""^ + nx 

8 " o ; nw u> 
—= K C O S <p C O S -JT 

+ ■ 

where 

(85) 

9 ?» (Q) / 1 « l \ 
CNEJ \ o)2y 

0 ) o . 717T O) 

— sin -s 

Half-cycle Charging.—Following the same procedure that was used 
for full-cycle charging, the condition for repeating transients when n is 
odd is 

nir o) 
2 u„ ^ = 3T 

nir ai 

2 o)a 
4> = s ' or 

Substitution in Eq. (54) gives 

q«(t) = Qx cos (uj + <p - 0) + A cos — ( «„< - ^ V 
u a \ 2 / 

An expression for A may be obtained when t = 0, 

(86) 

+ A = gAr(O) — QK cos (y — e) 
nir OJ COS -5- • — 
^ Ola 

Equation (86) can now be rewritten 
qx(t) = QK cos {oiat + (p — e) 

gjy(O) — Q.v cos (^ — 0) 
+ 717T 0) 

c o s ^ - — 
CxEt, 

Ol' 

=(—f) 
, . , cos >̂ a; / wr \ 

Wa£ + *>) COS — I 0 ) o / - -77- ) 
COS -7; X ' 

i 01a 

£(»-'-f) + <?*(0) (87) 
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The equation for current is obtained by differentiating Eq. (87). Thus, 

*.(0 
CrtEtJj)a 

1 
(I) 

1 — — 
2 

or 

s i n (&>„< + <p) — ■ 
COS I -jr 

josp w . T u / , nirMl 
/ v- - s i n L ^ u . ( - ™ 
/raraA<"« L<"° V 2 / J f 

\ 2 «J J 
("■* " T ) . . sin -

gy(0) <J w, 
Cl/Eb £i>0 

cos-

The network voltage is derived from Eq. (87) and may be expressed in 
ratio form, that is, 

v»(t) 
Et 

1 

1 -
cos (uat + <p) — COS <p 

COS 
COS 

+ g»(0) 
Ci/Ei, 

a ( , mr\ 

(89) 
cos-

The voltage stepup ratio at the time (&>„< = nv) when the network dis
charges is 

»Ar(nx) 2 cos y ww(0) 

1 - £» 
(90) 

where <p is related to ic(0), gw(0), and <o/a>0 by 

'sin <p + i.(0) A _ ^ 

-cos * + c^A1" *) 
= tan -s- — 

2 <d„ 
(91) 

For the special case where both the network voltage and charging current 
are zero at time / = 0, this relation may be simplified to 

— tan IB — — tan -= • (92) 

The direct component of current must, of necessity, be zero if n is odd 
by reason of symmetry. The rms current is obtained by integrating 

Trjo tKO dt. 
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The result of evaluating this integral is 

11 - n— / j \ \nir + k21 nir sin nr — I 
™» 2IMT I i _ "S I L \ u <■><■/ 

399 

+ 
8k — sin <p cos -?- — 

a) 2 (iia 

where 

(93) 

k = 
— cos-=-

L_[^)( 1_4)_C O SJ. 
WIT UlClfEb \ ft)2/ J 

Figure 9-18 gives representative voltage and current wave shapes 
for a-c nonresonant charging; (c) and (6) correspond to zero initial cur
rent and network voltage for half-cycle and full-cycle charging respec-

•»o 

-4 

"Ov ,<■■ / 

8 

4 

ic o CNEbUa ° 

- 8 

8 

4 

0 

-4 

- 8 

^ \ V 
/ \ 

/ \ 
/ 

8 

4 

0 

- 4 

- 8 

^ 

\ 
\J 

A 
/ \ \J 

2ir 2W 

(c) 
-Eb. 

2V 

(a) <b) 
(a) Full cycle, n = 2; w„/w = 0.80; *> = 0°; »*(0) 
(b) Full cycle, n = 2; u«,/a> = 0.70; <p = 21°; m(0) = 0. 
(c) Half cycle, n = 1; u. /w = 0.50; «> = 0°; w(0) = 0. 

Fio. 9-18.—Voltage and current wave shapes for a-c nonresonant charging. The 
broken line is the impressed voltage. 
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tively, and (a) is a special case of full-cycle charging. Figure 9-186 
corresponds to the case of maximum voltage stepup ratio for full-cycle 
charging. 

9-7. Practical A-c Charging Transformers.—In all practical cases, 
the charging inductance used for a-c charging pulsers is built as leakage 
inductance into the transformer supplying the high voltage. A major 
component is therefore eliminated, with resultant savings in the weight 
and size of the pulser. The majority of a-c charging transformers fall 
within the following range of ratings: 

Leakage inductance: 1 to 25 henrys. 
Secondary rms current: 0.05 to 1 amp. 
Secondary peak voltage: 5 to 30 kv. 
Kilovolt-amperes: 0.5 to 10 kva. 
A-c frequency: 60 to 800 cycles/sec. 

The leakage inductance of a transformer increases when the ratio of the 
primary flux cut by the secondary 
to the total primary flux decreases. 
This decrease can be achieved in 
several ways: 

Exciting core 

Exciting core 

Secondary coil 

1. By a physical separation of 
the primary and secondary 
windings on the core. 
By the use of a magnetic shunt. 
By the use of a leakage core. 
By a combination of the above 
methods. 

High-reactance transformers that 
have a magnetic shunt or a leakage 
core are commonly used because the 
leakage flux is more easily controlled 
by these means. Figure 9-19 shows a 
typical magnetic-shunt transformer. 
The normal flux path through the 
exciting core of the transformer is 
indicated by FFF. The magnetic 
shunts that provide a path for the 
leakage-reactance flux are located 
between the primary coil P and the 
secondary coil S. These shunts are 

composed of iron laminations of the same quality and thickness as those 
used in the main transformer core. By increasing or decreasing the 

Magnetic shunt 

Section A-A Magnetic shunt 
F I G . 9-19.—Sketch of an a-c resonant-

charging transformer with a magnetic 
shunt; <pe is the exciting flux and 0i is the 
reactance flux. {Courtesy of 
Electric Co.) 

General 
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spacing of the air gaps at the ends of the magnetic shunts, the leakage 
reactance of the transformer can be adjusted. 

The magnetic-shunt transformer is simple in design and construction. 
There are certain current phase conditions on capacitive loads, however, 
under which the leakage-reactance flux and. the exciting flux add in such 
a way as to increase the flux density in the two outside legs of the trans
former core. This increase may cause magnetic saturation of the iron 
in the core legs, with a corresponding 
increase in core loss and decrease in 
inductance for the large values of sec
ondary current. 

Figure 9-20 shows a transformer 
having a separate leakage-reactance 
core. The design comprises a primary 
coil P and the secondary coil S 
which are linked by a normal exciting 
core as shown. In addition, a leak
age-reactance core containing an air 
gap is provided in order to link the 
secondary winding and to serve as 
a magnetic path for the leakage 
flux. The spacing of this air gap con
trols the reactance and its physical 
shape determines the reactance-
versus-current characteristics of the 
transformer. An air gap is also pro
vided in the exciting core in order to 
prevent its saturation by the direct-
current component in the secondary 
winding. 

The separate-leakage-core transformer has an advantage over the 
magnetic-shunt transformer because it provides a separate path for the 
leakage flux, and therefore prevents the leakage flux and the normal 
exciting flux from adding to produce saturation of the steel. A trans
former of this type requires two separate cores, but is comparable to 
the magnetic-shunt transformer in simplicity of design and construction. 
A transformer having a separate leakage core requires approximately 
10 per cent more space than that having a magnetic shunt, but the 
additional space has not limited its applications. Figure 9-21 shows the 
assembly of cores and coils for a transformer with a separate leakage core. 
The various parts can be recognized by comparison with Fig. 9-20. 

Linearity Requirements for A-c Charging Transformers.—The switches 
used in a-c charging pulsers are nearly always rotary spark gaps, which 

Separate leak
age core 

Finish layer 

Separate leak
age core 

Air gap 

Primary 
coil 

Secondary coil 

Finish layer 

Exciting 
/ core 

Section A-A 
F I G . 9-20.—Sketch of an a-c re

sonant-charging transformer with sepa
rate leakage core; <£« is the exciting flux 
and 0i is the reactance flux. (Courtesy 
of General Electric Co.) 
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have complex operating characteristics. Perhaps the most important 
complicating factor encountered with rotary-gap pulsers is the increase 
in spark length with power level. This increase in gap length changes 
the a-c voltage phase at which the spark occurs, thereby disturbing the 
charging-circuit conditions. The phase of the a-c voltage may also be 
changed by the effect of the load current on the alternator magnetic field. 

As a result, transformers having 
constant leakage inductance for all 
currents in the operating range 
usually do not give the best over
all performance. Since an exact 
analysis is difficult, the final adjust
ment of the inductance characteristic 
of the charging transformer is always 
made by experimental observation 
on an electrical sample of the pulser 
circuit, including the alternator. 

The leakage inductances of charg
ing transformers are measured by 
the same methods as those used for 
d-c charging reactors (Sec. 9-2). The 
transformer primary is short-cir
cuited and superimposed a-c and d-c 
currents are passed through the sec

ondary. In the case of half-cycle a-c charging, the direct current in the 
transformer is zero. When testing full-cycle resonant charging trans
formers, the a-c to d-c current ratio is taken as 2.9, but for nonresonant 
charging the ratio is larger. The value of 2.9 is derived as follows. For 
full-cycle charging (n = 2) Eq. (706) reduces to 

F I G . 9-21.—Core-and-coil assembly of 
a high-reactance transformer. {Courtesy 
of General Electric Co.) 

\ * Cnna/mra ~~ (94) 

The corresponding average current from Eq. (67a) is 
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The a-c component of the secondary current is given by 

72 _ (p \ . _ 72 _ 72 

Hence the a-c to d-c current ratio is 

Using representative value for the quality factor, that is, Q = 10, 
the a-c to d-c current ratio is found to be 2.9. For zero circuit loss, that 
is, Q = 00, the ratio is reduced to 2.37. 

The charging-current wave for the case of a-c resonant charging with 
zero initial voltage on the condenser and zero current is shown in Fig. 
9-166, where the form of the a-c component of the current is seen to be 
approximately sinusoidal. The maximum value for this a-c component 
is 1.62CirEi/ua, whereas the peak value of the corresponding sine wave, 
calculated for Q = 10, is 1.84CxEibia. Since the inductance-measuring 
method closely simulates the current under operating conditions the 
values of leakage-inductance determined by this method may be con
sidered to be significant. 

The inductance of the charging circuit includes that of the a-c alter
nator or other a-c voltage source. The effective inductance of the special 
alternators used with a-c charging pulsers may be from 10 to 20 per cent 
of the total inductance, and must be subtracted from the calculated value 
in order to obtain the net leakage inductance required in the charging 
transformer. The effective alternator inductance is difficult to calculate 
in any given case and is also difficult to measure, except when it is used 
directly in a pulser circuit. 

A transformer to be used with an a-c charging rotary-gap pulser 
usually gives the best over-all performance if its leakage inductance 
decreases slightly with increasing current. The leakage-inductance 
characteristics for two representative transformers are shown in Fig. 
9-22, that in Fig. 9-22o having a magnetic shunt, and that in Fig. 9-22b a 
leakage-reactance core. As is to be expected, the transformer using a 
leakage-reactance core has the more linear characteristic. The allowable 
amount of decrease in the inductance characteristic is estimated by 
experience, and the final adjustment is always made on an actual test 
pulser. 

B-H Oscillograms for Typical A-c Charging Transformers.—The 
leakage-inductance characteristics may be shown by graphs such as those 

4*-2 

« ( ' - » ) ' 
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in Fig. 9-22. The B-H oscillograms, however, are more fundamental, 
and reveal in detail the effects of transformer-core saturation. Two 
complete sets of B-H oscillograms for the same transformers as those of 
Fig. 9-22 are shown in Fig. 9-23 and Fig. 9-24. 

20 

£15 

110 
C 
4" 5 

£3 
.£2 
C 
4"! 

50 100 150 200 250 300 350 

(a) 

— — 

7e K in ma 
0 0.2 0.4 0.6 0.8 1.0 1.2 

Ic in amp 

"(6) 
(a) With a magnetic shunt; rated I e M = 300 ma. 
(f>) With a separate leakage core; rated J ^ . = 1 . 2 amp. 

Flo. 9-22.—Leakage inductance vs. secondary a-c current for typical a-c charging 
transformers. 

An ideal a-c charging transformer is one that has zero internal loss, 
as well as a constant stepup ratio and leakage inductance over the range 
of voltage and currents used. The B-H oscillograms for such a trans
former would consist of straight lines enclosing zero areas, instead of the 
loops enclosing finite areas that are actually observed. The leakage-
inductance B-H oscillograms for well-designed charging transformers 
always enclose small areas, indicating that the losses are relatively small. 
The linearity of the B-H loops depends to a great extent upon the type 
of leakage-flux path used in the transformer. Transformers with 
magnetic shunts usually show the greatest saturation effects. 

The oscillograms in Fig. 9-23 are good examples of this tendency since 
there is a slight amount of saturation even at one-third rated load cur
rent when direct current is present. The curvature of the remaining 
B-H loops increases, although not markedly, with increasing current. 
As indicated by theory, the removal of the direct-current component 
lessens the degree of saturation. The other oscillograms in the same 
figure show the secondary exciting current when the primary is open-
circuited. Since the areas of these loops are considerably greater than 
those for the leakage inductance, it is evident that the core losses are 
greater. The high degree of saturation induced by both the over-voltage 
and the direct current is indicated by comparison with normal B-H loops 
for the transformer-exciting current. 

The set of B-H oscillograms shown in Fig. 9-24 are for a transformer 
with a separate leakage core, and form an interesting comparison. The 
leakage-flux oscillograms indicate very slight saturation of the leakage-
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4500 
volts, 

Li = 330 
henrys. 
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I*rimary open-circuited, no d-c in secondary 
Fia. 9*23.—B-H oscillograms for an a-c charging transformer with a magnetic shunt 

Transformer rated at 0.300 amp rms and 9000 vfilts secondary voltage. 
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V\u. 9-24.—B-H oscillograms for an a-c charging transformer with a separate leakage core. 

Transformer rated at 1.20 amp and 7500 volts secondary voltage. 
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flux core. Likewise, the direct-current component has only a very small 
effect on the measured values of the leakage inductance. The oscillo-
grams for the secondary exciting current are also of a somewhat different 
character than those for a transformer of the magnetic-shunt type. The 
direct-current component has less effect on the degree of core saturation 
in the latter case. Unfortunately, however, limitations in the measuring 
apparatus prevented the overvolting of the secondary, and it was there
fore impossible to obtain a complete set of comparative data for the latter 
transformer. 

9-8. The Design of High-reactance Transformers.1—Only the design 
problems specifically related to high-reactance transformers are discussed 
here since those common to both d-c charging reactors and a-c charging 
transformers are treated in Sec. 9 3 . 

The determination of the effective voltage stepup ratio and the induct
ance of the transformer is made by calculation and by experiment. 
Theoretically, the total reactance in an a-c resonant-charging circuit of 
the full-wave type should be about 194 per cent, that is, 

V2 1.94. 

The series reactances of the power supply and the high-reactance trans
former are combined to give this reactance. Nonlinearity of the trans
former inductance may be provided by extending the length of a few of 
the laminations on the leakage core, thus providing a short gap of small 
cross section in parallel with the main gap. 

Pulse-forming 
network 

F I G . 9-25. 

D-c A-c 
field power 

supply supply 
-Diagram of a line-type pulser using a-c charging. 

Figure 9-25 shows the general circuit in which a-c resonant-charging 
transformers are used. The pulse transformer shown does not contribute 
in any way to the characteristics of the charging circuit; hence, for most 

! By H. H. Koski of the General Electric Company, Pittsfield, Mass. 
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purposes, the impedance of the pulse transformer can be considered to 
be zero, except during pulsing. 

Figure 9-26 shows the equivalent circuit of the diagram given in 
Fig. 9-25. The induced voltage, usually sinusoidal, in the generator 
armature is shown by Va- This voltage is applied to the resistance and 
reactance components of the a-c generator, resonant-charging trans
former, and the capacitance Cn in the pulser circuit. 

A-c 
" generator" 

F I G . 9-26.—Equivalent circuit of a line-type pulser using a-c charging. 

Typical oscillograms of the voltage output of the transformer in a 
full-wave charging circuit are shown in Fig. 9-27. The exponential decay 
in the voltage after the pulse is caused by the time constant of the viewing 
circuit that is used in conjunction with a cathode-ray oscilloscope to 
observe the charging waveform. 

FIG. 9-27.-
(a) Slow sweep. (b) Fast sweep. 

-Charging voltage wave shapes in an a-c charging line-type pulser. 
of General Electric Co.) 

{Courtesy 

Sample Design.—The following sample calculations show the general 
procedure followed in the design of a transformer having the following 
specifications: 

Input: 115-volt, 635-cycle. 
Effective turns ratio: 1/49. 
Inductance: 6.2 henrys + 5 per cent. 
Current in high-voltage winding: 0.330 amp rms, 0.114 amp d-c. 
Recurrence frequency: 635 pps. 
Peak charging voltage: 21.8 kv. 
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Full-cycle charging circuit. 
Efficiency: 90 per cent. 
Ambient temperature range: — 40°C to +50°C. 
For shipboard use. 
Hermetically-sealed unit, dimensions not specified, mounting to be 

by means of a clamp over the top edge of the tank. 
PFN capacitance: 0.0091 Mf-
Generator impedance: 3.9 ohms. 

For this case, tests indicated that an actual turns ratio of 1/44 was 
required instead of the theoretical value 1/49; in the same way, the neces
sary transformer inductance was found to be 6.2 henrys as against 5 
henrys indicated by the original computations. 

This transformer was designed to have a separate leakage core (Fig. 
9-20), but the calculations can, in general, be applied to one having a 
magnetic shunt. Figure 9-21 shows the core and coil of the assembled 
unit. The design calculation is started by choosing values of maximum 
flux densities compatible with previous experience. Selecting 27,000 
and 40,000 lines/in.2 for the flux in the main and leakage cores respec
tively, and a cross section of 3 in. by £ in. for the main core, the voltage 
per turn may be found by the formula 

V, = \frXBcXAcXW-*, 

where Ac is the net area of steel or the cross section multiplied by the 
space factor. Assuming a value of 0.88 for this factor gives 

V, = 4.44 X 635 X 27,000 X 3 X | X lO"8 volts 
= 1.76 volts. 

Hence, the coils require 65 and 2860 turns respectively. 
The leakage-reactance core can now be determined. I ts flux is 

given by 
U X / e m t I X 108 

<t>ik = j j > 

where ICm*K — 1.8Jena,, and N = number of high-voltage turns. Then 

6.2 X 0.33 X 1.8 X 108 

<t>lk 2860 
= 129,000 lines. 

Past experience indicates that about 20 per cent of this flux is external 
to the leakage core, leaving only 103,000 lines in the core. The cross 
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section of the leakage core at 40,000 lines/in.2 equals 

103,000 
40,000 = 2.58 in.2 

This value closely approximates that for the main-core cross section. 
For mechanical reasons, the same section is used for both cores, giving a 
flux density 

„ 103,000 . , _ . . ,. 2 B" = ~oW^ = 44,600 lmes/in.2 

in the leakage core. This value is approximate and must be corrected 
later when the flux external to the core is calculated. 

The coils can now be designed. In order to stay within the allowable 
current density at full load (assumed to be 1300 amp/in.2), the secondary 
conductor must be 0.0179 in. in diameter, and the primary 0.120 in. 
by 0.090 in. The latter cross section corresponds to the equivalent value 
of the a-c component of the high-voltage current plus the core-exciting 
current. The conductor shape is determined solely by the complete 
coil-shape desired and the wire sizes on hand. 

The low-voltage wire is chosen with paper insulation, making the 
over-all insulated size 0.131 in. by 0.101 in. Two layers are necessary 
for the coil and a sheet of 0.015-in. insulation between the layers serves 
as mechanical support for the second layer. 

In order to reduce the voltage induced in the primary by the discharge 
of the pulse-forming network and thus to minimize radio-noise inter
ference, a grounded electrostatic shield is interposed between the wind
ings. This shield consists of a brass screen insulated from the coil by a 
sheet of 0.015-in. layer insulation forming one open turn around the 
coil. It is bonded to the core clamp and hence to ground. Some insula
tion must be between the ends of the shield to prevent a short-circuit. 

The high-voltage wire is constructed with double enamel and cotton 
covering, which makes its nominal over-all diameter equal to 0.0246 in. 
In order to distribute the voltage stresses more evenly under the impulse 
conditions of operation, the last layer is made of more heavily insulated 
wire, as shown in Figs. 9T9 and 9-20. This wire insulation consists of 
^5-in. black varnished cambric insulation, which needs only a few turns 
for a full layer; thus, the number of turns of the 0.0179-in. wire is reduced 
accordingly. 

The insulation in the transformer consists of the coil cylinders, paper-
layer insulation in the coils, pressboard collars and barriers, wooden 
spacers, and oil. 

Because of the mechanical strength required, the coil cylinders present 
no problem in electrical insulation. The layer insulation in the coils, 
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the creepage distance around the ends of the layers, the collars and bar
riers between the high-voltage coil and the cores, and the insulation of 
leads are all determined from the corresponding applied voltages and the 
limiting values of stress. Some of these values are calculated directly, 
but others must be obtained from a scale layout of the transformer. 
Another reason for using a scale layout is the necessity of measuring the 
cross-sectional areas of the coils and the area between coils in order to 
calculate the air and iron fluxes more accurately. 

Leakage-reactance-core Gap.—The preliminary calculation of the flux 
in the leakage-reactance core was based on an estimate of the flux in 
the air external to the core. The air flux is now calculated from the 
actual dimensions of the transformer in order to give a more accurate 
value of core flux for use in determining the gap in the leakage-reactance 
core. 

The flux <t>i external to the core is1 

* i 

3 . 1 9 ^ + A(*_;) + ^ ) i V J c m « 
$ ■ 

0.65Z* 
where 

A\ = cross-sectional area of the high-voltage coil in in.2, 
At = cross-sectional area of the low-voltage coil in in.2, 

A(\-i) = area between the coils in in.2, 
h = length of winding on the high-voltage coil in in., 

and 

3.19 (~ + 5.85 + —J (2860)(0.330)(1.8) 

* ' = (0.65) (4.25) 
= 23,200 lines. 

Since a total flux of 129,000 lines was previously calculated, 105,800 lines 
are left in the core. 

Because of the effect of "fringing," the calculation of the core gap 
is a trial-and-error process. The actual length of the gap is used, but its 
cross-sectional area is increased by an empirical amount that is a function 
of the length. 

First, the ratio of effective area to length of the leakage-reactance core 
is calculated; 

iii = fo 
l„ (3.19)(JV7m) 

where A„ = effective gap area, lg — gap length, and <£2 = core flux. 
1 The factor 0.65 in the denominator is empirical and depends on the coil configu

ration. Its value may vary from 0.6 to 1.1. 
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There results 

A. _ 105,800 = iQ 5 i n 
k (3.19)(2860)(0.330)(1.8) 

Assuming a gap length of 0.160 in., the effective area is calculated from 

A. = Aa + M p , 
where Aa is the actual cross-sectional area of the gap, and p„ is the 
periphery of the gap. 
Therefore 

A° - 3 x g + (0-16°f75) 

= 3.03 in.2 

Checking, 

17 = o360 = 1 9 0 i n -
A gap length of 0.155 in. would almost exactly check the value calcu

lated for AJlQ but the value 19.0 is within the design limits. 
A gap of this length is satisfactory, but a nonlinear inductance gives 

more stable operation. The ordinary gap gives an almost linear induct
ance. By experiment, a nonlinear inductance is obtained by making 
the gap with several of the outside laminations extending into the gap. 
At low currents the short gap between the extended laminations gives a 
high inductance, but at high currents these extended laminations become 
saturated, causing the effective length of the gap to increase. The 
inductance at high current is therefore decreased by some value depend
ing on the proportions of the gap. The final design has about a 15 per 
cent drop in inductance from £ to full current. This gap construction 
requires preliminary tests on the cores in order to adjust the spacing to 
the right value. 

Losses.—The losses in the transformer are important not only from 
the standpoint of resonant-voltage rise but also from the point of view of 
efficiency and heating. The losses, shown in Table 9-3, consist of PR-
and eddy-current losses in the windings, core loss, and stray loss, which is 
an all-inclusive term covering indeterminate losses in the insulation, the 
clamps, and the tank. 

The ratio of the expected voltage rise to the applied a-c voltage in a 
resonant-charging circuit is given by the relation (666) which, in this 
case, reduces to 
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where 

rma 

*.' ) Hence, for full-cycle charging. } 

i JI 

^ ~ 2 . 9 8 . * ) 

The leakage-core loss is calculated by assuming that the wave is ' 
unsymmetrical, that is, the first peak has only half the voltage of thel ' 
second peak. The stray loss depends greatly on the mechanical propor-i- -J 
tions of the transformer and can be estimated only from experience; in a 
transformer of this type it is usually about equal to the total coppei^losjfe.- 1 

TABLE 9-3.—TRANSFORMER LOSSES f 1 
Watts full load;3 

a-c resonant- ^ 
Loss charging cirfjuR*. x 

In primary coil PR plus eddy-current loss 13.45 ^ -' 

{ PR plus eddy 1 7 . 7 1 ' ' ,J 

Leakage-core loss 29.0 - . J 

Stray loss 30. \[/rJ [ ^ . j 
Total loss in charging circuit, Pc 90.16 [■J^.jj £ --a 
In exciting core 24.4 
Total transformer loss 114.56 

Heating and Oil Expansion.—The operating temperature of the wind
ings, core, and oil is determined by computing empirically the tem
perature drop from the wire and core to the tank surface through the 
insulation, the oil, and the contact surfaces. In this particular example, 
the losses correspond to approximately 0.2 watts/in.2 of tank, giving a 
temperature rise of 25°C from ambient air to oil. The temperature rise 
in the oil from tank to coil depends on conduction and convection, and 
may amount to 15°C in this transformer; the rise from the coil to the 
windings amounts to about 10°C for a coil construction of the particular 
type used in this case. The temperature rise of the core above oil, 
resulting from a dissipation of about 0.25 watts in.2, is also about 10°. 
The temperature rise of both coils and core above the external ambient 
temperature is therefore about 50°C. 

In this particular transformer, an air space is provided in order to 
limit changes in pressure inside the tank, resulting from temperature 
variations that cause the oil to expand or contract. The expected pres-
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sure is then calculated from the following empirical formula: 

U70V2;,T + 65.4r 

where 
P 
T 

VT 

P = 29,800 VT + 0.0147 T2 

= absolute pressure in lb/in.2, 
= final gas and oil temperature absolute in ° 
= ratio of air volume to oil volume at 25°C, 
= ratio of air volume to oil volume at T°C. 

Hold-off diode 

J 

If a final oil temperature of 80°C is assumed, F25 = 0.0715 and VT 
= 0.0276, giving a pressure of 22.7 lb/in.2 if there is no flexing in the tank. 
In practice, the elasticity of the sides of the tank reduces that pressure 
appreciably. 

9-9. Miscellaneous Charging Circuits. A-c Diode Charging.—A sim
ple method for a-c charging, mentioned in Sec. 9-4, is to insert a hold-off 

diode between the high-voltage transformer 
and the network as shown in Fig. 9-28. As 
illustrated by Fig. 9-29, the voltage on the net
work builds up to almost the peak positive 
value of the transformer voltage. The hold-
off diode prevents the reverse flow of current, 
and therefore maintains the charge on the net
work until the switch is fired. The discharge 

of the network is timed to take place during the negative half cycle of 
the transformer voltage in order to insure a long deionization time for 
the switch. 

The equations for a-c diode charging are developed on the assump
tions (1) that the transformer has zero leakage inductance and (2) that 

Network 
,=t storage 
N condenser 

Transformer 

F I G . 9-28.—Schematic cir
cuit diagram for a-c charging 
using a hold-off diode. 

t Charging 
period 

Hold-ofT 
s period 

Discharge 
point 

i r \ /27T 

"•—' Transformer 
voltage 

\37T /47T >57l 

A / * 
ier V ^ / \ 

Flo. 9-29.—Voltage relations for a-c diode charging. 

the diode loss can be represented by an equivalent resistance. The 
differential equation and initial conditions for the network charge q* 
during the charging period are 
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„ dqN . QN „ ■ , He -TT + jr = &b sin aat, 

q»(P) = 0, 

(t),. - ° 
The corresponding Laplace-transform equation is 

C „ * " v " p2 + o>* 
Solving for qN(p), 

3*(p) = ^ • T r 4 08) 
\ RCCNJ (P2 + «J) 

The inverse transform giving g»(0 is 
C1 7/1 —"of 

9w(0 = 1 i wni 2 {RcCHUaeR'c"°° - RcCNWa cos &)„< + sin o>J). (99) 

By differentiating, the current may be found to be 

C T? — tOaf 

»c(0 = 1 , ' P O T a {RoCxUa sin &>„/ + cos oia« — e
B'C!"»°). (100) 

The maximum voltage on the condenser occurs either for ic(t) = 0, 
or for a value of t = t\ given by setting Eq. (100) equal to zero. Then 
ti is a solution of 

RcCNua sin &>„<! + cos uJi - e R'c>"°° = 0. (101) 

By substituting Eq. (100) into Eq. (99), the relation 

(3jv)m«x = CffEb sin oiJi 

is obtained. For most practical cases of a-c diode charging, RcCsoia <K 1. 
For example, if RcCKo3a = 0.04, the exponential term in Eq. (101) is 
negligible, and uji is given approximately by 

— 1 w 
tan &>„<i = ,p-£— or u>ati ~ H + R£no>a. 

Using this value of uati, (giv)m.x becomes 

M- " vi TR\CW. - c**- (102) 

to a very close approximation. When RcCNwa is not small compared 
with unity, the more exact equations must be used. For the remaining 
calculations, it is assumed that RcCNcoa « 1, and the average and effec-
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tive currents are found to be 

and 

Ic_. = 
CsEyUa 

2 V 2 
respectively. 

The transformer utilization factor, T.U.F., or ratio of power output to 
transformer volt-amperes, is then 

T.U.F. 

0>a 1 
2ir ' 2 cm 
Eh diEbOla 

0.32, (103) 

V 2 2 \ / 2 

and the charging efficiency, TJC, is given by 

o>a 1 
power output 2r 2 C " ^ 

1 c = power input Ola 1 
2 ^ 2 C*£? + ClEWa Re 1 + | flcO„ 

(104) 

if the core loss in the transformer is neglected. Both the diode resistance 
and the transformer effective resistance must be included in Rc. 

A-c diode charging normally has a high efficiency if a suitable diode is 
used. The method has the advantage of being simple and requiring no 
adjustments. On the other hand, it has the disadvantage of having a 
very low T.U.F. and requiring a high-voltage diode. These disadvan
tages limit its use to.relatively low-power circuits. 

A variation of the a-c diode-charging circuit is one in which a resonat
ing inductance is included in order to increase the network voltage. 
Neglecting losses, the maximum voltage on the condenser is increased 

by a factor of w/2 and the T.U.F. is like
wise increased. This circuit has no advan
tage over the a-c resonant-charging circuit, 
however, except in the case where the a-c and 
the recurrence frequencies are subject to con
siderable variation. 

The a-c diode-charging method may be ex
tended to full-wave charging by using two 

diodes in a manner similar to the ordinary voltage-doubler rectifier cir
cuit. The two-diode charging circuit is shown in Fig. 9-30. 

FIG 9-30.—Two-diode charg
ing circuit. 



CHAPTER 10 

PERFORMANCE OF LINE-TYPE PULSERS 

B Y J. V. LEBACQZ 

In the preceding chapters the behavior and performance of Hie 
various components of the pulser and of the discharging and charging 
circuits are considered separately. In most of the discussions it is also 
assumed that the pulser load stays constant, both from pulse to pulse 
and during one pulse. In practice, however, the load is not always the 
same from pulse to pulse, and there are special conditions that requive a 
consideration of the entire pulser circuit. Faults can occur in some of 
the components or in the load, and it is necessary to devise protective 
measures in order to limit the resulting damage to the other components. 
Some magnetrons exhibit spurious characteristics, such as mode-changing 
or sparking, which can be alleviated by careful pulser design. 

The purpose of this chapter is to indicate some of the principles to be 
followed in the design of the pulser as a whole in order to obtain the most 
satisfactory operation that is compatible with the load characteristics. 

10-1. Effects of Changes in Load Impedance.—The purpose of this 
section is to discuss the effect on the pulser circuit of sudden variations in 
load impedance, either from pulse to pulse, or during one pulse. Small 
variations in load impedance usually have little effect on the operation of 
the circuit. This fact can easily be understood by the considerations of 
power transfer, discussed in Sec. 7-2, which show that, little change in 
output power is introduced by a slight mismatch between the impedances 
of the load and the pulse-forming network. This statement, however, 
must be qualified when the entire pulser circuit, including the charging 
circuit, is considered. I t can then be shown that the effect may not be 
negligible if a unidirectional switch is used. 

Of more direct concern are the effects of large variations in load 
impedance which are usually produced by faulty operation of the load, 
such as an open circuit or a short circuit. Either one of these conditions 
may occur for an indefinite length of time, for only one or a few pulses in 
succession, or—as, for instance, with some sparking magnetrons—they 
may be expected to repeat at irregular but frequent intervals. The 
general measures taken to protect the circuit agaii.st such load behavior 
are considered in this section, and a more complete analysis of the opera
tion of the pulser with a sparking magnetron is given //; Sec. 10-3. 

417 
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Effect of Load on Pulser Operation.—In Sec. 7-1 it is shown that the 
current and voltage supplied by an ideal pulser discharging a pulse-form
ing network of impedance ZN into a resistance Ri are given by 

/ ; 

and 

V, 

The voltage left on the network at the end of the pulse is given by 

Vs-x = * ^ V „ . (3) 
til -T &N 

If Ri > ZN, VJC_I has the same polarity as VN, and the voltage left on 
the network discharges through the load, giving reflected pulses of 
amplitude 

Vi = Rl \ l ~ Z") VN 
RI + ZN \RI + ZN) 

where Vi„ is the voltage of the nth reflected pulse following the principal 
pulse. Obviously, if the load is a biased diode, the reflected pulses in 
the load appear only as long as the voltage left on the network VN-* is 
greater than the bias voltage V,, and the value of Ri changes with each 
successive step. If V, > VN-*, the discharge takes place entirely through 
shunt paths in the pulse transformer. 

If Ri < ZN, three cases must be considered. If the load is a resistance 
and the switch is perfectly bidirectional, voltage left on the network dis
charges through the load in the same fashion as when Ri > ZN, and 
reflected pulse voltages appear across the load, the successive voltages 
being of opposite polarity. If the switch is unidirectional the voltage 
given in Eq. (3) is left on the network, since its discharge requires a cur
rent of polarity opposite to that of the main pulse flowing through the 
switch. This voltage affects the amplitude of the network voltage at 
the end of the following charging cycle in the manner described below. 

If the switch is imperfectly bidirectional—that is, normally passes 
current in either direction but may hold off some voltage of either polarity 
because deionization sets in—this voltage affects the following charging 
cycles and, since it is random in nature, may also cause random varia
tions in the peak network voltage. 

The following discussion applies to the relatively simple but very 
important case of a pulser using d-c resonant charging and a unidirectional 
switch. A constant load resistance Ri is assumed, instead of a biased 

Ri + ZN V„ 

Ri 
Ri + ZN 

VN. 

(1) 

(2) 
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diode load. The voltage at the end of the nth charging period is given by 

7 * . = £„, + (E» - 7,n_,)e u. n= 1,2 ■ (917a) 

where Vj„ = VK„-i is the voltage left on the network by the mismatch 
as derived from Eq. (3) and shown 
in Fig. 10-1. 
and 

„ 1 2ir 
1' = 7 = —' 

Thus 

VXn = EN, + (EM - Vj^e 2«, 
where 

Rc 2 Rc 

! 

vN 

- T — 

K M 

vN.2 
VN.* 
ume 

rv-3 

(a) 
This equation can be rewritten 

V„. = E^l + e~&) - Vj„_fi~^ 
T 

or, letting y = e 2<3 and considering 
the charging cycle following the first 
pulse, 

VN, = E»(l+y)- yVjr (4) 
If the value of VJt = Vn~\ is intro
duced from Eq. (3), and 

Ri — Zs 

Thus 

Ri -+- ZN 

VJ, = KVS = K £ » ( 1 + 7). 

v,,=v. y 

% 
F I G . 101.—Network voltages if the 

load resistance is smaller than the net
work impedance, (a) Bidirectional 
switch; successive reflections, (b) Effect 
of inverse voltage on successive charging 
cycles with a unidirectional switch and 
d-c resonant charging. VN, = E»(l + -y)(l - 7«). 

At the end of the second pulse, the voltage left on the network is given by 

Vj, = KVN„ 

and at the end of the third charging cycle the network reaches the voltage 

VN, = En,(l + y) - 7*7*, = #»(1 + 7 ) (1 - 7" + TV) . 

Similarly, 

and 
Vj, = KVX, 

VNt = E»(l + 7)(1 - 7" + yV - 7 V ) . (5) 



'*•♦» = E»Tzrdji (i - 7"+IW»+1). 
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When it is assumed that Ri < ZN, K is always negative, and Eq. (5) can 
be rewritten 

VNt = £»(1 + T ) ( 1 + 7kl + 72W2 + 73H3)-

After the nth pulse, the network recharges to a voltage 

VK,.t„ = £»(1 + T)(l + 7|*l + 7*1*1' + • • • + T " H " ) , 

which can be rewritten 

1 + 7 
1 - 7|«| 

When n approaches infinity, the equilibrium network voltage is given by 

V,, = Ea J - t l , = E» - ^ ± X (6) 
1 — 7|ic| 1 + 71c 

This equation brings out the fact that, for unidirectional switches, the 
network voltage can easily be more than twice the supply voltage. If, 
for instance, it is assumed that 7 = 0.91 and K = —0.1, corresponding 
to a normal charging circuit and a 20 per cent mismatch between the load 
and the network (which is perfectly admissible from power-transfer 
considerations), 

E» 0.90 

Such charging stepup ratios are common in line-type pulsers using 
unidirectional switches when no measures are taken to discharge the 
inverse voltage left on the network. In general, it is not necessaiy to 
provide a discharging path except when misbehavior of the load is 
expected. 

The effect of a mismatch such that 7?; < Zx on the over-all operation 
of the pulser using a unidirectional switch may be considered briefly by 
determining the voltage and current input to the pulser circuit required 
for a given pulse output. 

If a unidirectional switch is used, the peak forward network voltage 
is given by Eq. (6). 
Since 

V V At _ ir 1 + K 
VI = V»« ft+T» ~ x""2~' 

Eq. (6) can be rewritten 

*» =V'vhv I T 1 (7) 

1 + 7 l + < 
The power-supply current, given by Eq. (9-19), is 
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and the average power supplied to the pulser is 

p _ F j - f C
 4 F ? (1 + TOO ~ ' ) m 

For a pulser using a bidirectional switch to supply the same power to the 
same load 

VK = EU(1 + y) 
or 

and 

EL = 2V' 
(1 + 7 ) (1 + «) 

2V, IL = f'C»v» = W» l + « 
4F 2 

P'< = frC» {1 + y){[ + Ky (9) 

The ratio of Eqs (8) and (9), which is the ratio of the power inputs to 
the pulser required to obtain the same output into the same load, is 

P = (1 + 7*)(1 ~ «)■ (10) 

Since the unidirectional switch conserves energy on the network after 
each pulse, the ratio p might be expected to be always less than unity. 
As can be seen by examination of Eq. (10), however, p can be greater 
than one because of the decrease in charging efficiency when inverse 
voltage is present on the network. If 7 = 1 (100 per cent charging 
efficiency), 

p = 1 - K2 < 1. 

For any other value of 7 between 0 and 1, the expression (10) can be 
rewritten 

p = 1 — 7K2 — K(1 — 7). 

Since K is always negative for Rt < ZN, the second term is n e g a t e , but 
the third term of the expression is positive. Accordingly, p is smaller 
than unity only when 

7/c2 > K(1 - 7), 

7 > , 
l — K 

2ZS 

The considerations outlined above are based on the assumption of an 
ideally simplified circuit consisting of a network, a switch, and a resistance 
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load. If a biased-diode load is considered, the analytical expressions 
become more complicated because of the change in operating point with 
change in network-charging voltage, which causes the coefficient K to 
decrease slightly after each pulse. Some equilibrium network voltage is 
eventually reached, however, because the quality factor of the charging 

reactor is not independent of the applied volt-
j-tS- b in y with 

M 

age, resulting in a decrease 
increase in (Va — En,). 

If a pulse transformer and a biased-diode 
load are considered, network inverse voltage 
appears even though the operating point of the 
load matches the network impedance, as can 
be seen by considering Fig. 10-2 in which all dis
turbing elements except the shunt inductance 
of the pulse transformer have been neglected. 

At the end of the rectangular pulse of amplitude Vi and duration T, 
VI the current flowing in this inductance can be expressed by %u = f~r> 

and the energy stored in it by 

FIQ. 10-2.—Equivalent 
discharging circuit used to 
study inverse network voltage. 

i". vy 
2L. 

At the end of the pulse, this energy charges the storage condenser of the 
pulse-forming network to a voltage Vj such that 

For matched conditions, 

and 

However, 

\c„v*t-

Vi = 

CVF} = 

m 

ivy 
2 L. ' 

Vs 
= ~2' 
.vy 
■ 4 L e ' 

1 r ! 

T = 2C»ZN = 2 \/L»CN, 

and hence, to a first approximation, 

(ID 
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where the sign is determined by the direction of current flow. Assuming 
T = 2.5 tisec, ZN = 1200 ohms, and Le = 45 mh, 

LJV = Z~Y = 1-5 X 10- ' henrys, 

and 
Y-±- - lh*- - (1 - - J_ - - 0 18 
V„ ~ \ 4 5 ~ \ 3 0 ~ 5.5 ~ U 1 S -

The values obtained from Eq. (11) are usually greater than those 
obtained experimentally because losses in the circuit and in the dis
tributed capacitances normally absorb or dissipate part of the energy that 
has been assumed to be returned to the network capacitance. These 
values are sufficiently accurate, however, for use in the preliminary design 
of a pulser. 

10-2. Short Circuits in the Load.—Two cases must be considered 
when studying the operation of a pulser when the load is short-circuited: 

1. That for a unidirectional switch. 
2. That for a bidirectional switch. 

The fundamental concepts of operation discussed earlier in Sec. 10-1 
are now amplified. 

Circuit Using a Undirectional Svritch.—It has been shown that the 
equilibrium output voltage is given by Eq. (7), that is, 

Vi = hut, — 
1 + <ry 

r_ p y 
where y = e 2Q is determined by the charging circuit, and K = ^—■—~ 

i l l + tin 
is a measure of the mismatch present. 

In the following discussion, however, the output voltage has to be 
considered in a slightly different way because, obviously, if Ri = 0, 
Vi = 0. If the entire series resistance (including switch resistance and 
series losses) in the discharging circuit is considered instead of only the 
load resistance, 

, _ Ri + Rv — ZN _ Rp — ZK 
RI + Rp ■+■ ZN Rp + ZN 

and 
1 + 7 1 + K' 

for Ri = 0 

V', = E»: 2 1 + n'y 

The term Y\ is still referred to as "output voltage," even though it is not 
possible to measure any such voltage across short-circuited output 
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terminals. The voltage on the pulse-forming network just before the 
switch is made conducting is given by 

VN = Ett(l + 7)[1 - W + (7*')2 -

or, if equilibrium is reached, 

+ (7«')»] 

VKm = £n 1 + 7 
1 + 1*' 

(12) 

I t is of interest to plot the network voltage for successive pulses for a 
typical case in which a short circuit is suddenly applied to the output-

If it is assumed that y = 0.9 and 
RP/ZN = 0.10, or K' = - 0 . 8 2 , Fig. 
10-3 gives the ratio of the network 
voltage to the power-supply volt
age, for the first ten consecutive 
pulses after application of the short 
circuit, as well as the equilibrium 
voltage that would be reached by 
the network after a large num
ber, n, of successive pulses on 
a short-circuited load. After only 
pulser with the short-circuited 

/ . J 

5.0 

25 

n 

v„ 

0 1 2 3 4 5 6 7 8 9 10 
Number of pulses after 
short-circuiting the load 

Fio. 10-3.—Increase in network voltage 
with a short circuit in the load when the 
switch is unidirectional. 

« 

two consecutive operations of the 
load, the network voltage is more than twice its normal value under 
matched conditions, and after four such consecutive pulses, it is 
very nearly three times its normal value. These conclusions may vary 
slightly depending on the values of y and K', but the order of magnitude 
stays the same, indicating how quickly voltages dangerous to the circuit 
components can be reached if preventive measures are not taken. 

The average pulser current taken from the power supply, given by 
Eq. (9-19), is 

/ * = f£*(.VK - Vj) = frCsVK{\ - «0-

Hence, for any given conditions of load mismatch, the power-supply 
average current increases proportionally with the peak forward network 
voltage. In practice, the power-supply output voltage, En,, must there
fore decrease, since no d-c rectifier can be built with perfect regulation, 
and the final network voltage is lower than the value indicated in Fig. 
10-3. A complete analysis is outside the scope of this book, but the 
interrelation of all the components in a pulser—from the power supply 
to the load—is important enough to be mentioned here. 

Bidirectional Switches.—When bidirectional switches are used, all 
the energy stored in the pulse-forming network is dissipated in the 
resistance Rp by a series of pulses of amplitudes 
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n . = ^ - ' (K ').FjV) n = 0, 1, 2, 3, • • • 

and 

^ - S ( i - *,2>'2"-
For practical values of K' (of the order of magnitude of —0.8 or less), 

most of the energy in the pulse-forming network is generally dissipated in 
less than ten consecutive reflections, the voltage left on the network after 
fifteen to twenty reflections is only a few per cent of ^the maximum for
ward voltage, and the switch usually begins to deionize at this time. 
Since the total time interval required by ten to twenty reflections is, for 
most radar pulsers, only one or two per cent of the charging period, the 
current in the charging reactor at the end of this interval has not yet 
reached a value which can prevent switch deionization, and the charging 
cycle proceeds normally with almost zero initial charge on the network 
capacitance. Hence, both the peak forward network voltage and the 
average power-supply current have the same value for short-circuited 
as for normal load operation. All the energy supplied by the power 
supply, however, is now dissipated in the components of the pulser dis
charging circuit, instead of in a load. The heating that results from the 
additional losses in the components has caused the failure of enough pulse 
transformers and networks to necessitate the introduction of protective 
devices. 

In conclusion, it can be said that the damage to pulser components 
resulting from a short-circuited load is caused primarily by overvoltage 
for unidirectional switches, and by overheating for bidirectional switches. 

The way in which the circuit components are protected against short 
circuits in the load must depend on the type of switch. The final choice 
of protective device in any practical pulser is determined partly by the 
particular application for which it is designed. For instance, airborne 
systems usually carry less protection than ground or ship pulsers in order 
to keep the size and weight to a minimum. The frequency with which 
faults in the load can be expected is also an important factor to consider. 
Some magnetrons used in radar applications may have normally high 
sparking rates, perhaps as high as one per few hundred pulses. The 
protective device then becomes a circuit element, especially if the pulser 
uses a unidirectional switch, and if the tendency of the load to spark is 
enhanced by an increase in network power, as is usually the case. The 
two methods of protection described below apply specifically to this 
case. General protection by relays is discussed later. 
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. - ^ Shunt 
A - i \ diode 

1- WWW ' ^E,, 

F I G . 10-4.—Pulser with a shunt diode across 
the network. 

The Shunt Diode.—The overvoltage on the pulse-forming network at 
the end of the charging cycle immediately following a short circuit in 
the load can be eliminated in several ways. One method would be to 
insert a resistance JRI = ZN in series with the load at the very instant at 
which the load is short-circuited, thus preventing the appearance of 
inverse voltage on the network. Although no practical solution has 
been reached by this method, it is theoretically possible to achieve the 
proposed result by connecting a saturating reactor or a nonlinear resist
ance in series with the load. Another way in which the network-charg
ing voltage may be kept constant is to remove the inverse voltage so 
rapidly that its effect on the following charging cycle is negligible. If a 

resistance Ri = ZN were connected 
in parallel with the network at the 
end of a short-circuited pulse, the 
inverse voltage, Vj, would be re
moved in a time T, and the charg
ing cycle would proceed as if no 
short circuit had occurred. 

This procedure is closely approx
imated by the shunt-diode circuit of 
Fig. 10-4. In practice, however, it 
has not been possible to obtain diodes 

having internal resistances as low as the impedance of the pulse-forming 
network. I t is hoped that some day a gaseous-discharge diode that may 
be used to great advantage in this position will be available. Most 
diodes available at present have an internal resistance of about ten or 
more times the network impedance, and additional series resistance 
often has to be inserted in order to obtain satisfactory life for the diode. 
Accordingly, the time constant for the discharge of the network capaci
tance through the shunt diode becomes an appreciable fraction of the 
charging period. The effectiveness of the diode is therefore impaired, 
since an appreciable current may already be flowing in the charging reac
tor at the time when the network voltage reaches zero. 

The addition of a series inductance Ls in series with the shunt diode 
offers advantages that can best be understood by simple physical con
siderations. If a small inductance is used in series with a diode of zero 
resistance, the inverse network voltage reverses rapidly because of 
the resonant action of the shunt circuit. Since the losses are neglected, 
the network is now charged to a voltage — K' VX that is of the same polar
ity as Ebb, but is greater than En, for values of K' assumed previously 
( ~ —0.8). Under these conditions, the network voltage at the end of 
the first charging cycle following a short circuit in the load is given by 
E»(l + T ) ( 1 + 7"'), and is smaller than E» if - / > 1/(1 + 7). I t is 
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Shunt diode 

■ W W A — ' 000 , -

■^■E; 66 ^ CN" 

?«s 

^ 

therefore possible to reduce the output voltage for the pulse immediately 
following a short circuit to a value much smaller than normal. 

Since a pulser circuit that does not incorporate a shunt diode produces 
an output voltage for the pulse immediately following a short circuit 
which is much greater than normal, there must be a combination of 
values of elements—including charg
ing reactor, pulse-forming-network 
capacitance, and shunt circuit—for 
which the network voltage is main
tained at its normal value after a 
short circuit in the load. 

The circuit behavior can best be 
analyzed by considering Fig. 10-5, 
in which the network is replaced 
by its capacitance Cn, and the total 
resistance in the diode circuit is Rs. 
The effect of post-pulse inverse volt
age on the network, produced by the 
release of energy stored in the induct
ances in parallel with the load, is neglected in the following analysis. The 
equations for the circuit are 

Lc W + Rcic + WN]{-ic + is) di = Ebb' 
Ls^ + Rsis + -j^rj(ic + is) dt = 0. 

If resonant charging is assumed, 

(ic)t-o = 0, 
(is) i=o = 0, 
0*)i-o = Vj. 

Solving by the Laplace-transform method, 

FIG. 10-5.—Equivalent circuit for the 
analysis of the effectiveness of the shunt 
diode. 

Vn(p) = Vj 

is(p) = -Vj 

1 p [Ls -y Lc — Ls ) + Rs -y- Rc — Rs 

~P + LcLsCND{p) 
( , Rc . En, 1 \ 
V +TcV + YJL-CN) 

LsD(p) 
Rs EH 

UP) = (E» - Vj) 
Ls En — Vj LSCN 

LMv) ' 
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where 
„ , . F i i (RcLs + LJis\ , . Lc + La + RCRSCN .Rc +Ra 
D ( p ) = p [ p + V LJ,. )p+—LZSC:—p + TZsC-A 

The time functions Vit(t), ic(t), and is(t), corresponding to the trans
forms above, assume different forms depending on the nature of the roots 
of Dip) = 0. Let these roots be 

Pi = 0, 
Pi = - a , 
p, = -b + c, 

and 
Pi = — b — c, 

where o and b are real positive numbers and c may be real, zero, or 
imaginary. If c is real (aperiodic case), the time functions are of the 
form 

F{t) = A + Be~" + Ce-ih+e)l + De-<-^c)i. 

If c is zero (critically damped case), 

F(J) = A + B e - ' + (C + D)e-". 

If c is imaginary (oscillatory case), 

Fit) = A + Be~" + er^iC cos oit + D sin oil), 

where A, B, C, and D are constants that depend on the initial conditions 
and the values of the circuit elements, and may be evaluated from the 
transforms given above. 

The time h at which the current i3(t) reaches zero can be found, in 
each particular case, by a series of trial values. After that time, the 
circuit reduces to a single mesh containing Rc, Lc, and CN in 3eries, ic(t\) 
and vK(h) being the initial values of current in the inductance and 
voltage on the condenser, respectively. The expression for the network 
voltage is then 

vK(t) = Et^l + e-"*(A sin out + B cos out)], 

where t is measured from the instant U and 

Rc 
0 1 = 2L: 

r uu) RC ( t>*«o\] 
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The term (RC/2LC)2 has been considered negligible compared with \/LcC«. 
The time at which the network voltage reaches its maximum may be 
obtained by differentiation, 

1 _ Aw, — Bai 
tm — — t a n -, 1—5—' 

and the maximum value of network voltage can thus be ascertained. 
The expressions obtained are obviously too complex to allow general 

conclusions to be drawn as to the optimum values of Rs and Ls for any 
Riven value of vN(tm) which are desired. In order to keep the peak net
work forward voltage after a short circuit the same as that obtained 
after a normal pulse, the necessary condition is 

r_ air 
e_*''"(/l sin o>itm + B cos oiitm) = e 2Q = e" ' . 

The values of Rs and Ls enter into this expression only inasmuch as they 
determine the initial conditions ic(ti) and I>AT(<I). A typical example is 
treated more completely in the following section, when magnetron spark
ing is considered. 

Nonlinear Circuits.—Although nonlinear elements have not been 
used to date to prevent the buildup of inverse voltage on the net
work, they have been used to control the network-charging voltage 
even though inverse voltage is present. One proposed system uses a 
vacuum tube (triode or tetrode) connected from network to ground. 
The grid bias is controlled by feedback from the pulser operation in such a 
way that the tube is cut off for a normal pulse current, but is made con
ducting during the charging period immediately following a short cir
cuit. The charge is thus permitted to leak off the network. Another 
suggestion was to increase the charging-circuit losses after a short circuit 
in the load by inserting a tetrode 

Thyrite 

'TTOWfl'^-

:=:£*, 

-ELF 

with a normally low resistance in 
series with the charging reactor, and 
with the grid biased by feedback 
from the short-circuit current to 
reduce the charging stepup ratio 
during the following charging cycle. 

The use of thyrite was also 
suggested, and computations and 
tests proved the method satisfac
tory when the tendency of the load 
to become short-circuited was not 
greatly affected by a power increase of 20 to 30 per cent. Since the 
thyrite current characteristic is of the form i = kvn, it is connected in the 
circuit as shown in Fig. 10-6 in order to obtain the highest possible volt-

^ 

FIG. 10-6.—Pulser using thyrite for net
work-voltage control. 
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Thyrite nyritey 
A/y<AA-

age increase across it after short circuit. During normal operation, the 
voltage across the thyrite never exceeds Ebb, but after a short circuit, 

with the values considered in previous exam
ples, it reaches a value 

E^ - Vtl = Ebb[l - K'(1 + y)] = 2.56Ebb. 

Thyrite can be obtained for which the expo
nent n is 6 or more, in which case the initial 
current flowing through the thyrite after a 
short circuit is about 250 times the maximum 
current under normal conditions. Detailed 
computations were carried out as explained 
below, using the equivalent charging circuit 
given in Fig. 10-7. Assuming negligible losses 

and replacing the network by its capacitance 

■rnnnnnp-

*1 =fccw v« 

F I G . 10-7.—Equivalent 
charging circuit of a pulser 
using thyrite for network-
voltage control. 

in the charging reactor 
CN, the equations for the circuit can be written 

Ebb = «L + vN, 

VL 

VK 

_ T (dii di2\ 
~ y H w dtj' 

= h \ iidi' 
and 

it = kv\. 

These equations can be combined into the following differential equation 

de + d£ + n U' 
where 

and 
Ebt 

i t 
VLCCN 

The presence of h"-1 in the equation necessitates a point-by-point inte
gration, which was used to solve a specific problem. Resonant charging 
was assumed, with Ebb = 7 kv, Lc = 20 henrys, CN = 3 X 10~8 farads, 
T, and the charging period = 2500 /zsec. For the thyrite characteristic, 
values of k and n were chosen so that they had little effect during normal 
operation, but a large effect when there was an inverse voltage on Cn. 
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These values were k = 1.1 X 10 - 2 6 andn = 6. For the initial conditions 
corresponding to a spark after normal operation, the current through the 
inductance is ii - i* = 0, and Vj, = - 1 . 5 F * = -0.75(2Ebb). The 
curve of VN against t for this case 
is shown in Fig. 10.8. The value 
of VN at the end of the period is 
2.28-EM, or approximately 15 per 
cent higher than the value for nor
mal operation. If a second spark 
follows on the next pulse, the ini
tial conditions are 

25 
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FIG. 10-8.—Charging wave of a pulser 
using thyrite for network-voltage control 
after a short circuit in the load. 

i\ — 12 = 0.05 a m p , 

determined from the previous cal
culations, and 

Vj = -0.75(2.28^,*) = -1.71V*. 

Although Vj initially has a larger 
inverse voltage for this case, the 
slope of the curve is also greater, 
and the entire curve of V^/EH, 
against t follows very closely that 
of Fig. 10-8. The value of V* at 
the end of the period is the same as that obtained in the previous compu
tation, indicating that there is no further buildup of network voltage if 
the short circuit in the load lasts for a large number of consecutive pulses. 

These results were checked experimentally with a pulser having very 
nearly the same characteristics as were used in the computation, and the 
agreement was remarkably good. Obviously, the advantage of thyrite 
appears mostly in systems where the charging period is long. 

10-3. Open Circuits and Protective Measures.—The discussion of the 
effect of an open circuit can be divided into several examples, depending 
on the connections from the output of the pulser to the load, and on the 
exact location of the fault. Assume first that a pulse transformer is 
used, and that an open circuit takes place either in the secondary winding 
or between the transformer and the load. The primary winding consti
tutes a discharging path of very high impedance for the pulse-forming 
network, and, since Be y> ZN, most of the network voltage appears across 
the open terminals. If no breakdown occurs in the pulse transformer or 
in the output connection of the network because of this overvoltage 
(which is usually about twice the normal operating voltage), the network 
discharges slowly through the pulse-transformer shunt path as shown in 
Fig. 10-9. Since the inductance L, is, in general, many times greater 
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than the network inductance, the discharging circuit acts as a resonant 
circuit of period 

Fio. 10-9.—Equivalent 
pulser circuit for an open cir
cuit at the secondary of the 
pulse transformer. 

Td = 2T y/CsL. 

if the effect of shunt and series resistance is neglected. 
The circuit behavior then depends on the switch used and on the ratio 

Ti/TT. If this ratio is large (about 0.1) and the switch is a hydrogen 
thyratron, the current in the charging inductance may build up to a value 

that can prevent thyratron deionization before 
the network is completely discharged. The 
power supply is then short-circuited by the 
charging inductance. If the ratio Td/TT is 
small, the thyratron has time to deionize, but 
a high inverse voltage Vj is left on the network. 
The situation is then essentially the same as 
that already discussed for a short circuit in 
the load. If the switch is bidirectional, the 
energy stored on the network is dissipated in 
the pulser components, unless the duration 

of the oscillations produced in the discharging circuit is long enough 
to prevent deionization, in which case the power supply is again short-
circuited by the charging reactor. For a rotary-gap switch, the arc is 
usually interrupted by the increasing separation of the electrodes, but 
both the voltage left on the network and the charging period are erratic, 
resulting in a variable network voltage at the time of firing. 

If no pulse transformer is used or the open circuit takes place in the 
primary winding, the equivalent circuit is 
given by Fig. 10-10, in which the capacitance 
C. represents all stray capacitances from the 
anode of the switch to ground. If a triggered 
switch is used, this capacitance is suddenly 
discharged by the switch, and immediately 
begins to recharge through the charging induct
ance Lc. The charging period in this case is 
usually so short, however, that the switch is 
not able to deionize before the anode voltage 
reaches a value high enough to maintain conduction. The switch there
fore goes into continuous conduction and short-circuits the power supply 
through the charging reactor. For a rotary-gap switch, the current may 
again be interrupted by electrode separation, but at best the operation is 
equivalent to a rapid succession of short circuits of short duration across 
the power supply. 

One more special case may be considered, in which the open circuit 

r-mnr>- H T N | — 

=£c, 

FIQ. 1010.—Equivalent 
pulser circuit for an open cir
cuit at the primary of the 
pulse transformer. 
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FIG. 10-11.—Equivalent 
pulser circuit for an open cir
cuit at the end of a long cable. 

takes place at the primary of the pulse transformer and a long cable con
nects the pulser to the pulse transformer. The equivalent circuit is then 
given by Fig. 10-11, where the cable is considered as a pulse-forming 
network. The discharging circuit then consists of two pulse-forming 
networks of the same impedance but different pulse durations, connected 
in series, which are short-circuited by the switch when it operates. The 
result is then again comparable to that obtained with a short-circuited 
load. 

Protection of Circuit Elements by Relays.—In line-type pulsers over-
current, undercurrent, and reverse current relays are used for the pro
tection of circuit elements against load variations, as well as against the 
possible failure of some of the elements themselves. 

I t has been shown that an open circuit in 
the load often causes the switch tube to con
duct continuously. The protective device 
should therefore be an overload relay in the 
power-supply circuit. For d-c charging, the 
usual practice has been to connect a relay in 
the ground return of the power supply, the 
contacts opening the connections to the pri
mary of the transformer. Undercurrent relays 
in the load are also used for this purpose. 

In order to devise effective protection against short circuits in the 
load it is necessary to consider the type of switch and the nature of the 
circuit being used. If the switch is unidirectional and auxiliary circuits 
are not included to prevent the buildup of network voltage after a short 
circuit, the average power-supply current increases with the network 
voltage and an overload relay in the grounded side of the power supply 
will readily disconnect the primary power input. If bidirectional switches 
are used, or if a shunt diode or similar system is used to maintain the net-
wors voltage very nearly constant, the average pulser input current is 
almost unchanged by the short circuit in the load. On the olftier hand, 
the ratio of peak load currents for short-circuit and normal operation 
usually does not exceed two, and the increase in average load current is 
large only if the short circuit in the load is unidirectional. Although 
an overload relay in the load does not operate under certain conditions, 
it was widely used as long as no better system was available. Protective 
devices whose operation depends on reverse current have proved the 
most satisfactory. 

The first of these devices was designed specifically for use in pulsers 
employing shunt diodes. As has been explained above, the shunt diode 
does not normally conduct any current, but, when a short circuit occurs, it 
carries the average pulser current. Some device for averaging the diode 
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current must, of course, be used; it can be either a thermal relay, or a 
capacitance connected in parallel with a magnetic relay. The time con
stants of the available magnetic relays and condensers cannot usually 
be made long enough to delay the operation of the relay for more than 
ten consecutive short-circuited pulses. Since such rapid action is not 
necessary for protection of the components, thermal relays are generally 
preferred. Relays are chosen that will operate either after one or two 
seconds during which short circuits occur at every pulse, or when the 
rate of sparking in the magnetron exceeds a predetermined limit for a 
longer time. This limit is determined by the ratings of the shunt diode 
and other circuit components. Experience with pulsers used in micro
wave-radar applications indicates that the thermal relay should operate 
when the load is short-circuited on 15 to 25 per cent of the pulses during 
a 15- to 30-sec interval. I t must be noted that the thermal relay operates 

as a function of the effective, not the average, 
value of the current, and that the ratio of these 
values varies with the design of the shunt-
diode circuit. I t must also be pointed out 
that the relay in this position becomes less 

Transformer (̂ _y) £ ^ effective if the cathode emission of the shunt 
diode decreases. 

The second type of reverse-current protec
tion was designed specifically for a spark-gap 

FIG. 10-12.—Schematic Pulse r> b u t i s applicable to all pulsers using 
diagram of a protective circuit bidirectional switches. I t should not be used 
using reverse current. i n p l a c e o f t h e m e t h o d described above because 
its operation depends on a large peak reverse current, which is not obtained 
with the shunt diodes available at present. 

The principle of operation is as follows (See Fig. 10-12). The polar
ity of the main pulse current flowing through the primary of the pulse 
transformer T is such that, for normal pulses, the cathode of 7\ is driven 
positive with each pulse. Hence, the grid of T2 is maintained at ground 
potential, and a certain current normally flows through R. A pulse of 
opposite polarity, however, drives the cathode of Ti and the grid of Tz 
negative, reducing the current through R. The resistance R can easily 
be replaced by a relay, and the circuit constants made such that the relay 
is de-energized when reverse current flows through the transformer for 
one or several pulses. 

The transformer T actually used in one radar system consists of a 
small steel ring fitted at the cable connector in such a way that the pulse 
current passes through the axis of the ring. One turn of wire is looped 
around the ring, and the voltage generated is sufficient to operate the 
protective device. Simplifications were introduced in the circuit of 
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Fig. 10-12 by eliminating the plate-voltage supply; tube T2 then acts as a 
grid-controlled rectifier, and the load consists of the relay bypassed by a 
condenser. An auxiliary contact introduces an additional voltage on 
the grid, which keeps the relay de-energized until a reset button is pushed. 
This system of protection has proved very satisfactory. 

PULSER PERFORMANCE WITH A MAGNETRON LOAD 

10-4. Normal Operation of the Magnetron.—This section discusses 
qualitatively the operation of a pulser with actual magnetron loads, and 
attempts to point out the difference between operation with a magnetron 
and with a perfect biased diode. Particular attention is paid to some of 
the characteristics of the magnetron which may, under some conditions, 

FIG. 1013.—Magnetron-input characteristics illustrated by V-I oscillograms. 

make it an unstable device, and to some of the corrective methods which 
have been used to improve the performance of the over-all transmitter. 

The magnetron input characteristics can best be analyzed from a 
study of the voltage-current characteristic curves. Some oscillograms of 
such characteristics are given in Fig. 10-13, the time sequence of the 
curves being given by OABCO. Any portion of the curve corresponding 
to negative voltages is due to post-pulse backswing and need not be 
considered here. 

The part of the curve OA corresponds to the buildup of the voltage. 
In general, only capacitance current is drawn by the magnetron during 
this time, although leakage current may be present in some cases. The 
time necessary for the voltage buildup is usually between 0.05 and 0.2 
/asec, depending on the pulser characteristics. The portion AB corre
sponds to the buildup of current in the magnetron. There is usually 
little or no increase in voltage corresponding to the current buildup; 
there may even be a slight decrease. The time necessary for current 
buildup has not yet been measured very accurately, but it is always very 
Bhort and has been estimated to be as low as 5 X 10~9 sec for some low-
voltage X-band magnetrons (2J42). Point B corresponds to the so-called 



436 PERFORMANCE OF LINE-TYPE PULSERS [SEC. 10-4 

"f la t" portion of the pulse, where both voltage and current remain con
stant except for small oscillations. 

From B to C both current and voltage decay at the end of the pulse, 
the line BC giving the diode characteristic of the load, which has been 
used before. Any slow variations of voltage and current, such as oscilla
tions up to perhaps 10 Mc/sec, follow very nearly the same curve once 
the magnetron is operating. Corrections may have to be made, however, 
for the transit time between the plates of the cathode-ray tube or other 
viewing-system defects at higher oscillation frequencies. The average 
slope of this curve thus gives the dynamic resistance of the magnetron. 
From C to 0, the voltage is gradually decreasing to zero, and again 
capacitance current may cause the curve to deviate slightly from the 
axis. This deviation is much smaller than that resulting from the volt-

Cable 

F I G . 10-14.—Line-type pulser with a despiking iJC-network. 

age buildup, however, because of the much smaller rate of change of 
voltage. 

The assumption that the load acts as a biased diode does not hold 
during the starting period of the pulse after the voltage has reached an 
amplitude corresponding to C. I t can be assumed, however, either that 
the magnetron impedance is infinite until the voltage reaches a value A, 
and then drops suddenly (in about 10 - 8 sec) to the normal operating 
value, or that during the buildup of oscillations, that is, from points 0 
to B, the magnetron is a biased diode of nearly zero internal resistance. 

The value of the voltage at A is, unfortunately, not constant, but 
depends to some extent on the time required for the voltage to build up 
to this value. Hence, no general analysis of the problem can be made. 
I t can be stated, however, that the sudden rush of current through the 
load tends to produce unduly high oscillations by means of the shock 
excitation of the LC-circuits in the pulse transformer connecting the pulser 
to the load. 

One satisfactory method of decreasing the resulting mismatch is to 
introduce an .RC-circuit in parallel with the primary of the transformer, 
as shown in Fig. 10-14. Its purpose is to minimize the "sp ike" that often 
appears at the beginning of both voltage and current pulses because of 
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the magnetron characteristics discussed above. If a unit function of 
voltage is applied to the despiking network, its instantaneous impedance 
as a function of time is given by 

zd = Rdef/«*ct-

The instantaneous impedance that the pulse transformer presents to a 
unit voltage until the magnetron starts to oscillate is a complicated 
function of time. A satisfactory approximation can be obtained, how
ever, by reducing the pulse transformer to its leakage inductance and 
distributed capacitance, LL and Cn, 
impedance can then be expressed as 

zT csc VI^CD 

The effect of the despiking RC-cir-
cuit on the instantaneous output 
impedance of the pulser can best be 
seen by a graph such as that of Fig. 
10-15. For the sake of uniformity, 
the instantaneous output imped
ances are referred to the network 
impedance Zx, and the following 
assumptions are made, 

z 

respectively. 

8 
7 
6 
5 
4 
3 
2 
1 
0 

1.0 

Its instantaneous 

l# 

-t 

-$*-
&N 

— - = 

ZN = lid = c i, 
and 

y/UCl = 1 7T 

RdCd 4' 

u 0 1 2 3 
t/HtCd 

F I G . 10-15.—Instantaneous output im
pedances of a pulser with a despiking RC 
network. 

The time scale can then be t/RdCd, and the impedance scale z/Zn. The 
curve ZT/ZK is the pulse-transformer instantaneous impedance, and 
obviously starts at infinity. The resulting instantaneous mismatch 
produces a reflection of voltage to the pulse-forming network through the 
cable linking the pulser to the load, and further reflections at the network-
cable junction may produce undue oscillations in the load voltage. 

The instantaneous impedance to which the pulser is connected 
when a despiking KC-circuit is used in parallel with the pulse-trana-
former primary is given by 

I-I + i. 
Zi Zd ZT 
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When the curves Zs/za and ZK/zT are plotted and added graphically, 
Zn/zi is obtained. The reciprocal of ZK/zi is then taken, giving the 
instantaneous impedance of the load for the constants used. I t can 
readily be seen that, for the particular example treated, the values of 
Zi do not vary from Zx by more than 13 per cent for any time t < 2.75RdCd. 
In practice, the magnetron usually starts to conduct before the current in 
the leakage inductance of the pulse transformer has decreased to 70 per 
cent of jts peak value (corresponding to t = SRdCd in this scale). At 
that time, the simplified equivalent circuit considered here is no longer 
valid, and matching of the load to the pulse-forming network is assured 
by»the magnetron itself. 

This method of eliminating instantaneous mismatch has been used 
extensively with very good results. I t has the further advantage of 
tending to decrease the voltage rate of rise at the magnetron before the 
oscillations start, since the instantaneous voltage applied to the input of 
the pulse transformer is given by 

At the first instant, Vi = VN if no despiking circuit is used, and i\ = Vx/2 
if a despiking circuit containing Ed = Zx is used. The disadvantage of 
the despiking circuit is a power loss in the additional capacitance Cd, 
which can be estimated by the method described in Sec. 7-3, and the 
introduction of two additional elements in the pulser circuit. 

10-6. Magnetron Mode-changing.—Some magnetrons, unfortunately, 
do not always operate in the intended mode of oscillation once the voltage 
is applied. The reasons are obviously outside the scope of this chapter,1 

but, since remedial measures can be introduced in the pulser to prevent 
some magnetrons from selecting the wrong mode of oscillation, a brief 
explanation of some possible mode-changing processes is given here. A 
common type of mode change from pulse to pulse (called mode-skipping) 
may be most readily understood by a study of the voltage-current charac
teristics of a magnetron exhibiting such behavior. Figure 10-16 shows 
oscillograms of the voltage-current input to a magnetron that is skipping 
modes. First, it may be noted that the operating characteristics of the 
unwanted mode are such that the voltage is higher and the current lower 
than the values corresponding to the normal mode of operation. Of 
particular interest is the fact that mode selection is determined at the 
very beginning of the current pulse. Looking at the voltage rise, it is 
seen that, at a point corresponding to A of Fig. 10-13, the magnetron 
current tends to increase, but succeeds in reaching the operating point 

1 See Vol. 6, Chap. 8. 
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only occasionally. In other cases, the voltage continues to increase until 
the current starts to build up the oscillations in the unwanted mode. 

For the purpose of this section, it is sufficient to say that a mode skip 
can take place if the voltage applied to the magnetron is allowed to reach a 
region in the V-I plot where the unwanted mode may start. 

Obviously, if the voltage is never allowed to reach the region where 
instability may develop, the problem of mode-skipping does not arise. 
By increasing the voltage-rise time through the region where the magne
tron starts in the desired mode to a value greater than the magnetron-
starting time, the voltage can be kept out of the region of instability. 

(a) First tube. (b) Second tube. (c) Idealized sketch; time 
follows arrows; A is the 
normal operating mode; B 
is the unwanted mode. 

FIG. 1016.—V-I Characteristics of mode-skipping magnetron. 

This condition alone is not necessarily sufficient, however, since the 
magnetron-starting time itself may vary, depending on the voltage rate of 
rise itself, and possibly on pulser circuit conditions. 

The increase in voltage-rise time—or decrease in the rate of rise of 
the voltage—can be accomplished, as explained before, by addition of a 
despiking RC-circuit in parallel with the pulse-transformer primary. 
It can be achieved, however, more simply and directly by adding either 
a capacitance in parallel with the magnetron (increasing CD) or an 
inductance in series with the pulse-forming network and the pulse trans
former (increasing LD). If the simplified pulse-transformer circuit is 
considered, an increase in either of those quantities by the same per
centage should have very nearly the same effect on the front edge of the 
voltage pulse. Experimental results agree with this conclusion, but also 
indicate that the tendency to skip modes is not always affected in the 
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(a) L = 0. 

:"H::";:::::i:::;:# 

same way by a given decrease in rate of rise of voltage if this decrease is a 
result of additional inductance rather than additional capacitance. 

For the 2J42 magnetron, for example, a greater decrease in dv/dt is 
necessary in order to bring about the same proportional reduction in 
mode-skipping if an inductance is used. This result can be explained by 
a consideration of the instantaneous impedance of the pulser output cir
cuit and of the time necessary for current to build up in the magnetron, 

LI_LI_I ■ i ■ 11111 n 11 n which has been estimated to be as 
S j : : : : : : : : : : : : : : : : S ! ! : ! V low as 0.005 /isec for some of these 
5 : : : : : : : : : : : : : : : : r H : : ! ! : : magnetrons. 
IIIII i 1111111II Iff [ l i l t f l lm Additional capacitance in par

allel with the magnetron has two 
effects: (1) it increases the maxi
mum value of current in the leakage 
inductance of the pulse transformer, 
and (2) it stores added energy in 
parallel with the load. The com
bined result is that a greater instan
taneous current can be supplied to 
the load. Additional inductance in 
series with the pulse-transformer 
leakage inductance, on the other 
hand, decreases the maximum in
stantaneous current flowing through 
that inductance. Hence, less cur
rent is available to permit the mag
netron to start in the desired mode, 
and a very much larger decrease in 
voltage rate of rise is necessary be
fore the tendency to skip modes 
can be corrected. 

In practice, however, a capaci
tance cannot always be chosen that 

will correct for mode-skipping in magnetrons. The principal objection 
to the use of a capacitance in the circuit is the resulting decrease in pulse 
duration and efficiency. Series inductance generally tends to lengthen 
the pulse duration and to decrease the efficiency by a smaller amount. 
The amount of inductance used, however, must not be so large that the 
shape of the current pulse deteriorates appreciably. Figure 10-17 is an 
example chosen at random from many photographs showing the mag
netron voltage and current pulses (lower and upper traces respectively) 
as a function of added inductance. For all these pulse photographs, 
Ti = 5.4 lev and Zj = 4.6 amp. The rate oi rise oi voltage was reduced 

(c) L = 15/ih. 
F I G . 1017.—Magnetron voltage and 

current pulses (lower and upper traces re
spectively) showing the effect of series 
inductance between the pulse transformer 
and the pulse-forming network. 
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from 59 kv/zisec (Fig. 10-17a) to 40 kv/^sec (Fig. 10-176) by the addition 
of a 5-fih inductance in series with the network and pulse transformer, 
and to 40 kv//isec (Fig. 10-17c) by a 15-^h inductance. Actually, a 
marked improvement in current pulse shape is observed between Figs. 
10-17o and b but the slope of the current in Fig. 10-17c is detrimental 
to the r-f spectrum. 

Other types of mode changes may be possible in magnetrons. In 
some cases the magnetron may be able to operate in an unwanted mode 
that starts at a voltage lower than that of the desired mode. A possible 
remedy may then be to decrease the time of rise of the voltage through 
the starting region for the unwanted mode to a value lower than the start
ing time for that mode by increasing the number of sections in the pulse-
forming network and reducing the leakage inductance and distributed 
capacitance of the pulse transformer. Finally, mode-shifting—or a 
change in operating mode during a pulse—may occur. In general, little 
can be done to the pulser to prevent this behavior. 

10-6. Magnetron Sparking.—Sparking difficulties have occurred fre
quently in the magnetrons used in radar systems,1 principally because of 
the war-imposed necessity of rating the operating point of the tubes with 
an insufficient factor of safety. The following discussion summarizes 
the present knowledge of the effect of line-type-pulser characteristics on 
magnetron sparking, as well as the effect of magnetron sparking on pulser 
operation. The experimental study of the causes and effects of sparking 
has been conducted primarily on a statistical basis. Some pictures of 
individual current and voltage pulses during sparking are shown in 
Fig. 10-18. These records were taken on a rapidly moving film in order 
to obtain the desired separation between pulses, and the blur in the 
pictures is caused by the persistence of the fluorescent screen of the 
cathode-ray tube. Figure 10-18a shows a series of voltage pulses from a 
medium-power magnetron, Fig. 10-186 shows current pulses on the same 
magnetron, and Fig. 10- 18c current pulses on a high-power magnetron. 
The line drawings in Fig. 10-19 show schematically the conditions occur
ring in a few of the oscillograms of Fig. 10-18. The immediate conclu
sions that can be drawn from observation of the individual pulse pictures 
are: 

1. Sparks may take place at any time during the pulse. 
2. A spark can be initiated in several ways, corresponding in some 

cases to a rapid ncrease in current to almost twice the normal 
value, and in some cases to a reasonably slow breakdown of voltage 
and increase in pulse current. 

1 See Vol. 6, Chap. 12. 
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3. After the spark is initiated, it can have the character of an arc 
(as indicated by pictures in which the voltage stays very nearly 
zero), or it can show unstable characteristics, possibly caused by 
oscillations in the external circuit. These characteristics are shown 
by pictures in which the voltage trace at the zero axis is broken, 

indicating temporary high potentials between anode and cathode 
after which the spark again breaks down the cathode-anode space. 

(o) Voltage pulses, 4J52 (ft) Current pulses, 4J52 (c) Current pulses, HK7 
magnetron. magnetron. magnetron. 

F I G . 10-18.—Oscillograms showing the effect of magnetron sparking on voltage and 
current pulse shapes. The first trace in each series is a normal pulse. 

There are many causes for the initiation of a spark in the magnetron, 
as evidenced by oscillograms similar to those shown here. In some cases, 
the spark is presumably caused by bursts of gas in the magnetron. A 
very high percentage of sparks occurs in some tubes during pulses when 
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the magnetron is operating in an unwanted mode at a higher voltage and 
a lower current than the normal values. In other cases, sparking is 
presumably associated with cathode fatigue during the pulse;1 many 
photographs of individual voltage traces indicate that the current 
decreases and the voltage rises slowly (in a few tenths of a /isec) to a 
value that is 10 to 20 per cent greater than normal before the tube 
breaks down. 

The assumptions made in the study of the effects of sparks on pulser 
operation should cover a wide range of possibilities. The variable nature 
of the sparks—from an almost perfect short circuit to a very nearly 
normal pulse—result in values of K (the mismatch coefficient) ranging 
from — 1 to 0, if the losses in the circuit are 
neglected. ' ' " ' 

For pulsers using bidirectional switches, 
the protective systems described in Sec. 10-3 

Sparking-
- magnetron . 

voltage /■— Normal 
' voltage 

are satisfactory; for pulsers using unidirec- (a) voltage pulse. 
tional switches, a diode circuit in parallel with 
the pulse-forming network has proved to be 
particularly effective. The effectiveness of 
the shunt-diode circuit depends to a certain | / Sparking-
extent, however, on the value of K. A typi- \ J current 
cal example has been worked out using the (h) C u r r e n t p u l s e . 
general method outlined in Sec. 10-2, and the F I G . IO- 19.—SChematiO 
most significant results are given in Figs, representation of the pulse 

, _ , . . shapes of Fig. 10-18. 
10-20, 10-21, and 10-22.2 The circuit con
stants are those of a medium-power airborne pulser, rated at 200-kw pulse-
power input to a 4J52 magnetron, with pulse durations ranging from 0.25 
to 5.4 Msec. Since sparking was most prevalent for the long pulses, the 
following values of parameters were used: 

Charging inductance Lc = 16 henrys, 
Charging circuit Q = 15, 
Network capacitance CN = 0.0525 /if. 

For the study, a range of values were considered for the shunt-diode 
circuit. Figure 10-20 shows some typical charging waves for normal 
operation and after a spark (K = —0.8) for several values of the shunt-
diode circuit parameters Fig. 10-20a shows the first part of the charging 
wave on an expanded time scale. Figure 10-21 gives the percentage 
increase of network voltage over its normal value as a function of the 
mismatch coefficient for several combinations of series inductance and 

1 Volume 6. Chap. 12. 
! 0 . T. Fundingsland and Anna Walter, "Analysis of Lino Modulator Behavior 

with a Sparking Magnetron Load," RL Heport No. 705, Aug. 10, 1945. 
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resistance in the diode circuit. At first glance, the circuits containing 
inductance seem highly preferable because they maintain the network 
voltage nearer to the normal value, and can be designed to produce a 
reduction in this voltage. 
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F I Q . 10-20.—Computed charging waves for normal and sparking operation of the load. 

Circuit constants: L, = 16 henrys, Rr = 1200 ohms, Q = 15, Cv = 0.0525fif. Curve (1): 
Normal operation, « = 0. Curve (2): Sparking operation, K = - 0 . 8 , no shunt diode 
circuit (Rs = « ) . Curves (3) and (3a): Sparking operation, « = - 0 . S , Rg = 2000 ohms. 
Ls = 0. Curves (4) and (4a): Sparking operation, K = - 0 . 8 , Rs = 700 ohms, Ls = 45 
mh. 

If an KL-circuit is used to obtain negative regulation (that is, a 
decrease in the network voltage from normal after a spark), the instan
taneous power-supply regulation may be such that the second pulse 
following the spark is higher than normal, and the advantage of the good 
initial regulation is thus lost. This high pulse occurs because the cum-nt 
drain from the power supply is smaller during the charging period that 
produces a network voltage smaller than normal, and thus leaves a higher 
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voltage on the power-supply filter condenser. The following charging 
cycle therefore produces a correspondingly higher voltage on the network. 

Some sample curves of mag
netron sparking rates versus pulse 
current are given later. Over the 
range of currents studied, they 
are of the general form 

S = he™' + K, 

where S is the number of sparks 
per unit time, Ii is the pulse cur
rent, and k, X, and K are constants 
that depend on the magnetron and 
the pulser circuit. Then dS/dli 
= Xfce*''. If the increase in spark
ing as a function of pulse current 
is large for the normal value of 
pulse current considered, every effort should be made to keep the network 
voltage as nearly constant as possible, lest an accidental spark should 
initiate a long burst of sparks. If dS/dli is small, the chances of an 

0 100 200 300 
t in Msec 

FIG. 10*22.—Diode currents for different values of the shunt-circuit constants. 

accidental spark starting a series are minimized even though the current 
on the next pulse may be higher than normal, and the network-voltage 
regulation need not be as good as in the first case. 

R8=1600ohms 
L,=0 
fig=1000 ohms 
i8=0 
fi.=1600 ohms 

fig=1600 ohms 
Lg=75 mh 
flg=1600ohms 
L,=100mh 

F I G . 10*21.—Percentage increase of net
work voltage over its normal value as a 
function of the mismatch coefficient for 
several combinations of series inductance 
and resistance in the diode circuit. 
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Another item to be considered is the peak current in the shunt diode. 
Figure 10-22 shows the diode currents for the shunt-circuit constants 
considered and for K = —0.8. I t is seen here that the peak currents in 
diode circuits using series inductance are much smaller. Finally, some 
consideration must be given to the switch-tube deionization. As 
explained in Chap. 8, it may be helpful to maintain some inverse voltage 
on the plate of a thyratron for some time after the pulse. When such is 
the case, the time constant of the shunt-diode circuit must not be so 

IOOO, , , „ , 1 0 0 0 
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T =1.89 n sec 
T =1.45 M sec 
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F I G . 10-23.—Sparking rate vs. cur
rent for variable pulse durations. In 
all cases, dv/dt = 200 kv/jisec at 60 
amp. 
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F I G . 10-24.—Sparking rate vs. current for 
different networks of identical pulse duration 
and variable dv/dt. 
Network 1: dv/dt = 307 kv/fisec a t 70 amp. 
Network 2: dv/dt = 252 kv/,usec at 70 amp. 
Network 3 : dv/dt = 208 kv//isec at 70 amp. 
Network 4: dv/dt = 175 kv//isec at 70 amp. 

short that the normal inverse voltage is removed before the thyratron is 
completely deionized, lest continuous conduction result. 

The effect of the pulser circuit on the magnetron sparking rate in a 
particular case was studied experimentally by means of electronic spark 
counters, and by varying the pulser parameters one by one whenever 
possible. The most reliable data have been obtained on high-power 
S-band magnetrons,1 and the results, insofar as they may affect pulser 
design, are given in Figs. 10-23, 10-24, and 10-25. An exponential curve 
fits the data obtained for sparking rate as a function of pulse current. 
I t can also be seen that an increase in pulse duration and an increase in 
rate of rise of voltage both increase the sparking rate. In general, the 

1 H. L. Rehkopf and R. E. Nysewander, "Sparking of HK7 Magnetrons as a Func
tion of Pulse Forming Network," RL Internal Report 51-9/24/45. 
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pulse duration and the pulse current are determined by the system 
requirements, and the designer of the pulser for the system has little or no 
control over these quantities. Changes in voltage rate of rise may be 
introduced, however, as long as the pulse shape is not affected to the 
extent that the r-f spectrum becomes unacceptable. For this particular 
magnetron, the sparking rate can be reduced by a factor of 10 if the rate 
of rise of voltage at the magnetron is decreased from 300 to 200 kv/yusec. 

Some magnetrons, however, tend to operate in a high-voltage mode if 
the rate of rise of voltage is low, and, as has been indicated, the change in 
mode is often accompanied by sparking. The possible result is indicated 

1000 

E 100 

S 10 

1.0 
180 200 220 240 260 280 300 

Rate of rise of voltage in k\i/fi sec 
F I G . 10-25.—Sparking rate vs. rate 

of rise of voltage for several pulse cur
rents at T = 1.89/isec. 

by Fig. 10-26, which shows the average trend of sparking rate for six 
medium-power X-band magnetrons (4J52) as a function of rate of rise of 
voltage at a constant pulse duration and pulse current. I t is seen, in 
this case, that the value of dv/dt cannot be decreased indiscriminately in 
order to minimize sparking. 

If the rate of rise of voltage is decreased by connecting a capacitance in 
parallel with the magnetron, the sparking rate may be increased instead 
of decreased, presumably because of cathode phenomena in the magne
tron. For normal operation of a line-type pulser the short-circuit cur
rent does not exceed twice normal value, but, if a capacitance is connected 
across the magnetron terminals, the instantaneous current produced by 
the discharge of that capacitance when a spark occurs may be many 
times the normal current. This high current may, in turn, damage the 
cathode to a point where the probability of a spark occurring on the 
following pulse is much greater than normal, resulting in a long burst of 
sparks. 
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F I G . 10-26.—Sparking rate vs. rate of 
rise of voltage (average of six 4J52 magne
trons) . 



CHAPTER 11 

PARTICULAR APPLICATIONS 

B Y R. S. STANTON, J. V. LEBACQZ, L. G. KERSTA, AND H. J. W H I T E 

11-1. A High-power Rotary-gap Pulser.1—Early in 1942 there was a 
need for a pulser that would be simple, compact, and rugged, and would 
have a pulse-power output as high as 3 Mw. The high-power hard-tube 
pulsers did not fulfill this need because of their large size and necessarily 
complicated design. Line-type pulsers using d-c charging were in limited 
use by this time, but although their design was simpler they required a 
rectified high-voltage supply. The simplest conceivable pulser consists 
of a source of alternating current, a transformer, and a rotary spark 

, Pulse-forming network „ 

1 
^"'VffrgHp- transformer 

Rotary 
spark gap 

F I G . 11-1.—Schematic diagram of a high-power line-type pulser using a rotary-spark-gap 
switch and a-c resonant charging. 

gap. The secondary of the transformer supplies a voltage equal to 
the desired charging voltage on the condensers of a pulse-forming net
work, and the rotary spark gap is synchronized with the supply frequency 
and phased so as to discharge the pulse-forming network into the load 
at the end of each full charging cycle, as discussed in Sec. 94 . The 
source of alternating current is a motor-generator because commercial 
supply frequencies are not high enough to give the required pulse recur
rence frequencies for most radar applications. When a special generator 
is used as the source, the obvious method of synchronizing the rotary gap 
is to mount the rotor on an extension of the generator shaft. Higher 
efficiency and less amplitude jitter can be obtained by the addition of an 
inductance in series to make the charging circuit resonant at the supply 
frequency. In practice, the charging inductance Lc is built into the 
transformer as leakage inductance. The basic circuit of this pulser is 
shown in Fig. 111 . 

Design.—The following specific requirements were set up for this 
pulser: 

1 By R. S. Stanton. 
448 
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Pulse power output: 3 Mw. 
Pulse duration: 0.9 iisec. 
Recurrence frequency: 400 pps. 
Load impedance: 50 ohms. 

Supply voltage: 220 volts, 3 phase, 60 cycles/sec. 
The quantities important to the pulser design are obtained from these 
requirements and from the relationships between the various pulser param
eters that are developed in the proceeding chapters. 

The pulse voltage for a 50-ohm load is 

Vi = VPlZi = V 3 X 106 X 50 = 12.3 kv, 

where Pi is the pulse-power output and Zi is the load impedance. AVhen 
the network impedance is equal to 50 ohms, the total capacitance of the 
network becomes 

C" = W„ = 0 0 0 9 Mf' 
and the network voltage is 

v fiP&i /4 X 3 X 108~X~50 „ „ , , 
VN = V^r = V o ^ ~26-5 kv> 

where in, the efficiency of the discharging circuit, is assumed to be 85 
per cent. The average power taken from the network is given by 

D Ptrfr 3 X 106 X 0.9 X 10- ' X 400 1 0 R n 
PN = —— = TTSE ~ 1260 watts. 

jjd 0.85 
Choosing full-cycle charging (w = 2, <p = 90°), the secondary voltage of 
the charging transformer, from Eq. (9.66), is 

Ebm. = 
V2 

Q(l - e 2«) 

For an assumed value of Q = 12, 

E^ - 0 . 7 0 7 X 2 6 . 5 X 1 0 ' = , g ^ 

12(1 - e 2<2) 

and the current in the transformer secondary, obtained from Eq. (9.94), 
is 

, ___ nwCnElfiOa 

2 V 6 
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where Eb is the peak applied voltage. For this example, 

[SEC. 11-1 

T ^(0.009 X 10-*) V2(6.8 X 1 0 3 ) ( 2 T X 400) o m n 

1cm. ~ y= ~ u.zoo amp, 

so 
Et^ X / « « 1940 volt-amp. 

The average current is obtained from Eq. (9.95); 

/*v « ^ f ^ ( l - g ) « 0 . 4 4 C ^ ^ « 0.097 amp. 

The charging inductance is given by 

1 1 
Lc = CNwl (0.009 X 10-6)(2x X 400)2 = 17.4 henrys. 

Although this value is the total necessary inductance, the source induct
ance, transformed by the square of the transformer turns ratio, must be 

l iu. 11-. Uigh-powci hnc-tipc pulscr ol Fig. 11 ■ I, tide viow. 

considered when designing the transformer because it supplies an appreci
able part of this total. In this high-power pulser, the source inductance 
is approximately 0.001 henry, and the equivalent secondary inductance 
is about 3.5 henrys. With the usual circuit Q, the value of the resonating 
inductance is not critical, and it can vary + 5 per cent without seriously 
affecting the operation. 

Description.—The motor-generator and rotary gap are mounted on 
vibration-absorbing mounts in a small framework. The contactor box 
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that houses the control apparatus and the oil tank enclosing the a-c 
resonant transformer and pulse-forming network are mounted on top of 
this frame directly over the motor-generator. Except for phase adjust
ment the pulser is adjusted by remote control, and meters are provided to 
measure the generator voltage, oscillator average current, and operating 
time. 

The power level is adjusted by a variac in the control box, which varies 
the generator-field excitation. Over a small range the power output can 
be controlled entirely by this variac, but, if a large change in output power 
is required, it is also necessary to rephase the rotary gap by means of a 
knurled knob on the side of the gap housing. 

The complete pulser, which weighs approximately 700 lb, is shown in 
Fig. 11-2. Figures 11-3 and 11-4 are photographs of some of the pulser 

FIG. 11-3.—Contactor box for the high- FIG. 11-4.—Compartment for the high-
power pulser, top view. voltage components of high-power pulser. 

components. Figure 11-5 is a complete schematic diagram showing both 
pulser circuits and control.1 

Performance.—Typical performance data2 for this pulser are given 
in Table 11-1 with a magnetron load and a pulse transformer having a 
turns ratio of 3 /1 . 

When operating under the proper conditions, the inaccuracy in pulse-
timing that results from the use of the rotary spark gap normally amounts 
to + 25 j»sec. An additional winding on the pulse transformer supplies 
a trigger pulse for self-synchronous operation of the radar system. 

The normal shape of the voltage pulse delivered to a magnetron 
through the pulse transformer and a 50-ohm pulse cable is shown in 

1 P. C. Bettler, "Instruction Manual for Model 6 Modulator," RL Report No. 
M-153, Feb. 18, 1944. 

1 P. C. Bettler, "Model 6 Modulator Performance Tests," RL Report No. 549, 
Apr. 22, 1944. 
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Flo. 11-5.—Wiring diagram for the pulaer of Fig. 11-1. 
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TABLE 111.—TYPICAL PERFORMANCE DATA FOR A HIGH-POWER ROTARY-GAP PULSER 

Test 
Xo. 

1 
2 
3 

Sup
ply-line 
power 

Ps, 
watts 

1225 
1680 
2090 

Generator 
output 

VG, 
volts 

68 
85 
98 5 

Pi, 
watts 

535 
855 

1135 

Pulse-forming 
network 

V/f, 
kv 

15.5 
19 4 
21 .9 

Ps, 
watts 

505 
762 

1010 

Magnetron input 

Vi, 
kv 

2 5 . 8 
2 8 . 9 
3 1 . 8 

^i .v , 
ma 

12 3 
18.0 
22 .4 

V, ■ h„, 
watts 

313 
520 
712 

Pi, 
Mw 

0.99 
1 53 
2 11 

Test 
No. 

Pulser efficiency 

V, ■ / l a v 

Over-all pulser efficiency 
from motor generator to 

magnetron 

P, X 100, 

per cent 
—i5—— X 100, per cent 

L s 

26 
31 
34 

Fig. 116. The pulse rate of rise is too steep for certain magnetrons and 
causes mode-changing. In these cases, pulse shape is usually modified 
by means of "despiking" compo
nents in the output circuit. A typi
cal circuit for this purpose consists 
of a 12-mh inductance in series with 
the output (at the input to the pulse 
cable) and a 1600-^f capacitance in 
series with a 50-ohm noninductive 
resistance connected in parallel with 
the primary of the pulse transformer. 
A better solution would be to sub
stitute a network, that was designed 
to deliver a pulse to fit the particular 
type of magnetron used, but this 
procedure is usually impractical in a general-purpose pulser. 

This high-voltage rotary-gap pulser has been used extensively for 
component development, life-testing, and magnetron-seasoning. For 
these uses no alterations were necessary except a modification of the out
put pulse shape in order to adapt it to particular magnetrons. This 

FIG. 11-fi.—Voltage-pulse shape from 
the high-power pulser of Fig. I l l , A is 
90 per rent of the average pulse ampli
tude, B is the average pulse amplitude. 
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pulse generator also served as the system field-test pulser for several of 
the modern ground-based microwave-radar systems. 

11-2. A High-power Airborne Pulser.1—The pulser described in this 
section2 was designed to supply a pulse power of 600 kw to a 4J50 magne
tron at a duty ratio of 0.1 per cent. Since the pulser was intended for 
airborne use, it was imperative to keep the weight and size of the package 
as small as was compatible with a reasonable operating life, and it was 
also necessary to provide an airtight housing, which introduced additional 
elements to be considered in the design. Accordingly, in addition to 
electrical design and performance, the following discussion includes a 
brief outline of mechanical design with particular reference to the prob
lems of heat dissipation. The completed pulser weighed less than 100 lb 
and had an over-all efficiency (including blower and control circuits) 
of about 40 per cent. 

Electrical Design Requirements.—The specific requirements for this 
pulser were as follows: 

Pulse-power output at full-power operation: 600 kw (22 kv at 27 amp). 
Pulse-power output at reduced power (starting): 400 kw (21 kv at 19 

amp). 
Pulse durations: 0.5 and 2.5 /jsec. 
Recurrence frequencies: 2000 and 400 pps. 
Supply voltages: 115 v at 400 to 2400 cycles/sec and 24 v d-c. 

The requirements of multiple values of pulse duration, recurrence 
frequency, and pulse-power output made it necessary to use the most 
flexible circuit possible. Accordingly, d-c inductance charging with a 
hold-off diode and a hydrogen-thyratron switch was chosen. A pulse-
forming-network impedance of 50 ohms was adopted. 

Voltage on the Pulse-forming Network and Switch.—If the discharging 
efficiency, y,i, is assumed to be 75 per cent, the peak forward pulse-form
ing-network voltage is given by 

VN = J^El = 2 /50W6 x 10. ^ 12 6 ky 
\ Vd \ 0./5 

Since this value is well within the specifications of the 5C22 hydrogen 
thyratron, this tube was then selected as the switch. 

Network Capacitance.—The approximate network capacitance is 
given by 

1 By J. V. Lebacqz. 
2 S. Sicgel, A. P. Kruper, and H. L. Glick, Westinghouse Research Report SR-316, 

Nov. 1, 1945. 
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For the 0.5-ntsec pulse, 

C = ° 5 f j 0 " 6 = 5000 wtf, 

and for the 2.5-jusec pulse, 

CN, = 25,000 nnf. 

Charging Inductance.—In order to insure the best operation of the 
5C22 at 2000 pps, nearly resonant charging should be achieved. Then 

fr = 1/ir y/LcCn, and 

Lc = iyjcT, ~ io x 4 x 5 x io-3 = 6 hen rys ' 
which is the value of charging inductance used in this pulser. 

Shunt-diode Circuit.—In order to maintain a constant peak forward 
voltage on the network after an accidental short circuit in the load, it is 
necessary to dissipate the inverse voltage left on the network after such a 
short circuit as rapidly as possible by means of a shunt-diode circuit across 
the network. For maximum effectiveness, the time constant of the net
work capacitance and resistance of the shunt circuit should be as small as 
possible compared with the charging period. Since most magnetron 
sparking takes place with long pulses, the charging period to be considered 
is 

Tc = * VLCCN, ~ 1100 /isec. 

In general, the diode circuit proves reasonably effective if its time 
constant is about 1 per cent of the charging period. Then 

RsCNs = 11 X 10-6, 
„ 11 X IO"6 .._ , 
Rs = 25 X IO-9 ~ 4 5 ° o h m S -

A resistance of this value can be obtained by using two 3B26's in parallel, 
each in series with a 500-ohm resistance. The maximum ratings of the 
tubes are not exceeded because, for the peak inverse voltage of 13 kv 
(rating = 15 kv), the peak current after a complete short circuit is 
is 13000/900 = 7.2 amp, and decreases in 5 /usec to less than 4.5 amp 
(rating = 8 amp). For a continuous short circuit only the rating for 
plate dissipation is exceeded. This excess dissipation can be corrected 
by the protective relay discussed later. 

Power Supply.—The power supply was designed as a standard full-
wave rectifier with a choke input filter to minimize the effect of the input-
voltage waveform on the pulser output. The d-c voltage required for 
normal operation can be arrived at by the use of an estimated charging 
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ratio; 1.85 was chosen. Then 

^ = TX5 = m = 6-8kv-
For starting, 

2 150 X 0.4 _ . 
^ - r 8 5 V _ 0 7 5 _ - 5 - 6 k v -

The average current from the power supply is approximately 

I = Pl = 600 
c" E»Xr,dX vc 6800 X 0.75 X 0.925 ' 

or 
7c.v = CxVNfr = 5 X 2000 X 12.6 X lO"6 = 126 ma. 

A total of eight output voltages was provided, in two groups of four. 
Each group was given by two taps connected near one end of the primary 
winding to allow for the change from low (starting) to high (running) 
power. For each operating power level, four adjustments were provided 
over a voltage range of approximately ± 5 per cent in order to accommodate 
possible variations in the 4J50 input requirements from tube to tube, as 
well as to compensate easily for changes in input-voltage waveform. 

No particular difficulties were encountered with the power supply, 
with the possible exception of the filter inductance. Because of the 
waveforms supplied by aircraft generators, the peak voltage across the 
inductance was, for some conditions, greater than 1.5 times the expected 
value for a sinusoidal voltage. Both the insulation stresses and the core 
loss were therefore increased, and the design required special care. 

Hold-off Diode.—The maximum expected peak current through the 
charging circuit occurs for the long pulse duration and is given approxi
mately by 

/,p..k « V 2 X 126 X m% « 400 ma. 

Since the 705A diode satisfies both the peak- and average-current require
ments in addition to the voltage requirement for the hold-off diode, it was 
used in this position as well as in the rectifier. 

Pulse-duration Switching.—When the pulse duration is changed, it is 
necessary to shut off the high-voltage supply for a short time before, 
during, and after the switching operation in order to prevent the buildup 
of excessive voltage on the network and to eliminate sparking at the 
switch contacts. In this particular instance, two auxiliary relays (Ke 
and K7) actuate the main connector relays K2 and K3 as well as the 
high-voltage network switch (K7), designed especially on a Rototrol 
mechanism. (See Fig. 11-7.) The main power supply is cut off before 
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the pulse duration is changed, and the power is restored as soon as the 
high-voltage switch is again in operating position. 

Protection.—Protection against short circuits in the load is normally 
achieved by the shunt-diode circuit, which prevents dangerous overvolt-
ing of any pulser component and keeps the average current very nearly 
constant. For prolonged short circuits, it is desirable either to turn off 
the pulser, or at least to change its output from high to low power. Since 
the largest current change resulting from a fault occurs in the shunt-
diode circuit, a protective relay is introduced in this circuit. A thermal 
relay (TKi of Fig. 11-7) was selected for this function because of its 
long operating delay. The relay chosen in this particular case operates 
in approximately one second in case of a short circuit in the load (see 
Sec. 10-3), but takes five seconds to return to its normal position. The 
resultant decrease in the average plate dissipation in the diode to one 
sixth of the expected value enables the 3B26 to be operated within ratings. 

The pulser components are protected against the effects of an open 
circuit in the load, or a short circuit across the power supply caused by a 
fault in the pulser, by means of an overload relay (K4 in Fig. 11-7). 
This relay is of the "flapper" type, and releases when the high voltage is 
shut off. When the trouble condition is continuous, final protection is 
assured by overloading the fuses through the resistance Ri. 

Trigger Amplifier.—The trigger pulse supplied by the radar system to 
the pulser may vary in amplitude from 7 to 150 volts, and in duration 
from 0.5 to 10 /isec. Because of the trigger and bias requirements of the 
5C22 hydrogen thyratron, a special power supply was needed for its grid 
circuit. The trigger amplifier is shown in Fig. 11-7. A double triode is 
used, one half of which serves as an amplifier and limiter, and the other 
half as the tube in a regenerative pulser. The trigger pulse for the 5C22 
is obtained from the cathode-follower output from the regenerative pulser 
tube. 

Insulation.—All magnetic components used in this pulser have been 
designed with Fosterite insulation in order to reduce their weight to a 
minimum and to enable operation at ambient temperatures higher than 
those that standard equipment would normally withstand. Results so 
far have been very satisfactory. I t was also desired to use diaplex as 
network insulation to further reduce the weight. Because of corona 
difficulties occurring at the operating-voltage levels, a satisfactory diaplex 
network was not available, and a network with oil-impregnated paper 
insulation was used instead. By careful location of the network in the 
air flow, it was possible to reduce its temperature rise and thus insure 
satisfactory life. 

The complete wiring diagrams of the pulser and its control box are 
given in Fig. 11-7. 
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Mechanical Design and Dissipation of Heat.—A preliminary study and 
estimates of efficiency indicated that the pulser components could prob
ably be contained in a cylinder less than 15 in. in diameter and 17 in. 
long, but that the total losses would be 600 to 700 watts. Hence, the 
ultimate size of the pulser might be determined by temperature-rise 
considerations and heat transfer through the airtight container. Cooling 
studies give heat-transfer coefficients of 6 milliwatts per square inch per 
degree centigrade for turbulent (low-velocity) air on either side of the 
container, and about 16.8 milliwatts for high-velocity air.1 

If a value of 95°C is assumed for the maximum air temperature in the 
container, the maximum temperature rise allowable is 24CC above the 

FIG. 11-8.—Interior view of the Fio. 119.—Outside view of the com-
corrugated can. (Courtesy of the pleted can showing mounting rings and shock 
Westinghouse Research Laboratories.) mounts. (Courtesy of the Westinghouse Re

search Laboratories.) 

value of 71.1°C specified as the ambient operating temperature. Then, 
the required cooling area for the best conditions of heat transfer is 

A r e a = 16.8X 24 ~ 1 7 5 ° m 2 

In order to obtain a high-velocity air flow along the entire area of the 
airtight can, a triple-walled can is necessary. A tentative design, based 
on the estimated size of the pulser components size and of the axial-flow 
blower, gave an area of about 1200 in.2 for the center (airtight) can. By 
forming the cylinder out of a corrugated sheet rather than a smooth sheet, 
it was possible to increase the total cooling area to about 1750 in.2 with- • 
out increasing the outside dimensions of the unit; furthermore, the 
mechanical rigidity was increased. Figures 11-8 and 11-9 show the air
tight corrugated can alone, and mounted with the jackets that assure a 

1 A. E. Vershbow and E. L. Czapek "Cooling of Pressure Tight Containers," RL 
Report No. 462, Mar. 14, 1944. 
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high-velocity flow of air along the corrugations, and Fig. 11-10 gives a com
parison of cooling efficiency between plain and corrugated cans. The tem
perature rise is higher here than expected because the correct blowers were 

not available for tests, causing a 
decrease in air velocity from 2500 
to 1500 ft/min for the outside air. 

Chassis.—The pulser compo
nents are mounted on a T-shaped 
chassis welded to the circular-front 
pressure plate; channel-shaped 
sections serve as reinforcement 
and runners for sliding on the 
guides of the inner can. The loca
tion of components on the chassis 
has been chosen with regard to 
weight distribution, short connec
tions, and the elimination of 
electrical noise. Most heavy com
ponents are located near the front 

plate in order to relieve strains on the chassis, the parts have been grouped 
by functions, and the "noisy" elements of the pulse-forming circuit have 
been kept in a section by themselves. 
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F I G . 11*10.—Comparison of the heat 
dissipation of a plain-wall can versus that of 
a corrugated-wall can. (Courtesy of the 
Westing/louse Research Laboratories.) 

F I G . 11-11.—Top view of the chassis. (Courtesy of the Westinghouse Research Laboratories.) 

Relays, tap switches, and line noise filters for all power leads are con
tained in a relay box on the front of the pressure plate, and the line filters 
are mounted on a partition that provides a completely shielded input 
compartment for the control-box connector. Separate shielded cables 
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are provided for both input and output trigger pulses, and a special pulse-
cable connector is also used. Figures 11-11 and 11-12 show the chassis 

I ' IG . 11-12.—Bottom view of the chassis. (Courtesy of the Weatinghouae Research 
Laboratories.) 

Vm. 11-13.—View of the chassis partially slid into the can. {Courtesy of the Westinghouse 
Research Laboratories.) 

layout, and Fig. 11-13 shows a general view of the pulser with the cover 
partly removed. 

Performance.—Some data covering electrical performance are given 
in Table 11-2, corresponding to several taps on the input transformer for 
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both short and long pulses. Measurements applying to all cases 
are: 

1. Short pulse. Recurrence frequency = 2000 pps. Pulse duration 
= 0.43 jusec, measured at half amplitude of magnetron current 
pulse. 

2. Long pulse. Recurrence frequency = 400 pps. Pulse duration 
= 2.4 /*sec, measured at half amplitude of magnetron current 
pulse. 

The tabulated magnetron input voltage in Table 11-2 has been obtained 
by plotting an average V-I characteristic from the actual data, and cor
recting the voltage readings to make the points follow a smooth curve. 
In no case was the correction greater than 2.5 per cent, which is a reason
able error for voltage measurements with a capacitance divider. 

TABLE 11-2.—PERFORMANCE DATA FOR HIGH-POWER AIRBORNE PULSER 

Trans
former tap 

A-c 
input 
power 

Ps, 
watts 

Input to pulser 
circuit 

EM,, 
kv ma 

Pi, 
watts 

Magnetron input 

Ii, 
amp 

Vi, 
kv 

Pi, 
kw 

Plvr, 
watts 

Pulser-cir-
cuit efficiency 

-j? X 100, 
per cent 

Short pulse 

1 
3 
5 
6 
7 

710 
780 
950 

1000 
1070 

5.20 
5.56 
6.30 
6.50 
6.78 

86 
92 

105 
108 
112 

446 
511 
660 
702 
760 

17.0 
20.6 
24.3 
26.6 
27.4 

20.6 
21.2 
21.8 
22.2 
22.3 

350 
435 
530 
590 
610 

300 
375 
455 
505 
525 

68 
73 
69 
72 
69 

Long pulse 

3 
6 

825 
1040 

5.5 
6.5 

100 
112 

550 
728 

19.2 
23.4 

20.9 
21.6 

400 1 385 
505 485 

70 
67 

The circuit efficiency is approximately 70 per cent for all operating 
conditions; however, the over-all pulser efficiency—from a-c input to 
pulse output—is only about 50 per cent at the higher power levels. If 
the drain of blower motors and d-c relays are included, the best efficiency 
available is about 40 per cent. Thus, it is seen that the fixed losses— 
cathode power, cooling, etc.—account, in general, for more than half the 
total losses in the pulser. 

The pulse input to the magnetron and the r-f spectrum are given in 
Fig. 11-14. 

Heat runs on the finished pulser at full output indicated a hot-spot 
temperature on the can of the network that was 32°C above the external 
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ambient temperature, and a 35°C temperature rise for the core of the 
charging reactor. These values are about equal to those expected from 
the design considerations. 

11-3. Multiple-network Pulsers.1—In the conventional line-type 
pulser the load is matched to the network impedance in order to obtain 

(a) 0.5-juseo current pulse. (6) 2.5-fisec current pulse. 

(c) 0.5-fisec voltage pulse. (d) 2.5-jusec voltage pulse. 

(e) R-f spectrum for the 0.5-jisec pulse. 
F I G . 11-14.—Oscilloscope traces of pulses obtained with the high-power airborne pulser 

and the 4J50 magnetron. {Courtesy of the Westinghouse Research Laboratories.) 

optimum power transfer, resulting in a load voltage equal to one half the 
network voltage before discharge. The use of pulse transformers, of 
course, enables the load voltage to be stepped up or down by a factor of 
five, and possibly ten in some cases. I t is possible to obtain load volt
ages equal to or higher than the network voltage without pulse trans
formers by using several networks in the discharging circuit. Circuits 
were developed both in England and in this country to accomplish this 

1 By R. S. Stanton. 
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result. The British used a two-network system called the "Blumlein 
circuit," and a general scheme for the use of n networks was devised by 
S. Darlington of the Bell Telephone Laboratories. The general principle 
on which these circuits are based is essentially that of charging the net
works in parallel and discharging them in series. 

The Darlington Circuit.—A simplified schematic diagram of the Dar
lington circuit is shown in Fig. 11-15. I t consists of (n — 1) four-ter
minal networks. The nth network can be of the two-terminal type. One 
obvious requirement to obtain a single pulse across the load is that all 
the networks have the same delay time and phase characteristics. In 
order to obtain a single pulse across the load resistance Ri, some definite 
relations between the network impedances are required. These imped
ance relationships may be obtained by making use of a steady-state 
theorem on equivalent circuits, and applying it to the impulse system. 

Pulse-forming networks 

L 

PFN 
1 

PFN 
2 

PFN 
r 
Zv 

PFN 
n-\ 
Zn-i 

PFN 
-n z R, 

F I G . 11-15.—Schematic diagram of the Darlington discharging circuit. 

This theorem states that a circuit consisting of an ideal transformer in 
series with a load resistance and a four-terminal network is equivalent to 
another circuit consisting of a four-terminal network and series resist
ance, provided that certain relationships exist between the transformer 
ratio, the series resistances, and the network impedances. By applying 
this theorem to the discharging circuit of a conventional pulser and 
introducing a delay line of the same electrical characteristics as that of 
the original network, an equivalent two-network circuit is obtained. The 
process is repeated until the n-network system is developed for which the 
expression for the impedance of the rth network is given by 

*-*[*^} 
and the impedance of the nth network is given by Zn = Ri/n. 

Energy considerations show that all the energy stored in the network 
is dissipated in one pulse in the load resistance when these values are 
adopted. Hence, the reflections taking place between networks must of 
necessity cancel each other, and a single pulse be obtained at the load. 
The voltage of that pulse is equal to n /2 times the network voltage. The 
series discharge is obtained by short-circuiting the first network of the 
series by switch S. By simple transmission-line theory, short-circuiting 
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one end of a network is equivalent to reversing the potential of the net
work, thus putting it in series with the second network. The voltage-
reversal process is continued until the pulse appears across the load. I t 
must be noted that the reversal process results in a fixed time delay 
between the firing of the switch and the appearance of the pulse at the 
load. The recharging of the network can be accomplished by the same 
methods as have been discussed in the case of a conventional line-type 
pulser. 

The Blumlein Circuit.—If the relations for the network impedance 
obtained above are applied to the case where only two networks are used, 
Z\ = Ri/2, Z2 = Ri/2. For two networks, however, the constraining 

Network 1 

___ Pulse 
-"TRRP—i transformer 

'Magnetron 

Fia. 11-16.—Schematic diagram of the Model 16 pulser. 

4kj£ 
conditions are not as severe as in the general case described above, and 
matched conditions are obtained if the sum of the network impedances 
is equal to the load impedance, or Zi + Z2 = Ri. In this way it is 
possible to match a high-impedance load directly to a low-impedance 
network by the addition of another network. 

Some advantages can be derived from using two networks of equal 
impedance. For instance, the practical pulser described hereafter 
uses two networks of equal impedance, which can either be connected 
in series as in the Blumlein circuit to obtain a pulse power of 10 Mw 
for a pulse duration of 1 /usec, or connected in tandem to obtain a pulse 
power of 5 Mw for a pulse duration of 2 jusec by connecting the switch 
as indicated in Fig. 11-16. A-c resonant charging was used, and the 
rotary spark gap was mounted on an extension of the generator shaft 
and provided with phasing control. The networks have impedances 
equal to one half the load impedance (magnetron impedance divided by 
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the square of the pulse-transformer turns ratio). The specifications for 
the pulser were: 

Recurrence frequency: 350 pps. 
Power output: 10 and 5 Mw. 
Pulse durations: 1 and 2 jtsec. 
Supply voltage: 60-cycle 3-phase. 
The following protective devices were introduced in the circuit: (1) a 

magnetron-average-current underload relay, (2) a pulse reverse-current 
relay, (3) a thermal overload relay on motor and charging transformer, 
and (4) fuses for average-current meter, under-current relay, and control 
circuit. The magnetron-filament voltage may be adjusted by means of a 

variac, and an automatic two-
minute time delay is introduced 
before the high voltage can be ap
plied to the circuit. The pulser is 
built as a single unit, approxi
mately 30 in. by 60 in. by 69 in. 
and weighs about 1700 lb. A 
photograph of the completed 
pulser is reproduced in Fig. 11-17. 

Design Calculations.—For the 
conventional circuit having a net
work impedance of 25 ohms, the 
pulse-power output is 5 Mw and 
the pulse duration is 2 wsec. 

.cabinet. J When the Blumlein circuit is used, 
1117.—Photograph of the Model 16 the network impedance is 50 ohms, 

the pulse output is 10 Mw, and the 
pulse duration is 1 usec. For both arrangements of the circuit the recur
rence frequency is 350 pps and the average power is 3500 watts. On the 
basis of the conventional circuit arrangement, the capacitance for the 
network is 

CN = ~ = V^ffT = 40,000 mif. 

Control 

FIG. 

T 

2Z~N 2 X 25 

If the discharging efficiency v* is assumed to be 70 per cent, the net
work voltage is 

r-J^-'j 5 X 10« X 25 
0.7 » 27 kv, 

and the average power taken from the network is 

PN = ^ - r « 5100 watts. 
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The rms voltage across che transformer secondary for n = 2 and Q = 12 is 

VN 
r V 2 0.707 X 27 X 103

 RQOr. , , 
E*^. = H~" ~ 276 = 6 9 2 ° V 0 l t s ' 

Q(l - e 2« ) 

and the rms current in the transformer secondary is 

,. mrCifEbUa 
2 v"6 

= 1.1 amp. 

Therefore, 
Eb X I, ~ 6920 X 1.1 = 7.6 kv-amp. 

The average current in the transformer secondary is 

Ic„ « ^ f ^ ( l - ^ ) « 0 . 4 4 C ^ ^ a = 0.378 amp. 

The charging inductance is given by 

Lc = ^ p S . l S h e n r y s . 

This value is the total inductance, but allowance must be made for the 
source inductance transformed by the square of the turns ratio of the 
charging transformer. According to experimental tests, a transformer 
TABLE 11-3.—TYPICAL OPERATING CHARACTERISTICS FOR THE MODEL 16 PULSER 

Generator volts, Vo 
Charging current Pulse voltage, kv Pulse power, Mw 

Blumlein circuit 

150 
155 
160 
165 
170 
185 
187 
195 
197 

220 
240 
260 
280 
300 
320 
340 
360 
380 

13.6 
15.4 
16.4 
18.2 
19.1 
20.2 
21.4 
22.6 
23.6 

3 7 
4.7 
5.4 
6.6 
7.2 
8.2 
9 2 
10.2 
11.2 

185 
190 
205 
215 

Conventional circuit 

250 
300 
340 
375 

8 
9.9 
10.9 
12 0 

2.5 
3 9 
4.8 
5 7 
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leakage inductance of 3.6 henrys is necessary in order to obtain a total 
circuit inductance of 5.15 henrys. 

Typical operating characteristics with resistance load for the Blumlein 
and conventional circuits are given in Table 11-3. 

11-4. The Anger Circuit.1—In the conventional line-type pulser in use 
in this country, the pulse-forming network is charged slowly to a potential 
VN, and then is suddenly discharged through a load whose impedance is 
very nearly equal to the characteristic impedance of the pulse-forming 
network. 

The Anger circuit was developed in this country by H. O. Anger, 
in 1942.2 The British have used the same circuit in some of their 
pulse generators. In this circuit 

OWOfiOBQWl 

TTTT 
*f Uflfl, r/ii 

3 
F I G . 

2 
11-18.—The Anger circuit 

hold-off thyratron. 

1 
with 

the network is charged to a po
tential VK through a load of im
pedance very nearly equal to the 
characteristic impedance of the net
work, and the pulse appears across 
the load during the charging of the 
network. 

The Anger circuit also differs 
from that of the d-c charging line-
type pulser in that it is necessary 
either to discharge the network or 
to reverse the polarity of the net
work voltage during the interpulse 
interval. The network can be dis
charged by connecting a suitable 

resistance across its terminals, corresponding to conventional resistance 
charging. The polarity of the network voltage can be reversed by con
necting an inductance across its terminals, and the same possibilities of 
resonant, hold-off diode, or linear operation exist as in the conventional 
inductance-charging circuit. 

The fundamental circuit as originally designed is given in Fig. 11-18. 
Assume that thyratron Th\ has been made conducting, so that point R 
is at potential — E». If some time later, thyratron Th2 is made conduct
ing, {Thi nonconducting), it closes a resonant circuit formed by the 
capacitance of the pulse-forming network and the inductance Le. Since 
the current cannot reverse in the circuit because of the unidirectional 
property of the thyratron, a charge is left on the network that is nearly 
equal in magnitude, but opposite in polarity, to that left on it after the 
pulse. 

1 By J. V. Lebacqz. 
* J. V. Lebacqz, H. O. Anger, and T. W. Jarmie, "Mechanical Vacuum Switches, 

Transmission Line and RC Pulsing Circuits," NDRC 14-156, U. of Calif., June 1, 11)43, 
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Before thyratron Thi is made conducting a second time, a potential 
almost equal to 2Ehb appears across it. At the time of firing, the equiva
lent circuit is that shown in Fig. 11-19. The current flowing through the 
circuit when the switch is closed is given by R , 

J = VN + E» 
Rp + Ri + Tin 

and the voltage appearing across the load is 

VN + E» 
Vi = IiRi = RP + Ri + ZN 

Rt. Fia. 1119.—Equivalent cir
cuit at the start of the pulse. 

Assuming matched conditions {ZN = Ri) and neglecting losses (Rp = 0), 

Tr Vn + Eu 
Vi = s 

After the pulse, the pulse-forming network again has a voltage Ea 
across it, and the schematic diagram of the potential-reversing circuit is 
given by Fig. 11-20. The pulse-forming network can be represented by 

its capacitance CN, if the resonant period of 
Lc and Cn is large compared with the pulse 
duration. 

Then, one half cycle after switch St is closed, 

V„ Ette 20, 

where Q = oiLc/Re, and Rc is the resistance of the 
potential-reversing inductance and switch £2 in 
series. 

The load voltage for the following pulses can then be written, for 
matched conditions and no losses in the switch £1, 

F i o . 11 -20 .—Sche
matic diagram of the 
potential-reversing cir
cuit. 

Vt = Eb 
1 +e 2« 

For a value of Q of approximately 15, 

20 « fl-o-i = e a« « e 
1 

and 
1.105 

Vi » 0.95£». 

0.9, 

In general, V\ can be written 

Vi = Ebb(l + e *0 fii 
Rp + Ri + ZH 
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The peak current taken from the power-supply filter condenser is 

j = £ » ( ! + e"g) _ 
i?p + iii + Zw 

and the average current is 

lc" R„ + R,+ ZN 

The average power output is given by 

r-f, 

p'.v = vjrf- - {Rp + Rl + z„y Rtrf" 
the average power input is 

_ 2%(1 + 6 »<>) 

and the pulser-circuit efficiency is given by 

= (1 + e " ^ ) 
Rp + Ri + ZAT fl,. 

I t can be seen from these relations that the performance of this circuit is 
essentially the same as that of the conventional line-type pulser. 

A modification of this circuit was introduced a little later in order to 
eliminate the necessity of the thyratron 77i2 

X 

cf^ 

™ 

w 'SODWJOTI The value of the inductance Lc was increased 
L\L T T T T J* u n t i l * n e natural period of oscillation of the 

J^l^r^ LCC^-combination was exactly twice the pulse 
recurrence period. Under these conditions 
the network potential-reversing process oc
cupies the full interval between pulses, cor
responding to normal resonant charging of 

FIG. ii-2i.—The revised Anger the standard pulser circuit. A circuit diagram 
circuit- is given in Fig. 11-21. 

Further investigation also showed that the value of the inductance 
could be made larger than that corresponding to resonance. In this 
case, the current in Lc never drops to zero, and the potential across the 
pulse-forming network reverses in a more linear fashion, corresponding to 
linear d-c charging of the normal line-type pulser circuit. 

Since the Anger circuit gives essentially the same performance as the 
circuit discussed in Chap. 9, the reasons for using it must depend on 
practical considerations. Probably the principal disadvantage is that the 
rectifier-output filter capacitance must be able to withstand the additional 
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heat produced by the pulse current flowing through it, and must also be 
large enough to prevent an appreciable drop in the pulse voltage. From a 
practical standpoint, a capacitance ten times the pulse-forming-network 
capacitance should prove ample. In general, it is found that this value 
is also required to keep the rectifier ripple within reasonable limits. 

The principal advantage of the circuit is apparent in applications 
requiring high voltages in crowded places. I t may be noted that, in 
the Anger circuit, the maximum instantaneous voltage to ground at any 
point in the circuit does not exceed the d-c supply voltage, whereas, in 
the usual line-type circuit, it is twice the d-c supply voltage. 

Little difference in the transformers may be expected, the rectifier 
filaments are at ground potential instead of Ebb, but the thyratron cathode 
is at — Ea instead of ground potential, requiring, of course, the addition 
of an insulated trigger transformer for the thyratron grid. 

11-5. The Nonlinear-inductance Circuit.1—This section is concerned 
with pulse generators in which nonlinear inductances are used as the 
switching elements. These pulsers can produce a high voltage across 
the load from a low-voltage power supply without the use of a pulse 
transformer. By suddenly reducing the current in a linear inductance 
to zero, the energy stored in the associated magnetic field is transferred 
to a capacitance. The resultant high voltage across the condenser causes 
a large current to build up in a nonlinear inductance, which soon reaches 
current saturation. Upon saturation, the inductance of the nonlinear 
coil immediately diminishes to a very small value and, together with the 
capacitance, acts as a high-impedance pulse-forming network and delivers 
the pulse to the load. 

The coil has a toroidal winding on a spirally wound molybdenum 
permalloy tape core. The tape has a thickness of about 1 mil and an 
initial permeability of at least 10,000. The switching impedance ratio 
and the time of saturation of the coil are controlled by the proper propor
tioning of both the weight of the core material and the diameter and 
number of turns on the coil. For a typical coil the inductance changes 
from approximately 1.5 h to 100 ph. at a pulse recurrence frequency of 
3600 pps, and the time jitter can be held to less than 0.05 /isec. 

The nonlinear-inductance pulser operates in the following manner. 
The tube 7\ (shown in Fig. 11-22), which is normally cut off, is made 
conducting by means of a rectangular-wave grid excitation (Eg in Fig. 
11-23). Plate current from a high-voltage source flows through the 
linear inductance L\, and the tube is allowed to conduct for a time 
sufficient to permit this plate current to build up to a point nearing 
current saturation (ILl in Fig. 11-23). This duration is made equal to 
approximately 25 per cent of the interval between pulses. At the time 

' By L. G. Kersta of the Bell Telephone Laboratories. 
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when the current is built up to the greatest usable amplitude for the 
excitation applied, the tube is suddenly cut off. Peak current amplitudes 
between 0.5 and 3.5 amp are obtained in L\, depending on the output 
requirements. A 5D21 tetrode is very satisfactory as tube Ti for a 
pulser output of about 200 kw. During the time the tube conducts, the 
nonlinear inductance L2 operates in the linear region where its induct
ance is about 1 to 1.5 henrys. At the cutoff instant the energy in the 
inductance L\ begins to transfer to the capacitance Ci, and current of 
the opposite sign begins to build up in the nonlinear inductance. This 
inductance is designed so that the 
time required for the core to saturate 
is equal to the time for the condenser 
to become fully charged. At this 
instant the condenser suddenly dis
charges and energizes the magnetron 
(IKL in Fig. 11-23). The pulse ap
plied to the magnetron from the 
pulse-shaping elements has a trape
zoidal shape (EMAG in Fig. 11-23); 

Ov 

-200 v «— 450 n sec — 
150/iJfc^ 1 0 M sec (time 

/^"~V during which *—i 
[ | C charges) / \ 

150 p sec 

10 Msec 
(time during 

which C 
charges) 

f\r— 

mag 

F I G . 1122.—Basic circuit for a 
nonlinear-inductance pulser. (Courtesy 
of the Bell Telephone Laboratories.) 

threshold 
of magnetron 

0.3 ix sec 
F I G . 11-23.—Typical wave shapes in a 

nonlinear-inductance pulser. (Courtesy of 
the Bell Telephone Laboratories.) 

the voltage pulse has a base about 1 /usec long and a flat top of about 
0.3 usec duration. For the operating conditions shown in Fig. 11-23, the 
threshold voltage for the magnetron is about 11 kv. Therefore, it is 
apparent that both the current pulse and r-f pulse have a base time 
duration equal to the duration of the voltage pulse at the threshold 
value (EM*c and 7MAG in Fig. 11-23). The resultant r-f pulse has a 
base about 0.5 ^sec long and a top 0.3 jusec long. 

I t may be noted, from Fig. 11-24, that the nonlinear inductance is 
operated with a d-c bias. For circuit simplicity an external bias source 
is shown here, and circuit arrangements that require no external bias 
source are described later. With the application of bias, the cycle of 
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operation is started with the nonlinear inductance in saturation, as 
shown on the B-H characteristic of Fig. 11-25 at point IB. When the 
tube Ti starts to conduct, current flows through the tube from two 
sources: (1) the linear inductance Li, and (2) C2 and the nonlinear 
inductance L2. Current flows from source (2) because d has assumed 
the full voltage of the high-voltage 
power supply (1200 volts) during 
the cutoff period. This current is 
in a direction opposite to the bias 
current and causes the nonlinear 
inductance to move its operating 
point to the linear range as shown 
by the arrow indicating a rising B. 
The bias current is adjusted to 
limit the maximum B to a value 
just below the saturation point 
shown on the positive side of the 
characteristic. 

The pulse-shaping circuit (Fig. 11-26) was evolved from the attempt 
to use an equivalent of the Guillemin circuit, a pulse-shaping circuit 
that can be represented by sections of series-tuned circuits in parallel. 
The variation attempted here was an equivalent circuit that used the 
nonlinear inductance and capacitance in series for the first section, and 
introduced shunt-tuned circuits in series with the above combination. 

Li <h\ u 

F I G . 11-24.—Nonlinear-inductance pulser 
with external bias. {Courtesy of the Bell 
Telephone Laboratories.) 

zzCr icNLJgi2 ==c, 

F I G . 11-25.—Hysteres is 
loop of a nonlinear inductance. 
{Courtesy of the Bell Telephone 
Laboratories.) 

F I G . 11-26.—Pulse-forming 
network for a nonlinear-in
ductance pulser. {Courtesy of 
the Bell Telephone Labora
tories.) 

This attempt to square the pulse left much to be desired because of 
parasitic effects introduced by component proximities. In its final form, 
which was determined experimentally, the first element in the network 
consisted of a nonlinear inductance and its shunt capacitance in series 
with Ci. The inductance L5 was adjusted to tune to a higher harmonic 
of the pulse recurrence frequency with the tube capacitance CT, and L8 
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was adjusted similarly to tune with the capacitance of the diode and 
magnetron. The resultant circuit is effectively a three-terminal network 
in which Ci, CT, and CNL are charged to the full circuit voltage. Upon 
saturation of L2, the condenser CNL discharges through L2 and defines 
the slope of the pulse voltage up to the threshold value of the mag
netron. The voltage from threshold is maintained by the energy in 
Ci, and declines at a rate that depends on the product of the higher 
order elements in the network. The final pulse shape resulted from a 
compromise between the desire for a rectangular pulse and that for 
simplicity in the network. 

Dependent on the application, three basic transmitter circuits have 
been used. The first, see Fig. 11-22, is described with the operation of 

F I Q . 11-27.—Diagram showing a method to supply the bias for the nonlinear inductance 
from an ftC-circuit. {Courtesy of the Bell Telephone Laboratories.) 

the basic circuit, and uses an external source of bias supply. The other 
two circuits use no external power for the supply of bias, and, as a con
sequence, they have been more widely used in practical applications. 
The first of these, shown in Fig. 11-27, is called the dynamic-bias circuit. 
I t employs the combination RiCi to provide the bias. The values are 
so chosen that the charge which accumulates on C2 during the cutoff 
time and is dissipated during the period of tube conduction does not 
saturate the nonlinear inductance. Also, C2 must be so large compared 
with Ci that appreciable energy is not lost during the discharging period. 
Likewise, Ri must be large enough to limit the tube current through the 
nonlinear inductance to a value that is less than the saturation value. 
During the discharge, the value of C2.R1 must be such that the current 
in the nonlinear inductance builds up to the saturation value in a time 
equal to the charging time of C\. I t is found possible to meet these 
requirements with relatively noncritical values of C and R. The second 
internal-bias circuit shown in Fig. 11-28 is called the multifilar-bias 
circuit. The biasing circuit is very similar to that shown in Fig. 11-22, 
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the difference being that the average plate current of the tube 7\ supplies 
the bias for the nonlinear inductance. Since the plate current is pre
determined by the operating conditions, the proper biasing point is 
obtained by adjusting the number of turns on the nonlinear inductance 
until the proper number of ampere-turns of bias is obtained. Since 
this number of turns is greater than the optimum number for the dis
charge, the additional turns are ob
tained by winding them in multifilar 
fashion with the winding value that 
is optimum for the discharging cir
cuit. As a result, the nonlinear in
ductance has between two and four 
filar windings, depending on the 
power-output requirement. Since 
the proper bias polarity is opposite 
in direction to the normal plate-cur
rent flow, the current must be sup
plied through a linear inductance in 
order to allow current reversal in the 
nonlinear inductance. The linear inductance is also proportioned by 
multifilar means in order to allow a division of inductance between the 
elements of the nonlinear inductance. An auxiliary consideration is:that 
the voltage across the nonlinear and choke coils be kept at a minimum; 
this is also accomplished by the multifilar windings. 

F I G . 11-28.—Diagram showing the 
elimination of external bias by multifilar 
windings in the inductances. (Courtesy 
of the Bell Telephone Laboratories.) 

Fio. 11-29. -Photographs of nonlinearrinductance coils. 
Laboratories.) 

(Courtesy of the Bell Telephone 

A photograph of the nonlinear inductance used in the circuit of Fig. 
11-27 is reproduced in Fig. ll-29o, and three stages in the construction 
of a multifilar-winding coil for the circuit of Fig. li-28 are shown in 
Fig. 11-296. The core for the coil shown in Fig. 11-29a weighs about 400 
grams, and the finished unit weighs about 1.5 lb for a pulser having a 
pulse-power output of about 200 kw. Photographs of the assembly 
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of the pulser components for the circuit of Fig. 11-27 are reproduced in 
Fig. 11-30a and b. The completed assembly is enclosed by an oiltight 
box, and contains all of the components shown in the diagram with the 
exception of the tubes and the resistor Rt. 

In pulse generators using a nonlinear inductance as the switching 
element, it is possible to obtain small time jitter, and to operate con
tinuously at high pulse recurrence frequencies (greater than 4000 pps) 
if necessary. The pulser operates also at pulse durations longer than 
those mentioned above, but for durations greater than 1 Msec the effi
ciency becomes poor compared with that of conventional line-type and 
hard-tube pulsers. 

(a) (b) 
F I G . 11-30.—Photographs of the component assembly for the nonlinear-inductance pulser 

circuit of Fig. 11-27. (Courtesy of the Bell Telephone Laboratories.) 

11-6. Special-purpose Output Circuits.1 Half-wave Single-phase 
Charging.—The a-c resonant pulsers described previously in this chapter 
have full-wave, or single-cycle, charging circuits. In these circuits a 
simple switch that is synchronized with the supply frequency and made 
conducting in proper phase relation with the charging voltage serves to 
deliver a unidirectional pulse to the load, and the pulse recurrence 
frequency is, in general, equal to the supply frequency. 

For half-wave charging, discussed in Chap. 9, the pulse recurrence 
frequency is twice the supply frequency, but the charge on the network is 
of opposite polarity on alternate pulses. Accordingly, a conventional 
discharging circuit would lead to output pulses of alternating polarity. 
Two special switching arrangements have been used in order to obtain a 
series of unidirectional pulses across the load by rectifying action. 

The first of these is shown in Fig. 11-31, in which the rotary gap G 
1 By R. S. Stanton. 
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is of a special design that provides the rectifying element in the circuit 
as follows. When the network voltage assumes a maximum value with 
terminal a positive and b negative, the switch assumes the position 
shown in the figure; a is therefore connected to ground, and a negative 
voltage appears at the terminal c of the load. One half cycle later, the 
polarity on the network is reversed, the switch connects b to ground and 
a to the load at c, and again a negative pulse appears across the load. 

One pulser based on the circuit described above was required to deliver 
5-fiSec pulses to a load impedance of 450 ohms at a maximum pulse power 
of 1.8 Mw. The pulse recurrence frequency was 120 pps, and the a-c 
supply was a 115-volt 60-cycle single-phase line. The rotary-gap 
switch was driven by an 1800-rpm synchronous motor with electrical 
means for automatically selecting the phase required to deliver a negative 

F I G . 11-31.—Pulser using a-c resonant half-wave charging. 

pulse. A special transformer was designed to provide the correct 
inductance for resonant charging. 

Design Calculations.—The requirements for the pulser are: 
Pulse power Pr. 1.8 Mw. 
Pulse duration T: 5 /usec. 
Pulse voltage Vr. 28.5 kv. 
Load impedance Z\\ 450 ohms. 
Average power: 1080 watts. 
Pulse recurrence frequency fr = 120 pps. 

Assuming a pulse-forming-network impedance of 50 ohms to match 
the pulse-cable impedance, the following values are obtained: 

Pulse-forming-network capacitance CN = 0.05 nj. 

Pulse-transformer stepup ratio .. / = - = y 

Discharging efficiency i\d = 70 per cent (assumed). Using the above 
values, the network voltage is given by 

*-J¥-4 4 X 1.8 X 106 X 50 
0.7 

23 kv, 
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and the power to be taken from the network is 

p Pirfr 1.8 X 10" X 5 X 10~6 X 120 PN = —— = ,T- ~ 1580 watts. r),t 0.7 
The transformer-secondary voltage is 

V2 Eb = 
Q(\ - e~W) 

with n = 1 (half-cycle charging) and Q = 12, 

r, 0.707 X 23 X 103 „ , 
Kh„m ~ - — H T x n kv> 

and the transformer-secondary current is 

_ MrCsKwa = ir_X_5 X IP ' 8 X l l X l O ' X \/2(27r)60 
2 V 6 2 X 2.45 

« 0.19 amp. 
Therefore, 

£i,rma X 7crlm « 2100 volt-amp. 

The charging inductance is 

1 1 
O * (5 X 10-8)(2TT X 60)2 138 henrys. 

This value was used in designing the a-c resonant transformer because 
the source inductance could be neglected. 

The Thyratron Bridge.—A thyratron bridge can be used instead of the 
rotary gap to obtain pulses of identical polarity, as indicated in Fig. 11-32. 

When terminal a of the pulse-forming network has reached its maxi
mum positive charge, a trigger pulse is supplied to VTla causing it to 
conduct. Its plate is thus brought very nearly to ground potential, 
and a negative impulse is applied to the cathode of VTlb through the 
capacitance of the pulse-forming network. Because of interelectrode 
capacitance, the grid does not become negative as rapidly as does the 
cathode. Thus, VTlb is also made conducting, and the discharging 
circuit is completed through Rh VTlb, the pulse-forming network, 
and VTla. At the peak of the next charging cycle (the succeeding 
half-cycle of supply voltage), VT2a and VT2b are made to conduct 
in a similar manner. Thus, the thyratron bridge serves the same pur
pose as the rectifying rotary gap switch. 

Assuming perfect voltage division across the bridge, the network 
voltage may be twice the voltage rating for a single tube and, since each 
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pair of tubes conducts at only half of the output pulse recurrence fre
quency, the duty ratio may be twice that for a single tube. The pulse 
current is limited to the current rating of a single tube, so the maximum 
average power output may be four times that for a single thyratron 
switch. 

A special trigger-pulse generator is required for use with the thyratron-
bridge circuit. I t must supply alternate trigger pulses to VTla and 
VT2a spaced exactly 180° in the supply cycle, and phased with respect 
to the charging voltage so that each tube is caused to conduct when the 
network voltage reaches a maximum. 

An experimental pulser was constructed and tested at the Radiation 
Laboratory using 4C35 thyratrons and a 400-cycle a-c supply. The 

F I G . 11-32.—Schematic diagram of the thryratron-bridge circuit. 

pulse recurrence frequency was therefore 800 pps. The 4C35 thyratrons 
have maximum pulse ratings of 8 kv and 90 amp, but, since the two tubes 
are in series, the maximum allowable network voltage is 16 kv. Assum
ing matched load, the value of ZN that causes the pulse current to fall 
within the maximum rating is 

Zs = 2 I , = 89 ohms. 

The network and load impedances were chosen as 100 ohms each, the 
load being a noninductive resistance. For a pulse duration of 0.9 ^sec, 
the pulse-forming network had a measured capacitance of 4550 fifif. 

The charging-transformer characteristics were as follows: 
Transformer-secondary voltage, 

Et__ = 
XlL 
V2 

Q(l - e 2<3) 
7.7 kv. 
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Transformer-secondary rms current , 

nirC' sEyuia 

[SEC. 11-6 

Ic. 2 V6 ~ 0.8 amp. 

Transformer-secondary average current , Ic = 0. 

Charg ing induc tance , Lc = -„—, = 34.8 henrys . 
C vw-

Typica l opera t ing d a t a for this pulser are given in Tab le 11-4. 

TABLE 11 4.—TYPICAL OI'F.RATIXG DATA FOR AN A-C RESONANT HALF-WAVE-CHAROING 
THYRATROX-BRIDOE PULSER 

Supply line 

1\, wat ts 

150 
280 
428 

Pulse 

Vs. k^ 

6 .8 
9 4 

11.7 

-fo 
w 

ruling 
>rk 

W l l t t S 

84 
161 
247 

V,, 
kv 

4 .1 
5 .4 
6 .7 

11, 
amp 

38 .0 
50 0 
62 .0 

Load 

ma 

25 
35 
45 

Pi. 
k\v 

156 
270 
415 

wat t s 

63 
123 
202 

Kfririoney 

/' , X 100/ / ' , , 
av ' 

per cent 

42 
44 
47 

Multiple-load Puhcr.—In 1942 the need arose for a pulser to supply 
pulse power to two magne t rons s imul taneously . At t h a t t ime the 
problem was solved satisfactori ly by placing the two loads in parallel 

on the o u t p u t of the pulser described 
in Sec. 11-1, using separa te pulse 
t ransformers . Wi th this sys tem the 
magne t rons and magne t s had to be 
selected carefully in order to assure 
the equal i ty of load impedance and a 
reasonably uniform power d is t r ibu
tion. When the product ion sys tem 

was designed, a circuit was developed tha t had a common charging circuit 
and ro ta ry-gap switch, bu t separa te pulse-forming ne tworks and pulse 
t ransformers . T h e problem of power d is t r ibut ion to the two loads 
docs not arise with this a r r angemen t because the re is almost no coupling 
be tween the ou tpu t circuits dur ing the pulse in terval . Kach network . 
pulse t ransformer, and magne t ron combina t ion behaves essentially as a 
separa te pulser circuit. F igure 11-33 is a simplified schemat ic d iagram 
of this circuit. 

When a pulser was planned for a sys tem requir ing five s imul taneous 
o u t p u t s of 2-Mw pulse power each, this circuit was extended to make a 
five-network pulser. Comple te schemat ic d iagrams of this pulser. its 
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control circuits, and its remote-control panel are shown in Figs. 11-34 
and 11-35. 

One of the principal problems associated with this pulser was the 
design of a rotary spark gap that could handle the high current (1070 
amp) without excessive electrode wear. A switch that would operate for 

Terminal 
board 4 

io"_Qj-

Recycle 

Safety 

-~rT 
7 „ Radiate 

K, 

M AM3 XM, XM5 M 

1 

i 6~ © © © i r® © 6 © © ® ~i©~ ® ©\ 
i i i ii 1 

Terminal board 1 Terminal board 2 Terminal board 3 
FIG. 11-35.—Complete schematic diagram of the remote-control panel for the multiple-load 

pulser. 

at least 1000 hours without the replacement of electrodes was finally 
developed. 

Electrical Design.—The specific requirements for this pulser were as 
follows: 

Pulse power, P-: five outputs of 2 Mw each. 
Pulse duration, T: 1 ^sec. 
Average power, Pi : 3500 watts (total). 
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Pulse recurrence frequency, fr: 350 pps. 
Load impedance, Z (: 450 ohms. 
Pulse-forming-network impedance, Z„: 50 ohms. 
Total network capacitance, CN: 0.05 X 10~6 farads. 
Pulse-transformer stepup ratio: \/Zi/ZN = 3 /1 . 

If the discharging efficiency, rn, is assumed to be 70 per cent, the network 
voltage is 

„ fiPtfl, | 4 X 2 X 108X~50 _. , 
v*= V^r = V 07 ~ ̂ kv-

and the average power taken from each network is 

r, Ptrfr 2 X 106 X 10~6 X 350 i n n f t PH = —— = pr-= « 1000 watts. rid 0.7 

The rms voltage across the transformer secondary for n = 2 and Q = 12 is 

XJL 
p - V 2 _ 0-707 X 24 X 10* „ - , 
^ ™ . ^ T 276 6 2 k v ' 

Q(l - e » ) 

and the rms current in the transformer secondary is 

j ^ mrCNE)>Cila 

c™* 2 \/6 
= 1.28(0.05 X 10-6)(6.2 X 103) y/2 (2* X 350) = 1.2 amp. 

Therefore, 
Eb X Ic « 6.2 X 103 X 1.2 = 7.6 kv-amp. 

rma nna r 

The average current in the transformer secondary is 

/ . „ « ^ = ( l - g ) « 0 . 4 4 C ^ w . 

« 0.44(0.05 X 10"6)(6.2 X 103) y/2 (2*- X 350) « 0.42 amp. 

The charging inductance is 

L' = chrr (0.05 X lO-'W X 350)* = ° 4 henryS ( t° ta l )-
(Only 2.85 henrys of this total value were designed with the a-c resonant 
transformer; the remainder was provided by the equivalent inductance 
of the source.) 

Typical performance data for this multiple-load pulser are given in 
Table 11-5, and photographs of the equipment are reproduced in Figures 
11-36 and 11-37. 
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(a) (6) 
F I G . 11-36.—(a) Motor-generator and rotary-gap switch for the multiple-load pulser. 

(b) Rotary spark gap. 

T A B L E 11 -5 .—TYPICAL P E R F O R M A N C E D A T A FOR A M U L T I P L E - L O A D P U L S E R 

Test 
No. 

1 
2 
3 

fr, PPS 

356 
355 
354 

Generator ou tpu t 

Va, 
volts 

158 
179 
198 

la, amp 

23 .1 
2 7 . 4 
2 8 . 0 

Pi, kw 

3 .27 
4 .27 
5 .10 

Pulse-formi 

VN, kv 

18 .8 
2 2 . 0 
2 3 . 1 

rig networks 

SPN, kw 

3 .11 
4 .22 
4 .61 

Efficiency 

^ X 100, 

per cent 

95 
98 
91 

Tes t 
No . 

1 
2 
3 

Magne t ron No . 1 

Vi, 
kv 

2 8 . 0 
2 9 . 0 
2 9 . 7 

h , 
av ' 

ma 

14.1 
17.7 
2 0 . 0 

Pi , 
av ' 

wat t s 

395 
514 
594 

Mw 

1.15 
1.50 
1.73 

Magnet ron No. 2 

Vi, 
kv 

2 8 . 0 
29 .0 
3 0 . 0 

av ' 
m a 

13 5 
16.9 
18 .8 

P , , 
av ' 

wat t s 

378 
490 
564 

Pi, 
Mw 

1.08 
1.41 
1.63 

Magne t ron No. 3 

Vi, | ' ( „ , l * V 
kv m a 1 wa t t s 

2 7 . 4 
28 .2 
29 .2 

14.7 | 403 
18 .5 522 
2 0 . 8 607 

Pi, 
Mw 

1.15 
1 49 
1.73 

Tes t 
No. 

1 
2 
3 

Magne t ron No . 4 

Vi, 
kv 

2 7 . 9 
2 8 . 9 
2 9 . 8 

av ' 
m a 

13 .5 
17.2 
19 .3 

Pi , 
av 

wat t s 

377 
497 
576 

Pi, 
Mw 

1.09 
1.44 
1.67 

Magnet ron No . 5 

Vi, 
kv 

27 .4 

h , 
av ' 

m a 

14.6 

Pi , 
av ' 

wat t s 

400 
28 .7 18 .5 530 
29.2, 20 .7 605 

Pi, 
Mw 

1.14 

ZPi , 
av 

kw 

1.95 
1.51 2 55 
1.73 2 .94 

1 ' 

Efficiency in 
per cent 

2 P ' . v 
— v 

2-P.y X 

100 

63 
61 
65 

ZPi 
X 

Pi 
100 

60 
60 
60 
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11-7. Multiple-pulse Line-type Pulsers.1—The problem of obtaining 
a rapid succession of pulses from a line-type pulser is complicated by the 
fact that ail gaseous-discharge tubes known to date have a deionization 
time that is too long to enable the network to become recharged if the 
pulse interval is to be less than approximately 100 ^sec. Hence, in order 
to obtain multiple pulses from a line-type pulser, it is necessary to use 
artifices. 

The following three methods have been tried, one of which is used in 
practice: (1) a multiple-switch multiple-network circuit, (2) a multiple-
s\vitch single-network circuit, and (3) a single-switch multiple-network 

F I G . 11-37.—Cabinet for the multiple-load pulser. (a) Side view, (ft) Rear view. 

circuit. The three methods are discussed separately, and their possible 
uses and respective advantages are compared. 

Multiple-sivitch Multiple-network Circuit.—The schematic diagram 
given in Fig. 11-38 applies where a double-pulse output is required. 
As can be seen, this circuit is simply a combination of two identical 
line-type pulsers connected to the same load. When thyratron Th\ is 
fired, the network PFNi discharges through the load resistance Ri, giving 
the first pulse of the series. When Th2 is fired, the second pulse is 
produced in the load by the discharge of PFN2 . More circuits can 
similarly be fired in succession to produce so-called "codes" of three or 
more pulses. Additional stray capacitance, which may affect the pulse 
shape, occurs across the load when all the pulse-forming networks are 
connected to the load, or to the primary of the pulse transformer. Also, 

1 By J. V. Lcbacqz. 
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B+ 

i PFN, PFN2 

-It--
Thyratron 1 

Trigger 
input 1 

-" I t 
Thyratron 2 

T (?H 
Trigger 
input 2 

the plates of all the thyratrons are coupled together through the pulse-
forming networks. Hence, all output pulse voltages appear, essentially, 
at the plates of the untriggered tubes. As long as the pulse voltage is 

negative, no trouble can result. 
If, however, post-pulse oscillations 
appear because of the nature of the 
load or the pulse transformer, diffi
culties may arise either from exceed
ing the peak forward voltage of the 
thyratrons that have not yet been 
fired, or from the incomplete deioni-
zation of the thyratrons that have 
already been fired. 

The spacing between successive 
pulses of the same code can be 
obtained in many ways. A practi
cal method is to use a delay circuit 

that is energized when one thyratron is fired and produces the trigger 
for the successive pulse. A low-power coded pulser was built on this 
principle, whose schematic diagram is shown in Fig. 11-39. A brief 
summary of the design considerations follows. 

F I G . 11-38.—Circuit diagram for a multiple-
switch multiple-network circuit. 

F I G . 11-39.—Basic circuit diagram for a pulser producing a three-pulse code. 

When thyratron Thi is fired, the first pulse of the code is sent to the 
load, and, at the same time, the grid of the first half of Tt is driven well 
beyond cutoff. When the grid potential again rises to allow the tube to 
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conduct, the sudden increase in plate current causes a positive trigger to 
appear on the grid of the second half of T4, starting the regenerative 
pulser action and applying a trigger to the grid of Thi. The operation is 
then repeated to trigger Th3. The spacing between pulses can easily be 
controlled by adjusting the cathode bias of the triodes Tt and T<,. 

Resistance charging of the pulse-forming network was chosen because 
this particular pulser was required to operate at random recurrence 
frequencies from 0 to 2000 pps. Resistance charging presents some 
special design problems that are discussed here. 

When the thyratron is fired, and until it is completely deionised, 
the charging element short-circuits the power supply. Hence, a current 
Ebb/Rc flows through the tube after the pulse-forming network is dis
charged. If this current becomes too large, the thyratron does not 
deionize properly. Even before it stops completely, the deionization 
becomes erratic and may occasionally take as long as 500 Msec, resulting 
in improper charging for the next cycle. 

In order to prevent large variations in pulse power when the recurrence 
frequency is changed, it is necessary that the pulse-forming network be 
charged nearly to the power-supply voltage at the time of triggering when 
the highest recurrence frequency is used. 

If T, is the recurrence period, and Tk is the deionizing time corre
sponding to the chosen value of Rc. the network voltage at the time of 
firing is given by 

V« = Eu(l - e~~^), 

where Cn is the network capacitance. Thus, 

En, — VN e — -

and 

Tr-Tt 
' RjCs — 

Ebi, 

C» = Tr- T, k 

Rc In E» 
Ebb — VN 

If a variation of X per cent in the network voltage is allowed, Vn is 
within (1 — X/100) of Ebb, and the pulse output power does not vary by 
more than 2X per cent; the maximum network capacitance is then given by 
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Under these conditions, the maximum energy per pulse in the load is 

1 CxVlr,d = ^ 
El {TT . - Tk 

Rc\n 100 
X 

/lOO - XY 
\ ioo ) Vd-

As has previously been shown, Rc depends on the maximum current 
that the switch tube can pass and still deionize satisfactorily. If l> 
is the value of this current, Rc = E^/h, and 

EuJk (T,^ — Tk) 

In 100 
X 

/lOO - ArY 
V ioo ) Vd-

r- n̂nnr̂  

Thus, from a design standpoint, the maximum energy per pulse that 
can be obtained is proportional to the supply voltage and to the minimum 
charging time (Tr . — Tk) of the pulse-forming network. 

Double-switch Single-network Circuit.—The schematic diagram of this 
circuit is given in Fig. 11-40. Assume that the pulse transformer is an 

ideal transformer of turns ratio 1/1/1 and 
tha t / ? ; = ZN (matched conditions). Assume 
also that the filter condenser is charged to a 
potential Ebb and that the pulse-forming net
work is completely discharged. If losses are 
neglected, the pulse-forming network becomes 
charged to a potential Va = EM when the 
thyratron Thx is triggered. Because of the 
properties of pulse-forming networks, a pulse 
of voltage Ebt/2 appears across Ri during the 
charging of the network. During the pulse 
both the plate and the cathode of thyratron 
TI12 are driven negative to — Ebb, the plate by 
the addition of the voltage at point 4 and that 
induced in the transformer winding 5-6. At 

the end of the pulse, however, a voltage equal to Ebb suddenly appears 
from anode to cathode of Thit and, to keep this tube from firing, it is 
necessary to prevent the grid from becoming more than a few volts posi
tive with respect to the cathode. The use of negative grid bias and the 
addition of capacitance between grid and cathode easily accomplishes 
this result. 

Until thyratron Th2 is triggered both the filter condenser and the 
network are charged to a voltage £«,. When Th? is triggered, the pulse-
forming network discharges through winding 5-6 of the pulse transformer, 
and a pulse of amplitude Ebb/2 again appears across Rt. 

±C. 

Fiu. 11-40.—Circuit di;i-
grnrn for a douhle-switcl 
single-network pulser. 
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r^i 
+ 

+ 
ZN 

^ + V 
?-£« A 

1 
171 p," 

Although the circuit itself is very simple and flexible because any 
recurrence frequency that allows enough time for thyratron deionization 
is permissible, the auxiliary triggering circuit is complex. One such 
circuit that has been operated successfully 
consists essentially of an electronic switch 
designed to operate at the shortest interpulse 
spacing required; its output causes two regen
erative pulsers to operate in succession, trig
gering the thyratrons Th\ and Th2 alternately. 

In general, the simplified equivalent cir
cuit of Fig. 11-41 can be analyzed by the 
following equations. Let the network voltage 
be zero when the switch Si is first closed. The amplitude of the first pulse 
across the load is then 

and the voltage left on the network is 

v - v 2^* 

When switch S2 is closed, the second pulse has an amplitude 

Rl n Rl 2 ^ J V 

F I G . 11-41 .—Equivalent 
circuit for a double-switch 
single-network pulser. 

v,,= -vKl- = — EN 
'RI + ZN 

and the voltage left on the network is 
Ri -+- ZN Ri + ZN 

Vf" = - RTVT„ Vf" + y"' ~ Ev>R^TZsV ~ 5T+X/ 
For simplicity, assume, as in Chap. 7, that 

Ri — ZN 

Then 

and 

1 - K = 

1 +K = 
and the equations become 

Vh = En 

VKl = E* 

ZN 

2ZN 

Ri + Zn 

2Ri 
Rl + ZN 

Ri Ebb 
Rl + Zn 

2Zn 
Rl + ZN 

„ ( 1 + K ) ' 

= Ebb(l - K), 

E, 
v,, = - ^ (1 - «)(i +«), 



490 PARTICULAR APPLICATIONS [SEC. 11-7 

and 
Vs. = Ebbn{\ — li). 

The third voltage pulse is 

Vh = (£» - VKJ i - p = % [1 - *(1 - «)](! + «0, 
and the voltage left on the network after the third pulse is 

Vs, = {E* - V„2)(l -K) + VN„ 
or 

Vx, = Ebb (1 - «)(1 + K2). 

The fourth pulse is given by 

VU = - K v , ^ = - ^ (1 - *)(1 + «)(1 + K2), 

and the voltage left on the network after the fourth pulse is 
17 

VNK = -VK, T T - T V + y " . = E»*Q- ~ *)(! + *2)-
til T "K 

In general, for any pulse, 
V\M = - ^f^ C1 + ") 

y., = filt7y,M(i + »), 
VN = KVN , 

and 
K V t l ) = (1 - «)£» + KVS^. 

These values can now be rewritten in the form of series as follows: 

VkM = - y (1 + «)(1 - «)(1 + S + *4 + ■ ■ ■ + « ' -*) . 

FI(,„+1) = ~ (1 + «)[1 - *(1 - K)(1 + «2 + «4 + • ■ • + **-*)]. 

F*(,„, = £W(1 - K)(1 + K2 + K4 + • ■ • + K2-2). 
FA-, , . , , , = #6»(1 - K)(l + K2 + *4 + ■ ■ • + K2"-2). 

Since K is smaller than one, the series are all convergent and the equations 
can be rewritten 

^,..„ = ^ a +«) (I -« V ' + T ) = i?(1 + K2"+,)' 
1 — K2" 

F f f o . ) = £?M,(C . . > 
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and 
1 — K2" 

' Ar(!n+I) = Ebb . , 

As n increases, the value of K2" or K2n+1 becomes rapidly negligible com
pared with one, and the voltage across the load becomes 

V> ~ ± T' 
the plus sign corresponding to odd pulses and the minus sign to even 
pulses. As has been explained before, a polarity reversal on alternate 

:&2 E'il 

(») (6) 

(c) (rf) 
Fia . 11-42.—Pulse shapes obtained on a resistance load with multiple-switch single-

network circuit, (a) Circuit arranged for single-pip operation with uniform intcipulse 
intervals, (b) Circuit arranged for two-pip operation, (r) for three-pip operation, and 
(rf) for four-pip operation. 

pulses can easily be accomplished by the use of it pulse transformer. 
The network voltage at the end of the charging period is given by 

VN = E» 1 
1 +K 

and that at the end of the discharging period by 

VN = EH 1 +K 
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The applications of this circuit are not limited to obtaining coded 
pulses from line-type pulsers. Although it is equally well suited for the 
constant recurrence frequencies that are common in radar systems, its 
advantages become particularly impressive when the pulser is required 
to trigger at random intervals. As was pointed out before, the principal 
disadvantages are due to the complicated auxiliary circuits required for 
triggering the two tubes alternately, and to the precautions necessary to 
prevent the tubes from going into continuous conduction. It is believed, 
however, that where irregularly spaced high-power pulses are required 

these disadvantages are outweighed 
by the great flexibility of operation 
and the high efficiency. Oscillograms 
of pulse shapes obtained by this 
method are shown in Fig. 11-42. Fig
ure 11-42a was taken for a single 
pulse in order to show the slight dif
ference in pulse shape that results, in 
practice, from the charging or dis
charging of the network. 

Single-switch Multiple-network Circuit.—The following circuit has 
been tried and found very successful in obtaining two very closely spaced 
pulses from a line-type pulser. The principle of operation is identical 
with that of a regular line-type pulser, but an open-ended delay line is 
connected in parallel with the load, as indicated in Fig. 11-43. Assume 
that 62, the delay time of PFN2 , is greater than 5i, the delay time of PFX i. 
When the thyratron is fired, a pulse appears across the load and the delay 
line. This pulse travels down the line and is reflected at the open end. 
After a time equal to 26a, the reflected pulse appears at the load and gives 
a second signal. 

Simple considerations indicate the conditions under which the two 
pulses have the same amplitude. The voltage amplitude of the first 
pulse is given by 

RiZs, 

Fiu. 11-43.—Circuit diagram for single-
switch multiple-network pulser. 

vh = vNl 
Ri + Z.v, 

Z,v, + 
RiZfi 

Ri + Z.v, 
and that of the second pulse is 

*-«*('+ftr£> 
where 

a = e~ 
a is the attenuation factor, and I is the length of the delay line. The two 
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pulses that appear across the load have equal amplitude when 
j , Ri — Zx, _ 1 ̂  

Ri + Zx, a 
or 

Z.v, = R,(2a - 1). 
To obtain matched conditions for the discharge of the pulse-forming 
network, PFNi, the additional condition 

„ _ RiZv, _ 2a — 1 
""' ~ P -L 7 ~ Ki —7.— xti -+■ Lst a, 

must be satisfied. 
Some limitations of the system become obvious immediately. If 

2<z approaches 1, the values of ZNi and ZN, approach zero. The total 
attenuation of the line PFN 2 in
creases rapidly with the length of 
the line, or the time delay between 
pulses; hence, a limit on maximum 
pulse separation is soon reached. 
Figure 11-44 shows the similarity 
between the two successive pulses 
obtained by this method for a F l o . 11.44.—Oscillogram showing r-f en-
delay time of approximately 3 velope of pulses obtained wi h the circuit of 

Fig. 11-43. 
/usec. 

If, however, the time delay in PFN 2 is made less than half that in 
PFNi, the wave reflected from the end of the delay line appears at the 
load before the main pulse is ended. If the delay line is open-circuited, 
the polarity of the reflected voltage is the same as that of the pulse 
already appearing across the load, and an increase in pulse amplitude 
results. If the delay line is short-circuited, the reflected voltage is of 
opposite polarity, and produces a decrease in the amplitude of the main 
pulse. 

General Comparison.—The multiple-switch multiple-network circuit 
is the most flexible one that produces multiple pulses; there are almost 
no limitations on the spacings that can be obtained. The main dis
advantage is the large number of components that are necessary because 
a complete pulser circuit is required for each pulse. The double-switch 
single-network circuit is almost as flexible as the multiple-switch multiple-
network circuit, except that the minimum spacing between successive 
pulses is limited by the deionization time of the particular switch. This 
time can be decreased somewhat by operating the thyratrons at voltages 
and currents below the rated values. The main disadvantage of this 
circuit is the complex electronic switching circuit that is necessary to 
pulse the two switches alternately, and the necessity of having a power-

m 
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supply voltage that is equal to the network voltage (instead of half this 
voltage, as is usually the case for d-c inductance charging). The high-
insulation trigger transformers may also cause some difficulty, but some 
of these disadvantages are outweighed by the absence of any charging 
circuit. 

The single-switch multiple-network circuit is the least flexible of the 
three. It has been described here because it represents a very simple 
method of obtaining two closely spaced pulses, or pulses of irregular step 
shape. 

11-8. Multiple-switch Circuit for Voltage Multiplication.1—For high-
power line-type pulsers having high-impedance networks, the voltages 
on the networks tend to become high, and may reach values of 50 kv or 
more. Such high voltages usually lead to engineering difficulties, and 
some form of impulse-voltage multiplication is therefore desirable. The 
Marx multiplier circuit may easily be adapted to this use. The basic 

circuit uses the Type A pulse-
Lc i L ~ j _ . _ _ r forming network and is shown 

Y ^ ^ K ^ I ^ ^ in Fig. 11-45 for three-stage 

^r^^Cjinp^r ' f The condensers C comprise 
' the storage capacitance of the 

source 

L L 

FIG. 11-45.—Three stage Marx circuit Type A network. Since these 
adapted to the line-type puiser for multipli- COndensers are in series, each one 
cation of pulse voltage. . e n 

must have a capacitance ot nCV, 
where n is the number of stages and CN is the required capacitance 
for the network storage condenser. The voltage multiplication is 
obtained by charging the condensers in parallel and discharging them 
in series. In the ideal case, the voltage stepup ratio for an n-stage 
circuit is n. In practice, however, about 10 per cent of the voltage is 
usually lost because of currents flowing through the inductances L. 
The pulse discharge is initiated by firing the spark gaps G, which may, 
of course, be replaced by any other suitable switch. The isolating 
chokes L serve to prevent the condensers from being short-circuited 
through the gaps during the pulse. 

I t is clear that the isolating chokes L must have inductance that is 
sufficient to prevent an undue portion of the pulse current from being 
lost through them. An estimate of the required inductance may be 
made by calculating the circulating currents that flow during the dis
charge period. Some loss may also occur because of circulating currents 
if the gaps do not fire simultaneously. Under most conditions, however, 
the time lag in the firing of the gaps is less than the pulse duration r, 
and the approximate calculation remains valid. Triggered switches 

• By H. J. White. 
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such as thyratrons or fixed spark gaps usually have very small time lags. 
For the purpose of an approximate calculation, it is sufficiently accurate 
to consider the current flowing through one inductance L and one con
denser C in series, the condenser being initially charged to a voltage Vu. 
The current is then 

v lC ■ l 

VLC 
The period of the LC-circuit must be large compared with the pulse 
duration T, and, on the basis of this assumption, 

The maximum value that ILC could have during the pulse if the condenser 
were not otherwise discharged is 

r \ V^ 
(iLCJmai r > 

and the pulse current in the load is given by 

T nVK 

Eliminating VN between these two equations, the expression for L is 
found to be 

j 2ZNT 

As an example of the order of magnitude of L, let 

ZN = 1000 ohms, T = 10-6 sec, n = 3, ^ , ° " = 0.01. 
it 

Then 
, 2 X 1000 X 10"6 ._ , 
L = 3 X 0.01 = 6 7 m h -

Experimental data on the effect of the isolating-choke inductance on 
the current efficiency are given in Fig. 11-46 for a two-stage circuit. 
Current efficiency is defined as the ratio of n times the average load cur
rent to the input average current, where n is the number of stages, or 
2(/;.v/7c.v). If there were no circulating currents in the isolating chokes, 
the current efficiency, by Kirchhoff's law, would be 100 per cent. 

Unequal storage-condenser capacitances C also cause circulating cur
rents, which produce losses in the gaps and the condensers as well as in 
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the chokes. The isolating chokes usually have an iron core, and, for 
high-power circuits, they can be mounted conveniently in the tank of 
the pulse-forming network. 

A variation of the circuit of Fig. 11-45 that is particularly applicable 
to the two-stage Marx circuit is shown in Fig. 11-47. Here the highest 

100 
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I 

FIQ. 11-46.-
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-Effect of isolating inductance in the Marx circuit on the current efficiency. 

voltage to ground at any instant is equal to the load pulse voltage, and 
the problem of insulation is therefore simpler than that imposed by 
the original circuit. The rotary spark gap can easily be adapted for use 
as the switch in a Marx circuit by mounting the rotating electrodes on an 

High-voltage _|_ 
source - r C 

\ 
-L 

L 
'TfllOTff' oTT>—^ 

*C 

Pulse-shaping 
elements 

FIG. 11-47.—Variation of the Marx circuit to reduce voltages to ground. 

insulating rotor and using one set of fixed electrodes for each gap required. 
An n-stage Marx circuit would have n sets of fixed electrodes. The gaps 
come simultaneously into firing position, and very smooth operation is 
obtained when the switch is well built. 



PART III 

PULSE TRANSFORMERS 





CHAPTER 12 

ELEMENTARY THEORY OF PULSE TRANSFORMERS 

B Y W. H. BOSTICK 

12-1 General Transformer Theory.—Of the devices that have been 
developed for the transformation of energy and power the electromagnetic 
transformer, which changes the ratio of voltage and current while main
taining their product constant, has proved one of the most useful. Elec
tromagnetic transformers in general and pulse transformers in particular 
have been used— 

1. To transfer or control energy by raising a voltage above a threshold 
or barrier level. 

2. To invert the sign of voltage. 
3. To effect "d-c isolation" between source and load. 
4. To deliver the correct amount of power to a load of a given resist

ance by changing the voltage to the proper value. 
5. To effect maximum transfer of energy (or power) from source to 

load by a transformation of energy to the proper impedance level. 

I t is possible to conceive of a perfect electromagnetic transformer 
(see page 504 of Sec. 12-1) which would operate successfully over any 
range of frequency, impedance, and power levels. For various reasons, 
which are discussed later, such a perfect transformer cannot be built. 
Any transformer that can be built has certain limitations in its range of 
operation and should be designed to give optimum performance under 
the conditions of operation for which it is intended. 

Many different types of transformers have been developed to perform 
the many functions and to cover the various ranges of operation of elec
tromagnetic transformers. For example, there are filament and "power" 
transformers, which operate steadily on a sinusoidal input at the various 
standard power frequencies and voltages. There are audio transformers, 
which are designed to operate over the audible range of frequencies, some 
at high-power levels and others at low-power levels. There are r-f 
transformers, which, when used in the circuits for which they are intended, 
pass only a narrow frequency band of r-f energy. 

The development of pulsed radar created a need for a relatively new 
type of transformer—a transformer that transforms the energy in a pulse 

499 
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having a more or less rectangular shape and a duration of the order of 
magnitude of 1 jisec. 

In general, such pulse transformers are used to perform any or all of 
the functions listed at the beginning of this chapter. One individual 
pulse transformer is often used over a fairly wide range of pulse durations, 
voltages, and impedances. 

Pulse transformers are also used extensively (usually at low power) 
in one type of pulse-generating circuit, the regenerative pulse generator 
or blocking oscillator, in which energy is introduced from the plate to 
the grid circuit so that the polarity of the voltage is inverted and regenera
tion occurs. Transformers designed for regenerative pulse generators 
frequently have extra windings that can be used to transfer power to 
other circuits. 

Pulse transformers are effectively used as interstage coupling and 
inverting devices in pulse and video amplifiers. These transformers 
usually operate at medium or low power.1 

Perhaps the most important use of pulse transformers, however, has 
been the transformation of the energy in a pulse from a pulse generator 
to the impedance level of an r-f oscillator, which is frequently a magne
tron. The pulse-power level at which these output transformers operate 
is usually between 10 kw and 10 Mw, and it is these transformers with 
which Part III of this book is primarily concerned. 

Discussions of the properties of pulse transformers, the problems of 
their design, and the use of materials in their design are found in Chaps. 
12, 13, 14, and 15. 

Since one of the most important functional uses of a transformer is 
the matching of the impedances of the source and the load, it is well to 
review the facts relating to the maximum power transfer from source to 
load. 

Maximum Power Transfer in the Steady State.—When a system is 
being energized steadily at a given frequency, the power absorbed by the 
load is 7|L*fti, where 

/ ie dt 
n _ Jo 

i and e are respectively the current in and the voltage across the load, and 
Ri is the load resistance. Maximum power transfer from source to load 
obtains when the value of I^Ri is a maximum. 

If the load impedance is fixed, it may easily be shown that the maxi
mum power transfer for the steady state occurs when— 

1 For a discussion of low-power pulse transformers see F. N. Moody, "A Treatise 
an the Design of Pulse Transformers for Handling Small Powers," TRE Technical 
Monograph 5A. 
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1. The reactive components of the source and load impedances are 
equal in magnitude and opposite in sign. 

2. The resistive component of the source impedance is kept to a 
minimum. 

If the source impedance is fixed, maximum power transfer for the 
steady state occurs when— 

1. The reactive components of the source and load impedances are 
equal in magnitude and opposite in sign. 

2. The resistive component of the load impedance is equal to that of 
the source impedance. 

The condition that the reactances of load and source should be equal 
in magnitude and opposite in sign is merely the condition for which, on 
the average or at the respective peak values, the energy stored in the 
source reactance is equal to the energy stored in the load reactance. 

This fact is easily recognized when a simple system such as that whose 
equivalent circuit is shown in Fig. 12-1 is considered. The peak " kinetic " 
or inductive energy stored in this system 
and the peak potential or capacitive energy is 
hlla.Ji.^Ci). These two energies are equal when 
L0 = 1/(<O2CI), which is the condition for which 
the reactances of source and load are equal and 
opposite, and therefore, as previously mentioned, 
a condition for maximum power transfer from 
source to load. 

By a process of reasoning formally analogous 
to that used in thermodynamics, this source-load 
system may be considered to possess two degrees 
of freedom. One degree of freedom may be con
sidered to result from the kinetic energy, the 
other degree from the potential energy, as in 
a solid made up of one-dimensional linear oscillators.1 The "equilib
rium thermodynamical s tate," or the lowest energy state of this system, 
may then be considered to occur when there is, on the average, equi-
partition of energy between these two degrees of freedom.2 Thus, by 
way of this thermodynamical analogue, it may be stated that both the 
lowest energy state and the maximum transfer of energy are achieved, as 
far as the reactances are concerned, when the designer of the circuit 
makes the proper choice of Ci if La is fixed, or of La if Ci is fixed, or 
of transformation ratio if a transformer is available (see p. 504). 

1 The theorem of the equipartition of energy is usually applied to a system contain
ing many particles or oscillators. In the formal analogue here suggested, however, it 
is being applied to only one oscillator. 

1 See G. Joos, Theoretical Physics, Stechert, New York, 1934, p. 560. 

sintof 

Source Load 
Fia. 12-1.—Simple 

source-load system that 
may be used to demon
strate the thermodynam
ical relationship involved 
in the problem of the 
maximum transfer of 
power in the steady state. 
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As already indicated, the resistances of the system should be chosen 
to give a maximum transfer of energy from the source from which the 
energy is available to the load in which it is dissipated.1 

Although this process of reasoning by thermodynamical analogue 
may seem irrelevant and trivial, it proves useful in designing a pulse 
transformer that stores a minimum of energy in itself and transfers 
maximum pulse energy to the load. This process of reasoning may also 
prove useful in the design of transformers of other types inasmuch as its 
conclusions predict the general shape, size, maximum flux density, and 
number of turns resulting from good present-day audio-, video-, and 
pulse-transformer design practice. 

I t is difficult to state the general conditions for maximum energy 
transfer in an arbitrary time for load and source systems containing 
arbitrary arrangements of mass, stiffness, and resistance (or inductance, 
capacitance, and resistance). This difficulty exists because it is impos
sible to characterize accurately the behavior of such a set of circuit ele
ments under transient conditions by a concept as simple as that of 
impedance. 

A simple problem in determining the conditions for maximum trans
fer of energy under transient conditions in a frictionless, gravitation-
less system is, for example, a man of mass MB who is capable of exerting 
an impulse fr and wishes to impart maximum kinetic energy to a load of 
mass Mi by means of a transformer of adjustable force ratio n. I t is 
assumed that the man must move his own mass in imparting motion to 
the load mass, and also that he has at his disposal no elements having 
compliance. I t can easily be shown that the velocity attained by the 
load is 

_ friT 
Ul ~ Man* + Mi 

and that the kinetic energy of the load is 

* M ( fnT 

2 l\MGn* + Mi 
I t is desired to maximize the kinetic energy imparted to the load with 
respect to n. Thus, 

_rf / fnr V _ n _d_ ( n 

dn \MGw2 + Mi) ' ° r dn \ M c n 2 + Mi 

The roots of this equation are 
1 Such a choice of resistance may be considered, from the point of view of the 

thermodynamical analogue, to effect a maximum rate of degradation of energy from 
source to load. 

• 

Y - i 
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n = 0, 

and 

[Ml 
\ Ma 

the latter of which gives a maximum for the kinetic energy and has 
physical significance. Thus, maximum transfer of energy in this example 
occurs when the masses of the source and the load, referred to the same 
side of the transformer, are equal, and when the kinetic energies of source 
mass and load mass are equal. If the thermodynamical analogue is 
again invoked, the kinetic energies of source and load may be con
sidered to be proportional to the " temperatures" of the source and the 
load. For maximum transfer of energy these temperatures are equal and 
therefore constant throughout the system. Constancy of temperature 
throughout an isolated system is, however, one of the properties of the 
state of lowest energy.' 

The choice of source and load resistance for the maximum transfer of 
energy to a resistive load under transient conditions is similar to that 
under steady-state conditions. 

From the foregoing examples employing a formal analogy with ther
modynamics the general conclusion may be drawn that devices which 
transfer maximum energy from source to load, under either transient or 
steady-state conditions, are so designed that the elements of the system 
in which energy is stored are in a state of thermodynamical equilibrium 
or lowest energy. 

The general conclusion concerning the state of lowest energy and the 
examples on which the conclusion is based are used in Sec. 13-2 as a 
plausibility argument to justify the assertion that a pulse transformer 
should be designed in such a way that the electromagnetic-energy den
sities of core and coil are approximately equal. 

The General Equivalent Circuit for a Transformer.—Electromagnetic 
power is equal to the product of voltage and current (or more precisely 
E X H) , but the form or impedance level of the electromagnetic power ia 
characterized by the ratio of voltage and current. 

In considering the basic relationships involved in the transformation 
of electromagnetic power, it is often useful to introduce the concept of 
the perfect transformer. A transformation of power wherein no energy 
is stored or lost in the transformer is considered to be brought about by a 
perfect transformer. A perfect transformer is represented schematically 

1 In this particular case there is only one degree of freedom since there is no energy 
being stored as potential energy, and therefore considerations of equipartition of 
energy between two degrees of freedom have no significance. 
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in Fig. 12-2, where ei and *i may be any functions of time. In such a 
perfect transformer, energy and power are transferred immediately 
from input to output, that is, 

eit'i = etit, 
ej = nei, 

and 
*i 

* 2 = ™" 

A perfect transformer reproduces at the output any voltage and cur
rent at the input, except for a 
factor n or 1/re. 

It is often convenient to refer 
circuit elements that are con
nected to the primary to the im
pedance level of the secondary, 
and vice versa. For example, 
calculations may be simplified by 
removing i22 from the secondary 
side of the circuit in Fig. 12-2 and 
placing in the primary a resistance 
Ri of such value that the energy 

and power relationships of the complete circuit are unaltered. Thus, 

FlQ, 12-2.—A source-load system employing 
a perfect transformer. 

ii .Rj = tj.Rj, 

R* = Rt 

Furthermore, 

Also 

or 

iC'A = &,&, 

C't = n2C2. 

mil = iLjtl, 

L'i = - ; ^ 2 

If the system is energized at a constant frequency, for a source and a 
load of impedances Zi and Zi respectively, 

&% — o' 
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If R[ is defined as Ri referred to the secondary, 

R[ = n2Ki, 
r" — Ci 

n2 

L[ = w2Li, 
and 

Z[ = n*Zi. 

In describing the properties of an actual electromagnetic transformer 
it is customary to employ the lumped quantities Lh L2, and M, which 
are, respectively, the self inductances of coils 1 and 2, and the mutual 

F I G . 12-3.—(a) Circuit illustrating the transfer and transformation of power from source 
to load by means of the mutual inductance M and the circuit elements L\ and Li. (6) The 
equivalent of the circuit shown in (a). 

inductance shown in Fig. 12-3. Kirchhoff's voltage-law equations for 
the two loops of the circuit shown in Fig. 12-3 are 

If tj = nit, 

and 

T dii M dij 
1~dl ~n~ dt ~61' 

_Mdn (Ltd Rj\ ., _ 
n dt ^ \ n 2 dt ^ n 2 / h ~ a 

These last two expressions are the Kirchhoff voltage-law equations for 
the circuit shown in Fig. 12-36, where Mi = M/n, L'2 = L2/n2, and 
R'2 = Ri/ri1. The mutual inductance M referred to the secondary of the 
transformer is 

Af2 = n W j = nM. 

If suitable additions to and subtractions from the last two equations 
are performed, there results 

(Lx - MO ^ft+Mijt (t, - iQ = ei, 
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and 

[(L2 - MO | + B j ] ij + " ' S « »i) = 0, 

L\-Ut 

which are Kirchhoff's voltage-law equations for the two loops of the 
equivalent circuit shown in Fig. 12-4a. Equations identical in form can 
be written in which all elements are referred to the secondary; the 

equivalent circuit derived therefrom is given 
in Fig. 12-46. 

If Li and L2 are wound close together on 
the same core (as they are in nearly all pulse 
transformers), 

T ~ L i - T> 
n2 

where n is the turns ratio of the two coils. 
Then, in the circuit of Fig. 12-4a, 

L l - M1 ~ L'2 - Mj. 
F I G . 12-4.—Circuits equiva
lent to those shown in Fig. 12.3. The inductance 2(Li — Mi), customarily 

termed " the leakage inductance," is a series 
inductance in the equivalent circuit through which the load current in R^ 
must flow. 

I t is customary to define the constant k that is called the "coupling 
coefficient" by the following equation: 

k = M 
s/L-ihi 

Mi 
Li 

Mi 
U 

Thus for most pulse transformers the shunt inductance referred to 
the primary is Mi « fcLi, and referred to the secondary is M2 « AL2; 
the leakage inductance referred to the primary is 

2(Li - Mi) = 2Li(l - k), 

and referred to the secondary is 

2(L2 - M2) = 2L2(1 - k). 

If 2(Li — Mi) = 0 (that is, the leakage inductance is zero), or, what 
is the same thing, if k = 1, a condition known as "perfect coupling" 
obtains. Under such circumstances there can be no magnetic energy 
stored anywhere in or about the transformer by the load current in either 
the primary or the secondary. Hence any magnetic flux associated with 
the primary load current must be negated completely by flux associated 
with the secondary load current. Literature on transformers usually 
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defines the condition wherein k = 1 as that in which all the flux associated 
with the current in the primary links the secondary, and vice versa. 

Transformers always have a certain amount of distributed capacitance 
between primary and secondary; to a first approximation the equivalent 
circuit for a transformer with distributed capacitance is shown in Fig. 
12-5a, where C is some suitably chosen fraction of the total capacitance 
between the primary and the secondary. The equivalent circuit shown 
in Fig. 12-56, in which all elements are referred to the primary winding, 
is an approximation to that shown in Fig. 12-5a. I t can be shown by an 
application of Eqs. (6) and (7) of Sec. 12-2 that the capacitance C2, which 

Cl 

© °ta ib 

Lj-M, L\-Mi 
T»—t <TT* 

iMt ci^k R; 

(a) (9 
FIG. 12-5.—(a) Equivalent circuit representing the effect of distributed capacitance 

along the transformer winding, (b) Circuit approximately equivalent to that shown in 
(o). 

accounts for the energy stored in C when the voltage stepup ratio n is 
different from 1, is given by 

ci = (n- \yc = (n - D2 

where C„ is the d-c capacitance between primary and secondary, when the 
transformer has a single-layer primary winding and a single-layer second
ary winding whose adjacent ends are connected. When the opposite 
ends of the two windings are connected, 

C'i = (n- lYC = (n2 - n + 1) 
Co. 

The capacitance C3, which accounts for the current that can flow directly 
from the source to the load without traversing the leakage inductance 
and for the capacitive energy stored when a voltage is developed across 
the leakage inductance, is given approximately by C'3 = C. From the 
foregoing expressions for C$ and C'3 it is evident that when 0 < n < 1, 
C'3 is large and C'i is relatively unimportant, but that when n ^>. 1 or 
n <JC 0, Ci becomes large and C'3 is relatively unimportant. 

Usually the core and case of the pulse transformer are grounded, as 
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FIG. 12'6.—Approximate 
equivalent circuit for most 
nonperfect electromagnetic 
transformers. 

indicated in Figs. 12-5 and 12-6, and one terminal of the primary and one 
of the secondary are grounded. Consequently, there is usually some 
stray capacitance of the secondary winding to ground, and this capaci
tance may be lumped into C£, which will now be called C'D (or CD when 
referred to the high-voltage winding which is usually the secondary). 
There is also stray capacitance of the primary winding to ground, and 

this capacitance may be represented by Cc 
(see Fig. 12-6). 

Furthermore, even when C'D is charged by 
application of voltage to the secondary (or Cc 
by application of voltage to the primary), the 
charging current has associated with it a mag
netic field, and the energy in this field may be 
taken into account by the insertion of the 
inductances L'D and Lc, through which the 
charging currents must flow, in the circuit of 
Fig. 12-6. (See Sec. 12-2.) 

The effect of the winding resistance can be taken into account by 
the insertion of resistances RWI and Rw, in the circuit of Fig. 12-6. 

Finally, the effect of the dissipation of energy in the core of the 
transformer may be taken into account approximately by the insertion 
of R„. 

The lumped-parameter circuit of Fig. 12-6 is then, to a good approxi
mation, the equivalent circuit for most nonperfect electrical transformers. 

Equivalent Circuit of a Pulse Transformer.—From the phenome-
nological point of view, the generator e-i shown in Fig. 12-3 can be consid
ered to be a pulse generator having internal resistance R0 and producing a 
voltage pulse e(t) that remains different from zero for a time that is short 
compared with the time between pulses. The usual problem is to design 
a pulse transformer that will transform the energy in this pulse to the 
proper impedance level with a minimum amount of energy absorbed or 
stored in the pulse transformer, and therefore with a maximum amount 
of pulse energy transferred to the load and a minimum distortion of the 
pulse shape. I t is evident from the circuit of Fig. 12-6 that, in order to 
accomplish this purpose, the designer should strive to make the shunt 
inductances and resistances high, the shunt capacitances low, and the 
series resistances and inductances low. 

From a more general point of view, a pulse is a spatial concentration 
of electromagnetic energy that is in the process of being propagated, the 
mode of propagation being determined by the disposition of conductors 
in the vicinity of the pulse. The pulse-transformer designer attempts to 

IE I 
design a device that will change the ratio of p~7 in this concentration of 

\tl\ 
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electromagnetic energy with a minimum increase in the entropy of the 
system (excluding resistance load). Such a device must be so constructed 
that, at the end of the pulse, it is in a state of energy lower than that of 
any other device that could possibly be built. 

A method whereby an optimum set of values for the circuit elements 
of Fig. 12-6 can be chosen to effect a maximum transfer of energy, and a 
method whereby a transformer can be designed so that these values are 
achieved, are given in Chap. 13. Methods of calculating and measuring 
the values of these circuit elements for a given transformer are described 
in Sec. 12-2. 

Pulse transformers are used, however, in many special circuits and 
applications where the pulse shape, and not the maximum transfer of 
energy, is the primary consideration. Often, for example, certain limits 
are placed upon the rate of rise, the percentage of droop throughout the 
pulse, and the shape and magnitude of the backswing voltage. Fre
quently, especially at low-power levels, pulse transformers (for example, 
trigger transformers) and differentiation transformers1 are purposefully 
designed to distort the pulse shape extensively in a particular manner. 
If it is desired to shape a pulse with.a transformer, it is necessary to 
investigate the effect on pulse shape of the various parameters in the 
equivalent circuit of a pulse transformer, a discussion of which is given 
in Chap. 14. 

The circuit of Fig. 12-6 has too many elements to be of practical value, 
and therefore it is well to try to eliminate or combine some of these 
elements. For a pulse transformer designed to deliver 11-kv pulses of 
0.5- to 2.0-/tsec duration to a load of 1250-ohm impedance, and for which 
n = 5, the following values (all referred to the secondary) achieved in 
practice are typical: 

R!n + R*>, « 0.5 ohm, 

which is negligible compared with R2 and R[. 

Then 

or 

and 

Also 

L2 = 25 X 10- ' henrys. 
LL = 2(L2 - M,) = 50 X 10~6 henrys. 

, = _M_ = Mi = _ L± = 0.025 X IP"3 

UU U 2L2 25 X 10-3 ' 

k = 1 - 0.001 = 0.999, 

M = fcLi « L,. 
CD = 40 MMf, 
C3 = 0.10 «*f, 

1 Moody, op. cii. 
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and 
C'c = 0.50 nni. 

Therefore C3 and C'c may be neglected in comparison with CD. 
From the foregoing discussion it is evident that a suitable approxima

tion for the equivalent circuit of such a voltage-stepup pulse transformer 
is that of Fig. 12-7. Since the emphasis of the 

Primary £1 Secondary discussion in P a r t I I I is on high-power pulse 

5 transformers, which are, for the most part, 

stepup transformers, the circuit of Fig. 12-7 is 
^kcD used and is discussed extensively in Chaps. 

12, 13, and 14. For voltage-stepdown trans
formers (that is, forO < n < 1), or for n ~ 1, 

equfvTient12cir^tAfoPrr™se t h e equivalent circuit of Fig. 12-6 may again 
transformer. be simplified, but C'3 should be retained, and 

in some instances it may prove necessary to 
retain Cc- For pulse transformers where LL becomes appreciable with 
respect to Le ( = fcLi) it is necessary to use the equivalent circuit of Fig. 
12-4 or that of Fig. 12-6. 

12-2. Values of Elements in the Equivalent Circuit.—The ele
ments in the simplified equivalent circuit shown in Fig. 12-7 can be 
calculated from the geometrical constants of the transformer, the dielec
tric constant of the insulation, and the permeability of the core material. 
Various methods of measuring these elements have been developed. 

Primary Inductance.—If the core is in the form of a toroid and if the 
effective pulse permeability of the core during operation is assumed to 
be a constant, p, (see Sec. 15-1), Re, and Le in the equivalent circuit 
shown in Fig. 12-7 may be supplanted by one inductance Lp, which is 
called the primary inductance. Then 

T 4TT N*Ane 
p = I0"9 — r ~ h e n ry s , 

where N is the number of turns, A is the cross-sectional area in square 
centimeters, and I is the mean magnetic-path length in centimeters. 

If a more precise evaluation of the performance of the core is desired 
and Re and Le are used instead of Lv in the equivalent circuit shown in 
Fig. 12-7, and if n is the d-c permeability (see Sec. 151 , Fig. 15-2) which 
is effective over the range of operation of the core, the values of Le and Re 
as defined in Sec. 15-1 are 

T ivN^Au. . ,„ _ „„^ 
* = wn h e n r y s (15-29) 

and 

R. = ^ > (15-30) 
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where p is the resistivity of the core material in ohm-centimeters, and d 
is the thickness of the lamination in centimeters. 

A still more precise equivalent circuit for the core is a ladder network 
of Li2-rungs, infinite in number, but this circuit is too complex to be of 
any practical use and, therefore, either the L« and R, parallel elements or 
the Lp element in the equivalent circuit is used to represent the core. 

Measurement of Lp, or of Lt and Re, is performed by applying the 
voltage pulse from a pulse generator to the primary or secondary ter
minals of the transformer (with the other terminals open-circuited) in 
such a way as to simulate the actual operating conditions of the trans
former with regard to voltage, pulse duration, and reverse current, and 
by measuring the exciting current im on a synchroscope as shown in Fig. 
12-8. 

In general, the shape of the trace may be approximated by the sum of 
a rectangle and a triangle, if the initial oscillations are neglected, and the 

W (6) ^ «•) + 
F I G . 12-8.—Method of measurement of primary inductance. 

effective shunt resistance Re and inductance Le may be determined as 
shown in Fig. 12-8. However, if Re > lOLe/r, iR, for practical purposes, 
is negligible in comparison with iL at t = T. The effect of L, and Re may 
then be approximated by the primary inductance Lp, determined as 
shown in Fig. 12-86. 

If the transformer is rated to operate with a reverse current between 
pulses, the circuit shown in Fig. 12-8c must be used in the measurement of 
Lp (or Le and R,), and the pulse generator should be of approximately the 
same design as the one with which the transformer is to be used. 

Leakage Inductance.—Formulas for the calculation of leakage induct
ance for coils of almost all shapes and types may be obtained from many 
different sources. This discussion of leakage inductance is confined to 
windings of the type commonly used in power-output pulse transformers. 

Most pulse transformers for regenerative pulse generators and inter
stage work have very simple single-layer, noninterconnected windings, 
and the calculation of the leakage inductance is very simple. However, 
many of the pulse transformers that have been evolved have been used 
to pulse the cathode of an oscillator tube. To accomplish this purpose 
several different types of winding arrangement have been used. 
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In order to simplify the measurement of oscillator current, the second
ary windings of output transformers are isolated from the primary wind
ings with respect to direct current. Furthermore, in order to supply the 
oscillator filament current through the pulse transformer from a low-
voltage-insulated filament transformer, two secondary windings that are 
isolated from each other with respect to direct current are provided. The 
two secondaries are identical and are usually separated from each other 
by a minimum amount of insulation; thus they are closely coupled as far 
as pulses are concerned. A portion of each secondary winding equal to 
the primary in number of turns may be placed near the primary winding 
in a similar fashion; the resultant close coupling makes such a transformer 
the equivalent of an autotransformer for pulse conditions. 

The simplest type of winding consists of a one-layer primary (low-
voltage) winding and a one-layer secondary (high-voltage) winding. A 
second type consists of a one-layer primary and a secondary broken into 
two equal layers, both outside the primary. (Or, the secondary may be 
broken into three or more layers.) A third general type consists of a 
primary interleaved between two equal layers of a secondary. Two two-
layer coils can be put on the two legs of a transformer, and (1) the pri
maries and secondaries both connected in parallel, (2) the primaries and 
secondaries both connected in series, or (3) the primaries connected in 
parallel and the secondaries in series. Two-leg variations on the second 
and third general type can also be constructed. Each of the above wind
ing arrangements can be constructed as an isolation (or " iso") or an 
" a u t o " version (that is, iso or auto for pulse operation). 

The calculation of leakage inductance as a lumped parameter follows 
the process of reasoning wherein a given amount of load current / is 
assumed to be flowing in the coils and the total magnetic energy resulting 
from this load current is computed and equated to iLLP. In computing 
the leakage inductance of a transformer on this basis the first example to 
be considered is a transformer with a one-layer primary and a one-layer 
secondary of equal length. Since the primary and secondary ampere-
turns are approximately equal in magnitude, and since the currents flow 
in opposite directions around the core, the field between the two winding 
layers is very nearly equal to that within a solenoid having the same 
number of ampere-turns. Since the length of the coil is usually large in 
comparison with the distance between layers, the solenoid may be con
sidered infinite in length, and practically all of the energy in its magnetic 
field may be considered to be inside the solenoid. Such a solenoid 
produces the interlayer field distribution shown in Fig. 12-96, since 
n = 1 both in and between the winding layers. 

Actually, the current density is not uniform across the layer thickness. 
Two extreme conditions of current distribution in the wire that might be 
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N,I, 
— as 

used for purposes of computation are (1) the condition where the current 
is concentrated in two very thin layers, one at the outside of the inside 
winding layer, and the other at the inside of the outside winding layer, 
and (2) the condition where the current is 
concentrated in a very thin layer at the center 
of each winding layer. The first extreme 
gives a factor of 0 in the last term of Eq. 12-1, 
and the second a factor of -j, instead of the 
factor of i obtained in the following discussion 
in which a uniform distribution is assumed. 
Since the conditions usually encountered in 
pulse transformers lie between these two ex
tremes, and since the layer thickness is usually 
much smaller than the distance between layers, 
the assumption of uniform distribution does 
not produce much error. 

The magnitude of H in oersteds (and there
fore of B in gauss) is given by the following expressions: 

4vNpIp xp _ 4vN,I, xp 

<*) 
FIG. 12-9.—Distributions 

of the magnetic field between 
the primary and secondary 
winding layers for a simple 
winding. 

In the primary: Hi oersteds, where xv is 
£ ap £ op 

measured from the side of the primary next to the core; ap is the thickness 
of the primary layer in cm; Nr is the number of turns on the primary, 
JV, on the secondary; Ip is the primary current in abamperes, / , is the 
secondary current; £ is the winding length in cm. 

Between layers: Hi = — - i - ! -

In the secondary: H% = . ( 1 V where x, is measured from 

the inside of the secondary. 
The energy in a magnetic field in air (n = 1) is given by 

H2 

W = -jj- ergs/cm3, 

where H is in oersteds. Therefore, the energy stored in the leakage field 
is given by 

W = I T ( fo' H* dX' '" HlA + Jo'Hl dX") 

-ik%[/:>"W;(>-iw 
where *U is the average circumference of the layers in centimeters, A is 
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the distance between layers in centimeters, and 2a is the sum of the 
thicknesses of the layers. Since the energy stored in an inductance is 

given by W = %LP, the following equa
tion may be solved for the leakage induct
ance, referred to the secondary: 

* 4 | I 
NBI, 

a . . 

(a) 
"1 

A2 1 2 _ 2TN] 
2LLI' £ 

From this equation, 

4irJV?<U , 

P(-f) 
LL = £(*+¥) abhenrys. (1) 

(b) 
The second example to be considered 

is a transformer with a one-layer primary 
and a secondary composed of two equal FIG. 1210.—Distribution of the 

magnetic field for a coil with a 
single-layer primary and a double- layers , as shown in Fig. 12-10. T h e flux 
ayer secon ary win mg. distribution is shown in Fig. 12-106, and 
the magnitude of H is given by the following expressions: 

T . , r IwNpIp x„ AKNJ, X„ In primary: H\ = ^ = ^ - - — -

In first interlayer space: H2 = 

In first secondary layer: H3 = 

In second interlayer space: Ht 

£ ap 

iirN.I. 
£ 

H-$ 
In second secondary layer: Hi — 

2£ 
= 4*N.I. 

2£ 
4TTN, 

2£ \ o..) 
In these expressions xp, x,, xtj are measured from the inside of the 

primary, and of the first secondary and second secondary layers, 
respectively. 

The energy in the field is given by 

W = "S7 \h Hl dXp + HlAl + fo'Hl rfX*' + HlA* + fo'Hl rf:r*■) 

> 

4wN*ll/A , A2 2a\ 

-—£—\Al 

if a, = a,, and 

u = 

, Aj , So> 
"•" 4 "̂  3 

abhenrys. 
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The third example to be considered is a transformer with a single-
layer primary interleaved between two equal layers of a secondary, as 
shown in Fig. 12-11. From the flux-density distribution across the coil 
(indicated in Fig. 12-116) it may be seen 
that the transformer can be divided into 
two equal parts by a line drawn through 
the center of the primary and each part 
treated as a simple two-layer transformer. 
The total energy stored is the sum of the 
energies in the two parts, and the leakage 
inductance is given by 

LL T~ L\12 + T + 24/ 
T \ 2 4 ^ 4 T 12 /J 

4 T J V ; « U 1 ' / A , . , 2 o \ 

= - ^ H A l + A2 + TJ 
abhenrys. (3) 

If a simple two-layer transformer is connected as an autotransformer, 
the number of turns in the outer layer is N, {n — l ) /n , where n is the 
stepup ratio, and the number of ampere-turns is N,I, (n — l ) /n . The 
current in the inner layer is Ip(n — l ) /n , and the number of ampere-
turns is NpIp(n — l ) /n , which is equal to N.I,(n — l ) /n . Therefore, 
the field between the windings is reduced from that in the iso type by 
the factor (n — l ) /n , and the energy by the factor [(n. — l) /n] 2 . Thus. 

The expressions for the leakage inductance of the auto versions of more 
complicated types of winding arrangement are the expressions for the iso 
versions multiplied by this factor [(n — l) /n] 2 . 

These equations have been applied to the specific types of windings 
diagramed in Figs. 12-12 and 12-13, and the values of the leakage induct
ance recorded in Table 12-1. 

Measurement of leakage inductance can be performed by either a 
pulse method or a steady-stage method. The circuit that is shown in 
Fig. 12- 14a and by which the increase of current through a standard 
adjustable calibrated inductance L, is compared and adjusted to coincide 
with the increase of current through LL produces a synchroscope trace 
of the type shown in Fig. 12-146. The value of LL is then determined by 
the setting of the standard inductance. 

»os 

FIG. 12-11.—Distribution of the 
magnetic field for a primary 
winding interleaved between two 
secondary-windings; 
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If leads can be brought out from both vertical deflecting plates of the 
synchroscope, the alternate circuit shown in Fig. 12- 14c may be used, 
and La adjusted to give a null trace of the type shown in Fig. 12-14d. 

I t is possible to measure leakage inductance (and also to calibrate the 
standard adjustable inductor of Fig. 12-14) at a frequency of approxi
mately 1 Mc/sec by means of a Q-meter if suitable corrections are made 
for the distributed capacitances of the circuit. I t is also possible to make 
an accurate measurement of the leakage inductance of a pulse trans
former on a Maxwell bridge. 

TABLE 12-1.—RELATIVE VALUES (IN ARBITRARY UNITS) or LL, CD, AND LLCD 
CALCULATED FOR THE VARIOUS WINDING ARRANGEMENTS SHOWN IN 

FIGS. 1212 AND 1213 

Winding 
type 

Constant length 

CD 

Constant secondary-wire 
size 

LL 

LICD 

Windings of Fig. 1212 

a 
b 
c 
d 
e 
f 
g 
h 

12.00 
6.75 
6.00 
4.22 
4.30 
3.50 
4.00 
2.53 

16.0 
21.3 
32.0 
34.7 
37.3 
40.0 
37.3 
58.6 

12.00 
9.00 
12.00 
11.25 
12.89 
14.00 
8.00 
6.75 

16.0 
16.0 
16 0 
13.0 
12.4 
10 0 
18.7 
22.0 

192 
144 
192 
146 
161 
140 
149 
149 

Windings of Fig. 12-13 

a 
b 
c 
d 
e 
f 
Q 
h 

4.50 
2.81 
6.00 
3.38 
4.00 
2.53 
3.00 
2.11 

36.0 
48.3 
32.0 
42.7 
37.3 
51.0 
64.0 
69.3 

9.00 
7.50 
6.00 
4.50 
8.00 
6.75 
6.00 
5.63 

18.0 
18.1 
32.0 
32.0 
18.7 
19.1 
32.0 
26.0 

162 
136 
192 
144 
149 
129 
192 
146 

Distributed Capacitance.—Like leakage inductance, the effective 
distributed capacitance of various types of windings can be calculated 
from general formulas to be found in many different texts anil handbooks. 
The considerations in this section are confined to the calculation of effec
tive distributed capacitance for the various types of power-output 
pulse-transformer windings that have been developed. 

The calculation of distributed capacitance as a lumped parameter 
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Fio. 1212.—Various winding schemes that have been used in the construction of 
pulse transformers for magnetrons: 

(a) LL - j I A + — I; (b) LL = — (^)X-f) = 

to)ii, 
4TAT.1 

d 4 \ ' 3 / ' " " <i 4 V 8 , 
follows the process of reasoning wherein a given voltage V is placed across 
one winding of the transformer and the total energy W stored in the elec
trostatic field is equated to iCoV2, where CD is defined as the effective 
distributed capacitance. 
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3 5 1 ° ° f?5
6 ° ° 

Two legs connected in series ' ' 

0 0 

3 S 1 
0 0 

(c) 

o o 

3 1 5 
Two legs connected in parallel 

0 0 

i-v Primaries in parallel, 
* ' secondaries in series 

2 4 4 

Fio. 12-13.—Various winding schemes that have been used in the construction of 
pulse transformers for magnetrons: 

4»-.ry,'tU, 1 / Z<A 4^JV.!1L 1 (n - 1 \ " / 2 a \ 

4irAr."U. 1 / 2 a \ 47rAr,"lll / 'n - 1 \ » / , . , 2 o \ 

w LL. «^i (..+Afl+f): (/) LL. ̂ pi(^iy (z.+f) 
(ff) Lr, 

(A) 

4xAT' 

4 x ^ . ^ 1 / n - l \ ' / SA2 Zo\ 

The capacitance of a parallel plate capacitor, each of whose electrodes 
is an equipotential surface, is given by the relation 

C. = 0.0885 tA ■ 10- farads, (5) 
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V (500-1000 v) 
^ o 

U~ 

V (500-1000 v) 

~i_r 

^ i < 7c vertical < Rz 
deflecting plates 

J * l = * 2 

(6) 

(c) W 
F I G . 12-14.—Method of measurement of leakage inductance. (Note: Ls should be wound so 

tha t it has a low distributed self-capacitance and a low stray capacitance to ground.) 

which can be found in most handbooks of electrical engineering, and the 
energy stored in a capacitance is given by 

W joules. 

A pulse transformer with two adjacent winding layers of circumference 
11 and length £ may be considered as a con
denser composed of two plates of area 1l£ cm2 

and separation A cm. Because of the pulse 
voltages developed across the windings, the 
plates of this condenser can no longer be 
considered as equipotential surfaces, and the 
voltage distribution along the windings must 
be taken into consideration in the computation 
of the effective distributed capacitance. The 
energy stored in a section of width <U and 
height dx (see Fig. 12-15) is given by 

v 

£ 

It 

dx 

r 

J 
F I G . 12-15.—Voltage at 

various points on a two-layer 
coil. 

dW = ^ (o.0885 ^ dx\ (BVxy ■ 10-12 joules, 

where e is the dielectric constant of the material between the plates. 



520 ELEMENTARY THEORY OF PULSE TRANSFORMERS [SEC. 12-2 

The quantity SVX is the voltage difference between the plates at a 
height x from the lower end of the coil. For a linear distribution of volt
age along the windings, 

iv. = y,, - ^ = [vAi + {v.t - Vs)|] - [vAi + (vBi - vA)|] 

= vA> - y„, + [(7s, - vB) - (vAi - vA) ]j x 

x = SVA + (SVB - &VA) £ 

Therefore, 

dW = 008
2

8
A

5c'U [sVA + (SVB - 6VA) | ] ' d x ■ 10-". 

Integration over the range from 0 to £ yields 

W = ° ° 8
2

8 5 < < U | [(&VA)* + SVA ■ SVB + (&VB)A ■ 10-" joules. (6) 

This equation is used in calculating the energy stored between the core 
and the first layer, between the first and second layer, and so on. The 
equivalent capacitance, referred to the secondary, is obtained by solving 
the equation \w = iCDVl, that is, 

C„ = - = j - ■ 1012 farads, (7) 

where Vi is the pulse voltage developed across the secondary winding. 
By a rough calculation made with the equation for the capacitance 

between parallel wires of infinite length, the interturn capacitance can 
be shown to be negligible in comparison with the interlayer capacitance. 

It is shown in Sec. 13-1 that, if LLCD equals a constant, one condition 
for minimum energy stored in the coil is that the load impedance 

Another condition for minimum energy stored in the coil, obviously, is 
that the value of LLCD be a minimum. The winding arrangement 
that gives the lowest values of LLCD should therefore be chosen for the 
transformer. 

The leakage inductance and effective distributed capacitance of the 
various types of pulse-transformer windings shown in Figs. 12-12 and 
12-13 have been calculated for n = 4, with each of the following sets of 
assumptions: 
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1. The thickness of each insulating pad is proportional to the maxi
mum voltage applied across it, and the coil length is the same for 
all types, but the wire size is variable. 

2. The thickness of each insulating pad is proportional to the maxi
mum voltage applied across it, and the secondary wire size is the 
same for all types, but the coil length is variable. 

Values of LL and CD (in arbitrary units) calculated with each of the above 
sets of assumptions and values of the product LLCD are given in Table 
12-1. Since the product LLCD is independent of the length of the wind
ing for a given type, it is the same for both sets of assumptions. The 
thickness of the winding layers is assumed to be small in comparison with 
the thickness of the insulation between layers, and is therefore neglected 
in these calculations. 

The results given in Table 121 show that all of the auto types have 
lower values of the product LLCD than do any of the iso types, although 
the value for the highest auto type is identical with that for the lowest 
iso type. The lowest and highest values for the auto types differ by 
only about 15 per cent. [Note: If the thickness of insulation between 
inner winding and core is doubled, the iso types are improved somewhat 
in comparison with the auto types; also type (h), Fig. 12-12, is improved 
relative to the other auto types, whereas type (/) becomes relatively poor. 
Types (/) and (b), Fig. 1213, still appear to be the best.] 

The insertion of an electrostatic shield between the primary and the 
secondary results in an appreciable increase in LLCD, and is therefore 
recommended only where it is absolutely necessary that the direct 
capacitive coupling between primary and secondary be eliminated. 

The preferred method of measuring the effective distributed capaci
tance of pulse-transformer coils depends upon the type of winding. For 
transformers with simple one-layer windings, the value of the distributed 
capacitance may be obtained by measuring the capacitance between 
windings at 60 or 1000 cycles/sec and applying a factor that depends 
upon the distribution of voltage on the windings during the pulse.' 

The self-capacitance of an individual duo-lateral winding can be 
obtained by measurement, by standard methods, at frequencies approxi
mately equal to the highest important frequencies contained in the pulse. 
For transformers that employ special interleaving or interconnecting to 
minimize the product of leakage inductance and distributed capacitance, 
the circuit of Fig. 12-16 may be used to compare the capacitance current 
in the lower-voltage winding with the capacitance current in the adjust
able equivalent circuit. The inductor L'e and the resistor R'e are inserted 

1 See Sec. 14-2 for a discussion of the calculation of this factor for regenerative 
pulse generators. 
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to simulate the magnetizing current in the transformer and are adjusted 
first to give a trace which coincides with that of the transformer after 
the capacitance currents have subsided (that is, toward the latter part 
of the pulse). The values of L'L and C'D are then adjusted to give a 
capacitance-current spike which coincides with that of the transformer 
at the beginning of the pulse. The value of CD may then be read from 
the setting of C'D, and the value of LL from the setting of L'L. This value 
of LL is referred to the lower-voltage winding; the previously described 
method of measuring LL gives greater precision since in that method the 
measured value is referred to the higher-voltage winding and is therefore 
numerically larger. 

-u- V (500-1000 v) Current through Le 

' and R€ alone 
t » 

Current in the 
equivalent circuit 
before adjustment 

{a) (6) 
Fia. 1216.- -Method of measurement of distributed capacitance. (Note: LL' should be 

wound so that its effective distributed capacitance is low.) 

The effective distributed capacitance of a pulse-transformer winding 
can also be measured by means of an r-f bridge. l 

Characteristic Impedance of a Pulse Transformer.—It is shown in 
Sec. 13-1 that \/LL/CD may be thought of as a characteristic impedance 
of a winding for a transformer that may be represented by the equivalent 
circuit of Fig. 12-7. For a simple coil with a one-layer primary and a 
one-layer secondary winding of equal length, and with negligible winding-
layer thickness, 

LL = £ X 10r» henrys, 
£ 

and 

CD=flCo = ° m 8 5 ^ X 1 0 ^ farads, 

(8) 

(9) 

where C„ is calculated by the use of Eq. (5), and / i is a fraction depending 
upon the voltage distribution between the primary and the secondary. 

1 For example, see P. R. Gillette, "Pulse Transformer Committee, Proposed Basic 
Specifications for Pulse Transformers," RL Report No. 881, Nov. 8, 1945. 
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Then the characteristic impedance is 

„ fU 377N, A , 
ZT = Vc;=

 £ w ohms- (10) 

The concept of characteristic impedance is, however, more meaningful 
when applied to circuits with distributed rather than lumped parameters. 
A simple example of a circuit having distributed inductance and capaci
tance and a characteristic impedance Z0 is one composed of two long 
parallel strips of conducting material, 1 meter wide and 1 meter apart, 
which are part of two conducting sheets infinite in extent.1 If the 
permeability and dielectric constant of the material between the sheets 
are respectively m and ei in mks units, it can be shown that, for a plane 
electromagnetic wave propagated between the two strips, 

where no and t0 are, respectively, the permability and the dielectric 
constant of free space in mks units, and 377 ohms is the characteristic 
impedance of free space. 

If the spacing between the strips is reduced to A meters and the width 
of the strips becomes £ meters, and n = 1, 

ZQ = -= 377 ohms, 
£ V « 

and £ and A may be measured in cm or meters. 
If these parallel strips are now wrapped into two concentric cylinders 

whose circumferences are large compared with the distance A between the 
cylinders, and whose length is £, the characteristic impedance for a plane 
electromagnetic wave traveling circumferentially in the space between 
the two cylinders is still equal to (A/£ -\/t) 377 ohms. 

If the outer and inner cylinders are now slit helically so that they 
become coils of N, and Np turns respectively, and the electromagnetic 
wave is ushered in at one end of the coil and out at the other end, the 
inductance per unit length of circumference is greater by a factor of N* 
(for the secondary) than it is for the unslit cylinders. The capacitance 
per unit length of circumference is different by a factor of / i , depending 
upon the particular type of voltage distribution that is set up between 
the primary and secondary. Therefore, the characteristic impedance of 
the secondary winding may be expressed by 

ZT = N'* 377 ohms. 
£ W i 

1 J . C. Slater, Microwave Transmission, McGraw-Hill, New York, 1942, p. 98. 
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— B 

The characteristic impedance between the two plus (or the two minus) 
terminals of primary and secondary of a transformer with a simple wind

ing, such as that of the above ex
ample, whose stepup ratio is unity 
can be measured by the techniques 
similar to those used in the imped
ance measurements of pulse-form
ing networks (see Sec. 6-6). If 
pulses are applied between the 
single-layer primary and the single-
layer secondary of a 1/1 trans
former, as indicated in Fig. 12-17, 
the voltage waveforms at points 

A, B, and C are as shown in Fig. 1218, where S is the time taken 
for an impulse to travel along the wires from one end of the coil to the 

' Winding ' 
No. 2 •==" Small viewing 

resistance 

Fia. 12-17.—Circuit for measuring the 
characteristic impedance of a pulse-trans
former coil with single-layer primary and 
single-layer secondary of equal length, and 
with n = 1. 

a 
U T: 

B(~C) 

(C) Rt = ZT 

FIG. 12-18.—Drawings of synchroscope traces obtained at points A, B, and C in the circuit 
of Fig. 12-17 for three different values of Ri. 

other. When the value of Ri is so adjusted that the trace of Fig. 12-18c is 
obtained, the value of Ri is equal to the value of the characteristic 
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Pulse transformer 1/1 and 1/3 
Pulser 

impedance ZT. For a transformer of this type the values of ZT obtained 
by this method of measurement and by the method of calculation pre
viously described agree within a few per cent. 

The small oscillations appearing at the very beginning of the pulse 
on traces B and C, Fig. 12-18, are the result of turn-to-turn transmission 
of the impulse. The impulse thus transmitted travels from one end of the 
coil to the other much more rapidly than the impulse which must travel 
along the wires. 

If a 1/1 transformer is wound symmetrically on two legs of the core, 
small oscillations appear in the middle of the steps. These oscillations 
are the result of small reflections that occur 
where the two coils are connected. 

For windings of a more complicated 
nature the characteristic impedance of part 
of the winding may be different from that of 
another part of the winding. Also, if n > 1, 
the measurement of impedance becomes 
much more difficult to perform. Figure 
12-20 shows some drawings of synchroscope 
traces obtained at various points in the 
circuit of Fig. 12-19, in which a transformer 
with n = 1 and a transformer with n = 3, 
constructed to have the same ZT (1200 ohms) for the secondary (high-
voltage) winding, were pulsed in turn with various loads attached. 

I t can be seen from these traces that the general character of the 
transmission delay of the transformer with n = 1 is retained by the trans
former with n = 3, but that the tops of the steps of the latter are slanting 
instead of horizontal and that oscillations whose period is either §8 or 
i& often appear on these slanting tops. A simplified explanation is 
that the sloping tops of the steps are the result of charging an effective 
distributed capacitance through the characteristic impedance ZT of the 
transformer winding. 

I t is interesting to note the nature of the approximation wherein the 
effect of distributed inductance per unit length of the wire is replaced by 
a lumped-parameter leakage inductance in the equivalent circuit. For 
Ri = 0 and for Ra almost equal to 0, the slope of the average of trace D 
shown in Fig. 12-20d is VG/8ZT, where 8 is the time necessary for an electro
magnetic impulse to travel along the secondary winding from one end of 
the coil to the other. If S is the total length of the wire, and if L and C 
are respectively the inductance and capacitance per unit length of the 
winding, 

8 = S VZC, 

FIG. 12-19.—Circuit used for 
pulsing two transformers, one 
with n = 1, the other with 
n = 3, to obtain the traces 
shown in Fig. 12-20. 

= V§' 
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and the slope of the average of trace D (Fig. 12-20d) is Va/LS = VQ/LL 
where LL = LS. This slope V0/LL is simply the rate at which current 
increases when it is limited by the lumped-parameter leakage inductance. 

For multilayer-winding and duolaterally wound transformers the 
concept of characteristic impedance from the point of view of distributed 
parameters becomes more and more strained. The characteristic imped-

(a) R,=°° 
Ic) Rt =0 , high power-

supply voltage 

r=-V3 

— V > * 

[b) Rt = 1200 ohms 0, low power-
supply voltage 

F I G . 12-20.—Drawings of oscilloscope traces obtained at the various points of the circuit 
shown in Fig. 1219 for transformers with n = 1 and n = 3, (o) with Ri = » , (6) with 
Ri = 1200 ohms, which, for the secondaries of both transformers, is equal to the value of 

NA ZT calculated from ZT = j=_ 377 ohms, and (c) and (d) with fli = 0. 
dVTf 

ances can then be best thought of as equal to -\/LL/CD, where L L and 
CD are lumped parameters. 

Charging Inductance.—When a pulse transformer is operated into a 
load of low dynamic impedance (for example, a magnetron), oscillations 
whose period is usually considerably less than 2ir -\/LLCD often appear 
on the top of the current pulse. These oscillations may be considered to 
be the result of the transmission and reflection in the coil of disturbances 
that are probably initiated at the end of the secondary to which the 
oscillator is attached. The impedance of the secondary winding to the 
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transmission of such disturbances is 
i== 377 ohms. 

The time taken for the disturbance to travel along a length of secondary 
wire of N', turns to the first discontinuity in the impedance is 

N'.'U. 
8 = —j- -\/l sec, 

where 11 is the mean length of turns of the secondary winding in centi
meters, c is the velocity of light in centimeters per second, and N', is the 
number of turns on the secondary winding between the high-voltage end 
and the first sharp discontinuity in impedance Gu, of course, is equal to 
unity for the space between the coils). The time transpired before this 
disturbance is reflected back to the source is 28, and when, upon succes
sive reflections that set up shock-excited standing waves, the fluctuations 
of voltage and current at the source take on the approximate sem
blance of a sine wave, the period T of the fundamental of these oscillations 
is either 2b or 45, depending upon the nature of the discontinuity in 
impedance. The effect is somewhat analogous to the two different 
fundamental periods of oscillation that are set up in closed and open 
organ pipes. 

Figures 12-18 and 12-20a show examples of such sine-wave oscilla
tions occurring in the operation of the circuits of Figs. 12-17 and 12-19 
respectively. 

Figures 2-44 and 2-45 show such sine-wave oscillations appearing on 
the current pulse in a magnetron. The fundamental period of these 
oscillations is usually 

c 

and the periods of various harmonics are integral divisions of this period. 
The periods thus calculated agree with the periods of oscillation observed 
if there are no interfering effects resulting from capacitance across the 
primary winding. For each discontinuity in impedance along the coil 
there is observed among the oscillations sine-wave components of a 
fundamental period corresponding to each of the resulting reflections. 

In the equivalent circuit for a pulse transformer and a biased-diode 
or magnetron load (Fig. 12-7) the effect of these reflections can, to a crude 
approximation, be taken into account by inserting in series with CD an 
inductance LD such that 
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or 

If the coil is assumed to be constructed with a single-layer primary 
winding and a single-layer secondary winding of equal length, 

- 0.0885 ■ <U£tA ■ 10->2 , , 
CD = T-^ farads, 

where / i is a factor depending upon the stepup ratio. Then 

= l JV'ni'fA 
D x2 • 9 • 1020 • 0.0885 ■ 10- 1 2 ' UC«/i ' 

and 
LD = 1 JV2caA £,■ 10" = 0 1 
LL IT2 • 9 ■ 108 • 0.0885 ' / i £ " 47rJV2cUA } x ' 

If, for example, the stepup ratio n is very high, and if SVS ~ V2 and 
SVA = 0 in Eq. (6), then Eq. (7) yields a value of CD equal to \ of the 
total capacitance between primary and secondary, and /1 is equal to \. 
Thus, for this simple coil where/1 is taken to be i , LD/LL = 0.3. 

For transformers of the type usually employed with magnetrons, the 
value of LD that is obtained from measuring the period of oscillation on 
the current pulse and using the expression T = 2ir y/LDCD is such that 

^ - 0.25. 

P. D. Crout assumes that certain so-called "current modes" in the 
transformer are associated with generalized coordinates.1 The result is a 
set of equations, one for each mode, which duplicate the mesh equations 
of a lumped network. 

The particular current mode which is of interest at this point in the 
discussion of pulse transformers is that associated with the charging of 
distributed capacitance (that is, Crout's modes B, C, and D). In illus
trating the delineation of the simplest of such current modes (that is, 
mode B) the voltage distribution between the primary winding and the 
grounded core shown in Fig. 12-21, where £ is the length of the winding, 
should be considered first. 

The charge per unit axial length of primary may be denoted by kx, 
and the total charge that has passed point x toward the right is equal to 

f£ k 
/ b d x = ^ ( £ 2 - x 2 ) . 

1 P. D. Crout, "A Method of Virtual Displacements for Electrical Systems with 
Applications to Pulse Transformers," RL Report No. 618, Oct. 6, 1944. 
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In order that the mode may produce no net mmf on the core, it is required 
that there flow in the opposite direction in the primary winding a current 
which is constant along the primary and whose mmf cancels that of the 
current flowing toward the right. Since the number of turns per unit 
length is constant along the primary, the 
desired average current flowing toward 
the left is fc£2/3. 

Then, if the primary current outside 
the winding is denoted by dqB/dt (see 
Fig. 12-216), k = qB, and the primary 
current in the winding (positive for flow 
to the left) is 

dt 2£*^ X) dt 

_ l d£ f lY§^ _ iN 
2 dt \ £ 2 / 

The displacement current from primary to 
core per unit length of winding is 3x/£ 2 

dqa/dt. 
As qB is varied it is evident that this 

so-called "mode B" has the following 
properties: 

1. No mmf acts upon the core. 
2. The primary winding behaves as 

an autotransformer to charge the 
primary-to-core distributed capac
i t a n c e w i t h a l i n e a r voltage 
distribution. 

The displacement current per unit length of winding and the net 
primary current are plotted in Fig. 12-21c. I t is evident that at all 
points except one along the length of the coil the net primary current is 
different from zero (although the net mmf on the core is zero). The 
energy stored in the magnetic field associated with this primary current 
may be represented to a first approximation by an inductance in series 
with the effective distributed capacitance in the equivalent circuit 
(whence Le in Fig. 12-6). 

By the same process of delineation of current modes it may be shown 
that, to a first approximation, an equivalent inductance LD may be placed 
in series with the effective distributed capacitance CD existing between 
the primary and the secondary (see Fig. 12-6). 

Thus, where there is a voltage distribution that increases along the 

Primary winding '"•' 

ICore (6) 
3 d^ 

a* it 
<** 
dt 

0 

"i*. 
dt 

■ — 

0 

A—) 

(0 

1 

B7 i 
/ i 

x/sr i 

F I G . 12-21.—(a) Voltage dis
tribution between primary and 
core for a pulse transformer. 

(fc) Displacement current flow
ing between primary and core. 

(c) Plots of displacement and 
net primary currents. Curve A ia 
the displacement current from pri
mary to core per unit length of 
winding, Curve B is the net primary 
current. 
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length of the coil between primary and core, or between secondary and 
primary, there are capacitance currents that flow in such a way that 
magnetic fields ("squirted" flux) are created outside the coil as well as 
inside. These fields, obtained with a combination of a transformer with 
n = 3 and the circuit of Fig. 12-19—a combination that is pulsed at a 
time t = 0 for a duration y> 5—and observed in the axial direction of the 
coil with a magnetic probe and a synchroscope, are shown for various 
positions along the coil in Fig. 12-22a. It is obvious from the traces 
that both fundamentals and harmonics exist in the time variation of the 
magnetic fields associated with charging currents. A plot of values of 
these fields for the first and second harmonics has been constructed in 
Fig. 12-226, and a rough schematic pattern of these fields about the coil 

First harmonic 
.Second harmonic 

.First harmonic 
Second harmonic 

Field in the axial di
rection at position 1 

Field in the axial di
rection at position 3 

•v/VWV/v-* 
Field in the axial di
rection at position 2 

(O) 

F I G . 12-22.—(a) Drawings of synchroscope traces showing the intensity of the magnetic 
field in the axial direction obtained with a magnetic probe at various points along the coil. 

(b) Plot of the distribution along the coil of the peak magnetic fields of the first and 
second harmonics t ha t occur in the time variation of the squirted flux. 

(e) Rough schematic plot of the field pat terns for the first and second harmonics. 

for the first and second harmonics has been drawn in Fig. 12-22c. The 
charging inductance LD (or several LD's, one for each harmonic) may be 
introduced into the equivalent circuit to take into account the energy 
that is stored in these magnetic fields when charging currents flow in 
the transformer coil. 

There is no contradiction between the concepts of transmission-
reflection and squirted flux, as they are merely different aspects of the 
same phenomenon, a phenomenon which is similar to the oscillations 
that occur in an organ pipe or along a vibrating string. In all of these 
phenomena the reflection of traveling waves sets up sinusoidal displace
ments in the form of standing waves. The difference between the two 
concepts is that, with a transformer coil in which the voltage distribu
tion is such that the voltage difference increases along the coil, the 
squirted-flux theory predicts external magnetic fields of the type shown 
in Fig. 12-22, whereas the pure reflection theory does not. 
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Summary.—This chapter has given a brief treatment of general 
transformer theory, has indicated a workable equivalent circuit for a 
pulse transformer, has shown how the elements in this equivalent circuit 
may be calculated and measured, and has introduced and briefly discussed 
the concepts of characteristic impedance and modes of oscillation of a 
pulse-transformer winding. 



CHAPTER 13 

PULSE-TRANSFORMER DESIGN 

f 1 

%Vr. 

$Re 
1" 

B Y W. H. BOSTICK 

In this chapter, Sec. 13 -1 discusses the relationship between the 
elements in the equivalent circuit and the rated load impedance, rated 
pulse duration, and efficiency of a pulse transformer. Section 13 -2 
presents methods of achieving a design that meets the requirements of 
specified load impedance, specified pulse duration, and maximum effi
ciency. Section 13 -3 provides design data for a number of successful 

pulse transformers covering a wide 
range of pulse durations and imped
ance levels. 

13-1. General Pulse-transformer 
Design Considerations.—Many suc
cessful pulse transformers have been 
designed without consideration or 
cognizance of certain relationships 
between the elements in the equivalent 
circuit and the transformer rating 
and efficiency. I t is the author's 
belief, however, that these relation
ships which are discussed in this 

section form the most rational general basis for the design of pulse 
transformers giving maximum transfer of pulse energy to the load. 

In developing these relationships, it is helpful to consider the system 
of Fig. 13-1 where 

VQ is a source voltage, 
Ra is the source impedance, 
L, is the effective shunt inductance, 
R, is the effective shunt resistance, 
Ri is the load impedance (a resistance), 

Cc, which represents the capacitance between the low-voltage wind
ing of a transformer and the core (which is grounded), is gener
ally neglected, and 

LLCD equals a constant (a relationship that is true for a constant mean 
coil perimeter and a constant number of turns for pulse trans-

Fio. 13-1.—Equivalent circuit used 
in the consideration of the optimum 
relationships among Ri, CD, LL, Lt, and 
R, for a specified load impedance and 
pulse duration. 

formers). 
532 
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It is desirable to transfer a maximum of energy to Ri in a given 
interval of time during which switch (1) is closed (that is, the pulse dura
tion T, which in average design practice is usually considerably greater 
than 2ir -\/LLCD), and hence to transfer a minimum of energy to Re, L. 
(or Lp, see Sec. 12-2), LL, and CD. In a treatment of this problem it is 
helpful to introduce the quantity a; 

_ Energy flowing into the core during the pulse 
Energy transmitted to the load during the pulse 

Then 

fov^dt /.'[ff + g]* y,U.i\ 
a VJtr VJcr ~ h \2L, + Rj' 

where the core is represented by an equivalent circuit consisting of L, 
and Re in parallel, and im is the magnetizing current that builds up in L. 
aMdRc 

If, as is often true, the laminations are very thin, or if the pulse 
duration is long compared with the time constant of the lamination (see 
Sec. 15-1), the core may be approximately represented in the equivalent 
circuit by Lp, instead of by L, and R,. 
Then 

= Vijr_ 
a ii 2L; 

I t is also useful to define the quantity 0; 

Energy stored in leakage inductance and 
. _ distributed capacitance during the pulse 

Energy transmitted to the load during the pulse 
Then 

For a variable winding length and a variable spacing between the 
primary and the secondary, LLCD = constant [see Eqs. (12-4), (12-6), 
and (12-7)]. A maximum amount of pulse energy is transferred to the 
load (as far as the coil is concerned) if a minimum amount of energy is 
stored in the coil. Therefore, 0 is minimized under the condition that 
LLCD = constant. 
Thus, 

dp _ 1 / _ constant \ ( V0 \ 2 _ 
dU 2VJtr\ LI l)\Ra + Ri) 

or 



534 PULSE-TRANSFORMER DESIGN [SEC. 13-1 

and 

2 'V^ + W " ^ V J ^ T l ? , / " 
This condition for maximum energy transfer might be obtained by way 
of a thermodynamical analogy by reasoning that the system would be 
in its equilibrium state if there were an equipartition of energy between 
the two degrees of freedom, that is, that 

2 LJf =iLL \R7T~Ri) = 2 CDV! = 2 CD (RTTRJ ' 
The quantity \/LL/CD, which has the dimensions of impedance, may 

be thought of as the transient or characteristic impedance of the LLCD-
network. When the impedance of this network is equal to the load 
impedance, maximum energy transfer to the load is effected. 

The resultant value of j3 for minimum energy stored in the coil*is 

_LJl _ LL _ VLtfl 
P VJtr Rtr T 

For transformers in which the voltage stepup ratio n > 2 o r n < —1 
(that is, transformers for which the equivalent circuit of Fig. 13-1 applies), 
and which are operated on a resistance load, observation and calculation 
(see Fig. 14-12) of pulse shapes show that pulse shape is approximately 
optimum when the sum a + 0 is a minimum.1 

For stepup transformers operated on a magnetron load, both calori-
metric measurement of efficiency and observation of the shape of the 
current and voltage pulses show that the efficiency (for fixed Ro and Ri) is 
maximum and, in general, the pulse shape and performance are optimum 
when a + 0 is a minimum. The value of the pulse duration T at which 
the transformer with a given Le, R, (or Lp), and CD gives a minimum of 
a + ft can be determined as follows: 

(Ll 1 _. VLLCD _ ft 

\ C j > 2L. T* U ' 
or 

T„P, = V2L,CD. (2) 
1 The criteria for optimum pulse shape constitute a very controversial subject. A 

good pulse shape is the result of a skillful compromise among high rate of rise, low 
overshoot, small amount of droop, high rate of fall, and low backswing voltage. It 
is the author's belief that the most suitable compromise among these quantities is 
obtained by making a + 0 a minimum. 

file:///R7T~Ri
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The quantity a + j3 for T„P. is defined as (a + flop., and 

If the effect of R. is neglected, 

(a + 0-= Vrr (3) 

and if 
T = Topt 

<* = 0. 

Then, at any r such that T/TOP. = /, 

a + ft = (a + /?)oPl ( | + ^ ) -

Thus, i f / -= 2 or | , 
a + p = \ (a + flop., 

i f / = 3 o r i , 
a + 0 = | (a + flop., 

and if / = 4 or i , 
a + (3 = Jf (a + flop.. 

It is obvious that, if the transformer is to be operated over a range of 
pulse durations from Tmin to rm-,, TOP, should be chosen to be equal to 

i max* 

I t is of some interest to relate (a + fl„pt to the coupling coefficient k. 
From Fig. 12-4 it is apparent that 2(Li — Mi) = LL, or 

Since 

M, 

fr 

k 

k 

T LL 

M 
y/L\Lt 
- ILL 

~1~2T1' 

M i 
L i ' 

_ , (« + flo2p« 

If the transformer is a noninverting transformer with a stepup ratio 
7i = 1, then CD = 0, and no electrostatic, only magnetic energy is stored 
in the coil. Minimum energy stored as ?LL1] in the coil is then achieved, 
and the relationship Ri = \/LL/CD is most nearly approximated when 
LL is a minimum. 
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The capacitance Cc of the low-voltage winding to core is, of course, 
always present, and energy is stored in Cc- However, Cc does not bear 
the close relationship to LL that CD does, and Cc may be kept small 
merely by using adequate winding-to-core insulation. In properly 
designed pulse transformers, Cc is always negligible compared with CD 
when n > 2 or < — 1. Therefore, the value of Cc is of little significance 
in design considerations, except for the fact that it is usually kept negligi
bly small. 

In addition to CD there is the input capacitance Ci of the load, which is 
usually smaller than CD. For a system using one transformer, the energy 
stored as $CDV* + \LLI\ for a constant product LLCD is a minimum when 
Ri = ■\/LL/CD, but the pulse shape is usually optimum (for a voltage-
stepup transformer) when Ri = -\/LL/(CD + Ci) (see Sec. 14-1). In a 
system using stepdown and stepup transformers separated by a cable 
whose transit time is less than S/LLCD, ' the energy stored as JJJCDVI + 
2-jLt/f for a constant productl/tCcis a minimum when Ri = -y/'ZLi./ZCp, 
but the pulse shape is optimum when Ri = ■\/'ZLL/(,CD — C{) (see Sec. 
14-1), where CD is the effective primary-to-secondary capacitance of the 
stepup transformer. Therefore, a compromise must be struck between 
maximum efficiency of the transformer or transformers and optimum 
pulse shape. Because the assumption that \ZLL/CD should be equal to 
Ri generally gives good results and leads to simpler relationships, this 
assumption is employed in the design methods discussed in Sec. 13-2. 

In summary, it is evident that, in order to design a good pulse trans
former (that is, one which effects maximum transfer of pulse energy) for 
a given T and Ri, the following conditions should be fulfilled: 

\LJ\=\CDVI (4) 

a = 0, or y/2LpCD « y/1L,CD = T^. = T. (5) 

(a + » - - yj^ + i yj§D ~ yf^ = a minimum. (6) 

13*2. Design Methods.—In the early history of pulse transformers it 
was customary to use the following design procedure: the magnetizing 
current 7„ at the end of the pulse was permitted to be equal to 0.1 of 
the load current I\. Then, from the relationships (see Sec. 15-1) 

1 0 8 F T AB = 

H = 

NA 
4*NI„ 

101 
1 When the transit time of the cable is appreciably greater than y/LiJCD, the eon-, 

siderations are the same as those for a line-type pulser. 
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and 

AB = /ijl, 

the core volume was computed to be 

M = Anr ■ 107neVrIm = 4TT • IO^VTII 
(A£)2 (A£)2 

where 
AB is the increment in gauss (at the end of the pulse) of the average 

flux density of the core above the remanent value of B, 
H is the magnetic field in oersteds created by 7m, 
A is the cross-sectional area of the core in square centimeters, 

I is the mean magnetic-path length of the core in centimeters, 
n, is the effective permeability of the core, 
V is the pulse voltage, and 
N is the number of turns on the winding to which is applied the pulse 

voltage V. 
A guess was made as to a suitable value of AB, the core volume Al 

was computed, and a core having this product, for which the factors A 
and I were suitably estimated, was then chosen. The value of N was 
computed, and a simple winding scheme selected. The insulation thick
ness A was chosen so that it would be sufficient to withstand the voltage 
puncture stress, and sufficient coil margins were left to withstand the 
voltage creep stress. 

Formerly, an operational requirement frequently placed on a pulse 
transformer was the specification of („„„, the maximum allowable time 
taken for the pulse to rise to 0.9 of the full amplitude of the output of the 
pulse transformer on a resistance load Ri. For the transformer and load, 
the resultant time of rise tr, usually computed without a consideration of 
the effective distributed capacitance, was obtained from the expression 

-Z-'t 0.9 = 1 - e !"■', 
or 

U = - ^ In 0.1 = ^ l n l 0 . 

If the computed tT exceeded the specified £„„„, LL had to be reduced by 
reducing N or A, thereby increasing AB, or by reducing A. If the com
puted tT was less than trm^, the design was considered satisfactory. 

In more careful designs where the distributed capacitance was taken 
into account, the time of rise was calculated on the basis of Eqs. (14-1) 
and (14-2), and an effort was made to choose a design which had a value of 
a (see Sec. 14-1) of about 0.5. Except for this occasional effort, which 
satisfies the criterion of Eq. (4), early design procedure involved no con
scious attempt to satisfy the criteria of Eqs. (4), (5), and (6). To take 
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full cognizance of these criteria constitutes a more rational and direct 
approach to the problem of pulse-transformer design. This direct 
approach, or an approximation thereto, should be used whenever the 
conditions of design call for maximum transfer of pulse energy. 

I t is possible, for a given type of winding, to express a and /S as func
tions of the number of turns, maximum allowable creep stress, the voltage 
on the high-voltage winding, the wire diameter, etc., and to minimize 
(a + /3)„Pt under the constraining conditions of Eqs. (4), (5), and (6). 
This method is straightforward and leads to the optimum design. The 
algebraic equation resulting from this procedure is, however, of such high 
degree that its numerical solution for each new transformer design is 
prohibitively laborious. An alternative, but nevertheless equivalent, 
procedure is to approach the optimum design by a series of approximating 
designs. I t is possible to use the criteria of Eqs. (4) and (5) as constraints 
on the design, and then to make an estimate as to the optimum flux 
density, the number of turns, or the core volume. Although the resultant 
transformer satisfies Eqs. (4) and (5), but not necessarily Eq. (6), its 
design may be sufficiently good for the intended purpose. If, however, 
the best possible performance is desired in this transformer, it is necessary 
to make several estimates of flux density, number of turns, or core volume, 
and either to calculate or measure (a + 0)„pt for these designs. When 
the design possibilities have been thoroughly explored and the design has 
been found which satisfies, by measurement as well as calculation, the 
criteria of Eq. (6) as well as those of Eqs. (4) and (5), and which operates 
satisfactorily in the intended circuit, the design may be considered to be 
completed. 

There are, of course, complicating factors such as the saturation 
characteristics of the core, the range of pulse durations that must be 
passed, and the magnitude of the backswing voltage that can be tolerated. 
A compromise must often be struck between these circumstances and 
adherence to the criteria of Eqs. (4), (5), and (6). Also, except under 
unusual circumstances, an approximate core size must be used because, 
for economic reasons, cores are manufactured in a set of standard sizes, 
finite in number. 

This process of design wherein it is attempted to satisfy the criteria 
of Eqs. (4), (5), and (6) has been carried out at the Radiation Laboratory 
for a number of power-output pulse transformers for magnetrons. Some 
of these designs for various power ranges and pulse durations are recorded 
in Sec. 13-3. These designs are useful in the design of new transformers 
because they provide a good starting point in the initial estimates of the 
number of turns, flux density, or core size to be used. 

Given also in Sec. 13-3 are the designs of several interstage and 
regenerative-pulse-generator low-power pulse transformers in which the 
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-Core 

FIG. 13-2.—Idealized 
core and coil used in 
the t h e r m o d y n a m i c a l 
considerations of the en
e r g y s t o r e d i n t h e 
transformer. 

criteria of Eqs. (4) and (5) were approximately satisfied, but in which no 
particular exploratory effort was made to satisfy the criterion of Eq. (6). 

With the use of Eqs. (4), (5), and (6), analytical expressions, which 
are algebraically simple, are now developed to show the general depend
ence of optimum flux density, optimum number of turns, and optimum 
core volume on the effective permeability of the core, the dielectric con
stant of the insulation, the winding arrangement, wire size, output volt
age, load impedance, and pulse duration. These relationships prove 
especially useful in providing a means of extra
polating from a successful design to a new design 
of the same winding type, but perhaps different 
voltage, impedance, pulse duration, wire size, 
dielectric constant of insulation, and effective per
meability of core. 

I t is helpful at the outset to express the second 
law of thermodynamics in the following way: the 
equilibrium or most probable state of an uniso-
lated system is usually achieved when the energy 
of that system has become a minimum. In a 
corollary of the second law of thermodynamics 
(see Sec. 12-1), the law of equipartition, it may be 
stated that the energy of the system tends to be 
distributed equally to each degree of freedom that enters quadratically 
into the expression of the energy of the entire system. 

In the pulse transformer (shown in Fig. 13-2), the total volume of 
the coil is assumed to be equal to the space between the primary and 
secondary windings, and the total volume of the transformer in which 
energy is stored is assumed to be equal to the sum of the volumes of the 
core and coil. If this transformer is to be used to transform and transfer 
a pulse of electromagnetic energy, it is obviously desirable to have a 
minimum of energy in the transformer at the end of the pulse, that is, to 
leave the transformer in a minimum-energy state. If the energies stored 
in the core and coil are considered, by way of a thermodynamical ana
logue, to constitute two degrees of freedom for the transformer, the 
equilibrium or minimum energy state of the transformer is that wherein 
a = |3 (which, as has been proved in Sec. 131 also, gives a minimum for 
a + /S when T = r^). Furthermore, according to the second law of 
thermodynamics, the equilibrium (and hence the minimum-energy) state 
of the transformer is (among other things) that in which the "electro
magnetic temperature"1 is constant throughout the transformer, and 

1 Here electromagnetic temperature may be thought of as analogous to ordinary 
temperature which, in a gas for example, is proportional to the average kinetic-energy 
density. 



540 PULSE-TRANSFORMER DESIGN [SEC. 13-2 

hence that in which the energy densities of core and coil are equal. This 
latter condition effects a minimum of (a + /3)O0t, and, coupled with the 
condition that a = 0, lays down the additional condition that the volumes 
of the core and coil should be equal.1 

If the core and coil are of rectangular cross section a X b and c X d 
respectively (Fig. 13-2), and if each completely fills up the rectangular 
hole in the other, as each should if the transformer volume is to be kept 
to a minimum, 

Core volume = ab(2d + 2c + 4o) = 4o26 + 2abd + 2abc, 
and 

Coil volume = cd(2b + 2a + 4c) = 4c2d + 2cdb + 2cda. 

Since the core volume should equal the coil volume, 

4o26 + 2abd + 2o6c = 4c2d + 2cdb + 2cda. (7) 
Equation (7) can hold for any arbitrarily chosen a and 6 only if a = c 
and b = d. Therefore the mean perimeter of coil should be equal to the 
mean magnetic-path length of core. 

Because in practice there are complicating factors such as the length 
of the coil margin, the necessary spacing between the high-voltage wind
ing and the core, the volume taken up by the copper, and complicated 
windings, it is desirable to change the equalities of energy density, 
volume, and perimeter of the core and coil to approximations and, in 
some cases, to proportionalities. 

Of the criteria of Eqs. (4), (5), and (6) for optimum pulse-transformer 
design the last is then achieved by designing a transformer such that 

The energy density of core « the energy density of coil, (8) 
and 

The mean perimeter 11 of coil « the mean magnetic-path length 
I of core. (9) 

1 The foregoing procedure bears some formal resemblance to general practice in the 
design of power transformers. In power transformers operating at a constant fre
quency, the energy stored in the coil and core is, for the most part, not lost but returned 
to the circuit. It is the sum of the average power dissipated in the iron of the core and 
the copper of the coil that is of primary importance. It might be said by way of 
thermodynamical analogue that a power transformer will remain in its lowest or 
equilibrium energy state if the rate of dissipation of energy per unit volume is approxi
mately constant throughout its whole volume. Minimum total power will then be 
dissipated in the transformer when the transformer volume is a minimum (consistent, 
of course with the saturation properties of the core and maximum temperature 
characteristics of the insulation). The transformer volume will be a minimum when 
the perimeters and volumes of core and coil are approximately equal. The resultant 
power transformer will thus have total iron losses and copper losses that are approxi
mately equal. 
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The average energy density of the coil (that is, of the space between the 
primary and the secondary) is 

+ o - ergs/cm3, 
9 • 104 • 8TTA2 8ir 

where 
i is the dielectric constant of the insulation, 

V is the pulse potential of the high-voltage winding in volts, 
A is the spacing between the primary and secondary in cm, 
/ i is a constant depending upon the voltage distribution between 

the windings that results from a given winding configuration and 
stepup ratio, 

H = 4jrAT/10£ oersteds, 
N = the number of turns on the high-voltage winding, 
I = the load current in that winding in amperes, 
£ = the length of the windings in cm (the primary and secondary 

windings are .equal in length). 
Because of Eq. (12-10) and relationship (4) 

ZT = 3ZZ2AVZ. = Bl i ( 10 ) 
£ V« / i 

where fc is a factor relating LL to the winding arrangement, and also 

tAF2
 = IP 

9 ■ 104 ■ 8TTA2 8JT ' 

If the average energy density in the coil is now made proportional to 
the energy density in the core at the end of the pulse, 

<fiV2
 = /i(Afl) ' = _/?_ (VrWV , . 

9 ■ 104 • 4TTA2 8XM« 8TTMA NA ) ' y ' 

where f3 is a factor of proportionality. If the average energy densities 
of core and coil are made equal, / i = 1. The actual value of f3 used in 
practice is usually 1 ± 0.5. 

Relationships (5) and (11) yield 

<UA£ = y Al (12) 
H 

Also, 
£ = f<Ndi, (13) 

where d* is the wire diameter of the high-voltage winding, and /* is & 
constant of proportionality, depending upon the winding configuration 
and stepup ratio. For a winding with a single-layer secondary, for 
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example, /4 = 1. Equations (12) and (13) then yield 

A = TOT (14) 

where, because of Eq. (9), 11 and I are assumed to be proportional and 
their factor of proportionality, which is close to unity, has been absorbed 
in/3/4. Equation (11) becomes 

I 2 

* opt 

or 

*fiV2 f, f w . s2 /a / 7 r l 0 8 V 

9 • 102V 
2Mee / i / 3 ( / 4d 2 ) 2 ' 

AT4 _ 9 - 1 0 2 V 
l y ODt 

v _ QMIO'TM 
i V ODt 

Then 

2M(/i^/i/.)K(/<dO>* 
= *w MWifA)* (15) 

Equations (10) and (14) yield 

R = 377NA Vh = 377A y/U 
V*/i M*Nd,fJfdt VWi hN{Udi)2' 

or 

A ~ 377 VT, (16) 

( AB) = Yi™ =
 VT1°8 ■ WMiWWWnw 

K >°"- NmlA IWTRMIWMIIIJ* ■ 9* • 102 ' 

1 ;°D ' ~ 3-10«-/,w/1d1fi, ' 

On the basis of Eqs. (15) and (16), the volume of the transformer core 
can be calculated under the condition that A = 2a2 (see Fig. 13-2). 
The volume of the transformer is dependent upon b/a, and, to minimize 
the volume with respect to b/a, a value of b/a « 2 is suitable. Hence the 
value of 

A = ab = 2a2 (18) 
is chosen. 

If the cross section of the coil is assumed to be approximately equal 
to that of the core, I will be approximately equal to 10a. 

or 
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Then, 
_ . . 20 • 106 ■ 9»* • 10« R ^ / I ^ W K / A F ' T * 

core volume « 20a3 = ^WfW W ^ 

= k*-ai KVI7H H c m 3- (19) 
fliwW*yiw(/A)wrW 

Also, 

(a + /3)o„, = - ( ^ ) ° p t ■ core volume • - ^ 

= 2*377*107 (tftWtHfMfidJMRP 
4ir ■ 9*10« ' M.*TM 

Equations (15), (17), (19), and (20) are valuable in that they express the 
general dependence of N0Bt, (AB)ovt, (a + 0)„Pt, and core volume on the 
quantities M« and t, the properties of the materials a designer has at his 
disposal, and on Ri, T, V, and d2, the requirements which must be met 
in the design. When a transformer of a certain winding type has proved 
successful (that is, -\/Li/CD = Ri, T„pt = y/2LpCD = T, and (a + )3)TOt 

is low) these equations are of further value in that they can be used to 
extrapolate (or scale) from this design to designs of the same winding 
type but for different values of Ri, V, and T. This procedure of extra
polation essentially determines the constants fejv, kB, Avoi, and k{a+e) 
on the basis of previous design experience. I t is also possible to compute 
the values of these constants. These computed values are, however, 
less satisfactory because they do not take into consideration the margin 
length, the insulation between the primary and the core, etc. 

I t is to be noted that in Eq. (20) d2 appears explicitly. If (a + 0)«Dt 
should be expressed with d2 given implicitly in terms of V and Ri, as it 
occasionally can be, the Rv* term is altered in the equation. 

I t is interesting to note that the manner of dependence of (AB)TOt on 
V and Ri corresponds roughly with existing practice in the design of audio 
transformers: for example, when the power handled is low the transformer 
is designed to operate at low flux densities; when the power is high, the 
transformer is designed to operate at high flux densities. 

I t may prove instructive to illustrate an attempt at meeting the 
criteria of Eqs. (4), (5), and (6) with a design of a regenerative-pulse-
generator transformer and a power-output pulse transformer for a 
magnetron. 

Design of a Regenerative-pulse-generator or Blocking-oscillator Trans
former.—It is assumed that the regenerative-pulse-generator transformer 
that is used as an example operates in a circuit with an effective series 
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impedance in the grid loop of about 500 ohms and a tube whose rp is about 
500 ohms. I t is also assumed for simplicity that this transformer has 
only two windings and that practically no power is delivered to an 
external circuit during the pulse. The characteristic impedance ZT of 
the grid winding of the transformer is chosen to be approximately 500 
ohms. The pulse duration is specified to be 1.0 jusec, the stepup ratio is 
n = — 1, and the voltage to be applied to the plate winding of the trans
former is not more than 500 volts. 

In this example the core selected is a 0.002-in., type C Hipersil core 
whose Me for this type of application, as experience has shown, is about 
400. The dielectric constant «, for the insulation chosen is 3.5. 

The effective distributed capacitance of this transformer, which, it is 
hoped, will have a simple single-layer primary winding and a single-
layer secondary winding, is equal to the total capacitance between pri
mary and secondary, that is, 

CD = 0.088MUS • 1Q-" f a r a d g j ( 1 2 . 5 ) 

and / i = 1 [see Eq. 12-9], where "U is the mean perimeter of the coil, 
t is the dielectric constant of the insulation, and £ is the winding length. 
The leakage inductance 

. 41rJV2A<U , , 1 0 0 . 
= 109£ nenrys, (12-8) 

and hence/ 2 = 1 [see Eq. (13-10)]. Also, 

Lp 109Z henrys. (158) 

By satisfying the criterion of Eq. (4), that is, S/LL/CD = Ri, the 
relationship 

Ri£Vt . . 
A 377AT {Zl> 

is obtained. Equation (5), that is, r„pl = \/2LpCD = T, gives the 
relationship 

, = 8jrJVM^, 0.0885tqi£ • 1 0 - " = 8iriV2AMe 0 .0885^ ■ 1Q-'2 ■ 377JV 
io9z ' A ion ' BlXre 

= 8TT ■ 0.0885 • 1 0 - " • 377Me V* N3 Ant 
R, ' I 

84 X 10"20 r v , ; n i ._„ 
= ^ He V f N3 - p (22) 
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If a core is designed with complete latitude in the choice of dimensions, 
the dimensions should be chosen approximately in accord with the 
principles set forth in Eqs. (5), (8), (9), and (18). The type C Hipersil 
cores are manufactured in a set of more or less "quant ized" sizes that 
have been wisely chosen and that are approximately in accord with the 
principles set forth in Eqs. (5), (8), (9), and (18). From the relationships 
given by Eqs. (15), (17), and (19), a knowledge of the approximate wire 
size required, and from past experience with transformers operating under 
the specified conditions, it is evident that two suitable candidate sizes 
of the Hipersil cores available are: 

Core No. 1:-window % in. by i in., strip width i in., build i in.; 
A = 0.2 cm2, I = 5.4 cm, Al = 1.1 cm3. 

Core No. 2: window 1 in. by -& in., strip width f in., build \ in.; 
A = 0.6 cm2,1 = 9.4 cm, Al = 5.6 cm3. 

For any transformer whose core dimensions are thus established, A'M/l 
may be expressed in terms of a (see Fig. 13-2). For example, for core 
No. 2, which is a well-proportioned core (except that I is slightly large 
and b/a is a little too low), I = 15.7a, A = 1.67a2, «U « 9a, and 

i l l l _ 9 • 1.67B' 
I 15-7 - ° y 5 ° -

Then for Core No. 2, Eq. (22) yields 

2 = Ri ■ 1020^ = 500 • 1020 • 1Q-" 
0.95 • 84M. V* 0.95 • 84 • 400 V&b 

= 0.83 X 10-«. 

Since, for core No. 2, a = 0.6 cm 

0 83 N'= i r i s x 10'= 2-3 x 10'' 
or 

N = 132. 

In sucn transformers the average power dissipated in the winding, 
even if the wire diameter is very small, is usually negligibly small as far 
as permissible temperature rise is concerned. The wire size is conse
quently chosen on the basis of ease of winding and window size of the core, 
and on keeping the winding resistance negligible in comparison with the 
load resistance. 

If size No. 38 heavy Formex wire (diameter = 0.0048 in. = 0.0122 
cm) is used, 

£ « 1.65 cm. 
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Then 

and 

and 

. ROiVe 500 ■ 1.65 • 1.87 „ „ „ , rtnio-
A " -mW = 377 • 132 = ° 0 3 1 c m = ° 0 1 2 m -

CD = 0.0885 -3.5 - M - 1 . B ■ 1Q-* = g g x 1Q_12 f a r a d S ) 

L . = ^ ^ o V . S ' 5 - 4 = 22.2 X 1 0 - henrys, 

L. = ^ ^ M ^ = 5 - 6 X 10-3 henrys. 

The quality of the design may then be assayed by computing 

(<* + /3).pt 

for this transformer as follows: 

/ , o\ W^ /2 ■ 22.2 X 10-6
 / n a . . . i n _ 4 

(a + 0 ) . . = ^ - j - = ^ 5 . 6 x l 0 - 3 = ^ 7 . 9 4 X 10 
= 0.0282 = 0.03. 

This value of (a + /3)opi corresponds to an efficiency of approximately 
97 per cent, which is creditably high for a pulse transformer. The 
designer should, however, not take all the credit for himself; this low value 
of (a + /3)„pt is possible because of the low value of impedance (see Eq. 
(20)) for which the transformer is designed, and also because the current-
carrying requirements on the wire are such as to permit the choice of a 
small-diameter wire. 

Perhaps the value of (a + j3)opt for this transformer could, if neces
sary, be reduced by choosing a better proportioned core, that is, one with 
a lower value of I. For example, the transformer may be constructed 
on two loops of core No. 1, for which a = 0.32, I = 16.9a, A = 3.92a2, 
«U ~ 15.5a. 
Then 

A* 3 .92a-15 .5 = 3 5 g a 2 j 

and 

and 

and 

I 16.9 

_ 500 • 10'° • 10-» _ ^ 
N a ~ 3.58 -84 -400 -1.87 " ° 2 2 2 X 1 0 ^ ' 

N* = 0 ' 2 2 0 2 102 1 0 ' = 2 1 8 x 1 0 6 ' 

N = 130. 
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This transformer is then constructed on two loops (side by side) of 
core No. 1 by putting two single-layer windings each of 65 turns and of 
No. 38HF wire on each leg of the core. The total winding length is then 

£ = 0.8 • 2 = 1.6 cm. 
Then 

. 500 1.6 1.87 nnQn. n m o -
= —Wf—VW\— = 00305 c m = 0-012 m-

Thus, this transformer on two loops of core No. 1 has practically the 
same values of N, £,, 11, A/l, and A, and therefore has very nearly the same 
values of CD, LL, LP, and (a + /3)ont as the transformer on core No. 2. 
The transformer constructed on two loops of core No. 1 has a lower mean 
magnetic-path length, but is less favorably proportioned with regard 
to a low value of 11 than the transformer on core No. 2. The two cores 
are therefore equally suitable. If only one loop of core No. 1 were 
employed, it would prove necessary to increase the number of turns and 
hence to use very fine wire, which is difficult to handle and whose resist
ance may become an appreciable fraction of 500 ohms. In fact, the wind
ing resistance of each of these two transformers wound with No. 38 is 
about 16 ohms, which is three per cent of 500 ohms and therefore dis
sipates 3 per cent of the output power, thereby cutting the over-all 
efficiency of the transformer from 97 per cent to 94 per cent. This 
efficiency may be improved 1 to 2 per cent by the use of core No. 2 which 
permits a longer winding length and hence an increase in wire size. If 
the impedance of the load were higher, it would be possible to use wire 
with a smaller diameter. 

Design of a Power-output Pulse Transformer for a Magnetron.—It is 
assumed that the power-output pulse transformer that is used as an 
example is one which is intended for use on small lightweight airborne 
equipment and w h i c h ^ u s t meet the following requirements: 

Voltage out/voltage in: 12.5 kv/2.5kv; n = 5, 
Impedance out/impedance in: 1250/50, 
Pulse durations: 0.5, 1.0, and 2.0 ^sec, 
Pulse recurrence frequencies: 2000, 1000, and 500 pps, 
Filament current supplied to the magnetron: 1.0 amp. 
The lower limit to the wire sizes in this transformer is fixed not by 

the value of the load impedance (as it is in the previous example) but by 
the permissible temperature rise of the windings, which is the result of the 
"effective currents" in the primary and secondary windings. The 
effective current is the effective sum (as far as energy dissipation in 
the wire is concerned) of the filament current and the pulse current, 
with skin effect and proximity effect taken into consideration. In the 
primary winding there is, of course, no filament current. In order to 
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keep the operating temperature of the winding at a safe value, it is, in 
general, desirable to limit the effective current density to a value of about 
5000 amp/in.2 The current density for a filament current of 1.0 amp in 
several wire sizes is given as follows: No. 24, 3170 amp/in.2; No. 25, 4000 
amp/in.2; No. 26, 5000 amp/in.2 

I t should be remembered that this pulse transformer is required to 
perform satisfactorily at a pulse duration of 0.5 /*sec as well as at 1.0 and 
2.0 Msec. To achieve a favorable value of a + 0 over this range of pulse 
durations and to keep the transformer small and light, the wire diameter 
must be kept to a minimum. Since this transformer is to be insulated 
with oil and hence oil-cooled, it is possible to use No. 25 or even No. 26 
wire for the secondary, even though the filament current densities therein 
approach 5000 amp/in.2 

A rough calculation should be made to ascertain how much effective 
pulse current, in addition to the filament current, will dissipate power in 
the secondary winding. The load current in the secondary is about 10 
amp, and since there are two wires of No. 26 in parallel to carry this cur
rent, the pulse current per wire is 5 amp. The duty ratio is 0.001. The 
skin depth for a 0.5-^sec pulse may be computed to be 

A„ « VO^B • 10-2 cm = 0.007 cm = 0.0028 in. 

(see Sec. 15-3). Since the bare-copper diameter of No. 26 wire is 0.0159 
in., the skin-effect factor is approximately 

d = 0.0159 
4A„ 4 • 0.0028 

The proximity factor is 2 • 1.4 = 2.8 (see Sec. 15-3). The effective pulse 
power dissipated in the winding is then 

0.001 • I"UJl ■ 1.5 • 2.8 = 0.0042fi,„K, 

where R is the resistance of the winding and I pulse IS the pulse current. 
The total effective current /,« may then be calculated by the equation 

PMR = IhR + 0.0042/^„7?, 
or 

Jw, = V l . 0 2 + 0.0042 • 25 = V l . O + 0.10 
= 1.05 « 1 amp. 

I t is therefore obvious that practically all of the power dissipated in 
the secondary winding is the result of filament current and that the effec
tive current density in this winding for both pulse and filament current is 
about 5000 amp/sq. in. for No. 26 wire. 
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With winding arrangement (/) in Fig. 1213 it is often advantageous to 
use the same wire size in the primary as in the secondary. If No. 26 
wire (one wire on each leg of the core) is also used in the primary, the 
effective current therein is I.u « 25 • -\/0.0042 ~ 1.6 amp if the proxim
ity factor of 2.8 is used in the calculations. This value of I,u means an 
effective current density in the primary wire of about 8000 amp/in.2 The 
actual value of /.« will be somewhat less than 1.6 amp because the proxim
ity factor for the primary is actually less than 2.8. The effective current 
density in the primary will, at any rate, be greater than 5000 amp/in. J 

However, because the weight, space, and pulse-performance require
ments placed upon the transformer are rigorous, it is justifiable to use 
No. 26 wire on the primary, notwithstanding the high effective current 
density. 

For this type of transformer (as has been shown in Sec. 12-2) the wind
ing arrangement (/) in Fig. 12-13 (the Lord-type winding) has the lowest 
i tCo-product and therefore represents a transformer whose coil stores 
less pulse energy than the coil of any other type of winding that could be 
chosen. Therefore winding arrangement (/) is the most suitable one for 
this transformer. Now, from the equation for LL for winding (J), the 
total leakage inductance for the coils on both legs is 

U = — ^ - ^ (--^-) (A, + A2 + T j , (23) 

where n = 5, and Sa /3 is, for the purposes of simplification, to be 
neglected. 

The total distributed capacitance between primary and secondary for 
the coils on both legs, according to Eq. (12-5) and (12 6), is 

„ _ 2-LW _ 0.0885«1l £ \(SV^ + SVx ■ 6V2 + (5Fa)2] 
C D VI V* 3 L A, J 

, (iVi)* + SV1 ■ iVi + (aVi)2] = 0.0885*11 £(V + 1 - 2 + 22 

A2 J 25 " 3 \ A! 
, 3 J + 3 -4 + 4 2 \ 0.0885*11 £ / 7 , 3 7 \ ,nA. 

+ Al / = —25- s U + As/ (24) 

I t is desirable to keep the characteristic impedances of the first and 
second legs of the transformer approximately equal. The characteristic 
impedance Z\ of leg No. 1 is proportional to \ /7Ai . The characteristic 
impedance Z2 of leg No. 2 is proportional to \ /37A| . If Zi = Z2, 
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Also, in order to make the voltage stress on the insulation pads 1 and 
2 the same, Ai/A2 should equal 2. If 

A„ = |A! = |A2 . 

Then Eqs. (23) and (24) become, respectively, 

4*iV> 1 (n - l Y OA 4irAr^uA„ . 
LL = 

where 

and 

/ ■(H-0-
0.0885rtl£ 1 / 3 

CD ~ ™ ~ 3 ^ ( 7 ' 2 + 3 7 ' l ) 

where 

0.088561U; 1 153 
3-25 A.v 4 

2 ■ o.ossstnue 1.53 = 2 • o.0885tcii£, 
2T3 A.v ~ A„ Ju 

* = 2 ^ = °255-
Also, it should be remembered that 

£J> = 1Q9; henrys, 
4iriV2<uA„ . , 

L ' = m»9P. /» h m r y B ' 

and 

Then 

and 

10»2£ 
: 2 - 0 - 0 8 8 5 ^ / t x 10_„ f a r a d s > 

_ SI7NA.Vf. o h m g 

2 - £ V t f i 

. 2 • R,£ VTfi 
A„ = -p=- cm, 

377 JV. vj* 
. o r T _ 4 • 0.0885rtl£ • 1 0 - " . . . 4wN]Ap. , 

^B t = 2 C c L p - ^ /1 1 ( W
 s e c > 

16TT • 0.0885 • 10-12 , Ar2 £^<U. 377JV. y ^ 
= 105 M,^iV. • — • 2Ri£VWi 

8TT-377 n n Q e . , __„ ^/-j-fNlATL 
= —™— • 0.0885 • 10 l V . V «/i/2 - ^ — » 
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or 

rlt = 84.0 X I O - " * ^ * ^ -

Then 

ATJ ^ = - ' - ' ' ^ . = 1.19 X 10l8r2
pt § = 

* 84 X 10-2V* W i / i M. W ^ 
= 1.19 X 10Vo

2
Dt ^ = = , 

Me V < / l j 2 

where riPt is given in /xsec. 
A core which may be tried is a 0.002 in. Hipersil core: window, \\ in. 

by ^ in.; strip width, 1 in.; build, TS in. For this core 

0 = 1.1 cm, 
A = 2.82 cm2 = 2.31a2, 

1 = 13.2 cm = 12a, 
and 

m « 11.2 cm = 10.2a. 
Then 

<UA 10.2a ■ 2.31a2 

I 12a = 1.96a2 = 2.38 cm2. 

Also, ^ for this core material in this type of application is about 600, 
c = 3.5, and as has been seen, V7 i = 0.505, and y/fl = £. 
Then 

N* = 1 -19X10 ' 1250 
1 • 2.38 ■ 1.87 • 0.505 • 0.8 • 600 A 

or 
JV, « 111. 

This transformer, with N. = 110 turns, the appropriate Ai and A2, 
and approximately adequate creep distances, can be wound according to 
winding scheme (/), Fig. 12-13, with No. 25 heavy Formex wire on the 
secondary. 

I t is customary to try a new pulse-transformer design in the circuit 
for which it is intended before the design is considered satisfactory. I t 
is intended that this particular transformer be used with both hard-tube 
and line-type pulsers. Therefore a pair of such transformers is con
structed and operated in tandem with a hard-tube pulse generator and 
magnetron. Unfortunately, it is found that the backswing voltage on 
the pulser switch tube is excessive on the 2-/xsec pulse operation. (A 
discussion of backswing voltage is given in Sec. 14-1.) From Eq. (1413) 
it can be shown that the backswing voltage can be reduced by increasing 
Lv. A compromise transformer is therefore designed on this same core 
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with N. = 125 with No. 26 wire on the secondary in an attempt to satisfy 
this backswing requirement. Thus, some sacrifice is made in the accu
racy with which Eq. (5) (that is, TW, = -\/2CDLP) is satisfied. Equation 
(4) (that is, X/LL/CD = Ri) may be satisfied by choosing A.v according to 
the equation 

K, ■ 2£ Vtfl 1250 ■ 2 ■ 2.38 • 1.87 • 0.505 _ 
A " = 377* . VT> 377 • 125 • 0.8 °" 

= 0.058 in., 
where 

£ « 50 ■ 0.0178 in. « 0.9 in. = 2.38 cm. 

The transformer is then constructed with Ai = f A„ and A2 = $A„. 
Its CD and LL are measured, and the nominal pad thicknesses Ai and A2 

further adjusted to make \/LL/CD « Ri, with the thought in mind that 
the insulation must be fitted into the window and that the puncture 
stress of the insulation must be kept at a safe value. 

The parameters of the new transformer are measured and the follow
ing values (referred to the secondary) are obtained: LL = 54 X 10 - 6 

henry, CD = 50 X 10~12 farad, and Lv = 24 X 10 - 3 henry. From these 
values it can be calculated that 

ZT = J p = 1040 ohms, 

TTOt = y/2LTCD = 1.5 /isec, 
(« + 0).pt = 0.067, 

and that the efficiency at 1.5 ^sec is 

H = 100[1 - (a + j3)„„t] = 93.3 per cent. 

This value of ZT = 1040 ohms, though not exactly equal to the load 
impedance Ri (1250 ohms), is considered to be satisfactorily near to this 
value. Furthermore, optimum pulse shape on a magnetron load is 
obtained with a hard-tube pulser when 

Jz 
and with a line-type pulser when 

= id, 

4 c + c,- Rh 

where & ( « 15 ppf) is the load capacitance (see Sec. 141). For a pair of 
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these transformers used with a hard-tube pulser, 

> 1 S = 127° 0hmS-
For one of these transformers used with a line-type pulser, 

Vc^Fc, = 910ohms-
Since the most important use for this transformer is in a radar system 
employing a hard-tube pulser, the value of ZT for the transformer is 
considered to be satisfactory from the point of view of pulse shape as well 
as from that of maximum energy transfer. The value of Topt = 1.5 fjsec, 
though greater than \/-g /isec ■ 2 psec, is considered to be satisfactory; 
it is impossible to have TOPI = 1 ^sec because of the maximum allowable 
backswing voltage. The value of the efficiency is considered to be suf
ficiently high to make unnecessary the trial of any other core sizes in the 
design. 

The measured values of LL, CD, and Lp are usually more accurate than 
the calculated values because it is very difficult to control the coil dimen
sions with great accuracy and to have exact knowledge of the effective 
permeability of the core under the particular conditions of operation. 

The resultant design is that of transformer 232BW2 given in Tables 
13-1 and 13-2. Two such transformers are built, operated in tandem on a 
magnetron, and are found to hold the backswing voltage on the pulse-
generator switch tube to an acceptably low value. Transformer 232AW2, 
somewhat similar, but a simon-pure autotransformer, is then designed 
to be used in the stepdown position. 

Calorimetric measurements are then performed on transformer 
232BW2 (as a cased unit) under operating conditions, and its calorimetric 
efficiency (exclusive of power dissipated by the filament current) is found 
to be 93 per cent at 1 ^sec. This value of efficiency agrees within 1 per 
cent with (a + |8)opt calculated from the measured values of Lp and LL. 

It is not clear, however, that all the difficulties have been overcome. 
The creep stress of the high-voltage end of the secondary to ground is 
about 100 volts/mil, and therefore it is doubtful that the transformer will 
stand the voltage of 12 kv for any length of time. With No. 26 wire the 
effective current density in the primary winding is very high. If there 
is any doubt that oil and paper insulation will withstand the high ambient 
temperatures encountered by these transformers (which are assumed to 
be used, for example, on equipment for carrier-based aircraft in the 
Pacific), a life test under operating conditions should be performed with 
the stepup transformer in a simulated ambient temperature of 85°C. 
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Successful operation after 2000 hours of this life test is sufficient to justify 
the recommendation that this transformer be used in the equipment. 

A photograph of the core-and-coil assembly of transformer 232BW2 
is shown in Fig. 13-3, together with the core-and-coil assembly of a 600-kw 
pulse transformer (transformer 410AW2 in Tables 13-1 and 13-2). 

Departures from Customary Design Practice.—It is desirable, in general, 
to try to meet criteria of Eqs. (4), (5), and (6) in the design of a pulse 
transformer. Often, however, it may prove advantageous to depart 
from the practice of using single-layer primary and single-layer secondary 
windings of the same length. For example, if the pulse duration is long, 
and if the effective impedance of the load is very high (as it is in a trans-

F I Q . 13-3.—Core-and-coil assemblies of oil-filled pulse transformers (a) 120 kw (232BW2), 
0.5 to 2.0 Msec, (b) 600 kw (410AW2) 0.5 to 2.0 ^sec. 

former used in the triggering of series gaps), the high-voltage winding may 
be composed of several layers. The consequent increase in LL is accep
table since it is desirable to make 

Topt = \/2LPCD = p: 
tii 

and 

c~-Rl' 
where Ri and ropt are both large. 

Where pulse transformers must operate into loads of very high 
resistance and/or low capacitance it is frequently desirable to use a 
duolaterally wound coil. This duolaterally wound coil facilitates wind
ing with small wire sizes and has, in general, low effective distributed 
capacitance. The higher leakage inductance associated with duolaterally 

V 
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wound coils can be tolerated because of the high load resistance for which 
these transformers are designed. There are many possible arrange
ments of duolateral "p i e s" and layers, and the designer should choose 
the arrangement which, for his purpose, stores a minimum amount of 
energy in the transformer coil. Such duolaterally wound transformers 
are suitable for use at both low- and high-voltage levels. Duolaterally 
wound transformers for operation at high-voltage levels are particularly 
suitable for use as trigger transformers. 

According to customary design practice, pulse transformers that are 
to operate at very high voltages 
require a core of very large I since 
the margins of the coil must be 
made long enough to withstand 
the high creep stress. If the load 
impedance for such a transformer 
is high (as it usually is), this diffi
culty can be obviated by a design 
of the type shown in Fig. 13-4. 
This particular transformer design 
employs a toroidal core, Teflon 
insulation (to reduce CD and with
stand the voltage stress) impreg
nated with oil, and primary and 
secondary windings of unequal 
length. This transformer is capa
ble of supplying current to the 
filament whose cathode it pulses. 
The insulation and wire for this 
transformer must, of course, be 
wound on the core with a bobbin. 
Pulse transformers with a winding 
of this type have operated successfully at an output voltage of 100 kv on a 
load impedance of about 20,000 ohms, at 0.5 fisec pulses, with a stepup 
ratio n = 5.5. 

When special requirements such as the maximum amount of over
shoot, droop, or backswing are placed upon the pulse-transformer design, 
it is necessary to consider the effect of the various individual elements in 
the equivalent circuit on pulse shape, a discussion of which is given in 
Sec. 14-1. Even when satisfying such special requirements, it frequently 
proves effective to make the preliminary or trial design on the basis of 
the criteria of Eqs. (4), (5), and (6). 

13-3. Typical Pulse-transformer Designs.—A number of successful 
pulse-transformer designs were developed by the Radiation Laboratory 

F I G . 13-4.—Diagrammatic cross section 
showing a way of placing windings on a 
toroidal core for a transformer to be operated 
at very high voltages and into a high load 
impedance. This transformer has a bifilar 
secondary winding and the core is allowed 
to "f loat" electrically. 
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for various applications in radar systems. These designs were usually 
achieved by the process of a series of successive approximations in design 
outlined in Sec. 13-2. Diagrammatic winding specifications and ratings 
for some of the more widely used of these designs are included in this 
section. The designs are divided into two groups, regenerative-pulse-
generator transformers and pulse-generator-output transformers. 
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Fio. 13-5.—Schematic winding diagram 
for a typical regenerative-pulse-generator 
transformer. 

*' a1 '•• a b 
FIG. 13-6.—Schematic winding diagram 

for a typical stepup low-power output 
transformer. 

Regenerative-pulse-generator transformers, which have three or four 
single-layer windings with turns ratios near unity may also be used as 
coupling transformers between amplifier stages. 

All but two of the pulse-generator-output transformers (Nos. 148-
CW2 and 232AW2) were designed to drive magnetrons from low-
impedance pulse-cable or line-type pulsers. They have windings of a 

Fio. 13-7.—Schematic winding diagram for 
a typical stepdown autotransformer. 

4 a b 
FIG. 13-8.—Schematic winding diagram 

for a typical stepup high-power output 
transformer. 

type [winding arrangement (/), Fig. 12-13] designed to minimize 
the product of leakage inductance and distributed capacitance, and 
bifilar secondaries to permit the supply of cathode-heater power 
to magnetrons from low-voltage-insulated filament transformers. 
One example of a stepdown transformer, No. 232AW2, is included 
to indicate, by comparison with the corresponding stepup design 
(No. 232BW2), how the other designs in this group may be modified 
for use as stepdown transformers to be employed between hard-
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tube pulsers and low-impedance cable. All of these transformers, except 
No. 148 C W2 and 148 DW2, have values of n between 3 and 5. 

The values of pulse duration and load impedance given in Table 131 
for these transformers are, in general, those determined from the values of 
shunt inductance, leakage inductance, and distributed capacitance by 

F I G . 13-9.—Some examples of low-power regenerative-pulse-generator pulse transformers. 

the method outlined in Sec. .131. The voltages given are determined 
from insulation thicknesses and from a stress factor of 250 volts per mil 
for oij-impregnated units, or 100 volts per mil for small dry-type units. 

In Figs. 135 to 13-8 a single coiled line represents a single winding 
layer, which is, in general, to be centered on the coil form. In general 

Fio. 1310.—Three pulse transformers designed for operation at 120 kv, 0.S, 1.0, and 
2.0 /isec. (a) Core-and-coil assembly of an oil-filled pulse transformer (232-BW2) on a 
0.002-in. Hipersil core, (b) G. E. pulse transformer with Permafil insulation on a 0.003-in. 
Monemax core, (c) Westinghouse pulse transformer with Fosterite insulation on a 
0.002-in. Hipersil core. 

all windings on one leg of the core are wound in the same direction. In 
these figures, however, the windings on one leg are wound in the opposite 
direction from the windings on the other leg. Connections between wind
ing layers are indicated by straight lines The wire size and the number 



TABLE 13-1.—OPERATING DATA FOR TYPICAL PULSE TRANSFORMERS 

at 

Design 

Pulse volt
age, kv 

Pulse dura
tion, 
psec 

Maximum 
duty ratio 

Load imped
ance, 
ohms 

Noninduced 
voltages, 

132 AW2 

1/1/1 

0.3-1.5 

0.002 

250 

1 

145 CW2 

0 .5 /0 .5 /0 .5 

IS 

0.002 

500 

0.5 

224 AW2 

1/1/1/0.3 

0.1-0.5 

0.002 

1000 

1 

148 CW2 

2/0.2(a)* 
2/0.4(6) 
2/0.4(c) 

0.6-3(a)t 
0 .25-
2.5(6) 
0 . 5 -
2.5(c) 

0.002 

1600(a) 
1000(6) 
2000(c) 

232 AW2 

12.5/2.5 

0.5-2.5 

0.001 

50 
step-
down 

232 BW2 

12.5/2.5 

0.5-2.5 

0.001 

1250 

232 FW2 

16.5/3.3 

0.25-1.25 

0.001 

1250 

285 DW2 

28/7 

1-2 

0.0006 

400 

311 IW2 

36/12 

1.5-2.5 

0.0006 

450 

355 BW2 

15/3.3 

1-5 

0.001 

1000 

377 BW2 

54/24 

1 

0.0005 

250 

410 AW2 

22/5.5 

0.5-2.5 

0.001 

800 

* (a), (6), and (c) refer to the voltage ratios obtained with the various wayB of connecting the transformer. 
t (a), (6), and (c) refer to the various pulse durations that can be obtained at rated voltage with the various connections which give rise to voltage ratio (a), (6), 

and (c). 
CO 
PI 
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of turns are given in Table 13-2. The total thicknesses of the insulating 
pads between the winding layers and between the inner winding and the 
core are given in mils. Pads between windings that are 15 mils thick or 
greater are usually wound with 5-mil unsized Kraft paper; those of less 
thickness are wound with 2-mil Kraft paper. A part of the thickness of 
the pads between inner windings and cores may consist of a fiber coil 
form; this form should fit closely around the core in order to make the 
mean perimeter of the coil a minimum. Vacuum (less than 1 mm of 
mercury) impregnation with a good grade of transformer oil is recom
mended for all units rated at greater than 6 kv. Any of the varnishes of 

; fa .Z"®.\. [C) :i 
Fia. 1311.—Three pulse transformers designed for operation at different power levels. 

(a) 120 kw (232 BW2) with well for magnetron (Westinghouse). (6) 2 Mw (GE) (c) 
10 Mw (377 BW2) with form-fitting well for magnetron (GE). 

the solventless type, which harden without leaving voids, may be used 
for the dry-type units (which are rated at less than 6 kv). Good solvent-
type varnishes may also be used for units rated at less than 2 kv. Stand
ard sizes of Westinghouse 0.002-in. oriented Hipersil cores are specified 
throughout, except in some cases where two standard loops may be placed 
side by side to make up the specified strip width. 

Figure 13-9 shows several examples of low-power regenerative-pulse-
generator transformers that have been developed; Fig. 13-10 shows three 
120-kw pulse transformers; and Fig. 13-11 shows three pulse transformers 
of pulse powers of 120 kw, 2 Mw, and 10" Mw. Two of these latter trans
formers have wells into which the magnetron may be plugged. The well 
of the 10-Mw transformer is form-fitting and is greased with Dow-
Corning Compound to exclude air when the magnetron is plugged in. 
Figure 13-12 shows pulse transformers employing permalloy cores and 
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Fio. 13*12.—Three pulse transformers constructed with continuously wound permalloy 
cores (Western Electric Company), (a) Rectangular core of 1-mil 4-79 molybdenum 
permalloy and pulse transformer in which it is used. Pulse power: 100 kw. (6) 3-lb. 
rectangular core of 2-mil 45 permalloy and J-lb. core of 1-mil 4-79 molybdenum permalloy 
with the pulse transformers in which they are used. 



TABLE 13-2.—DESIGN SPECIFICATIONS FOR TYPICAL PULSE TRANSFORMERS 

Design 

Core window, in.1 

Strip, in. 
Build, in. 

Assembly wire 

A, in. 

{ 
B, in. 

{ 
C, in. 

{ 
D, in. 

{ 
B, in. 

A', in. 
a' 

B', in. 
V 

C. in. 

D>. in. 
i f 

J ' . i n . 

132 AW2 

1 X ft 

1 
Fig. 13-5 

0.015 
32- #30 

0.010 
32- #30 

0.010 
32-#30 

0.015 

{ 

{ 

1 
{ 

145 CW2 

1 X ft 

it 
Fig. 13-5 

0.020 
125- #36 

0.005 
125- #36 

0.005 
125-#36 

0.020 

224 AW2 

' ! ' 
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constructed with diaphragms to accommodate the thermal expansion of 
the oil. 

In these figures are exhibited some of the final results of the designer's 
effort. 

Summary.—Chapter 13 has established relationships between the 
elements in the equivalent circuit of the pulse transformer and the 
optimum load impedance, pulse duration, and efficiency. General design 
methods for achieving these relationships in building the pulse trans
former have been advanced, and two examples of the application of these 
methods are given. The design data on a number of successful pulse 
transformers are given, and methods for employing these data and the 
general design methods used in designing new transformers are outlined. 



CHAPTER 14 

EFFECT OF PULSE-TRANSFORMER PARAMETERS 
ON CIRCUIT BEHAVIOR 

BY W. H. BOSTICK 

14.1. The Effect of Pulse-transformer Parameters on Pulse Shapes 
on Resistance and Biased-diode or Magnetron Loads.—This section 
treats in turn, the effect of the pulse transformer upon the rise, the top, 
and the tail of rectangular pulses applied to the primary when resistance 
and biased-diode loads are connected to the secondary. In this treat-

source 

«e 

*vc 

Load 

FIG. 141.—Equivalent 
circuit of a pulse generator, 
a pulse transformer, and a 
resistance load. 

Fio. 14'2.—Equivalent cir
cuit for the computation of the 
ris of the pulse on a resistance 
load. 

ment the simple equivalent circuit of Fig. 14-1 is, for the most part, 
employed, and the rectangular pulses are considered to be generated by 
the closing and opening of the switch shown in the circuit. 

The Rise of the Pulse on a Resistance Load.—The rise of the pulse on a 
resistance load Ri is considered for a transformer in which the effect of 
Rt is assumed to be negligible compa °d with that of Rt, and where the 
time of rise is so short that the effect of Le is also negligible. The initial 
energies in LL, Le, and C are assumed to be zero. The mesh currents 
may be chosen as shown in Fig. 14-2, The Laplace transforms of the 
mesh equations may be written as follows: 

LL 

563 
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whence 

ej(p) = RMP) = j^p 
[(p2 + r > + Lic)(p + ^c)-zic^c] 

Vo 

or 

Then 

where 

and 

When 

and 

rf'['+(£+&)'+zk (■+£)]' 

et(t) = g J ^ ' f l | [ 1 - e-> (j sinh fcf + cosh kt\\, (1) 

^ - r . + cS' 
» - E B ( 1 + S > 

fc2 = a2 - 6. 

6 > a 2 , 
fc = >>, 

co2 = b - a\ 

•W " H ^ I 1 " * " ( i ™ - ^ ""*)]■ (2) 

To show how the rise of the pulse is affected by variation in the values of 
the elements in the equivalent circuit of Fig. 14-2, 

f„(1+?f) 
is plotted in Fig. 14-3 against T = -~—< for different values of the param

eter a, where » 
a CRQRI + LL 

a = Vb 2 VRILLC(R0 + R,) 

If Ro is so small that Ra <K Ri and CRo <K LL/RI, as it is in a hard-tube 
pulse generator, and if -\/LL/C is made equal to Ri, as has hitherto been 
found advisable, <r = 0.5. If R0 = fii, as it does in a line-type pulse 
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generator, and if y/LL/C is made equal to Ri, a = l/-\/2 = 0.71. From 
the curves of Fig. 14-3 it may be seen that these two values of <r give 
reasonably good compromises between maximum rate of rise and mini
mum overshoot. 

Rise of the Pulse on a Magnetron or a Biased-diode Load.—The rise of 
the pulse on a magnetron or biased-diode load is considered for a trans
former in which the effect of Re is negligible compared with that of Ra, 
and where the time of rise is so short that the effect of Lc is also negligible. 

is 
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Both a magnetron and a biased-grid load exhibit the general load charac
teristics of a biased diode, which is represented in the equivalent circuit 
of Fig. 14-4 by a battery, series resistance, and switch that closes when the 
voltage across the load is equal to or greater than the battery voltage. 

If switch 1 closes at t = 0 and switch 2 is open, 

titt) = 
2LL 

\LLC \2LL) 
<4TTC-(£)'>• » 

and Ci(<) can be obtained from Fig. 14-3 by choosing a curve corresponding 
to a value of a obtained by letting Ri = <*> and R0 = 0 for the hard-tube 
pulse generator, or Ra = y/LJC for the line-type pulse generator. 



566 PULSE-TRANSFORMER PARAMETERS [SEC. 14-1 

Although the energy stored in LD (see Fig. 12-7) has some effect upon 
the shape of the current and voltage pulses in the load, it is neglected thus 
far in this computation for two reasons. First, the introduction of LD 
in the equivalent circuit represents only approximately the actual condi
tions existing in a transformer; and second, it is desirable to keep the set 
of assumptions for the design of a transformer simple, and thus to include 
only the most important circuit elements. For these reasons also, LD 
is neglected in the treatment of pulse-transformer design in Sees. 13-1 
and 13-2, and later in this section the effect of LD on pulse shape is treated 
as a second-order effect. 

I t is desired, to a first order of approximation, to design the trans
former so that the current flowing in LL and into C at the time t\ when 

switch 2 closes is equal to the current that the 
load will eventually pass when there are effectively 

ii \® only the two batteries and two resistances in series. 
There will then be no high "spike," or excessive 
rounding-off of the front edge of the current pulse 
in the load. 

The first type of pulser operation that is dis
cussed is that of a biased-diode load and pulse _u 

forFthVcompu^[onULf transformer with a hard-tube pulse generator, 
the rise of a pulse on a where usually iiRa <C VG, iiRo « Va, and i-ji <3C V. 
biased-diode load. ( g e e F i g 1 4 .4) T h e p u l g e g e n e r a t o r i s u s u aHy 

designed so that V0 « V, = the desired voltage on the load. Since Ro 
is small, Eq. (3) may be written 

t' , (0="fes in>/llc t 

I t may be seen from Fig. 14-3 that, for the curve a = 0 (that is, for 
R0 = 0,R, = oo), 

_fi_ _ 1 ft 
Va V. 

at the moment when 

sin 

At this moment 

inVEIC^sin^<1 = 1 

Va 
t i = 

and if y/JTiJC is chosen to be equal to Ri, the static impedance of the 
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load at the point at which the tube is to be operated, ii has the proper 
value at the time ii when switch 2 closes. Immediately after the time 
t\ there is a very brief interval of time during which a small additional 
rise in e; requires some of the current which is flowing in LL to flow into C. 
For the remainder of the pulse, however, ei remains at a practically con
stant value, and all the current flowing i n L t flows through the load rt. 

The value of n as a function of t, reckoned from the time of the closing 
of the switch 2, is 

•ff\ ( Va-J\ -(^2p)t Vo-V, ..A 

where i0 is the initial current in Lz, at the closing of switch 2. If 

V -^ < Ri! 

z'o is too large, and there is exhibited on the front edge of the current pulse 
a spike that decays to the equilibrium value of the current with a time 
constant approximately equal to LL/(Ro + ri). 

If \/LL/C > Ri, it, is too small, and the current pulse has an initial 
value that is too low. The equilibrium value of the current pulse is 
approached with the same time constant approximately equal to 

LL 
(Ra + n) 

There are, of course, oscillations on the current pulse. These oscil
lations, to a first order of approximation, may be said to be caused by 
the shock excitation of the LDCz>-branch of the equivalent circuit of Fig. 
12-7. They are, in most cases, of a period shorter than the time con
stant LL/(RG + ri) and are superimposed upon the general trends that 
occur with this time constant. 

The observed rise of current pulses on a magnetron and calculations 
according to the foregoing assumptions are in good agreement (see, for 
example, Figs. 2-44 and 2-45). 

The second operation to be discussed is that of a biased-diode load 
and pulse transformer with a line-type pulse generator, where usually 
Va ~ 2V„ Ra = Ri (after the closing of switch 2), and Ra 5>> n (when all 
values are referred to the same impedance level). Prior to the closing 
of switch 2 in Fig. 14 4 it is assumed that Ri is infinite. Then, if 

\7T = RG' 
a = 0.50 and 
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Eq. (3) then becomes 

i".(0 = 

Also 

and 

° e 2L l sin 0 .866. I ^ t . O.866B0 

T = y^t= i — - t 
1 2T \LLC2IC1-

In Fig. 14-3, for the curve corresponding to <r = 0.5, 

Then 

Also, 

Thus 

Rat 
g 2U = e-0.207., = g-0.660 = 0.52. 

r 
sin 0.866*/7-7; ' = s i n 0 8 6 6 ' 2w ' 0 2 0 7 = s i n 6 5 ° = 0 9 0 3 -

V0 0.52 -0.903 A , , Va Va 
' l = "FT" ■ n nnn

 = U.04 
Va 

Ra 0.866 RG 2RQ RQ ~\- Ri 

Thus, in a line-type pulser, if \/LL/C = Ri, the current flowing in LL 

at the time when switch 2 closes is equal, to a reasonable approximation, 
to the equilibrium current (that is, the current that flows when Va, 
V„ Ra, and n are connected in a series circuit). If -\/LL/C y* i?<, the 

same exponential approach to the equilibrium 
value of the load current occurs, but in this case 
the time constant LL/{RO + n) is much shorter. 

The Top of the Pulse on a Resistance Load. 
The beginning of the top of the pulse on a resist
ance load is influenced by LL and C, as may be 
seen from Fig. 14-3. There is also a droop in the 
pulse when Ra > 0, because of the fact that cur
rent builds up in Lp. Since the effects of LL and 
CD usually are relatively unimportant as far as 

this droop is concerned, the equivalent circuit of Fig. 14-5 may be used in 
the computation of this droop. The initial current in Lv is assumed to be 
zero, and t is reckoned from the beginning of the top of the pulse. Then 

Fio. 14-5.—Equivalent 
circuit for computing the 
droop on the top of the 
pulse on a resistance load. 

e,(t) V0R1 
Ra ~H Ri 

1 R0R1 
e L,'Ra+Ri . 

file:///LlC2ic1
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When, as in most line-type pulse generators, Ra = Ri, 

««(0 = 

The Top of the Pulse on a Magnetron or a Biased-diode Load. 
beginning of the top of the pulse on a magnetron 
or biased-diode load has oscillations which, as 
already shown, may be considered to be caused by 
the shock excitation of the LDCo-circuit in Fig. 
12-6, and may also have a spike or an upward slope 
depending upon the value of S/LL/C relative to 
Ri. When Ro > 0, there is a general droop on 
the pulse, and this droop may be calculated 
approximately from a consideration of the equiva
lent circuit of Fig. 14-6, whence 

—The 

F I G . 14-6.— 
lent circuit for 
ing the droop 
current pulse on 
diode load. 

Equiva-
comput-

of the 
a biased-

Mfe^)'-*^-*] 
and 

ei= V. + Ij-i. 

(When ei becomes equal to or less than V„ the iVbranch of the circuit 
must, of course, be considered to 
be open-circuited and the above 
expression for U does not hold 
thereafter.) 

Thus the top of the current 
pulse ii on a biased-diode load 
suffers much more droop than the 
top of the corresponding voltage 
pulse, or than the top of the pulse 
on a resistance load. For the 
same reason any voltage oscilla
tions caused by the transformer 
produce much larger fluctuations 
in the current pulse because these 

voltage oscillations produce current flow through the relatively small 
resistance rt instead of through the higher resistance Ri. Calculations 
and measurements of the droop of the pulse on resistance and magnetron 
loads agree within the experimental error. 

General Backswing on the Tail of the Pulse.—Figure 14-7 shows a pulse 
with the characteristic backswing produced by the pulse transformer. 

Fia. 
'2 ( 3 

14-7.—Typical pulse and backswing 
produced by a pulse transformer. 



570 PULSE-TRANSFORMER PARAMETERS [SEC. 141 

Since the flux density must return to the same remanent point B, before 
the beginning of each pulse [see Fig. 15-2 and Eq. (1510)], 

and 

fh —NA f °" -
area (1) = / eidt = .,-.. / dB = 

Jo J-U J B, ■ 

fu
 M -NA [' = Leidt = -w-]B 

area (2) dB = 

-NA 
108 

-NA 
108 

(£au _ Br), 

(Br — B J , 

area (2) = —area (1). The interval of time tt — t3 is chosen to be so 
large that, for all practical purposes, ei has become equal to zero. Thus, 
when a pulse transformer is used, there is always a general voltage back-
swing whose area is equal to that of the pulse itself, but whose shape is 
determined by the values of Re, C, Le, and Ri if a resistance load is still 
connected, and by the charge on C and the current in Lp at t2. When Ri 

becomes infinite, at a time very shortly after t2, 
there are oscillations of a higher frequency super
imposed upon the general backswing because of 
energy stored in LL. 

The shape of the general backswing may be 
calculated by assuming that the constant-voltage 
generator Va is disconnected from the circuit at 
the time h (see Fig. 14-7). The equivalent circuit 
is then that of Fig. 14-8 where, to a good 

approximation, the initial current in Le is ViU/L, and the initial voltage 
on C is Vi. 
Then, if t = 0 at the time U, 

%L. C T + R> 

F I G . 14-8.—Equiva
lent for the computation 
of the pulse tail. 

4 «c(0 = Vi e-" \ cosh kt -

for the nonoscillatory condition, and 

ec(t) = Vier°l\ cos ait — 

for the oscillatory condition, where 

LeC + ' 

He 

. \ 
sinh kt I 

. ) 
sin wtj 

a = 2RC 

and 
\L£ \2RC) 

k = —joi. 
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General backswing 
on a magnetron or 
biased-diode load 

When a pulse transformer is used on a resistance load, R — Ri, and 
the pulse tail is usually "well damped" (see Fig. 14-9). When a pulse 
transformer is used on a biased-diode or magnetron load, the load is 
disconnected very shortly after £2 and R is essentially equal to R, (if no 
artificial diode or resistance damping is used in the circuit). A typical 
backswing (without the superim
posed oscillations) for this latter case 
is also shown in Fig. 14-9. 

When a pulse transformer is used 
with a line-type pulse generator, the 
effective value of C in Fig. 14-8 is 
equal to the sum of the distributed 
capacitance of the pulse transformer 
and the capacitance of the load. 
When a hard-tube pulse generator is 
employed with stepdown and stepup 
transformers, the effective values of R and L are respectively equal to 
Re/2 and Le/2, and the effective value of C is equal to the sum of the 
effective distributed capacitance of the two transformers, the load, and 
the pulse generator. Calculations and measurements of the general 
shape of the tail of the pulse obtained with hard-tube and line-type pulsers 
employing pulse transformers and either resistance or magnetron loads 
agree within the experimental error. 

F I G . 14-9.—Typical backswings with 
resistance and biased-diode loads. 

-^—Sf M 

R, ^Ca+Ca Ct + C„^ 

F I G . 14-10.—Equivalent circuit for the 
computation of oscillations appearing on the 
pulse tail with a hard-tube pulse generator 
and a biased-diode load. 

c - - R < > t 

F I G . 1411.—Circuit 
approximately equiva
lent to the circuit of 
Fig. 14-10. 

Oscillations on the Pulse Tail.—The tail of the voltage pulse from a 
transformer on a resistance load usually exhibits no oscillations super
imposed on the general backswing (that is, the energy stored in LL has 
very little influence on the voltage-pulse tail). 

However, on a biased-diode or magnetron load, oscillations usually 
appear which are superimposed on the general voltage backswing. In 
the analysis of these oscillations the example of the hard-tube pulse 
generator with two pulse transformers, the effective equivalent circuit 
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of which is shown in Fig. 14-10, is considered first. The load current h 
flowing in LL at the end of the pulse is suddenly interrupted by the open
ing of switch 2, and the pulse-generator voltage source has been dis
connected. To a good approximation, the circuit of Fig. 14-10 may be 
replaced by that of Fig. 14-11, where 

L = 2Lh, 
I 1 , 1 
C + Co + Co CD + Ci 

R = 2Re. 
The initial current in L is It, and, for the purpose of calculating the oscil
lations occurring on the backswing, the effective initial charge on C is 
zero. The voltage ci is then given by 

e,(t) = I, 
e 2RC^ sin \LC \2RCj t 

If, as is usually the case, 
\LC \2RCj 

then 
LC y> \2RCJ 

e,(t) >/i7,e" sin VLC 
These high-frequency oscillations are superimposed upon the general 

backswing to produce a pulse tail such as is shown in Fig. 14-12a. If a 

I f t f t f t - ^ 
/s 

u 
(a) With a hard-tube pulse generator. (b) With a line-type pulse generator. 

F I G . 14-12.—Typical voltage-pulse tails on a magnetron load. 

cable is used between the stepdown-stepup pulse transformers, the period 
of oscillation 2*- \/LC is increased by twice the transit time of the cable. 

There is good agreement between the calculated and the observed 
pulse tails obtained with a hard-tube pulser, pulse transformers, and 
magnetron load. 

file:///2RCj
file:///2RCj
file:///2RCJ
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In a line-type pulse generator with a magnetron load there is a mis
match in impedance at the magnetron when the pulse voltage drops at 
the end of the pulse. As a result, a small portion of the energy is left in 
the circuit in the form of a negative voltage spike that is propagated down 
the pulse-forming network, reflected at the open end, and propagated 
back to the pulse transformer, where it appears as a negative spike on 

(a) Ru = 0, T = T„pt, ZT = Rl 
7 = 0 , 0.05, 0.1, 0.2, 0.3 

(6) RG = Rl, T = T„pt, ZT = Rl 
7 = 0 , 0.05, 0.1, 0.2, 0.3 

(c) Re = 0, ZT = Ri, 
r = I 1, 2T„„t 

w Re. = Ru ZT = Ru y = 0.1 
T = j , 1, 2Topt 

(e) Ra = 0, T 
Zr = i. 1 

I'lu. 1413 

parameters, (a + /3)opt 

(J) RO = Rl.T = T„pt, 7 = 0.1 
ZT = i 1, 2R,. 

Pulse shapes on a resistance load calculated for various values of the 
T Rp 

Topt i^J 

resistance loau caicu 

V2LLCD 

the tail of the voltage pulse. Such a series of spikes, drawn from a syn
chroscope trace obtained with a line-type pulse generator having a rotary 
spark gap as the switch, is shown in Fig. 1412b. 

The General Pulse Shape on a Resistance Load.—With the assumption 
of a resistance load having no appreciable capacitance, the effect on pulse 
shape of varying the values of the parameters 
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(" + 0)opt = y, 

h. = i. \kh, 
Ri Ri \ CD 

Topt 

and Ra/Ri is calculated on the basis of the equivalent circuit of Fig. 13-1, 
and is shown in Fig. 14-13. For increasing values of y, as shown in Fig. 
1413a and b, the approximations used in formulating the simplified 
equivalent circuit of Fig. 13-1 become greater, and hence the error in the 
calculated pulse shapes becomes greater. 

Current Transformers.—A pulse transformer is sometimes used with 
its primary in series with a load in such a way that the load current passes 
through the transformer primary. A transformer of this type has been 

Output pulse transformer 

'LIT 

" L ^ 
Voltage == 
stepup p ^ n 

ratio = B I—wvJ 
Current transformer 

(a) (i>) 
Fia. 14-14.—(a) A typical circuit using a current transformer, (b) Circuit equivalent to (a). 

termed a "current transformer" although the transformer actually 
transforms power, as do all transformers. Such transformers are often 
used in the generation of trigger pulses of about 100 volts, and a typical 
circuit is shown in Fig. 14-14a. 

The equivalent circuit for the current transformer and the associated 
circuit is given in Fig. 14-14b, where the stepup pulse transformer with 
magnetron load is replaced by a resistance .ft; = 50 ohms. All quantities 
are referred to the primary of the current transformer. 

If Lp is sufficiently large to be neglected in comparison with R/n1, 
and if the effects of LL and Co may be neglected, the voltage V divides 
between Ri and R/n2 in such a way that the voltage across the primary 
of the current transformer is 

.R 
n2 

n2 

VR 
Rtf 

The voltage across the secondary of the current transformer is then 
VR/Rin. I t is thus seen that, for a given value of R, the voltage across 
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the secondary of the current transformer increases if n is decreased, pro
vided that the current in Lp remains small compared with that in R/n2. 

Obviously, it is desirable to have only a small fraction of V across 
the primary of the current transformer, and it is therefore desirable to 
choose values of R and n such that the proper output voltage is obtained, 
parasitic oscillations (from LL and CD) are sufficiently damped, and a 
sufficiently small voltage is applied at the primary. 

Current transformers of this type may be used to view the current 
pulse in a magnetron or other load. Under these circumstances the 
"primary winding" may be the lead (or leads) carrying the load current, 
and in most instances this lead need only be passed through the 
core window to produce sufficient output voltage at the secondary 
terminals. 

14-2. The Effect of Pulse-transformer Parameters on the Behavior 
of Regenerative Pulse Generators.—The general criteria of Eqs. (13-4), 
(13-5), and (136) hold forregenera-
ti ve-pulse-g e n e r a t o r (blocking-
oscillator) transformers as they do 
for most pulse transformers. Thus, 
for a regenerative-pulse-generator 
transformer the optimum pulse 

Pulse 
transformer 

Fio. 

To bias supply E^ if trigger is 
to be used exclusively, or to 

ground if "self bias" is to be used 
(either with or without trigger) 

14-15.—Circuit of a typical regenera
tive pulse generator. 

duration is equal to \/2LPCD, and 
the excellence of the transformer is 
judged by the value of (a + |8)opt. 
For a regenerative pulse generator 
that supplies no appreciable power 
to an external circuit, the second
ary-winding impedance S/LL/CD 
should be chosen approximately 
equal to the effective impedance of 
r„ (the grid-to-cathode resistance) 
and C in series, or of rg and the impedance of the line in series if a lumped-
parameter line is used instead of C (see Fig. 14-15). 

There are several variations on the general scheme of regenerative 
pulse generators or blocking oscillators. These circuits, however, are 
all essentially the same in their mode of operation, and a general physical 
description of their operating mechanism is given in Sec. 4-2. As an 
example of a regenerative pulse generator, the circuit shown in Fig. 
14-15 is used to show the effect of pulse-transformer parameters on circuit 
behavior. The voltage stepup ratio of the pulse transformer in this 
example is chosen, for purposes of simplification, to be n = — 1 , that is, 
the windings of the transformer, although wound in the same direction, 
are connected so that the pulse to the grid is inverted. I t may prove 
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advantageous in practice to select different values of n for different tube 
and load characteristics. 

There are various stray capacitances in this circuit and the pulse 
transformer has a certain amount of leakage inductance; in order to avoid 
the difficulties involved in the analysis of such a complicated circuit, it is 
profitable to start first with the most simplified of equivalent circuits and 
then to proceed to the more complicated circuits that take into considera
tion more of the actual circuit elements. The analysis of the pulse-mak
ing operation is treated by considering first the leading edge or rise of 
the pulse, second the top of the pulse, and third the tail of the pulse. 

In order that linear analysis may be employed, the plate resistance rp 
and amplification factor y. of the tube are considered constant for the 
period of time under immediate consideration. 

R 

Switch closed I - I 
when "t =!CA=Em+*) 
EcSEm * + 
"C^cn 

Generator! 
MfEcn) 

R 

+=*i~0) 

cD^re,° 11 
F I G . 14-16.—Simplified equiva

lent circuit for a regenerative pulse 
generator in which the effects of 
C, Cop, rp, Lp (and LL) are neglected. 

F I G . 14-17.—Circuit of Fig. 
14-16 further simplified by 
setting e„' = \eg — Eeo\. 

The Rise of the Pulse.—For purposes of simplification, it is assumed in 
the beginning that the effect of the trigger circuit is negligible, that rp = 0, 
that the effect of the leakage inductance is negligible in comparison with 
that of R, that C = 0 (see Fig. 14-15), and that the plate-to-grid capaci
tance C„p of the tube is negligible. The equivalent circuit is then that of 
Fig. 14-16, where CD and LL are, respectively, the effective distributed 
capacitance and leakage inductance of the transformer. I t is assumed 
that the bias voltage 

Ec E„ + t, 

where * is a positive voltage which can be vanishingly small, but which, 
nevertheless, can instigate the process of regeneration. I t is readily 
shown that this circuit can be simplified to that of Fig. 14-17, where 
e'e = \e„ - E„\. 

Kirchhoff's voltage-law equation for the circuit yields the following 
differential equation, where the initial voltage on CD is equal to zero: 

£/*' dt + Ri = lie' + e. 
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The Laplace transform of this equation is 

( 1 + R)i(p) = M<(p) + i - 2?g + if 

hjidt> 
since 

< 

and therefore 

Then 

ue'(v) = *M. 
"■e'm cDp 

«S<p) = 
PC°R(P + 1-CJ) 

The change in plate voltage on the tube is given by eb = — juej, since 
rp has been assumed to be equal to zero. Then 

eb = - M e ( ^ - 1 ) . ( 4 ) 

If ju is greater than one, the exponent is positive and regeneration 
takes place in such a way that \eb\ increases until \eb\ = £«,. Throughout 
this section it is assumed that when the generator output voltage (which 
in this example is — eb) is equal to EM, the amplification factor p of the 
tube is less than one, and that regeneration therefore stops. If it is 
assumed that, during the rise of the pulse until the generator output 
equals En, the average value of p is given by ii\EM\ = EM, H must be 
assumed to become suddenly less than 1 at the moment when e'g becomes 
equal to or greater than \E„,\. The voltage e„ passes through zero and 
grid-to-cathode current begins to flow at this moment. Although the 
equivalent circuit must be modified at this instant to account for the 
grid-to-cathode current, this modification can be made with relative ease 
because the generator output attains its peak value Em, at this moment 
and remains constant as long as e„ ^ 0. For purposes of simplifying 
the analysis the assumption that n = [En/E^l is, therefore, used through
out this treatment of the regenerative pulse generator. This simplifica
tion is desirable because the aim of this treatment is to show analytically, 
rather than numerically, how the elements in the equivalent circuit of a 
pulse transformer affect the pulse shape produced by a regenerative pulse 
generator. 

Perhaps a more appropriate assumption with regard to the average 
value of n during the rise of the pulse is to let 
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where e" is a positive grid voltage at which n begins to change abruptly 
from a value greater than one to a value much less than one (see Fig. 
14-26). In computing the rise of the pulse under this assumption it is 
necessary to make the circuit modification (with appropriate boundary 
conditions) at the moment e„ passes through zero while the generator 
output is still rising. I t is assumed that the generator output continues 
to rise until e„ = e", at which time p. is assumed to become <K 1, and the 
generator voltage is assumed to remain constant at En as long as ea ^ e". 
A linear solution of the rise of the pulse under these circumstances could 
almost never be given in an analytical form, and therefore is of little 
general value to the pulse-transformer designer. 

If, in the simple example under consideration, it is now assumed that 
the leakage inductance LL is finite, LL may be inserted in series between 
the generator and Co in Fig. 14-17. The Laplace transform of Kirchhoff's 
voltage-law equation for this circuit then becomes 

( L i p + c^+4' ( p ) = 
whence 

: & > ) = ■ 

M*(p) , « 
CnV + V 

( ■ - L . R JL 
V + 2LL

 + 
(AY - 1~ "Y 

\2LL) LLCD\ 

The change in plate voltage on the tube is again given by ei, = — /ne„, 
since rp has been assumed to be equal to zero. The solution is of the form 

ehiP) = (V + a)fr + T)p' (5) 

whose inverse Laplace transform is 

e>(0 = - 4 ^ + 7 e~;'-a e7'l (6) 
Lory ay(a - y) J 

where 
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and 

If 

EFFECT ON REGENERATIVE PULSERS 

y = A + I7JLY - l ^ f . 
7 2LL^ \\2LL) LLCD] 

579 

2Li 
_ [(AY _ I ^ f < o 

\\2LL) LLCD\ < U ' 

that is, if n > 1, the first exponential term contains a positive exponen
tial, and regeneration occurs. 

The solution (6) may be put in the following form: 

«»(0 = 
M - l 

Rt 
e 2 L l 

l\2LLJ LLCD\ 
(7) 

If n is large enough and R small enough to make 

a ~ — 7, and Eq. (6) becomes 

*w - 4-1 - «** (dfe)"'} (8) 

The output |e4| of the generator in Fig. 14-17 continues to increase 
according to the expression given in Eq. (7) [or that in Eq. (8), if the 

F I G . 1418.—Equivalent circuit for a regenerative pulse generator where the effect of 
R and C„p may be neglected, (a) Initial voltage on C equal to Ec„ + e. (6) Initial voltage 
on C equal to e. 

approximation is valid] until |eb[ = En, at which time n is assumed to 
become suddenly much less than one and the voltage \eb\ levels off, thereby 
forming the top of the pulse. 
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The next example to be considered is one where C ^ 0 and R is so 
large that its effect is negligible compared with that of C, and where the 
effect of rp is taken into account. The equivalent circuit is then that of 
Fig. 14-18a, which can be replaced by that of Fig. 14-186 for which 

[L* + '>+ 1(1 + 11)]™-*<>) + •--CDp "•" p 

Then 

M<(P) = 

^ - p p + gf + rXe + ^ r ) ] 
M« 

This equation and its inverse Laplace transform are of the same form, 
respectively, as Eqs. (5) and (6), where now 

L/LO D 

and 

a ~ 2LL [\2LL) LL \C + CD ) \ ' 

+ [\2TL) ~ u \c + ~cr)\' r. 
y = 2LL 

The condition for the existence of regeneration is that 

or 

" > ~C + L 

In the present example e& = —ne'g + irp, 
whence 

e&(p) = -ne'a(p) + rpi(p) 
_ do , Oi 

p(p + a)(p + y) (p + a)(p + y) 
where 

n - ^ Oi = j-t 
S-ih 
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and the inverse Laplace transform of the second term is 

The complete solution for this example is then 

eb(t) = a„ h • -, r- + aA • (9) 
L«7 <xy(a - 7) J L 7 - a J 

There are two special cases of this general solution that are of interest: 

Case 1. Where the time constant a is determined primarily by rp 

and Cp (that is, LL is negligibly small as far as its effect on i is concerned). 
For this case the Laplace transform of Kirchhoff's voltage-law equation is 

whence 

e'0{p) 

M*(P) , J 

rPCp 

and 

and 

Then 

eb{t) 

e'(f) = ' g | i _ e~^G+1cf)'l, 
t 

' i j . i - r t , 
rvi(t) = «e r»^ 

CB + C(l 

«K(P) = -pe'Q(v) + rPi(p) = - M < ( P ) + 

K*^)' 

Lc(M - D - C D
 + 'J + ' 

titC 
(10) 1) - CD ' J ^ C(M - 1) - CD 

Case 2. Where the time constant a is determined primarily by LL 
and CD (that is, rp is negligibly small as far as its effect upon i is con
cerned). In this case a = — y and Eq. (9) may be simplified to give 

«b(l) = — o0 ( —, -, cosh yt 1 -1—-1 sinh yt 
V r 72 / 7 =4 MC 

(M - 1) - C*„ 
cosh 

+ —ET— Lcornr^x^J Isinh 

L,. \C + C„ )] 

(ID 
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If C » C i > and irp« | ^ | , Eq. (11) can be further simplified to 
become Eq. (8). 

From the expression for eb in Eq. (8) it is possible to make a calculation 
of the time of rise of the pulse when this time of rise is governed only by 
the transformer characteristics. Effects that are due to r„, C, and the 
grid-tc-plate capacitance Cgp, of course, actually increase this time of rise. 

If it is assumed that t is 1 volt at / = 0 and if the interval of time 
Ji > t > 0 elapsing until eb is —1 volt is computed, 

or 

and if 

- i- i[ i-c o A
MGfc)M4 

C08h (joSrJ l> - 2> 

\LLCD) 

is known, <j may be computed. If i2 > t > 0 is the interval of time 
until c6 = —10 volts, 

cosh(roy4'2=n' 
(rfc) <2 = 

or 
/ „ \M 

3.1. 

If <» > t > 0 is the interval of time until e„ = —300 volts, 

c o s h f ^ - ) t, = 301 l(rirJ**-
and 

7.2. fcfe) '3 = 

A reasonable definition for the time of rise of a pulse from a regenera
tive pulse generator would be t3 — t2 = At; then 

(ds)""- 4.1. 
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For a numerical example, when LL = 20 X 10 - 6 henry, CD = 20 X 10 -12 

farad, and p = 20, 
4.1 

At = ( » Y 
\20 • 20 X 10-1 8 / 

= 0.018 /isec. 

C3= 

Co* 

A simple example is now considered where the effect of a trigger circuit 
of source voltage V, and internal resistance r, (see Fig. 14-15) are taken 
into account, where the effects of Cgp, R, 
and rp are neglected, and where C is 
finite. The equivalent circuit for this 
example is given in Fig. 14-19 where the 
initial charges on C and Co are assumed 
to be equal to zero. This assumption is 
equivalent to the hypothesis that the 
initial voltage on C is actually EK when 
the generator o u t p u t is equal to 
n{ea — Em) and the voltage across CD is 
e„. It is assumed that the coupling 
capacitance between the trigger circuit 
and the rest of the circuit is so large that its effect is negligible 
Laplace transforms of the two mesh equations are then 

I 
l l 

F I G . 1419.—Equivalent circuit 
for a regenerative pulse generator 
where the effect of the trigger circuit 
is taken into account and where the 
effects of C0p, R and rp are neglected. 

The 

and 

Then 

n(p) = 

1 
nC 

0 " l i e 

5 fe+P) 
a+^) i 

LLC 

or 

n(p) 

Vt 
rtLLC 

[p2 + ih{h-LcT)][p + ^ c ] - ^ 
(12) 
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and 

e'0(p) = »'i(p) 
CDp (13) 

Perfect transformer 
n = - i 

It is usually impossible to express i'i or e'g analytically because the Laplace 
transform involves the solution 
of a cubic equation in p. Never
theless, Eq. (13) can be readily 
solved numerically for a given set 
of constants, and the rise of the 
pulse for the circuit of Fig. 14-19 
may be calculated. 

A simple example is now 
treated where the effect of C„ is 
taken into account but the effects 
of rp and R are neglected, and it 
is assumed that there is an initial 
voltage t(Ec„ + e in the actual 

FIG. 14-20.—Equivalent circuit for a 
regenerative pulse generator where the effect 
of Cgp is taken into account and where the 
effects of R and rp have been neglected. 

circuit) on the capacitance C. The equivalent circuit is given in Fig. 
14-20. 

Since the transformer in the circuit of Fig. 14-20 is perfect, t'i = i2 and 
the Laplace transforms of the mesh equations yield 

[1* + j(c+ i*r)]«'»-J# !«»-i 

\ W P C D / 

and 

whence 

ii(v) = 

*'i(p) = 

'"[['+h(h + iZ!)][l + 1-fr\ (1 - M ? ) 

«(1 + M) 
CD 

M['+£(i + 1^)][£ + 1&!]-Jra£) 
and 

MC'(P) = pfc [il(P) ~ i,m 
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The condition for regeneration is that 

L(L + ±iA -inA2 $>> <0. 
LL\C LLCD/ LLCD CD + CeJ>(l + ji) 

If the value of C is so large that its effect may be neglected, 

vtCp 
Me'„(p) = C 0 + C „ ( 1 + M) 

LLC° lp2 " L J C B + C W ( 1 + M ) ] J P 

Then 

«® " ~ ^ i 0 "C08h {LJC.^I + M/ '} 
or 

It is thus obvious that the effect of C,p on the rise of the pulse is to increase 
the effective capacitance of the pulse transformer by the additive quan
tity C „ ( l + M). 

I t is possible by the foregoing procedures to calculate the rise of the 
pulse both when a trigger is used and when the effects of C„v, r„, and C 
are taken into account, except that the solutions for e& involve solutions 
of algebraic equations of degree of three or higher, and therefore each 
solution must be a numerical one. Nevertheless, the task may be 
accomplished in a straightforward manner. 

The effective distributed capacitance CD between the plate winding 
and the grid winding is equal to the total capacitance between the two 
single-layer windings for a transformer of voltage-stepup ratio n = — 1. 
This fact is illustrated in Fig. 14-21 for two cases, one where C is very 
large, and one where C is very small. The voltage distributions along 
the winding before and during the pulse show that the amount of electro
static energy stored when a voltage pulse eb is applied across one winding 
is the same as that stored when a constant voltage e0 is applied between 
the windings. 

When a transformer has a stepup ratio n ^ — 1, it is possible to 
calculate CD by the application of the principles set forth in Sec. 12-2. 

If there is a third winding on the transformer, the effective distributed 
capacitance, leakage inductance, and load of this winding must be taken 
into account in the analysis of circuit behavior. 

The regenerative pulse generator frequently employs a lumped-
constant line, or network, instead of the capacitance C. For these 
circumstances, the rise of the pulse may be computed by substituting for 
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C in the equivalent circuit a resistance equal to the characteristic imped
ance of the line. 

If there are to be only two windings on the transformer and no appre
ciable amount of power is to be delivered to an external circuit, it is 
desirable in the design of a regenerative pulse generator to choose the 

i-Supply 

* » * 

r- Plate 

Plate 
winding 

= £ , , 

° Grid 
winding 

■Grid Before the pulse 

Plate 
-winding 

Plate 
winding 

Grid 
winding 

During the pulse 

Grid 
winding 

Grid 
r winding 

Plate 
winding 

Plate 
winding 

Voltage distribution resulting only from the pulse 

(a) (*> 
Fio. 14-21.—Voltage distributions along the windings of a transformer used in a re

generative pulse generator with n = - 1 . (o) When C is large. (4) When C is small. 

impedance of the line, which in most cases may be considered as the load, 
approximately equal to rp, the impedance of the source. The value of n 
for the grid winding should be chosen on the basis of the tube character
istics. If a third winding is to be used, the value of n for this winding 
should be chosen on the basis of the tube characteristics and the load for 
this winding. 
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The Top of the Pulse.—The interval of time during which the pulse 
is more or less flat is usually called the " t o p " of the pulse. The behavior 
of the circuit during this interval is now described. When the output of 
the generator M«J is equal to £» , eg ^ 0, ^ is assumed to become less than 
one, and the output of the generator is assumed to remain equal to En 
until the grid voltage e„, which is now positive, falls to zero or lower. The 
equivalent circuit is then that of Fig. 14-22 in which r„ is the grid-to-
cathode resistance. The switch remains closed when the voltage e0 

across CD is greater than zero. The effect of the trigger circuit in this 
instance is neglected. 

I t is possible to give a straightforward solution for eg with initial 
currents in LL and Lp and an initial 
voltage on C calculated from the rise 
of the pulse. For the purpose of 
simplification, however, it is assumed 
that the initial voltage across C, which 
was Eco at the beginning of the rise of 
the pulse, has not changed appreciably 
during this rise, and that no appreci
able current has built up in Lp, the 
shunt inductance of the transformer, 
during the rise of the pulse. Further
more, the effect of L t is neglected 
broken down into two extreme cases that are even more simplified 

Case 1. Where C is so large that the pulse is terminated by the 
effect of Lp alone. If the current in re is neglected, 

C+ 
=MM 

i—<Tnnp-

Intial 
voltage 

= 0 

T T 
1 

FIG. 14-22.—Equivalent circuit for 
the operation of a regenerative pulse 
generator during the top of the pulse. 
Initial voltage on C » - £ „ if C » CD. 

This simplified example may be 

eb = -Ewe~Lp . 

Since there is no appreciable voltage developed across C other than its 
initial voltage Eco, 

-e, = eb - Eco-

It is assumed that the energy stored in CD has little effect upon the dura
tion of the pulse. When e„ = 0 (and hence cb = Eco), n becomes ^ 1, 
regeneration in the "off" direction takes place, and the pulse is termi
nated. This maximum pulse duration T^ that the circuit having a pulse 
transformer can produce is then given by 

\EM\ = EHR *7 
or 
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Because of the simplifying assumptions that have been made, the value 
of T„»X thus calculated is somewhat greater than the maximum pulse 
duration that can actually be achieved. 

Case 2. Where Lp is large, and C is so small that the pulse duration 
is determined primarily by the value of C, yet large enough to keep its 
initial voltage at the beginning of the top of the pulse equal to Eco. 
Under these circumstances, if the effect of CD may be neglected during the 
time when e, > 0 and the switch is closed (Fig. 14-22), 

(E» - |J5U)r,,e (r,+r,)C 

r, + r„ 
The value of e„ thus eventually comes very close to zero, and a small 
amount of current buildup in Lv is sufficient to make e„ go completely to 
zero, at which time the pulse is terminated. An approximate value for 
the pulse duration limited by the value of C is 

T _ = (r, + r0)C. 
An example in which C = 0 and in which any grid current that is 

drawn must flow through R is represented in Fig. 14-23 where, at the 
beginning of the top of the pulse, 
the battery is substituted for the 
generator in the circuit. The 
value of R is usually much larger 
than r, and eQ never gets very far 
above zero. In fact eg usually be
comes less than zero immediately 
after the peak of the rise of the 
pulse, and the generator is again 
switched into the circuit. In this 
particular example the pulse has 

no "flat" top, and the pulse "tail" starts as soon as the rise is finished. 
The shape of the pulse tail is then determined by the time constants RCt> 
and/or -\/LVCD, by n, and by the initial energies in Lp and CD. This 
example is not treated in detail since it is not of so much practical interest 
as others. 

The Tail of the Pulse.—The pulse tail is now calculated for the case 
where C is finite and where the circuit is considered to have arrived at the 
condition where again e„ = 0. When e„ falls to ^ 0, /i again becomes 
greater than one and the circuit regenerates "off," much as it regenerated 
"on." The order of magnitude of the regeneration time is, as was shown 
for a simple case, « -S/LLCDI^, which is short compared with the time 
■\/LPCD. Therefore, it is assumed that the circuit has regenerated "off," 

Fio. 14-23.—Equivalent circuit for the 
operation of a regenerative pulse generator 
during the top and tail of the pulse where 
C = 0 . 
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that the generator is therefore disconnected from the circuit, and that 
e, = Eco at the time ( = 0. The equivalent circuit is then that of Fig. 
14-24 where R, represents the effect of losses in the core and any damping 
resistance that may be connected. 

The behavior of the circuit may then be considered in two parts. The 
first part involves the change in e^ from the moment that e, = Ec„. The 
variation of e0 depends upon the values of Lp, Rt) and CD, and upon the cur
rent in L„ and the charge on Co (both of which can be determined for a 
given circuit condition) at the 
moment when e6 — Eco- The 
equations for the variation of e0 
are identical in form with those 
given in Sec. 14-1 for the tail of 
the voltage pulse on a magnetron. 

The second part of the circuit 
behavior involves the discharge of 
C through R until the voltage 
across C is equal to Ec (which, for 
all the cases thus far considered, 
is equal to Eco). The initial 

FIG. 14-24.—Equivalent circuit for the 
operation of a regenerative pulse generator 
during the tail of the pulse. 

charge on C depends, of course, on the operation up to the time when 
e„ = Eco- If the voltage across C at this time is denoted by Vc (Vc is 
usually —0.5 to —0.8£»), the voltagej~ec is given by 

and 
ec = Eco - (Vc - E.)e~*c, 

e, = e» + ec. (14) 
Comparison of Theory and Experiment.—The foregoing theory, which 

assumes M to be equal to Etb/Ec„ and to be constant, and which neglects 
various circuit elements in the approximate solutions outlined, gives by 
no means a complete and highly accurate description of the operation of a 
regenerative pulse generator. A complete and accurate solution of the 
problem can be achieved only by laborious graphical methods that fail 
to give the average investigator the comprehensive view provided by 
analytical solutions. It is the author's belief that this foregoing theory, 
rough and brief as it is, is of definite value in being able to show in an 
analytical manner the dependence of the circuit behavior on the various 
elements. 

Figure 14-25 shows typical pulse shapes obtained from a regenerative 
pulse generator with two different values of C.1 The general shape of the 

1 H. M. Zeidler, "Analysis of the Blocking Oscillator," Master's Thesis, E. E. 
Dept., M.I.T., 1943. 
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F I G . 14-25.—Typical pulse shapes obtained from a regenerative pulse generator employ
ing a 6SN7 triode, a 132AW2 pulse transformer (see Table 13-2), for which R = 25,000 
ohms, and Eu, = 300 volts, (o) C = 235/i/if. (6) C = 2700 wl. 
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Fio . 14-26.—Operating curves for the two pulses shown in Fig 14-25 with time intervals 
indicated in psec. 
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rise of each pulse agrees with that given by the theory in Eqs. (8) and 
(11). The effect of the value of C on the pulse duration is illustrated. 
The shape of the pulse tail agrees approximately with that given by the 
theory in Eq. (14). Figure 14-26 shows the operating curves or trajec
tories (with time intervals indicated in microseconds) for the two opera
tions of the circuit. The inverse slope at any point on a curve of constant 
plate current Iv is equal to the value of /x of the tube at this particular 
point. It may be observed that these 
operating lines bear out, in a rough way, 
the predictions of the foregoing theory: 
during the rise of the pulse the circuit 
moves rapidly through the region where 
y. is approximately constant and greater 
than one until it enters the region where 
/J abruptly decreases to a value much 
less than one. In this region (giving 
rise to the top of the pulse) the circuit 
lingers until the grid voltage drops to
ward zero and into a region where n 
again becomes greater than one. The 
circuit then regenerates off, passing rapidly through the region where ii is 
approximately constant and greater than one. It is obvious from Fig. 
14-25 that, from the point of view of accuracy in calculation, u should be 
assumed to equal S»/(e£' + \E„\) when e„ < e£', rather than to equal 
■EWÎ eol when e„ < 0. As has already been stated, however, this former 
assumption complicates the problem to the extent that the solutions lose 
their analytical character and hence much of their usefulness. 

Fio. 14-27.—Equivalent circuit 
generator, transformer, and load for 
the computation of the frequency 
response. 

Q 

(a) ti = -p- (eo — ei) = eoGo — eiGa (b) ti = to — eiGo = eaOa — «iGo 

Fio. 14-28.—Equivalent voltage and current sources. 

14-3. The Effect of Pulse-transformer Parameters on Frequency 
Response.—The equivalent circuit of Fig. 14-27 may be used to represent 
a generator, a stepup or reversing transformer, and a load, where the 
capacitance to ground of the transformer-primary winding may be 
neglected. 
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-TV-

I t is more convenient to write the equations on the node rather than 
on the loop basis. Therefore, the voltage source in Fig. 14-28o is replaced 

by the current source of Fig. 14-28b 
r<- and the equivalent circuit of Fig. 

14-29, where ia = eMa, is thereby ob
tained. Then 

C ) iG°e> V ' c i e> !G' « . < ? « + — + ^ - ^ r - = * > < ? « . 
and 

«juC + ejG, + ( e a 7 6 l ) r L = 0. 

FIG. 14-29.—Circuit equivalent to Or 
that of Fig. 14-27, formulated on the r- -i 
n o d e ba8ia- G0 - i (rp + r t ) d + ^ r ^ , = ««(?<,, 

|_ CO J CO 

and 

- r L e , + 
CO 

(G, - ^ r L + j » c J e , = 
Then 

e2 = 

Go - - (r„ + TL) eoGa 
CO 

^ r t o 

Go-- (rp + rL) - rL 
CO CO 

G, - J- TL + jo,C 
CO 

and 

e0 

e2 GOJTL 

e<; co [ o e - i ( r F + r t ) ] [ o I - i r 4 + i - c ] + g 

GgrLcola>[g1(rP+rz.)+gQ(rL-coi!C)]-j[a.2Gggl+co2C(rp+ri.)-rprt]} 
[cô oGz + co2C(rp + Tz.) - rpi\]2 + co2[G0(rt - co2C) + G,(rp + rt)]2 

Then 

and 

G0TLO,{[W*GOGI + co2C(rp + TL) - rprz.]2 + co2[G0(rL - co2C) 

+ G,(rp + rt]2}-H 

— t a n <p = (JGaGi + co2C(rp + TL) - r„rL 
co[G,(rp + TL) + Go(TL - co2C)]' 
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If all quantities are referred to the impedance level of 1/Gi = 1 ohm, 
and if Ga = Gi, then 

£2 

and 

= TLu{[o,* + M*C(r, + TL) - TPTLY + U12T,. + r „ - a,2C]2)-^, 

rf + u«c(rp + TL) - r„ri 
— tan <p = j ( r p - u.2C + 2rL) 

Usually 

Hence 

and 

J- « -^ or r„ « Ti. 

riu{[ul + «2Crt - r„rLp + «1-«'C + 2rt]1|-« 

— tan ^ + w*CTL - TrT p i L 
o)(2rL - a2C) 

If C is assumed to be approximately equal to CD, the distributed 
capacitance of the transformer, the characteristic impedance of the 
winding may be chosen equal to the load resistance, that is, 

ICD \ CTL GI 
= T=- = 1 ohm. 

Also, since 

and 
Topt — \/2LJ,CD, 

(a + j8)OPt = y = \j-f-^> 

(13-4) 

(13-5) 

(13-6) 

CD — LL — T^opt 

" 2 " ' 
or 

and 

Then 

TL = 
ToptY 

/ J B = — or 1 , = — • 
r Top* 

2&> 

T^opt [('»'-4)'+ "'(- 7" 2 Topt _̂  4 

2 7Top, :)T 
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and 

- tan v = ■"" 
u / _ 4 70)2Topt\ 
™ \7Topi 2 / 

F I G . 14-30.—Plot of the amplitude response, Odb vs. coropt. 

Fio. 14-31.—Plot of —tan <p vs. uToot. 

file:///7Topi
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The response of the transformer may be expressed as follows: 

Odb = 20 logio 2 M • 

In Figs. 14-30, 14-31, and 14-32 are plotted respectively a^, vs. tar**, 
— tan <p vs. uT„„t, and — <p vs. uT„pt for several values of (a + |3)opt = y. 

■©■ o 

-1 

-2 

0.1 

^ > 

■0.05 

0.2 

'1) .4 
1 

7= 
" / 

^ 
/ 

<p 
/0.1 

"005 

pK 
/ 

0.01 ai 10 100 
« T , opt 

Fio. 14-32.—Plot of —<p vs. uToot. 

Transformer, voltage 
stepup ratio = n 

Q Generator 
of variable 
frequency 

£ H 

« «« 

Oscilloscope 
plates 
FIG. 14-33.—Circuit for oscilloscope 

presentation of the frequency-response 
characteristics of a transformer. 

FIG. 14-34.—Appearance of 
oscilloscope trace with the circuit 
of Fig. 14-33. 

I t is to be remembered that the equivalent circuit from which these 
curves are calculated is valid only when LL is very small compared with 
Lp, and hence when y is small. As y becomes larger, the error involved in 
using this equivalent circuit becomes greater. Hence, these curves 

' Fio. "14-31.—Plot of - t a n v vs. wropt. 
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tion. It has also been afesumed that Lv is constant over the frequency 
range shown. This assumption is valid only if the laminations are thin 
enough and their resistivity and n so high [see Eqs. (15-30) and (15-31)] 
that the impedance of R. is high compared with that of L, over the fre
quency range considered. 

It is possible to use oscilloscope presentation for the measurement of 
|e2/e0| and tan p by using the circuit shown in Fig. 14-33, where the 

(a> 1 kr-H«', 9 = - 3 ° . (b) 10 kc/sec, 9 = - 2 0 ° . (c) 20 kc/sec, 9 = -23 .5° . 

(d) 50t> kr 'HOC, 9 = -26 .6° . (c) 750 kc/sec, 9 = -2b .6° . (/) 1 mc/soc. 6 - - 2 6 ° . 

(a) 3 mc/sec, 9 = - 2 1 ° . (ft) 5 mc/sec, 9 = - 1 4 ° . 
FIG. 14-35.—Photographs of oscilloscope presentation of the frequency-response character

istics of a pulse transformer with n — — 1 and Ri = Ro = 1000 ohms. 

actual generator has an impedance that is small compared with Ra = Ri. 
The oscilloscope traces are of the general form shown in Fig. 14-34, 

where 
feil _ tan 6 
\sa\~ n ' 

and 
tan £ = — 2 a 

Then 
2 tan 6 

Ojb = 2 0 log io 

file:///sa/~
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In the measurement of frequency response it is often convenient to 
use two identical transformers, one a stepdown, the other a stepup, in 
order to make n for the pair equal to one. The slope tan 0 for the com
bination may then be obtained and compared with the slope tan 8' 
obtained when no transformer is used in the circuit. Then |e2/e0| for the 

.»-

(c) 

-«• 
^ 

20 kc/sec, 

_y 
> ^ 

< 
> 

9 

*•* 

^ 

= 23.5°. 

^r 
(d) 500 kc/sec, 9 = 27°. (e) 750 kc/sec, 9 = 26.5, (/) 1 mc/sec, 9 = 26°. 

■ 3 

(0) 2 mc/sec, 9 = 11.7°. (h) 3 mc/sec, 9 = -11 .1° . 

(t) 4 mc/sec, 9 = - 6 ° . (j) 5 mc/sec, 9 = - 3 . 5 ° . 
FIG. 14-36.—Photographs of oscilloscope presentation of the frequency-response character

istics of two pulse transformers (n = \ and n = 5) with resultant n = 1. 

transformer pair is equal to tan 0/tan 8'. This method is recommended 
because it eliminates errors arising from lack of orthogonality of the scope 
plates. 

In Fig. 14-35 are shown photographs of scope traces obtained at 
various frequencies in the measurement of the frequency response of a 
transformer that is operated with n = — 1 and Ri = 1000 ohms. 
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Figure 14-36 shows similar photographs for a combination of trans
formers (232AW2 and 232BW2, see Tables 13-1 and 13-2) stepdown 
n = i — stepup n = 5 operating into a load Ri = 1000 ohms. 

Figure 14-37 shows the oscilloscope traces obtained when the trans
former or transformers are omitted from the circuit. 

It is thus possible to relate, both theoretically and experimentally, the 
pulse and frequency-response characteristics of a transformer. 

■■ ■ ■ ■ ■ ' I . . ■ ■ - - I !■■■ ■— <*<— 

(a) 1 kc/sec (6) 10 kc/sec (c) 20 kc/sec 

^ 

(d) 500 kc/sec (e) 750 kc/sec (/) 1 mc/sec 

(ff) 3 mc/sec (A) 5 mc/sec 
F I G . 14-37.—Photographs of oscilloscope presentation of the trace without the transformer 

in the circuit, $ = 28° for all frequencies, Ri = Ra = 1000 ohms. 

This chapter has treated the effect of pulse-transformer parameters 
on the pulse shape generated by power pulse generators when resistance 
and magnetron (or biased-diode) loads are used. The effect of the pulse-
transformer parameters on the behavior of a regenerative-pulse-generator 
circuit has been outlined. The effect of the parameters of stepup and 
inverting transformers on the frequency response with a resistance load 
has also been discussed. 



CHAPTER 15 

MATERIALS AND THEIR USES IN DESIGN 

B Y W. H. BOSTICK 

CORE MATERIAL 

16-1. D-c Properties and Test Results.—It has been pointed out in 
Sees. 12-2 and 13-1 that the primary or shunt inductance Lp of a pulse 
transformer must be large compared with the leakage inductance LL if the 
transformer is to have a high efficiency. To achieve a low value of 
LL/LP it is necessary to make a wise choice of core material and type of 
core in designing the transformer. I t is therefore of importance to 
investigate the factors that influence Lp (or Le and Re). 

Required Geometrical and Electrical Properties of the Core.—In general, 
the core should be made in the form of a closed path with a mean mag
netic-path length as small as the coil that it encloses permits. In order 
that eddy currents may be reduced, the core must be fabricated from thin 
laminations or strips, and the core material should have as high a resis
tivity as is consistent with the retention of good magnetic and working 
properties of the steel. The rolling of the magnetic material into thick
nesses in the range of 0.001 to 0.005 in., and the fabrication of this mate
rial into the core, must not seriously reduce /i„, alter the shape of the 
B-H loop in the vicinity of BM, or increase the value of Hc (see Fig. 15-2) 
of the material. Furthermore, it must be possible in one way or another 
to assemble the coils on the core or vice versa. The interlaminar resist
ance must be sufficiently high to keep the effect of interlaminar eddy 
currents negligibly small, and the thickness of the interlaminar insulating 
layer should be small enough to permit a high space factor (ratio of active 
volume to total volume) for the completed core. 

D-c Properties of the Core Material.—The pulse properties of a core 
depend to a great extent upon the d-c or low-frequency properties of the 
core and the core material. The d-c magnetic properties of a core that 
are relevant to pulse-transformer use will now be discussed. 

Usually voltage pulses of only one polarity are applied to the trans
former, and under these conditions the core material is operated only in 
the region to the right or left of the //-axis. If the pulse-transformer 
core is initially unmagnetized, and rectangular pulses of constant voltage 
and one polarity are applied, the resultant incremental B-H loops of 

599 
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constant flux swing1 AB will, during a brief transient period, bring the 
core material to the state where the loop from the remanent point to the 
B-H curve has a change in flux density equal to AB. The location of 

the remanent point depends upon 
the particular value of AB and on 
the shape of the B-H curve (see 
Fig. 15-1). If AB is large, the 
remanent flux density at the begin
ning of each pulse (after the tran
sient period is over) is very nearly 
equal to Br, the remanent flux 
density of the core when the ma
terial is driven to saturation.2 

It is often desirable to have a 
large AB during the pulse in order 
to keep the number of turns on the 

coil and the cross-sectional area of the core reasonably small [see Eq. 
(10)]. With a material of large remanent induction B, (see Fig. 15-2a) 
the AB over which the core may be operated during the pulse without 
saturation is small. 

0 -FT= 
Fio. 15'1.—Steady-state d-c incremental 

B-H loops showing the remanent values of 
B for various values of AB. 

Fio. 15-2.—D-c hysteresis loop of a core with (a) a continuous magnetic circuit (no butt 
joint), (b) a gap in the magnetic circuit. 

From the d-c or low-frequency hysteresis loops of two sample cores, 
one without butt joints shown in Fig. 15-2a and the other with butt joints, 

1 In the discussion of the d-c properties of the core material, AB and B are used 
instead of AB and B, which are used in the discussion of the pulse properties of the 
core to denote values of flux density averaged throughout the lamination thickness. 

' In the computation of the optimum gap length in the core and of the values of M 
when a reverse current is employed, it is assumed in this section, for purposes of simpli
fication, that AB is so large that the resultant remanence always corresponds to the 
B- H loop of the core material driven to saturation. 
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(that is, gaps in the magnetic circuit) shown in Fig. 15-2b, it is obvious 
that B, may be reduced (and the available AB thereby increased) by— 

1. The insertion of a gap (a butt joint) in the core (see Fig. 15-26). 
2. A reverse magnetic field HT (see Fig. 15-2o) produced by a current 

that flows through the primary in the reverse direction between 
pulses and leaves the core with a remanence B = B" (and H = 0) 
at the beginning of each pulse. 

3. A reverse magnetic field HT produced by a constant reverse current 
(in either the primary winding or a special winding in the trans
former) that leaves the core material at B = B'r" and H = — U, at 
the beginning of each pulse (see Fig. 15-2a). 

To achieve a value of BT that is well below the B-axis (and hence a 
high available AB) by Methods 2 and 3 without requiring an inordinately 

B-H loop of core with gap = Ig 

TarTV, 

B-H loop of core with no gap 

F I G . 15-3.—Idealized d-c hysteresis loop of a pulse-transformer core. 

large amount of current to achieve the requisite H„ and to achieve a high 
average d-c incremental permeability /*;, it is obviously desirable to have 
a very low Hc. To achieve a low Br by Method 1 without introducing 
an extremely large gap (which markedly reduces ixOQ and m) it is also 
desirable to have a low Hc [see Eq. (4)]. The available AB is also 
dependent upon B„t, the saturation induction of the core material; thus, 
other things being equal, it is desirable to have a core material with as 
high a value of BM as possible in order to obtain a large variation in flux 
density. 

The average incremental d-c permeability m over the range AB is, in 
most cases, a major factor in determining the pulse permeability. I t is 
therefore desirable to have m a maximum. 
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Optimum Gap Length of the Core.—Most low-power pulse transformers 
operate with relatively small values of AB (less than 1000 gauss), and in 
many of these transformers no special precautions need be taken to 
reduce BT (see Fig. 15-1). With high-power pulse transformers, however, 
it is often advisable to use a large AB. In many high-power applications 
a gap, rather than reverse current, proves to be the more practical method 
of reducing BT 

I t is possible to calculate approximately the gap length necessary to 
produce maximum m over the range AB if the hysteresis loops of Fig. 
15-2a and b are assumed to become, through a process of idealization, the 
loops of Fig. 15-3. 

I t is sometimes desirable to increase the induction during the pulse 
almost to saturation in order to achieve the maximum AB. Therefore, it 
is assumed that the valve of AB that is effective during the pulse is 

AB = B»at — Brg, 

where B,g as defined in Fig. 15-3 is the remanence of a core containing a 
gap. 

The magnetomotive force HI may be equated to the flux multiplied 
by the sum of the reluctances of the core material and the gap. Thus, 

Then 

or 

-1 = - = - + -', 
Hog B Ho I 

P°s = °—^r> (1) 

where I is the mean magnetic-path length of the core and is assumed to be 
essentially equal to the total magnetic-path length of iron and gap, l„ 
is the gap length, and A is the cross-sectional area of the core. From 
Fig. 15-3 it is evident that 

BT = HoHc, 

and 

( Bat — lloaHc\ 
B„ t + Mo„ff J ' 

_ B . . t — BTi, _ _ 

Moo 

Since a gap is usually chosen in practice so that B,a <3C B„t, the following 
approximation can be written for this last equation: 
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¥=*C (2) 
-Daat 

r 2^H\ 
Mio « I 1 D I Poo = P°o 

It is desired to maximize M with respect to lg/l, that is, dm,,/cH}0/l) 
should be equated to zero. Since 

dm,, __ diij,, dpo, 

and dfi0ll/d(lg/l) vanishes only for Mo = 0, and n0 is always greater than 
zero in practice, the value of gap length for maximum m, may be obtained 
from the relation 

or 

1 + Mo J — Jj— MO = 0. 

From this relationship, the optimum ratio l„/l for a core that is to be 
driven almost to B^t is 

¥--i (3) 
# . . t Mo V /OBt 

The value of M« for this optimum length of gap is given by 

n. = g ^ - (4) 

If, for a given material with no gap in the core, the remanence 
B'r = /BMt, where / is some fraction less than 1, 

(ft.->-»-£(«-?} 
In most core materials used in pulse transformers, / « 0.75. Then 

(V) «!. 
\ l /opt Mo 

Thus, the optimum gap length for a Mo permalloy core (Hc « 0.04 
oersteds, BM ~ 8600 gauss) is about one-third the optimum gap length 
for a Hipersil core (Hc « 0.25 oersteds, BM « 17,500 gauss1), and the 

1 Complete ferric saturation occurs at B = 20,250 gauss. For purposes of con
structing an idealized d-c B-H loop, however, B»« = 17,500 gauss is a more suitable 
value for Hipersil. 
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value of ^ for the optimum gap length is about three times as great for 
the Mo permalloy core as for the Hipersil core. 

A typical 0.002-in. Hipersil core with I = 5 in. is manufactured with a 
butt joint containing a total gap length of about 0.001 in. Thus 

I _ 0.001 in. _ , 1Q_4 
I 5 in. 

The value of n0 for this material is about 10,000, for which 

2 
VA 2 X 10-4. 

Thus, the gap used is approximately of optimum length if the core is to be 
driven almost to B**. 

The value of M;» calculated from Eq. (4) in terms of n„ for l,/l — 
(lJl)«Bi is 

_ /£. 
Mi" ~ 8/' 

I f / = 0.75, Wo = M . /6 . 
The quantity nma (see Fig. 15-3) is related to y.„ by the following 

equation: 

Hence, when 

When / = 0.75, 

B~ = ( &., \ _ 1 
ha + Hc \ B ~ + B') Mo _ 1 +/Mo-

Mo 

h 
I 

*w(i + D 
Mw = 8/ 

Hi„ « 0.3/im. 

It is to be remembered that the foregoing values of (-f ) and M»B are 

calculated for a core that is driven to BM- If it is desired to drive the 
flux density to some value Bm that is less than BM, but still much greater 
than Brg, Eq. (2) becomes 

_2He 2 
W» ~ Pas r> Moo) 

and Eq. (3) becomes 

(T) - X S - -
V / O B I Dm Mo 
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Tan"1 

Effect of Reverse Magnetic Field.—For some applications in which high 
values of AB are required, it is not only practical but advantageous to use 
a reverse current (usually with an 
ungapped core structure). The 
following analysis of the effect of 
reverse current holds for cores, 
whether they have a gap or not, 
as long as their d-c hysteresis 
loops are approximately repre-
sentable by the idealized loop of 
Fig. 15-4. 

The quantity B'T" is defined as 
the induction that results from 
the application of a d-c reverse 
field Hr. I t is assumed, for sim
plicity, that the remanent induc
tion B " r e s u l t i n g f r o m the 
application of a peak reverse field 
Hr between pulses (which drops to zero just before the beginning of the 
pulse) is equal to B'r". Thus 

B'r" = B'/ = (Hc-Hr)^. 
The value of m that results from 

AB = Bm - B'r', 

where Hr is applied as a peak reverse field between pulses and falls to zero 
at the beginning of the pulses, is 

„ Bm — Br _ Bm — (Hc — Hr)ti0 

FIG. 15-4.—Idealised d-c hysteresis loop 
depicting the operation of a core with either 
a d-c Hrt or a peak reverse Hr between pulses. 

/*< = 
Hc + Bm 

It is possible, if desired, to express /J" in terms of na 

B„t 
, since 

Mau = 

Mo 
Then 

and 

B„tMn, 

B„ H cUm 
(5) 

B„ 
J»i = 

H.+ 

(Hc - Hr) R
 Bm^T 

tint — tig 
(BM — Hc/iami)Bm 

B..I tMm 
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"*£_ 

(a) 

IT 

£) 
(b) 

f 

l*_ 

::■[:: 

"j 

(c) 

(d) 

(9) (h) (i) 

0) 

: : : : i 

<*) (0 

■Hh-
_ . ! 

- 1 _ 

(TO) in) 
F I G . 15-5.—Diagrams showing various types of pulse transformer cores. 

(a) Continuously-wound strip core. 
(b) One but t joint sawed in a continuously wound strip core. 
(c) Two but t joints sawed in a continuously wound strip core. 
id) Two but t joints sawed in a continuously wound strip core. Coils are wound in ordinary 

fashion with half core as a mandrel. 
(e) Laced-joint core. Core is continuously wound from strip, annealed, every third leai 
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If Hr is obtained from a constant d-c current in one winding of the 
transformer, the resultant incremental permeability p"' over 

AB = Bm - B'T" 
is 

/„ Bm — (Hc — H,)ti„ . . . 
M< = 5 (6 ) 

Hr + Hc + ^ 
' Mo 

It is also possible to express ix"' in terms of AW» if Eq. (5) is substituted in 
Eq. (6). 

For materials such as the permalloys, where a reverse current may be 
advantageously used, ii0 is usually very high and a suitable value for the 
reverse field Hr, in order to obtain a high n" or M(" is Hc < H, < 2HC. 
Values of HT greater than 2He are, of course, advantageous if they can be 
obtained. From the idealized loop of Fig. 15-4 it may be seen that, if 

HT « Hc + ?=*, 
Mo 

the highest possible value of /i,'" is obtained. This highest value of n"' 
equals (u>, which is approximately equal to Mo/(l + / ) . 

Geometrical Core Shapes and Types of Construction That Have Been 
Evolved.—A number of methods of constructing cores have been evolved 
by various British and American manufacturers. These arrangements of 
core material are described and numbered in Fig. 15-5. With cores that 
contain no gap (that is, cores of either lap-joint or continuous-strip con
struction) it is necessary to have a reverse magnetic field HT if AB is to be 
fairly high. Under these conditions, it is desirable that the magnetic 
material have a low Hc in order that the HT available between pulses or 
from a d-c winding may reduce the remanence to a low or negative value. 
If the core is an unbreakable closed magnetic circuit, it is necessary to 
wind the coils by hand with a bobbin, or on a machine with a circular 
shuttle. 

cut as it is disassembled. The pieces are then reassembled into the Cu coils. This core 
has a poor space factor. 

(/) Long strips are laced into completed coils. This method is tedious for thin laminations 
and large transformers. 

(?) Core is continuously wound with extra window length, annealed, and cut at one end. 
The core is inserted into Cu coils and the ends of the magnetic strip are interleaved 
to form a lap joint. 

(h) Alternate-stacked lap joint. 
(i) Same as (A) except that the laminations are all similarly stacked to give a butt joint. 
0) U-U punchings, lap joint. 
(ft) TJ-I or L-L punchings with lap joint. 
(0 U-I punchings with butt joints. 
(m) E-E stacked, butt joints. 
(n) Four I's stacked, lap joint. 
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Iron-dust cores for pulse transformers have, in general, proved inferior 
to laminated cores because of their large inherent effective gap, and hence 
their low effective permeability. 

The magnetic materials manufactured in the United States and the 
United Kingdom, together with the types of pulse-transformer cores in 
which the materials have been used, are listed in Tables 15-1 and 15-2. 

TABLE 151.—CORE MATERIALS MANUFACTURED AND USED IN THE U.S.A. 

Material 

7 8 % Ni, 3 % 
Mo. 19 % Fe, 
Permalloy 
0.0012 in. 

4 5 % Ni, 5 5 % 
Fe, Permal
loy 0.002 in. 

4 5 % Ni, 5 5 % 
Fe, Permal
loy 0.002 in. 

4 5 % Ni, 5 5 % 
Fe, Permal
loy 0.002 in. 

4 5 % N i , 3 % Si, 
52% Fe, Sili
con Nicaloi 
0.002 in. and 
0.004 in. 

45 % Ni, 3 % 
Mo, 52 % Fe, 
Monimax 
0.002 in, 
0.003 in, and 
0.004 in. 

3 % Si, 97 % 
Fe, Si Steel 
0.003 in. 

3 % Si, 97 % 
Fe, HiperBil 

.003 in. 
Oriented 
0.002 in. 
0.001 in. 

Type of 
core 

to 

to, (M, 
(c).to 

(a) . (6), 
(c), to 

(«). (/). 
(o), ex
peri
mental 

(«) . CO. 
and (0 

(«). (0. 
0); 
type C 
in ex
peri
mental 
quanti
ty only 

(e). (0. (» ; 
type 
(c) and 
(«) in 
experi
mental 
quan. 

(«) 

Type of inter-
laminar insulation 

SiOi dust deposited 
by cataphoresis proc
ess 

SiOi dust deposited 
by cataphoresis; or 
mica dust 

Mica dust 

Oxide 

Chrome silicate, col
loidal silica 

Oxide 

Oxide and powder 
(MgO) 

Carlite coating (iron 
phosphate) 

Material 
manufac

turer 

Western 
Electric 
Co. 

Western 
Electric 
Co. 

Carpenter 

Carpenter 

Allegheny 
Ludlum 

Allegheny 
Ludlum 

Allegheny 
Ludlum 

American 
Rolling 
Mill Co. 

Core 
manufac

turer 

Western 
Electric 
Co. 

Western 
Electric 
Co. 

Magnetic 
Metals 
Co. 

Magnetic 
Metals 
Co. 

General 
Electric 
Co 

General 
Electric 
Co. 

General 
Electric 
Co. 

Westing-
house 
Electric 
Corpora
tion 

Principal 
users of 

cores 

Western 
Electric Co. 

Western 
Electric Co. 

Western 
Electric Co. 

Radiation 
Laboratory 

General 
Electric Co. 

General 
Electric Co. 

General 
Electric Co. 

Westing-
house Elec
tric Cor
poration, 
General 
Electric 
Co., Ray-
theon, 
Utah, and 
others 

Pulse-power 
range in which 
cores are gen

erally used 

10-100 kw 

100 kw-1 Mw 

100 kw-1 Mw 

100 kw-1 Mw 

0.1 kw-1 Mw 

0.1 kw-1 Mw 

1 0 k w - 0 . 5 M w 

1 kw-3 Mw 
25 kw-10 Mw 
0.1 kw-1 Mw 
0.1 kw-10 kw 
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TABLE 15-2.—CORE MATERIALS MANUFACTURED AND USED IN GREAT BRITAIN 

Material 

Radiometal 
0.004 in. 

Radiometal 
0.004 in. 

0.004 in. 

0.002 in. 

0.0O2 in. 

0.005 in 
Rhometal 

0.004 in. 

0.004 in. 
Rhometal 

0.004 in. 

0.004 in. 

0.003 in. 

0.002 in. 
4% Si, 96% 

Fe, 0.007 
in. 0.014 in. 

Stalloy 0 014 
in. 

Type of 
core 

(M 

(h) 

(n) 

(«) 
(a) 

(A) 

(n) 

(n) 

(n) or (e) 

(ff) (n); (e) 
experimen
tal only 

(a) 

(") 
(n) 

(n) 

Type of inter-
laminar insulation 

Oxide; sometimes lac
quer as well 

Paper interleaved 

Oxide 

Lacquer 

Varnish 

Oxide 

Oxide 

Lacquer 

Material 
manufacturer 

Magnetic and 
Electric Al
loys 

Magnetic and 
Electric Al
loys 

Telegraph 
Construction 
and Mainte
nance Co., 
Ltd. 

Magnetic and 
Electric Al
loys 

Magnetic and 
Electric Al
loys 

Core 
manufacturer 

Magnetic and 
Electric Al
loys 

Magnetic and 
Electric Al
loys 

Magnetic and 
Electric Al
loys 

Magnetic and 
Electric Al
loys 

Principal users 
of cores 

The General Elec
tric Co. Ltd. 
(GEC) British 
Thompson Huston 
Co. Ltd. (BTH) 

B T H 

Metropolitan-Vick-
ers Electric Co., 
lAd. (METV) 

B T H 

B T H 

G E C 

G E O 

E. C. Cole Ltd. 

G E C 

M E T V 

M E T V 

B T H 

METV 
M E T V 

METV 

Equation (13-20) shows that, in order to make the value of (a + /3)<,pt 
low (that is, to make the efficiency high), the effective pulse permeability 
He should be made a maximum. As is shown later, n< depends upon the 
pulse duration, the thickness of the laminations, and the values of the 
resistivity and the permeability in of the material. Other things being 
equal, it is of advantage in the design of a transformer to select the core 
material and type of core that provide the highest value of m. There is, 
however, a dependence of (A-B)ODt on load impedance, power level, wire 
size, and Me [see Eq. (1317)]; also, the value of M; for a given core depends 
markedly on AB. 
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A workable procedure in the choice of core material and core for a 
pulse transformer is to estimate a reasonable value for y.e, and from this 
estimate to determine the approximate value of (AB)&,t by the use of 
Eq. (13-17), past experience, and extrapolation from previous successful 
designs. The core material and structure giving the highest m for this 
LB are then selected. 

For regenerative-pulse-generator and interstage transformers oper
ating at pulse powers of the order of magnitude of 0.5 kw, (AB)OPt is of 
the order of magnitude of 1000 gauss. For pulse transformers operating 
a t pulse powers of the order of magnitude of 0.001 kw, (AB)opt is much less 
than 1000 gauss. For the transformers that operate at very low values 

Fio. 15-6.—An assortment of widely used 0.002-in. Hipersil pulse-transformer cores. 

of AZ?, it is advantageous to use cores without any gaps and with the 
steepest incremental B-H loops (see Figs. 151 and 15-2), which are found 
in materials of low He and high ii„ (that is, the permalloys). 

For transformers that operate at high power levels (A5)opt is of the 
order of magnitude of 8000 gauss. If sufficient reverse current is avail
able, the highest value of m can usually be attained by using a permalloy 
core with no gap. If these cores are continuously wound from ribbon, the 
winding of the coils for the transformer must be performed with a shuttle. 
This departure from the simple normal practice of coil winding and the 
fact that the core window cannot be used so economically if shuttle wind
ing is required may in some cases induce the designer to choose a core 
with a gap. 

The designer is obliged to choose a structure that contains a gap if 
insufficient reverse current is available. The advantage that the mate
rials with very low Hc and very high ^„ (that is, the permalloys) have over 
oriented silicon steel in ungapped structures is largely lost in gapped 

™-~, «..~ ^ ( ™ i-4 . V i u iin, aiou, cue fame ui m lOr a given core aepehas 
markedly on AS. 



SEC. 151] D-C PROPERTIES AND TEST RESULTS 611 

with both types of materials with the various gapped structures illustrated 
in Fig. 15-5. From the point of view of the ease of construction of the 

Fio. 15-7.—Various uncut Ni steel pulse-transformer cores, (a), (b), and (c) 0.001-in. 
Mo permalloy cores, (d) and (e) 0.002-in. 45-permalloy cores. 

transformer, of a high available AB, a reasonably high value of &, a high 
space factor, the availability of light gauge materials in large quantities, 
and the uniformity in the com
pleted product, the type C core 
(Fig. 15-5) u t i l i z i n g 0.002-in. 
Hipersil has been an extremely 
useful pulse-transformer core. An 
assortment of widely used sizes of 
0.002-in. Hipersil cores is shown 
in Fig. 15-6. Various 0.001-in. 
Mo Permalloy and 0.002-in. 45-
Permalloy uncut cores are shown 
in Fig. 15-7. Several 0.004-in. 
silicon Nicaloi punchings and one 
0.003-in. M o n i m a x punching 
widely used in pulse transformers 
are shown in Fig. 15-8. 

Standard Tests on Core Mate
rials and Cores.—There has been 
an effort on the part of the agen
cies interested in pulse trans
formers a n d on t h e part of 
industries manufacturing them to formulate a set of standard tests 
on pulse-transformer cores and core materials to facilitate the com
parison of the various cores. This set of standard tests for pulse-trans
former cores is set forth in the Radiation Laboratory Report No. 722.* 

1 W. H. Bostick, "Pulse Transformer Committee Standard Test Methods for 
Pulse Transformer Cores," RL Report No. 722, May 5, 1945. 

Fio. 158.—Various nickel steel punch
ings. Light-colored punchings are of 0.004-
in. silicon Nicaloi, the dark punching of 
0.003-in. Monimax. 
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The measuring techniques given in that report are described in Sec. 15-2. 
Results of Tests on Various Core Materials.—In Table 15-3 are listed 

the results of a series of systematic measurements made in 1944 on several 
widely used materials for pulse-transformer cores manufactured in the 
U. S.1 These results show that Hipersil excels at the high values of AB, 
and that the Ni steels are better at the lower values. The pulse per
formance of Mo Permalloy when a reverse magnetic field is used is 
especially notable. 

14.000 

12,000 

ra 

8 8,000 
(A •A 

I 
S 6.000 
3 

& 
m 4.000 
4 

2,000 

0 5 10 15 20 25 30 
H in oersteds 

FIG. 15-9.—Loci of the tips of pulse B-H loops taken on butt-joint cores, with l-j»sec pulses. 
Curve A is for Monimax 0.003-in., $ in. by i in. leg section. 
Curve B is for silicon Nicaloi 0.003 in., J in. by J in. leg section. 
Curve C is for silicon Nicaloi 0.004 in., } in. by J in. leg aection. 
Curve D is for Hipersil 0.002 in., | in. by I in. leg section. 

In Fig. 15-9 are shown the loci of the tips of B-H loops obtained with 
l-/usec pulses for several cores constructed of punched laminations with 
butt joints and for a type C Hipersil core. Again it may be seen that 
Hipersil excels at the high flux densities whereas some of the nickel steels 
appear slightly better at lower flux densities. 

Actual photographs of pulse B-H loops are shown in Fig 15-10. 
The d-c and pulsed B-H loops shown in Fig. 15-11 are representative 

of the performance of British pulse-transformer cores, which were made, 
for the most part, of nickel steel. The construction of "synthesized" 
pulsed B-H loops shown in Fig. 1511 will be described in Sec. 15-4. 

1 Although more accurate measurements have subsequently been made, the 
measurements listed in Table 15-3 provide a reliable basis for a comparison of the 
various core materials. 

1/ 
/// 

7/ / 

/ 

's* 
/ 

/ 
A 

\ / 

9 ^ 

/ I f 



SEC. 15-2] PULSE MAGNETIZATION 613 

(a) W (0 
FIG. 15-10.—Photographs of oscilloscope traces of pulse B-H loops a t various pulsi 

durations. B is vertical and H is horizontal. 

Core Material 

(a) 0 003 unoriented 
(6) 0 003 
(c) 0 003 
(<i) 0.002 oriented 
to 0.002 
(!) 0.002 
(o) 0 .001 unoriented 
(A) 0 .001 
(i) 0 001 

5.72 
8.58 

14.3 
5 72 
8 58 

14 3 
5.72 
8 58 

14.3 

turns 

200 
100 

50 
200 
100 
50 

200 
100 
50 

dB 
dl 

gauss 
s e c - 1 

10* 
3 X 10» 

1 0 " 
10» 

3 X 10> 
10'» 
10» 

3 X 10> 
10"» 

tisec. 

10.25 
3 33 
1.05 

10.25 
3 33 
1.05 
7 .00 
1.30 
0 .75 

as 
gauss 

10,250 
10,000 
10,500 
10,250 
10,000 
10,500 
7,000 
4,000 
7.500 

C.H at 
1 = T 

oersteds 

19 
27 
52 

6 .4 
11 
31 
27 

9 
21 

i f l 

540 
370 
200 

1600 
900 
340 
260 
440 
350 

Space factor'« 
0.001-in. cores 0 .85 
0.002-in. and 0.003 in 0 .95 

2i-m. window coret 
A - 2.86 cm ' 
I = 17 cm 

15-2. Pulse Magnetization. Electromagnetic Treatment of the Mag
netization of the Core.—The theoretical expression for the inductance and 
magnetic field of a coil of given length and diameter involves Nagaoka's 
constant, which depends upon the ratio of length to diameter of the coil. 
However, if the coil is wound in the form of a toroid, its inductance is 

, 4rN'A 
= ion henrys, 



TABLE 15-3.—D-c AND PULSE DATA ON SEVERAL WIDELY USED CORE MATERIALS MANUFACTURED IN THE U.S.A. 

Material. 

Constitution. 

Thickness of lamination, in 
Specific gravity 
Resistivity in microhm-cm. 

D-c magnetization data 

H in oersteds at 
B = 1000 gauss 
B = 5000 
B = 10,000 
B = 12,500 

B in gauss at H = 25 
At B = 5000 gauss 

Hc in oersteds 
B, in gauss 

Loss in ergs/em'/cyele (60 cycles). 
At B = 10,000 gauss 

Hc in in gauss oersteds 
B r in gauss 

Loss in ergs/em'/cyele 

GE Si Nicaloi (B9W) 

42.65% Ni 
0.40% Mn 
0.34% Al 
3 % Si 

0.0025 
7.9 
85 

Uncut core 
7650 

0.18 
1.02 

9800 

0.195 
2750 
265 

42.4% Ni 
3.33% Mn 
0.75% Al 

0.004 
7.9 
85 

Uncut core 
37,000 

0.05 
0.13 
3.71 

GE Monimax 

11,950 

0.059 
4300 
89 

0.08 
7250 
390 

47% Ni 
3 % Mo 

0.0025 
8.45 
73 

WE Mo 
Permalloy 

Uncut core 
21,900 

0.09 
0.24 
3.17 
13.8 
13,400 

0.11 
3580 
120 

0.13 
5500 
475 

Cut core* 
2680* 

0.41* 
1.92* 
9.0* 
22.4* 
12,900 

0.13 
530 
140 

0.20 
950 
520 

79% Ni 
4% Mo 

0.0012 
8.7 
46 

Uncut core 
79,650 

0.03 
0.065 

8880 

0.045 
3970 
40 

Westinghouse oriented 
Hipersil 

3.25% Si 

0.0025 
7.6 
50-55 

Uncut core 
12,200 

0.20 
0.46 
0.85 
1.45 
17,400 

0.273 
3360 
280 

0.38 
8080 
820 



Material. GE Si Nicaloi (B9W) GE Monimax 

n 
WE Mo 

Permalloy 
Westingbouse oriented 

Hipersil 

Pulse magnetization data 
T = 1/isec 

For Hr = 0 
H in oersteds at AB 

at AB 
at AB 

For H, = 0.5 oersteds 
H in oersteds at AB 

at Afl 
at AB 
at AB 
at AB 

For tfr = # e 
H in oersteds at A 5 

at AB 
Loss in ergs/cm'/pulse 

at AB = 
at AB = 

= 5000 gauss. 
= 7500 
= 10,000 

= 5000 gauss. 
= 7500 
= 10,000 
- 12,500 
= 15,000 

= 5000 gauss. 
- 10,000 

5000... 
10,000. 

7.1 
22.5 

4.5 
6.9 
9.7 
13.0 

5.25 

1080 

45.0 

4.3 
7.5 
11.3 
15.6 

8.1 

2160 

5.9 
11.6 
33.3 

2.6 
4.1 
5.8 
7.6 
9.8 

3.2 
7.2 

685 
2115 

7.2* 
11.6* 
16.25* 

7.1* 
10.8* 
14.8* 
19.1* 

6.65* 
15.4* 

985* 
3840* 

1.0 
1.75 
2.7 
3.7 

1.1 

240 

30.0 

4.8 
6.5 
8.5 
10.1 

5.25 
8.4 

950 
2840 

7.0 
10.2 
14.3 

5.2 
7.5 
9.9 
12.5 

5.75 
10.1 

1125 
4120 

Tests were performed on atrip-wound ring samples J in. by i in. in cross section, and with an inside diameter of 2 in. All reeults are reported on the basis of 
net core area. Measurements were made under the direction of W. Morrill of the General Electrio Company, Fittafield, Mass, 1944. 

* Beoause of faulty cutting, the gap in this eore was considerably larger than optimum, 

OS 
I—* 
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and the magnetic field inside the coil is 

H = 10Z oersteds, (7) 

where I is the mean magnetic-path length of the toroid in centimeters, A 
is the cross-sectional area of the toroid in square centimeters, and i is the 

current in amperes. If a toroida 
core of effective permeability Me 

toroid, the is inserted in this 
inductance becomes 

L = MPAjle 
109Z : (8) 

and, since no free magnetic poles 
are formed, the magnetic field H 
inside the coil is unchanged. 

If a coil is wound on the to
roidal core so that only a fraction 
of I is covered, and if p. >̂ 1, most 
of the magnetic flux is still con
strained to remain in the core. 
The field H is still approximately 
constant in magnitude and parallel 
to the center line of the toroid 
throughout the whole of the core, 

as it is when the coil completely encloses the core. Hence, Eqs. (7) and 
(8) are good approximations for the inductance and magnetic field of such 
a core and coil. 

Under pulse conditions the effective permeability n, of the magnetic 
material is, because of eddy currents, different from p., the intrinsic 
permeability of the material itself. It is, therefore, of importance to 
study the relationship between \ie and /u. 

Relationship of V to B; Faraday's Law.—At any point within the coil, 
or within the toroidal core if there is a core, the following equations (in 
mks units) of Maxwell are applicable: 

6 8 10 12 
H in oersteds 

FIQ. 1511.—Experimental and synthe
sized pulse B-H loops for British Rhometal, 
No 8 punchings, oxidized and sprayed with 
lacquer; nominal thickness 0.004 in.; core in 
the form of two E'e with 0.001 in. butt joint 
gap in each leg. AS - 7500 gauss, r = 1.0 
jisec. 

V x E + f = 0, 
or 

/ / V x E • dS + 
A ' A 

lit dS = 0, 

where A is the area of the coil. By Stokes's theorem, the emf per turn, in 
mks units, is 
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io**--j }%■*--*%> (9) 

where C is the perimeter of A and where the average flux density over the 
area A is 

B -iff B d S . 

If B is expressed in gauss and A in square centimeters, and if the coil has 
N turns, the total voltage impressed across the coil may be written, in 
cgs units, as 

v NA dB .. 
v = ~-ww volte-

Since V is constant throughout the pulse for the idealized pulse, 

B -i: dB io8 

NA / : 
Vdt = - 10*Vt 

NA gauss; (10) 

that is, B increases linearly with respect to time throughout the pulse if 
V remains constant regardless of the 
quality of the core material or whether 
there is any core at all. The value of B 
at the time t = T is denoted by the symbol 
AB. 

Development of the Diffusion Equations. 
It is now assumed that a toroidal core 
occupies most of the coil area, and that /i« 
is sufficiently high to constrain practically 
all of the magnetic flux in the core. Then 
the area A is, for all practical purposes, 
equal to the net area of the core. It is also 
assumed that the magnetic field impressed 
at the surface of the core does not vary 
along I and is everywhere parallel to the center line of the core 
problem is to find the magnetic field (see Fig. 1512) 

FIG. 1512.—Idealisation of a lami
nation in a pulse-transformer core. 

The 

* ■ ( ? ' ) - * ■ ( - « " ) 
which, when applied to the surface of the core material, gives an average 
induction throughout the core of 

5 = -1087< 
NA gauss. 
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I t is apparent at the outset that the core material must be in the form 
of thin insulated laminations if eddy currents are to be held to a reason
ably low value. Figure 15-12 shows such a lamination in which the width 
of the lamination in the x direction is practically infinite compared with 
the thickness d. The z direction is assumed to be along the center line 
of the core, and any current that flows in the coil produces a magnetic 
field in the z direction only. I t is assumed that this magnetic field 
H,(y,t) does not vary with the coordinates x or z. 

The following Maxwell's equations in the mks system of units may be 
employed: 

and 

V x E + f = 0, 

T x H - - = (TiE. at 

In any known core material <?i is large and «i/«0 = 1, where t\ and e0 are 
respectively the dielectric constants, in mks units, of the material and of 
free space. Conduction currents are therefore so much more important 
than displacement currents that it is possible to neglect the term dD/dt. 
The symbol MI is used to denote the permeability of the material in mks 
units. Also, it is assumed that the permeability M (MI in mks units) of the 
core material is constant over the range of induction through which the 
core is to be operated. Then 

B = M lH, 

and 

where 

Since 

and 

then 

- V x E = M l — , 

V x H = atE, 

V x H 

H X = Hy = 0 

i j k 
d 3 d 
dx dy dz 
0 0 H, 

.d 
= i -dy 

,dH, 
dx 

dx = 0, 

. dH, . _ 
1 - r — = Wi-Ex. 

dy 
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and 

Then 

and since 

EV = E, = 0. 

V x E = 

i i k 
a JL a. 
dx dy dz 
Ex 0 0 

. dEx . dEx 

dz dy 

The two equations 

and 
dy 

BE, 

= *iEx 

= dHj 
dy Ml dt 

(ID 

upon differentiation and subtraction yield the following diffusion equa
tions : 

and 

dW, dH, 
-dtf-^-dT 

d*Ex 

(12) 

dy2 = / i l C l 
6%, 
dt 

Solution of the Diffusion Equations.—The solution1 of Eq. (12) may be 
written as the sum of H„(y,t), a " steady-state' ' term or particular integral, 
and Hb(y,t), a transient term or complementary function (Ha and Ht are 
in the z direction, but the subscripts z have been dropped for brevity of 
notation). The average value of Ha(y,t) across the lamination is assumed 
equal to (AH/r)t, where AH is the mean impressed field in the core at the 
end of the pulse of duration T. 

1 This treatment follows that given in the following references: 
L. W. Redfearn, "The Effective Permeability and Eddy Current Loss for Mag

netic Material under Linear Magnetization," Metropolitan-Vickers Electric Co., Ltd., 
Report No. C.287, Feb., 1942. 

C. R. Dunham, C. C. Hall, K. A. MacFadyen, "Calculation of Eddy Currents in 
Pulse Transformer Cores," The General Electric Co., Ltd., Report No. 8350, May 8, 
1944. 

For other treatments that reach the same solution, see L. A. MacColl, Bell Tele
phone Laboratories, Inc., and T. D. Holstein, "Skin Effect in Pulse-Transformer 
Cores," Westinghouse Research Laboratories, Report No. SR-170, Feb. 22, 1943. 
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Equation (9) when integrated over the area S (instead of A), as 
shown in Fig. 15-13, yields for the 
steady state 

dS 2wE 

since 

' - / / " 
dS = 2wy dt 

laBI _ dtf 
\dt\ ~ dt 

Fm. I5i3.-Path of integration for when the eddy currents have attained 
obtaining the steady-state distribution of a fixed pattern, that is, when the 

* " steady state has been attained. 
Then 

Ex = y dS 
dt 

and the steady-state magnetic field associated with this Ex can be obtained 
by integrating Eq. (10) directly since the steady state Ez no longer 
involves t. Thus, the steady-state magnetic field associated with Ez is 

Ha = I dHa = <f\-rr I y dy = constantly2 + constants, 

and the complete steady-state term or particular integral may be written 

Ha = ^ (« + A0 + Atf), (13) 

where Term 1 takes care of the constant rate of increase in Ha averaged 
throughout the lamination, and Term 2 takes care of the spacial distribu
tion of magnetic field resulting from the steady-state pattern of eddy 
currents. 

A substitution of Eq. (13) in Eq. (12) yields 

At = Ml<Tl 

Also, 

and hence 

f' u A AHt 
I Hady = » 

Jo " r 

-moid1 

24 
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Then 

H- " T + - 2 T - V' " 12/ ( H ) 

I t is apparent that the transient term or complementary function H0 

has its maximum at y = 0 and decays exponentially with time. A solu
tion that meets these conditions is 

//(, = e~pt cos qy. 

Substitution in Eq. (12) yields 

p = - 3 ~-
Ml<Tl 

Furthermore, the transient term must make no net contribution to the 
mean value of the magnetic field across the lamination because it haa 
already been assumed that the average value of Ha over the lamination 
increases linearly with time. Then 

rf/2 
e~pl cos qy dy = 0, 

i 

and hence 
2nr 

where n is any positive integer. Thus 

4 n V 

and the nth transient term may be written 

Hb - a*e """* cos —r-*' a 

The full transient term may then be written 

Hb = =i-i > a„e *■»"»• cos -T-2* 
n - I 

and the total solution may be written 

„,„,„ . 45! + *£> [,. _ * + £ „- S3 „ »p]. (15) 
71 = 1 

For the determination of a„, the condition that H,(y,0) = 0 for all values 
of y is applied. Hence. 

, 
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2 / ' - 12 + Z , a" C°S d = 0 ' 

and 
a 

= - 5 / _ 2 | ( 2 / 2 - S ) c o s ? F d 2 ' -
Integration by parts yields 

d2 d2(- l )» 
a» = 5—i cos ri7r = — 

Hence, the complete solution is 

„ , . Am . MKTI A # [ 2 d2 

- ^ V ^ ^ - " e~ ̂ ' cos ^ 1 webers/meter2. (16) 
n-=l 

For the value of 

the symbol H is used. Then 

H = Agt + W^AH L _ _6 £ J_ e - ££ j w e b e r 8 / m e t e r 2 > ( 1 7 ) 

n = l 

or, in cgs units, 

„ Affi , 1 0 - V d 2 A # | \ 6 V 1 ~ ! 2ar2 ! l * J /,«, > 
H = — + £ L 1 _ ^ 2 / n » e J °erStedS' (18a) 

where p is the resistivity of the magnetic material. The field H may be 
expressed as 

*-*»H['-£Si--*]l 
7 1 = 1 

webers/meter2 or oersteds, (186) 
or 

H = AH - 1 + * ( — j webers/meter2 or oersteds, (19) 
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where, in mks units, 
_ /nffirf2 

1 12 
or, in cgs units, 

io-w T = 
3P 

seconds 

seconds, 

and 

<fM[-lI>--] 

10 
^ 

16 20 24 

T T F I G . 1514.—Plot of # — vs. —• The variation of HT/t) with (T/t) 
is plotted in Fig. 15-14. 

The average flux density B throughout the lamination is 

B = nAfft 
gauss. 
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F I Q . 15-15.—Relative distribution of 
flux density in a lamination for a rectangu
lar voltage pulse applied at a time t — 0, 
where B increases linearly with time, and 
p = resistivity of the lamination in 
ohm-cm, d = the thickness of lamination 
in inches, ( = time in seconds, y = dis
tance from the midplane of the lamination 
in inches, and n = average d-c incre
mental permeability over AB. 

The relationships expressed by 
Eq. (16) are exhibited graphically in 
Fig. 15151 where B/B is plotted 
against pt/iid2 for various distances 
from the midplane of the lamination. 
The effective permeability 

B 
K. = H = 

1 +<*> 
( ! ) 

(20) 

A graphical representation of pe is 
also given in Fig. 15-20. 

The function Ht(y,t) in Eq. (15) 
may be written as the sum of AHt/r 
the value of the magnetic field if 
eddy currents were not present, plus 
an additional field needed to negate 
the effect of the eddy-current mag
netic field, H,(y,t), where 

».< ,«> .^[^-s- '^ . -s -s?! . (2i) d J 
1 A. G. Ganz, "Appl ica t ions of Th in Permal loy T a p e in Wide Band Telephone and 

Pulse Transformers ," Trans. Amer. Inst. Elect. Engrs., 65, 177 (1946). 
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Then from Eq. (19) for y = d/2 and y = -d/2, 

ABt H = ^ + H€, (22) 

where 

n—1 

Plots of the steady-state values (that is, when < » T) of H,(y,t) and 
E*(j/) are given in Fig. 15-16. 

Under the assumption that the core is made of perfect magnetic 
material, there are no free poles that tend to demagnetize the core. At 
the end of the pulse, when t = T, the voltage V that was applied to the 

£,<v) | Btiifi 
I 
k J "A n 

0 d 
2 

-d\ 
2 

£x<g> 
\d V — 
|2 

(a) i/«, where fl. = 
T ™ 12T 

webere/meter* = ^- oersteds, 

(fc) JSf», where # '■© MiAHd 
2T 

volts (mks) 

volts (cgs). 3pr 2T 
FIG. 15-16.—Steady-state field distributions in the lamination. 

coil is removed, the eddy-current magnetic field decays, and the core 
eventually arrives at the state where 

H,(y,t) = AB = — • 

The decay of the eddy-current field may readily be calculated if it is 
assumed, as a boundary condition, that at t = r the eddy-current field 

tha t is, that the transient term in Eq. (15) is equal to zero. The diffusion 
Eq. (12) may now be solved for H„(y, t — T) with the same substitutions 
that were made to obtain the transient term in Eq. (16). Then, in mks 
units, 
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Miffi AHd* V ( - 1 ) " 
L, n2 e ''"'"'' cos , webers/meter2, 

1 2 ^ 
4n«T'(t-r) 

n - l 

= Aff (* - T) \_T_ T_ L _ 6 ^ Y l 
n = l 

= A 5 * \TZT~ ) webers/meter2 or oersteds. 

" ^ ^ )] 

Then 

H, \t t - rj - AH + He{t -

-K-^*(r^)} m 
A typical theoretical plot of H vs. t from Eqs. (19) and (25) is given 

in Fig. 1517. Actually, however, the 
field H returns to a value much lower , 
than AH because of hysteresis effects, j 
gaps in the core, and reverse fields H 
between pulses. 

I t is to be remembered that, during 
the pulse, H is the magnetic field required 0 
at the surface of the laminations when 
.. • j . . fi • i* I F I G . 15-17.—Typical theoretical plot 
the average induction B increases linearly of H v s ( 
with respect to time, that is, if a con
stant voltage V is suddenly applied across the coil. This magnetic field 
can be produced only by a magnetizing current im in the coil. Thus, 
during the pulse 

. _ 10HI 
%n ~ 4TTJV' 

If the core has a gap, free poles are formed which reduce the effective 
magnetic field at the surface of the laminations, and hence reduce in the 
core material itself the resultant B produced by a given im. 

file:///TZT~
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After the pulse when B (and hence H, also) decreases to some rema-
nent value, the magnetic field in the core remains constant and greater 
than zero although the impressed magnetic field produced by im decreases 
to zero. Thus the values of B, AB, H, AH, and H defined herein are the 
incremental values above remanence, the remanent point being taken as 
the origin of the pulse B-H loop. 

16-3. Energy Loss and Equivalent Circuits. General Considerations 
of Energy Absorption and Storage in the Core.—The electric field Ex(y,t) 
associated with H,(y,t) may be obtained from Eqs. (11) and (15), and, in 
mks units, is given by the expression 

ffi dy 

= ~2T [2y ~ v I *e """ sin -r\ volts- (26) 
rc = l 

At the surface of the lamination 

(d \ MiAi EAl,t) = ^ ^ volts. 

Now, 
\EX x VLH. = jEJI, 

is the Poynting vector, which represents the power per unit area flowing 
across any boundary plane y = constant. The value of this vector at 
the surface of the lamination is denoted by 

\E. ($-)"4) 
and represents the instantaneous power per unit area flowing into the 
lamination. The energy per unit area that flows into a lamination during 
the pulse is, by Poynting's theorem, 

d 

foE>(ii)H>(i'i)dt = JolI'A&b 
2 i 

+ *iE*(y,t)-jf + nH.{y,f)?j± dyjdt joules. (27) 

a, b, and c 
Term 1 in the right-hand member of Eq. (27) represents the energy 
dissipated by eddy currents during the pulse. Term 2 is, for all practical 
purposes, equal to zero since displacement currents in the core material 
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are negligible. Term 3 represents the energy stored in the magnetic field 
within the laminations during the pulse. Term 3a, the portion of 
Term 3 that represents the additional energy stored in the electromagnetic 
field associated with eddy currents, is dissipated in the form of eddy 
currents after the pulse during the establishment of an equal distribution 
of B throughout the lamination; that is, Term 3a is equal to 

/"[/: El(y,t)oi dy dt joules. 

in 
^ ^ 

^ w 
w ^ 

>>- "** 

Tan"1/* 

\ 

r/ 

In the case of the idealized core whose B-H loop is depicted in Fig. 15-18 
the remainder of Term 3 (that is, 36 and 3c) equals M I ( A / ? ) 2 / 2 joules, a 
quantity which is defined as Wm, the 
magnetic energy remaining in the 
co re a f t e r t h e p u l s e . W h e n 
the pulses are repeated, however, the 
magnetic field and flux density in 
the core must be returned to the f 
starting point of the first pulse on the B 
d-c or low-frequency hysteresis loop 
at the beginning of the next pulse. 
This return is accomplished by 
means of the fringing magnetic field 
resulting from the magnetic poles 
exposed at the faces of the gap, or by 
means of a reverse magnetic field ob
tained from a reverse current in a 
coil. Thus, part of this remainder 
36 and 3c (defined as 36) is returned F l Q 

to the circuit, part is dissipated in the 
core in the form of hysteresis (microscopic eddy-current) loss, and possibly 
a portion is dissipated in the core in the form of macroscopic eddy currents 
(these latter two energies comprise 3c). However, the energy 36 returned 
to the circuit may subsequently be returned wholly or in part to the core 
and dissipated there in the form of eddy currents or hysteresis loss. I t is 
generally impossible to determine in advance how much of the energy 36 
will eventually be dissipated in the circuit and how much will be dissipated 
in the core. 

Calculation of Energy Dissipation in the Core.—If it is assumed (as it 
has been in the preceding sections) that the d-c incremental permeability 
over AB is a constant, and that there are no hysteresis losses, it is possible 
to represent the behavior of such a core by the idealized pulse loop of 
Fig. 15-18. Area e represents the energy We dissipated in the core in the 

H -

— - Idealized pulse B-H loop 
—— Actual pulse B-H loop 

15-18.—Idealized and actual pulse 
B-H loops. 
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form of eddy currents, that is, Terms 1 and 3a in Eq. (27). Area m 
represents Wm, the energy returned to the circuit, that is, term 3ft in Eq. 
(27). Term 3c in this idealized case equals zero. The sum of areas m 
and e represents the total energy delivered to the core during the pulse 
[that is, the term on the left-hand member of Eq. (27)]. The energy 
We represented by the area e in Fig. 15-18 is given in mks units by 

We = / He U, t) dS joules/meter3. 

If the substitutions t = TB/AB and AH = AB/y. are performed in 
Eq. (23), 

"-^h+^SH-"*-)! 
Since 

t1 
90' 

W. = 

or, in cgs units, 

(AB)*T 

n = 1 

[1 - £ 0 - ? X ̂  e~ ~*r)] jouies/meter3 (AJ8)sr 

we = 4r/irl0 

This equation may be written 

'^-SO-SX^'""^] ergs/cma 

W--&±*W- ™ 
The loss function * ( T / T ) has been plotted in Fig. 15-19. 

The relationships expressed by Eqs. (21)1 and (28) are exhibited 
1 A. G. Ganz, "Applications of Thin Permalloy Tape in Wide Band Telephone and 

Pulse Transformers," Trans. Amer. Insi. Elect. Engrs., 65, 177 (1946). 
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graphically also in Fig. 15-20 where, if the voltage is zero immediately 
after the pulse, the loss resulting from eddy currents [that is, Terms 1 
and 3a of Eq. (27), or area We of Fig. 15-18] during and after the pulse, is 
given by 

Loss = 4.2972rfV« G 
1 0 W M V 

watt seconds/in. 3/pulse 
where 

(} is plotted in Fig. 15-20, 
d = thickness of lamination in 

inches, 
p = r e s i s t i v i t y in ohm-centi

meters, 
H = average d-c incremental per

meability over AB, 
N = number of turns on core, 
A = cross-sectional area of core in 

square inches, 
M« = effective permeability, 

t = time in seconds, and 
V = emf of the pulse in volts. 

Also, in mks units, 

#(f) 

FlQ. 

0.2 0.4 0.6 0.8 1.0 12 1.4 

15-19.—Plot of the loss function 

* ( * ) • 

w. -s: £ 
M l 

dB = Ml2 

2M i 
joules/meter3 
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/ 
/ / 

/ 
/ 

/ 
or, in cgs units, 

Wm = (ABy ergs/cm* (29) 8x^l07 

If a fraction / of Wm is returned to and dis
sipated in the core, the total energy dissipated 
in the core per pulse is 

TTu.ud = 

W** = 

(ABY 
M l ii+Hi)} joules/meter3, 2 4 6 810"'2 4 6 810*2 

pl/Md' 

Fia. 15-20.—Plot of — and 
M 

the eddy-current loss during 
and after the pulse [that is, 
Terms 1 and 3a of Eq. (27), 
or the energy WK represented 
by area e in Fig. 15-18]. 

Actually, however, M is not constant during the pulse because of the 
finite coercive force and the saturation of the magnetic material. Hence, 
the initial rising portion of the experimental B-H loop differs somewhat 

(A£) 
4irM10 H2" + 7*(j)] ergs/cm3-
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from that of the theoretical loop, as shown in Fig. 1518. Furthermore, 
because of the finite distributed capacitance of the pulse source and the 
coil on the core, the voltage pulse never ceases completely at t = T. The 
energy in this distributed capacitance flows into the core and thereby 
produces the dome-shaped top on the pulse loop. A portion of this 
energy, at least, is dissipated in the core in the form of hysteresis and 
eddy-current losses. Lastly, there are hysteresis losses and perhaps some 
eddy-current losses during the demagnetization [that is, term 3c in Eq. 
(27)], and hence the energy that actually remains to be returned to the 
circuit is less than Wm. 

An Approximate Calculation of Energy Dissipated in the Core.—A 
simple approximate calculation of Wm + We is possible because for cases 

Actual current J£-
l /— in coil °e 

W (b) 
F I G . 15-21.—(a) Approximate equivalent circuit and (b) magnetizing current for a core. 

where f2> T during the greater part of the pulse, and thus 0 < T/t < 2, 
*{T/t) ~ T/t (see Fig. 1514). Then 

\t + — 3 ^ - J gauss. 

or 

~ »NA 
Then 

lm ~ L. + R.' 
where 

T. - * ? _ 
109Z 

L> = ^ A Henrys, (30) 

and 

R. = ^ ^ ohms. (31) 

The core can thus be represented by the approximate equivalent 
circuit of Fig. 15-21o, for which the magnetizing current im is plotted in 
Fig. 15-216. 
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If it is assumed that a fraction / of Wm and, of course, all of We are 
eventually dissipated in the core, 

w„fW +w = / ^ + L^ff!» + I», 
w Vhl / lO ' / r . d 2 \ . , 

Al(AB)*f AhPjAB)* 
8TT10V 12 P 10 1 S T 

Then 

Tf/cm'/pulse « ( A 5 ) 2 L ^ + 
•i2 

87TM ' 12 P 10 9 -0 ergs/cm3. 

I t should be remembered that these expressions for W are valid only 
if 0 < T/t < 2 for the greater part of the pulse, that is, if T » T. 

t — 
f— L, 

1m — 
o 

^1« LA -V 
7 1 1 1 1 
I iJ-J i J 2 | ft3J if4 | -Rn 

FIG. 15*22.—Accurate equivalent circuit for the core, where n is constant. 

An Accurate Equivalent Circuit for the Core.—If n is assumed to be 
constant throughout the pulse (that is, if the pure hysteresis loss is zero 
and no saturation of the material occurs), the following expression, in 
cgs units, for im may be obtained from Eq. (19): 

10MB [; + 7 ( 1 _ ^ S ^ r " ) ] amperes' •ITTATU 

or, with the substitution of Eq. (10), im may be given by 

1 0 W 
4TAN*H hK1-^--*)} 

This expression for im suggests the equivalent circuit of Fig. 15-22, where 
a voltage V suddenly applied at the input terminals produces a current i'm 

given by 
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_ 81. Rl. R: 

[ - —t — --^ - ^ 
_1_ _ e Ll _1 e *2_ 1 _1_ _ c ^ , 
Ri Ri Rt Rt R3 R3 

+ 1 - e L'\ 
Rn Rn J 

When im = i'm, the circuit of Fig. 15-22 represents the core, if 

ITAHN* , 
0 = 109Z henrys, 

1 1 . 1 . 1 . , 1 10HT 
R=Wl

 + Rl + W 3
+ ' + R n

 = 4^31VV m h 0 S ' 
1 10977 6 1 1.5 X 10*T 

fti 4r^ATVir2 l2 xMJVV 
1 1.5 X 109TZ 1 

mhos, 

Rt x'AJVV 4 
1 1.5 X 10977 1 

mhos, 

mhos, 

and 

or 

R, x'ATVV 9 
1 1.5 X 10977 1 

K = **AN** " rf m h 0 S ' 

ft. _ n V 
L„ ~ ZT B e o 

nV 1.5 X 10977 109Z nenrys. 

The actual value of the instantaneous d-c incremental permeability 
(that is, dB/dH) of the material over the range AB is never constant. 
The most accurate treatment of the magnetization of the core in the 
region below saturation assumes that there is a constant instantaneous 
d-c incremental permeability over AB, and that the value of this per
meability is Ho (see Fig. 15-2). The macroscopic eddy currents that flow 
may be accounted for by the foregoing electromagnetic treatment with 
the insertion of M» in the diffusion equations. The finite width of the d-c 
incremental loop may then be taken into account by the assumption of 
microscopic eddy currents, and additional Lft-branches should be added 
in the equivalent circuit for the core in order to account for the effect of 
these microscopic eddy currents.1 The effect of the reluctance of a gap 
in the magnetic circuit can be taken into account by adding to the field 
H, which is necessary to magnetize a material whose permeability is M« 

1 H. L. Rebkopf, "Equivalent Circuit of a Pulse Transformer Core," RL Report 
No. 666, Mar. 1945. 
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and the width of whose d-c B-H loop is 2HC, a field HQ [ = [lg/l)S], which 
is necessary to magnetize the gap. 

The effect of the finite width of the d-c B-H loop and also a small 
amount of saturation can be approximated by inserting in the solution 
of the diffusion equations the average incremental permeability m of the 
material itself over the range AB (see Fig. 15-2) and then adding Hg to 
the resulting solution H. 

A further approximation that is valid if the gap is small is to insert the 
average d-c incremental permeability mc of the core (including gap) over 
the range AB in the solution of the diffusion equations and to assume that 
the resultant H is the entire magnetic field necessary to magnetize the 
core. 

15-4. Additional Aspects of Pulse Magnetization. Treatment of the 
Magnetization of the Core When n = n„ = » and Saturation Occurs.—If 

— d 

i^f^Mo^i 1 

d a - 0 

V , 

(a) 
-<L 

2 
lb) 

d 
7 

Fio. 15-23.—(a) Idealized B-H loop for a material of /x = n0 = oo and Hc = 0. (6) 
Instantaneous distribution of flux density within the lamination for nonlinear magnetization 
where /J = Ho = K and Hc = 0. 

li or pi is not assumed to be constant, an electromagnetic treatment is 
almost out of the question—except when the material is assumed to have 
infinite permeability but a finite value of B„i. Under these conditions,1 

the lamination is divided at any instant during the pulse into outer surface 
sections that are saturated and an inner central section that is devoid of 
flux (see Fig. 15-23). 

If the steep wavefront of flux density moves inward at a rate da/dt, 
the eddy current that flows in a lamination of length 1 cm, width 1 cm, 
and thickness d is 

2AB„, d° 
l' = — T T S — ' 7T amperes, 108 

a 

1 A. G. Ganz, "Appl ica t ions of Thin Permalloy Tape in Wide Band Telephone and 
Pulse Transformers ," Trans. A.I.E.E., 66 ,177 (1946). 
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where AB„, is the change in B from starting point to B„t, (AB„t = Z?™t if 
the lamination is unmagnetized at the beginning), and p is the resistivity 
of the lamination in ohm-cm. 

Since the value of n has been assumed to be infinite, the magnetic 
field at the surface is only that required to maintain ie, that is, 

H = Y?J i, oersteds. 

The change in average flux density at any moment is 

B = 

whence 

2aABM 

= B = 2aAB.,l 10 108p = 109p 
Me H d 4ir „ _ da _ .da 

AB.„aTt 2*dTt 

For a transformer winding 

v = NA.dB = 2Ag„ t da NA 
108 dt 108 dt d ' 

Then 
10 AB^tNA 

»° = ^ p Vd* ' 

The time T„ required to saturate the entire lamination is equal to 

;r / - j p Then iie expressed in terms of r„ is LI dt 
109pr„ 
ir d' 

The maximum pulse duration that is capable of being passed by the 
transformer is equal to T0. 

Since /n has been assumed to be infinite, no magnetic energy is stored 
in the core during the pulse. The energy dissipated per cubic centimeter 
per pulse by the eddy current during the pulse is given by 

energy loss/cm3/pulse = „ - • ergs/cmVpulse. 

The foregoing treatment is applicable to the magnetization of various 
permalloys under conditions of very high dB/dt. 

Theoretical Construction of Pulse Hysteresis Loops.—Under the 
assumption that the permeability used in the diffusion equation is con
stant and is equal to m (or nig), the average d-c incremental permeability 
over AB, it is possible to construct the ascending portion of pulse B-H 
loops from Eqs. (10) and (19), as has been done in Fig. 15-18. 
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I t is possible, however, to construct pulse loops in such a way that 
their shape is more sensitive to the d-c properties of the core materials. 
If the eddy-current field He is calculated with the use of tn in the diffusion 
equation, and if this He is added to the magnetic field obtained from a d-c 
hysteresis loop over AB, there results a theoretical pulse loop that takes 
into account the coercive force and the saturation of the core material (for 
example, see Fig. 15-11). 

The top of the loop and the beginning of the descending portion may 
be roughly constructed by assuming that H decreases very rapidly 
although B remains relatively stationary at the end of the pulse [see Eq. 
(25) and Fig. 15-17]. (Actually, B increases somewhat because the 
voltage pulse never drops to zero immediately at the end of the pulse. 
This increase in B, as has already been stated, produces the dome on top 
of the pulse hysteresis loop.) For the constructed loop the value of H 
may thus be assumed to decrease rapidly along a line of roughly constant 
B until the magnetic field for this value of B on the descending portion 
of the d-c hysteresis loop is attained. Then B and H may be assumed to 
decrease along the path of the descending portion of the d-c hysteresis 
loop of the core. The rate of decrease along this path depends, of course, 
upon the constants of the circuit in which the pulse-transformer core is 
being measured. 

A synthesized pulse B-H loop for a typical British core material has 
been constructed according to the foregoing procedure and is displayed 
in Fig. 15-11, together with the observed pulse B-H loop. In several such 
comparisons British observers report good agreement between theoretical 
and experimental pulse B-H loops.1 

Experiments at the Radiation Laboratory, however, show the experi
mental values of ne to be substantially lower than the theoretical values 
when AH is large compared with Hf, which is the condition under which 
the precision of the experiment for detecting variations in the intrinsic 
values of n is the greatest. However, in experiments at very high values 
of dB/dt where any variations in the intrinsic values of n that are due to a 
lag in the process of magnetization would be the greatest, Hr is com
parable in size to AH, and the precision for detecting variations in n is 
lower. These latter experiments nevertheless show better agreement 
between experimental and theoretical values of n„ despite the fact that. 
in these experiments, the values of magnetic fields at the surfaces of the 
laminations were so high that surface saturation could conceivably have 
reduced the effective value of n for a portion of the core material. 

1 C. R. Dunham and 0. C. Hall, "Air Gaps in Pulse Transformer Cores," The 
General Electric Co., Ltd., Report No. 8401, Feb. 11, 1944; C. R. Dunham, C. C. Hall, 
and K. A. MacFadyen, "Pulse Magnetization," The General Electric Co., Ltd. 
Report No. 8298, Sept. 24, 1943. 
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S. Siegel and H. L. Glick of the Westinghouse Research Laboratories 
report experiments in which cores were operated at values of B such that 
the permeability at the surfaces of the laminations were not reduced by 
any saturation effects. Their observed values of M« are also somewhat 
below the theoretical values. 

Interlaminar eddy currents could, of course, account for the above 
discrepancies, except that in all of the fore
going cases the interlaminar resistance was 
adequate. Inadequate knowledge of the 
lamination thickness or space factor might 
possibly be responsible for some of the 
discrepancies. 

The discrepancies could also be explained 
by assuming that there is an intrinsic lag in the 
magnetization process. In view of the con
tradictory results of the British and American 
observers, h o w e v e r , it cannot be stated 
definitely that there is, in the process of 

magnetization, an intrinsic lag that produces an appreciable reduction in 
the observed ixe under the pulse conditions of these experiments. 

Interlaminar Resistance.—It would be unduly complex to calculate 
the interlaminar currents that flow during the buildup time of the intra-
laminar and interlaminar currents inasmuch as it is desired only to set a 

H,(x,t) 

'? 

F I Q . 15-24.—Plot of the elec
tric field E within the core. 
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F I G . 15*25.—Steady-state distribution throughout the core of (a) Ht(x,t), where Ht 
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►G) 
lower limit to the value that the interlaminar resistance may have. The 
distribution of Ha(y,t) vs. y is given by Eq. (14) and is plotted in Fig. 
15-16a for a time such that the transient term has become zero. The 
steady-state distribution of the electric field Ex vs. y may be obtained 
from Eq. (26) and is plotted in Fig. 15166. 

If the core is made up of a stack of laminations w cm wide (see Fig. 
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15-24), whose interlaminar resistance between two laminations for an 
area of I cm2 is r„ the stack of laminations may be treated electromag-
netieally as is the single lamination. The magnetic and electric fields 
cannot penetrate the core very far by traveling in the y direction because 
of the shielding effect of the outside laminations. The fields can pene
trate from the x direction, however, because of the fairly high resistivity 
r„ and hence the flow of interlaminar currents is analogous in pattern to 
the flow of eddy currents within the laminations. The magnetic and 
electric fields corresponding to the steady state are then distributed 
within the core as shown in Fig. 15-25. The eddy-current field resulting 
from interlaminar currents is now given by 

H't = ~ 7 ~ \ — oersteds, 

(s) 
where r,/d, the "volume resistivity" of the core for interlaminar currents, 
takes the place of p in the expression for He in Fig. 15-16. Then 

K = v?p 
He rsd 

If the resistance wp/d from side to side of a lamination 1 cm long and w cm 
wide is denoted by R„ and the interlaminar resistance r,/w between two 
laminations w for one cm of their length is denoted by R,, 

Hi _ R, 
He R, 

In a typical Hipersil core 

_ wp 2.54 X 50 X 10-« . v l n _ , , 
R' = ~d= ^00025 X 2.54 = 2 X 1 0 ° h m S -

Experience has shown that in any well-insulated core 

Then 

^ = i » < 0 1 
He R, = U 1 -

p -> 2 X 1 0 - 2 . „ , R> = —TftZi— = 0.2 ohms. 

If, for example, I = 10 cm and the number of laminations in the stack is 
250, the resistance across the stack should then be greater than 

250 X 0.2 _ , T̂T = 5 ohms. 
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If it is assumed that within the core every point that lies on the y axis 
(see Fig. 15-24) remains at zero electrical potential, and that ra is so high 
that no interlaminar eddy currents flow, the potential difference between 
two laminations at any point x, according to Fig. 15-16, is 

. . 0 „ (d\ 10-*nAHxd .. 
v(x) = 2xE, I o ) = v o l t s -

The maximum potential difference v(w/2) occurs between two adjacent 
laminations at x = w/2 and x = —w/2, and 

10-snAHwd 
2r 

For a typical pulse-transformer core, 

- — = 5 X 109 gauss/sec, 
T 

d = 0.0025 X 2.54 = 0.00635 cm, 
w = 1 X 2.54 = 2.54 cm, 

and 

-) = 10"8 X 5 X 10» X 6.35 X 10"3 X 2.53 = 0.8 volt. 

The interlaminar insulation must therefore be capable in this case of 
withstanding the small voltage stress of 0.8 volt. 

The interlaminar insulation on thin-gauge Hipersil is a complex 
phosphate coating applied during the final annealing operation. The 
resulting "Car l i te" coating is very thin ( « 10 - 5 in.) and has excellent 
insulating properties. On some core materials (which are usually in the 
form of punched laminations) the insulation is an oxide of iron formed by 
admitting a small amount of air to the steel at the end of the annealing 
process. This oxide coating, if applied skillfully, is exceedingly thin and 
is adequate for pulse transformers. The General Electric Company 
sometimes uses a chrome-silicate solution, which is baked onto the 
laminations by the anneal. The Western Electric Company, on the 
other hand, uses catephoresis, a process of depositing silicic acid particles 
on the strip steel by drawing the strip through a mixture of acetone and 
silicic acid immediately prior to winding the strip into a core and anneal
ing it. Mica dust (which turns mainly into a complex of silicates upon 
being annealed) is sometimes used as a suspension in acetone and deposited 
on the strip, which is drawn through the liquid. 

Various lacquers and varnishes have been tried on laminations, but 
have proved inferior because of the reduction of space factor in the result
ing core. 

•Gf 

■ 
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15-6. Techniques for Measuring Core Performance.—As has already 
been shown, the value of \xe depends upon pulse duration, lamination 
thickness, and resistivity, and upon m, as it is defined by Figs. 15-2 and 
15-3. For a given material the value of \ie is affected by AB, the amount 
of gap in the core, and the value of the reverse magnetic field between 
pulses. Since ne depends upon so many parameters, it is necessary that 
manufacturers and users of pulse-transformer cores and core materials 
agree upon a set of standard methods for measuring and describing the 
properties of cores and core materials.1 

I t is not within the scope of this book to specify these standard test 
methods. There are, however, certain experimental techniques involved, 
which will now be described. 

FIG. 15-26.—Circuit for viewing 60-cycle B-H loops on an oscilloscope. 

Presentation of QO-cycle Hysteresis Loops on an Oscilloscope.—The 
circuit of Fig. 15-26, where ei = s/2 £„■» cos at and a = 2ir ■ 60, may be 
used for the purpose of presenting 60-cycle hysteresis loops on an 
oscilloscope. 
Since 

NjAdB 
108 dt' 
10s 

e 2 = "TTTi- - J 7 ' 

B = N2A / e2 dt. 

If R2 and C2 are large, iz = e2/JB2- Hence 

e2 dt 
/ 

it dt 
R2C2 »2, 

1 W. H. Bostick, "Pulse Transformer Committee Standard Test Methods for 
Pulse Transformer Cores," RL Report No. 722, May 5, 1945. 
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and 

/ etdt = R2C2V2. 

Then 

and 

„ 10sRtCa>t 
B = NtA g a U S 8 ' 

H = -Tor = Tow oersteds' 
where v2 and Vi are the deflecting voltage measured on a CRT screen, 
Ni and iV2 are the numbers of turns on the coils, A is the cross-sectional 
area of the core in square centimeters, and I is the mean magnetic-path 
length in centimeters. The symbols Rxt and Rxs denote the resistance 
of the coils. 

The resistance R2 must be large enough not to load the circuit and 
hence not to increase imRi appreciably. The voltage e2 must be large in 
comparison with the voltage v? in order that i2 be limited primarily by R2. 
Since it is inexpedient to use a large number of turns, it is necessary to 
use amplifiers to drive the vertical and horizontal plates of the oscilloscope 
tube. I t is difficult, for example, to put a large number of turns on a 
continuously wound strip core. If the amplifiers built into the oscillo
scope are not adequate, additional stages may be added externally. Care 
must be taken that no amplitude or phase distortion is introduced by the 
amplifiers. 

If the resistances Rxt and Ri are so small that the drop im(Ri + Rx^) 
is negligible in comparison with elt the integrating fi2C2-circuit may be 
connected across the input circuit and the second winding may be omitted. 

Appropriate circuit constants for use with a ring test sample having an 
interior diameter of 2\ in. and a cross section of ^ in. by \ in. may be 
estimated in the following manner: 

First, the values Ni = N2 = 100 turns No. 20 (which have resistances 
Rx = 0.2 ohms), and AB = 10,000 gauss are arbitrarily chosen. 
Next, a value of 

e2 = ABNiAu X 10"8 = 6 volts, 

and a value of v2 ~ 0.001 e2 are chosen. Then 

R2C2 = e2/(v2a>) » 3 sec. 

Any values of Rt and C2 that satisfy this relation may be chosen, pro
vided that (1) R2 is large enough not to load the circuit appreciably, (2) i?2 
is also large in comparison with the resistance of the winding, and yet small 
in comparison with the leakage resistance of the winding insulation, and 
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(3) d is large in comparison with the stray capacitance to ground of Ri 
and the oscilloscope input circuit. The following values are satisfactory: 

Ri = 1.5 megohms, 
C2 = 2 Mf, 

e2 
v2 = RzCvco 5 X 10-3 volts. 

The values of Ri may be chosen arbitrarily—for example, the value of 
Ri = 0.3 ohms is selected. 
Then 

e, = e2 + (Ri + #Ar1)Ztf/(0.4ir#2) « 7 volts, 

for H = 10 oersteds, and 

», = RilH/iOAirNi) « 0.5 volt, 
for H = 10 oersteds. The voltage sensitivities should be such as to give 
deflections of about 1-in: 

Vertical sensitivity = 5 X 10 - 3 volt/in. (amplification « 10,000/1). 
Horizontal sensitivity = 0.5 volt/in. (amplification « 100/1). 
If 500 turns of No. 20 wire are used for JVi, and if ei is correspondingly 

increased, an error of less than 2 per cent is introduced by connecting the 
integrating circuit across the input circuit and omitting the second winding. 

c,„=0.oi ^ 3 = Thyratron 

+HV 
F I G . 15-27.—Circuit for obtaining pulse B-H loops with a hard-tube pulser. 

The ring sample may conveniently be wound in the following manner. 
Each quadrant is wound with a single layer consisting of 25 turns of 
No. 20 wire, two in parallel. For the 60-cycle tests the windings of the 
four quadrants are connected in series to give two parallel 100-turn 
windings. For the pulse test the two windings in each quadrant may be 
connected in parallel; then the paralleled windings of two opposite 
quadrants may be connected in series to give a 50-turn winding for 
application of the pulse voltage, and the windings of the other two quad
rants similarly connected for the d-c current that produces Hr (see Figs. 
15-27 and 15-28). 
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Pulse Hysteresis Loops.—Pulse hysteresis loops may be taken con
veniently with either a hard-tube pulser (Fig. 15-27) or a line-type pulser 
(Fig. 15-28). In some instances a vacuum diode is used in preference to 
a gas-filled tube in order to prevent distortion of the beginning of the 
pulse. 

"^^©lf 
PFN 
ohms 

Hg or H2 thyratron 

V,<cB 

FIG. 15-28.—Circuit for obtaining pulse B-H loops with a line-type pulser. 

With the circuits of Figs. 15-27 and 15-28, both the magnetizing cur
rent im and the magnetizing field H at the surface of the laminations are 
proportional to the voltage Vi during the pulse as long as i>i is small 
compared with V, that is, 

H iirNlm 4:irNVl 
101 10/fti 

where 

HxiinP 

I is the mean magnetic-path length, and N is the number of turns 
on the test coil. If vi is applied to the 
vertical deflecting plates of a synchro
scope and the sweep to the horizontal 
plates, a curve of the general form indi
cated in Fig. 15-29 results. 

If R2 and C2 are both large enough to 
make v* very small compared with V, the 
flux density averaged throughout the 
lamination may be expressed as follows: 

Fia. 15-29.—Traces of e, 
B vs. (. 

im, and 

108 

B = 
edt 108 / ^2^2 dt 

NA NA 
lOsR2C2v2 

NA 

If vt is applied to the vertical deflecting plates of a synchroscope, B 
may be presented as shown in Fig. 15-29. 

I t is possible to present a pulse loop, as shown in Fig. 15-30, by apply
ing v\ to the horizontal plates and i>2 to the vertical plates of an oscilloscope. 

The dome-shaped top that often appears on pulse loops corresponds 
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to the area under e for the interval U £ t £ t% (see Fig. 15-29) during 
which e drops to zero. The integral 

/ : edt 

FIQ. 15-30. 

Capacitance currents 
for a pulse loop 

taken on a completed 
transformer 

—The appearance of various 
pulse B-H loops. 

depends upon the characteristics of the pulse-forming network in a line-
type pulser, upon the rate of cutoff of the switch tube in a hard-tube 
pulser, upon the stray capacitance to 
ground of pulser and test coil, and 
upon im at the time t\. This integral 
also depends upon the magnitude and 
distribution of flux density within the 
laminations at the time ti, upon the 
eddy currents in the laminations, and 
upon any external shunt resistances 
across the coil. If the value of the 
shunt resistance Ri (Fig. 15-27) is re
duced, the voltage decreases more 
rapidly, the value of the integral is 
reduced, and the dome may be removed. If the value of the integral 
is very large, the discontinuity in the pulse loop is not marked, 
and the oscilloscope trace has the appearance of loop 2, Fig. 15-30. 
Nevertheless, it is almost always possible to distinguish the point corre
sponding to h on a pulse loop. 

Some pulse transformers operate with little or no reverse magnetic 
field impressed on the core between 
pulses. If this operating condition 
is to be simulated in core testing, 
Hr must be made equal to zero. 
Hence, the circuit of Fig. 15-27 
should be operated with switch (1) 
opened and switch (2) closed in 
order to permit the storage con
denser to recharge through Ri be
tween pulses. If the circuit of Fig. 
15-28 is used, switch (1) should be 
opened and switch (2) should be 
closed to permit the recharging of 
the pulse-forming network. The 
resistance R't is inserted to effect a 
matching of the pulse-forming net

work during the pulse. A pulse B-H loop taken with Hr = 0 is shown 
superimposed on the d-c loop of the core in Fig. 15-31. 

obtained from 
a d-c current. 

a peak reverse current be
tween pulses. 

FIG. 15-31.—Pulse B-H loops super
imposed on a d-c loop to show the difference 
between obtaining Hr from a peak reverse 
current between pulses and from a d-c 
current. 
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Some pulse transformers that are operated in the stepdown position 
with a hard-tube pulser experience a small reverse field between pulses. 
The desired value of peak reverse field may be obtained for tests on cores 
by closing switch (1) and opening switch (2) in the circuit of Fig. 15-27, 
adjusting the number of turns on the coil, the storage capacitance C„, 
and the charging resistance Re. Since this process for obtaining HT is 
somewhat tedious, it is sometimes advisable to employ an Hr produced by 
a d-c current, usually flowing through a separate winding, when testing 
the core. 

The substitution of an H, derived from a d-c current is only an 
approximation to the actual conditions experienced by the core in a pulser 
where the reverse field comes to a maximum between pulses and drops to 
zero at the beginning of the next pulse. These two methods of obtaining 
a reverse field produce a different operating point on the d-c loop (see 
Fig. 15-31). A value of HT obtained from a d-c current should be a good 
approximation if Hc is small compared with the peak value of H at the 
end of the pulse (less than 10 per cent), and if ABX (see Fig. 15-31) is 
small compared with AB (less than 10 per cent). 

If AB is large enough to take the material into the region of saturation, 
however, the difference in the peak values of H for the two methods of 
obtaining Hr may be considerable. 

On the oscilloscope presentation of the pulse loop the swing ABX is 
usually visible even though the integrating circuit, because of its short 
time constant, may not register accurately the magnitude of ABX. 

The core of a pulse transformer operated in a line-type pulser usually 
has an appreciable reverse field impressed on it, and in the core test the 
desired value of HT can be obtained by using the circuit of Fig. 15-28 with 
switch (1) closed and switch (2) open, and by adjusting L and the number 
of turns on the sample core. If this adjustment is inconvenient, Hr may 
again be derived from a d-c current through another winding. 

Obviously, a butt-joint core should be employed in pulse generators 
where the obtainable peak reverse field between pulses is very small or 
equal to zero. The gap in the average butt-joint core of oriented silicon 
steel is such that a reverse field which is approximately 0.5-Hc of the 
material used for butt-joint cores is produced. Hence, in order that the 
remanence resulting from H be approximately equal to the remanence 
for a butt-joint core in pulse tests on uncut samples of these materials, it 
is recommended that a value of Hr = 0.5He be used. However, the 
values of H for the resulting pulse loop on the uncut core are less than 
those for a butt-joint core by the field H necessary to magnetize the gap. 

For applications of pulse transformers where the reverse field is 
appreciable, materials that have comparatively low Hc and no gaps in the 
core may advantageously be used. A transformer of these materials is 
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Pulse transformer 
P S 

generally designed to have a peak reverse field equal to or greater than 
1.5HC between pulses in the pulser generator, and hence it is recom
mended that a value of Hr = 1.5HC be used in the tests on these materials 
in the uncut-ring form. 

For transformers that are normally operated in a pulser with a d-c 
current to reverse the field, Hr used in the measurement of the core 
should, of course, be derived from a d-c current. 

In order to depict correctly the rising portion of the pulse loop it is 
desirable to reduce the effect of distributed-
capacitance currents on the oscilloscope trace. 
In core tests such currents can be minimized 
by a suitable spacing between the test coil and 
core, a suggested minimum value being TB in. 
In measurements performed on completed 
transformers the circuit of Fig. 15-32 may be 
used to negate the effect of these currents. 
The capacitance CD is approximately equal 
to the total distributed capacitance of the 
transformer referred to the primary, and LL 
is approximately equal to the total leakage 
inductance referred to the primary. Some 
deviation from the nominal values of these 
circuit elements may be necessary for best results. 

Numerous precautions must be taken with various elements of the 
measuring circuit of Fig. 15-27 in order to be certain that spurious results 
are not obtained. These precautions include the selection of a non-
inductive resistor It\ and a resistor R2 that is accurately constant with 
voltage. It is necessary that Rt, cable, and oscilloscope have very little 
capacitance to ground. 

The pulser power required to test a given core at various values of AB 
and r may be determined approximately by the following method. The 
value of the constant voltage pulse is given by 

V = 10-*NAAB/T. 

The value of the magnetizing current is given by 
lAH = IAB 

OATN OATTN^' 

Therefore the peak power drawn by the core at the end of the pulse is 
Al(AB)2 ■ lO"7 

F I G . 15-32.—Circuit for 
canceling capacitance currents 
when pulse B-H loops of com
pleted transformers are ob
served. The integrating cir
cuit may be attached to 
either the primary or the 
secondary. 

VI 4wnrT watts, 

where A is the cross-sectional area of the core in square centimeters, and I 
is the magnetic-path length in centimeters. The values of AB and AH 
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in these relations are those for the time <i (Fig. 15-29), and ^e is defined 
as the value of AB/AH at the time ti. 

This formula for peak power does not include the power dissipated in 
Ri (Fig. 15-27) or R\ (Fig. 15-28). The value of Ri should be such that 
(1) the voltage does not change more than about 5 per cent from the 
beginning to the end of the pulse (during which time the magnetizing 
current is gradually increasing), and (2) the tail of the voltage pulse shows 
a fairly rapid fall and no long-period oscillations. A resistor of proper 
value may dissipate as much as half of the available pulse power of the 
pulser. Similar considerations apply in an even greater degree to R[. 
The resistor R[ should be chosen to dissipate about 90 per cent of the rated 
pulse-power output of the line-type pulser, and the peak power supplied 
to the core must not exceed 20 per cent of this value. 

The recurrence frequency at which a hard-tube pulser is operated 
should not exceed the value specified for the pulse duration at which it is 
being operated, and may be lower if convenient. The recurrence fre
quency at which a line-type pulser is operated should be the value 
specified for the particular pulse duration at which the pulser is being 
operated; deviation from this value may result in disruption of the net
work charging cycle. 

As an example, it is required to estimate the pulser power and the 
appropriate circuit constants for testing a ring sample of 0.003-in. silicon 
steel with an internal diameter of 2^ in. and a cross section of i in. by i in. 
at 10 kv and 0.5 Msec with a hard-tube pulser. The permeability of such 
a sample may be about 100 under these conditions.1 The peak power to 
be supplied to the core is 

AljABY- ■_ 10j? = 1.6- 24 - 108- 10~7 

4T/I> 4TT • 100 ■ 0.5 ■ 10-« 
•-= 620 kw. 

If another 400 kw is allowed for the dissipation in Ri, it is discovered 
that the pulse generator must deliver a peak power of 1 Mw. Hard-tube 
pulsers of this power rating usually deliver 40 amp at 25 kv. From these 
values the circuit constants may be calculated. Thus if the load resist
ance is assumed to be 1500 ohms, and V is 25 kv, 

Ar VT • 10s __ , 
J\ = — ~ 75 turns. 

A ■ AB 
1 For typical values of the effective permeability of silicon steel cores, see H. L. 

Rehkopf, W. H. Bostick, and P. R. Gillette, "Pulse Transformer Core Material Meas
urements," RL Report No. 470, Dec. 10, 1943. The effective permeabilities of other 
materials may differ greatly from those for silicon steel; for example, continuous cores 
of 1-mil tape of some of the nickel-iron alloys with H, > 0 may have much higher 
values. 
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Since a value of about 100 to 150 volts, or about 0.005F, is desired for v2 
in order to give a reasonable deflection, 

R2Ci = 200T = 10-" sec. 

Any values of R2 and C2 that satisfy this relation may be chosen, provided 
that R2 is large in comparison with the resistance of the winding insulation 
(and yet small in comparison with the leakage resistance of the winding), 
and that C2 is large in comparison with the capacitance to ground of R2 
and the oscilloscope input circuit. The values R2 = 10,000 ohms and 
Ci = 0.01 /uf are satisfactory. A value of 100 to 150 volts is also desired 
for »i; therefore 

Yl 
I Ri -p- « 6 ohms. 

CRT vert 
for (6),not 

used for (c) 

Core to 
ie tested 

Marginal core 

Commutator 
Hxi 

H<xim— 

t— 

Marginal core 

(a) (6) (c) 
Fia. 15-33.—Comparison method for production testing of cores under pulse conditions 

with the use of a commutator, (a) Circuit, (b) Oscilloscope presentation of B-H loops 
of marginal core and core to be tested, (c) Synchroscope presentation of im vs. t curves. 

As a second example, it is required to estimate the pulser power and 
the appropriate circuit constants for testing the same sample under the 
same conditions with a line-type pulser. In order that the droop on the 
pulse not be excessive, the power of the pulse generator should be at least 
five times the peak power required by the core, or 3 Mw. A line-type 
pulse generator of this power rating and designed to operate at an 
impedance level of 50 ohms is rated at 12.2 kv. By a procedure similar 
to the foregoing, the following values are obtained: 

R[ = 55 ohms, 
7 = 12.2 kv, 

35 turns, 
= lOOr = 5 X 10"6 sec, 

10,000 ohms, 
= 0.005 4, 

N 
/I2C2 

# 2 
C2 

and 
Ri « 3 ohms. 

Lower-power equipment for testing is suitable for longer pulses (that 
is, in general, lower values of dB/dt), and for cores with smaller air gaps 

L 
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(or no gaps), a reverse magnetic field, thinner material, and higher d-c 
permeability. Lower-power equipment can also be used under the above 
conditions with samples smaller than the one specified. 

Production testing of cores can be performed conveniently by present
ing simultaneously on an oscilloscope the pulse B-H loops or magnetizing 
currents of a core having the minimum acceptable M« and a core to be 
tested (see Fig. 15-33). For such comparison tests in a production line, 
the diodes and the circuit for reverse current may usually be omitted. 

COIL MATERIAL 
16-6. Insulation. Types of Insulation and Their Characteristics.— 

There are several insulation requirements for pulse transformer coils, 
namely: 

1. The dielectric constant must be low in order to keep the value of 
CD small. 

2. The electric breakdown strength of the material itself must be high. 
3. The material must be capable of operating successfully over a tem

perature range of — 40°C to 100°C or higher. 
4. The interfacial dielectric strength of margins, or the "creep break

down strength," must be high. 
5. The material must have low water absorption if it is used without a 

hermetically sealed case since such absorption decreases the break
down strength. 

6. The "power factor" of the material must be low. 
7. The insulation must be capable of being handled with sufficient 

ease to permit production of the transformers in large quantities. 
8. Where voltages greater than 2 kv are encountered there must be 

no air pockets or voids in which corona can occur. 

The Dry Type of Insulation.—For voltages in the range where corona 
is not likely to occur, that is, less than 2000 volts, many types of dry 
insulation (for example, paper sheet, formvar, cellulose acetate, impreg
nation with various varnishes) have been successfully used without 
special precautions for eliminating voids from the insulation. For 
operation at voltages at which corona occurs, the elimination of all voids 
is necessary if the transformer is to have long life. 

Various solvent-bearing varnishes have been used as impregnants 
under vacuum in an effort to remove all voids in the insulation. In the 
United States, at least, these efforts have met with little success because 
(1) in the curing process the volatile solvent never escapes completely by 
diffusion, but boils to a certain extent and hence forms voids, and (2) the 
solvent that does escape by diffusion often does so after the varnish has 
become too rigid to collapse into the voids that are created. The British 
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nevertheless report successful operation of trigger pulse transformers at 
20 kv with glyptal varnish insulation.1 

The difficulties in ehrninating voids have been overcome to a great 
extent by General Electric Permafil and Westinghouse Fosterite, both of 
which are completely polymerizing varnishes that are used without 
solvents. These impregnants have the additional desirable properties for 
pulse-transformer insulation given in Table 15-4. 

TABLE 154.—PROPERTIES OF SOLVENTLESS VARNISH, DRT-TTPE INSULATIONS 

Property 

Electric strengh (high) 

Power factor ( low) . . . . 

Moisture absorption 
(low) 

Westinghouse Fosterite 

Resin 

550 volts/mil 
at 22°C 

400 volts/mil 
at 108°C 

0.002 at 100 
cps 

0.2% wt in
crease in 24 
hours 0.4% 
wt increase 
in 48 hours 

good 

good 

Resin plus 
paper pad 

300 volts/mil 

0.01 to 0.02 at 
100 cps 

0.11% wt in
crease in 24 
hours 0.41% 
wt increase 
in 48 hours 

GE Permafil 

Resin 

0.02 to 0.03 at 
1 Mc/sec for 
a sample | in. 
thick 

0.1-0.2% by 
weight water 
absorption in 
24 hours, sat
uration at
tained. 

good 

good 

Resin plus 
paper pad 

800 volts/mil 
(for a total 
pulse voltage 
of 50 kv 
a p p l i e d a t 
125°C) 

The usual method of applying Fosterite is to dip one end of the 
coil (which may have insulation pads of Kraft paper, fiberglass, etc., 
depending upon the temperature requirements) into a viscous mixture 
of the resin plus inorganic filler (for example, Si02 or mica dust). The 
coil is then baked at about 130°G until the viscous mixture has hardened 
into a solid bottom (known as a cap)—a procedure which effectively 

*L. W. Redfearn," Development of Pulse Transformers," Metropolitan-Vickers 
Electric Co., Ltd., Report No. C.334, September 1942. 
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transforms the coil into a concentric cup. This cuplike coil is then 
placed bottom down in a vacuum tank, the tank is evacuated to a pres
sure of about 1 cm of mercury, and the pure resin (no filler) is admitted 
to the tank under vacuum to such a height that the resin overflows the 
brim and fills the cup. The cup is then removed from the vacuum, care 
being taken to keep it upright, and placed in an oven and cured at about 
130°C for several hours. The coil is then given a vacuum impregnation 
of the mixture of resin and filler and given a final baking at 130°C to 
150°C for several hours. 

The usual procedure for applying Permafil is to construct the coil 
in the form of a cup by cementing a bottom on the coil, to give the cup 
only one impregnation, and to cure for several hours with a starting 
temperature of 65°C and a finishing temperature of 125°C. 

Transformers thus constructed of both these materials have passed 
successfully the immersion cycle specified in ARL-102A and successfully 
resisted humidity and corrosion without being hermetically sealed in a 
metal case. 

Although Fosterite and Permafil are not fungicidal, they will not sup
port fungus organisms. A fungicide coating such as Tuf-on 76F, con
taining penta-chlor-phenol, may be used when necessary. 

Fosterite and Permafil and similar solventless varnishes are to be 
regarded as superimpregnants definitely superior to existing varnishes. 
They should find wide application on airborne equipment and test 
equipment. Fosterite and Permafil nevertheless absorb moisture and, 
for shipboard applications where prolonged exposure to high humidity 
without frequent opportunity for dehydration is probable, it is recom
mended that the transformers be hermetically sealed in metal cans. 

Fosterite and Permafil have been successfully used on pulse trans
formers that operate at voltages up to 12 kv. I t may be possible in the 
future to extend the safe operation of these or kindred materials to 
higher voltages. 

For Fosterite and Permafil suitable limits on puncture stress and 
creep stress (here creep stress refers to a surface with air on one side 
and pad impregnated with resin on the other) are 200 volts/mil and 
10 volts/mil, respectively. 

A recently developed insulating material that is proving very useful 
in pulse transformers is Dupont Teflon, a polyfluoride material sold in 
tape form. Teflon has a dielectric constant of only 2 and a dielectric 
strength of about 2000 volts/mil. I t can be used successfully with either 
oil or varnish impregnation and will withstand temperatures up to 250°C. 
Teflon tape is so "sl ippery" that it must be either bound or sewn into 
place on the transformer. Its use, therefore, has been confined to the 
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relatively few applications where its electrical properties are particularly 
advantageous. 

Oil-impregnated Paper Insulation.—The most suitable transformer 
insulation from the point of view of high dielectric strength, ease of 
construction, and long life at temperatures usually encountered, is dried 
cellulose fiber (usually Kraft paper) that is vacuum impregnated with 
refined dehydrated mineral oil in which there are practically no olefinic 
unsaturated hydrocarbons and only a small percentage of aromatic 
unsaturated hydrocarbons. The process of vacuum impregnation with 
oil eliminates all voids in the insulation. Refined dehydrated mineral oil 
itself has a high dielectric strength. Mineral oil has the added virtue that 
it can transfer heat rapidly by convection. Hence, for pulse transformers 
that operate at voltages of 5 kv and over, the use of oil and Kraft paper 
insulation has been standard practice in the United States since the first 
pulse transformers were made.1 

In the design of pulse transformers the stress limits usually observed 
with vacuum-impregnated Kraft paper are as follows: puncture, 250 to 
500 volts/mil; creep, 25 volts/mil. 

A metal bellows or a corrugated diaphragm is usually used to accom
modate the thermal expansions and contractions of the liquid in oil-filled 
transformers. Photographs of transformers with metal bellows are 
shown in Figs. 15-35, 15-36, 15-37, and 15-38 and 13-11; those with metal 
diaphragm are shown in Fig. 13-12. 

Mechanism of Breakdown in Oil-impregnated Insulation.—Not much 
is understood in detail about the electrical breakdown of liquids and solids, 
but it is fairly certain that both puncture and creep breakdown occur 
as the result of the presence of some free electrons that move in the 
electric field, dissipate energy in the dielectric, and thereby raise other 
electrons to energy levels where they in turn become free electrons that 
also move in the electric field, dissipate more heat, and so on catastrophi-
cally. At the boundary of two substances, for example, mineral oil and 
mineral-oil-impregnated Kraft paper, there may be a layer of charge 
resulting from contact potential. Also, if the configuration of electric 
fields is such that there is a component of the electric-displacement 
vector normal to this surface, there is a surface charge density equal to the 
surface divergence of the electric-displacement vector. Furthermore, 
there is probably a discontinuity in moisture content and acidity, and 
in the mobility of ions at the surface, all of which may lead to surface 

1 Early in the history of pulse transformers the British used wax insulation as 
well as oil for voltages up to approximately 10 kv. This wax insulation gave some 
difficulty, and a change was made to oil. However, the difficulties with the wax 
insulation are reported to have been solved. 

L 
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charges. I t is very likely that the existence of these surface charges has 
a tendency to extend the total voltage applied across an interwinding pad 
along the surface of the margins until this total voltage is applied across a 
relatively small surficial distance across which breakdown occurs. 

I t has been demonstrated in tests made at the General Electric Com
pany, Pittsfield, Mass . that, under both pulse and d-c conditions, the 
puncture breakdown strength of paper plus oil is somewhat greater if the 
paper plus oil contains some moisture in solution than if both constituents 
have been very thoroughly dehydrated. This effect is probably due to a 
more equal distribution of electrical stress throughout the insulating 
material—a distribution that is brought about by the few conducting 
ions released by the small amount of water. The presence of moisture 
in oil and paper, of course, increases the power factor at low frequencies. 

Turn-to-turn insulation is never a serious problem since the turn-to-
turn voltage on pulse transformers is almost always 
less than 1000 volts and usually less than 300 volts. 
Heavy formex or cotton-covered wire is adequate to 
withstand these voltages. In rare cases where the 
turn-to-turn voltage stress becomes very high the coil 
may be space-wound. 

The winding arrangement, thickness of pads, and 
length of creep on the margins must be so chosen that 
the transformer withstands the voltage and conforms 
to the general requirements of design set forth in 
Sees. 131 and 13-2. 

Dielectric Constant and Power Factor.—When an 
electric field E is applied to a substance, a displace
ment current J results. This displacement current 

may be treated phenomenologically by the introduction of a dielectric 
constant c where 

F I G . 1 5 - 3 4 . — 
Vectors showing the 
relationship of the 
displacement cur
rent to the loss 
current. 

J = d{tE) 
dt = <d4 + Edt 

dt dt 
If E = Ege*"", 

and 
■ai=3uE' 

It = {t' ~ jt,,) It = ijt'" + l"u)E' 
where e' = e = the dielectric constant of the material and 

u dt 
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The loss tangent as shown in Fig. 15-34 is defined by 

loss current i" tan 5 = - r -. T = -r-charging current t 
*"E\ 

_ 2 _ energy dissipated 
t'El energy stored 

It may be seen from Fig. 15-34 that, for small values of S, tan & « cos 6, 
the power factor of the material. 

To account for the magnitudes of t' and tan 5 for a given material and 
for their variation with frequency, it is necessary to resort to an atomistic 
view of the processes of polarization. Such a discussion is beyond the 
scope of this volume.1 

The fraction of the pulse power lost in the dielectric of the pulse 
transformer is very small, and errors in its computation are not serious. 
Therefore, a suitable average or upper limit to the loss tangent may be 
chosen for the range of dominant frequencies given by the Fourier analysis 
of the pulse. For example, for a l-/isec pulse one might choose the value 
of the loss factor of the dielectric at 500 kc/sec in calculating the loss in 
the dielectric of the transformer. If the relationship, 

_ . , energy dissipated Loss tangent = — . , energy stored 

is used, it may be stated that the average power loss in the dielectric of a 
pulse transformer for ideal rectangular voltage pulses is 

iCDVJr X loss factor. 

Actually, there are oscillations on the tail of the voltage pulse with a 
magnetron load. These oscillations bring about further dissipation of 
energy in the dielectric. 

Measurements on Insulating Materials.—The measurements of punc
ture and creep breakdown of insulating materials can, of course, be 
performed under pulse conditions as well as under 60-cycle or constant-
voltage conditions. The measurements of dielectric constant and loss 
factor may be performed at various frequencies with well-known standard 
bridge-circuit techniques. Effective dielectric constant and loss factor 
could conceivably be measured under pulse conditions, but techniques 
for such measurements have not yet been developed. 

' A . von Hippel and It. Breckenridge, "Interaction Between Electromagnetic 
Fields and Dielectric Materials," NDKC 14-122, M.I.T., January 1943. 
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FIG. 15-35.—A high-power magnetron plugged into the gasketed melamac well of a 10-Mw 
l-/isec pulse transformer. 

Bushings and Connectors.—Considerable attention must be paid to 
the proper choice of bushings and 
connectors in the casing of a pulse 
transformer. An example of a 
transformer h a v i n g a gasketed 
melamacplastic socket into which a 
magnetron can be plugged is shown 
in Figs. 1311c and 15-35, and one 
having a p o r c e l a i n solder-seal 
socket is shown in Fig. 1311a. 
This latter figure also illustrates the 
use of a connector socket employ
ing porcelain insulation and solder-
seal technique for a 50-ohm pulse 
cable. An airborne 250-kw 0.5- to 
5.0-^sec pulse transformer having 
a magnetron-filament transformer 
that is attached to the high-volt
age end of the secondary and en-

Fio. 16-36.—An airborne 250-kw 0.5- to closed in the high-voltage porcelain 
6.0-sec pulse transformer with a filament so lder-Sea l b u s h i n g i s s h o w n in 
transformer enclosed in the high-voltage . _-, , -
porcelain solder-seal bushing. Fig. 15-36. Further use of porce-
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lain solder-seal bushings is illustrated in the 35-kv trigger transformer 
shown in Fig. 15-37, and the use of cast-glass bushings on a 1.5-Mw 
2.0-Msec transformer is illustrated 
in Fig. 15-38. 

16-7. Wire.—Pulse t r a n s 
formers are wound with copper 
wire through which (in the ideal 
case) rectangular current pulses of 
short duration flow. I t is there
fore desirable to investigate the 
dissipation of energy in copper 
under these conditions. 

Electromagnetic Treatment of a 
Rectangular Current Pulse in Cop
per.— The simplest calculation of 
pulse-energy loss in a conductor 
involves the current distribution 
in a solid semi-infinite in extent 
with the volume y < 0 occupied 
by free space and the volume 
y > 0 occupied by the solid me
dium, for example, copper. In 
copper the displacement currents 
are negligible compared with the 
conduction currents.1 If the cur
rent density j = ijx is in the x 
direction only, the diffusion equa
tions of (12) may be used, that 

FIG. 15-37.—Porcelain solder-seal bushings on 
a 35-kv trigger transformer. 

and 

is, 

d2Ex dEx 
dy* 

dm, 
By* 

(29) 

Miffi dt 

A rectangular pulse of current of value 70 may be represented by the 
boundary conditions 

1. H,(0, t < 0) = 0. 
2. H.(Q, 0 < t < T) = Ha = Jo. 
3. H,(0, T < t) = 0. 

1 This treatment follows very closely that given in the following reference: L. W. 
Redfearn, "Skin Effects in Conductors with Single Rectangular Pulses of Current," 
Metropolitan-Vickers Electric Co., Ltd., Report No. C.530, May 1945. 
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The solution of the latter diffusion equation during the interval 0 < t < r 
may be made up of the sum of a steady-state solution Hz^ and a transient 
solution H,t. The general transient solution1 of this equation may be 
written 

H. 

where 

= -7= /"" *(y + 2±\e-tdt, 
V ' J - " \ Mid/ 

*(y, 0 < t < T) = Ho, 
Hy = o, t < 0) = o, 
*(l / = 0, T < t) = 0. 

FIG. 15-38.—Illustration of the use of cast-glass bushings on a 1.5-Mw 2.0-sec pulse 
transformer. The seal is accomplished by the adhesion of molten borosilicate glass to 
nickel iron. 

and HI and <rx are, respectively, the permeability and conductivity in 
mks units. The limits of integration may now be restricted so that, for 
the interval of time 0 < t < T, the complete solution of Hz may be written 

0 < t < T. (30) 

The complete solution of Eq. (29) for the time interval r < t < » ( with 
the boundary condition that H, = 0 at y = 0, is given by 

1 R. Frank und R. v. Mises, Die Differential- und Integralgleichungen der Mechanik 
und Physik, Vol. 2, F. Vieweg, Braunschweig, 1935, p. 534; W. E. Byerly, Fourier's 
Series and Spherical, Cylindrical, and Ellipsoidal Harmonics, Ginn, Boston, 1893, 
pp. 84-85. 
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Hz = ^if2 ' " ' e - t ' d f , T < t < oo. (31) 
VTy»\I0Ei 

2 > T 

The rate of dissipation of power per unit area of surface is 

p = f"&dy=- I'^dy 
Jo o-i Jo o-i fy 

since J'I = dH,/dy. Integration by parts yields 

"l o-i Jo oy 
Since 

and 

or 

mil dH-
<Ti »)j/ ' dt 

H, is 0 at y = °o, 

p = ^ [ t f , ; , ] o - M i / o ff.^-**, 

0"1 

The energy loss associated with one pulse is 

W= I pdt=- I [Hj,]0dt-% f" HI 
J0 0"i Jo & Jo 

dy. 

The latter term is the difference in electromagnetic energy before and 
after the pulse and is equal to zero. Furthermore, since 

H,(0, 0 < t < T) = Ho, 
and 

H,(0, T < t < oo) = 0, 

W = ^ I' tfj. dt=-^ lT \*f\ dt. 
d Jo o-i Jo L dy J^o 

The differentiation of Eq. (30) yields 

[ dH.l „ Liai T //iio-i 

Hence, 

The average rate of dissipation of power during the pulse is 

file:///I0Ei
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Hence, the effective depth of penetration of the pulse is 

1 ITT 

2\(r iMi' 

Since MI = 4 T X 10 - 7 henrys/meter, and for copper <rx = 108/1.87 
ohms - 1 meter - 1 , 

-U1 X 10-6 • 7T • 1.87 1 
1 0 - 4 . X 1 0 - = 2 ^ - 4 . 6 7 5 X 1 0 -

= ^ 4 ^ VT7 X 10-4 meters « V? X 10~4 meters 
2t 

« V? x io-2 
cm, 

where T' is the pulse duration in /isec. 
The effective skin depth A„ for a sine wave of angular frequency a> = 2*-/ is 

A, 

If the effective skin depth for a pulse is compared with that of a sine 
wave whose period is 2r, / = 1/2T, OI = W/T, and 

Thus, the ratio of the loss associated with a pulse current to the loss 
associated with a sine wave of the same effective value [/ = l/(2r)] is 
equal to 

£» = ?-V2 _ 0 91 (32) 

The losses associated with pulse current are lower than those asso
ciated with the sinusoidal current because of the predominance of lower 
frequencies in the former. With the rounding-off of the corners on the 
pulse, the lower frequencies predominate to an even greater extent, and 
any loss calculations based on the substitution of a sinusoid (f = l /2r) 
for a pulse yield an upper limit to the actual loss, even if the correction 
factor of 0.91 is used. 

Consideration of the Proximity Effect.—The energy dissipated in 
copper wire when the wire is in the form of a transformer coil with single-
layer-primary and single- or double-layer-secondary windings may 
readily be calculated from a flux plot, if it is assumed that the pulse 
duration is so short that there is practically no penetration of the copper 
by the magnetic field. The surface of the copper itself then coincides 
with a line of magnetic flux. The essential portion of such a flux plot for 
a typical pulse-transformer winding is given in Fig. 15-39. Some diffi
culties arise in constructing a flux plot in a region containing substances 
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of different dielectric constant. Nevertheless this flux plot is accurate 
enough for the purpose of computing the power loss in a winding. From 
this plot it can be calculated that the energy dissipated when the wire is 
in the form of a coil with the linear winding space factor as shown in Fig. 
15-39 and when the magnetic field corresponding to the pulse load current 
exists on both the inside and outside surface of the winding is 1.34 times 
the energy dissipated when the wire is isolated. When the magnetic 
field corresponding to the load pulse current exists on only the inside 
or the outside of the winding, this "proximity factor" is 2 X 1.36 = 2.7. 

E 
-\ 

Oil- 1 \ 
Impregnated 1 \ 

| paper W 

. 
2 

5- \ - * \ Copper wire j 

/VT/Cr/A>v£o r m e x 1 

Oil j 
1 

FIG. 15*30.—Flux plot showing lines of E and H for a typical pulse-transformer winding. 
No. 25 quadruple formex wire, dia = 0.0219 in., bare Cu dia = 0.0170 in. Spacing between 
windings A — 0.040 in. 

( Formex 3.5 (0 to 107 cycles/sec.) 

Oil impregnated paper 3.5 (0 to 107 cycles/sec.) 
Oil 2.4 (0 to 10' cycles/sec.) 

A consideration of the skin effect and the proximity factor enables one 
to calculate the energy dissipated in single-layer or double-layer windings 
during the pulse by the following formula: 

W„ « PF X IIRT X « PF X IIRT 4A joules, 4(<z*A - A2) 
where PF is the proximity factor, /„ is the pulse current, R is the d-c 
resistance of the winding, d is the diameter of the bare copper wire, and A 
is the skin depth (in the same units as d). The effective pulse current is 
then given by 

Ittl cube ~ \ R ' 
It is obviously desirable to select a wire size such that d/A is held to a 

reasonably small value (that is, less than 5). Interleaving the primary 
between two secondaries takes the factor of 2 out of the proximity factor 
for the primary winding. There may be more important winding con
siderations, however, which make it undesirable to interleave the primary. 

The configuration of electric and magnetic fields for multilayer and 
duolateral windings is very difficult to reconstruct, and, in these more 
complicated winding structures, the losses, which are usually considerably 
higher than those given by a proximity factor of 1.34, can best be ascer
tained by measuring the Q's of the coils at the appropriate frequencies. 
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In many cases the pulse-transformer secondary carries the filament 
current as well as the pulse current, and the effective sum of these two 
currents, in general, should be kept so low that the effective current 
density in the wire does not exceed 5000 amp/in.2 This limiting value of 
current density may be varied somewhat, however, depending upon the 
size of the transformer, the amount of copper in the coil, and the type of 
cooling used. The effective sum of pulse and filament currents may be 
calculated from the following expression: 

i«ft. ■um = V I tit. pulne ~\~ J-tSt. filament 

Stored Energy Dissipated in the Windings.—A fraction of the energy 
stored in Lp, LL, and CD is, of course, dissipated in the winding after the 
pulse. I t is impractical to attempt to develop any general relations 
governing this fraction of energy. However, calculations on one typical 
120-kw 0.5- to 2.0-/isec transformer designed at the Radiation Laboratory 
show that, in the operation of a transformer on a magnetron load, the 
following conditions obtain: 

1. The energy absorbed in the winding during the pulse is about 1 per 
cent of the input energy per pulse. 

2. About 10 per cent of the energy stored in the leakage inductance 
during the pulse is dissipated in the winding after the pulse. This 
amount of dissipated energy is about 0.3 per cent of the output 
energy. 

3. About 0.1 per cent of the energy stored in shunt inductance and 
distributed capacitance is dissipated in the winding after the pulse. 
This amount of dissipated energy is about 0.01 per cent of the 
input energy. 

6. The total energy dissipation in the core is about 10 per cent of the 
input energy. Some of this energy is dissipated during the pulse, 
and the remainder is made up of energy stored in shunt inductance, 
distributed capacitance, and leakage inductance. 

5. The loss in the dielectric may be about 0.1 per cent of the input 
energy. 

Measurements on Power Loss in Pulse-transformer Windings.—It is 
possible to make calorimetric measurements on the power dissipated in 
the winding under pulse conditions by sending current pulses through a 
pulse-transformer coil (without the core) that is immersed in an oil-filled 
calorimeter. The calculated and calorimetrically measured values of the 
power dissipated in a pulse-transformer winding under pulse conditions 
are in sufficiently close agreement to justify the use of the foregoing 
calculations in the choice of wire sizes in the design of pulse transformers 
employing single-layer or double-layer windings. 

1 



APPENDIX A 
MEASURING TECHNIQUES 

BY O. T. FUNDINGSLAND 

The purpose of the following discussion is to present a summary of 
techniques developed specifically for measurements on power-pulse-
generator circuits. The material is presented from a pragmatic engineer
ing approach and is not intended as a rigorous and exhaustive treatment 
of fundamental principles. Although the techniques described here are 
capable of wide application in physics as well as in engineering, the range 
of measurements considered and most of the illustrations included are 
based chiefly on problems encountered in radar-transmitter development. 
Little attempt has been made either to refine these techniques beyond the 
immediate requirements, or to investigate the possibilities of other than 
the simple and direct methods that have proved capable of yielding 
sufficient information and have afforded adequate precision for good 
engineering practice. 

In general, the peak and average values of voltages or currents can be 
measured either with the aid of appropriate circuits and meters of the 
moving-coil and moving-vane types, or by the use of a cathode-ray 
oscilloscope. The oscilloscopic methods are more suitable for measuring 
time intervals, instantaneous amplitudes, and instantaneous rates of 
change of voltage or current, for observing the qualitative nature of 
waveforms, and for obtaining permanent photographic records. The 
waveforms most commonly encountered in power-pulse generators 
include: 

1. Repeating pulses having time durations from less than 0.1 /xsec to 
more than 5 fiaec, and with recurrence frequencies from less than 
100 pps to more than 10,000 pps. The pulses encountered in 
practice are not truly rectangular:1 they may have abrupt irreg
ularities and other anomalous variations which comprise significant 
frequencies up to 50 or 100 Mc/sec. Pulse rise times as short as 
0.01 Msec have been observed. 

2. Sawtooth and repeating sinusoidal voltage waves with periods 
ranging from less than 100 /*sec to more than 10,000 /isec. Such 
waveforms are encountered in the charging circuits of line-type 
pulse generators. 

1 See Chaps. 2 and 7 for photographs of sample waveforms. 
661 
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3. Sine waves from 60 cycles/sec to 100 Mc/sec. 
4. Sporadic transients, both synchronous and nonsynchronous, having 

durations as short as 0.01 /isec. 

The pulse voltages in radar-transmitter applications range from less 
than 1 kv to more than 100 kv, and the pulse currents vary from 1 ma to 
1000 amp. The required time resolutions range from 10-2 sec to 10-8 sec. 
In some cases a time resolution of the order of magnitude of 10-9 sec is 
desirable for precise measurements of pulse duration or time jitter, or 
for checking the relations between the applied voltage and the buildup of 
current in a pulser load such as an oscillator. 

In addition to time and amplitude measurements on voltage and cur
rent waves, it is often desirable to measure r-f pulse-voltage envelopes of 
microwaves generated by a magnetron or some other type of oscillator 
load, and also to observe the output r-f spectrum of a pulsed oscillator. 
Details regarding r-f envelope and spectrum measurements1 are beyond 
the scope of this appendix and are described elsewhere in the Radiation 
Laboratory Series.2 However, since the behavior of the oscillator and 
the nature of its r-f output during pulse modulation constitute an impor
tant criterion of pulser performance in such a transmitting system, both 
r-f envelope viewers and spectrum analyzers are often necessary in con
nection with the design of pulse-generators, and hence are described 
briefly in Sec. A-6. 

OSCILLOSCOPIC METHODS 
A-l. Signal Presentation. Oscilloscopes and Synchroscopes.—The 

most common and widely applicable type of indication on the screen of a 
cathode-ray tube is a plot of the desired electrical signal against a linear 
time base. With an electrostatic tube this plot is obtained by applying 
a sawtooth voltage to one pair of deflection plates and the signal to the 

1 "Model P-4E Synchroscope and R. F. Envelope Indicator," prepared by Group 
55, RL Report No. M-124, June 18, 1943. 

P. A. Cole, J. B. H. Kuper, and K. R. More, "Lighthouse R. F. Envelope Indi
cator," RL Report No. 542, Apr. 7, 1944. 

Instruction Manual, "Spectrum Analyzer (Type 103) for Pulsed Oscillators at 
3,000 Mc/sec, "RL Report Np. M-115, Nov. 18, 1942. 

R. T. Young, Jr., "Fourier Analysis of Pulses with Frequency Shifts During the 
Pulse," RL Report No. 52-5, Jan. 30, 1943. 

R. T. Young, Jr., "Frequency and Spectrum Characteristics of Standard Mag
netrons and the Effect of Change of Shape of Current Pulse," RL Report No. 52-6, 
Mar. 12, 1943. 

G. N. Glasoe, "Pulse Shapes and RF Spectra for Combinations of Stromberg-
Carlson Mark I and Mark II Modulators with 2J22, 2J21, and 725A Magnetrons,'' 
RL Report No. 518, Mar. 17, 1944. 

» Volume 23, Chap. 7. 
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other pair of plates. If the signal is a rectangular pulse of about l-/isec 
duration it is desirable to have a sweep speed of about 1 in.//isec in order 
to present the pulse on the cathode-ray-tube screen in a manner satis
factory for pulse-shape analysis. For shorter and longer pulses the sweep 
speed should be correspondingly faster or slower. The measurements 
of the pulses common to microwave-radar applications require the use of 
sweep speeds ranging from a tenth of an inch or less to several inches per 
microsecond. The high sweep speeds used in the observation of pulse 
characteristics have necessitated the use of cathode-ray tubes with 
electrostatic deflection in preference to tubes of the magnetic-deflection 
type. 

Ordinary oscilloscopes may be used to observe short pulses if certain 
modifications are made and the proper precautions are observed. In 
particular, the stray capacitance and inductance associated with long 
connecting leads must be minimized, and the problem of shielding becomes 
important. When pulses that have a rise time of 0.1 /xsec or less are to be 
observed, it is desirable to apply the signal directly to the deflection 
plates without any intermediate amplifier, in order to minimize distortion 
of the pulse shape as presented on the screen of the cathode-ray tube. 
Also, because of the high sweep speeds required, the intensification of the 
electron beam must be greater than is customary with ordinary oscillo
scopes. In order to prevent the burning of the material of the cathode-
ray-tube screen, the intensification should be applied for a time not much 
longer than that required for the beam to sweep across the face of the 
tube. One of the most important features of an oscilloscope that is 
satisfactory for the observation of recurrent pulses is that the sweep 
should be started at some definite time before the signal is applied to the 
deflection plates. For pulsers that require an input triggering impulse, 
this feature can easily be obtained by initiating the trigger pulse and 
the sawtooth voltage from the same source. When the interpulse interval 
is constant, it is necessary only to have an oscillator of the proper fre
quency arranged so as to initiate a sawtooth wave shortly before it 
initiates the trigger pulse for the pulser. This type of oscilloscope opera
tion is referred to as "synchronous." When the interpulse interval is 
determined by the construction of the pulser, such as with a rotary-gap 
switch, it is necessary to start the oscilloscope sweep by means of the signal 
to be observed. This latter arrangement is called "self-synchronous" 
operation and, because of the inherent delay in the start of the sweep, the 
first part of the signal does not appear as a deflection of the moving electron 
beam. The way in which this difficulty may be partially overcome by 
the use of a delay line in series with the connection to the signal plates 
of the cathode-ray tube is pointed out later in this discussion. When 
there is appreciable time jitter in the pulses under observation, as in the 
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3 f-

operation of a pulser with certain series-gap switches, the self-synchronous 
operation is employed in order to obtain a superposition of the successive 
pulses on the cathode-ray-tube (CRT) screen. 

An oscilloscope constructed to provide the features mentioned above 
has been called a synchroscope.1 I t differs from conventional oscillo
scopes principally in that it is particularly designed for the observation 
of short pulses, and hence utilizes fast sweeps that are synchronous with 
the signal to be observed. Several adjustments are incorporated for 
convenience, such as a means of varying the phase of the sweep and the 
signal, the amplitude and recurrence frequency of the output trigger 
pulses, and the electron-beam intensity. 

Most conventional cathode-ray tubes used in synchroscopes have 
appreciable astigmatism and some nonuniformity in the deflection 
sensitivity over the face of the tube. When the focus is good, however, 
it is usually possible to measure the amplitude of 50- to 100-volt signals 
(1- to 2-in. deflection on a 5-in. tube) with a precision of + 1 per cent by 

applying a compensating d-c potential to 
the cathode-ray-tube plates to give null 

Mtentiometw indication. This calibrating potential is 
D* calibrate usually applied between ground and the 
potentiometer same plate to which the signal voltage is 

applied. The centering potential for the 
cathode-ray tube is applied to the opposite 

FIG. A-1.—Equivalent input circuit plate, which is maintained at r-f ground 
for a typical synchroscope. ■., 1 ■, ~ , 

with a bypass capacitance CB as shown 
in Fig. A-l. The input-coupling capacitance d, usually = 0.01 /if, 
provides mutual d-c isolation between the deflection plates and the source 
of signal voltage. The 1-megohm resistance to ground prevents the 
accumulation of charge on the plates of the cathode-ray tube, and Cs 
represents the undesirable stray capacitance, including that of the deflec
tion plates. 

A high-speed oscilloscope that has linear sweeps up to 100 in./Msec and 
single-trace writing speeds up to 300 in.//isec has been designed and built 
at the Radiation Laboratory.2 With this instrument, it is possible to 
measure, within ± 10 per cent, time differences of 10 - 9 sec on a given 
transient, and to photograph nonrepeating individual transients of short 
duration. These accomplishments are due in part to an improved high-
voltage sealed-off cathode-ray tube (K1017), designed and built by the 
DuMont Laboratories, which has the following characteristics: 

1 A more complete discussion of the various types of synchroscopes is given in 
Chap. 7 of Vol. 22 of the Radiation Laboratory Series. 

1 Chapter 7, Vol. 22. 
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1. Electron transit time between deflecting plates ~ 3 X 10 -10 sec. 
2. Deflection sensitivity ~ 180 volts/in. 
3. Blue-sulphide screen ( P l l ) that has low persistence and high 

photographic efficiency. 
4. Sufficient trace intensity on the screen to record photographically 

a single-trace writing speed up to 300 in./Aisec. 
5. Negligible coupling between the deflecting plate systems at 1000 

Mc/sec. 

The high sweep speeds and excellent intensity control are obtained from 
special circuits using techniques derived from experience with radar 
pulsers. 

This oscilloscope makes it possible to study the pulse-to-pulse varia
tions caused by abnormal or anomalous load behavior such as magnetron 
sparking and mode-changing, and it is even possible to view directly the 
r-f envelopes of 3000-Mc/sec waves during the buildup of oscillations in an 
oscillator. Photographs of pulse traces obtained with this oscilloscope 
are reproduced in Fig. 10-18. 

Sweep Calibrators.—One of the earliest methods of calibrating a linear 
sweep triggered at different recurrence frequencies was to shock-excite a 
fixed LC-circuit, which was coupled directly to the CRT plates, by means 
of the synchroscope trigger voltage. The early portion of the resulting 
sine wave (frequencies of 100 kc/sec to 1 Mc/sec) was distorted by the 
trigger voltage and, since the oscillations damped out quickly, it was 
difficult to obtain precise calibrations by this method. A calibrator 
whose output frequency depends upon high-Q LC-circuits has been 
devised that will produce several cycles with nearly constant amplitude. 
This circuit can be excited with a synchroscope trigger, and is d- signed to 
generate pulses of about 30 volts amplitude a t recurrence frequencies of 
200 kc/sec, 1 Mc/sec, or 5 Mc/sec. A calibrator of this type1 should be 
checked occasionally against a crystal-controlled type J oscilloscope. 

Another type of fast-sweep calibrator generates 30-volt range marks 
of 0.02-Msec duration at the base and with rise and fall times of about 
0.003 usec each that repeat at 0.1-/isec intervals. This calibrating unit 
also supplies a trigger voltage, synchronized with the range marks, which 
initiates the synchroscope sweep. Since this device is not designed for 
use with an external trigger, it cannot be synchronized and phased rela
tive to another signal appearing simultaneously on the screen of the 
cathode-ray tube. However, these range marks can be superimposed 
with another signal on the screen by the method shown in Fig. A-2V 
although some caution is necessary to avoid interference. For example, 
if the sweep is triggered too soon by the calibrator, after or before it is 

» Chap. 16, Vol. 21. 
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triggered by the internal circuit of the synchroscope, the sweep circuit 
may not have time to recover from the first excitation, and the calibration 
may be unreliable. The scheme is generally successful because the duty 
ratio of the pip generator is low and its recurrence frequency is usually 
incommensurate with that of the synchroscope trigger. 

Voltage Divideis and Current-viewing Resistors.—For the observation 
or measurement of the pulse output from a pulser it is necessary to pro
vide a means by which a voltage or current pulse may be applied as a 
signal to the deflecting plates of a cathode-ray tube. With a 5-in. tube 
a 1- to 1.5-in. deflection of the electron beam from the center of the 
circular screen can usually be used without serious distortion resulting 
from astigmatism. The maximum signal voltage applied to the deflect-

Puise 
generator 

Pulser transient signal 

-Trigger 
pulse 

- Trigger 
pulse 
n CRT sweep 

generator 

Top signal 
CZ1 plate 

i D-c centering ( 
potential i t 

l~~l Bottom 
signal 
plate 100 

10 Mc/sec — 
pip calibrator 

FIG. A'2.—Scheme for simultaneously presenting range marks and another signal on a 
synchroscope. 

ing plates should therefore be about 50 to 100 volts for pulse observation. 
Since the pulse voltages of interest in connection with pulser measure
ments are generally many times greater than 100 volts, it is necessary to 
introduce some type of voltage divider between the pulser and the 
cathode-ray tube. A number of possible combinations of resistances and 
capacitances may be used as voltage dividers. Several of these are 
discussed in detail in Sec. A-2 with particular reference to their applica
bility to specific problems and to their inherent limitations. 

The oscilloscopic presentation of a current pulse is obtained by intro
ducing a resistor in series with the circuit and applying the voltage 
developed across this resistance by the pulse current to the deflection 
plates of the cathode-ray tube. Since such a resistor is usually intro
duced for the specific purpose of obtaining the amplitude-time trace of 
the pulse current on the screen of a cathode-ray tube for visual or photo
graphic observation, it is commonly referred to as a "current-viewing" 
resistor. The value of the resistance used for this purpose depends 
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on the maximum current-pulse amplitude and, for most pulser measure
ments, is generally less than 20 ohms. The problems associated with the 
use of current-viewing resistors are also discussed in Sec. A-2. 

In order to obtain an oscilloscopic presentation of a voltage or a 
current pulse that is a true picture of the amplitude-time variation, the 
stray inductances and capacitances introduced by the connecting leads 
should be negligibly small. The ideal arrangement, therefore, would be 
to connect the deflecting plates directly to the voltage divider or to the 
current-viewing resistor with leads of negligible length. In practical 
cases, however, this is generally not possible, and it is necessary to intro
duce a cable between the signal source and the deflecting plates of the 
cathode-ray tube. The problems associated with the use of such a cable 
are discussed in Sec. A-2. 

A voltage divider or current-viewing resistor must meet certain 
general requirements in order to be satisfactory for the observation and 
measurement of pulser characteristics. These requirements may be 
stated as follows: 

1. The input impedance of a voltage divider must be so high and the 
resistance of a current-viewing resistor must be so low that no 
appreciable disturbance is introduced in the circuit on which 
measurements are being made. 

2. The circuit must have a uniform transient response over a wide 
band of frequencies, that is, it must not cause appreciable distortion 
of the waveforms under investigation. 

3. The output impedance must be low compared with the input 
impedance of the cathode-ray-tube deflecting plates, and should be 
equal to or less than the cable surge impedance for all applications 
where impedance-matching is important. 

4. The electrical characteristics of the voltage divider or current-
viewing resistor must not vary with voltage, temperature, and time 
beyond the limits of the accuracy desired in the measurements. 

5. The divider or resistor should, preferably, be capable of precise 
calibration with standard laboratory methods and apparatus. 

Although no practical unit has yet been designed that fulfills all of these 
requirements and is adaptable for a wide range of measurements, several 
types have been designed to meet satisfactorily the needs of specific 
applications. 

A-2. Pulse Measurements. The Parallel RC-divider.—High-imped
ance voltage dividers designed for parallel connection to a pulser are 
generally comprised of noninductive resistors and high-quality con
densers. When the connecting leads are kept short and the ground 
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Y * c , 
To cable 
and CRT 

connections are made directly to the chassis of the pulser, the inductance 
can be neglected for practical analyses. A voltage divider consisting of a 

pair of parallel RC-combinations is shown 
diagramatically in Fig. A-3. 

An analysis of the response of this circuit 
to an applied step-voltage V indicates the 
effects of the parameters on the signal voltage 
that is applied to the deflecting plates of the 
cathode-ray tube. The differential equation 
for the voltage vz after the switch iS is closed 

can be set up by Kirchhoff's laws, and the general solution is found 
to be 

Rz , / C\ Rz 

Fio. A-3.—Parallel RC-
divider circuit for pulse-volt
age measurements with a 
synchroscope. 

V Ri -\- R2 
+ ( Ci Rj_\ ( 

\C i + Ct R\ + Rz/ 
where 

and 

fin = R1R2 
Ri + Rz 

Cn = C\ + C2. 
If Rid 

and 

= TEJCJ, 
Rz C\ 

Ri + Rz Ci + Cs 

Vz Rz Ci 
V Rt + Rz d - l - Cz 

giving a perfect voltage divider whose ratio is the same at all frequencies, 
that is, for all values of t. If R1C1 < RzCz, 

i?2 > 
Ci 

/Li - j - Rz C i ~r (-JZ 

and vz builds up exponentially with a time constant = RuCu (see Fig. 
A-4a). If Rid > RzCz, 

Rz < Cj 
Ri + Rz Ci + Cs 

and vz decreases exponentially (see Fig. A-4b). Resistance dividers and 
capacitance dividers are special cases of this general flC-divider. 

The Resistance Divider.—Two noninductive resistors connected in 
series form a voltage divider that is simple and convenient for pulse-
voltage observations. If care is exercised in the construction of such a 
divider, the stray capacitance can be kept small and the time constants 
for the response curves shown in Fig. A-4 will be small. The ratio of 
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Ri 
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C i + C 2 

^ 2 
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Time -
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voltage division for a resistance divider can be determined with high 
precision by ordinary Wheatstone-bridge measurements. Wire-wound 
resistors with a resistance of about 1000 ohms that are capable of with
standing 10,000-volt pulses of l-/isec duration at recurrence frequencies 
of 1000 pps are commercially available. These resistors have L/R 
time constants of less than 0.003 jusec and negligible distributed capaci
tance, that is, they have reactance that is small and essentially propor
tional to frequency up to more than 10 Mc/sec. Since wire-wound 
resistors of less than 100 ohms with time con
stants equal to or less than 0.003 /isec are 
difficult to obtain commercially, it is better 
to use a coaxial carbon-on-ceramic resistor 
(see the discussion on current-viewing resistors 
at the end of Sec. A-2) in the low-voltage sec
tion. For a voltage division of about 100 to 
1, a 1000-ohm resistance is commonly used 
in series with a 10-ohm resistance. Such 
dividers generally do not have the high input 
impedance desirable for circuit measurements L Taar1 

and hence are retained only as standards (W 
against which capacitance dividers, which F l°- A'4-—RC-divider re-
. . . . . . i ,-, i sponse curves, (o) RiCi < 
have a wider application, can be calibrated R,C, (6) RiCi > R2CI. 
by direct comparison under pulse conditions. 
This calibration is accomplished by substituting the standard resist
ance divider for the load in a pulse-generator circuit and connecting 
the capacitance divider of unknown ratio in parallel with it. Using 
null indication, the signal amplitudes of the two dividers can be 
compared with a probable error of less than + 1 per cent. For best 
results, the ratio of the resistance divider should be adjusted to give 
nearly the same signal amplitude as the capacitance divider to be cali
brated. Also, it is advisable to use a pulser that delivers a pulse with a 
flat top in order to minimize errors caused by the limited frequency 
response of the viewing system and by the observer. When considered 
with the cable and the oscilloscope input circuit, a resistance divider is 
really a parallel ftC-divider for which d is considered negligible; thus, a 
resistance divider does not give a true picture of the leading portion of 
fast-rising or short pulses if the CRT input capacitance is appreciable. 

Transmission Cable and Impedance-matching.—Usually, the physical 
arrangement of an experimental setup makes it very inconvenient, if not 
impossible, to employ a voltage divider or a current-viewing resistor that 
is built into a synchroscope with negligibly short connecting leads to the 
CRT plates. In practice, therefore, a short length of shielded coaxial 
transmission cable is commonly used. A typical sample of such a cable 
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has a characteristic impedance of 70 to 100 ohms, a capacitance of 12 to 
14 MA«f per foot, and a velocity of electromagnetic-wave propagation of 
700 to 800 ft//usec. Low-impedance cables are preferred in order to 
minimize the effect of the input capacitance of the CRT deflecting plates. 

To avoid undesirable reflections that tend to confuse the true signal 
appearing on the CRT screen, the cable impedance must be matched 
into the viewing system either at the CRT or at the divider. This 
matching imposes certain restrictions on the design of a divider, and the 
method used depends upon the particular type. In principle, however, 
the matching problem can be demonstrated by considering a simple 
voltage divider consisting of two pure resistances Ri and Ri connected in 
series, where the value 7?2 is less than the cable surge impedance Z0, and 
Ri » Ri. To simplify the discussion, further idealizing assumptions are 
made as follows: 

1. The voltage wave impressed upon the divider is a perfectly 
rectangular pulse. 

2. The synchroscope input impedance is infinite. In particular, the 
distributed capacitance, including that of the CRT plates, is 
negligible. 

3. The characteristic or surge impedance of the cable is a pure resist
ance, constant throughout the range of significant frequencies in 
the pulse. In other words, the cable is distortionless. 

4. Losses in the cable are negligible. 
5. The ratio of the divider is so high that the impedance of the high-

voltage section can be considered infinite compared with the 
impedance of the low-voltage section. The pulse-generator circuit 
is thus undisturbed by the effects of mismatch between the divider 
and the cable; hence, the low-voltage section and the cable are fed 
by a constant-current source during the pulse 

Figures A-5 and A-C show two methods of obtaining a satisfactory 
matched condition. 

If there is exact shunt termination at the synchroscope, that is, if 
R0 = Zo, no reflection occurs and the signal on the cathode-ray tube is at 
all times a true reproduction of the pulse voltage. However, the effective 
ratio of the divider is increased because the resistance of the low-voltage 
section is now the parallel value of 7?2 and Zo, or of Ri and R0. 

With series matching by Rm = Z0 — R2 as shown in Fig. A-6, the 
wave initiated at the cable input is 

_ Z0R2I 
R2 + Rm + Zo 

where I is the total current flowing through Ri during the pulse. 
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The wave vc traverses the cable toward the cathode-ray tube, where 
it is reflected without change in polarity from an essentially open circuit. 
When the reflected wave returns to the divider, it sees a matched load, 
Rm + Rt = Za, and no further reflection occurs. The cable is now fully 

To CRT 
plates 1 To CRT 

» * plates 
Vs 

F i a . A-5 .—Ideal h i g h - r a t i o 
r e s i s t a n c e d i v i d e r a n d c a b l e 
matched with a shunt resistor 
Ro = Zo at the C R T input, t , = 

RsRo v 

RiRi -\- RiRa "T- RoRi 

F I G . A-6.—Ideal high-ratio re
sistance divider and cable matched 
with a series resistor Rm = Zo — Rt 

at the divider, va = ——■—— V. 
Ri + Ki 

charged and the total current / flows through Rt. While the cable is 
becoming charged, the current flow is divided and the voltage vz across 
Ri is 

I{Rm + Za)Rt 
Vi = R2 + Rm + Zo 

After the cable becomes fully charged, the voltage across Rt is v[ = RJ. 
During the entire pulse, the voltage at the 
cathode-ray tube, although delayed by the 
one-way transit time, has the constant value 

v. = 2vc = 
4IR2Z0 

Rt -\- Rm + Z( = v2; 

(a) R, < Zo, Rm = 0, Ro or exact matching, Rm + Ri = Z0. 
Either of these methods for matching the 

cable impedance is satisfactory for any length 
of cable. I t should be noted that, for low 
divider ratios where the value of Ri is not large 
compared with R2, the matching problem 
becomes more complicated and the values of 
Ri, the internal impedance of the pulse-
generator circuit, and the load impedance 
must also be considered in order to determine 
the correct value of Rm. In most applications 
Ri ^ WR2, and these considerations are of secondary importance. 

When the cable is improperly matched and the transit time of the 
cable is short compared with the pulse duration, the pulse signal viewed 
on the CRT screen may appear as the waveforms sketched in Fig. A*7, 

T i m e - — 

(6) Ri > Zt>,Rm = 0 , Ro = co. 
F I G . A-7.—Voltage pulses 

w i t h c a b l e i m p r o p e r l y 
matched; cable transit t ime 
short compared with the pulse 
duration. 
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depending upon the relative values of Z0, Rz, and the matching resistor. 
If the cable is long, successive reflections occur after the pulse. 

As a numerical example, consider a length of cable that has a two-way 
transit time of 0.01 Msec and a surge impedance of 100 ohms. Let 
Rt — 50 ohms and assume a constant current of 1 amp flowing through 
Ri. Omit both matching resistors. At the initial instant, 

100 ■ 50 ■ 1 , , , ,, 
V* = 50 + 100 = 3 3 3 V O l t s-

This wave traverses the cable toward the cathode-ray tube and 0.005 
Msec later arrives at the deflecting plates, where it is reflected without 
change in polarity. Hence, the initial value of v, is 66.6 volts. When 
the reflected wave returns to the divider, it sees a mismatched receiver 
and a second wave, 

, R2 - Z0 - 5 0 
R2 + Z0 150 (33.3) = - 1 1 . 1 volts, 

is reflected into the cable. When the v2 wave arrives at the cathode-ray 
tube, 0.01 Msec after the arrival of the initial wavefront, another reflection 
occurs, and the deflecting voltage drops to 

v', = 66.6 - 22.2 = 44.4 volts. 

After another interval of 0.01 ^sec, a wave i>", reflected from the divider, 
arrives at the CRT; v" = +3.7 volts and 

v" = 2(33.3 - 11.1 + 3.7) = 51.8 volts. 

After one more reflection, the voltage at the cathode-ray tube is so near 
to the steady-state value of 50 volts that no more reflections are dis
tinguishable. Since these reflections recur at intervals of 0.01 Msec, they 
appear as high-frequency fuzz on the leading portion of the pulse unless a 
very fast sweep is used on the synchroscope. On a 0.1-Aisec pulse viewed 
with a fast sweep, they appear more nearly like the idealized waveform 
sketched in Fig. A-7. In practice, the pulses often rise so slowly that 
when the mismatch is not great most of the reflections are dissipated 
during the rise. If R2 is much smaller or if the cable is longer, however, 
the time required to dissipate these reflections may be an appreciable 
fraction of the pulse duration, and it is difficult to measure the true 
amplitude of the pulse. In this example, if a series matching resistor 
Rm = 50 ohms is used, the deflecting voltage during the entire pulse is 
50 volts, but when a shunt matching resistor Ro = 100 ohms is used, the 
deflecting voltage at all times is 

50 • 100 • 1 
5 0 + 1 0 0 = 33.3 volts. 
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When it is necessary to use a value of R2 larger than Ze, it is not possible 
to match the cable by ordinary means because the use of a shunt match
ing resistor R0 reduces the voltage at the CRT, and thus nullifies the 
advantage gained by increasing Ri. 

Capacitance Divider.—The most widely used pulse-voltage divider 
consists of a pair of condensers in series, the one of smaller capacitance Ci 
having a high voltage rating, and being preferably of the vacuum type 
for the best quality and the least 
corona trouble. The photograph in 
Fig. A-8 shows the type of shielded 
construction used at the Radiation 
Laboratory with an Eimac VC12-32 
vacuum condenser, rated at 32 kv, 
r-f v o l t a g e . Such a capacitance 
divider can usually be made to satisfy 
the requirement for high input im
pedance, where the pulse-generator 
load is of the order of magnitude of 
1000 ohms or less, by using a high-
voltage capacitance of the order of 
magnitude of 15 nnf or less. Since a 
capacitance divider is inherently a 
pure reactance, however, it tends to 
form a resonant circuit with the in
ductance of the connecting leads, and 
may introduce undesirable high-
frequency oscillations on the leading F l °- A-8.—Capacitance divider. 
portion of the voltage pulse. These oscillations place a serious limitation 
on the measurement of extremely short pulses (of durations less than 
0.1 jusec) and on the observation of the starting behavior of an oscillator 
load such as a magnetron. 

With a capacitance divider, shunt termination of the cable cannot be 
used because it has the effect of producing an unbalanced BC-divider, 
differentiating the pulse and giving a signal similar to that sketched in 
Fig. A-9. For the same reason, a capacitance divider can be used only 
with an unterminated cable whose transit time is very short compared 
with the pulse duration. If the cable is just a little too long, the differ
entiating effect may not be so pronounced, but the droop during the pulse 
may cause appreciable error in measurements of pulse amplitude, as 
shown in Fig. A-10. 

While the cable is becoming charged, the loading effect on C2 is the 
same as if a resistor Z0 were connected directly across C2, and the voltage 
vt falls with a time constant equal to Z0(Ci + C2). For a 100-ohm cable 
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and typical values of Ci = 12 m/uf and C2 = 1200 pid, this time constant 
is about 0.12 ;usec. With a 12-ft length of cable having a two-way 
transit time of the order of magnitude of 0.03 ^sec, v% falls to about 0.7 of 
its initial value while the cable is becoming charged. Furthermore, with 
mismatch at both ends of the cable, an open circuit at the cathode-ray 
tube, and pure reactance at the divider, a series of undesirable reflections 
appear on the pulse. 

vs V 
Time — V* 

F I G . A-9.—Differentiated rectangular 
pulse as seen on the C R T screen of a syn
chroscope when a capacitance divider is used 
with a cable terminated in Ro = ZQ. 

Time — 
F I G . A-10.—Drooping pulse resulting 

from the use of a cable with a transit time 
comparable to the pulse duration. 

L 
IT. -To CRT 

I t is also evident that a divider containing reactance cannot be 
matched perfectly to a cable for all frequencies. Some form of com
pensating circuit might be used, but for most practical purposes fairly 
good results have been obtained with capacitance dividers by inserting a 
resistor, Rm ~ Zo, in series with the cable input, as shown in Fig. A- l l . 
This resistor serves a three-fold purpose. It introduces a voltage drop 
in the initial wave entering the cable, so that i>„ = vz/2. Hence, when ve 

is reflected from the open-circuited end of 
the cable and returns to the divider, the 
cable is charged to a potential nearly equal 
to the voltage on d at that instant. 
Secondly, the current flowing out of C2 to 
charge the cable is reduced by a factor of 
two, and this reduction correspondingly 
lessens the droop in v2- Finally, the re
sistor Rm effectively matches the cable 
impedance for the initial wavefront 
reflection from the cathode-ray tube. 

This statement is approximately true only because the reactance 
of Ci is negligible compared with Za for the higher frequencies in the 
Fourier spectrum of the pulse, that is, for those frequencies whose periods 
are comparable to the transit time of short lengths of cable. For a 
divider ratio of 100/1 or higher, the value of d is about 1000 nnf, corre
sponding to a reactance of less than 1.5 ohms at 100 Mc/sec. For lower 
frequencies where the reactance is higher the mismatch is greater, but 
Rm helps to dissipate the reflections quickly. For frequencies of a few 
megacycles per second, which contribute significantly to the main portion 

F I G . A-11.—Capacitance divider 
approximately matched to a cable 
by a series resistor Rm = Zo; 

Ci 
"* Ci + Ci + c, + c' 
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of the pulse, the effect of Rm in the circuit is negligible, and the short 
lengths of cable must be considered essentially as a lumped capacitance, 
which is included with the CRT input capacitance C, as part of C2 in 
calibrating the divider. A capacitance divider should therefore be 
calibrated with the particular cable and cathode-ray tube with which it is 
to be used for measurements. 

When very long pulses are observed with a low-ratio divider, the value 
of the low-voltage capacitance required may be so small that the charge 
leaking off during the pulse through the 1-megohm resistor to ground in 
the synchroscope causes an apparent droop in the voltage pulse that 
appears on the CRT screen. The magnitude of this droop can be 
estimated by again considering the relation between the pulse duration 
and the time constant of an equivalent unbalanced .RC-divider. In this 
case, Ri = w and R2 = 1 megohm. If Ci = 12 nni and C2 = 240 ntf, 
the time constant is 240 Msec for a divider ratio of 20/1. For a 10-/isec 
pulse duration, this time constant would cause a droop of the order of 
magnitude of 5 per cent. In some cases, this droop can be minimized by 
increasing the resistance in the synchroscope to 10 megohms, but this 
increase is not always feasible. Also, if both the low-voltage and the 
high-voltage capacitance are increased, the condition for negligible 
circuit loading may not be met adequately. 

To avoid the last-mentioned limitation of capacitance dividers for 
measurements on long pulses and other low fre
quency waveforms where the bleeding-off time 
constant is not sufficiently great to prevent distor
tion, the "balanced" parallel RC-divider may be 
used. I t is demonstrated at the beginning of this 
section that, when RiCi = R2C2, this divider 
theoretically has a uniform frequency response over 
an infinite band. In practice, the distributed Fl.°-. A12.—Series 
capacitance of a high-voltage wire-wound resistor puUe-TOitage^mealur" 
is appreciable but difficult to evaluate, and, in order ments with a aynchro-
•to obtain a satisfactory balance, it is often necessary 8Cope-

to use lower values of resistance, or higher values of capacitance, than 
the circuit-loading requirement permits. 

Series RC-divider.—Figure A-12 shows a fourth type of RC-divider for 
pulse-voltage measurements that has the same limitations as a pure 
capacitance divider for long pulse durations and with respect to the 
impedance-matching of the cable. For short pulse durations and for the 
study of the leading edge, however, this series flC-divider has a con
siderable advantage over the capacitance divider because it is not a pure 
reactance and therefore does not introduce oscillations into the load 
circuit of the pulse generator. An analysis of the circuit shows that the 



676 MEASURING TECHNIQUES [SEC. A-2 

condition under which the divider ratio is independent of frequency is 
again R1C1 = R2C2. 

Current-pulse-vievring Resistors.—Pulse currents in magnetron oscil
lators and in pulse-generator switch tubes that range from less than ten 
amperes to several hundred amperes have been observed to rise to full 
value in less than 0.01 Msec. Precise measurements of such rapidly rising 
high currents are especially difficult to accomplish. The first require-

F I G . A-13.—Coaxial current-viewing resistor. 

ment is that the viewing resistor itself must have negligible inductance. 
Even a carbon resistor 1 in. long has enough self-inductance to produce 
an L dl/dt voltage comparable to its IR drop, and thus, in some applica
tions, causes a spurious spike to appear on the pulse. Early experiments 
at the Radiation Laboratory indicated that a considerable improvement 

in the quality of the response could 
h. 

1— 
H_ '-*_ 

r 

To cable 
center 

conductor 

To cable 
shield 

F I G . A'14.—Schematic diagram showing 
the directions of current flow in BTL coaxial 
noninductive resistors. 

be obtained with a coaxial resistor, 
which was simply a coaxial cylin
der filled with lampblack and clay. 
However, these hastily made units 
were unstable with changes in tem
perature and voltage. The prob
lem was presented to engineers of 
the Bell Telephone Laboratories, 
who then designed a unit consisting 
of a pair of ceramic cylinders, 

carbon coated on the inside surface, and mounted in a convenient 
metallic assembly with corrugated spring contacts and cable connectors 
on either end. 

Another mounting for these carbon-on-ceramic cylinders is provided 
by a telephone plug on one end and a cable connector on the other (see 
Fig. A-13). When so mounted, these resistors are found to have an 
inductance of less than 0.01 /xh, and usually show a change of resistance 
with temperature and voltage of less than 2 per cent when the average-
power rating of 15 watts is not exceeded and when the maximum pulse 
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voltage is less than 150 volts. The two cylindrical elements in a single 
unit have nearly equal resistance values. The pulse current enters 
through the phone plug and divides equally; one half flows along the inner 
surface of the first cylinder toward the midpoint of the metal housing, and 
the other half flows in the center conductor toward the remote end of 
the unit and returns along the inner surface of the second cylinder 
toward the midpoint of the metal housing. The ground return is made 
through the outer metal cylinder from the midpoint of its length to the 
phone-jack, which is mounted directly on the chassis of the pulse gener
ator. Thus the two cylinders are effectively connected in parallel, and 
the current flow is such that a high degree of flux cancellation is accom
plished (see Fig. A-14). These units are available in resistance values 
from less" than 0.5 ohm to more than 100 ohms. The series of pulse 
current photographs in Fig. A-15 shows the relative qualities of several 
types of noninductive resistors for oscilloscopic presentation of current 
pulses. When ordinary resistors were used, the connecting leads were 
made as short as possible in order to minimize the inductance. Figure 
A-15a through / show a 0.5-/isec pulse generated by a hard-tube pulser on 
a resistance load. The voltage pulse viewed with a capacitance divider 
is included for comparison. For this relatively slow-rising current 
pulse the small (4-in.) ordinary carbon-ceramic resistor appears almost 
as noninductive as the BTL coaxial unit. The three noninductive 
wirewound samples were selected at random from three different manu
facturers and are not necessarily the best obtainable. The pulse photo
graphs in Fig. A-15h through I show the same resistors used to view a 
magnetron current pulse that rises and falls more rapidly. The difference 
in quality between the BTL coaxial unit and the ordinary carbon-ceramic 
resistor becomes apparent in this comparison. 

The problem of cable-matching with a current-viewing resistor is 
essentially the same as with a resistance divider. When the internal 
impedance of the pulser is low and the value of resistance used for viewing 
the current is comparable to the dynamic impedance of the load, the best 
results can be obtained only with shunt termination of the cable at the 
synchroscope. If series matching is used in this case, the sudden increase 
in the voltage across the viewing resistor that occurs when the initial 
wavefront returns from the open end of the cable at the synchroscope may 
effect an appreciable change in load current. A detailed analysis of this 
case cannot be based on the assumption that R i y> Rt, but must include 
an equivalent circuit for the load and the pulser. 

V-I Plots.—For some applications it is convenient to disconnect the 
d-c centering potential and the time-base sweep circuit of the synchro
scope, and to present another signal on the second pair of CRT plates. 
In this way a systematic plot of the resultant signal on the screen is 
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(a) Resistance load voltage (b) BTL coaxial resistor. (c) $-in. carbon-on-ceranuo 
pjilse. (Capacitance di- resistor. 

vider). Resistance load current pulses. 
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F I G . A-15.—Comparison of inductive effects in various current-viewing resistors. 
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obtained. This type of indication is useful for obtaining the pulse 
voltage-current characteristics of nonlinear-impedance devices such as 
surge-limiting diodes, pulse-generator switch tubes, and magnetrons. 
Figure A-16 shows schematically the relative point-by-point correlation 
of an idealized voltage-current plot of a pulsed magnetron with the 
corresponding voltage and current pulses as they would appear on a 
linear time base. The current flowing between the times t0 and i2 is due 
to charging the capacitance associated with the magnetron input circuit 
during the rise of voltage, the current maximum at h corresponding to 

FIG. Aa16.—Schematic diagram showing the correlation of an idealized voltage-current plot 
of a pulsed magnetron with the corresponding voltage and current pulses. 

the maximum value of dv/dt. The magnetron conduction current rises 
between h and t3 during the buildup of the oscillations, and remains 
nearly constant from ts to i4 while the magnetron oscillates steadily. 
The current between U and h corresponds to the initial part of the voltage 
fall that occurs while the oscillations in the magnetron are dying out. 
With a line-type pulser, the initial rate of fall of voltage (U — h) is slow, 
and the voltage-current relations are the same as those that would be 
obtained from a steady-state point-by-point plot of the voltage and 
current. However, with a hard-tube pulser that has low internal 
impedance, the initial rate of fall of voltage may be high enough to 
produce an appreciable capacitive current of opposite sign, and the slope 
of the V-I piot during the fall, corresponding to the time interval from 



680 MEASURING TECHNIQUES [SEC. A -2 

U to U, may not be a true indication of the dynamic impedance of the 
magnetron. The magnitude of the discharging capacitive current from 
h to tt is considerably less than the charging capacitive current because 
the rate of fall of the voltage is much slower than its rate of rise. 

Photographs of typical V-I traces of a pulsed magnetron are included 
in Chap. 7 and in Vol. 6, Chap. 16.' By conducting two signals from the 
same voltage divider through different cables to the two sets of deflection 

plates of the cathode-ray tube, 
1 the two identical signals can be "X Vr. _ CRT plotted against one another, and 

', ' ^ ! J deflection the two samples of cable can be 
-T :Cs vt P |ates adjusted in length until the differ-
* ' ence between their delay times is 

_ the same as the transit time of the 
FIG. A-17.—Differentiating BC-circuit. electron beam between the two 

sets of deflecting plates in the 
cathode-ray tube. When this condition is obtained, the resultant 
trace is a straight line oriented at an angle determined by relative deflec
tion sensitivities of the two sets of CRT deflecting plates. Other useful 
information regarding magnetron starting can be obtained by plotting 
the current or the voltage against dv/dt. 

Voltage Differentiator.—Precise measurements of the rate of rise and 
rate of fall of high-voltage pulses can be accomplished with the aid of the 
differentiating RC-circuit, shown schematically in Fig. A-17, and a 
synchroscope. This circuit converts measurements of the rate of change 
of voltage into measurements of a voltage amplitude. The differentiating 
circuit is connected across the load and the voltage t»jj is transmitted to 
CRT deflecting plates through a convenient length of cable. The values 
of R and C are selected so that— 

1. The voltage va<£vc for the highest rates of change to be meas
ured, that is, for the highest significant frequencies in the Fourier 
spectrum of the applied pulse. 

2. The loading effect on the pulse-generator circuit is small. 
3. The reactance of distributed capacitance across R and of the CRT 

input capacitance is high compared with R for all significant 
frequencies in the derivative. 

When these conditions are fulfilled, 

vB = Ri = RC^~RC%, at at 
1 For a more detailed discussion of this method of indication, see R. C. Fletcher 

and F. F. Rieke, "Mode Selection in Magnetrons," RL Report No. 809, Sept. 28, 
1945. 
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(a), (6). Voltage pulses and corresponding time derivatives superimposed on the screen 
of a cathode-ray tube by the use of a mechanical commutator. 

(c) Voltage pulse. (d) Time derivative of (c) observed with 
short leads and matched cable. 
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(«) Time derivative of (c) observed with (/) Time derivative of (c) observed with 
short leads and mismatched cable. long leads and mismatched cable. 

FIG. A18.—Voltage pulses and time derivatives. 
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so 
dvi VR m 
!i~RC' ( 1 ) 

where vn is in volts, R in ohms, C in farads, and dvi/dt in volts/sec. 
Photographs of the oscilloscope traces for negative voltage pulses and 

the corresponding derivatives are shown in Fig. A-18. These pulses were 
generated by a hard-tube pulser with a 1000-ohm resistance load. Figures 
A-18a and b show the voltage pulse and the derivative observed simul
taneously with a synchroscope by means of a mechanical commutator. 
With reasonable precautions, measurements of the rate-of-rise of voltage 
by the differentiating method are capable of much higher precision and 
accuracy than measurements of Avt/At, where Avi is the voltage change 

FIG. A19.—flC-differentiator. 

in a corresponding increment of time At. The differentiating circuit also 
provides a method of distinguishing between real and spurious oscillations 
(or cable reflections) in a pulse-viewing system comprised of an BC-divider, 
a cable, and a synchroscope. 

Certain precautions are necessary in the construction and the use of a 
differentiating KC-circuit. The inductance of R and the connecting 
bads must be as low as possible to insure a true BC-response to the 
impressed voltage. The BTL coaxial current-viewing resistors, having 
inductance ^ 0.01 ^h, are satisfactory. The effect of long connecting 
leads is observable in the photograph of Fig. A-18/. 

The cable impedance should be matched with a shunt resistor, 7?o, 
at the synchroscope in preference to a series resistor at the cable input. 
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In this case R [Eq. (1)] should be replaced by R' = 

impedance is matched with a series resistor Rm 

RRo If the cable R -|- RQ 
at the cable input, an 

appreciable distortion that results from the time constant RmC, for the 
charging of the synchroscope input capacitance may be introduced. 
Figures A-18e and / show the effect of improper cable-matching. 

To eliminate high-frequency pickup by the low-voltage section, a 
shielded type of construction should 
be used. A differentiator using an 
Eimac VC12-32 vacuum condenser 
and a BTL coaxial noninductive 
resistor is shown in Fig. A-19. For 
qualitative observations in which 
some inaccuracy can be tolerated for 
the sake of convenience, several ordi
nary carbon resistors ranging in 
value from 25 ohms to 100 ohms may 
be incorporated with a convenient 
switching arrangement as in the 
model made by Sylvania. 

The input capacitance C. of the 
synchroscope is effectively lumped 
across R, and must be below the 
limits specified in the following 
analysis (see Fig. A-17). This ca
pacitance tends to bypass the higher 
frequencies of the derivative VB, and 
therefore C, should be made as small 
as possible. The effect of C, on VR 
is indicated by an examination of the 
response to the leading portion of a 
trapezoidal voltage pulse applied to Ri. I t is assumed that the voltage 
impressed on the differentiating circuit is of the form 

(t\ V l * 
Vi[t)ostSir = -f t, 

Vl(t)tZtr = Vl, 

where tT is the time of rise of the voltage pulse. 
For the time interval 0 ^ t ^ tr, 

Time -
0.01 Msec 

(c) 
Actual derivative 
Vs(response of differentiating 

circuit, Fig. A17) C =15 »p\. 
R=50 ohms, Ca =75 ntf 

Fio. A-20.—Hypothetical voltage pulsea 
and corresponding time derivatives. 

(a) Trapezoidal voltage wave front. 
(b) Trapezoidal voltage wave front with a 

spike. 
(c) Time derivative of (o). 
(d) Time derivative of (f>). 

VB -£ffi [.-.-A] (2) 
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where Cu = C + C„ and for t ^ tT 

CRV, 
VB ^ - . - * ] . (t-t,) 

" RCu . 

Figure A-20 shows a graph of the applied trapezoidal voltage wave 
front, its actual time derivative, and the 
response VR of a differentiating circuit 
with typical parameters. Also plotted 
are a trapezoidal wave front with a spike, 
its corresponding derivative, and v«. 

These hypothetical pulses and deriva
tives are plotted to demonstrate the type 
of distortion that is caused by C, shunting 
R. The time constant RCu should be 
held to a minimum for the best response of 
the differentiating c i r c u i t to sudden 
changes in the impressed voltage. 

From Eq. (2) a simple quantitative 
expression can be derived for determining 
the maximum permissible value of Cu for 
any desired fidelity of response to a linearly 

0.050 
0.045 
0.040 
0.035 
0.030 
0.025 
0.020 
0.015 
0.010 
0.005 

0 10 20 30 40 50 60 70 80 9010Q 
C||inwf 

FIG. A-21.—Graph for estimat
ing the maximum permissible value 
of Cu for k equal to one per cent. 
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rising voltage. 
of dvi/dt, 

For example, in order for VB/(RC) to be within 1 per cent 

t 
"BCn ^ 0.01. 

This relation requires that 

and 
t ^ RCu In 100 

t ^ 4.6BCV 
Figure A-21 is a graph of t versus Cu for various values of R. This 

graph shows the time that is required after closing the switch for vs to 
approach within one per cent of the true derivative, for any combination 
of R and Cn- If greater tolerance in the accuracy of vB is permitted, for 
example, K per cent, the values of t are given by the product of 

and the corresponding values of t for K = 1 per cent in Fig. A-21. 
The photographs of Fig. A-22 show 0.1-Msec voltage pulses and the 

derivatives obtained with a resistance load and a magnetron load on a 
hard-tube pulser. The response of the differentiator to the spikes and 
to the small oscillations on the voltage pulses is observable in these 
photographs. 
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From the photographs of Fig. A-18a and 6, where the differentiator 
response and the traces of the applied voltage pulse are superimposed, 
it might be inferred that the output voltage from the differentiator rises 
more rapidly than does the input voltage. This illusion appears because 
a voltage divider was used to obtain the voltage-pulse trace; in this case 
the divider ratio was about 150/1. Actually, the rate of change of the 

(a) Voltage pulse on resistance load. (6) Voltage pulse on magnetron load. 

' ] ( " ' I iiii ■li'lj^BkahMMBaafcH 

(c) Time derivative of (a) (d) Time derivative of (6). 
Fio. A-22.—Oscilloscope traces of short pulses and their time derivatives. 

div = 0.2 Msec. 
Sweep speed: 10 

voltage, VK, is less than that of the applied voltage, as is evident from the 
differentiation of Eq. (2). Since C, is never zero, the value of dvs/dt 
is less than Vt/tr by the factor C/(C + C,). 

The calibration of an i?C-differentiator may be accomplished by one 
of the following three methods: 

1. By the direct measurement of R and C. For many applications 
the value of C is about 15 mii or less. Accurate measurements of 
such small capacitances are possible with a high-precision bridge, 
for example, the General Radio Twin-T, but elaborate precautions 
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must be observed and corrections must be made for lead inductance 
and stray capacitance to ground resulting from the large physical 
size of the high-voltage condenser. 

2. By the measurement of Avi and At on a linearly rising portion of a 
pulse, using an accurately calibrated high-speed sweep. The 
values of Avi, At, and the corresponding VB may be substituted 
into Eq. (1), to give 

RC = v«At. 

Some modifications may be necessary in the pulse-generator circuit 
in order to obtain a linearly rising pulse that is suitable for calibra
tion purposes. 

3. By the removal of the resistor R and the substitution of a capac
itance Cx. The unit can then be calibrated as - a capacitance 
divider against a standard resistance divider under pulse con
ditions. The divider ratio thus determined is equal to 

C + Cx + C. + Cc 

C 

where Cx can be chosen large so that C, and Ce, the CRT input 
capacitance and cable capacitance respectively, constitute less 
than 10 per cent of the numerator. Then Cx can be removed and 
measured easily on a bridge, and the values of C, and Cc either 
measured or estimated. The value of C can then be calculated 
with a probable error no greater than the algebraic sum of the 
errors in measurement of the divider ratio and of Cx + C, + Cc. 
This method of calibration is the most reliable. 

Figure A-186 shows a linearly rising pulse on which an excellent 
calibration check was obtained. The capacitance C of the differentiator 
was measured on a General Radio 821-A Twin-T precision bridge, with 
necessary corrections for leads, capacitance to ground, etc. The average 
of several readings was 13.3 ± 0.2 nfii. A Wheatstone-bridge measure
ment of R' gave 19.97 ohms as the parallel value of R and R0. The verti
cal-deflection sensitivity on the CRT screen was 5.50 ± 0.05 volts per small 
division. The voltage pulse was obtained from a capacitance divider with 
a ratio of 163/1, determined by comparison with a standard noninductive-
resistance divider under pulse conditions. The estimated maximum error 
of this calibration was + 1 per cent. The CRT sweep calibration indi
cated by a 10-Mc/sec sine wave (crystal-controlled oscillator) was 

0.0208 + 0.004 usec 
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per small division. To determine AvjAt, an enlarged photograph was 
made of the oscilloscope trace, and a straightedge was laid along the linear 
portion of the leading edge of the voltage pulse. The slope of this line 
in divisions (the average of several readings) was 3.6. Hence, 

^ = 3 6 [ 5.5X163 1 
At Ab [0.0208 X 10"6J 1 5 5 k v / " s e c -

The maximum amplitude of vR was observed to be 7.4 divisions. By 
substituting into Eq. (1) there is obtained 

dm _ 7.4 X 5.5 _ 
dt ~ 20 X 13.3 X 10-" _ 1 M kv^sec-

A-3. Practical Considerations in Making Pulse Measurements. 
Pulse Shape.—The number of pulse shapes actually encountered in 
practical circuit work is legion and the irregularities in the shape of the 
pulses to be measured complicate the interpretation and specification of 
measurements of both amplitude and Tj __ 
duration. A good oscilloscopic viewing 
system provides flexibility for instan
taneous or average amplitude measure
ments and q u a l i t a t i v e information 3 
regarding the shape of a pulse. The I 
relatively slow rise and fall and the Fm.A-23.—Sketch of an irregularly 

' shaped current pulse. 
rounded corners of most pulses observed 
in practice are reproduced faithfully with pulse-viewing systems in which 
the design features of an ideal viewing system may only partially be 
fulfilled. The problem of verifying the relation 

/.v = rfrIl, 
expressing conservation of charge, may be taken as an example of the 
importance of pulse shape in the interpretation of the quantities involved. 
In this relation / . , is the average d-c current read by a meter in series 
with a rectifying load, It is the pulse current amplitude, T is the pulse 
duration, and fT is the number of pulses per second. In a circuit where 
the current pulse is of an irregular shape similar to that sketched in Fig. 
A-23 the fundamental question is how to measure T and It in order most 
truly to represent an equivalent rectangular pulse. In this particular 
case such an equivalent pulse is any rectangular pulse whose area is equal 
to that of the irregularly shaped pulse. Although this definition of the 
equivalent pulse permits several values of It and T, a commonly accepted 
procedure is to measure the amplitude of the average height of the pulse, 
corresponding to an imaginary line drawn through the top, and to take 
the pulse duration at one half of this amplitude. This procedure satisfies 
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the law of conservation of charge, but when the peak instantaneous or 
pulse power, the total energy per pulse, and the r-f spectrum must all 
be considered in determining an equivalent rectangular pulse, the problem 
becomes much more complicated (see Appendix B). 

The irregularities in pulse shapes that are encountered make it appar
ent that the usefulness of metering circuits for determining pulse voltage 
or pulse current is limited to special applications where the shape is 
known and the nature of the metering-circuit response to the particular 
pulse shape being measured is known. Measurements by metering 
circuits that are sensitive to pulse shape can properly be interpreted only 
with the aid of auxiliary oscilloscopic measurements, as discussed in 
Sec. A 3 . 

Shielding.—The importance of the shielding of all components of a 
viewing system cannot be overemphasized. Voltage dividers should be 
constructed with the high-voltage section shielded from the low-voltage 
section wherever feasible. In a capacitance divider or a differentiator 
employing an Eimac vacuum condenser, it is preferable to connect the 
outer sleeve rather than the inner cylinder of the condenser to the high-
voltage terminal, in order that the corona path from this terminal will 
be direct to ground and the inner cylinder will be shielded at low potential. 
Often the r-f radiation produced by a sudden surge of current in one 
part of a pulser circuit, such as when a magnetron starts to conduct, 
causes pickup on the deflecting plates of the cathode-ray tube, which 
may appear as high-frequency fuzz on the signal trace. I t is sometimes 
very difficult to distinguish between spurious oscillations or reflections 
in the viewing system, r-f pickup from a source of interference, and oscil
lations that really are present in the circuit being measured. In a syn
chroscope it is extremely important to shield the sweep circuit and all 
connections to one set of deflecting plates from the other set of deflecting 
plates; otherwise, coupling between the circuits can cause "crosstalk''. 
to appear on the signal. This crosstalk may appear as a steady backward 
motion of the sweep during the rise of the pulse, or it may appear as a 
to-and-fro oscillation of the sweep as the pulse rises or falls. Sometimes, 
even with the best shielding, it is necessary to add resistance suppressors 
directly at the deflecting plates. The distributed capacitance is usually 
adequate for filtering if 1000-ohm noninductive resistors are inserted in 
series with the plates. 

Amplifiers.—In high-level work it is nearly always possible to obtain 
sufficient voltage amplitude for presentation of the signal directly on 
a CRT screen, and amplifiers are unnecessary. This is fortunate, 
because it is much easier to design and construct dividers with wide
band-transfer characteristics than to construct video amplifiers with 
adequate bandwidth. 
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Cable Properties and Delay Lines.—It is sometimes desirable to insert 
a fixed delay time in the signal presentation, for example, when the CRT 
sweep is initiated or triggered by the same pulse that is to be viewed as a 
signal, that is, when self-synchronous operation is required. When 
using a nonsynchronous pulser switch, such as a rotary spark gap, the 
signal cannot be synchronized on the cathode-ray tube except by this 
method. Unless the signal can be delayed by a few tenths of a micro
second after the sweep is triggered and the intensifier pulse initiated, 
however, the leading edge of the pulse is lost to view. The photographs 
in Fig. A-24a and 6 show a typical pulse on a resistance load as it would 
appear in ordinary synchronous operatiop with two different lengths of 

(a) Synchronous operation, (c) Self-synchronous opera-
3 ft cable. tion, 3 ft cable. 

170 ft cable. tion, 170 ft cable. 
FIG. A-24.—Photographs of voltage pulses showing the delay in the start of the sweep 

in self-synchronous operation, and the effect of a long 100-ohm cable on the observed pulse 
shape. 

cable. The traces shown in Fig. A-24c and d are for self-synchronous 
operation. I t may be observed that the cable attenuation is not constant 
with frequency and that there is some distortion of the pulse. This 
distortion is particularly noticeable in the rounding of the leading top 
corner of the pulse and the slowing down of the rate of rise. There is also 
a slight decrease in the amplitude of the main part of the pulse that can 
be corrected by measuring the attenuation factor for a particular sample 
of cable, which is determined by the pulse amplitude at a point near the 
center of the top of the pulse. Usually, the attenuation factor for a 
0.1-/isec pulse, when compared with the corresponding factor for longer 
pulses, shows greater losses for the shorter pulses. Lumped-parameter 
delay networks that produce less rounding of the leading edge of a given 
pulse, and that show less attenuation than a length of cable giving a 
corresponding delay time, have been designed and built, but the lumped 
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parameter networks usually introduce ripples and other irregularities 
because of the mismatch between sections. Unless the condensers are 
all carefully selected, the coils wound to very close tolerances, and the 
network constructed with a relatively large number of sections, it. is 
usually preferable to have the greater, but smoother, distortion and 
attenuation produced by a cable, since there are fewer irregularities. 

A-4. Voltage and Current Measurements in the Charging Circuit of a 
Line-type Pulser. Forward Charging Voltage.—In general, two types of 
measurements are made on the charging-voltage waves in a line-type 
pulse-generator circuit. With a relatively slow CRT sweep and a high-
impedance balanced parallel RC-divider, one or more complete cycles of 
the charging voltage may be observed for waveform and amplitude 
measurements. With an expanded sweep the voltage across the switch 
immediately after the pulse discharge is observed to determine the magni
tude of post-pulse inverse voltage across the switch or the pulse-forming 
network, and the nature of its removal from the network during the early 
portion of the recharging period. These latter data are especially sig
nificant in the study of the circuit behavior of a line-type pulser using 
d-c resonant charging and a unidirectional switch when the load imped
ance changes during a pulse or from pulse to pulse. 

In measurements of charging voltage or inverse voltage, the time 
resolution required is nearly always large compared with the transit time 
of the short cables used with the dividers. The impedance-matching 
problem, therefore, becomes one of producing a balanced RC-divider 
when the cable is treated as a lumped capacitance in the circuit. Con
sider, for example, a d-c resonant-charging circuit in which the maximum 
forward voltage on the pulse-forming network is 8 kv and the average 
d-c charging current is about 40 ma. These values correspond to a pulse 
recurrence frequency of 500 pps with a l-/usec 50-ohm network. To keep 
the average current through the divider less than 1 per cent of the 
charging current, its total d-c impedance must be at least 10 megohms. 
For a maximum signal of 80 volts at the CRT deflecting plates, the divider 
ratio should be about 100/1; therefore, the resistance of the low-voltage 
section of the divider must be about 100,000 ohms. Let R2 = 106 ohms 
and assume that Cc + C, « 75 MMI- The time constant R2C2 (Fig. 
A-3) is then equal to 7.5 /isec. In order to form a balanced parallel 
.RC-divider, the distributed capacitance across the high-voltage resistor, 
Ri = 10 megohms, must be about 0.75 MMI- Since it is difficult to evalu
ate the distributed capacitance, it is better, in practice, to add a lumped 
capacitance of about 12 to 25 /i/if, such as a high-voltage vacuum con
denser, in parallel with Ri and then to increase d correspondingly. 

During the charging period the loading effect on the pulser circuit 
produced by this added capacitance (the sum of C\ and Ct in series) is 
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usually negligible, but during the pulse this capacitance discharges 
through the pulser switch and, if C\ is comparable to the storage capac
itance of the pulse-forming network, the pulse current through the 
switch at the beginning of the pulse is appreciably increased. 

By using a string of carbon resistors in the "stove-pipe" shielded 
arrangement shown in Fig. A-25, it is possible, without adding any 
additional capacitance and by using less than 
three feet of cable, to keep the effective time 
constant RuCu less than 5 /tsec. In this way an 
oscilloscopic presentation of the d-c resonant-
charging voltage wave that is satisfactory for the 
observation of the character of the general wave
form and for the measurement of the maximum 
forward-voltage amplitude is obtained, but the 
voltage across the switch for a period of about 25 
jusec after the pulse is not accurately reproduced. 

Immediate Post-pulse Voltage.—To make 
precise measurements of the post-pulse voltage 
across the pulser switch (or pulse-forming net
work) on an expanded time base, the following 
two devices are used: a diode in series with a 
resistance divider, and an unbalanced TJC-divider. 
For measurements of inverse post-pulse voltage 
only, a diode is connected in series with a resist
ance divider as shown in Fig. A-26. The diode 
prevents the current from flowing through the 
shunt path during the major portion of the 
charging interval while forward voltage exists 
across the pulser switch. The total resistance 
can therefore be much less than is required for 
a balanced ffC-divider with no diode. However, 
the resistance must be high enough to prevent 
excessive post-pulse inverse currents from flow
ing through the pulse-transformer primary 
winding. Such inverse currents may influence 
flux reset in the pulse-transformer core or cause 
the inverse voltage on the pulse-forming network to discharge too 
rapidly. In a thyratron pulser employing a 50-ohm pulse-forming 
network and a pulse transformer with a butt-joint core, a total 
resistance of 20,000 ohms or higher is usually satisfactory. Inverse 
voltage in a typical thyratron-pulser circuit may vary from a few hundred 
volts during normal operation to nearly the same magnitude as the peak 
forward voltage during abnormal load conditions, such as magnetron 

Fio. A-25.—Resistance di
vider. 
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sparking. Hence, the desired divider ratios may vary from about 
10/1 to 100/1 or more. As an example, assume a divider ratio of 11/1. 
With Rx = 20,000 ohms (including effective diode resistance), Rt should 
be about 2000 ohms. If the total capacitance of the cable and CRT input 
is 75 nni, the effective time constant, neglecting distributed capacitance 
Ci across R\, is 

RtCi « 0.15 /isec. 

This value is tolerable for most measurements of post-pulse voltage. 
For precise measurements of post-pulse voltage of either polarity, an 
unbalanced iZC-divider circuit, shown in Fig. A-27, is used with a syn
chroscope. These measurements, however, are only reliable for a few 
microseconds after the pulse. The time constant Rt(Ci + C2) is made 

FIG. A-26.—Resistance di
vider used with diode for 
measurements of post-pulse 
inverse voltage across the 
pulser switch. 

%-1 
J 

Fio. A-27— Unbal
anced RC-divider for 
measurements of post-
pulse voltages of either 
polarity across the pulser 
switch. 

long compared with the post-pulse interval of immediate interest, but 
short compared with the entire interpulse charging interval. Hence, 
the waveform of the forward charging voltage is distorted considerably, 
and, at the instant before the switch breaks down, the voltage appearing 
across Ri (and at the cathode-ray tube) is zero. The divider responds 
as a capacitance divider that is reliable for a time short compared with 
the time constant Ri(Ci + C2). The reference potential for determining 
whether the post-pulse voltage is positive or negative is not the actual 
zero voltage on the CRT deflecting plates, but rather it is the flat por
tion of the signal occurring during the pulse. This voltage is not a true 
zero reference because it is in error by the 100- to 200-volt drop that 
exists across the pulser switch during the pulse when it is in steady-state 
conduction. 

METERING TECHNIQUES 

A-6. Pulse Voltmeters.—Several types of pulse-voltmeter circuits 
have been designed in various laboratories both in this country and 
abroad. Included among the pulse-voltage indicators that have been 
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reported1 are balanced bridge circuits or feedback triode amplifiers used 
in conjunction with high-voltage-input diodes or with resistance or 
capacitance dividers, and at least one circuit based on an inverted-
vacuum-tube principle. The discussion here, however, is confined to a 
relatively simple pulse-voltmeter circuit 
that has proved reliable and widely adapt- P 
able in pulse-generator work at the Radi
ation Laboratory and elsewhere, and that 
can be calibrated directly on d-c voltage. 
The type of pulse voltmeter described here ■= 
is adaptable for measurements of approxi- Fio. A-28.—Basic pulse-voltmeter 
mately rectangular high-voltage pulses 
having amplitudes ranging up to 30 kv, durations greater than 0.1 jtsec, 
and recurrence frequencies greater than about 100 pps. 

The basic circuit of the pulse voltmeter used at the Radiation Labora
tory is shown in Fig. A-28. The voltage of peak amplitude Vi to be 
measured is impressed between point P and ground. When the voltage 
at P is greater than the voltage Vc at P', the capacitance C charges up 
through the diode and Vc rises. However, C discharges continuously 
through Hi, so Vc falls during the interval when the voltage a t 
P is less than Vc. With uniform regularly repeating pulses, Vc 
approaches an equilibrium state in which the rise produced by the charg
ing through the diode is equal to the fall caused by the discharging 
through R2. When the parameters are suitably chosen, the average 
potential Va of C can be made very close to Vi, with the result that Vi is 
given approximately by the product of R2 and the current indicated by 
the microammeter. 

The following analysis of the circuit leads to an expression for the 
intrinsic error of the pulse-voltmeter indication in terms of the circuit 
parameters and the duty ratio of the voltage pulses to be measured. 
With the aid of this error equation, meters can be designed to give the 
least error for a particular operating condition. For example, when the 

1 The following references are typical but not all-inclusive: 
R. O. Mclntosh and J. W. Coltman, "Negative Peak Voltmeter," Westinghouse 

Itescareh Laboratories, Research Report No. SR-108, Nov. 12, 1941. 
"A Standard Voltmeter for Positive and Negative Pulses" U.S. Signal Corps 

Technical Memorandum No. SPSGS-TRB-3, Mar. 23, 1944. 
K. C. S. Megaw, "Recording Pulse Peak Voltmeter for Magnetron Flashing 

Studies," General Electric Co., Ltd., Report No. 8492, June 4, 1944. 
L. U. Hibbard, "Pulse Peak Kilovoltmeter," R.P. 213, Commonwealth of Aus

tralia, Council for Scientific and Industrial Research, Division of Radiophysics, 
Nov. 28, 1944. 

R. Rudin, "Development in Peak Voltmeters and Ammeters for Use with Pulsed 
Magnetrons," BTL Report MM-44-140-68, Sept. 23, 1944. 

©■ 
=T=C /M* 
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duty ratio is 0.0002 or higher, parameters can be chosen such thai 
the intrinsic error of the meter indication is less than two per cent. 
Practical design and operation problems are discussed, and a technique for 
viewing pulse-voltmeter operation is described. 

The term "intrinsic error" is used throughout this discussion to mean 
the inherently negative error resulting from the impossibility of charging 
the condenser completely to the voltage of the applied pulses. This 
error is thus inherent in the circuit design, and is thus distinguished 

from practical errors produced by the change of 
components and the like. For example, errors of 
2 to 10 per cent have been observed that were 
due to changes in the high resistance caused by 
heating from the nearby filament of the diode, 
and/or to inverse leakage current through the 
diode during the interval between pulses. A pulse 
voltmeter of this type, like most metering circuits, 
is sensitive to waveform, and measurements of 
irregularly shaped pulses can be interpreted prop
erly only if the pulse voltmeter is used in conjunc
tion with auxiliary filtering circuits and with 

adequate means for viewing both the applied voltage pulses and the 
pulse-voltmeter operation. 

Analysis of Intrinsic Error.—An analysis of the pulse-voltmeter cir
cuit can be made from the equivalent circuit shown in Fig. A-29. In 
this circuit the diode is represented as a perfect rectifier in series with a 
resistance 

V 
T> — p 
K\ = -j-i 

* v 

p 

_JC ' 

Ri< 
~cd 5 

p r 

- C R2^ 

1—o—* 
F I G . A-29.—Equiva

lent circuit for the pulse 
voltmeter of Fig. A-28. 

M 
F I G . 

r-I 

-rrr-. ~T?t-

where Vv is the tube drop corresponding to the plate current Ip. The 
capacitance Cd, introduced to represent 
the diode capacitance, is first assumed 
negligible, and its effect on the pulse-
voltmeter response is treated separately. 
I t is further assumed that the voltage 
waveform impressed on the pulse volt
meter consists of regularly spaced rectang
ular pulses as shown in Fig. A-30, with 
Tr y> T. Also, the effect of the discharge 
of the capacitance C through R2 is neglected in writing the equation for 
Vc during the pulse. 

The waveform of the current through the diode during the pulse is 
closely approximated by a portion of an exponential charging curve as 

A-30.—Idealized rectangular 
voltage waveform. 
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indicated in Fig. A-31. When the time constant R\C is large compared 
with the pulse duration, the current at the beginning and at the end of 
the pulse does not differ greatly from the average pulse current Ip, and 
Ri is very nearly constant. For long pulses where Vc approaches very 
near to Vi at the end of the pulse, the diode current and Ri both vary 
appreciably during the pulse, but a precise knowledge of the magnitude 
of intrinsic error is of no value because, in this case, the error is less than 
the other errors inherent in practical design. 

Actual diode 
/- current wave 

Equivalent 
-\ pulse = / , 

t — 
FIG. A-31.—Approxi

mate shape of the cur
rent pulse in the diode 
of Fig. A-28. 

s;zz 
v(t)l First \ 
/janalysjsJ. . . . ^ 

Tr-
Time -*■ 

FIG. A-32.—Impressed voltage pulses 
and resulting voltage on the capacitance C 
of Fig. A-29 (distorted time scale). 

The general shape of the waveform Vc at P' is that shown by the 
dotted line in Fig. A-32, and the equations describing the charging of C 
through Ri during each pulse and the discharging of C through Ri 
during each interpulse interval are 

where 

and 

where 

{V, - Vt) = (V, - Vdr*. (3) 

(4) 

T = R15 

The notation is that of Fig. A-32. Solving Eqs. (3) and (4), Vi and Vt 
are given by 

Fi = 
t>T — p.—* 

and 

^ 2 = (1 - e-L~T) 

(5) 

(6) 
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These equations may be written 

T s i n h ^ 
7 l = 7*~2~ . u T + A' ( 7 ) 

s l n h _ _ 
and 

r sinh K 
7 a = F,e+2 ^ - f - j . (8) 

sinh — s — 

Thus, if T is small ( S 2 C » 7%), both F i and 7 2 are nearly equal to Vi, 
and the average value of Vc is very close to ^(Vi + Vj)-

The fractional intrinsic error, «., in the meter reading is then given 
to a good approximation by 

t. = 1 (7, - 7^,) = 1 [V, - \ (Vt + 7i)]. (9) «.= y ( ' 

If Eqs. (7) and (8) are substituted into this expression, the following 
equation for *, in terms of the circuit parameters and the duty ratio is 
obtained: 

sinh -~ cosh -^ 
* - 1 Irr^ A:» (10) 

s i n h ^ ± A ) ' 

which may be simplified to 

A \ _ 1 / T 
tanh T7 \ / t a n h ; . . - i i + — 4 - 1 + — ^ ) • (ll) 

tanh ^y ^ t a n h ^ 

When plotted as a function of C, e, varies in the manner indicated in 
Fig. A-33. The minimum value of «. is 

u, = lim *. = (l + %Y = ( 1 + £ £ ■ ) ' . (12) F.-(l+iT<l+&Y 
Evidently, best results at any given duty ratio can be obtained with the 
maximum values of C and of Rt/R\. I t is usually possible to choose Ri 
greater than R\T,/T. Examination of the expression for t, reveals that 
t. is then less than or approximately equal to 1.1 eeo if C is greater than 
T/RI. Therefore, a simpler expression can be used for practical design 
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and correction calculations, namely, 

(13) 

where 

C > 7T and rRt» TrRx. 

The difference between the value given by the right-hand member of 
Eq. (13) and the value given by Eq. (11) is less than or approximately 
equal to 0.1 (t, — (]). 

I t has been assumed in the above analysis that the capacitance of 
the diode has a negligible effect on pulse-voltmeter operation, which is 
equivalent to assuming that Cd/C is small 
compared with the fractional error in the 
meter reading. In some cases this is not true. 
As a result of capacitance-divider action be
tween C and Cd, there are sudden approxi
mately equal and opposite changes in Vc at 
the beginning and at the end of the period of 
diode conduction. The true waveform of Vc 
is therefore not that shown by the dotted line 
in Fig. A-32, but that shown by the solid line. 
The magnitude of the voltage change pro
duced by the capacitance-divider effect is CdVJC, and for low duty ratios 
the fractional error in the voltmeter reading is increased to 

- " % o 

I 

F I G . A-33.—The intrinsic 
error, €s, in the meter reading 
as a function of the capaci
tance C. 

where 

TrRi Cd 

C > -5- and Rir » TrRx. tii 

(14) 

If the voltage wave impressed on the pulse voltmeter has a backswing 
that is appreciable in magnitude and duration, the error contribution of 
the capacitance-divider effect is increased slightly. 

The procedure for evaluating e for a particular pulse-voltmeter read
ing, Va, is shown by the following calculation of the error in a typical 
pulse voltmeter using a GL-8020 diode. If Va = 104 volts, fi2 = 500 
megohms, Cd = 6 nyi (including estimated circuit capacitance), 
TT = 2 X 10-3 sec, r = 0.5 X 10-" sec, and C = 1000 MMI, the pulse 
current through the diode is 

VaTr 0.080 amp. 
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The diode resistance Ri corresponding to this current is found from the 
diode-plate characteristic (Fig. A-34) to be 2120 ohms. Since the condi
tions C > T/RI and R& » TrRi are satisfied, t is given by Eq. (14). 

(2)(1Q-3)(2120) 6(10~12) 
(5)(108)(0.5)(10-6) + 10-9 0.023 = 2.3 per cent. 

V»-7kv 

The calculated and measured errors in typical pulse-voltmeter meas
urements are plotted in Fig. A-35 for various operating conditions. The 
measured error was obtained by subtracting the pulse-voltmeter read
ings from those obtained with a synchro
scope and a capacitance divider. The 
capacitance divider was calibrated (with 
an estimated maximum error of ± 1 per 
cent) against a standard resistance divider. 
The pulse-voltmeter was calibrated by a 
d-c voltage measured with a precision 0- to 

600r 

GL8020 

Er 5 volts 

P ulse, 

//' 
^b-c 

a. 500 
E 
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| 300 
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£ 100 
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F I G . A-34 .—Pla te -cur ren t—pla te -
voltage characteristic of type GL-8020 
diode. 

0 1000 2000 3000 4000 
Recurrence frequency in pps 

; 6|-V (a) 
Calculated error 
/Measured error 

1000 2000 3000 4000 
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(6) 
F I G . A-35.—Pulse-voltmeter er

ror curves, (a) pulse duration: 
0.11 /isec, C = 0.00115 fit, (6) 
pulse duration: 0.19 /isec, C — 
0.05 tit. 

1.0-ma meter and a standard 25-megohm multiplier. The high-voltage 
source was connected to the point P' of the pulse voltmeter in order to 
avoid any errors caused by the power-supply ripple and the rectifying 
action of the diode. 

Design and Operation.—Practical design considerations dictate that 
Ri be made as large as possible, consistent with the current meters avail
able. For measuring voltages up to 12,500 volts, it is convenient to 
use a 0- to 25-/ia meter with Ri = 500 megohms. For pulses from 0.1 
Msec to 2.0 Msecs and duty ratios as low as 0.0002, the intrinsic error is 
less than 2 per cent for all values of C greater than 1000 n/d, provided 
that the values of Ri and Cd for the diode are comparable to those for 
the GL-8020. To extend the range up to 25,000 volts, a 0- to 50-/*a 
meter may be used, or Ri may be made equal to 1000 megohms. 
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Because of its high inverse-voltage rating (40 kv), the GL-8020 diode 
is preferred to other diodes that may have a lower tube drop. The 
WE-719A gave excellent results below 8 kv, but larger errors occurred at 
10 kv or higher because of inverse leakage currents. This tube also has a 
larger value of Ca than the GL-8020. 

Useful qualitative information concerning 
pulse-voltmeter operation can be obtained from 
a simple scheme for viewing the incremental 
voltage on C during the pulse. The single 
capacitance C is replaced by two capacitances 
in series, Ci and C2 (see Fig. A-36), the latter 
. . i f l l • ^ ?-» e i I FIG- A-36.—Pulse-volt-
being shunted by a resistance R3 of such value m e t e r ^ ^ c i r c u i t for v i e w . 
that the time constant R3C2 is short compared ing the voltage on the 
with Tr, but very long compared with T. capaci ance 

The synchroscope is connected across C2, and the voltage divider thus 
created presents a signal voltage 

rt 
v' = Cx + Ci ^ c ~ V^' 

which is a reasonably accurate representation of the incremental voltage 
waveform on Ci when the diode is conducting. During the rise and fall 
of the applied voltage pulse, when the diode is not conducting, the signal 
is influenced by the capacitance Ca of the diode which, together with C\ 
and C2, acts as another voltage divider. In practice, the applied pulse is 
usually more nearly trapezoidal than rectangular in form, and typical 
signals appear as shown in the photographs in Fig. A-37. The curvature 
of the signal is a qualitative indication of the degree to which V% approaches 
Vi during the pulse, and the amplitude is an indication of the loss of 
voltage on Ci during the interval between pulses. The incremental 
voltage signal becomes nearly flat on top if V2 approaches very near to 
Vt. 

For example, in Fig. A-37 trace a is the 0.25-Msec pulse (measured a t 
the top) that was impressed on the pulse voltmeter. Traces b, c, and d 
indicate the effect of successively increasing recurrence frequencies, 
showing correspondingly decreasing errors. Traces 6, / , and j show a 
comparison of the incremental voltages for a recurrence frequency of 
500 pps with pulse durations increasing from 0.25 to 1.0 Aisec. As the 
pulse duration increases, the signal becomes successively flatter, which 
shows a decreasing error in the meter indication. 

An undesirable spike or, in some cases, high-frequency oscillations 
may be present on the leading edge of the voltage pulse that is to be 
measured. Such transients tend to cause the pulse-voltmeter reading 
to be too high, unless some form of filtering is employed. A simple 



700 MEASURING TECHNIQUES [SEC. A-5 

remedy is to insert an extra resistance in series with the lead between the 
diode and the source of pulse voltage. The KC-filter comprised of this 
"despiking" resistor and the total capacitance to ground (capacitance 
C, of the high-voltage-lead and the diode-plate connector added to the 
series value of d, C\, and C2) is very effective. However, great care 

(o) 0.25 Msec voltage (6) 525 pps. (c) 1000 pps. (d) 2000 pps. 
pulse. Incremental condenser voltage. 

(«) 0.5 fisec voltage (/) 525 pps. (ff) 1000 pps. (A) 2000 pps. 
pulse. Incremental condenser voltage. 

(t) 1 /isec voltage pulse. (j) 525 pps. (fc) 1000 pps. 
Incremental condenser voltage. 

F I G . A-37.—Negative voltage pulses impressed on a pulse voltmeter and the correspond
ing incremental voltages at various pulse durations and recurrence frequencies. The 
incremental voltage is shown by the trace between points (A) and (B). 

must be taken to insert only the minimum additional resistance required 
for filtering, because any increase in Ri raises the intrinsic error of the 
pulse voltmeter. I t is helpful to employ the previously mentioned view
ing scheme to insure that Ri is not increased too much by the addition of 
the series despiking resistor. To ascertain whether or not the filtered 
pulse is "clean," a capacitance divider may be connected across the pulse 
voltmeter, as indicated in Fig. A-38, and the signal viewed on the screen 
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of a cathode-ray tube. Figure A-39 shows a representative pulse before 
and after filtering. 

It must be noted that this divider actually becomes a part of the 
filter and, if it is removed after serving its viewing purpose, it should be 

replaced by an equivalent capaci
tance. In some cases, it may prove 
more expedient to add a small amount 
of capacitance to ground in order to 
increase the filtering rather than to 

- divider 
F I G . A-38.—Complete schematic dia

gram of diode pulse-voltmeter circuit, 
including despiking filter. 

Fio. A - 3 9 . — R e p r e s e n t a 
tive pulse before and after 
filtering. 

add more resistance. This practice also requires caution against loading 
the circuit whose voltage is being measured. When the diode is reversed 
for reading negative pulses, the capacitance of the filament transformer 
becomes a part of the filter. 

A-6. The Average-current Meter.—The 
obvious simple expedient for measuring aver
age current in a pulse circuit is to connect a 
conventional current meter of suitable range 
in parallel with a large capacitance. The 
magnitude of the capacitance required is 
determined by the internal impedance of the 
pulse generator, the pulse duration, the volt
age-current characteristic of the load through 
which the pulse current flows, and certain 
physical properties of the meter. To guard 
against disturbance of the pulse-generator 
circuit by an average-current-metering circuit 
that is connected in series with a nonlinear 
load, either the static or the dynamic imped
ance of the load (whichever is smaller) must be 
considered. In practice, it is sometimes ad
visable to insert additional resistance and/or 
inductance in series with the meter as a further 
protection against surges of current that may 
injure it. A resistor is usually connected in shunt with the meter to 
ground the load in case of meter burnout. 

F I G . A-40.—Schematic dia
gram of pulse-discharging cir
cuit including the equivalent 
circuit for a magnetron and an 
average-current meter. 
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As a typical problem, consider the circuit shown in Fig. A-40. The 
diode, the battery V,, and the resistor rt form the conventional equivalent 
circuit for a magnetron input. The value V, is the voltage intercept of a 
line tangent to the load voltage-current characteristic at the operating 

Operating point P o i n t ( s e e F i S- A ' 4 1 ) - T h e dynamic imped-
of magnetron 7 ance rt = AVi/Ali is assumed to be constant 
ZZ^~J~~\ " over a small operating range. Let Ri = Vi/Ii 

- ^ ^ < be the static impedance of the magnetron, and 
; assume that the applied voltage pulse Vi of 
J duration T is supplied by a pulse generator of 
I internal impedance Ra. From Fig. A-41 it is 
i evident that r* < Ri, and hence it is necessary 

„ / t o determine a value of C that will make the 
Current . . . . 

FIG. A-41.—Magnetron impedance of the current-metering circuit 
voltage-current characteristic small compared with rj + RG for the duration 
under pulse conditions. f ,1 i 

of the pulse. 
Most hard-tube pulsers used in radar applications have relatively low 

internal impedances (Ro ~ ri), and line-type pulsers have internal imped
ances of the same order of magnitude as the magnetron static impedance 
Ri. For small changes in load impedance, therefore, hard-tube and line-
type pulsers can be considered essentially as constant-voltage sources and 
constant-power sources, respectively. Few, if any, pulse generators have 
so high an internal impedance that they are effectively constant-current 
sources. Hence, with a load that has a low dynamic impedance, it is 
convenient to choose the ratio Ah/Ii, the fractional change (droop) in 
current caused by the increase in voltage on C during the pulse, as the 
criterion for the maximum tolerable disturbance of circuit behavior. 
When the dynamic impedance of the load is high, perhaps even greater 
than the static impedance, and the internal impedance of the pulse 
generator is also high, the fractional change in load voltage may be a 
more sensitive measure of circuit disturbance caused by the metering 
unit. 

Let L = 0, and assume that the charge flowing through the meter 
during the pulse is small compared with the charge stored in the capac
itance. Then the voltage increment on C is given approximately by 

Afc = ^ , (15) 

where h is the average magnitude of pulse current. 
Actually, the voltage rise on C is appreciably less than the value 

indicated in Eq. (15), unless the time constant rmC is very large compared 
with the pulse duration T. However, Eq. (15) leads to a safe value for all 
cases, regardless of the value of rm. 



SEC. A -6] THE AVERAGE-CURRENT METER 703 

If a constant pulser voltage Vi is assumed, the decrease in load cur
rent caused by the voltage increment Avc is 

A'< = - ¥ V ' (16) 
and, combining Eqs. (15) and (16), 

C = (r, + fl0) AT, ( 1 7 ) 

If the metering circuit is permitted to cause a 1 per cent change (droop) 
in the current, the minimum value of C is given by 

As an example, let T = 10 - 6 sec, n = 100 ohms, and Ra = 150 ohms. 
Then C must be at least 0.4 id in order to insure that the ratio AIi/It is 
less than 0.01. The value of R. is not critical, but should be very large 
compared with rm, unless the meter and shunt are calibrated together 
on direct current. 

Although a value of C determined by Eq. (16) satisfies the criterion for 
the disturbance of the circuit behavior, it is also necessary to consider 
whether a capacitance of this value is sufficient to protect the meter 
adequately. The peak surge current through the meter during normal 
operation of pulser and load is 

7m « 7, (1 - e~^c), (19) 

whereas the average value of direct current indicated by the meter is 

7.v = Itrfr, (20) 

where/ , is the pulse recurrence frequency. The ratio slm/l„ is a measure 
of the overload imposed on the meter, where s is the fraction of the full-
scale deflection indicated by the meter when it reads /«», and is given by 

„ _ slm _ 8(1 - e <•■£) 
S ~ Z 7 Wr (21) 

For example, if rm = 10 ohms, C = 0.4 /if, T = 1.0 jisec, fT = 1000 pps, 
and the meter indicates a half-scale deflection, the calculated value of S is 
about 110. Although manufacturers' ratings generally do not include 
specifications of this surge ratio, experience has shown that it is advisable 
to keep the ratio considerably lower than 100. The magnitude of S 
may be lowered either by choosing a capacitance that is several times 
larger than the minimum value given by Eq. (18), or by adding a resist
ance in series with the meter to increase the effective value of rm. Several 
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current meters in common use with scales up to 15 ma, 25 ma, or 50 ma 
gave measured values of rm ranging from 25 ohms to 2 ohms. The 
"thermal inertia" of the winding and the mechanical inertia of the move
ment of most conventional milliameters are appreciable, and surge ratios 
up to about 50 seem to be reasonably safe at short pulse durations of the 
order of magnitude of a microsecond or less. However, for long pulses or 
delicate meters, a surge ratio of 50 may be too high. 

The quality of paper or electrolytic condensers used for high capac
itances may be somewhat questionable. Consequently, to insure good 
high-frequency response to pulses with steep wavefronts, a second small 
capacitance of high quality, usually mica or silver ceramic, is sometimes 
connected in parallel with the larger condenser. 

The use of an inductance in series with the meter should not be neces
sary during normal operation of a pulse generator with a stable load. 
In certain cases, however, instability of the load, for example, magnetron 
sparking, may result in abnormally large unpredictable surges of current. 
With a hard-tube pulser, the current during a magnetron spark is limited 
only by the emission of the pulser switch tube; occasionally the switch 
tube sparks also, allowing the current to become many times the normal 
value. In such cases an inductance is inserted in the metering circuit as 
shown in Fig. A-40 to provide added protection for the meter. To be 
effective, the time constant L/rm should be large compared with the pulse 
duration. The values of rm and R, also should be chosen properly in 
order to prevent post-pulse oscillations in the meter circuit. To satisfy 
these conditions it may not be possible to make R, 3> rm. Hence, the 
entire unit should be calibrated on direct current. 

A magnetron or an equivalent rectifying load does not conduct 
appreciably in either direction when the voltage across it is less than a 
threshold value V, (see Fig. A-41). Therefore, since the voltage vc on C 
is always small compared with V,, the metering circuit may be isolated 
for an analysis to determine the conditions which must be fulfilled to 
prevent post-pulse oscillations. 

The part of the circuit comprising C, rm, L, and R. of Fig. A-40 may 
be analyzed in the same manner as that used for the circuit of Fig. 2-22. 
In the latter case the Laplace-transform equation for the voltage across 
the shunt condenser was shown to be given by Eq. (2-36) and from this 
equation the condition for oscillation is determined. In the present case 
it is of interest to determine the value of R. associated with the meter in 
Fig. A-40 which will make the circuit critically damped. This value of 
R, must satisfy Condition 2 of Eq. (2-43), namely, 

b = a2 (2-43) 

where a and b are given by Eqs. (2-38) and (2-39) and in the notation of 
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Fig. A-40 these become, 

and 

20 - T + RTC ™ 

b = w + &■ ™ 
From Eqs. (22), (23), and Condition (2-43) there is obtained, 

""K^rij (24) 

There are now two cases of interest depending on the value of r„ relative 
to 2 \ZTJC. 

Case 1 . . . r„ < 2 y/L/C 
Under this condition oscillations in the loop containing C, rm, and L 

are possible for R. = °°, a familiar circumstance. Equation (24) gives 
one positive value and one negative value for R,. The negative value 
has no significance in this problem for obvious reasons, and the positive 
value determines the only condition for critical damping. Any value of 
R, less than this positive value will insure overdamping in this case. 

Case 2 . . . rm > 2 y/L/C 
When this condition is satisfied the circuit is aperiodic with R, = » . 

However, Eq. (24) reveals the interesting fact that R, has two positive 
values when rm > 2 y/L/C, and hence that the circuit is critically 
damped for two values of R,. Oscillation is possible for any R, between 
the two critical values. When the time constants L/rm = R.C, the 
circuit oscillates with its minimum period T = 2* s/LC. 

In designing a meter protective circuit where the values of C, rm, and L 
have been chosen in accordance with Case 2, it is advisable to make R, 
larger than the greater value determined by Eq. (24). In fact, R, can 
be chosen large enough to obviate the necessity of calibrating the circuit 
as a whole. 

To illustrate the above considerations two numerical examples are 
given: 

1. Let L = 1 mh, C = 2 pi, and r„ = 15 ohms. Substituting these 
values into Eq. (24), the values of R, are found to be, 

R. = 500/(15 ± 10 V5) 
= 13.4 or -67.8 ohms. 

This example comes under Case 1 and the circuit is aperiodic for any 
value of R, less than 13.4 ohms. The negative value is disregarded. 

file:///ZTJC
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2. Using the same values of L and C, let rm = 25 ohms. Then the 
two values of R, are 

R, = 500/(25 + 10 y/E) 
= 10.6 or 189 ohms. 

This example is representative of Case 2. Any value of R, greater 
than 189 ohms or less than 10.6 ohms will insure adequate damping, 
but the practical matter of calibration suggests a preferred value of 
R, » 25 ohms. Note that L/rm = 40 /*sec, which indicates that the 
meter-current surge ratio is now reduced to less than 3 per cent of the 
ratio that exists when L is negligible in the circuit. 

The principles outlined in this section have been written for a meter 
circuit connected directly in series with a pulse-generator load that acts 
as a rectifier. In some applications, it may be more convenient to con
nect the metering unit in some other position, for example, in series with a 
pulse transformer. When this is done, there is one further precaution 
that should be observed. There must be a proper rectifying element in 
series with the meter to eliminate the errors caused by interpulse currents 
that recharge either the stray capacitance or the pulse-generator storage 
condenser, and that have a net flow in the direction opposite to the pulse 
current. Another alternative is to connect the average-current meter 
into the pulse-generator circuit in such a way that only the charging cur
rent is measured. When the meter is thus isolated from the pulse cur
rent, the problem of meter protection is simplified, but the meter reading 
may not be a reliable indication of the actual load current because of 
shunt losses produced by the stray capacitance in the pulse-generator 
discharging circuit. 

A-7. Auxiliary Measuring Techniques.—R-f Envelope Viewer and 
Spectrum Analyzer.—There are two methods that are most commonly 
used for examining the r-f pulse-voltage envelope. One method is to 
connect an r-f probe through a voltage divider to a square-law detector, 
and to feed the rectified voltage through a suitable video amplifier to the 
plates of the cathode-ray tube in a synchroscope. 

The other method is to feed a relatively large portion of the r-f power 
into a lighthouse cavity detector1 and to present the output rectified 
voltage directly on the plates of the cathode-ray tube of a synchroscope. 
This method is superior for precision laboratory measurements because 
no video amplifier is required, and because the response can be made 
reasonably good for frequencies up to about 50 Mc/sec as the bandwidth 
is determined chiefly by the resonant Q of the cavity and the distributed 
capacitance. 

1 P. A. Cole, J. B. H. Kuper, and K. R. More, "Lighthouse R.P. Envelope Indi
cator," RL Report No. 542, Apr. 7, 1944. 
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The type of spectrum analyzer developed at the Radiation Laboratory 
consists essentially of a narrow-band receiver with a square-law detector, 
an audio-frequency sawtooth-voltage source that frequency modulates 
the local oscillator and supplies the CRT sweep, and an oscilloscope. 
The local oscillator is of the cavity reflector type (usually a Klystron, a 
McNally tube, or a Shepherd tube) and has an approximately linear 
frequency response as a function of reflector voltage. The r-f power is 
supplied from a directional coupler or probe in the waveguide output of 
a magnetron (or other oscillator) through a suitable voltage divider. As 
the local-oscillator frequency varies, the CRT spot moves across the 
screen, and the power received during successive pulses causes the spot to 
trace a line-amplitude spectrum. Actually, this spectrum is very nearly 
the absolute value of the power spectrum. For pulses of duration shorter 
than 2 /isec, an r-f bandwidth of 10 kc/sec in the receiver of the spectrum 
analyzer is satisfactory. To obtain the best results with 5-Msec pulses, a 
considerably narrower band is required. * 

A spectrum analyzer is used to determine whether or not pulses that 
droop, or are otherwise irregular in shape, cause serious frequency modula
tion of a pulsed oscillator. It is also used to measure the effective pulse 
duration, since the r-f bandwidth measured between pairs of minima on 
the spectrum is inversely proportional to the pulse duration of the cur
rent and the r-f envelope (see Appendix B). This application is especially 
important when very short pulse durations of less than 0.1 ^sec are used, 
where it is difficult to produce good pulse shapes and to obtain reliable 
measurements of pulse duration with a linear time base, but where the 
width of the significant part of the r-f spectrum is greater than 10 Mc/sec. 

Impulse Counting.—When abnormal load behavior, such as magnetron 
sparking, causes random pulse currents of abnormally high amplitude in a 
pulse-generator circuit, it is sometimes desirable to count the recurrences 
of all pulses having amplitudes exceeding a predetermined value. Con
ventional scaling circuits with minor circuit modifications and special 

1 For a detailed description of such a spectrum analyzer and operating instructions, 
see the instruction manual, "Spectrum Analyzer (Type 103) for Pulsed Oscillators at 
3,000 Mc/sec," RL Report No. M-115, Nov. 18, 1942. 

Criteria for evaluating pulse spectra for magnetrons are discussed in the following 
reports: 

R. T. Young, Jr., "Fourier Analysis of Pulses with Frequency Shifts During the 
Pulse," RL Report No. 52-5, Jan. 30, 1943. 

R. T. Young, Jr., "Frequency and Spectrum Characteristics of Standard Magne
trons and the Effect of Change of Shape of Current Pulse," RL Report No. 52-6, Mar. 
12, 1943. 

G. N. Glasoe, "Pulse Shapes and RF Spectra for Combinations of Stromberg-
Carlson Mark I and Mark II Modulators with 2J22, 2J21, and 725A Magnetrons,"RL 
Report No. 518, Mar. 17, 1944. 
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shielding have been adapted for recording pulses of durations up to 5 /tsec 
at recurrence frequencies of less than 1000 pps. 

Screw-driver T o + 3 0 ° » 
adjustment 

Mounted right 
at socket 

150 k To next 
scale-of-

To -150 v To +150 v two stage 

FIG. A-42.—Schematic diagram of a spark counter showing the input and the first stage 

{ _ ^_ ■_ _ , t_-l 

Fro. A'43.—Records of average magnetron current showing sparking as a function of time. 

For counting magnetron sparks, it was found advisable to provide a 
bias threshold adjustment on the input stage. A "pulse-stretching" 
circuit was introduced at the output of the first diode to insure uniform 
sensitivity of the counter for pulse durations from about 0.1 ixsec to 5 /isec. 
It was also necessary to insert a pulse-amplitude limiter at the input of the 
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first scaling stage in order to prevent the second stage from being tripped 
directly by pulses of high amplitude at the first stage. The input cir
cuits and one stage of a typical scaling circuit are shown in Fig. A-42. 
The output of the last stage is usually connected to an electromechanical 
counter. 

For indicating bursts of sparking recorded over longer periods of time 
a recording milliameter is useful. Two sample records are shown on 
Fig. A-43. On the upper strip the tape was run at high speed, and the 
approximate numbers of individual sparks per indicated burst are printed 
near the current peaks on the record. The tape was moving from right 
to left and the current amplitude increased downward. On the lower 
record, the tape was running much more slowly, as indicated, and the 
rate of sparking became excessive as the magnetron approached the end 
of life. The bursts of sparking usually cause increases in current (down
ward), but there is evidence of magnetron mode-changing with occasional 
decreases in current (upward peaks), especially during the last hour of 
life. The marks along the lower border of the tape were produced by 
connecting a second recording pen to the output of the electromechanical 
counter on a scale-of-16 pulse counter to indicate every 1600 sparks of 
the magnetron. 



APPENDIX B 

PULSE DURATION AND AMPLITUDE 
B Y W. H. BOSTICK AND J. V. LEBACQZ 

Among the most important parameters in the rating of pulse genera
tors are puUr. amplitude and pulse duration. In Chap. 1 it is stated that 
a pulse is the departure of some electrical quantity—voltage, current or 
power—from zero or from some equilibrium value. In general, the pulse 
is repeated at regular intervals, and for all practical considerations, the 
pulse duration is very short compared with the interpulse interval. 
There are a few exceptions, such as the "coded" pulses, in which a series 
of short pulses have a short time interval between them, but the code is 
repeated at relatively long time intervals. 

■•—Pulse duration—-

(a) 
(a) Ideal step-fun 

pulse. 
ctio 

Pulse 
amplitude 

n (6 
alent 
ireas 

— Pulse duration —. 

A A A 

Actual pulse and e 
ideal pulse; depa 

are shaded. 

qufv-
r tu re 

Fio. B-l.—Pulse shapes. 

The concepts of pulse duration and pulse amplitude are very straight
forward in the case of an ideal step-function pulse (Fig. B-la); there can 
be no ambiguity in the definition of either, since the variable changes 
instantaneously from zero to a constant value that is the pulse amplitude 
and, after a time T (the pulse duration) returns instantaneously to a value 
of zero. In practice, unfortunately, an ideal step-function pulse cannot 
be realized, and the value of pulse duration becomes indeterminate with
out an adequate definition. Since most pulsers have been designed to 
produce a pulse that approximates as ciosely as possible a step-function or 
rectangular pulse shape, it is only natural that, in the consideration of 
practical pulses, most of the definitions of pulse duration and pulse 
amplitude are in terms of an equivalent rectangular pulse. 

There have been many attempts at definitions, and the problem is 
complicated by the fact that pulser loads can be either pure resistances or 
oscillators whose characteristics approximate those of a biased diode. 

710 
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For instance, the pulse duration on a magnetron load has been variously 
defined as the duration of the voltage pulse at 90 per cent of the average 
maximum voltage amplitude, or as the duration of the current pulse at 
50 per cent of the average maximum current amplitude. These defini
tions may be satisfactory in some cases, but the "average maximum cur
rent amplitude " of a current pulse that is in the general form of a half sine 
wave, for example, is meaningless. 

The purpose of this appendix is to discuss several methods for deter
mining average pulse amplitude and pulse duration that are based on 
equivalence of some quantities of the actual pulse and those of an assumed 
rectangular pulse. From the point of view of pulser output alone, the 
most important quantities are charge and energy; hence, an equivalent 
rectangular pulse constructed on the basis of equal charge—or average 
current—and equal energy per pulse can be used to define the pulse 
amplitude and duration. 

In radar applications, however, one criterion of satisfactory operation 
of the transmitter is generally the width of the r-f spectrum. Since, for 
a rectangular pulse, there is a definite relationship between the pulse 
duration and the spectrum width at one-half power, the duration of a 
rectangular pulse equivalent to any actual pulse shape can be determined 
by r-f spectrum considerations. The second section of this appendix 
considers the possibility of the use of spectrum equivalence in determining 
pulse duration. 

The equivalent rectangular pulses determined for a given pulse shape 
by different types of equivalence are not the same; the more nearly the 
actual pulse shape approximates a rectangular pulse, the more nearly 
equal are the values of pulse duration and amplitude obtained by the 
different methods of equivalence. If the difference in the results obtained 
by the different methods is appreciable, the choice of the definition is 
determined by considering the particular purpose for which the definition 
is being used. 

B-l. Equivalent Rectangular Pulse by Conservation of Charge and 
Energy.—The general case of a load that can be represented by a biased 
diode is represented in Fig. B-2. If a current ii(t) flows in the load, the 
instantaneous power absorbed by the load is given by 

Pi(0 = [V. + r,u(t)]ii(t). (1) 

If only one pulse is assumed to be applied to this load, the equivalent 
rectangular pulse of current /;, power Pi, and duration T, is defined by an 
equation, for the conservation of energy, 

Ptr = / pi(t) dt (2) 
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and an equation for conservation of charge, 

= / t,(<) dt, 

[SEC. B\ 

(3) 

and by the load relation in Eq. (1), which is assumed to be valid for any 

v\ 
'dv. 

dt" 

(a) Equivalent circuit. (b) Voltage-current characteristics. 
FIG. B-2.—Biased-diode load for pulser. 

value of current. The equivalent pulse voltage is then 

'"£ 
If the instantaneous power can be written 

Pi(0 = Pffl 
and is zero at any time except when 0 < / < T„, Eq. (2) becomes 

= / ; f(t) dt. (4) 

Of course, Pi and Ii are not yet known, but they can be obtained by 
solving Eqs. (1), (2), and (3). Also, as it is assumed that Eq. (1) is 
valid for any value of current, 

or 
Pi = (V. + rj,)lh 

V P, 

Similarly, 
*--k*M+$ 

If these values are introduced in Eq. (3), 
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or 

(i ± V1_+^) - - T 0 ± V1 + Tr*o) * w 
Equations (6) and (4) each separately determine the pulse duration r as a 
function of the assumed equivalent pulse power Pi; hence, after the 
integrations have been performed, values for r and Pi can be obtained 
algebraically by solving Eqs. (4) and (6) simultaneously. For a pure-
resistance load V. = 0, and Eq. (5) becomes 

r = jT
Q' V ? W dt. (7) 

The above method of uniquely determining T and Pi breaks down if 
the load resistance n becomes zero, for then Eqs. (2) and (3) are identical, 
and any pulse duration can satisfy the conditions of equivalence of energy 
and charge. This lack of uniqueness when n = 0 is a disadvantage of 
the foregoing method because most magnetrons have a small value of n, 
and the resulting power pulse is not very different from the current pulse. 
As a result, great care must be taken to obtain satisfactory accuracy in 
the determination of T. 

Three examples of the use of the above method are now given: the 
pulse duration and amplitude of a triangular and of a sinusoidal power 
pulse are given first, and a practical application to the determination of 
equivalent rectangular pulses of actual magnetron load pulse shapes 
follows. 

Triangular Power Pulse on a Pure-resistance Load.—The instantaneous 
power during the first half of the pulse of Fig. B-3 is given by 

Pi(0 
hence, 

A0 
If f(t) is introduced in Eq. (4), 

±p fra/2 p 
T = PTJO idt = WiT" 

and Eq. (7) gives 
fnpT rr./2 

i- = 2 J=-= / Vtdt 
\PlTa JO 

If the two expressions for pulse duration are equated, 

_ 2 P m : 

2Pm 
PtTa 

file:///PlTa
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2Pi 
2 \Pm 

Z\P7 
or 

and 
Pi = A P . 

T = VTa 

Sinusoidal Power Pulse on a Pure-resistance Load.—The expression for 
instantaneous power for the pulse of Fig. B-4 is 

pi(t) = Pm sin wt 

Hence 

ri Ta 

/ — 

\ F' 

F I G . B-3.- -Triangular power 
pulse. 

F I Q . B-4.- -Sine-wave power 
pulse. 

The relations between the duration and amplitude of the equivalent 
rectangular pulse on a resistance load can again be obtained from Eqs. 
(4) and (7) 

• Tt JJ P™ 2T„ 
sin — at = ■= > 

P„ f" 

By equating these expressions for pulse duration, the relationship 

P™ Pi = (1.194)2 

is obtained. Then 

T = ( 1 . 1 9 4 ) 2 - T „ 

0.7Pm 

10 
11 

Pulses on Magnetron and Resistance Loads.—The above method per
mits the determination of the equivalent rectangular pulse for any pulse 
produced by an actual pulse-forming network. As typical examples, 
consider the voltage and current pulse shape, and the power pulse shape 
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Fio. B-6.—Voltage, current, and com
puted power pulses in an HK7 magnetron, 
(a) with a 1-section pulse-forming network, 
(6) with a 2-section pulse-forming network, 
(c) with a 3-section pulse-forming net
work, (d) with a 4-section pulse-forming 
network, (e) with a 5-section pulse-forming 
network. 

w 
FIG. B*6.—Current and computed 

power pulses on resistance load, (a) with a 
1-section pulse-forming network, (ft) with 
a 2-section pulse-forming network, (c) 
with a 3-section pulse-forming network, 
(d), with a 4-section pulse-forming network, 
and (e) with a 5-section pulse-forming 
network. 
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obtained by calculation of the product of instantaneous observed pulse 
voltage and instantaneous observed pulse current shown in Fig. B-5 for 
one-, two-, three-, four-, and five-section networks operating into a 
magnetron load. The values of T, II and Pi have been calculated for 
each case as follows, the only assumption being that the current is a 
single-valued function of voltage. First, the integrations indicated in 
Eqs. (2) and (3) are performed graphically. Then the ratio 

is calculated. The value of /( corresponding to this value of Vt may be 
obtained by finding a point on the voltage pulse at which the instantane
ous voltage is equal to this value, and determining the value of instantane
ous current at that instant from the corresponding current pulse. With 
the values of Vi and It known, the values of T and Pi may be calculated 
readily. The equivalent rectangles thus determined are indicated in 
the Fig. B-5. All equivalent rectangles are so placed on the diagrams 
that a vertical line bisecting the rectangles will also bisect the area of 
the actual pulse shape. 

Similar calculations have been carried through for the pulses produced 
on a pure-resistance load by the same networks. Instantaneous current 
and power pulse shapes, the latter obtained by squaring the instantaneous 
current, and the resulting equivalent rectangles, are shown in Fig. B-6. 

B-2. Equivalent Rectangular Pulse by Minimum Departure Areas.— 
The method of minimum departure area is an attempt to predetermine an 

equivalent rectangular pulse that has the same energy 
as the actual pulse and produces a spectrum distribu
tion equal to that of the actual pulse over the most 
significant part of the spectrum, that is, down to at 
least the half-power point. 

For simple pulse shapes, it can be shown that the 
spectrum distribution satisfies the above requirement 

termination of min- "* * n e rectangular pulse chosen is that for which the 
imum departure sum of the "departure areas" (see Fig. B-lb) is a min-
HtMniise. * nanEU" imum. The assumption is then made that, for any 

pulse shape obtained in practice, the rectangular pulse 
giving equality of energy and leading to the minimum total departure area 
also gives a frequency spectrum equal to that of the actual pulse over the 
most significant portion of the spectrum. 

If one half of a symmetrical triangular power pulse (Fig. B-7) of 
maximum amplitude a and duration 26 at the base, and the equivalent 
rectangular pulse of amplitude h and duration 2c are considered, the 
condition of equal energy provides the relation 
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The sum of the departure areas is given by 

A = H a ( g ~ hY + l{b ~ °Y + {aC" tb+hh)2] (9) 

If the vahie c = (ab)/(2h) is introduced in Eq. (9) and the terms are 
rearranged, 

By differentiating with respect to h and equating to zero, the values of h 
for which the area is a minimum are obtained. Thus 

SH(0K)'-4)* + 2M = °. 
and 

which can be rewritten 

and the solutions are 
*= ± J_, 

and 
h = 1 ± V^T 
a 2 

Obviously, only the real positive root is of interest in the discussion, or 

- = 0.707. a 
Figure B-8 shows the calculated frequency spectrum for a symmetrical 

triangular pulse, and the theoretical spectra for several rectangular pulses 
of equal total energy, but of different ratios of amplitude to duration. 
It can readily be seen that the spectrum for the triangular pulse is super
imposed on that of the rectangular pulse that has an amplitude 0.707 
times that of the triangle from the maximum down to about 30 per cent 
of maximum power. 

Similarly, it can be shown that the rectangular pulse for which the 
sum of the departure areas from a sinusoidal pulse is a minimum has an 
amplitude equal to 0.80 of the peak of the sine wave. Referring to Fig. 
B-9, it is seen that again the equivalent rectangular pulse having an 

- l] = 0, 
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amplitude equal to 0.86 of the sine wave and the sinusoidal pulse have 
spectra that coincide down to about 25 per cent of the maximum. 

Since the equivalent rectangles corresponding to a minimum total 
departure area for the hypothetical pulse shapes just discussed lead to a 

/(«) 

FIG. B-8.- -Frequency spectrum distribution of a triangular pulse and rectangular pulses of 
equal area but varying height. 

/(») 

a Sine curve 

074 T„ 

Fia. B-9.—Frequency spectrum distribution of a sinusoidal pulse and rectangular pulses of 
equal area but varying height. 

spectrum distribution that is the same as that of the actual pulse over the 
most significant part of the spectrum, it seems reasonable to assume that 
the same will be true for any pulse shape encountered in practice because 
most actual pulses are more nearly rectangular or trapezoidal than those 
just considered. 
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The rectangular pulse equivalent in energy to any power pulse shape 
and giving the minimum departure area may be determined graphically 
by successive approximations. First, the area of the rectangle is deter
mined by integration of the actual power pulse (conservation of energy), 
and several likely equivalent pulses are drawn, until one is found for which 

(a) 

1 r 

I^C\ 
umy 

i y 
\y 
i 

—"""1 -Section network 
/=0.79 

U f 

Y 

A 
Vt) 

-Section network 
/=0.84 

Fio. BIO.—Current pulses in an HK7 magnetron, the average current drawn through 
the oscillations, and the equivalent rectangular pulse from the method of minimum de
parture areas (a) with a 1-section pulse-forming network, (6) with a 2-section pulse-forming 
network, (c) with a 3-section pulse-forming network, (rf) with a 4-section pulse-forming net
work, (e) with a 5-section pulse-forming network. 

the sum of the departure areas is a minimum. The process is tedious, 
but has been carried through for the five actual pulses already considered, 
and the resulting rectangular pulses are given in Fig. B-10. It must 
be noted that the computations were based on current rather than on 
power pulse shapes, that is, on the assumption of conservation of charge, 
rather than conservation of energy. This procedure is convenient 
because the current is easily measurable, and it can be justified on the 
basis that, for a magnetron, the variation of voltage is very small during 
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the time of current flow; hence, the pulses of instantaneous current and 
power are very nearly proportional. 

The ratio of the difference between the area of the pulse and the 
minimum sum of the departure areas to the area of the pulse may be 
defined as the form factor of the pulse. For a rectangular pulse, its value 
is, of course, one. For the triangular pulse discussed previously, it is 
0.656. The value of the form factor can thus be used to indicate how 
closely a given pulse approximates a true rectangular pulse. 

B-3. A Comparison of the Methods.—Appendix B has thus presented 
two fundamental methods of defining pulse duration and pulse amplitude. 
In the first method, the definition is based on the principle of conserva
tion of energy and charge. Although unassailable from a theoretical 
standpoint, this method may not always give the best practical results. 
Two of its disadvantages have already been mentioned: the possibility 
of inaccuracy resulting from the near proportionality of the time func
tions for current and power on a magnetron load, and the fact that the 
pulse so determined does not lead to an r-f spectrum that is a good 
approximation of that of the actual pulse. In the rating of magnetron, 
the maximum pulse current of the oscillator is usually specified, and the 
above method of determining pulse amplitude and duration usually 
yields a rectangular current-pulse amplitude that is smaller than the 
instantaneous current of the actual pulse for a large fraction of the pulse 
duration. If the three-section network of Fig. B-5c is considered, for 
instance, it is seen that the equivalent rectangular current-pulse ampli
tude obtained is at least 10 per cent smaller than the actual current for 
about 60 per cent of the pulse duration. Since the maximum operating 
point of magnetrons is generally a function of both pulse current and pulse 
duration, there remains the question of whether or not the equivalent 
rectangular pulse is a sufficiently good approximation of the actual cur
rent pulse to be used in conjunction with the specification of the maximum 
operation point. 

The method of the minimum departure areas, on the other hand, does 
not suffer from any of these drawbacks. For a magnetron load, it can 
be used with the assumption of either conservation of charge or conserva
tion of energy, the two being very nearly equivalent for all practical pur
poses. The principal disadvantage is the time consumed in determining 
the pulse duration of any arbitrary pulse. The minimum departure 
area method should, nevertheless, be considered the most reliable and 
most accurate method of determining pulse duration. I t may prove 
expedient, however, to use short-cut methods in many practical deter
minations of pulse duration and pulse amplitude. One such short-cut 
method has been used with good results that agree reasonably well with 
those obtained by the method of minimum departure areas. In this 
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short-cut method, the current-pulse amplitude Ii is defined arbitrarily 
as the maximum value of an average curve drawn through the oscilla
tions of the actual current pulse (see Fig. BIO). By the principle of 
conservation of charge, the pulse duration is found immediately as 

/ ; 
t'i(t) dt 

h 
This method is essentially equivalent to that mentioned earlier in 

the Appendix in which the duration of the current pulse is measured at 
50 per cent of the average maximum amplitude. The new definition, 
however, specifies the amplitude more accurately and gives a value of 
pulse duration that is more independent of the actual current-pulse 
shape; it can readily be seen that the measurement at 50 per cent of the 
maximum amplitude corresponds exactly to conservation of charge in 
the case of a trapezoidal pulse shape, but not necessarily for any other 
pulse shape. 

TABLE B-l.—PULSE DURATIONS 

Method of 
computation 

Puke shapes 

Triangular power 

Bine-wave power 

No. of network aec-

1 
2 
3 
4 
5 

Rated pulee 
duration 

TK - 2CHZH 
jisec 
2 .1 
2.1 
2.15 
2.11 
2 .03 

Conservation of 
charge and 

energy 

Resist
ance 
load 
T/T» 

8 
9 

10 
11 

T|, jisec 

3.17 
3 .02 
3 .02 
3 .00 
2 .60 

Mag
netron 

load 
T/TO 

rt, jisec 

2.90 
2.45 
2.65 
2 .38 
2 .20 

Conservation of energy, 
minimum departure areas 

Resist
ance 
load 
T/TO 

0.707 

0.74 

Mag
netron 

load 

T,, jisec 

2.48 
2 .28 
2 .32 
2 .28 
2.05 

Form 
factor 

0.656 

0.79 
0.84 
0.89 
0.91 
0.91 

Conservation of 
charge, average 

maximum current 

Resist
ance 
load 

rj, jisec 

1 79 
1.94 
2.11 
2 .08 
2 00 

Mag
netron 

load 

T,, jisec 

2 .23 
2.06 
2.14 
2 .10 
2.02 

Table B-l gives the results obtained for pulse duration by the three 
methods outlined above—conservation of charge and energy; conserva
tion of energy (or charge, if the current pulse is essentially proportional 
to the power pulse) and minimum departure area; average maximum 
current and conservation of charge; and the rated pulse duration, 
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of the pulse-forming networks. It may be noted that, on magnetron load, 
the pulse durations determined by the last two methods do not differ by 
more than 10 per cent, and that the pulse durations obtained by the 
short-cut method are the nearest to the rated values of the networks. 
One great advantage of the short-cut method is its simplicity compared 
with either of the other two. Although it leads to values of pulse dura
tion that are slightly small, it does, on the other hand, give values for 
pulse currents that are too large in the same proportion. Since a small 
increase in current may be more detrimental to the oscillator than a 
similar increase in pulse duration, it is probably better, from a practical 
standpoint, to rate the pulser output on the basis of the third definition: 
less damage is likely to result to the magnetron from exceeding rated 
current, and, except for very nonrectangular pulses, the short-cut method 
provides a satisfactory definition of pulse amplitude and duration. 



List of Symbols 
In the table that follows are listed the more important and extensively used sym

bols appearing in this book. Many symbols used in particular developments have 
not been included in the list when their use is restricted to relatively few pages of 
the text. 

ENGLISH LETTER SYMBOLS 

Symbol Description Defined or First Used 
Page 

A Cross-sectional area of PT core 510 
a Thickness of layer of PT winding 513 

B Average magnetic induction 617 
Afi Increment of average flux density above remanent value of B 537 
Bc Flux density in charging reactor 368 
Bm Some value of flux density less than B„ t 604 
B, Remanent flux density 600 
B„ Remanent flux density in PT core with gap 602 
B„t Saturation flux density 600 

Cc Distributed capacitance of PT primary winding 79, 508 
CD Same as Cc for PT secondary winding 79, 508 
Cd Capacitance of despiking network 437 
Cn Plate-to-grid capacitance of a vacuum tube 576 
Ci Shunt capacitance due to a load 79 
CN Energy storage capacitance of a PFN 127, 176 
Co Capacitance between primary and secondary of P T 507 
Cr Capacitance of r th section of a P F N 187 
C, Shunt capacitance 26 
CM Energy storage capacitance in trigger generator . '.. . 307 
C.„ St ray capacitance of a P F N 236 
C Energy storage capacitance 22 
Co Capacitance of lossless transmission line 228 
C, Capacitance of section v of a P F N (Guillemin theory) 192 

d Lamination thickness 637 

Ei, A-c power supply voltage 382 
Eti, D-c power supply voltage .. . ._ 22 
Ee Grid bias voltage 25 
E„ Grid cut-off voltage 576 
E„ Control-grid voltage (vacuum tube) 91 
E„ Screen-grid voltage (vacuum tube) 91 
e. Applied grid voltage 576 
e, \e, - E„\ 576 

723 
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Symbol Description Defined or First Used 
Page 

ei Voltage across load 563 
E Electric field 618 

/ B'JBM 603 
/ T/T„pt 535 
/c Cut-off frequency for low-pass filter 184 
f. Pulse recurrence frequency 23 
/o Resonant frequency of charging circuit of a line-type pulser 360 
/ i Factor depending on voltage distribution between primary and secondary 

of a PT 522 
ft Factor relating LL to PT winding arrangement 541 
/», /« Proportionality factors 541 
Gi Load conductance 208 
gi Shunt-diode conductance 44 
gi Load conductance 28 
gr Switch-tube conductance 28 
g. Shunt conductance 34 

H Magnetizing force in PT 513 
He Coercive force 601 
He Magnetizing force in charging reactor 368 
H. Eddy-current magnetic field 623 
U, Reverse magnetic field 601 

/«, Average current 3 
I, Pulse current in charging element 109 
11 Pulse current in load 22 
/ „ Magnetizing current 536 
/m.i Maximum current during a pulse 51 
lp Current in PT primary 71 
/„ Plate current in switch tube 22 
/„ Current in PT primary 513 
Jpui~ .Pulse current 3 
/m» Effective current 61 
Is Current in PT secondary 71 
/ . Current source replacing voltage source V, 34 
/ . Pulse current in shunt impedance 109 
/ , Current in PT secondary 513 
/«, Current source replacing charged storage condenser 27 
ie Instantaneous current in charging element 60 
t. Eddy current 633 
i t Instantaneous current in inductance 23 
ti Instantaneous load current 23 
im Magnetizing current 625 
iT Instantaneous plate current in switch tube 60 
i. Current in rth section of PFN 180 
i. Instantaneous current in shunt path 40 
lo Initial current 62 
ir Current in mesh v of PFN (Guillemin theory) 192 
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Symbol Description Defined or First Used 
Page 

J Displacement current 652 

k Coupling coefficient 506 

L Average peripheral spacing of moving electrodes of rotary spark g a p — 284 
Lc "Charging inductance" in series with distributed capacitance in PT 79, 508 
L, Inductance of isolating element 62 
/,, Charging inductance in line-type pulser 357 
LD Same as Lc for the other PT winding 79, 508 
L, Effective shunt inductance in PT 79, 508 
/,£ Leakage inductance in PT 79, 512 
LN Inductance of a PFN 127 
Lv Primary inductance of PT 510 
Lr Inductance of rth section of PFN 187 
Lr Value of inductance for resonant charging 360 
L. Shunt Inductance 39 
Lt Energy storage inductance 22 
L„ Total distributed inductance of lossless transmission line 209 
/,„ Inductance of section v of PFN (Guillemin theory) 192 
/ Mean magnetic path length 510 
/„ Length of gap in PT core 602 
£ Length of PT winding 513 
M Mutual inductance 505 

.V Number of turns of PT coil 510 
Nc Numher of turns on charging reactor 364 
\l Number of fixed electrodes of rotary gap 282 
<V„ Number of turns on PT primary 513 
.Vr Number of moving electrodes of rotary gap 282 
N, Number of turns on PT secondary 513 
n Voltage transformation ratio of a transformer 71 
n Number of meshes in a PFN 180 

P.v Average power 3 
I'L Overhead power loss in line-type pulser 249 
l'i Pulse power in a load 70 
l'„ Maximum power during a pulse 714 
PN Power input to PFN 392 
Pp Pulse power dissipated in switch tube 72 
PR Power dissipated in isolating resistance 61 
PFN Pulse forming network 8 
PItF Pulse recurrence frequency 3 
PT Pulse transformer 
p Laplace transform parameter 28 

Q Quality factor of a circuit 12, 360 
QK Charge on a PFN 176 
qti Instantaneous charge on a PFN 356 
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Symbol Description Denned or First Used 
Page 

Re Resistance of isolating element in charging circuit of a pulser 26, 357 
Rd Resistance of despiking network 437 
R. Shunt resistance in PT 236, 508 
Ro Internal resistance of voltage source 501 
R, Isolating resistance in grid circuit of a vacuum tube 25 
Ri Load resistance 22 
Rr Switch resistance plus series losses in PFN and PT 236 
R, Resistance in parallel with pulser output 33 
R. r./w 637 
fi„ Resistance of PT winding 508 
R, wp/d 637 
r. Grid-to-cathode resistance of vacuum tube 575 
TI Dynamic resistance of a load (magnetron or biased diode) 33 
r„ Internal resistance of switch tube 22 
r. Resistance between two laminations of PT core 637 

St Hypothetical switch in series with shunt diode 44 
S\ Hypothetical switch in series with diode load 33 
Su Hypothetical switch in series with magnetron 46 
ST Switch tube .' 27 

T Symbol for a tube 74 
„ maid* , .. 1 0 ~ ' T iid1 .. ann T ' using mks units or — = - — using cgs units 623 

1Z op 

Tk Deionizing t ime 487 
TT Pulse recurrence interval (1/f,) 3 
t. Rise time of a pulse 537 

11 Average circumference of layer of PT winding 513 

Vta(f) Voltage across output of hard-tube pulser 27 
Vc(t) Time function of voltage across a capacitance 53 
Vg Source or generator voltage 532 
V„ Pulse grid voltage 25 
Vj, PFN voltage at end of a pulse due to impedance mismatch = Vn-\- ■ ■ ■ 419 
Vi Pulse voltage across a load 22 
Vu Voltage of nth reflected pulse at the load 418 
VM Observed value of V„„ 297 
Vu*a Maximum voltage across a series gap switch for which prefiring is negligi

ble 297 
Vmm Minimum voltage across a series gap switch for which misfiring is negligi

ble 298 
Vs Initial voltage on a PFN 176 
VN, PFN voltage at end of nth charging period 419 
Vw_. PFN voltage at end of nth reflection 418 
Vr PT primary voltage 71 
Vr Voltage drop across switch tube 22 
V(p) Laplace transform of V(t) 28 
Vs PT secondary voltage 71 
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Symbol Description Denned or First Used 
Page 

Vs Theoretical maximum value of Vai 297 
V, Voltage at which conduction starts in an ideal diode; starting voltage of a 

magnetron 32 
V.t»rt Minimum power supply voltage at which firing occurs for series gaps. . . 298 
Vv Voltage source equivalent to charged energy storage condenser 27 
V„ Equilibrium value of storage condenser voltage 53 
V„ Energy storage condenser voltage at the start of a particular pulse 53 
Vo Initial voltage on lossless transmission line 177 
VT Equilibrium value of storage condenser voltage at the end of a pulse 53 
V'T Energy storage condenser voltage at the end of a particular pulse 53 
vi Instantaneous voltage across a load 237 
vr Instantaneous-voltage drop across switch tube 60 

W Energy in magnetic field 513 
W Energy in a charged capacitance 519 
W. Energy dissipated in PT core due to eddy currents 627 
Wi Energy dissipated in a load 226 
Wm Energy returned to the circuit from PT core 628 
WK Energy stored in PFN 250 
w Width of core lamination 637 

Y Admittance = l/Z 185 
Ys Admittance of a PFN 208 

Zi Load impedance 84 
Zn Impedance of a PFN 129, 176 
ZT Internal impedance of a pulser 85 
Z, Impedance in parallel with pulser load 33 
ZT Characteristic impedance of PT winding 523 
Z<t Characteristic impedance of a transmission line 84 

GREEK LETTER SYMBOLS 

7 -4- Tf 
a Shunt loss coefficient = 1 -\—^Jl—- 238 
a PT parameter 533 

R 
p Series loss coefficient = 1 + ~* 238 
0 PT parameter 533 

y Ratio of total load distributed capacitance to PFN capacitance 252 
T 

7 e 2Q 419 
r , 1/L, 591 
VL X/LL 591 

A Distance between layers of PT winding 513 
A, Skin depth 548 

4 One way transmission time for lossless transmission line 177, 524 
i Loss tangent = tan 1 653 
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Symbol Description Defined or First Used 
Page 

t Dielectric constant 519 
< Small positive voltage 576 
<o Dielectric constant of free space 618 
<i Dielectric constant of core material in mks units 618 

i, Efficiency of a P T 71 
i)i Efficiency of power supply 249 
i)e Efficiency of charging circuit 249 
in Efficiency of discharging circuit 249 
ij. Efficiency of pulser circuit 249 
i)t Efficiency of a P T 236 
ijo Overall efficiency of a pulser 249 

K Reflection coefficient 85, 419 

n Amplification factor 91, 576 
fi Permeability 523 
n. Effective pulse permeability 510 
m D-c incremental permeability 601 
m, D-c incremental permeability for core with gap 601 
Pmu Maximum permeability 603 
in, Average permeability 601 
/i„. Average permeability for core with gap 601 
m Permeability in mks units 618 

p Resistivity . 511 

a PT circuit parameter 564 
iri Conductivity of core material in mks units 618 

T Pulse duration 3 
To Duration of power pulse 714 
TI Pulse duration at the load 250 
r u , Maximum pulse duration obtainable with a regenerative pulse generator 587 
TK Pulse duration produced by a PFN on a matched resistance load 250 
T« Time required to saturate a core lamination 634 

a Circuit parameter 42 
u Angular frequency of a-c voltage 177 
u a' = a>l — a' 357 
<uo Applied a-c angular frequency 367 

"' " LlCii 3 5 7 



Index 

A 

A-c charging diode, 414—416 
general analysis of, 380-386 
nonresonant, 381, 385, 393-400 
resonant, 381, 385, 386-393 

average-current component in, 389 
charging-circuit efficiency in, 392 
circuit utilization factor in, 392 

A-c charging transformers, linearity 
requirements for, 401 

practical, 400-407 
A-c impedance, 177 
Airborne radar systems, light-weight 

medium power pulser for, 140-152 
Aluminum-cathode gap (see Fixed gap) 
Amplitude jitter, 290, 331 
Anger circuit, 468-471 
Anode buildup, 320 
Anode circuit, 344—349 

of hydrogen thyratrons, 344 
Anode current, rate of-rise of, 348 
Anode voltage, forward, 346 

inverse, 346-348 
Arnott, E. G. F., 321n., 324n. 
Autotransformer, 512 
Average current, 361, 467, 470; 483 
Average-current component in a-c reso

nant charging, 389 
Average-current measurements, 146 
Average-current meter, 701-706 
Average values of the transformer cur

rents, 396 

B 

Backswing voltage, 43, 45, 50, 79, 88, 
146, 154, 261, 509, 551, 569 

Bell Telephone Laboratories, 104, 281, 
295, 317, 321, 322, 328, 472-476 

Bettler, P. C , 451n. 
B-H loop, d-c, 612 

idealized, 633 
idealized and actual pulse, 627 
pulse, 612, 643 

circuit for, 641 
B-H oscillograms, for a-c charging trans

formers, 403, 405, 406 
for d-c charging reactor, 369, 370 

Bias, cutoff, for tetrode, 100 
for triode, 100 

negative, 92 
Bias voltage, cutoff, 99 
Biased diode, current-voltage character

istic of, 32, 231 
Biased-diode load, 527 
Blocking-oscillator driver, 124-132 
Blocking-oscillator transformer, design 

of, 543-547 
Blumlein circuit, 465-468 
Bootstrap driver, 120-124, 138 
Bostick, W. H., 611n., 639n. 
Breakdown field of rotary gap, 291 
Breakdown time of rotary gap, 275 
Breakdown voltage, dynamic, of single 

fixed gap, 296 
static, of single fixed gap, 296 

Bushings for pulse transformers, 654 
Butt joint in core, 601, 644 
Byerly, W. E., 656n. 

C 

Cable, matched, with a series resistor, 671 
with a shunt resistor, 671 

for pulse-forming network, 164 
Cable impedance matching, 671 
Cable-matching, 677 
Cable properties and delay lines. 689 
Capacitance divider, 673-675 
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Carslaw, H. S., 27n. 
Cathode and anode erosion of fixed gap, 

319-321 
Cathode current, 148 
Cathode erosion, 317, 320 
Cathode follower, 121, 125 
Cathode fatigue, 97 
Cauer's extension of Foster's theorem, 

194 
Chaffee, E. L., 98n. 
Characteristic current-voltage of a non

linear load, 110 
Characteristic curves for triodes and 

tetrodes, 98-108 
Characteristic impedance (see Imped

ance, characteristic) 
Characteristics, grid-current-plate-volt

age, 101-108 
idealized current-voltage, of a tetrode, 

110 
plate-current-grid-voltage, 99-101 
plate-current-plate voltage, 101-108 

Charging, of storage condenser, 51—69 
(See also A-c charging; D-c charging; 

Full-cycle charging; Half-cycle 
charging; Inductance charging; 
Linear charging; Recharging; Res
onant charging 

Charging-circuit efficiency in a-c resonant 
charging, 392 

Charging-circuit losses, 429 
Charging circuits, of line-type pulser, 

355-416 
miscellaneous, 414—416 

Charging cycle, 358 
Charging diode, 138, 361 

(See also Hold-off diode) 
Charging efficiency, 392, 421 
Charging element, inductance, 355 

resistance, 355 
Charging inductance, 361, 455, 467, 

483 
of a pulse transformer, 526—530 

Charging period, 384 
Charging reactor, 356 

coil design for, 372 
core design for, 372 
linearity of, 366 
sample design for, 376 
saturation of core, 364, 370 

Charging transformer losses, 413 

Charging transformers, a-c, (see A-c 
charging transformers) 

Charging voltage, forward, measurement 
of, 690-692 

Circuit (see type of circuit) 
Circuit complexity, 16 
Circuit utilization factor in a-c resonant 

charging, 392 
Coding, pulse-, 131, 486 
Coil design for d-c charging reactor, 372 
Coil material for pulse transformers, 648-

660 
Cole, P. A., 662n., 706n. 
Condenser, as energy reservoir, 21-23 

discharging of, 25-51 
storage, charging of, 51-69 

effect of inductance of isolating ele
ment on, 67 

voltage on, 77 
Condenser voltage equilibrium, 53, 55 
Connectors, for pulse transformers, 654 
Conservation of charge, definition of 

equivalent rectangular pulse, 711-
716 

Conservation of energy, definition of 
equivalent rectangular pulse, 711-
716 

Core, accurate equivalent circuit for, 631 
with butt joints, 601, 644 
without butt joints, 600 
magnetization of, 633 

Core design for d-c charging reactor, 372 
Core material for pulse transformers, 

599-648 
d-c data for, 614-615 
d-c properties of, 599-601 
pulse data for, 614-615 
standard tests on, 611 
thickness of, 599 

Core performance, techniques for measur
ing, 639-648 

Core saturation, 603n. 
Core size, 538, 545 
Coupling coefficient, 506 
Craggs, J. D., 274n., 332 
Crout, P. D., 528 
Current, average (see Average current) 

effective (see Effective current) 
Current-fed network (see Network) 
Current modes in pulse transformer, 

528 
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Current pulse, 175, 176, 666 
amplitude for, 69 

Current pulse droop, 80, 88, 169, 568, 702 
(See also Pulse droop) 

Current pulse rectangular in copper, 655-
658 

Current-pulse shapes, 186 
Current-pulse-viewing resistors, 676 
Current spike (see Spike, current) 
Current-viewing resistors, 666 
Current-voltage characteristics of a bi

ased diode, 32, 231 
CV85 trigatron, 332 
CV125 trigatron, 332 

D 

Darlington circuit, 464 
D-c charging, 356-380 

general analysis of, 356-363 
D-c charging current from nonlinear 

charging reactor, 365 
D-c charging reactors, design of, 372—380 

linearity requirements for, 364—366 
practical, 364-372 

D-c charging voltage from nonlinear 
charging reactor, 365 

D-c hysteresis loop, 605 
of a core, 600 

(See also B-H loop) 
D-c incremental permeability, 601, 632, 

634 
D-c permeability, 510 
D-c resonant charging, 360, 418 
Deionization, 279 
Deionization time, 336, 353 
Delay line, 133, 158 
Delay lines and cable properties, 689 
Delay time, 351 
Despiking circuit, 453 
Despiking iJC-network, 436 
Diaplex, 215 
Dielectric, dissipation factor of, 216 
Dielectric constant and power factor, 652 
Dielectric strength, 651 
Dielectrics, 215 
Diffusion equations, 656 

development of, 617-619 
solution of, 619-626 

Dillinger, J. R., 312n., 320n., 324n., 327n., 
335n. 

Diode, biased (see Biased diode) 
Discharging of storage condenser, 25-51 
Discharging circuit, effect of, on pulse 

shape, 255-261 
efficiency of, 449 
general properties of, 225-233 
of line-type pulser, 225-272 

Discharging efficiency, 466, 483 
Discharging (pulse) interval, 54 
Dissipation factor of dielectric, 216 
Distributed capacitance, 516-522, 537 

effective, of pulse-transformer coils, 
measurement of, 521 

for a transformer, 507 
Divider (see specific type of divider) 
Donovan, A C , 367n. 
Double-switch single-network circuit, 

488-492 
Drewell, P., 336n. 
Driver, 119 

blocking-oscillator, 124-132 
bootstrap, 120-124, 138 
multivibrator, 132-139 
pulse-forming-network, 132-139 
regenerative, 124-134, 150 

Driver circuits, 119-139, 157, 168 
Dry type of insulation, 648-651 

solventless varnish for, 649 
Dunham, C. R., 619n., 635n. 
Duolaterally wound coil, 554 
Dupont, 650 
Duration (see Pulse duration) 
Duty, 4 
Duty cycle, 4 
Duty ratio, 4 
Dynamic resistance, 231 

of load, 3, 33, 78,110 

E 

Eddy current, 620, 624, 636 
energy dissipated by, 626 

Eddy current loss, 629 
Effective current, 361 

in a-c resonant charging circuit, 390 
in transformer winding, 547 

Effective current density, in transformer 
winding, 548 

Effective values of the transformer cur
rents, 396 
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Efficiency, 13, 534 
of hard-type pulser, 16 
of line-type pulser, 13, 16 
pulser, 244, 249-255, 462 

of line-type pulser, 249 
over-all, 249 
of rectifier circuit, 249 
total, 249 

829 tetrode, 105, 123, 126, 132 
884 tube, 123 
8020 shunt diode, 154 
Electrode material, for fixed gap, choice 

of, 317 
for rotary gaps, 280 

Electrodes, fixed, 276 
moving, 276 
for rotary gaps, number of, 282 

Energy, dissipated, in the core, calcula
tion, 627 

approximate, 630 
by eddy currents, 626 
in pulse-transformer windings, 660 

stored in magnetic field, 627 
Energy density, average, in coil, 541 

in core, 541 
Energy loss, 626—633 
Energy reservoir, comparison of a con

denser and an inductance as, 23-25 
(See also Condenser; Inductance) 

Energy transfer, maximum, 533 
Equivalent circuit, for pulse-transformer 

core, 626—633 
(See also component for which equiv

alent circuit is given) 
Erosion of electrodes of fixed gap, 319-

321 
Evans Signal Laboratory, 342n. 

Fe-I gap, 328 
5C22 thyratron, 138, 341, 455 
5D21 tetrode, 100, 104, 132, 472 
527 triode, 106 
Fixed gap, aluminum-cathode, 298 

designs of, 321-323 
cathode and anode erosion of, 319-321 
cylindrical electrode, 295 
cylindrical-electrode aluminum-cath

ode, 318-327 
enclosed, 294-335 

Fixed gap, iron-sponge mercury-cathode, 
327-332 

designs of, 328 
mercury-cathode, 295, 303 

(See also Series gap) 
static- and dynamic-breakdown volt

ages of a single, 296 
three-electrode, 332-335 

hydrogen-filled, 335 
types (see listing under O) 

Fixed gap design, general considerations 
for, 316-318 

Fixed gap dissipation, 324-326, 331 
Fixed spark gap (see Fixed gap) 
Fletcher, R. C , 680n. 
Fluharty, R. G., 274n., 326n. 
Flux density, 538 

distribution of, 623 
incremental, 537 

Fluxplot, for typical pulse-transforming 
winding, 659 

Fosterite, 557, 649, 650 
Foster's reactance theorem, 193 
Foster's theorem, Cauer's extension of, 

194 
4C35 thyratron, 138, 341, 479 
Fourier-series, 187 
Frank, R., 656n. 
Frequency response, of pulse transformer, 

591-598 
of transformer, oscilloscope presenta

tion of, 595 
Full-cycle charging, 394-397, 449 
Fundingsland, O. T., 443n. 

G 
Ganz, A. G:, 623n., 628n., 633n. 
Gap in the core, 601 

(See also Fixed gap; Rotary gap; 
Series gap) 

Gap length of the core, optimum, 602-604 
Gap restriking, 279 
Gap spacing, 320 
Gaps, number of, vs. voltage range, 300-

302 
Gardner, M. F., 27n. 
Gas, for fixed gap, choice of, 316 

for rotary gaps, 280 
Gas cleanup, 336 
Gas pressure, 320 
Gaseous-discharge switch, 10, 14, 175 
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GE 68G627 pulse transformer, 129, 150 
General Electric Company, 355n., 373, 

400-402, 408, 557, 559, 614-615, 638, 
649 

Geometry of fixed gap, determination of, 
318 

Germeshausen, K. J., 312n., 335n. 
Gibbs phenomenon, 187 
Gillette, P. R., 522n. 
Glasoe, G. N., 662n., 707n. 
Glick, H. L., 327n. 
Goucher, F- S., 274n., 295n., 316n., 318n., 

327n., 331n. 
Grid, power dissipation in, 97 
Grid circuit of hydrogen thyratron, 349-

354 
Grid current, 97 
Grid drive, positive, 91 
Grid-driving power, 157 
Grid swing, 92, 119 
Guillemin, E. A., 189n., 193n. 
Guillemin networks, 200-203 

current-fed, 211-213 
type A, 212 
type B, 212 
type C, 212 
type F, 212 

voltage-fed, type A, 201 
type B, 201 
type C, 201 
type D, 201 
type E, 201 

Guillemin's theory, 189-207 

H 
Half-cycle charging, 397-100 
Half-wave single-phase charging, 476—478 
Hanna, C. R., 377n. 
Hard-tube pulser, 5, 6-8, 19-172 

application of pulse-shaping networks 
to, 165-172 

comparison of, with line-typs pulser, 
13-17 

high-power short-pulse, 160-165 
lightweight medium power, 140-152 
lMw, 152-160 
output circuit of, 21—89 
required switch characteristics of, 90-

98 
two arrangements of use of pulse 

transformer with, 74 

Haynes, J. R., 295n., 303n. 
Heat dissipation, 151, 459 
Hibbard, L. U., 693n. 
High-reactance transformers, design of, 

407-^14 
Hipersil pulse-transformer cores, 610 
Hold-off diode, 163, 381, 414-416, 456 

(See also Charging diode) 
Hull, A. W., 274n. 
Hydrogen thyratron, 335-354 

anode circuit of, 344 
control-grid characteristic in, 338 
grid circuit of, 349-354 
life of, 341 
operating characteristics of, 336-344 
operation of, 339 

series and parallel, 342 
tube characteristics of, 339 

Hysteresis loop on an oscilloscope, 639-
641 

(See also B-H loop) 
Hysteresis loss, 627 

I 
Ip-Vr curve, 111-118 
Ionization, residual, 297 
Ionization time, 345 
Impedance, a-c, 177 

characteristic, 176 
of pulse-forming network, 9, 129 

instantaneous, 437 
internal, of pulser, 4 
mismatch, 417 
of a network, measurement of, 221 

Impedance characteristic, of a cable, 670 
of a pulse transformer, 522-526 

Impedance-matching, 4, 9, 13, 16, 227 
cable, 671, 677 
to load, 70-76 
and transmission cable, 669-673 

Impedance mismatch with long cable, 
reflection effects of, 84-89 

Impedance transformation ratio, of trans
former, 10 

Inductance, as the energy reservoir, 23 
Inductance charging, from an a-c source, 

380-386 
(See also A-c charging) 

from d-c power supply, 356-380 
efficiency of, 363 

Inductance measurements, 366-372 
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Inductive kicker, 305-307 
Ingram, S. B., 295n. 
Input capacitance of load, 536 
Insulating materials, measurements on, 

653 
Insulation for pulse transformers, 648-655 
Interlaminar insulation, 638 
Interlaminar resistance, 636-638 
Intarpulse interval 16, 54, 119 
Iron-sponge mercury-cathode gap (see 

Fixed gap) 
Isolating element, 6, 12, 52 

average power dissipated in, 59 
effect of inductance of, on charging of 

storage condenser, 67 
high resistance as, 52-61 
inductance, 61-69, 145 
inductive resistor as, 61-69 
principal advantages of inductance, as, 

68 
resistance, 153 

Jitter, time (see Time jitter) 
Joos, G., 501n. 

K 

Keyers, 1 
Kicker, inductive, 305-307 
Kraft paper, 551 
Krulikoski, S. J., 344n., 347n. 

I 
Laplace-transform method, 27, 175 
Leading edge of pulse (see Pulse) 
Leakage core, 400 

separate, 409 
Leakage inductance, 506, 511-516 

calculation of, 512 
measurement of, 515 
of transformer, 400 

Leakage-reactance-core gap, 411 
Lebacqz, J. V., 274n., 468n. 
Linear charging, 12, 361 
Linearity requirements for a-c charging 

transformers, 401 
Line-simulating network, 124, 180 

(See also Network) 

Line-type pulse generator with a magne
tron load, 573 

Line-type pulser, 5, 8-12, 173-496 
characteristics of, 233-244 
charging circuit of, 355-416 

measurement in, 690 
comparison of, with hard-tube pulser, 

13-17 
discharging circuit of, 225-272 
efficiency of, 13, 16, 249 
equivalent circuit, 236-238 
performance of, 417-447 
switches for, 234, 273-354 

Line-type pulser characteristics, 233-244 
Line-voltage variation, 117 
Load, coupling to, 70-76 

direct-connected, 73 
duration of pulse at, 226 
dynamic resistance of, 3, 33, 78,110 
energy dissipated in, 226 
linear, 3 
nonlinear, 3 
open circuit in (see Open circuit) 
pulse power in, 226 
resistance, 177 
short circuit in (see Short circuit) 
static resistance of, 3, 110 
transformer-coupled, 73 

Load characteristics, effect of on pulser 
regulation, 108-118 

Load current, change in, during a pulse, 
58 

reducing the change in, 166 
Load current variation, 117 
Load dynamic resistance, 78 
Load effect on pulser operation, 418—423 
Load impedance, effects of change in, 

417 
Load line, 238-244 
Load voltage, 469 
Loss, series, 237, 238 

shunt, 238 

M 

MacColl, L. A., 619n. 
MacFayden, K. A., 635n. 
Mclntosh, R. O., 693n. 
Magnetic-path length, mean, 599 
Magnetic shunt, 400 
Magnetizing current, 522 
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Magnetron, current voltage character

istic of, 32, 702 
mode-changing of, 206, 417, 438-441 
mode-skipping, 439 
normal operation of, 435-438 
pushing figure of, 118 
sparking of, 425, 441-447, 707 

Magnetron current, average, 146, 155, 
253 

Magnetron-input characteristics, 435 
Magnetron load, 527 

pulser performance with, 435-447, 707 
Marx circuit, 494 
Maxwell's equations, 618 
Measurement (see quantity measured) 
Measuring techniques, 661—709 
Mechanical-design considerations for ro

tary gaps, 283-289 
Megaw, E. C. S., 693n. 
Metering techniques in pulse measure

ments, 692-709 
Mica, 215 
Minimum departure areas, equivalent 

rectangular pulse by, 716-720 
Mode changing of magnetrons, 206, 417, 

438-441 
Mode skipping, 438 
Mode-skipping magnetron, V-I charac

teristics of, 439 
Modulators, 1 
Moody, F. N., 500n. 
Motor, 285 
Multiple-switch circuit for voltage mul

tiplication, 494—496 
Multiple-switch multiple-network cir

cuit, 485-488 
Multivibrator, biased, 132 
Multivibrator driver, 132-139 

N 

Naval Research Laboratory, Anacostia, 
D.C., 171 

Network, average power supplied by, 253 
current-fed, 8, 25, 135, 175, 207-213 
of equal capacitance per section, 196-

200, 203-207 
Guillemin, 200-203, 211-213 
initial charge on, 176 
inverse voltage on, 427 
line-simulating, 124, 180 

Network, mutual inductance, 199 
pulse-forming, 8,175, 224, 225, 234, 356 

cable as, 164 
characteristic impedance of, 9, 129 
current-fed, 25 
voltage on, 454 

type A, 201, 212 
type B, 201, 212 
type C, 201, 212 
type D, 201, 205 
type E, 205, 213, 219 
type F, 201, 212 
voltage-fed, 8, 175, 189-207 

Network attenuation, 222 
Network capacitance, 454 
Network-charging circuit, 12 
Network coils, 213-215 

construction of, 221 
Network condensers, 215-221 
Network impedance, 176, 181 
Network impedance function, 181 
Network phase shift, 222 
Network storage capacitance, 176 
Network voltage, 358, 388, 395, 398, 424, 

455 
Networks, derived from a transmission 

line, 179-189 
Nickel-steel pulse-transformer cores, 611 
Nickel-steel punchings for pulse trans

former cores, 611 
Nonlinear circuits, 429-431 
Nonlinear-inductance circuit, 471—476 

O 

Oil-impregnated paper, 215 
Oil-impregnated paper insulation, 651 
1B22 gap, 321, 322 
1B29 gap, 321, 322 
1B31 gap, 321, 322 
1B34 gap, 322 
1B41 gap, 322 

operating range for, 324 
1B42 gap, 328 
1B45 gap, 322 
1B49 gap, 322 
1-Mw hard-tube pulser, 152-160 
Open-circuited lossless transmission line, 

176 
Open circuits, 431—435 

in load, 417 
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Operating characteristics, of aluminum-
cathode gap, 323 

of hydrogen thyratron, 336-344 
of iron-sponge mercury-cathode gap, 

329 
Opposing-pin rotary gap, 287 
Oscillations on top of the current pulse, 

265 
Oscilloscope, 662-665 

high-speed, 664 
use of in pulser measurements, 662-692 

Oscilloscope presentation frequency re
sponse of transformer, 595 

Output circuit of hard-tube pulser, 21-89, 
141, 153, 160 

basic, 21-25 
with biased-diode load, 32-51 
with high resistance as isolating ele

ment, 52—61 
with inductance or inductive resistor 

as isolating element, 61—69 
with a resistance load, 26-31 

Output power regulation, 77 
Overload relay, 433 
Overshoots, 179, 187 

P 

Parabolic fall of pulse, 191 
Parabolic rise of pulse, 191 
Parallel-pin rotary gap, 287 
Peak current, 470 
Peak power, 69 

of pulse, 3 
Peek, F. W., 294n. 
Performance, of high-power airborne 

pulser, 461-463 
of high-power rotary gap pulser, 451 
of line-type pulsers, 417—447 

Permafil, 557, 649, 650 
Permeability, d-c, 510 

d-c incremental, 601, 632, 634 
effective, of the core, 537 

PFN (see Pulse-forming network) 
Philco Corporation, 140 
Plate-current-grid-voltage characteris

tics, 99-101 
Post-pulse voltage, 691 
Power, average, 466, 483 

dissipated in shunt elements, 69 
Power dissipation, 104 

Power factor and dielectric constant, 
652 

Power input, average, 470 
to pulser, 151 

Power loss in pulse-transformer windings, 
660 

Power output, average, 470 
of pulsers, 3 

Power supply, 14, 455 
average current, 149 
voltage-doubler, 148 

Power-supply voltage, 73, 77 
Power transfer, 227, 232, 238-244 

maximum, 500-503 
Power transfer to the load, 69-89 
Pre-fire, 297 
PRF, 3, 123 
Protection, of circuit elements, 433—435, 

457 
Protective measures, 151, 160, 431 
Proximity effect, 547, 658-660 
Pulse, backs wing on tail, 569-571 

change in load current during, 58 
current, 3, 320 

(See also Current pulse) 
equivalent rectangular, by conserva

tion of energy, 711-716 
by minimum departure areas, 716-

720 
leading edge of, 2, 255-257 

(See also Pulse, rise of) 
parabolic fall of, 191 
parabolic rise of, 191 
peak power of, 3 
rectangular, 177, 711-720 
rise of, 2 

on a magnetron load, 565-568 
on a resistance load, 563-565 

(See also Pulse, leading edge of) 
sinusoidal power, 714 
sinusoidal spectrum distribution, 718 
top of, 2, 257 
trailing edge of, 2, 258-261 

(See also Pulse tail) 
triangular power, 713 
triangular spectrum distribution, 718 

Pulse amplitude, 710-722 
average, 69 
definition of, 710 

Pulse cable, 255, 231 
between pulser und loud, effect of, 271 
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Pulse characteristics, 98 

(See also Characteristics) 
of tubes of receiver type, 102 

Pulse-coding (see Coding, pulse-) 
°ulse current, 3, 320, 447 

change in, 165 
Pulse droop, 509, 568, 569, 674 

(iSee also Current pulse droop) 
Pulse duration, 2, 15, 119, 123, 136, 

226, 236, 320,447, 456, 534, 544, 710-
722 

change of, 16 
continuously variable, from 0.5 peec 

to 5 fisec, 158 
definition of, 710 
equivalent, 251, 710-722 
maximum, 587, 634 
range of, 127 
from 0.1-0.5 *<sec, 160 
from 0.3 /»sec to 0.15 jisec, 160 

Pulse energy, 184 
Pulse-forming network (See Network) 

cable as, 164 
Pulse-forming-network driver, 132-139 
Pulse generator, basic circuit of, 5 

regenerative, 124 
Pulse generator output transformer, 500 
Pulse hysteresis loop, 641—648 

theoretical construction of, 634-636 
(See also B-H loop) 

Pulse magnetization, 613-626, 633-638 
Pulse measurements, 667-687 
Pulse plate current, 95 
Pulse power, 3, 69, 238-244 
Pulse-power output, of the driver, 119 

vs. transmission-line voltage, 229 
Pulse recurrence frequency (see PRF) 
Pulse shape, 2, 13, 16, 179, 188, 190, 

207, 220, 534, 687 
computed and actual, 261-272 
effect of discharging circuit on, 255-261 
optimum, 552 
on a resistance load, 573 

(See also Wave shape) 
Pulse shapes obtained from hard-tube 

pulser, calculations of, with 
biased-diode load, 33-51 

with resistance load, 26-32 
effect of measuring circuit on, 678 
effect of pulse transformer and cable 

on, 81-84, 88 

Pulse shapes obtained from hard-tube 
pulser, effect of shunt capacitance 
and load resistance, 31 

examples of, magnetron (biased-diode) 
load, 38, 46-49 

sloping top or droop, 51, 56-58 
Pulse shapes obtained from line-type 

pulser, effect of cable on, 271, 272 
effect of circuit parameters on, 262,266-

268, 440 
effect of magnetron sparking on, 442 
magnetron load, 271, 272, 715, 719 
multiple pulses, 491, 493 
with non-linear inductance switch, 472 
with various types of PFN, resistance 

load, five-section, 183, 205, 715 
one section, 203, 715 
six-section, 188, 189 
three-section, 204, 715 
two-section, 204, 715 
type E, 207, 220 

Pulse shapes obtained from regenerative 
driver, 126,128,130 

very short pulse duration, 165 
Pulse shapes obtained from regenerative 

pulse generator, 590 
Pulse-shaping circuit, 177, 473 
Pulse tail, 2, 183, 189, 569 

oscillations on, 571-573 
(See also Pulse, trailing edge of) 

Pulse top, on magnetron load, 569 
on resistance load, 568 

Pulse transformer, 9, 225, 235, 497-660 
advantages of, 78 
bushings for, 654 
charging inductance of, 526-530 
coil material for, 648-660 
connectors for, 654 
core materials for, 609 
current modes in, 528 
design, 532-562 

methods for, 536-555 
elementary theory of, 499-531 
equivalent circuit, 508-510 

values of elements, 510 
frequency response of, 591-598 
GE 68G627, 150 
with hard-tube pulse generator, 566 
insulation for, 648-655 
iron-core, 124 
with line-type pulse generator, 567 
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Pulse transformer, operating data for, 558 
power output, 511 

design of, 547-554 
power-transfer efficiency of, 71 
primary inductance, 510 
for regenerative pulse generator, 511 

design of, 543-547 
time delay in, 85, 272 
two arrangements for use with hard-

tube pulser, 74 
typical design specifications for, 561 
typical designs, 555-562 
for very high resistance load, 554 
for very high voltages, 555 
winding schemes for, 517, 518 
wire for, 655-660 

Pulse transformer cores, equivalent cir
cuit for, 626-633 

various types of, 606 
Pulse transformer coupling to load, 70-76 

effects of, 78-89 
Pulse-transformer effect on pulse shapes, 

563-575 
Pulse transformer materials, 599-660 
Pulse transformer parameters, effect on 

circuit behavior, 563-598 
effect on regenerative pulse generators, 

575-591 
Pulse voltage, 3, 537 

change in, 165 
rate of rise of, 77 

Pulse voltmeters, 692-701 
intrinsic error of, 694-698 

Pulsed bridge circuit, 222 
Pulser circuit, direct connection, 70 
Pulser-circuit efficiency, 470 
Pulser design, switch-tube characteristics 

affecting, 93-98 
Pulser efficiency (see Efficiency, pulser) 
Pulser load line, 243 
Pulser performance, with magnetron 

load, 435-447 
Pulser power output, effect of stray 

capacitance on, 76 
Pulser regulation (see Regulation, pulser) 
Pulser switch (see Switch, pulser) 
Pulser, coded, 486 

comparison of hard-tube and line-type, 
13-17 

hard-tube (sec Hard-tube pulsers) 
high-power airborne, 454-463 

Pulser, high-power rotary-gap, 448—454 
performance of, 451 

light-weight, medium power, for air
borne radar systems, 140-152 

line-type (see Line-type pulsers) 
Model 9, 152-160 
multiple-load, 480-483 
multiple-network, 463-468 
multiple-pulse line type, 484-494 
thyratron bridge, operating data for, 480 
vest-pocket, 140 

Pulses, formation of, 175-179 
shaping of, 175-179 

Pushing figure of magnetron, 118 

Q 
Q of charging circuit, 359 

R 
Radial-pin rotary gap, 287 
Rate of rise, 689 

of trigger pulse, 350 
of voltage, 447 

Rational-fraction expansions, 185 
Rayleigh's principle, 179-183 
KC-differentiator, calibration of, 685 
RC divider, parallel, 667 
i?C-divider, series, 675 
Recharging current, average, 154 
Recharging path, inductance for, 39-51, 

144 
resistance for, 33-39, 144, 163 

Rectifying rotary gap, 476 
Recurrence period, 358 

frequency, 123 
Redfearn, L. W., 619n., 649n, 655n. 
Reflection effects caused by impedance 

mismatch with long cable, 84-89 
Reflections, 178, 670 
Regenerative driver, 124-132, 150 
Regenerative pulse generator, 575-591 

(See also Pulse transformer) 
Regulation, 16, 77 

pulser, 244-249 
effect of switch-tube and load char

acteristics on, 108-118 
transient, 244 
against variations in load charac

teristics, 247-249 
ngitinst variations in network volt

age, 215-247 



INDEX 73£ 
Rehkopf, H. L., 446n., 632n., 646n. 
Reignition voltage, 346 
Relay (see type of relay) 
Resistance charging, 487 
Resistance divider, 668 
Resonant charging, 12, 360, 381, 386-393, 

418 
Reverse current, 511 . 

effects of, 331 
Reverse magnetic field, 605-607, 644 
R-f envelope viewer, 706 
Rieke, F. F., 165n. 
Rise of pulse (see Pulse) 
Rms current in a-c resonant charging 

circuit, 390 
in the transformer, 483 

Roberts, D. T., 334n. * 
Rotary-gap efficiency, 289 
Rotary-gap geometry, 276-280 
Rotary-gap performance, 289-294 
Rotary gaps, 273, 275-294 

breakdown field of, 291 
breakdown time of, 275 
electrical considerations in design of, 

276-283 
mechanical design considerations, 283-

289 
motor and housing, 285 
with holes in insulating disk, 287 
opposing-pin, 287 
parallel-pin, 287 
performance of, for d-c resonant charg

ing, 291 
for a-c resonant charging, 291 

radial-pin, 287 
rotor, size of, 283 
types of, 286-289 

Rotary spark gap (see Rotary gap) 
Rudin, R., 693n. 

S 
Saturation, of reactor core, 364, 370 
Screen-grid voltage, 108 
Self-synchronous, 663 
Series gap, 274 

division of voltage across, 312-315 
generaf operating characteristics of, 

296-304 
two and three gap operation, 302-303 

(<See also Fixed gap) 
Series spark gap (see Series gap) 

715 B tetrode, 104, 115, 126, 147 
715 B tube, 115 
Shielding, 688 
Short circuit in the load, 248, 417, 423-

431, 457 
Shunt capacitance, 26, 30, 161, 251 
Shunt diode, 44, 146, 154, 348, 426-429, 

433, 443, 455 
8020, 154 

Shunt inductance, 251 
Shunt losses, 69 
Siegel, S., 454n. 
Signal presentation, 662-667 
Single-switch multiple-network circuit, 

492 
6AG7 tube, 135 
6C21 triode, 100, 106, 132, 157 
6D21 tetrode, 100, 106, 163 
6SN7 triode, 106 
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Skin effect, 547 
Slack, C. N., 274n., 316n. 
Slater, J. C., 523n. 
Spark gap, 175 

(See also Fixed gap; Rotary gap; 
Series gap) 

Sparking, of magnetrons, 417, 425, 441-
447, 707 

Spectrum analyzer, 706 
Spectrum distribution of pulses, 718 
Spike, current, 188 

current pulse, 436, 567 
on top of the pulse, 102 

Squirted flux, 530 
Static resistance of load, 3, 110 
Steady-state theory, 183-185 
Storage condenser (see Condenser, stor

age) 
Stray capacitance, 508 
Stromberg-Carlson Company, 140, 141 
Sullivan, H. J., 312n. 
Sweep calibrator, 665 
Sweep speeds, 663 
Switch, average power dissipated in, 92 

bidirectional, 418, 424 
effective resistance of, 23 
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requirements for, 273 
pulser, 5, 356 
unidirectional, 342, 418 
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Switch unidirectional, circuit using, 423 
vacuum tube, 6 
vacuum tubes as, 90-118 

resistance of, 7 
voltage drop in, 22 

Switch characteristics required for hard-
tube pulsers, 90-98 

Switch operation, typical, 298-300 
Switch resistance, effect of, 269 
Switch tube, 225 

average power dissipated in, 22, 92 
characteristic curves for triode and 

tetrode, 98-108 
power dissipation in, 73 

Switch-tube characteristics, affecting pul-
ser design, 93-98 

effect of on pulser regulation, 108—118 
Switch-tube current, 92 
Switch-tube operation, above knee of 

IrVT curve, 111-114 
below knee of Ip-Vp curve, 114-115 

Switch-tube resistance, 78 
Switch tubes, enclosed-gap types, 321, 

322, 328, 333 
hard-tube types, 95, 96 
hydrogen-thyratron types, 340, 341 
oxide-coated cathode, 93, 95 
sparking in, 93, 95 
thoriated tungsten cathode, 93, 95 

Synchronous, 663 
Synchroscope, 662-665 
Synchroscope input impedance, 670 

T 
Tail-biting circuit, 133 
Teflon, 650 
Terman, F. E., 91n. 
Tetrode, 92 

characteristic curves for, 98-108, 110 
3D21, 105, 115 
3E29, 135, 157 
5D21, 100, 104, 132, 472 
6D21, 100, 106, 163 
715 B, 104, 115, 126, 147 
829, 105, 123, 126, 132 

Thermal relay, 434 
Three-gap operation, 302 

possible circuits for, 303 
Thyratron bridge, 478-480 
Thyratrons, 175, 274 

hydrogen (see Hydrogen thyratron) 

Thyratrons, 3C45, 138, 341 
4C35, 138, 341, 479 
5C22, 138, 341, 455 
mercury, 335 

Thyrite, 429 
Time jitter, 15, 16, 120, 129, 278, 284, 

295, 299, 326, 330, 334, 351, 471 
Time lag, 275 
Time of rise, 206 

of ripple, 206 
for the voltage pulse, 80, 683 

Tonks, L., 274n. 
Top of pulse (see Pulse) 
Trailing edge of pulse (see Pulse) 
Transformer, distributed capacitance for, 

507 
current, 674 
high-reactance (see High-reactance 

transformers) 
impedance-transformation ratio of, 10 
isolation, 512 
noninverting, 535 
pulse (see Pulse transformers) 
for regenerative pulse generator, 500 
stepdown, 510 
stepup, 510 
transmission delay of, 525 
voltage-transformation ratio of, 10. 

Transformer dissipation of energy in core, 
508 

Transformer equivalent circuit, 503-508 
Transformer theory, general, 499-510 
Transformer voltage, 483 
Transmission cable and impedance 

matching, 669-673 
Transmission delay of a transformer, 525 
Transmission line, 177 

lossless, 176, 226 
short-circuited, 209 

Transmission-line admittance functions, 
185 

Transmission-line capacitance, 228 
Transmission-line impedance function, 

181 
Transmission-line voltage vs. pulse-power 

output, 229 
Transmission time, 177 
Trapezoidal wave, 190 
Trigatron, 295, 332 

CV85, 332 
CV125, 332 
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Trigger circuit, condenser-discharge, 307-

311 
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Trigger-coupling condensers, 297, 312, 
314 

Trigger generator, 304-312 
Trigger pulse, 119 

rate of rise of, 350 
Trigger voltage, 302, 330, 334 
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series, 124 
Triode, 92 

characteristic curves for, 98—108 
6C21, 100, 106, 132, 157 
6SN7, 106 
304TH, 100, 104, 123 
527, 106 

Tube dissipation, 345 
Tube drop, 345 
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Varela, A. A., 171 
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Foreword 

THE tremendous research and development effort that went into the 
development of radar and related techniques during World War II 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. Because this 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super-
. i vision of the National Defense Research Committee, undertook the great 

i task of preparing these volumes. The work described herein, however, is 
'- the collective result of work done at many laboratories, Army, Navy, 

university, and industrial, both in this country and in England, Canada, 
and other Dominions. 

S The Radiation Laboratory, once its proposals were approved and 
finances provided by the Office of Scientific Research and Development, 
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 
project. An editorial staff was then selected of those best qualified for 
this type of task. Finally the authors for the various volumes or chapters 
or sections were chosen from among those experts who were intimately 

, ; familiar with the various fields, and who were able and willing to writo 
" the summaries of them. This entire staff agreed to remain at work at 

MIT for six months or more after the work of the Radiation Laboratory 
was complete. These volumes stand as a monument to this group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of other scientists, engineers, and others who actually carried 
on the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and they 
worked so closely together even though often in widely separated labora
tories that it is impossible to name or even to know those who contributea 
to a particular idea or development. Only certain ones who wrote report;-
or articles have even been mentioned. But to all those who contributed 
in any way to this great cooperative development enterprise, both in this-

Scountry and in England, these volumes are dedicated. 

L. A. DUBRIDGE. 
VTl 
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Preface 

THE pulsed 10-cm magnetron, perfected by the British in 1940, consti
tuted the starting point for the development of microwave radar. 

From that time until the end of the war the magnetron proved to be one 
of the most important components in radar systems. As a consequence 
of this, the armed services, both in this country and in England, insti
gated extensive programs of research and development to produce new 
types and improve the characteristics of existing ones. The program 
soon became a major one for the electronic industry. At the Radiation 
Laboratory alone, over forty highly trained physicists and engineers spent 
more than four years studying magnetron performance and producing 
new designs. Comparable effort was expended by the many other 
industrial and research laboratories. The result was over twenty dis
tinct types of magnetrons, producing powers in the tens to thousands of 
kilowatts at frequencies that were largely unexplored before 1940. What 
is more important, this program led to a better understanding of the 
principles of magnetron operation and to an increased appreciation of 
the importance of the field of electronics at high frequencies. 

During the war very little attention could be given to evaluating, 
correlating, and recording these new developments, and what reports 
were written are disconnected and incomplete. Actually, much of the 
information existed only in the minds of the investigators and in their 
personal notebooks. The purpose of this book is to present in a usable 
form this large amount of theoretical and practical knowledge. 

Conditions surrounding the preparation of the volume produced 
special problems. The time available was short, considering the amount 
and complexity of the material, and a division of labor among many 
authors was necessary. This permitted the selection of authors best 
qualified to present different subjects but resulted in a not too consistent 
style and level of presentation. Furthermore, it was appreciated that 
although microwave magnetrons were developed for use in radar systems, 
their importance to science and engineering was much broader; thus the 
material for the book was evaluated largely in terms of its possible future 
usefulness, and the uncertainty of this resulted in a tendency to include 

ix 
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too much rather than too little. More serious are the errors that may 
not have been eliminated because of insufficient time for adequate review. 

The book contains a large fraction of what was known, as of January 
1946, about the theory, design, and operation of magnetrons in the 
frequency range 1000 to 25,000 Mc/sec and the many modifications that 
extend the usefulness of these tubes. There is in this book, because of 
its radar background, a strong emphasis on magnetrons intended for 
pulsed operation, but the treatment is extended to c-w applications 
whenever possible. 

The scope is dictated by the primary premise that all information 
necessary to "make a magnetron " be included. As a result, the character 
of the chapters ranges from a detailed theory of the various aspects of 
magnetron operation to the details of construction of production magne
trons. An introductory chapter reviews the early work on magnetrons, 
including the first 10-cm tube of the British, and presents the basic 
principles of magnetron operation in order to orient the reader unfamiliar 
with the subject. 

Except for this introduction, the material is arranged so that theory 
precedes practical considerations. A final chapter gives operating data 
and important dimensions for a variety of magnetrons. 

Although the authors of this volume were nearly all members of the 
MIT Radiation Laboratory or Columbia Radiation Laboratory, a great 
deal of the material included originated in the industrial concerns of this 
country and England. References to contributions by other laboratories 
is given whenever possible, but the free exchange of information existing 
during the war makes the origins of many of the ideas uncertain. In 
particular, the contributions of the Bell Telephone Laboratories and the 
Raytheon Manufacturing Company have been extensive and in many 
cases undistinguishable from those of the M I T and Columbia groups. 
The important contributions of these and the many other institutions are 
acknowledged. 

The early work of the British deserves special recognition. All too 
few references to it are found in this volume, because soon after the 
original design was divulged to laboratories in this country, the develop
ment here proceeded along rather independent lines. The British magne
tron, however, was the key to the production of high-power microwaves. 
A discussion of this tube and its important features is found in Chap. 1, 
based on material kindly furnished by Professor J. T. Randall and 
Dr. H. A. H. Boot who, more than any others, were responsible for its 
invention. 

Acknowledgments are due to the many who reviewed chapters of the 
book. In particular, mention should be made of Dr. Lewi Tonks of the 
General Electric Company, Drs. W. B. Hebenstriet and H. D. Hagstrum 
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of the Bell Telephone Laboratories, Drs. A. Nordsieck and A. V. Hollen-
berg of Columbia University, Dr. Lloyd P. Smith of Cornell University, 
and Miss Helen Wieman for her assistance in preparing the manuscript 
for publication. 

In conclusion, the editor wishes to emphasize that a book of this 
magnitude could not have been written without the wholehearted 
cooperation of all the authors, many of whom worked on the manuscript 
long after leaving the Radiation Laboratory. 

GEORGE B. COLLINS. 
CAMBRIDGE, MASS., 

July, 1940. 
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CHAPTER 1 

INTRODUCTION 

GEORGE B. COLLINS 

A magnetron is a diode, usually cylindrical, with a magnetic field 
parallel to its axis. In modern usage, however, the word implies a diode 
that, with the aid of a magnetic field, produces short electromagnetic 
waves, and it is with this meaning that the term is used in this volume. 
Those magnetrons which produce radiation within the wavelength range 
1 to 30 cm are here defined as microwave magnetrons. This class of 
tubes is sometimes called cavity magnetrons from the fact that, in the 
usual design, the resonant circuit is a number of closely coupled cavities 
contained within the evacuated portion of the tube. 

1-1. Early Types of Magnetrons.—Microwave magnetrons and the 
theory of their operation have their origin in contributions made by a 
great many investigators extending back at least to 1921. A review of 
this development will be given here with the purpose of pointing out the 
significant steps that have led to the present highly efficient sources of 
microwaves. Editorial policy precludes the assignment of credit for 
origination of ideas or inventions, and this question will be purposely 
avoided as far as possible. 

Nonoscillating Diodes with Magnetic Fields.—The basis for much of 
the theory of magnetron operation was laid by Hull1 who investigated 
the behavior of electrons in a cylindrical diode in the presence of a mag
netic field parallel to its axis. Such a diode is shown in Fig. 11a. A 
cylindrical anode surrounds a centrally placed cathode which is heated 
to provide a source of electrons. A nearly uniform magnetic field parallel 
to the axis of the tube is produced by a solenoid or external magnet not 
shown in the diagram. In the crossed electric and magnetic fields which 
exist between the cathode and anode an electron that is emitted by 
the cathode moves under the influence of a force F„ = Ee and a force 

— > — > 
F„ = e/c(v X B) (see Fig. 1-2), where E is the electric field, B the 
magnetic field, c the velocity of light, v the velocity of the electron, and 
e is its charge. The solution of the resulting equations of motion, which 
neglect space-charge effects, shows that the path of the electron is a 
quasi-cycloidal orbit with a frequency given approximately by 

fr = ^ - (1) 
mc 

1 A. W. Hull, Phys. Rev., 18, 31 (1921). 
1 
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(a) 

F I G . 1-1.—Early types of magnetrons: (a) Hull original diode; (b) split anode; (c) split 
anode with internal resonator; (d) improved split anode; (e) four-segment anode. 
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When this orbit touches the anode, a condition of cutoff is said to 
exist, and Eq. (2) holds 

V _ erj 
B2 8mc21 ■[-<9T (2) 

Fio. 1-2.—Forces on an 
electron moving in a diode with 
a magnetic field parallel to its 
axis. 

where V is the potential difference between the anode and the cathode 
and r« and re are their radii. The relation 
is an important one from the standpoint 
of magnetron operation. It implies that 
for V/B2 less than the right side of Eq. 
(2), no current flows and, as V/B2 is 
increased through the cutoff condition, a 
rapid increase in current takes place. For 
obscure reasons the reduction of current at 
cutoff, which is observed experimentally, is 
not so abrupt as the theory outlined above 
would indicate. 

Cyclotron Frequency Oscillations.—The 
type of diode shown in Fig. I-la can be made 
to oscillate at very high frequencies if the 
cathode and anode are made part of a resonant circuit with reasonably 
high impedance and low losses. Conditions for oscillation are that V/B2 

must be adjusted close to the cutoff condition given by Eq. (2) and that 
the frequency of the resonant current be close to the transit frequency of 

the electrons. An explanation of these 
oscillations is given in terms of Fig. 1-3. 
The dashed circle represents the path of 
an electron in the interaction space and 
modifies the trajectories of such an elec
tron. Curve (1) represents the trajec
tory of an electron emitted at an instant 
when the r-f field is in the same direc
tion as the d-c field. Thus the effective 
V acting on the electron is increased, 
and from Eq. (2) it is seen that this 
increases the cutoff radius with the 
result that the electron strikes the 
anode. 

Curve (2) is for an electron emitted one-half period later when the 
r-f fields are opposed to the d-c field. The electron now misses the anode 
and returns toward the cathode. Since the frequency of rotation as 
given by (1) is made close to the r-f frequency, electron (1) will return 
toward the cathode also retarded by the r-f field. This electron thus 

FIG. 1-3.-—Trajectories of electrons: 
(1) phase with respect to the r-f field is 
unfavorable for the support of oscil
lations; (2) favorable. 
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contributes energy to the r-f oscillation, and the process will continue as 
long as the phase relationships with the r-f field persist or until the 
electron is removed by some process. As these phase relationships 
cannot be maintained indefinitely, provisions are usually made for remov
ing the electrons before they fall out of phase. One method is to tilt 
the magnetic field slightly with respect to the axis of the tube. This 
causes the electrons to spiral out of the end of the anode before too many 
revolutions occur. 

A characteristic of this type of magnetron, which is important to 
the operation of many magnetrons, is the quick removal from the r-f 
field of the electrons whose phase is unfavorable to the support of oscilla
tions and the retention in the r-f field of the favorable ones. 

Split-anode magnetrons such as shown in Fig. 1-lb will also oscillate 
when the frequency of the resonant circuit (now connected to the two 
segments) is close to the transit frequency of the electrons and the anode 
voltage adjusted close to cutoff conditions. No satisfactory analysis 
has been made that gives the trajectory of the electrons in this case, but 
it is probable that the unfavorable and favorable electrons are segregated 
by processes similar to that illustrated in Fig. 1-3. 

No large number of cyclotron-type magnetrons have been made, 
but they have been used effectively as experimental sources of radio 
frequency.123 At 50-cm wavelength output powers of 100 watts have 
been obtained; at 10-cm wavelength about 1 watt; and detectable 
radiation has been produced at 0.6 cm. The efficiency of the split-
anode tubes is around 10 per cent for moderately long wavelengths as 
compared with 1 per cent for the diode variety. 

The shortcomings of this class of magnetron are low efficiency, low 
power, and generally erratic behavior, but extremely high frequencies 
can be generated by these oscillators. 

Negative Resistance or Habann Type.—If the magnetic field of a split-
anode magnetron is greatly increased over what is required for the 
cyclotron-type oscillations, a new type can occur which has been called 
negative-resistance or Habann-type oscillations. The frequency is 
determined almost wholly by the resonant circuit, and the magnetic 
field is not critical as is the case with cyclotron oscillations. These 
oscillators have been investigated by Kilgore4 who observed in a mag
netron containing gas at low pressure, luminous paths corresponding to 
electron trajectories of the form shown in Fig. 1-4. 

The form of the r-f field is shown, and this combined with the d-c 
1 A. Zarek, Cos. Pro. Pest Math, a Frys., Prague, 63, 578 (1924). 
2 H. Yagi, Proc. IRE, 16, 715 (1928). 
3 C. E. Cleeton and N. H. Williams, Phys. Rev., 60, 1091 (1936). 
4 G. R. Kilgore, Proc. IRE, 24, 1140 (1936). 
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field and the high magnetic field causes the electrons to spiral out to 
the anode segment that is at the lowest (most negative) potential. 
The magnetron thus has the characteristics of a negative resistance neces
sary to produce oscillations. I t is observed that the efficiency of this 
type of oscillation is enhanced if the electron moves out to the anode 
making ten or more spirals. The frequency of the spiraling is determined 
by Eq. (1), and thus magnetic field strengths are needed that are ten 
times those required to produce the same frequency by cyclotron-type 
oscillations. Providing sufficiently high magnetic fields to satisfy this 
requirement for very high frequencies is one of the principal objections 
to this type of oscillation as a practi
cal source of microwaves. 

An important modification in 
the design of split-anode magne
trons was made when the resonant 
circuit was placed entirely within 
the vacuum system. This step 
was the result of efforts to increase 
both the frequency and power out
put. Figure l i e s h o w s such a 
design. This type of tube has pro
duced power outputs of 100 to 400 
watts at 50 cm and 80 watts at 20 
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F I G . 1-4.—Trajectories of an electron in 

a split-anode magnetron when used as a 
Habann-type oscillator. 

Traveling-wave Oscillations.— 
This third type of oscillation also 
occurs in split-anode magnetrons 
and is related to the negative resist
ance type. The two differ only in the ratio of the angular frequency of the 
traveling wave to the cyclotron frequency. In the negative-resistance 
magnetron the magnetic field is so high that on the cyclotron time scale 
the traveling wave remains nearly stationary. There is no sharp dividing 
line between the two. For the same frequencies the magnetic field 
required is much lower than that needed to produce negative-resistance 
oscillations; and although the magnetic field may be close to the value 
necessary to produce cyclotron-type oscillation, its value is not critical 
and the anode potential is lower, so that oscillations occur below cutoff 
conditions. 

Traveling-wave oscillations have also been observed1 in four-segment 
and even eight-segment magnetrons. Figure 1-ld illustrates a four-
segment magnetron and shows in particular the manner in which the 
alternate segments are connected together within the vacuum envelope. 

1 K. Posthumus, Wireless Eng., 12, 126 (1935). 
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A particularly important feature of this design is that for a given B and 
r„ the four-segment magnetron can be made to oscillate at twice the 
frequency of a two-segment one. Posthumus1 developed a theory for 
oscillation of this type, which although space-charge effects are neglected, 
gives a reasonable explanation of the observed characteristics. This 
explanation can be made conveniently in terms of the four-segment tube. 
Figure 1-5 shows in an approximate manner the electric field distribution. 
These fields vary with time in a sinusoidal manner and may be considered 
as standing waves resulting from two sets of traveling waves rotating in 
opposite directions around the anode. For oscillations to occur the-

angular velocity of the electrons 
must approximate that of one of the 
rotating waves so that the electrons 
retain for an appreciable length of 
time their phase relationship with 
the r-f field. Posthumus showed 
that this condition exists when 

/ iirnVa 
r\B (3) 

Fio. 1-5.- -Electric fields in a four-segment 
magnetron. 

when / is the frequency, V„ and ra 

the anode potential and radius, B 
the magnetic field, and n the number 
of pairs of segments. 

The theory also shows"that elec
trons which are retarded by the r-f field and thus contribute energy to it 
spiral outward and eventually strike the anode. 

Equation (3) is consistent with the characteristics of these oscillations 
as observed by Posthumus. The upper-frequency limit for a given tube 
is inversely proportional to B, and for n = 2 this limiting frequency is 
twice that for n = 1. The theory is also consistent with such facts, 
now well known, that the anode voltage is proportional to the square 
of r„ and that for oscillations to occur the ratio V/B must remain constant. 

Of the three types of oscillations—cyclotron frequency, negative 
resistance, and traveling wave—the last has proved the most effective 
in magnetrons that are used as practical sources of microwaves. Some 
advantages of the traveling-wave type of oscillations are good efficiencies 
at high frequencies, moderate magnetic field requirements, and stability 
of operation over a wide range of input and output conditions. 

For frequencies below 1000 Mc/sec it is convenient to have the reso
nant circuit external to the vacuum system, as the elements are rather 
bulky and because external circuits can be tuned more readily. This 

lIbid. 



SEC. 11] EARLY TYPES OF MAGNETRONS 7 
circumstance has led to the development of split-anode magnetrons in 
the 100 to 1000 Mc/sec region that has culminated in the design shown 
in Fig. r i d . An important feature of these tubes is the large-diameter 
conductors connecting the two sections of the anode to the external 
circuit. This reduces losses in the resonant circuit and increases the 
anode dissipation. Power outputs of 150 watts at frequencies between 
15 and 1200 Mc/sec can be obtained reliably from this tube and similar 
ones.1 

In a search for magnetron sources of higher frequencies and higher 
powers certain modifications are suggested by the performance of the 
designs shown in Fig. 1-1. In particular the combination of the internal 
resonant circuit Fig. 1-lc with the multisegment feature of Fig. l i e 
seems desirable, as the internal resonant circuit is capable of handling 
high powers at high frequencies and the multisegment structure reduces 
the anode voltage and magnetic field. Figure 1-6 shows an arrangement 
of internal circuits that was investigated by Aleksereff and Malearoff.2 

1 This line of magnetron was developed by the General Electric Co. 
• N. T. Aleksereff and D. 10. Malearoff, Jour. Tech. Phys. USSR, 10, 1297 (1940). 

Republished Proc. IRE, 32, 136 (1944). 



INTRODUCTION [SEC. 1-2 

Similar arrangements have been suggested by many others.1 '23 Here 
the resonator system is made up of a number of internal resonators 
arranged around the axis of the cathode so that the capacitive portion 
of each resonator opens out into the cathode-anode space. The mag
netron shown in Fig. 1-6 was tried with anode blocks having up to 
eight resonators and with various anode sizes. Powers of a few hundred 
watts at 9-cm wavelength are reported with efficiencies as high as 20 
per cent, and a few watts were produced at 2.5-cm at very low efficiency. 
The power output was limited by overheating of the cathode which 

presumably resulted from back 
bombardment by electrons that 
received energy from the r-f field. 

1-2. The British Cavity Mag
netron.—The wartime need of 
radar for a transmitting tube capa
ble of very high pulsed-power out
puts at wavelengths of 10 cm or 
less led British investigators4 to 
attempt late in 1939 the develop
ment of a magnetron with these 
characteristics. T h e y invented 
and perfected a traveling-wave 
type magnetron with internal 
resonators that when pulsed pro
duced microwave radiation with 
peak powers several orders of mag

nitude greater than had been obtained before by any means. The fact 
that this magnetron was operated under pulsed input conditions is par
ticularly significant. Duty ratios [(pulse duration)/(interval between 
pulses) + (pulse duration)] of about 0.001 were used so that heating of the 
cathode and anode was greatly reduced over that for c-w operation. 
Specifically, with a duty ratio of 0.001, pulse powers one thousand times 
the maximum c-w inputs are possible without producing overheating. 
After a comparatively short period of development 10-cm magnetrons 
were made that operated efficiently with peak power inputs of several 
hundred kilowatts and outputs in excess of 100 kw. Figure 1-7 shows the 

1 A. L. Samuel, U.S. Pa ten t 2063341, 1936. 
2 British Pa ten t 509104, Oct. 7, 1938. 
3 Reiehspatent 663259, Aug. 3, 1938. 
* Professor J. T . Randa l and Dr. H. A. H . Boot, Universi ty of Bi rmingham, 

Birmingham, England. The work of these investigators was greatly aided as a result 
of cooperation with The General Electric Company, Ltd. , Wembley, England, which 
made m a n y contr ibut ions essential to the success of the product ion version of these 
early magnetrons . 

FIG. 1-7.—Anode block of first British 10-cm 
magnetron. 
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first anode constructed by these investigators, and Fig. 1 -8 the first ex
perimental magnetron. This tube had an output of 400 watts c-w at a 
wavelength of 9.8 cm. Figure 1-9 shows the construction of this mag
netron as it was produced for use in microwave radars. 

F I G . 1-8.—First British 10-cm magnetron. 

The effectiveness of this magnetron is due especially to three impor
tant features of design: 

1. A large-diameter oxide-coated cathode was used. The large 
diameter contributes appreciably to stable operation and provides 
a l a r g e e m i t t i n g area. 
Under pulsed conditions the 
oxide coating was found to 
provide peak emission cur
rents of 10 to 20 amp/cm2. 
This surprising performance 
of oxide coatings—the pulse 
emission is ten times the d-c 
value—is largely responsible 
for the magnetron's ability 
to accept high pulse-power inputs. Instabilities such as sparking 
might have been expected, as the magnetron operated with a plate 

F I G . 1-9.- -Production version of British 
10-cm magnetron. 
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voltage of 10 kv, a figure considerably above the value considered 
safe for the use of oxide cathodes under normal conditions. Fortu
nately under pulsed conditions little trouble was experienced. 

2. The anode block is part of the vacuum envelope. All the mag
netrons shown in Figs. 1-1 and 1-6 have anode blocks suspended 
inside vacuum, and large anode dissipation is difficult to obtain; 
with the anode block a part of the vacuum envelope, a low-
impedance thermal path from interior to exterior exists, and heat 
dissipation of several hundred watts of average power can be 
accomplished with air cooling alone. 

3. The separate resonators are coupled by conducting elements or 
straps.1 Without these the magnetron's several resonant fre
quencies are so close together that unstable operation results. 
With straps the efficiency is raised and stable operation may be 
obtained over a wide range of powers. 

Other features and certain optimum dimensions, which in all con
tribute significantly to the operation of this magnetron, were incorporated 
as a result of experiment. Good examples of such features are the output 
construction and the critical cathode diameter and coupling loop size. 

This early work also contributed greatly to the understanding of 
magnetron operation. The role of the electrons that return to the 
cathode in producing secondaries from the cathode was appreciated, 
and, in fact, magnetrons with secondary emitting cathodes and no pri
mary emission were operated by Boot and Randall. In addition, a very 
useful technique for investigating the resonant modes of magnetrons by 
the use of signal generators (Chap. 18) was developed. 

In spite of the spectacular performance of this early pulsed microwave 
magnetron its characteristics were not entirely satisfactory. Its per
formance was erratic, with regard both to the operation of individual 
tubes under varying conditions and to the operation of different but 
presumably identical tubes under the same conditions. In addition, 
any modification of the original design almost invariably resulted in 
unsatisfactory performance. For example, attempts at designing tubes 
to operate at wavelengths shorter than 10 cm or at lower anode voltages 
were not at first successful. The cause of most of these difficulties was 
the lack of a complete understanding of the principles of operation of the 
magnetron. 

1-3. Description of a Microwave Magnetron.—The class of magnetron 
with which this book is concerned is distinguished by a resonant system 

1 The addition of straps to the resonant system of the magnetron was made 
by J. Sayers, of Birmingham University, about a year after the original magnetron 
was perfected. 
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within the tube envelope; this system is composed of a number of coupled 
resonators surrounding a relatively large cylindrical cathode. An 
example that will be used as a basis for discussion is shown in Figs. 
1-10 and 1-11. 

These magnetrons are self-excited oscillators, the purpose of which is 
to convert the d-c input power into r-f output power. This conversion 
takes place in the interaction space I which is between the cylindrical 
cathode C and the anode block A. A constant and nearly uniform magnetic 
field is maintained in this interaction space in a direction parallel to the 
axis of the tube. In operation, the cathode is maintained at a negative 
potential, while the anode block is usually at ground potential. The 

FIG. 1-10.—Cutaway of typical microwave magnetron showing construction. 

anode block is pierced in a direction parallel to the axis by a number of 
resonators R which open into the interaction space so that the anode 
surface consists of alternate segments and gaps. The ends of the 
resonating cavities open into chambers that are called "end spaces" 
through which the lines of flux extending from one resonator to the next 
pass. The coupling between the resonators is increased by conduct
ing bars called straps S which connect alternate segments. Power is 
extracted from one resonator, one method being a coupling loop L which 
forms a part of the output circuit. The combination of resonant cavities, 
end spaces, straps, and output circuit is called the resonant system. 

In this design, the cathode C is oxide-coated and heated indirectly by 
an internal heating coil of tungsten or molybdenum. It is attached 
mechanically to two cathode stems supported by glass to provide anode-
to-cathode insulation. Coaxial line chokes K are frequently placed on 
these stemB to prevent the escape of any stray radiation that may be 
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picked up by the cathode structure. At each end of the cathode there 
is an end shield H whose purpose is to prevent electrons from leaving 
the cathode structure in a direction parallel to the axis of the magnetron. 
These end shields must be kept at a temperature too low to cause the 
emission of electrons. 

F I Q . 1-11.—Cross-sectional views of typical magnetron shown in Fig. 1-10. 

The radial dimensions of the interaction space depend upon the wave
length and voltage at which the magnetron is to operate and for any given 
type are proportional to the wavelength and to the square root of the anode 
voltage. For efficient operation, the ratio of cathode diameter to anode 
diameter must remain within narrow limits set by the number of resona
tors. In a 12-resonator magnetron, this ratio is about £ the anode; 
for fewer oscillators, it is somewhat smaller, and for more than 12 oscil
lators, somewhat larger. 

A magnetic field parallel to the axis of the cathode is required; it is 
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often produced by an electromagnet or permanent magnet with pole 
faces external to the magnetron. Figure l-12a shows a typical permanent 
magnet and magnetron with radial cathode supports. Another type of 
magnetron construction, favored for the higher-frequency magnetrons 
where magnet weight is of importance, is shown in Fig. 1-126. This 
magnetron-magnet combination is frequently called a "packaged 
magnetron." The cathode is usually supported axially through iron 

FIG. 1-12.—Two types of magnetron construction: (a) radial cathode supports with separate 
magnet; (o) axial cathode support with attached magnet. 

pole pieces which extend quite close to the anode and thus reduce the 
magnetic field gap. Since the weight of a magnet that will produce a 
given magnetic field strength over a given iron-sectional area increases 
very rapidly with the length of the gap, considerable magnet weight 
can be saved in this manner. I t is customary to supply this type of 
magnetron permanently attached to its magnet. The saving of size 
and weight resulting from this axial construction may be considerable. 

14. The Resonant System.—The combination of the anode block, 
output circuit, end spaces, and other parts that contribute to the r-f 
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properties of the tube is defined as the resonant system. It is a most 
important part of the magnetron, for it determines the frequency and 
also plays a most important role in the electronic processes. This 
integration of the entire oscillating system into one tube complicates 
the problems of design and limits the versatility of single magnetrons as 
compared with low-frequency oscillators where the oscillator tube is 
distinct from the associated resonant circuits. 

The function of the resonant system is to present to the space charge 
an r-f field of the desired frequency and with the proper configuration and 
magnitude to effect an efficient generation of radio frequency and further 
to transmit this power to an external load. The resonant system accom
plishes this by storing a quantity of the energy to produce the r-f fields, 
at the same time releasing a portion to the external load. 

A specific example will serve to fix the order of magnitude of the 
quantities involved in this process. For a pulse-power input of 100 kw, 
the 2J32 (see Fig. 1-11) delivers about 40 kw to its load, or about 
1.3 X 10 - 5 joule per cycle, as the frequency is 3000 Mc/sec. Under 
these conditions, about 10~2 joule is stored in the resonant system, and 
this energy results in an r-f voltage at the anode surface of about 10 kv. 
About 55 per cent (or 45 kw) of the input power is lost because of heating 
of the anode by the electrons, and 5 per cent (5 kw) is lost because of 
heating of the anode by the circulating r-f currents. 

A good resonant system should have characteristics that make the 
operation of the magnetron as stable as possible. This includes stability 
against small changes in frequency and stability against discrete fre
quency jumps and constitutes one of the major problems of magnetron 
design. 

The entire resonant system presents a problem too complicated for 
qualitative analysis, and it is usually assumed that only the anode block 
and output circuit affect the operation of the magnetron. Although 
this assumption is not always justified, as other parts of the magnetron 
may, indeed, affect its operation, it has usually been possible to isolate 
their effects and consider them as special problems. The discussion 
here of the resonant system as well as the more detailed treatments in 
Chaps. 2, 3, and 4 follow this procedure. 

The so-called hole-and-slot anode block, shown in Fig. (1-10 and Fig. 
1-11), will be used as a specific magnetron about which the following 
discussion will be centered. When operating in the desired manner, 
oscillations result in a disposition of charge and electric field, as is illus
trated in Fig. 1-13. Figure l-13o illustrates such a disposition at an 
instant when the concentration of charge on the ends of the anode seg
ments is at maximum. One-quarter of a period later the electric field 
and charges have disappeared and currents are flowing around the inside 



c 

Fio. 1-13.—Charges, r-f fields, and currents in an oscillating magnetron. The phase of (a), (6), and (e) differs progressively by x/2. 

Cn 
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of the cavities, producing a magnetic field along the hole portion of the 
cavities. Figure 1136 depicts the currents and Holds at this instant; 
Fig. l-13c shows the disposition of charges and electric fields another 
quarter period later. 

w=l n=2 

Fio. 144.—Field and charge distributions for the four principal modes of an eight-oscillator 
magnetron. 

Oscillations of this character are called ir-mode oscillations from the 
fact that the phase difference between adjacent resonators is TT. Other 
modes are possible, however, and each is characterized by varying phase 
differences among the eight coupled resonators that comprise this 
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particular resonant system. The number of possible modes is reduced 
by the fact that the resonator system is a closed one and the total phase 
shift around the resonator system must be a multiple n of 2ir, where n 
is called the mode number. For an eight-resonator magnetron, the 
important modes are n = 1, 2, 3, 4. In general n = 1, 2, 3, ■ ■ ■ , N/2 
where N is the number of resonators. The phase differences between the 
resonators in the example chosen for n = 1, 2, 3, 4 are ir/4, ir/2, 3ir/4, and 
IT. The charge and electric field distribution for these modes is illustrated 
in Fig. 1-14. In principle, one would also expect modes corresponding 
to n > N/2 in which the phase difference between resonators is some 
multiple of ?r corresponding to harmonics of the individual resonators. 
These modes apparently are unimportant to the operation of magnetrons 
and have only rarely been observed. Figure 3-7c shows the charge 
distribution for this harmonic type of oscillation. 

A more serious complication arises from the twofold degeneracy of 
some of the AV^modes discussed above. The amplitudes of oscillation 
of the separate resonator segments may be considered as points on a 
closed standing-wave pattern containing a number of wavelengths equal 
to the mode number. The degenerate forms of each mode correspond 
to a rotation of this standing wave so that the positions of the nodes and 
antinodes are interchanged. Figure 1-15 shows views of a magnetron 
in a plane parallel to the cathode and at the same time opened out so 
that the anode faces lie in a plane. The closed lines surrounding the 
segments represent the magnetic flux, and the numbers on the faces of 
the segments indicate the maximum charge. The smoothed-out dis
tribution of charge around the anode is shown below each. Eight such 
views are shown representing the four principal resonances or modes, 
each with their two degenerate forms. One of the degenerate forms of 
the (n = 4)-mode corresponds to a condition of zero charge on every 
segment and thus does not exist. This nondegenerate characteristic 
of the (n = AV2)-mode is an important feature of 7r-mode operation. 

If all the resonators are identical, the frequencies of these degenerate 
modes are identical. In actual magnetrons, asymmetries usually exist 
and the degenerate forms have slightly different frequencies. As a 
general rule, then, it may be stated that the number of modes encoun
tered is equal to N — 1. The question of the frequencies of these 
(N — l)-modes can best be discussed by considering first an unstrapped 
anode block such as is shown in Fig. 143. 

Each of these resonant cavities is similar to a simple oscillating 
circuit consisting of a lumped L and C. Although the inductance and 
capacitance of a magnetron cavity is not strictly lumped, the inductance 
of the oscillator resides mainly in the circular hole, and the capacitance 
mainly between the parallel plane surfaces of the slot. Since the fre-
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quency is a function of the product LC, it is possible to represent one 
resonant cavity by a conventional parallel resonant circuit whose fre
quency is given by / = (,l/2rr)(l/%/LC). Considering the frequency of 

the resonant system as a whole, it should be noted that the arrangement 
of these cavities is such that for the desired or x-mode of operation, 
their individual C's and L's are all connected in parallel. Thus 
the effective capacitance for the whole magnetron oscillator is NC and the 
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effective inductance is L/N, where N is the number of resonators. The 
frequency of the magnetron is thus nearly that of an individual resonator. 

The frequencies of the various modes will, in general, differ. This 
may be seen by referring to Fig. 1-14 and observing that the distribution 
of charge for the various modes is not the same and thus the effective 
capacitance for the various modes will be different. The same could 
be said with regard to the currents and effective inductances, so that 
different frequencies are to be expected. Unfortunately, the difference 
in frequencies of the modes, or mode separation as it is called, is not so 
great as is desirable. A separation of 5 to 20 per cent between the 
desired mode and the nearest one to it 
is needed. 

Figure 1-16 shows the effect of 
strapping on the wavelengths of the 
modes of an eight-oscillator 10-cm mag
netron. W a v e l e n g t h s for an un
strapped tube are shown, and it is seen 
that the IT or (n = 4)-mode has a 
separation of less than 2 per cent from 
the (n = 3)-mode. The frequencies 
of these modes depend upon the height 
of the end spaces, but for practical 
structures they are always quite close 
together. As a further complication, 
each of these modes, except the 7r-mode, is a close doublet. Chapter 2 
deals with the problem of the unstrapped resonant system in detail. 

The effect of adding straps to an unstrapped resonant system is to 
increase the separation of the TT- or (n = AV2)-mode from its nearest 
neighbor, usually the {N/2 — l)-mode. In Fig. 1-16, the mode spectrum 
of a single-ringed strapped magnetron is shown. The ir-mode separation 
is now seen to be over 10 per cent. Even greater mode separation is 
possible if larger or more straps are introduced. Several forms of 
strapping are shown in Fig. 4-1. 

The explanation of the effect of strapping can be made in several 
ways. The simplest is to conceive of the strap as maintaining 7r-mode 
oscillations by tying together points that for this type of oscillation 
remain at the same potential. A more sophisticated explanation arises 
from a consideration of the effective capacitance and inductance of the 
straps for the various modes. For 7r-mode operation the concentration 
of charge on the strap is a maximum and the effective capacitance of the 
strap is relatively large. For any other mode the potential difference 
between adjacent segments will be less, resulting in less charge on the 
strap and thus decreasing the effective capacitance that it contributes to 

Degree of strapping »-
F I G . 1-16.—Effect of strapping on 

the mode separation of an eight-oscil
lator magnetron. 
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the resonant system. Also, for other modes, currents will flow along the 
entire strap, decreasing the effective inductance of the resonant cavity. 
Thus the straps present both a reduced capacitance and a reduced induct
ance for all non-r-modes, and the frequency of these modes is increased 
with respect to the 7r-mode. A detailed quantitative analysis of strapped 
resonant systems is given in Chap. 4. Certain types of magnetrons, par
ticularly low-frequency and low-power ones, have a good mode separation 
even without straps. In these cases strapping does not improve their 
performance, but in general the increase in stability and efficiency resulting 
from strapping is so great that straps are considered essential. The addi-

F I G . 1-17.—Crosy-sectional views of rising-sun magnetron. 

tion of straps to the original British magnetron resulted in a major improve
ment in performance. A great deal of the erratic changing of the mode of 
oscillation characteristic of the unstrapped tube was eliminated; the 
efficiency was improved; and operation at higher-power levels was possi
ble. For example, the early British unstrapped magnetrons operated 
very unstably, had efficiencies ranging from 15 per cent to 40 per cent, and 
were prone to erratic mode shifting, while the strapped variety showed 
efficiencies consistently above 35 per cent and, over a considerable 
range of input conditions, rarely shifted modes. 

At high frequencies (above 10,000 Mc/sec), straps become quite 
small and mechanically difficult to incorporate into the magnetrons. 
In addition, their small spacing results in large copper losses and thus 
lower magnetron efficiencies. Adequate mode separation in these high-
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frequency tubes is still essential. The rising-sun magnetron is a most 
successful anode-block design for producing good mode separation at 
high frequencies that does not possess the disadvantages of strapping. 
Examples of this design are shown in Fig. 1-17. The essential features 
of the rising-sun design are the alternately large and small resonators. 
When oscillating in the desired mode the charge on the segment ends is 
alternating plus and minus, as shown in Fig. 3-7a, and the frequency is 
intermediate between that of a large and a small resonant cavity. The 
r-f voltage across the large cavities is larger than that across the small 
cavities, and as a result the r-f fields extending into the 
interaction space from the segments are not uniform, as 
shown in Fig. 1-13, but alternate between some large and 
small values. Fortunately this interaction-space field 
appears to be nearly as efficient as a uniform one. The 
peculiar mode spectrum of a typical rising-sun anode 
block is shown in Fig. 1-18. As an example an 18-
resonator magnetron is chosen because one of the main 
advantages of the rising-sun design is its effectiveness 
when a large number of cavities is needed. 

The difference between the mode spectrum of a 
strapped resonant system and a rising-sun system is 
conspicuous. The desirable operating mode in both 
cases is the N/2- or ir-mode, but in the strapped system 
the ir-mode is the longest wavelength, while in the rising-
sun system the ir-mode lies between groups of modes at 
a longer and shorter wavelength. Optimum separation 
between the x-mode and the long and short wave-length 
neighbors, which in general should not be the maximum 
possible, is obtained by adjusting the ratio of the fre
quencies of the large and small cavities or by other 
means such as closing off the ends of the anode block (Fig. 11-12). 

The explanation of this mode spectrum is given in Chap. 3 in terms 
of an equivalent circuit and also by field theory methods. This mode 
spectrum can be visualized by considering the rising-sun anode block as 
consisting of two resonant systems, one comprising the small cavities 
and the other the large cavities. Each of these systems by itself would 
have the type of mode spectrum of an unstrapped anode block with N/2 
resonators. Some coupling exists, however, between the corresponding 
modes of these two systems, and the resulting frequencies differ from those 
of the isolated systems by an amount that depends on the degree of 
coupling. In Fig. 1-18 the modes numbered 1 to 4 correspond to the 
first four modes of the nine large resonators, and the modes numbered 
8 to 5 correspond to the first four modes of the nine large resonators. 

_ 7 
= 6 

5 

0.50-
F i a . 118.— 

Wavelength distri
bution of the nine 
principal modes of 
an 18-oscillator ris
ing-sun magnetron 
having a ratio of 
cavity depth T\ = 
1.9. 
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the two systems is strong, however, 

FIG. 1-19.—Currents in oscillators 
rising-sun magnetron showing origin 
circulating current. 

Weak coupling exists between 8 and 1, 2 and 7, etc., and their frequencies 
are thus only slightly altered. The coupling between the ir-modes of 

and they combine to produce the 
operating or (n = 9)-mode inter
mediate between the two sets of 
modes and an (n = 0)-mode whose 
frequency is zero. 

Associated with the 7r-mode of 
a rising-sun resonant system there 
is a net r-f current circulating 
around the entire anode with the 
same frequency as the 7r-mode. 
The source of this net circulating 
current may be seen in Fig. 1-19. 

The r-f currents in the large cavities exceed those in the small ones as is 
shown by the length of the arrows in each cavity; as the large cavity cur
rents are always in the same direction around the anode, a net circulat
ing current results. The direction of this at the moment chosen is shown 
by a dotted arrow. 

This circulating current can 
reduce the efficiency of the mag
netron if the magnetic field is such 
that the cyclotron frequency of 
the electrons, as given by Eq. (1), 
is close to that of the magnetron. 

Finally m e n t i o n should be 
made here of some of the various 
forms of resonant systems that 
have been investigated. By far 
the most usual and successful type 
is that exemplified by the original 
British design (see Fig. I l l ) , and 
the r e l a t e d rising-sun design. 
Another type that has been the 
subject of considerable experi
mentation but is not generally 
used is shown in Fig. 1-20. The 
essential distinction between this 
and the more usual cavity type is 
that r-f currents flow axially along 
the segments instead of the predominantly radial currents of the conven
tional cavity type. Many variations of this basic design have been tried, 
but r ne has been found to possess any advantage over the cavity type. 

FIG. 1-20.—Magnetron anode block having 
large axial r-f currents. 
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Other forms of resonant systems have been investigated, but in most 
cases they were found unsatisfactory. Examples of such attempts are a 
linear resonator system and the so-called "inside ou t " magnetron in 
which the cathode surrounds the anode block. In both these designs, 
oscillations in the desired mode were not observed. The performance 
of all these various types of resonant systems has been poor in comparison 
with the cavity type. That this is due to some basic reason seems 
unlikely; it is more likely a consequence of the fact that the designs have 
not received the attention given to the cavity type. In any event, no 
further mention will be made of them. 

1-6. The Cathode.—The cathode plays a much more important role 
in the operation of magnetrons than does the cathode of any other 
form of tube. In addition to being a source of electrons, a magnetron 
cathode must dissipate the relatively large amount of heat resulting 
from back-bombarding electrons. By means of so-called "end shields" 
it must prevent the axial escape of electrons from the interaction space, 
and these end shields should not emit electrons. The cathode is also 
part of the resonant system, as r-f currents are induced on its surface. 

As a result of back bombardment, wide changes in the cathode tem
perature occur between starting and operations conditions which com
plicate the problem of emission. In pulsed tubes not only do these 
changes in temperature occur, but extremely high peak currents are 
extracted from the cathode. Current densities of from 10 to 100 amp 
per cm2 are obtained from oxide cathodes, depending on the pulse length 
and other conditions. 

The size of the cathode must be held within close limits so that 
electrons are released to the space charge at a point where the r-f field 
conditions are proper for the efficient functioning of the space charge. 
Too small a radius results in mode instabilities; too large a radius results 
in inefficient operation. The optimum size in most cases is such that 
rc/ra equals or slightly exceeds (N — 4)/(iV + 4), where rc and ra are 
the cathode and anode radii and N is the number of resonators. The 
end shields may be small if they are located within the anode block and 
must increase in size as the distance above the anode is increased. No 
definite specifications are possible, as the curvature of the magnetic field 
at the ends of the anode also contributes to preventing the escape of the 
electrons. 

It is not surprising in view of these manifold requirements that the 
cathode constitutes a major source of trouble and in nearly all cases is 
the single element that determines the life of the magnetron. 

Oxide cathodes in one form or another have been used in nearly all 
pulsed and many c-w magnetrons. They are used in pulsed magnetrons 
because of their ability to emit very large currents under pulsed operation. 



24 INTRODUCTION [SEC. 1-6 

They are used in low-power c-w magnetrons because oxide cathodes are 
more efficient emitters and do not involve large heater currents that 
interact with the fixed magnetic field. The usual emission troubles are 
encountered, particularly in very high or very low power magnetrons 
where the back-bombarding electrons are not in the energy range for 
efficient production of secondary electrons. 

In pulsed magnetrons sparking (the generation of bursts of gas) 
is a serious problem. The cathode is probably not wholly responsible 
for this phenomenon, but local vaporization of the oxide coating is 
observed, accompanied by the ejection of small pieces of the coating. 
The cathode is thus presumed to be a major source of trouble. The 
frequency and severity of the sparking is increased at high voltages and 
high-current densities, but extremely low current densities must be used 
to reduce the sparking rate essentially to zero. The emission and 
sparking of oxide cathodes is considered in detail in Part I of Chap. 12, 
together with an account of some preliminary investigations on thoria 
cathodes. Par t I I of Chap. 12 deals with the problems of cathode 
design. 

1-6. The Space Charge.—An electron in the interaction space of a 
magnetron is acted on by a constant magnetic field parallel to the axis 
of the cathode, a constant radial electric field resulting from the applied 
d-c potential, and the varying electric field extending into the interaction 
space from charges concentrated near the ends of the anode-block 
segments. Under these conditions the electron is part of a space charge 
with extreme variations in density, and the resulting problem is one of 
considerable complexity which is understood only in a qualitative way. 
No analytical expressions relating such quantities as current, d-c voltage, 
r-f voltage, and magnetic field have been obtained. The qualitative 
theory is presented here in outline. A more comprehensive review of 
the whole problem of magnetron electronics is found in Chap. 6. 

Consider the simple case of a single electron in the interaction space 
of a magnetron in the absence of any perturbing r-f fields. In crossed 
magnetic and electric fields, there is a force —eE due to the electric field 
and another, (e/c)v X B, due to the magnetic field, where E and B are 
the electric and magnetic field strengths, e and v are the charge and 
velocity of the electron, and c is the velocity of light. The resulting 
motion shown in Fig. 1-21 is approximately represented by superposing 
a slow rotation around the cathode at nearly constant radius Ro (the Ro 
rotation) and a faster circular motion with a smaller radius r0 (the 
r0 rotation). The resultant of these two motions corresponds roughly 
to the motion of a point on the circumference of a wheel as it rolls around 
a circle somewhat smaller than the cathode in such a way that its center 
moves in a circle of radius Ro. The speed of the slow R0 rotation is given 
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approximately by the ratio E/B. The fast r0 rotation corresponds to 
the cyclotron frequency and is thus determined by B alone; its angular 
velocity is u0 — cB/m. Although the angular velocity of this r0 rota
tion is constant, the magnitude of r0 depends on the initial kinetic energy 
of the electron and may vary for 
different electrons. The m a x i 
mum distance that any electron 
can proceed toward the anode 
(Ho + ro) in the absence of r-f 
oscillations is fixed by the ratio 
KIB and for good operating con
ditions is made to be about half of 
the way from cathode to anode. 

This description of the path of 
a single electron is exact only for 
the case of small r0 and has little 
significance when normal space-
charge conditions e x i s t . It is 
given, as it assists in understand
ing the interaction of the electrons 
with the alternating electric fields. 

In an oscillating magnetron, these electrons pass through the r-f 
fields, shown in Fig. 1-13, and a change in their velocity results. A 
somewhat surprising fact is that those electrons which are speeded up 
have their curvature increased and return to the cathode while those 

which are slowed down have their curvature 
reduced and move out toward the anode. 

To make this appear reasonable, consider 
the situation shown in Fig. 1 -22. An electron 
moves through crossed, uniform electric and 
magnetic fields with a velocity v that is normal 
to E and B. The force equation under these 
conditions is 

Fio. 1-21.—Path followed by n single electron 
in a nonosrilluting magnetron. 

B e v p , 
= eE + 

c 

mv 
It (4) 

where R is the radius of the orbit of the elec
trons (R is positive for orbits curving down). 
Where the path of the electrons is a straight line, 

the condition is obtained by letting R = oo. Equation (4) then reduces to 

FIG. 1-22.—Paths of elec
trons in crossed electric and 
magnetic fields. 

Ec 
V = ~B- (5) 

Inspection of Eq. (4) also shows that for v < Ec/B the electromagnetic 
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force will be reduced and the electrons will be deflected in the direction 
of the electric force. For v > Ec/B, the deflection will be in the direction 
of the magnetic force. The deflection that an electron suffers in this 
example when speeded up or slowed down thus corresponds to what 
happens in a magnetron, and it is significant that the operating conditions 
are ones for which v ~ Ec/B. 

The separation of the fast and slow electrons for an actual magnetron 
is shown in Fig. 1-23. Consider an electron at point A at the instant 
for which the fields are as shown. The r-f field at this point tends to 

F I G . 1'23.—Paths followed by electrons in oscillating magnetron. 

speed up the electron. As it speeds tip, the curvature of its path is 
increased, and it will move along a path corresponding to the solid line and 
strike the cathode with appreciable energy. This electron is thus 
removed from the space charge and plays no further role in the process 
except perhaps to produce a few secondary electrons from the cathode. 
An electron at point B, however, is in a decelerating r-f electric field. As 
a result of the reduction in its velocity, the curvature is reduced. If 
the frequency of oscillation is appropriate, this electron will always be in a 
decelerating field as it passes before successive anode segments. The 
r-f phase shown in Fig. ]-23 is correct only when electrons A and B are at 
the points indicated. The result is that the electron eventually strikes 
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the anode following a path of the type shown. Because of retardation by 
the r-f field, this electron gives up to the r-f field a large part of the energy 
gained in its fall through the d-c field to the anode. 

Since the electron moves from the cathode to the anode in a very 
small number of oscillations, the condition that the electron keep step 
with the variations of r-f oscillations, in its course around the cathode, 
need not be exactly satisfied. Electrons, once in step with the r-f field, 
remain in this state long enough to get to the anode even if their angular 
velocity is not exactly correct. This explains why the operating condi
tions of magnetrons are not very critical with respect to the magnetic 
field, input voltage, or other quantities that might affect the velocity 
of the electrons. 

Appreciable energy is associated with the r0 rotation. This motion 
takes place, however, in a substantially constant r-f field, since the Ro 
rotation keeps the electron in step with the variations of the r-f field. 
As a result, the r-f field has little effect on the energy associated with 
the r0 rotation during the last part of the trajectory. 

This qualitative picture shows how those electrons whose initial 
phase relationship is such that they absorb energy from the r-f field 
are eliminated at once from the space charge. This is the result of the 
fact that such electrons strike the cathode in the course of the first r0 
period. On the other hand, electrons that leave the cathode at such a 
time and place that they transfer energy to the r-f field continue around 
the cathode in a cycloidal path which expands toward the anode, trans
ferring to the r-f field the energy that they gain from the d-c field. 

In addition to describing the paths taken by individual electrons in 
the interaction space, it is helpful to consider the behavior of the space 
charge as a whole. In the absence of r-f fields, the space charge forms a 
rotating cylindrical sheath around the cathode. Under the influence 
of the r-f fields, following the reasoning above, the electrons in this 
space charge that are in an accelerating r-f field travel back toward 
the cathode, while those in a decelerating r-f field travel toward the anode. 
As a result the rotating cylindrical sheath is distorted (for an eight-
oscillator magnetron) into a smaller cylinder with four spokelike ridges 
running parallel to its axis. The configuration taken by the space 
charge is shown in Fig. 124. This space-charge configuration rotates 
with an angular velocity that keeps it in step with the alternating r-f 
charges on the anode segments, and the ends of these spokes may be 
thought of as brushing by the ends of the anode segments and thus 
transferring charge from the cathode to the anode. 

These spokes of space charge are rather narrow and have fairly sharp 
boundaries. This is a consequence of the focusing action of the r-f fields, 
the nature of which may be seen by considering Fig. 1-25. Here one of 
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F I G . 1-24.—Space charge m oscillating magnetron. 

F I G . 1-25.—Diagram showing focusing action of r-f fields on space charge. 

the space-charge spokes is shown in proper relation to the r-f fields extend
ing in from the anode segments, and dashed lines show the direction of 
the d-c electric field. Any electron that, due to an excess in angular 
velocity, precedes this rotating spoke would be at a point such as a. 
Here the radial component of the r-f field and the d-c field are in opposi
tion, and from the relation v = Ec/B its velocity will be reduced, even-
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tually returning it to the space-charge spoke. The converse is true for 
an electron that lags corresponding to point b. When the space-charge 
spoke is opposite a segment, the direction of the r-f field is such that this 
focusing action would not take place, but at this moment the intensity 
of the fields is zero, and the net effect of the fields on the rotating space 
charge is to produce the focusing action mentioned. 

The r-f current set up in the oscillators is principally a displace
ment current produced by this rotating space charge. As the spokes 
of space charge pass in front of an anode segment, a positive charge is 
induced on its surface. Half a period later, this positive charge has 
flowed around the back of the two adjacent oscillators to the two adjacent 
anode segments, and the spoke of the space charge has rotated to a 
position in front of the next anode segment. 

In addition to these displacement currents, conduction currents are 
produced by the flow of electrons from space charge to the anode. These 
electrons, however, arrive at the anode at such a time as to constitute a 
conduction current 90° out of phase with the r-f voltage and thus do not 
contribute energy to the oscillations. 

1-7. D-c Voltage Magnetic-field Relationship.—The concepts dis
cussed in Sees. 1-4 and 1-6 lead to a simple expression relating the operat
ing voltage V, the magnetic field B, the wavelength X, and the anode and 
cathode radii, respectively ra and rc. Again as an example the magnetron 
shown in Fig. 1-10 is chosen. For efficient operation of the magnetron 
V and B must be such that the angular velocity of the electron keeps 
pace with the changes in phase of the resonators. Thus an electron 
must move from a point opposite any segment to a point opposite the 
next in one-half a period. Assuming that the electron is intermediate 
between the cathode and anode this distance is 

T (ra + r\ 
TV^2-)' 

where N is the number of resonators. The velocity must then be 

., *-(ra + re) 
2 — ' 

Ns 
where / is the frequency of the magnetron. Introducing the mode 
number 

N A % C 

n = -jj- and Ao = -j 

„ = =c^+*>. (6) 
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From Eq. (5) the velocity of the electron is given by v = Ec/B; and if 
one makes the simplifying assumption that the field E is given by the 
relation E = V/(ra — rc), 

V = B&=75- (7) 

Equating (6) and (7) gives 
V - ^ {rl - rl)B. (8) 

If this problem is solved rigorously, Eq. (8) becomes 

V = ±-(r*-r*)(B-—CA (9) 

which is of the same form as Eq. (3), Sec. 1-1, developed by Posthumus. 
Equation (9) reduces to 

y v o l t s ^ ^ ^ - r ^ B - ^ 6 0 0 ) -
mo \ wo / 

(10) 

This voltage (which is a linear function of B) is known as the Hartree 
voltage after Hartree1 who developed this theory. This voltage is that 
at which oscillations should start provided at the same time that B is 
sufficiently large so that the undistorted space charge does not extend 
to the anode. 

Figure 1-26, which is known as a Hartree diagram, explains the 
situation. This is a plot of Eq. (10) together with that of the Hull 
cutoff parabola given by Eq. (2). This diagram is based on the mag
netron shown in Fig. 1-10. To the left of the cutoff parabola no oscil
lations occur as ordinary anode current is drawn. To the right of this 
parabola no current flows unless oscillations exist to distort the space 
charge until it touches the anode. This distortion is dependent on the 
existence of the proper electron velocities just discussed, and therefore 
current flows only when V and B correspond to a point near one of the 
straight lines representing the different values of n. Note that as n 
decreases, the electron must travel a greater distance around the cathode 
in one period and thus a larger E/B is required. This is evident from 
the (n = 3)- and (n = 2)-lines whose position was calculated assuming 
the same wavelengths as the (n = 4)-mode. Considerable departure 
from these lines is observed experimentally as a result of drawing large 
currents. The dotted lines above and parallel to the (n = 4)-line show 
the order of magnitude of this effect for different currents. 

Important relationships among X, V, B, and ra can be obtained from 
the formula for the cutoff parabola Eq. (3) and the Hartree resonance 
formula Eq. (10). Assuming a constant ratio re/ra, consider the effect 

1 Hartree, CVD Report. 
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FIG. 1-27.—An array of anode blocks of different wavelength and power output. Top 
row: 10-cm, pulse power 2500 to 0.1 kw; second row: 3.2 cm, pulse power 600 to 0.025 kw; 
single block and insert 1.25 cm, SO kw, 
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of keeping B and X fixed and varying ra. In Eq. (9), V is proportional 
to r\, so that operating conditions remain unchanged if the operating 
voltage is increased proportional to the square of the anode radius. 
This relationship is illustrated in Fig. 1-27. The upper row are all 10-cm 
anode blocks which have operating voltages of 50, 25, 15, 5, and 1 kv, 
respectively. The reduction in anode diameter with voltage is evident, 
although the number of resonators is not the same for all of these blocks 
and some allowance must be made on this account. The second row 
shows a corresponding series of 3.2-cm anode blocks whose operations 
voltages are 30, 20, 5, and 2.5 kv. 

I t may be seen from the same equations that if V is kept constant, 
T„ must vary roughly as X0 and B as 1/X0 in order to preserve equivalent 
operating conditions. A simplified proof of these relationships is possible, 
neglecting the final term in Eq. (10) which, in general, is small compared 
with B the product (xl — rl)B ~ X. Since r„/rc is assumed constant, 
r\B ~ X and from Eq. (3) Sec. 1 

raB = const. 

Combining the two proportionalities gives the static proportionalities 

r„ ~ X 
and 

B~\-
X 

Two major difficulties in making very short wavelength magnetrons 
are inherent in these expressions: The cathode and anode become exces
sively small, and the requirements for magnetic fields excessively high. 

1-8. Component Modes.—In Sec. 1-4 the modes of the resonant 
system are discussed; and if longitudinal oscillations are excluded, the 
number of these modes is stated to be N — 1, each of which is charac
terized by a certain field distribution and frequency. The most effi
cient process is based on the equality of the angular velocities of the 
rotating space charge and rotating r-f fields. Another possibility is 
the excitation of a mode by the interaction of the space charge with 
one of the components of the r-f field rotating less rapidly than the 
fundamental. 

These components of the fundamental mode patterns are associated 
with the fact that the variation in intensity of the r-f field around the 
anode is not sinusoidal. The nonsinusoidal spatial variation can be 
represented by a sum of Fourier terms, each of which corresponds to a 
closed rotating wave containing a number of cycles, or complete periods, 
different from the fundamental and rotating with a different velocity. 
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These components are limited, according to Hartree,1 to those which 
contain a number of complete periods around the circumference, given 
by the relationship 

y = n + mN, (11) 

where m is a whole number, n the mode number of the fundamental, 
and N the number of resonators. The angular velocity of these compo
nents is given by 

±a,7 = H (12) 
7 

where / is the frequency. Equation (11) applies only to the case of the 
symmetric anode block, whether it is strapped or not. 

These components have a physical significance. If the electrons 
forming the undistorted space charge have angular velocities close to 
that of one of these components, the effect of the r-f field will be cumula
tive and the space charge will be distorted into the form shown in Fig. 
1-24, but with a number of spokes equal to y. The field of the compo
nents (or fundamental) that have a different angular velocity will not 
remain in phase with the electrons, and its effect will average out after 
a few cycles. 

Table 1-1 shows the values of y for the important components of the 
four modes of an eight-resonator magnetron. Negative values of y mean 
that the component is rotating in a direction opposite to the fundamental 
and values of y for m = 0 correspond to the fundamental field pattern 
of the modes. 

TABLE 1-1 .—VALUES OF y ( N U M B E R O F CYCLES) FOR C E R T A I N C O M P O N E N T S OF T H E 
F O U R P R I N C I P A L M O D E S OF AN E I G H T - R E S O N A T O R M A G N E T R O N 

0 
- 1 
+ 1 
- 2 
+2 

n 

1 

1 
- 7 
+ 8 

- 1 5 
+17 

2 

2 
- 6 

+ 10 + 9 
- 1 4 
+ 18 

3 

3 
- 5 

+ 11 +10 
- 1 3 
+ 19 

4 

4 
- 4 

+ 12 +11 
- 1 2 
+20 

Since for every value of n there is a fundamental rotating in both 
directions, producing the familiar standing-wave pattern, there are two 

1 Hartree, CVD Repor t . 
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complete sets of components each rotating in opposite directions. This 
is implied by the ± sign in Eq. (12). 

Although the number of components is infinite, only values of y 
for ±m up to 2 are given, since higher values are of no practical impor
tance. Actually, mode excitation in the case of symmetric resonant 
systems has been observed only for the (m = — l)-component. The 
unimportance of higher m values is probably due to the fact that they 
are necessarily associated with large values of \y\ and that the falling 
off in intensity of these components is proportional to (r/ra)y. Moreover 
large y values give rise to values for the 7X product considerably larger 
than that of the 7r-mode and require different operating conditions. 

The nomenclature y/n/N has been adopted to designate first the y 
component responsible for the excitation of the mode number n in a 
magnetron having N oscillators. Thus the 7r-mode in an eight-oscillator 
magnetron, when excited through its fundamental, is represented by the 
symbol 4/4/8, and the (n = 3)-mode when excited by its fundamental by 
3/3/8. If the (n = 3)-mode is excited through the (7 = — 5)-compo-
nent, it is designated by 5/3/8. The 3/3/8 and 3/5/8 modes have 
identical frequencies and r-f characteristics. 

In unstrapped magnetrons and less frequently in strapped magnetrons 
component excitation of unwanted modes is a source of considerable 
trouble. Difficulties are most likely to arise when the product 7X for 
the ir-mode and an unwanted mode are nearly equal, as under these 
conditions both have the same angular velocity and may be excited by 
the same rotating space charge. The 2J32 (Fig. 1-10) is a good example. 
This tube has a tendency to oscillate during occasional pulses in the 5/3/8 
mode. I t is significant, however, that increased strapping of this tube, 
which decreases the wavelength of the (n = 3)-resonance with respect 
to the (n = 4)-resonance, resulted in mode changing by making the 
7\ 's for the two modes more nearly equal. This problem is considered 
in detail in Chap. 8. 

In rising-sun magnetrons an extension of these principles must be 
made due to the two sets of resonators. The mode spectrum (Fig. 
1-18) shows that the coupling between these two sets of resonators is 
small except for the ir-mode and (in considering the interaction of the 
field components of the modes with the space charge) that the modes 
associated with large and small sets can practically be treated separately 
as though each consisted of a resonant system consisting of JV/2 oscilla
tors. Equation (1) then becomes 

N y = n ± m-^- (13) 

When applying this relationship to the long- and short-wavelength 
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group shown in Fig. 1-18, the resonances marked n = 8,7, 6, 5, 4 should 
be assigned the values n' = 1, 2, 3, 4, respectively. Table 1-2 gives 
the values of y for significant m's for a typical rising-sun magnetron 
shown in Fig. 1-17 having 18 oscillators. Both long- and short-wave-

TABLE 1-2.—VALUES OF y FROM EQ. 3 FOB RISING-SUN MAGNETRON WITH N = 18 

0 
- 1 
+1 
- 2 
+2 

n or n' 

1 

1 
- 8 
10 

- 1 7 
+ 19 

2 

2 
- 7 
11 

- 1 6 
+20 

3 

3 
- 6 
12 

- 1 5 
+21 

4 

4 
- 5 
13 

- 1 4 
+22 

length resonances are observed to compete with (n = 9)- or ir-mode 
operation. 

Excitation of the long-wavelength resonances occurs through the 
(m = — l)-component, as these give y values such that the 7X's may be 
close to the value of 7X for the ir-mode (the X's are larger, and the 7 
smaller). From Table 1-2 it is seen that components for values of m 
other than m = — 1 need not be considered, as the 7X product will not 
be close to the 7X for the ir-mode for the longer-wavelength set. 

Excitation of the short-wavelength resonances can, on 7X product 
consideration, occur through the (TO = + l)-component. Here the 7X 
product may approximate that of the ir-mode, since the X's are shorter 
and the 7's larger than the ir-mode values. Actually only the components 
of (n' = l)-mode have ever been observed to interfere with ir-mode 
operation. 

The theoretical basis for these results is found in Sec. 3-2, and its 
application to practical magnetron design is considered in Sec. 11-6. 

1-9. Efficiency and Frequency Stability.—The uses to which a magne
tron is put are usually such that it is desirable to attain both high effi
ciency and high-frequency stability against changes in load and changes 
in input conditions. These objectives are not consistent, and most 
magnetrons represent a compromise between efficiency and stability 
that depends on the particular application. The problem is a most 
important one in magnetron design. 

For any given frequency, a variety of oscillator configurations is 
possible corresponding to different oscillator impedances of L/C ratios, 
and the efficiency and frequency stability desired determine the proper 
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oscillator impedance to use. Figure 1-28 shows three forms of oscillators 
arranged in order of increasing impedance.1 

The efficiency T) with which a magnetron converts the input power 
into r-f power at the output (cathode power is excluded) is given by 
7; = (power input—losses)/po\ver input. The losses arise from the 

0.8 

" 0.6 

i 0.4 

0.2 

(a) (fc) (f) 
Fia. 1-28.—Three common types of magnetron cavities: (a) slot; (b) hole and slot; (c) vane. 

bombardment of the anode by the electrons and from the circulating r-f 
currents producing PR losses in the copper and other materials. To 
distinguish these two sources of energy loss it is customary to express the 
over-all efficiency -q of a magnetron as the product of the electronic 
efficiency rje and circuit efficiency -qc or -q = 7jei;c. The electronic efficiency 

is defined as the fraction of the 
1 0 ^ 1 1 1 input power that is converted into 

r-f power within the anode block, 
and the circuit efficiency is the 
fraction of this r-f power which is 
transmitted to the load. The prob
lem of high efficiency may then 
be restated as one of making the 
product T/eTje a maximum. 

Both TJC and rie are affected by 
the impedance of the oscillators, 
but in different ways. The circuit 
efficiency -qc is highest in high-im

pedance oscillators such as shown in Fig. l-28c, since the circulating cur
rents are less. In Chap. 4 it is seen that the electronic efficiency rje depends 
on the r-f voltage across the oscillator gaps in such a way that maximum TJ, 
occurs at a lower r-f voltage than can usually be obtained in actual 
operation, and the problem of increasing -qe is therefore one of reducing 
the r-f voltage for a given power output. The r-f voltage can be reduced 
either by decreasing the oscillator impedance (decreasing L/C) or by 
coupling the system strongly to the load so as to reduce the amount 

1 I t should be remarked t h a t the s t raps of a magnet ron also affect the oscillator 
impedance, bu t for the sake of brevi ty they are no t considered here. 

^ 

Fia. 

0 P 1 2 3 
Yc in arbitrary units 

1-29.—Efficiencies as a function of 
oscillator impedance 7c. 
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of stored energy. The most efficient oscillator configuration is that 
compromise between a high-impedance oscillator giving high -qc and a low-
impedance oscillator giving high tje which gives a maximum TJ,^. In 
Fig. 1-29 two curves show the manner in which 7je and y, vary with 
oscillator impedance. A third curve shows how T; varies, and the opti
mum impedance is indicated by P. 

Increasing the loading of the magnetron generally increases its 
efficiency. Only rarely can the loading be made so heavy that a decrease 
in efficiency results because the r-f voltage is reduced below the optimum 
value. I t is usually necessary to place a lower limit on the frequency 
stability, and this requirement alters both the loading and resonator 
impedance values corresponding to maximum efficiency. Heavy 
loading means closer coupling between load and magnetron, and this 
makes the magnetron more sensitive to load changes; in other words, 
it reduces the frequency stability. A high-impedance oscillator also 
has less stability against load changes than a low-impedance one. The 
determination of the oscillator impedance and loading to satisfy given 
requirements for frequency stability and provide maximum efficiency 
is given in Chap. 10. 

In addition to providing resonators with the proper frequency and 
impedance, the anode block should provide suitable mode separation, 
reasonably uniform r-f voltages across the different gaps, and adequate 
thermal conduction away from the anode surface and have a configuration 
that it is possible to construct. 

Further interpretation of the Hartree diagram is made in the following 
section in connection with a discussion of performance charts. 

1-10. Performance Charts and Rieke Diagrams.—For the interpreta
tion of microwave magnetron performance it is necessary to make 
observations that are not usually made at lower frequencies with con
ventional types of tubes. The reasons for this are that at the frequencies 
considered the concept of lumped circuit constants breaks down and also 
because the magnetron is inseparable from its oscillating circuits. As a 
result of experience, particularly with pulsed magnetrons, it has been 
found convenient to present operational data by means of two charts 
discussed here. 

Four parameters determine the operation of a magnetron: two asso
ciated with the input circuit and two with the output circuit. A typical 
set is the magnetic field B, current 7, the conductance G, and susceptance 
H associated with the r-f load on the magnetron. The observed quanti
ties are three in number, usually power P, wavelength X, and voltage V. 
The problem of presenting these observed quantities in terms of the four 
parameters is greatly simplified by the fact that the input and output 
parameters operate nearly independently of each other. Thus, it is 



38 IXTRODUCTION [SEC. 110 

possible to keep G and B (the load) fixed and study the effect of H and I 
on P, X, and V with the assurance that the nature of the results will not 
be greatly altered by changes in G and B. Conversely, H and I (the 
input) may be fixed, and the effect of G and B on P, X, and V observed. 
The "performance chart" shows the relationship among H, I, V, P, 
and X for constant load, and the "Rieke diagram" shows the relationships 
among G, B, P, X, and V for constant 7. 

Performance Charts.—Figure 1-30 is a performance chart for a typical 
pulsed magnetron (4J31) with a frequency of about 2800 Mc/sec. 

30 40 50 
Current in amperes 

F I G . 1-30.—Typical performance chart of a magnetron (4J31). 

It has been customary to plot V in kilovolts along the ordinate and 
current I in amperes along the abscissa. On such a graph the lines of 
constant / / appear as more or less parallel lines which slope upward to 
the right. Thus (referring to Fig. 1-30) if the magnetron is operated at a 
constant magnetic field, say 2100 gauss, the relations of voltage and cur
rent are given by points on the H = 2100 gauss line (at 20 kv, the current 
drawn will be 48 amp). 

On the same chart are plotted the lines of constant power output. 
These are the solid lines the form of which suggests hyperbolas; they 
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show the pulse r-f power that is obtained under varying input conditions. 
Thus at 20 kv and 48 amp, the power output is 470 kw. This same 
power can also be obtained at 25 kv and 30 amp with a magnetic field a 
little less than 2700 gauss. Curves of constant efficiency, obtained 
directly from the above data, are added. These are the dotted lines 
looping up and to the right on the diagram. 

I t is possible to add to this chart lines of constant frequency, so that 
the variation of frequency with input parameters may be studied. This 
information is useful in establishing limits on the variation* of current 
during a pulse. The dashed lines are contours of constant frequency. 
In this case, they are nearly parallel to the lines of constant magnetic 
field, an ideal condition, since changes in current produce no change in 
frequency. 

Current ^ 
F I G . 1-31.—Idealized performance chart. 

Many of the features of a performance chart can be interpreted in 
terms of the qualitative electronic theory (Sec. 1-7) and in terms of a 
Hartree diagram such as shown in Fig. 1-26. If the efficiency of a 
magnetron were independent of V and / , the contours would be hyper
bolas asymptotic to the V and / axis. Inspection of Fig. 10-16 shows 
that to a first approximation this is the case. But it is the departure 
from this condition which is of interest and must be explained in terms 
of the variation in the efficiency as revealed by the performance chart. 
A simplified and somewhat idealized performance chart is shown in 
Fig. 1-31 which shows only contours of constant magnetic field and 
constant efficiency for a typical strapped magnetron. Performance 
charts for rising-sun magnetrons differ in having a distinct drop in 
efficiency at magnetic fields which by Eq. (1) result in a cyclotron fre
quency close to the operating frequency. This characteristic of rising-
sun magnetrons is discussed in detail in Chap. 3. 

Performance charts for different types of strapped magnetrons show 
considerable divergence, and Fig. 1-31 has been idealized to show only 
those features which are common to most performance charts. 
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1. Except for very low currents, increasing the current I while 
keeping B constant results in a decrease in efficiency. In Fig. 
1-26 this corresponds to moving up from the n = 4 Hartree line 
toward cutoff. 

2. Decreasing the magnetic field at constant current results in a 
decrease in efficiency. In Fig. 1-26 this corresponds to moving 
along the n = 4 Hartree line toward cutoff. From this it is 
clear that on the Hartree diagram electronic efficiency is increased 
if V and B correspond to points that are both near the Hartree 
line and far from cutoff. All magnetrons, the operation of which 
appears normal, support this conclusion. Accordingly, magnetrons 
are designed to operate at relatively high magnetic fields which 
correspond to points far from cutoff. 

3. A drop in efficiency at very small currents which is indicated by a 
curving up of the line of constant efficiencies at the extreme left 
of Fig. 1-31. This is probably due to unproductive leakage current 
from the cathode. This falling off in efficiency is usually accom
panied by a drooping of the lines of constant B as shown in Fig. 
1-31. 

These are the three most general features shown by performance 
charts. An inspection of those given in Chap. 19 will reveal many 
unusual configurations which are not capable of explanation. 

Rieke Diagram.—The performance of a magnetron in terms of its 
output parameters, or r-f loading, is conveniently presented on a Rieke 
diagram. I t would appear useful to express the r-f loading in terms cf 
the resistance and reactance presented to the magnetron at the output 
loop. Since these quantities are difficult to determine experimentally, 
the Rieke diagram is in terms of quantities that can be obtained with ease 
experimentally. At microwave frequencies, it is customary to determine 
the constants of a load by observing the phase and magnitude of the 
standing waves set up by it, and the Rieke diagram is designed to use 
these experimental data directly. The desired range of r-f loading is 
obtained by adjusting a tuner until the desired phase and standing-wave 
ratio is indicated by a sliding pickup probe such as shown in Fig. 18-4. 
The standing-wave ratio is transformed into a reflection coefficient K by 
the relation .K = (1 — p)/( l + p) and K and 6 used as coordinates of a 
polar diagram. This is known as the Smith1 chart, and the Rieke 
diagram is obtained by measuring the power output, frequency, and 
voltage at constant H and V for enough points on this chart to construct 
contours for these quantities. Such a diagram is shown in Fig. 1-32. 
Inspection of the Rieke diagrams given in Chap. 19 will show considerable 

1 P. H. Smith, Electronics, 12, 29 (1939). 
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variation in their form; but as in the case of performance charts, certain 
features are exhibited by all of them. 

Referring again to Fig. 1-32, it is seen that the power contours 
approximate one set of circles tangent at one point on the (K = l)-circle, 
and it is significant that on a Smith chart the contours of constant load 
conductance are, indeed, such circles. The frequency contours are seen 
to approximate sections of a second set of circles which are everywhere 
perpendicular to the first set and arc tangent at the same point. Again 

0.250 

Frequency of 0 Mc contour=9375 Mc/sec 
Fia. 1-32.—Typical Rieke diagram (725). 

it is significant that on a Smith chart the contours of constant susceptance 
correspond to this second set of circles. 

The comprehensive treatment of the Rieke diagram is found in 
Sec. 7-5. 

Rieke diagrams provide information of considerable importance to 
magnetron designers and users. They are usually furnished as operating 
data, together with performance charts, by magnetron manufacturers 
for every type of tube. 

As an example of their usefulness consider the effect of a mismatch 
in the magnetron's output. Assume that a reflection coefficient of 
0.4 (p = 2.3) exists, and suppose further that the phase of this mismatch 



42 INTRODUCTION [SEC. I l l 

at the magnetron is such that the voltage minimum corresponds to point 
A (Fig. 1-32). The result will be a power output for the specified input 
conditions of about 50 kw. If the phase of the reflection is changed, 
say by increasing the line length between the magnetron and the mis
match until point B is reached, the power output falls to 33 kw. The 
efficiency of the magnetron at point A is thus 50 per cent greater, but 
operation at this loading may be unsatisfactory for reasons of stability. 
As representative of a general class of load instability, consider the 
effect of a change in phase angle about the loading A of ±7.5° (arrows) 
that might result from the turning of an imperfect rotary joint. The 
power output will be essentially unaltered, but a maximum change in 
frequency of 10 Mc/sec occurs. At point B, however, corresponding to 
light loading, a phase shift of ±7.5° results in only a 3-Mc/sec frequency 
shift. In radar systems or in other applications where frequency stability 
is required under conditions of changing load, a compromise must be 
made between efficiency and frequency stability on the basis of Rieke 
diagrams. Magnetrons are usually designed with an output coupling 
such that the center of the Rieke diagram, which corresponds to a 
matched load, represents a reasonable compromise between efficiency 
and frequency stability. 

I t is possible to adjust the loading on the magnetron to any reasonable 
value by the suitable use of r-f transformers in the output line. As an 
example, suppose that it is desirable to operate the magnetron repre
sented by Fig. 1-32 at a point of high efficiency and low-frequency 
stability corresponding to point A. This can be accomplished by intro
ducing a transformer that sets up a 2 to 1 YSWR and making its distance 
from the magnetron such that the phase of this YSWR corresponds to 
point A. By moving this transformer along the line in either direction 
one-quarter wavelength, operation corresponding to point B can be 
obtained. 

I ' l l . Pulsed Magnetrons.—The most outstanding characteristic of 
microwave magnetrons is their extremely high pulse-power output which 
is over one thousand times the best c-w output at the same frequency. 
These high powers are due mainly to three factors. 

1. The electronics of the magnetron are such that high efficiencies 
persist at very high levels of power. 

2. The oxide cathode under pulsed conditions vields currents one 
hundred times that obtained under d-c conditions. 

3. The procedure of pulsing at very small duty ratios has largely 
eliminated the problem of anode dissipation. 

Because of these factors and intensive development as a result of the 
war effort magnetrons with frequencies up to 25,000 Mc/sec and pulse-
power outputs from 0.02 to 2500 kw are available. 
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These high-pulsed powers together with the discovery of high-pulsed 
emission from oxide cathodes are examples of the many advances that 
have resulted from the introduction of pulsed techniques. From the 
standpoint of magnetron operation, however, pulsing also introduces 
certain problems. The most serious one is the buildup of oscillations 
from noise to full power that must occur reliably for every pulse in a time 
that may be as short as 10~8 sec. Failure of the buildup to occur results 
in misfiring or mode changing, a phenomenon exhibited by essentially 
all magnetrons under certain conditions. 

The explanation of mode changing is extremely involved, as the 
buildup of oscillations in a desired mode depends on a large number of 
factors, many of which are interrelated. The more important factors are 

1. Rate of rise of voltage pulse. 
2. Rate of buildup of oscillations in desired mode and undesired 

modes which involves the loading of the various modes and the 
noise level from which they start. 

3. Voltage and current range over which oscillations in the desired 
mode and undesired modes may persist. 

4. Impedance of the pulser. 

As an example of the interrelation of these factors consider a particular 
kind of misfiring that results when the pulse voltage reaches and exceeds 
the limits within which oscillations can start before oscillations can 
build up. Misfiring or mode changing will then be more likely to occur 
when the rate of rise of the pulse is fast, when the voltage range over 
which oscillations can occur is small, and when the impedance of the 
pulser is high, since a high-impedance pulser means a higher no-load 
voltage for a given operating current and voltage. This example is a 
simple one, and in practice the solution of a particular problem of mis
firing or mode changing will involve the transient characteristics of the 
pulser as well as the transient characteristics of the magnetron and the 
reactions of the pulser and magnetron on each other. The theory of 
transient behavior is given in Chap. 8, but the problem is such a compli
cated one that it can sometimes be used only as a guide to the experi
mental elimination of trouble. 

The demands of microwave radar resulted in a rather extensive 
development of magnetrons the frequencies of which are concentrated 
more or less into four bands. Figure 1-33 shows on a logarithmic chart 
the frequency and peak power of magnetrons that have been produced 
in appreciable numbers and thus constitute well-tested designs. Produc
tion magnetrons are identified by their RMA type numbers, and experi
mental ones by the designation assigned to them in the laboratory where 
they were developed. 
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From this chart it is seen that the maximum pulse power increases 
with the wavelength.' If this power is limited by either cathode emission 
or voltage breakdown within the tube, the maximum pulsed power would 
vary as X2 for comparable designs. 

A summary of the more important characteristics of pulsed mag
netrons in several wavelength bands is given in Table 1-3. These data 
refer to magnetrons in production and do not represent the limits reached 

T A B L E 1-3.—SUMMARY OF CHARACTERISTICS O F R E P R E S E N T A T I V E M A G N E T R O N S IN 
C E R T A I N W A V E L E N G T H B A N D S (1945) 

Wave
length 
band, 

cm 

30 

10 

3 .2 

1.25 

Power 
level 

f High 
I Low 
1 High 
\ Low 

R M A 
type 

4J21 
4J39 
2.J39 
4J50 
2J41 
3J21 

Average 
power 

ou tpu t , 
wat t s 

800 
600 
100 
500 

3 
50 

Pulse 
power 

ou tpu t , 
kw 

800 
1000 

10 
250 

1000 
50 

I n p u t 
voltage, 

kv 

2 5 . 0 
30 .0 

5 .0 
2 0 . 0 

2 . 5 
15 .0 

I n p u t 
imped
ance, 
ohms 

500 
400 

1000 
700 

1500 
1000 

Maximum 
pulse 

length, 
sec 
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in experimental tubes. The figures for maximum pulse length should 
not be taken too literally, as the input power affects the maximum pulse 
length at which stable operation can be obtained. 
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Flu. 1-34.—Maximum pulsed-power output and efficiency for magnetrons developed 
up to 1946. 

Detailed information on the construction and operation of most of 
these tubes is given in Chap. 19. 

1 An exception to this are the magne t rons in the 1000- to 1500-Mc/sec range 
whose pulse power is not so high as migh t be expected. This s i tuat ion results from 
a lack of need for very high powers in this wavelength range. 
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This information reflects the status of pulsed magnetrons only up to 
the year 1946, and it is interesting to speculate on future trends. Figure 
l-34a shows the highest pulsed power obtained from experimental 
magnetrons at three wavelengths bands for the years 1940 to 1945, and 
Fig. l-34t> shows the efficiency of these tubes during the same period. 
From Fig. l-34a it must be concluded that this design of high-frequency 
generator has not been fully exploited as far as maximum power output 
is concerned, since the curves show that the power obtained is roughly 
proportional to the integrated effort put into development. The leveling 
off of the 10-cm curve results from a cessation of work in this band, while 
the increase in the 3.2- and 1.20-cm curves reflects continued effort by 
the Columbia University Radiation Laboratory. Figure 1 -34t> indicates 
that the efficiency of magnetrons as they arc now designed is reaching a 
limit, as the curves for all three bands have leveled oil. 



PART I 

RESONANT SYSTEMS 
The description of a microwave magnetron given in Chap. 1 has shown 

that the device may be naturally analyzed into three parts which differ 
in function. These are the electron stream, the resonant system, and 
the output circuit. The electron stream, flowing in crossed magnetic 
and electric fields, interacts with that part of the field of the resonators 
which penetrates the interaction space in such a way that energy is 
continually abstracted from the electrons to appear as electromagnetic 
energy in the resonant system. The principal function of the resonant 
system is to serve as a frequency-determining element. I t accomplishes 
this by storing the energy received from the electrons over a large 
number of cycles. I t may be thought of as a filter circuit with a narrow 
pass band which allows only the frequency component in the electron 
stream that is of interest to be transmitted. Finally the output circuit 
constitutes a coupling path between the electron stream and an external 
load. The properties of this transmission path are so arranged that the 
r-f voltages which the electron stream encounters are suitable for efficient 
power transfer. 

The purpose of the four following chapters is to discuss some of the 
fundamental electromagnetic properties of the resonant system and of 
the output circuit. The simplest feature common to all resonant systems 
used in multisegment magnetrons is that they should be capable of being 
fed from a series of slots in a cylindrical anode, parallel to the axis of the 
cylinder. Systems filling this requirement may be devised in great 
variety; in practice, three such schemes have been used almost exclu
sively. These are the unstrapped system, the strapped system, and the 
alternating unstrapped, or rising-sun, system, in order of historical 
development. 

The unstrapped system consists of a series of identical resonators 
between which the only coupling is that provided by the electromagnetic 
fields in the interaction space and in the end spaces. The alternating 
unstrapped system also utilizes these coupling paths, but alternate 
resonators are of two different kinds. The strapped resonator system, 
on the other hand, has a system of identical resonators, but a special 
coupling link is provided between each pair of neighboring resonators. 
The following discussion will deal exclusively with these three types of 

47 



48 RESONANT SYSTEMS 

resonant systems. In the practical design of magnetrons the unstrapped 
system has been superseded by the other types, although it was his
torically the first to be used. I t may, however, be discussed theoretically 
rather completely, and in the analysis a number of concepts are brought 
out that are essential to the understanding of the rising-sun and strapped 
systems. I t is possible to discuss unstrapped systems fairly rigorously by 
electromagnetic field theory, but the greater complexity of strapped 
structures requires the use of a more intuitive approach by the use of 
equivalent circuits. 

The type of information sought in each case is essentially the same. 
The fields in the interactions space, the mode spectrum of the resonant 
system, and its dependence upon the dimensional parameters are found, 
and a number of circuit constants of interest in the electron-field inter
action or in the oscillator-load coupling are derived for the three cases. 
The discussion does not take up specific problems in the design of reso
nator systems, a topic that is extensively discussed in Chaps. 10 and 11; 
instead, attention is concentrated on features of the three systems that 
are of importance in over-all design. 

In the chapter devoted to the output circuit, the latter is considered 
primarily as a transducer the function of which is to convert the imped
ance of an external load to such a level within the magnetron that the 
electron stream encounters r-f voltages such that it delivers power 
efficiently. An account of transducer theory adequate for the needs 
of the problem is given, and various classes of output circuit are considered 
in some detail. 



CHAPTER 2 

THE UNSTRAPPED RESONANT SYSTEM 

B Y N. KnoLL 

The unstrapped resonant system shown in Fig. 2-la was one of the 
first systems developed for microwave multirpsonator magnetrons. 
Figures 2-lb and c show variations of this early design. These anode 
blocks consist of an anode divided into a number of equal segments con
nected by identical resonators. These resonators are referred to as "side 
resonators" or "side cavities." Various shapes of side cavities are 
possible; those shown in Fig. 2-1 are the ones most commonly used. 
Although the unstrapped resonant system is now almost obsolete, a 

(a) <M (c) 
Fia. 2-1.—Examples of unstrapped resonant systems: (a) with hole-and-slot-type side 

resonators; (b) with slot-type side resonators; (c) with vane-type side resonators. 

careful discussion of it is worth while for two reasons. (1) Many concepts 
that are used in the discussion of the more complicated systems are 
based on those developed for this system. (2) The problems that arise 
in the analysis of resonant systems and the possible methods for solving 
them are seen in their simplest form in the study of the unstrapped 
system. 

2-1. The Magnetron Cavity as a Circuit Problem.—The interior of 
the magnetron (anode block, interaction space, and end spaces) can be 
thought of as constituting a cavity resonator of complicated geometry. 
It is a well-known fact that such a resonator has an infinite number of 
resonant frequencies and a particular field distribution associated with 
each one. The rigorous method of solving these problems is to find 
a solution of Maxwell's equations that behaves properly at the boundaries. 
However, because such a solution can ordinarily be found for only the 
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simplest geometries, it will be necessary to employ circuit analogies and 
approximate methods that use simplified geometry and simplified bound

ary conditions. 
The problem will be simplified 

by making certain restrictive 
assumptions concerning the dis
tributions of charge, current, and 
field. Consequently the solution 
will contain only those modes 
which approximately satisfy the 
assumed conditions and will not 
contain the complete set of reso
nances. In addition, of course, 
these assumptions introduce some 
error in the resonances found. 

The most interesting modes are 
those with which the electrons can 
couple, according to the scheme 
described in Chap. 1. They re
quire strong electric field lines 
going from anode segment to anode 
segment with little axial variation 

of field. Thus, the initial assumptions are that the electric field be trans
verse and that there be no axial variation of field. I t then follows, as 
shown in Sec. 2-5, that the magnetic field is axial and has no axial varia
tion (see Fig. 2-2). 

On the basis of the preceding assump
tions the equivalent circuit representa
tion shown in Fig. 2-3 is possible. The 
circuit elements representing the side 
resonators are labeled Yr; A is a sym
metric network with Ar pairs of terminals 
and represents the interaction space. 
Such a representation requires that an 
impedance or admittance at the various 
terminals be defined. Figure 2-2 shows 
the situation at a side resonator. The 
voltage at the terminals can be defined 

as / E • ds ; evidently the voltage so 
defined will be dependent upon the path (assumed to be in a plane 
perpendicular to the axis) of integration. This ambiguity, however, 
will be of no significance if the path used for the computation of the 

F I G . 2-2.—Typical orientation of electric 
and magnetic fields in the side resonator of a 
magnetron. Solid lines indicate electric 
field; dotted lines indicate magnetic field. 

F I G . 2-3.—Circuit representation 
the unstrapped resonant system. 

of 
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admittance of a side resonator coincides with that used for the computa
tion of the admittance of the interaction space.1 The voltage so obtained 
has no axial variation. Inasmuch as the magnetic field is axial, the 
current is entirely transverse and is given by the magnetic field at the 
terminals A and B multiplied by the length of the anode h. Using 
current I and voltage V as defined above one might take for the admit
tance Y = I/V. 

There are, however, other possibilities. One can write 

LY1 = ?l* 
V V* ~ V2' 

where P* is the complex conjugate of the complex power (defined as 
iVI*).2 The complex power can also be written in terms of the Poynting 
vector 

-i/. E X H*-ada, 

which suggests for the admittance 

h fBE* X H - n d s 

\L E • dsl 
where the path of integration is the same for the two integrals. The 
expression, ^ / E X H* • n da, depends upon the surface over which the 
integration is performed and will, in general, differ from iVI*. Conse
quently, the two expressions for admittance will differ; and for reasons 
to be given in Sec. 2-5, the latter expression is the one that will be used. 

Because end-space effects are small in many applications, they have 
been completely ignored in the suggested equivalent circuit. There 
are, however, certain applications for which end-space effects are 
important. These will be discussed in Sec. 2-8. 

The problem has now been reduced to the investigation of the circuit 
properties of the side cavities and of the interaction space. More specifi
cally, it is necessary to calculate the admittance of the side resonators 
as a function of frequency. I t is also necessary to calculate the admit
tance of the interaction space at any pair of terminals as a function of 
frequency, with proper restrictions on the admittances seen at the other 
(iV — 1) pairs of terminals. 

Two different approaches will be used. The first consists of represent
ing each circuit element by a lumped-constant network. The magnitude 

1 In order to obtain manageable expressions one often finds it necessary to have 
the paths coincide only approximately. 

2 V and / are the peak rather than the rms values of voltage and current. 

E. G. & G. LIBRARY .. -,. ^ 
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of the constants of the network must ordinarily be determined experi
mentally. The choice of network is at best an intelligent estimate so 
that the over-all results are ordinarily only semiquantitative. This 
method, however, has the advantage of simplicity and serves to introduce 
some important concepts. The second approach involves the calcula
tion of the distribution of electric and magnetic field from which the 
admittance can be calculated. The main advantages are (1) more 
accurate results, with no need for guessing networks or for experimental 
evaluation of parameters, (2) the fact that the field distribution is part 
of the result. 

2-2. Equivalent Network for the Side Resonators.—A simple parallel-
resonant circuit (Fig. 2-4) will serve as an equivalent network for the side 
resonators. The admittance is given by the well-known formula 

j[oiC — (1/JIL)]. The values for the induct
ance and capacitance can be chosen to give 
the correct value for the resonant frequency 
uo = l/y/LC and the correct admittance at 
one other frequency. If the range is 
limited, the intermediate values will be 
fairly accurate. I t is to be noted that there 

FIG. 2-4.—Equivalent net- is no resistance in the circuit. In all fre-
unsrtkrafp0ped ^ a n ^ s t e m 0 ' "" quency and field calculations resistive losses 

will be neglected on the assumption that the 
walls are of perfectly conducting material. Actually, the conductivity 
of materials used is so high as to make errors resulting from this assump
tion negligible in comparison with others already introduced. 

2-3. Equivalent Network for the Interaction Space.—The interaction 
space is represented by the network in Fig. 2-5. This network takes into 
account capacitance between the anode segments and the cathode. It 
ignores all inductive effects and capacitive effects among anode segments. 
It should be most nearly correct when the anode circumference is small 
compared with the wavelength and the distance between cathode and 
anode is small compared with the width of the anode segments. (These 
conditions are rarely met by magnetrons.) It would be possible, but 
lengthy, to compute the admittance at a set of terminals assuming the 
admittances j[uC — (1/uL)] across the other (JV — l)-pairs. The 
problem can, however, be simplified considerably by making use of 
the symmetry present. Because all the side resonators are identical, the 
admittance looking into any one of them is the same. At resonance the 
admittance at the various terminals of the interaction space matches 
the resonator admittances; thus, at resonance, all of these admittances 
must be the same. I t can also be assumed that the voltage and current 
distribution in one section differs from that in the adjacent section only 
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by a phase difference that is constant from section to section.1 With 
the above information it is a simple matter to compute the admittance. 

tV l ) 

Fio. 2-5.—Equivalent network for the interaction space of an unstrapped resonant system. 

The admittance looking into the network (see Fig. 26) is given by 
iq/vq. From Kirchhoff's laws 

and 

Thus 
I,-

/,-! 
/ , 

vAB 

VCD 

vq = 

-I, 

lq %n~ 1, 
= 1<i+\ lq) 

jac' 

juC 

VAB - Van. 

_ 2 l , — (lg- 1 + Iq+l) 
3«°C ]UC 

From the assumption that corresponding currents in adjacent sections 
differ only by a constant phase factor it follows that 

therefore, 
_ . 2 - (e'T + e-'t) 

juc ' 

' It can be proved from the symmetry that the existence of any resonance for 
which the above is not true implies the existence of a partner resonance having the 
same resonant frequency and a distribution of amplitude as assumed. This means, 
of course, that a degeneracy of at least the second order must exist. 
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and the admittance Y is given by 

V _ tq _ J01C 
v, 2(1 — cos y) 

Evidently the admittance of the network depends upon the phase 
angle 7. So far in this chapter this 
quantity has not been restricted. 
Because each section must be in 
phase with itself, e'Ny must equal 1, 

1 i,+1> and Ny = 2im, where n is any 
positive or negative integer or zero. 
Thus, 

IV 
I, I ■WJ tt 

F I G . 2-6.—A single section of the equivalent 
network for the interaction apace. 

Yn = J01C 

('1 2 m \ 

2-4. Spectrum Predicted by the Equivalent Network.—Resonance 
occurs when the admittance looking out from the side resonators equals 
the admittance looking into the interaction space, that is, when 

or 

\ - uC = 
! ( l - c o s ^ ) 

By setting ua = l/-\/LC and c/C = p it is found that 
<fo _ 1 = 

, / 27rnV 
^ 1 - c o s ^ j 

(2) 

A different resonant frequency is found for each value of n in the 
range 0 to N/2 [or (N — l ) /2 if AT is odd], after which the values begin 
to repeat. That is, replacing n by n + mN (where m is an integer) 
or by — n leaves u unchanged. A qualitative diagram for the spectrum 
is given in Fig. 2-7. 

Each resonance, together with its associated fields (or voltages and 
currents), is called a "mode of oscillation" or, more simply, a "mode." 
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The number n is called the "mode number." If there are several 
linearly independent sets of field (or voltage) distributions with the same 
resonant frequency, the mode is said to be "degenerate," the order of 
the degenerency being the same as the number of linearly independent 
distributions. 

All of the modes have a second-order degeneracy excepting those for 
which n = 0 or n = N/2. In other words, the same frequency is 
obtained by replacing n by —n, but a linearly independent set of ampli
tude coefficients e2T'nq/K (q is the section number) is obtained by replac
ing n by —n, except for n = 0 and n = N/2.1 

3 

1 

0 
0 1 2 3 4 0 1 2 3 4 

Mode number it Mode number u 
(a) <*> 

F I G . 2*7.—The spectrum predicted by Eq. (2) with p = 1 for an eight-resonator unstrapped 
system. 

The limitations of this equivalent circuit will become apparent after 
the admittances have been more correctly calculated. It suffices here 
to note that the circuit gives a good qualitative picture of the order and 
separation of the longest-wavelength group of magnetron modes. In 
order to apply the theory quantitatively it is, of course, necessary to 
evaluate experimentally the parameters p and &>o. The over-all quantita
tive agreement depends upon the particular way in which these param
eters are evaluated. The previous discussion associates o>o with the 
side resonators alone and suggests that this parameter may be evaluated 
by means of an experiment involving only the side resonators. For 
example, one might measure the resonant frequency of the cavity formed 
by placing two side resonators facing each other. A value of p can then 
be chosen to give the correct resonant frequency for one of the modes. 
Under these conditions the predicted spectrum will differ considerably 
from the observed one. On the other hand, if one chooses p and wo 
to give the correct values for the (n = 1)- and the JV/2-modes, the 

1 While replacing n by n + mN leaves the frequency unchanged, it also leaves 
the amplitude coefficients e"'^" unchanged. The addition of mN corresponds to an 
increase in the phase difference between voltages and currents at adjacent sections 
by 2-wm, which, of course, has no physical significance. 
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frequencies of the intermediate modes may be given with reasonable 
accuracy.1 

2-6. Admittance of Side Resonators by Field Theory.—Consider the 
side resonator shown in Fig. 2 8 , which has an arbitrary cross section 
and an arbitrary boundary (dotted line) across which the admittance is to 
be measured. A distribution of the tangential electric field (Et) varying 
sinusoidally in time with arbitrary frequency u is assumed along this 
boundary. Because the tangential electric field is zero along the metal 

walls, it is possible in principle to apply Max
well's equations and compute the electric field 
throughout the bounded region. A further 
application of Maxwell's equations yields the 
magnetic field throughout the bounded region, 
and the admittance can th r> be computed using 
the formula [from Eq. (1)] 

FIG. 2-8.—A side reso
nator of arbitrary cross v _ llfE*H,ds 
eection. X - |J£(ds | -> ' 

where the integrals are evaluated along the dotted boundary. Evidently 
the value computed for the admittance depends upon two arbitrary 
choices: the choice of the boundary across which the admittance is 
measured and the distribution of tangential electric field assumed along 
this boundary. The choice of the boundary has no particular significance 
as long as the boundaries chosen for two adjoining elements (for example-
at the junction between the interaction space and a side resonator) 
coincide. On the other hand, the values found for the resonant fre
quencies will to some extent depend upon the assumed electric field. 
Clearly, the proper distribution to use is that which actually obtains at 
resonance; but because this distribution is ordinarily not known, it is 
necessary to assume some arbitrary one. Equation (1) is used rather 
than I/V for the admittance because it can be shown2 that resonant 
frequencies computed on the basis of this expression are considerably less 
sensitive to the assumed field distribution than are those computed on 
the basis of I/V. In the work that follows, the boundary will always 

1 This latter procedure can be justified by improving the equivalent network for 
the interaction space. That is, one can take into account the capacitance between 
adjacent anode segments by introducing a capacitance, c', between each pair of 
terminals of the network in Fig. 2-5. In this case Eq. (2) still holds with o>o now given 

by 1 ly/h{C + c') and p by „ ,i and thus u0 depends upon the interaction space as 

well as the side resonators. 
2 N. Kroll and W. Lamb, "The Resonant Modes of the Rising Sun and Other 

Unstrapped Magnetron Anode Blocks," Appendix I. J. of Applied Physics, 19, 
183, (1948). 
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be chosen so that there is either exact or very near coincidence of bound
aries when two elements are joined. The tangential electric field along 
the boundary will always be assumed constant. 

The Rectangular-slot Side Resonator.—Differently shaped side reso
nators must be considered separately. The rectangular slot shown in 
Fig. 2 9 is considered first because it is the simplest. Maxwell's equations 
for free space are 

cu r lE + ^ = 0, 

curl H -

div D = 0 

3D 
dt 0, 

(D = e„E), 

(3) 

(4) 

(5) 
and 

div B = 0 (B = MoH). (6) / 

V 

'//,. 
'^ 

•4Z4sm 
F I G . 2 ■ 9 .—Rectangular-slot 

resonator. 
side The time variation of all field com

ponents is given by e'"' because for an 
impedance calculation one is concerned only with fields harmonic in time. 
The operator d/dt is then replaced by ju. 

It has already been assumed that Ez = 0 (E is transverse) and that E 
has no axial variation. I t follows directly from Eq. (3) that H is axial 
and has no axial variation. That is, 

H. = H.(x,y)0«, 

From Eq. (4) it follows that 

Ex 

and 

Ev=j 

Hx = 0, 

/MO 

J k 

/MO 

and Hv 0. 

by ' 

k dx 

(7) 

(8) 

(9) 

where V^o/eo = impedance of free space = 376.6 ohms and 

k = 
2TT 

X ' 

By combining Eqs. (3) and (4) it can be shown that Hz, Ex, and Ev must 
satisfy the familiar wave equation 

V2^ + kW = 0. (10) 

A distribution of E satisfying the following conditions must be found: 
(1) Its components Ex and Ev must satisfy Eq. (10); (2) Ey = 0 at x = I, 
and Ex = 0 at y = ± d / 2 , (3) Ev must have the constant value E at 
x = 0; and (4) all fields must be continuous. The rectangular-slot 
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resonator can be thought of as a parallel-plate transmission line or wave
guide with planes located at y = ±d/2 and short-circuited with a plane 
at x = I. Assuming d < X/2 (as it always is) the complete fundamental 
set of fields for a parallel plane waveguide (omitting the time factor 
e'"') is given by 

and 

where 

Ef = + kx cos I 

(ID 

*i« = 4 = coe ( ^ y ) . 

-M1 
k2 (p = any positive integer) 

and by 

Ez
0) = 0, 

a l l d * > < 1 2 ) 

Mo 
fo 

Any field configuration in a parallel-plate section, subject to the 
condition of no axial variation, must consist of a linear combination of 
the above fields.1 Any field so formed satisfies the boundary condition 
Et[x, ± (d/2)] = 0. Application of the condition that Ey be constant 
at x = 0 restricts the solution to a combination of the zero-order fields 
[2?i°> and f/£0>]. The requirements remaining are that Ey

0) = 0 at x = I 
and Ey

m = E at x = 0. Constants a and 0 must be chosen such that 

(£„)x-i = -jk(ae't! - fie-'"1) = 0 (13) 
and 

(£„)*=o = -jk(a - fi) = E. (14) 
Thus, 

«->'« 
e~ „iki 

which give 
(~Jk)' a n d * = p^l*«(^j f r ) 

#v = t , E H [«' t ( l- ! ) - c-*<*-»] = g — ^ „ g ) , (15) 
* «-'*' - e'w sin M ^ 

1 See, for example, R. I. Sarbacher and W. A. Edson, Hyper and Ultra-high Fre
quency Engineering, Wiley, New York, 1943, pp. 119-132. 



SEC. 2-5] 

and thus 
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H. 
—jE cos k(l — x) 

7. sin kl 

59 

(16) 

It is now possible to compute the admittance from 

h j 2
d H,Ef dy 

d ' 
I /"2 12 / *E»M 
[J _<* I 

2 

to be evaluated at x = 0. 
Because Ev and Ht are both independent of y, the integrations are trivial 
and 

Y = -Jt- cot kl, 
/MO 

(17) 

which is the well-known form for the admittance of a short-circuited 

transmission line of length I and surge admittance . 
d v Mo/eo 

The Cylindrical Side Resonator.—In solving for the admittance of 
the cylindrical resonator shown in Fig. 2-10, the cylindrical coordinates 
p, 0, and z are preferable. Assuming 
as before that Ez = 0 and that E has 
no axial variation, it follows from Max
well's equations that 

(18) 

and 

H, 
H, 

7 Jp 

7 -

= H,(P,<t>)e>'". 
= H* = 0, 

- 7 fe 
J\(0 dHz kp d<p 

jyj~f« dH, 
dp 

(19) 

(20) F I G . 2-10.—Cylindrical resonator. 

The fundamental set of solutions for the wave equation in cylindrical 
coordinates are the functions 

Jp{kp)eip* 
and 

Np(kp)e>r*, 
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where p is zero or any positive or negative integer and Jp and Np are 
the well-known Bessel and Neumann functions.1 The functions Jp are 
regular at p = 0, whereas the functions Np become infinite at the origin. 
For this problem only the functions Jp need to be considered, since the 
solution must be regular at the origin. Taking 

H™ = Jp(kp)e'r+ (21) 

it follows from Eqs. (19) and (20) that 

/MO 
P ■ 

E™ = - ^ JpQp)***, (22) 

and 

E(f = j J- J'P(kP)e^. (23) 

A linear combination of these functions is required such that E$ = 0 at 
p = a when 4* = <t> ^ (2ir — i/0 and E$ = the constant E at p = a 
when —\j/<4><\p. Such a combination can be found by making a 
Fourier expansion for E+ in terms of the functions EfK Thus 

E*=j -\fe X c»j,*{kp)eip*' (24) 
P = — 00 

where the constants C„ are to be determined. 

where 

and 

(E+)p=a= j ^ ^ CpJ'p(ka)c^ = / (* ) , 

f(4>) = 0 for i> g <t> g 2TT - ^, 

(25) 

/(<£) = E for -<p < 4> < 4>. 

The constants Cp will be given by 

x /^° <VJ,(fra) = i - f '* e-'"*/(*) ** = §- I* c"-* d<t> 

iV /sin pi/A 
ir \ p^ / 

^ AT" 

AY for p ^ 0, 

= — for p = 0. 
IT 

1 See, for example, J. A. Stratton, Electromagnetic Theory, McGraw-Hill, New 
York, 1941, pp. 351-360. 
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Thus 

and 
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^"'V Tkp Zy PJ'P(ka)\ p* ) e ' 

p = — oo 

Because Jp = ( — 1)PJ-VI the above relations can be rewritten as 

61 

E*(P,4>) = 
Ei> J'oikp) 

A(ka) 
P = i 

+ 2 
) = i 

™t V r, (S[n PA Jv{kp) sir (26) 

and 
v-i 

k E+ \Jo(kP) V /sin p A JP(A-p) 

p = l 

For a calculation of admittance, Hz(a,<t>) is required for -\p < <t> < $ 
and Et,(a,<t>) over the same range. Now 

E<,(a,<f>) = E ior -+ < 4> < <P, 

//,(«, 0) = - j 
\ M O 

E^ 
Mo "" 

p - 1 

(27) 

The admittance looking in across the boundary indicated in Fig. 2-10 
is given by 

-h f* aEi(a,<t>)Hz(a,4>)d<j> 
Y = t^i , 

[f*taE4(a,4i) d<t>J 
which yields 

, , . IT, EVa\ol Jo(ka) \ /s in p A JP(frq) / 2 sin p A ] 

P = I 
[2^aE\-

_. I^JLI-IA1^} , oV f^^tY-LAM] 
" J \ M „ 2xa L JJ(A-a) + L, \ p* / /;(fra) J 

p - i 

(28) 
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Although the admittance function looks complicated, it is not difficult 
to compute for low frequencies.1 Like all admittances in lossless systems, 
this admittance has a slope that is always positive (neglecting the factor 

j); and like that of the rectangular 
resonator, it has an infinite set of 
resonances which are alternately series 
and parallel. The series resonances 
occur at the roots of J'p(ka), and a par
allel resonance occurs between each 
pair of series resonances. 

The Annular-sector Resonator.— 
One of the most common resonator 
shapes is the annular-sector resonator 
shown in Fig. 2* 11, which is often 

referred to as the "vane t ype" resonator. Application of .he methods 
used in the preceding paragraphs leads to the following expression for 
the admittance.2 

to" h [./o(A-a)][tf ,(*&)] - [J^kbWNodca)] 

F I G . 2-11.—Annular-sector resonator. 

/Mo +a [J,(A-a)][tf."(A-b)] - [Ji(kb)%Nifa)]' ( 2 9 ) 

This function behaves very much like the other admitt-■■ ice functions. 
In fact Y approaches [—j \/(«O/MO) (h/\f/a) cot A-(b — a)] as A-becomes large. 

YQ d ! 

i. 1 H 

(a) ») 
Fia. 2-12.—Arbitrary terminations: (a) for a rectangular-slot resonator; (b) for an annular-

sector resonator. 

Transformation Formulas.—Because many side resonates are of 
composite shape, for example, a rectangular slot or annular sector termi
nated by a hole, transformation formulas giving the admittance at the 
front of the resonator in terms of the admittance at the back are useful. 
For the rectangular slot (Fig. 2-12a) 

sin kl H ' cos kl 
h . fc0 (jh/d) y/ta/na 
)i ■ 
j>fe cos kl — Y, (30) 

sin kl 
{jh/d) V«o/fo 

1 See Sec. 2 1 1 . 
1 In practice the center of curva ture of the rear surface often coincides with the 

center of the magnetron rather than with the center of curva ture of the annular 
sector. The error in Y, however, is negligible if one takes for 6 the dimension indi
cated in Fig. 2 1 1 . 
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for the annular sector (Fig. 2-12b) 

• 1*1 A J "\n0\l>a 

_ JimYt-jVmwwum No{ka) 
iVi(frb) Y, - j V S W (h/4,b)No(kb) 

j (ka) - Uto)Y, - j VWri) (h/+b)Mkb) N 

Nl{kb)Y,-jV(.ta/^)W^b)No(kb) 
(31) 

Although these formulas allow for a change in height at the junction, 
they are considerably less dependable when such a change occurs. 

2-6. Admittance of the Interaction Space by Field Theory.—The 
admittance of the interaction space (Fig. 2-13) is evaluated by applying 
the methods used for the circular res
onator combined with those used for 
handling the lumped-constant equiva
lent of the interaction space. Again it 
is convenient to USP cylindrical coordi
nates. In the following derivations 
N = the number of anode-block seg
ments, r„ = the anode radius, rc = the 
cathode radius, and 20 = the angle 
subtended by the space between the "/>>w_ ^/^A U' 
segments of the anode block. I t will 
be assumed that Et across each gap is F l ° - j ^ ; " ™ ! ! i n t e r a c t i ° n 8Pac

m
e of a n 

v ° r unstrapped resonant system. 
constant and further that the field at 
any gap differs from the field at an adjacent gap only by a constant phase 
factor. At the cathode and at the anode segments Et must, of course, be 
zero. Explicitly, the boundary conditions for E+ are as follows: 

E<,(rc,<t>) = 0 , 

J^(r.,«) = Ej™«* for to - e) < * < & + A 

and 
JS*(r.,<tf = 0 

(32) 

for all other values of <f>. In Eqs. (32), q is the gap number and has the 
values 0 to N — 1, and n is an integer. As in the solution of the circular 
resonator, the solution for the interaction space is compounded out of 
the functions 

Jy(kp)e'-'* and Ny{kp)e'i*. 

In this problem it is necessary to use both functions to ensure 27* = 0 
at p = rc. It is evident that the following set satisfies this condition. 
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ff«>(p» = Zy(kPyy+ MkP) - J^^ Ny(kP) e'i*, 

E™(P,4>) = ~ff Zy(kP)e>y*, 
(33) 

ET (P,*) = J\7°Z'y(kP)e^=j^ j ; a"p ) -AfeS)'V ; ( A"p ) 

A linear combination of the functions i?^'(p,^>) that will satisfy the 
conditions stated at p = ra can be found, as they were for the circular 
resonator, by making a Fourier expansion. Thus 

ff*=i-^ ^ CyZ'y(kP)e>y*. (34) 

The constants Cy are determined by 

where 

/(*) = JE^""™'* for f 2 ^? - tf) < * < fa1 + e\ 

and/(<£) = 0, for all other values of <p. 
Then 

: ^ C 7 Z ; ( A - r o ) = ^ / o
2 \ - - / ( 0 ) ^ 

A T - l 

E Vs p 

N-l 
9 - 0 

fX2rn/ .v)i / e-'f* d<t>, 
q/N-0 

E<j> sin 70 
7T 70 

, = o 
_ A'0 sin 70 

= £j — 
tt 70 

= 0 otherwise. 

Thus the fields are given by 

Tn/.\)il„~H2-ryq/X) 

(35) 

for 7 = n + "i-V, 

where wi is any integer 
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7 7 1 = — 00 

Ep(p,<» = - , £ ^ 2 , n - ^ r j z f e ) ^ ' W n + m i V (36) 

and 

[TaEN0 \ / s in 7 « \ gT(frp) ,T+ 

The admittance looking in across the boundary indicated in Fig. 2-13 
at the gth opening is given by 

/•(2x9/JV)+B 
-h raE*(ra,<t>)H,(ra,<t>) d<t> 

y = _ J (2nq/N)-e 

which yields 

r(2*q/N) + e -|2 

7 (2«z/JV) - 8 J 

. /TojVA V /'sin ydY Zy(kra) . - . 
r " - J > / M o 2 x r a Li \ ye ) Z'y(kra)' ^'' 

when 7 = n + mJV. 
I t is evident that as a result of the assumption concerning E+ at the 

anode radius, the admittance looking in at each gap is the same. This is 
a condition which is obviously necessary for resonance. The functions 

i (:¥)' Zy(kra) 
Z'y(kra) 

will henceforth be designated by the symbol N (kra). The dependence 
of the admittance on both frequency and n is contained in these func
tions. As in the solution for the equivalent circuit, only values of n from 
0 to N/2 or to (N — l ) / 2 need to be considered because the functions are 
not changed when n is replaced by — n or by n + mN. 

The low-frequency behavior of the admittances Yn as predicted by 
the field theory (Fig. 2-14) is qualitatively similar to that predicted from 
the lumped-circuit network. As the frequency approaches zero, the 
values of Yn for t i ^ O approach zero with finite positive slope in either 
case. Furthermore this slope decreases as n increases. On the other 
hand, the ratio of these slopes for different n as predicted by the field 
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theory is quite different from that predicted by the lumped-circuit 
network. For n = 0 the behavior in the two cases is also somewhat 
similar, because Y0 is infinite according to the lumped-circuit network, 

Fio. 2'14.—The qualitative behavior of the admittance functions for an interaction space 
with TV = 8 [see Eq. (37)]. 

whereas the field theory predicts that it will approach minus infinity 
as the frequency approaches zero. In addition the field theory predicts 
an infinite set of alternately series and parallel resonances (indicated by 
the infinities and zeros of the admittance functions) for each of the 
admittances, which have been omitted by the lumped-circuit network. 

Fio. 2-15.—Graphical representation of the resonance equation F„ — —YT. The first 
asymptote corresponds to the first series resonance of Fi ; the second to the first series reso
nance of F r . 

2-7. The Spectrum Predicted by Field Theory.—As in Sec. 2-4 the 
spectrum is found by setting the admittance looking out from a side 
resonator (the negative of the admittance looking in) equal to the 



SEC. 2-7] THE SPECTRUM PREDICTED BY FIELD THEORY 67 

1.5X, 

k" 

pT-

i 

i i 

nT^ 
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2| 
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3, 

4 
~* 

i. ; (i) : x0 
(2) 
*o 

°0 1 2 3, 4 
Mode number n 

F I G . 2-16.—Typical spectrum pre
dicted for an eight-resonator resonant 
system. Only the larger wavelength 
groups are shown. The X0

(p) are the 
parallel resonances (Yr = 0 ) of the side 
resonators, \ 0

( p ) being the p + 1 parallel 
resonance. 

admittance looking into the interaction space. That is, F„ + Yr = 0 
at resonance, where Yr is the admittance of a side resonator. Since both 
functions involve the frequency in a complicated way, it is best to solve 
the problem graphically by plotting 
both admittances as a function of k 
as shown in "Fig. 2-15. The reso
nances are those values of k at which 
intersection occurs. A typical spec
trum as predicted by the theory ap
pears in Fig. 2-16. A comparison 
with the spectrum of the equivalent 
circuit shows a qualitative similarity 
for the resonances with wavelengths 
longer than that of the first parallel 
resonance of the side resonators. As 
are those of the equivalent circuit, 
each resonance predicted by field 
theory is a doublet (degeneracy of 
order 2) except those for which n = 0 
or N/2 (these are nondegenerate). 
This result follows from the fact that 
although the same wavelength is obtained for — n as for n (except in the 
case of n = 0 and n = N/2), the electromagnetic field is different and 
the two fields are linearly independent. The equivalent-circuit theory 

has missed all of the resonances that 
occur at frequencies higher than 
that of the first parallel resonance of 
the side resonators. The equiv
alent-circuit representation is con
siderably improved in this respect if 
the side resonators are represented 
by short-circuited transmission 
lines instead of by simple lumped 
LC-circuits. 

Inasmuch as there are an infinite 
number of resonances associated 
with each value of n, n is inade
quate for designating a particular 
mode. Henceforth n will be used 
to designate a principal resonance, 

that is, a resonance of the first group or the lowest-frequency root of the 
resonance equation. Resonances of the pth higher-order group [that is, 
members of the (p + l)-group or the (p + l)-root of the frequency equa
tion] will be designated by n„. 

Fio. 2-17.—Cross section of an 18-resonator 
unstrapped resonant system. 
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T h e mos t i m p o r t a n t features of the spec t rum can be bes t described 
in t e rms of a specific example . T h e 18-resonator anode shown in 
Fig. 2-17 will be used. Only relat ive dimensions are significant, and 
accordingly all dimensions are given as fractions of t he 9-mode wave
length. T h e dimensions and the wave leng ths of t he member s of t he 
first group are given in Tab le 2-1. The mos t significant fea ture of th is 

TABLE 2-1.—THE FIRST GROUT OF RESONANCES OF AN UNSTRAPPED 
RESONANT SYSTEM* 

* Dimensions (see Fig. 2-17): 

1 
2 
3 
4 
5 
6 
7 
8 
9 

(<f = di = di) 

X, 
1.840 
1.226 
1.104 
1.055 
1.030 
1.016 
1.007 
1.003 
1.000 

^° = 0.325 

0 = 0.008 radian 

spec t rum from the point of view of magne t ron opera t ion is the bunch ing 
together of t h e resonances for large n. F u r t h e r m o r e , as Ar increases, 
t he separa t ion be tween the (A r /2)-mode and i ts neighboring modes 
decreases rapid ly . 1 By a proper var ia t ion of p a r a m e t e r s t he separa t ion 
of these modes can be somewha t increased. I n general , t he separa t ion 
be tween modes is increased b y increasing the ca thode d iameter , increasing 
the anode d iameter , a n d increasing t h e wid th of t he resona tor openings 
as compared wi th t he w id th of t h e anode segments . T h e separa t ion 
is also increased b y using a resonator shape t h a t yields a slow var ia t ion 
of a d m i t t a n c e wi th frequency.2 The re are, however, pract ical l imi ta t ions 
t h a t p reven t a n y of these factors from being sufficiently a l tered t o obta in 
a wel l -separated 9-mode. 

T h e higher groups of resonances are similar in charac te r t o t h e first 
group, except, of course, t h a t t he frequencies are m u c h higher. Ordi
nari ly, t he higher groups of resonances are of l i t t le in teres t in magne t ron 
operat ion and , therefore, are no t usual ly s tudied in detai l . A t t e m p t s 

1 The separation between the (A//2)-mode and the ( -=■ — 1 J-mode varies approxi
mately as (1/N*)(ra/N\). 

2 It is interesting to observe that all of these variations can be interpreted physi
cally as means of increasing the ratio of the capacitance between the cathode and the 
anode segments to the capacitance of the resonator. In the equivalent-circuit theory 
this parameter alone determines the mode separation. 
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have been made, however, to operate magnetrons in the (n = 0)-mode 
of the second group. This mode has the advantage of being well sepa
rated from other modes and of being nondegenerate. 

2-8. End-space Effects.—Up to this point the problem of the end 
spaces has been completely ignored. In order to discuss their effects, 
it is necessary to abandon the circuit analogies of the preceding sections 
and reconsider the problem from the point of view of field theory. 

The simplest kind of end-space problem, and one that < ^a be solved 
exactly, is that of the closed-end anode block illustrated in Fig. 2-18. 
By considering the entire anode 

End plate 

Cathode 

Siae resonator block as a section of waveguide of 
unusual cross section, the problem 
can be reduced to that of a section 
of waveguide with shorting plates 
at both ends. From this point of 
view the magnetron modes pre
viously discussed are transverse 
electric or TE-modes, because the 
electric field has no axial com
ponent. The resonances of the 
cavity will occur when the guide is 
an integral number of half wave
lengths long, the wavelength being 
measured along the guide; that is, 
the resonance occurs when Xon = 
2h/p, where p is an integer greater 
than or equal to 1. The guide 
wavelength X„„ depends on the 
frequency and the mode according to the well-known formula 

F I G . 218.- -Cutaway view of 
resonant system. 

End plate 
closed-end 

V-fe)' 
(38) 

where Xe„ is the cutoff wavelength for the mode in question. Thus the 
problem of finding the resonant frequencies has been reduced to the 
problem of finding the cutoff wavelengths for the anode block considered 
as a section of waveguide. It will be shown that the resonances found 
in the preceding section correspond to these cutoff wavelengths. 

The cutoff wavelengths of a TE-mode in a waveguide are determined 
by the condition that the equation 

V'-tf, + 
< $ ' " ■ 

0 (39) 
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have a continuous solution with continuous first derivatives and that it 
satisfy the boundary condition that the normal derivative of H„ dH,/dn, 
be zero at the boundary. This condition is equivalent to the require
ment that the tangential electric field be zero at the boundaries. The 
fields and their associated wavelengths found in the preceding section 
satisfy the differential Eq. (39) and the above boundary condition. 
Furthermore, the fields are continuous except perhaps at a junction 
between regions of different geometry. 

The situation at a junction must be considered in detail. I t simplifies 
matters to consider the specific case of the junction between a rectangular 
side resonator and the interaction space shown in Fig. 2-19. The fields 
in the two regions have been expressed in two different coordinate 
systems. I t is assumed that the arc of the circle p = ra and the straight 

v 

Flo. 2*19.—Junction of a side resonator with the interaction space. 

line x = 0 coincide across the resonator opening. As a corollary it 
follows that the y direction coincides with the $ direction and the x 
direction with the p direction. If the voltage is considered to be con
tinuous at the junction, it follows that E+ is equal to Ey at the junction 
because both are constant across the resonator opening, and the voltage 
is given by the electric fields E$ or Ev times the opening width. In 
Sec. 2-7 it was asserted that resonance occurs when the admittances at a 
junction match. Thus taking the voltage as continuous also ensures 
that the quantity fE*Hz dy is continuous at the junction. Because 
E* is constant, $HZ dy and, therefore, average values of the magnetic 
fields match at the junction. The magnetic field as given by the side-
resonator function is constant along the junction, whereas that given 
by the interaction-space function Hz{a,<t>) is not. Therefore, the mag
netic field cannot be continuous at the junction. If, however, the gap 
is narrow, Hz(a,<t>) will vary only a small amount and the discontinuity 
in the magnetic field will be small because the average values match. 
The electric-field component that is normal to the boundary, Ep or Ex, 
is also discontinuous across the junction boundary, for Ex is zero while 
Ep is not. However, E„ is small except very near the edges, where it 
becomes infinite. Therefore the fields are approximately continuous 
for a narrow opening.1 

1 The discontinuity, of course, is due to the fact that the tangential electric field 
has been assumed to be constant along the junction boundary. Had the correct 
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Thus, the resonant wavelengths computed in Sec. 2-7 should cor
respond closely to the required cutoff wavelengths, and from them the 
resonances of the closed-end anode can be computed. The experi
mental agreement is good; even with N8 = 0.5 and 2irra/\ = 1.5 the 
results are dependable within approximately 1 per cent. 

The accuracy of the admittance matching method used in this 
chapter can be improved by finding a better approximation for the 
tangential electric field at the bounding surfaces. One can set up an 
integral equation for this field, and it should be possible to find approxi
mate solutions. Such methods have been very useful in the treatment 
of problems involving waveguide junctions and obstacles in waveguides.1 

No attempt has yet been made, however, to apply these methods to the 
magnetron problem. As a matter of fact, the error involved in the treat
ment (or nontreatment) of the end spaces is such as to make more accurate 
values of the cutoff wavelengths of little use for most purposes. 

There are other methods, based on field theory alone, for computing 
the cutoff wavelengths. One of these is the "relaxation method,"2 

which is essentially a method of successive approximations. While 
in principle one can achieve any desired degree of accuracy using this 
method, one finds in practice that a considerably longer computation 
time is required to achieve accuracy comparable to that achieved by 
the method outlined here, particularly when a large number of modes 
is involved. On the other hand the method of this chapter is limited to 
cases in which the resonant system can be split into regions of simple 
geometry, for which analytic solutions are possible. For resonant 
systems involving more complicated resonator shapes or resonant systems 
in which, for example, the anode segments are not all equidistant from 
the center of the magnetron, the relaxation method is very useful. 

The problem discussed above is idealized; any magnetron must have 
its cathode insulated from its anode. However, an anode block with 
closed-end resonators that has an open interaction space approximates 
closely the anode block just discussed. All wavelengths, however, are 
somewhat higher than computed; for the large n-modes the change is 
about 1 to 2 per cent, but the (n = l)-mode may be affected a great 
deal—as much as 25 per cent or more. It must also be remembered that 
the cathode is not usually a simple cylinder as assumed but may have 
end shields or other irregularities. This effect is usually small and can 
be accurately estimated after some experience. 

distribution, which is unknown, been chosen for this field component, it would have 
been possible to find a frequency value for which all of the components would be 
continuous. 

1 See Vol. 10 of the Radiation Laboratory Series. 
2 D. N. de G. Allen, L. Fox, H. Motz, and R. V. Southwell, Phil. Trans. Roy. Soc, 

Series C4, I, 85 (1942); H. Ashcroft and C. Hurst, CVD Report WR-1558. 
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The usual end-space problem is much more complicated than the 
one just discussed. Most magnetrons with symmetric unstrapped 
resonant systems have an open-end anode block with an empty region 
on either end. In previous sections it was assumed that end conditions 
were such that there was no axial variation of the fields in the side 
resonators or the interaction space. For many open-end anode blocks 
this is a fairly good approximation; when anodes are longer than 0.4X 
and have end-spaces deeper than 0.2X, the modes for which n is greater 
than 1 agree within 2 or 3 per cent with the computed values. The 
experimental values are lower than the computed values. The (n = 1)-
mode is often depressed by more than 10 per cent. The general character 
of the spectrum and the relative separations, except for the (n = l)-mode, 
are accurately given. 

In the case of magnetrons operating at wavelengths greater than 
10 cm, both the anode-block height and end-space height are usually 
small compared with the wavelength. (The anode height is usually 
less than iX#, and the end-space height less than TB^N-) Under these 

2" 2" 
conditions the observed spectrum is quite different from that computed 
in the preceding sections. One finds the order of modes reversed; that 
is, the wavelengths increase rather than decrease as the mode number 
increases.1 

The most extensive discussion of this effect appears in a report by J. C. 
Slater,2 which contains plots of the observed dependence of wavelength 
upon the heights of the block and the end spaces for an eight-resonator 
hole-and-slot anode block. One finds that the end-space height below 
which the order of modes is reversed decreases as the anode height is 
increased. From the point of view of application it is significant to note 

(N \ 
that the separation between the (2V/2)- and I -^ — 1 1-modes is small 
regardless of the order. 

I t is evident that an adequate theoretical treatment of the end spaces 
applicable to short end spaces and small anode height would be desirable. 
Flux plotting methods3 have been developed which permit an accurate 

1 A good qualitative picture of the phenomena can be obtained by assuming the 
capacitances c in Fig. 2-5 shunted by inductances I and by assuming a particular 
dependence of c/C and L/l upon the height of the block and the end spaces. The 
required dependence upon the height of the block is, however, quite different from 
what one would expect physically. For further details see J. W. Dungey and 
R. Latham, "The Frequencies of the Resonant Modes of Magnetrons," CVD Report 
WR-1223, July 14, 1944. 

2 J. C. Slater, "Resonant Modes of the Magnetron," RL Report No. 43-9, 
Aug. 31, 1042, pp. 15-20. 

3 P. D. Crout, "The Determination of Fields Satisfying Laplace's, Poisson's, and 
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treatment of the end spaces. Calculations have been carried through 
for an unstrapped anode block with end spaces and anode height such 
that the modes occur in reverse order, and very good agreement with 
experiment has been obtained. In addition, both the previously men
tioned relaxation method and the admittance matching method used in 
this chapter might in principle be extended to include the end spaces. 
The computations, however, become very laborious, and no such calcu
lations have been carried through with satisfactory accuracy. 

F I G . 2-20.— (a) Longitudinal cross section of a magnetron anode block showing the 
charge distribution and the direction of the impending current flow for a typical end-space 
resonance; (6) equivalent circuit for the end-space resonance. 

As pointed out in Sec. 2-1, the assumptions made prevent the resultant 
spectrum from being complete. There are an infinity of resonances that 
do not even approximately satisfy the assumed conditions. Ordinarily 
these are short-wavelength resonances that do not interfere with opera
tion and are rarely observed. There are, however, two types of reson
ances that may be troublesome. The first group is usually referred to 
as the "n' resonances." These are similar in character to the ordinary 
magnetron resonances, except that there is axial variation of the fields. 
In fact, these resonances are characterized by an electric-field node at 
the median plane. The wavelengths of these resonances are of the same 

Associated Equa t ions by Flux Plo t t ing ," R L Repor t Xo . 1047, J a n . 23, 1946. 
P. D . Crout , " A Flux Plot t ing Method for Obtaining Fields Satisfying Max

well's Equa t ions , wi th Applications to the Magne t ron , " R L Repor t Xo . 1048, J a n . 16, 
1946. 

F. E. Bothwell and P. D . Crout , " A Method for Calculating Magnet ron Resonan t 
Frequencies and Modes ," R L Repor t No. 1039, Feb . 8, 1946. 
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order of magnitude as the first group of ordinary resonances only when 
the anode is abnormally long. The second group is referred to as "end-
space resonances." These are characterized by strong fields in the end 
spaces and are most likely to be seen when the volume of the end spaces 
is large.1 The field distribution, together with an approximate equiva
lent circuit of a typical end-space resonance, is shown in Fig. 2-20. 

2-9. The Interaction Field.—The equations for the fields in the inter
action space have been derived in Sec. 2-6. These are 

_N6E V f sin ye\ Z'y(kP) 
L, \ yd JZ'y(kra)e ' 

v _ _ 1 ™)E V (s[n y8\ Zy&P' 
' ~ kp TT U 7 V W ) Z'y(kra, 

m = — » 
and 

_ . [ToNdE V /s in yd\ Z, 
H'~ - J VMO x L, \ ye )Z'y 

^ P ) giy* )y = n + mN (36) 

(*r.) 

The special case n = N/2 (wherein N must be an even number) will 
be discussed first. For this case the fields reduce to 

2N6E V /s in ye\ Z'y(kp) 

m = 0 

2N6E V / ^ n yd\ Zy(kp) . ^ ( , l \ , r .... 

m-0 
and 

„ . U0 2N8E V /s in 7<A Zy(kp) 

m = 0 

These fields represent standing waves rather than rotating waves, a 
consequence of the fact that the (n = JV/2)-mode is nondegenerate. 
Furthermore, there is a 90° phase difference between the electric and 
magnetic fields, as there always is in a standing-wave resonance. A 
qualitative picture of the electric field distribution is shown in Fig. 2-21. 

At the electron velocities in the magnetron (usually less than one-
tenth the velocity of light) the force due to the oscillating magnetic 
field is much less than that due to the electric field. Therefore a detailed 
discussion of the magnetic field is unnecessary. I t is evident that the 

1 Certain of the end-space resonances can also be regarded as n resonances. 
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electric field consists of a sum of harmonic components the relative 
amplitudes of which depend upon p through the functions. 

and 

Zy(kP) 
Zy(kra) 

y_ Zyjkp) 
kp Z'y(kra) 

for S* 

for E.. 

For kr„ « 7 these functions can be approximated by 

and 

respectively. These functions (except E„ for 7 = 1 ) all decrease as p 
approaches rc, and the rate of decrease increases rapidly with 7. Thus, 
as p approaches rc, the lower-order 
components become more promi
nent. The extent of the effect 
depends upon rc/ra, becoming less 
pronounced as re/ra approaches 
one. However, at the values of 
rc/ra ordinarily used, the lowest 
component of the iV/2-mode is the 
predominant one at the cathode, 
and the angular dependence near 
the cathode is given very nearly 
by cos (iV/2) <t>. In a discussion of 
the interaction between the field and the electrons (see Chap. 6), the 
analysis of the field into harmonic components is very useful because it is 
usually possible to ignore all but one of the components. 

The (n = 0)-modes share with the ( n = -^ l-modes the property of 

nondegeneracy. 
The Degenerate Modes.—All other modes of the unstrapped resonant 

system have a degeneracy of the second order; that is, there is always 
a pair of linearly independent fields having the same resonant frequency. 

F I G . 2-21.—Distribution of electric field 
the interaction space for the ir-mode. 
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In one of these the fundamental component [(m = 0)-component] 
rotates clockwise, whereas in the other it rotates counterclockwise.1 

The harmonic components all appear as waves that rotate at different 
angular velocities; that is, the velocity of rotation is proportional to 
I /7 , and thus waves of negative 7 rotate in a direction opposite to those 
of positive 7. I t is worth noting that the harmonic of the lowest 7 
(excluding the fundamental), given by m = — 1, rotates in a direction 
opposite to that of the fundamental. The remarks that were made 
concerning the comparative rates of decrease of the harmonics with p 
for the nondegenerate modes apply here also. Ordinarily, however, the 
various harmonics are not integral multiples of the fundamental. 

Degeneracy leads to certain practical difficulties in magnetron 
design. I t is never possible to make a magnetron perfectly symmetric. 
The lack of symmetry tends to split the degenerate modes into two 
nondegenerate modes wTith slightly differing resonant frequencies. 
Ordinarily, both components are excited, but the relative degree of 
excitation depends upon the nature of the splitting and can be expected 
to vary considerably from tube to tube. This splitting leads to a certain 
lack of uniformity in tubes operating in degenerate modes. 

2-10. Applications and Limitations.—It is evident from the preceding 
discussion that the unstrapped system has several resonant modes 
with which the electrons can couple (in the manner described in Chap. 1). 
The same is true of the other systems to be described later. Whether 
or not a magnetron can operate in a specific mode over a wide range of 
voltages, currents, and magnetic fields is determined for the most part 
by the wavelength and the field configuration of all the other modes 
relative to that specific one.2 The symmetric unstrapped resonant 
system is satisfactory only for low values of N, because its modes crowd 
together for high values of n and N. I t will be seen later that this effect 
restricts their application to comparatively long wavelengths. 

The development of the unstrapped resonant system was abandoned 
when the strapped and rising-sun systems were discovered. Conse
quently, no extended attempt has been made to design the best possible 
unstrapped magnetron or to find what is the largest possible N that can 
be used. - The largest N that has been used with full success3 is 6. This 

1 There is a certain degree of arbitrariness with, regard to which pair of fields is 
taken as fundamental. Thus it is possible to form other linearly independent pairs 
by taking linear combinations of the pair chosen above. 

2 The various factors that affect mode selection are discussed in Chap. 8. 
3 It is possible to increase the separation between the T-mode and the I — — 1 )-

mode by bringing a ring very close to the ends of the anode segments. Successful 
experimental magnetrons with N = 8 have been constructed by making use of such 
a ring. 
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six-resonator magnetron1 oscillates in the ir-mode ("?) 77 1 in the 700-

Mc/sec band at an efficiency of 35 to 40 per cent. Thus, at a pulse 
current of 10 amp and 12,500 volts, the tube will produce 50-kw pulse 
power. 

Another example of a ir-mode unstrapped magnetron is the original 
British 10-cm tube. It has eight resonators, and the separation between 
the ir-mode and the 3-mode is only 1 per cent. The maximum efficiency 
varies from 20 to 30 per cent so that at a pulse input of 15 amp and 12,000 

^ 1-5 
t, 

A 
U.S H 

-fo 1 ' 
o s i 

-/-/ -.^ 
J-7—Z -1--/- Z ^ wA -7-

JI^ y -57/ _ T7--7 s-u Z s 

1̂2=̂  

- 7 ^ s s 
' ^^ / / -̂^ ^^** ^ ^^ 
^ -e---"" 
^^•"^ 

s = - - — = = = 

6/a=4.0 b/a =3.5 b/a = 3.0 

i- -T -7~ S t Z / ? 4 I / S 
-f S- s ^ 
Z S ^ "'" S s ' *y ^- 7 s 
/- ^ ^ l ' 7 

•^ , ^ 

^ * 
X* ^ - - ^ 

x1^- --"^ 
x ^ *£-**' ^.~* 

S*1* - - " ^ 

-""̂  -"*** '̂"*** --̂ **' ,̂-̂ " -̂-* "** -e"""''*'* -" 
^ ■ ■ " ^ , „ . — ■ = B ' 
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■ * * - - - * " ^ " 
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--^ __. _ _ _ - ■ — — ■ = B 1 

F H m r m ^ 

6/o = 2.5 

6/o = 2.0 

6/o=1.75 

3 6/o = 1.50 

6/0 = 1.25 

6/0=1.15 

0.5 1.0 1.5 2.0 
ka '• 

FIG. 2-22.—~F(ka, b/a) in radians plotted as a function of ka for 6/a equal to 1.15 to 4.0. 

volts an output of 45 kw might be obtained. At currents below 10 amp 
the tube oscillates in the 3-mode, and in general performance is erratic 
from tube to tube. 

In both of the magnetrons described above, the anode length and 
end spaces are so short that the modes appear in reverse order (Sec. 
28)—the ir-mode is the longest-wavelength mode. 

2-11. The Computation of Admittances.—In the various admittance 
formulas derived in previous sections, the dependence of admittance 
upon frequency and certain of the geometric parameters is contained in 
some rather complicated expressions involving Bessel and Neuman 

i The 700 A (B, C, D) series. 
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functions. Tables, plots, and approximation formulas that are useful 
for the computation of these admittances appear below. 

The Annular Sector Resonator.—The admittance of uiie annular 
sector shown in Fig. 2-11 is given by 

i =3 
6o h JB(ka)Nl(kb) - Ji(frb)iVo(fro) 
li04'aJi(ka)N1(kb) - J^ktyNtfa)' 

The functions 

F 
( * ! ) - -

cot" 
., Jo(ka)N1(kb) - J^ktyNoika) 

J1(ka)N1(kb) - JtiktyN^ka) 

are plotted in Figs. 2-22 and 2-23 as a function of ka for various values 

* n 

3.0 - - - 1 L 1 1 1 Z ? 
^4 h -> -/ ^ * 

_ 4 1 1 t V /L * 
/ - , V J -J £ s 

J S ^1 2 y Z 7 S 2 -/ ' Z ? ^7 
*~l_ ' 7 7 ^ s 

~2_/ ~7 7 ^ s .s 
J A 7 j 7 ' ^ ^ * " -••' 

- j ^ 7 ^ ~7 jS* ^ - ^ 

^ /s£\*^ s ^" ^ ^ 
> ^^"^s s*' *^' ^^*" 

^di" t*" £.* ^ 
'5 iuZ'*7' <±* ~'* £,* J&Z.' S -£ ?1,5 ttlSS ? ^<" *■ 7/lT/S ^ T JtSlj. /L S ML /. *■ ,n tttj ? - - -1 0 7 7 / / 

am z it 
1 7 / / 

. , lli X 0 5 E 7 7T 
Bp_t 
w ~\~ r . 

0.1 02 0.3 0.4 0.5 0.6 
t -1™ 

0.7 0.8 0.9 1.0 

Fio. 2-23.—F(ka, b/a) in radians plotted as a function of ka for b/a equal to 4 to 10. 

of b/a. The function F(ka, b/a), rather than cot F, has been plotted in 
order to facilitate interpolation between the given values of b/a. The 
succession of poles in cot F would make interpolation between curves 
very difficult. 

The Cylindrical Resonator.—The admittance of the cylindrical 
resonator shown in Fig. 2-10 is given by 
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[Ta h \Jo(ka) V (sin PA2Jp(kay 
J VMO 2wa lJ'o(ka) ^ L , \ V+ ) J'P(ka) 

p - i 

^ , c 6 ( W -f Mo 27ra 

For ka « 1 (which it usually is) one can take 

Jo(ka) 
JWra) 
Jp(ka) _ ka 

2 ka 5 ,, . . 
- Fa + T - 96 ( * a ) ' 

{ka,y 
(p * 0), 

yielding 

G(i,ka) = fra + 
p = l 

j ; ( *o ) p 2 P
2 ( P + 1 ) 

y i] *a+(*«)■[! 

JL/ \ p\P / p-(p + 1)_ 

which gives the frequency dependence comparatively simply. The 
series 

V /sin pA21 
Lf\ pi J p 
P - I 

converges rather slowly for small values of \p. One can show, however, 
that 

s(^)'-;-i--* 
P - I 

T 36 T 2700 

which converges quite rapidly for small values of \j/ (including the usual 
range of values for \p). The series 

V /sin p A 2 1 
L-I\P4>) p2(p ■ 
P - I + D 

converges quite rapidly. Furthermore, one can usually omit the terms 
in (ka)3. 

For larger values of ka one can correct the above formula by using 
the exact values for [Jv{ka)]/[J'p(ka)] for the low values of p and the 
series approximations for the larger values (larger values means those 
for which ka « p). 
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The Interaction Space.—The admittance is given by 

J \Mo2i r r a L-t \ y8 } Zy(kra) J \MO2HT 0 
m = — « 

where y = n + miV. For AT,, <K y one can use 

£y{KTa) _ KTa / . i 2 |T |\ , (ATo) 
Z,(*r.) M V ' * ' ' 27

2(M + 1) 
where a = rjra. 
Since kra is not always less than n, one uses for K(8,ka) 

T 2 H 

m = — oo 

+ ̂  2 V^r) V(M + i)' 
m = — <n 

where the symbol 2 ' indicates omission of the term for which m = 0. 
For <r = 0, [Zn(A-ra)]/[Z;(AT„)] = [J'Xkr*)]/[J»(kra)]. Values for these, 
functions for n = 0 through 9 appear in Table 2-2. For values of n ^ 2, 
the approximation Zn/Z'n = (/„/,/£,)(1 + cr2") is often satisfactory. 



CHAPTER 3 

THE RISING-SUN SYSTEM 

B Y N. KROLL 

The discussion of the unstrapped system has shown that a desirable 
resonant system would be one in which the Af/2-mode is well separated 
from the neighboring modes and, further, 
remains well separated for values of N sub
stantially larger than those usable in un
strapped s y s t e m s . T w o systems are 
commonly used to accomplish this objective. 
One is the rising-sun system in which alter
nate resonators are alike but adjacent 
resonators are not alike; the other is the 
strapped system,1 discussed in Chap. 4. 
Two examples of the rising-sun structure are 
shown in Fig. 3-1. The design of Fig. 3-la 
is obviously suggestive of the rather pictur
esque term by which this type of magnetron 
is known. 

3-1. The Spectrum.—The electromag
netic-field problem for the rising-sun system 
can be reduced to a circuit problem by pre
cisely the same means that were used for the 
unstrapped system (Sec. 2-1). That is, the 
magnetron can be represented by the circuit 
in Fig. 3-2, where the interaction space is 
represented by a network of TV pairs of ter
minals and the resonators by admittances 
having a single pair of terminals. The 
assumptions leading to this representation 
are the same as those discussed in Sec. 2-1 
and lead to the same restrictions upon the solutions. 

In order to find the resonant frequencies, it will be necessary, as 
before, to investigate the circuit properties of the various elements. 

1 Arrangements of unlike resonators differing from t h a t of the rising-sun system 
have been given some theoretical consideration. None of these has appeared to be 
promising, and none seems to offer any advantages over the rising-sun structure. 

83 

(b) 
F I G . 3-1.—Two examples of 

rising-sun resonant systems: (a) 
vane type; (fr) vane type with 
modified large resonators. 
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These properties have already been fully investigated for the resonators 
and can be summarized by the functions YTI and Fr2. These functions 
are the admittances of the even- and odd-numbered resonators respec
tively (numbered as in Fig. 3-2) and are functions of the frequency. 
Formulas for computing these admittances for different resonator shapes 
are derived in Sec. 2 5 . 

On the other hand, the properties of the interaction space were not 
investigated fully enough to deal with the problem of this chapter. In 
Chap. 2, admittances for the unstrapped system were computed with 
the restriction that the electric field differed from gap to gap by only a 
constant phase factor; this resulted in the condition of equal admittances 
seen at any gap. This restriction is clearly invalid for the rising-sun 

Flo. 3-2.—Circuit representation of the rising-sun system. 

system, inasmuch as the admittances seen at adjacent gaps must, in 
general, be different. For the rising-sun system one assumes, as before, 
that the tangential electric field along the dotted boundaries (Fig. 2-13) 
is constant at each gap. Furthermore, one assumes that the field varies 
from even-numbered gap to even-numbered gap as el-2T'n/N)'> and from 
odd-numbered gap to odd-numbered gap also as e<-2r>n/N)q, with no restric
tion placed upon the ratio of the field at an even-numbered gap to that 
at an odd-numbered gap.1 Thus the electric field at even-numbered 
gaps can be represented by E'-e)e('lT'n/N)q, and at odd-numbered gaps by 
E<-°)e'2r'n/N}q, where the ratio Ew/Ew is arbitrary and may be complex. 

The required admittances can be readily computed by an application 
of the principle of superposition to previously obtained results. The field 
distribution described in the above paragraph can be obtained by super
posing two "symmetric" distributions for which the tangential electric field 

1 As in Chap. 2, q is the gap number and has values of 0 to N — 1, and n is an 
integer. 
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at the Qth gap is given by Ee'^Tn/x)l> and E'e*- ' ^ " * 7 ' J8 respectively. 
The electromagnetic fields associated with these distributions have been 
computed in Sec. 2-6 [Eq. (2-36)]. A superposition of these fields gives 

rise to the distribution Ee'i2"/K)t + E'e^y"'^)' N1" which is equal 
to [E + {-\)«E'}e>2Tn<"*. I t is evident that the field varies properly 
from even-numbered gap to even-numbered gap and from odd-numbered 
gap to odd-numbered gap. Thus EM = E + E' and EM = E - E'; and 
inasmuch as E'/E is arbitrary, so is E{,)/Ew. 

The magnetic field at the various gaps will be given by 

Hz{ra, 4>) = II(ra, $) + H'(ra, 0), 
where H(ra, <f>) is the magnetic-field distribution associated with 

Een.in/s)^ and H'(ra, </>) is that associated with £"eL2'JC""2")/ArJ«, 
According to the treatment following Eq. (2-36), Sec. 2-6, the admit
tance seen at the gth gap is given by 

y(,) _ J(2*q/N)-6 

_ ft J(2,g/N)-e ,,s 
4ra62 (E + (-l)"E')e{2Tin/!,),>' K ' 

since E+ = (E + ( — l)iE')ei2*>n'N)'> over the range of integration. 

According to Eq. 2-36, H(ra, <*>) = H [ra, <j> - - ^ J e<2-i»/w>« a n ( j 

= ( - l ) " / / ' ( r a , 0 - ^ j e » " V w ) « . 

Thus, taking^ = ( # ^ l> Eq. (1) reduces to 

h 1 (f\H(ra,+)d+ 
4r„02l + (E'/E)(-1) " \ £ 

+ ( 
The admittances Y„ computed in Sec. 2-6 can be written as 

w V H'(ra,+)dA 
-\\ttLLzl I (2) 

' E E' I { J 

h J°eH(ra,*)d+ 
Yn * iTJ2 ~E ( 3 ) 

file://-//ttLLzl
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Similarly, 

THE RISING-SUN SYSTEM 

F(?-»)" V ? ) " *& 
Thus the expression for Y'''> reduces to 

Yn + RY,N 

h f'iH'(r.,4>)dl> 

y<«: (?-) 
and 

1 + R 

Yn - RY,N 

y» = (?-) 
i # 

£ ' 

(g even) 

(9 odd), 

[SEC. 3 1 

(4) 

(5o) 

(56) 

where R = E'/E. Therefore the admittances depend upon R as well 
as upon the frequency. 

For resonance to occur it is necessary that the admittances match at 
both odd- and even-resonator openings. This condition yields 

Yn + RY IN \ 
. U V 

1 + R 
Yn — RY is v 

+ YT, = 0, 

+ Yn = 0, 1 - R 

which on eliminating R yield, after some manipulation, 

(6a) 

(6b) 

Yn + Y SN \ 
K.2-") + Yr, 

Y„ + Y /N \ 

+ YT, 
Yn-Y (r-) (7) 

The resonant frequency having been computed, R can be found from 

Yn + Y„ Yn + YT2 R Y (M + Yr, Y{l-n) + Y" 
(8) 

As in the case of the unstrapped system, the resonance equation 
depends upon n. For the unstrapped system it was necessary to con
sider only the values 0 to N/2 for n, as replacing n by — n or by (n -f mN) 
where m is any integer, left the resonance equation unchanged. For 
the rising-sun system, however, the values 0 to JV/4 [or (N — 2)/4, 

(N \ 
whichever is an integer] are sufficient, as replacing n by I -=■ — n h as 
well as by (n + mN) or — n, leaves the resonance equation unchanged. 
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Each equation has an infinite number of roots, although only the lower-
frequency roots are of practical interest (ordinarily only the first two are 
of interest). While it would be simplest to use a mode-numbering 
system analogous to that used for the unstrapped system, i.e., np for 
the (p + l)-root of the frequency equation determined by n, this is not 
the system in common use. I t has become customary to regard any 
magnetron resonant system having side resonators as a modification of the 
unstrapped system. That is, one considers the system as having been 
produced by a continuous perturbation of the unstrapped system. As 
the unstrapped system is modified, the resonant frequencies and their 
associated field distributions will also be modified and will change 
continuously if the perturbation is effected continuously. This implies 
that the modes of one system join continuously to the modes of the 
other and thus that there is a 1-to-l correspondence between the modes 
of one system and the modes of the other. From this point of view it is 
convenient to give corresponding modes the same number. Unfor
tunately the correspondence is not unique (that is, it depends upon the 
intermediate steps of the perturbation), so that it is necessary to specify 
the way in which the perturbation is performed. For the rising-sun 
system one considers the perturbation as having been made by a con
tinuous alteration of the side resonators, other dimensions being held 
fixed. In all practical cases this leads to the mode number n for the 

first root of Eq. (7) and the mode number I -- — n] for the second root G-) 
The higher roots always correspond to the higher-order n- or (5-> 
modes, with the particular correspondence depending upon the specific 
case. 

Equation (7) contains the unstrapped system as a special case. 
For, setting Yn = Y„ = Y, gives 

Yn + Y 
b ) + Y 

Yn — Y fN \ 

2 

which yields the two equations 

Yr + F„ = 0 and Yr +Y,N N = 0. (9) 

These are, of course, the previously derived equations for the n- and 
(N \ 
\i) ~ n 1-modes of the unstrapped system. 

Although Eq. (7) appears to be complicated, it is subject to a simple 
physical interpretation. In order to illustrate this interpretation the 
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following specific example will be used. An 18-resonator anode block 
similar to that shown in Fig. 2-17 will be used; in this all dimensions 
are held fixed except the lengths of alternate resonators do, which are 
allowed to increase. In Fig. 3-3 the resultant resonant frequencies of 

the modes 1 to 9 are plotted as a 
function of the ratio of large to 
small resonator depths (n = c?2/d1). 
Following tb<̂  mode-numbering 
convention discussed above, the 
9-mode is found as the second root 
of Eq. (7) with n = 0 (the first root 
is the trivial u = 0); the 1- and 8-
modes are found as the first and 
second roots of Eq. (7) with n — 1; 
and so forth for the other modes. 
It is evident that for sufficiently 
large values of ri, the (?i = N/2)-
mode or the 9-mode becomes well 
separated from its neighbors, a re
quirement for operation in this 
mode. Furthermore, the other 
modes appear to break into two 
distinct groups, each of which 
bears a suggestive resemblance to 
the first group of modes of an 
unstrapped system having nine 
resonators. Table 3-1 shows the 
modes of the rising-sun system for 

di/di = 2.1 compared with the modes of an unstrapped system having the 
same dimensions as the rising-sun system except that in Case I the small 

T A B L E 3 1 . l — T H E R E S O N A N C E S O F AN 18-RESONATOR HIKING-SUN SYSTEM COMPARED 
WITH T H O S E OF T W O N I N E - R E S O N A T O R U N S T R A P P E D SYSTEMS 

Case I Case I I 
\[/Xi = 0 .987 x' ' /X, = 1.0% 
Xj/Xs = 0 .9975 x','/X, = 1.015 
X',/Xi = 0.9994 xJ7x6 = 1.0034 
\'j\i = 0 .9997 X"/Xs = 1.0006 

Xj,/X„ = 0.8816 

resonators have been filled with metal leaving nine large resonators and 
in Case II the large resonators have been filled with metal leaving the 

' T h e values of X„ are the resonances of the rising-sun system of Fig. 3-3 a t 
dz/dx = 2 .1 . T h e X„ are the resonances of the nine-resonator unstrapped system 
formed by filling the small resonators with meta l ; the Xn are those of the nine-reso
na to r symmetr ic system formed by filling t h e large resonators with metal . 

F I G . 3-3.—Mode spectrum of a rising-sun 
system as a function of the ratio of large 
resonator depth dz to small resonator depth 
di held fixed. XT0 is the ir-mode wavelength 
for di/d\ = 1. Dimensions: rfi/X^o = 0.172; 
d0/X»-o = 0.524; dc = 0; 8 = 0.060 radians. 
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nine small resonators. These results suggest that a rising-sun system of 
N resonators can be interpreted as two symmetric N/2 resonator systems 
coupled together. A careful examination of Eq. (7) will corroborate this 
interpretation. 

Consider first the expression [Yn + Y,N \ ] / 2 . Substituting the 

expression in Eq. 2-37 yields 

" + F(f~") = ,• /LO ML V hOtlA (*[n ?eY nm 
2 •/\Mo41rr(1 Z , Z ; ( J T B ) V T » / ' U U ; 

m = — so 

where y = n + m(N/2). 
This expression, however, corresponds precisely to F„ for an interaction 
space having precisely the same dimensions but N/2 openings instead 
of N openings. Then 

F„ + Y SN _ x 
^ — + Yn = 0 

is the equation for the resonant frequencies of an unstrapped system 
formed by the N/2 resonators corresponding to one set of side resonators 
with the other set of side resonators filled with metal. A similar state
ment applies to the equation 

Y„ + F / J V _ \ 
2 ^ ^ + Yr, = 0. 

Thus the resonance equation for the rising-sun anode block, 

Yn-Y + Y/N \ (f-) Yn + Y /N N 
V 2 - ; . Y 

2 ' j L 
(11) 

can be interpreted as a coupling equation for the corresponding modes 
of the two unstrapped systems with the term [(Yn — YN )/2]2 deter-

mining the strength of coupling. When this term is small, the coupling 
is weak and the resonances of the two systems are shifted only a very 
small amount. Except for the case n = 0, [(F„ — F# )/2]2 is quite 

(N \ 
small and becomes smaller as n and I -= — n 1 become more nearly equal. 
In the extreme case of n = N/i, the coupling term is identically zero and 
the resonance associated with one set of resonators is completely inde
pendent of the dimensions of the other set. Ordinarily (except for 
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n = 0), the coupling is quite weak,1 although there is an important 
exception when the resonant frequencies of the two systems occur close 
together. Then both bracketed terms are small over the same fre
quency range, and the coupling term becomes important. This inter
pretation of the rising-sun resonances will be further supported in 
Sec. 3-2, where the field distribution will be examined. 

Figure 3-3 shows the spectrum over the range of ratios in general 
use; the two groups shown correspond to the first group of resonances 
for both the large- and small-resonator systems. In the case shown, 

F I G . 3-4.—Mode spectrum, for large values of n , of the rising-sun system of Fig. 3 3 . 
The two groups shown correspond to the first group of the small-resonator system and the 
second group of the large-resonator system. 

the first group of resonances of the smaller-resonator unstrapped system 
happens to occur at a much higher wavelength range than that of the 
second group of resonances for the larger-resonator unstrapped system 
(not shown in the figure). For very large ratios this is no longer the case. 
Figure 3-4 shows the approximate behavior of the modes of the second 
group of the large-resonator system in relation to the first group of the 
small-resonator system, for i\ greater than 3. 

Although the preceding discussion was to a large extent in reference 
to an JV = 18 resonant system, the discussion can easily be generalized. 
Thus, for a rising-sun system with N resonators and a ratio of resonator 
depths that is not too close to 1, the resonances of the first group of the 
spectrum can be divided into three subgroups. There is the set of modes 
numbered 1, 2, • • • , (JV — 2)/4 (or N/i). These correspond closely to 

1 This remark applies mainly to the ease of small da/\r. As this quantity is 
increased, the coupling becomes stronger for n ^ 0 and somewhat weaker for n = 0. 
For values of d^fX* used in practice the coupling is always weak for n & 2 but may be 
quite strong for n = 1. 
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the 1, 2, ■ • • , (Ar - 2)/4 (or Ar/4) of the unstrapped system of Ar/2 
resonators formed by filling the small resonators with metal. This set 
is frequently referred to as the upper multiplet. Second, there is the 
set of modes (the lower multiplet) numbered (Ar + 2)/4 or Ar/4, ■ ■ • , 
(Ar/2) — 1. For moderate ratios of resonator sizes, these correspond 
closely to the (N — 2)/4, (or Ar/4), ■ ■ ■ 2, 1, modes of the unstrapped 
system of N/2 resonators formed by filling the large resonators with 

metal. [Note that the order is reversed. Thus the Gf'-> mode 

of the rising-sun system corresponds to the 1-mode of the unstrapped 
system.] For very large ratios these modes correspond closely to the mnm> 2i, l i , modes of the large-resonator system 

This last correspondence 

16 

4 
(that is, the second group of resonances) 
occurs when the second group of 
resonances of the large-resonator 
system happens to occur at a longer 
wavelength than the first group of 
resonances for the small-resonator 
system. Third, there is the ir- or 
Ar/2-mode, which occurs between 
the twro subgroups mentioned 
above. The x-mode corresponds 
roughly to the Oi-mode of the large-
resonator system, but its wave
length is as dependent upon the 
small-resonator dimensions as it 
is upon the l a r g e - r e s o n a t o r 
dimensions.1 

As in the treatment of the un
strapped system, the preceding 
theory has entirely neglected the 
end spaces. The effects of the end 
spaces are somewhat similar for the 
two cases, in that all wavelengths 
turn out to be lower than the computed values. On the other hand, the 
general character of the spectrum and order of the modes remain the same. 
The reversal of order, mentioned for the unstrapped system, has never been 
observed in rising-sun systems, although one might expect it to occur 

1 The Oi-mode referred to above should not be confused with the Oi-mode in 
Fig. 34, which is the Oi-mode for the rising-sun system. The latter corresponds to 
the Oi-mode of the small-resonator system for small ratios and to the 02-mode of the 
large-resonator system for large ratios. 
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F I G . 3-5.—Typical example of the effect 
of end-space height on the mode spectrum of 
a rising-sun tube. X0 is the initial value 
of the 7r-mode wavelength. Dimensions: 
da/\Q = 0.27; k/\0 = 0.31; n = 1.75. 
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for very short anodes with very short end spaces. The magnitude of 
the end-space effect depends upon the dimensions of the end space and 
the relative sizes of the side resonators. Experimentally it has been 
found that the 7r-mode may be depressed from 2 to 8 per cent; the lower-
wavelength modes of the long-wavelength group are rarely depressed as 
much as 5 per cent, while the highest-wavelength mode, the 1-mode, 
may be depressed more than 20 per cent. The mode just below the 

7r-mode, the [ -„-(M-mode, is depressed about the same amount as the 

7r-mode, although the separation between the two is usually changed 
somewhat. The other modes below the x-mode wavelength are depressed 
about 2 per cent. Figure 3-5 shows a typical example of the effect of 
end-space height on the mode spectrum. 

3-2. The Interaction Field.—The tangential electric field at each gap 
was found in the last section to be given by 

?[>(»-£)«]/", 
This distribution was found by superposing the electromagnetic fields 

associated with Ee <- ^ 2 / J/ and the fields associated with 

The various field components in the interaction space can then be found 
by simply superposing the fields associated with the above distributions. 
Thus 

_ N0E { V [ /s in ye\ Z\{kp) 
** ~'r \ If [\ y6 )Zy'{kra 

'(kp) . 
V> t^L ply 

+ R{ y 
(zjn y'P\ Z>AkP) e , y , 

E. 
j NBE 
kp T 

Hz = 

\Z>. 
) Z'yikra) 

L, V \ y6 ) Z\(kra) 
m = — » 

+ *-&#& 
NBE J V ["/sin ye\ Zy 

*■ \ Li IA ye ) Zy 

(12a) 

(±p) 
(kraj 

e'T'* 

r(*p) 

+ R 

where y = n + mN and y' ' = M) 
sin y'e\ Zyjkp) 

y'B~)z'Akra) 
e'l'* 

(126) 

(12c) 

+ mN. 
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It is now possible to see which modes are degenerate and which are 
not. Substitution of — n does not change the resonant frequencies of 
the modes. However, except for n = 0 or re = JV/4, it does lead to a 
field distribution that is linearly independent of the +n field.1 These 
modes then have a second-order degeneracy. When n = 0, no sign 
change is possible ( — n = +w), so that the ir-mode is nondegenerate. 
To consider the case n = JV/4, it is necessary to know the value of R. 
I t can be shown that for the (n = JV/4)-resonance associated with the 
even-numbered resonators R = 1, and for the JV/4-resonance associated 
with the odd-numbered resonators R — — 1. In either case, replacing n 
by — n does not lead to a linearly independent field so that modes with 
n = JV/4 are also nondegenerate. This is readily understandable if one 
observes what happens as the even- and odd-numbered resonators 
become alike. I t is evident that the two roots of Eq. (7) for n = JV/4 
are equal if Yn = Yr2. I t is also evident that both roots must be called 

(N \ 
JV/4-modes because I -=- — n J is also equal to JV/4. This corresponds 
to the fact that the JV/4-mode has a second-order degeneracy in an 
unstrapped system. When the unstrapped system is perturbed into the 
rising-sun system, this JV/4 doublet splits, with one resonance following 
the odd-numbered resonator system and the other following the even-
numbered resonator system. Thus, a rising-sun system in which JV/4 
is an integer has two jV/4-resonances. These two nondegenerate modes 
can be thought of as 7r-modes for the two unstrapped JV/2-resonator 
systems. 

I t is apparent from the above expressions that a more detailed study 
of the fields requires further knowledge of R. It will be of interest to 
study some limiting cases first. 

Case 1.— F„ = YT, = Yr. Here Eq. (7) can be factored yielding 

Yr + Yn = 0, 

which gives the n-modc frequencies, and 

Y. + Y(N . = 0, 

(N \ 
which gives the I - - n 1-mode frequencies. Because 

Yr+ Yn R Yr + Y fN N 
\2~V 

it is elear that R = 0 for an n-mode, and the fields are identical with 
1 Rephu'ins n l>y In + m \^ I dnos not loail to linearly independent fields. [Xote 

that R becomes inverted when m is odd (Kq. 8).) 
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For the { -jr- — n ]-mode R = °o. In order to have finite fields one 

those previously computed for an unstrapped system with N resonators 
oscillating in the n-mode. The ratio of the voltage1 across an odd-
numbered gap to that across the adjacent even-numbered gap in the 
clockwise direction is [(1 - R)/(l + R)]e'""^p'. Thus if R = 0, the ratio 
is elril>/N, which is appropriate to the n-mode of an unstrapped system 
rotating counterclockwise. 

Gf-> 
must take RV finite and equal to V with V = 0. Then the fields are 

(N \ 
identical with those previously computed for the (-^ — n )-mode. 
For the voltage ratio here is 

\ ~ j — _/,2ir/»/JV _ . i D ' K V " " ^ 

(1 + R)e^'"^ 
(N \ 

which is appropriate to the I -^ — n l-mode of an unstrapped system 
rotating clockwise. 

Thus it can be seen that for R very near zero the voltages across odd 
and even gaps are approximately equal in magnitude. The fields are 
like those of a symmetric system with N resonators oscillating in the 

(N \ 
w-mode, with a small amount of I -^ — n J-mode mixed in. For R ( * - > 
very large, the voltages across odd and even gaps are also approximately 
equal in magnitude. In this case the fields are like those of an unstrapped 

(N \ 
system with N resonators oscillating in the I -=- — n )-mode with a small 
amount of n-mode mixed in. 

Case 2.—Yr2 —> °e . This is the case for which the odd-numbered 
resonators are replaced by metal and the system reduces to an unstrapped 
system with iV/2-resonatoi's. The resonance equation becomes 

Yn + YK_ 

2--+F" = ° 
and 

R = 

Then [(1 - R)/(l + R)]e2"n/" = 0, which is to be expected because the 
odd-numbered gaps are no longer present. The fields are those previously 

1 Here V = 2ra0E, and V = 2ra»E'; thus V'/V = E'/E = R. 

yT] + 7n 
Yr + YN 

2 ~ n 

F„ + YN 
Y *~n 
Y" 2 

Yn+ YN 
1 N r, 

2~n 2 
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computed for the re-mode of an unstrapped system with 7V/2-resonators. 
For example, E$ can be written as 

_NBE 
Hid, — 

V (saxyB\Z^ 
( * > ■ ■ ) ' 

(13) 

0.6 

0.5 

0.4 

:o.3 

0.2 

where y = n + mN/2. 
Thus if R is near 1, the field is very much like that of an unstrapped 

system with iV/2-resonators. The voltage across odd-numbered gaps 
is very small compared with that across even-numbered gaps. As a rule 
this means that the odd-numbered resonators are very weakly excited. 

I t can be shown similarly that 
R approaches — 1 as Yr becomes 
very large. In this ease the voltage 
across even-numbered gaps is 
small compared with that across 
odd-numbered gaps, and again the 
field is similar to that of an un
strapped system with Ar/2-reso-
nators oscillating in the re-mode.' 

It is evident that a good picture 
of the modification of the interac
tion field may be obtained by 
studying the variation of R as the 
shape of the odd or even set of 
resonators is changed. The be
havior of R for the 7r-mode, 
although not typical of the usual 
behavior of R, is of fundamental 
importance in magnetron operation and will be discussed first. For a 
specific example consider the anode block used in Fig. 3 3 for which 
— I/RT, is plotted as a function of <h/di in Fig. 3-6. As would be expected 
from the preceding discussion — l/Rr is zero for d2/di = I. It is appar
ent that as dn/di becomes large, — 1//?T approaches asymptotically a value 
that is less than 1. In fact, it can readily be shown that — 1/R* is always 
less than 1/[1 + (2.4i/.4c)] where A\ is the total area of the small reso
nators and Ac is the area of the interaction space; this is the value which 
— l//?»- approaches in Fig. 3-6. In terms of voltages, this means that for 
dz/di = 1, the voltage across odd and even resonators is equal. As 

1 The expressions for the field components obtained by setting R = — 1 are 
formally different from those previously derived because of an effective shift of the 
polar axis through an angle 2T/N. That is, since the even-numbered resonators are 
effectively absent, the polar axis goes between two resonators instead of through the 
center of a resonator. 

r -/ . 
- 4 ; 

1.5 2 0 2.5 3.0 

Fiu. 30.- l/7?jr as a function of ri for the 
anode of Fig. 3-3. 
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di/di increases, the voltage across the large resonators becomes larger 
than that across the small resonators, with the ratio approaching 
Ai/(AC + Ai) as dn/di becomes large. The fact that the voltages across 
the odd and even resonators are unequal implies that there is a net 
voltage around the anode circumference, a fact that is evident from an 
examination of E$, for 

_ N9E [ 1 Z'0(kP) V /sin y'6\ Z'yjkp) 

jn = 1 

, 1 /sin 7<A Z'y(kp) I . , , , 

and it is thus clear that for — 1/7?^ > 0, E$ has a component that is inde-

pendent of 4>. Thus ra / E$d<i> is not zero. A better understanding 

of the origin of this voltage can be had from an examination of the charge 

(c) 
F I G . 3-7.—Qualitative distribution of magnetic field and current with impending charge 

distribution for (a) the 7r-ruode of an A'-resonator ri.sing-sun system; (b) the 7r-mode of an 
AT-reaonator unstrapped system; and (c) the Oi-mode of an A'/2-resonator unstrapped 
system. Magnetic lines into paper • • • ; magnetic lines out from paper G O O . 

and current distribution. Figure 3-7a shows the distribution of charge, 
current, and magnetic field in a rising-sun anode block. Whereas the 
voltages at odd- and even-resonator openings are opposite in direction, 
the magnetic fields are in the same direction. This would indicate that 
the magnetic field in the interaction space is unidirectional or that there 
is a net magnetic flux linking the anode circumference. This flux can 
be thought of as inducing the net voltage around the anode circumference. 
It is also apparent that the current across the anode segments is uni
directional. Figure 3-7b and c shows the charge and current distribution 
for the x-mode in an iV-resonator unstrapped system and the Oi-mode 
in an (JV/2)-resonator unstrapped system. The ir-mode of the rising-sun 

(a) (b) 
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system evidently bears a certain resemblance to each and may be regarded 
as a perturbation of either. 

As a measure of the distortion of the ir-mode field in the rising-sun 
system, it is customary to use the ratio of the (y = 0) component to the 
(7 = iV/2)-component of E$. This ratio is given by 

R(p) 
- z'0(kP)Z'x/2(kra) I e 

2Zl
0{kra)Z'N/2(kp)Rr sin % 8 

(15) 

For rising-sun magnetrons in common use, this quantity is in the neigh
borhood of 0.1 at p = ra. However, the Ar/2-component falls off much 
more rapidly than the zero com
ponent as p approaches rc, and it 
is possible for R to exceed 1 in the 
vicinity of the cathode. 

The behavior of R for modes 
other than the 7r-mode is quite 
different from that for the ir-mode. 
As a specific example, consider the 
(re = 2)-mode and the (n = 7)- or 

1.0 

75 

.50 

.25 

(?"'> mode for the anode block 

/ / 

/ / 
1 

-R2 
^^~ -

1.5 2.0 2.5 3.0 

F I G . 3-8.— 
d"_/di for the 
Fig. 3-3. 

R2 and 1/^7 as functions of 
rising-sun system used in 

used in Fig. 3-3. In Fig. 3-8, -R2 
and X/R! are plotted as functions 
of di/d\. Although these quanti
ties have the expected value of 
zero for d2/d\ = 1, they approach 
the value 1 quite rapidly, so that even for the rather moderate ratios used 
in practice the voltage across one set of resonators is small compared 
with that across the other set. In the case of the 2-mode the large 
resonators are the strongly excited ones, while for the 7-mode it is the 
small ones that are strongly excited. 

Ri differs from — R2 in that it does not approach 1 asymptotically. 
In fact, when the ratio d2/di becomes so large that the lower-group 
resonances become associated with the large resonators, 7̂ 7 changes 
rapidly from 1 and begins to approach — 1 asymptotically, which corre
sponds to the fact that the large resonators have come to be the strongly 
excited set. This behavior of R is typical of all modes except Tr-modes; 
that is, for the upper group R behaves like R2, and for the lower group R 
behaves like R-?. Table 3-2 shows the values of Rn and also the ratio 
| F t | / | F « | of the magnitudes of voltages across the large and small 
resonators for d2/di = 2.1. 
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Further support for the interpretation of the rising-sun structure as 
two unstrapped systems coupled together is given by the field distribu
tions. The coupling is quite weak for all the non-7r-modes except for 

the ( y — 1 j-mode and becomes increasingly weak as n or ( y — n I 

approaches AT/4. For the values of d2/di used in practice and for the 
(N \ 

modes 1 through I .y — 2 ), an account of the spectrum and fields suffi

ciently accurate for many purposes can easily be obtained by ignoring the 
TABLE 3-2.—VALUE OF Rn AND ALSO THE RATIO [Fi!/|r,s OF THE MAGNITUDESOF 

THE VOLTAGES ACROSS THE LARGE AND SMALL RESONATORS FOR di/di = 2.1 

n 

1 
2 
3 
4 
9 
8 
7 
6 
5 

fl„ 

-0 .807 
-0 .908 
-0 .955 
-0 .986 
-2 .290 

2.680 
1.370 
1.140 
1.050 

\Vs\ 

9.34 
19.2 
43.5 

114. 
2.55 
0.457 
0.157 
0.067 
0.024 

set of resonators that are weakly excited and using the formulas for an 
unstrapped system of iV/2-resonators. At the value of dz/di and d\/\„ 

ordinarily used, the ( y (?-> mode retains a large measure of its N 
1 

character. The comparative excitation of the two sets of side resonators 
is of the same order as that for the 7r-mode. 

3-3. The Effect of the Mode Spectrum and Field Characteristics on 
n-mode Operation. The 7 = 0 Field Component.—The interaction field 
of the x-mode in a rising-sun system differs from that of the 7r-mode in an 
unstrapped system (see Chap. 2) or a strapped system (see Chap. 4) 
in that the ^-component of the electric field has a 7 = 0 field component. 
A detailed account of the effect of this component upon magnetron 
operation would require a discussion of magnetron electronics, a 
portion of magnetron theory that is very complicated and at present is 
incomplete. I t will thus be possible to discuss the effects in a qualitative 
way only. 

The most important effect of the zero component consists of a reso
nance phenomenon that occurs when \B lies between 12,000 and 13,000 
gauss cm or 0.012 and 0.013 weber per meter. From both theory and 
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experiment it would be expected that the electronic efficiency1 at constant 
current would be a monotonic increasing function of the magnetic field; 
but in a rising-sun magnetron in the vicinity of \B = 12,000 gauss cm, 
there is a pronounced efficiency dip as shown in Fig. 3-9. Both the depth 
and breadth of this dip increase with increasing amounts of zero compo
nent. This effect is very important for magnetrons designed to operate 
below this dip (which at present includes all magnetrons for wave
lengths less than 1.5 cm) because the amount of zero component deter
mines the maximum efficiency obtainable for these magnetrons. The 
only magnetrons that have been 
successfully operated well above 
the dip have had only a small 
amount of zero component present 
(although enough to produce a 
pronounced dip). The zero com
ponent seemed to have very little 
effect on the high-field operation of 
these magnetrons, the electronic 
efficiency being fully as high as 
would be expected by comparison 
with strapped tubes. 

This effect of the zero com
ponent has been explained in only 
the most qualitative manner. 
Ordinarily, the zero component 
interacts with the electrons at random, so that there is no net exchange of 
energy between this component and the electrons. The electrons in a 
magnetron move in quasi-cycloidal orbits; at \B ~ 12,000 gauss cm, the 
transit time for each cycloidal arch is equal to the period of field oscillation, 
and it appears that under these conditions the effect of the zero component 
is cumulative rather than random. The loss of efficiency could be ac
counted for by either the transfer of energy from the zero component to the 
electrons or perhaps by the less efficient coupling with the -ir-component 
because of the distortion of the orbits. 

There is another way in which the zero mode can interfere with the 
electron coupling. I t was shown in the previous section, that proceeding 
from anode to cathode, the N/2- or ir-component of E* falls off much 
more rapidly than the zero component. Thus it is possible for the zero 
component to exceed the iV/2-component near the cathode even though 

1 Electronic efficiency is the power delivered into the electromagnetic field divided 
by the d-c power delivered to the magnet ron. I t differs from the over-all efficiency 
in t h a t it neglects losses due to the r-f currents in the magnet ron resonant system. 

1.2 1.6 
\B Gauss -cm 

F I G . 3-9.—Approximate observed varia
tion of electronic efficiency TJB with \B. 

a pure 7r-mode field (Jt(ra) = 0); 
a 7r-mode field contaminated with the 

zero component (R(ra) ~ .1). 
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the AT/2-component is much larger at the anode. This means that at any 
instant the field near the cathode is unidirectional. Such a phenomenon 
can interfere seriously with proper bunching of the electrons, and a loss 
of efficiency or a failure to operate in the 7r-mode may result. This 
effect may be most pronounced at high fields, because then the electrons 
are initially confined to regions near the cathode. 

It should be mentioned that in spite of these difficulties, the amount of 
zero component is not a very critical parameter for operation below the 
efficiency dip, because the maximum efficiency obtainable falls off rather 
slowly as the zero to ^-component ratio R increases. No studies have 
been made of the effect of large amounts of the zero component for 
operation above the efficiency dip. 

Mode Competition.—The 7r-mode operation of rising-sun magnetrons 
is subject to interference from certain of the other modes. The experi
mental results indicate that the interfering mode is always either a 

GH-member of the long-wavelength group or the I -y — 1 l-mode1 and, 

further, that it is possible to correlate the observed mode competition 
with the distribution of modes. The results of this correlation can be 
summarized as follows. 

(?-) Interference from the I — — 1 )-mode occurs when wavelength 

r>> separation between the 7r-mode and the ( „- — 1 l-mode is too small. 

Just what constitutes " too small" cannot be stated precisely because 
many factors besides the wavelength separation enter into mode competi
tion. It has always been possible, however, to eliminate interference 

from the \-K — 1 j-mode by a proper increase in X^/X/^r >.. As a (?-) 
general rule \W/\,N \ = 1-05 may be considered a safe value. 

Interference from members of the long-wavelength group occurs when 
the ratio of their wavelengths to X, becomes too large; the maximum 
allowable ratio decreases as N increases. Again it is not possible to give 

X4 AT / / \ r \ 
precise values, but the requirement that -- < - - / I -^ — 4 I is an example 

of one rule that has proved useful. A more complete discussion and a 
physical interpretation of these results appear in ("hap. 11. 

It is apparent, then, that there are three major factors which govern the 
7r-mode operation of a rising-sun system. These are (1) R the ratio of the 

'Interference is also observed from "nonmagnetmn" modes, such as end-space 
resonances. 
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2.25 

2.00 

1.75 

1.50 

zero to the 2V/2-component in the ir-mode field, (2) the ratio \T/\^N v, 
V.2~V 

(3) the ratio of the upper-multiplet wavelengths to the 7r-mode wave
length. The system should be designed with R as small as possible, 
with XT/X/JV \ sufficiently large, 

V2 ~l) 
and with the ratio of the upper 
multiplet wavelengths to the TT-
mode wavelength not too large. 
The next section will discuss the 
effect of the various parameters 
of the resonant system on these 
three factors. 

3-4. The Effects of Various 
Parameters on the Mode Spec
trum and the Interaction Field of a 
Rising-sun Magnetron.—Almost 
all of the experimental and de
velopmental work on the rising-sun 
system has been done with the 
vane-type anode block illustrated 
in Fig. 31a . In t h e s e anode 
blocks, the side resonators consist 
of annular sectors whose sides are 
formed by radial r e c t a n g u l a r 
vanes. The set of design param
eters that has become associated 
with this design is (1) the ratio of 
the large-resonator depth to the 
small-resonator depth (d2/di = n ) , 
(2) the ratio of the anode diam
eter to the 7r-mode wavelength 
(da/K), (3) the ratio of cathode 
d i a m e t e r to a n o d e diameter 
(dc/da = a), (4) the number of 
resonators (JV), (5) the ratio 
vane thickness to gap width 

1.25 

l.oo 

0.75 

0.50 

r l / 

v9 (T-rr 

W 8 

X \ r 7 
5 ^> 

/ 
/ 

# A, 

ode) 

A6 

/ 

/? 

1.00 1.25 1.75 2.00 

of 

r2 (*H} 

1.50 

d 
F I G . 3*10.—The effect of the ratio of 

resonator depths on the mode spectrum and 
the interaction field of a rising-sun mag
netron. The dimensions are identical with 
those given in Table 2-1. (a) Mode spec
trum as a function dz/d. Both d\ and d-i are 
varied to maintain X^ constant, d is the 
resonator depth for d\ = d2. (b) Values of 
1/ri required to maintain X* constant, 
plotted as a function of dz/d. (c) fi(rfl) the 
ratio of the zero component to the A"/2-com-
ponent of E<p at p = ra, plotted as a function 
of dz/d. (For parts (b) and (c) see page 102.) 

Although some of these parameters apply to other types of anode blocks, 
the following discussion will refer exclusively to vane-type designs. The 
effects of these or corresponding parameters with respect to other type 
anodes can be deduced from a discussion to follow on the effect of varia
tion of the side-resonator shape. d 1 / 

E. G. & G. LIBRARY 
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The Ratio of Resonator Depths.—Figures 3-3 and 3-6 were used to 
illustrate the effect of ri on the mode spectrum and on the interaction field 
of the 7r-mode, but the process is actually more complicated. Although 
all dimensions of the anode block other than resonator dimensions were 
held fixed, the 7r-mode wavelength changed, so that relative to X, these 
dimensions were not fixed (e.g., da/\r changed). In order to examine 
the effect of r\ alone, it is therefore necessary to change the large- and 
small-resonator depths simultaneously, in such a manner that the 7r-mode 
wavelength is maintained constant, while all other anode block dimensions 
are kept fixed. (This is the sort of change in rx that would probably 

((,) ° 1 1.25 1.50 1.75 2.0 

d 

F I G . 3-10.—For descriptive legend sec page 101. 

be made in practice.) The effect of such a change in ri is shown in 
Fig. 3- 10a where the mode spectrum is plotted as a function of d2/d, 
d being the resonator depth when di = d2. Figure 3-106 shows the 
value of l/ri required to keep \K constant as a function of d2/d. The 
other dimensions of the anode block, all of which are held fixed, are given 
in Table 2-1. The effect of ri upon the interaction field of the ir-mode 
is shown in Fig. 3-10c, where R (r„), the ratio of zero to A^/2-component 
of E4 at p = ra, is plotted as a function of d2/d. 

I t is evident from Fig. 3-10a that a certain minimum value of ri 
must be passed before the w- and 8-mode begin to separate and further 
that the amount of separation which can be obtained between these two 
modes is not unlimited. The bend in the curves of the short-wavelength 
modes which occurs as r\ becomes large is due to the fact that these modes 
have ceased to be associated with the small resonators and have come to 
correspond to the second group of resonances associated with the large 
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F I G . 311.—The effect of the ratio of resonator depths on the mode spectrum and the 
interaction field of a rising-sun magnetron. Dimensions are the same as those for Fig. 3 1 0 
except that do/Xr has been reduced from 0.325 to 0.217. (a) Mode spectrum as a function 
di/d. Both di and dt are varied to maintain \w constant, d is the resonator depth for 
di = di. (b) Values of 1/n required to maintain \T constant, plotted as a function of 
di/d. (c) fi(r„), the ratio of the zero component to the A r/2-component of E$ at p = rol 
plotted as a function of dijd. (For parts (b) and (c) see page 104.) 
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resonators. The fact that the 8-mode does not reverse is fortuitous; it is 
due to the particular values chosen for the other anode block dimensions. 

An increase in rt not only increases the separation between the ir-mode 

and the GH mode but also increases the separation between the 

7r-mode and the long-wavelength group and increases the quantity R (ra). 
The latter two effects are undesirable, so it is best to have rx just large 

(N \ 
enough to give sufficient separation of the 7r-mode and the I ^ - 11-
mode. Just what value of rt should be used depends upon the values 
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FIG. 3-11.—For descriptive legend see page 103. 
of the other parameters, namely, da/\T, a, N, and r2. The specific 
numerical values for some designs that have been found satisfactory are 
listed in Chap. 11. 

The Ratio of Anode-block Diameter to ir-mode Wavelength.—The effect 
of the parameter da/\* can best be studied by comparing the curves of 
Fig. 3-10a, b, and c with a similar set of curves in Fig. 3-lla, b, and c 
computed for a different value of da/K. The dimensions for this latter 
set are also those given in Table 2-1 with the exception that da/K has 
been reduced from 0.325 to 0.217. Comparing the two spectra for the 
same value of rh while restricting Ti to small values, one finds that the 
separation between the T- and 8-modes is smaller and that R(ra) is larger 
for the block of larger da/K. Figure 3-12a shows a direct comparison of 
R(ra) plotted as a function of X„/\8 for the two values of da/K, and 
Fig. 3-12b shows X4/X, as a function of XT/X8 for the two cases. The 
effect of a further increase in da/K is similar; that is, for equal values 
of XT/X/Ar \ , R(ra) increases while X4/XT does not change significantly. 
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Inasmuch as the effects of increasing da/\T are undesirable, it is best 
to have da/\T as small as is consistent with other design considerations. 
On the other hand, satisfactory operation is possible over a wide range 
of values of R(ra), so that a correspondingly wide range of values is avail
able for d„/\T. 

The Ratio of Cathode Diameter to Anode Diameter.—The general 
effect of a on the spectrum is given in Table 3-3 which lists the computed 
wavelengths of the modes of an 18-resonator system with the cathode 

Fio. 3-12.—The effect of d„/\T on the interaction field and the mode spectrum of the 
rising-sun systems of l'igs. 3-10 and 3 1 1 , (a) R{rn), the ratio of the zero component to the 
AV2-eomponent o( E& Jit p = /'„ plotted as a function of AT/AS for two values of da/Aw. (b) 
The quantity A</AT is plotted as u function AT/AS for two values of d„/\v. 

present and with the cathode removed. It is seen that in this particular 
case an increase in a reduces the ir-mode wavelength but increases the 
wavelengths of all of the other modes. 

The direction of the wavelength shift is determined by the sign of 

/ [nJI\(rt, </>) - e„A'p2(rc, <t>)]d<t,, (16) 
Jo 

an increase in a decreasing or increasing the wavelength as the integral 
is positive or negative. For the values of r\ and a used in practice, an 
increase in a increases the wavelengths of all modes in the upper multiplet 
and decreases the ir-mode wavelength, while the wavelengths of the lower-
multiplet modes are raised or lowered as the cathode circumference is 
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(N \ 
less or greater than I — re I X„. The rule for the lower multiplet is 
approximate and holds only when the contribution of the higher-order 
field components to the integral (16) is negligible as compared with the 
(N \ 

I ■ — n\ field components.1 The reversal in the direction of the 

wavelength shift actually occurs at a somewhat larger value of the cathode 

circumference than (■„■ - » ) X„. 
T A B L E 3 3 . — T H E E F F E C T OF THE P R E S E N C E OF T H E C A T H O D E ON THE S P E C T R U M 

OF A T Y P I C A L KIKINO-HIIN M A G N E T R O N 

n 

1 

2 

3 

4 

9 

8 

7 

6 

5 

X„ 
K 

(cathode present) 

1.944 

1.456 

1.381 

1.360 

1.000 

0 .920 

0 .800 

0 .766 

0.754 

K 
K 

(cathode removed) 

1.603 

1.420 

1.375 

1.357 

1.030 

0 .853 

0 .786 

0 .761 

0 .752 

Dimensions 

~ = 0 . 3 0 7 

d; = 1.780 

f2 = 0 . 2 2 6 
A T 

8 = 0 .068 radian 

fe = 0 .59 for X„ 

~ = 0 for xj, 

As indicated in Table 3-3, the effect of the cathode becomes increas
ingly less for the lower-wavelength modes of both the long- and short-
wavelength groups. In fact, for most purposes the effect of a can be 

neglected for all modes except the 1-mode, the (?-') mode, and the 

7r-mode. Although the separation between the ir-mode and the long-
wavelength modes increases somewhat when a increases, the most signifi
cant effect upon the spectrum is the loss of separation between the ir-mode 

"(?-'} mode. 

The zero-component contamination of the 7r-mode, R(ra), decreases 
with increasing u. For the magnetron in Table 3-3, R(ra) decreases from 
0.161 to 0.106 when the cathode is introduced. There is an even greater 
decrease in R(p) as p approaches re because the discrepancy in rate of 

1 This is always the case except when n or a is nearly equal to 1. 
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decrease between the zero and iV/2-components is less effective for a 
larger cathode. When the loss in mode separation is small, this effect 
may compensate for the loss in mode separation as far as mode competi
tion is concerned. 

Actually the above considerations have very little effect upon the 
choice of a. The size of the cathode has a very strong effect on the 
relative strength of the various field components near the cathode 
because the higher w-modes and higher y Fourier-components fall off 
much more rapidly, moving in from the anode, than those of lower n 
or 7. The character of fields near the cathode is very important in 
determining the amount of energy lost in the initial bunching process 
and in determining the mode in which the magnetron will start. In 
general, a reduction in cathode size increases the efficiency but also 
may lead to mode-competition difficulties (see Chap. 8). Ordinarily 
the smallest cathode diameter that gives stable x-mode operation is used. 
I t has been found experimentally that the best value for a depends 
almost entirely upon N and very little upon other parameters (Chap. 11). 
Evidently the effects of varying a are largely dependent upon magnetron 
electronics. 

The Number of Resonators.—If N is increased with fixed dit d2, 
da, r2, and a, the wavelengths of all of the original modes are virtually 
unchanged, but additional modes are added to the lower-wavelength 
end of both groups of resonances. Thus an increase in N in itself has 
no particular effect upon the significant characteristics of the resonant 
system. Difficulties with large N systems are due mainly to the fact 
that the maximum allowable ratio of the wavelengths of the upper 
multiplet modes to X, decreases as N increases (see Chap. 11). 

The Ratio of Anode-segment Width to Gap Width, r2.—An increase 
in r2, with du d2, da, and a fixed, increases the wavelengths of all of the 
modes. The comparative rates of increase for the various modes are 
such that the members of the upper-wavelength group move closer 
together, as do the members of the lower-wavelength group, while 

(N \ 

the T-mode moves away from the ( y - 1 1-mode and toward the upper-

wavelength group. Furthermore, R(ra) increases. 
A pertinent factor in magnetron design is the modification of the 

spectrum as r2 is changed, with di and ^2 adjusted to keep the 7r-mode 
and (-~ — 1 )-mode fixed. In this case, the upper-wavelength group 
descends while R{ra) increases. Thus an increase of r2 might avoid 
difficulty with the long-wavelength modes, but the increase in R(ra) would 
cause some loss in efficiency. No attempt has ever been made to avoid 
long-wavelength mode competition difficulties in this way, because the 
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range over which r2 can be varied is limited by mechanical considerations 
(see Chap. 11). Furthermore, it has always been possible to solve the 
problem of long-wavelength mode competition by closing the ends, as 
explained in Sec. 3-5. 

Variation of Resonator Shape.—While the vane-type resonator is 
most commonly used, other types having different shapes may have 
mechanical or electrical advantages. One example is the hole-and-vane 
combination illustrated in Fig. 3-16. Inasmuch as all of the anode-block 
parameters have been discussed for vane-type resonators, it is convenient 
to consider other resonator shapes as modifications of the vane-type 
and to define the "vane equivalent" of a resonator and an "equivalent 
ra t io" of resonator depth. The vane equivalent of a resonator is defined 
as an annular sector resonator composed of vanes whose thickness is 
equal to the width of the anode segments and whose depth is such that 
its admittance at the ir-mode wavelength is equal to that of the resonator 
in question. The admittance of a resonator and that of its vane equiva
lent will, in general, be different for wavelengths other than the ff-mode 
wavelength. The equivalent ratio rM is defined simply as the ratio of 
the depths of the vane equivalents corresponding to the large and small 
resonators; it thus replaces the parameter ri defined for vane-type 
resonators. Two rising-sun systems that are identical except for reso
nator shape and have the same 7r-mode wavelength and the same value 
for r.a will have identical x-mode interaction fields; that is, R is the same 
for both. 

Inasmuch as the admittances of corresponding resonators are the same 
at the ir-mode wavelengths, they will be nearly the same for wavelengths 
near that of the 7r-mode. Thus the modes with wavelengths near that 
of the ir-mode will have nearly the same wavelength in the two anode 

(N \ 
blocks, and ordinarily the ir- and I -=- — 1 l-mode separations will be 
nearly the same. On the other hand, at wavelengths far from that of 
the 7r-mode, the admittance of corresponding resonators may be quite 
different, and the position of the long-wavelength group and the lower-
wavelength members of the short-wavelength group may be considerably 
different for the two structures. 

Aside from mechanical advantages, there are often electrical advan
tages to be gained by a wise choice of resonator shape. Two advantages 
relate to the circuit properties of anode blocks, the unloaded Q and the 
equivalent capacity, discussed in Sec. 3-6. A third advantage lies in 
the possibility of depressing the wavelengths of the long-wavelength 
group. As an example of the latter, consider the anode-block section 
in Fig. 3-13 which has the dimensions given in Table 2 1 except for the 
resonators and which has an req equal to 2.71. Table 3-4 lists the result-
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ant wavelengths of the spectrum in comparison with those of an equiva
lent vane-type anode block which 
has an n of 2.71. I t is evident 
that the long wavelengths have 
been considerably depressed at a 
small cost in separation between 
the v- and 8-modes. Although a 
similar spectrum could be achieved 
with vane-type resonators having 
a larger value of r2, the zero con
tamination of the 7r-mode would be 
worse. In general, l a r g e mode 
separation is obtained by using 
resonators w h o s e admittances 
change slowly with frequency, and 
small mode separation by using 
resonators w h o s e admittances 
change rapidly with frequency. 
In the particular case given in 
Table 3-4, the spread of the lower-
wavelength resonances and the 
contraction of the higher-wave
length resonances is due to the fact 
that the two groups of resonators were designed on this basis. 

TABLE 3-4.—THE SPECTRUM OF THE SYSTEM IN FIG. 313 COMPARED WITH THAT OF 
ITS EQUIVALENT VANE-TYPE SYSTEM 

X» are t h e resonances of the vane - type sys tem; X̂  of t h e modified sys tem 

Fio. 3 1 3 . - -Rising-sun system with modified 
resonator shapes. 

1 
2 
3 
4 

9 

8 
7 
6 
5 

Xn 

X9 

2.183 
1.697 
1.621 
1.602 

1.000 

0.828 
0.616 
0.570 
0.555 

< 
X. 

1.604 
1.279 
1.241 
1.231 

1.000 

0.864 
0.607 
0.544 
0.525 

In the development of magnetrons considerable attention was given 
to the possibility of modifying the symmetry of a resonant system in a 
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manner that would leave the ir-mode practically unchanged but would 
have a marked effect on some of the other modes. The use of strap breaks 
in the strapped system (see Sees. 4-1 and 4-7) is the major example of 
such a modification. A somewhat analogous scheme for the rising-sun 
system would consist of replacing certain of the resonators (large or 
small) by resonators of a different shape but of the same vane equivalent 
as the other corresponding resonators. Inasmuch as the admittances 
of all of the large resonators (and those of all of the small resonators) 
appear to be alike at the 7r-mode wavelength, neither the resonant wave
length nor the interaction field of the 7r-mode is affected. On the other 
hand, for the non-ir-modes, and particularly for those with resonant 
wavelengths far from that of the ir-mode, the various resonators no 
longer appear to be alike. Consequently, for these modes the wave
lengths will be shifted, the doublets split (i.e., the degenerate modes split 
into two nondegenerate modes), the loading through the output modified, 
and the interaction field distorted. One might expect, then, that by a 
proper modification of resonators, interference from unwanted modes 
could be avoided. Neither this scheme nor the one described in the 
preceding paragraph has yet been tested on rising-sun magnetrons. 

3-5. Closed-end Rising-sun Systems.—In the preceding sections it 
has been stated that one serious limitation of the rising-sun system is 
the competition which arises between the ir-mode and the long-wavelength 
modes in systems of large N and large rx. The difficulty is due to 
excessive separation between the 7r-mode and the long-wavelength 
modes, and so a means of reducing this separation is required. The 
closing of the ends of the resonators has been shown to be effective in 
this respect (see Fig. 11-96). 

I t is a simple matter to compute the spectrum and interaction fields 
for a rising-sun system with totally closed ends. Similar to the treat
ment of the unstrapped system (Sec. 2-8), the anode block and cathode 
can be regarded as a section of waveguide. Then the resonant wave
lengths computed for the open-ended system become the cutoff wave
lengths of the corresponding TE-modes of this waveguide. The guide 
wavelengths for the various modes can be computed from these cutoff 
wavelengths, and the resonant wavelengths of the first group of modes 
can be found from the condition that \gn = 2h, where h is the anode 
height. Explicitly, the resonant wavelengths are given by 

x"= TTTY (17) 

V1 + (i) 
where Xc„ is the wavelength of the rath mode in the open-ended system. 



SEC. 3-5] CLOSED-END RISING-SUN SYSTEMS 111 

Figure 314 shows the spectrum as a function of d2/d with ri varied to 
keep the T-mode wavelength fixed. In this example the values for 
ck/Xx, a, r2, and N are the same as those in Table 2 1 . The behaviors 
of \/r\ and R(ra) as functions of d2/d are the same as those shown in 
Fig. 3-116 andc . 

In Fig. 315a and b the most significant features of this closed-end 
system are compared with those for an open-end system having the same 
value of da/\T. I t can be seen 
that for the same values of X»/X8, 
R(ra) is somewhat smaller for the 
closed-end system, while the ratios 
of the upper multiplet wavelengths 
to XT (X4/XT is typical) are con
siderably smaller for the closed-
end system. This latter effect is, 
of course, due to the fact that all 
of the closed-end wavelengths must 
be less than 2h. Thus, by making 
2h/\, small enough (note that 
2h/\T is always greater than 1) it 
should always be possible to have 
the upper group near enough to the 
7r-mode to permit 7r-mode opera
tion. There are, however, objec
tions to making systems for which 
2h/\T is very close to 1 because as 
2/J/XT approaches 1, the separa-
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FIG. 3-14.—The spectrum of a closed-end 
rising-sun magnetron as a function of di/d, 
with T\ varied so that \* is kept constant. 
d ia the resonator depth for d\ = </:. Dimen
sions: d/\r = 0.249; h/Xr - 0.680; the rest 
from Table 2-1. 

mode falls off to zero.1 Further
more, for values of 2h/\T near 1 it 
is necessary that X„/Xr be very 
large, which means that the physi
cal dimensions of the system must 
be large. 

The electromagnetic fields for the closed-end system are similar to 
those of the open-end system except for the axial variation. That is, 
E and Hz are unchanged as functions of p and <j>, but both are multiplied 
by sin irz/h (2 = 0 and z — h correspond to the two ends of the system). 
H„ and H<, are no longer zero but are given by 

1 T h e r e is art op t imum he igh t t h a t gives the max imum separat ion be tween th.i 

x- and ( 7r — 1 1-modes for specific va lues of d „ A r , a, N, r j , and K(r«). 
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_ \2
CT dHz{p,(j>) 7T2. 

H . = 4ir/i dp cos 
■7T2 

(18a) 

(186) 

The computed frequencies for a closed-end magnetron usually agree 
within 1 per cent with the observed frequencies. Of course, no operating 
magnetron has its ends totally closed because the cathode must be 
insulated from the anode. Thus in practice "totally closed" means 
that the resonators are totally covered but that the interaction space 
remains uncovered. Under these conditions, the wavelengths are 
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(a) ('<) 
F I G . 3-15.— (a) A comparison of the separation between the uppcr-wavclength groups 

and the 7r-mode for closed-end and open-end rising-sun system. Wavelength ^4 is typical 
of the behavior of the upper-wavelength group. (h) A comparison of the zero-component 
contamination of the 7r-modc interaction field for closed-end and open-end rising-sun 
systems. 

always higher than they would be if the ends were entirely closed. 
For the ir-mode the increase is about 1 per cent. Whim ila/\T is small, 
the effect on all modes except the 1-mode is from 1 to 2 per cent. The 
1-mode may be increased 20 per cent or more, but ordinaiily this is of 
no particular significance for magnetron operation. When dj\, is 

(X \ 
large, the I -„- — 1 1-mode is also rather strongly affected (increases 
as great as 5 per cent have been observed), and consequently the separa-

(N \ 
tion between the ir- and the 1-^ — 1 J-mode may become considerably 
less than the computed value. 

In many cases, it is unnecessary to lower the long-wavelength group 
as much as results from fully closing the ends; the long-wavelength modes 
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can be lowered to a lesser extent by closing only the outer portion of the 
resonators. Such systems are called partially closed-end systems. 

Semiempirical methods for computing resonances, based on computed 
frequencies, have been worked out for nearly closed blocks (see Chap. 
11). Detailed information on the wavelength of non-ir-modes is not 
available. For systems that are less than half closed, an estimate of 
the wavelength can be made to within 5 or 10 per cent by treating 
the resonators as compound resonators. That is, the admittance of the 
closed portion is computed and then considered as the terminating 
admittance for the open portion (see Sec. 2-5). When the block is 
nearly open, this method should be more accurate than indicated 
above. 

3-6. The Unloaded Q and y/C/L.—In addition to the resonant fre
quency, there are two other circuit parameters that are of importance in 
magnetron design; these are the unloaded Q(Qu) and the characteristic 
admittance y/C/L. 

Heretofore it has been assumed that the magnetron resonant system 
is lossless. Actually, however, some power is delivered to a load, and 
some energy is converted into heat by currents flowing in the metal 
walls. The unloaded Q is essentially a measure of the power dissipated 
in the metal and is defined by 

n „ total stored energy 
energy per cycle dissipated in metal 

In a similar way one can define an external Q which takes into account 
only the energy delivered to the output and the total or loaded Q which 
takes into account both kinds of energy loss. These last two quantities 
will be discussed in connection with the output circuit in Chap. 5. The 

total stored energy is given by MO/2 / | / / j 2 dv, where |7/| is the amplitude 
of the magnetic field. The average rate of power dissipation is given by 
1/2K& / \H\2 ds [where 5 = (7T/VK)~M is the skin depth, / is the frequency, 
M is the permeability of the walls, and K is the conductivity of the walls]. 
There then follows the well-known formula 

I \HVdv 
Qu = 2 JifK^-lJ (19) 

> " js\UVds 
Inasmuch as / / is known throughout the magnetron cavity, Qu can 

be calculated directly. In performing the calculation it is helpful to 
consider the resonators and interaction space separately and to compute 
equivalent inductances and resistances for the various elements. Con
sider the circuit in Fig. 3-16 with an alternating voltage of frequency 

file:///HVdv
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/ = co/2ir and amplitude V across the terminals. The maximum energy 
stored in the magnetic field is \Li\ or ^L(V2/w2L2), where iL is the maxi
mum current through the inductance. Thus, one can write 

L = 

Is 

where Em is the maximum energy stored in the magnetic field. Also, the 
power P dissipated in the resistance 
is ^V2/R, so that one can write 
R = V2/2P. These relations for L 
and R can be used to define an equiva
lent inductance and an equivalent 
resistance for the elements of the 
resonant system. 

The equivalent inductance of a 
resonator is defined s i m p l y as 
L = V2/2u2Em, where V is the am
plitude of the voltage across the 

resonator opening. The energy stored in the magnetic field can be 
computed from Em = p0/2 j \H\2 di\ Using this formula, the induct
ance for various resonator shapes can be computed.1 For the rectangular 
slot (Fig. 2-9) 

F I G . 3-16.—Parallel-resonant circuit 
for the computation of equivalent induct
ances and resistances. 

2ld sin2 kl 

W ( l + ^ ) 
For the annular sector (Fig. 2-11) 

na (notation as in Sec. 2-5). (20) 

L = 2v|vo 
hk2 \wWai[J1(ka)Ni(.kb) -^(kbjN^kaj] 

' Jo(fro)7Vi(A-6) - N0(ka)Ji(kb)n2 

_J1(ka)N1(kb) - N\(ka)J!{kb), 1 ( 21 ) 

The previous formulas are for open-end resonators. For closed-end 
resonators the voltage varies axially so that it is necessary to specify 
the position at which the voltage is measured. Taking V as the maxi
mum voltage amplitude, that is, the voltage amplitude at a median 
plane, yields for the rectangular slot 

1 The inductance defined as above means no more than is stated in the definition. 
Because of the distribution of parameters in the usual resonators, the equivalent 
inductance varies with frequency. However, for resonators such as the hole-and-slot, 
in which the inductance and capacitance are more or less lumped, the variation of the 
inductance with frequency is small. 
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THE UNLOADED Q AND 

4ld sin2 kcl 

kc = 

k = 

h(kl)2 

Xc 
2ir 
X 

s in2W/ _ 2 T 2 \ 1 M 0 ' 
+ 2kcl \ '^A-vJ 

115 

(22) 

Xe = open-end wavelength, 

X = closed-end wavelength, 

hk2 U^laVS-^N^b) - N^kcaVS-cb)] 
'jvikcOJNS-cb) - NuikrdVlikrb) 
J\(k~a)N,(A-rb) -'N^krafj,(kcb) 

"Jo(M^i(Avb) ^Noikc^JS-rb) 
/JiikcOJN'iikJb)'- Niik^J^kJ}) 

and for the annular sector, 

+ 
2TT2 

JW2A :
ca - 1 (23) 

The equivalent resistance for the resonators is defined in an analogous 
manner as R = V-/2P. The rate of power dissipation can be readily 
computed by use of the skin-depth theorem. The average power 

dissipated is given by P = 1/25K / \H\2 ds. Thus, the resistance is 
given by 

"-47 r' \irfn Is M: ds 
(24) 

from which R can be computed for the various resonator shapes. 
the rectangular slot, 

R Mo 

eo 

d2 sin2 kl 

'>'M + u(l+%f* •{"%¥) 
for open ends, and 

For 

(25) 

R --4- d2 sin2 kcl 

hiU+w2{2J-h)+sin2k> h*k2 
in 2k J, ( 
2kcl V 

ir2(/l + 2d) 
h3k2 

for closed ends. 
)R) hd 

(26) 

The inductance and resistance of the interaction space will be defined 
for the r-mode only. For the non-7r-modes very little magnetic energy 
is stored in the interaction space and only a small fraction of the losses 
occur on the cathode or anode surfaces. Furthermore, accurate informa
tion concerning either the Q or the y/C/L of the non-jr-modes is usually 
not desired, so the interaction space can be ignored in computing these 

file:///irfn
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quantities. In the case of the ir-mode, only the zero component of the 
field makes a significant contribution to the magnetic energy. The 
inductance is defined as before by L = V2/2w2Em. In this case the 
voltage V is taken as the line integral of E+ around the anode circum
ference or 2irE0(ra) where E0(ra) is the zero component of E^,(ra,<t>). 
Then 

L = 4TMO 
hk* 

Jo(kra)N1(krc) - N0(kra)J,(krc) + 1 

TWralJtfrJNiikrc) - N^krJJrikrJ]' (27) 

for open-end systems, and 

8-irjuo L = hP Ji(kcra)Ni(kcrc) - A^i(A-cra)7i(A->c) + 1 

h2k2kcra 

Jo(kcra)Ni(kcrc) - iVo(A-cra),/J(frere) 
Ji(kcra)N\(kcrc) - NiiksJJiikcrj. 

^klr^J^k^N^k^) - N^k^J^k^)} (28) 

for closed-end systems. While the interaction space remains open even 
for closed-end systems, the fact that the wavelength is hardly affected 
indicates that the field distribution is similar to that which would be 
present if the ends were closed. 

R Mo / K 2-7rra 

[JiikrJNiihr,) - Nl(kra)J1(krc)]s 

^ f c , ^ ' + 0 ~ v ) [Joikr^N^^ ~ JMr*W*(kra)]* 

(29) 

for open-end systems. The quantities n' and y! are the conductivity 
and permeability of the cathode surface. 

I t is a simple matter to compute Qu in terms of the equivalent induct
ance and resistance previously defined. The total stored energy is given 
by 

i (N n N n , v*\ (30) 

where the subscripts rh r2, and c refer to the two resonator types and the 
interaction space respectively. The energy dissipated per cycle is given 
by 

1 (N V\ N VI V|> 
2 / \ 2 R - + 2 Rr R, > 

(31) 

yielding 
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\ + \\+R) Lr, + 2 \1 + R) LC 

j r , + y + fij «r,+ 2 ^1 + # / #„ 

(32) 

where (1 - fi)/(l + # ) is the ratio V r / 7 V 
Computed values of Qu are usually considerably higher than meas

ured values, probably because the conditions at the metal are not as 
assumed. That is, with the very small skin depths associated with 
microwave frequencies, small surface irregularities and surface contami
nation have a large effect on the losses. The formula remains very 
useful, however, as a means of comparing the unloaded Q's of different 
anode-block designs and in particular as a means of comparing different 
resonator shapes. 

The characteristic admittance of the resonant system y/C/L relates 
the power output of the magnetron to the r-f voltage between anode 
segments. Its importance will become apparent in Chap. 7. Referring 
to Fig. 3-16 2(o(stored energy)/F2 at the resonant frequency of the circuit 
is given by y/C/L. By analogy one defines \/C/L for the magnetron 
cavity as 2a> (stored energy) /V2. As is always the case in defining 
admittances and allied quantities for resonant cavities, it is necessary 
to specify the path over which the voltage is to be measured. For 
the jr-mode of the rising-sun system this voltage is taken to be the average 
of the voltage amplitudes at the large and small resonator openings; that 
is, (\VM\ + \V-0)\)/2. At resonance the total stored energy is equal to 
the maximum energy stored in the magnetic fields so that s/C/L can 
be found in terms of the previously defined inductance. The stored 
energy E is given by 

[Vry\N 1_ _,_ Nt 

~2rf 
which gives 

In the design of a resonant system it is ordinarily desirable to have 
both Qu and y/C/L large and the shapes of the resonators are the main 
factors in determining these quantities. Ordinarily resonator shapes 
leading to large Qu lead to small values of y/C/L and conversely, so 
that there is some conflict between these parameters. Resonators with a 
large volume-to-surface ratio usually (but not always) lead to higher 
values of Qu- Narrow or "high capacitance " resonators usually favor high 
y/C/L. I t should be observed that y/C/L is directly proportional to 
the block height h while Qu is independent of the height, so there is at 
least one means of increasing y/C/L without sacrificing Qu. 

*^[U^(^A+«iTh)'% 



CHAPTER 4 

THE STRAPPED SYSTEM 

BY L. R. WALKER 

4-1. Introduction.—The first multisegment 10-cm magnetrons de
veloped by the British were of the "symmetric unstrapped" type, 
described in Chap. 2. These early tubes operated at efficiencies of 
from-30 to 35 per cent, but their output power was severely limited by a 
change in the mode of oscillation as the current was increased. Assuming 
correctly that the x-mode would be the most efficient mode, Randall 
and Sayers at Birmingham used in 1941 what they referred to as 
"mode-locking straps." These were a series of wire bridges which were 
attached to the high-voltage ends of the resonators in such a manner that 
they connected pairs of alternate segments and passed directly over the 
intervening segments. Because the paired segments would be at the 
same potential in the 7r-mode but in no other mode, it was thought that 
the ir-mode would be but little disturbed, whereas other modes would be 
damped because of heavy currents flowing in the straps. The device 
was unexpectedly successful. The mode change was deferred to currents 
about three or four times as great as those observed before strapping, and 
the operating efficiency was increased to about 50 per cent. The presence 
of the latter effect indicated that strapping, while undoubtedly beneficial, 
hardly operated in the manner that had been anticipated. 

An understanding of the function of strapping waited upon extensive 
measurements of mode spectra and r-f field patterns and upon a better 
insight into the relation between the electronic generator and the reso
nator system. As a result of these studies and of experience with 
operating tubes that exploited the practical merits of strapping, the 
strapped-resonator system underwent considerable evolution with 
increasing emphasis upon the strap itself as a circuit element. Figure 
4-1 shows several stages in this process. 

In this chapter the term "strap" refers to a circular (or, rarely, 
polygonal) conductor connected to alternate segments of the magnetron. 
Considerations of circuit requirements and of the method of fabrication 
determine the exact form. Frequently, the strap is made in the form 
of a flat strip bent into a circle with a series of feet for connection; it 
may, however, be a wire or a flat annulus. The strap may be con
tinuous all around or "broken" at one point above a segment to which 

118 
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it is not brazed. Generally, the strap is "recessed" or "shielded" by 
being set into an annular groove which is cut into the segments and is 
concentric with the interaction space. There may be one ring at each 
end of the tube (single ring) or two concentric rings at each end (double 
ring). In the double-ring design, the corresponding inner or outer 
straps a t the two ends of the tube are staggered azimuthally by one seg
ment, so that an individual segment is connected to only one of them. 
In the same manner, inner and outer rings at each end are staggered. 

<<i> Early British "<> Echelon 

(H Single ring « j Double ring 

FIG. 4-1.—Four stages in the development of strapped magnetrons. 

These relationships are indicated in the schematic drawing of Fig. 4-2. 
The expression "s t rap section" is used to refer to the part of the strap 
system between the midplanes of neighboring segments. The terms 
"weight of strapping," "heavy," and " l ight" strapping are in use to 
indicate roughly the dominance of the strapping in the resonant system. 
Thus, Fig. 4-1 shows a steady progress in time toward heavier strapping. 

The two functions of the straps in a strapped-resonator system are 
(1) to establish a wide separation in wavelength between the 7r-mode and 
all other modes and (2) to affect the characteristic admittance of the 
resonant system. One of the most noticeable features of strapping, 
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marked at its first introduction, is that it increases the mode separation 
of the system by considerably increasing the wavelength of the ir-mode 
while affecting the other modes to a lesser degree. Roughly, this effect 
may be thought of as arising in the following manner. In the ir-mode, 
the midplane of each segment is a voltage loop, and current flows into 
the straps that are in parallel with the capacitance of the unstrapped 
resonator. The strap capacitance thus adds to the unstrapped-resonator 
capacitance, increasing the wavelength of the system. For the other 
modes, the individual strap capacitances are not all in phase with one 
another and do not contribute so much to the tube capacitance. 

Fia . 4-2.—Double-ring strapping. 

I t is not yet completely clear to what extent the mode stability and 
high efficiency depend upon a large separation between the ir-mode and 
its nearest mode. I t is reasonable to suppose, however, that for good 
ir-mode operation, undistorted r-f field patterns in the interaction space 
are necessary. If the fractional mode separation is approximately 
equal to the reciprocal of the loaded Q of the desired mode, there will 
be perceptible excitation of the next mode with consequent pattern 
distortion. This implies that a minimum mode separation of a few per 
cent is essential. The early unstrapped tubes (iV = 8) had an (n = 4)-
to-(n = 3) separation of about 1 per cent, and both fields were severely 
distorted under operating circumstances. The light strapping initially 
used increased the separation to about 7 per cent with a considerable 
gain in efficiency. The weight of strapping plainly provides a means for 
varying the ir-mode separation over a considerable range. When the 
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tube is tunable, there appears the further complication of maintaining 
the desired features of the mode spectrum over the whole tuning range. 

Reference to Chap. 7 will indicate the great importance of the charac
teristic admittance Yc for the operating behavior of the tube; Yc is 
defined as ^[oi(dY/do))]r^o, Y being the total admittance of the 
resonant system measured at a slot. Because the product of pulling 
figure and external Q (see Chap. 5) is constant at any wavelength, the 
practical limitations on the pulling figure mean that the loading cannot 
exceed a definite value. A relation exists, however, between the elec
tronic conductance (?«, and the loaded QL and Yc, given by 

Qiff. = Yc. 

The electronic efficiency is a function of Ge, apparently increasing 
monotonically with Ge up to a rather flat maximum (see Chap. 10). 
Thus, with limited loading, or QL greater than some fixed value, the value 
of G, can be brought up to the level required for high efficiency only by 
making Ye large enough. Because Yc is roughly equal to u>0C, where C 
is the capacitance of the resonant system, Yc increases as strap capaci
tance is added (for the T-mode). The weight of strapping provides a 
flexible means, therefore, of adjusting the characteristic admittance to a 
preassigned value. 

The following sections will discuss the mode spectra of strapped 
systems and their dependence upon various parameters, the effect of 
loading on the spectrum and on the r-f pattern, the asymmetries and 
mode shifts introduced by breaking the straps and the effect of tuning 
the system upon several of these properties. 

4-2. Analysis of Strapped Systems.—As shown in Chaps. 2 and 3, the 
relative simplicity of the geometrical structure of unstrapped magnetrons 
permits considerable progress in their analysis by field theory. The 
addition of a strapped system, however, makes an exact calculation of 
the fields prohibitively difficult. Fortunately, in all practical cases, 
satisfactory working solutions can be obtained using equivalent circuits. 
In Chap. 2, where suitably equivalent circuits were used for the 
unstrapped system, it was shown that this artifice is possible when 
the higher modes of an individual resonator are short in wavelength 
compared with any wavelength of interest. The strap sections may be 
similarly replaced by simple equivalent circuits, essentially because their 
dimensions are short compared with a wavelength over the range of 
interest. The length of a strap is always its greatest dimension, and the 
condition that it be short compared with the wavelength X is that 
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where rs is an effective radius of the strap system.1 The condition has 
been easily satisfied in all magnetrons built to date, and the strap system, 
having no resonances itself, except at frequencies far higher than that of 
the system as a whole, may then be represented by any convenient circuit 
having the appropriate low-frequency behavior. 

I t is important to state clearly the purposes and the limitations of 
the equivalent-circuit approach (see also Sec. 7-1). This method sets 
up a model of the resonant system that simulates its behavior over an 
appropriate frequency band and that correlates the information about the 

system, permitting predictions to be 
/ made about the effects of various 

/ parameters. I t is not, however, a 
method for calculating the system con
stants ab initio. Thus, the procedure 
always consists in using some experi
mentally measured quantities either to 
deduce others that might be measured 
or to calculate the effect of changes in 
the system. The equivalent-circuit 
model is changed from one case to 
another and is kept as simple as is con
sistent with the inclusion of all the 
factors considered relevant to a specific 
case. 

The equivalent circuits for the basic elements of the strapped system 
may be considered here. The small mode separation of unstrapped 
systems suggests that the coupling between oscillators is not strong. 
In the analysis of strapped systems, then, the coupling through the 
interaction space and through the end spaces will be ignored. This is 
justifiable for the modes of highest n, because it has been observed that 
the height of the end spaces and the presence or absence of a cathode make 
little difference to the wavelength of these modes in strapped tubes. 
An unloaded strapped system may then be considered as consisting of a 
ring of N similar resonators that are coupled at their ends by the strapped 
system. The unstrapped resonator will be represented by a 4-terminal 
network with terminals A, B, and A', B' located as shown in Fig. 4-3. 
Furthermore, this 4-terminal network may be supposed to consist of 
a length h of waveguide having a cutoff wavelength Xr0 and charac
teristic impedance Kr(i/\/l — \2/\%. The cross section of this guide is 

F I G . 4-3.—Location of the terminals 
of the network used to represent the 
unstrapped resonator. 

1 This inequal i ty (slightly changed by t h e subst i tu t ion of t h e anode radius ra for r . ) 
occurs also in t h e theory of t h e space charge in Chap. 6, where it is given as a condition 
for t h e neglect of the effect of r-f magnet ic fields on t h e electroris and of relativistic 
effects. 
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ACDBEFG. The length h can be identified with the length of the anode; 
and to a good degree of approximation, Xr0 can be identified with the 
7r-mode wavelength of the unstrapped system. The term Kr0 is related 
to the characteristic admittance of the unstrapped system in the ir-mode 
and may be calculated. A strap section may be similarly represented by 
a 4-terminal network, consisting of a length s of parallel-plate guide of 
impedance K,. The length s is generally found to correspond to a strap 
radius somewhere within the strap system. No attempt is made to 
distinguish between the inner and outer straps in double-strapped 
tubes. 

There is a measure of arbitrariness in the manner in which the con
nection of the strap and the resonant systems may be represented. For 

(a) (6) 
F I G . 4-4.—(a) A 4-terminal network representation for a single section of a double-

strapped tube; (b) a 4-terminal network representation of two neighboring sections of a 
single-strapped tube. 

double-ring strapping each section of the whole system has a left- and 
right-hand symmetry (horizontal); thus it seems reasonable to place 
half the length of each strap on either side of the unstrapped resonator 
as shown in the circuit of Fig. 4-4a. When there is only a single strap 
at each end, the circuit of Fig. 4-4b is suggested. If additional forms of 
coupling have to be considered, they could be included by additional 
4-terminal linkages at the ends of the unstrapped resonator (end-space 
coupling) or at the midplane of the unstrapped resonator (interaction-
space coupling). In every case the circuit for the whole tube is found 
by joining these networks. In general, there will be 2P 4-terminal 
coupling links with P networks on each side. Although the applications 
given in this chapter will involve only cases where P = 1 or 2, the general 
theory will be worked out for arbitrary P. 

4-3. Rings of Networks.—Before developing the somewhat abstract 
analysis of the general case, a few facts may be recalled about the special 
case of chains of identical 4-terminal networks, which might, for example, 



124 THE STRAPPED SYSTEM [SEC. 4-3 

be filter sections. Supposing the networks to be symmetrical and lossless, 
the relations between the voltages Vi and V2 and the corresponding 
mesh currents Ii and I2 at the two ends of any given network are 

h = jYnV, + jY12V2, 
h = -jYnVx - jYnVt, 

or 

I 12 * 12 

'■=<£;-r»)7i - ft:Zi-
By writing — F n / ^ i a = cos <f> and — \/Yi2 = Z0 sin 0, where <f> is purely 
real or purely imaginary, one has in matrix notation 

V2j f cos 0 jZosin <fi] (Vi\ = M iVx 

h) b'Fo sin <t> cos 4>) [h) [h 

The impedance Z0 is the iterative impedance of the section because if 
Vi = Z0Ii, then V2 = Z0I2. The angle <t> is known as the transfer angle; 
for if Vi = jZ0Ii tan \p, then V2 = jiWa tan (^ + </>)• With respect 
to appropriate terminations, therefore, the network acts as a section of 
transmission line of characteristic impedance Z0 and electrical length <£. 
The quantities Z6 and 4> are, of course, functions of the frequency. 

If one now takes N identical sections in a chain and forms a ring by 
joining the corresponding terminals, there must be similar voltages and 
currents at the two ends of the ring. Thus, 

\\ fe:) - «* ft) - ('; 
where VN+l and /.v+i are the voltage and current at the end of the Arth 
section. But this implies that 

Det (M* - I) = 0, 

where 1 is the unit matrix. However, because 

cos N(f> jZ0 sin N<t> 
(jYo sin N<f> cos N<j> 

jY0smN<t> (cos N<{>) — 1) ' 

1 — cos N<j> = 0 
and 

N(j> = 2s*-, 



S E C . 4-3] RINGS OF NETWORKS 1 2 5 

where s = 0, 1 • • • N/2 (assuming N is even) and 

2sx 
N' 

Thus, a ring of N 4-terminal networks will support a harmonic oscillation 
only for those frequencies which make <j> equal to one of the values 
2STT/N. These are the frequencies of the normal modes of the system. 
The modes will be widely spaced if <j> changes rapidly with frequency. 
As an example, suppose that each section consists of a shunt resonant 
circuit of inductance L and capacitance C with a mutual coupling M 

L L L 

nnnn M nrtfTiM nnnn 
L-2M 

HH HH 
C C C C 

(.a) (ft) 
Fio. 4-5.—(a) Schematic circuit of a chain of 4-terminal networks; (ft) equivalent circuit 

of Fig. 4-5a. 

between each neighboring pair of inductances (see Fig. 4-5a and its 
equivalent circuit Fig. 4-5b). The matrix for this circuit is 

1 
1_ 

joiM 

Thus, 

and 

1 
jwC 

1 

1 ju(L - 2M) 

0 

1 0 

■ I f 1 joiM 

1 

1_ 

1 

1 

cos <f> = 1 + : 2M 
M 

1 

1 + L-2M 
M 

1 
jwM 

- M 

ML 

1 

2M) 

1 

M o2MC 

w* \ 2 , 

Thence if <t>, = 2sr/N, the resonant frequencies are 

^ = C ( L - 2 M C O S ^ } 

The mode spectra in this and other cases are easily examined by plotting 
cos 0 as a function of &>, or X, as in Fig. 4-6; the mode frequencies are then 
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found by locating the intersections of this curve with the lines 
cos <t> = cos 2STT/N. I t will be noted that in this simple example the 
network acts as a bandpass filter cutting off at co = 1 / v T C and 
a) = l/\/C(L — 2M) and that the resonant frequencies lie within the 
pass band. As M increases, the separation of the modes and the width 
of the pass band both increase. 

In taking up the more general case, in which the number of 4-terminal 
connections at each side of a unit network is unrestricted, methods similar 

to those of the preceding paragraph will 
be used. Certain restrictions due to 
symmetry will be put on the individual 
networks and, hence, on their impedance 
matrices. The condition that the N 
networks be joined in a ring is then ap
plied, and this is found to yield a 
determinantal equation for the possible 
frequencies. A few additional theorems 
are proved concerning the matrices of 
certain other structures, consideration of 
which arises in cases where asymmetries 
are introduced into the ring. 

As each coupling is a 4-terminal net
work, the analysis can be made in terms 
of the voltages and mesh currents at the 
pairs of terminals corresponding to each 
link. The reciprocity theorem will hold 
for these voltages and currents. Let the 

pairs of terminals on the left be v = 
Js> ' " " » Ip) and those on the right be 

■ • • , Jp), where V, i, u, and j 
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F I G . 4-6.—Cos * as a function of 
X/Xo for a chain of shunt-resonant 
circuits with mutual coupling. Values 
of cos <)> f> 1 correspond to <t> imaginary. 
Xo is 2-ncy/LC. 

voltages and currents at the 
(Vi, V,, ■ ■ ■ , VP) and i = (Ih 
u = (Ui, Ui, • ■ ■ , Up) and j = (Ju Jlt 
are treated as vectors subject to matrix multiplication. 

Let 
i - Y l V + Y2u, 
j = Y3v + Y4u, 

where the Y terms are square admittance matrices. 
theorem then gives 

Y2 = - Y , 

(la) 
(16) 

The reciprocity 

(2) 

(the minus sign is a consequence of the use of cyclic currents in the 
4-terminal links), and also that Yi and Y< are symmetric matrices. 
Thus, 

i = Y!V + Y2u, (3a) 
j = - Y j v + Y4u. (36) 
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Consider the case in which the sections have horizontal symmetry. 
This implies that, simultaneously, 

( : )= T ( i ) - ( - i ) = T U ] < 
but by substituting from Eq. (3), 

I ij = lYiYi-'Y* + Y2
4 -YxYJiJ [ j j ' (5) 

l-jj = [Y. + Y^YI Ŷ YFJI—U ; (6) 

hence, 
Y* = - Y x . (7) 

If there are N similar networks, the condition imposed by the ring con
nection is 

and 

( ' ) - « ■ 
(8) 

where v and i refer to the terminals of any section. This implies that 

Det (I - T") = 0 (9) 

where I is the unit matrix. Or, factoring the determinant, that 

Det (XJ - T) = 0, (10) 

where A£ = 1. Rewriting Eq. (3), taking Eq. (7) into account, gives 

i = YiV + Y2u (11a) 
and 

j = - Y j v - Y2u. (116) 
Now, if Eq. (10) is true, 

KHfd-»-(£)■ 
where I ,m is a characteristic vector for Eq. (10). Substituting in 

Eq. (11) " 
Amjm = = llftmLlm ~T 1 2 l i m ) 

Jm = — Y2XmUm — YlUm, 
or 

(X£,Y2 + 2XmY1 + Y2)um = 0. (13) 
Thus 

Det (' ^bxr + Y " Y i ) = °' (14) 
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provided Det Y2 y* 0, where I is the unit matrix. If Xm is written as 
X„ = e'*-, where N\l/m = 2irm, Eq. (14) takes the final form 

Det ( - Y ^ Y i - 1 cos +m) = 0. (15; 

Referring to Eq. (5) it is to be noted that — Yj_IYi is, in an obvious 
notation, the v-u matrix of a unit section. The determinantal Eq. 
(15) now determines the possible resonances of the structure. There 
will be, in general, p roots or p-resonant frequencies for each value of m. 
The integer m will be used to describe the mode. I t is related to the 
familiar mode number n by the relation m = (N/2) — n. The notation 
ffii, TO2, • ■ ■ , m,, may be used to denote the p modes for each m value. 
Since the frequencies depend upon cos if/m only, two values of ^„ lead
ing to the same value of cos i/-m have the same frequency. Thus if 
4>m = 2ir — \l>'m or m! = N — m, m! and m lead to the same frequency. 
There are evidently N values of m; two of these, namely, m = 0 and 
m = N/2, lead to a nondegenerate frequency; the other (JV — 2)-values 
of TO occur in pairs of the form (TO, N — m) leading to degenerate fre-

(N \ 
quencies. There are thus V\~n + 1 ) separate frequencies if the p 
different frequencies for a fixed TO are not degenerate. 

I t is possible to write the section matrix T in a form that will be found 
useful later. Suppose that angles <f>i, fa, . . . , <j>p are found such that 
cos <j>i, cos fa, . . . , cos <t>p are the latent roots of Eq. (15), and let 
the diagonalized form of — Y^lYi be denoted by Ci. Then matrices 
Dn and D22 may be found such that 

'=«=(^')U'?:)r;D:l ™ 
where Si is also diagonal and has the diagonal elements sin <£i, sin 4>2, 
. . . , sin <t>P. Between Dn and D12 the relation 

SiD^Yj + D„ = 0 (17) 

holds. I t is easy to see that for r identical sections one has 

T' = D-TSD = D-i (_<£ ® j D, (18) 

where Cr and S, are again diagonal with elements cos T4>\, COS rfa, • • • , 
cos r0„ and sin r#i, sin r<£2, . . . , sin r<t>P, respectively. I t may be 
noted that if 

u - j D r f D M i , (19a) 
then 

V = jDii 'DjJ. (19b) 
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From Eqs. (18) and (19) it is seen that the set of angles <t>i, fa, . . . , <t>p 

forms a generalization of the usual transfer constant and jDj"1
1D22 is an 

extension of the usual iterative impedance; for if the network be termi
nated on the right with a network whose impedance matrix is jDn1D22) 

the impedance matrix at the left-hand terminals is again jD^ D22. 
I t may be observed that a chain of networks with 4-terminal con

nections is a structure which exhibits a series of velocities of propagation 
at any given frequency. With each angle <t>, there may be associated 
a velocity of phase propagation 2r<j>,/w at a frequency a>; and further
more, for each <£,, there will be an individual cos <t>, vs. a> (or X) curve, 
leading to a set of resonant frequencies. 

In the event that the cell possesses end-for-end or vertical symmetry 
some further properties of the matrix may be deduced. If the various 
voltage and current vectors be written 

- f t ) - ' - ( I 3 - -
where the subscripts 1 and 2 refer to the two ends of the tube, then 
vertical symmetry means that the same relations hold between v, i, u, 
and j as between Av, Ai, Au, and Aj, where A is a matrix that transforms 
the subscripts, or 

Applying this condition to Eq. (11) it is found that 

AY:A = Y: 
and 

A Y 2 A = 12) 

which means that Yi and Y2 are of the form 

Y - = ( o ?)■ (20> 
The matrices Dn and D22 now have the form 

D„,D22= (g _s ) - (21) 

A further proposition on unsymmetrical matrices which is made use 
of in Sec. 4-7 will now be developed. Suppose that Yi and Y2 are the 
matrices of networks which are mirror images (left and right hand) of 
each other. This is implied if 

KM"J (22a) 
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and 

or «-(!> _1) 
-'J-M- (226) 

i then 

B u = Y2B 
' ) 

and 
B = YjBYj or Yr> = B - ^ B = BY,B. 

Now consider a case in which 

Y:Y2 BV, (•) Y2B 

(22c, 

(23a) 

then 

and if 

(BY2 - Y2BJ ( = 0; 

this leads to 

(An A12l . 
- [ A U A2 2J ■ 

f 0 2A12] 
i - 2A 2 1 0J 

Thus 
Det (A12) 0 and v = 0 )r Det (A2I) = 0 

and i = 0. (236) 
A similar set of equations holds for Y^ 

The single-strapped structure does not come within the scope of the 
general analysis of this section because if the single sections are treated 
as 8-terminal networks, they have no horizontal symmetry and neighbor
ing sections are mirror images rather than identical. The s\rmmetry 
of the section is such that it is unchanged under a simultaneous exchange 
of ends and of left and right, and if this is taken into account, it is not 
difficult to show that the U-v matrix for two neighboring sections is 

0 = 2APAP - I, 

where A has its previous significance and P is the CJ-v matrix for one 
section. By substituting in Eq. (15), one has 

Det (APAP - cos2 4/m) = 0. (24) 

It is probably simpler, however, to treat the single-strapped case as a 
4-terminal network. 
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SYMMETRICAL SYSTEMS 
4-4. Fixed-frequency Systems.—In the most common case, that of 

double strapping, the circuit for a single section indicated in Fig. 4-4a 
may be dissected into three 8-terminal sections as in Fig. 4-7. The 
over-all matrix T is of the form 

T = T.T rT. (25) 

where T, is the matrix of a half section of strap and T r is the resonator 
matrix. The term T, may be written by inspection as 

cos 6, 0 jK, sin 0, 0' 
0 cos 0, 0 jKt sin 0, 

jM, sin 6. 0 cos 0, 0 
0 jM, sin 0, 0 cos 0, 

where 20, = 2irs/X, the electrical length of the strap, and M, = 1/K.. 
The matrix for the center section may be derived by supposing that the 
resonator is a symmetrical 4-ter-
minal network with a matrix 

T. = (26) 

("' ?) 
and that a" — b'c' — I; the mesh 
equations can be written and solved, 
yielding for the center matrix 

(27) 

For the case considered, a' = cos 8, 
and b' = jKr sin 0r, where 0r is the 
electrical length of the resonator and 
KT = 1/Mr is its characteristic impedance. 

1 
0 
a' 
b' 
1 
b' 

0 
1 
1 
b' 
a' 
b' 

0 
0 

1 

n 

0 
0 

0 

1 

F I G . 4-7.—A single section of a double-
strapped tube represented as three 8-termi
nal networks. 

Thus 

T\ = 

1 
0 

-jMr ctn 0r 

jMr csc 0r 

0 0 
1 0 

jMr csc 0r 1 
-jMr ctn 0, 0 

0 
0 
0 
1 

(28) 

Forming the product T,TrT, and calculating only the U-v part, the 
latter is found to be 
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(cos 20, + iK,Mr sin 20. ctn 0, 
I -\K,M, sin 26. csc 0r 

— \K,MT sin 25, csc 6r 

cos 29, + iK".A/r sin 26, ctn , ) 
(29) 

The determinantal Eq. (15) now leads to 

(cos 26, + iK,MT sin 26, ctn 0r - cos ^ m ) 2 

which factors into the two equations 

(iK,MT sin 20. csc 0r)2, (30) 

and 

1 6 
cos ^m = cos 20, + -R K,Mr sin 20, tan -^ 

1 0 cos ^m = cos 20, + ~ K,MT sin 20, ctn ~ z z 

(31a) 

(316) 

For future reference the matrix D which diagonalizes T according to 
Eq. (16) may be written here. If 

then 
- - ( : - ! ) ■ 

D22 = jK, tan 0, 

I 

c t n ^ 

ctnf 
c t n ^ 

ctn <r>2 

(32a) 

(326) 

Consideration of Eq. (12) and Fig. 4-4a shows that for the 7r-mode, 
where the voltage across the slots changes by 180° between each neigh
boring pair, <j>m = 0 or m = 0. In this case, Eq. (32) becomes 

■— tan 0, + Mr tan | r = 0 (33a) 
and 

2 ' " " ' dr ~ (336) K. tan 0, — M r ctn 0. 

The interpretation of these equations shows that in the first case the two 
half-strap sections, open-circuited at the midplane of the segments, are 
resonating in parallel against half the unstrapped resonator, open-cir
cuited at the median plane, and in the second case, against half the 
resonator short-circuited at the median plane. These may be referred 
to as symmetric and antisymmetric modes and designated as the 
(TO = 0i)- and (m = 02)-modes, respectively. A similar pair of modes 
exists for any other value of m, and the symbols TOi and m2 will be used 
to refer to them. 

Returning to Eqs. (31) the following substitutions may be made: 

*.-£ Kr = Z„ 
V i - x»/x». 

and 0r 
2irh V' x2 
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For the modes of greatest interest, X > Xro, with the result that hyperbolic 
functions replace the trigonometric ones pertaining to the resonator. 
Equations (31) then become 

cos 

and 

, %rS , K, (W 7 . 2xs , Th /X2 . . *- = c o B x + 2z;Vxr~ l B mT" t a n hxVxr~1 (3 -
•- Z 1 2irs , K 

cos ^m = cos -y- + 22 1 sin - r - ctnh — 
A A >/£-'■ (346) 

The nature of the mode spectrum and the effect of various parameters 
upon it may now be studied by plotting the right-hand sides of Eqs. (34) 
as functions of X. Figure 4-8 
shows the two expressions, which 
may be called cos fa and cos fa, as 
functions of X/Xro, for four values 
of k = K,/2ZTa; namely, k = 0.8, 
0.4, 0.2, and the limiting case 
k = 0. The term k measures the 
weight of strapping, and it de
creases as the strapping is made 
heavier. Representative va lues 
for 2rs/\n and Trh/\ra are chosen; 
these are 0.55 and 0.80. 

Over the interesting range of 
X/Xro, cos fa and cos fa are mono-
tonic increasing functions of this 
quantity; for sufficiently small 
values of X/X,„, however, the tan
gent and cotangent functions will 
give rise to a series of branches, but 
this region is generally not rele
vant. At such values of X/Xro, 
short waves are propagating up 
and down the resonator giving a 
series of modes. For the sym
metric modes (cos <j>i), all the 
curves pass through the point 
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F I G . 4-8.—The dependence of cos <£i and 
cos <t>i on X/\ro for various values of A: in a 
double-strapped tube [see Eqs. (34)]. The 
solid lines are cos <f>i (symmetric modes); the 
broken lines are cos <t>i (antisymmetric 
modes). Values of cos <£ > 1 correspond to 
<t> imaginary. For k = 0 the two sets of 
modes coincide. 

(X/Xr„ = 1, cos fa = cos 271-s/XJ, and they lie above the limiting (k = 0)-
curve for Xrq < X and below it for Xro > X. As k is decreased, the (cos fa)-
curves approach the limiting curve. The (cos <£2)-curves, on the other 
hand, lie far to the left for large k and move steadily to the right, tending 
eventually to the limiting curve. Four horizontal lines are drawn on Fig. 
4-8 corresponding to cos fa and cos fa equal to cos 0°, cos 22£°, cos 30°, 
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and cos 45°. The intersections of these lines with the (cos 0i)- and (cos 
02)-curves give the wavelengths of modes for which if/m = 0°, 22^°, 30°, and 
45°. These represent, for example, the (m = 0)-, (m = 1)-, and (m = 2)-
modes for N = 16 (f = 0°, 22^°, and 45°); the (m = 0)- and (m = l)-modes 
for N = 12 (0° and 30°); and the (m = 0)- and (m = l)-modes for N = 8 
(0° and 45°). 

I t is clear from the form of the curves that for either the symmetric 
or antisymmetric set, the modes have the opposite order in wavelength 
from that in number. Also, as the weight of strapping increases (k —> 0), 
the intersections move to the right for the antisymmetric modes; i.e., 

the wavelength increases. For 
the symmetric modes the intersec
tions move to the right if cos 
<t>m > cos 2irs/Xro and to the left if 

cos 4>m < cos -̂ — 
Xro 

Thus, whether or not the wave
length of a mode is increased or 
decreased by strapping depends 
upon the mode number, the strap 
length, and the resonator wave-

0 0.2 0.4 0.6 08 jo l e n g t L Figure 4-9, derived from 
k Fig. 4-8, shows the wavelength of 

FIQ. 4-9.—The dependence of x/xr„ on k the modes as a function of k. For 
for various values of <f>i and $2 in a double- . j , , 
strapped tube. The solid lines are the a given mode the intersections 
symmetric modes; the broken lines are the t e n d , a s k —» 0 , t o w a r d t h e p o i n t s 
antisymmetric modes. rt ,. , 

cos <t>m = cos 2irs/\ or, because 
<t>m = 2irm/N, toward X = Ns/m. Thus, the ir-mode wavelength becomes 
indefinitely long, while all the others tend to a finite limit, dependent only 
upon the strap length, the mode number, and the number of oscillators. 
The limiting wavelengths, in fact, correspond to \/m times the strap 
circumference. 

In practice, it is of interest to examine the mode spectrum as a 
function of weight of strapping, subject to the condition that the 7r-mode 
wavelength remain fixed. I t is thus necessary to adjust the unstrapped 
wavelength Xro in each case. Figure 4-10 shows cos <j>i and cos 4>i as 
functions of X/X», where X* is the wavelength of the 7r-mode, for k = 0.8, 
0.4, 0.2, and 0. The strap length and tube height used correspond 
to those of Fig. 4-8 with k = 0.4; that is, the ir-mode wavelength of 
the (k = 0.4)-case of Fig. 4-8 is used as the fixed ir-mode wavelength of 
Fig. 4-10. Figure 4-11 derived from Fig. 4-10 shows the variation of the 
wavelengths of some of the modes as a function of k. The limiting 
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wavelengths in this case may be found by letting k —> 0 with Xr fixed in 
Eq. (34a). The equation then i.o 
becomes 

2TTS 
COS 0 1 = COS <t>2 = COS — r -

2TTS 

X ' 
+ r - tanh T- sin 

A T A T 
(35) 

It is seen that in this case also, the 
symmetric and antisymmetric 
modes eventually tend for very 
heavy strapping to coincide in pairs 
of the same m-number and that 
all the modes now tend to a finite 
wavelength. 

4-6. Effects of Various Param
eters on the Mode Spectrum.— 
The general behavior of the modes 
is more easily examined if approxi
mate forms are used for Eqs. (34a) 
and (35). Thus, if 2TTS/X is suffi
ciently small to ignore terms of 
higher than the second order in 
2TTS/X, the sines and cosines in Eq. 
(35) may be expanded to give 
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for the rath mode, where $m = 
2irm/N. With the same condition 
upon 2TTS/X and the additional 
requirement that 

■n-h 

T tanh 
F I G . 4-11.—The dependence of X/XT on k 

for various values of 0i and 02 in a double-
strapped tube. The solid lines are cos 0i 
(symmetric modes); the broken lines are 
cos 02 (antisymmetric modes). 

may be replaced by 
irh 
T Vx?„ 

(a condition that requires either a very short tube or light strapping) 
Eq. (34a) for the symmetric modes becomes 
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. ,irm 
, , sin2 ~xr 

with 

M = X ? 0 ( l + ^ ) (38) 

and Eq. (34b) becomes 
X* = =_f (39) 

T + sm TV" 
The close resemblance in form between Eqs. (36) and (37) is largely 
fortuitous; Eq. (36) is valid for k small; Eqs. (37) to (39) for k large. 
Taken together they reveal the main features of the spectrum. Equa
tion (38), which holds when the variation of the fields along the strap 
sections and along the resonator can be ignored, may be written as 

^ = X*(l+g) (40) 

where C, = 2s/aK, and C, = h/wZro are the strap capacitance and 
resonator capacitance, respectively. This shows that in the 7r-mode 
strap capacitance is in parallel with the resonator capacitance. 

The effect of the number of oscillators on the mode spectrum may 
now be considered. From Eq. (37) it follows that if two systems are 
built with the same ratio of strap length to ir-mode wavelength, the 
relative mode separations will be the same for light strapping if 

, , kh . „irm 
s N 

For modes with small m, irm/N is small and k is assumed large; thus one 
can write 

z. 1 

for modes of the same m number. Thus, the weight of strapping required 
to produce a given mode separation varies as N2 for relatively light 
strapping. Again, according to Eq. (36), the limiting mode separation 
varies as 

irm 2 

KshlJt) ("h 1 \ ITS I \ Ns 

when irm/N is sufficiently small. Now JVs is equal to 2irr„ or very nearly 
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2irra. The mode separation is, thus, proportional to {m\r/2irra)2 and 
depends essentially upon the size of the tube in terms of its operating 
wavelength. Both Eqs. (36) and (37) indicate that the mode separation 
varies with 1/s2 for a given number of oscillators, indicating the practical 
importance of keeping the straps short. The effective length of the straps 
depends somewhat upon the shape of the resonator because it affects 
the distribution of voltage at the places where the straps are connected. 
An illustration of this effect is given below. 

The remaining variable whose effect is to be considered is the length h. 
Because Eqs. (34a) and (346) differ only in that one contains a hyperbolic 
tangent, the other a hyperbolic cotangent, the my and m2-modes must 
approach each other when the argument of these functions becomes large. 
The condition for this is that 

rh p 7 
T V x f o _ 1 > 1 ' s a y -

This may come about through heavy strapping (Xro « X) or for long tubes 
(h large). As h is increased, the antisymmetric modes very rapidly 
increase in wavelength, finally reaching a state in which the (m2 = 0)-
mode is nearer to the (mi = 0)-mode than is the (mi = 1). Since most 
output circuits do not couple out the 
antisymmetric modes, this repre
sents an undesirable condition. As 
a solution for the difficulty center-
strapping has been used. Essen
tially this means building a double-
length tube by putting end-to-end 
two completely strapped systems 
each of single length. The mode 
spectrum of the whole system is 
then close to that of its component 
halves. 

Some actual applications of the 
formulas of this section will give an 
indication of their reliability (see Via. 4-12.—Two types of strapping used on 
Fig. 4-12). In a SCaled-up model 16-oscillator magnetrons. 
(Fig. 4-12a) of a 16-resonator hole-and-slot 3-cm magnetron (4J50) the 
measured wavelengths of the (mi = 0)-, (mi = 1)-, and (mi = 2)-modes 
and the unstrapped wavelength are 12.400, 10.152, 7.570, and 9.47 cm, 
respectively. Any three of these may be used to calculate k and 2irs 
from Eq. (34a). With k = 0.46 and 2irs = 4.58 cm, the calculated 
wavelengths are 12.35, 10.17, and 7.52 cm. The effective strap radius 
is 1.86 cm compared with the actual strap radii of 1.85 and 2.04 cm. 
k, tentatively estimated from the tube geometry, agrees well with the 
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above value. In a second 16-cavity tube (Fig. 4-126) roughly twice the 
length of the above, the first two modes (mi = 0) and (mi = 1) were 
measured to be 10.53 and 8.45 cm, and the unstrapped wavelength 6.78 
cm. With a value of 4.41 cm for 2rs and 0.204 for k derived from 
these measurements and Eq. (34a), the antisymmetric modes (m2 = 0) 
and (m2 = 1) were found to be 9.51 and 7.59 cm. The measured wave
lengths were 9.36 and 7.45 cm. In this case the effective strap radius is 
about 17 per cent greater than the actual mean strap radius. Presumably 
the lower effectiveness of the strap in Fig. 4-126 is due to the fact that 
the outer strap overhangs the hole and interacts with the flux through it 
and also to the shortness of the resonator, which puts the outer strap at a 
relatively low voltage point. Further evidence on this point is obtained 
from two 16-resonator vane-type magnetrons that had identical strapping 
but different vane depths. The wavelengths of the (mi = 0)- and 
(mi = l)-modes were, for the first, 11.701 and 8.879 cm and, for the 
second, 9.545 and 7.852 cm. The unstrapped wavelengths can be 
calculated with some accuracy for vane tubes (see Sec. 11-2) and were 
computed to be 7.36 and 5.48 cm. With this information, 2irs becomes 
4.22 cm for the first tube and 4.37 cm for the second. Thus, the mechan
ically identical straps are electrically about 4 per cent shorter for the 
system with long resonators. The corresponding values of k are 0.263 
and 0.230; the ratio of these is 1.14, whereas the calculated ratio of the 
resonator capacities is 1.19. 

For single-strapped systems the separate sections may be treated as 
4-terminal networks. By evaluating the single term of the (u-v)-matrix 
and using Eq. (15), the secular equation is found to be 

2«s , 2wh IT2 " cos 4>m = cos — cosh -r— yl~ 1 

, 1 / . 2TTS . , 2irh p ~\/K. p ~ Zr, 1 \ /At. 
+ g ^ n x smh -Y^-l) U Vx; - ! - IT. 1 ^ ) ' ' ' 

where the constants have the same significance as before, except s, 
which is the sum of the effective strap lengths at the two ends of the 
tube (per section). 

Figure 4-13 shows cos <f> as a function of X/X,,, for values of k = 0.8, 
0.4, and 0.2 for a single-strapped tube similar to Fig. 4-8 on double 
strapping, in which 2irs/Xro = 0.55 and ir/i/Xro = 0.80. The behavior 
of the mode spectrum under an increasing weight of strapping is con
siderably different in this case. The wavelength of all modes (in the 
range considered) increases with heavier strapping, and the mode order 
is the normal one for strapped tubes. However, the mode separation 
is only very slowly increased by increasing the weight of strapping, since 
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the slope of the curves of the cos <t> vs. X/Xro changes quite slowly with 
decreasing k. Comparing the curves of Fig. 4-13 with those of Fig. 4-8, 
it is apparent that the mode separation for heavy single strapping is far 
less than for double strapping of the same impedance. The difference 
persists even when the two cases are compared on the basis of equal total 
strap capacity. 

The reason for the very different behavior of single-strapped tubes 
may be found in the fact that the coupling path between oscillators now 
includes the oscillators themselves. 
Thus, if the resonant wavelength 
be i n c r e a s e d beyond the un
strapped wavelength by adding 
straps, the coupling path of the 
resonator is now beyond cutoff. 
With sufficiently heavy strapping 
the coupling through the resona
tor becomes relatively weak, and 
mode separation is difficult to 
achieve. Actually, for sufficiently 
heavy strapping the model of Fig. 
4-7 will break down because the 
impedance of the coupling path 
through the end cavities over un
strapped segments will become 
comparable to that through the 
resonator. I t may be noted that 
the s y m m e t r y of the single-
strapped tube is such that two sets, 
of symmetric and of antisymmet
ric modes, do not exist. Thus, 
long anodes lead to difficulties be
cause of poor mode separation between (m = 0, 1, 2), etc., rather than 
between (m = 0i) and (m = 02). 

Evidence for the correctness of this picture of the mode spectrum 
may be found in the data on the HP10V, a high-power 10-cm magnetron 
for which rh/K, = 1.48, 2irs/Xro = 0.84, and N = 10. The ratio of 
ir-mode wavelength to unstrapped wavelength is 1.245, but the mode 
separation between (m = 0) and (m = 1) is only 5 per cent. 

The discussion of the mode spectrum of a strapped system has shown 
that the distribution of the modes in frequency depends upon the nature 
of the variation of the transfer angles <j>m with frequency. The strapped 
system was discovered somewhat accidentally; and, so far, no resonant 
system has been developed synthetically, in the sense that the word 
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is used in filter design. It seems probable that alternatives to the 
strapped or rising-sun systems with satisfactory mode spectra might be 
found by deliberately synthesizing a network with desired transfer 
characteristics, that is, with the required variation of the transfer angles 
with frequency. 

I t has been stressed that the equivalent lumped-circuit treatment of 
strapped resonant systems is not primarily a method for making wave
length calculations but is rather a model that correlates observed data. 
I t is possible, however, to estimate wavelengths reasonably well by calcu
lating Xro, Zn, s, and K, and by making use of these values in the mode-
spectrum formula. Methods of calculating Xro, ZT„ s, and K, are 
described at some length in Chap. 11 on the design of resonant systems. 
A value of Xro can usually be estimated for any resonator shape to about 
3 to 4 per cent and ZTo with perhaps half of this accuracy; s, the equivalent 
strap length, is the most difficult quantity to determine with certainty. 
As has already been pointed out, it will depend upon the location of the 
straps with respect to the resonator and upon the shape of the latter. 
Errors in its determination will not seriously affect the calculation of the 
x-mode wavelength, but they will cause considerable uncertainty in the 
value of the mode separation, because this quantity is so strongly depend
ent upon the effective strap length. 

ASYMMETRICAL SYSTEMS 
The discussion of the strapped anode block has so far dealt with 

situations in which all the resonators were identical. Three departures 
from this condition are important. The first is the case in which power 
is coupled out from a single cavity. Here it is of interest to know how 
the wavelengths are affected and to what extent the field patterns in 
the interaction space are distorted. Experimentally, this distortion can 
be produced by heavy loading, and a correlation with lowered operating 
efficiency has been noted. The second case is the presence of strap 
breaks. In some tubes mode transition under certain conditions of 
operation can be prevented by breaking the straps at some point over a 
segment; in general, the effectiveness of this procedure depends upon the 
orientation of the breaks with respect to the output. Strap breaks give 
varied effects: they cause a shift in the frequency of the modes for 
m ?* 0, thereby affecting mode selection (see Chap. 8); they may influ
ence the coupling to the output of the modes; finally, they cause dis
tortion of the field patterns for m ^ 0, thereby making power transfer 
to those modes inefficient. The final case occurs in consideration of 
tuning schemes in which the frequency of the resonator system is varied 
by introducing reactance into a single cavity. This problem is an 
extension of that of loading; the questions of pattern distortion and 
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variation of mode separation are important. In principle, most of these 
questions can be answered; the complexity of some of the results may 
suggest recourse to a model, however. 

4-6. Pattern Distortion and Mode-spectrum Effects Caused by 
Loading.—Pattern distortion due to loading or tuning may be ade
quately treated. Because most single-cavity tuners and output circuits 
do not couple the antisymmetric modes, the 8-terminal network used 
so far may be replaced by the 4-terminal one, which is obtained by 
considering only the upper or lower half of the tube open-circuited at the 
median plane. The resonator system will then be represented by a ring 
of 4-terminal networks, one of which is shown in Fig. 4-14a. The matrix 
for one section is then 

c o s <j> jZ s i n <j> 
jY s i n <t> c o s <t> 

2 

cos 26, jK, sin 26, 

jM, sin 20, cos 26, 

1 
jYj. 

2 
(42) 

where YT„ = MT tan Br/2 and all of the other symbols have their earlier 
significance. Thus, 

and 

cos <t> = cos 26, ~ Y,„ sin 26„ 

Z sin <j> = K, sin 26,. 

(43) 

(44) 

The cos <j> is identical with the function cos <£i used before. If one 
oscillator is loaded and the load is considered to be transformed to the 
upper (or lower) end of the oscillator slot, the ring of 4-terminal elements 
is changed by the addition of a shunt element, jYi^, say, and appears 
as in Fig. 4-146. The condition for periodicity is now 

UTi-d l | T " U J lioj" (45) 

Using the known expression for Tw the determinantal equation is now 

cos N<t> — 1 jZ sin N(f> 
jY sin N<t> + jYi^i cos N<t> cos N<t> — 1 — ZYu** sin N<t> 

or 
. N<t>( . N<t> 1 _ v JVA _ 

sm -g- 1 sm - g - - g ZY^ c o s ~Y) = °» 
which leads to 

sin -~- = 0, for <f> = 0, 

= 0 (46a) 

(466) 

(47a) 
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otherwise, 
tan ^ + \ ZY^ = 0. (476) 

These equations show that except for the x-mode each of the modes of 
the symmetrical tube is degenerate and consists of a doublet, one compo
nent of which will couple the output and one which will not. The 
(m = 0)- or (<j> = 0)-mode is nondegenerate because, as can be seen 
from Eq. (44), Z sin $ remains finite and, therefore, so does Z sin N<j>/2 
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Fio . 4-14.—(a) The 4-terminal network lor one section of the resonant system; (b) addition 
of a load to the ring of 4-terminal networks. 

in Eq. (46). The degeneracy of the modes was also apparent from the 
fact that the terms of the form (£>*• that appeared in factoring T* — I 
[Eq. (9)], coalesced into cos ^n in the determinantal equation when 
m T* 0. Equation (476) and the equations that define cos 4> and Z 
determine the frequency shift. The variation of loading among the 
different modes may be examined if Eqs. (44) and (476) are combined 
to give Y„ the admittance looking into the tube at a slot, 

sin <t> tan N<t> 

- F . « d = F . = +2- K. sin 29. 
(48) 

or, as it may be written by using Eq. (43), 
N<f> 

tan 4- x ' 

For the ir-mode the bracketed term vanishes, and Yc, the characteristic 



SEC. 4-6] EFFECTS OF LOADING 143 

admittance, is 

Yc- -K^)--^'^'-) 
For m ^ 0, the unbracketed term vanishes, and 

-i( 2 tan 0, 
~Tc7~ + Y, V tan N<t>\ 

ax <t> = 
tan 

27TW 

TV" 

/ o tan 9. + Y„ 

But 

(■ 

</> = f m 

1 X . 7 „ sin 29, 0 
from Eq. (43). Therefore, 

K, sin 0, cos 0. X 

(?-*)■ ?ctnf|xg 
d / t a n 0, 
dXW^T + =) 

K, sin 0, cos 0, 

+ 
/ t a n 9. y, 
V K. + 2 

Aan 9, 

) 

+ 
F, 

' ) 
X 77 (if, sin 0, cos 0.) 

.K, sin 0, cos 6, 

and 

~2YC 2 x a x ' 

~2Xd\\ 2 ^ + F , ,. j + N(\ 2 ^ + Y 

t / t a n 0, 

■) 

■) 

+ 

X —■ log sin 20, 

X^- 'c tn 20.-

Since we have considered only one-half of the tube, these values Yc may 
be doubled to obtain the values for the whole tube. 

For small values of 0„ X(d/dX) log sin 20, = — 1, which simplifies 
the second term. The characteristic admittance for the ir-mode is N 
times that of a single section open-circuited at the midplanes of the 
segments. For the other modes, essentially because of the fact that they 
have an uncoupled component, only N/2 times the characteristic admit
tance of the individual resonator appears, together with N times the 
actual admittance of the individual oscillator. I t must be kept in mind 
that the values of Yc found above are not actually those which enter into 
measurements of Q-values, because the admittance used here appears 
at the top or bottom of a slot. The individual oscillator containing the 
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output circuit acts as a transformer between the slot and the place at 
which the output circuit is supposed to begin. The effect of this trans
former is discussed in Chap. 5. 

The amount of pattern distortion caused by loading or tuning may 
be analyzed in terms of the field patterns of the undisturbed modes. 
Suppose that the actual voltages and currents across the resonators are 
V„, Yi, . . . , F(n-u and h, 11, . . . , Z(n-D- Let the amplitude of the 
mth mode be om, where, if traveling waves are used, m has the values 
0, ± 1, ±2 , • • • , ± (N/2 - 1), N/2. Then the voltage VT on the rth 
resonator satisfies 

r, = £ amei'*~. (49) 

Multiplying Eq. (49) by e 'v*» and summing over r, one has, because 
N{+m - *„) = Mm - n), 

Nam = V e^*»Yr. (50) 
r = 0 

If a quantity bm is defined such that 
# - i 

Nbm = \ e~ir*-Ir, 
r - 0 

then 

and 

+ e-m.T f^*-1]- (52) 
But considering Eq. (45), 

* [vd - U~ !) (tt 
The result of subtracting Eq. (52) from Eq. (51) and using Eq. (53) is 

<' " - T » ( t ) -I {+irl S) ( 3 <«> 
or, by equating terms, 

(1 - e-tf- cos ^)a„ - e-i*~jZbm sin £ = 0 

- e-»+-iFam sin 4> + (1 - er>*- cos </.)&» = +jY^ -^-
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Eliminating bm, am satisfies the equation 

am(c 

or, using Eq. (47b) 

a„(cos if/m — cos 4>) = - s ZYto^ - ^ sin tf>; 

-sin <f> tan 
# 0 

am = A''(cos <f> — cos ^ra) 
(55) 

The term a0 gives directly the amplitude of the (m = 0)-mode; 2om gives 
the amplitudes of the remaining standing-wave patterns. I t is to be 

0.87 0.89 0.91 0.93 0.95 Q.97 0.99 1.01 1.03 1.05 
Cos <p 

6.5 7.0 7.5 8.0 8.5 9.0 9.5-
Wavelength X in em 

FIG. 4-15.—The amplitudes of various modes as functions of X. Values of cos 0 > 1 
correspond to ip imaginary. 

noted that am is expressed entirely in terms of the angle <f> which is pre
sumably already known as a function of X. As an example, Fig. 4-15 
shows the relative intensities of the modes in a 12-resonator magnetron 
as a function of <j> and wavelength. If this magnetron were tuned by 
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introducing reactance into one cavity, Fig. 4-15 shows the relative 
intensities of the component modes when the system has any of its 
resonances at 4> and X. For convenience the quantity —a,„ ■'[(-o;„)'J] has 
been plotted. Equation (55) is, of course, also valid for the case of 
resistive loading when <f> is complex, but Fig. 4-15 applies to purely 
reactive loading (cos </> real). I t is of some interest to note that with 
substantial mode separation, distortion sets in above and below the 
ir-mode at about the same rate. 

In the simple case of loading, the perturbations are relatively small. 
For the T-mode when Fioad is sufficiently small for terms in the expan
sions of cos </> and sin $ higher than 4>2 to be neglected, Eqs. (43), (44), 
and (476) give 

02 = - ^ * " K. sin 20,; (56) 

Eq. (55) under similar circumstances becomes 

2am = -

and using the value of <t>2, 

2a„. 

2 s i n ¥ 

Fioa.ijK, sin 20. 
. irm 2iV sin2 -^r N 

For large JV and short straps this becomes 

irm2 \ X F / 

This is a result which might have been expected. I t shows that distor
tion will be severe when the effective strap circumference sN is large 
relative to X,. I t also shows that when the coupled admittance is 
comparable to the strap admittance, there will be distortion and, finally, 
that the other modes are excited in amounts varying as l/m2. Because 
the tangential component of electric field for the mth mode falls off 
roughly as {r/r^)(-N/2)~m, the pattern may become badly distorted at the 
anode because of a small amount of high-m component. 

A further source of pattern distortion is the longitudinal variation in 
field strength that arises from the influence of the straps at the ends. In 
the symmetric modes the fields have an axial variation of the form 
cosh 2irz/X -v/(X2/X2

o) — 1, measuring z from the median plane; in the 
antisymmetric modes, a hyperbolic sine is involved. This variation is 
considerable in heavily strapped tubes; thus in the long tube described 
at the end of Sec. 4-5 the fields at the end are twice as great as those at the 
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center; in the lighter strapped and shorter tube, also referred to in Sec. 
4-5, the difference in fields is about 15 per cent. This source of pattern 
distortion may be removed by center-strapping. 

4-7. Effects of Strap Breaks.—In double-strapped tubes the two 
straps at one end of the tube are customarily broken and each break is 
made over a segment; the straps at the other end of the tube are con
tinuous rings. There will then be an odd number of sections between the 
breaks. The breaks may be represented in the equivalent circuit by a 
series reactance introduced at the discontinuities of the strap system as 
shown in Fig. 4-16. The same arrangement of the sections that was used 
in the loading analysis is used here, namely, two coupling sections in the 

Fia. 4'16.—Equivalent circuit of two neighboring sections in a strapped tube; one section 
contains a strap break. The appropriate matrix is indicated for each part. 

center and half the resonator section at each end. The matrix for a 
"break" section will be 

1 0 jX 0 
0 1 0 0 
0 0 1 0 
0 0 0 1 

TB = (d *})• (58) 

If there were strap breaks at both tube ends on the same segments, then 
0 would be given by 

" (o * ) ' 
(59) 

Referring to Fig. 4-16, let the matrices for the normally left- and right-
hand sections be L and R respectively. Then 

T = D-ToD = LR. See Eq. (16). 
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One may write 

and 

Then 

L = D-'To'-DF 

R = F-'D-'To'^D. 

T = RL = F-'D >T0DF. 

(60a) 

(606) 

(61) 

Thus, T is the new section matrix and may be put into the same quasi-
diagonal form To as T, while DF has replaced D. If the two diagonal 
submatrices of DF are (DF)n and (DF)22, these may be found and are 

(DF)„ = 
cos 6. 

01 * i 
COS -jr- COS ^r 

cos -= — cos -~ 

and 

(DF)22 = jK, sin 6, 

4>i 

4>2 
c s c ^ 

(62) 

(63) 

Starting now from a point halfway between the strap breaks, supposed 
(2p + 1) sections apart, where p is an integer, and using T' for the 
temporary symbol of the matrix of a section containing a break, the 
periodic condition may be expressed as 

[T(A/2>-J>T'T''][T , 'T'T<"V/ : ! ,_ ' '] 

But T' is given by 
T' = F- 'D-nV'DTsD-'To^DF. 

(64) 

(65) 

The two matrices in brackets in Eq. (64) correspond to sections that are 
mirror images, and they satisfy an equation such that the theorem proved 
in Eq. (23b) may be applied to either of them. The first of the matrices 
may be written as 

and putting 
F-1D-1To(A,/2,-*-«DTBD-1To("+*)DF; 

F-1D-1To(" /2)-"-^DT i !D-1To( I '+^ ,DF fv0 

then, according to Eq. (23b) 
io = io = 0, 

vj, = Vo = 0. 

(66) 

(67a) 

(67b) 
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1OD1 
^ ' - ( ^ ■ 3 ( o J , ? ) ( D 2 o S ) - ( o J D , A - l J i ' - > 
and using the forms for Dn and D22 given in Eq. (32), the result is 

; D l l Q D - = ^ £ * ' 

for breaks at only one end and 

tan -^ tan -^ 

tan ^ tan ^ 
(69) 

J D U Q D J V = — Y — 
tan 

0 tan 02 
(70) 

for breaks at both ends. The conditions (67a) and (676) lead then to 

[ - S w / 8 + iS(Jv/2)_^1/4(D11ODr2
1)S(p+^)](DF)11v0 = 0 (71) 

[Sw/2 + iC(^/2)_p_i.5(DiiQD22
1)C(p-i-i,^)](DF)22io = 0 (72) 

Using Eqs. (69) and (67) and the fact that the determinants of the 
matrices between bars in Eqs. (71) and (72) must vanish, the following 
equations may be found: 

2tf, . Nfa . Nfa , . N<t>2 ^7- ;—7. sin —n- sin —„ i ™-X ctn 6 2 2 
. . N<t>2 r . (N A i 

+ s m T [ S i n V 2 ~ P _ 2 J 0 1 J 

[sin (v + 0 *. ] tan | + sin *£ [sin (^ - p - \ j 02 J 

[sin (p + 5 ) ** I tan ^2 - 0 (73o) 

and 

2tf. . N4>! . Nfc . . ..^ 
r - E 1 - 8 i n - 2 - B i n - 2 - + B .n- i i r--2"LC O BV^"'P"2>)* IJ 

[cos (v + A) *, j tan | + sin ^ [cos ( -J - p - 5 ) *2J 

[cos U + 5) *»] tan f = ° (73fc) 
for breaks at only one end. Because X y> K. tan 9, for all normal strap 
breaks, the first term may be neglected and 
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and 

,in ^ [sin (^ - p _ 0 ^ J [Sin ( p + A) * J tan | 

+ sin ^ [sin ( f - P - 0 *,] [sin (p + i ) *,] tan f = 0 (74a) 
,nd 

sin ^ [cos (^ - P - 0 *ij [cos (p + 0 «ij tan | * 

+ s i n ^ [ c 0 S ( f - P - i ) * ] [cos ( p + i ) * , ] tan f = 0. (746) 

For breaks at both ends there are four equations obtained by equating 
each of the bracketed terms to zero. The appearance of four equations 
in this case is a consequence of the fact that there still is end-for-end 
symmetry and a complete separation into symmetric and antisymmetric 
modes. When the break is at only one end, the two sets of modes are 
mixed and the only symmetry is that about the plane around which 
the breaks are symmetric. Thus, the modes for which i0 = 0 have a 
voltage loop in this plane, and those for which v0 = 0 have a voltage 
node. The ir-mode is not affected by the strap breaks unless so much 
of the strap is removed that the capacitance of neighboring strap sec
tions is affected. 

The wavelengths of the (mi = 0)- and (mi = l)-modes of the HK7 
magnetron have been measured with unbroken straps and with strap 
breaks at one end, 30° and 90° apart (p = 0, 1). For this tube N = 12. 
From the unstrapped, the (mx = 0) and (mi = l)-wavelengths in the 
unbroken case the values of k and s have been calculated and used with 
the aid of Eqs. (74) to evaluate the first three wavelengths in the broken 

TABLE 4-1.- -THE EFFECT OF STRAP BREAKS ON THE WAVELENGTH OF SEVERAL 
MODES OF THE HK7 MAGNETRON 

Strap condition No. of mi 
mode 

Exper. X, 
cm 

Calc. X, 
cm 

Unbroken. 

Broken at one end. 

0 
0 
0 
1 
1 
1 
2 
2 
2 

10.645 
8.081 

10.645 
8.400 
8.900 
10.645 
9.165 
8.663 

10.645 
8.075 

10.645 
8.687 
8.783 

10.645 
9.086 
8.483 

9.248 
8.190 
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strap cases for p = 0, 1, and 2. The agreement with experiment may 
be seen from Table 4-1. 

The 1' modes are those having a voltage loop midway between the strap 
breaks; the 1" modes, those having a voltage node. The experimental 
wavelengths are properly assigned according to pattern measurements. 
It may be seen that the order of the 1' and 1" modes depends upon the 
separation of the breaks; the order cannot be predicted without an 
examination of a specific case. 

Some information on double breaks at each end is available from the 
(N = 16)-model 4J50 given in Sec. 4-5. Table 4-2 shows the agreement 
between measured and calculated values. 

T A B L E 4 - 2 . — T H E E F F E C T OF S T R A P B R E A K S ON THE W A V E L E N G T H O F S E V E R A L 
M O D E S O F A (N — 16) M A G N E T R O N , THE 4J50 

Strap condition V 

0 

No. of mt 
mode 

1! 
1! 

Exper. X, 
cm 

12.400 
10.152 
7.570 

12.460 
11.660 
9.970 

Calc. X, 
cm 

12.35 
10 17 
7.52 

12.35 
11 57 
9.99 

The pattern distortion caused by strap breaks may be calculated by a 
modification of the methods used earlier in this section. Since both 
symmetric and antisymmetric modes are excited, there will be two 
amplitudes, amy and a„2, corresponding to these for each mode number m. 
In terms of these, the voltages V(m )̂ and V(m a), say, at the two ends for 
the with mode are given by 

and 

or if 

V^A.) = amj + amj (75a) 

VimiB) = o„i - ami; (75b) 

a " = f c ) ' a n d V ( m ) = ( v ^ J 

V(„) = L _ 1 am = Wa„. (75c) 

As before, if vr be the voltages at the two ends of the rth oscillator, 
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and 

r 

If bm now be introduced as a similar generalization of the bm used before 
[see Eq. (51)]; 

^fcJ-S^ft)- (76) 
r 

Then, for the case in hand, 

i\Te-*»TW [ H = V e-i(-n)*-T lVA, 
r 

and 

jV(i - e-tf»f)W j jH = ^(p+u*. r^1] - f IVp 

But, 
I hx-p) 

V(W_^„ ( 7 ? ) 

j v ( P + 1 )J _ T jv„j = F-IO-ITOMD(T, - l)D-T0«DF f̂ »] 

= F-1D-1T0^D(T i, - O D - H V + ^ D F M (78a) 

and 

jV(W-io| _ y [vc^-p-iJ = F _ 1 D - i ( , _ T0MDTj'D- lT0-») 
l '(JV-p)J V l(AT-p-lJ 

T^^F H = F-lD-'T0WD(T, - l)D-T0-<*+»«DF H - (78b) 
Now, 

D(T. - 1 ) 0 - - ( ° i D l l Q D g ) , 
with the result that 

D(TB — l )D _ l T ±(p+W) = I +J^ 1 1 Q^2S ! ^ (J '+» ) iDnQDjjC^+H)! 

and 

D(TB - l )D - iT , ±<^ 'DF ^ ] = [jDuQDjX + S^WnVo 

+ (DF)„i.)]. (79) 
Now, if Eqs. (71) and (72) are written out at length, it is easily verified 
that either 
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(80a) 

(806) 

io = 0 (iD„ODr2
1)S (p+w(DF)11v0 = 

vo = 0 ( jD nQD^)C ( P + w (DF) 2 2 i„ = I] I = E. 

Thus, the right-hand side of Eq. (77) may be written 

e ^F-'D-'To'- l ^ Q
+ e J t 

= [e~'%j sin (p + l)*m] F- 'D- 'To^ ^ 

if io = 0, or 

e ^ F - ' D - ' T o " j l Q J 

= e _ ^ 2 c o s ( p + ^)^mF-1D-1T0« | ^ | (81) O 
if Vo = 0. 
Equation (77) thus becomes 

JV(I - e-'*-T)W 2«-'^> + J>*„ 

(82) 

where the alternative j sin and cos forms correspond to the cases for 
io = 0 and Vo = 0 respectively. Multiplying both sides by 

gives 

NF-'D-

e+^T"1 = F-'D-VM - Tb-')DF 

DFW (2 « , , , . ) ! - 2 ( £ 0 

2r ("+ j ) *"]F - , D V 2 T 0 » - e ' 2 T » | Q (83) 

but 

JV [(cos \f/m)\ — Co o DFW O ( c o s W I - C0J " ' " ( b j 

j sin / . l \ . 
= cos \? + 2)+' 

2jGH sin -~ 2SW cos ~ 

— 2b^ cos ^j- 2jOi4 sin z
?r- (3-

hence 

JV[(cos^m)l - Co](DF)„Wam = 3 sin 
cos HM 2 ; C , 4 s i n ^ E . (84) 
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According to Eq. (62), however, 

(DF)„ = sec B. 

therefore, 

(DF)„W = sec 6S 

Substituting in Eq. (84) then, 

2 
<j>2 

2 
02 

2 cos £ 

0 2 cos ^2 
(85) 

JV sec 6, cos ^,„ — cos 4>i 

and finally, 

and 

0 c o s yf/m — c o s <f> 

- sin / . l \ . 
/cos [P + 2)^sm 

°1 
(>2J 0 cos 

0 COS - y 

U»J 

«»! = 

— sin , 
j cos 

^m sin -^ cos 0. 

iV(C0S l/v — COS 0 i ) 

- s i n / l \ 
i cos VP + 2) \pm sin -~ cos 0, 

iV(cos ^m — cos <f>2) 

(86) 

(87a) 

(876) 

The relative loading of the modes when strap breaks are present can 
also be calculated. It will be sufficient here to outline the method of 
analysis and to quote the final results. Suppose again that the strap 
breaks are (2p + 1 ) sections apart and that between the output oscil
lator and one strap break there are q oscillators; between the output 
oscillator and the other break there are r sections in the opposite direction. 
The relation N = 2p + q + r + 4 holds. The problem is most easily 
handled by using the T matrices rather than the T. If the matrix for a 
loaded oscillator is written D_1(T0 + T„)D, the condition of periodicity 
gives 

D-'Tj(T„ + T,)TsTBT§»+T ■° (ll ^ (t (88a) 
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By rewriting this equation as 

T O ^ D - ' T B D T O H T O + T!/)T5D-ITBDT„"'+ 

and again as 

Jfl/v~v-H[\ + T„ (»-'-1) ' '2TJ,To<r- , '-1) '2] 

T o C ^ - P - H D - ' T f l D T o ^ " 
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M,D (1) -D ($ m) 

D(1) = D(ii) (88c) 
the problem assumes a more symmetrical form. 

If it be assumed that the coupling does not link the antisymmetric 
modes and that the load admittance is shunted across the output reso
nator in the median plane, the form of T„ may be calculated. It is 

| j F s e c 2 ^ 

, KrY: a, 
1 - - 2 - tan 2 

jK, sin 28, 
ctn 

1 

0 

2 
0 

0 

0 

0 

0 

tan -=-

0 

1 

0 

0 

0 

0 

0 

(89) 

The problem is considerably simplified if the second and third rows and 
columns of all the matrices are both interchanged. This brings the T& 
matrices to the form 

T* = 
1 0 

cos fa sin fa 0 0 
— sin fa cos fa 0 0 

0 0 cos fa sin fa 
0 0 — sin fa cos fa 

The load matrix T„ takes the form 

_ (To, 0 
~ { 0 To, (90) 

T * = 
1 u 

'K. sin 28, 

Y' 

1 tan I1 0 

c t n ^ 1 1 0 

0 0 0 
0 0 0 

4 Y s e c 2 
. KrY . 8, 

0 

0 

0 
0 

where 

The break matrix D - 1TSD becomes 

= (Lo (91} 
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( D - ' T B D ) * X ctn 6. 
2K, 

tan | 0 

0 0 

t a n ^ 0 

0 0 

tan ^ 0 - tan ~ 0 

o o 0 0 

(92) 

The form of the load matrix shows that it does not couple the m2 set 
of modes; the strap-break matrix, on the other hand, has off-diagonal 
terms leading to a mixing of the mi- and m2-modes. 

The final result for the perturbation of the modes when X —> « is 
contained in the equation 

where 

2jYK,sm6, 
sin 0i ci3/2cos2( — 2 " / 0i - ^ y i s i n ' f ^ ^ J ^ i = 0 , (93) 

Xi = sin 

x-i = — sin 

j / i = cos 

» ( , A ± (N A ^ ♦ *« 
- cos ( p + 2 ) 02 cos (-2 - p - g ) 02 tan y 

+ sin - y cos t p + 2 I 0i cos I -^ - p - g ) *i tan y 

"2" Sin VP + V *2 S i nU ~ P ~ 27 *2tan 2" 
+ sin - y - sin ( p + 2 ) *i sin I ^ - p - ^ ) 0i tan -j, 

'i ( . * \ A ^ A ,. ♦ *2 
- cos I p -f- 2 J 02 cos 1 -2 - p - 2-J 02 tan y 

, Nfa ( , l \ ^ (N I \ . 0, 
+ cos - y - cos I p + 2J 0i cos (-2 - p - ^ I 0i tan y» 

and 

J/2 = COS • 
N<t> 02 

2 - sin ( p + g J 02 sin ("2 "~ P _ 2 / *a t a n 

, JV02 . / , l \ ^ . (N l \ . . 0i 
+ cos - y - sin I p + 2 ) *i s m I ~2 ~ P ~ 2) * ' T 

I t may be noted that this is the equation which would determine the 
mode spectrum in a single-cavity, tunable tube with strap breaks. 

The loading can now be found by forming dY/dw from Eq. (93) and 
putting Y = 0. The result is 
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dY 1 
do; jK, sin d 

d 

(N A 
sin <t>i cos \2 ~ P ~ 2) ^ 

. r — q 
sin — s - 1 0i 

5oj ctn 0i tan ( p + g j 0i + tan f ^ - p - ^ j 0i 

+ ctn 02 tan ( p + ^ j 02 + tan ("2 — P _ a ) *2 (94a) 

1 dF 
da jK, sin 9, 

0i sin ( | - p - 0 0i 
r — g 

cos „ 0i 

- ctn 0i ctn ( p + 2 j 0i + ctn (-^ - p - ^ J 0i 

+ ctn 021 ctn ( p + 0 02 + ctn [~ - p - 0 02 I j■ (94b) 

The variation in the loading of the two sets of modes as the output 
position is changed is described by the terms l/[sin2 {r — g/2)0i] and 
l/[cos2 (r — g/2)0i] and is readily calculated, since 0i is known. It will 
be noted that the loading for each mode is the sum of terms pertaining 
to the symmetric and to the antisymmetric components. 

4-8. Effects Caused by Various Types of Tuning.—The properties of 
tunable tubes discussed in this section are those directly connected with 
the resonant system. The general principles and methods of mechanical 
and electronic tuning are given in Chaps. 14 and 15. 

Single-cavity Tuner.—In single-cavity tuning a variable reactive 
element is connected into a single resonator section, thereby changing 
the frequency of the whole system. The reactance is generally introduced 
in such a manner that the antisymmetric modes are not coupled, and 
they are, therefore, untuned. Similarly, the tuning element will not 
affect those components of the doublet modes (m ^ 0) which do not 
couple with the perturbed cavity. The addition of strap breaks, how
ever, will cause all modes to be coupled to some extent. For simplicity, 
this discussion will be limited to the case without strap breaks. The 
equations determining the new frequencies have been given in Sec. 4-6. 
They are 

K Y cos 0 = cos 26. '~Y^ sin 26. 

Z sin 0 = K. sin 26., 

(43) 

(44) 
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and 
tan ^ + | ZYtwa„ = 0. 

Combining the last two equations gives 

2 sin 0 tan —~-
"Ftun" = K, sin 26, " = F ( X )-

(47b) 

(95) 

The tuner reactance transformed to the end of the resonator slots is 
represented, as before, by YM„T. Cos <t> is already known as a func
tion of X, so that the right-hand side of Eq. (95) may be plotted as a 

/ 

T 
/ 

7 
1 

6.0 10.0 7.0 8.0 9.0 
X in cm 

Fio . 4-17.-—Single-cavity tuning curves [see Eq. (96)J. 

function of X. Figure 4-17 shows the form of this function in a particular 
case. Because sin 2<t>, and cos <f> are well-behaved functions of X in 
the range considered, the function always consists of a series of branches 
running between the poles of tan JV<£/2 or </> = [2ir(m + i)]/N. The 
dependence of Fw»«- upon X cannot be specified, of course, until the form 
of the tuning reactance is known. In general, — Ftim« will be an 
increasing function of X with no poles in the tuning range. The inter
sections of — Ytann and F(X) now give the new frequencies. As the curve 
for — Ytm„ moves up and down because of the variation in the tuning 
reactance, it can be seen that all the modes that are coupled change 
wavelength in the same sense. No matter how much susceptance is 
coupled in, the mth mode, originally at <j> = 2nvr/N, cannot move beyond 
[(2m ± 1)TT]/N. There is, therefore, no crossing of the modes. The main 
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difficulties in the single-cavity tuning schemes arise from the pattern 
distortion in the ir-mode. Equation (55) showed that the pattern dis
tortion in a tube with a given number of oscillators is a function of <t> only. 
Distortion, then, is minimized by making the change in <j> over the tuning 
range as small as possible; this, it may be recalled, is the condition for 
large mode separation. 

The loading of a single-cavity tunable tube can be treated as before 
by considering the insertion of a shunt element jFi0,d into the output 
oscillator. If the number of oscillators between the tuner and the output 
is (p — 1), the periodicity condition is 

U : ) T - U ?)T- (::) - (t)- «) 
This is found to lead to 

2 s i n J V * ( i t a n ^ + i r r ) 
- Fload = — -^ '—. 

sin N<j> — ZYT sin p<j> sin qQ 

Thus, the characteristic admittance, Yc = — $\(dY\0*i/d\), 

(97) 

cosz 

«._i_x^ + i): /N \ d\\ Z ^ 2 /„, _ n 2 cos2 ( J - p j * V / r i~d-° 

lYm tan <t>.\ YT 
\ 2 "*" K. ) "*" 2 

2N<f> 

(?-)■ 2 COS2 I -7T - p I 0 

t a n - ^ -

t a n | 
(98) 

nc»d =o. 
The value of Yc thus varies with the relative position of the tuner and 
output as sec2 [(iV/2) — p]tf>. The variation over the tuning range does 
not lend itself to expression in a simpler form. I t should be noted that 
if the Yc denned here were used to calculate Q values, the resistive loads 
would also have to be transformed to the top of the resonator slots. 

To avoid the pattern distortion arising from tuning a single cavity, 
a number of schemes have been devised that act more or less sym
metrically on all the cavities. 

Multicavity Strap Tuner.—In this form of tuning a grooved ring, 
mounted at one end of the tube and having its axis coinciding with 
that of the tube, is moved up and down with respect to the strap system. 
The grooves are arranged so that the tuner can appreciably penetrate 
the strap system without directly contacting it (see Fig. 4-18). The 
other end of the tube is strapped conventionally. For the following 
mathematical treatment, it is supposed that there are no strap breaks, 
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although, in practice, they would be used. The model used differs from 
that of the ordinary double-strapped tube only in that the strap imped
ances are taken to be different and written Ktl and K.i, where one 
impedance is fixed and the other variable. The effective strap lengths 

Grooved ring 

Anode block i r ' v ; -
' Straps 

F I G . 4-18.—Crosa section of strap tuner. 

are assumed equal. The strap or coupling matrix is then 

cos <t>, 0 jKsi sin <j>, 0 
0 cos <t>, 0 jKa2 sin </>, 

jM,i sin (j>s 0 cos <j>, 0 
0 jM s 2 sin 4>, 0 cos <i>, 

The (u-v)-matrix is now found to be 

KtlM 

(99) 

cos 2<fi, + ctn 8r sin 2<t>. Kn Mr csc 6r sin 2<t>, 

—£ MT csc dr sin 2</>, cos 2<£, -\ ^—- ctn 6T sin 2<t>, 

and the secular equation 
(100) 

cos 2<t>s + ctn 8r sin 2$, — cos <j>m 11 cos 2<£. 
■ ) ( • 

+ ^ | _ j : c tn 0r sin 2*. - cos <fc. j = K.iK.u (^ - r csc 0r sin 2*. j • (101) 

If K.1/2Zro = ki and K.2/2Zro = A-2 (using the same symbols as before), 

2*s II? 7 . 2ir8["Jri + fr, 4 ,2xfc /X» 7 
cos <£. = cos — yl^j - 1 sm — — ^ — c t n h ~x~\/x2" _ l 

i ^ j - y + l^,^)1]. (I02) 
There are, as before, two sets of modes corresponding to the ambivalent 
sign; when ki = fr», they reduce to the earUer m\ and ma sets of modes. 
If the tube is short or the strapping light, if, in fact, 
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the second term under the radical is negligible. The tube then behaves 
as a symmetrical tube with k = ki + ki. The behavior of the modes 
will then be as indicated in Fig. 4-9. At the opposite extreme, with a 
very heavily strapped or very long tube, 

ctnh 2xh 1 « 1 

and 

csch (?VS,-')-»• 

-T^rrrYTinp-r-

RR R' 

The term in brackets of Eq. (102) then becomes ki or k2; the two ends 
of the tube are effectively out of touch with each other, and the spectrum 
consists of the untuned modes as
sociated with one end and the 
tuned modes of the other end. 

Multicavity Segment Tuner.— 
It is also possible to tune by strap
ping the tube at only one end and 
then moving a flat ring up and 
down above the unstrapped ends 
of the segments. This arrange
ment, shown in Fig. 4-19a, intro
duces a new form of coupling. As 
represented in Fig. 4-196, it may 
be seen that the ring coupling is 
effected by the capacitances of the 
segments to the ring and that the 
finite length of the ring section 
introduces some series inductance. 
segments form a transmission line of impedance Kt. For simplicity 
the length of one section is assumed to be equal to the strap length. 
This is not unreasonable, because the ring and the strap system are 
usually the same size. The arrangement of the sections then assumes the 
form shown in Fig. 4-20 in which the resonator is in series with the cou
pling network at the unstrapped, tuned end and is in shunt with the 
straps at the strapped end. The matrix for the resonator section now 
has a new form. If the 4-terminal network representing the resonator 
has the matrix 

(M 
Fia. 4-19.—(a) Schematic view of seg

ment tuner showing the tuning plate P over 
the anode block A; (6) equivalent circuit 
of segment tuner. 

It is assumed that the ring and the 

solution of the network equations gives 
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1 
1 
a' 
c' 
a 
0 

0 

- 1 

0 

0 

0 

1) 

1 

0 

0 
b' 
af 

1 
a' 

- 1 

(104) 

for the matrix of the center section. In this case 

1 0 0 0 
sec dr — 1 0 — jKr tan 8r 

jMr tan 0, 0 1 sec 6r 
0 0 0 - 1 

(105) 

The coupling matrix is exactly like that for the strap-tunable tube with 

y^SEj/^7' 

F I G . 4-20.—A 4-terminal network representation of one section of a segment-tuned 
magnetron. 

impedances K, and Kt. The (u-v)-matrix for the whole section is now 

[cos 2<j>a — iKsMr sin 2<ps tan — KsMt sin2 <f>, sec 8A 
(cos2 4>s sec 8r — cos 2$, + %KrMt sin 2<j>, tan 8T 

The determinantal equation [Eq. (15)] gives 

(106) 

(cos î m — cos 2tj>s + ^KsMr sin 24>a tan 0r)(cos \pm + cos 2<t>, 

- iM,Kr sin 2<t>, tan dT) + ^ — ^ sin2 2tf». sec2 6r = 0. (107a) 

Using the notation k, = K,/2Zr0 and fr, = X,/2Z r 0 and substituting the 
usual values for MT, 6r, and <£», Eq. (107a) may be put in the form 
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1 H? " . 2rh [>? 
, . 2KS\ 

cos im + cos — 

ctnh 
*. + ■ 

2rh /X^ 

. 2*8 s i n - r -A 

1 cos ^„ cos • 
2irs 

vxyx?0 - 1 sin 
2x8 

tanh 2xfc 

*. + ■ \X2 , 
. , 2x8 
1 cos ^„ — cos -T— 

\X 2
0 

sin 
2xs 

(1076) 

The behavior of this expression may be clarified in the following way: 
consider the case k, = » when the tube is unstrapped. Then the term 
in brackets is unity; and for tubes that are not excessively long and that 
have short straps, 

ff.-KS-i)(oo"*-+o-x) (io8) 

The curves of l/4£ ( against X2 are thus very nearly straight lines through 
(X?0,0), and their slopes vary as cos <j>m + cos 2irs/Xr0. Furthermore, for 
X very large the bracketed term tends to a constant value, and the values 
of 1/4A-! become asymptotic to 

K£-0 (cos $m + 1). 

The wavelength Xm of the modes varies, then, as 1/cos (4>m/2). The 
x-mode has the smallest wavelength, and the wavelengths ascend in 
order of m. Thus, in the segment-tuned system the ring coupling is 
dominant and the mode order is that of an unstrapped system (see Chap. 
2). This result is not surprising, because the end-space and interaction-
space coupling in the unstrapped system are weak forms of the same type 
of coupling that is provided by the ring. Returning to Eq. (1076), the 
denominator of the bracketed term does not vary much for values of X 
between Xro and 2Xro, say, and the expression 

cos ^m + cos 2xs 

2xs 

is usually not zero in that region. Thus, the behavior of l/4fr, for k, 
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very large is determined by the remaining factors or 

1 / , 2TTS , . /X2 , , , 2rh (X2 7 . 2TS\ 

(109) 

The term in parentheses in Eq. (109) is of the form of the function 
cos yf/m — cos <t> for a strapped tube of length 2h, the resonances being 
determined by the points for which the function equals zero. Thus for 

0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 
x7x2, 

0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 
'a 

0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 

Pio. 4-21.—Values of 1/Ai plotted against X'/X*™ for the cases k, = « , 1.5, and 0.65. 

ht = <*>, the order of the modes is that of a strapped tube. In this type 
of tuner then, as kt is made sufficiently small, the modes will cross over 
completely and shift from the strapped order to the unstrapped order. 

A Bell Telephone Laboratories 30-cm magnetron uses this form of 
tuning. For this tube the values of 2irs/X„ and %rh/\n are 0.473 and 
1.71. Figure 4-21 shows 1/fo plotted against X2/X?0 for the cases k. = <*>, 
1.5, and 0.65. The inversion of mode order and consequent crossing is 
plainly in evidence. I t is possible to compare the above analysis directly 
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with experiment, using the physical strap length for s, the wavelength 
of the 7r-mode with the tuner retracted, and the slope of one of the 
unstrapped tuning curves in order to calculate the tube constants. 
Figure 4-22a and b shows the observed and calculated tuning curves for 
the unstrapped tube and for the normal tube. The agreement is good 
except for the (m = 3)-mode, which lies at the border of the theoiy. 
Experimentally, (m = 1)-, (m = 2)-, and (m = 3)-doublets are resolved 
by various asymmetries such as the cathode leads and the notches cut in 

0 2 4 6 8 10 12 0 2 4 6 8 10 12 14 

(a) (6) 
F I G . 4-22.—Calculated and observed tuning curves for an unstrapped, experimental 

30-cm magnetron. The solid lines indicate calculated values; the broken lines, observed 
values, (a) The slope of the (m = 0)-curve is fitted to the experimental value at l/kt = 0; 
(b) (m = 0)-curve is fitted a t 1/fci = 0. {Courtesy of W. B. Hebenstreit, Bell Telephone 
Laboratories.) 

the tuner to clear them. These details were not included in the theo
retical analysis given here. 

Multicavity Inductance Tuner.—A third symmetrical tuning scheme 
is the "inductance" tuner which was developed by Columbia Radiation 
Laboratory for use in 3-cm tubes, because the use of strap and segment 
tuners was almost prohibited by difficulties with high voltages and small 
clearances. In the inductance tuner a series of pins is mounted at right 
angles to a movable plate, the up-and-down motion of which causes each 
of the pins to penetrate (without contact) into the holes of a hole-and-slot 
resonant system. The 2J51 tube to which this method has been applied 
is a double-ring strapped tube, and the representative network of Fig. 
4-23 may be used to analyze its behavior. The effect of the pins has 
been represented by a division of the original unstrapped resonator into 
two lengths of line I and h — I having impedances Kt and Kr. The 
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electrical lengths will be called 0i and 02. The matrix of the resonator 
section is now 

I cos 0i jKt sin 61 
jM, sin 0i cos 0i 

cos 02 jKr sin 02 
jMr sin 02 cos 02 

(110a) 

or 

(cos 0i cos 02 — KtMr sin 0i sin 02 jKr cos 0i sin 02 + jKt sin 0i cos 021 
jMt sin 0i cos 02 + jMr cos 0i sin 02 cos 0i cos 02 — KrMt sin 0i sin 02 J 

- ( : ! ) • 
(1106) 

Proceeding as before to evaluate the (u-v)-matrix for the section, this 

F I G . 4*23.—A 4-terminal network representation of one section of an inductance tuner. 

matrix is now found to be 

cos 2<t>, + ^ T K, sin 2<t>, — o ~ir s m 2*« 

— 2 "T5 sin 2<£, cos 2<£, + _- T -K". sin 2<£8 

Writing the determinantal equation and rearranging it gives 

± [a + d ± V(a - d)2 + 1 

an) 

j * . cos ^m = cos 2<f>. — -~ sin 2<f>, 26 
The mode spectrum when the tuner is retracted is that of a strapped 

tube with resonator impedance K,; when the tuner is inserted to the full 
length of the anode the spectrum is that of a strapped tube with resonator 
impedance Kt. The mode order will be the same at both extremities and 
there will thus be no mode crossing. The spectrum is transformed con
tinuously as the tuner moves through the anode. 



CHAPTER 5 

OUTPUT CIRCUITS 

B Y L. R. WALKER 

5-1. Introduction.—The preceding chapters have treated the resonant 
system of the magnetron in detail. I t has been made clear that the 
electron stream interacts with the field of the resonant system and feeds 
power into it. This power is then utilized in two ways. One part, which 
is dissipated in the form of copper losses, serves to maintain high fields 
in the resonant system. As a consequence the resonant system stores 
considerable energy and acts as the main frequency-determining element 
in the magnetron. The residual power is fed to an external load, and 
the circuit coupling this power to the external load is referred to as 
the output circuit. Such a circuit may be considered as a 4-terminal 
transducer which transforms the load impedance to a new level within the 
tube. Broadly, the study of this transducer and its relationship to the 
resonant system forms the subject of this chapter. 

I t is clear that in microwave systems, in which the dimensions of the 
elements are comparable to a wavelength, the physical separation of the 
resonant system and the output circuit must be arbitrary. There is a 
similar difficulty in distinguishing between them on the basis of electrical 
function. In an ideal situation the output circuit would store an amount 
of energy negligible in comparison with that in the resonant system, and 
it would then be perfectly justifiable to consider the output circuit as 
frequency-insensitive in the neighborhood of any resonant frequency of 
the system. Magnetrons that have been developed thus far fall into 
two classes: (1) those with unstabilized outputs, in which the conditions 
of the ideal case are approximately met, and (2) those with stabilized 
outputs, in which the output circuit is deliberately designed to store 
energy and may, indeed, store more energy than the resonant system. 
The stabilized output is discussed extensively in Chap. 16 and will not 
be treated here. In unstabilized outputs, the degree of departure from 
ideal frequency-insensitivity varies greatly between various types of 
output circuits, but, in general, the output circuit stores less than about 
25 per cent of the energy stored in the resonant system. I t will thus be 
satisfactory to consider the properties of ideal frequency-insensitive 
output circuits as a guide to the behavior of real output circuits. Any 
specific case may then be examined for departure from ideal behavior. 

167 
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T K ; . 6-1.—CeiitiT-lnop coupling. 

F I G . 5-2.—Halo-loop coupling. 

In practice a number of considerations impose restrictions upon the 
output circuit. The wavelength and power level of the tube determine 
whether the external line will be waveguide or coaxial line. Construc
tional details of the anode block, such as its strapping and the geometry 
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of the resonators, influence the form of coupling used between the 
resonant system and the output line. It is also clear that the output 

F I G . 5-3.—Segment-fed coupling. 

circuit must contain a vacuum seal and that, because some of the output 
will be air-filled, it must be designed to avoid high-voltage breakdown. 

Structurally, the main classifica
tion of output circuits is that into 
coaxial and waveguide types. The 
coaxial-output circuit consists of a 
length of coaxial line that varies in 
cross section, either through tapers 
or at discontinuities, and in which 
the central conductor is fed from the 
tube in a variety of ways. For ex
ample, in loop-coupling, the end of 
the central conductor is bent into a 
loop and attached to some point en 
the outer conductor. The loop is 
then placed where it will intercept 
the magnetic flux in one oscillator. 
Such loops have been introduced 
into the resonator in the median 
plane (center loop) as in Fig. 5 1 or 
have been placed immediately above 
the end of one resonator (halo loop) F I G . 5-4.—Strap-fed coupling. 

as in Fig. 5-2. In unstrapped tubes the center conductor has been run in 
above a segment and then attached to a point on one of the end faces of this 
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segment (segment-fed coupling); in this case, the center conductor 
may be considered to intercept flux passing between neighboring oscil
lators or to be fed by the voltage along the segment (see Fig. 5-3). In a 
somewhat similar type of feed applicable to strapped tubes, the whole 
coaxial line runs above a segment, and the inner conductor then attaches 
directly to a floating strap section (strap-fed coupling) as in Fig. 5-4. 

At the load side, the coaxial line output may feed either an external 
coaxial line or a waveguide. If the external line is coaxial, the connection 
may be directly mechanical or by means of choke joints. In the latter, 

F I G . 5-5.—Waveguide output. 

the output circuit must include a satisfactory junction from coaxial 
line to waveguide line. The vacuum seal is generally incorporated in the 
coaxial line or in the waveguide feed, and the glass serves as a support for 
the inner conductor. 

Waveguide outputs consist of waveguide lines of variable cross 
section, which are fed either by opening directly into the back of one 
resonator or by communicating with it by means of an iris. The cross 
section of the output is generally modified until it is equal to that of the 
external waveguide, and the vacuum seal then consists of an iris window 
placed between choke joints in this guide (see Fig. 5-5). 
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In this chapter the discussion is confined mainly to an exposition of 
the role played by the output circuit in tube operation and of the con
cepts in terms of which its behavior is analyzed. The problems arising 
in the design of output circuits for specific purposes are treated exten
sively in Chap. 11. In general, the interesting properties of an output 
circuit cannot be accurately predicted by direct calculation, but some 
types of waveguide outputs, because of their geometrical simplicity, 
form an exception to this rule, and an outline of the methods available 
is given for this case. Many of the topics discussed are particular 
applications of more general material developed in other books, but 
the treatment in this chapter is adapted to the special needs of the 
magnetron problem. 

6-2. The 4-terminal Transducer.—In Chap. 4, it is shown (explicitly 
for strapped magnetrons, but the argument is easily extended to cover 
other cases) that provided the tube is oscillating in the 7r-mode, the 
admittance of the resonator system measured at the junction of the 
resonator and the interaction space is the sum of the admittances of 
the N individual resonators. The latter admittances are also measured at 
the slot openings, and the planes bisecting each segment are assumed 
to be open-circuited. In this case, the resonator system, as far as its 
total admittance at any resonator opening is concerned, may evidently 
be replaced by N circuits in parallel, each having the characteristics of an 
individual, isolated resonator. Because such a representation is valid 
in the vicinity of the ir-mode only, the individual resonators must be 
treated as single shunt-resonant circuits described completely by a 
characteristic admittance Yr and a resonant frequency u0. The admit
tance of a single resonator is then jYT(o>/oia — w0/oi). For the 7r-mode, 
provided that the loading is not heavy enough to cause pattern distortion 
and a resultant variation among the slot voltages, the electronic loading 
will be the same at each resonator. The total electronic admittance will 
thus be N times that of an individual resonator. If the mode is other 
than a 7r-mode, an equivalent circuit admittance for the tube at any slot 
opening may still be defined, but it is no longer the sum of the individual 
values (see Chap. 4), and the variation among the slot voltages makes 
difficult the definition of an equivalent electronic admittance (see Chap. 
7). For simplicity, it will be assumed in the following sections that a 
ir-mode is being considered; the modifications necessary for other modes 
will be the replacement of NY? by the appropriate equivalent charac
teristic admittance of the resonator system. 

For the purposes of output-circuit analysis it will be convenient to 
make use of this representation of the resonator system and, simul
taneously, to transform the load admittance to the opening of the reso
nator into which it is coupled. The admittance of the coupled oscillator 
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and its load are calculated, and then the load admittance is found by 
subtracting the admittance of an unperturbed oscillator. Thus the 
output circuit considered as a transmission path extends from the opening 
of the coupled resonator to some plane in the external line which is 
drawn to include all the discontinuities of the output circuit; the stored 
energy of the output circuit, however, does not include that of the coupled 
resonator. As an example, if a waveguide output couples directly into 
the back of a resonator, the load impedance Z at the junction is effec
tively in series with juL, the inductance of the resonator, and appears 
at the slot as an admittance 1/0'tuL + Z). By restoring to the resonant 
system the unperturbed admittance 1/juL, the load admittance becomes 
— Z/jtiiLijuL + Z); this clearly involves the properties of the resonator. 

I t is now necessary to develop some properties of 4-terminal trans
ducers that will be useful in analyzing output systems. One representa
tion of a transducer is particularly helpful with the model being used. 
For any 4-terminal network 

Vz = Z22/2 + ^21/1 I 
and \ (1) 

7 , = Z2172 + ZiJlt ) 

where V?, I2 and Vi, I\ are the voltages and currents on the right- and 
left-hand1 sides of the transducer respectively. Thus, if one writes 

7 2 = S2/2 and h = F , 7 i 

where the arrow notation is used to denote the direction in which one 
is looking, there follows 

*— — > 
Z2/2 = Z22./2 + ZtiYiVi 

and 
7 i = Z2J2 + ZiiFiVi. 

Eliminating V\ and I2, 

(£2 - Z«) ( l - Z i , ? 0 = Z L ? i , (2) 

or, because Y\= — Yi, 
Z2 

Zi = ( Z22 — 77— I + ;z r~> 
V Zl1' Yi + ±-

1 In the following sections the subscript 1 will be used to distinguish quantities 
measured on the left-hand side of a transducer, and it will further be assumed that 
this is the generator side. Similarly, the subscript 2 will distinguish quantities on 
the right-hand side, or load side, of the transducer. 
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which may be written 

Z2 — Z2 + — 
Yx+ Yx 

(3) 

where Z2, Yh and n are independent of Z2 and Yi and characterize com
pletely the transformer properties of the network. Because 

-Z, and Fx = 

Y1 + ~ (4) 
Z2 + Z2 

the transducer may be represented by the network of Fig. 5-6 where 
Z2, Y\, and n are complex; for lossless networks Z2 and Yi will be imagi
nary and n real; for networks that 

T. 
r, 0 fe si 
F I G . 5-6.—Schematic representation 

4-terminal transducer. 
of 

are slightly lossy, the real parts of 
Z2 and Y\ and the complex part of 
n will be small. The three quanti
ties are, in general, functions of fre
quency; the assumption of the 
"ideal" output is that they are 
frequency-independent. 

I t is also useful to have a representation that puts in evidence the 
relation between the reflection coefficients measured in transmission lines 
of characteristic impedances Ki and X 2 attached to the left- and right-
hand sides of the transducer (see Fig. 5-7). Such a representation forms 
the basis for most measurements on microwave transducer properties. 
By employing the usual definition of voltage reflection coefficient one 
may write 

K; l + g 2 

1 — ?2 
and 

F , = 1 1 - g i 

1 + gi 
—» -*♦ 

where gi and g2 are the reflection coefficients looking to the right along 
—► 4 — 

each line. Substituting in Eq. (2) and using Z2 = — Z2, one obtains, 
after division by K\K2, 

M - gi ' M — g2 ' 
(5) 
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Equation (5) implies a relation of the type 

1 + CiQi + c2Q2 + dqtfi = 0. (6) 
If we now write 

e°2 

C2 = y , C l = d = - e ° ' + « , 

as is always permissible, Eq. (6) becomes 

.„, & + e°'?2 
Qi 

1 + &e<"g2 

(7) 

This representation is of particular value when the transformer is lossless. 
In this case, Zu, Zu, and Z22 are all imaginary, and an examination of 

Eqs. (5) and (6) shows that a,i, 02 
are now imaginary and 6 is real. 
This result might have been ob
tained in another way. Equation 
(5) indicates that the relation be
tween qi and g2 is a bilinear one. 
Because \q\ < 1 for a passive load 
and \q\ = 1 for a purely reactive 

load, a lossless transducer must transform the circle \q\ = 1 into itself and 
the interior |g| < 1 also into itself. Bilinear transformations with this 
property are known to be of the form1 

Generator 
side 

* i 
«i 

__ 
"i 

- * - Load 
?2 side 

— #2 
"2 

Fia . 6*7,—Schematic representation of a 
4-terminal transducer in terms of reflection 
coefficients. 

1 + Pqte*. 
(8) 

where 01, a^, and P are real. 
Because of the frequent necessity for transforming through a given 

transducer in either direction it is useful to have the left-to-right analogue 
of Eq. (8). Using the system of notation shown in Fig. 5-7, one writes 
by analogy with Eq. (8) 

?2 
1 + 0'gie'°> 

(9) 

Using the relation that is inherent in the definition of q 
1 A straightforward account of the bilinear or Mobius transformation, which is 

the simplest of all conformal transformations, is given in C. Caratheodory, Conformal 
Representation, Cambridge, London, 1932. Since all impedance and reflection trans
formations belong to this class, a knowledge of its properties is very illuminating. 
Equation (8) is derived from ibid., p. 17, by multiplying his equation by e><<»i_',»> and 
writing z„ — — e-'"'. 
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3? 1, 
one may show 

0' = 0, 
ai + ai = TT, 

OLz + C*2 = IT. 

(10) 

(11a) 

(116) 

(He) 

Because /3 = f}', the prime may be dropped. Equations (8) and (9), 
of course, embody the same physical properties. I t should be noticed 
that /3, ai, and az are dependent upon K\ and Ki as well as the internal 
properties of the transducer. A physical realization of Eq. (8) or (9) 
may be found by writing it as three equations. Thus, 

and 

and 

qt = e'^qh 

Qi 

1 + 0?, 
or 1+gl' = (h+j\ 1 +2 

(12a) 

(126) 

(12c) ?i = fir'"1-

The transformation embodied in Eq. (12a) is that due to an electrical 

length a2 of line of characteristic impedance K2. Equation (126) repre-

-«r,.ff, a2.K2 

F I G . 5-8.—Equivalent circuit of a 4-terminal transducer. 

sents passage through an ideal transformer, as may be seen by intro
ducing Z'i and Z'z, the impedances corresponding to q\' and q't. Then, 
from Eq. (126) 

Z'{"_(\+f\Z't . Z't (12d) 

The turns ratio of the ideal transformer is [biKi/Kz)]*. Finally Eq. 
(12c) indicates a further passage down a line of characteristic impedance 

— ► 

Kt and electrical length — «i. Thus, the circuit of Fig. 5-8 represents 
the whole transducer connected to lines of impedance K\ and K+ 

The geometrical significance of Eq. (8) is shown in Fig, 5-9, which 
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represents the motion of two given points in the g2-plane under the three 
stages of the transformation. The first and last transformations cor
respond to rotation through angles a2 and — en respectively. The 
passage through an ideal transformer is a transformation that leaves 

<d id) 
F I G . 5-9.—Analyses of the action of a general 4-terminal reflection-coefficient transducer 

into three elementary operations. Transformations (a) to (6) and (c) to (d) correspond 

to rotation through angleB at and —ai respectively. The transformation (6) to (c) may be 
termed a compression and refers to the transformation through the ideal transformer. 

Arg[(l + g2')/(l - 2')] = Arg[(l + g2)/(l - g'2)] according to Eq. (125). 
—+ —► 

But Arg[(l + g) / ( l — ?)] = constant is the equation of a circle through 
the points + 1 and —1; such circles are thus transformed into them
selves. Points lying on a common circle orthogonal to those which pass 
through + 1 and —1 still lie on such a circle after transformation, since 
the transformation is conformal. This type of transformation may be 
referred to as a compression. It is important to note that it is only at 
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this stage that the size of figures and the magnitude of reflection coeffi
cients are changed. The parameter A = (1 + j3)/(l — /S), which may 
be called the principal transformer constant, mainly determines the 

— * — y 

properties of the transducer. One may note that gi(0) = f)er>ai and 

§2(0) = Pe~>"> are the reflection coefficients looking into each side of the 
transducer when the remote side is matched. Since these points must 
fall within \q\ = 1, then 0 ^ 0 g 1 and 1 g A. 

The transducer constants could clearly be found by measuring 51 (0) 

and 32(0), but it is often difficult to match each of the lines, and another 

method is preferable. Suppose that 52 is set up by a reactive load; then 
—> —> 
92 is of the form q2 = e'*', where fa is real. Since the transducer is 
lossless, one must have qi — e'*u Putting these values in Eq. (8) and 
reducing one finds 

j. fa + «1 . , fa + OL2 . 
tan ^ = A tan (13) 

Practically, fa (or fa) may be found as a function of fa (or fa) by moving 
a shorting plunger along one line and measuring the position of the asso
ciated short circuit in the other line. If fa (or fa) be plotted against 
fa (or fa), an S-shaped curve symmetrical about the line 

fa + «i = fa + a2 

is obtained, repeating itself as both 4n and fa increase by 2ir (see Fig. 
5-10). From Eq. (13) one has 

— > — ► 

s e c ~^-dfa = Asec!—2— 
or 

. 2 fa + «2 
^ = S6C " 2 - ^ = A - ^ - D _■ (14) 
d<j> 

l + A n a n ' ^ A= + cot^*2 + a 2 
2 ' ""u 2 

From Eq. (14) it follows that dfa/dfa ^ A, the equality occurring at 

02 + «2 = fa + cti = 0. Similarly, dfa/dfa ^ A, and equality occurs 

at fa + a>2 = fa + «i = ?r. Thus, the transducer parameters may be 
found from the maximum slope of a fa vs. fa* or fa vs. fa plot and the 
location of the point at which the maximum slope occurs. 
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6-3. The O-circle and the Rieke Diagram.—This section will be con
cerned with the behavior of a resonant system that is connected to an 
external load by means of an ideal frequency-insensitive output circuit. 
The results that are derived may be applied to real output circuits 
provided the assumption of frequency-insensitivity is not seriously 
violated. I t will not be assumed that the output circuit is lossless. 

Making use of the representation in 
which the resonant system and load are 
shunted across a resonator opening 
and also of the representation of the 
output transducer shown in Fig. 5-6, 
one has the over-all transducer of Fig. 

5-11, where the Y\ and Z2 retain their 
previous meaning. As a consequence 
of the physical overlapping of the 
resonant system and the output circuit, 
it is not possible, in the absence of 
independent measurements of lead 
loss made on the isolable part of the 
output circuit, to separate the so-

called " t u b e " and " lead" losses. Thus, the model uses a lossless shunt 
circuit for the resonant system and incorporates the losses of the latter 
with those of the shunt element Y\ of the output circuit. 

- « i , 

F I G . 510.—Representative S-curve 
for the computation of the transducer 
parameters. 
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F I G . 5-11.—Representation of resonant system and output circuit. 

I t will be supposed that the load impedance Zi and its reflection 

coefficient q^ are set up in a line of characteristic impedance K. A rela-
—» 

tion will first be derived between Fi(0), the admittance looking into the 
resonant system in the direction of power flow, when the external line 
is matched, and qe, the reflection coefficient looking from the terminals 
CD of the transducer into the "co ld" tube which contains no electrons. 
Writing jY0 = jNYr(u/u0 — wo/w) for the admittance of the resonant 
system, one has 

Ki(0) = jY0 + F i + ■K^rzi (!5) 
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and 
*— 

Zt = K l-±£ = Z2 + n] • (16) 
1 _ qc JY° + F * 

Eliminating the frequency-dependent term jYo + F i between Eqs. (15) 
and (16) gives 

JEl±I-_z i + =: n l _ , 
1 - qc Fi(0) -

*" _ K y"i(0) - n*/(Z, + K) 

Zi + K 

F I(0) - n*/(Zt + K) 

-(l+ ,)?„„,+5(,_ * + D 
Zs - X , 2ii:n2 

"T Z 2 + X ' (Z2 + Ky~i(0) 

= ?o + ^ — > (17) 
Fi(0) 

where 
*" Z2 — K . a . 
90 = 27+tf (18a) 

and 
* 2 X " 2 „ o ^ 

But if the transformer be frequency insensitive, Fi(0) is of the form 

F l (0) - Re (Yl + ^ ) + ilm (Yl + ^ ) + jNY. ( ^ - * ) 
or1 

Fi(0) = G,. + jB , , + j2NYr — where Sw = (w - «0) « «o. (19) 
Wo 

Thus, Fi(0) is represented in the complex plane by a straight line of 
the form GL + jB(u). I t will be supposed that the assumptions of 

1 It may be noted that the frequency shift due to the load is given by 

( « u ) l \2NYr) ' 
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frequency-insensitivity and freedom from extra modes in the resonant 
system hold good over a frequency range sufficient to make £(o>) ~2> GL. 

Substantially then, B(o>) runs from — » to + <*>. Then [y^Ol l - 1 is a 
circle of center 1/2GL and radius 1/2GL; and from Eq. (17), qc is repre
sented by a circle of center g0 + (A/2GL) and radius | A | / 2 G L . I t has 
been proved, therefore, that the locus of input reflection coefficients for 
the "cold" tube, as a function of frequency, is a circle. This is known 
as the Q-circle. 

From the definition of loaded Q as QL one has 

NY 
QL = ^ - (20) 

Thus, 

?i(0) = GL + jBL + jNY, — 

= GA 1 +IQL-[SW- (««)J} (21) 
Wo 

2QL
 6u ~ (SU)L = tan Arg ^ ( 0 ) (22) 

uo 
= tan Arg ^ r , (23) 

9 - ?o 

making use of Eq. (17). Considering Fig. 5-12 which shows a possible 

Q-circle and a series of observed points <?i(wi), 92(0)2), etc., it is plain that 

Arg A/(q — qo) is the angle between the line joining q0 to a point q on 
the circle and the diameter of the Q-circle passing through q0. Thus, if 
any line pp' is drawn normal to the diameter, the diameter and the line 

through q and q0 will intercept a segment on pp' proportional to tan 

Arg A/(q — q<>). From Eq. (23) the length of this segment varies linearly 
with Soi and, hence, with o>. In practice, then, if the reflection coefficient 
has been measured at a series of frequencies and a Q-circle drawn through 

the points, the diameter through q0 may be drawn and the series of the 
segments on a normal to the diameter measured as above. If the seg
ment length is then plotted against frequency, the slope of the resultant 
straight line leads, using Eq. (23), to a value for QL. Strictly speaking, 
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the value of co0 is not observed, but it is usually satisfactory to use a value 
of o> in the neighborhood of that for which \q\ is a minimum. As has 
been emphasized, this method of determining QL is idealized, presupposing 
frequency insensitivity of the output circuit and the absence of secondary 

4— 

resonances in the resonant system. I t will be possible to locate qo, the 
off-resonance point, with a sufficient degree of accuracy provided that 
the assumed ideal conditions hold over a frequency range sufficient to 

make 8w — (5u)L'2> (WO/2QL). Provided 
correctly, the method is useful be
cause it utilizes all the points 
measured and, by means of the 
linearity of t h e intercept-fre
quency plot, tests their internal 
consistency. 

Once the Q-circle has been de
termined, it may be used to deduce 
a number of properties of the whole 
system. The circuit efficiency at 
match, defined as the ratio of 
power delivered to the load to that 
fed into the system at the resonator 

located 

F I G . 5-12.—The C-circle. 

openings, may be shown to be given by the radius of the Q-circle. Thus 
in Fig. 5-11, if Vi is the voltage across AB and 72 the current through CD, 
then 

Kh + ZJ, K + Z: 
\Vi\ = 

But the input power is Gi,|Fi|2, and the power to the load, 
that the circuit efficiency at match or rjc(0) is 

K\UY _ # 
GL 

(24) 

K\h 

i?«(0) GL\Vl\'-

2GL' 

K + Z, 

(25) 

It is customary to define a quantity QB, the external Q, which is 2ir 
times the ratio of the energy stored in the system to the energy dissipated 
in the external load per cycle. In accord with this definition, at match, 

QE 
vdoy (26) 

where QL(0) has been written rather than Qi to indicate a value measured 
at match. I t is, of course, possible to define QL values for any value of 

qL, the load reflection coefficient. Provided that the system has not 
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been pulled by the load from its unperturbed frequency, one has 

QL(QL) __ GL = Gx(0) 

Similarly 

Q*{qi) = 
GL{qL) I)ML) 

QL(0) GL{qL) GL(qL) 

Q*(gi) = - ^ # Q i ( 0 ) - ^ - (27) 

The behavior of QL^QL) and J/C(?L) as functions of qL are discussed below. 
The pulling figure of the operating magnetron may be defined as the 

maximum change in frequency F (qp) of the system when qL is varied 
— ► 

over all phases with \qL\ = qp. Since the pulling figure will depend upon 
the susceptance of the electron stream, it is necessary to make a simplify
ing assumption about the behavior of the latter in order to deduce the 
pulling figure from the Q-circle. Suppose that the electron admittance is 
Ye = Ge + jBe, the load reflection coefficient is qL, and the load imped

ance consequently is K[(l + 3i)/(l — qi)]] then 

0 = 0. + jB. + i2NYr - + Y, + - - • (28) 
z2 + Kl±j± 

qL 
Making the substitutions 

7 _ K 1 + *• rfi - (2. + KY _ 2KA 
l - 5 o ^ (1 - <?o)2 

Eq. (28) becomes 
—> 

0 = Ge+ jB, + j2NYr - + Yx + - ± - l ~Jt- (29) 
« 0 H , 

1 — q0 1 — qLqa 

Using the symbol D to denote the variation in a quantity as the phase of 
— > 
qL is varied, one has 0 = D{Ge + jB.) + j2NYr i D(««) + D ( - ^ 1 Jl 1 (30) 

\1 — So 1 — qi.qoJ 
The assumption to be made about the electron admittance is that, for 
small changes, D(Be)/D(Ge) = tan a = a constant. Multiplying Eq. 
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(30) by e->" gives 

0 = ^ + 2jN H' D(5a,)e-« + D ( ^ L 1 ~ ^ \ cos a OK, I «- -> - / 
\ 1 — g0 1 — qLqo/ 

or 

0 = 2N ^ cos aD(So>) + Dim I - ^ ^ * ~Jl \ (31) 
\ 1 — go 1 — gz.go/ 

Thus, 

F(9o) = ~aT~ = 2* QI S6C a D-Im I ~ — = H 
\ i — g0 l — gigo/ 

fo sec a „ T /^ic. i , 
= — Q ^ — £=~/m / -^57- -j — V (32) 

The bracketed expression is Ae~'a/2GL times the inverse of a circle of 

center — g0 and radius l / |g t | = l/gP . Considering the inversion of the 
two points on a diameter of this circle which passes through the origin, 
which two points, thus, still lie at the extremities of a diameter after 
inversion, the new diameter of the inverted circle is seen to be 

1 1 _ 2g~' _ 2gp 

2GL 

Ae-'a 

2GL 

1 • 

1 

- qLqo 
1 \ 
- 9oJ 

Thus, 

and 

ffp1 ~ M g^1 + |go| g?2 - |go|2 1 - q2
p\q 

D^Im * * £ - " 1 \ - W _ ? 2 ^ - = - ^ (33) 
( 2 ( ? £ ^ - 9 o ) 2 G i l - g 2 | g „ | ^ l - t f | g . | ' 

„ , , foVc(0) sec a 2qv 

WL i - <?2M2 

_ /o sec a 2qp 

QE I - ? 2 I « . | ' ' 

The value of F(qp) is seen to be determined from the Q-circle save for 
the term sec a, which is of electronic origin. The expression found by 
setting a = 0 is known as the "cold" pulling figure and represents the 

(34) 
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effect of the oscillating and output circuits upon the total pulling figure. 
The pulling figure ordinarily used to describe magnetron performance 
specifies a value of qP of 0.2. 

The unloaded Q, Qv has not been mentioned thus far. In normal 
usage, this is a loose term intended to describe the tube losses. Because 
of the difficulty of separating the tube and lead losses there is some 
ambiguity in defining the unloaded Q. If the lead and tube losses are 
grouped together, then, with an obvious notation 

GL = Gs + Gu, 

7T = 7T + 7T o r Q» = i ^TnT ( 3 5 ) 
QL QB QU 1 — fc(0; 

Alternatively, the lead losses may be separated as far as possible by 
defining Qv as 2ir times the ratio of stored energy to the energy loss per 
cycle in the tube and lead when the latter is minimized with respect to 
variations in the external load. The result derived in this way is 

l = i+lRe 
QL QU ^ QE 

1 _ (q0A) 

1 - l«o 
(36) 

where (go^l) is the scalar product of g0 and A. The expression may be 
evaluated from the Q-circle if necessary. 

The Rieke Diagram.—-It has been explained in Chap. 1 that the Rieke 
diagram shows the power delivered to the load and the frequency of 

the system as functions of the load reflection coefficient qL. The com
plete theory of the diagram is given in Chap. 7. It is necessary here to 
discuss only the relations between the Rieke diagram and the Q-circle. 

According to Eq. (29), 

- 0 . - jB. = ?i(^) = j2NYr -+Y1 + - ^ 1 ~Jt (29) 
1 — g01 — gigo 

In Chap. 7 it is shown that the electronic efficiency is a function of Ge 

only, provided that the patterns are not distorted by loading. This 
being the case, the contours of constant electronic efficiency, of constant 

—> —* 
power transfer by the electrons, of constant Ge — — Re[Fi(gi)], and of 

constant Qi(gi) = NYr/GL{qL) are identical. In the Y-plane, these 

contours are straight lines of the form Re(F) + jB = G + jB, where B 

is variable. These lines must transform into circles in the qL plane; 
and since each line contains the point at infinity, all the circles must 
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contain the transform of this point. From Eq. (29) the required trans

form is qL = 1/go. Now, in determining the Q-circle, Y\ = — Y\ = 0, 

and thus G = 0 for the Q-circle. But since qq = 1, the circle in the 

g-plane, corresponding to the Q-circle in the g-plane, is the inverse of 
the former. Thus, the inverse of the Q-circle is one of the contours 
of constant QL; namely, QL = 0. The whole family of contours of 
constant QL is evidently a family of nonintersecting circles passing 

through 1/qo and tangent at that point to the inverse of the Q-circle. 
Figure 5-13 shows the disposition of these circles. 

Without information from operating tubes about the variation of 
B, with Ge, one cannot deduce the frequency contours. The assumption 
used in deducing the pulling figure cannot be used because it is true only 
for small variations of Ge. If it were universally valid, the frequency 

contours would be a set of circles also passing through l/q0, intersecting 
the QL set at a fixed angle ir/2 — a. 

In order to deduce electronic efficiency as a function of load from the 
Rieke diagram, it is necessary to find out how the circuit efficiency varies. 

Suppose that the load reflection coefficient is qL; this may be thought of 
as produced by a lossless transducer, and the presence of the latter will 

not affect the circuit efficiency. If qL = \qi\e'B, such a transducer is 
represented from Eq. (8) by 

gi = e" l g L | t i l (37) 
1 + l?i|?s 

or, from Eqs. (9) and (11), 

-_:k^ = _ ^ + Mldk (38) 
1 - \qL\c'eqi \qL\ 1 - \qL\0'qi 

The radius of the Q-circle measured on the load side of the transducer 

gives the new circuit efficiency, ij„ (qL); but this Q-circle is the transform 
of the normal Q-circle by Eq. (38). If the Q-circle is written in the form, 

r0 + 7)c (Jf)e'*, the diameter of the corresponding q2 circle is 

, . ( * ) = * f ) ( 1 ~ M*> _ , (39) 
|1 - r0\qL\e>r ~ «J.(0)»|?i|» 

and this equation shows the variation of circuit efficiency with qL. The 

contours of constant ric{qL) may be found by writing Eq. (39) in the form 
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*(0) + A - Vc(oy \qL\2 - 2r0 cos 8\qL\ + 1 - n.(0) 
Vciqi,) 

= * ( | 9 t | , 0) = 0. (40) 

It is always possible to find three real quantities qi, q2, and X where 51 

and g2 are independent of vAqi) such that 

\q-#' - <?il x 2 !?^ 9 - ?2 *(|g*l, 9) = 0. (41) 

Equation (41) is the equation of a set of coaxal circles having the points 
91 and qi, lying on the common diameter of the Q- and unit-circles, as 

limit points. The set may be de
termined in practice by identify
ing two of its members, namely, 
the unit circle and the inverse of 
the Q-circle. The former corre
sponds to t]c = 0 (a reactive load), 
and the latter to TJC = — °o (for in 
this case GL = 0 and power is being 
fed into the system). In Fig. 513 
some members of the coaxal set 
are shown to indicate their relation 
with the Q-circle and constant QL 
contours. The presence of lead 
loss causes the sets of constant rjc 
and constant QL circles to have 
different c o m m o n diameters. 
Thus, when there is lead loss, the 

contours of constant over-all efficiency and the contours of constant load 
power in the Rieke diagram will not be circles nor will they lie symmetri
cally about a common axis. I t can also be seen that the contours of con
stant Qsiqi.) = QL{qL)/vc{qL) will not have a simple form. 

Finally, it is of some practical interest to deduce from a given Rieke 
diagram the effect of inserting a lossless ransducer between the tube and 
the load. The problem is to find the contour in the reflection plane into 

which the transducer converts the pulling circle \qL\ = qp and from the 
given Rieke diagram to find the frequency range spanned by the contour. 

If the transducer is specified by the fact that it transforms qi = 0 into 

92 = qi,, the equations of the transformed circle are quite involved. 
However, if only an estimate of the new pulling figure is required, the 
problem is simpler. For since any transformation has been shown to 

F I G . 5-13.—Contours of constant loaded Q 
and constant circuit efficiency. Solid lines 
represent QL and broken lines represent TJC. 
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change the size of figures only in the "compression" stage, the size 
of the pulling figure can be altered only at this stage. But the compres
sion transforms all circles through + 1 and — 1 into themselves, so that 
if two circles are drawn through + 1 and —1 to touch the pulling circle 

Isl = QPJ the transform of this circle will still touch the pair of circles 
after compression. Thus, the size of the new pulling circle is fixed as a 
function of its radial position (see Fig. 5-14). To a first approximation, 
it may be assumed that the trans
form of the center of the original 

pulling circle (q = 0) is the center 

of the new pulling circle (q = qL) 

and, since qL is known, the size of the 
new pulling circle is known. 

5-4. General Considerations Con
cerning the Output Circuit Prob
lem.—In the last two sections the 
chief concepts used in describing 
output circuit behavior have been 
in t roduced, a n d the performance of F l G- 514.—Transformation of the pulling 

circle. 
a resonator system connected to a 
load has been interpreted using the device of an ideal output circuit. I t 
has been shown that most of the quantities involved in the relations 
between tube and load may be deduced from the Q-circle and the Rieke 
diagram. The quantity Yr which is needed for a complete analysis may 
be either calculated or obtained from Q measurements together with inde
pendent experiments on the output circuit. Thus, it is possible in some 
cases to measure directly the impedance level at the junction between out
put circuit and resonant system. As has been already indicated, the 
S-curve technique (see Fig. 5-10) is of great value in these measurements 
on isolated output circuits. 

I t is now desirable to discuss in a general way the functions of the 
output circuit in practice. The relationships among loaded Q, QL, the 
pulling figure F(qp), the equivalent admittance of the resonant system 
NYr, and the electronic efficiency TJC, which are mentioned in Chap. 7, 
form the foundation for determining output circuit requirements. One 
has the relations 

QL = N J-r, (42a) 

% ) = ^ C a * % . , (42b) 

QL = Q«i.(0), (42c) 
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together with the empirical information that electronic efficiency is 
almost invariably an increasing function of GL- In almost any use of the 
magnetron, a definite degree of frequency stability is desired in the tube 
itself. This means that an upper limit is get upon the pulling figure. A 
compromise must always be effected between this requirement which, 
from Eqs. (42a) to (42c), sets an upper bound upon GL for a given tube 
and that which demands a high electronic efficiency or a high GL. To 
some extent this dilemma may be resolved by redesigning the resonant 
system to increase Yr, which permits GL to rise, while QL remains con
stant and QE and F(qp) also remain approximately constant. However, 
this solution eventually breaks down because the additional capacitance 
introduced to increase F r lowers the circuit efficiency, and a point may 
be reached at which the over-all efficiency ?;cr)e starts to decrease. It is 
clear also that the prescribed pulling figure will be affected by the operat
ing wavelength. A constant pulling figure at all wavelengths would 
imply a QE proportional to frequency and thus a much smaller GL at 
short wavelengths. The values of pulling figures that have been accepted 
as suitable compromises in unstabilized tubes are 10 Mc/sec at 3000 
Mc/sec, 15 Mc/sec at 10,000 Mc/sec, and 30 Mc/sec at 30,000 Mc/sec. 
These figures correspond to QE values of about 125, 280, and 420 and, 
using typical values of T;C(0), to QL values of 110, 200, and 300. 

In different resonator systems, the admittance constant NYr might 
be expected to vary considerably, since it is given by N Yr = N(hy0 + Y,), 
where h is the anode height, y0 is the admittance of the unstrapped 
resonator per unit length, and Y, is the strap admittance constant. The 
value of 2/0 is a function only of the shape of the oscillators. In practice 
the factors compensate to some extent. Rough ranges for the values of 
NYr taken from Table 10-2 (NYr = Yc) are 0.04 to 0.20 mho at 3000 
Mc/sec, 0.15 to 0.60 mho at 10,000 Mc/sec, and about 0.3 mho at 30,000 
Mc/sec. Using Eq. (42a), the resistance that must be shunted across 
the resonator opening to give the normal QL values is found to be 500 
to 2500 ohms at 10 cm, 300 to 1300 ohms at 3 cm, and about 1000 ohms at 
1.25 cm. I t is plain that for the types of magnetron which have been 
designed thus far, this resistance falls generally within a range of 300 to 
3000 ohms. I t follows that the principal problem of output design is to 
supply this resistance by suitably connecting the resonant system to a 
matched load line whose impedance in the case of coaxial line is of the 
order of 50 to 100 ohms and 200 to 400 ohms for waveguide. The 
impedance K will be used for waveguides, defined such that the power 
flowing in a matched line will be given by V2/K, where V is the line 
voltage. 

The output circuit not only should produce the desired resistance at 
the assigned frequency but should do this without simultaneously 
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coupling in excessive reactance. The principal hazard attached to 
coupling in large amounts of reactance lies in the possibility of pattern 
deformation. The susceptibility of a strapped system to pattern dis
tortion has been discussed in Chap. 4, where it is pointed out that to a 
first approximation distortion is produced to the same extent by either 
reactive or resistive loading. A criterion for pattern distortion is given 
by Eq. (57) of Chap. 4, in which it is shown that the amplitude am of the 
?7! th mode excited when a ir-mode is loaded is given by 

where s is the strap length, XT the 7r-mode wavelength, K, the strap 
impedance, and Yiaui the load admittance at the slots. The symbol 
m is equal to (N/2) — n, where In is the number of nodes in the r-f pattern 
around the interaction space. Equation (43) may be used to estimate 
the permissible value of F w . I t will be noted that the latter depends 
upon the strength of coupling between oscillators and not uniquely 
upon QL. In most strapped systems it appears that distortion does not 
become serious until QL is perhaps about 30. The normal operating 
QL will be many times greater than this, and it is thus clear that the 
coupled reactance may be at least as large as the coupled resistance 
without causing difficulty. 

It has already been emphasized that usually output circuits which are 
not deliberately stabilized store a relatively small amount of energy 
compared with that in the resonant system and that consequently they 
may be considered as frequency-insensitive over a frequency range of a 
few times OJO/QL, where o>0 is the resonant frequency. I t is generally 
considered desirable, even in fixed-frequency magnetrons, that the output 
circuit should exhibit considerable frequency insensitivity over a band of 
perhaps 20 to 30 per cent above the ir-mode frequency. In this connec
tion frequency insensitivity implies simply that the transformer properties 
of the output circuit should be slowly varying functions of frequency. 
This requirement of broadbandedness guarantees that the mode immedi
ately below the ir-mode in wavelength will be loaded to an extent com
parable to the ir-mode, and it is an insurance against the possibility of an 
undesired mode being favored in the starting process because its r-f 
amplitude exceeds that of the ir-mode. In tunable magnetrons, the 
broadbanding of output circuits constitutes a special problem. In 
this instance the objective is usually to obtain a nearly constant pulling 
figure across the tuning band. From Eqs. (42a) to (42c) it is seen that 
this will, in general, require GL to vary across the band which may perhaps 
have a width of 20 per cent. The required variation of GL will be of the 
same order. The problem thus reduces to the empirical one of arranging 



190 OUTPUT CIRCUITS [SEC. 5-4 

matters so the slow change of the output circuit transformer constants 
shall be in the right sense to keep GL at an appropriate value. In this 
task the use of measurements on the isolable part of the output circuits 
is indicated. 

One relation between the output system and resonator system which 
has been mentioned in Chap. 4 may be briefly referred to here. As the 
previous paragraph has indicated, it is of some importance to couple out 
all those modes which the electrons are likely to excite. For this reason, 
devices such as strap breaks have been introduced for the purpose of 
distorting the r-f patterns in such a way as to cause both components of 
an otherwise degenerate mode to couple to the output resonator. There 
is thus a problem, not specifically an output circuit problem, concerned 
with the relative disposition of discontinuities (strap breaks or tuners) 
and the output circuit. 

The fundamental problem of coupling the load line into the resonant 
system may be solved in an indefinite number of ways. A useful dis
tinction is that between high- and low-level impedance circuits. In 
the former the desired high impedance is introduced by the almost direct 
shunting of the load line across the opening of a resonator. This type of 
coupling is achieved in the "strap-fed" coupling shown in Fig. 5-4, 
in which the inner conductor of the coaxial line is tied directly to the 
floating section of one strap. Thus, except for a slight transformer effect 
due to the line length of the strap, the coaxial line is shunted across the 
resonator opening. In a high-level output circuit the impedance trans
formation is confined to the external line and may be relatively small. 
In general, the transformation required will be to a higher-impedance 
level. At the opposite extreme lie the various types of low-impedance 
level circuits which include most of the familiar designs. In such cases 
the external part of the output circuit is introduced in series with an 
oscillator at a high current point. If the output impedance at this 
point be Z and the resonator inductance L, the shunt impedance added 
by the output at the slot is roughly u^L^/Z (for o>oL^> Z). Thus, the 
resonator acts as a transformer to raise the low impedance Z to the 
requisite high level. The impedance Z may be introduced in a number 
of ways. In a waveguide output it may be a direct series element if the 
output communicates with the resonator by means of a slot in the back 
of the resonator. In a coaxial line the impedance Z may appear as a 
result of the mutual coupling between a single resonator and a loop 
connected to the output circuit. For these low-level output circuits 
the external part of the circuit must effect a substantial impedance 
transformation downwards. For, as has been shown, wjjL2/Z runs from 
300 to 3000 ohms, while «<>L is of the order of tens of ohms; thus Z must 
be of the order of 1 ohm. Between these extreme types of output circuit 
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it is possible to imagine intermediate forms which have been little 
explored. The output impedance of such forms is introduced as a 
series or as a shunt element at a position of intermediate voltage and 
current in the resonator. 

6-5. Coaxial-output Circuit.—The purpose of this section and of 
Sec. 5-6 is to discuss some particular forms of output circuits in a general 
way. No attempt is made to give design formulas except in the case 
of one type of simple waveguide output. Methods of analysis for other 
types of circuits are indicated. 

Center- and Halo-loop Circuits.—In these circuits, a loop intercepting 
the magnetic flux of one oscillator (see Figs. 5-1 and 5-2) feeds a coaxial 
line. The coaxial line contains a glass vacuum seal which also supports 
the inner conductor. To minimize breakdown across the glass, the glass 
usually takes the form of a length 
of tubing sealed to the inner con
ductor at one end and to the outer 
conductor at the other. The cross 
section of the line will usually have 
discontinuities at the seal, since 
the glass is butted against either a 
copper featheredge or a thin-walled 
Kovar cylinder. There is thus 
formed a section of line partially 
filled with coaxial dielectric. Con-

- J S M 5 3 

^ ^ j 

F I G . 5-15.—Example of coaxial output used 
as an antenna feed for a waveguide. 

nection to the external line is made either directly by mechanical contact 
and choke joints as in Fig. 5-1 or as an antenna feed for waveguide as in 
Fig. 5-15. The circuit of Fig. 5-16 represents the electric behavior. 

As has been already mentioned, this type of output circuit produces 
a low series impedance at CD in series with o>oL, the inductance of one hole. 
The main part of the transformation is effected by the loop. The 
"external transformer" EFGH which contains the glass, seals, beads, 
choke joints, or coaxial-waveguide junctions performs a relatively small 
transformation. This condition is desirable because the standing wave 
in the relatively irregular, air-filled line is thus kept at a minimum. I t is 
rarely possible to calculate the impedance transformations in such a 
line with confidence, but they are easily found by measurements either 
on output circuits from which the tube and loop have been removed or 
on smaller sections of the output circuit. By empirical means or by 
calculations on the regular portions of the circuit, the required properties 
may be obtained by a process of correction. Usually an effort is made 
to keep the principal transformer constant at all sections as well as the 
over-all constant close to unity; this gives a section with low-energy 
storage everywhere and hence a low-frequency sensitivity. 
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To a rough approximation the loop and the hole act as the primary 
and secondary of a transformer, but the representation is not particularly 
valuable, since the estimation of the turns ratio is far from simple. This 
arises from the difficulty of calculating the effective loop area. A crude 
approximation uses the mean diameter of the loop to give the area, and 
this may be used to obtain a rough idea of the transformation properties 
of the loop if the coupled impedance is calculated from a\M2/R, where M 
is the estimated mutual inductance of the loop and hole and R is the sum 
of the loop reactance and the impedance seen at AB. The transformer 
constant is clearly very dependent on the size of the loop and, in halo 
loops, also upon the height of the loop above the anode block, since the 
fields fall off rapidly in the end space. Experimentally it appears that 
the loop acts as a rather frequency-insensitive transformer. 

In order to avoid coupling-in much reactance, it is desirable to 
arrange the properties of the external transformer so that the loop 
reactance is effectively canceled by a residual reactance at AB. The 
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FIG. 5-16.—Schematic network of a loop-coupled output. 
loop reactance may be considerable. I t is accurate, in fair measure, to 
find the loop reactance for halo loops by assuming that the loop and its 
image in the anode block form a transmission line of length equal to the 
developed length of the loop. This length may approach a quarter 
wavelength for halo loops, leading to large reactances at AB. The 
estimation of reactive effects for center loops is difficult. However, if 
the loop transformer CDEF is represented by a network of the type of 
Fig. 5-6, the series element Z* may be found by transforming the off-reso
nance point of the Q-circle taken on the complete tube, back through the 
transformer EFGH. Presumably Z2 represents mainly the loop react
ance, and this may be balanced out by redesigning EFGH to produce the 
conjugate reactance at EF. The shunt element F i of the transducer 
can be found only by measuring the resonant frequency of the system 
with the output (including loop) removed and thus determining the 
pulling due to Yi directly.1 

1 For an exhaustive discussion of a broadbanded halo-loop output having a wave
guide junction, see J. C. Slater, "Properties of the Coaxial-waveguide Junction in the 
725A. and 2J51 Output," BTL Tech. Memorandum No. MM-44-180-4, Nov. 20, 1844; 
H. D. Hagstrum, "On the Output Circuit of the 2»51 (Tunable X-band Magnetron)," 
BTL Tech. Memorandum No. MM-44-140-55, Sept. 12, 1944. 
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An effect that may be important in halo loops is that arising from 
the electrostatic coupling of the loop to the neighboring strap. The 
orientation of the loop determines whether this coupling aids or opposes 
the magnetic coupling because the direction of current in the loop ' -, 
reversed by rotating the loop through 180°, whereas the electrostatic 
coupling remains unaffected. 

Strap-fed Coupling Circuits.—This type of output circuit, in which an 
external coaxial line is connected across the anode block and the center 
of a floating strap, may be represented schematically by the circuit of 
Fig. 5-17. The resonant system has 
been represented by a chain of JV 

ffl 
c5 

D& 

ffi 

G 
-o-

K< 

External 
transformer 

H 

4-terminal networks each consisting 
of two strap sections and a resonator 
such as was used in Chap. 4. 
(Because the strap-fed coupling has 
longitudinal asymmetry, the length 
of the resonators actually has some 
effect. This, h o w e v e r , will be 
ignored.) Suppose the impedance 
of the output circuit looking out 
from CD to be Z. This may be 
transformed to a shunt element at 
AB provided that the strap length 
is sufficiently small for the squares d 

and higher powers of 2irs/Xr, where 
s is the strap length, to be neglected. 
To the same approximation Z is not 
altered in this transformation. I t — 
has been shown experimentally that 
there is almost no residual reactance 
added in making the junction between the strap and the coaxial line; 
hence Z will be the impedance at the start of the coaxial line. I t has 
been remarked in the earlier discussion that Z will be a high impedance 
(300 to 3000 ohms, for example) and the function of the external trans
former will be in all probability, with standard load lines, to transform the 
impedance level up somewhat. I t is clearly possible to achieve a very 
heavy loading with this circuit by making Z small, and it has thus found 
more extensive application as a means of introducing reactance for tuning 
purposes. Tuning curves obtained by moving a shorting plunger in a uni
form coaxial line connected directly to the strap have indicated that the 
circuit of Fig. 5-17 gives excellent qualitative agreement with the measure
ments. In one case, using a line of characteristic impedance of 63 ohms, 
the predicted and observed QL values were 10.9 and 11.2, respectively. In 

F I G . 5-17.- Schematic network of a strap-
fed output. 
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another case, with a line of characteristic impedance of 40.7 ohms, the 
predicted and observed Qr, values were 7.1 and 7.6. The end effect at the 
junction was confirmed to be negligible. This type of output circuit is 
most valuable in long-wavelength magnetrons where the end spaces and 
straps are large enough to facilitate construction. 

Segment-fed Coupling.—The center conductor may be brought over a 
segment for some distance and then bent down and connected to it 
(see Fig. 5-4). The analysis would follow the same lines as that for the 
center and halo loops, but it is somewhat more difficult to estimate the 
parameters of the loop transformer a priori, for one has an intimate 
mixture of electrostatic and magnetic coupling. 

5-6. Waveguide-output Circuits.—All waveguide outputs used up to 
the present time have coupled into the resonant system at the point of 
highest current. As a consequence, they must present at this point a 
low impedance (perhaps a few ohms or a fraction of an ohm) which is 
transformed by the coupled resonator to a high level at the slot opening. 
There are two principal means of developing the low impedance in series 
with the resonator. In one, the waveguide line opens directly into 
the back of one resonator and the impedance is transformed down from 
that of the external line by suitable changes in the cross section of the 
waveguide. In the other, the waveguide communicates with the reso
nator by means of a nonresonant iris, which shunts part of the high guide 

impedance. It is, of course, possible 
to combine the two arrangements. 
It may be noted that since the anode 
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iris-coupled output. 
of 

height and pole piece separation of 
most tubes is considerably less than 
a half wavelength and, hence, less 
than the cutoff dimension of rectan
gular guide, some artifice is almost 

always necessary to effect a coupling between the short block and the 
wide guide. 

Iris Coupling.—Iris coupling has not been extensively used because 
it has the inherent disadvantage of pulling the tube frequency. The 
circuit may be rather crudely represented by the arrangement shown in 
Fig. 5-18 in which the iris is represented simply as a shunt susceptance 
jBi. I t is likely that this is an oversimplification for an iris that is 
situated essentially between lines of unequal characteristic impedance. 
I t will usually be the case that oioL » \l/B,\ and Br» G, where G is the 
load admittance in shunt with the iris. If this is so, the combination of 
iris and load gives an impedance in series with uoL of value 

1 
(jB, + (?) GfeMS) 
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Then, the additional shunt admittance at A B is 

G 

jWf)L + 7 R - + D2 

1 _L.(JL.<L\= 1 , 

Using the expressions already derived for QE and for the frequency shift 
Su, one finds 

Wo ^W* u 

Since 23/ has been supposed substantially greater than G, the frequency 
3hift may easily be excessive. It is possible to compensate for this 
coupled reactance in various ways. The coupled resonator may be made 
with a somewhat different inductance from the others, in such a way that 
the added reactance is balanced. Also by combining the iris coupling 
with suitable external transformers or with another iris from which the 
original iris is separated by a cavity, the frequency shift may be elimi
nated. These methods are of frequent application in stabilized output 
circuits and are discussed in Chaps. 11 and 16. 

Directly Coupled Waveguide Circuits.—The most common method 
of coupling a waveguide to the resonant system is to allow it to open 
directly into the latter and to use external transformers to obtain the 
correct impedance. The two most familiar ways of effecting the trans
formation are by the use of a quarter-wavelength section of low-imped
ance guide or through tapered sections. The latter supplies a perfectly 
adequate means of arriving at a broadbanded transformer but is fre
quently mechanically difficult. The tapered section is designed to have 
its characteristic impedance change continuously and slowly (in terms 
of wavelengths) from the high level of the external guide to the required 
low level. Using well-known formulas for optimum frequency insensi-
tivity in the taper excellent matches may be obtained. The process, 
however, entails the construction of a guide the cross section of which is 
varying in a rather involved way and, in addition, should be rather long 
for good results.1 

The simplest transformer that can be used is a quarter-wavelength 
line the characteristic impedance of which lies between that of the external 
guide and the desired series impedance at the resonator. The trans
forming line may take a variety of forms, the choice being principally 
dictated by mechanical and dimensional considerations. In most cases 
it must be a so-called " lumped" line or one in which the capacitive and 
inductive parts of the guide are segregated to some extent. Such lines 
possess the property that their cutoff wavelength exceeds considerably 

1 SeeL. Tonks, GE Report No. 197, Mar. 23, 1943. 
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their " long" dimension, thus permitting access to a short tube. Another 
method of producing a high cutoff wavelength in a small space is to use a 
dielectric-filled guide. This technique has not been extensively used, 
but quartz-filled tapers have been utilized in one type of magnetron. 
When a guide of intermediate cross section is used, there will be trans
former effects at the interfaces between this guide and the external line 
and between the guide and the tube. Generally, then, Fig. 5-19 will be 
needed to represent the whole output circuit. I t will be supposed 
that the effect of any discontinuities (iris window) beyond the trans
former are neglected and the external line terminated. 

Suppose that the transformer constants of the three sections (pro

ceeding from load to generator) are a22, /J2, ai2 ; 0, 0, -k; and an, Pi, <*n 

respectively. They might also be written a22, 02, 0; 0, 0, an + ir — a2i; 

/TOTV>— 
Junction 

trans
former 

X, *» 

H 

Junction 
trans
former 

1 
Fia. 519a.—Equivalent circuit for quarter-wavelength coupling. 

A 
O- X -npmvir*- c 

- o -
Overall 

transformer Kn 

B D 
Fio. 6-i9b.—Reduced equivalent circuit for quarter-wavelength coupling 

and 0, Pi, 0, where an is ignored, since it is indistinguishable from the 
externa1 line. Measurements on several such transformers have indicated 

that a22 and a n — 021 are very small; this is equivalent to the statement 
that the end effects of the quarter-wavelength section are small. This 
observation has been made on output circuits in which the transformer 
cross section was such that the electric fields were largely confined to a 
region with a small dimension parallel to the ^-vector. There was thus 
little interpenetr'tion of the transformer and tube or external guide 

fields, with a consequent small end correction. Thus, ignoring a22, 

<*i2 — an, the transformer becomes simply 0, P2P1, ir or, in other words, a 
quarter-wavelength transformer whose apparent characteristic impedance 
is not that of the physical guide Ki but Kit for example. The output 
circuit is thus modified as shown in Fig. 5-196. 
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Let the load impedance be Ka, the equivalent characteristic impedance 
of the intermediate guide Ki, the operating wavelength X, the inter
mediate guide wavelength X„, and its cutoff wavelength \cg. Further 
suppose, now, that X is unrestricted, so that the intermediate guide is not 
necessarily exactly a quarter wavelength long. Suppose that its elec
trical length is <t> = 2TTI/\, where I is its physical length. One has 

Zi + X , e Ko + K,' ( 4 5 ) 

where Zx is the impedance seen at CD. For <t> -- ir, Zx = K\/K0. 
Differentiating logarithmically and setting X = X0, the wavelength at 
which I = X„/4, 

dZi/_J 1_\ = .d± = _ . „ ,J__a\ 
dx V^i - -Ki ^! + A V J ax J ' ""' x; ax 
dZ! _ Z\-K\ o ; 1 Vg _ ^A« ( \K» _ / M * *j A" 2* M^-X^=+iiW|°-VS)Zl-Xl' ^ 

where the relation d\g/\3
g = d\/\3 has been used. Transforming the 

output impedance at the back of the resonator Z\ to the resonator open
ing, one has for the additional admittance at the slot, 

(47) 

(48) 

where bug is the departure of the frequency from the resonant frequency 
of the transformer. Using the relation QB = NYr/Ge, one has 

when Y, « 1/Zj. 

B. 
or since A" 0 » Z\, 

Ye = Ge+ jBe = YlZi 
Explicitly 

G. = Y* p = Y\ZU 
Ao 

-3*^Gi)fe} 

B.-\ * ■ & ) ' & ) 
This may be combined with the earlier expression SuL/oi0 = —BL/2NY, 
for the frequency shift due to reactive loading to find the resonant 
frequency of the system when the transformer is not exactly a- quarter 
wavelength long. It is important to note that up to changes of the first 
order in frequency, the resistive part of Zx is constant. The changes in 
series reactance will produce some effect on Ge by varying the total 
reactance in series with Re(Zi). It is instructive to calculate the stored 
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energy in the output circuit. If, as has been tacitly assumed above, the 
junction transformers are frequency insensitive, the energy storage in 
the output may be compared with that of the resonant system by evaluat
ing the ratio [o}o(dBe/dut>)]/NY, = r. Using Eq. (49), there follows 

-UWM- (5o) 
For a typical example with QE = 400, K0 = 400, Yr = 0.025 mho, 
N - 10, X9/X0 = 1.25, Eq. (50) gives r = 0.12. Equation (50) may 
easily be converted to other forms that put the dependence on other vari
ables in evidence. The energy storage in this type of output circuit may 
be relatively high as Eq. (50) indicates. 

The lines used for the quarter-wavelength section are generally 
"lumped," and some cross sections that have been used are shown in 

FIG. 5-20.—Example of "lumped" guides. 

Fig. 5'20. In all cases the guide is essentially divided into two regions, 
one of which is capacitive with high electric fields in a narrow crossbar 
and the other inductive with high currents flowing in a more or less 
cylindrical section. The cutoff wavelength of such a guide may plainly 
be higher than that of a rectangular one of the same width, since the 
capacitance has been increased in the center and the inductance at the 
outside. The problem of calculating the cutoff in these sections is 
exactly analogous to that arising in calculating resonant frequencies of 
unstrapped oscillators. Thus, in order to find the fundamental trans
verse electric mode, one needs a solution of 

VT + X*T = 0 with ~ = 0 (51) 
dn 

on the walls of the guide,1 where d/dn denotes normal differentiation 
and x = 2ir/X. The fields are then given by Ex = -dT/dy, Ev = dT/dx, 
and Hz = (x/jciio)T. Since the gap in the crossbar is usually small 
compared with the length of the latter, it is possible to put Ex = 0 and 
to suppose Ey independent of y in the capacitive part (see Fig. 5-21). 
If the dimensions of the cylinder are small compared with X/2ir, one 
may solve Laplace's equation rather than Eq. (51) in this region and 
match the solutions at the junction by equating T and dT/dn there. 

1 See S. A. Sehelkunoff, Electromagnetic Waves, Van Nostrand, New York, 1943, 
p. 380. 
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Calling To the solution of Laplace's equation in the cylinder with 
dTo/dn = 0, except at the junction, where dT0/dn = 1, one may obtain 
the equation for xo = 2ir/\0, where X0 is the cutoff wavelength 

A tan xJ = -—\- Xo xo / 
TodS. (52) 

In Eq. (52), A is the area of the cylinder, I the length and d the width 
of the crossbar, and the integration is carried over the cylinder. If 
Xol is small, this gives 

d 1 

I jTodS A (53) 

which is the result obtained by lumping the capacitance and inductance 
completely and taking account of an end correction — JTodS /A to 
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F I G . 5-21.—H-section guide. 

the length of the condenser. The calculation of To is not difficult 
for simple geometrical shapes of the cylinder. For fl-sections as shown 
in Fig. 5-21, x» may be found from 

i « 4 1 1 h (. ird\ 
tan XHl = XHT |^p-2 - 3 - - [I - log, TJ 

(54) 

provided that 2irs/h > 1. 
The impedance of the lumped guide on the P — V2 basis may be found 

from the relation 

K = 

For H-sections this becomes 

377 

\dx/x=o 

(Xf)* = o 

K 
1 -fe)'0-^) + 

2d cos" XHI 
Ishxl 

(55) 

(56a) 
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377 i 
K g* , : ohms. (566) v^w 

The junction between the lumped guide and rectangular guide presents 
a problem that may be handled in a satisfactory manner provided the 
slot of the crossbar is narrow. The fields in the two guides may each 
be expanded in terms of the appropriate normal modes. The tangential 
field in the rectangular guide is then put equal to that in the lumped 
guide across the opening of the latter and zero elsewhere in the same 
plane. The tangential magnetic fields are equated across the opening. 
Using these relations and the orthogonality of the wave functions in 
each guide, a series of linear equations in the mode amplitudes may be 
obtained. So far the treatment is exact. One now neglects all but the 
principal modes or, in other words, supposes that there is no shunt 
reactance at the junction. Carrying out this procedure, the principal 
transformer constant A for the junction is found to be 

' - J i ' i S f f - ' - — (57> 
where XH and XB are the cutoff wavelengths in the H-section and the 

— > — > 
rectangular guide and E0H and EOR are the vector tangential electric fields 
in the fundamental modes, while the integral is carried over the common 
interface. Eon and EOR are normalized so that 

f f(EoH ■~EoH)dS„ = f f (EOR ■ Eox)dSx = 1. (58) 

For i/-to-rectangular junctions, 

X!\>4 

A = 
1 _Xj,\ abl 

X2 ) »d 
X2 

_ sin 2xnl , 2d cos2 x«l 
2XHl Ishxl ,5Qx 

XB cos xnl cos XR(1 + s) — cos XRI cos XH(1 + s) 
Sin SXH XH ~ X B J 

where x« = 2ir/X« and XR = 2ir/\R. When all H-section dimensions are 
small compared with XH and XR, this may be written as 
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A = (60) 

Equation (59) gives excellent agreement with experiment when the 
assumptions of the analysis are fulfilled. The transformer constants 
were measured for an H-section junction at several wavelengths from 
7.5 to 13.5 cm. The end corrections were found to be entirely negligible, 
while the values of 

which should, according to Eq. (59), be frequency independent, were 
found to be as indicated in Table 5-1. The dimensions in this case were 
such that the slot width was small compared with the guide width. I t 
should be noted that the transformer effect at the junction is such as to 
raise the impedance level even above that of the rectangular guide. 
Using this value of A one may now calculate Ey/Hx a t the center of the 
crossbar at the junction with the tube and obtain 

TABLE 51.—TRANSFORMER CONSTANTS OF AN H-SECTION JUNCTION 
Dimensions of H-section: d = 0.191 cm; I = 0.952 cm; s = 0.495 cm; h = 1.95 cm 
Dimensions of rectangular guide: b = 3.81 cm; a =8 .58 cm 

Xo, cm 

7.16 
8.46 
9.51 

10.58 
11.51 
12.57 

/ *' / l - - r 
4 

V 1 - ^ 
36.3 
34.6 
39.9 
32.6 
36.0 
36.7 

AVG 36.0 ± 2.2* 

_* 
an, degrees 

+10.0 
+ 4 . 3 
- 3 . 6 
- 0 . 7 
- 1 . 4 
+ 5 . 0 

_* 
as, degrees 

+ 9 . 5 
+ 5 . 0 
+ 2 . 2 
- 2 . 2 
- 3 . 0 
- 6 . 5 

• The calculated value of A V I — (xyx«*)/l - (xyxn*) was 36.3. 

Ev V-5 lJf(EoH ■ EoS)dS„]\ (61) 
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where rm = 377 ohms. To a first approximation the coupled resistance 
will be 

since it may be assumed that the magnetic field in the cylinders is very 
loosely coupled to the resonant system. For H-sections the result 
becomes 

cos l\n cos (I -f S)XR ~ cos IXR cos (I + s)>_X2 

377 ohms. SXH XH ~ XR 

)XfY 

_ sin 2lxn , 2d cos2 lxn 
21XH + IshxS, 

Using the approximation of Eq. (60) one has 
(63) 

(64) 

This equation indicates the critical dependence of the coupling upon the 
width of the crossbar d. In strapped magnetrons the fields in the 
resonant system vary along the length of the anode as cosh ax, where x 
is again measured from the median plane (see Chap. 4), while the fields 
in the crossbar vary as cos x\n. This fact will affect the coupling at 
the junction with the resonant system, and there will be some trans
former effect. This may be taken into account by multiplying R by 

another factor [//(-Sow • Eo,m)]2, where E0,,„ is the normalized resonator 
field across the junction. This factor may be evaluated for an H-section 
and is 

2 ( / cosh ax cos XHX dxj 
-° (65) . (, sin 21XH , 2d cos2 IXH\ (l cosh2 

l\1--^lx-T+ Mxl ) Jo 
axdx 

The magnitude of this correction will be small unless the tube is heavily 
strapped. The formulas of Eqs. (63) and (64) appear to give very close 
agreement with experimental results. For example, when applied to 
the case of the 4J50, a 16 hole-and-slot 3-cm magnetron having a quarter-
wavelength H-section transformer of this type, a cold pulling figure 



SEC. 5-6) WAVEGUIDE-OUTPUT CIRCUITS 203 

junction given by the term This may be minimized 

of 9.3 Mc is calculated. This compares favorably with the experimental 
values which are distributed close to 10 Mc. 

One sees that contrary to the assumption of an earlier paragraph, 
there is some frequency dependence of the transformer effect at the 

fi - (xy\»1* 
Li - WK)\ • 

by making X» = \R. 
Iris Windows.—The vacuum seal in waveguide-output circuits is 

usually an iris window. This consists of a disk of low-loss dielectric, 
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FIG. 5-22.—Variation of shunt susceptance with thickness of window. 

usually glass, sealed across a metal iris opening. By a suitable choice 
of the glass thickness and iris diameter it is possible to obtain a window 
that, when placed between circular choke joints, produces a satisfactory 
match over a relatively broad band. Since the window is placed between 
guides of similar characteristic impedance, it behaves like a pure shunt 
susceptance. Figure 5-22 shows the variation of this shunt susceptance 
vs. wavelength for a particular window. The apparent external Q of 
the window loaded by the matched line is 2.6. Thus there is little energy 
stored in the window itself. By placing the window at a suitable distance 
from the junction with the intermediate guide, the variations in the 
resistive component of the reactance at the tube may be minimized. 
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CHAPTER 6 { \ 
1 ) 

THE INTERACTION OF THE ELECTRONS AND < ' 
THE ELECTROMAGNETIC FIELD ( ) 

B Y L. R. WALKER I 

6-1. Introduction.—The central problem of the present chapter is to i j 
examine the interaction of the electron stream with the electromagnetic 
field of the resonator system in the annular region bounded by anode aed^ 1 
cathode. At present the design of a magnetron of given characteristics, 
such as wavelength, magnetic field, operating voltage, power output, and i 
pulling figure, is in principle a straightforward matter, the difficulties , 
arising in practice being largely those of realizing the design mechanically, ' 
In view of this fact it is surprising to find that our understanding of the \ 
interaction processes is largely of a qualitative nature. That successful J 

design should be possible may be ascribed to three facts: (1) A formula / 
is at hand that has a sound theoretical basis and full support from A 
experiment for estimating the voltage at which a magnetron of givia-J IT"3" 
dimensions will operate when a definite magnetic field is applied. (2) 
The behavior of the electron cloud may be shown to depend upon a small 
number of parameters derived from the tube dimensions and the operating 
variables (see Chap. 7). Thus, it is possible to say that any two mag
netrons which may be run under conditions that make the values of these 
parameters the same will operate with equal efficiency. One magnetron 
design may, in this way, be derived from another that is known to be 
satisfactory. (3) Finally, experience has shown that the efficiency of 
magnetrons is remarkably insensitive to large changes in magnetic field 
and d-c current and, to a somewhat lesser extent, to changes in load. 
A performance chart for a 3-cm magnetron is shown in Fig. 6-1, which 
may be regarded as typical of present design. Figure 6-2 shows the 
effect of load upon the efficiency of the same tube. In this figure the 
electronic efficiency has been plotted as a function of the electronic (or 
load) conductance. As a result of this broad range of satisfactory 
operational conditions it is evidently possible to allow considerable 
leeway in the choice of design parameters and still be confident that a 
good magnetron will be obtained. Presumably, it is a consequence of 
this happy situation that it has not been thought essential during the 
wartime development of magnetrons to attack thoroughly the problem 
of understanding the processes whereby the electrons transfer energy 
to the oscillating field. 
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Fio. 61.—D-c voltage vs. d-c current for typical 3-cm magnetron (.N = 16) with 
magnetic field in webers/sq meter, power output in kw, and efficiency 

in per cent, 

c 7 0 <-^-

I 6 0 ." 5 R n 4 .50 /-
B- f^ 
S40 7 
.2 f~ 
<a 30 7 
» t 
.a 20 
S i n ^ 
a f E 0 ^ 

0 0.1 0.2 03 04 05 06 0.7 08 0.9 10 
Electronic conductance (-G,t) in arbitrary units 

Fia. 6-2.—Electronic efficiency as a function of electronic conductance for a typical 3-cm 
magnetron (N « 16). 
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There is little doubt that an acceptable qualitative description of the 
process may be given, and the picture that this offers has been adequately 
verified in those few instances for which numerical calculations have been 
undertaken. Quantitatively and analytically, however, the progress 
toward a solution has been meager. The steady-state problem may be 
formulated in the following way. From a given applied d-c voltage 
and r-f voltage at the anode and a uniform magnetic field in an interaction 
space of known dimensions, calculate the d-c and r-f currents that will 
flow to the anode. Then from these data, the input d-c power and the 
output r-f power may be calculated and, consequently, the efficiency. 
Knowing the in-phase and out-of-phase components of the r-f current 
and the r-f voltage, the admittance of the electron stream is calculable, 
and this will be the negative of the load admittance measured at suitably 
defined terminals on the anode surface. This problem has not been 
solved analytically under any set of operating conditions, even in an 
approximate fashion. Numerical solutions have been obtained for a 
few isolated cases but never for a range of values of the operating param
eters in the same tube. 

Turning from the steady-state problem to that of the initiation of 
oscillations, an equally unsatisfactory condition is revealed. No rigorous 
criterion has been established that will determine whether or not, under 
given conditions of magnetic field, voltage, and load, oscillations will 
build up from noise level. Similarly, there is no theory of starting time, 
which would require a solution of the problem with a constantly increasing 
d-c voltage.1 

Although the inconclusive status of many of these problems may be 
attributed to the fact that emphasis has been laid on empirical develop
ment, chey nevertheless present formidable analytical difficulties. In 
the amount of the theory given in this chapter an attempt is made to 
formulate the problem in a straightforward way and thus to show where 
the difficulties arise that prevent a complete solution. An outline of 
various attempts to solve the main problem and certain simplified versions 
of it are given. 

6-2. The Assumptions Underlying the Analysis.—Any discussion of 
the interaction problem must begin by making a number of assumptions, 
which are of varying degrees of plausibility. The more familiar of these 
will be discussed before setting up the equations of motion and the field 
equations. The justification and significance of some statements made 
here may not, however, appear until later. Reference to Fig. 6-3 will 
indicate the region in which the flow of electrons is to be investigated. 
The cylindrical cathode of radius rc is held at zero potential; the concentric 

1 See, however, Chaps. 8 and 9 of this volume for an empirical approach to the 
analysis of transient behavior. 
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anode of radius ra has applied to it a d-c potential Fo. In the annular 
region bounded by anode and cathode there exist r-f fields that form part 
of the total field of the resonant system and that must, therefore, satisfy 
certain boundary conditions at the anode. The applied magnetic field 
is supposed everywhere to be constant in magnitude and to be parallel 
to the axis of the cylinders, which axis is also taken as the z-axis of a 
system of polar coordinates. 

FIG. 6-3.—Interaction space and related coordinate system for (N = 8) magnetron. 

The first assumption is that the whole problem may be reduced to a 
two-dimensional one. In real magnetrons this can be a good approxima
tion only for regions near to the median plane of the tube, since there will 
be appreciable end effects at the extremities of the interaction space. 
Here there will be, because of the discontinuity in the cross section of 
the anode block and the possible presence of straps and of hats on the 
cathode, a considerable modification of the tangential field, and further
more a-components of the d-c and r-f electric fields will appear. In view 
of the extreme complexity of the field patterns in this region, however, 
it is desirable to ignore these end effects. Experimentally, no specific 
effects have been found that indicate critical conditions in the end regions, 
and it is roughly true that a magnetron of double length behaves like 
one of single length operating at half the current and power level if the 
effects of length in mode spectrum are compensated for. Thus, it is 
probably justifiable at present to treat the magnetron as part of an infinite 
cylindrical structure in which all the electric fields are tangential and 
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independent of the z coordinate and in which the magnetic fields are 
purely axial. Similarly it will be supposed that the motion of the 
electrons is wholly in the (r-<£)-plane. Since the thermal velocity of emis
sion in the 2 direction is small, this is a reasonable assumption in the 
absence of axial electric fields. I t may be noted that, the function 
of cathode hats, whether electric or magnetic, is to cause a deliberate 
distortion of the electric or magnetic fields at the ends of the interaction 
space, thus tending to keep electrons within the interaction space despite 
the effects of space-charge repulsion in an axial direction. 

It is customary to assume that relativistic corrections and other 
effects that depend upon the finite velocity of propagation of light may 
be ignored. These include the relativistic variation of mass with velocity, 
the influence of the r-f magnetic field on the electron motion, the change 
in d-c magnetic field produced by the circulating currents, and the use 
of the wave equation rather than Laplace's equation. The conditions 
under which it is valid to make these approximations are discussed at 
some length in the succeeding section. I t will be found that some of the 
simpler consequences of the equations of motion may be preserved in 
relativistic form. 

Conditions of space-charge limitation are generally supposed to 
prevail at the cathode, and, in consequence, the potentials and radial 
components of all fields are supposed to vanish there. I t is impossible 
to test the accuracy of this hypothesis, for there is no simple state of the 
space charge in a magnetic field the theory of which has been sufficiently 
worked out to provide an experimental test. At present one can merely 
assume the condition true until it is demonstrated that it leads to false 
results. I t is true that the current densities drawn in magnetrons fre
quently exceed substantially those which can be drawn from identical 
cathodes in pulsed diodes under verifiably space-charge-limited condi
tions. However, the existence of excess cathode heating during mag
netron operation indicates the presence of back bombardment by 
electrons, and the known secondary-emitting properties of oxide cathodes 
suggest that secondary emission is probably sufficient to yield the 
required current densities (see Chap. 12). The possibility of secondary 
emission from contaminated anode surfaces is a further complication 
which is ignored. 

Associated closely with the assumption of space-charge limitation is 
the hypothesis of a zero velocity of emission of the electrons from the 
cathode. Plainly, the electrons have actually a thermal velocity dis
tribution at the cathode, but it seems reasonable to suppose, since the 
mean thermal energy is so small compared with the energies acquired 
by the electrons in moving through the field, that the effect of the dis
tribution is negligible in an operating magnetron. It will appear that 
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there are certain oversimplified conditions having critical solutions that 
might be affected by an energy distribution at the cathode, but these are 
far from simulating the conditions in a real tube. The experimental 
observation that, for many tubes, operation is independent of cathode 
temperature over a wide range may confirm the assumption that the 
initial velocity distribution of the electrons is not significant. 

A most important simplification in the problem is effected by a further 
set of assumptions concerning the nature of the field with which the 
electrons interact. These simplifications may be combined into the 
definition of an anode voltage of the form Vo + Vi cos (n<t> — oiot), 
where n is the mode number and oi0 is 2ir times the frequency of the 
resonant system. The principal point here is that the r-f voltage is 
represented by a traveling wave. This assumption will be discussed 
more fully in Sec. 6-3, but the argument may be summarized here. The 
electromagnetic field in the interaction space may always be expanded 
in a series of Fourier components, each of which represents a traveling 
or rotating wave in the interaction space. For a particle moving so 
that its angular velocity is close to that of the slowest of these waves, the 
other components (at least for the condition of x-mode operation) 
represent a high-frequency perturbation the effect of which can be 
ignored in general. A more complicated situation arises, however, 
for modes other than the 7r-mode. I t will be shown that for a single 
rotating component it is always possible to define a " voltage " or potential 
in which the electrons move. The form used above for the anode voltage 
also assumes that the anode surface is a zero impedance sheet at the 
harmonic frequencies 2a>o, 3i)0, etc., so that the harmonic components of 
current induce no corresponding voltage components on the anode. 

The steady-state problem may now be formulated again for the sake 
of clarity. In the annular region between two coaxial cylinders there 
exists a constant, uniform magnetic field Bz parallel to the axis of the 
cylinders. The inner cylinder of radius rc is held at zero potential, and 
the radial fields at its surface also vanish; electrons are emitted from this 
surface with zero velocity, and their ?-component of velocity remains 
zero. The electromagnetic fields are transverse electric,1 and a potential 
Vo + Vi cos (ntp — o>o0 exists at the surface of the outer cylinder of 
radius ra. It is desired to calculate the radial current density J, at the 
anode in the form of a Fourier series 

J, = JT,o + Jr,i cos {n<i> — ud) -\- Jr,-i sin {n<j> — wot) 
+ Jr,i cos2(n<£ — uoi) + Jr,_2 sin 2(n<t> — o>ot) + higher terms. 

Then the d-c power input is 2*rahJr,oVo or IoV0, and the r-f power output 
1 S. A. Schelkunoff, Electromagnetic Waves, Van Nostrand, New York, 1943, p. 154. 
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is ■wrahJT,\Vi or i / iF j . The admittance of the electron stream is 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
D-c current in amp 

Fio. 6-5.—D-c voltage vs. d-c current for typical 9-cm strapped magnetron (N = 8) 
with magnetic field in webera/sq meter, power output in kw, ■— efficiency 
in per cent. 

vs. Bs plots. Similarly Fig. 6-7 shows the performance of a rising-sun 
magnetron on a V0 vs. 70 plot. Features that are typical of the normal 
performance of strapped magnetrons are the linearity of the operating 
lines in the Vo vs. I0 diagram and the linearity of the constant-current 
lines in the B, vs. Vo diagram, the general tendency of efficiency to 
increase monotonically with magnetic field at fixed current, and the 
falling of the efficiency at very low and at high currents. The fall in 
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efficiency at low currents varies rather markedly among different types 
of tube. Tt is generally believed to be due to leakage current, a compre
hensive term used to refer to electrons tha t reach the anode by means 
other than a direct interaction with the r-f field. The rising-sun magne-
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tron is further complicated by having a region of magnetic field in which 
the efficiency temporarily falls off (see Chap. 3). 

Figure 6-8 shows a series of operating lines on a (To,/o)-plot for various 
values of the load conductance GL = —Ga. The operating lines are 
now seen to be in general somewhat curved and to move toward higher 
voltages as GL is increased. These data are derived from a 10-cm 
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magnetron, but the behavior is generally observed for all types. Finally 
Fig. 6-9 shows the variations1 of 7i and Z_i as functions of Vo and V\. 
Exhaustive data of this nature have rarely been taken, but general 
experience confirms the main features of Fig. 6-9. 

FIG. 6-7.—D-c voltage vs. d-c current for a typical 3-cm rising-sun magnetron with — 
magnetic field in gauss, - power output in kwf efficiency in per cent. 

All these curves lend support to the observation that the efficiency 
of operation of the magnetron is a slowly varying function of voltage, 
current, magnetic field, and load. I t is also indicated experimentally 

1 The data from which this plot was obtained are given in the last section of 
Chap. 7. 
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that the properties of the space-charge cloud are singularly frequency 
independent and certainly - negligibly so compared with the resonant 
system. 

D-c current in amp 

F I G . 6-8.—Operating lines for various values of electronic conductance and r-f voltage 
at a fixed magnetic field. 10-cm magnetron, 1371 gauss, N = 8 with electronic 
conductance in mhos, peak r-f voltage in kv. (Values in parentheses are reduced 
values.) Reduced linear current densities are given by 1/36. 

6-3. The Field Equations.—The Fourier analysis of the r-f fields 
existing in the interaction space was shown in Chap. 2 to lead to an 
indefinite number of components, the dependence of which upon time 
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and angle was governed by a term of the form exp j(o>ot + p<t>), where 

p= ±[m-iV^ + i)]= ±[-B IN]. 

Here N is the number of segments; I an arbitrary integer, positive or 
negative; m the mode number in the sense of Chap. 4; and n the usual 
mode number1 = (N/2) — m. Waves for which p is negative travel 
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FIG. 6-9.—In-phase and out-of-phase r-f current amplitudes as a function of d-c and r-f 

voltages. Reduced linear current densities are given by 7/36. 

counterclockwise or in the same sense as an electron in a positive mag
netic field. In the ir-mode the slowest wave traveling in the same sense 
as the electrons has p = —N/2(m = 0, I — 0). For an electron at rest 
with respect to such a wave or traveling so that on the average it is at 
rest with respect to it, another component, p ' say, will appear to move 
with an angular velocity ci>o(l/p' + 2/N) and thus produces a perturba
tion whose frequency is p'uo(l/p' + 2/N) or 

1 + m «o[l T (2V + 1)]. 

1 The appearance of this particular set of components is always to be expected if 
the fields satisfy the relation, V[<t> + (2r/N)] = et"r>mV(<i>), regardless of the form of 

+ « + « 
V(0). For, if V f » = y a„e'»*, then V[<t> + (2x/N)] = Y aine,-»*+i(!T»/« a n d 

— eft — oo 

one must have 2mr/N = (2rmr/N) + 2p* or m = n — pN, where p is arbitrary but 
integral. 
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Thus, the perturbations produced by the other components have the 
frequencies +2a>o, +4wo, ±6«o, etc. The situation is somewhat more 
complicated for the other modes. For the with mode, the two slowest 
components in the counterclockwise direction have p = — [(AV2) ± m], 
and the frequencies of the perturbations due to other components are found 

to be given by ' N(l + 1) 1 , [ " . N(l + l) 
. ( A 7 2 ) + m b a n d l . 2 - ( A 7 2 ) + m 

sponding to the + sign and — CO0 and 

oo o in the case corre-

Nl 
2 + (N/2) - m (N/2) - m_ 

for the case of the — sign. For the case m = 1, which is usually of most 
interest when m ^ 0, there are always low-frequency perturbations; the 

- 2 lowest frequencies are {N/2) + l j o>o in the first case and (N/2) - 1 CdO 

in the second. I t follows that in Tr-mode operation the perturbations, 
produced by other components upon an electron that moves slowly on 
the average with respect to the slowest counterclockwise component, are 
all of high frequency, whereas for other modes this is certainly not the 
case. I t appears, then, to be plausible, at least as an initial assumption, 
to ignore all the field components save the slowest counterclockwise one 
when the tube is running in the 7r-mode. To justify the assumption 
completely it would be necessary to show that in the field of such a single 
component electrons actually move so that they have on the average only 
a small angular momentum with respect to the wave and furthermore 
that the high-frequency waves do indeed have no secular effect. It will 
be found that this justification can be carried through in part and also 
that there are certain consequences of the rotating-wave hypothesis 
which are adequately confirmed by experiment. It is, in fact, found that 
even in cases of operation in modes for which m j£ 0, a single component 
determines certain features of the operation. The above considerations 
apply to strapped magnetrons without reservation, but in the rising-sun 
design there is always present, even in the ir-mode, a component for which 
p = 0 (see Chap. 3). The effects of this component have to be given 
special consideration (see Sec. 6-11). 

A considerable simplification is introduced into the problem if only 
one component of the total field need be considered. For then in a system 
of axes that rotates with the angular velocity of this wave, all electro
magnetic fields are independent of time. In addition, the electron dis
tribution in velocity and position will be a stationary one. Thus, if 
the electromagnetic fields in the interaction space are described by a 
scalar potential A0 and a vector potential A = A,, A+, Az, these are func
tions of the variables r, <f> — at, z, where co is the angular velocity of the 
rotating wave. One may write ^ = <t> — at. As has been indicated 
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in the previous section it will be assumed that the fields are transverse 
electric and independent of a. The potentials are thus functions of r 
and ^ alone. 

In writing down the field equations and the equations of motion, the 
relativistic form will be used for the latter and no terms dropped from 
the former. In this way, the approximations that involve the velocity 
of light may be made consistently. The MKS system of units will be 
adhered to throughout. 

The field vectors E and Bz which will be supposed to contain the 
applied fields are connected with the potentials through the equations 

E = - grad A„ - -^ (1) 

and 
(2) 

(3) 

(4) 

where MO = 1.257 X 10"6 henry/meter, e0 = 8.854 X 10~12 farad/meter, 
and p and J are the charge and current densities at any point. The 
subsidiary relation holds 

div A + /ioeo ~rr = 0- (5) 
at 

Equations (1) to (5) may now be written out in the (r-^)-system. It 
should be noted that 

0. Equations 

(6) 

urA*), (7) 

(8) 

£« = = curl* A. 

The potentials themselves satisfy 
T72A S1A<> 

v ' i o — Mo«o-^2- = 

with p positive for an electron cloud and 
div grad A d'A 

- Mo«o -^ 

P 
to 

foj , 

froi 
(1) 

d d , 
H = d* a n d 

d a 
dt " d$ 

n the definition of ty and from the fact that d/dz 
and (2) give 

ET = 

E t -

B,= 

Equations (3) an 

1 
r 

dA0 , dAr 

dr d4> 
1dA0 , dA* _ 
r a^ a^ 

;[>•>'t! 
d (5) give 

a / t A \ . ( \ 
6rV^r-) + \r>-a 

r di// 

poe„) j - w - (9) 
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and 
I d , . , 1 dA$ dAo _ , „. 
7 * ( M ' ) + rliT~' loeoW"3*" = ()- (10) 

Equation (4) requires a more extended treatment. One has the relations 
A* + jAy = e-'*(Ar + jAt) and Jx + jjv = e~'*(JT + jjt). 

Thus, Eq. (4) may be written in an obvious notation 

( v « 4 - Moeo J j [e-'*(Ar + jAJ] = fi0e-'*(Jr + jJ*) (1 
or 

(*,'.♦ - MÔO ffj (Ar + jAJ + {*» ^ [e-'*(A, + JAJ] 

1) 

a*2 

yielding the pair of equations 

- £ 0*r + M#)| p = MJr + jJ*), (12) 

and 

(**♦ - ^.. g ) A, - I (2 **± + *,) - ^ r , ^ ^ 

( Vr
2.* - Moeo ^ p j A* + ~2 ( 2 — r - A A = noJ*, 

i d ( d A \ , ( l i\^AT Ar 2 dA* T 

i s / a^A . / 1 ,V2A# A* . 2 M,. . ..... 

Equations (9), (10), (14a), and (146) may be combined to give the two 
equations that imply the equation of continuity, namely, 

^rJ' = if, L̂ 0""" W'rh (M*} + \r ~ "^V lif\ (15a) 

d r dAo 
= aHMo€owr I T 

{7-»"»)*■&] (15b) 

and 
. „ ...IT ^ = i r . . ^ « . M j ! _ 

+ 
noJ* = i*o(J* - orp) = £ I Motocor ^ 5 _ ( r^+) 

The bracketed function is essentially the stream function for electron 
flow in the rotating system. 

I t is to be noted that in writing down Eqs. (3) and (4), which imply 
that the fields are derivable from a continuous distribution of charge 
and current, a further assumption is being made which requires justifica
tion. Strictly speaking the charge distribution is not continuous, and 
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the expression p should be replaced by a summation over the individual 
electrons. In using the expression for the average charge density to 
calculate the field, one is ignoring the effects of what is usually referred 
to as "electron interaction," namely, the process whereby two electrons 
exchange energy directly as a result of a close encounter rather than 
through their average effect on the field. Some idea of the magnitude 
of this effect may be obtained in the following way. Consider a volume 
V containing nV electrons distributed at random. Then the force at 
any point fluctuates statistically about a mean value. The analogous 
problem of the gravitational field of a distribution of stars has been 
considered by Chandrasekhar,1 and it is found that the natural measure 
of the force fluctuations is 

F = — e (p-) volts/meter (16) 

in the notation of the present problem (p/e — n). Assuming an emission 
of 50 amp/sq cm and a radial velocity of c/10 one finds for F the value 
104 volts/meter or 0.1 kv/cm. This is very small compared with the 
field strengths normally existing in the magnetron (20 to 50 kv/cm). 
The process of electron interaction, however, must be expected to play 
some role in the neighborhood of the cathode where electron densities 
are highest and the fields weakest. 

6-4. The Equations of Motion.—The equations of motion may be 
derived in numerous ways. I t is convenient here to make use of the 
Lagrangian function.2 Two theorems concerning the Lagrangian 
equations of motion will be found useful in this connection. Suppose 
that L(xi, Xi, . . . z,,; ±i, £2, . . . x„; t) is the Lagrangian function of a 
particle, involving the time explicitly, but that by means of a change of 
variables . [ = X\ + at, x[ = xt, x'n = x„, the time dependence 
may be eliminated. One has 

d d . , d d 1 _ 
— = -TT ' and •—- = TT7-» Q = 1, 2, • • • n, dxq dxq dx, dxq 

d d . d , . d , ■ d , . ■■ d , .. d . 
at dt dx\ dx[ * dxt dx[ dx\ 

— " _L •' d 1 .1 d , .., _9^ . .. d 
~di'^Xl dxi+ ' " ' * ' dx'q + ' " * Xl dx[ + ' ' ' x" di'q + ' ' " 
-A 

dt1' 
1 S. Chandrasekhar, "Stochastic Problems in Physics and Astronomy," Rev. Mod. 

Phyi., 16, 1 (1943). 
* A very lucid account of Lagrangian and Hamiltonian equations for high-speed 

(relativistic) particles is given by MacColl, Bell System Tech. Jour,, 21, 153 (1943). 

and 
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Thus, the Lagrangian equations of motion 

become 
d_(dl/\ 

dt' \dx'J (176) 

where 

L'{x'x, x\, ■ ■ ■ ; x[, x[, • ■ ■ ; t') = L(zi, x2,; xi, z2, ■ ■ • ; t). (18) 

The Eqs. (17a) and (176) for a Lagrangian that does not involve the time 
directly are known to possess the integral 

Thus, an integral may be found for the equations of motion although 
the fields in the original coordinates are time varying. 

Now consider H' and L' as functions of the coordinates xq, and denote 
derivatives with respect to the coordinates by d/dxt. Then 

dx'q ~ dx'„ Li dx'q d±', + Li dx't dx', + Li X' dx'q \d±'.)' 
and using the equations of motion (176) where s = 1, 2, • ■ • , n 

dH 
dx 'q- + L,±''[dx'qU:) «*:wJJ °' 

if all the particles have the same energy constant. Then in 3 dimensions, 

if one writes -̂77 = p„ one has curl p = Xi, with X independent of position dx, 
and time. 

The Lagrangian function for an electron in a transverse electric field 
is in the relativistic case, with e a positive quantity, 

L = -m^ f 1 - r* y *'Y* + e(A„ - rAT - r<M*). (21E)1 

Since it has been supposed that the transformation <p = ^ + a>t will 
eliminate the time dependence of the potentials, the lemmas of the 

1 Where the same equation is given in relativistic and nonrelativistic forms, the 
same number will be used with the affix ft or N to distinguish the cases. 
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preceding paragraph may be used. One has 
j.2 + r2(^ + uy-

[SEC. 6-4 

L' = —moc1 1 -
2"1H 

-J + e[A0 - rAT - r$ + u)At], 

and the equations of motion are 

d\ m0r I m0rU + &,)' \ dA0 . dAr . . . . 

ill 

(22B) 

a(rA, 
dr (23iJ) 

and 

d r m o r ^ + j ^ ) , ] _ J 3 i , .3Ar , , 3(rA«)l , 0 , „. 

where 

Or, alternatively, 

ff2 _ f* + r*(+ + «)» 
c2 

m0r 
dt \_(1 - /32) 

] _ m0r(^ + o>)2 , d . . 
T* J - (i _ 02)* + e 5; l-4" ~ U™#J 

— e^ 3r 

dr 

dAr 

dAr 
dyj/ _ 

(25R) 

(26R) 
d [mrty + w)l 3 
Jt [ (i - p.)* J = ^ [A„ - „M#] + 

The integral H' may be formed: 

H' = moc2 [ l - *' + r ' ff + " ) 2 ] W - e[A„ - rAr - r(* + « ) ^ 1 
m,[r' + rV(^+ a,)] _ m0[c2 - r ^ t f + «,)] 

+ (i - /3J)w e^M' + nM*) (1 _ ^ 
- e(A0 - a,rA*). (27i2) 

If the convention is introduced that A0, A+, and A, shall all vanish at 
the cathode and the assumption of vanishing velocities at the cathode 
in the stationary coordinate system be recalled, one has 

H' = m„c\ (2SR) 
Since H is independent of the electron considered, the second lemma (20) 
holds with X = 0, and one has 

_a_ 
df L(l - 02)» rJ ~ 6r [ (1 - 0')* "" * * ♦ } ( 2 9 5 ) 
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This equation may be written as a pair of equations 
mot 

(1 - |S»)» ' 

(1 - /32)« 

A I ^ 

dr 
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(30 R) 

(31R) 

and (27 R) becomes 

moc2 + eA 0 — « -ry-

In the nonrelativistic case a similar set of equations is found. The 
Lagrangian is now 

L' = ^-° [r2 + r2(^ + ")2] + e[A0 - M , - rtf + <*)A4\, (21JV) 

and the equations of motion are 

m0f = m0r(^ + w)2 + e — (A0 — wrA0) — e^ 

j t [m0r*(<I< + «-)] 
3 ^ corA*) + ??• 

In this case the equations may be further modified to read 

mo? = mor^2 + e — ( A a - urAj, + -—■ u>V! j -

(m0r2xP) = e— I A0 - wrA* + ^ w2r2J + e? 

a(rA^) 3Ar 

dr df J 
"<9(rA„) dAr" 

dr <ty . 
Red to read 

e\p 'dirA*) dAr 

dr d+ 
2TO0U '1 

(25JV) 

(262V) 

^ (33) 

<H'rA„) 
dr 
dAr 
d^ 

2mooir (34) 

These equations have a simple interpretation. They are the equations 
of motion of a particle moving in a scalar potential 

As, — wrA+ + 

and in a magnetic field 

(m0\ , 

d , . , dAr 2WoO) 
a7 trA*J - a^ ~T" 

The term (m0/2eV2r2 is related to the centrifugal force, and the term 
2moarr/e to the Coriolis' force, appropriate to the rotating axes. Such a 
formulation of the equations was not possible in the relativistic case. 
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The integral H' is now 

H> = - ^ [t* + r . ( ^ + w)2] _ e[A0 - rAT - r$ + u)At] 

+ m0[r'1 + rhp(il/ + «)] — erAr — e^rA^, 

= ^£ (r* + rty) -e{A0- ra>A*) - ^ r v > . (27JV) 

and with the usual conditions at r = rc, one has H' = 0. 
Thus, 

4i (m0r - eAT) = A [mor2^ + «) - erA J (292V) 
dv' or 

and 
m„r = eAT + ~ , (SON) 

m,r\^ + «) = erA# + ^ , (31JV) 

e A° + » ^ = 2^0 LV^' + ITj + \eA* + rl»)\- (32iV) 

I t will be noted that Eqs. (32 R) and (322V) are essentially the Hamil-
ton-Jacobi equations of the system, since dW/dt' = —« (dUVcty). 
IF is thus the action function of the system.1 The introduction of the 
action function in the magnetron problem does not appear to be so 
fruitful as one might expect. The reason for this lies in one of the most 
complicated characteristics of the electron motion, namely, that the 
motion is essentially of a multiple-stream type. Through any point 
in the interaction space, transformed into the rotating system, there will 
pass a number of electron orbits. This fact hardly requires proof, but 
it has been established empirically by computation of orbits. I t follows 
as a consequence that the electron velocity is a multiple valued function 
of position and thus that W has similar properties. W, then, is a function 
having many branches, and these branches will meet along branch 
curves which will be the envelope of a series of electron trajectories. 
The character of these branch curves has been discussed by Cherry,2 

who has given expressions for the potential and velocities in the neighbor
hood of such curves. 

The multiple-stream property of the electron flow gives rise to severe 
analytical difficulties in handling the field equations, for it is necessary 
to write an equation of continuity for each stream, where a stream is 

1 The function W has been used by Gabor, Proc. IRE, 33, 792 (1945), in problems 
of electron dynamics. 

' Cherry, "General Theory of Magnetron," Council for Scientific and Industrial 
Research, Sydney, Report No. MTJM-1, 1943, has discussed the formulation of the 
magnetron equations in terms of W. 
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defined as a set of electron orbits leaving one branch curve and terminat
ing on another. With each stream there is associated a charge density, 
and it is the sum of these charge densities and the sum of the currents 
that must be substituted in Eqs. (9), (14a), and (14b). So far there does 
not seem to have been developed any analytical method that will effec
tively handle all the streams together and automatically perform the 
required summations. I t is always necessary to handle the individual 
streams separately and fit them together at the branch curves. 

There are two important equations that may be deduced from the 
integrals (27 R) and (27JV). Thus, if a particle is to reach a given point 
in the interaction space at all, one must have r and ^ both real at that 
point. Putting r = 0 in Eq. (28 R) and writing f + w = <j>, one has 

woe2 + e(A„ — corAf) = — - = D, 

7)2 / r
2<&2\ 

c4 - 2c2r2a><£ + rWP = —2 ( 1 - ~ )> 

(^ + w) +1 -2 c V^ + (c4 - ij) - °-
For the reality of <j> one must have 

(rV + ^Jl) W ~ --.i) < c'r'"* \ mfc2/ \ ml) 
or 

~ i Ut - urA*) > ^ 1 - ^ - 1- (33B) 

The nonrelativistic analogue is easily deduced from (27N) or from (33R) 
by supposing roi <SC c and is 

i A AS— morW . 
e(A0 — ruAj,) > ^ — (33JV) 

Equations (33iV) and (33 R) play a very important role in the analysis 
of magnetron behavior, since they yield an inequality that the fields 
must satisfy in order that electrons shall reach a preassigned point in the 
interaction space. They will be discussed further at a later point in this 
section. 

Another pair of significant formulas is obtained by rewriting (27N) 
and (27ft) in terms of the stationary coordinates. In this way one finds 

, m0(c2 — o>r24>) , . . , „ . D , 
rriflC2 = — / ■ " ■ ■ — c ( ^ ° ~ urAt) (34R) 
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and 

0 = ^ (f2 f r V ) - e(A„ - noA*) - m„r 2 ^ . (34iV) 

From (34B) 

eA0 ■- moc2 I .- - 1 1 = , + eurA* -to ——i (35K) 
d\j/ 

and from (347V) 

eA0 - ^ (r2 + r2<£2) = - m 0 r ! ^ > + ecorA* = - a . ~ (35iV) 
& ay 

The expression on the left of Eq. (35iV) is the difference between the 
potential energy of an electron in the scalar field and the kinetic energy 
of the electron; it therefore represents the energy loss of the electron to 
the oscillating field. 

6-6. Conditions under Which Relativistic Effects May Be Eliminated. 
Before discussing more fully the equations of motion it is essential to 
find out under what conditions the relativistic and propagation effects 
can be eliminated. The field equations, Eqs. (9), (10), (14a), and (14b), 
and the equations of motion (25R) and (26B) describe exactly the condi
tions in the interaction space. When one proceeds from the relativistic 
Lagrangian to the nonrelativistic form, the procedure is equivalent to 
ignoring all terms in the relativistic expression of higher powers in v/c 
than the second, where v is the electron velocity. I t is important then 
to ignore all terms of the same order occurring in the field equations. 
To be able to recognize such terms it is useful to introduce a set of 
characteristic variables for length, time, scalar and vector potentials, 
and charge density tha t will be appropriate to the relativistic regime. 
Thus, for a characteristic length one uses r0 = c/o> = nXo/2*-, since the 
quantity /io«o<<>2 = OJ2/C2 is the only parameter occurring in the field 
equations. For a characteristic time, U = l/o> is chosen; and for the 
scalar and vector potentials, the natural units are Woc2/e and ntac/e. 
The characteristic charge density is e/mouho. Writing 

r* = — = — > t* = T- = u>t, AJ = = A0, 
r0 c to rtioc2 

A * e A * "io<i>2«o 

Eqs. (9), (10), (14a), and (14b) become 

1 d (r*dAf\ (1 \d--Af _ , 

h&™+¥-$-w-0' (?7) 

file:///d--Af
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h [r* °£ " r* ̂  ̂  + ( P - r*) $ ] - r*f*>*> (38) 

^ [r* ̂  " ̂  ( r M » + (h -r*) d~£]= r**p*' (39) 
where the bar denotes differentiation with respect to t*. Similarly 
the integrals of the equation of motion are 

1 + At - r*A$ = , l - r " ( » + D ( 4 0 ) 

and 
g r ** <*i _ ^ j > » ( » + 1 ) . , i f 4 . 
^ [ ( l _ ^ » ) > » A ' J - dr* [ (1 - 0')* A*\ {il) 

In order to examine the conditions under which the above equations 
may be simplified, one calculates A* for the applied magnetic field B, in 
the absence of an electron stream. Since Bt = (l/r)(d/dr)(rA^), if 
A* = 0 at r = rc, then 

rA* = y ° (r* - r»), (42) 

or, in reduced variables, 

r*A* = J ^ (r*2 _ r**) = I ( r« _ ,*»), (43) 
where 

_ 2mu> 
7 ~ e!7" 

The unperturbed magnitude of r*A* evidently depends upon two 
independent quantities: r* = 2irr/nXo, which measures the size of inter
action space in terms of nXo, and y, which is the ratio of the Larmor 
frequency of the electron precession in a magnetic field Bo to the angular 
velocity of the rotating wave. Suppose that r* ! « 1 , then the condition 
[Eq. (33 R)] that an electron shall be able to reach a point in the inter
action space becomes 

1 + At - r*A% ^ \/l - r*2 

which may be written 

A„* > r*A* - ^ 

or 

At S; ( r* I j ) + - (r*2 - r?2) - ^> (44) 

where {r*A~*) is the contribution to r*A* coming from the r-f fields and 
from the circulating currents. I t will now be assumed that A*, r*A%, 
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and A* are all small compared with unity. This is equivalent to saying 
that all voltages are small compared with raoc2/e = 506 kv; this is true 
for all magnetrons that have been built up to the present. For the 
inequality to be satisfied, it is to be noted that a lower limit is set upon 
the value of y in a tube of given dimensions (fixed r* and r*). Using 
Eq. (28 R), limits may be set upon the values of f* and r*(# + 1); thus, 

f (45a) 02 + r*2 

and 

rZ^lV^IEl^r^ + ,)^z±IV^El! (45&) 
where 

jS = 1 + A* - r*A*. 

Thus \f*\ and r*\$ + 1| are of the order of (Af - r*A%)». From Eq. 
(36), p* is of the order of A0; and neglecting squares of r*2, A* satisfies 
Poisson's equation. The right-hand sides of Eqs. (38) and (39) are of 
order r*A*H and A*(A*M — r*), and these equations may be written 

P L"^ ~ dF* ^ ^ j ) ~ T \ d+* + dr*d\) 

\r*ld+ 6 r * ^ A * j J ) dr*[r 3* T dr* \ 

a_ 
# . _ . _. 

+ terms of the order of ( r M f « ) , (46o) 
and 
j_ 
dr* 

+ terms of the order of (A** - r*A*). (46b) 

The right-hand sides of these equations are small compared with the 
left, and thus 

-—r — T-S (r*AZ) — T* times a constant (46c) 
dif/ dr* v 

which for the particular boundary conditions = — Bo- Equation (37) 
leads, neglecting r*2A0 in comparison with r*A^, to 

t* {r*A^ + W " °- (46d) 

Combining, the part of A% depending upon the r-f fields and circulating 
current and A* satisfy 

r*A* = | I (47a) 

and 
dT 
dr H = lk> (47b) 
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where 

JL A ( * dl\ A- — ^I = C\ 
r* dr* X dr*) + r*2 df* *• ' 

I t may be noted that 

r*dr*L dr* J r*2 a^2 ^ ; 

Summing up the results of this section, it appears that for the neglect 
of relativistic effects and of propagation effects to be permissible it is 
necessary to have r* small and also y sufficiently small so that A* is 
small compared with unity, while r*A* must also be small compared with 
unity. Physically, the dimensions of the tube must be small in units of 
h\/2ir, and all voltages must be small when measured in a unit of 500 kv. 
Under these circumstances the scalar potential An satisfies Poisson's 
equation, while the potentials AT and At are derived from a quantity T 
satisfying Laplace's equation. Furthermore, the term entering the 
equations of motion of the form [d(rA^,)/dr — dAr/ty] is in a nonrela-
tivistic approximation equal to Bo, the applied magnetic field; foj if the 
second integral [Eq. (29R)] of the motion is written in reduced units, 

H f* 1 a I" » + 1 1 = 9A* _ d(r*A*) 
d-HVr^J dr*lVT=p\ W 9r* { ' 

and the right-hand side is — r*B0 plus small terms. 
6-6. The Nonrelativistic Equations.—The equations of motion in the 

normal, nonrelativistic case may now be put into a more convenient 
form. Substituting the expression ££0(r — r\/r) for the part of the 
vector potential A$ due to the applied magnetic field and dropping the 
term Ar, which contributes only to the r-f magnetic field just shown to be 
negligible, Eqs. (33) and (34) become, writing At for the r-f tangential 
component of vector potential, 

m0r = mart2 + e — \ A0 — url* - % p (r2 - r\) + ^ u V 

_ ^ r ^ B o _ ? ^ ? \ (49a) 

i l""*] = eT+ [A° ~ "** ~ "-T ^ ~ *» + g «*r>] 
+ efr(^B0-^y (496) 

or 

dr mip — mssr^ + e — epJ/Bi, (50a) 
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where 

and 

j t (MW«*) = e~^ + errBh (50b) 

VM = A0 - « r l # - ~ (r2 - rc
2) + £ w2r2 (51a) 

-4 
r dr L 

r ^ 1 + a a.,.» = - (62) 

The associated field equations will reduce to two by virtue of the neglect 
of AT and the other small terms. Since, in the equations of motion, 
Ao and A+ appear only in the combination A<, — oarA^,, it is useful to write 
down the equation that this new variable satisfies, and this is plainly 

d(A0 - CJT1»)1 1_ a2(A0 - wAt) 
dr J r2 df~ 

The two equations involving the currents are no longer of interest in so far 
as they affect the potentials, but the equation of continuity that they 
imply remains, and one has 

i{prf) + -k (p^} = °- (53) 
where properly there is one such equation for each stream, and p in 
Eq. (52) is summed over all streams. 

Equations (49a) (496), (52), and (53) may be taken as the funda
mental equations of the magnetron problem. I t is convenient at this 
point to introduce a new system of reduced or dimensionless variables 
suitable for the nonrelativistic problem, by choosing an appropriate 
characteristic length, time, voltage, and so forth. The choice of such 
units is largely arbitrary. There are, for example, two natural fre
quencies appearing: (1) the angular velocity of the electromagnetic 
fields oi/2x = o)0/2irn and (2) the frequency of precession of an electron 
in a constant magnetic field B0, namely, (l/2ir)(ej50/2m), in the absence 
of electric fields. Either one of these frequencies might be used to deter
mine a characteristic time. The unit of length might be chosen to be 
one of the radial dimensions of the tube rc or r„ or might again be asso
ciated with the free-space wavelength as was natural in studying propaga
tion effects. Similarly, various unit voltages suggest themselves because 
any suitably defined energy or amount of work associated with an 
electron when divided by e gives a possible voltage. Thus, one could 
use the kinetic energy of an electron at rest in the moving system at some 
appropriate radius; the kinetic energy of an electron moving around 
a circle of given radius in a constant magnetic field B0; the work done 
in moving an electron at rest in the moving system against magnetic 
forces over a definite distance, and so on. 
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The system of characteristic quantities that will be used here is as 
follows: For length, the cathode radius is used, re; for time, the reciprocal 
of 2TT times the Larmor frequency, or 2m/eBt> (this has the advantage 
of enabling one to pass readily to the case where there is no traveling 
wave); for a unit voltage, ioiBarl will be used. The latter is the work 
done against the magnetic field Bo in moving unit charge at rest in the 
rotating system from r = 0 to r = rc. I t would be more natural, no 
doubt, to use iuB0(rl — rl) as a unit, since this would measure the work 
done between cathode and anode, but this choice leads to clumsy expres
sions in the reduced equations. 

Thus, one writes 

r eBa . 2A0 - 2A* , 2rn«u> s = — t T = s — t, a0 = D ,) fi0 = -„—> a n d y = — 5 - i rc 2m0 uB0r' v B0rc eBa 

as before. Then the equations (49a) and (496) become 

S = S}* + y ?Jf - 2(1 - y)sfo (54a) 

i (*V) = 7 ^ + 2(1 - y)ss, (54b) 

where the bar denotes differentiation with respect to T and 

VE = a0 - s2* - (s2 - 1) + \ s\ (55) 

The field equations [Eqs. (52) and (53)] become 

1 d I" d(a0 - so*)! 1 d2(a„ - s20) 2 , . „ , 
I ail.* T, \+7> W~ = ^ » P = 9 (56) 

and 

Ts {9S§) + lk (esW = °' (57) 

For future reference, the form assumed by Eqs. (54a), (546), (56), and 
(57) for the case of a linear magnetron will be written down here. I t 
will be assumed that n and rc tend to infinity together in such a way that 
rc/n= Xo/27r, where Xo will be the wavelength of the traveling wave 
in the linear tube. Measuring y outward from the cathode and x parallel 
to the cathode, then 

and 

1 + » = ! + * ? ! . = i + * ? c 
rc rc Xo re 

rc\f> = x = X 0 ^ - = Xo?. 
Ao 
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Equations (54a) and (54b) become 

where 

and 

OK, 

I = * ~ - 21, (686) 

yrc _ 2m0a) n _ m0<i>o 
"XT eB~ %r ~ weB 

VEP = fc (ao - 5.) — 2C + I- (59) 
Ao & 

Equations (56) and (57) take the form 

fe (ao - »,) 
Ao aio£»ofo 

and 

^ (PPO + ~ (PPO = 0. (61) 

The formulation of the magnetron problem is now completed by 
specifying the boundary conditions for the fields and velocities. Since 
the electrons are supposed to leave the cathode at rest in the stationary 
system, one has 

s = 0, (62a) 
# = —r at s = 1, (626) 

and 
( = 0, (63a) 

Z= -8 at < = 0 (636) 

in the linear system. At the cathode (s = 1 or ( = 0) the potentials 
ao and sa^, (or 2*) vanish; and if there is to be space-charge limitation, 
so must the radial field Er (or Ev). Since 

urB, 

then 

Er 

d 
ds 

= -

= -

d 
~ dr 
= 0 

(a0 -

dA0 

dr i~ 
d (A 
Tr{A" 
{Ao-

- *5*) = 

dAr 
w 

— urA 

(JITA^,), 

-- 0 

>) 

a (64a) 
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4z (flo - 8.) = 0 at C = 0. (64b) 

The boundary conditions at the anode are set on the potentials and are 
assumed to be 

ao = A0, (65a) 
sa^ = A\ cos nip at s = s„ = ra/rc, (656) 

or 
ax = A i cos 2ir£ at (; = Co = ?/«Ao. (65c) 

All potentials must be periodic then in ip/n or ?/2TT. I t will be recognized 
that in the preceding paragraphs, the assertion made in the first section 
that a potential could be defined on the anode whose value was said to be 
Fo + V\ cos (n<t> — G>OO has been justified. For the combination of 
potentials do — s3«, or a<s — 2X is the only one entering the nonrelativistic 
equations of motion. I t should be noted from Eq. (7) that this potential 
is —frEj, dip or the tangential integral of the tangential electric field. 

The solution of the problem would consist of a determination of the 
electron velocities, the charge density, and the potential at any point 
of the interaction space. From these the radial current density pf could 
be found in the form 

pr = J, = JT,0 + Jr.i cos nip + J r,_i sin nip + • • • (66) 
where 

f2* h f2* I 
2irn7,.,o = I prf dp = -T-; irrJT,i = J prf cos nip dip = -r> 

T f2T I V 
xrJ r,_i = / prf sin nip dip = -=—» etc. 

j o ft 
Or, if 2ireioB5r?«o/4»i is introduced as a characteristic current density per 
unit length, with the definition, i = gss, 

f2T , [ 2 T 

r.o — I P*s dip, rir,i = j gss cos nip dip, 
Jo Jo 

7rir,_i = / gss sin nip dip, etc. 
Jo 

where iT,o, ■ ■ ■ are reduced linear current densities per unit length. 
The d-c power input is 2irrahJr,!>Va = (Th/4m)eo>iBlr*to(ir,oAo), and 

the r-f power output is rrrahJr,{Vx = (Trh/8m)ea;2Blr*to(ir,iAi). The 
admittance of the electron stream per unit length is 

9 „ Jr.l + jJr.-l n r 0 eB,, l'r,l + jh.-l _ r , . R _ 
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Under equilibrium conditions, G* -\- jBa = — F w - I n principle, then, 
the potentials determine the currents, and, in turn, the load may be found. 
Practically, one sets the load, and the potentials and currents adjust 
themselves to suitable values for producing the correct admittance of 
the electron stream. 

One may summarize the analysis by putting the result in functional 
form. Thus, 

v* = y(y, sa, <io, a*, n) (67) 
and 

iV,o = iV.oCy, s«» Go, 2 ,̂, n); (68) 

7 is a parameter in the equations of motion; s0 governs the range of 
integration; a0 and 2* appear in the boundary conditions; and n in a condi
tion of periodicity. The nonrelativistic Eqs. (54a), (54b), (56), and (57) 
and their solution in the form of Eqs. (67) and (68) provide the basis for 
the process of "scaling" magnetrons. Thus, if the linear dimensions of a 
magnetron are changed by a factor a, the operating wavelength changed 
by a factor a, and the magnetic field altered by a factor 1/a, it is clear 
that the variables y, sa, (to, and 2 ,̂,i do not alter provided that the d-c 
and a-c voltages are unchanged. I t follows from Eqs. (67) and (68) 
that yj and ir,o do not change. If the height h is also scaled by the factor 
a, the characteristic admittances and currents for the tube will be 
unchanged, and thus the total current and admittance remain the same. 
Thus, two magnetrons related in this way will operate at the same d-c 
voltage and current with identical power output and loading (provided, 
one must add, that the circuit efficiencies are the same). 

Similarly if the wavelength and magnetic field are left unchanged but 
the radial dimensions of the interaction space are multiplied by a factor 
/3, the values of sa and y are unaltered. Now, an increase of a factor /32 in 
the d-c and r-f voltages leaves a<, and sB$ unchanged. One has, again, no 
change in ir,0 and J^I. The characteristic admittance for the whole tube 
.is left the same, while the characteristic current is increased by /32. 
Thus the loading is unchanged, while the total current increases by /?2. 
The power level increases by /34. A scaling process of this nature is 
referred to usually as voltage scaling. 

The process of scaling is extensively used in practice to design new 
magnetrons, and the systematics of the method are described fully in 
Chap. 10. The prediction of similar operation when the variables 
y, sa, n, do, and sa^, are unchanged has been thoroughly confirmed by 
experimental results. The first scaling process will retain its validity 
in the relativistic range, since there will be no change in the additional 
parameter r = 2irr/n\ which appears in that case. However, voltage 
scaling will not be applicable because of the uncompensated change in r. 
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Attempts have been made to reduce the number of parameters upon 
which tube performance depends by introducing various combinations of 
y, s,,, and n into the definitions of the characteristic variables, thus 
obtaining new reduced variables. It is hoped that in such variables a 
fewer number than five may suffice to describe the behavior. One such a 
set is due to Slater1 and has been extensively used by Clogston in Chap. 
10. In this case a characteristic magnetic field given by £?o(l — rl/rl) 
is used. The quantity is closely related to the vector potential of the 
magnetic field. The characteristic voltage is 1/e times the kinetic energy 
of an electron moving around the cathode surface at rest in the rotating 
system. The characteristic current is chosen to be the current flowing 
at cutoff in the magnetron acting as a diode when a certain special voltage 
is applied to the anode.2 It is not clear that this current has any intimate 
connection with the currents flowing in an operating magnetron, since 
the mechanism whereby electrons reach the anode in the operating 
magnetron is quite different from that involved in the magnetron without 
tangential fields. The characteristic voltages and currents may be used 
to define a characteristic admittance. In terms of these variables, 
reduced performance charts may be plotted for tubes with various values 
of n; and if the variables had been expeditiously chosen, one might hope 
to find no dependence upon n. As pointed out in Chap. 10, this hope 
is not fulfilled. 

Analytical Deductions from the Equations of Motion.—Returning 
now to the discussion of the equations of motion one may note that the 
expressions (27N) and (29JV) now take the form 

Us* + *¥*) = yVB (69) 
and 

The condition that an electron be able to reach a point in the interaction 
space is simply that VE > 0 or a<> — s&<, > (1. — 7/2)s2 — 1. This 
appears quite clearly as a consequence of the fact that the motion now 
takes place in a conservative potential field. So far as it has been possible 
to check this inequality experimentally it appears to be universally 
confirmed. In order to make the comparison it is necessary to know the 
r-f voltages within the tube, and this information is generally not avail
able. If the data shown in Sec. 7-7 are examined, it will be found that 
under all circumstances the sum of the d-c voltage and the r-f voltage 

1 J. C. Slater, "Theory of Magnetron Operation," RL Report No. 43-28. 
2 This voltage is the threshold voltage defined in the next section. As Eq. (75) 

will show, there is only one magnetic field at which threshold and cutoff voltage can 
be equal. 
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exceeds (irc/nX)rJ[(l — l/sJ)Bo — (mu/e)] which is the form taken by 
the inequality when written in ordinary variables. The inequality 
provides information about the d-c voltage only when the r-f voltage is 
taken to be vanishingly small. Under such circumstances one has 

a, £ (1 - 7/2)s2 - 1 (71a) 
or at the anode 

F . i 9 . 4 2 X 1 0 . £ [ ( l - ^ B . - 2 ^ ] . (716) 

The voltage defined by the equality sign in Eqs. (71a) and (716) is known 
as the threshold voltage. Its significance for the operation of magnetrons 
was first pointed out by Hartree;1 essentially the same form had been 
found by Posthumus8 for the case of vanishingly small cathode radius. 
It may be thought of as the minimum d-o voltage that will permit 
electrons to reach a point in the interaction space as the r-f voltage is 
made vanishingly small. It therefore plays a role for the multisegment 
(or tangential resonance) type of magnetron analogous to that of the 
Hull or cutoff voltage in a magnetron with cylindrical symmetry. The 
relation between the two formulas may be seen if Eq. (546) is integrated 
in the form 

f - l + r - £ ( - l + r / ^ * ) (72) 

and the result substituted in Eq. (69) 

= 27(a» - sa,) - T ( 2 - 7)s2 + 2r, 

= 27 (a» - sa*). (73) 

Then in the absence of tangential fields idVg/dt — 0) the condition( 
satisfied by (eo — sd*) is simply 

(74) 7(a„ - si,) > \(s - y 

This is the classical Hull formula giving the maximum radius that an 
electron can attain in a constant magnetic field under a given voltage. 
Using an obvious notation one has 

1 D. R. Hartree, CVD Report No. 1536, Mag. 17. 
1 K. Posthumus, Wireless Eng. and Exp. Wireless, 13, 126 (1935). 
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y(ao — S5^,)HUII — y(ao — s5^)thn»hoid 

-i(-i),-'(;-J)i,+^ 

** ?/£*]" 
= 1 
~ 2 
= 1 
~ 2 
^ 0. (75) 

The threshold voltage thus lies below the Hull voltage save at the point 
(7 — l)s = — 1/s or 7 = 1 — 1/s2; at this point the curves of threshold 
and Hull voltage as functions of 7 have a point of common tangency. 

I t is found experimentally that if the threshold voltage given by Eq. 
(716) be plotted against Ba, the straight line resulting is generally very 
nearly parallel to the constant-current lines in the V0, B0 representation 
of magnetron performance. Depending upon the value of g<t, the thresh
old, or Hartree line as it is frequently known, lies above or below the 
V0, Bo line for extrapolated zero current, by different amounts. Strictly 
speaking it should coincide with the zero-current line, and the data shown 
in Sec. 7-7 indicate that at very low currents the constant B0 lines in a 
normal Vo, Io performance chart must be curved. This region of very 
low r-f voltage is almost unobservable experimentally because of the 
presence of leakage currents. Somewhat fortuitously, for most mag
netrons operating with their normal loads and at normal currents, the 
constant-current lines in the B0, V0 plane lie quite close to the Hartree 
line. The agreement is usually good to about one kilovolt. This fact 
has been of outstanding value in the design of magnetrons, since it 
permits the operating voltage a t a given field to be estimated with 
sufficient accuracy in advance. At the same time the good agreement 
between the operating voltage and the threshold voltage over a very wide 
range of magnetic fields provides a confirmation of the supposition that 
the electrons interact with only one rotating component of the total 
field. 

According to Eq. (35JV) the energy that an electron contributes to 
the oscillating field measured by the difference between its potential 
energy in the scalar field A0 and its kinetic energy is 

eVic = eairAj, — m0r2a>(^ + &>) 

Writing 

= earl* + eu> ^ (r2 - r|) - m^w^ + a.). (6.35JV) 

_ wBorf 
Klo„ — s A a w 
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then 
flu.. = s\l - 7 - $) - 1 + s3* (76a) 

= .a. - y f a ( g B^ ' g* ) *, (766) 

and the efficiency of an individual electron TJ is given by 

1 _ „ = £!LI1«= = =/ ^ (77) 

The efficiency for vanishingly small r-f voltage and a d-c voltage equal 
to the threshold voltage may be written down directly; then since 
if = 0 and S&4 = 0, one finds 

, _ ' ■ < ' - * > - ' - , - / ' (78) 

'(-i)-' ?(-*)-
Efficiencies calculated from this expression are substantially higher 

than those observed in practice (for example, for the 3-cm strapped 
magnetron whose performance chart appears in Fig. 6-1, the calculated 
efficiencies are greater by a factor of 1.2 to 1.5). This might have been 
expected from the highly idealized conditions under which Eq. (78) was 
derived. At the same time, the unavoidable presence of leakage current 
in operating tubes lowers the efficiency in the very region of low r-f 
amplitudes. Equation (78) indicates an identical efficiency per electron w-$ for magnetrons having the same value of —(1 \ )• This will no 

longer be true if the accurate expression for energy loss is used, but it 
corresponds roughly to a fact of experience, namely, that a lower y 
(higher magnetic field) is needed for the same efficiency when s„ is 
decreased. As a rough working rule the connection between y and sa 

same may be assumed, indeed, to be 1 — ( - , I = constant X 7 for the 

efficiency. 
The actual over-all efficiency of the magnetron will be given by 

[* 9ss[s*(l - 7) - 1 - s*$ + sa<,] # 
« = h 7*r-_ ' (79) 

where the integrals are the sum of two integrals over anode and cathode 
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separately. Equation (79) may be written as 

**(! - y) - 1 , P g"(5g' 
V = z 1 

s2^) # 
/■2ir 

<J0 f 95S «l/' 
(80) 

the first term of which is the expression in Eq. (78), if a0 is the threshold 
voltage. 

The behavior of the energy loss function [Eq. (76)] is indicated by 
Figs. 6-10 and 6-11 which show the energy loss as a function of magnetic 
field at fixed load for a 3-cm strapped magnetron and as a function of 

20 22 24 26 28 8 10 12 14 16 18 
D-c current in amperes 

Average energy loss per electron in kilovolts at constant load for a typical 
— magnetic field in webers/sq meter, electron 

F I G . 610. 
3-cm strapped magnetron with 
loss in kv. 

r-f and d-c voltages for a 10-cm strapped magnetron. I t is of some 
interest to see that for the particular load of Fig. 6-10 the average energy 
loss per electron is remarkably independent of current, which indicates 
that the general behavior of the individual electrons is not much altered 
as the operating line is traversed but that the number of electrons 
increases. This may be accidental, since the evidence from Fig. 6-11 
is that the average energy loss is largely a function of r-f voltage and 
relatively independent of d-c voltage. One cannot be certain that the 
apparent maximum in the energy loss as a function of r-f voltage is real 
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or whether or not the presence of leakage current at low levels is giving 
low values of energy loss. The maximum energy loss observed under 
the conditions of Fig. 6-11 is 2-33, which compares with the value of 
Sa(l — 7) — 1 of 3.5. It must be recalled that the average energy loss 
is diminished by inclusion of the energy gain due to electrons returning 
to the cathode. 

20 

15 

io 

15.05 kv (0.72) 2.1 

14.40 kv 

13.10 kv 

11.15 kv 
(-0.72) 

kv (3.5) 

15.4 kv (4.0) 

0.7 

.3 kv (4.5) 

10 15 20 25 
/_!, total out-of-phase r-f current in amp 

30 

O P 
F I G . 6*11.—Average energy loss per electron (in reduced units) a t constant magnetic 

field with d-c voltage contours in kv, ■ r-f voltage contours in kv, elec
tron loss in kv. FigureB in parentheses are reduced voltages; d-c values relative to thresh
old. Reduced linear current densities are given by Z/36. 

One further point may be noted in connection with Eq. (76b). Writ
ing the radial conduction current density as j^nd, the r-f power must be 

fir f 2 r PT 

I y«mdS2*s <fy — y I /„»ds d+ I 
Jo Jo Jo 

a (gp - s8») dr. (81) 

But the first term is simply the r-f power delivered by the conduction 
current, and hence the second term must be the r-f power supplied by the 
displacement current. I t is worth while noting that the second term is 
the one from which the dominant contribution to the power arises while 
the first may and, in general, does represent a loss. This fact was pointed 
out by Slater.1 Equation (766) puts the energy loss in a form that shows 
clearly the contribution arising from the electron's moving in a time 
varying potential, when it is recalled that d/dt = —w(d/drf>). 

» J. C. Slater, "Theory of Magnetron Operation," KL Report No. 43-28. 
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The various forms of the expression for energy loss indicate that the 
latter will increase with s„. This is seen from the leading term of Eq. (80) 
or the second term of Eq. (81) and arises from the fact that the larger 
s0 is the longer the time the electron spends in the interaction space. 
If d(ao — sd^/dyp has the sign appropriate for a loss of energy over 
most of the path, the total loss will increase with transit time. Thus, 
from the standpoint of efficiency, sa would naturally be made large. 
There is no series of carefully controlled experiments to confirm the 
expected increase of efficiency with sa, but all the scattered data confirm it. 

In practice, the choice of s„ is determined by considerations connected 
with mode shifting. I t appears to be true that for any number of 
oscillators N there is a maximum value of s„ beyond which operation 
will not take place consistently in the ir-mode. Since mode shifting is 
in at least one aspect a starting problem, the lack of a theory of starting 
prohibits a determination of the maximum sa. It is probably true, 
however, that the essential factor is that as s„ is increased, the ratio of 
the intensity of the x-mode field to that of the field of any other mode 
decreases for equal amplitudes at the anode when the ratio is measured 
at some point within the initial nonoscillating cloud of space charge. 
Thus the building-up of some other mode than the ir-mode is more 
probable. 

6-7. Symmetrical States.—In this section the investigations that have 
been carried out on symmetrical states of the magnetron or those in 
which the potential has no angular variation will be considered. Despite 
the very different conditions that prevail in a normal magnetron, it 
might be expected that the symmetrical states would be of importance 
in the initiation of oscillations. Many of the difficulties that prevent 
exact integration of the equations of electron motion in the presence of a 
rotating potential wave persist in the symmetrical case, notably the 
difficulty of dealing with multistream states. In fact, the solutions 
of the symmetrical problem are sufficiently tentative so that it is difficult 
to make them the foundation of a theory of starting for the tangential-
field type of magnetron. Because the problem is in some respects 
simpler than that which includes rotating waves, it has been the subject 
of considerable analytical and numerical work. I t is proposed to outline 
some of this work mainly to bring out the difficulties involved and to 
indicate the relevance of the conclusions to the major problem. The 
discussion is based upon the work of Hartree, Allis, Brillouin, and 
Bloch1 and follows most closely the work of Bloch. 

The equations of motion in the absence of a rotating field may be 
formed from Eqs. (54a) and (546) by letting y tend to zero and writing 

» D. R. Hartree, CVD Report, Mag. 23; Allis, RL Report No. 9S, Sec. V, 1941; 
L. Brillouin, AMP Report No. 129; F. Bloch, NDRC 15-411-175, 1945. 



244 INTERACTION OF THE ELECTRONS [SEC. 6-7 

JVK = Vi. This leads to 

and 

J = sf- - 2s.f + ^-2 (82a) 

£ (sf) = 2ss, (82b) 

where 72 is equal to (4m0/e5oro)^o and is independent of angle but may, 
however, now be a function of time. The second equation may be 
integrated; and putting $ = 0 at s = 1, there follows 

i -1 - 1 . 
Substituting this value in Eq. (82a) one finds 

- 1 . dVz 

1 
s3 

The other equations are 
1 d ( dV\ I d , , 

— P7 

(83) 

(84) 

(85) 

i £ [s(7pS - #,)] = 0, (86) 

where the displacement current c2 must be included in the current. 
Equation (86) leads to 

s(esy - St) = yi, (87) 

where I is the reduced current per unit length and is independent of s. 
Thus, using Eq. (85) 

dr ~ S ~W + Se* 
= -yi 

or 

-et = - I' yidr (88) 

and Eq. (84) takes itp most compact form, 

1 , 1 fT . 3 = - t - i + - j yidr. (89) 



SEC. 6-71 SYMMETRICAL STATES 245 

Eqs. (87) and (89) have one very specialized solution which may be 
written down immediately. For suppose that 5 = 0 identically. Then 

y*=i(*-iy> oo) 
and 

?K> (91) 

The solution represents a single-stream state in which all the electrons 
move in circles about the cathode with angular velocities given by Eq. 
(83). The charge density is so disposed that the space-charge forces 
exactly balance the magnetic ones. The cloud of electrons extends out 
to some definite radius beyond which a logarithmic potential continues 
the solution to the anode when the voltage on the latter is less than 
|[s„ — (l/s„)]2 . The potential at any point is exactly the Hull cutoff 
voltage, as one might expect, since s = 0. There is no radial current, 
since the charge density is everywhere finite; this means that T has to 
be allowed to become indefinitely large in Eq. (89). This special solution 
was discovered by Blewett and Ramo1 for the case of negligible cathode 
radius and again by Brillouin ;2 it is frequently referred to as the Brillouin 
steady state. I t will be described here as a type S state, indicating 
that it is a single-stream state. I t may be observed that an analogous 
state may be found when the exact relativistic equations of motion and 
field are used. I t is necessary here to take into account the effect of the 
magnetic field of the circulating current. 

Another conceivable steady state is one in which the electrons return 
to the cathode after turning back at some point. In this case there will 
be a double-stream or type D state. Since the voltage is to be considered 
constant, the current is constant and one may write 

s3 s 2 = f, - s + ~T> (92) 
since there will be equal and opposite currents through any point of 
the interaction space. Consider iy as representing the ingoing or out
going current. Explicitly 

. _ 8ml T 

where I is the current per unit length. Evaluating one finds 

17 = 4.55 X 10-12 ~ B3rl 
1 J. P. Blewett and S. Ramo, Phys. Rev. 57, 635 (1940). 
2L. Brillouin, Phys. Rev. 60, 385 (1941), and 65, 166 (1942). 
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For the values of / , rc, and B common in operating magnetrons iy will 
be quite small. Solutions of Eqs. (89) and (92) with s = 1, 5 = 0 at 
T = 0 have been investigated by Allis and others. I t may be shown 
that for 17 tending to zero, s > 0 for all s < 2.271 and, hence, that no 
type D state is possible for cloud radii less than 2.271. For iy not 
zero, numerical integration must be resorted to, and Allis, Hartree, and 
Brillouin have shown in this way that a slightly lower critical cloud 
radius is found. The value of this radius appears to approach a limit 
close to 2 as iy becomes large. Thus, in a tube for which s„ > 2.271 it 
appears that as the anode voltage is raised, no type D state will be possible 
until the voltage exceeds a certain minimum value; such a state will 
exist over a certain range of voltages, after which current will be drawn 
to the anode. 

A question that has been treated extensively by Bloch is that of the 
transient phenomena occurring in those cases where i is not constant in 
time. Writing Eq. (89) in the form 

s i = *~2 - s2 + <t>(T,To), (93a) 
where 

r,To) = / yidr, <I>(T,TO) = I yidr, (936) 

it will be supposed that yi « 1 for all T, which, as was remarked 
above, will be true over the usual range of parameters. The linear 
case will be considered also because of its peculiar features. Putting 

s = 1 + - and allowing r, —» oo, Eq. (93a) becomes 

y = -iy + rc<t>(T,T0). (94a) 

This is simply the equation of a harmonic oscillator subject to a driving 
force rc<t>{T,T0). A solution is required with y = 0, y = 0 at T = T0. 
The problem admits of an exact solution. Considering a function 
2/O(T,T') such that 

§ 7 + 42/o = ^ + 42/0 = 0 (946) 

and 

V.(r',r') = 0 ^ ( T V ) = h 

one may multiply Eq. (94a) by y0 and Eq. (946) by — y. Then, adding 
the results and integrating from T0 to T', one has 

\ y o i ~ v^dr)T
 = u r<*(T>r°^°(T'T')dr (95) 
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and using the boundary conditions on y0 

-V</) = yo(ro,r') & (TO) - y(r.) J (T.,T') + J ' r.«(r,r.)y.(rfT') dr. 

Observing the boundary conditions on y(r'), 

y{r') = - / rc^(T,r0)2/o(T,T') dr. (96) 

A suitable choice for the function J/O(T,T') is £ sin 2(r — T') , and thus Eq. 
(96) becomes 

V(r) = ~ i I ' r.4>(/,To) sin 2(T ' - T) dr'. (97) 

Consider, now, 3J/(T)/3TO. From Eq. (97) 

3y 1 /"T ^[^^(T' .TO)] . 0 , , . , , . , , , „ 

-— = — s / - 1 — ' sin 2(T ' - T) dr' since 0(TO,TO) = 0 

= \ fr reyi(To) sin 2(T ' - T) dr' 

= - \ r.Tf(r.) [1 - cos 2(T0 - T)] (98) 
< 0 since I(T0) ^ 0. 

This, however, is exactly the condition that electron orbits shall not 
cross, for it implies that at any given time an electron emitted later than 
another lies closer to the cathode than does the latter. The state is 
thus of type S. The result is independent of the variation of current 
and hence of that of the voltage. On the other hand, if the condition of 
space-charge limitation is relaxed, Brillouin has shown that the orbits do 
cross. Although the orbits do not actually cross in the case considered 
above, they may touch and, indeed, will do so when ra — T = (n + i)ir. 
There will then exist curves in space defined by this equation with which 
the orbits have tangential contact; the charge density on such curves will 
be indefinitely large. This appears to be an instance in which the inclu
sion of an initial velocity distribution for the electrons might be expected 
to modify the results very considerably, but this point has not been 
investigated. 

The situation in the cylindrical case is considerably more complicated, 
and the nature of the results quite different. To make progress by 
analytical means it is necessary to suppose that (yi) <£ 1. Then 
<£(T,T0) is a slowly varying function of T. If this be so, an approximate 
solution of Eq. (93a) is seen to be given by s0, where 

*i - *o* = *(T,T,) , (99) 
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for So defined by Eq. (99) is a slowly varying function of T, and So will 
be small. 

Suppose then that 

s = So + x, (100) 

where x is capable of being written in the form 

x = Xzi + X2Z2 + \3x3 + • • • 
in which X is of the order of d<t>/dr and, hence, X « 1 . Substituting 
Eq. (100) in Eq. (93a) one has 

x + 2(1 + So4)x = - J o + («„-' + 5s?)x* - (So-2 

+ 9So-6)x3 + (s„-3 + Hso-7)** - • • • . (101) 

This is, once again, the equation of an oscillator driven by the forces 
represented by the light-hand side. There is, however, the important 
distinction that the frequency of the oscillator is slowly changing because 
of the dependence of s0 upon T. The total motion of the electron thus 
consists of a slow drift, monotonically away from the cathode, given by 
SO(T,T0), superimposed upon which is an oscillatory term with adiabatically 
varying frequency. The secular motion becomes more sluggish as 
d<t>/dr or i—»0. Equation (101) may be solved correctly to the first 
order in d<t>/dr by neglecting the terms in x2, x", etc., provided that 
solutions of 

x + 2(1 + So"4)* = x + UI(T,TB)X = 0 (102) 

are available correct to the first order in d<t>/dr. To obtain these intro
duce 6(T,T0) = j O>I(T',TO) dr' and write x = exp / zdd'\ then in such 
variables Eq. (102) becomes 

*2 + % + dJWL1* + l = °- (103a) 
Putting z = ±i + p, where p is of the order of d<t>/dr, one has to the 
first-order 

g - T * p T i ^ p (1036) 
or, integrating, 

p = +i I d l°l"- exp + 2i{6 - 6') d6' (103c) 
Jo o0 

and 
x = exp ±ie ± i I dd' / ~ ^ exp + 2i(8 - 6') dd' . (103d) 
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Integrating by parts 

x = 5 3 L ± L 9
e X p [ ' ^ e x p + 2i(0 - 8>) d8>. (103e) 

Provided that the variation of current is reasonably uniform, the last 
integral will be of the order of do>i/dd or d<t>/dr. Thus, the zero-order 
solutions are of the form 

y = ~ exp ± t*. (104) 

The solution of Eq. (101), correct to first-order terms, may now be found 
as it was in the linear case, where for the function yo(T,r') one uses 

, ,. sin (8 — 8') „ „ . , 
■VoSl(T,To)Wi(T ,T0) 

This satisfies the condition that dy0{T'y)/dT — 1, since flfl/dr = WI(T,T0) 
by definition. Making use of Eq. (95) and noting that the driving 
term is — So, one has 

y(j') = - ! / O ( T O / ) ^ (TO) + ^ (T0,T')X(TQ) + [ I0(T,T0)yo(T,T') dr. 

(106) 

Now, So + x satisfies the boundary conditions s0 + x = 1 and So + i = 0 
at T = TQ; thus, X(T0,TO) = 0 and dx(ja,Ta)/dT = — S0(TO,T0). Thus, Eq. 
(106) becomes, using Eq. (105), 

, ,, - , , sin 8' . fT = , N sin (8 - 8') dr 
y ( r ) = -SO(TO,T0) r - , — + / SO(T,T0) ] j== 

O,T 0 )O)I(T , T 0 ) JT V<>i(T,To)a>t(T ,T, 

s i n 

V U I ( T ( I , T O ) « I ( T ' , T 0 ) 7 r 8 "v/"i(T,-ro)«)t(T',T(i) 

(107) 

Since U>I(T0,T0) = 2 and because 2s0(s0 -f s;r3) = d<f>(T,T0)/dT, which 
implies SO(T0,T0) = i(d<t>(To,To)/dT), the final result for the motion correct 
to first-order terms in d<t>/dr is 

s(T'To) = S o ( T - T o ) "wSi^^ ( T O ' o ) 

+ (TUr',r0) / * « - • } dr>. (108) 

If this is to be a type S state, 

— < 0 for all T0 and T. 
OT0 
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Differentiating with respect to T0 and retaining only terms of zero and 
first order, 

ds _ ds0 _ 5>(T0,T0) sin 8 _ <£(TQ,T0) cos 8 98 

dV0~ dV0 4 V/2O)I(T,TOT 4 V2O)I(T,T0) 3 ro 

■ j , r s sin 8 ^ [" 8O(T0,T0) "1 

V">I(T,TO)WI(TO,TO) A,, LVwi(T,To)a)i(T',T0) J 

To the first order, the second and fourth terms cancel, leaving 
dS _ dS0 _ 4>(TQ,TO) COS 8 98 

dTo di-0 4 V2&)i(Tyri) 3 T O 

+ f r i.(r.,r.) ir/y_^\cos(fl,_g)dT-|. (110) 

furthermore, 
dS0 _ 4>(TO,TO) 

9T0 2(s0 + s^3) 
and 

So one has 

3*o _ +<?>(TO,TO) _ (1 - 3Sp-4) - . 
3T§ _ 2(s0 + V3) 4(s„ + ^ 3 ) 3 <KTo'To-) • 

d£ _ _ <ft(T0,To) r 2 cos 0 dg "I 
aTi ~ 4 |_5° + so-3 - ^ 2 ^ 7 0 ) dT°\ 

9tf_ _ j>0 
1 1 ^(TQ.TQ) dr0 3T0 , . , . , , „ „ > 

/ : 2(«o + S0
 3) V / WI(T,TO)U 1 (T ' ,T 0 ) 

This reduces, as it should, to Eq. (98) when s = 1 + (y/rc) and rc —> °o 
for then s0 = 1, 8' = 2(T ' — T 0 ) , and U>I(T,T0) = 2. The conditions for 
ds/dro < 0 are now more complicated than they were in the linear case 
if 4>(TO,TO), or, in other words, the current, is allowed to vary in an unre
stricted fashion. If the current is small enough and its rate of change is 
also small and regular, the integral term in Eq. ( I l l ) may be ignored 
and the condition for a type S solution becomes 

1 
So + So"3 V2WI (T ,TO) 

By ite definition 
5 T 0 

(112a) 

_d_ I _ <H>\ _ _ dfa>i(T,T0) _ do>i(T,T0) t(ro) 
6T \ 9T0J 9T0 dr I(T) 

96 - 1 \± 
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Thus, even for small currents, the form of dd/dT0 varies considerably 
according to the law of current. When £ is constant, 

am 
dr0 

«I(T,T.) = V 2 ( l + V ) (112c) 

(112d) 

and the condition in Eq. (112a) becomes 

1 ^(^rTvv 
or 

s0 < 2.271. 

Thus, a solution of type S exists as long as the cloud radius is less than 
2.271; this is the same limiting radius found by AUis as the lower limit 
of cloud radii for which a type D state was possible. I t may, indeed, be 
shown that for finite currents there always exists a critical radius separat
ing type S and type D states. 

Now suppose that £ is no longer constant but increases or decreases 
monotonically, remaining at all times small, however. Since &>i steadily 
decreases with T, doii/dr is negative; and then for positive currents, from 
Eq. (112b), — dO/dro must also decrease monotonically with T. If £ 
increases monotonically, £(T0)/£(T) < 1 for all T; and using Eq. (1126) 
again, one has 

68 
2 > dr0 

> wi(r,T0). (113) 

Since the condition for breakdown of a type <S state is Eq. (112a) or 

2* VMI(T,T„) 

SO + «o"3 

30 
dr0 

this may be combined with Eq. (113) to give an inequality for the critical 
radius 

0 > 2* V^oj 
* > —:—,—z=s— > «i So + So"3 

2 > 2«2»(1 + So"4)* 

This yields 
So(l + S„-<) 

2.271 > So > 1.434. 

> 2M(1 + V)M. 

(114) 

There is thus a critical cloud radius between these limits, the exact value 
of which hinges upon the law followed by the current at which a type s 
state becomes impossible. Since Allis' work shows that there is no type 
D state, it would appear that under a condition of increasing anode 
voltage, if a single-stream state is set up when seioud < 1.434, this must 
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break up into some transient state until the voltage is high enough to 
give a cloud radius greater than 2.271. 

When the current decreases monotonically [»(TO)/I(T)] > 1, the integral 
term from Eq. (1126) decreases faster than O>I(T,T0) and furthermore 
— dd/dro < &>I(T0,T0). Two things may happen: If \—dd/dr0\ < UI(T0,T0), 
the condition for the breakdown of the S state Eq. (112a) is altered to 
give a larger value of s0 and the S state may persist beyond s0 = 2.271; 
whereas if |— <30/3TO| > WI(T0,T0), as may happen if —dd/dT0 becomes 
sufficiently negative, the breakdown condition, as in the case of a monoton
ically increasing current, becomes more severe and the S state breaks 
down for cloud radii less than 2.271. 

Finally suppose that a small current flows for a certain time T, after 
which it becomes zero. Then 

For 

and 

da>i(T,To) 
dr0 

- 8 s ^ 6 ds0 

<«>I(T,TO) <3TQ 

r > T, this expression 

from Eq. 

3 W I ( T , T 0 ) _ 

3TO 

(112b), 

= 
8s^5 

<A)I(T,T 0 

becomes 

+ 4s„ 
C O I ( T , T 0 ) ( S ( 

)2 (s 0 

-5 

+ s~0 

1 
+ 

-,) 

d 

7«'(TO) 

2* > 

\XdT- (115) 

(116) 

6V \dT0) 
a positive constant, T > T. 

I t follows that 30/3TO can become as large as one pleases after sufficiently 
long times. Thus the instability criterion Eq. (112a) shows that a cloud 
of any radius established during the flow of current becomes unstable 
after a sufficient length of time. The length of time required for the 
instability to appear will be of the order of l/7i(r0). 

This review of the work which has been carried out on the symmetric 
states of magnetrons has indicated the unsatisfactory status of the analy
sis. There are essentially no experimental data to confirm or to con
tradict any of the tentative conclusions reached; and in fact, it is not 
clear for those cases of greatest interest in which no anode current 
is drawn how experiment would distinguish among the various states of 
electron flow. Probe measurements would invalidate the assumption 
of azimuthal symmetry. 

One or two points may be noted. One is the connection between the 
cylindrical and linear problems. The solution of the linear problem 
has a very artificial appearance. The appearance of a series of layers 
on which neighboring orbits touch, as indicated by Eq. (98), thus giving 
an infinite charge density, would probably be modified if an initial dis
tribution of electron velocities was included. Furthermore the slightest 
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curvature of the cathode surface, in the concave sense, will give rise to a 
crossing of orbits, while in the convex sense, it will cause the orbits no 
longer to touch. If a linear flow of the type indicated by the solution 
(98) initially existed, a small curvature applied to the cathode would 
render it unstable, since the cloud radius would be less than 2.271rc. 
Presumably, however, it would be quasi-stable in the sense that a con
siderable time would elapse before the initial organization was destroyed. 
This raises the question whether or not there may not be states with 
cloud radius > 2.271 times the cathode radius which are effectively stable, 
in the sense that over periods of time which are comparable to the starting 
time of the magnetron, they would maintain a potential distribution and a 
cloud radius closely comparable to that of the Brillouin steady state. 
In this connection it should be noted that in double-stream states, where 
they can exist, the potential distribution is always close to l/27[s — (1/s)]2 

unless very large radial currents are flowing. 
6-8. The Bunemann Small-amplitude Theory.—The only serious 

investigation of the conditions under which tangential resonance oscil
lations will build up in a magnetron has been made in an extensive report 
by 0 . Bunemann.1 I t cannot be claimed that Bunemann's results are 
conclusive or that the assumptions of his treatment are completely sound. 
However, the viewpoint taken in the paper is illuminating, and it will 
be discussed here rather fully. 

Bunemann's approach is to assume an initial state of electronic motion 
that has azimuthal symmetry under conditions of constant d-c voltage 
and magnetic field. I t is then supposed that a rotating r-f wave of very 
small amplitude, of frequency o>0 and angular velocity u = o>0/n, is 
imposed on the anode. The small perturbations of the original steady 
state are then worked out, taking into account the equations of 
motion, the equation of continuity, and Poisson's equation. In this 
way the impedances of the electron cloud is calculated and the wave 
impedances within and without the cloud are matched. The variation 
with frequency of the impedance of the charge cloud is studied and is 
shown to be such as to lead, under some conditions of voltage, magnetic 
field, and frequency, to a state in which oscillations will build up spon
taneously. The analysis is then extended in a more speculative manner 
to determine the rate of buildup of oscillations with various loads. 

This formulation of the problem appears to simplify the true state 
of affairs, for it divides the process of initiation of oscillations into two 
stages: (1) the establishment of a steady azimuthally symmetric state 
which is supposed to persist while the anode voltage remains constant, 
(2) the breakup of this state under the angle-dependent rotating perturba-

1 0 . Bunemann, "A Small Amplitude Theory for Magnetrons," CVD Report, 
Mag. 37, 1944. 
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tion. In practice one has a d-c voltage that increases steadily during 
the process. If the time of rise of the voltage be taken to be 0.04 /jsec, 
which is fairly typical, this becomes, in terms of the unit of time 2m/eBo, 
equal to 3.6 X 102B0 (Bo in kilogauss). A typical rate of rise in 
reduced units gives da0/dr ~ 5 X 10-9(nX/rJBJ) (MKS). It is evident 
that the rate at which the voltage rises is indeed slow in terms of the 
natural units, occupying many Larmor periods. Thus it is probably 
satisfactory to consider the problem as a static one. 

Fia. 6*12.—Radius of Brillouin steady-state rdoud as a function of y, for various anode 
radii ra» when the anode voltage is equal to the threshold voltage. Log rdoud/fcathode is 
plotted against y for various values of log rioodt/roathode. The boundary curve shows the 
radius of the stationary layer. 

The state chosen by Bunemann as an initial state for the electrons 
is the Brillouin steady state in which the radial current is zero and the 
electrons move about the cathode on concentric circles. As has been 
shown in the previous section, if the cloud radius is less than 2.271, no 
stationary double-stream solution with zero radial current and constant 
anode voltage is possible. The only single-stream state for vanishing 
radial current is the Brillouin one. In Fig. 6-12 the radius of the Brillouin 
steady state is shown for various anode to cathode ratios and values of y 
when it is assumed that the anode voltage is given by the threshold 
voltage. This assumption is a reasonable one, since the cloud radius does 
not vary rapidly with anode voltage and the magnetron certainly operates 
near the threshold voltage. It may be seen that for most practical cases 
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the cloud radius under these conditions is less than 2.271. While the 
result that only the Brillouin steady state is possible as a stationary 
condition for fixed anode voltage must be accepted, it must also be 
recalled that Bloch's analysis indicates that when the anode voltage is 
actually varying, the motion may be more complicated. I t cannot then 
be said that the establishment of the Brillouin steady state under a slowly 
rising voltage has been unequivocally shown. 

The conditions in the Brillouin state are described by the equations 

So 0, 

& = 1 - 7 - -2> 

(117a) 

(1176) 

(117c) 

(117d) 

where the zero subscript refers to unperturbed values. If the perturbed 
state be also a type S state, then one may introduce a single-valued 
"velocity potential," from which the velocities may be derived [see 
Eq. (SON, 31JV)]. In the nonrelativistic case the velocity potential may 
be introduced directly from Eq. (70), 

T* 
1 + 7 + ' ( ♦ - ' + 7 + i')-& 

(118a) 

(1186) 

where / is chosen so that df/ds and d//di/< vanish at s = 1. For the 
unperturbed state, evidently / = 0. Equation (69) takes the form 

[°°-*-°*-{i-i)si+i]=l 1(0 
(1 - y)s - - + - f, s s by 

Writing 

2y 

and neglecting squares of df/ds and df/d4; one has 

*("9"+* 

7fll = ( i _ 7 _ I s ) C 

(119) 

(120) 

(121a) s2/ df 

If the perturbations are now such that their dependence on angle is given 
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by e~"'*, then if / = \f\e~*>* and ai = |ai|e-">'*, 

W = ~ f ( l - T - ^ ) l / | . (1216) 

I t is generally the study of Fig. 6-12 will show, that 
1 — 7 — (1/s2) passes through zero within the cloud and at that point 
the linear term in df/d\l> will not be large compared with the quadratic 
ones. Equation (1216), however, gives correctly the term in the volt
age perturbation that varies as e~ni*. Physically, the vanishing of 
1 _ y _ (1/s2) corresponds to the presence of a layer of charge that is at 
rest in the rotating system. Shells of electrons within this layer have 
negative angular velocities; those without it, positive angular velocities. 

Substituting a0 + Oi in Poisson's equation 

1 a / d\ai\\ n1 . . . . . 1 0 m 

srs{s i F 7 - p W = i*i. (122) 

where pi = Ipile-*" is the perturbation of the charge density. Finally, 
one has the equation of continuity 

£{[?('+i)+«H?Kf[?K). 
+ e i ] s [ l - 7 - i - ^ | / | ] } =0, (123a) 

or, correct to first-order terms, 

- ^ ( , + i i ) l / l _ 0 - ( l m ) 

Eliminating |ai| and |pi| between Eqs. (1216), (122), and (1236), one finds 
for | / | the second-order equation 

dt [A ^A] = (A + B)\f\, (124) 

where t is given by s = e"n and thus, 

i l — £ A 
dt nds 

and 

(125a) 

(1256) 
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The value of t at the anode for practical magnetrons is very nearly con
stant. The form taken by Eq. (124) for large n may be found as before 
by writing s = e'/n = 1 + (X0/re) f or t ~ 2irf. I t is 

^(i-nd-^ = a-n\f\, (126) 
where 

Equation (124) forms the basis of Bunemann's analysis. Since it is a 
linear differential equation of the second order, it is impossible for 
| / | and d\f\/dt to vanish at the same point, without \f\ vanishing identi
cally. Equation (124), therefore, indicates that the perturbations of 
voltage and of radial field cannot vanish simultaneously; in particular, 
they cannot both vanish at the cathode. Thus, if the potential vanishes 
at the cathode, neither the radial field nor the radial velocity can vanish 
there. Bunemann endeavors to avoid the difficulty caused by this 
conclusion, which appears to be in conflict with the usual assumption of 
space-charge limitation and vanishing initial velocity, by asserting that 
these conditions properly apply to the total radial field and velocity, but 
not to any one Fourier component. 

The nature of the difficulty may be brought out by considering more 
closely the behavior of / close to the cathode. Suppose that the case 
of radial symmetry be examined; the azimuthal variation does not affect 
the conclusions. Then if there is an outgoing current i, 

df . 

i a / dv\ 

with 

Combining these into an equation for df/ds, one has 

sstetH)"*®"])-* <-» 
Near to the cathode (s = 1), / behaves like $(97i'/2)*(s ~ VH- The 
thickness of the sheath close to the cathode in which / follows this law 
may be estimated by equating s — (1/s) and df/ds. This gives, 
£*••«■ « 1 + -fgyi. The charge contained in the sheath varies as i, 
while the charge density varies as (s — 1)~'4. I t is also evident that 

(127) 

(128) 
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beyond the sheath one will have 

(130) V . 
ds 

1 1 

If the Brillouin steady state be imagined as derived from such a solu
tion by allowing i to tend to zero, it is clear that conditions at the cathode 
will be somewhat peculiar, since for any finite i however small, / will 
behave like (s — 1)M through a sheath Tsyi in thickness. Thus, in Bune-
mann's analysis, if the perturbation causes currents to flow at any part of 
the cathode, / will be of the order (s — 1)^ and the term (df/ds)* in Eq. 
(130) will be of a lower order than / over a distance of the order of i from 
the cathode. Bunemann ignores this sheath and puts / = 0 essentially 
at a distance i from the cathode, where, in fact, / is about 

I t would appear that this is justifiable.1 

Accepting the validity of these arguments one may consider Eq. (124). 
This has certain features which are independent of n. I t has always 
two singular points, which may be labeled s+ and s_, given by 

A(s) = -2 (l + I ) + n« (l - T - ^J = 0. 

This may be written as 

(131a) 

(5).iy-;(.-4)±^(i + ̂  — 
= nb± ± A / 1 - 2b± + 2b%, (131b) 

where b = i ( l — 1/s2) and runs from 1 to i ( l — s~2). The radius 
at which the unperturbed velocity vanishes in the rotating system is 
given by 

l _ 7 o _ ^ = 0 7 = 2b„, or ^ = nb0 = r$. (131c) 

Figures 6-13a, b, and c show moio/eB or vS as a function of b+, b-, and b0 
for three values of n, (n = 4), (n = 8), and (n = « ) . 

The variable wS must be thought of as running from — °o to — °°, 
since one is interested in perturbing waves running in either direction. 
Considering a fixed 5, or a fixed frequency and fixed magnetic field, 

1 See in this connection, W. E. Lamb and M. Phillips, Jour. App. Phys., 18, 230 
(1947). 
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the cloud radius will increase as the applied voltage increases. Thus, bciolld 

will increase steadily from zero, and the cloud will contain all values 
of b between 0 and bcw. From Figs. 6-13a, b and c, it may be seen 

- 1 0 +1 +2 +3 +4 

F I G . 6*13.—(a) Radii of the two singular streams and the stationary stream as a func
tion of muo/eB for n ^ 4. The function b = i ( l — rlc*thode/r2) is plotted. The broken 
line represents a typical value for the anode radius, and the dotted line indicates the cloud 
radius when the anode voltage is equal to the threshold voltage. (6) Same for n = 8. 
(c) Location of the singular streams and stationary Btream as a function of maio/eB for 
n = oo. The variable 2v(y/\o), where Xo is the wavelength of the field in the interaction 
space, is plotted. The cloud radius coincides with tha t of the stationary layer when 
the anode voltage is equal to the threshold voltage for each case. 

that when ir5 < — 1, none of s+, s0, or s_ is within the cloud; for 
— 1 < ir6 < 0, s+ is included for a sufficiently high voltage; for 0 <ir8 < 1, 
So is first included, then s+; for 1 < 7r5, S_, S0, and s+ are successively-
included as F increases. Not all cases may be realized, since boioud < 2WJ«* 
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The values of b corresponding to the threshold voltage as the anode 
have also been plotted; for n = » the stationary layer is exactly at 
the cloud boundary when the threshold voltage is on the anode. Clearly 
the presence or absence of the singularities depends upon voltage, 
magnetic field, and frequency. The singularities have some physical 
significance, for n[\ — y — (1/s2)] is the frequency with which the 
electrons encounter the variations in potential while, as was shown 
previously, -\/2[l + (1/s4)] is the local frequency of oscillation of the 
space charge in a cylindrically symmetric field. The two singularities 
correspond to resonance between these frequencies. The two roots 
appear from the two senses of rotation of the electrons; they are separated 
by the root for the stationary layer as they should be. 

I t is now necessary to derive an expression for the wave admittance 
Hz/Ej, at the surface of the space-charge cloud. Some care is necessary, 
since a quasi-static approximation is being used. One has 

„ r( dEr \ r ( dE\ 
nj\ dt ) n] \ d$} 

^-corMoHs - j T (Ao - o>M«)J - ^ j 

Hz~ue0r?^l--.Jr (132) 
or nj 

neglecting a>2e0Mo7"2 compared with 1 and putting Vi = A0 — oirA^,. 
Between the concentric circles that bound the perturbed layer of the 
space charge there is an r-f surface current of magnitude +p0Ar(i/'o + oi), 
where A is the amplitude of the perturbation of the surface. A may be 
found from the equation1 

dl 
— = — or A = — • (133) 

Thus, 

H< = Hz(inside) + ff(surface current) 

= oitt/r 

= —o)t0r 

. dVt. _ Pfdf , Pt>r affj/o + o>\ 
dr nj dr nj dr\ J,a ) 

and 

dVi , par a df n*An\ 
= UttfT— T--TI (164:0) 

dr nj ^0 dr 

E^ = ^ F i . (1346) 

i An unreduced / is used at this point. 
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The cloud admittance is thus given by 

Hl r ( dVi . por u 
r- = 

r / dVi , pf cc_ of\ 
njVi \ e° dr nj ^0 dr) 

\ 3 JnVi\ dr t0nj4/odrJ 

= -UY»)^r(rd-^ + - ^ d A (135a) 
nVx \ dr eonj0j, dr) 

where YD = utor 
In reduced variables 

* - = _ - L f ^ O + JL.#\ = P. (1356) 

Since, according to Eq. (121a) 701 = —[1 — 7 — (l/s2)]njff 

-p = 7 + 4 f (136) 

where 9 = 1—7 — (1/s2) 
Substituting for Af'/f'm Eq. (124), one obtains the equation for P 

. > $ ) " < " • _1 + / » + J, + V " » / <137> 
d< a2 ' a2 - 1 

where 
_ ng 

VY0O 

or, for 0 = l/P, the normalized impedance 

d< ~ ^ V V a 2 / a2 - 1 

For n —» 00, this becomes 

dQ-p . f l A v + F ) 1 < 1 3 8 b > 

where, as before, <' = 2JT(O- — 6/2). 
The Eq. (138a) has to be integrated up to the surface of the charge 

cloud with the condition that Q = 0 at t = 0. I t may be well to empha
size that these equations do not describe the variation of admittance 
or impedance as one moves through a cloud of fixed radius but rather 
represent the variation of these quantities at the surface of the cloud 

http://dQ-p.fl
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as the radius of the latter is varied (say by increasing the voltage). 
Functionally P, Q = P, Q{sc, n, y). The singularities of Eqs. (137) 
and (138a) are the same as those of Eq. (124). The zero value of a does 
not lead to a singularity; for from Eq. (138a), if s0 or U marks the sta
tionary layer, 

Q « (s - So)2 or (r - <„)2 

near So or f0- This is the result as given by Bunemann and is not strictly 
correct, since in the neighborhood of s0, the definition of A has to be 
modified in view of the vanishing of \p. Examination shows that one has 

Since s0 is a function of w (through &), then, if o> = OJ0 + (w — o>o) where 
So(^o) = S, 

\S - S0(co)j = So(o)o) — T — ( u — «0 ) 
OO) 0 

= (!) — OJo 
dSn 

do)i 
(139) 

Bunemann's discussion of stability depends upon the following con
siderations concerning admittance functions. Consider an admittance 
G + jB (or an impedance B + jX) that is a function of the complex 
frequency o> + j<r. Then for networks and for any system whereby 
the admittance is calculated as a function of frequency by analytical 
means, G + jB is an analytic function of a + ju. Using the Cauchy-
Riemann conditions, 

3(7 = 5B 
do> da 
dG = _ dB_ 
d<r do> 

For-a circuit that is reactive for real frequencies (o- = 0), one has when 
cr = h<s 

SG = - -f- ha. (140) 
aw 

Thus if 6<r is negative, corresponding to a slightly increasing amplitude 
of oscillation, &G is positive for normal networks, since dB/do> > 0, 
and the network behaves like a load. But if dB/do> were negative, SG 
would be negative and any transient that started to build up would be 
aided by the circuit which could act as a generator. Thus a network, 
purely reactive for real frequencies, will be unstable if dB/do> < 0; 
similarly, when 6X/do> < 0. 

The behavior of Q (or P) must then be studied as a function of fre-



SEC. 6-8] THE BUNEMANN SMALL-AMPLITUDE THEORY 263 

quency. Consider / in the neighborhood of one of the singularities. 
Since the zero of A is simple, if it occurs at t = t± corresponding to 
s = s±, then / has the form C + log (t± — t) or C" + log (s± — s) . 
This may be inserted into the equation denning P which, noting that 
■A(s±) = 0, becomes 

p±= T \ iTTi L1 + c" + io g ( s ± - s )J + 
n(s*± + 1) 

1 
C + log (s± - «)' ( 1 4 1 ) 

The first logarithmic term dominates the second for n > 1. The plus 
sign refers to the left-hand (upper) hyperbola in Figs. (6-13); the minus 
sign to the right-hand (lower) one. As before, s±, defined by A (s±) = 0, 
is a function of o>. Thus 

C + log ( t± - i) = C + log [i±(«) - s] 

= C + log [*±(«±) + (» - «±) ^ - * ] = C" + log (« - «±) , (142) 

where 
*±(«±) = *■ 

Thus, the dominant part of — Fd<md, considered as a function of 
frequency for fixed cloud radius s in the neighborhood of a singular 
frequency <*>±, is 

3 <»>or 
120ir nc [±V4l(1 + C" + log2

( . - .±))} (143) 
The logarithmic character of the singularity indicates that / acquires 
an imaginary part in passing a singular point and P (or Q) will acquire 
a real part. I t is evident from this fact that in case the admittance 
gains a negative real part, the whole analysis has been extended into a 
region in which it is invalid. For if the space-charge cloud is to act as a 
generator [Re(i') < 0] in a steady state, there must be a steady flow of 
energy into the resonant system. This, in turn, implies that electrons 
must flow to the anode, and this is incompatible with the earlier hypoth
esis of the small signal theory. Physically, then, one cannot safely 
carry the analysis beyond the singularities. 

If in some region / is complex, say / = / i + jfi, then the imaginary 
part of A(d log f/ds) is A(fif2 — Uf\)lf\ + / !> and the numerator is 
independent of, t, since / i and / 2 individually satisfy Eq. (124). Sub
stituting in Eq. (141) defining P, it is seen that the conductance can 
change sign only at t+ or <_, where / i and / 2 are discontinuous. Starting 
from a cloud radius of unity, the admittance will be purely susceptive 
and c' real. As the first singularity is passed, log (s± — s) acquires an 

file:///iTTi
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imaginary part ±jv whose sign depends upon the path by which the 
angularity is avoided. One is interested in a case where o>o = <D0 + jo 
and a is slightly negative. Using the relation 

one has 

fft()G>0 

1W ~ 

WO 

eB 

5( 
du>o 
~ds = 

" , ) 

In 

± U + 

V2 
A lV4 (144) 

and for n > 0, duo/ds > 0, so that if So>0 = jc where a is negative, then 
&Im(s) < 0 and the path of integration goes below the axis. This 
means that the logarithm increases by —jr. The term 

[C + log (so - s)]~\ 

therefore, acquires a positive imaginary part. Examining Eq. (143) 
it is seen that the sign of the real part of Y is the same as that in from, of 
the radical for w0 < 0 and opposite to it for co0 > 0. The b, irS plane is 
now divided into reactive regions and regions of positive and negative 
conductance as shown in Fig. 6-13. The behavior in the region beyond 
the second singularity is ambiguous without special examination. 

From Eq. (143) for the admittance in a susceptive region close to a 
singularity, i.e., immediately to the right of the singular curves in Fig. 
6-11, it is found that the susceptance decreases with frequency to the 
right of the s+ curve and increases to the right of the s_ curve. Since 
in the neighborhood of the s0 curve the susceptance follows \a — a>0\ 
and therefore its variation with frequency changes sign, it is reasonable 
to conjecture that throughout the susceptive region between the s0 and 
s+ , the susceptance decreases with frequency. This has been verified 
by Bunemann by numerical integration of Eq. (124) in several cases of 
different n values, and the behavior for the several n values turned 
out to be substantially alike. I t thus appears that these regions will be 
unstable according to the criteria set up. Bunemann now pursues the 
analysis to obtain a match between the reactive part of the admittance 
and that of the load, leaving the real parts to adjust themselves. For 
sharply resonant circuits matching can be effected at a given a>o and B 
only for a narrow range of cloud radii. Thus, if sa be also fixed, a nearly 
unique voltage is defined at which build-up can occur. This "instability" 
voltage1 will differ from the threshold voltage; one may expect the start-

»This voltage has been calculated by Copley and Willshaw, G. E. C. Report 8490, 
August 1944, for several N and Sa. The application given there to oscillating states 
is questionable. 
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ing voltage of the tube to exceed either. The inevitable presence of leak
age at low levels makes experimental check difficult. 

6-9. Analysis by the Method of Self-consistent Fields.—In the first 
sections of this chapter the equations of the magnetron are set up and 
discussed. The analytical difficulties that arise in their solution have 
been pointed out, and it has been found that many of these difficulties 
are carried over into the symmetrical case. The case in which tangential 
fields are present has been the subject of considerable numerical investiga
tion. This has not been carried so far as one might wish, but the results 
have given considerable insight into the operating conditions. The 
methods used are, in any event, of great importance. 

The problem may be stated once again to emphasize the aspects 
of interest. One has a static field, satisfying certain boundary conditions 
at the anode and cathode. In this field the electrons move, satisfying 
the equations of motion and the equation of continuity. As a result of 
their motion, a charge density exists and the static field must be consistent 
with this density through Poisson's equation. Thus, in the terminology 
of atomic physics, the problem is a self-consistent field problem. That is, 
the electron motions are determined by the fields in which they move; 
the fields are determined by the distribution of electrons. In the atomic 
problem of many-electron energy levels, it may be recalled, the method 
of the self-consistent field assumes a potential; the Schrodinger equation 
is solved for the motion of individual electrons in this potential; an 
effective charge distribution is found from the wave functions so deter
mined; and, finally, this charge distribution yields a new potential. A 
repetition of the calculations using the new potential will yield a second 
potential and so on. In general, the potentials and wave functions found 
in this way will converge to a set of values that satisfy all the equations 
of the problem. 

Similarly, in the present method, a potential distribution is first 
assumed that satisfies the boundary conditions and in the selection of 
which may be reflected any knowledge of the probable behavior of the 
fields. In this potential the electron trajectories are calculated by 
numerical means. From a sufficient number of orbits a charge distribu
tion may be calculated. From this charge distribution by virtue of a 
numerical solution of Poisson's equation a new potential distribution 
is found. If this potential field agrees with the original field, the problem 
would be solved; if not, new orbits may be found and so on through 
the cycle of operations. Intelligent correction of the field may be made 
at any point. I t may be anticipated that if the initial choice of field 
were a good one, the successive calculated potentials would show con
vergence to some limit, and this potential distribution, with its accom
panying orbits, would provide a solution of the original problem. 



266 INTERACTION OF THE ELECTRONS [SEC. 6-9 

The method clearly has disadvantages in comparison with an approxi
mate analytical solution, for it provides information about only one set 
of initial conditions. Thus if the d-c voltage, r-f voltage, magnetic 
field, or the interaction space dimensions are altered, the calculations 
must be started ab initio. If the new parameters are close to the old 
ones, it is probable that the assumption of the final field of one problem 
being the initial field of the next would lead to fairly rapid convergence. 
However, the labor involved is excessive with any except the more 
recent types of digital computers. On the other hand, a self-consistent 
field calculation carried through until the solution converges satisfactorily 
provides very definite information about the behavior of the magnetron 
under some assigned conditions. I t thus enables one to see how the 
magnetron is actually working at some point. Combining this with the 
empirical fact that magnetron operation is not much affected by sub
stantial changes in operating parameters, it may be felt to furnish 
information about typical conditions. Thus, its value lies not so much 
in the particular numerical values that it yields as in giving an accurate 
physical picture of processes in the interaction space and in suggesting 
new lines of attack upon the analytical solution. 

The principal work in this direction has been carried out by Hartree 
and his coworkers at Manchester and by Stoner and his group at Leeds. 
The discussion given here will be based principally upon a report by 
Tibbs and Wright1 which is typical of the methods developed. Actually, 
only three cases have been studied extensively by the self-consistent field 
method, and one of these cases showed a notable absence of convergence. 

The magnetron studied by Tibbs and Wright was a British 10-cm 
tube, the CV76, which had been the subject of earlier work by Hartree2 

at low fields (1050 gauss, y = .520). The relevant parameters for their 
problem are 

N = 8 n = 4 
Anode radius r„ = 0.8 cm 
Cathode radius r, = 0.3 cm 
Wavelength 10.0 cm 
D-c voltage 28.5 kv 
R-f voltage 8.55 kv 
Magnetic field 2300 gauss 
Observed current 17 .5 amps/cm 

In reduced variables 
sa = 2.67, 
a0 = 5.85, 

ai = s„5* = 1.75, 
7 = 0.233. 

1 Tibbs and Wright, CVD Report, Mag. 41, 1945. 
2 D. R. Hartree, CVD Report, Mag. 36, 1944. 
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The anode potential may be written as 

a = a0 + fli cos ruf/, (145a) 

and the potential in the interaction space as 

a(s) = a0{s) + <Zi(s) cos nf + fl-i(s) sin n^ 

+ a2(s) cos 2n^ + • • • (1456) 

while the cathode emission density is 

j = jo + ji cos n/' + y_i sin n^ + y2 cos 2nf + • • • . (145c) 
It is assumed that all but the first three terms of these series may be 
ignored. Then 

dan dai da-! . — e, = -xr + -xz cos ny + -r— sin nf as as as 
= — Co — ei cos n\(/ — c_i sin n^, (145d) 

where e, is the radial field. The initial procedure is to make estimates 
of e0, ex, and e_i, from which the potentials are found in the form 

- - /■' eds. 

Experience indicates that the success of the self-consistent field 
method depends upon an intelligent choice of the initial fields. These 
fields are usually subject to two conditions. Since current is being drawn, 
if space-charge limitation is to be adhered to, each of the functions 
Co, Ci and e_i must behave close to the cathode like (s — 1)W( as was 
shown in the preceding section. This ensures that the total radial 
field will behave correctly close to the cathode. In the second place, 
e0, eu and e_i must satisfy the conditions 

— a0=j Co ds, (146a) 

- a ! = / Cids, (146fc) 

0 = j " c_! ds. (146c) 

The choice of eo is suggested by the fact that near the cathode where 
the r-f fields are relatively weak, the electron motion should, in its d-c 
component, resemble the motion in a magnetron without r-f and with 
the same d-c voltage on the anode. If the cloud radius exceeded 2.271, 
one could use the fields of the double-stream steady-state that have 
been found by numerical integration; for scioud < 2.271 one can make use 
of the single-stream state up to the first radius at which the electrons 
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have a point of inflexion (or f = 0). Thus, the computed diode field 
is used up to this radius and then fitted to a logarithmic potential beyond 
this point, corresponding to an absence of charge. In fitting, the peak 
in the diode field brought about by the large charge density at the junc
tion must be drastically smoothed out. 

Using known diode fields1 the initial cloud radius is found to be 1.49 
with the given conditions; this is only slightly different from the radius 
in the Brillouin state for this case, namely, 1.44. In smoothing out the 
field, regard has been paid to the fact that there is actually d-c current 
in the whole interaction space, and the field has been made constant 
.rather than of the form 1/s beyond the cloud radius. 

If there were no space charge, Ci cos n^ would be of the form 

s" + s~n cos nil ., A„. 

and this expression is chosen to represent e\ in the region 1.6 < s < 2.67 
outside the cloud. A constant multiplier is introduced to satisfy the 
boundary conditions. Close to the cathode the field is of the form 
A{s — l ) w , and this expression is used between s = 1 and s = yf. 
Between these two regions one has little guidance save from previous 
calculations, and these have indicated that the r-f fields vary very little 
with radius. Thus, e\ is put equal to the value of the Laplace field 
at s = .1.6 and held constant between s = 1.6 and s = yf. A is adjusted 
for fit at s = y§, and the constant multiplier in the other fields adjusted 
to give ai correctly at the anode. 

The selection of e_i is very arbitrary. I t is put equal to D'(s — l)w 
from s = 1 to S = |f. I t is again assumed to be independent of s 
from s = T f to s = 1.6 but of only half the value of e\. This makes 
the phase angle of the rotating field t a n - 1 (e_i/ei) equal to —26.5°. 
Beyond s = 1.6 it is made to fall off linearly in such a way that a_i is zero 
at the anode. 

In order to have some means of testing the choice of a trial field 
without the labor of calculating several orbits, Tibbs and Wright intro
duce the idea of "favorable regions" of the field. The idea here is that 
it is possible to say that in certain parts of the interaction space an 
electron will continually lose energy. Thus, if it stays in those regions, 
it will eventually reach the anode. If an electron situated in the favor
able region (determined a priori) cannot reach the anode, the trial field 
may be rejected. Assuming for the moment that the phase of the r-f 
field does not change over the radial region of interest, one may write 

— sa+ = f(s) cos wf/', 
1 Stoner, CVD Report, Mag. 8, 1941. 
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where ^ ' = V + phase angle of r-f. Now considering one of the expres
sions for energy loss 

«_ = •«♦ - y f dia°~/a*} dr, (148) 

this is undoubtedly positive for ir/2 < n^' < x; thus, this may be con
sidered a favorable region. Tibbs and Wright claim that 0 < nty' < TT/2 
is also a favorable region. Their argument depends upon combining 
Eqs. (54a) and (546) in the form 

• - ^ [ l - r / a i 5 ^ ^ * T - . + r 5 i f 4 ^ . (149) d$ ds 

They point out that for 0 < n^' < T / 2 , if sD(y) is the radial coordinate 
in the absence of tangential forces, 

I > SD. (150) 

Then, since an electron returns exactly to the cathode at the end of its 
first loop, when tangential fields are absent, it is asserted that the ine
quality (150) implies that an electron moving wholly in 0 < n^' < T / 2 
will not return to the cathode. I t is fairly clear that this does not fol
low from (150),1 and there seems to be no reason for thinking that 
0 < VAJ/' < ir/2 is actually a favorable region. The whole idea of 
"favorable regions" is rendered of somewhat doubtful value, as Tibbs and 
Wright themselves admit, by the fact that electrons leave the cathode 
with angular velocity —y and may possibly cross from favorable to 
unfavorable regions and vice versa. 

As a trial orbit the electron starting at n^ = 90°, which is in the region 
90° < n\(i' < 180°, both close to the cathode and in the diode region, is 
used. This orbit and another trial orbit are shown in Fig. 6-14. I t 
appears that the orbit is going to run over into the unfavorable region; 
and according to Tibbs and Wright, it does not reach the anode. The 
reason given for the failure of this trial field is that it makes the average 
tangential velocities come out too high, so that electrons pass from the 
favorable to the unfavorable region. In the diode field the angular 
velocity is 1 — y — 1/s2; and if this is averaged to the edge of the cloud 
from the cathode, one has $mvt = 1 — y — l/5doUd. A possible choice 
of the diode field may now be made by making s ^ a = 1/(1 — y), 
which has the effect of making ^>V¥ = 0, and on the average an electron 
in a favorable region might be expected to stay there. This leads to a 
new choice of cloud radius of s^^ = 1/(1 — 0.232). Simultaneously 

1 Consider the functions Si = 1 — cos r and s» = a — a cos T where o < 1, then 
»i « 1 — Si and Jj = a — Sj; therefore, s, > "s, at the same value of s, but both 
Si and Sj start with s = s = 0 a t T = 0 , and both return to * ■= 0. 
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Fio. 6-14.—Equivalent potential for rejected trial field in Tibbs and Wright's self-
consistent field calculation. Two orbits are shown. Shaded regions are inaccessible to 
the electrons 

Fio. 6-15.—Equivalent potential for acceptable trial field in self-consistent field calcula
tion. Four orbits are shown. Shaded regions are inaccessible to the electrons. Arrows 
indicate the direction of the secular motion of electrons. 



S E C . 6-9] SELF-CONSISTENT FIELDS 271 

F I Q . 6-16.-

2.0 
1.8 
1.6 
1.4 
1.2 

U-1.0 
0.8 
0.6 
0.4 
0.2 

0 
1 

- T h e in-p 

<<£, 
^1b) 

y 

.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 
S 

ha8e potential <Zi (in reduced units) as a function of radius. 
field; (b) derived field. 

(a) Trial 

with this change in the radial field, a change is made in the field c_i. 
This is now made equal to — c_i. The trial orbit now reaches the anode, 
and the new field is made the basis for several orbit calculations. Some 
of these orbits are shown in Fig. 6-15. Figures 6-16 to 6-18 show the 
new choice of potentials do, ai, 

0.6 
0.4 
02 

W 0 
-0.2 
-0.4 
-0.6 
-0B 

The calculation of the charge 
density and the cathode emission 
depends upon a method intro
duced by Hartree.1 In this 
method the orbits and the interac
tion space are subjected to a trans
formation. When an orbit has 
been calculated, it is implied that 
one knows r = r{r,^a) and ^ = ^(rtf0) 
the cathode and T is the transit time. 
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F I G . 6-17.—The out-of-phase potential 
fl-i (in reduced units) as a function of radius. 
(a) Trial field; (6) derived field. 
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F I G . 8-18.—The effective radial potential OQ (in reduced units) as a function of radius, (a) 
Trial field; (b) derived field. 

1 Hartree, C V D Report, Mag. 36,1944. 
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formation T = T{T,\J/) and ^0 = ^o(r,\j/). The orbits appear as vertical lines 
in such a (T,^o)-plot, and lines of constant r and ^ may be drawn in the 
diagram. The (r,^o)-plot for the first set of orbits is shown in Fig. 6-19. 

Poisson's equation is solved in the following way: A function 
q(n^/, log r/ra) = q(6,l) is introduced, defined by 

q(6,l) = n / / - Pr dr d<t>; (151) 
Jh Jo «o 

Poisson's equation then reads 
dW , , d 2 7 1 d'q 
av- ̂  ae* 6o ai at 

If dq/dt is expanded in a Fourier series, one has 

dWo = ±<i(dq\ 
ai* to ai W / o 

and 

and Vo, Vk may be found analytically if q is known. But the latter may 
be found in the following way; if the cathode emission has the form 

J = Jo + J\ cos n<l> + J-i sin n^ 
= (Jo - J i - J-i) + Ji (cos nf + 1) + J_! (sin n* + 1), (154) 

where a partition has been made that makes all the terms of the emission 
positive, the three cases 1, (1 + cos n^) , and (1 + sin nif) may be 
treated separately. For each case the appropriate q may be found, 
since each element of area in the (T,^0)-plot has associated with it the 
charge that left an element of the cathode ^o, to + dif/o between the 
times (T, T + dr); it thus contains a charge i(^o) df o dr. Thus, the charge 
in a region of the (Z,0)-plot may be found giving q. The V's calculated 
from the three q's are multiplied respectively by Jo — Ji — J-i, Ji, and 
J_i . There are three boundary conditions, and these give three simul
taneous equations to determine the J's. 

The fields derived from the charge distribution may now be compared 
with those originally assumed. If the agreement is good, the calculation 
may be considered complete; if not, a further repetition of the process is 
necessary. The convergence of the process is frequently poor. An 
earlier calculation by Tibbs and Wright1 for a 3-cm magnetron showed 
very little convergence after several stages and was found to require 
exceedingly high cathode emissions at each stage. They were led to 

1 Tibbs and Wright, "Temperature and Space Charge Limited Emission in 
Magnetrons," CVD Report, Mag. 38. 

(153a) 

(1536) 
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conclude that the requirement of space-charge limited emission could not 
be met and to abandon this boundary condition. However, as they 
later pointed out, the trouble does not lie in the physical conditions 
of the problem but rather in the fact that if the successive solutions of 

270° 

F I G . 6-19.—T VS. IJ/Q diagram for the self-consistent field analysis with contours of 
constant azimuth ip and contours of constant radius s. Orbits are lines parallel to 

the T-axis. Vertical scale represents 
2jr 

the problem are to converge, it is apparently necessary to make a good 
initial estimate of the fields. 

As may have been noted, the methods of choosing initial fields are 
rather arbitrary and entail a process of judicious extrapolation from 
earlier calculations. Furthermore, the estimation of the goodness of a 
solution by a simple visual comparison of the radial plots of the field 
components seems unsatisfactory. In the next section a possible method 
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of improving the self-consistent field technique will be referred to. 
Despite the lack of precision in the solution found by Tibbs and Wright, 
the efficiency and cathode emission that they derived are in reasonably 
good agreement with experiment. 

6-10. Qualitative Discussion of the Interaction.—The analytical diffi
culties tha t prevent a solution of Eqs. (54a), (54b), (56), and (57) compel 
one to fall back upon a qualitative discussion in order to understand some 
of the salient features of magnetron operation. In this discussion one 
is helped to some extent by the self-consistent field calculations, but it 
appears that these have not been carried far enough or worked out for a 
sufficient variety of cases to be of great assistance. 

The most important feature of the magnetron equations in deter
mining the characteristic behavior of the tube is that they may be 
formulated as the equations of a static problem. I t follows that the 
nature of the effective potential, given by Eq. (55), is of considerable 
significance and that an examination of this potential function should 
give considerable insight into the type of motion possible. Were the 
potential function known in its entirety, of course, it would imply 
that the whole problem had been solved, so that one is restricted to a 
qualitative knowledge of its variation. From experimental data on 
operating tubes it is known that the d-c voltage always lies within about 
20 per cent of the threshold voltage. Thus at the anode 

Qo ( l - | ) «* + 1 < 0.2 [ ( l - | ) s* - l j . (155) 

Furthermore, it appears from what little data are available that when 
the r-f voltage is equal to the d-c voltage, operation becomes very 
inefficient and the region of usual operation is at considerably lower r-f 
voltage. If this is the case, at the anode again, 

{sa*{ < (l ~ l ) *2 _ L 

If one treats yVn as the effective potential, then it appears that yVx 
is of the order of ?[(1 — 7/2)5* — 1] at the anode. At other points of 
the interaction space one cannot be precise, but a consideration of the 
potential distribution for the symmetrical diode or the Brillouin steady 
state, when the anode voltage is equal to the threshold voltage, indicates 
that the potential yVs will be everywhere of the order of y. I t is a conse
quence of this that the forces due to the potential will also be of the order 
of 7. ("Effective" and "equivalent" potential are used interchangeably.) 

For the purpose of visualizing the motion in crossed electric and mag
netic fields one needs an approximate solution of the equations of motion 
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in an arbitrary static potential and a constant magnetic field. Suppose 
that the equations of motion are written in Cartesian coordinates as 

x = ory + Vx(x,y), (156a) 
y = -ax + Vy(x,y), (1566) 

where Vx = dV/dx, Vv = dV/dy, and V is a function of position. Then, 
if x + jy = Z, one may write 

Z + juZ = (Vx + jVv) = F. (156c) 
Now if F were independent of position, this equation would have the 
solution with the initial conditions Z = Zo, Z = Z0, 

Z = *l z F - juZo _ 
Ju a* 

This represents a combination of two independent motions: the first 
given by —j(Ft/oi), which is a motion at right angles to the field F of veloc
ity \F\/u>; the second, a motion around a circle of radius \F — juZo\/(j>'', 
with frequency a>/27r. If, now, F varies with position but sufficiently 
slowly so that it does not change greatly over the orbit during one cycle, 
it might be expected that the new solution could still be represented as a 
superposition of two motions. One motion should consist of a path 
everywhere at right angles to F, traversed with a velocity \F\/u. The 
other would consist of a circular motion centered about the instantaneous 
position of a point on the first path. The frequency of the circular 
motion might be expected then to be a slowly varying function of time 
or of position. If these conditions were fulfilled, the center of the circle 
would, since it moves always at right angles to F, be moving along an 
equipotential or line of constant V. Before examining this solution 
analytically it is useful to consider Fig. 6-15, in which has been plotted 
the effective potential corresponding to the fields used by Tibbs and 
Wright1 and also the orbits that they calculated in this field. It may be 
seen that the orbits do actually consist of a series of loops, the centers 
of which travel rather closely along the equipotential lines. It will be 
shown below that this is not a particularly favorable case. 

Writing D = d/dt, one may solve Eq. (156c) formally in the form 

- _ , . F DF . D*F , 
JW (ju)2 (JO))* 

+m-(*£+ti)'<-v-+iV-)+-- (168) 
1 Tibbs and Wright, loc. tit. 



276 INTERACTION OF THE ELECTRONS [SEC. 6-10 

The convergence of this expansion depends upon the smallness of 
(l/un)DnF. Suppose that all terms beyond the second are ignored. 
Then 

Z = re-* ' + Vz t jV", (159a) 

or 

(159b) Z = \FJH - 2.] e+> + V*+jV» - re- + 7 - t ' 7 », 
where Z„ = Z and Z = 2 0 at t = 0. This may be written 

V 
x = r c o s (•>< H -> (160a) 

u 
Vx y = —r sin ul — —■ (160b) 

The higher terms in the expansion become, using this approximation, 

-(Mr°" , -+^)s+(-rB | , i- |- :i f)^r i (F-+jT' )- ( i 6 i ) 

Considering only the first term, one has 

" Q5J5 [ ( ' cos - + If) 7» + (~r -in «« - 5) 7.] 
+ j U r c o s w < + ^ J V^ + f - r s i n c r f ~ ^ ) ^ i J (162) 

If this is to be small compared with the first term (Vx + jVy)/ja>, then 

rVxx, rV„, rVm, V"V" ~ 7 l 7 i y , 7 ' 7 - " VxVw « «| 7 . + jV,\, (163) 
W CO 

where 
VX(Z„) + jVv(ZJ) _ ^ 

In the magnetron problem 

V* = T [«o - sat - (1 - | J (x2 + y2) + l j . (164) 

A proof that the inequality (163) is satisfied cannot be given in 
rigorous form because of the lack of knowledge of the fields. One may 
argue in the following way, however. If Z0 is taken to be a point on the 
cathode, Vx = Vy = 0 and Zo = y; thus r = y. If, in addition, the 
earlier assumption is retained that V « y, Vx, Vy, F « , Vm, and V^ « y, 
then the inequality (163) is satisfied provided that y <C 1 (for the field 
used by Tibbs and Wright, y = 0.232, which is not very small compared 
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with unity). A similar argument would indicate the smallness of 
higher terms in the expansion, Eq. (158). I t is quite evident that 
the above reasoning is tentative and that there may be regions of the 
interaction space, small in extent, over which the fields change more 
rapidly than will allow Eq. (163) to be satisfied. However, it is likely 
that in the main the considerations hold good. The most likely regions 
for difficulties to arise are in regions of large charge density and fairly 
rapid motion. The region very close to the cathode does not appear to 
be one in which Eq. (159) fails because in this case although the field 
derivatives are large, this is compensated for by the low velocities. 

One may note that substitution of the first-order approximation 
(159b) into the next term of the expansion (158) leads to a second-order 
approximation 

- T £ ] (165a) 

^ - r ( 1 + ; & ) 8 i n ^ + ^cos^ + [-v(1 + &) 
+ LfZfl (1656) 

One may consider first the starting process from the viewpoint of the 
effective potential diagram. Figure 6-20 represents the effective poten
tial for a case related to that of Tibbs and Wright. As in Bunemann's 
analysis it has been assumed that a Brillouin steady state exists before 
oscillations are initiated. The anode d-c voltage is that of the problem of 
Tibbs and Wright, and a logarithmic potential is assumed between the 
anode and the cloud radius. The potential corresponding to the Brillouin 
steady state has been assumed right up to the cathode as was done by 
Bunemann. A r-f field, supposed to satisfy Laplace's equation with an 
amplitude equivalent to that used by Tibbs and Wright, has been 
added to the d-c field. The amplitude does not affect the argument, 
which is purely qualitative, but it is chosen large for convenience in 
drawing the potential diagram. 

Two important features appear clearly in this diagram. These are 
the shaded regions in which the potential is negative and into which 
the electrons therefore cannot travel and the appearance of two saddle 
points in the equipotential surface. The appearance of a forbidden 
region near the anode is a consequence of a choice of d-c voltage 
in excess of the threshold voltage and a rather large r-f voltage. 
The forbidden region near the cathode will occur for any r-f voltage, 



278 INTERACTION OF THE ELECTRONS [SEC. 610 

however small. The effective potential within the charge cloud is 

- 5 [ d - » > » - ; ] • (166) 

The potential vanishes for si = 1/(1 — 7) ; and if the cloud radius is 
greater than this, there will be created, when an r-f voltage is super-

« * 

F I G . 6-20.—Equivalent potential for the starting problem in reduced units. The shaded 
regions cannot be traversed by electrons. 

imposed that is negative in some places, a region of negative potential or a 
forbidden region. Now, according to Bunemann, 

i - df 

where 

yV, 
" ( 

7 sV <ty 
If 7 ^ varies as cos n^, then s varies as sin nty for s > s0 and as — sin n\f/ 
for s < s0. Thus, the orbits are deformed in the same way as the 
equipotential lines in Fig. 6-20. One may now argue that the motion of 
the negative charge cloud toward the higher saddle point will make the 
potential in the neighborhood of the latter lower. In the new potential 
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thus derived the orbits will be still further distorted in the same sense. 
It is then possible, although not assured, that the distortion of the orbits 
will proceed further in this way. If this process continues until the 
saddle point lies within the electron stream, one can expect a radical 
change in the nature of the flow. For it is now the case that an equi-
potential originating inside the electron cloud travels over to the anode 
and it will be possible for an electron to follow this equipotential, pre-
cessing about it. Thus, a part of the stream of electrons may turn off 
toward the anode, setting up further instability in the original cloud. I t 
is easily shown that if the cloud radius be less than s0, the perturbation of 
the electron stream is away from the higher saddle point and toward the 
lower saddle point. This produces such a change of potential that the 
perturbation is opposed. 

This picture seems to give a good physical representation of Bune-
mann's analysis. For as long as the orbits are lying symmetrically 
disposed about the position of maximum r-f voltage, the impedance of 
the charge cloud is purely reactive. This may be seen, since ET will vary 
as cos n4i, and dEr/dt = — b>(dEr/d\p) will vary as sin n^. The case 
for which s > So and in which the perturbation grows corresponds to 
Bunemann's instability given by (dFdoud/doj) < 0, while for s < s0, he 
found (dFciouj/Sco) > 0 and the perturbation is self-damping. If the 
disturbance grows to the critical amplitude at which the saddle point 
enters the stream, the asymmetrical nature of the latter after splitting 
gives an in-phase component of current. 

When current has actually begun to flow to the anode, the resultant 
asymmetry of the charge cloud with respect to the maximum of the r-f 
voltage on the anode means that the assumed r-f field must be modified 
to include an out-of-phase term. Furthermore, since there is now a 
nonuniform distribution of space charge producing r-f fields, the latter 
must not be expected to satisfy Laplace's equation but rather Poisson's. 
Thus, in the operating case one is led to the choice of such fields as was 
made in the self-consistent field calculations. Figure 6-15, previously 
referred to, shows the effective potential for the field chosen by Tibbs and 
Wright as the starting point of their calculations. I t may be remarked 
that in its essentials this potential distribution has much in common with 
the naive starting field of the previous paragraph. The outer saddle 
point is now at a much lower potential and, in fact, lies below the inner 
saddle point. This implies that equipotentials starting from quite close 
to the cathode may reach the anode. (Arrows have been drawn along the 
equipotentials to indicate the directions of motion of the center of the 
precessional circle.) 

It would seem that the diagram of effective potential might be very 
useful in connection with self-consistent field calculations, since it gives 
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considerable insight into the possible flow patterns of the electrons. 
Figure 6-21 shows the effective potential for the field derived by Tibbs and 
Wright from the space-charge distribution set up by the orbits of Fig. 
6-15. I t may be seen that the space charge has lowered the potential 
sufficiently to eliminate the outer saddle point and the two forbidden 
regions have coalesced. Comparison of the orbits of Fig. 6-15 with the 
potential diagram of Fig. 6-21 reveals the unfortunate fact that most 
of the orbits lie over a considerable part of their length in the forbidden 
region. This indicates that self-consistency has not been achieved in a 
satisfactory manner, although the derived radial fields appeared to 
agree fairly well with the initial ones. The new field, though it differs 

FIG. 6*21.—Equivalent potential for derived field in self-consistent field calculation. Two 
orbits calculated in the initial field are shown. 

in detail from the starting field, retains some features in common. There 
are still equipotentials starting from close to the cathode that run up 
to the anode, and the orbits will presumably lie along these. However, 
the shape and orientation of the resultant arm of space charge cannot be 
predicted until a self-consistent field has been found. Inasmuch as a 
method with a self-consistent field procedure is largely an empirical one, 
proceeding by a series of estimates and approximations, it would appear 
that the use of the effective potential diagram would aid materially in 
visualizing the state of affairs in the interaction space. At the same time 
it provides a sensitive check on the approach to real self-consistency. 

A comparison of the potential fields for the artificial starting problem 
shown in Fig. 6-20 and those assumed and derived in the self-consistent 
field calculation (Figs. 6-14 and 6-15) enables one to deduce some of the 
general properties of the field in an operating magnetron. There is a thin 
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layer surrounding the cathode in which the potentials vary radially as 
(s — l)*4. Within this layer electric forces will originally predominate; 
but after a certain distance has been traversed, the magnetic forces will 
become comparable. In Sec. 6-8 it was estimated that the thickness of 
this layer was TVW, and the voltage drop across it is found to be TTityi2' 
Considering the case for which self-consistent fields have been calculated 
in Sec. 6-9, the thickness is 0.04 and Aa0 equal to 0.015; thus, the thick
ness is very small, and the potential drop under these circumstances 
small compared with the cathode potential of 0.116. At very high 
currents the cathode layer may become thick enough and the potential 
drop across it large enough to alter the initial stages of the motion. 

Beyond the cathode layer there exists a region that might be called 
the "bunching" or "sor t ing" region. This may be thought of roughly 
as extending out to about the radius of the Brillouin steady state appro
priate to the d-c anode voltage. Passing radially outward from the 
cathode through this region one always encounters a potential minimum 
at about the radius So = 1/(1 — 7) at which the Brillouin steady state had 
a potential of zero. The effect of the r-f field is to depress an angular 
region around this minimum to a negative potential, thus producing a 
forbidden area; between each pair of forbidden regions there will be a 
saddle point. Electrons leaving the cathode from points opposite the 
forbidden region travel close to the cathode, held there essentially by a 
negative radial r-f field, until they pass the end of the excluded area, 
where they enter a region of tangential r-f field, so directed that they 
move outward. Electrons starting between the forbidden region and 
the saddle point move mostly in a positive (outward) radial r-f and d-c 
field once they have crossed the minimum; this causes them to move 
toward the left and brings them into step with the first set of electrons. 
Finally those electrons which start from beyond the saddle point may 
either cross the minimum and be sent toward the left like the second set 
or, if they approach close to the forbidden region, be sent back to the 
cathode by the tangential electric field. The over-all effect is tha t 
electrons which have started behind the forbidden region to the left of 
the saddle point are bunched together while electrons coming from the 
cathode between saddle point and forbidden region return to the cathode. 
The general features of this bunching mechanism will not be changed in 
their essentials provided that the potential field retains the characteristic 
features described earlier. 

Beyond the bunching region, in which the electrons have been con
centrated into a relatively narrow range of angles, lying in the region 
of maximum tangential field, the stream travels out to the anode. The 
stream, as it moves outward, will continue to lie in the region of maximum 
tangential field, following the equipotentials. I t can be expected, then, 
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to arrive at the anode at some effective potential near zero but, of course, 
always positive. There will be a process of phase focusing in this region 
as may be seen by considering the equipotentials in Fig. 6-15. The 
equipotentials surrounding the zero equipotential converge toward the 
anode, and the various orbits centered on the equipotentials will also 
tend to converge. I t is within this region that the process of energy 
conversion largely takes place, since the electrons have now been con
centrated entirely into regions in which the tangential electric field has 
the proper sign for the electrons to lose energy. One sees that for low 
magnetic fields (slightly greater than 1 — l/sjl) the efficiency will be low, 
for the initial cloud radius will extend out very close to the anode and 
the energy-exchange region will be small. As y decreases, the radius 
of the bunching region will decrease and more of the interaction space 
will become available for energy loss. 

The fact that the magnetron problem may be formulated in static 
terms seems to be fundamental for its behavior. That operation will be 
possible over a large range of values of y with an efficiency steadily 
increasing with y appears evident because changes in y mean only 
changes in the initial velocities of the electrons and a consequent change 
in the effective potential. The frequency of precession of the electrons 
about the magnetic field in a field of constant effective potential is 
2(1 — 7)/2ir; the oscillatory motion to which this precession corresponds 
is not driven by any harmonically varying forces, and it thus exhibits 
no resonance effects for any y. Variations of y then mean merely 
variations in the boundary conditions and equations of a purely static 
problem. 

Similarly by examining the definitions of the reduced variables it 
is seen that the dependence of the operation upon frequency is contained 
in the dependence upon a0 and y, for this is the only place in which 
the frequency appears. Now a0 is essentially correlated with y by the 
necessity of satisfying the threshold criterion everywhere; thus, the 
frequency dependence is principally contained in the -/-dependence. 
Since there is reason to suppose that the latter is small, one deduces that 
the frequency dependence is small. Once again, there are no resonance 
effects. 

The dependence of the operation upon the r-f voltage as contained in 
Fig. 6.9 is very inadequately understood. 

6-11. Departures from the Rotating-wave Hypothesis.—The fore
going discussion of magnetron operation has been based on the assumption 
that only the slowest rotating wave which moves with the electrons has 
any appreciable interaction with them. I t now appears that many of 
the characteristic features of magnetron behavior are due to this mode 
of interaction. I t is, therefore, of interest to consider cases in which 
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another Fourier component plays a part. One notable example of this 
occurs in the operation of the rising-sun type of magnetron. As has 
been shown in Chap. 3, the presence of two sets of resonators, alternately 
large and small, gives rise to a Fourier component that is not normally 
excited in unstrapped and strapped systems. This is a mode for which 
there is no angular dependence (n = 0). Such a field will appear in any 
rotating system as a tangential electric field varying as e'mt, without 
angular dependence and falling off slowly toward the cathode. A method 
of estimating the effect of such a perturbation was indicated by Slater;1 

his treatment will be followed in a more general form. 
Writing Eqs. (54a) and (54b) in Cartesian coordinates again, one has 

I = 2(1 - y)y + 7~> (167a) 

lj= - 2 ( 1 -y)x + yd^, (167b) 
ay 

where X and y are measured in units of rc and 

V, = (a„ - sa,) - (l - y (x2 + y2) + 1. (167c) 

Suppose now that Xo(t), y0(t) are the equations of an orbit satisfying 
Eqs. (167a, 6), and consider the perturbation of a single orbit. Let 
x = x0 + n and y = yo + {> and where n and (, are small. Then to 
terms linear in n and (, one obtains 

a - 2 ( l - 7 ) C + 7 ( . ^ + ? g j ) . (168a) 

- C = - 2 ( l - 7 ) , + 7 ( n g + C ^ ) (168b) 

Writing d/dr == D, then Eqs. (168a) and (168b) become 
(D2 - yV„)« - [2(1 - y)D + 7V%,]C = 0, (169a) 
[2(1 - y)D - 7 F J n + (D2 - yV„X = 0. (169b) 

Thus, rj and f will have solutions dependent upon r as <flT where 
G« + [4(1 - yy - 7{V„ + Vyv)W + yW^Vyy - V%,) = 0. (170) 

To a first approximation then, 
(?2 = _ 4 ( ! _ T)2 + yV2yE 

= - 4 

= ±i 

1 - X ~ I v2(°» - s a * ) } 
y - ?-V\a0 - «»♦)]• (171) 4 

1 J. C. Slater, B.L Report No. V5-S. 
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Suppose, generally, that a perturbation of the form e"""°' = e"",yr be 
applied; then there will be resonance between the applied perturbation 
and the small oscillations about an equilibrium orbit if 

nay = 2 — 7 V2(a0 - sa*) 

or 
ym[na + 1 + iV2(a0 - sa,,)] = 2, (172) 

where 7„. = 2m,ouo/neBr,a is the value of y for which resonance takes 
place and, similarly, Br„ is the magnetic field at which resonance occurs 
for a fixed coo. Writing mocoo/e = Ba, 
cyclotron field, Eq. (172) becomes 

where Bcyo is the so-called 

Brt Boy, 

B„ 

n An 

n 4n 

For the rising-sun case, a = 1 and 

B = Bcy, n 4n 

(173) 

(174) 

It is difficult to go further than this, since one's knowledge of p is very 
inadequate. Roughly since 

2TTI'P -

pavg 

pSS (ty, 

2wi0 

s.VB(sA^) 

(175) 

(176) 

where sA^ is the breadth of the outgoing electron stream. Furthermore 
since p is not constant throughout the cloud, it is not clear where its 
value should be taken. 

The performance chart for a rising-sun magnetron (Fig. 6-7) shows 
the characteristic behavior of these tubes. The efficiency instead of 
rising monotonically with magnetic field shows a minimum for a fairly 
definite magnetic field. The effect, in most cases that have been exam
ined, is less pronounced at high currents. Using crude estimates of 
5.v« and (sA^), the formula Eq. (174) gives reasonable agreement with 
experiment. 

Slater has given a result that has been frequently quoted in this con
nection. This expression is 

B„ 
Scy = 1+i (177) 
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It may be derived from Eq. (174) in the following way: Slater considers a 
special orbit in a cylindrically symmetric field, namely, one in which an 
electron moves on a circle about the cathode with an angular velocity 
equal to that of the traveling wave. In the rotating system then the 
orbit degenerates to a fixed point. From Eqs. (54a and b), if # = 0 in a 
symmetric field, 

1 - 7 = 1 
1 y s2 

and also 
d(a0 - s 2 J 0 = I = stf - 1 + 7 ) 2 - *(1 - T)2 + 7 ^ L _ ^ ' - (2 - y)s 

s3 S ^ y ds 

Us_i) 6S 7 \ S 3 / 5 

Now in Eq. (174) one has 

„ , , - x 1 <5 T 3(do - sa* (178) 
as 

_ a2(q0 - sa») 1 d{a0 - sa<,)r 

as2 s as 
and neglecting the second derivative, as does Slater, 

V2(a0 - sa>) = ! « ( « » - « » ) = 1 ( l _ J . ) = 2 - 7 ~ 2. (179) 

Substituting in Eq. (174) gives 

fe = * + ST <6"1 7 7> 
The result, although agreeing quite well with experiment, cannot be 
considered as well founded. 

A phenomenon that occurs in strapped magnetrons appears to be of 
the type considered in this section. Measurements of the energy 
transferred to the cathode by electrons that return after being accelerated 
in the r-f field have been made for a number of tubes. An example of 
the results obtained is shown in Fig. 6-221 where the contours of back-
bombardment power are shown on a regular performance chart. I t may 
be seen that the back bombardment shows a maximum at 1400 gauss 
for this magnetron which operates at 10.7 cm. I t appears that at this 
field for which B/B^ = 1.41, there is some kind of resonance effect, 
since there is no obvious reason why any special back bombardment 

1 W. E. Danforth, C. C. Prater, and D. L. Goldwater, "Back-bombardment of 
Magnetron Cathodes," NDRC 14-309. 
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might be expected to take place if the electrons are moving in the quasi-
static field. There is observed little or no effect upon the efficiency of 
the magnetron, so that the whole process is much less pronounced than 
that taking place in the rising-sun type. The fact that the critical field is 
substantially greater than Bcyc indicates that the resonance effect, is 
not confined to a layer near the cathode in which the electrons are at 

8 10 12 14 16 18 20 
Pulse current in amp 

F I G . 6-22.—Performance chart showing pulse back-bombardment power with - - - - - pulse 
back-bombardment power in kilowatts. 

rest in the laboratory system of coordinates, for in that case one would 
expect a field equal to Bcya to produce a disturbance. The most plausible 
explanation is that some (n = 0)-contamination is actually present. 
Actually it has been observed from data taken on field patterns in 
nonoperating magnetrons that there is indeed a certain amount of 
(n = 0)-mode present in strapped tubes. This is caused by the fact 
that one strap lies behind the other, and thus in the interaction space 
there will exist a net radial component of electric field having (n = 0)-
symmetry, which will be strongest at the ends of the anode. I t should 
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be noted that this is a radial electric field rather than a tangential one, 
as in the case of the rising-sun magnetron. A somewhat minor point in 
favor of this analysis is that the maximum of back bombardment was 
not observed for an unstrapped design on which measurements were made. 
The observed Br„„ for the data of Fig. 6-22 is in good agreement with that 
calculated from Eq. (174) making plausible estimates of save and (sA\f/) 
from Hartree's calculations on a 10-cm. magnetron operating near 1400 
gauss. 

One related fact may be mentioned as indicative of the operation of 
fields not included in the rotating wave. From Eqs. (54a), (54b), and 
(55) for an electron at the cathode one has 

s2 + ,p = 72 
and for the energy loss from Eq. (76a) 

flio»» = — 7 ~ $■ 
Thus 

- 2 7 < a,os. < 0. 

Therefore the maximum energy with which an electron can return to 
the cathode is 2 7 or in volts, 2(mo/e)(oirt)! = 2(m0c2/e)(2irrc/nX)2, which 
gives 4 Xl04(r c /nX)2 kv. For rc = 3 X 10"3 meters and X = 10"1 meters 
n = 4, the maximum energy is 2.25 kv. The evidence from the work 
of Danforth and his associates is that energies considerably higher than 
this are found, although these experiments are difficult to perform. 

In discussing the perturbations produced by other Fourier components 
earlier in this chapter, it was found that for the 7r-mode the frequencies 
of the perturbations were +2oo, ±4uo, etc. Thus, it might be expected 
from Eq. (174) that the perturbations with frequency 2u0 which is due 
to the (p = +iV/2)-component would be in resonance with the electron 
orbit perturbations at a field B„, given by 

5™ = Bm [2 + - + ^ P j . 

For any magnetrons that have been operated at fields as high as this 
value of B,„,, no decline in efficiency has been found. No cathode back-
bombardment data have been taken at these levels. The absence of 
such an effect upon the efficiency is probably due to the fact that the 
(p = +N/2)-field falls off rapidly toward the cathode as compared with 
a (p = 0)-field. I t thus acts effectively only close to the anode, and the 
number of cycles that an electron spends in a significant field is not suffi
ciently great to affect its behavior. This is a possible clue to the 
action of the (p = 0)-field in lowering efficiency, for it suggests that it 
must act relatively close to the cathode and probably interferes with the 
sorting of the electrons into bunches. 



CHAPTER 7 

THE SPACE CHARGE AS A CIRCUIT ELEMENT 

B Y F. F. R I E K E 

7-1. Introduction.—The characteristics of a magnetron as an oscillator 
can be described in terms of two quite distinct sets of properties. One 
set of properties belongs to the complex of resonant cavity, output 
coupler, and r-f load considered purely as passive circuit elements. 
The other set of properties is associated with the electron cloud, or space 
charge, as it exists in the configuration of electric and magnetic fields 
peculiar to the magnetron. The purpose of this chapter is to show how 
the over-all performance may be analyzed in terms of these two sets of 
properties and how an understanding of them may be used to predict 
the manner in which performance will be influenced by modifications 
in the design of the circuit or by peculiar conditions of operation. 

To a large extent, the discussion concerns the various influences 
that the output load exerts on the performance of the magnetron. 
Actually, these effects in the magnetron have a general resemblance 
to the corresponding ones in many other types of self-excited oscillators, 
and it may be of some interest to examine the reasons for giving them 
here a much greater prominence than they ordinarily receive in discus
sions of vacuum-tube oscillators. 

An intensive study of the effects of variations in the load was first 
taken up primarily out of practical considerations. Originally, the 
load was adjusted to secure maximum efficiency consistent with general 
stability. I t then came to be realized that satisfactory performance of a 
radar system depended also upon the stability of the frequency of the 
magnetron. Inasmuch as there was some correlation between changes 
in frequency and changes in load, there immediately arose a need for an 
understanding of the relation between the two. Thus, the problem arose 
out of a combination of circumstances that are more or less peculiar 
to microwave pulse-radar, namely, 

1. The primary, frequency-controlling oscillator is directly coupled 
to the load, since no suitable buffering amplifier is available. 

2. The output system tends to have an unstable impedance, as it 
is large in terms of wavelengths, so that mismatches can give 
rise to a complicated spectrum of resonances. 

288 
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3. The magnetron must operate in conjunction with a fairly selective 
receiver (at least in consideration of noise figure, if not of 
interference). 

The experimental studies that grew out of the situation indicated 
above eventually resulted in the construction of "Rieke diagrams" for 
a large assortment of magnetrons operated under a wide range of condi
tions. I t then occurred to many who became familiar with these 
diagrams that basic information about the inner workings of the mag
netron could be obtained from them. In consequence, methods were 
developed1 for analyzing the effects of the load in a more fundamental 
way. These methods, although generally applicable to self-excited 
oscillators of many types, are particularly useful in the study of micro
wave oscillators, of which the magnetron is but one example. 

With conventional oscillators that generate ordinary radio frequencies. 
the interior conditions of the active oscillator—as represented by various 
voltages and currents—can usually be evaluated by direct measure
ments. In microwave generators, however, all the essential parts are 
contained within the vacuum envelope, and the only alternating-current 
measurements that are at all easy to make, even in principle, are those 
of impedance, power, and frequency. Consequently, to evaluate the 
internal conditions one either must be content with indirect methods or 
must undertake elaborate experiments on tubes designed for the express 
purpose of making the measurements possible. 

In the special case of the oscillating magnetron, the only quantities 
that seem to be fundamental and that also can be measured conveniently 
are (1) magnetic field; (2) power, frequency, and load impedance at the 
output terminals; and (3) current and voltage at the input terminals. 
Accordingly, it becomes worth while to exploit fully the relations among 
these quantities so as to obtain information about the internal conditions 
of the oscillating system. The results will necessarily be expressed in a 
rather abstract form, since the detailed theory of the magnetron has 
so far not provided a sufficient framework of general relations to permit 
a complete analysis of the data. 

To some readers, the profuse use of equivalent circuits in connection 
with the magnetron cavity may seem questionable, inasmuch as the 
dimensions of the cavity are not small compared with the free-space 
wavelength of the oscillations. Strictly speaking, the concepts of 
inductance, capacitance, and resistance imply a particular form of 
approximate solution to Maxwell's equations which is valid only for 

] J . C. Slater, "Theory of Magnetron Operation," RL Report No. 200, Mar. 
8, 1943; F. F. Rieke, "Analysis of Magnetron Performance, Part I ," RL Report 
No. 229, Sept. 16, 1943. J. R. Pierce, "Oscillator Behavior," BTL Memorandum 
MM-43-140-19. 
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systems that are small compared with the free-space wavelength at the 
frequencies involved. Leaving aside the question of L, C, and R for 
the moment, it can be said that the concept of impedance can be so 
generalized as to avoid this limitation by defining the impedance as the 
ratio of the orthogonal components of the electric and magnetic fields.1 

In special cases, the generalized impedance can be related to currents and 
voltages, particularly where a TEM-mode is involved (as in a coaxial 
line) or where the fields have approximately a TEM-mode character, as 
in the slot of a magnetron resonator. 

The theory of cavity resonators, based directly on Maxwell's equa
tions,2 leads to the result that various impedances in such a cavity are 
related to each other in the same way as the impedances in LRC-net-
works, which means that between certain components of electric and 
magnetic fields there are linear relations of the type 

Ei = Zu-Bi + Z12B2, 
Ez — 2l2-Bl + 322^2 

which correspond to the relations between currents and voltages in 
a network. Moreover, when the zik factors are expanded in terms of the 
frequency, the forms are of the same general type as those met with 
in network analysis. According to the theory of networks, given such an 
impedance function, it is always possible to "synthesize" LfiC-networks 
which will have just tha t impedance function. (This statement is 
subject to the condition that the cavity can be adequately represented 
by a finite number of terms in the expansion.) Accordingly the cavity 
can be represented by an equivalent network, but this equivalent net
work need have no physical relation, part by part, with the cavity and 
is not even unique. Thus the equivalent circuit, in one extreme, may 
be regarded only as a special representation of a mathematical formula. 
However, between this viewpoint and the other extreme, that of literal 
interpretation of the elements in the equivalent circuit as inductances, 
capacitances, and resistances actually existing in the resonant system, 
there is a middle ground, because the LRC approximation to a solution 
of Maxwell's equations can be a quantitative rather than a qualitative 
matter. 

In practice, one attempts (on the basis of intuition or experience) 
to derive a suitable equivalent circuit from the shape of the cavity and 
its observed behavior. From measurements, one then arrives at values 
of such quantities as \/C/L, y/LC, and R y/GjL that are meaningful, 
although the values of L, R, and C derived from them may not be (or 

1 S. A. Schelkunoff, Electromagnetic Waves, Van Nostrand, New York, 1943. 
2 J. C. Slater, "Forced Oscillations in Cavity Resonators," RL Report No. 188, 

Dec. 31, 1942. 
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may be so only in a limited sense). The degree of complication of the 
equivalent circuit first assumed is dependent upon the particular situa
tion and the degree of approximation required. 

7-2. The Electron Stream as a Circuit Element.—The features of the 
magnetron cavity relevant to the following treatment are illustrated in 
Fig. 7-1; the nature of the electric fields is indicated by lines of force. 
In this discussion only the alternating component of the electric field 
E is considered; thus the field indicated by the lines of force contains a 
time factor cos cot, or in the conventional complex-variable notation e'"'. 
The instantaneous value of the integral $E ■ ds across any one of the 
slots is substantially independent of the path of integration, provided 
the path lies entirely within the interaction space, so the integral can be 
considered to represent an instantaneous voltage across the slot; it is 

FIG. 7*1.-—The electric fields in a magnetron cavity. 

an alternating voltage Ve1"1. In the principal or 7r-mode of oscillation of 
magnetron cavity V alternates in sign from one slot to the next, but it 
has the same magnitude for all of the slots, and this magnitude can at 
present be considered to be the a-c voltage developed by the cavity. 

A voltage amplitude V having been defined, a current amplitude I 
can also be defined, simply by making use of the fact that i(lV) must 
equal the average power delivered by the electron stream to the resonant 
system. However, because there are also reactive effects connected 
with the electron stream, it is convenient to treat the current-amplitude 
7 as a complex quantity in order to express the fact that it has a compo
nent in quadrature with the voltage. The power is then equal to 
one-half the real part of the product VT. 

The physical meaning of the current 7 can be understood by con
sidering the contributions of the individual electrons to the instantaneous 

VI product. An electron with vector velocity v at a point where the 

vector electric field is E makes an instantaneous contribution eE ■ v 

to the VI product. The significant terms in E ■ v can be calculated 
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by considering the interaction of the electron with the particular Fourier 
component of the electric field that rotates in unison with the pre
dominant motion of the electron stream. However, partly because of 
the complications in the motion of the electron (see Fig. 7-2a and b), 

E ■ v contains many higher harmonics that are not pertinent to this 
discussion. The electric field of the significant component is illustrated 
in Fig. 7-2c; the fields and the electron stream may be considered to 
rotate together, in a clockwise direction. An electron near the cathode, 
as at A, makes only a very small contribution to the VI product because 

© 
(a) (J) 

F I G . 7-2.—(a) Actual path of electrons; (b) simplified path assumed for calcu
lations; (c) electric field configuration of the Fourier component that rotates in unison with 
the predominant motion of the electron stream. 

E is small near the cathode. Electrons at B absorb energy from the 
field and thus make a relatively large positive contribution to the real 
part of 1, whereas those at C make a negative contribution. Electrons 
at D make a positive contribution to the imaginary part of 7; those at 
E a negative contribution. Because of the space modulation of the 
stream, there is a preponderance of electrons at positions like C, so the 
total current has a negative real component. 

Having shown that the voltage V and the current 1 as applied to the 
electron stream have definite meanings, one can treat their ratio I/V 
as an admittance. Accordingly, the perimeter of the interaction space 
can be considered as a pair of terminals—in a generalized sense—at 
which the electron stream is connected to the resonant system, and the 
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complete assembly of resonant system and electron stream can be 
represented by the equivalent circuit drawn in Fig. 7-3. The terminals A 
represent the junction of the electronic current 7e = lei + jJe2 and the 
load current 7L- Because 1e and — 1L are identical, with the convention 
indicated in Fig. 7-3 for their positive directions, and V is common to 
the resonant system and electron stream, the relation 

Y„ + YL = 0 (1) 

must always be satisfied (unless V = 0). 
The part of Fig. 7-3 to the right of A is composed of ordinary circuit 

elements—resistances, capacitances, and inductances—so its admittance 
has well-known properties.1 In particular, YL is independent of the 
amplitude V and depends only on the frequency v; that is 

GL = GL(v) and BL = BL(v). (2) 

For the moment it is supposed that these functions are known. Conse
quently, if under particular conditions of operation it is observed that 

J <dc) 

Vide) 
Electron 
stream 

h <<w> h 
/ 1 * 
Viac) j 

1 

Load 

A 
FIG. 7-3.—Equivalent circuit of the resonant system and the electric Btream. 

the magnetron oscillates at a frequency u'/2r and generates power/5 ', 
the conditions within the space charge can be computed by means of the 
following equalities: 

-G'e = GL(v>), (3) 
-B'e = BLW), (4) 

* - ( % ) * ■ ( 5 ) 

The components of the current can be found from the relation le = YeV. 
One thus has a procedure for evaluating experimentally the conditions 
within the space charge. 

The inverse problem of predicting v and P when the operating condi
tions are specified may now be considered. The method consists essen
tially of solving a system of equations made up of Eq. (2) and additional 

1 An electronic admittance, on the other hand, has properties that are quite 
different from those of the admittance of a passive circuit (which is composed only 
of condensers, inductances, and resistances). A passive circuit is linear; in other 
words, its admittance is independent of the applied voltage and depends only on the 
frequency, whereas electronic devices are necessarily nonlinear except for applied 
voltages of small amplitude—at large amplitudes, saturation effects always set in. 
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equations that contain the properties of the electron stream. These 
additional equations relate Ye to such quantities as the d-c voltage 
applied to the magnetron, the magnetic field, etc. The general nature 
of these relations will be taken up first. 

In a typical experiment on a magnetron, one applies a magnetic field 
(B, a d-c voltage V at the input terminals, and an impedance Z = R + jX 
at the output terminals. In turn, one observes that the magnetron 
oscillates at a frequency v, generates power P, and draws a direct current 
/ at the input terminals. The first four variables—(55, V, R, and X— 
have been set arbitrarily and can be termed the independent variables of 
the system. The values of the last three variables—v, P, and /—are 
fixed by the choice of the independent variables and by the inherent 
properties of the magnetron; v, P, and I are the dependent variables of 
the system. A somewhat different ordering of the original experiment 
would correspond to a different choice of independent variables—for 
instance, one might have decided to fix the input current / arbitrarily 
and let the input voltage V adjust itself accordingly. The essential 
fact is, however, that four independent variables and three dependent 
variables, or, generally, seven variables and three relations between them, 
are required to describe the fundamental properties of the magnetron. 

A convenient form for expressing these properties is the following set 
of relations: 

Ge = Ge(V, V, v, (B), (6a) 
Be = BC(V, V, v, (B), (6b) 

I = I(V, V, v, ffi). (7a) 

An alternative form for Kqs. (da) and (Gfc) is 

L = {Gc + jBe)\ = I„(V, V, v, CB). (76) 

A direct physical interpretation can be attached to this set of relations 
by considering an ideal experiment. Suppose that under particular 
conditions of oscillation the quantities involved in Kqs. (7a) and (7b) 
have the values / ' , V, V, v', 03', and l'e. In principle, the part of the 
system to the right of the terminals .4 in Fig. 7-3 can be replaced by a 
generator that has an output voltage V and frequency v ; the conditions 
to the left of A remain unchanged, and all the variables listed above 
must retain their original values. By varying ffi, V, V, and v and 
observing I and Ie all possible conditions of oscillation can be duplicated 
and the results expressed in the form of Kqs. (6a), (6b), and (7a) or 
alternatively Kqs. (7a) and (7b). In addition, the relations could be 
extended by means of such experiments to ranges of the variables that 
do not correspond to any stable state of oscillation. For example, it is 
plausible that for very large values of V, saturation effects of some sort 
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would set in, and the real component of Ie (and therefore Ge) would 
become positive, which would entail the absorption rather than the 
generation of alternating-current power by the electron stream. Actu
ally, information about the functions (6a) to (7b) has to be obtained 
principally from data on stable states of oscillation, but it is important 
to realize that the functions have meaning for extended ranges of the 
variables. 

I t so happens that in most of the applications of relations (6a) to 
(76) only a small range of the frequency v is of interest. For example, 
if one is concerned with the effect of the external load on the performance 
of a fixed-tuned magnetron, one need consider frequencies that differ 
from the "normal" frequency of oscillation vo by at most a few per cent. 
In handling such problems it is very convenient to mdke the approxima
tion that the relations (6a) to (7b) do not involve the frequency at all— 
relations evaluated at vo are used throughout the entire range of v. 
Evidence showing that this procedure is permissible will be discussed 
later. Inasmuch as there will be no ambiguity about vo in problems 
of the type indicated, it will be convenient to have available for reference 
the relations (8a) to (9b) in the following approximate forms: 

G. = Ge(V, V, <&), (8a) 
Be = B.(V, V, <B), (8b) 

I = I(V, V, <B), (9a) 
h = 7.(7, V, ffl). (9b) 

In practice, the functions (8a) to (9b) are known only in the form of 
tabulations of experimental data. I t has not seemed feasible to fit 
analytical equations to the data, and the relations are actually used in 
the form of graphs; but since a function of three variables cannot be 
represented by a single two-dimensional curve, only partial relations 
can be expressed. For example, if in Eq. (8a) V and (B are held at 
fixed values, Ge can be plotted against V. Such questions as which 
variables should be held fixed are matters that have to be adapted to 
the particular problem in hand. Therefore, any attempt to carry through 
the present discussion on the basis of a specialized form of the relations 
would involve much graphical solution of equations, replotting, etc., 
and it seems preferable to adopt a somewhat general viewpoint. For 
the present, it will be taken for granted that the necessary information 
about relations (8a) to (9b) is available and that it can always be put into 
a desired form by the appropriate computational procedures. 

One may now consider the problem that initiated the discussion of 
relations (6a) to (9b), namely, that of predicting the frequency of oscil
lation v and the power output P from the known properties of YL and Ye 
[the approximate forms (8a) to (9a) will be used]. If a magnetic field 
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ffi' and a d-c voltage V are applied to the magnetron, the real and 
imaginary parts of Eq. (1), with Eqs. (2), (8a), and (9a) substituted into 
it, become 

GL(«) + G„(V, V, « ') = 0, (10) 
BL(v) + B.(V, V, as') = 0. (11) 

These two equations may be solved for V and v; the solution V', v' then 
substituted along with V and (B' into Eq. (9a) to obtain / ' ; and the 
problem thus completed. A graphical solution would take the following 
form: 

The pair of relations 

G = GL{v) and B = BL(v) (12) 

are the parametric equations for a curve in the GB plane. Such a curve 
is illustrated schematically in Fig. 7-4, where the variation of the param

eter v along the curve is represented 
by the small circles that mark off equal 
increments in v. (The fact that only a 
small range of v is represented has been 
indicated by marking off Ac rather v.) 

Similarly, the pair of relations 

G = -Ge(V, V, ffl') 
and 

B -Be(V, V, <&') (13) 

Y= -Y„ (V, V, 0) 

F I G . 7-4.—Admittance plots in the 
GB plane for a magnetron operated 
at constant GS and V. 

are the parametric equations for a 
second curve which is also illustrated 
in Fig. 7-4. The variation of the pa
rameter V along this curve is indicated 
by a scale. According to Eq. (9a), I 
also varies in a perfectly definite man
ner along this curve [that is, I = I(V, 
V, ffi')], and its variation is indicated 

by a second scale. A curve of this type is sometimes termed an "operat
ing curve"; other sorts of operating curves may be drawn, however, so 
when a distinction must be made, the present type may be referred to 
as "an operating curve at constant V." 

The intersection of the two curves indicated in Fig. 7-4 by the point S 
is a solution to Eqs. (10) and (11). At the intersection <S the values of 
V', I', and v' can be read from the scales attached to the curves. 

I t has thus been shown that the operating curve for 05 = <B', V = V 
is the curve defined by the simultaneous equations G = —Ge(V, V, (B') 
and B = —Bt(V, V, (&') and that the operating curve for C& = (B', 
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I = V is the curve defined by the system of equations G = —Ge(V, V, <&'), 
B = -B„{V, V, ffl') and V = 7 (7 , V, <&'). If, however, one should 
wish to take into account the fact that the <i-c power supply (or modula
tor) used to drive the magnetron has an internal voltage drop that varies 
with the current drawn, the appropriate operating curve can in principle 
be obtained as follows: Suppose that V and I are connected by a relation 

V = / ( / ) (14) 

and that (& = <&'; then the operating curve becomes simply a plot of the 
function (14) in the curvilinear coordinate system formed by the various 
constant-F and constant-/ operating curves for (B = <B'. 

Diagrams of the general type of Fig. 7-4 provide a means for the direct 
interpretation of many aspects of magnetron behavior. The curve 
Y = YL(V) has the important property of depending entirely on the 
system that lies to the right of the terminals A in Fig. 7-3. Thus any 
effect that accompanies a change in either the resonant system or the 
external load can be interpreted in terms of the corresponding shift of 
the YL curve. In the same way, the curve Y = — Ye depends only on 
what is to the left of the terminals A, so that all effects which are con
nected with changes in the input conditions (V, I, (B) can be interpreted 
in terms of shifts in the — Ye or operating curve. 

The loop in the curve Y — YL(y) of Fig. 7-4 strongly suggests the 
possibility that Eqs. (10) and (11) may sometimes have more than one 
solution. Since multiple solutions present a special set of problems, 
discussion of them will be postponed to Sec. 7-4. In addition, there is 
the possibility that a solution to the equations may represent an unstable 
state of oscillation; the question of stability will also be taken up in 
Sec. 7-4. 

7-3. Analysis of the Resonant System.—In the foregoing discussion 
it was assumed that the properties of the part of the system to the right 
of terminals A in Fig. 7-3 were known in the form of the functions 
GL(V) and BL(v). These functions, whose specialized forms are analyzed 
in this section, contain combined properties of the system (magnetron 
cavity + output coupler + lead + transmission line + termination). 
An example of such a system is illustrated schematically in Fig. 75a . 
The divisions between the various components is to some extent a matter 
of convention. 

Oscillation of the magnetron in only the 7r-mode is considered, and 
it is assumed that the resonances of the other modes of the cavity are 
well enough separated from the, Tr-mode resonance so that their presence 
may be ignored. That is, the frequency of oscillation is considered to 
be much closer to that of the ir-mode resonance than to any other mode, 
and it is then possible to analyze the system in terms of the equivalent 
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circuit drawn in Fig. 7-56. The parallel-resonant circuit has constants 
that are appropriate to the cavity alone (with the output loop completely 
removed from it); it thus contributes an admittance Yv at the terminals A. 

When the loop, with the remainder of the load system attached to it, 
is inserted into the cavity, the admittance at A is augmented by an 
admittance Y,; thus 

YL = I \ + Y.. (15) 
The terminals S in Fig. 7-5b represent an arbitrary division between the 
magnetron proper—which will be treated as a fixed system—and what-

F I G . 7-5.—(o) The components of the resonant system; (b) representation of the resonant 
system of Fig. 7-5a; (c) equivalent circuit of Fig. 7-56; (d) simplification of Fig. 7-5c. 

ever power-absorbing equipment one chooses to attach to it. The 
admittance Ys of that part of the system to the right of S will be treated 
for the present as a known function of the frequency inasmuch as its 
evaluation does not involve any properties of the magnetron. The 
transducer D-S in Fig. 7-56 is a device introduced to express the fact that 
at any given frequency the currents and voltages at D and at S are con
nected by linear relationships. In terms of admittances these relation
ships take the form 

„ _ aYs + e 
Y' ~ &YT+^' (16) 
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where Ct, <B, 6, and 2D are complex and are functions of the frequency. 
The general properties of relations of this type and methods for evaluating 
the quantities G, <B, Q, and 20 or their equivalents are described in Chap. 
5. For some purposes it may be convenient to replace the transducer 
D-S by an equivalent chain of transducers connected at intermediate 
pairs of terminals. For example, it may sometimes be desirable to 
bring the terminals 0 of Fig. 7-5a into evidence in the equivalent circuit. 

In order to concentrate attention on the most interesting features of 
the resonant system, the approximations will be made 

1. That the transducer D-S is free of electrical losses. 
2. That the coefficients of Eq. (16) can be treated as constants over 

frequency bands a few per cent in width. 

The special effects associated with the quantities neglected in the first 
of the two approximations are treated in Chap. 5, and the effects that 
are connected with the frequency sensitivity of the transducer are dis
cussed in Sec. 7-5. 

As a result of the approximations introduced above, Eq. (16) can 
be written in the form 

v _ dYs + jc . _ . 
jbYs + a v 

where a, b, c, and d are real constants. I t is possible to represent a 
relation of this type by an equivalent circuit composed of a shunt suscept-
ance /3, an ideal transformer of turns-ratio k, and a length I of trans
mission line of the same characteristic admittance M as the output 
transmission line. Accordingly, the circuit of Fig. 7-56 can be made 
exactly equivalent to that of Fig. 7 5b; and if the admittance of the output 
transmission line is evaluated at the reference plane T instead of at S, 
Eq. (17a) takes the form 

Y, = jp + A YT. (175) 

The circuit of Fig. 7-5c can, in turn, be replaced by the simpler circuit 
of Fig. 7-5d in which the parallel-resonant circuit has a resonance fre
quency of vv instead of e„, where 

*>-*- 4e- (18) 

To make use of the circuit of Fig. 7-5d, the admittance in the output 
transmission line must be computed at the reference plane T instead of 
at S. The reference plane T can, of course, be translated any 
integral number of half wavelengths (X )̂ toward or away from the 
magnetron, but by properly choosing T it is possible to compensate to 
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some extent for the errors introduced by the simplifying assumption 
originally made, namely, that the coefficients a, b, c, and d of Eq. (17a) 
are independent of frequency. The best choice of T can be determined 
for the particular magnetron from cold-test measurements or from a 
Rieke diagram. 

I t follows, then, that if the admittance in the output transmission 
line is computed with respect to an appropriately chosen reference 
plane, the resonant system of the magnetron viewed at the terminals A 
will behave approximately as a parallel-resonant circuit shunted by an 
admittance equal to ( 1 /P )1V The properties of a parallel-resonant 
circuit will thus be referred to frequently in the succeeding sections, and 
in order to provide a convenient summary of the notation and the various 
approximate formulas that will be used a review of the pertinent proper
ties of this type of circuit is given below. 

In the notation of Chap. 5, the admittances tha t have so far been 
introduced in this chapter are properly written 

Y„ YL, ?„, Y„ Ys, and YT. 

Inasmuch as the direction of these admittances will remain consistent 
throughout this chapter, however, the arrows will be omitted in the 
following treatment. 

Usually impedance and admittance formulas are developed on the 
basis of sinusoidal voltages and currents expressed as exponentials, viz., 

I = ie'at and V = ve'-K 

I t is equally feasible to develop the formulas for positively or negatively 
damped sinusoidal voltages and currents, also expressed as exponentials: 

/ = iepl and V = vepi 

where p = £ + jo>. That is to say, impedances and admittances can be 
defined for a complex frequency p/2-n-j as well as for a real frequency 
v = CO/2TT. Later on, the complex frequency will be used in the treat
ment of transients by approximating a voltage of varying amplitude 
V = V(t)e"°' as a pure exponential V = ue<£+>"><, where £ = (d/dt) In V(t). 

A circuit composed of an inductance L, a capacitance C, and a resist
ance R = l/G, all connected in parallel, is a convenient prototype. For 
this circuit, the condition for the conservation of charge can be written 

C ^ + GV + T I Vdt = const. (19) 
at h Jo 

The general solution to the equation is 

V = d e V -(- C2e"»*', (20^ 
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where 
Po = fo + j Vf>l - £o> V* = £o - j V"i) - So. 

t G 1 

2 C "° V I C 

The Q of the circuit is defined by the relation 1/2Q = — £0/W The 
two terms in the right-hand side of Eq. (20) represent the two natural 
oscillations, or modes, of the system. 

For an impressed voltage of the type V = vept the admittance and 
impedance of the circuit are given by the formulas 

Y = G+jB = l = C{p-po)(p-p*) (21) 
£ p 

C\p - po p - p%) (22) 

where 

o = P° 
Po ~P* 

If the usual convention of representing a sinusoidally applied voltage 
V = ve'"' by a positive value of o is adopted, then for a real frequency 
co/2ir, Eq. (21) can be written in the forms 

Y = l = G + jC^h-^) (23a) 
z 

All of the foregoing formulas are exact, but it is generally more 
convenient to use approximate formulas that are accurate only to first-
order terms in £/«o, JO/OJO and (a> — o>0)/o>o- Ordinarily there will be no 
loss of accuracy in using these approximations, because the use of a 
parallel-resonant circuit to represent the properties of a complicated 
cavity for frequencies near one of its resonances is usually in itself signifi
cant only with regard to first-order terms in these quantities. If Eq. (21) 
is expanded, then an approximate formula is obtained which can be 
written in any of the following ways: 

Z \O)0 O>0 (00 / 
Y = ^ = Y c ( ^ - ^ + '2j^7^), (24a) 

where 

4\ X c — Ca>o — \{ r ' 

Y = i = 2C(p - po), (246) 



302 THE SPACE CHARGE AS A CIRCUIT ELEMENT [SEC. 7-3 

and 

where 

Y = i = Yik + i + ̂ ) (24c) 

CO 

Xo - A 
Xo 

When the constants of the equivalent circuit are derived from impedance 
measurements, the following relations are used: 

or 

B = 0 

M 

Vtt = 

1 dB 
2vts dv 

B = 0-

"\B=O, 

1 
B = 0 

(25a) 

(256) 

(25c) 

coo — w|s = o 
Y = J^dB 

2coo do) 
Ĵ  _ 
Qo " 

I t is sometimes convenient to represent the combination of a parallel-
resonant circuit and a shunt admittance Y' = G' + jB' by an equivalent 
parallel-resonant circuit that has a resonance frequency different from 
that of the original one. Thus 

YC U + j2 < ^ ° ) + G' + jB> « YC U, + j2 u-^), 
\Qo wo / Wo «o / 

(26) 

where 
1 1 G' 

Q'o Qo + Yc 
and co0 — coo 

coo 
IB' 
"Y'o 

Returning to the resonant system of the magnetron, Eq. (15) may be 
expressed in the form 

where 

and 

YL = Yc + YE; 

Yv = G„+j4,rC(* - K) +jp 

YE = A YT. 
k-

(27) 

I t is frequently convenient to express YT in normalized form, that is, as 
yT = YT/M, where M is the characteristic admittance of the output 
transmission line; this gives 

M YL = Gu+ ji-*C(v - »„) + j0 + -^ yT. (28) 

Equation (28) is often used in either of the forms of Eq. (29) or (30) 
given below. The subscripts U, E, and L that appear in these equations 
will be used consistently to denote the following: 
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U = characteristic of the "unloaded" condition of the resonant 
system, 

E = contribution connected with yT = gr + jbT, 
L = characteristic of the " loaded" condition of the resonant system. 

When the variation of yT with frequency can be ignored, Eq. (28) can 
be written as 

YL = GL+jiirC(u - VL). (29) 

Inasmuch as the difference between Yc = Cwo and CwL is small, Eq. (29) 
can also be written as 

where 
1 _ 1 , 1 

QL QU ^ QE 
1 Gv 

Qv Yc' 
1 M gT 

QE F Yc' 
VL = Vu + VE, 

Mbr 

(31a) 

(316) 

(31c) 

(32a) 

(326) 

(32c) 

The special case where the output transmission line is matched 
(i.e., yr — 1) is of particular significance. For the present, the values 
of QL, VL, etc., for this case will be indicated by the subscript M, Viz., 
QLM, QEM, etc. By making use of these quantities, Eq. (28) can be put 
into still another form: 

YL =YC(^+ 2j V-^^ + J - yX (33) 

Equation (33) is especially useful because Qv, VLM, and QEM can be derived 
very simply from the "Q-circle" which is obtained by making impedance 
measurements looking into the terminals T from the output transmission 
line (see Chap. 5). By using for Qu the value obtained in this way, one 
compensates in part for the electrical losses inherent in the output circuit. 

With the derivation of Eq. (33) the properties of the resonant system 
and output circuit of the magnetron have been taken into account, but 
the term yT in Eq. (33) still remains to be considered. In general, yT 
\s a function of the frequency, but the nature of this function depends 
very strongly on the particular type of system that is to the right of the 
terminals T in Fig. 7-5a. 
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In one extreme, yT is essentially independent of frequency (as when 
the transmission line is perfectly terminated), and YL then has the 
frequency dependence of a parallel-resonant circuit as illustrated in 

to (b) 
FIG. 7-6.— (c) Curves of GL and BL vs. frequency for a nonfrequency-sensitive load; 

(b) Fig. 7-6o replotted in terms of GL VS. BL. 

Fig.' 7-0a; the YL{V) curve is simply a straight vertical line with the 
frequency varying uniformly along it, as in Fig. 7-(iii. In the other 
extreme, the load has a complicated spectrum of resonances (as when 
numerous reflections take place in the output transmission line), and 

(a) (6) 
F I G . 7-7.—(a) Curves of Gu, GE, BU, and BE VS. frequency for a frequency-sensitive 

load; (b) the load curve: BL ( = BE and Bu) plotted against GL ( = GE and Gu). 

the components of YE = GE + jBt; vary with frequency in the general 
fashion indicated in Fig. 7-7a; Gu and Bv are also shown. Figure 7-76 
shows BL(= BK + Bu) as a function of GL(= GE + Gu). 
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74 . Interactions between Space Charge and Resonator.—In the 
previous section it was shown that the state of oscillation of a mag
netron could be obtained from the intersection of two curves in 
the GB plane such as those given in Fig. 7-4. I t was also indicated 
how the operating curve Y — — Ye(V,a) could be derived from system
atic observations on the performance of the magnetron and how 
the admittance curve Y = Yi,{y) could be computed from known 
properties of the magnetron cavity, output circuit, and load. The 
symbol a stands for whatever input parameter is considered to be 
variable. For instance, one may wish to consider a set of operating 

FIG. 7-8.—Stability diagram on the basis of the load and operating curves. The 
condition for stability is tha t the angle a, between the vectors dYhldu and d( — Ye)/d, 
measured in a counterclockwise direction, must lie between 0° and 180°. 

curves for various constant values of / , of V, or of Vo where Va = V + RI. 
When the discussion does not concern changes in input conditions, a 
will be omitted. The various types of phenomenon that are connected 
with the intersections of the curves and with displacements or distortions 
of one or the other of these curves are discussed below. 

General Considerations of Stability.—It is evident that when the YL 

curve has loops, as illustrated in Fig. 7-76, the operating curve can 
intersect it in several points. I t has been stated previously that some 
of these intersections may correspond to unstable states of oscillation: 
the present discussion is concerned with a rule that may enable one to 
distinguish between the stable and the unstable states. A necessary 
condition for stability can be derived on the basis of Fig. 7-8 and the 
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following consideration: If by any means V is made to take on a value 
V" different from the value V' tha t it has at the intersection of the load 
and operating curves, the system can be stable only if there exists a 
natural tendency for V to return to the value V'; it will be unstable if 
the anomaly in V tends to increase with time. 

The condition of the space charge for V = V" will be represented by 
the point V" on the operating curve shown in Fig. 7-8. At first sight, 
this condition might seem to involve a contradiction, since the relation 
YL(<J>) + Y,(V) = 0 is not satisfied at f'". However, the curve 

Y = YL(a) 

holds only for steady-state conditions, that is to say, for V = constant. 
When V = V", the amplitude V changes with time, or, in other words, 
the frequency is complex. Through the point V" there passes another 
admittance curve Y = FL(CJ,£')- If £' is negative, the amplitude V 
is decreasing with time; if positive, increasing. Thus if (V" — V') 
and £ have opposite signs at the point V", V must tend toward V', and 
the system is stable at V'. The problem consists then of the determina
tion of the sign of £'. 

The problem can be solved by making use of the fact that YL is an 
analytic function of the complex variable p = £ + joi- This circumstance 
enables one to derive the necessary information about the dependence 
of Fj, on £ from its known dependence upon u. For values of V that are 
nearly equal to V*', the variation of £ along the operating curve can be 
obtained from the relation 

~ dp + ~e df = 0, (34) 
dp * dV 

where dYJdV is taken along the operating curve. Since YL is an 
analytic function of p, dYL/dp = dYL/d(ju) = -j(dYL/du), so Eq. (34) 
can be written 

i ? = V 9^ / (35) 

[In Eq. (35) dp/SV and 3(— Y,)/sV are directional derivatives along 
the operating curve; dYL/du is a directional derivative along the Y(u) 
curve.] Since £ = 0 at V', it is necessary that the real part of dp/dV 
be negative at V in order for £ to be negative when V — V' is positive. 
The derivatives in the right-hand side of Eq. (35) can be expressed as 
vectors in the manner indicated in Fig. 7-8. In terms of these vectors, 
the condition for stability is that the angle a measured between the 
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dKt/do) and 3(— Ye)/dV vectors in a counterclockwise direction must lie 
between 0 and +180°. 

The various types of intersection that can occur between the load 
and operating curves are illustrated in Fig. 7 9. According to the cri
terion just derived, the intersections D, E, and F in this figure represent 
states of oscillation that are inherently unstable, whereas at intersections 

•L 

Fia. 7-9.—Types of intersection between the load and operating curves. 

A, B, and C oscillations might be stable. With regard to these latter 
intersections two questions arise: 

1. Can the system oscillate simultaneously in more than one of the 
possibly stable states? 

2. If the system can oscillate in only one state, which of the possibly 
stable intersections represents the preferred state? 

Inasmuch as these questions are of considerable practical importance, 
they will be discussed in some detail, even though a complete answer to 
them cannot be given. 

As far as is known, a state of oscillation that corresponds to an 
intersection of type C in Fig. 7-9 has never been observed. This inter
section represents a somewhat peculiar combination of conditions; 
namely, the negative of the electronic conductance — Ge increases with 
V, and the load-susceptance BL decreases with frequency. The condition 
is necessarily connected with the presence of a loop in the Y\ curve, 
since in the absence of such a loop BL increases with increasing frequency 
(see Fig. 7-6). 

A second important general observation is that the magnetron does 
not oscillate at two frequencies simultaneously. This must mean either 
that there is involved some sort of selection process which operates in 
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favor of one or the other of the intersections or that simultaneous oscilla
tion at two frequencies is an inherently unstable state. In discussing 
this matter further, it is necessary to make a distinction between pulsed 
magnetrons and c-w magnetrons. In the case of pulsed operation, one 
is interested primarily in " turn-on" phenomena, while in the case of c-w 
operation one is interested also in the way that the magnetron behaves 
when adjustments are made in the load or in other operating conditions 
without interrupting the applied voltage V. 

Consider c-w operation with oscillation established at some intersec
tion such as B in Fig. 7-9. If the voltage applied to the magnetron (or 
the magnetic field) is altered gradually, the — Ye curve will move so that 
the intersection B travels along the YL curve. I t can happen that the 
intersection B suddenly disappears, as when the operating curve first 
becomes tangent to the top of the loop and then moves completely 
beyond the loop. In that case the frequency becomes complex; and 
according to the argument applied in connection with Fig. 7 8, £ is nega
tive,1 so the state of oscillation that involves this particular intersection 
becomes positively damped and thus dies out. I t seems plausible that, 
in general, oscillations will start up again and the steady-state will then 
be established at an intersection such as A, although it is conceivable 
that oscillations might not be reestablished. Similar arguments can 
be applied to the case where the YL curve is altered by some adjustment 
of the resonant system. This adjustment might consist of a change in 
the external load or a change in the tuning adjustment of a tunable 
magnetron. In these cases the Y\ curve either will suffer a simple 
translation or will be made to go through some snakelike deformations, 
and pairs of intersections can coalesce and then be extinguished. While 
the above considerations must apply generally, it is also possible for an 
established state of oscillation to become unstable for reasons other than 
the vanishing of an intersection in an admittance diagram. It might 
happen that at some critical condition it becomes possible for oscillations 
at some other frequency to build up and make the initial state unstable. 
This possibility will be discussed later on in this section. In any case, it 
is understandable that in c-w operation a certain amount of hysteresis is 
observed in changing from one state of oscillation to another. 

In pulsed magnetrons, one is concerned principally with erratic 
selection of the frequency of oscillation at successive pulses. (Hysteresis 
effects ordinarily do not occur; and when they do, they must be attributed 
to such secondary causes as thermal lags.) Considerable experience has 
been accumulated in two rather different types of situation. One con
cerns the performance of the magnetron when it feeds into a moderately 

1 This statement presupposes that with increasing frequency a loop is always 
traversed in a clockwise direction. From experience, this seems to be the case. 
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long, mismatched transmission line; the other concerns the use of auxiliary 
cavities coupled to the resonant system of the magnetron for the purpose 
either of tuning it or of stabilizing the frequency. In the case of the long 
line, it seems that the selection of frequencies is erratic when the two 
intersections (between the — Ye and the YL curves) are close together. 
When the intersections are well separated, the one that occurs at the 
lower (or lowest) value of GL is preferred. (The subject of long trans
mission lines is treated in detail in Sec. 7-6.) The general problem of an 
auxiliary cavity involves a much wider variety of YL curves than does 
the mismatched transmission line, and no simple rule for the selection 
of intersections is universally applicable. In some situations the "mini
mum conductance rule" just stated provides some correlation for the 
observed behavior, but the general case is not at all clear. 

Multiple Stable Intersections of the Load and Operating Curves.— 
Considerations of stability that are based entirely on the intersections 
of the — Ye and Y\ curves have an inherent flaw; they rest on the assump
tion that oscillations at more than one frequency are never present. 
While this assumption is justified by experience as far as steady states 
of oscillation are concerned, it is entirely unjustified with regard to 
transient states. To state the case more exactly, it has been assumed 
that the instantaneous a-c voltage Vi is of the form 

Vi = a exp (£ + ju)t. (36) 

However, there is no reason why a voltage of the form 

Vi = aie»" + ase'* + • • • + ■ • • (37) 

where p* = £* + ja>& cannot exist temporarily in the system, and the 
stability relations derived on the basis of Eq. (37) may be quite different 
from those derived on the basis of Eq. (36). 

The YL(V) curve does not give any very direct indication of the 
response of the resonant system for a voltage of the form of Eq. (37), 
and there thus seems to be some advantage in approaching the problem 
from a somewhat different viewpoint, namely, the consideration that 
one is dealing with coupled circuits or with a system that has several 
natural modes of oscillation. I t is to be noted that the word " m o d e " 
as it is used here has a context somewhat different from the one that it 
usually has in discussions of magnetrons. Usually the modes that are 
mentioned are the natural modes of the magnetron cavity either unloaded 
or with a nonresonant load coupled to it, each of these modes having its 
own peculiar configuration of electric fields in the interaction space of 
the magnetron. However, under conditions where there are irregularities 
in the load curve one is dealing with the natural modes that arise when 
the ir- or JV/2-mode of the cavity is coupled to a highly resonant external 
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system but where the fields in the interior of the magnetron are always 
those characteristic of the ir-mode. 

The occurrence of loops or other irregularities in the YL(U) curve is 
in itself evidence that more than one mode of oscillation of the resonant 
system is possible. According to a general result of circuit analysis the 
impedance of any passive circuit at a pair of terminals can be expressed 
in the form 

+ - * - + • ■ 

pf+„ _ „* + 
where the pi's are the natural modes of the system when it is open-
circuited at the terminals. In any physical passive system the pt's 

are complex, and their real parts (It's) 
must be negative, for in a passive 
system all resonances are necessarily 
positively damped. For high-Q reso
nances, which are the sort that will 
generally be dealt with here, the J*'s 

It are relatively small; that is, 

A term ak/(p — pk) becomes espe
cially important when (p — pt) is 
small, and if a particular p*—say 
T>\—is quite different from any of 
the others, then for p nearly equal 

to pi Eq. (37) can be approximated by just its first term. If fa is small, 
then o! necessarily has a small imaginary part that can be neglected 
(otherwise Z will have a negative real part for some values of «) and 

Y = i « 2d(p - Pl) where 2 d = ^ - . (39) 

This is just the state of affairs which enables one to approximate a 
complicated circuit by a simple parallel-resonant circuit, because Eq. 
(39) is the same as Eq. (246). The curve of Y(u) for Eq. (39) has the 
form shown in Fig. 7-66, and the curve Z(u) in the RX plane has the 
form illustrated in Fig. 7-10. 

When two or more of the p*'s are nearly equal, things become more 
complicated. To keep the illustrations reasonably simple, it will be 
assumed that pj and pi are nearly equal in Eq. (38) but that they are 
very different from any of the remaining p*'s. Then for p nearly equal 

FIG. 7-10.—A plot of Z(u) of Eq. (39). 
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to pi and P2 the first two terms are of comparable importance, and the 
simplest useful approximation to Eq. (38) is the sum of the first two terms. 
For simplicity, it will be assumed that Oi and o2 have negligible imaginary 
parts1 so that, in analogy to Eq. (39), one may write 

1 1 . 1 1 Z = 2ClP 

or 

where 

and 

Y = i = 2C 

■ Pi 

(p 

+ 2C 2 p 

p i ) (p -

" P2 

Pi) 
Pa 

(40) 

(41) 

™ C*P Po = 

C1G2 

Ci + C , 

+ C2P2 

G. 
E ]K^C> 

f rZ T 

Ci + C2 

It is evident that for a certain range of p the properties of the system 
can be represented by the equiv
alent circuit to the right of the 
terminals A in Fig. 7-11a. The 
Z(oi) and F(o>) curves have the gen
eral forms illustrated in Fig. 7-116 
and c. To a first approximation, 
|Z(u)| has a maximum and |F(o>)| 
has a minimum for u> = a>i and 
oi = o)2; IZ (to) I has a minimum 
and |y(o))| a maximum for oi = u0-
When the terminals A are open-
circuited, the system has the 
natural modes pi and P2; when 
the terminals A are short-cir
cuited, the system has the natural 
mode po. When any admittance 
Y', which varies only very slowly 
with frequency, is connected 
across the terminals A, the system 

G,(V) 

(b) (c) 
FIG. 7-11.—(a) Equivalent circuit repre

senting the case of two possible transient 
modes of oscillation; (b) the Z(t*>) curve for 
the circuit of Fig. 11a; (c) the Y(a) curve 
for the circuit of Fig. 11a. 

has normal modes that are solutions of the quadratic equation 

2C(p - p,)(p ~ P.) + Y'(p- p„) = 0. (42) 
1 In the general case this is not necessarily true, and the equivalent circuit in 

Fig. 11a may not be appropriate. This point is discussed, for instance, by Bode 
in Network Analysis and Feedback Amplifier Design, Van Nostrand, New York, 1945, 
p. 202. The general argument to be outlined can be applied equally well to any 
circuit, but for purposes of illustration a circuit has been chosen that brings the 
normal modes directly into view. 



312 THE SPACE CHARGE AS A CIRCUIT ELEMENT (SEC. 74 

If Y' represents a passive circuit element, the solutions necessarily have 
negative real parts; but if Y' has a negative component of conductance, 
it is possible for one or more of the solutions to have positive real parts. 
In the latter case it is possible for one or more modes of oscillation in 
the circuit to build up from any slight disturbance of the system such as 
might arise from thermal excitation or any other source of noise. 

For the present it will be taken for granted that it is sensible to 
substitute the electronic admittance Ye for Y' in Eq. (42). Since the 
aim here is simply to illustrate the qualitative aspects of the problem, 

(o) (b) 
F I G . 7-12.—(a) The general behavior of the roots gtGe and q-G, plotted in the u - £ 

plane for the indicated negative values of Ge; (6) the related Yi,(.0,a) curve. The G-axis 
coincides with the operating curve — GeV. 

it is also assumed that Ye is a pure conductance. To proceed further, 
one must find how the roots of the equation 

2C(p - Pl)(p - p.) + G.(p - p„) = 0 

vary when Ge takes on negative values. There are two roots, p = qi(G,) 
and p = qi{Ge); these can be plotted in the p (or £, u>) plane and will 
trace out a curve as Ge varies. When Ge = 0, the roots are, of course, 
pi and p2 ; that is, gi(0) = pi and qz(0) = p2. When Ge —> — °°, one 
of the two roots must approach p0 (which of the roots does this depends 
in a rather complicated way upon the values of pi, P2, and po), and the 
other root must approach ( + « , 0 ) . The general behavior of the roots 
for negative values of Ge is illustrated in Fig. 7-12a. The related Fi(0,oj) 
curve is shown in Fig. 7-126. 

According to the simplifying assumption made above—that Ye is a 
pure conductance—the operating curve in Fig. 7-126 lies along the (?-axis. 
I t intersects the YL(0,u) curve in the points a, /3, y and these points 
correspond exactly to those similarly labelled in Fig. 7-12o, where either 
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qi or 52 is a pure imaginary. The criterion for stability based on Fig. 
7-8 is fulfilled at a and y provided SGe/SV > 0 and at 0 provided 
SGe/SV < 0. That criterion, however, is only a necessary condition for 
stability inasmuch as its fulfilment insures merely that a state of oscilla
tion is stable against its own transients. We wish further to find out 
which of the states listed above are stable against transients of other 
modes of oscillation; this can be done by means of Fig. 7-12a. 

The point a is associated with a value of — 2.8 for G„ and /S with a value 
of —7.2. For both of these values of Ge the real part of 32 is positive and 
this circumstance implies that a mode of oscillation associated with g2 will 
build up exponentially from any small disturbance. Consequently one 
may conclude that neither a nor /3 represents a truly stable state of oscil
lation. At the point y, on the other hand, the value of G, is —1.2 and for 
this value there is no q that has a positive real part ; consequently 7 
represents the one completely stable state in the present example. The 
above conclusions, however, are based on the assumption that the 
space charge can be treated as a linear circuit element, which is obviously 
an oversimplification. If the conclusions were valid, it could happen only 
as the result of exceedingly improbable circumstances that either one of 
two modes could be stable alternatively under identical operating condi
tions, whereas such instances are commonly observed with c-w magnetrons. 
Therefore the next step is to inquire how the foregoing considerations can 
be modified so as to take into account the nonlinearity of the space charge, 
particularly when the voltage contains components of different frequencies. 

A voltage of the type expressed by Eq. (37) can also be expressed as a 
sinusoidal voltage with superimposed amplitude and frequency (or 
phase) modulations; that is, 

Vi = 7(/)e'l"'+*«l. (43) 

If, in Eq. (37), the £'s are relatively small and the differences between 
the w's are also small, V and 4> in Eq. (43) are slowly varying functions 
of the time; thus the modulations are slow. Since no fundamental 
change in the symmetry of the electric fields in the interaction space of 
the magnetron is involved, the electron stream, or "space-charge wheel," 
can readily accommodate itself to the slow modulations. That is to say, 
the relation between V and le must be practically the same as for steady-
state operation, although they both vary with time. Thus 

Li = L(t) exp [jU + j4>(t)], (44) 
where 

7.(0 = r j f « ) ] . (45) 

For the present purposes it is sufficient to consider a case where Eq. 
(37) contains just two terms, one much larger than the other, and where 
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the frequencies are real, in which case Eq. (37) can be written as 

fi = f ie '"" + fie""1 = V ie""'(l + <re>0<), (46) 

where a = Vi/f\ <K 1 and Q = u2 — wi. For this case Eq. (43) takes 
the form 

Vi = (7 i V I + 2<r cos Ot + a2) fexp (jul + j tan"1 ' s l n ™ )1 
L \ i -p o- cos iit/ j 

(47) 
which can be approximated by 

Vi = [ f j(l -(- a cos SB)] [(1 + jo sin fit) exp OW)L (48) 

Equation (45) can be approximated by 

L = L(V,) + f ( S V _ 1 ? i cos Q( = I . ( f 0(1 + 6 cos fit), (49) 

where 

'pdM) «1. (1 
Thus Eq. (44) becomes 

Li = I.(.fi)(l + 8 cos £20(1 + > sin mOe*"'. (50) 

If the term in <r8 is neglected, Eq. (50) can also be written 

7* = 7.(f , ) ( l + &~^ e'°> + ? - p <r'n<) e'-«. (51) 

We assume that the cross term in ui - Q = 2a>i — co2 can be ignored; 
then Eq. (51) can be written 

\Vjv> \2 dV 2 V)% 
TT lh\ , , TT / l die , 1 Te\ 

e'""- (52) 
'Vl 

The terms in parentheses evidently are the effective admittances for the 
respective voltage components in Eq. (46). 

In what follows 7e will be treated as a real quantity, in accordance 
with the simplifying assumption made previously that the operating 
curve lies along the (?-axis. (If 7e were considered to have an imaginary 
component, the real and imaginary parts could be treated independently 
in the way indicated above.) A plot of — le (actually, of the real compo
nent of — le) against V is presumed to be of one or the other of the general 
types illustrated in Fig. 743a and c; corresponding operating curves are 
shown in Fig. 7-136 and d. The solid parts of these curves correspond to 
observations made on steady-state oscillations; the dotted parts are 
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based on indirect evidence discussed in Chap. 8. When the magnetron 
is oscillating steadily at frequency o>i at the point (V', I'e) in Fig. 7-13a, 
the space-charge conductance <?i for the steady-state oscillations is equal 
to I'JV; however, the space-charge conductance G2 for any super
imposed transient of small amplitude at some frequency U2 distinct from 
ui is equal to one-half the sum of I'JV' and the differential conductance 
dle/dV at that point. (For a superimposed transient at frequency o>i 
the conductance is just dle/dV.) Since, in general, Gz is considerably 
less negative than Gi, an established state of oscillation has the odds 

R.l-I.l (V',1'.) 

R. (-/.) 

v=o 
-r«(W \ 
— v 

v=o 'U 

(6) 

-Y,(V) 
v — 

id) 
FIG. 7-13.—(a), (c) The real component of the electronic current lt plotted vs. the a-c 

voltage V\ (£>), [d) the operating curves corresponding to Fig. 7-13a and c. 

weighted in its favor; thus hysteresis effects can be accounted for. 
Nonlinearities will not, however, serve to stabilize oscillations under the 
conditions represented by the intersection C in Fig. 7-9 and by ,8 with 
SGe/SV < 0 in Fig. 7-12. Inasmuch as iIe/SV is more negative than 
Ie/V in these cases, as at the point «in Fig 7-13c, the electronic conduct
ance is more negative for a transient than it is for the steady state. 

As regards turn-on phenomena, the nonlinearity of the space charge 
tends to stabilize the mode of oscillation that builds up most rapidly. 
The initial buildup of oscillations can take place only along an operating 
curve such as is represented in Fig. 7-13a and b as distinguished from 
Fig. 7-13c and d. For such an operating curve the space charge is 
approximately linear for small values of V; that is Ie is nearly directly 
proportional to V, and the earlier discussion based on Fig. 712 is directly 
applicable. Thus for the conditions represented by that figure it is 
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evident that Mode 2 will build up more rapidly than the other mode, 
inasmuch as G, starts out by being strongly negative and | 2 is then also 
strongly negative. I t so happens that, in this situation, the most stable 
mode is also the one which starts most rapidly. I t can happen, however, 
that the mode which starts most rapidly is not the most stable on the 
basis of a linear space charge but is nevertheless able to establish itself 
because it always has by far the greater amplitude when the nonlinearities 
first become important. In that case the preferred mode will not neces
sarily be the one of minimum steady-state GL. 

The above discussion of nonlinearities of the space charge is based on 
the assumption that only one of the amplitudes is large. The case where 
two amplitudes are large can be treated by the method outlined in 
Chap. 8. 

The emphasis in this section has been principally on stability and 
transient behavior for one specific mode of the magnetron cavity as 
affected by loops in its YL(b>) curve. For the most part, the input 
conditions have been assumed to remain fixed or to vary only slowly 
and to be contained implicitly in the operating curve. Related problems 
are treated in Chap. 8, but there the emphasis is placed on the effect 
of rapid variations in the input conditions, and the YL(o>) curve is gener
ally assumed to have the simple form illustrated in Fig. 76b. Because 
of the complexities that are involved, no adequate effort has been made 
either here or in Chap. 8 to take into account the reactances that may be 
present (and that physically are never entirely avoidable) in the input 
circuit of the magnetron. In principle the reactances can give rise to 
more possibilities for instability, since they introduce additional degrees 
of freedom into the complete system. 

In magnetrons that are tuned by means of a very tightly coupled 
auxiliary cavity there exist modes of oscillation that are all associated 
with one definite mode of the magnetron cavity but have frequencies 
which differ by 10 per cent or even more. In such cases it is no longer 
justified to treat the space-charge properties as independent of frequency; 
selection among these modes involves some of the factors that enter 
into the selection of the various natural modes of the magnetron cavity. 

7-5. The Description of Magnetron Performance.—It was shown in 
Sec. 7-2 that the performance of the magnetron can be expressed in terms 
of three functions of four independent variables and that by making use 
of the approximation that the space-charge properties are insensitive 
to the frequency, the number of independent variables can be reduced to 
three. If this approximation is adopted, one then has to deal with func
tions of the general type 

u = F{x,y,z), 
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which are to be represented by means of graphs. If the possibility of 
interpolation is allowed, z can be held at some fixed value z' and the 
resulting function plotted as 

M' = f(x,v) = F(x,y,z') 

in two dimensions by drawing contours of constant u' in the xj/-plane. 
The contours are simply curves defined by the relation 

u' = f(x,y) 

when v! takes on a series of discrete constant values. If F is to be repre
sented for all values of x,y,z, a set of contour diagrams, one diagram 
for each of a series of values of z, must be plotted. Any one diagram, 
regardless of type, is necessarily incomplete, since it alone can give no 
indication of how the performance of the magnetron is influenced by 
variations in z. 

By following the scheme just outlined, Eqs. (8a), (8b), and (9a) can 
be represented in a great many different ways; there are 6 choices for 
the variable z, and for each choice of z there are 10 choices for the pair 
x,y, or 60 choices in all. Some of these systems of relations might be 
impractical because of multiple-valued functions, etc., but it is never
theless surprising that only two types of diagram are very widely used. 

These diagrams which are in general use fall into two classifications: 
those in which yT is held constant and those in which the magnetic field 
(B is held constant. The former are of value in exhibiting those properties 
which are not extremely sensitive to the load, such as the useful range of 
operating conditions. 

In many more specialized problems, however, the interesting phe
nomena occur at constant applied magnetic field; detailed information 
about dependencies on <B is therefore superfluous and can profitably be 
left out of the diagram in order to make room for the display of informa
tion about the dependencies on the load yT-

Probably the most familiar diagram of magnetron performance is the 
performance chart. Ideally in this type of diagram the external load 
J/T is held fixed, I and V are the independent variables, and V, (B, and B, 
are represented by contours. Ordinarily the power P is plotted instead 
of V and the frequency v instead of Be, but this does not alter the shapes 
of the contours. As the load is constant, GE is also constant, and a curve 
of constant PE = GEV2 is also one of constant V. Furthermore as 
—Be = BL = BB + 4irC(v — vv) and BE and vv are constant with con
stant external load, contours of v and B, are identical. 

Another widely used type of diagram is the so-called Rieke diagram 
in which the magnetic field (8 and the current I are held constant; the 
two components of the load are the independent variables that provide 
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the coordinate system in which contours of r-f voltage V (or power P), 
electronic susceptance B„ (or frequency v), and input voltage are plotted. 
Alternatively, the diagram may be taken at constant input voltage V, 
with the current I plotted as contours. The pair of variables that 
specify the load can be chosen in numerous ways: the conductance GE and 
susceptance BE, the normalized values QT and br, or the absolute value 
and angle of the complex reflection coefficient qT = (1 — 2/r)/(l + yr), 
etc. It is to be noted that in this type of diagram two variables are held 
constant. If the assumptions implicit in Eqs. (8a), (86), and (9a) are 
valid, there must be some redundancy in the diagram for two independent 
variables are used where one should be sufficient. On the other hand, 
the diagram can represent the properties of the magnetron regardless 
of whether or not those assumptions are valid, that is, even when the 
space-charge properties and the transducer functions vary appreciably 
with the frequency. 

In the ideal case the various Rieke diagrams take on very simple 
forms. The simplest form occurs when the components of the admit
tance YL are chosen as the independent variables. In that case all the 
constant- v contours coincide and are identical with the operating curve 
discussed in Sec. 7-3, and the V and V (or P) contours are just the scale 
marks that indicate the corresponding quantities along the operating 
curve. Other R*ieke diagrams, which involve different independent 
variables, can be regarded as being generated by transformations of 
the operating curve. In general the frequency contours become sepa
rated because the transformation involves the frequency—each frequency 
contour is shifted by an amount that depends upon the frequency. 

If the diagram is drawn in the Y, plane, the transformation from the 
YL plane is 

G,=GL- G„, B, = BL- 4*C(v - »„). 

The form of the diagram and its relation to the operating curve are 
illustrated in Fig. 7-14b. The diagram will have a similar appearance 
in the YE and yT planes in so far as the transducer properties involved 
do not vary appreciably with the frequency;1 and if this is so, then Fig. 
7-14b can also represent the diagram in the yr plane. If instead of 
rectangular coordinates the Smith chart is used for gT and br, the diagram 
should have the appearance illustrated in Fig. 7-14c. Plotting the dia
gram in the Smith chart is equivalent to a transformation to the qr 
plane where qT is complex and is related to yT by qT = (1 — «/r)/(l + yr). 

1 In the coordinate system GE, BE, the diagram will be similar except for the 
frequency shift w — i>v connected with the susceptance p that is associated with the 
output coupler; if 0 varies non-unif ormly with frequency, the frequency contours in 
the YE plane will not be uniformly spaced. 
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At some other pair of terminals such as S in Fig. 7-5c, the diagram differs 
from that at T principally by a rotation. 

Figure 7-14c may be considered to be an ideal Rieke diagram. I t is 
distinguished by the following features: the constant-F (or P) contours 
and constant- V contours are a set of circles all tangent to the unit (or 
(yT = a>) circle at a common point, and the constant-v contours also 

Fio. 7-14.—(a) Ideal Hieke diagram in the Fi-plane; (b) ideal Rieke diagram in the 
1%-plane; (c) ideal Rieke diagram in the reflection coefficient plane. 

converge at that point. Any diagram constructed from experimental 
data shows several departures from the ideal form, on account of one or 
more of the circumstances listed below. 

1. The quantities a, b, c, d of Eq. (17) are not constant but vary 
with the frequency. Each constant-? contour is transformed 
differently from its neighbors, and the contours do not have a 
common point of convergence. The P and V contours have 
similar shapes but are not circles. 

2. The transducer is not dissipationless. The P and V contours do 
not have exactly identical shapes; the P contours may become 
kidney-shaped. Furthermore the v-contours (extrapolated) may 
converge at a point outside the unit circle. 

3. The space-charge properties are not independent of frequency. 
Some dependence is to be expected, merely on the basis of the 
scaling relations; however, at constant current one should expect 
the relative change in the voltage to be a little smaller than the rela-
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tive change in the frequency. It is also possible that "detuning" 
of the cavity by means of reactance coupled into just one oscillator 
may affect the space-charge properties by distorting the pattern 
of the electric fields in the interaction space, and these effects 
might be expected to give rise to kidney-shaped power contours. 

4. The measurement of the power is likely to be affected by a system
atic error which increases with the standing-wave ratio in the 
transmission line, particularly when the power is measured calori-
metrically and no account is taken of losses in the standing-wave 
introducer. 

5. The diagram may be incomplete because the load actually used 
in the experiments is resonant. When the external load varies 
rapidly with the frequency, the stability relations are such that 
some regions of the Rieke diagram become inaccessible. This 
effect is discussed in considerable detail in the following section. 

7-6. The Mismatched Transmission Line as a Resonant Load.—The 
effects caused by mismatches, or standing waves, in the output trans
mission line of a magnetron are important both in practical applications 
and in laboratory experiments. Probably the best illustration of the 
nature of these effects is provided by the behavior of a tunable magnetron 
operating into a moderately long, mismatched line. Figure 7-15a and b 
illustrates the tuning curves that are observed with pulsed magnetrons 
under those conditions, Fig. 7-15a with a small mismatch, and Fig. 7-156 
with a fairly large mismatch. In these figures, x represents the position 
of the tuning mechanism; the light straight line is the tuning curve 
observed when the line is perfectly terminated, and the heavy curve is 
that observed when there is a mismatch. 

Under conditions that correspond to Fig. 7-15o, the magnetron is 
observed to have an abnormally broad spectrum over those parts of the 
tuning curve which are nearly vertical. In addition, the frequency 
varies rapidly if either the input current to the magnetron or the output 
load is changed. 

Under conditions that correspond to Fig. 7-156, the operation of the 
magnetron is generally satisfactory except for tuning adjustments that 
are near the breaks in the curve; at such points two frequencies are 
excited randomly at successive pulses. However, since the tuning curve 
is discontinuous, it is not possible to adjust the frequency to any arbitrary 
value, some values being inaccessible. 

Figure 7-15c has been added to illustrate the sort of behavior that 
might be expected of a c-w magnetron under the conditions of Fig. 7-156. 
In the neighborhood of a break two frequencies are possible; the adjust
ment at which the break occurs depends uDon the direction from which 
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the break is approached. Although the discontinuities in frequency are 
not so large as in Fig. 7-156, there are nevertheless some frequencies 
that are inaccessible. 

The spacing Av between the breaks or anomalies in the tuning curve 
depends upon the length of the transmission line measured in wave
lengths; the width of the breaks WAv depends upon the degree of mis
match. The location of the breaks varies uniformly with the phase of 
the reflection; and if the tuning adjustment is held fixed and the phase 
is varied, the frequency may change rapidly or discontinuously at some 
particular phase. Thus a mismatched transmission line can also lead to 
unsatisfactory operation of a fixed-tuned magnetron if the reflection 
in the line is variable. 

|" t " 

(/ AV \ 
J J_z 

I X — X-~ X -— 
(a) (6) (c) 

Fia. 7-15.—Tuning curves: (a) Pulsed magnetron, slightly mismatched line; (b) pulsed 
magnetron, greatly mismatched line; (c) c-w magnetron, greatly mismatched line. 

Many variations of the effects just described are possible. For 
example, the mismatch may arise not only from an imperfect termination 
of the transmission line but also entirely or in part from reflections that 
occur at intermediate points because of imperfect joints and bends. In 
the latter case the reflections may reinforce each other at some frequencies 
and tend to cancel at others. The general result will be that the breaks 
or anomalies in the tuning curve are irregularly spaced and the widths 
of the breaks are unequal. Inasmuch as the more complicated cases 
involve the same general considerations as the simpler ones, the subse
quent discussion will be confined to the somewhat ideal case where the 
mismatch arises entirely from an imperfect termination. 

In the ideal case, the phenomena described above can result only 
from the influence of waves that have traveled to the end of the trans
mission line, been reflected there, and returned to the magnetron. The 
phenomena cannot occur when the two-way transit time of the trans
mission line exceeds the length of the pulse generated by the magnetron 
and must therefore disappear when the line is made very long. In 
view of this fact, the phenomena have sometimes been referred to as 



322 THE SPACE CHARGE AS A CIRCUIT ELEMENT [SEC. 7-6 

"short-line effects," although the term "long-line effect" has been more 
generally used in the United States. Most of the following considera
tions are based upon steady-state formulas for the admittance of a 
mismatched transmission line, and it is therefore implied that the transit 
time of the line is small compared with the length of the pulse. In 
practice, the results derived seem to apply fairly well when the transit 
time is only a few times smaller than the pulse length. 

The tuning curves illustrated in Fig. 7-15 are closely related to the 
admittance curves Y{v). The latter might be calculated by substituting 
in Eq. (33) the appropriate values of yT obtained from transmission-line 
charts or formulas. The possible variety of Y(v) curves is very great, 
since many parameters are involved, but it will be shown that all of the 
curves can be derived from a two-parameter family of curves. The two 
parameters can in a certain sense be thought of as (1) the degree of mis
match in the line and (2) the ratio (Q of the line)/(Q of the magnetron). 

In computing the admittance yr it is assumed that the transmission 
line is terminated in a load with a reflection coefficient q = \a\ exp (j<j>) 
which is independent of v. At the terminals T of Fig. 7-5c the reflection 
coefficient qT is given by 

qT = [|g| exp (2aZ)][exp j{<j> - 201)] = a exp (jff), (53) 
where a — j0 is the propagation function of the transmission line; a 
may be treated as a constant, but jS varies with v. 

In terms of the standing-wave ratio p at the magnetron 

a - (P ~ 1) 
(P + 1) 

where p is the SWVR. Since 0 = 2jr/X„ where X„ is the "wavelength 
in guide" for the transmission line, 

»=*-£-*■ (54) 
For some frequency v0, 6 is just equal to — (2n + l)ir, and for frequencies 
not too different from va one may use for 9 the approximate expression 

= _ a r ( n + i + e j , (55a) 

where 
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The admittance yT is given by the formula 
1 - a' - j2a sin g ( 5 6 a ) 

VT 1 + a2 + 2a cos 9 v ; 

or, in terms of e, 

«* = l + a ' - ' & T c o s i ^ = ? ( 5 ' a ) ( 5 6 b ) 

and 
— 2a sin 2?r£ . , , ,ra -, 

bT = T - n s s— = &(«><*)• (56c) 
1 + a2 — 2a cos 2ire 

For the calculation of YE it is convenient to write Eq. (33) in the form 

% - 7 i = ^ + J2QEM *> ̂  + J2QEM ^ v-^! + yT 

= go + jbo + [ j + g(t,a) + jb(sa) J, (57) 

where 

and 

QEM i r,r\ Vl> ~ "v 
go = ~f\—' °0 — &HEM 

. VL 1 I A?o 
Vo QEM XQ XO 

If the transmission line is fairly long, the possible values of va are 
close together and v0 can be chosen nearly equal to vv. In that case 

Xo XQ QEM X(/ X(/ VEAJ 

The general shape of the YL(v) curve depends upon the terms in the 
square bracket, since they alone depend upon v; the parameters that fix 
the shape of the curve are A and a. 

For convenience, the square bracket of Eq. (57) will be represented 
by the quantity w = u + jv, where 

u = g(s,a) and i; = -j + b(e,a). (59) 

The YL(v) curve has the same shape as the w(e) curve; it differs from it 
by scale factors YJQEM = AYL/Aw and (c\0) / (2lK„o) = Av/As and by a 
translation g0 + jbo. Tuning the magnetron, which amounts to changing 
Pa, translates the curve vertically, since 6o varies almost linearly with vv. 

The shape of the w(e) curve is governed by the parameters A and a. 
Three general forms are possible; the separate components of w(e) are 
illustrated in Fig. 7-16, and the function 10(e) in Fig. 7-17. If the quantity 
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is less than zero, the w(e) curve has loops, as in Fig. 7-17c. If s = 0, 
the curve has cusps as in Fig. 7-176; if s > 0, the curve has merely undula
tions as is Fig. 7-17o. 

When the operating curve cuts across a loop in the Y{v) curve, there 
are two intersections and therefore two distinct frequencies at which 
oscillation might be stable. In case the loops are so large or so closely 
spaced that they overlap, there may be four or more such intersections. 

F I G . 7.16. F I G . 7.17. 
F I G . 7-16.—Plots of the terms of Eq. 59. (o) Values of b (e,o) and t/A as functions of 

e for three values of o; (b), (c), (d) values of g (e,a) as functions of e for the same three 
values of a; (e) the function v = t/A + b (e,a) plotted against e for the same three values 
of a. The parameter A is kept constant at 1/ir. 

F I G . 717.—(a) , (i>), (c) The function w = u + jv of Eq. (59) for the three conditions 
shown in Fig. 7* 16. Values of e are indicated. 

An extensive series of experiments was performed in the MIT Radiation 
Laboratory with a pulsed 3-cm tunable magnetron and various values of 
I, the line length, and of a, the degree of mismatch. From these experi
ments it was concluded that oscillation is ordinarily established at that 
intersection which has the lowest value of <7t; only in cases where the two 
lowest values ot'GL are nearly equal are two frequencies excited randomly 
at successive pulses. 

In other words, the tuning curve of Fig. 7-156 can be interpreted in 
the following way. As the magnetron is tuned, the w(e) curve of Fig. 
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7-17e is moved across the operating curve and the frequency of oscillation 
corresponds to the intersection of minimum GL. At the stage where 
there are substantially two such intersections, the frequency alternates 
randomly between two well-separated values; otherwise the frequency 
changes discontinuously as that stage is passed. The width of the break 
in the tuning curve WAv is exactly equal to the frequency interval that 
carries the YL(v) curve completely around a loop. 

The irregularities in the tuning curve in Fig. 7-15a can be interpreted 
in a similar manner. The steep parts of the tuning curve correspond to 
those parts of the w(e) curve where v(e) varies very slowly with s. When 
conditions are such that the Y(v) curve and the operating curve intersect 
at a very small angle, one should expect the frequency of oscillation to 
vary rapidly not only with the tuning adjustment but also with the input 
conditions of the magnetron, as a small shift in the operating curve 
must lead to an appreciable change in v. Consequently it is under
standable that the spectrum, or Fourier analysis of the pulse, should be 
abnormally broad in such cases. To a fair approximation, the develop
ment of a cusp in the u>(s) curve represents the transition from an uneven 
tuning curve to a broken one, although if the operating curve has an 
appreciable slope, the transition occurs at a somewhat lower value of 
a than that which leads to a cusp. In practice, however, the transition 
is gradual, since it is difficult to distinguish between one broad spectrum 
and two broad spectra with nearly equal center frequencies. 

The spacings Ay of the breaks or irregularities in the tuning curves 
correspond to the period of the functions g(z,a) and fo(e,a), which is 1 in s 
or i(c/Z)(X/X„) in v. If I is expressed in meters, v in megacycles per 
second, and the value 300 meters/jusec is used for c, then the spacing 
is equal to 

_ 150 X meters X megacycles ,„ . 
I X„ second 

and is actually just the spacing between the resonances of the trans
mission line. The width WAv of the breaks can be computed on the 
basis of the loop that occurs near s = 0 (Fig. 7-17c). The values of s 
where the w(s) curve intersects itself and the w-axis are the solutions 
(other than e = 0) of 

j + 6(.,o) = 0. 

It is simpler, however, to compute the value A' that will give rise to such 
intersection at s.' from the relation 

1 = _ b(e>). ( 6 2 ) 
A. 6 

The width WAv of the breaks is equal to 2S'AP. 
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For practical purposes it is convenient to express A in a form that 
involves the pulling figure F of the magnetron rather than QE„, as 
ordinarily F is given in the specifications. From the relation 

v QA2vU 

f = —7=: sec a, 
(63a) 

where tan a is the slope of the operating curve of -Be vs. — Ge, it follows 
that 

A=l^ 
X 0.42c sec a (636) 

In Fig. 7-18, Eq. (62) is presented graphically by plotting a against the 
quantity l(\/\)F for various values of W = 2s'. l a constructing the 
5.67 0.7 

4.00 0.6 

1.22 0.1 

2 3 4 6 8 10 2 3 4 6 8 100 2 3 4 6 8 1000 
l-ff-F (meters x megacycles/sec) 

F I G . 7-18.—The effect of mismatch on the tuning curves. The width of the break is 
WAv where i t = (150/i)(X/X„) meters Mc/aec. 

figure a value of 1.05 has been assumed for sec a, so that the coordinate 
l(\J\)F is numerically equal to 131A. 

The uses of Fig. 7-18 are illustrated by the following example. It is 
proposed to use a waveguide transmission line 10 meters long with a 
pulsed 3-cm tunable magnetron. The pulling figure F of the magnetron 
is 15 Mc/sec; X„/X for the waveguide = 1.3; and the attenuation is 
0.20 db per meter. The following information is then required: (1) 
the permissible mismatch of the termination if the operation of the 
magnetron is to be satisfactory at all frequencies within its tuning range 
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and (2) the effect on the performance if the standing-wave ratio of the 
termination reaches 2.0. In this example, t\B/\ = 13, so that the spacing 
Av of the irregularities in the tuning curve is T^T = H-5 Mc/sec. The 
quantity lF\g/\ is equal to 195. The attenuation factor of the guide is 
antilogio 2.0 = 1.6. 

The following considerations then apply: 

1. The value of o that corresponds to W\/\ = 195 and W — 0 
is found from Fig. 7-18 to be 0.06; multiplying by the attenuation 
factor gives the value \q\ = 0.096, which corresponds to a standing-
wave ratio p = 1.2 for the termination. For perfectly satisfactory 
performance at all frequencies a SWVR somewhat lower than 1.2 
will be required. 

2. The value p = 2.0 corresponds to |g| = 0.33 and 

a = 9"®. = 0-208. 
l.b 

From Fig. 7-18 the value W = 0.65 is obtained, and the width 
of the breaks in the tuning curve is thus equal to 

11.5 X 0.65 = 7.5 Mc/sec. 
Thus with a termination of SWVR 2 one cannot be sure that the 
transmitter can be adjusted to any arbitrarily chosen frequency 
more closely than within + 4 Mc/sec. 

The considerations that apply to tunable magnetrons apply also, 
of course, to fixed-frequency magnetrons. However, in the case of the 
latter the effects connected with long transmission lines can be examined 
in greater detail by making use of Rieke diagrams. Consider first an 
ideal Rieke diagram appropriate to the terminals T of Fig. 7-5c, such as 
is illustrated in Fig. 7-19a. The ideal diagram appropriate to terminals 
at a distance s to the right of T can be obtained by rotating each contour 
of Fig. 7-19o through an angle equal to 4TTS/\B; since \„ depends upon v, 
each contour is rotated differently. The appearance of the new diagram 
will be determined by the relative rotations of the various contours. 
Let the value of v for the contour that passes through the center of the 
diagram be denoted by v0 and the rotation of the other contours, relative 
to the vo contour, be denoted by ^(v). By analogy with Eq. (556) 
one may write 

*(„) =iv±h!v^L^. (64) 

As the result of this transformation, the ideal diagram appropriate to 
the extreme end of the transmission line will take on a form such as is 
illustrated in Fig. 7 19b. 
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According to this figure, v is a multiple-valued function of the load 
in some regions of the diagram; these regions represent just those values 
of the load which give rise to loops in the Yt(v) curve. When the stability 

(a) (6) 

(c) (d) 
Fia. 7*19.—Transformations of the Rieke diagram, (a) The ideal Rieke diagram at the 

output terminals; (b) at the extreme end of the transmission line; (c) actual contours 
observed for condition (6); (d) result of transforming diagram (c) back to the output termi
nals referred to in diagram (a). 

relations are taken into account, it turns out that the contours which 
might actually be observed are those illustrated in Fig. 7-19c. The point 
S of this diagram has sometimes been referred to as the "frequency 
sink."1 

1 I t is only for loads which fall within the shaded region of the figure t h a t there 
is an uncer ta in ty in the frequency of oscillation. 
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When the diagram of Fig. 7-19c is transformed back to the terminals 
T, it takes on the form shown in Fig. 7-19d. The last figure illustrates 
the fact that a long transmission line makes a part of the ideal Rieke 
diagram inaccessible for measurements; the size of the region increases 
with the length of the line and with the pulling-figure of the magnetron. 
In experimental setups, the effective length of the transmission line is 
that which is included between the magnetron and the standing-wave 
introducer. Although this distance is relatively small—perhaps six 
wavelengths or so if a slotted section is placed next to the magnetron 
for standing-wave measurements—it makes it very difficult to study 
the performance of pulsed magnetrons at the larger values of GL. This 
difficulty can be surmounted by -using magnetrons with very small 
values of QEM, for if QEM is small, large values of GL are brought across 
the center of the diagram into the region where operation is always 
stable. With c-w magnetrons, these difficulties might be surmounted 
by taking advantage of hysteresis, although it may happen that the 
phenomena discussed in Sec. 7-4 will prove to limit the usefulness of 
this procedure. 

7-7. Experimental Data on the Space-charge Properties.—This sec
tion consists principally of a summary of the results of a long series of 
experiments that were performed on a particular 2J32 magnetron (see 
Fig. 19-18); all the data included in Figs. 7-21 to 7-30 were taken on this 
magnetron. 

The first set of experiments1 to be described were performed princi
pally to test the validity of the equivalent circuit analyses of the preceding 
sections and to find out if a Rieke diagram could actually be reduced to 
an operating curve. 

The properties of the output lead (actually a duplicate provided by 
the manufacturer) were measured in the manner described in Chap. 5. 
Measurements were made at several different frequencies, and in all the 
subsequent calculations the variation of the transducer coefficients 
with frequency was taken into account. By means of these coefficients 
and appropriate formulas, all measurements of impedances both on the 
"cold magnetron" and on the load in cases where the magnetron was 
oscillating were reduced to impedances at the terminals of the coupling 
loop. 

The analysis of the data has been carried out on the basis of the 
equivalent circuit shown in Fig. 7-20. An elementary calculation leads 
to the result that the "cold impedance" Z—observed by "looking in to" 
the loop, with the terminals A open-circuited—should be of the form 

1 It. Platzman, J. E. Evans, and F. F. Rieke, "Analysis of Magnetron Per
formance, Part I I , " RL Report No. 451, Mar. 3, 1944. 
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4— * w * 

Z(x) = j2*-vL0 + -. r> (65) 

where 

u = Li V1 ~ is)' 
Af m = J-I 
Li 

-\in 
%cv„ = 1 

\/CLi 

The term in L0 may be regarded as being the "leakage reactance" 
of the loop. The measured values of Z{y) proved to be consistent with 

Eq. (65), and from them, by curve-fitting, 
values of the constants -Lo, m 2 /F c , Q„, and v„ 
were obtained. As will be shown presently, 
the computation of the admittance YL in 

Fio. 7-20— Equivalent oir- absolute units (mhos) requires that Yc be 
cuit for a loop-coupled mag- known, whereas the cold-impedance measure-
n e ron- ments yield a value only for m2/Yc. A numer
ical value for Yc was computed from the value L s = 5.1 X 10 -10 henry, 
given by A. G. Smith.1 

Smith's measurement is based on the following considerations. If a 
capacitance AC is connected at the terminals A of Fig. 7-20, the square 
of the resonant wavelength should vary linearly with AC, and from the 
relation 

A(X§) = (2xc)2L2AC (66) 

Li can be obtained. In the experiments AC was the increment in the 
capacitance of the slots caused by filling the slots with material of a 
known dielectric constant. (Smith's value of L2 is consistent with one 
obtained theoretically on the basis of a very elaborate lumped-circuit 
model of the cavity.) The incremental capacitance AC in Smith's 
experiments may be regarded as the "standard impedance" upon which 
all the absolute values of r-f voltages and currents quoted in this section 
are based. 

From the cold-impedance measurements and the adopted value of 
Li, all of the constants that appear in Eq. (65) can be given numerical 

1 A. G. Smith, "Establishment of Tolerances for the Eight-oscillator Magnetron," 
B.S. Thesis, Massachusetts Institute of Technology, 1943. 
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values. To illustrate the magnitudes of these quantities, the values are 
given in the following list: 

Lx = 6:3 X 10-9 henry, 
Li = 5.1 X 10-10 henry, 
M = 2.4 X 10-10 henry, 
C = 6.3 X 10-12 farad, 

Ye = 0.111 mho, 
Q„ = 1610, 

^ = 1.4 X 104 ohms. 

The admittance Y L at terminals A as a function of v and the load 

impedance Z at the loop is given by 

Y. + Y„ 
where 

-*■(&+*'-¥) 
Y, 

Z + j2irvL0 

Data for three Rieke diagrams, 
all at approximately the same mag
netic fields (1300 gauss), were taken 
at input currents of 12.5, 17, and 
26 amp, respectively. Inasmuch 
as the diagrams are qualitatively 
similar, only the one at 12.5 amp 
will be shown in detail. Constant-
power and constant- V contours, 
plotted in the G„ 5,-plane are 
shown in Fig. 7-21 to illustrate the 
departure from the ideal forms of 
the Rieke diagram which would 
simply be straight vertical lines. 
In the cold-impedance measure
ments at frequencies far removed from resonance, the magnetron 
had a SWVR of about 90, or a reflection coefficient of 0.98. In the 
most unfavorable part of Fig. 7-21 the loss of power in the lead could 
thus not amount to more than 6 per cent. The admittances YL for all 
of the experimental points are plotted in Fig. 7-22. This figure demon-

4x10 3 

F I G . 7-21.—Constant output a-c power 
and constant input d-c voltage contours in 
the GeBe-plane for a 2J32 magnetron oper
ating at 1270 gaus9 and 12.5 amp. 
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Flo . 7-22.—Operating curve in the GL, 
Bz.-plane for input current of 12.S amp and 
magnetic field of 1270 gauss. 

strates that within experimental error, all of the constant-frequency 
contours actually do coalesce into an operating curve when they are 
plotted in the Fi-plane. 

The input voltage V and the power output P, are plotted against 
IM0 150 GL in Fig. 7-23. The dotted curve 

in Fig. 7 -23b represents P,GL/G„ 
the total r-f power delivered by the 
electron stream. In Fig. 7-24 the 
electronic efficiency i>, = Pi/VI 
is plotted against GL. These 
curves are an important consid
eration in the design and applica
tion of magnetrons, because they 
provide the means of relating the 
efficiency to the unloaded and 
external Q's of the cavity. For
tunately, the general shape and 
the location of the maximum in 
these curves do not depend 
strongly on either the magnetic 
field (B or the current 7, so the 

most favorable choice of load for a magnetron is more or less independent 
of operating conditions. 

In addition to the Rieke diagrams, performance charts were also taken 
at several different values of GL- In principle, this series of performance 
charts should constitute an exhaustive description of the performance of 
the magnetron. Actually, the data were accumulated over a con
siderable period of time, during which appreciable changes in the calibra
tions of the apparatus and perhaps also in the magnetron itself took place. 
The uncertainties thus introduced obscure many of the cross relations 
that involve relatively small differences between observed quantities. 
(This experience is mentioned to illustrate some of the difficulties encoun
tered in attempting to secure self-consistent data on magnetron opera
tion.) Consequently only one of the performance charts is reproduced 
as Fig. 7-25. 

When efforts were later made to extend the concepts and methods 
developed in this chapter to the- transient behavior of magnetrons, the 
need arose for a better understanding of the relations among G„ V, V, 
and I at constant (B, and it was decided to work out these relations as 
completely as possible. Actually they were worked out for just one 
value of (B. The necessary data were taken in the following way. The 
frequency was kept at a constant value v' throughout, and the contour 
v = v' was traced out in a Rieke diagram for nine different fixed values 
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Fio. 723.—(a) Input d-c voltage vs. Gi\ operating conditions 1270 gauss and 12.5-amp 
input; (b) a-c power output vs. GL for same operating conditions. 

In all, about 140 

60 

50 

of V; for each observation q, P, and I were measured 
observations of this kind were 
made. By taking all the data at 
one frequency, the computation of 
the YL's was greatly facilitated. 
To avoid fluctuations in the mag
netic field, a permanent magnet 
was Used. The combination of a 
very strong air blast for cooling 
and a low duty-cycle (1/2000) 
served to keep the temperature of 
the tube low at all times and 
thereby minimize changes in the 
resonant frequency that would 
enter as errors in BL in the final 
results. 

As has been mentioned pre
viously, there are many possible systems for representing the data graphi-
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electronic susceptance B. as functions of the input d-c current I, with the input d-c voltage 
V as parameter. 
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cally. A few systems are illustrated (some only partially) in the following 
series of figures. Some of the figures are given because of their relation 
to topics discussed in various places in this book; others are given because 
they seem likely to be significant theoretically. 

In principle, the various sets of curves ought to be mutually consistent 
where cross relationships exist, but actually they are not entirely so. 
Generally, the curves have been drawn to fit plotted points that repre
sent pairs of values based on the original, individual observations. The 
drawing of smoothed curves is partly a matter of judgment, inasmuch 
as theoretical relationships are nonexistent. It has not seemed worth 
while to go through the elaborate process of adjustment that would be 
required to make all of the curves strictly consistent with one another, 

Kfx-1 

i 
-3 

0 1 2 3 4 5xl(T3 

— G, in mho 
Fia. 7-30.—Operating curves with d-c input current / as parameter. 

to keep the curves plausibly simple, and at the same time to secure a 
good fit for all the data. 

Figure 7-26a, b, and c are straightforward plots of the original data. 
Figure 7-27 illustrates the functions that appear in Eqs. (9a) and 

(9b), represented by means of contours in the V, V-plane. 
Figure 7-28 is a plot of Iei against V for various constant values of 

V and I. 
Figure 7-29o is the "conductance m a p " used in Chap. 8 as the basis 

for the discussion of the transient behavior of the magnetron. 
The associated susceptance map is illustrated in Fig. 7-296. 

Figure 7-30 contains operating curves for various constant values of 7. 
Inasmuch as the frequency varies linearly with Be when the external 
load is held fixed, these curves show how the conductance GL 

influences the degree to which the frequency depends upon the 
input current I. 

i i i ^*^**-



CHAPTER 8 

TRANSIENT BEHAVIOR 

B Y F. F. R I E K E 

It is inevitable that a magnetron cavity with many resonators should 
have several natural modes of oscillation, and it is generally possible for 
self-excited oscillations to occur in more than one of the modes. Inas
much as the modes have different frequencies and the operation in some 
of them is very inefficient, it is highly desirable that oscillations should 
occur consistently in the proper mode. The problem of securing such 
correct properties of mode selection has actually been one of the major 
obstacles encountered in the development of new magnetrons. 

Ideas concerning mode selection tended for some time to center about 
the concept of interaction and competition between modes, and a great 
amount of effort was expended on devising and trying out features 
designed to handicap oscillation in undesired modes. As experience 
accumulated and techniques of observation improved, it became evident 
that any such simple approach could at best be only sporadically success
ful. Actually, mode-selection processes are diverse in nature and are 
influenced in varying degrees by many factors that have to do not only 
with the magnetron itself but also with the auxiliary equipment with 
which it is operated. 

Some essential parts of the present subject are treated in preceding 
chapters—the natural modes of the cavity in Chaps. 2, 3, 4, and 6 and 
resonance relations in Chap. 7. According to the resonance relations, 
self-sustaining oscillations in a particular mode can occur only if certain 
conditions are fulfilled by the magnetic field and applied voltage. 

In this chapter it will be shown that the resonance relations do not, 
in general, restrict oscillations to one mode but merely limit the possibili
ties. The deciding factors under these circumstances are (1) the noise 
levels existing in the various modes just prior to the starting of oscilla
tions, (2) the transient phenomena that occur at the onset of oscillation, 
(3) the stabilities of the states of oscillation. An evaluation of these 
factors is largely dependent upon the detailed observation of mode-
selection phenomena. 

8-1. Steady-state Properties of the Modes.—The (N — l)-modes of 
an ^-oscillator cavity, such as the magnetron cavity described in Chap. 2, 
are frequently spoken of as " the modes." This chapter is concerned with 

339 
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these modes of oscillation only, although it is possible that some mag
netron phenomena involve modes of other types. Throughout the 
discussion only cases in which N is even are considered. 

I t has been shown by Hartree1 that when a Fourier analysis is made 
of the electric field in the interaction space, the only components asso
ciated with a mode of number n and frequency / are those which have 
angular velocities of ±'2nrf/y, where y = n + mN and m is an integer, 
positive or negative. If the mode is to be excited by the space charge, 
it is necessary that something like a condition of resonance be established 
between the angular velocity of the electrons and some one of the Fourier 
components mentioned above. Hartree's condition2 is 

V - Vy = ^ (B - By), 

where 

and 
R _ 4TTC AnrA 2 1 

7 " rl - rl V e ) y\ 
The value of V given by this formula is, theoretically, the minimum 
d-c voltage, at magnetic field B, at which electrons can reach the anode 
when an alternating field of infinitesimal amplitude is applied; it should 
therefore represent a condition for the starting of oscillations in the 
7-component. At magnetic fields less than By, oscillations in the 7-com-
ponent should not start at all. So far, excitation has been observed 
only through components for which m = 0 or — 1. The symbol (y/n/N) 
is adopted here to indicate, in order, the component number, the mode 
number, and the number of oscillators; thus (5/3/8) indicates the (7 = 5)-
component exciting the (n = 3)-mode in an eight-oscillator tube. In 
common practice, this condition is sometimes referred to as the " 5-mode." 
I t should be emphasized that the (5/3/8)- and (3/3/8)-modes are 
identical in so far as wavelength and r-f field configurations in the cavity 
are concerned. They differ only as regards the conditions within the 
space charge. The above equation may be represented graphically as in Fig. 
8-1, which shows the Hull cutoff parabola and the Hartree lines for the 
modes commonly observed in eight-oscillator strapped magnetrons. On 
the basis of this diagram it should be expected that at a magnetic field 
equal to B', excitation of the (n = 3)-mode should start at voltages 
V and V"' and of the (n = 4)-mode at V"; at V" " the tube should draw 
current without oscillating. 

> D. R. Hartree, CVD Report No. 1536, Mag. 17. 
*Ibid. 
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In the actual operation of a magnetron it is found that at constant 
magnetic field the voltage at which a tube runs in a given mode increases 
with the direct current drawn and with the degree of loading of the r-f 
circuit. The d-c voltage relations for the (4/4/8)-mode of a typical 
eight-oscillator magnetron (the 2J32) for several different values of 
load at one fixed value of magnetic field are shown in Fig. 8-2. I t may 
be observed that oscillation (at finite amplitude) is possible at a voltage 
somewhat below the value given by the Hartree formula. At constant 
current and load the voltage increases linearly with the magnetic field. 
Similar relations between B, V, I, and load are observed for components 

B' B I 
Fia. 8-1.—Schematic Hartree diagram for FIG. 8-2.—Current-voltage relations of 

an eight-oscillator magnetron. the (4/4/8)-mode of an eight-oscillator 
magnetron at constant B with various 
values of load (schematic). 

of other modes, although they cannot be followed over so great a range. 
It sometimes happens that some of the modes for which n ^ N/2 are so 
weakly coupled to the output load that it is impossible to exert any 
appreciable influence on them by varying the external load. In such 
cases the output power may be so low that the wavelength can be meas
ured only with difficulty, even though the mode is strongly excited. 

For questions having to do with mode selection, one is frequently 
interested simultaneously in the (F,/)-relations of several components, 
all at the same magnetic field and at a fixed setting of some matching 
device in the output transmission line. The relations may be represented 
by (V,/)-diagrams, such as those shown in Fig. 8-3. The voltage of 
each component is, to a first approximation, equal to its Hartree voltage. 
The difference between the actual voltage and this approximation 
depends upon the load and the current, as is illustrated for a (4/4/8)-
component in Fig. 8-2. However, it is important to remember that a 
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fixed setting of the matching device implies a different degree of loading 
for each mode, both because of the differences in coupling and because of 
the frequency sensitivity of the matching device. Thus, adjustments of 
the device may affect two modes oppositely and may interchange the 
relative positions, in a (F,/)-plot, of the curves for two components 
with nearly equal values of 7X. As the magnetic field is changed, the 
(F,7)-diagram changes in accordance with the curves shown in Fig. 8-1. 

The cutoff curve of Fig. 8-3 is drawn as it is observed in magnetrons 
of the type under discussion. I t has sometimes been confused with a 
noncoupled mode of oscillation. The fact that the current increases 
continuously rather than discontinuously at the cutoff voltage is a well-
known discrepancy between magnetron theory and experiment. The 

Cutoff, 

Cutoff 

/ N . O , 4/4/8 
i£~5/3/B 

Cutoff 

__ 5/3/B 
/ N . O 4/4/8 

(a) B<B3 (b)B>B, {c)B<B. id) B>B* 
FIG. 8-3.—Schematic (V,I)-relations for an eight-oscillator magnetron: (a) and (b) 

with small wavelength diflference between modes and (c) and (rf) with large wavelength 
difference between modes. N.O. indicates a nonoscillating state. 

curve has been identified with cutoff because the bend occurs at approxi
mately the correct voltage, because the voltage varies quadratically 
with the magnetic field rather than linearly as do the modes, and because 
the current follows the application of voltage instantaneously (as far 
as can be observed) rather than with the delay of a few hundredths of a 
microsecond which is associated with the oscillating states. 

The nonoscillating state just above the (4/4/8) component indi
cated in Fig. 8-36 and d generally escapes observation because with 
many tubes it can be observed only if the pulser has special charac
teristics. However, such nonoscillating states seem to occur whenever 
adjacent components are widely separated in voltage. 

Apparently, oscillations can persist in just one mode at a time. 
At least the author is unaware of any instance in which a magnetron 
has been observed to oscillate in two modes simultaneously and con
tinuously for as long as-a very small fraction of a microsecond. How
ever, it is very common for oscillations to change from one mode to 
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another. Changes of mode may take place in either of two ways: 
One or the other of two modes may be excited at successive turn-ons 
or pulses, or oscillation may suddenly shift from one mode to another 
during the continuous application of voltage. In either case operation 
in each of the modes appears to be normal; that is to say, when the 
respective instantaneous currents and voltages are plotted in a (V,I)~ 
diagram, the resulting lines for each mode appear as in Fig. 8-3, and the 
data join on continuously with (or may even overlap) those taken with 
the tube operating entirely in one mode or the other. 

8-2. Steady-state Properties of the Pulser.—The effect of the current-
voltage characteristics of the pulser in determining the voltages and 
currents at which a tube may operate in any one of the various modes is 
now considered. For the present, the discussion is restricted to steady-
state operation, thereby excluding the very rapid transients that occur 
at the beginning of oscillation or within an intrapulse transition from one 
mode to another. (Experimental details of the measurements will be 
discussed later.) 

If instantaneous currents and voltages for each mode are observed 
when a tube is changing from one mode to another, then for each setting 
of the pulser-supply voltage one 
obtains a pair of voltage and cur
rent values, which, when plotted, 
are found to lie as shown in Fig. 
8-4a. The solid lines represent 
the (V,/)-characteristics of the 
respective modes. The dotted 
lines which may be interpreted 
as (V,7)-characteristics of the 
pulser are drawn through pairs of 
points (one point for each mode) 
that are observed with the same 
value of input voltage to the 
modulator. This interpretation 
is confirmed by repeating the 
experiment with a resistor con
nected in series with the cathode 

\ \ \ 

^ 

(a) (6) 
F I G . 8-4.—(y,/)-relations for a mag

netron that is changing modes. In (b) the 
internal resistance of the pulser has been 
increased over tha t of (a). 

lead of the magnetron to increase the internal resistance of the pulser. 
The (7,/)-points are then found to lie as illustrated in Fig. 8-4b, and the 
change in the slope of the dotted lines is equal to the negative of the value 
of the added resistance. 

The (F,7)-characteristic of a hard-tube pulser may be related directly 
to the (7j,,i?p)-curves of the tubes in the final stage. If the characteristic 
of the tube (or parallel arrangement of tubes) is such as that shown in 
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Fig. 8-5o when the control-grid voltage is equal to that delivered by the 
driver, then the (V,I)-characteristic of the pulser is like that shown in 

Fig. 8-56, where the supply volt-
V*l — age is represented by V. 

In spark-gap, thyratron, and 
other line-type pulsers, the pulse-
forming network behaves approxi
mately as a c o n s t a n t - v o l t a g e 
generator of emf equal to the 
potential to which the line is ini
tially charged, in series with an 
ohmic r e s i s t a n c e equal to the 
characteristic impedance of the 
network. D u r i n g steady-state 
operation the associated pulse 
transformer functions essentially 

as an ideal transformer. Thus the characteristic of such a pulser is a 
straight line, as shown in Fig. 8-6. Usually the pulse-forming network is 
matched to the magnetron at the operating current and voltage, as at P 

F I G . 8-5.—(o) ( I , , ̂ - c h a r a c t e r i s t i c of 
tubes in output stage of hard-tube pulser; (b) 
(V,^-characteristic of the pulser of (a). 
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\ 
A. 

/ / 
FIG. 8-6.—(V,i)-characteristic of a line-type F I G . 8*7.—Comparison of (F,J)-character-

pulser. istics for different pulsers. 

in Fig. 8-6, so the open-circuit voltage is just twice the normal operating 
voltage of the magnetron. 

Although the (V,I)-relationships of the pulser and magnetron 
together result only in necessary conditions which must be satisfied by 
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the steady-state currents and voltages of whatever modes are excited 
(the actual selection of modes being influenced by still other factors), 
they provide an explanation of many of the variations that are observed 
when tubes are tested on different pulsers. As an illustration, consider 
the ideal case represented by Fig. 8-7. A magnetron having the charac
teristics shown is to be operated in the (4/4/8)-mode at the point P. 
Only selection among the (4/4/8)- and (3/3/8)-modes and the non-
oscillating states is discussed; it is assumed, as is commonly the case, 
that there is no interference from the (5/3/8)-mode. Curve A represents 
a line-type pulser, which obviously will permit operation in either the 
(4/4/8)- or the (3/3/8)-mode. Curve B represents a hard-tube pulser 
with a large reserve of current-carrying capacity which permits operation 
only in the desired mode. Curve C is typical of a hard-tube pulser 
operated near the upper limit of its capacity; it offers the choice between 
the (4/4/8)-mode and the nonoscillating state. Curve D illustrates a 
hard-tube pulser at plate-current saturation, which will permit operation 
in the (4/4/8)- and (3/3/8)-modes, just as does the line-type pulser. 

8-3. Types of Mode Changes.—As has been mentioned in Sec. 8-1, 
changes of mode may take either of two forms. One form consists of a 

,1 ,, ll III ll ll 
ta) (6) (c) 

FIG. 8-8.—Symptoms of a mode skip, (o) The voltage pulses, (fr) the current pulses, and 
(c) the spectrum. 

random alternation between two modes at successive turn-ons or pulses; 
this type will be referred to as a "mode skip." The other form is a 
transition from one mode to another during the continuous application 
of voltage; this type will be designated as a "mode shift." Sometimes 
the two forms appear in combination. 

The mode skip is the more common form in pulsed magnetrons. Its 
symptoms are double voltage and current pulses such as are shown in 
Fig. 8-8a and b and a spectrum that, with the conventional analyzer, 
appears to have lines missing as in Fig. 8-8c. The proportion of the 
numbers of pulses in the respective modes changes with power-supply 
voltage, usually continuously as indicated in Fig. 8-9; but because of a 
sort of instability connected with the regulation of the power supply, a 
sudden transition from all pulses in one mode to all pulses in the other 
may take place when the power-supply control is changed gradually. 

n. 
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(This instability is discussed at greater length in Sec. 8-7.) Mode skips 
are generally attributable to failures to start, or "misfiring," in the lower-
voltage mode and in many cases can be eliminated by sufficiently reducing 
the rate at which voltage is applied to the magnetron. 

A mode shift in a pulsed magnetron results in current and voltage 
pulses such as those illustrated in Fig. 8-10. (This figure represents a 

Power-supply voltage -*■ fa) 15) 
F I G . 8.9.—Effect of power-supply volt- F I G . 8.10.-—The pulses of (a) voltage and (b) 

age on the distribution of pulses in a current that are associated with a mode shift. 
mode skip. 

shift from a lower- to a higher-voltage mode, but shifts in the opposite 
direction also occur.) The spectra of the respective modes have no 
"missing lines" but are somewhat broadened because of the shortened 
effective pulse in each mode. Mode shifts may be considered to result 
from the loss of stability in the initial mode of oscillation. The condi
tion of instability may be reached as the result of a change (however 
gradual) in the operating conditions or, conceivably, as the result of 
changes within the magnetron. In many cases it is quite sensitive to 
the load on the r-f circuit. Mode shifts can be especially troublesome 
in c-w magnetrons that are amplitude-modulated. 

Methods of Observation.—Information about the dynamics of the 
types of phenomenon just mentioned has been derived principally from 

observations on pulsed magne-
Pulser trons. M e a s u r e m e n t s wi th a 

peak voltmeter and average-cur
rent meter are entirely inadequate 
for such studies. I t is possible to 
construct diagrams such as Fig. 
8 3 point by point from measure
ments of instantaneous current 
and voltage made with a synchro
scope, but a more convenient and 
satisfactory method is to connect 

the cathode-ray tube as shown in Fig. 8-11 so that the tube itself plots volt
age against current automatically. As a first approximation, for each 
setting of power-supply voltage this arrangement yields one point in a 
(y,7)-plot corresponding to the flat portions of the pulses or two points in 

Voltage 
divider 

~b -,-) Magnetron 

.CRT 
Current-
viewing 
resistor 

<V,7)-oscilloscope 
F I G . 8-11.—Schematic diagram of an 

oscilloscope used for automatic plotting of 
voltage against current. 
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case the tube changes modes. This limitation can be overcome, however, 
by modulating the power supply at a low frequency—say 60 cps—so that 
the successive pulses, during one complete sweep of the power supply, 
trace out a complete diagram. To make the arrangement practical, the 
cathode-ray tube must be intensity modulated, somewhat as in the syn
chroscope, so that the beam is on only during pulses. 

Actually, since both current and voltage vary continuously throughout 
a pulse, the beam of the (F,/)-scope traces out a closed curve for each 
pulse, and the form of the curve is related to the transients. Figure 
8-12 represents schematically a typical (F,7)-trace, correlated with 
the corresponding parts of the voltage and current pulses. The current 
maximum at î arises from charging the capacitance associated with the 

F I G . 8-12.-

H 13 ts 

-A (^, / ) - t race with corresponding current and voltage pulses. 

magnetron input circuit. The buildup of oscillation occurs between 
(2 and l-i. From <5 to ti the magnetron oscillates steadily. As the voltage 
starts to fall at the end of the pulse, the oscillations die out between 
{4 and i5, but the rate of fall of voltage is usually slow enough that the 
current-voltage relation is the same as for steady-state conditions. The 
discharging current f5 to ts is much smaller than the charging current ti 
because of the smaller magnitude of dV/dt at the trailing end as compared 
with the leading edge of the pulse. 

There are thus two ways in which the (F,7)-scope may be used. 
To view the steady-state characteristic, the intensity modulation is set 
to bring out the flat part of the pulse (l3 to i4 in Fig. 8-12) and the power 
supply is modulated. To view the transients, the intensity modulation 
is set to bring out the appropriate portion of the pulse—the leading edge, 
for instance—and the power-supply voltage is held fixed. When the 
apparatus is arranged so that the change from one type of observation 
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to another can be made quickly and so that the various controls can be 
manipulated without interrupting the observations, it is possible to survey 
the behavior of a magnetron very quickly. 

8 4 . Survey of the Process of Mode Selection.—As a preface to the 
detailed discussion of the observations on mode selection, the pattern 
into which they fall is summarized here, and it is shown how the (V,I)-
traces provide a convenient basis for discriminating between the various 
types of mode-selection processes. 

The characteristic feature of the (F,7)-trace in a mode skip is the 
branching illustrated in Fig. 8-13, where the heavy arrowed curves 
represent the two alternative paths of the (F,/)-point, one to Mode A 

F I G . 8.13.—Mode skip determined by FIG. 8.14.—Mode skip governed by corn-
speed of starting in the lower mode. petition between two modes. 

and one to Mode B. As will be shown later, modes widely separated 
in voltage have associated with them distinct regions of the (y,/)-plane 
within which oscillations in one, and only one, of the modes can build 
up and sustain themselves; these regions are indicated by shading in 
Fig. 8-13. When voltage is applied, as at the beginning of the pulse, 
the (V,I)-point rises to within the starting region of the lower mode 
where oscillation and consequently d-c current build up. If the buildup 
is sufficiently rapid, the (F,/)-point may be held within this region 
because of internal drop in the pulser, even though the open-circuit 
voltage of the pulser lies above this region. However, if the buildup 
is less rapid (relative to the rise of open-circuit voltage of the pulser), 
the current and voltage point may pass outside the region of the lower 
mode—whereupon oscillations in Mode A quickly die out—and thence 
into the oscillation reg'on of Mode 73. Depending upon circumstances, 
the (V,/)-point might eventually come to rest on the steady-state charac
teristic of B or on the cutoff curve somewhere above B; it might also fall 



SEC. 8-4] SURVEY OF TJIE PROCESS OF MODE SELECTION 349 

short of entering the region of the higher-voltage mode and come to rest 
at a nonoscillating state—say at C—between the two regions, as shown 
in Fig. 8-13. All the above possibilities are, of course, subject to the 
relations discussed in Sees. 8-1 and 8-2. It is clear that in this type of 
mode selection the controlling factors are the speed with which oscillations 
start in the lower mode and the characteristics of the pulser, particularly 
the rate of rise of voltage; there enters no element of competition between 
the two modes directly concerned. 

A variation of the mode skip is illustrated by Fig. 8-14 in which two 
modes are so close together in voltage that their oscillation regions 
overlap extensively. Here it may be supposed 
that oscillations start in both modes simul
taneously but that during the later stages of 
buildup the nonlinearities in the space charge 
enter in such a way that one of the modes gains 
predominance and eventually suppresses the 
other. If the competition were very evenly 
balanced, the outcome might be determined 
by random fluctuations; hence a mode skip 
would result that, contrasted with the type 
described earlier, would be very little influ
enced by the rate of rise of the applied volt
age. Direct interaction between modes might 
be suspected of being an important factor 
whenever two modes have components with 
nearly equal values of y \ . However, as will be discussed in more detail 
later, the above condition alone does not appear to be a very good index 
of the importance of interactions. 

The mode shift is an entirely different sort of selection process and is 
characterized by a (7,7)-trace such as is illustrated in Fig. 8-15. This 
drawing corresponds to a case in which the rise of voltage is relatively 
slow, so that after the initial stages of buildup, the (F,/)-point proceeds 
toward higher currents along the steady-state characteristic of Mode A. 
Eventually a point of instability is reached; the oscillations in A cease 
to be self-sustaining; and as they die out, the (y,/)-point moves upward 
quickly, more or less along the pulser characteristic. Figure 8-15 repre
sents a case in which the (7,/)-point then enters the oscillating region 
of Mode B and eventually comes to rest on the steady-state characteristic 
of that mode. In case the modes are widely separated and the pulser 
has a low impedance, the (y,/)-point may arrive at a nonoscillating 
state between Modes A and B. If the magnetic field is too low to permit 
oscillation in Mode B, the (y,7)-point will end on the cutoff curve. 

In addition to the sort of shift that has a (F,7)-trace of the type 

Fio. 815.—Mode shift 
caused by instability of the 
lower mode at high current. 
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illustrated in Fig. 8-15, there are sometimes observed shifts with (V,I)-
traces like those illustrated in Fig. 8-16. These transitions can arise 
only from an interaction between modes; for if the primary event were 
simply the cessation of oscillations in the initial Mode A, the current 
(which can flow only because of the oscillations, since the voltage remains 
■well below cutoff throughout) should tend to decrease and the voltage 
to rise during the transition—which is opposite to what is observed. 
Evidently, while the tube is in Mode A, a condition is reached that 
permits B to build up, and eventually the oscillations in B reach a great 
enough amplitude to suppress A. 

The mode instabilities that have been investigated most thoroughly 
are the mode skip of Fig. 8-13 and the mode shift of Fig. 8-15. These 

/ / 
(a) (4) 

F I G . 8-16.—Mode shifts caused by competition between modes. 

are discussed separately in detail in Sees. 8-5 and 8-6. The more com
plicated phenomena, in which interactions between modes play an 
important part, have so far been studied only more or less incidentally 
and are considered in Sec. 8-12. 

8-6. The Mode Skip.—As a rule, mode skips are encountered when 
attempts are made to operate pulsed magnetrons at high currents, and 
in many such cases the mode skip can be attributed to misfiring in the 
desired mode of oscillation; that is, the mode-selection process is of the 
type illustrated by Fig. 8-13. 

The manner in which a mode skip caused by misfiring usually develops 
when increasing voltages are applied to a magnetron (at constant mag
netic field) i3 illustrated by the series of (V,/)-traces reproduced in 
Fig. 8- 17a t o / . 

A complete steady-state characteristic taken at the same magnetic 
field is shown in Fig. 8-18. In Fig. 8-17a, the voltage is just below that 
at which oscillations start; in Fig. 8-17b and c, oscillations start at every 
pulse, and the steady-state current increases as the voltage is raised. 
At higher voltages, oscillations start in the lower mode only during some 
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of the pulses, but in such pulses the steady-state current continues to 
increase with applied voltage. In Fig. 817d and e, failure to start in 
the lower mode results in a transition into a nonoscillating state, but 

(a) 

r 

(e) 

FIG. 8-17.—(F,/)-traces of a mode skip arranged in order of increasing voltage. 
Only the trace corresponding to the rising edge of the pulse is shown, (a) Below oscil
lations; (b) beginning of oscillations; (c) middle of oscillation region; (d) beginning of mis
firing; (e) misfiring into the nonoscillating state; (/) misfiring into a higher-voltage mode. 

with a still greater applied voltage (Fig. 8-17/) the (y,7)-point continues 
upward through the nonoscillating state and into the higher-voltage 
mode. 

Additional evidence that misfiring in the lower-
voltage mode is the primary cause of the mode 
skip when the modes are widely separated in volt
age is provided by the fact that the proportion of 
pulses in the higher-voltage mode (or alternatively, 
the nonoscillating state) can be decreased by re
ducing the rate at which the voltage rises at the 
leading edge of the pulse. With a sufficiently slow 
rise of voltage, the upper mode is suppressed 
completely. This behavior is readily understood 
on the basis of the discussion of Fig. 8-13. (The 
possibility that a mode shift may occur when the 
rise of voltage is made very slow does not affect the validity of the 
argument.) The effect is further discussed in Sec. 8-9. 

8-6. The Mode Shift.—The type of mode shift that seems to occur 
most commonly and about which most is known is that illustrated in 

F I Q . 818.—Steady-
state characteristic of 
the mode skip illustrated 
in Fig. 8-17. 
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Fig. 8-15, in which the transition is caused by simple instability in the 
initial mode of oscillation. In many cases the instability at high currents 
appears to result from an inherent property of the space charge in the 
oscillating magnetron, although in others it is definitely attributable to a 
deficiency in the electron emission from the cathode. 

The inherent instability shows up most prominently in magnetrons 
scaled to operate at low voltages, particularly in tubes designed for c-w 
operation. Its outstanding characteristic is a strong dependence of the 
limiting current upon the r-f load; lighter loads (large loaded Q's) permit 
oscillation to continue to higher currents. The effect was recognized 
first by R. N. Hall and L. Tonks of the General Electric Company, 
Schenectady, N.Y., who encountered it in the course of developing c-w 
magnetrons for radar countermeasures. 

The conclusion that this limitation on current is an inherent property 
of the magnetron such as can occur even when the emission from the 
cathode is limited by space charge is based on the facts that the observed 
limitation does depend strongly on the load and that the effects observed 
in a wide variety of magnetrons show a qualitative consistency. How

ever, the impossibility of ascertain
ing to what degree the emission is 
actually limited by space charge in 
an oscillating magnetron precludes 
any precise analysis of the data 
available. 

Figure 8-19 shows the limiting 
current that may be expected for 
various values of load. The plot is 
presented in the form of reduced 
variables (see Chap. 10). Opera
tion at a given load is possible only 
to the left of the load line. In 
addition to the uncertainties men
tioned, there is some question as to 
how exactly effects in dissimilar 
magnetrons can be correlated by 

means of reduced variables, so that predictions based on Fig. 8-19 may 
well prove to be in error by a factor of 2 in special cases. 

In most of the magnetrons designed for pulsed operation the inherent 
limit on current cannot be demonstrated, because these tubes run at 
high current densities, so that other limitations, such a3 low emission 
or sparking from the cathode, appear first. It has been observed, how
ever, in low-voltage pulsed tubes (for example, the experimental LL3 
magnetron described in Sec. 8-9) by the application of a heavy load and 
a slowly rising pulse. 

0 2 t — 4 
Fia. 8-19.—Limiting current as a func

tion of load conductance. The parameters 
are expressed in reduced variables. 
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Another type of limitation on current shows up in some tubes when 
the cathode is abnormally poor or when it is run at a subnormal tempera
ture, and this limitation is thus attributable to inadequate emission. 
Usually when the current is limited by cathode emission (including 

I (a) I (6) I (c) | (d) 
FIG. 820.—Steady-state characteristics showing from (a) to (d) the effect of decreasing 

heater power. A 500-/i/if condenser was connected in parallel to eliminate misfiring. 

secondary electrons, of course), the (I7,/^characteristic bends upward 
at high currents—sometimes a kilovolt or so above the extrapolated 
straight part of the characteristic—before instability sets in. The loca
tion of the bend usually can be altered by varying the temperature of 

/ (a) / <w 
Fia. 8-21a.—Steady-state characteristic showing misfiring into the cutoff curve. 
FIG. 8-2l£>.—Steady-state characteristic for the same conditions as Fig. 8-21a, but with 

a 500-jUjuf condenser in parallel with the magnetron. There appears an upper limit to the 
amount of current that can be drawn in the main mode. 

FIG. 8-21C.—A (V,/)-trace for a voltage setting on the cutoff curve of Fig. 8-216. (Note 
that oscillations which build up in the main mode become unstable at high current.) 

r . 

FIG. 8-21(2.—The current pulse of Fig. 8-21c indicating the relative lengths of time 
involved in this transition. (Note also that sometimes the tube misfires directly into the 
cutoff curve.) 

the cathode. The four parts of Fig. 8-20 demonstrate this behavior 
in the LL3. 

A good example of how a poor cathode can cause a tube to behave 
abnormally because of a mode shift is provided by some 725 magnetrons 
that had received very severe treatment. Normal 725 tubes operate 
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with no evidence of mode instabilities; but in testing these tubes on a 
hard-tube pulser which had a very slowly rising pulse, it was observed 
that oscillations started with each pulse but ceased as soon as the current 
rose to about 30 amp. Examination then showed that the pulsed primary 
emission was hardly detectable. 

Pulsed tubes normally do not exhibit a mode shift unless they do have 
very poor cathodes and the rate of rise of the voltage pulse is sufficiently 
slow, because misfiring takes place instead, when the voltage is raised 
in the attempt to increase the current. As an example, Fig. 821a shows 
a steady-state (F,7)-diagram of the LL3 taken at a low magnetic field. 
(The upper " m o d e " in this case is the cutoff curve.) When a 500-MMf 
condenser is shunted across the modulator, the misfiring is eliminated, 

F I G . 8-22.—Schematic diagram of the 
trace shown in Fig. 8-21c of a mode insta
bility. 

F I G . 8-23.—A current pulse showing 
excitation of a low-voltage mode at the 
beginning and end of the pulse. 

and a mode shift occurs. The steady-state characteristic for this case 
is shown in Fig. 8-216, and the corresponding (F,7)-trace and current 
pulse for a high-voltage pulse are shown in Fig. 8-21c and d. These 
figures show that the misfiring has not been completely eliminated. The 
(V,/)-trace of Fig. 8-21c is copied schematically in Fig. 8-22; the arrows 
show the direction of motion of the (F,7)-point. 

Sometimes a mode shift occurs very early in the pulse, so that the 
lower mode is excited for only a brief interval at the beginning of 
the pulse and for another brief interval at the end of the pulse when the 
voltage falls again within the starting range. The current pulse then 
has the shape indicated in Fig. 8-23. The suddenness of the transition 
from a normal current pulse to one of this type may be accentuated by an 
instability of the combination of magnetron, pulser, and power supply, 
which will be discussed in Sec. 8-7. If, as is usual in such cases, the 
limiting current is a function of cathode temperature, peculiar time 
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• 5'3/8 
N.O., .4/4/8 

lags may be observed, since the heating by back bombardment may be 
very different in the two conditions of operation. 

Shifts in which the second mode has a lower voltage than the initial 
mode have been observed to occur in two ways, corresponding to Fig. 
8-16<z and b. Type a, in which the instability sets a lower limit to the 
current in a higher-voltage mode, requires special conditions for its 
observation—namely, that a higher-voltage mode be reached initially 
(as a result of misfiring or high-current instability in the lower mode) 
and that the voltage then fall so that the lower current limit of the higher-
voltage mode is approached from the high-current side. This soA of 
transition has been observed only between closely spaced modes; it is 
exhibited well in some unstrapped X-band tubes (specifically, the 2J21). 
Practically, it does not seem to be of much 
importance. 

Type b, as shown in Fig. 8- 16b, was 
observed in an experimental tube (the 
LM2 produced by the Raytheon Manu
facturing Company) in which the 2J39 
anode block is strapped to a wavelength 
of 12.3 cm. When run on a hard-tube 
pulser, this tube has a steady-state charac
teristic for certain loads such as is indi
cated by the heavy curve in Fig. 8-24. 
Here, misfiring in the (4/4/8)-mode on a 
medium-voltage pulse leads to the non-
oscillating state N.O.; but a higher-volt
age pulse, which rises to where the 
(5/3/8)-mode should start, results instead 
in the excitation of the (4/4/8)-mode. Close observation of the current 
pulse shows, however, that the (5/3/8)-mode is actually excited for a 
brief interval at the beginning of the pulse. 

8-7. Instability of the Power Supply: "Mode Jumps."—When a mode 
change takes place in such a way that an increase in applied voltage 
results in a decrease in magnetron current, complicating phenomena 
may occur. For instance, pulsed magnetrons sometimes exhibit a very 
sudden change from one mode to another, apparently with no perceptible 
transition range. This phenomenon—occasionally referred to as a 
"mode jump"—has sometimes been interpreted as a distinct type of 
change different from those which have been described in preceding 
sections. Actually, such behavior is a result of instability of the combina
tion of power supply, pulser, and magnetron rather than a special charac
teristic of the magnetron. 

A power supply that consists of a rectifier and filter will, in general, 

F I G . 8-24.—A steady-state char
acteristic of the LM2. At high 
voltages the f-component is excited 
at the start of each pulse. 
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have a time constant that is large compared with the repetition period 
of the puiser, and its output voltage (as affected by internal regulation) 
will be dependent upon the average current drawn by the magnetron 
rather than the pulse current. If the power supply has a condenser 
output, the condition for stability is that 

1 + ^ >0 R + dV > U ' 

whe*re R is the internal resistance of the power supply, I is the average 
current, and V is the input voltage to the puiser (considered to be equal 
to the open-circuit output voltage of the puiser). 

In the case of a mode skip, the average current as a function of power-
supply voltage can be computed on the 
basis of curves such as are illustrated in 
Figs. 8-4 and 8-9. In general, an S-
shaped curve such as is shown in Fig. 
8-25 will result. With a power supply 
that has a characteristic like that shown 
by the broken lines, there will be a region 
of instability. As the supply voltage is 
increased, there will be a jump from A to 
B—the mode skip is observed as a 
" j u m p . " On the other hand, if the volt
age is decreased, the jump will be from C 

F I G . 8-26 - A negative resistance t p ^ h t e r e s i s o c c u r s T h j , 
region offered to the power supply of ' J J 
the puiser because of a mode change teresis effect seems to be present in all 
in the magnetron. "mode jumps," and a close examination 
of the current pulse just prior to the jump usually indicates the beginning 
of either a mode skip or a mode shift. 

Conditions that tend to make dl/dV have a large negative value are 
that the transition (Fig. 8-9) occurs in a narrow range of voltage and 
that the currents in the two modes be widely different for a fixed supply 
voltage. Both conditions are most likely to be fulfilled with a hard-
tube puiser inasmuch as a rapid rise of voltage at the beginning of the 
pulse will tend to make the transition region narrow and a low puiser 
impedance will tend to make the difference in currents large. 

Under special conditions a mode shift in a pulsed magnetron can also 
be influenced by instability of the power supply. For instance, if the 
shift is like that illustrated in Fig. 8-15 and the voltage rises throughout 
the pulse, a small increase in supply voltage can cause the shift to a 
lower current to take place earlier in the pulse and thus result in decreased 
average current. 
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It is obvious that conditions of instability can also arise with c-w 
magnetrons and may lead to oscillations in the input circuit. 

8-8. Outline of a Theory of Starting.—It has been indicated in Chap. 7 
that the type of analysis there applied to steady-state operation can be 
extended to apply to transients, and this section is essentially an elabora
tion of that idea. Many of the general principles involved are derived 
from a report by J. R. Pierce.1 This treatment may be termed an 
"adiabatic theory" of starting, because it is based on the assumption 
that the transient takes place so slowly that it may be approximated as 
a continuous succession of steady states. Even under conditions where 
the approximation is rather poor, the theory should give some insight 
into the nature of the phenomena that take place. Of course, it is 
possible to conceive of conditions in which an adiabatic approach is 
entirely inadequate, but it is not evident that such conditions are com
monly realized in current practice. 

The analysis of the steady-state operation has been based on the 
fundamental relation 

Y. + Yc = 0, (1) 
where F« is the admittance of the space charge and Yc is the admittance 
of the circuit. In so far as admittances can be defined for transients, 
the same relation must apply because it is simply an expression of the con
tinuity of current. The discussion of Chap. 7 has indicated that the 
admittance of a circuit has a defi
nite meaning, and that it can be 
computed from the usual formulas 
by substituting the "complex fre
quency" instead of the purely real 
frequencies, for oscillations that 
increase or decrease exponentially 
with time. The admittance Ye of 
the electrons is assumed to depend 
only on the instantaneous values 
of the applied voltage V and the r-f voltage V, not on their time deriva
tives—this assumption constitutes the hypothesis that the buildup is 
adiabatic. 

A detailed discussion will be given only for the case in which the 
resonant system may be represented as a simple parallel-resonant circuit 
(Fig. 8-26) with admittance given by 

Yc = 2C(p - pL) 

~r. 
X 

X 

1 
J 

. Load 

FIG. 1-26.—Equivalent circuit of a magne
tron. 

= GL + 2C 
1 dV .. (2) 

1 J. R. Pierce, "Oscillator Behavior," BTL Memorandum MM-42-140-60, Sept. 8, 
1942. 
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where —JPL is the loaded, complex, resonant frequency equal to o>L — j£t, 
(see Chap. 7). In so far as one is interested in the amplitude of the r-f 
voltage, but not the frequency, as a function of time, only the real part 
of Eq. (2) need be considered; with the value of Yc substituted from 
Eq. (1), it is 

1 df _ d * _ G. + GL 

JTt dtlnV-—^T' (3) 

where G, is the electronic conductance and GL is the steady-state con
ductance of the loaded circuit. Equation (3) hate to be solved in con
junction with relations that describe the dependence of G, upon V and 
the input conditions. The solution will contain a constant of integration 
that is related to the noise level from which oscillations begin. 

Equation (3) is now to be developed in such a way as to make direct 
connection with the (7,7)-traces which constitute the greater part of 
the observational material on the starting of oscillations. That is to 
say, the behavior of the system will be followed by tracing its course in 
the (V,7)-plane. 

As shown in Chap. 7, the properties of the space charge, at some fixed 
value of magnetic field, may be expressed in the form 

? = V(V,D (4) 
and 

Ge = G.(Y,I). (5) 
(Because the magnetic field is ordinarily constant during any transient, 
it enters only as a parameter and will not be included explicitly.) It is 
convenient to represent the functions f and G, by means of a "conduct
ance map," which is constructed by drawing contours of constant V and 
constant G. in the (F,7)-pIane, as illustrated in Fig. 8-29. For the present, 
it is assumed that the functions are known. 

In the interest of simplicity, the reactances in the pulser and in the 
input circuit of the pulser will be ignored, so that the pulser can be 
described by a relation of the form1 

V = 7(7,<). (6) 
At every instant Eq. (6) defines a curve—the instantaneous pulser 

characteristic—on which must lie the point (V,I) which describes the 
state of the system. It is convenient to make the following substitutions: 

1 With reactances, Eq. (6) must be replaced by relations that contain derivatives 
and integrals. An attempt to take reactances into account in a general way would 
involve one in the theory of the transient response of networks, with the added 
complication of the magnetron as a peculiar circuit clement. 
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mv,n = - G-^±> (7) 
and 

f ^(F , I ) = In -= -̂ (Vo = reference level.) 
Vo 

(In the conductance map, contours of constant ^ are identical, except for 
labeling, with those of constant V and the gradients of ^ and V are in the 
same direction; similarly for £ and — Ge.) In terms of £ and yp, Eq. (3) 
takes the form 

5 HV,I) = t(v,n. (8) 

From Eqs. (6) to (8) the following relations may be derived by differentia
tion: 

and 

dl 
dt 

dV 
dt 

(9) (d±\ (dV\ /dA 
\dVj,\dlJt^\dlJy 

These two equations give the velocity in the (7,F)-plane of the point 
P which describes the system, in terms of known functions of the coordi
nates of P and of the time i. The result can be put into a form that can 
be interpreted more directly, for inspection of the equations shows that 
the velocity of P is the sum of two vectors, one tangent to the instan
taneous pulser characteristic at P and of magnitude proportional to £, 
the other tangent to the constant-^ contour through P and of magnitude 
proportional to (dV/di),. If two unit vectors Wi and w2 are chosen as 
shown in Fig. 8-27, the velocity of P may be expressed as a vector W 
where 

" 1 £ W = cos e /dv\ , 
Wlsin(,fr-0)UA + W2 sin ((/> — 0) grad \f/ (11) 

The direction of W for various combinations of the signs of (dV/dt)i 
and £ is indicated by sectors in Fig. 8-27. 

The quantitative calculation of a transient would presumably have 
to be carried out by numerical integration of some sort. The way in 
which the process might be performed graphically is illustrated in Fig. 
8-28, which is based on a simplified conductance map. The instantaneous 
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Fia . 8-27.—The unit vectors wi and w ; of Eq. (11). 

pulser characteristic is drawn in for successive times separated by some 
constant interval At (equal to unity in the drawing). The point P 

approaches the (£ = 0)-contour 
along the c o n s t a n t - ^ contour 
which represents the noise level in 
the resonant circuit indicated by 
^ = 0 in Fig. 828 . The vector 
that represents the displacement 
of P in each of the time intervals 
is so drawn that the increment 
in ^i is equal to At times the value 
of £ averaged over the length of 
the vector. 

In order to trace out the com
plete t r a n s i e n t , the functions 
G.(V,I) and 7 (7 ,7 ) have to be 
known along the entire path. In 
Chap. 7 it is shown how these 
functions can be derived from 
steady-state measurements, but 

such measurements are confined to regions of stable operation, whereas 
during a transient, region are accessible in which the system is 

F I G . 8-28.—Graphical calculation 
transient. 
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inherently unstable. Consequently the functions must in part be 
deduced from observations of transients. Inasmuch as existing measure
ments of transients are very crude, as judged by the present require
ments, it is possible to make only qualitative deductions about the 
behavior of G, and V in the regions not covered by steady-state 
measurements. 

From consideration of all the information available, it seems that the 
conductance map derived from steady-state measurements (see Fig. 

F I G . 8-29.—Schematic graph of V and Ge as functions of V and I. 

7-29a) should be extended in the general fashion indicated in Fig. 8-29 
in order to explain the transient phenomena observed. In Fig. 8-29 
the constant-F contours are simply extrapolated from Fig. 7-29a and are 
consistent with the premise that I should increase monotonically with 
both V and V. The (V = 0)-contour resembles the current-voltage 
characteristic of a magnetron without oscillators, as it is actually 
observed. The curving of the Ge contours in the lower left part of the 
diagram is introduced to explain the starting voltage and related phe
nomena, which are described in Sec. 8-9. (With regard to this feature 
there is some uncertainty. As drawn, the contours are entirely con
sistent with the observed behavior of pulsed magnetrons, but they are 
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not precisely consistent with the characteristics of c-w magnetrons at 
low currents, which are discussed in Sec. 9-2.) 

The doubling back of the Ge contours at high currents is designed to 
account for the observed instability at high currents and for the fact 
that the limiting current decreases as GL is made larger. This phe
nomenon is described in Sec. 8-6. The G, contours are made to return 
to the (V = 0)-curve at higher values of V (upper left part of the diagram) 
in order to restrict the range of V in which oscillations can start and thus 
to explain the nonosciUating states indicated in Fig. 8-3 and further 
described in Sec. 8-9. 

The question of stability will be taken up first, and the types of 
transient behavior that are connected with Fig. 8-29 will be considered 
later. When the modulator characteristic is stationary, {dV/dt)t = 0, 
and, according to Eq. (11), the .intersections of the (£ = 0)- or 
(— (?, = Gi)-contour with the pulser characteristic should represent 
stationary states. Such an intersection will constitute a state of stable 
operation, however, only in case small displacements from it tend to 
diminish rather than increase with time. Since the input circuit is con
sidered to be free of reactances, any displacement from an intersection 
P' must occur along the pulser characteristic and can be represented by a 
distance s. In the neighborhood of P', the change in £ can be approxi
mated by (d%/ds)s and Eq. (11) can be written as 

a* 

ds 

Thus, the condition for stability is that the right-hand side of Eq. (12) 
be negative; that is, £ (or —Ge) and $ must increase in opposite directions 
along the pulser characteristic. 

However, it is doubtful if the condition just mentioned is stringent 
enough to ensure stability in an actual case, for this condition is based 
on the assumption that reactances are entirely absent from the input 
circuit, although they can never be eliminated completely in practice. 
If reactances are included, P is not constrained to move along the steady-
state pulser characteristic, and additional possibilities arise. According 
to the condition that has been derived, stable operation could be achieved 
in the upper portion of Fig. 8-29 by the somewhat artificial but not 
altogether impossible expedient of using a pulser with the proper nega
tive internal resistance, but it seems implausible that this would actually 
work. Very probably oscillations of one sort or another would take 
place in the input circuit. If reactances are taken into account, the input 
circuit will, in general, have a multiplicity of normal modes (in the 
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conventional network-theory sense), and for stability it is required 
that all of these modes shall be positively damped. 

It seems reasonable to conclude that with a normal pulser (with 
positive internal resistance) stable operation is limited to the lower 
part of Fig. 8-29, where —G« increases with V. At low currents, opera
tion can be stable only if the internal resistance of the pulser is large, 

F I G . S-30,—Examples of transient behavior. I t is to be noted that the coordinates are 
input current and voltage; the time enters only as a parameter, which increases along each 
of the paths in the direction indicated by the arrows, but the exact time dependence of V 
and I is not shown. 

and even then there is some possibility that oscillations will occur in the 
input circuit. 

As has been stated, some of the features of the conductance map as 
drawn in Fig. 8-29 are justified principally by the observations to be 
described in Sec. 8 9 . However, the relation between the map and 
observation may best be illustrated by proceeding as though the former 
were known independently and showing the types of transient behavior 
that can be predicted on the basis of it. The results, which are illus-
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trated in Fig. 8-30, have been arrived at by qualitative considerations 
based on Eq. (11) and Fig. 8-27, but there can be little doubt that the 
procedure illustrated by Fig. 8-28 would lead to substantially the same 
curves. 

The shaded area of Fig. 8-30 (where £ is positive) is the region in which 
oscillations always increase with time; outside the shaded area, oscilla
tions always decrease with time. I t is assumed that the puiser is simply 

a voltage source with internal resistance r, 
and the applied open-circuit voltage is in the 
form of the pulse illustrated1 in Fig. 8-31. 

In Fig. 8-30a and b, which applies to the 
first half of the pulse shown in Fig. 8-31, the 

y' open-circuit voltage rises at a uniform rate to 
a final value V as indicated and then remains 
fixed. In Fig. 8-30c, which applies to the 
second half of the pulse, the open-circuit volt-\ 

0 „, -Jxme "*" . age, having remained at the value V through-
Fio. 8-31.—The open-cir- , . . . . 

cuit puiser voltage as a funo- out the period of steady-state operation, falls 
tion of time. t o z e r o a t a umform r a t e . In Fig. 830a, V 
lies within the starting range; that is, the line V = V — rl (the steady-
state puiser characteristic) cuts the (V = 0)-curve in the region in which 
| is positive. 

One steady-state condition, represented by the point 0, is reached 
invariably, regardless of how rapidly or slowly the voltage is applied 
at the beginning of the pulse. The series A to D illustrates the variation 
in path as the rate of rise of voltage is increased. 

In Fig. 8-306, V lies outside the starting range, and therefore two 
steady states are possible: the oscillating state 0 reached by paths 
A' and B' and the nonoscillating state N.O. reached by paths C" and D'. 
In cases where this nonoscillating state is reached, the phenomena 
illustrated by Fig. 8-30c occur during the falling edge of the pulse. In 
Fig. 8-30c path A" represents the limiting case in which the rate of fall of 
voltage is sufficiently slow that the final decay of oscillations occurs 
along the steady-state characteristic of the magnetron. Path D " 
represents the opposite extreme where no oscillations at all occur, and 
C" and B" are intermediate. 

The nature of the (F,/)-curves is greatly influenced by the fact that 
the gradient of \p is very large in the neighborhood of the (V = 0)-contour. 
The point P enters the positive- £ region closely alongside this contour, 
because the noise excitation of the resonant circuit is relatively small, 

1 Figure 8-31 does not represent the voltage across the magnetron output terminals; 
it simply represents the voltage that would exist there if the magnetron did not 
draw current. 
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and departs from it only very slowly at first. I t is just this circumstance 
—that oscillations must build up for some time before the current I is 
affected appreciably—which gives rise to the possibility of misfiring 
when the voltage is applied very rapidly. 

The noise in the resonant circuit has been treated, so far, as a con
stant, which it actually is not. If fluctuations in the noise are taken into 
account, each of the three cases represented by a single path in Fig. 8-30 
should be shown as a bundle of paths. Ordinarily the bundle will be 
narrow; but if conditions are critical, so that the fluctuations determine 
which of two widely different general courses will be followed, the 
bundle will spread out. Thus a path such as C" may become fuzzy, 
as illustrated in the insert of Fig. 8306. For some purposes it may be 
necessary to consider the dependence of the noise on time, for the noise 
excitation depends on the input conditions, and the amplitude of the 
noise voltage in the circuit will have its own law of buildup. 

The time relations along any given (y,7)-path may be computed 
by means of the line integral 

taken along the path. The speed of starting is sometimes expressed 
in terms of the starting time, which is the interval required for oscillation 
to build up to the point where the r-f output and the increase in input 
current are easily perceptible on instruments generally used to measure 
the final or steady-state values of these quantities. The starting time 
will be least when the early stages of buildup—in which the greater 
part of the increment in In V has to be covered—take place where £ has 
its maximum value, which is somewhere near the middle of the starting 
range. 

It is informative to express the starting time At in terms of an "effec
tive Q for buildup" QB according to the relation 

At = - - QBA In 7 2 = - 1 . 2 2 X lQ-n\QBA log10 7 2 . (14) 
CO 

The orders of magnitude tha t seem to be generally involved, for 10-em 
pulsed magnetrons, are At = 10 - 8 sec, QB = —20, and A logio F 2 = 4. 

I t is interesting to inquire into the implications, as related to transient 
behavior, of the same scaling relations that are used to systematize the 
steady-state properties of magnetrons. This may be done by expressing 
the various quantities that enter into Eq. (3) in terms of the "reduced 
variables" introduced by Slater.1 According to the ideas of dimen-

1 J. C. Slater, "Theory of Magnetron Operation," RL Report No. 200, Mar. 8, 
1943. 
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15 = 2 ^ 
(15) 

sional analysis, there exists for each mode of each magnetron a set of 
"characteristic parameters" <S>, X>, and3, such that Eqs. (4) and (5) have a 
universal form when expressed in terms of the dimensionless "reduced 
variables" v = V/V, 5 = ~V/V, b = B/<S>, etc. It is convenient to 
introduce also the "characteristic conductance" g = d/V. 

In what follows, the discussion will be restricted to the (■=- / ■=■ / N )■ 

component, and it is assumed that the cathode-anode ratio is chosen 
according to the widely used formula rc/ra = (N — i)/(N + 4). Sub
ject to these restrictions, the expressions given by Slater for the charac
teristic parameters can be written in the forms 

m ire m 1 / , , 4 \ 

0 16C ee"\N\) \"A* 

9 = 32 x2c«o ^ NAN, 

where AN = 1.24 + (9.6/iV). The formulas have been put in the above 
forms to clarify the dependence upon the number of oscillators N. The 
expression for 8 agrees within 5 per cent with the more complicated one 
given by Slater as long as N is not less than 8. 

When written in reduced variables, Eq. (3) can be put in the dimen
sionless form 

— In 8(«,i) = -g.(v,i) - gL, (16) 
d-

i. 
where 

I - 2 C 

The parameter i, may be treated as the "characteristic time interval 
for transients." From Eq. (15) it is evident that the transient behaviors 
of two magnetrons should be compared on the basis of their respective 
reduced times t/t,. However, even on this basis Eq. (15) will not have 
identical types of solutions for the two magnetrons unless the pulsers 
are appropriately scaled, that is to say, unless Eq. (6), when written 
for each of the pulsers in the reduced variables appropriate to the mag
netron with which the pulser is associated, takes on one identical form 

= V(i-T} 
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\ 1 
i ) 

If it is assumed that the last condition is fulfilled—which is never 
the case in practice—there still remains the question of the initial condi
tions that represent the noise. Here it appears that the principle of 
similitude breaks down, for it would require that the charge on the elec
tron be scaled to the magnetron. I t seems not too unreasonable to 
suppose that the noise has some relation to the shot effect, which involyes 
e rather than the quantity e/m, which appears in the scaling relations. 
Thus, where noise is involved, the scaling relations can be applied only 
with some degree of reservation. 

. . . . r t 
In so far as noise is not involved, the speed of transients should vary i > 

inversely as t,. According to Eq. (15) , ) 
, a I (i /cV I .,„ ( ) 
UamT,,~\m si) X T; (17) < > 

The factor in parentheses depends only on the shape of the resonant , . j 
system. ' a 

8-9. Observations and Discussion of Starting.—The observation* ,, 
described in the first part of this section were made on a magnewofl J 
designed especially to demonstrate the starting of oscillations urfder i 
the simplest possible conditions. (This magnetron will be referred tft J 
as the "LL3.") It has a very large mode separation, so that the principal j 
mode is excited at voltages far below those at which the various corrip'6-* ( 
nents of the other modes might occur; thus, the operation in the principal * 
mode should be, a priori, free of interactions with those modes. ( In 5 
addition, the LL3 operates in a convenient range of voltages (3 to lOflcv) » 
and is thus readily adaptable to a variety of demonstrations; conse^ _^ 
quently it has been used for most of the illustrations of this chapter! 
It is convenient to consider the LL3 as the "standard case " and to discuss 
other tubes in terms'of their deviations from the standard. 

The LL3 is an eight-oscillator tube with anode dimensions identical 
with those of the 2J39 (LVS); namely, ra = 0.4 cm, rc = 0.15 cm, and 
h = 1.20 cm. I t differs from the 2J39 in having double unbroken ring 
straps (instead of single broken rings) and in having no internal pole 
pieces. Its (4/4/8)-mode is at 11.3 cm; cold tests down to 7 cm failed 
to reveal any other mode. The tube can be made to oscillate at 5.5 cm, 
and the voltage of this mode is consistent with that of the (5/3/8)-mode. 
The (y,7)-relations thus correspond to Fig. 8-3c and d. Observed 
steady-state (y,/)-diagrams are reproduced in Figs. 8-18 and 8-21a. 

The observations described first are those which demonstrate the 
existence of nonoscillating states between widely separated modes 
and which show that for a given mode there is a definite range of voltage, 
quite sharply defined both above and below, within which it is possible 
for oscillations to start. The nonoscillating state between modes is 



368 TRANSIENT BEHAVIOR [SEC. 8-9 

shown clearly in the steady-state (7,/)-diagram reproduced in Fig. 8-18. 
Figure 8-21a demonstrates that when the magnetic field is too low to 
permit the excitation of the upper mode, the nonoscillating state joins 
continuously with the cutoff curve. 

F I G . 8-32.—Voltage and current pulses taken with l-jisec pulser having a rapid voltage 
rise, (o) Voltage below oscillating region; (b) voltage pulse in oscillating region; (c) 
current pulse in oscillating region. 

Figures 8-32 and 8-33 illustrate the starting behavior observed when 
the voltage pulse has a very steep rise and a fiat top, that is, under 
conditions that approach those assumed in drawing paths D and D' 

WiP'P-
N.0. 

(O (6) 

N,0. 

» ~d 

Fia . 8-33.—Complete (V,I)-traces lor rapidly rising applied voltage, for a series of 
voltages increasing through the oscillating range. Note the gap in the descending part of 
the traces in (d), (e), (/), and (»), where the tube makes an " a t t e m p t " to start, (a) 
Below oscillations; (6) beginning of oscillations; (c) end of oscillations; (d) alternately 
oscillating and misfiring; (e) misfiring; (/) misfiring into cutoff (note tha t there is no delay 
in current); (o) misfiring into cutoff at higher voltages. There is still no delay in current. 

in Fig. 830a and b. This series demonstrates that with such a pulse, 
starting occurs only in case the voltage comes to rest within the starting 
range. If the final open-circuit voltage of the pulse is above the starting 
range, the voltage remains within the range for so short a time that 
buildup does not make appreciable headway. The pictures were taken 
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with a l-jusec pulser, and Fig. 8 -32a, a voltage pulse below the starting 
range, shows that the entire rise occurs in about 0.02 ixsec. Figure 
8-32b shows a voltage pulse within the starting range, and Fig. 8-32c 
shows the corresponding current pulse. The "sp ike" at the leading 
edge of the current pulse represents the current required to charge1 the 
input capacitance of the cathode circuit as the voltage rises and is 
especially large in this case because of the magnitude of dV/dt at the 
leading edge of the pulse; the corresponding deviation in the (F,/)-trace 
serves to distinguish the leading edge from the trailing edge of the pulse. 
Because the charging current drops almost to zero and then rises again, 
it may be seen that the space-charge current does not start to build up 
until the voltage has practically ceased rising. Figure 8-326 shows a 
small hump on the beginning of the voltage pulse which is absent in 
Fig. 8-32a; this hump results from the voltage drop that occurs, because 
of pulser impedance, when the magnetron starts to draw current. 

Figure 8-33 shows (F,/)-traces taken with pulser voltage increasing 
from just below the starting range (Fig. 8-33a) to well above it (Fig. 
8-33<7). The steady state corresponding to this series is approximately 
like that illustrated in Fig. 8- 21a. These traces were taken with the 
magnetic field just too low to permit excitation of the upper mode. 
For Fig. 8-33d the voltage was just at the top of the starting range; 
during a few pulses oscillations start, but during the majority they do 
not, and the (F,7)-point remains at the nonoscillating state, which lies 
on the cutoff curve. At a slightly higher voltage (Fig. 8-33e), oscillations 
invariably fail to start during the pulse, and at still higher voltages 
(Fig. 8-33/ and g), the (V,J)-point proceeds directly to the cutoff curve. 
It should be noticed that when the voltage reaches the cutoff curve, 
current is drawn immediately—there is no indication of the delay in 
current that is evident when oscillations must start before the current 
can build up. The current pulses (not reproduced) show that within 
the oscillation range, the delay in current is subject to appreciable 
variations; it is greatest at the extremes of the starting range, where 
it is equal to the pulse length and decreases fairly continuously toward 
the midrange where it is about 0.015 jusec. 

Further indication of the extent of the starting range is given by the 
behavior observed when the voltage, having passed by a mode at the 
beginning of a pulse, falls again into the starting range of that mode at 
the end of the pulse, as has been assumed in drawing Fig. 8-30c. If the 
voltage does not fall too rapidly, the (F,7)-point reaches the steady-
state characteristic and follows it to lower voltages. (Usually the slope 
of the voltage pulse has a much smaller magnitude at the trailing edge 
of a pulse than it does at the leading edge.) This sort of path is shown 

1 This charging current has not been taken into account in Fig.. 8-30a and 6. 
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very clearly in Fig. 834. If the voltage falls rapidly, only a slight 
deviation in the (F,/)-trace occurs. Evidence of starting at the trailing 
edge of the pulse may be seen in Fig. 833 even with the faster falling 

(a) ft) (c) 
F I G . 8-34.—A complete (F, / )- t race of a mode skip in a magnetron operating from a 

hard-tube pulser. Note the gap in the descending part of the trace for the higher-voltage 
mode, where the lower-voltage mode builds up. (The oscillations are due to a natural 
resonance in the pulser.) The actual photograph (c) is a result of the superposition of two 
(V,I)-paths represented by the tracings (a) and (o). 

voltage, but in most of these photographs the deviation is evidenced by 
only a gap, since an exposure time adapted to the slower parts of the 
trace is not long enough to register the deviation, which is swept out 

rapidly and therefore appears only faintly on 
the oscilloscope screen. 

The lower limit of the starting range will be 
referred to as the "start ing voltage"; for the 
LL3, as for most magnetrons, it is somewhat 
greater than the minimum voltage for steady-
state oscillation. Consequently, if the open-
circuit voltage of the pulser is brought up just 
to the starting voltage, the steady-state current 
increases discontinuously, as is shown by the 
gap at the low-current end of the steady-state 
characteristic of each mode in Fig. 8-18. The 
minimum current for steady-state operation is 
influenced by the impedance of the pulser and 
by the r-f load on the magnetron as illustrated 
in Fig. 8-35. In drawing this figure, it has 

been assumed that the starting voltage is independent of the r-f load; 
while this may not be exactly true, visual observations of the (7,7)-traces 
have shown that it is a moderately good approximation. Figure 8-36, 
a series of photographed (F,7)-traces taken with various resistors 

F I G . 8-35.—Effect of the 
r-f load and pulser imped
ance on minimum steady-
state current. A is for high 
pulser impedance; B is for 
low pulser impedance; and JS 
is the starting voltage. 
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in series with the modulator, shows how the minimum steady-state 
current decreases when the internal resistance of the pulser is increased. 

In terms of the conductance map, the general behavior just described 
has been interpreted to mean that the constant-G,, contours bend upward 
toward low currents, as in the lower left part of Fig. 8-29. I t might 

/_ / ' /- r 
' (a) (JO <c) _ (d) 

F I G . 8-36.—Steady-state characteristics showing the effect of changing the pulser 
impedance on the minimum current that can be drawn, (a) No series resistor; (6) 200 
ohms in series; (c) 500 ohms in series; (tt) 1000 ohms in series. 
be expected that the curvature could be made to show up in the steady-
state characteristic of the magnetron by putting a very large resistance 
in the input circuit, but attempts to do this were unsuccessful, possibly 
because of instability. On one occasion, when a magnetron quite 
similar to the LL3 was operated with a condenser shunted across it and 
with a resistance in series with the pulser, relaxation oscillations were 
observed to be superimposed on the voltage pulse. However, some 

_ . ~Js> 
F I G . 8-37.—The effect of parallel capacitance on the shapes of the current and voltage 

pulses, (a) Voltage and current pulses with no condenser. The first part of the voltage 
pulse does not show because the sweep of the oscilloscope is triggered by the driver pulse 
of the pulse generator. (6) Voltage and current pulses with 250 tipi in parallel with the 
magnetron, (c) Voltage and current pulses with 1000 jijuf in parallel. 

further indication that the magnetron characteristics do not fall uni
formly toward very low currents may be seen in (F,Z)-traces that show 
the trailing edge of the pulse, particularly Fig. 838a and b. There it 
appears that at a certain minimum current the (Tr,7)-point suddenly 
changes its direction of motion and—as judged by the density of the 
trace—also its speed. 

Observations that indicate how starting behavior is influenced by 
the speed with which voltage is applied to the magnetron are illustrated1 

1 Unfor tunately , th is series of t races does no t correspond to the sequence of 
Curves A' to D' of Fig. 8-306, which have been discussed theoret ical ly. For those 
curves, it was assumed t h a t the reactance in the inpu t circuit of t h e magne t ron was 
negligible, b u t in t h e present series of t races the effects have been produced entirely 
by adding reactance to t h a t circuit. T h e demonst ra t ion would be more per t inen t 
if the ra te of rise of vol tage had been controlled entirely b y modifications in the 
driver of t h e pulser. 
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by Figs. 837 and 838. For this experiment a Raytheon Laboratory 
pulser was used, with shunting condensers to vary the rate of rise. Even 

F I G . 8-38.—The effect of parallel capacitance on the overshoot of the starting voltage. 
(a) The (V,/)-trace with no condenser. The voltage rises high enough on the rising edge 
to cause misfiring in some pulses. (t>) The (V.D-trace with 250 nfii in parallel with the 
magnetron. The voltage does not rise so high as in (a), and misfiring is eliminated, (c) 
The (V,/)-trace with 1000 ppf in parallel. The overshoot is decreased still more. (Note 
that the slight decrease in steady-state voltage from (a) to (c) is due to an error in setting 
and is not associated with the phenomena being discussed.) (<f) The steady-state ( F , / ) -
characteristic corresponding to (a). 

with no shunting condenser, the voltage rise on this pulser was con
siderably slower than that of the |-Msec pulser used 
for Figs. 8 3 2 and 8-33. The effect of the parallel 
capacitance on the current and voltage pulses is shown 
in Fig. 8-37. Figure 8-38 shows the effect of the paral
lel capacitance in reducing the overshoot of the 
applied voltage. In Fig. 838c the rate of rise of volt
age is slow and the current builds up suddenly when 
the voltage reaches the starting value; but when the 
voltage rises more rapidly (as in Fig. 8-38a), there is 
an increasing tendency to overshoot the starting volt
age before the buildup of current sets in. Figure 
8-38d shows a steady-state characteristic corresponding 
to Fig. 8-38o. 

A (F,7)-trace of the exact type of Curve C in Fig. 
8-306 was not observed with the LL3 magnetron, 
although some attempt was made to produce condi
tions in which it might appear. However, such a 
curve has been observed with a different magnetron. 
Figure 8-39 is a reproduction of a (7,7)-trace for a 
2J42 (LVX) magnetron that gives unmistakable evidence 
that a false start is made on the rising part of the trace. 

8-10. Observations on R-f Buildup.—The results just described, along 
with the theoretical considerations contained in Sec. 8-8, give a fairly 

F I G . 8-39.—A 
(F,J)- trace from a 
2 J 4 2 m a g n e t r o n , 
showing the " a t 
t e m p t " to start 
made by the lower-
voltage mode even 
when the tube even
tually oscillates in 
the higher-voltage 
mode. (Photograph 
courtesy of J. V. 
Lebacqz.) 
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general qualitative understanding of the way oscillations start in a 
magnetron. However, the speed of the transients in microwave mag
netrons is so great that a rather complete revision of the measuring 
techniques is essential if the subject is to be put on a quantitative footing. 
The following experiments, which were interrupted by the end of the 
war, represent a start in that direction.1 They were made possible by 

F I G . 8-40.—The buildup of magnetron current and r-f voltage through the operating 
range of applied voltage, (a) Typical applied voltage; (b) envelopes of r-f oscillations for 
different voltages; (c) tube currents for different applied voltages. (The ordinate is the 
voltage developed at the oscillograph, and is proportional to the r-f voltage within the 
magnetron.) 

the development2 of an oscillograph with a "resolving t ime" smaller 
than 10 -10 sec. The instrument actually consists of three oscillograph 
systems that record on the same photographic plate simultaneously. 
Thus it is possible to record, for a single isolated pulse, the r-f output 
and the input current and voltage as functions of time. 

1 For a more complete repor t of the experiments, see It . C. Fletcher and G. M. Lee, 
N D R C 14-543, November 1945. 

2 By G. M. Lee, in the Insulat ion Research Labora to ry of Massachuset t s Ins t i tu t e 
of Technology. 
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The aim of these experiments was to investigate the speed of buildup 
as a function of the applied voltage. This was to be done by applying a 
rapidly rising voltage pulse, so that the buildup would occur at essentially 

constant voltage, as along path D in 
Fig. 8'30o. From such results, it 
would be possible to derive Ge as a 
function of V in the neighborhood of 
the (V = 0)-curve. 

One series of experiments was per
formed with the ^-jisec pulser that 
had been used for Figs. 832 and 833. 
Figure 8-40 shows typical voltage, 
r-f and current pulses as obtained 
from measurements of oscillograms 
like those in Fig. 8 4 1 . (The r-f and 
current pulses for 4.75 kv are peculiar 
and will be explained later.) It is 
evident that the pulser is rather slow 
for the present purpose, for, as is 
shown by the overlapping of the charg
ing current and the buildup current 
in Fig. 840c, the buildup of oscilla
tions has proceeded quite far before 
the applied voltage stops rising. 

The rate of buildup caji be repre
sented conveniently by plotting the 

logarithm of the amplitude of successive oscillations against the ordi
nal number of the cycle, as is done in Fig. 842 for the same traces 
as were used for Fig. 840. Within the limits of experimental error, 
the curves (except that for 4.75 kv) approach a straight line at low r-f 
voltages, which indicates that the oscillations build, up exponentially 
at first, that is, according to the law V <* e"', where a is positive.1 From 
the slope of the straight-line portion of the curve the "buildup Q" QB 
may be computed according to the relation 

FIG. 8-41.—Typical oscillograms of 
the high-speed oscillograph, (a) Ap
plied voltage; (b) r-f oscillations; (c) 
tube current. 

QB 

-2.30Alogio V2 

2ir AJV 
(18) 

Values of QB SO obtained, from Fig. 8-42 and from additional data of the 
same sort, are plotted against V in Fig. 8-43. (Here V is taken equal to 
the maximum value reached by the applied voltage.) 

1 It should be emphasized that this law of buildup is entirely different from that 
for a parallel-resonant circuit suddenly connected to a constant-current source, in 
which V = (1 - «-•")■ 
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Above 4.6 kv the curves were peculiar, somewhat like the 4.75-kv 
curve of Fig. 8-40, and it was not possible to derive values of QB from 
them. The horizontal portion of the 4.75-kv curve in Fig. 8-406 does 
not represent a true stable state of oscillation, for it is common at the 
higher applied voltages for the curves to stop rising and then start in 
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Fia. 8-42.—Logarithmic plots of the r-f envelopes shown in Fig. 8-40&. 

100 

again. This behavior may be interpreted to mean that the (V,/)-point 
follows a path that is very nearly tangent to the upper boundary of the 
positive-f region. 

From the results one can conclude that the buildup is exponential 
in its early stages, that — QB is about 25 in the middle of the starting 
range, and that — QB tends to decrease at lower applied voltages. A 
more complete analysis would be difficult, because the applied voltage 
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varies considerably during buildup and its variation would have to be 
measured very precisely. 

8*11. Effect of Design and Operation on Starting.—In succeeding 
paragraphs an attempt is made to enumerate the various factors entering 

into the design and operation of 
301 ' magnetrons tha t are related to 

starting and misfiring. The dis
cussion applies only to cases in 
which interactions between modes 
are not important. According to 
the considerations of Sec. 8-8, it 
should be possible to reduce the 
tendency toward misfiring by (1) 
increasing the amplitude of the 
noise, (2) increasing the rate of 
buildup as measured by — 1/Qs, 
and (3) increasing the time inter
val during which the applied volt
age remains within the starting 
range. W h a t e v e r information 
there is has to be obtained from 
over-all effects such as the loca
tion of the current boundary on 
the performance chart where mode 
changes occur. Because detailed 
observations are lacking, it is not 
always possible to form a very 
clear picture of how the primary 
factors m e n t i o n e d above are 
involved. 

Some caution should be exer
cised in drawing conclusions from 
observations on mode changes. 

For instance, it has been rather common practice to describe this aspect 
of magnetron performance by drawing a "mode boundary" on a per
formance chart. The results already presented show that this boundary 
is not a property of the magnetron alone but rather of a specific combi
nation of magnetron and pulser. Also, it must be remembered that mis
firing is a threshold phenomenon and that just at the threshold small 
influences can lead to large effects. Magnetrons that are prone to skip 
modes are obviously those which have at best a narrow margin of start
ing speed, so it should not be surprising if such tubes prove sensitive in 
some degree to almost any sort of variation in construction and operating 
conditions. 

Flo. 8-43. 

4.1 4.2 4.3 4.4 4.5 4.6 
Voltage in kv 

-The "buildup Q" as a function of 
applied voltage. 
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The R-f Load.—Heavy loads, according to general observations, 
result in a reduction of the current at which misfiring takes place. 
This behavior is not at all surprising, but the primary factors listed 
above seem to enter in a rather obscure fashion. There is perhaps some 
reason to believe that the load should not have a strong effect on the noise 
level. At least, if the noise does behave like the shot effect, the voltage 
amplitude of the noise should depend on the effective capacitance of the 
circuit and not on its Q. Furthermore, QB should not be strongly 
affected by such changes in load as are ordinarily met. For instance, 
if it is assumed that QB is equal to — 25 when the loaded Q is equal to 
150, the relation between QB and QL is as indicated in Table 8 1 . 

TABLE 81.—RELATION BETWEEN QL AND QB 

QL 
QB 

300 
- 2 3 

150 
- 2 5 

100 
- 2 7 

75 
- 3 0 

50 
- 3 7 

30 
- 7 5 

Ordinarily, such extreme loads as are represented by the last two columns 
in Table 8-1 are not applied in practice. Thus it appears that the more 
important direct effects of heavy loads are to restrict somewhat the 
starting range and, more important, to raise the steady-state charac
teristic, so that a higher voltage must be applied to the tube in order to 
obtain a given current. 

It is common in experimental work and in testing to vary the load 
by means of transformers in the output transmission line. When rapid 
transients are involved, the effect of the transformer can be expected 
to depend quite appreciably on the distance between the transformer 
and the coupling loop. If the reflection coefficient at the magnetron 
is equal to q for steady-state oscillations, then for oscillation increasing in 
amplitude as exp ( — ut/2QB), the reflection coefficient is equal to q 
exp (ul/vgQs), where v„ is the group velocity in the transmission line 
and I is the distance from the magnetron to the transformer. In coaxial 
line, vg = Xa>/2ir, and the factor is exp {2irl/\QB); for l/\ = 1, which 
might apply to a fixed transformer put as close as possible to the mag
netron, the reflection coefficient is reduced in the ratio of 0.78; and for 
l/\ = 5, which might apply to a test bench with a standing-wave detector 
between the magnetron and a variable transformer, the factor is 0.28 
if QB is assumed to be —25. 

The Effective Capacitance of the Resonant Circuit.—Other things being 
equal, the speed of buildup is inversely proportional to the capacitance C. 
In addition it seems likely that the capacitance influences the amplitude 
of the noise voltage; for in so far as one can judge by the behavior of 
the shot effect, the amplitude of the noise voltage should be inversely 
proportional to C. Thus, from the standpoint of starting, it is desirable 
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that C be made small. On the other hand, if C is made small and at 
the same time the loading is adjusted for high efficiency, the frequency 
becomes unstable against changes in load, so that some compromise has 
to be made. 

At first thought it might be expected that highly stabilized mag
netrons—for instance, those which have an external stabilizing cavity— 
would tend to start very slowly, since the effective capacitance is increased 
in proportion to the stabilization factor. Actually the "stabilizing 
resistor" that is used in such arrangements to damp out extraneous 
resonances must to some extent isolate the magnetron from the high-Q 

100 

Fia. 8-44. 

0.55 

-Effect of cathode diameter on (a) misfiring and (b) efficiency. 
45 per cent loop; triangles for 60 per cent loop. 

0.55 

Circles are for 

cavity as far as rapid transients are concerned. There should be some 
tendency for the magnetron to build up at nearly its normal rate and for 
equilibrium between the magnetron and the cavity to be established more 
slowly. 

Diameter of the Cathode.—It has been observed with several types of 
magnetrons that increasing the diameter of the cathode reduces the 
tendency toward misfiring. This effect is illustrated by Fig. 8-44a, 
which represents data obtained at the Bell Telephone Laboratories1 for an 
eight-oscillator 25-cm magnetron. The curves of Fig. 8-456 show the 
effect of the cathode diameter on the efficiency and demonstrate, in 
accord with general observation, that enlarging the cathode tends also 
to reduce the efficiency of the magnetron, so that again the design must 
be based on a compromise. 

1 H. D . Hags t rum, W. B. Hebenst re i t , and A. E . Whi tcomb, " O n the Maximum 
Current Limita t ion Encountered in L-band Magne t rons , " Case 24375-2, BTL Memo
randum MM-45-2940-2, June 25, 1945. 
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Cathode-end Structures.—Some experiments by Forsberg1 indicate 
that the details of the structures at the ends of the cathode—put there 
for the purpose of confining the electrons to the interaction space— 
exert a considerable influence on the tendency to misfire. The experi
ments started from the observation that a partial correlation could be 
made between current at onset of misfiring and "leakage current"; 
some of the tubes that had the least tendency to misfire were those which 
had a steady-state characteristic that fell off gradually at low currents, 
more or less as illustrated by Curve A in Fig. 8-45, rather than ones with 
a sharp break such as is indicated by Curve B. Attention was then 
directed toward inventing end structures that would accentuate the 
leakage but would not reduce the efficiency in the range of currents 
where the tube normally operated. I t was 
found that a slight enlargement of the cathode 
for a small distance at the ends served the 
purpose. The leakage was effective only if it 
occurred within the interaction space. Larger 
end disks were retained to confine the space 
charge; details of the structures are described 
in Chap. 12. Forsberg further found some 
indication that the tubes which showed the ' 

least inclination to misfire also had the greatest firin^Q
baStd ~ n ^etdy-state 

noise levels; his curves indicated differences characteristics. Tubes of 
as great as 20 db. However, the observations ^ Z t ^ I Z Z T t ^ B . 
were not sufficiently detailed to warrant the 
conclusion that this is the only effect which is involved. 

Cathode Emission.—With some magnetrons, the tendency to misfire 
is correlated to some extent with low primary emission of electrons 
from the cathode. However, it is difficult to understand why the 
tendency to misfire should be very much affected by the condition of the 
cathode unless the condition is very poor, for the observations with 
the (V,/)-scope indicate that the conditions leading to either misfiring 
or complete buildup are established before the current has built up very 
far. (Of course, a correlation should be expected if what is occurring 
is a mode shift early in the pulse.) Otherwise it may be a secondary 
effect—for instance, if inadequate emission raises the steady-state 
characteristic (as in Fig. 8-20), it will also result in the application of a 
higher voltage when comparison is made on the basis of constant 
steady-state current. Magnetrons that do not ordinarily skip modes 
(presumably those which start very rapidly) seem generally to function 
.satisfactorily even when the primary emission of the cathode is very 
low. 

1 According to private communication from P. W. Forsberg. 
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Uniformity of the Magnetic Field.—Nonhomogeneities in the magnetic 
field can have a pronounced effect on the tendency to misfire. For 
instance, the 2J39 was improved to a marked degree by making a slight 
change in the magnet poles that reduced the excess of magnetic field 
at the ends of the interaction space. The original inhomogeneity 
presumably caused a strong concentration of the space charge at the 
middle of the interaction space. Effects of nonuniform and nonaxial 
fields on starting have been observed on many occasions. 

The Pulser.—The principal means available for correcting misfiring 
in any completed magnetron is control of the input conditions. If it can 
be so arranged that the open-circuit voltage of the pulser falls within 
the starting range, no difficulty with misfiring should be experienced; 
but when the magnetron has to be operated at a relatively high current, 
or when the use of a high-impedance pulser is dictated by other con
siderations, there exists some possibility that misfiring may occur. 
To eliminate the misfiring, one must, in essence, reduce the rate at which 
voltage is applied to the magnetron, but this is only a qualitative state
ment of the requirements. A precise statement of the conditions just 
sufficient to ensure reliable starting could be made only on the basis 
of a thorough understanding of the effects of the reactances in the input 
circuit. An analysis of these effects could be made by extending the 
methods developed in Sec. 8-8, but such a program would undoubtedly 
involve very extensive calculations. For further discussion of pulsers, 
the reader is referred to Vol. 5 of the Radiation Laboratory Series. 

8-12. Interactions between Modes.—The preceding sections have 
dealt with a more or less ideal magnetron—one purposely designed to 
have so great a mode separation that as far as operation in the principal 
mode was concerned, the existence of other modes could be ignored 
completely. In practice, magnetrons have to be designed to meet other 
specifications, and it may be impossible, with existing techniques, to 
meet those specifications and at the same time make the mode separation 
great enough to fulfill the condition mentioned above. Therefore it is 
important to inquire how, in such cases, the transient behavior and the 
stability of the principal mode can be affected by interactions with other 
modes, even though this inquiry must be largely speculative. 

I t seems obvious that an interaction between modes must introduce 
a considerable additional degree of complexity into the phenomena 
treated in Sees. 8-8 and 8-9, so perhaps it should not be surprising that 
reliable experimental data are exceedingly scarce. In most of the early 
work on mode selection, it seems that it was taken for granted that any 
mode change could be interpreted exclusively in terms of an interaction 
between the two modes. Since it is now known that misfiring and 
instability can occur entirely independently of such causes, all conclusions 
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about interaction which are based on the mere observation that a mode 
change does or does not take place should be regarded with skepticism. 

If one excludes from consideration purely electromagnetic inter
actions which can be investigated by cold-resonance methods, an inter
action between modes can take place under normal operating conditions 
(i.e., no external source of r-f power) only if two modes are excited simul
taneously by the space charge. The simultaneous excitation of two 
modes occurs only as a transient, for as had been mentioned previously in 
this chapter, it is never observed under steady-state conditions.1 Evi
dently the nonlinearities of the space charge are of such a nature that 
oscillation in two modes represents an unstable condition when the 
amplitudes of oscillation become large. 

Ways in which an instability of this sort may come about can be 
illustrated by extending the analysis outlined in Sec. 8-8 to include 
simultaneous oscillation in two modes. I t is assumed that one has to 
deal with two modes that have 
different values of n and that no 
interaction other than that which 
enters through the space charge 
need be considered. Because the 
modes have different frequencies 
and their electromagnetic fields 
are of distinct types, the excita
tion of each mode can be charac
terized by an r-f voltage and an 
electronic admittance. The ad
mittance for frequencies in the neighborhood of the resonance of a 
mode behaves like that of a parallel-resonant circuit; thus the complete 
system can be represented by the equivalent circuit shown in Fig. 8-46. 

The nonlinearity of the space charge, which for one mode is expressed 
by the dependence of the admittance on the r-f voltage, is for two modes 
expressed by a dependence of each of the admittances on both r-f voltages 
as well as upon the input voltage V. In addition, the input current is 
dependent on both r-f voltages as well as upon the input voltage V. The 
magnetic field enters as a parameter that need not be expressed, and 
the electronic susceptance may be ignored, because small shifts in fre
quency are not of interest. Thus the space charge can be described by 
the relations 

/-»-

t 
1 / 

1 

Space 
charge 

> 

Model 

•̂y' p <• I 
?T 

Mode 2 

%y2 p tl ir 
FIG. 8*46.—Equivalent circuit for the simul

taneous excitation of two modes. 

G.i = Gel(V, Vh V,), 
(?«2 = Gei(V, Vlt f 2), 

i = i(V, fx, y 2 ) . 

(19) 
(20) 
(21) 

1 The observation of a relatively weak noise spectrum at the frequency of a second 
mode is not considered to indicate excitation in the present sense. 
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The transient behavior is governed by the relations 

(22) * l n 7 1 - 2Cl ' 

* i n y 2 = - ^ H (23) 
V = 7(7,0, (24) 

where Eq. (24) describes the properties of the pulser. 
Some idea of the nature of the solutions of the above set of equations 

can be obtained by following through a somewhat idealized special case 
which can be treated by graphical methods. I t is assumed that the open-
circuit voltage of the pulser rises so rapidly that it can be approximated 
by a step function, with the result that the entire buildup takes place 
along a fixed curve—the steady-state pulser characteristic—in the 
(7,/)-plane, and Eq. (24) can be replaced by 

V = V - / ( / ) . (25) 

(This is the analogue of the case represented by Curve D of Fig. 8-30o.) 
By combining Eqs. (21) and (25), I can be eliminated and V can be 
expressed as a function of Vi and y 2 ; consequently Gn and Gei can be 
expressed as functions of Vx and 7 2 only. Thus when substitutions 
corresponding to Eq. (7) are made, Eqs. (22) and (23) take the forms 

^ * i = M * i , W , . (26) 

jt *« = &«-!,*•). (27) 

The course of the transient can be followed by tracing the path of the 
point (^1,^2) in the (^i,^2)-plane; the differential equation for the path is 

The solution of Eq. (28) will contain the initial values of ^1 and ^2 which 
represent the noise voltages that exist in the respective modes at the time 
buildup starts. 

If the functions {1 and £2 are represented by a contour map, the solu
tions can be traced out as illustrated1 in Fig. 8-47. The initial noise 
voltages in the respective modes can be represented by a density distribu
tion of points (^1,^2)0 (which presumably are concentrated somewhere 

1 Equation (28) and diagrams of the general type of Fig. 8-47 were originally 
applied to the present problem by Arnold Nordsieck in some informal lectures at the 
Radiation Laboratory. 
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in the lower left region of Fig. 8-47). The probability that the system 
will follow some path that lies between any two given paths is directly 
proportional'to the number of points (^1,^2)0 that are contained between 
those two paths; this is the form of the final result. 

The contours of £1 and £2 in Fig. 8-47 have been drawn on the basis 
of the following considerations. It seems entirely reasonable to suppose 
that when either r-f voltage is small, the space charge should be linear 

I I I 
«.= 3 «i=2 « , - l £,= 0 { , - 1 

F I G . 8-47.—Contours of f 1 and £2 in the (^i,^2)-plane. 

with respect to that voltage. Thus, when ipi is small, both £1 and £2 
are independent of ^1 , and the dependence of £2 on >̂2 is the same as if 
Mode 1 did not exist. I t is further assumed—and this is open to question 
—that when £1 and £2 are both large so that nonlinear effects become 
important, the dependence of £2 on ^1 is stronger than its dependence on 
^2; similarly with the subscripts interchanged. Figure 8-47 is supposed 
to represent a case in which the two modes would have nearly coincident 
conductance maps if interactions were not present and in which the pulser 
characteristic passes near the centers of the starting ranges. 
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According to Fig. 8-47 the system has zero probability of arriving at 
the intersection of the (£ = 0)-contours—which conceivably might 
represent a stable state of simultaneous oscillation in two modes—because 
out of the infinity of orbits leaving the lower left part of the diagram, 
only one orbit proceeds to the intersection. This result is a consequence 
of the fact that the contours have been drawn in such a way that certain 
requirements for stability are not fulfilled at the intersection. By making 
approximations similar to those made in deriving Eq. (12), it can be 
shown that operation at the intersection can be stable only if the following 
conditions are fulfilled at that point: 

**I + ^ < 0 

If these conditions are fulfilled, orbits that pass within the neighborhood 
of the intersection will also reach the intersection. In so far as simul
taneous steady oscillation in two modes is not observed, it would appear 
that relations (29) are in contradiction to some inherent property of the 
space charge. A more rigorous treatment of the input circuit would 
undoubtedly lead to additional requirements for stability. 

A further development would consist in finding how the mode selec
tion is influenced by operating conditions such as the magnetic field, 
the r-f loads on the respective modes, the open-circuit voltage and the 
internal resistance of the pulser. All of these variables enter into the 
values of £ as parameters; in addition, some of them may influence 
the noise distribution. Still other problems arise in (connection with the 
design of magnetrons, and one might inquire how the values of £ and 
thus the mode selection are influenced by the separation of the modes and 
the character of their field patterns in the interaction space. 

So far, the discussion has been based on an idealization, namely, 
that the buildup occurs along a stationary pulser characteristic. As 
shown in the closing paragraphs of Sec. 8 9 , this approximation is rather 
poor. With an applied voltage that rises during buildup, the values of 
{ depend explicitly on the time, and the contours of Fig. 8-47 have to be 
thought of as moving about during the transient. An important problem 
that arises in this connection is that of the effect of mode interactions 
on starting time. For instance, as between two modes that interact, 
the undesired mode may never win out, but the interaction may have the 
effect of slowing down the buildup to such an extent that there is an 
abnormally great tendency toward misfiring. Or the interaction might 
conceivably produce the opposite effect. 

Inasmuch as the strapping of magnetrons has received much promi-



SEC. 8-12] INTERACTIONS BETWEEN MODES 385 

nence as a device for controlling mode selection, it seems worth while 
to consider how the functions of the straps are related to the considera
tions advanced above. The primary function of the straps undoubtedly 
is to tighten the coupling between the individual oscillators of the cavity; 
this effect naturally results also in increased separations between the 
frequencies of the modes. In addition, the straps afford the possibility 
of exercising some measure of control over the loading of the various 
modes and over their patterns in the interaction space. Symmetrical 
straps, such as unbroken rings, regularize the patterns of all the modes. 
Asymmetrical straps, such as broken rings, separate the members of the 
doublet modes from each other in frequency and tend to deteriorate the 
patterns of all the modes; however, the asymmetries can be so designed 
as to distort the (Ar/2)-mode much less than the other modes. The 
orientation of the asymmetries, relative to the coupling loop, determines 
whether only one or both of the members of a separated doublet will 
be coupled to the external load. 

In so far as there may be present some interaction between the (N/2)-
mode and an undesired mode, it would seem advantageous to distort 
the pattern of the unwanted mode and thus "handicap" that mode. 
In addition it would seem desirable that the unwanted mode should be 
damped to some extent by being coupled to the external load. On 
the basis of these arguments, strap breaks have been incorporated 
into many magnetrons. In most cases, the introduction of the breaks 
definitely affects the behavior of the magnetron, but there are not 
available sufficient data to show whether the effects are attributable to 
the patterns, the loading, the removal of the degeneracy, or simply 
the quite appreciable change in mode separation that occurs when the 
straps are broken. Certainly strap breaks should not be considered at 
all as a remedy for misfiring in the type of situation presented by the 
LL3. 

The mode that usually gives trouble of the sort that might be 
(N /N I \ 

attributed to an interaction is the I T> + 1 / "O ~~ 1 / JV j-mode, for it so 
(N /N I \ happens that in many magnetrons this mode and the i -^ I -=• / N l-mode 

have nearly equal values of y\, and thus have overlapping starting ranges. 
The values of y\ are exactly equal when the wavelength of the 

f^ + l / ~ - 1 / N J-mode is just N/(N + 2) times that of the 

(?/?/*> -mode—for instance, 0.8 for eight oscillators, 0.86 for 

twelve—and it so happens that in high-voltage magnetrons it is difficult to 
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make the mode separation very different from this value. Moreover, the 

( -^ + \ / -K — 1 / JV J-mode frequently seems to have considerable 

vitality. 
One type of behavior is common to the following magnetrons: 2J38, 

2J39, 4J33, and 720. In all these magnetrons the (-^ + 1 J -K ~ l / N \ 

(N /N / \ mode has a slightly larger 7X (lower voltage) than the I -=-/ -=■ / N J-

mode, and the straps have breaks. All of the tubes exhibit mode changes 
(N /N / \ 

at low currents; that is to say, the l-~-+l/-y—l/N j-mode is excited 
if attempts are made to run the tube at too low a current in the 

(V?A> -mode. To some extent, the behavior can be interpreted 

on the basis of the starting voltages. If the applied voltage is above 
(N /N / \ 

the starting voltage of the l-^ + 1/^ — l/N j-mode but below that 
(N /N / \ 

of the I-9 / -9 / N ) , the former is excited; if the applied voltage enters 
(N /N / \ 

the starting range of the \~n / ~n / N j-mode, that mode takes control. 
From this argument one should expect that with a very slow rise of 

(N /N I \ 
voltage, operation in the \1r-\-\/-fr — \/N J-mode could be pushed to 
higher currents. Examination of the (F,7)-traces of a 2J32 magnetron, 
however, showed that very complicated intrapulse transitions occurred. 
With a more rapid rate of rise of voltage, the starting behavior of these 
magnetrons in the normal operating range is like that of the LL3. 

The 725 and 2J42 magnetrons have mode separations similar to 
those of the tubes listed above and have broken straps, but these tubes 

show no tendency at all to oscillate in the l-^ + \/-^ — \/N j-mode. 

Omission of the strap breaks in the 2J42 was found to have no effect 
on its behavior. Qualitatively, the starting in these tubes is entirely 
similar to that of the LL3, although the 725 starts so rapidly that it is 
exceedingly difficult to make it misfire. 

A third type of behavior was observed in two experimental 
4J33 magnetrons from which strap breaks had been omitted. The 

(-s- / T> / Â  )- and (o" + l / " o ; — 1 / ^ )-modes had voltages so nearly 
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equal that they could just be distinguished in the (F,7)-scope. There 
was a skip between these two modes, quite independently of whether a 
rapidly or slowly rising pulse was applied, and both modes persisted to 
very high currents. Apparently this is a case in which two modes 
overlap so perfectly that the interaction diagram (Fig. 8-47) preserves 
its general symmetry for all possible positions of the pulser characteristic. 

The first and last sets of examples give some indication of how the 
effect of interaction depends upon the mode separation, although the 
difference between the first and second set of examples remains unex
plained. It would not seem too difficult to invent interaction diagrams 
that would account for the peculiar phenomena illustrated in Fig. 8-16. 



CHAPTER 9 

NOISE 

B Y F. F. R I E K E 

9-1. Introduction.—The problems that involve the noise-generating 
properties of the magnetron appear to be of two rather distinct types. 
In one sort of problem the noise is of interest as the starting point for 
the buildup of coherent oscillations. In the other type of problem the 
noise is of concern as one of the factors in the signal-to-noise ratio of the 
steady-state oscillations of the magnetron. 

I t is emphasized in Chap. 8 that the "starting t ime" of a magnetron 
bears a close relation to the maximum rate at which the input voltage 
can be applied without causing the magnetron to misfire. The starting 
time, in turn, is determined by two factors, each equally important, 
namely, the noise-level from which the buildup of oscillations starts and 
the rate of buildup. Thus the matter of noise generation enters into the 
problem of mode selection, and it was primarily in this connection that 
studies of noise in magnetrons was taken up in the Radiation Laboratory. 
A rather special problem, closely related to the more general one just 
mentioned, is concerned with the practicability of establishing phase 
coherence between successive pulses by "pr iming" the pulsed magnetron 
with power derived from a stable source of c-w oscillations. An impor
tant consideration in any application of this device is the amount of 
c-w power required to ensure a specified degree of coherence. I t seems 
reasonable to suppose that the voltage from which buildup starts is the 
vector sum of the c-w voltage (of constant phase) and the noise voltage 
(of random phase). On this basis the c-w power required to ensure a 
given degree of coherence between the pulses can be related to the 
noise-power normally present in the magnetron. 

The second type of problem—that of signal-to-noise ratio—was 
encountered (in the RCA Laboratories) in developing a c-w magnetron 
for a special sort of radar that required part of the transmitted signal to 
be fed into the receiver as local-oscillator power. In this case the over-all 
signal-to-noise ratio of the system is strongly dependent upon that of the 
transmitter, a circumstance quite different from the one met with in the 
more conventional pulse radars. Although the case just mentioned is a 
rather specialized one, similar problems very likely will be encountered in 
any attempt to adapt magnetrons for use as local oscillators, and it is 

388 
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not unlikely that the magnetron will be given serious consideration for 
that purpose for frequencies somewhat above 30,000 Mc/sec. In addi
tion, there is already some indication that signal-to-noise ratio in mag
netron transmitters will be an important consideration in the adaptation 
of these tubes to wideband communication systems. 

Considered from a more theoretical standpoint, studies of noise may 
provide an additional means of investigating conditions within the 
electron stream in the magnetron, a matter far from settled by existing 
theoretical treatments. This possibility has been pointed out previously 
in a paper by Linder1 on the evaluation of the electron temperature in 
single-anode magnetrons. Linder found that probe measurements and 
also the results of an analysis of the cutoff curves in single-anode mag
netrons indicated electron temperatures of the order of 105°, and he 
suggested that so high a degree of disorder in the electron stream should 
also manifest itself in the noise-generating properties of the magnetron. 

The actual investigation of noise in magnetrons has been taken up 
only recently, however, and it is not possible to discuss the subject with 
very much assurance. I t is hoped, nevertheless, that the present chapter 
may be of value in giving some indication of the present status of the 
subject. 

9-2. Preoscillation Noise.—The noise that occurs in magnetrons 
before coherent oscillations start is of practical interest in connection with 
pulsed magnetrons. Because of experimental difficulties, however, it 
was possible to make only crude measurements of the noise in pulsed 
magnetrons. Conditions for measurement are much better in the case 
of c-w tubes; and as there is no fundamental difference between the two 
kinds of magnetron, the c-w measurements will be described in greater 
detail. 

The measurements were made on a series of tubes that had similar 
oscillator structures2 but varied considerably in the construction of the 
"ha t s , " or end disks, placed at the ends of the cathode to confine the 
electron stream to the interaction space. (It was not apparent that 
these modifications caused any significant differences in the behavior 
of the noise.) The magnetron was pumped continuously. A spectrum 
analyzer, with a pass band of 0.1 Mc/sec, was used to measure both the 
power and the bandwidth (between half-power points) of the noise. 
In computing the noise power, the power per unit frequency interval 
observed at the center of the spectrum was multiplied by ir/2 X W, 
where W is the width of the spectrum in megacycles per second between 
half-power points. 

1 Linder, E. G., Jour. Applied Phys., 9, 331 (1938). 
2 The magnetron was a 9.8-cm, 20-oseillator tube, with Va = 175 volts, B0 = 399 

gauss, IQ = 0.31 amp. 
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The results of a representative experiment are shown in Fig. 9-1, 
where bandwidth, power, and input current are plotted against the 
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F I G . 9-1.—(a) Bandwidth, (b) noise power, and (c) input current as a function of applied 
voltage for a magnetic field of 960 gauss. 

applied voltage for a magnetic field of 960 gauss. For voltages below 
600 the bandwidth is about 27 Mc/sec—roughly consistent with the 
loaded Q of the magnetron {QL = 160, Av = vL/QL = 19 Mc/sec). 
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As the applied voltage approaches 722, the power rises rapidly and the 
bandwidth goes sharply to zero. (Actually, of course, it is not possible 
to measure the half-value width when it becomes less than the pass band 
of the analyzer.) At 722 volts the input current also starts to increase 
rapidly, and this point may be considered to be the critical voltage where 
self-sustained oscillations begin. 

Observations on pulsed magnetrons indicate crudely the same sort 
of behavior as that described above. In one respect the pulsed tubes 
differ—the current increases discontinuously at the critical voltage, as is 
illustrated in Fig. 8-36. This discontinuity shows up in some c-w mag
netrons and not in others, for reasons so far not understood. 

The phenomena just described can be interpreted in the following 
way. The space charge generates a (noise current)2 per unit frequency 
interval (denoted by di\jdv), that is a slowly varying function of the 
frequency. Inasmuch as the noise current is substantially constant 
over the frequency interval v/Q, the observed noise spectrum is simply 
the constant-current response of the resonant system of the magnetron 
expressed in terms of power. The variations in the bandwidth are 
attributed to the changes in the Q of the system caused by electron 
loading, which can be described in terms of the electronic conductance 
Gc discussed in Chaps. 7 and 8. The Q of the system is given by the 
relation 

o — QL@L 

GL + Ge 

The narrowing of the spectrum just below the critical voltage, 
according to this interpretation, means that Ge is negative in this range. 
To check this hypothesis, impedance measurements were made "looking 
in to" the magnetron while voltages below the critical value were applied 
to it.1 

The normalized conductance <7o of the magnetron at resonance is 
given by the expression 

_ Gu + Gc _ Gy + Ge 
9o n — n r>" 

As Ge becomes increasingly negative, starting from zero, go decreases 
from the value GU/GM = QE/QU to zero, then changes sign and becomes 
increasingly negative. (It is to be expected that when go becomes equal 

1 Except for the fact that the electron stream is present in the magnetron, these 
measurements are similar to "cold-impedance measurements." Since the signal used 
in the measurements falls entirely within the pass band of the analyzer, the deflection 
produced by the signal greatly exceeds that produced by the noise even though the 
signal power is of the same order of magnitude as the noise power generated by the 
magnetron. 
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to — 1, the system will break into sustained oscillations, and from then 
on the nonlinearity of the space charge will be the controlling factor.) 
From the impedance measurements one obtains p0, the standing-wave 
ratio at resonance, and 

j = \9*\ Po 

provided \g„\ < 1, as was always the case in this experiment. Thus 
there is in principle an ambiguity in the sign of g0 as determined by the 
standing-wave measurements. 
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F I G . 9-2.—The standing-wave ratio at resonance po as a function of the applied voltage. 

The values of po obtained in a series of measurements are plotted 
against V in Fig. 9-2. In plotting the points it has been assumed that 
<7o does change sign at zero, and the shape of the curve indicates that 
this assumption is justified. Because of the interference caused by the 
noise at higher applied voltages, it was not possible to carry the impedance 
measurements further. The data given in the figure, however, seem to 
justify the interpretation that has been given for the narrowing of the 
noise spectrum near the critical voltage. 

From the foregoing analysis it follows that when the bandwidth of 
the noise is narrowed, part of the observed noise power is generated by 
the noise current and part of it by the negative conductance of the space 
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charge. To obtain the power generated by the noise current the observed 
powers must be multiplied by 

GL + Ge observed bandwidth 
GL V/QL 

The points of Fig. 9-1 for which the correction is appreciable are indicated 
by open circles connected to the corresponding unconnected points. 

In another experiment the noise power was measured over a wide 
range of magnetic fields. The results of this experiment are shown in 
Fig. 9-3; the noise powers plotted in this figure have been multiplied by 
the correction factor given above. 
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The significance of the order of magnitude of the observed noise can 
be illustrated by computing a noise temperature by means of the formula 

A-TAx = kTv 

With the values P„ = 10 - 4 watt and QL = 150, a temperature of 
4 X 10U°C. is obtained, which is numerically equivalent to a mean 
electron energy of 2 X 107 electron volts. 

Surprisingly large noise powers for the nonoscillating magnetron 
were also derived from experiments on the phasing of pulsed magnetrons.1 

Experiments were performed on two magnetrons. One of them delivered 
pulse powers of 2 to 25 kw; the other 20 to 150 kw. To obtain a moderate 
degree of coherence between pulses, 0.05 to 1.0 watt of priming power 

1 J. E. Evans, R. C. Fletcher, and F. F. Rieke, "R-f Phasing of Pulsed Magne
trons," RL Report No. 1051, Feb. 6, 1946. 
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had to be absorbed by the smaller magnetron; 0.5 to 2.0 watts were 
required in the larger one. A crude theoretical analysis led to the con
clusion that the noise powers generated in the magnetrons might well 
be larger by at least a factor of 10 than the powers required for phasing. 
Direct measurements of the noise in the smaller magnetron, pulsed just 
below the critical voltage, yielded values of the order of 10 watts. 

9-3. Signal-to-noise Ratio.1—The work to be described was done in 
connection with the development of a 4000-Mc/sec c-w magnetron 
designed to operate at about 900 volts, with a power output of 20 watts. 
Many of these magnetrons generated excess noise; the noise rose pre
cipitously at a threshold voltage Vao that varied somewhat from tube 
to tube. Usually Vaa was below or dangerously close to the specified 
operating voltage of the tube. (An electronic tuner built into this 
magnetron determines the magnetic field and therefore the voltage at 
which the tube must be operated.) The primary problem was to elimi
nate the excess noise or to raise Vao well outside the operating range. 
In the course of the attempts to do this, noise measurements were made 
on many magnetrons that differed from each other in one or more details 
of their construction. 

The measurements of noise were carried out in the following way. 
The output of the magnetron was fed through an attenuator into a 
crystal; by varying the attenuation, the crystal current was adjusted to a 
standard value of 0.5 ma. The high-frequency components of the crystal 
current were fed into a radio receiver, and the output of the second 
detector of the receiver was registered on a microammeter. This system 
functions essentially as follows. The coherent component of the mag
netron output provides local-oscillator power for the crystal, which 
operates as a mixer. The "signal" is made up of those frequency 
components—the noise—in the magnetron output which fall within 
the ranges {vM — vR — Sv) to {vM — vR + hv) and (vM + VR — &v) to 
(VM + VR + Sv), where vM is the magnetron frequency, vR is the receiver 
frequency, and 2dv is the bandwidth of the receiver. 

In the experiments, vR was usually 1.5 Mc/sec and 2Sv was 4 kc/sec. 
In general, the excess noise decreased with larger values of vs and was 
quite small for vR = 30 Mc/sec—as is to be expected, for the loaded Q 
of the magnetron could hardly have been less than 100. Within the 
limits indicated above, the excess noise observed did not depend strongly 
upon the tuning of the receiver. 

Diverse correlations suggested the working hypothesis that the excess 
noise was related to ionization within the magnetron. Residual gas 
in the tubes, however, does not provide a consistent explanation for the 

1 The material for this section has been taken from an RCA report: R. L. Sproull, 
"Noise in Magnetrons," Report No. 29, Navy Contract NXsa 35042. 
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noise; rather, as is shown by observations to be described presently, 
it is barium and strontium from the oxide-coated cathode that are 
involved. One of the observations consisted simply of detecting the 
spectra of Ba and Sr in the interaction space of the magnetron. Follow
ing this observation, apparatus was constructed especially for the purpose 
of measuring the ionization in the neighborhood of a hot, oxide-coated 
cathode bombarded by electrons. From the results obtained with 
this apparatus it was concluded that the equivalent pressure of Ba and 
Sr near a hot magnetron cathode is of the order of 10~2 mm. 

In other experiments, the relation between noise and residual gas 
was studied. In magnetrons with conventional oxide-coated cathodes, 
the introduction of neon had no influence on the noise as long as the 
pressure was less than about 5 X 10~3 mm; at 10 - 2 mm a glow discharge 
began to set in. Other magnetrons were constructed with tungsten 
spirals for cathodes. In these tubes, varying the pressure of neon 
between 10~3 and 5 X 10~3 mm did influence the noise. (Apparently 
the oxide-coated cathodes provided so many ions that the introduction of 
neon produced little additional effect.) 

The magnetrons with tungsten cathodes had also been operated 
sealed off; under these conditions the threshold voltage Va0 was about 
1000 volts when the heating current through the tungsten spiral was just 
sufficient to permit normal oscillation, but Vao dropped to 700 volts 
when the heating current was increased by 10 per cent. I t seems not 
quite certain whether this result is to be attributed entirely to residual 
gas released as a result of the increased temperature of the cathode (and 
also of the other parts of the magnetron) or some obscure additional 
effect is involved. 

The preponderance of evidence supported the hypothesis that the 
excess noise in magnetrons with oxide cathodes was caused by electron 
bombardment of the oxide coating. Consequently a special form of 
cathode was devised to minimize the bombardment of the coated sur
face. The sleeve had longitudinal Vs cut in its surface, so that it 
resembled a long pinion gear; only the sides of the teeth facing in one 
direction were coated. Since the electrons that return to the cathode 
have predominantly an azimuthal motion and the direction of the 
motion is determined by that of the magnetic field, it was possible to 
arrange matters so that either the coated or the uncoated sides of the 
teeth were the more heavily bombarded. Magnetrons constructed 
with these cathodes had decidedly better signal-to-noise ratios with 
the magnetic field in the "correct" direction. 

9-4. Origins of Noise.—The observations reviewed in the preceding 
section demonstrate quite conclusively that ions in the interaction space 
of an oscillating magnetron can give rise to strong sidebands of noise 
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in the magnetron output. Presumably the noise gets into the output 
of the magnetron as the result of modulation effects, for it is hardly 
conceivable that the motions of the ions contain the frequency compo
nents present in the noise spectrum. The ions move much more slowly 
than the electrons, and for the electrons the transit times across the gaps 
of the resonators are just small enough to permit the electrons to deliver 
power at the resonance frequency of the magnetron. I t seems likely 
that the effect of the ions is to be explained somewhat as follows: The 
ions, by neutralizing space-charge, cause momentary variations in the 
electron current, and thus there results an irregularity or noise modulation 
of the magnetron output. 

The noise generated in the absence of oscillations (described in Sec. 
9-2) might also be termed "excess noise," since, as will be shown pres
ently, it is orders of magnitude larger than can be accounted for by 
elementary considerations. To what extent this type of noise is influ
enced by ions is entirely unknown, but to dismiss the results summarily 
as a manifestation of " g a s " would appear to beg the question because 
of the difficulty with transit times mentioned above. Modulation effects 
could hardly be invoked, for in this case there is no carrier to be 
modulated. 

One source of noise must be present under all circumstances, namely, 
shot effect, and it may be of interest to calculate an upper limit of the 
noise power to be expected from it. This calculation can be carried 
through quite simply for the nonoscillating magnetron operated at 
magnetic fields below cutoff on the basis of the single-stream solution to 
the space-charge equations (see Chap. 6). This solution has been 
used quite widely as the starting point for theoretical investigations of 
magnetron phenomena. Mathematically, the d-c current to the anode 
is zero under the conditions assumed; in practice the current is relatively 
small. There is, however, a large azimuthal component of current that 
flows across the faces of the resonators, and it seems reasonable to suppose 
that the shot effect arises primarily from this component of the electron 
current. 

Inasmuch as only a rough calculation is to be made, equations for a 
plane magnetron will be used. If the distance between oscillators is s, 
the formula rc/ra = (N — 4)/(iV + 4) yields for the cathode-to-anode 
distance in a plane magnetron the value 4s/ir, and the characteristic 
parameters (see Chap. 10) of the magnetron are 

3 = l > ^ (t"'osWZ;' 
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where c0 is the frequency of the ir-mode, N the number of oscillators, 
and L the length of the anode. (A numerical factor of 1.24 is omitted 
from d.) The solutions to the space-charge equations are 

v B ir y 

= _i_*(i\ 
" NLs2 v \<$,) ' 

for 

where v is the velocity of an electron at the distance y from the cathode 
and p is the charge density. 

The current due to a single electron is computed as follows. With 
an r-f voltage V on the resonant system, the alternating electric field 
has an ^-component Ex given by Ex = {2V/s)f(y)(cos irx/s) cos 2jrvt 
+ higher components, where f(y) is approximately 1 at the anode 
and falls to zero at the cathode. Since only an upper limit is to be com
puted for the current, f(y) is taken as equal to 1 throughout. The 
higher components are small and will be neglected; the error thus intro
duced will be discussed later. The component wave that travels along 
with the electrons has an amplitude Ex = V/s, and an electron traveling 
with the wave {v = 2sv) does work at the rate evV/s. Thus the current 
ie induced by a single electron is given by 

ev i, = — = 2ve. s 

The (noise current)2/unit frequency interval dil/dv is equal to % summed 
over all electrons with velocities between 2sv and 2s(v + dv). Thus 

d£ = {2veypNLsd¥dV dv e dv 
2* / A 2 B 

- 7 « U ) ' S » V>Vn (1) 

di2 

-g- = 0, V < , „ 
where 

Taking the result at its face value, dil/dv should vary as v2 up to vm 

and then fall suddenly to zero. Had the higher components of the 
electric field been included in the calculation of the noise current, how-
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ever, there would be a weak extension of the spectrum toward higher 
frequencies. The maximum in the noise spectrum at vm occurs at the 
resonance frequency of the magnetron when the applied voltage is just 
equal to the Hartree voltage V = V[2(B/<S,) — 1]. Because the tube 
would break into oscillation with so high an applied voltage, the noise 
measurements described in Sec. 9 3 were all made at lower applied volt
ages. Thus a noise current computed on the basis of Eq. (1) must 
surely represent an upper limit. 

For the magnetron used in the measurements of noise, A = 0.3 amp. 
With B = 4®, Eq. (1) yields the value 

dp 
v ^ = 1.2 X 10-8 (amp)2. 

The noise power integrated over the resonance curve of the magnetron 
is given by 

p _ *" dll> 
^n _ 2YC" dv' 

The value of Yc for the magnetron is estimated to be 0.5 mho and leads 
to the numerical value for the noise P , = 4 X 10 - 8 watt, or 74 db below 
1 w. Since this value is roughly 40 db lower than the noise powers 
observed, it is evident that the observed noise cannot be accounted 
for on the basis of shot effect in a single-stream space charge. 



PART III 

DESIGN 
This part of the book is devoted to magnetron design. The available 

theoretical and experimental knowledge of the electronics of magnetrons 
and of their resonant systems and magnetic circuits will be used to develop 
procedures by which a tube can be designed to meet specific requirements. 
The general principles that are needed have been discussed in Part I 
and Part II of the book, and to this will be added a great deal of experi
mental information gathered at the Radiation Laboratory and from 
industrial laboratories. 

The design of a magnetron must consider four principal components: 
the cathode, the interaction space of the fields and electrons, the resonant 
ystem, and the magnetic circuit. Chapter 10 will discuss the rather 
complex interrelations of these components; it will also analyze in detail 
the problem of designing the interaction space to meet given conditions 
of operation. Subsequent chapters will consider the resonant system, 
the cathode, and the magnetic circuit. 



-



CHAPTER 10 

PRINCIPLES OF DESIGN 

B Y A. M. CLOGSTON 

10-1. The Primary Design Parameters.—When a need arises for the 
design of a new magnetron to meet operating conditions not fulfilled 
by existing types, experience has shown that the requirements of the 
situation can be set forth by the specification of certain primary design 
parameters. These parameters express the relationship of the magnetron 
to the other components of the equipment in which it is to be used and 
indicate the requirements set for the tube by the over-all equipment 
specifications. The primary design parameters to be considered are 

1. Frequency. 
2. Pulse-power output. 
3. Voltage. 
4. Efficiency. 
5. Pulse duration and average power input. 
6. Heater power. 
7. Tuning requirements. 
8. Frequency stability. 
9. Weight. 

The emphasis on the various parameters will not, of course, be similarly 
distributed in all cases. 

I t may happen that the requirements made upon the design will be 
impossible to meet through existing techniques, but the analysis to be 
carried out will indicate the compromises that may best be made to 
arrive at a usable design. 

The outstanding characteristics of any oscillator are its frequency 
and power output. Magnetrons ranging in frequency from 30 to 30,000 
Mc/sec and in power output from 30 to 3,000,000 watts have been 
developed. Generally, from 30 to 1000 watts c-w operation has been 
feasible, while pulsed oscillators capable of delivering from 1 to 3000 kw 
have been developed. The working voltage range covered by existing 
types of magnetrons extends from about 500 to 50,000 volts, indicating 
by comparison with the power range a rather narrow spread of static 
input impedance. 

Magnetrons have been built in which the electrons generate r-f 
power at efficiencies up to 80 per cent. Usually much of this efficiency 

401 
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is sacrificed to gain other ends, and a certain amount is inevitably lost 
in the resonant system. The over-all efficiencies of most existing 
magnetrons fall in the range of 30 to 60 per cent at the nominal operating 
point. 

Magnetrons have been required to operate under a variety of duty 
ratios. Pulse durations from 0.1 to 10 psec have been used, and a 
number of applications have required continuous-wave operation. 
The corresponding average power outputs have covered a much more 
restricted range than the pulse powers, extending only from 1.5 to 1500 
watts, or from about 3 to 3000 watts average power input. 

Occasionally an upper limit is placed upon the cathode heater-power 
consumption by considerations of equipment weight. Tubes designed 
for airborne service have had a cathode drain as small as 1.5 watts, while 
very high power magnetrons have required as much as 150 to 300 watts 
heater power. 

I t is desirable in many applications that a magnetron be tunable 
over a particular band of frequencies. Tunable magnetrons exist that 
achieve, by complex mechanisms, tuning ranges varying from 5 to 40 
per cent. In some cases in order to permit precise frequency settings a 
tuning range of only 1 per cent or less has been obtained by very simple 
methods. Recently several methods of electronically varying the 
frequency of a magnetron have been developed. For the f-m trans
mission of video data or very precise stabilization of frequency, it is now 
feasible to build magnetrons with an electronic tuning range of several 
megacycles per second. Tubes have been built at 1000, 3000, and 4000 
Mc/sec with a deviation range of about 10 Mc/sec. For electronic 
tuning, the ratio of megacycles per second of tuning to volt of signal is of 
considerable design importance, as is also the required bandwidth. 

Magnetron tuning is closely allied with the problem of frequency 
stabilization. In a number of applications it is necessary that the 
frequency of a tube over a wide range of operating conditions remain 
within very narrow limits, set perhaps by the pass band of a receiver. 
This must be accomplished without constant manual attention, and the 
fluctuations are indeed often too rapid to be compensated by mechanical 
means. An example of such stringent conditions is given by the 2J32, 
a magnetron used in 10-cm beacons. This tube must not vary from its 
center frequency by more than + £ Mc/sec as its temperature varies 
± 10°C, its plate current varies from 8 to 12 amp, and its load varies 
over all phases with an SWVR equal to 2.0. The problem has been met 
by the development of a technique of tightly coupling high-Q resonant 
cavities to the magnetron, achieving thereby stabilizing factors up 
to 10. 

Because a magnetron requires a strong magnetic field for its operation, 
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the combined weight of tube and magnet is considerably greater than 
that of the more conventional electron tube. The weight of the magnet 
required is therefore a factor of considerable importance in design. 
Very severe requirements have had to be met in tubes planned for use 
in airborne equipment or in sets designed for extreme ease of transporta
tion. Magnets have ranged in weight from several ounces to 100 lb. 

10-2. The Method of Magnetron Design.—There is one very simple 
approach to magnetron design. In the past a great variety of tubes 
has been constructed, and their performance examined. If one of these 
tubes comes close to meeting the requirements of the situation, small 
variations may be made in its design with good hope of success in meeting 
the new conditions. The relations among the components of a magnetron 
are so complex, however, that it may not always be possible to arrive 
easily at a new design simply by variation of an existing type. A more 
analytical approach is necessary to formulate a procedure that is applicable 
in all cases and to bring out most clearly the processes involved. 

The four parts of a magnetron are so interdependent that no one 
of them can be designed independently of the rest. Each component is 
affected not only by the primary parameters but also by the design of 
the other three parts. I t is necessary, therefore, to arrive at a solution 
to the design problem in which each part of the tube, besides meeting 
the requirements set by the primary design parameters, is consistent 
with the design adopted for the other components. The most convenient 
way to do this is to settle upon a trial design of the interaction space. 
A complete set of specifications is thereby established for the other 
components, and it is a straightforward matter to decide whether or 
not each component can be designed to meet these conditions. 

Figure 10-1 is a block diagram setting forth an analysis of magnetron 
design conceived in the above manner. At the left are the 10 primary 
design parameters discussed in the previous section; the four tube compo
nents are shown in heavy outline. 

As indicated in this figure, the design of the interaction space depends 
directly upon the required current, voltage, and wavelength. These 
quantities alone, however, are insufficient to determine the size and 
shape of the interaction space and its state of oscillation. I t will be 
seen in Sec. 10-8 that, in addition, it is necessary to specify three quanti
ties, N, a, and n, called the "shape factors," and three other quantities, 
b, i, and g, which constitute what will be called the "relative operating 
point." The shape factors determine the cross-sectional shape of the 
interaction space but not its size, while the relative operating point can 
be considered as determining the nature of the electronic orbits. 

The choice of the shape factors and the relative operating point 
determine the trial design of the interaction space mentioned above. 
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In principle, this choice can be made without previous information and, 
if proper, will lead to a consistent solution of the design problem, if 
such exists. If the choice is inept, on the other hand, it can be discarded 
and replaced by a more suitable one. In practice, experience with 
other tubes should reduce the choice of N, <r, and n and b, i, and g to 
well-defined limits. The data that have been gathered in Chap. 19 
summarize a considerable amount of previous experience that may be 
found useful. 

In Sec. 10-8 it will be shown that the determination of the interaction 
space leads to the specification of 10 quantities which will be called the 
"secondary design parameters." These include four dimensions—the 
anode radius r„, the cathode radius rc, the anode height h, the slot width w, 
and the number of oscillators N—and five operating constants including 
the electronic efficiency i;„ the change of electronic susceptance with 
current dBJdl, the slot conductance GL arising from internal losses 
and external loading, the cathode-current density Jc, and the magnetic 
field B. 

By referring to Fig. 10-1, it is seen that a number of conditions are 
placed in this way upon the design of the resonant system, the cathode, 
and the magnetic circuit. These conditions are indicated by arrows 
leading from the various design parameters to the appropriate compo
nents. In order to proceed with the problem, it must be decided whether 
or not each part of the tube can be designed to meet the conditions 
imposed upon it. If this is possible, the choice of interaction space has 
been a good one, and a satisfactory solution can be achieved. If, on 
the other hand, it is impossible to arrive at a design for a particular 
component, or if the design would be very extreme or inconvenient, 
it becomes necessary to make a new choice for the interaction space or 
to make a compromise with the primary design parameters. It is 
necessary to rely in each case upon the particular circumstances to 
indicate the proper direction to take. 

In arriving at the design of the interaction space, theory and the 
available data are not always competent to specify closely the magnetic 
field B and the electronic efficiency tie, and very little data are available 
for determining the quantity dBe/dI. The tentative solution, however, 
specifies the dimensions required to build trial magnetrons if necessary 
and to measure the questionable quantities. Other factors not considered 
in this analysis, such as noise level, can be similarly determined. 

In the design of each component of the magnetron, there must 
constantly be considered whether or not an unduly difficult mechanical 
problem is presented. A design may often be unfeasible because it 
requires impossibly small parts or unreasonably close machining 
tolerances. 
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10-3. Conditions Imposed on the Resonant System.—The analysis of 
the preceding section yields a set of 11 conditions upon which the resonant 
system is simultaneously dependent, namely, 

1. Tuning range. 
2. Frequency stability. 
3. Number of oscillators N. 
4. Anode radius ra. 
5. Anode height h. 
6. Slot width w. 
7. Wavelength X. 
8- Circuit efficiency tjc-
9. Slot conductance GL. 

10. Average power input. 
11. The change of electronic susceptance with current, dBe/dI. 

In addition, the resonant system must extend to the electrons a reasonably 
pure ir-mode under all conditions of tuning, stabilization, and loading. 

F I G . 10-2.—Analysis of resonant-circuit design. 

In this section, the relation of these conditions to the design of the 
resonant system will be considered. 

There are essentially three independent components of the resonant 
system: the anode block proper, the stabilization circuit, and the load. 
The anode block is characterized by its characteristic admittance Yc 
and a conductance Gu presented at the slots by its internal losses. The 
effect of the stabilizer is expressed through the stabilization factor S, 
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and the load through a conductance GE, also presented at the slots. 
The interrelations of these four quantities and the 11 conditions listed 
above are set forth in Fig. 10-2. 

The quantities N, r„, h, and w determine 
that portion of the anode shown in Fig. 10-3. 
The rest of the structure must be constructed so 
that the proper wavelength and mode separation 
is obtained and the desired average power can be 
dissipated without an excessive temperature 
gradient. A variety of structures may be possi
ble, each with a characteristic Gv and Yc. If 
one of these is chosen, a number of conditions 
are placed upon GE and S. 

The slot conductance GL and the circuit efficiency i\c are related to 
Gv and GE by the expressions 

GL — GE + Gv, (1) 
GE 

F I G . 10-3.—Anode interac
tion-space interface. 

1 c = 
GE + Gv (2) 

The shift of wavelength AX with a change in current A/, a change of 
temperature AT, and a change of normalized load reactance A6 = AB/Y0 

are given approximately by 

— - I 
1 

AX = 
JdB\ 
\dl) A/, (3) 

AX s 
\aAT, 

and 

AX = GE X , 

so*6-

(4) 

(5) 

where a is the linear thermal expansion coefficient and it is assumed 
that the stabilizer is unaffected by changes in temperature. These 
relations will be established in Chap. 16. 

The change in wavelength of the tube with a small change in the 
parameters of the resonant circuit can be taken as roughly representative 
of the available tuning range. For a change AC in the capacitance of 
the anode block one has 

AX = ( « ) gpr AC. 

A change AL in the inductance of the anode block causes a shift 

(6) 

AX = (TTC) -g AL, (7) 
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and a change AX, in the wavelength of the stabilizer gives 

AX = ^ - = ^ AX.. (8) 

Equations (1) and (2) impose two conditions on GE: 

GE = GL- Gv, (9) 
and 

OB > Gv ^—> (10) 
1 - Vc 

where the inequality sign is inserted because there can certainly be no 
objection to a circuit efficiency greater than the required value of JJC. 
The anode block must be designed so that Eqs. (9) and (10) are simul
taneously satisfied. 

If the bracket ( )m means in each case the maximum tolerable 
ratio allowed by the primary design conditions of frequency stability 
and tuning range, one obtains from Eqs. (3) to (8) and Eq. (1) the follow
ing relations which set upper and lower limits to the stabilization that 
must be incorporated into the design: 

„ ^ X 1 fdB\ 

^gv^w (11) 
8 > -j-^- a, (12) 

\Kb)„ 

AX\ 

Gv 
S > - 7 7 7 V - Yc ' ( 1 3 ) 

m. i 

8<MTX£)J (15) 

and 
' A L \ 8<™Y-(%1 (16) 

One of the Eqs. (11) to (13) will set a lower limit to S. If tuning of the 
resonators is employed, Eq. (15) or (16) will set an upper limit to S. 
Tuning by means of the stabilizer, on the other hand, will set a lower 
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limit to S according to Eq. (14). In order to have a possible design, 
these various limits must not overlap. 

Equations (9) through (16) depend on three primary design param
eters: the wavelength; the frequency stability expressed by (A\/AT)m, 

1 2 3 4 5 6 
GL in arbitrary units 

F I G . 10-4.—Electronic efficiency as a function of slot conductance. 

18 
AL 

r J - » " ^ ^ ' 

/Gv 

GE=k Yc 

1.0 

0.8 

£0.6 

i 0.4 

0.2 

1 2 
Yc in arbitrary units 

(AX/A/)m, and (AX/Ab)„; and the tuning range entering through (AL/AX)m, 
(AC/AX)m, or (AXs/AX)m. In addition, three secondary design parameters 
(dBe/dI), GL, and rjc are involved, as are also the quantities Gu and Yc. 
If the various conditions (9) to « 
(16) set for GE and S are incon
sistent, changes must be made in 
Gu and Yc (that is, the anode 
block), in the secondary design 
parameters (that is, the interac
tion space), or in the primary 
design parameters. This situa
tion is expressed most clearly by 
Fig. 10-2. 

Equations (1), (2), (11), and 
(13) form a basis for discussing 
the relations between the over-all 
efficiency of operation ij and the 
conditions of frequency stability. 
As has been discussed in Chap. 7, 
the electronic efficiency -qe of a 
magnetron is a function of slot 
conductance GL of the form shown 
in Fig. 10-4. Also, it will be seen 
in Chap. 11 that for a group of 
similar anode blocks the internal 

lil 
F I G . 10-5.-

P 1 2 3 
Yc in arbitrary units 

-Conductance and efficiency as a 
function of Yc. 

losses Gu increase with increasing Yc as indicated in Fig. 10-5. Suppose 
it is desired to keep the stabilization against changes in load required by 
Eq. (13) constant. In that case it is necessary that 
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p = k, (17) 
J C 

where k is some constant. Using Eq. (17), there is obtained from 
Eqs. (1) and (2) 

GL 

and 

Equations (18) and (19) allow the curves for GL and ijc to be drawn 
in Fig. 10-5. Furthermore, with ije known as a function of GL and GL 

t/i 

I 
0 2 4 G, 6 8 10 

GL in arbitrary units 
F I G . 10-6.—(dBe/dI) as a function of GL. 

as a function of Yc, a plot of ij„ against Yc can be made in Fig. 10-5. 
Then using the relation r\ = T\er\c the total efficiency can also be plotted 
against Yc- I t is observed that TJ must obtain a maximum value at some 
point P to the left of the point at which -qe obtains its maximum value. A 

magnetron that has been inad
vertently designed with Yc not at 
P can be redesigned for a higher 
efficiency without sacrifice of sta
bility against changes in load by 
changing the Yc of the resonant 
system. 

When other operating condi-
1 p' 2 tions are held constant, the rate 

Yc in arbitrary units of change of electronic susceptance 
FIG. 10-7.—(dB,/dl) and i/Yc(dB./di) as with current dBe/dI is a function 

functions of Yc. r x j - i i j . j i . -n 
of total slot conductance as illus

trated in Fig. 10-6. I t obtains a minimum value at some value of 
conductance (?i. From Eq. (3), it is observed that the shift of wave
length with current, at constant S, is proportional to l/Yc(,dBe/dI). 
Maintaining the stability against changes in load constant as before, 
dBe/dI and l/Yc(dBe/dI) can be plotted as functions of Yc in Fig. 10-7. 
At some point P', \/Yc{dBJdI) will have a minimum value. In general, 
P' will not be coincident with P in Fig. 10-5. 

= kYc + Gu 

kYc 

kYc+ Gu 

(18) 

(19) 

- ^ 

^ 

^ 

^ 

Sih 

^m 
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The following situation, then, exists in the choice of Yc. By always 
maintaining the stability against load constant, a maximum value of 
»! is obtained at one value of Yc and a minimum value of l/Yc(dBe/dI) 
at another point. Frequency stability against changes in current can 
therefore be achieved at the expense of efficiency. 

10-4. Conditions Imposed on the Cathode.—In Sec. 10-2 it was 
pointed out that the cathode design is subject to the following eight 
conditions : 

1. Anode height h. 
2. Anode radius ra. 
3. Cathode radius rc. 
4. Plate voltage V. 
5. Cathode-current density Jc. 
6. Average power input. 
7. Heater power. 
8. Pulse duration. 

The cathode that is to meet these conditions performs two important 
functions in the magnetron. I t must supply the stipulated cathode-
current density under conditions of complete or very nearly complete 
space-charge limitation, and it must dissipate the energy of the back-
bombarding electrons without harm to itself. 

The design of the cathode structure may at present draw upon experi
ence with three types of electron emitters: (1) low-temperature oxide 
cathodes; (2) high-temperature cathodes such as thoriated tungsten, 
tantulum, or thorium oxide; and (3) cold cathodes that operate by 
secondary emission, such as beryllium or silver-magnesium alloy. The 
properties of these cathodes are so disparate that each finds its par
ticular field of usefulness. 

A second property of the cathode at the disposal of the design is the 
supporting structure. I t is necessary to distinguish two methods of 
support because of the very different effect that they have on the magnetic 
circuit. The end-mounted cathode is accompanied by built-in, hollow 
pole pieces and, in practice, attached magnets; the radial-mounted 
cathode requires a wider magnetic gap and is usually accompanied by an 
external magnet. This interdependence is indicated in Fig. 10-1. 

The back-bombardment power on the cathode of a magnetron is not 
far from a fixed percentage of the average input power in all cases and is 
determined, therefore, by Condition 6. For handling very large back-
bombardment powers, water-cooled secondary-emission cathodes have 
been used successfully; but because of several disadvantages, these 
cathodes have not yet seen extensive application. 

With heated cathodes, there is an intimate relation between the 
back-bombardment power and the heater power. Suppose that the 
bombardment power is PB and the heater power is PH. Furthermore, 
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to simplify the argument, suppose that the distribution of heater power 
is thermally equivalent to the distribution of PB. Suppose that it is 
considered permissible to initiate operation of the tube with a cathode 
temperature T\ and to operate with a temperature T2 > Tt. The power 
dissipated in the cathode to maintain the temperature 7 \ will be PH, 
while a higher power $PH will be required to maintain a temperature TV 
Finally, suppose that the heater power can be reduced to an amount 
XPH during operation. During operation, the heat balance of the 
cathode will therefore be expressed by 

PB + XPH = PPH. (20) 

Solving Eq. (20) for PH then gives 

Pu 
08 - x ) 

(21) 

In Fig. 10-8 PH is plotted as a function of x for $ = 1.4 and /3 = 1.0. 
A large PB requires PH to be large 
also, and a great reduction is brought 
about in Pa by tolerating a certain 
range in cathode temperature. Fur
thermore, arranging to reduce the 
heater power in operation allows a 
still further decrease in these quanti
ties. A requirement for very low 
heater power can be met in a design 
that calls for small average power 
input (low PB), tolerates wide tem
perature limits, and permits reduc
tion of the heater power in operation. 

In general, the high-temperature 
cathodes can dissipate more power 
than the low-temperature ones, and 
it is usually easier to design an end-
mounted cathode for large dissipa
tion than a radial-mounted one. The 

length and diameter are important factors in settling on the proper 
cathode and supporting structure. 

A magnetron normally operates under conditions of space-charge 
limitation at the cathode. This situation results in the familiar, nearly 
linear contours of constant magnetic field in the (F,/)-plane. If the 
total emission of the cathode is insufficient to maintain space-charge 
limitation beyond a certain current, a potential gradient appears at the 
cathode, and the magnetic-field line deviates from its normal position 
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toward higher voltage. This shift of the (y,7)-characteristic results 
in an increased tendency to mode-skip in pulsed magnetrons (see Chap. 8) 
and is sometimes accompanied by a poor spectrum. Continuous-wave 
magnetrons will tolerate a somewhat larger deviation from space-charge 
limitation but will cease oscillating if the deviation becomes great enough. 

To maintain normal operation, Condition 5 requires that the cathode 
be capable of furnishing a space-charge-limited current density at least 
equal to Jc. In the operating magnetron, because of the back-bombard
ment electrons, Jc may be composed partially of primary electrons and 
partially of secondary electrons, and only a portion Jp of the required 
current density need be primary emission. The secondary emission 
current, at a given operating point, depends upon the nature and state 
of the cathode, its temperature, and the distribution of energy in number 
of the returning electrons. If these factors are all known, Jp can be 
calculated and constitutes a requirement on the cathode. Actually, 
very little information is available on the energy distribution of back-
bombardment electrons because of the difficulty in making the necessary 
measurements. 

For oxide cathodes, therefore, it is usually impossible to specify 
Jp. Instead, the practice has been to see that Jc does not exceed a 
limit Jm set by cathode sparking. Because of the high secondary 
emission of the oxide cathodes under the conditions present in most 
magnetrons during oscillation, Jp is usually a small fraction of Jc. More
over, the primary emission normally to be expected from such a cathode 
is a larger fraction of J„ , and it is therefore sufficient for space-charge-
limited operation. On the other hand, if the secondary emission ratio 
is about unity, the primary current density must be nearly equal to Jc. 
Such a case obtains with the high-temperature metallic emitters such as 
thoriated tungsten or tantalum and with very low voltage magne
trons in which the returning electrons have low energies. 

A limit Jm exists to the total current density, both primary and 
secondary, that can be furnished by the low-temperature oxide cathodes 
without sparking. This limit depends considerably on the structure 
of the emitting material and increases as the pulse duration decreases. 
The current density Jc required by Condition 5 must therefore be con
sidered for consistency with the pulse duration set by Condition 8. 
No corresponding limits are usually encountered with the high-tempera
ture metallic emitters. 

The distance between the anode and the cathode set by Conditions 
2 and 3 is of some importance. The potential gradient that appears 
at the cathode surface upon failure of space-charge limitation is roughly 
inversely proportional to this distance, and a smaller separation may 
therefore lead to increased sparking. 
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10-5. Conditions Imposed on the Magnetic Circuit.—The function of 
the magnetic circuit is to produce a fairly uniform magnetic field of the 
desired value over the extent of the interaction space, and this must be 
done within the specified limits of magnet weight. There are therefore 
five conditions set for the magnetic circuit: 

1. Anode height h. 
2. Anode radius ra. 
3. Cathode radius rc. 
4. Magnetic field B. 
5. Magnet weight. 
The magnet weight is essentially proportional to the square of the 

field strength, to the distance between the magnet poles, and to the area 
of the uniform field. The distance between poles is determined by h and 
by the decision to end-mount or radial-mount the cathode. In principle, 
the area of the magnetic field need be only the cross-sectional area of 
the interaction space, but it may be impossible in practice to confine it 
to this region. 

Magnetic material is occasionally included in a magnetron cathode 
to decrease the effective pole separation, improve the shape of the field, 
or produce a focusing field at the ends of the interaction space. A further 
interdependence of the cathode design and the magnetic circuit is intro
duced if this is done. 

10-6. The Scaling Laws.—It has been seen in Chap. 7 that the opera
tion of a magnetron is determined by the external magnetic field B, the 
plate current / , and the r-f impedance presented by the load to the out
put circuit of the tube, Z(X). In this case, the plate voltage V, the 
operating wavelength X, and the power output P are determined. In 
order to eliminate direct consideration of the resonant system, the speci
fication of Z(X) may be replaced by a description of the anode-block 
interaction-space interface and the specification of G>(X) and Br(X), the 
conductance and susceptance respectively for each resonator opening. 
In the following considerations G>(X) and Br(\) will be taken as identical 
for each resonator opening, and the values of Gr will be taken as inde
pendent of X. In this case the operation of the tube may be specified by 
the magnetic field B, the plate current I, the total slot conductance GL, 
and the wavelength X; V and P are thereby determined. Such a specifi
cation is possible for magnetrons with resonant systems made up of 
equivalent resonators. For rising-sun magnetrons, -Br(X) has a differ
ent value for alternate resonators, but this fact may be ignored except in 
the vicinity of the critical field (see Chap. 3). 

One further piece of information is needed before the operation of 
any magnetron is completely specified, namely, the boundary conditions 
satisfied by the electric fields at the cathode. Normally all cathodes 
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impose the boundary conditions that the field be zero at the surface, 
and the question can be ignored. A cathode with an unduly heavy 
current drain, however, may present a different boundary condition to 
the fields with a correspondingly altered behavior of the magnetron. 

I t has been shown in Chap. 6 that provided the interaction space is 
such that (X/2irr0) may be considered a small quantity and provided 
that the interaction of the electrons and the r-f magnetic field may be 
neglected, the basic equations of a magnetron may be expressed in terms 
of a set of dimensionless variables 

& ) ( « ) * ■ < » > 

s(s)(s-Jir/. ™ 
(22d) 

2TT 

r, 
T, 

and 

(T)<- (22e) 

Consequently, on the basis of the various assumptions that have been 
made, it follows that the specification of the quantities 

and 

4TT \2TTC/ (ah 
(23c) 

determine the additional quantities 

»fe)(&)V 
and 

for a group of magnetrons with geometrically similar interaction-space 
cross sections, possessing resonant systems made up of equivalent 
resonators and with cathodes imposing a zero-value boundary condition 
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on the electric fields. A group of magnetrons answering this description 
is said to form a "family" of magnetrons. 

Henceforth the dimensionless variables corresponding to B, V, I, 
GL, and P will be called "reduced variables" and will be designated by 
b, v, i, g, and p, the corresponding quantities being related by the 
expressions 

B 
ffl' 
V 
v' 
I 

GL 

T p 

(25a) 

(25b) 

(25c) 

(25d) 

(256) 

(B, V, S, 9, and (P are characteristic scale factors for a given magnetron 
and will be termed the "characteristic" magnetic field, voltage, current, 
conductance, and power. They are given by the expressions 

m n/m\/2rc\ 1 21,200 ,„„ . 

•= 2(«X=)[7T(5y]%x)[,_(£■] E,US5' (26o) 

*-K"X£J ,* !-"w o i ,0&)' volt" ™ 
%rai /m\/2«\3

 2 

[1_(S)](- + 1) 
9 - £. CM) 

and 
<P = SV. (26e) 

These characteristic scale factors were brought to their present form 
by J. C. Slater1 who introduced the expression for S. The quantity a,i 
is a function of ra/rc and is shown in Fig. 10-9 taken from Slater's report. 
It is seen that b, v, i, g, and p are identical with the dimensionless variables 
given in Eqs. (23) and (24) except for factors involving the mode number 

' J . C. Slater, "Theory of Magnetron Operation," RL Report No. 200, Mar. 8, 
1943, 
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n and the anode-cathode ratio a = rc/ra. For magnetrons with geo
metrically similar interaction spaces these factors are constant and have 
no effect on the situation. They are included in the expressions for 
b, v, i, g, and p to facilitate a comparison made later of magnetrons with 
different values of n and r0/ra. 
For the purposes of this chapter, 
n will always be equal to N/2, 
where iV is the number of oscillat
ing segments of the magnetron. 

The performance charts for 
any magnetron, presented in re
duced v a r i a b l e s , express the 
behavior of a whole family of 
magnetrons. To predict the be
havior of a new member of the 
family, it is necessary merely to 
calculate the characteristic magnetic field, voltage, current, power, and 
conductance of this new member. Performance charts for the new tube 
can then be drawn up using the relations 

1.0 

0.5 

0 

\ _ 

F I G . 10-9.—ai as a function of ra/rc. 

and 

B = 6(5$, 
V = W, 
I = iS, 
G = gQ, 

P = pG>. 

(27a) 
(276) 
(27c) 
(27d) 

(27c) 

This process has come to be known as the "scaling" of one magnetron 
to another. I t is obvious that for scaling one must always use the power 
generated by the electrons, correcting for the power lost in the resonant 
system. 

To specify the family of magnetrons represented by a reduced 
performance chart, it is necessary to indicate the shape of the interaction 
space. Referring to Fig. 10-10, it is seen that the shape of the interaction 
space can be specified by the number of oscillators N and by the ratios 
a = rc/ra and n = w/d. A reduced performance chart should therefore 
be accompanied by values of N, <r, and M- The load for which the data 
were taken should moreover be indicated by a value of g = G/g. 

The accuracy with which a reduced performance chart of an actual 
magnetron represents the ideal behavior of a family of magnetrons is 
limited by several factors discussed below. 

The equations that are used to characterize the magnetron represent 
by a potential function the field presented to a single electron by all the 
other electrons. This procedure does not consider the small effects due 
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to near electron encounters which produce noise fluctuations of the space-
charge cloud. The noise currents generated will not scale precisely like 
the normal currents. Wherever the noise currents can be important, 
as, for instance, in the low d-c current region, the reduced performance 
chart will cease to be representative. 

End-space effects are of considerable importance in actual magnetrons. 
Direct currents flow at the ends of a tube by leakage from the interaction 
space and by emission from the end shields. These currents considerably 

affect the behavior of some mag
netrons in the low-current region 
and naturally do not scale from 
tube to tube. The low-current 
behavior may also be affected by 
spurious oscillations in the end 
spaces of a tube. In some cases, 
the r-f fields are not uniform along 
the length of the anode, and the be
havior of the magnetron is affected 
in a way difficult to assess. A 
magnetron with small mode separa
tion may have irregular r-f patterns 
that cause its operating character-

FIG. lo-io.—Cross section of interaction istics to depart widely from the 
space" ideal behavior of its family. In 

particular, the electronic efficiency is likely to be lower than normal. 
These sources of inaccuracy will be systematic in a number of identical 
samples of a magnetron design. 

In addition, data taken on a particular tube may be nonrepresentative 
for some further reasons. Normally a magnetron operates space-charge 
limited. As already mentioned, under conditions of heavy cathode 
drain, space-charge limitation may fail, and the boundary conditions on 
the electric fields at the cathode become dependent on the nature and 
state of the emitting surface. The operation of a magnetron under such 
conditions cannot accurately represent the space-charge-limited behavior 
of other members of its family. Data taken near the extremes of opera
tion of a tube are likely to be inaccurate and may be less reliable for some 
samples than for others. Sparking and misfiring of a magnetron are 
greatest in these regions and affect the average values of power and 
current. This effect tends to close the efficiency contours about the 
region of operation. Finally, a particular tube may be poorly con
structed. The anode, for example, may be irregular in shape, causing a 
reduction in electronic efficiency, or a cathode may be off-center with a 
resultant decrease in efficiency and a reduction of d-c voltage. The 

Jw 
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nonsystematic errors of this sort may be largely eliminated by averaging 
data over a number of tubes or by using data taken on a tube of known 
average behavior. The latter method is often to be preferred for realizing 
self-consistency of the information. 

10-7. Reduced Operating Data on Various Types of Magnetrons.— 
For design purposes, the data that one would like to have on a particular 
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Fia. 10-116. FIG. 1011c 
F I G . 10116.—Load curve of ZP676 for 6 = 5.5 and i = 2.8. 
F I G . 1011c.—Cross section of interaction space of ZP676. 

magnetron of interest are a set of wide-range performance charts taken 
at a variety of loads. Usually, however, there are available only a 
performance chart taken at one load and a Rieke diagram presenting, 
as a function of load, the operation at a particular magnetic field and 
current. The Rieke diagram can substitute in some measure for having 



420 PRINCIPLES OF DESIGN [SEC. 10-7 

several performance charts if it is assumed that a magnetron's perform
ance varies fairly uniformly with load over its range of operation. 
Very often, the diagram contains data only on power and frequency, 
omitting information about voltage. In other cases there is available 
only a performance chart. 

FIQ. 10-12a.—Reduced performance chart of 2J32. N = 8; a = 0.38; M = 0.37; g = 0.51. 

10.0 

F I Q . 10-12&.—Load curves of 2J32 for various values of b and i. For A, b = 3.6, i = 2.1; 
B,b = 2.4, i = 2.2; C, 6 = 2.4, i = 1.4; D, b = 2.0, i = 1.0. 

Accordingly, the data set forth in this chapter for a variety of 
magnetrons will be presented by a reduced performance chart at fixed 
g and, if the information is available, by a reduced load curve showing 
p as a function of g, for a particular value of b and of i. 

When the dimensions of a magnetron are known, it is easy to calculate 
(B, V, 3, and G> from Eqs. (26) and to construct a reduced performance 
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chart from measured data. The measured power output of the mag
netron, however, must be corrected for the circuit efficiency of the 
resonant system and output circuit. The losses in the output circuit 
usually represent only a 2 to 3 per cent correction to the power lost in 

v 10 

0 

FIQ. 10-

1 2 3 4 5 6 7 8 
i 

13a.—Reduced performance chart of 2J39. JV = 8; tr = 0.38; y. = 0.52; g = 0.17. 

FIQ. 10-136.—Load curve for 2J39 for b - 2.4 and i = 2.0. 

the resonant system and have been neglected in what follows, because 
the data for making this correction are not generally available. In this 
approximation, one can write for the circuit efficiency 

1 
Vc (28) 
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where QE and Qu are derived from impedance measurements on the 
nonoscillating tube. The quantity aL is the ratio between the con
ductance presented to the tube by the load and the characteristic admit
tance of the line. The conductance GL at the slots can be calculated if 

v 5.0 

Fia . 10-14a.—Reduced performance chart of HP10V. N = 10; <r = 0.50; M = 0.36; 
g = 0.22. 
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F I G . 10146.—Load curve for HP10V for b = 2.44 and i = 0.79. 

the characteristic admittance Yc of the resonant system is known. 
In that case, 

GL = Y\Q\ + QV' 

9 S \Qu + QE)' 

(29) 

(30) 

Unfortunately, Yc, can at present be measured only with great difficulty, 
and only approximate methods exist for its calculation. This difficulty 
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introduces a considerable degree of uncertainty into the general design 
procedure, in the sense that the value of GL for which a certain per
formance is to be expected may not be accurately predicted. In the 
data presented below, the best available methods have been used to 
calculate Yc; if better methods are found, a recalculation can be made 
from the information given in Chap. 20. 

FIQ. 1015a.—Reduced performance chart of 4J33. JV = 12; a = 0.69; (i = 0.33; a = 0.46. 
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F I G . 10166.—Load curve of 4J33 for b = 4.8 and i = 3.9. 

Figures 10-11 to 10-26 contain the data used in this chapter. The 
factors employed in reducing the performance charts and load curves 
from the original data are listed in Tables 10-1 and 10-2. Some particular 
points in connection with the charts should be discussed. 

The charts of Fig. 10-11 are for the ZP676, sometimes known as the 
"neutrode." A sketch of the anode cross section is shown in Fig. 10-llc. 
Technically, these charts can be used only in scaling to similar cross 
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sections. The assumption has been that the tube operates as though 
the missing gap were present, but it should not be considered an accurate 
representative of a family of magnetrons with N = 4. The data were 
taken on a single tube not known to be an average sample. 

F I G . 1016a.—Reduced performance chart of 4J39. N = 12; <r = 0.59; jj. = 0.33; a = 0.25. 
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6 
P 

5 

4 
0.1 0.2 0.3 0.4 

9 
F I G . 10-166.—Load curve of 4J39 for b = 4.0 and i = 1.6. 

The data plotted for the 2J32 in Fig. 10-12 are the most complete 
known to have been taken on a single tube. The tube was an average 
sample, and the data were very carefully compiled. 

The performance chart of Fig. 10-13 is plotted from data on a single 
average 2J39 and covers a wider range of reduced variables than any 
of the other charts. The load curve represents average data for the 
2J39 tubes. 

The performance chart and load curve of Fig. 10-14 are derived from 
average data on production HP10V magnetrons. This tube is known 
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to have an irregular Q-curve and an anode block long enough that varia
tions of r-f voltage and magnetic field along its length are appreciable. 
The data may therefore not be representative of this family of 10-oscil-
lator magnetrons. 
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Fio. 10-17a.—Reduced performance chart of 725A. N = 12; tr = 0.50; /j. = 0.43; g = 0.51, 
(Bell Telephone Laboratories.) 
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F I G . 10-176.—Load curve of 725A for b = 3.7 and i = 1.1. (Courtesy of Raytheon and Bell 
Telephone Laboratories.) 

The performance chart and load curve shown in Fig. 10-15 are average 
data for production 4J33 magnetrons. 

The performance chart and load curve of Fig. 10-16 are average data 
for production 4J39 magnetrons. 
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The performance chart (Fig. 10-17) is plotted from data on an average 
Western Electric 725A. Load curves are given for the Raytheon 725A 
and the Western Electric 725A, each curve being an average of data on 
three normal tubes. Because of their different oscillator construction, 
the tubes have very different characteristic admittances and operate at 
different load points. The agreement between the two curves is satis-

v 7 

0-4 0.6 0.8 1.0 1.2 1.4 1.6 
i 

F I Q . 10-I8a.—Reduced performance chart of LCW. JV = 16; a = 0.61; M = 0.44; g = 0.70. 

3.5 

3.0 

2.5 
0.2 0.4 0.6 0.8 1.0 1.2 1.4 

S 
F I Q . 10-18b.—Load curve of LCW for b = 4.0 and i = 0.66. 

factory. The slightly higher curve of the Raytheon tube may be due to 
less electron leakage or to an error in one of the values of Yc-

Figure 10-18 shows data for a single LCW magnetron not known to be 
an average sample. 

The data of Fig. 10-19 were obtained on a single average 4J50 
magnetron. 

Figure 10-20 was plotted from data on a single average QK61 
magnetron. 
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The performance chart of Fig. 10-21 was taken on a single AX9 
magnetron not known to be an average tube. The performance chart 
shows the efficiency valley that is characteristic of the rising-sun resonant 
system. This region of anomalously low efficiency is not representative 

1.5 2.0 2.5 
t 

FIG. 10-19a.—Reduced performance chart of 4J50. N = 16;CT = 0.66;ju = 0.53;(/ = 0.25. 

6.01 

5.0 

4.0 

3.0 
0.1 0.2 

9 
0.3 

F I G . 10-19&.—Load curve of 4J50 for b = 4.1 and i = 1.0. 

of this family of magnetrons but is caused by the zero-component content 
of the 7r-mode which occurs in the rising-sun type of magnetron (see 
Chap. 3). 

The data of Fig. 10-22 were obtained on a single average 3J31 
magnetron. 

The performance chart and load curve given in Fig. 10-23 were 
derived from a single BM50 magnetron which was chosen from several 
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samples because its data appeared most normal. For this reason it 
cannot be considered very reliable. 

The performance chart and load curve of Fig. 10-24 were obtained 
on a single SCWC magnetron not known to be an average sample. 
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Via. 10-20o.—Reduced performance chart of QK61. N = 16; a = 0.60; 11 = 0.48; 
g = 0.32. (Raytheon.) 

2.0 
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0 0.2 0.4 0.6 0.8 
9 

Era. 10-20&.—Load curve of QK61 for b = 4.1 and t = 0.36. 

The performance charts shown in Figs. 10-25 and 10-26 were obtained 
on single samples of RD11-2 and GK13-1 magnetrons that are not known 
to be average tubes. These tubes are closed-end rising-sun magnetrons 
and have a sinusoidal variation of r-f voltage along the anode. Conse
quently, neither is really representative of its family, and the data are 
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Fio. 10-21.—Reduced performance chart of AX9. N = 18; a = 0.62; /i = 0.41; g = 0.16 

5.0 

1M.0 

0 0.2 0.4 0.6 0.8 1.0 
1 

FIG. 10-22a.—Reduced performance chart of 3J31. N = 18; <r = 0.60; M = 0.39; g = 0.15. 
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F I G . 10-226.—Load curve of 3J31 for b = 2.6 and i = 0.69. 
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Fia. 10-23a.—Reduced performance chart of BM50. N = 20; <r = 0 . 6 1 ; p = 0 . 5 0 ; 
g = 0.94. 
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F I Q . 10-236.—Load curve of BM50 for 6 = 4.1 and i = 0.37. 
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included as the only available information on 26- and 38-oscillator mag
netrons. No load curves are included because of the ambiguity intro
duced in Yc by the lengthwise variation of r-f voltage. 

I t will be noted that many of the load curves show a definite maxi
mum, the existence of which may be regarded with considerable suspicion. 

Fia. 10-24a.—Reduced performance chart of SCWC. JV = 20; cr = 0.60; ju = 0.50-
g = 0.85. 
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FIG. 10-246.—Load curve of SCWC for 6 = 3.3 and i = 0.29. 

In a region of heavy loading (large g), a number of factors tend to affece 
the power output unfavorably. The output-circuit loss is most impor
tant at large g, as is the loss in any external tuning device, and these 
losses have not been considered. Furthermore, in this region any mode 
instability of a tube is enhanced, and the r-f patterns become the most 
irregular. 
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10-8. Determination of the Secondary Design Parameters.—As 
described in Sec. 10-2, the primary parameters affecting the design of the 
interaction space are the voltage V, the current / , and the wavelength X. 
These are not sufficient, however, completely to determine the interaction 
space and permit the calculation of the secondary design parameters. 
In addition, it is necessary to choose a set of shape factors, N, <r, and u, 
and settle upon a relative operating point expressed by b, i, and g. 
the nine quantities V, I, and X; N, <r and n; and b, i, and g can then be 
used to calculate the secondary parameters ra, rc, h, w, t\e, GL, J, and B. 

In the present formulation, the choice of the shape factors and 
relative operating point has been considered essentially a guess that 
provides a trial solution to the design problem that may or may not turn 
out to be self-consistent. Actually, in many cases, past experience will 
serve as a guide. Furthermore, the expressions that are to be calculated 
for the secondary design parameters will readily indicate how an inade
quate choice of the shape factors or operating point must be amended. 

In fixing N, <r, and /x, a choice is made of a particular family of mag
netrons represented by one of the reduced performance charts. A 
choice of b and i then determines where, relative to this chart, the new 
magnetron is to operate. If now a value of g is selected that is the same 
as that for which the chart was measured, values of v and of p can be read 
off directly. If a different value of g is desired, an approximation must 
be made to the proper performance chart in a way to be considered 
shortly. 

The magnetic field B can be found directly from Eqs. (25a) and 
(26a) and may be written 

42 400 
B = hmr^y (31) 

The anode radius is determined from Eqs. (256) and (266) to be 

" 6320 \ v K 6 2 > 

Similarly the anode height h is found from Eqs. (25c) and (26c) to be 

(1 - , * ) » ( l + i ) 
*-2m(f)(j)tf ^ ^ ^ - (33) 

By using Eqs. (25d) and (26(2), the load GL is given by 

°-'(*)(/> (34' 
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Because the cathode radius is given by rc = ara, one has from Eq. (32) 

N<T 

6320 
(35) 

Similarly, the slot opening is determined by w = n{2irra/N), which 
becomes 

IV 
yj v 

' 1010 

The cathode-current density J is found from Eqs. 25c and 26c to be 

(36) 

J = mh^ik ai 

( l - < r T ( l + ; ) 
(37) 

Finally, the electronic efficiency is read from the performance chart or 
calculated from 

_ V (38) 

30 

20 

N(l-ff!) 

10 

Equations (31) to (38) express the secondary design parameters in 
terms of the voltage, current, and wavelength; the shape factors N, 
<r, and M; and the relative operating point given by b, i, and g. 

In Sec. 10-9 a comparison will be made of the reduced performance 
charts presented in this section. 
I t will be found, after a load cor
rection is applied, that they are 
very similar except for a moderate 
decrease in electronic efficiency 
with larger values of a. To a first 
approximation, t h e r e f o r e , the 
effect of the shape factors and 
relative operating point upon the 
secondary design parameters can 
be considered independent. 

It is of interest to consider in 
detail the effect of the shape fac

tors, the relative operating point, and the primary design parameters 
upon the magnetic field, the anode height, the cathode radius, and the 
cathode-current density. 

Magnetic Field.—From Eq. (31) it is seen that the magnetic field is 
proportional to b, 1/X, and l/iV(l — <r2). An attempt to operate 
high on the reduced performance chart, in search of high efficiency, for 

o 

0 

F I G . 10-27.-

10 20 30 40 
N 

-100/[N(1 - o-2)], as a function 
of N. 
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example, requires a high field. Furthermore, the shorter the wavelength 
the greater the magnetic field must be. In Fig. 10-27, the quantity 
l/[iV(l — a2)] has been plotted against AT for the tubes considered in 
this section. A steady decrease with increasing N is observed, indicating 
that a smaller field is required for larger values of N. 

I t is necessary to discuss at this point a limitation that is placed 
upon the choice of b when an anode block of the rising-sun type is used. 
It has been shown in Chap. 3 that the T-mode of a rising-sun anode block 
contains a certain amount of the zero component and that this contamina
tion particularly disturbs the electron orbits and therefore decreases the 
electronic efficiency at magnetic fields for which the frequency of the 
cycloidal motion of the electrons is close to the oscillating frequency. 
For a plane magnetron, this critical field should be given by 

but for cylindrical magnetrons, a very qualitative argument by Slater1 

indicates that a correction term should be added so that the field becomes 

„ 10 ,600/ . , 3 \ . . . . 

In Fig. 10-28 the electronic efficiency at constant current is plotted 
against \B from data obtained with two 18-vane 3-cm magnetrons and 
with one 22-vane 1-cm magnetron. An efficiency minimum is exhibited 
by the curves that checks surprisingly well with Eq. (40). Unfor
tunately, no rising-sun magnetrons have been made with N smaller than 
18, so that Eq. (40) cannot be experimentally checked for low values of 
N. An interesting fact will be found in Sec. 12-6, however, which may 
have bearing on this subject. It will be seen that the back-bombard
ment power on the cathode of a 2J32 magnetron expressed in percentage 
of input power reaches a maximum value in the neighborhood of 1400 
gauss. By placing X = 10.7 and JV = 8 in Eq. (40), a value of Bc is 
obtained equal to 1360 gauss. If the increased back-bombardment 
power could be ascribed to the same type of interaction that produces 
the efficiency valley of a rising-sun magnetron, the agreement of these 
fields would be additional evidence for the validity of Eq. (40). The 
identification of the two phenomena, however, cannot be made with 
certainty with the present knowledge of magnetron electronics. 

No particular significance should be attached to the values of effi
ciency at the minimum point because they depend primarily upon the 
amount of zero component present, and that in turn depends mainly 
on the ratio of cavity sizes and on the anode diameter. 

1 J. C. Slater, RL Report No. V-5S, August 1941. 
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12 
\B in gauss-cm 

F I G . 10-28.—Dependence of electronic efficiency on XB in rising-sun magnetronB. 
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field bc as a function of N. 
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30 

I t is clear from Fig. 10-28 that a range of about ± 2 5 per cent around 
the critical value of magnetic field Bc is excluded in designing a rising-sun 
magnetron. By using Eq. (40) a plot is made in Fig. 10-29 of \BC 
against N. The region to be avoided is delineated by two dashed lines 
spaced plus and minus 25 per cent 
from the full curve. For magne
trons of 1-cm or shorter wave
length that have a large number 
of oscillators, the difficulty of 
getting strong fields at moderate 
magnet weight may serve to limit 
the field to values for which \B 
is less than 0.9 X 104 gauss-cm. 
For longer -wave length tubes, 
fields corresponding to \B values greater than 1.7 X 104 are easier to 
obtain, and operation above the critical region becomes feasible. 

From Eqs. (31) and (40), the critical reduced field is found to be 

10 

8° 

20 
N 

30 40 

F I G . 10-31.—N/A as a function of N. 

ft. = ( 1 - * 2 ) 
N + 3 (41) 

By using the values of <r given in Table 10-2, a plot of this quantity is 
made in Fig. 10-30, showing how bc increases with increasing N. An 
average curve is drawn through the points, and two dashed lines spaced 

plus and minus 25 per cent from 
the average curve indicate ap
proximately the region to be 
avoided. 

Anode Height.—In Eq. (33), 
the anode height is found to be 
proportional to I/V, v/i, and 
N[(l - <r2)2(l + lAOlM- A low-
impedance magnetron therefore 
requires a long anode. In addi
tion, a long anode is required for 
operation in the upper left of the 
reduced performance chart (in 

general, a region of high efficiency), although a short anode is ob.tained 
in the lower right portion of the chart (a region of low efficiency). 
In Fig. 10-31 Oi/[(l - o-2)2(l + l/<r)] has been set equal to A, and the 
quantity N/A plotted against N. I t is observed that there exists no 
definite trend of N/A with increasing N. This slow variation of N/A 
with N has an interesting implication. From Eqs. (26ft) to (26d) it 

FIG. 10-32.—Na as a function of N. 
0.S5N - 3.83. 

Na = 
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may be computed that 
0.420 A 

X N' (42) 

Hence, normalized to the same wavelength, the tubes thus far designed 
have had values of a such that the characteristic conductances per unit 
length have varied over a relatively small range. Referring now to 

Eq. (34), it is clear that in general 
GL will be proportional to h/\ al
most independently of N. 

Cathode Radius.—In Eq. (35), 
the cathode radius is observed to 
be proportional to y/V/v and Na. 
The product of Ncr is plotted 
against N in Fig. 10-32 and is ob
served to be nearly a linearly in
creasing function of N. For a 
low-voltage magnetron with small 
V, therefore, the cathode can be 
kept at a reasonable size by in
creasing N instead of by using a 
very small value of v and accept
ing a consequently low efficiency. 

a 0.4 

F I G . 10-33.—a as a function of N. 

The straight line in Fig. 1032 has the equation 

or 
No- = 0.85iV - 3.83 

3.83 
o- = 0.85 N 

(43) 

(44) 

Equation (44) has been used to draw the solid curve shown in Fig. 10-33, 
where a is plotted against N. 

Cathode-current Density.—The cathode-current density J expressed 
by Eq. (37) is proportional to i, 1/X2, -\/V/v, and A/N2<r. It is interest
ing to observe that J has no explicit dependence on 7. Other things 
being equal, a low-current density is obtained only by operating at the 
far left of the reduced performance chart. This fact is illustrated by 
the charts for the various c-w magnetrons that, although operating at 
very low plate currents compared with pulsed tubes, obtain the low-
current density appropriate to a c-w cathode only by operating at small 
reduced currents. The dependence of J on X illustrates the well-known 
law that the current density required of a cathode varies inversely as the 
square of the wavelength. The dependence on V/v indicates that a 
smaller current density is required of low-voltage magnetrons and of 
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lo'xie 
1 

\° 
\° 

30 

magnetrons operating high on the reduced performance chart. The 
quantity A/JVV has been plotted against N in Fig. 10-34. I t decreases 
steadily with increasing JV and indicates that a lower J can be achieved 
for a larger number of oscillators. 

If a value of g is taken different from the value indicated on the chosen 
performance chart, the values of v and p will be correspondingly altered. 
To correct p, it must be assumed that it varies in the same manner as 
the curve in the corresponding chart of p vs. g, even though different 
relative operating points may be 
involved. The assumption of a 
generally uniform variation of the 
performance chart with load is 
t h e o n l y justification of this 
procedure. 

The value of v, for a given b 
and i, may vary from 10 to 15 per 
cent over the ordinary range of g, 
being lower for small values of g. 
The data for making this correc
tion are not usually available. 
If the correction is ignored and a 
value of v is used larger than the 
correct value the tube will be FlG- 10-34.—A/ATV as a function of N. 
found to require a magnetic field somewhat larger than the calculated 
value in order to operate at the voltage V and current / . 

10-9. Comparison of the Reduced Performance Charts.—The useful
ness of the scaling principle naturally suggests an attempt to correlate 
the performance of magnetrons of different families. The quantities 
defined in Eqs. (26) have been suggested as being characteristic scale 
factors sufficient to reduce to a common basis the performance of mag
netrons not only of different size and wavelength but also of different 
JV and a. If this is correct, all performance charts with the same g 
and ii should be similar when reduced in this manner. 

The characteristic factors defined in Eqs. (26) have been obtained 
only by arguments of plausibility. The quantities V and (B are the 
voltage and field at the point of intersection of the cutoff curve and 
Hartree resonance line in a diagram of voltage against field, and 3 is the 
corresponding current. Because this is a very characteristic point in 
such a diagram, it is thought possible that the performance of a tube 
expressed in units of (S>, V, and $ should be nearly independent of its 
size, shape, and frequency. The reduced performance charts of this 
chapter have been expressed in terms of <S, V, and S and will be used to 
examine this supposition. 

20 
N 
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The factor ju determining the relative slot width should have little 
effect on operation over the range of values listed in Table 101 . For 
unit voltage across the slots of a magnetron, the tangential electric field 
in the interaction space for the ir-mode is given by 

E<t> = X am sin m<£ 

■(¥) 
(45) 

where 0 is the angular coordinate. The coefficients am exist for 
m = N/2, 3N/2, 5N/2, and are given by 

- = (£) 
s i n - ^ TTH 

(46) 

N TTH 

In Table 10-3 the values of ( sin ^ ir/x ) / ■= irn are given for m = N/2, 

ZN /2, and 5N/2 and various values of M- It is seen that the fundamental 

T A B L E 1 0 - 3 . — V A L U E S OF SIN ^ ir/i / TTT TM FOR S E L E C T E D V A L U E S OF m AND I± 

f 

0 .30 
0 .35 
0 .40 
0 .45 
0 .50 

B i n T 

TT/i 

0.963 
0.950 
0 .936 
0.919 
0 .900 

37TU s l n T 
3ir/i 

0 .699 
0 .605 
0 .505 
0 .402 
0 .300 

5iru 
s m y 

5ir/i 
~2~ 

0 .300 
0.139 
0 .000 
0 .108 
0 .180 

component aN/2 varies only about 6 per cent as n goes from 0.30 to 0.50. 
The successive components vary more but are much smaller contributors 
to E<, within the interaction space because of the factor 

[JL(2vr/\)] 
[/:(2irr.A)] 

which varies essentially as (r/r0)m _ 1 . Successive components are multi
plied by (r/ra)N, which for N as small as 4 and r/ra as large as f is only 
0.316. Experimentally it has been observed that only very slight changes 
are made in the performance of a magnetron when M is varied within the 
range 0.30 to 0.50. Measurements illustrating this fact are included 
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in a report by M. Healea.1 Consequently, a difference in y. will not be 
considered a source of serious disagreement between the reduced data 
of various magnetrons. 

Although the factor n may be disregarded in comparing the various 
reduced performance charts, this comparison should still be made for 
charts with the same reduced load g. The charts of this chapter vary 
widely in load; they cannot, therefore, be directly compared but must be 
first corrected to a common g. 

Two difficulties present themselves: (1) The value computed for g 
in any case is directly proportional to Yc, a quantity whose value calcu
lated by present methods is always dubious. The amount of correction 
to a particular case to bring it to a chosen value of g is therefore uncertain. 
(2) Even if g were accurately known, the load curves give very incomplete 
information about the variation in a performance chart as its g is changed. 
In meeting these difficulties, the reduced magnetic field lines and power 
contours will be considered separately. 

It is much more convenient to compare efficiency contours than 
contours of constant reduced power. It will be seen that the efficiency 
contours can be represented with 
sufficient accuracy by straight 
lines, and this fact simplifies the 
extrapolation and interpolation of 
the data. I t will be necessary to 
assume that power and efficiency 
vary proportionally as the load is 
changed at a point on a perform
ance chart, and an approximation 
is thereby introduced that is illus
trated in Fig. 10-35. The load 
curve gives the relation between 
the reduced powers p and p' 
corresponding to g and g' at constant b and i. Because the voltage 
increases slightly as g is increased, v' will be larger than v, and the effi
ciencies will be related by 

P 

to) - (6) l 

FIQ. 10-35.—Variation of performance 
chart with load, (a) Load g\ (b) load 
0' > 0-

(47) 

The efficiency r;" at v and i with load g' will be again slightly smaller 
than r\'t. Because (v' — v) is small, the error in placing 

Ve ■(f) (48) 

1 M. Healea, RL Report No. 586, Aug. 1, 1944. 
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is unimportant compared with the other sources of error mentioned 
earlier. 

Instead of trying to correct all the performance charts to a common 
value of g, each set of efficiency contours will be adjusted by multiplying 
them by the ratio of the power at the maximum of the appropriate load 
curve to the power at the load point of the performance chart. It 
will develop that the efficiencies corrected in this way show certain cor
relations, so that the procedure is useful even if arbitrary. If it is 
assumed that the efficiencies of all magnetrons at all operating points 
are the same function of g, and if 8 operates as a proper scale factor, a 
group of ideal load curves should appear as the full lines in Fig. 1036 

with their ordinates everywhere 
proportional. Experimental load 
curves appear to change very 
slowly after reaching a maximum 
point, and Fig. 10-36 has been 
drawn accordingly. Because lead 
losses and pattern distortion may 
cause the power to increase less 
rapidly than expected for increas
ing g and in a different way for 
each tube, the load curves should 
actually be expected to appear, un
der the above assumptions, as the 
dotted lines in Fig. 10-36, where 
small changes in power have caused 

the maximum points to scatter widely. With load curves of this shape, 
the adjustment of the efficiency contours to maximum power results in an 
approximate correction to a common load g0 located somewhere in the 
flat region of the curves. 

An assembly of the actual load curves up to N = 16 is given in Fig. 
10-37. These curves seem to depart further from proportionality than 
the assumptions made above would lead one to expect. This behavior 
can be due to (1) inaccurate values of Yc, (2) inaccurate data, (3) unsuc
cessful scaling by g, or (4) nonadherence to the assumption of com
pletely uniform variation of the performance charts with load. The 
source of the difficulty is not evident at present. 

The data beyond JV = 16 are not considered reliable enough to 
contribute to the comparisons that will be made, while the data for 
ZP676 and HP10V are to be excluded for reasons given in Sec. 10-5. 
Data concerning the QK61 will be found to have poor agreement with 
the other data used and have also been omitted from Fig. 10-37. The 

bjiii—i 

/ t>2'^2 

/ / *3.»3 

K~ 
~ — 

F I G . 10-36.- -Expected appearance of a group 
at load curves. 
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load curve for the 725A in Fig. 10-37 is an average of the curves for the 
Raytheon and Western Electric tubes. 

As a first step, the adjusted efficiency contours for all tubes of a 
given N have been collected on a single plot. These plots are shown 
for N = 8, N = 12, and N = 16 in Figs. 10-38 to 10-40. On these plots, 
it has been possible to draw a set of straight lines representing the data 

22 

20 

16 

12 

JS 
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^-4J50 
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^ ■ " < U 3 3 

2J32 

_^4J39 

.-'7?'i/\ 
2J39 

^_^~-

2J32 

" 
I.CW 

^>2J32 
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g 

0.6 0.8 

F I G . 10-37.—Assembly of the reduced load curves. 

within 15 per cent except at one or two points. A number of reasons 
have been given previously that indicate why efficiencies should be lower 
than normal at the extremes of operation of a tube, thus tending to close 
the efficiency contours about the operating region. This effect should 
be considered in evaluating how well the straight lines represent the data. 
In Fig. 10-40, there is observed the very unusual behavior of the efficiency 
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FlQ. 10-38.—Collected efficiency contours for JV = 8. <r = 0.38. 

Fia. 10-39.—Collected efficiency contours for N = 12. <r = 0.50 to CT = 0.59. 
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lines for the QK61. I t is not certain whether this shape is due to some 
disturbing effect, such as leakage current, or represents the real behavior 
of the contours below i = 0.5. The straight lines have not been extended 
into this region. 

The general good consistency of the efficiencies in the plots for 
N = 8, N = 12, and N = 16 confirms the reasonableness of the adjust
ments made in the contours and 
indicates that the small differences 
in a for the tubes of the same N 
either have been taken into ac
count by the scale factors or cause 
negligible effects. Consequently, 
each chart has been indicated as 
valid over the range of a shown. 

In Fig. 10-41 the efficiency 
lines for the various values of N 
have been drawn on a single chart. 
Two important points emerge: (1) 
The various lines show a remark
able family resemblance; and (2) 
although the contours for N = 12 
and N = 16 show reasonable nu
merical agreement, the efficiencies 
for N = 8 are everywhere much 
higher. From the first point, sup
port is given to V and 3 as proper 
scale factors. From the second 
point, however, it is clear that the 
scaling process used has not re
sulted in a complete coincidence 
of the efficiency contours and in that sense has failed. 

Before considering this matter further, a comparison will be made of 
the contours of constant b. Again, this comparison cannot be strictly 
made unless the reduced charts are first reduced to a common value of 
g; but because the data to make this correction are unavailable, it will be 
disregarded. A direct comparison will nevertheless be of value, because 
the correction would result only in a small, roughly parallel displacement 
of the field lines. In Fig. 10-42 the contours of almost all of the tubes 
have been superimposed for b equal to 2.50, 3.50, 4.50, 5.50, and 6.50. 
These particular contours have been obtained by a linear interpolation 
of the lines of b on the individual performance charts. The data for 
the QK61 have been excluded because of extreme disagreement of 
unknown origin. Included on the chart are a set of straight heavy lines 

FIG. 10-40.-
for N 

-Collected efficiency contours 
= 16. a = 0.60 to 0.66. 
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identified by a value of b, passing through the corresponding Hartree 
voltage at i = 0 and giving, in each case, the best average agreement 
with the corresponding experimental contours. The intermediate lines 
are interpolated. The vertical spacing of these lines corresponds well 
with the spacing of the experimental contours. Thus, by inspection of 
Fig. 10-42, it is seen that there is a maximum spread in each set of field 
contours of 20 per cent and a maximum deviation from the straight lines 
of 10 per cent. The correction for load would increase or decrease the 
deviation by a small amount. To this extent, therefore, the field lines 

F I Q . 10-41.—Assembly of efficiency contours for N = 8, N = 12, and N = 16. 

have been brought into coincidence. There appear to be some systematic 
changes in shape of the contours as JV increases, but this question cannot 
be adequately discussed without data sufficient to reduce the charts 
accurately to a common g. 

10-10. The Universal Performance Chart.—The comparisons that 
have been made above indicate that the scale factors (B, V, A, and 8 are 
sufficient over the range considered to produce at least a rough coincidence 
of the magnetic field lines and to demonstrate a similarity between the 
efficiency contours of tubes with different JV. An efficiency contour 
passing through a particular point of the (v,t')-plane appears to have a 
particular direction independent of the value of JV. However, the 
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numerical value that this contour possesses does seem to depend on N. 
The use of these scale factors, therefore, results in what may be called a 
"pseudo scaling" of a magnetron. 

The inability of the scale factors to produce a true scaling is con
firmed by measurements taken by M. Healea.1 The efficiency of an 
eight-oscillator magnetron was 8 
measured at constant magnetic 
field, current, and load for three 
different values of a. These three 6 
points appear in Fig. 10-43, to
gether with efficiency lines from " 
Fig. 10-38, which correspond to a 4 
value of <r = 0.38. The value of g 
for Healea's data is not the same 
as that appropriate to Fig. 10-38 2 
so that her efficiency for a = .37 
does no t agree wi th t he values FIG. 10-43.—Variation in efficiency with a 
indicated on the efficiency lines. for N = 8-
Nevertheless, it is observed that there is a spread of 25 per cent in the 
three efficiencies, although the spacing of the lines would predict a spread 
of not more than 7 per cent. 

That the scaling introduced by ffi, 1), 3, and g should behave in this 
way has been suggested in a report by Allis.2 He calculates that the 
efficiency of a magnetron should be constant along a line given by 

D = - ^ = const., (49) 

and that the efficiency to be associated with each such line is a function 
of a. This theory, however, is uncertain in many ways, and in particular, 
as will be seen shortly, the efficiency contours predicted by Eq. (49) 
do not agree completely with Fig. 10-41. Therefore, Allis' results cannot 
be called upon to indicate a theoretical method of associating efficiencies 
for each case with the various contours. 

In establishing a universal performance chart, one can proceed with 
the present data only to the following extent. A set of (iv')-charac-
teristics can be drawn that represent the data of this chapter within 
10 per cent but that do not reproduce well the shape of the experimental 
characteristics in all cases. These lines are drawn with no dependence 
on load because there is insufficient data to introduce such a correction. 
A set of straight lines are added that when assigned the proper values in 

1 M. Healea, RL Report No. 586, Aug. 1, 1944. 
' W. P. Allis, "Theory of Space Charge in an Oscillating Magnetron," RL Report 

No. 176, July 1, 1942. 
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each of three cases represented by different values of N and <r, reproduce 
the experimental efficiencies within 15 per cent when these are corrected 
to a loading that gives maximum power. 
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A universal performance chart constructed in this way is shown in 
Fig. 10-44. Above b = 2.50, the (v,^-characteristics are the same as 
those drawn in Fig. 10-42 and can be represented by the linear equation 

v = (2b - 1) + ^ i. (50) 

The contour for b = 1.00 must be a horizontal line passing through 
v = 1, a condition not satisfied by Eq. (50). Consequently, it is assumed 
that below b = 2.50 the characteristics have the slope suggested by 
Slater1 and given by 

(2b « + 2 ^ ^ * - (51) 

The characteristics defined by Eqs. (50) and (51) coincide closely for 
b = 2.50. Having defined the (F,/)-characteristics, it is possible to 
draw in the cutoff curve that must satisfy the relation v = b2. All 
efficiencies must become zero on this curve to be consistent with the 
(F,/)-lines. 

The efficiency contours of Fig. 10-41 have been matched closely with a 
family of straight lines given by 

* + • + §* (52) 

The quantity 5 is a parameter designating a member of the family, and 
its value is indicated on each efficiency line drawn in Fig. 10-44. The 
efficiencies to be associated with these lines will be called rj0(q,<r,N) and 
are indicated in Table 10-4, to the extent of the present data. There are 

T A B L E 10 -4 .—TABLE OF E F F I C I E N C Y 7j0 AS A F U N C T I O N OF q, a, AND N 

Q 

1.5 
2.0 
3.0 
4.0 
5.0 
6.0 
7.0 
8.0 

N = 8, 
a = 0.38 

0.30 
0.50 
0.62 
0.73 
0.82 

iV = 12, 
a = 0.50 to 0.59 

0.46 
0.57 
0.62 
0.67 

JV = 16, 
a = 0.60 to 0.66 

0.48 
0.59 
0.67 
0.72 
0.76 
0.79 

SCWC, N = 20, 
a = 0.60 

0 
0 

68 
74 

included values obtained from comparison with the performance chart 
for the SCWC. 

1 J . C. Slater, " T h e o r y of Magnet ron Opera t ion , " R L Repor t No . 200, Mar . 8, 
1943. 
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F I G . 10-45.—Comparison of efficiency lines and lines of constant D. 
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Using the (v,^-characteristics defined in Eqs. (50) and (51), the lines 
of constant D defined in Eq. (49) can be constructed. These lines are 
compared in Fig. 10-45 with the efficiency contours defined by Eq. (52); 
the lines disagree badly in slope except close to the cutoff curve. The 
experimental efficiencies therefore decrease more rapidly with increasing 
current than Allis' theory would predict, except for small values of b. 
This observed fact is consistent with the careful data taken by Rieke,1 

Platzman, and Evans in which the efficiencies are found to follow very 
closely lines of constant D because their data do not extend above v = 6. 

I t would be very desirable at this point to be able to exhibit a single 
curve giving the variation of the efficiencies of the universal performance 
chart with load. As has been said, the unsystematic appearance of the 
load curves in Fig. 10-37 makes it impossible to state a single value of 
g for which the efficiencies that have been given are valid. A certain 
amount of progress can be made, however, by normalizing the load curves 
to the maximum value of p and the corresponding value of g. These 
curves are shown in Fig. 10-46 where p/pm«i has been plotted against 
g/go for the cases considered. Except for one case the curves now show a 
reasonably similar variation with g/go and can be represented by an 
equation of the form 

9 4 
V _ 3o (53) 

Therefore, using an approximation introduced in Eq. (48), one can write 

10(3,0-, AT) / g 

( - * ) " 

(54) 

, . = vo(q,*,N) ( g Q
4yg ) 2- (55) 

The difficulty that has been encountered can now be expressed by 
saying that the data do not indicate if a single value of go exists. The 
average value of g0 is 0.5, but the range is from 0.25 to 0.80, or almost a 
factor of 2 each way. 

10-11. The General Design Formulas.—The analysis that has been 
made of the general scaling laws opens the way for more comprehensive 
design procedures. The 10 equations that have been formulated are 

1 F. F. Rieke et al., "Analysis of Magnetron Performance, Part I I , " RL Report 
No. 451, Mar. 3, 1944. 
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(56) 

(57) 

(58) 

(59) 

(60) 

(61) 

(62) 

(63) 

(64a) 

(64b) 

(65) 

The accuracy of this set of design formulas is limited by Eqs. (62), 
(64a), (64b), and (65). In Eqs. (62) and (63), g has been replaced by 
7<7o in such a way that all the uncertainty about go appears in the equation 
for GL. The quantity y = g/go, indicating at what fraction of the load 
for maximum power a magnetron operates, replaces g as a variable. 
The precision with which Eqs. (64a), (64b), and (65) represent the 
magnetic field lines and efficiency contours has already been discussed. 

The scope of the design formulas is limited by the factor tjo(a,o-,iV) 
in Eq. (65) which is known with the present data only to the extent of 
Table 10.4. 

The 10 equations listed above contain 19 quantities; any design 
procedure must fix in some way 9 of these quantities. In Sees. 10-5 
through 10-8 a process has been discussed at length in which the primary 
design parameters X, V, and I are fixed; the shape factors N, <r, and n 
and the relative operating point b, i, and y are assumed; and the quanti
ties ij„ GL, B, J, ra, rc, h, and w are computed and then examined for 
consistency with other aspects of the design. Some alternative proce
dures are to be discussed below which again fix the values of X, V, and / 
and result in trial values of the remaining quantities. These alternatives 
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vary by assuming the values for different groups of six parameters. 
Table 105 illustrates the choice made in three such alternatives. 

TABLE 10-5.—THE FIXED PARAMETERS IN ALTERNATIVE DESIGN PROCEDURES 

Parameter 

N 
<F 

P 
b 
i 
y 
i« 
GL 
B 
J 
Ta 

Te 

h 
w 

Those used in 
Chap. 10 

V 
V 
V 
V 
V 
V 

Alternative 

I 

V 

V 

V 

V 
V 

V 

II 

V 
V 
V 
V 
V 

V 

III 

V 
V 
V 

V 
V 

V 

Alternative I.—This case recognizes an attack made on the general 
design problem by Hagstrum, Hebenstreit, and Whitcomb of Bell 
Telephone Laboratories. The choice of assumed parameters used here 
assures that the design will meet certain fixed requirements laid on the 
circuit efficiency, the magnetic field, and the anode height. One relation 
between v and a can be obtained from Eqs. (56) and (64), and a second 
relation is provided by Eq. (58). When these expressions are combined, 
a becomes 

(i\ hV 
\lj 2.392V 39/VX 

NW 
42,400 (2 + ̂ ) ] ( l - ^ ) + ( l - S ) = 0. 

(66) 
This equation is not precisely that obtained by Hagstrum, Hebenstreit, 
and Whitcomb because, instead of Eqs. (64), they use an expression more 
closely fitting their particular case and neglecting any change in slope 
of the iv,i) -characteristic with increasing b. 

Equation (66) does not necessarily provide a reasonable value of a. 
The parameters entering the equation, therefore, have the restriction 
that o- must lie within some accepted range. The remaining undeter
mined quantities can now be found by using the value of a given by 
Eq. (66). 

Alternative II.—This procedure fixes the cathode current density J, 
the electronic efficiency 7je, and the relative operating point. From 
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Eqs. (64) and (65) v and q can be determined immediately; Eqs. (60) 
and (55) then provide two relations between N and a as follows: 

= N' XV Vv 
420 y/V i ' 

and 

Vo(q,v,N) = r\, (1 + y)2 

4-y 

(67) 

(68) 

By choosing a value of N, A /a is determined and therefore a can be 
found from Fig. 10-47. The value of ijo corresponding to these values of N 
and a can then be estimated from Table 10-4 if they are within the known 

A / 
<T / 

I A 

0 0.2 0.4 0.6 0.8 
a 

F I Q . 10-47.—A and A/a as functions of A\ A = o, / [ ( l - <r2)!(l + l/<r)]. 

range and examined for consistency with Eq. (68). A certain slack has 
to be permitted at this point, because N is not a continuous variable. 
Equations (67) and (68) restrict somewhat the choice of the fixed quanti
ties. In particular, A/a has a minimum value of about 0.94 at <r — 0.35. 
The values of o- and N determined from Eqs. (67) and (68) allow the 
calculation of the remaining unknowns. 

Alternative III.—This case is presented as one corresponding rather 
closely to the way in which many magnetrons have been designed in 
practice. The shape factors N, a, and ju are assumed fixed, as are the 
circuit efficiency and the cathode-current density. I t is also assumed 
that the tube will operate at a fraction y of the load for maximum power. 
From Eq. (55), a value can be obtained for rio(q,<r,N) and then a value 
for q by using Table 10-4. Equations (37) may be written 

Vv = 420 VV 
i XV Wv (69) 
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The quantities on the right of Eq. (69) are fixed and therefore deter
mine y/v/i. The values of N and a employed will approximately 
satisfy Eq. (44) in order to correspond to Table 7-6, and a graph of 
A/N2cr as a function of N can therefore be given in Fig. 10-48. 

In Fig. 10-49, contours of constant b have been drawn in the (-\/v/i, q)-
plane and serve to determine 6. With q and b known, J; and i can be found 
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from Fig. 10-44 or computed from Eqs. (64) and'(65). The remaining 
parameters can then be found without difficulty. 

10-12. Numerical Example.—In order to illustrate most clearly the 
methods discussed in this section, a numerical example will be con
sidered. Suppose that it is desired to build a c-w magnetron that 
operates with X = 10 cm, V = 1000 volts, and I = 0.15 amp. Suppose 
further that an electronic efficiency of about 0.70 is desired for y = 1.00 
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and that it is required that J equal 0.15 amp/cm2 in order to remain 
well below an arbitrary limit of 0.20 amp/cm2 . 

Consider first the procedure established by Alternative I I I . Suppose, 
on the basis of previous experience, it is believed that JV = 16 may be a 
suitable number of oscillators for the tube. From Eq. (44) the cor
responding value of o- is found to be 0.61. Since it is assumed that 
y = 1.0, it is necessary that rjo(q,<r,N) = 0.70. The corresponding value 
of q is found by reference to Table 10-4 to be equal to 6. By the use of 
Eq. (69) and Fig. 1048, it is next found that s/v/i = 4.9. With this 
value of -\/v/i and the value q = 6, a reference to Fig. 10-49 determines 
the value of b as 3.9. The value of v is found to be 7.0 from Fig. 10-44, 
and the corresponding value of i is (i/y/v) y/v = 0.54. 

From Eqs. (56) to (59) B = 1600 gauss, h = 0.87 cm, ra = 0.30 cm, 
and re = 0.19 cm. The tube the main features of which are thus estab
lished corresponds roughly to the QK61 c-w magnetron discussed in 
Chap. 19. 

Alternative I I can now be illustrated by supposing in the same 
example that b and i have the values already calculated but that JV and 
a are undecided. The quantities v and q can be considered as determined 
by b and i. From Eq. (67) it is now found that 

- = 5.5 X 10-W2 . (70) 

By use of Eq. (70) and Fig. 10-47, one can now construct Table 10-6. 

TABLE 10-6.—POSSIBLE VALUES OF N IN AN EXAMPLE OF MAGNETRON DESIGN 

JV 

10 
12 
14 
16 
18 
20 

A 
a 

0.55 
0.79 
1.08 
1.41 
1.78 
2.20 

a 

0.50 
0.59 
0.66 
0.69 

«-¥ 
0.47 
0.53 
0.58 
0.61 
0.64 
0.66 

It is observed that the conditions imposed on the design cannot possibly 
be met with JV less than 14. At JV = 14 the calculated value of a is 
considerably less than the value given by Eq. (44), but at JV = 20 the 
calculated value becomes larger than the value given by Eq. (44). The 
best match is given by JV = 16 or 18. For JV = 16, reference can now 
be made to Table 10-4, where it is found that ?jo(<7,o-,JV) for q = 6 and 
JV = 16 is consistent with the desired value. 



CHAPTER 11 

THE RESONANT SYSTEM 

B Y S. MILLMAN AND W. V. SMITH 

11-1. Factors Influencing Choice of Resonant System.—Chapter 10 
analyzed the problem of designing an anode block based on trial values 
of the parameters N, d„/\, y. = w/d, and h/\. The present chapter 
will give specific solutions to the problem and indicate modifications 
necessary in the trial solution. The specific types of blocks to be con
sidered are the rising-sun block and the strapped block, which are 

F I G . 11*1.—Double-ring-strapped anode block. 

discussed from a theoretical viewpoint in Chaps. 3 and 4 and which are 
illustrated in Figs. 11-1 and 3-1. For wavelengths above 3 cm strapped 
resonant systems become increasingly preferable to rising-sun resonant 
systems, while for wavelengths below 3 cm the situation is reversed. 
The three major factors influencing the choice between these two designs 
are size and ease of construction, unloaded Q and circuit efficiency, and 
mode separation as functions of da/\ and h/\. 

At 1 cm the prime design criterion is that dimensions be as large as 
possible compared with a wavelength. The rising-sun construction with 

460 
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its elimination of straps and accompanying increase in resonator dimen
sions fulfills this criterion. At 10 cm the prime size criterion is to make 
the complete anode block as small as possible, hence favoring strapped 
blocks. 

The unloaded Q(QU) for a strapped block is about half that for a 
comparable rising-sun block. Furthermore, because Qu decreases and 
the external Q(QE) increases at short wavelengths and large N, the circuit 
efficiency in a strapped tube becomes quite low at 1 cm. A comparison 
of rising-sun and strapped-block values at this wavelength, for 13 = 3 kv 
and N = 18, is as follows: (1) In the rising sun, Qu = 900, QE = 500, 
and ric = 64 per cent. (2) In the strapped, Qu = 550, QE = 500, and 
r\c = 52 per cent. By contrast, at 10 cm, typical values for rising sun 
are Qu = 2500, QE = 150, -qc = 94 per cent; and for strapped, Qu = 1500, 
QE = 150, r\c = 90 per cent. Thus at 10 cm, the difference in TJC between 
strapped and rising-sun blocks is negligible. Conservative strapped 
anode-block designs have values of da/\ and h/\ less than 0.3, with 
resulting mode separations in excess of 15 per cent for the double-ring 
strapping illustrated in Fig. 111 . Successful magnetron operation has 
been attained, however, with rising-sun blocks having values of d„/\ 
and h/\ of about 0.6 and mode separations as low as 2 per cent. Thus 
mode separation appears to be incidental to the choice between strapped 
and rising-sun blocks. One consequence of the small mode separations 
accompanying large values of da/\ and h/\ is the difficulty encountered 
in tuning the resonant system. 

STRAPPED RESONANT SYSTEMS 

BY W. V. SMITH 

-This section is 

o 
o 

lL' 
o 
o 

Cr : : c, ; 

11-2. Wavelength and Characteristic Admittance 
concerned only with 7r-mode wave
lengths, because this is usually the 
operating mode in strapped reso
nant systems. The accuracy of 
prediction is + 3 per cent, so that 
as a rule it is necessary to build 
a model, measure its wavelength, 
and make minor corrections for 
the final tube. 

The analysis of Chap. 4 shows 
that for certain conditions, usually 
equivalent to keeping rfa/X and 
h/\ less than 0.3, the ir-mode wave
length XT and the characteristic admittance of the entire block Ye can 
generally be computed with sufficient accuracy by the aid of the simple 

LT-Resonator inductance. 

C, = Resonator capacity ♦ fringing 
capacity. 

C, = Strap capacity. 
F I G . 11-2.—Equivalent circuit of a single 

resonator in a strapped magnetron operating 
in the Tr-mode, seen from the interaction 
space. 
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parallel-resonant circuit of Fig. 11-2, where LT and Cr are the inductance 
and capacitance of a single unstrapped resonator and C, is the capacitance 
of the straps associated with one resonator. The total block capacitance 
is N{Cr + C„). Cs may be computed from the d-c approximation because 
pertinent dimensions are small as compared with a wavelength. No 
simple formulas can cover the multiplicity of possible strap designs, but 
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11*3.—Circuit parameters of vane-type resonator. 

0.6 

the formulas given in Eq. (1) for the strapping of Fig. 11-1 are typical 
of the approximate relations that are most useful. Greater accuracy is 
not consistent with the approximations made in the rest of the problem. 

C = *„(^ + ̂ / B ) , 
where 

u = 
2s + 1 

and fa 2s + 2t+ 2b 

(la) 

(16) 

The circuit constants of the unstrapped resonator are best computed from 
field theory following the methods discussed in Chap. 2. Because these 
methods yield resonant wavelength Xr and capacitance C, as the funda
mental circuit constants, it is not necessary to evaluate the inductance 
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explicitly. In this development the resonator is assumed to be a section 
of an infinitely long cylinder, thus neglecting the fringing fields at each 
end of the resonators. The constants are determined in two steps 

L, w and h in cm 
C in farads 

0.885 x 10 -13 Lh 
7 c; 

Fio. 11-4.—Circuit parameters of a hole-and-slot resonator. 

In the first step (primed symbols) the fringing fields in the interaction 
space are neglected. In the second step, the effects of the fringing capaci' 
tance C/ are added to this result to give 
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Cr = C'r + C, = 

cr + c. 

total unstrapped capacitance 
N ' 

total capacitance 
N ' 

Xr = \'r . . j l + yr, = unstrapped wavelength, 

Ai = Xr * / l + yr' 

(2a) 

(26) 

(2c) 

(2d) 

A resonator of the vane type is illustrated in the cross-sectional 
sketch of Fig. 11-3. Also plotted in this figure are curves showing C'r 

evaluated at the plane P and X, as functions of the parameters r0, rv, h, 
and N. The resonant wavelength is computed by solving Maxwell's 
equations for the resonator, subject to the boundary condition H = 0 
along the plane P. The admittance Y' = (h/w)(H,/Ei) is evaluated at 

P as a function of u>, and the 
characteristic admittance Y'T per 

8.0 

7.0 

6.0 

(10" 

5.0 

4.0 

3.0 

^zzM, 

resonator from the relation 

Y' 2j \ da Ja 
= <*$'„ (3) 

where w'T is 2w times the resonant 
frequency of a single oscillator 
neglecting the fringing fields. 

A hole-and-slot resonator is 
illustrated in Fig. 11-4. In this 
type of geometry the resonant 
wavelength may be found from 
the plot of L/w as a function of 
a/\'r and w/a, where L, a, and w 
are shown on the cross-sectional 
sketch. The capacitance C'r is 
given by the d-c approximation 
tn{Lh/w) multiplied by a dimen-
sionless constant y also plotted in 

the figure. In the simplest lumped-constant approximation, y would be 1. 
It is seen that y is nearly 1 for 0.03 < a/\'T < 0.04, where all dimensions 
are small as compared with a wavelength. 

In deriving the above results for the hole-and-slot resonator, it was 
necessary to match admittances appropriate to the two geometrical 
shapes involved at the boundary Q in Fig. 11-4. A list of appropriate 
transformation formulas is given in Chap. 2. Because dimensions are 
small as compared with a wavelength, the fringing capacitance per 

0.2 0.4 0.6 0.8 1.0 

F I G . 11-5.—Fringing capacitance per reso
nator as a function of ix. 
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resonator C/ may be computed by 
solving Laplace's equation in the 
section of the interaction space 
shown as the shaded area of the 
insert in Fig. 11-5. The boundary 
conditions are that Hz = 0 on the 
boundaries AB, CD, and EA and 
that Ee = 0 on the boundaries BC 
and DE of the vane tips. The 
resulting approximate f o r m u l a , 
plotted in Fig. 11-5, is 

-^ • (n - log .* . ) . (4) 

This formula is independent of the 
shape of the resonator, as it de
pends only on h and M-

Observed and computed circuit 
constants for a number of tubes 
are listed in Table 11-1. Not 
all of the geometrical solutions 
included in the table correspond 
exactly to those of Figs. 11-1, ll-3a, 
and 11-4, but the calculation meth
ods used are similar to those de
scribed. In all cases the block 
height has been assumed uniform 
along the vane length, and no 
allowance has been made for the 
notches in which the strapping sys
tem is set. Tubes are listed in 
order of increasing "0. The average 
deviation of observed and com
puted wavelengths is seen to be 
about + 3 per cent. 

For some purposes, it is useful 
to conceive of the equivalent cir
cuit looking in at the back of a 
resonator, as shown in Fig. 11-6. 
The fundamental constants are the 
inductance Li and resonant wave
length Xr. The inductance Lb is 
only slightly affected by the fring-
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-^JWROT»-

C. } 
ing fields at the interaction space, and therefore the symbols used will be 
unprimed. Referring to the vane resonator illustrated in Fig. 11-7, the 

characteristic impedance Zt looking to the left 
from the plane R is computed from Eq. (3), 
replacing Y'r by Zb and C'T by Lr. The resulting 
value of Lj is plotted against ro/rv 

Regions of validity of the above computa
tions are approximately 0.1 g h/\ g 0.3, be
cause when h/\ < 0.1, the fringing fields in 
the end spaces become important, and when 
h/\ > 0.3, the equivalent circuit of Fig. 11-6 is 
not appropriate. 

In practical tube design many geometries other than the ones com
puted may be useful. For instance, a vane tube may be constructed 
with the back half of each vane reduced in height. This design increases 

V 2 

F I G . 11-6.—Equivalent 
circuit of a single resonator 
in a strapped magnetron 
operating in the ir-mode, 
seen from the back of the 
resonator. 
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F I G . 11-7.—Inductive circuit parameter of a vane-type resonator. All dimensions in 
centimeters; Lb in henrys. 

the tube inductance, thus increasing the wavelength, without any 
change in vane length. 

11-3. Unloaded Q.—For estimating Q„ of the magnetron, the equiva
lent circuit of Fig. 11-2 must be expanded to that of Fig. 11-8. The 
internal losses of the resonator repre
sented by G> can be computed from 
the unstrapped u n l o a d e d Q = Qr 
given by 

n _ WrCr 
y (57 2 A 

2SP' (5) 

Lr& ? :±r 

X 

F I G . 11-8.—Equivalent circuit, in
cluding losses, of a single resonator in a 
strapped magnetron operating in the 
jr-mode, seen from the interaction space. 

where CT is given in Eq. (2a). A 
is the cross-sectional area of the 
resonator; P is the perimeter of the resonator; and 8 is the skin depth. 
The strap losses can be computed by representing the double-ring straps 
as having spacing b, an open-circuited parallel-plate transmission line 
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of length 1/2, characteristic admittance Y0, and attenuation constant1 

a = (&/b)(P/2), where /3 = 2ir/X. If Y3 is the admittance of this section 
of the straps, then 

I Y, = F„ tanh (a + jp) (6) 

whence, for 1/2 <K X, 

Y. = Ya^(*+jp) = G.+juxC. 
and 

Q. 2G, 2a 

Analyzing the circuit of Fig. 11-8 in terms of Qr and Q,, 

Q* »,(C r + C.) Qr \ C , + 2Q. VCr/ 

(7) 

(8) 

The unloaded Q values calculated by means of Eqs. (5), (7). and (8) 
are too high, as the computed and observed values of Table 11-2 demon
strate. This is probably owing in part to the lower conductivity of the 
soldered portions of the anode block as compared with that of the solid 
copper structure assumed in the computations. 

TABLE 11-2.—THE IT-MODE UNLOADED Q VALUES OF STRAPPED ANODE BLOCK 
Material = OFHC copper 

Tube 

CM16B 
BM50 
2J42 
725BTL 
725R.J. 
4J33 
4J50M 
4J50M„ 
HP10V 

X, 

9.90 
3.10 
3.20 
3.20 
3.20 

10.70 
3.20 
3.20 

10.70 

CT 

0.198 
0.135 
0.369 
0.450 
0.481 
0.448 
0.626 
0.486 
0.342 

Q. 

2370 
1010 
1850 
1545 
1940 
3150 
1450 
1700 
3690 

Q. 

444 
198 
783 
477 
666 
750 
390 
390 

1280 

computed 

1590 
785 

1500 
1040 
1470 
1860 
818 
957 

2830 

observed 

1200 
550 
900 
680 
920 

1500 
735 
928 

* Although individual discrepancies between observed and computed values of Qu are fairly large, 
the average Qu values for 3-cm tubes are 800 observed and 1100 computed; for the two 10-cm tubes, 
1350 observed and 1725 computed. Using these average values, the ratio of the observed Q« for 
10 cm to tha t for 3 cm is 1.7; the theoretical value computed for wavelength scaled structures- is 1.8. 

Equations (5) and (7) for copper anode blocks with dimensions in 
mils and wavelengths in centimeters take the form 

1 J . C. Slater, Microwave Transmission, McGraw-Hill, New York, 1942, pp. 
140-145. 
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Qr hol«-and-dot — 7 0 ■—-p=j ( 9 f l ) 

and 

Q. = ^ L (9c) 

Equation (9b) shows the approximate inverse proportionality of QT to AT. 
11-4. Mode Separation.—The analysis of Chap. 4 shows that for 

double-ring-strapped tubes with da/\ and h/\ less than about 0.3, the 
mode separation1 is given by Eq. (4-37). This equation may be rewritten 
as 

where 
TT ~ VlT^' (10a) 

Table 11-3 lists separations between the 7r-mode and the next lower 
(N \ 

mode ( -w — 1 I as computed by Eqs. (10), together with observed values. 
Agreement is seen to be good for double-ring strapping. I t does not 
apply to single-ring strapping and if used will yield wrong results, as 
shown in the table. Mode separation for single-ring strapping is less 
than that for double-ring strapping at the same Cs/CT. The two 
columns labeled "quantities that should be « 1" are quantities that, 
according to the analysis of Chap. 4, should be small compared with 
unity in order for Eq. (10) to be valid. From the agreement between 
theory and experiment, it appears that the criterion "small compared 
with unity " may be interpreted as ^ 0.5. This is not surprising because 
it is shown in Chap. 4 that Eqs. (10a) and (10b) are also valid for 
Cs/Cry> 1. I t is not correct, however, to assume universal validity of 
Eqs. (10) simply because they agree with more rigorous equations in two 
different limiting cases. 

Table 11-3 and Eqs. (10) show that large mode separations are easily 
attained in low-voltage tubes, where \x/2irrs is large. For high-voltage 
tubes, the decrease in XT/2irr, must be compensated for by an increase in 
CS/CT- Large values of CS/CT may, however, introduce other difficulties, 
such as excessive variations in r-f field patterns along the block length 

1 For more exact restrictions, see Chap. 4. 
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T A B L E 1 1 - 3 . — T H E R A T I O \ , K S/K FOK S T R A P P E D A N O D E B L O C K S 

Tube 

CM16B 

BM50 

2J42 

725BTL 

725 R a y 

4J33 

4J50M 

4J50M 0 

HP10V 

T y p e of 
s t rap
ping 

Double-
ring 
s t rap 

Single-
ring 
s t rap 

Double-
ring 
s t rap 

Double-
ring 
s t r ap 

Double-
ring 
s t rap 

Double-
ring 
s t rap 

Double-
ring 
s t rap 

Double-
ring 
s t rap 

Single-
ring 
s t rap 

A T 

9 .90 

3 .10 

3 .20 

3 .20 

3 .20 

10.70 

3.20 

3.20 

10.70 

Cs 
CT 

0 .198 

0 .135 

0 .369 

0 .450 

0 .481 

0 .448 

0 .626 

0 .486 

0 .342 

2wrs 

3.370 

2 .150 

1.410 

1.390 

1.390 

1.415 

1.005 

1.005 

0 .942 

a 

2.220 

0 .626 

0 .732 

0 .863 

0.690 

0 .898 

0 .635 

0 .547 

0.304 

Quant i t ies t h a t 
should be <3C 1 

\NK ) 

0.013 

0 .025 

0 .420 

0 .420 

0 .420 

Q.420 

0 .480 

0 .480 

2 .400 

evgy 
0.004200 

0.000029 

0.069000 

0.180000 

0.101000 

0.147000 

0.518000 

0.223000 

0.608000 

x(?~0 

com
puted 

0.551 

0 .783 

0 .760 

0 .733 

0 .768 

0 .725 

0 .783 

0 .803 

0 .875 

X(f-) 
A T 

ob
served 

0 .57 

0 . 8 9 

0 . 7 7 

0 .75 

0 .81 

0 . 8 3 

0 .95 

or displacement of other modes toward the ir-mode wavelength. Thus1 

for long, heavily strapped anode blocks, the mode nearest in wavelength 
to the ir-mode may be one with ir-mode azimuthal symmetry but with a 
node at the center of the block longitudinally. Denoting this mode as 
IT', Eq. (4-34) yields 

. CT /X| 7 , , *h fXi : . 8irV„ , 8irVs „ , , 
1 = 7T » / r j — 1 t a n h — .. I - ; — 1 Sin -^rfr \- COS ^ryr—} (1 1 fj) Cs\H XT \X? N\T NK 

and 

Cr /X?> ,rh / \ J '. ■ 8irVs 8irVs 

C s \ X ? X r ' \ X j NK> NX* 
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Computed values of Xx' /XT are listed1 in Table 11-4. 

T A B L E 1 1 - 4 . — T H E R A T I O XX'AX FOR STRATPED A N O D E S 

Tube 

4J50M 
HPlOV* 

Ax 

observed 

3.2 
10.7 

Cs 

0.60 
1.88 

8TTV., 

A r ' 

2.51 
14.25 

Ax 

3 02 
10.46 

V 

2.15 
8.89 

Xx' 

0 713 
0.850 

* The IIP10V computations are for double-ring strapping, although the actual strapping used is 
/N \ 

single ring. For douhle-ring strapping both the I ^ - 1 )-inode and the x'-mode are almost equally 

removed from the x-mode for CS/CT = 0.34. Increasing Cs decreases the separation from the x'-mode; 

decreasing Cs decreases the separation from the [w — 1 )-mode. The actual use of single-ring 

strapping on the HP10V anode block satisfactorily displaces the x'-mode but leaves the ( w — 1 ) -mode 

uncomfortably close. 

With long anode blocks the lowest modes, such as N = 1 or N = 2, 
can also approach the main mode wavelength and do so for the HPlOV. 
The general features of the mode spectrum of various structures are 
discussed in detail in Chap. 4. 

The preceding analysis has been found applicable to designs where 
one or more straps are broken over one of the vanes to which the strap 
is not attached. The function of the break is to distort the r-f patterns 
of one of the lower modes by interrupting the current flow at the strap 
break. The r-f patterns for the Tr-mode, however, are undisturbed, 
because in the x-mode no current normally flows through the location 
of the strap break. Although the strap break does function in the 
above manner (see Chap. 4), correlation of the effects of strap breaks 
on tube performance is poor. Existing information indicates that in 
many cases the primary effect on tube performance is caused by the 

shift in wavelength of the 
( * - ' > 

mode resulting from the strap break. 

The subject of strap breaks will be dismissed with the remainder that 
the break removes the degeneracy of the lower modes, changing each 
into a doublet. Both components are then displaced in wavelength 
nearer to the ir-mode. 

RISING-SUN RESONANT SYSTEM 

B Y S. M I L L M A N 

The general design principles of Chap. 10 apply equally well to the 
rising-sun and strapped-block resonant systems. Because of the differ
ence in structure of these two types, however, the emphasis in the design 

1 For experimental verification of Eqs . (11) using d a t a from other anode blocks, 
see Chap . 4. 
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parameters is not the same. In the rising-sun magnetron, the strap 
design is entirely omitted, and in its place the ratio of resonator depths 
ri appears as a new parameter. The quantity C/L, which is so important 
in strapped-tube design, has played a relatively minor role in the design 
of rising-sun magnetrons. Similarly the quantity Qu, representing the 
internal losses, is rarely regarded as an independent design parameter. 
The losses of the rising-sun tubes are less than in strapped tubes and are 
not appreciably affected by changes in other parameters that are likely 
to be made in ordinary block design. The concept of mode separation 

Flo. 11-9.—Rising-sun blocks, (a) Open-resonator anode block; (b) closed-end design. 

does not have quite the same significance in the two types of structures. 
The choice of magnetic field for a rising-sun magnetron is more limited 
than for a strapped tube, but on the other hand there is considerably 
more latitude in the choice of the block length. 

The discussion of rising-sun anode-block design will include two differ
ent types of systems. One is the conventional open-resonator anode 
block, which gives rise in the interaction space to r-f fields that are 
approximately independent of axial position in the block. The other, 
which is used principally with blocks containing large numbers of 
resonators, is the closed-end type1 in which the r-f fields vary sinusoidally 

1 W. E. Lamb, Jr . , "Closed End Magne t rons , " RL Coordination Minutes, 8, No. 7, 
206, Jan. 24, 1945. 



472 THE RESOA'AXT SYSTEM [SEC. 11-5 

along the axis. Perspect ive sketches of these resonator types are shown 
in Fig. 11-9a and b. 

11-5. Limitations on Secondary Des ign Parameters .—In th i s section 
a brief accoun t is given of t he avai lable informat ion on the range of useful 
values for some of t he secondary anode-block p a r a m e t e r s of rising-sun 
magne t rons , i.e., t he anode d iamete r da, the n u m b e r of resonators N, the 
ra t io of resona tor d e p t h s r1; t he block he ight h, a n d t/w, t he ra t io of vane 
th ickness t o t he space be tween vanes . 

Anode Diameter.—The l imi ta t ions on the size of t he anode d iamete r 
in the r ising-sun resonan t sys tems are somewha t similar t o those in 
s t r apped tubes . Fo r a given n u m b e r of resonators and for a fixed value 
of t he wavelength , an increase in t he anode d iamete r decreases the wave-

@ - > 
length separa t ion be tween the 7r-mode a n d the I -^ — 1 1-mode and 

increases t he fraction of zero con tamina t ion in t he x-mode if the ra t io 
of resonator d e p t h s is held cons tan t (see C h a p . 3) . E i the r of these 
resul ts is, in general , undes i rable . If the increase in d iamete r is accom
plished wi th no change in mode separa t ion , as can be done b y increasing 
the resonator d e p t h ra t io , t he zero-mode con ten t is increased even more . 
T h e theo ry as p resen ted in C h a p . 3 is capable of predic t ing t he m a g n i t u d e 
of these changes b u t cannot , of course, p red ic t in any q u a n t i t a t i v e way 
the effect on m a g n e t r o n opera t ion . A s u m m a r y of t he largest va lues of 
anode d iamete r s used successfully in var ious rising-sun magne t rons 
is p resen ted in Tab le 11-5. 

TABLE 11-5.—LARGEST ANODE DIAMETERS USED IN RISING-SUN MAGNETRONS 
da* 

Type of anode block — 
18 vane-open 0.37 
22 vane-open 0.38 
2G vane-open 0.44 
26 vane-closed 0.52 
38 vane-closed 0.68 

* The value of du/X is not to be regarded as the maximum that can be used for a given N but 
rather as one below which good magnetron design is certainly feasible. The upper limit for da/\ is 
not known. 

Number of Resonators.—Kising-sun m a g n e t r o n s h a v e been con
s t ruc t ed ma in ly wi th anode blocks of 18 or more resona tors because 
these t u b e s were first designed for the 1-cm region where a large n u m b e r 
of resona tors is pa r t i cu la r ly advan tageous . However , from the theo ry 
of t he r is ing-sun s t ruc tu r e and from the compar ison of t he behavior of 
tubes hav ing 18 resonators wi th those of a larger number , one can safely 
predic t t h a t sys t ems hav ing less t h a n 18 resona tors should m a k e good 
magne t rons . I t is the use of a n u m b e r of resonators subs tan t ia l ly grea ter 
t h a n 18 t h a t becomes t roublesome. 
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As the number of resonators increases, the ranges of useful values 
for other parameters decrease. In the case of 18-cavity anode blocks 
there is considerable latitude regarding the other parameters. Good 
magnetrons can be built in the high-voltage region (13 = 3.0 kv) with a 
considerable range of values for the ratio of cavity depths ri. Moreover, 
the performance does not critically depend on the value of a (the ratio 
of cathode-to-anode radius). For 22-vane magnetrons the indications 
are that the useful ranges for rh da, and a are not likely to be restrictive 
in anode-block design. In the case of 26-vane tubes, however, there 
is practically no latitude in the choice of rx for high-voltage blocks, while 
for 38-vane magnetrons no combination of values has been found for ri 
and <r that would produce even moderately fair operation at high voltages. 
In the lower-voltage region (13 ~ 450 volts), the indications are that good 
magnetron design can be obtained with 34-vane anode blocks. 

In the closed-end resonant system a considerably greater number of 
resonators is possible than in the open-resonator system. Good mag
netrons in the high-voltage region have been built with 26 and with 38 
resonators and in the low-voltage region with 34 resonators. The upper 
limit of the useful value of N for closed-end anode blocks is not known 
at present. 

Anode-block Height.—For the open-cavity rising-sun magnetrons, 
the block height does not in a first approximation affect the ir-mode 
wavelength, the mode separations, or zero-mode contamination of the 
ir-mode. This block parameter can therefore be chosen independently. 
No mode instabilities have been encountered for block heights up to 
0.8X. 

For magnetrons having closed-end resonators the practical block 
height falls within a rather narrow range, because the ir-mode wave
length is necessarily less than twice the block height and therefore the 
lower limit of the length is 0.5X. In order to keep the resonator sizes 
from getting unduly large, one would probably not design a magnetron 
with a block height of less than 0.55X. The block should not be too 
long, perhaps no longer than 0.7X, if one intends to produce a substantial 
decrease of the wavelengths of the resonances associated with the large 
resonators. The lengths of practically all of the closed-end blocks fall 
in the range of 0.58X to 0.72X. 

Ratio of Vane Thickness to Space between Vanes.—The ratio of copper 
to space at the anode circumference does not enter critically into the 
operation of the magnetron. An increase in the thickness of the vanes 
for a fixed value of the anode and resonator diameters increases the mode 
separation, the zero-component content of the ir-mode, the wavelength 
of the ir-mode, and the C/L ratio. The changes are not very great and 
do not affect the magnetron operation in the same sense; thus an increase 
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in mode separation may be desirable, while an increase in zero con
tamination is not. 

Experiments with 1-cm 18-vane magnetrons to determine some 
optimum value for this ratio have not yielded any conclusive results, 
because there was no marked variation in magnetron performance for 
values in the range of 1.0 to 2.0. The value used in the standard 1-cm 
tubes is 1.5, and that in the high-power 3-cm magnetron is 1.4. Values 
in the range of 1.0 to 1.3 have been used in experimental tubes, particu
larly in those of shorter wavelengths. 

11-6. Desirable Mode Spectrum.—The theory of the rising-sun anode 
block has been fully presented in Chap. 3, but a brief review of the 
essential characteristics of the theory as it affects the anode-block design 

will be given here. A typical 
mode spectrum for an 18-vane 
open-resonator rising-sun system 
is exhibited in Fig. 11-10. The 
variation in wavelength of the 
various resonances is plotted in 
terms of the T-mode wavelength 
as a function of the ratio of the 
resonator depths n for fixed values 
of the T-mode wavelength, the 
anode and cathode diameters, and 
the vane thickness. For suffi
ciently large values of n the mode 
spectrum can be regarded as con
sisting of three distinct parts. 
There is a long-wavelength multi-
plet (n = 1, 2, 3, 4) which is char-

FIG. liio.—Mode spectrum of an 18- acteristic of a symmetric anode 
vane open-resonator rising-sun anode block i i 1 i • - , r 
as a function of the cavity ratio n. b l o c k having nine resonators of 

about the same size as the large 
resonators of the rising-sun design; a short wavelength multiplet 
(n = 8, 7, 6, 5) which is associated with the nine small resonators and 
corresponds to modes 1, 2, 3, 4 respectively for a symmetric anode block 
having only such resonators; and the Tr-mode somewhere between 
the two multiplets but nearer to the short-wavelength resonances. For 
a rising-sun system with more than 18 cavities, the mode spectrum is 
very similar to the one shown except that additional resonances appear 
below and very close to each of the two multiplets. 

The most important factor that determines the type of spectrum that 
will here be considered desirable is the absence of mode competition of 
ir-mode operation. This design consideration is of particular significance 
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in rising-sun resonant systems because a greater number of modes are 
generally involved than in strapped systems, and it is almost always 
possible to find a harmonic of some mode the oscillating region of which 
overlaps that of the 7r-mode, i.e., in which the value 7X for the competing 
mode is close to (Ar/2)XI (see Chap. 8). As far as the lower multiplet is 

(N \ 
concerned, one need consider only the I -~ — 1 l-mode, as it is the only 

one that has ever been observed to compete with jr-mode operation. I t 

was shown in Chap. 3 that the I K- — 1 J-mode has a considerable 
admixture of an (n = l)-component, which increases with increasing 

(N \ 
value of r\ and which renders operation in the 1-^ — 1 l-mode less 
efficient and more difficult to build up. An increase in ri is thus likely 
to favor 7r-mode operation, not only by increasing the wavelength 

0H-separation between the (N/2)- and 1-^—1 1-modes but also by 

increasing the contamination of the latter with the (n — l)-component. 
The fact that disturbance from this source appears generally at low 
magnetic fields and recedes to lower fields with increasing r\ may be 
owing to the circumstance that the radius of the charge closed is larger 
at lower fields. The electrons find themselves in a region where the 
fraction of (n = l)-component is less, and they can thus more readily 

support the (-y — 1 l-mode. 

As far as the long-wavelength multiplet is concerned, the require
ments of a good mode spectrum favor small-wavelength separation 
between this multiplet and the x-mode, a condition that is generally in 
line with low values of rt. Before discussing possible explanations for 
this requirement, the available information bearing on this subject will 
be summarized: 

1. For the range of r\ values that are of interest in the design of 
rising-sun systems, the nX values for any of the fundamentals of 
the long-wavelength multiplet are sufficiently less than (JV/2)Xr 

so that they do not form a source of mode competition with ir-modp 
operation. The components y = (N/2) — n of some of the modes 
in this multiplet do constitute sources of mode competition. 

(N \ 
2. Serious interference with ir-mode operation results if I -„ — n 1 X„ 

for n 5 4 i s close to (2V/2)Xr. 
1 See Sec. 3-3. 
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/N \ 
3. Mode competition from the component I -^ — 3 li has been 

observed, but it is likely that such disturbances can be eliminated 

X3 is near (N/2)~Kr, by a suitable choice of a, 
the ratio of cathode-anode diameters. 

4. No interference has ever been observed from components of the 
(n = 2)- and (n = l)-modes. 

5. Interference from the long-wavelength resonances can in general 
be eliminated if the following empirical relationship is satisfied 
for the wavelength of the mode of the upper multiplet that has 
the highest n value 

X < X, N - 6 

A qualitative explanation for the experimental results listed above 
can be given. In the long-wavelength multiplet, y for the competing 
mode is less than N/2, so the r-f field falls off less rapidly in the direction 
toward the cathode for the competing mode than for the 7r-mode. At the 
start of oscillations the electrons are relatively close to the cathode, and 
thus the coupling of the electrons to the component field is favored. The 
effect becomes worse as (N/2)-y increases, i.e., as n increases. This 
explains why mode competition from a long-wavelength resonance of 
smaller n value is less probable than from one of larger n (smaller 7). 
In addition, component operation is handicapped by the domination 
(shielding effect) of the r-f field of the fundamental associated with the 
resonance, since the fundamental content of the r-f field impairs the 
efficiency of the component operation and raises its buildup time. 
The domination increases with increasing value of the difference 

(?) (7 - n) = {j) - 2n. 

This again renders competition to x-mode operation less probable from 
modes of low n value. 

A good mode spectrum for a rising-sun system requires, then, suffi-

(M-cient mode separation between the (N/2)- and I -=- — 1 l-resonances, 

and low values for the wavelengths of the long-wavelength resonances. 
The first condition favors large values of rlt while the second condition 
is more easily met with small ri values. For open-resonance blocks the 
two conflicting requirements become increasingly restrictive in anode-
block design as the number of resonators increases and lead to the neces-
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sity of modifications in the oscillating circuit, such as the use of 
closed-end resonators. 

The dependence on A7 of the required mode separation between the 
(N \ 

(N/2)- and I -=- — 1 l-resonances is not well established. Evidently 
it is not necessary to have as much mode separation for a resonant system 
of large N as for one of smaller N. Thus in the case of the high-voltage 
region, V ~ 3.0 kv, 38-vane magnetrons with a mode separation of only 
about 1 per cent operate satisfactorily at low magnetic fields, whereas 
for similar operating conditions 18-cavity magnetrons require a mode 
separation of 5 per cent. In the high magnetic-field region, the high-
power 18-cavity, 3-cm magnetron is relatively free from mode inter
ference even though the wavelength separation between the ir- and 8-mode 
is less than 4 per cent. 

11-7. Comparison between Open-resonator and Closed-end Systems. 
As the number of resonators in a rising-sun anode block increases, the 
conflicting requirements of a desirable mode spectrum discussed in 
Sec. 11-6 become very restrictive. On the one hand, large rx values are 
required to overcome the decrease in mode separation between the 

(N \ 
(N/2)- and 1^- — 1 l-resonances, caused by the increasing anode and 
cathode diameters, and on the other hand smaller rx values are needed 
in order to avoid mode competition from the long-wavelength multiplet. 
As demonstrated in Chap. 3, however, both requirements can be met 
for large N values with the use of closed-end resonators. In this type 
of design, large rx values are used to obtain the proper mode separation 
on the low-wavelength side of the x-mode, and at the same time th« 
wavelengths of the upper multiplet are kept low enough to avoid mode 
competition from that source. 

The probability of exciting a component of an upper-multiplet reson
ance as compared with that for starting the 7r-mode decreases as the value 
of 7 for that component approaches N/2. The difference {N/2) — y 
may thus be taken as an indication of the likelihood of competition from 
that source. As the number of resonators increases, the value of 
(N/2) — 7 will increase if 7X is to be approximately equal to (Ar/2)XT 
and the wavelength ratio X/XT is to be constant. For example, if in an 
18-resonator rising-sun system the competing component is the f, with 
a wavelength of 1.5X,, the disturbing component of wavelength 1.5X, 
for a 30-resonator system will be the ^ . The increase in (N/2) — 7 
from 3 to 5 is believed to aid the probability of competition with ir-mode 
operation. This effect is further aggravated if r t is increased and the 
wavelengths of the upper-multiplet resonances are thereby also increased. 



478 THE RESONANT SYSTEM [SEC. 11-8 

As a closed-end block is more difficult to build than an open-resonator 
type, it should probably not be undertaken unless it is believed that a 
system with the required number of open resonators will not be a safe 
design. One electrical disadvantage of closed-end design is that the 
block height is rather restricted, whereas in the open-resonator type, 
the height can be chosen practically at will. For high-voltage mag
netrons, V « 3.0 kv. The closed-end construction should be used if 
the number of resonators required is 26 or more. In the low-voltage 
region (V « 450 volts), the use of the simpler open-resonator construction 
can be extended to a system of 30 or more resonators. 

11-8. Ratio of Resonator Depths.—In designing a rising-sun magne
tron, it is best to plan to use as small a value of ri as possible, consistent 

(N \ 
with noninterference from the { -~ — 1 1-mode. The available informa
tion on the proper value for the resonator depth ratio for various values 
of N is based mainly on experience with magnetrons that were designed 
for operation in the low-field region (\H from 6000 to 10,000 gauss cm). 
The optimum value of ri for the high-field region is not necessarily the 
same as that for low fields. The study of the performance of 18-vane 
open-resonator magnetrons designed for V close to 3.0 kv but with 
ri values varying in the range of 1.4 to 2.5 showed that in the low mag
netic-field region, values of n less than 1.6 are too low because of com
petition from the (n = 8)-mode while ri values greater than 2.0 are 
objectionable because of competition from the resonances associated with 
the large-resonator systems. In the high-field region, however, an ri 
value of 1.6 was found quite satisfactory for magnetrons in the same 
range of voltage. A summary of the range of probably useful values of 
r-i for various values of N is given in Table 11-6 for open-resonator mag-

TABLE 11-6.—USEFUL VALUES OF n, THE RATIO OF RESONATOR DEPTHS, FOR \H 
BETWEEN 6000 AND 10,000 GAUSS/CM 

N 

18 
22 
26 
34 

13, kv 

3.0 
3.0 
3.0 
8.4 

Range of n 

1.7-2.0 
1.7-1.9 

1.75 
1.8-2.0 

netrons designed for operation in the low-field region. The lack of any 
definite range in ri for the case of N = 26 demonstrates the difficulty of 
building large N, open-resonator magnetrons in the high-voltage region. 

For the closed-end system the values of r-i are higher than in the open-
resonator type. This trend is consistent with theoretical expectations, 
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because for a given value of ri both the mode separations and zero-mode 
contamination of the 7r-mode are less for the closed-end than for the open-
resonator type. In the closed-end system these electromagnetic proper
ties depend, of course, on the block height as well as on ru One would 
expect to find smaller values of ri with longer blocks. In closed-end 
resonant systems containing 26 cavities, values of ri from 2.1 to 2.7, for 
block heights of 0.63X, and V values of about 3.5 kv have been found 
satisfactory. The optimum value of ri is probably in the region of 2.2 
to 2.4 for this block height. Good closed-end 38-vane magnetrons have 
been built with n close to 2.7 for a block height of 0.7X and V of 3.3 kv. 

11-9. Wavelength Calculations for the ■n-mode.—For a vane-type, 
open-resonator, rising-sun magnetron, the wavelength of the jr-mode 
can be calculated to within 2 or 3 per cent by means of a simple empirical 
formula involving principally the perimeters of the two different reso
nators. Thus, if P represents the perimeter of the total path for two 
adjacent resonators in a block cross section, as shown by the solid lines 
in Fig. 1111, then with certain restrictions the wavelength is given by 

X = P[1.03 - 0.06(r! - 1.8) + 0.05(r2 - 1.5)], (12) 

where ri is the ratio of the radial depth of the large resonator to that of 
the smaller resonator, (rL — ra)/(rs — ra), and r2 is the ratio of copper 
to space, l/w. 

This formula, which is consistent with the data on 18-, 22-, and 
26-vane open-resonator magnetrons, will apply only if the end-space 
geometry is not appreciably different from that shown in the open-
resonator rising-sun magnetrons in Chap. 19, if the anode diameter 
corresponds to a V near the range of 2.5 to 3.5 kv, 
and if the other block parameters are consistent 
with good tube design. For example, despite the 
fact that the decrease of the ir-mode wavelength 
with increasing cathode diameter is appreciable, 
the cathode diameter does not appear in the wave- r' fy^'-^Z' 
length formula, because this effect is small if one is / n - ^ ' ^ 
confined to the range of a values that is likely to be F lQ 1 1 - n G e o . 
used. A decrease in anode diameter, however, metrical quantities 
brought about by decreasing V from 3000 to 500 volts ^on

 ;
o
n
f £° r ^ ' e 

with P, r\, r2, and <r held constant increases the wavelength. 
ir-mode wavelength about 10 per cent. 

Equation (12) should enable the magnetron designer to select the 
proper resonator diameters with sufficient accuracy for a first model. 
Subsequent small changes in the anode-block geometry, within the 
precision of tube construction, may then be made to correct for an 
initial error in the wavelength obtained. When more accurate wave-
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length predictions are needed, the formulas given in Chap. 3 should 
be used. These are based on the field theory calculations and include the 
parameters P, r\, r2, a, and da but omit effects of the geometry of the end 
spaces and the cathode end shields. The theoretical formulas may also 
be used for calculating resonances of the mode spectrum other than 
that of the ir-mode. 

The wavelength calculations for a closed-end system are somewhat 
more complicated, particularly when the resonators depart from the 
sector-shaped cross section. The procedure for wavelength calculation 
of the ir-mode is outlined below for two different types which represent 
most of the closed-end anode blocks that have been used. 

(a) (6) 
F I G . 11-12.—Closed-end rising-sun anode blocks, (a) Vane-type; (b) with circular cylinders 

at the backs of the large resonators. 

CASE I.—Completely closed vane-type anode block (see Fig. ll-12a). 
1. Calculate X °o (block of infinite length with no variation in 

properties along the Z-axis) with the aid of the formulas given 
in Chap. 3 or from Eq. (12), adding about 7 per cent for end-effect 
corrections. 

2. Compute the 7r-mode wavelength from the expression 

X~2 = VU + W' ( 1 3 ) 

where h is the block height. In the design of an anode block 
the procedure will very likely be reversed. The desired X will 
be known, and the block height will be decided on before deter
mining the cross-sectional geometry of the resonators. In that 
case apply Eq. (13) to compute the required value for X .̂ The 
perimeter of the resonators is then determined by either of the two 
procedures given in Step 1. From this value and from the 
predetermined values of the anode diameter and of the resonator-
depth ratio the diameters of the two resonators are determined, 
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CASE II.—Case II differs from Case I in that the backs of the large 
resonators are circular in cross section (see Fig. ll-12b). 

1. Follow the procedure outlined in Case I to determine the proper 
sector-shaped geometry to produce the desired wavelength for the 
chosen values of h, rh and da. 

2. Using the formulas or curves given in Chap. 3 for the admittance 
of circular- and of sector-shaped cavities, design the proper hole 
geometry to give the same admittance at plane A (see Fig. 11-126) 
as that obtained with the section of replaced sector-shaped cavi
ties. If the circular section is designed to give the same cross-
sectional area as the replaced sector section, the wavelength 
generally turns out to be too low, because that region is not com
pletely inductive, whereas if the substitution is based on preserving 
the perimeters, the resulting wavelength is too high. The proce
dure of determining equivalent admittances may also be followed 
where the substituted portions of the resonators have other than 
circular geometries. 

OUTPUT 

BY W. V. SMITH AND S. MILLMAN 

11-10. General Properties of Coaxial and Waveguide Outputs.—The 
function of the output of a magnetron is to couple the r-f energy generated 
in the tube to a useful load. To accomplish this end, the output must 
have the following properties: (1) As a circuit element, it must transform 
the load impedance to some desired level inside the tube. (2) As a 
physical element joining the evacuated tube to a transmission line, it 
must contain a vacuum seal. (3) As a section of transmission line, it 
must be capable of transmitting the high average and pulse powers 
generated by the magnetron. 

The circuit properties of the output are treated in Chap. 5. For 
magnetrons that do not differ radically from the examples shown in Chap. 
19, the analyses of Sees. 5-4, 5-5, 5-6, and 11-2 may be used to estimate the 
suitability of a given output design for the particular block geometry and 
loading requirements involved. The type of output is determined by 
requirements of mechanical strength, constructability, size, pulse or 
average power transmission, and frequency sensitivity. 

At 1 cm, waveguide outputs are the logical choice, because at this 
wavelength the construction of waveguide outputs is simpler and more 
reproducible than coaxial outputs, and coaxial lines will withstand only 
about 20 kw of 1-cm pulse power. At 3 cm, where the ultimate trans
mission line is also waveguide, waveguide outputs are generally used, 
although coaxial outputs embodying coax-to-waveguide transitions are 
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satisfactory for pulse powers under 50 kw. The ultimate transmission 
line for 10-cm radiation is generally coaxial for pulse powers less than 
200 kw and waveguide for pulse powers in excess of this amount; wave
guide is also used to transmit average powers greater than 400 watts. 
Consequently, 10-cm magnetrons that deliver less than 200-kw pulse 
or 400 watts average are equipped with coaxial outputs, while more 
powerful tubes are designed with either waveguide outputs or coax-to-
waveguide transitions. The large size of waveguide equipment at 10-cm 
makes it uneconomical to use this type of construction for operation at 
low-power levels. 

For linear scaling to different wavelengths, the percentage frequency 
sensitivity is unchanged, whereas the change in size affects the break
down power which scales as the square of the wavelength. In coaxial 
line, at a fixed wavelength, the breakdown power scales as the square 
of the diameter of the line, assuming that the characteristic impedance 
is maintained constant and the lead construction is similar. Both of 
these conclusions are dependent upon the assumption that at atmospheric 
pressure, breakdown will occur above a maximum field strength £„», 
that is independent of Wavelength. The breakdown voltage decreases 
as the duty ratio increases, and for c-w operation it is considerably below 
the pulsed values. 

11-11. Coaxial Outputs.—The observations in this section are con
cerned with outputs designed for wavelengths in the vicinity of 10 cm. 
However, the data specific to a given wavelength may be scaled at least 
qualitatively. Figures 11-13 to 11-15 illustrate coaxial leads designed 
for loop couplings. As shown in Chap. 5, other types of coupling may 
be used, however, depending on the external Q desired and the type of 
magnetron under consideration. Whenever possible, the coupling is 
designed to give the desired loading at a minimum shift in tube wave
length and with a minimum frequency sensitivity, the rest of the lead 
being kept as well matched as possible. This technique generally 
improves the breakdown properties and minimizes the complexity of 
construction. In special cases, however, it is possible to cancel one 
reflection with another and one frequency sensitivity with another by 
use of the method given in Sec. 11-12 for coaxial-to-waveguide 
transitions. 

Frequency Sensitivity.—A typical medium-power coaxial output for 
| - in. line is shown in Fig. 11-13. The lead consists of a section of line A 
of characteristic impedance ZA, a taper B, a section of line C of charac
teristic impedance Zc, a glass seal D, a choke joint E, a section of line F 
of characteristic impedance Zj, a connecting "bul le t" G of the same 
characteristic impedance Z0 as the final coaxial line, and a quarter-wave 
transformer H of characteristic impedance Zg. The lead is terminated 
by the final matched transmission line of characteristic impedance Z„. 
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A more simplified design is shown in Fig. 11-14 in which the elements 
A, B, C, and D are essentially similar to those of Fig. 11-13 but in which 
the single series impedance J in the outer conductor replaces elements 
E, F, and G. The elimination of the transformer is made possible by 
setting the size and penetration of the loop to give the desired external 
Q. The design of Fig. 11-14 is mechanically sturdier than that of Fig. 

F I G . 11-13.—200-kw pulse-power coaxial output and coupling section with choke joint. 

11-13 and is also less frequency sensitive, because it contains no large 
discontinuities of characteristic impedance. 

The improvement in the design is primarily due to the use of the 
Kovar-to-glass sealing technique.1 The use of a Kovar cup rather than 
a small tungsten lead for the inner conductor allows a construction that 
fits into a standard r-f coupling, and the short length of J eliminates the 
necessity for the choke joint. 

F I G . 11-14.—300-kw pulse-power coaxial output and coupling section without choke joint* 

A calculation of the series impedance introduced by section J shows 
that it is negligible. Thus, with J ^ in. long, the outside diameter 
T | in., and the inside H in., the series impedance is given by 

Zj = 60 loge g tan M™] in" = 8 ohms. 

As the line characteristic impedance is 48 ohms and the loop impedance 
usually of the same order of magnitude, Zj can be neglected. 

The glass seal approximately halves the characteristic impedance 
of the line in the region of the bead but leaves the impedance practically 
unaltered where the glass is thin and near the outer conductor. Assum-

1 It should be noted, however, that the No. 704 glass which is used in making 
Kovar seals is more lossy than the No. 707 glass used in the tungsten seal of Fig. 11-13. 
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ing the bead length to vary up to a maximum length of 1 in. or X„/8 
(allowing for the short wavelength in glass), the resulting impedance 
transformation represents an effect comparable in magnitude to the loop 
impedance. As a rule no attempt is made to balance out these two 
impedances. 

A modification of Fig. 11-14 is illustrated in Fig. 11-15 which shows 
a drawing of a lead for a lf-in. line. The design of Fig. 11-15 differs 
qualitatively from that of Fig. 11-14 because, in the larger size, a longer 
length of Kovar is necessary for a satisfactory metal-to-glass seal and a 
half-wave choke must be included. From the dimensions shown it may 
be calculated that the frequency sensitivity of the choke joint is negligible. 
In conformity with standard choke-joint design, the frequency sensitivity 

of the choke joint is minimized 
by making section A of relatively 
high characteristic impedance and 
section B of low characteristic 
impedance. Section B is thus 
terminated at its junction to A 
by a high impedance that, trans
formed down a quarter wave
l e n g t h of low-impedance line, 
becomes a very low impedance. 

The junction C between the output lead and the connecting section 
appears in series with the high impedance terminating B, and its nature 
is therefore not important. 

Occasionally leads exhibit sharp resonances that markedly affect 
the tube loading, the efficiency, and the lead-breakdown power. These 
resonances result from weakly coupled resonant circuits such as that of a 
choke joint operating in a mode where the circumference of the choke is 
equivalent to one guide wavelength. For large circumferences these 
modes occur near the principal coaxial mode, particularly if a section 
of the choke joint is capacitance loaded by the glass of the seal. Inside 
metal-to-glass seals eliminate this difficulty but are usually less rugged 
mechanically. 

Voltage Breakdown and Average Power Transmission.—For a given 
output power P into a matched line of inner and outer diameters a and b 
the mean squared electric field El at the center conductor is 

F I G . 11-15.—800-kw pulse-power coaxial 
output and coupling section with choke 
joint. 

E\ = 
GOP 

Mog-
flU) 

The relative values of El, for b/a = 6.5 as in the design of Fig. 11-13, 
for b/a = 2.17 as in the design of Fig. 11-14, and the optimum value of 
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b/a = 1.65 are 4.0, 1.2, and 1.0 respectively. A further increase in the 
diameter of the center conductor over that given in the design of Fig. 
11-14 would therefore have small value. 

To minimize surface breakdown, the glass seal should present a long 
path to the electric field, and the component of the electric field parallel 
to the glass surface should be 
made as small as possible. Re
entrant glass surfaces with cre
vasses between the glass and the 
outer conductor should be avoided 
because localized high-frequency 
discharges take place in the cre
vasses and the glass is eventually 
ruptured. 

Safe pulsed ratings for all 
phases of a 1.5 SWVR are 200 
kw1 for the design of Fig. 11-13 
and 300 kw for the design of Fig. 
11-14; average power ratings are 
250 and 450 watts respectively. 

On the basis of the scaling 
laws, the breakdown power of the 
high-power lead of Fig. 11-15 is 
computed to be 1000 kw. This 
design may be conservatively 
rated at 800 kw, although it will 
usually pass 1500 kw into a well-
matched line. On average power 
transmission, it will safely pass 
1.5 to 2 kw and with forced-air 
cooling has transmitted 3 kw 
experimentally. 

11-12. Coaxial-to-waveguide 
T r a n s i t i o n s.—Coaxial-line-to-
waveguide transition sections2 are 
illustrated by the "doorknob" 

FIG. 11-16.—10-cm, 800-kw pulse-power 
"doorknob" transition for If-in. coaxial line 
to If- by 3-in. waveguide. 

transition type of Fig. 11-16 and the "p robe" type of Fig. 11-17. 
The breakdown characteristics of the doorknob transition are similar 

to those of a lead terminated in a coaxial line. The probe type, however, 
1 The breakdown data given in this section refer to pulsed operation at 1 jusec, 

1000 PRF, and remain valid as the pulse duration and repetition frequency are 
varied by a factor of 2. 

1 See Vol. 9, Chap. 6, Radiation Laboratory Series, for a detailed treatment of 
this subject. 
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has been improved in this respect by the location of the glass seal in a 
region of low electric field. At 8.5 cm the probe transition is rated at 
800 kw as compared with 500 kw for the doorknob type. The frequency 
sensitivity of the probe design is also superior to that of the doorknob. 
A set of data showing the frequency sensitivity of the probe transition 
of Fig. 11-17 is given in Fig. 11-18 in which the standing-wave ratio 
in the coaxial line is plotted as a function of wavelength, the waveguide 
being terminated in a matched load. To attain the low-frequency 
sensitivity shown in Fig. 11 18 it is necessary deliberately to mismatch 
Copper -v r Kovar Glass 7 „ ,. lL . , , 

1 1 ' Section through A-A 

Standard flange l'/£x3 
waveguide. 

F I G . 11-17.—8-5-cm, 800-kw pulse-power " p r o b e " transition for coaxial line to X\- by 3-in. 
waveguide. 

1.16 

1.12 

•5 1.08 

1.04 

1.00 
7.5 9.5 10.0 8.0 8.5 9.0 

Wavelength in cm 
Fia . 11-18.—Frequency characteristics of a " p r o b e " transition shown in Fig. 11-17. 

the junction of probe to waveguide and then to cancel out the resultant 
reflection by an inductive iris in the waveguide. This procedure sets 
up standing waves in the transition section and may reduce its break
down power, but the sacrifice is unavoidable if broadbanded transition 
is desired. The theory of this type of broadbanding is given 
in Vol. 9, Chap. 6. 

11-13. Waveguide Outputs.—The two important components of a 
direct waveguide output for magnetrons are the window and the trans
former. The window functions as a vacuum seal and an r-f connection 
between the internal and external guides, and the transformer transforms 
the load impedance to a value proper for magnetron operation. The 
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design information presented in the following sections is restricted to 
component types that have been widely applied. The discussion of 
windows is limited to those of the circular cross sections, because this 
type of window is easily manufactured in a reproducible way and has 
been used in almost all of the magnetrons with direct waveguide output. 
Similarly, most of the discussion on transformers is devoted to the 
quarter-wave type, a design for which considerable information is 
available. A description of the circular iris output, used with a half-
wavelength stabilized cavity, is included in Sees. 11-14 and 11-15. 

The Window.—A good window should be almost lossless and almost 
reflectionless. A practical approach to a lossless window for 1.25-cm 
magnetrons is shown in Fig. 11-19. The design embodies a low-loss 
glass (Corning No. 707) sealed in the base of a Kovar cup. Electrical 

. - *707 Glass window 

0.250"dia. 
Waveguide, 

0.170"x 0.420" 

Fia. 

Kovar cup 

Copper ring 

11-19.—Window for the waveguide 
output of a 1.25-cm magnetron. 

0.04 0.06 0.08 0.10 

F I G . 11-20.—Waveguide-window diam
eter d required for match as a function of 
glass thickness t. 

contact between the window and the guide is effected on each side by 
means of standard r-f chokes, one of which is shown in the figure. 

The nonreflecting property of the glass window is achieved by the 
choice of the proper diameter and thickness for the glass. A nonreflecting 
window may be looked upon as a short circular waveguide of the same 
characteristic impedance as the rectangular guides between which the 
window is inserted. The characteristic impedance of circular guide 
increases with decreasing diameter, and a rectangular guide of high 
characteristic impedance therefore requires a window of small diameter. 
The comparison should not be used for quantitative calculations, however, 
because the window thickness is only a small fraction of a wavelength and 
also because the end effects play an important part in the matching of 
the window to the guide. This is verified by the fact that the proper 
window diameter for nonreflection is not independent of thickness. 
Figure 11-20 shows a plot of the observed window diameter required for 
match as a function of window thickness for one fixed set of guide dimen-
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sions. A procedure that is commonly followed in designing a window is to 
choose the thickness on the basis of mechanical considerations and then 
to determine the diameter by testing for nonreflection. The thickness 

of windows in common use ranges 
from 0.02X to 0.04X, and the diam
eters from 0.4X to 0.8X. I t is not 
difficult to make windows with 
reflection coefficients of 0.05 or less 
for guides transmitting r-f power 
at 1-cm or longer wavelengths. 

Although the b r e a k d o w n 
strength of the window design in 
Fig. 11-19 is considerably better 
than that of a coaxial output, it is 
inadequate for high-power magne
trons. Arcing a t the window 
may occur at about one-quarter 
the power required to break down 
the guide itself because of the 
sharp physical discontinuities be
tween the circular window and the 
rectangular guide, particularly at 
the center of the guide where the 
electric field is strongest. Initial 
at tempts at "rounding the cor
ners" of the guides have led to a 
s y s t e m a t i c and reproducible 
method of chamfering the guide 
to obtain a physical match be

tween the guide and the window (see Fig. 11-21). 
When the guide is chamfered at the window boundary, there is a 

twofold improvement of the breakdown strength. Not only are the 
sharp discontinuities removed, but also there is an increase in the diam
eter of the window required for match. This increase in diameter may 
be regarded as resulting from the fact that the chamfering has served to 
introduce shunt inductances on both sides of the window and that this 
is balanced by the equivalent shunt-capacitance effect of a large window. 
As the nonreflecting properties are achieved by a balance of shunt 
susceptances, the spacing between the window and the guide should 
be the same on both sides of the window. For the chamfer design 
shown in Fig. 11-21, the diameter of the window is about 35 per cent 
larger than for ordinary guide and the power-handling capacity of the 
guide is almost doubled. With this type of window geometry a pulsed 

-Kovar cup 
F I G . 11-21.—Waveguide window for cham

fered guide. 
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F I G . 11-22.—Standing-wave voltage 
ratio introduced by window and chokes, 
as a function of wavelength, for a win
dow design that includes chamfered 
guides. 

power of over 700 kw has been transmitted without arcing at atmospheric 
pressure for a 3-cm magnetron operating with a pulse duration of 0.5 fisec 
and terminated with a matched guide. 

The available data on the broadband properties of the combina
tion of window and r-f chokes for the two types of window geometries 
discussed above do not permit a good evaluation of the advantage or 
disadvantage of chamfering the guide from the standpoint of frequency 
sensitivity. T h e r a n g e of wave
lengths for which a given window 
will introduce a reflection coefficient 
of 0.1 or less is of the order of 20 per 
cent for either type and can probably 
be improved if the broadband prop
erty of the window is taken into 
account when the window geometry is 
designed. A typical plot of the stand
ing wave introduced by the window 
and chokes as a function of wave
length is given in Fig. 11-22 for a 
window design that includes cham
fered guides. The details in the curve 
are not always reproduced, but the general appearance of the curve is 
similar for windows of presumably identical construction. 

The low-loss No. 707 glass that is used in windows is adequate for 
ordinary magnetrons but is inadequate for outputs transmitting high 
average power. Thus with 3-cm radiation, 500 watts of average power 
is close to the upper limit that can be transmitted through the window 
without the use of special cooling devices. As the losses in glass increase 
with temperature, a "blow-in" of the window becomes a serious limita
tion in the high-power tubes. The substitution of mica for glass seems 
to offer a good solution to the high-power problem because the loss in 
mica is about 1.5 per cent of that in No. 707 glass. The technique of 
constructing mica windows for waveguide outputs is given in Sec. 17-4. 

The Transformer.—The transformer in a waveguide-output design 
serves as an impedance-matching device that reduces the high impedance 
of the waveguide used in power transmission to a value sufficiently low 
(about one-hundredth of the guide impedance) to effect the proper 
loading for the magnetron. A simple form of such a transformer is a 
quarter-wave section of waveguide of rectangular or other cross section 
which connects one of magnetron resonators to the short section of 
standard waveguide used in the output. At the transformer-resonator 
boundary the current is continuous, so that the axial current in the 
transformer is equal to the r-f current in the back of the resonator. 
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The impedance required at the resonator depends on the block geometry 
and the desired stability of the magnetron; i.e., on the external Q. This 
quantity may be written in the form 

QB = -*=* . (15) 

where l* is the equivalent inductance of a resonator, Ik is the current 
amplitude in that resonator, / is the current amplitude at the transformer-
resonator boundary, R is the real part of the impedance presented by the 
load at the resonator, and the summation extends over all the resonators. 

For a strapped anode block the values of lk are the same for all 
resonators. Furthermore, if the loading is assumed to be sufficiently 
light, the current amplitudes will be nearly the same in all resonators 
and the quantity QE will assume the simpler form 

Q* = °f ■ (16) 

Thus when the effective inductance of a resonator of a strapped block 
is known, and when QE is specified, the required load is determined. 

Equation (16) is not valid for open-resonator rising-sun blocks because 
the equivalent inductance of a small resonator is less than that of a large 
one and because the current amplitude in the back of a small resonator is 
greater than that in a large one. For this type of magnetron design, then, 
Eq. (15) will take the form 

QE 2RP ' ( 1 7 ) 

where li and I\ refer to the small resonators, l2 and J2 refer to the large 
ones, and light loading is assumed as before. I t follows from this expres
sion that the required load will depend on whether the output is taken 
from a large or from a small resonator. When the output is taken from a 
large resonator, as has been the case in all rising-sun systems, Eq. (17) 
becomes 

aN 
('■ + f ' j | ) . 

Q> = 2R , (18) 

and as Ix is greater than I2, QE is greater than uN(li + h)/(2R). When 
the output is taken from the small resonator, however, QB is less than 
wN(li + h)/(2R). I t follows, therefore, that in the rising-sun system 
the required load is not uniquely determined by the block geometry 
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and the specified QE. Thus when QE is defined for a rising-sun magnetron 
in terms of an equivalent inductance of a simple series resonant circuit 
QE = uL/R, it is implied that the equivalent value of L depends upon the 
resonator that is used for the output. This simply emphasizes the fact 
that the definition of an equivalent inductance for a resonator is, in 
general, not unique and depends on the current distribution in it. 

Closed-end rising-sun systems require a considerably greater load 
resistance for a given QE than do the open-resonator systems, because 
the closed-end resonators contain two different kinds of oscillating cur
rents. One is the usual radial-circumferential current which is associated 
with an axially oscillating magnetic field; the other current is transverse 
and is associated with radially oscillating fields. The transverse current 
does not couple to the transformer, because its amplitude vanishes near 
the output. However, a considerable amount of stored energy is asso
ciated with the transverse current, particularly when the block height 
is close to a half wavelength, and this increase in the total stored energy 
of the block requires an increase in R to maintain the same QE. The 
actual value of R depends on the block height; for some closed-end 
designs a value six times as large as that needed for the open-resonator 
type has been found necessary. 

11-14. Waveguide Transformers. The Rectangular Transformer.—A 
simple type of quarter-wave transformer consists of a section of angular 
waveguide. With this type of transformer, neglecting end effects and 
assuming that the window does not reflect and that the waveguide used 
for the power transmission is terminated with a matched load, the 
impedance presented to the output resonator of the magnetron will be 
real and given by the expression 

Z'2 

Z = Yl' <19> 
where Z„ is the characteristic impedance of the guides on each side of 
the window and Z'0 is that of the transformer guide. From the V2/w 
definition of impedance of a guide, the expression for Z0 and Z'a in terms 
of the respective guide dimensions a, b and a', b' are, in units of 377 ohms, 

*-?['-(*)■]"" - *-?[-te)T <*» 
Substituting Eq. (20) in Eq. (19) the expression for Z becomes, in units 
of 377 ohms, 

'-?*[-(*)T[-(*)T- (21> 
If a, a', and b are kept constant, as is usually the case when one is deter
mining the proper loading for a given magnetron, the impedance is 
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directly proportional to the square of the narrow dimension of the trans
former. Having measured QE for a block with a given transformer 
geometry, it is simple to determine the proper value of 6' for any desired 
loading. 

To ensure that the load presented to the magnetron resonator is 
one of pure resistance, it is necessary to take into consideration the end 
effects that were neglected in the preceding discussion. I t is relatively 
simple to determine the equivalent shunt reactances associated with the 
physical discontinuities at the ends of the transformer and allow for 
them by a small departure of the transformer length from the value 
X„/4. An experimental procedure for determining the proper trans
former length has been described.1 

The broadband characteristics of the rectangular waveguide trans
former are satisfactory for ordinary magnetron operation. The variation 
of the magnetron load with frequency can be seen in the expression for 
the impedance presented at the transformer-resonator boundary for 
arbitrary lengths of the transformer; namely 

-£ + j tan 2ir — 
Z _ ryt ^ 0 "0 — ^o g r> 

1 + 3 ~m tan 2TT — 
At) A„ 

where it is assumed that the impedance at the window end of the trans
former is Zo and that I is the effective length of the transformer, where 
end effects have already been taken into account. For values of I 
close to X0/4 one may write 

Z = R + jX = Z'B ( 0 csc* ^ - jZ'0 cot M (22) 

The broadband characteristics of the output will be determined by the 
dependence of the real part of Z on wavelength and by the effect on the 
r-f current in the output cavity produced by the imaginary part of Z. 

The dependence of R in Eq. (22) on wavelength is not very marked. 
The factor Z'JZt, can be made independent of X by making a' = a, and 
for a well-chosen guide a change in wavelength of 10 per cent will effect 
Z'0 by only about 5 per cent and csc2 (2JTZ/X0) by less than that . The 
frequency dependence of R can be further improved by making a' some
what greater than a, as shown in Fig. 11-23, where R/R0 is plotted as a 
function of X/Xo for various values of a' and a, the large dimension of the 
transformer and output guide, respectively. The transformer dimen
sion 6' is chosen to give the desired R value (Ro) at midband (X0). 

>S. Millman, "Waveguide Output for 1.25-cm Magnetrons," NDRC 14-245, 
Feb. 1, 1944. 
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The effect of the imaginary part of Z, aside from the small change in 
the magnetron wavelength and the almost negligible distortion in the 
mode pattern, is to alter the r-f current in the output cavity. Assuming a 
fixed r-f voltage across the mouth of the output resonator, the change in 
current will be given 

I _ y/juL)* + Rl } 

I* V("L + x)2 + R2 

where I0 is the current amplitude at midband and L is the equivalent 
inductance associated with the output resonator. The effect of this 

1.20 
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F I G . 11-23.—Resistive component of magnetron load vs. wavelength for various combina
tions of the dimension a of the transformer guide and the external guide. 

current change on QE is, according to the definition of QE as given in 
Eq. (15), to multiply QE by a factor that is to a first-order approximation 
[1 + (X/wL)]2, wherein the effect of X on the total stored energy of the 
magnetron has been neglected. This factor is easily evaluated from the 
definition of X as given in Eq. (22) when the value of L for the output 
resonator is known. 

The Transformer of H-shaped Cross Section.—For magnetrons with 
short block heights, the large size of the dimension o' of the rectangular 
waveguide transformer may prove mechanically inconvenient. With 
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the H-type waveguide, however, an effectively large a' can be achieved 
with small physical sizes. A transformer of this guide shape has been 
used in the output design of the 4J50 magnetron described in Chap. 19. 
The relative dimensions of this H-type cross section and the output wave
guide are shown in a drawing of the transformer-guide boundary (Fig. 
11-24). 

The proper transformer length is obtained by determining X„ in 
this type of guide and by evaluating the end corrections at the boundaries. 

The value of X„ can be either measured experi
mentally or calculated as shown in Sec. 5-6. 
The end corrections can be determined in the 
same way as those for the rectangular guide 
transformer.1 

The required transformer width depends 
on the load to be presented to the magnetron 
at the output resonator. However, in this 
type of transformer the effective resistance at 
the output resonator depends not only on the 
characteristic impedance of the H-section and 
of the output waveguide but also on the trans
former action at the boundary between the 
waveguide and transformer. This is a result 
of the fact that the coupling between the 
transformer and waveguide extends over only 
a fraction of the total height of the guide. 
The calculations for this effect are given in 
Sec. 5-6. The effect of the difference in height 
between the transformer and waveguide is to 
require an increase in the transformer width. 
The dependence of the resistance on the 
square of the transformer width holds for the 
H-section as well as for the rectangular wave
guide type and can be used for correcting 
initial errors in the design. 

The frequency dependence of the H-section transformer is very similar 
to that of the rectangular waveguide type. When good broadband 
characteristics are required, the dimensions of the H-section should be 
chosen in such a way as to yield a cutoff wavelength in the transformer 
that is at 'east as long as that in the output waveguide. 

The Iris Transformer.—A method has been developed for controlling 
the magnetron loading by means of an iris-type transformer in conjunc
tion with a stabilized cavity.2 The stabilizer is in the form of a half-

llbid. 
2 A. Nordsieck, "New R-f Output Transformer for K-band Magnetron," RL 

Coordination Minutes, 7, 45, Sept. 13, 1944. 

Fia. 11-24.—Relative sizes 
of H-section transformer and 
output waveguide in the 4J50 
output. 
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0.191 
- Parallel 
plate section 

wavelength section of rectangular waveguide inserted between the output 
guide and one of the magnetron resonators. The strong coupling required 
between the cavity and the resonator is achieved by means of a rec
tangular resonant iris, while the comparatively weak coupling between 
the cavity and the output guide is obtained with a circular iris in the 
thin wall separating the cavity from the output guide. The diameter 
of this iris determines the magnetron load. The stabilizing properties 
of the half-wavelength cavity will be further discussed in Chap. 16. 
The discussion in this section will be concerned with the proper cavity 
length for a pure resistive load, the 
dependence of QB on the diameter of 
the iris, and the frequency sensitivity of 
the iris-type transformer. 

The proper length for the stabilizing 
cavity is that length which does not 
change the resonant wavelength of the 
anode block. The departure of this 
length from X„/2 is due to end effects. 
At the resonator end of the cavity, a 
resonant iris gives maximum coupling 
between the cavity and the resonator 
and also eliminates any shunt suscept-
ance at that junction. An experi
mental setup for determining the proper 
iris length is shown in Fig. 11-25. A 
rectangular iris of arbitrary width and 
thickness and of length h is soldered to 
a short section of waveguide having the 
same cross-sectional dimensions as the 
stabilizing cavity. The source of r-f 
power and the standing-wave detector are attached to the other end of 
the guide. Two sections of parallel-plate transmission line having the 
same cross-sectional dimensions as the back of the output resonator of 
the anode block are alternately butted up against the iris. The length L 
of one of these sections is Xo/4, and that of the other is Xo/2. The experi
ment consists of varying the length of the iris h and recording for each 
value the minimum position of the standing wave Xm for each of the 
two parallel plate sections used. The criterion for resonance is that iris 
length which yields 

-Iris 

- Waveguide 
To standing wave detector 
and oscillator 

"1 
0.052" 

K-020" 
0.063"-J 

F I G . 11 -25.—Experimental eetup 
for the determination of the proper 
length h of a resonant iris. 

* - ( £ ) - * - ( T ) -
This method of determining the length of the resonant iris avoids 

the need of making assumptions concerning the proper geometrical plane, 
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in an iris of finite thickness, that would represent the electrical location 
of the junction between the cavity and the resonator. 

At the guide end of the cavity a correction to the cavity length is 
required because of the equivalent shunt susceptance of the circular iris. 
In Vol. 10 is given the value of this susceptance for circular iris dia
phragms of infinitesimal thickness. I t can also be deduced for an iris 
of finite thickness from the measurement of the external Q of a half-wave 
cavity coupled to waveguide by such an iris. However, because of the 
ambiguity in the electrical reference plane, the knowledge of the shunt 

susceptance is not quite sufficient 
to determine the end correction. 
The proper cavity length can be 
obtained experimentally by attach
ing the whole coupling unit, includ
ing the resonant iris, to an anode 
block of known resonant wave
length and observing the resonant 
wavelength of the entire combina
tion as a function of cavity length. 

The loading of the magnetron 
is controlled by the diameter of the 
circular iris, and the external Q is 
approximately proportional to the 
sixth power of the diameter. It is 
still easier to control the external Q 

with this type of coupling device, however, than it is with a quarter-
wave transformer, particularly at short wavelengths. 

The major disadvantage of the iris-type transformer is its frequency 
sensitivity. The observed dependence of QE on the resonant wavelength 
of the combination of anode block and stabilizing cavity is shown in Fig. 
11-26 where the change in wavelength was obtained by changing the 
length of the cavity and keeping the anode-block resonance and dimen
sions of the two irises fixed. This curve indicates one reason why it is 
necessary to match the resonant frequency of the cavity to that of the 
block. The electronic efficiency of the magnetron is also affected by an 
appreciable mismatch of the resonant frequencies. This type of trans
former is therefore not suited for use in a magnetron in which a tuning 
range of more than a few per cent is required. Neither is it advisable 
to use this coupling device with experimental magnetrons, because it 
may aggravate the problem of mode competition from resonances having 
wavelengths appreciably different from that of the 7r-mode. It should 
be introduced into a block design only after all disturbances to the proper 
magnetron operation due to other modes have been eliminated,--

1.00 
\_ 

F I G . 11-26.—The observed dependence 
of the external Q on the resonant wave
length of the combination of anode block 
and stabilizing resonator. 
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11-15. Examples of Waveguide Output.— A brief description of the 
important features of waveguide-output design will be given in this 
section for three output types that have found wide application in short-
wavelength magnetrons. 

Output Design for High-power \-cm Magnetrons.-—Figure 11-27 shows 
a waveguide output that is essentially the one used for the 1.25-cm 
3J31 magnetron and for other tubes in this wavelength region. The 

Guide dimensions 
" " *" 0.170x0.420 

F I G . 11-27.—A typical waveguide output for 1.25-cm magnetrons. 

chamfering of the guides at the window permits the transmission of 
pulsed powers up to 130 kw at atmospheric pressure. The transformer 
dimensions shown in the figure give an external Q of about 400 for 
the 3J31 tube. The required transformer dimensions for open-resonator 
anode blocks having more than 18 resonators are not appreciably differ
ent. Scaled versions of this design have been used in the high-power 
3-cm rising-sun magnetron and in tubes of wavelengths less than 1.0 cm. 

Output with H-section Transformer.—This output, shown in Fig. 11-28, 
has been used in the 16-resonator, strapped, high-power 3-cm magnetron, 
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~^l«r 

1.125 

the 4J50. The dimensions given in the drawing are appropriate for an 
external Q of about 350. The window design is similar to that of Fig. 
11-27, except that the guides have not been chamfered. 

Stabilized Iris Output.—Figure 11-29 shows the important dimensions 
of the half-wavelength stabilized cavity and the two irises for the stabi

lized iris output used in the 1.25-cm, 18-
vane, rising-sun 3J21 magnetron. The 
window end of the output guide is almost 
identical with that of Fig. 11-27. The 
dimensions of the circular iris are appropri
ate to an external Q of about 550. As a 
result of the stabilizing cavity the Q0 value 
of this tube is about 1.6 as great as that of 
a magnetron having the same anode block 
but a simple rectangular-guide transformer. 

11-16. End-space Geometry. Disturb
ances Produced by End-space Resonances.— 
In designing a magnetron anode block 
attention may have to be given to the end 
regions surrounding the resonators. The 
dimensions of the end spaces have not been 
taken into account in the design of the 
essential resonator dimensions, partly be
cause of the general difficulty of handling 
end effects and partly because in most cases 
the magnetron mode spectrum is not 
appreciably affected in a manner that would 
interfere with x-mode operation. The 
effects on the wavelength and on the mode 
separation that are produced by changes in 
the end spaces can usually be compen
sated for by relatively small changes in 

some parameter of the resonant system. The end regions are frequently 
not "designed," therefore, but simply assume a geometry that is dictated 
mainly by mechanical considerations after the requirements of the more 
essential tube parameters such as block height, pole gap, and output 
transformer have been satisfied. Such a procedure does not always 
lead to a good magnetron design. Tube resonances other than those 
associated with the normal magnetron modes may couple to the electrons 
in the interaction space at the same voltage and field values as the r-mode, 
thus offering considerable disturbance to the operation of the magnetron. 
For such oscillations, the end spaces store a considerable fraction of the 
r-f energy and therefore determine the wavelength of the disturbing 

F I G . 11-28.—The H-aection 
transformer used in the 3.2-cm 
4J50 magnetron. 
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resonances and the conditions for maximum interference with normal 
magnetron behavior. 

Although the following discussion on the need of end-space design 
is based principally on the experience gained with rising-sun magnetrons, 
it is not to be inferred that magnetrons having strapped blocks are 
necessarily free from end-space disturbances. The difference in size 
between the large resonators of the rising-sun block and the small 

F I G . 11-29.—The stabilized iris output of the 1.25-cm, 18-vane, rising-sun 3J31 magnetron. 

resonators associated with strapped blocks of the same wavelength makes 
it more probable that smaller end spaces will be found in strapped tubes. 
I t is this circumstance, as well as the fact that the wavelengths of the 
competing end-space resonances are large, which makes end-space dis
turbance less likely for strapped tubes than for rising-sun magnetrons. 

A good example of the effect of end-space geometry on magnetron 
performance can be found by comparing the performance at a given 
magnetic field for two 18-vane open-resonator rising-sun magnetrons 
differing only in the geometry of the end-spaces. Longitudinal sections 
of the blocks and end regions of these tubes are shown in Fig. 11-30a 
and b. Voltage-current plots at 7900 gauss are given for these tubes 
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in Fig. ll-31a and 6; the operating efficiencies at the same field are 
plotted as a function of anode current. I t is shown that the dynamic 
impedance dV/dl is much greater in the low-current region for the tube 

F I G . 11-30a.—Rising-sun magnetron with large end spaces. 
F I G . 11-306.—Riaing-sun magnetron with small end races. 
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F I G . 11-31.—A comparison of the operating characteristics at 7900 gauss of the magne

trons of Fig. 11-30a and b. (a) Voltage-current characteristics; (b) efficiency as a function 
of anode current. 

with the larger end spaces. Moreover, the operating efficiencies meas
ured at the output guide are practically zero for this tube up to 7 amp. 
This is in marked contrast to the performance of the tube with the smaller 
end-spaces. From a study1 of the long-wavelength resonances that are 

1 A. Ashkin and S. Millman, " D y n a m i c Impedance of A-type Magne t rons , " 
N D R C 14-266, Mar . 1944, p . 1. 
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observed at low currents near the cathode leads and are accompanied 
by abnormal overheating of the cathode, it was conclusively established 
that these differences in performance were not due to leakage or emission 
from the cathode end shields but rather were consistent with the assump
tion that the end-space oscillations could be characterized by a pre
dominantly radial electric field in the interaction space and r-f currents 
in the end-space regions, as sketched in Fig. 11-32. The low-current 
disturbances to magnetron operation that arise from end-space resonances 
can be eliminated by decreasing the diameter of the end-space cylinder. 
No end-space disturbances are observed with open-resonator rising-sun 
blocks when the difference between the diameter of the shell and that 
of the large resonators is kept small ( < 0.16X). For closed-end systems 
the end-space problem is automatically solved when an axial mount is 

F I G . 11-32.—Possible charge and current distributions for end-space oscillations. 

used for the cathode and when the pole pieces are in contact with the 
block covers. 

Leakage of ir-mode Radiation at End Regions.—The end spaces may 
further affect magnetron operation adversely either by absorbing 7r-mode 
r-f power or by transmitting it to the exterior of the magnetron. Both 
of these effects are characterized by abnormally low Q0 values for the 
anode block; and if the r-f power is transmitted to the exterior, a con
siderable amount of r-f power will be observed at the cathode supports. 
These energy "s inks" are objectionable not only because they decrease 
the output efficiency but also because the extraneous losses are likely 
to be variable, particularly for short-wavelength experimental tubes 
in which the end spaces are not always readily reproducible. 

The manner in which the r-f energy couples to the end spaces is 
different for strapped and rising-sun magnetrons. In the former case 
the coupling arises from the fact that the two inside straps are usually 
connected to alternate fins and are therefore oppositely charged. As 
the induced charges on the cathode produced by these straps are greater 
than those arising from the more distant outer straps, a net induced 
dipole on the cathode results. A radial electric field with a voltage node 
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in the central plane is then produced in the interaction space. The power 
that is radiated through the cathode in this manner will depend, of course, 
on other parts of the transmitting circuit, which may include the end 
spaces, and transmission by means of the lowest coaxial mode through 
the cathode leads is possible. In the rising-sun design there is no com
parable coupling action between anode block and cathode. When the 
cathode is accurately centered in the tube, the only coupling mechanism 
is by means of the zero component of a !T.Eoi-mode in which the electric 
field possesses only an Ee component, and large holes in the pole pieces 
or in the pipes surrounding the cathode supports would therefore be 
required to transmit the radiation. When the cathode is off center, 
the zero mode at the cathode may have an admixture of a T-En-mode, 
and the transmission of power in this mode requires considerably smaller 
holes in the pole pieces. The conditions under which r-f leakage has been 
observed at the cathode supports in rising-sun magnetrons corroborate 
this analysis; practically no r-f leakage is observed when the hole sizes 
are small enough to cut off all but the principal coaxial mode of 
transmission. 

When the cause of the r-f leakage has been determined, it is generally 
not difficult to eliminate the spurious losses. In general, it is preferable 
to decrease the volume of the end spaces. If the geometry of the end 
spaces provides a resonating chamber for the 7r-mode, a small change will 
shift their resonant wavelength to a harmless region. If the losses are a 
result of transmission through the cathode leads, however, the leakage 
may be greatly reduced by introducing an r-f choke in the coaxial line 
in which the inner conductor forms the cathode support. 
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THE CATHODE 

B Y J. G. BUCK AND A. M. CLOGSTON 

EMISSION PHENOMENA OF MAGNETRON CATHODES 
Br J. G. BUCK 

12-1. Characteristics of Cathodes under Pulsed Conditions.—The 
electronics of the magnetron involves considerations not only of the space 
charge but also of the complex orbits of electrons moving under the 
influence of static and oscillating electric and magnetic fields. In the 
oscillating magnetron the cathode is back-bombarded with a considerable 
number of high-energy electrons, and consequently secondary electrons 
are ejected from the cathode into the interaction space. By such 
repeated interactions of electrons with the cathode surface it has been 
possible, in some cases, to obtain many times more total anode current 
from a cathode than could be supplied by the primary thermionic emis
sion alone. 

In the past, oxide cathodes operated normally at direct currents of 
approximately 0.1 amp/cm2 . At present, however, for duty ratios 
up to several tenths of 1 per cent, cathodes of pulsed microwave magne
trons are required to supply pulse currents of magnitudes varying 
from about 10 amp/cm2 at 10-cm wavelengths to 100 amp-cm2 for 1-cm 
tubes. Cathodes that can fulfill these requirements might be classified 
as (1) efficient pulsed thermionic emitters, (2) inefficient thermionic 
emitters that can be run hot enough to give the required pulsed currents, 
or (3) good secondary emitters that will give enough electrons to build up 
the required current density under back bombardment. The ideal 
cathode would be of Class 1 because it would impose fewer restrictions 
on tube design and the associated electrical equipment; the cathodes 
that can now be made in production magnetrons are not ideal, however, 
and are workable only because they have desirable features from Classes 
2 and 3. For instance, investigations at the Bartol Research Foundation 
have shown that even a relatively inactive alkaline-earth oxide cathode 
will give at least five secondary electrons per primary electron at operating 
temperatures.1 

Prominent limitations that depend upon cathode emission properties 
1 M. A. Pomerantz and D. L. Goldwater, "Secondary Electron Emission from 

Oxide-coated Magnetron Cathodes," NDRC-14310. 
503 
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exist in magnetron performance even after the geometrical design 
problems on a tube have been finished. These limitations may be 
classified as two types of instabilities in performance: (1) frequency 
instabilities, such as mode changes and poor spectra, and (2) sparking. 
In some cases the limitations in magnetron performance, which under 
fixed testing conditions are manifested by high-current mode changes, 
current limits for a good spectra, or other types of frequency instability, 
are dependent upon the primary thermionic emission that is available 
from the cathode during the buildup of oscillations. The magnitude 
of this primary emission is essentially that value of current which is 
available from the cathode with zero electric-field gradient at its outer 
surface. For a given magnetron under fixed oscillation conditions, there 
is evidence that a minimum value of primary thermionic emission exists 
below which stable operation cannot be expected at the chosen operating 
point. For tube types having alkaline-earth oxide cathodes, this 
primary-emission minimum need be only a small fraction of the pulse 
current required for operation. This may be shown by comparing the 
primary current available without magnetic field with the current 
available during oscillation. For example, in the low-voltage 10-cm 
2J39 magnetron the fraction may be as high as one-sixth at an operating 
point of 5 kv, 5 amp, at 0.1 per cent duty ratio and may be as low as 
one-hundredth in the medium-power 3-cm 725A magnetron at an 
operating point of 11 kv, 15 amp, at 0.1 per cent duty ratio. Presumably, 
this fraction is influenced by (1) the secondary-electron-emission proper
ties of the cathode, (2) the operating voltage, (3) the effective rate of 
rise of the voltage pulse, and (4) the details of the design and loading 
of the tube. 

Current instabilities in magnetrons, i.e., sparking, arcing, or flashing, 
have appeared as limitations in the performance of nearly every design 
of pulsed microwave magnetrons. Although considerable progress has 
been made in the elimination of these instabilities, they still remain a 
major problem in magnetrons operating at high power levels, long pulse 
durations, or continuous wave. Because most pulsed microwave 
magnetrons have used alkaline-earth oxide cathodes, the majority of the 
investigations on cathode sparking was devoted to this type of emitter. 
A detailed discussion of the fundamental sparking properties of alkaline-
earth oxide cathodes is given in the next section. I t is probable that 
sparking in high-vacuum tubes is caused by more than one abrupt 
breakdown mechanism; for although the role of the cathode in sparking 
was the first source of trouble to be located, attention has recently been 
directed to processes occurring at the anode and other parts of the tube.1 

1 W. E. Ramsey, "A General Survey of Sparking Phenomena in High Vacuum 
Thermionic Tubes," NDRC 14-516. 



SEC. 12-2] TEST METHODS 505 

The choice of the type of electron emitter suitable for the conditions 
existing in a given magnetron depends on many factors besides the 
primary and secondary electron-emission of the cathode, but an apprecia
tion of these fundamental emission properties is essential. The following 
sections will describe some of the properties of alkaline-earth oxides, 
thorium oxide, and such secondary-emission surfaces as silver magnesium 
and Dowmetal. 

12-2. Alkaline-earth Oxide Cathodes. Test Methods.—From the 
standpoint of physical-chemical theory the oxide-cathode emitter is a 
very complex system, and it is, therefore, doubtful that the optimum 
preparation and processing have ever been achieved. However, a cathode 
that emits satisfactorily according to usual expectations may be obtained 
by many variations in preparation techniques. The oxide cathode is 
commonly prepared by coating a base-metal structure with a definite 
weight of alkaline-earth carbonates.1 The cathode is heated in vacuum 
to convert the carbonate coating to oxide and then is activated by passing 
current through it. 

Several forms of the alkaline-earth oxide cathode have been used in 
pulsed magnetrons: plain uncombined oxide, uncombined screen, metal
lized, "overwound," nickel "mesh," and sintered nickel.2 Because the 
basic structure is the plain, uncombined oxide cathode, the discussion 
of fundamental properties will be restricted to this type. The procedure 
for testing the thermionic activity of cathodes in diode structures con
sists fundamentally in obtaining characteristics of plate current I vs. 
plate voltage V at a fixed temperature and interpreting these data by 
the use of the Langmuir-Child's law which may be written in the form 

IH = K*V; (1) 

this equation expresses the current / and voltage V relation in a diode 
when the current is limited by space charge. 

Pulse methods of testing cathodes have been developed. These 
tests are taken with pulses of short duration and low recurrence frequency, 
in order to eliminate the rise in temperature that occurs when cathodes 
are pulsed at high-duty ratios and to reduce the chances of destroying 
the cathode surface by sparking. 

For the measurement of the (F,/)-curves of both simple cylindrical 
test diodes and magnetrons without magnetic field, the voltage is applied 
to the anode as a series of negative pulses (see Fig. 12-1). The funda
mental emission tests are taken at 1 jusec 60 P R F , but pulses of £- to 

1 In this chapter "double carbonates" will refer to a 50-50 molar solid solution 
of barium and strontium carbonates. 

2 E. A. Coomes, J. G. Buck, A. S. Eisenstein, and A. Fineman, RL Report No. 933, 
June 1946. 
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10-Msec duration at pulse recurrence frequencies from 60 to 4000 have 
also been found useful. The voltage pulses are obtained from a hard-
tube laboratory pulser that has been provided with a special 60-PRF 
trigger circuit.1 The pulse voltage is measured with a noninductive 
resistance divider or capacity divider and viewed on a synchroscope. 
The pulse current, also viewed on the synchroscope, is observed as the 
voltage drop across a noninductive resistance in series with the tube 
under measurement. The cathode 
is set at the desired temperature, 
and the pulse voltage across the 
tube is increased until the cathode 
just begins to "spark." The term 
"sparking" refers to that cathode 
limitation which is characterized by 

XX 

Theoretical space-
charge line -

Current-
Synchroscope \ viewing 

| resistor 
Pulse voltage 

Fia. 121.—Arrangement of test equip- Flo. 12-2.—Diode curve of an oxide 
ment for the measurement of pulse current cathode showing the normal Schottky 
and voltage. emission effect. 

the physical transfer of incandescent particles of oxide coating from the 
cathode sleeve to the anode. 

The most convenient manner to present pulse-emission data in 
diodes is by plotting of 7^ vs. V. A computation of K.M can be made from 
tube geometry, and a theoretical space-charge line drawn to satisfy 
the Langmuir-Child's equation. A cathode can then be classified by 
the manner in which emission data follow or deviate from the theoretical 
space-charge line. 

The results of testing a considerable number of diodes in the manner 
outlined above indicate that the cathode-emission curves are charac
terized by several different types of behavior. Two of these may be 
considered prime types. 

1. The normal Schottky effect is shown in Fig. 12-2. The experi
mental points follow the theoretical Langmuir line up to a current 
value represented by la (corresponding to the maximum space-

1 See Vol. 5 of the Radiation Laboratory Series for a discussion of pulse equipment 
and pulse tes t methods . 
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charge-limited emission). Experimental points from 70 up to 
the sparking point (I.,V,) can be plotted to the form of the 
Schottky emission equation, but the slope is usually described as 
corresponding to a fictitious temperature considerably different 
from the true cathode temperature. 
The anomalous Schottky effect is shown in Fig. 12-3. This 
type of emission curve exhibits the same characteristics as Fig. 
12-2 at the beginning of the curve but has an inflection point 
followed by a region in which the emission increases rapidly with 
voltage. From correlations 
b e t w e e n nonoscillating-
and oscillating-magnetron 
characteristics it appears 
that the location of the 
inflection point and the 
s l o p e of t h e anomalous 
Schottky characteristic are 
of considerable importance 
in c a t h o d e sparking in 
m i c r o w a v e magnetrons. 
No completely satisfactory 
theory exists for fitting the 
curve in this region; how
ever, it is possible that the 
anomalous Schottky effect 
may be associated with 
properties of the interface 

S 

Theoretical space-
charge line —v 

Inflection 
point 

Sparkling 
point ( / „ V,) 

|~ Plateau — 4 

Pulse voltage 
F I G . 12-3.—Diode curve of an oxide 

cathode showing the anomalous Schottky 
emission effect. 

between the oxide coating and the base metal. This type of 
behavior is generally to be expected at some time in the life of the 
double carbonate oxide cathode. 

Other types of deviations from the space-charge line have been 
observed and will be considered in connection with applications. Small 
amounts of gas are often evidenced by large and random fluctuations 
in experimental curves, and larger amounts generally produce system
atically increasing deviations above the space-charge line. Cathodes 
that have been poisoned during preparation have had, in a number of 
instances, emission curves that indicated that the current was not limited 
by space charge at any voltage but showed slight deviations below the 
theoretical space-charge line even down to zero voltage. Figure 12-4 
is an example of this phenomenon. 

The useful terms defined in Figs. 12-2 and 12-3 may be summarized 
as follows: 
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Theoretical space-
charge line 

1. The maximum space-charge-limited emission I0 which is taken as 
the point on the plot of i 5 i vs. V at which the experimental points 
first deviate from the theoretical space-charge line. 

2. The type of behavior above I<s (the Schottky region) corresponding 
to one of two types: (a) the normal Schottky effect, in which 

the experimental points 
follow the form of the 
Schottky emission law, and 
(b) the anomalous Schottky 
effect in which the {I%,V)-
curve has an inflection point 
in the Schottky region. 

3. The sparking current and 
voltage (Is,Vs) which are 
the diode values at which 
cathode emission is limited 
by sparking. 

12-3. A l k a l i n e - e a r t h Oxide 
Cathodes. Life Tests and Spark
ing Phenomena.—Diode life tests 
at 800°, 875°, and 950°C have 
shown that in this temperature 
region the expected life at fixed 
operating conditions is markedly 
dependent on temperature; the 
higher the temperature the lower 
the pulse life. The expected life 
of a double-carbonate coating on 
Grade A nickel under the test 
condition of 1 ^sec, 400 PRF, and 
10 amp/cm2 is illustrated in Fig. 
12-5. 

In Fig. 12-6 the sparking current is plotted against life for electro
lytic-nickel base metal and compared with that for Grade A nickel base 
metal; standard double-carbonate coating was used in both cases. I t is 
seen that the same general pattern is followed in both cases but that the 
pure nickel curve lies above that of the Grade A. 

It has been recognized previously1 that there are probably two types 
of sparking encountered when high pulse currents are demanded from 
oxide cathodes. Differentiation between these two types of sparking 
may be made in the following manner: 

Pulse voltage 
F I G . 12-4.—Diode curve of an oxide 

cathode showing gradual deviations of the 
pulsed emission from the space-charge line. 

1 O. H. Shade, Proc. IRE, 7, 341 (1943). 
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1. Space-charge-limited sparking, in which the 
has a value Is = 7s0 on the space-charge line. 

60 

50 

sparking current 
The value of IBo 

Fio. 

\ \ 
\ 

\ 900°C 

^ 

\875°C 

Nssocc 

'40 

- -30 

12 20 

10 

200 400 
Life in hours 

12-5.—The expected life, at three different temperatures, of a double-carbonate 
coating on Grade A nickel. Test conditions: 1 /isec; 400 P R F ; 10 amp/era1 . 

measured at I jusec and 60 P R F is about 50 amp/cm2 at 800°C 
for double-carbonate coating on Grade A nickel and is about 100 
amp/cm2 for double carbon
ate on pure nickel. Sub
stitution of triple carbonate 
containing 4 or 11 per cent 
of CaC0 3 does not appreci
ably change these values. 
Field-limited sparking that 
occurs late in the life of an 
oxide cathode, in which the 
sparking is limited by a 
critical value of field corre
sponding to F , = F„/. The 
value of Fsf has been found 
experimentally to depend in 
a fundamental m a n n e r 
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F I G . 12-6.—Sparking currents under pulse 
conditions as functions of life for pure nickel 
and Grade A nickel cathodes. 

upon the nature of the oxide at the cathode surface. Its experi
mental value lies between 40 to 60 kv/cm for cathodes prepared 
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with SrC0 3 or BaSr(C03)2 and in the range 100 to 125 kv/cm for 
single BaC0 3 cathodes. 

The transition from Type 1 to Type 2, as life progresses, is shown in 
Fig. 12-7 for double-carbonate coating on Grade A nickel. 

F I G . 12-7.—Transition from space-charge- Flo. 12-8.—Dependence of sparking 
limited sparking to field-limited sparking current on the pulse length during the 
during the life of oxide-coated cathodes. life of an oxide-coated cathode. 

0 5 10 15 20 25 30 
Coating weight in Mg/cm 2 

Flo . 12'9.—-Sparking-current density under pulsed conditions as a function of coating 
weight on Grade A nickel at 875°C. 

The dependence of sparking current on pulse length, which is marked 
early in the life of a cathode before the field-limited state sets in, dis
appears when the cathode sparking becomes entirely field limited. This 
condition is shown by Fig. 12-8, which gives a comparison of the sparking 
current at 1 and at 10 >isec as a function of life. The cathodes consisted 
of double-carbonate coating on Grade A nickel. 
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Emission Dependence on Cathode Coating.—Proper choice of coating 
weight and density is important in obtaining the optimum pulse emission 
to which an oxide cathode can be activated. Figure 12-9 shows the 
pulsed sparking current in amperes per square centimeter as a function 
of coating weight available for plain oxide cathodes of density about 
gm/cm3, prepared with double carbonates on Grade A nickel for fixed 
processing conditions. These curves display a range of optimum weights 
of approximately 9 to 13 mg/cm2. Experience has also indicated that 
cathodes prepared with higher-density coatings are better pulse emitters 
when processed to optimum. 

Published reports of correlations between carbonate particle size 
and emission1 have suggested the advisability of maintaining rigid 
controls of the .particle-size distribution of the cathode coating. I t has 
been shown by Eisenstein,2 however, that no correlation exists between 
the size of the carbonate particles and crystals and the size of the oxide 
crystals because 

1. Both the crystal and particle sizes of the carbonates begin to 
increase at about 500°C and approach an equilibrium of values 
that depend primarily on the time and temperature of treatment. 

2. A similar crystal growth in the oxide occurs rapidly about 950°C, 
dependent primarily on the maximum temperature and bearing 
no relationship to the crystal or particle size of the carbonate from 
which it was formed. I t therefore appears that the correlation 
between carbonate particle size and emission is not due to a direct 
interrelation of these two factors. The cathode-coating texture 
may be affected by the carbonate-particle-size distribution under 
a fixed set of spraying conditions. This resultant texture coupled 
with a fixed processing schedule could then influence the final 
emission obtainable from the cathode. 

Emission Dependence on Cathode Base Metal.—The following base 
metals were studied for pulse emission: 

1. The purest available nickel. 
2. Grade A nickel. 
3. Nickels alloyed with large amounts of the elements commonly 

found in Grade A nickel. 
Well-activated cathodes with base metals of the purest nickels, such as 
the electrolytic nickel obtainable from the International Nickel Company 

1 M. Benjamin, R. J. Huck, and R. O. Jenkins, Proc. Phys. Soc, 50, 345 (1938); 
R. C. Chirnside and H. P. Rooksby, General Electric Limited Report No. 8355, 
December 1943; A. S. Eisenstein, "A Study of Oxide Cathodes by X-ray Diffraction 
Methods, Part I ," Jour. Applied Phys., June 1946. 

* Eisenstein, op. cit. 
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or Driver Harris No. 499, give sparking currents of 90 + 10 amp/cm2 

for periods of several hundred hours when operated at 800°C. The 
corresponding figure for electronic Grade A nickel was 50 + 10 amp/cm2. 
The emission efficiency in terms of pulse amperes per watt was 18 for 
the pure nickel cathodes as compared with about 10 for the Grade A 
nickel cathodes. 

50 60 

F I Q . 1210.-

20 30 40 
Pulse current in amp 

-The variation of cathode temperature over the performance chart of a 10.7-cm 
magnetron operating at constant load. (Courtesy of C. S. Robinson, Jr.) 

Cathodes composed of double carbonates on nickel alloys containing 
5 per cent of Al, Si, Mn, or Ti had pulsed lives and sparking currents less 
than those obtained for Grade A nickel at an operating temperature of 
875°C. A 5 per cent Cr alloy, however, showed an improvement over 
Grade A nickel and produced results equal to the high values obtained 
from the pure nickels. 

Pulse Temperature Rise and Coating Resistance.—When the tempera
ture of an oxide cathode is measured in a magnetron oscillating at 
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constant load over its (y,/)-performance chart, it is found that the tem
perature may increase several hundred degrees above its value at zero cur-

1000 

E _ 

900 
0 20 40 60 

Average power output in watts 
F I G . 12-11.—The effect of loading on the cathode temperature. The data were taken 

on a 9.1-cm strapped magnetron at 1000 P l lF and 1-jisec pulse duration. (Courtesy of 
C. S. Robinson, Jr.) 

rent.1 Figure 12-10 illustrates the order of magnitude of the effect. 
The cathode temperature is also changed with varying values of mag
netron load as shown in Fig. 12-11. 
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Part of this temperature increase 
is caused by an increase in back 
bombardment. H o w e v e r , the 
cathode temperature will increase 
with pulse current even if the 
magnetron is operated as a diode. 
The magnitude of this increase in 
temperature, the pulse tempera
ture rise (PTR), is a function of 
the pulse current, the duty ratio, 
the initial quiescent operating 
temperature, and the physical 
state of the cathode. The PTR 
varies with the cathode construc
tion and from cathode to cathode 
of the same type; it also varies 
throughout the life of a given 
cathode. T h e a v e r a g e PTR 
measured in diodes for a number 
of double-carbonate cathodes of 
the plain uncombined oxide, the uncombined screen, and the metallized, 
screen cathode types are given as a function of life in Fig. 12-12. 

The PTR of a cathode in a diode is apparently due to the PR dissipa
tion within the cathode when the pulse current / flows through the oxide 

1 C. S. Robinson Jr. , " C a t h o d e Tempera tures in Magne t rons , " R L Repor t No, 
I I-5S. Mar . 31, 1942. 

100 500 200 300 400 
Cathode life in hours 

F I G . 12-12.—Pulse temperature rise 
(PTR) as a function of cathode life. The 
P T R was measured at 10 amp/cm2 , 1-jusec 
pulse duration, and 1000 P R F from a quies
cent temperature of 850°C. During life 
testing, the tube was operated at 10 amp/cm2 , 
1-Msec pulse duration, and 400 P R F and 
875°C. 



514 THE CATHODE [SEC. 12-3 

coating. Values for the total coating resistance R, measured either 
by a calorimetric method' or by probes embedded in the cathode coating,2 

have been found to be a function of the pulse current and to have charac
teristics typical of a blocking-layer rectifier system. 

Screen Cathodes.—The need for cathodes of longer life in the strapped 
3-cm medium-power magnetrons resulted in the development of the 
screen cathode. This cathode is made by firmly bonding nickel mesh to a 
supporting nickel sleeve and impregnating the interstices of the mesh 
with the cathode coating. Experience has shown that in order to obtain 
a good cathode of high primary emission with normal Schottky emission 
characteristics, it is necessary first to bond the nickel mesh to the under
lying metal at as many points of contact as possible. This contact is 
important for obtaining good thermal and electrical conductivity and is 
accomplished either by welding the mesh at close intervals or by sintering 
in a hydrogen furnace. Second, it is important that the carbonate coat
ing make good contact with all the exposed area of the nickel mesh and 
the substrate nickel and that it be firmly packed to prevent all voids 
(see Sec. 17-7). In the 3-cm 725A and the 10-cm 4J32 and HP10V 
the screen cathode showed decided advantages over the plain oxide 
cathode in extending tube life, improving the stability of operation, and 
increasing output power. 

Early life test studies on screen cathodes in magnetrons were made 
with mesh sizes up to 60 by 60, and the longest lives were obtained with 
the finest mesh. Further life tests on screen cathodes with 150-by-150 
mesh showed that the normal Schottky emission characteristic extended 
to higher sparking voltages and that the sparking currents for 10-/isec 
pulses were higher. The use of this fine-mesh cathode in low-voltage 
3-cm magnetrons resulted in increased mode stability, less sparking, 
and longer tube life. 

Direct-current Emission Values.—At a temperature of 800°C, cathodes 
made of double carbonates on Grade A nickel have operated at 1 amp/cm2 

direct current for over 1000 hr under space-charge-limited conditions. 
Preliminary tests have shown d-c emissions of 10 amp/cm2 under space-
charge-limited conditions at 850° C for several hours. These results 
indicated that cathode poisoning by structures external to the cathode 
may be an important factor in limiting the d-c emission from oxide 
cathodes. 

I t is difficult, if at all possible, to correlate the pulsed and d-c emission 
properties of oxide cathodes. About all that can be stated at the present 
time is that good pulsed cathodes are usually good d-c cathodes but that 
the reverse is by no means true. 

1 E. A. Coomes, Jour. Applied Phys., July 1946. 
8 A. Fineman and A. S. Eisenstein, Jour. Applied Phys., July 194C. 
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12-4. Thorium Oxide Cathodes.—A type of thorium oxide cathode 
suitable for use in magnetrons has been developed by the Bartol Research 
Foundation.1 The cathode, which consists of a shell of sintered thorium 
oxide, is prepared by compressing thoria powder in a die and heating 
to a high temperature in a specially prepared furnace; a coil of fine heater 
wire is embedded in the thoria. g0 

Cathode shapes of any desired 
form may be made in this manner. 
The fundamental problems con
cerned with thorium oxide cath
odes are still incompletely solved, 
but this progress has excited con
siderable interest in the possibili
ties of applications in magnetrons 
for high-pulse powers, long-pulse 
durations, and high-duty ratios. 

Studies of thoria cathodes in 
test diodes have indicated that 
the elaborate activation schedules 
which are generally used with 
alkaline-earth oxides can be dis
pensed with. Thoria cathodes of 
small area are simply raised to 
their emitting temperatures for a 
few minutes and then operated 
immediately. The activation of 
large-area cathodes (about 7 cm2) 
in high-power magnetrons may be 
somewhat more difficult to accom
plish (as is also the case with 
alkal ine-ear th oxide cathodes); 
there are, however, good indica
tions that the thorium oxide cath
ode is much less sensitive to those 
conditions existing in a tube which ordinarily cause deactivation of 
emission surfaces. Cathode sparking of the type discussed in Sec. 12-2 
for alkaline-earth oxides appears to be completely absent in thoria 
cathodes.2 The thoria cathode would thus be of considerable impor
tance for magnetrons operated at high-pulse powers or long-pulse 
durations. 

1 M. A. Pomerantz, "Sintered Thoria Cathodes," N D R C 14-517. 
2 W. E. Ramsey, "A General Survey of Sparking Phenomena in High Vacuum 

Thermionic Tubes," N D R C 14-516. 
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F I G . 12-13.—Pulsed thermionic emission 
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Typical diode (V,/)-curves obtained for thorium oxide are given in 
Fig. 12-13. The cathode temperatures given on the figure are brightness 
temperatures obtained by an optical pyrometer. The emission efficien

cies of thoria cathodes in terms 
of amperes per watt are about 0.4 
at 1580°C and 0.7 at 1740°C. 

The thermionic emission from 
sintered thorium oxide cathodes 
was observed with pulses varying 
from less than a microsecond to 
several milliseconds. At a cur
rent level of 30 amp/cm2 no decay 
in the pulse emission was found 
d u r i n g this interval. Further
more, in the temperature range in 
which it was possible to measure 
both the pulsed and d-c emission, 
the diode (7,y)-characteristics ob
tained for pulse and d-c operation 
agreed quite closely. From these 
data it would appear that the 
emission in respect to time effects 
differs fundamentally from that 
observed in alkaline-earth oxide 
cathodes.' 

Figure 12-14 illustrates the 
type of diode (/,V)-curves that 
have been obtained with sintered 
thorium oxide cathodes at differ
ent intervals of life. I t is seen 
that at the end of 800 hr, the 
m a x i m u m space-charge-limited 
emission has decreased to approxi
mately a third of its initial value 
but that the total emission has 
decreased only slightly. 

Cathodes have also been operated at 1.5 and 2 amp/cm2 direct 
current for periods of 400 hr. Emission densities exceeding 5 amp/cm2 

direct current were obtained for short intervals of time and in the experi
ments performed were limited by factors involving the allowable anode 
dissipation rather than the emission capabilities of the cathode. 

1 E . A. Coomes, Jour. Applied Phys., Ju ly 1946; R. L. Sproull, Phys. Rev., 67, 166, 
(1945). 
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F I G . 12-14.—Pulsed-thermionic emission 
of a sintered thorium oxide cathode at differ
ent intervals of life. (Courtesy of M. A. 
Pomerantz.) 
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12-5. Secondary Electron-emission Properties of Magnetron Cath
odes.—A magnetron will operate stably in certain regions of the per
formance diagram even when only a small primary thermionic current 
is available from the cathode. The remainder of the pulse current 
required by the tube is supplied by secondary electron emission. The 
nature of the back-bombarding electrons has been investigated both 
experimentally and theoretically, but theory and experimental data can 
at present give little aid to the designer of new types of magnetron. 
Nevertheless, the possibility of using metallic cathodes having suitable 
secondary electron-emission characteristics to furnish the pulse currents 
required and capable of dissipating large powers and operating at long 
pulse durations has instigated considerable interest. Several working 
models have been developed.1 

An example of this type of cathode design is the c-w 30-cm 10-kv 
split-anode tube, the VC-303W. The cathode of this tube is made from 
Dowmetal J l alloy (93 per cent Mg, 6 per cent Al, 1 per cent Mn) and 
has an average life of only about 200 hr, probably because of the removal 
of the Dowmetal surface during operation. 

Pulsed multicavity magnetrons using silver magnesium alloys have 
been operated at 1-, 3-, and 10-cm wavelengths for short periods of time. 
At 1-cm, densities of about 100 amp/cm2 were obtained. At 10-cm, 
several cathodes were run with a maximum life of about 400 hr, at an 
initial operating point of 14 kv and 30 amp and a duty ratio of 0.2 per 
cent. The output power of these tubes fell off rapidly by about 25 per 
cent within a few hours and then remained almost constant. 

A study of the secondary emission properties of cathodes in mag
netrons has been made by McNall2 by incorporating an electron gun 
in one of the cavities of a multioscillator magnetron. A magnetron 
with a given cathode is run over its performance chart at a constant 
load in order to determine the range of stable operation for a given set 
of operating conditions. The secondary emission characteristics are 
then determined. By suitable treatment the secondary emission proper
ties of the cathode surface are changed and the region of stable operation 
of the magnetron is again determined. Figure 12-15 shows the secondary 
yield 8 as a function of primary energy for a Ag-Mg cathode in several 
states of activation. From these data it has been possible to draw 
contours of the minimum value of the secondary electron-emission yield 
that is required for a given magnetron tested under fixed operating 
conditions. Such a performance chart is given in Fig. 12-16 for an Ag-Mg 
cathode in a 2J30 anode block. I t is possible to operate stably at all 

1 J. W. McNall, H. L. Steele, and C. L. Shackelford, Westinghouse Electric Co. 
Research Report No. BL-R-929-76-1. 

2 Ibid. 
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F I Q . 12-15.-
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-Secondary-electron-emission yield £ of an Ag-Mg cathode surface under four 
different states of activation. (Courtesy of J. W. McNall.) 

18 

16 

15 

14 

S 13 
s 
£ 12 

10 

8 

/ 

/ 
/ 

/ 
/ 

6=2 

/ / 

/ / 

6 = 3 

/ / 

6=4 

/ 

/ 

/ / 

/ / 7, 

i=5 

/ 
/ , 

' / 

'V 

6=6 
/ 

6=7 

/ 
6=8 

6=9 

6=10 

6 = 11 

lMsec 
1000 
p.p.s. 

15 17 3 5 7 9 11 13 
Pulse current in amps 

F I G . 12-16.—Estimated correlation of magnetron current with the secondary-emission 
yield of an Ag-Mg cathode in a 2J30 anode block. (Courtesy of J. W. McNall.) 
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values of voltage and current to the left of the contour corresponding 
to the chosen value of S. 

Many secondary emission surfaces have been tried in pulsed and c-w 
magnetrons with varied success. These attempts have included silver-
magnesium alloys, Dowmetal-
metal alloys, beryllium, alumi
num, n i c k e l , a nickel-barium 
alloy, thorium, a beryllium-copper 
alloy, beryllium-plated copper, 
and evaporated magnesium on 
copper. Silver magnesium, Dow-
metal-metal alloys, and possibly 
beryllium appear to be the most 
promising of the surfaces studied. 
Almost invariably the alloys are 
oxidized before assembly or at 
some time during the processing 
in order to obtain surfaces with 
high secondary yields. Many of 
these surfaces studied have not 
been satisfactory under the con
ditions chosen for operation in the 
magnetron or have been unstable 
in varying degrees during pro
longed t e s t i n g . Deactivation 
caused by arcing, gas, or other con
taminations has been encountered in most of the studies made; there 
have been encouraging signs, however, that satisfactory solutions can 
be obtained for particular tube applications. 

It was pointed out in Sec. 12-1 that most magnetrons using alkaline-
earth oxide cathodes have operated satisfactorily only because the 
secondary electron-emission properties are capable of compensating for 
the thermionic emission deficiencies. The secondary electron-emission 
yields of alkaline-earth oxide cathodes are high,1,2 and they have been 
reported to increase rapidly with temperature over a considerable range 
of operation. Figure 12-17 shows the secondary yield 5 for an oxide 
cathode as a function of primary energy and of temperature. 

HEAT BALANCE IN THE CATHODE 
BY A. M. CLOGSTON 

The next three sections of this chapter discuss the problem of heat 
balance in a magnetron cathode. The amount of back-bombardment 

1 M. A. Pomerantz and D. L. Goldwater, "Secondary Electron Emission from 
Oxide-coated Magnetron Cathodes," NDRC 14-310. 

2 J. B. Johnson, "Enhanced Thermionic Emission," Phys. Rev., 66, 352 (1944). 

1000 2000 3000 4000 
Primary ■ electron energy in volts 

FIG. 12-17.—Secondary-electron-emission 
yield 5 of an alkaline-earth oxide cathode as 
a function of primary energy and of temper
ature. (Courtesy of M. A. Pomerantz.) 
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power delivered to the cathode of an operating magnetron will be dis
cussed in Sec. 12-7, while Sec. 12-8 will consider how a cathode may be 
designed to dissipate this power. 

12-6. Thermal Behavior of a Pulsed Cathode.—Because the best data 
available on back-bombardment power have been measured on pulsed 
magnetrons, and because applications of these sections may be made to 
pulsed tubes, consideration must be given to the differences in behavior 
between a cathode receiving pulses of back-bombardment power and one 
receiving the same average power continuously. 

To study this question, the following simplified problem will be 
solved and used as a basis for qualitative con-

ior of real cathodes. 
cal layer of a cathode 
itangular sheet as in 
a back-bombardment 
vered uniformly over 

P„ 

Tilt) 

x 

Fio. 12-18.—Cathode surface Fia . 1219.—Cathode surface and 
developed into a plane. coordinate system. 

this surface during a pulse of duration T repeated at a frequency / times 
per second. 

The developed area of the surface will be A cm'2, and it will have a 
depth of I cm. Let it be supposed, tentatively, that it has been possible 
to choose this depth so that the back surface can be considered to remain 
at a fixed temperature TV 

Suppose that the cathode surface is arranged relative to a coordinate 
system (x) as indicated in Fig. 12-19. The temperature distribution 
within the layer will then be indicated by T(x,t). I t will be supposed 
that the area A is large enough that transverse variations of the tempera
ture are unimportant. Furthermore, suppose the origin of time is 
chosen so that a pulse of power is applied to the cathode from t = 0 to 
t = T. 

elusions about the behav 
Consider an outer cylindri 
unwrapped to form a rec 
Fig. 1218. Suppose that 
power of PB watts is deli 

r(i,o 
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During the pulse, a power of PB/A watts/cm2 or 0.239 PB/A 
cal/sec/cm2 is fed to the surface at x = I. Therefore, if 

-a) (0.239) £? 

where K is the thermal conductivity of the material in calories per 
centimeter per second per degrees centigrade, one has at the surface 
x = I 

\dx /x_i for 0 ^ t g T, 

and > (2) 

(£)_ " ° for T < t < j 

The partial differential equation governing nonsteady-state heat flow 
in one dimension may be written 

dx2 ~ a2 dt 2 _ „2 a,' (3) 

where a2 = K/cp. The thermal capacity per unit mass is indicated by c, 
and the density by p. A table of values of a2 may be found in Strong.1 

The solution of Eq. (3) appropriate to the present problem may be 
written2 

T(x,t) = V 4,,er«»*" in J i ^ - x + TV (4) 

If the constants An are now arranged so as to satisfy the boundary 
conditions set by Eqs. (2), Eq. (4) becomes 

T(x,t) = § > , „ AM *r==T- eM'n + r»- (5) 
( , ^ ) " e « ^ , 

The quantity that will be of interest is the difference in temperature 
of the front face of the layer just before a pulse starts and just after it 
ends. This fluctuation in temperature will be called AT and is defined by 

AT = T(1,T) - T(l,0). (6) 

1 J. Strong, Procedures in Experimental Physics, Prentice-Hall, New York, 1945, 
p. 494. 

* H. Bateman, Partial Differential Equations of Mathematical Physics, Dover, New 
Y?rk, 1944. p. 214. 
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From Eq. (5) 

, r . 2 f l / V ( l -cosn2x.fr) T nfitf 

n-l \ ° / 

tan J - t ^ Z , (7) 

or 

fr,Vs.,,.,.,A-i°h2#1-'i°2#i 
(8) 

Equation (8) is the solution to the problem. An interesting observation 
can now be made about Eq. (8). If P > a2/f, then 21 y/mrj/a? > \/4m. 
Because n is never smaller than unity, 21 \/nTf/a2 > 3.54. Under this 
condition the second fraction in the series is very nearly unity for all n 
and may be disregarded. Therefore, AT does not depend upon I. This 
result can mean only that the fluctuations in temperature experienced 
by the front face of the layer become insensible at a depth a/y/j behind 
the front face. In the most unfavorable case that will be considered, o 
will have the value 0.5 cm/secw for nickel, whereas if pulsing rates no 
slower than / = 400 are considered, a/\/f can at most be 0.025 cm or 
approximately 0.010 in. Th& example provides the justification for 
assuming that the problem which has been solved will represent the 
behavior of real cathodes. It is consistent to assume that a cathode 
receiving periodic bursts of energy will fluctuate in temperature only in a 
very thin outer layer and that there will be a cylindrical surface at some 
depth greater than a/y/f which may be considered to remain at constant 
temperature. 

Assuming from now on that I > a/\/J, Eq. (8) may be written 

2qa_ Y sin2 rufr 

n - l 

By the use of Poisson's summation formula,l the series may be written 

£ ̂  = /; ̂  dx + 2 £ fj sin^V, cog 2nrxdx (10) 
1 Courant and Hilbert, MeOioden der Mathemalic Phytik, Vol. I, Springer, Berlin, 

1924, p. 59. 

http://-cosn2x.fr
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The integrals in Eq. (10) can be evaluated with the result 

n« 1 n = \ 

(ID 
provided that fr < 2, which is always true. If now fr <£ 1, Eq. (11) 
becomes approximately 

^ ' ' ' ^ = V ^ V - 2 . 6 1 2 | ( / T ) ° . (12) 

By neglecting even the term in (/r)2, Eq. (9) becomes 

AT = 2qa J~, (13) 

with the two conditions of validity 

Vf (14) and 
/ r « l 

The magnitude of the fluctuations in temperature of a cathode caused 
by periodic pulses of back-bombardment power will now be calculated. 
In data presented1 in Sec. 12-7 one has T = 10~6 sec and / = 500 per 
second. The surface layer of the cathode is a mixture of barium and 
strontium oxides. Approximate values for the constants of this oxide 
mixture at 900°C are K = 0.013 and o = 0.11. With these values, the 
condition of validity noted in Eq. (14) requires that 

I > 0.005 cm = 0.002 in., 

which is certainly true. Furthermore, fr = 0.5 X 10~3, which is much 
less than unity. Suppose now that 10 kw of power is delivered to the 
cathode while the tube is operating. The surface area of the cathode 
under consideration is 3.8 cm2. I t is easily found that q = 49,000°C/cm. 
A fluctuation of 17°C is obtained by substitution in Eq. (13). 

If the cathode surface presented to the back-bombardment energy 
were nickel instead of an oxide mixture, the constants would be K = 0.22 
and a = 0.50. With the same back-bombardment power, 

q = 3000°C/cm 
and AT = 5°C for nickel. 

1 W. E. Danforth, C. D. Prater, and D. L. Goldwater, "Back Bombardment of 
Magnetron Cathodes," Bartol Research Foundation, NDRC 14-309, Aug. 25, 1944. 
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It is thus observed that if the assumptions made in these calculations 
are allowed, the fluctuations of cathode temperature caused by periodic 
pulses of back-bombardment power are rather small. 

I t must now be mentioned that the problem just solved does not 
contemplate cooling by radiation of the cathode surface drawn in Fig. 
12-18. Suppose that the surface shown in Fig. 12-18 were radiating 
between pulses from its front surface. Suppose also that it is con
sidered to be so thin that no temperature differences exist inside the 
material, and suppose that it is thermally isolated from its surroundings. 
These last two assumptions are artificial but will permit a calculation of 
the importance of the radiation effect. If the emissivity of the surface 
is taken as unity, the energy lost in time dt from the surface is A<TT* dt 
watt-seconds, where <r is Boltzman's constant. If c is the heat capacity 
per unit mass and p the density, one must have for the temperature change 
in time dT 

AaT'dt = -cpAldT. (15) 

If T\ is the temperature at time t = 0, Eq. (15) can be integrated to give 

J_ = J_ 3^ 
T* T\ "*" cpl y D ; 

for the temperature at time i. If the material being considered is 
nickel, c = 0.59 joule/gm per °C and p = 8.4 gm/cm3. The value of a 
is 5.74 X 10-12 wat t /cm J per °C. Let t = 0.002 sec be the time between 
pulses at a 500 cps repetition rate, and let I be 0.02 cm, or approximately 
the depth indicated by Eq. (14). With these values it is found that 

T3 = — (171 
1 + (3.5 X lO" 1 3 ) ^ . u ; 

Suppose now that 2 \ = 1200°A. From Eq. (17) it is found that T is 
less than 7 \ by only 0.02 per cent. 

On the basis of this example, it is concluded that radiation has a 
negligible effect upon the fluctuations in temperature of a pulsed cathode. 
Consequently, fluctuations in cathode temperature due to periodic 
back bombardment may be disregarded under the conditions assumed in 
this section. 

A source of periodic cathode heating during pulsing not considered 
here is the ohmic loss in the cathode coating due to passage of electrons. 
In the Bartol data that will be considered, this effect has been taken 
into account by operating the magnetron under consideration as a diode 
and measuring the temperature rise due solely to to ohmic loss. In 
applications of the results of these sections, the two effects should be 
considered separately. 
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12-7. Measurements of Back-bombardment Power.—It is generally 
understood that a certain fraction of the electrons which leave the 
cathode of an operating magnetron return to the cathode with an 
increased energy gained at the expense of the oscillating fields. This 
increment of energy is expended in heating the cathode structure. 
Experience has led to general acceptance of the fact that about 3 to 10 
per cent of the input power of a magnetron will appear as back-bombard-

8 10 12 14 16 18 20 
Current in amps 

F I G . 12-20.—Contours of equal back-bombardment power. QL = 56. 

ment power at its cathode. Very few serious attempts have been made, 
however, to measure back-bombardment power accurately. 

The best data on this subject have been measured on a 2J32 mag
netron at the Bartol Research Foundation.1 Under a variety of operat
ing conditions, these investigators measured the rise in temperature 
of the cathode of this tube above that maintained by the heating element 
during nonoscillating conditions. Furthermore, similar increments of 

1 W. E. Danforth, C. D. Prater, and D. L. Goldwater, "Back Bombardment of 
Magnetron Cathodes," Bartol Research Foundation, NDRC 14-309, Aug. 25, 1944. 
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temperature were achieved by increasing the heater power. In their 
case, the distribution of these two sources of heat can be considered 
equivalent, and it has just been shown in Sec. 12-6 that effects due to 
periodic back bombardment can be neglected. The temperature rise 
during oscillation can be correlated with an average back-bombardment 
power and, knowing the duty ratio, with a pulse back-bombardment power. 

18 20 22 12 14 16 
Current in amp 

F I G . 12*21.—Back-bombardment power in percentage of input power for the 2J32 magne
tron. QL = 56. 

In Fig. 12-20 a chart is shown of contours of equal back-bombardment 
power in the (F.Z)-plane for a 2J32 magnetron operated at a loaded Q 
of 56. The magnetic field lines are also shown. This chart is typical 
of a number of such plots given in the Bartol report. In Fig. 12-21, 
the same data are presented in terms of percentage of input power. 
It will be observed on this chart that from 2 to 5 per cent of the input 
power appears at the cathode at this loaded Q. 

Furthermore, it will be observed that a very definite maximum in 
the percentage of input power returned to the cathode occurs in the 
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neighborhood of 1400 gauss. Mention of this fact has already been made 
in Sec. 10-8. I t was stated there that this field value was empirically 
predicted by the formula 

Bc !0 + *> 10,600 / , , 1 (18) 

Until more information is available, it will be impossible to say whether 
or not a maximum in the percentage of input power returned to the 
cathode can generally be expected in the neighborhood of the field 
predicted by Eq. (18). 

In Fig. 12-22 a plot is shown of the back-bombardment power of the 
same 2J32 as a function of total slot conductance G, for a field of 1200 
gauss and a current of 12 amp. A curve of power P, delivered by the 
electrons to the resonant system is included for comparison purposes. 
I t will be seen that the back-bombardment power nearly doubles as the 
load is decreased, while over the same range, the output power is decreas
ing by nearly a factor of 2. 

80 

I s 40 
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y 
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Fia. 12-22.—The dependence on load of (o) output power and (fc) back-bombardment 
power for B - 1200 gauss, I = 12 amp, and OL = 0,11/Qi. 

The data presented in Pigs. 12-21 and 12-22 indicate that the back-
bombardment power delivered to the cathode of a 2J32 magnetron may 
vary from 2 to 10 per cent of the input power over the known ranges of 
operation. 

Consideration can now be given to the usefulness of the Bartol 
Research Foundation data in predicting the behavior of other mag
netrons. If the 2J32 magnetron satisfies the requirements for exact 
scaling expressed in Sec. 10-6, the data can certainly be used to predict 
the back-bombardment power of other tubes in this family. Further
more, in this case, the data should scale to magnetrons of different N 
at least as well as the output power. Consideration of the structure of 
the 2J32 indicates that it should scale properly, and performance charts 
for the tube given in Chap. 10 do, indeed, fit into the general scaling 
scheme. I t has been shown in Chap. 10, however, tha t a rising-sun 
magnetron does not really satisfy the requirements for exact scaling. 
The coincidence that Eq. (18) predicts the critical field for a rising-sun 
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tube and also the field of maximum back-bombardment shown in Fig. 
12-21 raises a possible suspicion that the 2J32 magnetron used here 
possesses in a slight degree some of the properties of a rising-sun mag
netron. If this is true, the back-bombardment power might be very 
strongly affected while the output power and other properties of the tube 
are only negligibly influenced. The possibility exists, therefore, that 
the data presented may not be scalable to other magnetrons. 

Other data have been taken, less extensive and reliable than that 
presented in the Bartol report. C. S. Robinson, Jr.1 has taken data on an 
early model of the 2J32 that substantially confirms the Bartol data. 
In Fig. 12-23, cathode-temperature characteristics are given for a 2J42 
low-voltage, 3-cm magnetron. Curves are given showing cathode 
temperature as a function of heater power for various average input 
powers. The data always refer to the same operating point because the 
average input power has been changed by varying the duty ratio. By 
reading across at a constant temperature of 900°C, the following table 
can be constructed. At this operating point, therefore, about 8 per 
cent of the input power to a 2J42 magnetron is delivered to the cathode. 

TABLE 12-1.—COMPUTATIONAL TABLE 

Input power, 
watts 

53.2 
27.2 
13.6 
0.0 

Heater power, 
watts 

0.93 
2.91 
4.06 
5.15 

Power supplied by 
back bombardment, 

watts 

4.22 
2.24 
1.10 
0.00 

Ratio at 
back-bombardment 

power to input 
power, % 

7.9 
8.3 
8.1 

12-8. Thermal Considerations in Cathode Design.—A cathode with a 
length and diameter of active surface fixed by other considerations must 
be constructed to fulfill the following conditions: 

1. Under stand-by conditions with the magnetron in a nonoscillatory 
state, a certain rated heater power must maintain the cathode 
above a minimum temperature that will permit oscillations to be 
initiated when plate voltage is applied at the required rate and 
without damage to the active surface. The temperature must 
furthermore be kept below a maximum value set by considerations 
of life. 

1 C. S. Robinson, Jr., " Cathode Temperatures in Magnetrons," RL Report No. 90, 
Mar. 31, 1942. 
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2. With the magnetron oscillating and the cathode receiving a 
certain back-bombardment power and with the rated heater power 
reduced by a prescribed amount, the cathode temperature must 
be maintained in a range ensuring proper operation of the tube 
and an adequate life. 

3. The rated heater power must not be greater than some limit set 
by operational requirements. 

4. For barium-strontium oxide cathodes it must be possible to 
dissipate sufficient power in the heating element to bring the 
cathode to breakdown temperature. 

The design problem presented by these requirements is so complex 
and so different for each case that no attempt will be made to describe 
specific methods of procedure. Certain general features of the problem 
will be considered, but there will be no close discussion of questions of 
heat flow and radiation. Various degrees of calculation and experiment 
will be appropriate in each case to arrive at a satisfactory design. To 
summarize the existing art of cathode design and to serve as a point of 
departure in designing new cathodes, data will be presented on the 
construction and thermal properties of a number of cathodes that have 
already been built to meet a variety of operating conditions. 

An increased understanding of the problem of cathode design can 
be gained by considering a class of cathodes for which certain general 
relations can be derived. This class includes cathodes answering the 
following description: 

1. Their heater construction is such that the heater power and back-
bombardment power may be considered thermally equivalent. 

2. Heat is lost from the cathode almost entirely by radiation. 
3. The whole cathode structure is at a nearly uniform temperature. 

Radial-mounted cathodes that lose only a small proportion of heat 
through their supporting leads roughly satisfy this description. 

Suppose that PH is the rated heater power corresponding to a mini
mum tolerable temperature Ti for starting and that $PH is the power 
corresponding to a maximum tolerable temperature T2 during operation. 
I t has already been shown in Chap. 10 that PH must satisfy the equation 

where x is the fractional reduction in Pu during operation. For the 
cathodes under consideration, 

Pu = C(T\ - T*), (20) 
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and 
0PH = C{T\ - Ti), (21) 

where C is some constant depending on the cathode shape and Ta is 
the temperature of the surroundings of the cathode and is assumed to 
remain constant. From Eqs. (20) and (21) 

Suppose, for example, that safe temperature limits for a barium strontium 
oxide cathode are 750° and 950°. If T0 is considered negligible com
pared with T\, Eq. (22) yields, for this case, /3 = 2.1. 

With PH determined from Eqs, (19) and (22) the design problem 
for this class of cathodes is reduced to arranging that the cathode struc
ture maintain a temperature T\ when PH watts are dissipated in the 
heater. For a radial-mounted oathode with fixed length and diameter 
of active surface, this essentially involves proper design of the end 
shields. 

If the heater power required by Eqs. (19) and (22) is more than a 
radial-mounted cathode with an active surfaoe of the specified dimensions 
can be designed to dissipate at the temperature T\, the use of an end-
mounted cathode is indicated. On the other hand, Eqs. (19) and (22) 
may specify a heater power so small that the dissipation of the cathode 
structure cannot be sufficiently reduced to enable the temperature 
T\ to be attained at PH watts in the heater. In this case, it is clear that 
the temperature range T\ to T2 may be decreased with a consequent 
decrease in /° and increase in PH-

The cathode data to be presented will include several examples of 
radial-mounted structures. I t will not be possible, however, to correlate 
these data with Eqs. (19) and (22) because insufficient information 
exists on the temperatures T\ and T2 that have been considered 
practicable, 

The cooling of an end-mounted cathode or of a radial-mounted cathode 
with heavy supporting leads is a mixture of radiative and conductive 
heat loss. The construction of end-mounted cathodes, furthermore, 
is often such that the distribution of heater power and back-bombard
ment power are far from equivalent. Consequently, general relations 
such as Eqs. (19) and (22) cannot be established for end-mounted 
cathodes, and the design problem is more complicated. 

A considerable simplification is made in the problem if the heater 
power can be decreased to zero during operation (x ^ 0). Then the 
cathode structure can first be designed to dissipate the back-bombard^ 
ment power PB at the temperature T2, and PH can be separately arranged 
so as to maintain a cathode temperature T\ in the nonoperating tube. 
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TABLE 12-2 

Tube 

Radial mounts: 
2J32 

4J70 

4J70 

HP10V 

725A 

End mounts: 
2J42 

BM50 

QK61 

4J50 

3J21 

A-131 

Cathode 
type 

Plain 
oxide 

Metallized 
screen 

Thorium 
Oxide 

Oxide 
screen 

Metallized 
screen 

Oxide 
screen 

Oxide 
screen 

Oxide 
screen 

Oxide 
matrix 

Oxide 
matrix 

Tantalum 

Active 
area of 

cathode, 
cm2 

3.77 

7.36 

7.36 

18.84 

0.52 

0.36 

0.12 

1.12 

1.07 

0.11 

Stand-by 
heater rating 

volts 

6.3 

16 

12.6 

13.0 

6.3 

6.3 

6.3 

6.3 

12.6 

12.6 

3.0 

amp 

1.5 

3.1 

25.5 

8.5 

1.0 

3.0 

0.30 

3.5 

2.2 

1.6 

50.0 

watts 

9.5 

50.0 

320.0 

110.0 

6.3 

3.0 

1.9 

22.0 

28.0 

20.0 

150.0 

Maximum 
average power 

input, 
watts 

600 

1200 

1500 

3000 

180 

83 

0.19 

350 

700 

110 

500 

1200 

1100 

1000 

E 900 

800 

700 

^ 

^ 

1 2 3 4 5 6 7 
Heater power in watts 

Flo. 12*23.—Cathode temperature vs. heater power characteristics of the 2J42 for 
various values of average input power to the magnetron. The curves were obtained by 
varying the duty ratio at a constant operating point of 5.5 kv, 4.5 amp, pulling figure of 
12 Mc/sec, and loaded Q of 240. 
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A structure arrived at in this way can furthermore serve as a starting 
point in designing a cathode for which x is not to be equal to zero. If 
the radiative or conductive heat loss of this first approximation is suc
cessively increased, both PH and xP« must also increase. The increments 

Lavite insulator 

Nickel sleeve, 
I 

Oxide layer 

I 
Coiled-coil 
tungsten heater' 

L/2i_ 
Nickel end shield 

- Supporting structure 

F I G . 12-24.—Plain oxide cathode of the 2J32. (2 X . ) 

Nickel lead wire 
-Expanded end cathode 

-Lavite insulator 

.Coiled-coil 
tungsten heater J 
ceramic coated 

-Nickel sleeve 
and screen 

- Nickel connecting tabs 

3 
l 

F I Q . 12-25.—Metallized screen cathode of the 4J70. (2 X.) 

in \PH will be greater than those in PH, however, because T2 > 7\ . 
Therefore, by sufficiently increasing the heat loss, x can be brought to 
the desired value. 

Figures 12-24 through 12-34 are 11 enlarged-scale cross-section views 
of cathodes that have been used in various production and experimental 
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magnetrons. Five of these cathodes are radial- and six are end-mounted 
designs. These tubes are listed in Table 12-2 with data on the type of 
emitting surface, the emitting area, the stand-by heater ratings, and the 

t- Tungsten support lead 
^ Molybdenum end shield 

Molybdenum end structure 

F I G . 12-26.—Thorium oxide cathode of the 4J70, (2 X ) 

I 
Nickel end shield. ! /ungsten lead 

Fio. 12-27.—Oxide screen cathode of the HP10V. (Actual size.) 

maximum average input power that the tube is rated to accept at any 
operating point. Except for the 2J32, which is discussed in Sec. 12-7, 
there is insufficient information to translate this input power into terms 
of back-bombardment power. Consequently these figures can be taken 
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only as a rough indication of the power-handling capabilities of the various 
cathodes. For three of the tubes, the average power entered in the table 
is underlined to indicate that the tube has accepted that power success
fully but that it has not been determined to be a maximum value. 

The characteristics of most of the tubes listed in Table 12-2 are 
discussed in Chap. 19. One exception is the A-131, a 3-cm c-w magnetron 
developed at RCA.1 This tube has operated with an input power of 

Machined nickel steel 

Tungsten heater 

Coated nickel screen 

a 
Lavite insulator 

Nickel eyelet 

FIG. 12-28.—Metallized screen cathode of the 725A. (4 X.) 

^ Machined 
^^/nickel sleeve 

Tungsten 
heater 

FIQ. 12-29.—Oxide screen cathode of the 2J42. (2}X.) 

500 watts at an efficiency of 40 per cent. Under these conditions the 
cathode was maintained at 2600°K by reducing the heater power to 
80 watts. 

Two cathode structures are shown for the 4J70 magnetron. One 
of these is the conventional oxide cathode used in production tubes; 
the second is an experimental thorium oxide cathode developed at the 
Bartol Research Foundation.2 This cathode was developed to permit 
the use of higher input powers and longer pulse durations with the 4J70 
and represents an experimental stage of development. 

1 NDRC 15-RP430C, 1946. 
* M. A. Pomerantz, "Sintered Thoria Cathodes," Bartol Research Foundation of 

the Franklin Institute, NDRC 14-517, Oct. 31, 1945. 



SEC. 12-8] THERMAL CONSIDERATIONS IN CATHODE DESIGN 535 

Fio. 12-30.—Oxide screen cathode of the 
BM50. (5 X.) 

Fio. 12-31.—Oxide screen cathode of the 
CM16B. (2X.) 
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Permendur end shields 
Flo . 12-32.—Oxide matrix cathode of the 4J50. (2 X 

Tungsten ,^— K o v a r e n d s h i e | d s 
Molybdenum support 

" Tungsten heater 
F I G . 12-33.—Oxide matrix cathode of the 3J21. (2 X.) 

Tungsten rod " 
Molybdenum end spacer 

F I G . 12-34.—Tantalum cathode of the A131. 
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Rather complete data are available on the characteristics of the 2J42 
cathode. These data are presented in Fig. 12-23 as an example of the 
thermal behavior of an end-mounted cathode. 

ESTABLISHMENT OF AN AXIAL BOUNDARY TO THE SPACE CHARGE 
BY A. M. CLOGSTON 

12-9. Cathode End Shields.—Cathode end shields are short sections 
of enlarged diameter at the ends of a magnetron cathode. Numerous 
examples of these structures may be seen by referring to Figs. 12-24 
through 12-34. The end shields may be relatively close to or far from 
the top of the anode block. The diameter of the shields may vary from 
only slightly greater than the cathode diameter to even larger than the 
anode diameter. The temperature of the end shields may be equal to 
the cathode temperature or may be sometimes so constructed as to 
maintain a temperature several hundred degrees cooler than the cathode. 
Mechanically, the shields may be an integral part of the cathode sleeve 
or may sometimes be separately mounted from the cathode supports. 
The potential of the end shields, however, is always kept the same as 
that of the cathode. . 

End shields are a necessary part of a magnetron cathode, required 
to prevent electron leakage from the interaction space. If the end 
shields are omitted from the cathode, the volt-ampere characteristic 
at a fixed field will be as shown by the 
solid curve in Fig. 12-35, whereas the 
characteristic of a normal tube is as 
shown by the dashed curve. I t has 
been demonstrated that this current 
flowing to the anode in the absence of 
end shields is collected almost entirely 
on the end plates of the magnetron as 
long as the applied voltage is below Amperes 
cutoff. For example, currents up to 60 FlG-12-35 -(»,<) = characteristic of a 

^ ' ^ magnetron without end shields. 
or 70 amp may thus flow out of the 
interaction space of a 4J70 magnetron built without end shields. Under 
these conditions a magnetron cannot oscillate. 

There are two possible explanations of these large leakage currents 
that are not encountered in ordinary electron tubes, and both are con
nected with the presence of the magnetic field. (1) A magnetron is 
usually operated at a voltage several times greater than would normally 
be applied to a similar nonmagnetic diode. Consequently, the space-
charge densities necessary to give a zero gradient of electric field at 
the cathode are also several times larger. The repulsive force exerted 
on electrons near the ends of the interaction space by this large space 
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charge may therefore account in part for the large leakage currents. 
(2) If the magnetic field near the ends of the cathode decreases in a direc
tion away from the center plane of the anode block, the electrons in this 
region will feel an additional force directing them out of the interaction 
space. This effect can sometimes be counteracted by constructing the 
end shields of magnetic material in such a way that the fields increase 
away from the center plane. The 4J50 cathode illustrated in Fig. 12-31 
has Permendur end shields for this purpose. A discussion of this effect 
will be found in Chap. 13. 

Cathode end shields prevent electron leakage from the interaction 
space by distorting the equipotential lines near the ends of the inter
action space in such a way as to inflict an inwardly directed component 
of force upon the electrons. This component of force, being essentially 
parallel to the magnetic field, simply urges the electrons toward the center 
plane of the anode block, 

The presence of the end shields, unfortunately, is not always felt 
solely through their electrostatic effects. Under certain conditions, the 
shields may emit electrons that, originating closer to the anode than do 
those emitted from the cathode surface, respond differently to the electric 
fields. Such electrons may contribute to an observed leakage current, 
and they may sometimes act to increase or decrease the mode stability 
of a pulsed magnetron. A further discussion of this matter is to be found 
in Chap. 8 and in a report by P. Forsberg.1 

Under various circumstances, the electrons emitted by an end shield 
may be either primary or secondary. Primary emission is promoted by a 
high end-shield temperature and by the accumulation of active material 
on the shield by evaporation or surface diffusion. Secondary emission 
apparently can arise from bombardment of the shields by the longitudinal 
movement of electrons in the interaction space as already discussed. 
Evidence for this effect will be found in the report by Forsberg. 

For all practical purposes, the design of end shields is completely 
empirical. A good procedure for a new case would be to start with a 
design that resembles mechanically and electrostatically one of the 
examples in Sec. 12-8. If behavior of the magnetron is then satisfactory, 
the end-shield design can be considered adequate. On the other hand, 
the tube may present large leakage currents or poor mode behavior. 
In order to determine whether or not these effects are a matter of end-
shield design, tests should be made to discover (1) if current is escaping 
from the interaction space and (2) if electrons are being emitted from the 
end shields. Point 1 may be tested directly by inserting insulated end 
plates or pole pieces in the tube and measuring the current collected upon 

1 P. Forsberg, "Some Relations between End Effects and Mode Stability in the 
4J31-35 Magnetrons," RL Group Report No. 52, Nov. 2, 1945. 
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them. The point may also be studied by redesigning the end shields 
to decrease electron leakage from the interaction space and then observing 
the change in tube behavior. This redesign should increase the diameter 
of the shields or bring them closer to the top of the anode block. 

Point 2 is difficult to test directly and can be best studied by making 
changes in design that tend to decrease any end emission present. The 
most effective course is to redesign the shields so that they operate at a 
lower temperature. The end-shield temperature can be directly observed 
if a window is incorporated into the tube. In making this redesign, it 
must be remembered that the shields may receive energy from electron 
bombardment as well as by conduction and radiation from the cathode. 
If improvement in the tube characteristics results from a decrease in 
the end-shield temperature, indicating that emission from the shields is 
present and important, further improvement in behavior may possibly 
be obtained as follows: (1) by designing a trap to prevent surface diffusion 
of active material to the shields, (2) by constructing the shields from or 
coating them with a very poor emitter, and (3) by decreasing the diam
eter of the shields so that any electrons which are emitted will have a 
less deleterious effect upon the operation of the tube. 



CHAPTER 13 

THE MAGNETIC CIRCUIT 

B Y J. R. FELDMEIER 

The essential features of the magnetic circuit for microwave mag
netrons are (1) minimum weight, particularly for airborne radar; (2) 
constant magnetic field under operating conditions; and (3) a proper 
field shape for efficient magnetron operation. The most convenient 
source of magnetic flux satisfying (1) and (2) is a permanent magnet, 
for an electromagnet requires a constant-current power supply. Electro
magnets are, however, more convenient than permanent magnets for 
testing experimental tubes, as it is usually necessary to cover a con
siderable portion of the performance chart by varying the magnetic field. 
Thus both electromagnet and permanent-magnet designs are of concern. 
The principles of electromagnet design are generally understood and 
covered in most texts on electricity and magnetism; the principles of 
design of permanent magnets are less well known and so will be reviewed 
here with special emphasis on those features which are important in the 
design of lightweight permanent magnets for microwave magnetrons.1 

13-1. Design of Permanent Magnets.—The general type of magnetic 
circuit used with microwave magnetrons is shown in Fig. 13-1. The 
following symbols are used to define the geometry of the magnet and 
air gap: 

lg = length of air gap, 
dg = diameter of air gap, 

Ag = area of air gap, 
lm = length of magnet, 

Am = area of magnet (neutral section). 

To arrive at a relationship of these geometrical variables with the flux 
densities and field strengths associated with the magnet and the air gap, 
one applies the equations of continuity and conservation of energy to the 
magnetic circuit; 

/ B dA = const., for any cross section of the circuit, (1) 

1 See R. L. Sanford, "Permanent Magnets," Bur. Standards Circ. C448, for a more 
general discussion and for a bibliography of the subject. 

540 
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and 

H dl = 0, for any closed path around the circuit, (2) 

where B is the flux density and H is field intensity or magnetizing force 
Equations (1) and (2) are diffi

cult to integrate because of the flux 
leakage along the circuit and the 
uncertainty of the path of a given 
line of force. For this reason it is 
customary among magnet designers 
to define Bm and Hm as average values 
in the neutral section of the magnet 
and B„ and Hg as average values 
within the geometrical gap area. 
Approximations to the integral equa
tions are then obtained by the use of 
leakage factors defined as 

t t BmAm = BQAgF, (3) 
HJm = HalJ. (4) 

Combining Eqs. (3) and (4) gives Amlm = (Fj/BmHm)BaHgAgla. Using 
p as the density of the magnet material, one obtains an equation for 
magnet weight. 

F I G . 131.-

Neutral section of 
magnet material 

General type of magnetic, 
circuit. 

Weight of magnet = FfP 
BmH„ £>nAnla (5) 

where Hg and B„ are considered numerically equal in the gap. 

B (gauss) 

Peak flux density 

Remanence-B,. 

F I G . 13-2.—Typical hysteresis cycle of magnetic material. 

This equation sho\ts that the magnet weight is proportional to the 
leakage factors and to the volume of the air gap. The weight is also 
least for the maximum value of the product B,„Hm, which is known as the 
"energy product" because it is proportional to the energy per unit 
volume of magnetic material available for maintaining a magnetic field 
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in a gap. Questions such as how to maximize the energy product and 
what values can be expected can be answered by studying the hysteresis 
cycle of the magnetic material. A typical hysteresis cycle is shown in 
Fig. 13-2. The solid line in the first quadrant is the path followed by the 
magnet material when the magnet is charged by applying the indicated 
peak magnetizing force and then reducing the magnetizing force to zero. 
For the present consideration the second quadrant of the cycle, resulting 
from a demagnetizing force due to the introduction of an air gap, is the 
important one because it is the region occupied by a working magnet. 
This second quadrant contains the so-called "demagnetization curve." 

14,000 

600 500 400 300 200 100 0 1 2 3 4 5xl06 

Demagnetizing force H in oersteds Energy product BM HM 
Fio. 13-3.—Demagnetization and energy product curves of Alnico alloys. (From the 

Arnold Engineering Co. Bulletin, "Permanent Magnets for Industry," and from the Indiana 
Steel Products Co., Permanent Magnets Manual No. 3.) 

Such curves for several magnet materials are shown separately in Fig. 
13-3, along with their corresponding (Bm#„)-curves, The advantage of 
Alnico V from the point of view of weight conservation is patent, for its 
energy product is three times greater than the next best magnet material, 
Alnico II . In order to realize the maximum BmHm value of Alnico V of 
4.5 X 106, the magnet must be operated at the point on the demagnetiza
tion curve of 9500 gauss flux density and 475 oersteds field strength. 
The point on the demagnetization curve at which a magnetic circuit will 
come to equilibrium upon the introduction of a gap may be expressed in 
terms of the angle a shown in Fig. 13-3, which results from Eqs. (3) and (4). 

a = tan" -1 jig** Q-A-m 

FlmBgAg (6) 
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Thus for a magnetic circuit with an air gap (M = 1) of given dimensions 
and for fixed leakage factors, the ratio of the area to the length of the 
magnet material should be adjusted for maximum BmHm. Figure 13-3 
and Eq. (6) indicate that if the operating value of magnetic flux density 
is below 9500 gauss, the magnet must be decreased in cross-sectional area 
and increased in length (for the same magnet weight) in order to increase 
the magnet efficiency. Roughly, this adjustment is an increase in the 
magnetomotive force at constant reluctance with a corresponding increase 

0 5 10 15 20 25x10s 

Gap flux density in gauss squared 
FIG. 13-4.—Variation of weight with the square of the gap flux density for a gap length 

of 0.312 in. For magnet 1 : Bm =7730 gauss; Hm = 525 oersteds; BmHm = 4.1 X 10«; 
F = 28; and / = 1.8. 
in flux density. This balancing of magnetic reluctance and magneto
motive force is analogous to the case of a battery working into a resistance 
that is a nonlinear function of the current,1 

Although Eq. (5) is only an approximate solution to the exact integral 
equations and the factors F, f, BmHm, and lg are not independent, the 
equation does afford a convenient means of scaling from one set of condi
tions to another, particularly for small scaling factors, The equation 
predicts that the magnet weight should vary as B\ when the other quan
tities are assumed constant. This relationship is supported by experi-

1 For a detailed discussion of the analogy between electric and magnetic cir
cuits, see E. E. Staff of Massachusetts Institute of Technology, Magnetic Circuits and 
Transformers, Wiley, New York, 1944. 
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ence. The variation of Bg with the gap length Z„ for a given form of 
magnet material as predicted by Eq. (5) is not obtained in actual practice 
because F, / , and BmHm are strongly dependent on l„. The data plotted 

in Figs. 13-4 and 13-5 exemplify 
these two cases; these data were 
taken using the iron pole tips 
described by Fig. 13-6. These 
curves are numbered to correspond 
to (1) the 27-oz 2J42 magnet, (2) 
the 12-oz 2J39 magnet, and (3) a 
7.5-oz magnet similar in contour to 
the 2J39 magnet. The relation
ship between lg and Bg is deter
mined by the log plot of Fig. 13-5. 
The slopes of the lines for all three 
magnets are nearly the same and 
have a value of 1.06 rather than 2, 
the value predicted by Eq. (5). 
The plot of weight against B£ in 

Fig. 13-4 is in much better agreement with Eq. (5). 
The usefulness of Eq. (5) is limited by the difficulty of calculating the 

leakage factors F and / . Methods for estimating these factors1 have 

1000 2 000 5000 10.000 
LogB, 

F I G . 13-5.—Log plot of gap length 
against flux density for three magnet 
designs. 

F I G . 13-6.—The 2J42 pole t ip. 

been devised, but none of them claim any great accuracy; hence greater 
reliance should be placed on experience obtained from similar circuits. 

1 E . M. Underhill , " P e r m a n e n t Magne t Design, 
Sanford, op. cit., p . 3 1 ; Staff, op. cit.,, p . 105. 

Electronics, 16, 126 (1943); 
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Flux leakage can be reduced if the following rules are followed: 

1. The permanent magnet material should be located as near the gap 
as possible. Magnets 1 through 8 of Fig. 13-7 demonstrate this 
rule; the magnetic material is next to the air gap, and the iron yoke 
serves as a base. 

2. The magnet material at all points should be worked at the optimum 
flux density BmHm. This is accomplished usually by increasing the 

FIG. 13-7.—Magnetron magnets varying in weight from 250 lb to J lb. 

cross section of the magnetic material as the distance from the air 
gap is increased. 

3. In arrangements similar to that shown in Fig. 13-1 (except for 
the ends nearest the gap) the magnetic material should be kept 
separated as much as possible to prevent leakage across the 
enclosed region. 

4. The angle of taper on iron pole tips should be the maximum that is 
consistent with saturation of the iron. 

The latter is explained by reference to Fig. 13-8. For cylindrical pole tips 
as shown in Fig. 13-8<z there will be less flux leakage across the space from 
one cylindrical surface to the other than in the case of the tapered tips 
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(truncated cones) shown in Fig. 13'8b. The flux leakage results in an 
increase of total flux in the iron with distance from the gap. Under the 
condition of constant cross-sectional area the flux density away from the 
gap will increase and the permeability decrease,1 resulting in an increase 
in the reluctance of the iron. By tapering the iron to increase the cross-
sectional area with distance from the gap, the reluctance can be main
tained constant so that the iron will saturate uniformly along its length. 
This is done at the cost of increasing the flux leakage. If, in addition, 
the reluctance of the iron is maintained negligible compared with the 
reluctance of the gap, then the maximum magnetomotive force will 
appear across the gap. 

fa) (6) 
FIG. 138.—Plots of magnetic field. 

If the field uniformity in the gap is to be determined by methods (see 
Sec. 13-5) where the contour of the iron is taken to be an equipotential 
surface, no parts of the iron in the neighborhood of the gap should be 
allowed to saturate below the working gap flux density. For this reason 
it is necessary to round off all corners to prevent saturation. Figure 13-6 
shows the result of applying these principles to a pole-tip design. For a 
0.312-in. separation of such tips no saturation occurs below 6000 gauss 
gap flux density. In cases where it is not important to know the exact 
field shape, the corners on the tips need not be removed. 

Rules 1 to 4 are not always mutually consistent, and a compromise is 
usually necessary; the nature of the compromise depends on the particular 
application. 

1 See Staff, op, cil., p. 23, for the magnetic properties of iron. 
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Figure 13-7 shows a variety of magnets that may serve as a basis for 
new designs; Table 13-1 gives the weight, field, and gap dimensions of 
these magnets. 

TABLE 131.—PERTINENT DATA ON THE MAGNETS SHOWN IN FIG. 13-7 

Magnet 
No,* 

1 
2 
3 
4 
5 
6 
7 

8 

9 
10 

Weight, 
lb. 

250 
100 
42 
UH 
13M 
6M 

13K 

8 

Approximate 
B„, gauss 
(stabilized 

5%) 

3000 
2400 
3400 
2500 
2500 
1350 
4800 

4850 

5000 
3800 

Gap 
length 
l„, in. 

2.70 
2.75 
1.50 
1.40 
1.30 
1.50 
0.69 

0.63 

0.28 1 
0.28 / 

Gap 
diam. 
dg, in. 

2.50 
2.00 
1.62 
1.62 
1.62 
1.62 
0.75 

0.75 

Remarks 

Iron base 
Iron base 
Iron base 
Iron base 
Iron base 
Iron base 
AInico " C ' s " bolted together 
with iron spacer 

Alnioo " C ' s " bolted together 
by aluminum base (no iron) 

Using iron pole pieces (5 oz) 
described in Fig. 13-6. 

Additional data on magnet weight and flux density are given in Chap. 19. 

Physical Properties of AInico V.—One of the most important physical 
properties of AInico V for magnet design is the directional property of 
flux conductivity. This property is a result of the heat-treatment process 
to which AInico V is subjected during manufacture. In the heat treat
ment the magnet material is cooled in the presence of a magnetic field, 
the direction of which is the same as the field to be generated by the 
working magnet. The shape of the AInico V should conform as closely 
as possible to the magnetic field in which it is processed, and the difficulty 
of producing a processing field of any desired shape places a limitation 
on the possible shapes of the magnetic material. The bar magnet is the 
easiest to heat-treat because the necessary field can be produced between 
flat poles of an electromagnet. A C-shaped magnet like that of the 2J39 
is not much more difficult to heat-treat because it can be treated in the 
fringing field of flat pole pieces. If one must deviate from these simple 
shapes, care should be taken to arrive at a shape consistent with the field 
shapes that can be obtained for heat treatment. Nevertheless, magnets 
of unusual shapes have been successfully made by locating ferromagnetic 
material in such a way as to distort a normally uniform field or a fringing 
field into the desired form. 

In addition to the alignment of the magnetic field during heat treat
ment, a rapid quench is important. For this reason the volume of a 
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single piece of Alnico V must not be too great. To obtain a rapid quench 
for very large magnets it may be advantageous to make the magnet in 
several sections which finally are combined and held together with iron 
yokes to form a completed circuit. 

Alnico V must be cast, and in this form it is coarse-grained, brittle, 
extremely hard, and nonforgeable. Because holes cannot be drilled 
economically, mounting holes are cored in the casting. Soft-iron inserts 
are cast into the magnet during the pouring process and later drilled and 
tapped; but because of the large shrinkage during cooling (2.6 per cent), 
this is successful only when the dimensions of the Alnico are large com
pared with the hole. 

Flat surfaces can be ground to close tolerances, but cast tolerances are 
usually set by the magnet manufacturers at not less than +0.015 in. 
Arc welding of Alnico with stainless steel or phosphor bronze rods is only 
partially successful; soft soldering can be done if the surfaces are care
fully prepared with an acid. The magnetic properties of Alnico V are 
impaired if it is raised to a temperature over 1100°F after the heat 
treatment. 

Table 13-2 gives some additional properties1 of Alnico V useful for 
design purposes. 

TABLE 13-2.—PROPERTIES OF ALNICO V* 
Specific gravity 7.3 
Electrical resistance at 25°C 47 X 10-6 £2cm/cmJ 

Tensile strength 5450 lb/in.2 

Transverse modulus of rupture 10,200 lb /in.2 

Hardness, "Rockwell C" 45—55 
Coefficient of thermal expansion 11.3 X 10~6/°C 

* Courtesy of E. M. Underbill. 

13-2. Magnet Charging.—The magnet material is magnetized by 
taking it through the first quadrant of its hysteresis cycle as discussed 
in Sec. 13-1. In order to reach the maximum value of magnetic flux 
density, every part of the Alnico V must be magnetized to the point of 
practical saturation, and for this a magnetizing field of about 3000 
oersteds applied to the Alnico in the direction of the working field is 
necessary. If the magnetic material is properly heat-treated and the 
above value of field strength is applied to the Alnico V, a remanence 
value of magnetic flux density of 12,600 gauss should be realized as shown 
in Fig. 13-3. 

An electromagnet that can supply the required field provides a con
venient means of charging bar magnets, as they require only straight 
fields. Magnetron magnets, however, are usually of such contour that 

1 E. M. Underhill, "Mechanical Problems of Permanent Magnet Design," Elec
tronics, 17, 126 (1944). 
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it is simpler to charge them by surrounding the material with one or more 
solenoids. In this arrangement soft-iron bars are placed across the ends 
of the magnetic material so that a closed magnetic circuit results. The 
solenoid may be excited by connecting it across a d-c source with high 
current capacity, but a better method is to employ a high-current 
impulse. Condenser discharge and half-cycle1 impulse chargers have 
been employed. A typical circuit for the condenser discharge method is 
shown in Fig. 13-9. The storage condenser consists of a bank of 100 
40-^f dry electrolytic condensers connected in parallel by heavy leads. 
The condensers, which have a rating of 500 working volts, are charged 
to 400 volts by a small 200-ma d-c power supply and discharged through 
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F I G . 13-9.—Circuit of condenser-discharge method for charging magnets. 

an ignitron (GL415) in series with the magnetizing coils. Peak currents 
of*1000 amp can be obtained in this way. Care must be exercised when a 
condenser discharge is used for charging to prevent oscillations in the 
circuit and the resulting reversed magnetic fields. In this circuit the 
ignitron serves this purpose. 

The magnetizing coil must be constructed so that for the pulse current 
obtainable a field of 3000 oersteds in air is produced. If the length of the 
coil is short compared with the magnet length, the coil should be moved 
along the magnet to apply the maximum magnetizing field to each por
tion of the Alnico V. Care should be taken not to cross-magnetize the 
magnetic material. 

If the magnetron is the "packaged type," that is, with the magnet 
permanently attached to the tube, the magnet can be charged separately, 
stored with an iron "keeper," and then slid onto the magnetron so that 

1 See H. W. Lord, "A Half-cycle Magnetizer with T h y r a t o n Contro l , " Gen. Elec. 
Rev., 40, 418 (1937). 
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the magnet is never made to operate into a gap greater than the working 
gap. 

13-3. Magnetic Stabilization.—Inspection of a performance chart 
shows that the characteristics of a magnetron are such that constancy of 
magnetic field is extremely important if constant power input, power 
output, and magnetron frequency are to be maintained. This section 
will discuss qualitatively the phenomena of magnet stability and give 
some quantitative information on the effect of various demagnetizing 
forces. 

Stability against Change in Air Gap or against Stray Demagnetizing 
Fields.—Figure 13-3 is useful in obtaining a qualitative understanding of 

magnet stability. I t is preferable 
for this purpose, however, to plot 
the flux density in the air gap B„ 
along the vertical axis instead of 
the flux density in the magnet Bm, 
because Bg is the variable of direct 
concern. According to Eq. (3), 
this amounts to multiplying the 
vertical axis of Fig. 13-3 by the 
factor A m/A gF. Referring now to 
Fig. 13-10, a is the point at which 
a gapless magnetic circuit will 
come to equilibrium after the 
charging field is applied and then 
reduced to zero. If the keeper is 
removed, introducing an air gap 
of length lg, the circuit will ba in 

equilibrium at point b, where b is defined according to Eq. (4), and may 
be expressed in terms of the angle /3 thus: 

F I G . 13-10.—Variation of gap flux density 
with demagnetizing force. 

tan p = Ik (7) 

The flux density BQ corresponding to the point b has become known as the 
"saturation value" of flux density. If a further demagnetizing force 
H2 — Ho is applied and then removed, the circuit will first follow the 
major hysteresis curve b to c and then the minor hysteresis loop c to d. 
The result of the demagnetizing force is a decrease in magnetic flux 
density of Bo — B\. If the same demagnetizing force is applied and 
removed a second time, the magnet will follow very closely the same 
minor hysteresis loop and return to the point d with a negligibly small 
change in B. Hence B\ has become known as the "stabilized value" of 
flux density, stabilized for a demagnetizing force smaller than Hi — Hi. 



SEC. 13-3] MAGNETIC STABILIZATION 551 

0 200 400 600 800 1000 1200 
E Alternating field (amp turns per inch) 

F I G . 13-11.—Resistance of magnetic 
materials to stray demagnetizing fields. 
{From the Arnold Engineering Co. 
Bulletin "Permanent Magnets for 
Industry.") 

The previous discussion is valid for demagnetization effects due to the 
introduction of air gaps into the magnetic circuit or to the presence of 
neighboring a-c or d-c magnetic fields. Quantitatively the resistance of 
magnetic materials to these demagnetizing forces is a function of the 
coercive force of the material. As seen in Fig. 13-3, Alnico IV is better 
than Alnico V in this respect. [A 
recently reported new Alnico, Alnico 
IX, has an even higher coercive force 
(approximately 950 oersteds), but 
like Alnico IV its energy product is 
low—1.8 X 106.] Figure 13-11 shows 
the effect of stray demagnetizing 
fields on Alnico V compared with 
tungsten- and cobalt-alloy steels. 
The coercive forces for the tungsten 
and cobalt steels are 65 and 230 oersteds, respectively. I t has been 
arbitrarily established that for magnetron magnets, the operating flux 
density Bi (see Fig, 13-10) is set from 3 to 5 per cent below the saturation 
value B0. This controlled demagnetization is most conveniently accom
plished by subjecting the Alnico to an a-c magnetic field. For magnetron 
magnets separate from the tubes, this can be done by alternately apply
ing an a-c field and measuring the resultant flux density (see Sec. 10-5). 
It is also customary to "keeper stabilize" the magnet. This is done by 
inserting and removing the magnet keeper three or four times. On the 
BH curve of Fig. 13-10 this amounts to running up and down the minor 
hysteresis loop c-d, reducing the effects of the actual nonlinearity and 
nonreversibility of the path c-d. 

Temperature Stability.—The effect of temperature changes on the 
magnetic properties of Alnico V is of a 
different nature from the effects dis
cussed previously. This effect from 
-180° to +500°C is reversible, so that 
any temperature cycle between these 
values results in no permanent change 
in field strength. A typical value for 
this change is —0.25 per cent in field per 
degree centigrade. This change in mag
netic field with temperature produces a 
change in magnetron current that de
pends on the dynamic impedance and 

rate of change of voltage with magnetic field of the particular magnetron. 
Figure 13-12 shows the behavior of Alnico over a wide range of temper
ature, along with a comparison of Alnico with some alloy steels. 

■a ioo 

1500 500 1000 
Temp. (Deg F) 

F I G . 13-12.—Resistance of mag
netic materials to temperature 
changes. (From the Arnold En
gineering Co. Bulletin "Permanent 
Magnets for Industry.") 
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Effects of Neighboring Ferromagnetic Material.—Neighboring ferro
magnetic material has two effects on a magnetic circuit. The first is 
shunting of magnetic flux by the material, which has the same effect on 
the flux density in the magnet as a decrease of gap length; and hence, if 
the magnet has been stabilized to a great enough degree, no residual 
change in field strength remains after the material is removed. The 
second effect is a rearrangement of the magnetic dipoles in the magnetic 
material. This does leave a permanent effect unless the magnet is 
recharged. The magnitude of degaussing, produced by the proximity 
of ferromagnetic material, depends upon many factors, such as the size 
of the magnet and ferromagnetic object and the location of the point at 
which contact is made. An idea of the order of magnitude of this effect 
can be had from the fact that magnet 5 in Fig. 13-7 is degaussed by 5 per 
cent from the saturation value if an iron bar f in. in diameter and 6 in. in 

length is touched directly on the 
Alnico V near a magnet pole. This 
degaussing effect drops off rapidly 
with distance of approach of the iron 
bar, so that the degaussing is only 
0.8 per cent if the bar is brought 
within -fa in. of the same spot as 
above. For this reason magnetron 
magnets are always covered with a 

protecting material to prevent direct contact with magnetic material, 
particularly in the neighborhood of the magnet poles. 

Vibration Effects.—Even though the effect of vibration on Alnico V 
does not appear important for any practical conditions associated with 
magnetron magnets, data are presented in Fig. 13-13 showing the resist
ance of Alnico and some alloy steels to vibration. 

13-4. Field Uniformity.—The efficiency of a magnetron depends upon 
the magnetic-field uniformity within the interaction space. Except at 
the very ends of the interaction space (see Sec. 12-11), a uniform field is 
desirable. 

The need foi uniformity arises from the large changes in current that 
result from small changes in magnetic fields. The performance chart of a 
typical magnetron is shown in Fig. 19-44, and from this it may be seen 
that a change in field from 5100 to 5330 gauss results in a 2 to 1 change in 
current. Thus, a variation of this amount in magnetic field along the 
height of the anode will result in operation over the low-field regions at 
twice the current density of the high-field regions. Damage to the 
cathode at these low-field high-current points has frequently been 
observed. Axial uniformity to better than 5 per cent is a safe rule to 
follow. 

500 1000 
Number of impacts 

F I G . 13-13.—Resistance of magnetic 
materials to vibration effects. {From 
the Arnold Engineering Co. Bulletin, "Per
manent Magnets for Industry.") 
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For magnetrons having separate magnets with flat pole pieces, this 
condition is satisfied if the gap length is equal to or less than the gap 
diameter, provided the anode diameter of the magnetron is less than half 
the gap diameter. When tubes have attached magnets, often the pole 
tips have holes in them to admit the cathode structure. Up to a certain 
ratio of hole diameter to anode diameter, the holes tend to increase the 
field uniformity in the center of the region between the tips. Very large 
holes must be drilled in magnetrons with a large number of resonators, as 
the ratio of cathode to anode diameters becomes large, and undesirable 
field configurations are likely to occur. With 16 or more resonators it 
has been found that this hole becomes so large and the magnetic field so 
distorted that very low efficiencies result. To correct this, magnetic 
material is attached to the cathode structure, thereby effecting a concen
tration of flux toward the axis of the magnetron near the ends of the 
anode, and approximating the desired form as discussed in Sec. 12-11. 
The material attached to the cathode structure must not saturate below 
the working flux density, and, furthermore, the Curie point of the mate
rial must be above the cathode temperature. The magnetic material 
Permendur (50 per cent Fe, 50 per cent Co) meets these requirements 
satisfactorily. This material was used in the 4J52 (see Chap. 19), where 
it replaces the usual nickel electrostatic shields to prevent electron leakage 
at the anode ends. In addition to producing the desired field shape, it 
also reduces the effective gap between the poles. 

13-6. Testing and Measurements.—The testing of permanent magnet 
materials to determine the shape of the hysteresis cycle1 as well as 
methods for determining flux density2 3 in the gap or neutral section of a 
finished magnet are well standardized and will not be discussed here. 
I t should be emphasized, however, that the fields in the gaps of magnetron 
magnets are rarely uniform, and hence the measurement of the average 
flux density in one of these gaps depends largely upon the size and shape 
of the test coil employed. For this reason the Signal Corps and Bureau 
of Ships have established a set of standard test coils for measuring the 
average flux density over a volume corresponding to that of the inter
action space.4 The expression "flux density" as used in this chapter 
means the average flux density over the area occupied by the appropriate 
test coil. 

1 R. L. Sanford, "Magnetic Testing," Bur. Standards Circ. C415, 1937. 
2 F. A. Laws, Electrical Measurements, McGraw-Hill, New York, 1938. 
3 Attention is drawn to a novel fluxmeter developed by the Marion Electrical 

Instrument Co., Manchester, N.H., which is extremely useful for making quick 
checks on flux density. Rev. Sci. Instruments, 17, 41 (1946). 

4 The details of the standard "200" coil suitable for gaps and magnetic fields 
encountered in 3-cm magnetrons may be obtained by writing to the U.S. Bureau of 
Standards. 
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Equipotential 
Line of force 

FlQ. 13-14.—Two-dimensional 
field plot. 

Field Shape.—The shape of the magnetic field in the interaction space 
is of considerable importance, and it is often necessary to determine the 
field shape for a new tube design. If the volume of the air gap is large 
compared with the volume of the field-measuring device, the field pattern 
can be obtained by direct measurement of the field intensity at several 
points over the gap. For the air gaps associated with magnetrons at 

5-cm wavelengths or longer, field plots can 
be made with a magnetometer developed by 
the General Electric Research Laboratories 
having a sensitive element only £ in. long 
and TS in- in diameter. 

Equipotential plots of the electrostatic 
fields between model pole tips immersed in 
water give the shape of the magnetic field 
directly if three dimensional models are used.' 

A geometrical method of obtaining flux 
plots satisfying Laplace's equation has been 

developed by Crout.2 This method is useful in a wide variety of applica
tions and will be considered in detail. 

For simplicity the method will be described by considering the case 
of a static two-dimensional magnetic field. Suppose a number of lines 
of force and equipotentials be drawn as in Fig. 13-14 and the tubes of flux 
and the strips between adjacent equipotentials be numbered according 
to the following definitions: 

u = potential at any point, 
v = flux between a reference line of force and that point, 

AMI, Aw2, ■ • • = potential difference across the various strips formed 
by the equipotential lines, 

|7J| = curvilinear rectangle comprising the region com
mon to the ith. strip and j t h tube of flux, 

Avi, At/2, • ■ • = fluxes in the flux tubes of unit depths seen as 
\ij\ from above, 

Rn = reluctance of the volume of unit depth seen as 
\i,j\ from above, 

En = energy in the volume of unit depth seen as [tjj 
from above, 

n = permeability of the medium containing the field 
(assumed constant throughout the field). 

1 V. K. Zworkin and G. A. Morton, Television, Wiley, New York, 1940, p. 73; 
L. M. Myers, Electron Optics, Van Nostrand, New York, 1939, p. 129; A. Kolin, 
"Mercury Jet Magnetometer," Rev. Sci. Instruments, 18, 209 (1945). 

2 Prescott D. Crout, "The Determination of Fields Satisfying Laplace's, Poisson's, 
and Associated Equations by Flux Plotting," RL Report No. 1047, Jan. 23, 1946. 
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Accordingly, 

and 

_ Aui ki tin = -— ~ > AVJ fiwn 

AUrAVj 

(8) 

(9) 

Now if the AM^'S are all equal and if the Av,'s are all equal, the curvilinear 
rectangles will all be similar and have the same reluctance and contain 
the same field energy. Furthermore, the 
field will consist of curvilinear squares if 
the spacings of the lines are such that 
li(Au/Av) = 1. Therefore, a map of the 
field can be obtained by sketching in a 
network of curvilinear squares by trial and 
error. The accuracy of the plot may be 
improved in any region by further sub
dividing the initial squares. When the field 
is known to have definite symmetry, this 
fact should be used to reduce the size of the required map. 

To prove that the " square" flux plot is a possible field, one resorts to 
the definition of a gradient to obtain 

F I G . 13-15.—Relation between 
gradients and partial derivatives 
of u and V. 

\Au\ 
|A»| 

Au 
Hi 

AVj 

and to Eq. (8) to show that 

|VM| = 1 
|V»| " M 

= K = const, for all points. 

(10) 

(11) 

Hence the gradients and the partial derivatives of u and v are related as 
in Fig. 13-15, from which it follows that 

and 

du _ „ dv 
dx dy 

du _ „ dv 
dy dx 

(12) 

(13) 

By differentiating Eq. (12) with respect to x and Eq. (13) with respect 
to y and adding, one obtains Laplace's equation: 

d2u dhi _ 
6x2 ~l~ dy2 ~ ' 

(14) 
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and similarly, 

dx2 ^ dy* (15) 

By similar arguments one can arrive at the conditions for the case 
of an axially-symmetrical three-dimensional field, which is the case 

Line of symmetry 
between two like 
pole tips 

Axis of revolution'-/ 

F I G . 13-16.—Flux plot of magnetron pole tip. 

usually met in magnetron-magnet design. Using the same notation as 
before but rotating f̂ jl through an angular depth of 1 radian to form the 
element of volume rather than taking a linear depth of 1 cm, one can say 

and 

R« — 

£,-,- = 

AUi ^ lij 
Aw,- ~ urijWij 

AiiiAvj 

(16) 

(17) 
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where n> is the radius of the center of pj l . Rather than a network of 
curvilinear squares, the plot must be constructed to meet the condition 

— = Km, 
Wij 

where 
K = ^ = const. (18) 

Figure 13-16 shows the result of the application of this method to the 
problem of magnetron pole-tip design. 

In addition to being a quick method for obtaining a plot of any 
desired accuracy, this has the advantages of beiag applicable to peculiar 
boundary conditions, of giving a complete picture of the field, and of 
conveying an idea of the relative importance of the various factors that 
determine the field.1 

1 For application of the method to several additional cases, see the original report 
by Crout. 





PART IV 

TUNING AND STABILIZATION 
One of the most inconvenient features of microwave magnetrons is the 

difficulty of making them tunable. Because the resonant circuits are 
within the vacuum envelope, they are rather inaccessible, and changing 
either their capacitance or inductance presents a mechanical problem of 
some intricacy. The problem is complicated further by the general limi
tations on space and the requirement that the tuning mechanism leave the 
normal resonances relatively undisturbed. 

Considerable effort was expended in making magnetrons tunable, as 
this feature adds greatly to their usefulness. Not only does tunability 
permit a single magnetron to operate on a number of frequencies, but 
also it is essential if operation at a precise frequency is required. 

Two distinct kinds of tuning exist. In one, the variation in frequency 
is accomplished by mechanical means. Here the rate at which tuning 
can be accomplished is slow, but the range of tuning is large. This topic 
is the subject of Chap. 14. The second kind is the so-called "electronic 
tuning," in which the frequency is varied by injecting a beam of electrons 
into a region containing r-f fields. Electronic tuning (Chap. 15) provides 
only a small tuning range, but the rate of tuning can be very rapid. I t 
is thus well suited to applications requiring frequency modulation. 

Stabilization of frequency is closely relative to the problem of tuning, 
and for this reason it is included in this part of the book. Both tuning 
and stabilization are aspects of the problem of control of frequency and 
must be considered together because high stabilization and large tuning 
range are incompatible. The question of stabilization also arises in 
other chapters. I t appears in Chap. 6, "Interactions of the Electrons 
and the Electromagnetic Fields," because the frequency of oscillation is 
affected by space-charge conditions; it appears in Chap. 8, "Transient 
Behavior," because stabilization affects mode changing; and it appears 
in Chap. 10 "Design," because the design of a magnetron is influenced 
by the degree of stabilization required. 





CHAPTER 14 

MECHANICAL TUNING 

B Y W. V. SMITH 

14-1. General Considerations.—A mechanically tunable magnetron 
is one whose resonant frequency is changed by moving some element in 
the resonant circuit associated with the magnetron. In general, the 
motion must take place in vacuum, although in low-power magnetrons 
the moving parts may be in air, separated by a dielectric vacuum seal 
(usually glass) from the high-vacuum portion of the tube. A tuning 
method is classed as "mechanical" whenever the frequency change is the 
result of a motion—whether the primary driving force is mechanical, 
thermal, magnetic, or any other. The term "electronic tuning" (Chap. 
15) is reserved for frequency changes resulting from the injection of elec
trons into the resonant system. 

From a consideration of circuits, two classes of tuning may be dis
tinguished: symmetrical and unsymmetrical. In symmetrical tuning, 
the circuit elements are changed in a manner that preserves the angular 
symmetry of the operating mode which, unless otherwise specified, will 
be taken as the 7r-mode. In unsymmetrical tuning, this angular sym
metry is not preserved; as a rule, only one side resonator is tuned, gen
erally by means of a coupled circuit. The lack of symmetry results in 
alteration of the r-f mode patterns over the tuning range (Sec. 4-5) with 
consequent lowering of electronic efficiency at wavelengths removed 
from the unperturbed tube wavelength. Symmetrical tuning avoids 
this difficulty, often, however, by the loss of other advantages. 

The three main subdivisions of symmetrical tuning are inductive 
tuning, capacitive tuning, and tuning by a coupled circuit. In inductive 
tuning, the inductance of the resonant circuit is varied by changing the 
surface-to-volume ratio in a high-current region of the oscillator (see 
Element A in Fig. 14-1). The unloaded Q is also changed—an important 
consideration at short wavelengths. In capacitive tuning, the capaci
tance of a gap is changed. Because this capacitance (see Element B in 
Fig. 14-1) is connected across adjacent, oppositely charged vanes, the 
voltage across the gap remains constant whereas the breakdown voltage 
varies with the gap width. This consideration is important at high-
voltage levels. Some conduction current flows in the capacitive regions 
of short-wavelength tubes where only displacement current would exist 

561 
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at long wavelengths. This conduction current results in skin losses that 
will somewhat lower the unloaded Q of the tube because of the small 
surface-to-volume ratio of these capacitive regions. The principles of 
coupled-circuit tuning are more involved and will be discussed later. 

From the standpoint of operation, the extent of the tuning range is 
determined by mechanical limitations, by sparking across high-field 
regions in the tuner, by the falling off of efficiency, by mode-shifting, 
and, in special cases, by variation of some other of the many magnetron 

properties that can alter over the 
tuning range. Most of these prop
erties are independent of whether 
the tube operation is pulsed or c-w. 
Two properties, however, are not 
independent; in a pulsed tube a spark 
is extinguished b e t w e e n pulses, 
whereas in a c-w tube a spark, once 
i n i t i a t e d , is maintained. If the 
spark is an r-f spark (becoming an 
arc) in the tuning mechanism, it may 
persist without destroying the tube, 
but it will alter the tube wavelength, 
often drastically. The nature of the 
mode-shifting also differs between 
pulsed and c-w magnetrons. If the 
tuning range of a pulsed tube is ex
tended to a point where mode-shift
ing occurs, the percentage of pulses 
firing in the wrong mode increases, 
finally becoming intolerably high. 
When the tube operation is c-w, 

however, the tube may be tuned to this range and sometimes considerably 
beyond without jumping modes. If the tube is turned off and restarted 
in this region, however, it will start in the wrong mode. Thus there is 
a "hysteresis" effect present in c-w tunable tubes that is not present in 
pulsed tubes. 

One property of magnetrons that is common to all tunable tubes is the 
variation in the scale point (see Chap. 10) with a fixed operating point 
caused by the fact that the normalized parameters are functions of X. 
By using the scaling laws developed in Sec. 10-6, this variation may be 
evaluated for a magnetron operating at constant B and I but with vary
ing X. The physical dimensions of the cathode-anode region are assumed 
constant. If I\, B\, and Vi are defined as the operating parameters 
at Xi; Ii/Si, Bi/(Bi, and Vi / th as the normalized parameters at Xi; and 

F I G . 14-1.—Cross section of a hole-
and-slot side resonator in a magnetron 
tuned by the inductive element A and 
the capacitive element B. Q is the r-f 
magnetic field directed into the page; —► 
is the r-f electric field; and > — is the 
r-f current. 
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12, B2, Vi, I2/S2, Bi/($>i, and V2/V2 as the corresponding quantities at 
X2; then, from the conditions that 

Ii = I2 and Bi = B? 
and from the scaling laws 

ffii = Xi 
Bi X2 

a 2 QS2 
and from Eq. (10-32), where it is shown that 

Si = AA 3 

and 

(1) 

(2) 

y = 2 B 
1 + /B\3 a' 

W 
(3) 

the value of {Vi/V\)/(Vi/Vz) may be found. Its wavelength dependence 
is complicated. For low-scale currents and high-scale magnetic fields, 
however, V/V is proportional to X. Hence, because 

1)2 

(from Sec. 10-6), 
-GO" 

y 2 

X_2 

Xi 
« (I)'j 

(4) 

Because the qualifying conditions on Eq. (4) hold in the operating region 
of most tubes, it is necessary to vary the tube voltage approximately 
inversely with the wavelength in order to maintain constant current at a 
constant magnetic field. 

The above variations in scale point and voltage will result in a varia
tion in efficiency, in output power, and in the current at which the tube 
changes modes. In view of the wide range of scale points at which tubes 
have been operated successfully, however (see Sec. 10-9), these variations 
do not, in general, limit the tuning range. I t is to be noted that the 
optimum loading of a magnetron also varies over the tuning range and 
that for tuning ranges with ratios of the extreme wavelengths from 1 to 
1.5, a deliberate variation in the loading can partly compensate for the 
change in scale point.1 The loading is made lightest at the long-wave
length limit where the high-scale currents approach the region where 
mode changes occur. 

1 An intentional variation of load over the tuning range has been incorporated 
in some General Electric designs of wide tuning range. 



564 MECHANICAL TUNING [SEC. 14-1 

Attainable tuning ranges for multiresonator magnetrons vary widely 
with resonant-system designs. The widest ranges (extreme-wavelength 
ratios of 1 to 1.5) have been obtained with symmetrical tuning on 
resonant systems having wide mode separation and dimensions small 
compared with a wavelength. These resonant-system properties are con
sistent with c-w designs at the longer wavelengths of from 20 to 50 cm or 
longer, that is, short, low-voltage (1 to 5 kv) resonant systems with a 
small number of side resonators (6 to 12). The difficulties of shorter 
wavelengths and higher voltages are reflected in the 10 per cent tuning 
range attainable at 3-cm radiation for a 12-kv resonant system with 12 
resonators (the 2J51 magnetron of Chap. 20). 

INDUCTIVE AND CAPACITIVE TUNING 

In practice, inductive- and capacitive-tuning methods are generally 
symmetric. A case of unsymmetric tuning of this type is mentioned 
in Sec. 14-5. 

F I G . 14-2.—The sprocket-tunable magnetron 2J51 developed at Columbia University 
and Bell Telephone Laboratories, (a) Pitch diameter of the pins; (6) the pitch diameter 
of the resonator holes. 
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14-2. Symmetric Inductive Tuning.—The name "sprocket tuning" 
has been applied to a form of symmetric inductive tuning illustrated by 
the 2J51 magnetron shown in Fig. 14-2. This tube was developed at the 
Columbia and Bell Telephone Laboratories; 
its resonant system is a symmetric, strapped, 
12-oscillator anode block of the hole-and-
slot type. A round pin is inserted through 
the pole piece into each hole of the anode 
block; the pins are moved by means 
of a diaphragm or bellows. The effect of 
the pins is to decrease the inductance of 
each side resonator and hence to lower the 
resonant wavelength of the tube. The 
complete theory of the mode spectrum of this type of tube as a function 
of pin penetration, etc., is given in Sec. 4-6. The features of this theory 
that are useful for design purposes will be summarized briefly. 

F I G . 14-3.—Cross section of 
the pin-to-hole region of one side 
resonator in a sprocket-tunable 
magnetron. 

3.2 3.3 
Wavelength X in cm 

F I G . 14-4.—Observed and computed tuning curves for the sprocket-tunable magnetron. 
The dimensions given in Table 14-1 were used for the experimental tubes and the calcu
lations. 

The wavelength separations of the conventional modes do not vary 
greatly over the tuning range, and the wavelength of the main mode is 
given by the following simple formula:1 

' P . Kusch and A. Nordsieck, " T h e Tuning Propert ies of Tunable Magne t rons 
in the 3-cm B a n d , " N D R C 14-234, p . 2, Jan . 11, 1944. 
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Xo i L ( i i hid1 

xra + byj1 + h«(di-aiy ^ 
The dimensions entering Eq. (5) are shown in Fig. 14-3; Xo is the wave
length at zero pin penetration; Xi is the wavelength at penetration hi 
(measured from the top of the anode block); h0 is the anode length; do 
the hole diameter; di the pin diameter; and a + b = 1. It is seen that 
for a = 0 and b = 1, Eq. (5) may be derived from the simplest lumped-
constant analogy in which the inductance is assumed localized in the 
holes, proportional to the area, and inversely proportional to the length 
of the hole. The current flow in this lumped-constant picture is circum
ferential around the pins, as shown in Fig. 14-1. Thus, because there is 
no longitudinal current flow, the nature of the contacts made by the pins 
with the pole piece is unimportant. 

For the 725 anode block, a = 0.4 and b = 0.6 when 

0.6 < ^ < 0.75. 
do 

Typical tuning data are shown in Fig. 14-4. The check with the semi-
empirical Eq. (5) is seen to be excellent except in the fringing-field region 
of small pin penetrations. 
T A B L E 1 4 - 1 . — T U B E D I M E N S I O N S * FOR T H E S P R O C K E T - T U N A B L E M A G N E T R O N S O F 

F I G . 14-4 

Experimental 
tube type 

1 
2 

do 

0.082 
0.085 

di 

0.0515 
0.0590 

Pitch 
diam. of 
resonator 

holes f 

0.394 
0.405 

Pitch 
diam. of 

pinsf 

0.4040 
0.4135 

Pin-to-
strap 

clearance 

0.015 
0.016 

Pin-to-
back-wall 
clearance 

0.010 
0.009 

* Dimensions are in inches. 
t See Fig. 14-2. The pitch diameter is defined as the diameter of the locus of hole centers or pin 

centers. 

The problems of mechanical design with 0.010- to 0.015-in. clearances 
between the pins and the oscillator walls have not proved to be serious; 
the limitations on tuning range have been set by other considerations. 
The most troublesome problem is the elimination of extra resonances 
introduced by the tuning mechanism. Typical of these resonances is 
that in which the lumped capacitance between the pin and the hole wall 
of Fig. 14-3 resonates with the lumped inductance of the end cavity. In 
this mode, current circulates up the back wall, through the lid, and down 
the pins. The effect of these extra resonances is both to distort the 
tuning curve and to introduce loss. The loss is most pronounced when 
the r-f contacts generally present in the current path are poor; but loss 
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may also be troublesome even if the contacts are good, because excessive 
currents may flow near resonance. These extra resonances are most 
troublesome for long anodes and large end spaces (that is, wherever 
dimensions become large compared with a wavelength). They are most 
easily removed by reducing the size of the end space. 

There is a fundamental limit to the use of tuning of this type in the 
shorter wavelengths because the unloaded Q decreases with X and sprocket 
tuning further decreases Qa- A rough estimate of the magnitude of this 
effect may be made by assuming that all the circulating current in the 
resonator is located in the region of the holes, yielding the approximate 
formula1 

O i = 2 / B2 dT ~ ? VJil+JtBi 
x x / B» d* ~ * - ^ i + &-*!' j 

where B = magnetic flux density, 
I dr = integral over volume of resonator, 

/ da = integral over surface area of resonator, 

SA = hiw(d0 + di), 

SB = (ho — hx)Tcdo + 
ird\ 
T' 

and 

VA = hi \ (dl - d\), 

VB = (ho — hi) j dl, 

b = skin depth, proportional to -\/X, 

BA _ dl 
BB ~ dl - d\ 

Equation (6) yields the unloaded Q of the resonator proper. This 
must be combined with the strap unloaded Q, that is, Qs, as follows: 

1 _ 1 ICr , 1 C 
Qu~Qr\CT

 + 2Q.C7 ( U 1 0 ) 

where C, = resonator capacitance, 
C, = strap capacitance, 

CT — Cr "T" CM. 

1 E. U. Condon, Rev. Mod. Phys., 14, 364 (1942). The factor of 2 given in Eq. (6) 
comes from the approximate uniformity of B over the cross section. 
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Using the values of Qs, C , and C„ listed in Table 11.2 for the 725 anode 
block, the theoretical Qu curve of Fig. 14-5 is obtained for the constants 
there listed. The theoretical and observed unloaded Q values are in fair 
agreement except for the region of greatest pin penetration, where the 
particularly low observed Qu ( = 144) is believed to be caused by a pin
to-end-space resonance. 

I t is desirable to maintain an external Q of about 400 with the 2J51 
magnetron because low circuit efficiencies (less than 50 per cent) result 

in those regions of the tuning curve 
where the unloaded Q is less than 
400. 

Typical performance data on 
the 2J51 magnetron are shown in 
Fig. 14-6 and in Sec. 20.12. The 
pulling-figure variations shown in 
Fig. 14-6 indicate both the necessity 
for and the difficulty of adequately 
broad-banding the output circuit 
(Sees. 11-11 to 11-13). The aver
age efficiency of 32 per cent at 14 
amp and 15 kv may be compared 
with 35 to 40 per cent for the non-
tunable version. The sacrifice in 
efficiency is to be ascribed primarily 
to the low unloaded Q of the 
tunable tubes. 

Sprocket tuning has been tried 
on other magnetrons. An 18-vane 

1.25-cm rising-sun magnetron (the 3J31 discussed in Sec. 20-17) has been 
tuned 3 per cent by inserting relatively small pins in the large oscillators 
only, thus maintaining a fairly high unloaded Q and resonable ease of 
construction. 

In applying sprocket tuning to rising-sun magnetrons, it should be 
noted that tuning only the large side resonators results in a change of the 
ratio of resonant wavelengths of the large to the small resonators and 
therefore a change in the mode spectrum and in the amount of zero-mode 
contamination of the main mode (Sec. 3-4). Because satisfactory 
operation of rising-sun tubes depends in part on the proper choice of 
resonator-to-wavelength ratio, it may be desirable to tune all resonators 
so that this ratio is maintained constant. This illustration of zero-mode 
variation is essentially a change in the r-f pattern resulting from imperfect 
symmetry in the tuning method. 

F I G . for 

0.02 0.04 0.06 0.08 0.10 
Pin penetration hj in inches 
14-5.—Cold-resonance data 

the sprocket-tunable magnetron. Tio = 
0.250 in.; do = 0.086 in.; di = 0.0623 in. 
S/\ = 2.1 X 10~6 for copper at 3.2 cm 
Qo was computed from Eq. (11-10). 
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14-3. Symmetric Capacitive Tuning. The Cookie Cutter.—The term 
"cookie cut ter" is applied to the capacitative method of tuning illus
trated by the QK59 magnetron in Fig. 14-7. In this method a 
metal cylinder is inserted between the two rings of a double-ring-strapped 
magnetron, so that the strap capacitance and hence the wavelength are 
increased. Since the general theory of cookie-cutter tuning has been 
presented in Sec. 4-6, only the salient features will be repeated here. The 
main-mode wavelength may be calculated by assuming that the increased 
strap capacitance is in parallel with the tube capacitance. The mode 
separation from the next lower longitudinally symmetric mode increases 
as the main-mode wavelength is increased, whereas the longitudinally 
antisymmetric 7r-mode approaches the 7r-mode most closely at that point 
in the tuning range where the capacitances at each end are equal. For 
long, heavily strapped tubes this mode may cause some difficulty, but the 
main difficulties are with end-space resonances as in the sprocket-tunable 
magnetron; that is, a resonant circuit exists that is composed of the 
tuner-to-strap capacitance and the end-space inductance. It is usually 
possible to displace the resonance from the desired tuning region by 
varying the end-space geometry. 

The anode block for the cookie-cutter-tunable magnetron (QK59) is 
described in Sec. 20-3. The unstrapped capacitance of the QK59 is 
taken as NCT = 6 prf (see Chap. 11). The strapping consists of a 
cylindrical condenser 0.100 in. high, with 0.348 in. ID and 0.588 in. OD. 
Ignoring fringing fields, its capacitance is CA = 0.3 mil. The strap-to-
vane capacitance may be estimated as approximately 0.55 jujif. 

When the plunger is inserted between the straps, the sum of the gaps 
between straps is 0.020 in. instead of 0.120 in. and the interstrap capacity 
is multiplied six times. When the total capacitance Ci of the untuned 
tube is compared with that (C2) for the tuned tube, and when the fact that 
only one of the two strap cylinders is tuned is taken into consideration, 

C\ = 6 + 0.85 + 0.85 = 777 \ 
C2 ~ 6 + 0.85 + 0.55 + 6 X 0.30 9.2 J 

and ( (7) 

r ; - > l = ° - 9 1 5 - ) 
Because the added capacity is linear with plunger penetration, the change 
in wavelength is also linear for a small tuning range. The effects of the 
fringing fields will be to extend the tuning somewhat beyond the 0.100-in. 
tuner motion. They should also increase the over-all tuning, but, to a 
first approximation, this correction is canceled by the fact that the straps 
are not connected to the highest-voltage points of the vanes (the tips) but 
are of necessity located some distance back along the vanes. The 
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observed tuning curve is plotted in Fig. 14-8. In view of the approxi
mations made in the computations, the 30 per cent discrepancy between 
the computed tuning range given 
by Eq. (7) and the experimental 
data is reasonable. 

Operating data for a slightly 
modified version of Fig. 14-8, in 
which clearances are reduced to 
about 0.007 in. and the strapping 
is removed from the untuned end 
of the tube, are shown in Fig. 
14-9. Theoretical u n l o a d e d - Q 
values for the extremes of the tun
ing range are 2370 and 866. The 
agreement with observations is 
good only at the long wavelength 
end of the tuning curve. 

In comparing cookie-cutter 
tuning with sprocket tuning, it 
may be noted that because cookie-
cutter tuning requires smaller clearances and smaller motions at a given 
wavelength, it is more appropriate for the longer wavelengths. The 
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F I G . 14-8.—Tuning characteristics of the 
cookie-cutter-tunable magnetron. At A the 
plunger is flush with the bottom of the straps; 
at B it is flush with the top of the straps. 
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high voltage appearing across the tuner-to-strap gap restricts the applica
tion of cookie-cutter tuning to relatively low-voltage tubes, particularly 
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at the shorter wavelengths where small clearances increase the possibility 
of voltage breakdown. 

14-4. Other Symmetric Inductive and Capacitive Methods of Tuning. 
The preceding examples of sprocket and cookie-cutter tuning illustrate 
the general limitations involved in inductive and capacitive tuning, 
namely, the high voltages appearing across the tuning element and the 
consequent danger of voltage breakdown for capacitive tuning, and varia
tion in the unloaded Q for both capacitive and inductive tuning. Other 
examples of these types of tuning will be briefly discussed to illustrate 
the kinds of modification that may be required by specific tube problems. 

For some purposes, particularly at the longer wavelengths, the 
motion required in sprocket tuning may be excessive. Examination of 
Eqs. (5) and (6) shows that this motion, corresponding to the plunger 
penetration hi, can be decreased for the same percentage tuning by 
increasing di (at the expense, however, of a decrease in unloaded Q). 
Because the increase in X5 makes the unloaded-Q problem less serious at 
the longer wavelengths, a relative shortening of hi becomes feasible. 
The pins, instead of penetrating the pole piece as in Fig. 14-2, may be 
suspended above the resonator holes from an annular metallic ring 
(dotted lines It in Fig. 14-3) which moves with the pins. Then provided 
the clearance t between the ring and the top of the vanes is large com
pared with that between the pin and the hole wall, there is no change in 
the tuning curves because the current flow in the pins is circumferential 
(Fig. 14-1). When t is small, however, radial currents are induced in the 
l'ing by the magnetic field in the end spaces, and the ring contributes to 
the tuning. All degrees of compromise between complete sprocket 
tuning and pure ring tuning (hi = 0) are possible. Motions are smallest 
in pure ring tuning because in the ir-mode the magnetic flux is strongly 
concentrated very near the vane tops, and consequently the ring is 
effective only when t is small. As t is decreased, the mode separation is 
increased because the magnetic flux for the lower modes fringes farther 
out into the end spaces and is more effectively tuned by the ring. 

Similar gradual variations in capacitive tuning methods are possible 
starting from the cookie-cutter tuner. Instead of varying the strap 
capacitance, the tube capacitance may be varied in the manner shown 
in Fig. 141, and any combination of tube and strap capacitances can be 
varied. Because increasing the tube capacitance decreases the ratio 
of the strap capacitance to the tube capacitance, the mode separation of 
the untuned resonant system is decreased by this method of tuning, and 
the modes may even cross each other (Sec. 4-G). Although this decrease 
in mode separation is an objection to varying the tube capacitance, it is 
sometimes possible to incorporate larger clearances in a design by varying 
tube capacitance rather than strap capacitance and hence to obtain 
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higher r-f voltages without breakdown. The capacitive-tuning element 
operating between the vanes (Fig. 14-1) can be supported from an 
annular ring similar to the modification of sprocket tuning previously 
mentioned. Also, this ring alone can be used for capacitive tuning over 
the vane tops, just as a ring alone over the resonator holes can be used 

F I G . 14-10.—Cutaway view of the ZP639. This tube is tuned by the inductive tuning 
ring L with inserts P and by the capacitive tuning ring C with segments S. (Courtesy of 
General Electric Co.) 

for inductive tuning. One of the most difficult engineering problems of 
this tuning method, as of sprocket tuning and cookie-cutter tuning, is the 
elimination of extra end-space resonances. 

The widest tuning range attained on a multioscillator magnetron has 
been obtained by an ingenious design incorporating in a single tube 
several of the tuning methods mentioned above. This type of tuning 



574 MECHANICAL TUNING [SEC. 14-4 

is illustrated in Fig. 14-10, which shows a portion of the 12-oscillator 
ZP639. A capacitive ring C with tuning segments S is connected by 
pins extending through the oscillator cavities to an inductive ring L 
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Fia . 14-11.—Tuning curve of inductive-capacitive-tunable magnetron ZP639. The input 
power is 1.0 kw at 5.0 kv. (Courtesy of General Electric Co.) 

that supports a set of inductive tuning inserts P . Vertical motion of 
this two-ring combination simultaneously increases or decreases both 
inductance and capacitance together. Operating data for this tube are 
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shown in Fig. 14-11. For an input power of 1 kw at 0.200 amp, the 
efficiency remains above 50 per cent over a range of 1 to 1.5 in resonant 
wavelength. 

In two examples that were given of inductive and capacitive tuning— 
the sprocket-tunable and the cookie-cutter-tunable magnetrons—there 
is very little tendency for the normal tube modes to cross each other, 
even over an extended tuning range and even if the initial mode separation 
is small. Nevertheless it seems significant that the widest tuning range 
(about 50 per cent) was observed on a tube with wide mode separation 
(40 per cent), that this tube had its anode length and radius small com
pared with a wavelength, and that the wavelength in question was long 
(15 cm). I t is therefore important to summarize the factors independent 
of the r-f output power and other than normal mode crossing that limit 
the tuning range. These are 

1. Extra resonances, associated with the end space or the tuning ele
ment or both. These resonances are favored by having tube 
dimensions large compared with a wavelength, a condition that 
also produces small normal mode separation. 

2. Mode selection. Considerations of Chap. 8 show that it is difficult 
to establish general rules indicating what mode spectrum is most 
favorable to 7r-mode operation; in specific cases, however, varia
tions in the mode spectrum over the tuning range may cause 
unfavorable mode selections. 

3. Unloaded Q. This is a function of wavelength and tuning range, 
not of mode separation. In general, Qu decreases as the wave
length is decreased and as the tuning range is increased. For a 
10 per cent tuning range at 3 cm, Q„, becomes about 500, a barely 
acceptable figure. 

I t is empirically observed that the operating tuning range seldom 
exceeds the mode separation of the original untuned anode. 

14-6. Unsymmetric Inductive Tuning.—For the purpose of fixing a 
magnetron frequency within the normal scatter band of untuned magne
trons it is sometimes desirable to incorporate in the tube a small and 
simple tuning element capable of a restricted tuning range of about 1 per 
cent. Such a device usually is limited to tuning one resonator, for 
example, by means of a screw inserted in the side of the resonator hole. 
For mode separations greater than 5 per cent, deterioration of the r-f 
pattern from this unsymmetrical tuning is negligible (Sec. 4-5). The 
problem therefore is purely an engineering one of obtaining an adequately 
compact diaphragm and control mechanism, of eliminating extra reso
nances in the vacuum envelope associated with the diaphragm and 
tuning screw, and of maintaining adequate clearance between the screw 
and the oscillator walls to keep the unloaded Q high. 
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COUPLED-CIRCUIT TUNING 

In coupled-circuit tuning, the coupling is usually introduced through 
one resonator and therefore produces asymmetrical r-f patterns. 

14-6. General Theory.—Tuning methods based on varying the 
magnetron frequency indirectly by a second resonant circuit coupled to 
the magnetron are free from some of the geometrical limitations imposed 
by anode-block dimensions. Furthermore, these coupled-circuit-tunable 
magnetrons can often, but not always, be made with higher unloaded Q's 
than the inductive and capacitive tunable magnetrons discussed in 
Sees. 14-2 and 14-3. In some cases the mechanical motion of the tuning 
element may take place outside the vacuum envelope, but to date such 
magnetrons have generally proved less satisfactory than inductive or 
capacitive tunable magnetrons. 

There are two general properties of coupled-circuit-tunable magne
trons. (1) The added resonant circuits increase the stabilization of the 
magnetron by storing r-f energy; (2) they introduce new modes to the 
spectrum. The added modes are often harmless, but they are never an 
advantage, and the increased stabilization usually increases the tendency 
of the magnetron to operate in undesired modes. When this tendency 
can be overcome, however, the added stabilization represents an advan
tage, as shown in Chap. 16. Most coupled-circuit-tunable magne
trons are unsymmetric; hence distortion of the r-f pattern occurs over 
the tuning range. The resulting decrease in electronic efficiency and the 
increased tendency to shift modes at wavelengths removed from the 
untuned resonant frequency (Chap. 8) generally limit the useful tuning 
range of a coupled-circuit-tunable tube to from one-third to one-half of the 
mode separation of the untuned tube. As a corollary of this pattern dis
tortion, the coupling to the output circuit, hence the external Q, may 
change over the tuning range. This effect is distinct from the variation 
in external Q caused by change in stabilization over the tuning range, 
although it is not distinguishable by Q-measurements alone. 

14-7. Double-output Tuning.—The term "double-output" tuning is 
applied to the coupled-circuit type of tuning illustrated in Fig. 1412. 
A magnetron is provided with two output terminals; the first is actually 
used as a power-output terminal, while the second is used to couple into 
the resonant system a reactance that changes the resonant frequency of 
the magnetron. The variable reactance is provided by a short-circuited 
transmission line of variable length I. These circuits may be described 
with the aid of the equivalent circuits shown in Fig. 14-13. In these 
circuits 

L = the resonant-system inductance, 
C = the resonant-system capacitance, 
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G = V(C/L) /Q„i , where Q„i = the unloaded Q of the resonant 
system, 

I = the distance to the short-circuiting plunger, 
Y2 = the characteristic admittance of the coaxial line of the tuner, 

Gi/Yt = the VSWR in the tuner line, 
Yi ~ the characteristic admittance of the coaxial line of the power 

output as seen across the slots (that is, transformed through 
the power-output coupling). 

F I G . 14-12.-
Radiator 

-An example of double-output tuning. 

The part of the equivalent circuit shown in Fig. 14-13a for the coupled 
reactance corresponds to the low external Q pin-to-strap type of coupling 
discussed in Sec. 5-2. I t will be proved later that this low Q (here, Q£2) is 
a prerequisite for a wide mode-free tuning range; for example, QE2 = 10 
corresponds to a 10 per cent tuning range. In the circuit of Fig. 14-13a 
the magnetron is connected directly across the tuner line at Terminals 2, 
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and the small junction effects are neglected. The power-output circuit 
is represented by the admittance Y\ = \/(C/L)/QE1 at Terminals 1, 
where QEI is the external Q of the power-output circuit (with the tuning 
reactance removed). The frequency pulling by the power-output circuit 
is assumed negligible compared with the tuning introduced by the short-
circuited tuner line. 

I t may be deduced from the analysis of Chap. 5 that a low external 
Q is possible, without the introduction of extra resonant elements into 
the circuit, only for coaxial-line outputs. Consequently, the analysis 
of Fig. 14-13<z is here restricted to a tuner consisting of a coaxial stub. 

Although it is possible to devise double-output-tuning methods 
incorporating an evacuated tuning line, the primary purpose of the 
method of tuning shown in Fig. 14-12 is to allow the mechanical motion 
to take place outside the vacuum envelope. This type of tuning is thus 
applicable only to magnetrons with low pulse-power outputs because 

(a) (6) 
F I G . 14-13.—Equivalent circuits for double-output tuning. 

breakdown would be encountered in the tuner line or across the tuner 
vacuum seal at high pulse powers. The nature of the tuner vacuum 
seal also limits the average output power of the magnetron because the 
high r-f fields that generally exist in the glass for at least a portion of the 
tuning range may heat the glass to its melting point. Coaxial-line 
tuners, having center diameters of f in. and inside diameters of their 
outer conductors equal to yf in., have been attached to double-output 
magnetrons. These tubes, with seals of No. 704 glass, have been tested 
at pulse powers up to 10 kw and average powers up to 200 watts. A final 
limitation on this method of tuning is the circuit efficiency, which may be 
appreciably lowered from that of an untuned tube even if the plunger 
in the tuning line sets up a standing-wave ratio of 40 db or more. 

As a result of these limitations, double-output tuning has not proved 
to be very successful. However, the low-Q coupling devices developed 
for this type of tuning have been useful as means of coupling elec
tronically controlled reactances into a magnetron and thus are an impor
tant part of some of the methods of frequency modulation discussed in 
Chap. 15. For this reason and also to illustrate the type of analysis 
that may be useful in other related problems, the various circuit properties 
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of double-output tuning will be derived from the equivalent circuits 
(Fig. 14-13) and compared with experiments. 

The parameters to be evaluated in terms of this circuit are the tuning 
curves, the variation of stabilization, the circuit efficiency, and the total 
resistive loading over the tuning range for different values of the variables 
in Fig. 14-13a. The large mode separation in the untuned tube (the 
QK44, see Table 11-3) minimizes pattern distortion, which is therefore 
neglected in the computations. 

By evaluating the admittance seen looking to the right at Terminals 
2 of Fig. 14-13a, the simpler equivalent circuit Fig. 14-136 is justified 
for {G2/Y2 tan 2-JTZ/X)2 » 1 (for a perfect short circuit, G2 = °°). In this 
figure 

f, Y2 , 2iri 
Gi = ^r csc2 — ■ (8) G 

Letting Bx be the admittance seen looking to the right at Terminals 1 
of Fig. 14-13b and defining QEi = (V(C/L)/Y2, the tuning curve is 
given by 

<-£«*-'«•■ (7?-0 w 
where Xo is the resonant wavelength of the anode block. The stabilization 
S is then given by 

S = IB1 = 1 + X - 0 ^ C S C T- (10) 

If the magnetron, tuned to some wavelength X, is force-oscillated through 
the power output, it will yield a Q-curve similar to that for a nontunable 
magnetron, and the resulting parameters (unloaded Q = Qv and external 
Q = Qe) have the usual relation to the operating behavior of the mag
netron. These quantities are given by the relations 

Qu o Xo 
1 

+ QEAYJI' 
(11) 

QE — S — QEI, 

whence the circuit efficiency i)c is 

_QL 
Vc-Q* 

and ) (12) 

QL QV QE 
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The total resistive loading GTOT appearing across Terminals 1 or 2 may 
be expressed as 

IC Qui ^ QE2 \Y2) + Q B 1
 U d ; 

The r-f voltage in the tuner is also readily derivable. When the value 
V2 at Terminals 2 is evaluated, the entire pattern in the tuner is easily 
deduced. 

$ Q _ 2irv (energy stored) _ \ L _ VIYIQEZ 
WE ~ Po ~ 2Po ~ ^2Po~' 

whence (14) 

where Po = output power. 
As a check on the validity of these derivations, a comparison of the 

theoretical Eqs. (9), (11), and (12) with experimental data is shown in 
Figs. 14-14 and 14-15. The experimental tube used in these measure
ments was a variant of the CM16B described in Sec. 20-3. 

These two figures contain the calculated curves of X, QE, Qu, and TJC, 
which are fitted to correspond to the observed points by theoretical 
calculations based on the above equations and the five arbitrary con
stants Qj52, QEI, Qui, G2/Y2, and the branch m of the tuning curve, that 
is, the number of voltage nodes in the tuner line, counting the plunger 
position as one node. Thus the trial values QEZ = 30 and m = 4 give 
good agreement with the data of Fig. 14-14, and the additional trial values 
of Qui = 950, QEI = 110, and G 2 /F 2 = 42 db give good agreement with 
the data of Fig. 14-15. Independent measurements determine three of 
these constants as Q„i = 1200, ± 30 per cent, G2/Y2 = 40 to 45 db, 
and m = 3, in good agreement with the trial values except for the value 
of m. I t is reasonable, however, to expect the best fit of Eq. (9) to 
occur for a larger value of m (for example, 4) than that given by the 
physical length of the lead (namely, m = 3) because the frequency 
sensitivity of the lead (the taper, the glass seal, and the series inductance 
in the outer conductor) is equivalent to an extra length added to the 
tuner line. 

The most noticeable feature of the curves in Fig. 14-14 is the multiple-
valued dependence of wavelength on tuner position. Thus, for a 70-mm 
plunger position, two resonant wavelengths, 9.7 and 10.48 cm, are possible 
because of the multiple-valued properties of the cotangent in Eq. (9). 
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The separation in wavelength of the tuning branches a, b, and c is also 
seen from Eq. (9) to be greatest for low Q«2 and for low m. 

The important feature of the curves in Fig. 14-15 is the frequency 
sensitivity of 7jc and QE (which is proportional to the stabilization S). 
Consideration of Eqs. (10) to (12) shows that the frequency sensitivity of 
■qc is diminished by low Q£2 and that of QE is diminished by low Q£2 

and by small m (that is, short I). A lower limit, however, is placed on 
QE2 at the center of the tuning range by the circuit efficiency, which 
varies inversely to QEZ, and by stabilization, which varies directly with 
QE2- Chapter 8 shows that both T\C and S decrease the current at which 
operation in the ir-mode is stable by their effect on \ / C / L T O T (here, 
S \/C/L) and G (here, (?TOT). Furthermore, for QE2 <K 10, the equivalent 
circuit (Fig. 14-13a) breaks down because the frequency sensitivity of 
the lead becomes appreciable. Even in the example chosen, for QEi = 30, 
this frequency sensitivity required an increase in the effective branch 
of the tuning curve. Less frequency-sensitive leads than the one used 
for the data in Figs. 14-14 and 14-15 are available, leads furthermore 
that are physically shorter and allow operation on the (m = 2)-branch 
of the tuning curve. Such a tuner lead is illustrated in Fig. 14-12. 
Although the performance of this type of tunable magnetron has been 

poor, tuning ranges of 10 to 20 per 

Inner conductor 
of coaxial line 

Magnetron lid 

Shorting plunger cent have been obtained a t c-w 
output powers of 30 to 60 watts 
with an input power of 150 watts. 

14-8. Symmetric Double-out
put Tuning.—A method1 of cou
pling a coaxial line to a magnetron 
so that the main-mode symmetry 
is preserved is illustrated in Fig. 
14-16. T h e r e s u l t i n g tuning 
curves are shown in Fig. 14-17, 
where the position of the tuning 
plunger is plotted as abscissa and 
the wavelength as ordinate. For 
the main mode, the equivalent 
circuits of Fig. 14-13 are applica
ble. The validity of these circuits 

is shown by the fair agreement between the ■ magnetron characteristic 
impedance computed by Slater from the observed tuning curves (7.25 
ohms) and that computed by James from the tube dimensions (10 ohms).2 

1 J. B. Fisk and P. L. Hartman, "The Development of Tunable Magnetrons," 
BTL-141, June 26, 1942. 

2 Both Slater's and James' computations can be found in J. C. Slater, "Input 
Impedance and Tuning of Magnetron Cavities," RL Report No. 43-18, Feb. 3, 1943. 

Fia. 14-16.—Schematic drawing of symmetric 
double-output-tunable magnetron. 
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The resulting close coupling of the magnetron to the line is shown by the 
large slope of the tuning curves at the unperturbed main-mode resonant 
wavelength of 10 cm. By con
trast, the extremely small slope of 
the tuning curves at the lower 
modes shows that these are very 
loosely coupled to the line, as is to 
be expected from the symmetry of 
the coupling method. This small 
slope of the lower modes results in 
wider mode separation than would 
be f o u n d in a n unsymmetric 
method of coupling. The com
bination of relatively wide mode 
separation and lack of pattern 
distortion thus favors the possi
bility of a wide tuning range if 
one starts with an anode of ini
tially small mode separation. Be
cause this tuning method was tried 
before the techniques of testing 
magnetrons were well developed, 
it is not possible to judge from the 
available data whether or not the 
anticipated advantages in symmetric tuning are actually realizable. 

14-9. Cavity Tuning. Iris-coupled Tuning.—Figure 14-18 illustrates 
a method of coupling a magnetron (I) by means of an iris (II) to a cavity 
(III). The resonant frequency of the combined system—I, II , and 
III—is changed when the frequency of the cavity is changed by some 
mechanical motion. All three elements are frequency-sensitive and 
may be represented by simple series- or parallel-resonant circuits that 
are resonant at or near the resonant wavelength X0 of the untuned anode 
block. It will be shown that the net result of these three resonant 
circuits is to introduce two new modes into the mode spectrum of the 
magnetron, one above and one below X0. The stabilization of all three 
modes is a function of the circuit parameters and varies over the tuning 
range. As a result, careful analysis is necessary to determine in which 
mode the magnetron will operate. Successful application of this analy
sis, however, leads to a design capable to a 5 to 10 per cent tuning range 
and capable of withstanding the highest r-f voltages generated in high-
power magnetrons. This design simultaneously increases the unloaded 
Q of the magnetron as a result of the energy stored in the cavity, although 
the total skin losses are also increased. If the external Q is adjusted to 
be equal to that of the nontunable version of the magnetron (no cavity), 

2 4 6 8 
Plunger position d in cm 

F I G . 14-17.—Tuning curves for symmetric 
double-output magnetron. The asymptotes 
for the different branching of the tuning 
curves are shown by dashed lines. 
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a gain in circuit efficiency results in the tunable tube. The attendant 
disadvantages are characteristic of unsymmetric tuning—variation over 

Fia. 14-18.—Iris-coupled cavity-tunable magnetron type 4J75. 

I 'TffflT*- TGIS^ , 

the tuning range in the r-f patterns and in the electronic efficiency. Of 
r r designs giving equal mode separa

tions, consideration of unloaded Q and 
methods of construction favor use of 
the cavity tuning illustrated by Fig. 
14-18 for the shorter wavelengths. 

Figure 14-19 shows the equivalent 
circuit of the 4J75 magnetron shown in 
Fig. 14-18. The magnetron I, opened 
at the back of one of the oscillators, 

represented as a series-resonant circuit LtCi. The resonant-iris 

— — ' UUU ' • ' 0 0 0 > 1 

— ^ — — — — — ■ — — — — — ^ _ 

FIG. 1419.—Equivalent circuit for 
iris-coupled cavity-tunable magnetron 
type 4J75. Z„ = -\/(WC„). 

IS 
coupling device II is represented as a parallel-resonant circuit Lid 
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Long-wavelentf*1 

and the cavity I I I as a series-resonant circuit L3C3 because it, like the 
magnetron, is opened at a high-current point. 

If the mode separation in the 
untuned tube is large compared with 
that of the two extra modes intro
duced by the cavity and coupling, 
these extra modes may be considered 
as multiplets of the ir-mode (see Fig. 
14-20). Empirical observations and 
qualitative analysis of more com
plicated circuits show that when this 
condition does not hold, there is 
only a minor effect on the central 
ir-mode a n d t h e long-wavelength 
7r-mode but the short-wavelength 
ir-mode cannot cross the next normal-
mode wavelength. Solution of Kirch
hoff's laws for the three networks of 
Fig. 14-19 is straightforward when 

13 

12 

•E 11 

t, 

8 

FIG 

I 100 200 300 400 
Diaphragm motion in mills 

14-20.—Tuning curves of 4J75 
magnetron. 

OJj — 0)2 — 0)3 = O)o- (15) 

Denoting 2ir times the resonant frequency of the combined system as 
o) and letting 

0) 

and 
O)o 

y = a > 
a 

(16) 

Kirchhoff's laws for the two networks (I + II and II + III) are, for 
the condition of Eq. (15), 

and 

Hence, for resonance, 

and 

r»(*iT-^) +7,^ = 0 

\Zr + Z3) 

(17) 

y = 0 or + 
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The energy storage in the three circuits can be computed from 

fcotf, = 1\ZX (a + ^ 

2a>En = (?! - 7 2 ) 2 -
7 

and 
2aEui = i\Zt [ a -\— V a 

The stabilization for the three modes of Eq. (18) can be computed 
from Eq. (19) and from the additional relation 

[; = 1 - § V , (20) 

from Eq. (17). The result is that 

„ Ei + En + Em , . Z\ , . Zi I Zi \ 
S = El = i + T t

y +ZIV ~Zly)' 
whence 

S = 1 + I 5 for T = 0 ) 
I 

and > 

«-»(i+li) tor-fj + fc) 
Equation (18) shows that the separation between the unperturbed 

or [(7 = 0), (a1 = l)]-mode and the extraneous modes introduced by 
the coupled circuits is greatest when Z2 is greatest. Thus, it is desirable 
to make the iris of high characteristic impedance; that is, the inductive 
areas of the iris should be as large as possible. 

Equation (22) shows that when the stabilization of the unperturbed 
ir-mode exceeds 3, the extra ir-modes are less highly stabilized than the 
central mode. The analysis of mode selection in Chap. 8 and the 
analysis of stabilization in Chap. 16 show that for competition among 
several ir-modes, the tube will usually oscillate in the mode of lowest 
stabilization unless special precautions are taken to ensure operation in 
the high-stabilization mode. Because these precautions increase the 
complexity of design and decrease the output power, cavity-tunable 
magnetrons are designed with lower stabilization of the desired operating 
mode than of the undesired modes unless high stabilization is also 
required in the design. The attainable tuning for high stabilizations 
will be discussed in Chap. 16. 

( - « > (19) 

(21) 

(22) 
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Several considerations combine to favor the selection of the central 
mode as the operating mode. If this mode is stabilized less than 3, 
both competing modes will be stabilized greater than 3 and the magnetron 
will run in the central mode. Furthermore, the distortion of the r-t 
pattern is least in this mode. Finally, an analysis for o>3 ?£ <oo shows that 
the tuning range for a given change in <o3 is largest for the central mode. 
Criteria for satisfactory cavity-tunable design, therefore, are that the 
operating mode be the center mode and that its stabilization be kept less 
than 3. For design purposes, it is satisfactory to assume that S = 1.7 
is an optimum value. 

The rate of tuning near o>3 = u>0 is obtained from a modification of 
Eq. (10), which becomes 

For S = 2, Ao)/Aa>3 = i, whereas the maximum possible value is 1 
when <S = oo. 

1000 

9.6 9.8 10.6 10.8 10.0 10.2 10.4 
Wavelength X in cm 

F I G . 14-21.—Operating data of typical 4J75 magnetron. Magnetic field 
gauss; pulse plate current = 73.5 amp; pulse plate voltage = 28.1 to 29.1 kv; 
voltage = 8 volts. 

= 2700 
heater 

Although it is possible to estimate Zi, Z2, and Z% from the magnetron 
dimensions, it is more useful to regard the ratios of the impedances 
Zi, Zi, and Z5 as determined by appropriate measurements of tuning 
curves and stabilizations. A qualitative analysis of the variation of 
the impedances with physical dimensions then suggests appropriate 
changes to obtain more desirable tuning curves and stabilizations. 
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Figure 14-20 shows the observed mode spectrum for the Westinghouse 
cavity-tuned 4J75 magnetron. I t is seen that the wavelength of the 
short-wavelength jr-mode is as low as possible, because it cannot be lower 
than the (n = 5)-mode. Over the tuning range shown, the unloaded 
Q of the tunable magnetron is 2000, compared with 1500 for the untuned 
tube. 

Operating data1 for the 4J75 tube are shown in Fig. 14-21 where it 
is seen that the efficiency variation is small over the tuning range where 
no mode changes occur. 

Brief mention should be made of the fact that because the diaphragm 
is part of the resonant circuit of the 4J75 tube and because it is stretched 

H 
Coupling 

FIG. 14-22.—Schematic drawing of the coaxial-line-coupled cavity-tunable magnetron. 

nnnnn 

i M W — 1 ( -

c3 

FlQ. 14-23.—Equivalent circuit of coaxial-line-coupled cavity-tunable magnetron. 
Y„ = V ( C „ / L n ) ; y , = QElYo; Yi = <.m/n)Yo; and F , = QE,Y„. 

beyond its elastic limit, there is a hysteresis of a few megacycles per 
second in the tuning curve, and the resonant frequency for a given setting 
of the tuning mechanism depends on the direction of the tuner motion. 
This is not a fundamental property of cavity-tunable magnetrons. 

Coaxial-line-coupled Tuning.—Figure 14-22 illustrates a method of 
tuning that is electrically similar to iris-coupled cavity tuning. A coaxial 
line replaces the iris shown in Fig. 14-18, and the equivalent circuit of 
Fig. 14-23 replaces that of Fig. 14-19. In Fig. 14-23 the magnetron is a 
parallel-resonant circuit; the cavity, as seen through its coupling con
nection, may be taken as a parallel-resonant circuit by suitable choice of 
terminals along the coupling line, and the length of line Zi between the 
magnetron and the cavity (necessarily mX/2 long, with each end a 

1 A. G. Smith, "The 4J70-77 Series of Tunable Magnetrons," RL Report No. 1006, 
Feb. 4, 1946. 
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voltage maximum) may be taken as a series-resonant circuit over a 
small-wavelength range. The preceding analysis for iris coupling will 
then also hold for coaxial-line coupling if Zn = -\/Ln/Cn is replaced by 
Y„ = y/Cn/Ln throughout. If the resulting mode separation is so great 
that the connecting coaxial line is not adequately represented by a 
series-resonant circuit over the wavelength range involved, the circuit 
of Fig. 14-23 becomes inadequate and an analysis similar to that for 
double-output tunable magnetrons is necessary. Then, for example, 
the tuning curves are given by 

I, - I cot- Q„ (h - £) + I ^ QEi (£ _ 0 (24) 

by analogy with, Eq. (9). The resulting mode separations will always 
be less than those predicted by the circuit in Fig. 14-23. 

F I G . 14-24.—A magnetron coupled to a variable tuning stub. 

14-10. Single-stub Tuning.—For applications requiring small tuning, 
of 1 per cent or less, at pulse-power outputs of a few kilowatts, it is 
possible to convert an ordinary fixed-frequency magnetron into a tunable 
one by a single tuning stub correctly positioned on the output line. 
Such an arrangement1 is shown in Fig. 14-24. An equivalent circuit for 
Fig. 14-24 can be drawn by analogy with the equivalent circuit of Fig. 
14-23 for coaxial-coupled cavity tuning by representing the tuning stub 

1 F. F. Rieke, "Adjustment of Magnetron Frequency by an External Tuner,'1 

RL Report No. 412, Sept. 6, 1943. 
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as a parallel-resonant circuit, at the center of the tuning range. Because 
it is desirable to keep the maximum voltage in the tuning stub low to 
avoid voltage breakdown, the useful tuning range is generally limited to 
that obtained by moving the plunger ±0.175X0 about the central length, 
I = (mXo/2) + (Xo/4). Over this tuning range, the frequency sensitivity 
of a short length Zi between the magnetron and the stub is unimportant, 
the only necessary criterion being that it be electrically mX0/2 long. 
Under the above condition then, the equivalent circuit of Fig. 14-13 
for double-output tuning is appropriate if the length I in Fig. 14-13 is 

Fia . 14-25.—Rieke diagram of a magnetron tuned by a single-stub tuner. The heavy 
circle is the locus of the tuning curve. 

identified with the plunger length. Equation (9) is then valid if Qu2 
is now understood to mean normal magnetron external Q; for the extreme 
values of I = X0/4 + 0.175Xo, the useful tuning range is 

A useful alternate way of describing single-stub tuning is shown in 
the typical Rieke diagram1 of Fig. 14-25. The tuning stub is connected 
at tha t point ( + mX/2) along the output line toward which the frequency 
contours converge, this condition being equivalent to making h elec
trically mX/2 long. The impedance presented to the magnetron by the 

llbid. 
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variable stub and the matched line are represented by points on the heavy 
circle in this diagram. Location of the frequency sink within rather 
than at the edge of the circle is the effect of the finite length h. Restrict
ing the useful tuning range to I = X0/4 + 0.175X0 corresponds to operat
ing on that semicircle of the heavy circle centered at the match point 
of the diagram. 



CHAPTER 15 

ELECTRONIC TUNING 

B Y W. V. SMITH 

The development of microwave magnetrons has until recently been 
concerned only with on-off pulse modulation as a means of transmitting 
intelligence. Because the magnetron is a self-excited oscillator, not an 
amplifier, it is impossible to modulate at low power levels and then 
amplify to the desired output as in conventional amplitude- and fre
quency-modulation systems; it is necessary instead for the impressed 
signal to modulate the full output of the tube in one stage. As a conse
quence, the power consumption in the modulator must increase as the 
output power is increased. Although this qualitative observation applies 
to both amplitude modulation and frequency modulation, the modulating 
power requirements for amplitude modulation may be deduced in a 
straightforward fashion from the static characteristics of magnetrons and 
will not be discussed further. I t will be seen from the same static 
characteristics that a frequency modulation of several megacycles per 
second accompanies any straightforward amplitude modulation of 
microwave magnetrons. Although it would seem from Chap. 16, 
"Stabilization of Frequency," that there may be ways to overcome this 
difficulty, neither the theory nor the experiments with amplitude modula
tion of frequency-stabilized magnetrons have been pursued far enough 
to demonstrate completely the practicality of amplitude modulation. 
Frequency modulation, which is the subject of this chapter, has been 
demonstrated to be practical and rests on a sound theoretical basis. 
Present f-m magnetron designs are of two classes: electron-beam tuning 
and magnetron-diode tuning. Both are dependent on variation of the 
space charge to produce the frequency modulation, but they differ in 
the means employed to control the space charge. 

ELECTRON-BEAM TUNING 
15-1. General Considerations.—The physical sizes involved in micro

wave resonant-cavity oscillators suggest a direct method of electronically 
varying the cavity frequency that is not feasible for longer wavelength 
oscillators. This method consists of injecting an electron beam of 
variable intensity into a region of high r-f electric fields in the cavity. 
These r-f fields induce r-f components of electron motion, that is, r-f 

592 



F I G . 15-1.—Examples of electronic tuning of magnetrons, (a) Internal tuning. H is the d-c magnetic field; B is the electron 
beam; I is the beam length; d is the beam width; E is the r-f electric field; D is the gap width; ED is the r-f voltage VRF', h is the 
condenser plate height; A is the condenser area Ih traversed by the beam; AD is the gap region traversed by the beam; Ad is the 
beam region; C is the cathode for the electron beam; G is the control grid; Se is the screen grid; R-C is the reflector or collector; 
Vb is the cathode-to-screen-grid voltage, which equals the cathode-to-condenser plate voltage; and b is the copper block. (6) &* 
External tuning, showing the magnetron and reactance tube. ^0 
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currents that for simple cases may be considered to be analogous to the 
displacement currents in a dielectric. In this simplified picture, the 
variable intensity of the electron stream is analogous to a variable dielec
tric constant in the cavity, hence a variable resonant frequency of the 
cavity oscillator. As a numerical example, the frequency of a 4000-Mc/ 
sec c-w magnetron with an output power of 25 watts can be modulated 
± 5 Mc/sec by a + 10-ma modulation of a 100-volt, 10-ma electron beam. 
The incident amplitude modulation in this illustration is negligible. 
Typical examples of magnetrons that are tuned by electron beams are 
shown in Fig. 15-la and 6. 

In Fig. 15-la the electron beam is shot through a portion of the slot 
of a hole-and-slot magnetron, whereas in Fig. 15-16 the beam is shot 
through the capacitive region of a cavity coupled to the magnetron 
(see Chap. 14 for a general discussion of cavity-tuned magnetrons). 
The same nomenclature and derivations will be applicable to both Fig. 
15-la and 6 if in Fig. 1516 the term "cav i ty" is understood to apply to 
the combination of the magnetron and the reactance tube. In Fig. 
15-la the electron beam traverses a region of high r-f electric field which 
is perpendicular to the d-c motion of the electrons. The electron beam 
is accelerated by the screen-grid potential Vb and passes between the 
segments of the anode block, which is at screen-grid potential. A 
magnetic field H, parallel to the axis of the tube, keeps the beam focused. 
The beam intensity is varied by the control grid G, and in the simplest 
case the beam is collected by the collector R — C, which may or may not 
be at the copper-block potential F&. 

15-2. Fundamental Equations of Beam Tuning. General Case.—The 
important circuit parameters of a resonant cavity are its unloaded 
Q = Qu and its resonant frequency va. If this cavity is traversed by an 
electron beam, it may be shown by perturbation methods that, providing 
the r-f energy stored in the electron stream is small compared with that 
in the cavity and providing the cavity resonances are spaced far apart 
compared with the frequency shift induced by the electrons, the only 
effects of the electron stream are to change the Q of the cavity from 
Qu to QL and to change its resonant frequency from VQ to v. The deriva
tion of QL and Ac follows.1 

If there is no electron beam, Maxwell's equations for the fields in the 
cavity are 

V X E0 = iuonoffo (la) 
and 

V X f t = - W O J E O , (16) 

1 A. Bafios, Jr., and D. S. Saxon, "An Electronic Modulator for C-w Magnetrons," 
RL Report No. 748, June 26, 1945. 
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where E0 and Ho represent the complex vector amplitudes of the e-*""' 
components of electric and magnetic fields, which are denoted by the 
subscript 0 when no electrons are present. The electric field satisfies 
the boundary condition that its tangential component vanish on the 
metallic walls of the cavity. Thus, on these walls that are assumed to 
be perfectly conducting 

nXE0 = 0,1 (2) 

where n is a unit vector normal to the surface. 
When electrons are present, Maxwell's equations are 

V X £ = ianoff (3a) 
and 

V X S = -iutji + J, (3b) 

where J is the complex vector amplitude of the e~iwl component of the 
current density. In this case a may be a complex number (see Chap. 7) 
the real part of which represents frequency and the imaginary part, a 
damping term contributed by the electrons. The boundary conditions 
are unchanged by the presence of electrons, and again 

n X E = 0 (4) 
on the walls of the cavity. 

In order to find the shift in resonant frequency produced by the elec
trons, the scalar product of E times the conjugate of Eq. (16) is subtracted 
from the scalar product of H times the conjugate of Eq. (la), yielding 

H-VXE*-E-VXHt= -z'a,0(Mo/? • B% + toE ■ St). (5) 

Similarly, the difference of the scalar products of H* times Eq. (3a) 
and E* times Eq. (36) yields 

ttt-V XE -EaV xK = iu{n& ■ H% + tliS ■ S*) - J ■ E*. (6) 

By adding Eqs. (5) and (6) and integrating the result over the entire 
volume V of the cavity, 

j V (E* X H + E X H*) dV = i(w - o)„) / (MO# • 3t 

+ t0E ■ E*) dV - / J -E% dV. (7) 

In writing the left-hand side of Eq. (7), use has been made of the vector 
identity 

V(A X B) = B ■ (V X A) - A ■ (V X B). 
By the divergence theorem, the left side of Eq. (7) can be rewritten as a 
surface integral over the bounding surface of the cavity. If n is the 
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outward normal, 

V ■ (E* X H + E X H%) dV L 
L = J n- (E* X H + E X H$) dS = 0 (8) 

because the tangential components of both Et, and E vanish on the metal
lic boundary of the cavity. Hence Eq. (7) reduces to 

f J-E*dV 
»(« - «o) = -7 }— ^ ^ (9) 

Jr {noH ■ Ht + toE ■ Et) dV 

Thus far the calculation has been rigorous, but Eq. (9) can be simplified 
if analysis is restricted to the condition where E and H differ only slightly 
from E0 and Ho- Then 

AiW Jv »-»° = 4WjyJ-E*dV' ( 1 0 ) 

where W is the average energy stored in the unperturbed cavity and is 
equal to 

W = i J (MO|^O|2 + eol^ol2) dV. 

The electronic damping is best shown by rewriting Eq. (10) in the form 

"0 

where Ay is the frequency shift and Qei is the electronic Q, which equals 
2w times the energy stored divided by the energy lost per cycle to the 
electrons. If the cavity walls are not perfectly conducting, Q„i can be 
combined with Q„ of the cavity in the usual manner, that is, 

i. + ± = JL. 
Qel Qu QL 

The plausibility of Eq. (11) may be seen by realizing that / J ■ E* dV 
is the analogue of V* • 1 in ordinary circuit theory. Therefore, the real 

part of / J ■ E* dV is twice the work done per second on the electrons 
by the cavity fields, and, by definition, division by 8irc0lF yields l/2Qei, 
which is the result given in Eq. (11). Furthermore, in conventional 
circuit theory, the addition of a simple capacitive or inductive element 
to the circuit in such a way that only a small proportion of the stored 
energy is associated with the added element results in a relative shift 
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in resonant frequency equal to one-half the ratio of this energy in the 
added element to the total energy. Thus, because the imaginary part 
of 1/2TTVQJJE* dV is twice the energy stored in the electron beam 
that passes through a magnetron cavity, division by iW gives the relative 
frequency shift. I t is to be noted that Eq. (11) is valid in all electronic 
tuning schemes of practical interest because the energy stored in the 
beam is small compared with the total energy stored. 

In an oscillator the electrons do work on the r-f fields; that is, Q„i is 
negative. In discussing electronic tuning, although the final aim is to 
modulate the frequency of an oscillating magnetron, it is convenient to 
discuss first the changes in the resonant frequency and Q that are pro
duced in a nonoscillating magnetron by an electron beam that passes 
through the same high r-f fields that would exist in an oscillating mag
netron. If the Q is not lowered greatly, the relative frequency shift for 
the oscillating magnetron will then be equal to that for the nonoscillating 
magnetron. Also, although the final aim is to modulate the magnetron 
frequency by modulating the electron beam at some modulation fre
quency vm, future derivations will be restricted to computing the fre
quency shift produced by a steady electron beam. Because J remains 
essentially unchanged over many cycles of r-f fields when vm « v„, 
the modulation may then be treated as a succession of quasi-steady 
states, and the ensuing spectrum may be computed from conventional f-m 
analysis. Ratios of vm to v0 less than T^J- are, in general, satisfactory.1 

Two methods of frequency modulation that involve changes in J are 
possible. In one the magnitude of / is changed, and in the other the 
phase 0 of J is changed relative to E. Any change in the phase changes 
the value of Qet, whereas a change in the magnitude of J maintains 

1/Qei equal to zero if <f> is kept constant at a value such that / JE% is 
imaginary. The reflex klystron in the middle of one of its modes is a 
good example of frequency modulation by means of phase modulation; 
the phase is controlled by the reflector. The klystron illustrates the 
typical variation of Qei (here negative) with frequency and the consequent 
variation in efficiency with frequency. 

Uniform Electron Gas.—The application of Eq. (11) may be illustrated 
by the simple example of a cavity filled with a uniform electron gas of 
N electrons per cubic meter. At frequencies high enough so that the 
motion of the electrons takes place in a region so small that the spatial 
variation of the r-f field can be neglected, J may be simply evaluated 
from the equations of motion, neglecting Lorentz forces.2 Thus, where 

1 See L. P. Smith and C. Shulman, Princeton Technical Report No. 22C, for an 
analysis applicable to the type of tuning shown in Fig. 15-1. 

s A. Baiios, Jr., and D. S. Saxon, op. cit. 
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v is the electron velocity and r is the vector displacement of the electron, 

-eEe^"', (12) ■®-
v = -4 - Ee-1"' (13) 

and 

r e 
mu>' 

Be-'*1. (14) 

The magnitude of the current density J may be calculated from Eq. 
(13). Thus, 

Je-»< = -Nev = -^- Ee-*", (15) 

where N is the number of electrons per cubic meter. Substitution of 
Eq. (15) in Eq. (11), remembering that 

/ , W = fc, ]v |£|2 dV, (16) 

yields the well-known dispersion formula for an electron gas of low 
density,1 

Ay _ 1 JVe2 pe 
vo to 2mu2 2moi2«o' 

where p is the charge density. Because collisions with the cavity walls 
are ignored and the electron velocity is a periodic function of time about 
a fixed point, there is no way for the electrons to abstract energy from 
the r-f fields, and it follows that Qei is infinite. Equation (17) is the 
fractional change of the resonant frequency of a cavity from its empty-
space value to its value when the cavity is filled with matter having a 
dielectric constant 

K = l - — - 2 - (18) 

For high beam-current densities (0.2 amp/cm2 at 100 volts for a 
high-vacuum tube) JV = 2.1 X 1016. Substitution in Eq. (17) shows 
that even for this value of JV, at 10,000 Mc/sec, the total frequency shift 
due to the electrons is only 8.5 Mc/sec. Although a value of JV sub
stantially higher than 1015 could be obtained by an arc discharge, no 
control of the density would be possible in the high r-f fields present. 

I t is possible to increase the tuning considerably by increasing J for 
fixed E and fixed d-c cathode emission using either of two methods. 
Referring to the first half of Eq. (15) these methods may be distinguished 

1 J. A. Stratton, Electromagnetic Theory, McGraw-Hill, 1941, pp. 325-327. 
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as increasing either the number of electrons N or the velocity of the 
electrons v. In the klystron, an example of the first method, an initially 
small velocity modulation superposed on a beam of electrons is changed 
by means of a drift space into a density modulation. By the use of a 
reflector the region of high-density modulation is made to coincide with 
the region of high E that produced the original velocity modulation. 
Thus N is increased locally with no added drain on the d-c emission from 
the cathode. An example of the second method is a cavity containing 
electrons in a magnetic field of flux density B with associated cyclotron 
frequency 

* = Sn- <«» 
In those regions where E is perpendicular to B, the resonance effects 
near v = vc can be shown to increase greatly the amplitude of the dis
placement vector r for fixed E. As a consequence v is increased propor
tionally because an electron must now cover a greater distance in one 
cycle. 

The present discussion is limited to the method of varying the electron 
velocity v, which so far appears to be the only practical way of handling 
the high output power of magnetrons. 

16-3. The Principles of Electron-beam Tuning in a Magnetic Field.— 
Figure 15-1 will be taken as the starting point for a quantitative analysis 
of electron-beam tuning. The cavity contains a region of high and fairly 
uniform electric field. A beam of electrons can readily be injected into 
this high-field region and can be kept focused by an aligning magnetic 
field that, being perpendicular to the electric field, also serves to deter
mine the amplitude \r\ of the electronic oscillations and hence the amount 
of tuning attainable. 

The problem may be divided into an r-f problem and a d-c problem. 
In the r-f problem the tuning, the amplitude \r\, and the electronic Q 
are evaluated in terms of the d-c current density J0, the d-c electron 
velocity v0, the magnetic field B, and the physical dimensions. In the 
d-c problem, J0 and v0 are evaluated in terms of the cathode-to-block 
potential Vb and the physical dimensions. In both problems the effects 
of the fringing fields above and below the gap region are neglected. 
The effective lumping of the capacitance in Fig. 15-1 concentrates the 
r-f electric field in the gap region and leaves the r-f fringing fields small. 
The location of the beam in a plane of r-f symmetry further minimizes 
the fringing, which is estimated by Saxon and Bafios1 to affect tuning 
and electronic Q by less than 1 per cent. The somewhat more important 

1 A. Bafios, Jr., and D. S. Saxon, "An Electronic Modulator for C-w Magnetrons," 
RL Report No. 748, June 26, 1945. 
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effects of the fringing fields for the d-c problem are shown1 always to 
increase the current necessary to effect a given amount of tuning. If 
the fringing fields are neglected, the derivations that follow represent a 
lower limit on Jo-

Figure 15-2 illustrates the spiral path of an electron in the beam as 
it travels through the cavity. The electrons begin at zero amplitude, 
rise to a maximum radius | r ^ l , and fall again to zero; this process 
repeats itself to first approximation with a frequency v — vc&& long as the 
electrons remain between the plates. The frequency v — vc is a beat 
between the operating frequency and the cyclotron frequency vc asso

ciated with the magnetic field B 
[Eq. (19)]. The electrons enter 
the gap region with a kinetic en
ergy mvl/2. The kinetic energy 
that the electrons gain while in the 
gap region contributes to the 
stored r-f e n e r g y and hence 
changes the cavity frequency. 
The extra kinetic energy possessed 
by the electrons when they leave 
the gap (energy that has been 
acquired from the r-f fields of the 
cavity) is ultimately dissipated at 
the collector and hence represents 
a loss or resistance in the circuit. 

In the r-f problem, the analogous relations to Eqs. (14) and (17) of the 
electron gas treatment have been derived by Saxon and Banos.' Essen
tially they are 

2eE * (20) 

F I G . 15-2.- - P a t h of an electron in beam 
tuning. 

and 

where 

max 
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(21a) 

(216) 

(22) 

In Eqs. (21) 

9 = 
stored electric field energy in beam region _ d 

total stored electric field energy D V, 

ilbid. 
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where 
d = beamwidth, 

D = gap width, 
_ energy of the electric field stored in the gap region .„_. 

" ~~ total stored electric field energy 

p = charge density = — (24) 

F and G are functions of the phase of the spiral path at which the electron 
leaves the gap region. Their values, generally less than unity, are 

and 

where 

and 

1 P + 1 s i n a foc„\ 
1 s ' (25a) 

I a 

G = t+1 0^52LaL)j (25b) 

(u — Clc) — = (a) — Uc)t (26) 
Va 

t = transit time through the gap. 

Thus, a is the phase angle of the beat frequency between v and vc over 
the length h of the gap. The approximations that have been made render 
Eqs. (20) and (25) invalid near /S = 0 and also in the immediate vicinity 
of /3 = 1. 

The interpretation of Eq. (256) in terms of the spiral path of Fig. 15-2 
is clear for the case of G = 0; that is, 

a = 2irn, where n is an integer ^ 0, (27) 

because this is the condition in which the electrons leave the gap region 
at a node in their r-f motion, thus abstracting no r-f energy from the 
field. The quantities F and G are plotted in Fig. 15-3. Separate evalua
tions of Eqs. (26) and (21) lead to an indeterminant answer at /3 = 1, 
a = 0; but the proper limiting process shows that the tuning is zero 
and the loss finite for this practically unimportant case. I t is important 
to note that the change of sign of (1 — /32) in Eq. (21b) at £ = 1 considered 
in conjunction with Fig. 15-3 means that l/2Qe ! is always positive or 
zero whereas the tuning changes sign near /3 = 1 because Av is positive 
for |S < 1 and negative for /3 > 1. 

Considering now the d-c problem, the maximum current density 
Joan that can be sent between the two plates at a d-c potential Vb, in 
the absence of r-f fields, is1 

1 A. V. Haeff, Proc. IRE, 27, 586, September ] 939. 
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•/on 
= J O _ 1 6 \2e 

Dd 9 \ m v 6
w r m „ = 9.35 X IP ' 6 

Dd y^r„ (28) 

where Tm„ is a slowly varying function of d/D plotted in Fig. 15-4. 
I t is assumed that the superposed r-f field does not greatly modify Eq. 
(28). The space-charge effect that limits the current also reduces the 
electron velocity, thus affecting p, F, and G in Eqs. (21). An effective 
beam velocity ve, determined by an effective beam voltage V0, must 
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therefore be used in these equations. Because Av/vo varies as (l/«o).v» 
to a first approximation, l/ve will 

1.8 

1.6 

1 <l 

12 

1.0 

08 

/ 
/ 

be defined as (l/vo).v« and 

eV0 - -T- (29) 

The ratio V0/Vi is related to d/D 
and Jo/Jom.! as shown in Fig. 15-5. 

If Eq. (27) is to be satisfied 
over the whole f-m band of the 
tube, a and therefore Vt must be 
maintained constant; therefore 
the frequency modulation must be 
attained by varying J0 by the grid 
control while maintaining Vb con
stant. Under these conditions 
the frequency modulation will be 
linear with J0 except where Jo is 
n e a r t h e space-charge-limited 
value Jomu, in which case the rapid 

variation in V0 will destroy the linearity (Fig. 15-5). There is usually 
some maximum value of r permissible before an excessive number of elec-

0.2 0.4 0.6 0.8 1.0 

FIG. 15-4.—Parameter T, 
d/D. 

as a function of 

1.0 

0.8 

| o . s 

0.4 

0.2 

< 

0 6 ^ 
0.2 

0.2 0.8 1.0 0.4 0.6 
■VJ0 max 

F I G . 15-5.—Vn/Vb as a function of Jo//om»x for several values of d/D. 

trons hits a part of the tube. In Fig. 151 , for instance, this value 
might be 

TV,- = ^ - ^ (30) 



604 ELECTRONIC TUNING [SEC. 15-4 

and represents the distance between the electron beam and the cavity 
walls in the absence of an r-f electric field. If the number of electrons 
per cubic meter N is maintained constant, then r „ , limits the power 
that can be handled for a given amount of tuning because, at a fixed 
r-f voltage, changing the magnetic field to increase the tuning increases 
the orbit size and an increase in the r-f field at fixed tuning likewise 
increases the orbit. 

15-4. The Engineering Equations of Electron-beam Tuning.—Equa
tions (20) through (30) may be used either to analyze the electronic 
tuning that will be available with a given anode-block design or to 
synthesize an optimum anode-block design for a given amount of elec
tronic tuning and output power. The first problem is by far the simpler. 
By starting with the magnetron output power, the r-f voltage across the 
gap through which the electrons are to travel may be computed by the 
methods discussed in previous chapters. Equations (20) and (30) then 
determine how closely one may approach the cyclotron frequency 
before electrons strike the walls of the gap. The tuning and the loss 
may then be computed from Eqs. (21), where the maximum value of p 
is limited by the cathode emission or by the space-charge limit [Eq. (28)]. 

In the synthesis of an optimum anode-block design, however, a 
convenient procedure is to start with the desired magnetron output power 
P„, the external Q = QE, the frequency ve, the desired tuning Av, and the 
maximum safe peak current density Jo, which is determined by cathode 
quality, as the independent variables. These will then determine the 
values of the dependent variables Vt, p, /3, D, d, I, and h. The procedure 
is as follows. First, through V RF, the r-f voltage appearing across the 
gap P„ and QE may be related to |rmax| and D, subject to certain restric
tions. I t will then follow that the product VRF(Av/v0) determines pVb, 
subject to certain other restrictions, one of which is that the space-
charge limit Jomai is made equal to the cathode-emission limit J0p. 
From Vb, JoP, VRF, and Av/v0, it is then possible to determine D and /3 
for fixed d/D and p. Construction considerations limit the choice of p, 
and other considerations fix d/D near the value of -|. The no-loss 
condition of Eq. (27) determines h when /3 is known. If the subsidiary 
restrictions—which are less important interrelations of the dependent 
variables—can be satisfied, the design is then complete. 

The first step is to relate Pa to VRF = ED (see Fig. 15-la). To do 
this a characteristic admittance Yc is ascribed to the gap region according 
to the relation 

. . _ /energy stored in gap region\ 1 Ih . . 
' = V W, / = 60 DX' (31) 

using only the d-c capacitance of the gap region as a first approximation 
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to its actual value. This d-c approximation to Yc will be used throughout 
this chapter. If the magnetron is coupled to the useful load by some lead 
(not shown in Fig. 15-1) having an external Q = QE as defined in Chap. 
5, Eqs. (23) and (31) together with the definition of QE yield 

fcpPoQzY 
(32) 

It will be seen that in addition to P0, Eq. (32) contains the new dependent 
variable Yc, which is a function of three of the six dependent variables 
previously listed. Although their variation in subsequent equations is 
more important, p, P0, and QE enter Eq. (32) in an insensitive fashion, 
appearing as fractional powers. I t is convenient, therefore, to make a 
trial guess at D, I, and h, to use these estimates in subsequent calculations, 
and then to revise the estimates as is required by the final computation. 
The quantity p [Eq. (23)], which depends on I, is easily estimated. For 
a tube like that shown in Fig. 15-la p would be approximately TS because 
one of six oscillators is tuned and over half of the electric energy stored 
by the oscillator and its associated strap resides in the gap region. More 
accurate estimates of p can be made from the circuit analyses of the 
resonant cavity given in Chaps. 2 and 8. The external Q will be deter
mined by conditions not affecting the electronic tuning problem, such 
as pulling figure, mode spectrum, and the electronic efficiency of the 
magnetron itself. Subject to these conditions, QE should be kept as low 
as possible to minimize VRF-

A second relation involving VRF may be derived from Eqs. (20) and 
(30). 

= T^ 'Kg ' - 1)1 / _ d\ 

= 5 X 10«|G3» - Dl ( l - 5 ) ( x ) 2 - (33) 

Equation (33) represents the maximum permissible r-f voltage at which 
the electrons do not hit the plates. Equations (32) and (33) set an 
upper limit to the output power P„ that can be handled by the beam. 

By combining Eqs. (21a), (24), (27), and (29), the fractional tuning 
becomes 

or, in more practical units, 

^ = 4-24><lo>5r4y2(^)(0' (35) 
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where c is in megacycles per second, Jo in amperes per square centimeter, 
and V in volts. Equation (35) is plotted in Fig. 15-6 with the restric
tion that Jo = J<w, under which condition the average value of 
(Vb/Vo)^ is 1.58. To maximize the fractional tuning Av/ve while hold
ing FKFm„ constant, only the quantity Jo/TV4, which is proportional to 
the charge density p, must be maximized, since the small variation of 
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FIQ. 15-6.—Anode-block potential Vb as a function of current density Ju for various values 
of CD/d)(l - W/pivAv/lO*) with (Vb/Vo)i = 1.58. 

(Vb/Vo)^ may be ignored (see Fig. 15-5). In the space-charge-limited 
region, J 0 may be made equal to J 0 „„ , whence, from the proportionality 
of J w to Vb% in Eq. (28), Av/v0 is proportional to Vh. To increase 
Vb beyond the point at which J 0 m „ equals the emission limit J 0 p decreases 
the tuning, however, because the increase in electron velocity decreases 
the space-charge density. Thus Eq. (34) is maximized by equating 
Jo to both J0p and J0 m«. Eliminating J 0 = Jom„ from Eq. (34) by 
means of Eq. (28) and multiplying the resultant equation by Eq. (33) 



SEC. 15-41 EQUATIONS OF ELECTRON-BEAM TUNING 607 

yield 

(^h-^-i)HWT—^- (36) 

where 4> is plotted in Fig. 15-7, assuming (Vt,/Vo)H = 1.58. 
I t is to be noted that the product p<t>Vb is independent of magnetic 

field, again emphasizing that /3 can affect orbit size only for a given r-f 
voltage. The tuning is directly proportional to the relative orbit size, 
and the permissible r-f voltage 
is inversely proportional t o it. 
Equation (36) for constant d/D is 
independent of D as a consequence 
of the space-charge limit set by 
Eq. (28). 

Equation (36) determines the 
cathode-to-block potential Vb as a 
f u n c t i o n of d/D. Maximizing 
both Ay/po and VBF(b.v/v0) in Eqs. 
(34) and (36) with respect to d/D 
r e p r e s e n t s a compromise best 
satisfied when d/D is approxi
mately equal to i, as the plot of 
(d/D)<f> in Fig. 15-7 demonstrates. 
The value of Vb [Eq. (35)] is an 
important criterion of the prac
ticality of the design. If Vb is 
too high, the tuner power will be 
great; if it is too low, close grid 
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F I Q . 15'7.—Parameter $ as a function of d/D. 

spacings are necessary to attain the requisite current density. I t is 
always possible in the latter case to increase Vb, and thus to increase 
either tuning or power-handling ability of the design. 

To summarize the engineering procedure to this point then, V has been 
determined by Eq. (32) from P 0 and QE as independent variables and 
from trial values of Yc and p. From fRF, Av/v0 and p, together with a 
choice of d/D near $, and the assumed value of (Vb/V0)H = 1.58, Vb is 
determined by Eq. (36) and Figs. 15-4 and 15-7. The assumption 
equating J0p to J 0 m „ in deriving Eq. (36) allows determination of D 
by Eq. (28). With D known, /3 can be determined from Eq. (33). 
I t is to be noted that a trial value of D had been assumed in computing 
Ye by Eq. (31), but it is, in general, not appropriate to make a new 
estimate of Yc at this point, because I and h are still arbitrary. 

The next step in the design is to determine if the requisite value of 
|3 is consistent with other demands of the problem. In the first place, 
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0 determines the cavity height h necessary to satisfy Eq. (27). 
condition may be rewritten 

a _ (1 - ff)vh _ 505(1 - 0) (Vb\H h 

W 2ir Ve 7tH \VJ X 

This 

(37) 

where ve is defined by Eq. (29). 
Equation (37) represents the no-loss condition or, strictly, the 

minimum-loss condition, since there is a velocity distribution across the 
beam. Because V0 varies with the current as shown in Fig. 15-5, some 
compromise value of V0/Vb must be chosen, depending on the ratio of 
Jo to Jozan, at which the loss is to be minimized. A reasonable value for 
(Vo/Vb) is 0.7, in which case 

h = «y»» 
X 600(1 - 0) K ' 

Although there are two adjustable parameters in Eq. (38), n and h, 
it cannot always be satisfied, because both parameters have further 
restrictions. Thus n must be an integer greater than or equal to 1, and 
the value of h must be consistent with considerations of size, cavity 
admittance Yc effective lumping of capacitance (h < X/4), and magnet 
weight. Furthermore, if internal tuning of the tube is intended, h 
may already be determined by other considerations such as magnetron 
output power. For tuning of approximately one-tenth of 1 per cent it is 
not necessary to satisfy Eq. (37), although, as may be seen from Fig. 
15-3 and Eq. (21a), it is still desirable to keep a [see Eq. (26)] greater than 
w so that F will remain near unity. 

An additional restriction on 0 is that it cannot be chosen too near 
1 for reasons of magnet stability and of tunability. If the magnetron 
is to be mechanically tunable over a 10 per cent range, the extreme values 
of (0 - 1) are 0.05 and 0.15 for a center value of (0 - 1) = 0.09. This 
corresponds to a 300 per cent change in (0 — 1) and would probably 
result in an intolerable variation in loss and ranges of frequency modula
tion. I t is always possible to vary the magnetic field in a way that keeps 
0 constant over the mechanical tuning range. Even if the approach of 
0 to 1 is not limited by the above considerations, a fundamental limit is 
set by the inherent frequency sensitivity of Eq. (21a), the right-hand 
member of which is actually a function of co rather than co0 as has been 
tacitly assumed wherever 0 = vc/v has been treated as a constant. This 
limitation, usually not very serious, has been discussed by Smith and 
Shulman,1 who show that at maximum tuning the approximation of u 

1 L. P. Smith and C. Shulman, Princeton Technical Report No. 22C, 
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by wo is still valid providing that a quantity a„in defined in Eq. (39), 
exceeds 1. 

Furthermore, if less than £, more than one resonant frequency ia 
possible. 

When j3 is found to be satisfactory, the total input power required 
for the tuner can be determined. To find the total current the cathode 
length I must be known. This quantity is closely related to p, the ratio 
of stored energy in the gap to total stored energy in the cavity. I t is also 
related to the cavity admittance Yc in such a way that to maximize p 
and Yc, I must be as large as possible up to the approximate limit I = X/4, 
where the lumped-constant approximation of Yc becomes poor. 

With the choice of I determined by a compromise between minimum 
current input to the tuner and maximum p and Yc, all the variables 
have been determined. A new estimate of Yc can then be made, and 
the process repeated if necessary. In general, the third approximation 
will be satisfactory. 

As is evident from Fig. 15-la, the current need not be collected at 
the potential Vb but can be collected at some lower potential near V0-
Alternately, the beam can be made to traverse the gap twice if the elec
trode R — C is, made negative. In this case the space-charge equation 
[Eq. (28)] still limits J0nax, but now J0l»„ refers to the sum of the absolute 
values of the two current streams. Thus J 0 m „ here equals twice J^, 
the peak emission limit of the current stream leaving the cathode. 
Uncertainties as to where the return current is collected, whether or not 
more than two transits are possible, etc., complicate the use of a reflector 
at present. 

Use of the equations derived above is best illustrated by a specific 
example. Let the independent variables be P0 = 3000 watts, v0 = 3000 
Mc/sec, Av = 10 Mc/sec, J0p = 0.2 amp/cm2 , and Q„ = 200. No 
reflector will be used. The fractions p and d/D will be assumed equal 
to i and \ respectively. As a first trial, the choice D = 0.5 cm, I = 2 cm, 
and h = 2 cm yields F c = 0.0133 mho, whence, from Eq. (28), D = 0.85 
cm. Next, from Eq. (33) 0 = 1.11, and from Eq. (37) h/n = 2.63 cm. 
A choice of n = 1, h = 2.63 cm, and I = 2 cm gives Yc = 0.0103 as a 
second approximation. Repeating the above process gives the conver
gence shown in Table 15-1. For simplicity I is maintained equal to 
2 cm. The convergence is rapid despite the almost twofold change in D 
from the first guess. Experimental data on a tube similar to the above 
example are included in Table 15-5. 
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TABLE 15-1.-—AN EXAMPLE OF CALCULATIONS FOR THE DESIGN 
OF AN ELECTRONICALLY TUNED MAGNETRON 

Independent variables: P0 = 3000 watts, va = 3000 Mc/sec, 
Av <•= 10 Mc/sec, JoP = 0.2 amp/cm2, 
QE - 200. 

Arbitrary dependent variables: P — \, d/D = \, I = 2. 

Trial 

1 
2 
3 
4 

D, cm 

0.50 
0.85 
0.90 
0.90 

A, cm 

2.00 
2.63 
2.45 
2.44 

Yc, mhos 

0.0133 
0.0103 
0.0091 
0.0090 

FHF, 
volts 

4230 
4800 
5120 
5200 

Vb, volts 

300 
341 
363 
370 

0 

1.110 
1.125 
1.130 
1.130 

n 

1 
1 
1 
1 

15-6. Scaling.—The usefulness of scaling laws in magnetron design 
has been amply demonstrated in Chap. 10. Anticipating a similar 
usefulness in electronic tuning, several scaling laws will be listed here 
without derivation, because they come from a straightforward application 
of the previously developed engineering equations. 

The simplest type of scaling is that in which the percentage of tuning 
and the output power are kept constant. In this case, linear scaling of 
all dimensions, keeping Vb, /3, and QE constant and increasing J 0 propor
tionally to the square of the frequency, solves the problem, thereby 
keeping the total current I constant. The total input power remains 
constant, and the high-frequency limit is set by excessive demands on 
cathode emission and close grid spacing. 

A more practical scaling problem is that involved in keeping J0p, 
p, Ye, and d/D constant and varying one or more of the quantities Av, 
?o, or P0. Denoting the two scaling points by the subscripts 1 and 2, 
and letting PDc = ViJopd be the d-c input power to the tuner, the result
ing scaling laws are 

fe)0s)(fe)" 

G r e w <«> 

femmr- <«> 
fe)*W(fe)" <«> 

( i - # ) 
(i - « ) 

D2 

nt(l + 0t)hi 
ni( l + Pi)ht 

ni( l + PQh 
n2(l + Mh 

and 
Wi(l + Pi)PDCl 

n*(l + PJPDC, 
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As an illustration of the use of these laws, the example of Table 15-1 
will be scaled from 3000 Mc/sec to 1000 Mc/sec and 10,000 Mc/sec, 
keeping Av, P0, J0p , p, Yc, and d/D constant. The results are shown 

TABLE 15-2.—FREQUENCY SCALING OF THE EXAMPLE IN TABLE 15-1 
Quantities held constant: P„ = 3000 watts, AK = 10 Mc/sec, 

JoT = 0.2 amp/cm1, QE = 200, 
p = {, d/D = i, n = 1, Yc = 0.0090. 

v, Mc/sec 

1,000 
3,000 

10,000 

Vb, volts 

1210 
363 
121 

* 

1.390 
1.130 
1.045 

D, cm 

3.00 
0.90 
0.53 

h, cm 

6.60 
2.44 
0.88 

/, cm 

5.650 
2.000 
0.725 

PDC, watts 

58.50 
6.50 
0.64 

in Table 15-2. The most striking effect is the rapid increase of input 
power as the frequency is decreased. The approach of ^ to 1 at high 
frequencies makes the combination of mechanical and electronic tuning 
more difficult there. 

15-6. Internal vs. External Cavity Tuning.—The two principal meth
ods of utilizing electron-beam tuning have been shown in Fig. 15-la 
and 6. The beam is shot either through a portion of one or more of the 
side cavities of the magnetron or through a separate cavity appropriately 
coupled to the magnetron. At long wavelengths, where compactness is 
desirable, there is a distinct advantage to the internal tuner o; at short 
wavelengths, where the goal frequently is maximum size of parts, the 
external tuner b is preferred. I t is important to compare the electrical 
properties of the two methods in order to be able to choose between them 
in specific cases. 

Neither design can be made so that p — 1, the optimum condition 
for Eq. (36). In the internal tuner a, if N is the number of oscillators, 
m the number of side resonators through which a beam is shot, To the 
ratio of stored energy in the gap area to stored energy in one complete 
oscillator (including its associated straps), then 

V* = x r°- (46) 

Vane tubes, because of their nonuniform gap width, require a modification 
(which will not be developed here) of some of the formulas. For slot 
or hole-and-slot anode blocks, to which the present formulas apply 
directly, r0 is generally about % when the anode blocks are strapped. 

The general restrictions of cavity tuning covered in Sec. 14-3 apply 
to the external tuner. In particular, mode troubles appear if the stabi
lization S exceeds 2. Furthermore, if here rc is the ratio of stored energy 
in the gap area to stored energy in the external cavity, it is difficult to 
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design cavities with rc greater than £. Thus, a relation similar to Eq. 
(46) is 

Vb = —£— rc. (47) 

In comparing the methods of Fig. 15-la and b as applied to identical 
anode blocks, it is appropriate to make Qsm/S = QE«» so that for the 
same output power the same r-f voltage Va appears across the slots in 
both magnetrons. Under these conditions in b, the r-f voltage Vb appear
ing across the gap of the cavity may be related to Va and to the charac
teristic admittances Yc of the cavity and YM of the magnetron as follows: 

Energy in cavity = VgYc _ S - 1 , 
Energy in magnetron V2YM 1 

For equal output powers and the same ratio of d/D, Eqs. (35), (45), 
(47), and (48) can be combined to relate the beam voltages necessary 
(at the space-charge limit) for internal tuning a as compared with external 
tuning b. The relation is 

(49) 

If the current densities are maintained equal in the two cases, the voltages 
at the space-charge limit are proportional to the £ power of the gap D. 
Furthermore, the anode dimension h can generally be made equal for 
internal and external tuning, whereas the beam dimension I (see Fig. 
15-1) for a cavity tuner is approximately twice that for a single oscillator 
in the internal tuner. Thus one has 

T&(a) 
Vb(b) 

_ "of") _ 
Av 

"0(b) 

\Y. VS -
\YM S 

/AA 
lNrc\vJa 

(sir: Vb(b) 
and } (50) 

YM N Dh 

Solving Eq. (49) for AK/J-O and assuming ra = re, 

\ v o / . _ S m / D A , 

\vajb 

file:///vajb
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In this derivation no attempt has been made to satisfy the no-loss 
condition. 

The meaning of Eq. (51) can be illustrated by a specific example of 
an external cavity that would be required to give the same tuning as 
would be obtained by internally tuning six oscillators of a 12-oscillator 
tube. If S is 2, Eq. (51) then gives 

Da 
2.9 

and 
PD C(b) = 4. 

OC(«) 
(52) 

Thus, the complexity of six guns is to be balanced against the fourfold 
increase in power necessary with external-cavity tuning. Note that 
since the power requirements are low, approximating receiving-tube 
powers, the d-c input power to the tuner may not be an important 
consideration. 

I t might appear that external-cavity tuning would be more flexible 
in magnetron operating point because different magnetic fields can be 
used for the magnetron than for the tuner. However, practice reveals 
that the magnetic fields necessary for internal tuning are usually not 
different from those used in normal magnetron operation. 

Examples.—Typical of the internal beam-modulated tubes are two 
RCA designs, Tube 1 at 4000 Mc/sec and Tube 2 at 800 Mc/sec. Operat
ing characteristics of these tubes are given in Table 15-3. Both tubes 
are operated with single transit at a = 2ir. The smaller electronic tuning 
of the 800-Mc/sec tube reflects the combined effect of higher output 
power and longer wavelength, as discussed in Sec. 15-5. The tube 

TABLE 15-3.—OPERATING CHARACTERISTICS OF INTERNALLY TUNED 
C-w MAGNETRONS 

Tube 1 Tube 2, 
mechanically tunable 

Frequency v, Mc/sec 
Output power P„, watts 
Maximum electronic tuning Av, Mc/sec. 
Modulating-beam current Jor, ma 
Number of guns m 
Modulating-beam voltage Vt, volts 
Magnetron plate voltage FRF, volts 
Magnetron plate current / , ma 
Magnetic field H, gauss 
Cyclotron frequency/r-f frequency, /3. . . 

4000.00 
25.00 
10.00 
20.00 
2.00 

100.00 
800.00 

80.00 
1600.00 

1.15 

720.00 
460.00 

2.50 
500.00 

5.00 
300.00 

1950.00 
400.00 
330.00 

1.26 

780.00 
500.00 

3.80 
500.00 

5.00 
300.00 

2230.00 
400.00 
353.00 

1.25 

840.00 
540.00 

4.70 
500.00 

5.00 
300.00 

2520.00 
400.00 
377.00 

1.24 
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parameters for the 800-Mc/sec tube1 are listed in Table 15-4. From the 
dimensions and the operating data given in Table 15-3 the computed 
tuning is approximately 0.6 Mc/sec per gun, or a total of 3Mc/sec ; 
this figure agrees well with the observed values. 

T A B L E 1 5 - 4 . — D E S I G N P A R A M E T E R S OF AN 8 0 0 - M C / S E C R C A T U B E 
N u m b e r of oscillators n 12 
Vane thickness t 0 .187 in. 
Anode length h 2 .000 in. 
Anode diameter da 1.250 in. 
Elect ron-beam thickness d 0 .125 in. 
Average plate separation D»VI 0 .500 in. 
Min imum pla te separat ion Dm„, 0 .375 in. 
Beam-cathode length 1 0 .500 in. 

T A B L E 1 5 - 5 . — O P E R A T I N G CHARACTERISTICS O F A 2 7 0 0 - M C / S E C E X T E R N A L L Y T U N E D 
M A G N E T R O N 

T h e t ube dimensions are D = 0.400 in., d = 0.200 in., 
I = 0.900 in., h = 0.900 in. 

Cyclotron frequency 
r-f frequency 

Output power P„, watts 
Maximum electronic tuning Av, 

Mc/sec 
Modulating-beam current Ia, ma. 
Modulating-beam voltage Vb, 

volts 

Ratio of energy stored in gap to 
energy stored in external cav
ity rc 

Magnetron plate voltage V, 

Magnetron plate current / , ma. . 

1.05 

Theo
retical * 

125.00 

0.47 

Ob
served 

co 100 

2.1 

1100.0 
300.0 
300.0 

1.15 

Theo
retical* 

1100.00 

6.50 

0.47 

Ob
served 

6.0 
100.0 

300.0 
2.1 

300.0 

1.1 

Ob
served 

10.00 
100.00 

400.00 

0.47 

Ob
served 

16.0 
150 0 

500.0 
2 1 

300.0 

* Theoretical results are based on an accurate field-theory value for Ye. 

A typical external-cavity reactance tube is shown in Fig. 15-8. The 
reactance tube is designed for 15-Mc/sec frequency modulation of a 
2700-Mc/sec magnetron with an output power of 400 watts. The 
magnetron and the reactance tube are coupled together by a coaxial 
line. Calculated and observed characteristics of this tube are listed in 

1 A. L. Vit ter , Jr . , ei al., " L C T , 900 Mc / sec F M C-w Magne t ron , " R L Group 
Report No . 52, Feb . 28, 1946. 
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Table 15-5, together with pertinent dimensions. The figures for 0 = 1.15 
correspond to single transit, a = 2ir. The figures for /S = 1.1 correspond 
to double transit, a > 2rr. The agreement between theory and observa
tion is fortuitously good because the approximations involved in esti
mating rc, properly evaluating space-
charge effects, etc., introduce un
certainties in the calculations of about 
20 per cent. 

MAGNETRON DIODE TUNING 
15>7. Fundamental Principles.—It 

has been shown in Sec. 15-2 that the 
attainable electronic tuning of a side 
cavity traversed by a beam of elec
trons is proportional to the r-f cur
rent Je-*"' = —Nev = — pv [Eqs. (11) 
and (15)]. In Sec. 15-3, attention was 
focused on means of maximizing v, the 
component of electron velocity parallel 
to the r-f field. The conditions under which v was there maximized 
required that the charge density be introduced by means of an electron 
beam of potential V0 and current density •/<>,»,*■ The electron-beam 
analyses undertaken in Sec. 15-3 showed that it is difficult to attain 
large values of p in thfe manner and that the available tuning range was 
thus limited. 

In the present section emphasis is laid on a means of increasing p 
by utilizing the high space-charge density of a magnetron operated in 
the cutoff condition. The problem to be considered may be illustrated 
by a modification of Fig. 15-1, in which the electron beam is replaced by a 
filamentary cathode extending along the length h between the plates A 
and radially located at the center of the electron beam. The potential 
Vk is now applied between the filamentary cathode and plates A, and 
the aligning magnetic field is retained. As a result of the crossed electric 
and magnetic fields, the cathode will be surrounded by a rotating space-
charge sheath of density p, the approximate magnitude of which may 
be most easily calculated by considering the simpler problem in which 
the two plates with separation D of Fig. 15-la are replaced by a cylinder 
of diameter D concentric with the filamentary cathode. This is the 
conventional magnetron-diode problem solved by Hull1 as 

P = f « s ; <4, (53) 

^ ; : < K : : - - , : -.:- \-* 
Its- ■• 
F I G . 15>8.—Typical external-cavity re

actance tube. 

» A. W. Hul l , Phys. Rev., 23 , 112 (1924). 
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where we = 2TVC and vc is the cyclotron frequency [Eq. (19)]. For a 
magnetic field of 1070 gauss [uc = 2ir(3 X 109)], Eq. (53) yields 
p = 8.95 X 10~3 coulomb/meter3, whereas the charge density of a 100-
volt electron beam at 0.2-amp/cm2 current density is 3.35 X 10"4 

coulomb/meter3. Clearly the 27-fold increase in charge density in the 
magnetron diode is an attractive factor to at tempt to utilize for electronic 
tuning. 

Maximizing p, however, is only one aspect of the problem; it is also 
necessary to maximize v. This has been done effectively in electron-
beam tuning by using the aligning magnetic field to increase the ampli
tude of electronic oscillations when the r-f frequency v is near the 
cyclotron frequency vc. Although a similar resonance effect is to be 
anticipated when the filamentary cathode is used, an analysis is necessary 
to establish the exact relation. Furthermore, the power-handling 
abilities of the two types of tuning must be compared. For a given tuning 
the increased charge density surrounding the filamentary cathode allows 
a smaller amplitude of electronic oscillations, but there is no obvious 
way to determine a maximum tolerable amplitude analogous to \r^x\ 
of Sec. 15-3 because some electrons will return to the cathode for all 
finite oscillation amplitudes. Finally, there is no obvious means of 
including a grid control around a filamentary cathode because any grid 
would be located in a region of high r-f fields and currents. However, 
because for magnetron diodes with sharp cutoff characteristics the radius 
of the space-charge cloud surrounding the cathode can be varied by 
varying Vb though practically no current is drawn to the plate, it is 
possible to dispense with the negative grid control by modulating the 
plate voltage and still have a low a-c power drain on the modulator. 

The similarity between the filamentary cylindrical diode just discussed 
and a conventional microwave multioscillator magnetron has led to 
theoretical analysis and experimentation with reactance tubes based on 
multioscillator magnetron design. The magnitudes involved are best 
illustrated by observing that a magnetron which, when oscillating, has 
an output power of 1 kw, may, when used as a reactance tube, be expected 
to handle an output power of 1 kw and that the difference between oscil
lating and nonoscillating resonant frequencies of multioscillator mag
netrons is about 1 per cent, which corresponds to the anticipated 
electronic tuning. 

16-8. Small-signal Theory.—The shift in resonant frequency of a 
nonoscillating magnetron, when its plate voltage is raised from zero 
to the cutoff condition, is a measure of the electronic tuning that could 
be accomplished with such a magnetron used as a reactance tube to tune 
another magnetron, providing the r-f energy level in the reactance tube 
is kept vanishingly small. In Chap. 6 it has been shown that the 
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electronics of a magnetron are exceedingly complex, even for the limit 
of small-signal strength. A brief discussion will be given1 here of the 
reactive behavior of the space charge because the emphasis in Chap. 6 
is on the negative-resistance region of the space charge. 

Lamb and Phillips consider the shift in resonant frequency of a 
conventional multioscillator magnetron, operated in a condition of 
perfect cutoff, as a function of the anode voltage and hence of the radius 
re of the rotating electron cloud surrounding the cathode of radius rc. 
The analysis is restricted to thicknesses y of the electron sheath, which are 
small compared with rc. 

The method used in computing the resonant frequency of the mag
netron anode block in the presence of a space charge is an extension 
of the impedance-matching techniques used in Chap. 2 to compute the 
frequency of the anode block without space charge. In Chap. 2 the 
anode is divided into two regions (Fig. 2-13) that join at the anode radius 
ra. Solutions of Maxwell's equations appropriate to the two regions are 
joined at r„ by matching the impedance Z = Es/H2 at the boundary, 
and the resulting solution yields the resonant frequency. For each 
mode number m, Et in the cathode-anode space consists of a sum of 
functions of angular and time dependence ei<-nS~"l) and radial dependence 

Jntfr) + 5JV„(/3r), (54a) 
where 

S _ J n\Prc) t?Al\ 
5" " - WJ^)' ^ 

/3 = 2ir/X, and / „ and N„ are Eessel's functions of the first and second 
kind, respectively, their derivatives being J'n and N'n. The most impor
tant member of the sum is the term n = m. The condition of Eq. (54b) 
on 5„ is determined by making the tangential electric field Ee vanish at 
the cathode. When the effect of the space-charge cloud is included in 
the calculations, the cathode-anode region is subdivided into two regions 
meeting at r = rc, the boundary of the space-charge sheath. The 
impedance Zei of the sheath is evaluated at this boundary, looking in 
toward the cathode, and this impedance is matched to the free-space 
solution in the region between re and ra. Thus the boundary condition 
Z = 0 at r = rc of Eq. (546) for the problem without space charge is 
replaced by Z — Zei at r = re for the problem with space charge. The 
result can be expressed as replacing bn in Eq. (54a) by a quantity &'„, to be 
evaluated shortly. I t will be recognized that the above approach differs 
from that of Sees. 15-2 and 15-3. It is more appropriate to a complex 
problem such as the present one, since, for one thing, no integrals need 
be evaluated. 

1 W. E. Lamb and M. Phillips, J. Apil. Phys., 18, 230 (1947). 
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In computing Zel, the starting point is the Brillouin single-stream 
solution for the steady-state electron flow in the space-charge sheath 
and Bunemann's small-signal theory for the r-f perturbations imposed 
on this steady state by electromagnetic waves of the form ei<-ne~"') (see 
Chap. 6). The result1 is 

where 

Z e l = . h t H L l - ^ , (55) 
\ (o rck rc oil — <oz 

nv _ oil — co2 , , n -£ < ——5—> and n ^ 0. rc or 

This result is not what would be obtained if the electrons in the space-
charge sheath were treated as free electrons satisfying Eqs. (12) to (17) 
but having a charge density determined by Eq. (53). Thus the modifica
tion in electron velocities from the free electron picture, so important 
in the beam-tuning of Sec. 15-3, also plays a role in the present problem. 

The expressions for &'n resulting from Eq. (55) are 

where w p̂  0; and 

where 

(,3rc)2» 7T / 2ny _j4_ \ 
*" = ~2^~ n! (n- l ) ! V + ~FT oJ^oT*)' ( 5 6 a ) 

ind 

(566) 

01c — / 
01 

In each expression the terms containing y represent the correction 
to S'n. In Eq. (56a) the sign of the correction term changes at oi = oic, 
whereas the sign is always negative in Eq. (566). 

By letting r' be an effective cathode radius equal to 

r L | 2ny oil \ l n 

\ rc oil — «V 

from Eq. (56o) or equal to 

from Eq. (566), the resonant wavelength may be computed from Table 
3-2 (that gives wavelength vs. cathode size). When this is done, a 
qualitative agreement is found with the experimental curves of Fig. 

1 W. Lamb and M. Phillips, op. cit. 
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g 24,000 

s 

24,100 

15-9. These curves1 show the resonant frequency of the ir-mode of an 
18-vane rising-sun anode block (the 3J31 tube of Sec. 19-14) as a function 
of plate voltage (which is proportional to the electron-sheath thickness y 
for small y) and magnetic field (which is proportional to wc). The 
enhanced tuning and change of sign at to = oic (with H = 8800 gauss) 
are ascribed to the (n = 9)-compo-
nent, and the asymmetry of the ' 
curves above and below a>c to the 
(n = 0)-component. In n o r m a l 
operation this tube would run at 
over 10 kv, but for the data of Fig. 
15-9 it was operated at nearly the 
same magnetic field but under 1 kv, 
corresponding to a condition of 
small y. 

Since firc in Eq. (56a) is always 
designed to be less than 1, it is ob
served that &'„ decreases rapidly 
with increase in n. This corre
sponds to the rapid decrease in the 
r-f field strength from the anode to 
the cathode for large n. I t also 
means a small ratio q of stored r-f 
energy in the space-charge region 
to total stored r-f energy [Eq. (23)]. 
By analogy with the beam-tuning 
analysis, specifically Eq. (36), in 
which the quantity p is proportional 
to g, it is to be expected that this 
small value of q will decrease the product of tuning and tolerable r-f 
voltage for large n. 

15-9. Experimental Data on Large-signal Conditions.—When multi-
oscillator magnetrons are used as reactance tubes to modulate high 
powers, the tuning characteristics depart from the low-level behavior 
of Fig. 15-9. The larger elecrtonic orbits result in more collisions with 
the cathode, hence higher r-f loss and lower tuning. 

The 10-cm, c-w magnetron described in Table 11-1 (the CM16B tube) 
has been used as a starting point of several electronically tuned mag
netrons intended to operate at power levels of 10 to 100 watts, consistent 
with the reliable magnetron operating point of 1000 volts and 150 ma 
(see performance chart in Chap. 19). In the first modification illustrated 
in Fig. 14-17, oscillating magnetron I is connected to reactance tube 

i Ibid. 
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magnetron I I I (indicated in Fig. 14-17 as "cavi ty") by a section of coaxial 
line of such length that both tubes appear as parallel-resonant circuits 
at the same point on the line, as is shown in the equivalent circuit of 
Fig. 14-23, and the coupling to each tube is so adjusted that there is 
equal r-f energy storage in magnetron and tuner (S = 2, see Sec. 14-3). 
In this case the tuning was observed to have a fiat maximum at uc/w 
near 2, with less than 10 per cent loss in output power. Loss was greatest 
at Uc/oi = 1. Tuner tubes with rc/ra = 0.58, 0.75, and 0.85, operated 
at similar points, showed tuning of 3, 9, and 20 Mc/sec respectively,1 

confirming the theoretical increase in tuning with cathode size [Eq. (56)]. 
For 15 watts r-f output and tuning of 20 Mc/sec, the d-c input to the 
reactance tube was 100 ma at 500 volts. This power was excessive for 
frequency modulation and was due to the poor cutoff characteristics of 
the tube. The tuning furthermore is distinctly nonlinear. 

In a second tuning method starting with this c-w magnetron, the 
magnetron and the tuner were combined in a single tube. Two cathodes 
were inserted into the anode from opposite ends of the tube, one to drive 
the magnetron and the other to provide tuning.2 The experimental 
arrangement is shown in Fig. 15-10. 

The end shield provided for the magnetron cathode was found 
necessary to minimize leakage to the tuner cathode, which was always 
positive with respect to the magnetron cathode. The ratio of the 
cathode diameter to the anode diameter for the tuner was chosen as 
77 per cent, corresponding approximately to the middle cathode-anode 
ratio tried by Everhart.3 Operational data for this tube taken at 1700 
gauss show 4-Mc/sec tuning at 420 volts, 20-ma d-c tuner input for an 
r-f output of 17 watts, whereas the tuner input is 40 ma at 440 volts for 
an r-f output of 35 watts and the same tuning. Thus the tuning charac
teristics are strongly dependent on the r-f output level, and again com
paratively high modulator power is required. In this tube the r-f output 
power drops by 20 per cent at the 4-Mc/sec tuning point. Simplicity of 
construction and adaptability for combination with wide-range mechani
cal tuning are, however, important features of the above design. 

Another modification is shown in Fig. 15-11. Here a portion of the 
vanes is cut away to provide space for a cylindrical tuner cathode that 
is concentric with the regular cathode. The tuner cathode is located in a 
region of comparatively low r-f fields, where the back bombardment 
is low. Furthermore, there is no leakage between the two cathodes. 
At 1500 gauss, a tuner d-c input of 15 ma at 600 volts tuned 4 Mc/sec 

1 E. Everhart, "The Magnetron as an Electronic Reactance Tube," RL Group 
Report No. 52, Mar. 15, 1945. 

2 Minutes of the Magnetron Modulation Coordinating Committee, Vacuum Tube 
Development Committee, May 25, 1945. 

3 Everhart, op. cii. 
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with an r-f output power of 30 watts. This tuning was strongly depend
ent on both r-f output power and magnetic field, the variation with 
magnetic field being complicated. For example, at 600 volts on the 
tuner the electronic tuning increased to 6.5 Mc/sec at 800 gauss, whereas 
for 300 volts the electronic tuning reversed sign. This behavior is seen 
to be quite inconsistent with the low-level behavior of Fig. 15-11.l 

I t is clear from the above illustrations that the attempts to utilize 
the high-electron density of a rotating space charge surrounding a 
cylindrical cathode have as yet met with only partial success. 

Magnetron 
cathode 

Inches 0.5 
_ J Inches 0.5 

_ J 
Scale Scale 

F I G . 15-10.—Cross section of a double-cathode magnetron. 
F I G . 15-11.—Cross section of magnetron with two concentric cathodes. 

16-10. Other Methods.—Two further methods of electronic tuning 
have been investigated with indifferent success. In the first method, 
an electron stream is used to change the conductance instead of the 
susceptance of a portion of the resonant system. By transmission down a 
X/8 length of line this variable conductance is made to appear primarily 
as a variable susceptance at the magnetron. Such tubes as have been 
tested have been capable of powers up to only 20 watts. The method 
furthermore inherently includes amplitude modulation and, in the 
particular designs tried, was sensitive to the power level of the magnetron. 

A second method has been to introduce an electrode that is designed 
to modulate the electron stream already present in the magnetron, thus 
eliminating the use of an auxiliary cathode. The resulting frequency 
modulation is found to be small. 

1 Although the above i l lustrations have been for multioscillator tubes, much work 
has been done a t the General Electric Co. with this me thod of t un ing on split-anode 
magnetrons . Some of th is work is summarized in the Minu tes of the Magne t ron 
Modulat ion Coordinat ing Commit tee , M a y 25, 1945. 



CHAPTER 16 

STABILIZATION OF FREQUENCY 

B Y F. F. R I E K E 

16*1. Introduction.—This chapter is concerned primarily with the 
problem of minimizing the changes of frequency that occur as a result 
of accidental variations in the operating conditions of the magnetron 
and, more particularly, with methods of using an auxiliary resonant 
cavity for that purpose. I t is not the aim of this chapter to give detailed 
instructions for building a magnetron stabilizer but rather to indicate 
the basic considerations that enter into its design. When it has been 
decided what properties the stabilizing circuit is to have, the realization 
of the circuit is a straightforward problem in microwave circuitry and as 
such is outside the scope of this book. 

By usage, the term "stability of the frequency" has come to mean 
quite generally some quantity proportional to l/(dv/da), where a 
represents the temperature, the output load, or the input current (or 
perhaps still another parameter that enters into the conditions of opera
tion). I t would have been more appropriate to apply some such term as 
"stiffness" of the frequency in the above context, particularly since one 
has occasion to use the term "stabi l i ty" in a more literal sense, namely, 
in connection with discontinuous ^changes in frequency that result from 
the instability of a normal mode of oscillation. 

Applications that require the frequency of the magnetron to be very 
constant often require also that the frequency be set to a preassigned 
value; consequently the possibility of tuning must also be considered 
along with that of stabilization. 

I t has been shown in Chap. 7 that the frequency of oscillation of a 
magnetron can be related to the intersection of the curves — Ye(V) and 
YL(?) in the G, B plane. Changes in operating conditions cause shifts 
in one or the other of these curves; in principle one can relate changes 
in frequency to the shifts of the curves and to the variation of the param
eter v along the YL(v) curve. Quantitatively the computation is 
somewhat complicated, since it involves the angle with which the curves 
intersect, etc. Qualitatively, the — Ye(V) curve may be considered to 
be simply a horizontal line; in that case the shifts of frequency will be 
inversely proportional to the derivative dBi./dv along the YL curve. To 
"stiffen" the frequency one must make this derivative large; in other 

622 
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words, one must, in effect, make the characteristic admittance Yc of 
the resonant system large. Generally speaking, this requirement implies 
that the "stored energy" of the system be increased. Perhaps it should 
be pointed out, however, that while it is necessary to increase the stored 
energy, it is not sufficient, for the energy must be stored in the proper 
way in order to be effective. 

To some extent one can increase the stored energy by modifying 
the shape of the conventional resonant system of the magnetron; but 
unless some new principle of design is invented, the possibilities in this 
direction are rather limited. In meeting the requirements imposed 
upon the interaction space, one seems necessarily to end up with a 
structure with small clearances between the high-voltage parts and thus a 
compact resonant system with a large surface/volume ratio. Such 
a resonator necessarily has a relatively small unloaded Q, so that the 
storage of a large amount of energy is impossible (always computed, of 
course, on the basis of a constant available power) and even moderate 
energy storage is expensive. Consequently it is advantageous to couple 
to the magnetron an auxiliary cavity designed to store the energy more 
economically, and it is this method of stabilizing (or stiffening) this 
frequency which is to be treated in detail here. 

I t should be mentioned that the principle of automatic-frequency 
control can also be applied to the problem of maintaining a magnetron at a 
preassigned frequency.1 In an AFC system a frequency discriminator 
generates an error signal whenever the frequency departs from its proper 
value. The error signal is amplified and then used to actuate a tuning 
mechanism that eliminates the departure. In principle, the AFC system 
has one inherent advantage over the stabilizing cavity in that it acts to 
eliminate completely the errors in frequency rather than merely to 
reduce them in some constant proportion. If the AFC control depends 
upon mechanical tuning, however, it cannot respond to extremely rapid 
fluctuations. In any case, it is a rather complicated affair. In itself it 
cannot overcome the difficulties connected with instabilities that arise 
from a resonant load, although the auxiliary cavity can do so to a con
siderable extent, since in effect it increases the external Q of the mag
netron. I t is possible to combine the advantages of both systems by 
using a stabilizing cavity as the tuning element in an AFC system. 

16-2. The Ideal Stabilizer.—In coupling the stabilizing cavity to the 
magnetron one attempts to approximate as nearly as possible the state 
of affairs represented by the equivalent circuit shown in Fig. 16-1, where 
the cavity (3) is coupled to the magnetron (1) by an ideal transformer. 
The terminals A and T correspond to those similarly labeled in Fig. 7-5 

1 A technical discussion of AFC systems as applied to magnetron transmitters is 
contained in Vol. 3, Chap. 13, Radiation Laboratory Series, Sees. 1311 to 1313. 
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of Chap. 7. Although in practice the ideal circuit can be approximated 
only over a rather narrow range of frequency, Fig. 16-1 provides a con
venient basis for the discussion of some of the fundamental relations 
involved in stabilization. Except for that part added to the left of the 

n : 1 A » : 1 7" 

Ideal A Ideal T 
F I G . 16-1.—Equivalent circuit of an ideal stabilized magnetron. 

terminals A, the circuit of Fig. 16-1 corresponds to that of Fig. 1-bd. 
The admittance YL is given by the relation 

n*Yc \Qu3 Vu* I \Qul VUI I 
. "I j VT- (1) 

By introducing the external Q's (with respect to a matched output 
transmission line of characteristic admittance M) QEi = Ycim?/M and 
QE3 = YcsnW/M, Eq. (1) can be written in the form 

QEI QEI , QEJ . .2 
Qui Qv3 

i2 [QEI -— vv\ + QE; 
V — VU3 2J I + VT- (2) 

Yd IJui ' <4v3 ' " \ ' VU1 ■ " " Vu3 

Provided that vvi, W3, and v are not very different from each other, 
Eq. (2) can be approximated by 

= Y^(QE 
QEI \QU vu 

where 
QE = QEI + QE3, 

QEIVUI + QE3VV3 
VV 

QE 
Qv 

QEI + QE3 
_ QEI . QE3^ 

QUI Qu3 

+ 3XIE — ^ + VT \, (3a) 

(3b) 

(3c) 

(3d) 

The tuning properties of the combined system can be analyzed on the 
basis of Eq. (3c). From Eq. (3d) it follows that 

dvu _ 1 
dvvi S 

and 
dvu _ S — 1 
dvu3 S 

(4a) 

(4b) 
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where 

s = QJH + Q". (4c) 

The quantity S will be referred to as the "stabilization factor." When 
S is large, the resonant frequency of the system follows closely the reso
nant frequency of the stabilizer and varies only slowly with that of the 
magnetron. 

The effectiveness of the stabilizer in reducing the changes of frequency 
connected with temperature variations can be estimated on the basis of 
Eq. (4). In this respect the stabilizer can be effective only in so far 
as the stabilizer itself is better thermostated or better compensated 
against temperature changes than is the magnetron. If the thermal 
changes in the stabilizer resonance vui are negligible, the changes in vv 
(and therefore in the frequency of oscillation) resulting from changes in 
the temperature of the magnetron are reduced by the factor 1/S. Actu
ally, the stabilizer does lend itself more readily to thermostating and 
compensation than does the magnetron, partly because less energy is 
dissipated in it and partly because it is a larger and simpler structure 
and generally more accessible. While stabilizing cavities have been 
constructed of invar, it has not been practicable to use this material for 
the magnetron proper. 

The variation of frequency with current is inversely proportional to 
the value of dBL/dv. From Eq. (3) it follows that, other things being 
equal, stabilization will reduce the derivative dv/dl in the ratio 1/S. 

The degree of dependence of the frequency (expressed in terms of 
Av/v) upon the external load yT is inversely proportional to QE.1 (The 
pulling figure F is given by the relation F/v = 0.42 sec a/QE.) Conse
quently, if QEI is held fixed, the stability of the frequency against changes 
in load is directly proportional to the stabilization factor S. The 
assessment of the possible advantages of stabilization in this respect, 
however, involves much more than this simple relation, inasmuch as 
it is possible without stabilization to increase QE simply by decreasing 
the coupling I'/m? to the external load. By this procedure the stability 
would be achieved at a considerable cost of circuit efficiency and, ordi
narily, electronic efficiency. Consequently it is necessary to consider 
stability in relation to over-all efficiency. 

The electronic efficiency r)e varies with GL in the fashion illustrated in 
Fig. 7-24. In the interest of making QE large, GL is usually made some
what less than its value where JJ, is a maximum, but GL cannot be reduced 

1 The relation is a very general one. For convenience in expression, "increas
ing QE" will be used synonymously with "increasing the stability of the frequency 
against variation in the external load." 
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indefinitely, for 7je falls off very rapidly at the lower values of GL. To 
some degree, stabilization affords the possibility of choosing GL and QE 

independently, as is shown by the relation 

{GL)VT'1 = Ycl [ct ~ ob+ s W.+ eb) } (5) 

Furthermore, the circuit efficiency at a given value of Qs increases with 
the stabilization factor S, as is shown by the relation 

w^i = l + QE [<t>+ s (eb ~ ob)]' (6) 

It is assumed, of course, that Qua is many times larger than Qui; in practice 
ratios of 5 or 10 can be achieved easily, and ratios of 20 or more are usually 
possible. 

In applications to radar it generally comes about that stabilization 
is particularly worth while at the higher frequencies—say above 5000 
Mc/sec. This circumstance arises from the fact that it is the absolute 
bandwidth Av rather than the relative bandwidth Av/v that controls 
the design of a receiving system. Although greater bandwidths are 
used at the higher frequencies, it has not been general practice to increase 
the bandwidth proportionally with v. As far as the magnetron is con
cerned, it is the relative bandwidth that counts, and the circumstance 
just mentioned requires that the magnetron have a greater QE at the 
higher frequencies. Inasmuch as the unloaded Q tends to decrease as 
v~M with increasing frequency and the circuit efficiency decreases with 
increasing ratio QE/QU, the circuit efficiency becomes a very important 
consideration at the high frequencies. 

Stabilized magnetrons have proved particularly useful in radar 
beacons, where the frequency must be held at an assigned value within 
rather small tolerances. 

16-3. Coupling Methods.—The preceding discussion has been premised 
on the assumption that the circuit of Fig. 16-1 can be realized physically. 
If this circuit is taken literally, one arrives at the conclusion that it is 
always desirable to make the stabilization factor very large; that is, to 
arrive at a required value of Qs, one should make S large and Yc\ propor
tionally small. This conclusion is rather obvious, for, other things being 
equal, it is advantageous to store a greater fraction of the energy in the 
most efficient element of the system, which is assumed to be the stabilizer 
rather than the magnetron proper. When physical limitations are taken 
into account—as will be done presently—it will be found that the 
advantages of stabilization, especially stabilization by large factors, have 
to be weighed against several disadvantages, among them increased 



SEC. 16-3] COUPLING METHODS 627 

o 

T 

o 
o 

y 
1 
J 

(a) 

complexity and decreased flexibility of the system and perhaps more 
stringent limitations on manufacturing tolerances. 

The basic problem that has to be met consists of coupling a low-
impedance resonator (the magnetron) to a high-impedance resonator 
(the stabilizer) in such a way that the larger fraction of the energy is 
stored in the latter. The situation may be thought of in terms of the two 
circuits illustrated in Fig. 16-2a. One might couple the circuits by 
means of mutual inductance between the coils or by means of a tap as 
indicated by the dotted line in the figure, 
but in any case physical limitations make 
it impossible to secure a coupling coeffi
cient of unity. In consequence, the sys
tem will have two modes of oscillation; if 
the coupling is weak, the separation of the 
modes Av/v is just equal to the coefficient 
of coupling. The arrangements actually 
used in stabilization have the properties 
of the circuit shown in Fig. 16-26, which 
has three modes of oscillation, and the 
difficulties encountered arise principally 
from these extra modes. 

There are a considerable variety of 
arrangements that can be used to couple 
the stabilizer to the magnetron if details 
are taken into account. As far as essen
tials are concerned, however, the systems 
fall more or less into two classifications, 
depending mostly on whether the stabi
lizer is an integral part of the magnetron 
with a vacuum envelope common to both 
or is an attachment added after the mag
netron has been otherwise completed and 
evacuated.' In the former case the two 
resonant cavities are constructed tangent 
to each other, and the coupling effected by 
a common iris or resonant window. In the latter case the cavities are 
coupled to opposite ends of a transmission line whose length is an appre
ciable fraction of a wavelength or even a few wavelengths. Even 
between these two cases there is no difference in principle. Conse
quently the problem will be discussed in terms of transmission-line 
coupling, because the greater amount of experience by far has been 
accumulated with this type coupling. 

A magnetron and stabilizer coupled through a transmission line 

(6) 

Transmission line 

(c) 
F I G . 16-2a,b,c.—Equivalent cir

cuits of a magnetron coupled to a 
stabilizing cavity. 
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have, to a first approximation, an equivalent circuit like that shown In 
Fig. 16-2c. I t turns out that the exact placement of the external load 
in the circuit has an appreciable influence on the characteristics of the 
circuit and also that it is necessary, when high stabilization is sought, to 
add an auxiliary load to damp extraneous modes of oscillation (see Sec. 
16-4). Either of the loads can be connected in a variety of ways, and 
their inclusion in a general way would greatly complicate the equations 
to be dealt with. Therefore in outlining the general problem, purely 
reactive circuits will be used and the effects of the resistive elements will 
be treated qualitatively. 

In computing the admittance of the system it is convenient to 
normalize the terms with respect to the characteristic admittance of the 
transmission line as was done in deriving Eq. (2). If j/i is the normalized 
admittance of the magnetron proper, 2/3 that of the stabilizer, and I the 
length of the transmission line between them, the admittance Yu at 
the terminals A of Fig. 162c is given by 

v Yci( 2 / 3 + ; ' t a n e \ ,_. 
Yu = rr~ I t/i + ■ , . . . ]' (7) 

QBI \ yij tan 8 + 1/ 
where 8 = 2vl/\g and X„ is the guide wavelength for the transmission line. 
At a particular frequency y2, 6 will be exactly equal to nir; and for fre
quencies not very different from v2, 8 is given approximately (exactly if 
X„/X is independent of v) by ] 

e = mr + 2QE2 ^ ^ , (8) j 

where QEI-= irZX„/X|. The frequency v2 can be considered to be the 
resonant frequency of the transmission line. 

Inasmuch as one is concerned only with values of v for which 
(v — v2)/v2 is small, tan 8 can be approximated by 2QEi{v — v2)/vi. 
For j/i and 2/3 the usual approximations for a parallel-resonant circuit 
will be used: yL = QEI2J(V — v-^/vx and y% = Qs32j(v — v3)/vt. For 
the present it will be assumed that vi = v2 = v3 = v<>; if the variable 
5 = („ -r- v0)/v(, is introduced, Eq. (7) can then be written 

Ya = Q7l
J \2QBIS + 1 - 4 « „ Q « « y 

or 

where 
. , = 1 IQEI + QB2 + QE3 

2 \ QEIQEIQE* 

(9a) 

(9b) 

(9c) 
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(9tf) 

The values —8', 0, + 5 ' represent the resonances of the system. At 
the resonances, the rates of change of susceptance dBu/dS are 

(dBu\ 
V d& A _ 0 

(dBtA 
\ dS / j _ « j ' 

2F c l 

2Fel2 

QE\ + Q.E2 + QE3 
QEI 

QE\ + Qfi2 + QE3 

(10a) 

(10b) 
QE2 + QE3 

To illustrate the implications of the relations just derived, a numerical 
example will be given. I t will be supposed that the magnetron has an 

1-0.3-

FIG. 16-3.—Susceptance curves. 
output lead which is so coupled that QEI, the external Q with respect 
to it, is equal to 100—a typical value for normal output coupling. A 
stabilization factor S = 6 is to be sought; thus Eq. (4c) gives Q£3 = 500. 
The transmission line has a length of 3X; but instead of the value 3TT 
for QE2, the round number 10 will be used. On the basis of the values 
QEI = 100, QB2 = 10, and QES = 500, one obtains the result 

6' 

Ycl \ db / j _ 0 

J_ (dBv\ 
Ycl \ d8 /,_,. 

= 0.0175, 
= 0.0071, 

= 12.2, 

= 4.8. 

file:///Qe2Qe
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(Without the stabilizer, l/Yci(dBu/dS) = 2.0.) The curve of susceptance 
plotted against S is shown in Fig. 163, where the dotted line indicates 
the corresponding quantity for the magnetron alone. With a typical 
value of Yd = 10_1 mho, it is roughly the range 

-0.03 < ^ < +0.03 

that is significant in magnetron operation. 
Two ways of adding the external load to the system will be considered. 

The relations are simplest if (Case I) the magnetron is a specially con
structed one with two output leads, one for the load and the other for 
the stabilizer. If the magnetron has only one output lead, the load must 
be tapped onto the transmission line of Fig. 16-2c, and it will be assumed 

to be connected in parallel with the stabilizer 
1 (Case II) . 

For Case I, the external load YE is simply 
added to Yv of Eq. (9a). I t will be assumed 
that YE is a pure conductance and has the 

B value that it would have if the magnetron 
were not stabilized and were loaded with a 

Ĝ  QE of 100; then in the numerical example, 
YE/Ycl = I/QEI = 0.01. T h e YL(v) c u r v e , 
conveniently treated as the (YL/YCI)(S) curve, 
then has three coincident vertical branches 
through the point YL/Ycl = 0.01. 

To compute YL(&) for Case II , one must 
replace y3 by y3 + ys in Eq. (7). For the value 
of load assumed above, this amounts to replac
ing j2QE3S by (1 + j2QB3d) in Eq. (9a). The 

F I Q . 16-4.—Admittance Fi(5) curve then takes on the form indicated 
c u r v e ' schematically in Fig. 16-4. The significant 

parts of the YL(&) curves for both cases are plotted to scale in Fig. 16-5; 
to avoid confusion, only the halves of the curve for d positive are shown; 
the other halves are obtained by reflection on the real axis. The only 
essential difference between the two arrangements is that for Case I the 
load is effective for all three modes of oscillation (although the stabiliza
tion is not fully effective for two of the modes); in Case II the load is 
effective only for the (5 = 0)-mode; for the other two it is "shorted o u t " 
by the stabilizer. 

I t is to be noticed that for a small range of S centered about 5 = 0, 
either of the arrangements analyzed above duplicates the properties 
of the ideal system illustrated in Fig. 161 . The mode of oscillation 
in this range will be referred to as the "principal mode." Two extra 
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modes of oscillation are introduced, however, and from experience it 
can be predicted that with the constants assumed in the above example, 
the system would fail to perform satisfactorily because of improper 
or uncertain selection of the mode of oscillation. The control of the 
extraneous modes is, therefore, the central problem. In the endeavor 
to prevent oscillations in the extraneous modes, three rather distinct 
principles have been tried. 
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Case I Case! 
F I G . 16-5.—Admittance curves. 

At one time it was expected that a very great separation of the extra
neous modes from the principal mode would serve to discourage oscillation 
in the extraneous modes. As far as the magnetron is concerned, the extra 
modes arise from a very large reactive effect-in just one elementary 
resonator—the one to which the stabilizer is directly coupled. I t seems 
very probable that if the extraneous modes differed from the principal 
mode (the principal mode has a frequency equal or very close to the 
normal ir-mode of the magnetron) by 10 per cent or even more, these 
reactive effects would so distort the configuration of the electric fields 
in the interaction space that the interaction with the electron stream 
would be impaired considerably. 
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By coupling the stabilizer to the magnetron through an iris it is 
possible to separate the extraneous modes from the central one by as 
much as 20 per cent. This possibility was taken advantage of in "stabi
lized" magnetrons designed by Herlin1 and Smith2 (Sec. 19-5). These 
magnetrons had auxiliary cavities so coupled as to yield a stabilization 
factor of about 5 for the principal mode; the extraneous modes were about 
20 per cent above and below the central mode. These magnetrons were 
complete failures in the sense that they could not be made to oscillate 
reliably in the principal, highly stable mode. They did, however, per
form quite satisfactorily in the low-frequency mode, but without appre
ciable benefit from the auxiliary cavity in stabilizing the frequency. 
This experience was more or less duplicated by experiments at the Bell 
Telephone Laboratories. Thus it appears that the separation between 
the modes is of little consequence in determining whether or not the 
magnetron will oscillate in the "stabilized" mode. 

From their initial failure, Herlin and Smith arrived at a second 
principle. They interpreted their result in the following way: The 
"speed of s tar t ing" of a mode of oscillation should vary inversely with 
the degree of "stabilization" of the mode. To express the same thing 
in a different way, the speed of starting should vary inversely with the 
"effective capacitance" of the mode. When the YL(V) curve is vertical 
and BL varies fairly uniformly with v over an appreciable range of v, the 
system can be approximated by a parallel-resonant circuit of effective 
capacity C = i(dBL/dv). I t is shown in Chap. 8 that, other things 
being equal, the speed of starting should vary inversely with C. As to 
the modes of the magnetron-stabilizer system, it can be deduced from 
Eqs. (10a) and (10b) that 

(dBj\ 
\ dd / , . „ _ QE2 + QE3 _ S - 1 
/dB\ 2QE1 2 ' U 1 ) 

\dS /s^+ S' 

where £ is the stabilization factor for the principal mode. I t follows 
that if S is not greater than 3, the principal mode should get there 
first. 

Experience has borne out the above line of reasoning in so far as it 
has been found that the extraneous modes give no trouble if the stabiliza
tion factor S is about 3 or less. I t should be pointed out that relation 

1 M. A. Herlin, "Resonance Theory of the Waveguide Tunable Magnetron," 
RL Report No. 445, Oct. 15, 1943. 

2 W. V. Smith, "Magnetron Tuning and Stabilization," RL Report No. 567, 
July 13, 1944. 
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XT R 
Transmission line 

(11) holds only when vV\ = vVi\ if the resonant frequencies of the mag
netron and auxiliary cavity are not equal, the ratio is less favorable. 
Consequently if stabilization is the primary consideration, so that S is 
made nearly equal to 3, and the system is tuned by varying only one 
of the components, the useful tuning range is only a small fraction of 
the separation between the modes. The application of the foregoing 
considerations to the wide-range tuning of magnetrons is treated in 
Chap. 14. 

16-4. Means of Damping the Extraneous Modes.—The third princi
ple, and the only one so far discovered that enables one to take advantage 
of a high degree of stabilization, consists in introducing an auxiliary 
load into the system in such a way as to damp the extraneous modes 
preferentially. The placement of the auxiliary load represented by the 
resistance R is illustrated in Fig. 
16-6. Inasmuch as the system is 
now to be analyzed in somewhat 
greater detail, the conductance G$ 
has been added to the equivalent 
circuit. If the external, or useful, 
load is to be connected directly to 
the magnetron as in Case I above, 
<7s, the normalized value of Gs, is 
equal to QEZ/QUZ, where Qus is-the 
unloaded Q of the stabilizer cavity. 
(It can be shown that the cases where the external load is connected 
between the terminals a-c or a-b of Fig. 16-6 can be reduced to the same 
equivalent circuit.) 

The effect of adding the resistance R can be interpreted qualitatively 
in the following way. I t will be shown that the presence of R has little 
damping effect on the principal mode 5 — 0 and a large effect on the 
extraneous modes. At 5 = 0 the impedance of the stabilizing cavity is 
equal to 1/G3—a rather large quantity. Thus the currents into the 
cavity are very small, and negligible power is dissipated in R. On the 
other hand, at the frequencies + S' of the extraneous modes, the stabilizer 
has a relatively small impedance, the currents into it are large, and the 
maintenance of either of those modes must entail a relatively large 
dissipation of power in R; consequently those modes are strongly damped. 
From this argument one can conclude that the extraneous modes will 
be discouraged by the introduction of R into the system, but neither 
the stabilization nor the circuit efficiency of the system for the principal 
mode will be impaired appreciably. 

The damping of the extraneous modes can be accomplished by adding 
dissipation to the system in any one of many ways—for instance, by 

A6 
F I G . 16-6.—Stabilizer with damping resistor. 
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using a transmission line of appreciable attenuation for the connecting 
link between the two resonant systems—but the preferred methods are 
those which have a minimum of influence on the principal mode. When 
the latter consideration is taken into account, one seems to arrive always 
at a circuit substantially equivalent to Fig. 16-6. I t is natural to inquire 
whether or not the extraneous modes could be damped by coupling 
them to the useful load, so that an auxiliary load would be unnecessary. 
This possibility has not been overlooked, but there seems to be no satis
factory way of accomplishing the desired result. 

(a) (6) 

(c) ( ' I 
Flo. 16-7.—(a.b.c) Q-circles; (a) measured at terminals ab of Fig. 16-6; (b) at terminals ac; 

(c) at opposite ends of transmission line; (d) Smith chart. 

Some of the less fortunate consequences of adding the damping 
resistor to the system will now be discussed. In general, the larger the 
value of R the more effective it is for its intended purpose. I t also 
happens that as R is made larger, the more restricted becomes the range 
through which the system can be tuned without undue loss of stabilization 
and circuit efficiency. More or less equivalently, the ranges of the 
fluctuations in temperature, load, etc., against which the stabilization 
is effective are similarly reduced. The question of the minimum tolerable 
value of R is thus an important one in the design of stabilizing systems. 

The effect of the damping resistor in suppressing the extraneous 
modes can be partly analyzed by means of the 1"L(") or Yj.(8) curves for 
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the system. The way in which the various parameters enter into these 
curves can be understood qualitatively by considering the admittance 
curves of isolated parts of the system; inasmuch as a transmission line 
is involved, it is convenient to draw the curves in a reflection-coefficient 
diagram (Smith chart). The Q-circle of the auxiliary cavity, as measured 
at terminals a-b of Fig. 16-6, has the form indicated in Fig. 16-7o. As 
measured between the terminals a-c, it has the form illustrated in Fig. 
16-76. In both cases, the tangent of the angle <j> varies linearly with the 
frequency. The value of the resistance R is always made less than the 
characteristic impedance of the transmission line, and the primary effect 
of the resistance is seen to be a lowering of the reflection coefficient (or 
SWVR) for frequencies far from resonance. 

The Q-curve for this part of the system, as measured at the opposite 
end of the transmission line, is obtained simply by diminishing the angle 
^ for each point by twice the angle d given by Eq. (8). When this is 
done, the curve is no longer a perfect circle but has the shape indicated 
in Fig. 16-7c. The behavior of the admittance can be estimated by 
comparing Fig. 16-7c with the Smith chart shown in Fig. 16-7d. Since 
the curve now passes completely through the region where the admittance 
varies rapidly with the angle \[>', it can be inferred that the admittance 
of the system will contain violent fluctuations. These fluctuations occur 
for S's in the neighborhood of the {S")'s given by Eq. (9d) and, of course, 
are directly related to the infinities in the susceptance function illustrated 
in Fig. 16-3, becoming identical with them when R = 0. 

The violence of the fluctuations becomes less as R is made larger 
(assuming always that the value of R is smaller than the characteristic 
impedance of the transmission line), as is evident from the nature of 
the Smith diagram. 

The admittance curve for the complete system is obtained by adding 
to the admittance just discussed the term yi of Eq. (7), which is the 
admittance of the magnetron proper. Whether or not the final admit
tance curve will contain loops depends upon the values of both QBI and R; 
the relations are exactly the same as those discussed in connection with 
the mismatched transmission line in Chap. 7. A numerical example 
of the way in which the presence or absence of loops is influenced by the 
value of R is contained in Fig. 16-8a, b, and c computed with QXI = 20, 
QE2 = 3ir/2, QE3 = 100; the external load is assumed to be coupled directly 
to the magnetron so as to load the magnetron, unstabilized, to a QL 
of 100. 

So far, only cases where the resonance frequencies of the magnetron, 
transmission line, and auxiliary cavity are exactly equal have been 
discussed. An increase in vi, the resonance frequency of the magnetron, 
results simply in a downward displacement of the curve and vice versa. 



636 STABILIZATION OF FREQUENCY [SEC. 16-4 

The shape of the curve is determined entirely by the ratio v3/v2; thus the 
curve becomes unsymmetrical when the cavity is tuned or when the 
transmission line is constructed writh an incorrect length. These effects 
are perhaps more easily deduced directly from figures such as Fig. 16-7c 
and d than from a verbal explanation. Concrete examples of the changes 
in the curve caused by tuning the cavity are given in Fig. 16-86, d, and e, 

r = 0.2 r = 0.5 r = 0.71 

(a) (6) fc) 

r=0.5 r = 0.5 
83 = 6, + 0.04 

(d) fe) if) 
F I G . 16-8.—(a,b,c) Admittance curves of stabilized magnetron as affected by R\ (b,d,e) as 

affected by tuning the cavity; (/) unstabilized magnetron. 

where 63 = (v3 — vi)/v\. The point of each curve marked by a circle 
represents the condition 5 = S3. 

In designing a stabilizer, it is advantageous to make v2 and v3 equal 
to the normal transmitting frequency of the magnetron rather than equal 
to its "cold resonance" frequency vt; in that way the YL{v) curve for 
the system is made roughly symmetrical about the operating curve. 

The general problem of selection among the modes that results from 
coupling a second resonant system to that of the magnetron proper is 
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discussed in Chap. 7. Unfortunately, there seems to be no straight
forward rule that applies to the present case, although one result is 
certain, namely, that the extraneous modes will not be excited if there does 
not exist a corresponding intersection between the Y L{v) curve and the 
operating curve of the magnetron. Thus, from the standpoint of mode 
selection, a YL{V) like that of Fig. 16-8c is desirable, for with such a 
curve, a second intersection is possible only if the operating curve has 
an abnormally great slope. 

On the other hand, from the standpoint of other properties of the 
system, it is desirable to make R as small as possible. For the case 
represented by Fig. 16-8a through e the circuit efficiency is inversely 
proportional to GL- If losses in the cavity are taken into account, and 
also if the load is connected across the terminals a-c of Fig. 16-6,' the 
circuit efficiency is given by a more complicated expression but the behav
ior is qualitatively the same. Figure 16-8a, b, and c illustrates that 
when R is large, the circuit efficiency falls off more rapidly with departures 
from normal conditions. I t can also be judged from a comparison of the 
figures that the range of conditions—load, temperature, current, etc.— 
in which the stabilization is fully effective is reduced materially by values 
of R great enough to suppress the loops completely. 

If these latter considerations are vital, it becomes worth while to 
find out whether or not loops in the YL curve can be tolerated, and this 
question will have to be settled by cut-and-try methods; otherwise the 
safe thing to do is to make R large enough to suppress the loops. I t can 
be shown that the required value, normalized, is given approximately 
by the expression 

/2QE2V* r = Ur)" 
(This expression holds more exactly when the useful load is coupled 
directly to the magnetron and when the losses in the auxiliary cavity 
are negligible.) The presence or absence of loops can be checked by 
computing the curve or by making cold-test measurements. If the 
magnetron has a second output lead, the Q-curve observed looking into 
this lead will reproduce the Yv curve of the system. 

Perhaps it should not be surprising that the practical problem of mode 
selection should involve a good deal of empiricism. The argument given 
in Chap. 7 indicates that the true normal modes of the system—espe
cially when the electronic admittance is taken into account—have a 
somewhat complicated relation to the Y(v) curve. (It would be some
what of a chore to investigate the normal modes in the present case, for 
the presence of three modes entails a cubic equation. Furthermore, in a 
quantitative treatment the electronic susceptance would have to be taken 



638 STABILIZATION OF FREQUENCY [SEC. 16-4 

(magnetron) ^_ 

into account, since changes in the susceptance alone can determine 
whether a particular normal mode is positively or negatively damped.) 
I t seems likely that the pulse shape may have some influence, but it 
has not been studied enough in connection with stabilized magnetrons to 
warrant any conclusions. 

In the case of pulsed magnetrons, it is important to inquire whether 
or not stabilization will greatly increase the tendency of the magnetron 
to misfire. I t is indicated in Chap. 8 that misfiring results from too 
slow a buildup of oscillations, relative to the rate of increase of the applied 
voltage. In so far as stabilization increases the effective capacity of the 

resonant system, it perhaps might be 
expected that the rate of buildup should 
be proportional to 1/S and that a- high 
degree of stabilization would increase the 
tendency toward misfiring unless the rate 
of rise of the applied voltage were reduced 
by the factor 1/S. That this is not 
necessarily true is proved by the results of 
some experiments which were concerned1 

with the problem of producing very high 
electric fields within a resonant cavity by 
exciting it with a pulsed magnetron. The 

method of coupling employed can be represented by the equivalent circuit 
of Fig. 16-6 with roughly the following constants: 

Q*i = 100, QEi = 20, QEl = 16,000, i = Qvt/Q„ = 1, 

2 

(cavity) 

Microseconds 
FIG. 16-9.—Buildup of oscilla

tions in a 10-cm magnetron-stabi
lizer system. S « 60. 

03 

The system can be considered to be a magnetron stabilized by a factor 
S of about 60. The terms involving Gs are not negligible in this case, 
and the stabilization factor is given approximately by 

S = 1 + I Q*3 
(1 + rgzy QEl' 

The modulator employed to drive the magnetron was of the high-
impedance type, and no particular effort was made to reduce the rate-of-
rise of its output voltage; thus, according to the argument given in the 
preceding paragraph, conditions were favorable for the magnetron to 
misfire. Nevertheless, no abnormally great tendency of this sort was 
observed. Observations were made which, in terms of Fig. 16-6, were 
equivalent to measuring the a-c voltage at terminals AA and at terminals 

1 J. Halpem, A. E. Whitford, and E. Everhart; Research Group of Electronics, 
Massachusetts Institute of Technology, private communication. 
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ab. The types of r-f pulses observed are indicated schematically in Fig. 
16-9. Evidently oscillations build up within the magnetron itself at 
something like the normal rate, while the amplitude builds up within the 
cavity at a rate that is roughly consistent with its Q- That this can 
happen is due essentially to the buffering action of the resistance R. (The 
fallacy in the argument that introduced this discussion lies in not con
sidering the properties of the system throughout a range of frequencies 
great enough to encompass the bandwidth of the transient.) 

16-6. The Design of Stabilizing Circuits.—Primary emphasis will be 
given to systems that use a transmission line to couple the auxiliary cavity 
to the magnetron because the construction of built-in stabilizers for large 
stabilization factors has not progressed beyond the experimental stage. 
The coupling of the transmission line to the magnetron is treated else
where in this volume and will be taken for granted here. The problem 
then is reduced to approximating as closely as possible the equivalent 
circuit of Fig. 16-6 and becomes largely an exercise in microwave plumb
ing. I t is feasible here merely to indicate some of the structures that 
have been found to be practicable. 

An iris has usually been used to couple the transmission line to the 
cavity. The coupling results from the interaction of magnetic fields 
across the iris; and since fairly tight coupling is required, the iris is cut 
into a region of the cavity where the magnetic field is large. The cutaway 
in Fig. 16-14 illustrates this type of coupling to a coaxial line. A cavity 
similarly coupled to the broad side of a rectangular waveguide has 
similar electrical properties: The cavity acts as a parallel-resonant circuit 
in series with one side of the transmission line at the location of the iris. 

A complete system, employing coaxial line, is illustrated schematically 
in Fig. 16-10a. If the useful load is to be coupled directly to the mag
netron, the T-junction is omitted. Except for the half-wavelength of 
transmission line between the T-junction and the cavity and for the 
imperfections of the X/4 transformers—neither of which are actually 
of great importance—this arrangement is a good realization of the 
required circuit. A complete system employing rectangular guide is 
illustrated schematically in Fig. 16-10ft. Because of the fact that an 
i?-plane junction is used, the distances of cavity to junction and of 
junction to magnetron differ by a quarter wavelength from the coaxial 
cases; if an //-plane junction is used, these distances are the same as for 
the coaxial case. 

I t must be emphasized that in the large-scale application of stabilizing 
cavities a most important consideration is the control of the electrical 
distance between the magnetron and the stabilizing cavity. This 
distance appears as a length I in the equivalent circuits and the equations. 
Actually it has to be measured from the reference plane T introduced 
in Fig. 7-5; this plane has no simple relation to the mechanical features 
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of the magnetron, but it can be determined by cold-impedance measure
ments. The location of the plane of reference varies from one magnetron 
to another because of inequalities in the construction and installation 
of the output leads. The permissible tolerance in the placement of the 
stabilizing cavity is of the order of 0.01X—very much less than the 

£ 
"5 
en 

O 
I— 

■£■ transformer - . 

netron £ ~ " \ 

- »f 
(effective) 

To auxiliary load 

■i- transformer 
4 

(a) 

To magnetron 

Matching iris 

Matching iris 

To useful load 

(l + !X - i 
(effective) (6) 

F I G . 16-10.—(a) Complete stabilizing system employing coaxial line; (6) complete 
stabilizing system employing rectangular guide. 

uncertainty in the plane of reference for practically all commercial 
magnetrons. 

In the case of the 2.J59 magnetron (Fig. 16-11) the difficulty is solved 
by controlling the output lead of the magnetron—the manufacturer 
tests the leads in advance and uses only those which have the proper 
"electrical length." In the stabilizer designed for the 2J48 magnetron12 

1 W. M. Preston and J. B. Pla t t , R L Group Repor t No. 473. 
= W. M. Preston, R L Group—5/31 /44 Repor t No. 71, May 31, 1044. 
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(Fig. 16-12) the distance is made adjustable by incorporating a sliding 
T-junction into the stabilizer. In the 2J41 magnetron (Fig. 16-13)1 

a tuning screw is placed in the transmission line in such a way as to allow 

FIG. 16-11.-—Type 2J59 magnetron and stabilizing cavity. 

FIG. 16-12.—Type 2J48 magnetron with stabilizing cavity. 
some degree of correction; in this case the magnetron and stabilizer are 
permanently assembled and adjusted at the factory. 

Electrical breakdown within the cavity is a second important con
sideration. By using the rule that the external Q of a system is equal to 

» M. A. Heriin Group Report 52—6/10/45. 



642 STABILIZATION OF FREQUENCY [SEC. 16-5 

[2iry (energy stored)]/power, one can derive for a rectangular cavity the 
relation 

Q\P = TTJOC 

EH 2 (MKS units), 

where E is the electric field and v the volume of the cavity. Expressed 
in the units X cm, E volts/cm, v cm3, P watts, the relation is 

Q\P 
EH 2.1 X 10-3. 

The relation will give the order of magnitude of the volume required in 
cavities of other simple shapes. The above relation yields, for the condi-

POLYIRON SUSEPTANCE 
BALANCING PLUG 

POLYIRON ROD 
STABILIZING 

CAVITY 

OUTPUT 

MAGNETRON 

'LOAD 
TRANSFORMER 

LINE LENGTH 
COMPENSATING 
SUSCEPTANCE 

F I G . 16-13.—Type 2J41 stabilized magnetron. 

tions Q = 500, E = 30,000, X = 10, P = 50,000, a required volume of 
132 cm3, and experience shows that this is too small by a factor of about 
4. Of course, care must be taken with the tuning mechanism; or because 
of localized intense fields, it will greatly reduce the power-handling 
capability of the system. 

Ordinarily a stabilizer must be designed for a given tuning range and 
degree of stabilization. The tuning range throughout which the effi
ciency and stabilization will not fall below something like 75 per cent 
of their maximum values will amount to about one-third of the value of 
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i" given by Eq. (9d); that is, 

Tuning range « }(QEIQE3)-'A 

or 
Tuning range « \[{S - l)QEiQe2]~^. 

(To compute the tuning range accurately, one would have to take into 
account many of the details of the circuit.) Generally it will be found 
that the tuning range is all too small, and one will make Qe2 as small as 
is practicable by shortening the transmission line, but this possibility is 
soon exhausted. To increase the tuning range further, Qsi must be made 
smaller; that is, the magnetron must be more tightly coupled to the 
transmission line. This will require a special magnetron with an abnor
mally large pulling figure. 

When a special magnetron is required, it would seem sensible to have 
one constructed with two output leads—one normally coupled lead for 
the useful load and one tightly coupled lead for the stabilizer. In that 
way the T-junction can be eliminated and the line made shorter. The 
plumbing problem is considerably simplified also, and the system is 
made generally neater. An experimental c-w magnetron stabilized 
in this way is shown in Fig. 16-14; this combination was constructed by 
attaching a stabilizer to the "tuning lead" of the magnetron illustrated 
in Fig. 14-12. With pulsed magnetrons, however, one has to consider 
the circumstance that the voltages developed in the transmission line 
will increase with the coupling. 

When the stabilized magnetron is required to run at a preassigned 
frequency, the stabilizer can be used with a fixed-tuned magnetron 
provided the combination has a great enough tuning range to compensate 
for the scatter that is unavoidable in manufacture as well as for aging 
effects in the magnetron and for the fluctuations in operating conditions. 
A higher degree of stabilization is feasible, however, if the magnetron 
itself is tunable, so that tuning range of the stabilized combination can 
be sacrificed in the interest of a higher stabilization factor. By taking 
advantage of this possibility, it has been possible to attain a stabilization 
factor of about 10 in the combinations shown in Figs. 16-11 and 16-13; 
these magnetrons were designed for use in beacon transmitters and 
therefore must operate at an assigned frequency. 

Built-in Stabilizers.—A moderate degree of stabilization has been 
built into two commercial magnetrons in order to improve the efficiency 
at the pulling figure required of them in their applications. The stabili
zation factor 5 is less than 3, so no damping resistor is required. The 
cavities are incorporated into the output leads of the magnetrons. 

When the auxiliary cavity is essentially tangent to the magnetron, 
so that the coupling can be effected by simply an iris, with no trans-
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mission line, it is possible to secure very tight coupling and wide mode 
separations. Thus the essential requirements of a wide tuning range can 
be met. However, no entirely satisfactory way of introducing the 

" Tuning 
plunger 

-Auxiliary load 

3EE3: Output lead 

Magnetron 
- Tuning adjustment 

Stabilizing cavity 
FIG, 16-14.—A stabilized c-w magnetron. 

damping resistor has been discovered, so the potential benefits to be 
derived from the close coupling have not been realized in a tube with a 
high stabilization factor. Experimental tubes were constructed with a 
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circuit similar to that used in the tunable magnetrons described in 
Chap. 14, except that the constants of the system were chosen for high 
stabilization. An equivalent circuit that is closely related to the physical 
structure is that shown in Fig. 16-15a; this circuit has the same properties 
as that of Fig. 16-2b as far as the admittance at the terminals A is con
cerned. In the circuit of Fig. 16-15a the damping resistor must be 

I y | 
AI 1 1 

(a) 

r Glass 

(6) 
FIG. 16*15.—(a) Equivalent circuit of cavity and magnetron coupled by an iris; (6) iris with 

damping resistor. 

shunted across the parallel-resonant circuit, which corresponds to the 
gap in the iris. 

In the experimental magnetrons, the gap of the iris was loaded by 
connecting a coaxial line across it, as is illustrated by a sectional view in 
Fig. 1645b. The coaxial line passes through a vacuum seal as in a coaxial 
output lead, so the power-dissipating element can be placed outside 
the vacuum envelope. For the damping resistor to fulfill its function, 
it is, of course, necessary that it have the proper value and also that it 
be "broadband"; otherwise it will introduce extra resonances into the 
system. I t appears that it is rather difficult to satisfy this condition. 





PART V 

PRACTICE 
I t has been the experience of the Radiation Laboratory that one of 

the major tasks in producing a satisfactory magnetron design is the 
elimination of minor undesirable characteristics. Every new design 
involved the construction of a large number of good experimental tubes 
and a thorough testing of them. In the process, a large amount of 
practical knowledge was acquired and Chaps. 17 to 19 contain the part 
of this "know how" that will be helpful to those confronted with the 
problem of constructing a workable magnetron. 

The construction of experimental magnetrons free of imperfections 
that would interfere with the interpretation of experimental data is a 
major problem, and those who are unfamiliar with this practice may find 
it difficult to understand the importance given to it here. The techniques 
and processes described in Chap. 17 have been chosen not only for their 
particular importance in the construction of magnetrons but for their 
broader applications as well. 

Rarely, if ever, does the first experimental model of a proposed 
magnetron meet all the requirements contemplated, and data must be 
taken on the first experimental tube to determine the modifications to 
be incorporated in the next attempt. Two kinds of data may be taken: 
the so-called "cold resonance" measurements, made on the anode block 
and output circuit of a nonoscillating tube, and the measurements on 
the operating magnetron. The first kind, which is discussed in the first 
part of Chap. 18, is useful in that it isolates the r-f circuit problems from 
the over-all operating characteristics obtained from the oscillating 
magnetron and thus facilitates the interpretation of all the data. The 
second part of Chap. 18 explains the technique of taking operating data 
and gives instructions for operating both pulsed and c-w magnetrons. 

Chapter 19, "Typical Magnetrons," is a record of practical accom
plishments of the many laboratories that were involved in the develop
ment of microwave magnetrons. Essential dimensions and operating 
characteristics for representative magnetrons of proved design are given. 





CHAPTER 17 

CONSTRUCTION 

B Y J. R. FELDMEIER 

Wartime research has greatly advanced the art of fabricating elec
tronic tubes that do not depend on glass envelopes for their vacuum. 
Most of this advance resulted from klystron and magnetron construction, 
in which it has been necessary to build high-Q resonant cavities into the 
vacuum chamber. In the case of the magnetron, the necessity for work
ing copper into intricate shapes to form several parallel-resonant cavities 
about a cylindrical anode has resulted in techniques that will be of use 
in the construction of a great number of other devices. In addition to 
recording these new techniques this chapter will give information by 
detail or reference on all steps of magnetron construction, so that an 
experimenter new to the field of microwave magnetrons will be able to 
build tubes. 

To those not already acquainted with tube making, a word of caution 
is in order. To construct a successful hermetically sealed electron tube 
is not easy. To build experimental tubes at the rate of only one per week 
requires the use of a laboratory having equipment readily available to 
perform every operation. The number of individual operations that 
go into the construction of a typical magnetron is surprisingly large, 
usually amounting to about 150. Most of these operations are on 
component parts that can be readily inspected and errors corrected, but 
there are about 25 operations of a very critical nature that will lead to a 
bad tube unless great care is exercised and defects are detected early. 
Thus care, inspection, and cleanliness cannot be overemphasized. With 
these facts in mind and from the point of view of the experimenter rather 
than the manufacturer, the material of this chapter was selected. 

I t should be emphasized also that this chapter will not be an exhaus
tive treatment of tube construction but in most cases will give examples 
of typical procedure that the experimenter will want to modify. I t is 
hoped that the descriptions will suggest modifications appropriate to the 
special problems. 

17-1. Fabrication of Anode Blocks.—The anode block includes the 
resonant system and therefore not only must be a collector capable of 
power dissipation but must have a high unloaded Q; thus a material 
of high conductivity is required. Copper has been used for the block 

649 
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material for all present microwave magnetrons (although some effort 
has gone into the development of tantalum and tungsten blocks to 
reduce the change in magnetron frequency with temperature at some 
sacrifice of unloaded Q). With the exception of the technique used by 
RCA in making the 2J41 (see Chap. 19), the copper is also used to form 
the vacuum seal. To satisfy these requirements of high-Q and good 
vacuum qualities, OFHC (oxygen-free high conductivity) copper has 
generally been used. Selenium copper has also been successfully 
employed here and in England. The advantage of selenium copper over 
OFHC lies in its superior machining qualities, but the reliability of its 
vacuum qualities has been questioned. 

The methods of fabrication that have been used for magnetron blocks 
are summarized in Table 17-1 along with examples that are described in 
Chap. 19. 

TABLE 17-1.—FABRICATION METHODS FOR ANODE BLOCKS 
Methods of fabrication Examples 

Machining WE 725A 
Lamination Raytheon 2J30-34 
Jig assembly 2J42, RL HP10V 
Hobbing 3J31 
Vacuum casting Machlett HP10V 
Sintering Special BM50 anodes 

Machining.—For making experimental blocks in the 10- and 3-cm 
wavelength bands, the precision boring, slotting, broaching, milling, 
or turning of copper is quite successful;1 and although difficult, tubes at 
the 1.25-cm band have been made by precision machining methods. 
For making a few experimental tubes, there is little choice between 
this method and jig assembly, a process of fabrication that will be 
described in detail. 

Lamination.—The lamination method consists of punching disks 
from thin sheets of copper, stacking them with alternate pieces of solder 
foil similarly punched, and passing the assembled stack through a brazing 
furnace to form an anode block. The method has been used successfully 
for 10-cm magnetrons, but the mechanical irregularities existing among 
the brazed laminated parts become serious at shorter wavelengths. This 
method is suitable for large-scale production. 

Jig Assembly.—The jig assembly method employs precision brazing 
to form blocks by holding component anode-block parts in a fixture 
that can be removed after the parts are joined. I t has proved to be one 
of the most effective methods of block fabrication and accordingly 
will be described here in detail by following the procedure used in con-

1 E. Oberg and F. D. Jones, Machinist's Handbook, Industrial Press, New York, 
1945. 
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Fio. 17-1.—Vane-punching tools. 
structing a specific anode block, namely, the 2J42, a 3-cm pulsed mag
netron (see Chap. 19). 

The first step in the construc
tion of the 2J42 block is the 
preparation of the vane and strap
ping-ring stock, accomplished by 
rolling OFHC copper strips to a 
thickness of 0.020 ± 0.0005 in. 
From this material the block 
vanes and rings are punched with 
the aid of the tools1 shown in Figs. 
17-1 to 17-4. The cutting tools 
are made from Halcomb's Ketos2 

tool steel hardened to a Rockwell 
C of about 63 and supported in 
cold-rolled s t e e l h o l d e r s . In 
machining the vane punch shown F l °- 17-2.—Assembly of vane-punching tools. 
in Figs. 17-1 and 17-2, the strap grooves are milled to size, but the outside 
surfaces of the tool are left 1 or 2 mils oversize to permit grinding to 

1 For detailed information see F. A. Stanley, Punches and Dies, McGraw-Hill, 
New York, 1943; C. W. Hinman, Die Engineering Layouts and Formulas, McGraw-
Hill, New York, 1943. 

* Obtainable from Halcomb Steel Division, Crucible Steel Co. of America, Syra
cuse, N.Y. 
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size after the hardening heat treatment. By so doing, some dimensional 
distortions can be eliminated which are unavoidably introduced during 
the hardening process. The vane die is milled in two halves; and after 
hardening, the halves are mounted together in the cold-rolled steel 
support to form the completed die. To prevent severe rounding of the 

Outer 
circumference die 

Ring-punching tools. 

corners of the punched parts, it may be necessary to use a pressure pad. 
This is a tool similar to the punch mounted on rubber or springs beneath 
the die, so that the copper is always pushed against some backing. In 
the case of the die in Figs. 17-1 and 17-2 the depth of the die tool is great 
enough to store several vanes which act as a pressure pad. For larger 
vanes a pressure pad would probably be necessary. The tools for 

punching the rings are shown in 
Figs. 17-3 and 17-4. A pressure 
pad is necessary in this case. The 
small pipe on the stock guide is 
for admitting compressed air to 
eject the finished rings. 

A copper shell (Fig. 17-5) is 
needed to form the complete anode 
block; the one shown was turned 
from round copper stock. The 
part of the shell that is to be 
joined to the vanes is reamed to 
within 0.0005 in. of the specified 
dimension. All block parts are F I G . 17*4.—A^Minbly of ring-punching tools. 

deburred to obtain proper fitting in the jig, and this can be done by using 
a scraping tool on individual pieces; or if one has a very large number of 
parts, they can be successfully deburred by rolling them in a bottle on a 
ball mill. 

The jig for assembling these component parts is made from low-sulfur 
content stainless steel designated by Industrial No. 18-8 and Type No. 
302, 304, or 308, which, when oxidized, will not be wet by the brazing 
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material. Because the jig must hold in intimate contact the component 
parts to be soldered, they must be machined to a high degree of accuracy. 
For a block the size of the 2J42, the tolerance situation is eased somewhat 
by the fact that the small copper parts can be squeezed into contact 
without a disturbing amount of distortion. A complication arises from 
the fact that stainless steel "grows" slightly upon initial heating. 
As a result, the practice has been to machine the parts to very close 
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F I G . 17'5.—2J42 anode-block parts, assembly jig, and finished anode block. 

tolerances and then make trial-and-error corrections in the jig by observ
ing its brazing accuracy. 

The anode block parts are assembled in the following manner: 

1. The stripping ring is placed on the jig body. 
2. The rings with "strap breaks" are placed in grooves in the jig 

body (not shown in Fig. 17-5). This lower set of rings has strap 
breaks that are brought to their proper places by pins in the strap 
grooves. 

3. The center pin is placed in the jig body. 
4. The vanes are assembled into the jig slots and into the lower rings. 
5. The guide ring is slipped over the vanes to force them against the 

center pin. 
6. The top rings are placed in the vane grooves. 
7. The shell is pushed over the assembled vanes, forcing the guide 

ring down and out of the way. 
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8. The vane holder is dropped over the center pin. 
9. The clamping nut is placed on the center pin and screwed into 

place, thus holding the assembled structure together ready for 
brazing (see Sec. 17-3). 

After brazing the anode block is removed by 

1. Removing the clamping nut and vane holder. 
2. Forcing the block off the jig by putting a stripper through holes 

in the bottom of the jig body and pushing against the stripping 
ring. 

I t is necessary to keep the center pin smooth and free from the slightest 
burr so that the vanes are not distorted while being removed from the 
jig-

Some 2J42 blocks have been made with a modified jig that is simpler 
in some respects. The simplification is introduced by broaching slots 
(0.020 in. deep) into the anode shell; these slots are used to hold and 
position the vanes during brazing, thus removing the necessity for the 
accuracy in holding and positioning the vanes that must otherwise be 
built into the jig. This broaching operation saves considerable time 
when done with a tool that broaches all 12 slots simultaneously. 

For 3-cm wavelength tubes in which the vanes are about 0.020 in. 
thick, punching is quite satisfactory. For greater thickness, as for 10-cm 
wavelength tubes, punching may not be practical, but one can mill the 
vanes from stock material. The HP10V magnetron (see Chap. 19) 
is made by this method. 

With OFHC copper, a ratio of vane thickness to length of 0.08 
approximates a lower limit for jig-assembled tubes. With the mechani
cally stronger metal, Chase alloy No. 58, thinner vanes can be assembled, 
reaching a corresponding ratio of about 0.05. At room temperature 
the electrical conductivity of Chase alloy No. 58 is about half that of 
OFHC copper. At 200°C, however, the conductivities are equal; 
and hence if the vanes are at this temperature during operation, the 
unloaded Q will be unaffected by the use of this alloy. 

In the cases where it is necessary to taper the ends of the vanes, as 
in the BM50 and 2J41 (see Chap. 19), the jig assembly method has a 
distinct advantage over other methods of construction. 

Hobbing.—Hobbing is the process of driving a hardened tool (the 
hob) into a block of metal to produce a desired configuration. In 
magnetron construction the hob can be so formed that upon the removal 
of the tool one has a completed copper anode block, except for facing 
off the ends and for the straps, if they are included in the design. The 
hobbing method is particularly useful in the construction of small anode 
blocks and especially advantageous in designs without strapping, like 
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rising-sun blocks. Hobbing is also adaptable to making other tube parts 
that have inside shapes which cannot be readily machined, such as 
the tapered sections of waveguide outputs. 

Figure 17-6 shows a typical set of hobbing tools. The hob, bottom 
plate, driver, shell, and removal tool are all made of tool steel hardened 
to a Rockwell C of 58 to 60. Among the Carpenter matched tool steels,1 

Hampden oil-hardened steel has proved satisfactory. The shell shown 
in Fig. 17-6 is 8-in. OD. I t is made in two parts in order to ease the 
hardening problem associated with pieces of such large volume and to 

FIG. 17-6.—Hobbing tools. 

give radial strength to the tool. For smaller tools the outer cold-rolled 
steel shell is not necessary. 

The hobbing process is performed in the following manner: 
1. The bottom plate is placed in the shell. 
2. A copper cylinder is placed in the shell and rests on the bottom 

plate. 
3. The hob is placed in the driver. 
4. The combined hob and driver are inverted from the position shown 

in Fig. 17-6 and are placed in the shell, the hob resting on the 
copper cylinder. 

5. The parts thus assembled are placed in a press between hardened 
steel plates, and the hob driven into the copper cylinder. 

A press made by the Watson-Stillman Company of Roselle, N.J. , can 
deliver a force up to 100 tons and has been satisfactory for this job. The 
best speed for hobbing has not been studied thoroughly. At the 
Columbia University Radiation Laboratory, the practice has been to 
hob by a slow, even succession of thrusts. I t is a common practice to 
use castor oil as a lubricant to help reduce the forces required. Aquadag 

1 Frank R. Palmer, Tool Steel Simplified, Carpenter Steel Co., Reading, Pa. 1937; 
Carpenter Matched Tool Steel Manual, Carpenter Steel Co., Reading, Pa., 1944. 
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would probably be effective, but it has been found difficult to cover all 
portions of an anode-block hob with it. The hobbing force on large 
blocks can be reduced considerably by boring a hole through the center 
of the steel bottom plate, thus providing space for the displaced copper. 
The hole should be about 0.010 in. smaller in diameter than the anode-
block diameter to prevent the thin copper vanes from dragging down. 
Chromium plating the hobs will further reduce the force necessary 
for driving the tool into the copper, but this technique is not applicable 
to anode-block hobs, as it is difficult to get the plate to cover the intri
cately shaped tool evenly. Waveguide hobs, however, are usually 
chromium plated. Considerable saving in hobbing force can be had if 
the copper slug is held at an elevated temperature; this process, called 
"hot hobbing," keeps the copper annealed throughout the hobbing 
operation. There does not seem to be much advantage in merely 
annealing the copper previous to the hobbing thrust, probably because 
the copper work hardens with but small penetration of the hob. The 
best temperature for hot hobbing has not been thoroughly investigated, 
but it probably is close to 550°C. This temperature is a balance between 
softening of the cylinder copper and softening of the hob-tool steel. 
At these temperatures Hampden steel will not stand up, so it is necessary 

TABLE 17-2.—ANODE-BLOCK HOBBING DATA 

No. of 
vanes 

18 
18 
18 
18 
18 

26 
26 
26 
26 

38 
38 

38 
38 

50 

Anode 
diameter, 

in. 

0.413 
0.170 
0.162 
0.148 
0.093 

0.210 
0.158 
0.137 
0.138 

0.337 
0.339 

0.097 
0.093 

0.140 

ds,* in. 

0.752 
0.312 
0.291 
0.286 
0.168 

0.327 
0.256 
0.220 
0.274 

0.490 
0.479 

0.122 
0.133 

0.162 

de," in. 

0.984 
0.502 
0.410 

0.227 

0.478 
0.396 
0.340 

0.645 
0.726 

0.170 
0.145 

0.222 

Thickness 
of Cu fin, 

in. 

0.0430 
0.0170 
0.0150 
0.0100 
0.0100 

0.0135 
0.0100 
0.0090 
0.0080 

0.0170 
0.0140 

0.0040 
0.0040 

0.0040 

Depth of 
hobbing, 

in. 

0.800 
0.530 
0.375 
0.250 
0.187 

0.375 
0.275 
0.275 

0.625 
0.450 

0.125 
0.125 

0.125 

Total 
force 

required, 
lb 

120 X 10' 
37 
39 
20 
8 

30 
27 
27 

3 

35 
15 

4 
2 

4 

• See Chap. 19. 
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to use a steel like Carpenter's Star Zenith,1 hardened to a Rockwell C 
of about 59. In making this change one must tolerate hardening 
distortion in the hob. For hot hobbing, the temperature of the hobbing 
assembly can be conveniently controlled by r-f induction heating. 
I t has been found that finer structures can be formed successfully if hot 
hobbing is employed. 

The many conflicting factors make it extremely difficult to calculate 
the force necessary for hobbing. For this reason Tables 17-2 and 17-3 
are given2 to convey an idea of the magnitude of the required forces. 
In Table 17-2, the 18-vane blocks, the first three 26-vane blocks, and 
the first 38-vane block were cold hobbed. All others were hot hobbed, 
and the decrease in total force required to hob these blocks is apparent. 

TABLE 17-3.—WAVEGUIDE-OUTPTJT HOBBING DATA 

Width of 
waveguide, in. 

1.125 
0.900 
0.420 
0.112 

Height of 
waveguide, in. 

0.500 
0.400 
0.170 
0.050 

Depth of 
hobbing, in. 

1 

l i 

Total force 
required, lb 

155 X 103 

100 
24 

4 

The first and second 38-vane blocks indicate a lower limit on cold hobbing, 
because the second 38-vane block could not be successfully cold hobbed. 
The difference in hobbing force between the third and fourth 38-vane 
blocks is attributed to the quality of the surface on the hob. The fourth 
38-vane block was made with a hob having a smoother surface, since 
this hob was made by grinding a hardened piece of steel rather than by 
milling and then hardening. (See later discussion on making the hob.) 

After the hob has been driven into the copper cylinder, the copper is 
separated from the hobbing tools. To do this, the removal tool shown in 
Fig. 17-6 is placed under the shell. The press is used to drive the copper 
and hob through the shell until it drops into the central space of the 
removal tool. If a hole has been made in the bottom plate to reduce the 
required hobbing force, it will be necessary to drill out the copper pushed 
into this hole in order to separate the bottom plate from the copper slug. 
The combined copper and hob are now free from the hobbing tools and 
ready for separation. 

The copper and hob are separated by the use of the stripping tools 
shown in Fig. 17-7, arranged as in Fig. 17-8. By placing this arrange
ment in the press and pushing on the cylinder D, the hob is pulled out 
of the copper by a force that is always parallel to the force originally 

1 Ibid. 
2 Data from S. Sonkin, Columbia University Radiation Laboratory, New York. 
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used to drive the hob. In stripping, the most important precaution 
is to use care in making the initial contact of the press-driving piston 
with the stripping cylinder D, as too sudden contact may break the hob 
off in the copper. 

(B) (C) 
FIG. 17-7.—Stripping tools. 

(D) 

Copper 

Hob 

After the copper slug has been stripped from the hob, it is slipped 
on a mandrel which makes a tight fit in the block hole, and the lower 
end of the slug is turned off to within a few mils of the farthest penetration 

of the hob, and the anode-block OD 
turned to size. The block is then re
moved from the mandrel and placed in a 
wheel chuck, and the remainder of the 
cutting is done to arrive at the desired 
block height. During these machining 
operations, if the vanes are too thin to 
support the slug on the mandrel or to 
resist bending during cutting, a filler must 
be used that can be leached out after the 
machining is finished. Lucite is satis
factory for this purpose. I t can be put 
in the copper slug in powdered form and 
solidified under slight pressure at 150°C. 

be leached out with chloroform and leaves no harmful 

F I G . 17-8.—Assembly of stripping 
tools. 

I t can then 
residue. 

The hob itself is the most critical of the hobbing tools, and additional 
information on its construction will be helpful. Figure 17-9 shows the 
stages of construction of a milled hob used in making 3J31 anode blocks. 
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Part A is turned from Halcomb's Ketos steel. The end of the cylinder 
to be slotted is left a few mils oversize, so that it can be ground to size 
after hardening to remove some of the distortion introduced by the 
hardening process. The threaded portion is for use in the stripping 
process. The threaded end must be faced off perpendicular to the 
cylinder axis because the hob is driven by pushing against this surface. 
Part B shows the hob after milling and hardening. "Climb milling" 

(a) (6) (c) 
pin. 1 2 3 

FIG. 17-9.—Stages in the construction of an anode-block hob. {Courtesy of Columbia 
University Radiation Laboratory.) 

in which the cutting part of the milling saw moves in the same direction 
as the table is used. Table 17-41 is given as a guide to the proper 
cutting speed. 

T A B L E 1 7 - 4 . — M I L L I N G S P E E D S 

Slot width, 
in. 

0.004-0 006 
0.013-0.016 
0.035-0.040 

Cutter diameter, 
in. 

1.75 
1.75 
3.00 

Cutter speed, 
rpm 

250 
220 
175 

Feed speed, 
in./min 

0.020 
0.070 
0.060 

For the small slot widths, it has often been necessary to improve 
the concentricity of milling saws over the accuracy supplied by the 
manufacturer by regrinding and resharpening the saws. After these 
milling operations are performed, the hob is hardened to a Rockwell C 

1 D a t a from S. Sonk ia 
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of about 58. After the hob is hardened, the centering pin is ground off 
and the hob OD is ground to the proper size. Other surfaces of the hob 
may be polished to help reduce the required hobbing force. For tube 
vanes under 0.012 in. thick, polished surfaces are particularly important 
to avoid dragging down the copper vanes during hobbing. The finished 
hob is labeled C. 

A set of anode-block hobs and some corresponding blocks are shown 
in Fig. 17-10. Note how the vanes of the third and fourth largest blocks 

F I G . 17*10.—Set of anode-block hobs and anode blocks. (Courtesy of Columbia University 
Radiation Laboratory.) 

have dragged down as compared with the largest block. The dragging 
in these blocks is a result of annealing the copper before hobbing (as 
previously stated, the advantage of annealing before hobbing is ques
tionable). No dragging is evident in the second largest block, because 
it has been faced off after hobbing. 

Figure 17-11 is given to show hobs used for making waveguide 
outputs for 3- and 1.25-cm wavelength bands. The chamfers improve 
the breakdown strength of the outputs. The rectangular block on the 
3-cm-wavelength chamfer cutter guides the cutter with respect to the 
rectangular cavity. The relative advantages of blunt hobs as compared 



SEC. 17-1] FABRICATION OF ANODE BLOCKS 661 

with tapered hobs is not definitely known, but larger hobs are usually 
tapered to reduce the hobbing force. Waveguide hobs differ from 
anode-block hobs in that they are hardened to a Rockwell C of about 65 
and are usually chromium plated. 

Instead of milling the hobs it is possible to grind a hardened cylinder 
to the desired size and shape. The advantages of ground hobs are no 
trouble from distortion introduced by hardening; a more uniformly 

F I G . 17-11.—Waveguide-output parts and associated tools. (Courtesy of Columbia Uni
versity Radiation Laboratory.) 

hardened tool, because a solid cylinder is hardened rather than an 
intricately shaped tool like an anode block; and smoother surfaces and 
therefore less hobbing force. (Note the third and fourth 38-vane blocks 
listed in Table 17-2; the fourth was hobbed with a ground tool.) 

Vacuum Casting.—Vacuum casting is performed by melting copper 
in a vacuum chamber and allowing it to flow into a carbon mold that 
forms the anode block. 

Vacuum casting is adaptable to the larger tubes, such as the HP10V 
(see Chap. 19), but 1M> no great advantage over the jig-assembly method 
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unless it is desired to have some irregular external shell shape that cannot 
be conveniently machined. The fact that some precision parts of the 
carbon mold for vacuum casting must be duplicated for each block 
represents a disadvantage compared with jig-assembly or lamination 
methods. 

Sintering.—Sintering employs the technique1 of pressing finely 
powdered metal into the desired shape and then heating this compress 
at a temperature great enough to cause bonding of the powder. 

Sintered copper blocks are useful for small tubes that are difficult 
to machine, but the method has not been fully tested. For blocks of 
nonmachinable metals, such as tantalum or tungsten, the method holds 
promise. Sintering has been employed successfully in making other 
irregularly shaped objects, such as waveguide-output parts. 

Combination of Methods.—The different methods of fabrication 
listed in Table 17-1 have been applied to cases that essentially exemplify 
one method. The fabrication of some anode blocks, however, might 
best be done by a combination of these methods. For example, the 
combination of sintering and jig assembly seems to be the most promising 
for making blocks out of nonmachinable metals, such as tungsten (the 
advantage of a tungsten block is that it would be less frequency-sensitive 
to temperature). The vanes, shell, and straps might be sintered from 
powdered tungsten, and then these component parts brazed together 
by the jig-assembly method. 

17-2. Brazing and Soldering.—Brazing was one of several new metal-
working techniques developed to meet requirements associated with 
magnetron construction. In large measure these techniques are dis
tinctly different from those emphasized in standard references.2 This 
aspect of brazing may be classified as high-vacuum precision brazing. 
The first differentiation from usual brazing is the shift in emphasis from 
sheer strength to vacuum perfection. A good vacuum requires a solder 
of low vapor pressure that will alloy with the base metal to give a reliable 
seal. In the case of purely mechanical joints, the low vapor pressure 
requirement usually still exists, because most joints are exposed to the 
tube interior; and although it is best to have alloying between the solder 
and base metal, sufficient mechanical strength can often be obtained 
without alloying. In order to accomplish a precision braze it is necessary 
to localize the flow of solder into well-defined boundaries. Electroplating 
fixed amounts of solder at the desired places provides a means of limiting 
the solder flow and gives fairly sharp boundaries. Another method is 
to use a solder "stop-off " over which the solder will not flow. Chromium 

1 John Wulff, ed., Powder Metallurgy, American Society for Metals, Cleveland, 
Ohio, 1942. 

* Welding Handbook, American Welding Society, New York, 1942. 
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plate or carbon film serves as useful stop-offs. In either case, liquid 
or paste fluxes must be avoided in precision brazing, and this has, in 
general, required the use of hydrogen atmospheres for brazing. 

Preparation of Surfaces for Brazing.—Cleanliness is of great impor
tance. Parts must be thoroughly cleaned of oxide scale or film, either 
mechanically or by chemical means as outlined in Sec. 17 -4. Immediately 
preceding the brazing operation all surfaces should be chemically 
degreased. 

The nature of one of the metal surfaces may be such as to inhibit 
good wetting action of the solder in spite of ideal cleanliness. This 
condition may be remedied by electroplating the surface with some metal 
that can be wetted by the solder. The deposited metal may serve other 
purposes, such as preventing or minimizing intergranular penetration 
of the solder into the base metal, and improving the fit between parts 
to be joined. 

Mechanical Preparation of Joints.—For solder that is applied by 
electroplating there must be intimate contact between the parts. When 
solder wire or sheet is applied or placed within the joint, the fit is not so 
critical because the solder will provide filling for the gaps. If the part 
is set up to take advantage of gravity flow, the gap may be greater than 
if flow depends upon capillary action. 

Parts brazed in a hydrogen atmosphere are usually supported by 
oxidized stainless-steel fixtures, and provision for the relative expansion 
of the assembled parts must be made in order to avoid slippage or warping 
of the parts. 

Selection of Solder.—In choosing a particular solder or brazing alloy 
the following factors should be considered. The solder should have a 
melting point at least 100°C below that of the metals to be joined unless 
precise brazing-temperature control is maintained. In the case of those 
metals where excessive brittleness or phase changes occur at elevated 
temperatures it is necessary to reduce the soldering temperature further. 
Joints must not give way below 500°C if the tubes are to be subjected to 
"bake o u t " (see Sec. 17-7). 

If a low-melting eutectic results through the combination of solder 
and base metal, care must be exercised by temperature control or control 
of the amount of solder to avoid undue corroding around the joint. 
The vapor pressure of a solder exposed to the interior of the tube should 
be less than 10 - 6 mm rig at 450°C and less than 10 - 7 mm Hg at room 
temperature. For this reason, solders containing lead, cadmium, or zinc 
should be used with caution. Metals having a high vapor pressure can 
be tolerated in alloys only when their partial pressures are considerably 
reduced because of compound formation or interstitial adsorption. 
Excess amounts of low-conductivity solder must be avoided at points of 
high current density in the case of high-P oscillators. The choice of 



TABLE 17-5.—SOLDERING AND BRAZING ALLOYS AND FLUXES o 
en 

Melt point Flow point 

60 
181 
188 
200 
232 
288 

304 
304 
327 
338 
400 

600 

627 

641 

646 

140 
358 
370 
390 
450 
550 

579 
579 
621 
640 
752 

1110 

1160 

1185 

1195 

65.5 
181.0 
225 0 
260.0 
231.9 

304.0 
380.0 
327.0 
393.0 

630.0 

635.0 

704.0 

688.0 

150 
358 
437 
500 
450 

579 
715 
621 
740 

1162 

1175 

1300 

1270 

Name of solder 

Wood's metal 
Eutectic soft solder 
50-50 soft solder 
20-80 soft solder 
Tin 
Alumaweld 

Lead 
"TEC" Handy and Harmon 
Intermediate solder 

Low-melting hard solder 

"Easy Flo" Handy and Har
mon 

"Sil Fos" Handy and Har
mon 

"Easy Flo" No. 3 Handy 
and Harmon 

Composition 

Bi 50 Cd 12.5 Pb 25 Sn 12.5 
Pb 36 Sn 64 
Pb 50 Sn 50 
Pb 80 Sn 20 
Sn 100 
Sn 40 Pb 39.9 Zn 20.1 

Ag 5-6 Pb 95-94 
Ag 2.5 Pb 97.5 
Pb 100 
Ag 5 Cd 95 
Ag 20 Cu 3 Zn 2 Sn 75 

Ag 45 Cu 35 Sn 25 

Ag 50 Cu 15.5 Zn 16.5 Cd 18 

Ag 15 Cu 80 P 5 

Ag 50 Cu 15.5 Zn 15.5 Cd 16 
Ni3 

Flux 

A 
A 
A 

A, B 
A, B 
C, F 

A, B 
A, B 

B 
A 
A 

H 2 

D 

None 

D 

Comments 

Weak, brittle 

Works easily, weak 
Weak 
Shrinks 
For castings and all metals ex
cept tantalum O 

^ 
0a 
4 
fo 

Note high cadmium content ~ 
From J. Strong, Procedures in *~z 
Experimental Physics, Pren- p 
tice-Hall, New York, 1942 ^ 

From F. C. Hull, Westinghouse 
Res. Lab. Very hard, brittle, 
low vapor pres. 

For ferrous and nonferrous use, 
yellow color, mechanically 
strong 

For nonferrous work, self-flux
ing, yellow color, mechanically 
strong -55 

For ferrous and nonferrous use § 
where fillets are required, yel- _i 
low, strong (̂  



670 

671 
677 
677 

682 
693 

693 

704 

707 

720 

721 
724 

732 

738 

741 

743 

1238 

1240 
1250 
1250 

1260 
1280 

1280 

1300 

1304 

1328 

1330 
1335 

1350 

1360 

1365 

1370 

700.0 

779.0 
727.0 
743.0 

718.0 
718.0 

774.0 

729.0 

750.0 

740.0 

779.0 
754.0 

774.0 

793.0 

788.0 

766.0 

1290 

1435 
1340 
137 

1325 
1325 

1425 

1345 

1382 

1360 

1345 
1390 

1425 

1460 

1450 

1410 

Low-melting hard 

"SS" Handy and Harmon 
" E T " Handy and Harmon 
" D E " Handy and Harmon 

" R T " Handy and Harmon 
"Easy " Handy and Harmon 

" ETX " Handy and Harmon 

" T R No. 1" Handy and 
Harmon 

Phos-copper Westinghouse 

Low-melting hard solder 

" D T " Handy and Harmon 
"Medium" Handy and Har
mon 

Hard No. 1 Handy and Har

mon 
" I T " Handy and Harmon 

"Hard" Handy and Harmon 

" N T " Handy and Harmon 

Ag 53 Cu 32 Sn 15 

Ag 40 Cu 30 Zn 28 Ni 2 
Ag 50 Cu 28 Zn 22 
Ag 45 Cu 30 Zn 25 

Ag 60 Cu 25 Zn 15 
Ag 65 Cu 20 Zn 15 

Ag 50 Cu 34 Zn 16 

Ag 75 Zn 25 

Cu 93 P 7 

Ag 59 Cu 31 Sn 10 

Ag 40 Cu 30 Zn 28 Ni 
Ag 70 Cu 20 Zn 10 

Ag 75 Cu 20 Zn 5 

Ag 80 Cu 16 Zn 4 

Ag 75 Cu 22 Zn 3 

Ag 30 Cu 38 Zn 32 

r ivr :i ,rT"^-r" 

From F. C. Hull, Westinghouse 
Res. Lab. Very hard, brittle, 
low vapor pressure 

Pale yellow color 
Yellow-white color 
Yellow-white color, ASTM 

Spec. B-73-29 No. 4 
Silver-white color 
ASTM Spec. B-73-29 No. 6 
silver-white color. For ster
ling silver 

Yellow-white color. ASTM 
Spec. B-73-29 No. 5 

For nonferrous work, self-flux
ing 

From F. C. Hull, Westinghouse 
Res. Lab. Very hard (but can 
be swaged) low vapor pressure 

Pale yellow color 
ASTM Spec. B-73-29 No. 7 for 
sterling silver. Silver-white 
color 

White color. ASTM Spec. B-
73-29 No. 8 

Silver-white color. For sterling 
silver 

Pale yellow color 



Melt point 
°C 
752 

777 

777 

779 

816 
821 

857 
875 

890 

950 

950 
960 

1063 
1082 
1160 
1205 

1450 

°F 
1385 

1430 

1430 

1435 

1500 
1510 

1575 
1607 

1634 

1742 

1742 
1760 
1945 
1980 
2120 
2201 

2642 

TABLE 17-5.—SOLDERING AND BRAZING ALLOYS AND FLUXES.— 

Flow point 
°C 

785 0 

816.0 

816.0 

779.0 

857.0 
871.0 

871.0 

890.0 

950.0 

980.0 
960.0 

1063.0 
1082.0 

1450.0 

°F 
1445 

1500 

1500 

1435 

1575 
1600 

1600 

1634 

1742 

1796 
1760 
1945 
1980 

2642 

Name of solder 

" RE-MN " Handy and Har
mon 

" A T " Handy and Harmon 

" A T T " Handy and Harmon 

" B T " Handy and Harmon 

" N E " Handy and Harmon 
" T L " Handy and Harmon 

" T E " Handy and Harmon 
Brazing compound 

Silver 
Gold 
Copper (OFHC) 
Platinum solder 
Nickel coinage (prewar 

U.S.A.) 
Nickel 

Composition 

Ag 65 Cu 28 Mn 5 Ni 2 

Ag 20 Cu 45 Zn 35 Cd 0.5 Max. 

Ag 20 Cu 45 Zn 30 Cd 5 

Ag 72 Cu 28 

Ag 25 Cu 52.5 Zn 22.5 
Ag 10 Cu 52 Zn 38 Cd 0.5 Max. 

Ag 5 Cu 58 Zn 37 
Cu 54 Zn 46 

Au 80 Cu 20 

Au 82.5 Ni 17.5 

Au 94 Cu 6 
Ag 100 
Au 100 
Cu 100 
Ag 73 Pt 27 
Cu 75 Ni 25 

Ni + Co 99-99.5, traces C, 
Mn, Si 

-(Continued) 

Flux 

D 

D 

D 

D, H2 

D 
D 

D 
E 

E, H2 

E, H2 

E, H2 
E, H2 
E. H2 

H2 
H2 

H2 

H 

Brass-yellow color. ASTM 
Spec. B-73-29 No. 2 

Brass-yellow color. ASTM 
Spec. B-73-29 No. 3 

Silver-copper eutectic. White 
color. Excellent for copper 

Brass-yellow color. ASTM 
Spec. B-73-29 No. 1 

From J. Strong, Procedures in 
Experimental Physics, Pren
tice-Hall, New York, 1942 

Lowest-melting gold-copper al
loy 

loy 

Wets tungsten 
Wets tungsten 

Wets tungsten and moly 

C6 

O 

O 

o 
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solder may be limited by the presence of 
2̂ previous joints, glass seals, or the cathode. 
* By the use of heat shields in certain brazing 
§ methods, the solder need not necessarily be 
- restricted to having a flow point less than 
S, the melting point of glass or the melting 
"I point of some other joint. If the brazing 
g is done in a hydrogen atmosphere in the 
-° presence of glass, the glass itself may be 
g damaged by the hydrogen, or the metal 

T» j j . oxides involved in the glass-to-metal seals 
i» §_ r2 L- may be reduced and the seal rendered 
j° .2 .2 - porous. The use of forming gas (80 per 
» o , i « if cent H2 and 20 per cent N) instead of 
£>2_-o "S § hydrogen reduces troubles of this nature, 
3 e ^ S W but greater care must then be exercised to 
a o. s 'I a t remove oxide films chemically from the 
fe .9 S m 5P "̂  surfaces to be joined. 
■o fn a %i -a § The properties of available solders and 
►C 3 S j i = "3 fluxes are summarized in Table 17 -5. l It 
I r{ | L H l~l.B is noted that in the flow-point range of 

fe K = £ S> | ^ 6 3 0 ° t 0 io82°C there are 35 solders while in 
o " s 2 0

r - the range of 400° to 629CC there are none. 
.3 r ""l E? Because tubes are generally baked at 450°C 
O & % ■§ -£ during processing, a solder that flows below 
«T - T3 tl a *Q i s temperature is of little use in magnetron 

O S 

"** "? I c1 "■» construction. However, the lack of a satis-
S w factory solder in the flow range of 450° to 

03 — M ' 
o j j ^ ^ S r t d l 550°C eliminates the possibility of brazing 
_rg * " o o ^ ' e Q ^ m a u n W ° r m temperature furnace in the 
H? a "o I | | <f I 2» -g !s P r e s e n c e o f glassware. 
§ ^ "I 3 r c 9 r ^ S ^ Methods of Heating Parts to Be Brazed.— 
S B ' S | "3 | " 1 3 ! The methods2 of heating parts to be brazed 
_--1 -9 a § & | ^ | § are listed in Table 17-6. 
c J ' l 2 .3 -̂  t8 g J= 1 Gas-torch heating has the disadvantage 
" <£ £ I "̂  S J TS .9 jj of being limited to open-air brazing and 

. « a . S * t J J t therefore requires some chemical flux. This 
■g S jjj ^ * o jg g- > c -g i Original compilation by R. O. Mclntosh, 
13* i l £ T3 TI " = ' " * ™ o, 8 Westinghouse Research Laboratories, East Pitts-

~ ~ ~ £ I" 4-^11 S ^ bursh' Pa-
Y ' ^ w > f h f * « o ' i ' T 3 T 3 A ° ' 2 F o r general information on brazing methods, 
< paoj^^jjfil s e e Welding Handbook, American Welding Society, 

1_; = J J . New York, 1942; J. Strong, Procedures in fixperi-
g eg mental Physics, Prentice-Hall, New York, 1941. 
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TABLE 17-6.—METHODS or HEATING KOK BHAZINU 
Heating Method Atmosphere* 

Gas torch Air 
Electrical resistance heating... Air, hydrogen bottle 
R-f induction Air, hydrogen bottle; vacuum bottle 
Radiating filaments Air, hydrogen bottle, hydrogen furnace 

* It is possible to substi tute an inert gas atmosphere for hydrogen, but hydrogen is usually used in 
precision brazing. 

objection is not serious with tube parts, i.e., input and output parts, that 
can be chemically cleaned before being assembled into the tube. How
ever, if the method has been used extensively in the case of final brazing in 
the presence of glass, flux may creep into the tube and where it cannot be 
removed. Close-fitting parts tend to minimize this trouble. In torch 
heating, better temperature control can be had if the flames are not 
played directly on the tube but are played on copper blocks which 
serve both for support and for heat conduction. In order to avoid 
brazing the copper blocks to the tube, they are separated by thin disks 
of oxidized stainless steel. When using this method it is important to 
prevent oxidation of the tube interior. This is commonly done by 
passing C 0 2 containing alcohol vapor through the tube during the 
brazing process. The mixture prevents oxidation by replacing the oxygen 
of the air, and in addition, the alcohol cleans away by chemical action 
with copper oxide any oxide films that may have been formed. If C0 2 
contains an excessive amount of water vapor and oxygen, it is neces
sary to pass the C 0 2 through a desiccator and through hot copper wool. 

Electrical-resistance heating may be used in place of the gas torch 
with the advantage of improved temperature control. In addition this 
makes it possible to perform the operation in an inert or reducing atmos
phere. The tube may be mounted between carbon blocks supported 
by heavy copper leads and connected to the secondary winding of a 
welding transformer (capable of 5- to 10-kw output at approximately 
6 volts). Good electrical connections must be made throughout the 
secondary circuit so that essentially all of the power is dissipated in the 
carbon supports. In order to get uniform heating in the supports it is 
necessary to have the carbon under uniform pressure. By Variac control 
the temperature of the supports and therefore the tube can be closely 
controlled; and furthermore, the heating time can be much less than in 
the torch-brazing method. 

For speed and temperature control, the r-f heating method1 is superior 
to both torch and electric-resistance heating. The method is adaptable 
to open air, gaseous atmospheres, or vacuum. For heating over a small 
area it is often desirable to have only a single loop in the working coil, 

1G. H. Brown, C. N. Hoyler, and R. A. Bierwirth, Theory and Application of 
Radio-Frequency Heating, Van Nostrand, New York, 1947. 
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Glass cylinder 
with protecting 

screen 

in which case an appropriate matching transformer may be required 
between the output circuit of the r-f generator and the single loop. 
Because of the heat localization that is possible with a single-coil bom-
barder, brazing can be done in a hydrogen bottle in the presence of glass 
and without special protection for glass even though it is close to the joint. 

For work demanding uniform temperature over a volume of as much 
as 300 cu in., a hydrogen-atmosphere furnace heated by radiating 
filaments is convenient. These 
furnaces are readily available on 
the market and are extremely use
ful in vacuum-tube construction 
because they provide a clean uni
form-temperature c h a m b e r for 
metal cleaning and annealing as 
well as brazing. 

For w o r k t h a t d o e s not 
demand a uniform temperature 
chamber and especially for labora
tory work, the "hydrogen bot t le" 
is very useful. A typical bottle 
arrangement is s h o w n in Fig. 
17-12. Its advantages are sim
plicity, flexibility, and conveni
ence in watching the brazing 
process. Induction and electric-
resistance heating can be adapted 
to the hydrogen bottle, instead of heating by tungsten or molybdenum 
filaments; the advantage of the substitution depends on the job at hand. 

The sequence of steps in operating a bottle is as follows. Adjust 
the work on a platform using jigs and clamps to hold the parts in place 
during the heating and subsequent cooling. 

Arrange the heating unit to supply heat to the desired parts, shielding 
other parts with nickel sheet. When radiating filaments are used, a 
shield' should surround the assembly to prevent overheating the glass 
bottle. 

After lowering the bottle over the work, turn on the hydrogen. 
Sufficient time should be allowed before turning on the heat to be sure 
that the bottle is full of hydrogen. During brazing, allow the hydrogen 
to continue to flow at a safe rate to keep the bottle full, and collect the 
overflow by a ventilating hood. Hydrogen flowing out the bottom 
of the bottle can be observed as a cooling sensation on the hand. If 
the bottle is well filled and air pockets are avoided, an explosion can be 
caused only by circulating drafts at the bottom of the bottle; therefore, 
all air currents in the vicinity of the bottle should be avoided. In any 

Hydrogen-bottle arrangement. 
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event, an explosion caused by drafts is usually mild because the bottom 
of the bottle is open and the bottle is free to rise. 

Turn on the heat source (at least 5 kw of power are necessary), 
and watch the operation through the glass. After the solder has flowed, 
a little time should be allowed for adequate penetration of the melt. 

The work should be allowed to cool in the hydrogen atmosphere until 
its temperature is 350°C or below. 

17-3. Selected Brazing Problems.—The best method for making a 
particular braze will depend largely on the specific object, the conditions 
to which it must be subjected later, and the experimenter's available 
brazing equipment. For these reasons no more general brazing informa

tion will be given. Solutions to 
p „ , _ _ . .^.„__-_ r—r^^.f^^ some specific brazing problems may 

be helpful to the experimenter, how
ever, as typical procedure that can 
be modified for the individual cases. 

Precision Brazing of Jig-assem
bled Anode Blocks.—The method for 
m a k i n g component anode-block 
parts and jig assemblying these 
parts has been discussed in detail 
for the 2J42 block in Sec. 17-1. I t 
now remains to braze these parts 
in a precise manner. In order to 
accomplish a precision braze it is 
necessary to have a uniform distri
bution and a controlled amount of 
soldering material at the points to 
be joined. In tubes as small as 
the 2J42, electroplating has been 
employed successfully for this pur
pose. Figure 17-5 shows the com
ponent parts of the block ready 
for the brazing of the strapping 
rings to the vanes and the vanes 

to the block shell. To assure good solder flow and to obtain clean 
copper surfaces, all parts must be degreased (see Sec. 17-4) before being 
assembled. The strapping rings and block shell are silver plated (see 
Sec. 17-4) to a thickness of 0.0004 in. The parts are then assembled as 
described in Sec. 17-1, and the assembly heated in a hydrogen-atmosphere 
furnace for 5 min at 850°C. The plated silver melts at this temperature, 
although the melting point of solid silver is 960°C. The melting begins 
near the copper-silver eutectic point (779CC), probably because a eutectic 

F I G . 1713.- -HP10V anode block ready for 
brazing. 
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solution of the silver in the copper results. However, since the brazing 
process is performed at 850°C, the resulting silver-copper alloy will have 
a melting temperature of 850°C. One can then safely use eutectic solder 
in subsequent brazing operations. 

The success of applying solder to small tubes by plating is partly due 
to the fact that the component parts can be squeezed into intimate 
contact by the jig without undue distortion. In larger tubes this may 
be impossible, and a better method may be to place pieces of Ag-Cu 
eutectic solder at the points to be joined so that the solder, when melted, 
flows over the joint, filling places that are not mechanically touching. 
Such an arrangement is shown in Fig. 17-13 where the anode block is 

F I G . 17-14.—Voltage connectors, (a) Cathode Bupport; (b) electron-beam collector. 

large enough so that manually placing the solder strips is not difficult 
and the percentage change in dimensions by the melted solder is small. 

Construction of Cathode Supports.—Figure 17-14 shows two types of 
stems or pipes whose fabrication presents typical magnetron brazing 
problems. In the construction shown in Fig. 1714a a number of brazes 
are made. 

The copper base is joined to the Kovar sleeve with " B T " solder (Ag72-
Cu28). The two parts are held perpendicular with an oxidized stainless-
steel jig, and one loop of " B T " wire is placed on the Cu base shoulder. 
The assembly is placed in the hydrogen furnace at 830°C for 5 min and 
then in the hydrogen cooling chamber for 30 min. For this braze 
involving Kovar and a silver alloy the Kovar must be annealed in a 
hydrogen atmosphere at 900°C for 30 min (or at temperatures up to 
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UOO°C for shorter time intervals) before brazing in order to minimize 
intergranular penetration of the silver alloy into the Kovar. If this is 
not done, the intergranular penetration may cause Kovar cracks which 
result in vacuum leaks. Care should be taken in the arrangement of 
parts so that the Kovar is not subjected to tensional stress during heating, 
as this may accelerate intergranular penetration. As further insurance, 
the Kovar may be copper-plated before brazing. 

The joint between the copper r-f choke and the tungsten center 
conductor is for mechanical purposes only, and therefore one need not 
use an alloying solder if sufficient bonding strength can be had by mere 
flow of the solder over the tungsten. Gold-copper (80-20) solder is 
found to give a sufficiently good mechanical joint; the braze is made in a 
hydrogen furnace at 920° C for 5 min. 

The vacuum seal between the tungsten rod and the Kovar cup 
requires an alloying solder. Table 17-5 suggests platinum solder as 
the lowest-melting-point solder that alloys with tungsten, but this 
melting point is too high to be used with Kovar. I t has been found, 
however, that gold-copper (80-20) when used between Kovar and 
tungsten gives a reliable vacuum seal. I t is believed that the nickel 
in the Kovar enters into the braze to alloy with the tungsten. Because 
both the copper choke and Kovar cup are brazed to the tungsten with 
the same solder, these operations can be done simultaneously in the 
hydrogen furnace. 

The two parts of the pipe thus constructed are then glassed according 
to Sec. 17-5. 

The pipe b in Fig. 17-14 demonstrates another typical set of brazing 
problems. The center conductor is made of copper, and the iron pole 
piece fit through the copper lid. The brazes are made in the order 
described. 

Pure copper is used to braze the iron pole piece to the Kovar sleeve. 
This is a recommended braze for Kovar because there is no intergranular 
penetration and the Kovar is raised to a temperature that is sufficient 
to anneal it during the braze. This braze is made in a hydrogen furnace 
at 1100°C for 5 min. 

For the formation of the vacuum seal between the copper lid and the 
iron pole piece the iron pole tip is copper plated (see Sec. 17-4) and the 
braze is made with " B T " solder in a hydrogen furnace at 840°C for 
5 min. 

The Kovar cup is brazed to the copper center conductor in the same 
way as the first braze of pipe a, and the bonding of the copper r-f choke to 
the copper center conductor is also a " B T " braze. 

Assembly of Tube Parts and the Final Vacuum Seal.—The sealing 
together of the various pipes, covers, or other parts to form the completed 
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magnetron is the most difficult of the brazing operations. The cathode, 
the inside copper surfaces, and the glassware must be protected against 
damage, and the choice of the brazing alloy is limited by solders used in 
previous brazes and by the softening point of the glass parts. 

If a low-vapor-pressure solder existed in the flow range of 450° to 
500°C so that the brazing temperature would be low enough to do no 
damage to the glassware and high enough so that the braze would hold 
up under the 450°C tube bakeout (see Sec. 17-7), this final braze would 

F I G . 17-15.—2J42 ready for cathode mounting. 

be considerably simplified. In the absence of such a. solder, the covers 
and pipes are in many cases brazed to the anode block in one brazing 
operation using either the gas-torch heating method or the electric-
resistance method. This braze is in many cases done with Handy and 
Harmon "Easy F l o " in air, using a flow of alcohol-saturated CO2 
through the tube to protect the cathode and the inside copper surfaces. 
The objections to this braze are the following: "Easy F lo" solder con
tains zinc and cadmium, the vapor pressures of which are high enough 
at the brazing temperature to contaminate the cathode during the braze; 
the flux used during the braze may enter the tube and cause cathode 



674 CONSTRUCTION [SEC. 17-4 

contamination; and the flux may cover places where the solder has flowed 
poorly and that become evident only after the brazing operation is com
pleted and the flux removed. 

Some of the above difficulties have been avoided in special cases by 
doing all brazing in a hydrogen atmosphere and making all joints except 
the final vacuum seal in the absence of the cathode. The 2J42 is assem
bled in this manner (see Fig. 17-15). The output lead is placed in the 
anode block and peened to give some mechanical support. One loop of 
0.030-in. " R T " wire solder is placed around the base of the lead. The 
heating is done in a hydrogen bottle with a molybdenum heating coil 
placed near the lead base with ^he glass protected by an asbestos shield. 
The output lead is soldered into place before the pole pieces are soldered 
in order that the loop height may be adjusted after the output-soldering 
operation. The pole pieces, tuning screw, and exhaust stem are next 
assembled. Solder washers of 0.010-in. " R T " sheet are placed between 
the pole pieces and block. Four turns of 0.025-in. " R T " wire solder are 
placed around the tuning screw, and two turns of the same solder placed 
around the exhaust stem. The heating is again done in an H2 atmos
phere, with molybdenum coils mounted on ceramic coils which fit around 
the pole pieces. The glass is again protected with asbestos shields, and 
the temperature is raised only slightly above the flow point in order not to 
disturb the output-lead braze. The assembly is now ready for mounting 
the cathode, which is centered through the hole in the pole piece opposite 
the cathode support. The final braze now consists only of soldering 
a plug into the cathode-centering hole. This is again done in the H2 
bottle with an " R T " solder washer under the copper plug. The heating 
this time, however, is done by the electric-resistance method. A carbon 
rod is pushed against the copper plug, and the other electrical connection 
is made by a clamp around the same pole piece. Before making this 
braze, the inside of the tube is flushed free of trapped air. By this 
system of brazes the copper is never heated except in a hydrogen atmos
phere, and the final braze in the presence of the cathode does not raise 
the temperature of the cathode above 100°C. The only disadvantage of 
this method is the use of the zinc-bearing solder " R T " which has a ques
tionable vapor pressure. 

17-4. Chemical Processes.—The importance of cleanliness in tube 
construction cannot be overemphasized. While it is often impossible 
to find the reason for the impaired quality of certain tubes, the average 
tube quality is certainly dependent upon the cleanliness that one exer
cises during construction. For this reason chemical cleaning is the most 
frequently used process in tube making. Practically every part that 
goes into a tube will experience three or four cleanings during the tube 
fabrication. Electroplating is employed to deposit solder for brazing, to 
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improve the surface conductivity of certain tube parts, and to provide a 
base for glass sealing. 

The choice of a cleaning or plating process for specific uses is somewhat 
controversial largely because the technique is as important as the process. 
The following processes are given, therefore, merely to illustrate ones 
that have been successfully used in tube construction. 

Cleaning.—Trichlorethylene is widely used as a general degreasing 
agent. I t is noninflammable and an excellent grease solvent. The 
degreasing process consists of agitation in trichlorethylene followed by 
immersion in methyl alcohol and rapid drying in warm air. 

Acetone is a milder degreasing agent and one that may be used if a 
solvent free of chlorine or sulfur is preferred. The acetone washing 
should also be followed by rinsing in clear methyl alcohol. 

Great care should be exercised with cathode nickel to limit the 
possibilities of contamination. The following cleaning method has 
been used successfully. Agitate in acetone. Boil for 5 min in a solution 
composed of 40 g of Na 2C0 3 , 13 g of NaOH, and 13 g of NaCN in 1 liter 
of distilled H 2 0 . Rinse thoroughly in boiling distilled water. Boil 
in second bath of distilled water for 5 min. Rinse in warm 5 per cent 
acetic acid solution. Agitate in boiling distilled water. Agitate in 
second bath of distilled water. Rinse in clean methyl alcohol and in 
warm-air blast. 

A 50 per cent solution of inhibited hydrochloric acid at a temperature 
of about 70°C will remove the oxides formed on Kovar, copper, and 
iron parts. The inhibitor is \ per cent by volume of Rodine No. 50,' 
used to decrease the attack on the base metal and to prevent immersion 
copper plating onto the Kovar in the case of copper and Kovar assemblies. 
The concentration of acid and the immersion time may be modified 
depending upon the degree of oxidation of the parts. 

Heavy oxide coating (or tool marks) on tungsten and molybdenum 
can be removed by a-c electrolysis at about 7.5 volts in a 20 per cent 
potassium hydroxide solution using a carbon electrode. The solution 
may be used repeatedly. 

Before being coated, tungsten and molybdenum heaters are boiled 
in a 20 per cent potassium hydroxide solution for about 5 min and then 
rinsed in distilled water. Large molybdenum heaters, in addition to 
the above treatment, should be immersed in warm concentrated sulfuric 
acid for several minutes. 

Heavy oxide on nickel lead stems may be removed first by mechanical 
abrasion and then by electrolysis in a solution composed of 1 liter of 
distilled water, 667 cc of concentrated sulfuric acid, and 125 g of nickel 
sulfate. With the nickel part as anode, voltages of 6 to 12 volts are 

1 Obtainable from the American Chemical Paint Co., Ambler, Pa. 
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used, depending upon the density of oxide. Highly polished surfaces 
can be obtained on nickel if the current density is elevated sufficiently. 

In addition to the dichromate cleaning solution suggested in the 
Handbook of Chemistry and Physics,1 the following method of cleaning 
glass for high-vacuum use is recommended.2 Prior to storage, degrease 
in acetone, clean in hot 10 per cent sodium carbonate solution, rinse in 
hot distilled water, drain dry, and store in cellophane containers. Just 
prior to use, rinse thoroughly in hot distilled water, wash in 5 per cent 
acetic acid solution, rinse in warm distilled water, rinse in clean methyl 
alcohol, and drain dry. 

Plating.—For general information on plating techniques the reader 
is referred to the publications listed below.3 Plating solutions, partially 
prepared, can be obtained from the Electroplating Division of E. I. 
duPont de Nemours Company, Wilmington 98, Del. 

One of the most common plating processes in metal tube making is 
silver plating for precision brazing. The following procedure for this 
process has been used successfully: Degrease the parts in trichlorethylene; 
rinse them in methyl alcohol; boil 5 min in the solution given previously; 
rinse well in distilled water; let dry after a methyl alcohol dip; paint 
parts to be protected from plating with "stop-off" lacquer,4 and allow 
to dry; silver plate to desired thickness; rinse well in cold water, and 
peel off lacquer; wash well in acetone to remove particles of lacquer; 
rinse in clean methyl alcohol; and let dry. 

17-5. Metal-to-glass Seals.—To obtain a vacuum seal between 
glass and metal two major conditions must be satisfied: The thermal 
expansions of the glass and metal must match or be accounted for in the 
design, and the glass must wet the metal surface. Two ways of satisfying 
these conditions have come into use. The copper-to-glass seal developed 
by Housekeeper5 is one that satisfies the first condition by mechanical 
distortion of the metal. In this case the glass is sealed to a copper tube 
machined to a thin "feather edge," which is easily distorted when the 
seal is subjected to a change in temperature and thereby prevents the 

1 Handbook of Chemistry and Physics, 27th ed., Chemical Rubber Publishing Co., 
Cleveland, Ohio, 1943. 

2 E. A. Coomes, J. G. Buck, A. S. Eisenstein, and A. Fineraan, "Alkaline Earth 
Oxide Cathodes for Pulsed Tubes," App. II, NDRC 14-933, OEM sr-262, Mar. 30, 
1946. 

3 Modern Electroplating, The Electrochemical Society, Columbia University, New 
York, 1942; N. Hall and G. B. Hogaboom, Jr., ed., Plating and Finishing Guidebook, 
Metal Industry Publishing Co., New York, 1943; W. Blum and G. B. Hogaboom, 
Principles of Electroplating and Electroforming, McGraw-Hill, New York, 1930. 

4 Purchasable from Wyandotte Paint Products Co., Wyandotte, Mich. 
1 W. G. Housekeeper, Jour. Am. Inst. Elec. Eng., 42, 954 (1923). 
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glass from fracturing. The Kovar1 (or Fernico2) seal satisfies the first 
condition by virtue of the fact that the metal and Kovar cooling curves 
are closely matched below the glass-annealing point. Both of these seal
ing methods satisfy the second requirement because a copper or Kovar 
oxide is formed during the sealing process that partially dissolves into 
the glass, thus forming a hermetic seal. The success of the seals in 
either method lies mainly in the technique of wetting the oxide with glass 
in the plastic state. The method of copper-to-glass seals is well outlined 
in Strong3 and will not be discussed here, except to emphasize that the 
quality of the copper used in such seals is extremely important. Oxide 
inclusions in the copper must be avoided to minimize porosity and lessen 
leak trouble in the feather edge. For this reason OFHC copper is almost 
a necessity.4 The technique of making the Kovar seal is described fol
lowing a discussion of the properties of Kovar and common glasses used in 
the laboratory. 

Properties of Kovar.6—Kovar, a cobalt-nickel-iron alloy, was specif
ically developed for making vacuum seals to hard glass. I t machines 
readily at slow speeds (much like stainless steel), when high-speed cutting 
tools are used with lard oil as a lubricant. I t can be deep drawn as 
described in Table 17-7.6 

TABLE 17-7.t—RECOMMENDED RULE FOR DRAWING KOVAR 
Maximum reduction in diameter, % 

First draw 40 
Redraw 25 (30 after reanneal) 
Subsequent redraws 20 (25 after reanneal) 

1 H. Scott, Am. Inst. Mining Metal. Eng. Tech. Pub. 318, 1930; Jour. Franklin 
Inst., 220, 733 (1935). Kovar is obtainable from the Stupakoff Ceramic and Manu
facturing Co., Latrobe, Pa. 

S E . E. Burger, Gen. Elec. Rev., 37, 93 (1934); A. W. Hull and E. E. Burger, 
Physics, 5, 384 (1934). Fernico is obtainable from the General Electric Co., Sche-
nectady, N.Y. From here on the text will refer only to Kovar, but the remarks are, 
in general, applicable to Fernico as well. 

3 Strong, op. cit. 
4 J. E. Clark, OFHC Copper for Use in Vacuum Tubes, BTL Memorandum 

MM-40-140-42, Sept. 6, 1940. 
6 See "Sealing Glass to Kovar," Bull. 145, Stupakoff Ceramic and Manufacturing 

Co., Latrobe, Pa., 1945. 
6 Subsequent annealing is required only when the length of the cup equals or 

exceeds the diameter. Using the above rule for drawing, an anneal should be made 
after the first redraw. When drawing long cups, anneals should follow the third 
redraw, fifth redraw, etc. For the anneal, the Kovar should be heated in a hydrogen-
or inert-atmosphere furnace at a temperature of 1100°C for 15 min or at lower temper
atures for longer times down to 800°C for 2 hr. 
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Table 17*8: contains data on the physical properties of Kovar. It 
is important to realize that the average coefficient of expansion does not 
alone determine the strength of a seal and deviations of the Kovar from 
the glass cooling curves must be considered. 

TABLE 17-8.'—PROPERTIES OF KOVAR* 
Specific Properties of Kovar 

Composition 29% nickel, 17% cobalt, 0.3% manganese, balance iron 
Melting point 1450°C (approximate) 
Density 0.302 lb per cu in. 
Hardness, annealed 760°C—140-160 BHN 
Hardness, unannealed 200-250 BHN depending on degree of cold work 
Specific electrical resistance.. 49 microhm cm—294 ohms per cir. mil. foot 
Thermal conductivity. 0.046 calories/cm/sec°C (approximate as measured at 

room temperature) 
Curie point 435°C approximate 

Physical Properties df 0.030 Thick Sheet Tested Parallel to the Direction of Rolling 
PSI 

Yield point 50,500 
Proportional limit 32,300 
Tensile strength 89,700 
Modulus of elasticity 20 X 10« 

Thermal Expansion: After annealing in hydrogen for 1 hr at 900°C and for 15 min 
at 1100°C. The average coefficient of thermal expansion of Kovar falls within the 
following limits: 

30°-200°C 4.33-5.30 X 10" per °C 
30°-300°C 4.41-5.17 X 10« per °C 
30'-400°C 4.54-5.08 X 10» per °C 
30°-450°C 5.03-5.37 X 10« per °C 
30°-500°C 5.71-6.21 X 10« per °C 

Magnetic Permeability 
Magnetic permeability Flux density, gauss 

1000 500 
2000 2,000 
3700 7,000 (max. value) 
2280 12,000 

213 17,000 

Magnetic Losses, Watts per Lb 

Thickness 

0.010 
0.030 
0.050 

10 kilogauss 
60 cycles/sec 

1.05 
1.51 
2.77 

10 kilogauss 
840 cycles/sec 

23.4 

2 kilogauss 
5000 cycles/sec 

16.6 

2 kilogauss 
10,000 cycles/sec 

41.0 

* Tensile strength of Kovar glass seals Is 600 lb/sq In. All of the above are typical Values. 
1 See "Sealing Glass to Kovar," Bull. 145, Stupakoff Ceramic and Manufacturing 

Co., Latrobe, Pa., 1945. 
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Corning 
Code 
No.* 

001 
008 
012 

171 
704 
705 

7052 
706 
707 

772 
774 
775 

790 
3320 
1990 
1991 

Corning 
laboratory 

No.* 

G-l 
G-8 
G-12 

G-172-RM 
G-705-BA 
G-705-AJ 

G-705-FN 
G-705-AO 
G-707-DG 

G-702-P 
G-726-MX 
G-705-R 

G-790-H 
G-371-BN 
G-189-IY 
G-184-ET 
General 

Electric-
R3f 

Thermal 
coef. of 

expansion* 
X 10' °C 

91 
92 
89 

41 
47 
46 

46 
50 
32 

36 
33 
41 

8 
40 

127 
128 
128t 

Softening 
point,* 

°C 

626 
696 
630 

920 
702 
703 

708 
690 
746 

755 
820 
704 

1500 
780 
496 
539 
540t 

Annealing 
point,* 

°C 

428 
510 
433 

715 
484 
496 

480 
495 
490 

518 
553 
467 

910 
535 
359 
393 
395t 

Strain 
point,* 

°C 

397 
475 
400 

675 
450 
461 

442 
463 
455 

484 
510 
431 

820 
497 
334 
366 

Approx. 
working 
point,* 

°C 

970 
1000 
975 

1080 

1115 

iioo 
1110 
1220 

i 

1.19 X 10« 
2.26 X 10« 
1.19 X 10n 

4 .90 X 10'i 
5.31 X 10' 
2.04 X 10« 

1.00 X 10» 
6.68 X 10' 
1.50 X 1 0 " 

6.53 X 10" 
1.41 X 10» 
2.88 X 10* 

5.19 X 10« 
4.17 X 10" 
9.33 X 10» 
3.76 X 10» 
3.55 X 10> 

Dielectric 
properties 

at ( room temp. J 
13 X 10* c/sec 

«7« 

5.95 
6.71 
6.64 

5.95 
4.67 
4.72 

5.04 
4.70 
4 .00 

4.59 
4.89 
4.38 

3.84 
4.72 
7.99 
7.84 
7 .65 

tan 5 

0.00600 
0.01260 
0.00410 

0.00560 
0.00440 
0.00520 

0.00580 
0.00540 
0.00190 

0.00380 
0.00890 
0.00430 

0.00068 
0.00620 
0 00200 
0 00380 
0.00240 

Seals t o t 

008, 010, 012, P t , Dumet§ 
001, 010, 012, P t , Dumet 
001, 008, 010, P t , Dumet 

705, 707, 772, 775, 3320, W 
705, 7052, 706, 775, Kovar, Mo 
704, 7052, 706, 707, 3320, 1 Kovar 

772, 775, 171 < Mo 
lw 

704, 705, 706, 775, Kovar, Mo 
704, 705, 7052, 775, Kovar, Mo 
705, 772, 774, 775, 3320, 171 

705, 707, 774, 775, 171, 3320, W 
707, 772 
704, 705, 7052, 706, 707, (Kovar 

3320, 171 | W 

723, SiOs 
705, 707, 772, 794, 775, 171, W 
Steel (SAE 1010) Ag-plated 
Fe 
1990, 1991, Fe (Cu or Ag plated) 

♦ From Bull. ER-S-1, Electronic Sales Dept. , Corning Glass Works, Corning, N.Y., Mar. 15, 1945. 

S From "Tallies of Dielectric Mater ia l s" : Report V, N D R C 14-237, February 1944, p. 52; Report VI I I , N D R C 14-425, June 1945, p. 
A copper-clad nickel-copper alloy having a thermal expansion of about 90 X 10 ' per °C. 

o 

35 
~1 
ID 
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Properties of Laboratory Glasses.—Data on the properties of various 
glasses are given in Table 17-9. Such information has proved useful 
in the experimental laboratory and provides necessary information for 
making Kovar-to-glass seals. The first column of Table 17-9 defines 
the glass by code number. The second column is included because the 
laboratory numbers often continue in popular use even after a code 
number has been assigned. The thermal coefficient of expansion is the 
average coefficient of expansion from a range of temperatures between 
0° and 300°C. The softening point, annealing point, strain point, and 
working point are merely four arbitrary points on a smooth temperature-
viscosity curve. The working point given in Table 17-9 does not con
stitute a recommendation of the proper temperature for sealing, but it 
corresponds to the approximate temperature at which seals are usually 
made. The volume resistivity values (Column 8) are, in general, not 
true material constants but subject to the experimental conditions as 
outlined in "Tables of Dielectric Materials."1 The values will have 
considerable practical importance, however, in estimating leakage currents 
and in making comparisons between materials. The dielectric properties 
are also taken from this reference and defined according to the following: 

t' = dielectric constant, 
«o = dielectric constant of vacuum = 8.854 X 10 -12 (farad/meter), 

('/to = specific dielectric constant, 
e* = complex dielectric constant = t' — je", 
e" = loss factor, 

tan S = loss tangent = «"/«'■ 

Properties of glass, such as aging, reactions with gases, and chemical 
reaction of one glass upon another, are difficult to take into account, and 
in these cases experience is the best guide. 

Preparation of the Glass and Kovar for Sealing.—The cutting of the 
glass tubing or cane to the required lengths can be done with a bonded 
abrasive wheel. A wheel of approximately No. 200 grit with a surface 
speed of 8000 ft/min is satisfactory. Care should be taken to avoid 
forcing the cut because this will produce abrasive inclusions in the glass 
and result in cloudy seals. 

After the Kovar is machined or drawn to size, it should be polished 
free from any tool marks or scratches, particularly those which run from 
the inside to the outside of the proposed seal. Deep scratches can be 
removed with an aloxite cloth of approximately No. 120 grit, but for 
finishing polish a No. 250 grit cloth should be used. In addition to 

1 A. von Hippel, "Tables of Dielectric Materials," Report VIII, NDRC 14-425, 
p. 63. 
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polishing, any sharp edges in contact with the seal should be rounded 
with a forming tool. 

After the machining and polishing, the Kovar should be degreased 
as described in Sec. 17-4 and then annealed in a hydrogen atmosphere. 
If the Kovar is not hydrogen fired, the finished seal may contain bubbles 
which weaken the glass mechanically and increase the probability of 
vacuum leaks. If the Kovar is not properly annealed, cracks may occur 
during subsequent brazing operations. This heat treatment in the 
hydrogen furnace is the same as given in the note to Table 17-7. The 
seals should be made within a few hours after this hydrogen-atmosphere 
firing. 

Glass-to-Kovar Seals.—The best method to be employed for sealing 
glass to Kovar depends upon many factors, including the size and shape 
of the glass and metal parts. Some general remarks on sealing can be 
obtained from the Kovar manufacturer1 and need not be repeated here. 
Instead, the technique of sealing glass to Kovar for a specific case will 
be described in detail as typical sealing procedure. The following 
description applies to pipe a in Fig. 17-14. I t is here assumed that the 
component parts of the base and central lead have been machined and 
brazed together and the Kovar parts polished, chemically cleaned, 
degassed, and annealed according to previous sections of this chapter; 
therefore, the base assembly and the central lead are ready to be glassed. 
In this case the No. 7052 glass is cut to a length j - in . greater than the 
desired distance between the Kovar pieces, and a diameter is chosen such 
that it fits loosely over the Kovar. 

The following operations are performed to make the seal to the two 
Kovar pieces. 

The base of the cathode-support lead is placed in a stainless-steel 
jig which will be used to center the central lead and to position the two 
Kovar parts at the proper separation. The jig and base are mounted 
in the headstock of a glass lathe.2 

The central lead is placed in the tailstock of the lathe. 
With the cross fires of illuminating gas and oxygen set to be slightly 

oxidizing, the Kovar pieces are oxidized by raising their temperatures 
to a dull red and immediately allowing them to cool. They must not 
be overoxidized; a heavy black oxide is inclined to result in a leaky seal. 

The glass is slid over the Kovar, and the tailstock moved forward 
until the central lead hits the step in the jig and thus establishes the 
proper spacing between the two Kovar pieces. 

One end is glassed at a time. The fires are placed in a manner to 
heat the Kovar more than the glass. When the glass reaches the working 

1 "Sealing Glass to Kovar," op. cit. 
1 Litton Engineering Laboratories, Redwood City, Calif. 
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temperatures, it is pushed onto the Kovar with a carbon paddle. When 
contact has been made between the Kovar and glass all around the 
circumference, the paddle is removed, but heating is continued until 
the glass thoroughly wets the Kovar and the glass edges become rounded. 

After both seals have been made, the glass can be worked to a uniform 
diameter. 

The glass must be worked at the seals so that it wets the edges of the 
Kovar. It is advisable to have the edges of the glass always meet the 
Kovar at a large angle. 

The joints are flame-annealed with a bunsen burner. 
They are then oven-annealed at 490° C for 20 min, and the oven is 

allowed to cool to room temperature at the rate of approximately 2°C/ 
min. The color of the seal should be a smoky grey. 

Waveguide Windows.—An important part of the design of a waveguide 
output is the waveguide window which serves as a vacuum seal across 
the guide with minimum power absorption in the dielectric window 
material. 

Waveguide windows such as these can be made on a lathe by sealing 
to the edges of the opening glass tubing having a diameter approxi
mately equal to the circular opening in the Kovar cup. The tubing 
is then buttoned-off close to the Kovar, and the remaining glass paddled 
and worked into the opening. After annealing, excess glass in the 
windows is ground flat on an abrasive grinding wheel. This method is 
satisfactory for a few experimental windows, but the quality and speed 
of construction may be improved by the use of glass disks. 

Such disks of different glasses can be purchased from the glass manu
facturer or cut with the aid of a diamond-cutting wheel (approximately 
300 grit) from glass cane. The disks thus rough-cut can be polished 
to the exact thickness by conventional optical polishing techniques. 
During the disk-polishing process, abrasive material may be forced into 
the glass and cause bubbling when the seal is made. Abrasive inclusions 
are encouraged if excessive pressure is applied to force cutting. The 
disk-sealing method of making windows is explained with the aid of 
Fig. 17-16.1 The opening in the Kovar is beveled to a 45° angle, and 
the diameter of the glass is such that it rests on the Kovar opening as 
shown. The upper stainless-steel tool is used to push the glass disk down 
as the edges become soft. The lower tool holds the glass in its final 
position with respect to the Kovar. The fires from the gas-oxygen 
burners are played on the Kovar cup as shown in Fig. 17-16a and 6 while 
the assembly is being rotated in a vertical sealer. (Only two burners 
are shown, but more may be used.) The flame is not played on the glass, 

1 E. J. Walsh, " Method of Making Glass to Metal Window Seals," BTL Memo
randum MM-43-140-48, Oct. 5, 1943. 
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0.550 dia.— 
707 glass disk 

but melting occurs because of heat conduction from the Kovar to the 
glass. After the seal is made, the upper tool is removed and the edges 
of the glass are further melted to avoid small angle contact between the 
glass and Kovar. The final seal 
resembles the sketch of Fig. 1716c. 
Immediately after being sealed, 
the window is placed in an an
nealing oven for about 15 min and 
then allowed to cool at approxi
mately 2°C/min. 

For sealing to Kovar, the low-
loss Corning No. 707 glass is 
usually not recommended because 
its coefficient of expansion is con
siderably less than that for Kovar 
(see Table 17-9). I t has been 
found, however, that successful 
seals can be made on the above 
waveguide w i n d o w using this 
glass. I t is believed that the suc
cess of this seal is related to the 
fact that the glass is left under 
compressional stress upon cooling 
and that this glass can stand a 
greater stress in compression than 
in tension. A Kovar cup is used 
so that when the Kovar is brazed 
to the copper portion of the tube, 
the window is relatively free from 
strains. 

Another technique for sealing 
glass disks to Kovar employs the 
use of induction heating. Figure 
17-17 shows the arrangement of an 
r-f coil and waveguide window 
preparatory to sealing. The sin
gle-turn r-f coil is connected to 
the output of an r-f generator 
through an appropriate matching 
transformer.1 The Kovar is held in a Lavite support. 

0.635 dia. 

Kovar cup 

(c) 
F I G . 17-16.—Sealing glass into a -wave

guide window. (Courtesy of Bell Telephone 
Laboratories,) 

The induction 
heating method provides uniform heating of the Kovar and excellent 
control of the Kovar temperature, and as a result very flat and uniform 
windows can be made without the holding tools that are necessary in 
the method previously described. 

^Ibid. 
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Mica Windows.—The low-loss 707 glass used in the above windows 
is limited in its average power-handling capacity to about 500 watts 
transmission of 3-cm radiation. For higher-power outputs mica windows 
may be used, as losses are about 15 per cent lower than those in 707 glass. 

- Metal sealing glass 

Mica window 
0.007" thick 

Flo. 17-17.—Coil for r-f heating of waveguide windows. 

A technique of making mica windows for waveguide output1 has been 
based on a method for sealing mica to metal.2 The metal cup is made of 
Allegheny No. 4 Alloy (52 per cent Fe, 42 per cent Ni, 6 per cent Cr) 
which has a coefficient of expansion of about 95 X 10"~7 per degree 
centigrade and nearly matches the expansion properties of India mica. 
A lead-borosilicate glass effects a seal between the mica and the metal cup. 
Such a mica window is shown in Fig. 17-18. 

In constructing such a window, the No. 4 alloy cup is fired in a dry 
hydrogen atmosphere for 15 min at 1100°C to remove the original oxide. 

In the absence of a hydrogen fur
nace free of oxygen and water 
vapor, the oxide can be removed by 
mechanical polishing. The cup is 
fired in a regular tank hydrogen 
furnace for 10 to 15 min at 1100°C 
to form a thin uniform layer of 
oxide. This c h r o m i u m oxide is 
necessary so that the glass will" wet 
the metal and form a hermetic 
seal. A paste is made of powdered 

glass with water. This paste is painted with a small brush around 
the mica disk placed over the opening in the cup. A lavite slug, 
slightly smaller in diameter than the mica, is placed over the mica disk, 
and the lavite, mica, and cup are held together with a supporting jig. 
The lavite slug not only holds the mica in position but also prevents 
the glass from flowing over the whole mica surface. This combination 

1L. Malter, R. L. Jepson, and L. R. Bloom, "Mica Windows for Waveguide 
Output Magnetrons," NDRC 14-366, Dec. 5, 1944. 

2J. S. Donal, Jr., "Sealing Mica to Glass or Metal to Form a Vacuum Tight 
Joint," Rev. Sci. Instruments, 13, 266 (1942). 

F I G . 17-18.l-

4 Alloy cup 

-Mica window for waveguide 
output. 
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is fired in an air oven for 15 min at 600°C; the seal between the metal 
and glass should then have a light green color. To braze the cup to 
the copper part of the waveguide, the cup must be nickel-plated after 
the oxide has been removed by polishing. The cup-tc-copper waveguide 
joint can now be made with silver alloys " B T " or " R T " in a hydrogen 
bottle if the window is protected by blowing nitrogen over its surface 
during the brazing operation. I t is possible with this window to repair 
a leak in the seal even after the tube is completely assembled. Protection 
in the form of a section of waveguide extending beyond the mica is desira
ble, as this type of window is mechanically weak. 

Fio. 17-19.—Cathode-forming die. 
17-6. Cathode and Heater Construction.—The properties of the 

alkaline-earth oxide-coated cathode are given in Chap. 12. This section 
will describe the construction of cathodes for magnetron use. Although 
the oxide material used in making magnetron cathodes has remained 
essentially unchanged for several years, there have been important 
improvements in the construction of the base for the oxide layer. The 
screen and the porous matrix of nickel1 are outstanding examples. 
Methods of making these cathodes will be discussed along with methods 
of fabricating the plain nickel-sleeve cathode. Finally, the construction 
of thorium oxide cathodes for high-power application will be considered. 

Cathode-sleeve Construction.—Plain nickel sleeves can be made by 
cutting tubing to the proper length with a sharp knife. If seamless 
Grade A nickel tubing cannot be obtained in the desired size, it can be 

1R. L. Slobod, "Development of Magnetron Cathodes," BTL Memorandum 
MM-44-120-73, June 11, 1944. 
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drawn to size. If the desired seamless tubing is not available, the 
cylindrical sleeve may be formed from nickel sheet. 

For small cathodes it is advisable to machine the sleeve to size from 
a nickel rod or heavy-walled tubing, as is done for the 725A magnetron 
cathode, shown in Fig. 17-20, or to press a nickel rod to the desired diam
eter and shape in a steel-forming die, as is done for the 2J42 magnetron. 
The parts of such a forming die are shown in Fig. 17-19. These parts 
are made from Ketos tool steel hardened to a Rockwell C of about 60. 
Nickel rod of a diameter approximately equal to the cathode diameter 
is cut to a length sufficient to supply the volume of nickel needed in the 
finished structure. The best length may be found by trial and error. 

(a) (b) (c) 
F I G . 17-20.—725A cathode, (a) Plain sleeve; (b) screen sleeve; (c) coated screen cathode. 

(Courtesy of Bell Telephone Laboratories.) 

Before being pressed the nickel rod is annealed in the hydrogen'-atmos-
phere furnace at 900°C for 30 min. I t is then placed in the forming 
die with the pie-shaped sides and end pieces put in place. The outside 
diameter of the assembled parts has a slight taper so that the assembly 
can be forced into a hardened cylinder which prevents the pie-shaped 
parts from moving radially during pressing. The assembly is then 
placed in a press, and a force is applied between the two end pins. By 
this technique the cathode sleeve, end shields, and support rod are formed, 
and all that remains to be done is drilling the central hole through the 
rod to admit the heater. If the end shields are difficult to form by 
pressing, punched nickel washers may be put on the initial nickel rod 
and pressed into place by the forming die. 

The screen cathode is formed by applying a nickel mesh to the plain 
cathode sleeve (see Fig. 17-20a). For the larger cathodes the mesh is 
spot-welded to the nickel sleeve by conventional spotwelding techniques. 
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■xfn.uz'isi. 

Fio. 17-21.—Screen-cathode sintering jig. 

For the smaller cathodes the screen may be sintered onto the sleeve in 
the following manner. The nickel screen (150 by 150 mesh for the 
2J42 size of cathode) is degreased, annealed in a hydrogen furnace at 
900°C for | hr, and cut to the 
proper size to cover the cathode 
sleeve. The s c r e e n is placed 
around the cathode and held in a 
K-Monel jig such as the one shown 
in Fig. 17-21. The grooves in the 
jig prevent bending of the cathode 
end shields. The two parts of the 
jig are then s c r e w e d together 
tightly and passed through the 
hydrogen furnace at 1125°C for 15 
min. In order to get good bond
ing of the mesh to the nickel sleeve 
the jig must exert a large and uniform pressure over the whole cathode 
area, and therefore the screen sintering should be done before drilling 
the heater hole. In cases where this is impossible, it may be necessary 

to place a mandrel in the heater hole during the 
sintering operation. 

The porous-nickel-matrix cathode1 was developed 
in an effort to increase the thermal conductivity of 
the emitting layer of the cathode. To form the 
porous matrix, nickel powder either is painted onto 
the plain sleeve in the form of a suspension in amyl 
acetate with pyroxylin as a binder or is molded onto 
the sleeve with the aid of a stainless-steel fixture. In 
the painting method the nickel powder (— 200 + 325 
mesh) is built up to a thickness of approximately 10 
mils and then fired for 15 min in a hydrogen atmos
phere at 1200°C. In the molding method the metal 
powder is introduced into the space between an 
oxidized stainless-steel mold and the cathode sleeve, 
and the assembly is fired at 900°C for 10 min to fix 
the powder into place. The mold is then removed, 
and the sleeve plus powder refired at 1200°C for 15 
min to form a highly porous mass rigidly attached to 
the base metal as shown in Fig. 17-22. 

Heater Construction.—The heater conventionally consists of a tungsten 
or molybdenum wire (or ribbon) inserted into the cathode sleeve, as 
seen in Fig. 17-23. Because there must be little or no electrical leakage 

1Ilnd. 

Fio. 17-22.—Por
ous-nickel -matr ix 
ca thode . {Courtesy 
of Bell Telephone Lab
oratories.) 
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between the heater and the cathode or between adjoining parts of the 
heater, they are usually coated with some nonconducting nonemissive 
material. The coating must be hard and tough enough to withstand 
insertion into the cathode sleeve. Alundum, a nonemissive electrical 
insulating material which can withstand high temperatures and abrasion, 
is most frequently used. Heaters must be designed so that their maxi
mum temperature will not exceed 1400°C in order to stay safely below the 
melting temperature of Alundum. 

A procedure for fabricating heater coils is as follows. The wire is 
wound on a mandrel the diameter of which depends upon the wire diam
eter as well as the coil diameter and is best determined by trial and error. 
The clearance between the inside of the sleeve and the outside of the 
coated heater depends upon the cathode size but is usually between 
0.003 and 0.010 in. In some cases, such as a heater to be wound bifilar, 
t is advisable to wind the wire on a stainless-steel mandrel that has screw 
threads of the proper pitch cut into it. After winding, the ends of the 
wire are securely fastened, and the heater coil and mandrel are hydrogen-
fired at 1000°C for 5 min. At this temperature, strains are removed from 
tungsten or molybdenum wire without embrittling the metal. The coil 
may then be removed from the mandrel by unscrewing. The ends of the 
coil are then formed to the shape necessary for welding them to the input 
connectors. The coil is chemically cleaned by boiling it in 20 per cent 
KOH solution for 5 min, rinsed in distilled water, and dried in a hot-air 
blast. The heater is next sprayed with a suspension of Alundum. The 
spraying can be done with a De,Vilbiss type CV spray gun, the compressed 
air being supplied through a De Vilbiss type HB air transformer. The air 
pressure, the gun fluid screw, and the gun spreader valve should be 
adjusted to produce a cloud of uniform density. When a small number of 
tubes are made in an experimental laboratory, the heater coating (which 
is a suspension of Alundum in an appropriate binder such as amyl acetate) 
can best be obtained from a commercial radio-tube manufacturer. The 
suspension must be well agitated before it is used by being rolled on a 
"ball mill" for | hr at 100 rpm. The thickness of coating should be built 
up slowly and uniformly to about 0.003 in. by several passes of the gun at 
several different angles around the axis of the heater. The coil is then 
baked in a low-temperature oven in air at 100CC for i hr to evaporate 
the Alundum binder. The coil is then placed in a molybdenum tray 
and fired in a high-temperature hydrogen-atmosphere furnace at 1620°C 
for 5 min. If the temperature is too high, the coating will become exces
sively hard and will be inclined to chip when the heater is bent. If the 
temperature is too low, a soft coating will result. 

Assembly of Cathode Parts.—The procedure for assembling the cathode 
parts will depend upon many factors, especially the method that is chosen 
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for mounting the cathode in the tube. For magnetrons with unattached 
magnets the cathode is usually mounted by two radial supports which 
serve also to complete the heater circuit. For "packaged tubes" it 
is common to use a single support through a hole in the pole piece; the 
support is hollow; and the heater circuit is completed by a coaxial wire. 
These methods of assembly will be described by reference to typical 
examples. 

The cathode for the 725A magnetron (shown in Fig. 17-23) is selected 
as an example of the radial mount. The details of brazing, cleaning, 
glassing, etc., have been discussed previously; the assembly of the differ
ent cathode parts will merely be listed without discussing the details of 
these operations. Some detail of making the heater insulator must be 

View "A""A" 
F I G . 17-23.—Construction of 725A cathode. {Courtesy of Bell Telephone Laboratories.) 

given, however. Lavite1 is a convenient material for this purpose. It 
can be machined to size in the raw state and then hardened in the follow
ing manner. Place insulators in nickel tray covered with Alundum 
sand. Place tray in air oven, and heat at about 500°C for 5 min. 
Increase over temperature to 1000°C, and heat for f hr. Allow oven to 
cool to about 200°C before removing insulators. (This procedure is 
for an oven with an annealing chamber.) The different parts of the 
cathode (Fig. 17-23) are then assembled by the following process. 

The heater, insulator, and eyelet are arranged as shown. The nickel 
eyelet is flattened to clamp the heater. The insulator is held in place by 
crimping the nickel shoulder at the end of the cathode. The heater is 
spot-welded at one end to the cathode-support flange and at the other 

1 Obtainable from the American Lava Corp., Chattanooga 5, Tcnn. 
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end to the flattened eyelet. The protruding heater wire is cut off flush 
with the end of the eyelet. The assembled cathode and heater are then 
ready for mounting in the magnetron. Nickel support wires are welded 
to the tungsten leads, which are brought through the glass seals, and there 
support wires are welded to the cathode. The main support for the 
cathode is the weld to the cathode-support flange. The weld to the 

eyelet supplies some support but is essentially to make connection to 
the heater. 

The axially mounted cathode structure for the 2J42 magnetron shown 
in Fig. 17-24 is typical. As with the radially mounted cathode, the order 
of assembly of parts will be given without the details of the individual 
operations for making the parts. 

1. The Kovar "heater connector" rod is cut to the proper length 
and drilled to accept the heater. 
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2. The heater connector is beaded with 7052 glass in preparation 
for sealing to the "cathode support." 

3. The hardened lavite insulators are slipped onto the rod and spot-
welded into place with nickel tabs. 

4. The heater is put into the drilled hole of the Kovar rod and spot-
welded in place. 

5. The screened cathode is copper-brazed to the cathode support. 
6. The r-f choke (copper) is " B T " brazed to the cathode support. 
7. The assembled heater and heater connector are slipped into the 

assembled cathode sleeve and cathode support, and the glass seal 
is made by flowing the 7052 glass bead onto the Kovar tube. 
At the same time the Kovar tube is beaded in preparation for 
the seal to the pole piece. 

8. The heater is then spot-welded to the projection. 
9. The cathode is sprayed and made ready for mounting into the 

magnetron. 
10. At this point, one of two courses can be followed, depending upon 

the final magnetron braze. One is to glass-seal the cathode struc
ture into the pole piece and mount this assembly into the mag
netron. Another is first to braze the pole piece to the block 
and then make the glass seal between the pole piece and the 
beaded cathode support. This latter method of mounting is the 
one described in Sec. 17-3. 

Cleaning and Coating the Cathode Sleeve.—After the machining or 
brazing operations are completed upon the cathode sleeve, it is cleaned 
by the process outlined in Sec. 17-4; and from this time until the tube 
is completed, the cathode sleeve is handled with great care to prevent 
contamination that might inhibit cathode emission. I t might be 
necessary, for some tubes, to rearrange the order of events or omit 
certain operations, but the following method of cleaning and coating the 
cathode sleeve is typical. 

After the sleeve has been cleaned by the process described in Sec. 
17-4, it is hydrogen-fired in a covered nickel tray at 900°C for £ hr. 
The sleeve, the heater, and the supports are then assembled, with care 
to keep the sleeve free from contaminants. (If there is any question 
about cleanliness, the sleeve should now be rinsed in acetone and in clean 
methyl alcohol and then dried in clean warm air.) The cathode sleeve 
is then vacuum fired for 15 min at 1000°C. This can be done by using 
the heater to control the cathode-sleeve temperature or by r-f induction 
heating. (This step is sometimes omitted.) 

The cathode should be coated immediately after the vacuum firing. 
For plain-nickel-sleeve cathodes the coating is generally done by spraying. 
A De Vilbiss type CH spray gun serves this purpose very well. As in 
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the case of heater spraying the air pressure (controlled by a De Vilbiss 
type HB air transformer), the fluid screw, and the spreader valve should 
be adjusted to give a cone-shaped cloud of uniform density. The coating 
should be sprayed onto the sleeve in thin uniform layers while the cathode 
sleeve is being rotated, until the desired weight of coating is deposited 
(usually 9 to 12 mg/cm2). During the spraying process the other cathode 
parts, particularly the end shields, must be protected from the spray. 

A recommended BaSr(COs)2 mixture is the J. T. Baker Manufacturing 
Company Radio Mixture No. 3 suspended in amyl acetate with a pyroxy
lin binder. Experimental laboratories may find it convenient to purchase 
small quantities of cathode-coating material from a commercial radio-
tube manufacturer. The coating suspension should be rolled at a speed 
of 100 rpm for about ^ hr to prepare it for use. The spray gun and 
auxiliary equipment should be cleaned frequently with acetone and 
distilled water. 

For screen cathodes or porous matrix of nickel cathodes, the coating 
is applied with a camel-hair brush which has previously been cleaned with 
acetone and distilled water. The first coat is applied as a very thin 
continuous film which barely covers the surface of the nickel. This is 
allowed to dry thoroughly, and successive layers of coating are applied in 
the same manner until the screen or porous matrix is filled with coating 
material as shown in Fig. 17-20. The cathode is finally mounted in the 
tube and processed according to instructions given in Sec. 17-7. 

Thorium Oxide Cathode.—Barium strontium oxide cathodes frequently 
limit the average power of magnetrons because the back bombardment 
in these tubes overheats the cathode structure. Attempts have been 
made to develop emitting surfaces that will have satisfactory life at 
high temperature. Thorium oxide cathodes1 show promise for high-
power magnetron operation. The poor adhesion of thoria to a metallic 
base2 or sintered metal surface3 is overcome by preparing a sintered 
cylinder of thoria. The preparation of sintered thoria cylinders is 
outlined.4 

A uniform density of thoria powder is prepared by converting mantle-
grade thorium nitrate into thorium oxide by heating in an air oven at 
G00°C, fusing the resulting fluffy material in an electric arc, and finally 
crushing the fused thoria into a 200-mesh powder. The thoria powder 
is then mixed with thorium chloride to form a paste that can be molded 

1 Martin A. Pomerantz, "Thorium Oxide Cathodes," NDRC 14-517, Bartol 
Research Foundation, Swarthmore, Pa., Oct. 31, 1945. 

2 S. Dushman, Rev. Mod. Phys., 2, 423 (1930). 
3 S. V. Forgue, RCA Engineering Memorandum PEM-4C. 1943. 
4 For detailed information on this process see C. D. Prater, "The Fabrication of 

Thoria Cathodes," NDRC Report, Bartol Research Foundation, Swarthmore, Pa., 
fJune 1946). 
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into the desired shape. The thorium chloride in the molded ceramic is 
then converted into the hydroxide by placing it in an atmosphere of 
ammonium hydroxide for several hours. After removal from the 
ammonium hydroxide atmosphere and drying at room temperature, the 
ceramic is fired at about 1900°C in an argon atmosphere which converts 
the hydroxide to the oxide forming the bond between the grains of 
thorium oxide. Such thorium oxide cathodes give copious emission at 
1700°C (see Chap. 12). 

17-7. Tube Evacuation and Processing.—The interval between the 
final hydrogen firing of the tube parts and the evacuation of the tube 
should be as short as possible, in order to minimize oxidation and adsorp
tion of gases by the internal parts. Tube processing remains to some 
extent an art and for this reason is less standardized than any of the 
previous procedures discussed. The following schedule is given merely 
as a typical one that has proved satisfactory. 

After the tube has been sealed onto the vacuum system, the mechani
cal pump is used to reduce the pressure to about 10~3 mm Hg before the 
diffusion pump1 (a three-stage oil-diffusion type) is turned on. This 
pressure can be estimated by the appearance of fluorescence on the glass 
when touched with a spark coil. When the pressure of the system as 
read by the ionization gauge reaches 5 by 10~6 mm Hg, a bakeout oven 
is lowered and turned on. As the tube begins to rise in temperature, the 
pressure will start to increase owing to the release of water vapor and 
gases from the various tube parts. When the bakeout-oven temperature 
reaches 450°C, it should be stabilized. The exhaust system should now 
be carefully torched. The bakeout-oven temperature is maintained at 
450°C until the pressure falls to 5 by 10~6 mm Hg. When this pressure 
is reached, the tube should be allowed to cool. The pressure should 
decrease as the tube cools, reaching about 5 by 10~7 mm Hg when the 
tube returns to room temperature. 

The tube is now ready for cathode processing. The cathode-binder 
residue is removed by increasing the heater power until the cathode 
temperature is about 600°C. The cathode temperature is raised in one 
step to 900° or 1000°C and held at this temperature until conversion of 
the coating is complete. Caution should be exercised in two ways at 
this point: (1) The cathode temperature should not rise above 1100°C, 
because the coating will start to evaporate from the sleeve. (2) If the 
heater voltage for conversion is higher than the C 0 2 ionization potential 
(about 15 volts), a ballast should be inserted in the heater circuit to 
prevent arcs that would burn out the heater. During the conversion 
of large cathodes, the pressure may rise so high that it may be necessary 
to turn off the ionization gauge; in fact, the force pump may sound as 

1 Distillation Products, Inc., Vacuum Equipment Division, Rochester 13, N.Y. 
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though it has just been turned on. If the conversion from carbonates to 
oxides is done properly, the pressure should fall rapidly at the end of the 
process, and at this point the heater power should be reduced until the 
cathode temperature is about 850°C. 

When the pressure has returned to 5 by 10~6 mm Hg, activation of 
the cathode is begun by drawing a small amount of d-c current from the 
cathode. A burst of gas may be observed when d-c current is drawn; 
this gas may come from the cathode but is more apt to be ejected from 
the anode block by electron bombardment. The d-c plate voltage is 
raised slowly until the tube draws 25 ma/cm2 and the pressure falls 
below 5 by 10 -7 mm Hg. At no time during the activation process should 
the pressure be allowed to rise above 5 by 10 - 6 mm Hg. 

When there is little change in pressure with changes in d-c plate 
voltage and the pressure remains below 5 by 10 - 7 mm Hg, the tube is 
ready to be operated. The electromagnet is moved into place; the field 
is set for low-voltage operation; and the voltage (pulsed or c-w) is applied. 
The voltage is increased slowly to avoid excessive sparking and to allow 
time to pump off the gas expelled from the anode block because of high-
energy-electron bombardment. Oscillation of the magnetron should 
be continued until the tube operates stably up to the desired operating 
input voltages. 

When the processing and outgassing are complete, the tube should 
be allowed to cool to room temperature. The pressure at seal-off should 
be about 2 by 10 -7 mm Hg. 

17-8. Examination of Metals.—In vacuum-tube construction, one 
error or defect unless detected at an early stage usually results in a 
worthless piece of metal and glass. A major source of trouble is impurifi-
cations in the basic materials. For this reason systematic and careful 
examination of these materials is almost a necessity to successful tube 
production. 

Some common faults found in the metals used in tube construction 
should be mentioned. The copper may contain grains of Cu 2 0 which 
often results in porosity after reducing and oxidizing heat cycles. Tung
sten and molybdenum may be brittle or contain cracks that cause vacuum 
leaks or broken heaters. Certain batches of Kovar are also prone to 
develop cracks. Careful inspection of these metals is thus a necessity 
if excessive shrinkage is to be avoided. 

Although copper may be labeled OFHC (oxygen-free high-con
ductivity) because it has been put through a deoxidizing process, it may 
in fact not be oxygen-free by the time it reaches the tube maker. This 
O2 taken up may result from the drawing operation that is done after 
the deoxidizing process and during which copper-oxide scale is drawn 
into the copper bar. In this case the bar may be satisfactory on one 
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end and unsatisfactory on the other. Because the copper surface may 
oxidize while standing, the outer layer of a bar should always be turned 
off. 

Non-OFHC copper can often be detected by its appearance after a 
" B T " soldering operation in an H2 atmosphere. One sign, although not 
definite, is that the " B T " solder is usually almost completely absorbed by 
the copper, and any fillets of solder that may occur are also copper-
colored. Another indication is a peculiar orange color and granular 
structure of the copper, although this sometimes is also noticed on OFHC 
copper, especially when it is overfired. One of the most obvious traits 
of nonoxygen-free copper is that it expands under heat and does not 
resume its original size upon cooling. After H2 firing at 800°C, non-
OFHC copper shells 2£ in. OD measure from 0.010 to 0.018 in. greater in 
diameter than before firing. OFHC copper, on the other hand, returns 
to within 0.001 in. of its original measurements. 

The "bend t e s t " is often employed to distinguish between "good" 
and " b a d " copper. After H 2 firing at 800°C, wire or thin strips of 
" b a d " copper are very brittle and will break at the first attempt to 
bend them through 90°. " G o o d " OFHC copper will take at least four 
90° bends in alternate directions after this treatment. This test is 
rather definite but cannot be used on heavy stock. 

Most cracks and splints in wires and rods of tungsten and molybdenum 
can readily be seen under low magnification. Brittleness, especially 
after firing, is an inherent fault of these metals, but there are wide 
variations of degree. Tungsten rod that has been heated by a torch in 
air is much more brittle than the same rod fired in an H2 oven. Also, 
tests made on 0.080-in. tungsten rod showed that after H2 firing, wide 
differences existed as to brittleness among rods of the same lot of metal. 

Cracks in Kovar result when unannealed pieces of the metal are 
soldered with a silver alloy in an H2 oven. They appear to be caused 
by the solder entering the grain boundaries of the Kovar as the stresses 
in the latter are relieved by heat. The cracks may be seen under a low-
power microscope and in most cases even by the naked eye. In order 
to prevent these cracks, all Kovar should be annealed before it is soldered 
into assemblies. 

The most definitive test for copper containing Cu 2 0 is microscopic 
examination of a polished and etched sample. One can detect the 
presence of Cu 2 0 not only by looking for the Cu 20 inclusions but also 
by studying the crystalline size, for the presence of Cu 2 0 will inhibit 
crystal growth. 

Samples can be prepared in the following manner: A small piece 
of the copper under suspicion is cut from the billet. If the examination 
is concerned with grain structure, the sample is then annealed in an H» 
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.V \ 

F I G . 17-25.—Photomicrographs of copper taken to detect inclusions of C112O. (a) " G o o d " 
copper, magnification 250x; (6) " b a d " copper, magnification 405a;. 
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oven at 800°C. The copper is not annealed if detection of Cu 20 grains 
is desired. The metal is mounted in a molded bakelite1 cylinder to 
facilitate holding it during the polishing operations, which must be 
carried out with some care. Beginning with a coarse abrasive such as 
No. 320 Aloxite cloth, progressively finer ones are used until the final 
polishing is done with a very fine alumina solution on Miracloth. These 
polishings should be done on a slowly rotating wheel, and care should be 
taken not to carry over any abrasive from one stage to the next. Polish
ing should continue until no scratches are visible at a magnification of 
200 diameters. 

If one wishes to study the grain structure, it is necessary to etch 
the surface of the copper after the polishing has been completed. If 
one is looking only for CU2O inclusions, etching is not necessary or desira
ble, because the reagent may destroy the inclusions. Under microscopic 
powers of 200 to 500x Cu 2 0 appears as small particles with a distinct 
bluish color. Their presence indicates that the copper will become 
porous when fired in an H2 atmosphere. To develop the grain structure 
of the copper, an etch of equal parts of NH4OH and H 2 0 2 is applied to 
the specimen with a soft cloth. Only fresh solutions of this reagent will 
etch satisfactorily. Because the polishing process usually alters super
ficially the grain structure of the metal, it is good practice to etch lightly, 
then polish off this etch on the last wheel, and repeat this process until 
one has taken off the altered surface. Two etching and polishing cycles 
are usually sufficient to do this. 

A specimen of OFHC copper that has been H2 annealed and etched 
is shown in Fig. 17-25a. Note the very large, rather regular grains with 
boundaries sharp and free from pits or inclusions. Figure 17-25& shows 
a sample of nonoxygen-free copper after H2 annealing. Note the small 
irregular grains with boundaries badly pitted and literally blown apart 
by the decomposition of the Cu 20 by H2. These "b las ted" grain 
boundaries cause the porosity in nonoxygen-free copper. 

1 Molding presses can be obtained from Adolphe I. Buehler Metallurgical Appa
ratus, Wicker Drive, Chicago 1, 111. 



CHAPTER 18 

MEASUREMENTS 

B Y M. A. HERLIN AND A. G. SMITH 

MEASUREMENTS OF THE RESONANT SYSTEM 

BY M. A. HERLIN 

Two classes of measurements are made on magnetrons, both of which 
are essential to the completion of a practical design and as a basis for the 
understanding of the operation of these tubes. Measurements performed 
on the nonoperating magnetrons and involving the use of signal generators 
constitute one class and are here referred to as "cold measurements." 
These are considered in the first part of this chapter. The second class, 
here referred to as "operating measurements," is concerned with tech
niques for obtaining data from operating magnetrons and is the subject 
of the second part of this chapter. 

18-1. Test Equipment Components.—Cold-resonance experiments are 
performed with a number of basic pieces of equipment which may be 
combined in a variety of ways to yield information. These pieces are 
(1) a source of microwave power tunable over a wide frequency range 
and of moderate power output (of the order of milliwatts), (2) a wave-
meter to measure the frequency of the power used, and (3) various probes 
and detectors designed for sampling and indicating the distribution and 
intensity of r-f energy in the components under test. 

Microwave Signal Generators.—The most convenient microwave 
signal generators are reflex klystrons. The power output is supplied 
either into a coaxial line or a waveguide as desired. Once the generator 
is- set up, the only adjustments to be made are frequency and reflector 
voltage. The reflector voltage is a partial control on the frequency 
and can be used to tune the oscillator over a narrow frequency range by 
electronic sweeping. Special wide-range cavities are available where 
large mechanical tuning ranges are needed, but in general these cavities 
are inconvenient to operate. A comprehensive discussion of these tubes 
is found in Vol. 7, Radiation Laboratory Series. 

Wavemeters.—Wavelength measurements are made with some form 
of tunable resonant cavity in which the mechanical motion of the tuner 
is calibrated in terms of wavelength or frequency. Two methods of 
resonance indication are available. In the absorption method, a single 

698 
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coupling loop or other probe is connected to the power source, and a dip 
in the power output as seen on a meter indicates resonance of the wave-
meter cavity. In the transmission method, two coupling loops or other 
types of probe are coupled into the cavity to form a filter that transmits 
power only at the resonant frequency of the wavemeter cavity, and this 
power is indicated on a meter. A coaxial wavemeter and hollow-cavity 

Fia. 181.—Microwave wavemeters. (a) S-band; (f>) X-band. 

wavemeter are shown in Fig. 18-1. A qualitative indication of power is 
obtained by means of a crystal detector connected to a microammeter. 
A precaution to be observed here is to provide a d-c return path for 
the crystal current in addition to the r-f connection to the power source. 

Probes and Detectors.—At the longer wavelengths the coupling loop 
is most often employed to sample power from a cavity. A typical 
coupling loop is shown in Fig. 18-3a. The threaded length of tubing 
provides a convenient mechanical means of fastening the loop into the 
metal wall of the cavity, and a connector on the opposite end provides for 
transmission of the power into a coaxial line. The coupling loop is so 
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arranged in the cavity that lines of magnetic flux thread the loop. Figure 
18-36 shows two capacitive probes. They are placed so that lines of the 
electric field terminate on the probe. For short-wavelength devices, such 
as the X-band wavemeter illustrated in Fig. 18-15. the coupling into the 

Crystal Meter (monitor) 

generator 

Cavity 

Meter 
(resonance (/ 
indicator) 

^ Coupling 
loop 

Crystal 
F I G . 18-2.—Schematic drawing of transmission method for resonant-wavelength measure-

FIG. 18-3a and b.—Cavity coupling loop and probes. 

waveguide may be made through a small coupling iris. In selecting 
the correct, size of any of these coupling devices, the prime consideration 
is to reach the proper compromise between keeping the perturbation 
small so that the operating conditions are not changed appreciably 
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Fio. 18-4a.—Waveguide standing-wave detector. 
J 

F I G . 18-4b.—K-band standing-wave detector. 
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during the measurement and coupling out sufficient power to give a 
positive reading. 

A special instrument for measuring the properties of standing waves 
is the standing-wave detector. The type of detector shown in Fig. 
18-4a is used at wavelengths of about 3 cm. A length of the slotted sec
tion is fitted with a small capacitive probe, and the power coupled out by 
this probe is then run into a crystal, spectrum analyzer, or other device for 
detecting it. The mounting of the probe is movable, so that variations 
in the power may be observed along the length of the slot. The one shown 
in Fig. 18-46 is for precise measurements at wavelengths of about 1.25 cm 
and has an iris pickup. Together with the indicating device, the stand
ing-wave detector provides a measurement of the standing-wave ratio in 
the transmission line and the position of the voltage minimum. These 
two quantities can then be used to calculate the impedance terminating 
the line, as will be shown in Sec. 18-3. 

The spectrum analyzer has proved to be a satisfactory indicator for 
use with the standing-wave detector in cold-measurement work where 
high standing-wave ratios are to be measured. The data are presented 
on the screen of a cathode-ray tube. The horizontal sweep provides a 
baseline along which the frequency is varied several megacycles, and the 
vertical reading shows power being fed into the analyzer at a given 
frequency. Inserted in the input line is an attenuator calibrated in 
decibels by which the relative intensities of two signals may be measured. 
A wavemeter is also attached to the analyzer connections. For a more 
detailed discussion of the equipment mentioned above see Vol. 14, 
Radiation Laboratory Series. 

18-2. Cavity-wavelength Measurements.—Of particular concern here 
is the determination of the resonant wavelengths of the resonant system 
of a magnetron anode block. Magnetron work, however, involves the 
use of a variety of cavity resonators for various applications, and the 
method here described may be applied easily to these other cases. 

Transmission Method.—In the transmission method of measuring 
resonant wavelength, two probes are placed in the cavity at appropriate 
points. In the magnetron the magnetic flux threads through the backs 
of the individual oscillators along the length of the tube, and coupling 
loops may therefore be placed in a plane perpendicular to the axis of 
the magnetron, as illustrated in Fig. 18-5. Because of the various 
configurations of electromagnetic field encountered with the different 
resonant modes of the magnetron, it is desirable to place the loops in 
oscillators that are diametrically opposite. This provides coupling 
to most of the modes and particularly to the more important ones. If 
all modes are being measured, it is well to run through the experiment 
with two different positions of one coupling loop. 
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Resonance is indicated in the same way as it is in a transmission 
wavemeter (see Sec. 18-1). One loop feeds into a crystal and meter, 
while the other receives power from the signal generator. When the 
signal generator is tuned to the resonant frequency of the cavity, power 
is transmitted through to the crystal and produces a deflection of the 
meter. 

F I G . 18-5.—Anode block showing coupling loops suitable forfesonance-wavelength measure
ment. 

Connected to the input coupling loop are also a monitoring crystal 
and meter and an absorption wavemeter. The monitoring meter gives a 
continuous check on the signal generator output and also shows the power 
dip when the wavemeter is used. This arrangement is shown dia-
grammatically in Fig. 18-2. 

The procedure is to tune the signal generator through the desired 
frequency range while watching the monitoring meter and the resonance-
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indication meter. When resonance is reached, the wavelength is 
measured. 

Absorption Method.—In the absorption method, use is made of a magic 
T or directional coupler and the electronic frequency sweep available 

with velocity-modulated micro
wave oscillators. This method 
has the advantage of fast presen
tation of data and needs only a 
single coupling loop or probe. 

In the explanation of the use 
of the magic T for this purpose, 
reference is made to Fig. 18-6. 
Arms 1 and 2 are tapped respec
tively into the E and H plane of a 
waveguide. From symmetry con
siderations, it may be seen that 
a wave incident from one of these 
arms (for example, 1) divides and 
travels in both directions down 
the guides (3 and 4) while no 

disturbance is transmitted to Arm 2. However, if the guide in one 
direction is not matched, a reflected wave will return and part of it will 
enter Arm 2. The arrangement of the equipment is shown in Fig. 
18-7a. One end of the guide is terminated in a match, and the other 

FIG. 18-6.—Magic T. 
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F I G . 18-7.—Resonance indicator setups, (a) Magic T; ib) directional coupler. 

is connected to the magnetron or other resonant cavity to be studied. 
A large signal is then reflected from the cavity off-resonance; but when 
resonance is reached, some of the energy is absorbed in the cavity and 
the signal is reduced. If the signal frequency is swept in synchronism 
with the horizontal sweep voltage of an oscilloscope while the crystal 
current detected ia Arm 2 is applied to the vertical amplifier, an absorp-
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tion dip will be seen on the screen as the frequency is swept over a band 
including the resonant frequency. 

A directional coupler may be used similarly. Reference to Figs. 
18-76 and 18-8 shows that a wave incident on the cavity divides at the 
two side openings separated by a distance equal to X„/4, and a small 

To crystal 
F I G . 18-8.—Directional coupler. 

amount is sampled at each and passes into the side chamber. There 
the energy again divides at each opening, and half travels in each direc
tion. The half going in the direction of the incident power adds and is 
dissipated in the matched load; that in the opposite direction cancels so 
that there is no crystal current. The opposite is true, however, for 
the wave reflected from the cavity; no energy from this wave goes toward 
the match, but a wave is transmitted to the crystal. The directional 
coupler therefore behaves in the same way 
as the magic T in this application, and 
they may be used interchangeably. 

The magic T or directional-coupler 
setup may be used to measure standing-
wave ratio with the aid of a variable 
transformer, as will be described in the 
next section. 

A circuit diagram showing typical con
nections for sweeping the reflector voltage 
of the signal generator is shown in Fig. 18-9 

0.5 Mfd 

250 k< 

50 k 

0.5 Mfd 

■=■ To reflector 
F I G . 18-9.—Reflector sweep cir

cuit. (A) To plate of gas dis
charge sweep voltage generator 
tube in oscilloscope. (£) To re
flector voltage supply. 

Adjustment of the reflector 
voltage moves the trace to the right or left, and adjustment of the 
magnitude of the sweep voltage varies the amount of sweep. 

18-3. Measurement of Standing Waves.—For cold measurements on 
magnetrons, standing-wave technique is of great value. The usefulness 
of this technique consists in the fact that it affords a method of measuring 
impedances at microwave frequencies where voltmeters and ammeters are 
out of the question. Use is made of the following property of the 
transmission line, namely, that the terminal impedance completely 
determines the standing-wave pattern in the line, which in turn is 
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characterized by two easily measured quantities: the standing-wave ratio 
and the position of the minimum voltage point. 

Transmission-line theory gives the relationship between the two 
quantities specifying the complex impedance, and the two quantities 
specifying the character of the standing wave. These relationships are 
available in convenient form as circle contour charts giving the trans
formation from minimum position and standing-wave ratio to resistance 
and reactance or from resistance and reactance to minimum position and 
standing-wave ratio. 

The transformation from standing-wave measurements to terminal 
impedance is made with the aid of the complex reflection coefficient q. 
Ordinarily the transmission line propagates only one mode, so that the 
field in the line is given by the linear superposition of two waves traveling 
in opposite directions. Their relative size and phase are such that the 
voltage-to-current ratio of the sums corresponds to the terminal imped
ance. If a voltage wave is given by the expression 

the corresponding current wave is 

Zo 

where Vo is the amplitude of the incident wave; /3 = 27r/X„ = to/c is 
the imaginary part of the propagation constant, which is purely imaginary 
because the line is considered lossless; x is the distance measured from 
the point where the impedance is considered to be located, and Z0 is 
the characteristic impedance of the line. The ratio V/I, evaluated at 
x = 0, is the terminal impedance Zj; hence 

Zi l+q 
if = Zi = \ > 
Z0 1 - q 

where Zi is the so-called "normalized" terminal impedance. Solving 
for?, 

zi — 1 , t . 
q = *TTT (1) 

The impedance at any point in the line is given by the expression 

2 = 1 - q e > ^ ' ( 2 ) 

Here qe'^x may be regarded as the reflection coefficient of the length 
x of line terminated in the impedance zi. There is, then, a 1-to-l cor
respondence between reflection coefficient and impedance, and the 
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reflection coefficient merely changes in angle through the factor e'1** 
with movement away from the load along the line. 

The complex transformation in Eq. (1) may be plotted on the complex 
g-plane in polar coordinates. The result is known as the "Smith char t" 
on which contours of constant resistance and reactance are circles. 

The standing-wave ratio, the measurement of which is described 
below, is defined as the ratio of the maximum to the minimum voltage 
(or current) in the line. Along the line the maximum voltage will occur 
at the point where the reflected wave is in phase with the incident wave, 
and the minimum voltage occurs where they are out of phase. Thus 
the standing-wave ratio p is given in terms of the magnitude of the 
reflection coefficient as 

p" r^r (3) 

Thus, the magnitude of the reflection coefficient is obtained from the 
measurable standing-wave ratio. 

The angle of q is obtained from the position of the standing wave in 
the line. As the minimum-voltage position is sharp, it provides the 
most accurate measure of the position, or phase, of the standing wave. 
The minimum position occurs at the point x in the line where the imped
ance is real and minimum. From Eq. (2) this will occur when 
e?v*0' — — 1, where 8 is the angle of the reflection coefficient, or 

6 = ir - 20a;mia + 2nir, (4) 

where n is an integer or zero and xm „ is the minimum position. 
The dual relations giving yi, the normalized terminal admittance, are 

given by noting that when zi = l/yi is placed in Eq. (4), then 

Thus, a point on an impedance chart rotated through ir radians yields 
the admittance point. The above relations may then be used for admit
tances if this substitution is made. 

Standing-wave Measurement with Standing-wave Detector.—The appa
ratus necessary for standing-wave measurement consists of the following 
pieces of equipment connected in tandem: a signal generator, a padding 
attenuator, a standing-wave detector, and a terminating load whose 
properties it is desired to study. A wavemeter is also connected 
somewhere between the signal generator and standing-wave detector 
unless wavelength measurements are made on the spectrum analyzer. 
From the standing-wave detector the signal is fed through a flexible 
coaxial line to the spectrum analyzer. Two or three tuning screws 
in the line near the attenuator provide a means of clearing up bad opera-
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tion by changing the load into which the signal generator feeds. A stub 
tuner in the cable leading from the probe to the spectrum analyzer may 
be used to maximize the signal strength. 

In operation, the traveling probe is set at the point where minimum 
signal is shown by the pip height on the spectrum-analyzer screen. The 
scale reading on the standing-wave detector is then noted. The probe 
is then moved to the point where maximum signal is seen, and the 
attenuator on the spectrum analyzer is turned until the pip height is the 
same as it was on the minimum reading. The standing-wave ratio is 
obtained from the two attenuator settings. This operation is usually 
repeated over the band of frequencies of interest in the particular meas
urement, the frequency or wavelength being noted at each point with 
the aid of the wavemeter attached to the spectrum-analyzer connections. 

The spectrum-analyzer attenuator may be calibrated if necessary 
by comparing its reading with the known variation of field in a short-
circuited transmission line and utilizing the fact that a sinusoidal pattern 
results which has minima separated by half a guide wavelength. 

■ Standing-wave Measurement with Absorption Resonance Indicator.— 
The magic T or directional coupler arranged as a resonance indicator 
(Sec. 18-2) may also be used to determine the SWVR at resonance. 
If the standing-wave ratio at resonance is unity, the reflected wave from 
the cavity will be absent resulting in a zero reading at resonance on the 
trace. Quantitative measurements of the standing-wave ratio at 
resonance are possible by introducing a calibrated transformer of variable 
transformation ratio and variable phase into the line coming from the 
magnetron. Such a transformer is shown in Fig. 18-10. I t takes the 
form of a tuning screw on a slotted section mounted in the same manner 
as the traveling probe of the standing-wave detector described earlier. 
The depth of the tuning screw is read on the dial indicator. Choke 
joints on the screw and on the traveling section prevent power losses 
from contacts and from coupling power out of the waveguide into the 
outside space. The screw introduces a transformer action, the trans
formation constant being the voltage standing-wave ratio or its reciprocal 
(depending on the phase) which would be set up by the screw in a matched 
line. This constant can be measured for various readings of the dial 
indicator by means of the standing-wave-detector setup described above 
and in Sec. 18-5. When used in this way the transformer is adjusted in 
phase and transformer constant until a match is indicated on the oscillo
scope trace. The value of the standing-wave ratio at resonance can 
then be obtained from a previous calibration of the dial indicator. 
Standing-wave ratios off-resonance also may be measured in this way, 
but the value at resonance is usually of greatest interest. 

I t may be noted here that the standing-wave ratio at resonance is 
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the only quantity needed to compute the circuit efficiency of the ordinary 
resonant circuit, and the absorption-resonance indicator with the adjust
able transformer thus provides a rapid method of measuring circuit 
efficiency. 

Another application of the standing-wave measurement described 
above is to the preloading of loop-coupled magnetrons. The difficulty 
of adjusting the load on a magnetron within close tolerances in production 

k i t -_a»_i .' __. J 
Flo. 18-10.—Adjustable transformer. 

is overcome by this procedure, and small-scale laboratory use is alsc 
helpful. As will be shown later in the discussion of Q-measurements 
the standing-wave ratio at resonance, which may be measured rapidly 
as described above, is simply the ratio of the unloaded Q to the external Q 
of the cavity. If the unloaded Q can be controlled within sufficiently 
close tolerances, then the external Q may be monitored directly from the 
resonance standing-wave ratio. Adjustment to the correct value is 
made easily with the continuous visual presentation of data on the screen 
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of the oscilloscope. The unaltered unloaded Q of the cavity, which in 
practice ordinarily falls within a 10 per cent scatter range, may then be 
used as a standard load for comparison with the external load, or lossy 
material may temporarily be introduced into the cavity in a controlled 
way. If the unloaded Q is reduced to the desired value of the external 
Q, the variable transformer on the indicator setup may be eliminated with 
considerable simplification of the procedure. 

18-4. Field-pattern Measurements.—The measurement of the field 
pattern of a magnetron-resonator system may be conveniently accom
plished with the use of a rotary probe.1 Such pattern measurements 
are useful for mode identification and for studies of the effect of asym
metries in a magnetron on the field pattern seen by the electrons. 

FIG. 18-11.—Hottiry-probe assembly. 

The rotary probe consists of a small capacitive probe mounted on a 
cylinder that occupies the space in the magnetron normally filled by the 
cathode. As the cylinder rotates, the variation of the probe current 
with angle provides a picture of the electric-field intensity at various 
angles. The field strength is shown in terms of a crystal current read on 
an oscilloscope whose horizontal-sweep voltage is synchronized with 
the rotation of the probe. The arrangement is shown schematically in 
Fig. 18-11. Interpretation of the pattern should take into account the 
fact that the crystal current is a function of the absolute value of the field 
only. Therefore, in the pattern of the ir-mode, the alternate positive 
and negative fields appear as positive currents. In Fig. 18- 12a is shown 
the actual field pattern of an eight-oscillator magnetron oscillating in the 
7r-mode, and in Fig. 18-12b the corresponding current pattern seen on 
the oscilloscope is given. For this number of oscillators the 7r-mode 

1 This method was first suggested to the Radiation Laboratory by the Westing-
house Research Laboratories at Pittsburgh, Pa. 



SEC. 18-4] FIELD-PATTERN MEASUREMENTS 711 

corresponds to n = 4, and the number of peaks is seen to be equal to In. 
This relationship holds for all the modes. 

A special phenomenon is observed with longitudinal variation of the 
probe position in strapped tubes. The presence of one strap nearer to 
the interaction space than the other at the end of the tube causes the 
field of the alternate metal tips to which that strap is attached to pre
dominate. The actual field is then altered as in Fig. 18-12c, the cor
responding crystal current being given in Fig. 18-12d. The degree 
to which the alternate tips are raised or lowered for off-center positions 

Field f 
strength 

Crystal \ 
current 

^•Angle 

-►Angle 

Field \ 
strength 

^-Angle 

Crystal \ 
current ( d ) —Angle 

Fio. 1812.—Field patterns and their presentation by a rotary probe, (a) Ideal field 
pattern; (b) oscilloscope pattern corresponding to (a); (c) field pattern distorted by s t rap; 
(d) oscilloscope pattern corresponding to (c). 

of the probe is an indication of the degree of field distortion due to 
strapping. 

It frequently occurs that two modes are so closely spaced that they 
are both excited at the same time. The resulting pattern is then a 
combination of the two patterns and may be difficult to interpret. 

Details of the equipment are shown in Fig. 18-13. A variable-speed 
motor rotates the probe. The motor should be run by direct current so 
that hum picked up from a-c fields will not decrease the sensitivity of the 
electrical system. Attached to the probe shaft is a small magnet which 
with each rotation passes by a fixed coil on a yoke and thus induces a 
synchronizing signal which is connected to the external synchronization 
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post on the oscilloscope. The probe is removable so that various sizes 
may be used according to the requirements of the problem. The crystal 
is contained inside the probe barrel, and the current is taken off the top 
of the probe by means of a brush. The platform to which the magnetron 
is clamped is movable vertically so that longitudinal studies of the pattern 
can be made. 

The signal from the brush must be amplified about one hundred 
times before it is strong enough to show on an oscilloscope of ordinary 
sensitivity. The amplifier must be capable of good low-frequency 
response, since slow rotational speeds are necessary to minimize brush 

FIG. 18-13.—Rotary-probe setup. 

noise. A high-frequency response of about COO cps is sufficient to show 
the individual peaks. Phase as well as amplitude distortion in the pass 
band should be low. 

The magnetron may be excited by means of a single coupling loop 
fed from a signal generator. If the mode spacing is wide, a large loop 
may be used; but if not, the overlap of modes must be minimized by 
keeping the loop small. Extremely large loops should not be used 
because they tend to distort the pattern. If the signal strength is too 
small, it is frequently necessary to insert a double-stub tuner at the 
coupling loop so that maximum power may be coupled into the tube. 

A variation of the method of handling the signal, developed at 
Westinghouse, makes use of a modulated oscillator. The r-f signal 
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exciting the magnetron is modulated with a square-wave modulator of 
fundamental frequency F, and the highest frequency of the pattern under 
study is / . The sideband frequencies are then F ± f, and a bandpass 
filter containing these would provide an envelope pattern corresponding 
to the line pattern given by the other arrangement and yet would elimi
nate considerable brush noise. 

18-6. Measurement of Q.—The adjustment of the r-f load of the 
magnetron is based upon the measurement of Q's, as is the determination 
of internal copper losses through which problems relating to circuit 
efficiency are solved. The usual definition of Q is adopted here, that is, 
the ratio of the stored energy to the energy dissipated per radian. It 
has been found convenient, however, to divide the dissipated energy into 
two categories: energy dissipated in the external load and energy dis
sipated as internal copper losses of the resonant cavity. The Q account
ing for the former is called the "external" Q and for the latter the 
"unloaded" Q. In addition, reference is made to the Q accounting for 
the entire loading of the cavity, the " loaded" Q. From the definitions, 
the following relationship is written between these quantities: 

where Qu is the unloaded Q, QE is the external Q, and QL is the loaded Q. 
The problem now is to measure these quantities. 

The Lawson Method.—An accepted procedure for measuring these 
Q's is the Lawson method. The detailed discussion of this procedure is 
introduced by a brief review of the theory. 

Reference will be made to a simple parallel-resonant circuit, the 
equivalence of which to the cavity near one of its resonant modes has 
been justified both theoretically and experimentally for rather general 
conditions. I t has been shown (Sec. 183) that the impedance or admit
tance terminating a transmission line may be measured in terms of the 
position of the voltage minimum and the standing-wave ratio of the 
wave in the line. In order to utilize admittance measurements to 
measure Q, use is made of the facts that energy storage in a resonant 
circuit is proportional to the slope of the susceptance curve vs. frequency 
and that the energy dissipated is obtained from a knowledge of the 
conductance representing the copper losses. 

In terms of the equivalent circuit, a voltage Ve'"'* can be applied to 
the terminals, where too is the resonant radian frequency; that is 
wo — l/y/LC. The energy stored at resonance is constant throughout 
the cycle so that it may be evaluated at the time when the voltage is 
instantaneously maximum and the current through the inductance is 
zero. The stored energy is then %CV2. But G is given by %(dB/d<a)o, 
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where the subscript denotes resonance. The stored energy is therefore 

»-?(£).■ 
I t is possible to show directly from Maxwell's equations that this 

relation holds for most microwave resonant cavities near a single resonant 
mode even though the lumped constants L and C lose their direct physical 
significance. The Q of the cavity is then given by the expression 

¥1 (dB) 
n — ^ \du/o _ "o (dB\ _ wo fdb \ 

2 b>0 

where g and b are the normalized values of G and B. If ga represents 
internal losses, the separate Q's are 

Qa = W\d^h ^ ^ ^ W o 5 QL = 2(1 + gt) \T»)o W 

I t is seen that measurement of the Q's resolves itself into measurement 
of wo, go, and (db/dw) o. The quantity o>0 is easily determined as previously 
described; but as it comes from the data required for the other two 
quantities, a separate determination of the cavity resonant frequency 
is not necessary. 

The measurement of the slope (db/du)o is ordinarily made in terms of 
the half-power points, the frequencies at which ]6| = g0 + 1, or the 
susceptance is equal in magnitude to the total conductance connected to 
the cavity, including the matched transmission line. If these radian 
frequencies are denoted by o>i and OJ2, 

|o)i — &)2| |Xi — Ki\ 

since db = 2(1 + g) for do> = |t»i — u2|. 
The problem is now to measure u>i and o>2 and ^o. These may be 

obtained from curves of measured standing-wave ratio and minimum 
position plotted against wavelength. Two cases arise which will be 
discussed separately. 

CASE 1, gr0 < 1-—If the loading due to internal losses is less than 
the loading by the transmission line, curves of the shape indicated in 
Fig. 18-14 result. Using Eqs. (3) and (5), the standing-wave ratio at 
resonance is pa = 1/ffo, whereas at the half-power points, where 
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yi = go ± j(go + 1) 

V 2 + 
Pi.a = 

\ ( l + gl) + 1 

V 2 \ ( i + °gl) 
(9a) 

+ 1 

Replacing g0 by 1/po, 

\ / 2 + 
P1.S 

\ ( P ! + 1 ) + 1 

V"2 V(po + l) 
(96) 

+ 1 

Because Eq. (9) expresses pi,2 in terms of p0 only, Xi and X2 may be deter
mined from the standing-wave ratio 
curve alone, as is go. The process 
is illustrated in Fig. 18-14. Equa
tion (8) is plotted in Fig. 18-15. 
QL is determined from Eq. (7), and 
the other Q's are given by 

Qu = QL(1 + po), 
Qv 

QE = 
Po 

(10) 

Although it is possible to deter
mine the Q's as described above from 

701 

10 20 30 40 50 60 
SWR at res. in db 

Flo. 18-14.—Q-curves for nonlossy case Fia. 1845.—LawBon curves. 
too < 1). 

the standing-wave ratio curve alone, it is frequently more accurate to 
make use of the minimum-position curve. The value of go must still 
be determined from the standing-wave ratio at resonance as before, 
but the half-power wavelengths are taken from the minimum-position 

orve. Since the minimum position is determined by the angle of the 
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reflection coefficient, the problem is to compute the angular shift in 
q or 8, from resonance to the half-power points. At resonance 0 = 0 
because the load admittance yi = go < 1. At the half-power points 
where b = ± (1 + go), 

B = A0 = + tan- 1 \ + g° + t a n - ' ^±-9° = + f tan" 
1 - go 1 + go \ 

From Eq. (4), AS = — 2/3 Ad = — 4ir(Ad/\„), where Ad is the minimum-
position shift from resonance to the half-power frequency. Substituting 
the value for Ad and pn = 1/ffo, 

Ad ±(st»-:-M + r.} <») 
The positive sign corresponds to the high-frequency side of resonance 
for by Eq. (6) the slope of the b against co-curve is positive (Lr being 
positive), and the positive sign corresponds to positive b. It should be 
noted that the minimum position shifts toward the load with increasing 
frequency when <jr0 < 1, a fact that will be used to identify this case when 
it is subsequently shown that the opposite is true when g0 > 1. 

Equation (11) is plotted along with pi,2 against p0 in Fig. 18-15. 
CASE 2, go > 1.—This case occurs less frequently, except at low 

wavelengths where small cavity dimensions lead to high losses, because 
the condition g0 > 1 implies that the internal losses are greater than the 
power delivered to the matched transmission line. The standing-wave 
ratio at resonance is po = go instead of l/g0 as before. Equation (9a) 
was derived by putting yi = go ± j(go + 1) in Eq. (5), then putting 
\q\ in Eq. (3). Thus, Eq. (9a) holds for the present case as well, and it 
will be seen that replacing g0 by l/oo leaves Eq. (9a) unchanged, and 
therefore Eq. (9b) also holds. 

The minimum-position shift is slightly more complicated. At 
resonance, yi = go is greater than 1, and hence from Eq. (4) d = T. 
Then Eq. (11) subtracted from ir/4x = \, with p0 replaced by 1/po, 
reverts to the same Eq. (11) with the sign reversed and rt replaced by 
TV As the positive sign then corresponds to the low-frequency side of 
resonance, this case is identified by a minimum-position shift away from 
the load with increasing frequency. The Lawson curves for half-power 
point standing-wave ratio and minimum-position shift therefore are 
applicable to both cases. This latter case is shown in Fig. 18-16. 

Equations (10) are altered by replacing p0 by 1/po. 
Referring to Fig. 18-14, the resonant wavelength may be taken from 

either curve, as it is the center of symmetry in either case. When the 
resonant properties are only approximated by the simple circuit, the 
center of symmetry of the curves will be slightly off the resonant wave-
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length; in this case the resonant frequency is taken from the minimum-
position curve, for it is from this curve that the final Q readings are 
taken. The minimum position at resonance, which is the point in the 
line where the cavity appears series-resonant and which is a quarter 
wavelength from the point at which the cavity appears parallel-resonant, 
is obtained at the same time. 

The effect of a length of line between the cavity and the measuring 
device is shown in the Q curves of Fig. 18-14 in the slope of the minimum-
position curve off-resonance. This slope is due to the change in electrical 
length of line caused by the change in wavelength across the curve. Its 
effect is to give the plot on oblique 
coordinates not at right angles to 
each other; that is, the curves are 
considered to be plotted on a verti
cal minimum-position axis but on a 
wavelength axis differing from the 
horizontal by an angle depending 
on the length of line between the 
m e a s u r i n g equipment and the 
cavity and on other frequency-
sensitive elements in the lead. By 
thus considering the plot, all the 
corrections necessary to take this 
effect into account in the measure
ment are a u t o m a t i c a l l y made. 
Points Ad above and below the 
resonance minimum position are 
projected at this angle instead of 
horizontally to the intersection with 
the curve. Incidentally, the value 
of the slope taken from the curve 
provides an experimental check on 
the equivalent length of line to the 
cavity, which in many cases may 
not be computed from the geometry because of the complicated structure 
of the line from the cavity. 

The circuit efficiency, or the ratio of the power delivered to a matched 
line to the total power dissipated in the matched line and cavity, is 
given by the expression 

„ - °" 
The circuit efficiency is seen to depend only on the standing-wave ratio 
at resonance. 

I'm 18-16.-

<\2 ^o Xj X—*~ 

- Q - c u r v e s for lo s sy cast 
(l/» > 1). 
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Another piece of information to be obtained from a Lawson-method 
Q-measurement is the loss introduced into the circuit by the output lead. 
The standing-wave ratio far off-resonance is a measure of this loss. The 
effect of this loss on the circuit efficiency may be deduced from the 
approximate equivalent circuit of Fig. 18-17. The value of the resistor 

representing the lead loss may be taken from the 
standing-wave ratio off-resonance; thus, <7i = p. 

Ordinarily the lead losses are so small that they 
do not affect the (^-measurement; but if the off-
resonance standing-wave ratio is low enough (of 
the order of 20 db), a correction must be made in 
the Q-measurement process. This correction is 

Magnetron copper loss not given here but may be derived from the circuit 
Fio. 18-17.—Equiva- of Fig. 18-17 in those cases which require it. 

wHh leadtssef. " " ^ A n alternative approximate way of handling 
lead losses is to consider the transmission line to 

the cavity as having a complex propagation constant, the magnitude 
of the loss being again given by the off-resonant standing-wave 
ratio. 

Modifications of the Lawson Method.—One modification applicable 
only to tunable cavities and using the same equipment as the previous 
method has the advantage of being fast at the cost of some loss in accu
racy. The signal generator is set to the wavelength where it is desired 
to measure the Q. With the cavity tuned far off-resonance, the standing-
wave detector is set at a voltage maximum point; this may best be done 
by reading the minimum-voltage point and setting it a quarter wave
length from this point (in either direction). The cavity is then tuned 
until the height of the pip on the spectrum-analyzer screen goes through 
a minimum, indicating that the minimum position has shifted one 
quarter wavelength. The resonant frequency of the cavity is then close 
to the signal-generator setting. Deviation from this condition may be 
due to variation of signal-generator output with load variation. The 
signal generator is next set as nearly as possible to resonance by measuring 
the standing-wave ratio at a few points on either side of the original 
wavelength. The standing-wave detector is then set to each of the half-
power minimum positions (see Fig. 18-15), and the signal generator 
adjusted until the pip goes through a minimum at each point. The 
difference in wavelength of these two points may then be used to compute 
the Q's as before. Although this method is fast, it does not take into 
account the variation of electrical line length with wavelength as described 
above, and the readings are somewhat inaccurate. I t may be used for 
obtaining variation in Q over the tuning range of a tunable cavity where 
the large number of Q values to be taken requires a faster method of 
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getting the data. Here the absolute value of the Q may not be so impor
tant as its variation, and the absence of the line-length correction will 
then not be serious. 

A second variation of the Lawson method makes use of the standing-
wave-ratio measurement obtained with the absorption-resonance indi
cator. As discussed in Sec. 18-2, the standing-wave ratio at resonance 
may be measured with this device, and from the Lawson curve of Fig. 
18-15 the standing-wave ratio at the half-power points is obtained. The 
adjustable transformer screw (see Fig. 18-7) is set to this value, the two 
wavelengths at which balance of the bridge is obtained being the half-
power wavelengths. This process may be carried through rapidly. 
From the result the Q's may be computed. The errors of this method 
are large also, the principal source of error being the inaccuracy with 
which the standing-wave ratio determines the frequency. The value 
of the circuit efficiency, because it is obtained only from the standing-wave 
ratio at resonance, is usually good, but the half-power wavelengths for 
the measurement of the Q's cannot be measured so accurately and intro
duce errors in the Q's. 

I t should be noted that the two possible types of resonance illustrated 
in Figs. 18-14 and 18-16 may be distinguished by making use of the fact 
that the direction of the minimum shift is different in the two cases. In 
Case 1, go < 1, the dip on the screen of the oscilloscope increases in 
wavelength when the adjustable transformer screw is moved toward 
the T if it is set near the correct value for measuring the standing-wave 
ratio at resonance. The opposite is true of Case 2 (g0 > 1). 

The Lawson method gives good results until the Q falls below about 
50, when it is often desirable to modify the method somewhat. Then 
it is convenient to use the slope of the minimum-position curve rather 
than to locate the half-power points; data need then be taken over only a 
large enough range to get an accurate value of the slope. At the same 
time the error due to line length is much more pronounced and must be 
carefully taken into account. 

The external Q = QE may be determined from the slope of the mini
mum-position curve. The result depends, however, on the standing-
wave ratio at resonance, as does the minimum shift to the half-power 
points. This complication can be neglected when QE is low because, as 
a result of the heavy loading, the standing-wave ratio at resonance is 
always very high. The standing-wave ratio at resonance is given by 
QV/QE, and with reasonable Qu (typical value being about 2000 at S-band 
or 1000 at X-band) and low QE there exists essentially a lossless circuit. 
For the lossless case then, 

n X dm 
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where m is the minimum position given in the same units as X and Xs 
is the guide wavelength. The loaded Q is essentially the same as the 
external Q under the present conditions. The unloaded Q may be 
obtained by measuring the standing-wave ratio at resonance and making 
use of Eq. (5). Often, however, the unloaded Q is not needed. 

The correction for electrical-line-length change with wavelength 
may be made most easily by regarding the length of line as an additional 
resonant circuit whose external Q adds to that of the cavity being meas
ured. A direct measurement is possible by placing a short circuit across 
the line or waveguide at the coupling point with the cavity. The slope 
of the minimum-position curve is measured and its effective QE computed 
by Eq. (7) and subtracted from the QE of the cavity plus line-length 
combination. When the geometry of the coupling is simple, the line 
QE may be computed from the equation 

where n' is the equivalent number of half wavelengths of line. In the 
case of coaxial line, n' becomes n, the physical number of half wavelengths, 
whereas n' = (X„/X)2n in the waveguide case. 

There exists an alternative method of obtaining the minimum-position 
curve vs. wavelength that may be convenient under certain conditions. 
If a certain wavelength is being fed into the cavity-plus-line system 
and the minimum position is noted, a short circuit may be placed at the 
minimum position to obtain a system resonant at the wavelength in 
question. Use is made of this fact to get the minimum-position curve 
by measuring the resonant wavelength of the system as a function of 
plunger motion when a movable plunger is varied along the output line. 
The resonant-wavelength measurement may be performed by any of the 
methods previously given, and from the data obtained and from Eq. (7) 
one may compute external Q looking into the output that is being tuned 
by the plunger. 

The unloaded Q may also be found by a transmission method. Power 
is fed into one small loop and detected in another small loop in a cavity. 
Transmitted power as a function of wavelength may be used to obtain 
the unloaded Q directly from the half-power points. Refinements of 
this method for high Q's may be made using a sweep presentation on 
the screen of an oscilloscope so that the operation may be done rapidly. 

Location of Resonant-circuit Terminals.—The properties of a resonant 
circuit are ordinarily given when the Q's and resonant wavelength are 
specified, but in the case of a transmission line at microwave frequencies 
there is an additional parameter that is needed to specify the resonant 
circuit completely. This parameter is the location of the terminals of the 
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resonant circuit in the line. There is an ambiguity which may be removed 
by specifying the character of the resonant circuit as either series or paral
lel resonance. A series circuit is transformed into a parallel circuit by an 
addition of a quarter wavelength of line, and the subtraction of a quarter 
wavelength of line reverses the procedure. Reference will be made in 
the following discussion to parallel resonance with the understanding that 
the terms may be changed to apply to those of series resonance if desired. 

The location of the resonant circuit in the line is accomplished to a 
certain degree of accuracy when the Lawson method of Q-measurement is 
employed. The point A of Figs. 18'14 and 18-16 is the point in the line 
where the circuit is series resonant, and therefore the parallel-resonance 
point is one quarter wavelength from 
this point in either direction. 

For some purposes it is necessary 
to measure the position of the termi
nals very accurately. A method is 
described below in which the location 
of this point may be obtained as a cor
rection to a previous determination. 
The method was first developed for 
attaching a stabilizing cavity to a 
magnetron in the output line where 
the distance between the resonant circuits had to be very closely an 
integral number of half wavelengths. 

In Fig. 18-18 are shown two parallel-resonant circuits connected by a 
length of transmission line. The two resonant circuits are taken to be 
of the same resonant wavelength X0. Reference to other wavelengths 
will be made in terms of their percentage difference from Xo, or by the 
relation 

, X - X„ 

1-c 

V ' 1 
F I G . 18-18.—Two resonant circuits 

connected by transmission line. 

-fcl 1 -[& 1 

The results of solving the circuit of Fig. 18-18 for its modes, or 
resonances, are 

Sa + 5b _ Al 
2 ~ \~n'' 

8a — Si = Ai(x^) + 
1 

tom'y'c 

(12) 

(13) 

where the subscripts a and b refer to the long- and short-wavelength 
modes respectively, I is the physical length of transmission line that is 
to be made equivalent to an integral number of electrical half wavelengths 
at the resonant wavelength of the parallel-resonant circuits after the 
correction — Al is made, X„ is the guide wavelength if the transmission 
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line is waveguide or the space wavelength in a coaxial line, and y'c is the 
characteristic series admittance for yc\ and yci; that is z'c = zci + zc2. The 
quantities yci and yC2 are numerically equal to the corresponding external 
Q's. The resonance whose wavelength is very near to X0 has been 
omitted as unimportant in the present discussion. 

Equations (12) and (13) form the basis of measuring the line-length 
error Al; and X„ being known at the point where the correction is made, 
all that is required for Al is a knowledge of n' in Eq. (12). The value 

of Al/\en' from Eq. (12) is substituted 
i in Eq. (13) along with the value of y'c, 

o ^ which may be obtained from Q-meas-
c—r—' urements, and the equation solved for 

n'. This value put back in Eq. (12) 
gives the value of Al. 

The above equations have been 
developed on the basis of two resonant 
circuits. One of these may be omitted 

FIG. 18-19-Resonant circuit and T from the equations simply by making 
connected by transmission line. ^ f J j o 

yc equal to yc, the normalized charac
teristic admittance of the remaining circuit. Use of both forms of the 
equations will be made. 

For the measurement of da and &, two cases will be discussed, one in 
which there are two resonant circuits or cavities separated by a length of 
line (Fig. 18-18) and the other in which there is one resonant circuit 
with a length of line terminated in a T as shown in Fig. 18-19. The first 
step in either case is setting up the first approximation to the correct 
length of line. The Q's of the two cavities or of the one cavity (as the 
case may be) are measured by the Lawson method, giving the external Q 
and the minimum position at resonance. In the two-cavity system, the 
two circuits are connected so that their minimum positions at resonance 
occur at the same point in the line. In the T system, the T is placed so 
that a parallel connection of the three arms is made at a quarter wave
length from the minimum position at resonance or so that a series con
nection is made at the minimum position at resonance. Within the 
accuracy of the Q-run data, then, the connecting line will be of the correct 
length. Then the mode wavelengths are measured, and from these the 
correction to the tentative line length set by the Q-run data is computed. 

In the two-cavity case, there is usually a T of some sort for coupling 
the system to a load. If not, a probe may be installed for the purpose 
of measuring the wavelengths of resonance. The mode wavelengths are 
measured directly by any of the means previously described; the data 
put into the equations given above; and the correction to the line length 
computed. The line length is the total separation of the cavities. 
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A variation of the two-cavity system is one in which one cavity is 
replaced by a short circuit. I t will be noted that a short circuit is a 
resonant circuit in which yc = « . 

In the T case, use is made of a special technique for determining the 
mode wavelengths. Figure 18-19 shows the T connected to the length 
of line terminated in the resonant circuit. A variable reactance is 
connected to one pair of terminals. The resonances seen looking in the 
terminals A will be the resonances of the system of the resonant circuit, 
the line length, and the variable reactance. The resonance of importance 
here is the one corresponding to a short circuit at the T terminals. Since 
for this condition the system is short-circuited from the terminals A, 
the resonance will not be visible on the resonance indicator. As the 
reactance is varied about this point, the resonance dip on the indicator 
will progress as shown in Fig. 18-20, a deep resonance dip appearing first, 
becoming smaller, disappearing completely, and then reappearing, while 
the wavelength of the dip changes continuously. The disappearance or 

fYfYJX 
F I G . 18-20.—Measurement of wavelength by null method. 

null wavelength is then the mode wavelength to be measured. There 
will be two such modes: one below the cavity frequency and one above. 
The wavelength measurement may be made very precisely because the 
indication is sharp; it is thus possible to obtain great accuracy in the 
line-length error measurement. 

The exact nature of the variable reactance depends on the individual 
problem. A plunger in waveguide in one of the T arms is suitable. 
Furthermore, another cavity may be used, the variation in reactance 
being accomplished by tuning the cavity. The two methods of getting 
mode wavelengths described here may be combined. Two cavities 
connected by a length of line and tapped into by means of a T may be 
adjusted for correct line lengths by measuring the over-all correction as 
in the first case and the cavity-to-T correction by the second method. 
The correct relationship between the two cavities and the T may then be 
easily adjusted. 

18-6. The Stabilization Factor.—The concept of stabilization was 
developed as the result of an effort to provide additional r-f energy storage 
in the resonant system of the magnetron for the purpose of stabilizing 
its operating frequency. Design of stabilizing equipment is discussed in 
Chap. 16. The measurement of the degree of stabilization by cold-



724 MEASUREMENTS [SEC. 18-6 

measurement techniques is described here, and the results extended to 
other uses. 

The concept of stabilization may be used wherever there exists a 
resonant system that may be divided into parts for convenience in 
analysis. Stabilization by means of an external cavity is a problem of 
this nature. The magnetron contains a resonant system of its own, and 
the addition of another resonant cavity to the entire resonant system 
simply adds to the r-f energy storage. The stabilization factor is defined 
as the ratio of the total r-f energy stored in the entire system to the 
energy stored in the part of the system used as a basis for reference. 
Thus, the stabilization factor of the stabilized magnetron system is 
the ratio of the total energy stored to the energy stored in the magnetron 
alone. This definition will now be related to practical methods of 
measurement. 

The measurement of stabilization factor rests on the same basis as 
the measurement of Q; that is, the energy storage in a resonant system 
is proportional to the rate of change of reactance with respect to fre
quency in a series-resonant system (a system in which resonance is 
defined as zero susceptance). Since reference to a specific energy level 
which depends on driving current or voltage is to be avoided, a ratio of 
energies is taken as in the case of the Q. 

A description is first given of a method for measuring stabilization 
factors that makes use of the Q-measurement methods already developed. 
Stabilization may be measured through the medium of Q-measurement in 
at least two different ways. One of these is based directly on the defini
tion of stabilization. If the external Q of a system is measured looking 
into a certain output where the measurement is made, a value is obtained 
that is proportional to the energy stored in the system. If all but the 
part of the system to which the stabilization factor is referred is shunted 
out of the system and the external Q measured again, the stabilization 
factor will be the ratio of the first to the second Q taken. In shunting 
out the remainder of the resonant system the fields at the division surface 
must be replaced by identical fields that are not frequency sensitive, or in 
other words that are not associated with energy storage. It is apparent 
that this process may be very difficult, and for this reason it can usually 
be done only when the division surface is a surface of zero electric field. 
Then it is necessary only to replace this surface with a metal surface, 
thus providing a short circuit. For example, a cavity that is iris-coupled 
to a magnetron makes up a stabilizing system whose stabilization factor 
is the ratio of the external Q looking into the regular output under normal 
conditions to the external Q looking in the same way but with the iris 
filled with a wedge of copper. It is necessary for the field configuration 
to be kept the same for the two Q-measurements so that the external 



SEC. 18-6] THE STABILIZATION FACTOR 725 

coupling will not be changed. If the coupling were different in the two 
cases, the proportionality factor of the energy storage would change and 
the result would be in error. 

The second method making use of Q-measurements may be used 
when the coupling between the cavities is made in standard transmission 
line. Then the external Q's looking into each cavity separately may be 
measured, the stabilization factor being 1 plus the ratio of the stabilizing 
cavity Q to the magnetron Q, using the stabilized magnetron case as an 
example. 

A third method of measuring stabilization factor makes use of relative 
tuning rates. A tunable cavity, when stabilized, tunes less for a given 
motion of the tuner; that is, as implied by the term "stabilization," 
the frequency constancy is in-
creased. T h e quantitative as
pects of this behavior are derived 
from Fig. 18-21, which shows two 
curves of reactance vs. radian fre
quency, one for each circuit. 
Curve A is assumed to be the reac
tance curve of the tunable sta
bilizing cavity, and B that of the 
r e f e r e n c e cavity. Resonance 
exists where the sum of the curves 
is zero. When the two curves 
both pass through zero reactance 
at the same point, their resonant 
frequencies are identical and equal 
to coo. Shifting the frequency of A to m, corresponding to the curve A', 
results in making the resonant frequency of the combination w'0. If AAoi 
represents coi — co0 and ATa represents w$ — coo, it may be derived from 
the geometry of Fig. 18-21 that 

I These distances 
/ are equal 

F I G . 18-21.- Effect of tuning the stabilizing 
cavity. 
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Here, SA,B is the stabilization factor of A with respect to B (B is the 
reference cavity) and AToi/AAo> is the percentage tuning rate, the factor 
by which the tuning rate of the stabilizing cavity is reduced by using 
it for stabilization. The problem now becomes the measurement of the 
percentage tuning rate. This measurement may be made easily by means 
of the usual wavelength-measurement methods, the tuning rates being 
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made on the entire system and on the stabilizing cavity alone with the 
reference cavity blocked off. 

If it is more convenient to tune the reference cavity, the data may be 
changed to the desired form by means of the relationship 

SA.„ = 1 + ., l . = „ S ' ! A ■• (15) 
£>R,A — 1 Ofl.,4 1 

The stabilization factor, then, may be measured by means of Q-meas-
urements or by relative tuning rates. In practice, Q-measurements 
with and without stabilizing cavity are more accurate for high-stabiliza
tion factors, relative tuning rates for low-stabilization factors, and 
independent Q-measurements in the connecting line for either. However, 
a high-stabilization case may be changed into a low-stabilization case 
by reversal of the sense of stabilization; that is, a cavity stabilizing a 
magnetron with a high-stabilization factor is itself stabilized by the 
magnetron with a low-stabilization factor. This fact is shown by 
Eq. (15). 

The concept of stabilization may be used for other purposes, such as 
the measurement of L/C ratio of a magnetron oscillator. This problem 
turns out to be that of measuring either L or C, because the other may be 
computed from the knowledge of the resonant frequency of the cavity. 

The problem of determining the value of C as seen by the electrons 
in a magnetron will be considered. I t is assumed that a hole-and-slot 
magnetron is being measured; the vane magnetron is more difficult to 
measure, but the same method may be used. In the region of the slot 
the capacitance may be computed from the usual formula for a parallel-
plate condenser. I t is then recognized that the equivalent capacitance 
of the cavity is greater than that due to fringing fields and displacement 
currents in the inductive region of the oscillator. The problem then 
becomes one of measuring the stabilization factor of the extra equivalent 
capacitance with respect to the computed capacitance. (Energy storage 
in a parallel-resonant circuit is proportional to capacity.) This is done 
by inserting a slab of nonconducting material of known dielectric constant 
into the space whose capacitance may be computed and noting the shift 
in resonant frequency. The shift to be expected if the total capacitance 
were lumped into this space may be computed from the dielectric con
stant, and this value may be compared with the experimental value, 
the stabilization factor being computed from Eq. (14). The effective 
capacitance may then be computed by multiplying the computed capacity 
by the measured stabilization factor. 

18-7. Magnetron-mode Identification.—Much of the technique of 
mode identification has been discussed already in connection with the 
description of the rotary probe; a few remarks about the use of the 
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rotary probe are given here in addition to two elementary methods of 
mode identification. The electromagnetic-field configuration for the 
various modes is assumed to be known (see Sees. 1-4, 2-9, and 3-2). 

The use of a hand-operated rotary probe of the kind described in 
Sec. 18-4 is appropriate when the amount of data to be taken does not 
justify the use of the more expensive motor-driven device. The same 
data may be taken point by point with the aid of this simple equipment. 
The probe itself should be constructed in about the same way as the 
motor-driven one, but it is not necessary to provide brush contact; a 
wire connected directly to the crystal output may be run to the meter. 
This probe is mounted in a rigid frame so that it may be rotated by hand, 
a pointer indicating the angle against which the meter readings are 
plotted. 

Mode identification is straightforward in the light of the discussion 
in Sec. 18-4. The modes encountered in a symmetrical magnetron are 
easily recognizable, the ir-mode in particular being nearly always sym
metrical. A magnetron employing strap breaks often presents a confus
ing picture on the lower modes, but the patterns observed on the screen 
can usually be interpreted. Long anodes should be searched for longi
tudinal modes. These appear with the same patterns as the standard 
modes, but they vary in intensity with longitudinal variation of the 
probe position, the most common one becoming zero at the center of the 
anode. 

The identification of the modes can be made from wavelength meas
urements if the spectrum of the magnetron is known. For example, 
a strapped magnetron has modes whose resonant wavelengths decrease 
with decreasing mode number, and the wavelengths of the modes plotted 
against number are points through which a smooth curve may be drawn. 
The series of wavelengths may then be measured and the various modes 
selected on this basis without the added complication of the probe meas
urements. A very simple test may then be made to verify these results. 

This test consists of inserting a screwdriver, pencil, or other similar 
object into each oscillator while the magnetron is excited at one of its 
modes and noting the detuning effect. On the ir-mode the detuning effect 
is the same for all oscillators. On the other modes the detuning effect 
varies according to the energy stored in each oscillator. There will be 

(N \ 
two oscillators in which there will be no detuning for the I -~ — 1 l-mode, 
where N is the number of oscillators (ordinarily an even number); four 

(N \ 
for the I -~ — 2 j-mode, provided N/4. is an integer; and so forth. 

The greatest use of the rotary probe is in the investigation of field 
intensities in new types of magnetrons or other similar devices. 
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18-8. Cathode-lead Loss.—It is frequently necessary in magnetron 
design to install chokes in the cathode leads to prevent r-f leakage and 
radiation which would decrease the efficiency of the device. The first 
problem in this connection is to determine whether or not such leakage 
is present to an undesirable degree. Leakage can be detected on the 
spectrum analyzer during a standard Q-measurement. The signal 
generator is tuned to the resonant wavelength of the magnetron, as 
evidenced by the minimum standing-wave ratio. Then the movement 
of any conducting material in the neighborhood of cathode leads that 
couple out power will be reflected in a variation of the size of the signal 
seen on the spectrum analyzer. Touching the leads with the fingers is a 
very sensitive test for leakage. The degree of coupling may be estimated 
from the changes in the standing-wave ratio produced by placing reflect
ing objects near the cathode leads. 

A more convenient method of detecting cathode-lead leakage makes 
use of the magic T or directional-coupler resonance indicator. The 
detuning effect of variation in external conditions is easily observed 
because the data are presented over a band of frequencies and the very 
convenient form in which the data are presented allows the leakage check 
to be performed quickly. 

The usual remedy for cathode-lead r-f leakage is a quarter-wave 
coaxial-line choke soldered in each lead that comes out of the magnetron. 
It is possible, however, that a lead resonance may be set up if the place

ment of this choke is accidentally 
n—fh in the appropriate position. Be

cause this resonance is usually 
Sliding contact lossy in character, the unloaded 

Wire to move Q of the magnetron is affected 
choke from adversely with corresponding de-
tne outside crease in the circuit efficiency. 
FIG. 18-22.—Movable cathode choke. -r̂  . i , i i i-± 

t urthermore, there may be a split 
in the mode spectrum so that the operation of the magnetron is erratic. 
There arises, therefore, the special problem to be attacked by cold-
measurement methods in locating the cathode choke so that this reso
nance is avoided. 

The 2J42 magnetron is used for an example. This tube has an end-
mount cathode so that there is a single cathode lead coming out of the 
pole piece on one side. The problem to be solved is the location of 
the places where the choke should not be placed. Figure 18-22 shows the 
movable cathode choke that was made especially for this experiment. 
As there is no current flow at the mouth of the quarter-wave choke, 
the fixed choke may be replaced by the movable one with practically no 
change in the operating conditions. The sliding movement thus pro-
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Undesirable 
choke position 

_i_ 
2.0 

F I G . 

3.0 4.0 
x in cm 

18-23.—Effect of cathode-choke 
position on SWR. 

vided makes possible a continuous motion whose effect may be observed 
continuously on the screen of a resonance indicator. Figure 18-23 
shows a plot of the results observed on 
the magic T indicator. 

The cathode-choke movement x is 
plotted horizontally, and the effect on 
the resonant circuit is plotted vertically. 
The latter is measured by the height of 
the minimum point of the trace seen 
on the screen. The coupling loop loads 
the magnetron so heavily that the 
standing-wave ratio at resonance is 
high. As the loss due to the cathode-
choke resonance enters a resonance 
region, the SWVR drops. The cath
ode-choke experiment may be general
ized to include a wide variety of 
experiments in insertion loss. 

18-9. Tube-model Techniques.—An anode block that is similar to 
but not identical with a proposed design and is constructed especially 
for the purpose of cold-testing is called a " tube model." Models have 
proved to be extremely useful for the investigation of the resonant proper
ties of a magnetron under development. Their principal advantage is 
that they are easier to construct than actual magnetrons and give a great 
deal of information on which the design of an actual magnetron may 
be based. Models may be made for any frequency where the conditions 
of construction and testing are most advantageous, because wavelength 
data scale reliably as the first power of the geometrical size. Thus a 
proposed magnetron that requires special construction techniques to 
be worked out before it can be constructed may have its properties 
investigated by means of a model which can easily be built at a longer 
wavelength. The resonances can be located; mode separation and 
patterns noted; and the data then scaled to apply to a magnetron at the 
desired frequency. Unloaded Q may also be scaled because for any given 
shape of cavity it is proportional to the square root of the wavelength. 

In selecting the wavelength at which to construct a model, the availa
bility of good test equipment is a real consideration. Of importance are 
signal generators with good power outputs and wide tuning range, spec
trum analyzers, calibrated attenuators, and slotted sections. As an 
illustration, most models at the Radiation Laboratory were constructed 
largely at 10-cm wavelength because of the general superiority of equip
ment at this wavelength. 

Model tubes can be modified as a result of the cold resonance obtained, 
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and for this purpose the model may be constructed of brass and bolted 
together to facilitate changes in form. Wavelength and mode data can 
be obtained in this way; but if unloaded Q data are to be taken, it is 
necessary to hard-solder the model and construct it from the final 
material. This added expense should not be incurred until such things 
as resonant wavelength are determined and found to be satisfactory. 
A typical procedure for the design of a magnetron is first to make a model 
of brass with various parts bolted or soft-soldered together. The size of 
certain parts such as the straps and vanes is varied, and the wavelength 
data taken for each variation. The wavelength-vs.-variation curve 
then provides the basis for the selection of the correct dimensions. Other 
quantities, of course, such as stabilization factor, may be adjusted as 
well. When the final dimensions are selected, a copper model may be 
constructed for the purpose of measuring the unloaded Q. 

OPERATING MEASUREMENTS 
BY A. G. SMITH 

Accurate quantitative measurements of the operating conditions 
of a magnetron are useful as aids to design, as production controls, and 

Standing wave 
indicator Thermistor 

Tuner 

•-Voltage meter 

—f VfJurrent meter 

J* bridge 

£L Water or 
sand load 

a Power meter 

Wave meter or 
spectrum analyzer 

F I G . 18-24.—Arrangement of test bench components. 

as guides to intelligent operation. In addition, a magnetron is frequently 
employed in the testing of other microwave components, and in this 
application a knowledge of its output power, frequency, and stability is 
essential. 

Although the proper use of scaling principles and cold-measurement 
techniques may save needless effort in the designing of a magnetron, an 
operating model must finally be constructed and tested in order to 
determine quantities that can at present be predicted only approximately. 
The quantities to be determined are the range of currents and voltages 
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over which operation is stable, the electronic efficiency, tuning range, 
cathode-heating effects, electronic leakage current, and the power-
handling capabilities of the input and output circuits. 

MaggeVoi "SUicL.ij, mvs thtrm,Jir Wj I"i"tar 

F I G . 18-25.—Low-power coaxial-line magnetron test bench. 

F I G . 18-26.—High-power waveguide magnetron test bench. 

Figure 18-24 shows in schematic form the components necessary for 
testing an operating magnetron and their arrangement on a typical 
test bench. Either coaxial line or waveguide components can be used; 
and although the construction of some of the components differs for c-w 
and pulsed testing, their arrangement remains essentially as shown. 
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Figures 18-25 and 18-26 are photographs of typical coaxial-line and 
waveguide test benches, comparable to the schematic view in Fig. 18-24. 

The components shown in Fig. 18-24 provide a rather complete set 
of data on operating magnetrons, but not included are certain pieces of 
equipment useful in special cases, such as V-I oscilloscopes (see Chap. 8) 
or r-f viewers (see Vol. 11, Radiation Laboratory Series). 

18-10. Measuring Techniques. Performance Charts.—In general, the 
performance chart is the most useful presentation of the operating 
characteristics of a magnetron. (For specific examples of such charts 
see Chap. 19.) The following measurements must be made in order to 
plot a complete performance chart, including pushing-coefficient con
tours:1 magnetic field, (average) current, (pulse) voltage, (duty ratio), 
(average) output power, and frequency. 

A large amount of data is generally required, and a systematic proce
dure should be followed in obtaining it. The technique described here 
has been found satisfactory for most types of testing. I t is convenient 
to begin work at the lowest magnetic field that is to be used; for if a high 
field is selected first, each time that it is reduced the magnet must 
be demagnetized in order to preserve its calibration. After the magnet 
current has been set to the desired value, plate voltage is applied to the 
magnetron and increased until stable oscillation begins. The presence of 
r-f output may be detected most quickly and simply by means of a | -
watt neon bulb which is excited by inserting its leads into the r-f line 
through the slot of a standing-wave detector or tuner. Stability of 
operation can be judged from the steadiness of the neon glow, from the 
current and voltage pulses on a synchroscope, or from the image on a 
spectrum analyzer. In the case of a pulsed tube, the spectrum analyzer 
is a valuable adjunct, for the spectrum of a magnetron frequently deteri
orates badly near the limits of its stable range. Having set the plate 
current at the lowest value at which satisfactory operation is obtained, 
the operator then records the voltage, current, power output, and fre
quency. If a water load is being used to measure power, the rate of flow 
must be determined and checked at reasonable intervals. The plate 
current is next increased somewhat, and the readings repeated. This 
process is continued until a limit is set by mode-shifting, arcing, or 
overheating of the cathode. When one of these occurs, the current is 
reduced to the starting value, the magnetic field is increased, and the 
process repeated. The performance chart may be extended in voltage 
until the magnet saturates or until arcing occurs in the magnetron even 
at low currents. 

The plotting of c-w performance data is relatively simple, requiring 
only the calculation of plate efficiency. Pulsed data require the con-

1 The quantities in parentheses apply only to pulsed operation. 
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version of average-current and average-power readings to the pulse 
values through division by the duty ratio, which must be determined 
from a calibration of the apparatus. Performance charts are almost 
always taken into a matched line, and therefore a tuner and standing-
wave detector are not needed, although the latter is a convenience in 
checking the match of the load. 

Rieke Diagrams.—The Rieke diagram is of great value in determining 
the effects of loading on the performance of a magnetron. Many , 
examples of these plots will be found in Chap. 19 of this book. The 
information that is needed in the preparation of a complete Rieke dia-

FIG. 18-27.—Waveguide double-slug tuner with Mycalex slugs. 

gram is1 (average) current, (pulse) voltage, (duty ratio), (average) 
power output, frequency, magnitude of standing wave, and phase of 
standing wave. The following procedure has, in general, proved to be a 
satisfactory method of obtaining such data. 

In measuring the Rieke diagram the magnetic field and the plate 
current are held constant, while a standing wave of variable phase and 
magnitude is presented to the magnetron. This standing wave is set 
up by means of a double-slug tuner (see Fig. 18-27) and measured by 
using a standing-wave detector (see Fig. 18-4) placed between the tuner 
and the magnetron. In the case of high-power magnetrons, it may be 
necessary to take the Rieke diagram at a power output well below the 
usual operating point because of breakdown in the slugs or magnetron 
output or arcing inside the tube itself when a high standing wave is set up. 

1 The quantities in parentheses apply only to pulsed operation. 
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With the magnetic field set at the proper value, the magnetron is put 
into oscillation and the distance between the slugs is adjusted until the 
standing-wave detector indicates that a match has been obtained. The 
magnetron plate' current is then brought to the value that has been 
decided upon, and the voltage, power output, and frequency are recorded, 
giving a point that when plotted will lie at the center of the diagram. 
The separation of the slugs is next changed slightly until a standing 
wave of small amplitude is set up, and the plate current is reset to its 
previous value—if, indeed, it has varied at all. The magnitude and 
relative phase1 of this standing wave are recorded, the phase being 
measured from a scale on the standing-wave detector. Leaving the 
separation of the slugs unchanged, the tuner is now moved a fraction 
of a wavelength, and all of the readings are repeated. I t will be found 
that although the phase of the standing wave has changed, its magnitude 
is virtually unaltered, with the result that it will appear on the diagram 
at the same radius as the second point and removed from it by an angle 
equal to the difference in electrical degrees between the phases of the two 
points. In this manner, the operator proceeds around a full circle on the 
diagram, corresponding to a half-wavelength movement of the slugs and 
a half-wavelength change in phase. The tuner is then readjusted to 
set up a higher standing wave, and another circle is completed. The 
process is continued until r-f breakdown occurs in the line, the magnetron 
becomes unstable, or the tuner reaches the maximum standing-wave 
ratio of which it is capable. 

Although the phase thus far is referred to a purely arbitrary origin, 
that is, the zero of the scale, it may be made more specific by referring 
it to a suitable plane at the magnetron output. This translation, of 
course, merely involves the measurement in electrical degrees of the 
distance between the selected plane and the zero point of the scale. 
I t is conventional to plot motion of the phase toward the magnetron in a 
counterclockwise direction. The radial scale may be marked in SWVR, 
SWPR, or reflection coefficient. 

Pulling Figure.—The pulling figure of a magnetron is defined as the 
maximum change in frequency that occurs as a standing wave with a 
voltage ratio of 1.5 is presented to the tube and the phase is varied 
through 360°. Although the pulling may be determined from a Rieke 
diagram, this technique is needlessly laborious unless the other informa
tion contained in such a plot is desired. A more direct method consists 
simply in placing a tuner in the line, setting up a standing wave of 1.5 in 
voltage, and determining the frequency limits as the phase is varied. 
By far the most satisfactory indication of the frequency deviation is 
obtained with a spectrum analyzer; on the screen of this instrument the 

1 Always measured from the minimum of the standing-wave pattern. 
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FIG. 18-28.—Spectrum of a pulsed magnetron 
as seen on a spectrum analyzer. 

spectrum moves back and forth along the baseline as the phase of the 
standing wave changes, and the amplitude of the motion is readily meas
ured by means of any of the frequency-measurement techniques discussed 
in connection with the spectrum analyzer in Vol. 14. I t is sound 
procedure to check the standing-wave ratio at each of the two points at 
which frequency measurements are made. Even though the separation 
of the slugs remains constant, 
slight changes in the impedance of 
the line or the superposition of a 
reflection from the load may alter 
the ratio enough to impair the 
accuracy of the pulling figure that 
is o b t a i n e d . T h e magnetron 
should be thoroughly warmed up 
b e f o r e pulling-figure measure
ments are attempted, or thermal 
frequency drift will enter into the 
results, although this source of error is more likely to occur in pulling 
figures obtained from Rieke diagrams. 

Spectrum.—Much can be learned about the operation of a pulsed 
magnetron from a study of the r-f spectrum. The theoretical form of 
this spectrum is shown in Fig. 18-28.1 Certain deviations from this shape 
are attributes of the voltage pulse that is applied to the magnetron, and 
other? result from the action of the tube itself. A voltage pulse with an 
excessively .sloped or rounded top will produce a frequency modulation 
that may broaden the spectrum appreciably, and a frequent concomitant 
of this condition is a marked difference in the heights of the secondary 
maxima on one side of the spectrum as compared with those on the other 
side. Another common phenomenon is the random, intermittent dis
appearance of one or more of the vertical lines that make up the spectrum; 
this is an indication that at the moment at which that line should have 
been formed, the magnetron had shifted modes or was arcing. In certain 
regions of the performance chart, usually at very low currents, the spec
trum may be observed to broaden as the region is entered and finally 
to break up completely into a distribution resembling noise. A similar 
deterioration is frequently noticed when a heavily loaded magnetron 
enters the unstable portion of a Rieke diagram. 

The spectrum of a c-w magnetron is of less significance to the operation 
of the tube. The spectrum analyzer is still very useful, as it provides an 
effective means of observing small frequency shifts. 

18-11. Operating Technique.—Before putting a magnetron into oper
ation, it is a reasonable precaution to test it with a spark coil and ohm-

1 See also Vol. 11, C h a p . 12, of this series. 
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meter to prevent possible damage to the pulse generator or power supply 
and the associated metering equipment. An ohmmeter will indicate 
whether or not the heater circuit is continuous and whether or not a short 
circuit exists between the cathode and the anode. 

The magnetron should be mounted so that it is well centered between 
the pole pieces of the magnet. In some cases the manufacturer indicates 
a preferred polarity of magnetic field. The output connections should 
fit well; if they are loose, r-f breakdown is likely; and if they are too tight, 
the tube may be damaged. Most trouble is caused by the center con
ductors of tubes with coaxial outputs. 

The lead that carries the plate current from the power supply or 
pulse generator is connected to the cathode lead of the magnetron; if 
it is connected to the heater lead, all the plate current will flow through 
the heater, and the transients brought on by arcing may burn it out. 
Full heater power should always be supplied for at least 60 sec before 
plate voltage is applied. In pulsed operation, the leads between the 
pulse generator and the magnetron should be kept short, since the 
reactance of long leads may distort the pulse waveform and introduce 
oscillations. Where forced-air cooling is indicated, it should be sufficient 
to maintain the temperature of the block below 100°C. 

The magnetron may be grounded through the r-f line, which should 
be part of a common ground system embracing the magnet, the power 
supply or pulse generator) the pulse transformer, and the chassis of the 
associated amplifiers, spectrum analyzers, etc. If the r-f line is acci
dentally left ungrounded, the operator may discover that it has become 
charged to full cathode potential. 

Gassy Tube.—When plate voltage is applied, a gassy magnetron will 
draw a large current and the synchroscope or voltmeter will indicate 
little or no voltage across the tube. A gas discharge may be seen inside 
the magnetron by looking into the input or output pipes. All mag
netrons evolve a little gas when they are left idle for long periods, but 
this normal outgassing will not produce the condition just described. A 
spark coil test will confirm the diagnosis. 

Cathode-anode Short Circuit.—Again, current will be drawn with zero 
voltage indicated, but there will be no gas discharge. An ohmmeter 
may be used to settle the matter. 

No Magnetic Field.—A high current will be drawn at very low voltage. 
Removal of the magnetic field during operation may result in the destruc
tion of the magnetron; precautions should therefore be taken when an 
electromagnet is used to prevent failure of the d-c power supply. 

Open Heater.—The magnetron will fail to start normally when plate 
voltage is applied and probably will spark. No plate current will be 
drawn. The usual glow of the cathode, visible in the input pipes of 
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many magnetrons, will be absent. An ohmmeter test is the final check. 
A magnetron in this condition may usually be started by continued 
application of plate voltage at a relatively low magnetic field, although 
care must be taken not to damage the associated equipment; once 
oscillating, back bombardment may provide sufficient cathode heating 
for normal operation. This type of starting cannot be repeated many 
times without destroying the cathode. A great many heater failures 
are due to transients accompanying arcing and may be prevented by 
placing a i-pi condenser in shunt with the heater to bypass such surges. 

Arcing.—Arcing, or sparking, is commonly encountered in magnetron 
operation, especially at high powers. I t may be due to traces of gas, 
to mode shifting, to high gradients caused by sharp surfaces, or to over
working of the cathode. A magnetron will withstand a surprising amount 
of arcing over a short period of time without apparent damage, but even 
intermittent sparking during continuous operation will affect its life 
adversely. Arcing appears as flashes in the input pipes, unsteadiness 
of the current meter, missing pulses on the spectrum analyzer, and 
transient traces on the synchroscope (Fig. 18-29). The evolution of gas 
occurring during long periods of quiescence may make it necessary to 
reseason a tube to "clean u p " the gas; this should require no more than 
15 or 20 min of continuous attention. 
The operator should slowly increase the 
voltage until arcing becomes rather 
violent, occurring perhaps several times 
a second; as soon as the sparking has 
died down, the voltage may again be <a) ^ 

raised, and so on until the desired Fl(J. i8.29.-APpearance of vi 
Operating l e v e l h a s been a t t a i ned . trace under various conditions of 
Should an unusually intense burst of ^ ^ ^ ^ 1 ^ 1 ^ : 
sparks occur, resembling a continuous 
arc, the voltage must quickly be backed off to permit the tube to 
recover. Arcing is frequently associated with mode instability, and it is 
difficult to determine which is the cause and which the effect. 

Mode Instability.—This is a phenomenon which occurs in certain 
regions of the performance charts of all magnetrons, usually at very high 
or very low currents or at low magnetic fields. A c-w magnetron changes 
modes abruptly, showing a marked decrease in output power, and may 
not return to the operating mode until the plate voltage has been shui 
off and the tube restarted in a more favorable region. Pulsed magnetrons 
change modes more gradually, passing through a region of operation 
partly in one mode and partly in another, as evidenced by double voltage, 
current, and VI traces on the synchroscope (Fig. 18-29) and by missing 
lines in the spectrum; operation in this region is likely to be accompanied 
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by sparking and by falling output power. The tube will, however, 
resume normal oscillation as soon as the voltage is changed to bring it 
back to a region of stable performance. The location of the boundaries 
where mode changes occur is influenced by cathode quality and tem
perature, pulse shape, and loading (see Chap. 8). Mode-changing 
may become more troublesome as a magnetron ages and the cathode 
emission fails. Although a tube may be oscillating in a lower mode, 
it is not always possible to detect the wavelength of that mode in the r-f 
line, since conditions in the magnetron may be such that it does not couple 
to the output loop. Operation in lower modes is frequently accom
panied by serious overheating of the cathode. 

Overheated Cathode.—Operation of the cathode a t temperatures in 
excess of the normal value (about 850°C) shortens tube life. The 
heater transformer should be checked for proper voltage; and when 
operating instructions call for reduction of the heater voltage during 
oscillation, they should always be followed. In many tubes the cathode 
glow may be seen directly or by reflection in the input pipes; if the 
operator familiarizes himself with the appearance of this glow at normal 
heater input, he will be able to judge for himself when the temperature 
becomes excessive. Continuous-wave magnetrons are especially likely 
to suffer from overheating of the cathode. 

Breakdown in the R-f Line.—-This is usually announced by crackling 
or spitting noises. Coaxial tuners are very likely to break down, and 
magnetron couplers and transitions are also serious offenders. All 
components should be clean and well-polished inside; the joints should 
fit snugly and be tightly clamped. Ignition sealing compound (a heavy 
grease) may be applied in cases of localized breakdown. For laboratory 
use, carbon tetrachloride sprayed into the line through a slotted section 
is surprisingly effective in stopping breakdown, although the application 
must, of course, be repeated every few minutes. Pressurization, although 
troublesome, will greatly extend the power-handling capacity of any 
line, 4 mw having been transmitted successfully by a lf-in. coaxial line 
pressurized to 35 lb per sq in. gauge. 



CHAPTER 19 

TYPICAL MAGNETRONS 

B Y A. G. SMITH 

This chapter presents specific data on the performance characteristics 
and dimensions as well as the over-all design of the principal types of 
microwave magnetrons in the frequency range of 1000 to 24,000 Mc/sec 
and output-power range of 25 watts to 2.5 mw. The magnetrons included 
here were selected as being representative of various wavelength and 
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FIG. 19-1.—Generalized figures for anode-block dimensions, (a) Rising-sun; (b) 

hole and slot; (c) vane. The dimension (a) is the distance between the pole tips or between 
the lids, whichever is smaller. 

output-power ranges and to illustrate particular design features. No 
attempt was made to make the list complete. Wherever possible, 
magnetrons that are available for purchase as a consequence of being in 
production were selected for inclusion, and these are designated by the 
RMA numbers. Several important magnetron designs that were 
developed but did not reach the production stage are also included, and 
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these are referred to by the symbol assigned in the laboratory in which 
they were developed. Tubes in this category are probably not available 
for purchase. 

For each tube type there is a discussion that covers its general 
performance and limitations, frequency or frequency range, type of 
construction, and special features. A performance chart and usually a 
Rieke diagram provide complete information on the operating charac
teristics. A plan view and photograph together with a table of dimen
sions give the construction details. The meaning of the symbols in this 
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F I G . 19-2.—Generalized figures for magnetron strapping dimensions. 

construction table may be determined by referring to Figs. 19-1 and 19-2. 
A table of characteristic scale factors is given as an aid to magnetron 
designers. The definitions of the symbols in this table are found in 
Sec. 10-5. Table 19-1 lists the magnetrons described in this chapter. 

19-1. The LCW L-band C-w Magnetron.—The LCW is an experi
mental c-w magnetron, capable of output powers up to 2000 watts at a 
fixed frequency of 900 Mc/sec. A radially mounted cathode and 
separate magnet are used. 

Operation is satisfactory between 2000 and 40<X) volts and from 0.1 
to 1 amp. This region of operation, shown in Fig. 19-3, provides useful 
output powers ranging from 100 to 2000 watts; it is limited at high 
powers by overheating of the cathode and at low powers by deterioration 
of the spectrum. The pulling figure is 4 Mc/sec, and the pushing figure 
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0.4 0.6 
Amperes 

FIG. 19-3.—Performance chart for LCW magnetron. 

Magnetic field 
= 500 gauss 

Currents 
0.50 amp 

Frequency of 0 Mc contour=896.5 Mc/sec 
F I G . 19-4.—Rieke diagram for LCW magnetron. 
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TABLE 191.—INDEX or MAGNETRONS 

Frequency, 
Mc/sec 

900 
2,830-3,240 
3,245-3,333 

2,700-3,333 

2,700-3,700 

2,800 
9,375 
9,290-9,330 
9,345-9,405 
9,345-9,405 
8,500-9,600 
9,345-9,405 
9,500 

24,000 

24,000 

24,000 

11,500 

Power output 

100-2000 watts 
5-150 watts 
2.5-10 kw 

2.5-300 kw 

300-1000 kw 

500-2500 kw 
10-100 watts 
200-1250 watts 
5-20 kw 
10-70 kw 
100 kw 
50-300 kw 
2-1000 kw 
50 kw 

50 kw 

50 kw 

500 watts 

Type of operation 

C-w fixed freq. 
C-w tunable 
Pulsed fixed freq. 

Pulsed fixed freq. 

Pulsed tunable 

Pulsed fixed freq. 
C-w, pulsed, fixed freq 
Pulsed tunable 
Pulsed fixed freq. 
Pulsed fixed freq. 
Pulsed tunable 
Pulsed fixed freq. 
Pulsed fixed freq. 
Pulsed fixed freq. 

Pulsed fixed freq. 

Pulsed fixed freq. 

C-w fixed freq. 

Tub.- No. 

LCW 
CM16B 
2J381 
2 j3 9 r e r i e s 

2J22) 
2 J 3 4 r e n e S 

4J701 
4 J 7 7 }senes 

HP10V 
BM50 
2J41 
2J42 series 
725A series 
2J51 
4J50 series 
AX9 
3J211 
3 J 3 1 | s e n e s 

22-cavity 
rising-sun 
magnetron 

Closed-end 
38-cavity 
rising-sun 
magnetron 

High-power 
2-6-cm C-w 
magnetron 

Chapter 
Sec. 

191 
19-2 

19-3 

19-4 

19-5 

19-6 
19-7 
19-8 
19-9 
1910 
1911 
1912 
1913 

1914 

1915 

1916 

1917 

at an operating point of 3000 volts and 0.5 amp is 3 Mc/sec per amp. 
It is evident from Fig. 19-4 that nothing is to be gained by loading the 
tube more heavily. 

A screened, oxide-coated cathode is used. The heater, which draws 
5.2 amp at 6.3 volts, is turned off after the magnetron has been started. 
Figure 19-5 shows the 16-vane anode block, double-ring-strapped on one 
end only to allow the addition of a projected electronic tuning device. 
Characteristic scale factors and dimensions for this block are listed in 
Tables 19-2 and 19-3. 

TABLE 19-2.—CHARACTERISTIC SCALE FACTORS FOR LCW MAGNETRON 

X, cm 

33.5 

(B, gauss 

125 

t, amp 

0.761 

V, kv 

0.423 

(P, kw 

0.322 

S, mhos 

1.80 X 10"3 

Qu 

1050 

1c % 

92 

C 
L 

0.012 
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Because the block is short relative to its large diameter, the LCW 
requires a magnet with a gap of only 2 i in. and a pole-face diameter of 
2£ in. Experimentally, the tube has been water cooled (Fig. 19-6), but 
because of its high efficiency air cooling should be feasible. 

Magnetron anode 

F I G . 19-5.—Cross sections of LCW magnetron. 

Further details of the construction, operation, and projected tuning 
schemes of the LCW may be obtained from Radiation Laboratory Report 
No. 1005, "LCT, 900-Mc/sec F-m—C-w Magnetron." 
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Fio. 19-6.—LCW magnetron. 

TABLE 19-3.—DIMENSIONS IN INCHES OF LCW MAGNETRON 
o. Anode-block Dimensions: See Fig. 191c 

a 

1.800 

6 

5.025 

d. 

1.370 

dr 

0.829 

h 

1.000 

t 

0.150 

b. Strapping Dimensions: See Fig. 19-2/ 

m 

1.075 

n 

0.935 

0 

0.815 

V 

0.735 

g 

0.120 

r 

0.120 

s 

0.188 

u 

0.219 

V 

0.156 

19-2. The CM16B S-band C-w Magnetron.1—The CM16B magne
tron is an experimental c-w oscillator, tunable over the band from 2830 
to 3240 Mc/sec at power-output levels up to 150 watts. An axially 
mounted cathode and attached magnet are used, and the coaxial output 
shown in Fig. 19-7 fits standard £-in. line components. 

Operation is stable between 500 and 2000 volts, and from 25 to 200 
ma, with corresponding output powers ranging from 5 to 150 watts. 

1 Data for Sec. 19-2 submitted bv A. M. Clogston. 
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The performance chart of Fig. 19.8 shows the useful region of operation, 
which is restricted at high currents by mode instability and overheating 
of the cathode and at low currents by poor spectrum and high pushing. 

F I G . 19-7.—CM16B magnetron. 

2200 

1800 

1400 

1000 

600 
100 125 

Milliamperes 
F I G . 19-8.—Performance chart for CM16B magnetron. 

200 

Figure 19-9 illustrates the variation of output power with tuning; the 
reliable tuning range is limited by a tendency to shift modes beyond 
the extremes of the band shown. The pulling figure is 8 Mc/sec, and 
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the pushing figure at an operating point of 100 ma and 1400 volts is 
20 Mc/sec per amp. 

The screened, oxide-coated cathode is capable of dissipating the back-
bombardment heating that accompanies up to 600 watts input power. 

The heater rating is 3.5 amp at 
6.3 volts; this consumption is re
duced during operation at input 
powers in excess of 150 watts. 
Characteristic scale factors and 
dimensions for the 16-vane double-
ring-strapped anode block are 
listed in Tables 19-4 and 19-5. 

Tuning is accomplished by 
moving a shorting choke in a 
coaxial line coupled to the straps 
on one end of the block. As 
may be seen from Fig. 19-10, 

the vacuum is retained by a glass seal near the anode block, so that 
the portion of the line in which the choke moves is at atmospheric 

T A B L E 19 -4 .—CHARACTERISTIC SCALE FACTORS FOR C M 1 6 B M A G N E T R O N 

2700 

F I G . 

2900 3100 3300 
Frequency in Mc/sec 

19-9.—Frequency characteristic 
CM16B magnetron. 

3500 

of 

X, cm 

10.0 

<B, gauss 

412 

S, amp 

0.301 

V, kv 

0.132 

<P, kw 

0.0397 

S, mhos 

2.28 X 10"3 

Qu 

600 

1c, % 

80 

C 
L 

0.032 

T A B L E 1 9 - 5 . — D I M E N S I O N S IN I N C H E S O F C M 1 6 B M A G N E T R O N 
o. Anode-block Dimensions: See Fig. 191c 

a 

0.752* 
0.5771 

b 

1.330 

da 

0.230 

dc 

0.136 

h 

0.400 

* 

0.023 

* Between lids. 
t Between pole tips. 

m 

0.234 

n 

0.194 

b. Strapping Dimensions: See Fig. 19-2e 

0 

0.154 

P 

0.134 

Q 

0.020 

T 

0.020 

s 

0.040 

u 

0.060 

pressure. Every effort has been made to reduce the frequency sensitivity 
of the tuner through keeping its length at a minimum, for such frequency 
sensitivity introduces mode-shifting tendencies that markedly restrict 
the reliable tuning range. A 4-cm motion of the shorting choke is 
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required to cover the band of Fig. 19-9. Without changing its con
struction, the CM16B has been made electronically tunable by the 
substitution of an ET10 reactance tube for the mechanical tuner, and 
it has been stabilized by a factor of 10 by replacing the tuner with a 
cavity. 

19-3. 2J38-2J39 Low-voltage S-band Magnetrons."—The 2J38 and 
2J39 are fixed-frequency pulsed oscillators designed for operation at 
pulse-power output levels ranging from 2.5 to 10 kw. The frequency 
of the 2J38 lies in the band from 3245 to 3267 Mc/sec; that of the 2J39 
lies between 3267 and 3333 Mc/sec. Coaxial outputs that fit standard 
J-in. coaxial-line components are provided; the cathodes are mounted 
radially, and the magnets are attached to the tubes. 

Reliable operation may be expected with pulse current and voltage 
inputs ranging from 2.5 to 7.5 amp and from 3 to 10 kv. At currents 

1 Data for Sec. 19-3 submitted by J. R. Feldmeier. 
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5kw 
* Operating lines for magnets provided 

and set by the manufacturer 

14 4 6 8 10 12 
Peak amperes 

F I G . 19-11.—Performance chart for 2J38 and 2J39 magnetrons. 

16 18 

Magnetic field 
= 1650 gauss 

2000 pulses per second 

Peak current 
5 amperes 

1 ii sec pulse duration 

Frequency of 0 Mc contour =3310 Mc/sec 
F I Q . 19-12.—Rieke diagram for 2J38 and 2J39 magnetrons. 
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aDOve 7.5 amp mode instability may be encountered, and below 2.5 amp 
the spectrum becomes poor. Occasional tubes may be seasoned to 
cover the extensive region shown in Fig. 19-11. The operating lines 
for the magnets provided and set by the manufacturer are shown in this 
figure; it may be seen that the pulse-power output ranges available under 
this condition are 2.5 to 8 kw for the 2J38 and 5 to 12.5 kw for the 2J39. 
These low levels of operation were established to reduce magnet weight 
and input power and to ensure stability. A maximum of 200 watts 
average power, at a maximum pulse duration of 2 jusec, may be put 
into either type. The pulling figures are 13 Mc/sec maximum for the 
2J39 and 7 Mc/sec minimum1 for the 2J38. Figure 19-12 is a Rieke 
diagram for these tube types. 

An unscreened, oxide-coated cathode with a heater rating of 1.3 amp 
at 6.3 volts is used; at average input powers in excess of 55 watts the 
heater consumption should be reduced, and above 160 watts the heater 
should be turned off. Characteristic scale factors and dimensions for the 
eight-oscillator vane-type block are listed in Tables 19-6 and 19-7. 

T A B L E 19 6 . — C H A R A C T E R I S T I C S C A L E FACTORS FOR 2J38 AND 2J39 M A G N E T R O N S 

X, cm 

9 .1 

<B, gauss 

682 

A, a m p 

2 .52 

■0, kv 

1.22 

<P, kw 

3 .07 

9, mhos 

2 .07 X 10"3 

0. 

1500 

Vc % 

90 

C 
L 

0.0020 

T A B L E 1 9 - 7 . — D I M E N S I O N S IN I N C H E S FOR 2J38 AND 2J39 M A G N E T R O N S 
a. Anode Dimensions: See Fig. 191c 

a 

0 .750* 
0 . 5 5 0 t 

b 

1.330 

da 

0.316 

de 

0.120 

h 

0 .475 

t 

0.060 

* Between lids. 
t Between pole tips. 

b. S t rapping Dimensions: See Fig. 19-2b 

m 

0.242 

n 

0.211 

0 

0.180 

1 

0.020 

u 

0.050 

V 

0.039 

An unusual feature of the construction is the octagonal wire strap shown 
in Fig. 19-13. Separation of the frequencies into the two bands is 
achieved by adjustment of this strap. 

1 T h e unusual pract ice of specifying a min imum pulling figure was adopted in 
order to ensure t h a t these tubes could be " p u l l e d " to a precise beacon frequency. 
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Section A-A 
showing cathode 
pipes revolved 90° 

Flo. 19-13.—Cross sections of 2J38 and 2J39 magnetrons. 
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Although identical internally, the 2J38 and 2J39 differ in their 
external features. The 2J38 shown in Fig. 19-14 is provided with a 
larger radiator and with a bracket in which a thermostat may be mounted; 
these additions permit close control of the block temperature as a means 
of preventing thermal frequency drift. Figure 19-15 shows the simpler 
exterior of the 2J39. Forced-air cooling is required by either type. 

FIG. 1914.—2J38 magnetron. 
Both magnetrons may be mounted from the output, and the 2J39 may 
in addition be mounted from a flange at the base of the input pipes. The 
total weight of the magnetron and magnet is 2 lb 10 oz for the 2J38 
and 2 lb for the 2J39. 

Further information on the operation of these tubes may be obtained 
from the manufacturer's technical-information sheet. 

19-4. Type 2J22-2J34 10-cm Pulsed Magnetrons.1—The 13 magne
trons of this series are fixed-frequency pulsed oscillators, designed for 

1 Data for Sec. 194 submitted by F. F. Rieke. 
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operation at pulse-power output levels ranging from 25 to 300 kw. Three 
basic anode-block designs are employed: one for the 2J22 (3267 to 3333 
Mc/sec), a second for types 2J23 to 2J29 (2913 to 3100 Mc/sec), and a 
third for types 2J30 to 2J34 (2700 to 2900 Mc/sec); within each group 
different frequencies are obtained by varying the strap capacitances. 
Externally the tubes are alike, and they are mechanically interchangeable. 

F I G . 1915.—2J39 magnetron. 

Separate magnets are used. The cathodes are mounted radially, and 
the outputs are coaxial. 

Operation is reliable over a range of pulse current and voltage inputs 
extending from 8 to 30 amp and from 10 to 22 kv (Fig. 19-16). Low-
power operation is limited by mode changing and deterioration of the 
spectrum, and high-power operation by arcing. With specially designed 
output connections it is possible to select and season tubes to perform 
satisfactorily at 2800 gauss, 31 kv, and 35 pulse amp, with a pulse-power 
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Fio. 19-16.—Performance chart for 2J32 magnetron. 

30 

Magnetic field 
1200 gauss \ * \ ° 

1000 pulses per sec 

Peak current 
12.5 amp 

1 (i sec pulse duration 

Frequency of 0 Mc contour = 2800 Mc/sec 
Standard output transformer used 

F IG . 19-17.—Rieke diagram for 2J32 magnetron. 
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Input pipe 

Output in view® revolved 90° 

Flo. 1918.—Cross sections of 2J22 to 2J34 magnetrons. 
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output of about 750 kw. A maximum average input power of 600 watts 
may be employed; the maximum specified pulse duration is 2.5 jusec. 
The pushing figure averages 0.3 Mc/sec per amp, and the pulling figure 
is corrected to a value not exceeding 15 Mc/sec by means of a trans
former incorporated in the output coupling; the Rieke diagram of Fig. 
19-17 applies to operation with the recommended transformer. 

Fio. 1919.—2J22 to 2J34 type magnetrons. 

The cathodes are oxide-coated, with heater ratings of 1.5 amp at 
6.3 volts. Characteristic scale factors and dimensions for the 2,132 are 
given in Tables 198 and 19-9. The eight-oscillator hole-and-slot 

T A B L E 19-8 .—CHARACTERISTIC SCALE FACTORS FOR 2J32 M A G N E T R O N 

X, cm 

10.7 

(B, gauss 

577 

S, amp 

12.0 

V, kv 

3.47 

<?, kw 

41.6 

9, mhos 

3.46 X 10"3 

Q. 

1600 

Vc, % 

96 

C 
L 

0.012 

T A B L E 1 9 9 . — D I M E N S I O N S IN I N C H E S OF 2J32 M A G N E T R O N 
a. Anode-block Dimensions: See Fig. 19 16 

a 

1.279 

b 

1.310 

c 

0.398 

da 

0.635 

d, 

0.235 

h 

0.777 

w 

0.090 

b. S t rapping Dimensions: See Fig. 19-2a 

m 

0.415 

n 

0.368 

0 

0.345 

9 

0.020 

s 

0.022 

u 

0.060 
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anode block of this tube is shown in Fig. 19-18; the magnetrons of the 
other two groups differ only in the oscillator dimensions and in the 
strapping details. 

A magnet with l^-in.-diameter pole faces and a gap of 1£ in. is 
required. The magnetron is mounted from the circular flange at the 
base of the input pipes, and forced-air cooling must be provided. Figure 
19-19 shows the external appearance of a tube of this series. The weight 
of the magnetron is 2 lb 4 oz. 

Further data on the 2J32 are contained in Chap. 7 of this volume. 
See also Radiation Laboratory Report No. 451, "Analysis of Magnetron 
Operation, Part 2." 

19-5. 4J70-4J77 High-power S-band Tunable Magnetrons.—The 
series of eight magnetrons numbered 4J70 through 4J77 provides tunable 

1000 
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| 400 
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20 

10 

FIG 
A B 

19-20.—Typical characteristics of 4J70 to 4J77 magnetrons. 
Magnetic field = 2700 gauss 
Pulse duration = 0.8 /isec 

Peak current = 70 amp 
400 pulses per sec 

coverage of the region of the spectrum between 2700 and 3700 Mc/sec. 
Individual tubes of the series tune approximately 5 per cent (Fig. 19-20) 
by means of the attached cavity and operate as pulsed oscillators at 
pulse-power levels ranging up to 1 mw. From 4J70 through 4J73 
the output circuits are terminated in 1-|- by 3-in. waveguides, while the 
remaining types are equipped with lf-in. coaxial outputs. The cathodes 
are mounted radially, and a single model of detached magnet serves the 
entire series. 

The useful range of pulse voltage and current inputs (Fig. 19-21) 
lies between 15 and 30 kv and between 20 and 80 amp, with corresponding 
pulse-power outputs from 300 to 1000 kw. At voltages or currents 
higher than those indicated, excessive sparking may occur; operation 
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in the low-power region is limited by mode instability. At a fixed operat
ing point, the power output varies less than i db as the magnetron is 
tuned over a 5 per cent band. The rated maximum average input 

30 
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15 

1 1 
Frequency=2960 Mc/sec 
Pulse duration = 0.8/* sec 
400 pulses per second 
Pulling figure = 7 Mc/sec 
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FIQ. 19-21.—Performance chart for 4J75 magnetron. 

Input pipe 

80 90 

r Coupling iris 

Flexible - 1 

— I Diaphragm 

Cathode step 

Scale Diameter of cathode - 0.452" 
Diameter of step = 0.531" 

0 1" 
FIQ. 19-22.—Cross sections of cavity-tunable magnetron. 

power is 1200 watts. Pulse durations up to 2.5 Msec may be employed. 
A maximum pulling figure of 10 Mc/sec is specified, and pushing does 
not exceed 0.1 Mc/sec per amp. 

file:///900fe
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The screened, oxide-coated cathodes are provided with " s t eps" 
to improve operating stability (see Chap. 12). Heater consumption is 
3 amp at 16 volts; when the block input power exceeds 200 watts, it is 
desirable to reduce the heater voltage during operation. Vane-type 
construction and double-ring strapping are used in the 12-oscillator 
anode block (Fig. 19-22). Characteristic scale factors for the tubes at 
either limit of the series are listed in Table 19-10, and tube dimensions 
are given in Table 19-11. 

T A B L E 1 9 1 0 . — C H A R A C T E R I S T I C SCALE FACTORS FOR CAVITY T U N A B L E M A G N E T R O N S 

Type No. 

4J77 
4J70 

X, cm 

10.7 
8.5 

03, 
gauss 

502 
633 

8, amp 

12.8 
25.4 

V, kv 

2.42 
3.84 

(P, kw 

31.0 
97.6 

9, mhos 

5.29 X 10-3 

6.61 X 10"3 

Qu 

2000 
1500 

ifc, % 

92 
89 

C 
L 

0.019 
0.031 

T A B L E 1 9 1 1 . — D I M E N S I O N S IN I N C H E S O F 4J70 AND 4J77 M A G N E T R O N S 
a. Anode-block Dimensions: See Fig. 191c 

Type No. 

4J70 
4J77 

a 

1.561 
1.561 

b* 

1.476 
1.748 

da 

0.788 
0.788 

dt 

0.452 
0.452 

h 

0.788 
0.788 

t 

0.138 
0.138 

* Diameter across flats. 

b. S t rapping Dimensions: See Fig. 19-2c 

Type No. 

4J70 

4J77 

m 

0.558 

0.558 

n 

0.499 

0.499 

0 

0.448 

0.448 

V 

0.417 

0.417 

1 

0.030 

0.030 

r 

0.020 

0.020 

s 

0.050 (outer) 
0.056 (inner) 
0.050 

u 

0.075 

0.075 

Tuning is accomplished by the "cavity-tuning" principle described 
in Chap. 14. Figures 19-22 and 19-23 illustrate how the shallow, cylin
drical cavity is coupled electrically to the anode block by means of an 
iris. This cavity, in addition to its tuning function, stabilizes the 
magnetron by a factor of 1.6. The tuning diaphragm is actuated by a 
mechanism terminated in a standard fitting to which may be attached 
a length of flexible shafting to permit remote control of the frequency. 
The rate of tuning is approximately 3 Mc/sec per revolution of the 
shaft, and the tuning range is limited by stops to the band shown in 
Table 19-12. Because the diaphragm is flexed beyond its elastic limit, 
mechanical hysteresis occurs, and a frequency difference of several 
megacycles per second may be observed at a given tuner setting when 
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TABLE 19-12.—FREQUENCY BANDS OF MAGNETRONS OF THE 4J70 TO 4J77 SERIES 
See Fig. 19-20 

Type No. 

4J70 
4J71 
4J72 
4J73 
4J74 
4J75 
4J76 
4J77 

Frequency at A 

3540 
3390 
3240 
3090 
2990 
2890 
2790 
2690 

Mc/sec Frequency at B, Mc/sec 

3710 
3560 
3410 
3260 
3110 
3010 
2910 
2810 

that setting is approached from different directions. The life expectancy 
of the diaphragm is 10,000 cycles. 

Either the output or the mounting flange at the base of the input 
pipes may be used to mount the magnetron. The latter mounting is 

Flo. 19-23.—Cutaway view of 4J77 magnetron. 

most useful where it is desired to pressurize the high-voltage components. 
A magnet with a 1.770-in. gap and lf-in.-diameter pole faces is required. 
The weight of the magnetron and its associated magnet is approximately 
40 lb. 
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A more complete description of the theory and construction of this 
series of magnetrons may be found in Radiation Laboratory Report 
No. 1006, "The 4J70-4J77 Series of Tunable Magnetrons."1 

19-6. The HP10V High-power S-band Magnetron.2—The HP10V is 
a high-power pulsed magnetron, operating at a fixed frequency in the 

2800 Mc/sec band. Pulse-power 
outputs ranging up to 2500 kw 
are available. The cathode is 
mounted radialty, and the high-
voltage input is in the form of a 
moulded bakelite bushing designed 
to plug into a receptacle on the 
pulse transformer (Figs. 19-24 and 
19-25). The coaxial output fits 
standard l |-in. magnetron cou
plings, which must be pressurized 
for high-power operation (above 
1000 to 1500 kw). A detached 
magnet is used. 

Useful pulse voltage inputs 
range from 30 to 50 kv. At the 
lower voltage, operation is stable 
between 60 and 200 pulse amp, 
while at the 50-kv level the cur-

"~ F I T 19-24.-HP10V magnetron. r e n t r a n S e i s restricted to the 
region between 100 and 140 pulse 

amp by excessive internal sparking at the upper limit and by deteriora
tion of the spectrum at the lower (owing, possibly, to the poor form 
of the impressed voltage pulse). Operation below 30 kv is satisfactory, 
but the efficiency is low. Reliable pulse-power outputs extend from 
500 to 2500 kw as shown in Fig. 19-26, with a recommended operat
ing point of 1850 gauss, 48 kv, and 130 amp at the 2500-kw level. The 
rated maximum average power input is 2500 watts, and the maximum 

1 The magnetrons numbered 4J31 through 4J35 are fixed-frequency pulsed oscil
lators with an anode-block and cathode structure identical with that of the 4J76 
and 4J77. These magnetrons have operating characteristics quite similar to those 
of the tunable series, and they are mechanically interchangeable with types 4J74 to 
4J77. The frequencies lie in the range 2700 to 2900 Mc/sec, with the different types 
separated by changes in strap capacitance. 

The group of tubes from 4J36 through 4J41 has an anode-block and cathode 
structure identical with that of the 4J70 and 4J71; these types are mechanically and 
electrically interchangeable with the 4J70 to 4J73 group. The frequencies are fixed 
and lie between 3400 and 3700 Mc/sec. 

' Data for Sec. 19-6 submitted by R. T. Young, Jr. 
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F I G . 19-25.—Mounted HPlOV magnetron. 

a 45 

CL 40 

100 
Peak amperes 

Fia. 19-26.—Performance chart for HPlOV magnetron. 

160 
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pulse duration is 1 jusec. Pulling figures for average tubes fall between 
8 and 13 Mc/sec, and it is evident from Fig. 19-27 that nothing is to be 
gained by increasing this loading. 

The screened and oxide-coated cathode is provided with end shields 
which, to inhibit sparking, present only flat or rounded surfaces to the 
anode block, while for the same reason the supporting leads are designed 
for the minimum field gradients consistent with available clearances. A 
current of 8.5 amp at 13 volts is drawn by the heater when the magnetron 
is started; during operation the heater should be turned off. Localized 

585 pulses per sec 0.85 Msec pulse duration 

Frequency of 0 Mc contour =2820 Mc/sec 
FIG. 19-27.—Rieke diagram for HP10V magnetron. 

deterioration of the central portion of the cathode during operation is 
attributed to excessive back bombardment in this region because of axial 
nonuniformity of the magnetic field and/or of the r-f voltage. The 
unusually long 10-oscillator anode block is of vane-type construction, 
with a single ring strap, as shown in Fig: 19-28. Attempts to increase 
the 3 per cent mode separation of this design by a heavier strapping 
introduced a mode change at high currents. Violent 50- to 300-Mc/sec 
oscillations of the current and voltage are observed in isolated regions 
of the performance chart; it is thought that an electronic instability, 
characteristic of the long anode block, may cause an excitation of an 
oscillatory circuit in the pulse generator or input leads. All sharp edges 
in the anode block and in the straps are broken. Characteristic scale 
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Input jacks 

- Molded bakelite ^ High-voltage greas* 
bushing 

F lo . 19-28.—Cross sections of H P l O V magnetron. 

FIG. 1913.—CHABACTEBISTIC SCALE FACTOBS FOB THE HPlOV MAGNETBON 

X, cm 

10.6 

(B, gauss 

533 

t, amp 

70.8 

•0, kv 

8.03 

(P, kw 

568 

9, mhos 

8.82 X 10"' 

Q. 

1500 

ife, % 

93 

C 
L 

0.033 

TABLE 19-14.—DIMENSIONS IN INCHES OP HPlOV MAGNETBON 
a. Anode-block Dimensions: See Fig. 19-lc 

a 

2.440 

b 

2.255 

d. 

1.181 

d„ 

0.596 

h 

1.575 

t 

0.236 

6. Strapping Dimensions: See Fig. 19-2a 

m 

0.801 

n 

0.680 

0 

0.621 

9 

0.060 

8 

0.100 

u 

160 
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factors and block dimensions for the HP10V are listed in Tables 19-13 
and 1914. 

The magnetron is mounted by means of the input bushing. A magnet 
with a gap of 2f in. and with pole faces of 2f-in. diameter is required; 
the combined weight of the magnet and the magnetron is approximately 
100 lb. A water jacket which is an integral part of the block provides 
the means of cooling the tube. 

Further details of the construction and operation of the HP10V 
may be found in the following reports: Radiation Laboratory Report 
No. 793, "Present Status of High Power at S-Band"; Radiation Labora
tory Report No. G82-G, "Line Type Modulator and HP10V Magnetron 
Operation at G Megawatts"; and NDRC 14-423, "Final Report Concern
ing Development Work Done on Contract OEMsr-1146.'; 

19-7. The BM60 Very Low Power X-band Magnetron.1—Of interest 
because it is designed to operate at a pulse-power output of only 50 watts, 

FIG. 19-29.—Anode block and cathode of BM50 magnetron. 

the BM50 is an experimental magnetron with a fixed frequency of 9375 
Mc/sec. I t has been tested under c-w as well as pulsed conditions of 
operation. The cathode is axially mounted, and the output circuit is 
of the coaxial-to-waveguide transition type, as shown in Fig. 19-29. An 
attached magnet has been used. 

As a pulsed oscillator, the BM50 operates stably over a range of 
pulse-input currents and voltages from 75 to 300 ma and from 600 to 
1600 volts. Reference to Fig. 19-30 indicates that the corresponding 

1 Data for Sec. 19-7 submitted by J. R. Feldmeier. 
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1500 

1400 

1200 

1000 

800 

600 
100 150 200 

Peak milliamperes 
F I G . 19-30.—Performance chart for BM50 magnetron. 

300 

Magneti 
4450 gauss 
1090 pulses 

Peak current 
150 milliamp 

0.48/z sec pulse duration 

Frequency of 0 Mc contour =9378 Mc/sec 
FiQ. 19-31.—Rieke diagram for BM50 magnetron. 



766 TYPICAL MAGNETRONS [SEC. 19-8 

Anode block insert 
(Note staggering 

of vanes) 

pulse-power output ranges from 10 to 100 watts. At currents in excess 
of 300 ma mode instability is encountered, whereas below 75 ma the 
efficiency is very low. Because of the heavy internal loading introduced 

by copper losses, operation is 
unstable at pulling figures in ex
cess of 15 Mc/sec (see Fig. 19-31). 
From the pushing contours in
cluded in Fig. 19-30, it may be 
seen that pushing is moderate at 
currents above 150 ma. 

The s c r e e n e d , oxide-coated 
cathode has a heater rating of 
0.33 amp at 6.0 volts. Limited by 
this cathode, which was designed 
for pulsed operation, the BM50 
has been oscillated under c-w con
ditions at input powers up to 130 
ma at 840 volts. Figure 19-32 
illustrates the novel method used 
in strapping the 20-vane anode 
block; to avoid the necessity for 
grooving the tiny vanes, they are 
staggered axially, so that the sin
gle ring strap at either end of 
the anode rests only on alternate 
vanes. Characteristic scale fac
tors and dimensions for this block 
are listed in Tables 19-15 and 
19-16. More detailed informa
tion may be obtained from Radia
tion Laboratory Report No. 1007. 

19-8. 2J41 Low-power Stabi
lized X-band Magnetron.1—The 

2J41 magnetron is a pulsed oscillator, tunable over the range from 9290 
to 9330 Mc/sec. Pulse-power outputs up to 1.25 kw may be obtained, 
with a frequency stability of 1 Mc/sec over a wide range of load, tem
perature, and input conditions. An X-band-waveguide coupling 
terminates the output circuit, and the magnet is an attached type. 

Operation of the 2J41 is satisfactory between 0.25 and 2.0 pulse amp 
and between 1.25 and 3.0 kv. At currents higher or lower than those 
indicated, mode instability is encountered. As may be seen from Fig. 
19-33, the useful pulse-power output ranges from 200 to 1250 watts; 

Enlarged view of vane tip 

Fia. 19'32.—Cross sections of BM50 
magnetron. The vertical position of the 
vane marked A is tha t of a vane adjacent to 
the one in the plane of the drawing. This is 
done to illustrate their staggered arrangement. 

1 Data for Sec. 19-8 submi t ted by M. A. Herlin. 
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the maximum average power input is 10 watts, and the maximum pulse 
duration is 0.5 /jsec. The pulling figure is 1.5 Mc/sec (see Fig. 19-34), 
and the pushing figure is approximately 2 Mc/sec per amp. 

1.0 i 1 1 — 1 — l 1 1 i 1 
0 0.25 0.50 0.75 1.0 1.25 1.50 1.75 2.0 

Peak amperes 
FIG. 19-33.—Performance chart for 2J41 magnetron. 

An unscreened, oxide-coated cathode with a heater rating of 0.36 
amp at 5.0 volts is used. Characteristic scale factors for the 12-oscil-

TABLE 1915.—CHARACTERISTIC SCALE FACTORS FOR BM50 MAGNETRONS 

X, cm 

3.20 

CB, gauss 

1045 

i, amp 

0.227 

"0, kv 

0.160 

<P, kw 

0.0363 

8, mhos 

1.42 X 10-' 

Q-

600 

Vc, % 

71 

C 
L 

0.047 

TABLE 1916.—DIMENSIONS IN INCHES OF BM50 MAGNETRON 
a. Anode Dimensions: See Fig. 19-lc 

a 

0.264 

6 

0.458 

da 

0.101 

dc 

0.065 

e 

0.022 

/ 

0.008 

h 

0.095* 

t 

0.015 

* Vane length. 
b. Strapping Dimensions: See Fig. 19-2d 

m 

0.110 

n 

0.070 

s 

0.005 

u 

0.005 
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lator double-ring-strapped anode block, shown in Fig. 19-35, are given 
in Table 19-17, and the dimensions of this vane-type block are listed in 
Table 19-18. 

Frequency of 0 Mc contour = 9310 Mc/sec 
Fia. 19-34.—Rieke diagram for 2J41 magnetron. 

T A B L E 1 9 1 7 . — C H A R A C T E R I S T I C SCALE FACTORS F O B 2J41 M A G N E T R O N 

X, cm 

3.22 

(B, gauss 

1450 

S, amp 

1.19 

V, kv 

0.382 

(P, kw 

0.455 

g, mhos 

3.12 X 10"3 

Q, 

750* 
5000 f 

Vc, % 

62 

C 
L 

0.033 

* Anode block only. 
t Anode block and stabilizer combined. 

T A B L E 1 9 - 1 8 . — D I M E N S I O N S I N I N C H E S OF 2J41 M A G N E T R O N 
a. Anode Dimensions: See Fig. 191c 

a 

0.250 

b 

0.435 

da 

0.095 

dc 

0.040 

e 

0.015 

/ 

0.007 

h 

0.202 

I 

0.0225 

b. S t rapping Dimensions: See Fig. 19-2c 

m 

0.153 

n 

0.118 

0 

0.078 

V 

0.063 

9 

0.020 

r 

0.020 

s 

0.015 

u 

0.030 
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The magnetron is tuned by means of a plate suspended above one end 
of the block. This plate, which appears in Fig. 19-35, is perforated with a 
circular hole concentric with the anode block, so that only the rear 
portions of the oscillators are covered. Adjustment of a screw raises 
or lowers the tuning plate, the frequency being increased as the plate 
approaches the block. A stabili
zation of approximately 10 is ob
tained by c o u p l i n g a high-Q, 
temperature-compensated, invar 
cavity to the output line; at this 
high value of stabilization it is 
necessary to i n t r o d u c e heavy 
mode damping by the insertion 
of polyiron posts in the wave
guide at null-voltage points for 
the operating m o d e . The 40-
Mc/sec tuning range shown in 
Fig. 19-36 is covered by tuning 
the stabilizer only; by tuning both 
the magnetron and the stabilizer 
a range of 100 Mc/sec can be 
achieved without excessive drop 
in power or increase in pulling 
figure. 

Figure 19-37 shows the unusual 
construction used in the 2J41. A 
stainless-steel envelope, acting as 
the vacuum seal, surrounds the 
block, pole pieces, and tuner 
mechanism. T h e p o l e pieces, 
while bolted to the block, are 
electrically insulated and are oper
ated at cathode potential, so that 
they serve as end shields. The 
assembly of magnetron, magnet, and stabilizer, weighing 6 lb, is attached 
rigidly to the output flange, from which the tube is to be mounted. This 
is shown in Fig. 19-38. Forced-air cooling is not required. 

Further details of the theory and performance of the 2J41 may be 
obtained from the following Radiation Laboratory Reports: 52—5/10/45, 
"Magnetron Frequency Stabilization with Application to the 2J41 
Magnetron"; and 52—9/3/45, "Performance Characteristics of the 
2J41 Stabilized Magnetron and the Effects of Parameter Variation." 

F I G . 

Cathode 

19-35.—Cross sections 
netron. 
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19>9. The 2J42 Low-voltage X-band Magnetron.1—The 2J42 magne
trons operate as pulsed oscillators with fixed frequencies located in the 
band from 9345 to 9405 Mc/sec. Pulse-power outputs ranging up to 
20 kw are available, and later models of the tube are stabilized by a 
factor of 2. The cathode is mounted axially; and as manufactured, the 

0.8 

0.6 

I 
0.4 

0.2 

0.0 

x 

Power 

.. fulling 

output 

figure ^ 
2 £ 

9290 9330 9300 9310 9320 
Frequency in Mc /sec 

Peak voltage = 2.5 kv; Peak current ■ 0.9 amp 
F IG . 19-36.—Tuning curve for 2J41 magnetron. 

FIG. 19-37.—Exploded view of 2J41 magnetron. 

magnet is attached to the tube. The output is of the coaxial-to-wave-
guide transition type, terminating in an X-band-waveguide coupler. 

The useful range of pulse voltage and current inputs lies between 
4 and 8 kv and between 2.5 and 6.5 amp, with corresponding pulse-power 
outputs from 5 to 20 kw. To make use of the full range an electromagnet 
must be substituted for the standard permanent magnet. At voltages 

1 Data for Sec. 19-9 submitted by J. R. Feldmeier. 



SEC. 19-9] THE 2J42 LOW-VOLTAGE X-BAND MAGNETRON 771 

Flo. 19-38.—2J41 magnetron and magnet. 

4 6 
Peak amperes 

•Operating line for standard attached magnet 
F I G . 19-39.—Performance chart for 2J42 magnetron. 



772 TYPICAL MAGNETRONS [SEC. 19-9 

+10 Mc 

Magnetic field 
4800 gauss 

1050 pulses per second 

Peak current 
4.5 amperes 

0.7 u sec pulse duration 

Frequency of 0 mc contour = 9375 mc/sec 
FIG. 19-40.—Rieke diagram for 2J42 magnetron. 

TABLE 19-19.—CHARACTERISTIC SCALE FACTORS FOR 2J42 

X, cm 

3.20 

<B, gauss 

1550 

A, amp 

3.90 

V, kv 

1.064 

<P, kw 

4.15 

8, mhos 

3.66 X 10-" 

«. 

900 

MAGNETRON 

Vc, % 

75 

C 
L 

0.019 

TABLE 19-20.—DIMENSIONS IN INCHES FOR 2J42 MAGNETRON 
o. Anode Dimensions: See Fig. 191c 

a 

0.276 

b 

0.478 

<** dc 

0.15S 0.083 

h 

0.206 

t 

0.0205 

m 

0.183 

n 

0.148 

b. Strapping Dimensions: See Fig. 19-2e 

0 

0.108 

P 

0.093 

9 

0.020 

r 

0.020 

s 

0.020 

u 

0.035 
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greater than 8 kv, excessive sparking may occur; while at currents below 
2.5 amp or above 6.5 amp, mode instability is encountered as illustrated 
by Fig. 19-39. Up to 80 watts of average power may be put into the 

up to 2.5 tisec are permissible. A 

. Steel pole piece 
Input lead 

Cathode 

magnetron, and pulse durations 
maximum pulling figure of 15 
Mc/sec is specified (Fig. 19-40). 
For currents greater than 4 amp 
the pushing figure is usually less 
than 1 Mc/sec per amp. 

A screened, nickel-sleeve cath
ode with oxide coating is used. 
During operation at average in
put powers in excess of 30 watts, 
the normal heater power con
sumption of 0.48 amp at 6.3 volts 
should be reduced. The 12-oscil-
lator double-ring-strapped anode 
block shown in Fig. 19-41 is of 
vane-type construction. Charac
teristic scale factors for this block 
are listed in Table 19-19, and tube 
dimensions are given in Table 
19-20. 

Later models of the 2J42 are 
stabilized by including in the out
put circuit a special waveguide 
section containing a half-wave- Anode 
length resonant cavity formed by 
two cylindrical posts extending 
across the guide. When tuned to 
the magnetron frequency, this 
cavity provides a stabilization of 
2, which has been used to increase 
the power output at the 15 Mc/sec 
pulling figure rather than to re- Fio. 
duce the pulling figure. By mak
ing the cavity adjustable, it would be possible to obtain a 1 per cent 
tuning range. 

The 27-oz Alnico V magnet supplied with the tube provides a field 
of 5300 gauss at saturation; this field is reduced during the factory 
processing until the operating voltage at 4.5-amp pulse current lies 
between 5.3 and 5.7 kv (see Fig. 19-39). Figure 19-42 shows how the 
magnet and the block are rigidly attached to the mounting plate, which 

'Halo" output loop —I 
19-41.—Cross sections of 2J42 mag

netron. 
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serves also as the output flange. Two struts connecting the block to 
the mounting plate are used as cooling radiators, and a small current of 
air should be directed over these during operation. The weight of the 
entire assembly is 3 lb. 

FIG. 19-43.—Cutaway view of 725A magnetron. 

19-10. The 726A Magnetron.1—This magnetron is a fixed-frequency 
pulsed oscillator operating at pulse-power levels up to 70 kw in the 
frequency band from 9405 to 9345 Mc/sec. The cathode is radially 
mounted, and a separate magnet must be used. A standard X-band-
waveguide coupler terminates the output circuit, which is of the coaxial-
line-to-waveguide transition type as seen in Fig. 19-43. 

1 Data for Sec. 19-10 submitted by L. R. Walker. 
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The useful range of pulse voltage and current inputs lies between 7 
and 16 kv and between 4 and 16 amp. As may be seen from Fig. 19-44, 
the corresponding range of pulse-output powers extends from 10 to 70 
kw. Low-power operation is limited by decreasing efficiency, while 
the high-power boundary is determined by arcing and overheating of the 
cathode. No mode shift is observed within the operating region set by 
these conditions. The maximum average power input at a pulse duration 
of 1 msec. and a repetition rate of 1000 pps is 150 watts. A maximum 

6L 1 1 1 1 1 n i 1 1 
2 4 6 8 10 12 14 16 18 

Peak amperes 
FIG. 19-44.—Performance chart for 725A magnetron. 

pulse duration of 2 jisec is permissible. Figure 19-45 shows a Rieke 
diagram for the 725A; the nominal pulling figure is 15 Mc/sec. 

The cathode consists of an oxide-impregnated nickel mesh, formed by 
sintering nickel powder to a heavy-walled nickel sleeve. The heater 
rating is 1 amp at 6.3 volts; during operation this heater power should 

TABLE 19-21.—CHARACTERISTIC SCALE FACTORS FOR 725A MAGNETRON 

X, cm 

3.20 

(B, gauss 

1480 

4, amp 

7.05 

V, kv 

1.82 

<P, kw 

12.8 

9, mhos 

3.87 X 10-» 

<2. 

650* 
lOOOt 

nc % 

75* 
821 

C 
L 

0.107* 
0.026t 

* Hole-and-filot version. 
t Vane type. 
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Magnetic field 
5500 gauss 

Peak current 
10 amperes 

Frequency of 0 Mc contour = 9375 Mc/sec 
F I G . 19-45.—Rieke diagram for 725A magnetron. 

Cathode lead 

F I G . 19-46.—Cross sections of 725A magnetron. 
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be reduced. Both vane-type and hole-and-slot anode blocks have been 
manufactured, each with 12 oscillators. Characteristic scale factors for 
these blocks are listed in Table 19-21, and Table 19-22 gives the dimen
sions of both models. The hole-and-slot construction is illustrated by 
Fig. 19-46. 

TABLE 19-22.—DIMENSIONS IN INCHES FOR 725A MAGNETRON 
o. Anode Dimensions, Hole-and-slot Version: See Fig. 19-lb 

a 

0.537 

b 

0 391 

c 

0.079 

da 

0.204 

dc 

0.102 

h 

0.250 

w 

0.021 

b. Strapping Dimensions, Hole-and-slot Version: See Fig. 19-2c 

m 

0.173 

n 

0.152 

0 

0.130 

V 

0.117 

9 

0.010 

r 

0.010 

s 

0.035 

u 

0.047 

c. Anode Dimensions, Vane Type: See Fig. 191c 

a 

0.545 

6 

0.524 

da 

0.204 

dc 

0.102 

h 

0.250 

* 

0.030 

d. Strapping Dimensions, Vane Type: See Fig. 19-2e 

m 

0.178 

n 

0.153 

0 

0.123 

V 

0.114 

4 

0.014 

r 

0.014 

S 

0.015 

u 

0.025 

A magnet with a gap of 0.635 in. and a pole-tip diameter of f in. is 
required. The tube is mounted by means of a circular flange to which 
the anode block and radiators are rigidly attached. Forced-air cooling 
must be provided. The weight of the magnetron is 1^ lb, while a magnet 
suitable for operating the tube at 12 kv weighs 8 lb. 

Several variations of the 725A have been produced. Type 730A 
is identical e'xcept for the positioning of the input leads, which are located 
180° from the output circuit. The 2J49 and 2J50 differ from the 725A 
only in frequency, the r-f output of the former lying between 9003 and 
9168 Mc/sec and that of the latter between 8740 and 8890 Mc/sec. 
The 2.T53, with the same frequency as the 725A, has a special cathode 
structure designed for operation at high levels and at 5-jisec pulse dura
tion: at 1 /isec and 1000 pps the average power input can be as high as 
230 watts; whereas at 5 ftsec and 200 pps, 200 watts may be put into the 
tube. 
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19-11. The 2J51 Magnetron.1—The 2J51 is a mechanically tunable 
magnetron with an attached magnet, and it is designed for pulsed 
operation in the frequency range from 8500 to 9600 Mc/sec. 

Basically, the tube is an adaptation of the Western Electric 725 to 
permit mechanical tuning. The anode block in the tube is a simple 
variation of the block in the 725 (see Fig. 19 -47a). Operation is at 14 kv 
and 14-amp pulse current at the magnetic field supplied by the attached 
magnets. The output circuit used for the 725 has been modified in 
dimensional details so that the tube, when loaded by a matched wave-

FlQ. 19-47a.—Cutaway view of 2J51 magnetron. 

guide, will operate at a fairly uniform level of power output and pulling 
figure over the frequency band. 

The cathode is mounted axially through one pole piece of the tube. 
The tuning mechanism is mounted through the other pole piece. Tuning 
is accomplished by means of 12 copper pins which may be inserted to a 
variable depth in the 12 holes of the anode block. The pins are attached 
to a plunger which is actuated by an external mechanism through a 
monel-metal bellows. The external drive consists of a worm gear which 
may be turned from a remote point by means of a flexible shaft. 

A schematic cross section of the block region of the 2J51 is shown 
in Fig. 19-476. Note that the end space between the anode block and 
the pole face has been modified at the tuning end of the tube. This 

1 Data for Sec. 19-11 submitted by P. Kusch. 
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modification ensures that the resonances of the pin system lie at higher 
frequencies than any of the normal operating frequencies of the tube. 

The magnets are adjusted to permit operation at 14 kv and 14-amp 
pulse current at midband. Four magnetic shunts are provided to adjust 

-* 

Cathode 

F I G . 19-476.—Cross section of 2J51 magnetron showing tuning pins. 

8800 9000 9200 
Frequency in mc/sec 

Flo. 19-48.—Tuning characteristics of 2J51 magnetron. 

the field downwards. Operation at 10 kv and 10-amp pulse current is 
possible. 

The power output, operating voltage, and pulling figure for a typical 
tube are shown in Fig. 19.48. The performance chart, the Rieke diagram, 
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and characteristic scale factors for the 2J51 at any frequency are essen
tially similar to those obtained for the 725 (see Sec. 19-10). 

19-12. 4J60 (4J62, 4J78) High-power 3-cm Magnetron.1—The 4J50 
magnetron is a pulsed oscillator with a fixed frequency lying in the 
band between 9345 and 9405 Mc/sec. I t is capable of a pulse-power 
output of 400 kw. The cathode is axially mounted, and an attached 
magnet is used. Radio-frequency power is extracted through a true 
waveguide output, which terminates in a standard 3-cm waveguide 
coupler. 

Peak amperes 
F I G . 19-49.—Performance chart for 4J50 (4J52, 4J78) magnetron. 

Useful pulse voltage and current inputs range from 12 to 25 kv and 
from 8 to 35 amp. Operation is limited at high powers by arcing and at 
low powers by excessive pushing, although the tube will operate stably 
at currents as low as 2 amp. The reliable range of pulse powers, indi
cated in Fig. 19-49, extends from 50 to 300 kw. Figure 19-49 shows the 
operating line for the attached magnet as supplied and set by the manu
facturer. The maximum average input power varies from 1200 watts 
at i jusec to 500 watts at 5 /isec. At currents in excess of 15 amp; the 
pushing figure averages 0.2 Mc/sec per amp; the pulling figure is 12 
Mc/sec. 

The cathode structure, which appears in Fig. 19-50, is carefully 
designed for mechanical ruggedness and high heat dissipation. A 

1 Data for Sec. 1912 submitted by L. R. Walker. 
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nickel mesh, prepared by sintering nickel powder on a heavy nickel or 
molybdenum sleeve, forms the base for the oxide coating. Permendur 
end shields on either end of this sleeve serve also to reduce the magnet 
gap and to shape the magnetic field. An oxide-blackened molybdenum 
cylinder extends the cathode structure into the opposite pole piece and 

F I G . 19-50.—Cross sections of 4J50 magnetron. (Cathode is decentered longitudinally 
when cold to allow for expansion of support in operation.) 

acts as a radiator to increase the dissipation of heat. The heater is rated 
at 5 amp and 12.6 volts; at 600 watts input (l-^sec pulse duration) this 
power is reduced 50 per cent, and at higher inputs it is still further 
decreased. Tables 19-23 and 19-24 list the characteristic scale factors 
and dimensions of the 16-oscillator anode block, which is of hole-and-slot 
construction with double-ring strapping. 
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TABLE 19-23.—CHARACTERISTIC SCALE FACTORS FOR 4J50 ANP 4J52 MAGNETRONS 

3.20 

®,gauss 

1470 

3, amp 

15.6 

V, kv 

2.50 

<P, kw 

39.0 

g, mhos 

6.25 X 10~3 

Q» 

900 

1e, % 

70 

C 
L 

0.116 

TABLE 19-24.—DIMENSIONS IN INCHES OF 4J50 AND 4J52 MAGNETRONS 
o. Anode Dimensions: See Fig. 19-16 

a 

0.380 

6 

0.538 

c 

0.087 

da 

0.319 

dc 

0.209 

h 

0.250 

w 

0.033 

b. Strapping Dimensions: See Fig. 19 2c 

m 

0.225 

n 

0.205 

0 

0.185 

P 

0.175 

9 

0.010 

r 

0.010 

8 

0.018 

u 

0.028 

T h e loading character is t ics of t he waveguide o u t p u t are shown in 
the Rieke d iagram of Fig. 19-51, and detai ls of i ts cons t ruc t ion appea r 

Frequency of 0 Mc contour =9375 Mc/sec 
FIG. 19-51.—Rieke diagram for 4J50 (4J52, 4J78) magnetron. 

in F ig . 19-52. At a tmospher i c pressure electrical b r e a k d o w n occurs 
across t h e glass window of the o u t p u t when the r-f power exceeds 375 kw, 
b u t th is m a y be p reven ted by pressur iza t ion of the line. 
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A four-hole mounting plate, shown in Fig. 19-53, is used to support 
the magnetron in operation. The magnet is protected by a cast-alumi
num sheathing. Forced-air cooling is required. Total weight of the 
4J50 is 9 lb. 

Fio. 19-52.—Cutaway view of 4J52 magnetron. 

F I G . 19-53.—4J50 magnetron. 

The 4J78 differs from the 4J50 only in its specified frequency, which 
lies between 9003 and 9168 Mc/sec. The 4J52, although identical with 
the 4J50 in anode-block structure and frequency, is assembled with a 
lighter magnet and a less massive cathode structure. Figure 19-49 
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shows the operating line for this magnet, as set by the manufacturer; 
the maximum average input power is limited to 500 watts, and the total 
weight of the tube is 5$ lb. The 4J52 is illustrated in Fig. 19-52. 

19-13. The AX9 Rising-sun Magnetron.1—The AX9 is an experi
mental pulsed oscillator operating at a fixed frequency near 9500 Mc/sec. 
A pulse-power output approaching 1 megawatt is achieved by taking 
advantage of the long anode block made possible by rising-sun construc
tion and by designing the tube for operation at high magnetic fields. 
A direct waveguide output is coupled to one of the resonators through a 
quarter-wave rectangular transformer. The cathode is mounted axially. 

Performance characteristics for an AX9 magnetron are shown in 
Fig. 19-54; note the anomalous efficiencies in the neighborhood of 3500 
gauss. The tube is intended for operation at magnetic fields greater 
than 5000 gauss and at currents above 30 amp. The decrease in efficiency 
at high magnetic fields is less pronounced than is usual in the rising-
sun design because of the relatively low ratio of the cavity depths in 
this tube. At high pulse-power levels the AX9 must be operated at 
low duty ratios in order to avoid excessive cathode heating; the maximum 
average input power is 800 watts. When the output power exceeds 
500 kw, the r-f line is pressurized to prevent breakdown, which occurs 
particularly near the window of the magnetron output. A Rieke dia-

1 Data for Sees. 1913 through 1917 submitted by S. Millraan. 
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gram for the tube is shown in Fig. 19-55. The pulling figure is approxi
mately 16 Mc/sec. 

a ^jenerator_ 

Magnetic field 
4400 gauss 

860 pulses per sec 

Peak current = 
13.4 amp-

Pulse duration 0.78 n sec 

FIG. 19-55.—Rieke diagram for AX9 magnetron. 

Glass window 

Iron Waveguide 
output 

structure 

Cathode 

r-A 

Output 
transformer 

Permendur end shields 

(4) (W 
F I G . 19-56.—Cross sections of AX9 magnetron. 

Figure 19-56 illustrates the essential features of the AX9 design. The 
depth ratio ri of the resonators is about 1.6, which is appreciably .less 
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than that of the 3J31 magnetron (Sec. 19-14). The mode separation 
between the operating or (n = 9)-mode and the {n = 8)-mode is only 
4 per cent as compared with 7 per cent for the 3J31. Permendur end 
shields similar to those of the 4J50 (Sec. 19-12) are used on the cathode. 
Characteristic scale factors and dimensions are listed in Tables 19-25 
and 19-26. 

The long anode block of the AX9 results in a gap of 0.920 in. between 
the inserted magnet pole pieces and requires the use of a magnet unusually 
heavy for tubes operating in this frequency region. A magnet capable 
of supplying 6000 gauss would weigh approximately 40 lb. 

TABLE 19-25.—CHARACTERISTIC SCALE FACTORS FOR AX9 MAGNETRON 

X, cm 

3.16 

(B, gauss 

1220 

13, kv 

3.45 

Q« 

1250 

QE 

300 

Vc, % 

80 

This design has not reached production (1946), and only a small 
number of experimental magnetrons have been studied. No life data 
are available. 

TABLE 19-26.—DIMENSIONS IN INCHES FOR AX9 MAGNETRON 
See Fig. 19-la 

a 

0.920 

da 

0.415 

dc 

0.257 

d. 

0.757 

d. 

0.957 

h 

0.800 

t 

0.043 

19-14. The 3J31 and 3J21 Rising-sun Magnetrons.—The 3J31 is a 
pulsed magnetron with a pulse-power output of about 50 kw at a fixed 
frequency of 24,000 Mc/sec. A direct waveguide output is coupled to 
one of the anode-block cavity resonators through a quarter-wave rec
tangular transformer. The cathode is mounted radially, and the magnet 
is separate from the tube. 

Figure 19-57 shows the performance chart of a representative tube. 
The useful range of peak voltage and current inputs lies between 11 and 
16 kv and between 6 and 18 amp, with corresponding pulse-power out
puts ranging from 20 to 50 kw. Low-current operation is limited by 
high pushing, poor spectrum, and mode instability, while the high-
current limit is set by excessive sparking. At magnetic fields less than 
6800 gauss the efficiency becomes low and there is a possibility of inter
ference from the (n = 8)-mode. Operation at fields greater than 8400 
gauss is inadvisable because of the loss of efficiency that occurs in the \H 
region from 10,500 to 15,000 gauss-cm; this phenomenon is typical of 
rising-sun magnetrons. 



SEC. 1914] THE 3/31 AND 3/21 RISING-SUN MAGNETRONS 787 

8 10 12 
Peak current in amps 

Flo. 19-57.—Performance chart for 3J31 magnetron. 

Reflection 
0.8 0.6 coefficient 

Magnetic field 
7600 gauss 

1930 pulses per 
k current=14 amp 

Pulse duration * 0.26 n sec 
Fio. 19-68.—Rieke diagram for 3J31 magnetron. 
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The nickel cathode is screened and oxide-coated. In starting the 
tube the heater draws 1.7 amp at 6 volts. The usual operating point 
is at 7600 gauss, 14 amp, and 14 kv, with a pulse duration of 0.5 ^sec 
and a duty ratio of 0.0005. Under these conditions the heater may be 
turned off, and the magnetron will have a useful life of over 200 hr. 

F I Q . 19-59.—Cross sections of 3J31 magnetron. 

FlQ. 19-60.—3J31 magnetron. 

The nominal pulling figure is 25 Mc/sec (see Fig. 19-58), while pushing 
averages 0.5 Mc/sec per amp in the normal operating region. 

Rising-sun construction is used in the anode block, which has 18 
sector-shaped resonators of the open-cavity type, with a depth ratio 
ri of 1.8. Characteristic scale factors and dimensions are tabulated in 
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Tables 19-27 and 19-28. Details of the design of the 3J31 are shown 
in Fig. 19-59. The lids contain iron inserts, leaving an internal air gap 
of 0.410 in. The magnet that is applied to these pole pieces has a gap of 
0.710 in. and a pole-face diameter of 1 in. The weight of the tube, 
together with the magnet which is normally supplied, is 15 lb. Forced-

FiQ. 19-61.—Cutaway view of 3J21 magnetron. 

FiQ. 19-62.—3J21 magnetron. 

air cooling is required. Figure 19-60 shows the external appearance 
of the 3J31; a more complete description of its operation may be found in a 
technical report of the Columbia University Radiation Laboratory. 

The 3J21 magnetron (Figs. 19-61 and 19-62) is a modification of the 
3J31. In addition to an axially-mounted cathode and attached magnet, 
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it has a stabilizing cavity incorporated in the waveguide output. The 
cavity stabilizes the magnetron by a factor of 2 and increases the power 
output and efficiency 15 per cent. The usual operating point is 15 amp 
and 15 kv at a pulse duration of 0.5 jusec and a duty ratio of 0.0005; 
this duty ratio may be nearly doubled if the heater is turned off during 
operation. 

The 3J31 has also been used as the basis for scaling 18-vane open-
cavity rising-sun magnetrons to wavelengths ranging from 0.9 to 4.0 cm. 

Tables 19-27 and 19-28 give the characteristic scale factors and some 
of the 3J31 tube dimensions. 

TABLE 19-27.—CHARACTERISTIC SCALE FACTORS OF THE 3J31 MAGNETRON 

X, cm 

1.25 

(B, gauss 

3000 

1), kv 

3.3 

(P, kw 

45 

0» 

800 

QE 

400 

Vc, % 

65 

TABLE 19-28.—TUBE DIMENSIONS IN INCHES OF 3J31 MAGNETRONS 
See Fig. 19-la 

b 

0.469 

da 

0.160 

dc 

0.096 

d. 

0.288 

d. 

0.390 

h 

0.150 

t 

0.017 

19-16. 22-cavity Rising-sun Magnetron.—This rising-sun magnetron 
is very similar in construction to the 3J31 tube. I t is designed for about 
the same wavelength and operating conditions as the 3J31, differing 
from it only in that the number of cavity resonators in the block is 22 
instead of 18. This is the largest number of resonators used in a success
ful rising-sun magnetron having open cavities and block design param
eters that are not particularly critical. (A sealed version of this tube 
at 6 mm is currently under development at the Columbia University 
Radiation Laboratory. A pulsed output power as high as 40 kw has 
been observed.) 

The important tube dimensions are listed in Table 19-30. No 
photographs or cross-sectional views are given for this tube, as these 
would be practically identical with those shown in Figs. 19-59 and 19-60 
for the 3J31 tube. The anode-block dimensions in Table 19-30 cor
respond to a cavity depth ratio of about 1.75 and give a wavelength 
separation between the ir-mode (n = 11) and the (n = 10)-mode of 
about 5 per cent. 

The performance characteristics of a 22-cavity magnetron are shown 
in Fig. 19-63. These are so similar to those of the 18-vane 3J31 mag
netron that they will not be further discussed. This applies also to the 
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11 16 
Peak amperes 

FIG. 19-63.—Performance chart of 22-cavity rising-sun magnetron. 

operating conditions and life of the tube. Only a relatively small 
number of these tubes have been constructed and tested. 

Tube 

P 2 

TABLE 

A, cm 

1.21 

19-29.—CHARACTERISTIC 
RISING-SUN 

(B, gauss 

2700 

•U, kv 

3 .0 

SCALE FACTORS FOR 22-CAVITT 
MAGNETRON 

(P, kw 

50 

<2„ 

800 

TABLE 19-30.—DIMENSIONS FOR 22-CAVITY RISI 
See Fig. 19-la 

d. 

0.181 

dc 

0.116 

d. 

0.311 

d. 

0.410 

QE 

500 

Vc, % 

60 

N 

22 

NG-SUN MAGNETRON 

h 

0.170 

t 

0.0145 

19-16. The Closed-end 38-cavity Rising-sun Magnetron.—This is an 
experimental pulsed magnetron with a rising-sun anode block of the 
closed-end type. The magnetron was designed for frequencies near 
24,000 Mc/sec for the purpose of developing a tube that could readily 
be scaled to higher frequencies. As in the 3J31 magnetron, an axially 
mounted cathode and direct waveguide output are used. 
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A description of the essential features of the 38-vane magnetron is 
given in the sectional view (Fig. 19-64) and in Fig. 19-65. For con
structional reasons, cylindrical holes are used in the large cavities of 
the block, producing a modification of the straight sector-shaped cavities 
commonly found in a rising-sun oscillating system. If the holes were 
replaced by equivalent sector-shaped cavities, the value r\ for the result
ing ratio of cavity depths would be about 2.7. The height h of the 
closed-end block is 0.65X. 

Waveguide 

F I Q . 19-64.—Cross sections of closed-end 38-cavity rising-sun magnetron. 

The large values of the cathode and anode diameters are particu
larly noteworthy in this magnetron. The anode diameter is about 
two-thirds of a wavelength. This represents the highest ratio of dj\ 
that has been used in a successful magnetron. 

The performance characteristics of a typical tube are shown in Fig. 
19-66. The advantage of the large number of resonators is made evident 
by comparing the magnetic field values at the optimum efficiency region 
with those for the 3J31 magnetron. The relatively high currents appear
ing on the performance chart are another result of the use of a large 
number of resonators. The increased heat dissipation made possible 
by the large cathode size is not evident from the data supplied in the 
performance chart, because experiments with the tube were limited to 
a study of the possibilities of the oscillating circuit. The operation of 
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Cathode 

Waveguide 
output 

Flo. 19-65.—Cutaway view of 38-cavity rising-sun magnetron. 

t he m a g n e t r o n is re la t ively free from t roubles due t o m o d e changes, 
despi te t h e fact t h a t t h e wave leng th separa t ion be tween the 7r-mode 
(n = 19) a n d t h e (n = 18)-mode is only a b o u t 1 per cent . T a b l e s 1 9 3 1 
a n d 19-32 give t he character is t ic scale factors a n d some of t he t u b e 

TABLE 19-31.—CHARACTERISTIC SCALE FACTORS FOR 38-CAVITY MAGNETRON 

Tube type 

Closed-end 38-vane 
Closed-end 26-vane 

X, cm 

1.30 
1.26 

<$, gauss 

2060 
2630 

V, kv 

3.05 
3.35 

Qv 

1000 
860 

QE 

800 
1030 

1«, % 

56 
46 

TABLE 19-32.—DIMENSIONS FOR 38-CAVITY MAGNETRON 
See Fig. 19 l a and b 

d. 

0.339 

dc 

0.257 

d. 

0.479 

h 

0.350 

( 

0.015 

c 

0.079 
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14 20 
Peak amperes 

F I G . 19-66.—Performance chart for 38-cavity rising-sun magnetron. 

200 400 600 
Milliamperes 

F I G . 19-67.—Performance chart for XCR magnetron. 

1000 
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dimensions. Characteristic scale factors are also listed for a similar 
design having but 26 resonators. 

0.580" Dia. 

0.524' 

1.050"Dia 17 Cavities 
equally spaced 

F I G . 19-68.—Transverse cross sections of XCR magnetron. 

, Rectangular wave
guide transformer 

Kovar sleeve 

Cover plate-1 t 

' Tantalum 

- Anode block 
" Water cooling jacket 

F I G . 19-69.—Longitudinal cross section of X C R magnetron. 

19-17. The XCR High-power 2.6-cm C-w Magnetron.—This magne
tron is a 34-vane experimental tube that utilizes a rising-sun anode 
block of the closed-end type. The tube is in an early stage of develop-
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ment at the Columbia University Radiation Laboratory, and its descrip
tion is intended principally as an indication of the output power 
possibilities of c-w magnetrons at short wavelengths. At an operating 
frequency of about 11,500 Mc/sec, an r-f output of 900 watts has been 
observed. The performance of the best of the few magnetrons that 
have been constructed up to the time of the present writing is shown in 
Fig. 19-67; complete test information is not available for this magnetron. 
Because of the absence of data on the Q's, the circuit efficiency is not 
known. There is good ground for believing, however, tha t the elec
tronic efficiencies are not substantially different from those of pulsed 
rising-sun magnetrons operating at corresponding values of H/H0. 

The essential constructional features of the 34-cavity magnetron 
are shown in the two section drawings (Figs. 19-68 and 19-69). The 
anode block is completely closed. The dimensions correspond to a 
block height of 0.78X, a cavity-depth ratio of 2.63, an Ho of 980 gauss, 
and a V of 700 volts. The axially mounted helical cathode is made 
of 0.040-in. tungsten wire, requiring about 45 amp at 3.3 volts for 
the starting of the magnetron. Only a fraction of this power, how
ever, need be supplied when the tube is operating with high input power. 
The waveguide design for the tube includes a rectangular guide trans
former and a mica window.1 

1 Professor W. E. Lamb, Jr., has kindly permitted the publication of the pre
liminary results that he has obtained with this tube. 
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Action function, 226 
Adiabatic theory, 357 
Admittance, 50, 292, 293, 300 
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Aleksereff, N. T., 7 
Alnico V, 542, 547, 548 
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American Lava Corporation, 689 
Anode, double-ring-strapped, 460 

strapped, circuit constants for, 465 
Anode block, 11, 49, 406 

closed-end, 69 
fabrication of, 649-662 
hole-and-slot, 14 
rising-sun, 437 

Anode-block height, 473 
Anode diameter, 472 
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to II-mode wave-length, 104 
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Anode-segment width, ratio of, to gap 
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Arcing, 737 
Arnold Engineering Company, 542, 551, 
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525, 529 

as function of total slot conductance G, 
527 
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Bloom, L. R., 684 
Blow-in, 489 
Blum, W., 676 
BM50 magnetron, 429, 764-766 
Boot, H. A. H., 10 
Boundary conditions, 414 

cathode, 257 
Brazing, 662-670 
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problems in, 670 

Brazing alloys, 664-667 
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in r-f line, 738 
Breakdown temperature, 529 
Brilloam steady state, 245 
British cavity magnetron, 8 
Brown, G. H., 668 
Buck, J. G., 676 
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Q for, 365, 374 
Bullet, 482 
Bunemann, O., 253 

(See also Small-amplitude theory) 
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C 

Capacitance, fringing, 464 
Capacity, equivalent, 108 
Cathode, 11, 23, 378, 411 

back bombardment of, 285 
construction of, 685-687 
end-mounted, 411, 530 
helical-shape, 796 
localized deterioration of, 762 
ohmic loss in, 524 
overheated, 738 
pulsed, thermal behavior of, 520 
radial-mounted, 411, 529 
secondary-emission, 411 
size of, 23 
thorium oxide, 534, 692 

Cathode-anode short circuit, 736 
Cathode boundary conditions, 257 
Cathode-current density, 440 
Cathode diameter, ratio of, to anode 

diameter, 105 
Cathode end shields, 537 
Cathode-lead loss, 728, 729 
Cathode radiator, 781 
Cathode radius, 440 
Cathode sparking, 413 
Cathode steps, 758 
Cathode temperature, range in, 412 
Cathode-temperature characteristics for 

2J42 magnetron, 528 
Cavities, side, 49 
Cavity resonators, 290 
Cavity stabilization, 747, 758, 769, 773, 

790 
Cavity tuning, 583, 758, 773 
Charge distribution, 17 
Chemical processes used in construction, 

674-676 
Chemistry and Physics, Handbook of, 676 
Choke joint, 483 
Circuit, center-loop, 191 

equivalent (see Equivalent circuit) 
halo-loop, 191 

Circuit constants for strapped anodes, 
465 

Circuit efficiency, 36, 181, 185, 421, 626, 
717-

Vc, 407 
Circuit element, electron stream as, 291-

297 

Circuit parameters, of hole-and-slot 
resonator, 463 

of vane-type resonator, 462 
Clark, J. E., 677 
Cleaning, 675 
CM16B c-w magnetron, 744-747 
Coaxial coupling section, 483 
Coaxial-line chokes, 11 
Coaxial-line tuning, 746 
Coaxial-output circuit, 169, 191 
Coaxial outputs, 482 
Coaxial-to-waveguide transitions, 485 
Columbia University Radiation Labora

tory, 655, 657, 659-661 
Components, 340 
Computation of admittances, 77 
Condon, E. U., 567 
Conductance, characteristic, 416 

electronic, 391 
GL, at slots, 422 

Conductance map, 338, 358, 361 
Constant b, contours of, 447 
Constant D, lines of, 454 
Construction, chemical processes used in, 

674-676 
tube, 649-697 

Contours, 317, 319, 331 
efficiency, 443 
of constant b, 447 

Cooling by radiation, 524 
Coomes, E. A., 676 
Corning Glass Works, 679 
Coupling, loop-, 169 

segment-fed, 170, 194 
strap-fed, 170 

Coupling circuits, strap-fed, 193 
Coupling devices, low-Q, 578 
Coupling loop, 11 
Critical field, 437 
Crout, Prescott D., 554 
Crucible Steel Company of America, 

Halcomb Steel Division, 651 
Current, characteristic, 416 
Current amplitude, 291 
Current density, reduced linear, 235 
Cutoff, 3, 340, 342, 369 
Cutoff (Hull) voltage, 238 
Cyclotron frequency, 599 
Cyclotron-frequency oscillations, 3 
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D 

Demagnetization curve, 542 
Density, cathode-current, 440 

low-current, 440 
Design formulas, 455 

general, 454 
"Dielectric Materials, Tables of," 679, 

680 
Distillation Products, Inc., 693 
Donal, J. S., Jr., 684 
Doorknob transition, 485 
Double-ring strapped systems, 119 
Dushman, S., 692 
Duty ratios, 8 

E 

Efficiency, 35, 401, 450 
electronic (see Electronic efficiency) 
of operation, 409 

Efficiency contours, 443, 452 
adjusted, 445 

Efficiency lines, 447 
Efficiency minimum, 437 
Eisenstein, A. S., 676 
Electromagnets, 540 
Electron emission, 352 
Electron emitters, 411 
Electron gas, 598 
Electron leakage, 537 
Electron stream, admittance of, 214 

as circuit element, 291-297 
Electronic admittance, 293, 312 
Electronic conductance, 391 
Electronic efficiency, 36, 333 
Electronic susceptance, 410 
Electrons, thermal velocities of, 211 
Electroplating, Modern, 676 
Emission, 353, 379 

electron, 352 
primary, 413 

Emitters, electron, 411 
metallic, high-temperature, 413 

End plates, insulated, 538 
End shield, 12, 530 

cathode, 537 
Permendur. 781 

End space, 11, 91, 498 
End-space effects, 69, 418 
End-space resonances, 74 

Energy loss function, 241 
Energy product, 541 
Equivalent circuit, 289, 293, 297-299, 

311, 330 
of single resonator, 461, 466 

Equivalent ratio r«,, 108 
ET10 reactance tube, 747 
Everhart, E., 620 

F 

Field distribution for modes, 17 
Field equations, 217-222 
Field fluctuations, 222-228 
Field-pattern measurements, 710-713 
Field theory, spectrum by, 66 
Field uniformity, 552 
Fineman, A., 676 
Fisk, J. B., 582 
Flux leakage, 545 
Flux plotting methods, 72 
Fluxes, 664-667 
Forgue, S. V., 692 
4J31 magnetron, 760 
4J33 magnetron, 427 
4J35 magnetron, 760 
4J36 magnetron, 760 
4J39 magnetron, 427 
4J41 magnetron, 760 
4J50 magnetron, 428, 780-784 
4J52 magnetron, 783 
4J70 tunable magnetron, 756-760 
4J77 tunable magnetron, 756-760 
4J78 magnetron, 783 
Fourier analysis, 340 
Frequency, 401 

complex, 300, 306, 357 
Frequency sensitivity, 482, 582 

of output circuits, 189 
Frequency sink, 328 
Frequency stability, 36, 408, 409 
Frequency stabilization, 402 

G 

Gap width, ratio of, to anode-segment 
width, 107 

Gas. rp-jwhuiL 395 
Gassy tube, 736 
General Electric Company, 563, 573, 621, 

677 
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General Electric Research Laboratories, 
554 

GK13-1 magnetron, 430 
Glass, No. 704, 483 

Corning, No. 707, 483, 487 
Glass seal, 482 

Kovar-to-, 483 
Glasses, laboratory, 679, 680 
Guide, chamfered, 488 

H-section, 199 
lumped, 198 

H 

H-section transformer, 498 
H-shaped cross section, transformer of, 

493 
Habann-type oscillations, 4 
Haeff, A. V., 601 
Halcomb Steel Division, Crucible Steel 

Company of America, 651 
Hall, N., 676 
Handy and Harmon Company, 667 
Hartman, P. L., 582 
Hartree, 30 
Hartree diagram, 30, 341 
Hartree's condition, 340 
Heat balance, 412, 519 
Heater, open, 736 
Heater construction, 687-693 
Heater power, 402, 411 

rated, 528 
Hinman, C. W., 651 
Hobbing, 654 
Hogaboom, G. B., 676 
Hogaboom, G. B., Jr., 676 
Hollow pole pieces, 411 
Housekeeper, W. G., 676 
HP10V magnetron, 426, 760-764 
Hull, A. W., 1, 615, 677 
Hull, F. C , 664, 665 
Hydrogen bottle, 669 

I 

Impedance, 290, 705 
cold, 329 
oscillator, 36 
static input, 401 

Indiana Steel Products Company, 542 
Inductance, equivalent, 114 

Inductance-tuned system, multicavity, 
mode spectrum of, 165 

Instability, 345, 349, 355 
Instability voltage, 264 
Interaction field, 74, 92-98 
Interaction space, 11, 84, 403 

admittance of, 63, 84 
equivalent network for, 52 
trial design of, 403 

Interactions, 380 
Ions, 395 
Iris coupling, 194 
Iris output, stabilized, 498, 499 
Iris transformer, 494 
Iris windows, 203 

J 

James, H. M., 582 
Jepson, R. L., 684 
Jig assembly, 650 
Johnson Company, Lloyd S., 667 
Jones, F. D., 650 

K 
Kester Solder Company, 667 
Kilgore, G. R., 4 
Klystron, 597 
Kolin, A., 554 
Kovar, 677, 678, 695 
Kovar-to-glass seal, 483, 677n 
Kusch, P., 565 

L 

Laboratory glasses (see Glasses, labora
tory) 

Lamb, W. E., 471, 617 
Lamination, 650 
Large-signal conditions, 619 
Laws, F. A., 553 
Lawson method, 713 
L/C ratio of magnetron oscillator, 726 
LCW magnetron, c-w, 740-744 

single, 428 
Lead loss, 718 
Leakage, flux, 545 

of H-mode radiation, 501 
Litton Engineering Laboratories, 573, 681 
LL3 magnetron, 352, 367 
"Lloyd's," Lloyd S. Johnson Company, 

667 
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Load curves, 444 
Load g, reduced, 443 
Load instability, 42 
Loaded Q, 188 
Loading, 563 

effect of, on mode spectrum, 141— 
Long-line effect, 322 
Loop-coupling, 169 
Loops, 297, 305, 310 

center, 169 
halo, 169 

Lord, H. W., 549 
Lumped guides, 198 

M 
Machinist's Handbook, 650 
Machlett X-ray Corp., 650 
Mclntosh, R. O., 667 
Magnet, 402 

permanent, 13 
design of, 540 

Magnet charging, 548 
Magnet weight, 414 
Magnetic circuit, 414, 540-557 
Magnetic Circuits and Transformers, 
Magnetic field, 436 

4 characteristic, 416 
Magnetic material, 414 
Magnetic stabilization, 550 
Magnetron, AX9, 429, 784-786 

BM50, 429, 764 
British cavity, 8 
c-w, CM16B, 744-747 

LCW, 740-744 
XCR, 795, 796 

early types of, 1 
family of, 416 
4J31, 760 

J 4J33, 427 
4J35, 760 
4J36, 760 
4J39, 427 
4J41, 760 
4J50, 428, 780-784 
4J52, 783 
4J78, 783 
GK13-1, 430 
HP10V, 426, 760-764 

( index of, 742 
| linear, 233 
j basic equations for, 233 

Magnetron, LL3, 352 
low-voltage, 440 
microwave, 1 
packaged, 13 
performance of, 316 
pulsed, 42 

characteristics of, 45 
QK61, 428 
RD11-2, 430 
rising-sun (sec Rising-sun magnetron) 
SCWC, 430 
scaling of, 236 
725A, 428, 774-777 
730A, 777 
single LCW, 428 
split-anode, 4 
stabilized, 2J41, 766-769 
3J21, 789 
3J31, 429, 786-790 
tunable, 320 

4J70, 756-760 
4J77, 756-760 
2J51, 778-780 

2J22, 751-756 
2J32, 426 
2J34, 751-756 
2J38, 747-751 
2J39, 426, 747-751 
2J42, 770-774 
2J49, 777 
2J50, 777 
2J53, 777 

Magnetron design, 403 
Magnetron diode tuning, 615 
Magnetron efficiency, limiting, 240 
Magnetron fields, boundary conditions 

for, 234 
Magnetron Modulation Coordinating 

Committee, minutes of, 620 
Magnetron oscillator, L/C ratio of, 726 
Malearoff, D. E., 7 
Malter, L., 684 
Marion Electrical Instrument Company, 

553 
Massachusetts Institute of Technology, 

543 
Measurements, 553 
Mica windows, 489, 684 
Misfiring, 43, 346, 350, 354 
Mode changes, 343, 345, 376 
Mode changing, 43 
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Mode competition, 100, 474 
Mode damping, 769 
Mode degeneracy, 17 
Mode identification, 726, 727 
Mode instability, 737 
Mode jumps, 355 
Mode number, 29 
Mode number n, 33 
Mode selection, 339, 348, 575, 586 
Mode separation, 468 
Mode shift, 345, 351 
Mode-shifting, 562 
Mode skip, 345, 348, 350 
Mode spectrum, 474 

of double-ring-strapped systems, 133-
138 

effect of loading and strap breaks on, 
141-157 

of multicavity inductance-tuned sys
tem, 165 

of multicavity segment-tuned system, 
161 

of multicavity strap-tuned system, 
159 

of single-cavity-tuned strapped sys
tem, 157 

of single-ring-strapped systems, 138 
Mode stability, 538 
Modes, 339 

component, 32 
degenerate, 75 
field distribution for, 17 
frequencies of, 19 
of oscillation, 627 
zero, 472 

Modulation, amplitude, 592 
frequency of, 592 
phase, 597 

Morton, G. A., 554 
Motion, equations of, 222-228 

nonrelativistic, 231-243 
Myers, L. M., 554 

Network, equivalent, for interaction 
space, 52 
for side resonators, 52 
spectrum by, 54 

rings of, 123-130 
Neutrode, 423 

Noise, 365, 367, 388-398 
origins of, 395-398 

Noise fluctuations, 418 
Nonlinearity, 381 

of space charge, 313 
Nonoscillating states, 342, 362, 367 
Nordisieck, A., 494, 565 

O 

Oberg, E., 650 
Ohmic loss in cathode, 524 
Operating characteristics, 613, 614 
Operating constants, 405 
Operating curve, 296, 297, 307, 315, 332, 

338 
Operating data, reduced, 419 
Operating point, relative, 403, 435, 455 
Operation, efficiency of, 409 
Oscillations, buildup of, 43 

cyclotron frequency, 3 
Habann-type, 4 
modes of, 309 
negative-resistance, 4 
T-mode, 16 
spurious, 418 
traveling-wave, 5 

Oscillator impedance, 36 
Oscillograph, 373 
Oscilloscope, 346 
Output circuits, 11 

coaxial-, 169, 191 
functions of, 187 
high-impedance level, 190 
low-impedance level, 190 

Outpu t t ransformers, quarter-wave
length, 195 

Outputs, 481 
coaxial, 482 
waveguide, 486 

Oxygen-free high-conductivity (OFHC) 
copper, 650, 694, 695 

n-mode, 461, 467, 470, 472, 474, 479 
n-mode field, distortion of, 97 
n-mode operation, 98 

(See also Zero component con
tamination) 

n-mode oscillations, 16 

N 
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II-mode radiation, leakage of, 501 
II-mode wavelength, ratio of, to anode-

block diameter, 104 
Palmer, Frank R., 655 
Parallel-resonant circuit, 301, 310 
Parameter operation, 37 
Parameters, primary design, 401, 455 

secondary design, 405, 435 
Pattern distortion, 141, 144, 151, 189, 576 
Performance charts, 38, 317, 334, 732 

reduced, 436, 441 
universal, 448, 450 
variation of, with load, 441 

Permendur end shields, 781 
Phase coherence, 388 
Phillips, M., 617 
Plating, 676 
Pomerantz, Martin A., 692 
Posthumus, K., 6 
Power, back-bombardment (sec Back-

bombardment power) 
characteristic, 416 

Power output, 401 
average, 402 

Power transmission, average, 484, 489 
Prater, C. D., 692 
Probe transition, 486 
Pseudo scaling, 450 
Pulling figure, 182, 186, 188, 326, 734 
Pulse durations, 402 
Pulser, 343, 380 

hard-tube, 343 
line-type, 344 

Q 
0, 301 

for buildup, 365, 374 
external, 181 
loaded, 188 
measurement of, 713-723 
unloaded (see Unloaded Q) 

Q-circle, 178-187 
Q-measurements, 180 
QL, 303 
QK61 magnetron, 428 

R 
Radial cathode supports, 13 
Radiation, cooling by, 524 
Radio Corporation of America (RCA), 

613, 650 

Randall, J. T., 10 
Raytheon Manufacturing Co., 650 
RD11-2 magnetron, 430 
Reflection coefficient, 706 
Relativistic corrections, 211 
Relativistic effects, 228 
Relaxation method, 71 
Resistance, equivalent, 114 

internal, 343, 356, 363, 371 
Resonance indicator, 704 
Resonances, end-space, 74 

tuner, 575 
Resonant cavity, 773 
Resonant circuit, internal, 7 
Resonant-circuit terminals, 720 
Resonant load, mismatched transmission 

line as, 320-329 
Resonant systems, 11, 13-23, 297-304, 

406, 460 
components of, 406 
strapped, 461 
unstrapped, 49 
various, 22 

Resonator depths, ratio of, 102, 478 
Resonator shape, 108 
Resonators, 11 

annular-sector, 62 
cavity, 290 
closed-end, 471, 477 
hole-and-slot, circuit parameters of, 

463 
number of, 472 

effect of, 107 
open, 471, 477 
side, 49 

admittance of, 56 
of composite shape, 62 
cylindrical, 59 
equivalent network for, 52 
rectangular-slot, 57 

single, equivalent circuit of, 461, 466 
vane-type, circuit parameters of, 462 

R-f components, 32 
R-f line, breakdown in, 738 
R-f output, detection of, 732 
R-f patterns, 470 
Rieke diagram, 40, 178-187, 317, 327, 733 
Rising-sun magnetron, 21, 283, 528 

22-cavity, 790, 791 
38-cavity, 791-794 

Rising-sun resonant system, 470 



8 0 4 MICROWAVE MAGNETRONS 

Rising-sun systems, 83-117 
closed-end, 110-113 
partially closed-end, 113 

Rotary probe, 710 
Rotating-wave hypothesis, 219, 282-287 

S 

S-eurve method, 177 
Sanford, R. L., 540, 553 
Saxon, D. 8., 594, 599 
Scale factors, 448 

characteristic, 416, 441 
Scaling, 417, 450, 610 

pseudo, 450 
Scaling laws, 414 
Scott, H., 677 
SCWC magnetron, 430 
Seals, glass-to-Kovar, 677, 681 

metal-to-glass, 676 
Segment-tuned system, multieavity, 

mode spectrum of, 161 
Self-consistent fields, 265-274, 279 
704 glass, 483 
707 Corning glass, 483, 487 
725A magnetron, 428, 774-777 
730A magnetron, 777 
Shape factors, 403, 435, 455 
Short-line effects, 322 
Shot effect, 396 
Shulman, C , 597, 608 
Signal Corps, 553 
Signal-to-noise ratio, 388, 394 
Single-ring strapped systems, 119 
Single-stream states, conditions for, 251 
Sintering, 662 
Slater, J. C , 467, 582 
Slobod, R L., 685 
Slot conductance GL, 407 
Slot width, relative, 442 
Small-amplitude theory, 253-265 
Small-signal theory, 616 
Smith, L. P., 597, 608 
Smith, P. H., 40 
Smith chart, 318, 707 
Solder, 663 
Soldering, 662-670 
Sonkin, S., 657, 659 
Space charge, 24, 340, 391 

as circuit element, 288-338 
nonlinearity of, 313 

Space-charge configuration, 27 
Space-charge limitation, 211, 412, 418 
Space-chargo properties, 316, 329-338 
Sparking, 24 
Spectrum, 83, 325, 345, 389, 735 

by equivalent network, 54 
by field theory, 66 

Sprocket tuning, 565 
Stability, 305, 313, 328, 362 

frequency (see Frequency stability) 
Stabilization, 408, 576, 586, 622-645 

cavity (see Cavity stabilization) 
frequency, 402 
magnetic, 550 

Stabilization factor, 625, 723-726 
Stabilizer, 406, 494, 622 
Standing-wave measurements, 705-710 
Standing-wave ratio, 707 
Stanley, F. A., 651 
Start, false, 372 
Starting, 357, 367, 376 

speed of, 365, 632 
Starting time, 365, 388 
Starting voltage, 370 
Strap breaks, 147-157, 470 

effect of, on mode spectrum, 147-154 
Strap-tuned system, multieavity, mode 

spectrum of, 159 
Strapped systems, double-ring, 119 

mode spectrum of, 133-138 
single-cavity-tuned, mode spectrum of, 

157 
single-ring, 119 

mode spectrum of, 138 
Strapping, 118, 384 

by staggering of vanes, 766 
Straps, 11 

definition of, 118 
effect of, 19 

Stratton, J. A., 598 
Strong, J., 664, 666, 667, 677 
StupakofT Ceramic and Manufacturing 

Company, 677 
Symmetrical states, 243-253 

T 

Temperature, fluctuation in, 521, 523 
Terminals, 292, 298, 319 
Test bench, 731 
Testing, 553 
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Thermal behavior of pulsed cathode, 520 
Thermal expansion, 407 
Thorium oxide cathode, 534 
3J21 magnetron, 789 
3J31 magnetron, 429, 786-790 
Threshold (Hartree) voltage, 237 
Tibbs, S. R., 266 
Transducer, 298, 299, 319 

4-terminal, 171-177 
Transducer constants, 177 
Transformation formulas, 62 
Transformations, bilinear, 174 
Transformer, 489 

H-section, 498 
of H-shaped cross section, 493 
iris, 494 
quarter-wave, 482 
rectangular, 491 
waveguide, 491 

Transformer constant, principal, 177 
Transient behavior, 339-387 
Transients, 315, 357, 359, 366 
Transmission line, mismatched, 309 

as resonant load, 320-329 
Transmission method, 702 
Tube, gassy, 736 

reactance, ET10, 747 
reseasoning of, 737 

Tube construction, 649-697 
Tube evacuation, 693, 694 
Tube model, 729 
Tube processing, 693, 694 
Tuner, multicavity inductance, 165 

multicavity segment, 161 
multicavity strap, 159 
single-cavity, 157 

Tuner resonances, 575 
Tuning, 622 

capacitive, 570 
cavity (see Cavity tuning) 
coaxial, 588 
coaxial-line, 746 
cookie cutter, 570 
coupled-circuit, 576 
double-output, 576 
electron-beam, 592 
electronic, 592-621 
inductive, 565 
iris-coupled, 583 
magnetron diode, 615 
mechanical, 561-591 

Tuning, by perforated plate, 769 
by pins in oscillators, 778 
ring, 572 
single-stub, 589 
sprocket, 565 

Tuning curve, 320, 324 
Tuning hysteresis, 562 
Tuning ranges, 402, 407, 408, 643 
Tuner resonances, 575 
2J22 magnetron, 751 
2J32 magnetron, 426 
2J34 magnetron, 751 
2J38 magnetron, 747 
2J39 magnetron, 426, 747 
2J41 stabilized magnetron, 766-769 
2J42 magnetron, 770-774 

cathode-temperature characteristics 
for, 528 

2J49 magnetron, 777 
2J50 magnetron, 777 
2J51 tunable magnetron, 778-780 
2J53 magnetron, 777 

U 

Underhill, E. M., 544, 548 
Unloaded Q, 108, 113, 184, 466, 467, 561, 

575 

V 

Vacuum casting, 661 
Vane equivalent, 108 
Vane thickness, ratio of, to space between 

vanes, 473 
Variables, dependent, 294 

dimensionless, 415 
independent, 294, 316 
reduced, 232, 365, 416 

(F,/)-characteristics, 343, 450 
(F,/)-diagrams, 341 
(V,/)-plot, 346 
(F,/)-scope, 347 
(FJ)-trace, 347, 348, 358, 368, 372 
Vitter, A. L., Jr., 614 
Voltage, 291 

characteristic, 416 
instability, 264 
reduced, 233 

Voltage breakdown, 484, 488 
Voltage position, minimum-, 707 
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Voltage range, 401 
Von Hippel, A., 680 

W 

Walsh, E. J., 682 
Waveguide circuits, directly coupled, 195 
Waveguide-output circuits, 194-203 
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Foreword 

THE tremendous research and development effort that went into the 
development of radar and related techniques during World War I I 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. Because this 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super
vision of the National Defense Research Committee, undertook the great 
task of preparing these volumes. The work described herein, however, is 
the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 

- i and other Dominions. 
-j The Radiation Laboratory, once its proposals were approved and 

~" finances provided by the Office of Scientific Research and Development, 
^j, chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 
t project. An editorial staff was then selected of those best qualified for 

O this type of task. Finally the authors for the various volumes or chapters 
or sections were chosen from among those experts who were intimately 

c famihar with the various fields, and who were able and willing to write 
f~j the summaries of them. This entire staff agreed to remain at work at 

^T MIT for six months or more after the work of the Radiation Laboratory 
was complete. These volumes stand as a monument to this group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of other scientists, engineers, and others who actually carried 
on the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and they 
worked so closely together even though often in widely separated labora
tories that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote reports 
or articles have even been mentioned. But to all those who contributed 
in any way to this great cooperative development enterprise, both in this 
country and in England, these volumes are dedicated. 

Jfi L. A. DUBRIDGIT. 
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Preface 

THIS volume of the Radiation Laboratory Series attempts to cover 
the basic principles underlying the operation of klystrons and planar 

grid tubes as oscillators and amplifiers. I t has been the desire of the 
authors to present the technical and theoretical aspects of this field as 
completely and as rigorously as possible, even though this meant the 
exclusion of a great deal of descriptive material, and has certainly added 
to the difficulty of a first reading. Nevertheless it was felt that the 
greatest need for a book on this subject at the present time was for one 
from which the fundamental principles for the design and understanding 
of microwave vacuum tubes could be obtained. No attempt has been 
made to describe how a vacuum tube is actually constructed. Rather 
the emphasis has been placed on presenting the fundamental material 
which the tube designer or tube user must have at his command. 

Because the radio-frequency work of the Radiation Laboratory was 
concentrated almost entirely in the frequency region above 3000 Mc/sec, 
this book naturally tends to emphasize the operation of tubes in that 
region. However the basic principles are the same at lower frequencies 
although as a general rule the electrical and mechanical requirements 
become more difficult to attain as higher frequencies are approached. 
Certainly it is the authors' hope that this is a book on the principles of 
operation of particular types of tubes, and not a treatise on the generation 
of oscillations in a particular frequency band. 

The wartime development of microwave radar and communications 
was based on three important types of amplifier and oscillator tubes: the 
multicavity magnetrons, the klystron family of tubes, and the planar 
grid tubes (also called lighthouse tubes and disk-seal tubes). The 
extraordinarily rapid engineering development of the multicavity magne
tron as a transmitting tube is certainly one of the great advances of the 
war and is discussed elsewhere in the Radiation Laboratory Series. The 
present volume attempts to complete the story, and to cover in particular 
the development of microwave receiving tubes, local oscillators, and 
signal amplifiers. The use of klystron and planar grid tubes as trans
mitting oscillators, and in a few cases transmitting amplifiers, is not 
neglected. But up to the present their greatest use has been in receivers. 
I t seems hardly necessary to caution the reader that the future develop-
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ment of microwave receiver tubes will hardly be limited to the two types 
discussed here. One need only recall the announcement in June of this 
year of the development first at Oxford University and later at the Bell 
Telephone Laboratories of the traveling-wave tube, which may well 
revolutionize our idea of amplifier design. 

This volume has been written in parts based on tube types and con
struction, a division in form rather than in use or purpose. Following 
four introductory chapters discussing tube types and functions and basic 
electronic and circuit phenomena common to all types of tubes there is a 
part on planar grid tubes and a part on klystrons. This division has 
seemed desirable to the authors since it has made the purely mathe
matical developments more logical than would have been the case if the 
division in function had been followed. This arrangement should reduce 
the number of cross references, and make the reading more straight
forward. Aside from a few special cases of r-f circuits which are used 
solely for microwave vacuum tubes, no attempt has been made in this 
book to discuss the general properties of distributed constant circuits, 
since these problems have been discussed thoroughly elsewhere in this 
series. 

Except for the important work of H. V. Neher and his group, most 
of the effort at Radiation Laboratory on microwave receivers went into 
the design of circuits, and the corollary tube testing and specification. 
We have drawn freely upon the work of other organizations both in 
England and in this country, and in particular upon the work of the 
Bell Telephone Laboratories, the General Electric Company, and the 
Sperry Gyroscope Company. Since the bulk of the wartime work has 
just been declassified and remains unpublished, it has been necessary 
to refer to internal organization reports, which are not available generally. 

With the increasing awareness of engineers and physicists of the 
relative merits of various systems of units, it has become the duty of the 
preface writer to mention and defend the system chosen for the book a t 
hand. The present volume uses the MKS system for reasons no more 
cogent than (1) this system is becoming more and more popular among 
engineers, and is making headway even among physicists; (2) amperes, 
ohms, and volts are units which the tube designer naturally uses. 

We should like to express our thanks to Professor Eugene Feenberg, 
now at Washington University in St. Louis, Mr. Edward Barlow, and 
Dr. Marvin Chodorow, of the Sperry Gyroscope Company for many 
helpful comments and criticism of the manuscript. We are indebted 
to our former colleagues Dr. Milton Gardner, now at the University 
of California, and Mr. M. C. Waltz, now at the Bell Telephone Lab
oratories, for a great deal of help in preparing the information for 
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this volume. In particular we wish to thank Dr. W. G. Shepherd, of 
the Bell Telephone Laboratories, who has read the entire manuscript 
and has helped us greatly by his criticism. 

ALBERT G. H I L L . 
CAMBRIDGE MASS., 

July, 1946. 
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CHAPTER I 

INTRODUCTION 

B Y J. B. H. KTJPER 

During the last twenty years or so the development of radio communi
cation and of allied techniques such as radar and television has involved 
the use of higher and higher frequencies. During most of this period this 
trend has resulted from the need for more channels in the useful frequency 
spectrum; on the other hand, in such notable instances as the develop
ment of radar, the use of higher frequencies arises from the need for highly 
directional antenna systems of reasonable size. Whatever the reason 
behind the upward extension of frequencies in any particular case, the 
pace has been set by the progress achieved in development of electron 
tubes capable of generating higher frequencies efficiently and reliably. 

1-1. Electron Tubes at Very High Frequencies.—In tubes of con
ventional design the upper limit of the useful frequency range is fixed 
by one or more of the following factors: (1) the inductance of the leads 
to the tube elements, (2) the transit time of the electrons in the space 
between electrodes, (3) the losses by radiation from the tube structure 
and connecting leads, and (4) the necessity for small structures with 
limited capabilities for heat dissipation. Careful attention to these 
points has permitted great progress in the design of conventional tubes 
for frequencies up to hundreds of megacycles per second. The micro
wave region has been exploited, however, primarily by the use of unortho
dox methods of vacuum tube construction and new principles of vacuum 
tube operation; these have mitigated or entirely eliminated the unde
sirable effects of the first three difficulties mentioned above, and the higher 
efficiencies resulting have tended to diminish the importance of the 
fourth. 

The most universal difference between microwave tubes and those of 
conventional design is that the former incorporate cavity resonators (or 
at least are so constructed that they can form portions of cavities) and 
so avoid the effects of lead inductance and radiation losses. The prop
erties of cavity resonators are considered in Sec. 1-3 and in more detail 
in Chap. 4. 

An additional point of comparison arises in connection with the elec
tronic principles that are utilized in microwave tubes. Since the same 
basic laws of electronic phenomena apply at all frequencies, quite different 

3 
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aspects of these basic laws are utilized at high and at low frequencies. 
For one thing, the important interaction of an electron stream with a 
high-frequency circuit takes place not after the electron has been col
lected on an electrode, but rather when the electron is in an "interaction 
gap" between vacuum-tube electrodes of the high-frequency circuit; 
the interaction of electrons and electromagnetic fields is basic, the col
lection of electrons very minor. As a still more drastic departure in 
electronic behavior, the finite transit time of electrons—which has a 
deleterious effect as triode operating frequencies are increased—is 
actually utilized as an essential element in the generation of microwave 
power in the klystron and magnetron. These and other features of elec
tronic phenomena at microwave frequencies are discussed in Chap. 3. 

The construction of most microwave tubes is so different from that 
of conventional radio tubes that the sole remaining point of similarity is 
the standard tube base used for the d-c connections of most klystrons 
and microwave triodes. All in all, these methods of construction and 
the principles of operation of these new tubes have been so successful that 
during the wartime period the frequency spectrum available for radio 
communication and allied applications was multiplied to at least thirty 
times its prewar extent. Furthermore, this development made it possi
ble, for example, to direct radiated energy into a searchlight beam of the 
order of magnitude of one degree in width with an antenna small enough 
to be installed in an aircraft. Before going into details of the relevant 
vacuum tube questions involved here, however, it will be necessary to 
discuss briefly some basic points about the microwave frequencies. 

1-2. Microwave Region. Frequency Range.—At the outset it is well 
to emphasize that the microwave region (or centimeter-wave region) is 
characterized by the techniques employed and does not have precise 
frequency limits. In a sense it is not so much a spectral band as a frame 
of mind. The distinctive characteristics are the use of distributed-
constant circuits enclosed by conducting boundaries in contrast to the 
lumped-constant elements familiar in lower frequency applications. 
Ordinary circuit components (condensers, coils, and resistors) are useless 
as lumped elements in the microwave region since they are usually so 
large in comparison with the wavelength that they cannot be considered 
as purely capacitive, inductive, or resistive elements. 

In the official designations for portions of the radio frequency spec
trum, the "very high frequencies" include the region from 300 to 3000 
Mc/sec (wavelength from one meter to 10 cm), and the term "super 
high frequencies" is applied to the region above 3000 Mc/sec. This 
division is rather awkward since the boundary is artificial, but fortu
nately the term "microwaves" has been left out of the definitions, and 
so can be used as suggested here. 
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Cavity resonators may be used at frequencies in the 100 Mc/sec 
region or lower, the only objection being their bulk; waveguides have 
been used below 600 Mc/sec. On the other hand, oscillators with unen
closed circuits employing more or less lumped elements have been built 
for frequencies exceeding 1000 Mc/sec. I t is impossible, as these ex
amples show, to set a definite lower limit to the frequency range of the 
microwave region; nevertheless, in any specific case, it is easy to tell at a 
glance whether microwave techniques are being employed. For prac
tical purposes, the microwave region, as defined by techniques, may be 
considered to start at about 1000 Mc/sec and to extend indefinitely— 
to more than 30,000 Mc/sec, and preferably until it merges into the infra
red region. For most of the specific illustrative cases that occur at later 
points in this book, the frequencies lie between 1000 Mc/sec and 30,000 
Mc/sec (wavelengths between 30 cm and one cm). 

Properties of Microwaves.—Second only to the obvious advantage of 
offering more room for services requiring wide frequency bands, the most 
important property of the microwaves is their short wavelength. I t is a 
basic principle in physical optics that radiation in a directed beam can 
arise only from a structure that is large in comparison to the wavelength. 
Therefore, in order to get narrow beams without resorting to very large 
antennas, it is necessary to use short waves. 

The propagation of microwaves is practically limited to line-of-sight 
distances. Some energy, however, penetrates below the horizon because 
of scattering and diffraction effects. Under the right meteorological 
conditions, atmospheric refraction may be strong enough to guide micro
wave radiation along the surface of the earth to many times the horizon 
distance. 

Microwaves are reflected strongly from bodies of water or from most 
metal structures, and are reflected to varying degrees by land masses 
and by other structures. Because of this fact, it is common to find a 
direct ray, and one or more reflected rays, at a given remote point. Such 
multipath transmission results in an interference pattern in space; any 
minor change in path lengths, amounting to a half wavelength or so, 
causes severe fading. 

Special Features of Microwave Receivers.—As is explained in later 
chapters, satisfactory r-f amplifier tubes for the microwave region are not 
yet available; where the maximum sensitivity is required in a receiver 
it is necessary to use the superheterodyne principle. The nonlinear ele
ment (or mixer) is almost always a point-contact rectifier (usually a tung
sten point pressing on a silicon crystal); although crystal mixers always 
give a conversion loss they are preferable to existing vacuum tubes. 
With the multigrid tubes used as converters at lower frequencies, it is 
usual to get amplification as well as mixing; with the microwave con-
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verters, on the other hand, the power at the " b e a t " or difference fre
quency available for amplification in the i-f amplifier is less than the 
incoming signal power. Offsetting the conversion loss to some extent, the 
crystal mixer contributes remarkably little noise in itself. 

At moderately high frequencies the useful sensitivity of a radio 
receiver is ordinarily limited by extraneous noise that originates outside 
the receiver. The principal sources of extraneous noise are atmospheric 
electrical phenomena (such as distant thunderstorms) and discharges or 
transients in electrical machinery. In a "noisy" location a receiver with 
high sensitivity will be useless for reception of very weak signals, but in 
a "qu ie t " location the full sensitivity may be useful. The situation is 
markedly different at very high frequencies, however. As the frequency 
is raised, the extraneous noise becomes less and less important for two 
reasons: (1) above the critical frequencies for ionospheric reflection only 
those sources of noise within (approximately) line-of-sight distances can 
be effective, and (2) the ordinary transients in electrical equipment do 
not contain components in the extreme high frequency range. On the 
other hand, as the frequency is raised the receiver itself tends to become 
"noisier," that is, a larger portion of the total noise is generated in the 
early stages of the amplifier. In the microwave region (and to a large 
extent at frequencies in the ultrahigh-frequency range), it is no longer 
true that the environment limits the useful sensitivity of a receiver; 
rather the limit is set in the receiver itself by the noise generated therein. 

Noise Figure.—This generation of noise has led to the introduction of 
the concept of the noise figure,1 by means of which the performance of a 
real receiver is measured in terms of that of a theoretically perfect receiver. 
The concept is by no means limited in application to radio receivers at 
very high frequencies; analogous criteria could be applied to many other 
devices—galvanometers, for example. 

In an ideal receiver the only source of noise (within the receiver) is 
the thermal agitation noise associated with the input impedance. The 
magnitude of this noise power can be calculated from thermodynamic 
reasoning, given the limiting bandwidth of the receiver, A/; the noise 
power is kT A/ watts, where T is the absolute temperature of the input 
impedance and k is Boltzmann's constant, 1.38 X 10~23 watt-seconds per 
degree absolute. An actual receiver may have many additional sources 
of noise contributing to the total output noise. For any device it is, 
thus, easy to assign a "noise figure"—that is, the ratio of the actual 
noise output power to the noise that would have been obtained if only 
the input impedance were contributing noise. Alternatively, the noise 
figure is the ratio to kT Af of the minimum input signal for which the 

1 For a full discussion see H. T. Friis, "Noise Figures of Radio Receivers,"Proc. 
I.R.E., 32, 418 (1944), and correction ibid. 32, 729 (1944). 
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output signal and noise are equal. When several noisy devices are 
cascaded, their contributions may always be referred to a common point 
(normally the input terminals) by making allowances for the gain. The 
noise figure is commonly expressed in decibels; for an ideal device the 
noise figure is unity, or zero db. 

In a straight superheterodyne receiver the noise figure is determined 
by the converter and the first (one or two) i-f amplifier stages. When an 
r-f amplifier is used before changing frequency, the amplifier noise figure 
is the controlling factor for the whole receiver, provided only that the 
gain of the amplifier is sufficient to swamp the noise of the converter. 

1-3. Microwave Techniques. Coaxial Lines and Waveguides.— 
Because of radiation losses, parallel wires and other open transmission 
lines are never used (except as antennas) in the microwave region. 
Instead, coaxial lines and waveguides are universally employed. Although 
it may be said justly that a coaxial line is a waveguide, the use of the 
two terms in a restricted sense is well established and also convenient 
where it is desired to call attention to the presence or absence of a center 
conductor. 

A coaxial line may contain a low-loss dielectric to support the center 
conductor; or instead of a solid dielectric it may have stub lines, short-
circuited at a distance corresponding to \ wavelength, to support the 
center conductor. The latter method is favored when it is necessary to 
handle large amounts of power over fairly long distances; where losses 
are unimportant, as in low-level work with short runs, the solid dielectric 
lines are convenient. A waveguide may be a hollow conductor of any 
cross-section, or even a solid rod of dielectric, provided the lateral dimen
sions are not too small compared with the wavelength in air of the radia
tion to be handled; a waveguide may be excited in many different 
transmission modes. With very few exceptions, however, practical wave
guides are metallic tubes of rectangular cross-section; the larger (inside) 
dimension lies between one-half and one air wavelength, which means 
that the "dominant" mode is the only one that can be propagated. 
Compared with coaxial lines, a waveguide has the tremendous advantage 
of requiring no support for a center conductor; it can handle much higher 
powers without insulation failures, but it is dispersive—that is, the phase 
velocity depends on the frequency. This can be troublesome when wide 
frequency ranges are to be handled. 

Cavity Resonators.—It is a familiar fact that a piece of coaxial line or 
waveguide that is one-half wavelength long and is short-circuited at the 
ends will behave as a resonant circuit. As a result of the absence of 
radiation and dielectric losses, together with the relatively large areas of 
the conductors, the Q of such a resonant circuit may lie very hinli in 
comparison with typical coil-and-condenser combinations. It is possibly 
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less commonly realized that any region bounded by a conducting surface 
will be a resonant cavity, and will possess an infinite number of resonant 
frequencies corresponding to different modes of oscillation. Usually, 
only the mode with the lowest resonant frequency is of interest, but it is 
not safe to ignore the existence of the higher modes. 

In ordinary lumped-constant circuits the behavior is determined by 
the resistance, inductance, and capacitance. In the lumped-constant 
approximation an alternative specification in terms of the resonant fre
quency, the Q, and the shunt resistance is equally valid although less 
familiar. In microwave resonant circuits the latter representation is 
still possible, indeed it is generally the most useful; on the other hand, 
the R, L, and C picture is seldom, if ever, an accurate one. In general, 
it is not possible to define an inductance or capacitance associated with 
a part of a resonant cavity in an unambiguous manner; contradictions 
are sure to appear sooner or later. This difficulty, which is at the heart 
of the difference between lumped-constant and distributed-constant cir
cuits, is important mainly in pointing out the dangers in taking simple 
lumped-constant "equivalent" circuits too seriously. Although often 
useful in qualitative discussions, and sometimes capable of yielding 
quantitative results, these "equivalent" circuits for distributed-constant 
circuits must be used very carefully. 

Obviously, many types of resonant cavities are possible. For wave-
meters, in particular, higher modes in round waveguides are often 
employed, since they may have higher Q's than the simpler field con
figurations. In electron tubes, however, the cavities must satisfy two 
primary conditions: (1) the dimensions of the conducting walls must 
correspond to the desired resonant frequency, and (2) there must be a 
region in which there is strong interaction with an electron stream. 
This second condition commonly means that the cavity must have a 
region in which the electric field is relatively strong across a gap short 
enough to be traversed by an electron in a fraction of a cycle. Hence 
the resonators used in microwave tubes have regions (the interaction 
gaps) which resemble ordinary condensers. As a result of this fact it is 
often permissible to use the lumped-constant equivalent circuit repre
sentation in discussing these resonators. 

Reentrant Cavity Resonators.—The necessity for an efficient interac
tion gap—one with a high r-f field extending over a short distance which 
can be traversed by an electron beam—has led to the use of a form of 
resonator (discussed in Chap. 4) consisting of a cylindrical box with a 
central post reaching almost across from top to bottom. Extreme forms 
of this resonator may be either a cylindrical pillbox with a vanishingly 
short center post, or a coaxial line short-circuited at one end and provided 
with an end plate close to the free end of the center conductor. The 
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latter form may be considered as a short-circuited quarter-wavelength 
line loaded by a capacitance (the interaction gap) at the open end. In 
any case apertures or grids are provided at the interaction gap to permit 
passage of the electron beam. 

In the microwave region a tube can scarcely be considered apart from 
its cavity, so the properties of resonators, Q, shunt resistance, and length 
of interaction gap will be mentioned frequently in succeeding chapters. 
These four properties, with the resonant frequency, are determined by 
the dimensions of the resonator and by the conductivity of the material 
of which it is made. To a large extent microwave tube resonator design 
is a compromise between the requirements for a high shunt resistance 
and an efficient interaction gap. 

1-4. Principal Tube Types.—There are three principal types of vacuum 
tube that have been useful in the past in the microwave region: cavity' 
magnetrons, specially designed space-charge control tubes (mostly 
triodes), and klystrons. (The latter are often called velocity-modulation 
or velocity-variation tubes.) 

Cavity Magnetrons.—The tremendous advance in microwave tech
niques during the war had as its most important ingredient the invention 
of the cavity magnetron. By the end of the war it was possible to build 
magnetrons to deliver pulse powers in excsss of a megawatt in the 3000 
Mc/sec region or continuous powers approaching a kilowatt. The 
magnetron is treated elsewhere in this series,1 and this book is devoted 
to other types of tubes useful in applications where the power require
ments are more modest. 

Special Space-charge Control Tubes.—In view of the difficulties experi
enced with space-charge control tubes at high frequencies, the space-
charge control tubes logically take the form of disk-seal triodes.2 This 
class of tube, the best-known members of which are popularly called 
"lighthouse tubes" because of their shape, has a planar structure in 
contrast to the cylindrical forms common at lower frequencies. The 
leads to the electrodes are brought out of the vacuum envelope through 
disk seals (metal to glass) and the whole tube is designed for insertion in 
a resonator. In the lighthouse tubes an oxide-coated cathode is mounted 
on the end of a cylindrical post a few thousandths of an inch from a mesh 
grid, and the anode is the end of a similar cylindrical post on the other 
side of the grid. 

Two examples of the lighthouse type of microwave triode are shown 
(without the associated resonant circuits) in Fig. 1-1. In Fig. 1-2 one 
of these tubes, the 2C40, is shown in cross-section. The plate connection 
is the top cap, the grid is brought out to the intermediate disk, and the 

1 See Volume 6 of the Radiation Laboratory Series. 
2 E. D. McArthur, "Disk-Seal Tubes," Electronics, 98, February 1945. 
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base shell provides the r-f cathode connection. When these tubes are 
inserted in a coaxial-line resonator, the lead inductance is practically 
eliminated since the vacuum tube electrodes are integral parts of resonant 

(a) <b) 

F I G . 11.—Typical lighthouse tubes: (a) the 2C43 and (6) the 2C40. 

Anode connection 

-Grid connection 
-Evaporation shield 

Oxide Cathode 

R-f Cathode connection 

Mica bypass capacitor 

Octal base 

F I G . 1-2.—Mechanical details of the 2C40 tube. 

cavities. At the same time this construction eliminates losses by radia
tion. In order to reduce transit-time effects as much as possible, the 
interelectrode spacings of microwave triodes must be made extremely 
small; thus in the 2C40, one of the examples shown in the figure, the 



SEC. 1-4] PRINCIPAL TUBE TYPES 11 

cathode and plate have a diameter of 4.6 mm, the cathode-to-grid spacing 
is about 0.1 mm, and the grid-plate spacing is about 0.3 mm. 

Figure 1-3 shows the 2C43 (one of the tubes of Fig. 11) mounted 
inside a coaxial-line type of cavity resonator. 

Microwave triodes thus represent the logical development of the con
ventional triode to adapt it to operation at very high frequencies—a 
development that is limited mainly by purely mechanical difficulties 
inherent in maintaining the necessary close spacings in manufacture. 

Klystrons.—Klystrons stand in sharp contrast to the lighthouse 
tubes, which are the logical adaptations of low frequency design princi
ples to microwave requirements; the klystrons1 are the result of the 

utilizing of, instead of minimizing, comparatively long transit times. In 
the two-resonator klystron amplifier, the simplest type for purposes of 
discussion, a beam of electrons from a gun is first accelerated to a high 
velocity. The beam then passes through the interaction gap of the input 
resonator (sometimes called the "buncher") , where each electron receives 
an additional acceleration (positive or negative) depending on the phase 
and magnitude of the gap voltage during the passage of the electron. 
The beam, now containing electrons of various velocities, next traverses a 
"drift space" in which the variations in velocity of the electrons give rise 
to density modulation. Since the velocity of each electron depends on 
the instant at which it crossed the buncher gap, an electron which was 
accelerated will overtake one which started out earlier and was retarded, 

1 R. H. Varian and S. F. Varian, "A High-Frequency Oscillator and Amplifier," 
/ . App. Phys., 10, 321 (1939); D. L. Webster, "Cathode-ray Bunching," / . App. 
Phys., 10, 401 (1939); D. L. Webster, "The Theory of Klystron Oscillations," J. App. 
Phys., 10, 864 (1939); A. E. Harrison, "Klystron Technical Manual," Sperry Gyro
scope Co., Inc., Great Neck, Long Island, N. Y. 1944 (contains a good bibliography of 
early papers); J. R. Pierce, "Reflex Oscillators," Proc. I.R.E., 33, 112 (1945); E. L. 
Ginzton and A. E. Harrison, "Reflex-Klystron Oscillators," Proc. I.R.E., 34, 97P, 
(1946). 
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and in this manner the electrons tend to form bunches in the beam. 
The bunched beam passes through the interaction gap of the output 
resonator (sometimes called the ' ' ca tcher") ; here the high frequency 
component of the beam current, as represented by the bunches and 
intervening regions of low density, drives the output resonator into oscil
lation. This resonator and its output coupling act as a step-down trans
former to deliver useful power to the load. If a portion of the output 
power from such an amplifier is fed to the input resonator in the correct 
phase, self-sustained oscillations will be obtained. 

In the type of operation thus described, control over the density of 
the electron stream is exercised not by direct density modulation in a 
single cathode-grid control region, but rather by a more indirect process 
occurring in a control region composed of three parts: the region of d-c 
acceleration, the velocity-modulating input gap, and the drift space in 
which velocity modulation is converted to density modulation. The 
most basic advantage of this new method of modulation lies in the fact 
that the initial (velocity) modulation is applied after d-c acceleration, 
rather than before d-c acceleration as in the triode. Thus, although 
there must be somewhat less than one cycle transit time through either 
the cathode-grid region of the triode or the input gap of the klystron, 
in the latter case the transit is made at high velocity. The requirements 
on electrode spacings are thus greatly relaxed for the klystron, and the 
upper limit of attainable frequencies is increased by at least an order 
of magnitude. 

In the discussion of klystrons in Chap. 9 and subsequent chapters it 
will be seen that at first glance satisfactory klystron operation might be 
expected with a very small input-gap r-f voltage and a long drift space; 
more careful consideration shows that space-charge debunching forces 
become harmful with a long drift space. The resulting short drift spaces 
and sizable r-f gap voltages have as a consequence the need for cavity 
resonators with high shunt impedances. In a general way this means 
high-Q circuits, and the ensuing complications of keeping two or more 
such circuits in tune. 

This question of tuning contributes strongly to the fact that of all 
the various forms of klystrons by far the most common is the reflex 
klystron oscillator; this tube differs from the other forms mainly in the 
fact that a single resonator serves as both buncher and catcher. Instead 
of traversing a straight drift space the beam is turned back on itself by 
a retarding field, produced by a reflector electrode maintained at a 
potential negative with respect to the cathode. The reflected beam 
contains bunches, which result from the variation of transit time with 
velocity in a process formally similar to that occurring in the two-reso
nator klystron. The end result of the process of bunching in a retarding 



SEC. 1-5] LOW-POWER MICROWAVE TUBES 13 

field differs by a phase factor of 180° from the field-free drift-space 
bunching mentioned in the discussion of the klystron amplifier. The 
faster electrons penetrate more deeply into the retarding field and there
fore take longer to make a round trip; hence the electrons which made 
their first transit through the interaction gap early and were accelerated 
are overtaken by those which came later and were retarded. Oscillations 
may be produced in the reflex klystron provided the bunches in the beam 
return to the interaction gap at the proper phase to deliver energy to the 
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Output lead 
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Electron gun 

(o) (6) 
FIG. 1-4- -Cross sections illustrating principal features of (a) the 2-cavity klystron and 

(b) the reflex klystron. 

resonator. This requirement can be met by adjustment of reflector 
voltage or spacing. 

The general construction of the reflex klystron oscillator and a two-
resonator klystron amplifier is indicated schematically in Fig. 1-4. 
Figure 1-5 shows several commercial klystrons which furnish many of 
the examples in later chapters. 

1-5. Points of Comparison between Low-power Microwave Tubes.— 
Although differing in structure and in principle of operation, microwave 
triodes and klystrons have many characteristics in common. Among 
these are the fields of application, the use of similar types of cavity resona
tors, and the fact that the tubes usually have axial symmetry with one-
dimensional electron flow. 
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Application.—By far the most common use of microwave triodes and 
reflex klystrons has been as local oscillators in microwave receivers. 
Other applications have been as signal generators or low-power trans
mitters. The microwave triodes lend themselves well to pulse opera
tion; but klystrons are also useful, particularly where the duty ratio is 
high. Reflex klystrons are well adapted as frequency-modulated trans
mitters, especially where large frequency deviations are required. 

F I G . 1-5.—Representative commercial klystrons: (a) the 417A reflex klystron; (b) the 
410R two-resonator klystron; (c) the 707B reflex klystron with external cavity; (d) the 
707B reflex klystron without external cavity; (e) the 723A/B reflex klystron with internal 
cavity. 

Klystrons and microwave triodes can be used as superregenerative 
receivers, of course, but these receivers have not found wide application 
in the microwave region. 

Resonators.—It should be noted, as a point of similarity between the 
klystrons and the microwave triodes, that the requirements of each of 
these types lead to the use of the reentrant resonator which is discussed 
in more detail in Chap. 4. For purely mechanical reasons, however, 
the microwave triodes are ordinarily used in cavities which resemble 
capacitance-loaded coaxial lines, usually not operated in the funda
mental mode but in the three- or five-quarter-wavelength mode. Most 
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of the klystrons have integral cavities of a simple form; the 707B, an 
external-cavity type, is sometimes used also in a coaxial line resonator. 

Symmetry.—Almost all microwave triodes and klystrons have struc
tures that are figures of revolution about an axis.1 The electron beam 
is located on or near the axis of symmetry, and apart from focusing effects 
the paths of the electrons are essentially one-dimensional. This permits 
a considerable simplification of the theoretical treatment of the two 
classes of tubes. Extremely simple theories, in which only rectilinear 
motions in uniform fields are discussed, are able to furnish surprisingly 
useful results. 

Fundamental Differences.—On the other hand there are deep funda
mental differences between microwave triodes and klystrons; as discussed 
earlier, these are concerned mainly with the manner of production of 
density variations in the electron beam. This difference is often empha
sized by classifying the two types as "space-charge control" tubes and 
"velocity-variation" or "velocity-modulation" tubes respectively. In 
the space-charge control tubes, the field at a virtual cathode (potential 
minimum) is varied, usually by changing the potential of a grid; the 
electron density in the beam traversing the output circuit is varied 
correspondingly. Although there is, of course, a slight variation in 
velocity of the electrons as the grid potential is changed, this is of no 
practical consequence; the primary effect is density variation. In the 
velocity-variation tubes, on the other hand, there are space-charge effects 
which noticeably alter conclusions based on simple bunching theory; 
but here, in turn, these space-charge effects are secondary. 

Partly as a result of this fact that space-charge and velocity-variation 
effects often are present in the same tube, it may be useful to employ a 
different classification scheme depending on the velocity of the electrons 
in the control region. Thus the space-charge control tubes may be 
referred to as "low-velocity" types, since the control is applied to elec
trons that are at rest or moving only very slowly. In the velocity-
modulation types the electrons are first accelerated to a high velocity 
and then enter the input interaction gap, so it is natural to call them 
"high-velocity" tubes. 

1-6. Plan of This Book.—Attention is devoted primarily to those 
specific types that have been widely used during the war and are there
fore comparatively well understood. These types are the lighthouse 
tubes and the reflex klystrons. The amounts of space devoted to these 
two types indicate very roughly their relative importance to wartime 
applications; this ratio will very likely carry over into peacetime work. 

1 Exceptions are some British double-gap single resonator tubes that have not 
been widely used and therefore are not discussed in this book except in Sec. 2-4. 
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The book is divided into three main parts. The first is devoted to 
general discussions of tube types and a survey of the fundamental prin
ciples of resonators and electronics applicable to both categories of tubes. 
The space-charge control or low-velocity types are discussed in the second 
part, with most of the illustrative material referring to the lighthouse 
tubes. The third part is concerned with the klystrons, with two chapters 
on multiresonator tubes and the balance devoted to the reflex klystrons. 



CHAPTER 2 

SUMMARY OF MICROWAVE TUBE TYPES AND FUNCTIONS 

B Y D. R. HAMILTON 

As noted in the preceding chapter, the main emphasis of this book is 
upon reflex klystrons and microwave triodes. Numerous other types of 
microwave tubes exist, however, and in order to clarify the background 
and significance of the microwave triodes and reflex klystrons it is neces
sary to discuss the principal features and characteristics of these other 
tube types. This is most easily done by considering the various func
tions which vacuum tubes might be expected to fulfill at microwave fre
quencies; in this chapter the discussion of these functions is therefore 
used as a means of introducing the subsidiary tube types, comparing 
them with the tubes with which most of the remainder of the book is 
concerned, and indicating why they are not of paramount importance. 
At the same time this procedure serves to provide a bird's-eye view of the 
situation in the various possible microwave vacuum-tube applications, 
and provides some indication of future trends in this field. 

2-1. Mixers.—The type of mixer used in any microwave application 
depends strongly on the requirements placed on this mixer. Thus, in 
radar application the received signals are very weak and the noise prop
erties of the mixer are of prime importance. At frequencies of 2500 
Mc/sec and higher, crystal mixers have much lower noise than any 
vacuum-tube mixer; this fact has resulted in the practically exclusive use 
of crystal mixers in radar development in this frequency range. Such 
mixers are discussed in detail in Vol. 16 of this series. 

On the other hand, in the future there may well be applications in 
which noise questions lose the transcendent importance which they have 
in radar; this fact opens up the possibility of the use of thermionic mixers. 
The most promising of such mixers have been the diodes. In designing 
a diode mixer there apply the same considerations which have led to the 
"lighthouse" type of construction for triodes, as discussed in Chap. 1. 
The best diode so far developed has been the British CV58; at 3000 
Mc/sec this tube used as a mixer has a noise figure of about 18 db, as 
compared to 9 db for the better crystal mixers. The 2B22, an American 
lighthouse diode, and the 2C40 lighthouse triode, give noise figures of 
21-22 db when used as mixers at 3000 Mc/sec. 

17 
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Klystron mixers were constructed in the early days of microwave 
development, before measurement techniques were refined to the degree 
of giving accurate noise figures; they were found to be too noisy for radar 
application. 

Since thermionic microwave mixers have received very little attention 
in recent years, and since comparatively little is known about them, they 
will not be discussed further in this book. 

2-2. Amplifiers.—In the development of wartime microwave radar 
there was no great utilization or intensive development of microwave 
amplifiers. This was the result of two primary factors: the lack of a 
good low-noise r-f amplifier for receiver work, and the excellence of the 
cavity magnetron as a transmitter for pulse radar. The post-war broad
ening of the types of microwave applications and the fuller utilization 
of the available frequency ranges will result in a greatly increased need 
for and development of microwave amplifiers in both the signal-amplifier 
and power-amplifier categories. 

As an illustration of this latter point there may be noted the announce
ment, just as the manuscript for this book goes into final form, of the 
development at the Bell Telephone Laboratories of the "traveling-wave" 
amplifier, originally invented at the Clarendon Laboratory, Oxford, 
England. Typical data quoted for an initial sample of this tube are as 
follows: at a frequency of 3600 Mc/sec, a gain of 23 db, a bandwidth of 
800 Mc/sec, output power 200 milliwatts, beam voltage 1600 volts, beam 
current 10 ma. Thus, although it will be seen shortly that klystrons 
and microwave triodes provide amplification suitable for many purposes, 
it is apparent that current postwar development will markedly change 
the amplifier situation from that to be described here. 

In this postwar development, voltage or low-level amplifiers will be 
required for the same reasons that have made their utilization so wide
spread in receivers designed for the broadcast and familiar short wave 
bands. Among the important advantages gained by using an r-f ampli
fier at the input to a receiver are: reduction of local oscillator radiation 
and image sensitivity in superhyterodyne receivers; isolation of receiver 
circuits from detuning effects of an antenna (in microwave parlance this 
would be called "pull ing"); and, especially where remote cut-off tubes 
are used, reduction of cross modulation by nearby powerful transmitters 
on neighboring channels. In radar receivers the greatest possible sen
sitivity, determined by the noise figure, is required; in this respect the 
amplifiers so far developed cannot compete with the crystal converter 
at frequencies above about 1000 Mc/sec. In addition, it has been found 
helpful in pulse radar to utilize automatic frequency control for keeping 
the receiver correctly tuned to the radar transmitter; this tuning process 
is tremendously complicated by an r-f amplifier. These considerations 
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clearly do not apply to a communication system where, for example, 
fixed frequency operation is necessary and the avoidance of interference 
may be more important even than the noise figure. I t thus seems that 
the development of suitable amplifiers will be a major project in the 
postwar era. 

In transmitter practice the use of a master oscillator-power amplifier 
arrangement is standard except at microwave frequencies. In the latter 
instance, the cavity magnetron used as a self-excited osillator is capable 
of generating enough power to make an amplifier following the oscillator 
a rather undesirable complication. Although the frequency stability 
of this arrangement is sufficient for the wide bands needed in pulse radar 
it is not up to the standards customary in communication systems at 
lower frequencies; in addition, the master oscillator-power amplifier pos
sesses the advantage of providing clean modulation, that is, amplitude 
modulation free of frequency modulation, or vice versa. 

The further discussion of the requirements imposed upon amplifiers, 
and the prospects of meeting these requirements, is broken up into 
separate discussions of signal or voltage amplifiers, and power amplifiers. 

Signal Amplifiers.—The requirements placed upon a signal amplifier 
for a specific receiver use depend upon the relative importance of noise 
figure and amplifier gain. As the amplifier gain is increased, a point is 
reached where the noise from the input stage of the amplifier swamps 
the noise from any subsequent devices; beyond this point any additional 
amplifier gain is welcome but not required, since the noise figure of the 
r-f amplifier now determines the ultimate sensitivity of the entire receiver. 

In addition to the noise and gain requirements imposed on a signal 
amplifier, the requirements for bandwidth, stability, and ease of tuning 
should be noted. The bandwidth must be great enough to accept the 
desired modulation with a reasonable allowance for inexact tuning, and 
the tuning must not be unduly sensitive to variations in temperature or 
voltages. The device must be sufficiently free from regeneration to avoid 
loss of bandwidth, or radiation of local-oscillator power fed back from 
the output circuit. Relatively low gains, by usual radio engineering 
standards, would be preferable to instability and the need for neutraliza
tion of feedback. 

Among the klystrons and microwave triodes in the 3000 Mc/sec fre
quency range there are no commercially available amplifiers whose per
formance approaches these requirements. There seems, however, some 
promise of the eventual availability of such klystrons or triodes; hence 
the present performance and future possibilities will be discussed in some 
detail. 

The behavior of microwave triodes as low-level amplifiers is discussed 
in detail in Chap. 6. The most nearly appropriate microwave triode 
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for low-level use at 3000 Mc/sec is the 2C40 lighthouse tube. I t is seen 
in Sec. 6-6 that typical noise figures for the 2C40 are 21 db at 3000 Mc/sec 
and 16 db at 2000 Mc/sec. This is to be compared with a typical figure 
of 10 db for a 3000 Mc/sec receiver with a good commercially obtainable 
crystal converter. I t is immediately apparent that the 2C40 tube is not 
useful as an r-f amplifier. I t is of some interest, nevertheless, to note the 
values of the gain-bandwidth product, for this amplifier. (Since gain 
and bandwidth are both commonly desirable features, and since for a 
given tube the gain-bandwidth product remains approximately constant 
when either of these quantities is changed, the gain-bandwidth product 
is often referred to as the " figure of meri t" of the amplifier.) Measuring 
bandwidth, A/, in Mc/sec, and meaning by the gain G the power gain, 
G A/ has a value of approximately 20; adjusting load for maximum gain 
gives, typically, G = 5 and A/ = 4 Mc/sec for operation with plate 
voltage 250 volts, plate current 30 ma. The gain would be approxi
mately unity if no regenerative feedback were used. 

The performance just quoted has been considerably improved upon 
with experimental triode and tetrode amplifiers at 3000 Mc/sec. (See 
Sec. 6-3.) The best performance obtained gave a noise figure of 9 db 
with a power gain of 20, bandwidth 6 Mc/sec, or a figure of merit of 120. 
This performance involves refinements in construction which have so far 
prevented consistent production on a laboratory scale or any production 
at all on a commercial scale. 

Klystron amplifiers may be divided into two categories, the two-
resonator or single-stage type, and the three-resonator or cascade type; 
in performance, the latter type is distinguished by its high gain. This 
distinction is discussed below in connection with power amplifiers, and 
in somewhat more detail in Chap. 10 (particularly in Sec. 10-8). Since 
the distinction involves mostly matters of gain and bandwidth, it is not 
basic to the present discussion. This comes about because klystrons 
normally have high-impedance input circuits, in comparison to microwave 
triodes; this in turn means that the important factor in klystron noise is 
the shot excitation of the input circuit and the subsequent amplification 
of this noise; any increase in gain merely increases signal and noise 
equally. Just as in triodes, excessive noise has always been the limiting 
factor which prevents the use of klystrons as r-f amplifiers; hence there 
is little value, at this point, in distinguishing between single-stage and 
cascade amplifiers. 

Data are presented in Sec. 10-4 for a typical klystron amplifier in 
which, just as in the 2C40 triode, no attempt has been made to design 
for low-noise operation. In this tube the noise figure showed a minimum 
value of 25 db at a beam voltage of 275 volts and beam current 2 ma; 
at the same time the power gain was 6 and the bandwidth about 1.5 
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Mc/sec. This low gain is not characteristic of klystron amplifiers of the 
cascade type, and resulted simply from the minimizing of noise figure 
with respect to beam voltage in this particular tube; at the expense of 
10 db in noise figure the gain was raised from 6 to 1000. As discussed in 
Sec. 10-4, it appears possible to design for r-f amplifier service a klystron 
in which noise is very greatly reduced below the above figure by a reduc
tion in current, while at the same time maintaining high gain by a reduc
tion in voltage. Such a tube would operate at less than 100 volts with 
several tens of microamperes beam current. As in the case of the triode, 
the prime difficulty to be overcome is the necessary refinement of con
structional technique to allow the use of the small dimensions which 
correspond to low voltages; but the klystron under discussion would not 
rely upon uniformity of the cathode emission properties and, as is usual, 
the constructional refinements are probably not as great as for the cor
responding triode. 

The fact that in the klystron there is a relatively large input r-f gap, 
and the fact that the input cavity is not subjected to certain loading by 
the presence of the cathode in this gap, contribute to giving the klystron 
a normally higher gain and smaller bandwidth than the triode amplifier. 
The gain-bandwidth product (as usual, a constant with respect to load
ing changes) is, however, large under normal circumstances (1500 at 
one point in the above-quoted example); one would not expect this 
property to be changed too drastically in a low-noise amplifier. 

Power Amplifiers.—Noise, which is the most important feature in a 
signal amplifier for receiver use, becomes quite unimportant in a power 
amplifier intended for transmitter application. Bandwidth, ease of 
modulation, frequency stability, output power, gain become more impor
tant; the exact relative importance of these factors depends on the 
application. 

A number of lighthouse-like triodes are available as excellent power 
amplifiers a t 1000 Mc/sec. The most nearly satisfactory tube at 
3000 Mc/sec has been the 2C43. This has been used primarily as a 
pulsed oscillator; in c-w amplifier service it would probably be limited by 
plate dissipation to powers of the order of one watt, which would not be 
very useful. Methods of modulating such triodes have not been given 
much study, primarily because of lack of urgent application. 

As already noted, klystron amplifiers exist in two forms. Historically, 
the earliest form of power-amplifier klystron was the two-cavity single-
stage type typified by the 410R, the characteristics of which are dis
cussed in some detail in Sec. 10-7. This particular tube is characterized 
(in c-w operation at 3000 Mc/sec) by 10 per cent efficiency, 18 watts 
output power, power gain of 10 at maximum output, and power gain of 
25 at small-signal operation. The bandwidth corresponding to these 
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operating characteristics, as estimated from the circuit Q's, is about 
2.5 Mc/sec. 

Such values of gain are, however, insufficient for such applications 
of the klystron power amplifier as the generation of microwave power at 
quartz-crystal-controlled frequencies. In these applications, the fre
quency of a crystal oscillator is multiplied in successive stages, the last 
one of which is a frequency-multiplier klystron. Since the output power 
of high multiplication frequency-multiplier klystrons is low (commonly, 
a few tens of milliwatts), it is necessary to have a rather large power gain 
in the klystron power amplifier which follows the frequency multiplier. 
I t was primarily for this purpose that the high-gain cascade power-
amplifier klystron was developed. The cascade amplifier which is 
directly comparable with the type 410R is the type 2K35; at a beam 
voltage of 2000 volts and with tuning and loading for maximum gain this 
amplifier has a power gain of 600 at maximum output power, small-
signal power gain 1500, and bandwidth (again, calculated from known 
Q's) of 1.3 Mc/sec. 

Other klystron amplifiers (primarily cascade amplifiers) have been 
developed at frequencies from 1000 to 5000 Mc/sec with output powers 
ranging from 75 to 750 watts. Since there was no great wartime 
demand for such devices, none of them has been manufactured in quan
tity. The general characteristics of these tubes are quite similar to 
those quoted for the two specific examples given above. These two 
examples were cited primarily to indicate orders of magnitude and to 
illustrate the basic difference between the two-resonator amplifier, which 
has a figure of merit comparable to the triode (25 in this case), and the 
cascade amplifier with a figure of merit of 800. 

A price is paid, of course, for this increase in G A/; primarily, the price 
is a decrease in bandwidth and an increase in tuning inconvenience 
in adding an additional high-Q resonator. This same increase of tuning 
inconvenience occurs in going from the microwave triode, which has one 
low-Q circuit, to the two resonator klystron. In either case, the presence 
of more than one high-Q circuit makes a simultaneous tuning of these 
circuits difficult and makes tuning adjustments sensitive to changes in 
surroundings. This difficulty is greatly reduced if some gain is sacrificed 
by use of stagger-tuning or additional loading; and a sacrifice of gain is 
much more palatable in a cascade amplifier than in a single-stage ampli
fier. These considerations of tuning also suggest that klystron amplifiers 
are particularly adapted to fixed-frequency application. 

A klystron power amplifier may easily be amplitude modulated by 
modulation of the beam current, with no accompanying phase modula
tion, although no klystron amplifiers have been constructed with high-mu 
control grids for this purpose. Phase modulation may be obtained by 
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modulating the beam voltage and thus the time of transit of the bunches 
from the input circuit. If beam current modulation accompanies the 
voltage modulation, amplitude modulation is present in the output signal. 

2-3. Frequency Multipliers.—The ultimate standard of frequency at 
conventional wavelengths has long been the quartz-crystal oscillator, by 
means of which frequencies are referred back to the mechanical vibration 
frequency of a quartz crystal. Much of the work that has been done on 
frequency multipliers at microwaves has been motivated by the need for 
microwave frequency standards, the output frequency of which is an 
integral multiple of a quartz-crystal frequency. Such an arrangement 
provides the best primary frequency standard at present; as a secondary 
standard, the frequency multiplier has strong competition in arrange
ments by which frequencies are controlled with reference to a standard 
cavity. 

A second and more transient application of frequency multipliers 
has been their use as a source of signal-generator power in the initial 
stages of exploring a new band of microwave frequencies. In several 
instances when oscillators have not been immediately available at new 
frequency bands, it has proved practical to obtain useful amounts of 
power by frequency doubling or tripling from previously established 
bands. 

Frequency multipliers with output frequencies up to 1000 Mc/sec 
have commonly utilized various combinations of triode doublers and 
triplers. Frequency multipliers at higher output frequencies have 
usually been either frequency-multiplier klystrons or arrangements 
utilizing the nonlinearities of detecting crystals; but in at least one instance 
the British have used a CV90 (planar triode), driven at 18 cm, to provide 
useful output power at 6 cm. As between klystrons and detecting crys
tals, the klystron is a more high-powered device which possesses the 
capability of electronic control and may be modulated advantageously. 
Multipliers using detecting crystals do not involve the development of a 
new vacuum tube, and hence are especially suited to use as emergency 
signal generators at new frequencies. 

Since very little work has been done on the use of microwave triodes 
as frequency multipliers with output frequencies at 3000 Mc/sec or 
above, further discussion will be confined to the utilization of klystrons 
and crystals for this purpose. 

Frequency Multiplication by Klystrons.—As is discussed in Sec. 9-2, 
the basic feature that makes the klystron an excellent frequency multi
plier is the presence of a driving-current waveform which has sharp dis-
sontinuities and which is, therefore, very rich in harmonics; this is 
a marked contrast to the triode. The amplitude of the mth harmonic in 
be klystron driving current should drop off, theoretically, as m~^; in 



24 SUMMARY OF MICROWAVE TUBE TYPES [SEC. 2-3 

one experimentally observed case, as noted in Sec. 11-2, it appears to 
decrease as mry* for 10 :S m ^ 30. The harmonic content is high enough 
so that practical applications have utilized frequency-multiplier klystrons 
working on the twentieth harmonic. 

These applications have not, so far, involved quantity production. 
Most of the work done on multiplier klystrons has been aimed at the 
development of tubes which, in association with cascade-amplifier klys
trons, would provide tens of watts of crystal-controlled power for c-w 
transmitters. The nature of the klystrons developed for this purpose is 
dependent on the gain of the amplifiers to which the output of the multi
plier is fed, and is dependent on the tubes which are available for the 
preceding stages of multiplication. In the present state of high-frequency 
triode development, the optimum input frequency for a klystron multi
plier is probably in the 750-1000 Mc/sec range; many of the earlier 
klystron multipliers have an input frequency in the vicinity of 300 Mc/sec. 
Such multipliers provide tens of milliwatts output power on the tenth to 
twentieth harmonics, at efficiencies of the order of one-half per cent. 
This output power provides sufficient drive for a high-gain cascade 
amplifier. 

The input r-f power required to drive a multiplier klystron is, how
ever, quite appreciable, and may be of the order of watts for the tubes in 
question. It has, therefore, been found economical in some cases to use 
a second cascade amplifier at the output frequency. This allows a large 
reduction in total d-c power consumption; it also allows loading and 
stagger-tuning for increased bandwidth and stability. 

Utilization of Reference Cavities as Frequency Standards.—While this 
subject does not strictly come under the heading of "frequency multi
pliers, " it is nevertheless relevant as an alternative means of accurate 
frequency control. Reference cavities derive their absolute calibration 
from multiplied quartz-crystal frequencies as the primary standard; but 
they appear, in many cases, to be rather more convenient than the latter 
for use as practical secondary standards. This fact depends in large 
measure on the circuits that have been developed for controlling the fre
quency of an electronically-tuned oscillator with reference to a resonant 
cavity; for further details on this subject the reader is referred to Chap. 2 
of Vol. 11 of this series. 

Frequency Multiplication in Detector Crystals.—The rectified current 
that flows in a detector crystal possesses harmonics of the input frequency. 
With proper circuit arrangements these harmonic current components 
may be made to deliver appreciable power to a transmission line. A 
typical arrangement for accomplishing this is shown in Fig. 2-1. The 
input line to the crystal is so dimensioned that it supports only the low
est coaxial mode at the frequency in question; it is then fitted with chokes 
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F I G . 2-1.—R-f circuit for frequency dou

bling in crystal detector. 

which prevent any harmonic power from flowing into this line. The 
output line, on the other hand, is a waveguide which transmits the har
monic but does not transmit the 
fundamental frequency. The ad
justable shorts are necessary to adjust 
the standing waves in the vicinity of 
the crystal. Such an arrangement, 
with optimum adjustment, has given 
10 mw output power at 20,000 
Mc/sec with an input power of 100 
mw at 10,000 Mc/sec. 

In some instances—as for refer
ence frequency standards—a much 
smaller amount of output power is 
satisfactory. For such applications, silicon crystals have been used to 
generate a few microwatts of power at 5000 Mc/sec when driven by about 
one watt of power at 100 Mc/sec. 

2-4. Oscillators.—As has been already noted, the principal applica
tion of the tubes with which this book is primarily concerned has been 
as free-running oscillators. The various applications have placed rather 
varied requirements on oscillator performance; hence the discussion will 
be turned immediately to the tube types, without further generalization 
about oscillators as a class in themselves. 

Triode Oscillators.—One of the primary advantages of these oscil
lators, is that they provide a signal which is stable in frequency without 
the necessity for complicated regulation of the power supply. The 
vacuum tube is in itself basically simple in form; but this fact is offset 
by a number of complications which arise in connection with the external 
circuit. Typical of microwave triodes which are adaptable for use up to 
3500 Mc/sec are the 2C40 and the 2C43 lighthouse tubes; numerical 
data for these two tubes will serve to indicate several characteristics of 
triode oscillators. ♦ 

Of the two tubes mentioned, the 2C40 has the smaller dimensions and 
therefore lends itself to low voltage applications such as a receiver local 
oscillator or a bench signal generator. At 3000 Mc/sec and 250 volts 
the 2C40 provides about 100 milliwatts output power at 2 per cent effi
ciency. It may also be pulsed to 1500 volts with a peak output power 
up to 150 watts. The 2C43 is intended primarily for higher-voltage 
operation; at 3000 Mc/sec it operates with 20 to 25 per cent efficiency 
when pulsed with a plate voltage of 3000 volts. These tubes are most 
commonly used in an external "reentrant" circuit which is described in 
some detail in Chap. 7; this circuit provides a strong feedback from tank 
circuit to input r-f gap, as is made necessary by the fact that at 3000 
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Mc/sec these triodes have a gain not much greater than unity when they 
are operated as amplifiers with no feedback. 

Little work has been done on the modulation of microwave triode 
oscillators, aside from pulse modulation. Since the phase of the elec
tronic transadmittance is determined by the finite electron transit time 
in the grid-cathode and grid-plate regions, this phase varies with plate 
voltage and a corresponding small variation of frequency with plate 
voltage is present; but since the total transit time is small (only about 
ir radians at 250 volts plate voltage in the 2C40), a large voltage change 
is required for a small frequency change. This is, in fact, one of the great 
advantages of triode oscillators for many applications. Frequency modu
lation by means of reactance tubes seems to have possibilities, but this 
question has not been investigated in detail. Amplitude modulation of 
microwave triodes is even more an unknown field. I t is to be expected 
that post-war applications will bring about a thorough exploration of 
these modulation questions. 

Two-cavity Klystron Oscillators.—These are a simple generalization of 
the klystron amplifier, with feedback provided from output to input 
circuit. Since klystron amplifier gain is sizable, a much weaker feedback 
is required than in triode oscillators, and the two circuits do not lose 
their identity. Both circuits possess an inherently high Q; hence the 
adjustment of these two circuits to the same frequency, and their simul
taneous tracking in any subsequent tuning, present practical difficulties 
in tunable operation. 

Early in the development of pulse radar there was some development 
in Britain of two-resonator klystron oscillators as fixed-tuned pulsed 
transmitters. Efficiencies of 20 per cent and peak output powers of tens 
of kilowatts were obtained at 12 kv and 3000 Mc/sec; but further devel
opment was overshadowed by pulse magnetron development. Typical 
c-w operation at lower voltages is provided by the type 410R, a general-
purpose tube which has external feedback and hence may be used also 
as"*tn amplifier. This operates at 2000 volts and 3000 Mc/sec with 
15 watts output power and 8 per cent efficiency, when loaded and tuned 
for maximum efficiency. (See Chap. 11.) 

Klystron oscillators in general are characterized by the existence of 
discrete "modes of oscillation"; " m o d e " is used here not in the coupled 
circuit sense, but in the sense of denoting certain limited regions of elec
trode voltage within which oscillation occurs. (In a two-resonator 
oscillator this electrode voltage is the beam voltage.) Within a given 
mode the frequency of oscillation changes continuously from one end 
of the mode to the other as electrode voltage is changed; the total change 
in frequency thus available between the two half-maximum-power points 
of a mode is called the "electronic tuning range" for that mode. 
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This feature lends itself to frequency modulation; the only disad
vantage is that the modulation must be applied to a low-impedance elec
trode. By variation of relative resonator tuning and feedback a given 
oscillator may be adjusted either for maximum efficiency and minimum 
electronic tuning range (maximum stability) or for a lower efficiency and 
a larger electronic tuning range. There are enough adjustable param
eters available so that, in the latter case, the amplitude of oscillation 
may be made practically independent of frequency over most of the elec
tronic tuning range. Thus for the above example of the 410R, with 
adjustment for maximum output power, the electronic tuning range 
between half-power points is 5 Mc/sec; adjustment of feedback and rela
tive tuning of the resonators reduces the output power to Si watts but 
allows electronic tuning over a range of 11 Mc/sec with only a 15 per 
cent decrease in output power below maximum. 

Reflex Klyston Oscillators.—The reflex klystron oscillator utilizes only 
one resonant circuit; in this feature, as already noted in Chap. 1, lies one 
of its greatest advantages. 

One consequence of this change to a single resonator is an efficiency 
which is inherently lower than in the two-resonator oscillator. Thus 
in the 723 family of reflex klystrons, the category manufactured in the 
largest quantity during the war, the output powers for the most commonly 
used mode at 300-volt operation range from 30 milliwatts at 9000 Mc/sec 
to 150 milliwatts at 3000 Mc/sec, corresponding to efficiencies of 0.5 and 
2.3 per cent respectively. These powers are, however, quite adequate 
for receiver local-oscillator operation; and the input d-c power is small 
enough so that the low efficiency is of no importance. 

An additional consequence of the change from two to one resonator, 
and one which is intimately related to the decrease in efficiency, is an 
increase in electronic tuning range. Furthermore, electronic tuning 
may now be accomplished by changing the voltage of the reflector, a 
high-impedance electrode which draws no current. To continue with 
numerical characteristics for the 723 family, electronic tuning rangeffof 
approximately 45 and 30 Mc/sec are obtained at operating frequencies 
of 9000 and 3000 Mc/sec; these tuning ranges require reflector voltage 
changes of 20 and 33 volts respectively. 

This electronic tuning behavior is the second great advantage of the 
reflex klystron. Its most useful contribution in the past has been to 
make possible automatic frequency control in radar receivers; by means 
of continuous automatic control of the local oscillator frequency, the 
receiver is constantly tuned to the transmitter. The electronic tuning 
properties of the reflex klystron also make it very adaptable to frequency-
modulation communications work at microwaves. The reflex klystrons 
which were developed for quantity production during the war were 
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intended to be used as local oscillators; progress on other types initiated 
at a later date has shown that performance with efficiencies of 6 or 8 per 
cent, output powers of 10 watts, and percentage electronic tuning ranges 
larger than those quoted above, is quite possible. This suggests strongly 
the future use of reflex klystrons as frequency-modulated communica
tions transmitters. 

Secondary-emission Reflex Oscillators.—The reflex klystron will often 
operate with the reflector at voltages positive as well as negative with 
respect to the cathode. Under these conditions the normal process of 
bunching is interrupted and some or most of the electrons collide with 
the reflector instead of being reflected; any secondary electrons resulting 
from this process will form a secondary beam which returns to the 
resonator. The primary beam, when it strikes the reflector, will be 
already amplitude-modulated by the usual velocity-modulation and 
bunching action; and if the reflector is a strong secondary emitter, a 
similarly amplitude-modulated and much intensified secondary beam will 
be returned through the resonator. 

This principle has been utilized in developing an oscillator which 
operates at 3000 Mc/sec and 2000 volts, with output powers from 5 to 
25 watts and efficiencies from 3 to 5 per cent.1 The primary current is 
controlled by a high-mu control grid; modulation of this grid voltage 
produces output modulation which may be largely amplitude or largely 
frequency modulation, depending on the particular operating point. 

In view of the fact that the properties of secondary emitters are not 
completely stable with respect to time, and since it appears that con
ventional reflex klystrons with similar output powers and efficiencies and 
cleaner modulation characteristics will shortly become available, it is 
not anticipated that these secondary-emission oscillators will receive 
extensive development. They will not be discussed further in this book. 

Oscillator-buffer Klystrons.—As in low-frequency practice, it is often 
useful to have a free-running oscillator separated from the eventual load 
by"an intermediate buffer stage; such an arrangement will, for example, 
prevent changes in the load from having any effect on the frequency of 
oscillation. Such isolation may be obtained with the two-resonator 
klystron oscillator by adding a third resonator through which the electron 
beam passes after leaving the two resonators which constitute the free-
running oscillator. Any detuning of the third resonator, which is not 
coupled to the first two, will have no effect on oscillation frequency. 
On the other hand, if the length of the drift space between second and 
third resonators is small, the harmonic content of the beam is not greatly 

1 C . C. Wang, "Velocity Modulation Oscillators with Secondary Emission 
Current," Engineering Report 185, Westinghouse Electric and Mfg. Corp., Bloomfield, 
N.J., Oct. 10, 1944. 
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altered as the beam passes from second to third resonator; and with 
proper adjustment the maximum power obtainable by coupling a load 
to the third cavity is nearly as great as the maximum obtainable (with 
different adjustments!) from the second cavity. The prototype of the 
oscillator-buffer klystron is the type 2K34, which is derived from the 
type 410R in the manner described above. 

Because of its basic connection with the two-resonator klystron oscil
lator, the oscillator-buffer klystron is not further discussed in this book. 

Floating-drift-tube Klystron Oscillators.—By fusing into a single two-
gap resonator the first and second resonators of a two-resonator klystron 
oscillator—as, for example, by removing the conducting walls that sepa
rate these two resonators—many of the circuit tuning problems which 
beset the two-resonator oscillator are dispensed with. The resulting 
oscillator should have the tuning convenience of the reflex klystron; at 
the same time, by choice of gap dimensions when the tube is designed, 
the ratio of input-gap to output-gap voltage may be adjusted to any 
desired value and the oscillator may thus be given the electrical charac
teristics of either the reflex or the two-resonator klystron. On the other 
hand, the drift-tube must still be provided with mechanical and thermal 
contact with the external tube envelope although there should be no 
r-f electrical connection. This latter point introduces difficulties, such 
as parasitic resonances in the various means used for supporting the 
drift tube. 

The most commonly known example of a floating-drift-tube oscillator 
is the 2K40, formerly the 1280CT, which utilizes an external cavity and 
is thus tunable over a wide frequency range up to 10,000 Mc/sec. 

While this category of oscillator seems to have many advantages, it 
has not received any extensive development; and since the operating 
principles are straightforward modifications of those used with reflex and 
two-resonator klystron oscillators, the floating-drift-tube oscillator will 
not be further discussed in this book. 

The Heil Tube.—This designation is applied to a klystron which is 
closely related to the floating-drift-tube oscillator. A ribbon-like elec
tron beam is maintained in this form by magnetic focussing and is passed 
through a coaxial line, the axis of which lies in the plane of the electron 
beam. The electrons of the beam thus enter the coaxial line in a direc
tion perpendicular to the axis, passing from outer to inner conductor; 
they then pass through the interior of the center conductor, during which 
time they are shielded from any r-f fields which exist in the coaxial line; 
and finally they pass from inner to outer conductor. The coaxial line 
thus serves as input and output gap, and the interior of the center con
ductor serves as field-free drift space. In one direction from the electron 
beam the coaxial line is short-circuited at a point approximately a 
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quarterwave away; in the other direction it leads, through appropriate 
transformer section of line, to the external load. 

When operated in the manner described, with a single one-way transit 
of the coaxial line, performance is obtained which is comparable to that 
of a reflex klystron operating at the same frequency, voltages, and transit 
time. The oscillator may, however, be operated with the electron beam 
reflected for multiple transits of the coaxial line. This gives rise, in a 
typical case, to an increase in efficiency by a factor of four; but it also adds 
considerable noise component to the output signal. 

The development of Heil tubes has been limited to Standard Tele
phones and Cables, Ltd., England; the initial tube type, from which many 
others have followed, is the Type S22A. Since these tubes have not 
been used at all in the United States, and since their principles of opera
tion are basically similar to those of other klystrons, the Heil tubes will 
not be further discussed in this book. 

Monolrons.—This is a general name given to devices based upon the 
principle that a d-c electron beam, passed once through a single resonant 
cavity, may excite oscillations in this cavity.1 

Oscillation may occur when the number of cycles transit time through 
the resonator is between n and (n + i ) cycles, where n is an integer. 
The monotrons that have been constructed have had low efficiency; 
and although they have certain interesting theoretical aspects, including 
the possibility of high efficiency, no work has been done on them in 
recent years. They are not discussed further in this book. 

1 F. B. Llewellyn and A. E. Bowen, "Ultra-high-frequency Oscillations by Means 
of Diodes," Bell System Tech. Jour., 18, 280 (1939). J. Marcum, "Interchange of 
Energy between an Electron Beam and an Oscillating Electric Field," / . App. Phys., 
17, 4 (1946). 



CHAPTER 3 

BASIC ELECTRONIC PHENOMENA AT HIGH FREQUENCIES 

B Y J. K. K N I P P 

A simple electronic device is composed of several circuits coupled by 
an electron beam. At microwave frequencies the circuits are cavity 
resonators. One part of each resonator is a gap that forms the capacitance 
of the circuit; the remainder is a space that provides the inductance and 
usually contains a loop, a probe, or a window for the introduction or 
removal of r-f power. 

Most microwave tubes have planar grid structure. In the usual 
triode or tetrode the gap of the input circuit is formed by a plane cathode 
and a parallel grid; the gap in the output circuit is formed by a plane 
grid and a parallel anode. In klystrons the gaps are constructed of 
parallel grids or of parallel plates containing one or more holes to allow 
for the transmission of the beam; a common grid is the radial fin grid 
illustrated in Fig. 4-1. 

In addition to gaps formed by closely spaced grids, which are integral 
parts of the circuits, the electronic portion of the tube can have regions 
that are relatively free from r-f fields. Thus the tetrode has a grid-
separation region between input and output circuits; this region is formed 
by the grid of the input terminal and the grid of the output terminal 
and can serve to shield the input circuit from the output circuit. In the 
klystron an electron gun accelerates the electrons before they enter the 
first gap. Between the two gaps of a two-cavity klystron there is a 
drift space in which bunching occurs. A reflex oscillator has a reflector 
region where electrons are reflected by a negative field and in which 
bunching takes place. 

The gaps of all such planar tubes are lined up along the axis of the 
tube. The electron beam extends along the axis and passes through the 
various regions. The resonator fields produce a number of effects in 
the gaps. The gap voltage in the input terminal of a triode or tetrode 
generates an r-f beam current that can be used to excite the output 
circuit with a net gain of r-f power, the extra power being supplied by 
the d-c fields. An r-f field is introduced by feedback at the first gap of a 
two-cavity klystron oscillator, which modulates the high velocity of the 
electrons of the beam; in the drift region this velocity modulation gener
ates density modulation, and the resulting r-f current excites the output 

31 
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circuit. The net effect is that some of the d-c energy of the beam is 
converted into r-f energy of the output circuit. In a reflex oscillator the 
same effect is obtained with a single resonator by returning the electrons 
to the gap after the initial velocity modulation has had time to generate 
sufficient density modulation; feedback is unnecessary. 

Since the gaps are regions in which the electric fields are strong, a 
tube is so designed that the beam must pass through the gaps rather 
than elsewhere in the resonators; thus large coupling between beam and 
resonator is obtained. In addition, the use of narrow gaps shortens the 
time spent by the electrons in the r-f fields. This short transit time is 
desirable since a time of transit of any gap greater than half a cycle 
considerably reduces the coupling between beam and resonator. 

The basic phenomena occurring in circuits composed of cylindrical 
reentrant cavity resonators—the type used in klystrons and microwave 
triodes and tetrodes—are discussed in Chap. 4. One important char
acteristic of such a circuit is that the response of the resonator (as meas
ured, for instance, by the amplitude of the gap voltage) to the beam 
regarded as a driving current can be represented by the use of a circuit 
admittance, or impedance, which is determined by the nature of the 
cavity and its connections. Moreover, the beam current that is effective 
in driving the resonator is the current actually present in the gap. The 
circulating current in the cavity is the sum of the conduction and dis
placement currents in the gap. This sum of the electron current and the 
time rate of change of the electric flux in the gap is the total current; it is 
directly proportional to the magnetic field at the edge of the gap and 
thereby determines the degree of excitation of the resonator fields. 

The effect of the beam on the resonator has its counterpart in the 
action of the resonator on the beam. The beam currents generated by 
gap voltages are described with the use of electronic admittances and 
impedances. The gap fields are effective during the entire transit of 
the gap. The total current is space-constant in a uniform gap. The 
driving current bears a simple relation to the total current and the gap 
voltage. 

In addition, there are a number of purely electronic effects that enter 
into the description of the beam. The most striking of these are phe
nomena associated with finite times of passage and velocity modulation. 

3-1. Phenomena of Particular Importance at High. Frequencies.— 
In microwave tubes the important electronic effects arising from the 
high frequencies used are all related in one way or another to the fact 
that the time of passage of the beam electrons through any part of the 
tube is at least comparable to, and in many cases much larger than, 
the period of oscillation of the tube. 

As examples, some possible three-centimeter tubes, with a frequency of 
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1010 cycles/sec and a period of one ten-thousandth of a microsecond, might 
be considered. In the input terminal of an r-f amplifier a gap spacing 
of 2 X 10~3 cm might be used. The average velocity of electrons reach
ing the grid would not be more than a few multiples of the mean thermal 
velocity of electrons from the cathode, which is 1.65 X 107 cm/sec at 
1160° K. Hence the average time of transit is about the same as the 
period of the r-f oscillation. In the output terminal of the amplifier, 
the gap spacing might be 10~2 cm. The average velocity of the electrons 
while in the gap might correspond to an effective beam potential of 
300 volts, which is a velocity of 109 cm/sec. The time of transit of the 
output circuit would be one-tenth the period of oscillation. It is probable 
that a gap spacing which is somewhat larger would be desirable in order 
to reduce resonator losses. In klystrons effective gap spacings of 
5 X 10~2 cm are common, which at a beam potential of 300 volts have a 
time of transit of one-half cycle. The length of the drift tube between 
the gaps of a two-cavity klystron depends on the number of cycles of 
drift time needed to produce the desired bunching. At 300 volts the 
electrons drift JV cm per cycle. In the reflector region of the reflex 
oscillator the depth of penetration is about TV cm per cycle spent in the 
region; the extra factor of i arises from the fact that the distance is 
covered twice and the average velocity is one-half the velocity at entry. 

Transit Angle.—It is customary to express transit-time effects in 
terms of the transit angle, 

6 = 2wfT = coT, 

where / is the frequency of the oscillation, T is the transit time under dis
cussion, and a) = 2irf is the angular frequency. If the transit time is one 
cycle, the transit angle is 2ir radians, or 360°. 

Density Modulation and Beam-coupling Coefficient.—A beam composed 
of electrons, all of which have the same velocity, contains only a d-c 
current if the charge density is uniform. If, however, the charge density, 
at any instant of time, varies periodically down the beam, and if the 
electric forces tending to change the electron velocities are negligible, 
the entire periodic configuration of the beam moves along unchanged 
with the electrons. The current passing through any plane perpendic
ular to the axis undergoes periodic changes; the frequency is given by 
the rate at which density maxima pass that plane. The phase differ
ence between the currents at two parallel planes is the transit angle for 
the passage of the electrons from the first to the second plane. Such a 
beam is said to be "density-modulated." 

Because of the finite gap transit time, the current of a density-modu
lated beam has a spread in phase in the gap equal to the transit angle of 
the gap. The driving current is the beam current that is effective in the 
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interaction with the gap fields. In a uniform gap it is the average cur
rent in the gap at any instant, provided the resonator is excited in the 
principal mode; the average is a space average. Because of the phase 
difference of the contributions of the different elements of the current, 
partial cancellation takes place in the driving current. For a simple 
density-modulated beam the driving current has the effective phase of 
the current at the center of the gap and an amplitude reduced from the 
amplitude of the density modulation by the beam-coupling coefficient 

. 8 
sin 5 

2 

The beam-coupling coefficient is unity for zero transit angle, decreases 
to zero at 8 = 2v, becomes negative, and oscillates about zero with 
decreasing amplitude for increasing 8; see Fig. 3-3. The fact that the 
driving current is zero at 8 = 2-F is understandable because, for this 
value of the transit angle, half the beam current in the gap is exactly 
out of phase with the other half. As the number of cycles of transit time 
is increased, there is a general trend such that less and less of the current 
is left uncanceled, causing the beam coupling to fall off inversely with the 
transit angle. In addition, the cancellation is periodically complete, and 
the driving current is periodically zero. 

Velocity Modulation.—Consideration is now given to the action of an 
oscillating gap field on a beam whose charge density is uniform and 
whose electrons initially (that is, on injection into the gap) have the 
same velocity. If the gap transit angle is negligibly small, the electrons 
make the transit in the instantaneous field, which is essentially static. 
They gain or lose energy in an amount equal to the electron charge 
times the instantaneous voltage across the gap. The beam emerges from 
the gap uniform in density but velocity-modulated; that is to say, the 
velocity of the electrons leaving the gap varies periodically with the fre
quency of the gap voltage above and below the velocity of the electrons 
on entering the gap. 

If, on the other hand, the transit angle is not negligible—that is, if 
the transit time of the electrons is comparable to the period of oscilla
tion of the gap field—the electrons of the beam no longer move in a field 
that is approximately static. Instead they move in a field that changes 
during the time of transit of the gap. The energy change on emerging 
from the gap is no longer given by an instantaneous potential difference. 
However, if extreme values of the energy change are small compared 
with the total energy of the electron, a voltage that is effective in the 
energy change, and hence in the velocity modulation, has the phase of 
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the field when the electron is at the center of the gap and an amplitude 

equal to the gap-voltage amplitude reduced by M = — T - ^ T — , that is, 

by the beam-coupling coefficient. Since this factor enters in the modula
tion of the beam, it is sometimes referred to as the "modulation coeffi
cient." That the same factor enters in the beam coupling as in the 
velocity modulation is not surprising, since in each case an average of a 
periodic quantity is effective. 

During the passage of an electron through the gap the phase of the 
gap voltage changes by an amount equal to the transit angle. If the 
energy change is small, the average of the gap voltage during the time 
of transit is effective. If the transit angle is 2ir, the electron spends one 
complete cycle in the gap and is decelerated by the gap field for the 
same length of time that is it accelerated; hence the effective gap voltage 
is zero. As the number of cycles spent in the gap is increased, there is a 
general trend to leave a shorter and shorter time for the net acceleration 
or deceleration; in terms of voltages a smaller fraction of the total gap-
voltage amplitude is effective, and the modulation falls off inversely with 
the transit angle. In addition it is periodically zero since the times of 
acceleration and deceleration are periodically equal. 

Generation of Density Modulation by Drift Action.—Two high-fre
quency effects arising from the finite transit angles occurring in micro
wave tubes have been described thus far: the reduction in coupling 
between beam and resonator caused by partial cancellation in phase of 
the gap current, and the reduction in modulation of the beam by the 
gap voltage because of the change in the acceleration of the electrons 
during their transit. 

A third effect, that is fundamental to all klystron operation, is the 
generation of density modulation within a beam that is velocity-modu
lated. The density modulation is produced through drift action. Such 
a process, which is called "bunching," is based on the fact that a beam 
of electrons that are periodically slower and faster than the average will, 
during the passage of time, tend to undergo density changes. Bunches 
are formed about alternate groups of electrons having the average 
velocity. Those groups form the centers of the bunches for which the 
electrons in advance are moving more slowly than average and the elec
trons to the rear are moving more rapidly than average. The resulting 
density modulation has the periodicity of the velocity modulation; hence 
the density modulation gives an r-f current of frequency equal to the 
frequency of the voltage that produced the velocity modulation, as well 
as the harmonics of this frequency. It is significant that, except for 
complicating effects that are due to space charge, density modulation 
tends to persist down the stream and does not, in itself, produce velocity 
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modulation; it is significant also that velocity modulation tends to per
sist down the stream, though not unchanged, and generates density 
modulation. 

Influence of Electrons on Electrodes.—A fourth effect—one that is also 
closely associated with the finite time of transit of electrons—is the effect 
that the electrons exert on the opposite grid or anode as soon as they 
enter the gap, and which continues as long as the electrons remain in 
the gap. It is entirely misleading to think of a grid current as being 
formed by the electrons collected by that grid, because a charge within a 
gap induces a charge on the grid in an amount that increases as it draws 
nearer to the grid. As it moves about in the gap the amount of induced 
charge changes; the rate of change is the current flowing to or from the 
grid. If the electron hits the grid, the current stops; if it passes through 
the grid, a charge is induced on the opposite side of the grid, the rate of 
change of which depends on the motion in the region where it now finds 
itself; the current to the grid reverses on passing through the grid. Also, 
if instead of reaching the grid the electron is reflected, the current to the 
grid is reversed. 

Displacement Current.—The rate of change of electric flux through 
any plane in the gap is called the "displacement current" in the gap. If 
the gap is empty, the flux arises from the charges collected on the elec
trodes, and its rate of change is the current flowing to and from those 
electrodes. However, if there are electrons in the gap, some of the 
flux has its source in the additional charge induced on the electrodes, 
and lines flow from that charge to the charge in the gap. As the elec
trons move about in the gap, the total flux through any plane changes, 
as indeed does the division between the electrodes of the charge induced 
by the electrons. Hence the flux through any plane changes; this change 
is an additional contribution to the displacement current. 

Total Current.—The sum of the conduction current and displacement 
current through any plane in the gap is the total current through that 
plane. I t has the remarkable property that in a narrow gap it is very 
nearly space-constant across the gap and is equal to the current that 
flows along the walls of the resonator to the electrodes. It is sometimes 
called the circulating current or the current in the outside circuit. Any 
deviation from constancy in the gap is due to fringing of the electric 
field at the edges of the gap, and corresponds to current flowing not to 
the gap but to areas on the walls of the cavity outside the gap. 

The total current has additional significance for a circuit formed of a 
cavity resonator in that, if the gap is narrow, the total current through 
the gap is equal in magnitude to the magnetic field at the edge of the 
gap. This follows from the field equations giving relations between the 
fields and the currents and charges in the resonator. From this relation 
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between total current and magnetic field, the cavity excitation is estab
lished, as is shown in Chap. 4. 

The total current density at any point of a vacuum is 

J + eo dE 
It' 

where J is the conduction-current density in amp/meter2 , e0 is 
(l/36ir) X 10 -9 farad/meter, and E is the electric field in volts/meter. 
It is of interest to compare the two current densities in a particular case. 
Suppose that an r-f current of 2 X 10 - 3 amp flows in a uniform beam 
with a cross-sectional area of 5 X 10~2 cm2. The r-f conduction current 
density is 400 amp/meter2. Suppose also that the r-f gap voltage is 
36 volts and that the gap depth is 10 -2 cm. The average field is 36 X 104 

volts/meter. Let the frequency be 1010 cps. Then the displacement-
current density is 2 X 105 amp/meter2. I t is very large compared with 
the electron current density because of the numbers chosen, and in 
particular because of the high frequency. 

Even if the total current in the gap is space-constant, the conduction 
and displacement currents separately need not be, for they can vary 
across the gap in such a manner that their sum is space-constant. 

3-2. Current Induced by a Moving Charge.—The presence of charge 
in a region between parallel conducting planes causes charge to be 
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(a) (6) 
FIG. 3-1.—Lines of electric flux in uniform gap containing (a) no charge and (fr) in same gap 

containing uniform sheet of charge of total amount —q. 

induced on those planes in total amount equal to the negative of the 
charge between the planes. Unless the charge is symmetrically distrib
uted on both sides of the midplane, the induced charge is not equally 
divided between the two planes. If the planes are connected through 
an outside circuit, the charge between the planes in moving about in the 
gap causes the induced charge to redistribute itself, and current flows 
through the circuit. 

Charge on Electrodes.—If, for example, the potential between the planes 
is fixed and the gap is so narrow that fringing is negligible, and if — Q 
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and Q are the total charge on the plane electrodes in the absence of 
charge in the region (see Fig. 3-1), the total flux is At0 E = —Q, where A 
is the area of the gap and E is the electric field. If a uniform sheet of 
total charge — q is introduced at the plane x and the gap voltage is the 
same as before introduction, additional charges q0 and qd are induced on 
the two planes with q = go + Qd- If E0 is the field to the left of the sheet, 
the total flux to the left is Ae0Eo = — Q + q0; similarly, if Ed is the elec
tric field to the right, Ae„Ed = —Q — qd. The gap potential is 
—Eox — Ed(d — x) = — Ed, where d is the separation distance of the 
electrodes. From these relations it follows that 

go = d id ,q. (1) 

d-x. 

Thus, the charge induced is greater on the near plane and that on either 
plane is proportional to the distance to the other plane. 

If instead the charge in the gap is concen
trated in the neighborhood of a point a dis
tance x from the first electrode, the lines of 
flux are not parallel, as in the above case, but 
converge upon the point as illustrated in Fig. 
3-2 (in this figure the gap voltage is assumed 
to be zero). However, the distribution of 
induced charge between the two electrodes is 
unchanged, although the charge on either elec
trode is no longer uniformly distributed. In 
this case also the additional charges on the 
electrodes are given by Eqs. (1), as can be 

shown by the method of images. 
Current Induced in the Circuit.—As the charge in the gap moves, 

induced charge flows from one to the other of the electrodes through the 
circuit. The current in the circuit is 

F I G . 3-2.—Lines of electric 
flux to point charge — q. 

l-Q + go] ■ s w + ffJ 
- « - 3 * (2) 

where v = dx/dt is the velocity of motion of the charge in the gap and Q 
is a current which is determined by the outside circuit and the initial 
conditions (the gap voltage is merely Qd/Ae0). 

Conduction and Displacement Currents in the Gap.—Consider first the 
displacement current in a plane to the left of the plane x, which is the 
plane containing either the sheet of charge or the point charge —q. The 

displacement current is j dSeo ̂ f , where the integration is over the 
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plane to the left of x and Ex is the component of the electric field per
pendicular to that plane. Now fdSe0Ex is the electric flux through that 
plane; since the lines of flux either end up on the first electrode or return 
through the plane in passing to the second electrode, the total flux is 
just the charge on the first electrode. Hence the displacement current 

v in a plane to the left of x is — Q — -z q, by Eqs. (1). Similarly, it 

can be shown that the displacement current to the right of x is also 
v ~ Q ~ J 1- Thus it is seen that, in any plane to the left or right of the 

charge, the displacement current is just the current in the circuit. 
The fixed plane through which the charge — q is moving at the moment 

is considered next. Suppose the charge moves a distance Ax in time 
At and is at the plane x — Ax/2 at time t — At/2. The average conduc
tion current, regarded as spread over a time At, is —q/At. The change 
in flux through the plane x is 

Ax Ax 

Hence the average displacement current—that is, the rate of change 
of flux regarded as spread over a time At—is 

At ^ At d* 

The sum of the average conduction current and average displacement 
v current is — Q — -= q, since the conduction current is just canceled by 

an opposite term in the displacement current, a term arising from the 
interception by the plane of all the lines of flux to the charge as it passes 
through the plane. 

Total Current.—This simple example illustrates the proposition that 
the total current, whether it is the current in the circuit or the sum of 
the conduction and displacement currents in the gap, is space-constant 
across the gap and has the same value all the way around the circuit, 
with the gap as the closing element in the circuit. 

3-3. Modulation of the Beam.—The beam as it enters a gap has prop
erties that are dependent on the time, for it may have been modulated 
in passage through other resonators and, in any case, it contains fluctua
tions that are due to noise. Likewise, as it leaves a gap, its properties 
are dependent on the time. A description of the properties of the beam 
at any place in the gap is given by the distribution in the velocity of the 
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passing electrons. This distribution depends on the time. A discussion 
of the beam explicitly in terms of the velocity distribution is given in 
Chap. 5. 

The most important time-varying properties of a beam are its density 
modulation and its velocity modulation. Density modulation is the 
harmonic portion of the electron current; density modulation is current 
modulation. Velocity modulation is the harmonic portion of the average 
electron velocity. 

These two properties can change from place to place in the beam. 
As has been indicated in Sec. 3-1, a density-modulated beam contains 
bunches. If the velocities of the electrons are the same, these bunches 
move along with the electron velocity, undisturbed except by outside 
fields and spreading forces resulting from space charge. A velocity-
modulated beam becomes bunched even though originally smooth 
because, in such a beam, the velocities vary periodically above and below 
the average velocity and, therefore, the electrons tend to gather into 
bunches as they move down the stream. Hence a velocity-modulated 
beam becomes density-modulated by drift action alone. If the velocity 
spread is negligible and if the velocity modulation is but a small fraction 
of the average velocity, the velocity modulation tends to persist down the 
stream, disturbed only by outside fields and forces that are due to space 
charge. I t is, however, accompanied by a changing density modulation. 
Thus, both density and velocity modulations tend to persist down the 
stream, and velocity modulation generates density modulation. 

In passing across a gap the time-varying properties of the beam change 
because of its initial velocity modulation and also because of the elec
tric field of the gap. In its effect on the momentum of the electrons, 
the r-f gap field produces velocity modulation and, in modulating the 
time of passage of the electrons, it bunches the electrons and in this 
manner produces density modulation. 

In a gap the sources of modulation are two-fold: (1) that present in 
the beam on entering the gap, and (2) that produced by the gap field. 
The density modulation results from (1) density modulation at injection, 
(2) velocity modulation at injection generating density modulation 
through drift action, and (3) modulation of the time of passage by the 
gap field producing density modulation. The velocity modulation results 
from (1) velocity modulation at injection, and (2) the periodic accelera
tion and deceleration of the electrons by the gap field. 

The coupling between the beam and the resonator takes place through 
the modulations of the beam, for the density—that is, current—modu
lation excites the resonator fields, and the resonator fields produce both 
the velocity and the density modulations. The modulation of the beam 
as it leaves the gap determines, at least in part, the modulation that it 
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has as it enters the next region, just as its modulation in the gap is deter
mined in part by that which existed in the beam at injection. 

Importance of Transit Angle.—The transit angle, 6 = 2ir/T = uT, 
is a small fraction of a radian if the transit time T is much smaller than 
the period of oscillation 1//. At microwave frequencies it is difficult to 
build tubes with small transit angles. Closely spaced grids and high 
beam potentials help to keep the transit angles small, but they are not 
always obtainable and other considerations sometimes make them unde
sirable. Large transit angles are therefore not uncommon in microwave 
tubes—for example a 3-cm reflex tube with a grid spacing of 1/20 cm 
and beam potential of 300 volts has a gap transit angle of it radians. 

The importance of the transit angle is as follows. If it is very small, 
each electron moves through the gap in an essentially static field and its 
motion is easily described and is practically identical with the motion of 
all other electrons in the gap at the moment (unless there is more than 
one velocity group). On the other hand, if the transit angle is large, 
the field varies with time during the passage through the gap and the 
electron motion is greatly complicated; in particular the electron energy 
is no longer obtainable immediately from the gap potential, and the 
motion of some of the electrons can be completely out of phase with the 
motion of other electrons in the gap at the moment. 

Beam Coupling.—The beam excites the resonator through the har
monic components of the beam current that have frequencies near the 
resonant frequencies of the cavity resonator. All of the beam that is 
actually in the gap participates in this excitation, and equal elements 
are equally effective if the r-f field in the absence of the beam is space-
constant, which is approximately the case in most resonators operating 
in the principal mode (see Chap. 4). 

A particular component of the beam current, having a given fre
quency of modulation, is simply constituted if it arises only from density 
modulation at injection and if the velocities are the same and space-
charge spreading is negligible. At a plane a fixed distance down the 
stream from the plane of entry of the gap, the component differs only 
in phase from its value at the plane of entry for, since the current at the 
plane arises from electrons that earlier composed the injected current, 
by particle conservation their contribution to the flow of charge in cor
responding intervals of time is the same. The phase difference is the 
transit angle for the passage of the electrons from the plane of entry 
to the indicated plane down the stream. 

If the frequency is sufficiently low—that is, if the period of the modu
lation is long compared with the transit time of the gap—the transit 
angle is nearly zero, and the current elements within the gap arising 
from the injected current modulation are practically in phase. How-
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ever, if the period is comparable to the transit time, the transit angle 
is not small and the current elements are not in phase. As has been 
pointed out in Sec. 3-1, a partial cancellation results and the coupling 
between beam and resonator is reduced. 

Suppose £„(0)e,"< is the current modulation at the plane of injection 
and 0' is the transit angle to a plane part way across the gap; then 
i„(0)e'("'_9') is the current modulation at that plane arising from the injected 
current modulation under the conditions stated above. If the electrons 
are not accelerated, the driving current is the average over the phase 
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because in uniform motion space average and phase average are the 
same. Hence the driving current is 

U'^ (0) <*<■"- 4(0) t^H X-9 = i/oWC-O 
8/2 4(0) I f e 

This is the current that is effective in the excitation of the resonator. 
The factor —-^j=— = M is the beam-coupling coefficient already men
tioned in the first section of this chapter, and is shown plotted as a func
tion of 6 in Fig. 3-3. It has the value unity for zero transit angle and 
oscillates about zero with decreasing amplitude as 6 increases, the zeros 
occurring at 2ir, Air, etc. It is seen that the driving current for such a 
density-modulated beam has the effective phase of the current at the 
center of the gap and an amplitude reduced from the amplitude of the 
density modulation by the beam-coupling coefficient. 
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Current Modulation Arising from Velocity Modulation.—The density 

modulation generated by the velocity modulation that is present in the 
beam at the time of injection also depends on the phase, and the effective 
current is a function of the transit angle of the gap. 

Let v„(0)eJ"' be the velocity modulation at the plane of injection and 
let 8' be the transit angle to a plane part way across the gap. In Sec. 
3-5 it is shown that the component of the current at that plane arising 
through drift action from the initial velocity modulation, if the velocity 
modulation is small and the drift angle 8' not large, is 

0.(0) (=f)*< 
where — 7o is the direct current and v is the average velocity of the elec
trons. This expression merely states that the current generated is the 
product of the velocity modulation at the time of injection, the charge 
density per unit length of the beam, and the transit angle, and, in addi
tion, that it leads the velocity modulation by 90°. 

If the electrons are not being accelerated, the space average of the 
current is given by the average in phase. Hence the driving current 
from this source is 

When evaluated, this average becomes 

where N, the beam-loading coefficient, is a function of the transit angle 6. 
The effective current here calculated is zero for zero transit angle, a fact 
that is understandable since little density modulation can develop in 
times that are short compared with the period of modulation. 

The beam-loading coefficient is an important factor in expressions 
for beam loading. I t is defined by 

»-?(' e e 8} 
s m _ _ _ c o s _ i 

and is plotted in Fig. 3-3, together with M and a function P, which occurs 
in first-order bunching theory (see Chaps. 9 and 12). The beam-loading 
coefficient is unity for zero transit angle and does not become zero until 
6 is almost 3ir, after which it oscillates about zero with a period of about 
4ir and with a rapidly decreasing amplitude. 

From the above expression for the driving current caused by velocity 
modulation at injection, it is seen that, for very small transit angles, 
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the effective current is the same as the actual current from this source 
at the center of the gap. However, for large transit angles, this value 
is modified by the factor (M — jdN/G), which affects both the magni
tude and the phase of the driving current. 

Current Modulation Arising from Gap Voltage.—In Sec. 3-5 it is shown 
that the density modulation arising from the action of the gap voltage is 
produced through the modulation of the time of passage of the electrons. 
Suppose that the d-c field is zero, the r-f field is space-constant, the 
velocity spread is negligible, and the velocity change produced by the 
field is small. Let Fue)u,( be the potential across the gap, and let M' 
and N' be the beam-coupling coefficient and beam-loading coefficient 
for the transit angle 6' to a plane part way across the gap. It is found 
that the component of the current at that plane arising from the gap 
voltage is 

2V0je 2 V 6 / 
where Vo — mv2/2e is the beam potential ( — e is the electron charge, 
- 1 . 6 X 10-19 coulomb; m is its mass, 0.9 X lO"30 kgm.) From this 
expression it is seen that the current generated for very small 0' is pro
portional to the square of the time of passage and follows the potential by 
TT/2 + 6'/2. As 6' increases, the magnitude and phase of the current 
are affected, in addition, by the factor (M' — j8'N'/Q). 

The driving current is again given by the average in phase 

On carrying out the integration this expression becomes 

GojON y(—I) 
' " 2 6 ' 

where Go = Io/Vo is the beam conductance. Thus the driving current 
in the gap arising from the action of the gap voltage is proportional to 
the beam conductance and, for small gap transit angles, is proportional 
to the transit angle, lagging behind the potential by ir/2 + 0/2; as the 
transit angle increases the magnitude is affected by the additional factor N. 

Beam Loading.—Since the current of the last paragraph is produced 
by the gap voltage, it has a definite phase relation to that voltage and 
gives rise to a subtraction or addition of energy from that stored in the 
resonator. The power in is one-half the real part of the product of the 
driving current and Vte~'"'; it is 

\V^( Go0N . B\ 
-2 rV~Ti r s m 2 / 
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The combination M 
~6~ sin = is shown plotted in Fig. 3-4. 

Li 
I t reaches 

a maximum of about 0.4 at a transit angle somewhat greater than ir, 
drops to zero at 2ir, and oscillates about zero with decreasing amplitude 
with a period of 2ir. The negative intervals correspond to the addition 
of energy to the resonator fields. 

+0.50 

-►0.25 

3TT 4TT 
Transit angle 6 

FIG. 3*4.—Real and imaginary parts of beam-loading admittance divided by Go/2 as 
functions of the transit angle. 

The coefficient of — Vue'"' in the driving current, 

2 6 e XB' 

is called the "beam-loading admittance." The real part of YB is the 

beam-loading conductance, -=- -jr- sin ■=, and the imaginary part, 

Go BN d 
I I C 0 S 2 ' 

is the beam-loading susceptance. The latter has the effect of changing 
the resonant frequency of the cavity resonator. The combination 

-£-cos;> is also plotted in Fig. 3-4; it has a small maximum near T / 2 , 
0 it 

is zero at T, has an extreme negative value of about —0.35 before reaching 
2ir, returns to zero and is very slightly positive before 3T, where it is 
zero again, after which it becomes negative and has very small intervals 
where it is positive just before 5ir, 7ir, etc. 

One-half the product of \V„\2 and the beam-loading conductance is 
the average power absorbed by a smooth beam in passing through the 
gap. This quantity when positive has the effect of a load on the resonator 
and when negative can serve to drive the resonator, as in a monotron. 
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Velocity Modulation Arising from Gap Voltage.—The velocity modu
lation produced by a space-constant r-f field is easily calculated under 
the conditions of the preceding paragraphs. If d is the gap spacing, 
the force on an electron is {eVa/d)ei"t. Suppose the electron enters the 
gap at time t' and leaves at time t; its change in momentum is 

/ dt" e-^ e'"'" = 1 ^ [l - e-7»v-n]ei»t. Jf d jwd ' 

but u(t — t') is approximately the transit angle since the modulations are 
small; hence the velocity modulation on leaving the gap is approximately 

eV, sinJ/2 y(- |) = Ĵ  ^(-Q 
mv 8/2 2Va 

Thus, in the velocity modulation that is due to a space-constant r-f field, 
the effective gap voltage is roughly that which the electron experiences 
when it reaches the middle of the gap multiplied by the factor M. 

This effect is also easily seen from the energy of the electron. If the 
time of passage is negligible compared with the period of oscillation of 
the field, the energy change results from the field at the moment of pas
sage and is given by the product of the electron charge and the gap 
potential at that moment. However, if the time of passage is comparable 
to the period of oscillation, the energy change must be calculated from a 
field acting on the electron which varies in time during the transit. 
If the r-f field is weak, the work done by the field is approximately 

f * ££ e> C-^'O - eV„ "if"? / - 0 = eV„ Me<*~2. 
Jo a v/Ji 

This work represents the energy change of the electron; hence this change 
can be calculated approximately from the gap voltage by using the gap 
voltage at the time of midpassage and reducing it by the factor M. 

Effects of D-c Gap Field.—The presence of a d-c field in the gap has 
the effect of making the electron motion nonuniform even in the absence 
of the r-f field. Transit angles are usually defined under d-c conditions 
by using time intervals calculated in the absence of all modulation; these 
of course are affected by the d-c field present. Moreover, the beam 
potential, Vx = mvi(x)/2e, and beam conductance, Gx = Io/VZ! change 
across the gap. However, as long as the d-c field does not cause negative 
velocities or lead to high concentrations of space charge, the form of the 
r-f relations for the behavior of the gap is not greatly modified beyond 
introducing factors and adding certain acceleration terms. As is seen 
later in the chapter, these changes are often conveniently expressed in 
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terms of the two parameters, 

r, = i>(x)r s, = a(^)r^ 
x 2x 

where v(x) and T' are the d-c values of the velocity of an electron at the 
plane x and the time of passage to that plane from x = 0 and a(x) is the 
d-c value of its acceleration at the plane x. If the d-c field is everywhere 
zero in the gap, r' is unity and 8' is zero. 

If the d-c field causes the reflection of electrons, and if the current 
densities are so low that the effects of space charge are still negligible, 
the behavior of the gap is somewhat complicated by the two-way motion 
of the electrons, but it can be treated in a straight forward manner since 
the field is approximately space-constant. 

When the d-c fields are associated with high concentrations of space 
charge, as in the potential minimum outside a space-charge-limited 
cathode, the r-f problem becomes very complicated because the space 
charge affects the motion of the electrons, which in turn affects the space 
charge. Certain aspects of this phenomenon are treated in Chap. 5. 

3-4. General Relations in a Narrow Gap.—The electronic phenomena 
under discussion are governed by three fundamental laws. The first 
of these is the law of conservation of charge. Since the charge is carried 
by electrons, all having the specific charge — e, and the number of elec
trons is also conserved, conservation of charge is the same as particle 
conservation. From the conservation of charge is derived the continuity 
relation, which states that the divergence of the current density is equal 
to the negative of the time rate of change of the charge density. The 
second relation is the divergence relation for the electric flux, which 
states that the divergence of the electric flux is equal to the charge density; 
since the electric flux is proportional to the electric field, the divergence 
of the electric field is proportional to the charge density. The third 
law is Newton's law governing the motion of the electrons. The only 
force acting on the electrons which is considered is that due to the electric 
field; by Newton's law the time rate of change of the momentum of an 
electron is equal to the product of the electron charge and the electric 
field. 

Assumption of Uniformity.—The tubes that are discussed in this book 
have simple geometry. The electron beam passes down the axis of a 
tube through a succession of regions separated by plane grids. Some 
of these are regions of acceleration, drift, and reflection, which are rela
tively free from r-f fields. Others are gaps forming the capacitive portions 
of the resonator circuits. These gaps have depths that are usually small 
compared with the diameters of the gap areas. Moreover, the excitation 
of the resonators is generally such that the electric fields in the gaps are 
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directed parallel to the axis of the tube and are nearly uniform over the 
gap areas. If, in addition, the beams are nearly ikniform and fill the 
gaps, phenomena in the gaps are approximately one*:iimensional. 

The idealization of gap phenomena to uniform & (ds and a uniform 
beam composed of electrons moving parallel to the axis of the tube is a 
tremendous simplification to the analysis and discussion of tube behavior. 
I t has considerable validity in all tubes discussed in this book. This 
simplification makes possible much of the theoretical treatment of these 
tubes. 

There are, of course, many limitations to a treatment of gap phe
nomena based on the assumption of uniformity. Since all gaps have 
finite areas and all beams have limited cross sections, there are edge 
effects. Uneven cathodes, fluctuations in emission, nonparallel grids, 
grid structure, and uneven reflector fields make the beams nonuniform. 
In addition, the conduction current is carried by the electrons, which are 
finite charges with local fields and hence contribute to the unevenness 
in the gap currents and fields. Electrons have transverse velocities, 
and the electron velocities must be well below the velocity of light if 
magnetic forces are to be neglected. Some of these effects are discussed 
in other chapters. 

Total Current.—Consider such a gap, in which variations parallel to 
the grids are negligible. Let x be the distance from the first plane to a 
parallel plane within the gap and d the separation of the bounding planes; 
let t be the time. The current density and charge density are dependent 
on x and t alone and are related through the continuity equation. I t is 
convenient to use the electron current i(x,t) for the entire area of the 
gap; then the current density is i(x,t)/A, where A is the area of the gap; 
using the charge density p(x,t), the continuity equation becomes 

d i{x,t) d , . _ 
dx~A- + W t " ^ = : 0 -

Now the electric field also depends only on x and t, and by the divergence 
relation 

«, — E(x,t) = p(x,t), 

where to is (l/36ir) X 10 - 9 farad/meter. 
The charge density can be eliminated between these two equations 

to give 

£ [.■(,,<)+Ai§!*<*,0]-0. 
The quantity, 

» - ( * ) 0 + i i € . ^ 2 - 7 ( 0 (3) 
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is the total current, which depends only on the time. I t is the sum of 
the electron and displacement currents in the gap. Sometimes the total 
current is known from the rest of the circuit; if the electric field is also 
known, this expressi'jsi gives the electron current. 

Circuit Representation of a Gap.—The total current can be written 
in terms of the gap voltage and the driving current by averaging Eq. (3) 
across the gap, for 

7(0 = i / dx \i(x,t) + Aeo j t E(x,t)\; 

the gap voltage is 

V{t) = - / dxE(x,f); 

and the driving current is the space average of the electron current, 

1 f 
i(f) = -j / dx i(x,t). 

a Jo 
Hence 

I(t)=i(t)-C^, (4) 

where C = Ae0/d is the capacitance of the empty gap. This simple 
relation can be interpreted in terms of a ^ j 
circuit in which the current i(f) passes 
through the shunt combination of the 
capacitance and an external circuit across 
which the potential is V(t) and through 
which the current 1(f) flows. Consider the 
components of these quantities that have I "T /■,. 

, . F I G . 3-o.—Circuit represen-
the time dependence e>". Let iu, Vu, and tation of gap in terms of driving 
/„ be the amplitudes of the driving current, current. ia = lu + ju>cv«. 
gap potential, and total current, respectively. From Eq. (4) it follows 
that 

i . =■ / „ + 3"CV„ (5) 
which is the equation for the circuit represented in Fig. 3-5. 

Shunt Formulation.—If all modulations are so small tha t quadratic 
and higher-order phenomena can be neglected, a clear-cut distinction 
can be made between effects that are produced by the gap voltage and 
effects arising from the condition of the beam as it enters the gap. Such 
a distinction has been made in defining the beam-loading admittance 
YB. Suppose such is the case; let 

i, = - VUYB + im, (6) 
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where —VUYB is that part of the driving current which arises from the 
gap voltage and im is that part which comes from the condition of the 
beam as it enters the gap. The current t„. could contain terms resulting 
from density and velocity modulation in the injected beam. I t might 
be called the transexcitation current, or simply the exciting current. 

As has been indicated in Sec. 3-3, it is possible to go further and carry 
out the separation for the density and velocity modulations at any place 
within the gap. Thus, if iu(x) is the density modulation and vu(x) is the 
velocity modulation at the plane x, 

ia(x) = — Vuym(x) + im(x), 

va(x) = -Va (^jfm(x) + Vm(x), (7a) 

where — Vuym(x) is the density modulation arising from the gap voltage, 
im{x) is the density modulation due to modulations present in the beam 

at injection, — V„ (30 fm(x) is the velocity modulation arising from 

the gap voltage, and vm(x) is the velocity modulation that results from 
modulations present in the beam at injection. The coefficient ym(x) 
is an internal electronic transadmittance and fm{x) is a similar function 
for the velocity modulation. They are referred to as the density and 
velocity modulation admittances, respectively. On averaging the first 
of these equations across the gap and comparing the result with Eq. (6), 
it is seen that 

1 [1 1 fd 

= j ] dx ym(x), in, = 2 I dx im{x). (8) 

An equation that supplements Eqs. (7a) is obtained from Eqs. (5) 
and (6) by eliminating the driving current; it is 

l u ' u± g ~T~ (76) 

< m — / . ^ 
where F„ = juC + YB is a quantity that will be called " the gap admit

tance." This equation suggests a circuit 
representation in terms of the exciting 
current as illustrated in Fig. 3-6. The 
exciting current im passes through the 
shunt combination of beam-loading admit
tance, capacitance, and external circuit 
across which the potential is Va and 
through which the current Ia flows. In 
this representation a current source im, 
having an internal admittance YB, can 

Y„ * C 

FIG. 3*6.—Circuit representa
tion of gap in terms of exciting cur
rent. i„ - /„ + V„0'wC + YB). 

be regarded as exciting the resonator circuit. 
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(Series Formulation.—A series representation is obtained by writing 

Z„ = -57-; e, = inZa; 

and hence 

A beam-loading impedance ZB can be defined from 

j=C + ZB 
1 

i«c + YB 

(9a) 

(10) 

In the circuit for this representation (see Fig. 
3-7) an internal voltage source e, with internal 
impedance ZB causes the current Iu to flow 
through the series combination of capacitance 
and external circuit across which the voltage is Va. 

The density and velocity modulations, ia(x) 
and vu(x), can each be regarded as the sum of a 
term that is proportional to Iu and a term that 
is due to modulations at injection. These are 
written in the form 

■^c 

i„(x) = —Iaa(x) + i.(x), 
(96) 

F I G . 3-7.—Circuit rep
resentation of gap in terms 
of internal voltage source 
and internal impedance. 

On averaging the first of these across the gap and comparing the result 
with Eq. (9a), it is seen that 

z* = h\/odxla(z) +1]' e>=3sc\ IdxUx)- (11) 

Relations between Shunt and Series Elements.—The shunt and series 
representations are, of course, equivalent. The following six equations 
give the relations between the elements of Eqs. (7) and Eqs. (9): 

YtZg — 1, 
a(x) = —ym{x)Z, 

e, = iJZg 
i,(x) = -e,ym(x) + im(x), 

fi(x) -U(x)Z. v.(x) = -e, (0-)/^) + »-(*)■ 
(12) 

There is little to choose between the two representations except a 
possible convenience of expression in a particular problem. In most high-
velocity gaps the driving current is easily calculated and from it the beam-
loading admittance and exciting current; thus the shunt representation 
seems to be particularly convenient in the discussion of the high-velocity 
gap. In low-velocity gaps space charge is important; it usually is 

E. G. & G. LIBRARY 
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necessary first to calculate the field by some self-consistent method in 
terms of the total current and the modulations at injection; from the 
field the gap voltage and other quantities are obtained in a form that is 
often most easily expressed in the series representation. 

A considerable portion of the theory of electron tubes is concerned 
with the calculation of elements of the shunt or series formulations for 
the conditions encountered. Of the six elements occurring in the shunt 
formulation, 

i*(x) = -V«ym{x) + im(x), \ 

vu(x) = - F „ r ^ J / r a ( x ) +vm(x), I (3-7) 

/„ = - VaYe + im, Y„ = juC + YB, ) 
only four, ym(x), im(x), fm(x), vm(x), are basic since YB a n d i „ are derived 
from the first two by integration [seeEqs. (8)]. In any particular prob
lem not all of these are of primary interest. For example, in the input 
of a small-signal amplifier the important quantity is ym(d) because it is 
the leading term of the transadmittance of the tube; however, some drift 
action may be present, requiring the knowledge of fm{d). In the output, 
im is the important quantity since it determines the excitation of the out
put and hence enters into the gain of the tube. Discussions of klystron 
theory usually consider the driving current, 

4 = -VUYB + im, (3-6) 

which is calculated for the output circuit directly from the modulation 
produced by the input circuit. The effect of this modulation is expressed 
as an electronic transadmittance, for which the symbol Ye is usually 
employed. 

Electron Motion.—The electron motion is governed by Newton's law 
which, under the assumption of uniformity, takes the form 

m Hi? = ~eE^x>^> 
where m = 0.9 X 10~30 kgm is the mass of the electron and 

-e = - 1 . 6 X 10-19 coulomb 

is its charge. The energy integral is obtained by multiplying by 

dx , .. 
It = "<*'*> 

and integrating with respect to the time; 

^[v(x,t)" - v(x',ty] = -e f dt"v(x",t")E(x",t"). 
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If, for example, the electron is injected at the first grid and its motion 
is not reversed, the energy integral becomes 

^ [v{x,ty - v(0,ty] = -e rdx"E(x",t"). 

This integral is calculated from the instantaneous field experienced by 
the electron and is not, of course, the integral defining the electric potential 

-r. V(x,t) = - dx"E(x",t), 

since in the latter integral the field everywhere at the time t is used. 
The momentum integral is obtained by the direct integration of Newton's 
law; 

m [v(x,t) - v(x',t')] = -e \ dt" E{x",t"). 

The energy and momentum integrals give the identity: 

j i t dt" v(x",t")E(x",t") = i [»(!,<) + v(x',t')] (' dt" E(x",t"). 

The integration of the momentum integral gives 

m(x - x') = mv(x',t')(t - t') - e I dt'" / dt" E(x",t"). 

The velocity and the time of arrival at the plane x of an electron 
injected at x = 0 at time t' with velocity v' are given, therefore, by the 
following formal expressions: 

v{x,t) = v(0,t') - - / dt" E(x",t"), 
TO Jf 

1 = l' + -Tf̂ Tx + —7^\ \ dt'" I di" E(x",t"). 

An alternative expression for the second of these is 

t = t'+ [' dx" -+ 7o v(x",t") 
The time rate of change of t — t' is of interest in considering particle 

conservation; it is 

h{t ~ n = - ^ i ) [<x'l) - "^'^ ~{t~f) [a{x''n - i'v(x''l,)]} 
where a(x',t') = -eE(x',t')/m. 
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3-6. High-velocity Gap.—If the electron velocities are very high, the 
effects of space-charge and thermal velocity spread are usually negligible. 
If the space charge is negligible, the field is approximately constant across 
the gap. The approximation is far from perfect, however, for if the 
field were completely space-constant, the electron current would be also 
—which is certainly not the case in a modulated beam. 

In order to simplify the discussion, suppose that there is no d-c gap 
field. (A gap with a constant d-c field is considered briefly at the end 
of this section.) Let 

E{x,£) = =j* * - (13) 

where Va is the amplitude of the gap voltage and d is the gap spacing. 
Under this assumption, the field at any particular moment is the same 
everywhere within the gap. The gap fields in most klystron resonators 
are well represented by this formula. 

If the resonator is unexcited and the beam unmodulated, the electrons 
traverse the gap in the time, T = d/v, where v is the velocity of the 
electrons in the absence of all modulation. The beam potential is 
defined by Vo = mv2/2e and is constant across the gap, as is the electron 
velocity, because there is no d-c field. With —10 as the d-c beam current, 
the beam conductance is Go = Io/Vo; and it, too, is constant across the 
gap-

Suppose, however, that the beam as it enters the gap is both density-
and velocity-modulated with the angular frequency w. Let the current 
and velocity at the plane of injection, x = 0, be 

t(0,0 = -I, + L(0)e>°>, \ 
v(0,t) = v + r.(0)e**; J ^ ' 

i„(0) is the amplitude of the modulation of the injected current and ^(0) 
is the amplitude of the velocity modulation at injection. If these ampli
tudes are small compared with the corresponding d-c quantities, if the 
transit angle is not too large, and if the gap voltage is a small fraction of 
the beam potential, the modulations everywhere in the gap are small. 
Such is assumed to be the case, and quadratic and higher-order terms in 
the modulation amplitudes are discarded. In particular, d-c values of 
the transit time are used in calculating r-f coefficients. 

Let T{x) be the transit time to the plane x from the plane of injection, 
calculated in the absence of all modulation. Suppose that an electron 
at the plane x at time ( was injected at x = 0 at time t'. Because of the 
velocity modulation at injection and because of the action of the gap field, 
the time of passage, T(x,t) = t — t', is modulated. Let 

T(x,t) = T(x) + Tm(z)**, (IP) 
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where Tu(x) is the amplitude of the modulation of the time of passage. 
For brevity, the abbreviations, T' = T(x), T = T(d), 0' = uT', B = uT, 
are used. 

The current and velocity at the plane x can be written in the form 

i(x,t) = -lo + r„(xy°", 1 n f i . 
v(x,t) = v + va{xy<, \ K ' 

where ia(x) and vu(x) are the amplitudes of the density and velocity 
modulations, respectively. 

The quantities, v(x,t) and T(x,t), are calculated from v(0,t') with the 
aid of Newton's law. The current i(x,t) is obtained from particle con
servation by using 

Since 

nx,t) = i s a * 
dt^ _ dT(x,t) 
dt dt ' 

the expression for the current can be written in the form 

Hx,t) = i(p,n [i - ^ f ^ ] - d7) 
The procedure is to calculate first w„(x) and Tu(x). From Eq. (17), 

ia(x) is obtained in terms of i'„(0) and Tu(x); 

L(x) = ia(0)e-'l>' + ItjuT^x). (18) 

The amplitude of the driving current t„ is found by averaging iu(x) over 
the gap. The results are conveniently expressed in terms of the six 
elements of the shunt formulation, 

ia(x) = — V„ym(x) + in{x), \ 

v„(x) = -Va(^Qfm(x) +vm(x), ! (3-7) 

Iu = - VaYe + im, Y, = juC + YB. ) 
These elements serve to characterize the gap to this approximation. 

Velocity Modulation.—The momentum integral, which follows from 
Newton's law, is 

m[v(x,t) - v(0,t')] = £^? (e><" - e'"f) (19) 

On substituting v(0,t') as given by Eq. (14) and comparing the result 
with Eq. (16), it follows that 

va(x) = v„(0)e-ie' + ^fQf M'e~% (20) 
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where Vo is the beam potential and M' = — , ,_ with 
v IZ 

e> = ur = wT{x). 
Hence 

fm(.x)=^^M'e-'f, vm(x) = <aO)e-'»\ (21) 

The quantity fm(x) is the velocity-modulation admittance and vm(x) is 
the velocity modulation arising from modulations at injection. I t is seen 
that the velocity modulation at the plane x is the sum of the velocity 
modulation at the plane of injection at the time the electrons at x were 
injected and the modulation caused by the action of the gap field. In 
the latter the effective field is that experienced by the electrons when at 
x/2 reduced by the corresponding modulation coefficient. 

Modulation of the Time of Passage.—Integration of the momentum 
integral gives 

mx = mv(0,t')(t - t') + -^~ [e>»' - e'-f - 0»*jm(t - t')]. (22) 

From this equation is obtained the following expression for the time of 
passage: 

T(x,t) = X- [l - * f e~^] - ̂ ^ [1 - r* - j*W 
From a comparison with Eq. (15), it is seen that 

(23) 

I t is convenient to rewrite this expression by using the identity 

Equation (24) becomes 

r.w__6sar,~-&£:(*.-i£).-*. m 
The modulation of the time of passage to the plane x that is due to velocity 
modulation at injection is proportional to the transit time to the plane 
x; for small distances the modulation that is due to the field is propor
tional to the square of the transit time to the plane x and the phase of 
the effective gap voltage is that experienced by the electrons when they 
were at x/2; as the distance x increases, the magnitude and phase are 
altered by the additional factor (AT - j9'N'/Q). 
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The factor 

where 

HIGH-VELOCITY GAP 

(M - >g) = He-», 

M2 + ~ ) , „ = tan-

57 

8N_ 
6M' 

occurs frequently in transit-time phenomena. The quantities H and 
I are shown as functions of 8 in Fig. 3-8. 
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Density Modulation.—The amplitude of the density modulation is 
obtained by substituting Eq. (25) in Eq. (18); there results 

L(x) = iu(Q)e~ ■ « . < 0 ) ( ^ ) je'e-i"' 

,T Go . T' 
2 J IT 

where Go — Io/Vo is the beam conductance. Hence 

Go 

12 ( ie'N'\ ~j— 
f\M'-£g-y \ (26) 

. Go . Tn(„, jd'N'\ -% 

i»(z) = 4(0)e-'"9' + ,.<*) (=!>) 
(27) 

jtfe-iv. 
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I t is seen that the density modulation at the plane x is the sum of three 
terms: (1) modulation arising from density modulation at injection, (2) 
modulation generated through drift action from velocity modulation at 
injection, and (3) modulation caused by the action of the gap field. The 
third can be expressed in terms of the internal transadmittance, or density-
modulation admittance ym{x), whereas the first two are contributions 
to the density modulation from the modulations in the beam as it enters 
the gap, im(x). 

The internal transadmittance at x = d is of importance in triode and 
tetrode amplifiers because it is a factor in the transadmittance of these 
tubes. If the input has a high-velocity gap with zero gap bias, which is 
rarely the case, it is 

yn«)=G^2(M-W)e-l (28) 

Driving Current, Beam-loading Admittance, Exciting Current.—The 
driving current is the space average of the electron current. Since 
x = vT' and T = dfv, its amplitude is simply 

e Jo dd'iu(x). 

In calculating the three terms in the driving current, the following three 
integrals are used: 

ejo d^e-f^Me 2 , 

\ £ dd' 36' e-" =!°(M-3^e », > (29) 

These give 

i. = ia(0)Me-$ + y„(0) (^yi (M - M ) e 4' 

- 4 ? , T (30) 
Hence the beam-loading admittance and the exciting current amplitude 
are, respectively, 

' 2 6 ' 
and 

in = i.(0)Me-$ + *„«» (■=£) i{ (M - M ) e~'l 
These quantities have already been discussed in Sec. 3-3. 

(31) 
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High-velocity Gap with Constant D-c Field.—The effects of a space-
constant d-c gap field that does not produce slow electrons will be sum
marized briefly. If V0 is the beam potential at the injection plane and 
Vd is the beam potential at the exit plane, the d-c field is - (Vd — V„)/d 
and the gap field can be represented by 

E(x,t) = - i ( 7 , - Vo + y„e"")-

Let v(x) be the velocity at the plane x in the absence of all modulation. 
The beam potential at the plane x is Vx = mv{x)2/2e and the beam con
ductance a t that plane is Gx = I0/Vz. Additional parameters are 

where a = e(Vd — Va)/md is the acceleration produced by the d-c field. 
In the limit of zero d-c field, r' and r become unity and &' and S become 
zero. 

The details of the calculation are similar to those just given. The 
velocity modulation is 

The modulation of the time of passage is 

Tm(x) = - " - # W - V" r ^ (M> - l™l) e~^ (33) 

The density modulation is 

Ux) = i,(P)<r" + vm(fl) \^]je'e-i'' 

-r.^ + S(v-efi.-Ji. ,34) 
These expressions are to be compared with Eqs. (20), (25), and (26) 

The six elements of the shunt formulation are 

im(x) = *.(o)«-" + ».(0) \^)j°'e~'s'; 

vm(x) = „.(()) Jgj r*' 

(35) 

(36) 
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I t must be emphasized that there is an inherent inconsistency in the 
treatment of the high-velocity gap by the methods of this section, which 
comes from the neglect of space charge. Because of the presence of 
space charge the field is not space-constant. If Eq. (3) had been used to 
find the density modulation, the result would have been 

*»(*) = J<»CVa + J„. 

By Eq. (5) the right member of this equation is just ia. This result is not 
right, for the density modulation certainly is not space-constant. The 
equations of this section are essentially correct for a beam containing 
very low charge densities; however, their justification lies in a more care
ful analysis of the effects of space charge. Such an analysis is presented 
in the next section. I t should be mentioned that the residual gas in an 
actual tube is positively ionized by the bombardment of the electrons. 
Because of their large mass the ions contribute only a static positive charge 
density and tend to reduce the over-all space-charge effects. 

3-6. Low-velocity Gap, Neglecting Velocity Spread.—It has been 
shown by Llewellyn1 that the effect of space charge on the small-signal 
behavior of a uniform gap can be easily included if there are no negative 
velocities and the velocity spread is negligible. Under such conditions 
all the electrons at a given plane at a given moment have the same 
velocity, and therefore the current and charge density bear the simple 
relation 

i(x,t) = v(x,t)p(x,t)A, (38) 

where v(x,t) is the velocity of the electrons and A is the area of the gap. 
This relation begins to lose its validity when the thermal spread in 

velocity becomes comparable to the average velocity. Also, the rela
tion is not applicable for a region containing a modulated beam if the 
thermal spread is such that electrons entering at the same time arrive 
at the opposite side out of phase by an appreciable fraction of a radian. 
Suppose a spread in velocity Aw gives a spread in transit time AT; cancel
lation in phase becomes appreciable unless co AT <JC 1. In terms of the 
velocity, this condition is d Av/v <K 1, and in terms of the electron energy, 
E = mv2/2, it is 6 AE/2E <K 1. Thermal energies are of the order of 
magnitude of A electron volt at cathode temperatures. The condition 
is well satisfied in the usual high-velocity gap and also in a high-velocity 

1 F. B. Llewellyn, Electron^inertia Effects, Cambridge University Press, Cambridge, 
England, 1941. 
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drift region with a drift time of many cycles. For example, if 8 is 60 
radians and the beam voltage is 300 volts, 6 AE/2E is only ^hr- If the 
thermal spread in energy is of the same order as the average energy, the 
condition is no longer satisfied in the usual high-frequency gap, and Eq. 
(38) is a poor approximation. Such is certainly the situation in a high-
frequency space-charge-limited region, especially in the neighborhood of 
the cathode minimum. For this reason and also because of the presence 
of reflected electrons, the considerations of this section cannot be expected 
to apply to such a region. 

The theory of Llewellyn gives an exact treatment of space charge in 
the uniform high-velocity gap. I t also provides an account of electronic 
phenomena in the low-velocity gap that is valid to the extent that the 
velocity spread is negligible. A complete theory of the low-velocity 
gap must be formulated in terms of the velocity distribution of the beam; 
a partial account of velocity-distribution phenomena is presented in 
Chap. 5. In that chapter, as in this, only small-signal effects are dis
cussed. Large-signal theory introduces an entirely new set of complica
tions. The most important of these in klystron theory is the nonlinear 
nature of electron bunching. As may be seen in Chap. 9 and subsequent 
chapters, the bunching theory is successfully treated by the expansion 
of the phase of the bunched current in a series of Bessel functions, the 
argument of which contains the product of the drift angle and bunching 
voltage divided by the beam potential. 

Llewellyn's Equation.—Equation (38) makes it possible to express the 
conduction current in terms of the electric field by the direct use of the 
divergence relation; 

i(x,t) = »(x,0A«o ^ ^ - (39) 

When this relation is substituted in the expression for the total current, 
Eq. (3), the result is 

7 W - A H [ . ( * , 0 ^ + ^ } (40) 

Llewellyn observed that, if x is regarded as the coordinate of a particu
lar electron, v{x,t) = dx/dt and the total current in Eq. (40) becomes 
equal to the total rate of change of electric flux through the plane moving 
with the electron 

1(0= A.. ^ & 1 (41) 

This observation is particularly significant because J(t) is independent 
of the position of the electron and because the field is itself the second 
total derivative of the position, for by Newton's law 
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PC, A - m d*x 

Hence, by substitution in Eq. (41), there is obtained 

g = -/», m = |M. (42) 
This is Llewellyn's equation for the motion of the electrons in a uniform 
gap in which all electrons at a given plane at a given moment have the 
same velocity. 

The usual procedure in the discussion of phenomena in connection 
with Llewellyn's equation is to assume for the total current a known func
tion of the time, such as a constant, a constant plus harmonic terms, or a 
pulse of some sort; also, conditions that are consistent with the nature 
of the problem are imposed on the velocity and acceleration at the plane 
of injection. If a(x,t) is the acceleration [a(x,t) = —eE(x,t)/m,] Eq. (3) 
can be put in the form 

^ - - ■ W + i f e O , i feO-=§£ (43) 
If it is desired to express the results in terms of currents alone, this equa
tion can be used to eliminate a{x,t). 

When only small signals are being considered, two sets of equations 
are obtained. One set is time-independent and gives the d-c conditions 
in the gap. The other is linear in the r-f amplitudes, which are functions 
of the d-c parameters, and this set describes the time-varying phenomena 
in the gap. 

D-c Relations.—The solution of the Llewellyn equation for a time-
independent total current provides a very convenient description of d-c 
conditions in a gap in which the electrons at a given plane all have the 
same velocity. Let 

T elo 
J<t = - ; — l 

mAeo 
and suppose that the electrons enter at the plane x = 0. Let T' be the 
transit time from the plane of injection to the plane x, and T the transit 
time across the gap. 

Successive integrations of Llewellyn's equation give the acceleration, 
velocity, and position of the electrons in terms of Jo, T', and the accelera
tion and velocity at injection: 

o(x) = JoT' + o(0), 

•M - ±j- + «wr + «m, } (44) 
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The third of these equations can be used to find T; but since it is a cubic 
in 7", it is more convenient to regard T' as a parameter in terms of which 
d-c phenomena are expressed. 

On putting T' = T and eliminating a(0) from the second and third 
relations, there is obtained 

d . _ ^ + ['M+'(Q)]r. ( 4 5 ) 

This is a cubic equation for T as a function of J0. For Jo = 0, it gives of 
course, T = 2d/[v(d) + »(0)]. Examination shows that Jo has a maxi
mum, 2[v(d) + »(())]3/9d», at T = 3d/[v(d) + v(0)]. This is | the transit 
time for J0 = 0; at the maximum J<,T*/&d = 1. 

The discussion of solutions outside the range, 

2d 3d 
[r(d) + »(0)] - - [»(d) + t>(0)]' 

involves the possibility of the reflection of electrons and questions of the 
stability of the space-charge configuration. In fact, the question of 
stability arises for J0 greater than one-half the value at the maximum, 
and T > ( \ /3 - l)3d/[«(d) + w(0)], if v(d) < v(Q), and arises for 

, ^ 2[i>(d)W + t>(0)*]» 

and a somewhat larger value of T, if v(d) > o(O).1 

At the current maximum, since J0T'/6d = 1, it is easily shown that 
o(0) = — 2y(0)[w(d) + v(0)]/3d and that the velocity in the gap has a 
minimum, which is v(0)v(d)/[v(d) + t>(0)] and occurs at 

r = Tv(0) 
[v(d) + v(0)] 

Two d-c quantities that enter in the discussion of the r-f behavior of 
the gap are 

7 = 1 _ - 6 d - a n d * = 1 - & ( 5 ) - ( 4 6 ) 

As Jo goes from zero to its maximum, «0/« goes from unity to zero; 
simultaneously a goes from unity to — v(0)/v(d) and is zero when 

<o 1 
* 1 i 2»(d) 

~l~ 3«(0) 

'For details, see J. K. Knipp, "Space Charge Between Parallel Plane Grids," 
HL Report 534, Mar. 22, 1944. 
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If the velocity of injection is zero, the maximum current occurs when 
the field at the first plane is zero. The current has the value given by 

_ 2v(dy 

This is Child's law for a space-charge-limited diode. In such a diode 
the a-c impedance, p = dVd/dlo, is 

pa \2A CO 
(47) 

This is a useful combination of symbols, whether Child's law is obeyed 
or not. 

The capacity, C = Ae0/d, the beam conductance, Gd = Io/Vd, and 
p0 = J0T*/l2Aea are related as follows: 

2Cp0 G^T J0T* to , ,H , 
~lr- = -12C=-Ed- = 1 - l ' ( 4 8 ) 

where r = v(d)T/d. 
R-f Relations.—In order to find the conditions for steady oscillations 

in the gap, let 

J(t) = -Jo + J.e'"', J„ = - ^ - , (49) 

where /„ is the r-f amplitude of the total current. Llewellyn's equation 
f becomes 

^ = J„ - J><". (50) 

This is integrated for a particular electron with the condition that at 
injection the acceleration is o(0,i') and the velocity is v(0,t'). 

The first integration gives 

a(x,t) - a(0,t') = J0(t - t ' ) - ^ (#'»' - e'"r). (51) 

The second integration gives 

v(x,t) - v(0,t') = J„ {t~2
ni + a(0,t')(t - if) 

~ ra[e"" ~ e""' ~ *"***•* ~i>)l (52) 

The third integration gives 

x = Jo (t ~ / r + o(0,O {±^fi^ + v(fl,t')(t - O 

" JM'i6"" ~ ei"e ~ e""Mt ~ ° ~ ^'{ju)2{l 2t)2}} (53) 
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Suppose that 
a(x,t) = a(x) + a^e'"1,' 
v(x,t) = v{x) + vu(x)e>"', 
T(x,t) = T' + Tu(x)e>~»>, ) (54) 

and 

From Eq. (43), 
i{x,t) = —It, + io,(x)e'"'. 

jaaa(x) = -Ja + ja(x), j„{x) = ^j^- (55) 

On substituting from Eqs. (54) in Eq. (51) and writing e'^'-8"1 for e'"", 
an expression is obtained from which the purely d-c terms can be elimi
nated by the use of the first of Eqs. (44). The result is 

au(x) - au(0)e-'«' = JoTa(x) - ^ (1 - e~^). (56) 

By using Eq. (55), the r-f acceleration amplitudes can be eliminated. 
Terms containing Ju drop out. The resulting relation is 

3u{x) - j.(0)e-" = J<aoTm(x), (3-18) 
which was found in Sec. 3-5 by assuming particle conservation. 

Substitution from Eqs. (54) in Eq. (52) gives, in a similar manner, 

v„(x) - iUO)e-'9' = a(x)Tu(x) + a^er^T' 

- ^ (1 - <r" - jB'e-*). (57) 

On eliminating the acceleration amplitude, this equation becomes 

va(x) - va(0)e-"" = a(x)Ta(x) - ^ - M'e 2 + ^ T'e^v. (58) 
3U Ju 

The last term in this expression should be noted for, together with con
tributions from Tu{x), it gives a dependence of vu{x) on i'„(0). 

Finally, substitution from Eqs. (54) in Eq. (53) gives 

0 = v(x)Tu(x) + a^e-ir^ + Vm(p)g-irr 

-i?[(--^>"f--'} ™ 
This equation determines the ampUtude of the modulation of the time 
of passage. On eliminating the acceleration amplitude, it becomes 

- h^Lll e-i<r - v^T'er". (60) 
]u 2, 
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This expression is used to eliminate Tu{x) from Eqs. (18) and (58). 
Llewellyn Electronic Equations.—The results of the foregoing calcu

lation are most easily given in terms of the series formulation: 

iu(x) = -Iaa(x) + i.(x), 

*,(*) = - /„ ( ^ ) 0(x) + v.(x), 

v{x)T' 
i 

X 
r _ »WT 
T d ' 

a{x)T>* 
h 2x~' 

_ a(d)T* 
6 2d 

and i W 

VU = —IUZg + C, Zg = -T-- + ZB 

When the six elements of these three equations have the form given by 
the calculations of this section, they are known as the "Llewellyn elec
tronic equations." 

A number of parameters are introduced in order to simplify the form 
and interpretation of the equations. The first of these are 

T" = 

They come from the presence of a d-c field in the gap. If the d-c field 
were zero, r' and r would be unity and S' and & would be zero. Additional 
but not independent parameters are 

f° = i _ J»T'\ L° = i _ J°T\ 
e' Gx t 6d 

J0T'2 _ J0T2 

2v{x)' " 2v{d) 

These come from the presence of current and space charge in the gap 
and would be unity if current and space charge were completely absent. 
The quantity e plays the role of a low-frequency dielectric constant that 
is due to the electron beam. I t occurs in the equation for the velocity 
modulation of the beam as it leaves the gap and the equation for the gap 
voltage. The quantity <r is a smoothing factor. The smoothing, or 
debunching, comes from the spreading forces caused by the uneven dis
position of space charge in a density-modulated beam. This parameter 
occurs in the equations for the current and velocity modulations of the 
beam as it leaves the gap. For a high-velocity gap in which the space 
charge is small, both «0/e and a are only slightly less than unity. How
ever, as the space charge becomes appreciable, these quantities become 
considerably less than unity. As Jo approaches 2[v(d) + tf(0)]V{W, 
which is its maximum, «0/« approaches zero and <r approaches — v(0)/v(d). 

The four parameters r1, &', «0/«', a', are related as follows: 

l-t-2 = l-r'+S', 1 - a = (1 - / + «') %. 
f r 
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Similarly, 

also 

l - ^ = l - r + 8 , 1 - (T = (1 - r + «) - ; 

^ - 1 - (1 - U) -. 

The first electronic equation follows from Eq. (18) after substituting 
for T„(x) from Eq. (60). It is 

i.(x) - t.(0)«-" = / . ( l - a') Ulf' - &£-\ e~'~* 

- i„(0)(l - W + r.(0) ( ^ ° ) jV«r". (61) 

Hence, by comparison with the first of Eqs. (9), 

«(*) = (1 - O (M' - j^f) e^, ) 

*.(*) = i , ( 0 V r " + ».((» [-J^pB'e-i*.) 

It is significant that the presence of space charge magnifies a{d) and 
reduces the first term of i,(d), and that either can be made very small by 
the proper choice of <r. 

The second electronic equation follows from Eq. (58). It is 

aK ' v(x) jaC 2 y/VWi TV 6 / 
+W^krJ>'ie'-Kmi-(r')e~ir (63) 

Hence, by comparison with the second of Eqs. (9), 

«*> = -<'-^(r«' + »''TH ) 
».(*) = -i.(0) (^j (1 - *') $p J <r" \ (64) 

+ ̂  [ui -(1 - ' > ] e ~ " - ) 
The beam-loading impedance and voltage source in the third elec

tronic equation are obtained from Eq. (62) by using the integrals of 
Eq. (11). It is found that 
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Z'--JM'-TK'?- ) 

The presence of space charge tends to magnify the beam-loading imped
ance and to reduce that part of the voltage source which comes from the 
density modulation of the beam at injection. 

Exact Shunt Formulation.—The Llewellyn electronic equations can, 
of course, be written in shunt form by using the transformation of the 
elements given in Eqs. (12). The following two identities are of interest 
in this connection: 

^(1-0 = ^ ^ 5 . (66) 

The gap admittance is 

Y„ = joC [l - (l - fj Ne ? ] \ (67) 

and therefore the beam-loading admittance is 

YB = jcoC (l - f \ Ne~% 1 - ( l - lj\ Ne~%~\ '• (68) 

As t0/t approaches unity, this expression becomes identical with the first 
of Eqs. (37). The exciting current is 

I t goes over into the second of Eqs. (37) as «0/« approaches unity, 
since at the same time a(0) becomes equal to a(d). 

The internal electronic transadmittance, or density-modulation 
admittance, is 

ym(x) = j«C(l - O (M' - i ^ j e~% [ l - ( l - 7 ) JVe"^ ] - 1 - (70) 

On comparison with the first of Eqs. (35), it is seen that that equation is 
obtained by putting «0/« = 1 in the above. The density modulation 
that is due to modulations in the beam at injection is 
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Ux) = i.QWtri' + ».(0) (^jjffe-" 

+ „_,,(„-_*£).-* [,<„,(,„_$,**) -
+ -<»)(^)'!(«-'f)«i['-('-")^T- en) 

By putting <r' equal to unity, the second of Eqs. (35) is obtained. 

( v(x)\ 3 - r j in vu(x) is the velocity-modulation 

admittance 

/„(*) = juC(l - </) 

It takes the same form as the first of Eqs. (36) when e0/e' and to/t are 
unity. Finally, the velocity modulation that is due to modulations in 
the beam at injection is 

..(») - -4(0) fe^ (1 - «') j |p 'j <r" 

+ ,.<o,(ft)f(*-Jf)^][1-(1-!)^]-. as, 
This expression reduces to the second of Eqs. (36) when <r' is put equal to 
unity. 

I t is thus seen that, in order to transform the elements of the exact 
shunt formulation into the elements calculated for the high-velocity gap 

with constant d-c field, jaC ( 1 -1 and jwC(l — o') in Y„, ym(x), 

fm(x) are first replaced by their equivalent expressions as given by 

Eqs. (66), and then— and —, are put equal to unity in YB, im, ym(x), fm(x), 

and <T' is put equal to unity in im(x), vm{x). Hence the effect of space 
charge in YB, im, Vm(x), fm(x) is essentially a dielectric effect while in 
im(x), vm(x) it is a debunching effect. However, the two effects are not 
completely separable. 



CHAPTER 4 

BASIC CIRCUIT PHENOMENA AT HIGH FREQUENCIES 

B Y J. K. K N I P P 

Microwave circuits are built of resonators connected by waveguides 
and coaxial lines rather than of coils and condensers. Radiation losses 
are eliminated by the use of such closed elements and ohmic losses are 
reduced because of the large surface areas that are provided for the sur
face currents. Radio-frequency energy is stored in the resonator fields. 
The linear dimensions of the usual resonator are of the order of magnitude 
of the free-space wavelength X corresponding to the frequency of excita
tion, / = c/X, c = 3 X 108 m/sec. 

4-1. Cavity Resonators. Free Oscillations.—A simple cavity com
pletely enclosed by metallic walls can oscillate in any one of an infinite 
number of field configurations. The free oscillations are characterized 
by an infinite number of resonant frequencies corresponding to specific 
field patterns or modes of oscillation. Among these frequencies there is 
a smallest one, /o; for it the free-space wavelength, 

(3 X 10s m/sec) 
Xo = -i > 

h 

is of the order of magnitude of the linear dimensions of the cavity, and 
the field pattern is unusually simple; for instance, there are no internal 
nodes in the electric field and only one surface node in the magnetic 
field. 

The free oscillations of such a cavity are damped by energy lost to 
the walls in the form of heat. This heat comes from the currents circu
lating in the walls and is due to the finite conductivity of the metal of 
the walls. The total energy of the oscillations is the integral over the 
volume of the cavity of the energy density, 

*(eoE* + M„H2), 

where E and H are the electric and magnetic field vectors, in volts/meter 

and ampere-turns/meter, respectively, and e0 = oHZ X 10~9 farad/meter, 

fi0 = 4jr x 10~7 henry/meter. The cavity has been assumed to be empty. 
The total energy w in a particular mode decreases exponentially in time 

70 
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according to the expression, 

w = w«e ' Q 

where w0 = 2ir/o. In this formula Q is a quantity characteristic of the 
mode; it is defined by 

1 _ energy lost in one cycle 
Q 2r energy stored in the cavity 

The fields and currents decrease in time with the factor e 2<?. 
Reasons for Reentrant Cavities.—The cavities of most klystrons and 

microwave triodes and tetrodes are reentrant cylindrical structures with 
circular cross sections (see Fig. 4-1). They are reentrant for two reasons. 
When the cavity is excited, the gap, namely the region between the post 
and the opposite end-plate, is a region of high electric field. I t is through 
this gap that the beam passes, the 
electrons moving parallel to the 
axis of the resonator and therefore 
normal to the defining planes of the 
gap. These planes are usually grids 
that allow the passage of electrons 
while serving to maintain a fairly 
uniform field in the region. A high 
electric field is desired for large 
interaction between the beam and 
the field. The second reason for a 
reentrant cavity is that the gap, 
being small, requires a relatively 
short time for the transit of elec
trons. Transit times greater than 
a fraction of a cycle are almost always undesirable because of the 
reduced effectiveness of the gap potential in modulating the beam and of 
the electron current in exciting the cavity. 

Principal Mode.—The principal, or fundamental, mode of oscillation 
of such a cavity, and the one with the longest free-space wavelength X0, 
has electric and magnetic fields that do not depend on the angle defining 
the half plane through both the axis and the point at which the fields are 
being considered (see Fig. 4-2). In addition, the electric field is zero 
only at the wall farthest removed from the gap and the magnetic field is 
zero only at the center of the gap. 

In this mode the magnetic field is everywhere perpendicular to the 
plane passing through the axis and the electric field lies in that plane. 
Lines of magnetic flux form circles about the axis and lines of electric 
flux pass from the inner to the outer surfaces. 

F I G . 4-1.—Cut away view of a reentrant 
resonator with radial fin grids and coaxial 
loop coupling. 
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h=l+d 

FIG. 4-2.—Cylindrical coordinates 
resonator dimensions. 

and 

The cavities that are used in microwave tubes almost always have 
a narrow gap, that is, the depth of the gap is small compared with the 
radius of the post (d <C a in Fig. 4-2). If the radius of the post is much 
less than one-quarter of the wavelength, and if the rest of the cavity is not 
small, the electric field in the gap is relatively strong and approximately 
uniform over the gap. I t is directed parallel to the axis and falls off 

only slightly as the edge of the gap 
is approached. On the other hand, 
the magnetic field increases from 
zero at the center of the gap in such 
a manner that it is nearly linear 
with the radius. 

The proportions of the toroidal 
region outside the gap vary widely 
in tubes of different design. I t is 
convenient to distinguish two types 
of cavities. Radial-line cavities 
have the general shape of flat pill
boxes with a center post. In such 
a cavity the radial distance between 
the inner and outer walls is larger 
than the height of the cavity 

(6 — o > h in Fig. 4-2). Coaxial-line cavities have the general shape 
of one tube within another. In such a cavity the radial distance be
tween the inner and outer walls is smaller than the height of the cavity 
(b - a < h). 

In a radial-line cavity the electric field outside the gap tends to remain 
parallel to the axis, aside from some distortion of the field that is caused 
by fringing near the gap; it is weaker than in the gap and tends to become 
zero as the outer circular wall is approached. The magnetic field, on the 
other hand, increases from its value at the edge of the gap and has its 
maximum value at the outer circular wall. 

In a coaxial-line cavity the electric field outside the gap changes its 
direction in relation to the axis from parallel in the region near the gap 
to perpendicular on going away from that region. Thus, in the coaxial 
portion of the cavity, the electric field tends to be directed from the inner 
circular wall toward the outer circular wall. I t is weaker than in the 
gap, and as the end wall away from the gap is approached it tends to 
become zero. The magnetic field, on the other hand, increases from its 
value at the edge of the gap on moving parallel to the axis away from the 
gap and has its maximum value at the end wall away from the gap. 

It is thus seen that, whereas the gap is a region of very large electric 
field and small magnetic field, the reentrant portion of the cavity is a 
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region of large magnetic field and small electric field. The gap is the 
capacitive region of the circuit, and the reentrant portion is the inductive 
region. The direction of surface currents lies in the plane through the 
axis. Charge flows from the inner to the outer conducting surface of 
the gap by passing along the inner wall, across the end, up the outer wall, 
and across the outer end. The current links the magnetic flux and the 
magnetic flux links the current, as required by the laws of Faraday, 
Biot and Savart. 

FIG. 4-3.—Curves for determining resonant wavelength Xo of fundamental mode of reentrant 
cylindrical resonator for b/a = 2.00 and b/a = 2.25. 

Resonant Wavelength for Principal Mode.—The resonant wavelength 
of a particular mode is found from a proper solution of Maxwell's equa
tion, that is, one that satisfies the boundary conditions imposed by the 
cavity. When the walls of the cavity conduct perfectly, these conditions 
are that the electric field must be perpendicular to the walls and the 
magnetic field parallel to the walls over the entire surface, where these 
fields are not zero. 

The resonant wavelength \ 0 has been calculated by W. W. Hansen1 

for the principal mode of the simple reentrant cavity illustrated in Fig. 
4-2. Results based on these calculations are given in Figs. 4-3 to 4-7 

1 W. W. Hansen, "A Type of Electrical Resonator," / . Appl. Phys. 9, 654 (1938). 
The curves are from Microwave Transmission Data, Sperry Gyroscope Co., New York, 
1944. 
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in the form of curves for particular values of the ratio of outer to inner 
radius, b/a. The height of the resonator is h and the gap depth is d. 
Sets of curves for two values of b/a are given in each figure; the larger is 
the same as the smaller in the next figure. Curves for d/a are plotted 
against h/a for particular values of ka, where k — 2T/X 0 . By inter
polating between the curves, X0 can be determined if the four dimensions 
a, b, d, h are known; or if three dimensions and Xo are known, the fourth 
is obtainable. The curves are believed accurate to within a few per 
cent. 

In using these curves to determine the resonant wavelength of a 
cavity it must be remembered that the bounding conducting surfaces of 
the gap region have been assumed to be solid. I t has been found, for 
example, that two coarse grids constructed of radial fins (as shown in 
Fig. 4-1) for the purposes of wavelength determination have an equivalent 
spacing some 30 per cent greater than the physical spacing and that two 
fine-mesh grids have an equivalent spacing some 10 per cent greater than 
the physical spacing. 

Unloaded Q and Shunt Conductance.—In a cavity undergoing free 
oscillations, the fields and surface currents all vary linearly with the 
degree of excitation, that is, a change in one quantity is accompanied 
by a proportional change in the others. The stored energy and the 
energy losses to the walls vary quadratically with the degree of excita
tion. Since the Q of the resonator is the ratio of these two quantities, it 
is independent of the degree of excitation. 

The resonator losses per second, besides being proportional to the 
degree of excitation, are inversely proportional to the product of the 
effective depth of penetration of the fields and currents into the walls, 
the skin depth, and the conductivity of the metal of the walls. Since 
the skin depth is itself inversely proportional to the square root of the con
ductivity, the losses are inversely proportional to the square root of the 
conductivity [see Eqs. (20) and (21)]. The losses are also roughly pro
portional to the total internal surface area of the cavity; and this area 
is proportional to the square of the resonant wavelength for geometrically 
similar resonators. The skin depth is proportional to the square root 
of the wavelength, and hence the losses per second are proportional to 
the three-halves power of the resonant wavelength. 

The loss per cycle, which is the quantity that enters in Q, is propor
tional to the five-halves power of the resonant wavelength. Since the 
energy stored is roughly proportional to the volume, or the cube of the 
wavelength, the Q varies as the square root of the wavelength for geo
metrically similar cavities, a relationship that is exact if the mode is 
unchanged because the field patterns are the same [see Eq. (23)]. In 
general, large cavities, which have large resonant wavelengths in the 
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principal mode, have large values of Q. Cavities that have a surface 
area that is unusually high in proportion to the volume, such as reentrant 
cavities, have Q's that are lower than those of cavities having a simpler 
geometry. 

The shunt conductance G as given by the expression, 
energy lost per second 

G = 
v{ty 

is defined only when the voltage V{t) is specified. In a reentrant cavity 
the potential across the gap varies only slightly over the gap if the gap 

h=6d Ji=12d fc=18d fe=24d 
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FIG. 4-8.—Shunt resistance R in ohms and Q for copper resonators having 3.2-cm resonant 
wavelength aDd 0.01-in. gap depth. 

is narrow and the rest of the cavity is not small. A unique definition 
is obtained for G by using for V(t) the potential across the center of the 
gap. The gap voltage is proportional to the degree of excitation, and 
hence the shunt conductance is independent of the degree of excitation, 
as expected. 

For geometrically similar cavities the shunt conductance varies 
inversely as the square root of the resonant wavelength for the same mode 
of excitation. This relationship exists because for the same excitation 
V(t)2 is proportional to the square of the wavelength and the loss per 
second to the three-halves power of the wavelength. 

Both the unloaded Q and the reciprocal of the shunt conductance 
vary as the square root of the conductivity of the metal of the walls. 
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Approximate values of Q and R = 1/G are given in Figs. 4-8 to 4-12 
for copper cylindrical resonators with circular cross sections having 
particular values of o, b, d, h.1 All the resonators have a resonant 
wavelength of 3.2 cm. The gap depth is constant for all the resonators 
of a particular figure. The three resonators in any column have the same 
height. The first resonator in any row is a pillbox cylinder; the remain
ing four resonators in the row have the same inner radius. The outer 
radius required to give X0 = 3.2 cm is to be found in the table in each 
figure. The values of Q and R are believed accurate to 10 per cent for 
resonators that are highly reentrant and to 25 per cent for those that are 
less so. The values are exact, however, for the pillbox resonators. 
Cavities of similar proportions are obtained by scaling a, b, d, h in propor
tion to the wavelength desired; Q and R are then proportional to the 
square root of the wavelength. Values for metals other than copper are 
in proportion to the square root of the conductivity. 

An examination of the values of R shows that R increases with d for 
fixed a and h, as expected because of the reduced current flow necessary 
to produce the same value of the gap voltage. 

Comparison with Lumped-constant Circuit.—In many respects the 
behavior of a resonant cavity resembles that of a low-frequency shunt 
LBC-circuit. For such a circuit, wo = l/\/LC and Q = oioCR. In a 
highly reentrant cavity the effective capacitance is given approximately 
by C = tlfjra!-/d, and L can be assumed to be defined by coo and C. 

For the lumped-constant circuit, 

Q /e0ira2\ 
R = u° V"T7' 

If this relation held for cavity resonators, Q/R should be constant for 
the rows (fixed d and a) and should vary as a2 in the columns (fixed d) 
of the Figs. 4-8 to 4-12. The values of Q/R X 102 mhos obtained from 
Fig. 4-11 are: 

2.2 1.1 0.79 0.61 0.46 
2.2 1.8 1.3 1.1 1.3 
2.2 2.7 3.0 2.2 1.5 

The lack of complete similarity in behavior to that of a low-frequency 
circuit is apparent and is the greatest with regard to the change with a 
in the columns; if the similarity were perfect, the numbers in the first, 
second, and third rows of any column would be in the proportion 1 to 
16 to 64. 

1 Diagrams are from Microwave Transmission Data, Sperry Gyroscope Co., New 
York, 1944, and are baaed on the calculations of W. W, Hansen. 
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Ht). 

The main value of the analogy between resonators and lumped-
constant circuits lies not in the extension of characteristic parameters to 
other geometries, in which the anal
ogy is not very reliable, but in the 
fact that the equations for the forced 
excitation of resonators and lumped-
constant circuits are of the same general 
form. 

If, for example, it is assumed that 
the current i(t) passes into the shunt 
combination of L, C, and conductance G (see Fig. 4-13), by Kirchhoff's 
laws, 

t I 
V(t) -r-c 

i 
Fia. 413.- -Lumped-constant circuit; 

1/VLC, Q = aoC/O. 

m 
, dV(t) 

dt + i/ dtV(t) + GV(t). 

On taking the derivative and eliminating L, 

di(t) _ r \d' V(t) 
dt1 + ^0V(t) + G 

dV(t) 
dt (1) 

For forced oscillation with the frequency 

Thus, there is denned the circuit admittance 

Y = G + juoC 

e 

( CO _ COO \ 

Wo U / 

These equations describe the excitation of the lumped-constant 
circuit. Similar equations, with appro
priate parameters, are obtained in the 
description of the excitation of a particular 
mode of the resonator [see for example Eq. 
(43)]. The parameters are best evaluated 
by the investigation of the fields of the 
resonator. I t is to be expected that they 
depend on the frequency. 

Coaxial-line Resonator as Short-cir
cuited Line Terminated by a Lumped 

Capacitance.—A cylindrical reentrant cavity having b — a <SC A can be 
represented approximately as a transmission line, of characteristic 
impedance Z0, short-circuited at one end and terminated at the other 
by a lumped capacitance C (see Fig. 4-14). This is a natural representa
tion since the reentrant portion of the cavity is shaped like a coaxial 
line and the capacitive region is well localized if the gap is narrow. 

F I G . 4-14.—Short-circuited 
transmission line of length I and 
characteristic impedance Zo ter
minated by lumped capacitance C. 
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The input admittance of a short-circuited lossless transmission line of 
length I is 

Y = - (2) 
1 * jZ0 tan kl K ' 

where k = 2ir/X = u/c, c = 3 X 108 m/sec. Hence, the input admit
tance of the shunt combination of capacitance and line is 

Y = i»c + lz^ki (3) 

At resonance the total susceptance is zero. Therefore the resonant 
frequency is given by the expression, 

""^ = ZotanM/c)' ( 4 ) 

If ZooioC <s. 1, as is possible if the capacitance is small, 
uol 2irZ ir 

T = T^ " 2 
(or 3ir/2, etc.) and the wavelength in the principal mode is very nearly 
four times the line length. Such a cavity is called a "quarter-wave 
coaxial" resonator. If the characteristic impedance and length of 
line are not changed but the capacitance is increased, the resonant wave
length in the principal mode becomes greater than four times the line 
length, and consequently the resonant frequency is reduced. The charac
teristic impedance of a coaxial line of inner radius a and outer radius & is 
simply 

f J^ln*, 
2>r \ t o o 

where it has been assumed the line contains no dielectric material. 
The resonance condition can be used to eliminate the characteristic 

impedance in the expression for the input admittance of the resonator; 
thus is obtained the expression, 

. n I w tan k0l\ ,.s 

which for k0l and kl <C 1 reduces to 

Y = jmC ( 01 _ &>o\ 

&>0 CO / 

It is clear that a lumped conductance G at the same end as the capacitance 
would merely add G to this equation. Losses distributed along the line, 
and input or output connections at a particular point in the line, could 
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be introduced in terms of conductances and susceptances and treated by 
the methods usual to transmission line theory. 

In a similar manner, a cylindrical reentrant cavity having 6 - a » A 
can be represented approximately as a transmission line, with a varying 
characteristic impedance, short-circuited at one end and terminated at 
the other by a lumped capacitance. The appropriate line is a radial 
transmission line. I t is formed of parallel metal disks between which 
fields are established, which travel in and out from the center. The short 
circuit is a circular metal wall at the outer circumference of the disks 
and the lumped capacitance is a gap at the center between a post and 
one of the disks. The quantitative description of radial transmission 
lines is best given with the aid of a chart such as is found in the book 
by Ramo and Whinnery.1 

4«2. Resonator Fields in Principal Mode. Fields, Currents, and Space 
Charge.—For a cavity containing no dielectric material Maxwell's 
equations are the two divergence relations, 

no div H = 0, t0 div E = p, (6) 

and the two laws of induction 

curl E = —iio-rr> curl H = «0-rr + J . (7) 
at at 

Rationalized mks units are used. The magnetic field H is in ampere 
turns/meter, electric field E in volts/meter, charge density p in coulombs/ 
meter3, current density J in amperes/meter2. The dielectric constant «0 
is (l/3&7r) X 10 -9 farad/meter and the permeability no is 4ir X 10 -7 

henry /meter. The magnetic flux density ^oH is in webers/meter2; 
magnetic flux changing at the rate of one weber/sec generates one volt. 
There is frequent use for the two relations: 

—-== = c = 3 X 10" meters/sec, ../— = 1207r ohms. 
V'oMo V*o 

The laws of electrodynamics can be expressed in differential form by 
Maxwell's equations or in integral form by applying the divergence 
theorem and Stokes's theorem to Maxwell's equations. By the diver
gence theorem the volume integral of the divergence of a vector is equal 
to the integral over the surface of its outward normal component. By 
Stokes's theorem the integral of the normal component of the curl of a 
vector over a surface bounded by a closed contour is equal to the integral 
around the contour of the tangential component of the vector, the direc-

1 S. Ramo and J. R. Whinnery, "Fields and Waves in Modern Radio," Wiley, 
New York, 1944. 
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tion of the integration corresponding to right-handed motion with regard 
to normals to the surface. 

When applied to Maxwell's two divergence equations, the divergence 
theorem gives the result that the total magnetic flux passing through any 
closed surface is zero and the total electric flux is equal to the charge 
interior to the surface; these are forms of Gauss's law. From Stokes's 
theorem, when applied to the two induction equations, it follows that 
the line integral of the tangential component of the electric field about 
any closed path, that is, the induced voltage, is the negative of the 
rate of change of the magnetic flux that has been linked by the path, and 
that the line integral of the tangential component of the magnetic field 
about any closed path is equal to the rate of change of the electric flux 
that passes through any area bounded by the path plus the total con
duction current that passes through that area. These are Faraday's 
law and the law of Biot and Savart modified to include the displacement 
current, which is the rate of change of electric flux through the area. 

The total current density is the sum of the displacement current 
density and the conduction current density, 

3E T . 
£ o a 7 + J ' 

and, since the divergence of the curl of a vector is zero, the total current 
density is without divergence. The line integral of the tangential compo
nent of the magnetic field around any closed path is equal to the total 
current linked by the path. The continuity equation, 

g + div J = 0, (8) 

can be obtained by writing the divergence of the total current density 
equal to zero and replacing e0 div E by the charge density. 

The fields E and H are zero in perfectly conducting walls. From 
the laws in integral form it follows that, at the surface of the cavity, E 
and H must be, respectively, normal and tangential to the walls where 
these fields are not zero. Also it follows that there is on the walls a 
surface current equal in density to H at the surface and perpendicular 
to H and a surface charge density equal to «0E. 

Fields in Empty Coaxial-line Cavity.—Microwave tubes are built 
with cavities of both the radial-line and coaxial-line types. Most 
klystron cavities are radial-line cavities. The Neher r-f amplifier and 
most lighthouse tube circuits have coaxial-line cavities. 

It is possible to give for both types of cylindrical reentrant cavities a 
crude but instructive mathematical description in terms of approximate 
solutions of Maxwell's equations. In this chapter the coaxial-line cavity 
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is so treated. I t is selected because the fields outside the gap can be 
approximately represented in terms of sines and cosines rather than Bessel 
functions. The difference in degree of simplicity is just the greater 
simplicity of coaxial transmission lines over radial transmission lines. 

The mathematical analysis of this chapter is illustrative rather than 
exact. Formulas are derived that apply only to coaxial line cavities 
and are only approximate. They serve to illustrate, however, the kind 
of relation that might be expected for other less easily treated cavity 
types. 

In the principal mode of both radial-line and coaxial-line cavities 
only Ex, Er, and H4, are different from zero and these quantities are 
independent of <t> (see Fig. 4-2 for cylindrical coordinates and dimensions 
of the cavity). The magnetic field automatically satisfies the condition 
of having no normal component at the walls. If the cavity is empty, 
p and J are zero. 

If the gap is narrow, the electric field in the gap is practically space-
constant. Thus 

Ex = - ¥, Er = 0, (9) 

where V is the gap voltage. Since 2-ivrH^ is equal to the displacement 
current irrh0 dEx/dt, 

»• " T T ™ 
The magnetic field in a uniform gap is proportional to r. 

In a coaxial-line cavity, Ex is practically zero outside the gap except 
for the fringing field. Maxwell's equations are very simple. Of the 
two divergence equations there remains only 

l±(rEr)=0. (11) 

The first curl equation gives 

dEr dH$ , , , > 
i r = - M 0 ^ T ' (12a) 

and the second gives 

_ dHj, dEr ld_ 
dx ° dt r dr (rHJ = 0. (126) 

I t can be concluded at once that in the coaxial portion the electric and 
magnetic fields are proportional to 1/r. 

At the end of the cavity near the gap both Ex and Er are present and 
the field equations are more complicated. If both d and b — a are 



86 BASIC CIRCUIT PHENOMENA [SEC. 4-2 

small compared with I, however, i t can be assumed that the fields in the 
gap out to r = a, and in the coaxial portion of the cavity up to x = I, are 
given approximately by the preceding equations. 

In the coaxial portion there is the boundary condition that ET is 
zero at x = 0. If the form, 

H* = C^h(t), (13) 

where h(t) is an amplitude factor, is assumed, then from the first curl 
equation 

dET _ _ cos kx dh — - Mo — _ —, 

and the condition is satisfied if 
no sin kx dh 

*' = -i"ir w 
The second curl equation is satisfied if 

€„M0gjJ + * * A - 0 . (15) 

Hence, if h(t) is proportional to e'"', 

k2 = o.'Vo. (16"> 

Resonant Frequency,—The condition at resonance is found by express
ing the potential between inner and outer circular walls at a; = I in terms 
of the gap potential and matching the magnetic fields at x = I, r — a. 
The magnetic flux linked by the closed path across the center of the gap, 
along the metal end wall to r = b, down the side wall to x = I, and radially 
inward to the axis is neglected because both the magnetic field at this 
end of the cavity and the enclosed area db are small. Hence, the line 
integral of the tangential electric field around this path is approximately 
zero. Since the tangential electric field is zero on the walls, 

/ dxEx + / drEr = 0; 

and therefore, using Eqs. (9) and (14), 

y - £ s i n M l n ^ . (17) 
A; adt N 

From Eqs. (10) and (13), 
—atodV cos kl, / 1 D > 
-2d-lt=-^-h- ( 1 8 ) 
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On eliminating V from the last two equations and using Eq. (15), 

o2 6 
ko pri tan kal In - = 1, (19) id a 

in which ko has been written for k. This is an approximate condition for 
ko from which the resonant frequency can be determined. On comparing 
with Eq. (4), it is seen that, with C = to*a2/d and 

Zo = o - -\ /— l n _ ' 

the equation for resonance derived by considering the resonator as a short-
circuited coaxial transmission line of characteristic impedance Z0 termi
nated by the capacitance C is the same as that just derived from 
approximate field considerations. By using the exact solution of Maxwell's 
equations, the resonant frequency can be determined exactly. A 
calculation based on a fairly exact solution was used in computing the 
curves of Figs. 4-3 to 4-7. 

Unloaded Q.—Because of the finite conductivity a of the metal of the 
walls, the fields penetrate to an average depth 

* = J—■ (20) 

This distance is called the "skin depth." The fields and currents fall 
off exponentially from the surface into the metal walls according to 

-V. 

e s, where y is the perpendicular distance from the surface into the metal. 
The conductivity of copper is <J = 5.7 X 107 mhos/m; and, since copper 
is nonmagnetic, n = ^0. Hence, in copper, for \ = 3 cm, S = 0.67 X 10~4 

cm. 
The surface current, which is equal in magnitude to H* at the wall, 

can be considered concentrated in a layer of resistive material of thick
ness 5. The instantaneous power lost per unit area is 

Ta "* ~ ~2~ M*-

The total energy lost per cycle is the surface integral 

W j dSH% (21) 

over the interior walls of the cavity. The quantity F | is the short-time 
average (average over one cycle) of the square of the magnetic field and 
is equal to one-half the square of the peak value. 
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The energy stored in the resonator is the volume integral 

MO f dVH%. (22) 

Hence the unloaded Q of the resonator, as defined in Sec. 4-1, is given by 

! _ s fdSHl 
Q 2 j dVH% 

(23) 

Since, in general, H has a loop at the surface, the mean surface value of 
HJ might be thought to be roughly twice the mean value throughout the 
volume. In a reentrant cavity, however, it is probably a better approxi
mation to assume equal mean values, and to write 

i ~ M. 
Q ~ 2V' 

where S is the total interior surface and V is the total volume of the cavity. 
If the approximate fields derived in this section are used, the surface 

and volume integrals occurring in the unloaded Q are easily calculated. 
To simplify the result, the losses and magnetic energy stored in the gap 
are neglected, and in the integration over the inner post I is replaced by h. 
There is then obtained the expression, 

I = let, \ 1 + C ° S 2 kk 4- l (— A- - M C241 
Q [ M + sin M cos/c/i + 2 In b/a W W j K 

The terms in this formula are the relative contributions of the bottom 
and top, inner, and outer walls, respectively. 

If the resonator is approximately a quarter wavelength, kh = ir/2, 
the formula simplifies to 

For fixed b, the highest Q is found for a = 0.286, for which 

Q X \ ^ 2.26/ 

In the limit 6/X <£ 1, 1/Q = 1.885/6; the losses in the bottom are 
negligible. 

Shunt Conductance.—The gap potential can be expressed as a surface 
integral by taking the line integral of the electric field over a closed path 
that crosses the gap at the axis and links all the magnetic flux of the 
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cavity by remaining in the metal walls on the return path. 
following equation is obtained: 

"Mo dt I dS'Ht 

Thus the 

(26) 

The area over which the integration extends is one-half the cross-sec
tional area cut by a plane through the axis. 

The energy lost per second is 

j dSH% 

and therefore the shunt conductance is given by the expression, 

(27) 

0 
~2~ / dsm _ 5 _ 

2MOU> 
/ dsm 

Uo" j dS'H^J* 2ll0W (f dS'IlX 

If the integrals are assumed proportional to the areas, 

(28) 

G 
4ir 

to _S_ 
Mo S'2 ' 

where S is the total interior surface of the cavity and S' is one-half its 
cross-sectional area defined by a plane through the axis. 

With the simplified fields used in calculating Q, the shunt conductance 
of the coaxial-line cavity is given by 

G trkS ../— 1 + cos2 kh 
+ MO Lsin2 kh In b/a 2(In b/a) Yi + i V 

1 \ka ^ kbj \ : 

kh 

+ 
sin2 kh 

1 
tan kh) (29) 

The values of Q and R in Figs. 4-8 to 4-12 were calculated from formulas 
similar to Eqs. (24) and (29). I t is to be noted that Eqs. (4), (24), and 
(29) do not satisfy the lumped-constant circuit relation QG = oi„C 
since in Eq. (4) C is defined as tA/d. 

If the resonator is approximately a quarter wavelength, Eq. (29) 
simplifies to 

G 2TT2S 

X \ M o 
1 

Ha In b/a 1 + 
1 

8 1n&/ a \a ^ b) (30) 

Damped Oscillations.—The cavity losses have the effect of introducing 
a damping factor into the equation governing the time variation of the 
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oscillations. Instead of Eq. (15) the equation for the amplitude h(t) 
becomes 

If the form h = hoe'"' is assumed, it is found that w is complex and is 
given by the expression, 

• - ±- l/l^J + *§■ (32) 
Therefore the fields have the time factors 

mt . \f, I 
g - S o ^ ' - V 1 - ^ . ( 3 3 ) 

Since any quantity linear in the fields contains h or its derivative, 
such a quantity obeys this amplitude equation because the equation 
is homogeneous. In particular, the gap voltage satisfies the amplitude 
equation, which can be written in the form 

where C is defined as QG/wo. 
4-3. Cavity Excitation in Principal Mode. Excitation by the Beam.— 

If a beam passes through the gap, conditions are altered by the presence 
of current and space charge in the cavity. Because of the space charge, 
the electric field is no longer constant in the gap. If the beam is uniform 
as assumed in Chap. 3, the electric field is still directed parallel to the 
axis and the gap voltage is the integral, 

V = - I dxEx, (35) 

where Ex is a function of x as well as t, its space derivative being deter
mined by the charge density through the divergence equation. 

The total current I passing through a uniform gap is a function only 
of t because it is without divergence. But the total current is equal to 
the line integral of the magnetic field around the edge of the gap; thus 

I = 2raHt. (36) 

Because of the fringing of the field at the edge of the gap, neither I nor 
H$ is completely constant across the edge of the gap; if the gap is narrow, 
however, the effect of fringing on both is small. 

The total current is the integral over the area of the gap of the sum 
of the displacement-current density and conduction-current density, 
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and is given by the expression, 

I = j ds(t0^ + jy (37) 
In a uniform gap the right side can be averaged across the gap and V 
introduced; thus 

J = - c f - M , (38) 

where in this equation C = toA/d and if A is the average conduction-
current density in the gap. This fundamental relation for the uniform 
gap was derived in Chap. 3 from the divergence relation and the con
tinuity equation. By combining Eq. (38) with Eq. (36), there is obtained 
the expression, 

t - C^ + 2TaH„, (39) 

where H+ is the magnetic field at the edge of the gap. 
I t is seen that the presence of the beam has two primary effects: 

the effect of space charge on the electric field, which is sometimes negligi
ble, and the addition of the conduction current to the displacement 
current. Outside the gap the fields are essentially unchanged except 
in amplitude. 

Just as in the empty cavity, the gap voltage and the magnetic field 
at the edge of the gap for a coaxial-line cavity are, respectively, 

,r Mo • , , , b dh V = -j- sin kl In - -Tr> k a dt 

H$ cos kl h 
a 

Hence, at the edge of the gap 

dH* _ k 
dt ano tan kl In b/a V, (40) 

which can be substituted in the derivative of Eq. (39). There is obtained 
the expression, 

di _ rdW k 2T 
at di2 nB , , , b tan kl In -a 

To take into account cavity losses, a term of the form GdV/dt should be 
added to the right member of this equation. The factor 2x/ln (b/a) can 
be eliminated by using the resonance condition, Eq. (19). When these 
changes are made, 
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di nldW . uuo tan k0l TA , ^dV . . 
dt = CKdW+ tanfc* V)+GW (42) 

The equation just obtained serves to determine the excitation of the 
cavity by the beam. Consistent with the approximations made, 

iiia>o t a n kol 
tan kl 

can be replaced by t»l. Hence 

This equation has exactly the same form as Eq. (1), which was derived 
for a lumped-constant circuit. If i contains the component iue'°", 

The response of the resonator to the driving current is that of a circuit 
with the admittance 

The Output.—The output lead of the resonator can be a metal loop 
or probe in the cavity connected to a coaxial line or directly to another 
cavity or a window looking into a waveguide or another cavity. The 
output contributes to the power losses and also affects the resonant fre
quency. The general effect is to add terms of the form, 

A d W 4- B V + C dV 

ALlF + BLV + GL-dl' 
to the equation describing the excitation of the cavity. Such terms 
depend on the nature of the load and are frequency-dependent. For a 
particular frequency they add an admittance, juAL + (l/ja>)BL + GL, 
to the gap admittance, which then becomes an expression of the form, 

jo>oc(~-^)+GBB+GL. 
\«>o " / 

In this expression, u0 is the new resonant frequency and C is the new 
effective capacitance and GBR = GB + GB is the sum of conductances 
due to resonator and beam losses. The power output is G^F5. Because 
of the resonator losses and losses to the beam the power output is only a 
fraction of the total power produced; this fraction is called the circuit 
efficiency. 
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A detailed description of the coupling between the output lead and 
the resonator is beyond the scope of this chapter and only a few qualita
tive remarks will be made on the subject.1 

A simple example of coupling from a resonator is an output lead 
composed of a small loop on the side of the cavity connected to a coaxial 
line. The magnetic flux that passes through the loop induces in it a 
voltage, 

Vc = -Aclx0 ^f- (44) 

In this formula, Ac is the effective area of the loop and H^, is the magnetic 
field at the loop; the area is assumed small and the magnetic field constant 
over the area. If the disturbance introduced by the presence of the loop 
is small, the magnetic field at the loop is approximately 

„ cos kx , 
tit, = ft, r 

where x and r are coordinates of the loop. Hence, if Eq. (17) is used, 

dH* k cos kx 1 
dt MO?" sin kl In b/a V, (45) 

and the voltage induced in the loop is simply related to the gap voltage 
as follows: 

Y = _ AJz coskx 1 y 
r sin kl In b/a ' 

If the admittance looking into the line is a pure conductance Gc and the 
self-inductance of the loop is neglected, or regarded as part of the line 
admittance, the power delivered to the line is GCV\; since it is also GLV*, 

_ (Ack coskx 1 Y 
GL ~ \— ShHd hTbTa) Gc- (47) 

This expression gives the output conductance as measured at gap in 
terms of the conductance as measured at the loop for a coaxial-line 
cavity and the conditions stated. If the output is not a pure con
ductance, as is almost always the case unless very careful design require
ments are met and the load is matched to the tube, it is clear that the 
load contributes a susceptance in addition to a conductance at the gap. 
The prime significance of the above formula lies in the factor A\; this 

1 For extensive treatments of microwave circuits, the reader is referred to other 
books in the Radiation Laboratory Series, in particular: "Waveguide Handbook," 
Vol. 10, edited by N. Marcuwitz; "Principles of Microwave Circuits," Vol. 8, by 
C. G. Montgomery, R. H. Dicke, and E. C. Purcell; "Microwave Magnetrons," 
Vol. 6, edited by G. B. Collins. 
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factor indicates that, as the loop is turned, the gap conductance due to 
the load changes with the square of the cosine of the angle which it 
makes with the plane through the position of the loop and the axis. 
It is, of course, obvious that if the loop is placed in a part of the cavity 
where the magnetic field is small, the output coupling is weak. 

The presence of an output lead on the side of a circular cylindrical 
resonator destroys the axial symmetry that the fields have in the principal 
mode in the absence of the coupl ng device. Modes not having that 
symmetry are excited and contribute to the stored energy, the losses, and 
other general properties of the resonator. A discussion of these modes is 
essential to the description of the effect of the output and they are the 
basis of the exact calculation of the output characteristics. 

The effects of external connections on cavity excitation are important 
in the discussion of tube operation. Reference is made to the detailed 
treatment of load effects on the performance of reflex klystrons that is to 
be found in Chap. 15. 



PART II 

PLANAR SPACE-CHARGE TUBES 





CHAPTER 5 

THEORY OF H-F SPACE-CHARGE DEVICES 

B Y J. K. K N I P P 

A microwave tube of planar grid structure contains a succession 
of regions separated by parallel plane grids. The first of these regions 
has a cathode that emits electrons, and these electrons form a beam that 
passes through the other regions. In the absence of r-f fields, the motion 
of the electrons of the beam is controlled by the d-c voltages on the grids 
and the anode. If within a region of the tube the voltage relative to 
the cathode is zero or negative, some or all of the electrons are reflected; 
when such is the case, the beam contains a stream of oncoming electrons 
and a stream of reflected electrons. If the cathode emits uniformly, if 
the regions are shallow, and if the grids are of fine mesh, the beam and 
the fields are fairly uniform and for most purposes can be described with
out considering variations parallel to the grid planes. 

The assumption of uniformity is made in this chapter. Hence the 
general relations of Sec. 3-4 apply to each of the several regions of the 
tube. It is also assumed that there is negligible penetration of electric 
fields through the grids. Thus the discussion is restricted to high-mu 
tubes. Since the grids are usually far from perfect transmitters of 
electrons, it is assumed that only a fraction of the electrons incident on a 
grid is transmitted by it. Although secondaries produced by the impact 
of electrons on the grids and the anode can produce many complicating 
effects, such effects are not discussed in this chapter. Finally, only low-
level operation is considered; the small-signal approximation is made. 
All r-f amplitudes are assumed to be so small that quantities containing 
quadratic and higher-order factors can be neglected. The theory is 
linear in the r-f amplitudes. 

The electrons from the cathode have a spread in velocity correspond
ing to the temperature of the cathode. Because of velocity differences, 
electron trajectories are not identical. If there is a potential minimum 
outside the cathode, slow electrons are reflected and only those with 
sufficiently high initial velocities pass the minimum. Moreover the 
transit times of electrons traversing similar paths are different for elec
trons in different velocity groups. Therefore it is necessary to include 
the spread in velocity in a general theory of space-charge devices. The 
velocity spread is particularly important in a space-charge-limited 
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cathode-grid region in which the distance from the cathode to the poten
tial minimum is not a negligible fraction of the cathode-grid spacing. 
In most output regions, however, the velocity spread can be neglected 
because of the high voltages that are usually used. I t can also be neg
lected in the grid-screen region of most tetrodes, except when that region 
contains a virtual cathode. Also, an input region with a temperature-
limited cathode can be treated by the single-velocity theory with a fair 
degree of accuracy. In fact the single-velocity theory has considerable 
validity with a space-charge-limited cathode if the cathode emission 
is such that the potential minimum lies near the cathode surface. 

The different regions of a tube interact through the beam and through 
outside coupling devices that affect the gap voltages. The properties 
of the beam as it leaves one region, together with the nature of the sep
arating grid, determine the properties of the beam as it enters the 
next region. The number of electrons can be reduced by capture by the 
grid, but the velocities of the electrons that get through the grid are 
essentially unchanged. The initial conditions in each region are deter
mined by the final conditions in the preceding region. Hence the 
characteristics of the tube as a whole result from a synthesis of the 
characteristics of the individual regions. 

What is usually required is the driving current in the output region. 
This current contains contributions proportional to the input gap-voltage, 
the negative of the coefficient being the electronic transadmittance, and 
noise contributions arising from fluctuations in the cathode emission and 
fluctuations due to the random nature of the process of capture of elec
trons by the grids. If the velocity spread in the output region is negligi
ble, the driving current is a linear function of the r-f output voltage and 
the density and velocity modulations at injection. The latter two 
quantities are related to the density and velocity modulations at the 
plane of exit of the preceding region. A simple assumption is that the 
density modulation at injection into the output region that is not due to 
the action of the grid is a definite fraction of the density modulation at 
the plane of exit of the preceding region and that the two velocity modula
tions are the same. This assumption is certainly valid as long as the 
velocity spread of the incident electrons is a small fraction of the average 
velocity. When such is not the case, the velocity dependence of the 
capture mechanism can affect the relationship. In the input region 
the density and velocity modulations at the exit (grid) plane are the 
sums of contributions from the input gap voltage and from fluctua
tions in the cathode emission. If the tube is a tetrode, the grid-screen 
region is usually not a part of a resonant circuit and no r-f voltage devel
ops in this region. The density and velocity modulations at the exit 
(screen) plane of this region are linear functions of the density and 
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velocity modulations at the entrance (grid) plane. The latter are simply 
related to the modulations at the exit plane of the input region, which in 
turn are sums of contributions from the input gap voltage and from 
fluctuations in the cathode emission. 

The characteristics of a single region are expressed in terms of quanti
ties that contain the frequency and depend only on the d-c properties 
of the beam. Three of these are coefficients of the r-f gap-voltage; they 
are the beam-loading admittance, the density-modulation admittance, 
and the velocity-modulation admittance. In addition there are excita
tion and modulation functions, which give the effects of the density 
modulation at injection of infinitesimal velocity groups. If the velocity 
spread is negligible, these functions reduce to excitation and modulation 
matrices. The elements of these matrices are obtained from the 
Llewellyn theory, which is developed in Sec. 3-6. Only a beginning has 
been made in the solution of the problem of finding the admittances and 
excitation and modulation functions for a region having a spread in 
velocity. 

In the next section are to be found precise definitions of the quantities 
just introduced. In the section following are presented some general 
relations for the triode and tetrode. Next are four sections on the 
application of the single-velocity theory. In the remaining three sections 
some of the simpler problems of velocity-distribution phenomena are 
discussed. 

5-1. Characteristics of a Single Region.—As a beam passes through a 
region of a tube, its most important properties are the driving current 
and the density and velocity modulations at the plane of exit. These 
properties can be regarded as produced partly by the gap voltage and 
partly by the modulations present in the beam at injection. Thus in 
the shunt formulation of Sec. 3-4, 

i«(d) = -Vuym(d) + im(d), 

v„(d) = - 7 . (0)u(d) + vm(d). 

The coefficient YB is the beam-loading admittance, the coefficient ym(d) is 
the density-modulation admittance at the exit plane, and the factor 
fm(d) is the velocity-modulation admittance at the exit plane. The 
quantity im is the exciting current and the quantities im(d) and vm(d) are 
the density modulation and velocity modulation, respectively, at the 
exit plane arising from modulations present in the beam at injection. 

The beam-loading admittance is conveniently combined with the 
resonator and load admittances (measured at the gap), and the total 

(1) 
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circuit admittance, Y = YB + Ys + YL, is introduced. The gap 
voltage arising from modulations in the beam at injection is then given by 
the simple relation, 

im = VaY. (2) 

In the input there is, in addition, the gap voltage caused by the signal. 
The signal, of course, has its own noise components. 

Velocity Distribution.—The velocity spread of the electrons of the 
beam is described with the use of a current distribution function i(x,v,t). 
The electron current at the plane x at time t due to electrons with veloci
ties in the range v to v + dv is i(x,v,t)dv. The lowest (or most negative) 
velocity at the plane x at time t is vl{x,t). The electron current then is 

/ dv i{x,v,t), 
Jrfiz.t) 

i(x,t) = / dv i(x,v,t), (3) 
Jrf{z.t) 

and, if vl(x,t) S: 0, the average velocity of the electrons passing through 
the plane x at time t is 

/ dv vi(x,v,t) 
v{x,t) = ^ ■ [4) 

JviMdvi(x,v,t) 

These quantities have their d-c and r-f components, i(x) — —I„, ia(x), 
v(x), vu(x), which can be expressed in terms of the d-c and r-f components 
of the distribution function, i(x,v), ia(x,v), and the d-c and r-f components 
of the lower limit in the velocity, vl(x), v\,(x). 

Excitation and Modulation Functions.—The exciting current and the 
density and velocity modulations at the plane x due to modulations at 
injection can be expressed in terms of the modulations in the distribu
tion function at injection. If electrons enter the region only at the first 
plane, as is assumed, any electrons with negative velocities have been 
reflected in the region and come originally from the first plane with posi
tive velocities. Hence if the lower limit of the total distribution at 
the first plane is negative or zero, as is the case when that plane is the 
cathode, the distribution of the injected electrons extends from zero 
upwards. The desired expressions are 

im = / dv' i,(0,y')M,(«'), 

i„(x) = / dv'i„(0,v')^(x;v'), > (5) 

vm(x) = - ^ f ' dv' i„(0,v')»v(x;v'). 
— in Jo 
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The quantity m(v') is the excitation function for modulations in the 
injected current due to electrons in the velocity range v' to v' + dv'. 
The quantities m(x;v') and nv{x;v') are the corresponding modulation 
functions for the density and velocity modulations at the plane x, respec
tively. If the lower limit of the total distribution at the first plane is 
positive, additional terms must be added to the above expressions to 
provide for the modulation of that lower limit. The excitation and 
modulation functions contain the frequency but depend only on the d-c 
properties of the beam. It is clear that m(v') is the space average of 
m(x;v'). 

Llewellyn Approximation.—If all the electrons at a given plane at a 
given time have the same velocity, which is the basic assumption of the 
single-velocity theory, iu(0,v') is readily shown to be given by the 
expression 

i*(0,v') = ia(0)S(v' - v(0)) + hva(0)B'(v' - v(0)) (6) 

where S(D') and &'(v') are the Dirac delta function and its derivative. 
These two functions have the property that for any function f(v') 

fdv' S(v')f(v') = /(0), 

/«* r(-W) = - [ » ] ; 
provided the integrations include the origin. Substitution of Eq. (6) in 
Eqs. (5) leads to the expressions 

im = i , (0M»(0)) - l<f>.(0) [jf, *(*>')! , 
Idv J„(0) 

t»(x) -i.(0W^(O)) - 7 A ( d ) [ f / W ( i / ) ] , > (7) 

Vm(x) = ^ k ( 0 K ( z ; y ( 0 ) ) - 1^(0) [ ^ K(X 

It is convenient to rewrite these equations in the form 

t'm = ia(0)nn + y„(0) ( -7jl) M;«, 

im{x) = iu(0)iJLii(x) + »„(0) ( - ^ 7 3 ) Kv(x), 

vm(x) = t.(0) \^f\ m{x) + »..(0)M..(X) 

1>S VEGAS tfrtANCK' 

(8) 
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By comparison of the two sets of equations, 

[SEC. 6-1 

na(x) = ia(x;v(0)), 

H,v = v(d) 

Mv(x) = v(x) 

Hvz(x) == v(x) 

J«(0j 

-, Mi (xy>') 

7 Hv{xp') 

»(0) 
(9) 

«(0) 
livi(x) = /i„(z;!;(0)), 

I t is seen that 

*•■ - 3/0dx "**(x)' ^=Uodx W> *°{x)- (10) 

Since im, im(x), and vm(x) for the single-velocity theory are given explicitly 
as functions of x„(0) and v„(0) in Sec. 3-6, the six elements of Eqs. (9) are 
readily found from the formulas of that section. They can also be calcu
lated from the general theory of the low-velocity gap without reflections, 
by methods that are described in Sec. 8. 

Excitation and Modulation Matrices.—The coefficients of Eqs. (8) 
define two matrices that are useful in the single-velocity theory of space-
charge devices. The first of these is the one-row two-column excitation 
matrix, 

Mi = (Mii Mi.)) 

and the second is the two-row two-column modulation matrix, 

MO) 

The excitation matrix is 

40 M 

'im{x) M;«(z) 
M».(Z) Hw{x) ) ■ 

- ( ? m&m r3l He-
aid) fl 6 2 n e ■*'l (ID 

Ne->°/2 

as is seen from Eq. (3.69). The field parameter & is not to be confused 
with the Dirac delta function of Eq. 6. The modulation matrix at the 
exit plane is 

M(d) 

-<i-'>wHb-(i-!;)>"~!l}+<1-^*' 
+ 8-
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j6 | 1 - (1 - - j JVe"H + (1 - <r)rJ£ H*e~*' 

[^-<'-:']['-('-?)-4'] l-(l-f\Ne~^ 

103 

(12) 

The elements of this matrix are obtained from Eq. (3.71) and Eq. (3.73) 
with x = d. 

Single-velocity Admittances.—The beam-loading admittance in the 
single-velocity theory is given by Eq. (3.68). It is 

YB = 
jo>C M - *f) Ne * 

(l - fj Ne~* 
(13) 

The density-modulation admittance at the exit plane is obtained from 
Eq. (3.70) with x = d. I t is 

Vm(d) = 
ja>C(l - a)He i(,+-0 

1 ~ (l ~ 7°) Ne * 
(14) 

The velocity-modulation admittance at the exit plane is obtained from 
Eq. (3.72) with x = d. I t is 

U(d) = 

In these formulas 

*■*'->£(?"+'ff)--* 
(l-f\Ne-% 

(15) 

v(d)T 
S = 

a(d)T* 
2d 

and 

to , JoT* 
- = 1~~Qd' = 1 - JoT* 
t w 2v{d) 

These parameters are not independent, since 

1 - 5 - 1 - r + «, (1 - r + 8) (16) 
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Also it is to be noted that 

■*»-.>-?(*)-£?(.-?)■* 
where (?<i = IO/VA, and p0 = Jo2"V12A«o- For zero direct current, «o/« 
and a are unity, 5 = r — 1, and a(0) = a(d). For maximum direct cur-

3 
rent, e0/e is zero, a = —v(Q)/v(d), S = r = . _—TJ and a(0)/o(d) = <r. 

Cathode-grid Region.—Velocity distribution phenomena are usually 
most important in the input region, because of the low injection velocities, 
wide thermal spread, and reflected electrons if there is a potential mini
mum. If the grid has a high positive voltage and the cathode emission 
is not too great, the current that reaches the grid plane is temperature 
limited and there is an accelerating field everywhere in the region. A 
potential minimum can be made to appear at the cathode by increasing 
the cathode emission or decreasing the grid voltage. As the potential 
minimum grows, electrons are reflected and the current that reaches the 
grid plane is space-charge limited. There is a decelerating field between 
the cathode and the minimum and an accelerating field beyond. If the 
grid voltage is made sufficiently negative, the minimum reaches the 
grid and disappears. There is then a decelerating field everywhere within 
the region and only electrons with high velocities at injection reach the 
grid plane. 

The single-velocity theory can be used to give an approximate treat
ment of the input region if the grid has a high positive voltage and the 
current is temperature limited, or space-charge limited with a cathode 
emission so large that the potential minimum is very near to the cathode. 
With sufficiently high grid voltage, the spread of the transit angles of the 
electrons which reach the grid plane is a small fraction of a radian. If 
there is a potential minimum and it is very near the cathode, the angles 
of the electrons that are reflected are all much less than one radian. 
Hence those electrons that are reflected have a negligible effect on the 
behavior of the gap and those that reach the grid plane can be regarded 
as having a single velocity. 

Temperature-limited cathodes are rarely used because of excessive 
noise and the tendency of the cathode surface to disintegrate. In micro-
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wave tubes the cathode-grid spacing is often so small that the distance 
from the cathode to the potential minimum is a good fraction of the 
cathode-grid spacing. In fact with the currents used, the minimum 
often occurs at the grid or disappears into the grid. A very large fraction 
of the injected electrons is reflected and a good portion spends a large 
part of a cycle in the region. These electrons have an appreciable 
effect on the behavior of the gap. 

Consistent Theory.—A complete, consistent theory of the r-f behavior 
of a uniform region must take into account the distribution in velocity 
of the electrons and include the effects of space charge. The r-f phenom
ena are completely described in terms of the total r-f current (as deter
mined by the rest of the circuit), the injected r-f electron current 
distribution (as determined by the cathode or the preceding region), 
and certain impedance and transfer coefficients. A complete theory 
must provide these coefficients as functions of frequency. 

A starting point in the theory is the defining relation for the total 
current, Eq. (3-3). Rearranged and with the field replaced by the 
acceleration a(x,t), it becomes 

da(x,t) 
dt 

where 

J(t) + j(x,t). (18) 

J(t) = # , j(x t) = "fa** 
mAto ' mAto 

The quantities J(t) and j{x,t) occur frequently in electronic theory and 
have the dimensions of meter/sec3. If the electron current is one 
amp/meter2, j(x,t) is 2 X 1022 meters/sec3. 

If the beam is composed of a single stream of electrons, a stream 
being a single-velocity group, j(x,t) in Eq. (18) can be combined with 
the partial time derivative to give the total time derivative. The result 
is Llewellyn's equation, derived in Sec. 3-6, 

da^t) = _J{{)_ 

This is the fundamental relation of the single-velocity theory of a uni
form region. I t serves to determine o(x,t), from which the electron 
current and other quantities can be derived by the use of Eq. (18). 

The problem is much more complex if the beam is composed of more 
than one stream. To begin with 

- / ■ 

j(x,t) = / dvj(x,v,t), (19) 
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where 

j(x,v,t) = ei(x,v,i) 
mAto 

I t is to be observed that J(t) is determined by the resonator and load 
(the circuit) and that j(x,v,t) and v'(x t) are determined by the injected 
current distribution and the acceleration experienced by the electrons. 
Hence the acceleration enters on both sides of Eq. (18), which is in reality 
an integral equation for the acceleration. This integral equation must 
be satisfied by a consistent theory. In the small-signal approximation, 
it breaks up into two integral equations, one for the determination of the 
d-c characteristics and another for the determination of the r-f charac
teristics. Examples of such equations are given later in the chapter. 

5-2. General Relations for Multi-grid Tubes.—The exciting current 
of the output of a multi-grid tube is the sum of a current proportional 
to the input voltage and a current arising from fluctuations in the cathode 
emission and fluctuations in the partition of the d-c current to the 
grids. The exciting current is therefore represented as follows: 

[in, -[V„]i*Ym + [{„]„ (20) 

In this expression Ym is the electronic transadmittance of the tube and iN 

is that portion of the exciting current arising from cathode and partition 
fluctuations except for the noise current arising from the input noise 
voltage due to cathode fluctuations. The total output noise exciting 
current arising from cathode and partition fluctuations is 

Ym + [iN]c, (21) 

where [im/Y}m is the input noise voltage due to cathode fluctuations. 
The output power is [^C!i,|V'„|2]„„l and, neglecting noise, 

[V.Yl - [ F . U F - . 

Since the input power is HGBR\VW\%, where Gas = GB + Gs is the beam 
loading and resonator conductance, the power gain of the tube is 

G = 
IJBR Jin 

GL (22) 

On the other hand, the noise power out due to cathode and partition 
fluctuations is 

GL_ 

I f IV Ym + [itiU 
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and therefore the noise figure of the tube is 

NF = 1 + GkTa A/ (23) 

where k is Boltzmann's constant, To is the temperature of the room, and 
A/ is the bandwidth of the detecting device. This formula includes 
the input noise due to cathode fluctuations, which is partially coherent 
with the remaining noise, but does not contain noise contributions of the 
circuit. After the gain is substituted from Eq. (22), the formula for the 
noise figure becomes 

NF = 1 + - kToAf 
(24) 

A reduction in the input loading increases the gain and reduces the noise 
figure. 

The net current flowing to a grid, the grid current, is a quantity that 
is sometimes of interest in circuit analysis. I t is the difference in the 
total currents in the regions immediately preceding and following the 
grid, 

Dr«oadio« L-* or JfoUowinc. 

The grid current is the sum of a current proportional to the input voltage 
and a current arising from fluctuations in cathode emission and fluctua
tions in the partition of the d-c current to the grids. Hence it can be 
represented as follows: 

I, = -[VJjr*, + is,, (25) 

where Ymg is a grid transadmittance. The total grid noise current arising 
from cathode and partition fluctuations is 

-w Ym„ + is„. (26) 

The electronic transadmittance Ym and the noise current [ix]aM are 
calculated by combining the characteristics of the individual regions of 
the tube. In general, velocity spread is negligible in all but the input 
region. The density and velocity modulations at the exit plane of the 
input region are assumed to be known and the single-velocity theory used 
for the regions following. At each grid it is assumed that 

b u W j t o l l o m M = a0[ l„(d)]„r<«»dinl + lq, 

[»«i(0) following = b<o(d)jpr<,i!«dini. 
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In these formulas aa is the transmission coefficient of the grid and t, 
is the grid partition current. The grid partition current has the spectral 
density, 

Gi,(f) = 2ea„(l - aB)h, 

where —10 is the direct current in the region preceding the grid. 
High-mu Triode.—A triode containing a cathode-grid region (kg) 

which is completely isolated, except for the unidirectional beam, from 
the grid-anode region (ga) has an electronic transadmittance and output 
noise current which are given by the formulas 

Ym = ag \ [ym(d)]kll[}ii,]ga + L«(d)/m(d)]*» 

(iVlout = <Xg [im(d)]ke[iti.]ga + [-i>m(d)L» 

Mi* 
v(d) 

Mir 
V(d)j 

(27) 
+ *»lMii]oa-

The electronic transadmittance is seen to be the sum of two terms. One 
term contains the density-modulation admittance at the exit plane of 
the cathode-grid region and the other contains the velocity-modulation 
admittance at that plane. Similarly, the output noise current has terms 
containing the density modulation and velocity modulation at the exit 
plane of the cathode-grid region; in addition it has a term proportional 
to the grid partition current. 

The grid transadmittance and the grid noise current are given by the 
formulas, 

|" _ y 
I mg = l* g\kg * n 

iNg = [lm\kg [IN], 

+ 1 

" S + l 
(28) 

If the output circuit is tuned, \-Yt/Y + 1]0« ~ [-juC/G]ga and the 
displacement current far exceeds the electron current. 

The four expressions of Eqs. (27) and (28) are derived by the straight
forward application of the relations of the preceding paragraph to the 
two equations, 

[im iu (0)M« + «U0) 

i-Q — [ V u * g "] ^m\kg 

(m)""} 
-M- ■Xi 

Y ♦01 
and by the comparison of the results with Eqs. (20) and (25). 

Tetrode.—No appreciable r-f voltage develops in the grid-screen 
region (gs) of a tetrode if that region is not part of a resonant circuit. 
The formulas for the electronic transadmittance and output noise current 

are 
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Ym = «.«„ \[ym(d)U [^(d)U^U + Hd)Ud)U [ ^ J o e U].. ' 

+ [ym(d)]kg[v(d)^(d)U [ J ^ ] M + l»(d)/-(d)]*.[M..W]w [ ^ | 

ltiv]oat = ce.au [im(d)]k0[nu{d)]gl[tti,]sa + \ — IoVm{d)kg ™,^ [p./L ) (29) 

+ [Ud)UHdhAd)]0. [^)\a + ^-Iovm(d)U^v(d)]s. [ ^ ] t | 

+ a,i„ I lAtii(d)]„lMK]i« + l«(rf)M»i(rf)]». ^ jk J ■+■ *'.[M«]« 

In these expressions a, is the screen transmission coefficient and i, 
is the screen partition current. The electronic transadmittance con
tains twice as many terms as for a triode because both the density 
modulation and velocity modulation from the input region can, through 
the action of the grid-screen region, lead to density modulation and 
velocity modulation at the injection plane of the output region. Simi
larly, there are twice as many terms from cathode fluctuations in the 
noise output current; in addition there are both density and velocity 
modulation contributions from the grid partition current as well as a 
density contribution from the screen partition current. 

The total current for the grid-screen region is just the exciting current. 
The exciting current is the sum of a current proportional to the input 
voltage and a current arising from cathode and grid partition fluctua
tions. Thus 

W« = -\V^YJ + [i„U (30) 

which is a relation similar to Eq. (20). In this equation 

YJ = ag {l».(d)M/i«]B + Hd)fm(d)U [ j ^ J J ' 
[is],,. = ag Uim(d)]kg[ini]„ + [ — hvm(d)]kg ^ j I + itiim], 

as is seen directly or by the use of Eqs. (27) for the triode. 
The grid transadmittance and grid noise current are 

J mg = L-* g\kg * m j I 

itfg = [im]kg — Kw]».. ) 
The screen transadmittance and screen noise current are 

(31) 

(32) 

Y = Y ' — Y — -I- 1 
1 ma * m - 1 m l -y I -*-

[-Y, 
is, — [is\g, — \is\<y*t —yT-? + 1 Y 

(33) 

http://ce.au
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Eqs. (29), (32), and (33) are derived from the three expressions 

[Uout = 4(0)M„ + Vu(0) \-7^J Hiv > 

/. = ft»l"-[*"(^-? + 1)]„ 
Similar relations are readily obtained for tubes containing four and more 
regions. 

6-3. Positive-grid Space-charge-limittd Input with Minimum near 
Cathode.—If the rate of emission of electrons by the cathode is such 
that the potential minimum is very near to the cathode, the electrons 
that are reflected spend but a small' part of a cycle in the region and 
their effect on the r-f behavior of the region is small. If in addition the 
voltage on the grid is high, the transit angles of the electrons that reach 
the grid are all approximately the same, since the spread in the velocities 
at injection gives only a small spread in the average velocities during 
the passage. Under these conditions the space-charge-limited cathode-
grid region can be treated approximately by the single-velocity theory. 

In the single-velocity theory the maximum direct current occurs when 
<o/« = 0. For this current the smoothing parameter a has the value 
— v(0)/v(d), which is practically zero since, under the assumption of high 
grid voltage, v(d) ̂ > v(0). In addition r = S « 3, and a(Q)/a(d) « 0. 

Gap Impedance and Admittance.—The beam-loading impedance is 
obtained from Eqs. (3-65); with e0/« = 0, it is 

7 N M 
Za = ~ -.-75 e 3. 

Therefore the gap impedance is 

However from Eq. (17) 1/wC = po2/0; hence the gap impedance can 
be written as 

Zt = PaMN+^(l-Ncos^ 

Z, = p„ [MAT - j^(l - N cos ! ) ] • (34) 

or alternatively as 

The real and imaginary parts of Ze/p0 are shown plotted in Fig. 5-1 
as functions of the transit angle. For zero transit angle the gap behaves 
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like a pure resistance. As 6 increases, the resistance becomes zero at 
2ir and it oscillates about zero with a period of %c and a very small 
decreasing amplitude. The reactance is everywhere negative, except 

at the origin where it is zero. For small angles Z„ Po 

very large angles Za 

empty gap. 
Po (-1) 

( ' - > $ ' 
for 

j»C 
which is the impedance of the 

♦1.0 

♦0.5 

-1.0 

-<wv 

XRel^Z,) 

3 T 4(T 0 T 2 T 
Transit angle $ 

FIG. 5-1.—Dependence on transit angle of real and imaginary parts of diode gap impedance 
assuming negligible initial electron velocities and complete space charge. 

The reciprocal of Z„ is the gap admittance 

Y.~ 
(1 

-'1 
Ne 2 ) 

It is conveniently written as the sum of a conductance and a susceptance 
as follows: 

r.-
MN 

[ ( M ^ + (?)2(l-iVcos|)2] 

+ JO.C 
|W+(?)2(i-tfcos|y] 

(35) 

The dependence on transit angle of the factors multiplying l /p 0 and juC 
in Yg are shown in Fig. 5-2. The conductance has the value l /p 0 at 
zero transit angle, drops to zero at 2r, becomes negative, and oscillates 
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about zero with a period of 2ir and decreasing amplitude. The suscept-
ance, on the other hand, has the value 3a>C/5 for zero transit angle, is 
never greater than wC for any angle, but attains that value whenever 
N = 0, at which times the conductance is zero. At very large transit 
angles, Yg « juC. 

Excitation Matrix and Input Noise.—The excitation matrix is obtained 
from Eq. (11) with t0/t and a(0)/a(d) zero and r = 3. It is 

m « Jo 3-^tfe-" 
1 - Ne 2 

(36) 

♦ 1.0 

♦0.5 

-0.5 

,0-6 _ _ 

\Re 

^trnijkY,) 

W 
/ ^ \ 

3* Aw T 2T 
Transit angle 6 

F I G . 5-2.—Dependence on transit angle of real and imaginary parts of diode gap 
admittance assuming negligible initial electron velocities and complete space charge. 
Note that the coefficients of the two quantities plotted are not the same. 

Hence the noise exciting current of the input is 

(1 - ,2Ve 2 ) 

Thus since the coefficient of t„(0) in im is practically zero, the input noise 
is almost entirely due to velocity fluctuations at the potential minimum. 
For small transit angles 

and for large transit angles 
(0 3)e ' 3 0 , 

(0 -3)e->». 

(37) 

(38) 

The time average of the square of the current at the cathode plane is 
related to the spectral density &( / ) of that current through the formula 

T ^ t p = 11+ dfGi(f). 
/ : 
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Similarly 

tfpjp = »(0)» + [ dfGv(f), 

where (?„(/) is the spectral density of the average velocity. For the pure 
shot effect 

£(/) = 2e/„, Gv(f) = ? V - "(O)*]-
■to 

In the noise exciting current v„(0) is the modulation of the average 
velocity of the electrons which reach the minimum. At the potential 

m \ 4 / minimum [v2 — v(0)2] = ( 1 — j]> where k is Boltzmann's constant 

and T is the absolute temperature of the cathode. These electrons are 
emitted by the cathode at random; and since the minimum is at the 
cathode, the spectral density of the average velocity at the minimum is 

«.<»="?H> 
The input noise can be regarded as coming from a voltage source in a 

series input circuit for which 

Therefore, since 
juC \v(d)/ 2 

N aW2 \v(d)J 4 " 
the spectral density of the voltage source is 

Ge. = Gdp2
02kT (l - y 9ff2 = PoikT3 (l - y H\ (39) 

where p0 is the a-c diode resistance. The quantity 3 I 1 — T I = .644. 

Since H is unity for zero transit angle, 'this formula expresses the familiar 
effect that at low frequencies a space-charge-limited diode with high 
positive anode behaves like a series voltage noise source with an equiva
lent resistance equal to the d-c diode resistance and at approximately 
| the cathode temperature.1 The spectrum depends on the frequency 
through the factor H2, which behaves like 4/02 for very large values of 6. 

1 Compare E. Spenke, Wins. Ver. Siemens, 16, 2, 19 (1937); A. J. Rack, Bell Syst. 
Tech. J., 17, 592 (1938V- D. O. North, RCA Rev., 4, 44 (1940). 
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Since im = e,Y„ the diode noise can also be regarded as coming from a 
shunt current source the spectral density of which is 

GUf) = \Yg\*Ge.(f). 

Density and Velocity Modulation Admittances.—With a « 0 and 
uC = 0/2po, Eq. (14) gives for the density-modulation admittance 
(internal transadmittance) at the exit plane (the grid) the expression 

IAS 1 2 

ym(d) = -

He '('+Q 
Po 1 - Ne~2 

(40) 

The magnitude and negative of the phase of paym{d) are shown plotted 
in Fig. 5-3 as functions of the transit angle. The magnitude of ym(d) 
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Fio. 5-3.—Dependence on transit angle of magnitude and phase of internal trans-
admittance at the second plane of diode assuming negligible initial electron velocities and 
complete space charge. 

starts out at zero transit angle as 1/po and oscillates about that value 
with decreasing amplitude as 8 increases. I t never deviates from l /p 0 

by as much as 30 per cent. For small transit angles ym(d) « — e 30 

Po 
and for large transit angles ym(d) « — e~il'~w). 

Po 
The velocity-modulation admittance at the exit plane is obtained 

from Eq. (15), which gives 

/ - W -
J8N 

1 6 ' 
Po 

Jl 

1 - Ne 
it (41) 
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For small transit angles fm(d) _1 1 
Po 3 

>'» e 5 and for large transit angles 

/ m ( d ) = i ? c o s | e - ^ + i ) . 

Modulation Matrix.—The modulation matrix at the grid is found by 
making the proper substitutions in Eq. (12), which then reduces to 

MW 
0 j6[l - Ne 2 + | We-*"] 

Ne ^-3^He^" 0 _ [ , . ]) -il 
1 - Ne 2 

(42) 

Since the first column of this matrix is approximately zero, the smoothing 
of the beam as it leaves the space-charge-limited region with respect to 
density fluctuations at the cathode is practically complete. For small 
transit angles, 

(0 3 " 
J20 
15 

n(d) 0 
m 
10 

(43) 

and for large transit angles 

n(d) - (2 -D e~» (44) 

5-4. Grid-screen and Output Regions, Neglecting Velocity Spread.— 
The spread in velocity of the electrons is almost always negligible in all 
regions following the input if there are no reflected electrons in those 
regions and if the grid and anode voltages are sufficiently high. Two 
special conditions are of particular interest. If the d-c voltage across 
the gap is very high, space charge in the gap is negligible and the r-f 
characteristics of the region are quite simple. On the other hand, if 
space charge is important, a great simplification is obtained by studying 
phenomena at large transit angles. 

High-velocity Gap with High Gap-voltage.—If the d-c gap-voltage is 
very high, v(d) » t>(0), and space charge has a negligible effect on the 
d-c fields. Under these conditions «<>A « 1, «■ 
a(0) « a(d). The r-f characteristics become 

1, r « 2, 5 » 1, and 

a?< jeN -% 

ym{d)~Gj-?He ''(' +0 U(d) ~GAHe •'(" ,+o 

Mi 

••(d) 

(i jewe-'i^, 

(if) 

(45) 

er" 
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The velocity modulations at the exit plane arising from both density and 
velocity modulations at the entrance plane are practically zero. 

Very Large Transit Angle.—If space charge is not negligible but the 
transit angle is very large, the r-f characteristics become 

0, 
Gd 

* « (0 -r)e->'», 
a j8 

fm(d) « 0, 

(46) 

MW 0 »(0) 
v{d) (1 

Both the driving current and the velocity modulation at the exit plane 
are almost entirely due to velocity modulation at injection. Since no 
special restrictions have been imposed on <x and r, these relations are 
readily shown to be consistent with those of the preceding paragraph and 
also those of Sec. 5-3. 

5-6. Positive-grid High-mu Triode with Minimum near Cathode.— 
Both the input and output regions of a positive-grid high-mu triode with 
large cathode emission can be treated by the single-velocity theory. 
The formulas of Sec. 5-3 are used for the input and the general formulas 
of Sec. 5 1 , or under special conditions those of Sec. 54 , are used for the 
output. 

The equation for the electronic transadmittance is 

Ym = ag \ lj/«(d)]*,,[M»]»a + [v(d)fm(d)]kg v{d)j 

which is taken from Eqs. (27). Since the first column is zero in both 
the excitation and modulation matrices of the input region, density 
fluctuations in the cathode emission drop out of both the noise figure and 
the total grid noise current and only velocity and partition fluctuations 
remain. Eq. (24) for the noise figure becomes 

- y - ( [Mi.(d)]*„ [lHi],a + Kd)M».(d)]*» £k )\ 

+ 2c.(l - a.) feV 
+ 

1 
V kT J |PoF„|2 (47) 

The total grid noise current due to cathode and partition fluctuations 
takes the form 



SEC. 5-5] POSITIVE-GRTD HIGH-MU TRIODE 117 

Using this expression, the total grid noise current is found to have 
the spectral density 

["7"' + ^J 2 + 2ea°(1 ~ a')h |[Mii ("T~° ■+ i (48) 

The noise figure, as given by Eq. (47), contains independent contribu
tions from cathode fluctuations and partition fluctuations. The contri
bution from cathode fluctuations has input and output terms, which are 
not independent, however, since they have the common origin in velocity 
fluctuations of the cathode emission. The same is true of the spectral 
density of the total noise current. If the circuits are tuned, GIg(f) is 
roughly proportional to the square of the frequency, since for each circuit 
-YJY + 1 « -joC/G. 

Output Transit Angle and Electronic Transadmittance.—It is to be 
observed that the d-c parameters of the output circuit are determined if 
the ratio of the output to input gap spacings and the ratio of the output 
to input transit times are specified, for a simple calculation shows that 

i1-?]..-"•[£•. 
lr]„ = 2 + at 

III 
ka\_d 

i.1 
and therefore in addition S, a, and also »(0)/»(d) are determined. In 
theory it is more convenient to vary the output transit time, rather than 
some other quantity (such as the anode voltage, for example), since 
otherwise a cubic equation (Eq. 3-45) has to be solved. 

The general effect on the electronic transadmittance of an output 
transit angle that differs from zero is the reduction of its magnitude and 
the increase of the negative of its phase. These changes are illustrated 
in Fig. 5-4, which shows the dependence of the magnitude and negative 
phase on the input transit angle for a tube in which the output spacing 
is three times the input spacing and the transit angles have the ratios 
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indicated.1 In the figure the transmission coefficient is given the value 
unity. It is seen that the decrease in the magnitude of the electronic 
transadmittance can be very large. An approximate formula, which 
holds if the output region is a high-velocity gap with high d-c gap voltage, 
is 

Yn~a„[ \ym(d)U + Hd)U(d)U [ j y ] J [He~^"+^U. (49) 
Since under these conditions the ratio of grid to anode velocity is small, 
the term containing the velocity-modulation admittance is small except 
for very large output transit angles. For the most part, the dependence 

0 r 2r 3*- 4r 
Cathode-grid transit angle S 

FIG. 5-4.—Dependence on cathode-grid transit angle of magnitude and phase of trans
admittance of high-mu triode assuming negligible cathode velocities and complete cathode 
space charge. Curves are for grid-plate spacing three times cathode-grid spacing and for 
three valueB of ratio of output to input transit angles. 

of the electronic transadmittance on the output characteristics is given by 

the factor [He The functions H and y are shown as functions 
of 8 in Fig. 3-8. It is significant that since the output noise current has 
the same factor, this factor drops out in computing the noise figure. 
Hence the noise figure is relatively insensitive to the output transit 
angle as long as that angle is not extremely large. These effects are 
independent of the nature of the input region. 

High-velocity Output with Small Transit Angle.—It is instructive to 
consider a triode for which space charge and transit angle in the output 
are both small. The output excitation matrix, then, is simply (1 0). 
The electronic transadmittance reduces to aa\ym(d)]kl,; it is simply propor-

1 The curves of Fig. 5-4 are baaed on calculations of J. R. Whinnery, General 
Electric Data Folder NOB. 46210 and 46218 (1942). 
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tional to the input internal transadmittance at the grid. Eqs. (47) and 
(48) reduce to 

»'-i+<*-*'f.K"-?)«l-teL+[^r 
2(1 - a,) (el»p0\ 1 

(50) 
.W 

- r. + 1 I +2ea„(l -a„)/„| 
If the input transit angle is small, these equations become 

*F«l+(W„fj3(l-^4|-^ + l | 2 

( 2(1 - aQ) (eIop0}\ 
«« V ^ r / j 

e,.c/) 
Pa 

(51) 

PoF 

+ 1 

(52) 

lL[nr + 1]J , + wl-^[nr + 1]J,-< 
On the other hand, if the input transit angle is large, 

,r.i+a^{,(i--)$, + >!l^(-£)), 

°'-W ' I f 3 (' " i) T»' + 2»- ('" «•>'•) |[ T + ' ] / 
The noise figure for large input transit angle can be very large because 
the term due to cathode fluctuations contains the factor 02. For example, 
if GBRPO and eI0po/kT are of the order of magnitude of unity, which is not 
unreasonable, and if the grid transmission coefficient is 0.8 and the tem
perature ratio is 3.5, 

NF « 1 + 3 .5(*« ' + i). 
With a transit angle of 10 radians, the noise figure is about 100. I t is 
easily shown that the noise figure as given by Eqs. (52) holds for large 
input transit angle irrespective of the output condition since the coeffi
cients of the output drop out of the calculation. 

5-6. Positive-grid Tetrode with Minimum near Cathode.—Just as 
in a triode, the principal effect of a large output transit angle on the 
electronic transadmittance of a tetrode is to reduce its magnitude and 
increase the negative of its phase. If the output region is a high-velocity 
gap with high d-c gap voltage, the factor [He V 2'],a appears in both 
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the electronic transadmittance and the output noise current. This 
factor drops out in computing the noise figure, leaving it relatively 
insensitive to the output transit angle. 

If both the grid-screen and the output regions are high-velocity gaps 
with high gap voltages, the electronic transadmittance is given by the 
formula 

l0Ud)jJ '('+©1 Ym = a*x. ( [ y . ( d ) k + [v(d)fm(d)h, [ ; § ) J J le->°UHe ' V 2 / k . ( 5 3 ) 

Since the ratio of the grid to screen velocity is small under these condi
tions, the term containing the velocity-modulation admittance is small 
except for very large grid-screen transit angles. As expected, the grid-
screen region contributes a phase delay equal to its transit angle. 

High-velocity Output with Small Transit Angle.—In order to simplify 
matters, both space charge and transit angle in the output are assumed 
to be small in the remainder of this section. However no restrictions 
are placed on the grid-screen region, except tha t there are no reflected 
electrons. The output excitation matrix becomes (1 0). The elec
tronic transadmittance, as obtained from Eq. (29), is given by 

Ym = a.aa j [ t f . (d)l*,Md)l„ + [v(d)fm(d)ha [**@f\ }• (54) 

The cathode contributes only velocity fluctuations to the noise figure, 
but both grid and screen contribute partition fluctuations. The formula 
for the noise figure is 

NF = l + [GssPo]k,^(l-l)l\-[^]tg 

+ 2a>„(l - aB) (^j j - l - j ; j[Wi(rf)]„p 

+ 2a.a . ( l -« . ) (^j ] - i - r i j . (55) 
The total grid noise current due to cathode and partition fluctuations 
becomes 

"-(0) (m) {["" (rr*+ OL + - WL ( M ) U ^-

+ K d W W l * . [ { J § ) ] J } - *'«LM«1». (56) 
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Similarly, the total screen noise current due to cathode and partition 
fluctuations becomes 

P-(0) (m) ( ~ [?]* , (^»-W]*»W- + aMd)/»(<*)]*» [jgj w l 

*.a, ([^(d)]ke[^(d)]g. + WdWfrOU, [^jp] J [ ^ + i ] J 

Very Large Input and Grid-screen Transit Angles.—It is of particular 
interest to study the effect of space charge in the grid-screen region, for 
the space charge can be used to reduce the noise figure of the tube. The 
analysis is greatly simplified by assuming that both the input and the 
grid-screen transit angles are very large, for then limiting forms can be 
used for the modulation admittances and matrix elements. 

If both the input and grid-screen transit angles are very large, Eq. 
(54) for the electronic transadmittance becomes 

* m — 
Po 

w - + [ " - r L U J L [ i + e i ° A rt<[<r"]»-(58) 

It is seen from this formula that the electronic transadmittance can be 
made larger than asaa/po by making the product [v(d)/d]k<,[8/v(d)]„, 
greater than unity and by selecting a suitable value of the input transit 
angle, for then the velocity modulation produced by the input voltage 
gives rise to a large output excitation current because of the long drift 
time in the separation region. 

However, for a low noise figure, conditions leading to a greatly 
enhanced electronic transadmittance are not the most favorable, as has 
been observed by L. C. Peterson.1 In fact by properly choosing [<r]e, 
contributions to the output noise current arising from density and 
velocity modulations at the entrance plane of the grid-screen region can 
be made to cancel each other. The result is that the principal contribu
tion to the noise figure is eliminated and the noise figure is very sub
stantially reduced. 

When both input and grid-screen transit angles are very large, Eq. 
(55) for the noise figure reduces to 

'L. C. Peterson, Bell Telephone Laboratories MM-42-130-91. Llewellyn and 
Peterson use a space-charge factor f which is (1 — a)v{d) /[w(0) + v(d)]. 
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NF m 1 + [GBUPOU Y {3 ( l - 3 ) | M . 

'"--[IPLUl 

+ 

+ 

2 ( 1 -— gg) (ehptl 
a, \kT ) 

+ «"!*, 

2(1 
a.a, \ AT / 

'"»-mj.-4i." + «"U 

w--[fl.[^l." + ->- (59) 

Examination of this expression shows that the contiibution arising from 
cathode fluctuations, which is usually the largest term because of the 
factor [d2]ta, can be made zero by putting 

For this value of the grid-screen smoothing parameter, 

ceaac 

Po 
[«->»]„ 

(60) 

(61) 

Since this parameter is never greater than unity, the condition of Eq. 
(60) gives a reduction of the electronic transadmittance from its low-
frequency value a,aj/po, which is accompanied by a decrease in the gain 
of the tube. I t is to be noted that the contribution to the noise figure 
arising from grid partition fluctuations is zero if [a]0, is zero but that the 
contribution arising from screen fluctuations cannot be made zero. The 
three contributions all vary inversely with the square of the magnitude 
of the electronic transadmittance. There is an optimum condition, which 
is not greatly different from Eq. (60), for which the noise figure is a 
minimum. I t is to be expected that such a condition exists under much 
more general conditions than have been here assumed. 

5-7. General Relations for Velocity Distribution Phenomena.—The 
general properties of the beam are described in terms of the distribution 
in velocity of the electrons of which it is composed. Such a description 
can be made using a charge distribution function or a current distribution 
function. The two are proportional, with the velocity as the factor of 
proportionality. In this discussion the current distribution function 
i(x,v,t) is used. Its definition is that i(x,v,f)dv is the current at the plane 
x at time t due to electrons having velocities in the range v to v + dv. 
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If ^(x,t) is the lowest (or most negative) velocity at the planes at time t, 
the integrated current is 

i(x,t) = / dv i(x,v,t). 

Similarly, the charge density is 

P(x,t)= [' * < & g f i . 
;>'W) Av 

The current distribution function can be used to calculate current 
averages in the beam. For example, if »*(a;,t) ^ 0, the instantaneous 
average velocity of the electrons passing through the plane x at time t is 

/ dv vi(x,v,t) 

r dv i(x,v,t) 

and the instantaneous mean square deviation from the instantaneous 
average velocity is 

A(x,t) = 
f dv[v2 — v{x,ty]i(x,v,t) 

Jv'(x,t) 
/ ■ 

Jv'(x,D 
dv i(x,v,t) 

Lioiuritte's Theorem.—If the electrons with the velocity v at the plane 
x at time t were injected at x = 0 with velocity v' at time t', because of the 
conservation of particles 

i(x,v,t)dv dt = i(0,v',t')dv' dt'. 

However in addition there is a relation between i(x,v,t) and i(0,v',t') which 
does not involve differentials. This is 

i(x,v,t) = i(0,v',t')j , 6 2 ) 
v v' 

and is a form of Liouville's theorem. 
The proof of the theorem is obtained by considering the two-dimen

sional phase space in which x is the abscissa and v is the ordinate. Each 
electron is assigned a point in this space according to its position and 
velocity. The point will move about in time. The area Ax Av occupied 
by the points for a cluster of neighboring electrons having about the same 
velocity has the property that it does not change in time; for 

<"«-[! (a)+ Bfe)]*"« 
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v are to be regarded as functions of x and v; 

This is one statement of Liouville's theorem. In terms of x,v,t and Q,v',t' 

v dtdv — v' dt' dv'. 

Therefore Eq. (62) follows from the preceding equation for particle 
conservation. 

According to Liouville's theorem the density of electrons in phase 
space does not change with time provided one keeps moving with the 
electrons. Thus the total derivative of i(x,v,t)/v is zero if taken along 
with the electrons. This derivative is 

The direct proof of this relation gives an alternative derivation of the 
theorem. 

Liouville's theorem has an important bearing on the theory of space-
charge devices. The distribution function is used to calculate the 
properties of the beam. The theorem gives this function at any plane 
in terms of the function at the plane of injection once the motion of the 
electrons is known. 

Thermal Distribution of Velocities.—The electrons emitted by a 
cathode have very nearly a Maxwell-Boltzmann velocity distribution. 
If there is a positive electric field at the surface, electrons are prevented 
from returning to the cathode. The distribution function at the cathode 
is then zero for all negative velocities and is given by the expression 

•mo' - — 

for 0 ?= !>'. In this expression —/„ is the total cathode emission current, 
T is the absolute temperature of the cathode, and k is Boltzmann's 
constant. This constant has the value 1.38 X 10 - 2 3 joule/degree; for a 
temperature of 1160 degrees Kelvin, kT — ^ electron volt. Ic is deter
mined by the emissive properties of the cathode and by its temperature. 
Since in the presence of an accelerating field the current is not changed 
appreciably by changing the field but is changed by changing the tem
perature, such a cathode is said to be temperature-limited. 

The average velocity of emission and the mean square deviation from 
the average are given by the formulas, 

but ft - a(x,t) and ^ 

hence 
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/ dv' v'i(0,v') 
t > ( 0 ) - J ° -

A(0) = 

/ dv' i(0,v') 

f dv'[v'* - K(0)2]t'(0,f') 

f ' dv' i(0,v' ) 

For a Maxwell-Boltzmann distribution, they have the values, 

y(0) = V 2^ - v*> m = ̂ v-i)-
If the d-c potential measured from the cathode is V(x) at the plane 

x, the velocity of the slowest electron, in the absence of an r-f field, is 
y/2eV(x)/m. The velocity of an electron emitted with velocity v' is 
given by 

v(x;v') = v'2 H ^ - ' I • 

The semicolon is used to emphasize the fact that v' is not the velocity 
at x but rather the velocity at x = 0. The d-c distribution function is 
easily obtained by using Liouville's theorem. I t is zero for all velocities 
less than \/2eV(x)/m; for velocities greater than this value, 

v ./„ ,s T TTIV 
-[?-'»] 

If the field at the cathode is negative and the d-c potential has a 
minimum a distance c from the cathode, all electrons with energy insuffi
cient to get them past the minimum are reflected. The distribution 
function at the cathode is 

mv' -H^l 
i(0,v>) = - I . j J e « r , -u(c)<v'; 

i(0,v') = 0 , v' < -u(c), 
where w(c) is the speed of injection of an electron which has energy enough 
to just reach the minimum 

F2i7(c) 
m 

The integrated current is 

w(«0 = J -

/

« ffltt(c) * 

di / i (0 / ) = -1.6 2 i r = - J ^ M / ^ = - / „ . 
-u(c) 
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The distribution function anywhere in the gap is again easily obtained 
from charge conservation or from Liouville's theorem. For example, at a 
plane beyond the minimum (x > c), 

kT 
i 

i(x,v) = 0 , v < vl(x); 
i(x,v) = -J« f f« *r . ^(x) ^ v> 

where 
us r ^ , , 2e7(x) lw f 267(c) 2ey(s)1* 

The integrated current is, of course, the same as t'(0), 

i(x) = -Iee'y<c^tT = -7o. 
In terms of Jo, 

_[g?-<yw+.1r(.)] 
i(as,») = - ^ o ^ ? e * r , t>'(z) £ v; 

i{x,v) = 0 , « < v'fc)-

The average velocity and mean square deviation are 

v(x) = ^ - (Vl + * f " dz e - ) , 

A(x) - ^ [ l + i, - ( v ^ + e" f " dz e - ' ) ' ] 

where ij = e[F(z) — F(c)]/fcr. At the minimum 

" ^ V ^ ^ ' A ( C ) = ^ T V 1 _ 4 | 
In the limit »;—»<», 

v ' \ m [ m m J ' 

At the minimum the velocity spread, or root mean square deviation, is 
of the same order of magnitude as the average velocity. On the other 
hand, in the limit i> —» w the velocity spread becomes a negligible fraction 
of the average velocity. 

Series Formulation.—It is seen in Chapter 3 that the results of the 
Llewellyn theory are given directly in terms of the series formulation 
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a(x) = — Iaa(x) + i,(x), 

■{*&> 
(63) 

vu(x) = - 7 . 1 ^ 1/8(x) + ».(*). 

The theory of velocity-distribution phenomena also leads directly to 
the series formulation. The three quantities, e„ i,(x), and v,(x) can be 
written in terms of modulations in the distribution function at injection. 
If the lower limit at injection is negative or zero, the expressions have the 
form 

e. = / dv' t„(0,»')2„(t-'), 

i.(x) = I dv'ia(0,v')a(x;v'), > (64) 

v.(x) = - ^ [ ' dv' ia(0,v'Mx;v'). 
—io Jo 

where ze(v') is the excitation impedance for injected electrons in the 
velocity range v' to v' + dv', and a(x;v') and fi(x;v') are the corresponding 
series density and velocity modulation functions. From Eq. (3-11) 
it follows that 

1 1 fd 

Z'{v')=j^Cd]o dxa{x'v,) ( 6 5 ) 

The shunt excitation and modulation functions of Eqs. (5) are related 
to the series functions as follows: 

*(*') = zg{v')Y„ 1 
Mi(x;t/) = z,(v')ym(x) + a(x,-v'), ) (66) 
M.(Z;«0 = z,W)Mx) + Kx;V).) 

Integral Equation for the R-f Field.—The determining relation which 
is encountered in the small-signal approximation is an integral equation 
of the form 

/ : ■ ^ ( x ) = &„(x) + / dfo„(f)X(f,x), 

where a«(x) is the Fourier integral transform of the acceleration a(x,t). 
The quantity 6«(x) is a known combination of d-c and r-f quantities. The 
kernel K(£,x) is calculated from the d-c characteristics of the gap, namely 
the d-c distribution function of the injected current and certain phase 
factors containing d-c transit times. 

The solution of this equation is given by Fredholm's theory1 in terms 
of a resolving kernel L(x,y) which is itself a solution of the integral equation 

1E. T. Whittaker and G. N. Watson, Modern Analysis, Chap. 11. 
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L(x,y) = K(x,y) + j ^ d{L(x,{)K({,y). 

This equation is free of r-f amplitudes but contains the frequency in the 
phase factors of the kernel. I t has been found possible to find the 
resolving kernel in closed form in only a few relatively simple limiting 
cases, such as the limit of low frequencies or negligible velocity spread. 
However the theory gives formal expression to the fundamental con
cepts of the r-f behavior of a gap containing space charge and is a starting 
point for detailed calculations of the characteristics of the region. 

The solution in terms of the resolving kernel is 

au(x) = 6„(x) + / d{ba({)L(t,x). 
Jo 

The function b„(z) is linear in the amplitudes Ja and ju(0,v'), which 
are the Fourier integral transforms of J(t) and j(0,v',t'), respectively. 
By using this equation, the r-f characteristics are obtained explicitly 
in terms of the resolving kernel. 

5-8. Low-velocity Gap without Reflections.—The discussion of 
velocity-distribution phenomena in a uniform region is greatly simplified 
if all the electrons traverse the gap in the same direction without reflec
tions. Since there are no electrons with negative velocities in the gap, 
the lower limit vl(x,f) is everywhere positive at all times. 

I t is shown in this section that the resolving kernel for such a region 
is determined by the equation 

L(x,y) = K(x,y) + f* rffL(x,f)X(f,y). 

This is a Fredholm integral equation with variable upper and lower limits. 
The kernel is 

K(x,y) = / dv'i^Q- Ae^lfW-'Wi (67) 

where j(0,v') = ei(0,v')/mAe0 and T(y;v') is the time required for an 
electron to go from the injection plane to the plane y in the absence of the 
r-f field. 

In the limit of zero frequency, the kernel is shown to be 

where a(f) is the acceleration experienced by the electron at the plane £ 
in the absence of the r-f field. The resolving kernel is found to be 
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If all the electrons at any moment are injected with the same velocity 
(Llewellyn approximation), the kernel is 

and the corresponding resolving kernel is found to be 

D-c Conditions.—The acceleration in the absence of the r-f field is 
calculated from the equation 

ax y, iw v J,'m v(x;v') 

the equation for the acceleration can be integrated directly, 

where 

Since 

J'h 
a(x) - a(0) = - / dv'j(0,v')T(x;v'). 

J "kn 
However, another and more useful expression is obtained by multiplying 
by a(x) before integrating, thus obtaining 

a(Xy - o(0)2 = - 2 / dv'j(0,v')\v(x;v') - v'\. 

The introduction of the d-c potential 

V(x) - ^ f dXaiX) 
« Jo 

as the independent variable makes it possible to solve this equation by 
separation of variables. The function a(x) becomes a function of V 
alone: 

a(x) = |a(0)» - 2 Jj dv'j(0,v') [(v'* + ? ^ - „ ' ] } ' 

Hence 

,-if'" .̂ (68) 
mJo a(x) 

This is a form that lends itself to numerical integration. 
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The a-c resistance of such a region, of which a temperature-limited 
diode is an example, is infinite, since a small change in the d-c voltage 
produces no change in the current. If, however, the field at the injection 
plane is zero and is kept zero during the change, a change in current is 
required to satisfy the conditions. On putting x = d in the last equa
tion and differentiating with respect to h, there is found for the a-c 
resistance under such conditions 

dV(d) ma(d) f , d . , , ,; = — — / dx -yf- In a(x). dh e Jo dh 

Usually j(0,v') is simply proportional to h and -ry In a(x) = sy- Then 

a{d)d 
H 2J„Ae0 

This expression is readily checked for Childs' law, since 

v w . ^ ^ , 

and 

a(d) = Jo*(6d)». 

Hence by differentiation or by substitution in the above, 

_ (6rf)* 

Derivation of Integral Equation.—Because of the presence of noise, 
which has a continuous spectrum, it is convenient to represent all time-
dependent quantities with Fourier integrals. To this end, there is 
introduced a time interval much longer than all periods under considera
tion and all time-dependent functions are put equal to their average values 
outside of this interval. It is then possible to carry out the Fourier 
analysis without difficulty in terms of Fourier integrals in the usual way. 
For example, 

Kx,t) = j(x) + f'^ Ijifry-, 

where j(x) is the average value of j(x,t) and i»(ai) is its Fourier transform, 

i.(*) - / _ m dtj(x,t)er*->>, (69) 

and it is understood that the integration is actually limited to the time 
interval mentioned. 
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When written in terms of Fourier transforms, Eq. (18) takes the form 

jwau(x) = - Ju + ;„(z). (70) 

The procedure in the development of a general consistent theory is to 
find an expression for ju(x) in terms of (^(x). The transform of the time 
T(x,t;v') required for an electron which is injected with velocity v' to reach 
the plane x at time t appears at an intermediate step but is eliminated by a 
direct calculation from the field. 

On introducing the velocity distribution into Eq. (69), 

3»(x) = I dt I dvj(x,v,t)e 

If an electron at the plane x with velocity v at time t was injected at 
x = 0 with velocity v' at time t', then by particle conservation 

j(x,v,t)dv dt = j(0,v',f)dv' dt'. 
Hence it follows that 

Ux) = / &te+« I dv'j(0,v',t')e-
J - - y»,(o,i'> 

In this equation Fourier integral expressions are substituted for the three 
time-dependent quantities, j(0,v',t'), 1^(0/), T(x,ty>'), and only terms 
linear in the amplitudes are retained. The result is 

j.(x) = I dv%(0!v')e-il'T(x-v) _ Wi,(0)l7,(0,w'(0))e-*",(»:'I<0» 
y»'(0) 

- / dv'j(0,v')jo,Ta(x;v'). (71) 

In the single-velocity theory the corresponding expression is Eq. 3-18. 
The next step is to use 

T{x,t;v') = £ dV [v'* + 2 £ #"a(r",*")] 

to find an equation for T„(x;v'). Now 

atfVO = a(f") + f~m ^ ( f " ) ^ , 

v(v,v) «jV* + 2jo'dra(r)J*. 
These expressions are substituted in T{x,t;v'), the denominator is 
expanded, and quadratic and higher term.? are dropped: 

2W) = 7W) - j'^jldn^fodM)^-yK 
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Hence, after rearrangement, 

Tu(x-/) = fc dta.WeM'M-iW^lTix-S) - Ttfy,')]. (72) 

The desired integral equation is obtained by using Eq. (70) with 
Eq. (71) for ju(x) into which Eq. (72) has been substituted. The result 
is an integral equation with a variable upper limit, 

a„(x) = K(x) + / *a»(f)jff(r,i), (73) 

where b„(x) is defined by 

jubu{x) = - J u + / dv%(0,v')e->»TW> - ^(0).7-(0,y;(0))<r-''"''<z;»'<o» 
J »'(o> 

(74) 
and the kernel is given by Eq. 67. 

Density Modulation.—By Fredholm's theory, Eq. (73) has the solution 

a„(x) = bu(x) + / dfbB(f)L(f,x), (75) 

where L($,x) is the resolving kernel. The resolving kernel is, in turn, the 
solution of 

j ' dSL(x, L(x,y) = K(x,y) + J^ dfL(x,f)X(r,2/), (76) 

which is the fundamental integral equation of the uniform low-velocity 
gap without reflections. The r-f characteristics can be written explicitly 
in terms of the resolving kernel. 

In order to find the density modulation, Eq. (75) is substituted in 
Eq. (70). The result is found in the series form, 

iu(x) = — Iaa(x) + i,(x), 
with 

-f. a{x) = dfL(r,x) 

t.(x) = / dv%(0,v')a(x;v') - »L(0)i'(0,i;'(0)a(x;«I(0)), 
y»'(o) 

(77) 

where in the latter expression 

a(x;v') = e-i"T<-'-'"> + / dfe-»'»''(f:,"L(flx), (78) 

which is the series density-modulation function. 
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Gap Voltage.—The elements of the series formula for the gap voltage, 

are calculated from the integrals of Eq. (3-11). The results are 

e. = / dv'iu{Q,v')s„{v') - vl(0)i(0,v>(0))z„(vl(0))! J »'(0) 

(79) 

with the excitation impedance given by 

^ - ̂ u^^t1+r*L(x-f)]- (8o) 
It is interesting to note that, since the transit angle tends towards zero 
with increasing electron velocity, a a i > ' ^ » , 

a(x;v') -> 1 + a{x), z„(v') -» Za. 
Therefore from Eq. (66) it is seen that the excitation function IM(V') 
and the density-modulation function Hi(x;v') both have the limiting 
value unity for very high velocities of injection. This is as expected 
since very fast electrons are practically unaffected by the field. 

Velocity Modulation.—It follows from the definition of the instan
taneous average velocity at the exit plane v(d,t), that the velocity 
modulation at the exit plane is given by the relation, 

- »«■" Y^m^] "■"•'"■M- <81) 

In order to convert this into the series form 

vu(d) = -/„ (^j 0(d) + v.(d), 
where, as it turns out, 

f .W = - ^ r ( / dv'i„(0,v')f)(d;v') ~ vl(0)i(0,v<(0))f}(d;v'(0))} (82) 

the two quantities, ia(d,v) and v\,(d), must be expressed in terms of /„, 
t ' .(0y), and vL(0). 

The first step is to find formulas involving au(x). From Liouville's 
theorem, 

i«(d,v) _ iu(0,v') _. eH-rwy) - - A , r i ^ j / dxau(x)<n«W>-Twn. (83) 
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From the energy integral, 

v'(d)vl(d) = t>'(O>L(O)e-''»I,<<':'',<0» + / dxau(x)e-i»WW»-T<*:*,u»l (84) 

Eq. (75) is used to eliminate a„(x). There enters the quantity, 

a(v',v") =1 dxa(x-/)e-i°W">-TWA (85) 
d J o 

The substitution of the results in Eq. (81) leads to the expected form with 

3<» J*<(0) L v(d) J dv" \ v" / 

M -m—\~m~ (• 'v(0)' 
L v(d) J joij ,(0) L «(d) J 

_*. £ < ° ^ a ( l / 0 _ A f"'W ~ "W|i(oy(0)) , , .,,.„ 
dv" \ v" J a(V 'V > ju I v(d) J t>'(0) a(-V 'V (0))' 

where v(d) is the d-c average velocity at the exit plane and v(d;v") is 
the velocity at the exit plane of an electron injected with the velocity 
v", computed in the absence of the r-f field. 

LoiD-frequency Approximation.—A power series expansion in u can 
be expected to converge rapidly at low frequencies. The first terms are 
readily calculated. Such an expansion gives for the kernel 

) 

(86) 

The first term is 

/ , V
1 ^ a(v) dri* 

as is seen by referring to the d-c conditions. The corresponding term 
in the resolving kernel is 

as a direct substitution in the integral equation shows. The second term 
in the resolving kernel is 



(89) 
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This term is obtained by deriving from the integral equation an equation 
containing only terms proportional to ja>. This is an integral equation 
the kernel of which is the first term of K(x,y). 

The resolving kernel is, therefore, 

v "" dx dy L \Jx a{vY 2 J,.(0) v' dv' 

{[/•*M-[/'*^]"))]+--« 
By using this expression it is found that 

«(*) = - 1 + T- O(0)a(x) I / - ^ — -fr I dv' 7— -r-; 
v ' ' dx L \./o a(ij)* 2 y,i(o) v' d»' 

• |[ /;<$H/>^]'))]+--
_ 1 a(0)a(d)f (* Jn__3» f" , , , / J M i A 
* ' ~ i»C <Z Vyo a(i)» 2 ;„(0) «' dp* 

■([/:^r-[/>^]])--
and in addition 

a(x;v') — a(x) — 1 

= _yw jL ja(a;) £ d, _L_ [„(„/) - „ ' ] } + • • , I (90) 
z„(„0 - Z. = - j j y f ^ ' ^ . W ^ " V] + • 

Similar expressions can be derived for /3(d) and f)(d;v'). 
Llewellyn Approximation.—In the Llewellyn approximation all elec

trons at a given plane at a given moment are assumed to have the same 
velocity. Thus 

i(x,v,t) = i(x,t)i(v — v(x,t)), 
where S(v) is the Dirac delta function. This problem is discussed in 
Chap. 3 by using the Llewellyn equation, which is based on the fact that 
current and charge density are proportional in this approximation. Such 
a treatment has no 3imple extension to multistream phenomena. Foi 
this reason it is of interest to see how the Llewellyn electronic equations 
are derived from the more general theory of this chapter. 

In the small-signal approximation 
i(x,v) = i{x)S(v — v(x)) = —Io&(*> — v(x)), 

K(x,v) = iu(x)S(v - v(x)) + I<t>a(x)&'(.v - v(x)), f ( 9 1 ) 

where &'(v) is the derivative of the Dirac delta function. 
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The kernel becomes 

In order to find the resolving kernel, the following two functions are 
introduced: 

k(x,y) = K(x,2/)e'»['-(^(o))-I-(I;,co))]j 

The integral equation becomes 

l(x,y) = k(x,y) + J^ d[l(.x,{)k(£,y), 
with 

m,y) = -jtJ'dv^ 

The integral equation can be converted into the differential equation 

" ^ dx V ^ dx p 1 ' ^ 1 ' 8 ' ' _ k(x,y)] ) = -Jok(x,y), 

which is to be solved with the conditions 

i(y,y) = Hy,y) = o, \— [i(x,y) - k(x,y)]\ = o. 
The solution is 

Kx,y) = . . ° / dri -r-^r, v(x)v(y) Jx v(ri) 

and hence the resolving kernel is 

L(x,y) = vi~^y) lT(y,v(0)) -T(x;v (0))]e-Mr<^Co»-r<*;„co»]. ( 9 3 ) 

With the distribution function as defined by Eq. (91), the series 
formulation as given by Eqs. (63) and (64) becomes 

y. = -iuz. + i„(o)zMQ)) - /*.(o) (d^fi) > 
\ ov /„(0) 

Ud) = -Iaa(d) + ia(0)a(d;v(0)) - l„va(0) (~a(d;v')) , 
\av / „ ( o) 

-'■&)«» + $.[<■ 
(94) 

»-(d) = - M : f r J 0W + r r K(0)/3(rf;i>(0)) 

-7^(0) U 
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The nine coefficients are known functions of the resolving kernel, which 
is also known. They can be calculated in detail.1 The results are 
identical with those of the Llewellyn calculation. 

Narrow Velocity Spread.—The integral equation treatment of the 
electronic behavior of a uniform gap makes possible a formal extension 
of the Llewellyn theory to include a narrow spread in the velocity of 
the electrons of the beam. Since no convenient representation of the 
resolving kernel has been found, only a brief indication of the method 
will be presented. 

The distribution function can be used to calculate the current and a 
set of moments, the first two of which are the average velocity and the 
mean square deviation. Thus 

i(x,t) = / dvi(x,v,t), 

i(x,t)v(x,t) = / dwi(x,v,t), 

i(x,t) A(x,f) = / dv[v2 - v{x,tY]i(x,v,t), 

and so forth. If the velocity spread is small, it is possible to show that 
for the purpose of calculating average values the distribution function 
can be represented as follows: 

i(x,v,t) = i(x,t){S(v - v(x,t)) + iA(x,t)8"(v - v(x,t)) + • • • ) . (95) 

Using this expression, it is found that 

(96) 

i(x,v) = -h{8(v - v(x)) +iA(x)6"(v - v(x)) + ■ ■ • } , 
i*(x,v) = iu(x){&(v - v(x)) +iA(x)5"(v - v (x)) + • ■ • \ 

+ vu(x)h{S'(v ~ »(*)) + *A(x)«"'(» - v(x)) + • • • 
- A.(i)/o{*"(» ~ »(*)) + • • • } + • • • • 

where 

—Iov(x) = / dwi(x,v), 

— IoA(x) = / dv[v2 — v(x)2]i(x,v). 

The electronic equations take the form of relations giving Vm ia(d), 
vu(d), A„(d), etc., as linear functions of Iu, 4(0), vu(0), A„(0), etc., the 
coefficients of which contain I0 and the d-c moments. The Llewellyn 
theory gives an exact solution under the assumption that the second 
and all higher moments are zero. 

1 See "Temperature-limited Diode," J. K. Knipp, RL Report No. 761, 1946. 
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The kernel is 

where 

K(x,y) = [ l +±A(0) ^ ~ + • ■ ■ ) KL(x,y), 

Ki(x v) = — — P-)'»fT(»;f(0))-r(»;»(0))] 

(97) 

is the kernel for the Llewellyn approximation. 
5-9. Retarding Field with Reflections.—The presence of electrons 

with negative velocities is a complication which is difficult to handle. 
Since the theory in its present state leads to very few results, only a brief 
discussion will be presented. For reflection of electrons to take place 
the field must be positive. I t can either be positive all the way across the 
gap or start out positive at the first plane and end up negative at the 
second plane. In the latter case the potential has a minimum within 
the region. This minimum is itself a complication. I t has been treated 
successfully at low frequencies and affords an explanation of the space-
charge reduction of shot noise. The discussion of this section is restricted 
to conditions in which the field is positive everywhere in the region. 
The d-c voltage of the second plane is negative with respect to the first. 
Electrons which are injected with high energies are able to overcome 
the retarding field and reach the second plane. However, the low-energy 
electrons are stopped in the region and sent back to the first plane. If 
these reflected electrons spend an appreciable fraction of a cycle in 
the region, they affect the r-f behavior of the region in many ways. They 
load the circuit through a contribution to the beam loading; they excite 
the gap voltage through a contribution to the exciting current; and 
through their own modulations they affect the modulations of the 
electrons that reach the second plane. 

Space-constant Field.—A relatively simple and very instructive 
example of reflection phenomena is afforded by a region in which the 
reflecting d-c field is very strong and the current densities are small. 
Space-charge is negligible and the electric field can be treated as space-
constant. It is represented by 

n, ,■> ma(t) m , 
E(x,t) = ±± = - - (a + a„e>»<), 

where a is a negative quantity. The r-f voltage is Va = maad/e. 
Since, under these assumptions, the electrons affect each other only 

indirectly, only a single velocity group need be considered. The effect 
of a distribution in velocity is the average over the velocity groups of 
the effects of the separate groups. 
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In the region penetrated by the electrons, the electron current is 
the sum of contributions from the oncoming and reflected streams, 

i(x,t) = i+(x,t) + i~(x,t). 

If an electron at the plane x at time t with a positive velocity was injected 
at x = 0 at time t', the time of passage is t — t' = T(x,i). Similarly, 
if an electron at the plane x at time t with negative velocity was injected 
at x = 0 at time t", the time of passage is t — t" = T~(x,t). They are 
represented by 

T{x,t) = T + r„(x)e>'"', 
T-(x,t) = T - T' + TzixW. 

where T is the total time spent in the region and T' is the time required 
to go from the first plane to the plane x without reflection, both in the 
absence of the r-f field. By particle conservation, 

i+(x,<) = * W ) ft> i-(x,t) = -i+(0,t") §'» 
and therefore 

i*(x) = i±(0)[tf-" - e-**-"] + I4JUTU(X) - jtoTz(x)]. (98) 

This expression is to be compared to Eq. (3-18) of the single-velocity 
theory. 

The quantities T*(x) and Tz(x) are readily found by direct integration 
of Newton's law. If v(x) is the speed of the electrons at the plane x, 
in the absence of the r-f field (v(x) is always positive), the result is 

l a W V(X) v(x)(ju)*[1 e je e U 

TZ(x) = ?^jl (T - T')e-*,-r> } (99) 

A. a" fl _ p-HO-V) _ Ala _ o'\ p-HI-IT) 

The quantity of interest is the driving current, 
T / 2 

dT'v(x)ia(x). 

The integration is carried out using v(x) = w(0) + aT' and the result 
expressed in the familiar form, 

The expression which is found for the beam-loading admittance is 

j-^ e~'*, (100) 
_ Go (V(0)TY 
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where Go = Io/V<>. The dependence of its real and imaginary parts 
on 8 are shown plotted in Fig. 3-4. The expression for the exciting 
current is 

(u~^)eJi. (101) 

Because of cancellation, the exciting current is zero for zero 6. Except 
-i» 

for a term i"(0)Me 2 which is not present in Eq. (101), the above expres
sions for YB and t„ are very similar to those for the high-velocity gap 
(see Eq. 3.37). 

D-c Conditions.—The acceleration in the absence of the r-f field is 
calculated from the equation 

dx 
where 

J »'(x) 
*»(*) _ _ / dvj{X,V\ 

vl(x) = - [ - 2 ^ dfa(r)] , 

since the velocity distribution contains reflected electrons. All the 
electrons in the region are injected at the first plane and therefore the 
above integral can be expressed in terms of j(0,v'), 

dx J-uw v(x;v) Juid) v{x;v) 
■') 

~Y 
where 

J o d i a i i ) ] 
-2 r*a(f)J 
vn + 2 

Jo 
v(x;v') = 

u{x) = 

Direct integration gives 

a(x) - o(0) 2 / dv'j(P,v')T(r',v') - 2 / dv'j(0,v')T(x;v') 
Jo J u(x) 

- f dv'j(0,v')T(x;v'), 
Ju(d) 

where r' is the plane of reflection of an electron injected with velocity 
v'. On the other hand, integration after multiplying by a(x) gives 
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o(x)J - o(0)2 = 4 / dv'j(0,v')v' - 4 / dt/j(0,i/)Kx;t/) - v'] 
JO J «(i) 

- 2 / d t ^ O / M * ; ! / ) - »']. 
Juid) 

The introduction of a(d) yields the simpler relation, 
f»(.d) r . 

a{xY - a(d)2 4 / di/.?-(0,t/Mx;i/) - 2 / <fo'j(0/)[t>(:r;»') 

- v(d;v')]. 

By introducing the d-c potential, a form is obtained which is useful in 
numerical integration. 

The d-c voltage at the second plane is 

V(d) = - ^ . 

The a-c resistance is p = dV(d)/dIo; but 

7o = - / dv'i{0,v'); 
Ju(d) 

hence 
1 _ z « ( W ) (102) 
p mu(d) K 

For a Maxwell-Boltzmann distribution, this expression yields the familiar 

p/o = — -
e 

At 1160° K, kT/e is A volt. 
Integral Equation.—The Fourier transform of j(x,t) is 

j*(x) = dt dvj(0,v,t)e-*" 
j - « y»'<».o 

It can be written in terms of j(0, v', t'): 

dt'\- I dv'j(0,v',t')e-'"> + / dv'j(0,v',t')e-i°'\, 

where w(x;0 is the speed of injection of an electron which is injected at 
t' and reaches x with zero velocity. 

The two time intervals T(x,t;v') and T~(x,t;v') are introduced; they 
are the times required for an electron injected with velocity v' to reach x 
at time t directly and by reflection, respectively. In terms of these 
quantities, 
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dt'e-""' / dv'j(0,v'Z)[e-""-^<y> - e->»r-(r,<;.')] 
[J «(*;«'} 

+ / dv'j(Q,v',t')e-'""r(l-'-''i \ ■ 
Ju[d;t') J 

On introducing Fourier integral expressions for all time-dependent 
quantities and keeping only terms linear in the amplitudes, there results 

fuid) 
ja(x) = / dv'ju(0,v') [e-""1 <*;»') _ r i . r - W ] 

JuM 

+ / dv'ja(0,v')e-i»TW - / dv'j(0,v') [jo>Tu(x;v') 

- jaT^(x;v')) - I dv'j(0,v')juT„(x;v') 
Ju(d) 

- ua(d)j(0,u(d))e-''aT'i"u('',). (103) 

A. simple calculation yields [compare with Eq. (84)] 

M"(d) = ~ Z(3) / o *a-(f) f l , '" r ( r :"w"- (1 0 4> 

Eq. 72 is valid for T^x;!/), which is written in the form 

T„(x;v') = - / # 0 . ( 0 - 4 r - , e^-tTte^j-rtfy)]. (i05) 
j o Jwy <w 

The derivation of an expression for T^(x;v') follows along similar lines 
but is somewhat more tedious since care must be exercised to avoid 
integrals which diverge at the point of reflection. I t is found that 

Tz(x;v') = ~ Jo #o - ( r ) jjljp e»-[r(«*)-rcry>] 

- / <2fa„(f) . d rg-»«[r-(iy)-r(r;.')] _ e^ r^ ' i - r t f ; - ' ' ) ] ! (106) 
7o "'jtal/dv'1 v 

I t is of interest to note that if a(f) and Ou(f) are constants, these expres
sions give the Eqs. (99) with itf(O) = 0, as direct integrations show. 

The integral equation for a„(x) is obtained by using Eq. (70) with Eq. 
(103) for j„(x) into which Eqs. (104), (105), and (106) have been sub
stituted. The result is 

a„(x) = 6„(x) - j£rp er^-r-'-i-w)) + J* d^^K^x), (107) 

where ba(x) is denned by 
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jabu(x) = - / „ + / dv'ja(Q,v') [er>'-T(*rt _ e-wi-cwoi 

+ / dv%(0,v')e-i°T(*y\ (108) 
and c is the constant 

C» = 2J0
 dfa»(f)e''"T<r:uW"> (109) 

and the kernel is denned as follows: 

-K(f,z) - .Fa",*) + G(l;,x), t<x,\ n i m 
X(f,s) = F(x,f), x < f; / l l l 0 > 

fu(i) i(Ov') d \ 
F(t,x) = / d y ' ^ V 1 - ^ rc-'-Iru^J-Ttfy)] _ e-HT-w-Tt.t-sw ] 

Ju(x) J^V' dV'1 ' ' , „ , , 

Density Modulation.—The solution of Eq. (107) is 

a„(x) = K{x) + f df6„(r)L(f,z) - ^ Fff-/.i-e.i«w> 

+ / rfre-)»r"(r:"w))L(f,a;) 1 

where cu is a constant that remains to be evaluated. After substituting 
from Eq. (108), the solution can be written in the form, 

(x) = - J J 1 + *(*)] + j dv'j„(0,v')<t>(x;v>) - £ +-(z), (112) 

rd 
where 

<t>(x) = / dfL(f,x), 0-(x) = e-''-'-«*:-<''» + / dr<r-*»«"<r:««»L(r,a;), 

/ df[«r'-rtfi-') - e^-'"(f^>]L(f,x), 0 < i/ < u(x), 

[g-i-TCx;*) _ 6-,ur- '*;^)] + / df[e-7»T(f;«'') _ e->«r-<f;»')]£(f)a.) 
Jo 

u(x) < I>' < u(d), 
e-»r<*y) + / dfe^-r<ry)L(f,x), u(d) < v'. 

Jo 
The constant c„ is found by using Eq. (112) in Eq. (109). The result 

is 

^ -J.x + ]o dv'M0,v')x(v'), 

Ci Wi> + x- ( U 3 ) 
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where 
= l-f' dj6 

d 

dx[l + 0(x)]e»'-''<Ii-w>, 

x(v') = \ f dx<t>(x;v')e>»T^»m, 
d Jo 
1 fd 

X~ = j / dx<ir{x)e'"T^-u^\ 
d Jo 

Hence 

j«a»(i) = - J . {1 + *(aO - * ( x ) x 

+ JJ&MOS) {«**) - £ § T £ } - <114> 
Eq. (70) gives the density modulation, which is written in the series 

form 
iu(x) = —Iua{x) + i,(x), 

with 

i.ix) = / i,(x) = / dv'iu(0,v')a(x;v'). 

The coefficients are 

«w = *w - j£rfa (116) 

«(» )̂ = *(,,v) - ££%&■ 
Jutp + x 

In the limit of zero transit angles, <t>~{x) becomes 1 + 4>(x), x~ 
becomes x, and it is found that 

For the gap admittance is found 
1 j„C 

Yt —* > 
P X 

which is just the sum of the a-c conductance and the susceptance due to 
a capacity modified by the presence of space charge. In addition 

VmW)-i-£!p*(d). 
As expected, the internal transadmittance at the exit plane becomes the 
sum of the a-c conductance and a low-frequency space-charge contribu
tion. In the limit of zero transit angles, <t>(x,v') and x(v') both become 
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zero for velocities of injection too small to reach the second plane, 
v' < u(d); while for v' > u(d), <t>(x;v') becomes 1 + <i>(x) and x(v') 
becomes x- Thus it follows that both a(x;v') and zB(v') are zero for 
v' < u(d); and for v' > u{d) 

a{x,v') -* 1 + a{x), Z„{v') -* Zt, 

and both the excitation function m(v') and the density-modulation func
tion m{d;v') become unity. 



CHAPTER 6 

SPACE-CHARGE DEVICES AS MICROWAVE AMPLIFIERS 

B Y J. B. H. K U P E R 

6-1. Introduction.—The importance of microwave amplifiers has been 
discussed in Chap. 2, where it was pointed out that the commercially 
available triodes, the "lighthouse" family, are not satisfactory amplifiers 
when operated much above 1000 Mc/sec. The best experimental 
triodes and tetrodes perform well at 3000 Mc/sec, but at still higher 
frequencies the amplifier field will probably be left to the klystrons and 
other "high-velocity" types such as the traveling-wave tube. 

In this chapter an attempt is made to justify the above conclusions 
on the basis of the rather meager experimental data at hand. Unfortu
nately it is not possible to correlate the experiments with the theory 
developed in the preceding three chapters, except in a most general 
fashion. This difficulty results from the fact that real tubes depart 
widely from the ideal geometry and simple conditions postulated in the 
theoretical treatment. Also in most experimental amplifiers a negative 
grid is used while most cases considered in Chap. 5 used a positive grid. 
Under wartime conditions the rather disappointing experimental results 
precluded the expenditure of time needed for a check of the theory. 

The experiments can be discussed in elementary terms with the intro
duction of an "effective transconductance," which is the magnitude of 
the complex transadmittance multiplied by the beam coupling coefficient 
of the input gap. This simplification is permissible only because micro
wave amplifiers are usually operated in class A (indeed it is somewhat 
doubtful if class C operation has been attained above 3000 Mc/sec) and 
the phase shift resulting from transit time in the amplifier tube is rarely 
measured. 

6-2. Elementary Discussion of Grid-separation Amplifiers.—A tube 
intended for microwave use must possess either an integral cavity 
resonator or a structure to which a cavity may readily be attached; any 
other circuit would be unpractically small or would have excessive radia
tion losses. When this need is understood, it is a matter of topology 
that the grounded-grid circuit—sometimes called the "grid-separation" 
circuit—is the natural one to use. Fortunately, a circuit of this type is 
usually stable without neutralization. The designation "grid-separa
t ion" seems more appropriate than the more usual term "grounded-

146 
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grid " ; the grid actually separates the input and output circuits physically, 
and it is meaningless to speak of "grounding" one part of a cavity 
resonator. 

For a planar triode the input resonator would be a coaxial line whose 
outer conductor would make contact with the grid and whose inner 
conductor would end at the cathode. Such a line would normally 
have an adjustable short-circuiting plunger, set to give the line an 
electrical length of 1, 3, 5, . . . quarter-wavelengths. The output 
circuit would be a similar coaxial line between the grid and plate. Each 
cavity would have suitable coupling loops or probes and provisions 
for applying the necessary d-c voltages. 

Gain of a Low-level Grid-separation Amplifier.—When such an amplifier 
has its input and output circuits tuned to resonance, so that they appear 
as pure resistances, and when the input circuit is matched to the generator 
impedance the equivalent circuit is as 
shown in Fig. 6-1. The tube is drawn as 
a tetrode merely to emphasize the separa
tion of input and output circuits, here 
assumed to be completely isolated except 
for the unidirectional electron stream. In 
a low-level amplifier the r-f voltages devel
oped across the input and output gaps are 
always small compared with the d-c beam 
voltage. The input line is assumed to be 
matched so that any power sent down the 
line is dissipated in the input losses Ri. These losses may be defined by 
noting that , if the r-f power Pi is applied to the line, an rms voltage Vi 
is developed between cathode and grid where 

F I G . 61.—Equivalent circuit of 
a grid-separation amplifier -with 
complete isolation between input 
and output circuits except for 
the unidirectional electron stream. 
Direct-current connections omitted. 

V\ = PJtu (1) 

This voltage produces an r-f current i passing through the first grid 
having a value 

1*1 = \o-\Vu (2) 
where \gm\ is the absolute value of the transadmittance of the electron 
stream or the "effective transconductance." This value may, under 
the proper circumstances, be only a little less than that of the familiar 
low-frequency gm (see Figs. 5.3 and 5.4). If V2 is the r-f voltage devel
oped across the output circuit, the total power delivered by the beam is 

\Rt RL/ 
(3) 

and the useful power PL is V\/RL. If the full r-f current |T| arrives in 

file:///o-/Vu
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the output circuit, F 2 is given by 

(4) 
and therefore 

Pl = i i ( R*R- V _ f, fii^ m 

By combining Eqs. (1) and (2) and substituting for i in Eq. (5), the 
following relation for the power gain is obtained: 

p _ P± QmRlRlRi-
Pi (RL + RtY (6) 

For a constant-current generator such as this amplifier, the maximum 
value of PL is obtained when RL = Ri, in which case 

„ g^RiRi ,~ 
"■•« = — 1 — (.'i 

In this simplified derivation the effects of transit time, represented by 
the beam-coupling coefficient, are assumed to have been included in the 
effective transconductance. The details of the calculation of the inter
action between the electron beam and the gap are discussed in Chaps. 3 
and 5. From Eq. (7) it is clear that the maximum gain obtainable is 
dependent not only on the transconductance but also on the shunt resist
ances of the input and output circuits, which are partly functions of the 
tube and partly of the rest of the resonator. 

High-efficiency Amplifiers.—Equations (6) and (7) lose their meaning 
when applied to a power amplifier operated in Class B or C in the interests 
of efficiency because there the tube is not operating as a constant current 
device. The concept of the transconductance must therefore be revised. 
In the first place, the loading is adjusted to let the r-f voltage in the output 
circuit rise to the point where it almost stops the beam, thus giving the 
best possible "electronic efficiency." Beyond this point any increase 
in current calls for a heavier load. Because the circuit losses remain 
the same if the r-f voltage is kept at its optimum value while the output 
power is increasing, the "circuit efficiency" may also become high. 
High-efficiency operation of this sort, it appears, has not yet been 
achieved at microwave frequencies. In the second place, in discussing 
high-efficiency operation it seems simplest to follow the terminology 
that is usual in klystron work and to speak of "bunches" of charge 
traversing the output r-f gap (the grid-plate region) with the distinction 
that here the bunches are formed by "ga t ing" action at the potential 
minimum and not by velocity modulation and a drift space. In fact, 
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a power tube must have a negligible drift space or separation between 
input and output circuits, otherwise the velocity variations accompanying 
the gating action may lead to "debunching." No detailed treatment of 
power amplifiers is given here in view of the lack of experimental data, 
and the balance of this chapter is concerned mostly with low-level 
amplifiers.1 

Resonator parameters.—Provided the resonator geometry is such that 
there is a well-defined region—the r-f gap—across which most of the 
capacitance is found, the Q is given approximately by the familiar low-
frequency expression Q = o>CR, where C is the effective capacitance, 
ordinarily fixed by the tube geometry, and R is the circuit shunt resist
ance. The values of C and R are by no means independent, however, 
because for many common resonator shapes that portion of R contributed 
by circuit losses is directly proportional to the length of the r-f gap, 
whereas C varies inversely with this length (see Chap. 4). In most 
tube designs, beam loading on the cathode side insures that Ri is enough 
smaller than R2 to outweigh differences in effective capacitance in the 
input and output circuits, and thus makes the bandwidth of the input 
circuit greater than that of the output circuit, usually by a factor of 2 or 
more. 

The shunt impedances fti and R2 may be estimated in several ways. 
Where the geometry is simple, the factor relating shunt impedance and 
unloaded Q is known. Standing-wave measurements in the input line 
will then permit calculation of R. On the other hand, it may be possible 
to vary a bias until electron flow is just cut off; this method measures the 
peak r-f voltage, from which the shunt impedance may readily be com
puted if the driving power is known. A correction for transit-time 
effects, using the beam coupling coefficient, may be advisable. 

High-frequency gm.—Before proceeding to the experimental data it 
may be well to examine further the statement about high-frequency gm 
that was made in connection with Eq. (2).2 The calculations of Llewellyn 
and Peterson3 show that the magnitude of the transconductance for small 
signals does not greatly deteriorate even at very high frequencies. Their 
curves predict a minimum of slightly less than 0.8 of the d-c value for a 
transit angle of 2ir, after which the gm oscillates but never departs from 
the d-c value by more than 10 per cent. For small angles (ir or less) 

1 For a resume of experiments on several types of power amplifiers and a discussion 
of the failure to achieve Class C operation, see H. W. Jamieson and J. R. Whinnery, 
"Power Amplifiers with Disk-Seal Tubes," Proc. I.R.E., 34, 483 (1946). 

1 The treatment here follows that in H. V. Neher, "Some Notes on Space-charge-
limited Oscillators and Amplifiers at Microwave Frequencies," RL Report No. 822, 
Nov. 15, 1945. 

3 F. B. Llewellyn and L. C. Peterson, "Vacuum Tube Networks," Proc. I.R.E., 32, 
144, (1944). See also Fig. 5-3. 
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the phase lag of the current passing the grid is H of the transit angle, 
and at larger angles the lag is approximately equal to the angle less *■. 
In computing transit angles in a space-charge-limited region it must be 
remembered that an electron requires 50 per cent more time to traverse 
the distance than it does in a space-charge-free region. 

Spread in Transit Angles.—It should not be assumed that the results 
reached by Llewellyn and Peterson predict satisfactory operation at 
higher and higher frequencies without the necessity for decreasing the 
cathode-grid spacing. Where the lag in transconductance is large it 
becomes very necessary to keep the spread in transit angles to a low value. 
For, if the phase of some of the electrons passing the grid differs by T from 
that of other electrons which ideally would have the same phase, then 
these two groups of electrons will cancel each other, electron for electron, 
and the resultant transconductance will suffer accordingly. A criterion 
that the spread in transit angles for all electrons must not exceed ±jr/4 
may be set arbitrarily. Any variation in cathode-grid spacing from point 
to point results in the same percentage variation in transit angle, and any 
variation in potential causes roughly half that variation in transit angle. 

The factors that affect the phases of the electrons may be listed in two 
main categories, as follows: 

1. Irregularities in the electric field between cathode and grid. 
a. Edge effects or fringing. These result in a different distance of 

travel as well as in a variation in field strength (most important 
for small cathodes). 

b. Nonuniform spacing between cathode and grid—for example, 
lack of parallelism in a planar structure. 

c. Coarse grid mesh. For a parallel-wire grid the spacing between 
wires should not exceed the cathode-grid spacing. A limit is 
thus set on the wire size also because, for good transparency, the 
wire diameter should be less than one-third the spacing. For a 
woven-mesh grid the requirement on wire size is still more 
stringent because of the irregularities introduced by the weave. 

d. Irregularities on the surface of the cathode are just as important 
as irregularities in grid surface. 

e. Variation in contact potential over the grid. It is known that 
such a potential may amount to several volts and there is no 
a priori reason to assume it is constant over the whole grid 
surface. 

2. Irregularities in emission over the cathode surface. These may be 
a serious factor not only in causing variations in transit angles but 
also in causing excessive loading. If the cathode does not emit 
uniformly over its surface but has some temperature-limited 
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regions and some regions that emit several times more copiously 
than is necessary, the transit angle may vary by at least 50 per 
cent. There is a transconductance from a temperature-limited 
region that is due to transit-angle "bunching" (see Eq. 3.28) and 
this transconductance may be completely out of phase with that 
from the space-charge-limited regions. 

The difficulties of making a high-frequency amplifier are apparent 
when it is pointed out that even for very close spacings (of the order of 
0.001 in.) the cathode-grid transit angle for an electron with thermal 
energy is about 2ir at 3000 Mc/sec—which, with the limits on spread of 
±ir/4, means an allowable variation of + 12 per cent in spacing. Never
theless, the factors listed under Category 1 can be made to approach 
the ideal simply by refinements in construction. On the other hand, the 
production of a satisfactory cathode that emits uniformly over its surface 
is presumably the major problem to be solved. 

Maximum Value of Low-frequency Transconductance.—As the grid is 
brought closer and closer to the cathode the low-frequency transconduc
tance per unit current tends to approach a limit set by the thermal energy 
distribution of the electrons. If the grid is at the potential minimum, the 
electrons reaching it are those with energies greater than a certain mini
mum value. From kinetic theory it may be shown that the limiting 
conductance per unit current is given by 

f: - hvoits-' <8> 
where e is the electron charge, k is Boltzmann's constant, and T is the 
absolute temperature of the cathode. For a cathode at 1050°K the 
limiting conductance is about 11 mhos/amp or 11000 ^mhos/ma. The 
best cathode in the series of experimental tubes built at the Radiation 
Laboratory was less than half as good as this ideal; it had a static gm 
of 5000 jumhos at 1 ma plate current and 8000 /imhos at 2 ma. The 
spacings were such that the potential minimum was put in the plane 
of the grid at about 1 ma. This experimental result is taken to mean 
that only a fraction of the cathode surface was emitting copiously. 

The high-frequency gm can be computed from Eq. (7) provided the 
shunt impedances and the gain are known. Where the geometry permits 
a good estimate of the shunt impedances, the values obtained for the best 
tubes (from the standpoint of the factors listed under Category 1) are in 
fair agreement with the low-frequency results, as is shown in Sec. 6-3. 

Bandwidth.—Measurements of gain are of little value unless the 
bandwidth is specified. In almost all grid-separation amplifiers the 
loading on the input circuit is so heavy that the bandwidth of the output 
circuit is the determining factor. Writing C2 for the effective capaci-
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tance across the output circuit, the bandwidth Af between the half-power 
points is given by 

/ Rt + RL 
; Q %rC2RiRL K ' 

Combining this result with Eq. (7) gives an equation for a figure of merit, 
power gain multiplied by bandwidth, 

If the amplifier is loaded for maximum gain, RL = R2, the figure of merit 
is 

[G • &fU—„ = f ^ ; (11) 

this figure is a property of the tube alone, if it is granted tha t most of the 
input loading is in the tube rather than in circuit losses. If the loading 
is adjusted for the highest possible figure of merit, the latter approaches, 
as a limit for very heavy loads, a value just twice that given by Eq. 
(11)—that is, 

At this limit the gain would fall to zero, but long before this condition 
was reached the bandwidth of the input circuit would have become the 
limiting factor. 

Effect of Feedback.—In practice, the assumption of negligible feedback 
is unjustified; there is considerable coupling through the plate-cathode 
capacitance. If the resultant voltages across the input and output gaps 
are denoted by V[ and V'i where the primes indicate that feedback is 
included, and if m is the feedback voltage ratio, then for the special case 
of 180° transit angle 

r1-F l + «r1-F1 + «i'g£g5-- L - , (i3) 
mgm RL + R 

and it can readily be shown that the power output is 

, _ glR\RL 
■» 0 

{RL + Ri) , RZRL 
1 — mg„ 

(14) 

' RL + fi» j 
The gain with feedback, (?', is given, in terms of the gain G predicted by 
Eq. (6), by the expression 

'('-TT-J G ' - G C l - ^ r - h - (15) 
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where 7 is written for mgmRz and x = R2/RL. The effect of the kind 
of positive feedback considered here is to increase the gain markedly, 
especially at light loads (small x), and to shift the maximum output point 
to lighter loads than the value RL = Ri which was predicted by Eq. (7). 

Another effect of positive feedback is the narrowing of the input circuit 
bandwidth, which may become severe enough to reduce drastically the 
figure of merit. The existence of a positive feedback means that from 
the point of view of the generator in the input circuit a negative con
ductance has been inserted parallel with the positive conductance already 
present to represent the losses. Since the input power P i [in Eq. (1)] 
remains constant while the developed voltage V\ is increased by the 
factor 

1 = 1 
, RIRL , 7 
1 — mqm ^=—,—=- 1 — -—;— y RL + Rt 1 + x 

[see Eq. (13)], the input resistance with feedback R[ is enhanced by the 
same factor as the gain [in Eq. (15)]. The input circuit bandwidth is 
inversely proportional to Ri, and so must decrease as the gain is increased 
by regeneration. With even moderate amounts of regeneration the 
input circuit bandwidth may become less than that of the output circuit, 
and the generator may no longer be matched to the input; Eq. (1) there
fore is no longer valid. For this reason an exact expression for the 
figure of merit is too complicated to be useful. Qualitatively the figure 
of merit may increase slightly with very small amounts of regeneration, 
provided the input circuit without feedback is much broader than the 
output circuit. After the regeneration has been increased to the point 
where the input circuit is the narrower one, the figure of merit decreases 
rapidly. 

6-3. Experimental Amplifier Tubes for the 3000-Mc/sec Region.— 
H. V. Xeher at the Radiation Laboratory1 improved the space-charge-
controlled amplifier tubes for the 3000-Mc/sec region and this work 
resulted in some experimental triodes and tetrodes that gave remarkably 
good performance. These tubes were difficult to produce consistently, 
however, and so far have not been produced commercially. Their con
struction is illustrated in Fig. 6-2. 

The tube is mounted in a standard metal envelope containing both 
input and output resonators, which are tuned by distorting the envelope 
slightly. The input circuit comprises the cathode assembly 1, mounted 
in a copper sleeve 2, which forms the inner conductor, a flexible diaphragm 

1 H. V. Neher, " A Preliminary Report on the Radiation Laboratory S-band Ampli
fier," RL Report No. 306, July 10, 1943, and "Some Notes on Space-charge-limited 
Oscillators and Amplifiers at Microwave Frequencies," RL Report No. 822, Nov. 15, 
1945. 
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6, and an outer conductor 5, closed by the first grid 7. This grid is wound 
with 0.0003-in. tungsten wire stretched across a -J-in. hole in a 0.005-in. 
molybdenum disk, and is insulated (for direct current) from the outer 
conductor 5 and the screen grid 8 by mica disks. The input circuit is 
fed by a coaxial line 22, tapped on to the center conductor by a flexible 
sleeve 4. The circuit is tuned by applying pressure with the screws in 

F I G . 6-2.—Cutaway drawing of an experimental 300O-Mc/sec amplifier tube. 

the heavy ring 24. Pressure applied in line with the bent strut 17 moves 
the cathode away from the grid and increases the resonant frequency; 
pressure along the diameter at right angles moves the cathode closer to 
the first grid and lowers frequency. The output circuit consists of the 
copper anode 9, the diaphragm 12, the outer conductor 11, and a grid 8. 
The latter is similar to the grid 7 except for wire spacing. The actuating 
rod 10 for the output-circuit tuning is made of Invar and forms part of 
the temperature-compensation system. The entire output circuit is at 
anode potential, being insulated by mica from the grid 8, mounting 
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) 

sleeve 20, and retaining ring 13, and from the tuning mechanism with a 
ceramic bead 14. The output-coupling loop mounted on the coaxial 
fitting 23 enters the cavity through an oversized hole in 11. 

This construction is unconventional but has several important 
characteristics. 

1. Resonators are "built i n " and are of simple geometry. 
2. Cathode and anode spacings are adjustable (at the price of a shiffc . j 

in frequency). r* i 
3. The cathode can be flattened in place both before and after coatingt i 
4. A high degree of parallelism between cathode and grid can be- * 

maintained. c 

5. Cathode-grid spacing can be calibrated in terms of resonant freJ 

quency by measurements on the cold circuit before assembly. ( ) 
6. Fine, taut grids with wires as small as 0.0003 in. and spacings down( ") 

to 0.001 in. can be used. i \ 
7. By stacking grids with mica insulators it is possible to make a [ * 

pentode almost as easily as a triode. 

The performance of the best of these experimental tubes was ~ferf \ 
satisfactory. Gains up to 20 db at 6 Mc/sec bandwidth and noise figwres ,, 
in the order of magnitude of 9 db were obtained in the 3000-Mc/sec ) 
region. One triode that was operated as an oscillator gave an output of ^ 
1 watt at 25 per cent efficiency. In general, it was necessary to use a 
tetrode structure to avoid instability. A few tubes of similar structure, : 

designed for the 10,000-Mc/sec region, were built by G. A. Hobart IJI. 
The best of these had a gain of 10 db and a noise figure of 18 db, and \ 
oscillated at 1 per cent efficiency. The bandwidth was not recorded.' '- -

Because the simple geometry permits the estimation of the shiW-1 U~J 

resistances, the effective gm for radio frequencies can be calculated from 
Eq. (6). Typical values for one tube are: Ri = 300 ohms, R2 = 70,000 
ohms, gain = 100, r-f gm = 4400 Mmhos [computed from Eq. (6)], and 
low-frequency gm = 6000 jtmhos (measured at direct current). These 
measurements appear to confirm the predictions of Llewellyn and Peter
son, referred to in Sec. 6-2, that transconductances closely approaching 
the d-c values may be obtained at microwave frequencies, provided the 
spread in transit angles is kept low. 

Input Loading.—At low frequencies, because the signal is injected 
between the cathode and grid, Ri would be expected to be simple diode 

loading—that is, Ri = — ■ The modifications introduced bv transit-
gm J 

time effects have been worked out by Benham,1 and Llewellyn and 
1 W. E. Benham, "Theory of the Internal Action of Thermionic Systems at Moder

ately High Frequencies," Phil. Mag. 5, 641, (1928), also 11, 457 (1931). 
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Peterson.1 In general, as the frequency is raised the conductance 
decreases slowly at first, drops to zero at a transit angle of 2*, then 
goes negative, and passes through zero again at 3TT. At frequencies of 
about 1000 to 1500 Mc/sec with comparatively large grid-cathode spac-
ings, it is possible to follow this behavior experimentally. In the nega
tive conductance region, oscillation at low efficiency (the so-called 
"monotron" mentioned in Chap. 2) has been obtained.2 In the 3000-
Mc/sec region it becomes very difficult to follow this ideal diode behavior; 
the reason for the difficulty must be discovered. One possible reason 
is the variation in transit angles introduced by the spread in initial 
velocities (the thermal-energy distribution). A simple calculation shows 
that this effect is small even for a diode voltage of 2 with spacings of a 
few thousandths of an inch. Experimentally, it has been found that the 

input circuit resistance is sensitive 
to grid bias, as is shown in Fig. 6-3. 
This experiment was made on a 
tube with a cathode area of 0.08 
cm2, a grid wire diameter of 0.0003 
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F I G . 6-3.—Variation of input shunt 
resistance of an experimental 3000-Mc/sec 
amplifier with grid bias. The correspond
ing cathode current is also shown. 

in., and a spacing of 0.002 in. be
tween centers, at a grid-cathode 
spacing of 0.0036 in. and a fre
quency of 3000 Mc/sec. At suffi
ciently high negative biases the 
shunt resistance Ri approaches the 
values found for a cold tube, but as 
the bias is decreased the resistance 
drops rapidly. When current flow 

begins, the resistance has already fallen almost to its minimum; the actual 
flow of current has little effect on the loading. Similar variations in shunt 
resistance are found if the grid bias is held constant and the heater power is 
varied; under these conditions the cathode current will also change widely. 
This change is caused in part by the shift of the potential minimum 
(virtual cathode) from the cathode toward the grid as the emission 
becomes more plentiful, and in part by nonuniformity in activity over the 
cathode surface, which means that some regions are temperature-limited. 

The foregoing results can be understood with reference to the classical 
theories of cathode behavior. Electrons are emitted from the cathode, 
the number per unit time depending on the nature and temperature 
of the surface. How far these electrons travel from the cathode will 

1 F. B. Llewellyn and L. C. Peterson, "Vacuum Tube Networks," Proc. I.R.E., 32, 
144 (1944) Fig. 4. 

2 F. B. Llewellyn and A. E. Bowen, "Ultra-High-Frequency Oscillations by Means 
of Diodes," Bell System Tech. J., 18, 280 (1939), 
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depend on their initial velocities and on the field in which they find 
themselves. Ordinarily, there is a large excess of emission that results 
in the turning back of many electrons to the cathode by the negative 
field built up by their own charges. Only a few have sufficient initial 
energy to pass the resulting potential minimum that constitutes the 
"virtual cathode."1 A simple calculation shows that, for ordinary 
current densities and cathode temperatures, the transit angle for an 
electron that almost reaches the potential minimum and is then turned 
back to the cathode is between ir and 2v at a frequency of 3000 Mc/sec. 
Under these conditions the exchange of energy between the electrons and 
the r-f field is close to its maximum value. In the first order this energy 
exchange should cancel out over a cycle because of the random emission 
from the cathode, but second-order effects are important and result 
in a net transfer of energy from the field to the electrons. For example, 
this hypothesis predicts that some electrons will strike the cathode with 
extra energy (back bombardment); this energy reappears as cathode-
heating. Energy is conserved, but back bombardment is an unduly 
expensive method of heating a cathode. The loading that results from 
this process ordinarily appears to be heaviest at frequencies around 
3000 Mc/sec, and it is expected that it would decrease somewhat at higher 
frequencies; however, this decrease has apparently not yet been observed. 

The conclusion is that an ideal cathode would be one that emits 
uniformly over its whole surface, with the result that the potential mini
mum would be plane and the spread in transit angles would be minimized. 
For a low-level amplifier the cathode temperature should be adjusted so 
that the emission is only a little greater than the standing current— 
enough to supply the demands of the signal without reaching saturation. 
Under these conditions there would be the least possible loading by low-
energy electrons shuttling between the cathode and potential minimum, 
without sacrificing gain. As a practical working rule the input-circuit 
loading at frequencies in the 3000-Mc/sec region is given by RiA = 25 
ohms-cm2, where A is the cathode area in square centimeters. 

6-4. Noise in Microwave Amplifiers. Input Circuit Noise.—The 
noise generated in the input and output circuits of an amplifier of this 
sort may be measured separately, provided the circuit not being meas
ured is detuned to avoid feedback effects. If the current is not tem
perature-limited, the noise power originating in the input circuit can 
be remarkably low. This fact is shown in Fig. 6-4, where the 3000 
Mc/sec noise power Ni in units of kT(Af)—4 X 10~16 watts for 1 Mc/sec 

1 The distance from the cathode to the potential minimum may be calculated from 
data published by B. J. Thompson, D. O. North, and W. A. Harris, "Fluctuations in 
Space-charge-limited Currents at Moderately High Frequencies," RCA Rev., 4, 443, 
(1940). 
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at room temperature—is plotted against grid bias for a tube with a grid-
cathode spacing of 0.001 in. The plate current is also shown. The noise 

becomes very low at high negative 
biases because the transit angle be
tween cathode and potential minimum 
becomes very small. At the normal 
operating current of 2 ma the noise 
power is still less than twice kT(Af) 
and the actual flow of current makes 
comparatively little difference. As 
long as electrons come near the grid it 
does not matter whether they continue 
through it. 

If the heater power is reduced so 
that a temperature-limited current is 
obtained, the situation is very differ
ent, as shown in Fig. 6-5. The circuit 
is quiet as long as the current is space-
charge-limited, but the noise rises 
rapidly as the current becomes more 
and more temperature-limited. At 
still higher positive biases the noise 

curve should level off at a value corresponding to the familiar tempera
ture-limited diode. 

1 
, Noisepc ̂  

A? 
6 *■> 

+2 - 4 - 2 0 
Grid bias (volts) 

F I G . 6-4.—Noise at 3000 Mo/seo 
generated in input circuit of an experi
mental amplifier with grid-cathode 
spacing of 0.001 in. as a function of grid 
bias The corresponding plate current 
is also shown. 

+2 
Grid bias (volts) 

F I G . 6-5.—Noise generated in the input circuit of the amplifier shown in Fig. 6*4 with the 
heater power decreased to give temperature-limited emission. 

At low frequencies the noise from a temperature-limited diode or 
from a closely spaced space-charge-limited diode may readily be calcu
lated. Considering the cathode-grid region as a space-charge-limited 
diode, if the potential minimum is at the grid, as it will be to a fair 
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approximation, the number of electrons reaching the grid will be governed 
by the laws of probability. A perfectly random current, therefore, may 
be assumed. Furthermore, at low frequencies the electrons that are 
turned back before reaching the potential minimum will not exchange 
energy with the field because of the averaging-out over the cycle; the 
averaging is effective at small transit angles. Under these conditions 
the mean-square noise current is given by the equation 

71 = 2e/„(Af), (16) 

where e is the electron charge, h the average current, and A/the bandwidth 
of the detecting device. These currents will cause a voltage Vn to be 
built up across the circuit given by 

Vl = 2eI0(Af)Rl, (17) 

where Ri is the shunt resistance of the input circuit. Expressing the 
noise power in terms of the Johnson noise, 4kT„R(Af), developed across 
any resistance R at the temperature T0 gives 

Nl = 2~KT0
 IoRl- ( 1 8 ) 

At low frequencies, Ri = l/g, where g is the diode conductance and 
g/Io is given in the ideal case by Eq. (8). Substituting these values in 
Eq. (18) there is obtained 

1 T 
Nx = 2 ¥0' ( 1 9 ) 

where T and T0 are cathode and room temperatures respectively, for the 
noise power in terms of Johnson noise in an ideal closely spaced diode 
at low frequencies. Ni is often referred to as the "noise ra t io" of the 
input circuit. 

At high frequencies the low-energy electrons (those which shuttle 
between the cathode and the virtual cathode) discussed in connection 
with input loading also contribute noise. Both experimental and 
theoretical considerations indicate that the extra noise current is very 
nearly offset by the attendant decrease in RL Thus Eq. (19) may be 
used for microwave frequencies, and in fact it agrees well with the results 
of Fig. 6-4 at zero bias. 

Output Circuit Noise.—The output circuit noise may be measured 
either by detuning the input or by reflecting a short circuit in the input 
line to the gap. The effectiveness of this procedure (and the absence 
of feedback) may be tested by measuring the gain, which should be down 
by about 30 db. In a widely spaced tube at low frequencies the reduction 
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of noise by space-charge smoothing is well known.1 For a closely spaced 
diode where the anode is at or near the potential minimum, there is no 
smoothing effect since the minimum is essentially tied to the anode and 
is not free to vary. As the cathode-grid spacing is increased, the potential 
minimum becomes free to perform its gating action. The factor relating 
the noise with space-charge smoothing to that from a perfectly random 
current is usually called r2 , and theoretical values for this factor have been 
checked experimentally. 

The smoothing factor T2 may be measured conveniently by replacing 
the hypothetical diode plate with a grid and measuring the noise in the 

output circuit. A series of measure
ments at 3000 Mc/sec with various 
cathode-grid spacings is shown in Fig. 
6-6. Noise power in units of kT(hf) 
is plotted against plate current. For 
Curve 1 the cathode-grid spacing is 
0.036 cm, and the cathode is operated 
at a temperature low enough to make 
the emission temperature-limited. As 
is to be expected, the noise power is 
linear with the current. For the rest 
of the curves the current was space-
charge-limited . For Curve 2 the spac
ing is 0.009 cm, and for Curve 3 it is 
0.013 cm. The reduction of noise is 
appreciable. In Curves 4 and 5, 
taken at spacings of 0.028 cm and 
0.036 cm respectively, a positive grid 
bias is required to obtain the higher 
c u r r e n t s . T h e s e portions of the 
curves are indicated by broken lines 
and the experimental points have been 
corrected (arrows) for the extra noise 

due to grid interception. The smallest value of r 2 (Curve 5) is found to be 
0.20, in contrast to the low-frequency theoretical value of 0.02 for the 
same spacing and current. Thus, space-charge smoothing appears to 
exist a t 3000 Mc/sec but is much less effective than at low frequencies. 
This decrease in effectiveness is to be expected because the interaction 
between slow electrons that gives rise to the smoothing takes appre
ciable time. Also, the smoothing can be obtained only with cathode-grid 

'A good discussion of this is given in B. J. Thompson, D. O. North, and W. A 
Harris, "Fluctuations in Space-Charge-Limited Currents at Moderately High Fre
quencies," RCA Rev., 4, 441, (1940). 
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Fio. 6-6.—Output-circuit noise show
ing effects of space-charge smoothing. 
In curve 1 the emission is temperature-
limited; in curves 2 to 5 the current is 
apace-charge-limited and the cathode-
grid spacings are 0.009, 0.013, 0.028 and 
0.036 cm respectively. Broken lines 
corrected for interception noise. 
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spacings that are far too large to give a satisfactory high-frequency 
transconductance. The result is that the current in the output circuit 
must be considered to have the full shot noise. 

Over-all Noise.—The over-all noise in these experimental tubes was 
found to be equal to the sum of the input- and output-circuit contribu
tions. This relation does not necessarily hold, especially at low fre
quencies, where feedback effects may reduce the noise originating between 
cathode and grid when the input and output circuits are in resonance. 
When the input circuit is as quiet as it was in these experiments, no 
appreciable feedback effect is to be expected. 

The output-circuit noise voltage is given by Eq. (17), with fti replaced 
by Ri. In terms of Johnson noise, the output noise ratio is 

N, = 2 ^ Q /oft., (20) 

analogous to Eq. (18). In order to calculate the noise figure for the 
amplifier as a whole, this noise ratio may be referred to the input circuit 
by dividing by the gain and adding it to the input contribution, Eq. (19), 
plus one to insure the correct reduction to a passive network; thus 

~NF = 1 -f N, + ^- (21) 

By taking the gain at matched load as given by Eq. (7), and substituting 
from Eqs. (19) and (20), there is obtained 

7TF-1 + 12¥l
 + m-A- (22) 

This expression has been checked for various amplifiers in the 3000-
Mc/sec region and has almost always predicted the noise figure within 
a factor of 2. It is interesting to note that the properties of the output 
circuit do not enter into the noise figure. 

The factor , p in the last term of Eq. (22) may be written in the 

following way: 
h 

R l ATNTWTA (23) (*)"© f r l f t iA. 

The maximum practical current density Io/A for an oxide-coated cathode 
is about 0.2 amp/cm2 ; RyA has an experimental value of about 25 ohms/ 
cm2; and the theoretical limit for gm/h is 11 per volt [Eq. (8)]. When 
these values are substituted in Eq. (22), an optimum noise figure of 
4-2 is obtained. The best of Neher's experimental tubes has a noise 
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figure of about 7, but has a value of gm/Io that is only about 0.4 the pos
sible maximum. 

The conclusion is that satisfactory low-level amplifiers of more or 
less conventional design can be developed for the frequency range up to 
at least 3000 Mc/sec. All that is needed is the application of refinements 
in construction and the development of more dependable and uniform 
cathodes. Interesting possibilities for future research include the 
replacement of the actual cathode as a part of the input circuit by a 
virtual cathode formed by injecting the beam at low velocity into an 
r-f gap between two grids. Preliminary studies indicate that such a 
virtual cathode may be "qu ie t " and at the same time show a high 
mutual conductance. Another possibility is raised by a suggestion of 
Peterson1 that at high frequencies there should be a reduction in noise 
if a space charge is built up between the input and output circuits of a 
tetrode. This can be done if the first grid is run a few volts positive with 
respect to the cathode and the second grid at a lower positive potential. 
As the injected current is raised, there will be sudden discontinuity in 
current to the second grid and a simultaneous formation of a virtual 
cathode between the grids. This point is known as the " K i p p " point,2 

and Peterson predicted that some interesting effects would be observed 
just below this point (see Sec. 5.6). The general features of his theory 
have been confirmed by Neher. Depending on the various currents and 
voltages, the signal power and noise power coming out of the tube are 
drastically affected and to different degrees; for example, the signal 
could be enhanced as much as 10 db or could be diminished 20 db with 
less than 50 per cent change in plate current. The effect is most marked 
with comparatively large grid-cathode spacings, and so far the best that 
has been done is to give a tube with rather wide spacings a noise figure 
about as low as that obtained with close spacings. There seems to be 
no easy way of getting a mental picture of the process, except that transit 
angles of the order of 2ir are involved. Further research seems necessary. 

6-6. High-efficiency Amplifiers.—The question of high-efficiency 
Class B and Class C amplifiers has received relatively little attention. 
So far no successful tubes have been built for frequencies of 3000 Mc/sec 
and above, but some measurements on the behavior of the experimental 
amplifiers designed for Class A operation described in Sees. 6-3 and 6-4 
have indicated that Class B or Class C operation can be attained, given 
sufficient driving power. These small experimental tubes have insuffi
cient power-handling capacity to make a useful device. 

' L. C. Peterson, "Receiver Noise Figures," BTL Memorandum MM-42-130-91 
Sept. 30, 1942. 

»J. K. Knipp, "Space Charge Between Parallel Planes," BX Report No. 534 
Mar. 22, 1944. 
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In order to get high efficiency it seems necessary to use a tetrode struc
ture with a negligible drift distance between the input and output 
circuits so as to avoid ordinary drift-space bunching that would have a 
"debunching" effect in this case. Since for a high electronic efficiency 
the electrons should reach the plate with a very low velocity, triodes 
would have poor output circuit efficiency. It would be necessary to 
use close spacings because the electrons would start across the output 
gap with a comparatively low velocity; these close spacings would cause 
relatively high circuit losses. 

The output circuit would have to be designed so that loading by 
secondaries ejected from the plate could be avoided. Probably such a 
design would necessitate a slat or honeycomb construction of the plate 
that would act as an electron trap or Faraday cage. The mechanical 
difficulties of maintaining constant close spacings between cathode and 
grid become increasingly serious, and the problems of producing a 
uniformly effective cathode become more difficult, as the cathode area 
is increased. 

6-6. Practical Triode Amplifiers.—The commercially available space-
charge-control tubes best suited to amplifier applications are the light
house family of disk-seal planar triodes. The graduated disk-seal 
construction of the lighthouse tubes was chosen with the intention of 
facilitating their insertion in a grid-separation circuit with concentric 
coaxial-line cavities, the cylinder in contact with the grid disk serving 
simultaneously as outer conductor for the output (plate) circuit and inner 
conductor for the input (cathode) circuit. This arrangement is shown 
schematically in Fig. 6-7; the d-c connections and necessary blocking 
condensers are omitted. It should be noted that, if the over-all diameter 
of the circuit is kept small and if the anode lead is made massive for 
good heat conduction, the output lead must be small in diameter. 

In order to improve cooling of the anode and to reduce losses in the 
output circuit, some tubes have been designed with an inverted structure, 
the cathode being at the small end with a concentric heater lead. An 
example of this construction was the CV90, developed in England.1 

The 2C38, 2C39, and 2C41 are samples of the inverted lighthouse con
struction developed in the United States; they are sometimes referred 
to as "oilcan" tubes. Although they are certainly superior to ordinary 
lighthouse tubes in respect to power handling capabilities it is not at all 
clear that the inverted lighthouse tubes make better low-level amplifiers. 

Only a few studies of the performance obtainable from lighthouse 
tube amplifiers over the frequency range 1000 to 3000 Mc/sec were 
undertaken during the war because the work was time-consuming and 

1 A smaller version of this tube, the 2C36, was put into limited production in this 
country toward the end of the war. 
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the results disappointing. Furthermore in view of the wide variations 
in performance from tube to tube the samples studied were usually too 
small to give a trustworthy picture. 

In the region from 500 to 1000 Mc/sec, amplifiers using apparatus 
similar to that shown in Fig. 6-7 have been widely used. The d-c 
insulation between cathode and grid is provided by the mica condenser 

'Input line 

Flo. 6-7.—Sketch of a typical grid-separation circuit for a lighthouse tube. 
connections and insulation omitted. 

Direct-current 

- Slotted 
fingers 

Inner conductor 
of plate-grid 

line 

FIQ. 6-8. 

- Mica blocking condenser 

- Plate of lighthouse tube 
-Sketch of a plate blocking condenser for lighthouse-tube circuits. 

built into the lighthouse tube between the cathode proper and the base 
shell which forms the r-f cathode connection. Plate voltage is applied 
by means of a d-c lead within a hollow plate connector provided with a 
blocking condenser as indicated roughly in Fig. 6-8. A condenser of 
this type introduces the minimum losses in the cavity if placed with 
point a near a current node. At the higher frequencies it is advisable 
to make the electrical length of the dielectric-filled line a — b a quarter 
wavelength.1 A choke plunger might be used instead of one with 

1 At this wavelength the coaxial line formed with the d-c lead as the center conduc
tor should have a high impedance, and r-f chokes (quarter-wavelength cups) on the 
center conductor may be advisable to reduce leakage. 
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contact fingers. The use of such a plunger, however, would require an 
increase in the diameter of the grid line to obtain reasonable clearances, 
and this in turn would require an increase in size of the cathode-grid 
cavity. This enlargement may give trouble with a higher mode (than 
the principal TEM-mode), which becomes possible when the arithmetic-
mean circumference of the two conductors is approximately equal to the 
wavelength. 

Typical noise figures for an amplifier of this sort, using a 446B or 
2C40 lighthouse tube, are 7 db at 500 Mc/sec and 10 db at 1000 Mc/sec. 
Above 1000 Mc/sec the noise figures deteriorate rapidly;1 average values 
are 16 db at 2000 Mc/sec and about 21 db at 3000 Mc/sec, when the 
tube is operated at a plate voltage of 300 and a current of 20 ma.2 At 
frequencies below about 1500 Mc/sec the noise figure is improved by 
operating at lower plate currents. Along with the rapid increase in 
noise figure at the higher frequencies there is a marked decline in the gain. 
For a typical tube and circuit the gain might drop from 10 or 11 db at 
1500 Mc/sec to about 1 db at 3000 Mc/sec. 

A characteristic of the noise figure is that it fluctuates much less 
from tube to tube than does the gain. Doubling the shunt resistance 
of the output circuit doubles the power gain (and halves the bandwidth), 
but it also doubles the shot noise from the output circuit. As was 
pointed out in the discussion of Eq. (22), the properties of the output 
circuit do not enter in the computation of the noise figure, and as the 
contribution of the output circuit usually makes up by far the larger 
proportion of the noise figure, the over-all noise figure varies little from 
tube to tube. As a result, measurements of noise figures made in various 
laboratories may be expected to agree within 2 db, if obviously defective 
tubes are excluded. 

At frequencies greater than about 2000 Mc/sec it is usually impossible 
to use coaxial-line resonators with lighthouse tubes in their fundamental 
mode. Because of the capacitive loading contributed by the tube the 
quarter-wavelength line must be shortened so much that the plunger 
would strike the glass envelope of the tube. In these circumstances an 
integral number of half-wavelengths is added to the line; the line is then 
said to be operating in the fX, ^X, etc., mode. In comparison with the 
fundamental (iX) mode, these higher modes have somewhat greater 
Q's and therefore smaller bandwidths. The higher Q results from the 

1 See measurements reported by W. M. Breazeale and M. Waltz, "Performance of 
the GL446 Lighthouse Tube as an R-f Amplifier in the 10-20 cm Region," RL Report 
No. 291, Oct. 5, 1942. 

2 Measurements in general agreement with these but running 2 or 3 db higher 
have been reported by P. M. Garratt in "Lighthouse Tubes as R-f Amplifiers in the 
10-cm Range," General Electric Data Folder 46231, and in "Performance Character
istics of GL446 Amplifiers," General Electric Data Folder 46240. 
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fact that the volume available for storing electromagnetic energy has 
been increased more than has the dissipation. The factor by which the 
Q is increased in going from one mode to another depends to some extent 
on the capacitive loading provided by the tube but more on the dis
tribution of the dissipation between losses in the resonator and the 
external load. If the circuit efficiency is high and the capacitive loading 
light, the bandwidth in the fX mode may be only a little more than one 
third of that in the fundamental mode. Allowance for this effect should 
be made in applying the results of Sec. 6-2 by suitably increasing the 
value of C% used in Eqs. (9) to (12). 

Experimental Results with Lighthouse Tubes.—The validity of the 
conclusions of Sec. 6-2 has been tested with some simple experiments.1 

The circuit was basically that of Fig. 6-7 except that the cathode and 
grid lines were of larger- diameter in 
order to facilitate coupling out of the 
grid-plate cavity. The outer and 
inner diameters of the cathode-grid 
circuit were 5.5 and 3.48 cm, and the 
corresponding dimensions for the grid-
plate circuit were 3.32 and 1.1 cm. 
Choke plungers were used to avoid 
variable contact resistances, and al
though efforts were made to reduce 
resonance effects in the lines behind 
the plungers, these effects could not be 
completely eliminated. The input 
line was lossy and was matched to the 
cathode grid cavity with an adjustable 
probe. A constant power of the order 
of magnitude of a milliwatt from a 
swept frequency oscillator was avail

able at the input. The output loop could be rotated to vary the coupling. 
Figure 6-9 shows the variation of gain and bandwidth with rotation 

of the loop for a typical 2C40 operated at 250 volts on the plate with a 
current of 30 ma.2 Results are plotted against sin2 &, where 9 is the angle 
between the plane of the loop and the magnetic field in the cavity. This 
gives a scale proportional to 1/iJt or to x. The bandwidth varies 
linearly as expected, and the scale of x may be established by use of the 
fact that A/ doubles in going from x = 0 to x = 1. The gain curve is 
computed from Eq. (15), using y — 0.75 and q\Jl\fli = 5.72 to fit at the 
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Fia. 6-9.—Gain and bandwidth of 
a typical 2C40 amplifier at 9.9 cm, with 
varying load. Plate voltage 250, cur
rent 30 ma. 

1 Unpublished work of M. C. Waltz at Radiation Laboratory. 
* The recommended plate dissipation was exceeded in order to facilitate measure

ment of output powers. 
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jf merit of a typical 2C40 light-
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Frequency is 3030 Mc/sec. 

peak. For comparison, a theoretical curve of gain without feedback, 
normalized to the same value of glJtiRt, is also shown. The value chosen 
for y may seem unduly large but it must be remembered that- gnRz 
is greater than 4, probably by a fac
tor of at least 2; therefore, m is much 
less than unity, probably not greater 
than 0.1. In these experiments the 
cavity geometry was not favorable 
for estimating Ci or the losses Ri and 
Ri. If it is assumed that Ki = 150 
ohms (a normal value for a cathode 
area of i cm2 spaced a few thou
sandths of an inch from the grid) and 
the assumption that C2 — 6 mii is 
made (allowing for the f-mode in 
the cavity), g„, Ri, and m may be esti
mated from the experimental band
width at zero load, 2.3 Mc/sec, and the value of gffiiRz obtained from 
the gain curve. The quantities gm, R2, and m so obtained are respec
tively 1900 ^mhos, 11,000 ohms, and 0.035. The assumptions regarding 
phase of feedback, etc., involved in deriving Eqs. (14) and (15), are much 

too drastic for these numerical 
r ' ' results to have any real signifi

cance, but at any rate they form a 
plausible set. 

In Fig. 6-10 the gain, band
width, and figure of merit for the 
same tube are shown as functions 
of the plate current, varied by 
changing grid bias, with the plate 
voltage held constant at 250 volts. 
The coupling was occasionally re
adjusted during the experiment 
for optimum output. As a result 
the bandwidth appears to vary 
erratically; this variation is pre
sumably due to the difficulty in 
locating the maximum of the gain 

curve, especially when little or no regeneration is present. Since the 
points for the gain tend to fluctuate in a compensating direction, the 
figure of merit follows a smooth curve reasonably well. 

In Fig. 6-11 the gain, bandwidth, and figure of merit are shown as in 
Fig. 6-10, except that in this experiment the plate current was constantly 
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FIG. 6-11.—Gain, bandwidth, and figure 
of merit of the typical 2C40 lighthouse tube 
shown in Fig. 6-10 as functions of plate 
voltage, plate current held constant at 20 ma. 
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readjusted to 20 ma while the voltage was varied over a range from 
110 voits (the minimum at which 20 ma could be obtained without using 
positive grid bias) to 400 volts. For convenience, the data are plotted 
against the square root of the voltage. The tendency for the gain and 
bandwidth to vary inversely while the figure of merit remains relatively 
constant is striking. The cyclical variation of the gain is readily under
stood provided there is feedback by the plate-cathode capacitance. In 
the absence of feedback the gain and bandwidth at optimum load would 
be expected to remain relatively independent of voltage, provided the 
r-f voltages are small compared with the corresponding d-c voltages and 
that the beam-coupling coefficient for the output circuit is not appreciably 
affected. If there is feedback, however, the phase of the transcon-
ductance becomes important. Because this phase is varied by changing 
the electron velocity while the phase of the feedback is constant, a 
cyclical variation of the gain is to be expected. As the feedback swings 
from positive to negative, the loading required for optimum output 
becomes heavier. 

Measurement of amplifier performance over a frequency band requires 
more careful cavity construction than was used in the experiments 
detailed above. The bandwidth of choke plungers must be taken into 
account, and it is important to eliminate any leakage past the plungers 
that can give rise to resonances and possibly to coupling between cavities. 
Failure to suppress completely such extra feedback or fluctuations in Ri 
and R2 results in a curve of gain vs. frequency in which the general trend 
is hard to see because of numerous peaks and valleys. Because of the 
decrease in effective g„ resulting from spread in transit angles, the general 
trend of the gain curve may be expected to fall slowly at first and then 
rapidly as the frequency is increased. Superimposed on this downward 
trend there may be an oscillation that is due to feedback through the 
plate-cathode capacitance when the phase of the gm is shifted by the 
change in frequency. 

An idea of the variations to be expected between individual lighthouse 
tubes may be obtained from Table 6-1, which shows gain, bandwidth, 
and figure of merit for a group of 446B and 2C40 lighthouse tubes pro
duced over a period of years by various companies. In tube 2C40 
No. 2, which has the highest gain of the lot, the amplifier is on the verge 
of oscillating when lightly loaded. Under these conditions the band
width is very small, not so much because of the lighb loading of the output 
circuit as because of the reduction in bandwidth of the input, and the 
figure of merit decreases markedly, as is usual when there is regeneration. 
Since tube variations are so pronounced, any practical application of an 
amplifier of this type is difficult. The chief value of amplifier measure-
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TABLE 61.—PROPERTIES OF REPRESENTATIVE LIGHTHOUSE TUBES AS AMPLIFIERS 
AT 10 CM. 

Plate voltage 250, current 32 ma. Load adjusted for maximum gain 

Tube type 

2C40 
446B 
2C40 
2C40 
2C40 
2C40 
446B 
2C40 
2C40 
2C40 
446B 
2C40 
2C40 
2C40 
2C40 
2C40 
2C40 
2C40 
2C40 

Tube 
number 

4' 
1 
2* 
2* 
2* 
y 
3 
4 
5 
6 
7 
8 

10 
11 
12 
13 
14 
8' 
X 

Power gain 

2.56 
3.25 

13.7 
9.6 
4.4 
1.96 
4.83 
3.6 
9.0 
5.8 
3.25 
7.3 
5.3 
4.85 
7.3 
1.69 
5.3 
3.25 
9.0 

Bandwidth, 
Mc/sec 

9.3 
6.9 
0.85 
2.9 
7.8 
7.2 
4.7 
5.0 
3.9 
4.7 
4.6 
3.2 
4.7 
3.9 
3.1 
6.5 
4.3 
5.6 
2.9 

Figure of merit, power 
gain X bandwidth, Mc/sec 

23.8 
22.4 
11.6 
27.8 
34.3 
14.1 
22.7 
18 
35 
27.3 
15 
23.4 
25 
19 
22.6 
11 
22.8 
18.2 
26 

Various settings of coupling loop. 

ments on lighthouse tubes in the 3000-Mc/sec region is to increase 
understanding of the behavior of such tubes as oscillators. 

In view of the importance of feedback effects it is natural to inquire 
whether neutralization can be accomplished. Over a small frequency 
range good neutralization can be obtained with a slot or other coupling 
device properly placed in the partition between input and output cavi
ties. Because of the dimensions of the envelope this coupling has to be 
located at an appreciable fraction of a wavelength from the capacitive 
coupling being neutralized—a distance that makes the adjustment fre
quency sensitive. Very little experimental work, it appears, has been 
done on this problem. Neutralization, however, has sometimes been 
obtained accidentally in the course of attempting to make oscillators. 
Care must be taken to insure good contact to the grid disk of the tube. 
If one or more of the spring fingers does not make contact, or if the slots 
between the fingers are resonant, there may be considerable extra feed
back in addition to that caused by direct capacitive coupling through 
the grid. 



CHAPTER 7 

MICROWAVE TRIODE OSCILLATORS 

B Y J. B. H. K U P E R 

7-1. Introduction.—Space-charge-control tubes capable of functioning 
as amplifiers in the microwave region can, of course, be made to oscillate 
if provided with the proper feedback. The only triodes commercially 
available during the war that were suitable for use at frequencies much 
higher than 1000 Mc/sec were the lighthouse family of tubes. As a 
result there is a considerable amount of information on how to make a 
lighthouse tube oscillate at a given frequency, but comparatively little 
work has been done on the fundamentals of triode operation.' 

When operated in a grid-separation circuit of the type described in 
Sec. 6-6 or in the "reentrant" oscillator circuit that is discussed in 
Sec. 5 of this chapter, a typical 2C40 lighthouse tube might furnish 1 
watt at 20 per cent efficiency in the 1000-Mc/sec region and perhaps 
0.1 watt at 2 per cent efficiency in the 3000-Mc/sec region. The upper 
frequency limit of most lighthouse tubes is in the neighborhood of 3500 
to 4000 Mc/sec. Despite their poor efficiency, lighthouse tube oscillators 
are often used as superheterodyne local oscillators or as signal generators 
because they do not require complicated regulated power supplies. In 
comparison with the more common form of reflex klystron, the integral-
cavity type, triode oscillators have the advantages of flexibility and 
cheapness, but these are offset to a considerable degree by the fact that 
the external cavity resonator is expensive. 

In microwave oscillators it is scarcely possible to consider the tube 
apart from the circuit; cavity problems loom large in any application. 
A satisfactory cavity design must not only accommodate a large range of 
electrical properties from tube to tube, but must also solve the mechanical 
problem of making good contact to the tube without subjecting it to 
mechanical stresses. Cooling of the plate of the tube is also an important 
consideration in cavity design. 

When a resonator is suitably modified to withstand high voltages, 
lighthouse oscillators may be operated under pulse conditions with volt
ages up to 3 or 4 kv and the same (or lower) average input powers as are 

1 For an extensive discussion of oscillator circuits for the lighthouse tubes see 
A. M. Gurewitsch and J. R. Whinnery, "Microwave Oscillators Using Disk-Seal 
Tubes," Proc. I.R.E., 35, 462 (1947). 
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used under c-w conditions. As a result of the decreased time of transit 
from cathode to plate under higher plate voltages, slight additional modi
fications to the cavity will be needed to secure the correct phase of feed
back. Where 2- to 3-kv pulses are applied to the plate of a 2C43 tube, 
r-f pulse powers of the order of magnitude of a kilowatt may be obtained 
in the 3000 Mc/sec region, and somewhat more at lower frequencies. 
Oscillators of this kind have been used as medium-power beacon trans
mitters and for special-purpose short-range radar sets. Pulse operation 
is discussed in the next chapter; the remainder of this chapter is devoted 
to a consideration of the fundamental circuit types and c-w operation. 

The very large number of oscillator designs that have been used in 
practical applications is in itself an indication that a thoroughly practical 
general-purpose cavity has not yet been developed. The compromises 
that must be made in the interests of simplicity generally result in a 
serious loss in flexibility; the more limited the application (particularly 
in respect to frequency band), the greater the chance of achieving a 
satisfactory design. I t would be unprofitable to describe a number of 
these devices in detail; rather it seems best to emphasize the fundamental 
principles involved. 

One of the chief factors involved in these compromises is the fact that 
at the higher frequencies it is necessary to adjust not only the magnitude 
of the voltage that is fed back to the input but also the phase. When 
the phase of the transadmittance becomes much greater than ir radians, 
the phase adjustment may be critical in comparison with the adjustment 
of magnitude. Ordinary oscillator cavities do not permit continuous 
adjustment of feedback phase. This fact is responsible for many 
interesting points of behavior, some of which are mentioned in succeeding 
sections. 

Most statements in the remainder of this chapter refer specifically 
to lighthouse tubes, but it is felt that the conclusions would be applicable 
in general to other forms of close-spaced triodes. Physically the light
house tubes depart so widely from the ideal structures postulated in 
Chaps. 3 and 5 that there is little use in attempting a rigorous analysis. 
For example, the spacing between grid wires in a 2C40 tube is greater 
than the separation between grid and cathode. The "p lane" of the grid 
is far from being fiat, and there are serious differences in transit angle 
between those electrons that pass close to the wires and those that go 
through near the centers of the holes. 

7-2. Principal Types of Oscillator Circuits Applicable to Triodes.—In 
the frequency region from about 50 to 200 or 300 Mc/sec, the standard 
triode oscillator is one in which the resonant tank circuit is connected 
between the grid and the plate, and the cathode lead is (usually) provided 
with an r-f choke. Although various forms of this arrangement have 
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received special names, basically it is a Colpitts oscillator in which the 
tube interelectrode capacitances and strays provide the capacitance 
potential divider for the cathode. When the frequency becomes high 
enough to make the use of coaxial-line resonators advisable, this arrange
ment requires modification. Stray capacitance between the plate and 
cathode is cut out by the shielding action of the grid connection, leaving 
only a very small internal plate-cathode capacitance. The latter is so 
much smaller than the grid-cathode capacitance that the resulting grid-
cathode voltage is insufficient to sustain oscillations. One remedy 
is to increase artifically the plate-cathode capacitance by means of one 
or more conducting strips fastened to the cathode lead, passing through 
holes in the grid connector and presenting a surface to the plate or plate 
lead. This form of Colpitts circuit will give satisfactory results provided 
the phase angle of the tube transadmittance is small. At considerably 
higher frequencies (around 1000 Mc/sec) an analogous arrangement, 
in which the grid and cathode are exchanged, is sometimes used; the 
resonator is connected between the plate and the cathode, and the grid is 
capacitively coupled to or tapped onto a suitable point on the inside 
of the resonator. This circuit operates well when the phase lag in the 
tube is about x radians because it provides a reversed feedback voltage. 
This circuit resembles the "grid tickler" or "reverse feedback" circuit 
except for a reversal of the tickler connections to provide the -w radians 
phase shift. With a given set of interelectrode spacings and voltages, 
there is an intermediate frequency range in which neither of these circuits 
works—that is, where the phase lag is about x /2 radians. 

The other types of circuits generally bear less resemblance to familiar 
low-frequency forms. The grid-separation amplifier, discussed in the pre
vious chapter, is well adapted mechanically to the lighthouse tubes, and 
functions as an oscillator if the right amount and phase of feedback are 
provided. A circuit of this type is the most flexible because it permits 
enough adjustments to take care of any phase shifts that may be encoun
tered. In fact, the multiplicity of adjustments is the greatest drawback 
to the general use of grid-separation oscillators. If one is willing to 
make the adjustments, this oscillator will give the best performance of 
which the tube is capable. 

Since lighthouse tubes require relatively large driving voltages at the 
higher frequencies, various attempts have been made to build oscillators 
consisting essentially of a transmission line, radial or coaxial, running 
between the grid-plate gap and the cathode-grid gap. Such a line 
generally is not uniform; rather there are one or more discontinuities 
that permit designation of a portion of the line as the principal " t a n k " 
circuit—that is, the region in which most of the energy is stored. This 
portion plays the major role in determining the frequency of oscillations. 
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For obvious mechanical reasons this transmission line must be folded. On e 
of the designs for realizing an oscillator of this type is the ambiguously 
named "reentrant" oscillator1 illustrated in Fig. 7-1. In this oscillator 
there is a cylindrical conductor connected to the cathode, a concentric 
rod or tube connected to the plate cap, and a short open-ended cylinder 
connected to the grid disk. The cathode and plate cylinders are con
nected (as far as radio frequency is concerned) by a short-circuiting 
plunger that may be either of the choke or of the contact type. The 
choke type is preferred, particularly when high plate voltages are used, 
because it simplifies the d-c insulation problem. The necessary d-c 
connection to the grid is made by a wire or a spring located at or near a 

. D-c grid connection 

- Grid cylinder 

~ Cathode cylinder 

FIG. 7-1. 
D-c plate connection -

-Section of a typical "reentrant" cavity oscillator for a lighthouse tube. All 
three cylinders have spring fingers to make contact to the tube. 

voltage node, and r-f power is coupled out by a loop or probe inserted 
usually in the space between the grid and cathode cylinders. Although 
the construction of this oscillator is simple and it has the great merit of 
readily accommodating the inevitable mechanical imperfections of the 
tubes, its electrical behavior is complicated. For the present it will 
suffice to remark that, because the region between the grid and plate 
cylinders usually contains the major part of the stored energy, it is the 
most important region in determining the frequency, whereas the posi
tion of the plate-cathode plunger chiefly affects the feedback. 

Numerous hybrid oscillator designs are possible—for example, the 
combination of a radial transmission-line cavity for the input circuit and 
a coaxial-line cavity for the output circuit. Most of the hybrid designs 
that have been found useful at frequencies above 2000 Mc/sec may be 
considered as variants of either the basic grid-separation circuit or the 
folded-transmission-line circuit typified by the reentrant oscillator. 
At somewhat lower frequencies, up to perhaps 1500 Mc/sec, many other 

1 Several variants are described by A.. M. Gurewitsch, " Cavity Oscillator Circuits," 
Electronics, 19, 2, 135 (1946). 
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schemes have been used. Among these are the so-called "coaxial butter
fly" circuits and the "cylinder" circuits, which have been described by 
Karplus.1 Most of these may be analyzed as combinations of coaxial 
lines loaded by concentrated (if not "lumped") reactances. Because 
of their limited applications, no detailed discussion of the hybrid circuits 
is given here. 

The coaxial-line grid-separation oscillator and the reentrant oscillator 
are the only types used extensively in the microwave region—the former 
mostly in cases where wide tuning ranges are required, and the latter 
where tuning ranges of about 10 per cent are sufficient and the utmost 

Feedback probe adjustable in 

F I G . 7*2.—Sketch of lighthouse-tube grid-separation oscillator with enough adjust
ments to permit obtaining optimum conditions for any tube when frequency and voltages 
are specified. 

simplicity in construction is desired. From the standpoint of the tube, 
however, the ideal oscillator would be something like that shown sche
matically in Fig. 7-2. This is an oscillator of the coaxial-line type 
providing enough adjustments to permit achievement of optimum 
conditions of feedback. The two coaxial cavities are tuned with plungers 
of either the choke or the quarter-wavelength spring-finger type. The 
space behind the plungers is made nonresonant by the use of high-loss 
insulating material on the heels of the plungers and for the supporting 
rings. In general, the two cavities should be operating in different modes 
—for example, $ and $ wavelengths (effective)—so as to avoid troubles 

1 E. Karplus, "Wide-Range Tuned Circuits and Oscillators for High Frequencies," 
Proc. I.R.E., S3, 426 (1945). 
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with undesired low frequencies that might arise if they were both tuned 
to the same wavelength. 

The probe that injects feedback voltage into the cathode-grid cavity 
should be adjustable radially and longitudinally (by a slot) so that the 
feedback line is always terminated by the tube input losses, transformed 
to the line impedance by the cavity. When the feedback line is so 
terminated, the use of a telescoping section (a "line stretcher") provides 
any phase of feedback voltage that may be required by the transit angle 
in the tube. The two rotatable coupling loops mounted in the plate 
plunger permit adjustment of the magnitude of the feedback voltage 
and of the load. There is unavoidable interaction between these last 
two adjustments, but otherwise the adjustments are nearly independent 
and can be made in a systematic manner. Nevertheless, it is clear that 
such a multiplicity of adjustments can never be tolerated in a practical 
oscillator. This device could be used only under laboratory conditions 
for special purposes. 

Because equipment designers usually want a single-control oscillator, 
although they can sometimes be persuaded to accept a subsidiary 
"tr imming" adjustment, considerable sacrifices in performance are to 
be expected. The alternative of ganging the necessary adjustments is 
almost certainly too complicated mechanically. In the practical forms 
of the coaxial-line grid-separation oscillator, or of the reentrant oscillator, 
the phase and magnitude of the feedback cannot be adjusted inde
pendently; a fixed adjustment or a crude tracking scheme is satisfactory 
over a narrow frequency range. Unfortunately, redesigning an oscillator 
for a moderate shift in frequency may require considerable experiment; 
it is not often possible to use simple scaling methods. 

The remainder of this chapter and the succeeding one are devoted 
to a discussion of the operation of these two circuit types. The discussion 
is general and nonmathematical, chiefly because the necessary tube 
parameters are very seldom known with sufficient accuracy to justify 
anything more than a qualitative treatment. 

7-3. Power Supply and Bias Considerations.—Because of the very low 
efficiency of even the best triode oscillators at frequencies above 1500 
Mc/sec, slightly different bias and supply arrangements from those used 
at low frequencies are advisable. Particularly with an oscillator tha t 
requires more than one adjustment, so that there is a good chance of 
setting the circuit in a nonoscillating condition, the use of grid-leak 
bias may be dangerous. This situation is in contrast to that occurring 
at low frequencies, where the use of a grid leak assists starting of oscil
lations and automatically adjusts the bias as required by changing load 
conditions, etc. 

To protect the tube against overheating when it is not oscillating, 
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it is often advisable to use some cathode bias. This bias needs only 
to be sufficient to prevent overload at the plate voltage used and the 
remainder of the bias voltage may be furnished by a grid leak. Bypass 
condensers are ordinarily not required for the bias resistors. The cathode 
condenser that is built into the tube structure is usually sufficient to 
prevent r-f voltage from appearing on the d-c cathode connection. The 
reentrant oscillator is an exception if the d-c lead to the grid cyclinder 
is not at a voltage node; in this case a small condenser formed by a mica 
washer, or a quarter-wavelength choke may be necessary. With a well-
designed cavity there should be no troublesome leakage of r-f power from 
the d-c plate lead.' 

At moderately high frequencies (200 Mc/sec or less) a reentrant 
cavity, especially if provided with a choke plunger between the cathode 
and plate cylinders, may appear merely as some extra capacitance in 
parallel with the tube interelectrode capacitances. Because of the 
high transconductance of the lighthouse tubes at these frequencies, 
parasitic oscillations in the circuits formed by the power-supply leads are 
sometimes encountered. These lower-frequency oscillations are found 
most often in bench setups and are cured by the insertion of appropriate 
r-f chokes in the leads. They are often encountered also when attempting 
to measure the usual parameters, mutual conductance, plate resistance, 
and n with a vacuum-tube bridge of standard design. The subject is 
mentioned here mainly to warn the experimenter to suspect parasitics 
in cases of erratic behavior. 

Another common difficulty is intermittent or interrupted oscillation, 
which may be "self-quenched" superregeneration ("squegging") at a 
moderately high audio frequency or lower frequency "motorboating." 
The latter is usually a fault of the power supply itself and is remedied 
by proper bypassing, but the former is more difficult to overcome. 
Because the operator generally lacks adequate control over the feedback, 
it not infrequently happens that the feedback is excessive, and super-
regeneration occurs with a quench frequency that depends mainly on 
the time constant of the grid leak and the stray grid-ground capacitances. 
Reduction of this time constant generally stops the superregeneration, 
but the proper cure is to reduce the feedback. 

Unless a high degree of frequency stability is required, it is not 
necessary to regulate the power supply. When stability is important, 
however, it is usually necessary to regulate the heater voltage as well as 
the plate supply. Voltage regulation is more important with the reen
trant oscillator than with the two-cavity coaxial grid-separation circuit. 
When the taut-grid 2C40 and 2C43 tubes are used, the frequency shifts 

1 If present, the leakage can readily be detected by running a finger or screwdriver 
along the lead and noting the reaction on the oscillator. 
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resulting from an unregulated supply should not exceed 0.5 Mc/sec 
(at 3000 Mc/sec) for a 1 per cent change in line voltage. 

The provision of adequate cooling of the anode is important enough 
to deserve mention here, although it is more a question of cavity design 
than of power supply. Because of the low efficiency, plate input power 
is practically synonomous with plate dissipation. Most oscillator designs 
bury the plate connection within a pair of concentric cylinders. Since 
these are usually silver-plated, they practically eliminate radiation 
cooling. It is necessary to provide adequate conduction along the plate 
cylinder or to blow air on the plate cap itself. A surprisingly large 
number of small ventilation holes may be bored in the cylindrical con
ductors forming the oscillator cavity with no apparent detriment to 
performance. 

7-4. Two-cavity Grid-separation Oscillators.—Many of the impor
tant points in the construction of two-cavity coaxial-line grid-separation 
oscillators are obvious and need only be listed here. These are: (1) 
the importance of designing contact fingers to provide good electrical 
(and thermal) contact without stressing the tube mechanically; (2) the 
necessity for dependable action of the short-circuiting plungers (which 
means the use of choke plungers, unless too wide a frequency range is 
required); (3) the avoidance of resonances in the supposedly "dead" 
region behind the plungers; and (4) the possibility of higher modes in 
the outer coaxial line at high frequencies. 

In most applications it is desirable to gang the two plungers so that 
a single tuning control will suffice. Such a procedure is complicated 
because the graph of wavelength against plunger position is not a straight 
line. The departure from a straight line is due to the loading effect of 
the tube on the open end of the coaxial line. 

The r-f gap in the tube may be represented to a first approximation 
by a lumped capacitance, provided the radius of the plate or cathode is 
very much less than one-quarter wavelength (this condition always being 
satisfied in lighthouse tubes). This lumped capacitance loads a radial 
transmission line at the center, and this radial line in turn loads the 
coaxial line. This resonator is evidently somewhat more complicated 
than the simple klystron resonator discussed in Chap. 4. The transition 
region between the radial and the coaxial transmission lines makes calcu
lations of resonant frequency unsatisfactory. The lack of a simple 
method of calculating the dimensions of this resonator is not serious 
since the actual tubes depart widely from the simple geometry considered 
here. 

If the mode in which the resonator is operating is designated as the 
(n/4)-mode, where n is any odd integer, n — 1, 3, 5, • • • ; then as n 
increases, the effect of the loading becomes less important and the 
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tuning curve (wavelength vs. plunger position) approaches a straight line 
of slope 4/n. When n is not very large, however, as the line length 
is decreased the points depart more and more from the predicted line, 
always lying above it. I t is this curvature, which depends on the loading 
and therefore is different for the two cavities, tha t makes ganging difficult. 
In taking experimental data for the design of a tracking mechanism, 
it is worth remembering that the complete curve for only one mode needs 
to be determined accurately for each cavity; the rest of the curves in 
the family are readily constructed by adding or subtracting the proper 
number of half wavelengths. If carried over a sufficiently large wave-

Q\ 1 1 1 U o1 1 1 1 1 1. 
0 5 10 15 20 0 5 10 15 20 25 

Line length measured from Line length measured from plane 
plane of grid (cm) of grid (cm) 

to) (6) 
F I G . 73.—Tuning curves for a type 446 tube in a two-cavity grid-separation oscillator. 

Crosses, experimental points, and dots obtained by extrapolation. 
(o) Cathode line (o) Plate line. 
i-in. inner conductor j- in. inner conductor 
l j - in. outer conductor 3-in. outer conductor 
length range, a family of curves of this sort will show whether or not it 
is necessary to use different modes for the two cavities to avoid operation 
in the fundamental. The physical line lengths required for a given 
wavelength depend on the diameters of the conductors and the configura
tion of the contact fingers, but the data of Fig. 7-3 give an idea of the 
orders of magnitude. The resonant wavelengths for the various modes 
are plotted as functions of distances (in centimeters) from the plane of 
the grid disk to the short circuit. The data were taken on a 446 tube 
in an oscillator in which the inner and outer conductors of the plate 
cavity were f in. and -J in. in diameter, and of the cathode cavity i in. 
and 1£ in., respectively. I t should be noted that for this particular 
tube a radial cavity 1-J- in. in diameter between the cathode shell and the 
grid disk would resonate near 14 cm, and a similar cavity between the 
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grid and the plate disks f in. in diameter would resonate a little below 
10 cm. Figure 7-3 also indicates that, unless precautions are taken, it 
is not safe to use the fX-mode in both cavities at 10 cm because in that 
case the lengths of the lines would be too close to those required for 
oscillation in the fundamental mode between 22 and 25 cm. 

Feedback arrangements for oscillators of this type are numerous, and 
in general not very satisfactory. Various types of coupling loops or loop-
and-probe combinations inserted through the grid conductor are often 
used; these function well over a 10 to 20 per cent frequency band. When 
wider bands are required, several different feedback devices may be 
employed simultaneously. Another common scheme is to cut a longi
tudinal slot in the grid cylinder and to mount a small probe on one of 
the shorting plungers so that it picks up some energy from the other 
cavity. If the same mode is used in both cavities, the feedback tracks 
roughly at least over a considerable range. 

Ordinarily, the coupling between the two circuits will be much 
tighter than critical coupling, so the response curve will have two peaks. 
Therefore, if both cavities are tuned to the same frequency, all of these 
schemes can produce only zero or w radians phase shift in the feedback. 
Detuning of the cathode circuit allows some adjustment of the angle, 
but at a sacrifice in driving voltage. Furthermore, a phase shift of TT/2 
or 3x/2 radians is impractical. 

Unless very strong coupling is used, the frequency stability of these 
oscillators with respect to power supply or thermal variations is notice
ably better than that of the reentrant oscillator. Not only is the cathode-
grid capacitance less tightly coupled to the frequency determining circuit, 
but the common practice of using fX- or fX-modes in the grid-plate 
cavity reduces the importance of changes in plate spacing. The higher 
Q in the frequency-determining circuit proportionately reduces the 
sensitivity to changes in any of the tube parameters, whereas the loose 
coupling further reduces the importance of heater voltage. 

Despite this advantage of the two-cavity circuit, it has been used 
relatively Uttle on account of the mechanical difficulties in producing the 
oscillators and the evident complexity of the adjustments. The main 
uses have been for laboratory measurements on the tubes and for special 
signal generators. In most of the large-scale applications the reentrant 
oscillator has been preferred in spite of its inferior stability and the fact 
that it is less flexible and harder to understand. 

7-6. Reentrant Oscillators.—In order to analyze the behavior of the 
reentrant oscillator in terms of an equivalent circuit,' a somewhat simpli
fied picture will be introduced first. In Fig. 7-4 the d-c grid lead is 

1 The treatment follows that of J. R. Whinnery, "A Preliminary Report on 
Re-entrant Oscillator Theory," General Llectric Data Folder, 46256, Aug. 2, 1943. 
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omitted, numerous discontinuities are ignored, and the load is represented 
by a lumped admittance YL-

The most common method of tuning a reentrant oscillator over a 
5 to 10 per cent tuning range is to slide the plate connector partly off 
the plate cap of the tube in such a way as to leave a discontinuity, which 
may be treated as a variable lumped inductance Lt in series with the 
coaxial line 3. A motion of TS in. will shift the frequency about 100 

Grid 

F I G . 7-4.—Idealized reentrant cav
ity, d-c grid connection omitted. 

F I G . 7-5.—Coaxial line con
figuration aimilar to tha t at the 
end of a grid cylinder. 

Mc/sec in the 3000-Mc/sec region. The grid cylinder, which is usually 
made to snap on to the grid disk, has a short "overhang" extending 
toward the cathode. Tuning is sometimes done by varying the length 
of the grid cylinder with a telescoping section. 

Before proceeding to the equivalent circuit a few remarks on the 
fields in the neighborhood of one of the ends of the grid cylinder may be 

helpful. In the configuration shown 
in Fig. 7-5 a coaxial line c is connected 
to two concentric lines a and 6, which 
are formed by inserting the cylinder 3 
into line c. Provided cylinder 3 has 
negligible thickness, the analysis is 
simple. A wave in line c proceeding 
to the left is split into two waves 
with amplitudes proportional to the 
characteristic impedances of a and 6, 
and there is no reflection. However, 
a wave sent down line a to the right 

will, in general, be partly reflected and partly transmitted into b and c. 
This wave will " s e e " a discontinuity capacitance arising from the fring
ing field at the end of 3; and a wave sent to the right in b will behave 
qualitatively like one in a. The characteristic impedance of line c will 
be the sum of the impedances of lines a and 6. 

These considerations lead to an equivalent circuit for Fig. 7-5 as 
shown in Fig. 7-6. The two discontinuity capacitances C« and d may 
be calculated from the geometry. The discontinuity appearing across 

F I G . 7-6.—Equivalent circuit for the 
configuration of Fig. 7-5, Lc is resonant 
with the series combination of Ca and 

a. 
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line c is an inductance Lc, which is resonant with the series combination 
of C, and GV When line c is closed with a short-circuiting plunger, as in 
the reentrant oscillator, its effect may be merged with L as a variable 
reactance. Thus line a is terminated by line b in series with a variable 
reactance, adjustable by moving the short-circuiting plunger in c. If 
line b has a dissipative load, variation of the length of c will produce 
a variable phase shift of the wave in 6 with respect to that in a, but the 
phase shift will be accompanied by a change in magnitude and it will 
not be possible to reach all angles. 

After this digression, it is now possible to draw an equivalent circuit 
for the complete oscillator, provided some simplifying assumptions are 
made. In addition to neglecting the effects of the d-c grid connection, 
the reflections from the output probe, and the losses at the r-f contacts, 
it is convenient to assume small-signal conditions, so that the tube charac-
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T=C, ^ C 2 C 3 4 XC5 \*L\ C££ ^ C 7 <V 
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FJQ. 7-7.—Equivalent circuit for oscillator of Fig. 7-4, assuming small-signal theory. 

teristics may be expressed by input and transfer admittances. Also, the 
tube is assumed to have infinite plate resistance and the plate-cathode 
capacitance is neglected. The assumption of small signals limits the 
analysis to conditions at the start of oscillation. Given sufficient knowl
edge of the tube parameters, it is possible to predict whether oscillations 
will occur and at what frequency, but no conclusions can be drawn 
about the equilibrium amplitude of oscillations. Experimentally, the 
most serious assumption is the neglect of the reflections from the d-c 
grid connection and the output probe. 

Referring to Fig. 7-4, the input region 8 may be considered as a 
capacitance C8 shunted by a loading resistance Rs, across which the 
voltage V„ is developed. As a result of this voltage, there will be a 
current generator YmVg in the output circuit, where Ym is the trans-
admittance. The grid-plate capacitance is designated as C\ and the 
discontinuity capacitance at the plate disk of the tube is C2. The circuit 
then will be as shown in Fig. 7-7. The various pieces of coaxial line 
appearing in Fig. 7-4 are indicated here by small I's with a subscript to 
correspond to the numbers already used. It should be noted that there is 
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a mechanical requirement that the length of line 5 be the sum of the 
lengths of lines 2, 3, and 7. 

For oscillations to persist, it is necessary that a current YmV„, fed 
in at the left-hand end, give a voltage V'g in the correct phase at the right-
hand end. For the oscillations to build up, V'e must be at least infmitesi-
mally greater than Va. The frequency of oscillation will adjust itself 
until the phase shift produced by the circuit plus that produced by 
transit time is just %r or a multiple thereof. Calculations performed by 
Whinnery and others, for cases in which the tube transadmittance was 
known, have shown that the circuit of Fig. 7-7 will predict correctly the 
range of lengths of U over which oscillation will be obtained.1 

Obviously, there will be successive positions, differing by a half wave
length, for the short-circuiting plunger on h. Unfortunately, the agree
ment between experiment and theory is mainly reassurance that the 
analysis has been followed correctly; the tube parameters are known too 
rarely for calculations to be of much practical use. 

Before this analysis was available, it was known empirically t ha t the 
region from C\ to the junction of lines 3, 4, and 5 (the end of the grid 
cylinder) was the most important in determining frequency. Because 
the reflection at the end of the grid cylinder is large in all normal reentrant 
oscillator construction,2 it is to be expected that the greater part of the 
stored energy will be found here. To a rough approximation, the line 
as far as the end of the grid cylinder behaves like a loaded half-wavelength 
line, which is physically about one quarter-wavelength long at 3000 
Mc/sec, but the other circuit parameters cannot entirely be neglected. 

The load can be connected almost anywhere in the circuit and about 
the same amount of power can be obtained, but it has been found best 
experimentally, from the standpoint of smooth operation over a range of 
frequencies, to connect the load as shown in line 5. Fortunately, this 
connection is also convenient mechanically. This optimum location 
could have been predicted from Whinnery's analysis, since placing a 
load on line 5 assists in obtaining a wider range of phase shifts by adjust
ment of the plunger in line 4. 

I t was known early that different dimensions were required to reach 
the same frequency under c-w and pulse conditions. Clearly, the applied 
voltage will affect the phase of Ym and the line lengths must be altered 
to correspond. 

1 Most of these comparisons between theory and experiment were made in the 
1000-Mc/sec region with selected tubes for which the spacings were known. 

2 In some experimental oscillators, which were constructed bj ' J. B. II. Kuper and 
P. A. Cole at the Radiation Laboratory and which had a very low characteristic imped
ance for line 5, the position of the short circuit in line 4, or rather the length li -{- h + ltl 
was the main frequency-determining element. 
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In spite of its limitations it appears that Whinnery's equivalent 
circuit is invaluable in understanding the behavior of reentrant oscillators. 
Perhaps the most important result is the fact that only a limited range 
of feedback phase angles can be obtained by adjustment of the plunger, 
and then only with a corresponding variation in amplitude. 

7-6. Behavior of Practical Reentrant Oscillators.—In most reentrant 
oscillators the arrangement of the cathode cylinder and its contact 
to the cathode shell of the tube departs widely from the simple scheme 
shown in Fig. 7-4. Since no attempt is ordinarily made to use the 
equivalent circuit quantitatively, this variation is not very important, 
but it must be remembered that any change in dimensions in the oscil
lator cavity will affect the feedback and probably the frequency also. 
The location of the d-c grid connection is sometimes very important in 
obtaining oscillations at a particular frequency. A 3000-Mc/sec oscil
lator may operate at some frequency in the 1000-Mc/sec region if the 
arrangement of contact springs for the d-c grid connection is wrong. 

The operating wavelength, length of the grid cylinder, and location 
of the short-circuiting plunger are given in Table 7-1 for a typical 2C40 
tube. The measurements were made under c-w conditions with 200 
volts on the plate and under pulse conditions with 1200 volts in an 

T A B L E 7 - 1 . — R E L A T I O N O F W A V E L E N G T H , G R I D C Y L I N D E R L E N G T H , AND P L U N G E R 
P O S I T I O N FOR A 2C40 IN A R E E N T R A N T OSCILLATOR 

RL Dwg. D-11089-A. Continuous-wave measurements a t 200 volts, pulse measure
ments a t 1200 volts 

Wavelength, cm 

8.8 
9.2 
9.6 

10.0 

Continuous wave 

Grid cylinder 
U + l3, cm 

1.84 
2.08 
2.32 
2.60 

Plunger 
distance h, 

wavelengths 

0.40 
0.41 
0.41 
0.405 

Pulse 

Grid cylinder 
h + '3, cm 

1.58 
1.75 
1.90 
2.07 

Plunger 
distance UT 

wavelengths 

0.36 
0.37 
0.37 
0.40 

oscillator shown in the Radiation Laboratory drawing D-11089-A. The 
position of the plunger determining U (see preceding section) is given 
in wavelengths from the end of the grid cylinder. 

The wavelength varies almost linearly with the length of the grid 
cylinder, but the optimum electrical length of U remains more or less 
constant. The physical position of the plunger is changed considerably. 
The small variations in plunger distance are within the experimental 
error in locating the optimum position. There is a striking difference 
between the optimum dimensions for c-w and pulse operation. This 
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difference is a result of the decreased transit time at the higher plate 
voltage. The full effect of the change in voltage is not seen because the 
tube spacings decrease with increasing temperature and the average 
input power is usually higher under c-w conditions. An oscillator 
designed for pulse operation will operate under c-w conditions if the grid-
cylinder length and plunger distance are both increased. Naturally, 
the insulation of the plate lead need not be so good for c-w operation. 

In many practical oscillators there is no convenient independent 
adjustment of £4. Instead, the plunger is fastened to the plate rod, and 
the length of line 4 is increased slightly as the rod is pulled off the plate 
cap of the tube, increasing Lt and with it the wavelength. For small 
changes in wavelength, approximately the same electrical length of h 
will be necessary, as indicated in Table 7 1 . These measurements indi
cate merely that it is plausible to move the two adjustments in the same 

direction but they give no information 
about the relative rates required. In 
many oscillators where this sort of "gang
ing" is used, it is possible when changing 
tubes to shift the position of the short-
circuiting plunger on the plate rod. 

The power output to be expected from 
a 2C40 in a reentrant oscillator varies 
widely with frequency and from tube to 
tube. The tuning range may be com
paratively wide if the length of the grid 
cylinder is varied, but if the tuning is done 
by sliding the plate rod part way off the 
cap, a range between 5 and 10 per cent is 
to be expected in the 3000-Mc/sec region. 
The range is partly a question of how far 
the plate rod may be withdrawn without 

interfering with the cooling of the plate. Because even the best contact 
fingers loosen in time, it is well not to push the tuning range to its limit. 

In most applications of lighthouse tubes it is necessary to design 
the cavity to tune over a specified range with any tube. Because of 
manufacturing variations from tube to tube, or rather from batch to 
batch, it sometimes happens that a large part of the available tuning 
range is used up in compensating for tube changes. As might be expected, 
the grid-plate capacitance, appearing as Ci in Fig. 7-7, has a large influence 
on the wavelength of oscillation with all other dimensions fixed. With 
normal cavity proportions the effect of variations in grid-cathode capaci
tance might be only a fifth as great as that of the grid-plate capacitance. 
Experimentally, there is no correlation between operating wavelength 

9.6 

9.2 

t 
■a 8.8 

8.4 

8.0 

0 

^ 00 0 

y^o ° 

1.6 1.7 2.0 1.8 1.9 
Cgp iani) 

F I G . 7-8.—Wavelength of os
cillation in a fixed-tuned reentrant 
oscillator vs. grid-plate capacitance 
of various 464A tubes. The curve 
is calculated by Whinnery. Cir
cles represent measured points with 
different tubes. 
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and grid-cathode capacitance but, as is shown in Fig. 7-8, there is a good 
correlation between wavelength in a fixed-tuned oscillator and grid-plate 
capacitance. These data (from Whinnery's report) were taken on 464A 
tubes. A theoretical curve calculated from the equivalent circuit is also 
shown. The calculations were made using the capacitances measured on 
the cold tubes; a correction for the thermal change in capacitances would 
improve the agreement. 

Several anomalous points of behavior have been observed in oscillators 
operating with very long pulses (about 40 <usec) or with c-w with high 
plate voltages (300 volts or more). This behavior, for want of a better 
term, has been called "drooping." Some measurements by R. Kyhl 
indicate that "drooping" is encountered when the transit angle is slightly 
greater than TT/2 radians. In general, the behavior consists in a decrease 
in power output, or an increase in pulse-buildup time, under conditions 
which would ordinarily be expected to be more favorable. Examples 
are: a decrease in output power as the cathode gradually reaches its full 
temperature with recovery if the heater voltage is dropped, a decrease 
in output power as the wavelength is increased, and a decrease in output 
power when the plate voltage is raised beyond a certain value. Not all 
tubes show this behavior; it is commonest in tubes with the smaller 
grid-cathode spacings. Increasing the plate voltage or decreasing the 
frequency will decrease the transit angle; increasing the heater voltage 
will have the same effect because the cathode post expands toward the 
grid and at the same time the virtual cathode moves farther out. If the 
transit angle is not much greater than ir/2 radians, a moderate decrease 
in the angle may put it beyond the range afforded by the adjustment of U. 
Thus, it is generally not possible to pass continuously from c-w operation 
at 200 or 300 volts to pulse operation in the 1 to 2 kv volt range. At 
intermediate voltages there is a region in which no oscillation is found, 
and sometimes there is a narrow range in which oscillation at some fre
quency far removed from the normal range of the cavity is observed. 

The question of frequency stability with respect to heater- and plate-
voltage changes may be considered in a general way on the basis of the 
equivalent circuit. Increasing either voltage decreases the transit angle, 
which affects Ym. Expansion of the cathode post increases C„t with some 
effect on the frequency, but with a larger effect on the feedback. An 
increase in plate dissipation expands the plate post and increases Cgp, 
thus lowering the frequency. The frequency shifts depend on the 
proportions of the cavity used; some data obtained on a common form of 
oscillator under pulse conditions are given in the next chapter. 

7-7. Modulation of Triode Oscillators.—Because of the importance 
of transit time in the operation of triode oscillators in the microwave 
region, attempts to modulate them are less satisfactory than attempts 
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to modulate self-excited oscillators at lower frequencies. Mechanical 
frequency variation over a range of 10 to 20 Mc/sec can readily be 
obtained by rotating a paddle of metal, or a low-loss dielectric such as 
polystyrene, in the oscillator cavity. Frequency modulation by this 
means is useful in special signal generators for amplifier alignment and 
similar purposes, and can also be used as the basis for an electro-mechani
cal automatic frequency control. However, it is not modulation in the 
sense that it can be used for conveying complicated information such as 
speech or video signals. Modulation of this sort must be electrical, and 
preferably should be applied to a high-impedance control electrode. 

Little has been done on the problem of obtaining frequency modula
tion that is substantially free from incidental amplitude modulation, 
or vice versa. In principle, at least, a lighthouse triode or diode could be 
used with an eighth-wavelength line to function as a variable reactance. 
A few attempts have been unsuccessful because of the difficulties in 
obtaining a sufficiently high r-f conductance with available tubes. A 
reactance tube using electrons injected parallel to a magnetic field, like 
those used for electronic tuning of magnetrons, could certainly be used to 
frequency modulate a lighthouse tube. 

Slight frequency deviations, up to perhaps 100 kc/sec, can be obtained 
simply by applying a small voltage in series with the grid bias of a light
house tube. Unless the deviation is kept small, however, there is an 
objectionable amount of amplitude modulation. With a proper adjust
ment of modulating voltages simultaneously applied to the grid and 
plate of a lighthouse tube, it should be possible to vary the phase of the 
transadmittance without affecting the amplitude appreciably. Although 
such a system would be difficult to adjust, it should permit fairly large 
deviations. 

Amplitude modulation (as distinct from pulse modulation) appears 
more difficult to achieve than satisfactory frequency modulation. The 
use of a two-cavity grid-separation oscillator seems to be indicated, and 
even then it may be advisable to apply the modulation to both grid and 
plate. Doubtless various schemes involving variable conductances 
supplied by an auxiliary tube can be made to work. 

The whole subject of modulation of triodes at microwave frequencies 
is another illustration of the narrowness of wartime research where 
attention is focused sharply on the immediate application. Although the 
problems are not simple, there is little reason to doubt that solutions 
will be forthcoming soon. The question of pulse modulation of light
house tubes, together with a detailed discussion of cavity designs and 
performance, is taken up in the next chapter. 



CHAPTER 8 

PULSE OPERATION OF MICROWAVE TRIODES 

B Y J. B. H. K U P E E 1 

8-1. Factors Important in Pulse Operation.—Lighthouse-tube oscilla
tors designed for pulse operation have been used extensively as trans
mitters in low power radar sets and lightweight beacons, and as signal 
generators. I t is almost axiomatic that any radar or beacon application 
in which l-/isec pulses of 1 to 3 kw r-f pulse power are useful is also an 
application demanding extreme compactness, light weight, and low power 
consumption. Hence, in addition to the requirements on tuning range, 
frequency stability, and mechanical simplicity of the oscillator cavity 
that were discussed in the preceding chapter in connection with low-level 
c-w applications, the question of efficiency becomes of great importance 
in pulse operation. 

The designer of an efficient pulser must take into consideration the 
pulser load impedance presented by the lighthouse-tube oscillator. This 
impedance varies somewhat from tube to tube, but is affected markedly 
by the adjustment of the oscillator circuit and the applied voltages. The 
impedance often is not constant over the duration of the pulse. 

The preferred method of obtaining pulse operation is to apply a 
positive voltage pulse to the plate of the lighthouse tube. This method is 
dependable and will give satisfactory tube life, but many designers prefer 
not to build a pulser capable of furnishing the plate power. Instead, 
the plate voltage is applied continuously with the tube biased beyond 
cutoff, and the hold-off bias is overcome by a pulse applied to the grid 
or cathode. With this method of operation (referred to as "gr id" or 
"cathode pulsing"), the adjustment of the oscillator is somewhat more 
difficult, and the lighthouse tubes often fail prematurely. "Gr id" or 
"cathode pulsing" is generally not recommended by the tube manufac
turers, and its use is largely confined to low power applications, such as 
signal generators. 

The question of starting time, the interval between application of a 
voltage pulse and the buildup of the r-f oscillations, is often critical in 
pulse operation. Attainment of a short (less than i /*sec) and reproduci-

1 Most of the material for this chapter, including all of the illustrations, was com
piled by M. E. Gardner, who was in charge of research on pulse operation of lighthouse 
tubes at the Radiation Laboratory. His cooperation is gratefully acknowledged. 
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ble starting time requires that the oscillator have strong feedback. 
Largely for this reason the " reent rant" oscillator is used almost univer
sally in pulse operation of lighthouse tubes. When feedback conditions 
are wrong, as in severe "drooping" (Sec. 7-6), the starting time may be 
as much as 40 ysec or more. 

Standardization on the use of the reentrant oscillator and adoption 
of a normal pulse length of 1 jisec with a recurrence frequency of 1000 pps 
for experimental investigations has resulted in making available much 
more controlled data on pulse operation than has so far been obtained on 
c-w performance. With the one type of cavity and a constant duty ratio, 
the important parameters to be studied are feedback control (choke 
plunger position), pulse voltage, bias, and load adjustment. Load 
adjustment and feedback are unfortunately not independent. 

. Grid cylinder 

rr^S 
D-c grid lead ^ P l a t e p | u n g e r 

\ JL /natep" 
rH%=u r^ 

u t J-i TW 
T iST" , , , i — f 

P 
Plate 
lead Probe -' N H p ^ j p 

Output 
F I G . 8-1.—Cross section of a reentrant cavity for pulse operation. Distance D is measured 

from probe to grid cylinder. 

8-2. Typical Cavity Design.—A schematic drawing of a typical 
reentrant oscillator designed for pulse operation in the 3000-Mc/sec 
region is shown in Fig. 8-1. This cavity differs from that of Fig. 7-1 
mainly in the spacing between the plate choke plunger and the cathode 
cylinder, which has been increased to withstand high plate voltages. 
Figure 8-2 is a photograph of an experimental cavity that has been cut 
open to show the arrangement of the parts. The grid cylinder snaps 
on to the grid disk of the 2C43 lighthouse tube. The d-c connection 
to the grid is made by springs that are mounted on the cathode cylinder 
with small screws passing through bakelite bushings. Mica washers 
provide bypassing to prevent leakage of r-f energy on the grid leads. 
Three contact springs are provided in this cavity, of which two appear 
in the photograph. The quarter-wavelength cup forming the plate 
choke plunger is fixed on the plate rod. To tune the oscillator the entire 
assembly can be moved on or off the plate cap of the tube by means of 
the tuning knob and screw in the end cap. The output probe is located 
in the region between the grid and cathode cylinders; the depth of penetra
tion is adjusted by means of a threaded collar. 
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In order to obtain a good voltage-pulse shape, without making the 
internal impedance of the pulser inconveniently low, it is necessary to 
keep the stray capacitance of the lead from the pulser to the tube as low 
as possible. This, together with the problem of breakdown under high 
voltages, makes the use of plate blocking condensers undesirable. Use 
of a choke type of plate plunger avoids the necessity of a blocking 
condenser. 

FIG. 8-2.—Photograph of an experimental reentrant oscillator, cut open to show arrangement 
of parts. 

A typical reentrant oscillator might have a cathode cylinder 1% in. 
in diameter (inside) with a -g-in. air gap between cathode cylinder and 
plate choke, giving a quarter wavelength line with a characteristic 
impedance of about 10 ohms. If the end space beyond the plate plunger 
is resonant an appreciable amount of energy may leak into the end space 
and cause "dead spots" or irregularities in tuning. This difficulty can 
be avoided by inserting lossy material in the end space. 

The grid cylinder must make good mechanical and electrical contact 
to the grid disk of the tube. This requires the use of a springy material 
(phosphor bronze or beryllium copper), carefully machined. The usual 
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/ 0.015 sawcut x 0.625 
L deep 12 slots equally 

spaced 0.313 
- Round edge 
F I G . 8-3.—Grid cylinder for a reentrant 

oscillator operating in the 3000 Mc/sec 
region. 

dimensions for the grid cylinder are a £-in. outside diameter, with the 
length as given in Table 7-1. It is customary to extend the grid cylinder 
past the grid toward the cathode shell to produce an "overhang" or 
"skirt ," as shown in Fig. 8-3, which illustrates a design for operation 
around 3300 Mc/sec. For pulse operation in the 3000-Mc/sec region, a 
typical skirt would leave about iV in- spacing between the end of the 
grid cylinder and the cathode shell of the lighthouse tube. The length 
of the skirt has comparatively little effect on power output or frequency 

of oscillations but does appear to 
affect the stability of the oscil
lator.1 With longer grid cylinders 
and a corresponding lengthening of 
the distance to the r-f short circuit 
produced by the plate plunger, 
reentrant oscillators operate satis
factorily d o w n t o a b o u t 1000 
Mc/sec. 

The choke p l u n g e r may be 
located as indicated in Table 7-1 
or it can, of course, be moved out 
a half-wavelength. This is some
times done if the cup forming the 

plate choke overlaps the end of the grid cylinder and so leaves insufficient 
clearance for high pulse voltages. In any event the cup can be turned 
either to face the tube (as in the illustrations) or in the opposite direction; 
the location of the "short-circuit" at the bottom of the cup is the 
important dimension. 

The tuning range of this type of reentrant oscillator is about 10 per 
cent for any one tube, as in the case of the oscillators discussed in the 
preceding chapter. This range is set by the length of the plate cap, and 
may be extended by the use of a telescoping grid cylinder or similar means. 
For ranges much greater than about 10 per cent, however, it will probably 
be necessary to provide an independent adjustment of the choke-plunger 
position. For this reason the simple tuning scheme illustrated here has 
been used most widely. 

Since the efficiency of a lighthouse oscillator operated under pulse 
conditions in the 3000-Mc/sec region is only about 20 per cent or so, 
it is important to provide good cooling for the plate seal of the tube 
unless the duty ratio is small. The cathode cylinder may be provided 
with several small holes for ventilation without appreciably affecting the 
operation of the oscillator. At frequencies in the 1000-Mc/sec range, 

1 M. E. Gardner and S. C. Peek, "Preliminary Data on the GL 464 High Fre
quency Triode When Used as a Pulse Oscillator," RL Internal Report 52-8/5/43. 
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the efficiency is considerably higher, but the difference between operation 
at 1000 and at 3000 Mc/sec is not nearly as great in pulse operation as 
it is under c-w conditions. 

8-3. Tube-design Requirements.—In general, the requirements to be 
met by a tube intended for pulse applications in the microwave region 
are the same as those previously discussed in connection with c-w opera
tion. The chief exception is the cathode emission that is required. The 
cathode should be capable of emitting at least 10 amp/cm2 under pulse 
conditions, and preferably much more. This is not a stringent require
ment since emissions approaching 100 amp/cm2 appear to be possible 
with the best commercial cathodes. Furthermore, the cathode area 
should be as large as convenient, with due regard to the importance of 
maintaining a reasonably constant r-f field and transit angle for all parts 
of the electron beam. In the 2C43 lighthouse tube, which is intended 
primarily for pulse operation in the 2000- to 3000-Mc/sec region, the 
cathode area is about 0.3 cm2. Most of the data available on the behavior 
of lighthouse tubes under pulse conditions were taken with pulse dura
tions of 1 or 2 /isec. Relatively little is known about the effects of very 
long pulses on oscillator efficiency and cathode life. 

The interelectrode spacings can be considerably larger in a tube 
designed for pulse operation than in its c-w counterpart. For the same 
transit angles the spacings increase as the square root of the voltage, but 
it is customary to increase the spacings only enough to prevent flashover, 
and to take advantage of a reduction in transit angle. This procedure 
accounts in large measure for the difference in efficiency between the 
2C43 operating under pulse conditions and the 2C40 operating con
tinuously at the same frequency. 

The frequency stability of an oscillator with respect to changes in 
ambient temperature or in applied voltages is dependent to a great degree 
on details of construction of the tube. In most pulse applications where 
the duty ratio is constant, the problems are just the same as those 
encountered in c-w operation, but in other cases, notably beacon trans
mitters, the duty ratio may fluctuate wildly. The maintenance of a 
stable frequency in this application requires exceptionally good compensa
tion for thermal effects. 

For identical cavity adjustments the impedance presented to the 
pulser is affected strongly by the fineness of the grid structure and its 
spacing from the other electrodes, particularly the cathode. Opening 
up the grid mesh or moving it closer to the cathode results in a lower 
impedance, and increasing the cathode emission likewise decreases the 
impedance. 

The anode of the tube is relatively unimportant. The spacing 
between anode and grid should be held constant because the grid-plate 
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capacitance is a major factor in determining the frequency of oscillations, 
as was shown in Fig. 7-8. The particular spacing chosen is a minor 
matter; a compromise must be made between extremely short spacings, 
which are hard to maintain accurately in production and may give trouble 
with breakdown under high pulse voltages, and longer spacings, which 
involve excessive transit angles. 

The material used for the anode post naturally has a large influence 
on the frequency stability because expansion of the plate changes the 
grid-plate capacitance. There is not, however, much point in attempting 
to achieve perfect compensation within the tube as the cavity will have a 
temperature coefficient of frequency of its own. 

8-4. Effect of Plate-plunger Position.—As the analysis of the reentrant 
oscillator (Sec. 7-5) showed, the location of the plate choke plunger (or 
the length of line h) is important in determining the feedback phase and 
magnitude. In addition, there is a change in frequency accompanying 
a motion of the plunger. This tuning effect is a minor one, however, in 
comparison to the tuning ranges made available by altering the length 
of the grid cylinder or inserting a discontinuity in the plate lead. The 
output coupling also affects the feedback, particularly if the probe is 
placed as usual in the region between the cathode line and grid cylinder. 
As a result the location of the plunger and the depth of penetration of 
the output probe are interdependent. 

The curves of Fig. 8 4 illustrate these effects in a general way. The 
curves are the averaged values for several 2C43 tubes, with different 
interelectrode capacitances, operated at a pulse voltage of 3.0 kv. For 
each setting of the choke plunger the output probe was adjusted for 
maximum output, and the distance between the probe and the grid 
cylinder, dimension D of Fig. 8-1, is plotted. The operating wave
length, r-f power output, and pulse plate current for this load adjust
ment are plotted. As the short-circuiting plunger is moved away 
from the tube, no oscillations are found until the plunger is almost 4.5 
cm away from the plane of the grid. As the plunger is withdrawn 
further, the r-f power builds up rapidly to a broad maximum and then 
falls off rather slowly. Further motion of the plunger causes the oscilla
tions to stop and nothing happens until the length of U is increased to 
about 8.9 cm (a half-wavelength longer), when the cycle starts to repeat. 

As the plunger is moved away from the tube the output probe must 
also be withdrawn from the cavity, otherwise the oscillator soon over
loads and the range of plunger positions over which oscillations are 
obtained would be shortened markedly. The wavelength increases 
almost linearly with increase of £4, and the plate current increases rapidly 
from a minimum value obtained when oscillations are just starting. The 
best efficiency is obtained when the power output is noticeably less than 
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its maximum, and the plunger adjustment for optimum efficiency is 
critical. 

Since the curves of Fig. 8-4 were taken at a constant plate voltage, 
the plate-current curve shows the variation of pulser load conductance 
with plunger position for a given grid-bias resistor. 

The position of the plunger also has an effect on the starting time 
because the time required for oscillations to build up to an appreciable 
amplitude from the noise level, or an initial transient, is dependent on 
the feedback. Thus it may be found that the starting time will be 
relatively long, perhaps 0.5 jusec or more, near the ends of the range of 

FIG. 8-4.—-Effect of choke position on wavelength, output-power, and plate current. 

plunger positions over which oscillation is obtained. At some point 
within this range, where the feedback is optimum at low levels, the 
starting time will have a minimum value of 0.1 jisec or less. 

8-5. Grid Bias.—In oscillators in which a positive voltage pulse is 
applied to the plate, it is most convenient to supply the grid bias by 
means of a grid-leak resistance. Once the r-f adjustments of the cavity, 
tuning, plunger position, and load coupling have been fixed, the choice 
of the grid-biasing resistor affects the output power and efficiency, and 
possibly the starting time also. The optimum bias resistor depends on 
the pulse voltage applied to the plate. 

A convenient means of illustrating the effects of changing grid-bias 



194 PULSE OPERATION OF MICROWAVE TRIODFS [SEC. 8-5 

resistance is a performance chart constructed as follows.1 With a fixed 
adjustment of the cavity the pulse plate current is plotted against the 
pulse plate voltage with grid-bias resistor as a parameter, and the loci 
of constant r-f output power are drawn. Figure 8-5 is a sample chart 
presenting averaged results for ten tubes in a cavity operating at 2600 
Mc/sec with all adjustments locked. As the bias resistor is increased 
the r-f power decreases, but so does the input power. Also, as the bias 
resistor is increased the starting time for the lower plate voltages is 
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F I G . 8-5.—Average performance chart of ten 2C43 tubes in a fixed oscillator operating 
at about 2600 Mc/sec as a function of grid-bias resistance. Pulse-power output (kw) 
shown by broken lines. 

increased, and unstable operation may result. Tubes that have poor 
cathode emission will have bias-resistor curves that lie close together 
and have low current values and small slopes. 

The load impedance presented to the pulse generator can readily be 
calculated from the data of the performance chart. The impedance 
increases with increasing bias resistance and decreases slightly with 
increasing plate voltage. 

I t is not possible to draw general conclusions about the effects of 
changes in cavity proportions on the impedance. In most cases, tuning 

1 M. E . Gardner, "Pe r fo rmance of Lighthouse Tubes aa Pulsed Oscillators in a 
Re-entrant C a v i t y , " R L In te rna l Repor t 52-5 /4 /44 . 
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a given oscillator to lower frequencies decreases the impedance, and so 
does moving the plate plunger away from the tube (see Fig. 8-4). How
ever, in a particular case an oscillator designed for operation around 3400 
Mc/sec showed an impedance only two-thirds that of a 2600-Mc/sec 
oscillator. 

The efficiency obtained from a lighthouse tube operating under pulse 
conditions is very sensitive to the r-f adjustments of the cavity. For 
fixed cavity adjustments it is possible to draw some general conclusions 
about the variation of efficiency with grid-bias resistance and plate 
voltage. At low plate voltages the highest efficiency is obtained with 
very low bias resistances, but for these low resistances the efficiency falls 
off as the plate voltage is increased. For higher resistances the efficiency 
increases with plate voltage, and for some intermediate value of bias the 
efficiency is almost constant and near the maximum determined by the 
r-f conditions. 

8-6. Plate and Heater Voltages.—Many of the effects of varying plate 
voltages have already been mentioned in the preceding sections. The 
variation of output power with plate voltage is visible in the sample 
performance chart (Fig. 8-5) but is shown more clearly in the curves of 
Fig. 8-6, which are average results for five 2C43 tubes. The 2C43 tube 
has a maximum voltage rating of 3.5 kv, but appears to give satisfactory 
life at 4.0 kv, provided the duty ratio is such that the plate dissipation 
is well below 12 watts. In the 3000-Mc/sec region the 2C43 does not 
operate satisfactorily with pulse voltages less than about 1.5 kv. 

Where it is necessary to operate at low pulse voltages, and low r-f 
power is sufficient, the 2C40 tube is often used, despite the fact that this 
tube is not designed or recommended for pulse operation. Although 
occasional tubes fail prematurely, most 2C40's can be operated at pulse 
voltages ranging from 0.8 to 1.2 kv, and give pulse-power outputs in the 
3000-Mc/sec region of about 100 watts. 

At low plate voltages the starting time may be undesirably long; 
failure to achieve optimum adjustment of the cavity greatly magnifies 
this difficulty. In a typical experiment a 2C40 that starts satisfactorily 
with a pulse voltage of 1000 shows a delay of \ jusec at 900 volts. At 800 
volts the starting time is variable (commonly referred to as "ji t tering") 
and about ^ /usec; at 750 volts the delay exceeds f Aisec and is very 
unsteady (about half the time the oscillator fails to start at all). Similar 
difficulties with starting are found with 2C43's at somewhat higher 
voltages. 

The frequency of oscillation is affected by changes in pulse plate 
voltage in at least two ways. An increase in input power causes the 
plate rod to expand and increase the grid-plate capacitance, while a 
decrease in transit time necessitates an increase in frequency. The 
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resultant of these opposing effects depends on the details of construction 
of the cavity and on the duty ratio. Typical curves of frequency shift 
with pulse plate voltage for various grid-bias resistors are shown in Fig. 
8-7. These were taken on 2C43 tubes at about 3400 Mc/sec with a pulse 
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duration of 1 usec and a recurrence frequency of 1000 pps. In this case 
the transit time effect is more important than the heating. 

The heater voltage also affects the frequency in several ways. Expan
sion of the cathode increases the grid-cathode capacitance (tending to 
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lower the frequency) and decreases the transit time from the virtual 
cathode to the grid; furthermore, an increase in emission tends to decrease 
the transit time. Changes in grid-cathode capacitance are only about 
one fifth as effective in shifting frequency as changes in grid-plate capaci
tance. For the 2C43 under pulse conditions the opposing effects are 
about balanced, and both positive and negative frequency shifts with 
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FIG. 8-8.—Frequency variation of five 2C43 tubes with changes in heater voltage, /o = 2500 
Mc/sec. 

heater voltage are observed. This effect is illustrated in Fig. 8-8, which 
shows the frequency variation for heater voltages from 5.7 to 6.9 for 
five 2C43 tubes measured at 2500 Mc/sec. 

8-7. Load Coupling.—By the adjustment of the position of the output 
probe it is possible to transfer an optimum amount of power to a resistive 
load terminating the output line. The same amount of power could, 
of course, be obtained with a fixed probe position by using an adjustable 
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FIG. 8-9.—Power output and pulling figure for a typical oscillator as functions of output-
probe depth. 

transformer (such as a double-stub tuner), provided the transformer 
losses are not excessive. Because the adjustment is easier, variation 
of the probe depth is the method usually adopted. 

In some applications where the load may vary with time, the effect 
of the load on the frequency must be taken into account. Following the 
usage adopted for magnetrons, it is customary to express the frequency 
shifts with load changes in terms of the "pulling figure." The pulling 
figure is defined as the difference between the highest and lowest fre
quencies obtained when a load with a standing-wave voltage ratio of 

file:///figure
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1.5 is moved a half wavelength along the line to produce all phases of 
reflection. 

A sample of the variation of power output and pulling figure as a 
function of the distance between the end of the output probe and the grid 
cylinder (dimension D in Fig. 8-1) is shown in .fig. 8-9. Here the power 
output (broken line) goes through a minimum and then a maximum as 
the probe distance is increased. The minimum in power output is 
evidently due to a severe overload because the pulling figure is a maxi
mum at the same probe position. Where frequency stability is impor
tant, it is good practice to decrease the loading until the power output 
has dropped to about 0.8 of the maximum value, and so to secure a much 
lower pulling figure. 
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CHAPTER 9 

VELOCITY MODULATION AND KLYSTRON BUNCHING 

By D. R. HAMILTON 

9-1. Introduction.—It is pointed out in Chap. 1 that the conventional 
multielectrode tube encounters serious limitations at microwave fre
quencies, and that some of these limitations may be minimized by new 
techniques of vacuum-tube construction. Regardless of circuit improve
ments thus made possible, however, there remains the basic electronic 
necessity for transit of the electrons through the control (i.e., cathode-
grid) region in a time considerably smaller than a cycle of the micro
wave oscillation in question. Since it is an essential feature of such tubes 
that the electron velocity in the cathode-grid region never exceeds a 
value corresponding to a small fraction of the plate voltage, the require
ment of short transit time becomes a very stringent requirement on 
interelectrode spacing. 

The basic electronic problem in these tubes and in any oscillator or 
amplifier is, in general, the problem of utilizing an r-f voltage (derived 
from feedback or input) to produce at some other point a conduction 
current with an r-f component—that is, it is the problem of producing 
an electronic transfer admittance, or transadmittance. 

The klystron1 is the product of an approach to the transadmittance 
problem that differs radically from previously described (and historically 
antecedent) approaches, and was stimulated by the difficulties encoun
tered in the latter. Electronically there are two marked innovations 
in the klystron. The most important of these is the combined process of 
velocity modulation and bunching, by which the finite transit time of 
electrons becomes the basic means of producing (rather than a limitation 
upon) the transadmittance. This process of velocity modulation and 
bunching is the element common to all klystrons, and it is therefore dis
cussed in some detail in this chapter before the various types of klystron 
are described. 

The second radical departure in the klystron is made possible by the 
first and is not discussed further in itself—it is the application of the 
velocity-modulating r-f control voltages to the electrons after, rather 
than before, the acceleration of the electrons by the full applied plate 
voltage. Although the electrons must preferably have a transit time 

1 R. H. Varian and S. F. Varian, Jour. App. Phys., 10, 321 (1939). 
201 
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through the control region of less than one cycle, the electron velocity 
is much higher for a given plate voltage and the geometrical limitations 
on the control region are therefore greatly relaxed. 

The present chapter is intended to be a reference compendium of the 
basic information about velocity modulation and bunching that will be 
required for subsequent discussion of the various forms of klystrons. 
Thus, the choice of material has been governed primarily by the topics 
covered in the later chapters rather than by any desire to summarize 
completely all the features of bunching that would be necessary to form a 
complete discussion of this very interesting field. For the same reason, 
all discussion of the way in which klystron behavior is affected by the 
details of the bunching process is left for the later chapters. I t is there
fore suggested that the reader may profitably confine a first reading to 
Section 9-2 of the present chapter, returning to the other sections as they 
are referred to in later chapters. 

9-2. Simple Velocity Modulation and Bunching.—The schematic 
diagram in Fig. 9-1 represents, in an idealized form, that part of a klystron 

in which the processes of velocity 
modulation and bunching take place. 
This region corresponds to the input 
or cathode-grid space of a triode, in 
the sense that from this region there 
emerges an intensity-modulated con
duction current that serves to drive 
the output cavity resonator. The 
nature of microwave cavity resonators 
and the way in which they are driven 

by an r-f component of the conduction current is discussed in Chaps. 3 
and 4; this chapter is concerned only with the genesis of the electronic 
transadmittance to which this r-f conduction current corresponds. 

The space shown in Fig. 9-1 comprises three separate regions. The 
processes that occur in these regions are first qualitatively summarized, 
temporarily making simplifications in order to emphasize the fundamental 
points. 

In region A—the space between the cathode K and the grid Gi— 
there exists only a d-c field that corresponds to the application of full 
beam voltage between K and Gi. The influence of the d-c field results 
in the injection into region B, through (?i, of a stream of electrons all 
having the same velocity y0 (given by mvl/2 — eVo) and with current 
density constant in time. 

In region B—the control region (or " input gap") between grids 
Gi and (?2—there is an externally impressed alternating r-f voltage the 
instantaneous value of which is written as V sin at. This instantaneous 

A 
Region | 
of d-c i 

accelera-| i 
tion ' 

Output 
gap 

Cathode Gi 
FIG. 9-1.—Schematic representation 

of velocity modulation and bunching 
region in klystron. 
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voltage is the real part of the complex voltage Vie''''; the complex voltage 
amplitude Vi is thus given by 

Vi = -iV. (1) 

Throughout the present section it is assumed, for simplicity, that 
7/2 7o « 1, and that the time of transit through region B is very small 
compared with one cycle of the r-f oscillation. (This transit-time condi
tion is easier to meet here than in the analogous cathode-grid region of a 
triode because the electrons have already received full d-c acceleration 
in region A.) No electrons are turned back between G\ and G2, and the 
current density of the stream of electrons leaving G2 is closely constant 
in time, just as it was at Gi. Individual electrons are speeded up or 
slowed down in passage through the input gap, depending on the phase 
of the r-f field at the time of the electron's transit. Adopting the con
vention that the r-f voltage is positive when electrons are accelerated, 
it follows that each electron in passage from (?i to G2 has gained an 
energy eM V sin ut. Here M is the beam-coupling coefficient discussed 
in Chap. 3; M g 1. Hence when the electron passes through G2 it has a 
velocity v given by the relation mv1/2 = eVo + eMV sin at. Since 
mvl/2 = eVo, it follows that 

I (MV\ . T (MY\ "1 
v = v0 Jl + I ~Y~) S l n wt ~ v« 1 + I " 2 7 / sm ut + ' ' ' \> (2) 

to a good degree of approximation when Af7/27o <<C 1. 
It is this periodic variation of electron velocity that is expressed by 

saying that the beam is velocity-modulated1 as it leaves the input gap 
between (?i and (?2; the quantity V/Vo is known as the "depth of 
modulation." 

Region C—which extends from (?2 to the first grid G3 of the output gap 
—is called the "drift space." I t is assumed, again for simplicity, that 
in region C there are no d-c fields and no r-f fields, and that any space-
charge effects are negligible. The only effects are kinematic; the elec
trons that were speeded up in B begin to catch up with the slower 
electrons that are ahead of them, and eventually result in a breaking up of 
the beam into groups or bunches. This process, known as "bunching,"2 

is illustrated in Fig. 9-2; here the relation between distance and time is 

1 It should be noted that "modulation," as used here, does not have the common 
connotation of superposition of further time variation on an already sinusoidally 
varying quantity; rather, the time variation is superimposed on a previously time-
constant quantity, the electron velocity. These two senses of "modulation" make 
possible somewhat awkward expressions such as '' the frequency modulation of velocity-
modulation tubes." The nomenclature is, however, well established by usage. 

2 D. L. Webster, Jour. App. Phys., 10, 501 (1939). 
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shown for each of a series of typical electrons in what is known as an 
"Applegate diagram." The velocity modulation appears as a periodic 
change in the slope of the electron trajectories at the input gap; bunching 
corresponds to the convergence and eventual crossing of these trajectories. 
I t may be noted that at G3 the current is not uniform in time; instead, 
it has r-f components. I t may be noted also that the larger V/Vo 
is, the less drift length is required to produce a given degree of bunching, 
and that with an excessive amount of r-f voltage or of drift length the 

Acceleration voltage 

L Time 
F I G . 9-2.—Applegate diagram of electron trajectories in velocity modulation and bunching. 

trajectories diverge from their crossover points and the r-f component of 
current diminishes. 

The main point is that the low-velocity cathode-grid control region 
of the triode is replaced in the klystron by a composite region in which 
external r-f control is exerted only on high-velocity electrons, and in 
which differences of finite electron transit times have been used to 
produce an intensity-modulated conduction current. 

The simplifications assumed in the preceding description of velocity 
modulation and bunching are continued in the following quantitative 
discussion. 

In considering the relation between time of departure from the input 
gap, ii, and time of arrival at the output gap, h, the time of transit 
through the gaps is ignored. Then, by Eq. (2), 

ut? = uli + 7 " U<1 + 
0\ 
Va/ 

1 
M_ 
2V 9 sin uti 
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The quantity ul/v0 is the d-c transit time through the drift space, meas
ured in radians of the input frequency; it is represented by 0O: 

0o = 
d 
Vo 

It is also convenient to define 

X„ = MF0o. 
2Fo ' 

(3a) 

(3&) 

Xo as given here is a particular example of a dimensionless quantity known 
as the "bunching parameter"; the definition of the bunching parameter 
is generalized in succeeding sections. In terms of the transit angle 0o and 
the bunching parameter Xo, the above transit-time relation becomes 

uii = ati + 0o — Xo sin oiti. (3c) 

Many of the more general situations discussed later in this chapter 
are described by a transit-time relation given in the above form, but 
with a more general definition of bunching parameter than that given in 
Eq. (3b). In order to emphasize this fact, and in order to put the results 
of the discussion that now follows into a form that will be readily appli
cable later, the subscript is omitted 
from the bunching parameter in the 
discussion of the consequences of 
Eq. (3c). 

This relation embodied in Eq. 
(3c) is shown in Fig. 9-3 for X = 
0.5, 1, 1.84, and 3.83. The quan
titative relations in the bunching 
process are more clearly indicated 
here than in Fig. 9-2, and the illus
tration suggests a simple means of 
finding the actual waveform of the 
bunched current by application of 
the principle of conservation of 
charge. Thus, the electrons arriv
ing at the output gap in the time 
interval At? are made up of one or more groups of electrons (three for the 
case indicated in Fig. 9-3) that have left the input gap during intervals 
Ati = \dti/dt2\ At2. If the d-c beam current is 7o, the total charge carried 
by the electrons arriving in At2 is 

Time of departure o>([ 
F I G . 9-3.—Relation between time of 

departure from input gap, ti, and time of 
arrival at output gap, £2, for several values 
of bunching parameter X. 

, ^ A ^ = 70 At2 \ 
dUj' 
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when the summation encompasses all times of departure fa that cor
respond to the same time of arrival fa. The total charge is also i Afa 
where i is the instantaneous current through the output gap; hence 

i(fa) V 1*1. 1 Lt \dfa\ (4) 

This equation simply states that the output gap current at any 
instant fa is obtained from Fig. 9 3 by adding the absolute values of all 
the inverse derivatives dfa/dfa corresponding to the given time of arrival 
fa. This process has been carried out in obtaining Fig. 9-4, which there
fore shows the dependence on time of the instantaneous output-gap 
current for the four previously used values of the bunching parameter, 
X = 0.5, 1, 1.84, and 3.83. 

The infinite-current peaks are a striking feature of Fig. 9-4 and arise 
in an obvious manner. For X < 1, the electrons that arrive at the output 

gap at any given instant are those 
that left the input gap at a single 
previous instant; for X > 1, on the 
other hand, it has already been 
noted that for a portion of a cycle 
the electrons that left the input gap 
at several different times arrive 
simultaneously at the output gap. 
As indicated in Fig. 9 3 , this portion 
of the cycle begins and ends at the 
values of fa for which dfa/dh = 0; 
dfa/dti = 0 means that electrons 
leaving the input gap in an incre
ment of time dt\ arrive at the output 
gap in an infinitely shorter incre

ment of time dfa and therefore constitute an instantaneously infinite cur
rent, carrying only a finite charge. 

The component of the waveforms of Fig. 9-4 at the fundamental 
frequency depends not so much on the presence of infinite peaks as on 
the general concentration of current in one particular half cycle. I t is 
obvious from Fig. 9-4 that this concentration increases as X initially 
increases. As X increases past unity the two infinite-current peaks, 
which contain a considerable concentration of current, become more 
and more separated in time. At X = 1.84 the concentration of current 
is still rather high; as may be seen shortly, this value of X corresponds 
approximately to the maximum value of the fundamental component. 
At X = 3.83, however, the peaks are somewhat more than a half cycle 
apart and in their effect (for example, in driving a circuit) they oppose 

+T +2JT +3JT 
(ut2-e0) 

F I G . 9-4.—Dependence of relative cur
rent at output gap i(t2)/Io on time ii for 
various values of bunching parameter X. 
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each other in phase; although the current is hardly constant in time, the 
fundamental component is exactly zero at this value of X. 

For high harmonics the infinite-current peaks become very important 
because any one of such peaks provides an appreciable concentration of 
current in a half cycle of a high harmonic. Since infinite peaks occur 
only for X ^ 1, not much harmonic content should be expected for 
X < 1. Whenever the two peaks that are present when X > 1 are 
separated by an integral number of half cycles of the harmonic in ques
tion, their resulting opposition in phase brings the content of this har
monic nearly to zero. The amplitude of higher harmonics is thus 
expected to be a maximum near X = 1, and to oscillate about zero as X 
increases past this point. 

The above description is an intuitive Fourier analysis of the bunched 
beam current; for more exact information an exact Fourier analysis is 
needed and this will now be made. 

Since the output-gap current i{U) is periodic with the angular fre
quency <ji, this current may be expressed as the sum of a series of har
monics of to: 

ifa) = Re Y ime'"""'. (5) 
m = 0 

The values of im are thus the complex current amplitudes at the various 
harmonics, just as Vi is the complex r-f gap-voltage amplitude. By the 
usual theory of Fourier series, the values of im are given by 

i: i(t2)e-ima'*d{a>t2). (6) 

If the relation for i(<2) given by Eq. (4) is recalled, it is apparent that 

^-'./_>*o^2ISt (7) 
This expression is made analytically inconvenient by the occurrence of 
the absolute value and discrete summation in the integrand. These 
features, arising from the multiple-valued dependence of h on t2 shown 
in Fig. 9-4, are necessary only for X > 1. For I | 1, \dti/dt2\ may be 
replaced by dh/dfa, in which case the above equation becomes 

/ : 
1 d(o>h). 

This equation has sometimes been derived for X ^ 1 in this manner, 
and the results then applied to instances where X > 1. This procedure 
has given rise to some confusion, not because the equation is incorrect 
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(it is not), but because its validity for X > 1 is not immediately obvious. 
The demonstration of this validity may be based explicitly on Eq. (7), 
but it may also be demonstrated in a more general manner as follows. 

Since i{h) dh is an element of charge, Eq. (6) is a summation of the 
phase factor e"'m"'' over all electrons that pass through the output gap 
in one cycle. The order in which the contributions of the various elec
trons are summed up is immaterial; for example, a summation index not 
necessarily assigned in the order of arrival of electrons at the output gap 
may be associated with each individual electron. In this case, 

7T 1 
where e is the charge on the electron. Here Un is the arrival time for the 
nth electron, and the summation is over all electrons passing through 
the output gap in one cycle. As a particular illustration, since U is a 
single-valued function of th n may be identified with the time of departure 
t\\ since the electrons in the element of charge I0 dti arrive (to first order) 
at the same time h(ti), the summation may be written as an integral, 
giving 

-jmutt(ti) d((j>ti). 

Here the specific limits of integration indicate that the integral is extended 
only over those values of U that, although they may not in themselves 
lie within a single period, correspond to arrival times t° lying within 
one period. But since t2 — ti is a periodic function of ti, the limits of 
integration may be further changed to correspond to an arbitrary addi
tion or subtraction of an integral number of periods to the t\ correspond
ing to any dt2. In particular, this arbitrary change can be carried out 
in such a way as to make the integration over h correspond to integration 
over a single consecutive period of ii. This process is easily visualized 
with the aid of an extension of Fig. 9-3 to cover several periods of ti and 
<=. Thus finally 

« « = Jo / e-'"""''d(a><i). (8) 

By Eq. (3), Eq. (8) may be written 

im = —° e-'mB" I e~'m'ot'~x",1"")d(ut1). * J -r 

Using the Bessel function expansion of the integrand, 
T 

g-,-»(z-i™z) dz = 2TTJm(mX), 
/ : 



SEC. 9-3] DEBVNCHING IN A KLYSTRON 2 0 9 

the equation for im becomes 

tm = 2Ioe-'me'Jm(mX). (9) 

+0.6 

3 

-0.6 

\ m = 3 / ^ s ^ m = 10 

3.0 0 1.0 2.0 
Bunching parameter .X 

F I G . 9-5.—Dependence of harmonic 
components im of bunched beam cur
rent on bunching parameter X for sev
eral values of harmonic order. 

In Fig. 9-5 are shown, for the fundamental and several harmonics, 
the absolute values of the current components divided by beam current, 
\iJ\/h = 2Jm(mX). These curves show in more detail the dependence 
of current component on bunching parameter that has already been 
qualitatively discussed. 

Since the leading term in Jm(mX), and hence the predominant term 
for X « l , is proportional to Xm, only the fundamental component is 
linear in X for small bunching volt
ages. The maximum value of | ii | / /o, 
1.16, occurs for X = 1.84 and, as the 
harmonic order increases, the value of 
X for maximum harmonic content 
approaches unity. For m » 1 the 
maximum value of Jm(mX) approaches 
the value 0.65/mM; this remarkably 
slow diminution of harmonic ampli
tude with harmonic order is a charac
teristic feature of klystron bunching arising from the infinite peak of Fig. 
9-4, as has already been noted qualitatively. 

9-3. Debunching in a Klystron.—The preceding section has dealt 
with bunching as a process involving simply the kinematics of electrons 
in a field-free drift space. It is clear, however, that with sufficiently 
high current density, space-charge forces may influence the electron 
motion more than the electrode or gap voltages. If this is true, it might 
be better to begin by considering bunching as a phenomenon involving 
waves in a traveling space charge.1 The present discussion is concerned 
only with those effects of space charge that are easily considered as 
modifications of bunching, or as "debunching."2 This distinction is not 
a sharp one and lies primarily in the degree of approximation. 

Space-charge Spreading of an Unneutralized D-c Beam.—As an intro
duction to debunching, the orders of magnitude involved in space-charge 

1 D . L. Webster, Jour. App. Phys., 10, 15 (1939). 
W. C. Hahn, G. E. Review, 42, 258 (1939). 
W. C. Hahn and G. F. Metcalf, Proc. I.R.E. 27, 106 (1939). 
S. Ramo, Proc. I.R.E., 27, 757 (1939). 
E. Feenberg, "Theory of Small Signal Bunching in a Beam of Finite Cross Sec

tion," Sperry Gyroscope Co. Report 5221-1043, Sept. 17, 1945. 
E. Feenberg and D . Feldman, Jour. App. Phys., 17, 1025 (1946). 

* E. Feenberg, "Theory of Bunching," Sperry Gyroscope Co. Report 5221-105, 
Nov. 24, 1942. 

W. W. Hansen, unpublished notes. 
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effects may be seen by considering a simpler question: How much does a 
cylindrical beam of initially parallel electrons, located in empty space, 
spread out as a result of mutual repulsion of the electrons? Figure 9 6 is 
a schematic representation of such a beam. In the usual case that is of 
interest to this discussion, electron velocity « velocity of light, and drift-
tube diameter « waveguide-cutoff diameter—that is, 

0 = - « l , X»3 .4o . . c 
The first inequality ensures that the magnetic interaction between 

] electrons can be neglected; the second inequality 
rfi means that the drift tube is unable to act as a trans-

^—■- — -,~rr~ mission line for electromagnetic waves of the funda-
Boundary o'beam " m e n t a l frequency. Hence, when the discussion returns 

to debunching the potential at any point can be taken 
Fia. 9-6.—Beam as a time-varying electrostatic potential rather than as 

geometry. a r i g 0 r o u s solution of Maxwell's equations. 
A simple and approximate way of determining the spread of the d-c 

beam is to find the radial electric field at the edge of the beam assuming 
there is no spreading, and then to calculate the displacement of an edge-
of-the-beam electron under the influence of this force. For beam cur
rent, voltage, diameter, and electron velocity, given by 70, Vo, 2a, and 
VQ, respectively, the charge density in the beam has the value 

By Gauss's theorem, the flux of the electric field strength E through any 
closed surface is given by JE • rfS = q/to, where q is the total charge 
enclosed by the surface; applying this relation to a cylinder coaxial with 
and enclosing the beam, it is found that the radial field ET at the edge 
of the beam is given by 

Er = = volts/meter. 
ZraVoto 

Here eo = 8.85 X 10~12 farad/meter; 7o is in amperes, a in meters, va 
in meters/sec. An electron with initial radial velocity of zero, traveling 
a distance x = v0t under the influence of this force, is radially deflected a 
distance Ao given by 

2 m ' \t)0/ ' Aa = H - M - l ; (10) 
2 m \Vo/ 

where e = the charge on the electron = 1.6 X 10 -19 coulombs; m = the 
mass of the electron = 9.0 X 10~ai kg. Equation (10) can be written 

£ = \ (hx)'. (lla) 
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Here h is a parameter given by 
1 e I0 mio (hay = —~^ = ^p, (lib) 

with la and y 0 in amperes and volts. 
The Debunching Wave Number.—This simple example is interesting 

both in itself (for purposes of later comparison) and for the way in which 
it introduces an important characteristic of space-charge flow—the 
occurrence of the parameter h, which describes the combined effects of 
the parameters a, I0, and Vo on the relative spreading in a given distance. 
This parameter has the dimension of inverse length; because of its 
repeated occurrence in space-charge calculations, h/2ir is called in 
klystron theory the "debunching wave number"; the reciprocal, 2ir/h, 
is called the "debunching wavelength." Generally speaking, space-
charge effects become appreciable as soon as the distances involved 
become comparable to the characteristic length 1/h; thus in the example 
above, the beam diameter has increased by roughly 25 per cent when 
2 = 1/h. 

The relation between the debunching wave number and the primary 
tube parameters is much simpler than it appears at first sight. The 
quantities Io/vl and lo/pVo are both proportional to the perveance of 
the electron gun, I0/Vo3/i; this perveance is independent of beam voltage. 
More specifically, it is a constant in any space-charge limited multi-
electrode gun with all auxiliary voltages proportional to Vo- The 
perveance depends only on gun geometry; if the gun is represented by a 
plane parallel diode of electrode diameter 2a and electrode spacing s, 
to which it usually bears a close resemblance, then 

J^ = 2.33 X 1 - ^ a 2 , 

where I0 and Vo are in amperes and volts, respectively. Comparing 
this relation with Eq. (11) and utilizing the relation 10/3 = \ /^o /2550, 
it is seen that 

hs = 0.47; i = 2.1s. (12) 

Thus the debunching wavelength 2r-/h is roughly thirteen times the 
cathode-anode spacing in the equivalent electron gun. 

Space-charge Debunching of a Bunched Beam.—With this introductory 
exploration of a simple d-c problem, the discussion may now be brought 
back to the bunching of a velocity-modulated beam. Several important 
differences from the foregoing simple example immediately become 
apparent. Perhaps the most marked difference occurs in the reflex 
klystron, in which the axial velocity of the electrons is reduced to zero 
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and reversed. Space-charge effects are very pronounced in this region 
of low velocity. They are also difficult to analyze partly because of the 
positive and negative velocities that occur at every point in the reflection 
region, partly because different electrons penetrate to different depths 
in the field, and partly because in the region of low velocity the r-f 
component of electron velocity exceeds the d-c component. This latter 
point makes perturbation calculations difficult. The question of space-
charge effects in reflex klystrons is discussed in more detail in Chap. 13. 
The present section is limited to debunching in a drift space that is free of 
d-c fields, such as is described in the first section of this chapter; many 
of the simplifying assumptions found necessary in that section are also 
used here. 

In a practical field-free drift space the physical circumstances differ 
in one basic respect from those assumed above, and in a manner not 
dependent on the presence of r-f modulation of velocity or density. 
Residual gas is present, and is ionized by the electron beam. The 
slowly moving and continuously produced gaseous ions build up a positive 
ion cloud in the beam, which more than neutralizes the negative space 
charge of the electrons; this process goes on until the center of the beam 
becomes positive enough (by a few volts) to cause the ions to diffuse out 
of the beam as fast as they are formed. This slight positive potential 
at the center of the beam is not enough to affect the electron beam in a 
well-evacuated tube; in a "gassy" tube it produces the phenomenon of 
"gas focusing." Since the positive ion cloud is made up of particles too 
massive to respond appreciably to the r-f fluctuations in the electron 
stream, the net effect is the approximate disappearance of the time-aver
age value of the charge density in the electron beam. 

Under these circumstances of zero average charge density the d-c 
beam of Fig. 9 6 will not spread at all. In a bunched beam, however, 
the bunches and the space between the bunches (or "antibunches") 
are regions of instantaneous negative and positive space charge respec
tively; thus debunching effects are present, although in some respects 
they are diminished by the positive ions. I t is convenient to separate 
these effects into transverse and longitudinal debunching, corresponding 
to expansion of the bunch by space-charge forces transverse to and 
parallel to the beam. 

Transverse Debunching.—Transverse debunching is similar to the 
simple spreading of a d-c beam. The bunches spread out and the anti-
bunches narrow down; excessive spreading causes loss of the bunch on 
the walls of the drift tube. This spreading is easily estimated (ignoring 
drift-tube-wall effects) when the bunch is long and flat, for then the maxi
mum radial electric field is approximately that existing in a long beam of 
uniform charge density equal in magnitude to the charge density at the 
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center of the bunch. This assumption corresponds to the assumption 
X « 1 (degree of bunching small) and /3X » a (separation between centers 
of bunches large compared with the drift-tube radius). 

The r-f component of the current at the center of the bunch is then 
2IoJi(X) ~ IoX and the r-f charge density is given by p = IoX/ira2v0. 
The corresponding radial field, ET, at the edge of the beam is given by 

pa _ I0X 
2 2iraVo 

This differs by the factor X from the field obtained with direct current; 
since the radial force on a given electron is increasing with distance 
from the input gap, or time, the radial spreading will be proportional to 
the cube of distance, in comparison with the square in the d-c case. 

cox V V 
Specifically, since X = — jr^r = ut ^^, the field is given by 

VQ ZV $ £ V o 

°Er ~ U\2^aJj\Wj' 
integration of the equation of motion, md^r/dt2 = eET, gives for the 
deflection of an edge-of-the-beam electron 

a \l 

Comparison with Eq. (11a) shows that the effect of the absence of d-c 
space charge and of the presence of r-f space charge is to decrease the 
unneutralized d-c spreading by the factor X / 3 . If circumstances are 
such that the part of the bunch that expands beyond the original beam 
diameter is wasted, then debunching diminishes the r-f current by a 
factor 

1 _ A i = 1 _ A a = 1 _ X 
t a YZ 

This factor is not (1 — 2Aa/a) because only the bunch, not the antibunch, 
is changed. 

Transverse debunching is very small in small-signal amplifiers where 
X <SC 1, but, if the results are extrapolated to a power tube in which 
X « 2, transverse debunching is appreciable when hx ^ 1. 

The effect of a metal tube surrounding the beam, which is neglected 
in the foregoing discussion, is to increase the spreading because of the 
positive image charges induced by the electrons in the wall of the drift 
tube.1 

1 E. Feenberg, "Small Signal Theory of Longitudinal and Transverse Debunching," 
Sperry Gyroscope Co. Report 5221-114, Apr. 12, 1944. 
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Longitudinal Debunching.—Consider now the case of longitudinal 
debunching. I t is again convenient to assume a drift-tube wall distant 
from the beam; a metallic wall that is adjacent to the beam allows no 
longitudinal forces to exist at the outer edge of the beam. Otherwise, 
the physical conditions that are assumed in order to simplify the analysis 
of longitudinal debunching are just the opposite of those assumed for 
transverse debunching; it is assumed that the beam diameter is much 
greater than the separation of the bunches, i.e., that 2a J>> /3\. 

This assumption makes the problem one-dimensional; consequently, 
it allows a method of solution that is more complete and exact, within 
the limitation of this initial assumption, than the perturbation procedure 
used for transverse debunching. The method consists basically of 
assuming an unknown functional relation between bunching parameter 
and distance, and then finding out what this functional relation must be 
in order to satisfy the physical laws governing space-charge flow. 

As seen in Chap. 3, these laws are three: (1) Poisson's equation relating 
space charge and potential or field, (2) the continuity equation relating 
current and time rate of change of charge density, and (3) Newton's 
law of motion relating force and acceleration. Conservation of charge, 
which is implicit in the continuity equation, is also used as in Sec. 9-2. 
In applying these laws it is convenient to deal only with the r-f component 
of charge density and current. The d-c current has only a magnetic 
effect, the neglect of which has already been noted; in an "infinitely 
wide" beam (with end effects neglected) the d-c component of charge 
has no physical effect and in the presence of the positive ion cloud the 
total d-c charge density is physically approximately zero. 

Poisson's equation and the equation of continuity are commonly 
combined to deduce the fact that the divergence of the total current 
density (displacement current plus convection current) vanishes; this 
means, in the present case, that 

_3_ 
dx 

i(x,t) d „ , . — - j - + «o ̂  h(x,t) ■wa* at 
= 0 (14) 

where the electric field, E(x,t), is now parallel to the axis of the beam. 
With the assumption of an infinitely wide beam, and the consequent 
absence of any return path for the r-f component of current, the total 
current (quantity in brackets) must vanish; hence 

I- E(x,t) = - —i 
dt ira2eo #0M) = - dr- *(*.<)■ <15) 

Without the assumption of an infinitely wide beam, the space-constant 
but time-dependent total current would have to be added to the right-
hand side of Eq. (15); together with the added edge effects, this would 
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considerably complicate the subsequent treatment, eventually limit, its 
validity to infinitesimal bunching parameter, and probably not add a 
compensating amount of physical insight into the problem. Hence the 
development continues on the basis of Eq. (15). 

This equation may now be integrated with respect to time to give 
the following relation between the current and the electric field: 

E(x,t) = \- / i{x,t') dt'. (16) 
Ta'fo J x/3, 

Mathematically speaking, it will be noted that any constant lower 
limit for this integral is as good as any other one, if an arbitrary constant 
of integration is added. Actually, the lower limit has been chosen so 
that this constant of integration vanishes. The corresponding physical 
picture is simple. The end result of this choice of limits is consistent 
with a fact that is to be suspected from what has already been discovered 
about the electron trajectories—namely, that an electron at the center 
of a bunch experiences no longitudinal space-charge fields. A center-
of-the-bunch electron passes through the input gap at time t = 0 and 
passes the point x at t = x/v0. Hence the lower limit has been so 
chosen as to make E(x,x/vo) = 0. Physically speaking, the above 
equation then shows that the field at any point is that which is produced 
by the charge lying between the point in question and the center of the 
nearest bunch; for the indicated integration of current with respect to time 
is identical with an integration of charge density with respect to dis
tance, carried out from the point x to the center of the nearest bunch. 

I t is now convenient to assume, subject to more exact determination 
shortly, an unspecified functional relation between the position of an 
electron and time. By analogy with Eq. (3) this relation is written 

ut = wt\ H — X(x) sin uti, (17) 

where t is the time of arrival at point x. This is an assumption that is 
intuitively appealing, but it is justified only by the subsequent deduction 
of a definite differential equation for the function X(x). In order to 
take the next step it is also necessary to require that X(x) ^ 1; this 
requirement means that when the differential equation for X(x) has a 
solution for which X(x) > 1, this solution probably does not represent 
the facts in that region of x for which X(x) > 1. 

The r-f current i(x,t) is obtained by subtracting the d-c current 70 
from the total conduction current. Conservation of charge says that 
the latter is given, for X(x) ^ 1 (see Sec. 9-2), by Io(dti/dt); hence 

«*,o = / . [ (§ ) , -v 
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This current may in turn be used to find the electric field as given b 
Eq. (16), with the following result: 

E(x,Q = A h(t) ■ © - + £] 
ttsunta 

X(x) sin coii. 

Here use is made of the fact that the time of passage of the center of the 
bunch through the input gap, ti(x/va), is zero. 

Since h is constant for a given electron, this value of field may be 
used in the equation of motion to give the acceleration of an electron as a 
function solely of its position. Thus, by use of the assumption of Eq. 
(17), the equation of motion becomes 

d2x _ eE{x,t) _ -eh „ . , 
-jw = -;X{x) sin <ati. (18) 

But Eq. (17) implicitly contains, independently of any physical laws, 
a relation between x and / from which a value of d2x/dt2 may be obtained 
by differentiation; thus 

d2X(x) . . J. fdx/dtY 
d2x _ u 
d¥ , """ vadX(xj~. ~ 1 =— sin wti u dx 

(19) 

If a solution for X(x) may be found that makes Eqs. (18) and (19) 
consistent, then this solution and Eq. (17) accurately represent the 
physical situation. 

It is consistent with the final result, and with the assumption 
V/2Va « 1, which has already been made, to set (l/i>o) dx/dt « 1 and 
(I'O/U) dX/dx « 1. (Note that, in the absence of space charge, 

(vo\ dX = JV\ 
\u) dx 2VaJ 

Making this simplification, and recalling the definition of the debunching 
wave number h, Eqs. (18) and (19) give 

^ + VX = 0. (20) 

From Eq. (17) it is apparent that X(0) = 0, and, by comparing dx/dt 
as given by Eq. (2) and by differentiating Eq. (17), it may be found 
that dX(0)/dx = Vui/2VnVfl. These boundary conditions serve to specify 
the solution of Eq. (20) as 
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„, v . . sin hx 
X(x) = Xo(x) , 

Xo(x) = To Wo 

Here X<,(x) is the value that X would have in the absence of space charge; 
it corresponds exactly to the Xt, of Eq. (36). 

The amplitudes of the fundamental and various harmonic components 
of the beam current, as given in Sec. 9-2, are unaltered in their dependence 
on X by this altered dependence of X on x. Thus Eq. (9) still holds true 
with X given by Eq. (21), the only new restriction being that X(x) ^ 1. 
Harmonic components of the beam are appreciable, however, only for 
X > 1. Hence perhaps the only way in which Eq. (21) should be 
applied to questions of higher harmonic content is to note that if X(x) 
is such that the condition for the validity of Eq. (21), X 5f 1, is satisfied 
at all values of x, then the harmonic content will be very much less than 
without debunching. The condition for Z ^ 1 at all values of x may 
be written (V/2Vo)(^/hvo) ^ 1; this relation is equivalent to 

as the condition for drastic diminution in high harmonic content. This 
condition is referred to later in the discussion of frequency multiplier 
klystrons. 

Summary.—The foregoing discussion of debunching may be summed 
up as follows. The approximations involve small velocity modulation 
( F / 2 7 0 « 1), small bunching (X ^ 1 in one case, X « 1 in the other), 
and neglect of the effects of the conducting walls of the drift tube. 
Transverse debunching has been estimated by a perturbation procedure 
with the additional condition /?X ^> 2a, which incidentally tends to 
reduce the longitudinal debunching; the net result, as given by Eq. (13), 
is a reduction by the factor 1 — X(hx)2/12 of that part of the r-f compo
nent of the beam that lies within the original beam diameter. Longitu
dinal debunching has been calculated by a more exact space-charge-wave 
procedure which, however, is accurate for / 3X«2a ; and the result, ae 
given by Eq. (21), is a reduction factor in the r-f current of 

(sin hx) _ 1 _ (hx)2 , 

Thus if these results are extrapolated to the usual operating region of 
X = 1 or 2, the two effects appear comparable in magnitude and become 
appreciable when hx & 1. 
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9-4. Bunching with Finite Gap-voltage and Arbitrary Drift-space 
Characteristics.—In order to emphasize the basic features of bunching 
and debunching, the foregoing discussion has made use of certain simplify
ing assumptions that are not always justified. The rejection of all these 
assumptions at one and the same time, and the subsequent deduction of a 
complete and rigorous solution to the bunching problem in all generality, 
appears desirable at first sight. I t will become apparent that this 
procedure would be very difficult, and second thought suggests that it 
might not be too profitable. I t would certainly have a tendency to 
obscure, under the weight of a large number of parameters, the physical 
significance of some of the effects involved. 

The actual procedure of the present chapter is to utilize the simple 
bunching theory of Sec. 9-2 as a starting point from which to branch out 
in various directions. The various sections of the chapter consider one 
or two effects a t a time, and each section is based on a prior knowledge 
only of Sec. 9-2. 

As the various simplifications made in Sec. 9-2 are eliminated, the 
bunching process is affected. In the simplest case, where the r-f voltage 
is small, the electron velocity as well as the electron energy is sinusoidally 
modulated; when the gap voltage is large, and M ~ 1, the electron energy 
is still sinusoidally modulated, but, since 

,/.+ («£ ) * . - , . + ( £ ) * - . 
except when MV/2V0 « 1 , the velocity is no longer sinusoidally 
modulated. When the conditions V/2V0 « 1 and M ~ 1 are both 
violated, not even the electron energy is sinusoidally modulated. An 
arbitrary d-c field in the drift space affects the electron transit times in 
such a way that even a sinusoidal velocity modulation does not result 
in a sinusoidal modulation of the time of arrival of electrons at the output 
gap. All of these effects thus change the waveform of the bunched 
beam current from that discussed in Sec. 9-2. 

The present section is concerned with eliminating the two following 
assumptions: 

1. That the r-f gap voltage is small, i.e., V/2Vo « 1. 
2. That the drift space is free of d-c fields. 

In order to emphasize the main features of what happens, the assumption 
that M « 1 is made; this assumption means that the electron energy is 
sinusoidally modulated. Some of the consequences of removing this 
assumption are discussed in Sec. 9-5. Space-charge effects are neglected 
in the present and subsequent sections. 

The reader who is familiar with the various types of klystrons will 
note that the second assumption noted above does not hold for reflex 
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klystrons, for there the electron spends most of its time in a d-c retarding 
electric field that is strong enough to slow the electron down to a stop and 
reverse its direction of motion. Very conveniently, as will be shown in 
detail, this reflecting action makes only minor changes in the simple 
bunching theory of Sec. 9-2; more generally, the results of Sec. 9-2 are 
valid to a large extent for a drift space with arbitrary d-c fields. The 
debunching theory of Sec. 9-3, however, is another story. Whereas 
bunching is a purely kinematical matter relating only to questions of 
total time spent in the drift space, debunching on the other hand involves. 
the details of the mutual interaction of electrons at every point in the 
drift space; as a result, practically nothing is known about debunching 
in any but the field-free drift space, and it has not so far been found 
possible to combine the results of Sec. 9-3 with those of the present 
section. 

The general properties of the drift space may be described by express
ing the electron transit angle through the drift space as an analytic 
function, 6(Ve), of the electron energy V e. The time of arrival at the 
output gap, t2, is then given by the relation 

*■ - * + e ° + Q r ) . (F« - F o ) + s (m). {v° ~ F°)2 + ■ ■ ■ • (23) 

in which the subscript zero signifies evaluation for V, — TV 
The assumption M ~ 1 is necessary in order that the electron energy 

may still be considered to be sinusoidally modulated; the electron energy 
Ve is then given by the relation 

Ve = V0 i J . (MV\ ■ , 
1 + I -y— ) Sin ah 

- 1 sir (24) 

It is to be noted that this does not necessarily correspond to a sinusoidal 
velocity modulation [cf. Eq. (2)]. Thus the expression for ut2 may be 
written 

(2D) 
bit2 = ah + 0o — X sin uh + a2X2 sin2 uti + a3X3 sin3 uti + ■ 

where 

X= -MV (£L) = aiX0, X0 = + ¥£ 6a, (26a) 

Co 

\dvJo 

file:///dvJo
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\dVj 
« 3 = - ^ - ^ f 4 v (26d) 

In Eq. (26a), Xo is the value of the bunching parameter deduced under 
the simplified assumption of Sec. 9-2; see Eq. (36). 

The quantities a.\, a2, o3, etc. thus constitute a set of coefficients that 
specify the properties of the drift space in a form relevant to and con
venient for considerations of bunching. The significance of these coeffi
cients will become more apparent as the development proceeds. 

To return to Eq. (25), this generalized relation between time of depar
ture and time of arrival may be used in Eq. (8) to give the r-f components 
of the beam current because the latter equation is a very general one. 
Thus Eq. (8) becomes 

1? p-imfo I e—jm(u(i-X,ululi)g-jm(0!X",in!lufj+ • ■ ■ W ^ j ) . 

In the simplest practical cases, as will be seen shortly, the coefficients 
an are small compared with unity (in fact, |a„| « |a„_i|) and the second 
exponential in this equation may therefore be expanded as a power series. 
Only the two leading terms are carried through the next three equations 
to indicate the method. Expanding the exponential, the current compo
nents are thus 

im = ^e-''me« / (1 - jma2X2 sin2 uh + ■ ■ ■ )e-'m<-^-x«° ^d(uh). 
* J -IT 

I t is to be noted, however, that 

gjmx.to*,!, = j m g m u,t1e""x ™ »", (27) 
ctJL 

and that differentiation with respect to X may be taken outside the 
integral;1 thus 

i„ = ^e--s'(l + J ^ ~ ^ + • • ■ ) / _ ' e-''"(""-x*i°"")d(a.i1). 

I t has already been shown, however, that 

e-""<"''-x™""'d(<^i) = 27rJm(mX). I: 
1 E. Feenberg, "Theory of Bunching," Sperry Gyroscope Co. Report 5221-105, 

Nov. 24, 1942. 
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Hence, the current components, including the terms of next higher order 
that were left out of the foregoing equation for sake of conciseness, are 
given by 

, _ 2 7 , W 1 + , - ^ L J ^ + ^ ^ _ ^ 4 ^ _ + . . . \ im - zue y ^ - t - j m rfX2 -r ^ dX3 2m2 d Z 4 ^ / 
Jm(mX). (28) 

This is the final expression for the current components in the general 
kinematic situation specified by Eqs. (23) and (24). 

Comparison of Eq. (28) and Eq. (9) indicates that the leading term in 
im is unaffected in functional form by finite gap voltage and arbitrary 
d-c fields in the drift space; the only change is in the generalization 
in the definition of the bunching parameter in Eq. (26a). One way 
of expressing this generalization is to say that, in the calculation of the 
bunching parameter, the transit angle 0O has been replaced by another 
angle aiS0; this latter quantity is sometimes called the "bunching angle" 
for convenience of reference. At later points in this book, where bunch
ing theory is applied with a degree of generality somewhat less than is 
used here, the bunching angle is considered to be intrinsically positive and 
is denoted by 9e. 

In the simple cases already mentioned, for which a3 « a2 <JC Oi, the 
second term in Eq. (28) is the first order and next most important term. 
Since it is small and in quadrature to the first term, it may be considered 
as producing simply a phase shift. The third and fourth terms, which 
are normally still smaller than the second, are in phase with the leading 
term and therefore describe a change in amplitude. 

These deviations from simple theory have important consequences in 
free-running oscillators, where they give rise to hysteresis and associated 
phenomena (see Chap. 14). Limiting discussion to the case where 
m = 1, which is useful in oscillators, it is seen that Eq. (28) may be 
rewritten 

U = 2/oe-'(»«+4-« ( 1 + ^ - M J,(X), (29) 

where Avd and A„ii/ii are defined as1 

AJ = -a2X*J"{X) 

Avii _ [a,XsJ["(X) - lalX'J^iX)] (30) 
t"i Ji(X) 

The functions Jx{X) and X2J'I{X)/J\(X) are shown in Fig. 9-7; the 
functions X3J"[(X)/J1(X) and X*Ji^(X)/J1(X) are shown in Fig. 9-8. 

1 The subscript v distinguishes the quantities in Eq. (29) from similar quantities 
arising from nnite-gap-transit effects that are discussed in the next section and are 
labelled with a subscript G. 
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To obtain any numerical values of A„0 and A„t'i/n, the data in Figs. 
9-7 and 9-8 must be supplemented by a knowledge of the coefficients o„, 
which are discussed shortly. Numerical values for A„0 and A„ti/ii for 
typical situations in a reflex klystron with a linear reflecting field are given 
in Table 9-2 at the end of Sec. 9-5, where a comparison is made with the 
phase shifts and amplitude changes arising from finite gap-transit angles. 

Aside from such numerical values, some additional conclusions may 
be drawn from Figs. 9-7 and 9-8. I t is apparent that A„0 and Lvi\li\ are 
small for X < 1 because they are proportional to X2 . At X = 2 (the 
vicinity of normal oscillator operating conditions), the functions in Figs. 
9"7 and 9-8 are not too much greater than unity, but for larger values of 
X (overbunching) some of the terms become very large. This corre
sponds in part, but not completely, to the fact that the leading term in 

F I G . 9-7. F I G . 9-8. 

F ia . 9-7.—Functional dependence of Ji(X) (curve A) and -X*JV'(X) 
(curve B) on X. JdX) 

F I G . 9-8.—Dependence of X3Ji'"(X)/Ji(X) (curve A) and XiJi'r(X)/2Ji(X) (curve B) 
on X. 

*'i, Ji(X), is approaching zero; therefore the "correction" terms in n 
become predominant. These correction terms prevent the current i\ 
from having the zeros indicated in Fig. 9-5. A more physical picture of 
this phenomenon results from the treatment in Sec. 9 6; experimental data 
on the point appear in Fig. 10-8 (Chap. 10). 

The Drift-space Coefficients.—The discussion needs now to be turned 
to a general consideration of the drift-space coefficients ai, a2, and a3. 
These coefficients are readily obtained for the two simple drift spaces 
already mentioned, the field-free drift space and the uniform reflecting 
field, because of the simple dependence of 8 on Ve in these two cases. For 
a field-free drift space of constant length, 9 is inversely proportional to 
electron velocity, hence 0 = constant X Yr^- In a uniform reflecting 
field, the depth of penetration into the field is proportional to Ve, whereas 
the average velocity of the electron is still proportional to Fe*-; the 
transit angle d is proportional to the ratio of these two factors, hence 
6 = constant X V^. Because the faster electrons penetrate more 
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deeply, they spend more time in the reflecting field. Consequences of this 
fact are noted several times in the further development of this subject. 

These two simple drift spaces are thus special instances of a somewhat 
more general case, 6 = constant X V?. For 0 = constant X V" it is 
easy to show that 

ai = In, 
_ 1 n - 1 

and 
_ _ J _ (w - l)(w - 2) 

a* ~ 681 ' n2 

From these general relations, Table 9-1 may be deduced. 

TABLE 9-1.—DRIFT-SPACE COEFFICIENTS 

Field-free drift 
space (n = —5) 

a, +1 

Uniform reflecting field 
(™ = i) 

- 1 

0-2 

a3 

20„ 

5 

2fl„2 

29o 

1 
2<>; 

The f.rst point to be noted here is the difference in the sign of a\ in the 
two cases. From Eq. (26a), it is seen that this difference in signs corre
sponds to a negative bunching parameter in a uniform reflecting field and 
a positive bunching parameter in a field-free drift space. This conven
tion deviates from the customary one of making X an inherently positive 
quantity and altering the sign of the term X sin uti in Eq. (25) to fit the 
circumstances. Perhaps unfortunately, the latter convention has 
become firmly entrenched in common usage for the simple theory of the 
reflex klystron with linear drift space; hence, with the exception of Chap. 
13, it is followed in all subsequent discussions involving reflex bunching. 
For more generalized discussions of bunching such as those of Chap. 13, 
however, the convention that the sign for a is the sign of X seems much 
preferable and is therefore used. 

Since Ji( — X) = —Ji(X), a reversal of sign of X corresponds to a 
phase shift of 180° in z'i; physically speaking, this means a phase shift of 
180° in time of arrival of the bunch. Thus in a field-free drift space 
(X > 0), the electrons that pass through the input gap a t u ^ = 0 and 2w 
are at the centers of successive bunches, whereas, in a uniform reflecting 
field (X < 0), the centers of the bunches are the electrons for which 
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o>h = T and 3ir. Physically, this phenomenon is easily traced back to 
the fact, already mentioned, that in the uniform reflecting field the faster 
electrons have the longer transit time. This phenomenon has an exact 
analogy in a ball thrown up into the air; the harder it is thrown, the 
longer it takes to return. Thus the center of the bunch is the electron 
that passes through the input gap at the instant when the r-f field is zero 
and changing from accelerating to decelerating. Just the reverse is true 
in field-free bunching. The questions of sign and phase discussed in this 
paragraph are simple physical matters for which the foregoing general 
treatment is not at all necessary. 

I t may also easily be seen that, in a drift space that is composed of one 
field-free section and one section with a uniform reflecting field, 

- 1 < at < 1 

depending on the relative proportions of the two regions. 
The next interesting point to be noted in Table 9 1 is the dependence 

of the o's on 60. Since, in most practical cases, 80 ^ 10 radians, the fact 
that a20o, 03&Q, . . . are approximately unity is important because it 
means that each coefficient an is smaller than the preceding one by at least 
an order of magnitude, and this in turn makes the expansion in Eq. (28) 
well-behaved. 

I t should be noted, however, that this simple relation between do and 
the o's holds only when 8 = constant X V", a simple relation that for
tunately includes the two simplest practical examples. A more compli
cated arrangement of d-c fields in the drift space might at some value of 
Vo, for example, correspond to a large (d28/dVf)0 and a small (dd/dVe)o; if 
this were true, the second term in Eq. (28) would outweigh the first and 
the functional dependence of im on X would be completely altered. Some 
specific examples of such behavior are discussed in Chap. 13 in connection 
with reflection-field effects. 

9-5. Influence of Finite Gap-transit Angle on Bunching.—In the 
previous section the effect of the passage of electrons through the input 
gap was described as a simple energy modulation, expressed in electron 
volts by Eq. (24); 

V< = 7o (l + ^~- sin o>l\ 

The effects of the drift-space characteristics and the finite size of VJVa 
were then investigated. In actual practice, gap-transit times of a half 
cycle or more are often encountered. In such cases, effects arise that 
make a discussion of velocity modulation and bunching incomplete 
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without an investigation of at least the general anatomy and orders of 
magnitude of these effects.1 

One phenomenon arising from finite gap transit angles is beam load
ing; another is the existence of the beam-coupling coefficient M. These 
phenomena have already been discussed in Chap. 3. Although the sub
ject of beam loading does not lie within the scope of the present chapter, 
it is intimately related to some of the effects discussed herein. 

I t becomes apparent from the preceding discussions that any analysis 
of klystron electronics begins with an investigation of electron kinematics. 
This investigation has as its result an expression for time of arrival of an 
electron at a given point in terms of time of departure from a reference 
point where the initial conditions are known—that is, the entrance to the 
input gap. The effect of a finite gap-transit angle on such a kinematical 
analysis is two-fold. In the first place, the time of electron arrival at 
any point is directly affected by any finite gap-transit angle, and this 
gap-transit angle varies with the phase of the r-f field at which an electron 
enters the gap. In the second place, the change in electron energy 
in passing through a gap, Ve — Vo, is no longer a simple sinusoidal 
function of time such as that referred to above. 

Such considerations are, of course, just as relevant to the passage 
through the output gap as through the input gap. Although the output 
gap may appear not to be involved, per se, in the question of velocity 
modulation and bunching with which this chapter is concerned, never
theless this is the appropriate place to discuss any questions of finite 
output-gap-transit angle that need to be discussed. Since these ques
tions will be passed over lightly, a brief discussion of the relation between 
input-gap- and output-gap-transit-angle effects, and the reason for the 
brevity of the treatment of the latter, is in order. 

The effect of the output-gap-transit angle may be described as follows. 
The bunched current effective in driving the output circuit is (for plane-
parallel geometry) the value of the instantaneous r-f conduction current 
averaged over all points in the output gap. If the transit time through 
the output gap is finite, however, the r-f field in this gap has time to 
modify the electron motions; hence the instantaneous r-f current at any 
point in the gap is also modified by the r-f field, and the over-all driving 
current for the output circuit may not be calculated rigorously without 
including the reaction of the output circuit (r-f voltage in the output gap) 
back upon the driving current. This factor becomes particularly impor
tant when the r-f voltage in the output gap is comparable to or greater 

1 For a general discussion of finite gap-transit angles from a viewpoint somewhat 
different from that of this section, see E. Feenberg, "Theory of Bunching," Sperry 
Gyroscope Co., Report 5221-105, Nov. 24, 1942; also compare Chap. 12 and: 

J. K. Knipp, 'Notes on the Reflex Oscillator," RL Report 709, May 3, 1945. 
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than the beam voltage; in this instance electrons may actually be turned 
back at the output gap. 

However, the main emphasis of the book is upon reflex klystrons; 
here the r-f voltage in the single (input and output) gap is usually con
siderably less than beam voltage. In this situation the input-gap effects 
are the more important, especially because these effects influence the 
whole course of bunching in the drift space. Furthermore, any general 
discussion of output-gap effects adds a great deal of complication to the 
analysis and probably could not be justified without going into the effect 
of the input gap in considerably more detail than is intended. 

For these reasons output-gap effects are not to be discussed further, 
beyond noting in the discussion of input-gap effects some obvious 
generalization of results to output-gap effects. In discussing input-gap 
effects the aim of the present section is to indicate the nature and magni
tude of these effects rather than to cover the subject with complete 
generality. After these general comments, the discussion may now be 
centered on the details of what happens in the input gap. 

The basic equations for phenomena occurring in gaps are discussed 
in Chap. 3. Thus the manner in which the presence of an r-f field modi
fies the gap transit time is indicated in Eqs. (3-15) and (3-25). These 
equations may be applied to give the transit time through the complete 
gap for the case when the beam is unmodulated upon entrance into the 
gap; in the notation of Chap. 3, this corresponds to taking D„(0) = 0, 
x = d, T' = T, M' = M, N' = N, 6' = 0 = aT. Writing 0 = 0, to 
correspond to the notation of the present chapter, and noting by a 
comparison of Eqs. (1) and (3-13) that Vu = —jV, one finds for the actual 
gap transit angle (which will be denoted by 0„), the following expression 
(accurate to first order in V/2V<>): 

0g = 0i + -£ yrf ~M s i n uh + -Q1 cos bih 

In this equation oiti is defined, as a matter of convenience, as " (phase 
angle at entrance into the gap) + 6i/2"; that is, ti is the time at which 
an electron would pass the center of the gap in the absence of the r-f 
field. The functions M(8i) and N(8i), both of which approach unity 
as 0i approaches zero, are defined in Chap. 3 as follows: 

U = ( s i n g ' / 2 ) 
(fli/2) 

, r 24 / . 0] 0! 9,\ JV = ^l , S m -2-^ C O S ^j 
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In Fig. 3-8 are shown, as functions of 6\, the functions 

H = V ^ 2 + A'20?/36 

and 77 = t a n - 1 (JV0i/6M) which occur in Eq. (31a). 
The above expression for the gap transit angle may now be used to 

determine the velocity with which the electrons leave the gap; this is 
a matter of prime importance since it determines the subsequent bunching 
action. The exact change in the electron's velocity which occurs in the 
gap is given by Eq. (319); utilizing the value of the gap transit angle 
given in Eq. (31a), bearing in mind the changes in notation mentioned 
above, and discarding terms of higher order than (V/2Vo)2, the following 
relation is obtained for Ve, the energy of the electron on leaving the gap: 

V, - V0 = MV sin «<! + (S£) [ -P sin fc^ + ^ ^ l (316) 

In this equation the function P is defined as 

P(Ci) = ( | ) (0i - sin 90. 

This function approaches unity as 0i approaches zero, but has no zeros 
for 0i > 0. In Fig. 3-3, M, N, and P are shown as functions of di. 

A general treatment of input-gap effects could now be carried out in 
the framework of the previous section by adding to the right-hand 
side of Eq. (23) the term 9g, and using in Eq. (23) the expression for 
Ve — Vo given by Eq. (31b) alone rather than that of Eq. (24). In 
carrying out such a treatment the method of Sec. 9-4 could be used intact 
if the sin 2wti and cos uti terms in Eq. (31) were expanded as a power 
series in sin wti] however, this particular method has faults that make 
it not very practicable. 

The salient features of any such general analysis are emphasized 
when only the linear term in (V, — Vo) is used, that is, if Eq. (23) is 
replaced by 

a><2 = (uti - ^ ) + ea + 80 + (jf)o ( F . - 70) + • • ■ . (32) 

With the values for %, and (V. - Va) given by Eq. (31), Eq. (32) becomes 

* -L 5 l -L. a V6i(nf ■ , Ndr , \ 
<i>i2 ~ o>ti + -K + Do — -Tyr I M sin &jfi ^ - cos ut\ I 

- X sm orfi + 2 ^ I jj sin 2 ah j - 1 - (33) 
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This equation has been written explicitly to make the origin of the various 
terms of the next equation more obvious. Rearranging Eq. (33) and 
keeping only first-order terms in V/2V<,, 

<*h ~ at! + g + 6° ~ -g- - [X + -^v7j 
[sin (ati — 0) — y sin 2(uti 

where 
VN6\ = _ N6\ 

P 24FoZ 12Maie0 

= VPdi = _ PX6, 
7 2iV0M~ 12M2oifl0' 

It is to be noted that 0 is independent of r-f gap voltage. 
This equation describes several effects of the finite gap-transit angle 

on both the amplitude and phase of the r-f components of the bunched 
current. If the amplitude effects are considered first, it may be noted 
that the coefficient of — sin (ut\ — /3) (which would be the argument of 
the Bessel functions giving the current components if y were zero) is 
X + MV8i/4:Vo- This fact is not surprising, since MVB^iVo is just 
the contribution to the bunching parameter that would be made by a 
(d-c) field-free drift space with transit angle 0i/2; thus the "effective" 
bunching parameter is obtained by extending the drift space back to 
the middle of the gap and considering the r-f field as concentrated at the 
middle of the gap. I t is to be noted that in the other places where X 
occurs in Eq. (34), the term (X + MVdi/iVo) could be substituted at 
will since the resulting changes would be of order (V/2Vo)2. 

A much less trivial effect is the existence of the second-harmonic 
term, sin 2(<ati — fi). I t may be seen by comparing Eqs. (33) and (34) 
that the term arises from the modification of Ve — Vo in the presence of 
a finite input gap. One might say that velocity modulation by a sinu
soidal voltage in a finite gap is like velocity modulation in an infinitesimal 
gap by a fundamental and second-harmonic voltage. Since the second-
harmonic term has the same symmetry about uti — P = 0 as does the 
first-harmonic term, the presence of the second harmonic does not change 
the phase of the bunch, but it does change the shape of the bunch and 
the magnitude of the r-f component. 

This may be seen graphically in Fig. 9-9. Here then is shown the 
relation between t2 and ti for the simplified relations 

oit2 = o>h — X(sin uti — 7 sin 2uti) (36) 

with X = 2 and y = 0, 0.5. 
In Fig. 9 10 are shown the resulting dependences on time of bunched 

beam current. I t is apparent from these figures that the presence of 

- f t ] (34) 

(35) 
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the second-harmonic term, with a coefficient negative with respect to 
the first, tends to concentrate more current at the center of the bunch. 
This phenomenon has been analyzed in considerable detail in connection 

itt2) 

Average 
current v 

11 

Time of departure <atx 

FIG. 9-9.—Transit-time phase rela
tions in the presence of second harmonic 
velocity modulation or equivalent. Re
lation between time of arrival ti and time 
of departure ti:oit2 = wti — X (sin ut\ — 
y sin 2 tati). 

+ 7T 
<au-en L2 v0 

F I G . 9-10.—Waveform of bunched 
beam current as modified by presence of 
second-harmonic velocity modulation or 
equivalent; compare with Fig. 9-9. 

0.8 

D0.6 

0.4 

-
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275" 

.2.0 

~X~^15~ 
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with cascade bunching,1 where it also occurs. (See the discussion of 
cascade bunching in Sec. 9-8.) The behavior of the fundamental 
component of the bunched beam ii 
is indicated in Fig. 9-11. I t is appar
ent from the figure that this maximum 
current component occurs in the 
vicinity of X = 2, y = 0.4 and that 
at this point the maximum current 
component has been increased by 28 
per cent over the value at 7 = 0. 
This result should really be stated for 
\X\ = 2, since the sign of X is irrele
vant to the results, and it is to be 
noted from Eq. (35) that y is positive 
for 0 ^ 0i < 2-K. Defining this frac
tional increase of i\ as Aaii/ii, it is seen from the figure that, for \X 
the following equation may be written: 

0.2 0.4 
y 

0.6 0.8 

F I G . 9-11.—Dependence of ii, funda
mental component of bunched beam 
current, on bunching parameter X and 
on the parameter y giving the relative 
amplitude of second harmonic in simpli
fied bunching equation for a finite gap 
[see Eq. (35)]. 

"■"b - i1 - ok)'] (37) 

1 E. Feenberg, "Theory of Cascade Bunching," Sperry Gyroscope Co. Report 
5221-143, Aug. 22, 1945. 
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For most values of 0t (i.e., 0i ^ 5), P/M « 1; for 7 / F o = 0.4 and 
0! = ir, T = .05. This gives only some 6 per cent increase in funda
mental component of the bunched beam. But it may be observed from 
Fig. 3 that as 9i —> 2ir, M —> 0 and P/M —> °° . Thus y may be brought 
into the optimum vicinity of i by letting 0i approach 2T, provided that 
by some means, such as a large drift space, the value of X is enabled 
to remain in the vicinity of 2. 

Phase effects shown in Eq. (34) are likewise quite striking and are 
of two types, as represented by the presence of the term /3X2/2 and by 
the change from a>h to (ati — 0). 

The term pX2/2 comes from the constant term V2MN82/48V0 in 
(V, — Vo), which represents the beam loading at the input gap; that is, 
the beam-loading term in (Ve — Vo) is the average amount of energy 
abstracted from the gap by each electron. Since the mean velocity of a 
beam passing through a finite gap is thus increased by an amount pro
portional to (V/Vo)2, or X2, the time of transit of the bunch is changed 
by a corresponding amount—an increase for a normal reflex klystron 
(dd/dVc < 0) and a decrease for a field-free drift space. I t may be noted 
by comparison with Eq. (26) and Table 9-1 that the sign of 0 is deter
mined by the sign of ai. 

The presence of |8 in the argument of sin (wti — /9) also represents a 
phase shift of the bunched beam, which may be traced back to its source 
in the phase difference between the transit time 8g and the r-f voltage 
V sin uh. I t might be said that because of this phase difference the 
bunching that occurs in the gap is out of phase with that which occurs 
in the drift space, and so manages to shift the phase of the final bunched 
current by a small amount. But, although this phase shift varies from 
mode to mode, it is independent of r-f voltage; hence it has little signifi
cance. As a numerical example, suppose that do = 1 0 , X — — 2, 
6X = ,r, M = 0.67, and V/V<, = | ; then 0 = - 0 . 1 1 radians or - 0 . 0 2 
cycles. 

Since the only phase shift of much interest is therefore —/SX2/2, a 
phase shift Ac0, which is due to the finite gap-transit time, may be 
written as 

Of these two phase shifts, the second may be expected to have an 
analogue in the output gap; but the first shift—the only one that is 
relevant—is a drift-space effect pure and simple. Of the two amplitude 
effects, the obvious addition of MVBi/4Vo to the bunching parameter has 
an analogue in the output gap. The much more interesting effect of the 
inite input-gap angle in producing more efficient bunching is again 
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something that requires a drift space for its unfolding and hence has no 
output-gap analogue. I t is clear that the principal output>gap effects 
are the usual beam-coupling-coefficient effect and the normal beam 
loading. 

As already noted, these summarizing comments hold true where the 
output-gap voltages and dimensions are such as not to approach the 
condition of turning back electrons. I t should also be realized that 
the use of only the leading terms in Eq. (32) implies that the coefficients 
On of the previous section are small, or that in normal cases the d-c drift 
angle 80 is large. This assumption that do» 1 is equivalent to the 
assumption used through this section that V/2V<s « 1, so the whole 
scheme is consistent. 

As a final comparison of the results of the last two sections, it is 
interesting to compare the quantities A„fl, Avii/ii, Aa0, and ABii/ii of a 
simpler case in which the values of an are known—the reflex klystron 
with a linear reflection field. The condition for approximately optimum 
operation, \X\ — 2, will be used, and in calculating Aa9 and Aoii/ii gap-
transit angles of T and 1.87r will be used. The results are shown in 
Table 9-2. 

TABLE 9-2.—PHASE AND AMPLITUDE CHANGES IN BUNCHING IN THE PRESENCE OF 
FINITE GAP-VOLTAGES AND TRANSIT TIMES 

\X\ = 2 

0a = 50 

A„0 

Aji/ii 

A o 0 

y 

Aot'i/ t ' i 

01 = w 

- 0 . 4 1 

0 .16 

- 0 

- 0 

0 .15 

28 

046 

0! = 1 Sir 

- 3 . 7 

3 .6 

? ! 

" 
-

01 = IT 

- 0 . 

- 0 . 

- 0 . 041 

0.016 

0.015 

028 

0005 

0! = 1 . 8TT 

- 0 . 3 7 

0.36 

0.28 

The combination 0i = 1.8ir = 5.7 and 80 = 5 is extreme. The fact 
that this gives y = 3.6 means that the bunching is almost complete 
second-harmonic bunching, and badly overbunched at that. This com
bination is included as a matter of curiosity. 

The effects of a gap-transit angle in the vicinity of 2ir are apparent; 
and they persist even at da = 50. I t is to be noted, however, that for 
0i = 1.8B- the beam-coupling coefficient M is about 0.11 and it is therefore 
necessary to have V/V0 = 0.7 in order to make [X| = 2. In addition to 
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reducing the accuracy of the approximation, this high gap voltage may 
also involve high power loss in the resonator. I t is true, in general, 
that for 0i = ■K the phase and amplitude effects arising from the two 
different sources are comparable, the finite-transit-angle effects being 
somewhat the larger. 

9-6. Bunching by a Gap Voltage Comparable to Beam Voltage.—The 
treatment of finite-gap-voltage effects in Sec. 9-4 provides an analytical 
description that is convenient for many applications. If the effective 
r-f voltage becomes comparable to or greater than the beam voltage, 
however,1 the treatment of Sec. 9-4 loses its usefulness or breaks down 
entirely. For, with M » 1 and V/Vo ^ 1, some of the electrons of the 
beam are turned back at the input gap, and even before this condition 
is reached, the bunching process is markedly changed. 

Such situations, although seldom occurring in oscillators or amplifiers, 
are not uncommon in frequency multipliers. The input frequency of a 
frequency multiplier is low, often below the microwave region; therefore, 
a drift space of convenient physical dimensions corresponds to a drift-
space transit angle 0O that is smaller than that common in oscillators. 
To obtain satisfactory bunching (MV80/V0 ~ 2) it is therefore necessary 
to increase MV/Vo- Furthermore, the bunching produced when 
V/Vo s£ 1 has characteristics that are desirable for frequency multipliers 
in certain situations, as is discussed in the next chapter. The analysis 
of these effects given here is limited to bunching in a field-free drift 
space such as is found in frequency multipliers; the general procedure, 
but not all the detailed results, may be applied to any type of klystron 
bunching. Aside from detailed results, the method of dealing with this 
very high input-gap voltage is interesting also for the light it sheds on the 
nature of the bunching process. 

As in the previous section, the assumed conditions are simplified so 
as to emphasize the salient features of the phenomenon under discussion. 
Space-charge debunching effects are ignored. Gap-transit-time effects, 
except the existence of the beam-coupling coefficient M, are also 
ignored. I t is assumed that M ~ 1; when M is small compared with 
unity, the situation is very much more complicated—for example, with a 
small M there may be no electrons turned back at the gap even with 
V/Vo considerably larger than unity. Finally, as already noted, a field-
free drift space is assumed. All told, the assumed conditions are identical 
with those of Sec. 9-2 except for the assumptions MV/Vo ~ 1 and I f ~ 1, 
which replace the assumption MV/Vo ~ 0. I t may frequently be con
venient to compare the results of these two assumptions; for this purpose, 

1 The treatment of this section follows, in large part, E. Feenberg, "Bunching 
Theory for Two-resonator Klystron Multipliers," Sperry Gyroscope Co. Report 
5221-117, May 23, 1944. 
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MV/Vo » 1 is referred to in the remainder of this section as the "large-
signal case," as compared with the "small-signal case" of Sec. 9-2. 

An example of the type of velocity modulation produced for V/Vo > 1 
is shown in Fig. 9-12, which shows the velocity modulation resulting when 
V/Vo = i, M = 1. The deviation of the velocity from an even approxi
mately sinusoidal dependence on time is obvious; furthermore, during 
nearly a quarter of a cycle electrons are turned back at the input gap 
and so do not reach the drift space at all. The term "velocity modula
tion," therefore, is no longer completely descriptive of the input-gap 
process. 

The corresponding effect on transit time is shown in Fig. 9-13. Here 
U, the time of arrival at some point 
(for example, the output gap) is shown 
as a function of time of departure from 
the input gap for a field-free drift space 
with a d-c transit angle of 0o = 6 radi
ans. The values of X = MV80/2V0 f 1 
with which the curves are labeled, 
namely 0.5, 1, 2, and 4, are similar 
to the values of X for the analogous 
curves of Fig. 9-3; the curve for X = 4 ~T 0 +lr 

corresponds to the (V/Vo = i) veloc- 1 

ity modulation shown in Fig. 9-12, and ele*™n v e l o r i ^ X ot^metf passage 
bo th figures show t h e period dur ing <i through an r-f gap with gap voltage 
which no electrons penetrate the gap. 3 ° s l n w ' ' " ~~ ' 

The bunched-beam-current waveform is readily obtained from Fig. 
9-13 as discussed in Sec. 9-2, and is shown in Fig. 9-14. The curves of 
Fig. 9-14 should be compared with those of Fig. 9-4, which correspond to 
similar values of X in the small-signal case. 

I t is apparent that in Fig. 9-14 the most marked effects of a large 
MV/Vo occur for X = 2 and X = 4. At X = 2, the intensity in the 
earliest-arriving peak has been somewhat enhanced, whereas the latter 
one has been greatly diminished. This effect corresponds to the differ
ence in the breadth of the corresponding maxima and minima ("points 
of stationary phase") in Fig. 9-13; the smaller the value of dH2/dtl at a 
point of stationary phase, the more intense is the corresponding infinite 
peak of i. The trend shown for X = 2 in Fig. 9-14 has its logical con
clusion for X = 4; here, with V/Vo > 1, there is only one current peak 
per cycle. 

It may be recalled that, in the discussion of small-signal bunching in 
Sec. 9-2, it is pointed out that the alternating behavior of any given r-f 
component of i as a function of X (shown in Fig. 9-5) is caused by the 
interference of the two infinite peaks, which separate in time as X 
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FIG. 9-13-—Dependence of arrival time at output gap, ta, on departure time from 
input gap, ti. Cross-hatched area represents interval of ti during which no electrons pass 
through input gap; da = 6 radians. 

F I G . 9-14.—Time dependence of instantaneous bunched beam current for various 
values of bunching parameter X; field-free drift space, 90 = 6 radians, hence large bunching 
voltage. Derived from Fig. 913 . 
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increases and alternately reinforce and cancel each other as their phase 
difference increases at the harmonic in question. I t is apparent from 
Fig. 9-14 that in the present large-signal case these peaks are no longer 
equal in amplitude, with the result that this interference between peaks 
cannot give rise to zeros in the absolute value of im; furthermore, when 
V/Vo > 1 and M ~ 1, there is no interference at all because there is 
only a single peak, and |z'„| is then a very smooth function of X deter
mined principally by the relation between t\ and h near the point of 
stationary phase in Fig. 9-13. 

I t turns out that the h — vs — ti diagrams for X > 1 in Figs. 9-14 and 
9-3 may, for purposes of calculating current waveforms and r-f components 
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F I G . 9-16.—Waveform of bunched beam 
current aa produced by " a c t u a l " (solid 
curve) and "equivalent" (broken curve) 
ti — vs — t\ diagrams of Fig. 9-15. 

of bunched beam current, be represented by two parabolas that coincide 
with the U — vs — h curves at the points of stationary phase. The 
"actual" and the "equivalent" t2 — vs — h diagrams for the large-signal 
(X = 2) case are shown in Fig. 9-15; the "ac tua l " diagram is the same as 
that shown in Fig. 9-13. In Fig. 9-16 are shown the corresponding cur
rent wave-forms. I t is seen that the correspondence of the time depend
ence of i(t) is close; the principal difference between the two curves, the 
addition of a d-c component, is irrelevant for the present purposes. 

9-7. Analytical Discussion of Bunching by a Gap Voltage Comparable 
to Beam Voltage.—Thus it seems, from the results shown in Fig. 9.16, 
that an analytical deduction of the properties of the bunched beam 
current from the behavior in the immediate vicinity of the points of 
stationary phase holds some promise. Such a process has the advantage 
that, for the determination of im, only the points of stationary phase in 
Fig. 9-15 and the second derivatives (shape of the equivalent parabolas) 
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at these points need be known. This analysis will now be carried out, 
and the degree of validity of the results will be checked by application 
to the small-signal case for which the values of im are already known from 
Sec. 9-2. 

To avoid cumbersome expression, the following notation is introduced: 

wt\ = r wtz — 0o — ^. (39) 

The points of stationary phase (df/rfr = 0) will be labeled ^i , f2," the 
corresponding values of the second derivative \j/" = (P^/dr* are ^ " and 
^"; ^i and \f/" < 0, ^2 and \f/[' > 0. Then the two parabolas in the 
equivalent t2 — vs — t\ (or \j/ — vs — r) diagram are given by 

*= ^2 + (?) ( r-T2)2 ' 
and for M ~ 1 and V > Fo there will be only one parabola, the first of 
the two above. 

By Eq. (8), the mth harmonic of the bunched beam current is, in this 
notation, 

* J -, 
e 2 dr + e->m*> J e i dr 

The largest part of these integrals comes from the regions T — n « 0 
and T — T2 » 0; hence when (m^"| » 1, the limits of integration may be 
changed to + =° without much error. When the limits are changed, and 
the variable altered to simplify the exponentials, and remembering that 
\p" > 0, \p" < 0, the above integrals become 

im = — er'mS" e-'n^ J—jr, I e~'x' dx + er>m** J r„ \ 

In obtaining this equation, use is made of the definite integral 

e>x* dx = \/TT e'r/i. 

e'1' dx 

(40) 

/ ; 
There is an additional limitation on Eq. (40) in the assumption that 

X is large enough so that the h — vs — ti diagram may be represented 
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by the two-parabola equivalent. In the small-signal case for X = 1 
(and in the large-signal case, for some value of X slightly less than 
unity) there is only one point of stationary phase, and at this point 
$' = \f/" = 0; the dependence of ^ on T is essentially cubic and the basis 
of Eq. (40) is invalid, as witness the fact that, when \j/" = 0, Eq. (40) 
has im = °°. This fact, as well as the |m^"| » 1 condition, will increase 
the validity of Eq. (40) as X exceeds unity. The point at which Eq. (40) 
becomes valid is best found by applying this equation to the small-signal 
case, for which the exact value of im is already known by Sec. 9-2. 

In the small-signal case, V2 = — ̂ 1 and ^ " = — >/'", and Eq. (40) 
reduces to 

2H ( -A i- = he~ime° ~^mcos r*1+v' (41) 
This equation may be compared with the exact small-signal result, 

im = 2IoJm(mX)e^\ (Eq. (9)) 

In order to carry out the comparison, the small-signal dependence of 
■̂i and i//" on X must be known. By Eqs. (3) and (39), here 

\[/ = T — X sin T, 

*, = cos"1 ( £ ) - VX^T, (42) 

+[' = VX^l. 
It is apparent from Eqs. (41) and (42) that, at the first maximum of 
the approximate im given by Eq. (41), mi/'i + ir/4 ~ 0. This is an 
approximate relation because the increase of i/<" with X has been ignored; 
a more closely figured maximum would have a value of m\pi + ir/± 
somewhat less than zero. From Eq. (42) the values of X and i/>" cor
responding to m\pi + 7r/4 = 0 may be determined. The results of this 
process are given in Table 9-3 below. In this table Xm represents 
the value of X that maximizes im. The values of Xm corresponding to 
the exact and approximate Eqs. (9) and (41) are given, as are also the 

TABLE 9-3.—COMPARISON OF VALUES OF MAXIMUM im AND CORRESPONDING VALUE OF 
BUNCHING PARAMETER, Xm, AS GIVEN FOR THE SMALL-SIGNAL CASE BY 

THE EXACT AND APPROXIMATE EQS. (9) AND (41) 

m 

1 
3 

10 

mil 

1.6 
3.0 
6.5 

Xm 

approx. 

2.15 
1.47 
1.19 

X„ 
exact 

1.84 
1.40 
1.18 

Approx. max. 
|i™|/2/o 

0.58 
0.44 
0.31 

Exact max. 
| im | /2 /o 

0.58 
0.43 
0.30 
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corresponding maximum values of im. Also, for reference, rmp" is 
shown. 

I t appears from this table that, by the time the first maximum of 
im has been reached, Eq. (41) is a very good approximation, regardless 
of whether m\p" is much larger than unity. The error in the approximate 
value of Xm is due in large part to the roughness of the location of the 
maximum in Eq. (41), as already noted. A procedure similar to the 
above, carried out for the small-signal case with X = 1 and with 

w 6 

gives results that are as valid at X = 1 as are the above results for 
X £ Xm. 

The only results that are usually desired, however, are the value of 
the first maximum of \im\ and the general functional dependence of \im\ 
thereafter; for this, Eq. (40) thus seems to be satisfactory. By Eq. (40), 

V^m \§ = J l _ l _2™^^*L). (43) 

Thus as X and ^2 — ^i increase, | i „ | / / 0 oscillates between two limits: 

By Eq. (43), \im\ is equal to its upper limit when 

sin ra(^2 — ^ 0 = 1. (45) 
The corresponding maximum of \im\ is about the same as this upper 
limit but occurs at a slightly smaller value of X, just as for the small-signal 
case discussed in the preceding paragraph. 

The extension to the case M ~ 1 and V > Vo, when there is only 
one point of stationary phase, is simple. Thus, 

¥ = \/-JF' V > v°- (46) 

Evaluation of \im\ as given by Eqs. (44), (45), and (46) follows the 
same procedure as with the small-signal case. In the present large-signal 
case, the relation between ip and r for a field-free drift space is 

1 
T + - , - J V l + ( ^ F / 7 0 ) s i n -

For the case of a reflex klystron with a linear reflecting field, 

(47) 

+ 0o ^ 1 + (M^j Sin r - 1 ; (48) 
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this latter case, which is not discussed here, may be handled just as 
the field-free case. Equation (47) and similar equations for ^', ^ " may 
be treated graphically to give, as functions of X for various values of 
0o, the values of i/-" and ^ and the corresponding limits to |im |. Simi
larly, a graphical determination of the dependence of ^i and ^2 on X and 
do allows the determination from Eq. (45) of the values of X at which 
\im\ is equal to its upper limit, as well as the corresponding approximately 
maximum values of \im\. 

0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 
Bunching parameter X Bunching parameter X 

F I G . 9 1 7 . Fia . 918 . 
F I G . 9*17.—Upper and lower limits of \im\, mth harmonic of bunched beam current, as 

function of bunching parameter X for various values of 0o. For MV/Vo = 2X/8o > 1, 
upper and lower limits coalesce to a single value. Dotted lines are loci of the first maxima 
of \im\ for various values of harmonic order m. 

F I G . 9-18.—Dependence of third harmonic of bunched beam current, it, on bunching 
parameter X when &o = 6 radians. 

The details of this procedure are not given here, but Fig. 9-17 shows, 
for 6o = 3, 6, 12, and » , the dependence on X of the upper and lower 
limits to \/2irm |i„,|/2/0 for MV/Vo < 1 and the single value of 

for V/Vo > 1. The case 0o = °° corresponds to the small-signal case dis
cussed earlier; for 0O = » the lower limit to \im\ is zero, as already noted. 
The light dotted lines represent, for different values of m, the locus of 
points at which the value of |tm| first equals the upper limiting value; 
these points therefore indicate the approximate locations and heights of 
the first maximum. 

I t is apparent that many of the combinations of X and 0o shown in 
Fig. 917 correspond to values of MV/Vo for which the procedures of 
Sees. 9-2 and 9-4 are applicable; this correspondence provides a convenient 
connecting link between the two treatments. 

In Fig. 948 is sketched, from Fig. 9-17, the approximate dependence 
of limi/2/o on X for 0O = 6, m = 3. The increasing rapidity of the varia
tion of |im| as the point (X = 1-5, MV/Vo = 1) is approached is caused 
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by the corresponding rapid upward motion of the first point of stationary 
phase in Fig. 9-13. 

Some interesting points of general structure are apparent in Fig. 917 . 
For example, in reducing 0O from °o to 3 radians, the value of the bunching 
parameter required to produce "optimum bunching" (in the sense of 
making the graph of \im\ tangent to its upper limit) is reduced by approxi
mately 50 per cent for m = 1 and 30 per cent for m = 10. In later 
applications it may be seen that this reduction is no great advantage 
because the diminished value of X for optimum bunching is bought 
at the expense of an increase in MV/V0- As a matter of fact, in reflex 
oscillators (in which phenomena of the same type occur, although Fig. 
9-17 refers to a field-free drift space) this effect is very detrimental to 
oscillator efficiency. 

On the other hand, Fig. 9-17 shows that the maximum amplitude of 
the various harmonics decreases only slightly as 80 decreases from the 
small-signal value of infinity; the decrease in the actual maxima is 
probably even less, as these maxima lie above and to the left of the points 
of tangency whose locus is graphed in Fig. 9-17. 

Probably the most important feature of Figs. 9-17 and 9-18 is the 
practically complete lack of dependence of \im\ on X, once V > Va. 
This independence has important applications in frequency multipliers, 
since it has the effect that in an overdriven multiplier with small do 
the output is practically independent of r-f input over wide ranges of the 
latter; this point is discussed in detail in Chap. 11. 

9-8. Cascade Bunching.—The preceding sections have been concerned 
with the bunching action that follows passage of an electron beam through 
a single velocity-modulating r-f gap. Two successive transits of a beam 
through an r-f gap or gaps produce velocity modulation and bunching 
of the type known as "cascade bunching."1 One example of cascade 
bunching is provided by the cascade amplifier (see Chap. 10), in which 
the beam passes through three resonators in succession; the input signal 
is applied to the first gap and the output taken from the last gap. 
Another example occurs in the reflex klystron (see Chap. 14). Here 
the beam passes once through a gap and is reflected for a second passage; 
part of the beam is often reflected from the cathode region for a third 
passage. In the first of these examples the cascade action is intentional 
and beneficial; in the second it is unintentional and usually detrimental. 
The basic processes are identical, however, and it is these basic processes 
with which this section is concerned. 

All the complications of Sees. 9-3 through 9-7 apply as much to 
1 E. Feenberg, "Small Signal Theory for Multiple Resonator Klystron Amplifier," 

Sperry Gyroscope Co. Report 5221-106, July 14, 1943; see also "Theory of Cascade 
Bunching," Sperry Gyroscope Co. Report 5221-143, Aug. 22, 1945. 
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cascade bunching as to single-gap bunching, but the most profitable 
procedure for this section is to omit discussion of these higher-order 
effects and to emphasize those features that are characteristic of the 
cascade process per se. The general assumptions of Sec. 9-2 are therefore 
retained—that is, no space-charge debunching, no gap-transit effects 
(except for the usual beam-coupling coefficient, M), no higher-order terms 
in V/Vo- The generalized form of the bunching parameter X (Sec. 
9-4) may be retained at no cost; therefore, the results of the present 
section are applicable to any drift space, as long as the drift-space coeffi
cients on are not sufficiently abnormal to emphasize higher-order terms 
in V/Vo. 

Given the above premises, the notation to be used is a simple generali
zation of that of Sec. 9-2. For the complex r-f voltages, 

Vi = -jV = -jaiV0 (49a) 
7 2 = _a2yoe/(-»».+« (496) 

Thus the voltage notation has been generalized so that the first- and 
second-gap real r-f voltage amplitudes are aiVa and a 2 lV In the real 
(as opposed to complex) notation, the first-gap and second-gap time-
dependent r-f voltages are thus Re (Vie'"!l) = aiVo sin uti and 
Re (V2e""'"-) = — a^Vo cos (at2 — 0Oi + 0) respectively. The phase of 
the second-gap r-f voltage with respect to the first, as specified by the 
phase factor /3, is kept arbitrary in this section; in the later applications 
of the results, /9 is determined by the operating conditions. The some
what awkward appearance of the phase of the second-gap r-f voltage is 
chosen for convenience in these later applications. I t may be noted that 
the center of a bunch (for example, the electron for which uti = 0) 
arrives at the second gap when the r-f voltage at the latter has the value 
— a2V0 cos 0; thus |3 = 0 is the condition for maximum extraction of 
energy from the beam by the second resonator. But this is simply a 
quick look behind the scenes. As already noted, this section is concerned 
not with the origin of the second-gap r-f voltage (that is, with the depend
ence of <x2 on 0), but only with the results of its existence; and these 
results may be deduced without reference to the origin of the second-gap 
voltage. 

The remainder of the new notation to be used in this section is as 
follows: 

Xi3: value that bunching parameter would have at the third gap if 
there were only first-gap modulation. 

in, in'- fundamental r-f component of the bunched-beam current 
at the second and third gaps. (Note that the subscript 1 refers 
not to the first gap but to the fundamental component.) 
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0on, (dd/dVe)on, Mn with n = 1, 2: the values of 80, (dd/dVe)o, and M 
for the first and second gap or the drift space following the first 
and second gaps, as the case may be. 

Xiz\ bunching parameter at the second gap, which is due to velocity 
modulation at the first gap; X i 2 = — M 1a1Vo(dd/dVe)oi. 

X23: bunching parameter at the third gap in the presence of only 
second-gap modulation; X23 = — MiazVvidd/dV^m-

The first step in the development is now the usual one of investigating 
the electron kinematics. The time of arrival at the second gap, t2, 
is given by 

at2 — ati + 0oi "~ -̂ 12 sin uti. (50) 

On leaving the second gap the energy of the electron in electron volts, 
Ve, is the energy on entering the gap, Vo(l + Afi«i sin ah), plus the 
modification of Ve in the second-gap passage; thus 

Ve = V„[l + Mi«i sin ah - Mta2 cos (at2 - 0 n + &)]. (51) 

The time of arrival, U, at the point where the r-f current is to be evaluated 
—hereafter referred to as the third gap—is then given by 

ah = at2 + 6ot + Vo I -jTT ) [Miai sin ah — M2a2 cos (ati — 0oi + 0)] 
\a V«/ 02 

= ah + 0oi + 002 — X13 sin wti + X23 cos (ut2 — 0oi + /3). (52) 

So far this discussion has involved only the usual restrictions of zero-
order theory that allow the bunching parameter to have any value as 
long as the a's, are small compared with unity. To be useful in evaluating 
the final r-f current, however, Eq. (52) must be altered so that ati appears 
explicitly throughout, instead of implicitly in the at2 term. If the addi
tional restriction 

Xi , < 0.4 (53) 

is made, the alteration in Eq. (52) is much simplified. The change 
causes little inconvenience in discussing later applications of cascade 
bunching, and since it makes X\t/2 < 0.1 it makes quite accurate the 
approximation 

cos (ah — 0oi + j3) ~ cos (oiti + 0) + X12 sin ah sin (ah + £)■ 
Thus Eq. (52) becomes 
ats = ati + 0oi + 002 — Xu sin ati + X23 COS (uti + /S) 

+ X23X12 sin uti sin (ah + j8). (54) 
Equation (54) is the final kinematical equation that is used in the 
remainder of this section to evaluate the r-f current under various 
circumstances. 
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In many practical cases the last term in Eq. (54) may be neglected, 
for example, where X12 is much smaller than Xn or X23, both of which 
may be of the same order and greater than unity; this happens when 
0oi <K 002 as with multiple transits in the usual reflex klystron. The 
last term in Eq. (54) may also be neglected when Xi2 and Xu are of the 
same order but are no greater than X23, with \X23\ « 1 in turn; this cor
responds to the situation in any cascade amplifier operating at low signal 
level. 

In any such situation where the approximation of neglecting X12Xi3 
in Eq. (54) may be made, the equation may be written in an easily handled 
form by combining the two remaining sinusoidal terms into one. A 
little trigonometric manipulation shows that 

-X13 sin ah + X23 cos M i + /3) = - X' sin (a>h + 0') (55) 
where 

X'e* = X13 - jX23e'i>; X' real. (56) 

Thus Eq. (54) becomes 

at3 = (uh + 0') + 0oi + 002 - 0' - X' sin (wh + 0'). (57) 

By comparison with Eqs. (3c) and (9) it is apparent that the fundamental 
r-f component of the bunched beam current is given by 

ii = 2I0e-'^+s"-<l'V1(X'). (58) 
Thus, to the degree of approximation with which these last two 

paragraphs have been concerned, the bunching is represented by an 
"effective bunching parameter" X'; the current waveform and the 
maximum value of the various r-f components of the bunched beam 
current are the same as in simple bunching. The significance of the 
effective bunching parameter may be realized more readily by noting 
that the respective r-f voltages momentarily glimpsed at the two gaps 
by an electron traveling at beam velocity are the real parts of the complex 
expressions, 

-je'^'iVi and - jVte*). 
Thus, in using Eq. (56) to find X' as a geometrical sum of the bunching 
parameters Xi3 and X23, the phases associated with X13 and X23 are 
simply the corresponding phases of bunching produced by the first and 
second gaps. As would be expected, it appears from Eq. (58) that the 
phase of the bunching differs by the term —0' from that which would 
obtain in the presence of first-gap velocity modulation alone. 

Because V2, and hence X23, are found to be functions of /S in the prac
tical cases to be discussed later, it is clear that X' and 0' cannot be further 
specified without the knowledge of this functional relation which must 
wait for the specific situations in later chapters. There are, of course, 
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cases in which the Xi2X23 term in Eq. (54) must not be neglected. One 
of the most prominent of such instances is the cascade amplifier operated 
with sufficient drive to produce optimum bunching at the third gap; 
here X23 ~ 2, and X12 and X13 are comparable to each other. The 
X i2X23 term describes the fact that the second gap has an intensity-
modulated electron beam to work on; as a result of this fact, some parts 
of the bunch are more heavily weighted than others. The results of this 
effect are rather surprising, and arise from the fact that sin cod 
sin (uh + 0) is an essentially second-harmonic term. Thus, making 
use of the definition of X ' and 8' in Eqs. (55) and (56), Eq. (54) may be 
rewritten 

X X 
iot3 = uli + 0oi + 002 H -„— cos 0 — X' sin (uti + 0') 

1 X12A23 . [ „ , . . i r \ 

-\—2—sm 12uti + P ~ 2) (59) 

(60) 

If, by analogy with Eq. (36), a new quantity 7 is defined by the 
equation 

_ X12X23 
T _ 2X' ' 

then Eq. (59) becomes 

ut3 = uh + 0oi + 002 H ~~^ cos 0 - X ' sin (wh + 0') 

y sin (2uh + /S - | J (61) 

This equation is very similar to Eq. (36); the only important difference 
is the inequality in Eq. (61) of the phases of the first- and second-har
monic terms. 

In the discussion of Eq. (36) in the section on finite gap-transit times 
it was shown that the presence of a second-harmonic term in the kine-
matical equation may result in as much as a 28 per cent increase in u; 
in the notation of Eq. (61) this would occur when X ' = 2, 7 = 0.4, 

%' = /3 — s- In discussing Eq. (36) there was no occasion to consider 

what might happen if the first- and second-harmonic terms were out of 
phase, as they are in Eq. (61). By substituting the arrival time of Eq. 
(61) in the basic Eq. (8), and carrying out some manipulation, it may 
be shown that for a given X ' and 7, |t'i| is always a maximum when 

0' = |S - | ; the condition X' = 2, 7 = 0.4, 0' = 0 - | , therefore, 

determines an absolute maximum of \i\\ for a kinematical situation 
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described by Eq. (61). The same calculation just referred to shows that, 
in the neighborhood of this absolute maximum, |i'i| is proportional to 

«4 (*-/» + ;)■ 
It is interesting to note that the origins of the second-harmonic 

terms in Eqs. (36) and (61) are rather different—the former case repre
sents the effect of a finite gap-transit angle in distorting velocity modula
tion, and the present case represents the cooperative effect of the two 
separated gaps, but the end result is the same. 

As a second point, it should be noted that if either or both of the drift 
spaces are reflector-like (negative bunching parameter) in cascade 
bunching, then the value of y given by Eq. (60) may be negative. A 
parabolic extrapolation of the curves in Fig. 9-5 (analytically justified) 
shows that a negative y may make a very sizable reduction in i\. 

The general theory of cascade bunching has been developed in the 
second item of the reference at the beginning of the section; in this work 
the effects of harmonic voltages in the second gap have been considered, 
and the harmonic content of the bunched beam has been evaluated in 
detail. 

9-9. Bunching in the Presence of Harmonic Phase and Amplitude 
Modulation.—In the discussion of reflex-klystron modulation in Chap. 16, 
the question is considered of what happens when the beam current or 
the reflection time is subjected to a small degree of modulation at a 
frequency near one of the harmonics of the fundamental frequency of 
velocity modulation. I t is shown in that chapter that this question may 
be reduced to the simpler one of what happens when this additional 
modulation is at an exact harmonic of the fundamental frequency. 

Such a modulation is exactly like the type that is discussed in Sees. 
9-5 and 9-8; in these sections it is noted that when velocity modulation 
is produced by passage through a single r-f gap with a finite transit angle, 
or when it is produced by passage through two r-f gaps in succession, 
then the resultant velocity modulation possesses harmonic components. 

In Sees. 9-5 and 9-8, this fact is of interest because with large r-f 
voltage this "equivalent harmonic modulation" is able to cause an 
increase in the maximum value of |n | / /o from 1.16 to 1.48. A detailed 
proof of this last statement is not given in Sees. 9-5 and 9-8, nor will it 
be given here, for, in the small-signal modulation theory to which the 
results of the present section will be applied, it is not necessary to go into 
the lengthy details required to prove the relations that were used for the 
large-signal case. Nevertheless, the procedure used here indicates the 
method that would be followed in the large-signal case. 

The basic relation to be used is the general bunching relation given 
in Eq. (8). This relation will be specialized to give the fundamental 
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component of the bunched beam current, the only component to be 
investigated here; it will be generalized to include the possibility of time 
variation of the initial beam current. This equation then becomes 

- / : h(h)e-'""d(ah). (62) 

The simple transit-time relation, Eq. (3c), will be rewritten to conform 
to the customary, rather than the consistent, sign convention for the 
bunching parameter in a reflex klystron—that is, X will be considered 
inherently positive; this question of sign is discussed in Sec. 9-4. Thus 

ut2 = uh + 8 + X sin wh. (63) 

Transit-time Modulation at a Harmonic Frequency.—Suppose that 
the drift-space transit angle, written now as 8, is given a slight modulation 
at the frequency nu. Denoting by m the amplitude of the modulation 
(as distinct from the previous use of m to indicate harmonic order), and 
denoting by y an arbitrary phase angle (as distinct from the usage of 
Sees. 9-5 and 9-8), the modulation of 8 may be expressed as follows: 

8 = 0O [1 + m cos (na>h + r ) ] . (64) 

Since only small-signal modulation theory is in question, m is assumed 
to be small compared with unity. Equation (64) is in itself somewhat 
of an idealization because it assumes a modulation such that the value 
of 8 for a given electron depends only on its time of passage through the 
input r-f gap. This assumption is strictly valid only for a phase modula
tion produced simply by an additional velocity modulation at the fre
quency nu. 

Substituting Eqs. (63) and (64) into Eq. (62) and carrying out the 
Bessel-function expansion of the exponential terms, there results a com
plicated expression that may be greatly simplified by use of the assump
tion m « 1; the final result is 

H = - 2/„e-'»4 J,(X) + fe?) \e»( - 1)»+IJ„+1(Z) + e-V_1(X)] J. (65) 

Current Modulation.—Let the time dependence of the beam current 
Ia(t\) in Eq. (62) be represented by 

Iaiti) = Joo[l + m cos (no>h + T ) L (66) 

corresponding to a modulation of 7o at the harmonic nu. Since the 
Bessel-function expansion of the integral in Eq. (62) is simpler than in 
the previously discussed case, it is not necessary to assume m « 1 for 
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simplification, and so the final result holds true for any degree of current 
modulation, that is, 

ix = -2/ooe-"' U^X) - ^ [«"J_i(X) + <r>-<(-iy"J„+1(X)]\. (67) 

It is to be recalled that this equation has been derived for future use in 
connection with reflex klystrons; because the conventional, rather than 
the consistent, sign convention for X has been used in its derivation, 
the sign of X in Eqs. (65) and (67) must be reversed if these equations 
are applied to klystrons with field-free drift space. 



CHAPTER 10 

AMPLIFIER KLYSTRONS 

B Y D. R. HAMILTON 

10-1. Multiresonator Klystron Types.—The preceding chapter has 
been concerned solely with the way in which velocity modulation and 
bunching produce beam current intensity modulation by the time the 
electron beam is ready to pass through the r-f interaction gap of the out
put resonator. The effects of the resultant driving of the output circuit 
in a number of klystron types that may be classified as "multiresonator" 
klystrons are considered in the present chapter and in the following 
chapter. The principal feature that these tubes have in common is a 
drift space that is usually field-free. This characteristic distinguishes 
them from the reflex klystrons that are discussed in the remaining chap
ters of the book. The proportionate number of chapters devoted to the 
discussion of multiresonator klystrons and of reflex klystrons is a rough 
indication of the relative utilization of these klystron types at the present 
time. 

The multiresonator klystrons are discussed first because they are 
naturally associated with the basic form of klystron—the amplifier. 
The klystron amplifier is operated simply by supplying r-f power to the 
input resonator and abstracting a larger amount of r-f power from the 
bunched beam at the output resonator; normally no regenerative feed
back is used. The frequency multiplier is an analogous device except 
that the output circuit is tuned to a harmonic of the input frequency, 
and therefore is driven by the beam at this harmonic frequency. An 
obvious adaptation of the amplifier is the two-resonator klystron oscil
lator in which power from the output circuit is returned to the input 
circuit in the proper phase for maintaining self-sustaining oscillations. 

Although d-c fields may appear in the drift space of multiresonator 
klystrons without reflecting electrons, they are usually mechanically 
inconvenient; hence, for all further discussion in this chapter, an entirely 
field-free drift space is assumed. Klystron amplifiers may be conven
iently divided into three categories. The simplest form of amplifier 
is the two-resonator single-stage type, the characteristics of which 
depend somew-hat on its use. In general, when it is used to amplify 
small signals there is high-gain small-signal operation (X <K 1), and noise 
considerations are important;when used to generate large power outputs 

248 
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Coaxial transmission lines 
(Input) (Output) 

it operates at optimum bunching (X ~ 2), and both gain and noise are 
comparatively irrelevant. These two categories of amplifier, which are 
termed "voltage amplifiers" and "power amplifiers" respectively, over
lap to a considerable extent and the division is somewhat arbitrary. 
A third convenient category is the "cascade amplifier," so-called because 
it has three or more resonators and thus (as will shortly be seen in more 
detail) two or more stages of amplification. Such a klystron may be 
designed or used primarily as a "cascade voltage amplifier" or as a 
"cascade power amplifier"; in either case new operating characteristics 
are introduced by the cascade feature. 

The properties of klystron amplifiers are discussed in the present 
chapter. Chapter 11 deals with frequency multipliers and two-resonator 
oscillators. 

10-2. General Voltage-amplifier Relations.—A schematic diagram of 
the type 41 OR, a common two-reso
nator klystron amplifier, is shown in 
Fig. 10-1. An electron beam passes 
through the r-f gaps of two cavity-
resonators in sequence; across the gap 
of the first cavity there is an r-f volt
age, the " input signal," whose r-f 
power is supplied by an external 
source. The input-cavity gap voltage 
velocity-modulates the electron beam, 
which is thus, to some degree, bunched 
when it reaches the output gap. This 
intensity-modulated b e a m current 
acts as a driving current for the out
put cavity and delivers r-f power to the latter, just as in the microwave 
triode amplifier. 

General Amplifier Gap-voltage Relations.—The way in which an inten
sity-modulated electron beam drives the output cavity, whether in a 
klystron or in some other device, is discussed in detail in Chap. 3. There 
it is shown that if the shunt admittance of the output cavity plus load 
is F2, as measured at the gap at a frequency w, and if the component 
of the intensity-modulated beam at the frequency u is i(u), then the 
complex r-f voltage V2 that is developed across the output gap at the 
frequency a> is given by the expression 

Output 
resonator 

Electron Input 
gun resonator 
F I G . 10-1.—Schematic diagram of a 

typical (type 410R) two-resonator 
klystron amplifier. 

y2(w) = -Mi (1) 

Thus the driving current for the output circuit is simply M2i(u). When 
Eq. (1) gives a value of F 2 large enough to turn electrons back at the 
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second gap, Eq. (1) is no longer valid; this point is discussed in more 
detail in Sec. 10-6. In any case, this limitation on Eq. (1) does not 
arise in a voltage amplifier. 

It is convenient to use an explicit form for the shunt admittance Y2 
in dealing with Eq. (1). For a loaded cavity resonator with resonant 
frequency, shunt conductance, and Q of the cavity-plus-load combination 
given respectively by a>2, (?j, and Q2, and with no other resonances near 
ci>2, the shunt admittance is given by the expression 

F2 = Gt [ l + jQ, (± ~ ^ ) ] " G*(l + %'&*•). (2) 
where 

8, = - - 1. (3) 
W2 

Here the shunt conductance G2 may be written as 

(?2 = GL + GB + GR] GBR — GB + GR, (4) 

where GL, GB, and GR represent, respectively, the contribution to the shunt 
conductance by the external load, by beam loading arising from the 
passage of the beam through the resonator, and by ohmic losses in 
the resonator. Equation (4) simply provides a notation for use in dis
cussing these various contributions. 

It is also convenient in applications of Eq. (1) to define an "electronic 
transfer admittance" or "electronic transadmittance" Ye as the ratio 
of output-gap driving current to input-gap voltage: 

Y.^MJ^K.- (5) 

In terms of the electronic transfer admittance and the output-cavity 
shunt admittance, the "gap-voltage gain " or ratio of output- to input-gap 
voltages is given by 

> 2 _ _ 2_£ _ {j__ fa\ 
W ~ F2 ~ G2(l + 2jQA)' W 

(Note the change, in Eqs. (1) and (5), from the sign convention of 
Chap. 3.) 

General Amplifier Power Relations.—The power P 2 delivered from 
the electron stream to the output resonator may be found either from the 
power required to sustain V2 across G2, il^2l2(?2, or directly from the 
power delivered to V2 by the driving current M&, 

-£Re(Afsi-*Fa) = -lRe(Y*V*V2). 
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Assuming the validity of Eq. (1), either procedure gives 

r s - 0,(1 + 4QI«?)' w ; 

The "circuit efficiency" m, or fraction of P 2 that is dissipated in the 
external load GL, is given by 

i)i = £T', ( 8) 

hence the power PL delivered to this external load is PL = viPi, or 

p . i l W G l ,q, 
^ l 0J(1 + 4Qj«|)" w 

I t may be observed from the relation between 0 2 and GL in Eq. (4) 
that GL affects PL through the factor GL/(GBR + GL)2, which has its 
maximum value of l/4GBn when GL = GBR- Thus at this optimum load 

^ L 80BB(1 + QS„«J) U U J 

Hence, at optimum load for an amplifier to which Eq. (1) applies, that is, 
when GL = GBR, half the power is delivered to the load and half to the 
internal power losses represented by GBR. If GL is decreased from the 
optimum value, the amount of power abstracted from the beam is 
increased, and Vi builds up to a higher value; but since the circuit 
efficiency m decreases more rapidly than P2 increases, the net value of 
PL decreases. 

This matching of load to generator is not limited to klystrons; specific 
klystron properties have not yet been considered. In all subsequent 
discussions of voltage amplifiers it is assumed that the load is optimized— 
that is, that GL = GBR. Two later instances where this is not assumed 
are carefully noted. In power amplifiers there may be, as already noted, 
a situation where |F 2 | has an upper limit and is not given by Eq. (1); 
here GL = GBR is not the optimum load. In oscillators, contrary to 
the tacit assumptions made above, i depends on F 2 ; again, therefore, 
GL = GBR is not necessarily the optimum load. 

The input-signal power P i required to generate an input-gap voltage 
Vi is given by 

Pi = i|7i|>Gi. 
Since the first cavity is ordinarily unloaded, Gi is simply the value of 
GBR for the first cavity, for example, GBRI- If the GBR of the output cavity 
is denoted by 0JJK2, the final expression for the power gain is 

PL | F e | 2 

/ l 4:GBRl(rBR2 

Note the similarity between this equation and Eqs. (5-22) and (6-7). 

(ID 
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10-3. Two-resonator Voltage Amplifiers; Gain. Electronic Transad-
mittance in the Voltage-amplifier Klystron.—All the foregoing relations 
hold true for any amplifier to which Eq. (1) applies. They may now 
be particularized to the voltage-amplifier klystron by use of the cor
responding explicit expression for Ye. 

The expression for the fundamental component of the bunched beam 
current, which is derived in Sec. 9-2, is 

h = 2I9J1(X)e-'»'. (12) 

This equation needs to be modified in two ways for application to the 
voltage amplifier. In the first place, since the discussion is concerned 
with weak signals (X <C 1), 2Ji(X) ~ X. In the second place," debunch-
ing" may well be a predominant factor and should therefore be taken 
into consideration as soon as possible. As to this last point, it may be 
recalled from Sec. 9-3 and from Eqs. (13) and (21) of Sec. 9-3 that the 
leading terms in the reduction of the bunched beam current are 
1 — X{hiy/12 for transverse debunching, and 1 — (hl)2/6 for longi
tudinal debunching. Thus for weak signals the longitudinal debunching 
is the larger effect, and it contributes a factor (sin hi)/hi to ix and Ye. (In 
the present chapter, I denotes drift-tube length, as distinct from the use of 
x in Chap. 9 as a general coordinate measured along the length of the 
beam.) 

When 2Ji{X) is replaced by X in Eq. (12) and the effects of longitu
dinal debunching are included, and when from Sec. 9-2 it is recalled tha t 
Vi = —jV, the electronic transadmittance of Eq. (5) becomes 

Y. = je-"«?. ~ ^ , (13) 

in which Ge, the "small-signal electronic transconductance," is given by 

n _ MiMzdoGo , 1 , . 
Cre = g ' (,14J 

where <?o is the beam conductance Io/V<>. I t may be noted that Ge 
is defined "omitting debunching," and also that Ge is the absolute value, 
not the real part, of the corresponding Y„. Since Ge cc 60 cc lt the 
dependence of Ye on I is contained completely in the term sin hi. The 
first (and best) maximum of Ye comes at hi = -r/2. 

In comparison with Eq. (13) the electronic transadmittance based upon 
the unmodified i\ of Eq. (12) is written 

Fe = £ ^ , O T . (15) 

This equation describes the strong-signal situation when debunching 
is a minor factor; an eventual diminution of Ye occurs, but as a result 
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of overbunching rather than of debunching. As with Eq. (13), GJX 
is independent of I and the dependence of Ye on drift distance is con
tained completely in Ji(X), which has a maximum at X = 1.84. 

In Fig. 10-2 are shown the functions sin hl/hl and 2J1(X)/X, which 
appear in Eqs. (13) and (15). 

A numerical example may serve to emphasize the importance of 
debunching. Suppose Va = 600 volts, h = 40 ma, a = 0.5 cm, X = 10 
cm; then by Eq. (941) it follows that h = 0.6 cm"1. Thus \Ye\ has its 
maximum value for hi = ir/2 or 
I = 2.6 cm. On the other hand, 
for V/Vo = 10~2, ove rbunch ing 
takes place (X « 2) for I ^ 30 
cm; and the equation V/V0 = 10 - 2 

corresponds to the not-at-all-small 
signal power of about a milliwatt in 
a conventional cavity resonator at 
this frequency. 

Two points now arise in Eq. 
(13). In the first place, although 
Ge is a convenient over-all param
eter for describing a design goal or 
an actual tube, its use in Eq. (13) 
does not display well the depend
ence of Ye on the various tube 
parameters, such as the drift dis
tance I. In the second place, the 
maximum of Ye as set by debunch
ing occurs at hi = tr/2; this is a 
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F I G . 10-2a.—Longitudinal debunching 
factor, sin hl/hl, as a function of hi. 

FIG. 10-2b.—Conductance compression, 
2Ji(X) /X, as a function of bunching 
parameter X. 

condition that is independent of signal level and is therefore one of the 
first to be satisfied in a well-designed tube. Therefore, in the following 
equation, hi has been set equal to ir/2, the value of 0o(?o required by this 
condition has been inserted in Eq. (14) and thence in Eq. (13), and the 
detailed tube parameters appear explicitly: 

Y'-^"M^TM' (u = i) (16) 

Since Ye has been maximized with respect to debunching, it is propor
tional to GV4 instead of to Go as it would be (through Ge) if debunching 
were ignored in Eq. (13). This is true simply because Eq. (16) implies 
that if Go is increased, I is decreased to keep hi = ir/2; hence the product 
80G0, to which the optimum Ye is proportional, increases only as GV4. 
The beam radius a in Eq. (16) arises in the same way; because h °= a - 1 , 
it follows that as a increases the optimum drift distance and gain increase. 
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Voltage-amplifier Klystron Power Gain.—From Eqs. (11) and (16) 
the over-all power gain of the voltage-amplifier klystron at resonance 
may readily be obtained if optimum drift distance is assumed; thus, with 
GBR — GBRI = GBR2, 

PL M\M\(*a\ 60G0 A , x \ 

If there were no beam-loading, Go would not influence GBR at all, 
and the power gain with continually optimized I would be directly 
proportional to (7o//3. Since G0//3 is independent of Vo, the gain would 
then be independent of Vo, except for the dependence of the factor 
M\M\ on Vo- At that value of Vo for which the two gap-transit times 
are each one-half cycle, M\M\ = 0.16. A four-fold increase in Vo cuts 
the transit time down to one-quarter cycle and raises M\M\ by about a 
factor of 4 to 0.66; however, no further increase in Vo can raise M\M\ 
above unity. Hence, at voltages such that the gap-transit times are 
less than a quarter cycle, and in the absence of beam loading, the power 
gain is practically independent of the beam voltage. 

This incipient proportionality between gain and Go//3 is a temptation, 
in designing a voltage amplifier, to go to very high values of G0/j3 and 
very short values of I. Eventually, however, in this process the beam-
loading conductance GB becomes so large that it predominates in GBS. 
As will shortly become evident, GB may reasonably be assumed to be 
proportional to Go, and in that case the gain becomes inversely, instead 
of directly, proportional to Go. The question now rises as to what is 
the optimum value of Go. The answer involves some comment on beam-
loading in general. 

Beam Loading.—One type of beam-loading loss is that which occurs 
whenever a d-c beam passes through an r-f gap in a nonzero fraction of a 
cycle. In Chap. 3 it is shown that the contribution to GB from this 
source is 0;jGo/24 (d„ = gap-transit angle, assumed « T T ) . This quantity 
simply corresponds to the energy consumed in velocity-modulating 
a d-c beam. Beam-loading losses measured experimentally in cavity 
resonators with some form of grid in the gap (see, for example, Fig. 12-19) 
are too large to be explained by this effect. The most likely source 
of these losses seems to be slow-speed secondary electrons that are 
knocked out of the grids with almost zero energy by the high-speed 
primaries of the beam. Such electrons oscillate back and forth in the 
gap under the influence of the r-f field, and they will eventually leave the 
gap, carrying with them some of the energy of the r-f field. Not much 
more is known of this effect at present than that it contributes to cavity 
losses a shunt conductance that is proportional to 70 and is approximately 
independent of the beam voltage. 
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Let 
GB = bGo. (18) 

Here b may depend on gap spacing, is approximately proportional to 
Vo over small ranges of Vo, and certainly depends on the secondary-
emitting properties of the gap surfaces. The contribution of the term 
ef^Go/24 is not explicitly included. By a comparison of Eqs. (4), (17), 
and (18) it is seen that Go enters the expression for the gain in the form 
Go/(GB + bGo)2. When Vo is held constant, this expression is maximized 
with respect to Go when 6Go = GR; and in this case 

PL _ M\M\ AraV _ J _ 
Pt 16/3 \\J 60fcGfi* {V) 

Further Maximization of Amplifier Gain.—This expression for the 
maximum gain of a voltage-amplifier klystron is as far as one may proceed 
without more detailed knowledge of beam loading. As a particular 
example, at very low voltages and currents one might find the beam 
loading to be predominantly the type of loading by the primary beam 
that was discussed in Chap. 3; then GB = ^G0/24 and 6 = 0jj/24. Given 
this particular explicit expression for 6 and a knowledge of the way in 
which GB depends upon resonator dimensions, a further maximization 
of PL/PI has been carried out1 but is not reproduced in detail here. 
In the work referred to, it was found that PL/PI has no absolute maxi
mum; the maximum of PL/PI at a given \ and d-c input increases 
monotonically but increasingly slowly with increasing d-c power input. 

Comment on Design of Amplifiers for Maximum Gain.—The optimum 
tube design that gives the gain of Eq. (19) is one in which GL = 2GB 
and GB = GR. Thus, of the r-f power delivered to the output resonator 
by the fundamental component of the bunched beam, 50 per cent is 
delivered to the external load, 25 per cent is dissipated in ohmic losses 
in the output cavity resonator, and 25 per cent is consumed by losses 
introduced by the d-c component of the beam current. Furthermore, 
if input and output resonators are assumed to be identical except for 
the absence of external load on the input resonator, 50 per cent of the 
input-signal power goes into resonator ohmic losses, 50 per cent into 
beam loading. 

The assumption of the equality of the values of GBs for both cavities, 
made in order to simplify Eq. (11), may be justified by repeating the 
discussion without making this assumption. I t will be found that the 
gain is maximized when the ratio b/Gn is the same for both cavities and 
when the products MiM2 and GRIGS2 have their maximum value; 

1 W. W. Hansen and E. Feenberg, "Klystron Voltage Amplifiers," Sperry Gyro
scope Co. Report 5221-108, Sept. 22, 1943. 
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barring unusual beam-loading conditions, these conditions are satisfied 
by identical cavities. This point is mentioned here because, if the input 
and output cavities are identical, then the optimum connections from 
cavity to external transmission line are also the same for both cavities. 
The optimum condition for the input connection to the first cavity is 
that the cavity should present a match to the line at resonance when 
the beam current is turned on. This condition is also the condition for 
loading the resonator so that (72 = 2GBR when the line is terminated in 
its characteristic impedance looking away from the resonator. Thus a 
complete symmetry of the amplifier usually corresponds to optimum 
input and output conditions. 

A comparison of some of these results with experiment is made in 
Sec. 10-7, which shows the agreement to be good. 

Relation Between Input- and Output-signal Voltages.—All of the fore
going discussion of amplifier gain has been concerned solely with the 
power gain at resonance—that is, w = &i = w2 and Si = 82 = 0. Nothing 
has been said about bandwidth or about the way in which the relative 
phase of the input and output voltages depends upon frequency. 

If it is assumed, merely to avoid arbitrary constants, that input 
and output transmission lines have the same characteristic impedance, 
then the absolute value of the ratio of output to input voltages | F L / V S | 
is given at resonance by 

T = # (20) 

The ratio VL/VS is compounded of three factors: Vi/Vs, Vi/Vi, and 
Vi/Vi. The first and last of these ratios depend purely on circuits and 
do not involve any properties peculiar to the klystron; VL/V2 is essen
tially independent of frequency; Vi/Vs is given, within a multiplicative 
constant, by 

£ « (l + jyQiSO-'. 
V s 

For any voltage amplifier, by Eq. (6), 

F 2 Y. 

Since, for a symmetrical amplifier with optimum load, it has been found, 
in general, tha t G\ = GBR and G2 = 2GBR, QI and Q2 may be written 
QBR and %QBR respectively. When all these factors are combined and 
normalized by Eq. (20), 

TT = er"' A / 5 (x + 2jQ*>*i)-Kl + JQBRS*)-1 
V s y r i 
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within an arbitrary complex multiplicative constant; here PL/Pi is 
the power gain at resonance. 

The phase and bandwidth properties indicated in Eq. (21) are those 
of any amplifier with tuned input and output circuits. By staggered 
tuning (ai ^ a>2), the bandwidth may be increased at the expense of gain. 
The only characteristic klystron property is the factor e~'e°. This factor 
points up the ease of phase-modulating a klystron amplifier. A given 
percentage of modulation of the beam voltage produces half this per
centage of modulation of 90; the larger 8o is (60 radians is an easily 
obtained value), the larger will be the resultant phase modulation of the 
output signal. In the absence of beam loading, and possibly in its 
presence, there will be no accompanying amplitude modulation. To the 
same degree that gain is independent of beam voltage, as discussed above, 
there will be no amplitude modulation accompanying the phase 
modulation. 

10-4. Voltage-amplifier Klystrons: Noise.—One of the most obvious 
applications of a voltage amplifier is to enlarge weak r-f signals before 
they are detected or are mixed with local-oscillator signals in a receiver. 
Any amplifier has an inherent output noise power, however, which, if 
large enough, makes the amplifier useless as an r-f preamplifier. Ques
tions of noise are thus vital to voltage amplifiers. 

Noise may arise from any of several sources in a klystron amplifier. 
One such source is the thermal voltage fluctuations across the r-f gap, 
which are exactly analogous to the voltage fluctuations across the 
terminals of a resistor ("Johnson noise"); the well-known equation for 
the mean-square fluctuation voltage is 

n = ^ ^ S (volts)', (22) 

where A/ is the bandwidth of the measuring device, T is the absolute 
temperature of the resistor, the conductance of which is G, and k is 
Boltzmann's constant (1.4 X 10~23 joules/°K). In the klystron amplifier 
the conductance 0 corresponds to the shunt conductance of the input 
cavity including the effects of any external load that is coupled into 
this cavity. In an ideal receiver, the available signal power needed to 
give unity signal-to-noise ratio in the receiver output would be kT A/; A/ 
is the limiting bandwidth of the receiver, whatever the factor may be 
which determines this bandwidth. If the input-cavity thermal noise 
were the only source of noise in klystron r-f amplifiers, then the necessary 
signal power would still be kT A/, and there would be no advantage to 
placing this ideal klystron r-f amplifier ahead of the ideal receiver. 
However, as receivers (including the mixer) do not have ideal sensitivity, 
an r-f amplifier with input circuit noise that is predominantly thermal 
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noise would be a very useful device. Thermal noise thus serves as a 
standard by which to measure other sources of noise in the amplifier. 

Another of such sources of noise lies in the fluctuations in the beam 
current (shot effect). Any such random fluctuations in the beam current 
correspond to an intensity modulation of the beam current at all fre
quencies simultaneously—including, of course, the frequency to which 
the first resonator is tuned. If it is assumed, for the sake of simplicity, 
that the input signal is matched into the input cavity of the amplifier, 
the shunt conductance of the input cavity will be 2GBR, where GBR 
is the shunt conductance of the beam-loaded cavity by itself. If if, 
is the mean-square current fluctuation that is due to shot noise, this 
fluctuating current delivers a noise power PN to the input cavity, where 

PK = I MM. 
2 GBR 

The resulting random voltage will velocity-modulate the beam. 
At low frequencies it is well known that, when the current Ia is drawn 

from a temperature-limited cathode, i^. = 2el0 A/; here e is the charge 
on the electron, 1.6 X 10~19 coulombs. When the current 70 is drawn 
from a space-charge-limited cathode, the low-frequency fluctuations in 
7o are smoothed out by the reaction of the potential minimum ("virtual 
cathode")- However, a fluctuation in electron emission so rapid that 
it takes place in a time less than a "t ime of reaction" of the potential 
minimum will not be smoothed out. Thus at microwave frequencies 
the quieting effect of space-charge limitation seems small (see page 160). 

If it is still assumed that the shunt conductance of the input cavity 
has been increased to 2GBR by the associated signal-input circuits, the 
noise power delivered to the input cavity by shot effect in the electron 
beam is thus M\eIo &f/GBa watts, which corresponds to a mean-square 
fluctuation voltage, arising from the shot effect, of 

n = ^ f . (23) 

Even if the beam current were not at all intensity-modulated by the 
shot effect as it leaves the cathode, intensity modulation would result 
a t the anode (first gap) simply as the result of the thermal spread in the 
velocity of the electrons as they leave the cathode. This thermal spread 
in velocity is the same as the result of a random velocity modulation, 
and during passage of the beam from cathode to anode there ensue the 
usual bunching effects and the resulting intensity modulation. The 
theory of bunching in a space-charge-limited potential, which is necessary 
in a discussion of this question, is complicated and is not reviewed here. 



SEC. 10-4] VOLTAGE-AMPLIFIER KLYSTRONS: NOISE 259 

Equations (22) and (23) must suffice for estimating orders of magnitude 
of noise effects. 

The relative influence of shot noise and Johnson input-circuit noise 
is measured by the ratio of the corresponding mean-square fluctuation 
voltages across the input gap. If the mean-square voltage fluctuation 
due to thermal (Johnson) noise is written as V%, and if G = 2GBR is placed 
in Eq. (22), Eqs. (22) and (23) give for this ratio 

VI 
M\eIo 

2GBR ■ 2kT 
(24) 

+40 

+30 

+20 

+10 

-10 

\ / V . 
A_~- ' 

^B 

■C 

500 
V. (volts) 

1000 

The effect of some of the factors in Eq. (24) may be seen in Fig. 
10-3, which shows the noise charac
teristics of a 3000-mc/sec receiver 
preceded by a three-resonator klys
tron amplifier.1 These character
istics are expressed in terms of the 
noise figure, which is the ratio to 
kT A/ of the minimum input-signal 
power for which unity signal-to-noise 
ratio may be obtained at the output 
terminals of the r e c e i v e r . Also 
shown in the figure is the power gain 
of the klystron amplifier and the 
noise figure of the receiver without 
the klystron r-f amplifier; this latter 
noise figure, 19 db, is determined pri
marily by the crystal-mixer noise. 

At the upper end of the beam-voltage range in Fig. 10-3, the amplifier 
gain is much higher than the noise figure of the receiver. Hence the 
noise from the input of the amplifier here masks the receiver (crystal) 
noise and is the determining factor in the over-all noise figure, which is 
now simply the ratio V%/V\ given by Eq. (24). Since both M\ and 70 
decrease with decreasing beam voltage, the over-all noise figure also 
decreases with the beam voltage in this region of high gain. This effect 
appears in Fig. 10-3. 

Eventually, however, a decrease of beam voltage brings a very sharp 
drop of gain caused by the approach of M\ to zero as the input-gap transit 
angle approaches 2ir radians. This effect is very marked in Fig. 10-3; 
the gain has a value of approximately zero for Vo 3= 225 volts. This 
voltage corresponds to a gap-transit time of about 2w radians as calculated 
from the resonator dimensions. In the limit, as gain approaches zero, 

1 Data provided by E. Barlow, Sperry Gyroscope Co. Research Laboratories, 
Garden Ci ty, N.Y. 

F I G . 10-3.—Dependence on klystron 
beam voltage of: (A) the over-all noise 
figure for 3000-Mc/sec receiver preceded 
by klystron amplifier; (B) amplifier gain; 
and (C) receiver crystal noise figure. 
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the noise contributed by the amplifier input circuit (but not necessarily 
by the amplifier output circuit) may be neglected; since the primary 
effect is the attenuation of the input signal, the over-all noise figure 
becomes inversely proportional to amplifier gain and increases with 
decreasing beam voltage. 

The combined effect of these two trends is to produce a minimum in 
the noise figure, which for the tube used in Fig. 10-3 occurs at Vo = 270 
volts. It is clear from the figure that there is no advantage, at least as 
concerns ultimate sensitivity, in using this particular tube as an r-f 
amplifier ahead of the crystal mixer, even if the amplifier is operated at the 
position of minimum noise figure. 

It is interesting to note how the noise figures of Fig. 10-3 compare with 
those that may be calculated from Eq. (24). Consider the situation at 
V0 = 600 volts. Here h = 16 ma, GBB « 1.0 X 10-5 mhos, Ml « 0.37; 
this value for M\ is deduced from the value M\ « 0 at Vo — 225 volts. 
At T = 300°K, these figures give 

H = 4900 = 37 db, 

as compared with the observed 35j db shown in Fig. 10-3. 
So far no low-noise klystron amplifiers have been developed that are 

satisfactory as r-f preamplifiers. A promising approach to this problem 
is, however, suggested by Eq. (24) and data such as that of Fig. 10-3. A 
diminution of la diminishes V%/V%, no matter how the Ia diminution is 
brought about. On the other hand, except for beam-loading effects, 
the amplifier gain may, by Eq. (17), be made independent of a reduction 
in Ia—provided this is carried out by a reduction of beam voltage at 
constant electron-gun perveance and is accompanied by a change in 
resonator dimensions such that Mi and GR are unaltered. This process 
thus requires a whole series of compensating design changes. Without 
analyzing these points in detail, two warnings may be made. First, 
the requisite small voltages imply minute physical structures, which are 
difficult to fabricate. Furthermore, there may be a relative "velocity 
modulation" that is due to a thermal spread in the electron-emission 
velocity; if this were present it would be considerably increased at low 
values of V0 and might give rise to enhanced bunching and random 
fluctuations in la-

10-5. Two-resonator Power-amplifier Klystrons; Bunching Condi
tions.—In discussing voltage amplifiers in Sees. 10-2, 10-3, and 10-4 it is 
assumed that the main function of the amplifier is the amplification of 
small signals. This assumption implies that gain is of paramount 
importance. Also, the input signal is assumed to be so small that X <K 1, 
in which case the efficiency is always negligibly small; therefore an 
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increase in gain at the expense of efficiency might be considered profitable. 
On the other hand, there are also applications in which the maximum 
obtainable efficiency is desired but the amount of gain is comparatively 
unimportant, as in the buffer amplifier. 

The present section is concerned with two-resonator amplifiers 
designed for, or operated at, conditions approximating maximum effi
ciency. Since this dichotomy of all amplifiers into "power amplifiers" 
and "voltage amplifiers" in the sense used here is somewhat artificial, 
a few points regarding operation at high signal levels, but not at maximum 
efficiency, are also discussed. I t should be noted that cascade amplifiers 
(Sees. 10-8 through 10-10) combine some of the features of both voltage 
and power amplifiers. 

Optimum Bunching and Overbunching.—The most striking feature of 
the power amplifier, or of any other klystron operating at optimum 
bunching, is the nonlinear dependence on the bunching parameter of the 
r-f components of the bunched beam current. The eventual diminution 
of any of these components as X increases is known as "overbunching" 
and has been discussed in Sec. 9-2; overbunching has also been noted in 
Sec. 10-3 by way of comparison with the diminution of r-f current compo
nents by debunching. The values of i'i and Yr, if debunching is neglected, 
are repeated from that section for ease of reference: 

ti = 2I0Ji(X)e-">°, 

and 

fr. = ^ 

The function Ji(X) is shown in Fig. 9 5 , and 2 J i (X) /X is shown in 
Fig. 10-2. The function 2J1(X)/X is known as the "conductance 
compression." 

The maximum output power occurs at X = 1.84 ("optimum 
bunching"), at which point |t'i| has its maximum value of 1.16 70. For 
X = 1.84, \Ye\ is diminished from its small-signal value Ge by the factor 
2J\(X)/X = 0.63; hence the power gain given by Eq. (11) is diminished 
from its small-signal value by the factor (0.63)2 = 0.40. This result 
may be altered somewhat by debunching and by limitations on the out
put-gap voltage, both of which phenomena are discussed shortly. 

Customary operation of a power amplifier, then, is in the vicinity of 
X — 1.84; in the remainder of this section, it is therefore assumed that 
X « 2. 

The diminution of output power with overdrive gives rise to an output 
characteristic like that of Fig. 10-4; if the r-f drive power is enough to 

(12) 

(13) 

(14) 
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produce overbunching with the input cavity tuned to resonance, opti
mum bunching is obtained with the input cavity somewhat detuned in 
order to cut down the input-gap r-f voltage. 

Debunching.—The effects of debunching for X ~ 2 are not nearly so 
clear-cut as they are for X « 1. I t may be recalled that derivation of 
longitudinal debunching effects takes the form of finding the change in 
the bunching parameter effected by debunching; the results are strictly 
valid only when the resulting X is less than, or equal to, unity. If the 
condition V/Vo := hp\/ir is satisfied, X never exceeds unity, and there 
ensues a clear-cut situation in which none of the electron trajectories in an 

Applegate diagram (see Fig. 9-2) 
would ever intersect. I t is thus im
mediately apparent that, in order to 
get something approximating opti
mum bunching in a power amplifier, 
the input r-f drive must be such that 
V/Vo > A(3X/ir, or, what is the same 

Input cavity tuning thing, X0 > hi. Here Xa is the value 
FIG. IO-4.—Klystron amplifier out- o f x i n the absence of debunching. 

put characteristic: (A) excess drive If X0 > hi so that X may exceed unity, 
producing overbunching at resonance . 1 , 1 e n /-. n 1 i 1 
and (B) optimum r-f drive. t t l e theory of Sec. 9-2 breaks down 

because at least some of the electron 
trajectories are now intersecting. A perturbation calculation starting 
from the known conditions at X = 1 might well shed considerable light 
on the situation, but has not been carried out. Very qualitative con
siderations indicate that for good bunching in the vicinity of X0 = 2, the 
condition X0 > hi should be met with a factor of safety of 2—that is, 

M g l . (25) 

In this case the bunched beam current may be diminished somewhat less 
than by the factor (sin hi/hi) ~ (1 - (M)2/G), which holds for X < L 
Wall effects also lessen the longitudinal debunching effect, as already 
noted. 

The calculation of transverse debunching in Sec. 9 3 is approximate 
because it is based upon a center-of-the-bunch charge density propor
tional to X; this assumption is probably not very inaccurate for X ^ 2. 
The calculation gives a spreading of the bunch proportional to X3 or Is, 
and a consequent fractional loss of current from the original beam area 
that amounts to (M)2/6 when X — 2. (These results can hardly be 
applied for X > 2, where charge densities are decreasing rather than 
increasing with X.) The loss of current is the same as the naively 
calculated longitudinal debunching loss; the latter is, however, suspected 
of being less, in fact, than the naive calculation indicates. The presence 



SEC. 10-6] GENERAL KLYSTRON POWER-AMPLIFIER RELATIONS 263 

of one type of debunching diminishes the space-charge forces that give 
rise to the other type; hence it seems safe to assume, for the net effect 
of both types of debunching, a reduction by a factor of 1 — (hl)2/6 
at X = 2. 

If Eq. (25) is satisfied, the debunching loss in t'i and Ye will not exceed 
about 16 per cent. The 16 per cent loss for hi = 1 could be halved by 
reducing hi to \/\/2. If this were done by a reduction in I, an increase 
in F 2 and in the r-f drive power by a factor of 2 would be required for 
the resultant 8 per cent increase in output-circuit driving current; or, 
if hi were reduced to l / \ / 2 by a 50 per cent reduction in I0, the output 
would be halved for an increase in efficiency by one part in twelve. 
Ordinarily, neither procedure is very profitable. Hence, good design , 
seems to indicate hi = 1, or somewhat less than the value of T / 2 deduced '; , ? 
for the voltage amplifier; therefore, in later discussions of efficiency it is ; 1 
assumed that i\ has been reduced by debunching from 1.16/o to f X I.I6/0 
or 0.97/o. » 

10-6. General Klystron Power-amplifier Relations.—In Sec. 10-2 a \, ) 
number of general voltage amplifier relations are considered; these rela- \ 
tions hold true for any voltage amplifier, regardless of the manner in 
which the output-circuit driving current is derived from the input signal. ' ' 
The present section deals with certain general relations that characterize j 
any power amplifier, whether klystron or microwave triode; these rela- - ■» 
tions have been touched upon, in less detail, in connection with the,, 
discussion of triode amplifiers in Chap. 6. Early in the present section)' ] 
however, the explicit distribution of electron energies in a velocity-
modulated beam enters into the equations; this fact makes improper a ) 
direct application of all the subsequent details to triodes. i 

The Limitation on Output-gap Voltage.—The basis of Sec. 10-2 is 
Eq. (1), which describes the driving of the output resonator by an r-f ■» 
current. As long as this equation remains valid, most of the develop- ^ 
ment of Sees. 10-2 and 10-3 for voltage amplifiers holds true for power ■' 
amplifiers also; it is necessary, in dealing with klystron amplifiers, to . ■-•-» 
take account in Ye only of the changes in bunching and debunching tt»*# a-J— 

have just been discussed in Sec. 10-5. 
Equation (1) assumes that properly phased electrons are able to 

deliver an amount of energy eiW2|F2| to the output resonator in passing 
through the gap. In an output r-f gap with negligible transit angle, 
this assumption is obviously untrue if |V2| > Vo, for then an electron 
entering the gap at the moment of retarding peak r-f voltage will actually 
be reflected from the gap. Far from delivering all its initial kinetic 
energy, the electron will actually regain some of its energy in retracing 
its path out of the gap and will return to the drift space with an energy 
equal to | F j | — Vo. The bunch will not have delivered so much energy 
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to the field as would be delivered if \V%\ = V0, and yet more power is 
required to maintain a gap voltage |F 2 | > Vo than is required for 
\V-t\ = Vo- Thus the gap voltage Vt will never rise above Vo. 

Strictly speaking, this deduction from the physical picture of the 
mechanism in the output gap holds true only when V( = \Vi\) = 0 and 
when the output-gap transit angle is zero. If V > 0, half the electrons 
have less energy than eV0 and therefore may be turned back for some 
value of |Va| < Vo; a more exact calculation1 for zero gap transit angle 
shows that the maximum value of \Vt\ is related to V by the approximate 
relation 

|F 2 | ^ Vo - V. (26) 

The effect of the output-gap transit angle is not well known, but prob
ably it affects the efficiency more through beam-loading- than through 
influence on maximum F2 . Nevertheless, the foregoing comments j,nd 
the succeeding deductions are rigorous only for M2 =* 1. 

Thus, the simple Eq. (1) for the driving of the output resonator is 
invalid whenever it predicts the physically impossible situation 

|v2| > vD - v 
- - that is, whenever 

&U\u\ S (7o - V)\Ya\. (27a) 

Whenever the condition of Eq. (27a) is met and Eq. (1) is made invalid, 
the latter equation is then to be replaced by 

\V2\ = Vo- V. (27b) 

The phase of F 2 is the same2 as the phase of ii/Y2. 
Equations (27) have an unexpected consequence in that they make 

the amplifier gain once more a relevant quantity in the power amplifier 
because a low gain means a high F /Fo for optimum bunching, with the 
resulting low | F j | and low efficiency. 

Output Power in the Power Amplifier.—The principal questions that 
have to be answered in the light of this new limitation imposed on F 2 
by Eq. (26) have to do with the way in which the output power PL 
depends upon the various tube parameters such as |ii|, Vo, and GL. 
I t is convenient initially to consider only what happens when a> = oi2; 
what happens when the output resonator is tuned off resonance is easily 
appended later. 

1 E. Feenberg, "Theory of Bunching," Sperry Gyroscope Co. Report 5221-105, 
Nov. 24, 1942. 

2 It seems more convenient in this section to use Mti, instead of its equivalent 
Y,Vi because Vj has lost much of its previous importance, and |ii| always has a known 
value of approximately IQ. 
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The power dissipated in cavity-plus-load in the presence of a gap 
voltage (To — V) is i(Vo — V)2G2. This power must therefore also be 
that delivered by the beam at the gap whenever Eq. {21a) is satisfied. 
The circuit efficiency is still GL/G2; hence, when Eq. (27a) holds true, 
the power delivered to the load is 

PL = i ( 7 0 - VYGL. (28a) 
This equation expresses several fairly obvious facts. When excess 
driving current is available, an increase in this current does not increase 
PL, as is shown by the absence of i\ from Eq. (28). When excess driving 
current is available, an increase in GL does not cause a decrease in V2; 
hence PL increases directly with GL. 

When the condition in Eq. (27a) does not hold, PL is given by Eq. (9), 
which for convenience is rewritten here with G2 written as GBR + GL, 
YeVi written as M2ih and 62 = 0: 

PL = iMl\ii\2GL/(GBR + GLY. (28b) 
For comparison with Eqs. (28a) and (28b) it is instructive to consider 

what the maximum value of PL may be for a given value of (Vo — V) 
and M2ix. This maximum value of PL will be obtained when all of the 
current M2i\ is effective in driving the output cavity—that is, when any 
larger value of GL would make \V2\ < (Vo — V)—and when none of the 
power delivered by the electron stream is wasted in cavity or beam-
loading losses—that is, GBR = 0. In this case PL will have the value 
P ™ given by 

P.*. = iM*\ii\(.Vo - V). (29) 
This illustration may be further idealized by setting M2 = 1, V <3C! V„t 

and |i'i| = l.lG/o; then the over-all efficiency of the amplifier, 

IoVo' 
is 58 per cent. This percentage derives from the fact that the maximum 
value of Ji(X) is 0.58 and is the basis of the common statement, "The 
maximum efficiency of the klystron is 58 per cent." (In Sees. 9-5 and 
9'8 it is shown that bunching with a finite input-gap transit angle and 
cascade bunching may produce a waveform for which the "58 per cent" 
becomes "74 per cent.") 

At the end of this section the factors that modify this "58 per cent" 
are collected and reviewed; for the moment, P m „ serves simply as a 
convenient normalizing factor for expressing the values of PL. It is 
convenient to define one more normalizing quantity, a critical con
ductance Gc given by 

G° = (7— vy (30) 
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This Gc is not the transfer conductance; it is simply a measure of the 
output-circuit driving current in units that are convenient for expressing 
the condition stated in Eq. (27a). By comparing Eqs. (27a), (28a), 
(286), (29), and (30) it is seen that the behavior of the output power of an 
amplifier with its output cavity tuned to resonance is completely described 
by the following equations: 

for 

and for 

Gc ^ <?2 = GBR + GL p 
*■ max 

QL 

GC 

GC ?= Gi = GBR "f" GL, 
PL 

■L ma 
w 

(GBR/GC + GL/GC)* 

(316) 

(31c) 

The relation between Pi , /Pm„ and GL/GC for various values of GBR/GC 
is shown in Fig. 10-5. Here the value of PL/P**, given by Eq. (31c) 
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F I G . 10-6.—Value of the normalized 
load conductance (GL/Gc)Qpt which maxi
mizes output power, as a function of nor
malized internal-loss conductance GBR/GC. 

G,/Gc 

F I G , 1Q'5.—Dependence of relative out-
put power PL/Pmax on normalized load 
conductance GL/GC, for various values of 
the normalized internal-loss conductance 
(?BH/<3C; dotted lines represent form tha t 
curves would have if Vi were not limited. 

is shown as a dotted line for that region in which this equation is inappli
cable because of the limitation on y2 . 

Let the value of P i / P m « at optimum GL/GC be (PL/PO**)ma,; then it 
is apparent from Fig. 10-5 and Eqs. (31) that 

for 

for 

GBR 
Gc 

GBR 
~Gc 

0.5, 

< 0.5, 

if) • 
\ * rnsi/ ma* 

(r1) = 
\ * ma*/ max 

_ GBR 
'Gc" 

(32a) 

(326) 
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Equation (32a) is the result previously derived [cf. Eq. (10)] with no 
attention paid to the limitation on F 2 ; the optimum load is GL = GBS. 
For the region covered by Eq. (326), for which | 7 2 | = Vo — V, the 
optimum GL is given by GL/GC = 1 — GBR/GC. The dropping of PL/P™.* 
below unity for 0 < GBR/GC < 0.5 is caused by the corresponding decrease 
of circuit efficiency below unity; when GBR/GC > 0.5, the circuit efficiency 
remains constant at ?, but a continuing diminution of Pi/Pm»i is caused 
by the decrease in y2 , which now sets in. 

Figure 10-6 shows this relation between GBR/GC and the optimum 
value of GL/GC) Fig. 10-7 gives the dependence of the corresponding 
maximum value of PL/P^ on GBR/GC. Figure 10-7 and Eq. (29) 
express the essence of all that has 
been said concerning loading condi
tions and limitation on output gap 
r-f voltage in the power amplifier. 
The resulting diminution in effi
ciency is seen to depend only on 
GBR/GC- In the absence of beam 
loading, GBR/Gc gets smaller and the 
efficiency gets higher as i'i is in
creased; but beam loading, if it is 
present at all, will eventually dominate in GBR, and GBR/GC will then 
asymptotically approach a nonzero lower limit as I0 or i'i is increased. 
Writing GB = M?o as before, this lower limit is given by 

0 1 2 3 
GBRIGC 

F I G . 10-7.—Dependence of normal
ized output power at optimum load 
(^i/PmaiJmai, on normalized internal-
loss conductance GBR/GC. 

GBR > bh(l 
"Gc = 

V/Vt) 
M 2 l l 

(33) 

The dependence of output power on tuning of the output resonator 
is now fairly obvious. At values of 52 for which 

Gc ^ \Yt\ = G , | 1 +2 jQ 2 0 2 | , 

Eq. (28a) for PL will still hold true, and in particular PL will be inde
pendent of 52; thus the center portion of the resonance curve will be 
flat-topped. When 62 is so large that Gc < |F2 | , the usual form of 
resonance curve will obtain. Thus the distortion of the form of the 
resonance curve is one way of identifying the onset of the limitation of 
V,. 

10-7. Comparison of Theory and Experiment for Two-resonator 
Amplifier Klystrons.—After this discussion of the various factors that 
enter into voltage-amplifier and power-amplifier operation, it is interest
ing to combine them for a specific case and see how the result compares 
with experiment. The type 410R klystron, perhaps the best-known 
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two-resonator klystron amplifier, of which a schematic diagram is shown 
in Fig. 10-1, will be used for this purpose. In Fig. 10-8 is shown a graph 

of output power as a function of 
input r-f power at Vo = 2070 volts 
and with zero volts on the beam-
focusing electrode.1 The functional 
form of this curve is discussed later; 
for the moment the quantities of 
interest are the maximum efficiency, 
the small-signal power gain, and the 
input and output r-f powers at maxi
mum r-f output. These quantities 
are optimized at a negative bias of 
60 volts on the control electrode, 
and the optimum values that will be 
used are therefore not identical with 
those shown in Fig. 10-8. 

The o p e r a t i n g characteristics 
(and other relevant data) to be 

f \ 
\ 

\ 
\ 

V 207C volt 

1 

& 

14 0 2 4 6 8 10 12 
Input r-f power Pi (watts) 

F I G . 10-8.—Dependence of output 
power PL on input r-f power Pi in the 
type 410R amplifier klystron. 

observed at Vo = 2070 volts are as follows: 

V0 2070 vol ts 
/3 0.091 
J„ 92 m a 
Maximum P r, 18 w a t t s 
Corresponding P i 1.8 wa t t s 
Maximum TJL (over-all efficiency) 9.5 per cent 
Small-signal PL/PI 25 
1 3 cm 
a 0.5 cm 
X 10 cm 
Equivalent gap spacinr 0.23 cm (both cavities) 
Grid transmission !OSJ 0.08 per grid 
Gs 0.75 X 10"5 mhos . 

The number of grids through which the beam has passed at any given 
stage may be ascertained from Fig. 10-1; in calculations based on current 
at any point, the beam current will be 0.92" X 92 ma, where n is the 
number of grids traversed to reach the point in question. The relevant 
factors affecting operation may now be summarized. 

Debunching: Effective beam current = 92 X (0.92)3 ma = 7 1 ma; 
from this, h = 0.29, hi = 0.87, Thus the design is very close to 
the optimum for debunching specified in Eq. (25). Debunching 
diminishes \i-\ by the factor 1 — (ftZ)2/6 = 0.87. 

1 Sperry Gyroscope Co. Technical I n fo rma t ion Sheet on the type 410R klystron. 
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Beam-coupling coefficient: Since /3\ = 0.91 cm, an equivalent gap 
spacing of 0.23 cm means a quarter-cycle gap-transit angle, for 
which M = 0.90. 

Depth of modulation V/Vo: In the expression X = irlMV/fiVok, 
the above values of I, M, /3, and X give V/Vo = 0.20 at optimum 
bunching (X = 1.84). 

Bunched-current component ii and critical conductance Gc' With 
four grid absorptions before the current enters the output gap, if 
optimum bunching is assumed and the above debunching diminu
tion included, 

|ii| = 2J1(1.84) X [1 - (hiy/6] X (0.92)4 X 92 ma = 66 ma. 

These values make Gc = M 2 | i i | / (7 0 - V) = 3.6 X lO"5 mhos. 
Beam-loading: From measurements of QBR as a function of beam 

current in this tube1 it is known that GBR/GB = 1 + 7o(ma)/34. 
The value of GR given in the above summary of operating conditions 
is an average of values obtained by velocity-spectrograph measure
ments2 and by calculation.3 The effective beam currents in the 
first and second r-f gaps are 92 X (0.92)2 = 78 ma and 

92 X (0.92)4 = 66 ma 

respectively; these values give GBRI = 2.5 X 10~5 mhos, 

GBS2 = 2.2 X 10-5 mhos. 

Maximum efficiency: Since GBR2/GC = 0.61, \Vi\ has not quite reached 
the value (V0 - V), and, by Eq. (32a), (PL/P^)^ = 0.41. 
Thus, all told, the presence of circuit and beam-loading losses 
(nonzero GBR) has reduced the circuit efficiency and has so reduced 
the output gap voltage that the load receives 41 per cent of the 
power that it would receive if GBR were zero. If GBR were zero, 
the conversion efficiency would be 

5-L = I/\_ZY/^\ = 0 26-
nva 2V Vo) \ u ) °-ib' 

thus debunching, grid-absorption losses, beam-coupling coefficient, 
and the limitation of |F 2 | to (Vo — V) have reduced the ideal 
"58 per cent" to a semi-ideal 26 per cent that would obtain if there 

1 Data communicated to author by M. Chodorow, Sperry Gyroscope Co. Research 
Laboratories, Garden City, N.Y. 

2 J. J. Caldwell, "Velocity Spcctrograph Measurements of Beam Loading," 
Sperry Gyroscope Co. Report 5221-1015, Oct. 23, 1944. 

3 Microwave Transmission Design Data, Sperry Gyroscope Co., Publication No. 23-
80, Brooklyn, N.Y., 1944. 
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were no circuit or beam-loading losses. The over-all efficiency is 
the product of the two factors just discussed, or 

rji = 0.41 X 0.26 = 10.6 per cent. 

Hence the predicted value of PL is 20.2 watts, which is in good 
agreement with the observed value of 18 watts. 

Power gain at optimum bunching: The calculated required input r-f 
power is P i = V2/2GBRI = 2.15 watts; hence, at optimum bunching 
the power gain to be expected is given by PL/PI = 9.4. 

Small-signal power gain: The calculated small-signal electronic 
transconductance is Ge = MiMiBSa/2 = 27 X 10"6 mhos; if 
the factor 0.87 is allowed for debunching, \Ye\ = 23.5 X 10 - 5 mhos 
at resonance. And when Eq. (11) is generalized for GBM 9± GBRI, 
the predicted small-signal power gain becomes 

P± = l ^ l 2
 = 2 5 

P i 4GBRIG BR1 

The final comparison between theoretical and experimental values 
is then as follows: 

Theoretical Experimental 
Efficiency, per cent 1 0 6 9.5 
Output r-f power (optimum bunching), watts 20.2 18 
Input r-f power (optimum bunching), watts 2.15 1.8 
Power gain (optimum bunching) 9.4 10 
Power gain (small signal) 25 25 

The most dubious ingredient in this generally close agreement is the 
assumed value of GR, to which a " ±30 per cent" might reasonably have 
been appended. I t would not be surprising if the errors in the debunch
ing estimates were nearly of this order of magnitude also; therefore, the 
agreement may be in fact fortuitous. But the consistency of the calcula
tion of output power and gain takes some of the sting away from this 
word of caution. 

Comparison of Theory and Experiment at High Input-gap Voltage.— 
Figure 10-8 provides an interesting check of the bunching theory for large 
values of V/V0 in Sec. 9-4. The coordinates in this figure are powers, 
not voltages or bunching parameter; hence, if the simplest bunching 
theory holds true, P i « |t'i|2 « [Ji(X)]- and this figure should be geomet
rically similar to a plot of [Ji(X)]2 versus X2. Since Ji(3.84) = 0, 
this relation implies that P h = 0 for an input r-f power (3.84/1.84)2 = 4.4 
times the drive power for optimum bunching, or 7.9 watts. Actually, 
PL passes through a nonzero minimum at a drive power of 10 watts, and 
at the value of 7.9 watts, where simple theory indicates that there should 
be a zero in PL, the output power is 30 per cent of the maximum output 
power. 
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This phenomenon suggests that the more exact equation for the 
bunched current components, Eq. (9-28), should be compared with the 
experimental data. Under the assumed conditions, do ~ 20; by Table 
9 1 the drift-space coefficients that appear in Eq. (9-28) are thus given 
by ay = 1, a2 = 0.075, a3 = —0.00025. When |t'i| is evaluated by Eq. 
(9-28) at the point of the expected zero (X — 3.84), it is found that 
|ii| = 0.62/o instead of zero. The same calculation gives \ii\ = 1.16/0 
at X = 1.84—that is, at this latter point the higher-order corrections 
are negligible. The ratio of the two values of |z'i|2 is 0.29, in perfect 
agreement with the observed ratio, 0.30. The use of Eq. (9-28) to predict 
the complete curve of Fig. 10-8 beyond this single check point is left 
as an exercise for the reader. 

10-8. Voltage Cascade-amplifier Klystrons.—It has been seen in 
Sec. 10-3 that there are definite upper limits to the gain of a two-resonator 
voltage-amplifier klystron with a given d-c input power. I t is obvious 
that a gain higher than that allowed by these limits may be obtained by 
using more than one stage of amplification. One simple two-stage 
arrangement would be to lead the output power from one two-resonator 
amplifier into the input resonator of a second amplifier. The so-called 
"cascade amplifier" is a much better way of accomplishing the same 
end by having both stages of amplification located within the same 
vacuum envelope and utilizing the same electron beam. In the simplest 
form, three resonators are arranged along an electron beam. The middle 
resonator abstracts power from the beam as the " o u t p u t " cavity of the 
first stage; the second-gap r-f voltage that is thereby developed proceeds 
to velocity-modulate the beam further as the input-gap voltage of the 
second stage. 

This arrangement has a number of advantages. There is one electron 
beam instead of two and hence half the d-c input power; there are three 
resonators to tune instead of four, and none of the complications intro
duced by having two coupled resonators are present; moreover, the over
all gain is at least four times as high as it would be for the same two stages 
of amplification operating on separate beams. This factor of 4, although 
perhaps at first glance somewhat surprising, is based upon the simple 
considerations that follow. With two intermediate resonators, one 
serving as output cavity for the first stage and one serving as input 
cavity for the second stage, the intermediate-circuit losses are doubled, 
thus doubling the shunt conductance that the output cavity of the first 
stage presents to the beam. The power abstracted from the beam by 
this cavity is therefore only half the power that would be abstracted by 
the single intermediate cavity of the cascade amplifier, and this reduced 
amount of power must furthermore be divided between two cavities 
instead of exciting a single cavity. Hence the power available for 
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developing the input-gap voltage for the second stage is only one-quarter 
as much in the two-tube two-stage amplifier as it is in the two-stage 
cascade amplifier. 

These general comments assume that the two stages of amplification 
act more or less independently—that is, that the voltage across the r-f 

F I G . 10-9.—Applegate diagram of electron trajectories in cascade amplifier. 

gap oi the second resonator proceeds to velocity-modulate the beam 
and to be amplified just as if it existed across the first gap of a two-
resonator voltage amplifier. I t may be seen shortly that in a high-gain 
cascade amplifier this situation holds to an approximate degree. 

Regarding the cascade voltage amplifier the question is sometimes 
asked: "If the maximum gain has been extracted from the beam in the 
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first stage, how can one get still more gain out of the beam by hanging a 
third resonator on i t ? " A few comments prior to the detailed analysis 
may help to explain this point. In the first place, when the beam enters 
the second gap it is assumed to have a small degree of intensity modula
tion and velocity modulation; thus, for all intents and purposes, the 
second gap r-f voltage has a d-c beam to work on. In the second place, 
this beam delivers energy to the second resonator by virtue of its intensity 
modulation, not its velocity modulation; therefore, the further velocity 
modulation that the beam receives as it delivers this energy does not 
upset the process of energy transfer. Finally, after the beam has passed 
through the second gap, it has received a velocity modulation much larger 
than it received in the first gap, and its subsequent bunching is therefore 
determined almost entirely by the second-gap velocity modulation. 

These facts are put into graphic form by Fig. 109,1 which shows an 
Applegate diagram for a typical cascade amplifier. (See Sec. 9 2 for a 
single-stage Applegate diagram and a discussion of its significance.) 

Particularization of Cascade-bunching Theory to the Cascade Amplifier. 
The theory of cascade bunching is developed in Sec. 9-8, and the notation 
of that section is adopted without further comment. The results of 
Sec. 9-8 that are applicable to small-signal cascade amplifiers may be 
summed up in the following statement. Cascade bunching in a small-
signal cascade amplifier results in waveform components and relative 
current components just like those of simple bunching; the equivalent 
bunching parameter X', which determines the waveform and current 
components for cascade bunching, is given by 

X'e>s' = XL3 - jXne*. (9-56) 

(Here 8' gives the phase of the bunching relative to that which would 
result from first-gap velocity-modulation alone, and £ is used as a phase 
parameter, not as the ratio of electron velocity to velocity of light.) 
This simple description is valid when 

Z1 2X2 3 « 2X'; (34) 

this condition is met in a high-gain cascade amplifier working at low levels. 
What happens when this condition is not met is discussed in the next 
section. 

The behavior of the equivalent bunching parameter X' is thus the 
key to the anatomy of the cascade voltage amplifier and the only point 
that distinguishes the latter from the single-stage voltage amplifier. 

In deriving Eq. (9-56) for the equivalent bunching parameter X', 

'A . E. Harrison, "Graphical Methods for Analysis of Velocity-modulation 
Bunching," Proc. I.R.E., 33, 20 (1945). 
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the following gap voltages were assumed: 
y , = -jaiVa Vi = -a 2 F 0 e ' ( - 8 »+«. (9-49) 

The parameters a2 and j3, which specify the amplitude and phase of the 
second-gap voltage, have been left completely arbitrary because in Sec. 
9-8 no hypothesis is made concerning the origin of the second-gap 
voltage. In the present case V2 results from the driving of the second 
resonator by the current M2ii2l hence by Eq. (1), 

Vi G,(l + 2JQA) 

This equation is made equivalent to the assumed form, Eq. (9-49b), 
by writing 

j3 = - t a n " 1 2Q2S2 (35) 
and 

v _ Mi\ii2\ cos 0 ("!fo = ^ (36) 

Thus /3 gives the phase angle between the driving current M2i12 and the 
second-gap r-f voltage and is determined by the tuning of the second 
cavity; /3 = 0 at resonance. 

Since a2 « cos |3, X23 °= cos &; hence 

X,j(j3) = X23(0) cos 0. (37) 

Thus Eq. (9-56) for the effective bunching parameter X' becomes 

X'(fi)«" = X „ - y i M (0 )e* cos 0. (38) 

Many of the more important features of the cascade amplifier result 
simply from the explicit dependence of Xu and X' on the tuning param
eter jS as shown in Eqs. (37) and (38); hence the consequences of Eq. 
(38) are explored in some detail before further specification of the values 
of I n and I « ( 0 ) . 

Dependence of X' on Middle-resonator Tuning.—Without further 
detailed knowledge of X13 and X2 '(0) the most important questions to 
be asked concerning Eq. (38) are these: How does X' depend on /3, and 
what is the maximum value of X' obtained by varying 0 (tuning the 
middle resonator) ? 

The answers are indicated in Fig. 10-10, in which Eq. (38) is repre
sented graphically by showing the addition of the two complex vectors 
that make up I V ' . The locus of the end point of the vector I V 
is seen to be a circle that is tangent to the real axis at XiS. One interest
ing point about Fig. 10-10 is that the maximum value of X' does not 
occur with /3 = 0 and the middle resonator tuned to resonance. Rather, 
I ' is maximized when (3 is somewhat positive; by Eqs. (35) and (3) 
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(0) cos /3 

this condition corresponds to tuning the second resonator to a frequency 
o)2 higher than the driving frequency u. Thus X' is a maximum when 
the bunched current contributed by the second-gap velocity modulation 
is somewhat diminished in magnitude, but is more advantageously phased 
with respect to the contribution of the first-gap velocity modulation. 

This fact suggests a second inter
esting point about Fig. 10-10. When 
the general subject of cascade ampli
fication was introduced and roughly 
evaluated, the independence of first-
and s e c o n d - s t a g e bunching was 
tacitly assumed; this was equivalent 
to the assumption that X' = Xu(0). 
I t is now apparent that when the 
continuation of the first-stage bunch
ing into the second stage—that is, 
the influence of X u on X'—is con
sidered, the net effect is to cause an 
additional increase in X' and hence 
in the power gain. This effect is not 
numerically important in the cascade voltage amplifier, but it is the fore
runner of an analogous and important effect in power amplifiers. 

The various details of the behavior of X', including the extent of 
this increase of X' over X23(0), are easily listed. From Eq. (38) it may 
be deduced that X' is a maximum or a minimum when 

FIG. 10-10.— 
of Eq. (38). 

X'e'e' = Xn 

Graphical construction 

ie'tXi,(P) cos i 

tan 2/3 2X-, 
X23(0) 

tan |3 
X23(0) 
2X ii \ 4X?3 

+ 1. 

(39a) 

(396) 

The upper and lower signs correspond to the position of the maximum 
and minimum values of X' respectively. By Eqs. (35) and (39b) the 
difference between the corresponding values of the second-cavity resonant 
frequencies, »>,■ and a w , is given by 

0.(8— - O = Q2 4 4X?, + 1. (40a) 

The maximum and minimum values of X' are given by 
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I n a high-gain amplifier—in which it is obvious t h a t Xu « X 2 3 (0 ) -
E q s . (40) and (41) m a y be wr i t t en 

and 

Q2(£ma:< _ 5min) 

XL, « X,M 

XL 

XzM 
2X13 1 + 

X, 

2X\t + 
^ Z23(0)2 ^ 

X23(0) + 

(406) 

(416) 

(41c) 

Thus, the higher the gain (the higher X•>■)(())/X13), the less X'ma is 
increased above X23(0) by the continuation of first-stage bunching into 
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F I G . 10-11.—Middle resonator tuning curves of the cascade amplifier; effective bunch
ing parameter at resonance, X't aa a function of middle resonator tuning for several values 
of X»(0)/Jf l s . 

the second stage; and the higher the gain the less detuning of the second 
resonator is required to maximize X'. 

The effects that have just been described are illustrated in Fig. 
10-11, in which is shown the theoretical dependence of X'/X2 3(0) on 
tuning of the second resonator; this tuning is specified by 2Q2(a2/w — 1), 
which is also written — 2Q2o2. The curves are plotted for three values of 
Xi3/X^(0). A comparison of the different curves shows the dependence 
on X13/X23(0) of I 1 , / X M ( 0 ) and XL,/X2 3(0) as in Eqs. (41), and of 
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wm„ and a)min as in Eqs. (40). The general dependence of "bandwid th" 
is also shown, although bandwidth is a somewhat nebulous property 
except when X i 3 /X2 3(0) is small. The case [Xi3/X23(0)] = 1 is a some
what academic one because it corresponds to a very low second-stage 
voltage gain such as would not be used in a voltage amplifier. 

Equations (40) and (41) and Fig. 10-11 suggest the use of experi
mentally observed middle-resonator tuning curves to determine the tube 
parameters. Thus by Eq. (41), the following relation holds true between 
the maximum and minimum X ' and the value of X' for the middle 
resonator completely detuned (/S = TT/2) : 

V -via M - v ~ ^23(0) , \ / 2 X ] 3 
x—x V - Vx^ ~ ~xiT •1-^3W (42) 

This relation provides two determinations of X13/X23(0), which may be 
checked for self-consistency. The value of Q2(fim.i — 5min) that cor
responds to the value of Xi3/X23(0) may be found from Eq. (406). This 
calculated value of Q2(5m„ — dmin), in conjunction with the observable 
quantity (5^ , — 5min), provides a determination of Q2. 

Condition for Validity of "Equivalent Bunching Parameter" in Power 
Amplifier Operating at Optimum Bunching.—It should be noted that the 
foregoing discussion is valid for more general conditions than are involved 
solely in voltage amplifiers, in the sense in which this term is used in 
Sec. 10-2. I t has been assumed that X12 ^ 0.4 and that therefore 
\iu\ = I0X12, and it has been assumed that Xi2X23 <K 2X', or, approxi
mately, X12 « 2 for a high-gain amplifier. When the gain is high, for 
instance, so high that 

kg a1' <«> 
neither of these conditions will be invalidated by operation at optimum 
bunching, X' = 1.84. In this case the calculation of i13 may be extended 
into the range where |n3 | = 2I0J1{X'). Although operation at this level 
might come under the heading of "power-amplifier operation" as the 
term has been used in this chapter, these comments on it fit more logically 
into the present section. 

Cascade Amplifiers with More Than Two Stages.—The principles that 
have been discussed here for the two-stage amplifier apply, with addi
tional complication of detail, to an w-stage cascade amplifier. However, 
as more stages are added and the gain is rapidly increased, it becomes 
more difficult to prevent feedback and regeneration. Self-sustaining 
oscillations or rapid fluctuations in gain therefore occur as the input 
signal is increased. These phenomena have been observed under 
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certain conditions even in two-stage cascade amplifiers;1 the feedback 
mechanism has been traced to the few secondary electrons that traverse 
the tube in a direction opposite to that of the initial beam. Such effects 
have made cascade amplifiers of more than two stages infeasible. 

10-9. Voltage Cascade Amplifier Gain; Comparison with Experi
ment. Electronic Transadmittance and Amplifier Gain.—In finding the 
over-all gain of the amplifier it is assumed that X' has been maximized 
with respect to middle-resonator tuning and is therefore given by Eq. 
(41b). 

The absolute value of the electronic transadmittance is then given by 

, „ , Af , | t „ | M3G0X'm„ 
oii\ o an 

Equation (41fc) gives X'/X33(0); the definition of X23 gives X23(0)/o:2; 
and Eqs. (6) or (36) give en/en for 0 = 0. From these it is found that 

GeiGe2 sin hl\ sin hl% 
(?2 hl\ hit I + H F T S X + (44) 

where G,i and Ge2 are the small-signal electronic transconductances defined 
for the first and second stages by exact analogy to Eq. (14). The small 
correction term in the square bracket may be evaluated by means of the 
relation 

A13 Gi M\ dm -f- 8m 
X23(0) Gel Mt 

(45) 

Debunching effects have been included in Eq. (44), but not in Eq. (45). 
The power gain is given by writing Eq. (11) with the value of \Ye\ 

as given by Eq. (44), with <72 = GBR2- Because the middle resonator 
is not normally loaded externally, 

PL = 4 GU G\ 
Pi 4(7aRl(xflj!2 MXBRSGBRZ 

■ • J. (46) 

More briefly, the power gain is four times the product of the single-stage 
gains of the individual stages, times the factor in square brackets, which 
is somewhat larger than unity. I t is apparent that the optimization 
of the gain of each stage may be carried out independently in accordance 

1 E. Barlow and A. E. Harrison, "Klystron Resonator Coupling," Sperry Gyro
scope Co. Report 5224-139, Feb. 14, 1944. 
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In Fig. 13-23 is shown the dependence of Vr on X for the type SD835D, 
an external resonator tube developed1 by Sylvania Electric Products, 
Inc. In Fig. 1324 is shown the dependence of output power on X. 
Both these figures are taken at 
the same constant beam voltage, 
325 v o l t s . T h e experimental 
points in Fig. 13-21 scatter con
siderably, probably in large part 
because of the necessity of chang
ing cavities to cover the wave
length range and because of the 
difficulties of measuring power 
over wide wavelength ranges; it 
seems reasonable to idealize this 
data by drawing the dashed line. At any given wavelength the depend
ence of output power P on mode number n, is very far from the relation 
P a 1/ (ft + ;i) predicted by the zero-order theory. 

150 

20 30 
Wavelength (cm) 

Fit:. 13-23.—IVvs.-X mode pat tern for 
SD835D reflex klystron; I-'o = 325 volts. 

20 
Wavelength (cm) 

FIG. 13-24.—Dependence of output power on wavelength for various mode.s of SD835I) 
reflex klystron; W = 325 volts. At double circles, \V/ = 200 volts. 

From Fig. 13-23 one may pick out the wavelengths at which the 
various modes have a given VT and hence have given d-e trajectories 

'V. B. Corey and P. It. Malmberg, "SD835D Reflex Oscillator Tube," 
Sylvania Report D-62, Feb. 2, 1945. 
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GBR2 = 1.75 X 10-6mhos 
G.i = 21.6 X 10~5 mhos 
Ge2 = 10.2 X 10-6 mhos 

sin hh 

sin Mi 

= 0.91 

= 0.98 

M1 = Mt = M 3 = 0.87. 

From the above values of GBRI, GR, and QR, QBM is found by use of the 
relation QBBV/QK — GS/GBR2 to have the value QBR2 = 1500. 

The application of these numerical values of Eq. (45), with G2 set 
equal to GBR2, gives X2 3(0)/Xi3 = 4.7. Since the above values of 
(sin hi)/hi indicate that debunching is not serious, Eq. (45) is not greatly 
affected by its neglect of debunching. 

In Fig. 10-12 the voltages at the points of maximum output voltage, 
complete middle-resonator detuning, and minimum output voltage are 
observed to be in the ratio 5.2:1: \ / 2 / 8 . 2 . The two values of X2 3(0)/Xi3 

that result, 5.2 and 8.2, are not very consistent. Since the value 8.2 
is based upon X^,,, which involves a very small crystal-current reading, 
it may be inaccurate; the theoretical 4.7 agrees well with the other 
value, 5.2. 

Figure 10-12 also indicates that 5„„ — Smin = 0.0019; a value for 
X2 3(0)/X1 3 of 5.2 in Eq. (40b) predicts QBR^S^ - 5»ln) = 2.85, from 
which may be deduced a value of QflB2 equal to 1500. This result is in 
full agreement with the value of 1500 predicted from the known resonator 
Q and beam loading. 

From the above list of calculated shunt conductances and electron 
transconductances and from Eq. (44), the theoretical power gain is found 
to be 1150, which is within the limits of experimental error of the observed 
value of 1000. 

With the exception of the already noted inconsistency, which would 
be removed if the value of the minimum relative voltage in Fig. 10-12 
were in error by two, the quantitative agreement between theory and 
experiment is seen to be good. 

10-10. Power Cascade-amplifier Klystrons.—There are two basic 
points involved in the discussion of two-resonator power amplifiers in 
Sees. 10-5 and 10-6. The first (Sec. 10-5) concerns the dependence of 
output-circuit driving current on input drive power and tube parameters 
when these quantities are such as to make the tube operate outside the 
"small-signal" range. The second concerned the effect that the physical 
limitation |T/T

2| ^ (V0 — V) had on optimum loading conditions and 
efficiency. This second point is common to all power amplifiers and 
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need not be considered anew for power cascade amplifiers. The first 
point, concerned with the factors that determine the maximum obtainable 
value of the output-circuit driving current M3ii3, does sometimes involve 
features peculiar to the cascade amplifier. 

The essence of the discussion of cascade voltage amplifiers in Sec. 
10-8 is the calculation of the equivalent bunching parameter X'. I t is 
noted that under certain conditions characteristic of high-gain amplifiers, 
namely, 

.X12A23 ... -, 1 An\ 
7 = 2X' *• ' 

the bunched-beam-current component would be given by 

\iu\ = 2/oJ1(X'). 

In such an instance there is very little to distinguish the single-stage 
amplifier from the cascade power amplifier. The maximum obtainable 
value for |ii3 | is I.I6/0 for both amplifiers; and if too much r-f drive 
power is supplied, with the result that the beam is overbunched at the 
last resonator, then a detuning of any one of the two prior resonators 
will reduce the degree of bunching to the optimum point at which 
X' = 1.84 and |i'i3| = I.I6I0. This process is noted in Fig. 10-4 of 
Sec. 10-5. 

I t is easily possible, however, in a low-gain cascade amplifier to have 
Eq. (47) invalidated. Furthermore, it is apparent from Eq. (47) that, 
since X12, X23, and X' are all proportional to the input-gap voltage 
atiVo, there is for every amplifier some level of r-f drive power above which 
Eq. (47) no longer holds and the bunching is no longer described by the 
effective bunching parameter X'. I t turns out that under such conditions 
of low gain or overdrive the maximum obtainable value of |iis|, and hence 
of the output power, is increased by a factor of roughly 5/4. I t is 
with this phenomenon and its ramifications that the present section is 
concerned. 

Applicability of "Harmonic Bunching" to the Present Case.—The 
discussion of cascade bunching in Sec. 9-6 is intended to be just suffi
ciently detailed to allow the drawing of some conclusions concerning 
the general manner in which this increase in the maximum value of 
|i'is| is caused by the presence of harmonic terms in the kinematical 
equation. Any exact treatment of this feature of cascade amplifiers 
would necessitate the use of a kinematical equation more exact than 
Eqs. (9.53) and (9.58). In deriving these equations it is assumed that 
Z12 g 0.4, which by Eq. (59) implies 7 ^ Q.2X23/X'; it is apparent from 
Fig. 10-10 that in the cascade amplifier the quantities X23 = X23(0) 
cos 0 and X' are usually of the same order of magnitude. Hence Eqs. 
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(53) and (58), when applied to cascade amplifiers, contain the implicit 
assumption y < 0.2 (at least). But these same equations predict 
maximum |t'u| at y — 0.4. At y — 0.4 an appreciable third-harmonic 
term is present in the ■ kinematical equations; it does not, however, 
appreciably alter the maximum obtainable |i'i3|. Therefore, in a sketchy 
discussion of the low-gain or overdriven amplifier there seems little point 
to going into the exact theory; the discussion is based upon a simple 
application of the results of Sec. 9-6. 

To summarize the results referred to: An increase of the maximum 
value of | tu | by a factor 1.28 over the value predicted by simple bunch
ing theory occurs when X' ~ 2, y « 0.4, and B' — fi + TT/2 = 0. If X' 
and 7 are in the vicinity of these optimum values and 8' — /3 + 7r/2 ^ 0, 
| iu| « cos i (0 ' — j3 + r/2). The dependence of \iu\/2I0 on X' and 
on 7 for 8' = /3 — x/2 is indicated in Fig. 9-11. 

Influence of Tube Parameters on the Increase in \n3\.—The general 
behavior of X', y, and 8' — 0 + TT/2 may be seen most readily with 
reference to Fig. 10-10. The deviations of cos i(8' — /3 + TT/2) from 
unity are a measure of the lack of proper phase relation between the 
first- and second-harmonic components of the bunching. I t is seen that in 
a high-gain tube (Z23(0)/Xi3 » 1), the deviations of cos i(8' — /S + TT/2) 
from unity are very minor for any value of j3. For X 13(0)/X is ^ 1 
they are still minor for jS > 0 but may be sizable for |3 < 0. This 
condition means that for X23(0)/Xi3>>> 1 the dependence of \in\ on X' 
and y will be very close to that given in Fig. 9-11, regardless of the value 
of /3; but when X23(0)/Xi3 > 1 by no very large amount, and when 
/3 < 0, | i i s | will be diminished from the value shown in that figure. 

What is the condition for obtaining the optimum combination 
X' = 2, 7 = 0.4? I t will be observed that both X' and y are proportional 
to the r-f input driving voltage; therefore if there is some value of /} 
at which the ratio y/X' has the value 0.4/2 = 0.2, then there is some 
amount of r-f input drive power that will give y and X' simultaneously 
the correct absolute values. This necessary condition, y/X' = 0.2, 
may for ease of reference be written 

^ § ^ = 0.4, (48) 

in which Xu/Xu is a quantity less than unity. 
Application to the High-gain Amplifier.—Consider now the case of 

the high-gain amplifier for which X23(0)/Xi3^> 1. Over most of the 
range of /3, except for ,8 near +ir/2, Xu/X' « 1 and X23/X' =« 1; hence 
Eq. (48) cannot be satisfied. If it is to be satisfied anywhere, it will be 
for p ~ ±T/2. For such values of # the situation is as shown in Fig. 
10-13, which is an enlarged section of the relevant part of Fig. 10-10 
when Xi3/X23(0) « 1. This figure shows that to a good approximation, 
the product of two of the factors in Eq. (48) has the value 
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.A13X23 _ Xn/Xit f ■ 1 i r \ 
X'» ~ (1 ± JW^i,)2' V ~ 2/" 

The expression with the upper sign (/3 ~ +ir /2) has at X23 = X\3 a 
maximum value of \. Thus Eq. (48) cannot be completely satisfied 
for 0 « + T / 2 . The optimum condition X' = 2, 7 = 0.4 cannot be 
reached for 0 > 0 as long as the gain is high enough for Fig. 10-13 to 
describe the facts when the equations Xu/X' <K 1 and X23/X' « 1 do 
not describe them. But on the other hand, for 0 « — ir/2, Eq. (48) 

F I G . 1013.—Determination of F I G . 10-14.—Output power of type 2K35 
effective bunching parameter in klystron cascade amplifier as function of 
high-gain cascade amplifier with middle resonator tuning, for three values of 
| 3 = ± 7 r / 2 ( m i d d l e r e s o n a t o r input r-f power. 
strongly detuned). Compare with 
Fig. 10-10. 

will be satisfied some place in the vicinity of X' = I n = yXw. If, 
for the sake of a definite example, Xu/Xu is taken as 0.4, and if the drive 
is then adjusted to optimize X', the ideal combination is X13 « 1.3, 
Z 2 3 » 3.3, X' « 2, and y « 0.4. 

Thus, by drastic detuning and overdriving, the additional factor 
1.28 in 1 -z." 13i may be obtained from a high-gain amplifier; but this result 
is accomplished at the cost of detuning—a cost so great that X13 has 
nearly the value required for optimum bunching in the absence of the 
second resonator. Thus, the gain of the device is of the same order of 
magnitude as the gain of a single-stage amplifier of the same construction. 

When /3 is not near +ir /2, 7 is small, and therefore \iu\ is once more 
given by 2IoJi(X'); but since X' increases rapidly as fi approaches zero, 
there is drastic overbunching and diminution of the output power. 

Illustrative High-gain Amplifier Tuning Curves.—Some of these points 
are illustrated by Fig. 10-14, in which is shown the amplification charac
teristic1 of the type 2K35—a 3000 Mc/sec high-gain cascade amplifier 

1 E . C. Levinthal , A. E. Har r i son , E. Feenberg, "Cascade Amplification wi th 
Multiple-resonator K l y s t r o n s , " Sper ry Gyroscope Co. Repor t 5221-109, Oct. 15, 1943. 
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that is very similar to the type 410R in electron optics and resonator 
structure. The data in this figure correspond to operating conditions 
of Vo = 1800 volts, In = 77 ma. Although this figure is intended pri
marily as an illustration of the dependence of output power on middle-
resonator tuning at high r-f input power, it should be noted in passing 
that the small-signal gain is shown to be about 7000. 

In this figure the output power is shown as a function of middle-
resonator tuning for three different values of drive power. The smallest 
of these drive powers, 1 mw, corresponds to small-signal high-gain 
operation. I t is seen from the figure that the next highest value of drive 
power, 6 mw, is just slightly more than is necessary to maximize the 
output power at /3 = 0. The highest drive power shown, 70 mw, is 
insufficient to make X' = 2 at the amount of detuning required to make 
7 = 0.4; a higher drive power would produce a still higher amount of 
output power at a still greater degree of detuning. Nevertheless, a 35 
per cent increase in output power is already apparent at the detuned peak. 
(Since this tube is probably operating with |Fa] < Vo, the ideal 28 per 
cent increase in \iu\ that is to be expected from the cascade bunching 
process with overdrive would correspond to a 64 per cent increase in 
output power.) The rapid fluctuations in output power that are caused 
by overbunching are also apparent at the center of the tuning curve for 
the overdriven case. 

Application to the Low-gain Amplifier.—Considerations similar to 
the above may be carried out for an inherently low-gain amplifier 
(X23(0)/Xi3 ~ 1). I t will be found that the optimum value of 0 will 
be positive and much nearer zero than in the high-gain amplifier. For 
example, with Xu/Xi3 = 0.8 and X23(0)/Xi3 = 1, the optimum com
bination is 0 = 0, Xu = 1.4, X23 = 1.4, X' = 2, and y = 0.4. This 
combination has about the same over-all gain as the detuned high-gain 
amplifier discussed above. 

The results of the present section may be summed up in the following 
way. In a power amplifier that is supplied with enough input r-f power 
to maximize the output power, the use of an intermediate resonator in a 
power amplifier does not increase or decrease the gain, but it does increase 
the fundamental component of the bunched beam current by a factor up 
to 1.28. Also, if not enough input r-f power is supplied to reach the 
absolute maximum of output power, a very sizable increase in gain may 
be obtained over the two-resonator power amplifier. 

The influence, on the harmonic components im3, of an intermediate 
resonator tuned to the fundamental or a harmonic frequency has been 
investigated;1 this work is not discussed here. 

1 E . Feenberg, "Theory of Cascade Bunching," Sperry Gyroscope Co. Report 
5221-1043, Aug. 22, 1945. 



CHAPTER 11 

FREQUENCY MULTIPLIER KLYSTRONS AND TWO-RESONATOR 
KLYSTRON OSCILLATORS 

B Y D. R. HAMILTON 

11-1. Frequency Multiplier Klystrons.—In Sec. 9-2 the unusual wave
form of the bunched beam current in a klystron is noted, and typical 
waveforms for the simplest type of bunching are shown in Fig. 9-4. 
These waveforms are characterized by sharp peaks that are very rich 
in harmonic content. The Fourier analysis of these peaks, carried out 
in Sec. 9-2, shows that the current components at the mth harmonic, 
im, are given by 

im = 2I0e->me°Jm(mX). (9-9) 

The resulting dependence of im on X is indicated in Fig. 9-5. This figure 
indicates two interesting features: the slow diminution of the maximum 
value of im as m increases, and the more rapid narrowing of this first 
maximum as m increases. 

The maximum value of Jm(mX) is approximately equal to 0.65m -^; 
hence the r-f power available (with operation at |F 2 | < (Vo — V)) 
should be proportional to mr^. The exact values for the maxima of 
J i and Jio indicate that the efficiency at the tenth harmonic should be 
28 per cent of that at the fundamental (that is, that of an amplifier). 
A number of factors act to reduce the experimental results below this 
first hopeful estimate, but the general fact of the unusually high harmonic 
content remains and has been utilized in the development of frequency 
multiplier klystrons. 

The second feature of Fig. 9-5, the small range of values of X at which 
iio is appreciable, indicates that a 50 per cent diminution in \iio\2 would be 
caused by a change of the bunching parameter by + 1 5 per cent. This 
sensitivity of output power to input r-f drive could be inconvenient. 
However, it will be seen that the actual situation may be greatly improved 
over the predictions of simple theory in this respect. 

A typical frequency multiplier klystron, the type 2K37, is shown 
schematically in Fig. 11-1. The resonant frequencies of the input and 
output cavities are, respectively, about 300 and 3000 Mc/sec. As a 
matter of mechanical convenience, the input cavity is not simply a 
scaled-up-by-ten version of the output cavity; by fairly heavy capacitance 

285 
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-Output transmission line 

Flexible 
diaphragm 

Capacity 
loading 

loading the size of the input cavity is made not much larger than that 
of the output cavity. 

Applications of Frequency Multiplier Klystrons.—The primary use to 
which frequency multipliers have been put is the generation of microwave 

power at some integral multiple of 
the reference frequency of a quartz 
crystal. Generators of such crys
tal-controlled microwave frequen
cies have been used as frequency 
standards; cascade amplifiers driven 
by the crystal-controlled output of 
a frequency multiplier have been 
used to provide 100 watts of fre
quency-stabilized power for various 
types of experimental microwave 
communication equipment. In a 
t y p i c a l frequency-multiplication 
chain for such uses one might start 
with a 5-Mc/sec quartz crystal; 
successive stages of conventional 
frequency multiplication w o u l d 
produce power in the vicinity of 

300 Mc/sec, which would then be used to drive a multiplier klystron with 
output at 3000 to 6000 Mc/sec. 

The optimum frequency at which to make the transition from triodes 
to klystrons in such a chain depends upon the state of development and 
the inherent capabilities of the two tube types. Very good lighthouse 
tubes and other planar triodes have been developed in the 300- to 1000-
Mc/sec range; on the other hand, for a klystron with a given electron 
beam and a given drift space the r-f drive voltage required to produce 
optimum bunching varies inversely to the drive frequency, and the r-f 
output increases as the order of multiplication is decreased. These 
factors indicate that the optimum frequency for the transition from 
triodes to klystron may be about 1000 Mc/sec. 

Influence of Debunching in Frequency Multipliers.—Debunching, 
which is always very relevant in klystrons, attains increased importance 
in frequency multipliers through an interesting chain of circumstances. 
In the first place, with a given ratio V/Vo of input-gap r-f voltage to 
beam voltage, the drift length required for a given value of X is inversely 
proportional to the input frequency. The tendency, then, would be to 
economize on r-f drive powers by using a long drift space. The debunch
ing wave number h depends, however, only on the d-c properties of the 
beam and is independent of frequency; this makes it impossible to hold 

Electron^ 
gun 

F I G . 11-1.—Schematic diagram of the type 
2K36 klystron frequency multiplier. 
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constant the product of drift distance times input frequency without 
sustaining serious debunching losses. But holding the drift distance 
constant to avoid debunching then makes the input r-f voltage inversely 
proportional to input frequency. The consequence at low drive fre
quencies is that V > Vo. 

In one way this excess of gap voltage over beam voltage is, however, 
a blessing in disguise; for as is discussed in Sec. 9-6, having V > Vo makes 
the output r-f power very insensitive to r-f drive. This same fact, however, 
also raises the r-f drive power, thereby making the latter more important 
than the d-c klystron input power as a factor of over-all efficiency. 

The accuracy of the theory of longitudinal debunching as given in 
Sec. 9-3 is diminished as the drive frequency wi is decreased. Aside 
from the violation of the assumption V « Vo as o>i decreases, there is the 
additional fact that, whereas the distance ;8Xi between bunches is increas
ing, the longitudinal-debunching theory of Sec. 9-3 assumes /8Xi <*C a. 
It has already been noted in that section that in the part of the beam 
adjacent to the conducting walls of the drift tube there can be no longi
tudinal electric field and hence no debunching. Physically speaking, 
the effect of increasing /3Xi/a is to give this wall effect more prominence 
and thus to reduce longitudinal debunching. 

On the other hand, the accuracy of the theory of transverse debunch
ing is increased as /SXi/a is increased; and in the limit of large p\i/a, 
the presence of a conducting wall at the outer edge of a beam doubles 
the transverse debunching because of the image forces arising in the 
conductor. The effects just noted have been considered in some detail 
by Feenberg.1 

Experimentally Observed Debunching in Multiplier Klystrons.—These 
considerations regarding the relative importance of the two types of 
debunching make it worth while to compare debunching theory and 
experiment under circumstances to which simple bunching theory may 
be applied, before going on to the implications of the designs with the 
large V/Vo that debunching makes necessary. This procedure is given 
point, over and above the question of multipliers, by the probability 
that experimental debunching effects may be more clear-cut in multi
pliers, for which X « 1.2 at optimum bunching, than they are in ampli
fiers with X « 1.8 at optimum bunching. This probability arises from 
the thought that the theory, which is not strictly applicable above 
X = 1, should have more semblance of truth at X = 1.2 than at X = 1.8. 
Thus a comparison between theory and experiment at this point is of 
interest to the whole subject of debunching as well as to multipliers. 

1 E. Feenberg, "Theory of Bunching," Sperry Gyroscope Co. Report 5221-105, 
Nov. 24, 1942; and "Small-signal Theory of Longitudinal and Transverse Debunch
ing," Sperry Gyroscope Co. Report 5221-114, Apr. 12, 1944.' 
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Debunching has a readily observable influence on the operation of 
any given tube. Transverse debunching causes a diminution in the 
current passing through the output gap. Longitudinal debunching 
causes a diminution in bunching parameter at the output gap which may 
be compensated for by a corresponding increase in r-f drive voltage. 
These points are readily checked experimentally; Figs. 11-2 and 11-3 
give relevant experimental data.1 

In each of these figures one of the coordinates is "exciter plate 
voltage," which is the voltage on the plate of the exciter tube just 
preceding the input to.the multiplier. The r-f voltage appearing across 

— . [ Optimum 
" " " " - - - 1 ^ bunching \L 

i 

1 

i 

15 20 5 10 
/„ (ma) 

F I G . 11-2.—Observed dependence on 
beam current Io of the exciter plate volt
age Feic for optimum output power from 
an experimental klystron frequency multi
plier; beam voltage 500 volts, input and 
output frequencies 270 and 2970 Mc/sec. 

100 200 
Vac (volts) 

F I G . 11-3.—Diminution of beam 
last resonator with increase of input r 
Experimental klystron multiplier, I 
Vo = 400 volts. 

300 

through 
-f drive. 

5 cm, 

the input gap of the multiplier should be approximately proportional 
to this exciter plate voltage. To determine the constant of propor
tionality, measurements were made of the maximum voltage required to 
stop electrons that had passed through the input r-f gap. These measure
ments indicated that the exciter plate voltage and the input-gap r-f 
voltage are the same to within + 5 per cent; this similarity is mostly 
fortuitous. 

In Fig. 11-2 the exciter plate voltage required for optimum bunching 
is shown as a function of J0 for different values of I. 

At optimum bunching—that is, with X fixed at 1.2—the product 
(V/Vo) (sin hl)/hl is constant; hence the exciter plate voltage required 
for any beam current is proportional to 

-Mr-, « 1 + I (hi)* 
sin hi 6 

1 + 
10G„ 

1 A. E. Harrison, R. O. Haxby, "Klystron Frequency Multipliers," Sperry Gyro
scope Co. Report 5221-115, Apr. 12, 1944. 
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This approximately linear dependence of drive voltage on beam current 
in Fig. 11-2 appears except at very low beam current and near the 
maximum beam current. At low current the high negative control-
grid voltage used for diminishing Ia has a focusing action such that 
the current is simultaneously reduced in magnitude and concentrated in a 
smaller beam. The debunching therefore does not decrease in proportion 
to the decrease in Io. I t is known that the electron gun used in this tube 
likewise gives a divergent beam when the control-grid voltage is run too 
positive; this accounts for the leveling off of the curves at high 70. 

When all space-charge effects at the low-current end are eliminated 
by extrapolating the linear portion of the curves to zero beam current and 
by setting the exciter plate voltage equal to V, values of V/Va = 0.368, 
0.216, and 0.128 are obtained for I = 5, 9, and 14 cm respectively. The 
input cavity is tuned to Xi = 110 cm; and /S = 0.045 at Vo = 500 volts, 
hence the corresponding values of the bunching parameter, wlV/Vofi\, 
are 1.18, 1.23, and 1.15. The agreement with the theoretical value of 
1.2 is good and provides gratifying agreement with simple bunching 
theory. 

An increase in exciter power with increasing klystron beam current 
could also be produced by beam loading in the input cavity. This 
increase would not affect the comparison between theory and experiment 
that has just been made, but it would affect any conclusion about 
debunching that might be drawn from Fig. 11-2. I t is known that there 
is some beam loading in this input resonator, but it has not been accu
rately measured. I t seems safe to ignore it for the following reason. 
First, the GB of the input cavity is calculated to be higher by a factor 
of 5 than that of typical 3000-Mc/sec cavities because of the heavy 
capacitance loading used in reducing the cavity size. A correspondingly 
higher beam-loading conductance Gs would be required in order to 
produce a given effect. But the beam current in Fig. 11-2 is very low 
by the criteria used in the estimates of beam loading a t earlier points 
in the previous chapter. 

Having checked simple bunching at zero current in Fig. 11-2, the 
behavior at finite beam current in this figure will now be analyzed on 
the assumption that it is caused by debunching. The relative increase 
in the exciter plate voltage over its value at zero current should be 
hl/sin hi. At h = 7 ma the exciter plate voltage is increased over its 
zero-current value by factors of 1.15, 1.56, and 1.85, which correspond 
to hi = 0.9, 1.53, and 1.80 or h = 0.18, 0.17, and 0.13 for I = 5, 9, and 
14 cm respectively. For this beam voltage and for the radius of the 
drift tube, a, equal to 0.5 cm, these values of h would be produced by 
values of Io of 3.1, 2.7, and 1.6 ma. 

Because most debunching takes place just before the beam enters 
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the output gap, the actual cathode-emission current should be reduced 
by two factors before comparing with the above values: a factor of 0.85 
for grid-absorption losses before entering the drift tube, and a factor 
1 — (X/6)(hl)2 = 1 — 0.2(M)2 for transverse-debunching losses of the 
beam current. If the effects of these two factors are included, the actual 
beam currents at the output gap are calculated to be 5.0, 3.1, and 2.1 
ma respectively. The beam currents that are necessary to explain 
the observed longitudinal debunching thus seem 25 per cent lower than 
the actual beam currents; this is probably the extent of the diminution 
of longitudinal debunching as caused by the conducting wall effect. 

In Fig. 11-3 a measurement of beam loss due to transverse debunching 
is shown as a function of exciter-plate voltage, for I = 5 cm. Since 
Vo — 400 volts, Fig. 11-3 is not directly comparable to Fig. 11-2; 
because I a is proportional to V^- and in Fig. 11-3 is measured after 
being diminished by 0.71 by four grid absorptions, the zero-drive beam 
current of 5.7 ma would correspond to 11.2 ma in Fig. 11-3. Since 
h = 0.89 for h = 7 ma, hi = 0.89 VlT7277J0 = 1-13 here. The result
ing theoretical transverse-debunching current reduction of 

1 - (j) (hi)* = 0.75 

compares well with the observed value 4.5/5.7 = 0.79. 
The conclusions from these comparisons are as follows: The effect 

of longitudinal debunching on the drive voltage required for optimum 
bunching in this series of three tubes is less than elementary debunching 
theory predicts; the difference may very well be due to the wall effect. 
The beam loss that is due to transverse spreading is slightly greater 
than that predicted by elementary debunching theory. The over-all 
agreement is perhaps better than might have been expected. 

11-2. Frequency Multiplier Klystrons; Comparison of Theory and 
Experiment. The Theoretical Effects of Debunching on Multiplier Output 
Power.—What effect does this debunching have on output power of the 
multiplier? Transverse debunching predicts simply a certain loss of 
current from the bunch, and hence a diminution of output power propor
tional to the square of the current. Longitudinal debunching, as applied 
to a beam of infinite width for X £ 1, implies no diminution of output 
power or change of waveform, but simply an increase in the value of 
V/Vo required for optimum bunching. 

As already noted in Sec. 9-3, however, in a beam of finite cross section 
with a conducting wall there is no longitudinal debunching at the outer 
edge of the beam. This fact has already been called upon to explain 
the way in which, in Fig. 11-2, the drive voltage for optimum bunching 
does not increase with beam current so rapidly as expected. "Opti-
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mum bunching," of course, must now be taken to mean an average over 
the beam width because the bunching parameter now varies with radial 
position in the beam. If X varies over a wider range than corresponds 
to the width of the first maximum of Jm(mX), then a large part of the 
beam contributes nothing to the average value of im, or may even diminish 
it. Thus longitudinal debunching probably diminishes output power 
more by virtue of its variation with radial distance from the axis of the 
beam than it does by virtue of its mere presence. A glance at Fig. 9-5 
shows that a slight variation of X across the width of the beam becomes 
increasingly serious as m, the harmonic order, is increased; this is the 
reason for discussing the subject in connection with multipliers. 
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F I G . 11-4.—Observed relative multiplier output power as function of exciter-plate 
voltage for various values of beam current and drift length. Same tubes as used in Figs. 
11-2 and 11-3. 

The Observed Influence of Debunching on Multiplier Output Power.— 
These comments serve as background for Fig. 11-4, in which is shown the 
variation of the relative output power with exciter plate voltage for 
the same tubes as were used for the data of Figs. 11-2 and 11-3. Since the 
relative output powers were measured with a crystal rectifier that was 
probably saturating at the higher power levels, an accurate quantitative 
interpretation of the relative powers cannot be made. However, the 
relative output powers will be compared with what would be expected 
on the basis of transverse debunching alone. 

Before making this comparison, it should be noted that debunching 
will not only cause differences between various curves in Fig. 11-4, 
but will also affect the shape of an individual curve. In spite of the 
effect of debunching on an individual curve, the similarity to the ideal 
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bunching curves of Fig. 9-5 is striking provided it is noted that Fig. 9 5 
shows \im\, and Fig. 11-4 shows relative \im\2. 

In analyzing Fig. 11-4 it is to be noted that although the higher beam 
current is normally 15 ma, it appears likely, from Fig. 11-2 and from the 
known divergence of the beam at higher currents, that the equivalent 
cathode-emission current is less—say 12 ma for I = 5 cm, and 10 ma 
each for I = 9 and 14 cm. Scaling up to these currents the values of 
debunching wavenumber estimated for 70 = 7 ma from Fig. 11-2, one 
may obtain the values of hi, sin hi/hi, and 7§[1 + 0.1(W)2]-4 shown in 
Table 10. Of these quantities, (sin hi)/hi gives the ratio of bunching 
parameter at the edge of the beam to "mean" bunching parameter, by 
virtue of the way in which the values of h were derived empirically from 
Fig. 11-2. The quantity [1 + 0.1(M)2]-4 gives the diminution of output 
power by transverse debunching, and is used instead of the approximate 
[1 - 0.2(M)2]2. The quantity 7?[1 + 0.1(M)2]-4 should therefore be 
proportional to the total output power if the longitudinal effects do not 
greatly predominate. In calculating this quantity, la is taken not as 
the nominal 15 ma of Fig. 11-2 but rather as the values 12, 10, and 10 ma 
discussed above. 

T A B L E 1 1 1 . — C O M P A R I S O N OF OBSERVED R E L A T I V E O U T P U T P O W E R S O F F I G . 1 1 4 AND 
THE R E L A T I V E O U T P U T P O W E R S P R E D I C T E D ON THE B A S I S OF T R A N S V E R S E 

D E B U N C H I N G 

I, 
cm 

5 

9 

14 

Nominal 
la, m a 

5 
15 

5 
15 
15 

hi 

0.75 
1.16 
1.30 
1.84 
2 .54 

The experimentally observed output powers also are listed in Table 
111 . In order to simplify the comparison of prediction and experiment, 
the predicted and observed relative power outputs are normalized to 
unity for I = 5 cm and I0 = 5 ma. 

I t is apparent that the general behavior of the observed relative 
powers is in agreement with the behavior that is predicted by taking 
into consideration only the transverse-debunching losses. From the 
width of the peaks in Fig. 11-4—approximately 20 per cent at half-
power—one would conclude that output power should be reduced 50 
per cent by a uniform spread of ± 20 per cent in the values of the bunching 
parameter at different radial positions in the beam. The fact that there 

sin hi 
hi 

0 .90 
0 .78 
0 .73 
0 .52 
0 .123 

nn + o.i(w)!r4 

a relative P 
(predicted) 

52 X 0.81 = 20 
122 X 0.60 = S8 

52 X 0.53 = 13 
102 X 0.31 = 31 
102 X 0.14 = 14 

Normal 
ized P 

(predicted) 

1 
4 . 3 
0 .65 
1.55 
0 .69 

Relat ive P 
(observed) 

2 . 4 
12.0 

1.0 
3 .7 
1.35 

Normal 
ized P 

(observed) 

1 
5 .0 
0 .42 
1.54 
0 .56 
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are no such unexplained diminutions in relative output power that may
be ascribed to longitudinal effects, and the fact that the simple longitu
dinal theory predicts fairly well the relation between beam current and 
r-f drive voltage, seem to indicate that any wall effects do not extend 
very far into the beam. 

Absolute Multiplier Efficiency.—All these deductions have been based 
on relative measurements. I t is relevant to make a comparison of 
theory and absolute output power. The absolute output power meas
ured for the tube with 1 = 5 cm, actual I0 = 12 ma, V0 = 500 volts is 
about 25 mw, corresponding to an efficiency of 0.4 per cent. If trans
verse debunching loss, absorption of beam current by grids, and the beam-
coupling coefficient of the output gap are allowed for, and if GBR = 10~5 

mhos for the output cavity, the calculated power output is 90 mw for a 
predicted efficiency of 1.5 per cent. This agreement is not as good as 
that obtained in previous sections for other types of klystrons. 

This calculation assumes that \im\ ~ 2/0 X 0.65m -^, as given by 
simple bunching theory. A deviation from this expression would have a 
marked influence on the predicted output power; it should therefore be 
noted that evidence has been presented1 tending to show tha t in at 
least one multiplier \im\ is proportional to mr3/i for 10 < m < 30. What
ever the source of this more rapid diminution with m, it probably does 
not hold true for 1 < m < 10 because it would then make the calculated 
absolute efficiency half the size of the observed efficiency in the above 
example. I t may be that this mr3/i behavior for 10 < m < 30 represents 
the influence of the longitudinal wall effect, which gets worse as TO 
increases. 

Multiplier Operation at High Input-gap Voltage.—The zero-current 
values of V/Vo that were deduced for optimum bunching in the tubes 
just under consideration ranged up to V/Vo = 0.37 for I = 5 cm. This 
value of V/Vo is sufficient to cause the smoothing out of the zero of 
output power for I = 5 cm by the second-order high-F effects described 
in Sec. 9-4, as is discussed in Sec. 10-7 in connection with the similar 
amplifier data of Fig. 10-8. It is interesting to note the greatly increased 
smoothing-out for I = 5 cm, 70 = 15 ma. It may be that the second-
order high-F effects are beginning to merge into the V > VB effects of 
Sees. 9-6 and 9-7 here because V/Vo ~ 0.8 at an exciter plate voltage of 
400 volts. 

Be that as it may, all the data and analysis so far have been by w&\ 
of exploring the phenomena that force one to still shorter drift distance 
and higher V/Vo. Figure 11-5 shows the analogous curves of output 
power vs. input-gap r-f voltage for a multiplier with the same input 

1 A. E. Harrison, R. O. Haxby, "Klystron Frequency Multipliers," Sperry 
Gyroscope Co. Report 5221-115, April 12, 1944. 
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I 
* 2 

0 
100 
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frequency as those jus t considered, b u t wi th Vo — 400 volts , I = 2.5 cm, 
a n d hence do « 3.5 rad ians . T h e i ndependen t var iable in Fig. 11-5 
is t he i n p u t - g a p vol tage as measured b y the vol tage required t o s top 
all t he electrons of t he beam (see discussion following Fig. 11-3). 

The fact that the output power is at the 19th harmonic in this tube 
does not affect the present discussion. Here V/Vo ~ 0.7 at optimum 
bunching. Figure 9-17 predicts, for 80 « 3.5, that beyond the simple 
optimum bunching the output power will level off at 15 to 20 per cent 
of the optimum-bunching peak. Actually, as may be seen in Fig. 11-5, 
the output power rises continually instead of leveling off, and it rises 
considerably above the level of the first peak. 

This continual rise is probably 
due to the fact that the electrons 
of the bunch are now those that 
have been the most accelerated by 
the large input-gap r-f voltage. 
Thus the higher the input-gap r-f 
voltage, the less is the effect of 
debunching and the output-gap 
beam-coupling coefficient in reduc
ing the driving current in the last 
r e s o n a t o r . The fact that this 
bunched current for V > Va is 
greater than that for V < Vo, 
instead of less as predicted by Fig. 

9-17, is probably a combination of the high-electron-velocity factor 
already mentioned and the greater simplicity of the bunching process 
for V > Vo. 

11-3. Two-resonator Klystron Oscillators.—The preceding chapter 
and the first two sections of the present chapter have been concerned 
solely with klystrons in which no energy is fed back from the output to 
the input circuit. A klystron amplifier, like any other amplifier, can be 
converted into a free-running oscillator by installing the proper feedback. 
The maximum ideal efficiency of such an oscillator is 58 per cent with 
simple bunching, and 74 per cent if a second harmonic is added to the 
bunching by the processes described in Sees. 9-5 and 9-8. This often-
quoted ideal efficiency assumes | F2 | = Vo, a circuit efficiency of unity, no 
beam loading or resonator losses, no debunching, and no grid interception. 
The factors thus assumed are common to both oscillators and amplifiers, 
and have already been discussed in Sees. 10-7 and 10-9. 

More basic to the operation of multiresonator oscillators than these 
factors are the constraints introduced by feedback. A concise presenta
tion of the features that are peculiar to oscillators requires the passing 

200 400 
Input-gap r-f voltage (volts) 

F I G . 11'5.—Dependence of relative out
put power at the 19th harmonic on input 
gap r-f voltage. Input frequency 270 
Mc/sec, I = 2.5 cm; Vo = 400 volts; 
0o = 3.5 radians. 
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over of those points which oscillators share with amplifiers; the modifying 
effect of such factors may be seen in the conclusions reached by this 
discussion. 

I t is particularly to be noted that the simplifying assumption, 
I Vi\ < (Vo — V), is hereby made in order to avoid the complications of 
Sec. 10-6 that arise when output-gap voltage reaches the upper limit 
(Vo — V). I t is also advantageous to simplify the discussion of oscil
lator-circuit features by assuming an extremely simple form of feed
back—a frequency-insensitive mutual inductance Mc between output 
and input circuits. l This simple mutual inductance2 is a good representa
tion of the feedback coupling when the latter is provided by a slot or 
loop connecting two adjacent cavities. When the feedback coupling 
is provided by a comparatively long transmission line, there are, of course, 
various resonances and frequency sensitivities associated with the latter, 
but when the oscillation frequency is distant from any such resonant 
frequencies, the general coupled-circuit features of the oscillator are well 
represented by the coupling assumed above. 

Over and above these particular assumptions is the intention to 
discuss only two-resonator oscillators in detail. Two other related types 
of oscillators should, however, be mentioned in passing. 

One is the so-called "floating drift-tube" oscillator, in which prac
tically all the wall dividing the first and second cavities has been removed, 
leaving only enough material to provide a means of mechanical support 
for the drift tube. As a result, that which was originally a pair of 
separately-tuned cavities is now a single cavity, with a consequent 
increased ease of tuning. On the other hand, it is still possible to 
retain the advantage of using an input-gap r-f voltage that is smaller 
than the output-gap voltage, because these two gaps are separated. A 
tube of this type thus combines the ease of tuning of the reflex klystron 
(see succeeding chapters) with one of the r-f advantages of the two-
resonator oscillator. An example of such an oscillator with floating 
drift-tube ;s the 2K40, developed at the Bell Telephone Laboratories. 

The other multiresonator oscillator that should be noted is the oscil
lator-buffer klystron. Here a third resonator is placed along the axis 
of the beam, separated by a very short drift space from the second 
resonator. The first two resonators constitute an ordinary two-resonator 
oscillator, which has, however, no external load. If the drift space 
between the second and third resonators is short, the waveform of the 
bunched beam current will not be changed appreciably in passing from 

1 The " input" and "output" nomenclature, although derived from amplifier 
usage, remains convenient and unambiguous in discussing oscillators. 

1 Note the subscript that distinguishes the mutual inductance Me from the beam-
coupling coefficient M (which is assumed the same for both cavities). 
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second to third resonator; hence the third (or "buffer") resonator is 
able to abstract from the beam and deliver to an external load nearly as 
much power as could the second resonator if it were properly loaded. 
The primary utility of this oscillator-buffer arrangement lies in the fact 

that any change of the load caused 
by the buffer resonator is unable 
to influence the frequency of oscil
lation because the latter is deter
mined by the first two resonators. 
The oscillator-buffer klystron thus 
provides a very stable source of 
power. A typical klystron of this 
type is the 2K34, produced by the 
Sperry Gyroscope Company; this 

klystron is similar in construction and performance to the type 410R, 
which is discussed in some detail in the preceding and present chapters. 

Representation of the Two-resonator Klystron Oscillator.—As a result 
of these various simplifications, the two-resonator klystron oscillator 
under discussion is represented in a lumped-constant manner by Fig. 
11-6. The influence of the bunched beam current on the output circuit 
is represented by the driving current Mi\, applied across the shunt 
resonant output circuit, as discussed in Chap. 3. The effect of the 

Second ("output') First {"input") 
cavity cavity 

F I G . 11-6.—Lumped-constant equivalent 
circuit for the two-resonator klystron oscil
lator. 

Vacuum tube -

"Output" cavity 

Network introducing a delay equivalent 
to transit time of electrons in drift space. 

F I G . 11-7.—Hypothetical oscillator using circuit of, and having characteristics of, a 
two-resonator klystron oscillator (Fig. 11-G), but deriving Mil from Vi by conventional 
means rather than by velocity modulation and bunching. 

external load applied to the output circuit is represented by the additional 
shunt conductance GL; and the shunt conductances of the respective 
beam-loaded cavities are GBRI and GBR2- Thus (?2 = GBR2 + GL and 
Gi = GBRI-

Figure 11-6 is not concerned with the manner in which Vi produces 
Mil by velocity modulation and bunching. As a matter of interest in 
structure, Fig. 11-7 illustrates a hypothetical oscillator using conventional 
low-frequency electronics and having the same characteristics as the 
klystron oscillator; here the generation of Mix by Vi is simulated by the 
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action of a conventional multigrid vacuum tube that has no coupling 
between input and output circuits, and which is followed by a delay 
line that introduces a delay equal to the transit time of the electrons 
in the drift space. 

It is clear from Fig. 11-4 that, if Mi\ is given, the r-f voltage across the 
first gap Vi is uniquely determined by the usual laws of circuit theory. 
This fact does not depend upon any knowledge of the origin of Mil. 
It is equally clear that the fact that this is a klystron oscillator—that is, 
that Mil is produced by Vi by the physical mechanism of velocity 
modulation and bunching—also uniquely determines the ratio Mix/Y\. 
In a steady state of oscillation these two relations between Mi\ and Vi, 
arising from two different sets of physical circumstances, must be satis
fied. This requirement may be expressed as follows: the circuit transfer 
admittance Y„ (or "transadmittance"), must equal the electronic 
transadmittance Ye; that is, with the sign convention noted in the next 
section, 

Ye = Yc. (1) 

11-4. Condition for Oscillation.—The condition stated in Eq. (1) is 
sufficient to determine all the characteristics of oscillator behavior. The 
present section is devoted to a discussion of these two transadmittances 
and some of the consequences of the condition for oscillation. 

The Electronic Transadmittance.—By Eq. (9-9) ii = 110e~'e°J\{X), 
where Vi — —jV. Although the assumption of this particular phase for 
Vi is not retained, the phase of the electronic transadmittance is inde
pendent of the assumed phase of Vi; and from the above expressions the 
electronic transadmittance has already been found to be 

r. = ^ = * r ^ . ^ W ( 1 0 ,5 ) 

It may be recalled from the discussion of amplifier theory in Sec. 10-3 
that Ge is the small-signal electronic transconductance, G,: = M26tjGo/2, 
which is independent of beam voltage for the customary constant-
pervcance electron gun; the conductance compression, 2,Ii(X)/X, which 
gives the diminution of Ye when X is more than infinitesimal, is shown 
in Fig. 10-2. 

The Circuit Transadmittance.—A few comments about sign conven
tions are in order before writing down the circuit transadmittance. 
The primary sign conventions that have so far been made are the follow
ing: (1) the instantaneous value of the bunched-beam-current component 
is positive during the "passage of the bunch," and (2) the instantaneous 
r-f gap voltage is positive when accelerating the electrons of the beam. 
As a consequence of these two conventions, the average power P delivered 
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to the output circuit is given by 

P = - p t e ( M i - * F 2 ) = -i-Re(Y*VfV2). (2) 

To these conventions must be added another: the mutual inductance 
Mc and the circuit-coupling coeffi
cient k(k2 = MI/L1L2) is taken to be 
positive when Vi <* — jy2 a t reson
ance of both circuits to the frequency 
of the driving current. (It should be 
noted that in circuit considerations 
based on Fig. 11-6, Vi and V2 are the 
secondary and primary voltages re
spectively.) T h i s c o n v e n t i o n is 
necessary because the sign of k may 
be reversed by a simple change in cou
pling such as the one shown in Fig. 11-8. 

Given this sign convention, a conventional lumped-constant circuit 
analysis shows that the circuit transconductance is given by 

F I G . 11-8.—Illustration of means of 
changing sign of the coupling coefficient 
A by a change in the symmetry of a 
feedback loop. 

Yc = Mil JG: Ik [(1 + 2jQ l 0 l)(l + ZjQth) + fr'QiQJ 
kQi (3) 

Here, as usual, Si = (u — ui)/ui, and a similar relation holds for <52; 
Q2 is the Q of the output circuit including the effect of the load conduct
ance GL. However, Eq. (3) is not a convenient form because the fre
quency of the driving current (that is, the frequency of oscillation) 
appears both in 5i and 52. A better form may be obtained by use of the 
following notation: 

to — (oil + O J 2 ) / 2 

s = ■y/ui 

and 

S0 ^ 
(<j)2 — Oil) 

(4a) 

(4b) 

Thus S is the fractional deviation of u from the mean frequency of the 
two resonant cavities, and 50 is one-half the fractional detuning of the 
two cavities from each other. I t is also useful to define 

K2 = A-2QiQ2. (5) 

At the critical coupling, K2 = 1. The term "crit ical" refers to the 
usual circuit terminology and does not refer to any critical condition for 
oscillator operation. Utilizing the relation Q = 1/uLG, Eq. (3) may now 
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be rewritten 

-2[«?i + Q2)« + (Qi - Q2)«o] 

+ j{(l +K* + 4010,81) - 4 0 ^ ] ! . (6) 

The Condition for Oscillation.—It has already been noted that steady-
state oscillations exist only when the circuit and electronic transfer 
admittances are equal, that is, when 

Y. = y, . (i) 

If the values of the transfer admittances F« and Yc given in Eqs. (10-15) 
and (6) are used, this condition may, for convenience, be written in full 
as follows: 

JJ^GpiX) = Vp, ; _ m + Q2)& + {Qi _ Q2)So] 

+ j[(l+K* + 4QiQ,Si) - 4Q1Q252]). (7) 

The questions asked concerning the oscillator are usually such as to 
suggest the following classification of the various quantities in Eq. 
(7). The d-c transit angle of electrons from input to output gap, 60, 
is the independent variable; it is proportional to V^ and a change in this 
independent variable simply describes a change in beam voltage. The 
dependent variables are S and X, which specify the frequency and 
amplitude of oscillation. The basic circuit parameters are the relative 
detuning of the resonators do, the normalized circuit-coupling coefficient 
K, the unloaded Q of first cavity Qi, the loaded Q of second cavity Q2, 
and the product GQ = wC for each cavity. The basic electronic param
eter is Ge, the small-signal electronic transconductance. I t should be 
recalled particularly that 0o °c V~v- and that usually (i.e., electron gun 
of constant perveance) h <* IV4 and Go » TV5; hence Ge, which is propor
tional to BdGo, is independent of do and Fo except for the usually minor 
dependence of M on Vo-

The dependent variable X does not give very much information about 
the output power because X °c | Vx|, whereas the output power involves 
y2 . A subsidiary relation to Eqs. (1) and (7) giving the relation between 
Vi and V2 is needed, which follows from simple circuit analysis: 

v 3Vi VGjG, [1 + 2jQ1(d + So)] ,8s 
V2 = ^ (8) 

The discussion is, for some time, concerned not with output, but simply 
with the values that X assumes under various circumstances; neverthe
less Eq. (8) is inserted at this point to call attention to the way in which 
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| F 2 / F i | and the output power for a given X increase as d + &o increases 
or as K decreases. 

Returning now to Eq. (7), it is worth while to inspect the way in 
which the variables do, X, and S appear. Since the circuit elements are 
all linear, X does not appear in F c ; neither does the purely electronic 
variable do. Thus, both the phase and the absolute value of the circuit 
transadmittance are determined by the frequency deviation 5. In the 
electronic transadmittance the phase is determined solely by 80 and the 
absolute value by X alone. 

The way in which X and 5 are determined by 80 may thus be visualized 
somewhat as follows. Suppose that all the circuit and electronic para
meters have been fixed, and that someone now sets the beam voltage at a 
particular value and thus determines the value of 80. This determines 
the phase of the electronic and hence of the circuit transadmittance; 
the frequency deviation 5 is thus immediately determined as the value 
that gives Yc the correct phase. But, in thus meeting the phase condi
tion, 5 also completely determines the absolute value of Yc. The 
amplitude of oscillation, as indicated by X, must therefore now be such 
as to give Ye this same absolute value. Thus one might say that 0o 
determines S and that 5 determines X. 

Sometimes these various conditions are incompatible. The maximum 
absolute value of Ye for any X is Ge, and this value occurs for X = 0. 
If the value of S as determined by 8„ is such as to make | Yc\ > Ge, then no 
oscillation can be supported. For example, as 9a —► 2ir X (integer + -j), 
Yc becomes negative imaginary; if K is positive then Yc becomes negative 
imaginary only as 5 —> + °o ; but at the same time Yc\ —»■ °o. Hence 
oscillations can never occur for a positive K at do = 2-n- X (integer + i ) . 
Similarly for a negative K, oscillations can never occur at 

6o = 2tr X integer. 

Thus a plot of strength of oscillation versus V0 or d0 shows discrete modes 
of oscillation separated by regions of no oscillation. The larger Ge is, the 
narrower these regions of no oscillation will be. 

Equations (7) also verify the physically obvious fact that with small 
enough coupling (K) or large enough detuning (80), \Y,.\ will be so large 
at all frequencies that no oscillation is possible for any 80. 

Figures 11-9 and 11-10 show the way in which oscillation ceases at 
certain values of do (or Fo), with the adjacent zeros of output separated 
by one cycle of electron-transit time. 

These figures1 show the frequency of oscillation and output power of 
the 410R klystron as a function of beam voltage. The 410R has already 

1 Type 410R Technical Information Sheet, Spcrry Gyroscope Co., Greak Neck, 
N.Y. 
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been referred to as an "amplifier klystron"; it may be converted to an 
oscillator by attaching an external teedback line for which connections 
are provided. Various features of these figures are discussed at a later 
point; their relevancy to the present discussion lies in their illustration 
of the existence of discrete "modes of oscillation." I t is to be noted that 
"mode" is here used in a sense different from that involved in "modes 
of free oscillation of coupled circuits"; the modes in Figs. 11-9 and 11-10 
differ not in circuit features but only in electron-transit time. 

In Fig. 11-10, for example, the centers of the regions of zero oscilla
tion occur at 7 0 = 560, 770, 1200, and 1950 volts; from the facts that 
X = 10 cm and the drift length I = 3 cm, the corresponding transit 
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FIG. 11-9.—Typical output power and 
oscillation frequency characteristics in 
the type 410R two-resonatar klystron 
oscillator. Feedback and detuning ad
justed for maximum output power. 
Zero focus voltage. Center frequency 
/o = 3000 Mc/sec. 
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F I G . 11-10.—Tyj>ical output power and 
oscillation frequency characteristics in the 
type 410R two-resonator klystron oscillator. 
Feedback and detuning adjusted for uniform 
output power characteristic. Focuw voltage 
zero. Center frequency/o = 3000 Mc/sec. 

times are found to be 6.38, 5.36, 4.35, and 3.40 cycles. These numbers 
are not integers or integers plus one-half because, in comparison to the 
simple mutual-inductance model of Fig. 11-6, operation of the 410R 
involves an additional transit time—that of the feedback signal around 
the external feedback line. This fact also explains the slight shift in the 
modes in going from Fig. 11-10 to Fig. 11-9; the shift occurs because 
the length of the feedback line has been intentionally changed to produce 
the difference in the shapes of the modes in the two figures. The region 
of no oscillation that one would expect to find centered at 2.37 cycles or 
4000 volts under the conditions of Fig. 11-10 is considerably broadened 
because the cathode begins to be temperature-limited, thus diminishing 
Ge above 2500 volts; the zeros below 2000 volts also become increasingly 
wide (in percentage) as F0 is decreased, because of the accompanying 
diminution of M and hence of Gc. 
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11-5. Transadmittance Diagrams.—Analytically, the condition for 
oscillation as expressed in Eq. (7) is somewhat cumbersome. A more 
intuitive and simpler way of expressing this condition is made possible 
by considering the loci of Ye and Yc in the admittance plane. The 
condition for oscillation, Ye = Yc> then simply reduces to the condition 
that the loci of Ye and Yc intersect. Before considering the various 
stages involved in thus expressing the condition for oscillation, however, 
the general anatomy of these transadmittance loci themselves must be 
considered in some detail. 

Locus of the Circuit Transadmittance.—The real part of Yc is a linear 
function of S; the imaginary part is a quadratic function of 6 and hence 

FIG. 11-11.-

^-2(01+Q2){ 

i<0forif>0 
6>0 for K<0 

-Locus of circuit transadmittance Yc, normalized as YcKj \/G\Gi, as 
parametric function of frequency deviation 5. 

of the real part; the locus of Yc is therefore a parabola with axis parallel 
to the imaginary axis of the admittance plane; each point on this parabola 
corresponds to a single value of 6. The geometry of this parabola is 
summarized in Fig. 11-11, in which is shown the locus of Y\K/'\/GjTt. 

If K > 0, then Fig. 11-11 also shows Yc to within a scale factor, but 
if K < 0 (see Fig. 11-8), then the locus of Yc will be the negative of the one 
shown—that is, each point will be inverted through the origin. The 
vertex of the parabola always lies above the real axis by an amount 
(VGi/CTi/K) (1 + K* + AQiQi&l); this distance is thus always in
creased by increasing the relative resonator detuning, is decreased by 
heavy loading of the output cavity, and is a minimum with respect to 
coupling when K2 = 1 + 4Q1Q2a^. The distance of the vertex from the 
imaginary axis is proportional to the detuning, but would always be 
zero if both cavities were loaded to the same Q. 

Locus of the Electronic Transadmittance.—The locus of Ye is more 
simple. As shown in Fig. 11-12, for any given value of X the locus of 
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Y, is a circle about the origin of radius G, • 2Ji(X)/X; the radii for several 
values of X are shown in Fig. 11-12, and the more exact dependence of 
J\(X)/X on X may be obtained from Fig. 10-2. 

X=0, 

-5s/7 

Flo. 11-12.—Dependence of Ye/Gt, ratio 
of electronic transadmittance to small-signal 
electronic transconductance, on bunching 
parameter X and electron-transit angle 0o; 
Y, =je-i°'0,2Ji(X)/X. 

F I G . 11-13.—Transadmittance dia
gram (loci of Yc/Gi and V./Gi) for criti
cal coupling, no detuning (K = 1, 5o == 
0);<?i = i<?i.<?«/G, = 5 V 2 . 

The condition for oscillation, Eq. (7), now finds simple expression 
in terms of these transadmittance loci. Figure 11-13 shows the loci 
of Yt and Yc for the simple case 
of critical coupling and no detun
ing (K = 1, So = 0).1 Oscillation 
will only occur for the range 
0oi < 0o < 002 for which |FC | < Ge, 
that is, for which the parabola lies 
within the X = 0 circle of radius 
Gc. For any value of 0o within 
this range, X will assume the 
value corresponding to the Y„ 
circle intersected by the parabola 
at this value of 0O. Similarly, to 
within an additive constant, the 
value of S at any 0O is propor
tional to the horizontal (real) 

+4 

+3 

42 

+ 1 

0 

- I 

Relative electron transit angle (0n -2*-n) 
F I G . 11-14.—Dependence of electronic 

efficiency rj, bunching parameter X, and 
oscillation frequency deviation 6, on electron 
transit time 0o, for conditions as given in 
transadmittance diagram in Fig. 11-13. 

V>V 

•^ x ^ 
<?i« 

projection of the parabola at the corresponding value of 0o. The depend
ence of X and S on 0O as thus graphically derived from the transadmit
tance diagram of Fig. 11-13 is shown in Fig. 11 14. The limits of 
oscillation are the 0Oi and B02 of the previous figure. 

1 Certain values of Qi/Q3 a n d G,/Gx a re assumed to m a k e these curves identical 
with some that will appear later as part of a family of characteristics. 
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Some of the general conclusions to which this use of the transadmit-
tance diagram leads are discussed later. I t should be noted, however, 
that while this procedure gives the output-frequency deviation <5, it does 
not give the output power, but only the bunching parameter X. The 
connection between output power and X will now be discussed. 

11-6. General Oscillator Characteristics.—Relation between Electronic 
Efficiency rj and Bunching Parameter X.—The determination of the out
put power—or better, the output efficiency—really comprises two steps: 
(1) the determination of the electronic efficiency, and (2) the determina
tion of the circuit efficiency. The electronic efficiency r; is the efficiency 
of delivery of power by the electron stream to the output resonator. The 
circuit efficiency r)c is the fraction of this power that gets delivered to 
the external load as represented by GL in Fig. 11-6. Thus the over-all 
efficiency TJL is given by 

VL = VVc. (9) 

As discussed in deriving Eq. (10-7) for the power P 2 delivered to the 
output cavity, the electronic efficiency i\ is given by 

_ Re(Y*VtV2) 
' 2/oVo 

Using Eqs. (10-15), (8), and (9-2) to give values of Ye, Vt/Vi, and X, respec
tively, this equation becomes 

So?) = ZXM*) JO* [cos 6o _ 2 Q I ( 5 + 5o) s in flo]_ (10) 

Even the above form of Eq. (10) is hardly convenient analytically; 
but, as a matter of fact, it has a very simple physical content. If the 
constants of proportionality are omitted, this expression for ?j is com
posed of the following factors: 

1. 2Ji(X), the relative r-f component of bunched beam current. 
2. X \ / l + 4Q|(5 + &oY/K, the magnitude of the output-gap 

r-f voltage. 
3. [cos 0o - 2Qi(S + So) sin 0o]/Vr+~4Qi(5 + So)2, the cosine of 

the phase between the bunched current ii and the output-gap r-f 
voltage. 

The factor [cos 0o — 2Qi(5 + So) sin 0O] in Eq. (10) thus describes 
two separate effects: the changes in the magnitude of Vs, and in the 
relative phase of ii and y 2 as 60 varies at constant X. 
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Consider, as an example, the case of no detuning (50 = 0). 
the transit angle do = 2im, where n is an integer, gives 6 = 0 and 

Here 

6ov = 2XJ1(X) V&7QJK. 

As da increases two effects occur: 1F2 /Fi | increases, and the cosine 
of the angle between V2 and i\ decreases. These two effects have opposite 
influences on the efficiency; which will predominate? Equation (10) 
shows that, if — 5 increases sufficiently rapidly with 60, the increase in 
| V2\ predominates over the increasingly unfavorable phase angle between 
ii and V\, and the efficiency is a maximum at sin do = ±1. This is the 
usual case; it gives rise to behavior such as that shown in Figs. 11-9 
and 11-10, where the efficiency shows local maxima just before the tube 
goes out of oscillation. The other alternative occurs only for small values 
of Ge/G2. 

In an oscillator with a sizable Ge, it is apparent from what has just 
been said that i\ and V2 are not 
in phase at the maximum effi
ciency available for So = 0. This 
fact indicates the advantage of a 
relative detuning of the resona
tors, for the optimum efficiency 
will occur with the combination 
of maximum |F 2 | and zero phase 
angle between ii and F2 . The 
illustration of these points in detail 
by an exhaustive discussion of the 
contours of constant 77 in the 
admittance plane is too lengthy a 
procedure to be carried out here. 
The present comments should 
suffice to indicate the physical factors at work; graphical illustrations of 
the effect of detuning on efficiency are given later. 

The relative contribution to y by the factor XJi(X) is easily seen. 
In Fig. 11-15 is shown the dependence of this function on 2 / 1 ( X ) / X 
(that is, on the relative distance from the center of the transadmittance 
diagram). 

I t should also be noted that, since K occurs in the denominator of 
the right-hand member of Eq. (10), it might appear that an infinitesimally 
small coupling leads to an infinite TJ. But the normalization factor in 
Fig. 11-11 shows that as K is decreased the absolute scale of the circuit 
transadmittance locus is increased; hence, too small a value of K causes 
the locus of Ye to expand far beyond the locus of Ye, and thus makes 
oscillation impossible long before any infinite r) is reached. 

1.2 

0.8 

0.4 

0 

/ " 

\ 

\ 
0.2 0.8 1.0 0.4 0.6 

2MX)/X 
F I G . 11-15.—Dependence of XJi(X) on 

2Ji(X) /X, tha t is, on radial position in the 
transadmittance diagram. 
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The Circuit Efficiency.—The circuit efficiency i\c is the ratio of the 
power dissipated in the load GL to the power dissipated in Gi and G2; 
hence 

|1^2|2<5r. 
* (|F2|2G2 + |Vi|»Gi) 

By Eq. (8) this becomes 

GL 
n'-G, 1 + iC2 

1 + ±Q\(5 + 50)2 (ID 

When K « 1, that is, when very little of the r-f power developed is 
returned to the first resonator to be there dissipated, this expression 
reduces to the simple equation ijc = GL/G2, which was used for amplifiers. 
The same is true when Q i 6 0 » 1, that is, when the detuning of the first 
resonator with respect to the second is very great. 

The basic point about Eq. (11), however, is really the simple fact 
that the circuit efficiency depends on S and hence, implicitly, on do 
and Vo. This dependence is in sharp contrast to the situation, for 
example, in the reflex klystron. 

The Frequency of Oscillation.—It has already been noted in discussing 
Eq. (7) that the frequency of oscillation is determined by the condition 

that the phase of the circuit trans-
admittance Fc shall be equal to the 
phase of the electronic transadmit-
tance Ye; and the latter, ir/2 — do, 
is determined solely by the mean 
electron-transit t i m e . T h e de
pendence of 5 on do is thus purely 
a circuit matter and is not at all 
influenced by amplitude of oscilla
tion; the functional relation be
tween 5 and do is determined by 
simple considerations involving the 
analysis of coupled circuits. 

In the transadmittance diagram 
(see Fig. 11-11), the real part of Yc 
is linear in 8. Thus, in terms of 
this diagram, S may be determined 
from the Yc parabola for any value 
of Oo by drawing a line from the 

origin at an angle 0O to the imaginary axis; the real part of the admittance 
point where this line intersects the parabola is proportional to a constant 
minus 5. 

F I G . 11-16.—Graphical determination 
of the relative frequency changes, A and B, 
produced at da = 2xn and 6o = 2 m + ir/2 
by a given increment of 6a, Ada. Strong 
circuit coupling. 
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This graphical construction allows simple conclusions about the 
dependence of S on d0. In Fig. 11-16 is shown the Yc parabola for strong 
coupling, K = 3, with So = 0. A change A0O at B0 = 0 makes a change 
A in Re (Yc) that is much larger than the change B produced by the same 
A0O at 0o = -T/2. Hence dS/dd0 is much larger at do = 0 than at $o = r/2. 

Similar reasoning may be applied to other values of K and 50, and 
will disclose the dependence of S on 6% which is shown in Fig. 11-17 for 
o0 = 0 with K « 1, K = 1, K = 3, and for y/QJh&o = ± 1 with K = 1 
(critical coupling). I t may be noted that at critical coupling 5 is prac
tically linear in 60 for — T/2 < do — 2im < x/2. Detuning produces a 
characteristic asymmetry; it may be deduced by a comparison of Figs. 
11-9, 11-10, and 11-17 that 50 > 0 in Fig. 11-9 whereas 50 < 0 in Fig. 

- T -»/2 0 +V2 tlT 
Relative electron transit angle, (00-2iT7i) 

FIG. 11*17.—Oscillator frequency deviation 5 as a function of electron-transit angle 6o, 
for M = 1, Qi = %Qi, Ge/G = 5 V 2. Combinations of coupling and detuning as indi
cated. Qi5o = 0 (solid curve); Q\5a = 0,5 (broken curve). 

11-10. Overcoupling produces linear regions (effectively, points of inflec
tion) at do — 2xn = ±71-/2 instead of at 0o — 2m = 0, as was the case 
with critical coupling. 

I t appears that the largest approximately linear variation of frequency 
with do (that is, with a change in beam voltage) occurs for ho = 0 and 
K = 1; it has already been noted that this combination produces a 
somewhat lowered efficiency. I t would also appear that the total range 
of frequency change, regardless of linearity, increases with increased 
overcoupling. This latter point is rather illusory, since the overcoupling 
will later be seen to split the main mode into two separate modes centered 
at do — 2xw = +i r /2 ; these two separate modes of oscillation cor
respond to the two "normal modes of free oscillation" of two coupled 
circuits, and the centers of gravity of the frequency of these two modes 
separate as K increases. This fact emphasizes that the limits of oscilla
tion must be taken into account in drawing conclusions from Fig. 11-17. 
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An analytical relation between 5 and tan 0o may be derived from Eq. 
(7), but it serves more as a point of reference in calculation than as a 
source of understanding. For reference purposes, it is 

1 . fl _ (Qi + Q2)5 + « h - Q2)5o. . . 
2 t a n °° ~ F + K* + 4Q1Q,«5 - 4Q1Q,**' U J ; 

Equation (12) shows that the decrease of S, that accompanies the 
increase of 60, is unaffected by the sign of the coupling parameter K. 
I t will be found by checking into the derivation of Eq. (10) that, when 
8a is increased from the value at which i'i and V2 are in phase, 5 always 
decreases; this decrease tends to minimize the efficiency-reducing phase 
difference between i'i and F2 . I t might be said that the sign of dd/dBa 

is determined by the instinct of self-preservation! 
Typical Modes.—The foregoing comments on the variation of X, S, and 

7) in the two-resonator oscillator may be most easily illustrated by pre
senting the transadmittance diagrams and mode shapes for typical 
combinations of K and 50. For this purpose, some assumptions must be 
made about Ge, Gi, (72, Qi, and Q2. I t will be assumed that G2 = 2Gi 
and Qi = 2Q2 (i.e., Ci = C2). This value would be optimum load for a 
small-signal amplifier, but is only approximately optimum for the two-
resonator oscillator. As already noted, however, in the present case 
the optimum load varies with d0, and therefore there is no one load that 
is optimum over the whole mode. 

A purely illustrative assumption must also be made about the rela 
tive size of Gc and Gi, which determines the relative size of the FVparabola 
and the Fe-circle in the transadmittance diagram. The value of Ge/Gi 
is taken as 5 s/2. 

In Fig. 11-18 is shown the transadmittance diagram for So = 0, 
K = 0.3, 1, and 5—that is, undercoupling, critical coupling, and over-
coupling of the circuits. (The "ove r" and "under" is circuit nomencla
ture, and does not necessarily mean "nonopt imum" so far as the 
oscillator is concerned.) In Fig. 11-19 is shown the transadmittance dia
gram for critical coupling {K = 1) and for Qi50 = 0 and +0 .5 . In Fig. 
11 -20 is shown the dependence of X on do, which may be deduced from 
these transadmittance diagrams. In Fig. 11-21 is shown the correspond
ing dependence of rj, which may be deduced from Eqs. (9), (10), and (11). 
For completeness, there is also repeated in Fig. 11-21 the dependence of 
& on 0o, which has already been given in Fig. 11-17. 

The particular combinations of K, So, and Ge/Gi to which these modes 
correspond have been chosen as typical of the various modes encountered 
in oscillator operation. The characteristic features of each type of mode 
may be summed up as follows. 
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The mode for K = 5 and <50 = 0 shows the way in which strong cou
pling splits one mode into two separate modes. The center frequencies 
of these modes are separated by an amount that increases with K, just 

FIG. 11-18.—Transadmittance diagram for l-'iu. 11-19.—Transadmittance diagram 
So = 0, Ge/Gi = 5 \ / 2 . Q2 = JQi- for K = 1 (critical coupling), (1,/Gi = 5 \ / 2 , 

Qi = iQu 

as the two normal frequencies of free oscillation of two coupled circuits 
separate as K increases. By the proper adjustment of Gr/Gi—that 
is, by the proper adjustment of the output load—these modes become 

Relative electron transit angle < * 0 - 2 J T K ) Relative electron transit angle (f?„-27rn) 
FIG. 11-20.—Dependence of bunching F I G . 11-21.—Electronic efficiency 17 

parameter X on electron-transit angle 0o, for as function of electron transit angle 0a 
the combinations of coupling and detuning for Q2 = IQU G,/Gi = 5 y/2. Q^, = 0 
as indicated, and for Q2 = \Q\,Ge/Gi = 5 V 2 . (solid curve); Qi5o = 0.5 (broken curve). 
Qido = 0 (solid curve); Qi5o = 0.5 (broken Compare with Figs. 11-17 through 1120. 
curve). See Figs. 11-18 and 11-19 for cor
responding transadmittance diagrams. 

efficient. Operation in an overcoupled state is therefore a common 
practice. I t is seen that with such operation the voltage modes of 
oscillation may be divided into two families, the mean frequencies of 
which are separated by an amount that increases with K. As the beam 
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voltage is changed the modes of oscillation alternate between these two 
families. 

The mode for optimum coupling with no detuning (K = 1, £>0 = 0) 
has an efficiency that is almost constant over a large range of 0o, and a 
frequency that (as already noted) is quite linear in 80. The price of 
this advantageous behavior is a slight loss in efficiency. 

The mode with do — 0 and K = 0.3 (weak coupling) shows primarily 
the loss in efficiency caused by lack of sufficient feedback to maintain 
optimum bunching; it is apparent from the transadmittance diagram 
that a slight additional diminution in K would cause the oscillations 
to cease entirely. 

The mode with detuning (Qi50 = 0.5) and K = 1 shows the results 
of detuning, namely, mode asymmetry and increased peak efficiency. 

By presenting a number of such curves, enough information may be 
made available to allow a detailed analysis of the output efficiency of 
any oscillator. The discussion will not be carried, however, beyond what 
has been shown about general oscillator characteristics, for it is now 
apparent that the number of available degrees of freedom of adjustment 
of a given oscillator should make it possible to obtain an output power 
that is equal, essentially, to that of the corresponding power amplifier 
diminished by the power required to excite the first cavity. 

Using as an example the 410R klystron to which so much reference 
has already been made, an amplifier output of 18 watts was quoted for 
V0 = 2070 volts and h = 92 ma. The oscillator data of Figs. 11-9 
and 11-10 may be interpolated to V0 = 2070 and allowance made for 
the increase of efficiency with a negative focusing voltage on the electron 
gun. If this is done, an oscillator output of 14.3 watts as compared 
with the amplifier output of 18 watts is obtained. The amplifier data 
indicate a necessary r-f input to the first cavity of 1.8 watts, or an ideal 
oscillator output of 16.2 watts. A large part of the difference between 
this figure and 14.3 watts may be loss in the external feedback line; in 
any case, the observed oscillator efficiency closely approximates that 
predicted by the amplifier performance. 



CHAPTER 12 

REFLEX KLYSTRON OSCILLATORS 

_ « _ - Output line 

T J - ' — Resonator 

Cathode 

B Y J. K. K N I P P AND D. R. HAMILTON1 

The reflex klystron oscillator is a high-frequency single-resonator 
tube employing the principles of velocity modulation and bunching 
for the purpose of production of r-f power. A stream of electrons from a 
cathode is accelerated to a potential of a few hundred volts in a region 
forming an electron gun (see Fig. 12-1). This stream passes through the 
gap of the resonator into a reflector region. Here the electrons are 
stopped by a strong retarding field and reflected back through the gap. 

12-1. General Behavior.—If an r-f field exists across the gap, the 
stream is velocity-modulated on emerging from the gap after the first 
transit of the electrons. As a 
result of this initial velocity modu
lation, the stream is density-
modulated on returning to the gap 
after being reflected. The degree 
to which the stream is density-
modulated depends on the exact 
nature of the reflector region and 
on the magnitude of the initial 
velocity modulation. During the 
second transit, the modulated cur
rent interacts with the gap fields. 
If the relative phase of this current 
and the r-f gap voltage lies in the 
proper range, power can be de
livered from the stream to the 
resonator. If this power is suffi
cient for the losses and the load, steady oscillations can be sustained. 
The frequency of these oscillations will be near the principal resonant fre
quency of the resonator. The degree to which it differs from it will 
depend on the effective capacitance of the resonator and the reactive 
portion of the electron transadmittance, the latter being controlled by the 
phase of the reflected current. 

1 Sections 12-3 and 12-4 b y D . R. Hami l ton ; the remainder of Chap . 12 by J. K. 
Knipp. 
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F I G . 12-1.—Schematic drawing of reflex oscil
lator with coaxial-line loop output. 
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Optimum Phase.—The condition of optimum phase is determined by 
the fact that the center of the bunches in the returning stream should 
pass through the gap when the gap field has its greatest retarding effect, 
for then the greatest number of electrons lose the largest possible amount 
of energy during the passage and the maximum power is extracted from 
the beam. 

Electrons forming the center of a bunch on the second transit are 
readily identified as those passing through the gap on the first transit 
at a time when the field is changing from one that is accelerating the 
electrons to one that is decelerating them. Consider the group of elec
trons that passes through the gap in a short interval of time extending a 
small fraction of a cycle before and after this time. ■ Because the faster 
electrons penetrate deeper into the reflector region, their return takes a 
longer time than that of the slower ones. In fact, in a constant reflector 
field, the time required for electrons to return is proportional to the 
velocity of injection. Hence, if the earlier electrons in the group are 
also the faster, as they are if the earlier were accelerated and the later were 
decelerated during the first transit, conditions are right for the formation 
of bunches. The center of the bunch is composed of electrons that have 
their velocities unaffected by the transit. 

In general, if the phase is to be optimum, this center must arrive at 
the gap when the gap field exerts the maximum retarding effect on the 
electrons at the center. Since the gap field changes from acceleration 
to deceleration on the first transit, it does not oppose returning electrons 
until i cycle later and it will have its maximum retarding effect f cycle 
later. Subsequently the maximum retardation occurs If, 2-f, . . . 
cycles after the first transit of the gap. Hence the optimum phase angles 
between bunched current and gap field are Bn = 2ir(n + £), n = 0, 
1, 2, 3, ■ • • . 

Possible Modes of Operation.—Oscillation with a phase near an opti
mum value constitutes a possible mode of operation of the reflex oscillator. 
These modes are identified by n, the number of whole cycles to which | 
is added for optimum phase. 

The relative phase of the bunched current and the gap voltage can 
be controlled by changing the reflector voltage. A change in reflector 
voltage changes the average time spent by the electrons in the retarding 
field, and hence the number of cycles that have elapsed between first 
and second transits. It is therefore very simple to change from one mode 
to another by making a change in the reflector voltage. There exists a 
succession of discrete values of the reflector voltage corresponding to 
the sequence of numbers for optimum phase, with the less negative values 
having the larger values of n. There are, of course, limitations in a tube 
of particular design on the phases that can actually be reached. For 
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example, the depth of the reflector region places an upper limit on the 
total time that an electron of a given initial velocity can spend in that 
region. 

Weak Modulation.—The initial oscillations start from noise fluctua
tions, which are ever present in both the beam current and the gap 
voltage. The manner in which the oscillation builds up depends on 
how the various fields are applied. I t is significant that under ideal 
conditions the phase of the bunches relative to the gap voltage does not 
depend to any marked degree on 

Capacitive 
susceptance the amplitude of the gap voltage, 

and hence undergoes only negligi
ble change during the buildup of 
oscillation provided the d-c condi
tions are not changed. 

In order to simplify the dis
cussion, suppose the transit angle 
of the gap is negligibly small.1 

The bunching parameter for negli
gible gap-transit angle is 

X = 6V/2W. 

In the initial oscillations the 
bunching parameter is very nearly 
zero because of the smallness 
of the gap-voltage amplitude V 
compared with the beam poten
tial VQ. AS the oscillation builds 
up, X increases until the steady-
state value is reached. 

The velocity modulation that 
is due to the action of the gap 
voltage during the first transit has an amplitude that is the product 
of the average velocity of the electrons r0 and the ratio V/2V0- If the 
modulation is extremely weak, the amplitude of the bunched current 
caused by this velocity modulation is simply the product of the amplitude 
of the velocity modulation, the average charge density, and —j8e~'6 (com
pare Sec. 3-3 and Sec. 9'3). This current can be used to define a small-
signal electronic transadmittance. It is 

-jOer (1) 

where Go is the beam conductance at the gap. If 8 is regarded as a 
parameter that starts from zero, Y, as given by this formula traces a 

1 See J. R. Pierce, "Reflex Oscillators," Proc. I.R.E. 33, 112 (1945). 
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2JAX) 

spiral in the complex admittance plane, as shown in Fig. 12-2. This 
spiral starts at the origin with infinite slope and moves in a clockwise 
direction in ever increasing loops. I t cuts the negative real axis at the 
angles dn = 2ir(n + -f), n = 0, 1, 2, • • • . These are values of n 
for which the electronic admittance is a pure negative conductance. 

Bunching Parameter.—If conditions are such that the gap voltage 
increases, X grows in value and the 
bunching process becomes less simple. 
As already noted, the phase angle does 
not ordinarily change. From bunching 
theory it is found that the effect on the 
electronic admittance is given by the 
factor 2J j (X) /X. This factor, which 
is plotted in Fig. 12-3, has the value 
unity for X = 0, and drops to zero at 
X = 3.83. I t follows that a point on 
the spiral representing the initial elec
tronic admittance for very weak modu
lation will move inward along the radius 
vector from the origin as the oscillation 
builds up. The shrinkage along the 
radius vector is given by Fig. 12-3 as 
a function of the bunching parameter. 
The process of initial build-up is dis
cussed in Chap. 16, Sec. 16-8. 

Steady Oscillation.—The resonator and load can be represented at the 
gap by a conductance G and variable susceptance 2jC(oi — too), which is 
zero at the effective resonant angular frequency &>0. Hence the circuit 
admittance at the gap is 

Y = G + 2jC(co - co„). 
Regarded as a function of u, the circuit admittance traces out a vertical 
line in the admittance plane with an intercept with the real axis at G. 

The condition for steady-state oscillation is the familiar one that the 
total admittance is zero, 

Y +Y. = 0. 
This relation gives at once the point at which the shrinking process must 
stop. In Fig. 12-2, —Y has been indicated as a vertical line on the 
electronic admittance diagram. The steady-state condition has been 
satisfied when the electronic admittance that has the initial value indi
cated by the point a changes by moving along the radius vector toward 
the origin until it reaches the point b, which is the intercept of this vector 
with the line — Y. Steady oscillations are established at this point. 

Bunching parameter X 
F I G . 12-3.—Factor giving effect 

of bunching parameter on electronic 
transadmittance. 
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It is seen that the process described can take place only if the initial 
point on the spiral lies to the left of the constant circuit-conductance line, 
for otherwise the radius vector does not intercept that line. Only points 
to the left of the line can lead to steady oscillation. Hence it becomes 
apparent that of the possible modes of oscillation, only those having 
electronic conductance for weak modulation at optimum phase greater 
in magnitude than the circuit conductance can operate with these 
conductances unchanged. For a given beam conductance and a given 
circuit conductance, there is in the sequence of possible modes a lowest 
value of n corresponding to the smallest intercept on the spiral from which 
steady oscillations can be initiated. 

The point 6 not only establishes the magnitude of the gap potential, 
through the dependence on X as 
given in Fig. 12-3, but also deter
mines the frequency of the oscilla- ,, g 
tions by giving the amount of 
circuit susceptance that is needed. 
The frequency of oscillation will be 
the resonant frequency u0 only if 
the point a, and hence 6, is on the 
real axis. Otherwise the frequency 
will deviate above or below uo by an 
amount dependi ng on C, Go, and 9. 
If in the nth mode 8 is greater than 
2ir(n + -f), t h e f requency of oscil
lation Will be less t h a n m; a n d if F l G 12.4.—Electronic tuning in a given 
it is less than this value, the fre- mode. 
quency will be greater than a>o. 

Electronic Tuning.—The qualitative behavior under electronic tuning 
can be seen from the spiral diagram. If the point a is on the negative 
real axis and to the left of the constant circuit-conductance line, the 
point 6 is also on the axis and the tube oscillates in the center of the mode. 
If the reflector voltage is made less negative, 6 increases, the point a 
moves upward along the spiral in the clockwise manner, and the point 
6 moves upward along the vertical line. At the same time, the frequency 
of oscillation decreases, though not fast enough to cause a decrease in 
the product of frequency and time spent in the reflector region. When 
the two points meet, the gap voltage is reduced to zero and oscillation 
stops. Hence the two points of intersection of the vertical line with 
that portion of the spiral belonging to the nth mode define the limits of 
oscillation and the frequency range under electronic tuning. The higher 
the mode, the greater the separation of these extreme points and the 
greater the tuning range. For a given mode the frequency changes 

load 
Medium load 

Heavy load 

Less negative repeller 
voltage 
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more rapidly with voltage at the center of the mode for a heavy load than 
for a light load because the point b is nearer a for the heavy load and hence 
moves more nearly at the same rate (see Fig. 12-4). 

Since the spiral is not symmetrical above and below the center of the 
mode, electronic tuning is not completely symmetrical, the asymmetry 
being greater for lower modes. Other causes for asymmetry will become 
apparent in this and later chapters. 

Power Production.—The r-f current in the gap depends on the gap 
voltage through the factor Ji(X). I t has a maximum that is the same 
in magnitude for all modes and occurs at the first maximum of Ji(X), 
which comes at X = 1.84. Since X — 8V/2V0 and 0 is larger for higher 
modes, the maximum of Ji(X) comes at smaller gap voltages for higher 
modes. Thus, it is to be expected that the maximum total r-f power 
produced is less for higher modes because the largest currents are at lower 
voltages. More exactly, the power is proportional to XJ1(X)/d; hence 
the power falls from mode to mode as l / (n + 1). The maximum of 
XJi(X) occurs at X = 2.40. For a particular mode there is a value of the 
circuit conductance G that leads to this value of the bunching parameter 
at the center of the tuning range under steady oscillation. Larger and 
smaller circuit conductances (heavier and lighter loads) have smaller total 
power. 

Because of the losses to the beam and to the resonator, not all the 
power produced is delivered to the load. The fraction of useful power 
that is produced is given by the circuit efficiency, which is the ratio of the 
load conductance to the total circuit conductance. The remaining power 
goes into losses in the cavity walls and in the beam. 

The frequency of oscillation is usu
ally as readily measured as the reflec
tor voltage; since a unique relation 
exists between them in a given mode, 
the power is often regarded as a func
tion of the frequency. Illustrative 
curves are shown in Fig. 12-5. At the 
resonant frequency u0 the total power 
is less than maximum for heavy loads 
(b near a in Fig. 12-2 and X < 2.40) 
and for light loads (b near origin and 

X > 2.40). The frequency range between zero-power points increases 
the lighter the load. 

Gap Transit Angle.—A finite gap transit angle d1 causes the gap volt
age to be not fully effective in producing bunching and the bunched cur
rent not fully effective in driving the resonator. The first effect arises 
because the field changes during the time of passage through the gap, 

Medium 
- l oad 

Light 
load 

Frequency of oscillation 
F I G . 12-5.—Total r-f power produced 

during electronic tuning. 
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and hence an average value less than the maximum value becomes 
operative. The second effect is due to the partial cancellation in phase 
of the current in the gap, again because of the finite time of transit of the 
gap. Each introduces a factor M = sin (0i/2)/(0i/2) into the small-
signal driving current. 

The first effect introduces a factor M into the bunching parameter. 
In addition the gap transit angle exerts an additional influence because 
the phase angle that is effective in bunching must be measured from the 
center of the gap; hence, if 83 = wT3, where Ts is the average time spent 
by the electrons in the reflector region, the phase angle is 6 = 0i + 03 
because the time required to go from the center of the gap back to the 
center of the gap is longer by two contributions, each of which is equal to 
Ti/2, the time of passage across half the gap. The angle that enters in 
the bunching parameter is also affected by the finite time of passage 
of the gap but not in the same way. For a linear reflecting field this 
angle, which is called the effective bunching angle, 0e, is equal to fi3 minus 
the gap-transit angle; thus 8e = — 0i + 83. The negative sign is due to 
the fact that, in the process of bunching due to velocity modulation, the 
extra time Tx spent in the gap is similar in its effect to time spent in a 
field-free drift space. As is pointed out in Chap. 9, bunching caused by 
free drift and bunching caused by the action of a reflecting field give 
density modulations that are opposite in sign. The angle that enters as 
a factor in the small-signal transadmittance is the effective bunching 
angle 8.. In Eq. (1) it is written as 9 since (for a linear reflecting field) 
the two angles are the same for Si = 0. 

With these changes arising from the finite gap-transit angle, 
X = deMV/2Vo and the electronic transadmittance is the expression, 

Y.-^M'^^ljejn: (2) 

The combination Gne = 8neM1Ga/2, where 8ne = 0„ — 2u0Tt is the value 
of 0e at the center of the nth mode, is the negative of small-signal elec
tronic conductance at the center of that mode. 

The maximum possible total power produced in a given mode is 
affected by gap transit angle only by a factor 8/d„ to first approximation, 
for the optimum value of the bunching parameter is unchanged. This 
optimum value occurs for a value of G that is smaller by M28t/8 and for 
a value of V that is larger by 9/M8f, than the corresponding values for 
zero gap transit angle; since the total power is iGV2, its maximum is 
increased by the factor 0/0,,. However, it is to be remembered that design 
considerations do not always allow the optimum value of G. 

12-2. Oscillator Theory for High Modes.—There are three principal 
reasons why velocity-modulated tubes, of which the reflex oscillator is 



318 REFLEX KLYSTRON OSCILLATORS [SEC. 12-2 

an example, are subject to fairly reliable theoretical treatment: the geom
etry is simple, the current densities are low, and the velocities in the gaps 
are high. The electrons travel very nearly along straight and parallel 
lines. The circuit is composed of one or more resonators and, except 
for coupling devices, it has a high degree of axial symmetry. The resona
tor gaps, through which the electrons pass, have depths that are usually 
small compared with the diameters of the openings. The principal 
mode of excitation of each resonator is generally such that the electrical 
field in the gap is directed along the axis of the tube and has a space-
constant amplitude. Because of the low current densities and high 
velocities of injection, space charge usually has only a slight effect on the 
beam. I t can cause spreading and debunching and, where the velocities 
drop to zero as in the reflector region of the reflex oscillator, it can have 
an effect on the time of passage. Such effects are present in varying 
degrees under different operating conditions and affect the action of the 
tubes in a quantitative manner. However, they rarely change in any 
marked degree the qualitative aspects of the tube behavior. Because 
of the high velocities, the thermal velocity spread of the beam has but 
slight effect on the operation of the tube. 

In this section the simple theory of the reflex oscillator is developed. 
This theory is based on space-constant gap and reflector fields and has 
its greatest degree of validity for high modes. In low modes (small n) 
various correction terms in the electronic admittance are important 
[they contain extra factors 1/0, (see Sec. 9p4 and Sec. 12-5)]. Also, for 
the lowest modes the amplitude of the gap voltage required for bunching 
sometimes becomes so large that some electrons are stopped in their return 
passage through the gap. This complication does not arise for high 
modes because the large values of the bunching angle in the bunching 
parameter X make optimum bunching possible with small gap voltages. 

Electronic Transadmittance.—In formulating simple bunching theory 
in Sec. 9-2, a field-free drift space was assumed. However, it was then 
found in Sec. 9-4 that with the exception of a possible change in the sign 
of the bunched beam current the results of Sec. 9-2 could be adopted 
in toto for the present case of a linear reflecting field. Here there will 
be used a sign convention for the bunched current that makes Eq. (9-9) 
applicable without change. Since the gap voltage is given by the real 
part of —jVe'"' as in Eq. (9-1), it follows that the electronic transad
mittance for the present case can be written as 

Ye = ^ Mi W ju-iSj (2) 

where Go = klo/Vo is the beam conductance of the stream that returns 
to the gap; k is the fraction of the beam returning. 
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Condition for Oscillation.—For steady oscillation to take place the 
total admittance measured at the gap must be zero. The circuit admit
tance Y is the sum of three contributions: the load admittance YL, the 
resonator admittance YR, and the beam-loading admittance YB, all 
measured at the gap. Hence the condition for oscillation is 

Yh + F« + YB + Ye = 0. 

The circuit admittance is written in the form 

Y = YL + YR + YB = GL + GBR + 2jC(co - Ua), 

where Gz, is the load conductance, GBR = GB + GR is the conductance 
arising from the beam loading and the resonator, C is the effective 
capacitance, and u>o is the frequency of oscillation at the center of the mode 
—that is, it is the frequency of oscillation for 6 = Bn = 2ir(n + f) . 

In a particular mode, it is convenient to measure the phas3 angle from 
its value at the center by writing 8 = 9n + 4>. On introducing the new 
symbols and separating real and imaginary part, the condition for 
oscillation yields the two equations 

G = -^ Jl^de — ^ — cos 4>, 
} (3) 

2C(co - u„) = - ^ AP6e
 2 J ^ sin 4>, 

where G = GL + GBR is the total circuit conductance. 
The two equations above serve to determine the gap voltage and 

frequency of oscillation. It is convenient to regard 0 as a parameter, 
which is assigned values in an interval corresponding to the tuning range, 
from which X and to are calculated. If the second equation is divided 
by the first, there is obtained 

wo — u 1 . ,.-. 
= ~f\tan *• W 

too A ; 
where Q = omC/G is the loaded Q of the circuit. From the definitions 
of 6 and 6e, 8e = 0„ — 2BX + <t>- The bunching angle at the center of 
the mode has the value 0„e = 6n — 2o>o71i. At the center of the mode 
the negative of the small-signal transconductance is Gne = dneM2G0/2. A 
conductance parameter is introduced, which is defined as y = G/G„,. 
The first equation then becomes 

y = — j - ^ cos <j>, (5) 

where the ratio 8jdne has been set equal to unity because its dependence 
on 0 is negligible in high modes. 
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-3.83 

X as given by £ ^ > = y 

For steady oscillation to take place in a particular mode, the con
ductance parameter for that mode must be less than unity. This condi
tion has been noted in the first section of this chapter, where it was 
observed that the magnitude of the small-signal transconductance for a 

particular mode must exceed the 
circuit conductance if steady oscil
lation is to be maintained. The 
bunching parameter for <f> = 0 is 
shown plotted as a function of the 
conductance parameter in Fig. 
12-6. 

Starting Current.—If the tube 
is to be operated with the injected 
current —10 but is started cold 
with the reflector voltage adjusted 
to the center of the tuning range 
for an operating mode, oscillations 
will not start until Gne, whi^h is 
proportional to the injected cur
rent, is greater than G. As the 
cathode temperature is increased, 
the injected current, and hence 
(7ne, increases. When Gne becomes 
greater than G, oscillations be

come possible. The larger G is, the greater is the starting current; 
or again the lower Q as the result of a large G, the greater the starting 
current. The ratio of the magnitude of the starting current to the 

2Jl(X) 

0 0.2 0.4 0.6 0.8 
Conductance parameter y = G/Gve 

F I G . 12-6.—Dependence at center of 
mode of the bunching parameter and total 
electronic efficiency on conductance param
eter. Gn, = 0„eA/JGo/2; 

0„, = 2ir(n + }) - 2aoT,; 
n = 0, 1, 2, 3 • ■ • . 

operating current is ~" y" ;> which for a given conductance itself depends 

on h. 
Efficiency and Output Power.—The total r-f power generated and the 

r-f output power are ^GV2 and iGLV2, respectively. The electronic 
efficiency krj and the over-all electronic efficiency to the load kr\L are given 
by the equations, 

GV 
2kI0Vo 

and VL 
GLV* 

2khV0' 
(6) 

In this section and in Sec. 12.5 the TJ'S are defined for convenience as 
efficiencies with respect to the beam current returning through the gap. 
The TJ'S can readily be rewritten: 

yX 2XJ1(X) 
v = i r = a cos*; TjL 

7 ^ ' G, 2XJ^{X) 
GL + GBR 

cos 0, 

(7) 
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e,.% 

where 6ne/0% has been replaced by l/0„e and yL = GL/Gne is the load 
conductance parameter. At the center of the mode the product 
Bner\ = 2XJ1(X) and is shown plotted in Fig. 12-6. It has a maximum at 
X = 2.40, which is the value of the bunching parameter for optimum 
total power conversion. At this point y = 0.433 and 2XJi(X) = 2.504. 
Since this value is the same for all modes, the maximum total electronic 
efficiency changes as l/9ne from mode to mode, or roughly as l/27r(n + f) . 
It is small, since even for n = 2, the maximum value of (6„e/8n)rj is 
only 0.144. 

It is well to check the assumption V/Vo < -J, which guarantees that 
no electrons are stopped in the gap. Since 8eM2 is less than 6n at the 
center of the mode, V/V„ > 2X/8n. For X = 2.4, 2X/0„ is 1.02, 0.44, 
and 0.278 for n = 0, 1, and 2, re
spectively. Hence for maximum 
total power conversion the condi
tion is certainly violated for the 
(n = 0) mode. For X = 3.83, for 
which the power conversion is zero, 
2X/9n is 1.62, 0.696, and 0.442 for 
n = 0, 1, and 2, respectively and the 
condition is certainly violated for 
the two lowest modes. I t is seen, 
therefore, that for this reason alone 
the theory of this section has very 
little meaning in the lowest two 
modes, except for X < 2.4, a fact 
that must be kept in mind in using 
the equations and curves. How
ever, for completeness, curves will 
be given for low as well as high valuss of n, although these curves have 
certain validity only for the high modes. 

Usually the internal conductance (resonator and beam) is a quantity 
that cannot be easily changed. The power conversion to the load is of 
primary consideration and it can be varied by changing the load con
ductance. Since in this simple theory the phase does not change with 
changes in gap voltage—that is, it does not change with X, a tube in the 
center of the mode remains in the center of the mode as the load con
ductance is varied. In Fig. 12-7 the product 6ncriL for <j> = 0 is shown 
plotted for a number of fixed values of the internal conductance parameter 
yB« = (GB + G*)/G„e. 

It is readily shown that for maximum output power 

— -

V/y 

\ y ' =o 
\ HI! u 

\ l ~N7^=0.2X 

>™-o. 

= 0.8^ \ 

l \ 

0 0.2 0.4 0.6 0.8 1.0 
Load conductance parameter \-GL/Gne 

F I G . 12-7.—Dependence of ou tput 
efficiency at center of mode on the load-
conductance parameter for five values of 
internal-conductance parameter. 

VBR = TO + 7* = (GB + G,)/G... 

yL = J2(X), yBR = J0(X). (8) 
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In Fig. 12-8 7i , 7, and also the ratio 71,/y, which is circuit efficiency, are 
plotted as functions of yBR for the condition that yL has been adjusted 
to give the maximum output power for the indicated value of yBs- The 

F I G . 12-8.—Conductance parameter, load-conductance parameter, and circuit efficiency for 
maximum power output as functions of internal-conductance parameter. 

best condition for output power is, of course, achieved by having the 
internal conductance parameter as small as possible, for then the internal 
losses are minimized. As the internal losses increase, the circuit efficiency 

\R- ( G B + GR>/Gne 
F I G . 12-9.—Dependence of total electronic efficiency and output efficiency for maximum 

power output on internal-conductance parameter. 

drops rapidly, approaching zero as GBR approaches G. The actual effi
ciencies with 71. adjusted to maximum power output are obtainable from 
Fig. 12-9, if the internal conductance parameter is known. 



SEC. 12-2] OSCILLATOR THEORY FOR HIGH MODES 323 

Returning to a discussion of the starting current, it is noted that, if 
the total power conversion is to be a maximum, X = 2.40 and the ratio 
of the starting current to the operating current should not be less than 
0.433. If the load conductance has been adjusted to give maximum 
output power, the ratio of the starting current to the operating current 
for particular values of the internal-conductance parameter is not less 
than the corresponding value of y in Fig. 12-8. 

Electronic Tuning.—Within a mode, changing the reflector voltage 
from the value for operation at the center of the mode changes the 
frequency of oscillation and the bunching parameter. The range of the 
frequency of oscillation is bounded by the zero gap-voltage points, for 
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FIG. 12-10.—Dependence of total half-
power range, total zero-power range, and 
their ratio on the conductance parameter. 
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Fia. 12-11.—Dependence of total half-
power range on load-conductance param
eter for five values of internal-conductance 
parameter. 

which X = 0. At these points cos 4> 

frequency range is V i ~ (?Vl 
C 

y; hence [from Eq. (4)] the 

K The 
Q y 0 7 

frequency width, 2S2 = Gne/C, is the total half-power width of the loaded 
resonator with the resonator so loaded that the frequency range for 
electrical tuning has been just reduced to zero (G = Gne). The total 
frequency range between zero-power points is 2Q y/\ — y2, and the total 
frequency range between half-power points is given by the formula, 

/2A<A = f 
V 2 n ) » I 

2J1(X0/V2) 
Xo/V2 

2J1(X„) ! ) )S 
(9) 

where X0 is the value of the bunching parameter at the center of the mode. 
These quantities and their ratio are plotted in Fig. 12-10 as functions of 
the conductance parameter 7. The total zero-power frequency range is 
equal to 2Q for 7 = 0 and drops steadily to zero as 7 approaches unity. 
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The half-power frequency range starts at 0.651] at 7 = 0 , has a maximum, 
which is 1.0412 at 7 = 0.45, and goes to zero for 7 = 1. The half-power 
frequency range divided by 212 is shown in Fig. 12-11 plotted as a function 
of 7 i for the particular values of ~/BR used in Fig. 12-7. 

Operating Conditions.—In order to compare different modes a new 
parameter, T = d„y, is introduced; it is proportional to 2G/G0 and is 

0 20 40 60 70 
r=eny 

FIG. 12-12.—Dependence of total electronic efficiency on total conductance. 

r - - * L ( M -
d„ = 2r(n + i); Bn, = 2ir(n + J) - 2mTi. n = 1, ( ~ ) »?m« = 0.226; n = 2, 

f y U m „ = 0.144. 

approximately constant from mode to mode. In Fig. 12-12, (6ne/en)i] 
at the center of the modes is plotted against r for successive values of n. 
It is of particular interest to note that, if the total power conversion for a 
given value of r is a maximum for a given mode, it decreases for higher 
modes for fixed V but, on going to lower modes, it increases before 
dropping suddenly. Hence, for a fixed total conductance the total power 
conversion is the greatest for a mode below that for which the total 
power conversion is nearest its own maximum. 
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FIG. 12-13.—Dependence of output efficiency on load conductance with fixed internal 
conductance (TBR = 10). 

0.020 
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FIG. 1214.-—Dependence of output efficiency on load conductance with fixed internal 
conductance (TBR = 20). 
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Of greater interest are Figs. 12-13, 12-14, and 12-15, which show 
(,6ne/8„)r)L at the centers of the tuning range as functions of TL = 6„yx, 
for the lowest operating modes for three values of TBs = 6n yBR. 

In Fig. 12-16 functions proportional to the half-power tuning ranges 
in successive modes are plotted against T. Since the tuning range 
depends only on r and not on TL, curves for particular values of TBR as 
functions of TL are given by Fig. 12-16 by starting with r = TBB as the 
new abscissa origin. For example, if TBR — 20, that part of Fig. 12-16 
to the right of T = 20 gives the tuning ranges as functions of TL; the 
output power is zero for Ti = 0 but the tuning range is not zero in this 
example for modes above n = 2. For a fixed value of TBS, the maximum 
half-power tuning range of each mode cannot be reached in the lowest 
of the operating modes. Thus, if TBg — 20, the maxima can be reached 
by varying TL only in modes above n = 6. 

It is instructive to investigate the locus of the maxima of the output 
power curves for fixed TBR (dashed lines in Figs. 12-12, 1213, 12-14, and 
1215) and to make comparisons of the half-power tuning ranges. Since 
for maximum output power [by Eqs. (8)], 

TL = eJi{X) ] 
and [ (10) 

TBR = 6„Jo(X), ) 

the output conversion efficiency to the load is given by the expression 

X 2 / 0 (X)J 2 (X) (V:)«- ( i i ) 

as is found by using TL and TBR to eliminate -yi and 0„ in the equation 
(0../0«)ijt = 7rX2/0»' Moreover, at the maximum 

„ _ TBRJIJX) 
1 ~ Jo(X) 

This equation combined with Eq. (11) gives a parametric relation between 
the maximum of the output efficiency and TL. The locus of the maxima 
of (B„,/dn)r]L against TL starts at zero at TL — 0, rises to a maximum at 
TL = TBR, where X2Jo(X)Jz(X) = 0.34, and thereafter decreases towards 
zero for larger TL- At the highest point the locus gives 

( * ) ' " 
(K34 

From Fig. 12-8, it is seen that the point TL = TBR corresponds to 
TL = TBR = 0.32 0„, T = 0.64 0„. The maximum half-power tuning 
range in a particular, mode is seen from Fig. 12-10 to have the value 
0.52 dJGne/BnC) and comes at r = 0.45 dn. At r = 0.64 0„, the half-
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power tuning range in the same mode has dropped only six per cent to 
the value O.490„((?„e/0„C). However, the output power at T = 0.45 0„ 
in the mode having its maximum output power nearest T = 0.64 0„ 
is about 40 per cent less than the value at the maximum, for the change 
from TL = 0.32 0„ to TL = 0.13 0„ is a change in 0„eijL from 1.05 to 0.64, 
as is found by using Fig. 12-6. 

The conclusion is that, if the load conductance is varied and the 
mode chosen to give the maximum output power, the half-power tuning 
range is only a few per cent below the maximum for that mode. Under 
these conditions the internal conductance is roughly equal to the load 
conductance. Approximate formulas for the output conversion efficiency 
and half-power tuning range are 0.34M 2GO/(?L and I.QGL/C, respectively. 
(It is to be remembered that tuning ranges in this section are for angular 
frequencies.) 

The frequency of oscillation is sensitive to small changes in the 
reflector and beam voltages. It is easily shown that 

\TvXt ~ ~ Iv^v; \wflj (12) 

where V, is the reflector voltage with respect to the cathode (not the 
absolute value of this voltage) and VT is its value at the center of the 
mode. A simple calculation gives 

(da\ ~ _"»_ ( J^ \Y«+I} W 
\aVo/-„ Vo-V°T\2Q + eJ 2V0 ' {Cl) 

Since Va is positive and Vr is negative, this quantity vanishes for 
V° = — Vo. Therefore, frequency stability with regard to beam voltage 
can be obtained and still keep high frequency sensitivity to reflector 
voltage for the purposes of tuning. 

The addition of a susceptance, whether mechanically, through the 
load, or through beam loading can change both the resonant frequency 
and the effective capacitance. If the addition at the gap is 

BB + (u> — UO)CB, 

then 
2 ( u — 0>o)C -\- BB + (<d — 01O)CB = 2(i> — <i)0)C", 

where C" = C + CB/2, u'0 = u>a — BB/2C. If the tube was originally 
at the center of the tuning range and the reflector voltage is not 
changed, the change in frequency is given by the equation, 

j . G
 + 

" ° 2C' 
„(<<>' — coo) 

C00 — ClJo, 

file:///wflj
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for small changes 

u' — &>o 

also 

a>'0 — a' 

(c/0 - a>o)2Q 
(2Q + en) ' 

(a>'0 — Uq)d„ 
(2Q + ft.) ' 

Hence, if the resonant frequency is increased by the introduction of a 
negative susceptance, the frequency of operation increases almost as 
much as the change in the resonant frequency, assuming 6„/2Q <<C 1, 
but the tube will operate at slightly less than the new resonant frequency. 
It is easily seen that the rate at which the reflector voltage must be 
changed in order to keep the tube in the center of the tuning range is 
given by 

o,o dVl 
Vo - 7° do>o 1. (14) 

12-3. Observed Characteristics of the Reflex Klystron.—The idealized 
theory of the reflex klystron that has just been discussed involves only 
the simpler details of reflex-klystron operation. I t becomes a matter 
of immediate interest to know how adequately actual reflex-klystron 
behavior is described by the theory. 

Many features of observed behavior differ in various details from those 
predicted in this chapter. These divergences may, however, be adequately 
explained by refining the theory. I t is with such details of behavior 
that the next five chapters are concerned; and these chapters in them
selves present experimental data that indirectly provide striking confirma
tion of reflex-klystron theory when simple theory is used as the basis 
for more complicated considerations. 

The present section reviews some of the simpler aspects of theory 
that may be compared with experiment; points for which comparison 
is implicit in the consideration of later chapters are noted only briefly, 
but additional data that do not logically occur in any of these later 
chapters are presented here. 

Phase Relations for Oscillation.—One of the simplest points of reflex-
klystron theory is the prediction that maximum r-f output power is 
generated when the reflection transit angle is given by the relation 
9 = 2ir(n + 1), where n is an integer. This and associated phase rela
tions are responsible for the existence of discrete modes of oscillation. 
In the following chapter, as an introduction to consideration of the 
generalized reflector, there is discussed the relation between the various 
electrode voltages at which local maxima of output power occur; it is 
shown there that the observed location of the modes of oscillation is in 
good agreement with the above condition 6 = 2ir(n + f) . 
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General Functional Relations Within an Individual Mode.—To the 
user of the reflex klystron, one of the klystron characteristics most 
generally referred to is the way in which the output power and the 
frequency of oscillation depend upon the reflector voltage for a given 
mode of oscillation. By the methods described in Chap. 13, values of 
reflector voltage may be transformed into values of reflection transit 
time, which is conveniently measured in terms of the relative reflection 
transit angle <f> given by <f> = 0 — 2ir(n + -f). In Figs. 12-4 and 12-5 are 
shown the predictions of simple theory about the way in which the fre
quency of oscillation and the relative output power are expected to 
depend on the reflector voltage and the oscillation frequency. In the 
actual reflex klystron the individual modes always show characteristics 
that bear a basic resemblance to those set forth in these figures. 

One such reason for a divergence from behavior as predicted in these 
figures is the fact that they have been explicitly deduced for a "high 
mode"—that is, one for which 6e is so large that the percentage variation 

of de across a mode is negligible. 
For a "low mode" an asymmetry 
is introduced into the mode shape. 
Another typical distortion of mode 
shape occurs when, for any reason, 
the phase of the return bunched 
beam current depends upon the 
amplitude of bunching. ,A rather 
more drastic change in the mode 
may be produced by electrons that 
make three or more transits of the 
r-f gap. In addition to changes in 
mode shape, the latter two effects 
may also give rise to an electronic 
tuning hysteresis in which the 
amplitude and frequency of oscilla

tion depend upon the direction from which the operating value of the 
reflector voltage is approached. All these phenomena are discussed in 
Chap. 14. 

Hysteresis and mode distortion may also arise when the klystron 
operates into a resonant or frequency-dependent load, as discussed in 
Chap. 15. 

In spite of these various perturbing influences, mode shapes similar 
to those of Figs. 12-4 and 12-5 are observed in well-designed oscillators 
operating on a high mode and into a good load. Typical of such opera
tion is the mode shown in Fig. 12-17 for a type 2K33 klystron. This 
figure is an oscilloscope photograph in which output power and oscillation 

F I G . 1217.—Oscilloscope photograph of 
mode of type 2K33 reflex klystron; output 
power and frequency as functions of 
reflector voltage. Adjacent frequency 
markers indicate frequencies separated by 
5 Mc/sec. 
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12-18.—Resonant frequency shift 
/o and ratio Q/Qo of effective Q to 

zero beam-current Q, for type 417A reflex 
klystron operating with beam current less 
than starting current. 
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frequency are shown as functions of reflector voltage, the horizontal 
coordinate. Frequencies occurring at various reflector voltages are 
indicated by the frequency markers lying along the horizontal base line; 
adjacent markers are separated by 5 Mc/sec. 

Nature of the Small-signal Electronic Transconductance.—The relation 
between 6e and the small-signal 
electronic transconductance may 
perhaps best be observed by 
means other than those involving 
actual oscillation of the klystron 
in question. In Fig. 12-18 are 
shown data obtained on a type 
417A klystron in which the beam 
current is reduced to a value too 
low to sustain oscillation.1 The 
Q and the resonant frequency of 
the resonant cavity of the 417A 
are measured by means of usual 
techniques involving an external 
signal g e n e r a t o r . The figure 
shows the dependence of the meas
ured Q and the resonant frequency upon the reflector voltage, that is, 
upon the reflection transit phase. 

The over-all klystron-cavity admittance is the sum of the intrinsic 
admittance of the cavity and the contribution of the electronic trans-
admittance. Under the condition of this experiment, with the r-fgap 
voltage provided by an external signal generator, small-signal conditions 
prevail and the electronic transadmittance is given by Eq. (1). The real 
part of this transadmittance, which affects the over-all Q in this experi
ment, oscillates about zero with increasing amplitude as 8 is increased 
(reflector voltage less negative); this situation corresponds, in the figure, 
to the oscillation of Q about the intrinsic Q of the resonator with an 
amplitude that increases as reflector voltage is lowered. Similarly, the 
electronic susceptance and the over-all resonant frequency of the cavity 
oscillate with increasing amplitude about zero and about the intrinsic 
resonant frequency of the cavity. Zero electronic susceptance is seen to 
correspond to maximum absolute value of electronic conductance and 
vice versa. These phenomena are in agreement with the predictions of 
Eq. (1) concerning the electronic transadmittance. 

Relative Dependence of Output Power and Electronic Tuning Range 
Upon Load.—According to simple theory the output power and electronic-

1 E. L. Ginzton and A. E. Harr ison, "Reflex Klys t ron Oscil lators," Proc. I.R.E., 
34, 97(1946). 
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tuning range should depend upon the load that the oscillator sees, in a 
manner described in the last paragraphs of Sec. 12-2. This subject is 
discussed at length in Chap. 15; there it is shown that under properly 
simplified operating conditions there is good agreement between simple 
theory and experiment. 

12-4. Quantitative Comparison of Theory and Experiment.—The 
preceding section has been concerned with some general qualitative 
comparisons between theory and experiment. I t is instructive to make 
the comparison more quantitative, particularly with respect to the two 
characteristics of greatest practical importance—the output power 
and the electronic tuning range. The present section is concerned with 
the details of such a comparison as carried out with one particular type, 
the 3K23 reflex klystron. 

Operating Condition.—The data in question are all taken at Vo — 900 
volts, n = 2, X = 30.5 cm. The cathode emission current (intentionally 
reduced in taking some of the data) is normally 60 ma. The beam passes 
through a total of four grids before it finally makes its second transit 
of the r-f gap; at each passage through a grid 6 per cent of the current is 
absorbed with the result that the beam current klo effective in oscillator 
operation is 78 per cent of the cathode emission current 70. (The ratio 
is somewhat lower at the highest values of current used, apparently 
because of a slight beam spreading.) 

Beam Coupling Coefficient.—The actual gap spacing is 0.25 cm; that 
is a spacing between rather coarse grids; and with this type of grid, meas
urement of the beam voltage for which M = 0 indicates that the gap 
spacing that is effective in determining the beam-coupling coefficient is 
about 0.35 cm. At the specific V0 and X this gives M = 0.94, M1 = 0.88. 

Beam Loading.—A basic factor in the over-all operation of an oscillator 
is the effective value of the cavity Q and the cavity shunt conductance 
G or the shunt " impedance" R = 1/(7. Although the shunt conductance 
is not easily measured by direct means, : there are two general types of 
methods available for measuring Q. The results of these two measure
ments of Q are of interest not only in themselves, but also because a 
comparison of the results provides one of the best tests of reflex-klystron 
theory. One of the types of method referred to includes any method 
that is based on the use of an external signal generator, such as the 
measurement of the bandwidth of the cavity operated as a filter. The 
second method is based on Eq. (4), the derivative of which states that 
at the center of a mode (i.e., <j> = 0) the rate of electronic tuning is given 
by 

/o dj> 2Q ^0> 

1 See, however, R. L. Sproull and E. G. Linder, Proc. I.R.E., 34, 305 (1946). 
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By the first method the Q of the resonant cavity of the type 3K23 
with no beam current is found to be 2000 ± 10 per cent. (This limit 
of error is not indicative of the much smaller limits applicable to a more 
careful experiment.) 

Measurement of the values of Q 
indicated by the second means, obser
vation of the center-of-mode tuning 
rate, is made at a number of values 
of the effective beam current klo, as 
indicated in Fig. 12-19. During these 
measurements the tube is oscillating 
and, as only an infinitesimal amount 
of power is coupled out of the resonator 
for purposes of measurement of tuning 
rate, the resulting Q should be QBa, 
the Q of the resonator as loaded by 
the beam only. 

The data in Fig. 12-19 are well represented by the empirical relation 

0 10 20 30 
Effective beam current kl„ (ma) 

F I G . 12-19.—Observed dependence of 
QBR (Q of beam-loaded cavity) on 
effective beam current klo, in a type 
3K23 reflex klystron. 

QB 
0.48 X 10-3(1 + 0.039frZ0), (16) 

where klo is the effective beam current in milliamperes. Thus it appears 
that a beam loading is present that may be represented by a beam-loading 
conductance linear in I0, and which will reduce the inherent resonator Q 
by a factor of 2 when kl = 26 ma or 70 = 33 ma. Since the normal 
operating current is 60 ma, it is seen that beam-loading losses ordinarily 
predominate over resonator losses in this tube. This result is basic to 
the subsequent analysis. 

The data of Fig. 12-19 extrapolate to Q = 2100 at zero current. This 
value compares very well with the value of 2000 indicated by the first 
method, and constitutes good experimental verification of the theory of 
electronic tuning. 

Starting Current.—The starting current, or the minimum current that 
will sustain oscillation, depends directly upon the effective shunt con
ductance of the resonant cavity; conversely, measurement of starting 
current gives information about this shunt conductance provided that 
the theory is correct in its statements about starting current. 

With the stated operating conditions of the type 3K23, and with 
observation of oscillation carried out by coupling an infinitesimal amount 
of power out to an external load, it is found that with zero external load, 
oscillations occur for an effective beam current given by klo =£ 2.35 ma. 
It will become apparent from the subsequent discussion of Fig. 12-20 
that this current is the same as the starting current shown in that figure. 
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From the above beam-loading data, GBR = 1.09GR at klo = 2.35 ma. 
If a linear reflector field is assumed (as will very nearly be the case at 
these low currents), the simple theory states that GBR = ir(n + i)MK!o 
if Go is the beam conductance corresponding to the effective starting 
current. From the already stated values of M, n, VQ and the above 
values of starting current and GBR/GR, it is deduced that 

GR = 18 X 10-6 mhos. 

Comparison of Observed and Predicted QR and GR.—From the dimensions 
of the 3K23 cavity and from cavity-resonator charts of Chap. 4, the theo
retically predicted values of QR and GR are found to be 2030 and 8.3 X 10 - 6 

mhos respectively. The predicted value of QK agrees very well with the 
observed values of 2000 and 2100; but the predicted value of GK is half 
of the value calculated from oscillator theory and the observed starting 
current. This discrepancy may arise from any of several sources. 
The calculated shunt impedances or conductances of Chap. 4 are admit
tedly approximate, although an error of two is not to be expected. Also, 
the discrepancy is in the same direction as that produced by phase 
aberration in the reflector—that is, by a difference in the d-c transit times 
or the values of <f> associated with different electron trajectories in the 
reflector region. Such phase aberrations are discussed in Chap. 13, where 
it is shown that they may be expressed by a factor (cos <£)„,,* by which 
efficiency and effective beam current are reduced. Thus, to explain 
completely the present discrepancy, a phase-aberration factor of 8.3/18 
or approximately 0.5 would have to be postulated. 

Finally, there are undoubtedly some electrons that make more than 
two transits of the r-f gap; and it may be seen in Chap. 14 that the 
influence of these multiple-transit electrons is particularly marked in the 
vicinity of the starting point. 

The Parameter yBR and its Dependence on klo. The parameter 7BR 

is defined as the ratio 2GBR/M1deGo. More generally, with the beam-
loading contribution of kla included in GBR, TBK is the ratio of zero-
external-load effective starting current to effective beam current kit,. 
Since GBs increases with klo, JBR is not exactly inversely proportional 
to klo-

The usefulness of the parameter yBn lies in the fact that the electronic-
tuning range A/ (Note that A/ = 2Aa>/27r) and the efficiency -qL at optimum 
loading are known functions of yBR (see Figs. 12-9, 12-10, and 12-11). If 
it is assumed that the experimentally observed value of the starting current 
is not influenced by some effect that is more important at low amplitudes 
than at high amplitudes (for example, multiple transits), then the observed 
beam loading and the observed zero-external-load effective starting current 
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yield the following relation: 

-YBB m (1 + 0.039 Ho). (17) 

Utilizing Eq. (16) for QBB and Eq. (17) for y„x, the curves in Figs. 
12-8, 12-9, and 12-10 may be used to deduce the predicted dependence 
of 7)i and A/ shown in Figs. 12-20 and 12-21. The efficiency predicted 
in Fig. 12-20 is the over-all efficiency, and allowance has been made in 
this figure for the loss of 22 per cent of the beam current in grid intercep
tion. The ideal efficiency for a reflex klystron working in the (n = 2)-
mode is 14.5 per cent; the current loss in grid interception reduces this 
to 11.3 per cent; the difference between this latter figure and the effi-
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FIG. 12-20.—Dependence of oscillator 
efficiency IJL, on effective beam current kin 
for a type 3K23 reflex klystron. Experi
mental data (broken curve). Dependence 
predicted on basis of simple oscillator 
theory, observed beam-loading, observed 
starting current (solid curve). 
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Effective beam current kl0 (ma) 

F I G . 12-21.—Dependence of electronic-
tuning range on effective beam current for a 
type 3K23 reflex klystron. Experimental 
data (broken curve); calculated from ob
served starting current (solid curve). 

ciencies predicted for various currents in Fig. 12-20 represents the 
efficiency loss that is anticipated as a result of resonator and beam-loading 
losses. 

Experimentally Observed Dependence of Efficiency on Effective Beam 
Current.—Figure 12-20 summarizes the experimental data on this point. 
It is seen that there is considerable discrepancy between the predicted 
and observed behavior. The discrepancy takes two forms. In the 
first place, at low currents the experimental curve lies below the predicted 
curve by a constant factor of 2.3. In the second place, at high currents 
the shapes of the two curves differ markedly, with the experimental 
efficiency eventually decreasing with increasing current. 

The first of these points is reminiscent of the factor 2.2 by which the 
starting current is found to differ from the value predicted on the basis of 
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theoretical cavity shunt conductance. One of the tentative hypotheses 
advanced to explain this previous discrepancy was a phase-aberra
tion factor (cos <£)„« = 0.5. The same hypothesis explains the low-
current data of Fig. 12-20 because the efficiency should be reduced by this 
same factor. On the other hand, the hypothesis that the calculation of 
GR in Chap. 4 is inaccurate by a factor of two will explain the starting-
current anomaly but will do nothing to bring observed and predicted 
efficiencies into line. The same is true of any simple hypothesis concern
ing multiple-transit electrons. The indication of phase aberration is 
thus reinforced. 

The second point about Fig. 12-20, the drooping of the experimental 
efficiency at high currents, seems to be related to space-charge distortion 
of the reflector field of the sort discussed in more detail in Chap. 13. 
This space-charge distortion occurs in the 3K23 at current densities at 
which no trouble would arise with shorter-wavelength klystrons in which 
the anode-reflector spacing is correspondingly smaller. I t will be seen 
that this phenomenon is probably an important factor in setting a long-
wavelength limit to the profitable operation of the reflex klystron. 

Experimentally Observed Dependence of Electronic Tuning Range on 
Effective Beam Current.—The empirically observed data is shown in Fig. 
12-21 together with the predicted values of A/. I t is seen that the 
experimental values exceed the theoretical by some 20 per cent at low 
currents, and that this excess increases at higher currents. 

This divergence is in general agreement with and corroborates the 
conclusions already reached in connection with the efficiency data. A 
phase-aberration factor will not affect the relation between A/ and yBs 
when (as here) the latter is determined empirically from the starting 
current. The slight excess of observed over predicted values at low 
currents is probably caused by a slight curvature of the reflector field; 
it is seen in Chap. 13 that a corresponding 20 per cent diminution in 
efficiency would then accompany this increase in A/. This 20 per cent 
diminution of efficiency is masked by the larger phase-aberration effect. 
Similarly, the abnormal increase of A/ at high current is exactly what 
would be expected if the unexpected decrease of r) at high currents were 
due to space-charge distortion of the reflector field. 

Conclusions.—It is apparent from this example that the behavior 
of a single reflex-klystron type may contain sizable quantitative deviations 
from simple theory. I t has been noted that the reasons for these dis
crepancies are susceptible to analysis and that the elaborations of theory 
that are necessary for obtaining quantitative agreement are discussed 
in subsequent chapters. Given these subsequent elaborations of theory 
there do not seem to be any large gaps in the understanding of the reflex 
klystron. I t should be noted, however, tha t in some cases (notably 
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the matter of space charge in the reflector region) these elaborations of 
theory are sketched in these later chapters, but not developed in full 
detail. 

12-5. Detailed Theory of Idealized Oscillator.—The theory of the 
reflex oscillator as presented in Sec. 12-2 is based on the simplest 
possible assumptions and approximations. Most of the remainder of 
this book is concerned with the phenomena occurring when the operating 
conditions or theoretical assumptions of Sec. 12-2 are made more general. 
The present section is concerned with the generalizations that are intro
duced by applying to the idealized oscillator of Sec. 12-2 a less approxi
mate mathematical treatment than was given there. I t will be found 
that this procedure alters the oscillator behavior in several interesting 
details, but not in basic characteristics. In order to make the present 
section more self-contained some of the material of Chap. 9 is repeated 
here. 

In the remaining six chapters of this book many phenomena encoun
tered in reflex oscillators that are not accounted for under the idealiza
tions of this section are discussed. Of particular interest and importance 
is the effect of a nonideal reflector, the field of which is not constant 
along the axis of the tube and therefore changes the transit-time and 
bunching relationships. This is the subject of the next chapter. Non-
ideal behavior as manifiested in hysteresis is the subject of Chap. 14. 
In Chap. 15 the effect of load is discussed in detail. The next two 
chapters deal with the modulation of the oscillations, intentionally and 
because of noise. The final chapter is a summary of the characteristics 
of practical reflex tubes. 

In the present section some of the results of the following chapter 
are anticipated by generalizing the assumed oscillator in one respect over 
that of Sec. 12-2. Four instead of three regions in the tube, separated 
by ideal grids, are considered: the acceleration region, the gap, a field-
free drift space, and the reflector region. The field-free drift space may be 
built into the tube, or it may be an idealization of a thick grid, or it may 
not be present at all; it is of interest principally because of differences in 
the bunching caused by this region and in the bunching caused by the 
reflector region. 

In relation to the cathode the resonator is at the positive d-c potential 
V0 and the reflector is at the negative d-c potential Vr. The total 
potential drop in the reflector region is therefore V0 — Vr. The current 
injected into the gap from the acceleration region is —Jo (lo is positive). 
The beam conductance is most conveniently defined in terms of the 
current that returns to the gap, Go = kl^/Vo. 

The velocity v0 of injection of the electrons is given by the beam 
potential, Va = mv%/2e. In the absence of the r-f field, the one-way 
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transit time of the gap is T\ = d/vQ, where d is the spacing of the gap 
grids. The one-way transit time in the field-free drift space is T2, 
and the complete transit time in the reflector region is Ts. The time that 
the electrons take in going from the center of the gap back to the center 
of the gap, in the absence of r-f fields, is T — Ti -j- 2T2 + T3. 

Nature of the Driving Current.—The driving current is the sum of 
parts coming from the injected and reflected electrons, 

i(t) = i+(t) + i~{t). 

These parts are the space averages of the injected and reflected currents, 
respectively, 

*'+(<) = 3 / dxi+(x,t), » - ( / ) = i / dxi~(x,t). 

Following the treatment of Chap. 3, Sec. 3-5, two-way transmission 
of a high-velocity gap can be considered as the simultaneous injection of 
electrons into the gap through both grids; each injected stream can have 
both density and velocity modulation. The method of analysis indicated 
there can be used in developing the theory of the reflex oscillator. I t is 
necessary to calculate the density and velocity modulation of the reflected 
stream as it enters the gap from the properties of the stream as it emerges 
from the gap after the first transit. This procedure gives readily the first 
approximation to the electronic admittance as in Eq. (12-2). However, 
if an at tempt is made to improve the calculation, two difficulties arise: 
the calculation of the properties of the reflected stream from its properties 
before reflection is very difficult, and it is apparent that a consistent 
description requires a more careful analysis of the action of the gap than 
is contained in the considerations of Sec. 3-5. 

In the treatment here presented all phenomena in the gap are traced 
back, with the aid of kinematical relations derived from Newton's law, 
to the time of first injection of the electrons into the gap. In the mathe
matical formulation phase factors occur that can be calculated from the 
model with any degree of accuracy desired. Since both the current and 
the velocity of the injected stream are assumed to be unmodulated, this 
method of attack is particularly suited to the problem of this section. 
In Chap. 17 the theory of noise in the reflex oscillator is developed using 
also this method of treatment; in the noise problem neither the injection 
velocity nor the injection current is constant. 

I t is convenient in this chapter and also in Chap. 17 to use the Fourier-
integral theorem. In order to give mathematical validity to its use, a 
time interval is introduced that is much longer than the period cor
responding to any of the frequencies which are considered; and, outside 
that time interval, all time-varying quantities are considered equal to 
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their average values. The integrations over the time are carried out 
with the aid of the Dirac delta function and its integral representation. 
This function S(a>') has the property that if F(u') is an arbitrary function 
of «', 

/ - ' 
do,' S(co')F(co') = F(0). 

Its integral representation is 

By the Fourier-integral theorem 

i+(x,t) = / ~ e»v' / dri+(x,T)e-'a'T, J _ «, ZTT J _ . 

-^- e)V( / dTi-{x,T)e~'°'T. 

In order to express these quantities in terms of the injected current at 
the first grid suppose in each case that an electron arriving at x at time r 
first entered the gap at x = 0 at time T'. Then 

(18) 

where I + (0 ,T ' ) is the injected current at the time T' and ki+(0,r') is that 
portion of the injected current that is reflected back into the gap. These 
identities are the result of the continuity and single-valued nature of T 
when regarded as a function of r'. 

In order to establish the validity of the second of the identities, the 
observation is made that the reflected electrons that pass through the 
plane x at time T in the time interval AT have a total charge — i~(x,r) AT. 
Since T' is not necessarily a single-valued function of T, these electrons 
can have been first injected into the gap at several earlier times T'. 
If the positive time interval at T' during which those injected at T' first 
pass through the first grid is AT', the ratio AT/AT' is given by \dr/dT'\ 
for that value of r'. Since these electrons have the total charge 
Jfei+(0,T') AT', 

i~{x,r) AT = -k ^ Z+(0,T') AT', 
r ' ( r ) 

where the sum is over all r' having the same T. If the left member of 
this equation is multiplied by e~'"'r and summed over all r, the left 
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/ : 

dTi+{x,r)e~'u'T -

dri--{x,-r)e~'"'T -
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member of the second identity results in the limit. If the right member 
is multiplied by e~'"'T and summed over all r, the double sum can be 
replaced by a single sum over r ' and the right member of the second 
identity results; there is no overlapping of the intervals AT' since T is a 
single-valued function of r' and the total range of T' is covered since that 
function is continuous. The first identity follows by a similar argument. 

Therefore 

i+(x,() = ~ e>»'< / dT'i+{0,r')e-
2TT 

i~{x,t) = -k C^<"a' I dT'i+(0,T')e~'^'*^ 
(19) 

where T+(X;T') and T~(X;T') are the arrival times at the plane a; of electrons 
that were injected into the gap at x = 0 at time T' and which have come 
directly or been reflected, respectively. The driving current is 

i(t) = / ~ e'»" / dT'i+(0,T') i / dx[e~'"'^^ - fce-»»v-c^>] (20) 

In this chapter both the injected current and the velocity of injection are 
considered to be constant. 

This description of the current has a generality beyond the use made 
of it in this chapter. For instance, i+(0,r') need not be set equal to a 
constant; it can be a periodic function of the time as determined by some 
earlier condition (as by an additional resonator), or it can be a random 
variable (such as a current with noise components). Similarly, the injec
tion velocity need not be constant, a consideration that can affect the 
calculation of the arrival times. I t is to be noted that the two identities 
above (Eqs. 18) are valid if e~'"'T is replaced by an arbitrary function of T. 

In this method of determining the driving current the essential step 
is the calculation of the space averages of the phase factors containing 
the arrival times. These arrival times are obtained with the aid of 
Newton's law from the fields through which the electrons move. 

Motion of the Electrons.—The arrival times T+(X;T') and T~(X;T') 
depend on the velocity of injection v0, as determined by the beam poten
tial, Va = mvl/2e, and on the transit times T\, T2, T3, all of which are 
independent of the r-f field; in addition, they depend on the frequency, 
amplitude, and phase of the gap potential V sin at. Of particular 
importance are the three transit angles <?i = uti, 02 = aiT2, 63 = ioTz, and 
the phase angle 9 = 0i + 202 + 83, which is measured from the center 
of the gap to the center of the gap. The condition V/2V9 < % is assumed, 
for otherwise if d\ were small enough, some of the electrons could be 
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stopped in the gap. Such a stoppage, although not impossible, is not 
considered in this chapter since a special treatment of the problem is 
required. Of interest are the relative magnitudes of the four quantities 
r , / T i , Ti/Tx, 1, V/2V0. The assumption is made that T%t'Tx and 
T2/Ti are (or can be) much larger than unity. The distinction is made 
between T3, T2, Th (V/2V0)T3, and (V/2Va)T2, which are zero-order 
quantities, and (V/2V0)T1, (V'/2V0)2T3, and (7/2V0)2T2, which are first-
order quantities. This distinction is made in order that the implicit 
functional relations that are obtained for the desired arrival times can 
be solved explicitly to first-order quantities. The calculation of the 
driving current is carried out to first order. 

With the gap potential V sin COT, Newton's law is 

d2x eV . 
m -=-r = — s i n COT. 

dr2 a 

If the first passage through the gap is considered, Newton's law can be 
integrated to give 

eV 
m(v — i'o) = j — (cos COT — cos COT'), 

eV . . ) <21> 
mx = mva(r — T') — -j—, [sin COT — sin cor' — CO(T — T') cos COT'] 

a Co* 

If the second equation is rearranged and eV/dumvo = V/2V06i is sub
stituted, there is obtained 

x ( V \ 7\ 
T = T' -\ h i KY9- ] ~M t S m ''"" ~ S m < j r ' — U(T ~ T ' ) C 0 S a,r']> (22) 

I'o \& V o/ Si 

which is an exact expression. Hence, to the first order, 
+ XdT^(m)i1[™(-' + Xde) T+(X;T') 

w \ ^ v o/ v\ L \ u / 
T 

(23) 
x 

sin COT' ; di cos COT' 
a 

It is interesting to express the time of arrival at the second grid, as 
obtained from the expression just derived, in terms of the functions of 
the gap-transit angle, M and JV, introduced in Chap. 3. These functions 
are unity for 0i = 0 and become small for large values of 6i. The fol
lowing equation results 

TW) - r' + Tl - (X) £ [M sin ^ + | ) 
8iN ( , , eX 

- ^ - C O S ^ C O T + - ) ■ 
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It is to be noted that to this approximation the effective phase is that which 
the electron would have had at the center of the gap, if the r-f field had not 
been present, modified by the additional angle — t a n - 1 (diN/QM). This 
angle arises from the cosine term in the above; this term also modifies the 
magnitude of the effective gap voltage (see Fig. 3-8). 

Considering next the passage through the field-free drift space and 
the reflection in the reflector region, if vd is the velocity of the electron 
as it first emerges from the gap, the time spent in the field-free drift space 
(both ways) is 2T2v0/vd. Under the assumption of a constant reflector 
field, the time spent in the reflector region is T3vd/va. 

In order to get all the first-order terms in the total time between 
emerging from the gap and entering it again, v0/vd and vd/v0 are needed, 
to the second order, in V/2V0. The expression for vd is 

vd = t>o — ( o t r ) j- (cos cor — cos OIT'). (24) 

From this equation is found, to the second order, with the aid of the 
first-order expression for T, 

—{'+S?-(- '^)-KS0"-(- '+I) 

Terms that remain in the limit of zero gap-transit angle have been sepa
rated out and are recognizable as terms in the expansion of 

The remaining terms vanish for 8i = 0. The quantity P is given by 

and, like M and N, is unity for &i = 0 and becomes small for large values 
of di (see Fig. 3-3). I t is significant that the second-order terms intro
duce the frequency 2u>. Since the bunching process is not a linear one, 
terms of this frequency in the arrival times contribute to the principal 
harmonic of the driving current. 
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(26) 

etMN 

The time of reentry can now be calculated to first order. I t is 

r-(d;r') = r' + T + (-2T2 + T3) Q ^ ) sin (cor' + | ) 

_ (_8 T ,+ T„.(0B m ,(;+j) 

cos l w ' + 2" I 

where T7 = T"i + 2T2 + T3. In the equation for the arrival time T2 and 
T3 enter in the first-order terms with opposite signs because the effect 
of the velocity change is not the same in the field-free drift space and the 
repeller region. The difference is the greatest in its effect on the coeffi
cient of sin2 (COT' + 0i/2), where the extra factor of 3 comes from the 
addition in the expansion of v0/vd that is due to the contribution of 
sin (COT' + 0i/2). 

Considering, finally, the return passage in the gap, since the electron 
is now moving in the opposite direction, the effect of the field is the 
negative of the effect on injected electrons. The exact expression is 

-id y>^,[(^h-(mb sin COT — sin WT~(CI;T') 

- W(T - T-(d;r')) cos coT-(djr') (27) 

Two facts are significant: the speed of the reentry is vd, not v0, and the 
time of reentry is T~(d;r'). However, in the time interval T — T~{d;r') 
the latter appears in the high-order term. With the aid of first-order 
expression for v,t, there is obtained to first-order, 

T - r-(rf;r') 

+ 

(^)*-(^)'-(&W-'+t) 
sin (COT' + | ) 

sin [cor' + | ) J 

- (-rf-5) »i cos ^' + 6 + Z sin LOT' + | ) | } ' 

where 0 = co7', and Z = co{-2T2 + T3) 

COT + 8 + Z sin 

COT' + 0 + Z sin 
\ z / J 

(28) 

I t is to be noted that the 
MY 
2V0 
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first-order t e r m s conta in all ha rmon ics of t h e oscillation f requency because 
t h e a r g u m e n t s of t h e sine a n d cosine funct ions conta in sines themselves . 

Phases and Phase Factors.—The first-order con t r ibu t ions t o t h e phases 
U'T+(X;T') a n d U'T~(X;T') a re convenien t ly expressed in t e r m s of the fol
lowing th ree func t ions : 

sin OJT — - Hi cos ar \i 

F'(x;r') 

+ £ 12A/ 

F+'^S) = I [sin (u,r' + I fl,) 

- ( ^ + ̂ (^)fSin2(-'+^) 
Msin( . , + |)-fcos(^ + | ) ] 

- 2 P sin I UT' + -2 ) cos I OJT' + -2 ) H g— 

(-1)] 
(-+s) 

(29) 

F - ' ( x / ) 

- ( ^ ) « . 

&JT' + ffj + Z sin 

T' + 0 + 2 sin 

Therefore, t h e phases O) 'T+(X;T') and U>'T~(X;T') m a y be wr i t t en as follows: 

U'T+{X;T') = U/T' + F+'(x;r'), 

<JJ'T~(X;T') , V + e' + Z' sin (ur' + ?£) + ( - J - ) »! (30) 

+ of,' 

I n t h e phase factors , e~>"'T*{x;T"> a n d e-;'"''-^-'-'>j t h e exponent ia ls con
ta in ing first-order t e rms can be expanded and quadra t i c and higher t e rms 
dropped . Hence, t he space-averages of t h e phase factors, which are t he 
quan t i t i e s t h a t occur in t he dr iving current , are 

dxe 1 f" 
d Jo 

dxe d 
1 - 3 QV)F*W 

dxe-""'T ( i ; r , ) 

d Jo (31) 

1 ~j QV-)F'M-I(&-)F-W\-
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These averages need be carried out only for u> = u because only the 
coefficient of e'"' in the driving current is desired. The result is 

if 
djo 

- j(^-)a-'["'+i+*-("'+?) W 4 5 {-(_8Bl + fi3) 

UnJ T S m VWT + 2 ) - 2 K S m V " + 2J - "6" ( 3 2 ) 

cos ̂  + Y j + - 2 - J - 2' Vj1/ - J -g-y S m V"r + 2 J ( 

+ (_£.) I {*,-* - Pe-'IV+*+»+»- (-+?)] J. 
Zero-order Terms in the Driving Current.—Since a description of the 

general behavior of the reflex oscillator is to be found in the zero-order 
terms, they are considered separately. The arrival times to zero-order 
are simply 

r+(x;r') = T' + I T1( 

r~(x;r') = r> + (-2T2 + r .) ( ^ ) sin ( ^ ' + § ) + ( ^ ) T, 

From these expressions the space-averages of the phase factors for the 
injected and reflected currents are readily calculated. They are, 
respectively, 

where 
MV B\ = «Ti, V = u'T, Z' = (-2fl£ + 0j) ^ ~ , 

M(9i) = sin | / | -

The driving current is 

. V ( t ; i ( l - f e - ' [ ' + , , ' - L , ( - ' + W l ) . (35) 
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Since 
r °° 

dr'e-v = 2TTS(«'), 
/ : 

the first term is merely — 70- As expected, the average current on its 
first transit is unmodulated in this approximation. The phase factor in 
the reflected current can be resolved into an infinite sum of harmonic 
contributions by means of the Bessel-function expansion 

I Jm(Z')e^~ '* V (36) 

Since 
/ - ■ 

the reflected current is the familiar sum of harmonic contributions with 
Bessel functions in the amplitudes; the driving current is 

i{t) = - / o I M{mdl)Jn{mZ)e-'n" (37) 

The electronic transadmittance is —2j/V times the coefficient of e"*' 
in the driving current. Hence 

Ye « —^ khMJ1(Z)e-^+-\ 

In this expression Z = ( —202 + e 3 ) l / y / 2 7 0 . The quantity ( -20s + 03) 
is the angle that is effective in the combined bunching action of the field-
free drift space and the repeller space. Since these two spaces tend to 
form bunches in opposition, the bunching angle is effectively reduced. 
It is not unreasonable to think of half of the gap as part of the drift 
space, in which case the bunching takes place from the center of the gap 
to the center of the gap. Such a picture is already implied in the phase 
of the driving current 6 = 6X + 282 + 63. The effective bunching angle 
then is 8e = -dx — 202 + 63 and the bunching parameter X = 8J1V/2V,,. 
Since 

»"0,(X),r.. , » M JlW+«r, (-«i); 
where J[{Z) = dJi{Z)/dZ, the change that is introduced is not a zero-
order contribution. 

Additions to the Admittance.—When the first-order terms are included 
in the phase factors, — 2j/V times the coefficient of e>"' in the driving cur-
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rent is found to be the rather cumbersome expression 

G* Y [ ^ ^ ye-2"* +»») - xmwi 
+ (-6S,+ ft)Q^).7{'(Z)]*-" 

Go12 B1MNJa{Z) - ^ ~ ZJ,{Z) + J2PJ,(Z)1 <r» 

+ Go^jNe-% Q + l ) + ̂  PJ2(27 ) e- J(2 9 +0. (38) 

U - 0 J M - ( MV\ 

third term, —^— ( —602 + 0a) ( OTT ) J"(z)e~'\ i s a first-order contribu-

The first term, —^ y—j ( - 20B + 03)e-'9, is the zero-order contri

bution. The second term, ^— J'1(Z)2j61e-'e, is the addition to this 

contribution that is discussed in the last paragraph. I t is caused by the 
extension of the effective drift space by half the width of the gap. The 

GJ12 

2 
tion to the electronic admittance that does not vanish with zero gap-
transit angle; it arises from one of the second-order terms in vd. The 
group of terms that follows arises from the combined effect of additional 
second-order terms in vd and first-order terms, not included in the addition 
to the zero-order contribution, that have their origin in the effective drift 

action of the gap. The term IT—?r- e r ( r + 1 ) is the beam-loading 

admittance arising from the double transit of the unmodulated current. 
The last term is an addition to the beam loading which is due to the 
modulation of the reflected current. 

The terms containing J"(Z), J0(Z), and Ji{Z) are 90° out of phase 
with the zero-order admittance. At the center of a mode, the term 
containing J^{2Z) is 90° out of phase with the ordinary beam-loading 
terms. Hence, at the center of a mode these out-of-phase terms do not 
affect the magnitude of the oscillations directly, but do affect the fre
quency with which the oscillations take place. 

All but the first two of these additions to the admittance are prob
ably best regarded as variable additions to the circuit conductance and 
susceptance arising from the presence of the beam. I t is therefore con
venient to define the electronic admittance as follows, 

2-^Qjee + XfJ['(X)\e->°, (39) 
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where X = 6,MV/2V0, Be = - 0 ! - 202 + 03, and Xf = 6fMV/2Va, 
8/ — —30! — 602 + 03. The extra factor 3 in the drift contributions 
to 0/ is caused by the combined effect of pure second-order terms and 
squares of first-order terms in vB/v^; these, terms and the second-order 
terms in vd/v0 become first-order terms because 02 and 03 can be large. 
Correspondingly, the beam-loading admittance is defined as 

StMKJoiX ^ A XJx{X) + J2PJ,(X) = -y(l) 
i) (40) 

The sum Y, -f- YB contains all the terms of Eq. (38) but does not exclude 
some higher-order terms. The beam-loading admittance as defined is 
zero for zero gap-transit angle (M, N, and P are shown plotted in Fig. 
3-3). 

Condition for Oscillation.—For ease of reference some of the impor
tant relations from Sec. 12-2 are reproduced here. For oscillation to take 
place the total admittance measured at the gap must be zero. Thus 

W + Y,. + YB + Y„ = 0, 

where YK and YL are the resonator and load admittances measured at the 
gap. 

The total circuit admittance is defined to include the beam-loading 
admittance: Y = Y'« + YL + Y'B. Using this modified formulation, 

Y = G + j2C(u - UE), 

where G is the effective conductance, C is the effective capacitance of the 
gap, and UR is the effective resonant frequency. I t should be remembered 
that these quantities depend on w and V to a certain extent, as did in fact 
the unmodified quantities. 

On separating real and imaginary parts, 

G = GoM* 

2C(u> — cos) = — 

X 8, cos 

~2J,{X) 

■s (e + l)-~ XfA'(X) sin (0 + 0 

-(-1): 
x~"-sm (41) 

+ X,J'1'(X)co* 

These two equations .serve to determine the gap voltage and oscillation 
frequency. 
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As already noted, oscillation cannot take place for all values of the 
phase angle 0. The values 0 = 0„ = 2ir(n + f), n = 0, 1, 2, • ■ • , are 
called the centers of possible modes of oscillation. At these points 

fl = ^ ! ? ^ ) , < = ffl^(_2^4fc+,.)i (42) 

because 6e = - 0i - 202 + 0s and 03 = 0 - 0i - 202. Since 2JX{X)/X 
cannot be greater than unity, the tube cannot oscillate in the mode in 
question, or at least not for 0 = 0„, if G/(9eM2Go/2) is greater than unity. 
This ratio at the center of the mode is defined in Sec. 12-2 as " the con
ductance parameter" and — 6eM'iGo/2 at the center of the mode is called 
the small-signal electronic transconductance. Let w0 be the frequency 
of oscillation at the center. Then 

<~t„ I f 2 
VJ 0 J U v Tt//\r\ 

aio = UR — K ^ - g - A / J j (A). 

(43) 

The fractional deviation from uR is 

wo — wfi G XfJ\ (X) 1 

UIR 2URC 2JI(X)/X de 

Suppose, for example, X = 2.4; then 2J1(X)/X = 0.433 and 

-XJ'J(X) = 0.822. 

Then (w0 — O>K)/U>R ~ O.95/Q0,, where Q — uKC/G; except for low modes 
the deviation is very small compared with the bandwidth of the circuit. 

The mode is usually limited by its zero-voltage points. They are 

G = Go ~ ( - 2 0 ! - 402 + 0) cos (e + | J 

w - UK = - ^ tan 10 + g b 
which give 0 and u at the two points. 

Efficiency.—As noted in Sec. 12-2 the r-f power generated and the r-f 
power output are iGV- and iG,,V2, respectively. In that section -q is 
taken as the total electronic efficiency and ?;,, the electronic efficiency to 
the load, both defined using the current that returns to the gap. Then 

= GV> _ G,.V2 

v ~ 2kI0V0' v'' ~ 2kI0Vo 

I t is convenient to measure the phase in a particular mode from its 
value 0„ at the center of the mode and to write 0 = 0„ + <j>. The effective 
bunching angle at the center of the nth mode is 0nf = 0„ — 2wo(7\ + 271

2). 
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Let — G™ be the small-signal electronic transconductance at the center of 
the nth mode, Gnt = B„,M2Go/2. The electronic transadmittance then 
is 

"2Jr Ye = —G„t '^(£)-iwml e-»'*, (44) 

and the total electronic efficiency becomes 

where yn = G/Gne is the conductance parameter at the center of the nth 
mode. 

In terms of these symbols and the loaded Q of the circuit, Q = amC/G, 
the conditions for oscillation arc 

2J1(X) ( Q.\ „ 1 . 
T = —x— \J~) cos * ~ f l ^x' J^ *' 

oi — UR 

^ L *^ V w s m * + x,Jl ( } ^cos *.■ 
On substituting for 7 in the efficiency 

2XJ i(X) /0„A x J ; i v ' / ( i ) /<?„A2 . ^ 

(45) 

(46) 

The maximum of XJ^X) is at X = 2.4, for which - X 3 J ' / ( X ) = 4.74. 
The above formula indicates, as has already been noted, that the effi
ciency decreases on going to higher modes. The factor 6ne/6c makes 
the power output unsymmetrical about the center of the mode. So also 
does sin <f>, but in the opposite direction. The term containing sin </> 
makes an appreciable contribution only in very low modes because of the 
extra factor 8ne in the denominator; however, for such modes, the effi
ciency is considerably reduced by the beam loading, which has been 
concealed in the modified circuit conductance. 

Electronic Tuning.—In a uniform reflector field the product 

(Vo - Vr)Tt 

is a constant for a given velocity of injection. However, 

If T3 is eliminated and the reflector voltage V° at the center of the mode 
(GJ = wo,4> = 0) is introduced to remove the constant, it can be shown 
that 
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V, - V7° 
28n 6)Q — 01 <£ 

en + eZ I o)o + aj 
v. - v? 

I + 
20 

>» + 
i /o)o — &A I 8„ — dne\ 

?nc \ Wo / \#n + L / . 

A useful measure of the rate of electronic tuning is 

but 
(dd\ = _ 2C = _ 2Q5) 

\du>/uo (? wo 

where Qo = ua/CG. Hence 

/ Foj^J^ /ju \ = / ft,_+_&,A 1 
V <*. "/WrL \ 20„ 7/ ,

1 + 2Qo\ 
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0„ + 2Q» 
(47) 

This equation gives the rate of change of frequency with change in 
reflector voltage at the center of the mode. 



CHAPTER 13 

NONIDEAL REFLECTORS 

BY D. R. HAMILTON 

Tn the preceding chapter various idealizations were made in order to 
emphasize the most basic features of the reflex klystron. Among these 
idealizations the following may be noted: 

1. The assumption of an " ideal" reflector, in which the potential 
varies linearly with distance, as would be produced by plane-
parallel electrodes with no space-charge effects. 

2. The assumption of small r-f gap voltages—that is, the assumption 
of a "high mode" (n » 1). 

3. The assumption that no electron makes more than one return 
transit through the gap—or the assumption of no "multiple 
transits," as this term will hereafter be used. 

The next chapter is concerned with the phenomenon of "electronic-
tuning hysteresis," which results when the third of the above assump
tions is violated. Violation of the second assumption, with the resultant 
bunched-beam-current phase shifts, also gives rise to "hysteresis" and 
mode asymmetries that are closely related to those produced by multiple 
transits. The magnitude of these phase shifts is considerably dependent 
upon the first assumption. Violation of the second assumption also 
causes deviations from the simple bunching theory as discussed in Sec. 
9-4; but in the reflex klystron these effects are minor compared with the 
effects that are introduced when the assumption of an ideal reflector is 
invalid. 

The present chapter, then, is concerned primarily with some of the 
general relations that are applicable in practical cases when the assump
tion of an ideal reflector does not hold true. These general relations are 
of two types. One type is concerned with the purely d-c transit-time 
questions that are involved in the phase relations of bunched beam cur
rent and r-f gap voltage; the other type is concerned with the bunching 
process, and involves the derivatives of transit time with respect to 
initial electron velocity. 

13-1. D-c Electron Optics.—The d-c motions of electrons in the 
reflection region involve, of course, standard problems of electron optics 
such as the question of how to reflect all the electrons back for a second 

352 
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transit through the r-f gap. As a matter of fact, it may be seen in the 
next chapter that a supplementary and more difficult question is how to 
reflect all of them for a second transit, while ensuring that none are again 
reflected from the cathode region for additional transits through the gap. 
For all such purely geometrical questions regarding electron trajectories, 
commonly used electron-optical techniques are available. One such tech
nique is graphical ray-tracing in the electrostatic field of given electrodes, 
this field being calculated by electrostatic theory or plotted with an 
electrolytic tank; another technique makes use of the analogy between 
electrons moving in an electrostatic field and small balls rolling under the 
influence of gravity on a stretched elastic membrane. 

The electron optics of reflection involves not only the requirement 
that electrons go to the right places, but also the requirement that all 
electrons of a given velocity spend the same amount of time in being 
reflected; the phase aberrations that result if this requirement is not met 
have adverse effects on performance and are discussed in Sec. 13-10. 
Both of the above-mentioned methods of finding out the path of the 
electrons—ray-tracing and ball-rolling—are easily adapted to give this 
additional information about transit time. Neither of them includes 
directly the effect of space-charge forces on electron motion. A con
venient method that has been developed for including the effects of 
space charge in electron-gun design1 does not seem to be directly appli
cable to general reflector design. 

For further information on the background of electron optics that is 
relevant to these specific design questions just discussed, the reader is 
referred to the extensive literature on electron optics in general. The 
present chapter and the next one are primarily concerned with those 
questions of electron motion that remain relevant to oscillator operation 
when the above two requirements (geometrically satisfactory electron 
trajectories, and uniformity of transit time) may be assumed to have 
been met. 

The first question to be discussed concerns the way in which applied 
electrode voltages and reflector geometry affect the absolute value of the 
d-c transit time. Such a discussion fulfills two functions. One is that 
of introduction and ground work for the subsequent discussion of r-f 
effects. Another equally important function arises from the fact that 
the d-c or equilibrium electron motions determine those combinations 
of oscillator parameters at which oscillation may or may not occur. 
The resulting interrelations of applied parameters that are required for 
oscillation are in themselves important operating characteristics of the 
practical oscillator; and in addition they may give, in any particular 

1 J. R. Pierce, Jour. App. Phys., 11, 548 (1940). 
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case, information about the nature of the reflector field that will be 
relevant to subsequent questions of r-f performance. 

The procedure that is followed in discussing d-c transit-time relations 
is to consider these relations in various simplified reflector fields. The 
principal features of these fields are representative of the reflectors met 
in actual practice, and the simplifications that are involved are those 
which ensure the satisfaction of the primary condition of uniformity of 
transit time among the electrons. However, before dealing with specific 
reflector fields it is worth while to consider certain general relations that 
concern the effects of changing dimensions and electrode voltages in an 
electron-optical system; these relations serve as essential tools in the 
later discussion. 

13-2. General Scaling of Voltages and Dimensions.—The general 
relations that are involved in the scaling of voltages and dimensions in 
a d-c electron-optical system follow in a straightforward manner from 
the dimensional relations in the three basic laws that describe the flow 
of electrons in a vacuum. These laws are: 

1. The Coulomb law of force between charged particles, as expressed 
in Poisson's equation relating the space-charge density p and the 
variation of the potential $ with position: 

32<J> 32<I> d2* 

™ = h + 4 + ̂  = p- (1) 
2. The conservation of matter, as expressed in the requirement that 

as much charge flows into any given volume element as flows out 
of it. For a d-c system, i.e. for dp/dt = 0, this requirement is 
expressed by the relation 

V. (Pv) s £ (Pvx) + A (pVy) + 1 (pt,,) = o (2) 

where v is the electron-velocity vector and pv = J, the current-
density vector. 

3. Newton's laws of motion, or conservation of energy applied to the 
relation between the electrostatic potential (measured with respect 
to the cathode) and the electron velocity: 

imv2 = e$. (3) 
Any electron-optical situation is described by the three variables, 

p, v, and $>, that enter into these three equations. Given the conditions 
existing at the surface enclosing a given region—for example, the poten
tial and electron-emission characteristics at every point—then these three 
equations determine uniquely the resulting values of p, v, and * at every 
point in the region. 
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The above comments and relations should be generalized in one 
respect. Suppose that v is not a single-valued function of position— 
i.e., suppose that more than one stream of electrons passes through some 
points of space; the reflection region of the reflex klystron is a case in 
point. Then p in Eq. (1) and pv in Eq. (2) are understood to represent 
the summation, over all these streams, of the values of p and pv respec
tively associated with each of these streams. This is, however, a purely 
formal matter that does not affect any of the conclusions to be drawn 
from Eqs. 1-3 and therefore does not warrant a formal complication of 
these equations. 

An explicit mathematical solution for p, v, and $ in any particular 
case is usually not feasible unless the boundary conditions are especially 
simple. However, comparisons of the solutions to these equations in 
cases with complex but similar boundary conditions may be made easily 
and with profit. 

Thus, suppose it is desired to compare the physical situations in two 
regions that are related to each other as follows: 

1. They are geometrically similar—that is, all the dimensions of 
Region 2 are larger than those of Region 1 by the scale factor a. 

2. In Region 2 the applied voltages at every boundary point, measured 
with respect to the cathode, are larger by the factor b than the volt
ages at the geometrically analogous points in Region 1. 

3. The electron-emitting surfaces in the two regions are geometrically 
similar and the electron emission from these surfaces is space-
charge limited with the applied voltages that are involved—that 
is, the potential gradient at the emitting surfaces is always zero. 

Two such regions are shown in Fig. 13-1. The position vectors of 
two geometrically similar points are denoted by r! and r2 respectively; 
the geometrical similarity is thus expressed by the equation 

r2 = ari. (4) 

Suppose that in Region 1 the space-charge density, electron velocity, 
and electrostatic potential are the functions of position pi(ii), Vi(ri), and 
$i(ri). Then, because of the specified similarity between the two regions 
and because of the way in which the various dimensions enter into 
Eqs. (1), (2), and (3), it is seen that for Region 2 a possible solution 
P2(r2), v2(r2), *2(r2) is the following: 

v2(r2) = v2(ari) = 6MVi(ri) (5a) 

P2(r2) = p^arj) = l-2 J P l (n ) (56) 

*2(r2) = *?(ar!) = 6*i(rj). (5c) 
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Region one 

^ Space charge limited emitting surfaces 

Region two 

I t is well known, however, that there is only one possible solution 
to Eqs. (1), (2), and (3) for each region; hence the solution for Region 2 
deduced in this manner from the solution for Region 1, and given in 
Eq. (5), must be the only solution for Region 2. There are, therefore, 

the following simple and interest
ing results of the specified scaling 
of the boundary conditions in 
voltage and geometrical size: (1) 
the potential, at every point 
within the region, scales by the 
same factor as is applied to the 
boundary potential, (2) the elec
tron trajectories remain geomet
rically similar, (3) the space-charge 
density, at every point, scales by 
the same constant factor bja1. 

The third requirement initially 
applied to the derivation of these 
results, that of space-charge limi
tation of the emitting surfaces, is 
not necessary and could be re
placed by a more general require
ment on the scaling up of the 
potential gradient at the cathode 
by the factor b/a; this is, however, 
a very nonrealistic requirement on 
the p h y s i c a l electron-emitting 
characteristics of the cathode ex

cept for the space-charge-limited case of zero potential gradient. 
From the behavior of the primary variables as shown in Eq. (5), the 

behavior of the "secondary" variables J = pv (the current density), 
I (the total emission current), and T (the electron transit time between 
any geometrically similar pair of points) may be deduced. These scale 
as follows (omitting the arguments of the functions): 

F I G . 13-1.—Graphical representation of 
the situation involved in the scaling of 
voltages and dimensions in an electron-
optical system. Boundary conditions: in 
region one, on $ = 4>i(ri) on boundary; in 
region two. $ = ^2(1:2) ~ &$i(ri) on 
boundary. 

h 
(£)'■ 

(ft)'-

(6a) 

(66) 

(6c) 

Equations (6a) and (66) express the functional dependence of current 
on dimension and voltage as given by the Langmuir-Childs law; these 
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equations show that this functional dependence holds for any arbitrary 
geometry as long as the cathode is space-charge limited. 

The regions of Fig. 13-1 may be subdivided into smaller regions, 
some of which would not contain the cathode surface. It may be seen 
from considering this case that the scaling behavior described in Eqs. 
(5), (66), and (6c) applies equally well to any region into which current 
is injected instead of being drawn from a cathode within the region; it 
is necessary only that the injected current density be given by Eq. (Oo)-
or what is the same thing, it is necessary that the external cathode that 
supplies the injected current should be subjected to the same scaling 
process as is the region under consideration. 

13-3. Reflector Mode Patterns.—The "reflector mode pa t te rn" is 
one of the best ways of summarizing, for a given oscillator, either the 
d-c transit-time relations or the combinations of oscillator parameters 
for which oscillation occurs. A reflector mode pattern is a graphical 
presentation of the dependence, on some other parameter, of the reflector 
voltages corresponding to the centers of various modes of oscillation, 
that is, corresponding to the transit-time relation1 0„ = 2ir(n + f) or 
0 = 0. A reflector mode pattern is made up of a number of individual 
"mode loci" each one corresponding to a single mode (single value of 
n). I t is to be particularly noted that "mode pat tern" as here used has 
a meaning distinctly different from that of "mode shape"; the latter 
expression has been used to denote the dependence of frequency or out
put power on reflector voltage. 

In some cases there may be a use for a mode pattern showing not 
only the loci of the points for which 60 = 2ir(n + f), but also showing 
contours of constant frequency, constant output power, etc; such a mode 
pattern, particularly the one involving output power, involves other 
properties of the reflector field beside the d-c electron-transit times and 
would therefore involve the bunching factors discussed in Sec. 13-7 and 
subsequently. The simple mode patterns here considered depend only 
upon d-c transit-time phenomena; this statement is based on the assump
tion that at the center of the bunch is an electron traveling with the d-c 
(the mean or unmodulated) velocity. This assumption is not always 
exactly true under non-small-signal conditions (see Sec. 9-4) and to this 
degree the conclusions of the present chapter are not exactly correct 
when applied to experimental data obtained at large amplitude of oscil
lation; but the errors are usually of the second order. 

1 Throughout this chapter the notation with regard to transit angle follows that of 
Chap. 9, i.e., 9u = transit angle for V, = Fo; 0 is the transit angle for arbitrary Vc. 
This distinction was unnecessary in ("hap. 12, where 8 alone was used; the necessity 
in the present chapter appears later when the drift-space coefficients of Chap. 9 are 
used. The present 60 need not be confused with 0„(n = 0), since in practice the 
latter very seldom occurs. 
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The most generally useful mode pattern is that in which the values of 
Vr for the center of the various modes are plotted against Vo- Such a 
Fr-vs.-Fo reflector mode pattern, measured for the type 417A, is shown 
in Fig. 13-2. 

As an introduction to the general relations that apply in such a mode 
pattern, the dotted construction line that passes through the point 
(VT = 0, Vo = 0) in Fig. 13-2 should be considered. This line is the 
locus of those operating points for which the ratio | y r | / y 0 has some con
stant value—what the particular value is does not matter in the present 
discussion. From the discussion of voltage scaling in an electron-optical 

system given in Sec. 132, it follows 
that if the cathode emission is space-
charge limited throughout this range 
of beam voltage, that is, if 7o « V^-, 
then all these points with some given 
value of | y r | / y 0 must correspond to 
a given set of d-c electron trajectories. 
This holds true for any arbitrarily 
shaped reflector region and for any 
degree of space charge. Since the tra

jectories are geometrically identical and since the velocities at all points 
in the reflector region change as y0

w , the total transit time must vary as 
VtT^ for points lying on the dotted line in Fig. 13-2. 

The points of intersection of the dotted construction line with the 
various mode loci will now be considered. Each of these loci corresponds 
to the condition 4> = 0, or 60 = 2w{n -+- f) when n is an integer. But it 

^ 6 0 0 

f 400 

S 200 
^ < 

n = 3 

fH 

n = 2 

.^-J 

1 
1 

| 
1400 ^ 0 200 400 600 800 1000 

Beam voltage V0 

F I G . 13-2.—Vr-vs.-Fo mode pattern 
for th type 417A reflex klystron oper
ating at 10.0 cm. 

has already been shown that along the line [ y , | / y 0 = constant, i Vo 
hence the values of Vo~l/i at the intersections of the dotted line with the 
mode loci should be in the ratio of adjacent integers plus | , and the 
fulfilling of this condition will determine the integer n associated with 
each mode. 

In Table 13-1 below there are listed the values of Vo and the rela
tive values of V<rXA for the intersection of the mode loci and the line 
|y>-|/yo = constant. Listed in adjacent columns are the values for the 
number of cycles transit time, as deduced for the two extreme modes 

T A B L E 1 3 1 . — A S S I G N M E N T O F M O D E N U M B E R S IN F I G . 13-2 

v„ 

1090 
600 
370 

Relat ive FcT'^ 

1.0 
1.346 
1.718 

Relat ive Vo ^ normalized to various choices of 
(n + -J) for value of 80/2?r in middle mode 

2 .04 
2 .75 
3 .51 

3 .53 
4 . 7 5 
6 .06 
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from the relation 0O <* Vo-** when the values 2f, 3-f, and 4£ cycles are 
assigned to the middle mode. I t is seen that the relations B0 " V0~^ 
and Bo <* (n + f) are simultaneously satisfied for only one of the possible 
assignments of values of n, namely the assignment indicated in Fig. 13-2. 

The above procedure is a very useful one for identifying modes'; this 
identification, when compared with that predicted by dead reckoning 
from dimensions and voltages, in itself tells something about the elec
tron optics of the reflector region. I t illustrates, however, simply a 
special case of a more general property of the reflector mode pattern. 
This property may be stated as follows: All the mode loci in a Vr -vs.-Fo 
reflector mode pattern are geometrically similar, differing only by a 
scale factor; if a single mode locus and the corresponding value of n are 
known, then the remainder of the mode pattern may be deduced there
from. The truth of this statement is easily seen by considering the effect 
of changing the direction of the dotted construction line in Fig. 13-2, for 
the distances from the origin at which the various mode loci intersect 
this construction line are in the ratio of l / y n + J and this ratio is inde
pendent of the particular direction of the construction line in question. 

Thus all the d-c transit-time relations for a given reflector field are 
completely described and specified by a single mode locus. I t follows 
from the general discussion of Sec. 
13-2 that the shape of this generalized 
mode locus is unaffected by an over
all geometrical scaling that includes 
the space-charge-limited electron gun 
as well as the reflector region. 

The Reflector Mode Pattern for 
Plane-parallel Space-charge-free Reflec- ; 
tor Field.—In addition to giving infor- ■£ 
mation about the dependence of d-c ■§ 
transit time on electrode voltages, as Distance" 
has just been discussed, the reflector FiU. 13-3.—Variation of potential 
mode pattern also reveals something *;ith i>°«t™» '" plane-parallel space-

r . charge-tree reflector. 
of the characteristics of the reflector 
field. Since most reflector fields have their generic origin in the plane-
parallel space-charge-free field, the mode pattern existing with this field 
provides a good point of departure for a discussion of the influence of 
reflector field on mode pattern. 

For an electron entering (with energy eV0) the reflector field shown in 
Fig. 13-3, the depth of penetration into the field is proportional to 
Vo/{Vo + \Vr\); the average velocity (in a uniform field such as this) is 
proportional to \/Vo; the transit time of an electron into the reflection 
region and back out again is therefore proportional to -\/Vo/{Va + I Vr|)-

Anode 
potential 

I V. 
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If this expression is set equal to a constant, and the voltages are measured 
in arbitrary units such that \VT\ = 0 when V0 = 1, then 

\Vr\ = VTo - Vo; (7) 

0.2 0.4 0.6 0.8 
Relative beam voltage V0 

F I G . 13-4.—Normalized mode locus for plane. 
parallel space-charge-free reflector. 

or, what is the same thing, if the constant to which \/V~o/{Va + \VT\) 
is set jqual is unity, then | Vr\ = \^V~l — V0. Since it has already been 

seen that all mode loci for a given 
reflector have the same shape, and 
since it is only the shape that is a 
matter of present concern, this 
nonchalance regarding absolute 
values is justified. Such a mode 
locus, passing though the point 
( |7 r | = 0, Vo = 1) will be called a 
"normalized mode locus." 

In Fig. 13-4 is shown the normalized mode locus described by Eq. (7). 
Physically, its shape arises as follows. For 7 0 « \Vr\ the strength of 
the reflecting field is practically independent of Vo; in order to maintain 
a constant reflection time as Vo (and the electron velocity) is increased, 
the strength of the reflection field and hence the size of \Vr\ must be 
rapidly increased with Vo in order to prevent a too rapid increase in 
depth of penetration. On the other hand, when V0» | T r̂], the depth 
of penetration is hardly aifected by an increase in V(); and in order to 
c o m p e n s a t e for the increased 
electron velocity, \Vr\ must be 
decreased to allow for deeper 
penetration. 

The Relation between. Normal
ized Mode Locus and Over-all Reflec
tor Mode Pattern.—For purposes of 
comparison with the mode loci of 
other reflector fields, Fig. 13-4 illus
trates all that need be said; but be
fore going on to these other reflector 
fields it is worth while to note the 
relation between the normalized mode locus of Fig. 13-4 and the observed 
mode pattern of Fig. 13-2. 

In Fig. 13-5 are shown a series of mode loci derived from the normalized 
mode locus of Fig. 13 4 and graduated in size to correspond to the values 
of n indicated on each locus; that is, the normalized mode locus is scaled 
up by a factor proportional to l/\/n -+- i-

The experimentally observed mode loci of Fig. 132 do not, however, 
extend down to Vo — 0; the reason becomes apparent when considera-

mode 
Relative beam voltage V0 

13-5.- Idealized reflector 
is derived from the normalized 

mode locus of Fig. lil-4 and the condition 
Ge/G g 1. 

FIB 
pattern 
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tion is given to the necessary condition for the starting of oscillation, 
Ge/G 2: 1. For the present case Ge = M-ddGo/2; assuming a space-
charge-limited electron gun, Go = Io/Vo <*■ \ZV~o- Hence the boundary 
between the regions of oscillation and no oscillation in the reflector-
mode pattern, specified by the relation Ge/G = constant, is given for 
constant G by the condition M260 \/Vo = constant. 

It has already been seen, however, that along a line from the origin 
in the mode pattern (that is, |F r j /Fo constant, identical electron trajec
tories), 0o ■\/V'o is constant. Hence for the range of beam voltages for 
which M2 « 1, oscillation will occur in the region of the mode pattern 
for which |y r | /Vo = some constant. When the beam voltage gets low 
enough, M2 starts to decrease and this boundary line sags, as is shown 
for a typical boundary in Fig. 13-5. The individual mode loci are con
tinued to the left of this boundary as faint lines, indicating the form that 
the mode pattern would take if the boundary were shifted. 

The General Relation for "Radians per Volt."—The general theoretical 
relations for the reflex klystron give output characteristics in terms of the 
electronic parameters Ge and <j>- In most practical problems involving 
changes within a given mode (for example, electronic tuning and modula
tion), Ge is sensibly constant and 4> 
is altered by changing some elec
trode voltage. In these practical 
problems it is just as important to 
know the relation between electrode 
voltage and the absolute or relative 
transit time in radians (0o or <f>) as 
it is to know the relation between 
0o or 4> and the output character
istics. T h i s r e l a t i o n between 
transit time and applied voltage— 
or, more briefly, the "radians per 
volt," "radians per reflector volt," 
"radians per beam volt," etc.—may be deduced in a simple manner from 
that part of the mode locus in the vicinity of the operating point. 

In Fig. 13-6, the encircled point A in the (F'r,I7
0)-plane represents 

the combination of values of Vr and F 0 at which a knowledge of radians 
per volt is desired. Through this point are drawn two lines, AO and AB. 
The line AO is a geometrical construction line through the origin; the 
other line AB, the tangent to the locus of constant d0 passing through the 
point A, is the only necessary bit of experimental data. 

Since 6a <* IVW f ° r niotion along the line OA, 

I 
1 
1 ̂ h 

D C 

^Y~i^~~B 
Locus of constant 8Q 

0 Beam voltage V0 

FIG. 13-6.— Mode pattern geometry. 
= tan" 1 (|F,I T o ) ; 

182 = - t a n " ' (d\Vr\/dVv)H. 

\dVo/rr/ra 2Vn 
(8) 

file:///ZV~o
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Since AB is the contour of constant 0„, however, the maximum gradient 
of e0 is along the line AC perpendicular to AB. By the construction 
shown in Fig. 13 6, this maximum gradient of 0o is 

(dBo\ = cos p\ /dBo\ 
W y L , sin (fr + p2) \dVo/v,/v. 

(9) 

where 

Pi = tan 

- — - ' ( $ & 

Similarly, the gradient of #o along the line AD, that is, (d0o/d|F r |K„, is 
given by 

1 _ / <90o 
cos p\ cos"p"2 \df tVA' . " " si» (Pi + (82) 

L_ / ^ (11) 

The derivative of 0o with respect to any other change of voltage is 
easily found from Fig. 13 6, but only (d6o/d\Vr\)va, the most commonly 
useful of these derivatives, will be worked out explicitly with the aid 
of Eq. (10). Here Eqs. (8), (10), and (11) give 

dda \ So 1 ,*2\ 
d\Vr\/va 2V0iy 

V \dVje 

This is a general relation that makes it possible to find (d<t>/d\Vr\)r« 
when \Vr\, V0, and 90 are given, provided that the influence of reflector 
geometry as represented by (d|Vr]/3Vo)s„ is known. Not much more 
can be said on this point until the mode loci for various specific geometries 
are investigated at a later point. I t may, however, be noted that the 
geometrical similarity of all mode loci for a given reflector makes 
(d\VT\/dV0)et a constant for constant Vr/V0; hence from Eq. (12), 

\a\VT\Jy. \d\Vr\Jv. 
Tr—? 
* 0 ' 

Thus the radians per reflector volt for a given electron trajectory increase 
rapidly as Vo is lowered. 

13-4. Reflector Mode Patterns of Fr-vs.-X.—Most of Sec. 13-3 has 
been concerned with the specific properties of the VT-vs.-Vt> reflector mode 
pattern. Another type of mode pattern that presents useful practical 
information about oscillator characteristics is the reflector voltage versus 

file:///dftVA'
file:///d/Vr/Jv
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wavelength, or W-vs.-A, mode pattern; and like the VT-v$.-Vo pattern, 
this one contains within itself the complete description of the d-c transit-
time properties of a given reflector. A Vr-vs.-\ pattern as observed for 
the type 417A (the same tube as used for Fig. 13-2) is shown in Fig. 13-7. 

The TV-vs.-X mode pattern is of practical importance in applications 
where X must be changed over a considerable range without exceeding 
certain limits in reflector voltage range. Since the Fr-vs.-X and the 
Fr-vs.-Fo diagrams are directly derivable from each other, as is discussed 
shortly, either type of measurement may be used to obtain information. 
Thus the Fr-vs.-X mode pattern is particularly important in tubes that 
operate over only a narrow range 
of beam voltages but over a rela- 3 0 0 

tively larger range of wavelengths. 
Since 0O

 a T/\ T is propor
tional to X at constant Vo and do 
(that is, for a given mode in Fig. 
13-7). Hence the Fr-vs.-X mode 
pattern is essentially a plot of 
reflector voltage vs. transit time, 
or vice versa. 

In the Fr-vs.-X diagram, since 
it is taken at constant Vo, points 
corresponding to a given set of 
electron trajectories lie on a hori
zontal line of constant VT. Along 
such a line of constant electron 
trajectory, the value of 0O for any 
given X is inversely proportional 
to X. Hence from the mode locus 
for a single value of 0O all the 
other mode loci may be derived; 
conversely, given a set of mode 
loci in the (Vr, X)-plane the values of 89 for each mode may be assigned by 
use of the requirement that do = 2ir(f, If, 2f, • ■ • ) just as was done 
with the Vr-vs.~Vo diagram. 

Thus in Fig. 13-7, for | F r | = 185 volts two modes occur with X = 9.00, 
10.91 cm. The ratio of these two wavelengths, 1.21, is closely the same 
as the ratio 4.75/3.75 = 1.21; hence the assignment of mode numbers 
shown in Fig. 13-7. It will be noted that this assignment agrees with 
that of Fig. 13.2. 

Since a single mode locus in the Vr-vs.-~h plane determines all other 
mode loci in the manner described above, all mode loci are similar in 
,he sense that they differ only by a horizontal (X) scale fact-:^. Thus a 

g:200 

100 

\ j i = 4 

^ * \ w = 5 

\ ? t = 3 

\ ^ ^ 

9 10 11 
Wavelength X (cm) 

F I G . 13-7.— W-vs.-X reflector mode pat
tern for the type 417A reflex klystron oper
ating at Vo = 400 volts. 
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0 2 l 

Relative V0 or X 
F I G . 13-8.—Geometrical construction for 

generation of the Wvs-X2 normalized mode 
locus from the yr-vs.-Vo locus or vice versa. 
Curve (I), Fr-vs.-\2 mode locus; curve ( / / ) , 
W-vs.-Vo mode locus. 

mode pattern may be represented by a single mode locus that may be 
conveniently normalized to pass through the point (X = 1, Vr = 0). 
The normalized VT-vs.-Vo and 7r-vs.-X mode loci may be easily derived 
from each other with the help of the auxiliary normalized 7r-vs.-X2 

mode locus; the Fr-vs.-X2 and the 
FV-vs.-Fo loci are related to each 
other by the simple geometrical 
construction of Fig. 13-8. The 
verification of this fact is left as 
an exercise for the reader, with 
the hint that in Fig. 13-8, the 
relation of point C to points A 
and B should be considered. 

The normalized Fr-vs.-X mode 
locus for a parallel plane reflector, 
no space charge, is shown in Fig. 
13-9. In discussing the mode 
patterns of specific reflectors in 
the next two sections, only the 

normalized Vr-vs.-Vo locus will be shown (Figs. 13-13 and 13-19). But 
it is apparent from Fig. 13-8 that the slope of the right-hand half of the 
FV-vs.-X mode locus is roughly proportional to the corresponding slope 
in the Fr-vs.-Fo mode locus; any
thing that affects one of these 
will affect the other in the same 
manner. 

13-5. Normalized Mode Locus 
of a Space-charge-free Recessed 
Reflector.—In actual practice the 
anode-reflector r e g i o n i s n o t 
bounded by two parallel planes. 
The reflector electrode is com
monly somewhat recessed over a 
diameter somewhat greater than 
that of the electron beam, as is 
shown in various figures of Chap. 
18. This has the effect of provid
ing a radially inward force on 
electrons, which tends to counter
act any inherent or space-charge-produced divergences in the beam. 
In the next chapter it is seen that it is sometimes advantageous to add 
other complications to the electrode shape in order to avoid more than 
two transits of the electrons through the r-f gap. 

1.0 

.0.8 

0.6 

■S 0.4 
I T 
i i 
i i_ 

0.2 

0 0.5 1 
Relative wavelength X 

F I G . 1.3-9.—Normalized TVvs.-A mode 
locus for plane-parallel space-cliai-fre-free 
reflector. 
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The particular recessed reflector with which the present section is 
concerned is shown in Fig. 13-10. The relative dimensions, with reflector 
depth equal to half the reflector diameter, are more extreme than most 
of the practical reflectors shown in Chap. 18. However, when space 
charge is neglected any equipotential lying between the two electrodes 
of Fig. 13-10 may be replaced by a conducting surface operated at a poten
tial negative with respect to cathode; thus the solution of this reflector 
inherently contains the solution to a number of other convergent reflectors 
that are similar to the reflectors of Chap. 18. For purposes of discussing 
this reflector field1 it will be assumed that the electrons move along the 
axis without too great a divergence therefrom, in other words, that the 
diameter of the reflector is rather larger than the beam and that the beam 
is not initially very divergent. In this case the reflector field is essentially 

Anode 

Reflector 
F I G . 13'10.—Geometry of 

the cup reflector to which 
Figs. 13 11 and 13-12 and 
1313 refer. 

FIG. 1311.—Variation of relative negative 
potential <J\/(Fo + fM) along the axis of cup 
reflector as function of x/rc, distance from 
anode measured in units of the rcflector 
radius ro. 

one-dimensional; in Fig. 13 11 is shown the dependence of electrostatic 
potential on ,r rr,, distance along the axis as measured in units of the 
reflector radius. 

Some of the properties of the mode locus of this reflector are immedi
ately apparent from Fig. 13-11. Thus, for j r r | » F < i (electron turn
around at <P/(V0 + \Vr\) « V), the behavior is essentially that of a 
plane-parallel reflector. But for [Tr

rj = V«>2 (electron turn-around at 
$/(Fo + \Vr\) — f in Fig. 13-11), a further increase in F(> increases 
the depth of penetration much more rapidly than in the plane-parallel 
case; thus not as large a compensating decrease in \Vr\ is necessary to 
hold the reflection time constant. 

The dependence of transit time T on incident energy V0, with con
stant total potential difference (V0 + \VT\) in the field of Fig. 1311, 
is shown in Fig. 13-12. The normalizing factor T„ is the reflection 
time for a plane-parallel reflector with the same reflector spacing and 

1 This discussion of the tubu la r reflector is based upon the unrepor ted work of J. B. 
Garrison of the Radia t ion Labora tory . 
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0.8 

0.4 

with reflector voltage zero. The square-root dependence of T on 
Vo for a plane-parallel reflector is also indicated in the figure. 
Similar curves giving the reflection time T for reflectors derivable 
from the present recessed reflector by placing conductors at various 

j 2 equipotentials may be obtained 
from Fig. 1312 by a horizontal 
expansion of the curve in Fig. 
1312 sufficient to give the correct 
intercept at V0/(V0 + \Vr\) = 1. 

The mode locus is in turn 
derivable from Fig. 13 12 by 
plotting Vr vs. Vo at constant T. 
The resulting normalized mode 
locus is shown in Fig. 13-13 with 
the mode locus for the plane-
parallel reflector indicated for 
comparison. The flattening out 
of the locus as the reflector gets 

deeper is a monotonically progressing process. Considerations of 
power-supply convenience and the avoidance of reflector bombardment 
by fast electrons usually require operation with 0.2F0 Ss \VT\ ^ 0.5V c.; 

tY 
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* * ■ ' * ' 
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F I G . 13-12.—Electron reflection time T 
in the reflector field of Fig. 13-11 (solid line). 
Transit time in reflector of same spacing but 
with, linear variation of potential (broken 
line); To is the transit time in this linear 
field with |V r | = 0. 

Relative beam voltage VQ 

F I G . 13-13.—Normalized mode locus 
for the reflector potential of Fig. 13-1 1 
(solid curve). Normalized mode locus for 
plane-parallel space-charge-frcc reflector 
(broken curve). 
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and it is apparent from Fig. 13-13 that for a deep reflector the mode 
loci in this range of reflector voltages are practically horizontal lines— 
that is, the reflection-transit time and hence the oscillation frequency 
are nearly independent of beam voltage. Similarly, it is apparent from 
the previous discussion of the factors that determine radians phase 
change per reflector volt that this quantity is maximized for such a 
horizontal mode locus. 

In Fig. 13-14 the mode pattern for an experimental reflex oscillator 
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with a hemispherical reflector is shown; the correspondence with the 
behavior just discussed is obvious. 

Some of the other implications of the deeper reflector are discussed 
when the effect of various reflectors on the bunching process is considered. 

13-6. Space-charge Transit-time Effects in the Plane-parallel Reflec
tor.—Space-charge effects are always present to some degree in any 
reflecting region. The only reflector for which they can be analyzed 
with any degree of facility is the plane-parallel reflector; the analysis of 
this reflector will serve to indicate orders of magnitude and the nature 
of end results. 

The general. question of one-dimensional flow of electrons between 
parallel planes has been thoroughly discussed elsewhere1 without, how
ever, giving in much detail the results that are applicable to the case 
of complete reflection of the electrons. (See also Sec. 3-6.) The 
mathematical analysis of the additional details2 will not be reproduced 
here, the discussion being limited to stating the results and discussing 
their physical content. 

According to Poisson's equation, the curvature of the potential func
tion is proportional to the space-charge density. In a region into which 
a constant current is injected, the space-charge density at any point is 
inversely proportional to the electron velocity, or the square root of the 
potential, at that point; space-charge effects are then greatest at the 
turn-around point in the reflector region. 

The order of magnitude of the effects involved may be seen from a 
simple case. In a plane-parallel diode with negligible cathode-emission 
current the potential varies linearly with distance from the cathode. If the 
cathode-emission current is increased until it is space-charge limited, 
the potential gradient at the cathode is zero and the potential varies with 
the ■$ power of distance from the cathode. Nearly the same ^ power 
space-charge distortion of the electrostatic field would result, for the 
same geometry, if the current were injected at the anode and collected 
at the "cathode," now run slightly positive with respect to the zero 
equipotential. Furthermore, suppose that the current were injected at 
the anode, with the "ca thode" now operated as a reflector at a voltage 
infinitesimally negative with respect to the source of the electrons, with 
the result that all the electrons are now returned to the anode; then if 
the "ca thode" (reflector!)-anode spacing were decreased by the factor 
l/y/2, nearly the same i power variation of potential with distance 
would again result. This last factor of l / - \ /2 comes in because the 

1C. E. Fay, A. L. Samuel, and W. Shockley, Bell Syst. Tech. J., 17, 49 (1938). 
B. Salzberg, A. V. Haeff, R.C.A. Review, 2, 236 (1938). 

2 Private communication from W. Sollf rey, Sperry Gyroscope Co. Research Labora
tories, Garden City, N.Y. 
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injected current, since it is now reflected, is equivalent in its space-
charge contribution to twice as much current in_a one-way diode; and 
a decrease in diode spacing by the factor l / \ / 2 doubles the emission 
current. These considerations suggest that a very useful parameter for 
use in dealing with space-charge effects in reflectors is the ratio \ / 2 d/s, 
where d is the anode-reflector spacing and s is the cathode-anode spacing 
in the "equivalent diode." By this last term is meant a space-charge-
limited diode that would supply, at the given beam voltage, the current 
density which is injected into the reflector region. The ratio \ / 2 d/s 
is proportional to the square root of the perveance of the electron gun. 
(Perveance = I0/V0

3<i, a quantity that is independent of V0 in a space-
charge-limited electron gun.) 

When A / 2 d/s = 1 and the reflector is operated infinitesimally nega
tive (it is assumed that the electrons have no velocity distribution), then 
the potential varies with the i power of distance from reflector to anode. 
For \ / 2 d/s « 1 there is little space-charge influence and the potential 

varies nearly linearly with distance. 
Anode 
potential 
Cathode 
potential 

T 
Reflector 
potentials 

1 Distance 
F I G . 13-15.—Variation of potential 

with distance in the presence of space 
charge; same la, V'o, reflector spacing, 
corresponding to \/2d.s = 1.4; two 
different reflector voltages. 

This latter case corresponds to the 
situation in a temperature-limited 
diode. This analogy between a 
diode and the reflecting region can
not be carried far, however, unless 
attention is given to the fact that 
a reflector is often run negative 
with respect to cathode. Thus, Fig. 
13 15 shows the variation of poten
tial in a reflection region with two 
different reflector voltages but with 
e v e r y t h i n g else constant. I t is 

seen in this figure that a high reflector voltage, by pushing the elec
tron turn-around point nearer to the anode, diminishes the total 
amount of space charge and the space-charge distortion of the field just 
as would a smaller anode-reflector spacing. The specific curves in Fig. 
13-15 have been calculated for \/2 d/s = 1.4. In the type 3K23 reflex 
klystron, the operation of which is analyzed in Chap. 12, an even higher 
degree of space-charge is present, corresponding to -\/2 d/s = 2.5. 
The curvature of the potential that sets in at low reflector voltages, to 
which was ascribed in Chap. 12 an observed decrease in efficiency in the 
type 3K23, is apparent in Fig. 13-15; the way in which this curvature 
influences bunching and efficiency is discussed in Sees. 13-7 to 13-9. 

Some attention must also be given to what happens when Vr — 0 
("Vr = 0" hereafter means "reflector infinitesimally negative") and 
\/2 d/s > 1. In this case, as shown in Fig. 1316, the turn-around point 
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moves out from the reflector toward the anode; the potential maintains 
its same relative form, shrinking horizontally in the figure. 

In finding the variation of potential in cases such as those of Fig. 
13-15, it is necessary to join two solu
tions: the linear potential in the region 
between the reflector and the turn
around point, and the temperature-
limited-diode potential between the 
turn-around p o i n t a n d the anode. 
These two solutions must join with 
continuous first derivatives at the turn
around point; hence, if \Vr\ > 0, the 
solution for the potential in the space-
charge-field region must have non-zero 
gradient at the turn-around point, just 
as does the potential in a temperature-
limited diode. 

Without reproducing the details of the derivation, the results of the 
considerations just outlined may be summarized. The notation used is 
as follows: 

T5 
O 

o 

Anode 
potential 

Cathode 
and 

reflector 
potential 

Distance 
F I G . 1316.—Variation of potential 

with position in the reflector region 
when Vr = 0, for various values of the 
beam current or of V2d/.. 

x = distance measured into reflection region from the anode. 
^ = the electrostatic potential measured with respect to the cathode 

or the electron turn-around point in the reflector region, and 
normalized by dividing by Va. 

Then the relation between potential and distance in that part of the 
reflection region where current is present is given by 

V2. (1 - 2C)(1 + C*)« - (*« - 2C*)(*» + C)*. (13) 

Here C is a parameter the physical significance of which is shown by the 
relation 

_L (**\ = _ 4 cii 

Thus C is proportional to the square of the (suitably normalized) poten
tial gradient at the electron turn-around point. This relation, however, 
is hardly convenient for finding the value of C with which to enter 
Eq. (13) in any given situation. The value of the parameter C may be 
determined from the relation 

iZrl 
V0 

O V2d - (1 - 2C)(1 + C)* - 2C« (14) 
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This equation is summarized graphically in Fig. 13-17, wh'ch gives the 
relation between |V r | /Fo and C for various values of y/2d/s. For 
\ / 2 d/s = 1, there is no value of C for which [ F r | / 7 0 = 0. This condi
tion corresponds to the physical fact that, if \ / 2 d/s > 1 and Vr = 0, 
the potential has the value zero for a finite distance in front of the reflector. 
The potential remains at zero up to the point x = s/y/2; for smaller 

values of x, the potential depends 
upon distance just as it would if 
d were given by s/y/2. 

The d-c transit times in the 
reflection region are conveniently 
normalized in terms of the value 
that the round-trip transit time 
assumes when the potential in the 
reflection region is just like that in 

a space-charge-limited diode—that is, when \/2 d/s = 1. In this latter 
case the transit time is 6s/v0. For any other case the transit time T and 
the normalized transit time r are given by 

10~J 1 0 ' 1 0 1 1 10 10" 10J 1 0 " 
Space charge parameter C 

F I G . 13-17.—Dependence of the space-
charge parameter C on the parameters 
IWI/Vo and \/2 d/s. 
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From this equation and the dependence of (7 on |F r | /Vo and -\/2d/s 
as shown in Fig. 13-17, one may deduce the dependence of the normalized 
transit time T on [ 7 r | / F 0 and y/2 d/s as shown in Fig. 13-18. 

The behavior shown in Fig. 13-18 results from the interplay of two 
factors: the depth of penetration of the electrons into the reflector field, 
and the mean electron velocity 
in the reflector space. In the 
absence of space charge, a diminu
tion of \Vr\ at constant V0 in
creases the depth of penetration 
while leaving the mean electron 
velocity unchanged; as |F r | /Vo 
goes f r o m u n i t y to zero the 
transit time is doubled. This 
behavior corresponds to the behavior shown in Fig. 13-18 for V 2 d/s « 1. 
(The curve for \/2 d/s = 0.2 is expanded horizontally over that for 
■\/2 d/s = 0.1 because the transit time through the equivalent diode, 
to which T is normalized, has been correspondingly decreased.) As space 
charge comes effective (\/2 d/s _ 1), it is apparent from Fig. 13-15 that 
the depth of penetration increases less rapidly as | V,|/V0 diminishes, but, 
because of the increasing potential curvature, an increasingly large frac-

0.2 0.8 1.0 0.4 0.6 
Transit time T 

F I G . 13-18.—Dependence of the normal
ized reflection transit-time r on the parame
ters IWI/Vo and s/2 d/s. 
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tion of the electron's path lies in the low-velocity region near the turn
around point. These two factors have opposite effects on the transit 
time. For \/2 d/s g 1 the turn-around point for Vr ~ 0 is at the reflec
tor and the turn-around point for | F r | / F 0 = 1 is practically midway 
between anode and reflector just as in the absence of space charge; thus 
the increasing curvature of the potential as VT approaches zero (see Fig. 
13-15) gives rise to an increase of transit time with diminishing \VT\ that 
is more rapid than in the absence of space charge. However, as \ / 2 d/s 
increases above unity (see Fig. 13-16), the depth of penetration at 
VT = 0 becomes less and less. This effect tends to counterbalance the 
space-charge diminution of mean velocity that takes place as \Vr\ dimin
ishes; the net result is that for y/2 d/s » 1 (very severe space-charge 
conditions) the transit time becomes more and more independent of VT. 
This result is likewise apparent in Fig. 13-18. 

The interplay of these various transit-time factors results in the 
normalized mode loci shown in Fig. 13-19 for various degrees of space 
charge. The most interesting feature here is the extreme distortion 
from the space-charge-free case under conditions of high space charge. 
This distortion is due to the effect just noted for, as V0 is increased and 
an attempt is made to hold T 
constant by a decrease in \Vr\ to 
allow d e e p e r penetration, this 
attempt is partially frustrated by 
the increasing curvature of the 
potential function. This increas
ing curvature must be compen
sated by a further decrease in [ Vr\', 
this accelerating process brings 
\Vr\ rapidly to zero. The curves 
in Fig. 13-15 may also be used to 
illustrate this point because, since 
space-charge phenomena are inde
pendent of voltage in the presence of a space-charge limited cathode, the 
curves of Fig. 13-15 may correspond as well to constant T, variable Va, as 
to the constant V0, variable T indicated in the caption. The value of Vr 
would then be measured relative to the varying V0; and with T constant, 
the curve with low \VT\ corresponds to high VQ. 

Although Fig. 13-19 shows the mode loci normalized to Vr = 0 at 
Vt, = 1 for comparison with Figs. 13-4 and 13-13, the physical factors 
just discussed may be more easily seen in the unnormalized pattern of 
Fig. 13-20, which shows the locus for a single mode (single value of T) 
as v 2 d/s is increased. This figure shows that as the electron-gun 
perveance per unit area is increased for a given reflector geometry, the 
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F I G . 13-19.—Normalized mode locus for 
plane-parallel reflector with varying degrees 
of space charge as indicated by varying 
values of V2 d/s. 
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maximum transit time obtainable with a given beam voltage eventually 
diminishes monotonically. 

This maximum transit time is always obtained with Vr — 0. With 
a given geometry and Va and with Vr — 0, Fig. 13-1G illustrates why 
transit time eventually decreases monotonically with increasing current. 
At zero reflector voltage, an increase in current does not at first change 
depth of penetration but does increase potential curvature and transit 
time; however, as already noted, for A / 2 d/s i 1 a further increase in 
current simply moves the turn-around point nearer the anode without 
changing the relative shape of the potential, and hence diminishes the 
transit time. 

These comments about the influence of space charge in the reflector 
region have been intended largely as background; the only clear-cut 
easily observable effect that has been discussed is the influence of space 

■g 2=0.5 

£ 0 0,5 10 
Relative beam voltage V0 

F I G . 13-20.—-Unnovmalized mode locus for a given value of reflection time T, showing 
relation between Vr and Yo as d !s (that is, beam current at constant beam voltage) is 
increased. Curves labelled with values of V - d/s-

charge on the mode pattern. Aside from the usefulness of knowledge 
of mode patterns per se, and the implied possibility of exploring d-c 
space-charge effects and verifying these comments by observation of 
actual mode patterns, there are two important consequences of this 
discussion. 

One has to do with the influence that the curvature of the potential 
in the region of the turn-around point has upon the bunching phenome
non, which is discussed later. The other point, related in part to the 
first, has to do with the influence of space-charge phenomena on the useful 
range of wavelengths for the reflex klystron. 

As the operating wavelength of the reflex klystron is increased, the 
reflection time must be increased in the same proportion because, in order 
for oscillation to exist, the reflection time must have a minimum value 
of -J or preferably If cycles measured at the oscillation frequency. I t is 
seen in the later discussion of the effects of space charge upon bunching 
that the effects of increasing space charge are eventually adverse. Hence, 
let it be supposed that in increasing the wavelength of the klystron the 
space-charge effects are maintained at some constant level; the depend
ence of relative potential upon relative position is therefore unchanged 
in the scaling process. The invariance of space-charge effects and the 
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proportionality of reflection time to wavelength may be accomplished 
by holding Vo constant and scaling the dimensions of the cathode and 
the reflector in proportion to the wavelength (see the previous discussion 
of the scaling of electron-optical systems). But this scaling process 
holds 70 constant. Thus as the wavelength is increased, the d-c input 
power, the efficiency, and the r-f output power approach constant limiting 
values. At the same time, however, competition from other oscillators 
that are not limited in this manner comes into play and hence makes the 
reflex klystron increasingly less advantageous above some maximum 
wavelength. 

This conclusion is not appreciably changed by considering other 
methods of scaling; hence it may be said that reflector space-charge 
effects, operating in the dimension parallel to the motion of the beam, 
set one long-wavelength limit to the competitive ability of the reflex-
klystron oscillator. The same may be said concerning the effects of 
debunching in multiresonator klystrons. There, for a given beam volt
age, the necessary drift length is proportional to the wavelength, but the 
debunching wrave number, which determines the length of drift space 
for which debunching becomes harmful, does not involve the frequency of 
the r-f input-gap voltage. 

I t is not too irrelevant to note an interesting related fact, which is 
that the short-wavelength limit for klystron operation is set by another 
electron-optical effect, the existence of a maximum obtainable current 
density.1 This maximum current density is a limitation involving 
dimensions transverse to the beam. The maximum current density is 
important because circuit losses increase as the wavelength decreases, 
and a larger total current is therefore required to sustain oscillation; at 
the same time the cavity size and the gap area available for this current 
decrease. Since the current density is limited, the two requirements 
collide head-on and set a lower limit to available operating wavelengths. 
Unfortunately, at present this lower limit is not influenced by competition 
from any markedly better oscillator, in contrast to the situation at the 
long-wavelength limit. 

All told, the two limitations just described seem to limit the usefulness 
of the reflex klystron oscillator to the (not-so-small!) wavelength range 
extending from somewhat more than a millimeter to somewhat less than 
a meter. 

13-7. Influence of Reflector Field on Bunching.—The effects of 
velocity modulation by a noninfinitesimal r-f gap voltage and of subse
quent bunching in an arbitrary drift space are considered in detail in 
Sec. 9-4. There it is found that, even with the simplest drift spaces, the 

1 J. R. Pierce, Jour. App. Phys., 10, 715 (1939). 
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noninfinitesimal r-f gap voltage necessitated corrections to the results 
of the simple bunching theory of Sec. 9'2 and Eq. (9-9). Changes in both 
the phase and the amplitude of the bunched-beam-current components 
are indicated, and since these are primarily effects that increase with 
increasing amplitude of the gap voltage, they usually diminish with 
increasing n in the reflex klystron. In generalizing these results to 
arbitrary drift spaces it is found that these effects of noninfinitesimal 
gap-voltage amplitude are dependent on the transit-time characteristics 
of the drift space. 

It is also found, however, that the relation between bunching param
eter and r-f gap voltage is dependent on the drift-space characteristics; 
and this is considerably more important to the present discussion. In 
the two simplest drift spaces, a field-free drift space and a linear reflecting 
field, |A'| = AldtiV/2\\, where 0O is the d-c transit angle in the drift 
space; however, for all other drift spaces, A' = au]fd„V/2Vl), where the 
coefficient ai is a characteristic of the drift space given by Eq. (9-26b): 
Oi = — (2V(,/di))(dd/dV<,)i>. This last effect is not, as were the previous 
ones, a matter of distortion of the bunch consequent upon modulation 
by a large r-f gap voltage; to the contrary, the waveform and phase of 
the bunched beam current are unaltered, and the simple zero-order 
Eq. (9-9) for the current components still holds. All that has happened 
is that the degree of bunching produced by a given V/Vo is the same as 
that which would be produced in a linear reflecting field with a d-c 
transit angle \ai80\ instead of 0O. 

This fact is sometimes expressed by saying that in a nonlinear reflect
ing field the "equivalent bunching t ime" is different from the transit 
time. The equivalent bunching angle \ajdf)\ thus governs all considera
tions of bunching and small-signal electronic conductance G„, and the 
transit angle 0O governs all considerations of bunching phase and the 
phase angle <j>. The main importance of the field coefficient ai lies in 
the fact that it does not depend on gap-voltage amplitude and hence is 
less likely to decrease with increasing n. 

The consequences of an increase in equivalent bunching time over 
transit time (|oi| > 1) are simple. They are the same as the conse
quences, already noted in detail in Chap. 12, of increasing Qa in the linear 
reflecting field. Thus in the simplest terms (assuming high current 
efficiency), r; « l/|ai|0o and A/^ cc [ai|0o. If by some means 0O and n 
could be held constant and \a,i\ increased, a decrease of i\ and an increase 
of My, would result. Conversely, a decrease in |ai| increases efficiency 
and decreases electronic-tuning range. 

Thus the principal subject of interest in the investigation of general 
reflector fields is the field coefficient ah which apparently can have such 
far-reaching effects on the simplest aspects of reflex-klystron behavior. 
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13-8. D-c Transit Time Versus Effective Bunching Time.—Since 
bunching depends upon differences in transit times, the resulting depend
ence of bunching parameter on the derivative (d8/dVe)o in ai is to be 
expected. But the way in which (dd/dVe)o depends on the general shape 
of the reflector field is perhaps not so obvious, and the physical origin of 
any such dependence is therefore worth some investigation. 

What happens in the vicinity of the electron turn-around point has a 
pronounced effect on transit-time relations as the electron velocities in 
this vicinity are low and the time spent in this region is out of proportion 
to its geometrical extent. The vari
ous relations involved may perhaps 
most easily be seen with reference 
to Fig. 13-21. Here are shown sche
matically three reflector fields such 
as might be produced by placing an 
auxiliary grid between the anode and 
reflector at the position indicated. 

The transit-time relations in such 
a case are simple and are easily 
derived because the average velocity 
in traversing any segment of a linear 
potential is simply the average of the 
velocities at the beginning and at the 
end of the segment. These relations 
will be stated without derivation and 
with no discussion of their signifi
cance as analytical expressions; they 
are given explicitly simply for the convenience of anyone who may 
wish to experiment with combinations of parameters other than those 
shown in Fig. 13-21. 

Let the relative position and potential of the imaginary "auxiliary 
grid" be given by 6i and b2, as shown in the figure; and let 600 be the d-c 
transit angle when 5i = &2—that is, duo is the d-c transit angle for an ideal 
linear reflector with the same turn-around point as the reflector in ques
tion. Then the d-c transit angle do is given by 

F I G . 13-21.—Illustrative reflector fields 
for discussion of transit time and bunching 
relations: (A) 6i = f, 62 = 0; (B) bi = 6*; 
(C) 61 = I, bi = 0.95. 

(16) 

The rate of change of transit time with changing electron energy 
may be measured by a quantity similar to that used in defining alt 
— (2Vo/8oo)(dd/dV„)0. This quantity is given, for the indicated reflector 
field, by 
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2V0( de\ = b, bt-b! 
e0,\dVja b2 ^ 62(1 - &„)«' U 

What do these relations say about the potential curves, A B, and C 
of Fig. (13-21), for which bt = f and 62 = 0, f and 0.95 respectively? 
Equation (16) indicates transit times given by 

-^ = 0.67, 1, and 2.02 
"00 

respectively. This result is as it should be; the velocity at any given 
point in space has been progressively decreased in going from A to C. 

By Eq. (17), the rate of change of transit time with incident electron 
velocity is given by 

? t ( ^ . ) . - « ■ ' ■ ■ » " " 
hence 

o-i = 0 , - 1 , and —13.4 
for A, B, and C respectively. 

This result is rather surprising. I t says that in the reflection field A 
no bunching action at all occurs, and also that in field (7, bunching occurs 
as easily as it would in a linear reflecting field with 13.4 times as large 
a d-c transit angle; in field C, r\ is reduced by a factor 13.4 and Afu, 
increased by a factor 13.4 from the values in a linear field with the same 
d-c transit angle. What is happening here? 

Consider first field A of Fig. 13-21. This field is really a combination 
(in a proportion chosen with the intention of emphasizing a particular 
point) of two cases that have already been noted in detail: the ideal 
reflector and the field-free drift space. It will be recalled that the 
transit time of an electron with initial energy IV is proportional to 
IV- in the ideal reflector and to Y,r''* in a field-free drift space; hence in 
Case .1 , where 6i is so chosen as to make the transit times in the two 
spaces equal, the total transit time is independent of IV for IV ~ I'D. 
There thus can be no bunching by small r-f gap voltages with the field 
of Case .1 , as transit time is independent of electron energy. 

This result does not hold true, of course, for any value of b\ other than 
f. At bi = | and b2 = (),.«! goes through zero and changes sign; for 
62 = 0 and bi > f the bunching is predominantly field-free in character 
and 180° out of phase with that for b-< = 0, b\ < %; with a reflector 
for which 62 = 0 and bi > $, modes of oscillation can occur not at 
0„ = 2w(n + f) but at 0„ = 2ir(n + | ) . 

Consider now Case (' of Fig. '13-21. What makes (V/0, r/IVo so large? 
This quantity has increased out of all proportion to the increase in 8a. 
The increase in d0 results largely from the increase in the geometrical 
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extent of the region where velocities are small; but the increase in 
(dd''dV,)o arises because the gradient of the potential at the turn-around 
point is small. This small gradient means that a slight increase in 
incident electron energy makes a disproportionate increase in the depth 
of penetration and in the distance which the electron must travel at 
very low energy. This example illustrates the fact that the potential 
gradient at the turn-around point becomes of prime importance when it 
is small. 

Case C corresponds to the general shape of reflector field most com
monly encountered in fact. A distortion in the same direction as this 
one is caused by space-charge effects between plane-parallel electrodes, 
as has already been seen in Figs. 13-15 and 13-10. Even in the absence 
of space charge, the provision of a radially inward focusing field at the 
reflector produces the same downward displacement of the potential 
function, as seen in Fig. 1311. So an increase in the bunching time over 
the transit time, with the. consequent decrease in efficiency and increase 
in electronic tuning range over that expected with a linear reflecting 
field, must be expected to be the rule rather than the exception. 

Dependence of the Field Coefficient a} on Position in the Reflector Mode 
Pattern.—The factor at, which is usually increased by the common non-
linearities of reflector fields, is a dimensionless number that will always 
be the same for given d-c electron trajectories in a given reflector (with 
possible later reservations in ihe case of space-charge distortions of the 
field). It is shown in Sec. 13-3 that for any particular tube (with space-
charge-limited cathode) a given value of Vri V« always corresponds to 
the same set of electron trajectories, regardless of frequency of oscillation 
or absolute value of the electrode voltage. Thus the loci of constant 
values of ai are straight lines through the origin in the T'r-vs.-l'o mode 
pattern, and horizontal straight lines in the Fr-vs.-X mode pattern. 

The general trend of the further dependence of ai is also apparent 
from general considerations. In a reflector field in which curvature of 
the potential arises from a shaping of the electrodes to produce a focusing 
action on the beam—as in the recessed reflector of Sec. 13-5—a diminish
ing of jF r[/Fo allows a deeper penetration of electrons into the reflector, 
and the potential gradient at the turn-around point is thus diminished. 
In a plane-parallel reflector field with space charge a decrease in \Vr\/V0 
causes a rapid decrease in the potential gradient at the turn-around 
point. In normal operating conditions a decrease in | F r ! / F 0 accom
panies an increase in V0 or X, as the reflector mode patterns of Figs. 13-2 
and 13-7 illustrate; hence, for a given mode of oscillation, an increase 
in T'o or X causes an increase in |ajj that is usually fairly slow at first and 
then becomes more rapid as Vr approaches zero. If this effect is not 
accompanied by others, such as the phenomenon of phase aberration 
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F I G . 13-22.—Variation of output power 
P (curve A) and electronic tuning range 
MVi (curve B) in tile (n ~ 3)-mode of the 
type 417A reflex klystron. Compare with 
Figs. 12 20 and 12-21. 

which will be discussed shortly, then the approach of V, to zero is accom
panied by a rapid decrease of ij and a rapid increase in A/w//0. 

Illustrative Examples.—An illustration of this action is shown in 
Fig. 13-22. In this figure are shown the dependence of output power 
and electronic-tuning range on Va for the (n = 3)-mode of the type 417A. 
The corresponding mode locus is shown in Fig. 13-2. Without trying to 
disentangle all the factors involved (the change in M and the fact that 

the cathode was not operated at 
exactly constant perveance), it 
appears that for V0 > 600 volts or 
for |F r | /Fo < i a rapid increase in 
!<zi] occurs for this mode, with the 
attendant increase in A/w and de
crease in ij. The type 417A has 
a rather flat reflector; therefore this 
effect can arise only in a minor 
degree from an increased depth of 
penetration into the curved poten
tial which a recessed reflector pro
vides. On t h e o t h e r hand, a 

comparison of Figs. 13-2 and 13-19 also suggests that space charge has 
considerably affected the reflector mode pattern. From the dimensions 
of the 417A, the beam diameter ( | in.) and the operating conditions 
(7o = 25 and 75 ma at Vo = 400 and 1000 volts respectively—not con
stant perveance), one may calculate for \/2d/s the values 1.5 and 1.1 
respectively for Vo = 400 and 1000 volts. The mode pattern of Fig. 
13-2 is consistent with values of \/2 d/s of about 2.0 and 1.5 in these two 
cases. It is not known how space-charge effects and reflector-depth 
effects (the latter slight in this case) combine; hence this approximate 
agreement seems satisfactory and lends support to the suggestion that 
the increase in ]ai|, that may be deduced from Fig. 13-22, is due to space-
charge effects. 

Exactly similar conclusions may be drawn from the example of the 
type 3K23, discussed in Section 12-4. 

Elimination of Reflector Effects from Comparisons of Theory and 
Experiment.—These general remarks also make clear another point: 
if one wants to compare the behavior of various modes in a reflex klystron 
with zero-order theory the only really satisfactory way to do it is under 
circumstances such that the same value of aL is operative for each mode 
during the comparison. One way to do this is to work with small cur
rents and to use an accurately plane-parallel reflector. A better way, 
when this is possible, is to make the comparison under the condition of 
identical electron trajectories for each mode. 



SEC. 13-8] D-C TRANSIT TIME 379 

In Fig. 13-23 is shown the dependence of Vr on X for the type SD835D, 
an external resonator tube developed1 by Sylvania Electric Products, 
Inc. In Fig. 13-24 is shown the dependence of output power on X. 
Both these figures are taken at 
the same constant beam voltage, 
325 v o l t s . T h e experimental 
points in Fig. 1324 scatter con
siderably, probably in large part 
because of the necessity of chang
ing cavities to cover the wave
length range and because of the 
difficulties of measuring power 
over wide wavelength ranges; it 
seems reasonable to idealize this 
data by drawing the dashed line. At any given wavelength the depend
ence of output power P on mode number n is very far from the relation 
P cc \/(n + | ) predicted by the zero-order theory. 

50 
o: 

0 10 20 30 
Wavelength Icml 

F I G . 13-23.—Vr-vs.-X mode pattern for 
SD835D reflex klystron; To = 325 volts. 

0 10 20 
Wavelength (cm) 

FIG. 13-24.—Dependence of output power on wavelength for various modes of SD835D 
reflex klystron; Vo = 325 volts. At double circles, \V,\ = 200 volts. 

From Fig. 1323 one may pick out the wavelengths at which the 
various modes have a given VT and hence have given d-c trajectories 

■V. B. Corey and P. R. Malmberg, "SD835D Reflex Oscillator Tube," 
Sylvania Report D-62, Feb. 2, 1945. 
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Suppose that this is done for |Vr| = 200 volts. The points on the power 
curves of Fig. 13-24 that occur at the corresponding values of X and hence 
are obtained with a single set of electron trajectories are indicated in 
Fig. 13-24 by large circles. In Table 13-2 below are indicated the result
ing values of power output for the various modes. If i\ « l/(n + f) 
as simple theory predicts, then (n + f )P should be a constant for the 
values of P and n indicated. In the next column this product is found. 
I t is seen that the constancy of the product (n + f )P is good except for 
n = 0. 

It seems reasonable to conclude from this data that the predictions 
of the zero-order theory as to the variation of efficiency with n are rather 
accurate for n S: 1 in this tube. I t is interesting to note that this does 
not hold true for n = 0, and that the efficiency here is down by a factor 
of nearly five from a simple prediction based on the other two modes. 
This discrepancy may result from two factors: a value of Gr and a beam 
current that are too small to sustain this mode well, and the high r-f 
gap voltage that is present in this low mode. (For n = 0, V/Vo « 1 at 
X = 2.) 

T A B L E 1 3 - 2 . — R E L A T I O N B E T W E E N O U T P U T P O W E R P and M O D E N U M B E R n FOR 
O P E R A T I O N AT \V,[ = 200 V O L T S , YU = 325 VOLTS IN THE SD835D H E F L E X 

KLYSTRON 

n ; 1', m\v I (n + l')P 

0 58 ' 44 
1 112 19G 
2 I 83 228 
3 j 54 203 

The comparison of experiment with theory is discussed at this point 
not so much to check the theory as to indicate the transcendent importance 
of reflector optics. In a completely ideal (linear, space-charge-free) 
reflector, the power curves of Fig. 13-21 would become horizontal straight 
lines. Whether they are different from horizontal straight lines because 
of reflector nonlinearities or phase aberrations or beam-loading cannot 
be deduced from Fig. 13-24 without experimental evidence on the similar 
dependence of Afy, on X and n, which is unfortunately lacking. The 
manner in which such experimental data would be utilized is described 
after the discussion of phase-aberration effects. 

13-9. Bunching and Space Charge.—It has already been seen, in 
discussing the d-c transit-time properties of the plane-parallel reflector 
with space charge, that the presence of space charge produces a diminu
tion in the potential gradient at the turn-around point in the reflection 
region. It has been seen—as, for example, in Fig. 13-15—that a com-
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paratively small change in V, near V r = 0 may cause a large change in 
this turn-around gradient. It is apparent that important increases in 
joij are bound to occur under such circumstances, and it would be con
venient to have a neat presentation of the effect of the various space-
charge parameters on oi and a2. 

This presentation is no simple matter, however. The basic difficulty 
is the fact that the effects now considered arise from the interaction of 
electrons with each other rather than their interaction, as separate indi
viduals, with external electrodes. The situation in this case is somewhat 
analogous to that of debunching in the field-free drift space—with an 
interesting difference. In the field-free case the space-charge effect of 
debunching is to slow down the bunching and decrease X/V; in the 
present reflector case, the indications are that the space-charge distortion 
of the reflecting field makes X/V larger than would bo calculated for a 
given do in the absence of space charge. However, this point is only an 
interesting sidelight to the main points, for debunching in a field-free 
drift space is simple compared-with that which takes place in a reflecting 
field. The most troublesome complication in the latter case is the fact 
that electrons with different energies penetrate to different distances, 
making the forces in the vicinity of the all-important turn-around point 
very complex. 

One way of throwing some light on the situation is the following. 
In considering small-signal behavior, it might seem reasonable to investi
gate the motion of one test electron in the field of all the other electrons, 
which are assumed to be moving with the single d-c energy <T0. In 
doing this a peculiar difficulty arises. There are inherent discontinuities 
in certain derivatives of the space-charge-influenced potential at the 
turn-around point; because of these, the derivatives of transit time with 
respect to incident energy, evaluated at Ve = To, are logarithmically 
infinite, and the field coefficients a1} a2 . . . therefore have no meaning 
in this calculation. 

To be sure, this logarithmic infinity in derivative corresponds to a 
minor kink in a curve of 0 vs. V,. One possible solution might be to 
disregard the kink and use the calculated dependence of 6 on 1', to con
struct a fo-vs.-h diagram after the manner of Chap. 9. A numerical 
integration may be used to make a Fourier analysis of the waveforms 
corresponding to this frvs.-(i diagram, and if this is done for several 
values of Ve/V0 the numerical dependence of current components on 
V,/Vti is known. This information may be compared with Fq. (9-9) 
and may be used to predict the efficiency. The procedure, while not 
elegant, certainly has some significance. 

A more accurate and probably more elegant procedure would be to 
carry out a self-consistent field calculation in the same manner as has 
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been carried out by Hartree with such success in the theory of atomic 
structure. 

These questions are left as a problem for the reader; the authors do 
not know the answers. I t is apparent, however, that the answers are 
of great importance, particularly to longer-wavelength tubes operating 
at high d-c inputs. 

13-10. Reflector Fields with Phase Aberrations.—The foregoing dis
cussion has implicitly assumed that in the d-c case all electrons have the 
same total reflection transit time (same values of 60), and therefore all 
parts of the bunch return to the r-f gap at the same time. If this con
dition is not fulfilled—that is, if "phase aberrations" are present—then 
the bunch loses some of its effectiveness because the condition for maxi
mum power transfer, <f = 0, cannot be fulfilled for all electrons by any 
given reflector voltage. The effective power factor is now cos <£, the 
value of cos <f> averaged over all electrons; and the net results of the phase 
aberrations are two. The effective beam current is reduced by a factor 
(cos <t>)aax, and, since a fraction of the beam current, 1 — (cos </>)m« is 
bound to be wasted, the maximum electronic efficiency is reduced by the 
factor (cos <£)„„. There is, in addition, a diminution in the operating 
circuit efficiency because of the diminution in beam current. 

Any phase aberration can be very harmful, particularly in high modes, 
for it is the absolute phase aberration, not the relative phase aberration, 
that diminishes (cos 4>)m«. For example, a + 5 per cent variation in a 
transit time of six cycles (d0 = 38 radians) corresponds to 

(cos <£),„„ = 0.50 

or a more than 50 per cent reduction in operating efficiency This effect 
is thus a sizable factor in the requirements for high precision in the manu
facture of short-wavelength reflex klystrons. 

The degree of phase aberration depends on the depth of penetration 
into the reflector field and hence on V,./V0; for example, a wide beam 
would have little phase aberration in the recessed reflector of Fig. 13-10, 
with a very high reflector voltage, but for a smaller reflector voltage the 
aberration would be severe. The percentage phase aberration is a single 
valued function of Vr/Vo just as are the field coefficients ah a*, . . . . 
For a given Vr/Va and a given percentage phase aberration, the absolute 
aberration is proportional to 80 or inversely proportional to \ / l oj and 
since the absolute phase aberration is what is effective, phase aberration 
effects will be less for the low modes. 

13-11. Comparison of Phase Aberrations and Reflector Nonlinearities. 
Either one of these effects (aberration or nonlinearity) may thus cause 
a decrease in oscillator efficiency; certain uncommon nonlinearities, such 
as Case A of Fig. 13-21, can of course cause increased efficiency. The 
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relative effects of aberration and nonlinearity are, however, distinguish
able in several respects. 

A phase aberration decreases Afa as well as 17, whereas a nonlinearity 
that diminishes y increases A/14. Thus the effects of Fig. 13-22 are due 
to reflector-field nonlinearities, not to phase aberrations. 

The effects of a nonlinearity are the same for all modes at a given 
Vr/Va', the effects of phase aberration diminish at low modes. The 
constancy of the product (n + f)P, which apparently verifies the zero-
order theory in Fig. 13-24, holds true equally well over a wide range of 
values of Vr/Vt> in that figure. Since it is rather unlikely that the degree 
of phase aberration will be constant over a wide range of values of Vr/Vo, 
it seems probable that the diminution of output power with decreasing 
\Vr\ in the SD-835 is a straightforward matter of nonlinearity of the 
reflector field. Observation of the variation of A/j^ with Vr would check 
this point. 

A simple linear reflector field differs from both the cases just discussed, 
of course, because in this case ij and A/« should have the variations 
indicated by the zero-order theory independently of Vr/V0-



CHAPTER U 

HYSTERESIS IN REFLEX KLYSTRONS 

BY ]). H. IIAV.II.TON 

14-1. Phenomenon of Hysteresis.—Tn common usage "hysteresis" 
refers to a phenomenon in which a dependent physical variable assumes 
any one of several values for a single value of an independently variable 
parameter; which of these several values the dependent variable assumes 
is governed by the history of the independent variable. The term 
"hysteresis" is most commonly used in connection with reflex klystrons 
to denote the often encountered multiple dependence of output power 
and frequency on reflector voltage. The same factors that give rise to 
this particular type of hysteresis cause hysteresis with respect to changes 
in other parameters such as beam voltage, beam current, or resonator 
tuning: tliese other types of hysteresis will not be discussed further, but 
the methods used in treating reflector-voltage hysteresis are directly 
applicable" to them. 

In its milder form hysteresis is important less for its own sake than 
for the mode asymmetry that is associated with it. (See Fig. 12-4 for 
an ideal symmetrical mode.) Hysteresis, when not too pronounced, 
occurs at one edge of the modi" (see Fig. 1 4-(i for example} and is accom
panied by a mode asymmetry that looks as if it were produced by a 
compression of the reflector voltage scale on one side of the mode. The 
consequences are not bad if the frequency and output-power character
istics are compressed by the same amount, as in Fig. l-t-li, but in many 
instances the two characteristics differ in the degree of asymmetry, 
making the frequency deviations between maximum-power point and 
the two half-power points on either side different. For many purposes— 
such as automatic frequency control of the reflex-klystron local oscillator 
in a receiver—this variance reduces the effective electronic tuning range 
to twice the smaller of these two frequency deviations. 

Tn more extreme cases, as in Fig. 1 t-Hi, the hysteresis extends well 
into the mode, occurs in a series of small steps, and is accompanied by 
frequency discontinuities. The problem of asymmetry is minor in 
comparison. 

Since, however, all forms of hysteresis are usually closely related to 
mode asymmetry, this chapter is concerned both with mode asymmetry 
and hysteresis even when the asymmetry arises from a cause that does 
not, in itself, cause hysteresis. 

384 
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Mode asymmetry and hysteresis may arise either from load effects 
or from electronic causes; load effects are discussed in Chap. 15 and the 
electronic causes of these phenomena are discussed in the present chapter. 
There are at least three electronic causes: the appreciable variation across 
the width of a low mode of the small-signal electronic transconductance 
Ge, the dependence of the phase of the bunched beam current upon r-f gap 
voltage, and the effects of electrons making more than one return transit 
of the r-f gap.1 

14-2. Mode Asymmetry Produced by Dependence of Ge on <f> in Low 
Modes.—In obtaining the idealized mode shape of Fig. 12-4, n was 
assumed much greater than unity. The primary value of this assump-

Load line 
(heavy load) / 

Load line 
(optimum load) 

(light loadJ+J4^ 
Positive 

«?„ 
imaginary 

axis 
0 

"opt * ' 
FIG. 14-1.—Admittance diagram for n = 1, assuming simple bunching Loci of Ye for 

constant r-f gap voltage, as indicated by corresponding values of A'„ (continuous curves). 
Locus of small-signal admittance for this mode when variation of (?i> is neglected in calcu
lating (u (broken curve). \ alues of <,)opt<5 indicate relative frequency deviation associated 
with corresponding points on load lines; 4> — 0o — 2jr(a -f- \). 

tion lies in the fact that the variation of G,., the small-signal electronic 
transconductance, across the widtli of the mode can be neglected. In the 
admittance diagram of Fig. 12-2 this assumption corresponds to the 
assumption that n or 8n are so large that the spiral half-loop of small-
signal electronic tnmsadmittance is essentially a semicircle. 

It is apparent from Fig. 12-2 that for modes with low n this assumption 
is badly in error. A segment of the admittance diagram for a single value 
of n, n = 1, but. for several levels of r-f voltage is shown in Fig. 14-1; here 
the higher-order corrections to the r-f component of the bunched beam 
current are neglected. The small-signal admittance, — G.e-'9 or -\-jG,,e~'e\ 
depends both in magnitude and phase on d0; this polar plot of the admit-

1 The origin, in multiple transits, of much hysteresis was first noted by W. G. Shep
herd, Bell Telephone Laboratories Report MM-42-140-f)6. Most of the discussion 
and all the experimental data in the present chapter is taken from J. B. Garrison. ' 'A 
Qualitative Analysis of Hysteresis in Reflex Klystrons," RL Report Xo. 650, Feb. 4, 
1946. 
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tance includes the effect of the dependence of Ge on 60 as given1 by 

+ 0.7 

Ge = 80M*G0/2. 

The figure also shows the loci of the large-signal electronic transadmit
tance. Ye = je~,6"G,2J\{X)/X, for various values of the r-f gap voltage. 
Constant r-f gap voltage is indicated by constant Xn, which is the value 
of the bunching parameter for 80 = 8n = 2w(n + f ) ; contours of constant 
X would not serve here the desired purpose of indicating constant gap 
voltage since the ratio of bunching parameter to gap voltage is in itself 
dependent upon B0. Also, for purposes of visual comparison, the dotted 
line in Fig. 14-1 is a semicircle, which shows where the locus of small-
signal transadmittance would lie if the value of d0 at the center of the 
mode were used in calculating Gr. 

The, three straight-line loci of constant circuit conductance in Fig. 14-1 
correspond to heavy, optimum, and light loading. As discussed in 
Chap. 12, the various load lines are simply the loci of the circuit admit

tance for various conditions of load
ing. The f r a c t i o n a l frequency 
deviation 5 associated with a given 
point in a load line is proportional 
to the distance of this point from the 
real axis. The value of 5 correspond
ing to a given horizontal location in 
Fig. 141 is indicated by the value of 
the, product QOB,f>; Qarl is the value 
of the cavity Q that corresponds to 
optimum load ( m a x i m u m output 
power for ideal oscillator). From 
the asymmetrical occurrence of the 
intersections of the load lines with the 
admittance loci of constant Xn in 
Fig. 141 it is apparent that there is 

marked mode asymmetry, particularly at light load. This asymmetry, 
as deduced from Fig. 141, is shown in detail in Fig. 14-2. Since the 
curves of output power (proportional to the values of XI) are normalized 
to unity for each mode the mode curves show only relative power within 
each mode. (In comparing this and subsequent mode shapes with 
experiment, it is to be borne in mind that increasing <p corresponds to 
decreasing absolute value of reflector voltage and decreasing frequency.) 

Relative reflection transit angle <f> 
-0.7 

FIG. 14-2.--Dependence of normalized 
output power, P. /J

mux (continuous curve*) 
and normalized frequency deviation, 
QoptS (broken curves) on relative reflec
tion transit angle (p for n = 1 as deduced 
from Fig. 141 . 4> = 0o - 2w(n + I). 
(A = light load; B = optimum load; 
C = heavy load.) 

1 Note that Ge depends upon 6a, as distinct from the G„, used in Chap. 12 for the 
value of G, at the center of the nth mode. Note also that the d-c transit angle, 8 in 
Chap. 12, here is denoted by $„ and is not distinguished from the bunching angle 6e. 
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These figures indicate that a definite asymmetry, in both output 
power and frequency of oscillation, is produced by the effect in question. 
This asymmetry is slight at optimum load and is greatest for very light 
load. Since the mode for which n = 1 is the lowest mode commonly 
used (n = 0 being unsatisfactory), and since the asymmetry diminishes 
rapidly as n is increased, it is clear that the variation of d0 across the mode 
is usually a minor factor in causing mode asymmetry. 

14-3. Hysteresis Caused by Phase Shifts Dependent Upon R-f Gap 
Voltage and Independent of 60.—All the forms of hysteresis that have an 
electronic origin have as their most essential characteristic a dependence 
of the phase of the bunched beam current on the amplitude of the r-f 
gap voltage. The simplest type of hysteresis results when this phase 
shift depends only upon r-f gap voltage amplitude and is unaffected by 
the value of <j> or So-

Such a phase shift is encountered in Sec. 9-4, where it is shown that 
a finite gap voltage gives rise to a phase shift that is proportional to 
<z2, where a2 is one of the field coefficients defined in Eq. (926). In 
general, |ct2j increases as the mode number decreases; in a linear reflecting 
field, |«21 = £0o by Table 9T. This increase of phase shift with decreas
ing n or do is explained simply by the fact that the smaller the value of 
0o, the larger the r-f gap voltage required for a given X. For n = 1 and 
6a = If X 2ir (the lowest practical mode), and for X = 2, a phase shift 
of —0.14 radians results with a linear reflector field. 

The phase shift may be markedly changed in magnitude and sign 
by the changes in the reflection-field coefficient a2 in other than linear 
reflectors. A phase shift may also be brought about by other than purely 
transit-time effects, such as a velocity-dependent absorption or preferen
tial focusing of electrons in the reflection space. The consequences of an 
amplitude-dependent phase shift are therefore discussed in general terms 
without immediate reference to any one model. 

Any question of mode asymmetry or hysteresis is most easily dis
cussed, as are the questions of the preceding section, in terms of the 
admittance diagram. The best way of representing the behavior of the 
electronic transadmittance in the admittance diagram is different for 
different behaviors. In all the previous applications of the admittance 
diagram the phase of the electronic transadmittance has been equal to <p 
plus a constant. It was, therefore, superfluous to show a series of radii 
representing the loci of Ye for constant <j>. Even the circles of the Fe-Ioei 
for constant X are somewhat superfluous, except that the spacing of these 
circles indicates the functional dependence of Ye on X. In Fig. 14-1, 
however, the loci of Ye at constant V/Ve or X„ have real significance 
because these loci are no longer simple. 

For the present section it is assumed that a high mode (n >>> 1) is 
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involved, and the effect considered in Sec. 14-2 may therefore be neglected. 
Since, by assumption, the dependence of Ye on X is still the same as in 
the zero-order theory, the loci of Y,, for constant X are circles. However, 
the phase of Y, is not linearly dependent on <j>; hence the locus of Ye at 
constant <j>, which shows how the phase of }'E depends on X, becomes the 
most basic part of the diagram. 

An admittance diagram for an assumed simple dependence of 1",. on 
X is shown in Fig. 14-3; it is assumed that the phase shift goes to zero for 
X = 0. Two F',-loci for constant <j> are shown. It may be noted that 
they have the same shape and may be derived from each other by a 
simple rotation about the origin; this results from the assumption that 
the amplitude-dependent phase shift is independent of <t>. As is always 
true of any admittance diagram for a simple resonant circuit, the circuit 
admittance locus, or "load line," is a straight line parallel to the imagi-

Load line 
(optimum load 

Load line 
(light load)| I / - = ^ - M - o ^ M Positive 

0.5 -1.0 imaginary 
axis 

F I G . 14-3.—Admittance diagram for high mode, showing two typical loci of Ye when 
phase of l'"t depends on r-f gap voltage as well as on reflection time. Because of this latter 
assumption the negative real axis is the origin of 4> only for Xn = U. 

nary axis, with the circuit susceptance linear in frequency deviation. 
Such lines corresponding to light, optimum, and heavy load are indicated 
in Fig. 14-3. 

As is also true of any admittance diagram, oscillation can occur for 
a given <f> only if the electron admittance locus for that value of 4> and 
the circuit admittance locus intersect at a point so that the condition 
Ye = —Y may be met. The resultant amplitude and frequency of oscil
lation are determined by the amplitude label of this point on the l"e4ocus 
and the frequency label of this point on the F-locus. When this pro
cedure is applied to Fig. 14-3 and the Fe-locus is rotated about the origin 
(which corresponds to sweeping <j> or reflector voltage), the three modes 
of Fig. 14-4 emerge. 

The reasons for the shapes of these modes are simple. For the light 
and the optimum load lines it is clear that, as the YVlocus is rotated 
clockwise, a rotation corresponding to increasing 4> through the starting-
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point, the intersection of the » l o c u s moves through the frequency and 
amplitude scale at a rapid rate because of the changed shape of the 
}*,-locus. At the other end of the mode a correspondingly diminished 

rate of change of A' and S occurs; 
r -!' , + 0 7 5 the result is a mode asymmetry. 

2 ■-',-■- j ■■ \ +0.5 For the lightest of the three 
loads indicated in Fig. 14-3 a new 
feature occurs. At the lower of 
the two values of 4> for which a 
constant-^ locus of Ye is shown in 
Fig. 14-3, there are two points of 
intersection of the F,-locus and the 

1'IG. 1-1-4.—Dependence of normalized 
frequency deviation, Qnp^ (broken curve) 
and square of r-f gap voltage (continuous 
curve) on relative reflection transit angle 
4>, for the three loads of Fig. 14-3. Loads 
are as follows: (A) optimum load; (B) light 
load; (C) heavy load. 

0 Bunching parameter A" * 
l'[(;. 14.5.— Possible dependence on 

bunching parameter A' of Pi, (power dissi
pated in circuit) and Ps (power supplied 
by electron stream); illustration of system 
in which stable oscillation may exist 
(at point B) but is not self-starting. 

load line. In this situation oscillations are not self-starting. If oscilla
tions exist at point B they are self-sustaining. 

These statements are most readily understood with reference to 
Fig. 14-5. The power dissipated by the circuit, P,,, and the power sup
plied to the circuit by the electron stream, Ps, are shown here as functions 
of the bunching parameter A" for the. situation just discussed. At point 
B any tentative overtures made by the oscillator in the direction of an 
increase in X result in an excess of PD over P.s, an effect that discourages 
such overtures; any decrease of X below point B results in an invigor
ating excess of Ps over PD; therefore, point B is, as usual, a point of 
stable equilibrium. The same line of reasoning shows that any oscilla
tion existing between points A and B will build up to point B. Since 
below point A, however, Ps < PD, any oscillation existing here will die 
down; no oscillation can build up through this region. 

This figure makes clear the reason for the hysteresis phenomenon 
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that appears in Fig. 14-46. During the interval when 90 and <t> increase 
from below the starting point, oscillations are unable to start until the 
X = 0 point in the Fe-locus reaches the load line; but once the oscilla
tion starts it immediately builds up to its equilibrium amplitude. As </> 
passes through this same region in the opposite direction, the amplitude 
of oscillation decreases until 4> roaches the value at which points A and 
B coalesce, then oscillation drops to zero, but from a lower amplitude 
than that to which it builds up on the return trip. 

General Properties of Simple Phase-shift Hysteresis.—From the exam
ples shown in Figs. 14-3 and 14-4 a number of generalizations may be 
drawn. These generalizations concern the occurrence of hysteresis and 
associated behavior when the magnitude and relative phase variation of 
Y, are arbitrary functions of X but the reflection phase 0O enters only in 
the factor e~,e°; in terms of the admittance diagram, this condition occurs 
when the various constant-0o or constant-</> loci of )',, in the admittance 
diagram differ from each other not in shape but only by a rotation about 
the origin. 

One of the more important of these generalizations involves the rela
tion between output power and frequency of oscillation. Although these 
quantities will be asymmetrical functions of do and <£ even when the phase 
shift is not great enough to cause hysteresis, nevertheless output power 
will be a symmetrical function of frequency. This effect shows up, for 
example, in Fig. 14-4a in the correlation in rate of change of amplitude 
and frequency. This effect has its origin in the assumption that the 
locus of Y, maintains its shape as it rotates about the origin with 0O, 
thus making the contours of constant bunching parameter in the admit
tance plane circles as in Fig. 14-3. Since the dependence of A" on 5 is 
governed by the values of X and <5 at the intersection of the circles of 
constant X with the load line, the values of <j> required to bring about this 
intersection are completely irrelevant to the relation between X and 5. 

I t is also clear that the lighter the load the greater the tendency to 
hysteresis. Since circuit conductance G has significance only in rela
tion to the small-signal electronic transconductanceGe, at constant load the 
larger Ge the more hysteresis. Thus the beam voltage V0 will influence 
hysteresis only by its influence on Ge-

Hysteresis will occur at one end of the mode or the other but not at 
both. If the large-signal bunched beam current is retarded with respect 
to the small-signal current (as in Fig. 14-3), hysteresis will occur at the 
high-frequency end of the mode, and vice versa. 

Comparison of Theory and Experiment.—In many cases simple phase-
shift hysteresis is masked or complicated by the multiple-transit hys
teresis described in the next section. If careful precautions are taken to 
avoid multiple transits, as discussed later, hysteresis with the charac-
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teristics just discussed may occur. In Fig. 14-6 is shown a photograph 
of an oscilloscope trace (retouched with arrows), showing output power 
(vertical) as the reflector voltage (horizontal) is swept with a sine-wave 
sweep; also shown are equally spaced frequency markers which indicate 
the frequency of oscillation at that 
point on the output-power trace 
directly above t h e f r e q u e n c y 
marker. The reflector voltage is 
increasing and 4> is decreasing to the 
left. A sizable hysteresis at the 
high-frequency end of the mode is 
shown, with the klystron dropping 
out of oscillation at about the 20 
per cent power point and coming 
back into oscillation at about the 
80 per cent power point on the 
return sweep. Although there is a 
marked asymmetry of mode shape, 
the curve of power vs. frequency 
plotted from this data and shown in Fig. 14-7 is seen to be symmetrical. 

The degree of power-vs-voltage asymmetry occurring in a given mode 
may be expressed in terms of the differences in reflector voltage between 
the maximum power point and the two half-power points; more exactly, 

I 
j 

\ 

F I G . 14-6.—Oscilloscope photograph, re
touched with arrows, showing output power 
and frequency of oscillation as functions of 
reflector voltage; absolute value of reflector 
voltage increasing to left. 

i 

t-50 -50 
/ - /0(Mc/sec) 

FIG. 14-7. — -Relation between 
output power and frequency devi
ation f — fa for the mode of Fig. 
14-6. 
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F I G . 14-8.—Observed degree of 
asymmetry as a function of beam 
voltage Vo, for the same type 
2K33 klystron as used in I-'igs. 14-6, 
14-7, and 14-9; Jo = 8 ma, X = 1.25 
cm. 

by "degree of asymmetry" is meant the ratio of the voltage difference 
between maximum-power and low-frequency half-power points to the 
voltage difference between maximum-power and high-frequency half-
power points. 
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Observations of this asymmetry similar to those of Fig. 14-6 were 
made over a range of beam voltages with this same tube, a type 2K33. 
A summary of the observed asymmetry for constant oscillator loading is 
presented in Fig. 14-8. These data were taken not at constant electron-
gun perveance but at constant beam current; as far as dependence on 
beam voltage is concerned, the small-signal electronic transconductance 
is therefore proportional to M2/V0, which is in turn proportional to 
sin2 (0i/2), where 6\ is the transit angle through the r-f gap. The data 
in Fig. 14-8 therefore show not only the expected slow dependence of 
asymmetry on beam voltage, but also suggest that 0i = ir for V0 = 1750 
volts. This value of $i implies an equivalent gap spacing of 0.042 in. 

for the operating wavelength of 1.25 
cm of the 2K33. Since the r-f gap in 
the 2K33 is not a grid but simply two 
opposing 0.028-in. holes in two 0.005-in. 
copper sheets separated by a spacing of 
0.007 in., an equivalent gap spacing of 
0.042 in. is not out of line with the con
struction; the data of Fig. 14-8 probably 
provide as good an experimental meas
ure of this quantity as can be obtained. 

With the same tube, measurements 
were also made of the dependence of 
mode asymmetry on beam current at 
constant load. The asymmetry should 
decrease rapidly with decreasing beam 
current because the constant load be
comes relatively h e a v i e r . This be

havior is verified by the data shown in Fig. 14-9. 
The type of behavior discussed in this section is thus seen to have a 

close counterpart in experimental data. In the case of the particular 
2K33, for which data is plotted in Figs. 14-6, 14-7, 14-8, and 14-9, the 
sign and magnitude of the phase shift deduced from the data do not 
agree with those predicted by bunching theory. However, when this 
tube is in oscillation, it is experimentally observed that there is an r-f 
defocusing action causing the interception, by the resonator walls, of 
many electrons that in the nonoscillating state would be returned 
through the gap. Since this is a rather sizable amplitude-dependent 
effect, it is capable of producing the phase shift that is required to produce 
the observed hysteresis and mode asymmetry. 

These data were taken with a 2K33 tube constructed to eliminate 
the multiple return transits of the electron through the r-f gap. This 
tube is not typical, for many of the 2K33 tubes show very little hysteresis. 

10 
Beam current J0 (ma)-

F I G . 149.—Observed degree of 
asymmetry as a function of beam cur
rent 7o, for the same type 2K33 
klystron as used in Figs. 14-6, 14-7, 
and 14-8; Va = 1800 volts, X = 1.25 
cm. 
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In the next section trie behavior produced in the same tubes by multiple 
transits is described. 

14-4. Bunching Theory for Multiple-transit Electrons.—To sustain 
oscillation it is required only that the electrons in a reflex klystron make 
one return transit through the r-f gap after their initial transit. Unless 
very careful precautions are taken, however, there will always be some 
electrons that make more than one return transit in the normal form of 
reflex klystron. Such electrons are called "multiple-transit" electrons, 
as distinguished from the "single-transit" electrons that make only one 
return passage. I t should be noted that "mult iple" and "single" refer 
to the number of return transits, not to the total number of transits. 
Since the number of electrons making multiple return transits is small, 
it is sufficient for the present purpose to consider only those electrons 
that, after their first return transit, are reflected from the cathode region 
for a second return transit. These electrons give rise to a characteristic 
type of hysteresis that is discussed in the present section. 

This stream of multiple-transit electrons leads a complicated life. 
But whatever the total effect produced on this stream by double velocity 
modulation, interception of electrons by the cathode, and the compli
cated d-c potentials through which the electrons pass, this third-transit 
stream is intensity-modulated and constitutes a driving current for the 
oscillator circuit. Its presence means that the electronic transadmittance 
is composed of two components, a single-transit admittance and a 
multiple-transit admittance. 

I t might be thought that no appreciable effect could arise from this 
multiple-transit electron stream, considering the diminutions in intensity 
produced by grid absorption losses and considering also the fact that the 
multiple-transit electrons have not received the careful attention pro
vided for the single-transit electrons. This decrease in intensity, how
ever, is counteracted by the fact that the reflection time in the cathode 
region is usually much longer than that in the reflector region; thus the 
naively calculated small-signal electronic transconductance G,,, which is (at 
least approximately) proportional to the product of drift time and beam 
current, may have for the multiple-transit stream a value comparable 
to that for the single-transit stream. If this is true, then multiple 
transits may be expected to have an important influence in the small-
signal region near the edges of the modes of oscillation. 

Application of Cascade Bunching Theory to Multiple-transit Phe
nomena.—The multiple-transit electrons in the reflex klystron are not 
found in the usual environment for bunching, for many of the electrons 
that enter the cathode region with a net increase in energy as the result 
of their two passages through the r-f gap collide with the cathode and 
are absorbed or cause secondary emission. This effect is best taken 
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into consideration, however, only after discussing the relation that exists 
between the multiple-transit and single-transit bunched beam currents 
if the cathode-anode region has the attributes of an ordinary reflector 
region. When these conditions exist, the cascade-bunching theory of 
Sec. 9-8 is directly applicable to the calculation of the multiple-transit 
bunched beam current because it is concerned with the bunching that 
follows velocity modulation of a beam at two separated r-f gaps. The 
results of Sec. 9-8 are easily particularized to the present case. 

In the application of the results of Sec. 9-8 serious consideration must 
be given to the questions of sign that are brought up by the fact that, 
in the present case, there is a single r-f gap with the single-transit and 
multiple-transit electrons going through it in opposite directions. The 
fundamental components of the single-transit and multiple-transit 
bunched beam currents must be considered first; these may be denoted 
by in and i12 respectively. The former is given, as usual, by Eq. (9.9) 
with the notation slightly modified as noted above and as in Sec. 9-8: 

in = 2/„e-'»°>Jr
1(X12). (1) 

For in any self-consistent sign convention may be adopted; the best 
convention seems to be the one that allows direct use of the results of 
Sec. 9-8 without change. If it is assumed that only the fraction a of 
the single-transit electrons is reflected from the cathode for another 
transit of the gap, Eq. (9-58) then becomes (with slight modification of 
notation but with signs unchanged) 

in = 2ahe-'^+e"-e'Ul(X'). (2) 

In the interests of self-consistency, the fact that i'n and in are flowing 
through the same gap in opposite directions must be taken into account 
by writing the total amount as 

i\ = »u — in. (3) 

In Sec. 9-8 the complex first and second r-f gap voltages are written 

Vi = -jcuVo (9-49a) 
V2 = -a 2 IV<- 9 ° '+« . (9-496) 

Here aiFo and azVo are the absolute values of V\ and V2; because, in 
the present case, both refer to the same gap, the notation may be sim
plified by writing ai = a2 = a. In Sec. 9-8 the phase angle jS was an 
arbitrary parameter used to specify the relative phases of Vi and V2, 
and was to be determined in a particular instance by the constraints 
between Vi and Vi. 

If it is assumed, in the present case, that |Vi| = | 7 2 | , what is the 
relative phase of Vi and TV? The sign convention used in Eqs. (1), (2), 
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and (3) must be followed; this is the convention of defining the sign of 
quantities by reference to the direction of the electron stream concerned. 
Consequently, Vi = — Yz. Equation (9-49) then indicates that 

0 = 0„i - 2r(n + 1) + ir = $ + x. (4) 

Equation (9-56) for the effective bunching parameter X ' and the cascade-
bunching phase shaft 8' then becomes 

X V ' = Xn + jX3«ji*. (5) 

This equation, in conjunction with Eq. (2), completely specifies the 
multiple-transit current i'i2. 

A very convenient approximation may be introduced here. As 
already noted, this approximation corresponds closely to fact in most 
reflex klystrons and in particular in the type 2K33, with the performance 
of which the theory developed is compared. This approximation is 
given by the expression 

X i 3 ~ X23 and X 1 3 » X12; (6) 

in approximately linear cathode-anode and anode-reflector fields this 
corresponds to assuming that #02 2> <?oi. Any inaccuracy in this assump
tion does not affect the general character of the conclusions that are 
drawn from these considerations. 

The assumption of Eq. (6) simplifies Eq. (5) considerably: with the 
aid of trigonometric identities, 

XV9' « X13(l +je'*) = Xi3 VW~-~^T$j e^~2+", 
or 

X ' « X1 3 V 2 ( l - sin </,), (7a) 

0 ' ~ | + f- (76) 

Perhaps the most interesting fact about Eqs. (7) is the dependence of 
X' on (j>. I t is apparent that X' increases steadily from almost zero at 
the high-0 (low-frequency) end of the mode to a value of approximately 
2X13 at the low-<£ (high-frequency) end of the mode. Thus any effects 
arising from multiple transits, whatever they may later be found to be 
in detail, will be much more marked at the high-frequency end of the 
mode. This result in Eq. (7a) corresponds to a simple physical fact that 
is illustrated in the partial Applegate diagram of Fig. 14-10. Here are 
shown the electron trajectories and the r-f fields that the corresponding 
electrons encounter when they make their initial transit and first return 
transit of the gap. For the particular case shown, 80 — 2irn; hence 
4> = +ir /2 . It is seen that the electrons that were speeded up and slowed 
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|- 9a=4ir;<^=7r/2 
F I G . 14'10.—Diagram of electron tra

jectories (A) and r-f gap voltage (B) illus
trating the almost complete cancellation of 
initial velocity modulation that occurs, on 
return transit, for d> = i?,/2. 

down on the initial transit are respectively slowed down and speeded 
up by almost the same amount on the return transit—that is, the net 
velocity modulation after the return transit is almost zero, and corre
sponds to X ' ~ 0 for <j> = TT/2 in Eq. (7a). A similar line of reasoning for 
<t> = 0 and <j> = — -71-/2 shows the initial velocity modulation respectively 

M unaffected and doubled by the re-
■= turn transit; this likewise corre

sponds to Eq. (7a). 
By Eq. (7b), 8' ranges from 0, 

for <t> = —TT/2, to v/2 for <t> = 
+i r /2 ; and by Eq. (2), this posi
tive phase shift of 6' corresponds 
to a diminution in the transit time 
of the bunch. 

The immediately preceding 
comments have been concerned 
primarily with the values of X' 
and 8' for use in Eq. (2) to obtain 
the current in. Before the appli

cation of the resulting value of ii2 to a determination of oscillator behavior 
is considered, the subject of cathode interception of electrons during their 
reflection from the cathode region should be discussed. 

Interception of Speeded-up Electrons by the Cathode Surface.—It may 
be thought at first glance that all the electrons entering the cathode 
region with a velocity exceeding the d-c beam velocity would be absorbed 
by the cathode. This assumption would be true if all the electron tra
jectories were normal to the cathode surface. Actually, however, most 
electrons have some small radial component of velocity perpendicular to 
the axis of the beam. Therefore at no point in the process of reflection 
from the cathode do they have zero velocity and zero kinetic energy. 
As a result any given electron must have a finite amount of energy in 
excess of the d-c beam energy before it is absorbed. Since this excess 
energy required for absorption is different for different electron tra
jectories, therefore cathode-interception effects increase smoothly with 
the r-f gap voltage until all the speeded-up electrons are intercepted. 
Interception effects vary also with <j>. For example, at the center of the 
mode most of the electrons of the bunch are slowed down by the maximum 
r-f voltage and hence are not intercepted at the cathode. It has already 
been seen that at that mode edge for which <f> ~ r/2 the original velocity 
modulation is largely neutralized on the first return transit, whereas 
for 0 « —TT/2 the original velocity modulation is increased. Thus the 
effects of cathode interception are most marked for the high-frequency 
edge of the mode, <t> ~ — TT/2. 
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These effects are two: a diminution in in because of the smaller 
number of electrons involved, and a shift in the phase of in because of the 
asymmetry of the bunch produced by removing the fast electrons. 
The fast electrons of the bunch have a longer reflection time than the 
slow ones, but they start sooner from the gap and under small-signal 
conditions return sooner than the slow electrons; hence a removal of 
the fast electrons corresponds to a slowing down of the bunch—an 
increase in #02, or a decrease in d'. Since this effect is most marked foi 
</> < 0, it is an effect of the same 
sign as the cascade-bunching phase 
shift described by Eq. (76). The 
maximum magnitude of the phase 
shift produced by absorbing the 
fast e l e c t r o n s of a bunch is 
approximately ir/4. 

Thus the variation with <f> of 
the sum-total phase difference be
tween 112 and i n is similar to that 
shown in Fig. 14-11. No analy
tical expression for the effect of 
this cathode interception is pre
sented, but its qualitative effects are noted as occasion arises. They do 
not appear to be important except in a few isolated cases. (The discus
sion of Fig. 14-15c should be noted as an important example.) 

14-5. Production of Hysteresis by Multiple-transit Electrons.—The 
effects of cathode interception may be left for qualitative insertion at a 
later point, and the total electronic transadmittance may be written with 
the aid of Eqs. (1), (2), (9-49), and (7). If G„ refers to the usual single-
transit small-signal electronic transconductance, then 

F I G . 14-11.—Approximate dependence on 
<£ of the phase of 112 with respect to in: with
out cathode interception (broken curve); 
with cathode interception (continuous curve). 

Y„ = -e~'*Ge 
2J1(Xl2) aXu X' 2J1(X') -,■(»„,-!-:) 

Xv A i ! A 13 A ■1 e (8) 

The contribution of the multiple-transit electrons is intentionally 
expressed in an expanded form in order to emphasize certain points. Thus 
the amplitude-independent quantity aXu/Xn, in which a <=C 1 and 
X13/X12 >>> 1, may of itself be comparable to unity; this argument was 
previously used in noting the possibility of sizable multiple-transit effects. 
In turn, the factor X'/Xn ~ \ / 2 ( i — sin <f) is the dominant factor 
making multiple-transit effects so important at the high-frequency enr1 

of the mode. 
The factor 2J1(X')/X', while equal to unity for small signals just 

as is 2Ji(Xi2)/Xn, nevertheless decreases much more rapidly than the 
latter as a increases because X13» Xu, and hence, usually, X' JJ> Xi2. 
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Consequently at high amplitude 

2J1(X') 
X' « 

2Ji(Xn) 
X12 

^ J L L 

Positive imaginary 
axis 

"01 
F I G . 14-12.—Locua of normalized 

total electronic admittance, Ye/Ge, as a 
parametric function of X12 for 0 = 
— 60°, 0. +60° and for other specialized 
conditions as described in text. Dotted 
line indicates the change in (Ye/G()-\ocus 
introduced by including the effects of 
cathode interception. 

—that is, the multiple-transit current is easily overbunched and loses 
its relative influence. Its influence will thus be strongest at small ampli
tudes when 2Jl(X')/X' = 2Jl(Xl2)/Xi2 = 1. 

Further discussion of Eq. (8) proceeds most easily with the aid of a 
specific example based on the following 
assumptions: (1) that the electron 
optics of the cathode region are such 
that aXi3/X12 = 0.25, (2) that the 
beam voltage (which determines 0oi) 
has a value such that to the nearest 
whole cycle dm — 3-7I-/4, and (3) that 
X u ~ 7X12. (This last assumption 
determines the relative rate of increase 
of X' and X12 with a.) In Fig. 14-12 
are shown the resulting loci of Ye/G„ 
for three different values of <f>. The 
points on the loci that correspond to 
various values of A'i2 are so indicated. 

The following points should be observed in Fig. 14-12: 

1. The increasing distortion of the loci as the high-frequency (nsga-
tive-0) end of the mode is approached. 

2. The fact that the distortion produced by multiple transits dies 
down rapidly with increasing gap voltage or single-transit bunching 
parameter Xu. 

3. Thedamped oscillatory variation of the phase of Ye as X ] 2 increases. 
4. The change with <f> of the relative angle of the multiple-transit 

"hook" on the end of the locus. 

What effects do cathode interception have on Fig. 14-12? Since the 
interception is zero for zero gap voltage (A"i2 = 0) and then increases to 
a constant value at a larger value of Xu, and since the sign of the phase 
shift is as shown in Fig. 14-11, the net effect is as shown by the dotted 
lines in Fig. 14-12. Thus, there is no change in the basic character of 
the VVlocus produced by the cathode-interception effects. 

Some of the finer details of experimentally observed hysteresis are 
later seen to require, for explanation, refeience to some of the finer details 
of Fig. 14-12. But having shown these several accurate 5Vloci, it is 
now apparent that, for discussing the basic structure of hysteresis, several 
simplifications may be made. One important question of basic charac-
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teristics that needs to be investigated deals with the variation of multiple-
transit hysteresis with 0O2, that is, with beam voltage. For this purpose 
the IVlocus may, for ease of handling, be represented by two straight-

F I G . 14-13.—Admittance diagram showing three idealized total electronic-admittance 
loci (A, B, C) corresponding to a single value of <t> and three values of 6m. Compare with 
Fig. 1412. 

line segments as in Fig. 14-13. The X12-labels at the various points 
in these segments approximate those of the (4> — — 60c)-locus in Fig. 
14-12. The orientation of the segment representing the single-transit 
admittance depends only on 60i or <j>\ the orientation, relative to this 
segment, of the segment represent
ing the contribution of the multi
ple-transit admittance depends only 
on 002 because the dependence on 4> 
is minor for small ranges of <£. 

Several such JVloci for several 
values of 0O» are shown in Fig. 14-13. 
By rotating these loci about the 
origin (corresponding to changing 
<t>) and observing the intersection of 
the Fc-locus with the load line, the 
shapes of the modes, the high-fre
quency ends of which are shown in 
Fig. 14-14, may be deduced. These are purely schematic diagrams and 
no attempt has been made to show the asymmetry introduced into the 
mode shape; only the starting and stopping conditions are indicated. 

In Figs. 14-13 and 1414 the two values of 6m corresponding to the 
loci A and C correspond roughly to the two extreme mode shapes that 

m 1 
F I G . 14-14.—Schematic representation 

of the variation with <£ of output power 
(continuous curves) and frequency devi
ation (broken curves) on the high-frequency 
side of a mode. These three mode shapes 
correspond to those obtained by rotating 
the three admittance loci A, B, and C of 
Fig. 14-13. 
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will be obtained. With locus A, the direction of the frequency change 
is reversed and a very small amplitude oscillation diminishes gradually 
over a large range of 4>. With locus C, both the starting and stopping 
processes are discontinuous, and the discontinuous stopping occurs at a 
fairly low amplitude. As 4> is made less negative (locus swinging clock
wise) the starting process may at times be uncertain for, during the 
instant when the end of the locus is on the load line, the amplitude 
must build up most of the way to its large equilibrium value—at least 
past the point A in Fig. 14-5. If the rate of sweeping of <j> is too fast, 
the opportunity may be lost and oscillation may not start at all. This 
difficulty does not arise with mode A in Fig. 14-13. 

In Fig. 14-15 are shown three oscilloscope photographs showing mode 
shapes occurring in type 2K33 klystrons of an early version that have 
multiple transits. (For the significance of the various axes and the two 
traces, see the discussion of Fig. 14-G.) Figure 14-15a shows a mode that 

a b c 
F I G . 14-15.—Oscilloscope photograph of typical mode shapes ilUistrating multiple-transit 

hysteresis and associated effects; taken with early model of type 2K33 klystron. 

corresponds to locus C in Fig. 14-13. The high-frequency hysteresis is 
very marked. I t may be noted that the high-frequency stopping .dis
continuity is very slight and that there is also present some low-frequency 
hysteresis. The latter has not been discussed but may be readily deduced. 
Figure 14-15b shows the high-frequency tailing-off phenomenon; the 
existence of oscillation far to the left of the apparent edge of the mode is 
shown by a faint frequency marker that could not be there unless the 
klystron were oscillating at that point. Figure 14-15c shows the same 
phenomenon, but here the frequency-marker arrangement is adjusted to 
give an indication only at a single frequency rather than at evenly spaced 
frequency intervals as in the other pictures. I t is seen that the same 
oscillation frequency occurs for three adjacent values of reflector voltage 
or of <j>. 

Figures 1413 and 14-14 predict a frequency-doubling but not such a 
frequency-tripling at the tailing-off point. However, if the curvature of 
the multiple-transit segment of the admittance locus, produced by 
cathode-interception phase shift (see Fig. 14-12), is taken into account, 
then this frequency-tripling seems explained. 
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F I G . 14-16.—Oscilloscope photograph 
showing dependence of output power 
(vertical) on reflector voltage increasing in 
absolute value to the left; illustrative of 
mode irregularities produced by multiple 
transits. 

The small low-frequency hysteresis phenomenon has already been 
noted in Fig. 14-15a. There may also be a low-frequency tailing-off 
phenomenon similar to that found at high frequencies but not so extended 
in range of <t> or reflector voltage. 

The damped oscillatory behav
ior of the Fe-locus that occurs in the 
more exact loci of Fig. 14-12 can 
give rise, in a fairly obvious manner 
that will not be discussed in detail, 
to the mode discontinuities shown 
in the oscilloscope photograph of 
Fig. 14-16. These discontinuities, 
in which the amplitude jumps be
tween two non-zero values, are 
accompanied by frequency hyster
esis. This phenomenon does not 
occur in the variations of hysteresis previously discussed, and in 
many applications it is obviously more objectionable than amplitude 
hysteresis. 

Comparison between Multiple-transit Hysteresis and Simple Single-
transit Phase-shift Hysteresis.—Several points of comparison between 
multiple-transit hysteresis and the pure single-transit phase-shift hys
teresis discussed in the previous section now present themselves. For 

2lr one thing, Figs. 14-12 and 14-13 
indicate that with multiple transits 
there is no single-valued relation 
between Xi2 (that is, output power) 
and Ye. From the discussion in 
Sec. 14-3, it follows that there is 
no symmetrical relation between 
power and frequency when the 
mode asymmetry is introduced by 
multiple-transit phenomena. 

In the second place, it is appar
ent from Figs. 1413 and 14-14 that 
with multiple transits there is a 
periodic variation of hysteresis with 
beam voltage, the frequency of this 

variation being rapid when the reflection time in the cathode region is a 
large number of cycles. 

One further point: because of the peculiar folded-back form which 
the Fe-locus assumes for some values of 602 in the presence of multiple 
transits, multiple-transit hysteresis is not limited to light loads as is 

<t> 
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F I G . 14-17.—Dependence on 002 of the 
values of <£ at which oscillation begins 
(broken curves) and stops (continuous 
curves), calculated for the specific case to 
which Figs. 14-13 and 14-14 apply. 
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single-transit phase-shift hysteresis. (At least it is not so limited as it 
is when this phase shift is sizable only for sizable values of X.) 

The second point above, the periodic variation of multiple-transit 
hysteresis with beam voltage, is perhaps the most characteristic. Since 
002 also varies with X and since focusing conditions may make it vary 
with Io, a periodic dependence of multiple-transit hysteresis on these 
quantities may be expected also. In Fig. 14-17 is shown a calculated 
dependence on 0<>2 of the values of <j> at which oscillations start and stop. 
This curve has been calculated for optimum loading with the numerical 
values of klystron characteristics that were assumed in constructing 
Figs. 14-12 and 14-13. These numerical characteristics correspond 
closely to those of the type 2K33 klystron, with which all the experi
mental data reproduced in this chapter have been taken. The details of 

1.23 1.24 1.25 1.26 1.27 
X(cm) 

( t ) " (*) <c> 
F I G . 14-18.—Variation of mode limits in a type 2K33 reflex klystron with multiple 

transi ts ; starting point (broken curves) and stopping point (continuous curves), (a) Vari
ation with wavelength, X; Vo = 1800 volts, In = 8 ma; (b) Variation with voltage, Vo\ 
X — 1.25 cm, Io — 8 ma; (c) Variation with beam current, Jo; Vo = 1800 volts, X = 1.25 cm. 

the derivation of Fig. 14-17 are not reproduced here because they follow 
closely the principles just outlined. The points in Fig. 14-17 that corre
spond to the three F,-loci of Fig. 14-13 and the corresponding mode 
shapes of Fig. 14-14 are indicated. 

In Fig. 14-18 is shown the experimentally observed dependence on 
Vo, X, and I0 of the mode limits that are predicted in Fig. 14-17. In 
Fig. 14-186 may be seen the influence of the dependence of Ge on V0. 
This influence is discussed in the previous section in connection with the 
dependence of hysteresis on Vo in a 2K33 tube from which multiple transits 
had been eliminated (see Fig. 14-8). 

But such questions of the absolute values of the limits of oscillation 
shown in Fig. 14-18 are not nearly so interesting as the periodicity, which 
is apparent. Thus in Fig. 14-186 an increase of Vo by 1.077 or an increase 
in s/Vo (that is, a decrease in 80i) by 1.038 = H takes the hysteresis 
through one full cycle. In Fig. 14-18a, a decrease in X from 1.285 cm 
to 1.230 cm—that is, an increase in Boa by 1.285/1.230 = TS—takes the 
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hysteresis through one complete cycle. These figures are consistent 
with each other, and with the geometry of the 2K33, in indicating a 
reflection time from the cathode region of the order of magnitude of 
twenty-five cycles. Since the reflector mode used in these studies of the 
2K33 corresponds to 4f cycles reflection-time in the reflector region, 
the origin of some of the numbers used as bases for Figs. 14-12 and 14-13 
is perhaps now more clear. 

The Elimination of Multiple Transits.—It is thus seen that , although 
it may not produce a completely ideal mode, the elimination of multiple 
transits goes a long way toward clearing up the mode. The mode shown 
in Fig. 14-6 is a somewhat extreme sample of (presumably) single-transit 
phase-shift hysteresis in the 2K33, whereas the modes of Figs. 14-15 and 
14-16 are mild compared with some of those produced by multiple 
transits. Furthermore, in most reflex tubes with grids in the r-f gap, 
there is not the possibility of the r-f focusing effect, which probably 
causes phase-shifting in the (gridless) 2K33. Thus the question of 
elimination of multiple transits is an important one. 

The elimination in multiple transits is primarily an electron-optical 
problem. A satisfactory procedure, which was used by the Bell Tele
phone Laboratories in the type 726 klystron, and which was applied 
by the Raytheon Manufacturing Company to the 2K33, consists of 
placing a spike in the middle of the reflector to distort the reflection 
field in such a manner that a force is exerted on the electrons radially 
outward from the axis of the beam. The resulting divergence of the 
beam, although not enough to prevent the return of the electrons through 
the r-f gap, is enough to prevent another reflection from the cathode. 
There are, of course, refinements to the procedure, but this is the essence 
of the method, and the fact that it has been very successful in eliminating 
hysteresis further verifies the multiple-transit hypothesis concerning the 
origin of most hysteresis. 



CHAPTER 15 

LOAD EFFECTS IN REFLEX KLYSTRONS 
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16-1. Introduction.—Up to this point the reflex klystron oscillator 
has been considered in terms of the rather simple equivalent circuit 
shown in Fig. 15-la, which contains a gap (or pair of grids) represented 
by the capacitance C, the electronic admittance Yc, the conductance 
GR and susceptance BR of the rest of the resonator, and the load admit

tance YL. This circuit is adequate 
for discussion of the electronics of the 
device and the major features of its 
practical behavior under load, but for 
predictions of engineering accuracy it 
will be necessary to use the more 
detailed circuit of Fig. 15-lb. 

Here there is an output coupling 
device that may be a stepdown trans
former. Physically, this might be a 
coupling loop inserted in a cavity or a 
coupling aperture between the cavity 
and a waveguide. This coupling will 
generally have appreciable losses. In 
a typical tube, the 2K25 or 723A/B, 
the output consists of a coupling loop 
to a coaxial line (which has a glass bead 
for the vacuum seal) and an antenna 
to excite a waveguide. A detailed 
analysis of such a device would be very 

tedious and fortunately it is unnecessary except for the actual designing 
of a tube. Even then it is necessary only to insure that the behavior 
of the coupling is fairly smooth over the contemplated frequency range. 
The load is now designated as Y'L to call attention to the fact that it is 
measured in waveguide or a coaxial line rather than referred to the 
gap. 

Fortunately, a fairly simple measurement procedure, commonly 
known as "cold tes t " since the tube under test is not oscillating, will 
permit determination of the properties of the output coupler and of the 
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(b) 
F I G . 15-la.—Simplified equivalent 

circuit for reflex oscillator. 
FIG. 15-16.—Simplified equivalent 

circuit including an output coupling tha t 
may have losses. 
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resonator with the exception of the "capacitance" C. Depending on the 
construction of the tube, this parameter may be measured at low fre
quency, computed from the geometry, or estimated from the dimensions 
of the cavity and the resonant frequency (see Chap. 4). 

Another type of test, in which the tube is in active operation, is 
required to obtain information on power output, frequency, and elec
tronic tuning range as functions of load. This information is commonly 
plotted in the form of contours on a circle diagram or Smith1 chart, and 
is often referred to as a Rieke diagram. 

To spectrum analyser 

Tube *l Slotted 
section 

S.W. 
introducer Attenuator Thermistor 

->— Direction of power flow 

(o) 
To spectrum analyser 

, II 
Tube h Slotted 

section Attenuator Tube *2 

Reference 
plane 

(6) 
FIG. 15-2.—Clock diagrams of apparatus for making (a) active tests (Rieke diagrams) or 

(b) cold tests. 

Block diagrams of the apparatus required for active and cold tests 
are shown in Fig. 15-2. The use of a spectrum analyzer for standing-
wave measurements is a considerable convenience but not essential; any 
calibrated detector and frequency meter can be substituted. 

In the succeeding sections methods of making these tests and their 
interpretation are discussed in detail, and the problem of avoiding dis
continuous frequency jumps in the presence of a high-Q load such as a 
reference cavity is treated briefly. 

15-2. Basis of the Cold Test.—The theory of the cold test has been 
discussed by Slater.2 In Fig. 15-2&, the tube under test, Tube 1, is 
inoperative and power is supplied from another source indicated as 
Tube 2, which may or may not be of the same type. Power is fed to the 

' P . H. Smith, "Transmission Line Calculator," Electronics, 12, 29 (1939); "An 
Improved Transmission Line Calculator," Electronics, 17, 130 (1944). 

2 J. C. Slater, "Operation and Testing of Reflex Oscillators," RL Report No. 742, 
June 18, 1945. The treatment of the cold test in this chapter, in general, follows 
that of Slater, with some minor changes. See also J. C. Slater, " Microwave Elec
tronics," Rev. Mod. Phys., 18, 441 (1946). 
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left, as indicated by the arrows, from the auxiliary source through an 
attenuator whose chief function is to decouple the source from the meas
uring equipment. The slotted section is used to measure impedances, 
referred to some plane indicated by the vertical dotted line, at various 
frequencies in the region in which Tube 1 would oscillate if active. 

The method of analysis is independent of the particular type of out
put transformer used and depends only on the existence of a resonant 
cavity coupled to an output transmission line. The first problem is to 
consider the input impedance looking into the cavity across an arbitrary 
plane in the vicinity of the slotted section as a function of frequency. 

Impedance of a Lossless Cavity.—If the special case of a cavity with 
no surface resistance losses and no electron loading, so that the impedance 
is purely reactive, is considered first, it can be shown perfectly generally1 

that the impedance looking into the cavity to the left across an arbitrary 
plane can be written in the form 

2; 
n " 

(1) 

The sum is taken over the infinite number of normal modes of the cavity. 
These modes are the natural oscillations with the output open-circuited 
at the plane of measurements; for if a is equal to one of the w„'s so one 

of the denominators vanishes, Z will be infinite. The Z„'s are constants 
whose significance is discussed later. I t is most convenient to express 
impedances in terms of the characteristic impedance of the measuring 
line so that Z and the Z„'s are dimensionless and not affected by any con
ventions that may be involved in defining impedance (as in waveguide). 

I t is assumed that one of the resonant frequencies o>„ refers to the 
mode of particular interest, and that all other modes are widely separated 
from it. This assumption is safe for ordinary reflex oscillator cavities, 
provided that the transmission line out to the point of measurement is 
not too long. For a long line, coupling between cavity and line may 
result in modes that are close together. Let the particular resonant 
frequency of interest be u0. Then for frequencies in this neighborhood, 
Eq. (1) can be written 

Z = / Z° N + Z„ (2) 

y o o <<>/ 

1 J. C. Slater, "Forced Oscillations in Cavity Resonators," RL Report No. 118, 
December 31, 1942. 
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where 

Zn 

\Wn CO / 

For small variations of co around u0, Zi will vary only slowly with fre
quency. Each individual term of Zx will be much smaller than the 
resonance term of Eq. (2), since the denominators do not approach 
zero, but the sum is finite. The quantity Zi represents the input reac
tance of the transmission line alone when the cavity is off resonance.1 

Choice of Reference Plane.—By proper choice of the plane of measure
ments, Zi can be eliminated. Suppose first that the resonance term in 
Eq. (2) is eliminated by detuning the cavity without disturbing the 
transmission-line term Zlt as can be done experimentally to a high degree 
of accuracy. Then Zi will vary as the plane of reference is moved along 
the line in the familiar manner—that is, the standing-wave ratio will be 
infinite, and 

„ . 2ir(d — do) . . . 
Zi = j tan — ^ r '- (3) 

In this expression d is the distance along the line from the cavity to the 
plane at which the impedance is measured, do is the position of one of 
the standing-wave minima or zero impedance planes, and X„ is the wave
length in the guide or transmission line. If Zi is known as a function of 
wavelength across a particular plane d, Eq. (3) can be used to determine 
do as a function of \„. Of course, there will be a number of values of 
do, a half guide wavelength apart, that will satisfy Eq. (3) equally well. 
Further, if one of the planes do is chosen as the reference plane for all 
measurements, the Z\ term in Eq. (2) will vanish, and the analysis is 
considerably simplified at the price of introducing a moving coordinate 
system in the standing-wave measurements. 

Inclusion of Losses.—If the planes of reference do are used, the imped
ance looking into the cavity (lossless) will be 

z«w = —, ~ v-- (4) 

\CO0 03 ) 

1 Some authors immediately identify the reactance Zi with joiL^ (suitably trans
formed) where L\ is the inductance of the output loop; here the attempt ia to use 
only quantities readily obtainable from external measurements. Both procedures 
are equally valid. 

-2 



408 LOAD EFFECTS IN REFLEX KLYSTRONS [SEC. 15 2 

The behavior of a real (i.e., lossy) cavity can be represented in terms of a 
complex frequency1 w given by the equation 

\U!o 0 ) / + <5 = 0- (5) 

Provided that Q is not too small it can be shown that this expression is 

equivalent to the definition of Q as 2TT X ^—N-—j 
energy dissipated per cycle 

It is also true (from considerations of continuity) that if a transmission 
line is broken at any plane without disturbing the current or voltage the 
impedances looking in the two directions from the plane will be given 
by Z + Z = 0. 

Suppose that the cavity has no internal losses but is loaded by a 
matched output line. Then Z(rfo) = 1 and hence Z(<w = — 1, and Eq. 
(4) reduces to 

j ( i i _ ^ + Z o = 0. (6) 

It is customary to define the Q of a circuit loaded only by a matched 
output as the "external Q," Qml. By comparison of Eqs. (5) and (6), 
it is evident that 

h -Zo- (7) 
Similarly, the internal losses in the cavity may be represented by the 
"unloaded Q," Qt>. This is the Q obtained when the load is open-circuited. 
Equation (4) may now be rewritten 

1/Q.. 
■>(<*„> (8) 

which obviously satisfies the special cases of matched load, Z ^ = 1, and 
open circuit, Z(,;„, = « . 

By choosing the reference plane dn the reactive part of Z i can be 
made to vanish, but in any real device there will be a finite resistive 
term remaining to make the observed standing-wave ratio <rt less than 
infinity. Ordinarily this loss will be small, but in special cases it may be 
of considerable importance. It can conveniently be included by adding 
a term cri to Eq. (8). 

1 The concept of a complex frequency to represent a damped wave is convenient 
although perhaps unfamiliar. For if « = 0 + ja then a disturbance 

Ae'"' = Ae'tP+i"" = Ae-<"em. 
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Effect of Electron Beam.—Finally, although strictly speaking there 
will be no electron beam in a cold test, it may be desirable to include the 
effects of a beam to allow for conditions when the reflector voltage is 
set outside the oscillation range of a mode. The beam admittance 

may be included by adding a term in the denominator of Eq. (8) of the 
form Ye/Cat,- The justification for this is as follows. Let Ye = g + jb 
and consider for a moment only the conductance. Then Cu0/g would be 
the Q of the resonator loaded only by the beam conductance, here assumed 
positive—that is, reflector voltage set roughly midway between two 
oscillating modes. This expression would be analogous to that for Q0, 
which could be written (referring to Fig. 15-la) as Cu0/GR. It can also 
be shown that the imaginary part of Ye predicts the electronic tuning 
effects correctly. 

The final expression for the oscillator cavity is thus 

Z(A) = —7 k~^~-x _TT + **• (®> 
. I 03 U l \ 1 Ye 

jl ) +7T + rr~ 
\O>0 CO/ Qo LCOo 

This expression can be used not only as the basis of a cold test but also 
to predict active behavior. In a true cold test the Ye term will vanish. 

15-3. Cold-test Procedure.—In making a test it is customary to 
record the locations of the standing-wave minima, designated here as 
the planes d, and the standing-wave voltage ratio a. 

The impedance looking into the resonant cavity across the plane d 
of the standing-wave minimum is 

Z«o = ~ (10) 

Then the impedance across the plane db is 

_ i - i t a n 2 ^ ^ 
Z("=fn^an WEM (11) 

II Kg 

It is often more convenient to introduce the complex reflection coefficient 
r defined by the equations 

- Ma - 1 _ 1 - a 
' " * ■ > + ! = 1 + * ( 1 2 ) 

r(40 — 
Z(d,) + 1 



410 LOAD EFFECTS IN REFLEX KLYSTRONS [SEC. 15-3 

Now the reflection coefficients xw and r(<Jo) are related by the equation 

(13) 
j4ir 

d-do 
r<*>) = r w e ^ 

The familiar circle diagram or Smith chart is actually a plot of r(rfo) in 
the complex plane. In practice, the transformation from the plane d 

to plane do is made with the aid of a 
circular transmission-line calculator1 

rather than by computation with Eq. 
(11). 

Determination of Output Line 
Losses.—As indicated above, the first 
step is to determine both a and do, 
with the cavity detuned, as functions 
of frequency in the region of interest. 
Since it is to be expected that d0 will 
change rather rapidly with frequency, 
careful measurements are essen
tial here. With the cavity suffi
ciently detuned, Eq. (9) reduces to 

"L(ik> = ci- Standing-wave ratios are usually measured in decibels using 
the attenuator on a spectrum analyzer; conversion of standing-wave 

FIG. 15-3.- -Typical cold test data, a (db) 
vs. frequency. 

measurements in db to voltage ratios is to be made by the relation 

<7i(db) = 20 log,0 (14) 

In an actual tube with a well-designed output line, <ri(db) may be about 
35 db, corresponding to a ax of 0.018. 

Determination of Cavity Parameters.—The next step is to retune the 
cavity to the frequency at which measurements are to be made. Remem
bering that in a cold test Ye is zero, and hence C cannot be determined, 
the remaining quantities in Eq. (9), uo, Qo, and Qelt, can be found. The 
most accurate way to determine these is by a plot of the standing-wave 
ratio in db, <r(db), as a function of frequency throughout the resonance 
curve of the cavity. A typical plot of this sort appears in Fig. 15-3. 

If the value of Zc<w at resonance is defined as o-0, from Eq. (9) it is 
evident that 

Qo 
CO = Z(rf„i. — + «ri. (15) 

1 For example, the calculator manufactured by the Emeloid Co., Inc., 287 Laurel 
Ave., Arlington, N..T. 
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Since the quantity <r0 may be greater or less than unity, two cases must 
be distinguished. In Case 1, the standing-wave maximum at resonance 
is found at do and <r0 is greater than unity; in Case 2, the coupling is 
weak, <r0 is less than unity, and the standing-wave minimum will occur 
at do as in the detuned case. The standing-wave ratio at resonance 
in db, called <r0(db), is given by 

cro(db) = 20 logio co, Case 1, 

<ro(db) = 20 logio — > Case 2. 

Thus the ratio Qo/Q»xt, and wo may be determined by measurements at 
resonance. To separate Qo and Q„t, however, it is necessary to observe 
more of the resonance curve. 

First let the abbreviation 

S = QJ^-^)^2QJ^^) (17) 

be introduced, and Eq. (15) be rearranged to read 

Qo 
7j — CTO — CTj. 
V e x t 

If this equation is substituted in Eq. (9), there is obtained 

Z(A) = l—, + «n (18) 
jt + 

(To — <y\ 

for the cold test. With Eqs. (12) and (18), a reflection coefficient can 
be written with a magnitude given by 

1 1 \ ( < r i + l ) 2 ^ - <ri)252 + (<ro + l ) 2 ' V ' 

Since a = (1 + | r | ) / ( l — |r[) it is evident that, given ai and <r0, a curve 
of <r as a function of S can be constructed. Given an experimental curve 
such as that in Fig. 15-3, from which w0, <ro, and <r\ can be read off, a 
possible procedure is to compute a theoretical curve of <r(db) as a func
tion of d and then to choose Q„ t to give the horizontal scale in best agree
ment with experiment. 

This procedure, although best from the standpoint of accuracy, is 
not often justified. Instead it is customary to determine the width of 
the resonance curve at some properly chosen value of a, and thus to 
find Qo or Q„t. In Case 1 it is convenient to take the width of the reso-

(16) 
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nance curve between points 8 = + 1. Then from Eq. (17) 

^ = _ L , (Case 1) (20) 

where A/ is the frequency difference between the two points at which 
|5| = 1. These points come at a height <r'(db) on the resonance curve, 

i i 1 1 1 1 i i i i i i ; i i 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 
a0(db) 

F I G . 15-4.—o-'(db) as function of <ro(db) for various values of ex db) . 

which can be computed from Eq. (19) as a function of <r0 with o-i(db) as 
a parameter, and using 5 = 1. Curves computed in this way, for 
ci(db) between 10 and « , over the range of <r0(db) up to 14 are given in 
Fig. 15-4. In Case 2 it would be possible to find a value of o-'(db) such 
that Eq. (20) would apply, but this would involve taking the width of 
the curve so near the minimum that precision would be low. Instead, 
it is more convenient to use the curves of Fig. 15-4 to find a value of 
r'(db) corresponding to the observed <r0(db) and o-^db) and then to 
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ask where this value of A// / leads. In this case, <r0 is less than unity so 
that the curves of Fig. 15-4 give the value of <ri(db) (with 5 = ± 1) for 
which the reflection coefficient is given by 

- l)»(l/ffB - ffl)« + (!/,„ - l)> 
+ 1)2(1A0 - <r,)2 + ( l > o + I ) 3 ' ^ J 

If numerator and denominator inside the radical are multiplied by <r%, 
this equation may be written 

1 1 \ ( < n + l)'(<r0 - *,)»«'* + (<r0 - 1)= <-"> 
where 

5' « l = _ £ ^ i . ( 2 3 ) 
(TO — ffl 

By the use of Eqs. (15) and (17) it is evident that in Case 2 the width 
A/ of the resonance curve at the height <r'(db) given by Fig. 15-4 is 

(Case 2). (24) 

Now it has been shown that the quantities do, o\, m, Q«t, and Q0 
can all be determined by cold-test measurements. The only quantity 
pertaining to the resonator that cannot be determined in this way is 
the capacitance C, as was mentioned above. Although the details of the 
output coupling device remain completely unspecified, its effect on the 
behavior of the oscillator can be interpreted fully in terms of d0, <ri, and 
QM- In designing a tube to cover a broad frequency band it would be 
necessary to consider in greater detail the nature of the output device; 
the problem is largely one of getting reasonable constancy of Q«t over 
the band in question.1 

Thermal Effects and Beam Loading.—Before closing discussion on the 
subject of cold tests it is well to point out that in these experiments the 
tubes are literally, as well as figuratively, cold. This will have notice
able effects in general on u« and Q0. Because of imperfect temperature 
compensation, u>„ will be appreciably different for a cold tube than for 
the same one at operating temperatures. Also, the resistivity of the 
cavity walls will increase with the temperature, and Q0 will decrease 
somewhat from this cause. In addition to this purely thermal effect, 
it is to be expected that loading by the beam and by secondaries ejected 
from the grids will markedly decrease Qa in an operating tube. In 

1 A more complete discussion of this aspect of the problem, with particular appli
cation to the 2J51 magnetron, is given in J. C. Slater, "Cold Test Results on 2J51 and 
725A Magnetrons," BTL Technical Memorandum, 44-180-3, Oct. 26, 1944. 
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principle it is possible to arrive at a more realistic Q0 by making a "cold " 
test with a beam passing through the tube but with the reflector voltage 
adjusted to one of the special values (<£ = ±90°) between oscillating 
modes. 

15-4. Active Operation; the Ideal Rieke Diagram.1—A distinctive 
feature of the cold tests outlined in the preceding sections is the use of a 
moving coordinate system, referred to the planes d0, for expressing the 
results. Although this approach causes a welcome simplification of the 
expressions leading to determination of the cavity parameters, for tubes in 
active operation the problem is to predict the power (and frequency) 
delivered to various loads at a fixed physical distance from the oscillator. 

Thus it would be simple to equate Z(do) as given by Eq. (9) to —Z(doh where 
the latter is the load impedance referred to do, and obtain expressions 
for the power and frequency, but it would turn out to be troublesome 
always to have to refer loads to the moving plane do. For this reason it 
seems best to return to first principles—that is, the concepts of elemen
tary reflex klystron theory (see Chap. 12) and the circuits of Fig. 15-1. 
At this time it is also convenient to shift from the use of impedances as 
in the preceding sections to admittances, which indeed might perfectly 
well have been used throughout. 

Behavior of Tube with Load Located at Gap.—At the outset consider the 
load admittance YL of Fig. 15-la as located not in the output line but 
directly across the gap C. When the load is so situated the fundamental 
equation is 

Y, + joC + jBR + GR + YL = 0 (25) 
where as usual 

Y. = -2G.il®. e<t+$. 
A 

In Chap. 12 and particularly in Sec. 12-2 the implications of this equa
tion are discussed and it is shown that the real and imaginary parts 
yield the power and frequency respectively. These parts are 

H) -2G« ^ S cos ( 6 + \ ) + GR + GL = 0 (2(3) 

and 

sin {8 + 5 ) 2Ge ^ ^ sin ( 6 + ^ ) + uC + BR + BL = 0. (27) 

In computing power output, Eq. (26) is to be solved for X and the value 
obtained substituted in 

1 J. 0. Slater, "Operation and Testing of Reflex Oscillators," RL Report No. 742, 
June 18, 1945; J. B. H. Kuper and M. C. Waltz, "Notes on Load Effects in Reflex 
Oscillators," RL Report No. 717, May 29, 1945. 

http://-2G.il�
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p* = cITGi' ^ x , / l (X) cos (e +1) (28) 

The frequency equation can be simplified by writing 0 = 6)0 + Aw, where 
wo is the resonant frequency of the cavity alone.1 Then 

B f i = ~ - ^ ~ « -woC + CAw. 
1+ — 

This approximation is safe for the high-Q cavities generally employed. 
Equation (26) can also be used to eliminate the term involving X, 
resulting in 

■0 ((?« + Gi) tan I 0 + £ ) + 2C Aw + Bi = 0. (29) 

H) In all these expressions the angle I 0 + ^ 1 may be replaced by </>. 

Inspection of these expressions shows that the Rieke diagram for the 
tube having a load YL = GL + jBL referred to the gap is extremely 
simple. If rectangular coordinates are used for BL and G = GR + GL, the 
power contours will be straight lines parallel to the imaginary axis. 
These contours will be included between the values G = GR(GL = 0) and 
G = Ge cos <t>, on both of which the power output will be zero. At (7 = GR 
the r-f voltage developed will be high but the circuit efficiency vanishes; 
at the other boundary the circuit efficiency will approach its maximum 
but because of overloading the r-f voltage will fall to zero. Between 
these limiting values the power contours will be distributed in accordance 
with Eqs. (26) and (28). The frequency contours will also be a family 
of straight lines equally spaced and making an angle — c)> with the real 
axis. The contour w = w0 will cut the real axis at GR + GL = 0 (outside 

the region of oscillation), and Aw for the other contours will be — ^ » 

where Bo is the intercept on the imaginary axis. 
Figure 15-5 is a sample of this sort of diagram drawn for a hypothetical 

tube. The small-signal conductance Ge is taken as 500 ^imhos, GR as 
100 ^nihos, and C as 1 jtjuf. This diagram assumes 0 = +30°, or reflector 
voltage somewhat less negative than optimum for the mode in use. 
The operating region is bounded on one side by G = GR = 100 ^mhos, 
where the circuit efficiency is zero, and on the other by G = Ge cos 30°, 
where oscillations cease because of overload. The power contours 
between these boundaries are labelled in per cent of the maximum power 
output obtainable. Note that loading for output reasonably close to 
the maximum is not particularly critical. The frequency contours are 

1 Note that Aw does not have the same meaning here as in Chap. 12. 
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labelled in Mc/sec shifts from the resonant frequency of the unperturbed 
cavity, and are drawn at 5-Mc/sec intervals. 

Deviations from the. Ideal in Practical Diagrams.—Aside from the 
obvious difficulty of there being no simple way of taking a diagram for a 
real tube under the conditions postulated here, there are several points 
in which a practical diagram would depart significantly from the simple 
one of Fig. 15-5. Chief among these is the assumption that the circuit 

efficiency can be represented bv ^—.-—,-r with no dependence on load 

susceptance. In any physical tube there will be losses in the output 
lead as represented by <T\ in the preceding sections. With highly reac-

F I G . 15-5.—Ideal Rieke diagram in B~G plane for a hypothetical tube with load con
nected directly across the gap. Ge — 500 jumhos, GH = 100 /imhos, C = 1 ppi, § = +30°, 
G = Gs + GL. 

tive loads there will be, in general, a large standing wave in the output 
line that will greatly increase the importance of such small losses. This 
will distort Fig. 15-5 by drawing the power contours together at the top 
and bottom of the diagram with the result that the region of oscillation 
no longer extends to infinity. The second point of departure is the 
fact that it would be very difficult to keep a constant phase angle <j> 
of the returning electrons while taking a diagram. Since the frequency 
will be changing because of the "pull ing" effect of the load susceptance, 
it would be necessary to readjust the reflector voltage continually while 
taking the diagram. For the special condition of 4> = 0 it might be 
possible so to readjust the voltage, but in a case such as that considered 
here with ij> = +30°, it would almost be necessary to have all the informa
tion obtainable from the Rieke diagram in order to know how to set the 
voltage. The effect of keeping a constant reflector voltage would be to 
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change <f> by an amount 

A,-(£)■*(» + !) (30) 

and to rotate the frequency contours accordingly so they would no longer 
be parallel. 

Change to Circle Diagram Representation.—Before considering in detail 
the distortions of the ideal diagram, it is convenient to change from the 

0.25 
F I G . 15-6.—Ideal Rieke diagram in circle-diagram form for the same hypothetical tube 

as in Fig. 15-5. In Figs. 15-6 to 15-13 the power contours are shown as solid lines and the 
frequency contours as broken lines. The coordinates are conductance and susceptance. 

rectangular coordinates for the admittance plane to the circle-diagram 
representation. The rectangular plot is the natural one to use a t low 
frequencies where load impedances are measured on a bridge and line 
lengths are small in terms of wavelengths. At microwave frequencies, 
however, the impedances or admittances will, in general, not be measured 
directly. Instead, the experimental data will be standing-wave measure
ments—that is, magnitudes and phases of reflection coefficients. For 
data of this type the circle diagram representation is the natural and 
convenient one. 
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The idealized diagram of Fig. 15-5 is transformed to the circle chart 
form in Fig. 15-6, taking the unit of admittance as 100 /xmhos. Only the 
region presumed to be accessible to experiment, or GL positive, is shown in 
this diagram. In contrast to Fig. 15-5, a rectangular plot of G = GB + GL 

and BL, the circle diagram is a plot of GL and BL. Accordingly, the region 
of Fig. 15-5 to the left of the boundary of the oscillation region marked 
"circuit efficiency zero" does not appear at all in Fig. 15-6. 

0.25 

F I G . 15-7.— Ideal Rieke diagram for the same hypothetical tube as in Figs. 15-5 and 15-6, 
except that <p = 0. 

In Fig. 15-6 the boundaries of the oscillation region are the bounding 
circle of the diagram for the zero-circuit efficiency contour and a con
ductance circle at GL„ = Ge cos 4> — GR for the overload region. This 
region is commonly called the "sink." Between these boundaries the 
power contours are conductance circles that are tangent to the edge of 
the diagram at the point representing infinity. Thus the "90 per cent 
power" contours enclose a crescent-shaped region tapering to infinitesi
mal thickness below the sink. The frequency contours transform into 
arcs of circles that make an angle — 4> with the susceptance coordinates. 
One of these arcs will be a straight line, but the fact that the straight 
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contour happens to be the one for zero frequency shift in Fig. 15-6 is 
merely an accident of the choice of GK as 1 unit in this example.1 

As is mentioned above, it would be almost impossible to obtain an 
experimental diagram at constant 4> for any value of 4> other than zero. 
Considerable interest is attached to this special case, and accordingly 

■ the rest of the diagrams will be drawn for <j> = 0, at least for a resistive 
load. Figure 15-7 corresponds exactly to Fig. 15-6 with the exception 
of the change from <j> = 30° to 4> = 0°. Note that in addition to the 
effect on the frequency contours, which now follow the susceptance circles, 
the sink is smaller and a higher conductance is required for optimum 
output. Although it is not evident from the diagram, "100 per cent 
power" in this diagram actually represents considerably more power than 
the optimum in Fig. 15-6. 

Effect of Fixed Reflector Voltage.—The next step in evolving a theo
retical diagram from the zero-order theory for comparison with experi
ment is to use a fixed reflector voltage rather than attempt to maintain 
a constant <£. The effect of this, as indicated in Eq. (30), will depend on 
the order of the mode used. Merely for convenience in computing, 
2ir(n + f) = 50, which corresponds very nearly to n = 7, was chosen. 
This value of n is rather larger than that used in most practical tubes, 
but will make the effects on the idealized Rieke diagram more readily 
visible. I t is assumed that the reflector voltage is set for 0 = 0 with 
a purely resistive load, and then left unchanged. Substituting A<t> from 
Eq. (30) in (29) yields a rather unwieldy expression for Au: 

+ 2C Ac + BL = 0. (31) 

It can readily be seen that the effect of a fixed reflector voltage is to make 
the frequency pulling for a given load susceptance somewhat less than 
it would otherwise have been. The departure of the frequency contours 
from the susceptance circles will be least for light loads and small n, 
whereas in the vicinity of the sink the contours will be spread apart 
considerably. The power contours will also be affected, in a manner 
precisely similar to the effect of the equivalent amount of electronic 
tuning. Unfortunately, lacking inverse Bessel functions, the power 
variation with A<j> cannot be expressed by a single equation. In the 
diagram, the result is to close off the power contours rather than to 
permit them to extend to infinity below the sink, and also slightly to 

1 It is a property of the transformation that any straight line in the rectangular 
GL — BL plot passing through the point (— 1, 0) and entering the region of positive 
conductance will be transformed into a straight line in the circle diagram. Further
more, angles are preserved in the transformation. Straight lines not passing through 
( — 1, 0) are transformed into arcs of circles. 

(Gs + GL) tan Act 

wo 
2ir 

" + ! . 
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deform the sink from its original circular form. The sink will be defined 
b}r the relation 

GL„ = Ge co s A<j> - GH. (32) 

These minor changes in the diagram are shown in Fig. 15-8. 
In computing these diagrams it has been tacitly assumed that Ge 

is strictly constant. Whether <t> or the reflector voltage is held constant, 
there will be some change in M and 6e, because the frequency is changing, 
with reactive loads. This change in M and 6C will cause small departures 

0.25 
F I G . 158.—Ideal Rieke diagram for the same hypothetical tube as in Fig. 15-7 except that 

reflector voltage is held constant throughout, and assuming 2iriyi + 1) = 50. 

of the power contours in Fig. 15-7 from the conductance circles, but in 
practice these distortions will hardly be noticeable. The contours would 
tend to move upward slightly on the high-frequency side of the diagram 
and to be depressed at the lower frequencies. The neglect of this factor 
is equivalent to the assumption that the locus of the electronic conduct
ance is an arc of a circle rather than a portion of a spiral. 

Diagrams of Electronic Tuning.—Before proceeding to transform these 
idealized diagrams into more practical diagrams, it should be mentioned 
that another type of performance chart, strictly speaking not a Rieke 
diagram, is sometimes of interest. In this chart, power and electronic 
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tuning range (normally measured between the half-power points) are 
plotted as functions of the load. Since the power contours and sink 
have already been illustrated, it remains only to compute the tuning 
ranges. Let Xm be the value of X at the center of the mode, <£ = 0. 
Then Xm is a function of Ge and the loss and load conductances only, for 
when <A = 0, Eq. (2G) reduces to 

JA(Xm) = Gn + Gj^ 
A m 2(jre 

The value of X at the half-power points, Xy, will be Xm/y/2, and the 
value of 4> required to tune this far may be denoted by 4>y,. This angle 
can be found from the relation 

/rj,(xm/y2)i 
/ l"(x„/\/i) ]' 

and the frequency is then to be found by using Eq. (29). Corrections 
similar to those discussed above will be required to take care of the 
variation of Ge caused by pulling, consequently the contours of constant 
electrical tuning range will resemble strongly the power contours. The 
tuning range between half-power points falls off much less rapidly than 
the power at light loads, goes through a very broad maximum at about 
the same loading as the power maximum, and drops off slowly until the 
overload becomes severe, after which it falls rapidly to zero at the sink. 
In contrast to this behavior, the tuning range between extinction points 
is a maximum for a vanishing load and decreases monotonically as 
the load becomes heavier (see Fig. 12-10). 

15-5. Transformation to the Practical Rieke Diagram.—The obvious 
first step in transforming the preceding diagrams into practical ones is 
to shift the reference plane from the gap to a point that is accessible to 
experiment. The making of this shift involves the changes indicated 
in Fig. 15-16. The load admittance YL, will no longer appear directly 
across the gap; there will now be a section of line between the gap and the 
output coupling or transducer and usually another section of line between 
the transducer and the reference point. The cavity will be the first 
section of line (normally a radial transmission line) with the losses (mostly 
series resistance losses in actuality) represented by the shunt conductance 
GR. The output coupling will be most often a loop feeding a coaxial 
line, but it may be window to a waveguide; it will have an impedance-
transformation ratio m and, in general, will also have some losses. The 
remaining section of line will be usually straightforward but in some 
tubes, for example the 723A/B, it may be necessary to consider lumped 
susceptance at the glass bead forming the vacuum seal and also possible 

c o s 4>\i 
Jj(X_„) 

~Xm 
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discontinuities where the coaxial line is coupled to waveguide by an 
antenna. 

Effect of Output Coupling.—The transformation from the ideal to a 
practical diagram can be calculated for very simple cavities, but this 
is unnecessary. The representation of Fig. 15-16, omitting details of 
the output coupling other than to consider it as a slightly lossy trans
former, will be adequate for all purposes, except perhaps the actual 
design of a coupling for a tube intended to cover a wide band. 

In Fig. 15-16 it will be most convenient to consider the load admit
tance Y'L = G'L + jB'L in relative units with respect to the characteristic 
admittance Y0 of the line or waveguide in which the load is measured, 
and to neglect for the moment losses in the output coupler. From this 
equivalent circuit it is clear that 

Co = ^ (33) 

and 

«- " ST.' ™ 
from the definition of Q„t. Since YL in Fig. 15- la is assumed to be equiva
lent to mYoY'L, apart from phase shifts due to the presence of a trans
mission line, it evidently will be possible to use the quantities determined 
in cold test to express Eqs. (26) to (29) in terms of C and an easily meas
ured load. In a simple case where the plane of reference for the diagram 
is an integral number of half waves from the gap the results are the 
following: 

2Ge Ji(X) 1 GL . 
7, =FF~ COS 4> + jr + Tj— = 0 (35) 

" - °'L 2 * ^ X J i ( X ) c o s * (36) 
/-if I V e i t 

and 

\Q0 ^ QeJ 
2A&> B', tan </> + — + ^ = 0. (37) 

Wo Vext 

In these expressions it is often convenient to introduce the loaded Q, 
QL, given by \/QL = 1/Qo + G'L/Q„M. The introduction of the cold-test 
quantities in this way obviates the necessity of an arbitrary choice of 
the unit for the diagrams (100 ^mhos in the preceding examples) pro
vided only that C is known. 

For any plane of reference other than one that is an integral number 
of half waves from the gap, the transformation from ideal to practical is 
easily made by rotating the family of contours comprising the diagram 
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with respect to the coordinates of the Smith chart counterclockwise by 
the required amount, one complete revolution representing a half wave
length of line. 

Effect of Losses in Output Line.—The presence of even moderate 
amounts of loss in the output line introduces marked changes in the 
diagrams. The most important are those resulting from the fact that 
Eqs. (35) and (36), which together determine the power output, will no 
longer involve only the load conductance but also the susceptance. 
The admittance Y'L = G 'L+ jB'L is to be taken as the load admittance 
when there is no loss in the output line, or o-i = 0. I t will be convenient 
to introduce a new load admittance1 Y = G + jB to indicate the "dis
posable" load—that is, the load external to the tube and therefore sub
ject to experimental variation. I t is measured of course in relative 
units with respect to the characteristic admittance of the line or wave
guide in which the standing-wave observations are made, and experi
mental Rieke diagrams will be plotted with respect to it. 

With measurements referred to the planes do as located by the proce
dure described in Sec. 15-3 it is clear by definition that 

G'L + jB'L = - 1 — = - ^ (38) 

Zci, + a\ — Z,j„ + a i 

Without line loss, the circuit efficiency r\c is given by [see Eq. (36)] 

G' Vc = 

G'L + Vext 

Actually however the power will be dissipated in the series resistance ui 
as well as in the real component of the load. If it is remembered that 

and that the power dissipated in one of two resistances in series is pro
portional to that resistance, the circuit efficiency is 

_ G'L . G'L - Vl(G'Z + B't) _G'L- „((?? + B?) 
//c — j^r— — p, ~ - — ■ ~yj (39) 

The power output will decrease as B'L increases; and at sufficiently high 

values of B'L, namely when B'L = A— — G'l, it will fall to zero. In this 
V ci 

1 The notation Y = G 4- jB departs from that used by J. C. Slater in "Operation 
and Testing of Reflex Oscillators," RL Report No. 742, June 18, 1945. Slater used 
G 4- jB in the sense G'L + jB'L is used here. 
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condition, the load impedance Zio is a pure reactance and all the power 
that is not dissipated in the cavity is lost in the output lead. 

From the definition of G'h + jB'L in Eq. (38) it is evident that this 
quantity can be expressed in terms of the load admittance G + jB, 
provided the latter is measured at d0, by the relations 

G'2 + B'l G2 + B2 

G'L G 
G'2 + B'2 G2 + B2 

which can be rearranged as 

+ <n 

G 4 . 

G' G2 + B2 

\G2 + B2 + ^) + [pi + B2j 
B 

(40) 

B' = 
G2 + B2 

\fl2 + B2 

If Eq. (36) for the power output is corrected as indicated in Eq. (39) 
to read 

G'L - <r,(G'2 + B'2) . 2khV0 XJ\(X) cos <j> (41) 

the development is complete, for with Eqs. (35), (37), and (41) together 
with the substitutions indicated in Eq. (40), the behavior is fully speci
fied in terms of Gc, <j>, C, quantities determined in cold test, and the 
external load G + jB as measured at the planes da- Equivalent results 
would have been obtained by using Eq. (38) in Eq. (9) and rearranging to 
yield 

Ye G'L + jB'L + + r 
0 COQO 

Q«, = 0. (42) 

If this equation is separated into real and imaginary parts, the former 
will give Eq. (35) determining the bunching parameter X. The latter 
will determine the frequency and can be combined with Eq. (35) to 
yield Eq. (37) using the approximation 

Ol OlQ 2AU! 

O)o Ol O>0 

Use of Transmission Line Calculator to Allow for Line Loss.—Unfor
tunately Eqs. (40) are not particularly handy for performing the com-
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putations required. In practice, it seems much easier to make use of 
the transmission-line calculator in an alternative procedure. A trans
formation along a lossy line follows a spiral path instead of a simple 
rotation on the circle diagram. The observed a\ from cold test can be 
used to calculate the loss of the section of line (assumed to be evenly-
distributed) instead of considering it to represent a series resistance (in 
units of the characteristic impedance of the line) located immediately 
adjacent to the plane d0. 

The definition of oi means that 

1 _ 1 + |r| 
<ri 1 - |r| 

where |r| is the magnitude of the reflected voltage at the sending end of 
the line. Let the power P0 at the receiving end of a length I of lossy 
line be Pa = Pe~al where P is the sending-end power. Correspondingly, 
the amplitudes will be given by 

fo = ve 2 . 

Remembering that in reflection the length I is traversed twice, 
al al 

]r| = e 2 ■ e 2 = e~al; 
then 

1 - e~al 

A solution of this equation for the power ratio (loss) yields 

-al _ ^5 _ L ~ ^ 
6 p i +"*; 

or 

line loss (db) = 10 log,0 \ ^ - K (43) 
l + o-i 

The typical case cited above in which o-(db) might be of the order of 
35 db thus corresponds to a line loss of 0.150 db. A value of oi(db) of 
10 db, as has been found in certain frequency regions for the 2K25 tube, 
indicates a line loss of 2.84 db. These losses apply where the line is 
terminated in a matched load; when standing waves are present on the 
line the dissipation is increased. 

It is clear from the method of measurement of &i that at the sending 
end of the line in question no standing-wave ratio higher than o-i(db) 
can exist no matter what the termination at the receiving end. There
fore, there is an annular region extending inward from the boundary of 
the Smith chart which the tube can never see as a load; the width.of this 
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region depends on the line loss. The Rieke diagrams are plotted with 
respect to standing-wave ratios at the receiving end of the line; these 
may, in principle at least, cover the whole chart. This effect can be 
taken into account by imagining that the allowed region of the chart has 
been "stretched" radially enough to cover the whole circle. The amount 
of this stretch will vary with the radial distance (or standing-wave ratio). 
The idealized diagrams may be stretched in this way and then the power 
contours readjusted to allow for the attenuation, not forgetting the factor 
resulting from the standing waves. 

0.25 
F I G . 15-9.—Ideal Rieke diagram for the same hypothetical tube as in Fig. 15-8 referred 
to a point in the line 2 | wavelengths from the gap. Line loss 0.5 db, transformer ratio -3X0-. 

Ideal Rieke Diagram Including Line Loss.—Alternatively, one may 
use the circular transmission-line calculator to make the entire transfor
mation. Starting with any load point, in terms of magnitude and phase 
of the standing wave, the calculator is rotated to transform to the gap 
and the slider on the radial arm moved inward (according to the scale 
provided) to include the line loss. The new load, with a somewhat 
diminished standing-wave ratio and a new phase, is read off the chart in 
terms of conductance and susceptance, and these values are used to 
compute the frequency and the sending-end power. The latter must be 
corrected for the attenuation, including the standing-wave factor, and 
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the results are then to be plotted at the original load point. This 
method is fairly rapid, particularly when a calculator with "dissipation" 
and " standing-wave-loss coefficient" scales on the radial arm is employed. 
It was used to construct the ideal diagram of Fig. 15-9, which applies to 
the hypothetical tube used in the previous examples. For this tube Ge 
is assumed to be 500 ^mhos, C is 1 nnf, G> is 100 ^mhos, and 

2r(n + | ) « 50. 

The reflector voltage is assumed to be held constant at a value giving 
$ = 0 for a pure resistance load at the gap. I t is now time to assume a 
resonant frequency for the cavity, a line length from the grids to the 
point of measurement, and a line loss. Let these be, respectively, 
wo = 6 X 1010 cps., 2^ wavelengths, and 0.5 db. Let it be further 
assumed that Y0 = 2000 jumhos and that the transformer admittance 
stepup ratio m = TJV 

With these assumptions, the unloaded Q, Qo, would be 000 [from Eq. 
(33)] and the external Q, (?«,, would have the same numerical value 
[Eq. (34)]. Though not representing any particular tube type, these 
figures are of a reasonable order of magnitude. The line lengths in 
the 2K25 tubes seem to be about 2 to 2\ wavelengths (depending on the 
frequency) from the grids to the plane in the waveguide containing the 
output antenna. This length varies from tube to tube over a range of 
about i wavelength. The assumed loss of 0.5 db is also somewhere in 
the range encountered with that tube type. 

In plotting Fig. 15-9 no "long-line effect" has been included: that is 
to say, the plane of reference is assumed to move as the frequency varies 
so that the electrical length remains constant. Apart from the obvious 
change in appearance that is due to the rotation, the change in shape of 
the power contours and of the sink is most striking. The sink has been 
"pushed outward" so that a portion of the circle is lost, and the horns 
of the power contours have been cut off so that they are kidney-shaped 
rather than crescents. The frequency contours are comparatively 
unaffected. 

Effect of Impedance Discontinuity in Output Line.—In actual practice 
it may happen that there is an appreciable discontinuity in the output 
line. For example, there may be a noticeable reflection introduced by 
a glass bead forming the vacuum seal, or an output antenna may not 
be matched to the waveguide. In any event where there is appreciable 
loss between the cavity proper and such a discontinuity, it will be neces
sary to " tune ou t" the latter in order to obtain optimum power output. 
If there is no problem of multiple reflections, this situation can be handled 
eadily by the method outlined in the preceding paragraphs. The pro-
edure is to transform along the line from the load point to the discon-
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tinuity, to add the appropriate susceptance to the transformed load 
admittance, and then to transform the rest of the way to the grids cal
culating the frequency and sending-end power as before. An accurate 
calculation of the output power requires a knowledge of the distribution 
of the loss on the two sides of the discontinuity, but the purpose here is 
merely to give an idea of the kind of distortion of the Rieke diagram 
produced by a discontinuity. The appearance of the distorted diagram 
will naturally be sensitive to the location of the discontinuity. A 

0.25 
F I G . 15-10.—Ideal Rieke diagram for the same hypothetical tube a.s in Fig. 15-9, with a 

discontinuity of —jl located 1^ wavelengths from the gap. 

typical case is illustrated in Fig. 15-10, drawn for the same conditions 
as those in Fig. 15-9, except that now there is a discontinuity of —jl 
located in the line H wavelengths from the gap, or f wavelength from 
the reference plane. The distortion is similar to that produced by failure 
to set the reflector voltage for <£> = 0, as in Fig. 15-G. However, in 
Fig. 15-6 maximum power will occur on or near a diameter of the chart 
that passes through the sink; but when there is a discontinuity, the opti
mum loading will be noticeably off this diameter. In addition, if the 
plane of reference is chosen an integral number of half wavelengths from 
the gap, the frequency contours will make an angle — 4> with the suscep-



SEC. 15-5] TRANSFORMATION TO THE PRACTICAL DIAGRAM 429 

tance circles. In practice, it may be difficult to get data that are suffici
ently accurate to distinguish between a small discontinuity and a small 
error in setting the reflector voltage, but even a small discontinuity 
should show on cold test, provided that <n is determined over an appreci
able frequency range. 

Long-line Effects.—Long-line effects will be noticeable in many prac
tical applications of reflex klystrons, in which the load will normally 
be a device with an admittance that varies slowly with frequency and 

——-—| --— 
0.25 

FIG. 15-11.—Ideal Rieke diagram for the same hypothetical tube as in l-'ig. 15-9. with 
long-line effect included. Line 21 wavelengths long. 

that is located at a fixed distance from the tube. A diagram of the type 
illustrated in Fig. 15-9 is satisfactory for comparison between theory and 
experiment, except for the nuisance of using a slightly different line 
length for the reduction of each standing-wave observation. A diagram 
in which the physical line length is constant will make clearer some points 
of behavior. Phenomena such as split reflector-mode patterns (some
times erroneously termed "double moding") and frequency disconti
nuities that make it impossible to tune to a specified frequency may arise 
from a mismatched load in combination with an excessive line length. 

To transform a diagram drawn for a constant electrical length to a 
constant physical line, approximately A" wavelengths long, it is necessary 
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to rotate every point except the zero frequency-shift contour through an 
angle (A///o)N • 720° with positive angles measured counterclockwise. 
The effect of this rotation will clearly be greatest in the neighbor
hood of the sink and, in fact, will alter the shape of the latter profoundly. 
For moderate amounts of long-line effect, such as is unavoidable in the 
2K25 tube, the sink will be " pinched in " at the sides and bottom. With 
longer lengths of line the two boundaries "cross over" each other at the 
bottom of the sink, which is thus divided into two distinct regions. For 

^ — 1 
0.25 

F I G . 15-12.—Ideal Rieke diagram for the same hypothetical tube as in Fig. 15-9 with 
long-line effect included. Line 5 j wavelengths long. 

still longer lines, this second region gets very much larger, while the orig
inal true sink shrinks to a point. This behavior is illustrated in Figs. 
15-11, 15-12, and 15-13, which represent the diagram of Fig. 15-9 modi
fied for line lengths of 2f, 5g-, and 10^ wavelengths respectively. 

The second region of the sink, appearing in Figs. 15-12 and 15-13 and 
indicated by different shading, is of considerable interest. Unlike the 
first region within which no oscillation is possible at all, in the second 
region oscillation will occur, but both the power and frequency are 
double-valued. That is to say, in this second region the frequency and 
power contours originally on the high- and low-frequency side of the sink 
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are now both present together. If the tube is delivering power to a load 
represented by a point on the low-frequency side of the sink and the 
phase of the reflection is shifted clockwise so as to pass through the 
second region, the behavior will be regular as this region is entered, and 
the frequency will continue to decrease until the farther boundary of the 
region is reached. At the boundary the frequency and power ouput will 
jump to values conforming to the contours outside the region on the high-

0.25 
FIG. 15-13.—Ideal Rieke diagram for the same hypothetical tube as in J?ig. 15-9, with 

long-line effect included. Line 1 0 | wavelengths long. 

frequency side. In general, there will be a discontinuity in both fre
quency and power output although, for special cases, the change in power 
when crossing the line may be almost zero. If an attempt is made to 
operate continuously in this region, the tube will shift erratically between 
the two possible sets of operating conditions. For this reason it is very 
difficult to map this part of the sink. 

Since the output in this second region depends on the previous history 
of the tube, this behavior might well be called a third type of hysteresis, 
not to be confused with those discussed in the preceding chapter caused 
by multiple transits or by transit angles varying with r-f voltage. This 
terminology is particularly apt since the reflector characteristic patterns 
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obtained when operating in this region may be very similar to those 
produced by the other types of hysteresis, which may of course be present 
simultaneously. This third type of hysteresis will be very sensitive to 
changes in loading and will appear only with overloads. By contrast, 
hysteresis arising from a dependence of <f> on r-f voltage will be most 
severe at light loads and relatively insensitive to changes in loading. 
Multiple-transit hysteresis will be extremely sensitive to changes in 
resonator voltage, so it should always be easy to distinguish the different 
types. 

0 25 

Fitt. 15-14.—Experimental diagram for a typical 723A/B tube. Power and frequency 
plotted as functions of load admittance referred to the plane in the waveguide containing 
the output probe; resonator voltage 300; reflector voltage constant in the "160-volt" 
mode; wavelength 3.2 cm. 

15-6. Experimental Rieke Diagrams.—Obtaining experimental Rieke 
diagrams with sufficient accuracy to permit comparison with theoretical 
results requires considerable patience and some practice on the part of 
the observer. Extreme care is necessary to avoid drifts in frequency 
(and, to a less extent, in power) resulting from drifts in applied voltages 
or from thermal changes. A skilled observer will require several hours 
to take the data for a detailed diagram; all drifts must be rigorously 
excluded during this time. 
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I t is not often necessary to take a complete diagram; the location 
of the maximum power point and minimum standing-wave ratio to just 
reach the sink, or the sketching of a few frequency contours, may suffice, 
depending on the subject under investigation. After a little practice 
it is easy to accomplish these with a minimum of wasted effort, but the 
beginner will be well advised to start with a complete diagram. 

Considerable labor can be avoided if the device used as a standing-
wave introducer is of a type in which standing-wave ratio and phase 

— - — I — — ~ ~ ^ 
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FIG. 1515.—Experimental diagram for a typical 723A/B tube (as in Fig. 15-14) taken at 
a wavelength of 3.1 cm. 

can be adjusted independently, or nearly so. Devices such as the double-
slug tuner or sliding screw are desirable from this standpoint, although 
the former may not produce a sufficiently high standing-wave ratio for 
all purposes. Diagrams good enough for many practical purposes may 
be drawn from observations at the match point and suitably distributed 
around three standing-wave circles, a total of some two dozen points. 

In drawing the contours it will usually be helpful to make separate 
auxiliary plots of power and frequency as a function of phase for the 
several standing-wave ratios used. Curves sketched in on these plots 
will assist in interpolation and will indicate clearly where additional 
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observations may be needed. Without such interpolation curves the 
sketching-in of contours on the circle diagram will be very tedious. 

Sample experimental diagrams taken on a typical 723A/B are shown 
in Figs. 15-14, 1515, and 15-16. The tube was mounted in an adapter 
similar to that specified for testing the 2K25 tube. In this adapter the 
output antenna was thrust to its full length into the broad side of a 
standard i- by 1-in. (outside) waveguide, with an r-f choke joint to the 
outer conductor. The point of insertion was 0.394 in. from a shorting 

F I G . 15-16.—Experimental diagram for a typical 72.3A/B tube (as in Fig. 15-14) taken 
at a wavelength of 3,2 cm, with a line about 10 wavelengths long and the reflector voltage 
in the "250-volt" mode. 

plug and 0.178 in. from the center line of the wave-guide. The resonator 
voltage was 300, and reflector voltage was held constant in either the 
160-volt (nominal) or the "250-volt" mode. The diagrams were referred 
to the plane of the waveguide containing the output antenna, and no 
attempt was made to eliminate the long-line effect necessarily introduced 
by the slotted section and couplings to the standing-wave introducer. 
The unit admittance is naturally that of the t r by 1-in. waveguide. 

In Fig. 15-14 the tube was operated in the "160-volt" reflector mode 
at a wavelength of 3.2 cm. Note that the tube was definitely under-
coupled for this condition; this undercoupling is a property of the adapter 
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used, which was deliberately designed for light loading in order to secure 
more uniform output over the specified frequency band. Also, there 
was a noticeable long-line effect resulting from the almost unavoidable 
length of the waveguide involved in the measuring equipment. For 
Fig. 15-15 nothing was changed except the wavelength, which was 3.1 
cm, and the reflector voltage, which was increased slightly. The dia
gram is similar to Fig. 15-14 except for the rotation caused by the increased 
electrical length of the output line. 

Figure 15-16 illustrates an extreme long-line effect in which an attempt 
has been made to follow the frequency contours into the second region 
of the sink. The conditions were the same as for Fig. 15-14 except that 
the line length was increased to about 10 wavelengths and the tube was 
operated in the 250-volt reflector mode. The electronic conductance 
was thereby decreased so that the tube required a lighter load. 

These diagrams were all taken with the reflector voltage set for the 
center of the mode, </> ~ 0, at a matched load. In a diagram taken with 
the tube detuned electrically to one of the half-power points, the fre
quency contours would be skewed around as in Fig. 15-6 and the sink 
would come noticeably closer to the center of the diagram. 

15-7. Effects of a High-Q Load.—In the previous discussion it was 
assumed that the load was of such a nature that it could be described in 
terms of an admittance that was almost constant over the frequency 
range of interest. However, it is often necessary to use a high-Q cavity, 
for example a reference wavemeter, in conjunction with a reflex oscillator. 
Depending on the line length from the r-f gap to the reference cavity, 
a variety of phenomena are possible: among these are stabilization by the 
external cavity in which the frequency shift produced by a given tempera
ture change or a small displacement of the tuning mechanism is cut to a 
few per cent of its normal value, and discontinuities in tuning that make 
it impossible to set on particular frequencies. Stabilization by the 
method of "locking" to an external cavity has not come into general 
use, possibly because the modest improvement in frequency stability is 
not worth the difficulty inherent in keeping the line lengths correct; it i= 
more common to use an external reference cavity and some form of 
automatic frequency control operating on the oscillator. Smooth and 
positive frequency control is important and requires the introduction of 
considerable loss in the line or attention to the loading of the cavity.1 

Admittance of a Cavity as a Function of Frequency.—At the input to a 
cavity there will be an admittance Yc(f) that is a function of frequency 

1 R. V. Pound, "Frequency Discontinuities of Local Oscillator Tubes Due to 
High-Q Load Circuits," RL Report No. 694, Feb. 27, 1945. See also R. V. Pound, 
"Electronic Frequency Stabilization of Microwave Oscillators," Rev. Sci. Inst., 
17, 490, (1946). 
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of the form 
Y.U) = g+Mf), (44) 

where all quantities are in units of the characteristic admittance. At 
the resonant frequency /o the admittance will be a pure conductance g, 
determined by the input and output couplings, the load, and the internal 
losses. On a Smith chart the locus of Yc(f) will be a circle as drawn in 
Fig. 15-17a, traversed in the direction of the arrows as the frequency is 
increased. Clearly, this would be a most undesirable load for the tube, 

G = 0 

#=+1 

(a) (b) 
F I G . 15-17.—Locus of admittance of a cavity (in relative units): (a) at its input window, 

and (b) referred to a plane one-quarter wave back from the window at which there is a 
shunt conductance Yo. Arrows indicate direction of traverse for increasing frequency. 
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F I G . 15-18.—Two possible arrangements for approximately realizing conditions of 
Fig. 15-17(6). In (a) the plane of reference is that containing the output antenna and 
n is odd; in (b) the plane is that containing the lumped termination Yo. 

especially at frequencies remote from / 0 ; consequently it is expedient 
to put a terminating conductance Yo one quarter wavelength in front 
of the cavity. At the plane of this termination the new locus of the 
admittance will be simply the addition of F 0 to the reciprocal of YJYo 
(provided g « Y0 as indicated in Fig. 1547b). At resonance the con
ductance will be Yo + Yo/g and the direction of traversing the circle is 
the same as before. A sufficient approximation to the conditions postu
lated here can be achieved with either of the arrangements sketched in 
Fig. 15-18. If no useful output is needed, other than that coming through 
the cavity, the scheme of Fig. 15186 is preferred. In Fig. 15-18a the 
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plane of reference for which Fig. 15-176 applies is that of the oscillator 
output antenna provided n is odd, whereas in Fig. 15-186 the plane is 
that containing the lumped terminating resistance. 

Admittance of Oscillator Resonator and External Cavity.—Since by 
hypothesis the external load has a Q that is high in comparison with the 
oscillator resonator, the latter may be considered as consisting of a 
constant conductance GB and a susceptance BR, which varies linearly 
with frequency, across the r-f gap. Then, when the plane of reference 
for Fig. 15-176 is an integral number of half wavelengths from the r-f 
gap, the total susceptance will vary with frequency as shown in Fig. 
15-19. When the maximum negative slope of the dotted line representing 
the susceptance that is due to the external cavity is greater than the 
slope of the broken line representing the susceptance of the oscillator 
cavity, the tuning will be discontinuous, as is evidenced by the double-
valued region of the solid line in Fig. 19- 19a, which represents the sum 

+B +B +B 

-B -B -B 
(a) (6) (c) 

F I G . 15-19.—Susceptance at r-f gap. The dashed line is the contribution of oscillator 
resonator, dotted line the susceptance of external cavity, solid line the sum. Tuning is 
discontinuous in (a), barely continuous in (6), and smooth in (c). 

of the susceptances. The other two sketches represent cases in which 
smooth tuning will be obtained. 

"Pulling" Parameter.—A quantity somewhat similar to a "pulling 
figure" can be defined as follows. Let K be the fractional frequency 
shift produced by a change of unit susceptance in the external load, at 
an integral number of half wavelengths from the gap. The ordinary 
pulling figure in magnetron practice is the frequency shift produced by 
a load with a voltage standing-wave ratio of 1.5 moved through 360° in 
phase, and is approximately 0.93/oif. From Eq. (37) it is evident that 
at the center of the electronic-tuning range K will be just l /2Q„ t . In the 
cases of interest there will be some change in load conductance accom
panying a change in susceptance, which will tend to increase K provided 
4> T± 0. Also, loss in the output line, requiring the use of Eq. (40), will 
introduce an asymmetrical variation in K with electrical tuning. Experi
mentally, in the 2K25 tube, K is usually considerably larger at the 
low-frequency half-power point than at the center of the mode, and its 
variation with electronic tuning is complicated. From the definition of 
K it is easy to see that the slope of the broken line in Fig. 15-19 will be 
merely \/K. 
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Properties of a Gavity in Terms of Probability Functions.—The behavior 
of the external cavity may be represented by Q0, the dissipative Q due 
to internal losses, and by Qi and Q2, the Q's of the windows (input and 
output respectively), which depend on the window sizes and on the 

admittances p r e s e n t e d to them. For 
simplification of the algebra, it is con
venient to use ?„, Si, and 52, the reciprocals 
of these Q's, in the derivation.1 The con
cept of the S's may help to clarify the 
meaning of the term Q when applied to 
the windows or coupling devices of a 
cavity, for the S's are simply proportional 
to relative conductances of each of the 

three circuits associated with the cavity. They are sometimes called 
probability functions for they are related to the probability of energy 
dissipation per cycle in the respective parts of the circuits. 

If the equivalent circuit of Fig. 15-20 is considered, it is easy to show 
that, for a generator conductance &i representing a matched line as seen 
from the cavity inp'it, Eq ''44) may be written as 

F I G . 15-20.—Equivalent circuit 
for a cavity in terms of "proba
bility functions" 5n = -—-• 

Y.(J) So + S2 

Si JoSi 

Also, the power transmission through the cavity will be 

P2 
Pi 

4Si52 = 4Qi 
(Si + S2 + So)2 Q1Q2 

(45) 

(46) 

where Pa is the power dissipated in the load and P i is that available from 
the generator. The admittance presented to the oscillator in the con
ditions of Fig. 15-176 will be 

• 2A/ 
Si(5o + 52) 

YL 1 + Y< 1 + /o 
81 

(So + S2)2 + 4 m (47) 

As before, it is assumed that the plane of reference across which YL is 
seen is an integral number of half wavelengths from the r-f gap. It can 
readily be shown that this is the most unfavorable situation for the 
avoidance of discontinuities, for the part of the small circle in Fig. 15-176 
orthogonal to the constant-susceptance contours is the part in which 
the maximum rate of traverse with frequency is encountered. 

Choice of Parameters to Avoid Discontinuities.—The maximum rate of 
change of the imaginary part of Eq. (47) with respect to A///0 is found 

1 No te t h a t these S's are no t to b e confused wi th t h e & used in See. 15-3. 
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by differentiation to be 
- 2 « ! 

(80 + S2)2 

Hence the condition for continuous tuning—that the maximum slope of 
the dotted line in Fig. 1519 be less than that of the broken line—may 
be written 

23! 
(80 + 82): 

or, in the more familiar Q notation, 
_2_ 
<2i 

V2o + Qj 

*i 

<i. 
2 = K 

(48a) 

(486) 

Thus the problem of avoiding discontinuities in an arrangement of the 
kind depicted in Fig. 15-18 is reduced to a suitable choice of the cavity 

c d 

' / \ ^ 

(« (c) 
FIG. 15-^1.—Susceptance at gap in case of stabilization. 

parameters. Note that Q0 and Q2 have relatively larger effects than Qt; 
hence the common arrangement using identical input and output cou
plings will not be the most desirable. The choice of values for the Q's is, 
of course, to be made with due consideration of the desired loaded Q, 
QL, given by 

1 . . . . . 1 , 1 , 1 
QL 

80 -H 81 + 52 <2o + Qi + Q 
and of the power transmitted through the cavity as given by Eq. (46). 

Stabilization by an External Cavity.—Frequency stabilization is 
obtained if the phase of the admittance at the r-f gap caused by the 
external circuit is the opposite to that shown in Fig. 15-176. This 
condition would be attained by making the distance from the reference 
plane to the gap an odd number of quarter wavelengths instead of a 
number of half wavelengths as before. This situation is illustrated in 
Fig. 15-21, corresponding to Fig. 1519. In Fig. 15-21a there is good 
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stabilization, as evidenced by the steepness of the curve of total suscept-
ance with respect to frequency shift. When stabilization is good there 
are two discontinuities. Starting from the extreme negative end, the 
frequency changes continuously to a, jumps to b, changes smoothly from 
b to c, and then jumps to d. In the opposite direction the tube tunes 
continuously to e, jumps to /, goes continuously to g, and jumps to h. 
There are no discontinuities in Figs. 15-21& and 15-21c; Fig. 15-21b 
represents a borderline case. 

This method of stabilization has not been very practical, partly 
because of the difficulty in keeping the correct line lengths but also 
because it has been found necessary, in order to achieve sufficient stabi
lization, to work in an extreme condition of the type illustrated in Fig. 
15-21a. Then, in order to get the tube "locked" to the cavity, a special 
tune-up procedure is required because the tube will lock when first turned 
on only if it happens to be tuned between points b and /, but it will stay 
1 icked if tuned anywhere between c and g. In experimental cases the 
difference was much larger than is indicated in the illustration. 



CHAPTER 16 

REFLEX-KLYSTRON MODULATION 

B Y D. R. HAMILTON 

16-1. Types of Modulation.—Many of the modulation characteristics 
and possible types of modulation of the reflex klystron are indicated by 
the static operating characteristics shown in Figs. 12-4 and 12-17. 

A simple type of modulation is the square-wave amplitude modula
tion produced by square-wave modulating the reflector voltage; this is a 
common technique in measurements work. Another simple modulation 
that has been used in microwave 
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communications is small-ampli
tude modulation of the reflector 
voltage about the center of a 
mode; this gives a nearly linear 
frequency-modulation character
istic, with accompanying ampli
tude m o d u l a t i o n to a degree 
dependent upon the excursion of 
the modulated voltage. The type 
of characteristic obtained with 
these two kinds of modulation is 
indicated in Fig. 16-1. 

An equally important kind of 
modulation, always present al
though unintentionally so, is noise 
modulation by shot effect in the 
beam current. Here the beam-
current noise components at fre
quencies adjacent to the oscillation 
frequency give rise to an output 
noise power at these adjacent fre
quencies. This subject is touched 
upon briefly in the present chapter; the next chapter discusses in more 
detail the importance of this noise modulation and presents a detailed 
analysis and experimental data. 

In addition to these commonly used or commonly occurring modula
tions, others suggest themselves for various purposes or simply for their 
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FIG. 16' 1.-—Commonly used reflex klystror. 
modulation characteristics: output power P 
and oscillation frequency / as functions of 
time for slow reflector-voltage (VT) modu
lations. 
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own intrinsic interest. Most of these may be grouped in the two cate
gories of modulation of the reflector voltage and the beam current—or, 
more generally, modulation of the reflection phase and the small-signal 
electronic transconductance Ge. The effects of such modulation depend 
on whether the modulating frequency is comparable to or much smaller 
than the oscillation frequency. Another possible type of modulation 
with interesting characteristics is modulation by an external microwave 
signal coupled directly into the resonant circuit. In addition, there is 

always the microphonic modula
tion of the resonant frequency of 
the cavity to contend with in 
actual tubes. 

The general subject of modu
lation will also be taken to include 
transient phenomena; the most 
important of these transients is 
the initiation of oscillation when 
the oscillator is suddenly turned 
on. 

16-2. S t a t i c Characteristics 
Relevant to Low-frequency Modu
lation.—Before discussing the de
tails of dynamic modulation and 
transient theory, it is worth while 
to review those static charac
teristics that are r e l e v a n t to 
modulation at sufficiently low fre
quencies. These characteristics 
were treated by implication in 
Chap. 12, and were summarized 
there in Figs. 12-4,12-5, and 12-17. 
The same information is presented 
in Fig. 16-2 in a slightly altered 
manner; here two universal curves 
illustrate the way in which oscil
lation frequency and relative out

put power depend upon the relative reflection transit angle 4>. The 
relation between <f> and the actual electrode voltages has already been 
discussed in Chap. 13. Figure 16-2 and all the statements of this section 
refer to an oscillator for which GJGBB S> 1 and n » 1, and which is work
ing into optimum load, that is Ge/G = 2.3. The analogous results for a 
nonideal oscillator with small GJGBR may be deduced from the general 
data given in Chap. 12 for this case. 

+1.0 

-1.0 
-1.0 0 +1.0 

Relative reflection phase * (radians) 

-1.5 0 +1.5 
Relative reflection phase <P (radians) 

F I G . 16-2.—Oscillation frequency / and 
relative output power P/Pmax as functions 
of relative reflection phase angle $, measured 
in radians: ideal oscillator (GC/GBR >̂> 1) 
operated at optimum load (Ge/G = 2.3). 
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Little need be said about the output-power characteristic in Fig. 16-2 
beyond the fact that the half-power points are separated by a change 
in reflection transit angle of 1.76 radians. Above these half-power points 
the characteristic has essentially the shape of a resonance curve. 

The points that need to be mentioned specifically about Fig. 16-2 
relate to the frequency dependence shown there. The following numer
ical results may be obtained from that figure and should be noted: 

1. The electronic tuning range A/^, or the difference in the oscilla
tion frequencies at the two half-power points, is 1.21/o/Q or 
approximately the bandwidth of the klystron cavity when loaded 
for optimum output. 

2. Since the mode has a reflection-transit-angle width of 1.76 radians 
between half-power points, the mean electronic-tuning rate aver
aged between half-power points is — 0.69/o/Q frequency units per 
radian. 

3. Since tan <£ = — 2Q(W/OJO — 1) by Eq. (12-4), the center-of-mode 
tuning rate is —/o/2Q frequency units per radian. 

The degree of linearity of frequency deviation with applied voltage 
is thus shown by the fact that the frequency deviation at the half-power 
point is 38 per cent larger than it would be if the center-of-mode tuning 
rate applied throughout. This nonlinearity diminishes as the frequency 
deviation diminishes; the frequency deviation which is half of that at 
the half-power points is only 11 per cent greater than would be expected 
from the center-of-mode tuning rate. Thus if a given frequency devia
tion is required from an oscillator, the only way to make the tuning 
linear with the applied voltage is to make the half-power tuning range as 
large as possible. 

I t can be seen from Fig. 16-2 that the same general prescription 
holds true if the minimum amplitude modulation for a given frequency 
modulation is desired. As a numerical example, suppose that it is 
desired to work between the 84 per cent power points; reference to Fig. 
16-2 then shows that only the center half of the electronic-tuning range 
may be utilized. 

I t thus appears that anything that acts to make an oscillator operate 
with a low Q at optimum load has the effect of simultaneously optimizing 
all the properties that are beneficial for frequency-modulated operation: 
namely, electronic-tuning range, rate and linearity of electronic tuning, 
and absence of associated amplitude modulation. As is seen in Chap. 12, 
this mimmization of the value of Q at optimum load corresponds to a 
maximization of OJoiC, and, as far as concerns the choice of mode (value 
of n) is concerned, this maximization of GJoiC is associated with a sac
rifice of output efficiency. 
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16-3. Limitations on the Use of Static Characteristics; the Quasi-
static Approximation in Modulation Theory.—Static characteristics give 
no information regarding transients, and their implications as to periodic 
modulation become more and more faulty as the modulation frequency 
is raised. A more exact analysis of modulation1 must be based upon an 
analysis of bunching and of circuit behavior when the relevant voltages 
and currents and parameters are not constants or single-frequency 
sinusoidal functions of time. This analysis is carried out in the next few 
sections. I t is, however, considerably simplified by certain approxima
tions; these are suggested and made palatable by considering what goes 
wrong with the static characteristics as the modulation frequency is 
increased or as transients are examined in greater detail. 

Consider, for example, a sudden decrease in beam current or in 
small-signal electronic transconductance. The amplitude of oscillation 
approaches its new and lower value with the difference decaying expo-

nentially as e ^ ; the process requires a finite time because the surplus 
energy stored in the circuit must be dissipated before the new equilibrium 
amplitude is reached. 

On the other hand, the consequence of a sudden change in reflection 
phase from <pi to <f>2 (and hence in the equilibrium value of oscillation 
frequency from ui to oi2) can not be deduced as simply from conserva
tion of energy. In general, however, the initial output sine wave at 
frequency ui and the final equilibrium sine wave at u>2 do not correspond 
to the same values of voltages and currents (or zeroth and first deriva
tives of either variable) at the instant of change in <f>; and since these 
latter quantities must be physically continuous (by conservation of 

energy!), a transient oscillation described by A 2Q ' is set up at the 
instant of change in <f>- Thus, the requirement of continuity in the volt
ages and currents has the consequence that the eventual pure sine wave 
at o)2 is initially mixed up with an exponentially damped sine wave at 
o)0, the resonant frequency of the cavity. Generalizing from these illus
trations, any sudden change in conditions of oscillation is followed by an 
exponential approach to the new equilibrium. This is a general property 
of the differential equations of forced simple harmonic motion. 

The consequences of sinusoidal modulation are less easily visualized 
in detail because they are essentially the consequences of an exponential 
pursuit of a continuously changing equilibrium point. It is clear, how
ever, that if the modulation period becomes comparable to the circuit 

1 A large part of the remainder of this chapter is based on the following report: 
E. Feenberg and D. R. Hamilton, "Theory of Modulation of Reflex Klystrons," 
Report 5221.1040, Sperry Gyroscope Co. Research Laboratories, Garden City, N.Y., 
Aug. 30, 1945. 
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decay time, then with sinusoidal modulation, just as with discontinuous 
change, the r-f voltages and currents are not able to follow the applied 
electrode voltages instantaneously; static characteristics no longer 
necessarily describe the modulation. Since the time constant of the 
exponential approach to equilibrium is 2Q/«o, the higher the Q the lower 
the modulation frequency at which dynamic effects begin to have an 
influence. 

Thus, the customarily sizable circuit Q necessitates an analysis of 
modulation from a dynamic, as distinguished from a static, point of 
view, but it also simplifies this analysis. The circuit Q sets certain 
limits on those modulation frequencies that have appreciable effects; 
this limitation of the relevant modulation frequencies in turn permits the 
use of a convenient simplifying approximation and method of treatment. 

The limitation comes about because, by an extension of the previous 
qualitative argument, the rate of variation of the r-f variables is limited 
by the circuit Q; if too high a modulation rate is used, the oscillator 
simply ignores the modulation. To say the same thing another way, 
a high-Q circuit acts as a filter in suppressing any modulation sidebands 
that are far from the carrier frequency. Therefore there is little point 
in considering in detail any applied modulation for which all the generated 
sidebands lie far outside the pass band of the oscillator circuit. 

Although modulation effects die out when the order of magnitude of 
the modulation frequency greatly exceeds co/Q, this does not mean that 
modulation at all higher frequencies produces negligible effects on the 
output signal; when the modulation frequency approaches co(l — 1/Q), 
modulation effects become important once more. To make this point 
clear by an illustration, suppose that the beam current is modulated at 
a circular frequency oi + ft separated by the low frequency ft from the 
oscillation frequency w. Such modulation is later found to have the 
same effect as does the addition of small components, of frequency 
u ± ft, to the bunched beam current. But this is exactly the effect that 
a modulation at the low frequency ft would have. More generally, 
any modulation at a frequency nw + ft near one of the harmonics of w 
may be represented by an equivalent modulation at the low frequency ft. 

This equivalence is later shown in detail for various specific modula
tions. For the moment, however, these considerations are only briefly 
introduced in order to delineate the resultant limitation of the relevant 
modulation frequencies. 

As has already been stated, this limitation is the basis for a consid
erable simplification in the dynamic analysis of modulation and transients. 
The simplification arises from the fact that with modulation frequencies 
ft and no) + ft—where ft/w « 1—all oscillator parameters and all r-f 
amplitudes and phases vary only slightly in one period of the oscillation 
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or carrier frequency &>. This means, to a good approximation, that the 
relation between the momentary bunched beam current and the momen
tary r-f gap voltage is simply that of " s t a t i c " bunching theory. Such an 
approximation, in which quantities that vary slowly with time are con
sidered constant over a cycle, is referred to as the "quasi-static approxi
mation." The detailed application of the quasi-static approximation 
may be seen in the remainder of the present chapter, in which this 
approximation is used. The eventual theoretical results should be 
accurate for 0,/u < 0.1. 

164. Description of Modulation; the Small-signal Approximation.— 
It is a standard procedure to describe a modulated wave in terms of the 
Fourier analysis into the carrier wave and the various sidebands. With 
the use of the Fourier integral this procedure becomes sufficiently general 
to allow the treatment of a wave modulated in any aperiodic way, as 
by a transient. The use of the quasi-static approximation suggests a 
slightly different and perhaps more intuitive description, which utilizes 
a simple generalization of the nomenclature used for the unmodulated 
wave. 

Thus in Chap. 9 the instantaneous gap voltage V was given by 

15 = Re (Vie"") = Re (-jVe'"') (1) 

where V was a real constant [see Eq. (9-1)]. If in the modulated or 
transient case a> is taken to be the equilibrium oscillation frequency, then 
the above expression for 15 still holds with V a (complex) slowly varying 
function of time. As distinguished from 15, the instantaneous gap 
voltage, V may be called the "momentary" vector amplitude of the 
r-f gap voltage. 

The same generalization may be used to describe any other modulated 
r-f variable, such as the components of the bunched beam current; the 
discussion makes use of V simply as representative of all these other 
variables. The general procedure omits further specification of the 
time-dependence of momentary voltage and current amplitudes in dis
cussing quasi-static bunching and oscillator circuit relations. However, 
the remainder of this section is concerned with periodic modulation as 
distinct from transients. When periodic modulation is discussed as 
such, V may be expressed as a Fourier series with components at the 
fundamental and various harmonics of the modulation (or equivalent 
low-frequency modulation) frequency, and these components are the 
unknowns of the problem. 

In an analysis of periodic modulation, where V may be expressed as 
a Fourier series in the modulation frequency, a further important sim
plification may be made if the modulation is assumed to be small. I t 
is seen in later sections that the importance of this assumption lies in the 
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manner in which it makes modulations at different modulation frequencies 
additive in their effects; at large modulation, nonlinearities in the bunch
ing process make the situation more complicated. The preservation of 
linearity by the use of small signals means that any applied modulation 
may be analyzed into its Fourier components, each of which constitutes 
an isolated problem; thus only the question of an applied modulation 
consisting of a single pure sine wave need be considered. This small-
signal approximation is introduced here with these sketchy comments 
because it is used in the immediately subsequent discussion; the state
ments about the bunching process are discussed in more detail in the 
next section. 

A sine wave of circular frequency co, amplitude modulated at a circular 
frequency Si, may be Fourier-analyzed by simple trigonometric relations 
into a carrier wave at u plus two sidebands occurring at the sum and 
difference frequencies <x> ± Q. A similarly phase- or frequency-modu
lated sine wave is equivalent to a carrier at the frequency u plus an 
infinite number of sidebands occurring at frequencies u + ntt where 
n = 1, 2, • • • oo. But in the latter case, if the phase or frequency 
modulation is small enough, the only appreciable and relevant sidebands 
are those adjacent to the carrier at u ± Q. Since the present discussions 
are to be confined to small-signal theory, any combination of amplitude 
and phase modulation will give rise to only two sidebands, at u ± Q. 
Since the wave trains and sideband structures produced by phase and 
frequency modulation are identical, and since this type of modulation is 
most easily thought of as phase modulation in the present case, frequency 
modulation is not referred to further. 

A carrier voltage with two completely arbitrary sidebands is described 
by Eq. (1) and the following equation: 

V = V„a = Vo(a0 + a+e'nt + a_e->a<)- (2) 

(The various a's are an additional notation introduced here for con
venience in the later development.) This equation is the Fourier analysis 
of V as referred to earlier, with only two time-dependent terms because 
of the small-signal assumption. Just as V/Vo is taken to be real in 
Chap. 9, so now a0 may be taken as real as a matter of convenience 
without affecting the final results. The relative phase and magnitude 
of the complex quantities a+ and a_ depend on the specific type of modu
lation that Eq. (2) serves to describe. 

The complex instantaneous voltage Vie'"' = —jVe'"' is thus the sum 
of three vectors rotating counter clockwise in the complex plane at 
angular frequencies u, a> ± £2. The physical significance of the normal
ized sideband voltages a± is most easily seen by considering the motion 
of these two sideband vectors with respect to the normalized carrier 
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voltage a0, as shown in Eq. (2); a+e'at and a_e_ ,n ' rotate counter clock
wise and clockwise respectively at the angular modulation frequency 
U about an, as shown in Fig. 16-3. This motion of a+e'at + a_e-jG< with 
respect to an is slow compared with the rotation of the total normalized 
voltage vector —jae'"1 about the origin. Hence it is apparent from 
Fig. 10-3 that the instantaneous real part of a+c'a' + a-e~'n ' gives the 
momentary change in the voltage amplitude; the imaginary part of 

(a+e'nt + a_e-lS!()/<*n gives the mo
mentary phase shift in the voltage 
wave. These phase and amplitude 
deviations oscillate at the modula
tion frequency ii. 

When a+ = <**, the amplitude 
but not the phase of a and of the 
instantaneous r-f gap voltage is 
modulated; when a+ = —a*, the 
phase but not the amplitude of a is 
modulated—at least to first order, 
which is all that matters in the 

small-signal applications in which these equations will be used. Thus it 
is convenient to define two new normalized voltages aP and aA (P and A 
for phase and amplitude) as follows: 

Real axis 

F I G . 16-3.—Composition of the conr.plex 
normalized gap-voltage vector a, in the 
presence of phase and amplitude modu
lation at the frequency ii. a = ao + 

aP 

2*+ 

a+ — a_; 
_ i _ * . aA + ap, 

a A 

2a* OLA 

(3a) 
(3b) 

The magnitudes and phases of aP and aA thus indicate the magnitude 
and phase of the amplitude and phase modulation of the instantaneous 
r-f gap voltage; aP and a A indicate the relative voltage response of phase-
modulation and amplitude-modulation receivers receiving the output 
signal of the modulated oscillator. 

The quantities aA and ap are proportional to the relative response of 
an amplitude-modulation or a hypothetical phase-modulation receiver. 
A given phase-modulated wave-train may be described either by a given 
excursion in phase or by an excursion in frequency that is equal to the 
product of this phase excursion and the modulation frequency; hence 
the response of a frequency-modulated receiver is proportional to QaP. 
This suggests the definition of the quantity aF to which the response of 
an f-m receiver is proportional: 

( ! ) (4) 

The significance of aA and aP may be put in analytical form by 
expressing a in terms of aP and aA instead of a±: 
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1 + Re fe'"X + y i m ( 5 t V ™ ) 
e \°"> ' (5) 

This relationship holds true only for \aA\ « a0, \aP\ <K a0—that is, for 
the small-signal theory. 

To this approximation, Eqs. (2) and (5) are exactly equivalent ways 
of expressing the value of a to use in Eq. (1). In Eq. (2) the voltages at 
the three frequencies co, o> ± Q are explicitly separated in a form conven
ient for calculating the effect of the voltage modulation on the bunching 
process; this is therefore the form that is used in the bunching theory. 
The primary purpose of Eq. (5) is to emphasize the function of the 
normalized voltages a A and ap defined in Eqs. (3). 

16-5. Bunching in the Presence of Gap-voltage Modulation or Tran
sients.—Usually the reason for the existence of a modulation of the r-f 
gap voltage and of the output signal is a modulation of one of the oscil
lator parameters such as1 Ge or 60. In the transient state when such 
modulation has just been initiated, the parameter modulation initially 
causes a bunched beam current modulation, which in turn causes r-f gap-
voltage modulation; subsequently, or in the steady state, both r-f 
gap-voltage modulation and parameter modulation cause bunched-beam-
current modulation simultaneously. Since small-signal modulation is 
assumed, the two modulations will not interfere with each other and may 
be calculated independently. The current modulation caused by a given 
gap-voltage modulation will be the same regardless of the original source 
of the over-all modulation, but that part of the current modulation 
arising directly from the modulation of applied electrode voltages 
(parameter modulation) must be calculated anew for each new type of 
applied modulation. It is convenient to use a different notation for these 
two contributions to the bunched beam current. Thus 

7i = ReOV'"") (6) 
is the instantaneous value of the fundamental component of that part of 
bunched beam current caused by the modulated r-f gap voltage; 

Ah = Re(»>"<) (7) 
is the corresponding contribution arising from the primary parameter 
modulation. Like a, both i\ and At\ are slowly varying complex func
tions of time. The present section is concerned with deducing the prop
erties of ii and 7i, the next section with those of At\ and All. 

In an oscillator in which an applied parameter has just been suddenly 
changed, with the result that the oscillator is in the transient state of 

1 In this chapter B0 is the unmodulated value of reflection transit angle; the 
symbol 8, used to denote this same quantity in Chap. 12, is reserved here for subse
quent use as the modulated reflection transit angle. 
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approaching its new equilibrium, An = 0 because the "applied param
eter modulation" is only instantaneous. The calculation of ii is the 
same as it is when modulation is continuous, until detailed assumptions 
are made about the specific time dependence of a. 

General Bunching Relations with an R-f Gap Voltage of Time-dependent 
Phase and Amplitude.—To the limits of accuracy of the quasi-static 
approximation, the general relation between i\ and a is a simple one. 

The absolute value of t'i is 2I0J1(X), when X = M80\a\/2. If «o is 
used, in a sense somewhat broader than that of Eq. (2), to denote either 
the time-independent or final equilibrium value of a, then the time-
independent or final equilibrium value of X may be denoted by X0, where 

then X is given by 

■X-o = — 2 — ' W 

*M. (9) 

Similarly the time-independent part of z'i, fundamental component of 
the bunched beam current, is denoted by iw; by Eq. (9-9), 

iio = -je->*2IoJi(X0). (10) 

By the quasi-static assumption, the phase of ii is modified from that 
of tio by the factor a/\a\. Thus all told, 

je-^2I0Ji(X)a 
*i = R (U) 

with X given by Eq. (9). 
Effect of Steady-state Sinusoidal Modulation of R-f Gap Voltage.— 

Equation (11), which is general as long as the quasi-static bunching 
limitation on modulation rate holds true, is now particularized somewhat 
for the case of a steady-state sinusoidal modulation of a at the frequency 
ft. For this purpose it is convenient to use the sideband expression for 
a in Eq. (2). The equivalent expression in terms of the degree of phase 
and amplitude modulation is given in Eq. (5). For small-signal modula
tion, that is, with 

\a+\ <K ao, \a-\ <SC a0, 
it follows that 

^ « 1 + Re (?± e* + - e-'A (12) 
ao \ao ao / 

\a\ \a0 a0 / 
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Since 

J1(X) « J1(X0) 1 + J'liXo) 
J l (xo) 

it follows from Eqs. (9), (11), and (12) that 

(X - X0) 

= 1 + 
J l(Xo)Xg 

Jl(Xo) 
Re e'L + — e a0 

-jM 

' 01+ e-'a'\ + j Im I ^ e''B( + — e-'° ' I. (13) 

Comparison of Eqs. (2) and (13) verifies that the phases of ii/iio 
and a/cto are the same, as they should 
be; thus any phase modulation of a 
is reproduced in ii. The relative 
amplitude modulation of a and i\ are 
not the same in magnitude nor, for 
X0 > 1.84, in sign; the reason, the 
nonlinear relation between i\ or J\(X) 
and X, is obvious from Fig. 9-5. The 
deviation from unity of the function 
XaJ'^X^/JiiXo), which appears in 
Eq. (13), is a measure of this non-
linearity. I t is convenient to specify 
this nonlinearity by the function K(Xo 

1 2 3 4 
Equilibrium bunching parameter X0 

F I G . 16-4.—Dependence on equi
librium bunching parameter Xo of the 
function K(Xo). 

K(Xo) = 1 - X QJ I ( A O ) 

"77(Xo)" l XoJ o(X o) 
a/i(x») 

X0J,(X0) (14) 
2J,(X0) 

The function K(X0) isshowninFig. 16-4. It is to be noted that K(0) = 0 
and that #(2.405) = 1; X0 = 2.405 is found in Chap. 12 to be the value 
of the bunching parameter at the center of a mode at optimum load with 
Ge/G» 1. 

An analysis of i\ into sideband components, corresponding to Eq. (2) 
for a, shows some of the interesting consequences of the difference in the 
relative amplitude modulations of a and t'i. In a form similar to Eq. (2), 
ii may be written 

A comparison of Eqs. (13) and (15) indicates, with the aid of Eq. (14) 
and some rearranging, that 

= 1+11+ em 1 _ l l - -

+ — e 
-jBl (15) 

£± = (1 -

V i o / 

«0 «0 

<*+ 
a0 

+ (1 - K) 

(16a) 

(16b) 
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Thus when K 9^ 0—that is, when Xt, > 0—the two voltage side
bands do not act independently in producing the bunched beam current 
sidebands.1 As already noted, K = 1 at loading for maximum output 
in a tube with Ge/G >>> 1; and at this particular operating point, by Eq. 
(16), each current sideband is produced solely by the opposite voltage 
sideband. This mixing of the sidebands by the nonlinearity of the 
bunching process has important consequences to be discussed later; it 
also provides an interesting example of the translation from phase-and-
amplitude language into sideband language. 

Modulation of R-f Gap Voltage with a Spectrum of Modulation Fre
quencies.—Another point of comparison between Eqs. (13) or (10) and 
Eq. (2) that should be noted, although it is mathematically trivial, is 
the fact that the voltage sidebands at co + ft generate current sidebands 
only at u ± ft and at no other frequencies. This is simply a consequence 
of the assumption of small-signal modulation. For sizable modulation, 
such that |a+ | « a0 no longer is true, comparable current sidebands 
occur at co ± ft, 2ft, 3 ft, • • • ; but for small modulation, the modulating 
signal may be decomposed into its components at various frequencies ft; 
each component has two sidebands at OJ ± ft and each acts independently 
of other component frequencies of the signal. Consequently, the theory 
of small-signal modulation at a single frequency is very easily generalized 
to cover any arbitrary small-signal modulation involving a spectrum of 
frequencies. This point is briefly commented upon in the preceding 
section. 

16-6. Effect of Primary Modulation of Oscillator Parameters.—It 
has already been noted that an additional modulation of the bunched 
beam current also often arises from the primary modulation of oscillator 
parameters; the complex amplitude of this contribution, which is present 
only with continuous modulation, was denoted by Aii. As in gap-voltage 
modulation, this source contributes nothing to t'io;henceAi'i maybe written 

Mx = Aii+e'°' + Ai'i_e-'n'. (17) 

The values of Ai+ will now be calculated for a series of different primary 
parameter modulations. 

Low-frequency Beam-current Modulation.—The first parameter modu
lation to be considered is the low-frequency modulation of the beam 
current at the frequency ft, as indicated thus: 

I = Io[l + m cos (at + 7)]. (18) 

= h | l +~le'^'+y-> +e-«0'+T)]J. 

1 This was first noted in J. K. Knipp, "Theory of Noise from the Reflex Oscillator," 
RL Report No. 873, Jan. 10, 1946. See also Chap. 17. 
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By the quasi-static assumption, the amplitude of the bunched beam cur
rent is modulated in the same manner as is the d-c beam current because 
the momentary value of any component of the bunched beam current 
is proportional to the momentary value of the beam current. Thus 

iio Jo 

comparison with Eq. (18) shows that 

High-frequency Beam-current Modulation.—liy this term is meant the 
modulation of I0 at a frequency (noi + 0) distant by the small amount il 
from one of the harmonics, nu, of the oscillation frequency: 

I = Io{l + m cos [(«« + iT)t + y]\. (20) 

Here the frequency £2 may be either positive or negative. From the 
usual quasi-static viewpoint, the momentary values of I and of the 
bunched beam current are those calculated on the basis of a modulation 
of 7o at the harmonic frequency nw and with the momentary phase 
(Qt + 7). This principle allows a direct application of the results of 
Sec. 9-9 where it is shown that a beam-current modulation 

/ = J0[i + m cos (nut + 7)] (9-06) 

gives rise to the following fundamental component of the bunched beam 
current: 

t, = -2I,1e-'c«ljl(X0) - I ^ J ^ ^ o ) +e-"(-l)"+1J„+1(A-(1)jj. (9-07) 

By replacing, in these equations from Chap. 9, the constant phase 7 by 
the momentarily constant phase (ilt + 7), it is apparent that 

Ati_ _ m ( —l)"c-'\/n+1(A'o) 
717 ~ "2 M~Xo) 

The value of Ai1+/ii0 is almost the same as for J.i'i_/7io, except that 
in this latter quantity an additional factor must be taken into account. 
This is the fact that when n = 1 the modulated beam current has a 
component at u + ft even on the first passage of the beam through the 
r-f gap; this component, ml0e>~< in the complex notation, must be added 
to the second-transit component with reversed sign. This process is 
carried out; then with the aid of the results of the preceding paragraph, 
it is found that 
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(n > 1), (22) 

Ai'i- _ —me-'iJ^Xn) 
7^~ " 2./1(A0) ' 
At'i+ _ — me'yJn-i(Xt>) 
iw ~ 2J,(X0) ' 

Ati- = ( - l )"e- '>mJ„+ i (X0) 
iio 2Ji(Xo) 

Low-frequency Reflection-time Modulation.—The reflection time 80 

affects the components of the bunched beam current in two ways: through 
the dependence on 8a of both the bunching parameter and the relative 
phase <t>. The bunching parameter is proportional to 80, whereas 0 is a 
small difference between the value of B0 for a given electrode voltage 
and the value of 8Q at the center of the modes; since J o » 1 usually, a 
small change in 80 makes a much larger change in 4> than in A". Hence 
the effect of reflection-time modulation on the bunching parameter and 
the magnitude of the current components is ignored, and only the effects 
on the phase of the bunched current are considered. 

The modulated value of 80 is denoted by 8 and is taken as 

8 = 80[l + mcos (Ut 4- y)]; 

hence if 4>a is the d-c value of <£, the momentary value is 

4> = <£„ + (8 - 80) = <t>Q + mda cos (Ut + y). (23) 

For md0 « 1, 

11 - j^p- [e'd'+T) 4- e-'<ni+^} | ; 

and since this is the only factor through which this modulation affects 
the bunched beam current, 

lio & 

High-frequency Reflection-time Modulation.—As in the discussion of 
low-frequency reflection-time modulation, amplitude effects are ignored; 
thus the effect of the modulation 

8 = 0O{1 + m cos [(no) + Q)t + y]} 

is taken as equivalent to the modulation 

<fr = <j>0 + ra0o cos [(run + to)t + y]. (25) 

Just as in high-frequency beam-current modulation, the quasi-static 
approximation allows representation of this modulation as modulation 
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at the harmonic frequency nw and the momentary phase (7 + fit). 
In Sec. 9-9, a phase modulation given by 

6 = 60 + mflo cos (nut + 7), 

where 7 is constant, is found to give the following fundamental component 
of the bunched beam current: 

ti = -2/oe- -'»• |yx(Xo) +j~[Jn-i(X0)e~'y + (-l)»+iJn + 1(X„)e'T)]j. 

By replacing, in these equations, the constant phase 7 by the momentarily 
constant phase (Qt + 7), these equations are made applicable to the 
present case to the degree of accuracy of the quasi-static approximation. 
The result is 

Aii+ imfl0(-l)"+ 1J„+ i(Xo)e« 
iio 2Ji(Xo) 

I'IO 2J1(Xo) 

(26a) 

(26b) 

Since the modulation is applied between the first and second gap-transits 
of the beam, there is no such sideband at o> + U in the first gap-transit 
as there was in the case of high-frequency current modulation. 

16-7. Driving of a Resonant Circuit by a Slowly Changing R-f Cur
rent.—Before considering the modulated oscillator as a whole, two neces
sary steps must be taken. The first of these, deduction of the bunched 
beam current generated by the modulated r-f gap voltage and by the 
primary parameter modulation, has just been discussed; the second step, 
investigation of the way in which such a time-varying r-f current drives a 
resonant circuit, is discussed in this section. The time dependence of 
the fundamental bunched beam current component z'i will initially be 
left completely arbitrary, and will then be particularized to the case of a 
pure sine-wave modulation. 

Any time-varying r-f current, periodic or aperiodic, may be Fourier-
analyzed into its components at various frequencies; and the over-all 
response of the resonant circuit, since the latter is composed of linear 
elements, may be obtained by adding up the individual responses to 
each frequency component of the bunched beam. This approach is 
used in the next chapter in discussing noise modulation, but the present 
section continues with the perhaps more intuitive quasi-static procedure 
used so far in this chapter. Thus there is deduced a differential equa
tion describing the way in which the momentary r-f gap voltage is deter
mined by the momentary bunched beam current; this differential equation 
is applicable to transients and to continuous modulation alike. When 
particularized to the case of a sinusoidally modulated driving current, 



456 REFLEX-KLYSTRON MODULATION [SEC. 16-7 

T 

the differential equation may be reduced to linear relations between the 
carrier and sideband amplitudes of the driving current and the r-f gap 
voltage. As has already been noted, the linearity of the circuit elements 
makes driving current sidebands at u ± 12 produce voltage sidebands 
only at u + 0; hence no interaction between the effects of current side
bands at different values of ft need be considered. 

The present section is concerned solely with the driving of the 
resonant circuit, without any reference to the origin of the driving cur
rent. To forestall a suspicion of confused nomenclature, however, an 
anticipatory comment about the use of the results of Sees. 16-5 and 16-6 
should be made. There it was found that when the over-all modulation 
is the result of continued modulation of one of the oscillator parameters 
(more concretely, one of the applied electrode voltages), then this param
eter modulation adds a modulated current component Aii to the modu
lated current i\ that would be generated by the modulated gap voltage 
alone. There are other means of primary modulation—for example, 
the microphonic modulation of the circuit's resonant frequency or the 
excitation of the oscillator circuit from an external source at the frequency 

<ji + Q, the effects of which may 
be described as being due to a 
voltage generator within the cir
cuit itself. It is convenient to 
develop the circuit and oscillator 
equations in a unified manner in 
which the effect of the primary 
modulation is always represented 
by an equivalent voltage output, 
denoted by E/Q, of a generator 
located within the circuit, as shown 
in Fig. 16-5. Thus when the 

physical driving current is ix -f- Aiu the effect will be represented as due 
to a driving current i\ and an output voltage E/Q from the equivalent 
voltage generator. Cavity and load losses are for convenience repre
sented as a series resistance Rs, given by R, — 1/GQ2 where G is the 
corresponding shunt conductance. 

The details of this equivalent voltage generator are discussed later. 
This brief discussion of the equivalent oscillator circuit of Fig. 16-4 has 
been carried out so as to make clear that the use of only Mil to represent 
the driving current is not a conflict of notation with the previous section; 
this discussion is also intended to make temporarily palatable the intro
duction of the voltage generator. The topic of the moment is the fol
lowing: Given a resonant circuit, driven as in Fig. 16-5 by shunt current 
and series voltage generators with instantaneous outputs 

"D Tc. V 

FIG. 16-5.—Equivalent circuit for resonant 
cavity, used in discussion of driving of 
resonant cavity by a modulated r-f current. 
Rs = 1/GQ'; MIi = Re (Mi&>"<); V = Re 
(- jVe"*<)\ e = (1/0) He (Ee>a<). 
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MIX = M Re (tie**') (27a) 

S - ^ Re (Ee'»<), (276) 

in which t'i and i? are slowly varying functions of time; what is the value 
of the instantaneous gap voltage 13 and the instantaneous circuit current 
7C? Or more to the point, what is the time dependence of a? 

The instantaneous signal-generator current and circuit current of 
Fig. 16-5 are MIi and Ic respectively. The latter may be immediately 
disposed of by noting that the rate of change of the instantaneous elec
tromagnetic energy $CV2 stored in the capacitance C is given by 

and hence that 

L = C~- Mh. (28) 

The vanishing of the instantaneous voltage drop around the circuit 
of Fig. 16-1 may be written as follows: 

Utilizing the value of L from Eq. (28), and writing 13' = dV/d(ut), where 
as usual w is taken to be the frequency of 7i and 13 in the equilibrium 
state, the above equation becomes 

O 0 V + » " > - " = E + < S ( 5 + S ' : ) - « 
Herew? = 1/LC. 

Since Eq. (29) is linear with real coefficients, the real quantities therein 
may be replaced by the corresponding vector (complex) quantities of 
which the real parts are taken in Eqs. (1), (2), and (27). If this change is 
made and the differentiation indicated in Eq. (29) is carried out, the 
latter becomes 

jM \ ii . to ,., , ■■ ■. 

Here OJ/COO may be set equal to unity except in the resonance term 
(1 — &)2/a>o); and in the right-hand member of the equation, the driving 
term, i\ and ii/Q may be neglected compared with ii) i[/i\ is small because 

SEC. 16-7] 
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of the assumed slow rate of change of i±. Writing, as usual, 

(<d — « o ) 
o = > 

Wo 

the above form of Eq. (29) becomes 

-"+ (2j + £)a' + i(1 + 2jQS)a^ivrmvo*■ (30) 

This, then, is a general equation giving the momentary gap voltage 
of a resonant circuit in terms of the momentary driving current and 
voltage shown in Fig. 16-5. I t holds not only for a reflex oscillator, but 
equally well for the output circuit of any klystron or of any other device 
described by Fig. 16-5. In the equilibrium case (that is, 

a' = a" = E = 0), 

this equation reduces to the familiar 

T . . T. Mil 
Vi = -JaVo = <?(i + 2jQ&y 

In subsequent sections the circuit relations given by Eq. (30) are cor
related with the bunching relations from Sec. 16-5 to determine the 
behavior of the oscillator as a whole. 

16-8. Transient Phenomena; Pulse Buildup.—A transient state, as 
the expression is used in this chapter, refers to the approach to a new 
equilibrium after a sudden change in some oscillator parameter or applied 
voltage. One of the most common transient phenomena in the reflex 
oscillator is the buildup of the amplitude of oscillation from zero when 
the various applied voltages or oscillator parameters are suddenly given 
values permitting oscillation. Since in much common usage the dura
tion of a condition allowing oscillation is very short, of the order of 
magnitude of a microsecond, the nature of the resultant output pulse is 
considerably influenced by the time taken for oscillation to build up 
initially. 

The transient phenomena in such a "pulse buildup" are analyzed 
with the aid of the bunching relations and circuit relations of the preced
ing sections; such an analysis serves as an illustration of the method to be 
used with other transient phenomena. The final results must, of course, 
be subjected to a requirement of self-consistency in that they must not 
indicate a buildup so rapid as to be out of line with the quasi-static 
approximation. The results of the calculation meet this requirement, as 
is almost obvious from the beginning; and they are in good agreement 
with experiment, as a final illustrative comparison shows. 
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General Oscillator Relations in Transient Phenomena.—The necessary 
information for a discussion of transient phenomena is given in Eqs. (11) 
and (30), which show respectively the generation of ii by the processes 
of velocity modulation and bunching, and the driving of the oscillator 
circuit by ti. These equations may be simplified somewhat before being 
combined to give the over-all oscillator behavior. Thus in transient 
phenomena, the parameter modulation is not continual but consists 
merely of the discontinuous change that initiates the transient; hence 
Aii and E are zero. 

Another simplification may be made if the limiting form of Eqs. (11) 
and (30) in the equilibrium case is noted. Here a' = a" = 0 in Eq. 
(30), and t'i = tio = —jeri*2I0Ji{Xa) in Eq. (11). Combined, these two 
equations then give 

^ | r ^ l + W 

which is simply Eq. (12-3) in slightly altered form, as it should be. Thus, 
the statement in the preceding section—that 5 and oi refer to the time-
independent or final equilibrium oscillator frequency—is justified. Using 
in Eq. (30) the above relation for (1 + 2jQS) and the value of ix from 
Eq. (11), and setting E = 0, the oscillator equation applicable to transient 
phenomena in general is found to be 

a" + 

Pulse Buildup.—In the particular case of the transient buildup of 
oscillation when the oscillator is suddenly "turned on," the oscillation 
must start from a very low noise level, which is discussed later in more 
detail. During by far the largest portion of the buildup period X <3C 1, 
2Ji(X)/X ~ 1, and the coefficient of a in Eq. (31) is constant. In most 
practical instances a negligible error is made if the coefficient of a in 
Eq. (31) is assumed to be proportional to [2Ji(Xo)/X0 — 1] right up to 
the point when X = Xa. If this coefficient is written as —jae"'*, where 

_ 2J>(Xo) | _ 1 
X 0 J Q 

Eq. (31) becomes 

Ge 1 
G cos <j> 

(32) 

( 2 '+<S)* ' -a" + I 2j + - \ a ' - jae->*a = 0. (33) 

This equation for the momentary normalized gap voltage a must 
now be solved subject to the proper boundary conditions. At the instant 
t = 0, taken as the time when Ge or <f> is suddenly given the value used in 
Eqs. (31) and (32), a has some value an determined by shot noise in the 



460 REFLEX-KLYSTRON MODULATION [SEC. 16-8 

beam or thermal fluctuations in the circuit; a(0) = ay, a'(0) = 0. Since 
a(0) is a noise fluctuation voltage, the boundary condition a'(0) = 0 is 
not especially significant; but this fact does not matter much, since the 
only effect of this latter boundary condition is to introduce a subtransient 
that decays exponentially. If only that part of the solution which 
builds up exponentially is written, a is given by 

a = aye2 (34) 

Thus, in addition to an exponential increase in a there is also a 
phase shift linear in time—or what is the same thing, a constant devia
tion of frequency from the equilibrium value. Since the instantaneous 
voltage is proportional to ae>"', the frequency during buildup is 

(l +^sm4>J; 

there is no frequency shift at the center of the mode. Both the expo
nential increase in a and the constant frequency shift taper off as A' 
approaches AV 

By Eqs. (32) and (34), the exponential time constant ta is given by 

i^I 0 0 3 *-^^ 0 0 8 *- 1 } (35) 
For an oscillator in which Ge/GBR^>> 1 and which is working at optimum 
load for maximum output, G,G = 2.32 and Q -VW/ = 1 21. Here and 
in what follows, A/>,« is the half-power electronic tuning range. For 
this ideal oscillator, 

~L = M* (0.90 cos <f - 0.41). (36) 
Olio .1 

Thus, the time in radians required for the oscillation to build up by a 
factor e at <£ = 0 is approximately 2/(fractional electronic-tuning range). 
Since many practical oscillators deviate widely from the ideal oscillator, 
any actual numerical calculation should be based on Eq. (35); an example 
of such a calculation and a comparison of the result with experiment are 
given later. 

If Eq. (34) is rewritten as 

\a\ = aye'"', (37) 

it is apparent that, if the final equilibrium value that \a\ takes up is aE, 
ths time r required to build up from the initial « v to the final aE is given 
by 

fe) cor = utQ\n [--)■ (38) 
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Initial Noise Level is thus of considerable importance. With no beam 
current at all, the mean-square fluctuation voltage across the r-f gap 
due to the Johnson thermal noise in the equivalent shunt conductance 
6 of the resonator is given by 

Yl - ( « £ * ) volts* 

where A/„ is now the cavity bandwidth, not the electronic-tuning range; 
k, Boltzmann's constant, is 1.4 X 10 -23 joules/degree and G is measured 
in mhos. To t h i s T ^ corresponds an a, which may be denoted by aT, 
given by 

M _ 2 IkT A/c 
aT = \ T ? - v0yl-~G— (39) 

If, however, there is beam current passing through the resonator, 
the shot noise provides a fluctuation current i2 = 2e/0 Afc, where e is 
the charge on the electron, e = 1.6 X 10 -19 coulombs. This fluctuation 
current induces an r-f gap voltage corresponding to an a, denoted by 
as, which is given by 

^ - ^ v s r a . as = %±r = TTTT V 2e/o Afc (40) 

In practical oscillators, as 3> aT. By application of Eq. (30) to the 
buildup of gap voltage that is due to shot noise it appears that this buildup 
is proportional to (1 — e~"'/2C)—that is, a ~ as after Q/w cycles have 
elapsed from the time the beam current is turned on. If a were building 
up from ar by the process of oscillator buildup it would have increased 
by a factor of only about e in this time. Since aT « as, it appears, then, 
that the initial noise level is effectively aN = as; if any correction were 
made to Eq. (38) for the time required to go from aT to as by shot noise 
excitation, Eq. (38) would read 

oita In I — ] \as/ + 2Q. (41) 

Pulse Buildup in the 2K25.—As an illustration of the foregoing rela
tions, the type 2K25 reflex klystron may be considered. For the 2K25, 
M = 0.65, V„ = 300 volts, and h = 20 ma. For the (n = 5)-mode, allow
ing for absorption of beam current on grids, these numbers indicate 

Ge = 1.9 X 10-4 mhos. 

An observed starting current with zero external load of 7 to 10 ma, 
together with the above value of G„ indicates that at load for maximum 
output GJG = 1.5 or G ~ 1.3 X 10 - 4 mhos. From this same starting 
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current may be deduced Q Af^/f » 0.6; for A/^ = 55 Mc/sec a t / = 9400 
Mc/sec, this gives Q = 100, which also agrees with cold measurements, 
so these results are consistent so far. The above value of G would be 
made falsely high by any reflector phase aberrations and therefore needs 
a little reducing. The end result for the ingredients of a numerical cal
culation are: Q = 100; G = 1.0 X 10~4 mhos; A/c = 94 Mc / sec ; / = 9400 
Mc/sec; G,/G = 1.5; I0 = 13 ma on first passage of the beam through 
the resonator. 

These numbers give, with the foregoing equations, 

as = 1.35 X lO"5, 
ar = 4.2 X lO"7, 
O.E = 0.17, 
uta = 400 radians, 
UT = 400 In 12,600 + 200 = 4000 radians, 

T = 640 cycles = 0.07 ^sec. 

Since the starting time observed under comparable conditions varies 
between 0.1 and 0.05 ^isec, the agreement is good. 

16-9. General Oscillator Relations with Sinusoidal Modulation.— 
As has already been noted several times, any periodic modulation may, 
to the degree of accuracy of the small-signal approximation, be subjected 
to a Fourier analysis and the effects of each of its component frequencies 
considered separately. Thus the momentary amplitudes a, E, and i\ 
that appear in the circuit equation, Eq. (30), and the bunching equation, 
Eq. (11), have already been written in a form that covers the general case: 

a = a„ + a+e'n' + a^e''at, (2) 
n = iw + H+e'"1 + ii-e->a', (15) 
E = E+e'm + Eue-'at. (42) 

In the discussion of the bunching theory in Sees. 16-5 and 16-6, the 
values of iw, ii+ for given c*o, a± have been determined [Eqs. (10) and 
(16)]; the current sidebands were found to be linear functions of the gap-
voltage sidebands. If these values of iw, %i± and the expressions for i1 
and a in Eqs. (15) and (2) are combined with the circuit equation, 
Eq. (30), the behavior of the modulated oscillator should be completely 
specified. 

The resulting equation is really three separate equations arising from 
the time-independent portion, the coefficients of e'm, and the coefficients 
of e~>at. The equation derived from the time-independent terms is the 
ordinary equilibrium equation, Eq. (12), as has already been noted in 
the previous section. From the coefficients of c±iiH there result the fol
lowing equations: 
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K(X0)(l + 2jQ5)(a+ + a*) + 2jWa+ = ^ ± , 
I0* (43) 

K(Xo){l - 2jQS)(a+ + a!) + 2jWal = | = -

Here W is a measure of the modulation frequency in terms of the cavity 
bandwidth; W is defined by the equation 

W ^ «?■ (44) 
01 

The Eqs. (43) may be solved for a± ; if this is done and if the equilibrium 
relation 

t>—i<t> 
1 + 2JQS = -=—-

cos <j) 

is utilized as a means of slight simplification, then it is found that 

Ke~'*El 4jW(K + jW)a+V„ = (— + 2jw) £ + 

±j\V{K + jW)alVo = 0 ~ + 2jw) E* 
c o s <j> 

Ke'*E+ 

cos 4> 

(45) 

This is the basic oscillator relation, which shows how the gap-voltage 
sideband amplitudes a± Vo are determined by the output jE/Q of the 
equivalent voltage generator that represents the effect of the primary 
parameter modulation. 

Determination of the Equivalent Voltage Generator.—In Fig. 16-1 the 
oscillator circuit is shown being driven by both the voltage jE/Q and 
the current Mi\. Only the former appears in Eq. (45) because, as has 
been already noted, Mix includes the equilibrium r-f current and, in 
addition, only that part of the current sidebands which is the direct result 
of the gap-voltage modulation; this explicit dependence of Mi\ on a has 
already been utilized in obtaining Eqs. (43) and (45). The equivalent-
voltage-generator output is a catch-all used to describe any factor whose 
influence on the circuit equation, Eq. (30), cannot be explicitly calculated 
from a. The most frequent source of this driving voltage jE/Q is 
simply the additional r-f driving-current component Ai'i, which arises 
from the primary parameter modulation rather than from the gap-
voltage modulation. Since A?i = Aii+e'ai + Aii_e~,ni, it is apparent 
from Eq. (30) that the voltage-generator output, the effect of which is 
equivalent to the additional driving current Ai'i, is given by 

E± = J ^ * . (46) 
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If oscillator modulation is accomplished by some means other than 
the application of a modulation to the beam, At'i is zero; E may still 
be found as that term whose presence is required to maintain the form 
of Eq. (30). Several illustrations serve to elucidate this point. 

As an example, suppose that the resonant frequency of the oscillator 
circuit is modulated at the low frequency ft by some means—this might 
occur by microphonics or it might be caused by a beam current modula
tion, which would in turn vary the space charge in the gap region and 
hence the resonant frequency. Whatever the reason, the resonant fre
quency wo is given by 

wo = 6)0c[l + rn cos (fit + 7)]. (47) 

If this new time-dependence of wa is inserted in Eq. (29), an additional 
term is eventually added to Eq. (30); the form of Eq. (30) remains unal
tered if this additional term is absorbed in E, giving 

E± = jmaaVoQe**. (48) 

This illustration is of more pedagogic than practical interest because it 
is obvious from the quasi-static viewpoint that a given modulation of 
wo will produce the same modulation in the oscillation frequency u. 

As another illustration, suppose that an externally supplied r-f signal 
at frequency u + 0 is introduced into the resonator circuit. If the 
generator of this signal is isolated from the oscillator in question by 
sufficient attenuation, it is obvious, without discussing the details of the 
r-f input arrangement, that 

E+ = constant, 
£L = 0. ( 9 ) 

Phase and Amplitude Modulation.—The specific values of Aii± and 
of E± for specific modulations are shortly used to deduce oscillator-output 
characteristics such as are given by Eq. (45). The latter equation, 
however, gives the relative amplitudes of the sidebands as they would be 
seen individually by a narrow-band receiver or a spectrum analyzer. 
In most practical cases the important thing is the way in which these 
sidebands and the carrier cooperate to produce an amplitude-modulated 
or phase-modulated wave train, the amplitude or phase modulation of 
which is then detected by a suitable wideband receiver. Hence of more 
importance than a± are the quantities aA, aP, and WaP == (Q/f)aF as 
defined in Eqs. (3) and (4), to which quantities are proportional the 
responses of receivers using amplitude modulation (AM), hypothetical 
phase modulation (PM), and frequency modulation (FM), respectively. 

As an aid in rephrasing Eq. (45) in terms of amplitude and phase 
modulation, the amplitude and phase-modulation components of the 
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output of the equivalent voltage generator may be defined as follows, by 
analogy to Eq. (3): 

EA = E+ + E*; E* = E+- E* (50a) 
2E+ = EA + E*; 2El = EA - E*. (50b) 

In terms of these quantities, Eqs. (45) become 

2(K + jW)aAV0 = EA, 
2(K + jW)Wa*PV, = -j(K + jW)E*P + KEA tan </>. (51) 

These Eqs. (51) are used in the next sections to deduce the specific 
output characteristics resulting from the various specific modulations 
considered in this section and in Sec. 16-6. 

16-10. Low-frequency Modulation of Beam Current and Reflection 
Transit Time.—The values of Aii± for low-frequency modulation of the 
beam current and the reflection transit time have been found in Sec. 16-6, 
and are given in Eqs. (19) and (24). These values of Ai'i+ may be utilized 
in Eq. (46) to give the values of E± which characterize the equivalent 
voltage generators; the amplitude and phase-modulation components of 
the latter are then found by Eq. (50) to be the following: 

1. Low-frequency beam-current modulation: 

EA = ma0V0e", (52) 

E* = jmaoVoe" tan <t>. 

2. Low-frequency reflector-voltage modulation: 

EA = -mfloofoTV'? tan <t> (53) 
E* = -jmOoaaVoe'-'. 

The significance of y as the phase of the applied modulation, and of m 
as the peak fractional excursion of beam current or reflection transit 
time may be easily recalled by reference to the Eqs. (18) and (23) describ
ing the applied modulation. 

These values of EA and EP may now be used in the oscillator equation, 
Eq. (51), to give the values of the relative amplitude-, phase-, and fre
quency-modulation output-voltage signals, aA, ap, and aF, respectively. 
To simplify the resulting expression somewhat, only the absolute values 
of these output signals are given. They are: 

1. Low-frequency beam-current modulation: 

M _ _i 
ma0 2 \/K2 + W2' 

(27rQ/M)[qr | = W\aP\ = W t a n <j> 
2 VK2 + W* 

(54a) 

(546) 
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2. Low-frequency reflection-transit-time modulation: 

\a*\ t a n <j> 

(¥) 
maoe0 2 V-K2 + W2 

W \aP\ 
maoBo ma0dc \ c o s 4 4> I W2 

(55a) 

(55b) 

These equations possess a number of interesting features. The 
output-signal amplitude and phase modulation (AM and PM) produced 
by applied beam-current modulation ("I0-modulation"), and the.output 

PM produced by reflection transit 
1.2 

.0.8 

s 

K-(*0)/cos2 * 

ff(V\ 

time m o d u l a t i o n ("^-modula
tion " ) , all depend on the modu
lation frequency £2 through the 
factor 

1 
y/K2 + W2 

( I t w i l l b e r e c a l l e d t h a t 
W = QQ/a.) The output PM 
produced by 0o-modulation has a 
somewhat more complicated de
pendence on W. Reference to 
Fig. 16-6, in which is shown the 
dependence of K and K/cos2 <t> on 
<t> for GJG = 2.3 (optimum load 
for an ideal oscillator), shows that 

K ~ cos2 <t> for —0.95 ^ 4> ^ 0.95—that is, for that part of the mode 
between the 39 per cent power points (see Fig. 16-2). Hence to a good 
approximation, for 0o-modulation Eq. (556) becomes 

X° 0.4 

0 0.4 0.8 1.2 
Absolute value of relative reflection 

time $ (radians) 
Fio. 16-6.—Dependence of K(Xo) and 

JC(JTi])/cosJ <)> on <t> for ideal oscillator 
(GJQBR » 1) at optimum load (G./G = 2.3). 

V l + W2 

maoOo 2W y/K2 + W2 

Thus, at large modulation frequencies, \aA\ and \aF\ are inversely pro
portional to W for both types of applied modulation and are hence 
limited by the bandwidth of the oscillator circuit. 

The static characteristics discussed in Sec. 16-2 predict the values 
that \aA\ and \aF\ should have at very low modulation frequencies. 
Without going into details, it may be stated that in the limit as W —> 0, 
Eqs. (54) and (55) predict the same AM and FM characteristics as do 
deductions from the static characteristics shown in Fig. 16-2 and dis
cussed in Sec. 16-2. These static characteristics indicate nothing directly, 
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however, about phase modulation. I t is interesting, therefore, to note 
from Eq. (54&) that with W = 0, the output PM produced by 70-modula-
tion is given by 

W=(l)tan*4-^-ma,, \2KJ 2 cos3 <t> 

It is at first sight surprising that there should be any output PM pro
duced by a modulation in I0. 

As regards this phase modulation, Eq. (54b) effectively shows that 
no matter how slowly the current is changed, a certain constant shift 

o2 
/ 

/w=o.i 

w=\ 
W = 10 

0.4 0.8 
Absolute value of relative reflection 

transit time <f> (radians) 

1.2 

fc|3 

W=Q.\s\ 

W^±A 
W = 10 

1.2 0.4 0.8 
Absolute value of relative reflection 

transit time <(> (radians) 
F I G . 16-7.—Dependence on <f and W of the amplitude modulation produced by beam-

current modulation (a^/moa) and the frequency modulation produced by reflection time 

modulation 2irQ _<*£_ 
w mo:o0o ; ideal oscillator, at optimum load. 

in the phase of the output wave train is produced by a given change in 
beam current. This is exactly the same phenomenon as is observed in 
the discussion of pulse buildup in Sec. 16-8—namely, that while the 
amplitude is increasing there is, during buildup, a constant deviation 
of the oscillation frequency from its equilibrium value, which can be 
described equally well as a phase shift between the wave trains at different 
levels of oscillation; this phase shift is proportional to sin 4>. 

There are other interesting features about Eqs. (54) and (55), such 
as the symmetry between the output PM produced by /o-modulation 
and the output AM produced by (^-modulation. There is also a less 
apparent similarity between the variation with <f> of the output AM pro
duced by Zo-modulation and the output PM or FM produced by 0o-modu-
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lation. These similarities appear in Fig. 10-7, in which is shown th 
dependence on <j> of \aA\/maa for /o-modulation, and the dependence oi 
4> of W\aP\/mao6o for 0o-modulation. Curves are shown for W — 0.1 
1, and 10. 

The most interesting and important aspect of the modulation phe
nomena discussed in this section, however, has to do with the output 
signal F M , and in particular with its dependence on modulation frequency. 

First the output-signal F M produced by 0o-modulation is considered. 
By Eq. (556), at the center of the mode (<t> = 0), aF is completely inde
pendent of modulation frequency. Even at the half-power point (at 
which K «= cos2 4> = 0.4), the value of aF at very high modulating fre
quencies is reduced to only 0.4 times its low-frequency value. 

The output-signal F M produced by 2~0-modulation is practically zero 
for W « 1, but, since the dependence of aF on modulation frequency is 
given by W/\/K* + W2, a f increases with increasing W and eventually 
becomes independent of modulating frequency, just as is true of the 
frrmodulation considered above. At any modulation frequency aF is 
identically zero at the center of the mode, but it becomes important as 
soon as tan 4> becomes comparable to unity. (Tan <t> = 1 at the equilib
rium 09 per cent power point.) This production of a frequency-modu
lated output signal by beam-current modulation at high frequencies may 
be traced to the same change of phase during a change of amplitude that 
is discussed in connection with the residual P M at low frequencies and 
the change of frequency during pulse buildup. 

These properties of the output-signal F M that appear as the modu
lation frequency is increased indicate that for FM, as distinguished from 
AM or PM, the modulation frequency is not limited by the bandwidth 
of the oscillator circuit. This fact can be stated more precisely in the 
following manner. For a given Q, the output F M has an almost constant 
value independent of modulation frequency, but for a given modulation 
frequency, the output F M signal is inversely proportional to Q. Thus, 
the minimization of the value of Q for optimum load is still just as good 
a prescription for a good frequency-modulated oscillator as it was in 
Sec. 16-2. 

I t is not within the scope of the present discussion, which is based on 
small-signal theory, to discuss the linearity of the output F M with the 
input signal at high modulation frequencies. 

The eventual limitation on the modulation frequency must come 
from phenomena neglected in the two principal approximations used in 
this chapter. The first of these approximations is the quasi-static 
bunching approximation; the second is the neglect, in applying this 
Punching approximation, of the finite transit time of electrons in the 
efiection space. With regard to this last point, a more exact treatment 
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of Eq. (30) would have a(ut) in the left-hand member of the equation, 
and i[a(ut — 0O)] in the right-hand member. 

16-11. Modulation of G„ and B0 at Frequencies Comparable to o>.— 
This modulation is very important physically, not because it has been 
utilized intentionally, but because it occurs unintentionally in the form 
of noise modulation. I t is shown in Sec. 1G-G that such an applied modu
lation at a frequency co + ft gives rise to bunched beam current and r-f 
gap-voltage sidebands at u + fl, which may be treated just as if they 
were produced by a low-frequency modulation at the modulation fre
quency il. This whole subject of noise in the reflex oscillator, including 
the associated modulation theory, is treated in the next chapter. I t is 
found to provide a good experimental confirmation of the modulation 
theory that is developed in the present chapter, although the mathe
matical formalism associated with the treatment of an infinite spectrum 
of noise modulation frequencies makes the correlation of the two chapters 
not too apparent. (Note also in the next chapter that the quantity 
denoted by a and defined on page 485 is not related to the a of the pres
ent chapter.) 



CHAPTER 17 

NOISE IN REFLEX KLYSTRONS 

B Y J. B. H. K U P E R AND J. K. K N I P P 1 

It is evident from the discussion of the preceding chapter, and of 
Chap. 3, that the output of a reflex oscillator is not a pure continuous 
wave without trace of frequency or amplitude modulation. A beam of 
electrons passing through the r-f gap of a resonator contains a continuous 
spectrum of noise currents arising from shot effect and from partition, 
and those frequencies for which the resonator has an appreciable shunt 
resistance appear as output voltages. Such direct excitation of the 
resonator has been used to some extent as a low-level noise generator for 
testing receiver sensitivity.2 In the reflex oscillator there are, in addition, 
bunching effects that are due to noise voltages across the resonator and 
interactions with the returning electrons which can result in appreciable 
enhancement of the noise. 

17-1. Importance of Oscillator Noise.—When a reflex klystron is 
used as a local oscillator, the resulting noise sidebands can mix with the 
desired oscillator frequency in the converter of a superheterodyne 
receiver. Two portions of these sidebands, equal in width to the i-f 
bandwidth of the receiver and located symmetrically with respect to 
the local oscillator frequency at a distance equal to the intermediate 
frequency, contribute noise to the receiver output. In the case of micro
wave receivers, where the intermediate frequency is a small fraction of 
the radio frequency, this source of noise can become the limiting factor 
in the over-all receiver noise figure. 

Particularly with oscillator tubes designed for wide electronic tuning 
ranges the bandwidth of the loaded oscillator resonator is of the order of 
magnitude of the intermediate frequency, and a typical 3-cm receiver 
employing the conventional 2K25 or 723A/B tube at an intermediate 
frequency of 30 Mc/sec may lose 1 db or more in noise figure from oscil
lator noise. This limitation can be avoided by filtering the oscillator 
output with a suitable high-Q cavity before feeding it to the mixer, or 
by the use of some form of balanced mixer. The latter is preferred since, 

1 Sections 171 through 17-5 by J. B. H. Kuper; the remainder of Chap. 17 by J. 
K. Knipp. 

* J. B. H. Kuper and M. C. Waltz, "Simplified Measurements of Receiver Sensi
tivities (S-band Noise Source)," RL Report No. 443, Sept. 17, 1943. 
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with a high-Q filter, manual tuning becomes very difficult and AFC 
is exceedingly complicated except in the case of fixed channel reception. 
The balanced mixer customarily employs a so-called "magic T " in an 
arrangement that is analogous to the balanced modulator used in carrier 
telephony. The cancellation is good enough to reduce the oscillator 
noise by roughly 20 db, so that it is no longer of practical concern. These 
mixers are discussed elsewhere in this series.1 

I t must be emphasized that these remarks apply only to the unavoid
able noise modulation resulting from the finite charge and mass of the 
electron. Modulation arising from poorly filtered or unbypassed sup
plies may, of course, contribute tremendous amounts of i-f noise beyond 
that under consideration here. Most receivers for the bands above 
3000 Mc/sec that do not have filters or balanced mixers are probably 
sacrificing a little in performance through neglect of this source of noise, 
the situation being worst for those with the highest ratio of r-f to i-f 
and employing tubes with large electronic tuning ranges. Designs 
employing balanced mixers seem destined to be used more widely in the 
future, since such mixers have numerous advantages beyond cancella
tion of oscillator noise, and accordingly this problem will presumably 
disappear. Nevertheless, although the practical importance of oscillator 
noise may diminish, it affords some interesting checks on our theoretical 
conclusions. 

17-2. Method of Measurement. Early Measurements.—Early 
experiments2 on oscillator noise were made in a simple and straightfor
ward manner by measuring the noise figure of a receiver, with and with
out a filter in the line between oscillator tube and mixer. This method 
suffers from one serious disadvantage. Because of the insertion loss of 
the filter, it is necessary to readjust the coupling in the two cases in 
order to keep the mixer crystal at the same working level, and it is not 
easy to do this without changing the load seen by either the crystal or 
the oscillator. 

In some cases there is enough power available to permit adequate 
padding on both sides of the filter and in such instances this method of 
measurement is satisfactory. Ordinarily, however, there is not enough 
power in the cases of greatest interest, namely at wavelengths of 3 cm 
and shorter. The apparatus needed is the same as that for measure-

1 See Vol. 16, Microwave Mixers, of the Radiation Laboratory Series. 
J E. Sherwood and E. Ginzton, "Some Studies of Noise Produced by Velocity 

Modulated Tubes of the Reflex Type," Sperry Gyroscope Co. Report 5220-107, 
Mar. 9, 1943. A. J. Rack, "Noise from the Beating Oscillator in Radar Systems," 
Bell Telephone Laboratory Report MM-42-130-85, Nov. 2, 1942. T. G. Roach, 
"Noise in S22A Valves," Standard Telephones and Cables, Ltd. ReportWR571, 
Nov. 1942, published at Ilminster, Somerset, England. Y. Beers, "Noise from Local 
Oscillator," RL Report No. 304, June 8, 1943. 
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ments of mixer noise figures, that is, a good stable i-f amplifier with an 
attenuator and output meter, a mixer, and a signal or noise generator. 

Measurements by this method have resulted in the general conclusion 
that with existing tubes oscillator noise can be ignored in the 10-cm 
region provided that the intermediate frequency is not much less than 
30 Mc/sec, but that this noise is definitely present in the 3-cm region. 
I t is further noticed that the noise does not behave symmetrically with 
electronic tuning. In the great majority of cases the noise at the half-
power point on the high-frequency side of the reflector " m o d e " is con
siderably stronger than at the center of the mode, or at the low-frequency 
half-power point. In the early work this observation did not receive 
very much attention, possibly because there were high-Q elements, such 
as T-R cells, present in the mixers used. 

Measurement Procedure.—In some more recent measurements1 every 
effort was made to avoid resonance effects and as far as possible to use 
a known load on the oscillator tube. In view of the scarcity of numerical 
data on local-oscillator noise, these results are summarized and some 
details of the procedure are given. Taking the case of the 723A/B as 
typical, the tube was mounted on a piece of waveguide with a plunger 
adjustment to permit varying the load for maximum output. An 
attenuator in the waveguide afforded padding as well as a means of 
adjusting crystal excitation to a standard level. The crystal (the same 
one was used throughout the measurements on one band) was matched 
to the guide and its output was fed by means of a coaxial-line transformer 
to one of three preamplifiers tuned to 30, 60, and 90 Mc/sec. A tem
perature-limited diode noise source associated with the crystal could be 
used to measure the noise figures of the various preamplifiers, and the 
transformers were so arranged that the crystal saw the same load regard
less of which intermediate frequency was in use. The GO- and 90-Mc/sec 
preamplifiers were provided with converters to 30 Mc/sec so that the same 
i-f amplifiers, attenuator, and output meter could be used throughout. 

The standard expression for the noise figure NF (expressed as a ratio) 
of a receiver is 

w - ^ + y - ^ , 
where Tc and Gc are the " temperature" and conversion gain of the mixer, 
and NFi-i is the noise figure of the amplifier. If additional noise power 
from the local oscillator Pnx (in watts for the bandwidth A/) is fed to the 
input there results the expression 

\kTAf) + Gc 

1 J. B. II. Kuper and M. C. Waltz, " Measurements on Noise from Reflex Oscilla
tors," RL Report No. 872, Dec. 21, 1945. 
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where NF' is the resultant noise figure, fc is Boltzmann's constant, and T 
is the absolute temperature of the input circuit. 

For convenience in measurement an apparent crystal "temperature" 
T'c, that includes the effects of oscillator noise, can be introduced so that 

-~, (rc + m* - i) 
NF = g- , 

and 

With this relation it is only necessary to measure the apparent crystal 
temperature by comparing the amplifier noise output with that obtained 
when the crystal is replaced by a resistor of equivalent i-f impedance. 
The conversion gain and temperature of the crystal are measured under 
standard conditions with oscillator noise filtered out, and rechecked 
occasionally. Barring accidents, both of these parameters seem to 
remain stable over extended series of measurements. 

A "noise-to-signal ra t io" for the oscillator itself can be defined as 
follows: Let P„ be the total noise power in watts contained in the two 
portions of the noise sidebands of width Af centered on the frequencies, 
/ ± /.-, where / is the oscillator frequency and fi is the intermediate 
frequency, and let P be the oscillator power output. The ratio P„/P 
will naturally be a function of bandwidth and intermediate frequency. 
A bandwidth of 2.5 Mc/sec was used throughout the experiments under 
discussion. 

If Px is the local-oscillator power fed to the crystal, and there is no 
high-Q element in the oscillator line, Pnx is given by 

x = \P I 

When measurements are always made under standard conditions, 
say 0.5-ma crystal current, Pz will vary roughly as l/(?c. Therefore, the 
increase in apparent temperature T'c — Te will be directly proportional 
to Pn/P and relatively independent of the properties of the particular 
crystal used for the measurement. 

For many purposes such as evaluation of the deterioration in per
formance for a given receiver it is more convenient to work with T'c than 
the noise-to-signal ratio. The latter is, of course, required when com
paring experiment with theory. 

17-3. Total Oscillator Noise.—In Table 17-1 are shown sample 
measurements for a typical 723A/B tube operating at 3.2 cm. Measure
ments were made in five reflector modes, with the reflector voltage 
adjusted for the center and also for the high- and low-frequency half-
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power points in each mode, at each of the three intermediate frequencies. 
The power output at the center of the mode and electronic-tuning range 
between half-power points is also given. All data were taken with the 
attenuation adjusted for 0.5-ma crystal current, at which level the par
ticular crystal used had a conversion gain of — 7 db and a noise tempera
ture of 1.2 times. Data for the half-power points were corrected for 

TABLE 17-1.—SAMPLE NOISE MEASUREMENTS ON A TYPICAL 723A/B KLYSTBON 
Wavelength = 3.2 cm, resonator voltage = 300 volts, loaded for maximum output 

in "160-volt" mode. Crystal conversion gain = —7 db, Tc = —1.2; Pn is the sum 
of noise powers in the two sidebands 2.5 Mc/sec in width, measured at centers of 
modes and detuned to the half-power points. 

Reflector 
mode. 
volts 

250 
160 
105 
70 
45 

Power out
put (cen
ter) , watts 

49 X 10- J 

47.5 
22 .8 

7.4 
0.86 

Electronic 
tuning 
range, 

Mc/sec 

20 
32 
39 
55 
57 

P . , 1 0 - " watts 

30 Mc/sec 

center 
156 
91 
45 .5 
22 

137 

i h i g h 
202 
215 
137 

55 
304 

I low 
122 
98 
44 .5 
19 

198 

60 Mc/sec 

1 i 
center ^ high } low 
63 
48 
27 .5 
15.5 
62 .5 

63 41 
68 .5 
51 
31 
60 

44 
29 .5 
1C.4 
56 

90 Mc/sec 

center 
14.7 
9.C 
6.9 

3 high 
17.1 
16.6 
14.7 

7.4 13.2 
31 19.7 

1 

5 low 
12.2 
14.2 
13.7 
10.8 
29 

this change in attenuation and so represent the noise that would be 
obtained with constant coupling as in a practical receiver. The noise 
power, Pn, is given in units of 10~13 watts for the sum of the two bands 
2.5 Mc/sec wide. In calculating noise-to-signal ratios for the detuned 
conditions it is necessary to take account of the reduction in useful 
power. 

The reduction in noise brought about by raising the intermediate 
frequency is shown clearly. As a matter of fact the noise at 90 Mc/sec 
is so weak that the experimental data cannot be considered trustworthy. 
Results for the 45-volt mode are doubtful for several reasons. The power 
is so low that it is impossible to use enough attenuation to eliminate 
resonance effects. The tube-mounting arrangements do not have suffi
cient range of adjustment to permit optimum loading for this mode, 
and bad electronic-tuning hysteresis is present. In all probability elec
trons penetrate so close to the reflector that focusing may be bad; further
more, some electrons may strike the reflector. Otherwise the noise 
output has a regular trend downward as the transit angle is increased. 

Again excluding the 45-volt mode, the noise-to-signal ratio remains 
comparatively constant with a minimum at the 160-volt mode. At the 
250-volt mode the tube is somewhat overloaded, bringing the power 
down and the noise up, so Pn/P rises rapidly. For the modes below 
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160 volts, the tube is progressively underloaded and both the noise and 
the useful power decrease, the latter dropping off faster than does the 
noise. This behavior is illustrated in Table 17-2, which shows Pn/P for 
the same tube as in Table 17-1 for the centers of the various modes. 

TABLE 17-2.—NOISE-TO-SIGNAL RATIOS 
Values of P„ /P computed from data in Table 17-1, for the centers of the modes 

Reflector mode, 
volts 

250 
160 
105 
70 
45 

PJP 

30 Mc/sec 

3.2 X 10"" 
1.9 
2.0 
3.0 

159 

60 Mc/sec 

1.3 X 10"10 

1.0 
1.2 
2.1 

73 

90 Mc/sec 

0.3 X lO"10 

0.2 
0.3 
1.0 

36 

Returning now to Table 17-1, the behavior of the noise with respect 
to electronic tuning shows a marked difference between the high- and 
low-frequency half-power points. With the single exception of the 
45-volt mode at 90 Mc/sec intermediate frequency the high-frequency 
side is distinctly noisier. This asymmetry is generally observed except 
in cases of extremely light loading. Earlier theories1 failed to predict 
this effect, which results from the "quasi-coherence" of noise that is due 
to the first and second passages of the electrons through the resonator— 
that is, for resonators with loaded Q's of about 100 to 300 as used here, 
the time (a few cycles) spent by the electrons in the reflector space is 
not sufficient to destroy coherence. In a group of 21 tubes chosen to 
represent the widest possible range in other parameters, two cases were 
found in which the noise was worse on the low-frequency side in the 
105-volt mode at 30 Mc/sec intermediate frequency. In this group P„ 
was found to vary from 3.2 to 9.8 X 10~12 watts. 

17-4. Separation of Sidebands.—Generally speaking, no at tempt was 
made to separate the two sidebands contributing the noise. The separa
tion was made, however, in a few cases in this series of measurements 
by use of a sharp rejection filter on a T-connection to the main line. 
When the sidebands were separated it was found they were not alto
gether symmetrical at the center of the electronic-tuning range. Actually, 
the point at which the two contributions were equal was noticeably 
displaced toward the high-frequency side of the center of the mode. 
Also, it was found that the high-frequency sideband went through rather 
minor variations with electronic tuning, while the low-frequency side-

1 J. R. Pierce, "Noise Calculations for Reflex Oscillators," Bell Telephone Labora
tory Report MM-44-140-4, Jan. 29, 1944. 
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band varied more rapidly. This behavior is illustrated in Figs. 17-1 
and 17-2, which show the variations with electronic tuning of the sepa
rated sidebands as well as their sum for intermediate frequencies of 

8r 

F I G . 1 7 1 . 

-40 -30 -20 -10 0 +10 +20 +30 +40 +50 
Electronic tuning (Mc/sec) 

-Noise sidebands from a 723A/B tube as a function of electronic tuning, 
30-Mc/see i-f, "105-volt" mode. 

-40 -30 +30 +40 +50 -20 -10 0 +10 +20 
Electronic tuning (Mc/sec) 

F I G . 17-2.—Noise sidebands from a 723A/B tube as a function of electronic tuning, 
60-Mc/sec i-f, "105-volt" mode. 

30 and 60 Mc/sec respectively. The scale of ordinates is T'c — Tc. 
Points were taken at the f-, -J-, and -j-power points and corrected for the 
changes in attenuation required. The curves are sketched 'with an 
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attempt to follow the sort of variation predicted by the theory developed 
later in this chapter. The vertical dotted lines indicate the limits of 
oscillation, beyond which the concept of two sideband regions mixing 
with the main oscillation loses its meaning. There will, of course, be 
noise output in the nonoscillating state. 

17-5. Dependence of Noise on Load.—The next point to be considered 
is the behavior of noise under variation of the load. For this purpose a 
representation in the form of a Rieke diagram is most useful. As indi-

F I G . 17-3.—Noise output of a 723A/B tube plotted against load admittance, 
30-Mc/seo i-f, "105-volt" mode. Contours labelled with (7V — T) X the per cent of 
maximum power, a quanti ty proportional to Pn. 

cated in Chap. 15, the useful power output undergoes considerable 
change; therefore, large changes in attenuation are required to keep the 
measuring crystal at a constant level. For this reason contours were 
chosen, the numerical designations of which were obtained by multiplying 
the observed T'c — Tc by the per cent of maximum power output. These 
coordinates are directly proportional to P„. The contours are plotted 
on an admittance diagram with the plane of reference an integral number 
of half-waves from the grids. The noise contours might be expected to 
be symmetrical because only the conductance component enters into 
the shunt impedance of the resonator; instead, however, they are found 
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to bulge upward on the inductive (negative susceptance) side of the 
diagram. This phenomenon is illustrated in Fig. 17-3, taken on a 
723A/B tube in the 105-volt mode at 30-Mc/sec intermediate frequency. 
The maximum power point is indicated by a cross. 

The explanation for the distortion of the noise contours lies in the 
inevitable long-line effect coupled with the fact that the two noise con
tributions (from upper and lower sidebands) are not equal. In the present 
case each point on the diagram is actually the sum of the noise in the 
neighborhood of / + /» and that around / — /;. Because of the long-
line effect, the conductances seen by the two noise components are, in 
general, appreciably different. In plotting the diagram, the difference 
in the conductances is neglected; only the total noise is measured. Fur
thermore, theory predicts and experiments confirm that the two noise 
sidebands are asymmetrical, the degree of asymmetry depending on the 
load. Taken together, these factors result in just the type of distortion 
seen in Fig. 17-3. This conclusion was checked by constructing for a 
hypothetical tube a synthetic diagram that was found to exhibit the 
same features. 

Apart from such matters as the asymmetry effects, the experimental 
results can be represented fairly well by a simple theory in which a 
mean-square noise-current, i2, proportional to the beam current flows 
through the shunt impedance of the resonator, and a fraction of the 
power is coupled out. If it is granted that a definite amount of power is 
required at the mixer, it is obvious that the accompanying noise is mini
mized by making the best possible use of the electron beam. Poor 
focusing, spread in transit angles, and losses due to interception at the 
grids—all of which reduce efficiency below theoretical expectations—may 
be expected to make the tube noisier. Overloading, and conditions that 
give rise to severe hysteresis, are also very bad from the noise standpoint. 
The loaded Q of the oscillator resonator should be as high as possible, 
consistent with the electronic-tuning range required. This range is 
largely determined in the design of the tube, of course, and there is 
very little the circuit designer can do about it. Some improvement can 
be obtained by deliberate underloading in special cases where the increase 
in Pn/P is more than compensated by the clipping of the sidebands. At 
the same time the intermediate frequency should be as high as practicable. 
Since the noise figure of the i-f amplifier usually increases with frequency, 
the choice of an optimum frequency for a given receiver may be rather 
difficult when a balanced mixer is not used. 

It should be borne in mind that many mixers contain fairly high-Q 
TR tubes that can make a considerable difference in the noise question. 
It is possible so to arrange the mixer that the desired oscillator power and 
one of the noise sidebands (the one at " image" frequency) are reflected 
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from the TR tube back to the crystal, while the noise sideband at signal 
frequency passes through the TR tube and is radiated. In practical 
cases the noise entering the receiver is appreciably reduced by effects 
of this sort in comparison to the powers observed in the experiments. 
The very simple theory referred to here does not permit conclusions 
about the effects of electronic tuning on noise figures. For this, it is 
necessary to consider the more complete discussion presented in the 
following sections. 

17-6. Summary of Noise Behavior and Estimate cf Noise Magnitude. 
The measurements described in the preceding sections give the magni
tude of reflex-oscillator noise and show how it changes with operating 
conditions. 

Observed Behavior.—Noise behavior may be summarized as follows: 
1. The total noise-power output at the center of the tuning range of 

a 723A/B 3.2-cm reflex oxcillator, operating with a beam potential % 
of 300 volts in a 160-volt mode and loaded for optimum power 
output (about -̂ o watt), is of the order of magnitude of 10~n watts 
for an intermediate frequency of 30 Mc/sec and bandwidth of 
2.5 Mc/sec. 

2. On going to higher modes by using less negative reflector voltages, 
the noise-power output decreases; so does the oscillation power 
and at about the same rate. Hence the noise-to-signal ratio is 
roughly constant over a range of several modes; it is of the order 
of magnitude of 2 X 10"10. 

3. A change in the intermediate frequency from 30 Mc/sec to 60 
Mc/sec decreases the noise output by a factor of about ■£; changing 
from 30 Mc/sec to 90 Mc/sec decreases it by a factor of about ^ . 

4. The same tube when electronically detuned by varying the 
reflector voltage until the power output is reduced by % has a 
total noise-power output that is altered very little at the low-
frequency half-power point, but is larger by a factor of about 2 at 
the high-frequency half-power point. Thus, the total noise output 
is unsymmetrical with regard to electronic tuning although the 
oscillation-power output is nearly symmetrical. 

5. The noise-power output from the two separate sidebands is different 
over the observed tuning range except at a crossover point that 
lies a few megacycles per second on the high-frequency side of the 
center of the tuning range. Below this crossover point the high-
frequency sideband contributes the most noise; above the cross
over point, the low-frequency sideband contributes the most. 
Extreme values of the noise from the low-frequency sideband differ 
by as much as a factor of 10; extreme values from the high-fre
quency sideband differ by a factor of about 2. 
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With the exception of 2, this behavior is understandable on the 
basis of a quantitative theory to be discussed shortly in which the noise 
arises from the shot effect in the injected current. The injected and 
reflected noise currents are partially coherent and the dissymmetry of the 
total noise with regard to electronic tuning is due to the change in relative 
phase of these two currents. The phase change is merely that arising 
from the change in time spent by the electrons in the reflector region due 
to the change in the reflector voltage. With regard to 2, the simple theory 
predicts the noise-power output to be approximately constant from one 
high mode to the next if the conductance is not changed. Consequently, 
the noise-to-signal ratio is expected to increase on going to modes beyond 
that for which the oscillation power output is a maximum, contrary to 
observation. This discrepancy is probably associated with the fact that 
the simple model does not give accurately the observed mode-to-mode 
changes in oscillation power output and electronic tuning. 

Gap-voltage Spectrum.—In calculating the noise power of a reflex 
oscillator, it is to be remembered that the gap voltage V(t') is composed 
of the oscillation potential, of amplitude V, and components that are 
due to noise. It is desirable, for frequencies near the oscillation fre
quency /, to define the spectral density of the gap potential as Gv(f'). 
This quantity is related to the time average of the square of the gap 
potential, 

VW= y + fjdf'G.W). (1) 

If G is the gap conductance, the frequency dependence of which is usually 
negligible, the noise power produced in a sideband at / ' of width A/ is 
GAfGv(f'). The oscillation power produced is GV2/2. To obtain the 
power delivered to the load, these quantities must be multiplied by the 
circuit efficiency GL/G, where Gh is the load conductance measured at 
the gap. 

The spectral density of the gap voltage bears a linear relation to the 
spectral functions characteristic of the injected electron stream. The 
most important of the latter is the spectral density of the injected cur
rent Gi(f). The time average of the square of the injected current i,(0,i) 
is 

WW2 = II + fo df'Giif), (2) 

where — 7o is the average injected current. For the spectral density of 
the injected current there is the relation 

ft(f) = 2e/„r?(f), (3) 
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where r?(/ ') is a factor determined by conditions in the acceleration 
region. For a temperature-limited cathode, T? (/') = 1, except at very 
high frequencies. I t can be much less than unity for a space-charge-
limited cathode. This space-charge factor has been carefully studied 
for low frequencies but for high frequencies very little is known about 
its magnitude or behavior.1 

Noise Magnitude from Shot Formula and Gap Admittance.—It is pos
sible to estimate Gv(f) from (?,(/') by dividing the latter by the square 
of the absolute value of the admittance presented to the injected noise 
current at / ' . At the oscillation frequency the circuit admittance is just 
canceled by the electronic admittance. In a noise sideband not far from 
the oscillation frequency /, the circuit admittance is different from that 
at the oscillation frequency by 4icj(f — f)C, where C is the effective gap 
capacitance. Since the electronic admittance is a slowly varying func
tion of frequency, it changes very little in passing to the sideband fre
quency. However, the original portion of the circuit admittance is not 
completely canceled for the noise current because for it the differential 
electronic admittance is effective. Still, 4xj(/' — f)C is a fair measure 
of the total admittance presented to the noise current. Hence an esti
mate of the spectral density of the gap voltage is 

i6*2(/' - fyr- vjrHS-fy-c*' w 

where M is the beam-coupling coefficient and Fi(f') is a factor of the order 
of magnitude of unity. 

Reasonable values are M2 = i , 7o = 2 X 10~2 amp, and C — 10~12 

farad. With V\(f)Fi(f) made equal to unity, e = 1.6 X lO^19 coulomb, 
and an intermediate frequency / ; = / ' — / of 30 Mc/sec, the gap-voltage 
spectral density is estimated as 2 X 10 -14 (volts)2 sec. If 

G = 2 X 10-4 mho, 

if the circuit efficiency is 40 per cent, and if the bandwidth is 2.5 Mc/sec, 
the total noise power from both bands is calculated to be 8 X 10~12 

watt, which is of the order of magnitude of the observed value. 
I t is possible to eliminate C by introducing Q = jk-faC/G, where /0 

is the resonant frequency of the circuit. I t is convenient to introduce 
the conductance parameter defined by G = yGnc = yM'i8nekIo/2V0 (see 
Chap. 12). In this expression G„e is the negative of the electronic admit
tance for zero gap voltage, S„e is the effective bunching angle at the 
center of the mode, kit, is the average current which returns to the gap, 
and Vo is the beam potential. In high modes, for oscillation to take 

1 For a discussion of the space-charge factor, see Vol. 24, Threshold Signals, of 
this series, Chap. 4. Some experimental data are given in Sec. 6.4 of this book. 
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place, the conductance parameter must be less than unity. Equation (4) 
becomes 

(wJ(S),^.W)W- (5) 
where f = f + fi. From this expression it is seen that, if y, Q, and V0 
are kept constant, as is sometimes the case, the noise power increases 
with operating frequency for a given intermediate frequency and mode 
of operation; in addition, it decreases with increasing intermediate fre
quency and with increasing beam current. 

17-7. Discussion of Complicating Effects.—Nonlinear Effects of 
Bunching.—The oscillation voltage causes bunching in the reflected cur
rent. Besides introducing a discrete spectrum composed of all the har
monics of the oscillation frequency, the bunching action, which is 
nonlinear, affects the continuous noise spectrum by adding to any portion 
contributions from all portions of the continuous noise spectrum of the 
injected current separated from / ' by integral multiples of the oscillation 
frequency /. The result is that the reflected noise current in the side
band of frequency / ' = / + /;, where /; is an intermediate frequency, 
contains not only a contribution from the injected noise current of the 
frequency / ' but also contributions from all higher and lower frequencies 
/ ' — mf, where m is a positive or negative integer and negative frequencies 
are interpreted as being associated with exponential negative time factors. 
Each contribution has an amplitude determined by the bunching action. 
All have the common phase lag compared with the injected current 
associated with the time spent in the effective reflector region. For 
m = 1 the harmonic contribution comes from the i-f portion of the 
spectrum and is termed "low-frequency noise." It is small for a beam 
arising from a space-charge-limited cathode because 

r*(/' - /) = TUfd « l . 
I t is very likely that the space-charge action is less effective in smoothing 
the beam in other portions of the spectrum. Other contributions there
fore probably have factors more nearly equal to unity, except possibly 
those from exceedingly high frequencies, where the amplitudes of the 
bunched current are small in any case. 

Coherence of Injected and Reflected Noise Currents.—The portion of 
the reflected noise current that arises from/' is coherent with the injected 
noise current, for the thermal spread in velocities is not sufficiently large 
to destroy that coherence. Thus the spread in phase caused by a spread 
Av in the velocity is A 8 = 9 Av/v. For thermal energies of -JV electron-
volt and a beam potential of 300 volts, Av/v = ^wiy. Hence if 9 = 40, 
A# = rsrr, a spread that is small enough to have negligible effect on the 
coherence. The two currents must be added with the proper phase. 
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This phase is subject to change under electronic tuning; hence, changing 
the reflector voltage changes the combined noise current in an unsym-
metrical way about the center of the tuning range. 

Fluctuation in Velocity of Injection.—The thermal spread in velocities 
does, however, have an important effect through the fluctuations that 
arise in the average velocity of injection of the electrons. This velocity 
vo(t) is a random variable, similar to the random variable u(Q,t), because 
of the discreteness of the electronic charge and the fact that the electrons 
do not all have the same velocity. It has a spectral density <?„(/') for 
which 

^W' = vl + / df'GAf), (6) 
Jo 

where va is the average velocity of injection. The spectral density 
Gv(f) is written in the form, 

where k is Boltzmann's constant, T is the absolute temperature of the 
cathode, and Tl(f') is a factor of the order of magnitude of unity (or zero) 
in the absence of space-charge smoothing.1 

Velocity fluctuations in the injected beam lead, through drift action 
(see Chaps. 3 and 12), to fluctuations in the reflected current propor
tional to -i where 8e is the bunching angle (it is usually not greatly 

different from the phase angle 6). The addition to the gap-voltage 
spectral density is estimated as 

MVnelGv(f)Fv(f) m 

lWffcx ' w 

where / ' = / ± /; and Fv(f) is of the order of magnitude of unity. 
Rewriting as before, this is 

Gfe),(8)'&.(?$w*™'>-
If Eq. (9) is compared with Eq. (5), it is seen that the essential difference 
is the factor (62

ekT/eV„)k2. With <?„ = 40, kT/e = •& volt, V„ = 300 
volts, and k = -J-, this factor is -£$. However, it increases rapidly with 
mode of operation; for sufficiently high modes, the noise from velocity 
fluctuation is larger than that arising from density fluctuation. 

Correlation between Current and Velocity Fluctuations.—There is, 
furthermore, the possibility of correlation between the density and 

1 See, for example, J. K. Knipp, "Theory of Noise from the Reflex Oscillator," 
RL Report 873, Jan. 10, 1946, Appendix. 
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velocity fluctuations in the injected beam since they both arise from the 
shot effect. Such a correlation can be described in terms of a spectral 
function Giv(f) for which 

ti(0,0wo(t) = -Io»o + i ]_ dfGuif). (10) 

The spectral function (?,»(/') is written in the form, 

Giv(f) =2e yj-rUf). (11) 

For the pure shot effect, Tiv(f) = 0. The addition to the gap-voltage 
spectral density arising from such a correlation is estimated as 

where ,F;„(/') is of the order of magnitude of unity. BothF t ( / ' ) a,ndFiv(f) 
contain harmonic contributions similar to those discussed in the first 
paragraph of this section. 

Mixing of Noise-voltage Effects.—There is also bunching in the 
reflected current caused by the noise components of the gap voltage. 
This bunching is superposed on that due to the oscillation voltage. 
Because of the limited bandwidth of the resonator, the contributions 
to the reflected current are from the frequencies / + /i and f — ft only. 
The occurrence of such terms in the reflected current results in a mixing 
of the effects of the two gap-voltage sidebands. The circuit relations 
for the determination of the noise voltage amplitudes are a pair of simul
taneous equations. Therefore the amplitude for each sideband is a 
linear combination of the effects of the total noise currents in these two 
bands.-

17-8. Summary of Results of Noise Calculation.—In this section is 
presented, in advance of derivation, a discussion of the results of a 
detailed calculation of the spectral density of the gap voltage Gv(f'). 
As indicated in the preceding section, it is the infinite sum of terms con
taining factors Gi(mf), GJmf), and (7;„(mf), which are functions charac
teristic of the primary spectra of the injected stream. Since these 
quantities are not known with any exactness for a stream originating 
from a space-charge-limited cathode such as is usually employed, a full 
discussion must await further research on the nature of the shot effect 
at high frequencies in the presence of space charge. 

Assumptions Regarding Primary Spectra.—It is, however, instructive 
to study the results under the simple assumption that Giv{mj) is negligibly 
small for all frequencies and that Gi(mf) and Gv{mf) have their pure 
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shot-effect values, except at low frequencies, where they are negligibly 
small. Stated in terms of the coefficients in Eqs. (3), (7), and (11), 

Viv(mf) — 0, for all TO; 
r?(0) = o, r*(0) = 0; 

rj(mf) = 1, Tl(mf) = 1, for all m ^ 0. 
(13) 

The infinite summation occurring in Gv(f'), for which see Eq. (48), can 
then be carried out with the aid of the two identities 

t ■Jl(x) 

=0 

I 
(14) 

J-mlrS(x)Jm+i(x) = Ji(2x). 

Noise-power Spectrum.—For the spectral density of the gap voltage 
for the high-frequency sideband there is found 

Gv(f + /, .._( / , V / 2 F 0 V 2e 
l' \2yQfJ \8.MJ k'lo Fi(f + Si) 

(/ + /«) 05) 

where F ; ( / + fi) and Fv(f + /,) are now known factors. Explicitly, 

F'if + fi) = 1 + a w 4, [( l + If + a Sin 0) (1 ~ 2kJo(x) Sin ̂  
+ 2kJi(x) (a* sin 4, + a\ + M + ^ + a sin <t>) k*(l - J\(x)) 

FAf + fi) = 1 + a2 cos2 

(°£ + a sin 4) ^(J,(2x) - J\(x)) 

[ ( l + ^ + a sin 4J (1 - Jl(x)) 

f r£ + a sin 0 j (J2(2z) - J\{x)) 

(16) 

In these expressions 

''\2yQfJ MX), (17) 

X is the bunching parameter BeMV/2Va, and 4> is the phase angle meas
ured from the center of the tuning range; for the nth mode 

<t> 2ir(« + | ) . 

file:///2yQfJ
file:///8.MJ
file://''/2yQfJ
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The conditions of oscillation are (see Chap. 12) 

2J,(X) 
7 = 

/o 

[SEC. 17-8 

X c o s <t>, 

1± 
2Q 

f 
— = t a n tj>. (18) 

They determine X and 4> in terms of the conductance parameter y, the 
frequency detuning / — /0, and one-half the loaded resonator bandwidth 
fo/2Q. 
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F I G . 17-4.—Factors for total noise from both i-f sidebands due to density fluctuations 
in injected current as functions of conductance p a r a m e t e r ; ^ = Fi(f -f fi) + Fi(f — fi); 
k = i, V = i: V = fi/if°/2yQ) = 4wfiC/Gn,. 

The spectral density of the gap potential for the low-frequency side 
band is Gv(f - fi)- The factors FJJ - /<) and Fv(f - ft) are obtained 
from Eq. (16) by replacing a by —a. The total noise power from both 
sidebands is GAf [Gr(f + fi) + Gv(f - /;)]■ The factors that occur are 



SEC. 17-8] SUMMARY OF RESULTS OF NOISE CALCULATION 487 

Ft = Ft(f + ft) + F((f - fi) 
2 

1 -f- a 2 COS2 <p 

+ 

\( 1 + ^ J (1 - 2kJ0(x) sin 4,) + 2kJ2(x) | * sin 4> 

( l + ^ *2(1 - Jf( i ) ) ^ fr'(Ji(2x) - / 2 (z) ) 

and 
F, = Fv(f + fi + F,(f - ft 

(19) 

r+^tl1 + T)(1 - Jl{x)) + T Wx) ~ J'{x)\ 
There are two sources of dissymmetry under electronic tuning. One is 

the dissymmetry in the admittance coefficients; the other is dissymmetry 
resulting from coherence between injected- and reflected-noise-current 
components. Terms that are due to the first source appear in Fc(f + /,■), 
Fiif - fi),Fv(f + / , ) , andF„( / - /,■), but drop out of F, and Fv of Eq. (19). 
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FIG. 17-5.—Factors for total noise from both i-f sidebands as functions of oscillation-
frequency change under electronic tuning. Fi = Fi(f + /,-) + F<(f — / , ) ; A = }, y = i; 
V = W i C / G . . . 
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Terms that are due to the second source appear in Fi(f + ft) and Fi(f — /,) 
but not in Fv{f + /,) and Fv(f — ft) because velocity fluctuations require 
large drift times to be effective. Terms that are due to this source 
remain in Ft. As a consequence, the coherence causes the total noise 
that is due to density fluctuations to be unsymmetrical under electronic 
tuning. However, the total noise that is due to velocity fluctuations is 
symmetrical under electronic tuning, although the noise from the separate 
bands is unsymmetrical due to the admittance coefficients. 

Conductance parameter 1 
F I G . 17-fi.— Factors for noise from the separate i-f sidebands as functions of the conductance 

parameter; k = i, p = \; p = 4ir/,(?!Gne. 

The factor Ft is plotted in Fig. 17-4 and Fig. 17-5 for particular values 
of the parameters. In Fig. 17-4 three curves are shown: one for the 
center of the tuning range, one for the half-power point under electronic 
tuning on the high-frequency side, and one for the half-power point under 
electronic tuning on the low-frequency side, all plotted as functions of 
the conductance parameter y. In Fig. 17-4 curves are plotted against 
frequency change under electronic tuning for several values of the i-f 
parameter p = 47r/iC7(?„,. The factors Fi(f + /;) and Fi(f — ft) are 
plotted in Figs. 17-6 and 17-7 for the same parameter values. 
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17-9. Theory of Noise in Reflex Klystron.1—The starting point in the 
calculation of noise is the assumption that the gap voltage can be expressed 
as a single oscillation term plus a continuous spectrum. In order to 
be able to express V(t) with the aid of a Fourier integral, there is intro
duced a long time interval T and V(l) is taken as zero outside that inter-

-JT - l 0 +1 +J3 
if-fa)l(fJ2Q) 

FIG. 17-7.—Factors for noise from the separate i-f sidebands as functions of oscillation-
frequency change under electronic tuning; k = \, y = \; p = iirfiC/Gne-

val. Other quantities that are to be expressed as Fourier integrals are 
treated in a similar way. Thus the gap voltage is 

V(t) = V sin ut + j ~ Va.e>»'', (20) 
J _ « Air 

where 7*u- = V^ since V(t) is real, and u = 2rrf, and a' = 2irf. The 
gap-potential spectral density is 

Gv(f') = lim %\V^- (21) 

The gap voltage is the result of excitation of the resonator by the 
electron beam. The driving current contains all harmonics of the oscil-

1 J. K. Knipp, " T h e o r y of Noise from the Reflex Oscillator," R L Repor t No. 873, 
Jan. 10, 1946. 
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lation frequency (see Chap. 12) as well as a continuous spectrum. It 
can be expressed in terms of the voltage amplitudes, with the aid of the 
gap admittance Yu>, as 

i{t) = -(1 - *)/„ + V F^F .e ' - ' + / i ' YsVsJ". (22) 

Since the gap admittance is very large for frequencies that are appre
ciably different from ± u 0 = ±2ir/0, the voltage amplitudes are small for 
such frequencies even though the corresponding components of the 
driving current are not small. 

In the reflex oscillator the driving current is the sum of the injected 
and reflected currents 

i(t) = i+(t) + i-{t). (23) 
As shown in Chap. 12, it can be expressed in terms of the injected current 
i+(0,t) through the relation (Eq. 12.20) 

f ~ e>'"'< / dT'i+(0,T') 2 f dx {e-v**<*-s) i{t)= f 7^ei"'' dT'i+(0,r')2 dxie-t^+w - ke-""-^], (24) 

where d is the distance of separation of the grids of the gap, and T+(X;T') 
and T~(X;T') are the arrival times at the plane x of electrons that were 
injected at r' and have come directly or been reflected, respectively. 
The arrival times depend on the velocity of injection at r' and the instan
taneous field through which the electrons move. 

Primary Spectra.—When the expressions for the arrival times derived 
from Newton's law are substituted in Eq. (24), it will contain the noise 
voltage amplitudes, which it is proposed to calculate, the injected current 
amplitudes, and the injected velocity amplitudes. The injected current 
and velocity amplitudes are defined by: 

»+(0,r') = -/„ + / f ^ t t *'"'* 
/ ,\ I db>' ■ ,, 

!>O(T ) = V0 + I Y~ V"'e"" T • 

(25) 

The three spectral functions associated with these two quantities are 

Gt (/') = lim | \i+,\\ 

Gv(f') = lim | M 2 , \ (26) 

2 
Giv(j') = lim -=it-vl 

These are the ■primary spectral functions.1 

1 They are discussed briefly in the appendix of RL Report 873. 
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Driving Current with Noise.—If i'd(r') is the speed with which an 
electron injected at T' with the speed V0(T') leaves the gap after its first 
passage, for small voltage amplitudes (high modes), 

\ mvd(r'y « g* mvo(Ty + MV sin Lr + ^ \ + f ^ M'Va. C ' ( ' * ' + V ) , 

(27) 

where M and M' are the beam-coupling coefficients for the frequencies 
ai and &/, and 0i and d[ are the corresponding gap-transit angles. Hence 

(-+$)+/sfe+ls^V-« « 1 + —^ sm 

To this approximation the arrival times are 

r+(x;r') = r' + § 7\ , 

T-(Z;T') = T ' + ( — - ) 7\ + 7\ + 2T2 + r 3 

+(-2r2+r4w„sm(r+2J+i < ^ U + w c r T } 
(29) 

where 7\, 271
2, and T3 are the transit times through the gap, through a 

possible field-free drift space (both ways), and in the reflector region, 
respectively, in the absence of the r-f field of an electron injected with 
the velocity v0. 

The space average of the phase factors required in the driving current 
are the expressions, 

\ I dx e - ^ + ^ > = M ' e _ y ( " V + x ) \ 
a Jo I 

1 / , -r _^ -nn — J\ < " V + - ^ + 0' ) — jZ' sin ( WT' + J^ ) f , „ „ , 
-j / dx e-*"7" ( I^ ' = Jlf'e ^ 2 ' e V 2 / V (30) 
a J 0 f 

•exp |_- j ( - 29,+ fl.) j _ ( _ + - w _ e
 2J*"TJ.] 

where Z' = (-20'2 + d'3)MV/2V0 and co" is a frequency of integration. 
Because quadratic and higher terms in the noise amplitudes are to be 
discarded, the last exponential is expanded as follows: 

1 [d J V r - r ^ l 71,1V - J ' ( » V + ■ £ + «'") -jZ'sin («,r' + ^ ) 
- \ dxe-""^(x-^ ~ Me V 2 ' e V 2 / 
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The quantities just obtained are to be substituted into the expression 
for the driving current, Eq. (24). For the first portion of the driving 
current 

i+{t) = j d £ «*.< f dT> ( _ z 0 + f * £ i t „ e , ^ M'e<°'T+^. (32) 
Now 

f dr' e>(-"-»')-' = 2irf,{o," - c/) (33) 

is the integral representation of the Dirac delta function. Hence 

t+(0 = -/„ + j ~ M'i±- e^'l-^>. (34) 

This result is entirely reasonable because the electrons that contribute 
to this portion of the driving current are those with positive velocities 
which are at the instant within the gap. Their phases are spread uni
formly over the range 0 to 8[. On averaging over phases, one obtains 

the usual factor M'e 2 . 
Considering next the reflected current, 

/ % "" / * ' ( - ' • + / ¥ *■ '■'-) «'«-'("'''+?") 

(35) 
The Bessel function expansion is introduced, 

OS 

-iV 1* („,'+£) = y j^zy^+7-) . (36) 

and after dropping quadratic noise terms, the integrations over r' and 
OJ" are carried out. I t is convenient to write 

i-(t) = -k 

-it' 

^ Jm(Z')e'mO 0 *+» + j/0(-2<?J +e'3) ^ (37) iZ- = 

Then 

(38) 
By Eq. (23) the driving current with noise is the sum of Eq. (34) 

a n d E q . (38). 
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Noise Circuit Equations.—On identifying coefficients of e'"'' in Eqs. 
(22) and (24), there is obtained the equation, 

YsVs = M'e }2(i+< - H"0 

-ikhM'e 2e-">' Jm(Z')e \» V {-26', + 6'3) 1VL^f i 2 . (39) 

Let &>'" = 2u> — oi , then since &>' — a = a — a/", a/ and &>'" are two fre
quencies located symmetrically about the oscillation frequency; they are 
the high and low sideband frequencies, respectively. In the summation 
the voltage amplitudes make all terms negligible except those with m = 0 
and m = 2. For these values of m, a" has the values &>' and -co" ' , 
respectively. Hence 

Ya.Va. = M'e J'2 (i+> - H-z-) - jkloM' 'e-'s' \ J0(Z')(-282 + e ' 3 ) ^ 

M'"V „ 
J ,(Z')(-2flJ + 0J) " -2Fn (40) 

Now 
Yj = YU + 2 j V -o>)C = -Ye + 2.7V - U)C, (41) 

where Ye is the electronic admittance 

„ 2khMJ1(Z) -iO>+l) 
r e - - y e (42) 

In the coefficients, the substitution &>' = &/" = co is made and Z is 
replaced by X = 8eMV/2Vo. which are valid approximations (compare 
Chap. 12). Noting that 2J1(X) - XJa(X) = XJ2(X), Eq. (40) becomes 

kMhXJ2(X) - ; (»+!) + 2jW - U)C V„ 

J:MI„XJ2(X)e J V + 0 
F 

The abbreviations, 
. 2kMItlXJ2(X) A = f , 

Mc 2 (i+- - H-0- (43) 

and B = 2(OJ' — <">)C, (44^ 

are then introduced. To obtain a second equation, u' is substituted for 
a)'" in Eq. (4) (hence B is replaced by —B). The two noise circuit 
equations are 

I v + 2" <r»V 

^ ei6Vu. + (^ e'o + B) V^ ■ = -juB 

jMc 2(i+, - H-,), 
(45) 

Ht»')V 
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where explicitly, 

- for" Y J-^i(X)e~Km~l)^~y^i+^^-.y 

«0 J 

^ m + 1 ( X ) e — ' ( H ) ! * -

and 

Ci+„, _ H _ « ' 1 * = t + j . , » i 

These equations give for V«', 

[i 
Va 

-B[B +jA sin 0]7„ e'' + B jMe 2 (i+, - K^.) 

After considerable manipulation there results 
£2(£2

 + A7 sin2 9)GV(/') 
M2 

= \(~ + B2 + AB cos (A (1 - 2kJ0(X) cos 5) 

/AJ 
\ 2 

+ ( ^ - cos 0 + AB ) 2kJ2(X) | Gi(/) n 2W2(X) G4( 

[(£ + B2 + A £ cos 0) 2fr^o(s) ) ■ ■ 

+ 4 ! 2fr/,(i) 

[AB2W,(X)] J-fe A [(?„(/) - (?*(/)] 

+ P ( ^ + B2 + AB cos e\ V . / ^ ( z ) j^ (m/ ) + ^ G . ( w / ) 

- A-2 f ^ + A B cos A Y J_„+1(a;)Jm+1 (a;) G4(m/) - A^G*(m/) 

+ A-2 ^ J_m+1(x)./m+1(x) ^ [ ^ ^. [ft„(m/) - GUmf)] - AB I 

■ [G£(m/)ew - G,„(m/)e-'8] 

+ ^ e-'«jMe2 (i+- - ki-j")*. (47) 

(48) 

This expression is the basis of the discussion in Sec. 17-7. 



CHAPTER 18 

PRACTICAL REFLEX KLYSTRONS 

B Y J. B. H. K U P E R 

18-1. Introduction.—The main purpose of this chapter is to help the 
reader to select the correct type of reflex klystron for a given application. 
With this in mind some representative tubes have been chosen to illus
trate a discussion of cavity design, methods of tuning, and other mechan
ical features in relation to the performance of the tube as an oscillator. 
In selecting types for discussion, consideration has been given to the illus
trative value, rather than the popularity, of the tubes. Foreign types 
have been omitted because they are not widely known in this country. 

Of many possible ways of classifying reflex oscillator types, perhaps 
the most obvious method depends on whether or not the tube requires 
an external cavity; a tube that is not a self-contained microwave oscil
lator requires the appendage of a cavity, in addition to the output lead 
and means of mechanical tuning. The next possible method of classifi
cation depends upon method of tuning, whether direct mechanical or 
thermal; then come electronic tuning range, power (input and output), 
and type of output lead. For many applications, frequency stability is 
so important that other factors in the choice of a tube are almost elimi
nated; in other instances output power or speed of tuning may be 
paramount. 

Probably the best-known tube of the external cavity type is the 
707B or its electronic equivalent, the 2K28. Designed primarily for 
the 3000-Mc/sec region, it can be used with suitable cavities at frequencies 
up to about 4000 Mc/sec and down to 2000 Mc/sec or lower. The 
classic examples of the integral cavity type are the 417A for the 3000-
Mc/sec region, and the 723A/B (or its improved successor, the 2K25) 
for the range 8500 to 9660 Mc/sec. Both these tubes are mechanically 
tuned, but the 417A is capable of large output powers and has a very 
small electronic tuning range, whereas the 2K25/723A/B is designed 
specifically for use as a superheterodyne local oscillator and has a com
paratively low power level but a wide electronic tuning range. 

The integral-cavity tubes with thermal tuning are well represented 
by the 2K45, which is similar to the 2K25 as regards performance; the 
tuning, however, is controlled by the voltage applied to the grid of a 
triode section built inside the envelope. Expansion of the triode plate 

495 
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under bombardment is magnified and this magnified expansion is used 
for varying the separation between the grids that form the r-f gap. By 
using the thermal-tuner grid for coarse frequency adjustment and the 
reflector voltage for fine adjustment, the tube can be tuned easily from 
a remote location with negligible power required from the control circuit. 

The 2K33 tube and the Sperry developmental tube designated as 
2K57 (formerly SRC-2) have unusual combinations of features. The 
former, although it requires an external cavity, is tuned mechanically 
.by flexing a diaphragm and altering the spacing of the r-f gap. The 
latter has an integral cavity tuned by mechanical variation of the 
"inductive" portion rather than by the gap spacing, and it also has a 
waveguide output; this tube is capable of markedly higher efficiency 
than is usual in reflex oscillators. 

At frequencies above 5000 Mc/sec it becomes possible to build into 
a tube an output waveguide of convenient size, which seems to permit 
greater uniformity in loading from tube to tube than the more usual 
coupling loop and coaxial line. A good example of this construction, 
also incorporating a thermal tuning mechanism with grid control, is 
afforded by the 2K50. 

Some of the most important characteristics of these types are sum
marized, for purposes of comparison, in Table 18-1. The numerical 
values given are neither specification limits nor maximum ratings; rather, 
an attempt has been made to give typical operating conditions. Many 
of the figures, particularly the reflector voltages, are to be taken only as 
rough indications. Of the types considered, only the 2K33 does not 
have grids at the r-f gap, having instead a pair of pinhole apertures 
0.028 in. in diameter. 

The reader should not be misled by the discussion of this chapter 
into thinking that the development of reflex klystrons is essentially a 
closed subject. Throughout most of the war years the emphasis was 
placed on producing types that were useful for superheterodyne local 
oscillators, and very little attention was paid to oscillator efficiency. 

More recently, attempts have been made to come closer to realizing 
the theoretical efficiency of reflex klystrons with the intention of using 
them for transmitting tubes. Efficiency is a comparatively minor matter 
in local oscillator service where 25 mw of r-f power is usually adequate, 
and it makes little difference if 2.5 or even 5 watts is expended to obtain 
it. Where output powers of 5 to 10 watts are necessary for transmitter 
purposes, however, an efficiency of the order of magnitude of 1 per cent 
is hardly tolerable. Fortunately, by more careful design it seems prac
ticable to attain efficiencies of 3 to 6 per cent in c-w operation and con
siderably higher efficiencies in pulsed applications. The 2K57 is one of 
the first reflex tubes designed specifically for transmitter service in c-w 



TABLE 18-1.—CHARACTERISTICS OF SOME REPRESENTATIVE REFLEX KLYSTRONS 

Type 

707B (2K28). 
417A 

2K25/723A/B. 

2K45 

2K33. 
2K57. 

Cavity 

External 
Integral 

Integral 

Integral 

External 
Integral 

2K50 ' Integral 

Tuning 
means 

Mechanical 
coarse, 
screws; fine, 
knob 

Mechanical 

Thermal, grid 
control 

Mechanical 
Mechanical 

"induc
tive" 

Thermal, grid 
control 

Frequency 
range, 

per cent 

Coarse—20 
fine—6 

12 

12 

Type of 
output 

Coaxial fitting 

Antenna into 
waveguide 

Antenna into 
waveguide 

Waveguide 
Waveguide 

Waveguide 

Beam 
voltage, 

volts 

300 
1000 

300 

300 

1800 
700 

300 

Beam 
current 

(approx), 
ma 

25 
40 

22 

22 
+ 6 tuner 

9 
70 

15 
+ 5 tuner 

Reflec
tor volt

age 
(approx), 

volts 

-175 
-250 

-160 

-160 

-200 
-200 

-100 

R-f 
power 

output, 
mw 

150 
400 

25 

30 

20 
1500 

15 

Depends on (or part of) external cavity. 
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applications. The remarkable difference shown in Table 18-1 between 
the 2K57 and the other tubes indicates that there is much room for 
improvement in most tube designs and it gives hope that satisfactory 
transmitter tubes will soon be available. 

Tubes designed for pulse operation at very high recurrence rates— 
duty ratios of the order of magnitude of iV —may also be expected to 
become common in the future. The pioneer types in this field are the 
2K54 and 2K55, which furnish a minimum pulse power of 7.5 watts. 

18-2. Resonator Design in Relation to Performance. Integral vs. 
External Cavity Construction.—The choice between the integral and 
external cavity constructions can often be made on the basis of the 
intended service. From the standpoint of electronics only, the external 
cavity type, as exemplified by the 707B, offers advantages in simplicity 
and ease of exhaust that make the tube cheap to build. From the circuit 
standpoint it is not easy to devise a cavity that will be light and strong, 
make dependable contact to the tube, and at the same time permit 
quick and simple replacement of the tube. These questions depend to 
some extent on frequency, design of an external cavity being relatively 
easy for frequencies not exceeding 4000 Mc/sec. Circuit losses introduced 
by the glass envelope are another drawback in the external cavity type, 
but if a very wide tuning range is needed, it is usually chosen. 

From the standpoint of temperature-compensation there is little choice 
between the two types. With care either type can be made to work 
satisfactorily but the solution of the problem, at least in the case of the 
2K28, seems a little easier with the external cavity. On the other hand, 
somewhat better heat dissipation can be obtained with the integral 
cavity construction. Barometric effects and sensitivity to acoustic dis
turbances should never be troublesome with an external cavity. 

Resonator Shape.—A consideration of cavity proportions in their rela
tion to power output, efficiency, and electronic tuning range is important 
for understanding reflex klystrons. The bunched beam in a klystron 
can best be considered as a current generator, and therefore a high-
impedance load circuit is required as in the ordinary pentode. The 
problem is to choose a resonator that will present a high shunt impedance 
with a reasonable beam coupling coefficient. At this point it is helpful 
to repeat some of the results obtained in the theoretical discussions of 
Chaps. 3 and 4. 

In practically all cases the resonator is a cylindrical container with a 
central post, as illustrated in cross section in Fig. 18-1. The top surface 
of the post and the corresponding portion of the top wall of the cavity 
must be perforated to permit the passage of the electron beam. The 
radius a of the post must be large enough to permit the passage of the 
required current without causing difficulties with focusing, alignment, 
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or the fundamental limits imposed by space-charge effects. In any 
event, the dimension a must be small compared with a quarter of the 
desired wavelength; otherwise a large part of the beam will interact with 
a negligible r-f voltage. The length of the r-f gap d must be small 
enough to give a satisfactory beam coupling coefficient at the desired 
beam voltage. This dimension must ,„ . .. „ 1 1 1 v inductee not, however, be made too small or \ portion 
the gap capacitance will be high and 
the shunt resistance low, resulting in 
a small electronic tuning range and 
poor circuit efficiency. 

The transit angle through the gap, 
uTi, has an optimum value in the 
vicinity of ir. The exact optimum 

. . i i • F l ° - 18-1.—Section of typical klv.i-
value IS de te rmined b y t w o opposing tron resonator; the complete resonator 
effects: the decrease of shunt imped- is a fi«ure <lf revolution about the axis 

. indicated. ance with decreasing gap length, and 
the decrease of the beam coupling coefficient as uJ1, increases toward 
2r. If d is allowed to approach zero the capacitance approaches infinity; 
the circulating current, and hence the losses, must likewise approach 
infinity. 

The beam coupling coefficient M, given by the equation 

(jlT\ 
s i n - j r -

M = —=A-, (1) 
col i 
~2~ 

enters in the expressions for electronic efficiency in an involved way 
(see Chap. 12). Its primary influence lies in the proportionality to M 
of the efficiency at optimum load, but it enters as the square in the 
determination of optimum load. I t will be evident from the graph of 
Fig. 18-2, in which M and M2 are plotted as functions of w7\, that the 
electronic efficiency will fall to zero at a>7\ = 2TT. The over-all efficiency 
will go through a maximum somewhere between 0 and 2ir, and in most 
cases the maximum will not be far from uTi = w. For the present 
purposes it is sufficient to know that a maximum exists somewhere 
around this value. 

Once the dimensions of the r-f gap have been fixed, it is necessary 
only to adjust the "inductive"1 portion for optimum shunt impedance 

1 Quotation marks around the words "inductive" and "capacitive" are used here 
to call attention to the fact that in a cavity resonator a clean-cut separation of this 
sort is impossible, yet the two regions under consideration behave as though they 
were predominantly capacitive or inductive. 
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F I G . 18-2.—Beam coupling coefficient M, and 
its square, as functions of transit angle. 

at the desired frequency. The proportions are not very critical, but 
there will be a broad maximum in shunt impedance when the cross section 

of the toroidal " inductive" region 
is square, tha t is, for h = b — a. 
This condition is not very critical, 
however, and is often violated for 
reasons of mechanical conven
ience. If h is made very large, as 
is sometimes done when the neces
sity for a wide mechanical tuning 
range outweighs all other deside
rata, the cavity degenerates into a 
short-circuited coaxial line loaded 
at the open end by the gap capaci
tance. The other extreme, the 
reduction of h until the post dis
appears, is never used because 
tuning is difficult (the resonant 
frequency depends only on 6) and 
the attainment of a reasonable 
shunt impedance requires a long 
r-f gap (shunt impedance varies 

approximately as the square of the height d).1 

Grids vs. Apertures.—Important differences arise between cavities 
that have a simple aperture for the beam, as in the 2K33, and those 
provided with grids. When a cavity has an aperture, the transit times 
for electrons near the center may be sensibly different from those for 
electrons in the outer portions of the beam. This difference may lead 
to a spread in phase of the returning bunch. Also, because of the fringing 
of the fields, unless the r-f field is small compared with the d-c acceler
ating and retarding fields, a variation in focusing properties of the r-f 
gap during the cycle is to be expected. Depending on circumstances, a 
complication of this sort may or may not be harmful; that is, there may 
be some "sort ing" in addition to reflex bunching, and it will be a matter 
of relative phases whether or not this is desirable. In general, however, 
it seems likely that phase shifts in the returning beam that are dependent 
on r-f voltage across the gap will lead to asymmetrical reflector charac
teristics (mode shape) and hysteresis. 

Effects arising from fringing and interpenetration of the fields will be 
minimized by using a small aperture and a high beam velocity. Focusing 
and alignment difficulties, of course, set a lower limit to the practical 

1 A tabulation of Q0 and shunt impedance for various resonator shapes is given in 
Figs. 4-8 to 4 1 2 . 
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aperture diameter. Heat dissipation is much less of a problem because 
all the electrons eventually strike solid metal; the circuit losses are lower 
because no current has to flow on fine wires. 

When the apertures are covered with grids, troubles with field pene
tration and spreads in transit angle are greatly reduced, and a lower beam 
voltage becomes practical. The disadvantages of using grids are beam 
losses by interception, higher circuit losses (caused by secondary electrons 
emitted from the grid and by resistance of the wires), and generally lower 
permissible input powers because of poor heat conduction. Since the elec
tron beam must traverse a minimum of three grids (not counting the 
accelerator or "smoother" grid Gh if it is used) in order to deliver energy 
to the resonator, a grid transmission of 80 per cent means that half the 
current injected is wasted. A transmission much less than 80 per cent 
for each grid is too wasteful for most applications. Circuit losses for a 
cavity with grids are increased because a large part of the charging cur
rent for the gap capacitance must flow on the grid wires. If the aperture 
size required to pass the necessary current becomes a large fraction of 
the total surface of the cavity, grid losses may be large enough to prevent 
oscillation. For example, the 2K50 probably would not oscillate if a 
parallel beam were used instead of one brought to a focus near the inter
action gap; otherwise the grids would have to extend over too large a part 
of the cavity. 

In scaling all dimensions of a cavity the unloaded Q and the shunt 
impedance will vary as the square root of the wavelength. Therefore, 
as the wavelength is decreased, the beam current must be raised to 
maintain the same power production. If the proportions remain 
unchanged, it is clearly necessary to increase the current density in the 
beam. The maximum current density permitted by space charge, there
fore, sets an upper limit to the attainable frequency.1 

Losses in grids are increased by the fact that the temperature is 
usually high, and materials such as tungsten are required for mechanical 
reasons. Mesh grids may be less desirable than parallel wire construc
tion because the second set of wires contributes less to the beam coupling 
coefficient than to the interception losses, and poor contacts at the wire 
crossings can increase the r-f losses. Loading by secondaries will also 
be more serious. 

To sum up, a cavity without grids can probably be made to oscillate 
at frequencies higher than those that have been attained in tubes with 
grids, but at the cost of raising the voltage requirements and increasing 
the difficulties of focusing and alignment, thus tending to make the 

1 In most practical cases heat dissipation limits the current density before the 
space-charge limitation is reached. In high-power reflex oscillators space-charge 
effects in the reflector region may limit performance at low frequencies. 
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tube more expensive. This construction might also be valuable in 
tubes of comparatively high power at lower frequencies. For moderate 
powers, where the interception loss can be tolerated, the use of grids is 
almost universal. A large part of the excellent performance of the 
2K57 is due to the use of a honeycomb grid, which combines low losses 
with high heat-dissipation capabilities. 

18-3. Tuning Methods. "Capacitive" vs "Inductive" Tuning.—The 
method adopted for tuning the resonator has an important bearing 
on the performance of a reflex klystron, apart from the obvious considera
tions of the user's convenience. Tuning is most commonly accomplished 
by varying the length of the r-f gap and thus adjusting the capacitive 
portion of the resonator, but some tubes, most particularly the 707B 
and the 2K57, are tuned by altering the " induct ive" portion. Capaci
tive tuning requires small motions for large frequency shifts, particular^' 
near the low-frequency end of the range I t is entirely a matter of the 
circumstances of a given application whether this sensitivity is to be 
considered a drawback or an advantage. In general, it leads to extra 
trouble in attempting temperature compensation since there must be 
considerable reduction of motion by a mechanical linkage between the 
control knob and the gap itself. 

In all cases, however, the use of capacitive tuning reduces the tuning 
range over which reasonable efficiency is obtained. As the frequency is 
raised by lengthening the gap, the transit angle through the gap increases 
rapidly because the electrons have farther to go and less time to make 
the trip. Thus, wTt varies faster than to, and conditions soon depart 
widely from the optimum referred to above. The frequency increases 
roughly as \/d, and consequently wTi is proportional to eft''. As M 
drops very rapidly when o>7'i exceeds ir, a precipitous drop in power output 
is found at high frequencies. At frequencies below the center of the 
range, uTi becomes less than the optimum and the output again decreases, 
although not so rapidly as at the high-frequency limit. 

A further difficulty with capacitive tuning as ordinarily employed 
is that a portion of the resonator must be flexible. This requirement 
often leads either to vacuum troubles and undue frequency modulation 
from sound waves impinging on the diaphragm, or to undesirable mechan
ical hysteresis in tuning if the diaphragm is too stiff. 

Inductive tuning, on the other hand, is generally less sensitive in 
that larger mechanical motions are required. In the radial cavities 
customarily used with the 707B, radial screw plugs (four or six) are used 
for tuning. These prevent the fields from extending throughout the 
cavity volume and thus increase the frequency. The variation of shunt 
impedance with tuning of this kind is not wholly predictable, but, in 
any case, coTi varies only with « and the useful operating range is wider 
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than in the "capacit ive" method. If efficiency is a minor matter, rela
tively enormous tuning ranges, 2 to 1 or more in frequency, can be 
obtained by use of a coaxial cavity. 

Thermal Tuning.—Mechanical tuning, as distinct from thermal 
tuning which is exemplified by the 2K45 and 2K50, is employed in most 
applications. The exceptions occur where remote or automatic control 
of frequency is required over ranges larger than those obtained by reflec
tor-voltage variations. A serious drawback to the general use of a 
thermally tuned tube is the complexity of its frequency control, but such 
tubes have been very successful in special signal generators sweeping 
over wide bands, systems involving control and stabilization of the 
frequency of an oscillator by means of a separate wavemeter cavity, and 
in radar systems permitting instantaneous frequency shifts with a single 
control knob. 

Because the motion obtained is small, thermal tuning is always of 
the capacitive type. Some of the early experimental thermally tuned 
oscillators used resistive heating of a strut, or wire, through which a 
current is passed to actuate the tuner. Unless a heater design of incon
veniently low impedance is employed, there will be some insulating 
material, which will add thermal capacity to the system. The result is 
a lag, or "overshoot," which prevents the direction of the frequency 
shift from reversing instantly when the heater current is cut off or sud
denly applied. This lag is most marked in those cases where a construc
tion resembling the familiar internally heated cathode sleeve is employed. 
This lag is most troublesome to the designer of a frequency-control 
circuit; the elimination of hunting without undue sacrifice in speed of 
response is very difficult. Therefore, in recent designs the tuning strut 
has been made the anode of an auxiliary triode that is heated by electron 
bombardment. In this case the strut can have good thermal contact 
to some fairly massive " s ink" in order tha t the temperature will start 
to change as soon as the bombarding current is altered. In addition, 
this scheme automatically provides a high-impedance control electrode, 
which materially simplifies the design of the control circuit. 

For a tuning strut, of length I and thermal conductivity K, whose 
ends are maintained at a constant temperature, and to which heat is 
supplied uniformly along its length, the time constant T is given approxi
mately1 by 

where a and p are the specific heat and specific density, respectively. 
The approximation here is the assumption that, in equilibrium, the 

1 For derivation see H. V. Neher, "A Low-voltage K-band Oscillator," RL Report 
No. 764, pp. 6-7, Sept. 17, 1945. 
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temperature will increase linearly from the ends to the middle of the 
strut. The product op has a value close to 0.6 cal/cm3 for most metals. 

The power P required to produce a useful motion AZ is 

l — —^-~e W 

where a is the mechanical equivalent of heat, X is the linear thermal-
expansion coefficient of the strut, Fm„ is the maximum force against 
which the tuning mechanism will be expected to work, and SO T is the 
maximum strain the material will take without creep at the highest 
temperatures expected. From the standpoint of low tuning power the 
material should be chosen for a maximum value of the product X»5w, 
rather than for a large expansion alone. Comparison of Eqs. (2) and (3) 
points to the fact that a small time constant implies a large expenditure 
of power in the tuner; this conclusion might almost have been reached 
without resorting to mathematics. I t should be noted that the cross-
sectional area of the strut does not appear in either equation. I t is 
necessary that the area be large enough to exert the required force without 
undue elastic deformation. A major problem in tuner design is to select 
a material for the struts that does not "creep" appreciably at the highest 
temperatures encountered in exhaust or operation. This requirement is 
necessary because the tuner must be set before assembly in order to 
cover the required range. Some recently developed stainless steels and 
Nichrome V have been found suitable. 

Speed of Thermal Tuning.—The tuning speed of a thermally tuned 
tube is an important parameter because it enters into the design of the 
frequency-control circuits. In the case of the 2K45, from 4 to 8 sec 
are required to tune over the whole band (8500 to 9660 Mc/sec) in the 
direction of increasing frequency, and a slightly longer time is needed to 
cover the band in the other direction. 

In practical tubes, heating and cooling curves do not follow a simple 
exponential law exactly, but show more than one time constant. This 
variation may be due either to heat loss by radiation in addition to conduc
tion, or to the fact that the ends of the strut do not remain at a constant 
temperature. Manufacturing variations between tubes are large 
enough, however, to necessitate the use of a single average time constant 
in designing control circuits. 

In order to have reasonably constant tuning speed over the entire 
operating frequency range, it is necessary to design the tuner mechanism 
for a much larger range as illustrated in Fig. 18-3. The "no hea t" 
position of the tuner mechanism is determined by the ambient tempera
ture and the input power to the oscillator section of the tube, and the 
"maximum heat" is fixed by the safe working temperature for the strut. 
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material. Starting from the cold end with full heat applied, the tem
perature (and frequency to a first approximation) changes in accord 
with the curve marked "heating," and if the heat is suddenly cut off 
after equilibrium is reached at the hot extreme, the temperature follows 
the "cooling" curve. Clearly, the speeds in the two directions will be 
very different near either end of the range, but over a considerable 
interval in the middle—for example, that indicated by broken lines— 
the speeds will be nearly enough constant to permit design of a satis
factory control circuit. In the 2K45 and 2K50 it is found experimentally 
that the wavelength changes almost linearly with tuner cathode current, 
or frequency increases more or less 
linearly with increasing negative 
grid bias on the tuner triode. 

If an attempt is made to operate 
without automatic frequency con
trol, it will ordinarily be necessary 
to regulate the heater voltage 
supply in addition to the reflector 
and resonator supplies. For ex
ample, in the 2K45 a 10 per cent 
drop in heater voltage may cause a 
frequency increase of as much as 
400 Mc/sec. This difficulty comes 
partly from the fact that the state 
of activation of the tuner cathode, 
like any other oxide-coated cathode, 
depends on its history, and partly 
from the fact that as the cathode 
temperature is raised, there is a 
greater length of the sleeve emitting. 
be reduced by coating only a central portion of the length of the cathode 
sleeve. The design should minimize transfer of heat by radiation between 
cathode and anode. 

I t might appear that because of the light construction usual in 
thermal-tuning mechanisms, a tube of this type would give unusual 
trouble with microphonic response. This fear seems to be groundless. 
Although the mechanisms are light, they are of necessity well designed 
from the standpoint of strength and rigidity, with the result that ther
mally tuned tubes stand shock and vibration about as well as the corre
sponding mechanically tuned types. 

Thermal Compensation.—In an integral-cavity tube, temperature 
compensation is obtained by a proper choice of materials (with regard 
to expansion coefficients) for the cavity and for the tuner mechanism. 

Time — • ■ 
F I G . 18-3.—Thermal-tuning curves based 

on simple exponential law. 

Presumably, this last effect could 
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The latter may incorporate struts housed in hollow screws as in the 
417A, or it may have a fixed strut and a pair of bow springs as in the 
723A/B. When the operating frequency range is small, it is possible 
to secure good compensation, but the manufacturing problem of keeping 
sufficiently tight tolerances on grid shaping and other critical dimensions 
is a severe one. For large frequency ranges with capacitive tuning, 
good thermal compensation is extremely difficult, if not impossible, to 
secure. 

Compensation schemes in which the frequency-determining elements 
are partly within and partly outside the vacuum envelope have some 
inherent disadvantages. Obviously, there will be transient frequency 
shifts accompanying any change in ambient conditions, or input power, 
unless the thermal conductivity between the parts is very high, even 
though the frequency may return to the original value when the new 
equilibrium is attained. 

This effect is quite marked in the 723A/B, which has satisfactory 
compensation for ambient changes, provided there is no attendant 
change in ventilation, but the presence of variable drafts leads to serious 
frequency fluctuations. If the temperature compensation is placed 
partly within and partly outside the envelope, there results also a baro
metric pressure effect on frequency that can be very objectionable in 
airborne equipment. The variation is due in part to a true pressure 
effect on the resonator considered as an anaeroid capsule, but the effect 
of changes in ventilation on the temperature distribution may be more 
serious. Although the 417A tube could be expected to suffer from this 
same difficulty, the effect is much smaller because of its more massive 
construction. 

With an external-cavity tube such as the 707B, compensation for 
temperature changes may be achieved by choosing a suitable material 
for the cylinder supporting one resonator grid, by bending the annular 
portion of the disk between the cylinder and the' glass, or by applying 
a bimetal ring to the lower side of the disk. The resulting temperature 
coefficient of frequency depends on the external cavity used. For a 
707B in a thick-walled brass cavity the coefficient should not exceed 
— 0.2 Mc/sec per degree centigrade at 3000 Mc/sec. 

Thermal compensation is ordinarily not considered very important 
in a thermally tuned oscillator because some form of automatic frequency 
control is almost always employed, but it does enter into the question 
of warmup drift. Fortunately, when all vital parts are mounted within 
the envelope, it is not difficult to achieve satisfactory compensation. 
Measurement of the temperature coefficient is usually not even attempted 
because of the difficulty in maintaining adequate stability in the power 
supplies. 
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18-4. Output Couplings.—Tubes with integral resonators normally 
have built-in output circuits that consist essentially of a coupling 
device and an output transmission line. The most common coupling 
device is an inductive pickup loop formed on the end of a coaxial line 
and inserted in a region of the resonator where the magnetic field is high. 
This device is used on all the Sperry tubes of the 417A family and on the 
Bell Telephone Laboratories tubes of the 723A/B family, including the 
2K45. Coupling by means of an aperture between the resonator and 
the output line, often referred to as "iris coupling," is used to a lesser 
extent, as in the 2K33, 2K50, and 2K57. A third type, the capacitive 
probe—or antenna feeding a coaxial line—is not often used except in 
external cavities of the coaxial-line type, where for optimum coupling 
a loop should be inserted in the tuning plunger, necessitating a flexible 
output line to permit tuning. Since a loop furnishes support to the 
center conductor, which otherwise would require a bead, and since the 
region of the resonator in which the electric field is strongest is already 
occupied by the electron beam, it is easy to see why the loop is generally 
preferred. l 

The output lines are often small coaxial lines provided with beads, 
which are also vacuum seals, and carry either a fitting for making con
nections to another coaxial line or (as in the 2K25 and 2K45) an antenna 
that feeds a waveguide. Where it is desired to obtain maximum effi
ciency, waveguide output lines are used (as in the 2K33, 2K50, and the 
2K57). This construction is more common for frequencies greater than 
10,000 Mc/sec, where coaxial lines must be inconveniently small and 
waveguides are no longer awkwardly large. Whether or not there is an 
inherent reason, the experience has been that waveguide windows are 
held to closer tolerances than the coaxial-line bead seals. An aperture 
can be machined to much closer tolerances and will hold its dimensions 
through subsequent processing better than small coupling loops. 

With a waveguide output line it is possible to "prep lumb" a design 
so that all tubes will be loaded correctly by a matched guide, but except 
at comparatively low frequencies this is not satisfactory in the loop-to-
coaxial line combination. Most tubes of the family typified by the 
417A require individually adjusted transformers of some sort (usually 
a double-stub tuner) in order to deliver full power to a resistive load. 
The same is true to a considerable degree of the tubes in the 723A/B 
family, with the exception of the 726C, and especially the 2K29, which 

1 Where it is necessary, for mechanical reasons, to place a pickup in a region of 
weak magnetic field (where a loop would have to have excessive inductance) a probe 
with capacitive end loading ma}' be used. This device may be considered as a very 
large loop whose self-inductance is to a large extent tuned out by the series capacitance 
between the button on the end of the probe and the opposite wall of the resonator. 



508 PRACTICAL REFLEX KLYSTRONS [SEC. 18-5 

work well into fixed loads. On the other hand, a 2K50 rarely delivers 
appreciably more power to a tuned load than to a simple terminated 
waveguide. 

In the external-cavity construction it is easy to provide a simple 
coupling adjustment, which is a more desirable method of securing correct 
loading than the use of a separate tuner. When the adjustment is 
made by rotating a loop or by partially withdrawing it from the resonator, 
the load will be constant over a wide frequency range (limited mainly 
by the changing shunt impedance of the resonator). On the other hand, 
a device such as a double-stub tuner is frequency-sensitive in itself and 
is ordLnarily located an appreciable distance (in wavelengths) along the 
line from the loop. 

18-5. Description of Some Representative Reflex Tubes.—This sec
tion contains a more detailed description of the representative reflex-
klystron tubes that are listed in Sec. 18-1 and are referred to in Sees. 18-2 
to 18-4. Some of these tubes, particularly the 417A and 2K25/723A/B, 
are important as prototypes for whole series of tubes differing chiefly 
in frequency of oscillation. Others are included because their unusual 
features will assume more importance in future designs. 

The 7075.—The 707B, which was developed at the Bell Telephone 
Laboratories and produced by the Western Electric Company, the 
Raytheon Manufacturing Company, and the Sylvania Electric Products, 
Inc., is illustrated in Fig. 18-4, which shows a photograph and an x-ray 
view. The grids G2 and (?3 are supported by thin copper disks to which 
the glass is sealed. These disks are the means by which connection is 
made to the external cavity. Most commonly the external cavity is 
radial and is split to permit insertion of the tube (see Fig. 1.5c), although 
coaxial cavities are sometimes employed when very wide tuning ranges 
are required. The three grids are slightly bowed, for the purpose of 
avoiding erratic changes in spacing as a result of thermal expansion. 
The indirectly heated oxide cathode is a flat disk, with a projecting 
focusing cylinder at the same potential. The cathode is surrounded by 
a heat shield that supports the accelerating grid Gi. This electrode is 
normally operated at the same d-c potential as the resonator grids (?2 and 
G3, but may be run at other potentials in order to adjust the power output 
by controlling the cathode current. The reflector is a shallow cup with 
slightly concave bottom. 

Since the convergence of the beam resulting from curvature of the 
reflector field is not very strong, calculations of transit time and bunching 
on the basis of a parallel beam seem reasonably accurate. The permis
sible power input is limited by the temperature of the grids. Unaer 
normal operating conditions (6 to 8 watts input), the grids are a bright 
yellow. 



SEC. 18-5] REPRESENTATIVE REFLEX TUBES 509 

The reflector voltage ranges in which oscillations are obtained at 
3000 Mc/sec with a resonator voltage of +300 volts are —30 to —75 
volts and —105 to —190 volts.1 These ranges correspond, respectively, 
to transit times of 3J and 2f cycles. Somewhat larger negative reflector 
voltages are required at lower resonator voltages or at higher frequencies. 
The half-power electronic tuning range is roughly 20 Mc/sec; the tuning 

FIG. 184.—Photograph and x-ray of a 707B tube. 

rate in Mc/sec per reflector volt depends largely on the external cavity 
and coupling loop. Tubes of this type frequently suffer from excessive 
electronic tuning hysteresis, which is caused by multiple transits. 

The 2K28, developed by the Raytheon Manufacturing Company, 
differs from the 707B chiefly in the fact that the lengths of the glass por
tions are reduced. Electrically, the tubes are practically identical, but 
the temperature compensation is slightly better in the 2K28 than in the 
707B. 

1 These voltage ranges result from manufacturing tolerances in spacings from tube 
to tube; for any one tube the regions of oscillation ("modes") are 20 to 40 volts wide. 
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The 417A.—The 417A, developed by the Sperry Gyroscope Company, 
Inc., and produced by them and by the Westinghouse Electric Company 
is illustrated in Fig. 18-5. In this tube the grids are made of radial 
vanes and have appreciable depth. As a result, heat is dissipated much 
better than in the 707B, and power inputs up to 75 watts (60 ma at 
1250 volts) are possible with forced air cooling. The side of the cavity 

Reflector 

F I G . 18-5(a).—Cross section of a 417A tube mounted in tuner. 

toward the cathode is a flexible diaphragm, and the spacing between the 
grids is controlled by three tuning struts. Coarse adjustment of fre
quency covering the range from 2650 to 3330 Me/sec is made with screw
driver and pliers; fine adjustment is provided by a screw actuating a 
bent lever under one of the struts. Thus, the two parts of the tube are 
tilted slightly with respect to each other as the grid spacing is varied. 
This fine adjustment affords a minimum range of about 200 Mc/sec. 
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Temperature compensation is obtained by using metals of different 
coefficients of expansion for the struts and the hollow-screw strut-hous
ings. By this scheme the frequency drift is held to less than 6 Mc/sec 
over the temperature range from —10° to +40CC. In general, the 
reflector voltage should not exceed —300 volts. The electron gun is 
provided with a control electrode in the form of a grid in front of the 
flat oxide-coated emitting surface.1 The control electrode is normally 

1 I I I 1 1 1 
0 1 2 3 4 5 6 

Inches 
FIG. 18'5(b).—Photograph of a 417A tube mounted in tuner. 

connected to the cathode, but if the maximum possible output is required, 
it may be run as much as 50 volts positive. Two coaxial output leads 
are provided, and r-f powers in excess of \ watt may be expected. Ordi
narily, maximum output power will not be delivered directly to a 50-ohm 
line, and some form of transformer, usually a double-stub tuner, is 
required. The electronic tuning range between half-power points will 
be about 5 to 8 Mc/sec. Where comparatively low powers will suffice, 
as in local oscillator service, the 417A may be operated at a resonator 
potential of about 400 volts with a reduced beam current. Output 

1 A control grid ia used only in the 417A; the other Sperry tubes have focusing 
rings operated at cathode potential or slightly negative. 
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powers of about 25 to 50 mw should be obtained. Various other tubes 
employing a similar structure are made for frequency ranges up to 10,300 
Mc/sec. 

The 723A /B (2X25).—The 723A/B was developed by the Bell Tele
phone Laboratories and manufactured by Western Electric, Raytheon, 
and Ken-Rad. I t has been superseded by the 2K25, which is almost 
identical except for stricter test specifications. Figure 18-6 shows a 
photograph of the tube extericr and a cross section sketch. The tube is 
designed to plug into a modified octal socket through which the output 

(a) (6) 
F I G . 18-6.—A 2K25/723A/B tube: (a) cross section and (b) photograph. 

lead (occupying the No. 4 pin position) projects into a waveguide. 
The center conductor of the output lead, protected by a polystyrene 
jacket, extends beyond the outer conductor to form an antenna. A por
tion of the envelope forming the upper surface of the resonator is flexible. 
The spacing between (?2 and G3 can then be varied by compressing the 
tuning bows and thereby tilting the upper part of the tube about the 
fixed strut as a pivot. 

In an oscillator of this type the accelerator grid Gi is mounted across 
the bottom of the cylinder supporting G2; no independent control of 
its potential is possible. The cathode is flat and is surrounded by a 
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heat-shield trumpet at the same potential, which serves as a focusing 
electrode. The cathode current of any given tube can be varied only 
by changing the resonator voltage, and for a fixed voltage it varies from 
tube to tube as a result of differences in spacing. Moderately good 
heat conduction between the grids and the envelope permits the use of 
input powers up to 8 or 10 watts, although at these input levels the mesh 
grids are probably operating at a bright-red heat. 

When operated at 300 volts on the resonator in the — 160-volt 
(nominal) reflector mode, the 2K25 delivers a minimum of 20 mw at 
any frequency from 8500 to 9660 Mc/sec. Satisfactory operation over 
a band this wide requires careful attention to the loading of the tube. 
Correct loading is obtained, using standard 1-in. by £-in. (outside) 
waveguide, if the antenna is inserted to its full length at a point 0.394 
in. from a short circuit and 0.178 in. from the center line of the broad 
face of the guide. In the region around 9375 Mc/sec, the electronic 
tuning range between half-power points will probably be at least 45 
Mc/sec, and an output power of 35 to 40 mw is not unusual. At the 
ends of the band the electronic tuning range is somewhat less. 

The 723A/B tube has served as the prototype for a whole series of 
tubes operating at various frequencies down to about 2700 Mc/sec. 
These tubes are similar in external appearance, with the exception that 
at the lower frequencies the output antenna is replaced by an extended 
center conductor that is plugged into a coaxial connector. The interior 
structure is much the same except that the lower side of the resonator is 
moved down toward the base and the cylindrical support for (?2 is cor
respondingly lengthened. Many of these tubes have also had altera
tions to the electron optics to discourage multiple transits. 

The 2K4.5.—The 2K45, which also was developed at Bell Telephone 
Laboratories, is illustrated in Fig. 18-7. In regard to frequency range, 
output power, and output coupling, this type is similar to the 2K25, 
except that it frequently produces somewhat higher power. This higher 
power is very likely due to improvements in design of the resonator and 
coupling loop. The upper surface of the resonator is flexible and actuated 
by the thermal-tuning mechanism. Because this diaphragm does not 
form part of the vacuum envelope it can be made thin, and it is slotted 
radially and corrugated to reduce further the force required from the 
tuner. Both the gun structure and the reflector are mounted on mica 
disks supported from the cavity, and the reflector retains its position 
with respect to the cathode when G3 is moved for tuning. Consequently, 
there is a greatly reduced variation in the reflector voltage required to 
produce oscillations over the band. 

The cathode in a tube of this type is concave (with a central hole to 
eliminate the axial electrons) in order to produce a crossover. The 
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aperture on the cathode side of the resonator covered with a grid (G2 

in the usual notation1) is about half the diameter of the grid (G5) on the 
reflector side. Thus, if the beam is brought to a focus below (72 so as to 
diverge slightly on entering the resonator, it will continue to diverge 
after reflection, and most of the current will fail to pass through G2 on 
the return trip. By this means multiple-transit hysteresis is almost 
entirely eliminated. 

The tuner mechanism consists essentially of a low-/i triode mounted 
from the resonator frame. The anode of the triode is in the form of a 

FIG. 187(a).—Cross section of part of a 2K45 tube. F IG . 18-7(i). — Photo
graph of a 2K45 tube. 

U-section, concave toward the cathode, and mounted so as to permit 
longitudinal expansion; it has good heat conduction from the ends. A 
bow spring made of a stack of thin laminations is fastened by its ends to 
the ends of the anode. When the latter expands as a result of electron 
bombardment, the spring, which is protected from bombardment and is 
fastened at the cool ends of the anode, is pulled down toward the anode. 
A yoke is fastened to the center of the spring and is connected to the 
diaphragm by a pair of rods. Thus, expansion of the anode flattens 
the leaf spring and, by moving G3 downward toward Gi, lowers the fre
quency. The sign of the frequency shift produced by a change in tuner-

1 The customary accelerating grid Gx is omitted in this design. An accelerating 
cylinder extends toward the cathode from the lower side of G2. 
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grid potential is the same as that produced by a change of reflector 
potential; in each case, increasing the negative potential increases the 
frequency. Using the thermal-tuner grid alone, it is usually possible to 

F I G . 18-8.—Photograph of a 2K33 tube mounted in tuner. Adjusting knob for tuning stub 
visible. Output waveguide on opposite side. 

Inches 

Fto. 18-9.—Photograph of a 2K33 tube without tuner. 

tune at least 500 Mc/sec between half-power points without changing 
the reflector potential. 

The 2K33.— The 2K33 tube was developed at the Clarendon Lab
oratory, Oxford, England, and with assistance from the Radiation 
Laboratory was put into production at the Raytheon Manufacturing 
Company. From Figs. 18-8, 189, and 18-10 it is apparent that, although 



516 PRACTICAL REFLEX KLYSTRONS [SEC. 18-5 

the 
and 
the 

Reflector 
sleeve 

2K33 is supplied with an external cavity (output waveguide 
mechanical tuner put on at the factory), it really belongs with 
707B in the disk-seal class. Unlike the 707B, however, the 

frequency range is fixed by the 
internal cavity. The construc
tion of the tube is unusual and 
will therefore be briefly described. 
The glass forming the cathode end 
is "dimpled" with three longi
tudinal creases in order to fit 
snugly on an arbor. An align
ment tool fitting the dimples and 
carrying a 0.028-in. spike is in
serted and the stamped disks and 
glass rings stacked up and sealed, 
the disks being held in alignment 
by the spike. The reflector is also 
provided with a hole so that it can 
be lined up with the same tool. 
After the reflector is sealed in, the 
tool is withdrawn and the gun 
assembly, centered in two mica 
rings, is forced in and held by 
the dimples. 

The use of apertures rather 
than grids requires the use of a 
high beam velocity to minimize 
variations in beam coupling coeffi
cient and transit angle over the 

cross section of the beam. The 2K33 is operated normally with 
1800 volts on the resonator. The gun, which is provided with a 
control electrode, produces a very fine focus in the gap region. The 
inner cavity is tuned by flexing the upper disk between the glass ring 
and the reflector sleeve, and is coupled to the outer cavity by a low-
impedance radial line about a quarter wavelength long. This outer 
region, which ideally should not be resonant, is closed by the external 
cavity ring, which has two waveguides at opposite ends of a diameter. 
One of the waveguides is closed with an adjustable choke plunger to 
act as a tuning stub; the other is the output line. The loading of the 
resonator is strongly affected by the height of the radial coupling line, 
which not only varies from tube to tube but also is changed during tuning. 
As a result, it is sometimes difficult to get reasonably constant output 

E S S Brass 
E Z 3 Nickel 
[JSSa Copper 
r V ~ l Glass 

F I G . 18-10.—Cross section 2K33 tube. 
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power over a band from 23,500 to 24,500 Mc/sec. From the electronic 
standpoint the tube should be capable of oscillating at any frequency 
from at least 25,000 down to 23,000 Mc/sec or lower, but, in practice, 
reflections from the glass restrict the range. 

The tuner mechanism consists of a flat steel spring bent in the form 
of a U. One arm is fastened to the external cavity block, the other carries 
a clamp for the reflector sleeve. The free end of the spring is pushed 
upward by a strut and a screw-actuated bent lever similar to that used 
with the 417A tube. Temperature compensation is achieved by proper 
choice of the strut material. Because a surprisingly large force is required 
to flex the upper disk, the spring must be heavy, and mechanical tuning 
hysteresis is noticeable. 

Early samples of this type gave considerable trouble because they 
had lopsided reflector characteristics and hysteresis. This trouble has 
been remedied to a large extent by a r 
modification of the reflector. In its 
original form, the reflector had a hole 
of the same diameter as the apertures 
in the disks; however, it was found 
that a small spike (a tungsten wire 
0.005 in. in diameter) mounted in the 
center of the hole reduced the exces
sive curvature of the reflector field 
while permitting the use of the spindle 
alignment technique (with a piece of FIG. i8-ii—Photograph of a 2K57 tube. 
tubing instead of a solid spike). A redesign of the disks and a change in 
dimensions of the outer cavity apparently obviates the necessity of the 
tuning stub. 

When operated at 1800 volts and 9-ma cathode current, in the reflector 
mode in the region of —200 volts, output powers from 15 to 50 mw may 
be expected. Under these conditions, the electronic tuning range 
between half-power points should be about 50 Mc/sec. Considerable 
frequency shifts will occur if the beam current is varied by means of the 
focusing electrode. These shifts result in large part from the thermal 
expansion of the nozzle or " t rumpe t " in the lower disk resulting from 
electron bombardment. Since the trumpet tapers down to a thin wall 
at its top, a small change in current distribution over the trumpet can 
make a large difference in its temperature. 

The 2K57.—The experimental type 2K57 developed at Sperry Gyro
scope Company is an example of a tube designed for transmitting 
applications. This tube is also of interest because of its novel tuning 
mechanism. As is evident from the illustrations of Figs. 18-11 and 18-12, 
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the 2K57 has a waveguide output that is iris-coupled to an integral reso
nator. The latter is tuned not by variation of the grid spacing, but by a 
plunger that varies the volume of the inductive portion. The grids are of 
a honeycomb construction, which permits improved heat conduction and 
reduced interception losses. An improved gun design with higher 
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Electron gun 

F I G . 1812 ection of a 2K57 tube. 

perveance (note the typical rating of 70 ma at 700 volts as contrasted 
with 40 ma at 1000 volts for the 417A) is also an important factor. 

Inasmuch as experimental tubes under the conditions set forth in 
Table 18-1 have given output powers of 2.5 watts, the 1.5 watts listed 
there is conservative. In achieving this greater efficiency, it has not 
been found necessary to sacrifice electronic tuning range. In fact, on a 
percentage basis this type has the largest range of those listed. Its 
great range is the result of the high current density achieved and of the 
minimizing of the parasitic or inactive capacitance across the r-f gap. 

The 2K50.—The 2K50, which was developed at the Radiation Lab-
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oratory by H. V. Neher, and later improved and redesigned for produc
tion at the Bell Telephone Laboratories, is interesting in comparison 
with the 2K33. Both tubes cover the same frequency range and have 
comparable output powers (perhaps 10 to 40 mw for the 2K50 in com
parison with 15 to 50 mw for the 2K33), yet their power-supply require
ments are very different. The explanation is that the 2K33 was designed 
primarily with regard to simplicity in manufacture, whereas the 2K50 
employs delicate parts and a relatively 
complicated assembly procedure to 
achieve exceptional performance. 

Figures 18-13 and 18-14 are, re
spectively, a photograph of a com
pleted tube and an enlarged sketch of 
the inner construction1 of an early 
model that is essentially the same as 
the final version. Referring to Fig. 
18-14, 1 is the indirectly heated cath
ode, with a concave emitting surface, 
a focusing ring 2 at cathode potential, 
and an accelerator grid 3; the combi
nation brings a beam of about 15 ma 
(at 300 volts or less) to a focus below 
the r-f gap formed by grids 4 and 13. 
Partly as a result of curvature of the 
grids, the beam enters the reflector 
space almost parallel. The reflector 
14 is given the same curvature as.GY3 in 
its central region, and the curvature 
near the edges is increased by "cut and F,G- ^".-Photograph of a 2K50tube. 
try " methods until about 90 per cent of the beam returns through (72. The 
cavity 5 is a hole in the block 6. closed on the lower side by the support 
for Gi which has a conical nozzle, and on the upper side by a thin corru
gated diaphragm to which G3 and the reflector sleeve are fastened. 

A portion of the cavity block is^cut away to form the iris 18 coupling 
to the tapered waveguide 19, 21. This waveguide is standard width 
throughout its length, with the height tapering from that of the cavity 
to standard height at the window. The end of the waveguide is con
nected for radio frequency by a choke joint 22 to the Kovar cup 26 carry
ing the glass window 27. In the completed tube an insulating flange is 
provided in order that the tube may be mounted with a slight modifica-

1 For a more complete description see H. V. Neher, "A Low-voltage K-band 
Oscillator," RL Report No. 764, Sept. 17, 1945. 

^ T E R N ELEC*<f! 
j **e>E IN u.s.*»'- 1 
f 2K50. 1 
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tion of the standard choke joint. In the production design, the cavity 
is solidly connected to the tube envelope in order to improve the cooling. 

In this tube, because of the small mechanical motion required to 
tune over the band, the thermal tuner is somewhat simpler than that 
employed in the 2K45. The tuning element is formed by the two struts 
8, which are metal strips creased longitudinally for most of their length 
to provide stiffening. These are fastened at one end to an eyelet on the 
reflector sleeve, and at the other to the upper and lower sides of a rigid 
U-shaped support 7 welded to the resonator block. The ends of the 
struts are kept cool by conduction through 7 and the flexible copper 
strap 12. When the upper strut is heated by bombardment from the 

cathode 10 (under control of the grid 9) it expands; the lower strut, which 
is protected from bombardment, retains its dimensions. The junction 
of the two struts at the eyelet thus tends to describe an arc with the lower 
strut as radius. For the small motions considered here, the resultant 
is practically a vertical motion of the whole reflector assembly and ff3, 
because the diaphragm will resist any lateral displacement. It is evident 
that a tuner of this type tends to be self-compensating for ambient 
temperature changes if the cavity block, strut support, and reflector 
sleeve are all of the same material. In the 2K50 tube temperature 
compensation, as evidenced by warmup drift, is very good indeed. 

The speed of this thermal tuner is remarkable. If the tube is allowed 
to reach equilibrium at one end of the 6 per cent tuning range centered 
on 24,000 Mc/sec, and the tuner power is cut off or applied full on as 
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the case may be, the other end of the range will be reached in 1.2 to 
2.6 sec. Near the middle of the range, tuning speeds of 600 to 800 
Mc/sec/sec are obtained. 

The grids are parallel wires rather than meshes, and are wound with 
0.0006-in. tungsten wire, spaced 0.0037 in.; they are bowed to a radius 
of 0.10 in. A grid of this type will stand input powers up to 5 watts 
safely. Alignment of this tube is somewhat less critical than that of 
the 2K33 because the apertures are each 0.040 in. in diameter. The 
reflector shape is such that a lateral displacement of a few mils would 
probably not be very serious, but if the spread in transit angles of the 
returning beam is not to exceed ir/4 radians, the tilt of the axis of the 
reflector must be less than 1 degree. 

18-6. Power Supplies. Pulse Operation.—Reflex klystrons are often 
"keyed" to produce short bursts of r-f power at levels not far in excess 
of normal values, but they are seldom operated under pulse conditions 
with high peak input and output powers because magnetrons are supe
rior in efficiency and power-handling ability. At duty ratios of the order 
of magnitude of TOW. the performance of reflex klystrons has been dis
appointing, possibly because few have been designed for the requisite 
high voltages, but at duty ratios near X5, which are of interest in pulse 
communication systems, they can be designed for appreciably higher 
efficiency than c-w tubes of the same general construction. For example, 
the 2K54 and 2K55 tubes, which physically resemble the 723A/B 
family, have a specification limit on output power of 7.5 watts minimum 
when pulsed at j1-,,- duty ratio at 1130 volts. Under these conditions the 
minimum efficiency is 5.6 per cent, and the average tube should do much 
better. ■ Since tubes specially designed for this class of applications are 
not yet common, it does not appear worth while to consider detailed 
design of suitable pulse generators. The pulse voltage should be applied 
to the resonator, or simultaneously to the cathode and reflector, if a 
grounded resonator is desired. The applied voltage pulse must have a 
good fiat top to avoid frequency modulation during the pulse. This 
requirement is considerably more severe than in magnetron practice 
because the electronic tuning rates for reflex tubes are larger. Questions 
of " j i t t e r " and starting time are too specialized for discussion here; the 
latter was considered with reference to the 2K25 in Chap. 16. The 
balance of this section is devoted to general considerations applicable 
to power supplies for reflex tubes used as generators of continuous waves 
or modulated CW. 

C-w Operation. Polarity. One of the first points to be settled in 
designing a power supply for a reflex oscillator is that of polarity. As in 
conventional vacuum tubes, it is customary to refer all voltages to the 
cathode, but it is often impractical to run a klystron with the cathode 
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grounded. In applications such as signal generators, where a power 
supply is built for this purpose alone, it is generally desirable to operate 
with the resonator grounded in order that direct connections may be 
made to the r-f output terminals and that the resonator may be tuned 
without danger of shock. When the reflex klystron is used as the local 
oscillator in a microwave superheterodyne receiver, however, it is usually 
possible to obtain some, if not all, of the necessary regulated voltages 
from existing supplies and it may then become desirable to operate with 
the cathode grounded and the resonator at a positive d-c potential of 
hundreds of volts. This polarity is used most often with those types 
that operate normally with resonator voltages not over 300 volts. The 
2K50 is provided with an insulating mounting flange especially for this 
purpose, and tubes like the 2K45 and 2K25/732A/B, which have output 
antennas, are usually operated with the cathode grounded. When this 
is done, an insulated shaft is needed on the tuning control. With external 
cavity tubes such as the 707B, it is easy to insulate the coupling loop, 
and with coaxial output tubes like the 726's, an insulating section can be 
designed in the coaxial-line adaptor. 

Necessity of Voltage Regulation. Regulation will be needed for both 
the resonator and reflector voltages if the output power is to be reason
ably free from amplitude and frequency modulation. Sometimes in 
superheterodyne local oscillator applications, where the reflector voltage 
is obtained from an automatic-frequency-control circuit, an unregulated 
supply is used for the resonator. This supply must have adequate 
filtering to keep the ripple negligible. A variation of the reflector voltage 
will be sufficient to compensate for any electronic tuning resulting from 
resonator-voltage variations, but unfortunately, in most reflex tubes, 
the power dissipated in the grids will vary as the f power of the resonator 
voltage, and the resulting temperature changes will cause appreciable 
shifts in resonant frequency of the cavity. It then becomes necessary to 
sacrifice a portion of the useful electronic tuning range to compensate 
for the thermal tuning.1 This practice may be satisfactory provided 
the fluctuations in line voltage are not severe. 

Compensating Circuits. A method of compensating for line-voltage 
changes without complete regulation has been described by engineers 
of the Sperry Gyroscope Company.2 Like the arrangement mentioned 
in the preceding paragraph, this method will compensate for the elec
tronic tuning resulting from voltage variations but will not remove 
amplitude modulation or frequency shifts resulting from thermal effects. 

1 This point is discussed more fully in the RL Group Report 53-4/17/45, "Regula
tion of Resonator Voltage in Reflex Oscillators," by J. B. H. Kuper, D. N. Sands, 
and P. A. Cole. 

! "Klystron Technical Manual," Sperry Gyroscope Co., Inc., 1944, pp. 65-66. 
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If — V0 and — (Vo + \Vr\) are the cathode and reflector voltages, respec
tively, measured with reference to the resonator, the time of flight in 
the reflector region will be proportional to \/VQ/(VQ + [Vr\), assuming a 
uniform retarding field and neglecting space charge. Electronic tuning 
effects will be eliminated if this time of flight is constant, apart from the 
small effects that are due to the variation of the transit time in the r-f 
gap. I t is easy to show by differentiation that the time in an ideal 
reflector field will be constant if 

A(Fo + \Vr\) _ 1 A 7 Q 
(V0 + \Vr\) 2 Vo ' W 

or if the fractional change in reflector voltage is made half the fractional 
change in cathode voltage. This condition can be satisfied by supplying 
the reflector partly from a stable source and partly from the same unregu
lated supply furnishing the cathode-to-resonator voltage, as is illustrated 
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FIG. 18-15 (a) and (b). 
(a) 

-Circuits tor compensating electronic tuning resulting from line 
voltage variations. 

schematically in Fig. 18-15. Figure 18-15o shows an arrangement using 
gas-discharge voltage-regulator tubes fed from an auxiliary half-wave 
rectifier operating on the same transformer as the main supply. A circuit 
of this type is reported to be satisfactory for line-voltage variations up 
to +10 per cent. Batteries may also be used, as indicated in Fig. 
18-156, because the drain in the reflector circuit is infinitesimal. In 
practice, Eq. (4) is used only as a rough guide in setting up the circuit, 
and the constants are adjusted empirically for the particular reflex 
oscillator used. These circuits may need readjustment to restore good 
compensation after a major change in operating frequency has required 
a large change in reflector voltage. This necessity for individual adjust
ment, together with the residual amplitude modulation and thermal-
tuning effects, has greatly restricted the application of this method, which 
appears most attractive in connection with high-power tubes. 

Electronically Regulated Supplies. A discussion of the details of 
regulated power supply design is beyond the scope of this book, but 
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some general remarks of particular interest in the present connection 
may be worth while. Regulators suitable for reflex klystron supplies 
may employ cold-cathode gas-discharge tubes or may be of the so-called 
"electronic" type in which the voltage drop in a series tube (ordinarily 
a triode) is controlled. This type, among others, has received extensive 
discussion by Hunt and Hickman,1 and in spite of its apparent greater 
complexity, is usually more economical than the gas-discharge type. 
The reference voltage, however, will ordinarily be provided by one or 
more gas-discharge tubes that also regulate the reflector supply. Since 

Resonator 

(6) 
Flo. 18-16.—Schematics of typical electronically regulated supplies for reflex oscillators. 

an electronic regulator is very effective in reducing ripple, a much smaller 
filter can be used than would otherwise be possible. Two versions of 
electronically regulated supplies are shown schematically in Fig. 18-16. 
In Fig. 18-16a an auxiliary supply furnishes the reference voltage and 
the reflector supply. Since the principal drain on this supply is the cur
rent drawn by the gas-discharge tube, the supply can be a simple half-
wave arrangement with 7?C-filtering. In Fig. 18-16b only one rectifier 
and filter are used, but the voltage out of the filter must be the sum of 
the resonator and reflector supply voltages, plus the drop in the series 
tube. This higher voltage may increase the cost of the filter condensers 
and transformers enough to make circuit (a) preferable. Also, in cir-

1 F. V. Hunt and R. W. Hickman, "On Electronic Voltage Stabilizers," Rev. Sci. 
Inst. 10, 6, (1939). 
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cuit (6) the beam current in the oscillator plus the screen-divider current 
for the pentode must flow through the gas-discharge tube; consequently 
this scheme is restricted to those tubes having currents in the desirable 
working range of the gas-filled tutyes;1 This restriction is not severe 
because a great many reflex tubes have normal currents in the range 
15 to 25 ma. 

An annoying phenomenon that sometimes occurs in regulators of the 
types shown in Fig. 18-16 is a high-voltage surge occurring when the 
supply is first turned on. Such a surge results when the series tube, 
which is usually a quick-heating triode, starts to conduct before the 
pentode control tube has warmed up. The remedies are obvious: use 
of a slow-heating rectifier tube, or sequence switching with a time delay 
to prevent the application of the high voltage until the cathodes are 
warmed up. Generally, however, this surge applied to a cold oscillator 
tube does no harm. 

Many tubes require, in addition to heater, resonator, and reflector 
voltages, a voltage for a control electrode (for example, the Sperry tubes 
of the 417A family and the 2K33) or a bias for a thermal-tuner grid 
(as in the 2K45 and the 2K50). Because supplies of the sort indicated 
in Fig. 18-16 have available regulated voltages both positive and negative 
with respect to cathode, one can obtain such extra voltages by a potentiom
eter arrangement. Most of the Sperry tubes operate satisfactorily 
with the control electrode at cathode potential, but the 417A requires a 
small positive bias for optimum performance. The rest of the Sperry 
reflex klystrons require zero or negative biases. Some of the higher-
power tubes may have secondary emission from the control electrode and 
therefore require a low-impedance bias supply. The manufacturer's 
recommendations should be adhered to carefully in this respect. 

Reflector Supply Impedance. Although normally no current other 
than leakage current and a small gas current will flow in the reflector 
circuit, it is inadvisable to have a very high impedance there. Many 
reflectors have secondary emission ratios greater than unity so that if the 
reflector momentarily goes positive as a result of some transient, and a 
high impedance is present, the reflector may bias itself positively and 
hold its bias. The condition is sometimes called "blocking," generally 
results in a considerable evolution of gas, and may ruin the tube. Such 
an accident is most likely to occur when the primary power is removed 
briefly and restored before the cathodes have cooled; it is much more 
probable with a grounded-resonator supply circuit than with a grounded 

1 Although series operation of gas-discharge regulator tubes is satisfactory and 
often employed, (the only precaution required being to shunt a high resistance across 
each tube but one), parallel operation is rarely attempted. Because equalizing 
resistors are necessary, the regulation obtained is poor. 
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cathode. Similar troubles may be encountered if too large a modulating 
voltage is applied to the reflector. In either case a diode connected 
between cathode and reflector so that the reflector is prevented from 
going positive is well worth the expense. 

Accuracy of Regulation. The degree of regulation required is clearly 
a function of the frequency stability required in a particular application. 
Unfortunately, the electronic tuning rate—the frequency change per 
volt change on the reflector—cannot be specified for a particular tube 
unless the load is also specified. This fact is evidenced by the fact that 
the loaded Q of the resonator appears in the expressions for electronic 
tuning derived in previous chapters. To give an idea of magnitudes, 
eighty out of one hundred 2K25 tubes tested in the load described in the 
preceding section had tuning rates at 9370 Mc/sec between 1.4 and 
3.1 Mc/sec per reflector volt.1 

With spreads as large as this, it is difficult to be specific about the 
regulation requirements in a given application, but it is safe to conclude 
that ripple and other fluctuations must be held to a small fraction of a 
volt. To the extent that the assumptions made in connection with 
Eq. (4) are valid (the neglect of thermal tuning effects is the most serious), 
it can be shown that the electronic tuning rate with respect to resonator 
voltage will be the rate with respect to reflector voltage multiplied by the 
factor | ( 1 — |T r | / |y0!)- Because \V,\ is usually about half of |F0 | , the 
conclusion is that, provided thermal effects are absent, the regulation of 
the resonator voltage need be only about one quarter as good as that of 
the reflector supply on an absolute basis, or half as good as the reflector 
supply on a percentage basis. 

More specific data and complete diagrams of typical power supplies 
may be found in Chap. 3, "Power Sources," of Vol. 11 in the Radiation 
Laboratory Series. The manufacturers' bulletins should be consulted 
for information on the peculiarities of specific types. 

1 J. B. H. Kuper and D. S. Beers, "Electronic Tuning of Reflex Oscillators," RL 
Report No. 774, Aug. 1, 1945. 
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densi ty-modulat ion, 50, 58, 68, 99 
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veloci ty-modulat ion, 50, 56, 69, 99 

Amplifier, 18-23 
cascade, 240, 243, 244, 249, 271-284 

2K35, 22 
cascade power, 249 
cascade voltage, 249 
high-efficiency, 148, 162 
klystron, 20-23 
power, 21-23, 249 
r-f, 18-21, 257-259 
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Apertures, 500 
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Asymmetry , degree of, 391 
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Bandwidth , 151 
Barlow, E., 259, 278 
Beam conductance, 44, 64, 252, 318 
Beam coupling, 41 

Beam-coupling coefficient, 33-35, 42, 
203, 231, 269, 332, 499 

Beam-coupling coefficient M, 231, 241 
Beam current, effective, 335 
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Beam loading, 44, 225, 231, 254-256, 

260, 267, 269, 289, 332, 380 
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Beam-loading coefficient, 43 
Beam-loading conductance, 45 
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Beam-loading susceptance, 45 
Beam potential , 44 
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Blocking condenser, 164 
Bowen, A. E., 30 
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cascade, 229, 240-245, 393 
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influence of reflector field on, 373—383 
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Bunching parameter , 205, 215-217, 219-
221, 223-224, 228, 243, 292, 313, 
314, 320 
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Bunching paramete r X, 241, 304 
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273 
Bunching t ime, equivalent, 374, 3 7 5 -

382 

C 
Caldwell, J . J., 269 
Cascade bunching (see Bunching, cascade) 
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Cathode, virtual, 157 
Cathode bias, 176 
Cathode emission, 191 
Cathode-grid region, 104 
Cathode interception of electrons, 396 
Cavity, coaxial-line, 72 

lossless, impedance of, 406 
radial-line, 72 
reentrant, 71 
reference, 24 

Cavity design, typical, 188 
Cavity excitation, 90 
Cavity parameters, determination of, 410 
Cavity resonators, 7, 70 
Charge density, 123 
Chodorow, M., 269, 279 
Circle diagram representation, 417 
Circuit, butterfly, 174 

compensating, 522 
grid-separation, 146 
lumped-constant, 80 

Circuit admittance, 81, 319 
total, 99-100 

Circuit-coupling coefficient, 298, 299 
Circuit efficiency, 251, 267, 306 
Circuit efficiency JJL, 304 
Circuit phenomena, basic, 70 
Circuit transadmittance, 297, 300, 302 
Coaxial lines, 7 
Cold test, 404 

theory of, 405 
Cold-test procedure, 409 
Conductance, beam (see Beam conduct

ance) 
critical, 265 
load, 319, 328 

Conductance Gc, critical, 269 
Conductance parameter (see Parameter, 

conductance) 
Continuity equation, 84, 214 
Cooling, 177 
Coupling, beam, 41 

critical, 307, 308 
iris, 507 
load, 197 
output, 422, 507 

Crystal temperature, 473 
Current, beam, 32 

bunched, waveform of, 205-207 
bunched beam, waveform of, 218 
circulating, 32 
conduction, 36 

Current, displacement, 36 
driving, 32, 42, 43, 49, 58, 98, 338, 340, 

345 
with noise, 491 

electron, 48 
exciting, 50, 58, 68, 99, 106 
integrated, 123 
noise exciting, 106, 112 
starting, 320, 333 
total, 32, 36, 39, 48 

Current density, 354-357 
total, 37, 84 

Current distribution function, 100, 122 
Current peaks, infinite, 206, 233-236 
Current waveform, 243 
CV90 (planar triode), 23 

D 

D-c conditions, 129, 140 
D-c field, constant, 59 
D-c gap field, 46 
D-c relations, 62 
Debunching, 66, 209-217, 219, 252, 253, 

262-263, 268, 278, 286-293, 294 
longitudinal, 214-217 
transverse, 212-213 

Debunching wave number, 211 
Density modulation, 33, 40, 57, 59, 132, 

143 
Density-modulation function, 132 
Detuning, 298, 299, 305, 307, 310 
Diode, 17 

equivalent, 368 
space-charge-limited, 113 

Diode mixer, 17 
Diode noise, temperature-limited, 158 
Diode resistance, a-c, 113 
Drift action, 35 
Drift distance, 252-253 
Drift length, 286 
Drift space, 203, 212, 218-219, 231, 248 

field-free, 212, 222-224, 230 
Drift-space characteristics, 218-224 
Drift-space coefficients, 219-224, 271, 

374, 377, 387 
Drift-space coefficients a„, 241 
Drooping, 185 

E 

Efficiency, 27, 28, 269, 305, 310, 349, 
378-383 
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Electron beam, 31 
Electron optics, d-c, 352-357 
Electronic efficiency, 304 
Electronic efficiency v*, 304 
Electronic phenomena, 31 
Electronic transadmittance {see Trans-

admittance, electronic) 
Electronic transconductance {see Trans-

conductance, electronic) 
Electrons, cathode interception of, 396 

multiple-transit, 393-403 
secondary, 254 

Excitation, 99, 100, 102 
Excitation function, 101 
Excitation impedance, 127, 133 
Excitation matrix, 112 
External Q, 408 

F 

Feedback, 152, 294-295, 301 
Feedback arrangements, 179 
Feenberg, E., 209, 213, 225, 240, 243, 

255, 264, 279, 283, 284, 287, 444 
Fcldman, D., 209 
Figure of merit, 19-22, 152 
Fluctuations, cathode and partition, 106 
410R klystron, 21, 26, 27, 296, 300, 310 

operating characteristics of, 268-270 
417A tube, 378, 510 
Frequency, resonant, 86 
Frequency-doubling, 400 
Frequency modulation, 27, 441, 447, 465-

469 
Frequency multiplication, in detector 

crystals, 24 
Frequency-multiplication chain, 286 
Frequency-multiplier klystrons (see 

Klystrons, frequency-multiplier) 
Frequency multipliers, 23-25, 232 
Frequency stability, 179, 191, 328 
Frequency-tripling, 400 

G 

G,, dependence of, on </>, 385-387 
Gain, 147 

gap-voltage, 250 
voltage-amplifier, 252-257 

Gain-bandwidth product, 19-21 
Gap, high-velocity, 54 

input, 202, 225-226 

Gay, low-velocity, 60 
output, 225-226, 231 

Gap admittance {see Admittance, gap) 
Gap transit angle {see Transit angle, gap) 
Gap voltage, 49, 133 

large, 232-240 
momentary, 446 

Gap-voltage characteristics, finite, 218-
224 

Gap-voltage spectrum, 480 
Garrison, J. B., 385 
Gas focusing, 212 
Grid, 500 

transmission coefficient of, 108 
Grid-absorption losses, 269 
Grid bias, 193 
Grid current, 107 
Grid-leak bias, 175 
Grid noise current, 107-109, 120 

total, 117 
Grid partition current, 108 
Grid-plate capacitance, 184 
Grid pulsing, 187 
Grid-screen regions, 115 
Grid transadmittance, 107-109 

H 

Hahn, W. C, 209 
Hamilton, D. R., 444 
Hansen, W. W., 209, 255 
Harmonic bunching, 281 
Harmonic content, 207, 209, 217, 239, 

240, 245 
Harrison, A. E., 273, 278, 279, 283, 288, 

293 
Hartree, D. R., 382 
Haxby, R. O., 288, 293 
Heil tube, 29 

S22A, 30 
High-frequency gm, 149 
Hysteresis, 221, 330, 431 

multiple-transit, 397-403 
in reflex klystrons, 384^03 

I 

Impedance, a-c, 64 
beam-loading {see Beam-loading 

impedance) 
excitation {see Excitation impedance) 
gap, and admittance, 110 
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Impedance, pulser load, 187 
Impedance discontinuity in output line, 

427 
Induced charge, 36, 37 
Input, space-charge-limited, 110 
Input circuit noise, 157 
Input gap (see Gap, input) 
Input loading, 155 
Input noise, 112 
Iris coupling, 507 

J 

Johnson noise, 257 

K 

Kernel, 143 
resolving, 127, 128 

Kernel K, 127 
Klystron bunching, 201-247 
Klystron mixers, 18 
Klystron oscillator (see Oscillator, kly

stron) 
Klystrons, 11 

amplifier, 248-284 
cascade-amplifier, 22 

power, 280-284 
voltage, 271-278 

410R (see 41 OR klystron) 
frequency-multiplier, 22, 285-294 

applications of, 286 
2K37, 285 

multiresonator, 248 
oscillator-buffer, 28, 295-296 

2K34, 29, 296 
power-amplifier, 260-271 
reflex (see Reflex klystron) 
726, 403 

Knipp, J. K., 225, 452 

L 

Langmuir-Childs law, 356 
Levinthal, E. C , 279, 283 
Lighthouse tubes, 9, 286 

inverted, 163 
2C40, 20, 25, 26 
2C43, 21, 25 

Llewelyn, F. B., 30 
Llewelyn approximation, 101, 129, 135 
Llewelyn electronic equations, 66 

Llewelyn's equation, 61 
Load, high-Q, 435 

optimum, 251, 267 
Load conductance, 319, 328 
Load coupling, 197 
Load effects, 404 
Loaded Q, 319 
Long-line effects, 429 
Losses, 407 

in output lead, 416 
in output line, 423 

M 
Marcum, J., 30 
Metealf, G. F., 209 
Microwave frequencies, crystal-con

trolled, 286 
Microwave receivers, 5 
Mixer, 17-18 

balanced, 471 
Mode, fundamental, 71 

high, 352 
principal, 71 

Mode asymmetry, 384-403 
low, 385-387 

Mode discontinuities, 401 
Mode distortion, 330 
Mode loci, 357, 359, 360 
Mode locus, normalized, 360 
Mode numbers, assignment of, 358 
Mode shapes, 308-310, 330 
Modulation, 22 

amplitude, (see Amplitude modulation) 
of beam current, 452-454, 465-469 
density (see Density modulation) 
depth of, 203, 269 
frequency (see Frequency modulation) 
phase (see Phase modulation) 
reflection-time, 454-455 
reflex-klystron, 441-469 
square-wave amplitude, 441 
of time of passage, 56, 59 
velocity (see Velocity modulation) 
weak, 313 

Modulation admittance, density and 
velocity, 114 

Modulation coefficient, 35 
Modulation functions, 99-101 

density and velocity, 127 
Modulation matrix, 99, 102, 115 
Modulation theory, quasistatic approx

imation in, 444-446 
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Monotrons, 30 
Multiple t ransi ts , 352 
Multiplier efficiency, 293 
Multiplier operat ion a t high input -gap 

voltage, 293 

N 

Neher amplifier tubes, 153 
Neutral izat ion, 169 
Noise, 257-259 

dependence of, on load, 477 
low-frequency, 482 
in reflex klystrons, 470 
separate sideband, 475 
theory of, 489 

Noise circuit equations, 493 
Noise current, coherence of, 482 

output , 108 
Noise figure, 6, 107, 11G, 120, 121 
Noise level, 461 
Noise measurement , 471 
Noise-power spectrum, 485 
Noise ratio, 159 
Noise shot, 481 
Noise voltage, mixing of, 484 

O 

1280 C T floating-drift-tube oscillator, 29 
Operation, modes of, 312 
Oscillation, condition for, 299, 302, 303, 

348 
damped, 89 
frequency of, 306 
modes of, 301, 307 
parasitic, 176 
phase relations for, 329 
steady, 314 

Oscillation relations, general, with sinu
soidal modulat ion, 462-465 

Oscillator, 25-31 
floating drift-tube, 295 

1280 CT, 29 
grid-separation, 172, 177 
idealized, 337 
klystron, 26-30 

floating-drift-tube, 29 
reflex, 27-28 
two-cavity, 26-27 
two-resonator, 294—310 

equivalent, 296 
reentrant , 179 

Oscillator, tr iode, 25-26 
modulat ion of, 185 
tuning of, 180 

Oscillator circuits, 171 
Output circuit noise, 159 
Outpu t conversion efficiency, 327 
Outpu t coupling, 422, 507 
Output efficiency, 304 
Outpu t power (see Power, ou tput ) 
Outpu t regions, 115 
Overbunching, 222, 253, 261-263 
Overcoupling, 307, 308 
Overdrive, 261 

P 

Parameter , bund l ing (see Bunching 
parameter) 

conductance, 319, 320 
internal, 322 

grid-screen smoothing, 122 
pulling, 437 

Parameter modulat ion, 449, 452-455 
Perveance, 371 
Phase, op t imum, 312 

s ta t ionary, points of, 233, 236, 240 
Phase aberrat ions, 380 

and reflector nonlinearities, compari
son of, 382-383 

Phase angle, 317 
Phase factors, 344 
Phase modulat ion, 257, 447, 464-469 
Phase shift, 221-222, 230-231 
Phase shift hysteresis, 387-393, 401-403 
Pierce, J. R., 353, 373 
Plate-plunger position, 192 
Power, ou tput , 264-267, 304, 331 

and efficiency, 320 
Power amplifier, 21-23, 249 
Power gam, 106 

small-signal, 270 
Power supplies, 521 
Probabil i ty functions, 438 
Pulling, 416 
Pulling figure, 197 
Pulse buildup, 458-462 
Pulse operation, 187 

R 

Radians per volt , 361 
Ramo, S., 209 
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Raytheon Manufactur ing Company, 403 
Reference plane, 407 
Reflecting field, 222-224 
Reflection coefficient, 409 
Reflection t ransi t t ime, 465-469 
Reflector, deep, 366 

hemispherical, 367 
nonideal, 352-383 
plane-parallel space-charge-free, 359 
space-charge-free recessed, 364-367 

Reflector field, influence of, on bunching, 
373-383 

with phase aberrat ions, 382-383 
Reflector mode pat terns , 357-374 
Reflector space-charge effects, 373 
Reflector supply impedance, 525 
Reflex klystron, 211, 218-219, 222, 223, 

226, 230, 238, 240, 311 
noise in, 470 
static characterist ics of, 442-444 

Reflex-klystron modulat ion, 441-469 
Reflex oscillator types, 495 
Reflex tube, 707 B, 508 

723 A / B , 512 
2K25, 512 
2K33, 392-403, 516 
2K45, 514 
2K50, 519 
2K57, 517 

Resonant circuit, driving of, b y slowly 
changing r-f current, 455 

Resonator admit tance , 319 
Resonator design, 498 
Resonator tube, external, SD-835, 379 
Retarding field, 138 
R-f relations, 64 
Rieke diagram, 405 

experimental, 432 
ideal, 414 
practical, 421 

S 

S22A, Heil tube, 30 
Scaling, 373 
Screen noise current, 109, 121 
Screen t ransadmi t tance , 109 
Screen transmission coefficient, 109 
SD-835, external resonator tube, 379 
707B reflex tube, 508 
723 reflex klystron, 27 
723A/B reflex tube, 512 

726, klystron, 403 
Shepherd, W. G., 385 
Shot effect, 258 
Shunt conductance, 76, 88, 280 
Shunt conductance G, 77 
Sign convention, 297, 394 
Signal amplifier, 18-21 
Signal-to-noise ratio, 257 
Sink, 418 

second region of, 430 
Smoothing factor, 66 
Space charge, 209-217, 372 

invariance of, 372 
Space-charge density, 354-357 
Space-charge devices, 97 
Space-charge factor, 121 
Space-charge smoothing, 160 
Space-charge t rans i t - t ime effects, 367-

373 
Spectra, pr imary, 490 
Spectral density, 112-114 
Sperry Gyroscope Company, 255, 259, 

269, 278, 279, 283, 284, 287, 288, 
293, 296, 300, 444 

Stabilization, 435, 439 
Superregeneration, 176 
Sylvania Electric Products , Inc. , 379 

T 

Tetrode, 108, 119 
Thermal compensation, 505 
Thermal effects, 413 
Thermal tuning, 503 

speed of, 504 
Transadmi t t ance , circuit, 297, 300, 302 

electronic, 52, 98, 106, 108, 116, 117, 
120, 121, 250, 252, 278, 297, 300, 
302, 313, 317, 318, 346 

internal, 50, 68 
grid, 107-109 
internal, 58 

Transadmi t t ance diagrams, 302-304, 
308-310 

Transconductance . effective, 146 
electronic, 280 

small-signal, 252, 297, 299, 331 
maximum, 151 

Transient phenomena, 458-462 
Transi t angle, 33, 41 

gap, 226-227, 231, 316 
finite, 224-232 
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Trans i t angle, spread in, 150 
Transi t t ime, 33, 356 
Transi ts , multiple, elimination of, 403 
Triode, high-mu, 108, 116 

planar, 286 
CV90, 23 

Tubes, l ighthouse (see Lighthouse tubes) 
multigrid, 106 

Tuning, electronic, 315, 323, 350, 420 
l ineari ty of, 443 

Tuning curve, 178 
Tuning methods, 502 
Tuning range, electronic, 27, 28, 331, 336, 

378-384, 443 
half-power, 327 

Tuning rate, electronic, 443 
Turn-a round point, 367, 368, 377, 381 
2C40 l ighthouse tubes, 20, 25, 26 
2C43 lighthouse tubes, 21, 25 
2K25 reflex tube, 512 
2K33 reflex tube, 392-403, 516 
2K34 oscillator-buffer klystron, 29, 296 
2K35 cascade amplifier, 22 
2K37 frequency-multiplier klystron, 285 
2K45 reflex tube , 514 
2K50 reflex tube, 519 
2K57 reflex tube, 517 

U 

Undercoupling, 308 
Unloaded Q, 76, 87 

V 

Velocity, average, 100, 123 
fluctuation in, 483 

Velocity distr ibution, 100 
Velocity distr ibution phenomena, 122 
Velocity modulat ion, 34, 40. 46. 55, 59. 

133. 201-203, 218-219, 224-228, 233, 
240, 245-246, 260 

second-harmonic, 228-230, 244 
Velocity spectrograph, 269 
Velocity spread, 60 

narrow, 137 
Voltage generator, equivalent , 456, 463 
Voltage regulation, 522 
Voltage source, internal, 51 
Voltages, and dimensions, scaling of. 

354-357 
output-gap, l imitat ions on, 263-264 
plate and heater, 195 

W 
Waveform, bunched-beam-current , 2 3 3 -

235 
bunched current, 229 

Waveguides, 7 
Wavelength, free-space, 70 

resonant, 73 
Wavelength limit, long, 373 

short , for klystron operation, 373 
Wavelength range, 373 
Webster, D . L., 203, 209 
Width , half-power, total , 323 
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Foreword 

THE tremendous research and development effort that went into the 
development of radar and related techniques during World War II 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. Because this 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super
vision of the National Defense Research Committee, undertook the great 
task of preparing these volumes. The work described herein, however, is 
the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 
and other Dominions. 

The Radiation Laboratory, once its proposals were approved and 
finances provided by the Office of Scientific Research and Development, 
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 
project. An editorial staff was then selected of those best qualified for 
this type of task. Finally the authors for the various volumes or chapters 
or sections were chosen from among those experts who were intimately 
familiar with the various fields, and who were able and willing to write 
the summaries of them. This entire staff agreed to remain at work at 
MIT for six months or more after the work of the Radiation Laboratory 
was complete. These volumes stand as a monument to this group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of other scientists, engineers, and others who actually carried 
on the research, development, and engineering work the results of which 
vire herein described. There were so many involved in this work and they 
worked so closely together even though often in widely separated labora
tories that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote reports 
or articles have even been mentioned. But to all those who contributed 
in any way to this great cooperative development enterprise, both in this 
country and in England, these volumes are dedicated. 

L. A. DUBRIDGE. 
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Preface 

IN THE engineering application of low-frequency currents, an impor
tant step forward was the development of the impedance concept 

and its utilization through the theory of linear networks. It was almost 
inevitable that this concept would be generalized and become useful in 
the application of microwaves. This volume is devoted to an exposition 
of the impedance concept and to the equivalent circuits of microwave 
devices. It is the intention to emphasize the underlying principles of 
these equivalent circuits and the results that may be obtained by their 
use. Specific devices are not discussed except as illustrations of the 
general methods under consideration. These devices and the details of 
the design procedure are treated in other volumes of this series. The 
solutions of the boundary-value problems which give the susceptances 
of microwave-circuit elements are likewise omitted. The results of such 
calculations that have been performed up to the present time are com
piled in Vol. 10, the Waveguide Handbook, and these results are used 
freely. Although the work of the Radiation Laboratory at M I T was 
the development of military radar equipment, the principles discussed 
in this volume can be applied to microwave equipment of all kinds. 

T H E AUTHORS 
N E W H A V E N , C O N N . , 

February, 1947. 
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CHAPTER 1 

INTRODUCTION 

B Y E. M. PURCELL 

1-1. Microwaves.—The microwave region of the electromagnetic 
spectrum is commonly taken to include frequencies of 109 cycles per second 
and higher. The upper frequency limit exists only as an active frontier 
lying, at the time of writing, not far below 1011 cycles per second. It is 
not necessary here to attempt to- fix the boundaries more precisely. 
Instead, it may be asked why it is profitable and proper to single out for 
special treatment this section of the. r-f spectrum. The answer to this 
question will provide a broad definition of "microwaves" and may serve 
to indicate the scope and purpose of this book. 

The distinguishing features of this region of the spectrum are most 
striking from the point of view of the electrical engineer. Indeed, from 
the point of view of the physicist concerned with the properties of matter 
and radiation, boundaries such as those suggested above would appear 
wholly arbitrary. If he were obliged to choose a name for the region, his 
choice might suggest very long, rather than very short, wavelengths. In 
the centimeter wavelength range, the interaction of radiation with matter 
appears to afford, with certain notable exceptions, less abundant evidence 
of the structure of molecules and atoms than the spectroscopist finds at 
much shorter wavelengths. On the other hand, in the study of the dielec
tric constants and magnetic permeabilities of matter in the bulk no special 
distinction is made between microwave frequencies and much lower radio 
frequencies. This is not to suggest that the microwave region is unin
teresting to the physicist but rather that its aspect and extent are various, 
depending on the nature of the problem at hand. The engineer, however, 
is concerned with the techniques of producing, controlling, transmitting, 
and detecting electromagnetic energy, and in the microwave region these 
techniques take on a novel and characteristic form. 

The low-frequency end of the microwave spectrum marks roughly 
the point at which many of the familiar techniques of the radio-frequency 
art become difficult or ineffective. Perhaps fortuitously, perhaps inevita
bly, approximately at this point those methods and devices which exploit 
the shortness of the wavelength become practical and effective. A simple 
resonant circuit, for example, for a frequency of 30 Mc/sec might consist 
of a coil and condenser, as in Fig. 1-la. 

1 
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It is not hard to show that if all linear dimensions of this circuit were 
reduced by a factor of 100, the resonant frequency would be increased by 
the same factor, to 3000 Mc/sec. This method of scaling is not practical 
for reasons other than the ridiculously small size of the resulting object. 
In the circuit shown in Fig. 116, the resistance of the wire forming the 
coil is ten times as effective in damping the oscillations of the circuit; 
that is, the Q of circuit b is one-tenth that of circuit a. jNIoreover, the 
amount of energy that can be stored in the circuit without dielectric 
breakdown—often an important consideration—is smaller for circuit b 

(b) if) 
F I G . 1-1.—Resonant circuits at low frequencies and at microwave frequencies. 

by a factor of about 1000. It would be better, of course, to reduce the 
number of turns in the coil, as shown in Fig. 1-lc where the inductance of 
a single turn is combined with the capacitance of a gap of reasonable 
size. One further step leads to the reduction of the area of the single 
turn and to the widening of the condenser gap, as shown in Fig. 1-ld. 

Thus the disadvantages of circuit b have been overcome to a con
siderable degree. The circuit d differs from 6, however, in one important 
respect: its physical dimensions are not small compared with its resonant 
wavelength. Consequently, the circuit, if excited, will lose energy by 
radiation; the condenser now acts as an antenna, and the circuit behaves 
as if a series resistance had been inserted to absorb energy and damp the 
oscillations. This loss of energy can be avoided by enclosing the entire 
circuit within conducting walls, which might be done in the manner 
shown in Fig. 1-le where the two conductors of circuit d have become 
coaxial cylinders which, provided certain requirements on the thickness 
and conductivity of the walls are met, confine all electric and magnetic 
fields to the region between the two cylinders. Another possible solution 
is shown in Fig. !•!/. This resonant circuit is simply a hollow metal 
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cylinder. It will merely be asserted here that if the dimensions, of the 
cylinder are correctly chosen, the cylindrical cavity will display an elec
trical resonance at the desired frequency. 

The forms of the resonant circuits e and / are characteristic of micro
wave devices, which are usually distinguished by two features: (1) the 
physical size of the circuit elements is comparable with the wavelength 
involved, and (2) the electromagnetic fields are totally confined within 
conducting walls, except where it is desired that energy be radiated into 
space. As has already been suggested, the second of these features is an 
unavoidable consequence of the first. It is worth remarking that the 
features of the circuit of Fig. 1-16 which made it impractical in the micro
wave region and which led to devices comparable to a wavelength in size 
will eventually be encountered again as higher and higher frequencies are 
reached. I t will no longer be possible, even by the use of microwave 
techniques, to design circuits of convenient physical size that permit 
transmission of high power or storage of much energy or that have 
reasonably low loss. These difficulties are not equally fundamental, nor 
will they necessarily become acute at the same point in the spectrum. 
Nevertheless, considerations of this sort will ultimately determine the 
practical upper frequency limit of what is here called the microwave 
region and will stimulate the search for other methods of handling electro
magnetic energy. 

In this book, then, the word "microwave" will be used to imply, not 
necessarily a particular range of frequencies, but a characteristic tech
nique and a point of view. A resonator of the form of Fig. 1-1/ comes 
within the scope of this book, even if it is 20 ft in diameter, with a cor
responding fundamental resonant frequency of 40 Mc/sec. It may be 
regarded as more or less accidental that the methods of analysis and 
measurement to be discussed find their widest application at centimeter 
and millimeter wavelengths. 

1-2. Microwave Circuits.—The example of the resonant circuit, dis
cussed above in rather oversimplified language, will already have sug
gested to the reader that the application of the ordinary low-frequency 
terminology of inductance and capacitance (and even the word circuit 
i:self) to the objects of Fig. 1-ld, e, and / i s of uncertain validity. In 
the progression from circuits a and b through to /, the concepts of capac
itance and inductance lose their identity. In the hairpin-shaped reso
nator d, for instance, although it is both useful and meaningful to regard 
one end of the structure as a condenser and the other as an inductance, 
these concepts cannot be made quantitative except by an arbitrary and 
artificial convention. Inductance and capacitance are thoroughly dis
guised in the cylindrical resonator / . To a varying extent, the notions of 
current, voltage, and resistance have likewise lost their uniqueness. 
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Evidently, if the electrical properties of such structures are to be investi
gated, a direct analysis of the electromagnetic field must be made. 

In the study of low-frequency circuits, it is possible to avoid an 
analysis of the field only because all relevant properties of a circuit ele
ment, such as a coil or condenser, can be described by one or two num
bers, and different elements can be combined in various ways without 
impairing the validity of the description. A simple coil is characterized 
by two quantities: inductance and resistance. These two quantities 
suffice to determine, at any frequency, the relation between the current 
flowing at the terminals of the coil and the voltage between these ter
minals. Since current and voltage have here a perfectly definite mean
ing, and since the relation of one to the other at any frequency is all that 
need be known, it is not necessary to inquire into the structure of the 
complicated magnetic field surrounding the coil unless, on occasion, it is 
desired to calculate, rather than to measure, the inductance of the coil. 
To be able in this manner to avoid solving Maxwell's equations for each 
new structure saves an enormous amount of work and makes feasible 
the analysis of quite complicated circuits. Examples in which this 
abbreviated description in terms of inductance, capacitance, and resist
ance is inadequate are, however, not hard to find, even at ordinary radio 
frequencies. The apparent inductance of the coil of Fig. l-lo would, in 
fact, be found to vary noticeably with the frequency. To attribute this 
variation, as is the custom, to the effect of the "distributed capacitance" 
of the windings is to acknowledge that the behavior of the coil and the 
associated electromagnetic field cannot be exactly described by a single 
number, except at a single frequency. In this special case, for purposes of 
circuit analysis, the statement that the coil is a linear device with two 
terminals presenting a certain impedance Z is a complete and accurate 
description. At microwave frequencies the problem is to analyze an 
electrical structure that cannot be broken down into such simple elements 
and for which it is not apparent that voltage and current have a unique 
meaning. 

There is at least one way out of this difficulty. Renouncing all 
attempts to describe circuits in terms of voltage, current, and impedance 
and restricting the emphasis to those quantities which appear explicitly 
in the equations of the electromagnetic field, the generality of Maxwell's 
equations can be utilized. Each new problem could then be stated as a 
boundary-value problem; that is, a solution of Maxwell's equations satis
fying certain prescribed conditions appropriate to the particular circuit 
at hand would be sought. Although it would be easy to state the prob
lem in this way, in all but the simplest cases the actual solution would be 
hopelessly difficult. Furthermore, any modification of the original cir
cuit would usually lead to an entirely new problem. I t would not be 



SEC. 1-3] MICROWAVE MEASUREMENTS 5 

possible to combine several elements in a new way and to predict and 
understand the behavior of the combination without re-examining in 
detail the behavior of each element. If no course other than this were 
open, it is likely that knowledge of this art would consist of a meager 
collection of completely solved special cases, together with an extensive 
assortment of practical devices, designed by trial and error and imper
fectly understood. 

Fortunately, the situation is not nearly so hopeless. In the first 
place, the foregoing discussion has overemphasized the complexity of 
microwave circuits. If electronic devices and antennas are excluded, the 
components of microwave circuits consist chiefly of cavity resonators 
and transmission lines of various types. The analysis of the electrical 
properties of cavities of various shapes has received much attention in 
recent years, especially in connection with the development of velocity-
modulation tubes. A cavity resonator by itself is a rather simple device, 
in the sense that the properties that are usually of interest can be 
described by a very few parameters, much as the properties of a low-
frequency resonant circuit are summarized in the statement of the reso
nant frequency, the value of Q, and the impedance at resonance. The 
uniform transmission line is perhaps even more familiar to most engineers. 
It will be part of the purpose of this book to show how the standard meth
ods for the analysis of uniform transmission lines can be applied to the 
propagation of energy through hollow pipes of various sorts—in other 
words, to generalize the notion of a transmission line. This is not diffi
cult. I t can be said that certain isolated elements of the microwave cir
cuit problem are rather easily handled. The main problem is encountered 
when things are connected together or when nonuniformities are intro
duced into a previously uniform line. In the following chapters methods 
for attacking this problem will be worked out. 

The direction that the development of microwave circuit analysis 
and design techniques takes is strongly influenced by (1) the kind of 
measurements that can be made at microwave frequencies, (2) the nature 
of the question to be answered, and (3) the existing well-tried and power
ful methods for the solution of low-frequency circuit problems, from which 
it is, naturally, expedient to borrow as often as possible. 

1-3. Microwave Measurements.—At microwave frequencies neither 
the circuit elements to be examined nor the measuring apparatus itself 
can conveniently be made small compared with a wavelength. This 
circumstance calls for new experimental techniques and, more important 
for this discussion, shifts attention from the conventional circuit quan
tities of voltage, current, and resistance to other quantities more directly 
accessible to measurement. 

At very low frequencies, the voltage between the two conductors of a 
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two-wire transmission line might be measured at some point along the 
line by connecting an a-c voltmeter, of either the dynamometer or the 
iron-vane type, between the two conductors. This becomes impractical 
even in the audio-frequency range because of the inductance of the coil 
through which the current must flow. I t is then necessary to resort to 
instruments in which the high-frequency circuit more nearly approaches a 
simple resistance element, the current through which is measured by indi
rect means—perhaps by a thermal effect or by the use of a rectifier. 
For example, a fine wire of suitably high resistance might be stretched 
between the conductors, its rise in temperature as a result of the Joule heat 
developed determined by measuring its d-c resistance, and the result com
pared with the temperature rise produced in the same environment by a 
known direct current passing through the wire. With suitable corrections 
for the difference between the d-c resistance of the wire and its resistance 
at the frequency in question, this method is sound and reliable up to 
frequencies for which the length of the wire is an appreciable fraction of a 
wavelength. At frequencies higher than this the inductance of the wire 
cannot be neglected, which is another way of saying that the wire itself is 
becoming a transmission line. The current that flows in the wire is not 
the same at different points along the wire, and it is not surprising to find 
that the average temperature rise of the wire is not related in a simple way 
to the voltage between the two terminals. Since the wire must neces
sarily span the distance between the two conductors of the main trans
mission line, it is clear that a fundamental difficulty stands in the way of 
any attempt to devise an instrument which may be legitimately called a 
"vol tmeter" when applied to circuits whose dimensions are comparable 
with a wavelength. 

The root of the difficulty goes deeper than the foregoing remarks 
suggest. The potential difference between two points ordinarily means 
the line integral of the electric field strength, / E • da, taken at one instant 
of time, along some path joining the two points. This concept is unique 
and useful only if the value of the line integral is independent of the path. 
When the path necessarily extends over a distance not small compared 
with a wavelength, the line integral is not, in general, independent of the 
path, and the significance of the term "vol tage" is lost. 

This suggests that attention be directed to the electric field. Al
though it is not common engineering practice to measure the electric 
field strength at a point in absolute terms, it is not hard to think of ways 
in which it might be done. For instance, a tiny dielectric rod might be 
suspended in the field in such a way that the torque tending to line it Up 
with the field could be directly measured. From a knowledge of the 
shape of the rod and the dielectric constant of the material of which it is 
made, the value of the field strength in volts per meter could be computed. 
Usually it is much more convenient and just as useful to measure the 
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ratio of the electric field strengths at two points in a system. A familiar 
example of this procedure is the use of a "p robe" to examine the varia
tion of the field strength along a coaxial transmission line. This probe 
usually consists of a short length of auxiliary line, the central conductor of 
which projects through a small hole into a slot in the outer conductor of 
the transmission line under examination. The other end of the auxiliary 
line terminates in some detecting device of a rectifying or of a thermal 
type. If precautions are taken to ensure that the probe itself causes 
only a negligible disturbance in the line under test, the excitation of the 
auxiliary line will be proportional to the field in the main line, which 
allows comparison of the field at one location in the main line with the 
field at some other point. 

In much the same way, relative measurements of the magnetic field 
strength can be made, and these, in turn, may be considered to replace 
the measurement of current. In microwave circuits, current usually 
appears as a volume or surface current density, and whereas these quanti
ties have a perfectly unique meaning, it is more natural to associate with 
the field the related quantities that can be measured. 

The usual measurements of field quantities just described are relative 
ones. The quantities that are customarily measured in absolute terms 
are frequency or wavelength, and power. The r-f power delivered to a 
load can be measured directly by calorimetric means; the rate of evolution 
of heat in some object is inferred from its temperature rise and may be 
indicated in various ways. To be sure, absolute measurements could be 
made, if necessary, of other elect.™?.1 quantities. A method of measur
ing the electric fieid strength has already been suggested; it would also 
be possible in principle and, in certain instances, in practice to measure 
the radiation pressure associated with the electromagnetic field at a 
boundary. However, it is approximately correct to say that the watt is 
the only electrical unit that is of direct importance here. 

In the microwave region both frequency and wavelength can be 
measured with great precision. The determination of wavelength 
involves the accurate measurement of one or more lengths associated with 
a simple resonant circuit such as a cylindrical cavity or a transmission 
line. Microwave frequencies, on the other hand, can be compared 
directly with lower frequencies by standard methods of frequency multi
plication. This rather cumbersome and inflexible method is preferred 
where extreme absolute accuracy is required, as in the establishment of 
frequency standards. For most work, the measurement of wavelength is 
much more convenient. Moreover, the physical quantity wavelength is 
directly and intimately associated with the dimensions of the microwave 
circuit, and it becomes natural to think in terms of wavelength rather 
than frequency. 

Although this book is not directly concerned with the extensive sub-
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ject of microwave measurement techniques—to which Vol. 11 of the Series 
is devoted—the reader will more readily understand the emphasis and 
approach adopted in the following chapters if the situation just described 
is kept in mind. For example, the term impedance will be used again and 
again to denote a dimensionless ratio (the normalized impedance) and only 
rarely to denote the ratio of a potential difference in volts to a current in 
amperes. 

1-4. The Aims of Microwave Circuit Analysis.—A microwave circuit 
is a region enclosed by metallic walls of any shape and communicating 
with the exterior only by way of a number of transmission lines or wave
guides, which may be called the terminals of the circuit. This definition 
is not so narrow as it might at first appear, for it is easy to extend the 
notion of transmission lines as terminals to include waveguides carrying 
many modes, and even antennas. 

The final object of microwave circuit analysis, as of low-frequency 
circuit analysis, is to provide a complete description of what goes on at 
the terminals of the circuit. Suppose that a given circuit has certain 
arbitrarily selected impedances connected to all pairs of terminals but 
one. If we are able to predict correctly the impedance that will be 
measured at the remaining terminal pair—no matter which terminal 
this happens to be and no matter what the frequency—our description of 
the circuit can be said to be complete. The methods by which such a 
prediction can be made, once the properties of the component parts of 
the circuit are given, and the various ways in which the results of the 
analysis can be expressed are the main topics of this book. 

The properties of the circuit elements will not be derived ab initio, for 
the most part. Such problems involve extensive theoretical calculations. 
The results, however, of such calculations, as well as numerous experi
mental results, are summarized in Vol. 10, the Waveguide Handbook. 
The limitation in scope of the present volume is thus characteristic of a 
book on network analysis in which one would not expect to find a deriva
tion of the inductance of a coil of a certain shape. This illustration fails 
to suggest, however, the variety and novelty of the problems that can be 
solved and the degree to which the usefulness of the methods to be 
described here is enhanced by the availability of solutions to those 
problems. 

One often has to deal with a circuit whose complete description can
not easily be deduced. Nevertheless it may be possible to make certain 
restricted statements, based on very general considerations, about the 
behavior of the circuit. Such observations prove very useful, not only 
in reducing the number of parameters that have to be determined experi
mentally to complete the description of the circuit, but in disclosing Vcisic 
similarities between circuits superficially different and in avoiding vain 
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efforts to contrive circuits having properties prohibited by one of these 
general principles. For these reasons much attention will be devoted in 
this book to those general theorems which can be shown to apply to 
certain classes of circuits. One topic, for example, will be the properties 
of a lossless three-terminal-pair junction, by which is meant an enclosure 
of arbitrary shape, with perfectly conducting walls, provided with three 
outlets. 

1-5. Linearity.—It is probably. obvious that the program outlined 
does not include nonlinear circuit elements in its scope. The situation in 
this respect is similar to that which prevails at lower frequencies, except 
that, at least until now, the need for general techniques of nonlinear 
circuit analysis has been less acute in the microwave region. The micro
wave oscillator, the gas switch, and the crystal detector are the only 
nonlinear microwave devices of present importance, and each of these 
must be treated in a special way and is so treated elsewhere in this series. 
It is, of course, just this restriction to linear circuit elements which makes 
possible the sort of analysis with which we shall be concerned. 

1-6. Dissipation.—The reader will find that much more attention is 
devoted to dissipationless networks than would be justified in a study of 
low-frequency circuits. It is one of the attractive features of the micro
wave region that most microwave circuit elements show such a small loss 
that the error made in assuming that all conductors are perfect conduc
tors is usually negligible—except, of course, in the case of highly resonant 
circuits. The reason for this, broadly speaking, is that low-frequency 
circuit elements and microwave circuit elements do not differ much in 
physical size, and the Q of elements of the same size varies directly as the 
square root of the frequency, if skin resistance only is concerned. Ferro
magnetic materials are not employed as a rule, and the dielectric materials 
are used sparingly. 

1-7. Symmetry.—One other conspicuous feature of microwave cir
cuits is the symmetry properties possessed by many widely used circuit 
elements. By simply joining a number of similar waveguides together 
in a geometrically symmetrical way, it is relatively easy to construct a 
circuit whose low-frequency equivalent would consist of a complicated 
network of accurately matched elements. In other words, geometrical 
and electrical symmetry are here naturally and closely allied. The 
result is to stimulate the investigation of symmetrical networks of 
many types, including those with as many as four or even six terminal 
pairs, and to simplify the analysis of many useful devices. 



CHAPTER 2 

ELECTROMAGNETIC WAVES 

B Y C. G. MONTGOMERY 

THE FIELD RELATIONS 
2-1. Maxwell's Equations.—In electromagnetic theory, the inter

action between charges and their mutual energy is expressed in terms of 
four field vectors E and B, D and H. • The first pair define the force on a 
charge density p moving with a velocity v by the equation 

F = P[E + (v X B)]. 

The vectors E and B satisfy the field equations 

curl E = - -£, div B = 0. (1) 
at 

The second pair of field vectors are determined by the charges and 
currents present and satisfy the equations 

curl H = J + ~ , div D = P, (2) 
at 

where J is the current density and p the charge density. The set of 
Eqs. (1) and (2) is known as Maxwell's equations of the electromagnetic 
field. Sometimes the force equation is included as a member of the set. 

The connection between D and E, and B and H, depends upon the 
properties of the medium in which the fields exist. For free space, the 
connection is given by the simple relations 

D = eoE, B = poH. 

For material mediums of the simplest type the relations are of the same 
form but with other characteristic parameters 

D = eE, B = MH. 

The symbol t denotes the permittivity of the medium, and p. the perme
ability. For crystalline mediums which are anisotropic, the scalars e and 
p. must be generalized to dyadic quantities. Then D and E no longer have 
the same direction in space. This more complex relationship will ro t 
be dealt with here. If the medium is a conductor, then Ohm's law is 

10 
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generally valid and 
J =<rE, 

where a is the conductivity. The properties of the medium are thus 
expressed in terms of the three parameters <r, e, and p. Each of these 
parameters may be a function of frequency, but the variation is usually 
small and will nearly always be neglected. These parameters are, more
over, not functions of the fields. The conductivity varies from 10~14 

mho per meter in the best insulators to 5.8 X 107 mhos per meter for pure 
copper. The quantity c/<0 is called the specific inductive capacity. It is 
denoted by ke and usually lies between 1 and 10. For most substances, 
/I/MO is very close to unity, but may be as great as 1000 for soft iron. 
In this case, M/MO is also a function of H. For a medium in which e and 
H are constant and Ohm's law applies, the field equations become 

curl E = — n -—! curl H = <rE + « -TTJ ot ot 
div (MH) = 0, div («E) = p. 

The units in which these equations are expressed are rationalized 
units; that is, the unit electric field has been so chosen as to eliminate the 
factors of 4w that occur when Maxwell's equations are written in electro
static units, for example. The practical rationalized system, the mks 
system of units, will be used here. Thus E and B are measured in volts 
per meter and webers per square meter respectively, H in amperes per 
meter, D in coulombs per square meter, p in coulombs per cubic meter, 
and J in amperes per square meter. In the mks system /i and t have 
dimensions, and have numerical values that are not unity. For free 
space ix and « will be written as MO and c0, and these quantities have the 
values 

no = 1.257 X 10 - 6 henry per meter, 
to = 8.854 X 10~12 farad per meter. 

The velocity of light in free space is 1/vVoeo a n d is equal to 2.998 X 10s 

meters per second. A quantity that frequently appears in the theory is 
vW«- For free space, this is equal to 37C.7 ohms. The mks system of 
units is particularly suitable for radiation problems. As will be shown 
later in this section, a plane wave in free space whose electric field ampli
tude is 1 volt per meter has a magnetic field amplitude of 1 amp per 
meter, and the power flow is i watt per square meter. Of more impor
tance, perhaps, is the fact that in practical units, the values of impedance 
encountered in radiation theory are neither very large nor very small 
numbers but have the same range of values as the impedances encoun
tered in the study of low-frequency circuits. The dimensions of quanti
ties in the mks system may be chosen in a convenient manner. To the 

(3) 
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basic dimensions of mass, length, and time is added the electric charge 
as the basic electrical dimension. Table 2 1 shows the dimensions and 
practical units for the quantities that are of most importance. I t is of 
interest to note that no fractional exponents occur in this table. I t is 
this circumstance, in fact, which urges the adoption of the charge Q 
as the fourth basic dimension for physical quantities. 

TABLE 21.—DIMENSIONS AND UNITS OF ELECTRICAL QUANTITIES 

Quantity 

Length 
Mass 
Time, t 
Power 
Charge 
Current, I 
Resistance, R 
Electric potential, V. 
Electric field, E 
Displacement, D 
Conductivity, a 
Dielectric constant, t. 
Capacitance, C 
Magnetic intensity, H. 
Magnetic induction, B 
Permeability, ^ 
Inductance, L 

Dimensions 

L 
M 
T 
ML*T~' 
Q 
QT-i 
ML'T-iQ-2 

MUT-%Qrl 

MLT-'Q-1 

L~*Q 
M-lL~sTQl 

M~1L-*T1Q* 
M-lL-*T'Q* 
i - i y - l Q 
JWT-'Q-1 

MLQ-* 
ML'Q-1 

Practical unit 

Meter 
Kilogram 
Second 
Watt 
Coulomb 
Ampere 
Ohm 
Volt 
Volt/meter 
Coulomb/square meter 
Mho/meter 
Farad/meter 
Farad 
Ampere/meter 
Weber /square meter 
Henry/meter 
Henry 

Maxwell's equations are to be applied with the following boundary 
conditions at the junction of two mediums, provided that J and p show no 
discontinuities at the boundary 

Et = E[ 
<=£„ = t'E'„ (4) 

where the primed symbols refer to one medium and the unprimed ones 
refer to the other. The subscripts t and n refer to the tangential and 
normal components of the fields at the surface of discontinuity. When 
a current sheet is present, the boundary condition must be modified to be 

Ht -H',=K (5) 

for the discontinuity in H across the boundary, where K is the surface 
current density. If a surface charge of density £ is present, then 

eEn - t'E'n = f. 

For perfect conductors, a becomes infinite, and a finite current can 
be supported with a zero electric field. The magnetic field also vanishes 
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within the conductor, and the boundary conditions are 

E, = 0, Hn= 0, Ht = K. (6) 

Such a surface may be called a sheet of zero impedance or an electric wall. 
For certain calculations it is convenient to employ the complementary set 
of boundary conditions 

En = 0, Ht = 0. (7) 

A surface that imposes these boundary conditions is called a sheet of 
infinite impedance or a "magnetic wall." In practice, a good conductor 
is a close approximation to an electric wall which imposes Conditions (6). 
No materials exist for which Conditions (7) are satisfied, and those condi
tions are employed as a means of expressing certain symmetry conditions 
on the field. 

There remains one additional fundamental equation which expresses 
the conservation of charge 

div J + g = 0. (8) 

In fact, it is logical to consider that the fundamental equations consist 
of the curl equations of Eqs. (3) together with Eq. (8). From these three 
equations, the two divergence equations can be easily derived. 

The set of field relations is now complete and self-consistent. If the 
charge density p and the current density J are given, the equations can 
be solved and the field vectors obtained at all points. Conversely, for a 
given configuration of conductors and dielectrics, a possible field and the 
currents and charges necessary to maintain that field can be found. This 
latter procedure is the one which will be more often adopted, principally 
because it is by far the simpler. By a combination of such elementary 
solutions, a situation of any degree of complexity can be represented. 

For fields that vary harmonically with time, Maxwell's equations take 
a simpler form, 

E = Ee>»', H = He'"', 

where the amplitudes of E and H are to be regarded as complex numbers 
and thus include the phases of the field quantities. Equations (3) 
become 

curl E = - j/xoiH, curl H = J + jueE = (<r + ja*)E, (9) 

the other pair of equations being unchanged. If such simple harmonic 
solutions are obtained, solutions with an arbitrary time dependence can 
be constructed by means of the usual Fourier transformation theory. 
The monochromatic solutions, however, are the solutions of greatest 
interest. 

In many oases, it is convenient to modify this notation and obtain a 
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form of Eqs. (9) that is apparently even simpler. If ei = e — ja/iss, the 
second of Eqs. (9) becomes simply 

curl H = jwtiE. (10) 

In fact, Eq. (10) may be regarded as more general than Eqs. (9), since 
the form of Eq. (10) is a suitable representation of any loss of energy that 
is proportional to the square of the electric field, such as, for example, 
that part of the die'ectric loss which is to be explained by permanent 
dipoles whose motion is restricted by the viscous nature of the dielectric. 

2-2. Poynting's Vector and Energy Theorems.—In the study of very-
high-frequency phenomena, it is convenient to think in terms of the elec
tromagnetic fields rather than in terms of the flow of currents and charges. 
The field should be regarded as containing energy which flows along a 
transmission line in the field rather than in the currents. This concept 
is helpful in two ways. First, at very high frequencies the flow of current 
on a surface is not divergenceless. The displacement currents are large 
in magnitude and difficult to visualize effectively. Second, a close rela
tionship exists between a waveguide transmission line and a radiating 
antenna. In order to obtain a good physical picture of energy transfer, it 
is necessary to invoke the intermediate action of the electromagnetic fields 
rather than to try to conceive of interaction at a distance between currents 
on the surfaces of conductors. Philosophical difficulties may be created 
in the minds of some people by this emphasis on the picture of a physical 
quantity, such as energy, existing in empty space. It is better to dis
regard these difficulties, at least for the moment, in order to gain, from 
the field picture, greater insight into the problems at hand. 

The amount of energy that exists in an electromagnetic field may be 
found by considering the manner by which energy can be transferred 
from the field into mechanical work, by means of the forces and motions 
of charges and charged bodies. Thus from the force equation given in 
Sec. 2-1, expressions for stored electric and magnetic energy can be 
deduced. This will not be done here; rather, the discussion will be 
confined to the concept of the flow of electromagnetic energy through a 
closed surface. 

If from Eqs. (3) the following expression is formed, 

H • curl E - E • curl H = div (E X H) , 
then 

div (E X H) = - E • J - MH ■ ^ - «E • ^ -
at at 

The integral of this expression over a volume V, bounded by the surface S, 
gives 

J (E X H)„ d* - j y E ■ J dV - l( j y (^ •£* + \ M # 2 ) dV. (11) 
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This equation is taken to represent the conservation of electromagnetic 
energy in the volume V. The first term on the right is the work done per 
second by the impressed forces (currents); ^ejE2 is the electric energy per 
unit volume; and inH2 is the magnetic energy. The left-hand term is 
then the flow of energy through the surface S enclosing the volume V. 
It is in the form of the flux of a vector 

S = E X H, (12) 

which is taken to be the density of energy flow and is called Poynting's 
vector. I t is recognized that this identification is not unique, since, for 
example, the curl of any field vector may be added to S without affecting 

s 

^ - j -^ 
I H 

S 
F I G . 2-1.—Energy dissipation in a wire. 

the validity of Eq. (11). The arbitrariness in the interpretation of S 
will, however, not lead to difficulty, since only the surface integral of S 
will be used. 

As an example of the use of Poynting's vector, let us consider a cur
rent flowing through a long wire that has a finite conductivity. For the 
closed surface, let us choose a small cylinder enclosing the wire as shown 
in Fig. 2-1. The electric field on this surface will be constant and parallel 
to the wire. The magnetic field lines will be circles about the wire, and 
the field strength will be H = I/2irr, where r is the radius of the cylin
der. Poynting's vector will be perpendicular to the cylindrical surface 
and directed toward the wire. Its value will be 

S = ^ -2irr 

If I is the length of the surface, then the normal flux of S will be simply 
Ell. This represents, then, the rate of energy flow into the wire, and it is 
just what would be calculated from more elementary considerations of 
the Joule heating produced by the electric current. 

It is known that this energy is transferred to the wire by collisions of 
the electrons with the atoms of the wire. It is useful, however, to dis
regard considerations of this mechanism and to think of the energy as 
being stored in the electromagnetic field and flowing into the wire at the 
definite rate given by Eq. (11). 

In a similar manner, for periodic fields represented by complex quan
tities, the following expression can be formed 

H* curl E - E • curl H* = div (E X H*). 
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From Eqs. (9), after transformation to the integral form and division by 
2, there results 

i J (EX H*)„ dS = - 1 I E • J* dV 

+ iju j v (e\E\* - M!tf|2) dV. (13) 

The real part of the first term on the right is the average work done per 
second by the impressed currents, and this must be equal to the power 
flowing across S. The average electric and magnetic energies stored per 
unit volume are respectively i e |S | 2 and ^ | H | 2 . Thus a complex Poynting 
vector may be defined as 

S = *E X H*. (14) 
The real part of the normal flux of the vector S through a surface is the 
average power flow through the surface. It is to be noted that Eq. (13) 
is not derivable from Eq. (11) but represents an entirely distinct energy 
theorem. 

2-3. Solutions of Maxwell's Equations.—General solutions of Max
well's equations can be expressed in several forms. Perhaps the one that 
gives the simplest physical picture is the solution in which E and H are 
expressed in terms of the retarded potentials which, in turn, are related to 
the magnitudes of the currents and charges present. Much more 
information may be obtained by considering particular solutions and 
deducing the properties of more complex situations- from the behavior of 
the simpler ones. Since the equations are linear, a linear combination of 
particular solutions is also a solution. A series of cases of increasing 
complexity, leading up to the case of the propagation of energy through 
metal pipes, will now be considered. 

Electromagnetic fields and energy propagation will be spoken of in 
terms of waves. This means simply that E or H will be expressed in 
terms of the coordinates and will have a time dependence of e'"'. Since 
E and H are complex numbers, their absolute values or moduli are called 
the "ampli tudes" of the waves, and their arguments the "phases" of 
the waves. 

If a metal surface is present in a field, E, is zero or very small over the 
surface of the metal. The Poynting vector S can have only a very small 
component into the metal, and only a small amount of energy flows 
through the surface: Thus it is possible to enclose an electromagnetic 
field within a metal tube and transmit power from place to place without 
too much loss. Some loss will be present, to be sure, since currents must 
flow in the tube walls to maintain the fields, and some power will there
fore be converted into heat. Let us investigate, then, the conditions 
necessary for propagation of this type to take place. 
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Either £ or H can be eliminated from Eqs. (9) by taking the curl of 
the equations and employing the vector identity 

curl curl E = grad div E - V2E. 

Since the divergences of the field quantities are zer-o, 

V2E + u>V«E = 0, 

and an identical equation for H is obtained. These equations are known 
as the wave equations and must always be satisfied, whatever boundary 
conditions are imposed. The wave equations are then necessary condi
tions on E and H. They are not, however, sufficient; the fundamental 
Maxwell's equations must be satisfied, and they are not derivable from 
the wave equations. Maxwell's equations give the necessary connection 
between E and H. 

I t is helpful to classify the particular solutions of Maxwell's equations 
according to whether or not components of E or H exist in the direction of 
propagation. Let us take the z-axis in the direction of propagation. 
First, it can be shown that no purely longitudinal waves may exist. Let 
us take Ex = Ev = Hx = Hv = 0. Then 

and 

curl, E = -jullH. = ^ - d4~' = 0, ox by 

curl. H = judS. = ^ " - ^ 5 = 0, dx by ' 

and all components vanish. Second, purely transverse waves exist in 
which neither E nor H has longitudinal components. Such waves are 
called transverse-electromagnetic (TEM) waves or principal waves. 
Third, transverse waves may exist in which only E has longitudinal 
components. Such waves are called transverse-magnetic (TM) waves or 
Z?-waves. In a fourth class are waves in which only H has longitudinal 
components. These are called transverse-electric (TE) waves or ff-waves. 
This classification is inclusive, since all possible solutions of Maxwell's 
equations may be built up of linear combinations of elementary solutions 
of the latter three types. The 77? Af-waves will first be discussed; then 
the TE- and TM-cases will be considered. 

PURELY TRANSVERSE ELECTROMAGNETIC WAVES 
2-4. Uniform Plane Waves.—A wave is said to be plane if the equi-

phase surfaces, at a given instant of time, are planes. A wave is uniform 
if there is no change in amplitude along the equiphase surface. Let the 
rcy-plane be taken as the equiphase surface. Then d/dx = d/dy = 0, 
and E, and Kt must be zero. A uniform plane wave is therefore said to 
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be a transverse-electromagnetic {TEM) wave. Equations (9) reduce to 

If Hy is eliminated, 
d2E, 
~~- - jwn(<r + 3<M)EX = 0. (15) 

An identical equation exists for Hy. These equations are known as the 
"telegrapher's" equations. 

The solution of Eq. (15) is Ex = Eer"1', where E may be taken as 
real, and 

7 = y/juiMr — U2«M = oi + i/3. (16) 

The quantity y is called the "propagation constant" of the wave; its 
real part a is called the "attenuation constant"; and the imaginary part 
/8 is called the "phase constant." The sign of the square root in the 
expression for y is to be taken so that a is positive for a wave traveling 
in the positive 2-direction and negative for a wave in the negative 3-direc-
tion. The phase velocity v of the wave is then u/jS, and the wavelength 
X = 2v/fi. The quantity /3 is called the "wave number" although, 
strictly speaking, it is the number of radians per unit length and not the 
number of wavelengths. If the conductivity of the medium, cr, is small, 
/3 « u \/Tn and v ~ l/\/e,u. If a is not negligible, the exact expressions 
are 

a = [ W C V ^ T ^ V - <*)]*, 

The solution of the second telegrapher's equation is 

Hv = — -— Ez. 

The ratio Ex/Hy is called the "wave impedance" and may be denoted 

byZ„. 

When a = 0, Zw = y/n/t; and for free space, Z„ = 37? ohms. For a 
not equal to zero, 

I t is to be noted that, for TEM-wa.ves, Zw depends only on the properties 
of the medium. The expression for Zw given by Eq. (17) is a combination 
of the constants of the medium which often occurs. I t is called the 
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"intrinsic impedance" and is denoted by f. Thus 

J; JWIi 
I a + jut 

For the special case of TEM-w&ves, 

Zw = f. 

The inverse of f is the intrinsic admittance and is denoted by i\. 
Since y may be positive or negative, depending on the sign of the 

square root in Eq. (16), Ex can be written in the general form 

Ex = Eie-i* + Etf.i*, 

and a similar equation can be written for Hv. These equations represent 
two waves traveling in opposite directions. 

A general solution of Maxwell s equations may be built up out of a 
set of elementary uniform plane waves, the directions and amplitudes 
being chosen in such a way as to satisfy the boundary conditions. This is 
an excellent artifice for some purposes, but because the description of the 
field in these terms becomes quite complicated except in the simplest 
cases, this method will not be discussed further here. In a similar 
manner, the six components of E and H might be replaced by wave 
impedances Zit = Ei/Hj, i, j referring to some coordinate of the space 
that is being considered. 

In general, the problem is not simplified in this way. However, in 
certain cases the wave mpedance is a useful concept, and a complete 
description of a situation may often be obtained in terms of wave imped
ances and propagation constants. A very important example is the 
treatment of the problem of reflection and refraction of plane waves at 
the boundary between two mediums. For a complete discussion of this 
problem the reader is referred to other texts.1 

2-5. Nonuniform Transverse-electromagnetic Plane Waves.—Let us 
remove the restriction that the fields be uniform in a transverse plane, 
but let U, = Et = 0. The electromagnetic equations may be broken 
up into two sets, the first of which governs the propagation in the 
2-direction 

dEx TT dEy TT 

"ar = JallH" ~te = JuflH" 
dHx („ + jM)E„ ^ = - («■ + j«*)fl„. 

(18) 

The second set governs the distribution of E and H in a transverse plane 
1 See, for example, S. A. Sehelkunoff, Electromagnetic Waves, Van Nostrand, New 

York, 1943 Chap. 8, p. 251. 
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8EX + 

dx vy o* vy v QgN 
^ = 0 , 
dy 
dEx dEy 

dy dx 

**L + **k = o, 
dx ^ dy ' 

dnx _ dnv 

dy dx 

From the first of these sets, identical equations in any of the four 
variables Ex, Ev, Hx, or Hv can be obtained by elimination. For example 

d2Ex . , , • MTI 
- ^ T = J«M(ff + ]t»t)Ex. 

The solution may be Ez = E(x,y)e-''' where y has the same value as 
before. I t has been shown, therefore, that all plane TEM-waves have 
the same propagation constant and hence the same velocity and attenua
tion as uniform plane waves. Moreover, Hv = (ju/i/y)Ex, and 

3W 
/<r + joit 

Hence the wave impedances of all plane jTEM-waves are identical, and 
equal to the intrinsic impedance of the medium. 

If Ev had been found from Maxwell's equations, and if it had been 
assumed that Ev = E(x,y)e~i', then the wave impedance would have 
been found to be 

7 _ - # « _ _ ? 7 _ _ > 
Hx jun 

This may appear to be a contradiction, but the situation is readily under
stood if the z-component of the Poynting vector is formed 

S, = i (E X H*)2 = i(EJI* - EVH%) 
— i(ZxvHvH* — ZyxHxH*), 

Sz = i-ZnilH^ + \HV\>) = i Z j H | ' . 
The negative sign for the wave impedance is thus merely the result of 
the choice of the positive directions of the coordinate axes and represents 
no significant new fact. 

The field distribution in the transverse plane is governed by Eqs. 
(19). They show that either E or H or both can be derived from a scalar 
potential or from a stream function. Let, for example, 

E = — grad <f> 
so that 

where <t> is 

B, = -

a scalar potential. 

dEx 

3y 

d<t> 
dx Ev-~dy-' 

The curl equation is 

dEy 

dx dx <?v 

therefore satisfied, 
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The other equation for E gives 

*2± +
 d2± = o 

dx2 dy2 

Thus E is determined as though the field were a static one, and all of 
the techniques for solving static problems become available. Since 

Ex _ Hy 
Ey Hi 

or the electric lines of force must be perpendicular to the magnetic lines 
of force. However, the electric lines are perpendicular to the lines 
<j> = constant; hence the equipotential lines must represent magnetic 
lines. 

One very important consequence of these conditions may be shown 
easily. Suppose that there is a cylindrical metal tube whose wall is 
represented by the curve 4> = a. Now if <f> has no singularities within 
the region bounded by <t> = a, then <f> must be a constant throughout the 
region and E must be zero. Therefore no purely transverse electromag
netic wave can propagate down a hollow pipe. If there is another con
ductor, however, within the region 4> = a, then a finite value of E is 
possible, since 4> may have singularities within the inner conductor which 
allow the boundary conditions to be satisfied. This mode of propagation 
will be studied in more detail in Sec. 2-7. 

Suppose that there is a field distribution representing a TEM-w&ve. 
Then without disturbing the field, a conductor can be inserted along any 
curve <)> = constant so that it is everywhere perpendicular to the electric 
lines. This is a useful device and will often be employed. 

A stream function may also be employed to specify the fields. If 

„ _dA dA 

then the equation 
dH_x ,dHy= d2A _ d*A 
dx dy dx dy dx dy 

is satisfied. Hence A must be determined by the equation 
d2A d'A 
dx2 dy2 

The scalar A may be regarded as the 2-component of a vector A whose 
other components are zero. Then 

H = curl A. 
For this special case A might be considered as the vector potential or the 
Hertz vector. 
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2-6. TEM-v/aves between Parallel Plates.—If there are two infinite 
conducting planes at y = 0 and y = b (Fig. 2-2), the electric field must 
be normal to these planes and the magnetic field must be entirely tan
gential. The solution of Maxwell's equations given previously for 
uniform plane waves is the solution in the region between the planes. I t 
was found that 

Ey _ E 
T ~~ ~7 

which hold for 0 g y g b; for y outside this region, Ey = Hx = 0. 

Eu = Ee—>*e>° Hx = e~y'e"" 

-»~H 

FIG. 2-2.—Infinite conducting planes. 

Conductors perpendicular to E have been inserted along lines <j> = con
stant, and this has not altered the values of the fields. As before 

Currents must flow in the plates to maintain the fields. They are 
determined by the boundary condition expressed in Eq. (5). The linear 
current density that flows in the direction of propagation is therefore 

K „ E 

The power flow between the plates in the z-direction is found by calcula
tion of the Poynting vector 

If T = c + JP, 

S, = i ( E X H * ) , = | - 2 ~ e - < ^ * K 

*■ 2 r ■ 

If S, is integrated from y = 0 to y = 6, then the power flow across a unit 
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length in the x-direction is 
E2 b 

P = b Re (Sz) = 
2 R e ({■•) 

where Re (f *) represents the real part of the intrinsic impedance. If the 
medium is lossless, 

f = Re (f) - > f r 
The power is thus attenuated at the rate of 2a per unit length. 

This power flow may be expressed in terms of the currents in the con
ducting plates and quantities that may be called impedances. Thus 

P = iKK*b Re (f). 

To make this analogous to the power flow in a low-frequency circuit, an 
impedance may be defined that is different from the intrinsic impedance 
f and might be called the "current impedance" Zs, 

Z, = b Re (f). 

It should be noted that the dimensions of this quantity are not ohms but 
ohm-meters. In a similar and wholly arbitrary fashion an impedance 
may be defined in terms of voltage. Let us take V for the voltage accord
ing to 

V = I Eydy = bEy. 
Jo 

Since there are no longitudinal components of the fields, this integral is 
independent of the choice of path of integration between the plates. 
Thus V is uniquely defined. The "voltage impedance" may now be 
defined as 

(VV*\ 
\-2p-) Zv = Re [^p-j = b Re (f *), 

and is thus equal to Z7. I t should also be noticed that a third kind of 
impedance may be defined by 

K Hx
 0 f-

Thus, for this simple case of a parallel-plate transmission line, there are 
several definitions of impedance that lead to the same result, in a fashion 
identical with that which prevails for low-frequency transmission along 
a wire. For the more complicated modes of propagation it will be found 
that these simple relations are no longer true. 

2-7. TEM-vr&ves between Coaxial Cylinders.—Another simple case 
of considerable interest is the propagation of waves between conducting 

file:///-2p
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coaxial cylinders. The fields are no longer uniform, but a TEM-wa,ve is 
permitted because the electrostatic potential may have a singularity 
within the inner conductor. Let the inner and outer radii be o and b 

respectively (Fig. 2-3). Then 

Et = Hz = HT — E$ = 0, 
" and the equations 

■ (<T + J0Jt)Er 

determine the propagation in the 3-direction with 
the same propagation constant y and wave imped
ance as those obtained in general for T^M-waves. 

The transverse variation of the fields is determined from 

F i o . 2-3.—T E M -
waves between coaxial 
cylinders. 

1 d . TT v 1 dHT , , . . _ 
r!Tr{rH*)--rl>f={°+3'*)E" 

dr (rH*) = 0, 

and rHj, is therefore a constant. I t is convenient to express this constant 
in terms of the total current I flowing on the conductors. There is 
flowing on the outer conductor a current density K, 

The current I is then 

and hence 
/ : 

K = Ht(b). 

Kb d<t> = 2wbH4,(b), 

Hj, — 
27TT 

The total current on the inner conductor is also I. 
field is 

* ' - * F f L I 
2irr\< 

JtoM_ 
a + jut 

The radial electric 

The directions of Er, H*, and I for a wave traveling in the z-direction are 
shown in Fig. 2-3. 

The Poynting vector is 

and the total power is 

1 1 II* 

- / : 
Re \S,\2*r dr Re (f)l/j 

4*-
i n * a 
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As in the preceding section, several impedances can be defined 

which are again equal only because of the simplicity of the field con
figuration. The impedances defined here are all measured in ohms. 
Here also the integral in the definition of V is unique, since the fields are 
entirely in the transverse plane. 

The fields can also be expressed in terms of the fields at the surface of 
the center conductor. Let these fields be Ea and Ha. Then 

ET - -Ea, 

The total power flow is then 

ira^El In -

In terms of the coaxial impedance Zt = Zv = Z0 

P = 2w2a2Z0Hl = 2ir2o2 

[Re(D]! El 

A coaxial line, operated in this mode of transmission, is thus very similar 
to a low-frequency circuit. The voltage V, the current I, and a unique 
characteristic impedance Z0 can 
be defined. 

It should be pointed out that 
this is not the mode of transmis
sion for a single wire with a finite 
conductivtiy in free space, in the 
ordinary low-frequency approxi
mation. In the case of a single 
wire, the electric field is in the di
rection of the wire and the mode of 
propagation is a transverse-mag
netic mode with respect to the di
rection of the wire. 

2-8. Spherical 2"£Af-waves.— 
T r a n s v e r s e - e l e c t r o m a g n e t i c 
spherical waves are analogous to 
plane waves. In the spherical co
ordinates r, 6, 4>, shown in Fig. 2-4, the vector operations are defined by 

F I G . 2-4.—Spherical co-ordinates. 
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(curl A), 

(curl A)« 

(curl A)* = - I 

r sin 6 
1 

r sin 6 

M ( a n M * ) _ W , 

— - s i n f l - M , ) 

dr (rAe) 
_dAr] 

ae J ' 

div A = T 4 — , [sin 0 A (r2^ r) + r ^ (sin 0A„) + r M ' sin 8 L ] r* sin 0 | dr v " " ' 30 ' " " """ ' ' ' d<t> 

If ffr = Er — 0, t h e curl equat ions of the electromagnetic field reduce to 

jufirHe dr <XE+), 

(a + jox)rEe = - Jr (rHJ, 

■junrH* = - — (rE„), 

If these are compared with the set of Eqs. (18), it is seen that they are 
identical provided that 

rE* and rH, are replaced by Ev and Hxt 
rEe and rH, are replaced by Ex and Hy. 

The divergence equations are 

= 0, 

a£9 
50 (sin « W = 3 0 

^ (sin BHS) + A tf, = 0. 
3 , . aTT \ dHe 

These are again exactly analogous to Eqs. (19) and show that either E 
or H or both are derivable from either a potential function or a stream 
function. I t can therefore be concluded that spherical TEM-w&ves have 
the same wave impedance and propagation constant as plane TEM-waves. 

2-9. Uniform Cylindrical Waves.—The solutions of the electromag
netic equations for the special cases of purely transverse waves will be 
completed by considering uniform cylindrical waves. Thus 

d<j> dz ' 
ET = Hr = 0. 

The electromagnetic equations break up into two independent sets, as 
before, 

■jp = JanHt, - (rH,) = (c +j<*)rE„ (20) 
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and 
ft riff 
£ (rEJ = -jwrH., -^ = -(a+j^E*. (21) 

Only the first set, Eqs. (20), will be considered. Elimination of H^ 
results in 

ME, , dE, . , , . , _ 
r ~dr* + Ir ~ 3wll{-a + ^rE' = °-

If this equation is divided through by a new variable x = yr, it becomes 

cPE, IdE, 
ax' x ax 

The solution of this equation is a Bessel function of order zero with the 
argument jx l Any pair of independent solutions may be chosen, in 
terms of which the fields may be expressed. Let us take 

Ez = AHPUx) + BJo(jx), 

where A and B are arbitrary constants and H'^ is a Hankel function of the 
.first kind 

W»(x) =Jo(x) +jNo(x). 

To find the physical meaning of these solutions, let us consider them 
separately. If 

Ez = AH^ijx) = AH^(jyr), 
then 

jyA dH'fjJyr) = _ jA Hn,(jyr) 
H* j m d(jyr) r l U7)' 

from Eqs. (20), and the wave impedance Z„ is 

El - 7 y;HMJrr) 
Ht

 Z " " H^{jyr) 
For large values of r, the asymptotic forms may be inserted. Then 

\irjyr 

f \TTJ7r 
and 

Z„ = ireI (' /2 ) = - f . 
If 7 is separated into its real and imaginary parts, 

y = a + j/3, 
1 See, for example, Eugene J ahnke and Fritz Emde , Tables of Functions with 

Formulas and Curves, Dover Publications, New York, 1943, p . 146. 

file:///irjyr
file:///TTJ7r
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then 

where C is a new real constant. These are the equations of a cylindrical 
wave traveling outward and attenuated at the rate of a per unit length. 
The wave impedance is the same as for a plane wave, the negative sign 
being necessary because of the choice of the positive direction of the 
coordinates. For small r, both E and H become infinite and must be 
produced by an energy source at a finite radius. 

The second solution is 

Ez = BJo(jx) = BJo(jyr), 
H*=k!s-rJ^r) = zrJ^r)' 

and the wave impedance is 

Again, for large values of r, £' = B>/^C 0 B(J '7 r- l} 

(jyr - j ) -

Thus this solution does not represent a propagating wave unless some loss 
is present. If 7 is purely imaginary, Zw is likewise purely imaginary and 
no propagation of energy takes place. I t should be emphasized that for 
neither solution is Zw independent of r, although for the outward-travel
ing wave it approaches a constant value. All the cases in which the 
electromagnetic vectors are purely transverse to the direction of propaga
tion have now been described briefly. The longitudinal modes will be 
described in the portion of this chapter following Sec. 2-10. 

2-10. Babinet's Principle.—Maxwell's equations have a symmetry in 
the electric and magnetic fields that is extremely useful in the discussion 
of electromagnetic problems. One aspect of this symmetry can be 
expressed as a generalization of Babinet's principle in optics. If E and 
H in Maxwell's equations are replaced by new fields E' and H \ according 
to the relations 
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E 

H 

-*£*• 
-*"£*• 

(22) 

it is found that E' and H ' also satisfy Maxwell's equations. The bound
ary conditions must be altered accordingly. On a metal wall, the 
tangential component of E vanishes; therefore the new boundary condi
tion should be that the tangential component of H ' vanish over this same 
surface. The electric wall in the unprimed system must be replaced 
by a magnetic wall in the primed system. Likewise magnetic walls in 
the unprimed case are to be replaced by electric walls. When the 
boundary conditions consist of the specification of a radiation condition, 
no change is required for the transformation. Poynting's vector is 

S = E X H = - H ' X E' = E' X H ' = S' 

and is therefore invariant. 
A simple example of the application of Babinet's principle is afforded 

by the reflection of a wave from a metal plate. At normal incidence, if 
the plate is perfectly conducting, a pure standing wave is set up, with 
planes of zero electric field parallel to the plate and spaced one-half 
wavelength apart. The magnetic field is a maximum at the metal plate 
and has planes of zero intensity wherever the electric field is a maximum. 
If E is replaced by H ' , H by — E', and the metal plate by a magnetic 
wall, another possible field configurati 
is obviously identical with the old 
one if one imagines a magnetic 
wall placed one-quarter wave 
length in front of the electric wall. 

A second example can be found 
in the propagation of the TEM-
mode. between parallel plates. 
Since H is transverse to the direc
tion of propagation, magnetic 
walls perpendicular to H can be 

on is obtained. The new solution 

(a) 

E ' -

(6) 
FIG. 2-5.—Babinet's principle applied to 

the TEM-mode between parallel plates. 
The electric walls are indicated by solid lines; 
the magnetic walls by dotted lines. 

inserted as indicated schematically in Fig. 2-5a. Application of Babinet's 
principle leads to the situation shown in Fig. 2-56. This is obviously the 
same mode of propagation as the original one, but rotated 90° about the 
direction of propagation. 

Although these two examples of the application of Babinet's principle 
are rather trivial, they serve to show that in order to apply the principle 
it is necessary to have a system with a high degree of symmetry. All 
the magnetic walls must exist by virtue of the symmetry. Many more 
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fruitful examples of the application of this principle can be given for waves 
propagating in pipes. 

ELECTROMAGNETIC WAVES WITH LONGITUDINAL COMPONENTS 
2-11. General Procedure.—In the preceding sections it has been 

shown how the wave solutions of Maxwell's equations may be divided 
into three classes: solutions where both E and H are transverse to the 
direction of propagation, solutions where only E is longitudinal, and 
solutions where only H is longitudinal. Several cases of purely transverse 
propagation were also discussed. The longitudinal modes may now be 
considered. The general procedure will first be outlined and then 
will be applied to the specific cases that are most commonly met in 
practice. 

Let us first investigate the solutions in which E is entirely transverse. 
These solutions represent transverse-electric waves (TE-waves), or 
//-waves. The conductivity of the medium will be omitted explicitly 
from the equations and will be assumed to be contained in the imaginary 
part of the dielectric constant e. If Ez is taken equal to zero, Maxwell's 
equations, written in cartesian form, are 

-^ = junHx, -—■ = -jwHy, (23) 

dHz dHv T, dHz dHz . T-, /r»,i\ 
_ _ _ » = ^ _ _ _ . . = J t t e f i , f (24) 

6Ey SEX 

dx dy 
dHv dHx 
dx 

for the curl equations, and 

= - j W H . , (25) 

= 0, (26) 

^ + dp = 0, (27) 
dx dy 

™* + d"> + a»- = o. (28) 
3.r dy riz 

for the divergence equations. 
If plane waves are specified, and if it is assumed that the variation 

with z of the five components of E and H are given by e~i', then the field 
components take the form Ex[z) = e~i'Ex, and similar expressions are 
written for the other components. This ambiguous notation should 
cause no confusion, since Ex = Ex(z) will be used only in Eqs. (23) 
through (28); elsewhere Ex will be a function of x and y only. Substitut
ing this, Eqs. (23) become 

-yEy = jwHx, yEx = j^Hy. (29) 

From these equations the first important result is obtained. The wave 
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impedance Z H is 

Also, 

„ Ex jwn 

i ' i Hy 

Ey HX 

(30) 

(31) 

This result is significant. The set of lines in the transverse plane that 
give the direction of the transverse electric field Et at any point have the 
slope dy/dx = Ey/Ex. A similar statement is true for the magnetic 
lines of force. Thus Eq. (31) is equivalent to 

w- 1 
(dy\ 
\dx/m 

and the lines of electric and magnetic force are therefore mutually per
pendicular in the transverse plane. 

If the assumed variation with z and the values of Ex and Ev given by 
Eqs. (29) are inserted in Eqs. (24), it is possible to solve for dHJdx and 
dHz/dy, 

-~ tlx dx y 
dHj = y2 + (AM 
by y 

2... / (32) 
Hy 

Equations (25) and (28) become equivalent, because of Eqs. (29), and 
lead to 

dHX + dHy _ = Q 
ax ay 

Substituting for Hx and Hv from Eqs. (32), 

S"' + 1^' + ^ + »2^H* = °- ^ 
The remaining equations yield no new results. The procedure is thus 
straightforward. A solution of Eq. (33) for Hz is found; from Eqs. (32), 
Hx and Hy are determined; and from these values and Eqs. (29), Ex and 
Ey are obtained. Thus all the components of the field are determined 
from a single scalar quantity Hz. It should be noted that Eq. (33) is 
just the wave equation for Hz derived in Sec. 2-3. 

To apply this to a waveguide of a particular shape, it is necessary to 
find an Hz that satisfies the proper boundary conditions at the walls of 
the guide. If the walls are perfect conductors, Et must vanish over the 
surface. These boundary conditions will give rise to a relation connect
ing 7 and a) and the dimensions of the waveguide. The form of this 
relation will depend upon the shape of the cross section of the guide. 
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If a quantity kc is introduced, defined by 

kl = 7
2 + «V, (34) 

then the numbers /c* are the characteristic values, or eigenvalues, of Eq. 
(33). To each value of kl there will correspond a function Hz, a char
acteristic function, from which may be derived the other components of 
the fields. Some special cases will be treated in detail below. 

The wave impedance ZH can be written in a more useful form when 
the dielectric is not lossy. Since y — j(2ir/\ll),where X„ is the wave
length in the waveguide, 

Z« = \t, (35) 

where X is the wavelength in the dielectric medium for a TEM-vf&ve. 
The equations that Hs must satisfy are identical in form with those 

which apply to the velocity potential governing the propagation of sound 
waves. Sound waves are essentially simpler in nature than electro
magnetic waves, since they can always be derived from a scalar field. 
Many electromagnetic problems require the vector representation. 

Let us now consider the transverse-magnetic waves, or i?-waves. The 
procedure of solution is entirely analogous to that of //-waves. I t is 
assumed that Hl = 0 and that the remaining components are proportional 
to e~~<'. A reduction of the equations results in expressions similar to 
Eqs. (33), (32), and (29). The results are 

i ? + ~dyi + (y2 + " W , = o, (36) 
dE. Y2 + uUn „ 
dx 7 
dE, _ 72 + o.V p 

(37) 

by 7 

Z,= f i = ^ = - ^ . (38) 

Thus Et is again perpendicular to Ht, and four components of the fields 
are determined from one, Ez. The boundary conditions again determine 
a set of characteristic numbers kj with the associated functions Et and 
hence a relation between 7 and u. The wave impedance may also be 
written in terms of X„ as 

ZK = . - r, (39) 

when no dielectric losses are present. 
It is now obvious that any field can be represented as the sum of TE-. 

TM-, and TEM-vaodes,. The TM-mode portion is given by the values of 
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Ex, Ey, Hx, and Hy determined from the value of E, by Eqs. (37) and 
(38). In a similar way, by the use of Hz, the TU-mode portion can be 
separated out by means of Eqs. (29) and (32). The remainder of the 
field will then be purely transverse. I t has already been shown that no 
TEM-mo&e is possible in a hollow pipe with no central conductor. 
Hence, any field in a hollow waveguide, however complicated, may be 
represented by a combination of TE- and TM-modes. 

Once an expression for the fields has been found, the energy flow down 
the hollow pipe can be computed by integrating the value of Poynting's 
vector over the cross section of the waveguide. The power flow P is 
found to be 

p - l^rm I ^dS = ̂ Re <z-> f ^2dS> 
where Zw has been written for the E- or //-mode wave impedance, as the 
case may be. To maintain the fields in a hollow pipe, currents must flow 
in the walls, and the surface current density is equal to the tangential 
component of the magnetic field. For E'-modes, the tangential com
ponent of H is equal to the total magnetic field at the guide walls. Since 
H is purely transverse, K is purely longitudinal. If a small slit is cut in a 
waveguide such that it is parallel to K, the field in the guide is not dis
turbed and there is no radiation from the slit. 

2-12. The Normal Modes of Rectangular Pipes.—Let us consider a 
waveguide of rectangular cross section, which has dimensions b in the 
2/-direction and a in the z-direction, as shown in Fig. 2-6, and which has 

z 
F I G . 2*6.—Coordinates for a rectangular waveguide. 

perfectly conducting walls. Let us first consider the TiJ-modes. Equa
tion (33) for H, is obviously separable in rectangular coordinates and leads 
to simple sinusoidal solutions. Let 

H, = cos kxx cos kyy, 

where the separation constants kx and ky are related by 

fcj = k\ + k* = 72 + «'fM. 



34 ELECT RO MAGNETIC WA VES [SEC. 212 

The quantities kx and ky are called the wave numbers in the x- and 
^-directions, respectively. Following the standard procedure, it is found 
that 

Hz - , 2 * sin kzX cos kvy, 

Hv = 7̂ —77x5 c o s kxX sin kyy, 
Kx "T Ky 

Ex = p ^ r T s c o s ^ s i n kyy> 

Ey ~ ~ i 2 i O s m ^ c o s ^»y-
** "r ""v 

The boundary conditions must now be applied. 
When y — 0 or y = h, Ex = 0 and kv = nir/b, where n is an integer. 

Also Ey = 0 when x = 0 or x — a, and kx = nnr/a, where m is an integer. 
I t is clear that n and m may take on any values, including zero, except 
that both n and m equal to zero is excluded. Thus 7 is given by 

_ (rmr\ (n7r\ 
ti)'£M-

In order to have propagation down the pipe, -y2 must be negative; hence 
no waves are propagated below a certain frequency. If no losses are present 
in the medium, that is, if e is purely real, then there is a sharply defined 
critical frequency wc, which is given by 

2 1 (miry IW7I-V 

\ir) +\T) 
(40) 

The existence of this critical frequency, or cutoff frequency, is character
istic of all longitudinal waves in pipes, in both TE- and TAf-modes. The 
value of the critical frequency depends upon the mode under considera
tion, that is, upon the values of n and m and the dimensions and shape of 
the hollow pipe. I t is more customary to formulate this in terms of 
wavelength. If X„ is the wavelength in the waveguide, then 

.2* 

and 

or 
(?)'-(?)■-(?)■-(?)■ 
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where 

and X„ is called the cutoff wavelength. A little consideration will show 
that Eq. (40) is universally applicable for both types of modes and all 
shapes of pipe; only Xc differs in the different cases. The value of X in 
Eq. (41) is the wavelength of a plane TEM-wa,ve in the medium that fills 
the hollow pipe. In terms of X0, the wavelength of a TEM-wa.ve in 
free space, 

4 1 
«oMo 

Eq. (41) becomes 

XD = , - 0 , , -■ (43) 

\eoMo \ W 

It will be noted that the cutoff wavelength defined in this way is inde
pendent of the dielectric material filling the waveguide; the critical 
frequency defined in Eq. (40) is not. 

For frequencies below the critical value, y becomes real and the 
waves are attenuated. For very low frequencies, 

_ I mir\ / T O T \ 

For m = 1 and n = 0, y — ir/a, which corresponds to an attenuation of 
27.3 db in a distance equal to the width of the pipe. 

A pair of values of n and m suffice to designate a particular mode 
that is called, according to the. accepted notation, a TEmn-mode. The 
mode that has the lowest critical frequency for propagation is the 
TBio-mode, if a > b. The critical frequency is 

Uf = — , (44) 
iixa 

and the cutoff wavelength is 
Xc = 2a. (45) 

This lowest mode is called the dominant mode. Equations for the fields 
and diagrams showing the lines of electric and magnetic force for various 
modes may be found in Sec. 2-19. 

I t is of interest to examine in more detail the case of the lowest //-mode 
in rectangular guide, since this is by far the most important case. The 
fields in the guide have the values 

file:///eoMo
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tf„ Ex 

Hx kx 
sin ktX 

0, 
2c .2a . TX 

J — sin 
„ JOIM . , .2a fc . TX .2a „ . TX Ev = p - sin «xx = — j — A - sin — = - ; r Z» sin —. Aj X \ e a X, a 

(46) 

ff 2 = cos kxX = cos ■ 

where it is assumed that there are no losses and hence 7 is purely imagi
nary . T h e power flow is 

P=\ZH j \Hx\*dS = ^Z„, (47) 

for a un i t ampl i tude of Hz. In t e rms of the max imum value of \Ey\, th is 
becomes 

abjE£ 
4 ZH ' 

Since Hx = 0 at the side walls of the guide, the current density on the 
side walls has only a ^/-component which is independent of y and which is 
of unit amplitude if Ht has unit amplitude. The current in the top and 
bottom of the guide has both longitudinal and transverse components 

Kx = cos —> a 
„ .2a. TX Kz = 3 — sin — 

(48) 

Side 
view 

F I G . 2-7.—Lines of current flow (solid 
lines) for the lowest //-mode in rectangular 
waveguide. The dotted lines are the mag
netic lines. 

The transverse current Kx is thus 
zero at the center of the top and 
bottom walls, and a longitudinal 
slit can be cut here without dis
turbing the field. Figure 2-7 
shows the lines of current flow on 
the top and side of the rectangu
lar waveguide. I t should be 
noticed that the flow is not diver-
genceless; the circuit made by fol
lowing a current line can be com
pleted only by including the 
displacement current on a portion 
of the path. The total longitudi
nal current is 

/ > dx = j 
Aa* 
T\„ 
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An impedance may be defined on the current basis, 

IP TT2 b 

In a similar fashion, an impedance may be defined on a voltage basis. 
The voltage is defined as V = bE, and 

Zv = 2P 2h-ZH. a 

Thus impedances Zw, Zh and ZY are all different, and there is no unique 
way to define a useful quantity in the nature of an impedance for a single 
waveguide. This point will be discussed at length in later chapters. 

The general solution of Maxwell's equations in terms of plane waves 
may be used with profit for the particularly simple case of the dominant 
.H-mode in rectangular guide. Let us consider two plane wavefronts 
inclined at an angle 8 to the z-axis, with the electric field in the direction 
of the y-axis, as shown in Fig. 2-8. If conducting plates are inserted at 
y = 0 and y = b, they will cause 
no distortion of the fields, since 
they are everywhere perpendicular 
to the electric field. Now, if ver
tical metal walls are placed at 
x = 0 and x = a, the plane waves 
will be successively reflected at a 
constant angle 6 and will thus be 
propagated down the guide. If the plane waves are taken to be in phase at 
the point A, then the electric fields of the two waves add to produce a 
maximum intensity at this point which we shall call E. The electric field, 
at a point such as B, is equal to the sum of the amplitudes of the two waves 
taken in the proper phase and is 

F I G . 2-8.—Propagation of the dominant 
H-mode in rectangular waveguide in terma 
of plane waves. 

p p 
_ gia(AB co. ft/c _J g-
2 ^ 

» M B m »)/c 

where c is the velocity of the plane waves and AB is the distance between 
the points A and B. Since AB = (a/2) - x, 

Ey = E cos ( — cos 8 — x —- cos 8 

Now by the choice of cos 8 = X/2a, Ey reduces to 

) 

Ey = E sin 

which is just the value for the H-mode field. In a similar manner the 
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components of the magnetic field can be found, and they will agree with 
the H-mode values. Thus the H-mode field has been decomposed into 
that of two plane waves and a useful concept in describing some of the 
properties of the Jf/-mode is gained. The point A moves with the 
velocity 

sin 6 

which is just the value of the phase velocity of the H-mode waves. 
The results for the rectangular waveguide may be applied to the 

higher modes between parallel plates. If the height of the guide, b, is 
allowed to become very large, the solution for parallel plates, when the 
electric field is parallel to the plates, is obtained. A series of modes 
exists, for all integral values of n excluding n = 0, corresponding to the 
TEon-modes in the rectangular guide. 

The Tilf-modes may be treated in a very similar manner. The 
equation for Ez is again separable in rectangular coordinates, and the 
following values are found for the fields: 

Ez = sin kxx sin kyy, 

Ex = — -,, xr-2 cos kxx sin kvy, 
Kx "I- Ky 

sin kxx cos Kvy, 

where as before 

V " 7 2 _1_ 7 2 ' 
tCx -\- Ky 

Hx = j , 2 ", 2 sin kxx cos kyy, 
Kx ~\- Ky 

17 ■ u e ^ l 7 ■ 7 
" » = _ 3 7.2 _|_ 7.2 C 0 S HzX S m hyPr 

kl = kl + kl = y* + « V 

(49) 

Ky 
nir 
— y a kx 

The modes are designated as TMmn-modes, and it is evident that the 
lowest mode is the TAfn-mode, since the zero values of m and n arc 
excluded. The cutoff frequencies are given by Eq. (40), and the cutoff 

wavelength of the lowest mode is 

Xc = 
2ab 

Va2 + 62 

This wavelength has the simple geometrical 
interpretation shown in Fig. 2-9. 

2-13. The Normal Modes in Round Pipes. 
To treat the case of waveguides of circular 

■ross section, it is convenient to employ cylindrical coordinates r, 6, z nnd 

F I G . 2 -9 .—Cutof f w a v e l e n g t h 
of t h e T . l / n - m o d e . 
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to choose the axis as the direction of propagation. For TAf-modes, the 
wave equation for Ez is 

If the variables are separated by taking 

E. = B(r)e(9), 
the equation for 0 is 

„ + x2© = 0, 

where x2 is the separation constant. The solution is 

0 = e''*», (51) 

and hence x must be an integer or zero. The complex form of the func
tion 0 is interpreted to mean that two solutions are possible: One is 
0 = cos x<>; the other is 0 = sin %9. Thus the modes are degenerate 
in pairs. The two modes may be thought of as two states of polarization 
of the field. 

The equation for R is 

+ ;f + M ) * = °-7 P + ; S + l*;-;r)ffi-0> (52) 
where k\ = y1 + u2e/i. This becomes Bessel's equation in the canonical 
form by the substitution x = kcr. The solution for Ez is therefore 

Ez = e*»Jx(kcr), (53) 

where Jx is the Bessel function of the first kind of order x- The solution 
Nx(ker), the Bessel function of the second kind, is excluded because of the 
singularity at r = 0. The boundary conditions may be applied immedi
ately, since Et must vanish at r = a, the radius of the tube. Thus kc is 
determined by 

Jx(kca) = 0, ] 
or > 

K(J1 — tvTl, / 

(54) 

where txn is the nth root of the Bessel function of order x- The cutoff 
frequencies are then determined by 

i(V).2 

<M \ a) 
(55) 

The smallest value of fx„ is tn = 2.405. Other values are given in Table 
2-2 at the end of this section. 
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The other components of the fields are determined in a manner 
analogous to that of the rectangular case. Thus, 

"•--ij¥,^--'r.'H'J»A > <56) 

ET = ZEH$, Eg = —ZEH T , ZE = ~ 

The TM-modes are distinguished by the subscripts TMxn, and the low
est TM-mode is the TMm-mode. Equation (41) is valid for these modes 
if the values of \c given by 

2ira .__. 
Xc = 7— (57) 

lxn 

are used. 
The TE-modes are treated in the same fashion. The solution of the 

wave equation for Hz leads to the same solution as that for Ez in the TM 
case: 

H, = e'^Jx(kcr), (58) 
but the boundary conditions are determined from Eg, which is 

E°=J^df=JJrelxSJW<r)-
This component of the field must vanish when r = a. If sxn are the roots 
of J'x, then 

The cutoff frequency is 

1 feY> (59) 
«M \ a / 

and the cutoff wavelength is 
X,. = — • (60) 

Sxn 

The modes are designated by TExn, and the dominant mode for round 
pipe is TEU, for which su = 1.841. Table 2-2 gives other values of the 
roots of J'x. It should be noted that the T.E-modes also have two states 
of polarization except when x = 0. The other components of the fields 
are 

■ ' *2 y se kir JAKcT)' } ( 6 ] ) 

Hr — — if—> He = -=-■ 

The principal formulas and pictures of the electric and magnetic lines 
are collected together in Sec. 2-19. 
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TABLE 2 2.—ROOTS OP THE BESSEL FUNCTIONS JX AND J^ 

Mode 

TEU 
TMn 
TE21 
TEm, 
TEn 
TMn 
TE„ 
TE12 
TMm 
TM3l 
TEtl 

TE22 
TE(J2, 

TM„ 

TM^ 

Root of 

A 
J» 
A 
r' 
A 
Jt 
A 
A 
Jo 
J, 
A 
A 

. / l 

J: 

Root = ked 

1.841 
2.405 
3.054 
3.832 
4.200 
5.135 
5.30 
5.330 
5.520 
6.379 
6.41 
6.71 
7.016 

2-14. Higher Modes in Coaxial Cylinders.—In the earlier sections of 
this chapter, the principal, or transverse-electromagnetic, mode of 
propagation between coaxial cylinders was investigated. I t was shown 
that this mode can exist for any frequency or, in other words, that the 
cutoff frequency is zero. There also exist higher modes of propagation 
which have nonvanishing frequencies of cutoff. These modes must 
satisfy Eq. (50) or the equivalent equation for Hz. The Bessel function 
of the second kind is here an admissible solution, since the origin is now 
within the center conductor and is excluded. Thus it is necessary to 
take a linear combination of the functions of the first and second kinds, 

"• ) = e<-*»[AJx(hr) + BNx(kcr)]. (62) 

The boundary conditions for an i?-mode are, then, that this quantity 
vanish at r = a and r = b. 

For the TM-modes, therefore, 

_ A Nx(kca) Nx(kcb) 

B Jx(kca) Jx(kcb)' ^ 

The corresponding condition for TE-modes is 

K(kca) = N'x(kcb) 

Jx(kca) J'x(kJ>)' (° ' 

The lowest mode is the T7?io-mode, where kc is given by the first root of 

JMWAka) - J'^k^N'^kcb) = 0. 
The value of this root is represented in Fig. 2-10, where a quantity /, 
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defined by the relation 
JX = (a + 6)T, (65) 

is plotted against a/b, where 
(a + b)ir is the mean circumfer
ence of the two coaxial cylinders. 
Thus as a/b becomes nearer to 
unity, the cutoff wavelength ap
proaches this mean circumference. 
This is exactly as we should expect, 
since the effect of curvature must 
become small as a approaches b 
and the cutoff wavelength must 
approach the value for the TEio-
mode in a rectangular guide whose 
width is half the mean circum
ference. As the radius of the cen
tral conductor approaches zero, 
the TJ^io-mode between coaxial 

cylinders goes smoothly over into the TEu-mode within a pipe of circular 
cross section. The other components of the field of the TEia-mode are 
derived as before. The values are 

H. = e» \j,Qccr)N[ (kc fy - J\ (kc f\ N^kjr) 1 

hlr [ ; , M (h j ) - J\ (kc fj Ntdcr) 

i»M BH. _ jull eie [j,{kcrWi ^ ^ _ j , ^ ^ N,(kcr) j , 

/ 0.98 

0.96 

0.94 

0.92 
0 0.2 0.4 0.6 

% 
F I G . 2-10.—Cutoff wavelengths for the 

Ti?io-mode between coaxial cylinders of 
radii a and b. The curve is a plot of / vs. 
a/b, where/X^ = (a + b)ir. 

0.8 1.0 

k* r 66 
(66) 

Ee = M dr 

Hr= - Es 

TT _ Er 

tie — -j— 

The next higher mode will be a TM-mode and will have a cutoff wave
length greater than the cutoff wavelength for the TE-mode by a factor 
of approximately ir/2. 

2-16. Normal Modes for Other Cross Sections.—There are several 
other cases in which it is possible to obtain a separation of the wave 
equation for Hz or Ez. If the cross section of the waveguide is elliptical, 
the fields are expressible in terms of Mathieu functions. The solutions 
have been investigated in detail by L. J. Chu.1 The solution for a 

■L. J . Chu, "E lec t romagne t ic Waves in Elliptic Hollow Pipes of Me ta l , ' ' 
/ . Applied Phys., 9, 583 (1938). 
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guide with parabolic walls has been obtained.1 An exact solution is 
possible also when the guide cross section is an equilateral triangle.2 

Many miscellaneous shapes can be treated by proceeding in the reverse 
order. Let us take for Et any solution of the wave equation and plot its 

FIG. 2-11.—Modes derived by insertion of conducting surfaces perpendicular to lines of 
electric force. 

contour lines, that is, the lines of Ez = constant. Now the boundary 
condition for a TM-mode is that Ez vanish on the boundary. Hence 
the contour Ez = 0 may be chosen as the boundary of the cross section. 

1 R. D . Spence and C. P . Wells, Phys. Rev., 62, 58 (1942). 
2 S. A. Schelkunoff, Electromagnetic Waves, Van Nos t rand , New York, 1943, Sec. 

10-8, p . 393. 
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The contour lines now represent the magnetic lines in the transverse 
plane. The electric lines are then orthogonal to these magnetic lines. 
In a similar way, if Hs is assumed to be a solution of the wave equation, 
then the boundary of the waveguide for which this solution is valid is 
normal to the lines H, = constant. These contour lines represent the 
lines of electric force in the transverse plane, and the transverse lines of 
magnetic force are orthogonal to them. The cutoff wavelengths are 
prescribed when the functions Hz or Et are specified, since they contain 
ke = 2K/\C as a parameter. 

Moreover, if a solution for a simple case has been obtained, it is pos
sible to derive other cases from it by inserting a conducting surface that 
is everywhere perpendicular to the lines of electric force. If such a sur
face includes a portion of the original boundary of the guide, the cutoff 
wavelength will remain unchanged. Figure 2-11 shows several examples 
of such derived modes. 

I t is always possible, of course, to solve the wave equation by employ
ing all the well-known techniques of numerical integration, perturbation 
methods, and so forth. There is a general relation between the cutoff 
wavelength and the solution to the wave equation. The two-dimensional 
Green's theorem is 

(67) 

where the surface integrals are taken over the guide cross section and the 
line integral around the boundary. Let us take U equal to V, and let it 
represent either Ez or H2. Then 

(68) 

but the first term on the right may be written k%J U2 dS, since U satisfies 
the wave equation, and the second term on the right vanishes, since 
either U or dll/dn is zero. Therefore, 

K = (2,y = AKS) + u Q 
/ . 

dS 
(69) 

U2dS 
s 

This quantity is always positive; therefore, for any arbitrary shape, some 
transmission mode is possible. 

If some approximate form for U is known, Xc can be calculated from 
this equation. It may be shown that this is a variational expression for 
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k\; that is, the function U that results in the minimum value of k* is 
Lhe correct value in the sense that it satisfies the wave equation and the 
boundary conditions. Therefore, if any function for U is used, the value 
of k* calculated from it will always be larger than the actual value that 
is the correct solution to the problem. I t is also possible to establish a 
systematic method of successive approximations that converges on the 
correct values of ka and U for the particular problem. This procedure has 
been discussed in detail by J. Schwinger. An example of the results of 
such calculations is shown in Fig. 2-12, which shows the cross sections of 
several waveguides with flat tops and bottoms and semicircular sides. 
The cutoff wavelengths are identical for all these shapes. 

2*16. Transmission Losses.—Throughout the preceding sections it 
has been assumed that the walls of the waveguide are made of perfect 
conductors. A guide with real metal walls has a finite, although large, 
conductivity, and this must be 
taken into account. The alter
ation appears in the boundary 
conditions. It has been assumed 
that the tangential electric field 
vanishes on the surface of the con
ductor. In the case of a real 
metal, the tangential electric field 
does not quite vanish but has the 
small value determined by the 
product of the conductivity and 
the current density. The current 
density is equal to the tangential 
magnetic field at the metal surface. 
Thus the electric field is altered by 
the addition of a small component tangential to the metal. The mag
netic field is also altered by the addition of a small field normal to the 
metal surface, and this normal component of the magnetic field is of the 
same order as the tangential component of the electric field. Therefore 
some energy flows into the metal. The rate at which power is lost into 
the metal per unit distance is 

0.5 Xc 

F I G . 2-12.—Various waveguide cross sections 
having the same cutoff wavelength. 

dP 1 d 
_ = _ R e ( Z m ) - f \Ht\* ds, 

J walla 

where Ht is the transverse magnetic field and Zm is the wave impedance of 
the metal. Since Ht varies as e~~", \Ht\2 varies as e_(T+T*)» which is e_2<" 
Therefore 

— = — iar. 
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The propagation constant is thus no longer purely imaginary but has a 
small real part. The change in the guide wavelength is, however, of the 
second order of small quantities and can be neglected. The wave 
impedance also becomes complex. 

The amount of radiation into the metal is found by integrating the 
Poynting vector over the surface of the waveguide, choosing the com
ponent of S normal to the walls. This component is given by 

On — "̂Atan-fi tan-
Since Etu. is small, it is permissible to use for Ht^ the value that it would 
have in a guide of infinite conductivity. At the metal surface the tan
gential component of the electric field must be 

It will be recalled that 

Zn = J-g*r- (70) 
The attenuation constant a can then be calculated from the relation 

- - - TPS - TP L R e ^ds - ̂ r L ^ds' 
where the element of area ds is a strip of unit length in the 2-direction. 
For a good conductor, an approximate value of Z„ may be used, since 
ut <K c. By expansion, it is found that 

For metals, <r is usually greater than 107 mhos per meter, t is of the order 
of 10 - 1 1 farad per meter, and hence even for frequencies corresponding to 
u equal to 1013 per second, a>«/<r is only 10 -6. Thus even the first power of 
ut/ir may be neglected entirely, compared with unity, and 

Hence 
Z . - ^ d + j ) . (72) 

The attenuation constant a can be calculated explicitly in terms of the 
dimensions of the guide and the mode, and the necessary expressions are 
given in Sec. 219. A convenient way to express the metal losses is in 
terms of a quantity 5 called the "skin depth," defined by the expression 

Re OS) = i Re (Zm)\HM\2 = \ Re (Zm)X2 = i l K\ 
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Thus the metal losses are equal to those which would be produced by a 
uniform current K flowing through a surface layer of conductivity a and 
thickness S. Therefore 

4i (74) 

and hence 5 is characteristic of the metal and of the frequency. Table 
2-3 shows values of cr for various metals, values of 5 for a frequency of 
1010 cps, assuming M = Mo, and the relative losses per meter in waveguides 
constructed of the various metals. The propagation constant in the 
metal is y = y/jwucr — w2eM, which, for large <j, becomes 

V̂  ( i + i ) = i ( i + j ) . (75) 

Hence the fields within the metal fall off to 1 /e of their value at the sur
face at a depth equal to 8. 

TABLE 2-3.—SKIN DEPTH AND RELATIVE LOSS OF VARIOUS METALS 

Metal 

Ag 
Cu 
Au 
Cr 
Al 
70-30 brass 
P 
Solder 

Conductivity <r, 
mhos/meter 

6.17 X 107 

5.80 
4.10 
3 84 
3.72 
1.57 
0.9 
0.71 

Skin depth S for 
1010 cps, meters 

6.42 X 10"7 

6.60 
7.85 
8.11 
8.26 

12.7 
17.0 
18.5 

Relative loss 
per meter 

0 97 
1.00 
1.19 
1 23 
1.25 
1.92 
2.5 
2.8 

For the dominant mode in rectangular waveguide (ffio-mode), the 
value of a is easily determined. From Eqs. (46), 

\H« \H,\ 
4o2 

i 2 h cos2 — 
a a 

Equation (47) gives the value of P for this mode. 
mav therefore be written 

lea; 1 
Tab 

2b A Y 
a \2a) 

The attenuation a 

(76) 

Thus a is infinite for X = 2a and, for smaller values of X, decreases, passes 
through a minimum, and increases again, approaching infinity as X 
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approaches zero. Figure 2-13 shows the calculated values of the attenua
tion in a rectangular copper waveguide for four modes. 

2-17. Cylindrical Cavities.—Suppose that a piece of waveguide of 
length I is closed off by metal walls perpendicular to the axis of the guide. 
If there are electromagnetic waves in the cavity so formed, they will be 
reflected from the ends and will travel back and forth until they are all 
dissipated in heating the metal. For certain frequencies, a cavity of this 

0.1 

0.08 

0.06 

«i 
| 0.04 
Xi 
■o 
_c 
c 

#o 
to 
£ 0.02 

I 
0.01 

0.008 

0.006 
4xl03 6xl03 104 2xl04 4x10* 6x10 

Frequency in Mc/iec 
F I G . 2-13.—Attenuation in rectangular copper waveguide for several modes; a = 2 in.. 

ft = 1 in. 

kind is said to be resonant; and in exact analogy with the vibrations of a 
taut string fixed at both ends, these frequencies are given by the condition 
that 

. n\„ ,— 
l = - 2 , (u) 

where n is an integer and X„ is the wavelength in the guide. The discus
sion of most of the properties of resonators will be found in Chap. 7. 
Only the losses in the cavity will be discussed here. These losses are 
most conveniently expressed in terms of a quantity called the Q of the 
cavity. This quantity Q is defined as the energy stored in the cavity 
divided by the energy lost per radian. If the losses occur only in the 
cavity itself and not by transfer of energy to other systems, the perti
nent quantity is the "unloaded" Q, which is denoted by Qo- This con
cept is a natural extension of low-frequency terminology and is useful in 
very much the same way, as will be shown in more detail later. 
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If the cavity is of resonant length, the field pattern is; in the form of a 
standing wave having nodes at the two ends and (n — 1) nodes along the 
length of the cavity. The stored energy could be calculated by integrat
ing, over the cavity, the quantities ^tE1 and ifiH2. Likewise the losses 
could be found by integrating the square of the tangential magnetic fields 
over the walls and the ends of the cavity. This calculation has already 
been performed in effect, however, and a value for Q0 may be derived 
from the previous results. The standing-wave pattern of the fields may 
be decomposed into two waves of equal amplitude traveling in opposite 
directions. I t will be shown in Sec. 2-18 that the waves carry energy 
with the group velocity v„. If this is assumed to be true, the energy 
stored, W, is seen to be 

W = — , (78) 

v, 

where P is, as before, the power flow in the waveguide. Since 

\ 
v, = — c, 

where X and c are the wavelength and the velocity in the dielectric 
medium, the expression for the power flow may be written 

The energy lost in the walls, Wh can be written 

W O ) 

The energy lost in the end plates, W2, is given by 

^2 = i / „ iz\H<\idS> 
■£« J ends Off 

where the integral is taken over the two ends. This is directly related 
to the quantity P by 

^ J em 
ff,|2 dS = ^ 

ds Aw 

where Zw is the wave impedance. The factor 8 is a combination of two 
effects: a factor of 2 because the cavity has two ends, and a factor of 4 
that arises because at each end the magnetic field is twice that for a 
traveling wave and the second power of this field appears in the equation. 
Therefore 

W, = - f ^ - (81) 



50 ELECTROMAGNETIC WAVES [SEC. 2-18 

The combination of these results gives 

Wo = ~w + W (82) 

or 
_L = s^. + _J*!_. (83) 
Qo TX„ mr\\Zwba 

For a longitudinal //-mode (T'.E-mode), Z„, = (X„/X)f; and for a longi
tudinal /?-mode (TM-mode), Z„ = (X/X„)f. Thus Qo is expressed in 
terms of quantities already calculated. Values of Qo for the various cases 
are included in Sec. 2-19. I t has been assumed here that the losses in 
the dielectric material in the cavity may be neglected. In Chap. 11 the 
dielectric losses will be taken into account. 

2-18. Energy Density and Power Flow in Waveguides.—To complete 
this survey of longitudinal electromagnetic waves, it remains to prove 
some general theorems regarding the normal modes and to calculate the 
power flow and stored energy in waveguides. It has been shown that the 
fields for both E- and //-modes are completely determined once a single 
component of the field is known. If either the longitudinal component 
of the magnetic field for //-modes or the electric field for .E-modes is 
designated by Vz, this quantity is determined by 

(V? + A-?)Fs = 0, (84) 
where kl = y2 + w2tii, and VJ is the Laplacian operator in the transverse 
coordinates [Eqs. (33) and (36)] with the boundary condition that on the 
guide walls, 

7Z = 0 for E-modes, \ 

-̂ —z = 0 for //-modes, | an ) 
where d/dn is the derivative in the direction normal to the guide walls. 
The values of kl are the characteristic numbers of the problem which 
determine the cutoff wavelength 

\c = £ • (86) 
The cutoff frequency is 

«, = - ^ = ' <87) 

and the guide wavelength is given by 

lr A - k (88) 
The transverse components of V are 

V, = - J grad( V., (89) 
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where grad( is the gradient in the transverse coordinates. The remaining 
relation necessary to determine the fields completely is 

|E.| = Z. |H, | , (90) 

where the wave impedance Zw is 

ZH = — for fl-modes, 
(91) 

for i?-modes. \ ZB = -■— for i?-modes. 

I t may now be shown that the characteristic functions found in 
this way are othogonal. First, if the longitudinal components of two 
ff-modes are considered, it is to be shown that 

/ 
UJizh dS = 0, (92) 

where a and b refer to two distinct modes. By Eq. (84), 

j H!aHlh dS = k, ]_ j (H^H* - ff *V»ff „) dS. 

By Green's second theorem, this integral becomes 

where the integral is taken over the curve bounding the guide and 
vanishes by virtue of the boundary conditions [Eqs. (85)]. For the 
transverse components, 

/ H (a • H(6 dS = TXTI- / gradi Hza ■ gradf Hzb dS, 

by Eq. (89). The integral on the right can be transformed, by Green's 
first theorem, to 

f Hza^dl- J H.V'H* dS = J Hla ^ dl 

+ k% J HJB+ dS. (94) 

The first integral vanishes because of the boundary conditions, and it has 
just been proved that the second integral vanishes. Because the trans
verse electric fields are proportional to the transverse magnetic fields, 
the orthogonality of the electric fields also is proved. 

The proof for two fi-modes is exactly analogous. For the longi-

E.G. & G. LIBRARY 
Uf-.V1^.■..:.: BRANCH 

; - - - ■ / 
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tudinal fields the integral in Eq. (93) again applies, with Ez written for Hz. 
The integral again vanishes because of the boundary condition E2 = 0. 
For the transverse components there is an expression similar to Eq. (94) 
which vanishes in the same manner. For one //-mode (a) and one 
i?-mode (b), the longitudinal components are orthogonal; 

I HlaHa, dS = . EvE* dS = 0, (95) 

since 
Eta = Hib — 0. 

For the transverse magnetic fields, 

/ H,„ • Ha dS = p 5 ^ - / grad, H,a ■ Zjz. X grad, E* dS, (96) 

where n is a unit vector in the z-direction. The integral may be trans
formed into 

I div« (Hlaa X grad, EA) dS - / H„ div, (n X grad, Elh) dS. 

The first integral may be changed to a line integral which vanishes, since 
n X grad, Ea> is tangential to the guide walls. In the second integral, 

div, (n X grad, Etb) = - n ■ curl grad E* = 0, 

and hence the transverse magnetic fields are orthogonal. The proof for 
the transverse electric fields is almost identical. Thus it is clear that the 
longitudinal components of the electric and magnetic fields and the 
transverse components are all separately orthogonal for any two different 
modes. 

I t remains now to show that the energy flow for two modes contains no 
mixed terms. If two //-modes are considered, the power flow contains 
terms such as 

= I E1O X H*6 • n dS = I H,„ X n X H,*„ ■ n dS 

H l a • H*6 dS = 0, (97) 
/ 

as has already been shown. The argument is identical for two .E-modes, 
and for one //-mode and one E-mode. Thus when several modes exist 
at the same time in a waveguide, the flux of power of two modes can be 
computed independently and added. It should be noted that this is not 
true for the loss in a waveguide, since there can be a mixed term of the 
form Ht<,Hlb the integral of which does not vanish. 

Expressions for the stored electric and magnetic energy in a waveguide 
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will now be given. First, for //-modes, the electric energy is 

W°=\*f \Et\* dS = \ * ^ I |grad, Htf dS, 

the factor being \ because an average has been taken over the z-direction. 
Using Eq. (84), this becomes 

W° = \ e ̂  f \H.\*dS. (98) 

The energy associated with the longitudinal magnetic field is 

Wf = h f \HZ\* dS, (99) 

and the transverse magnetic energy density is 

WT = \n J\Ht\*dS= - i M | J f \Hz\>dS. (100) 

The total magnetic energy is 

W? + W? = \ „ (l - | j ) f \H,\> dS = \i^f f \H.\* dS, (101) 

which is equal to the total electric energy. The rate of flow of energy is 

P = \ Re (J E,HT dS) = - \ ZH | j J \Ht\* dS. 

The velocity v by which energy is transported is the rate of flow of energy 
divided by the energy density, or 

1 v 7s 2k'c _ X 1_ 

Now the phase velocity of //-waves is 
<uj X „ 1 

2 k l C M 2 " " A„ 

''"" = 4 = T ~~7=' 

while the group velocity is, using Eq. (88), 
rfco 1 p _ 1 

(103) 

(104) 
" dp yfoy/ki + P V^K 

Thus the velocity of transport of energy is equal to the group velocity.1 

1 For a precise discussion of the five velocities (front, phase, signal, group, and 
energy-transport velocity) that are associated with wave motion, the reader is referred 
to an excellent article by L. Brillouin, Congres International d'Electriciti, Vol. II, 1" 
Section, Paris, 1932. 
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There are analogous expressions for /J-modes 

W< 

(105) 

\v I \Ht\*dS = \n^ f \E,\*dS, 

^ = 5 « / l̂ l2 dS = - \ % / l̂ !2 dS> 

P = \zE j \Ht\*dS = \ z E ^ j \E,\*dS. 

Here again, therefore, the total stored energy is equally divided between 
electric and magnetic energy. I t can be shown as above that the same 
expressions for vvt>, vg, and v hold for 2?-modes as for //-modes. 

2-19. Summary of Results.—The survey of the classical electromag
netic theory of both transverse and longitudinal waves has been com
pleted. I t remains only to summarize the results in a manner that will 
be convenient for ready reference. For each of the modes that are of 
practical importance, the specific form of the fields will be given, together 
with the cutoff wavelength, formulas for the power flow and the attenua
tion, and the expressions for the unloaded Q of a cavity n half-wave
lengths long. 

Coaxial TEM-mode.—The transverse cross section of a coaxial trans
mission line operating in this mode is shown in Fig. 2-14. The fields are 

given by 
Ez = Hz = Et = HT = 0, 

where / is the total current in either 
the inner or outer conductor. The 
power relations are 

P b 
p = L. f i n 1, 

4irs a 

-h'^bKP + b*)' 

F I G . 2-14.—Transverse cross section 
of coaxial transmission line operating in 
the TEM-mode. 

1_ 
<2o 

_2_ 

In- ; \a2 + b y + n 

The Hio-mode (TEio-mode) in Rectangular Waveguide.—The field 
configuration for this mode is shown in Fig. 2-15. The equations for the 
fields and the power relations are 
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Hz = cos 

r, rv TT .2a . TTX Ex = 0, ff, = j r sin —> Ag a 
_, . 2a . . irx TJ n 
Ey = - j T f sin —» W„ = 0, 

Xc = 2a, A! f ' 

I , ! + -
I I a a = faT 

ay 
ri,IH1+?(wJ + » [ 1 " w J ) ' 
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F I G . 2-15.—Field configuration F I G . 2-16.—Cross section of waveguide for 

for i/io-mode (TEao-mode) in rec- TE^o-mode. 
tangular waveguide. 

The Hw-mode (TEw-mode) in Rectangular Waveguide.—The cross 
section of a waveguide carrying the 71£2o-mode is shown in Fig. 2-16 
The equations are 

TT 2irx tiz = cos > a 

Ex = 0, 

„ . a . 2wx 
fry = -j - f s i n — - > 

A a 

. a . 2TTX Hx = j — sin 1 
Aff a 

Xc = a, 

1 1 1 + % /xY 
a \ a / 

//„ = 0, 

1 a% p = iiz* 

©' 
i i i + 

Q o ir<5<T 

2b AY 
TH+i[.-(i)Tj © 
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The En-mode (TMn-mode) in Rectangular Waveguide.—The next 
mode that can be propagated in a rectangular waveguide, as the frequency 

is increased, is the #0i-mode, pro
vided that the dimensions are such 
that 26 < a. The relevant equa
tions can be easily obtained by set
ting z = y a n d a = binthei7io-mode 
equations. A further increase in 
frequency allows the .En-mode to 
propagate. The transverse fields 
for this mode are shown in Fig. 2-17. 
The fields are given by 

F I G . 2-17.- -Transverse fields lor the i?n 
mode. 

E. 
. irx . iry sin — sin -~-> a b 

_ . \' rx . irv Ex = ~J 7TV c o s ~~ S l n 17 ' 2aX„ a o 
TT . X?. . TX TV 
^ = J 2 b X " S m T C 0 S V 

Ey 

A* 

. A ' . TX TV -J SIT - S l n — cos -ri J 2b\„ a b 
2ab 

Hu 
. \t TX . TV 

—3 TT^V c o s — S l n 17 ' 2oX a 6 
1 ab\2

c 

a = 7 - T j -
a3 + b3 ■[-©r-Sc ' ab(a* + b2 

_2_ | a> + b' 2 1- / X V f 

Tfce Hn-Tnode (TEn-mode) in Round Waveguide.—The T'E'ii-mode is 
the dominant mode in waveguide of circular cross section. The fields 
are shown in Fig. 2-18. The field and power relations are 

Fm. 218 . -Fields for the TEn-mode in Fie . 2-i9.—Fields for the 7\M-oi-inode in 
round waveguide. round wnveeuide. 
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(■■■;> 

E»=j\ie»J- ' ( * % ) //» = 2TT\,;I 
r'»J (-§> 

where Sn is the first root of the Bessel function J'j; 

sn = 1.841, Xc = 1.706(2a), 

5a a 
1_ 1 
ia 

1 
irScr 

i^OT-ayr-
[̂ -fe)]̂ [-a)T)-

T/i-e Em-mode (TM01-mode) in Round Waveguide.—The lowest mode 
with circular symmetry is the £0i-mode which is of considerable practical 
importance. The fields are shown in Fig. 219. The relevant equations 
are 

E, = ?« — «/o I 'oi — ]> 
\ a/ 

. 2 T T 
£«, = 0, if. 

ivhere f0i is the first root of Jo', it has the value 

hi = 2.405, Xc = 1.306(2o). 

The power relations are 

p = :L^a *> j«^>)]2 = °-o62° xx -'' 

°V 0 1 a} 

Q« 

l 1 
oa a 
S 4a 
a nX 

-fern 
77ie H.2i-mode (TEn-mode) in Round Waveguide.—The next mode in 

round waveguide, in order of decreasing cutoff wavelengths, is the i/2i-
mode. The fields are shown in Fig. 2-20. The equations for this mode 
are 
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Hz = e2"J2 (s2l M, 

[SEC. 219 

S21 = 3.054, \c = 1.029(2a), 

o ; = ^ " (aL^i r^ + w J+ n I1 - \KJ J )' 
The Hoi-mode {TEm-mode) in Round Waveguide.—The first ff-mode 

with circular symmetry is the TZ?oi-mode. The fields are shown in Fig. 

Fio. 2-20.—Fields for the TEn-mode in F I G . 2-21.—Fields for the 7\Eoi-mode in 
round waveguide. round waveguide. 

2-21. The field equations are 

H. z = Jo ( S o l " )) 

Hr= -j^J'"V01a} 
Ee=j^^J'0(soi

1^, H, = 0, 

Er = 0, 

801 = 3.832, 

The power relations are 

\c = 0.820 (2a). 
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P = t^g f«Jĵ (s") = 00948 ^ f» 
1-W 

It should be noted that the attenuation for this mode has the unique 
property that it decreases continuously with decreasing wavelength. 

F I G . 2-22.—Field configurations for TAfn-mode in round waveguide. 

The En-mode (TMn-mode) in Round Waveguide.—The chief impor
tance of the £u-mode lies in the circumstance that it is a degenerate 
mode, having the same value of cutoff wavelength as the HOi-mode. The 
field configurations are shown in Fig. 2-22. The equations for the field 
components are 

Et = e»J, 

x2 

hi = 3.832, xc = 0.820(2a), 

1 1 
ba a 

J_ = 8 4a 



CHAPTER 3 
WAVEGUIDES AS TRANSMISSION LINES 

B Y C. G. MONTGOMERY 

3-1. Some General Properties of Guided Waves.—In the previous 
chapter, it was shown that waves may travel in hollow pipes in many 
modes of transmission and that for each of these modes there is a cor
responding cutoff frequency. For frequencies below the cutoff frequency 
the energy in the mode is quickly attenuated; above the cutoff frequency 
it is freely transmitted. The most important condition in practice is 
that in which the frequency lies above the cutoff frequency for the lowest 
mode but below the cutoff frequency for the next higher mode. The 

lowest, or dominant, mode will then propagate 
Obstacle -jnz energy in the waveguide. Let us take as the 

C* direction of propagation the positive z-direc-
„_ tion. Let us suppose that this traveling wave 

FIG. 31.—Electromagnetic encounters an obstacle in the waveguide, such 
waves incident upon and re- a s a conducting wire placed across the guide. 
fleeted from an obstacle in wave- ° ■ » ■ . 
guide. In the neighborhood of this wire, the so

lution of Maxwell's equations that corres
ponds to the dominant mode will no longer suffice to satisfy the boundary 
conditions. There must be, in fact, other modes present that are excited 
by the currents flowing in the wire. These higher modes, however, are 
not propagated, and their amplitudes die out rapidly in both positive and 
negative z-directions away from the wire. The actual fields near the 
obstacle are determined, of course, by a solution of the electromagnetic 
equations that satisfies the particular boundary conditions imposed by 
the geometrical configuration. The higher modes can be regarded as 
representing a kind of Fourier expansion of the fields near the obstacle. 
For rectangular waveguide in which the TEw-mode is the dominant 
one, the expansion is an actual Fourier series in terms of sine^ and cosines; 
for more complicated cases it is a generalized expansion in terms of other 
functions. One member of this expansion will be the dominant-mode 
term representing a wave progressing in the direction opposite the inci
dent wave, that is, a reflected wave. On the far side of the obstacle and 
some distance away from it only the dominant mode exists progressing 
in the positive z-direction but having a reduced amplitude. Some of the 
energy has been reflected; some may have been absorbed at the obstacle. 
The resulting situation is illustrated schematically in Fig. 3-1. 

60 



SEC. 31] SOME GENERAL PROPERTIES OF GUIDED WAVES 61 

To the left of the obstacle there is an incident wave of amplitude A 
and a reflected wave of amplitude B. To the right there is a transmitted 
wave of amplitude C. Each of these waves varies sinusoidally with 
time, the transmitted wave being 

where the amplitude C is to be regarded as complex and hence contains 
the phase of the wave. Only the case in which the losses along the wave
guide can be neglected, and hence K is real and K = 2ir/\, will be consid
ered. At some distance from the obstacle, the field is completely charac
terized by the amplitudes of the reflected and transmitted waves, and 
for many purposes it is not necessary to enquire further into its nature. 
I t may be assumed without loss of generality that the amplitude A is real. 

To the left of the obstacle there are two waves, of amplitudes A and B, 
traveling in opposite directions. The amplitudes A and B will be taken 
proportional to the transverse electric field at some point in the transverse 
plane. This is purely a convention; the transverse magnetic field could 
have been chosen instead, and the only differences would be those of 
sign in certain expressions which will be derived. The significance of 
this will be seen later. These waves may be thought of as being repre
sented by two radius vectors in the complex 
plane, as in Fig. 3-2. Let 4> be the argument of 
B. The resultant of the two vectors is then 
proportional to the total transverse electric 
field. The incident-wave vector lies along the 
real axis at t = 0, z = 0. For a constant value Ae j(at-«i) 
of z, both vectors rotate together counterclock- „ If*1 ax^ ^ 

. . . F I G . 3-2.—Vector repre-
wise at a constant angular velocity u as t in- sentation of waves in the 
creases. If t is constant, motion along the guide compiex plane. 
in the direction of increasing z corresponds to a clockwise rotation of the 
incident-wave vector about the origin and a counterclockwise rotation of 
the reflected-wave vector. 

The amplitude of the resultant wave will thus pass through a mini
mum value when the vectors are oppositely directed, increase to a maxi
mum, decrease to a minimum, and so on, as the obstacle is approached. 
The incident and reflected waves may therefore be resolved into a travel
ing wave and a standing wave. The distance toward the obstacle from 
the first minimum in the standing-wave pattern is given by 

■ - '-ir <» 

j(u>t+K2) 
Be 

<t> 

This description can be expressed more precisely. The resultant 
transverse field F is the sum of the contribution of two waves 
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= e'^'lAe-i" + B1e"-"+*)], 
where 

The addition and subtraction of B1e_'<"*+*) results in 

fe-j-»< = De-'"+'e + 2Bi cos (KZ + </>), 
where 

Z) = \A - Bie-'*| = (A2 + B\ - 2ABX cos <fi)* 
is real and 

Bi sin 4> = t an -
A. — Bi cos 0 

The first term is the traveling wave of amplitude D, and the second term 
is the standing wave of amplitude 2B\. 

I t is easy to measure a quantity proportional to the amplitude of F 
by inserting a small probe in the waveguide, and in this way the standing-
wave pattern can be measured. The methods for making such measure
ments are discussed in detail in Vol. 11 of this series. The standing-wave 
ratio will be denoted by r. I t is given by 

= in=« = \A\ + \B\ A + B, 
r \F\^ \A\ -\B\ A - B^ 

Commonly, r is expressed as a ratio of fields at points along the wave
guide, but it may also be expressed as a power ratio P, in decibels. The 
connection is 

P = 10 logi„ r2 db, (2) 

since power is proportional to the square of the transverse electric field. 
The quantity P is not directly related to the ratio of power transfer at two 
points but merely furnishes a convenient manner of expressing a ratio, 
particularly when the ratio is large. The quantity r is always greater 
than unity except when there is no reflected wave, in which case it has 
the value 1. I t is clear that since only the amplitude of the field is 
measured, the standing-wave pattern has a period, with respect to z, 
twice that of the incident wave, and that the distance between successive 
minima is only one-half wavelength. Moreover, the time phase of the 
standing-wave portion of the field is constant for a half wavelength and 
then changes abruptly by T for the next half wavelength. One other 
parameter is necessary to specify the standing-wave pattern. This other 
parameter is conveniently expressed as the distance, measured in wave
lengths in the waveguide, from some reference plane in the obstacle to 
the first minimum, and will be denoted by d/\g = {K/2T)<1. This quan
tity is dimensionless and is therefore sometimes called the "phase " of 
the standing-wave pattern. 
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Another parameter that is convenient for characterizing an obstacle 
is the "reflection coefficient." This is defined as the ratio of the ampli
tude of the reflected wave to the amplitude of the incident wave and is 
denoted by r . It is given by 

Be'" R, 
" - - l e>'<2«+*>. (3) Ae->" A 

Thus T is a complex number whose magnitude Bi/A varies from zero 
to unity and whose argument is a function of position along the guide 
and of the phase of the reflected wave. I t is possible, of course, to 
relate r to the standing-wave ratio; 

1 + ^ i 
A + B, + A l + |r| 
A - By _ Bi 1 - |lt 

A 

(4) 

and 

irl = ;- + } (5) 
At the position of the minimum in the standing-wave pattern, the phase 
of r is ir, and 

'--I-
At the maximum, the phase is zero and r = -\-B\/A. If the phase of r 
at the reference plane of the obstacle is 8, then 

8 = ir + 2K(1 + <f>. (6) 

The period of r with respect to z is TT/K, or a half wavelength. 
I t has so far been tacitly assumed that it is unnecessary to consider 

what happens to the reflected wave as it travels away from the obstacle 
to the left. If it is absorbed in the generator that produces the incident 
waves, there is no difficulty. Suppose, however, that the generator 
reflects the wave with a reflection coefficient IY The wave reflected 
from both the generator and the obstacle is traveling to the right with an 
amplitude TTiA. This wave will be reflected from the obstacle a second 
time and then again from the generator. The total amplitude A' of 
the waves traveling to the right will be 

A' = A .+ TTyA + T2r?A + • • • , 

which converges, since | ITi | < 1. The total wave amplitude traveling 
to the left will be 

A + H I M + r 3 r ,A + • ■ • = TA'. 

Thus the whole effect of a reflection from the generator is to change the 
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amplitude of the incident wave from A to A', and the situation is other
wise unaltered. 

Some simple relations between the transmitted power and the reflected 
power, in terms of V and r, may now be written. The fraction of the 
power reflected, Pr, is 

C-3)' pr = rr* = |r|2 

The fraction of the power transmitted by the obstacle, Pt, is 

Pt = 

The insertion loss of the obstacle is defined as L = 1 — Pt and is made up 
of the reflection loss PT plus the power absorbed in the obstacle. It is 
not possible to measure A directly because of the standing waves to the 
left of the obstacle. I t is possible, however, to measure the ratio of the 
field amplitude on the right to the field amplitude at the maximum or 
minimum of the standing-wave pattern; that is, the quantities 

ICI „ . |C| 
A + Bx A - Bx 

can be measured. Therefore, 

L = 1 - p ' = 1-(ZW(1 + |ri)2 

or 
r - 1 - l ^ l 2 ^ = i _ l ^ l 2 4 

(A + BO2 (r + l ) 2 (A-BOHr+l)2 W 

The input power to the obstacle, P;a, is 

P» = A* - B\ = (A + Bx)(A - BO = !F | M , | FU. 

Let us consider the simple case where the obstacle is a transverse 
plate of metal entirely across the waveguide. The transverse electric 
field is zero over such a plate, and the incident- and reflected-wave 
vectors must be equal and opposite. Thus <t> = ir, r = — 1, 6 = 0, 
r = <x>, and d/\g is zero or £. If the obstacle consists of a transverse 
magnetic wall over which Et is a maximum but Ht = 0, then <f> = 0, 
r = 1, 6 = v, r = oo, and d/X„ is \. These two cases are called the 
"short-circuit" and the "open-circuit" cases respectively. 

3-2. Low-frequency Transmission Lines.—The reader familiar with 
conventional transmission-line theory may by now have become sus-
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picious. Standing waves, short and open circuits, and other things usu
ally associated with ordinary low-frequency circuits where currents and 
voltages and not electric and magnetic fields are taken to be the funda
mental quantities have been mentioned. These suspicions may be lulled 
by establishing more explicitly the connections with low-frequency cir
cuits. I t should be emphasized, however, that up to this point only the 
fact that there are waves traveling down a waveguide and being reflected 
or transmitted by obstacles has been utilized, and therefore the results 
are completely general. But one restriction has been made, namely, 
that only the dominant mode can be propagated in the guide. 

In a coaxial transmission line, energy is propagated in the principal 
or TEM-mode. In Sec. 2-7 the expression for the fields and the equa
tions that they satisfy have already been derived. It was found that if 
losses are neglected, 

dET TT dHj, 

The solution of these equations is 

where / is the total current flowing in the walls of either the inner or 
outer conductor. These equations can be put into a slightly different 
form. If the voltage across the line is defined as 

b 

E, dr, 

this value of V is independent of the path of integration from the inner 
to the outer cylinder provided only that the path be restricted to a trans
verse plane, since H is purely transverse. If the equations are inte
grated with respect to r over such a path, and if / is substituted for 2irri/^,, 
then 

, b 
dV n a T dl . %r T7 
dz J 2ir ' dz , b 

l n -a 

These equations are a special case of the general transmission-line 
equations 

£--»• %--"■ 
where Z and Y are the series impedance and shunt admittance per unit 
length of the line. These equations are rigorously true for the coaxial 
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line if 

i b 

I n - „ 
Z = jwix -^> and Y = jue — ^ (10) 

l n -a 

These values could have been found, not only from Maxwell's equations 
directly as has been done here, but also from a calculation of the induct
ance and capacitance per unit length between coaxial cylinders. For 
transmission lines of other shapes, such as parallel wires, Eq. (9) is valid 
if the usual low-frequency approximations are made. The values of 
Z and Y will, of course, be different; they will be those characteristic of 
the particular line under consideration. The solution of Eq. (9) may now 
be written as the sum of waves traveling to the right and to the left of 
the point of observation 

V = Ae-" + Be-", \ 

7 = 1 ^ - ^ , } <»> 
where Z0 is the characteristic impedance of the transmission line and 
y is the propagation constant; thus 

~ \ F 
Y and y = y/ZY. (12) 

The transmission-line equations may be conveniently rewritten in terms 
of these parameters, since 

Z = yZt, 
y_ 
Zo Y - 1 - ,Fo . ( 1 3 ) 

Equations (9) become 

75? - " ^ ' Tz = -<Y°V- ( 1 4 ) 

These equations represent waves of voltage and current, instead of elec
tric and magnetic fields, but the discussion of reflection coefficients, 
standing waves, and so forth, of the previous section is valid here also. 
A new concept, however, has been introduced: the "impedance" at any 
point on the line, which is the ratio V/I. This quantity is uniquely 
defined. This is true for a coaxial line at any frequency for the principal 
mode or for a more general type of transmission line at low frequencies 
where the ordinary ideas of circuits and circuit elements are valid. No 
unique definition of V/I in a waveguide can be made, since (1) the cur-
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rent for a given value of z is a function of the coordinates in the zy-plane 
and (2) the line integral of the electric field is not independent of the end 
points, even though the path of integration does lie in the transverse 
plane. Impedance is such a useful concept, 0 V/J////////»J/I. 
however, that it is desired to retain its use Incident wave 
for waveguides, and some generalization Reflected wave 
must be made. Before proceeding with the _ 
generalization, the results that are valid at Z = Q 

low frequencies will be reviewed. FlG 3.3 _ A transmission 
3-3. The Transformation of Impedances, line terminated by an im-

Let us consider a line terminated at z = I by p 

an impedance Z = Z(l), as in Fig. 3-3. Equations (10) are subject to 
the boundary condition that 

V{1) - 7(1) 
Toy - m-

Thus, 

The voltage reflection coefficient is 

IV = - eW = Z f f l ~ Zo- (16) 
Vv A6 Z{l)+Z0

 {i0> 

The current reflection coefficient can be defined as the ratio of the reflected 
current wave amplitude to the incident current wave amplitude. Hence 

Tl=-Be2yl = Zo-Z(l) = 
Ll Ae Z0 + Z(l) 

Some authors, in the discussion of transmission lines, prefer to use the 
current reflection coefficient instead of the voltage reflection coefficient. 
In this chapter the voltage reflection coefficient will be used, and the 
symbol T will be understood to be equivalent to IV. 

Equation (16) is the transformation equation of T along the line; now 
the transformation equation for Z must be found. At 2 = 0 , the input 
impedance is 

A+B i + A 

A 

The elimination of the ratio B/A, by means of Eq. (16), has the result 

y _ 7 Z(l) + Zo tanh yl n ? . 
£" ~ % + Z(l) tanh yl' U O 
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It should be emphasized that Eq. (17) is a direct result of the boundary 
conditions imposed on A and B by specifying a termination Z(l) on the 
end of the line. It is worth while to restate more explicitly what has 
been done. I t has been shown that the total or. transmitted voltage 
across the load Z{1) is the sum of an incident and a reflected voltage wave, 
and that the transmitted current is the sum of an incident and a reflected 
current wave; that is 

Vi + Vr = V,, Ii + Ir = It. 
These currents and voltages are separately related by means of the 
impedance; thus 

Vi = Zoli, Vr = -ZJT, Vt = Z{l)It. 

These two sets of equations state the boundary conditions in a form 
that makes obvious the circumstance that the currents and voltages com
bine additively at a boundary. I t is possible to solve for 

_VT _ Z{1) - Zo _ / _ 
v Vi Z(l) +Z0 U 

The other ratio, 
_ Vt _ 2Z(l) _ 

Iv ~ Tt- Z(i) + z0- 1 + rv- ( 18 ) 

can be defined as the voltage transmission coefficient. When these 
relations are combined with the fact that V and / transform along the 
lines as waves with a propagation constant y, Eqs. (16) and (17) can 
again be derived. 

It is also possible to express the relationships between these quantities 
in terms of admittances, which are simply the reciprocals of the corre
sponding impedances. Thus 

F„ = Y , Y(l) = w y Yin = %-

The formulas become 

Fin ~ Y" Y0 + Y(l) tanh yl' {2°> 

T* = Yi+h)= l + Vv- (2,) 

When it is possible to neglect the attenuation in the line, y is purely 
imaginary; and if 7 = jn, the expressions become 

7 _ 7 Z(l) + jZ0 tan d ,_„. 
Z" ~ Zo Z„ + jZ(l) tan d' ( 2 2 ) 
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_ Y(l) + jY„ tan d . „ 
F t a " y ° F 0 + jY(Q tan d {l6) 

When the line is terminated by a short circuit, Z(l) = 0, F(Z) = °°, 

Zetaort — J Z o t a i l Kfc, 
F.hort = — j F 0 COt KZ. 

For an open-circuited line, Z(T) = °°, Y(l) = 0, 

If I 
nitta: 

= A„/4, tan KZ 
nee become 

■Zopon = — j ' Z o COt KZ, 

Fop.n = jY0 tan KZ. 

= tan T / 2 = » and 

Z2 

Z " ~ Z{1) 
V — ^° 

(24) 

Thus a quarter-wavelength line inverts the impedance and admi t t anc 
with respect to the characteristic impedance or admittance. 

One notable characteristic of all the expressions for r , T, Zm, and Fm 
is that they can all be written in terms of relative impedances. For 
example, Eq. (17) may be written 

M + tanh yl 

Z" 1 + Z® t anh yl 

It is just this circumstance which makes these expressions valuable for 
use with waveguides, where Z0 cannot be uniquely defined. This 
characteristic is really only a result of the wave nature of the solutions 
to Maxwell's equations, not of any special assumptions that have been 
made. This point will receive further consideration later. 

3-4. Power Flow.—The power flow into a line is, of course, given by 
the real part of iViaI*, or 

P = i Re (7»/*) = i Re (Zta)|7»|2 = | Re (F i n)|F»|2 . (25) 

This result is not to be derived from the transmission-line equations but 
represents a second physical property of the quantities V and I. It can 
be proved in the low-frequency approximation for the ordinary circuit 
equations. This will not be done, however. The result is fundamentally 
a consequence of Poynting's theorem. Tn the case of a coaxial line it is 
possible to verify Eq. (25) by substituting for V and 7 the values of the 
field strengths and integrating over the area of the line. It is more 
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helpful to think of the equation as an expression of a physical character
istic of the quantities V and / that they must satisfy in order to maintain 
consistency with the fundamental electromagnetic equations. All the 
remarks made in an earlier section relative to the power carried by the 
incident and reflected waves in relation to the reflection coefficient and 
the standing-wave ratio are still valid here. 

3-6. The Combination of Admittances.—Let us suppose that an 
admittance F is shunted across an infinite line of characteristic admit
tance F0 , as shown in Fig. 3-4a, and that there is a wave incident from the 

0 

1 — -

a 
I 
1 
1 
1 

1 
* r 1 
3* 1 

I 

(a) (b) (c) 
F I G . 3-4.—The combination of admittances and reflection coefficients. 

left to the right. The admittance to the right from a point just to the 
left of Y is Y + Yo, and the voltage reflection coefficient is 

— Y 
(26) F + 2F 0 

Let us now regard Y as made up of two admittances Y\ and Y2 in parallel. 
The total admittance is Yi + F 2 + Fo, and the reflection coefficient is 

r = - 7 l + Fj 

y, + F2 + 2F„ 
Thus the law of combination of admittances is simply additive. It is now 
of interest to know the law of combination of reflection coefficients. 
Suppose that the Y\ mentioned above is shunted across the line. Let 
the reflection coefficient be a. Let ft be the reflection coefficient when F 2 
is shunted across the line. The problem of how a and /3 should be com
bined to give the value of V above may be treated by considering suc
cessive reflections of the waves. 

Let us assume that the wave is incident first upon Y\. There will 
be an incident wave whose amplitude may be taken as unity, a trans
mitted wave of amplitude x, and a reflected wave whose amplitude it is 
desired to find. Let the amplitude of this reflected wave be y as indicated 
in Fig. 3-4c. The wave of amplitude x is made up, of course, of all the 
waves traveling to the right resulting from the successive reflections 
between the two admittances. It may be regarded, however, as being 
made up of the transmitted wave 1 + a from the first admittance plus 
the sxim of all the reflected waves from the second admittance which are 
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again reflected from the first admittance; thus 

x = 1 + a + a/to-
Likewise 

7 = a + /3z(l + a). 
If X is eliminated, 

*—"<££ <») 
Thus the law of addition is a very complicated one indeed. To verify 
this result, the expression —27/(1 + 7) may be formed, which is 

2a _ 2fi 
1 + a 1 + 0 " 

- 2 r 
1 + r" 

Thus the law of additivity of shunt admittances has been verified from 
the wave picture. 

The argument just stated could have been carried through using the 
concept of an equivalent series impedance that combined simply with 
another series impedance. Again the reflection coefficients do not com
bine simply. This is another aspect of the importance of the admit
tance or impedance concept for use in waveguides, where neither currents 
nor voltages may be uniquely defined. 

3-6. Transmission-line Charts.—It has been shown, in the preceding 
section, that a reflection in a transmission line can be described in several 
alternative ways. Each of these ways is convenient for certain problems; 
all are in common use. A reflection can be described by any of four pairs 
of variables: 

1. The standing-wave ratio and the position of the minimum, r and d. 
2. The real and imaginary parts of an equivalent shunt admittance 

Y/YB=G/Yo+jB/Y0. 
3. The real and imaginary parts of an equivalent series impedance, 

Z/Zo = R/Z0 + jX/Zt. 
4. The modulus and phase of the voltage reflection coefficient, 

r = |r|e». 
A fifth pair of parameters is sometimes used, namely, the modulus 

and phase of the current reflection coefficient. Since it has already been 
shown, however, that Ti = —Tr, this represents a more or less trivial 
addition. It must be remembered that impedances and admittances 
occur only as the ratio to the characteristic impedance and admittance 
of the transmission line, and therefore all of these parameters are dimen-

27 
1 + 7 

From Eq. (26), 
Y_ 
F0 
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sionless quantities. The four pairs of parameters listed above are 
related to one another by equations that have been stated in the pre
ceding sections. Each of the complex quantities T, Z/Z0, and Y/Yo may 
be regarded as a function of a complex variable, but this is not true of 
the quantity re""'. The fundamental relations that have been derived 
above are 

r = iric* = Z - Zp F Q - F 
Z + Z„ F0 + y' 

i + | r | , 4, - ir 
r = r=Tr|' Kd = ~1T-

These relations may be separated into their real and imaginary parts. 
Thus, 

_ l + |r| _ V(« + i)2 + X2 + V(R - i)2 + X2 

-1 - in 

J i> - * d = 2 

V(R + i)2 + x* - V(R - i)2 + X* 
_ y/(G + l)2 + B- + V(G - l)2 + B2 

V(G + l)2 + B2 - V(G - l)2 + B2 

1 t a n - 2X 

2 tan Ri + X2 _ : 2 

(28) 

tan 2 """ G" 
_i /(fi - l ) 2 + F 2 /i 
1 \ ( « + 1)2 + X2 \ 

(fi - l ) 2 + X2 _ /(g - l ) 2 + £ 

fl = 

X = 

G = 

1 r + 1 \ ( « + 1)2 + X2 \ ( G + l ) 2 + fi: 

2 Z 2B 
<£ = 2<d + ir = tan :

 ff2 „ 2 _ = tan 
r 1 - Irl2 

r2 cos2 ad + sin2 *d 1 - 2 | r | cos </> + |r>2 

(1 — r2) sin Kd cos *d _ 2|T| sin <f> 
r2 cos2 xd + sin2 Kd 1 - 2 | r | cos <t> + \T 

r 1 - Irl2 

r2 sin2 /cd + cos2 nd 1 + 2 | r | cos <t> + |r |2 

_ (r2 — 1) sin Kd cos xd _ — 2]T| sin j> 
r2 sin2 *d cos2

 Kd ~ 1 + 2 | r | cos </> + |r |2 ~ E2 + X2 

For convenience of notation Fo and Z0 have, in the above equations, been 
set equal to unity. The values of R, X, G, and B above are thus measured 
relative to the characteristic impedance or admittance of the line. 

The transformations represented by the above equations are con-
formal—the true values of angles are preserved in the transformation. 
They are also bilinear transformations, that is, of the form 

_ aw + b 
cw. + d 
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Thus it is possible to apply many general theorems which are well known 
for transformations of this type. 

These equations are sufficiently numerous and complicated that some 
graphical method of handling them is almost essential. Fortunately, 
a method exists that is convenient and easy to use, whereby these 24 
relations can be represented by a single chart. This chart, designed by 

FIG. 3-5.—The Smith impedance chart. 

P. H. Smlch,1 is illustrated in Fig. 3-5. The quantities |T| and <t> are 
chosen as polar coordinates, and lines of constant R and constant X are 
plotted. The region of interest is within the circle of unit radius, |r | = 1. 
The family of curves R = constant, X = constant consists of orthogonal 
circles. In terms of rectangular coordinates u and v in the T-plane, these 
circles are given by 

\u R + \) + (R + l)2 

(.-!)* + (, - i ) 2 = ^ 
The K-circIes all have their centers on the w-axis and all pass through the 
point u = 1, v = 0. The X-circles all have their centers on the line 
M = 1, and all pass through the point u = 1, v = 0. All values of R 

1 P. H. Smith, Electronics, January 1939, January 1944. 
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from zero to plus infinity and all values of X from minus infinity to plus 
infinity are included within the unit circle. Thus there is a convenient 
means of transformation from | r | and <j> to R and X and inversely. If 
the reference plane is moved nearer to the generator, tha t is, in the nega
tive 2-direction, the vector T rotates clockwise, making one revolution in 

F I G . 3-6.—Impedance chart with rectangular coordinates. 

half a wavelength. An auxiliary scale outside the unit circle, running 
from 0 to 0.5 around the circumference, facilitates this transformation. 
Curves of constant standing-wave ratio are concentric circles about the 
origin which pass through the points r = R. The parameter d/\g is 
read on the external circular scale. The relation between impedance 
and admittance is obtained in the following manner. A shift of reference 
plane of one-quarter wavelength inverts the value of the relative imped
ance; the shunt admittance equivalent to a series impedance is given, 
therefore, by the point diametrically opposite the origin from the imped
ance point at the same radius. Moreover, it is apparent from the trans
formation equations that if | r | is replaced by — |r | , then R mu: f be 
replaced by G and X by B. Thus the same chart may be used for admit
tances provided the value of 4> is increased by v. 
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The use of a Smith chart is very similar to the use of a slide rule; many 
tricks and short cuts are possible that are hard to describe but greatly 
facilitate computations. The Emeloid Company, of Arlington, N. J., 
makes a chart of this kind, of celluloid, which is called the "Radio Trans
mission Line Calculator." 

Impedance charts of other varieties have been made and used, but 
only one other is commonly encountered. In this version, R and X 
are used as rectangular coordinates, and the lines of constant r and 
d/\, are plotted. The chart has the same form when 0 and B are used 
as coordinates. The reflection coefficient cannot be read easily frcm the 
diagram. The lines of constant r are a family of circles with centers on 
the real axis, and the lines of constant d/\g are circles centered on the 
imaginary axis and orthogonal to the /--circles. An outstanding difficulty 
with a chart of this type is that the points of infinite R and X are not 
accessible. This rectangular form of impedance chart is illustrated in 
Fig. 3-6. 

3-7. The Impedance Concept in Waveguide Problems.—It has been 
shown in preceding sections that the properties of both waveguides and 
low-frequency transmission lines can be described in terms of incident 
and reflected waves. The state of the line or waveguide can be expressed 
by means of reflection coefficients that are, with the exception of a con
stant factor, sufficient to specify this state completely. In addition, it 
has been seen that the rule of combination of reflection coefficients is 
complicated even in the simplest cases. 

On the other hand, the state of a low-frequency transmission line may 
be expressed equally well in terms of a relative impedance or admittance, 
that is, the ratio of the impedance or admittance to the characteristic imped
ance or admittance of the transmission line. The impedance or admit
tance combines simply with other impedances, and it is this property 
which leads to a demand for an equivalent concept for the characteristic 
impedance of a waveguide. I t has been seen that the reflection coef
ficient in a waveguide can be replaced, at least formally, by a relative 
impedance that is completely equivalent and that expresses the state of 
the fields to within an unknown factor. In any configuration of wave
guides of a single kind, relative impedances or admittances may be 
defined in terms of r and <t> and combined according to the usual low-
frequency rules. It is not necessary to specify exactly what is meant by 
the characteristic impedance of the guide. 

Let us now consider the junction of two waveguides as illustrated in 
Fig. 3-7. If radiation is incident upon the junction from guide 1, there 
will be, in general, a reflected wave in guide 1. This reflected wave may 
be described in terms of the reflection coefficient or in terms of an equiva
lent relative shunt admittance or series impedance that ' terminates guide 
1 at the junction. Provided the losses in the neighborhood of the junc-
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Guide 1 

*. 
■ » — 

Guide 2 

tion may be neglected, the power flowing in guide 2 must be equal to the 
difference between the incident and reflected powers in guide 1. The 
amount of reflected power will be determined by the actual electric and 
magnetic fields in the aperture, which, of course, satisfy Maxwell's 
equations and the appropriate boundary conditions. In particular, 

across any transverse plane, the tangential 
electric and magnetic fields must be con
tinuous". To complete the analogy with 
low-frequency transmission lines, quanti-

Fio. 3-7.-Wion of two wave- t j e s a n a l o g o u s t o t h e c u r r e n t a n d voltage 
must be defined for waveguides, since it is 

in terms of the values of current and voltage that the terminal conditions 
must be specified. A few possibilities will be discussed. 

The voltage and current should be linear in the magnetic and electric 
fields, since it is desired that their product be a measure of the power. 
Thus let 

V = aEt + bHt, 
u.nd 

1 = cE,+ dH,, 

where Et and Ht are some mean values of the transverse fields. The 
complex power is then 

P = $VI* = Uac*^1 + bc*HtE*t + ad*EtH*t + 6d*|#1|2). 

The Poynting theorem states, however, that P is proportional to EtH* 
and independent of \Et\2 and \Ht\2. Therefore 

ac* = bd* = 0; 
hence either 

a = d = 0, or b = c = 0. 

Now if it is required that the voltage be zero at a short circuit where 
Et = 0 and that the current be zero at an open circuit where Ht = 0, 
then it is necessary that b = c = 0, and therefore 

(36) 

(37) 

I t has already been shown that all properties of reflected waves can 
be expressed in terms of a relative impedance, and no condition is imposed 
on the proportionality factor of Eq. (36). The second condition [Eq. 

The impedance 

and the power 

at any 

flow 

V = 

point 

= aE, , I = o 

is then 

V 
I 

P = 

a Et 

dHt 

%ad*EtH*t. 
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(37)] when applied to two guides such as indicated in Fig. 3-7 does repre
sent, however, a new condition. Any mean value may be chosen for 
Et and Ht, and in fact different values may be taken for two different 
waveguides, provided only that the conservation of power at a junction 
between two guides in ensured. This condition cannot be written 
explicitly, since it depends upon the nature of the junction. It can be 
seen, however, that if the current is identified, for example, with the 
transverse magnetic field at the center of the waveguide, then the con
stant of proportionality between the voltage and the electric field is 
definite and is determined so that P = \YI* represents the true power 
flow. It may be pointed out that the ratio between I and Ht need never 
be specified and may be chosen at will. If particular values of Et and Ht 
are chosen, then only the product ad* is determined, but neither a nor d 
separately. 

The situation is somewhat analogous to that arising from the insertion 
of ideal transformers in a network, if an ideal transformer were con
nected to each voltmeter and ammeter in a network in such a manner 
that the product of the readings remained the same, the result would be 
an effective change in the definition of impedance, all the power relations 
being conserved. 

3-8. Equivalent T-network of a Length of Waveguide.—If the con
cept of impedance in a waveguide is to be useful, it is important to deter
mine whether or not it can be used in the same manner as the impedance 
in low-frequency circuits. It has al
ready been seen that the reflections 
in a long line are correctly described 
in terms of an equivalent shunt ad
mittance or series impedance. Now 
the question is whether or not more ., .. Q ~ 7~ 7~7* 7 ~~\ 

^ 1' IG. 3-8.—bym metrical T-network. 
complicated structures can be repre
sented by equivalent circuits. If a straight piece of waveguide is ter
minated in such a way that the reflection is described by an impedance Zi 
at the end of the line, then the equivalent impedance at the input terminals 
of the line is 

y _ 7 Z; + jZ0 tan d , , , - , 
Z0 + jZi tan d 

Now to find a simple network equivalent, the symmetrical T-network 
shown in Fig. 3-8 may be tried. This network has two parameters Zi 
and Z2 in terms of which the line parameters Z0 and d might be expressed. 
For the network 

7 _ rj , Z-<(Zf "T Zl) 
Zi" - Zl + z, + z, + z,' 
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Ztin 

„ Z, + 2Z2 
&\ —j—;—~ r Ai 

7. 

1 + Zi + Z2 

By comparison with Eq. (3-17), the following identification can be made: 

Zi 
Zj + 2Z 

——sr = j'Zo tan d. 
1 T ^2 

1 
Zi + Z2 

= J 
. tan KI 

If these equations are solved for Zi and Z2, the result is, with some 
trigonometric trans] ormations, 

Zi = jZ0 tan K? 

Z2 = —jZo csc KZ. (38) 

These values are independent of Zi. Hence this equivalent circuit is in 
all respects similar to the waveguide, and it can be used with confidence. 

For easy reference, Table 3-1 presents the values of the circuit param
eters for lines of commonly used lengths. The parameters refer either to 
the T-form or to the ir-form of the network. The equivalence of these 
forms is discussed in Chap. 4. 

TABLE 31.—NETWORK PARAMETERS OF LINES or VARIOUS LENGTHS 

Length of line 

0 
X„/8 
\,/4 

3X„/8 
Xp/2 

5x„/8 
3X„/4 
7X„/8 
\ 

Series 
or 

impedance of T-network 
shunt admittance of 

7r-network 

0 
J (V2 - 1) 

.; 
J(y/2 + 1) 

3C 

-j(y/2 + 1) 
-J 

-j(V~2 - 1) 
0 

Shunt impedance of T-network 
or series admittance of 

7r-network 

00 

-3 V 2 
-j 

-j \ / 2 
X 

3 \ / 2 
3 

i V 2 
X 

In a similar manner, it would be expected that any configuration of 
metal in a waveguide would have some equivalent-circuit representation. 
If this equivalent circuit is known, all the techniques known at low fre
quencies can then be applied to investigate the behavior of the waveguide 
configuration, both by itself and in combination with other configurations. 
The equivalent T-network that has been found for a straight length of 
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waveguide has been shown to be equivalent only in a mathematical sense. 
I t has not been proved that the equivalence has any physical basis. 
However, this physical basis will be established by arguments that are 
given in Chap. 5. Chapter 4 will be devoted to a review of those ele
ments of conventional circuit theory which will be most useful. 

3-9. Transmission-line Equations for the i/m-mode.—It is possible 
to express the field equations for a single mode of propagation in a wave
guide in such a form that the correspondence to a transmission line is 
made obvious. The dominant mode only will be considered, but the 
extension to higher modes may be easily accomplished. The electric 
field in a rectangular waveguide in the dominant ffi0-mode may be 
written 

Ev = A s in— V(z), a 

where V(z) expresses the field variation along the line and may be called 
the voltage. Likewise the transverse magnetic field is 

Hx = — A sin — Iiz), a 

where 7(2) may be called the current. Then from Eq. (2-46) the longi
tudinal field is 

H.=.A^- cos — V{z). wfia a 

The relevant Maxwell equations are 

SEy 
dz 

dHx dHz 

dz dx 

If the values of the fields are substituted in the first equation to find the 
voltage and current, the result is 

This is one equation for a transmission line, upon identification of 

jufj. = yZ0 = Z. 

The second Maxwell equation results in 

^ - - ' [ - i ©"]"<■)■ 
which is the second: transmission-line equation, where 

= j<>>nHx, 

= jweEv. 
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1 ( I Y - 7> 'o = ) ' • 

The propagation constant 7 of the transmission line has the same value 
as that of the waveguide 

and the characteristic impedance is 

/ o = J = AH-
y 

The constant A may be chosen to obtain the correct power-transfer 
relation if 

Therefore 
/ 

S,dxdy = - £ / EVH* dx =\ VI*. 
& JO & 

I 2 
ab 

I t is important to emphasize the arbitrariness in the choice of con
stants. The value of A was chosen so that the complex power is ^Vl* 

F I G . 3-9.— Dominant mode in rectangular waveguide. 

The use of the same multiplying constants in the expressions for Ev and 
Hx results in the characteristic impedance of the line being equal to the 
wave impedance. Any other choice that preserved the power relation 
would have been equally acceptable. A different value of the impedance 
would have been obtained. 
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The transmission-line equations can be derived in another manner. 
Consider the waveguide in Fig. 3-9 operating in the dominant mode. 
Let us choose for the voltage V(z) the integral of the electric field at the 
center of the guide, 

V(z) = f° Ev dy, 

and for the line current a quantity proportional to the longitudinal cur
rent flowing at the center of the broad face of the waveguide. This 
longitudinal current is equal to the maximum value of the transverse 
magnetic field 

I(z) = aHx(z). 
Let us consider the line integral of the electric field around the rectangular 
path ABCD in Fig. 3-9. As the distances AB = CD become infini
tesimal, the line integral approaches dV/dz. By Faraday's law (the 
curl E equation) 

dV _ jwnbl 
dz a 

If likewise the limit of the line integral of Hx is taken around the path 
EFGH the result is 

1 dl f" . TTX . V f" . irx , „ „ - -r- I sin — dx = jue -r I sin — dx — 2Kt, adz Jo a o Jo a 
where Kt is the transverse current density across EF or GH. I ts value is 

oinao 

= ja ( f ~ ̂ a%) V-
hence 

dl 
dz 

The impedance and admittance per unit length of the transmission 
line are therefore 

Z 
a 

•'" \ b una2b/ 
The propagation constant of the line is given by 

IT 2 

7'' = ZY = —cohn -| 5) 
and the characteristic impedance 

z _ 1 {unby 
0 Y a* 7T2 

<•> ^ - TV 
= _ i f^Y 

a 2 \ 7 ) 
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The choice of a may now be made such that iVI* is equal to the complex 
power. 

J. Schwinger has shown that it is possible to proceed in an entirely 
general way and transform Maxwell's equations directly into the trans
mission-line equations whenever the boundary conditions are independ
ent of the 2-coordinate. Such a general case need not be considered here. 
The procedure that will be uniformly adopted here is as follows: 

1. The voltage V is chosen proportional to the transverse electric 
field in the waveguide. 

2. The current / is chosen proportional to the transverse magnetic 
field. 

3. The constants of proportionality are normalized in such a way that 
\VI* is equal to the complex power flow. 

Thus, it is assumed that 

E((x,2/,z) = V{z)i{x,y), (39) 
Ut(x,y,z) = I(z)g(x,y), (40) 

where f and g are real and so normalized that 

/ f X g - d S = l . (41) 



CHAPTER 4 
ELEMENTS OF NETWORK THEORY 

B Y C. G. MONTGOMERY 

4-1. Elementary Considerations.—In this chapter will be presented 
some of the elementary results of network theory that are useful in the 
study of microwave circuits. The approach will be in terms of what may 
be called the low-frequency approximation to electromagnetic theory. 
This approximation is the one usually employed in conventional circuit 
theory, and the results are well known and available in many standard 
textbooks. For the convenience of the reader and also to aid in a more 
orderly presentation of the properties of high-frequency circuits, some of 
the more useful material has been collected. This material is offered, in 
general, without detailed proof of its correctness. Many of the results 
are proved in Chap. 5 as special cases of more general theorems. In 
other cases only the method of proof is outlined. The reader will find 
himself already acquainted with a large part of this discussion. 

In this chapter, the concept of an impedance element, or impedor, will 
be considered as fundamental. An impedance element is a device that 
has two accessible terminals. I t may be a simple device, such as a piece 
of poorly conducting material (a resistor), or it may be a very complicated 
structure. I t is required, however, that it be passive, that is, that no 
energy is generated within the element. Charge may be transferred to 
the element only by means of the terminals; and if a current flows into 
one terminal, an equal current must flow out of the other. This is the 
first portion of the low-frequency approximation mentioned above. 
Thus a conducting sphere is not an impedor, since it has only a single 
terminal, but the equivalent impedance element can be supposed to have 
one terminal at the sphere and the other terminal at the point of zero 
potential or ground, perhaps at infinity. In the region between the 
terminals of the impedance element there exists an electric field. The 
potential difference, or voltage, between the terminals is defined as 
the line integral of the electric field from one terminal to the other. The 
second portion of the low-frequency approximation under which network 
theory is here treated requires that this line integral be independent of 
the path between the two terminals. The difference in voltage, for any 
two paths, will be proportional to the magnetic field integrated over the 
area enclosed between the two paths and to the frequency, and can be 
made as small as desired by the choice of a sufficiently low frequency. 
The ratio of the voltage across the terminals to the current entering and 

83 
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leaving the terminals is the impedance Z of the element. The reciprocal 
of the impedance is the admittance Y of the element. Only the cases 
where Z is independent of V or I will be considered, and for these cases 
the impedance element is said to be linear. At low frequencies an imped
ance element has a variation with frequency of the form 

Z = - ^ + R+juL, (1) 

where R, L, and C are positive constant parameters. The real part of 
the impedance, R, is called the resistive part, or resistance; the imaginary 
part of Z, [uL — (1/wC)], is called the reactance. The parameters L 
and C are the inductance and the capacitance of the element. The 
capacitance C may be infinite, but in physical elements neither L nor R 
is truly zero, although, of course, in many cases they may have negligible 
values. The reactance is often denoted by the symbol X. At higher 
frequencies, when the impedance elements of waveguide structures are-
considered, this simple form of frequency dependence is no longer valid. 

In a similar manner, the admittance Y can be broken up into its real 
and imaginary parts, 

Y = G + jB, 
where G is called the conductance and B the susceptance of the element. 
An impedance element whose frequency dependence is given by Eq. (1) 
is often broken up, for the convenience of the mathematical symbolism, 
into two or three elements in series, one for the real and one for the imagi
nary part, or one for each term with a characteristic frequency dependence. 
Since the admittance is the ratio of the current to the voltage, if an 
admittance is split into parts, the component admittances must be 
combined in parallel. The currents through the separate elements then 
add, and the voltages across them are equal. Thus if an inductance, a 
resistance, and a capacitance are combined in parallel, the admittance 
obtained is 

Y = J + j»C - 4" 
The impedance of Eq. (1) has, on the other hand, an admittance made up 
of the conductance 

R R G = 
R2 + 

and the susceptance 

R2 + Z 2 

B = ~, ^y - FTP' ( 2 ) 

R2 + 

and the variation with w is characteristic of R, L, and C in series. 
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Here is found the first illustration of the duality principle, which is of 
great convenience in network theory. An impedance may be regarded 
as the sum of several impedances in series, while an admittance is the sum 
of other admittances in parallel. One quantity is said to be the " d u a l " 
of another if, in a statement or equation, the two quantities can be 
interchanged without invalidation of that statement or equation. Thus 
it is seen that 

Impedance 
Series 
Voltage 
Resistance 
Reactance 

is the dual of 
is the dual of 
is the dual of 
is the dual of 
is the dual of 

admittance. 
parallel. 
current. 
conductance. 
susceptance. 

The simple relation Z = V/I remains true if the quantities are all 
replaced by their duals; that is, Y = I/V. Likewise the statement 
"impedances are added in series" becomes "admittances are added in 
parallel." If the duality replacement is made in Eqs. (2), they become 

R = 

X = 

_G 
G2 + B2' 

-B 
G2 + B2' 

(3) 

An arbitrary network. 

The duality principle results entirely from the fundamental symmetries 
of Maxwell's equations. An equivalent formulation was discussed in 
Sec. 2-10 under the name of Babi-
net's principle. 

Several impedance elements 
and voltage sources may be con
nected together to form a net
work such as the one shown in Fig. 
4-1. A network is composed of 
branches tha t may be individual 
impedance elements, such as CE, or may consist of several impedance ele
ments in series, as the branch AC, or in parallel, as CD. The branches 
are connected together at branch points, or nodes. They form in this way 
a collection of individual circuits or meshes such as CDEC or ACDFEBA. 

If the impedances in the branches are known, it is possible to find the 
currents in the network in terms of the sources of electromotive force or 
applied voltages. The necessary relations are Kirchhoff's laws. The 
first law states that the algebraic sum of the voltage changes around any 
circuit must be zero. This law may be regarded as an expression of the 
law of conservation of energy for a charge that is carried completely 
around the circuit. Explicit use is made here of the low-frequency 
approximation that the line integral of the electric field is independent of 
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the path. Kirchoff's second law states that the algebraic sum of the 
currents flowing into each branch point must be zero. This law follows 
from the conservation of charge, since charge cannot accumulate at the 
branch point. A sufficient number of linear relations may be set up by 
means of these two laws to make possible the determination of all currents. 

A simpler set of equations is obtained if the currents in the meshes 
are used as the unknown variables. These currents, which are indicated 
in Fig. 4-1, are sometimes called the circulating currents. When circu
lating currents are so chosen, Kirchhoff's second law is automatically 
satisfied. Thus there is a set of equations of the from 

V\ = Znii + Ziiii + Zui» + ' " " + Z\mi„ 
t>2 = Z 2 1 J 1 + ^ 2 2 ^ 2 + ' ' ' + Zzmirr, 

vm = Z„iii + Zm2i2 + • • • + Zmmi, 

(4) 

where ih i2, . . . , im are the mesh currents and vh v2, . ■ ■ , vm are the 
applied voltages in each mesh. The coefficients Z« are called the self-
impedances of the mesh, and a coefficient Zi,- is the mutual impedance of 
mesh i to mesh j . I t is to be noticed that the directions of the currents 
and the voltages in the meshes may be chosen in an arbitrary manner. 
The convention usually adopted is that the relation between the voltage 
and the current in any one mesh is such that the product i,Vj represents 
the power dissipated in the positive real part of Z,-,-. The signs of the 
currents are, however, completely arbitrary. This entails a correspond
ing arbitrariness in the sign of the mutual elements of the network. For 
certain cases uniform conventions will be adopted for the positive direc
tion of the currents. I t should be emphasized that although the signs of 
the coefficients of the currents are indefinite, the network itself is not, 
and the results of the calculations are independent of the choice of the 
iositive directions of the currents. The number of equations is, of 
course, equal to the number of independent meshes, m, and can be deter
mined from the relation 

m + n = b + 1, (5) 

/here n is the number of nodes and b the number of branches in the net
work. This relation" can be easily proved by a process of mathematical 
induction. I t is observed that this relation is valid regardless of how the 
number of branches is chosen. Thus, in Fig. 4-1, EBAC may be called 
one branch ending in the nodes E and C or two branches EBA and AC 
with nodes at E, A, and C. 

Suppose that there are two sets of applied voltages yj1' and v^. These 
voltages may be of the same frequency or of different frequencies. Let 
I'i1' and i{!) be the corresponding sets of currents. Then, since Eqs. (4) 
are linear, the currents ij1' + if1 are the mesh currents when the applied 
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voltages are v^1' + v^\ This is known as the superposition theorem for 
linear networks. 

The fundamental set of network equations may be established on a 
node basis rather than on a loop basis as are Eqs. (4). The independent 
variables are the voltages of the nodes, and the dependent variables the 
currents flowing in and out of the nodes. The equations thus obtained, 

i\ = Fiifi + Yi2v2 + • • • + Yi„vm, \ 

> (6) 

are the duals of Eqs. (4). The coefficients Yu are the self-admittances 
of the network, and Yt,- are the mutual admittances. 

4-2. The Use of Matrices in Network Theory.—Many of the results 
of network theory, both in the low- and high-frequency approximations, 
can be written most conveniently and concisely by the use of matrix 
notation. For the convenience of the reader, a summary of the rules of 
matrix manipulation is presented in this section. Eqs. (4) are written as 

v = Zi (7) 

where Z is the impedance matrix of the system. I t is a square array of 
the coefficients of Eqs. (4), 

L\\ Z12 Z13 . . . Z l m 

^ 2 1 ^ 2 2 - . . . /j2m 

/ m l ^m2 ' . . . Limm 

The quantities v and i are also matrices consisting of one column only and 
are more often called "column vectors." They are 

/ 1 

V2 

,"m. 

1 i = 

i i 

ii 

j™. 

All matrices are distinguished by the characteristic sans serif type used 
above; their components are printed in the usual italic type, since they 
are ordinary scalar quantities. 

The operation of combining Z and i is called multiplication. It is 
denned by the following equation which holds for the multiplication of 
any two matrices provided the number of columns of the first matrix is 
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equal to the number of rows of the second matrix. 
m 

A = BC, An = V BinCvi. (8) 

It should be noted that CB ^ BC, in general. When the product is 
independent of the order of multiplication, the matrices are said to 
commute. Matrices are equal only if each element of one is equal to 
the corresponding element of the other. I t is apparent that Eq. (7) is 
the same as Eqs. (4) when the above rules are applied. 

Addition, too, may be defined for matrices. The sum of two matrices 
is the matrix whose elements are the sums of the elements of the two 
matrices; thus 

A = B + C, 

I t is possible also to define a zero matrix 0 whose elements are all zero, 
and the equation 

A - B = 0 
means that 

An = Bij, for all i and j . 

Multiplication of a matrix by a scalar is therefore also defined as 

cA = (cAn) = Ac. 

Likewise, the unit matrix I may be defined, whose elements along the 
diagonal running from the upper left-hand corner to the lower right-
hand corner are unity and whose other elements are zero, 

0 0 

or I« 

lo ij 
where &,■ is the Kronecker delta. For any matrix 

Al = 1A = A. 

A matrix that has elements only along the diagonal is called a diagonal 
matrix. Two diagonal matrices always commute with each other. 

If Eqs. (4) are solved for the ih i2, . . . , im in terms of vit v2, ■ ■ ■ , 
vm, the resulting equations can be written as a matrix equation 

i = Yv, 
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where Y is the admittance matrix. If this equation is multiplied by Z, 

Zi = ZYv = v. 

Thus Y is the reciprocal of Z and can be written Y = Z_1 . The solutions 
of Eqs. (4) for ij in terms of Vi, r > , . . . , vm can be written by Cramer's 
rule as 

1 
det (Z) (viZ" + ViZ» ■ ■ ■ vmZ™), 

where det (Z) is the determinant formed from the elements of Z and Zu is 
the cof actor of the element Z;,- in det (Z). Therefore it is evident that 
the reciprocal of a matrix can be denned as 

det (Z) (9) 

The matrix (Z'') is formed by arranging the cofactors of the elements 
Zn in a matrix array and then interchanging the rows and columns. 
This operation is called transposition and is described by the equation 

Z = (ZiO, if Z = (Z«). 

Reciprocal matrices have the property 

AA"1 = A-*A = 1. 
Furthermore, if 

AB = C, 
then 

C-i = B-'A-1 . 
Also 

C = BA. 

A column vector is also subject to the operation of transposition and 
the resulting matrix is a row vector. Thus, 

I = i = (ii, ii, is, • ' •)• 

The product of a column vector and a row vector, taken in that order, is a 
square matrix 

ab = A, 
where 

An = apj. 
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If the product is taken in the reverse order, the result is a scalar 

ab = c = y a,bj. 
i 

4-3. Fundamental Network Theorems.—The fundamental physical 
principles that form the basis of network theory are embodied in Max
well's equations for the electromagnetic field. These equations, together 
with the force equation, the appropriate boundary conditions, and Ohm's 
law, would be sufficient for all further developments. Network theory is, 
however, limited to some rather special cases of all those to which the 
general electromagnetic equations may be applied. I t would thus be 
possible to formulate network theory from several specialized and 
rather simple theorems or postulates which, in turn, are derivable from 
the general equations. I t will not be attempted here to erect this logical 
structure, because the problems considered in waveguide networks are 
more general than those treated by ordinary network theory. The dis
cussion will be confined to a mere statement of the network theorems 
without a rigorous justification for them. The more general point of 
view will be adopted in Chap. 5. The choice of theorems that are to be 
regarded as the primary ones, from which all the others can be derived, 
and those which are corollaries to the primary theorems is, of course, to 
some extent arbitrary. 

The first network theorem, the superposition theorem, was stated in 
the first section of this chapter. This theorem follows directly from the 
linearity of Maxwell's equations. The second important theorem is 
called the reciprocity theorem. This theorem is most concisely expressed 
by the statement that the impedance matrix of a network is symmetrical; 
the element Z„ is equal to the element Z,j. This theorem follows from 
the symmetry of Maxwell's equations and will be proved in Chap. 5. 
Since Y = Z_1 , it follows that Y is also a symmetric matrix and Y^ = F,;. 
The reciprocity theorem is often expressed by the rather ambiguous 
statement that it is possible to. interchange the position of a generator 
and an ammeter without changing the ammeter reading. An inspection 
of Eqs. (4) will convince the reader that the statement is vague but 
correct. 

The third important network theorem is called Thevenin's theorem. 
This theorem states that a network having two accessible terminals and 
containing sources of electromotive force may be replaced by an electro
motive force in series with an impedance. The magnitude of this electro
motive force is that which would exist across the two terminals if they 
were open-circuited, and the impedance is that presented between the 
two terminals when all the voltage sources within the network are 
replaced by their internal impedances. This equivalence is illustrated in 
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Fig. 4-2. Let V be the open-circuit voltage of the network and Z the 
impedance looking back into the network when the internal electromotive 
forces are zero. Let ZL be the load impedance placed across the network 
terminals. Then Thevenin's theorem states that the two networks shown 
in Fig. 4-2 are equivalent. To make this evident, let us imagine that a 
source of voltage — V is placed in series with the load ZL. No current 
will then flow in ZL. Now, invoking the superposition theorem, this zero 
current may be considered as composed of two equal and opposite cur-

F I G . 4-2.—Equivalent networks demon- F I G . 4-3.—Circuit to illustrate Thevenin's 
strating Thevenin's theorem. theorem. 

rents, one excited by the external source and the other by the source 
within the network. However, the value of the former current is 
— V/(Z + ZL) ; therefore, the current through ZL from the sources within 
the network is V/(Z + ZL), which proves the equivalence. 

As an example of the application of this theorem, let us consider the 
circuit shown in Fig. 4-3. The impedance Z looking to the left of AB 
when Vi is short-circuited is 

ZiZv 
Z = Z3 + 

The open-circuit voltage at A B is 

V = - Fi 

Zi + Z2 

Zi + Z2 

Hence 

h = -
Vt Z, + Z, v,z2 

z3 + Z\Zi 
Z1 + Z2 + zL 

Z,Z2 + Z?Z3 + Z,Z3 + ZL(Zl + Z2) 

Thevenin's theorem is one of a class of similar relations, each of which 
is particularly useful in certain applications. Let us consider, for 
example, a network with two pairs of accessible terminals with the volt
ages and currents as indicated in Fig. 4-4. The output voltage is 

but 
' ! — ZiJl ~T" Z22I2, 
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and hence 

h = 
Z\il\ 

Z22 + ZL 

An equivalent output circuit is, therefore, that shown in Fig. 4-5o. 
similar manner, it is found from the admittance equation that 

In a 

F2 = F22 + I V 
therefore, an equivalent circuit can be drawn as in Fig. 4-56. 

Another theorem that is useful in the study of the behavior of net
works is the compensation theorem. If a network is modified by making 
a change AZ in the impedance of one of its branches, the change in the 
current at any point is equal to the current that would be produced by 
an electromotive force in series with the modified branch of — iAZ, where 
i is the current in the branch. This is immediately evident from the 
superposition theorem, since, if the network is altered by both changing-

the impedance and inserting a series 
' 1 

y>\ 

Fia. 4-4.—Two-terminal-pair network. 

electromotive force — iAZ, no alter
ation is caused in any of the net
work currents. Consequently the 
two alterations have equal and op
posite effects. This is a statement 
of the compensation theorem. I t 

is necessary, however, to consider the special case for which AZ is infinite, 
that is, when the branch is open-circuited. Let the impedance in the Kth 
branch be ZK and the current through it IK. Now let us suppose that 
ZK becomes infinite. 

/=-r,2viCy) -h/v2 = yzL 

(a) (6) 
FIG. 4-5.—Output circuits equivalent to circuit of Fig. 4-4. 

Let Z' be the input impedance of the network at the terminals of 
ZK- Then by Thevenin's theorem, 

/ - V' 
K ZK + Z'' 

where V is the voltage across the terminals of ZK when ZK becomes 
infinite. If an electromotive force equal to — V is introduced, the branch 
may be open-circuited without disturbing the currents in the remainder 
of the network. Hence the change in the network currents caused by 
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opening a branch is equal to the currents that would be produced by the 
electromotive force 

-V = -IK(ZK + Z') 
acting in series with ZK. 

The several theorems that have been considered are based on the 
elementary properties of Maxwell's equations. The reciprocity theorem, 
for example, depends essentially on the symmetry of the electromagnetic 
equations. On the other hand, the compensation theorem depends on 
the linearity of the equations. Other fundamental properties of net
works, or network theorems, are based fundamentally on the physical 
principles of energy flow and energy dissipation. If the force equation 
for the electron is to be regarded as fundamental, these properties can 
be regarded as derived from that. If a current i flows into the terminals 
of an impedance Z, across the terminals of which there exists a voltage 
V, then the complex power associated with the impedance is given by 
P = iVi*, where the asterisk denotes the complex conjugate. The real 
part of the complex power is the energy dissipated per second in the 
impedance; the imaginary part is the difference between the stored 
magnetic and the stored electric energy. Thus, if Z is purely real, 

1 P = 1 V* - V — 2 Z ; ZU* 

is purely real and no energy is stored. If Z is purely imaginary, the real 
part of P is zero and no energy is dissipated. The factor £ in the expres
sion for complex power comes from the fact that the amplitudes of the 
currents and voltage are used; that is, the peak values are employed 
rather than the root-mean-square, rms, values. If the rms values were 
used, the factor i would be absent. 

As an example, let us consider a simple circuit consisting of a resist
ance, an inductance, and a capacitance in series with a generator. The 
impedance Z is 

R j („L 

1 I F I 2 

P — _ Vi* — ' — 2 2Z* 

Rationalized, this becomes 

P - i F ~ 2 
|7|2R 

Ri + ("L - i ) ' 

|7|* 
2 

R-^(uL-^) 

3 R,+(°L-^y 
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The real part is recognized as the energy dissipated in the resistance. 
The energy stored in the inductance is, from elementary considerations, 

and the electric energy stored in the capacitance is, similarly, 

Wc = iC\Vc\^, 

where Vc is the voltage across the capacitance. By use of the relation 

~V 
OlC 

-W' 
some algebraic manipulation will show that 

2 \Z\ + j(W,, - Wc). 

zg 
- V W 

(a) 

The theorem on complex power is quite analogous to the complex 
Poynting energy theorem which was derived in Chap. 2. This is an 

extremely important point, and in Chap. 5 attention 
will be devoted to its elaboration in the more general 
form suitable for application to waveguide circuits 
as well as to the low-frequency approximation con
sidered here. As might be expected, there is a the
orem, analagous to Poynting's energy theorem for 
real fields, in terms of currents and voltages in which 
the sum of the stored electric and magnetic energies 
enters. A discussion of this theorem will be found 
in Chap. 5. 

It is now desired to state the relations for the 
maximum power transfer from a generator to a load. 
From Thevenin's theorem it is clear that the gen
erator, however complex its nature, may be repre
sented by an impedance Zg in series with an ideal 

generator of zero impedance. The equivalent circuit of the generator wil h 
(lie load Zi, attached is thus simply shown in Fig. 4-(>«. The power 
absorbed in the load is 

(b) 
FIG. 4-6.—Circuits 

for power-transfer re
lationships. 

P = i- Re (Z,,)K!2 

P 2 R L \Z: 
71 
+. z>. 2 (R„ + R, 

R,y-

It is easy to see that if the load impedance is varied, the conditions for P 
to be a maximum are that 

RL = R, 
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and 

This maximum value is 
X L Xg 

1 7 2 

P = - —• r m " 8 RL 

I t should be noted that here again the factor i would become i if the rms 
value of V were used. The factor would, of course, be \ in the d-c case 
also. 

For current generators, the dual relation is in terms of admittances. 
The circuit becomes that of Fig. 4-6b. For this case, 

P = i R e {YL)\V\>, 

P - H ' m" 8 GL 
where 

GL — G„ BL = — B„. 

A B 
F I G . 4-7.—Matching network. 

When the conditions for maximum power transfer are satisfied, the load 
impedance is said to be the conjugate image impedance. The quantity 
-Pm*! is often called the "available 
power " of the generator. 

If the load impedance does not 
satisfy the conditions for maximum 
power transfer, a matching network 
is often inserted between the gen
erator and the load, as shown in 
Fig. 4-7. If the network is lossless, the condition for maximum power 
transfer may be applied, with the same result, at either A or B or indeed 
at some point at the interior of the matching network. If the network 
is lossy, the two conditions are different, and the proper procedure 
depends upon considerations of design. 

4-4. The Synthesis Problem and Networks with One Terminal Pair.— 
The problem of finding the properties of a network when its structure and 
the behavior of its component inductances, condensers, and resistors are 
known has been considered. The problem inverse to this, and more 
often encountered in practice, is that of constructing a network having 
certain specified properties. It will be seen that there are severe limita
tions on the possible behavior of networks; these limitations are funda
mental to network design. Networks have been considered as composed 
of a number of branches forming complete circuits and containing sources 
of electromotive force and resistors in which power is dissipated. In 
general, the purpose of a network is to transfer power from a generator 
to one or more impedances which absorb the power. It is convenient 
then to remove the generators and the loads from the network and to 
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consider the properties of the network with a number of accessible ter
minals separate from any loads and generators that may be connected 
to the terminals. Networks may thus be classified according to the 
number of accessible terminals. In the simplest case, there are only two 
accessible terminals, and the network is described by a single quantity 
Z n , the self-impedance, or more simply, the impedance. I t must be 
remembered, however, that Zn is in general complex and, so far, there are 
no restrictions on the frequency dependence of the real and imaginary 
parts. Because the problem is still restricted to passive networks, 
Re(Zn) must be greater than or equal to zero. Power is therefore 
transferred from a generator connected to the terminals only if Zu has a 
real component. 

(rC 

FIG. 4-8.—Network having three accessible terminals. 

For networks having more than two accessible terminals, only the 
transfer of power from a generator connected to one pair of terminals to 
various loads connected to other terminal pairs is usually of interest. 
The potential difference between one terminal that is connected to the 
generator and another that is connected to the load is of no importance. 
Thus a network with three accessible terminals may be regarded as a 
two-terminal-pair network, one of the terminals being common to the 
input and output circuits, as indicated in Fig. 4-8. 

Whether or not the two lower terminals shown in the right-hand figure 
are connected is usually immaterial. Thus a network with n accessible 
terminals may be regarded as possessing n — 1 terminal pairs. The 
general network equations [Eqs. (4)] may thus be reinterpreted as express
ing the linear relations between the currents that flow in and out of each 
terminal pair and the voltages across the pairs of terminals. The order 
of the impedance or admittance matrix is thus an index of the complexity 
of the network under consideration. Networks with one, two, and more 
terminal pairs will be treated in succession. 

The problem is essentially one of synthesis. Given a junction that 
has N pairs of terminals, the contents of the junction being specified by 
the elements of the admittance or impedance matrix, it is required to find 
the possible meshes inside the junctions and the values of the individual 
elements in the meshes. The problem can be solved in two stages hav
ing different degrees of complexity. First, ways must be found to con
nect individual elements and the impedances of these elements so that the 
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impedance matrix has the proper value at a given frequency. It is 
relatively easy to do this. Second, the meshes and the elements must be 
chosen in such a way that the frequency dependence of the impedance 
matrix is reproduced. The frequency dependence of the elements is 
usually chosen to be that specified in Eq. (1), since at low frequencies 
such elements are easily obtainable- with ordinary coils and condensers. 
Such networks are certainly physically realizable. At the higher fre
quencies, where guided waves are the primary concern, it is not at all 
certain whether it is advisable or even possible to form equivalent circuits 
of individual elements whose frequency dependence is given by Eq. (1). 
In general, therefore, the discussion will be limited to a consideration of 
the first part of the synthesis problem, namely, that of finding the meshes 
and the elements at a single frequency. Some important things may, 
however, be said about the possible dependence on frequency of the 
equivalent circuits for guided waves. 

Let us consider the simplest case of a network with only one terminal 
pair. As has been already stated, one equivalent network for a first-
order impedance matrix is a single impedance having the specified value 
at the given frequency. However, there may also be several impedances 
in series or in parallel that together have the required impedance. Thus 
it is obvious that there is not a unique solution to the problem. An 
attempt must be made, then, to find the simplest and most convenient 
solutions. The simplest solution, in this case, is obviously a single 
impedance element. A more complicated solution is necessary if it is 
desired to proceed to the second stage in the synthesis problem. If the 
network must have a complicated frequency dependence, then its com
position out of simple elements will be correspondingly complicated. 
Indeed, it may be that there exists no network, however complicated, 
composed of simple elements such as R, wL, — 1/coC, which will give the 
frequency dependence that is desired. Only certain variations with 
frequency can be obtained with physically realizable elements. A dis
cussion of this question resolves itself into two parts, and it is convenient 
to treat first the case where the impedance Z n is purely imaginary. 

The restriction on the variation with frequency for this case is known 
as Foster's theorem, and this theorem may well be classed with the other 
network theorems which have been called fundamental. Foster's 
theorem states that the impedance, or admittance, of a lossless network 
with two accessible terminals must always increase with increasing fre
quency. This is obviously true for the simple element given in Eq. (1). 
It is also true, as is shown in Chap. 5, for the general case of guided waves. 
A simple proof for the low-frequency case1 will be presented here. If 

1 A. T. Starr, Electric Circuits and Wave Filters, 2(1 crl., Pitman, London, 1944, 
Appendix X, p. 4R3. 
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the value of the impedance ZT in Fig. 4-9a is changed by an amount AZr, 
new currents will flow in the network. By the compensation theorem, 
these new currents will be equal to those which would be caused by the 
generator shown in the equivalent circuit of Fig. 4-9b. The original 
admittance of the network was Y = I/V, and the electromotive force V 

I 

v)V 
v- i ©V 

T&, 
(a) (6) 

Fia. 4-9.—Equivalent circuit demonstrating Foster's theorem. 

produced a current IT in the branch r. Hence, by the reciprocity theorem, 
an electromotive force of —IrAZr in the branch r will produce an input 
current of 

-IrAZr r 

The change in the admittance is therefore 

r 

If the network is purely reactive, Ir will be of the form jaTV, where 
ar is real, and AZr must hejkTAu, where kr is real and positive. Hence 

AY V ' ' i 

Since this is greater than zero, the theorem is proved. At zero frequency, 
the network must be either a pure inductance or a capacitance, and the 

admittance must therefore be either 
o—fwa-N—1(_, ,i i— 

HHHH 
zero or minus infinity. Since the ad
mittance must increase with fre
quency, it will increase to infinity, 

F I G . 4-10.—Foster representations for a 
lossless impedance element. 

FIG. 4-11.— General lossy two-terminal 
network. 

then change to minus infinity, and increase through zero to plus infinity 
again, repeating the process perhaps many times. From the duality 
principle it is clear that this must be true also for the impedance. This 
dual relationship is illustrated by the two possible equivalent circuits 
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shown in Fig. 4-10. It should be emphasized that by means of networks 
of this form, the most general frequency dependence that is possible with 
elements in the simple form of inductances and condensers can be 
realized. 

If the network contains resistances, the above statements are no longer 
true. Darlington1 has shown that the most general lossy two-terminal 
network can be represented by the circuit shown in Fig. 4-11. Here 
the resistance R is independent of frequency, and the four-terminal 
network contains no lossy elements. For a further discussion of this 
important and interesting aspect of circuit theory the reader is referred 
to Vol. 9, Chap. 9. 

4-5. The Circuit Parameters of Two-terminal-pair Networks.— 
Perhaps the most important type of network for microwave applica
tions is that for which the impedance matrix is of the second order. 
The network has two pairs of terminals, and three independent param
eters are necessary to describe its properties. The importance of such 
networks lies chiefly in the fact that they are readily connected in cascade 
or with lengths of transmission lines to form a transmission system. The 
whole assembly can then be reduced to an equivalent linear device 
represented, again, by three parameters. A common name for a two-
terminal-pair network is "transducer." The impedance matrix isof the 
form 

Z\\ Zu 
z = (10) 

Z\2 Z 
The simplest equivalent circuit for this is the familiar T-network shown 
in Fig. 4-12. The positive directions of the currents and voltages that 

^l l~^12 ^22~^12 
h ►- o V\A, 1 V\A/ o - . /j 

1 

U ) >Zi2 ^t 
FIG. 412.—T-network. 

will be adopted are indicated on the figure. It should be noticed that if 
the currents and voltages have positive values, power is flowing into the 
network at both pairs of terminals. The values of the impedances 
shown on the figure are easily derived. For example, consider the mesh 
starting at terminals (1) and indicated by the arrow in Fig. 4-12. If 
the voltage drops around this mesh are added, it is found that 

7 i = (Zn - Z u ) / i + ZuZi + Z12/2, (11) 
1 Sidney Darlington, "Synthesis of Reactance 4-Poles," J. Math. Phys., 18, (1939). 
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and V2 may be found in a similar fashion. The current in the first mesh 
flows through the impedance Zi2 in the same direction as the current in 
the second mesh. Thus if the shunt impedance in the network is posi
tive, the mutual impedance element in the matrix is also positive. This 
is the most cogent reason for the choice that has been made of the positive 
directions of the current. The choice of the positive directions will be 
made, whenever possible, so that if power is flowing into all terminals of a 
complicated network, all the impedance or admittance matrix elements 

are positive definite if the cor
responding network elements are 
also positive definite. 

The admittance representation 
id, i 2 " that is the dual of the T-network 

FIG. 413.—II-network—dual representation is t h e I I -ne twork shown in Fig. 
of T-network. 4 . 1 3 j t w i l j fae n o t i c e d t h a t t h e 

direction of I2 and also the direction of V2 have been reversed in this 
case. In this way the requirements for positive matrix elements are 
satisfied. It is easy to verify the fact that the correct values have been 
assigned to the circuit elements by considering the currents flowing in and 
out of the node at the upper terminal (1). Thus 

/ i = (Kii - Ki.)V, + Y12(V1 + V2), (12) 

and a similar expression exists for I2. 
It is possible also to find the admittance matrix corresponding to the 

T-network by the relation 

Y = Z->. (13) 

The elements of Y may be easily found from the definition of a reciprocal 
matrix given in Sec. 4-2, 

v — ^22 

Yn - w 
Yn = - Zf,j (14) 

~D' 
where 

D = Z„Z2 2 - Z?2. (15) 

It will be noticed from the second of Eqs. (14) that if Z i 2 is positive, Y12 
is negative. This arises because the positive direction of the currents 
shown by the network of Fig. 412 would not be correct for an admittance 
representation. In a similar way, it is possibl e to write 
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Z u 

Zl2 

Z22 

A 

= 

= 

= 
= 

F22 

^ 1 1 ^ 2 2 - ■» 12 

(16) 

Moreover, 
DA = 1. (17) 

These relations will be found useful in many ways. 
A most important relation is the one giving the value of the input 

impedance of the network when the network is terminated by an arbi
trary load ZL- The second relation between the voltages and currents is 
given by 

y 2 = Z H / I + Z ^ , (18) 
and it is required that 

£ = ~Z, (19) 

U = - T^TTT 7>- (2°) 
Z/22 -f- JLIL 

Hence the input impedance is given by 

„ Vi 7 Zl 1\ Z22 + ZL 

By the duality principle, therefore, 

F2 

'm = in — T? _i_ v ' (22) 
I 22 T I h 

It should be noticed that the value of the input 
impedance (or admittance) is independent of the Fi«- 414.—T-net-
directions of the currents; this is guaranteed by the J^ely coupLYeoils.0 

fact that it depends on Z\i (or Y\^). 
The parameter that is sometimes used to express the degree of cou

pling between the circuit connected to terminals (1) and that connected 
to terminals (2) is the coefficient of coupling k which is defined by 

Zn 
■\ZZUZ2 

(23) 

This parameter is most commonly used in connection with loosely coupled 
coils. The equivalent circuit of this device in the T-network representa
tion is shown in Fig. 4-14. The value for k in this case is / _ 

E.G. & G. LIBRARY ' 
LAS VEG^S BRANCH 
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k = M 
y/LiLz 

(24) 

The parameter k thus has some value between zero and unity. 
For many cases, the most useful circuit parameters are the input 

impedances of the network when the output end is open- or short-cir
cuited. The impedance looking into terminals (1) when terminals (2) 
are short-circuited will be denoted by Z<P; correspondingly, when ter
minals (2) are open-circuited, the input impedance is Z™. The super
script (2) will be used to denote the corresponding quantities for terminals 
(2). From Eq. (21) it is clear that 

z$ = z„, 
z<» = z„ -
Z<£ = Z2 2 , 

Z'2 = z2 2 -
Also 

Z22 

z\t 

Zh 
Zn 

Za)-

(25) 

(26) 

Then from Eq. (14) it is noted that 

YnZii = YiiZii. (27) 

In terms of the short- and open-circuit parameters, this relation becomes 

and by the duality principle 

Zm 

Zfll 

V(l) 
* BC 

y d ) 

Zff 
zg 
Y<$ 
V(2) 

(28) 

(29) 

- o 2 

-°2 

A good example of the usefulness of 
these relations is afforded by the fol
lowing. I t is easy to calculate the ex
pression for the transformation of an 
admittance that occurs when a length 
of transmission line is added to it. Let 
terminals (2) be chosen as indicated in 

Fig. 4-15. Application of Eq. (29) to the combination of the admittances 
of the line and of the shunt element results in 

F I G . 4-15.—Transformation of an 
admittance by adding length of trans
mission line. 

* in jY0 tanh x + YL 
-jY„ coth x —jYB coth x + Y,', (30) 
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which can be reduced to the usual form 

v _ v YL + jYotanhx / c m Jin — -* o 77—; ^T—i r vo i ; Y0 + jYL tanh x 

Other useful parameters are the coefficients in the set of linear equa
tions that relate the input current and voltage to the output current 
and voltage. They are given by 

vx = av2 - &h, \ 
| (32) 

The parameters are related to the impedance matrix elements by 

(33) Zfi2 Zfi2 

e = i 3D = f̂ 2-
Ltll Z/12 

There must be a relation that corresponds to Eq. (28) and that also 
expresses the reciprocity condition. This has the form 

a ($, 

e & 
= 1. (34) 

If I 'I and I * are chosen as the column vectors, then Eq. (34) is 

the determinate of the matrix. If Eq. (32) is solved for 7 2 and 72, 
it can be written, in matrix form, as 

C;;) = (?«](:;]■ 
The elements of the matrix are the same as those of Eqs. (32), but in a 
different order, and the determinant of the matrix of Eq. (35) is equal to 
unity. This set of parameters has been in use for a long time, particu
larly for applications involving power transmission lines. From Eqs. 
(33) it is immediately - evident that if the network is lossless and the 
Z's are all pure imaginary, the elements 0L and £> are pure real and (B 
and C are pure imaginary. If the network is symmetrical, Zn = Z22 
and a = 2D. 

The utility of this set of parameters becomes more obvious when 
networks connected in cascade are to be considered. This situation 
will be treated in more detail in the following section. An important 
example of the use of these parameters is afforded by the case of the 
ideal transformer. The matrix of a transformer takes the form 
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1 
n 
0 

0 
n 

(36) 

where n is the turn ratio of the transformer, the direction of voltage stepup 
being from terminals (1) to terminals (2). No impedance or admittance 
matrix exists for the ideal transformer. The elements all become 
infinitely large, and therefore the series impedances of the equivalent 
T-network are indeterminate. 

Three important sets of parameters and their duals have just been 
presented which may be used to specify completely the properties of a 
general, passive, linear network with two pairs of terminals. The set 
that is most convenient to use depends on the particular application in 
question. 

4-6. Equivalent Circuits of Two-terminal-pair Networks.—Another 
method of describing the behavior of a network is by means of an equiva
lent circuit. I t has been shown that three parameters are necessary 
for the complete specification of a network with two pairs of terminals. 
The equivalent circuit must therefore contain at least three circuit 
elements. There is, of course, no unique equivalent circuit but an 
infinite number of them. Moreover, they may contain more than three 
circuit elements. Two examples have already been given—the familiar 
T- and II-representations. For microwave applications other representa
tions are also useful. Portions of a transmission line have been intro
duced as circuit elements. In Chap. 3, lines of this type were discussed, 
and the II- and T-equivalents for such lines were given there. These 
lines will now be considered as convenient circuit elements, and the 
electrical length and characteristic impedance to define their properties 
will be specified. Although this could be done for the general case of 
lossy transmission lines, the discussion will be confined to the case where 
the lines are lossless, since these are by far the most important cases for 
microwave applications. 

A simple case of such equivalent circuits is demonstrated by the cir
cuits shown in Fig. 4-16. These circuits consist of transmission lines, 
one shunted by an arbitrary admittance and the other having an arbi
trary impedance in series. The three parameters are thus the value of 
this admittance Y, the length of the line I, and its characteristic admit
tance Ya. The line with the series impedance might be termed the dual 
representation. These two circuits are duals of each other in the sense 
that the relation between Y and the elements of the admittance matrix 
corresponding to one circuit is identical with the relation between Z 
and the impedance matrix elements that describe the other circuit. Not 
all of the important circuits of this type will be discussed in detail, but 
several are shown in Figs. 4-16 to 4-23. The relations between the cir-
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z 
-A/VV 

(o) 
F I G . 4 1 6 . 

Zil = -jZo COt /3Z, Z = Z22 - Z n , 

Z22 = Z - jZ 0 cot # , (3/ = cos" -rhl. 

(b) 

Zn = ±jZ0 csc pi, Zo = JZ12 V' - (£> 

n 

(a) 

-AAAr-

F I G . 4-17. 
(b) 

A W 

F„ = Yi - j cot #, F, = F„ +jyjl+ yr> 

F22 = F, - j cot #, F2 = F22 + j J l + 1 , 

F1 2 = ± j csc pi, pi = csc-K+jYn) = sin"1 (yf)-

H 
I'I 

(a) (6) 
F I G . 4-18. 

F n = Fi , Fi = Fn , 
F22 = F2, F 2 = F22, 
F, 2 = jF„, F„ = - j F , 

-AA/V-
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cuit elements and the impedance, or admittance, matrix elements are 
given in the legends. Each set of equations given in the figure legend 
refers to the (a) circuit, which is shown on the left of each figure; the 

-A/W-

zn=i 

Fio. 419. 
(b) 

Y _ . 1 - cot ph cot Ph - jY cot Ph 
11 J cot Ph + cot ph + jY 

. 1 — cot Ph cot ph - jY cot ph 
cot ph + cot Ph + jY ' 

j csc pix csc Ph 

Y22 = j 

7 , 

Y = 

cot Ph + cot Ph + jY 

Symmetrical Case Only 
1 + 2(Fu + F12), Fu l l - (Ku + F12)2] 

= c o t - l ( - j ' y i i - j T » ) . 

Z0=l 

Fio. 4-20. 

Zn = -j Z0 cot j«, j3I = cos-1 ^ l l Z " , 
Zl2 

Z22 = - j V Z o cot # , Z„ = - j Z n . L ? j p - 1, 

Zu = jnZ0 csc /SZ, n = ■J^-

circuit (b), on the right, is the dual circuit. Thus in the legend of Fig. 
4-17 the relation 

Yu = Yr-j cot PI 

is given. The corresponding equation for the dual circuit is 

Z „ = Z1-j cot # , 

which is seen to be identical in form with the equation for Yu. In a 
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similar way, 
Z12 = j CSC (ft, 

Z22 = Z2 — j COt fil. 
(37) 

These circuits are of importance for microwave applications princi
pally because they can be reduced to very simple circuits by adding 
portions of transmission lines. This corresponds to shifting the planes 

Zn = l 

tan fill = 

tan /3Z2 = 

Zn = j tan 

Z22 = j t a n 

Z11Z22 — Z 2
2 = 

1 + c2 - a2 - 62 

Flo. 4-21. 
0h + tan- 1 (n2 tan (3l2)], 

j / t a n # 1 
\ n2 

n2 tan ffli tan ffl2 — 1 
tan /3̂ i tan /3/2 — n2 

/% + tan" 

2{bc -a) 
b + ca \ -\- aa 

4 1 + c2 

2(6c - a) + 1, 

— a + a 
— ca — b 

■ aft 
a — a 

1 + aa 

b = Z11Z22 ~ 
c = —JZ22, 
a = t an # 1 . 

72 
^12) 

/Si = cot-1 jZlh 

Z12 

Z12 = jn Vco t 2 # - 1, Z = Z22 
ZnZ12 

1 + Z?i 
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of reference in a waveguide circuit to those points which are most con
venient for the purpose at hand. Thus in Fig. 4-21, if an additional line 
length is added to each end, so that the total length of each of the trans
mission lines connected to the transformer is an integral multiple of a 
half wavelength, then the transmission lines may be omitted entirely 
and the circuit reduces to that of an ideal transformer alone. The 
circuits shown in Fig. 4-18 may be useful in finding the arrangement of 
waveguide or coaxial line necessary to reproduce a given T-network 
representation. The impedance of a coaxial line can be easily adjusted, 
and the shunt susceptance may be introduced by diaphragms. This 

■AAA/ 1 | 1 o o j , , V W -

l:n 

(a) 

Z , i 

Za 

Z\i 

= 

= 

= 

z, 
Zt, 

± 

Fla. 

n~ 
i 

n 

4-23. 

Z\ = Zw -

Zi = Ztij 
Zii 
Z/12 

l:n 

(b) 

Z 2 2 

question can be discussed more completely after the equivalence of cer
tain waveguide configurations to their networks has been shown. The 
circuit shown in Fig. 4-19 depicts another case in which an extremely 
simple circuit can result from the addition of lengths of transmission 
lines. It is evident, therefore, that a general two-terminal-pair network 
can be reduced either to a simple shunt element or to a simple series 
element. Thus the concepts of " s h u n t " and "series" lose much of 
their significance in transmission-line applications. As a corollary to 
this, it is easily seen that a pure shunt element is equivalent to a pure 
series element plus a transmission line one-quarter wavelength long. 
Likewise, a pure series element is equivalent to a pure shunt element 
plus a quarter-wavelength line. 

The existence of the circuit shown in Fig. 4-21 is a sound justification 
for a terminology that was introduced as slang. Any device, such as a 
diaphragm or a screw, introduced into a length of waveguide was spoken 
of as a "transformer." The meaning that this phrase was intended 
to convey was merely that the diaphragm could change the amount of 
reflected and transmitted energy in the line. Figure 4-21 shows that this 
expression can be interpreted quite literally, and the turn ratio of the 
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equivalent ideal transformer can be calculated in any given case. The 
transformer is not located at the position of the diaphragm, but at some 
other place along the line. 

The equivalent circuit of Fig. 4-21 is particularly useful for interpret
ing the measured properties of a waveguide junction.1 The turn ratio 
of the transformer is numerically equal to the voltage standing-wave 
ratio at the input terminals when the output terminals are connected to a 
matched transmission line. There is a simple relation between the posi
tion of a short circuit in the output-terminal line and the equivalent 
short circuit in the line connected to the input terminals. I t is 

tan p(l3 - h) = n tan 0(U - h), (38) 

where l3 and U represent the distances from the reference planes and h 
and h are the network parameters. 

It is important to notice one fact about all these equivalent circuits. 
Although, at a given frequency, the elements of the circuit are perfectly 
definite and can be represented by circuit elements familiar to low-
frequency practice, these elements do not have the proper variation with 

YB 
*—VVV—| 

F I G . 4-24.—Transformation from II- to T-network. 

frequency. A circuit containing negative susceptances may be con
sidered, at a single frequency, to be made up of inductances. These 
inductances at low frequencies have susceptances inversely proportional 
to the frequency. In the waveguide equivalent of this circuit, the 
inductances may have an arbitrary frequency variation. This serves 
merely to emphasize the fact that equivalent circuits are purely artificial 
devices and do not completely correspond to reality. In particular 
cases it is possible to find equivalent circuits that represent the wave
guide configurations not only at one frequency but, to a good approxima
tion, at a whole range of frequencies, provided that this range is less than 
one octave. 

Perhaps the most useful transformation from one equivalent circuit 
to another is the familiar one from a II- to a T-network. Let the circuit 
elements be designated as indicated in Fig. 4-24. The relations between 
them are given by 

1 N. Marcuvi tz , ' 'Wavegu ide Handbook Supp lement , " HL Report No. 41. Jan . 23, 
1045, p. 2 
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z1 

z, 
Z\1 

Yc 

YA 

YB 

(39) 

where 
D' = YAYB + YAYc + YBYC. (40) 

Since these circuits are duals of one another, the inverse relationships are 
identical in form. For example, 

7.. 
(41) 

Z3 

Z\Z% -\- ZiZs ~\~ Z2Z3 
4-7. Symmetrical Two-terminal-pair Networks.—Many waveguide 

configurations are symmetrical" about some plane perpendicular to the 
axis of the transmission line. If this is the case, the input and output 
terminals are indistinguishable, and the number of independent param
eters needed to specify the network is reduced from three to two. In the 
matrix representation, Zn becomes identical with Z22. The circuits 
shown in Figs. 4 1 6 and 4-20 reduce simply to a transmission line with the 
usual parameters: length and characteristic impedance. The relation
ship between a symmetrical two-terminal-pair network and a line is well 
known, and it will not be considered further here. We can state, how
ever, a useful theorem known as the "bisection theorem."1 This theorem 
can be formulated in a somewhat simpler form than that in which it was 
originally stated. If equal voltages are applied to the terminal pairs (1) 
and (2) of a symmetrical network, equal currents will flow into the two 
pairs of terminals and no current will flow across the plane of symmetry. 
The input impedance is then simply (Zn + Z12). This may be called the 

open-circuit impedance of half the network, Zm
w). 

If equal voltages are applied to the two pairs of 
terminals but in opposite directions, the voltage 
across the center line of the network must be zero 
and the currents entering the terminals equal and 
opposite. The input impedance under these con
ditions is (Zn — Z12). This impedance is written 

v V v as ZJ-W. These two values of input impedance 
F I G . 4-25.—Lattice net- , .. • j . _ *r 

w o r k are convenient ones to use, in some cases, to speciiy 
a symmetrical network. 

A good example of the application of this theorem is the lattice form 
of network shown in Fig. 4-25. If equal voltages are applied to the two 
ends of the lattice, no current will flow in the impedance Z\. Hence 

Z«(M> = Z2 = Z u + Z12. (42) 
1 A. C. Bartlett, The Theory of Electrical Artificial Lines and Filters, Wiley, New 

York, 1930, p. 28. 



SEC. 4-7) SYMMETRICAL TWO-TERMINAL-PAIR NETWORKS 111 

Likewise, if equal hut opposite voltages are applied to the terminals, 
no current will flow in the impedance Z2 and 

Z„<»» = Zi = Z „ - Z12. (43) 

From these equations, the matrix parameters corresponding to the lattice 
case may be found, 

„ _Z, + Z2 

— ~2 ' 
7 Z t - Z ^ ^ 

The bisection theorem as originally stated by Bartlett was phrased in 
terms of cutting the symmetrical network into two equal parts. The 
theorem stated the values of the input impedance of half of the network 
when the terminals exposed by this bisection were either open- or short-
circuited. The example of the lattice network has been given because, 
for this case, it is difficult to see just how the network should be divided. 
The derivation that involves the application of two sources of potential 
avoids this difficulty. The lattice network is particularly suitable for 
theoretical investigations of the properties of low-frequency networks and 
has been much used for this purpose. I t can be shown that the lattice 
equivalent of any four-terminal network is physically realizable in the 
lattice form. "Physically realizable" means, in this case, that it is 
unnecessary to use any negative inductances or capacitances to construct 
the lattice. The lattice form, on the other hand, is 
quite unsuitable for the construction of practical net
works at low frequencies, since no portion is 
grounded and the inevitable interaction between the 
elements of the network destroys its usefulness. 
This is not true of microwave applications. A con
figuration of conductors that can be reduced to the W v -
, . . . /. !, ! , . , F I G . 426 . - G e n e r a l 
lattice form may well be a practical microwave lattice network. 
circuit. As will be shown later, a magic T with ap
propriate impedances connected to two of the arms is a lattice circuit 
having the other two arms as the input and output terminals. 

For a network to be symmetrical it is, of course, not necessary that 
the arrangement of components be symmetrical. Thus, the more general 
lattice shown in Fig. 4-26 has a symmetrical T-network whose matrix 
elements are given by 

Z n = Z22 
(Zt + Z2)(Zt + Z3) 

(Zi + Z2) + (Zx + Z.) 
Z\ - Z2Z3 < ( 4 5 ) 

(Zt + Z2) + (Zi + Z3) 

T'he circuit shown in Fig. 4-21 also has no obvious symmetry when tin; 
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input and output terminals are identical. The matrix elements reduce to 

(V + 1) tan fiU 

(46) 
Z'u - Z{2 

n~ + tan- (ill 
n2 + 1 
n2 - 1 

for this case. The three network parameters given in Fig. 4-21 must be 
subject to one condition. This condition is that 

tan /3Zi = — cot 0Z2 (47) 

There are many other useful equivalent circuits of more complicated 
forms which will not be discussed here in detail.1 

4-8. Chains of Four-terminal Networks.—The great utility of the 
theory of the two-terminal-pair network lies in the fact that complicated 

7 „ „ „ „T „i _i „i transmission lines can be regarded 
^11 ^12 ^ 2 2 " ^12 Z l l - Z 1 2 Z22~ Z\2 J £ 1 r 1 

as composed of a number of such 
networks connected in cascade. 
The transmission line can then be 
treated as a whole, or a small part 
of it can be reduced to a new T-
network with the proper values of 
the network parameters. For two 

T-networks in cascade, as shown in Fig. 4-27, the matrix elements of the 
combination are given by 

Z2 

Kid. 4-27.—Two-terminal network 
cade. 

Z['l = Z u Zl2 + Z u 

ZizZ12 
Zi2 -\- Zu 

(48) 

Zf, z, 
Z ' 2 

12 

Z%Z + Z11 

where the superscript t refers to the combination. The process of com
bination can be continued to any extent, and the whole transmission line 
reduced to an equivalent network with three parameters. The utility 
of the QffieSD matrix is evident when it is applied to this problem. If 
the constants of the first network are denoted by unprimed letters and 
those of the second by primed ones, then by direct substitution it is found 
that 

ra -1 X a' 
e' 2D' X (-';,)• (49) 

1 The reader is referred to the very useful appendices in K. S. Johnson, Transmis-
tion Circuits for Telephonic Communication, Van Nostrand, New York, 1943. 
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I t is evident from this that the matrix of the combination is equal to the 
product of the matrices of the components. 

Let us consider an infinite chain of identical networks. At any pair 
of terminals the impedance seen looking in either direction must be 
independent of the particular pair of terminals chosen. It must be given 
by 

Z = Z „ - y^f-y (50) 

The solution of this expression is 

z = i ( z u - z22) + Vi(Zu + z22)2 - z;,. (51) 
Since the networks are identical, this impedance is commonly called the 
iterative impedance. The two signs before the square root refer to the two 
values of the impedance seen in opposite directions from the pair of ter
minals. These impedances are alternative parameters with which to 
describe the network behavior. Moreover, the ratio of input to output 
currents in any network in the chain is given by 

ZnL - {Zn + Z)7„+1 = 0, (52) 

where the negative sign arises from the convention, earlier established, 
that the currents always flow into the network at the upper terminals. 
The third network parameter is then defined by 

¥ * = «-r (53) 
where V is called the iterative propagation constant or the transfer constant 
of the network. It is given by 

e _ r = - ( Z n + Z22) + V ( z n + z»y -~"4Zj. 

2Z12 

This result may be rewritten in a much neater form as 

(54) 

cosh r = Z n + Z " - (55) 
Z/S12 

A chain of networks of this sort is thus somewhat analogous to a trans
mission line but is an unsymmetrical case. The voltage across any pair 
of terminals either decreases or increases in a constant ratio along the 
network, corresponding in a way to waves propagating either to the right 
or to the left. 

The iterative impedance has another significance that is sometimes 
useful. A two-terminal-pair network may be regarded as a trans
formation in the complex plane. If the load impedance is represented 
as a point on the complex Z t-plane, the input impedance is a point on the 
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Z,„-plane that is related to the first by the transformation given by 

_ aZL + b 
in cZL + d 

Thus, the output plane may be said to be mapped onto the input plane 
by this transformation. Transformations of this form are called bilinear 
transformations or linear-fractional transformations. They have the 
important property that they are conformal; that is, angles in one plane 
are transformed to equal angles in the other plane. Thus a grid of 
perpendicular intersecting lines is transformed to two sets of circles that 
are mutually orthogonal. The iterative impedance, as is evident directly 
from Eq. (50), is represented by the point whose coordinates are unchanged 
by the transformation. I t is thus sometimes referred to as the fixed 
point. 

F I G . 4-28.—Networks connected in cascade on the image basis. 

Another very common method of connecting networks in cascade 
is shown in Fig. 4-28. If the impedances connected to the network satisfy 
the relations 

Zo — Zis, 
ZL — Zi„ 

(56) 

then the network is said to be connected on an image-impedance basis. 
If Eqs. (56) are evaluated in terms of the network parameters, Z,, and 
Zi, are given by 

Zu = 

zlz = 

Z n 

Z u 

(ZiiZii — Z 1 2 ) , 

(Z11Z22 — Zu). 

(57) 

From Eqs. (25) it is evident that these impedances can also be expressed 

zu = Vzg'Zji\ 
ZH = VZ^ZHK 

(58) 

The third network parameter is again defined in terms of a voltage or 
lurrent ratio as 

I? - \hi 
v, yjz,,' (59) 
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The quantity 8 is called the image transfer constant. 
verified, it is given by 

tanh e = \te = V2§-
V Z11Z22 cosh 9 = 

Z12 

As may be easily 

(60) 

(61) 

If the networks under consideration are symmetrical, the distinction 
between the image impedance and the iterative impedance disappears. 
In this case the impedance is commonly spoken of as the characteristic 
impedance, since the analogy to a continuous transmission line now 
becomes complete. In symmetrical networks, 

and 
Zi, — Zit 

cosh T 

za = Vzi, - z\ 
= cosh 8 = -=-̂ -

Z12 

(62) 

(63) 

\L \L L 

-■c 1 ^c 

£ 

(a) V2 1/2 (b) 

1 L_ 

(c) 
F I G . 4-29.—Simple filters: (a) Low-pass filter, (b) high-pass filter, (c) bandpass filter. 

4-9. Filters.—A chain of two-terminal-pair networks connected in 
cascade constitutes a filter. Waves in certain definite bands of fre
quencies are propagated along the chain without attenuation but with a 
definite phase shift from section to section. Since no resistive loss is 
assumed to be present, Zn and Z12 are pure imaginary. Equation (61) 
shows that cosh 6 is always real. If its value is between —1 and + 1 , 8 
must be pure imaginary. The range of frequencies for which this is true 
is called the pass band of the filter. When jcosh 6\ is greater than unity, 
8 is real and there is attenuated propagation without phase shift. By a 
suitable choice of the components of each network, it is possible for Zw 
and Zi2 to have a frequency dependence such that a given band of fre
quencies is passed without attenuation. It should be pointed out that 
frequencies which are rejected can be said to be reflected from the filter. 
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The presence of attenuation does not imply that the energy of the attenu
ated waves is dissipated in heat. It is, of course, possible to construct 
a device for which this is so, in which the attenuation of unwanted 
frequencies is accomplished by means of resistive elements. Such a 
device is usually called an equalizer. I t is difficult, however, to have zero 
attenuation in the pass band when resistive elements are used. The 
microwave analogues of equalizers have, as yet, no important applica
tions, and no further discussion of their properties will be presented here. 

A simple example of a filter is shown in Fig. 4-29<z. Each section of 
this filter may be taken to be a T-network with series inductance L/2 and 
shunt capacitance C. Hence 

z = J~ - A. 
2 uC i 

7 i 
(64) 

The characteristic impedance is then 

z„ = vzi, - zj; = ^ c~~r- (65) 

The characteristic impedance is real only for values of u less than the 
cutoff value a>c. The cutoff frequency is given by 

(66) 

For angular frequencies below a>c, Zo is real; d is pure imaginary and is 
given by 

cosh 8 = 1— » 
; (67) 

8=3 cos"1 (>-"¥} 
The filter is thus known as a low-pass filter. A simple high-pass filter is 
shown in Fig. 4-296. Here 

Zl{ = ~ 2 iC + iuL' 
Zn = jwL, 

(68) 
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Figure 4.29c shows a bandpass filter. For this filter, 

The pass band is given by 

Zn = 

Zl2 = 

n by 

- 1 

. L 

J uL 

g 3 » 
Zl2 

L' 
C 

J 

/, ' 
C 

1 

^ +1 

1 

(72) 

4 g p - o,2LC ^ 0. 

The lower cutoff frequency is 

ui" = * 
and the upper one is 

\jLC ^ L'C 

(73) 

(74) 

The characteristic impedance is given by 

Zl = -

L 
C <JV 
1 4 1 - - 2L'C 
w 

For small values of w, Z\ will be negative and will be given approximately 
liv 

,,(, + i) Z\ « - « » / , ^7 / + ^ ), (75) 

which represents an inductive reactance. 
By the use of more complicated structures, filters with several pass 

bands, or filters that eliminate a special band while passing all others, can 
be constructed. Only infinite chains of identical networks have been 
thus far considered. The problem of designing practical filters with 
only a few component networks depends very considerably on the manner 
in which the filter is terminated. Moreover, it is often important to have 
much larger attenuations near the pass band than can be obtained for 
the simple filters that have been used for illustration here. For a more 
complete discussion of filter design at microwave frequencies, the reader 
is referred to Chaps. 9 and 10 of Vol. 9. 
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If the series impedances and the shunt susceptances of the T-networks 
that compose the chain are decreased and made to approach zero, the 
chain of networks approaches the continuous transmission line that was 
discussed in Chap. 3. If the value of the series impedance of the T-net-
work is (Z/2) dz and the shunt admittance is Y dz, then 

7 Z A j . * I 

% YdZ[ (76) 

and 
Y dz 

coshl? = | Y{dzY + 1 

Since 6 is now small, cosh 0 may be expanded and 

4- = + VZT. (77) 
dz 

By definition, however, 8/dz is identical with the propagation constant y 
of a transmission line, and Eq. (77) is identical with Eq. (12) of Chap. 3. 
Similarly, the characteristic impedance becomes 

which approaches the value in Eq. (312) as dz approaches zero. The 
bandpass filter of Fig. 4-29c approaches a transmission line with character
istic impedance 

Z 

where 
Z = jaL, 

Y =j*C-

Z 

tr 
L 

Z0 = | ^ - j — | • (78) 

As before, Z0 is real for u2 > \/L'C but remains real for all higher values 
of co. The upper cutoff frequency has therefore moved off to infinity as 
the impedance of each section was decreased. The propagation constant 
is 

y = p - ^LC. (79) 
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This variety of high-pass transmission line is an exact analogue of a 
waveguide that is propagating an //-mode. If, as in Chap. 3, the voltage 
is taken to correspond to the transverse electric field and the current to 
the transverse magnetic field, then the impedance per unit length is a 
pure inductance, since there is no longitudinal electric field. Thus it 
may be assumed that 

Z = jwti. (80) 

The shunt admittance per unit length will have two parts, the first con
tributed by the displacement current and therefore capacitive and the 
second arising from the longitudinal magnetic field. Let it be assumed 
that 

Y = jut - J- Ci, (81) 
cop 

where C\ is a constant. To find the value of Ci, the propagation constant 
may be calculated as 

y2 = ZY = -CO2*M + d . (82) 

It is evident that Ci must be equal to the square of the cutoff wave 
number for the mode in question; for the dominant mode in rectangular 

2dz -2dz -J & -^ dz —2 dz -f dz 
rffi$> 1 nrwr̂  mw>—If—•—If—n^nr— t 

dz o{ iL dz : (dz 

(a) (6) 
Flo. 4-30.—(a) Equivalent circuit for dominant-mode transmission in rectangular wave 

guide; (6) equivalent transmission line for £-modes. 

guide it is (ir/a)2. An equivalent circuit may thus be drawn as shown in 
Fig. 4-30o. By similar arguments, it can be shown that the equivalent 
transmission line for E-modes may be represented by Fig. 4-30&. It 
should be pointed out that if the waveguide is filled with a lossy dielectric, 
the circuits of Fig. 4-30 must be altered to have a resistance shunted 
across each condenser. Losses that arise from imperfectly conducting 
walls are not so simply represented. 

4-10. Series and Parallel Connection of Networks.—Two-terminal-
pair networks may be connected in other ways than in cascade. In 
Fig. 4-31b, two networks are shown connected in series. The network 
parameters of the combination may easily be found by a simple matrix 
calculation. If superscripts are used to distinguish the two networks, 
and symbols without superscripts to designate the parameters of the 
combination, then 

Z = Z<» + Z<». (83) 
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Figure 4-31a shows two networks connected in parallel. 
tance matrices are most useful, and 

Y = Y(1) + Y(2). 

Here, the admit-

(84) 

Combinations in which the input terminals are in series while the output 
terminals are in parallel, or vice versa, are also possible. They represent, 
however, obvious extensions of the simple cases just discussed. 

<1) 

(a) (b) 
F I G . 4-31.—Two-terminal-pair networks connected (a) in parallel and (b) in series. 

An important condition is always imposed in this type of intercon
nection. When the impedance matrix is set up, it is assumed that the 
same currents flow out of the lower terminals of the network as into the 
upper terminals. For the relations given by Eqs. (83) and (84) to be 
valid this must also be true of the combined network. Moreover, the 
potential between, for example, the upper terminals on the input and 

-Right and wrong ways of coupling T-networks in series. 

output sides must be undisturbed. Thus, in the series connection, if 
each network is represented by a T-network, the network must be 
arranged as in Fig. 4-32a and not as shown in Fig. 4-326. In the arrange
ment b, the conditions are obviously violated by the short-circuiting of 
the lower network. For a further discussion of this question, the reader 
is referred to Guillemin1 and the references there cited. 

1 E . A. Guillemin, Communication Networks, Vol. I I , Wiley, New York 1935. 
Chap . 4, p p . U7ff. 
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4-11. Three-terminal-pair Networks.—Little has been done on the 
investigation of three-terminal-pair networks as low-frequency circuits. 
In the microwave field, many devices employ T-junctions whose equiva
lent circuits are of this type. The impedance matrix is of the third order 
and contains nine elements. From the reciprocity relations, the matrix 
must be symmetrical; therefore there are only six independent parameters, 

Zn 
Zl2 
Zu 

z12 
Zit 
Zi% 

Z\3 
Zl3 
Z33 

Several convenient equivalent circuits exist by which the behavior of the 
network can be described. An obvious circuit is shown in Fig. 433 . The 

■ A M r 
" 2 3 

■ M A r 
^22 " ^ 1 2 -Z23 

—w— 
' * I 2 

F I G . 4-33.—Equivalent circuit for three-terminal-pair network. 

values of the circuit elements in terms of the matrix components are 
indicated in the figure. They may be verified by inspection. If this 
circuit represents a symmetrical T-junction with a plane of symmetry 
through the center line between terminals (3), the number of independent 
parameters is reduced to four and the impedance matrix takes the special 
form 

Z\\ Z\i Ziz 
Z = Zu Z\\ Z13 

Z\z Z13 Z33 

Because many microwave junctions have a symmetry of this type, this 
represents an important case. Other equivalent circuits may be obtained 
from that shown in Fig. 4-33 by the transformation of portions of the 
circuit from T- to II-networks or to some of the transmission-line forms 
shown in Figs. 4-16 to 4-23 inclusive (Sec. 4-6). 

Since it is not required that the equivalent circuit represent the volt
age between one terminal and another, the six input lines of Fig. 4-33 may 
be reduced to four by connecting three of the lines together. If this 
common point is designated as the ground point, then another circuit 
may be drawn, with four terminals and six independent parameters, as 
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shown in Fig. 4-34. Here any pair of input terminals is to be taken as 
one of the numbered points and the ground point. The four terminal 
points may be thought of as the four corners of a tetrahedron, and the 
circuit elements then lie along the edges of the tetrahedron. This 
circuit also may be transformed to other forms by the usual T- to II-trans-
formation. I t must be noted that although the circuits in Figs. 4-33 and 
4-34 may be represented by the same impedance matrix, it is impossible 
to transform one of these circuits into the other. In this sense the two 
circuits are not equivalent. They 
differ in the relationship that ex
ists between the voltage difference 
between, for example, the upper 
members of terminals (1) and (2) 
of Fig. 4-33 and the corresponding 
points, (1) and (2), of Fig. 4-34. 
The impedance matrix implies 

F I G . 4-34.—Circuit with 
four terminals and six inde
pendent parameters. 

F I G . 4-35.—Transformer representation of 
series and shunt T-junctions. 

nothing about this voltage difference but the circuits define it uniquely. 
This fact must be kept clearly in mind when equivalent circuits for micro
wave devices are employed. 

The four-terminal circuit of Fig. 4-34, rather than the more usual 
T- or Il-network,1 is the exact equivalent circuit for a low-frequency 
transducer. In the low-frequency region this problem is usually of 
importance only in connection with the exact equivalent-circuit repre
sentation of a practical transformer. 

Other circuits whose components are transmission lines are often 
useful in microwave work. Figure 4-35 shows two extremely useful 
forms. A transformer and a length of transmission line have been 
included in each arm of each of the networks, although it is obvious that 
one transformer may be assigned an arbitrary turn ratio. These two 
circuits may be said to represent series and shunt T-junctions. I t is to be 

1 See M . A. Starr , Electric Circuits and Wave Fillers, 2d ed., P i tman , London, 1944, 
Chap . VI, and references there cited. 
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emphasized that either circuit is equally valid for any T-junction. The 
choice between the two circuits may depend, for example, upon the 
similarity between the physical configuration of the device and that of 
the circuit, and this might be a valid reason for choosing one in preference 
to the other. 

Circuits of another type which may be useful in some circumstances 
are shown in Fig. 436. If three two-terminal-pair networks are connected 
in series or in shunt, equivalent circuits are obtained that have some 

3 

1 5 7 6 | _ 2 1 | I y I \ 2 

(a) (b) 

(0 
F I G . 4-36-—Combination of three two-terminal-pair networks to give a three-terminal-pair 

network. 

extra parameters. By inserting the T- or II-equivalents of the two-
terminal-pair networks, it is easy to see which of the elements may be 
combined. By means of the II- to T-transformation many other equiva
lent circuits may also be obtained. It should be pointed out that if 
II-networks are used in Fig. 4-36e, the circuit in Fig. 4-34 is obtained. To 
show that the circuit of Fig. 4-36a is a valid one, note that the intercon
nections require that 

1'5 = «6 + Vh 

ib = — it = it, 

where the terminals (5), (6), and (7) are indicated in the figure. By 
means of these three equations i6, i6, and 17 may be eliminated from the 
set of six equations that represent the three two-terminal-pair networks. 
The first member of this set is, for example, 

vi = Zuii + Zi5i6. 

The result of eliminating these parameters will be three equations in the 
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three currents i\, it, is, and the impedance matrix is the matrix of these 
three equations. I t might be thought that some general matrix method 
would be available to perform this elimination in a systematic fashion. 
Although such a method exists, it is usually too complicated to apply. A 
straightforward manipulation with the linear equations is much quicker 
and easier. 

Circuits of the forms shown in Fig. 4-35 are particularly convenient 
for finding the effect on the power transfer from terminals (1) to (2), 
for example, of a load on terminal (3). It is immediately obvious that a 
reactive load of the proper value on terminals (3) will cause no voltage 
to appear across terminals (2) when voltage is applied to terminals (1). 
The same value of the load will also make the voltage across terminals (1) 
equal to zero when voltage is applied to terminals (2). Moreover, if 
the circuit is symmetrical about a plane through terminals (3), so that 
wi = n2, then for some value of a reactive load on terminals (3), the input 
impedance seen from terminals (1) and (2) is the characteristic impedance. 

The matrix manipulation that corresponds to the application of a 
load to one pair of terminals is again most easily seen from a considera
tion of the corresponding set of linear equations. If a load Z3 is put on 
terminals (3), then 

where the negative sign arises from the convention that currents and 
voltages are always designated as positive when they represent power flow 
into the network. If i3 is eliminated from the equation by means of this 
relation, there results the new second-order matrix whose elements are 

^ n = Zu 

Z12 = Z2l 

Z22 = Z22 

4-12. Circuits with N Terminal Pairs.—The equivalent circuits that 
have been briefly discussed for two- and three-terminal-"pair networks 
can be generalized to circuits for the general case of N terminal pairs. 
The impedance or admittance matrix is of the Nth order and possesses 
N + {N - 1) + {N -2) + ■ ■ ■ +1 = N(N + l ) /2 independent ele
ments. The other A" — N(N + l ) /2 elements are equal, by the reci
procity relation, to corresponding independent elements so that Z,i = Z^. 
There are three principal classes of equivalent circuits that can be con
structed for this general case. A circuit analogous to that shown in 
Fig. 4-34 can be constructed. Let us choose N + 1 points. Then let 

Z13 

z 33 4" Z3 

z 
2 y 

^ 3 3 
Z\i 

I3Z13 

+ z, 
Z33 4- Z3 
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us call one of these points the common terminal of all the N input lines. 
Now if an impedance element is connected between each pair of points, 
the number of such elements is given by the binomial coefficient 

Cr) N(N + 1) 

The well-This is just the number of independent elements needed. 
known II-network is the result when N = 2. 

In Sec. 4-6, it was noted that a II-network may be represented also 
by a line one-quarter wavelength long, of arbitrary impedance, shunted 
at each end by an arbitrary admittance. The circuit whose construction 
was described in the preceding paragraph may be thought of as made up 
of II-networks connected between each pair of network terminals. If 
these II-networks are replaced with 
lines shunted by admittances, the 
equivalent circuit shown in Fig. 4-37 
is obtained for the four-terminal-

F I G . 4-37.—Equivalent circuit for a 
four-terminal-pair network constructed 
of quarter-wavelength lines. 

F I G . 4-38.—Reduction of a four-terminal-
pair network to one with three terminal 
pairs and external impedances. 

pair case. The parameters are the six characteristic impedances of the 
quarter-wavelength lines and the four shunt admittances, making, in 
all, the necessary 10 constants. 

There is a third general approach to finding the equivalent circuit 
for N pairs of terminals. Suppose that it can be arranged that the sum 
of the applied potentials is zero. The lines can be arranged as shown 
schematically in Fig. 4-38, where the case for N — 4 is indicated. It 
should be noticed that the four-terminal network at the center of the 
figure has flowing into it currents whose sum is zero. This four-terminal 
device therefore satisfies the requirement that the voltages across its 
terminals are linearly related to the currents, and is equivalent to a three-
terminal-pair network. The voltages v'j must be derived from the 
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applied voltages Vj by the relation 

v'j = Vj - Zflj. 

The value of the impedances Z, must now be found. If Z,ij is subtracted 
from each equation of the fundamental set, then 

vi — Ziii = ( Z n — Zi)ii + Zi2i2 + ■ ■ ■ + Zufix 
vi — Ziii = Zi\i\ + (Z22 — Zi)%i + • • ■ + Zixis 

vN — ZNix = Z.vii'i + Zf/2'12 + • • ' + (ZK.V — Zn)is-
To enforce the condition Sw, = 0, it is required that the sum of these 

equations be zero, independently of the values of the currents. There-
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Flu. 4-39.— Reduction of equivalent circuit for Ar-terminal-pair network by means ol ideal 
transformers. 

fore let ix take a finite value while all the other I'S are zero. Adding the 
equations results in 

0 = (Zn + Z21 + • ■ • + Z.vOn - Ztfj 
or, in general, 

Z, = > Zt, <-Z 
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Now if the equations are expressed in terms of v] whose sum is zero and 
{ij — ij+i) are used as independent variables, the set of TV equations 
reduces to N — 1 equations, since one equation is redundant.1 

To repeat this process, it should be remembered that the N — 1 
equations correspond to N — 1 pairs of terminals, each pair having a 
member in common with all other pairs. This condition can be removed 
by the use of ideal transformers. Figure 4-39 shows schematically how 
this may be accomplished. The process of reduction can be continued 
until only a two-terminal-pair network remains. For this network any 
standard circuit form may be used. It should be noted that at each step 
an impedance in each line is removed and the total number of parameters 
is correct. 

To conclude this section, the change in the elements of the impedance 
matrix when a load is placed on one terminal pair „ 
may be stated. If a load Zk is5 placed across the \W 
kth pair of terminals, the new impedance elements I 

l O t V r - J -are K? ' C-r~ 
ZikZhi 

"' ~zkt + z; ' — ^ — 
The new impedance matrix has elements Z\j, and the FIG. 4-40.—Series-reso-
kth row and column are struck out. n a n c l rcu i ■ 

4-13. Resonant Circuits.—In Sec. 4-3 it was shown that the input 
reactance of a network always increases with increasing frequency. At 
the frequencies at which the reactance is zero, the network is said to be 
resonant. The behavior of the network in the neighborhood of resonance 
is of considerable importance in many applications. The simplest case 
is that of a resistor, a capacitance, and an inductance in series with a 
generator, as shown in Fig. 4-40. The impedance is 

Z = R+j 
At resonance, 

(- - i> 
01 ()C 

1 
Ufl — - —- u-

VLC 
For microwave applications other parameters are useful. The character
istic impedance Zc of the circuit is defined as 

and the parameter Q. sometimes called the "qual i ty" or (^-factor of the 
1 C(. Frank M. Starr. Trans. AIEE. 51, 287 (June 1932i. 
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n _ Zc _ UoL 
W - R ~ R 

1 
OJoftC 

In terms of these quantities, 

Z = R + jZ, 

R 

(u _ "A 
\o>0 &>/ 

i + iQ (^ - -01" 
Near the resonant frequency, the approximation 

oi = coo + Au> 

may be made, where Au is small, and hence 

»(1 + w=) 
If Q is large, then the resistance and the reactance are equal when 

Ao> = + 2Q 

The power P absorbed by the circuit is ?R\I\2 or 

1 -p 
2 R 

1 + (*¥ 
where V is the generator voltage. Thus maximum power is absorbed 
at resonance. The absorbed power falls to half this maximum value at 
the frequencies where the reactance is equal to the resistance. 

F I G . 4-41.—Shunt-resonant circuit. Flu. 4-42.—A second shuut-vesonant circuit. 

The duality principle may be invoked to obtain the corresponding 
relations for the shunt circuit shown in Fig. 4-41. These relations are 

Q 

Y 

4. c 
V 

l_c _ OJoC 1 

( / ( I + 2 , Q H 
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A second parallel circuit, shown in Fig. 4-42, may be reduced to the pre
ceding circuit in the low-loss case. The admittance of the inductance 
and resistance in series is 

y _ 1 = R ~ 3<*L 
R + juL fl2 + c»2L2 

If R2 «co2L2, 

co2L2 uL' 

and the circuits are equivalent if 

The resonance phenomenon just described is one of forced oscillations. 
If a network is short-circuited and excited by some transient process, 
free oscillations will occur whose frequency is given by the equation 

Z(a) = R + j (uL - -^ j = 0 

in the simple series circuit. The roots of this equation are complex and 

ja = ~ 2L ± \ 4 L 2 LC 
[R^Z± 

\ 4 L 2 LC 
If 

— S — = or R 2; 2ZC, 
2L VLC 

ju is real and no oscillations occur. There is only an exponential decay 
of the currents and the voltages. If the resistance is smaller, free oscil
lations occur whose frequency o>/ is 

\ L ( 

In terms of the resonant frequency w0 

Hence, only when Q is large is the frequency of free oscillation equal to 
the resonant frequency. 

The shunt cases may be treated in a similar fashion, the case of free 
oscillation being given by the condition Y(w) = 0. Free oscillations in 
networks with more than two terminal pairs may be treated in an anal
ogous fashion. 



CHAPTER 5 

GENERAL MICROWAVE CIRCUIT THEOREMS 

B Y R. H. DICKE 

5-1. Some General Properties of a Waveguide Junction.—A wave
guide junction1 in the generalized sense that is to be used here is defined 
as a region of space completely enclosed by a perfectly conducting metal 
surface except for one or more transmission lines that perforate the 

surface (Fig. 5-1). Nothing will be 
assumed about the interior of the 
junction except that the dielectric 
constant, permeability, and conduc
tivity are everywhere within it inde
pendent of time and of the field 
quantities. It will be assumed for 

FIG. 5-1.—A generalized waveguide junc- tjje present that there is only one 
propagating mode for each of the 

transmission lines. This definition will be extended later to include cases 
in which several modes are present. 

For reasons that seem to be largely historical, two different approaches 
to electrical problems have been developed. The first can be called the 
Maxwellian approach. I t consists of the introduction of certain field 
quantities that are interrelated by a set of linear differential equations 
and the solution of these equations under particular boundary conditions. 
This approach is the natural outgrowth of the study of electrostatics 
which was the chief concern of early physicists interested in electrical 
phenomena. 

The second approach, which may be called the electrical-engineering 
approach, may be said to have resulted from the discovery of the galvanic 
cell. The electric field strength produced by such a device is usually 
small; and as a result, the electric field loses much of its importance. 
Instead, the current flow in conductors becomes the primary physical 
quantity. In place of the electric field, its line integral, or potential 

1 For such a junction, the term "black box" has been used extensively, in recent 
years, by a certain small group of semimetamorphosed physicists at the Radiation 
Laboratory. This term is discarded here because it suggests a Hohlraum or some
thing that is totally absorbing. The low-frequency term "network" is misleading in 
a discussion of waveguides, since it implies the presence of wires. 

130 
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difference, becomes important. Kirchhoff's laws lead in a natural way 
to the solution of problems involving d-c networks. With the introduc
tion of alternating current as a practical source of commercial power, it 
became necessary to make network calculations for a-c as well as d-c 
circuits. It was then found that Kirchhoff's laws could be extended to 
apply to a-c circuits through the artifice of representing alternating cur
rents and voltages by means of complex numbers. Sometimes there is 
difficulty in reconciling these two methods of approach, and it is one of 
the purposes of this chapter to attempt to clarify their equivalence. 

One of the difficulties with the Maxwellian approach lies in its ambi
tion. It asks for a complete description of the field in a certain region 
subject to certain boundary conditions. This is usually much more 
information than one needs or wants. For example, one is usually not 
interested in knowing the distribution of the magnetic field in an inductor. 
Two numbers, the values of the inductance and the resistance, usually 
suffice. If this overabundant ambition of the Maxwellian approach is 
somewhat curtailed, the method gives perfectly reasonable, simple results. 
As will be seen presently, the curtailment consists in limiting the inquiry 
to certain energy integrals over the region under consideration. 

Another lesson that the Maxwellians can learn from the engineers is 
the importance of a simply periodic solution. Historically, the engineers 
were interested in the periodic solution because it described the electro
magnetic effect that was produced by their generators. In fact, this is 
still the most important reason for studying this solution. However, 
to pacify the Maxwellians, it should be pointed out that the solution of 
Maxwell's equations is simplified if the field quantities are replaced by 
Fourier integrals with respect to time. The resulting differential equa
tions for the Fourier transforms are in general simpler than the original 
equations. 

The engineering approach is built upon the concept of the lumped 
impedance element and, at first glance, would seem to break down at 
microwave frequencies where the lumped impedance element loses its 
significance. It is sometimes possible to regard the distributed system as 
composed of an infinite number of lumped parameters. An example of 
this is the coaxial line. Also it is always possible to introduce the dis
placement current as a fictitious current in an infinite number of fictitious 
networks to describe the electromagnetic field in the absence of con
ductors. This latter representation does not seem to be particularly 
novel. I t leads to results of essentially the same type as does the field 
approach to the problem. 

It has been pointed out that a complete solution of an electromagnetic 
problem is not always desired. Often a description of conditions at the 
terminals of a junction is sufficient. I t is a purpose of the remainder of 
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the chapter to make use of Maxwell's equations to obtain conditions 
that hold at the terminals of a general waveguide junction. In so doing, 
it will be found that the stored electric and magnetic energy and the 
dissipated power are the three most important field parameters for the 
description of conditions at the terminals of a junction. 

THE TERMINATION OF A SINGLE TRANSMISSION LINE 
If the generalized waveguide junction is connected to external regions 

by a single transmission line, it degenerates from a junction to a termina
tion. The termination of a single transmission line is sometimes called, 

at low frequencies, an impedor or 
a single-terminal-pair ne t w o r k. 
This terminology may also be used 
at microwave frequencies. Refer
ring to Fig. 5-2, the termination is 
imagined to be surrounded by a 
surface S. This surface is as
sumed to be completely exterior to 
the termination and to cut the 
transmission line (illustrated as a 
rectangular waveguide) perpendic
ular to its axis at some plane here
after called the terminals. The 

portion of the transmission line inside the surface is now considered to be 
part of the termination. 

The location of the terminals is completely arbitrary. However, it is 
desirable for purposes of clarity to consider them far enough from the 
actual end of the transmission line so that the amplitudes of the higher, 
nonpropagating modes that may exist within the termination are essen
tially zero at the terminals. 

6-2. Poynting's Energy Theorem for a Periodic Field.—Maxwell's 
equations for a simply periodic field are 

Terminals 
FIG. 5-2.—A waveguide termination in its 

enveloping surface. 

curl H — (jolt + <r)E 
curl E + jujuH = 0, 
div eE = p, 
div p.H = 0, 

0, 

(1) 

where E, H, and p are complex numbers such that E'(i) = Re (Ee,'™<) and 
similarly for H and p. 

A connecting link between field theory and electrical engineering can 
be found in Poynting's energy theorem limited to periodic fields. It 
was shown in Sec. 2-2 that if 

div E X H* = H* ■ curl E - E • curl H* 
= -ju.MH* ■ H - (<r - jW)E* • E (2) 
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be integrated over the volume enclosed by a surface S and the volume 
integral converted to a surface integral in the usual way, then the surface 
integral may be written as the sum of three volume integrals, as shown 
in Eq. (3). 

/ E X H* • dS = -ju / MH* • H dv 

+ ju / eE* • E dv - / a E* • E dv. (3) 

Assume for a surface S the one illustrated in Fig. 5-2. Since the field 
vanishes everywhere over the surface S except at the terminals, the sur
face integral reduces to an integral over the terminals. Since dS is 
perpendicular to the axis of the transmission line, only the transverse 
components of E and H enter into the integral. If the coordinates x 
and y in the terminal plane of the transmission line are introduced, then 

/ E X H* ■ dS = / (ExH*y - EVH*) dz, (4) 

It is convenient to introduce a complex terminal "current" and "volt 
age" i and e as was done in Sec. 4-9. 

Let 
Ex = efx(x,y), 
Ey = efv(x,y), . . 
Hx = igx(x,y), ' 
Ey = igy(x,y), 

where fx, fy, gx and gy are real functions of the coordinates which give the 
distribution of the field. I t was shown in Chap. 2 that the transverse 
electric (or magnetic) components are in phase with each other, i.e., 
E and H at a given point are constant in direction. It is assumed that 
the functions are normalized in such a way that 

/ . 
, (/xffy - Jv9x) dxdy = - 1 . (6) 
is 

Then 

/ . 
E X H* • dS = -ei*, (7) 

is 
and 

jo, / MH* • H dv - / eE* ■ E dv + <rE*-Edv. (8) 

Equation (8) is rather fundamental. It may be written as 

ei* = 4j<o(W„ - WE) + 2P, (9) 

where Wu and WK are the average stored magnetic; and electric energies 
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and P is the average dissipated power. It is to be remembered that it is 
the stored energies and dissipated power within the termination which 
enter into Eq. (9) and that the portion of the transmission line interior 
to the surface S must be included. 

5-3. Uniqueness of Terminal Voltages and Currents.—It is evident 
that to any permissible field solution there corresponds a definite terminal 
voltage and current. It will now be shown that for any particular value 
of the voltage (or current) there corresponds a unique field distribution 
inside the termination. 

Let us assume that there are two solutions of the wave equation which 
satisfy boundary conditions. It will be shown that identical terminal 
currents or voltages imply identical solutions. Let the two solutions be 

Ei, Hi with terminal parameters elt U, 
E2, H2 with terminal parameters e2, iz. 

From the linearity of Maxwell's equations, it follows that (Ei — E2) and 
(Hi — H2) with the terminal parameters (e! — e2) and (ii — i2) also form 
a solution. If this solution be substituted in Eq. (8), there follows 

(ei - e2){i\ - i%) = ja M(H* - H*) ■ (Hi - H2) dv 

«(E* - E*) ■ (Ei - E2) dv f <r(E* + / <r(E* - E*2) • (E, - E2) dv. (10) 

Now if either ei = e2 or i'i = i2, the left side of Eq. (10) vanishes and 
the real and imaginary parts of the right side independently vanish. 
An inspection of the real part (the dissipated-power term) shows that the 
integrand is positive definite and the integral vanishes only if Ei = E2 
when a ^ 0. If the electromagnetic field is confined to the termination 
by real metal walls with finite conductivity, however, the nonvanishing 
electric fields, Ei and E2 must be identical for a finite distance inside these 
walls. Since these solutions are nonvanishing, identical, and have identi
cal derivatives over the boundaries, the solutions are identical. Since 
Ei = E2 throughout the enclosure, the vanishing of the imaginary part of 
Eq. (10) requires that Hi = H2. These conditions, of course, require 
that ei = e2 and i\ = i2. 

The theorem breaks down in the case of completely lossless enclosures. 
Such enclosures are, of course, not physically realizable. However, a 
lossless termination is an artifice that is introduced for purposes of con
venience in the mathematical treatment of many problems. For this 
reason it is interesting to examine the nature of the departures from the 
condition of uniqueness. When the termination is completely lossless, 
the dissipation term in Eq. (10) vanishes identically and the only condi
tion imposed by Eq. (10) is the vanishing of the imaginary part of the 
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right-hand side. This requires that the average stored magnetic and 
electric energies be equal and this condition may be defined as resonance. 
This resonance condition, however, can be satisfied only at certain discrete 
frequencies, the natural resonances of the termination. For all other 
frequencies Ei = E2, Hi = H2, and the uniqueness theorem is satisfied. 

In completely lossless terminations resonances of two different types 
may be considered. In the first type there is no coupling between the 
terminals and the resonance fields, as though there were an isolated cavity 
somewhere inside the termination. Clearly a resonance of this type is of 
no particular importance. The second type of resonance couples with 
the input terminals, and in this case the terminal current is not given 
uniquely by the terminal voltage. Of course, it must be emphasized that 
these conditions are never encountered in practice; therefore whenever 
lossless terminations are discussed, it will be assumed that the terminal 
voltage is uniquely related to the terminal current and the field quantities. 

I t is evident from the uniqueness theorem and from the linearity of 
Maxwell's equations that a change in the argument or modulus of ei 
will result in a corresponding change in the argument or modulus of the 
field quantities inside the termination. Thus the field quantities inside 
the termination are proportional to the voltage or current at the terminals. 
It follows from this that the terminal current i is proportional to the 
terminal voltage e. Thus, as before, values Z(w) and Y(w) may be 
defined such that 

% = Z(«) = ~ (11) 
i ¥ (id) 

They are called respectively the impedance and admittance of the 
termination. Z and Y are complex numbers that depend only on the 
frequency of the periodic field and the nature of the termination. 

5-4. Connections between Impedance and Stored and Dissipated 
Energy.—If iZ is substituted for e in Eq. (8), there results 

i*iZ = ju ( / MH* ■ H dv - / «E* ■ E dv J + / <rE* • E dv (12) 

or 
z - 2MW„-W*)+P. ( 1 3 ) 

WH and WE are the mean stored magnetic and electric energies; P is the 
average power dissipated in the termination. In the same way, 

Y = 2ju(WE - WH) + P ( 1 4 ) 

lee* 

From Eqs. (13) and (14) it is seen that 
Z * ( - « ) = Z(«), (15) 
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and 
} ' * ( - " ) = > » ■ (1(5) 

Several things are to be noticed about Eqs. (13) and (14). Let 

Z = R+jX 
(R and X real). 

1. Since P y , f l H . 
2. If P = 0, then R = 0, or Z is purely imaginary. 
3. If X = 0, WE = WH] this is the resonance case. 
4. From Eqs. (15) and (16) it can be seen that for a lossless termina

tion the reactance and the susceptance are both odd functions of 
frequency. 

Equations (13) and (14) indicate the steps that may be taken to 
produce desired impedance effects at microwave frequencies. For 
instance, any change in configuration that increases the amount of stored 
magnetic energy in a termination automatically increases the reactance 
at the terminals. 

6-6. Field Quantities in a Lossless Termination.—One of the results 
obtainable from the uniqueness theorem concerns a lossless termination. 
It will be shown that in such a termination the electric field is everywhere 
in phase and the magnetic field is everywhere 90° out of phase with the 
electric field. Let us assume that E and H, with corresponding terminal 
quantities e and i, are a permissible solution of the field equations for a 
particular lossless termination. Substitute for E and H in Maxwell's 
equations [Eqs. (1)] the following quantities: 

E = Er + E,:, 
H = H, + H,. 

The subscripts r and i denote, respectively, that the quantities are the 
veal and imaginary portions of the field vectors. Since the termination 
is assumed to be lossless, 

<J = 0 
for 

The imaginary portion of the first equation, the real portion of the second, 
the real portion of the third, and the imaginary portion of the fourth are 

curl Hi — jutEr 
curl E r + jujuHi 
div eEr = pr, 
div MH ; = 0. 

It is evident that Er and H; represent a particular solution of M ax-
well's equations satisfying the boundary conditions. To the solution 

(17) 
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E r, Hi there correspond terminal voltage and current er and u. By the 
uniqueness theorem, the above particular solution is unique. Any 
other solution can be obtained from this solution by the multiplication of 
the field quantities by some complex number. E r is a solution with the 
electric field everywhere in phase or 180° out of phase, and the phase of 
the magnetic field is 90° or 270° with respect to the electric field. 

6-6. Wave Formalism.—It has been shown that the field quantities 
inside a termination, or single-terminal-pair network, are uniquely 
determined by either the current or voltage at the terminals. Voltages 
and currents are not the only useful parameters that can be used as 
representations for the fields inside a termination. Another very useful 
representation can be obtained from the amplitudes of the incident and 
scattered waves. 

The amplitude and phase of the transverse component of the electric 
field in the incident wave, measured at the terminals, will be designated 
by o, which will be so normalized that iaa* represents the incident power. 
In a similar way 6 will be used to designate the amplitude and phase of 
the reflected wave. It is easily seen that the uniqueness theorem also 
applies to the representation in terms of incident and reflected waves. 
For any incident or reflected wave the fields inside the termination are 
uniquely defined. As was shown above, the impedance Z = e/i is a 
quantity that is a function only of the frequency and the shape of the 
termination. In an analogous way one can define the reflection coefficient, 

It is evident that the reflection coefficient is defined for a particular refer
ence plane or terminal pair. 

A connection between the representation in terms of currents and 
voltages and the representation by incident and reflected waves is easily 
shown. Since e is a measure of the total transverse electric field, 

e = g(a + b) = ga(l + T), (19) 

where g is some proportionality factor. In the same way, 

i = I (ffl - b) = - o(l - T), (20) 
9 9 

where b has a negative sign because the magnetic field is reversed in 
the reflected wave. The proportionality factor is 1/g in Eq. (20) because 
of the way in which the quantities are normalized with respect to power 
[see Eq. (7)]. The introduction of wave amplitudes a and b defined in 
Eqs. (19) and (20) is a convenient artifice even in low-frequency circuits 
where the wave nature of the solutions is not obvious. 
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5-7. Connection between the Reflection Coefficient and Stored 
Energy.—If Eqs. (19) and (20) are substituted in Eq. (8), 

ao*(l + T)(l - r*) 

and 

= j u ( MH* • H dv - / eE* ■ E dv J + / <rE* • E dv, (21) 

(i + mi - r*) = 2MW"^E)+P- (22) 

If Eq. (22) is broken into its real and imaginary parts 

1 - r* r = T 4 - > (23) 
and 

i(r-r*)=yim(r)=M^_zJL£). (24) 

In Eq. (23), since P is positive, 

r*r g i. (25) 
Condition (25) is equivalent to the statement that the reflected power is 
always equal to or less than the incident power. If the termination is 
lossless, P = 0 and 

r*r = i. (26) 
Equation (24) relates the imaginary part of the reflection coefficient 

to the stored electric and magnetic energy. Since | r | g 1, 

\WH - WE\ g \~a*a. (27) 

Stated in words Eq. (27) says that for 1 watt of power incident on a 
termination, the difference between the magnetic and electric stored 
energy is always less than or equal to l/a> joules. 

If Eqs. (23) and (24), are solved for r , 

r = V i - P' e'*, 
<j> = s i n -

where 

u,(W'„ - W'E) 
V l - P ' 

(28) 

W = W-E-, 

rv w — i * ; 

F = . ^ -
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THE JUNCTION OF SEVERAL TRANSMISSION LINES 

In the previous section were considered some of the general properties 
of the termination of a single transmission line. The extension of these 
results to cases involving more 
than one transmission line is 
straightforward. Let us consider 
a junction having N pairs of ter
minals. As in the previous case, 
the junction may be enclosed in a 
surface S which cuts the various 
transmission lines perpendicular 
to their axes (see Fig. 5-3). As 
before use will be made of Poynt-
ing's energy theorem for periodic 
fields [Eq. (3)]. The integral of the Poynting vector over the surface £ 
can be evaluated in terms of terminal voltages and currents. 

(ei.ii) 

FIG. 5-3.—Example of a four-terminal-pair 
junction. 

/ . 
E X H * - d S (29) 

where e„ and in are the voltage and current of the nth terminal pair and are 
defined in the same way as in the previous section. Substituting Eq. 
(9) in Eq. (25), 

I €-nXn 4j«(W* - WE) + 2P, (30) 

where, as before, WH and WE are the average electric and magnetic 
energies in the junction and P is the average dissipated power. Equa
tion (30) provides a connection between the terminal quantities and the 
field quantities. 

5-8. Extension of the Uniqueness Theorem to JV-terminal-pair Junc
tions.—The uniqueness theorem of Sec. 5-3 is easily extended to the case 
of A^-terminal-pair junctions. It leads to the result that to a particular 
value of the current or voltage at each of the N pairs of terminals there 
corresponds a unique field distribution inside the junction. This result 
is valid provided the junction is not completely lossless. As before, the 
theorem will be extended to include the idealized lossless junction. 
Another simple extension of the previous results which follows from the 
linearity of Maxwell's equations and from the uniqueness theorem is the 
following: The electric and magnetic fields at any point inside the junc
tion are linear functions of the currents or voltages applied to the N 
terminals. As a corollary to the above, it can be stated that the N 
terminal currents are linearily related to the N terminal voltages. 
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5-9. Impedance and Admittance Matrix.—Since the N terminal cur
rents and voltages of the junction are connected by linear equations, N2 

quantities Zpg can be denned such that 

— 7 Apqlq- (31) 

The iV2 components Zvt can be regarded as forming an Nth-order square 
matrix, 

Z n Z i2 • • 
Z21 Z22 • • 

z = (32) 

Matrix (32) will be called the impedance matrix. The N components 
iq and ep can be arranged as column vectors, 

i\ 

IN 

e = 

e 

en 

(33) 

The vectors i and e will in the future be called the current and voltage 
vectors of the junction. The matrix formulation of Eq. (31) is 

e = Zi. (34) 

The linear relation between the terminal currents and voltages can 
be expressed in another way if Eq. (31) is solved for the N currents. 
Then 

ip = / * pifii- (35) 

Again a matrix Y can be defined such that 

Y = 

Yu Yu . . . 
I SI J j ! ■ • • 

This matrix will be called the admittance matrix; 

i = Ye. 

(36) 

(37) 
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If it is assumed that Z is nonsingular,1 Eq. (34) can be multiplied by 
Z - , 

Z- ]e = Z-'Zi = i, 
and 

Z-1 = Y. (38) 
It is worth while to notice the analogy between Eqs. (34) and (11). 

They are formally identical. The impedance Z of Eq. (11) has been 
generalized to an impedance matrix. The current and voltage have 
been generalized to current and voltage column vectors. For a termina
tion, that is, a single-terminal-pair network, Eq. (34) reduces to Eq. (11). 

6-10. Symmetry of Impedance and Admittance Matrices.—It will 
now be shown that the impedance and admittance matrices, matrices 
(32) and (36), are symmetrical. By a symmetrical matrix is meant one 
for which 

zmn = z j (39) 
I mn J- run,' 1 

Let there be two solutions of Maxwell's equations that satisfy the bound
ary conditions imposed by the junction. The field quantities and 
terminal quantities of the two solutions will be distinguished by super
scripts 1 and 2. From Eqs. (1), 

curl H<» - (jut + <T)E<1> = 0, 
curlE ( 1 ) + JCOMH<» = 0; 
curl H(2) - (jcoe + <r)E<2> = 0, 
curl E<2) + >)MH<2) = 0. 

Likewise 
div [E<« X H<« - E(2) X H*1'] 
= H<2> curl E<1) - E(1) curl H<2> - H<« curl E<2> + E<2> curl H<». (42) 
From Eqs. (40) and (41), 

div [E<» X H<2> - E<2> X H*1'] = 0. (43) 
If Eq. (43) is integrated over the volume enclosed by the surface, 

0 = / d i v [E<» X H<2) - E<2> X H<»] dv 

[Eu> x H<2 ' - E<2> X H<»] ■ dS. (44) 

The right-hand side of Eq. (44) can be expressed in terms of terminal 
voltages and currents [see Eq. (29)], 

0 = [Ei" X H<2» - E(2> X H'1 '] • dS = Y \efif - e?H?>}. (45) 
1 If Z were singular, the connection between the currents and voltages would not 

be unique. 

(40) 

(41) 

file:///efif
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Equation (45) holds for any two sets of applied voltages at the terminals 
In particular let 

ep> = 0, j * 2. (46) 

The sum given in Eq. (45) reduces, for this special case, to 

e<?H? - e«'t<« = 0. (47) 

However, for the special case considered 

(48) 

Substituting (48) in (47), the result is 

F12 = F21. (49) 

I t is obvious that there is nothing special about the indices 1 and 2 and 
that 

Yki = Yik, for any k and I. (50) 

It can be shown in a similar way that 

Zki = Zik. (51) 

Therefore, the impedance and admittance matrices are always 
symmetrical. 

6-11. Physical Realizability.—Certain conditions are imposed on the 
impedance and admittance matrices by the energy theorem [Eq. (30)]. 
If e„ = 2Z„mim is substituted in Eq. (30), 

I i*ZnJm = ±MWH - WE) + 2P. (52) 

In order to simplify the discussion, a two-terminal-pair junction will be 
considered first. The real part of Eq. (52) can be written as 

i*uR^ + (ttu + iiit)Ri2 + ifiiRn = 2P, (53) 

where Rij is the real part of Zij. If either ii or t2 = 0, since P s£ 0, it is 
seen that 

Ru ^ 0, 
R22 ^ 0. 

It is evident that this condition is the same as that for the termination, 
as indeed it should be. 
Since P ^ 0 for any values of n and i2, 

tfiiRn + (i*i\ + izi*)Rn + i*iiRn ^ 0. (54) 
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It is evident from inspection of the coefficient of Ri2 in Eq. (54) that the 
minimum value of the left side of Eq. (54) occurs when z'i and i2 have argu
ments that are the same or that differ by ir. Then ii'i2 is real, and 

rA B„ + 2 h) Rl2 + Ri2 ^ 0. (55) 

This condition can be met by requiring that the equation 

X2RU + 2XR12 + R22 = 0 (56) 

has no single real roots. The condition for this is 

R\2 - RnR22 ^ 0. (57) 
This can be expressed as 

Ru Ri: 
R2i 12: 

^ 0. (58) 

The above arguments apply also to the admittance matrix and can be 
extended to junctions having more than two pairs of terminals. 

An extension of the theorem to junctions with more than two terminal 
pairs yields the result that conditions imposed by Eq. (52) require the 
determinant of the real part of the impedance or admittance matrix and 
the determinant of each of its minors obtained by successively removing 
diagonal elements in any order to be greater than or equal to zero. 

5-12. The Polyterminal-pair Lossless Junction.—Usually in practical 
microwave applications, a junction having more than one pair of terminals 
is essentially lossless. This is not always true; but usually, such things 
as tuners, T-junctions, and directional couplers have low loss. For this 
reason the lossless case is of considerable importance. In Eq. (52), if 
P = 0, the equation is purely imaginary for all applied currents i„. 
Consider the special case 

i„ = 0, for n ^ k. 

It follows from Eq. (52) that 

Re (Zu) = 0. (59) 

That is to say, all the diagonal terms of the impedance matrix are pure 
imaginary. Consider now a special case in which all the applied currents 
vanish except two, the Mh and mth, for example, 

in = 0, for n ^ k, m. 
From Eq. (52), 

Re [ititZhk + {U*k + iki*)Zkm + imi*Zmm] = 0, (60) 
and hence 

Re (Zkm) = 0, for any k and m. (61) 
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Thus, for a lossless junction, all the terms in the impedance matrix are pure 
imaginary. The above conditions apply also, in an analogous way, to 
the admittance matrix, and all the terms of the admittance matrix for a 
lossless junction are pure imaginary. I t is seen that the statements in 
Sec. 5-4 are special cases of the above. 

5-13. Definition of Terminal Voltages and Currents for Waveguides 
with More than One Propagating Mode.—The original definition of a 
waveguide junction was limited to one excited by transmission lines sup
porting a single propagating mode. In order to extend this definition to 
transmission lines with more than one propagating mode without invali
dating the previous results, it is natural to impose the condition that 
Eq. (30) be valid in the new system and that the resulting impedance 
and admittance matrices be symmetrical. Whereas previously it was 
necessary to introduce a single voltage and current to describe completely 
the conditions in a given transmission line, now it will be necessary to 
introduce a voltage and current for each mode in the guide. There is no 
unique way of introducing these voltages and currents, but there is one 
way that is a little more natural than the others. I t is to let each voltage 
and current be a description of one particular mode in the transmission 
line. To make this more definite, in the derivation of Eq. (30) a surface 
integral Eq. (29) is encountered. This is the same surface integral that 
occurs in Eq. (4). 

To simplify the discussion, let us consider the junction to be excited 
by a single transmission line along which N modes may propagate. 
Equation (4) is applicable; but because of the N modes, Eq. (5) must be 
generalized to 

E* = ^ ej*(x,y)* 

Ev=lj e„f'y"\x,y), 

Hx = \ i„g<x
n>(x,y), 

jn Eq. (62), f?\x,y) is a real function of the coordinates which describes 
the distribution of the z-component of electric field of the nth mode over 
the terminals; similar statements apply to the other functions. The 
normalizing parameters e„ and in are so chosen that Eq. (6) is satisfied: 

/ [/i"Vi,n) " / W l dxdy = - 1 , for all n. (63) 

(62) 

It was shown in Sec. 2-18 that the transverse electric and magnetic fields 
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for one mode are orthogonal to the transverse magnetic and electric fields, 
respectively, of any other mode. By the use of this fact together with 
Maxwell's equations it can be shown that 

] lfx"W - / W l dx dy = 0, for n * m. (64) 

If Eqs. (62) are substituted in Eq. (4) and then Eqs. (63) and (64) are 
used, Eq. (30) results. In other words, the particular choice of param
eters e„ and in introduced in Eq. (62) results in the same connection 
[Eq. (30)] between terminal energy quantities that was obtained for 
single-mode guides. Thus the terminal-parameter description of a 
transmission line with N propagating modes is, at least to this extent, 
equivalent to the description of N single-mode guides. I t can be seen 
in an analogous way that the reciprocity condition is also satisfied and 
that the impedance and admittance matrices are symmetrical. Thus all 
the preceding results are valid for this case also. 

As was pointed out earlier, the currents and voltages introduced in 
Eq. (62) are not the only permissible ones. To show this, new currents 
and voltages that are linearly related to the currents and voltages of 
Eq. (62) may be defined. If i' and e ' are column vectors representing 
the. new currents and voltages, then the linear relation may be expressed 
as 

J:SJ <*> 
where T is a matrix expressing the linear relation. 

The left-hand side of Eq. (30) may be expressed in matrix form as 

i*e„ = i*e. (66) 

Here 1 represents the transpose of i; in other words, T is a row vector: 

1 = (i'i, • • • , u). (67) 
From Eq. (65), 

I = i'T. (68) 

If Eqs. (68) and (65) are substituted in Eq. (66), 

l*e = i'*T*Te'. (69) 
If e ' and i' are to be a permissible representation of the left-hand side of 
Eq. (30), then Eq. (66) must be invariant under the transformation. 
The necessary and sufficient condition for this is that 

I 

T*T = I, (70) 
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where I is the unit matrix. Equation (70) is equivalent to 

T* = T"1. (71) 

A matrix that satisfies Eq. (71) is said to be unitary. 
Condition (71) guarantees that the transformed voltages and currents 

will satisfy Eq. (30). However, condition (71) is not sufficient to guaran
tee the symmetry of the impedance and admittance matrices. The 
impedance matrix is defined by 

e = Zi. (5.34) 

The substitution of Eq. (65) in this equation gives 

Te ' = ZTi', 
e' = T-ZTi ' ' (72 ) 

In order for T to be a permissible transformation, the matrix T~!ZT must 
be symmetrical, 

T-'ZT = TZT-1 = TZT-1. (73) 

In order for this equation to hold for all Z, 

T-i = T. (74) 
A matrix that satisfies Eq. (74) is said to be orthogonal. Conditions (74) 
and (71) lead to the result 

T = T*. (75) 
To state the results in words: If the terminal currents and voltages 

are transformed by a real orthogonal transformation, the resulting 
impedance matrix is symmetrical and Eq. (30) is left invariant. Because 
all the preceding results stem from the symmetry of the impedance and 
admittance matrices and from Eq. (30), it follows that the new set of 
currents and voltages are a permissible set. 

5-14. Scattering Matrix.—The wave formalism introduced in Sec. 
5-6 can be extended to a junction with many terminal pairs. As in the 
previous restricted case the incident wave will be represented by a and 
the reflected wave by b. 

Let o„ be a complex number representing the amplitude and phase of 
the transverse electric field of the incident wave at the nth terminal pair. 
Let b„ be the corresponding measure of the emergent wave. It is assumed 
that an and 6„ are normalized in such a way that ia%a„ is the average 
incident power, and correspondingly for b„. 

As in Eqs. (19) and (20) 
e„ = g„(an + b„), 1 < ^ ™ 
In = " - (On — Or,), 

On 
where gn is a constant for that terminal pair. 
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The characteristic impedance of the nth guide is connected in a simple 
way with g„. To show this connection, let b„ = 0; then 

e„ = g*an, 
1 

in = — an, 

W = r=9i 
(77) 

On VZ'o 
Thus o„ is the square root of the characteristic impedance of the nth 
guide. 

As can be seen from Eqs. (02) and (63), it is always possible to choose 
e„ and in in such a way as to make ■Zf,"' = 1. I t will be assumed that this 
has been done. Then o„ = 1, and 

en = an + bn, 
Xn G,n On j 

O. = |(P„ + U) 
0,i ~$\Cn In) 

If e„ is substituted from Eq. (31), 

where 

On — ? 7 (Zn,n + &nm)im, 

m 

bn = i } (Z„m — d„m)im, 

5,„„ = 0, n 9^ m, 
Snm = 1, n = m. 

Using the matrix notation, Eq. (80) becomes 

a = i ( Z + l)i, 
b = i ( Z - l)i, 

where 

= a, 

and so forth. Equation (81) can be solved for i: 

i = 2(Z + l)- 'a . 

(78) 

(79) 

(80) 

(81) 
(82) 

(83) 
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If this is substituted in Eq. (82), 

b = (Z - 1)(Z + l)-*a. (84) 

The matrix connecting a and b in Eq. (84) will be called the scattering 
matrix S; 

b = Sa, (85) 
and 

S = (Z - 1)(Z + I ) - ' . (86) 

I t can be shown in an analogous way that 

S = (I - Y)(l + Y)"1. (87) 
The importance of the scattering matrix will become evident when 
examples are discussed. 

6-16. Symmetry.—The matrix S has several general properties of 
importance. One of these is its symmetry. It will be shown that the 
transpose of S is equal to S. 
To show this, let 

Z - I = G,] 
Z + I = H, | (88) 
S = GH"1. J 

It is evident that 
GH = HG. (89) 

If Eq. (89) is multiplied on the left and right by H_ 1 , 

H^GHH-1 = H-'HGH-1, (90) 
H-'G = GH"1. 

If this result is substituted in Eq. (88), 

S = H ^ G , 
and 

S = hTiG = GH"1 = GH-1 = H-'G, (91) 

since G and H are symmetrical. 
Therefore 

S = S, (92) 
and S is symmetrical. 

6-16. Energy Condition.—Some additional conditions are imposed by 
Eq. (30). If Eq. (78) is substituted in Eq. (30), there follows 

I (at - b * ) K + bn) = ±ju{WH - WE) + 2P. (93) 

The real and imaginary parts of Eq. (93) are 
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(«*a„ - b*K) = 2P, (01) 

{a*bn - a„bt) = iju(WH - WE). (95) 

In matrix notation, Eqs. (94) and (95) become 

a*(l - S*S)a = IP, (90) 
a*(S - S*)a = 4ja,(WH - W,). (97) 

Since P ^ 0, the same conditions are imposed on (I — S*S) as were 
imposed on Re (Z) in Sec. 5-11. These conditions were that 

det (I - S*S) ^ 0, (98) 

and the same for each of the principal minors. 
The case of a lossless junction deserves special notice. In this case 

P = 0 for all a in Eq. (96). This leads to the result 

I = S*S 
or 

S-1 = S*. 

Since S is symmetrical, 5* = S* and 

S"1 = S*. (101) 
Equation (101) is the definition of a unitary matrix. Thus the scattering 
matrix is symmetrical and unitary for a lossless junction. 

5-17. Transformation of the Scattering Matrix under a Shift in Posi
tion of the Terminal Reference Planes.—The transformation introduced 
in an impedance or admittance matrix by a shift in the reference planes was 
discussed in Chap. 4. In the case of the scattering matrix this trans
formation is almost trivial. This can be seen if it is remembered that the 
time required for a wave to enter a junction by way of a transmission 
line is increased if the reference plane of that line is moved away from the 
junction. Also the time required for a wave to leave the junction is 
increased if the phase plane is moved away from the junction. 

To put this in quantitative terms, if the terminal (reference) plane of 
the kih line is moved out from the junction by a distance h, then the 
transformed scattering matrix is 

S' = PSP, (102) 
where S is the original scattering matrix and P is a matrix with nonzero 
elements on the principal diagonal only, a diagonal matrix. The Kh 
diagonal element of P is 

-2„A 
Pkk = e x ' (103) 

where X& is the wavelength in the A"th transmission line. 

I 
l 

(99) 

(100) 
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6-18. The T-matrix of a Series of Junctions Connected in Cascade.— 
Let a series of two-terminal-pair junctions be connected end to end so 
as to form a chain. The problem is to find the scattering matrix for the 
chain. The scattering matrix is actually not the most convenient repre
sentation of the properties of such a cascade of junctions. I t is more 
convenient to introduce a matrix that relates the conditions at the output 
terminals to those at the input terminals. This matrix will be called 
the T-matrix. 

If 
bi = Siiai + Si2a2 (104) 

and 
02 = 02lCtl ~T" $22^2* 

then 
S221S1 

and 

, S22 ,- , [ e S22S11 \ 
62 = -o— <H + I A12 o — I a i 

1 , S n 
02 = -H— Ol — „— Ol. 

(105) 

<Sl2 <J21 

This may 

where 

and 

be written as 

Q = 

T = 

g = Th, 

tl -
„ 0 2 2 " ! ! 
" 1 2 0 

0 2 1 

_ £» 
U21 

fc) 
S22 
S2I 
1 

S12 

(106) 

(107) 

(108) 

If the junctions are numbered in the same order in which they occur in 
the chain, then 

g* = T th t , (109) 
and 

g» = h t+1 , (110) 

where the subscript refers to the number of the junction. If the equa
tions are combined, it is found that 

T . ■ ■ ■ T i h , = g„. ( I l l ) 

However, this implies that the resultant T-matrix for the chain is 

T = T J V , • • • T L (112) 

If desired, the components of T may be used to obtain the scattering 
matrix of the chain by the relation 
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TJ1 
T 22 
1 

? 2 2 

1 
T 22 
TA? 
i 22 

S = 7 2 ^ 2 ■ (113) 

5-19. The Scattering Matrix of a Junction with a Load Connected to 
One of the Transmission Lines.—Let one of the transmission lines (the 
fcth) of the junction be terminated by a load of reflection coefficient r 
referred to the reference terminal of the transmission line. This load 
imposes the condition 

Tbk = ak. (114) 
But 

= y Skidj. (115) 

Hence, if these expressions are combined, 

«i = i _ rg X Slc'a'' (116) 
i 

where the prime denotes that the fcth term is eliminated in the sum. 
Equation (116) can then be substituted in the remainder of the scattering 
matrix to eliminate ak. The A;th terminal is thus completely eliminated 
from the scattering matrix. 

FREQUENCY DEPENDENCE OF A LOSSLESS JUNCTION 

The energy integrals of the previous sections gave information about 
terminal quantities at one frequency. A new energy integral will 
now be formulated which relates the rate of change of terminal param
eters with respect to frequency to the stored energies in a lossless 
junction. 

6-20. Variational Energy Integral.—Let us consider a junction to 
which is connected several transmission lines. Maxwell's equations 
for a lossless junction are 

curl H - jwiE = 0, ] (n7, 
curl E + JWMH = 0. I 

Let us now consider a solution of Eq. (117) which satisfies the boundary 
conditions of the junction, and let us introduce a variation of the fre
quency and field quantities consistent with the boundary conditions. 
The variations satisfy the equations 

curl 5H - jt(wSE + E5u) = 0, 
curl 6E + jM(wSH + H«w) = 0. (118) 
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If the quantity 

div [E X JH - 5E X H] = [5H ■ curl 5E - E ■ curl 6H] 
- [H ■ curl 5E - SE ■ curl H] (119) 

is introduced, and if, in the right side of this expression, quantities from 
Eqs. (117) and (118) are substituted, there results 

div [E X «H - SE X H] = j(vH* - tE*)hw. (120) 

If Eq. (120) is integrated over the volume of the junction and the left 
side of the equation converted to a surface integral, there results 

/ (E X SK - SE X H) • dS = j&a / ( M # 2 - tE*) dv. (121) 

6-21. Application to Impedance and Admittance Matrix.—The left-
hand side of Eq. (121) is an integral over the various terminals of the 
waveguide junction and leads to the result 

y (enSin — inSen) = jSoi j (enSin - in&en) = jSa / ( M # 2 - *£"2) dv, (122) 

where, as before, in and e„ are the current and voltage at the nth terminals. 
I t is to be noted that Eq. (122) relates a variation of the terminal voltages 
and currents to an energy integral times a variation in frequency. I t 
is evident from Sec. 5-10 that if en is real for all n, then E is real, H is 
imaginary, and in is imaginary. If Eq. (122) be limited to real terminal 
voltages, it becomes 

\ (e„5i„ - Ue„) = -j&u / (MH* • H + eE* ■ E) dv 

= - 4 j«co (m + W„), (123) 

when e„ is real, independently of n. If the variation of Eq. (31) is taken 

«e„ = ^ (Znm5im + bZnmim). (124) 
m 

If this and Eq. (31) are substituted in Eq. (123), since i* = — i„, 

it&Z„mim = 4 J M ^ £ + W„), (125) X 
where, as before, WE and WH are the average electric and magnetic 
energies. The impedance elements Z„m are functions of frequency only, 
and if 
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Similarly, from Eq. 

TO SCATTERING MATRIX 

dZ„m 

do> 

^ itZ'nJm = 

(35), 

/ , ^ n ■* nmem = 

— Znm, 

4J(WK 

- ijiWs 

+ WB). 

+ WB). 
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(126) 

(127) 

Equations (126) and (127) are the starting point of the discussion of the 
frequency dependence of impedance and admittance matrices. 

In matrix notation, Eqs. (126) and (127) become 

l*Z'i = 4jW, (128) 
e*Y'e = AjW, (129) 

where W is the total stored energy corresponding to the particular ter
minal conditions. In Eqs. (128) and (129) it is necessary that all the 
terminal voltages have the same phase angle. 

Since W > 0, the conditions tha t are imposed on the reactance 
matrix and the susceptance matrix by Eqs. (128) and (129) are identical 
with the conditions imposed on the real part of the impedance matrix 
by Eq. (52). 

In order for Eq. (128) or (126) to be satisfied for any pure real cur
rents im, 

det (X'„J ^ 0. 

Also, all the principal minors must be greater than zero. 
6-22. Application to Scattering Matrix.—If Eq. (78) is substituted in 

Eq. (122), there results 

I (bn So„ - o„ «6„) = j((E2 - M # 2 ) S". (130) 

If 2?2 has the phase angle /S throughout the junction, then, as above,. H2 

will have the phase angle /3 + IT, and 

2 Y (b„ 5a„ - a„ Sbn) = je*(tE* ■ E + MH* • H) Sa>. (131) 
71 

In matrix notation 
2(b5a - a5b) = Aje^W 5o>, (132) 

where, as above, W is the total stored energy. Since E2 has the phase 
angle /3, e„ has, except for a possible change in sign, a phase angle /3/2 for 
all n. Also in has a phase angle (0/2) + (ir/2). 
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Therefore, 

is pure real and 

is pure imaginary. 
From Eqs. (78) and (85), 

e 2 e (133) 

~ 2 i 

e = (I + S)a, \ 
i = (I - S)a, [ (134) 

(135) 

where S is the scattering matrix. 
From Eqs. (133) and (134), 

e~'~* (I + S ) a = e¥ (\ + S*)a*, \ 

e 2 (I - S)a = - e 2 (I - S*)a*. J 
From Eq. (135), 

a = e'*S*a*. (136) 

Equation (136) is the condition that a must satisfy in order that 

arg E1 = /3. 

If Eq. (85) is substituted in Eq. (132), 

-£a(5S)a = je'^We + WH) S«. (137) 
Let 

S' = f?- (138) 
aw 

Then if Eqs. (138) and (136) are substituted in Eq. (137), 

| ja*S*S'a = W. (139) 

Equations (139) and (136) are the starting point for the investigation of 
the frequency dependence of the scattering matrix of a general junction. 

5-23. Transmission-line Termination.—Consider a lossless termina
tion of a single transmission line. The matrix equations [Eqs. (128) and 
(129)] reduce to the scalar equations 

z' = *Wi (140) 

and 

Y' = ̂ We ( U 1 ) 

Stated in words, the rate of change of reactance with frequency is always 
positive and is equal to four times the stored energy divided by the square 
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of the magnitude of the current. A similar statement holds for the 
susceptance. 

The matrix equation [Eq. (139)] reduces to the scalar equation 

>S*S' = Wa- (142) 

Equation (136) is satisfied for any a. Since the termination is lossless, 

S = e'*. (143) 

Also \a*a is the incident power P. If Eq. (143) is substituted in Eq. 
(142), 

-2-+J- <>«> 
where — 4> is the phase delay in the wave after reflection. Equation (144) 
states that the electrical line length into the termination and out again 
always increases with frequency, and the rate of increase is equal to the 
stored energy per unit incident power. 

The physical significance of Eq. (144) is rather interesting. If a 
pulse, represented by 

- / • 
g(t) = / a(6>)e>'"' du>, (145) 

is introduced at the terminals, then some time later a pulse will be 
reflected out of the termination. This pulse will have the form 

I b(«) h(t) = / b(w)e''»'dco, (146) 

where 
b(o>) = S(u)a(oi). (147) 

If the pulse contains only a small band of frequencies, it is not distorted 
by the termination and there is the relation 

h(t) = g(t - T), (148) 

where T is the delay introduced by the termination. From the combina
tion of Eqs. (145), (146), and (148), there results 

o(w)e-'"T = b(o>). (149) 

From this and Eq. (147), it is seen that 

S(w) = e-'"'. (150) 

Equation (150) is, of course, valid only over the small range of fre
quencies included in the pulse. 
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If Eq. (160) is compared with Eq. (144), 

W r = £. (151) 

Equation (151) states that the time required for a pulse of energy to 
enter the termination and leave-again is just the average stored energy 
per unit incident c-w power. 

6-24. Foster's Reactance Theorem.—From Eqs. (140) and (141), 

X' = 2 2 A ± ^ > (152) 

B - 2 \e*e ' ( 1 5 3 ) 

If W = WE + WH vanishes, E and H vanish throughout the termination 
including the terminals. Hence X' and B' must always be greater than 
zero for a positive W. 

If it is assumed that X has a zero at w = u0, then X can be expanded 
in a power series about OJ0 

X = Oi(a> — a>o) + a2(cD — u)o)2 + ' ' - . (154) 

This expansion is valid in the neighborhood of o>0, and hence 

X' = ax + 2a2(w - a>0) + • ■ • . (155) 

From Eq. (152), X' > 0; therefore, ax > 0. 
Since a,\ > 0, for u> nearly equal to u0, the first term in Eq. (154) is the 
dominant term, and in this region 

_^ 

B(a) = ~ = ^-- (156) 
A (u> — Wo) 

Thus if X(u) has a zero at a certain frequency, B(u) has a simple pole with 
a negative residue at the same point. Conversely a zero in B(u) leads to 
a simple pole in X(u). 

From Eqs. (13) and (14), 
Y 9 W„-WE 

WF - WH 

I t is evident from Eq. (157) that for u = 0, X = 0 unless the stored elec
tric or magnetic energy becomes divergent for a given finite current. 
If the stored energy becomes infinite, from Eq. (152) a = 0 is a singular 
point. If this singular point is a pole, it is clear from the foregoing discus-
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sion that the pole is simple and has a negative residue. In this rasp 
B(0) = 0. Thus, at w = 0, either X(co) or B(w) has a zero. 

Let it be assumed for the present that X(o>) has a zero at &> = 0. 
Remembering that X(di) = —X( — u), 

X = fcjco + b3a>3 + b5u5 + • • ■ . (159) 

This expansion is valid for |u>| < |wi|, where u>i is the location of the first 
pole.1 Since this pole must be simple and must have a negative residue, 
its principal part is 

where Vi is positive. 
In order for X to be odd, however, there must be a singularity at 

u = — oil. If the principal parts of both these singularities are sub
tracted from X, the remainder of the function is regular at the points 
w — oil and u> = — OJI and can be expanded in a power series that is valid 
for \di\ < |<d2| where o>2 is the next singularity. 

If there are only a finite number of poles, this process can be continued 
until the power-series expansion is valid for all finite frequencies. Then 

X(o>) = - V rn (— h ~ — ) + aio + a3co3 + • ■ • . (161) 
71 

If the termination is a network composed of a finite number of imped
ance elements, then the power series in Eq. (161) can have only a finite 
number of terms, and X(a>) may have at most a pole at infinity. All 
poles, however, must be simple with a positive residue. Therefore, all 
terms in the power series after the first are zero. If these terms are set 
equal to zero, there finally results 

X(w) = - 2 / r „ ^2 " ^2 + ano. (162) 

In the above development it was assumed that there were a finite 
number of poles. This is true only for networks composed of lumped 
impedance elements. A distributed system has an infinite number of 
poles which form a condensation at the point at infinity. In this case 
the sum in Eq. (162) is taken over all poles up to TO. Equation (162) is 
then a good approximation in the range |w| <<C [wm|. 

I t is to be noted that the last term in Eq. (162) is the reactance of an 
1 An essential singularity causes a function to behave very wildly in its vicinity. 

It is unreasonable to expect a function representing a physical quantity to have an 
essential singularity in the finite plane. It will be assumed that all singularities in the 
finite plane of a reactance or susceptance function are poles. It will be shown later 
that all poles must lie on the imaginary impedance axis. 
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inductance. If there is a nonvanishing r0 for co0 = 0, then this term 
represents a capacitor. Also the nth term in the sum is the reactance 
of a shunt combination of an inductor and a capacitor whose resonant 
frequency is «„ and whose capacitance is l/2r„. I t is evident that the 
reactance function given in Eq. (162) can be synthesized by the circuit 
in Fig. 5-4. 

o • 1 

SStSU I.P.CtftJ 

Fu>. 5-4. —Synthesis of a termination by 
shunt-tuned elements. 

O-
Fic 5-5.- -Synthesis of a termination b\ 

series-tuned elements. 

As was pointed out above, an expression of the same form as Eq. 
(162) can be obtained for the susceptance function. It can be synthe
sized by the circuit of Fig. 5-5. I t is clear that a circuit of either of these 
two types can be used to synthesize any lossless termination, provided 
the frequency is not too high. 

I t has been assumed that poles of the reactance or susceptance func
tion lie only on the real axis in the complex co-plane. This will now be 
proved. Assume that there are poles lying on the real axis as well as 
poles that are not on the real axis. The poles on the real axis can be 
removed by a circuit of either of the types shown in Figs. 5-4 and 5-5. 
That part of the circuit which remains within the termination is assumed 
to consist at most of poles not lying on the real frequency axis. Such 
poles have zero susceptance at infinity. Also the susceptance is a con
tinuous function along the real axis, since there are no singularities on 
the real axis. Since the susceptance of the termination in Fig. 5-5 is 
a continuous function of frequency vanishing at + « and must have a 
zero or positive slope, it must vanish everywhere. Thus all poles of a 
reactance or susceptance function must lie on the real frequency axis. 

6-25. Frequency Variation of a Lossless Junction with Two Trans
mission Lines.—If a two-transmission-line junction is matched, the 
scattering matrix is 

PI (163) 

In order to simplify the discussion, the terminals have been located in the 
transmission line at such a position that S^, = 1. This represents no 
important restriction. 

In general none of the elements of S' vanish, but S' must satisfy Eq. 
(139), where a satisfies Eq. (136). Let 
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ai = V 2 j , 

(})■ ^ ( 1 W (1C4) 
a2 = v ' 2 

a3 = V 2 I _11> 

a4 = V 2 ( - ' ) ■ 

These four column vectors satisfy Eq. (136), as can be seen by inspection. 
Let Wk be the average stored energy in the junction corresponding to 
3-k-

If ai is substituted in Eq. (139), 

i(U) f? J| S' Wi. (165) 

This reduces to 
j(S'n + 2S'12 + S'„) = Wh (166) 

where 
,, _ (S'u S'12\ 

In a similar way the remainder of the a's may be substituted in Eq. (139) 
to yield 

-(s'11 + 2js,
12-s/

22) = Wt,\ 
-j{S'n - 2S'12 + S'22) = Wt, (168) 

(S'n - 2jS'12 - S'22) = WA. J 

If the column vectors, 

a'i = i (a i + a3) = i (a 2 + a4), 
a', = | ( a ! - a3) = - i? ' (a 2 - a4), (169) 

re formed for which 

a ; - % / 2 ( ; ) . 

v . (J 
(170) 

then aj and a2 represent waves incident in one line only. They differ 
only in the direction of transit through the junction. Hence the stored 
energies are equal for a[ and a2. Let this stored energy be W. It should 
be noted that 

a* = a; + O")*-^;. (171) 

Thus each of the column vectors of Eq. (164) can be represented as a 
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linear combination of the vectors of Eq. (170). If the electric and mag
netic fields in the junction corresponding to the incident waves ai and 
a',, are denoted by the subscripts 1 and 2 respectively, then 

f {nH*2H2 W = \ \ (^H*Hl + eE^EJ dv = i I {nH*2H2 + tE*2E2) dv. (172) 

Also 

Wk = i j [p{H\ + jl~kH*2)(H1 + j^H2) 

+ e(E* + f-xEDiEi + j^Et)] dv. (173) 
Thus 

Wk = 2 IF + Re (f-'A), (174) 
where 

A = / (jiH*Hz + tE*E2) dv. (175) 

It is important to note that 
\A\ g 2W. (176) 

From Eqs. (166) and (168), 

W1 + W3 = W2 + \\\ = -ijS'u. (177) 

From Eqs. (174) and (177), 
JS'l2 = W. (178) 

Since a.[ and ai, represent 1 watt of power incident on the junction, Eq. 
(178) may be generalized to 

jS'12 = | p (179) 

where P is the power flowing through the junction. 
Let 

S12 = c>*. 

For <f> = 0, Eq. (179) may be written as 

W 
4>' = - - p - (180) 

It will be noted that this expression is completely equivalent to Eq. (144). 
The discussion following Eq. (144) is also applicable to Eq. (180). In 
particular, the delay T introduced by a matched delay line is, in seconds, 

(181) 

From Eqs. (166) and (168), 

(182) 
(183) 

T w 
p' 

168), 

s\, + SL = *j(jr, 
s'„ - &„ = iOVt -

- Tr,) 
- TF,). 
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From Eqs. (182) and (183), 

S'n = -SVS, (184) 
S i = i\(Wt - W,) + j(W3 - WO]. (185) 

From Eq. (174), 
S'n = - fcTRe (A) - j Re {jA)\ 

= - *jA. (186) 

From Eqs. (176) and (184), 

ISiil = IS.I ^ J = IS1.I- (187) 

Equation (187) expresses important restrictions on the frequency sensi
tivity of the phase shift through the junction and of the match at each 
terminal. 

To illustrate the significance of Eq. (187), a waveguide junction may 
be considered that may be represented by the simple equivalent circuit 
of a shunt inductance and a shunt capacitance at resonance, in a trans
mission line of unit characteristic impedance. Then 

uC j 
Sxx = j T — y ^ = 8„. (188) 

At the resonant frequency, 

!:::*. I (i89> 
The value of W/P is C, and therefore the equal sign in Eq. (187) holds. 
A simple shunt-tuned circuit thus has the maximum value of frequency 
sensitivity. 



CHAPTER 6 

WAVEGUIDE CIRCUIT ELEMENTS 

B Y C. G. MONTGOMERY 

In preceding chapters the normal modes of propagation along a con
tinuous waveguide have been described and the production of reflected 
waves by a discontinuity has been discussed. I t was shown that the low-
frequency transmission-line formulas were valid to describe the propaga
tion of the effects of the discontinuity along the waveguide. In Chap. 5 
general theorems were developed that formed extensions of the low-
frequency network theorems to waveguide transmission lines. In the 
present chapter particular examples of discontinuities will be discussed 
and these general theorems applied. 

6-1. Obstacles in a Waveguide.—One of the most common forms of 
discontinuity used in waveguide circuits is a metallic partition extending 
partially across the guide in a plane perpendicular to the axis. The 
thickness of the partition is usually small compared with a wavelength, 
but the effects of the thickness cannot always be neglected. The opening 
in the partition may be of any shape. Such a partition is called a dia
phragm or an iris. In the neighborhood of the iris higher-mode fields 
are set up when a wave is incident, so that the total field satisfies the proper 
boundary conditions. A dominant-mode wave is reflected from the iris, 
and some of the incident power is transmitted through the opening. 
Consider first that the waveguide to which the power is transmitted is 
infinite in length or is terminated in a reflectionless absorber. The iris 
and the reflectionless termination may now be considered together to be 
some impedance or reactance terminating the transmission line. Equa
tions (5-13) and (5-14) give the values of this impedance or admittance in 
terms of the stored electric and magnetic energies WB and WH and the 
dissipated power P. If the losses in the metal diaphragm are negligible, 
as is usually the case, power is dissipated only in the absorbing load. 
Thus the metal diaphragm is responsible for the imaginary part of the 
impedance or the reactance, and the magnitude of the imaginary part 
is proportional to the difference between the stored electric and magnetic 
energies in the neighborhood of the iris. In the waveguide far from the 
iris, the stored electric and magnetic energies are equal as shown in 
Sec. 2-18. 

Irises are classified according to the sign of the imaginary part of the 
162 
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impedance to conform to the terminology of low-frequency networks. 
Thus an iris that contributes a negative imaginary term to the admittance 
is called inductive; one that contributes a negative imaginary part to 
the impedance is called capacitive. I t should be noted that this classifi
cation depends only upon the sign and not upon the frequency variation 
of the reactance or susceptance. 

THIN DIAPHRAGMS AS SHUNT REACTANCES 
6-2. Shunt Reactances.—Since a metal diaphragm in a waveguide 

may be considered as a junction with two emergent transmission lines, a 
proper equivalent-circuit representation would be that of a two-terminal-
pair network at low frequencies, for example, a T- or Il-network. If 
the metal diaphragm is sufficiently thin, the series elements vanish and 
the circuit representation reduces to that of a simple shunt element. 
This is most easily demonstrated by the argument already used in con
nection with the bisection theorem (Sec. 4-7). If equal and opposite 
electric fields are applied to either side of the diaphragm, then the electric 
field in the plane of the diaphragm must be zero. The short-circuit 
impedance of half of the network Z^h is therefore zero; Zn = Zi2; and 
the series elements of the T-representation vanish. The open-circuit 
impedance Z„ch of half the network is just twice the impedance of the 
shunt element or twice the shunt impedance of the diaphragm. In most 
cases, the susceptance of the diaphragm is a more useful quantity and is 
usually the parameter specified. From Eq. (5-14) the susceptance B 
may be written as 

B w*— (1) 

To find the value of the susceptance B it is necessary to solve an 
electromagnetic problem for the .geometrical configuration under con
sideration. A discussion of the solution of problems of this nature will 
not be given here. I t may be noted, however, that a complete solution 
giving the electric and magnetic fields at every point is not necessary, 
since the susceptance depends only on the total stored electric and mag
netic energy. Variational methods1 are found to be very powerful tools 
for the solutions of such problems. 

Since the characteristic impedance of a waveguide can be defined only 
as a quantity proportional to the ratio of the transverse electric and 
magnetic fields, the absolute value must remain arbitrary. In a similar 
manner the absolute value of the susceptance of an iris is undefined by 
an unknown factor of proportionality. I t is customary therefore always 
to express the susceptance of an iris relative to the characteristic imped-

1 David S. Saxon, "Notes on Lectures by Julian Schwinger: Discontinuities in 
Waveguides," February 1945. 
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ance of the waveguide. The relative susceptance is then a definite 
quantity. It has been shown in Chap. 3 that relative admittances or 
impedances are all that are necessary for most problems in waveguide 
circuits; the absolute values are not important. 

From a consideration of the special cases about to be discussed, it will 
be evident that the frequency variation of the susceptance of a diaphragm 
in waveguide is different from the variation with frequency of the sus
ceptance of a coil or a condenser. Even the simplest diaphragms have a 
complicated dependence of susceptance on wavelength or frequency. 
This fact arises from two circumstances. (1) The absolute value of the 
susceptance must depend on the frequency variations of contributions 

— d — i 
(a) (b) (c) 

FlQ. 6-1.—Inductive slits in rectangular waveguide. The metal partitions are shaded 
(a) A symmetrical opening, (b) an unsymmetrical Blit, and (c) the partition on one side 
only, xa — d/2. 

from many higher modes, each of which differs from the others. (2) 
The relative susceptance contains the frequency variation of the charac
teristic admittance of the waveguide. The characteristic admittance is 
proportional to the wave admittance of the guide and therefore contains 
the factor X/X„. Thus if an absolute inductive susceptance contained the 
factor l/o> or X, as the susceptance of a coil of wire at low frequencies, 
the relative susceptance would be proportional to X„. A capacitance 
independent of X in absolute value yields a relative susceptance propor
tional to X„/X2. However, since Foster's theorem remains valid for wave
guide terminations, no radical departures from the accustomed frequency 
variation are to be expected. 

6-3. The Inductive Slit.—If, in rectangular waveguide capable of 
propagating the dominant mode only, a thin metal partition is inserted 
in such a way that the edge of the partition is parallel to the electric field, 
the iris formed is equivalent to a shunt inductance. The iris may be formed 
symmetrically as in Fig. 6-la, or the slit may be asymmetrically placed 
as in Fig. 6-lb and c. Since the electric field is in the ^-direction, the 
higher modes excited by the diaphragm are all #-modes and the stored 
energy is therefore predominantly magnetic. According to Eq. (5-14) 
the shunt susceptance is negative, and the diaphragm is a shunt induct
ance. The value of the susceptance has been accurately calculated and 
the exact formula may be found in Waveguide Handbook, Vol. 10 of this 



SEC. 6-3] THE INDUCTIVE SLIT 165 

series. An approximate expression for the symmetrical case (Fig. 6-la) 

* - - S " * E + '(?} (2) 

-B 

2.0 

1.5 

1.0 

where/(a/X) is a small term. Equation (2) gives the susceptance relative 
to the characteristic admittance of the waveguide. The principal term 
is proportional to \B, and hence the susceptance has very nearly the fre
quency dependence of the suscept
ance of a coil of wire at low fre
quencies. The correction term / 
is, however, not proportional to X„ 
but has a different frequency de
pendence. The magnitude of / 
and its variation with frequency 
are illustrated by Fig. 6-2. At 
large values of X„, / can be neg
lected; when X„ is small, the correc
tion term contributes appreciably. 
The short vertical lines indicate 
the values of \/a for which the 
#20- and the H30-modes may first 
propagate. Since the slit is sym
metrical, the i/20-mode is not 
excited by it. For wavelengths 
short enough for the #3o-mode to 
propagate, the slit no longer behaves as a simple shunt element but 
excites some of the i/30-mode. 

The susceptances of the asymmetrical cases of Fig. 61b and c may also 
be expressed to a good approximation by simple formulas. The suscept
ance of the diaphragm of Fig. 61b is given by 

0-5, / / 

/f 
1 

/ 

0.5 //,„ 1.0 Hx 1.5 

/a 

2.0 2.5 

Fro. 6-2.—The variation of susceptance of 
an inductive slit of width d = a /2 . The 
straight line with a slope of unity is the 
cotangent term in Eq. (2); the curve gives 
the exact value of B. 

B = K cot: 
2a\ 1 + sec2 JJ- cot2 

2o 
TTXo\ 

a ) ' (3) 

When one-half of the partition is absent, as in Fig. 6-lc, x0 = d/2, and 
Eq. (3) reduces to 

\ J / _ j \ 
(4) B = ^ cot2 ~ a 2a 0 + - s > 

The expressions given in Eqs. (3) and (4) are not so exact as the corre
sponding approximation for the symmetrical slit. Asymmetrical dia
phragms excite the Hza-mode and other even modes as well as the 
H3o-mode and the other odd modes. The correction terms to be added 
are therefore larger and the frequency dependence correspondingly greater 
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than for the symmetrical case. For practical applications the diaphragm 
of Fig. 61c is often used, since it is the simplest possible construction. 

The approximate formulas just stated and the exact curve shown in 
Fig. 6-2 are all valid only for a metal partition that is infinitely thin. 
I t is usually necessary to use metal thick enough so that some correction 
is needed. Although the theoretical correction has not been worked out, 
an empirical correction has been found that is fairly exact. If the value 
of d of the thick slit is reduced by the thickness t, the value of B is increased 
to compensate for the thickness effect; thus 

Bthick(d) = Bthin(d - t). (5) 

6-4. The Capacitive Diaphragm.—If metal partitions are introduced 
from the broad faces of a rectangular waveguide so that the edges of the 

V 

W/////////M 
(a) (6) 

F I G . 6-3.—Capacitive diaphragms in rectangular waveguide. The metal partitions are 
shown shaded. 

partitions are perpendicular to the electric field, then a capacitive sus-
ceptance is produced. Such diaphragms are shown in Fig. 6-3. These 
discontinuities excite only higher Z?-modes; the stored electric energy 
exceeds the magnetic energy, and B of Eq. (1) is positive. The suscept-
ance for these diaphragms has also been calculated and is given by 

B Ab, vd 
x : l n c s c 2 6 ' (6) 

for the symmetrical opening of Fig. 6-3a. Correction terms that are 
important at high frequencies are omitted from Eq. (6). The frequency 
variation of B is similar to that of the susceptance of a condenser at low 
frequencies except that X„ is substituted for X. I t does not have the 
frequency variation of the relative susceptance of a lumped capacitance, 
which would be proportional to X„/X2 as mentioned in Sec. 6-2. The 
importance of the high-frequency correction terms to Eq. (6) may be 
judged from Fig. 6-4 in which the susceptance of a diaphragm is plotted 
as a function of &/X„ for an opening d = 6/2. The straight line represents 
Eq. (6); the accurate value of the susceptance is given by the curve. I t 
should be remembered that the dimensions of the waveguide are usually 
chosen so that h/X„ is about \. 
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The E-modes excited by the symmetrical slit will have longitudinal 
fields Ez which are odd about the center of the slit. The next mode will 
therefore propagate in the waveguide when \g — b. Since E2 is zero 
along the plane passing through the center of the slit, a sheet of metal of 
zero thickness may be placed along the center of the waveguide and the 
fields will not be disturbed.1 The waveguide is then divided into halves, 
each half containing an asymmetrical slit like the one shown in Fig. 6-36. 
The height of each half has be
come 6/2, and the aperture of the 
slit has become d/2. The relative 
susceptance must, however, re
main unaltered. Since the sus
ceptance must be a function of 
the parameters d/b and b/\e, the 
value of B for the asymmetrical 
slit can be obtained from Eq. (6) 
by replacing X„ by X„/2. Hence 

B = x7 l n C 8 C2T ( 7 ) 

The capacitive slit is not often 
used in high-power microwave ap
plications, since the breakdown 
strength of the waveguide is great
ly reduced by it. The effect of a 
finite thickness of the partition is 
much larger than for the induc
tive slit and will be discussed in a 
following section. 

6-6. The Thin Inductive Wire 
tangular waveguide between the center lines of the two broad faces of 
the guide forms an obstacle that acts as a shunt inductance. If the 
radius of the wire is small and the resistivity large, the skin depth in 
the wire may be made comparable with the radius of the wire. The rela
tive impedance of the wire then contains a resistive component, and power 
is absorbed in heating the wire. Such a device forms a bolometer element 
and is commonly used to measure microwave power. The relative 
impedance of the wire is given by 

Z = R+jX = l a
T^+J ~ l n ^ , (8) 

1 See Sec. 2-5. 

F I G . 6-4.—Relative susceptance of a thin 
symmetrical capacitive slit with an opening 
equal to one-half the height of the waveguide. 
The straight line represents Eq. (6); the 
curve shows the values calculated from the 
accurate expression. 

.—A thin wire extending across a rec-
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where r is the radius of the wire, a is the conductivity, and e is the base 
of natural logarithms. The d-c resistance RQ of the wire is given by 

Bo = —2- (9) 
7TOT2 ' 

The relative impedance may therefore be written as 

where 

Thus if the characteristic impedance of the waveguide is chosen to be 
that given by Eq. (11), the relative resistance of the wire is just Ro/Z0. 
The reactance, moreover, corresponds to an absolute inductance L per 
unit length of 

L = * p l n ^ , (12) 

which is similar to the inductance L<, per unit length of a straight wire in 
free space: 

1 97 
U = 4- v ln - ■ (13) 

2x er v ' 
This circumstance strengthens the belief by some that the most reason
able choice for the characteristic impedance of a waveguide is that given 
by Eq. (11). It will be recognized that this impedance is the proper 
value to choose in order to obtain the correct value of the power flow W 
from the expression 

1 V2 
W = - —, 2 Zo 

where the voltage V is denned in the natural manner as 

V = bEy. 

It has been repeatedly emphasized, however, that any choice of the 
absolute value of Z0 for a waveguide must be an arbitrary one. Choices 
other than that of Eq. (11) are more suitable for other situations. 

6-6. Capacitive Tuning Screw.—A metallic post of small diameter 
introduced from the broad side of a rectangular waveguide but not 
extending completely across the guide forms a shunt capacitance. A 
variable susceptance of this type can be made by simply inserting a 
screw into the waveguide, and such a tuning screw is often employ^J in 
low-power microwave equipment. Currents flow from the broad face 
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of the waveguide down the screw, and consequently it is necessary that 
good electrical contact be made between the screw and the guide. As 
the screw is inserted, the capacitive susceptance increases in very much 
the same manner as does the susceptance of a condenser whose plates are^', 
the top and bottom walls of the waveguide. ► 

For small distances of insertion, the screw should behave much as a^ 
lumped capacitance, and the relative susceptance should vary as Xs/X2. f 
As the distance of insertion increases, however, and becomes an appreci- c 

able fraction of a wavelength, the currents flowing along the length of / 
the post are no longer constant 
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and the screw acts as an induct
ance and a capacitance in series 
shunted across the w a v e g u i d e 
t r a n s m i s s i o n line. When the 
length of the screw is approxi
mately one-quarter of a freespace 
wavelength, resonance occurs and 
the susceptance of the screw be
comes infinite. With still greater 
distance of insertion, the suscept
ance becomes negative; and when 
contact with the opposite wall is 
made, the susceptance becomes 
that given approximately by the 
inverse of Eq. (8). No adequate 
theoretical treatment has been 
given of the susceptance of tuning 
screws, but the behavior just described is illustrated by the experi
mental data of Fig. 6-5. The dimensions of the screw and the equiv
alent circuit are indicated in the figure. The value of B for l/b = 1.0 
calculated from Eq. (8) is —3.45. 

No data exist on the frequency sensitivity of the susceptance. In 
the neighborhood of resonance, the susceptance seems to depend critically 
on the dimensions and on the frequency. The resonant length of the 
screw of Fig. 6 5 appears to be about 0.756. One-quarter of-a free-space 
wavelength is 0.796. 

Other resonant structures that totally reflect the incident power 
exist in many forms. A common one is a rectangular ring, the perimeter 
of which must be about 1.1X for resonance to occur; a dumbbell-shaped 
antenna is another. No extensive investigations have been made of the 
properties of such structures. 

6-7. Resonant Irises.—Since both capacitive and inductive dia
phragms exist, it should be possible to combine them and obtain a shunt-

F I G . 6-5.—The susceptance of a tuning 
screw 0.050 in. in diameter as a function of 
the depth of insertion in waveguide 0.9 by 
0.4 in. I D at a wavelength of 3.2 cm. 
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resonant circuit such as that of Fig. 6-6. No theoretical treatment of the 
properties of such a diaphragm has been made. I t has been found 
empirically that for resonance the dimensions a', b' of the rectangular 
opening are given by 

V - ( * ) " - * >/>-(£ (14) 

If the origin of rectangular coordinates is taken at the center of the wave
guide, then Eq. (14) is the equation of an hyperbola in the variables a' 
and b'. The hyperbola passes through the corners of the waveguide, 
and the branches are separated by X/2 at the closest point. Equation 

(a) 
F I G . 6-6.—(a) Equivalent circuit of a 

(b) 
shunt-resonant thin diaphragm; 

phragm. 
(6) resonant dia-

(14) is obtained if the characteristic impedance of a waveguide of dimen
sions a and 6 given by Eq. (11) is equated to that of a guide of dimensions 
a' and b'. This condition cannot be derived rigorously, but qualitative 
arguments that make it appear reasonable have been given by Slater.1 

Equation (14) fits the experimental data very well for apertures in metal 
walls that are thin compared with the dimension 6'. An increase in the 
thickness of the partition decreases the resonant wavelength. 

A resonant circuit such as that of Fig. 6-6 has a frequency sensitivity 
characterized by the parameter Q. As shown in Sec. 4-13, near resonance 
the admittance of the combination of the resonant aperture and the 
matched load is given by 

where wo is the resonant angular frequency and Au> is the deviation from 
the resonant value. The Q-values for resonant apertures are low, of 
the order of magnitude of 10, and increase as b' decreases. This is to be 
expected, since a decrease in V increases the capacitive susceptance Be-

Another commonly used resonant aperture is obtained by combining 
a symmetrical inductive diaphragm and a capacitive tuning screw. The 
resonant frequency may be conveniently changed by means of the screw, 
and the Q altered by changing the aperture of the diaphragm. Pvi.-h 

1 J . C. Slater, Microwave Transmission, McGraw-Hil l , New York, 1942, pp . \84ff. 

file:///84ff
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16 

12 

IBI 

resonant devices have been employed in the construction of filters.1 

A variable susceptance of this type 
is used in waveguide crystal mix
ers.2 Considerable expe r imen ta l 
information about resonant irises 
of this and other kinds is to be found 
in Chap. 3 of Vol. 14 of this series, 
where the use of several such cir
cuits in cascade to make a TR 
switch with a band-pass character
istic is described. 

6-8. Diaphragms in Waveguides 
of Other Cross Sec t ions .—Al
though only rectangular waveguide 
has been discussed, diaphragms in 
waveguides of other cross sections 
also act as shunt susceptances, pro
vided that the metal partitions are 
thin and that the waveguide is cap
able of supporting only one mode. 
In round waveguide carrying the 
TBn-mode, a centered circular ap
erture is a shunt inductive suscept
ance. A capacitive susceptance is formed if a circular disk is centered on 
the waveguide axis. In Fig. 6-7 some rather old experimental data are pre-

U 

hi 

0 2 4 6 
d in cm 

F I G . 6-7.—Susceptance of inductive 
apertures (Curve A) and capacitive disks 
(Curve B) in round waveguide of 2.5-in. 
inside diameter at a wavelength of 9.1 cm, 
7\Ei,-mode. 

F I G . 6-8.—Resonant obstacles and apertures in waveguide of circular cross section. 
The obstacles are totally reflecting at resonance; the apertures totally transmitting. The 
metallic portions are shaded. 

sented to illustrate the variation of the susceptance with the diameter of the 
aperture or disk. No theoretical estimates of the susceptance are available. 

1 Microwave Transmission Circuits, Vol. 9, Chap . 10, Radia t ion Labora to ry Series. 
8 Microwave Mixers, Vol. 16, Radia t ion Labora to ry Series. 
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There exist also both series-resonant obstacles that are totally reflecting and 
shunt-resonant apertures. A group of these is shown in Fig. 6 8 . In 
the use of diaphragms in waveguide of circular cross section it must be 
remembered that modes of two polarizations can exist (Sec. 2-13) and 
the diaphragm must be symmetrical with respect to the electric field so 
that the second polarization will not be excited. 

A close correspondence exists between a capacitive slit in rectangular 
waveguide and a slit in a parallel-plate transmission line. In rectangular 
waveguide the x-dependence of the fields, both near the obstacle and far 
from it, is determined by the x-dependence of the incident field; in particu
lar Ex is zero, and Ev, Ez and Hx vary as sin irx/a. Each component of 
the electric field satisfies the wave equation; for example, 

d2Ev d^Ey d2E, 
dx2 dy2 dz 2 + A„2 "1 aii I" k2Ev - 0, 

where k = 2ir/X is the wave number in free space. The x-derivative can, 
however, be evaluated, and the equation becomes 

d2Ey d2Ev 

dy2 ^ dz2 i " k2 -©' Ey = 0, (15) 

2 + -Air + k*E» = °- (16) 

and similar equations hold for the other components. In a parallel-plate 
transmission line also, Ex is zero and the other components satisfy the 
wave equation; thus, 

d2Ey d*E, 
dy2 + dz 

Since the boundary conditions are independent of x for a capacitive 
obstacle, the solutions of Eqs. (15) and (16) differ only in that where k 
occurs in a parallel-plate solution k2 — (ir/a)2 occurs in the waveguide 
solution Consequently, one result may be derived from the other by 
replacing k2 — (ir/a)2 with k2 or equivalently by replacing \g with X. 
Thus the susceptance of a symmetrical capacitive slit in a parallel-plate 
transmission line follows immediately from Eq. (6) and is 

B = T In csc %- (17) 

A coaxial transmission line with a thin disk on either the inner or the 
outer conductor behaves very similarly to a parallel-plate transmission 
line with a capacitive slit. Accurate values of the susceptance for 
capacitive disks are to be found in Waveguide Handbook. Some values 
calculated in a different manner have been given by Whinnery and 
others.1 A wire extending from the inner to the outer conductor of a 

1 J. R. Whinnery and H. W. Jamieson, Proc. IRE, 32, 98 (1944); J. R. Whinnery, 
H. W. Jamieson, and T. E. Robbins, Proc. IRE, 32, 695 (1944). 
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coaxial line forms an inductive susceptance. Although no measurements 
or calculations are available for this case, an approximate value of the 
shunt admittance can be found from Eq. (8) if X„ is replaced by X and a 
replaced by the mean circumference of the coaxial line. 

6-9. The Interaction between Two Diaphragms.—When a wave is 
incident upon a diaphragm, the field near the diaphragm consists of the 
dominant-mode wave together with enough higher-mode waves to satisfy 
the boundary conditions at the aperture. The intensities of the higher-
mode waves fall off in both directions away from the aperture, and at a 
sufficient distance only the dominant wave is left. The simple equiva
lent-circuit picture gives a valid description of the fields only at distances 
large enough for the higher-mode waves to be neglected. The effective 
range of the higher-mode fields thus depends on the attenuation constants 
of these higher modes and on the amplitude of their excitation. The 
attenuation constants are given by 

V©'-(0" (18) 

which is independent of X if X ̂ > Xe. The range of interaction is thus 
about 1/a or Xc/2ir. For an asymmetrical inductive slit the range is 
therefore a/2w) for a symmetrical inductive slit the range is a/3-rr; for a 
symmetrical capacitive slit, b/2ir. 

If two thin apertures are separated along the waveguide by a distance 
comparable to the range, there will be an interaction between them that 
is not given by the simple equivalent-circuit picture. The magnitude of 
this interaction can be judged from some calculations of Frank.1 Frank 
considered the case of two symmetrical inductive slits. The effect of 
interaction can be expressed in terms of the "effective" admittance of 
the diaphragm nearest the load. The effective admittance is the admit
tance that the diaphragm would have to have in order that the admit
tance of the combination of the two diaphragms and the load could be 
correctly calculated if no interaction were assumed. If s is the distance 
between the windows, the effective admittance is given by 

r2 = JB2 -

(19) 

where —B\ and — B2 are the susceptances of the two windows and Y L is 
the admittance of the load at the second window. The magnitude and 

1 X. IT. Frank, RL Report Xo. 197, February 1943. 



1 7 4 WAVEGUIDE CIRCUIT ELEMENTS [SEC. 6 1 0 

phase of Y'JY?. are plotted in Fig. 6 9 as functions of s/X„ for the case 
where YL = 1, \Ja = 1.96, and Bl = B2 = 0.5. The effect of the 
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F I G . 6-9.—The magnitude and phase angle of the relative effective admittance Y-i jYi 
as a function of the separation s of two symmetrical inductive apertures of susceptance 
B = - 0 . 5 . 

interaction is important at small separations and is principally a reduction 
in the magnitude of the susceptance. 

To describe these effects by means of an equivalent circuit, it is neces
sary to consider each aperture as a three-terminal-pair network and the 

two networks connected together 
as shown in Fig. 6-10. Terminals 
2 of the two networks are con
nected by the transmission line 
A for the dominant mode, and 
terminals 3 are joined by the trans
mission line B for the next higher 
mode excited. Line B is attenu
ating, since the waveguide is be
yond cutoff for the-higher mode. 

Three-terminal-pair structures are discussed more completely in Chap. 9. 
Unfortunately, the necessary data are not available for most situations, 
and interaction effects must be determined by experiment. 

640. Babinet's Principle.—Useful results for waveguide structures 
with a high degree of symmetry can be obtained by the application of 
Babinet's principle (Sec. 2-10). An example of this has been given by 
Schwinger.1 The actual electromagnetic problem that is solved to find 

' D a v i d S. Saxon, " N o t e s on Lectures by Julian Schwinger, Discont inui t ies in 
Wafveguides," Feb rua ry 1945. 

Aperture 1 Aperture 2 

F I G . 6-10.—Equivalent circuit of two 
apertures so close that interaction effects 
must be taken into account. 
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the impedance of a symmetrical inductive diaphram is that of finding 
the terminating impedance Zoch of the structure of Fig. 6-11a in which 
a solid line represents an electric wall and the dashed line a magnetic 
wall. The electric field is outward from the paper. The terminating 
impedance of this configuration is 2jX, where X is the shunt reactance 
of the diaphragm. Since the fields are independent of the ^-coordinate, 

(a) O 
E 

ZL=2jX 

Symmetry 

i/, - mode 

G 
E 

1JI 
_L. 

(« O a 
H 

ZL=2jX 

Babinet's 
principle 

1 
id/2 

(b) 

Symmetry 

© a/2 1 2 (c) 
H i rr 

YL=iB/2 £ , - mode YL=jB/2 

FIG. 6-11.—Application of Babinet's principle to obtain the susceptance of one aperture 
from that of another. 

the guide can be considered of infinite height. The value of X was given 
in Sec. 6-3 and is approximately 

X = tan : (£)■ (20) 

Since the magnetic field is zero along the plane through the center of the 
aperture, a magnetic wall may be inserted there and the configuration of 
Fig. 6-lib is obtained. This configuration has the same terminating 
impedance 2jX. Babinet's principle may now be employed to obtain 
Fig. 6-lie. The electric and magnetic walls are interchanged, and E 
is replaced by H. The terminating admittance j(B/2) of this structure 
must be equal to the terminating impedance of Fig. 6-116, and 

4 = 2jX. (21) 

The magnetic wall of the waveguide may now be removed by symmetry 
considerations, and the terminating admittance is unchanged. The 
susceptance B is now the shunt susceptance of a capacitive aperture for 
the first Z?-mode between parallel plates of separation a. From Eq. (21) 

„ 4a wd B = r— tan2 JT-I X„ 2a 
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or in terms of the opening d' of the diaphragm, 

B = p cot* ^ ' - (22) 
X„ 2a 

The guide wavelength X„ in Eq. (22) is given by 

\\J = \\) ~ \2a) ' 

The susceptance of a slit in rectangular waveguide operating in the 
ZJii-mode is obtained by the arguments of Sec. 6-8 by using in Eq. (22) 
the appropriate value of X„ given by 

W = W ~ W " W ' 
Babinet's principle in the form of Eq. (21) has been applied also to 

corresponding resonant structures such as those shown in Fig. 6-8. 
This application is not a rigorous one, however, since the electric walls 
that form the waveguide are not transformed. Nevertheless, if the size 
of aperture is not too large, Eq. (21) applies approximately. If the 
apertures are large or close to the walls of the waveguide, as those in the 
capacitive and inductive obstacles of Fig. 6-7, the deviations from Eq. 
(21) are large. The product of the inductive and capacitive susceptances 
is not — 4 as required by Eq. (21) but varies from —2 to —10 over the 
range of disk diameters from 2.0 to 5.5 cm. 

6-11. The Susceptance of Small Apertures.—The transmission of 
radiation through an aperture may be expressed in very general terms1 

if the size of the aperture is small enough. On a metallic wall, the 
normal magnetic field and the tangential electric field vanish, but a 
tangential magnetic field H0 and a normal electric field E0 may be present. 
If there is a small hole in the wall, within the hole there will be a tangential 
electric field and a component of the magnetic field perpendicular to the 
wall. If a linear dimension x of the hole satisfies the relation that 
x « X/2ir, then the fields in the neighborhood of the hole are closely 
approximated by the unperturbed fields Ho and E0 plus the fields from an 
electric dipole and a magnetic dipole within the hole. The strength 
of the electric dipole is proportional to E0, and the dipole is directed 
normally to the wall. Similarly, the magnetic dipole is in the plane of 
the wall and of a strength proportional to Ha. The constants of propor
tionality are the polarizabilities of the hole. The electric polarizability 
P is simply a constant, since the dipole and the field are parallel. The 
directions of the magnetic dipole and the exciting magnetic field are, 
however, not necessarily the same. The magnetic polarizability is 

1 H. A. Bethe, Phys. Rev., 66, 163, (1944). 
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therefore a dyadic quantity. In the usual manner, principal axes of the 
hole may be chosen that correspond to axes of symmetry of the hole if 
these exist, and the magnetic polarizability is then determined by two 
scalar numbers Mi and Mi tha t relate the components of H0 to the 
components of the magnetic dipole. The values of the constants P, 
Mi and M2 can be calculated if it is assumed that the hole is small and 
far away from any metallic objects that have radii of curvature compara
ble with X. When the strengths of the dipoles are known, then the 
transmission through the hole may be calculated by finding the radiation 
from the dipoles into the waveguide on the other side of the wall. The 
calculation of the transmission through a hole is thus performed in two 
distinct steps. The strengths of the equivalent dipoles within the hole 
are first calculated, and then the radiation from the dipoles is found. 
The theory therefore applies to holes in the side walls of the waveguide 
as well as to holes in a metallic wall perpendicular to the waveguide axis. 
The second case only will be considered here. The properties of holes 
in the side walls are treated in Chap. 9. On the other hand, the theory 
neglects entirely all reaction of the load upon the generator. For small 
holes or large susceptances this neglect is justified. 

The radiation from the hole may be expressed in terms of the normal-
mode functions of the waveguide into which it radiates. If the amplitude 
is measured by the transverse electric field, the amplitude transmission 
coefficient A is given by 

- / 
AS0 = / E , X H r n da (23) 

for the magnetic-dipole radiation, where E t is the field in the hole, H, the 
transverse normal-mode magnetic field, n a unit vector normal to the 
plane of the hole, and So a normalizing factor. The integral is taken 
over the area of the hole. The quantity So is 

So = / n ■ E X H, ds, (24) 

where E is the normal-mode electric field. Equation (23) may be written 
as 

AS0 = / n X Ej • H, da = H, • n X E , da, = / n X Ej • H, da = H, • / n X E , , 

where H ( is evaluated at the hole. The integral of n X Ei is proportional 
to the magnetic dipole moment and in turn proportional to the incident 
field. A similar relation is true for the electric moment, and the total 
value of A is 

AS, = ?5? (MiHuHt + M2H^Hm + PE0nEn), (25) 
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where the I- and m-components are taken in the directions of the principal 
axes of the hole and the n-component is normal to the hole. 

The amplitude transmission coefficient may be expressed in terms of 
the susceptance of the diaphragm, since 

A = 1 + r = 2 + jE 
(26) 

if the waveguide is the same on both sides of the-diaphragm. Since the 
hole is small, B is very large and 

•2? 
A' 

B (27) 

Finally, since the normal-mode fields are the same on both sides of the 
diaphragm, the zero subscripts may be dropped provided that the 
amplitude of the fields is doubled. Hence 

1 
B 

2* (MrHf + M2Hi + PEl). (28) 

For a waveguide operating in the dominant mode, the longitudinal electric 
field En is always zero, and the susceptance of a small hole is therefore 
inductive regardless of the shape of the hole or its location. The theory 
does not apply to a capacitive slit, since this cannot be considered as a 
small hole. 

TABLE 6-1.—VALUES OF THE POLARIZABILITIES OF SMALL HOLES 

Circle of radius r 

Ellipse * of eccentricity t = ^ 1 -(-!)' 

A/, 

TT abV 
3 ( 1 - e2)(f -

7r a3 

3 . (ia\ 

-E) 

- 1 

Afs 

3 E - (1 - S)F 

p 

| , , 3 

ir ab2 

3 E 

- afe2 

3 

^ « 2 
16 

* F and E are the complete elliptic integrals of the first and second kind, respectively: 
ir/2 

F( . ) = / —j=- V 

JO V I - « !sin 

E M = / 
JO 

n/2 
d<p V l ~ e2 sm2 V-

The polarizability Mi is for the magnetic field parallel to the major semiaxis a; M2 is for the field parallel 
to the minor semiaxis b. 

t The magnetic field is transverse to the slit and constant along the length. 

Values of the polarizabilities have been calculated for several cases, and 
the results are given in Table 6-1. The values of the fields and the 
normalizing factor So are easily found. For example, in rectangular 
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waveguide in the dominant mode, the susceptance is given by 

B= ~ Wh S i n 2 IT [Ml COs2 ( / , : r ) + Mi COs2 ( m , a ; ) ] ' ( 2 9 ) 

where Xt> is the x-coordinate of the center of the iris and (l,x) is the angle 
between one principal axis of the aperture and the x-axis. The suscept
ance of a narrow inductive slit that is centered may be calculated by 
inserting the proper value of Mi, and it is found to be 

* - - - ftY' 
a \ird/ 

which is the asymptotic form of Eq. (2) for d <5C a. 
For circular waveguide of radius R in the dominant mode, the sus

ceptance of a centered iris is 

B = _ 0.955(7rfl2) M' ( 3 0 ) 

which has been written to exhibit the similarity to Eq. (29). For circular 
waveguide operating in the i?o-mode, where the iris is at the center of the 
guide and has sufficient symmetry so that no other propagating modes 
are excited, the only field at the iris is the normal electric field. The 
quantity El in Eq. (28) is negative, since the longitudinal field in a wave
guide is 90° out of phase with the transverse field; B is positive, and the 
iris is capacitive. The susceptance is 

B - -p^- (31) 

It should be noted that the variation with frequency of both the inductive 
and capacitive small holes is similar to that of the larger irises. 

IMPEDANCE MATCHING WITH SHUNT SUSCEPTANCES 
6-12. Calculation of the Necessary Susceptance.—Susceptive irises 

are widely used in transmission lines to match a load impedance to 
the characteristic impedance of the line. In Sec. 4-3 it was shown that 
maximum power is delivered to the load if the load resistance is equal to 
the generator resistance and the load admittance is equal to the negative 
of the generator admittance. If the load and generator are connected 
together by a transmission line that is many wavelengths long, as is always 
the case in microwave transmission, then the best practice is to match 
both the load impedance and the generator impedance separately to the 
characteristic impedance of the transmission line. If the load were 
matched to the generator directly through a long line, then a small change 
in frequency would produce a large change in the impedance of the load as 
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seen through the line, and a matched condition would no longer exist. 
Moreover, standing waves would exist along the transmission line even 
at the correct frequency, and the resistive losses in the line would be 
correspondingly great. By the insertion of a shunt susceptance at the 
proper place a short distance from the load, it is possible to make the 
relative admittance of the combination equal to unity, and the frequency 
sensitivity of the match is small. 

The load admittance usually must be determined by a standing-wave 
measurement, and it is therefore convenient to express the matching 
conditions in terms of the observed standing-wave ratio r and the posi
tion of a minimum in the standing-wave pattern. If the losses in the 
matching elements are neglected, the magnitude of the susceptance 
necessary to match a load that produces a standing-wave ratio of r is 
the susceptance that produces a voltage standing-wave ratio of r when 
inserted in a matched line (Sec. 4-3). The relation between B and r 
is given by Eq. (3-28), 

V U I 2 +\B\ 
-\/4 + B2 - |B|' 

(32) 

|B| = r—^. (33) 

The correct placement of the susceptance is easily determined. A con
venient reference plane is the minimum of the standing-wave pattern 
nearest the load. Here the load admittance is G = r. This admittance 
is transformed along the line according to the equation 

Y = G + 3 tan fil 
1+jG tan pi { ' 

If the length of line is chosen so that Y = 1 + jB, a susceptance can then 
be inserted at that point to cancel the susceptance of the load. If the 
real part of Eq. (34) is set equal to unity, then it is found that 

tan 02 = - ~ = - ~ , (35) 
-\/G y/r 

tan * —r-
l = yjr 
X„ 2ir 

(36) 

The negative sign of the square root in Eq. (35) was chosen, and therefore 
l/X„ is less than \, and a positive, capacitive susceptance must be added to 
produce a match. Tf it is desired to match with a negative, inductive 
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susceptance, then l/Xg is between f and i and is given by 

x — t a n - 1 —= 
l_ = Vr (37) 

FIG. 6-12.—The calculation of the sus
ceptance and position of a matching window 
by means of the admittance circle diagram. 

The impedance charts described in Chap. 3 are especially useful in 
making matching calculations. The calculations just described are 
i l l u s t r a t e d in Fig. 6-12. The 
standing-wave minimum occurs at 
the point Y = G; the angle ffl is 
determined by moving toward the 
generator along the circle with the 
center at 0 to the point A on the 
circle Y = 1 + jB. A positive 
susceptance added here moves the 
admittance to 0 along the circle 
Y = 1 + jB. If an i n d u c t i v e 
susceptance is used, the angle is de
termined by moving from Y = G 
through A to the point C on the 
circle Y = 1 + jB. The addition 
of a negative susceptance trans
forms the admittance to the point 0. It is obvious from the diagram that 
the point C can also be reached by moving from the minimum toward the 
load a distance given by Eq. (36). 

To obtain a match that has a small frequency sensitivity, the matching 
window should usually be placed as close as possible to the load. I t 
should be remembered, however, that interaction effects are often impor
tant. It may be desirable to resort to experiment in order to determine 
the optimum size and position of a diaphragm after the first approxima
tion has been obtained by the procedure just described. 

6-13. Screw Tuners.—By a technique similar to that described in 
the preceeding section, it is possible to design a variable tuner that can 
be inserted in a transmission line. To provide a variable susceptance 
that can be adjusted in position along the line, a capacitive tuning screw 
may be used. The screw is mounted in a closely fitting sleeve that may 
be slid along the line. Since a longitudinal slot along the center of the 
broad face of a rectangular waveguide or along a coaxial line does not 
disturb the fields within the pipe, the screw can be set easily in any posi
tion. When the screw penetrates the waveguide, currents flow along 
the screw. Consequently, the sliding sleeve and the screw threads must 
make good electrical contact. Such a device is extremely easy to use. 
Both the position and the depth of insertion are always varied in the 
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direction to decrease the standing-wave ratio in the line. Eventually 
the proper position for match will be reached. The breakdown power of 
the line is lowered considerably by such a tuner, and its use is practical 
only for small standing-wave ratios. The necessity for a good electrical 
contact makes the mechanical design difficult. 

To eliminate the sliding sleeve and the contact difficulties that it 
causes, several fixed screws may be used as a variable tuner. For 

example, three tuning screws sep
arated from each other by one-
quarter of a guide wavelength is a 
commonlyused combination. To 
match a load to the line, the center 
screw and only one of the outer 
ones are employed. The range of 
admittances that such a tuner can 
produce is best illustrated on an 
admittance diagram. If a sus
ceptance of unity is the maximum 
value that a screw can introduce, 
then the shaded area in Fig. 6-13 
is the range of admittances of the 
tuner using one pair of screws. 
Since the other pair of screws is 
one-quarter wavelength away, the 
region enclosed in the dashed lines 

is accessible by the second pair. A standing-wave ratio of 2 in all phases 
can therefore be matched by this tuner, and slightly larger values of r can 
be matched if the phase is correct. 

If easily adjustable inductive susceptances were available, only two 
screws would be necessary. A tuner1 employing an "inductive screw" 
has been used in waveguide operating at a 10-cm wavelength. The 
inductance is a short section of circular waveguide attached to the center 
of the broad face of the guide. The inductance is adjusted by a screw 
that fills the circular guide. 

6-14. Cavity Formed by Shunt Reactances.—The process of matching 
a very large standing-wave ratio leads to the formation of a resonant 
cavity. In fact it is extremely useful to regard all cavities as made up of 
irises of large susceptance in a transmission line. Often the transmission 
line is a radial line; the properties of such lines are treated in Chap. 8. 
At present only lines that are cylindrical (boundary conditions inde
pendent of z) will be discussed. If, for example, it is desired to match a 
short section of line terminated in a metal plate or short circuit, then a 

1 See Vol. 0, Chap, fi, of this series. 

F I G . 6-13.—The range of admittance pro
duced by a triple-screw tuner with the 
screws separated by one-quarter wave
length, if the maximum susceptance of a 
screw is unity. 
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diaphragm can be found of such susceptance that the admittance of 
the cavity is real. In rectangular waveguide such a process results in a 
rectangular box that is resonant. 

The admittance of a short-circuited line is Y = coth yl. The proper 
value of a susceptance B to make the total admittance real is given by 

Im (Y + jB) = 0. (38) 

If the line is lossless and B is finite, then the conductance of the cavity 
is zero. For resonance, the line is nearly one-half wavelength long if B 
is large and negative, and the length approaches one-quarter wavelength 
as the magnitude of B decreases. In practice, however, the losses must 
be taken into account; but since the length I is small, it will be assumed 
that al is small compared with unity, where a is the attenuation coef
ficient. The magnitude of tine susceptance B will be assumed to be large 
compared with unity. The length of the cavity is near n half wave
lengths, and the dimensionless quantity c is defined by 

I " -2 - e 2 ? (39) 

where n is a small integer. The admittance of the line then becomes 

and Eq. (38) becomes 
al — jt 

B = 
(al)2 + t2 

(40) 

(41) 

For an inductive susceptance, e is 
positive and the cavity is a trifle 
less than n half wavelengths long. 
The conductance of the cavity is 

G = xl B2al. (42) 
{alY + «2 

I t is instructive to follow the 
various transformations on an ad
mittance chart as in Fig. 6-14. In 
a lossless line, as the point of ob
servation is moved away from the 
short circuit toward the generator, 
the admittance point travels along 
the outer circle in a clockwise di
rection. If a large negative sus
ceptance is added after the point 
has traveled almost half a wavelength, the total admittance can be made 

Lossless line ' 
F I G . 6-14.—The admittance diagram of a 

length of short-circuited line plus an induc
tive susceptance of such a magnitude as to 
produce resonance. 
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zero and a resonant condition exists. If the line is lossy, the admittanc 
point spirals inward instead of traveling on the outside circle. I t will b 
remembered that the magnitude of the reflection coefficient varies as e~2a' 
After nearly a half wavelength of travel the addition of a negative suscept-
ance brings the admittance to the positive real value given by Eq. (42). 

Of primary interest in resonance phenomena is the frequency sensi
tivity of the admittance. The conductance varies as 1/X„, since B varies 
as 1 /A„ if a is assumed to be constant, and the derivative of G is 

= B2an, (43) 

dB B 
(i\a An 

(44) 

for an inductive susceptance. The susceptance varies much more rapidly 
with wavelength. It is easy to show that if B is large, the variation of G 
with wavelength is negligible compared with the variation of the sus
ceptance of the line. If the losses are neglected for this calculation, the 
susceptance BL of the line is — cot fil and 

! g i = - ^ c s c 2 / 3 Z = - £ < ( ! + £ * ) , ( 4 5 ) 
since B ~ cot $1 at resonance. Therefore 

That it is correct to neglect the losses can be verified by differentiating 
Eq. (40) directly. The coefficient of B2 in Eq. (46) is much larger than 
the coefficient of J32 in Eq. (43), and the conductance can be assumed to 
be constant. The frequency sensitivity of the cavity can therefore be 
described by the Q of the equivalent shunt-resonant circuit (Sec. 4-13), 

a = ^ldR = — 'hi. (h«\2 !*E (A*I\ 
V 2G da 2G\\) d\ { n 

The various values of Q correspond to various choices for G. If the value 
given by Eq. (43) is inserted, Q0, the unloaded Q, is obtained: 

which is the value of Q0 given in Eq. (2-83) with the losses in the end 
walls omitted. The unloaded Q is independent of n. If the cavity is 
matched, G = 1 and the loaded Q is 

Q = ^ ( ^ ) V (49) 
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The action of the susceptance B is very similar to that of a transformer 
of turn ratio |B|. This is most obvious from the equivalent circuit of 
Fig. 4-21. For a pure shunt element, the elements of the impedance 
matrix are all equal and 

Zll = Zu = Z22 =■ — I," 

The circuit parameters are the two line lengths 

tan #i = | + J ? + 1 « B, 
B m— 1 ) m 

t » A - - l - > / T + 1--i 
where the approximate values are for B y> 1. The transformer ratio N 
is given by 

Ar2 = T+BVT + 1 + 1 ™B*- (51) 

For resonance the total length of line should be an integral number of 
half wavelengths or 

h + I = ^ , 

and this is the same condition as that given by Eq. (41). 
The transformer ratio N is the stepup in voltage in the cavity over 

the voltage in the line if the cavity is matched. The value of N may be 
expressed in terms of the Q as 

The relation of Eq. (52) can be obtained easily by direct calculation. 
The quantity Q may be denned by 

* _ energy stored 
energy 1 ost per sec 

If the cavity is matched, the energy lo t per second is equal to the 
incident power. Hence 

f UtE2 + i*W) dV 
Q = a '- -. , (53) 

i J EtHt dS 
where the volume integral is taken over the Cavity and the surface 
integral over the cross section of the waveguide. For a TB-wave 

\ E,Hl = yji - - E 2 

A. " 
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where E0 denotes the field outside the cavity. At resonance tE? = nH\, 
where Ei is the field inside the cavity. Equation (53) can therefore be 
written as 

_ ■ n\„/2 

K Q 4 sin2 0z dz 
J EldS 
I E\di dS 

Q 
_ irtt (K\ f E\ dS 

f El dS 

Consequently if the voltage is taken proportional to the electric field, 
the voltage stepup is given by Eq. (52). 

More complicated cases may be treated in a similar fashion. Thus a 
transmission cavity may be formed by placing two inductive susceptances 
slightly less than a half wavelength apart. In fact, it is immediately 
evident from the equivalent circuit (Fig. 4-21) of the iris and from Eq. 
(50) that the length is given by 

B tan 01 = 2. (54) 

The loaded Q has just one-half the value for a cavity with a single window; 
G is, of course, now equal to 2. I t is easy to see from the admittance 
diagram of Fig. 6-15 that for a lossless line, the conductance is unity if 

the two windows are equal. If the 
line is lossy, the conductance is 
larger. To obtain a matched 
transmission cavity in a lossy line, 
the input window must be slightly 
larger (smaller \B\) than the out
put window. 

I t should perhaps be men
tioned explicitly that calculations 
of the kind just described neglect 
the losses in the iris itself. For 
accurate calculations of high-Q 
cavities, some estimate of the loss 
should be included. I t has been 
suggested that a suitable estimate 
for the losses produced by the 

presence of a hole in a metal wall is made by assuming that the losses 
over the area of the hole are twice the losses in the wall before the hole 
was cut. I t is evident that this is an extremely uncertain approximation. 

F I G . 6-15.—The admittance diagram of a 
cavity formed by two inductive windows one-
half wavelength apart . 
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CHANGES IN THE CHARACTERISTIC IMPEDANCE 
OF A TRANSMISSION LINE 

6-15. Diameter Changes in Coaxial Lines.—If the usual definition 
of the characteristic impedance of a coaxial line is adopted, a change in 
the diameter of the inner or outer conductor results in a change in the 
line impedance. Such a change in impedance produces a discontinuity 
in the voltage and current, and a reflected wave is produced. At long 
wavelengths, no other effects are important. An equivalent circuit of 
the junction is therefore simply an ideal transformer that has a turn 
ratio n given by 

n2 = J - (55) 
At short wavelengths or high frequencies other effects become important 
and the equivalent circuit becomes more complicated. Although any 
one of the general forms of a two-terminal-pair network is suitable, for 
example, a T- or Il-network, the circuit of Fig. 4-23, which contains an 
ideal transformer and two reactive elements, is particularly suitable for 
the representation of junctions. For all of the junctions in common use 
both in coaxial line and in waveguide, the 
series element in this circuit has negligible 
impedance and the circuit reduces to a 
shunt element -and an ideal transformer. 
If the proper ratio of characteristic im
pedances is chosen for the two lines, the 

IjB 

transformer can be made to have a turn ,Fl,°- 6 1 6. -Th e equivalent cir-
cuit for a junction between two 

ratio of Unity. The equivalent circuit is transmission lines. The shunt sus-
therefore simply two transmission lines ^ " f e is ca l l ed t h e "Ju n c t i o n 

connected together with a shunt imped
ance as shown in Fig. 6-16. Theshunt element in the circuit is called the 
"junction effect." 

In coaxial lines, a change in diameter is associated with a distortion 
of the fields of the normal principal mode. Higher modes are excited in 
the neighborhood of the junction. I t is evident that the higher modes 
are £7-modes, and consequently the stored energy in these modes cor
responds to a capacitive junction effect as indicated in Fig. 6-16. The 
capacitive susceptance should be inversely proportional to X and hence 
negligible for low frequencies. At high frequencies, B becomes appreci
able, although with the coaxial line in use at 10 cm it can often still be 
neglected. In accord with the general principles stated in Sec. 6-8, the 
magnitude of the junction effect should be nearly the same as the effect 
of the corresponding change in height of a parallel-plate transmission line 
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or of a rectangular waveguide. The waveguide effect is discussed in 
the following section. 

6-16. Change in the Dimensions of a Rectangular Waveguide. 
Change in Waveguide Height.—The junction of two rectangular wave
guides of heights b and b' is rigorously represented by the equivalent 
circuit of Fig. 6-16. The characteristic admittance of the waveguide 
should be chosen inversely proportional to the height. In terms of the 
parameter 

where a is chosen smaller than unity, the junction susceptance is given 
by the approximate formula 

.B = 25 
Y(j Xg - ^ G ± f ) , d M - / ( a (57) 

for the symmetrical change in height. The function /(b/X„) is the high-
frequency correction term. Since the susceptance is positive, the junc
tion is sometimes termed a capacitive change in cross section. In the 
larger of the two waveguides the field configuration is very similar to 
that near a symmetrical capacitive slit, and in the smaller guide the field 
is not greatly different from that of the dominant mode. I t might be 
expected that the stored energy and therefore the susceptance given by 
Eq. (57) should be approximately half that given by Eq. (6). Although 
it is not at all evident from the form of the expressions, insertion of 
numerical values shows that the difference is indeed small, of the order 
of 10 percent. 

By an argument identical with that given in Sec. 6-4, the junction 
susceptance for the completely asymmetrical change in height can be 
obtained from the symmetrical case if X„ is replaced by X„/2. Similarly, 
the junction effect for a change of height in a parallel-plate transmission 
line is to be found by replacing X0 by X. 

Change in Waveguide Width.—The inductive change in cross section 
of a waveguide leads to a junction effect that is approximately one-half 
the susceptance of the corresponding thin inductive aperture. The 
proper choice of the characteristic admittance allows the equivalent 
circuit to be that of Fig. 6-16. Junctions of two types are possible. If 
the change in width is symmetrical and from a to a', the waveguide of 
smaller width is beyond cutoff if X > 2a' and the characteristic admit
tance of the smaller guide becomes imaginary. The proper value of 
admittance is 

\l>- = -3 l^r (58) 
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where 

and 

K=J , ^ ,e. (59) 

V-Gff 

For o'/o « 1, Eq. (58) reduces to 

ir a . cos ^ — 
» = £ — £ £ y (60) 

1 

Y' . ir* X KfaY 
a \a'J » « y . - - J " 3 2 T ^ ) - (6i) 

For an unsymmetrical change in cross section, n is replaced by 

. a' „ sra 7r — 

* = ^ m («2) 
1 -(0" 

If X < 2a', the small waveguide is not beyond cutoff, and the proper 
characteristic admittance is 

Y'o _ ^o 
T 0 - $ ' ( 1 - a « ) « L ^ 

The rough approximation that the junction effect is half the susceptance 
of the thin iris can be replaced by a more accurate expression given in 
Waveguide Handbook. 

Resonant Change in Cross Section.—A combination of an inductive 
and a capacitive change in cross section results in a junction that is 
matched. The condition for this seems to be very nearly the same as 
the condition for a resonant rectangular iris, which was given as Eq. (14). 
Little exact information is available for junctions of this type. 

6-17. Quarter-wavelength Transformers.—The reflections produced 
at a change in cross section of a transmission line can be used for matching 
a load to the line. If a section of line of impedance Z\ a quarter wave
length long is inserted in a line of impedance Z0, the impedance seen at 
the input end of the quarter-wavelength section is 

Z '° = T0
 ( 6 4 ) 

if the junction effects are negligible (see Sec. 3-3). Such a section of line 
is commonlv called a transformer. If the load end of such a transformer 
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is placed at a voltage minimum in the standing-wave pattern produced by 
the load, the input impedance is Z0 provided that 

Zl = Z\r, 

(65) 

where r is the voltage standing-wave ratio. Quarter-wavelength trans
formers are frequently used in coaxial line for matching in this way. 
The impedance change is produced either by increasing the diameter of 
the inner conductor by placing a metal sleeve over it or by decreasing the 
outer-conductor diameter with a sleeve, since Zi < Z0. If the inner 
and outer radii of the coaxial line are a and b respectively and the radius 
of the sleeve on the inner conductor is r-i, then, since the characteristic 
impedance is proportional to the logarithm of the ratio of the radii of 
the inner and outer conductors, the proper value of ri is 

Tl (66) 

If the sleeve is placed inside the outer conductor, match is obtained 
with a sleeve of inner radius r2, where 

A (67) r2 = a 

The frequency sensitivity of the match is usually not large, but this sensi
tivity can be reduced by using several quarter-wavelength transformers.' 

FIG. 6-17.—The equivalent circuit of a quarter-wavelength transformer when the junction 
effects are included. 

If the frequency is high and the junction effect can no longer be 
neglected, it is still possible to use quarter-wavelength transformers 
effectively. If it is desired to transform a load admittance YL in this 
manner, the equivalent circuit shown in Fig. 6-17 must be used. The 
input admittance relative to the main line is 

YL + j(B + Yx tan pi) F» = jB + Y1 Fi - B tan fil - jYL tan 01 
1 J . C. Slater, Microwave Transmission, McGraw-Hil l , New York, 1942, pp . 5 7 / . 

(68) 
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If the length of the transformer is chosen so that 

tan pi = ~ , (69a) 

then 
R2 _1_ Y2 

Y* = * ^ - i . (69b) 

Equation (696) thus determines the admittance of the transformer 
section, and Eq. (69a) determines the length of the transformer. If B 
is positive, then both Yi and I are smaller than the corresponding values 
when the junction effect is neglected. 

Quarter-wavelength transformers have also been used in waveguide 
matching. For this purpose the capacitive change in cross section is 
most suitable. 

6-18. Tapered Sections of Line.—The quarter-wavelength trans
formers for matching two transmission lines are of a characteristic imped
ance intermediate between those of the two lines. This circumstance 
suggests that two lines might be matched by a gradual taper of the 
dimensions of one line to those of the other. Such is indeed the case, 
but it is found that for many applications such a tapered transformer is 
too long if the taper is gradual enough to be reflectionless. I t is often 
desirable to use short tapers and to arrange that the reflection from one 
end of the tapered section cancels that from the other. The investiga
tion of tapered lines proceeds from the transmission-line equations 

dJ=-ZI, dl=-YV, dz dz 

where Z and Y are no longer assumed to be constant. If / is eliminated 
from these two equations, V is found to satisfy 

Hence the properties of the derivative of In Z determine the behavior of 
the taper. For a gradual taper, it can be shown1 that the voltage reflec
tion coefficient is approximately 

1 (d In Z\ 1 / r f lnZN -2J\dz 
~ 4 y < , \ dz /o 47i \ dz ) ^ (71) 

The subscripts 0 and 1 refer to the values of the quantities at the begin
ning and end of the taper, respectively. If the derivatives are not very 
different in value, a length I of the taper can be chosen to make T a mini
mum. For example, if In Z varies linearly along the line, the reflection 

1 Slater, op. cit., pp. Ilff. 
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is given by 
r = wln k(1 - ^ (72) 

if 7 — j& does not change over the length of the taper. The quantity 
T is thus zero when 01 = nw or I = A„/2. 

6-19. The Cutoff Wavelength of Capacitively Loaded Guides.—Values 
of impedance changes and shunt susceptances can be used to compute 
the cutoff wavelengths of waveguides with complicated cross sections. 
If thin metal fins are inserted from the top and bottom faces of a rec
tangular waveguide, the cross section becomes that shown in Fig. 6-18a. 

v///////. 
L2(,- ■ / , - . 

/////////////. 

(a) (6) 
F I G . 0-18.—Capacitively loaded waveguides. 

The boundary conditions in the waveguide are independent of the 2-coor-
dinate except for the discontinuity introduced by the metal fins. The 
variation of the fields in the z-direction is known and must be propor
tional to e~'", where K = 2ir/X„. Consequently, by arguments similar to 
those used in Sec. 6-8, the problem can be considered as that of a wave
guide in which the x-direction is the direction of propagation, and this 
waveguide is terminated at each end by a short circuit and contains a 
capacitive slit at the center. A pure standing wave exists in this guide. 
The condition for this standing wave to exist is that the admittance 
become infinite at the two metal walls. The admittance Y' seen to the 
right just at the left side of the metal fin is 

Y' = -j cot ft, \ + jBi (73) 

where kx is the wave number in the x-direction and B is that susceptance 
given by Eq. (6), neglecting the high-frequency corrections, except that 
kx has been substituted for K = 2T /X 9 ; thus 

_ 2kJ> , ird 
D = In CSC TTT-

7T M 
(74) 

The admittance Y' transformed through a length a/2 of line must be 
infinite; therefore 

1 + jY' tan ft, g = 0, 
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, a 2 ,__. 
tan kx ^ = g- (/5) 

The value of fcx = 2ir/\c is obtained by eliminating B from Eqs. (74) and 
(75). F o r d / b « l , 

yc = 2wab.\n ~ (70) 
ira 

The cutoff wavelength therefore increases without limit as d/b approaches 
zero, and the guide wavelength approaches the wavelength in free space. 
For d/b very small, the presence of the side walls of the guide has little 
effect and the field is concentrated between the two metal fins. 

The waveguide cross section of Fig. 6-186 can be treated similarly. 
The discontinuity is now a change in the height of the waveguide. The 
admittance seen at the center of the guide must be zero, and hence 

—j cot kxli + jB — j -j tan kxl2 = 0, (77) 

where B is the junction susceptance given by Eq. (57) with kx/2 sub
stituted for K. 

In all calculations of this type the possible effects of interaction must 
not be forgotten. Thus if the distance Zi is too small, the wall of the 
waveguide will interact with the junction and the results of the calcula
tion will be inaccurate. 

BRANCHED TRANSMISSION LINES 
6-20. Shunt Branches in Coaxial Lines.—If the wavelength of the 

radiation in a coaxial line is long compared with the diameter, the junc
tion effects can be neglected in all cases. Even where the junction effects 
are not small, the behavior of a configuration is not greatly altered by 
their presence. It has been the practice in the design of components in 
coaxial line at 10-cm wavelength to ignore the junction effects in the first 
approximation and then to make small alterations in the critical dimen
sions to take account of the more complicated behavior at high fre
quencies. Thus a shunt branch in a coaxial line behaves very much as a 
shunt circuit at low frequencies. The currents at the junction divide 
in the ratio of the two admittances, and a reflection occurs at the junction 
that is equal to the reflection produced by the sum of the admittances of 
the branches. 

A common application of a shunt branch is to form a stub to support 
the inner conductor of a coaxial line. The stub is a short-circuited shunt 
line of a length approximately one-quarter of a wavelength. The admit
tance of the stub is therefore zero at the junction, and no reflection is 
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produced. If the frequency of the radiation is high, the stub should not 
be exactly a quarter wavelength long, but the correct length must be 
found experimentally. Such a simple stub is rather frequency-sensitive. 
If a standing-wave ratio of 1.05 is allowed, which is a rather large value, 
the admittance Y of the stub must be less than ± 0.05;. Since 

G x - ' c o t ^ 

J 
'<" ~ !G 
rs. 3 N 
ft a ■» 

W2® 
- : - 0 . 3 7 5 " I 

ft—0.811" ' 
1.450" 

ya 

the usable wavelength band dX/X is only a little over 3 per cent. 
A stub support that is usable over a much broader band can be made 

by adding two quarter-wavelength transformers, one on each side of the 
stub, as shown in Fig. 6-19. At the center frequency, where the stub 

admittance is zero, the quarter-
wavelength transformers are, to
gether, one-half wavelength long 
and the whole device is reflec-
tionless. At a lower frequency, 
the stub presents an inductive 
susceptance, but the transformers 
are less than a quarter wavelength 

-Broadband stub support. l o n g a n d t h e n e t renection is 

again zero. This is indicated in the rectangular admittance diagram 
shown in Fig. 620a. The first transformer moves the admittance point 
clockwise along the circle from Y0 to A; the inductive susceptance of 
the stub takes it from A to B; and the second transformer moves the 
admittance from B back to F0- At a shorter wavelength, the admittance 

u 
1.950" 

' » > * 

F I G . 619.-

(a) (6) 
F I G . 6-20.—Rectangular admittance diagram illustrating the action of the broadband 

s tub: (a) The path of the admittance point for a long wavelength, (6) the path for a 
wavelength shorter than the center wavelength. 

diagram is shown in Fig. 620b. The first transformer moves the admit
tance point from F0 to A through more than a quarter wavelength; the 
stub is capacitive and moves the admittance from A to B; and the second 
transformer moves it from B back to Y0. Here again, to obtain com
pensation for the junction effects, the stub length must be adjusted experi-
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mentally. The dimensions for a broadband stub for a wavelength of 
10 cm are shown in the figure. Such a stub will give a standing-wave 
ratio of less than 1.02 from about 
8- to 12-cm wavelength. 

Stubs may also be used for 
matching in exactly the same 
manner as susceptive diaphragms. 
The susceptance may be adjusted 
by changing the stub length, and 
the stub should be placed a dis
tance from a voltage minimum 
given by Eq. (36) or (37). 

Stub tuners that are similar to 
the screw tuner described in Sec. 
6-13 are also in common use. 
Since the susceptance of a stub 
may be either positive or negative, 
only two stubs are necessary. If 
the stub susceptance is limited to 
± 1, the area of the admittance chart covered by two stubs one eighth of 
a wavelength apart is shown in Fig. 6-21. This diagram should be com
pared with Fig. 6-13 for a triple-screw tuner. 

FIG, 6*21.—The range of admittance 
covered by a double-stub tuner with the 
stuba separated one-eighth of a wavelength 
and with a maximum susceptance of ± 1 . 

(a) (6) 
F I G . 6-22.—Series branches in coaxial lines. 

6-21. Series Branches in Coaxial Lines.—A series branch may be 
made in coaxial transmission lines as illustrated in Fig. 6-22. In (a) the 
outer conductor is broken, the branch line is formed with a third cylinder 
as the outer conductor, and the original outer conductor is also the inner 
conductor of the branch line. The voltage across one line is equal to 
the sum of the voltages across the other two, if the positive directions are 
chosen properly, and the same currents flow in each line. At low fre
quencies, the lines are therefore in series, with negligible junction effect. 
There is a change of impedance and consequently a reflection produced 
at such a junction. If the impedances are adjusted, a series branch can 
be made with no reflection as indicated in Fig. 6-226. 

If a short circuit is placed in the branch line a half wavelength from 
the junction, as at A in Fig. 6-22o, there is a short circuit at the junction 
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and power is transmitted without reflection. Current still flows in the 
branch line, however, and a very large standing-wave ratio is present. 
The current flowing along the branch is a maximum and the voltage across 
the branch is zero at the short circuit A and at the junction; at B, a 
quarter wavelength from A, the voltage is a maximum and the current 
is zero. Since the current is zero at B, the circuit may be broken there. 
No radiation will occur from a small gap, since the transverse magnetic 
field is zero. Such a joint is known as a half-wavelength choke, or choke 
joint. Choke joints are commonly used when it is desired to rotate one 
section of the transmission line with respect to another section. A sche-
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F I G . 6-23.—Choke joints in coaxial line: (a) a joint in the outer conductor shown 
schematically, (6) a joint in the inner conductor, (c) and (d) choke joints in the outer 
conductor which have reduced frequency sensitivity. 

matic representation of the joint in the outer conductor of a coaxial line 
is shown in Fig. 6-23a. A similar joint can be made in the inner conduc
tor, as in Fig. 6-236. In all cases the short-circuited line is only approxi
mately a half wavelength long, and the exact length must be determined 
experimentally. 

Since a choke joint is a resonant configuration, the frequency sensitiv
ity of the impedance at the junction must often be taken into considera
tion. If the main line has a characteristic impedance Z0 and the branch 
line an impedance Zi as in Fig. 623a, the percentage rate of change of 
impedance at the junction is 

rfZ 
dp =<*!v4: «»<*)„-. .zl 

3z~J-
(78) 

Thus it is desirable to keep Z\ small compared with Z0. Further improve
ment is possible by making the parts of the choke section of lines having 
different characteristic impedances, as shown in Fig. 6-23c. The relative 
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impedance Z at the junction is 

_ _ . Z\ Z\ tan ffli + Z2 tan /SZ2 
_ J %> Zi - Z2 tan #1 tan /9Z2' 

The impedance derivative when /SZi = ph = T / 2 is 

dZ _ . Zi ir 
^ 4 8 ~ J Z i 2 ( ' ♦ » 

(79) 

(80) 

Therefore the optimum condition is to have Z\ « Z0 and Z2 JS> Zi. This 
desirable low-impedance—high-impedance condition reduces the fre
quency sensitivity by almost a factor of 2, and it is employed in the design 
of nearly all half-wavelength chokes. A more compact choke design is 
shown in Fig. 623d. For low frequencies, the "folding" of the choke has 
little effect on the length or frequency sensitivity. 

6-22. Series Branches and Choke Joints in Waveguide.—A junction 
that behaves much as a series branch may be made in rectangular wave-

^ ^ ^ _ f - Pressure gasket 
(o) (6) 

F I G . 6-24.—Choke-joint connector for rectangular waveguide. 

guide with a secondary guide branching from the broad face of the main 
transmission line. Since waveguide dimensions are much longer com
pared with the wavelength than are the dimensions of coaxial line, the 
junction effects are large and cannot be neglected. If the height V of 
the branch guide and the height b of the main line are both small com
pared with X„, a pure series junction is closely approximated. A choke 
joint may be made in much the same manner as in coaxial line. A gap 
in the form of a vertical slit in the narrow face of the waveguide has only 
a small effect, since the currents in the wall are in the direction of the 
length of the slit. A gap in the broad face of the waveguide would 
produce, however, a large disturbance. A short-circuited stub line one-
half wavelength long, which is broken at the quarter-wavelength point, 
would form a good choke joint. A practical design of a choke connector 
for rectangular waveguide is shown in Fig. 6-24. The circular choke 
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groove is easy to manufacture, and the high- and low-impedance stub 
sections are incorporated in the design. The proper diameter of the 
groove must, of course, be determined experimentally; the proper depth 
of the groove is very close to one-quarter of a free-space wavelength. 

Stub tuners can also be constructed in waveguide through the use of 
series junctions. The stubs can be waveguides of either round or 
rectangular cross section. Such a stub introduces a series reactance in 
the line rather than a shunt susceptance. The application of the duality 

y r > *> > > 

\ ) E 
i 

f ? * t f i t t j i t y\ 

/\ y / / / /1 
'///fy/Z/y* 
/' / ; / AV / // /0\ 

W f f S S / / / S / / / / / / / / 

(a) (b) 
F I G . 6-25.—Plungers for use in rectangular waveguide. 

principle, however, allows the matching formulas and the tuning range 
that apply for the shunt circuit to be readily converted to the series case. 
To vary the length of a stub line, some form of adjustable short circuit 
or plunger is necessary. Plungers are usually designed with choke 
joints as indicated in Fig. 625a. Another design that is very similar 
employs three quarter-wavelength sections as shown in Fig. 6-256. If 
the characteristic impedances of the sections, which are proportional to 
the waveguide heights, are those designated in the figure, the input 
impedance Z of the plunger is 

m (81) 

Since Zi/Z0 can be made small, perhaps 0.1, and Z2/Zo can be 0.5, Z can 
easily be as small as 4 X 10~4, and the power loss is therefore about 0.01 
db. These values are adequately small for nearly every application. 

DISCONTINUITIES WITH SHUNT AND SERIES ELEMENTS 

6-23. Obstacles of Finite Thickness.—If the thickness of the metal 
partition forming an iris in a waveguide is not small compared with a 
wavelength, the equivalent circuit is not a pure shunt element but must 
contain three independent elements or, if the device is symmetrical, two 
elements. Thus a thick wire or post extending across the waveguide 
between the broad faces can no longer be represented by an inductive 
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susceptance alone, but the T-network that describes its behavior con
tains series elements also. The electromagnetic problem that must be 
solved to find the elements of the equivalent circuit may be reduced as 
before to two problems by symmetry arguments. Thus if equal voltages 
are applied to the two terminal pairs of the device, a magnetic wall is 

(a) (b) 

—1(—Me 

(c) (d) 
F I G . 6*26.—Decomposition of the problem of the thick post across a waveguide (a) 

into the even (b) and the odd (c) problems. The cross sections are taken in the magnetic 
plane. 

effectively inserted in the plane of symmetry as shown in Fig. 6-26b. 
The terminating impedance of the waveguide is ZJ^ (Sec. 4-6), where 

ZJM = Z „ + Zn. 

For the odd case, an electric wall is in the plane of symmetry as in Fig. 
6-26c and the terminating impedance is ZJ™, where 

Zjw = Z„ - Z„, 
or just the value of the series element in the T-network representation. 
If the reference planes for the obstacle are chosen as the plane of sym
metry, then the position of the effective short circuit for the odd case 
will be slightly in front of the reference plane. The series elements of 
the T-network are therefore capacitive. An accurate calculation gives 

a \ a 
T D V 

Xn - X . . = - f \ : ! ^ 2 - (82) 
■S + Uf: D" 24 V 

The shunt element of the T-network is inductive, as for the thin wire, and 
the equivalent circuit is that shown in Fig. 6-26d. If the high-frequency 
correction terms are omitted, X n + X12 is given by the imaginary part 
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of Eq. (8). For accurate results these correction terms should be included 
and the data given in Waveguide Handbook should be used. 

The thick tuning screw must be described similarly by a T-network 
with both shunt and series elements. For small insertions of the screw, 
the circuit elements are all capacitive. With increasing insertion, the 
absolute value of the shunt reactance decreases and the magnitude of 
the series reactance increases. No theoretical treatment of the behavior 
is available, but experiments indicate that when the reactance of the 
shunt element is zero, the series element is approximately — 0.2j. The 
effective short circuit is therefore slightly in front of the reference plane. 

m 
(a) (b) 

F I G . 6-27.—A thick capacitive slit and the equivalent circuit. 

A thick capacitive slit must also be described by a general two-
terminal-pair network, but a somewhat different treatment is useful in 
this case. If the slit is very thick, the configuration can be considered 
as a change in the height of the waveguide plus a transmission line of 
length equal to the thickness of the slit and then another change in height. 
The natural reference planes to choose from this point of view are the 
entrance planes of the slit, and a Il-network is the most convenient. Thus 
if the dimensions are denoted by the symbols of Fig. 6-27a, the elements 
of the equivalent circuit in Fig. 6-276 are given by 

D D k i T ' \ 
i i i = B ; t an —j / 

b 2vt ( 8 3 ) 

B2 = ; csc -v—> 1 
d Kg I 

where B is the junction-effect susceptance for the change in height of the 
waveguide (Sec. 6-16). Equations (83) are based on the assumption 
that the interaction of the two changes in height is completely negligible. 
This assumption is certainly justified when t » d. The experimental 
data indicate, however, that these expressions are approximately true 
even for irises of very small thickness. 

For all thick obstacles, the choice of the reference planes is arbitrary 
to some extent, as well as the form of the equivalent circuit. r | ,wo 
circumstances should be considered in the choice. (1) A certain set of 
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reference planes might lead to an equivalent circuit that is particularly 
convenient to use for the application at hand. (2) I t might be expected 
that a particular set of reference planes or a particular form of circuit 
would yield elements whose sensitivity to frequency would be most 
reasonable. Thus a T-network seems a suitable representation for a 
tuning screw, since the series reactances are small and have a simple 
dependence on X„, and since the single shunt element is resonant. On 
the other hand, the entrance reference planes and the II-network seem a 
most reasonable representation of the thick capacitive slit. 

6-24. Radiation from Thick Holes.—The radiation from small holes 
in thick metal walls should be treated similarly to the thick capacitive 
slit. The hole should be regarded as a transition from the normal wave
guide to waveguide whose cross section is that of the hole, and back again. 
Within the hole the waveguide has a certain characteristic admittance, 
and there is a shunt susceptance at the junction. Since the hole is small, 
the small waveguide will be beyond cutoff, the characteristic admittance 
will be imaginary, and the propagation constant real. Thus, power is 
attenuated through the hole without a change in phase. If the hole is 
circular, the attenuation constant is 

2x [ A706rfY 16.0 ,, , . ,OA. 
a = 17063 V 1 ~ V ~ W ~ - J - d b /me te r , (84) 

where d is the diameter of the hole. The junction susceptance should be 
approximately one-half the susceptance of a thick hole. Such accurate 
calculations have been made for only one case: a circular hole centered in 
rectangular waveguide. Waveguide Handbook should be consulted for 
the results. 

A useful empirical rule is in common use for the calculation of the 
power transmission through a small circular hole. The transmission T 
in decibels is given by 

T = T + led, (85) 

where t is the thickness of the hole, a is given by Eq. (84), and 7" is 
the transmission through a thin hole, 

r = 10 iog10 ~-

The accurate calculations for the centered circular hole verify this 
empirical relation rather closely, and Eq. (85) is extremely valuable for 
design calculations. I t may be relied upon to be accurate to about 1 db 
when used with the formulas of Sec. 6-11 for T'. 

6-26. Bends and Corners in Rectangular Waveguide.—The transition 
from a straight waveguide to a smooth circular bend, either in the E- or 
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in the //-plane, is another junction problem. The bend has a slightly 
larger impedance1 than the straight portion, and there is a characteristic 
junction susceptance. If the radius of curvature is large, these effects 
are small, and negligible reflections occur at the bend. Thus a smooth 
bend is a practical method of changing the direction of a transmission 
line. If the bend has a small radius of curvature, it is still possible to 
have a reflectionless device by arranging the reflection from one transition 
to cancel that from the other. Waveguide bends of small radius are 

(a) (b) 

~7\ 

(c) (d) 
F I G . 6-28.—Waveguide corners: (a) An .E-plane corner with the equivalent circuit shown 

in (6). Reflectionless corners are shown in (c) and (rf). 

difficult to manufacture, however, and special techniques must be 
employed.2 

A sharp corner in waveguide is a more interesting device. If the 
reference planes are chosen as indicated by the dashed lines in Fig. 
628a, the equivalent circuit of the corner is that shown in b of the same 
figure for both E- and ff-plane bends3. The magnitudes of the series 
reactances and of the shunt susceptances are large, and large reflections 
occur from a sharp corner in a matched waveguide. At a certain angle a 
resonance occurs, the series reactances become infinite, and the shunt 
susceptance zero. For an .E-plane corner at 3.2 cm in waveguide 0.4 
by 0.9 in. ID, the angle 0 for resonance is about 112°; for an //-plane 
corner, the angle is 106°. 

1 S. A. Schelkunoff, Electromagnetic Waves, Van Nostrand, New York, 1943, Chap. 
8, p. 324. 

s R. M. Walker, RL Report No. 585, July 1944. 
»Pickering, NDRC Report 14-460, 14 July 1945. 
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A reflectionless change in direction can be made by combining two 
sharp corners1 so that the reflections cancel as indicated in Fig. 628c. 
The proper distance x cannot be determined, however, from the equiva
lent circuit of a single corner, since x is small enough for the interaction 
effects to be important. Such mitered corners are in common use, since 
they are easy to make and have low reflections over a fairly broad band. 

A reflectionless device can also be made by cutting off the edge of a 
sharp corner as indicated in Fig. 6-28d. If the distance d has the proper 
value, the reflection can be made zero for any angle of bend. This value 
of d is, however, very critical, and a bend of this type is difficult to 
manufacture. 

6-26. Broadbandlng.—The techniques that have been described in 
this chapter for matching a load to a transmission line are straightfor
ward and can be definitely formulated. With lumped susceptances or 
quarter-wavelength transformers a matched condition is obtained at 
one frequency only. It is usually desired, however, that the load be 
matched to the line over a band of frequencies. . Specified bandwidths 
vary from narrow, perhaps 1 per cent, to perhaps 20 per cent. Over a 
20 per cent band the value of a matching susceptance also varies 20 per 
cent; and if a high standing-wave ratio exists, it can be canceled out only 
over a small band. The techniques for matching a microwave device 
over a broad band are not well defined, and no practical general procedure 
has been developed for "broadbanding" a piece of microwave equip
ment. Certain methods that have been successful for particular applica
tions will now be described. I t should be pointed out that although when 
expressed as percentages the microwave bandwidths under consideration 
are small compared with easily attainable bandwidths at audio or video 
frequencies, in terms of megacycles per second they are. much larger. 

In the previous discussion it has always been assumed that the 
problem was one of matching a dissipative load to the transmission line. 
A two-terminal-pair device is also said to be matched if there is no 
reflected wave at one terminal pair when the transmission line at the other 
terminal pair is terminated in its characteristic admittance. Lossless 
two-terminal-pair junctions can be matched by placing irises or trans
formers in either transmission line or in both. I t is necessary to match a 
two-terminal-pair junction for power flowing in only one direction, since 
no standing waves exist in either the input or the output lines. 

It has already been pointed out that the matching diaphragm should 
be placed as close as possible to the load. The extent to which an added 
length of transmission line contributes to the frequency sensitivity can 
be easily calculated by differentiating the equation of transformation 
of an admittance by a line, 

1 II. M. Walker, loc. cit. 
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Y* = 

The result can be expressed as 

YL + j tan pi 
I + jYL tan pi 

.£-*(*)" + 
o ^ dYj, 

1 + (JYtY <1u ' 1 + UYin) 
This equation is easily interpreted if it is realized that 

(86) 

dY 
1 - GT)« - d ( - i i n r ) , 

where 
1 - F 
1 + F' 

Equation (86) thus expresses the increase in the frequency sensitivity 
of the phase of the reflection coefficient from the added length of line. I t 
appears reasonable, therefore, that a matching susceptance should be 
placed as close as possible to the load. 

Resonant irises can sometimes be used to extend the bandwidth of a 
microwave device. If the device is matched at one frequency o>i, then 
at a higher frequency o>2 a position in the transmission line can be found 
at which the admittance is 1 — jB, where B is positive. If a resonant 
iris is added in shunt with the line at this point and the resonant frequency 

is ui, the combination is reflectionless 
at o>i. If the Q of the iris is properly 
chosen, the iris susceptance can be 
made to equal B at the frequency o>2. 
Thus the total admittance of the iris 
and the load is again equal to unity 
at u>2. If the two frequencies do not 
differ by too much, the reflections 
may be small in the whole region from 
MI to o!2. The curve of standing-
wave ratio as a function of u will 
have the form indicated in Fig. 6-29. 

If the susceptance of the load at u>2 is small, the separation of the resonant 
iris and the load is a quarter wavelength. This technique is thus equiva
lent to that employed in the construction of bandpass filters1 and is 
analogous to a double-tuned circuit at low frequencies. 

Other resonant devices can be used in a similar manner to extend the 
bandwidth over which a load is matched. A resonant transformer can be 
made by use of a length of line of high characteristic admittance. If the 

1 See Vol. 14, Chap . 3, and Vol. 9, Chap . 10, Radia t ion Labora to ry Series. 

FIG. 6-29.—Standing-wave-ratio curve 
of a load matched at an with (Curve B) 
and without (Curve A) a resonant iris. 
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junction effects can be neglected, the line section should be a half wave 
length long. The resonant length when junction effects are present can 
be found from Eq. (68) of Sec. 617 by equating Fin and YL. The reso
nant length is given by 

tan fil = Yl _ y\ + B2- (87) 

Another procedure that can be used rather often to obtain a broad
band match is illustrated in the admittance diagram of Fig. 6-30. The 
curves give the input admittance of a transition section between coaxial 
line and waveguide when the coaxial line is matched. By adjustment of 

F I G . 6-30.—Admittance diagram of a transition irom waveguide to coaxial line. The 
dimensions of the transition can be adjusted to give a match over a small band shown as 
Curve A. If, however, the dimensions are altered to mismatch the junction (Curve B) a 
broadband match (Curve D) is obtained by adding an inductive susceptance. 

the dimensions of the transition a match can be obtained at one frequency 
without the use of any matching susceptances. The match is, however, 
sensitive to frequency, and the input admittance is shown as Curve A. 
An alteration of the dimensions results in the input admittance shown in 
curve B. If the transition were now matched by a capacitive susceptance 
placed only a short distance from the input terminal, an admittance curve 
very similar to Curve A would be obtained. If, however, an inductive 
susceptance is placed a little more than one-quarter wavelength away 
from the input terminal, as shown by Curves C and D, a smaller variation 
of input susceptance is achieved. Thus the usual rule that the matching 
susceptance be placed as close as possible to the junction is violated here. 
A more complete discussion of this example and others where a similar 
technique is fruitful can be found in Chap. 6 of Vol. 9 of this series. 

Tn all the matching techniques so far described, matching elements 
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are placed in only one transmission line. If a two-termlnal-pair device 
is to be matched, it may be possible to achieve better results, since the 
matching elements can be placed in both transmission lines. The 
broadband stub described in Sec. 6-20 is an example of this procedure. 
By means of quarter-wavelength transformers in each of the two lines, 
it is possible to make the reflections vanish at three wavelengths, and a 
much broader bandwidth is obtained. The technique has been employed 
very little up to the present time in the design of microwave components. 
Since the method appears to be a fruitful one, some discussion of it is 
warranted. One possible general approach to the problem has been 

— "l z'—- N Z—- N2 1< 

FIG. 6-31.—Procedure for broadband matching of a two-terminal-pair network N by 
means of the broadband transformers Ni and N2. 

suggested by R. H. Kyhl. I t can be shown1 that for two arbitrary fre
quencies there exists a load impedance Z that is transformed by a given 
two-terminal-pair network to an impedance Z'. This is evident, since 
if Z exists, it is given at one frequency by 

Z' = Zu 

and at the other by 

Z' = Z'u 

Equations (88) and (89) can be solved simultaneously for Z and Z' in 
terms of the matrix elements at the two frequencies. A given network N 
can then be matched over a broad band by the arrangement shown in 
Fig. 6-31. The networks JVi and A7"2 are broadband transformers that 
transform Z' to 1 and 1 to Z, respectively. The network is matched at 
two frequencies at one terminal pair and consequently is also matched 
at the other. 

'Albert Weissfloch, "Application of the Transformer Theorem for Lossless 
Fourpoles to Fourpoles in Cascade Connection, Hochf. u. Elekakus. 61, 19-28, 1943. 
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CHAPTER 7 

RESONANT CAVITIES AS MICROWAVE CIRCUIT ELEMENTS 

B Y ROBERT BERINGER 

A dielectric region completely surrounded by conducting walls is a 
resonant electromagnetic system. There exist electromagnetic field 
solutions of certain frequencies and spatial configurations that satisfy 
the boundary conditions and correspond to the storage of electromag
netic energy over time intervals that are long compared with the periods 
of the resonant frequencies. Such a system is commonly called a cavity, 
and the resonant solutions are the normal modes of the cavity. Each 
cavity has, of course, a different set of normal modes, differing both in 
frequency and in spatial configuration. All such sets have an infinite 
number of members. 

If the set of normal modes is ordered with respect to increasing reso
nant frequency, it is found that there is always a lowest resonant fre
quency but, in general, no highest resonant frequency. In the direction 
of higher frequencies, the normal modes increase in complexity and in 
density, becoming infinitely dense at infinite frequencies. I t is the first 
few members of the set that are of interest here because, for cavities of 
convenient size, these members are found to lie in the microwave region. 
In fact, for cavities of simple shape, the linear dimensions of the cavity 
are of the order of the wavelength of the lowest resonant frequency. For 
this reason, such cavities are commonly used as resonant elements in 
microwave circuits. 

When a cavity is used as a circuit element, it is necessary to provide 
openings in the cavity walls for connection to the remainder of the circuit. 
These couplings will, of course, change the nature of the normal-mode 
fields. However, in most practical cases, the fields are not changed 
appreciably, and a knowledge of the normal-mode fields is therefore still 
useful. 

The normal-mode fields can be found in terms of known functions for 
certain completely isolated cavities of simple geometrical shapes. Some 
of these solutions are tabulated in Chap. 4, Vol. 11, of this series. Our 
main concern here will be the circuit features of coupled cavities. 
Although the complete field solution of a coupled cavity is very difficult 
and may be impossible, there are many circuit features which all coupled 
cavities have in common. 

207 
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A microwave circuit that contains cavities as resonant elements is 
composed of one or more transmission lines or systems, connected to the 
cavities by openings in the cavity walls and perhaps connected together 
in various ways as well. Although the general system may be of great 
complexity, it can be simplified by cutting each of the transmission lines 
near each cavity and separating each cavity from the system. Each 
of the separated elements consists of a cavity provided with one or more 
short sections of transmission line and their associated couplings to the 
cavity proper. Such elements are called cavity-coupling systems. In a 
complete circuit solution, each cavity-coupling system is treated sepa
rately, and the solutions are combined with an analysis of the transmis
sion lines to give the complete description. 

In developing this analysis, it is convenient to use the method of 
equivalent circuits, that is, to replace each cavity-coupling system by 
impedance elements of known magnitude and frequency dependence. 
Such a representation contains all of the facts that are pertinent to the 
circuit analysis of transmission systems containing cavities as elements. 

There appear thus far two aspects of the problem: the complete 
field description of the cavity-coupling system and the equivalent-circuit 
representation. I t is, of course, true that the two descriptions are 
equivalent and that a complete field description is required to give all 
of the details of the equivalent circuit. I t is also true, however, that 
many of the features of the equivalent circuits can be found without a 
complete field description. These features are common to all cavity-
coupling systems and form a basis for the circuit theory of such systems. 
In any particular field description is required to specify completely 
the equivalent-circuit elements. 

EQUIVALENT CIRCUIT OF A 
SINGLE-LINE, LOSSLESS CAVITY-COUPLING SYSTEM 

Consider for simplicity a cavity-coupling system without loss, con
taining only a single emergent transmission line. Such a system is 

shown in Fig. 7-1. It is possible to define, at a 
reference plane A, a voltage and a current that 
are uniquely determined by the electromagnetic 
fields interior to A. The voltage-to-current ratio 
at this plane defines an impedance, which is the in
put impedance of the cavity-coupling system. I t 

FIG. 7-1.—Single- is pure imaginary and a function of frequency alone. 
'sivnstemaVity"COUP'inE T h i s i m P e d a n c e function can frequently be rep

resented by an equivalent circuit. It is desired to 
find this function or representation and, in particular, its frequency 
dependence. 



SEC. 71 ] LOSSLESS LUMPED CIRCUITS 209 

7-1. Impedance Functions of Lossless Lumped Circuits.—The 
problem of finding the impedance function of a cavity-coupling system is 
closely related to the impedance-function representation of a lossless, or 
purely reactive, n-mesh circuit with a single pair of exposed terminals. 
The ra-mesh circuit is analyzed in the well-known manner of Foster's 
reactance theorem.1 It is found that any such circuit can be represented 
by an input impedance function that is a rational fraction of the form 

Z(u>) = jAu («• o!)(«>2 - <4) (Ol2 - «!„_!) 
o)2(a)2 — a)j)(ai2 — u | ) (o>2 - u>l„_2) (1) 

The function is a pure imaginary. It has poles and zeros at frequencies 
0, U2, o>4, . . . , u2»-2 and o)i, o)3, . . . , o)2„_i, respectively. As Eq. (1) 
illustrates, and it is frequently proved, the poles and zeros of an imped-
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FIG. 7-2. 
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-Input-impedance representation of an n-mesh circuit with poles at w = 0 and 

ance function are simple, or of first order. It is seen from Eq. (1) that 
two networks are equivalent, that is, they have the same impedance at 
all frequencies, if they have the same poles and zeros and have imped
ances numerically equal at a single nonresonant frequency. This latter 
condition fixes the value of A. 

An expression of the form 

Z{< co) = jAu f 1 + ^ + 02 

+ + 
_ 0 2 n - 2 _ \ 

- ">2»-2/ 
(2) 

is obtained by expanding Eq. (1) in partial fractions. Such a function 
can be represented by the series circuit of Fig. 7-2. The circuit param
eters are given by 

Lin — 

u = 

A 
1_ 

akA 
1 

3<nl 

)k = 0, 2, 4, 2n - 2. 

In Eqs. (1) and (2) the network is taken to have poles at both u = 0 
and a) = 00. In special cases, one or both of these may be removed. 

1 Guillemin, Communication Networks, Vol. I I , Wiley, New York, 1935, Chap . 5; 
Schelkunoff, Electromagnetic Waves, Van Nos t rand , New York, 1943, Chap . 5. 
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Removal of the pole at u = 0 corresponds to putting Co = °° (short-
circuiting Co in Fig. 7-2) so that 
Z(OJ) —>0 as a> —► 0. T h e pole at 
oi —> oo is removed by putting L2n = 0. 
Then Z(w) —> 0 as u —► « . 

The input admittance function 
analogous to Eq. (2) is obtained by 

FIG. 7-3.—Input-admittance repre- r»_,/ \ T^/ \ j .1 
sentation of re-mesh circuit with zeros expanding li \u>) = I \<n) around the at a; = 0 and w = °°. 

"2»-i- This yields 

7(«) = ^(a,)-1 

poles of T(oi), namely, a>i, a)3, 

■ . - , ( fel I j>» I | & 2 " - l \ 
\ 0 > 2 — W| CO2 - U% a' ~ 0 > 2 » - l / 

Equation (3) may be represented by the shunt circuit of Fig. 7-3, 
where 

(3) 

U[ 
1 

LiCi 
, 1 1, 3, 2n. 

\ u2 - <4 ;a 

c, 

A", 

In the expansion of Eq. (3) Y(u) has been assumed to have zeros at 
a) = 0 and at u = °° . As in the impedance representation, these zeros 
may be removed in special cases, corresponding to degeneracies in one or 
two of the resonant e l e m e n t s . 
The zero at a = 0 is removed by 
letting one of the Cj = °°, in which 
case Y(w) —■> °° as w —* 0. The °—" 
zero at u = °° is removed by let
ting one of the Li = 0 SO tha t FIG- 7-4.—Input-impedance representation 
F z x , near a pole u> = o>t-

(u) —> o= a t 0) —> =o . 
At frequencies near one of the poles of Z(u>), Eq. (2) may be written 

as 
0)^1 Ctfc 

Z(«) « j x , + j 2 ' (4) 

an approximation that lumps all contributions from other poles into the 
almost constant term Xt- This approximation is good at frequencies 
near the pole ui, and far removed from any other poles. Equation (4) 
can be represented by the circuit of Fig. 7-4, where 
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La* = - -TT> 

u» = _L . 
LkCk 

In a similar manner the admittance function F(u>) reduces to 

K ( - ) - - i B , - i ^ (5) 

near the pole coi, and Eq. (5) can be represented by the circuit of Fig. 
7-5, where 

1 

and 
1 

' LiA~l FIG- 7-5.—In
put-admittance 

In the study of cavity-coupling systems, it is often representation near 
necessary to know the behavior of the system at fre- a p o e a ~ °"' 
queficies near a particular resonance. There is therefore need for equiva
lent-circuit representations of the form of Figs. 7-4 and 7-5. 

7-2. Impedance Functions of Lossless Distributed Circuits.—The 
impedance-function representation just discussed is of great generality 
and utility in lumped circuits. I t furnishes a method for finding the 
equivalent circuit of any lossless, single-terminal-pair network in terms 
of the frequencies at which either Z(a>) or Y(u) is infinite. An extension 
of the method to distributed circuits is clearly desirable. 

I t has been stated that a cavity has an infinite number of resonant 
frequencies. This is true for all distributed circuits. The impedance 
function, therefore, has an infinite number of poles and zeros, correspond
ing to an infinite number of network meshes. This suggests an extension 
of the foregoing method to the representation of a network with an infinite 
number of meshes. Such an extension is formally possible and has been 
carried out. ' The expansions of Eqs. (2) and (3) are formally the same 
as those for the lumped-constant circuits, except for the fact that n —> °o . 
Schelkunoff has stated that convergence difficulties sometimes arise in 
such series. 

Although this formal extension is possible, it is more satisfactory to 
use the methods of Chap. 5 which make use of the field equations in 
defining and formulating the input impedance of a distributed circuit. 
In Chap. 5, a region surrounded by a perfectly conducting surface per
forated by a single transmission line is discussed. Nothing is specified 
about the region except that the dielectric constant, permeability, and 

1 Schelkunoff, Proc. IRE, 32, 83 (1944). 
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conductivity are independent of time and of the field quantities. The 
transmission line is assumed to operate in a single transmission mode. 
I t is found possible to define voltages and currents at a reference plane 
normal to the axis of the transmission line which describe uniquely the 
field configurations in the region interior to the reference plane, except for 
certain degeneracies in the completely lossless case. These degeneracies 
will be ignored for the moment. By applying energy considerations to 
the interior and to the waves in the line, it is shown [see Eqs. (5-13) and 
(5-14)] that 

7( . jco2(W„ - WE) 
Z(co) = -f^ , 

and ) (6) 
JW2(WE- WH) Y(co) 

iee" 
where WH and WE are respectively the time average of the magnetic 
and electric energies stored in the system interior to the reference plane 

and i and e are respectively the terminal current and 
7=/ncosa>t rJ^)rs voltage measured at that plane. 

The zeros of Z(a>) [poles of Y(co)] and zeros of 
Y(co) [poles of Z(<o)] occur at frequencies for which 
WE = WH. These frequencies, infinite in number, 

C 

Fio. 7-6.—Simple ser- a r e defined as the resonant frequencies. This defi-
les-resonant circuit. t t t 

nition of resonance in terms of electric and magnetic 
energies is equivalent to the more usual definition of resonance for a simple 
lumped circuit. Consider, for example, the circuit of Fig. 7-6. The time 
average of the stored electric energy is 

WE = ICPJ-1^) - / "cos* »t dt 
I \ w 0 / w Jo 2 

I2 

_ 1o 

4u2C' 

and the time average of the stored magnetic energy is 
WH = ^ LR - I cos2 cot dt 

l T Jo 
— IT T2 
— T^o-

At the resonant frequency, col = 1/LC and so 

Thus the frequency at which WE = WH is the usual resonant frequency. 
Referring again to the general expression [Eqs. (6)], it has been shown 
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[Sec. 5-24, Eq. (5-162)1 that if Y(a>) has zeros at u>i, «2, • • ■ , then 
Z{as) can be expanded as 

Z(«) = - 2 V r„ -^—t + jalU, (7) 
» - i 

which is an obvious extension of Eq. (2) to the case of an infinite number 
of resonances. The question of the convergence of the series in Eq. (7), 
in the most general distributed case, is not always straightforward. All 
ordinary cavity-coupling systems, however, are free from convergence 
difficulties. In all practical cases, Eq. (7) reduces to Eq. (4) near a 
resonance. 

7-3. Impedance-function Synthesis of a Short-circuited Lossless 
Transmission Line.—It is illustrative to consider a simple example of a 
distributed circuit in which Eq. (7) is evidently convergent and the poles 
and zeros of the impedance function are well known. A short-circuited 
lossless transmission line is such an example. 

Let the line operate in the fundamental TEM-mode (X = X„), and 
let the characteristic admittance be Y<,. Then, at terminals at a dis
tance I from the short-circuited end, the input admittance is 

Y = -jYo cot ~ I 
\ 

= -jY0 cot ^ - (8) 
The admittance has poles at 

u = naii, n = 0, 1, 2, • • • , 

where toi = ire/1, that is, I = Xi/2. 
If the substitution l/c = ir/ui is made, Eq. (8) becomes 

^r- = —j cot w — (9) 

Expansion of cot w(a/ui) in partial fractions results in 

Y . 1 .2 V - i /nv. 
y = - J ■-— + J - ) T-V 2 - (10) -fey 

Consider the admittance of an inductance La] it is Y0 = —j/uL0. The 
first term of Eq. (10) can be identified with such an inductance by 
putting 

. „ 1 . 1 
-}Y0 = -j ----, 

to) ULQ 
IT 
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whereby 
IT 

0>lYo cY0 
(11) 

Each term of the sum in Eq. (10) can be identified as the admittance 
of a series LC-circuit. Such a series circuit has an admittance 

1 

F„ 

where u>l = n2u\ = 
if it is noted that 

1 

juLn — 

1/L„C„. 

2F„ 

1 01 
(12) 

The values of Ln and C„ may be identified 

U l •>{ Ln 
0> 

o>: 

from which 

and 

Ln 

C. 

■K 

2 F Q W I 
^ 0 

2Yo_ 
n^wnr 

I 
2c F0 

2ZF„ 
ri27r2c 

1,2, (13) 

Fiu 

*q-»^l ---p. *--2 *T~ UW 

'■7.--Representation of a short-cir
cuited transmission line. 

The short-circuited transmission 
line is evidently represented by the 
circuit of Fig. 7-7, where the circuit 
elements are given by Eqs. (11) 
and (13). The convergence of 
this representation is assured by 
Eq. (10). Near a resonance, a 

single term predominates and represents the admittance very well. Fig
ure 7-8 shows the exact form of Eq. (10) and curves for two approxima
tions' (one and five resonant elements). 

EQUIVALENT CIRCUIT OF A 
SINGLE-LINE CAVITY-COUPLING SYSTEM WITH LOSS 

The theory that has been given thus far is incomplete for the solution 
of the problem of cavity-coupling systems, since it deals only with com
pletely lossless systems. The treatment must be extended to include 

1 E . A. Guillemin, " D e v e l o p m e n t of Procedure for Pulse-forming N e t w o r k , " 
R L Repor t Xo. 43, Oct. 16, 1944. Guillemin has shown tha t a be t te r approximat ion 
can be obtained with a finite number of resonant elements by choosing the resonant 
frequencies to be slightly different from nan. 
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loss. This can be done by any one of several approximate methods, 
each particularly useful for a certain class of problems. Although a 
general circuit representation,1 valid at low frequencies, exists for an 

FIG. 7-8.—Curves showing exact form of admittance function and two approximations. 

arbitrary two-terminal network that has lossy elements, it is difficult to 
handle. The generalization of the representation to microwave circuits 
has not been carried out, and in fact it may not prove to be feasible. 
Indeed, even the solution of the field equations obtained by expansion in 
terms of sets of orthogonal modes breaks down if the losses become too 
great. In practice, microwave devices do not have large losses, and it 
will suffice to treat only the cases where the approximate methods apply. 
A fruitful method of treating slightly lossy networks proceeds from 
Foster's theorem. 

7-4. Foster's Theorem for Slightly Lossy Networks.—The extension 
of Foster's theorem can be carried out by introducing a complex fre-

1 S. Darl ington, "Synthes i s of Reactance 4-Poles," / . Math. Phys., 18, 257-353 
(1939). 
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quency, or oscillation constant, defined as X = jo> + £. Input imped
ances, being functions of this complex frequency, are written as Z(X). 
Voltages are defined as Re {VeKt), and currents as Re (Ieu); 

Fex< = Z(X)/ex". 

In this notation, Eq. (1) for the input impedance to a single-terminal-pair 
network is written 

Z(\) - A (X2 - MX*2 - Xj) ■ • • 
zw ~ A \(x* - xj)(x» - xj) ■ ■ ■' (14) 

where Xi, X3, . . . , and 0, X2, X4, . . . , are respectively the zeros and 
poles of Z(\). For passive networks all decrements are negative, cor
responding to a decrease in amplitude with time. Hence, all functions 
Z(\) have negative £ at the poles and zeros; that is, all poles and zeros 
of Z(X) lie in the left half of the X-plane.x As in the lossless case, Eq. 
(14) is expanded around its poles, with the result that 

Z(X) 
\ A A "— A2 A — A4 / 

(15) 

The poles and zeros of Z(X) occur as conjugate pairs so that one term in 
the sum is of the form 

\=K + x-̂ *' (1G) 
where \„ = join + £„ and X* = —juv + £„. 

If, then, each mesh of a reactive network has a very small amount of 
loss (i.e., small ij„) introduced into it, Expression (16) may be written as 

n n 

+ X — join — £„ X + juin — £„ 

The values of Z(X) that are of interest are those for real frequencies 
X = joi, for which Eq. (15) becomes 

„ , , , . , .Ada . . V aJ2ju — 2t„) Z(X) = jAu - J h A > 7-j ^/—r-TTm1 

oi Lf (oi\ ~ o>2 - 2jcof„ + # ) 
n 

which reduces to 

Z(X) - jAoi -j^ + Ay a4^^- (17) 
oi Z_/ (o>l - oi1 - 2joi^„) 

n 

for small loss. It is seen that Eq. (17) is of the same form as in the loss-
1 Guillemin, loc. cii., or S. A. Schelkunoff, Electromagnetic Waves, Van Nostrand, 

New York, 1943, Chap. V. 
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less case, except that the summation contains an imaginary term in the 
denominator. At each resonance &> = on, therefore, Z(X) does not go to 
infinity but has a real contribution Aa„/l-„ from the summation. 

The admittance case for small loss proceeds in an analogous fashion. 
The result is obtained, for real frequencies (X = jo), that 

r(x) = jBu -jBb + sJ bf\-tV (18) 

where u>„ are the poles of the admittance function, Xi, X3, . . . . 
7-5. The Impedance Functions 

of Simple Series- and Parallel- ., __nmir\ 
resonant Circuits.—Therepresen- s " —* K vVv o 
t a t ion of E q s . (17) a n d (18) m a y F l Q ' 7-9-—Simple series-resonant circuit with 
be accomplished in a way anal
ogous to Foster's method. Consider the simple series circuit of Fig. 
7-9; its impedance is 

i(aL-^y Z(«) = R + j 

If the resonant frequency u0 is defined as that frequency at which Z(u) is 
pure real, wl = 1/LC and 

Z(«) - /2 + j£«o C— - -°Y 
\oio w / 

The Q of the circuit at resonance is 

A. _ _ energy stored 
energy lost per cycle 

In terms of this Q, 

or 

z(«) = R+JQB(--^\ 

1 
Y(») = 

R + jQR I CO O)o\ 

\O)0 « / 

0)0)0 

_,- « * _ _ . (19) 
o>o - <»2 + 3 JT 

We see that the summation in Eq. (18) can be expressed by a sum of 
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terms of the form of Eq. (19) corresponding to a number of simple series-
resonant circuits in parallel. 

Consider the admittance of the circuit of Fig. 7-10; it is 

. 1 . YM = I + * + y«C 

I i 1 K \wo u/ 
„ _ ,„ „. where 
F I G . 710.—Sim

ple shunt-resonant 2 _ ■ 
circuit with loss. wo ~~ r sj' 

At resonance, the Q of this circuit is 

Q = woRC, 
from which 

Vt \ 1 _L A Q ( U "A 

Z(») 1 

1 . . Q / 'J> _ 0>o\ 
R 

juo>oR 
Q (20) 

Comparison of Eq. (20) with Eq. (17) shows that the summation in Eq. 
(17) can be represented by a number of shunt-resonant circuits con
nected in series. 

7-6. The Equivalent Circuit of a Loop-coupled Cavity.—Thus far, 
arbitrary cavity-coupling systems have been treated, first lossless sys
tems and then systems having a small amount of loss introduced into 
each resonant mesh. The circuit representations have been derived 
either directly from field considerations or by analogy with lumped cir
cuits. Although this approach is very fruitful, it is only qualitative in 
that there are a number of arbitrary features in the equivalent circuit. 
These features can be specified completely only by an actual solution of 
the field problem for the cavity-coupling system. This, unfortunately, 
has been done only in a few special cases. One of these is the case of a 
loop-coupled cavity. 

I t is instructive to study this solution. The circuits are derived from 
a new and more physical point of view; and in particular, the physical 
form of the approximations necessary to treat the dissipative system are 
made apparent. I t has been shown that the treatment of such systems 
by an extension of Foster's theorem is uncertain with regard to the physi-
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cal meaning of the small-loss approximation. The field approach dis
plays this approximation more clearly. 

Only in certain cases can the general field problem be solved. There 
are several limitations. Since such methods begin with the unperturbed 
normal modes of an isolated, lossless cavity, these must first be found. 
This is possible only for certain regular shapes. Also, the exact form of 
the coupling of the transmission line to the resonant mode must be found. 
This is very difficult, except for a cavity coupled to a coaxial line by a 
small loop or probe. The details of the problem of iris-coupled wave
guides have not been solved. 

A number of authors have treated the field aspects of the cavity 
problem, with various degrees of completeness. The normal-mode 
fields have received most of the attention. Condon1 has treated the 
normal-mode fields and the effects of dissipation in the cavity walls. 
Slater2 has made a very exhaustive treatment of the general problem; 
he treats wall losses and solves the loop-coupling case. Crout3 and 
Bafios4 have applied the very elegant Lagrangian methods to the problem. 
This approach will be adopted here, and a brief summary of the simpler 
features of the Lagrangian method, as formulated by Bafios, will be given. 

I t will be assumed that the normal modes of the lossless, unperturbed 
cavity have been found. These normal modes are the periodic solutions 
of Maxwell's equations satisfying the boundary conditions; that is, they 
are the solutions corresponding to standing waves in the cavity. They 
form a set, each member of which is characterized by a resonant fre
quency aia (wave numbers ka = coa V ^ ) and a pair of vector functions of 
position 8a and 3C„ satisfying the wave equations 

V26„ + fc2S„ = 0, 

V J v a ~j~ tCao\-a = " 

and the divergence conditions, 

V • S„ = 0, 

V • 3C„ = 0. 

In addition, they satisfy the boundary conditions 

n X S„ = 0, 
n • 3Ca = 0, 

on the cavity walls. They form a normalized orthogonal set, in that they 
satisfy 

1 E. U. Condon, Rev. Mod. Phys., 14, 341 (1942); J. Applied Phys., 12, 129 (1941.) 
2 J. C. Slater, "Forced Oscillations and Cavity Resonators," RL Report No. 188, 

Dec. 31, 1942. 
3 P. D. Crout, RL Report No. 626, Oct. 6, 1944. 
4 A. Bafios RL Report No. 630, Nov. 3, 1944. 
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/ 

/ 

S„ ■ £„ dr = 5J"U 

0C„ • 30, dr = 5*"U, 

where 1) is the cavity volume. .£„ and 3C„ are related by the expressions 

/C0iK.a
 = = V ^s Oa-

The electromagnetic field in the cavity can be expanded in this set 
of functions by 

D = V klqa, O a , 

where the qa are scalar functions of the time. The coefficients in the 
expansion have the dimensions of electric charge. The functions qa 

corresponding to a normal mode k„ are the amplitude functions of the 
mode and are analogous to the coordinates of a dynamical problem. 
They are the so-called normal coordinates of the system. 

The dynamical equation of the system in terms of these normal 
coordinates is the Lagrangian equation 

where T and V are the total kinetic and potential energies of the system. 
The quantity T is identified as the magnetic energy, and V as the electric 
energy of the system; that is, 

Wdr 

KVql, 
a 

and 

a 

These have the form of stored energies in an inductance and a capaci
tance, where 
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La = pklv, 
Ca = W>' 
and V may 

= \LIL4 

2L,Ca 

(22) 

In terms of these relations, T and V may be written as 

(23) 

The quantities La and C„ are the equivalent inductance and capacitance 
respectively, of the mode ka and correspond to the inductance and capaci
tance of the circuit of Fig. 7-11. From the relation ka = wa \/7ji, it may 
be seen at once from Eq. (22) that 

Q ^ r w, = _J_. 

Substitution of Eq. (22) in Eq. (20) results in 
^ F I G . 7-11.— 

Q Normal-mode 
LaQa ~f~ ~w~ = 0 , mesh in a lossless 

^a cavity. 
as the set of dynamical equations of the system. I t is seen that qa is 
the charge on the capacitance Ca of the normal-mode mesh. 

The frequency oia is the natural oscillation frequency of the mesh of 
Fig. 7-11. This is the frequency at which the mesh resonates, or "rings," 
after an exciting field has been removed. It is also the resonant fre
quency of the mesh, that is, the frequency at which the stored electric 
and magnetic energies are equal and the series reactance of the mesh 
vanishes. 

If the lossless cavity is excited by a coupling loop and coaxial line, 
Lagrange's equations are of the form 

d / d T \ dV 
dt \dqa/ dqa 

where 6a is the electromotive force induced in the normal-mode mesh by 
currents flowing in the loop. The loop is assumed to be so small that the 
current distribution is uniform along the loop. Then, 

8a = Moa -77' 
dt 

where io is the loop current and Maa the mutual inductance between the 
loop and the normal-mode mesh, given by 
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M 0 o = nka / 3C„ ■ ds. (24) 
J loop 

The loop is seen to couple to all modes except when the integral of Eq. (24) 
vanishes. If 3C„ is known, M0a can be found by integrating Eq. (24) 
over the loop area. 

The introduction of loss in the cavity walls adds another term to 
the dynamical equation, which then becomes 

d 
dt 

where F is given by 
■dS 

(iMMH-
1 f Ell 
2 7 *& 

(26) 

o- being the conductivity of the walls and 5 the skin depth. I t is assumed 
that the dissipation does not change the normal-mode fields S„ and 3C„. 
I t can be shown that Eq. (26) becomes 

F = i y, / , RobM*-

The expansion coefficients Rob may be written as 

\/0>aii>bLaLb 
Ra. Qa* 

where 

For b = a, 

and 

1 

1 
Qaa " 

Raa = 

V 5„5t / 
2V J 

1 
= Qa 

= R„ 

5a 
2D j 

Ka ■ 3Cb dS. 

j K j dS, 

(27) 

(28) 

In terms of these relations, Eq. (25) becomes 

Lag« + ^ + R«q« + T R«4b = MK ^ - (29) 
b^a 

This is now interpreted as an equivalent circuit of the following form. 
Each normal mode is considered as a resonant mesh containing La, Ca, 
Ra, and ; Rab in series and coupled through a mutual inductance M<ja to 

i—i 
b 
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the loop. The mutual resistances R^ couple all meshes for which Eq. 
(27) does not vanish. 

I t has been shown that Eq. (27) vanishes, for a cavity having the form 
of a right circular cylinder, for all modes that can be
come simultaneously resonant. I t is probable that 
this is true also for other shapes. This fact con
siderably simplifies the circuit representation of Eq. 
(29), since the mutual resistances vanish and the 
meshes can be separated. Figure 7-12 is the repre
sentation of Eq. (29) under such conditions. 

The frequencies ua are the resonant frequencies 
of the meshes of Fig. 7-12 when the terminals are 
open-circuited, that is, the frequencies at which 
the series mesh reactances vanish and the stored elec
tric and magnetic energies are equal. The natural 
oscillation frequencies of the meshes are somewhat 
different, being given by 

FIG. 7-12.—Circuit 
representation of a loop-
coupled cavity. 

V i - iQl, 
which for high Q's reduces to 

a j a — aj, 
8 « 

Most cavities have such high Q's that u'a and ua differ at most by only a 
few parts in 105. 

Ln
 + Moa La+Mm 

Ca^ 

FIG. 7-13.—Single normal-mode mesh of F I G . 7-14.—Alternative equivalent circuit for 
Fig. 7-12. a single normal-mode mesh. 

The circuit of Fig. 7-12 can be transformed easily into the form* of Eq 
(17). Each normal-mode mesh is of the form of Fig. 7-13, which is 
equivalent to the circuit of Fig. 7-14. The circuit of Fig. 7-14 has an 
input impedance 

ju>L0 + 
juLa + Ra - j 1 

UlCa 

joiLo + J^P0a 
T I 2 2 1 jRaO>\ 

(30) 

(31) 
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where 

If Qa is defined b y 

Z„ = juLo + -. 
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Qa 

La 

oiaL, 
Ra 

I joioia\ 

V- -a + ~QT) 

juU JU-
Ml 

+ 
lvl0a 
QaLa 

01* + 
JWOJa 

Qa 
c2 + JWOla 

Qa 

If the Q is high, t he last t e r m is negligible [at resonance t h e th i rd t e r m is 
Wa(MlJLa)Qa and the last t e r m is ua(M$JLa)]. T h u s , t o a v e r y good 
approx ima t ion for even m o d e r a t e Q's, 

1 Qq 

La 
(32) 

M'1 

Za = joiLo — joi -v-5 2 + 

JU*>1 

Oil — M ! + 
JOlOla 

A compar ison of th is equa t ion wi th E q s . (20) a n d (17) shows t h a t t he last 
t e r m m a y be represented as a shun t - resonan t circuit . 

©-TTtnn-

< 1 r-rrmrs 
-It* 

'2 / n 

■AAV AAA-I lAAA-l 
F I G . 7-15.—Representation of a loop-coupled cavity which is equivalent to Fig. 7-12. 

E a c h of t he var ious normal -mode meshes can be wr i t t en in t he form 
of E q . (32). Since in an impedance representa t ion t h e y appea r in series, 
the to ta l i n p u t impedance is 

2 - ' ' O n 

M«A . • \ A. ( 3 3 ) Z = joil La I La +,-Y-
*-^ura — or + 30101a 

A comparison of Eqs . (33) "and (20) shows t h a t t he s u m m a t i o n can be 
represented as a circuit of t he form of Fig. 7-15, where 

L' - L, 
Li La ' 
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and the terms of Eqs. (32) and (19) can be identified. This leads to the 
following relations between the circuit elements of Figs. 7-12 and 7-15. 

«* = — = — , 
OlaLa 

Qa 

la — 

Ra 

>am 0, 

Ra 

La 

(34a) 

(34b) 

(34c) 

(34d) 

The relations of Eqs. (34) do not identify the magnitudes of the cir
r i 

h 
In I-z 

iii \assi4 

cuit elements of Fig. 7-15 but only 
t h e i r interrelations. C l e a r l y , 
there would be a loss in generality 
by putting each la = La. How
ever, la may be made proportional 
toL„, in order to separate the mag
nitudes of the elements of Fig. t { „2 1 
7-15 from the amount of coupling. 4 U ^ ^ J L l f l O ^ - J 
This is accomplished by introduc- o-nTiTir>-l I 
ing ideal transformers and putting 
Fig. 7-15 into the form of Fig. 
7'16, where, without loss of generality, the inductances and capacitances 
in Fig. 7-16 have been identified with those of Fig. 7-12. By use of Eqs. 
34), it is seen that the resistances in Fig. 7-16 are given by 

" 2 1 

F I G . 7-16.—Alternative representation of 
loop-coupled cavity. 

<4ML 
n\Ra Ra 

(35) 

The representations of Fig. 716 are often more convenient than those 
of Fig. 7-15, since the circuit elements are determined by the normal-mode 

meshes of Fig. 7-12 alone, not by 
the coupling. The coupling is in
troduced by the ideal transformer, 
and the elements of Fig. 7-16 are 
not changed when the coupling 
changes as they are in Fig. 7-15. 

7-7. I m p e d a n c e Functions 
Near Resonance.—It has been 
shown, both by the introduction 

of a small loss into the Foster representation and directly from the field 
equations, that a single-line cavity-coupling system can be represented 
by an equivalent circuit of the form of Fig. 715 or 7-17, where in special 
cases one or more of the series or parallel elements may be degenerate. 

F I G . 7*17.—General representation 
cavity-coupling system. 

file:///assi4
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At frequencies near a particular resonance, these circuits are greatly 
simplified, since the effects of all but the resonant mesh can be replaced 
by nonresonant elements. The most general representations near 
resonance are those of Figs. 7-18 and 7-19. In cavity-coupling systems 

R' V--o-V^A-nSW^- IP -o o A / W 

IAA^V1 LAA/VJ 
R R 

Flo. 7-18.—Impedance representation of cavity-coupling system near a resonance. 
O • 1 O 

Or 

FICJ. 719.—Admittance representation of cavity-coupling system near a resonance. 

near resonance the terms R' and r' are always very small, since they 
correspond to off-resonance losses in the transmission line and coupling. 
They will be considered to vanish. 

A very convenient tool in the study and design of cavity-coupling 
systems is the Smith impedance diagram. Consider a simple series 

ftLC-circuit terminating a transmis
sion line of characteristic impedance 
Za. On a Smith impedance diagram, 
the variation of input impedance of 
the circuit with frequency describes a 
locus like the circle (a) in Fig. 7-20. 
At the real axis, w = wo = l/x^LC, 
the resonant frequency of the circuit. 
If the circuit is shunted by a capaci
tor, the locus is a circle such as (6) in 
Fig. 7-20.l The new resonant fre
quency w'o is different from co0. The 
radius of the new circle is also differ
ent. If the simple KLC-circuit is 

shunted by an inductance, the circle will be shifted in a counterclockwise 
direction. 

1 This is obtained by transforming (a) to the admi t t ance plane, which is accom
plished b y the reflection of (a) th rough the point Z0 . The capacit ive susceptance is 
then added, which rota tes the admi t t ance circle. This circle is t hen reflected back 
through Z 0 to obtain (b). 

FIG. 7-20.—Loci of input impedances 
on a Smith impedance diagram, for a 
cavity-coupling system. 
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It has been shown that the circuits of Fig. 7-18 are the most general 
impedance representations for a cavity-coupling system near resonance. 
Hence, loci such as (6) are the most 
general impedance contours for a 
cavity-coupling system near reso
nance. 

Since a change of reference ter
minals in the transmission line corre
sponds, to a first approximation, to a 
simple rotation of locus (6) around 
Z9, it is evident that by a suitable 
choice of reference terminals, any 
c a v i t y - c o u p l i n g system can be 
brought into the form of locus (a). 
Hence, any cavity-coupling system 
near resonance behaves as a simple 
series RLC-circuit at suitable terminals in the transmission line. 

A discussion of the representations of Fig. 7-19 in terms of the Smith 
admittance diagram proceeds in an exactly parallel fashion. The admit-

F I G . 7-21.—Locus oi input admittance 
on a Smith admittance chart, for a cavity-
coupling system. 

in L0 + MM 

•Mn 

F I G . 7-22.—Loop-
coupled cavity near 
resonance of ath mesh. 

F I G . 7-23.—Alternative representation of 
loop-coupled cavity near resonance of ath 
mesh. 

tance of a simple RLC shunt circuit describes a locus such as (a) in Fig. 
7-21. The introduction of a series reactance rotates and changes the 
scale of (a). As before, a suitable choice of terminals in the transmission 
line can bring the locus of the most general representation of Fig. 7 19 to a 
form such as (a), and hence the input admittance of any cavity-coupling 
system near resonance behaves, at suitable terminals, as a simple shunt 
RLC-circuit. 

In the case of the loop-coupled cavity of Fig. 7-12, it is easy to derive 
another near-resonance representation which is often more convenient 
than the Foster representations of Figs. 12-18 and 12-19. I t is clear that 
near the resonant frequency u> — oia, Fig. 7-12 reduces to the circuit of 
Fig. 7-22, which may be represented as Fig. 7-23. I t can be shown that 
at a single frequency any lossless two-termmal-pair network can be 
represented by a length of transmission line, an ideal transformer, and 
a series reactance. Thus, Fig. 7-23 can be represented by the circuit of 
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Fig. 7-24. It can be shown that the parameters of this representation 
are given by 

and 

u>l , . caLo — = — c o t - 1 -=-> 
c Z 0 

(jlMaa 

csc ( c o t - °^j Zo csc 

L' = L„ — n2Li,, 

at frequencies w near the frequency at which the circuit of Fig. 7-24 is 
to be used, namely, oia. I t is seen that the new circuit resonates at a 

7-c, 
Fa? 
LJdealJ Co 

Fia . 7-24.—Another alternative representation of loop-coupled cavity near resonance of 
ath mesh. 

frequency different from ua but near to it if L„ » n2Ln, which is the case 
of small coupling. I t is further seen that if the length of transmission 
line chosen in the representation is the same kind as that physically 
connected to the cavity, then new reference terminals may be chosen 

such that the cavity can be rep
resented by the lumped circuit of 
Fig. 7-25. This ideal-transformer 
representation is particularly con
venient for cavity-coupling sys
tems with s e v e r a l e m e r g i n g 
transmission lines. 

7-8. Coupling Coefficients and 
External Loading.—Suppose that 
the transmission line emanating 
from a cavity-coupling system is 

terminated in its characteristic impedance (admittance). At suitable 
terminals, the equivalent circuit of the total system is as shown in Fig. 
7-26. The Q of the cavity-coupling system is ud/r, when col ~ V c -
This is the unloaded Q of the system, Qu, the Q when terminals A are 
short-circuited. The loaded Q of the circuit of Fig. 7-26 is o>0l/(r + Z0). 
If the loaded Q is denoted by QL, then 

Fia. 7-25.—Representations of loop-
coupled cavity near resonance co0 at pre
ferred terminal plane in transmission line. 
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and 

= 41 + T°} (36) 

The coupling parameter is defined as /3 = Z0/r; which is also the input 
conductance of the cavity-coupling system at the terminals of Fig. 7-26, 
normalized to F0, or 

1 

r F„ P- (37) 

Another convenient parameter is the external, or radiation, Q of the cir
cuit. If Eq. (36) is written as 

QL = , 1
 a> (38) 

then 

1 + A 

A = JL + A = ± + h. 
QL QU QU QU 0>ol 

The quantity Qu/& = ud/Zo is defined as Qr, the radiation Q. 

'Y. R-

I 
A 

F I G . 7-26.—Equivalent circuit of cavity- F I G . 7-27.—Equivalent circuit of cavity-
coupling system terminated in Zo at a par- coupling system terminated in Yo at a par
ticular set of terminals. ticular set of terminals. 

A similar development exists for the shunt-resonant case as shown in 
Fig. 7-27. Here, Qu = Rw0C where u\ = l/LC. The loaded Q is 

QL 
oC 1 1 

+ Y0 
1 Y0 

RuoC a>oC 

and the unloaded Q is 

Qu = QL{1 + RYo) Q; (-0 
Here /3 = R/Z0 = XFo. That is, /3 is the input impedance of the 
cavity-coupling system at resonance, normalized to Z0. 

I t should be noted that if two cavity-coupling systems, one a series 
representation and the other a shunt representation, are connected to 
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identical transmission lines and have the same coupling coefficients, 
then RY0 = Z0/r, or R = Z2

0/r = 1/rYl 
7-9. General Formulas for Q Factors.—Thus far only the Q's of 

simple series- and shunt-resonant circuits have been treated. Fre
quently, it is desired to find the Q of a more complex circuit, such as a 
cavity-coupling system with arbitrary terminals. A general formula 
for this is easily derived from the fundamental definition of Q which is 

„ _ _ energy stored 
energy dissipated/cycle 

I t can be shown [Sec. 5.3, Eqs. (5.13) and (5.14)] that in general, 
±{WE - W„) B 

ee* 
X = 4 ( " V W'\ (39) 

where B and X are the shunt susceptance and series reactance at the 
terminals, e and i are terminal voltages and currents, and WE and WH are 
the stored electric and magnetic energies in the system interior to the 
terminals. I t can also be shown [Sec. 5-23, Eqs. (5.140) and (5.141)] 
that 

8B = 4(WB + W„) \ 
du ee* ' I 
dX = 4(W„ + WE) ( { ' 
du ii* ' I 

If values for B or X at some reference terminals can be found and 
dB/du or dX/du can be evaluated, the total stored energy can be found 
from Eq. (40). The Q can then be written 

Q = 2wf 

= 2TT/ 

1 J B 
Ve to 

energy dissipated/sec 
1 . .„dX 
V1 to 

energy dissipated/sec 

If, in addition, the shunt conductance G or the series resistance R at 
the terminals is known, the energy dissipated per second, iee*G or iii*R, 
can be calculated and the Q may be written as 

jo^dB 
2G dw 

= ——■ (41) 
2/e do, l 4 1 J 

Kquation (41) gives the general Q for a system whose impedance or admit
tance function is known at a given terminal pair. 
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The various Q's thus far defined correspond to various choices of G 
or R. To find Qu, the loss (and hence the vaiue of G or R) is chosen to 
correspond to the internally dissipated energy. To determine Qr or QL, 
the loss is chosen to correspond, respectively, to the externally dissi
pated energy or to the total dissipation. 

7-10. Iris-coupled, Short-circuited Waveguide.—The iris-coupled, 
short-circuited waveguide is a particularly interesting example of a 
single-line cavity-coupling system, because it can 
be approached from several points of view and 
illustrates many of the features of the preceding par
agraphs. f* ' *1 

In the first place, transmission-line methods may p , a n e 

be used to construct the equivalent circuit. Con- F l G 7.28.—iris-
sider the device of Fig. 7-28. The broken line in coupled short-circuited 
plane A represents a coupling hole or inductive iris w a v e s m 

of inductive susceptance —jb. Assume that only one mode is propagated in 
the waveguide. If the losses in the short-circuiting plate are neglected in 
comparison with those in the waveguide of length I, then the input 
impedance of the short-circuited waveguide (not including the iris) at 
plane A is 

Zs = Z0 tanh (a + j0)l, (42) 

where 0 = 2ir/Xs and a is the attenuation constant. If the waveguide 
is made of a metal that is a good conductor, so that a is small, and if the 
length I is not excessive, the Q will be large, al ~ tanh al, and from Eq. (42) 

„ „ al + j tun pi . . 
1 + j(al) tan 131 

Near resonance, Eq. (43) is further simplified, since at resonance 

7 „ !^» 
1 ~ 2 

where n = 1, 2, ■ ■ • . Thus 01 ~ w, and |tan /?] « 1. Since al « 1 
also, 

Z, ~ Zo(al+jta,n0l). (44) 

This may be written in another form by considering tan 01 near resonance, 

/ AX„\ tan 01 « tan ( w - w ^ ) = - * - ^ « *| - • 5, (45) 

where u0 is the frequency at which tan 01 = 0 and S = w — u0- Sub
stitution of Eq. (45) into Eq. (44) yields 

Z . » Z . ( a I + i ^ o « ) . (46) 

This expression is seen to be of the same form as the input impedance of 
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a series flLC-circuit for which 

« fi + J2L5 

near resonance. Here 5 = a> — uo, and &J§ = 1/LC. 
identify the terms in Eq. (46) as 

R = Z0(al), | 
j = ZQ X | _7T_ > 

2 X2 ' o>0' ] 
The iris appears in shunt with this circuit so that the complete equivalent 
circuit of the cavity-coupling system at plane A is that shown in Fig. 
7-29. The iris susceptance is — jb = —j/w£. 

(47) 

We can, therefore, 

(48) 

F I G . 7-29.—Equivalent circuit of an iris-
coupled short-circuited waveguide near reso
nance. Terminals are at the plane of the 

,*£2 

I—^TToTP1—ONV—* 
£ L 

F I G . 7-30.—Equivalent series circuit for 
an iris-coupled short-circuited waveguide 
cavity. 

If the waveguide of Fig. 7-28 is terminated in its characteristic imped
ance to the left of plane A, the impedance Z0 appears across the terminals 
of the equivalent circuit in Fig. 7-29. The loaded Q under these condi
tions may be calculated. The series impedance of the parallel £, Z0 com
bination is jw£Zo/(Z0 + >)£)• For a high-Q system o>£ « Z0, and this 
series impedance is ju£ + aj2£2/Z0. The complete series circuit is that 
of Fig. 7-30. The radiation Q is 

uoL + wo£ 
Qr = "g£2 

Z0 

Yl 2 X2 (49) 

fo r£ «L, f romEq. (48). 
The loaded Q is given by 

1 
^ £ 2 

Z 0 
+ R 

wo£ + woL 
q>2£2

 | R 

'50) 

6 2 7T X] + T X2 
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The unloaded Q is 

n - T M 
W" 2(al) X2' 

since coaL/R is the unloaded Q of the circuit when the terminals ofF :g. 
7-29 are short-circuited. 

I t is seen by examination of Fig. 7-29 that resonance occurs for fre
quencies somewhat less than o>0, corresponding to n\g > 21, or cavity 
lengths somewhat shorter than nX„/2. This is also seen by examining 
the total admittance at plane A which is 

YT = _ ■ b_ , 1 _ _ 
Y0

 J Ya al+ j tan 81 
_ al _ . b _ . tan 81 . . 
" (air + tan2 01 J Y0

 J (a?)2 + tan2 81 { ' 

In the high-Q case [tan 01 \ » al. Thus Eq. (51) becomes 

F0 tan2 pi J F0
 J tan 01 K ' 

At resonance, YT/YQ is pure real. This occurs for negative cot 81, or I 
slightly less than n\g/2. We see that the input conductance at resonance 
is 

For a cavity one-half wavelength long, in copper waveguide of dimen
sions 1- by i-in. by 0.050-in. wall, at X = 3.2 cm, al ~ 4 (10)~4, so that 
an iris susceptance of b/Y0 = 50 is required for critical coupling (that is, 
for YT/YO = 1 at resonance). 

We have seen in Sec. 7-9 that the Q of a circuit is given by 
Q = (l/2G)oi(dB/du), where B is the total susceptance at the reference 
plane and G the conductance. Now, 

&B = dB_3\=_2wcdB___2vcd\s SB 
do) d\ dw w dX oj <9X d\ 

Since X/X„ = \/l -(X/X„)2 and d\g/d\ = XjJ/X3, then 

aB = _ 2TC xi ae = _ x] as 
" <3&> W x3 ax„ x2" ax„" 

Since 8 = 2TT/\„ and 60/d\„ = -2ir/X2, then 

d B o X»dB 
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From Eq. (52), 

Near resonance, 
and (54), 

M - _ 

g & _ Ya 
tan fll 

f - - | + Y0l(l + cot^Z). 

cot2 (31 « b 2 / T 2 » 1 and I ~ X„/2; and from Eqs. 

(55) 

(55) 

(56) 

since fc/To » 1. ' 
For the radiation Q the shunt conductance is F0, and so 

Qr 
TTXJ 
2X2 ay (57) 

This is seen to be identical with Eq. (49). For the unloaded Q, the shunt 
conductance is Y0(al) (b/Y0)2, and 

2(<W) X2' Qu (58) 

nr"* , ( 1 1 

^ 

which is seen to agree with Eq. (50). 

CAVITY-COUPLING SYSTEMS 
WITH TWO EMERGENT TRANSMISSION LINES 

As in the treatment of the single-line cavity-coupling system it is 
convenient to consider the general representation theory that has been 

derived for lossless ra-mesh net
works and to show the equivalence 
of this representation to that de
rived from field theory. 

7-11. General Representation 
of Lossless Two-terminal-pair 
Networks.—It is not difficult to 
extend the reactance theorem to 
two-terminal-pair networks of n 
m e s h e s . 1 I t will suffice here 
merely to state the result that 
such a two-terminal pair can be 
represented as a series combina
tion of T-sections or a parallel 
combination of IT-sections. The 

T-section representation is shown in Fig. 7 3 1 , where each Za, Zb, Zc may 
1 E . A. Guillemin, Communication Networks, Vol. II , Wiley New York, 1935> 

Chap. 5, p. 216. 

~jr*v 
7m> 

V A ' 
(2) 

F I G . 7-31.—T-section representation of two-
terminal-pair 7i-mesh lossless network. 
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F I G . 7-32.—T-section representation of 
two-terminal-pair lossless network near a 
particular resonance. 

be an inductance, a capacitance, or a parallel LC-element. The ideal 
transformers are necessary to ensure the physical realizability of the 
elements. I t is not necessary that 
the self- and transfer impedances 
of the component T-sections have 
coincident poles. 

At frequencies near a particu
lar resonant frequency the repre
sentation of Fig. 7-31 simplifies to 
that of Fig. 7-32, where the ele
ments Xa, Xb, Xc represent the 
contributions from all other poles 
at frequencies near the chosen res
onant frequency. They are representable as inductances or capacitances 
near the resonant frequency in question. The elements Za, Zb, Zc consist 

of L, C, or parallel LC-combina-
tions. 

The reactance Xc represents the 
contributions of the other reso
nances to the transfer impedance. 
This is essentially the direct mutual 
impedance of the two coupling sys
tems and is almost always negligi
ble; that is, only near resonance 
does the cavity transmit any ap

preciable power. In the following sections, Xc will be neglected. 
Consider the special case where 

Xa and Xb are inductances, the 
ideal transformer has a ratio of 
one to one, Xc = 0, and Za, Zb and 
Zc are parallel-resonant elements 
at the frequency uo- This situa
tion is shown in Fig. 7-33, 
where 

(1) (2) 
F I G . 7-33.—A special T-representation 

of a two-terminal-pair lossless network near 
resonant frequency OJO. 

L , + L' C L2+Z." L , + L k 

* i 

F I G . 7-34.—Network equivalent of Fig. 7 33 
near the resonant frequency wo — y/\/LC. 

1 
£ i 6 i 

1 
£ 2 e 2 

l 

£ 3 e 3 

The self- and transfer impedances of this network are 

jcofc (JBi + £s) _ JM'(JBI + JBi) , . , 
Z n = JOlLo H 5 5 ~ 5 » h JU^a, 

o>o — o r UQ — or 

jvfa (JB, + £ 3 ) „ ja»'(jB, + £ 3 ) , . j 

C05 — o r Wo — °> 
_ ja>lo>£3 _ . , 

^ 1 2 — - 5 2 ~ 3U A ' 3 , 

(59) 



236 RESONANT CAVITIES [SEC. 711 

These expressions are of the same form as those for the network of Fig. 
7-34. For this network, 

jusL-

(60) 

Zn 

Z22 

7 

= 

= 

jdlLa + 

juLb + 

jw3LiL2 

L 

" 0 

L 
- a/2 

L 

where cog = 1/LC, and L' + L" = L. The equivalence is established by 
identifying 

-£ = £1 + £3, 
/ 2 
zi? 
L 

L1/-1 
L 

£2 + £.„ 

£3. 

(61) 

jj-^ffffiT1-
C 

He-

The network of Fig. 7-34 is easily put into a convenient form by repre
senting each T-section as a combina
tion of a length of transmission line, 
an ideal transformer, and a series in
ductance. By this representation, 
it is transformed to the network of 
Fig. 7-35. The equivalence is es
tablished by the equations 

1 n1 n2 1 
F I G . 7-35.—Network equivalent of Figs. 

7-33 and 7-34 near resonance. 

and 

jta(Li + La) = —jZo cot fiih — jniZo csc /3^i, 
jw(Li + L') = ju£' - jn\Za cot /3iZi — jnLZ0 csc /S^, 

—juLr = jniZo csc /3iZi, 

jto(7>2 + /-&) = — jZ0 cot /32?2 — jn2Z0 csc /32Z2, 
ju(Z/2 + L") = >>£" — jn?Z0 cot /32?2 — in2Z0 csc /32/2, 

—jwLz = jn2Z0 csc 02l2, 
where £ ' + £ " = £. 

The solutions for £ ' and £ " are, 

£ " = Z," - n\Lb. 

(62) 

(63) 

(64) 

In all practical cases, L' ^> n\La and L" » n\L\,\ therefore £ ~ L, and 
the series circuit of Fig. 7-35 resonates at nearly the same frequency as 
that of Fig. 7-33 or that of Fig. 734. 
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M, 
o-
(1) 

It is clear from Fig. 7-35 that if the lines h and h are chosen to be 
identical with the physical lines connected to the cavity, new terminals 
may be chosen in the physical lines such that the cavity-coupling system 
is simply a series LC-circuit coupled by ideal transformers at the input 
and output terminals. 

The transformation of various other forms of Fig. 732 to the form of 
Fig. 735 will not be treated in detail. This transformation can be 
performed in all cases for which Xc = 0. 

7-12. Introduction of Loss.—Just as in the case 
of the single line or single terminal pair, it is possible 
to treat the small-loss approximation, in which loss 
is introduced into each mesh of a purely reactive 
network. I t is clear that the general representation 
of such a network is of the form of Fig. 7 31 with 
resistive elements added to each Za, Zb, and Z„. 
Near a particular resonance this reduces to the form 
of Fig. 7-33 and finally to that of Fig. 735, where a 
resistive element now appears in the resonant mesh. 
This can be verified by a straightforward analysis following that shown 
for the single-terminal-pair network. 

7-13. Representation of a Cavity with Two Loop-coupled Lines.—The 
loop-coupled cavity, like the single-line cavity-coupling system discussed 
previously, can be treated rather exactly by field methods. A simple 
extension of the single-loop case of Fig. 7-12 shows that Fig. 7-36 is the 

(2) 
o— 

L , 5 2 S 

M2 

F I G . 7-36.—Cavity 
with two loop-coupled 
lines near too1 = 1/LC. 

L1 + M1 i ' + Afj L"+M2 L2+Mz 

Fia. 7-37.—Circuit equivalent to Fig. 7-36 near am2 = 1/LC. 

equivalent circuit of a cavity with two loop-coupled lines at frequencies 
near w§ = l/LC. No direct coupling between the loops L\ and L2 is 
assumed. The circuit of Fig. 7-36 is easily transformed to that of Fig. 
7-37 near the resonance co§ = 1/LC, where L = L' + L". This in turn 
can be transformed to the form of Fig. 7-35 (including series resistance R), 
where as before £ = L. 

7-14. Transmission through a Two-line Cavity-coupling System.— 
Let us consider a transmission system that includes a two-line cavity. 
Let us suppose the terminals to be so chosen as to simplify Fig. 7-35, and 
assume the generator and load impedances to be real and to be given by 
Ra and RL at these terminals. This circuit is shown in Fig. 7-38. Trans-
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forming the load and generator into the resonant mesh results in the cir
cuit of Fig. 7-39. The unloaded Q, which is obtained by putting 

KG — RL — v), 

is Qu = o>aL/R. The loaded Q is 

R + n\Ra + n\RL 
from which 

The input -and output-coupling parameters are defined, respectively, as 

« - n\Z° 

_ nlZo 
32 - " f l 

i t is customary to define the transmission through the cavity in terms 
of a matched generator and load (i.e., Ra = RL = Z0). Under these 

1 ni *21 T _ 
F I G . 7-38.—Equivalent circuit of a F I G . 7-39.—Alternative form for the circuit 

two-line cavity-coupling system at par- of Fig. 7*38. 
ticular reference planes. The generator 
and load impedances RQ and RL are real 
at these planes. 

conditions, the impedance of the mesh of Fig. 7-39 is 

z-flfa + ^ + ^ + j e . ^ - ^ ) } 
and the power into the load impedance is 

PL = nJZ0|7|» = 0,H|J|* 
E* 
6o 

(i + /si + p*y + Q (ii _ f̂ ? i 

The available power from the generator line is xE2/Z0 = Po. 
The transmission-loss function T(u) is defined as PL/PO, or 

r(«) = *™* cv (65) 
(i + * + ^)2 + QM- - ^ ) 
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At resonance the transmission loss is 

Dividing Eq. (65) by Eq. (66) has the result 

T(«) 
1 + Ql(--^Y 

or, putting u = OJ0 4- (A&)/2), 

r („) = — r ( " ° } .,- (67) 
i + Qi fey 

It is noted that T(u) = £!T(&)i>) (i.e., half-power points of transmission 
occur) for Aai/a>o = I/QL. The quantity Ato is frequently called the 
"bandwidth" of the cavity at the resonant frequency &>0. 



CHAPTER 8 

RADIAL TRANSMISSION LINES 

B Y N. MARCUVITZ 

8-1. The Equivalent-circuit Point of View.—The description of the 
electromagnetic fields within a region of space enclosed by conducting 
walls may be made in either of two ways. On the one hand, the given 
region may be considered as a whole and its electromagnetic behavior 
described by the indication of its resonant properties and field behavior 
as a function of frequency. In this "cav i ty" method of description, the 
problem of determination of the fields within the region under considera
tion is treated as an individual one, and no effort is made to apply the 
results of its solution to other similar problems. On the other hand, 
if the given region possesses a certain regularity of geometrical structure 
in some direction—the direction of energy transmission—an alternative, 
equally rigorous and more systematic treatment is possible. The given 
region is regarded as a composite structure whose constituent subregions 
are of two principal types. The fields in each of these subregions can 
be described as a superposition of an infinite number of wave types or 
modes characteristic of the cross-sectional shape of the subregion. In 
the frequency range of interest it is found that in one type of subregion— 
the transmission-line region—only a single dominant mode is necessary 
to characterize completely the field behavior whereas in the other type 
of subregion—the discontinuity region—the entire infinite set of modes 
is necessary for the field description. The resulting complication in the 
description of the discontinuity regions is not serious because as a conse
quence of the rapid damping out of the higher modes the discontinuity 
structure may be regarded as effectively lumped as far as all modes but 
the dominant one are concerned. I t is usually necessary, therefore, to 
indicate only the dominant-mode discontinuity effects that are intro
duced by such regions. The justification for such a simple procedure 
lies in the fact that it is the dominant mode which determines the energy 
transmission and the interaction characteristics of the over-all system. 
Hence, only a knowledge of this mode is of interest. 

The description of a composite structure in terms of transmission 
regions and discontinuity or junction regions can be put into ordinary 
electrical-network form. This is accomplished by the introduction of 
voltage and current as measures of the transverse electric and magnetic 

240 
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fields, respectively, of the dominant mode. As a consequence, the 
field behavior of the dominant mode in each of the constituent trans
mission regions may be represented schematically by the voltage and 
current behavior on a corresponding transmission line. The dominant-
mode discontinuity effects introduced by the junction regions are given 
by specification of the relations between the voltages and currents at 
the terminals of each junction. Such relations may be schematically 
represented by means of an equivalent circuit. In this manner it is seen 
that the energy-transmission characteristics of the original region are 
described by the electrical characteristics of a system of distributed 
transmission lines interconnected by lumped circuits. A knowledge of 
the propagation constant and characteristic impedance of each trans
mission line as well as the values of the lumped circuit parameters thus 
suffices to give a complete description of the electromagnetic properties 
of interest for the over-all system. In contradistinction to the cavity 
description, it is to be noted that the results of many comparatively 
simple transmission-line and junction problems are combined to give 
this composite description. 

8-2. Differences between Uniform and Nonuniform Regions.—The 
circuit point of view for electromagnetic problems has been only 
sketched, since it has been amply discussed elsewhere in this book for 
uniform waveguide structures. Its application is not limited to uniform 
structures, which are characterized almost everywhere by uniformity 
of cross sections transverse to the direction of energy transmission. 
The same point of view may be applied as well to certain nonuniform 
structures that possess almost everywhere a type of symmetry in which 
cross sections transverse to the transmission direction are geometrically 
similar to one another rather than identical. Several examples of 
structures of this sort are illustrated in Fig. 8-1. 

The loaded cavity in Fig. 8-la is an example of a structure containing 
two nonuniform transmission regions, from 0 to r and from r to R, 
separated by the junction region at r. The cross sections of the trans
mission regions are cylindrical surfaces of differing radii. The tapered 
waveguide section in Fig. 8Tb is a structure composed of two uniform 
transmission regions separated by a nonuniform transmission region 
from r to R with junction regions at r and R. In the nonuniform region 
the cross sections perpendicular to. the direction of energy flow are seg
ments of cylindrical surfaces of variable radii. In Fig. 8Tc is repre
sented a spherical cavity containing a dielectric and composed of two 
nonuniform transmission regions from 0 to r and from r to R. The 
cross" sections in each of these regions are spherical surfaces. In Fig. 
8Td is represented a conical antenna that is composed of nonuniform 
transmission regions from r to R and R to °o with junction regions at 
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• // / i / r. 
' 

•rtrr-t i • 
■ 

V l t l I / I I \ 1/ J / / 1 > > A 
R r 0 r R 

(a) Cylindrical cavity 

> > > >ij-£Z^ \ 

> l i i l / fi > i i i i t> > > > > ri 

0 r R 

(b) Tapered waveguide 

(c) Dielectric in spherical cavity 

0 

(d) Conical antenna 

i t t > t > i / > > > r > ? 

\! ////>/ />>//>! 

x^r' , —V 

(e) Tapered coaxial line 

Fla. 8-1.—Structures containing nonuniform transmission lines. 
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r and R. Figure 8 1 P represents a tapered section that is the coaxial-line 
analogue of the waveguide taper in Fig. 8-lb. The cross sections in 
the nonuniform transmission regions represented in Fig. 8-lc and d 
are either complete spherical surfaces or segments thereof. 

The subject matter of this chapter will be devoted principally to 
the description of the electromagnetic fields that can exist within the 
nonuniform transmission regions represented in Fig. 8-la and b. This 
field description will be carried through from an impedance point of view 
in close analogy with the corresponding description of uniform trans
mission regions, which for the sake of the analogy will also be briefly 
treated. The impedance point of view stems from the existence of 
traveling and standing waves that characterize the field behavior in 
the transmission regions. The nature of these characteristic waves 
may be found by investigation of solutions to the field equations or, 
better, the wave equation, in a coordinate system appropriate to the 
geometry of the transmission region in question. 

For example, in a rectangular xyz coordinate system the wave equa
tion determining the steady-state behavior of a typical field component 
may be written in the form 

where, as is customary, the complex amplitude u of the field variable is 
assumed to have a time dependence exp (jut) with o = kc denoting the 
complex angular frequency and c the speed of wave propagation. Let 
the z-axis be chosen as the direction of energy transmission. In the 
associated uniform transmission system the cross-sectional surfaces are 
parallel to the x?/-plane and identical with one another. Characteristic 
modes or field patterns exist for each of which the operator shown within 
parentheses in Eq. (1) is the square of a constant K called the mode 
propagation constant or wave number (cf. Chap. 2). For such modes 
the wave equation may be rewritten as a one-dimensional transmission-
line equation, 

£ + «H» = 0, (2) 
which determines the variation of the mode amplitude along the trans
mission system. The two independent mathematical solutions to this 
equation may be expressed as 

cos KZ, sin KZ 

and interpreted physically as standing waves; or alternatively, they may 
be written in exponential form as 

p+j'« g—7« 
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and interpreted as traveling waves (cf. Chap. 3). Since either set of 
solutions suffices to specify completely the propagation in the g-direetion, 
the impedance description of uniform transmission lines must be expressed 
in terms of these trigonometric functions. 

Similarly, in a cylindrical r<t>z coordinate system the wave equation 
determining the complex amplitude u of one of the field components 
may be written as 

; » ( - £ ) + (!>£ + £ + * • ) • - * <3> 
In contradistinction to the rectangular case, every cylindrical field 
component does not obey the same wave equation [Eq. (3)]; however, 
only this equation will be considered for the moment. Let the direction 
of energy transmission be chosen along the r-coordinate. In a trans
mission system of this type the cross sections, which are 4>z cylindrical 
surfaces, are no longer uniform but only similar. Examples of such 
nonuniform transmission regions are shown in Fig. 8-la and b. Charac
teristic modes still exist for such regions, but the operator within paren
theses in Eq. (3) associated with each of the modes is a constant only 
over the cross-sectional surfaces and varies along the direction of prop
agation. The functional dependence of the mode constant on r has 
been given in Sec. 2-13. Substitution of this result into the wave equa
tion leads to the one-dimensional radial-transmission-line equation 

; * ( ' ? ) + (■■-?)■-»■ - - * • ■ » • • • ■ . w 
which determines the variation of the with mode amplitude along the 
direction of energy propagation. As before, two independent mathe
matical solutions to this equation exist; these are the Bessel and Neu
mann functions of order m (Bessel functions of first and second kind, 
respectively) 

and, in analogy with the trigonometric functions encountered in the 
rectangular geometry, may be interpreted physically as standing waves. 
Alternatively a set of solutions may be written in terms of the two types 
of mth-order Hankel functions (Bessel functions of the third kind) 

ff«'(«r), #<?(«■), 
and these similarly may be interpreted as ingoing and outgoing travel
ing waves. Since the impedance description of radial transmission 
lines must necessarily be based on these wave solutions, it is desirable to 
list a few properties of the cylinder functions. These properties bear 
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a strong resemblance to those of the trigonometric functions. For 
example, the relation, or rather identity, among the three different 
kinds of Bessel functions, 

H§(x) = J„(x) ± jNm{x), (5) 

is analogous to the exponential and trigonometric relation 

e±ji = c o s x ± j sin x. 

The resemblance is particularly close in the range x » m as can be 
inferred from the asymptotic identity of Eqs. (2) and (4) in this range. 
In fact for x » m there obtains the asymptotic relation 

0> 2 
X TTX 

or, equivalently, 

. / 2m+l \ 

>v——v = (Ti)" 

2m + 

<-l) 

T , , / 2 / 2w + l \ 
J-(X) « ^ ~ COS ^X j 7T j , 

^(x) ~ V ^ s i n (x - 2 w L 4 ± i v 

(6a) 

(6b) 

Physically these approximations imply that at large distances traveling 
radial waves are identical with traveling plane waves save for the decrease 
in amplitude of radial waves along the direction of propagation. This 

Bessel functions Trigonometric functions 
FIG. 8-2.—Comparison of zero-order Besael functions and trigonometric functions. 

decrease is to be expected from the spreading of radial (cylindrical) 
waves as they propagate, in contrast to the nonspreading of the constant-
amplitude plane waves. The variable amplitude as well as the quasi 
periodicity of the Bessel functions is perhaps best illustrated in the 
graphical comparison in Fig. 8-2 where the zero-order Bessel functions 
are compared with the corresponding trigonometric functions. The 
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similarity of Bessel functions to trigonometric functions and their 
interpretation as traveling and standing waves are emphasized by 
writing them in the polar form 

(1) + '( rairX 

or, equivalently, 

Jm(x) = hm COS ( Vm H~ ) ' 

from which it follows that 

hm(x) = y/Jl{x) + NUx), 

Nm{x) = hm sin (i?m = " )> 

for x » 1, 

(7a) 

(76) 

Vm(x) mir Nm(x) - s - + tan 1 ) !, 2 Jm(x) 

hm(x) ~ J : 

Vm(x) ~ 

2 
— y trx 

for x » 1. 

The amplitude h(x) and phase 7j(x) of the Hankel functions of orders 
zero and one are shown graphically in Fig. 8-3 and are tabulated in 

F I G . 8-3.—The amplitude and phase of the Hankel function of order zero and one. 

Table 8-1. The values of the Bessel functions Jo(x) and Ji(x) are also 
included in this table.1 

Since in a radial transmission line the point r = 0 is a singular 
point, it is not to be expected that the asymptotic small-argument 
approximations (for x <K m,m ^ 1), 

(m - 1)!. 

.M - 1 - (|)' 

JUx) 

J 

Nn(x) » -
n 

N0(x) « - - In —, x ' ir yx 

'itf for m ^ 1, 

m = 0, 
(8) 

y = 1.781 
are closely related to those of the trigonometric functions, although there 
is a qualitative resemblance. The corresponding small-argument rela-

1 Cf. the tables in G. N. Watson, Theory of Besael Functions, Cambridge, London, 
1944. 
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where the prime denotes the derivative with respect to the argument. 
Equations (9) are also quite similar to the corresponding trigonometric 
relations 

d -=- cos x = — sm x, ax 
d . 

-r- sm x = cos x, dx 
d . . d cos x -r- sm x — sm x - j - cos x = dx dx 1, 

particularly for large arguments where the xm and x~m factors of Eqs. (9) 
may be omitted in first approximation. 

With this brief discussion of the characteristic waves in uniform and 
radial transmission lines it is now desirable to turn to the impedance 
description of such transmission systems. An impedance description 
exists for every characteristic mode. In the following however, this 
will be carried out only for the lowest or dominant mode, since this mode 
is usually the most important for practical applications. The treatment 
of any other mode in terms of impedances is carried through in an exactly 
similar manner. As a preliminary to the impedance description of 
nonuniform radial transmission systems, that of the uniform line will 
be reviewed briefly (cf. Chap. 3). The corresponding treatment of radial 
lines is developed in close analogy thereto. 

8-3. Impedance Description of Uniform Lines.—In Chaps. 2 and 3 the 
electromagnetic field within nondissipative uniform transmission sys
tems, such as linear waveguides, was described in terms of a superposi
tion of characteristic modes. The introduction of a voltage V and a 
current I as measures of the transverse electric field E, and magnetic 
field H ( associated with the dominant mode was made quantitative by 
the definitions 

E,(xl2/,2) = V(z)*(x,y), 
H,(x,2/,z) = 7(z)C X • ( ! , ! / ) , 

with C a unit vector in the direction of propagation z, and 4» a transverse 
vector function characteristic of the mode. In the steady state, the 
voltage and current were shown to satisfy the transmission-line equations 

dV i7 J 
Tz = ~ JKZO1' 

dz ^ l B i > ' 

^ = - y, 

where K was defined as the propagation constant and F0 = l / 2 0 as the 
characteristic admittance of the dominant-mode transmission line. A 
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section of line is represented schematically in Fig. 8-4 which also shows 
the positive directions of V and I. The constant K is expressed in terms 
of the angular frequency o> and cutoff wave number kc of the dominant 
mode by 

©*-«- ik2 - k2
c. (11) 

Since both the voltage and current satisfy equations similar to Eq. (4), 
solutions to Eq. (10) can be written in terms of standing waves as 

V(z) = A cos K.Z + B sin KZ, | 
jZoI(z) = A sin Kz - B cos KZ. j (12^ 

The application of the boundary conditions that the voltage and current 
at z = ?o are V(z0) and I(z0) leads to 

Viz) = y(z0) cos K{Z0 - z) + jZ0I(z0) sin K (Z0 - z), | 
I(z) = 7(z„) cos K(Z0 - z) + jY0V(z0) sin «(z„ - z) ) ^13) 

as the complete solution for the behavior of the dominant mode. Since 
many of the quantities of physical interest depend only on the ratio of 

i :—rr 
■ Z o | I *- Z 

V(2) j I V(z0) 
I I 
1 1 
z z 0 

F I G . 8-4.—Section of a uniform transmission line showing positive directions of I and V. 

the voltage to the current, it is expedient to define relative admittances 
in the positive direction by 

Y'(Z) -LM^-XM, a n d Y'(Z \ - 1 7(2») - Y^ M ^ Y {z) - Y0 v(z) - y„' and Y (Zo) - F„ vW) ~ TT' (14) 

and by division to convert the solution, Eqs. (13), into th'e fundamental 
admittance relation 

^ J ^ o t ^ z o ^ . 
cot K(Z0 - z) + jY'(zo) v ' 

Equation (15) may be employed for admittance calculations in either of 
two ways: analytically with the aid of cotangent tables or graphically 
with the aid of transmission-line charts (cf. Sec. 3-6). 

An alternative solution to Eqs. (10) may be given on a traveling-wave 
basis as 
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V(z) = Ctr"> + Z>e+'-", I , . 
ZJ{z) = Ce-'" - De+'", J U ; 

where C and D represent the complex amplitudes of the incident and 
reflected voltage waves at z = 0. Again it is desirable to introduce a 
ratio, in this case the ratio of the amplitudes of the reflected and incident 
voltage waves at any point z (or z<>). This quantity is called the reflection 
coefficient 

T(z) = ^ e>2" or r(z0) = ~ e'2"K 

By the elimination of D/C there is obtained the fundamental trans
mission-line relation 

r(z) = r(zo)e'"2'<-*°>. (17) 

From Eq. (16) it is seen that the relation between the reflection coef
ficient and relative admittance at any point z is 

r^ = rr-ro- (18) 

Equations (17) and (18) provide a method alternative to that of Eq. (15) 
of relating admittances at two different points on a transmission line. 

With this brief review of the description of the uniform transmission 
regions of an electromagnetic system, it is now appropriate to turn to 
the treatment of the discontinuity regions. A discontinuity region is 
described by indication of the relations between the voltages and currents 
at the transmission lines connected to its terminals. For the case of 
two such terminal lines, distinguished by subscripts 1 and 2, the voltage-
current relations are linear and of the form 

/ i = YixVx + F1 2F2 , } , 
I , = YuVx + F 2 2 7 2 . J U y ; 

The positive directions of voltage and current are chosen as in the equiva-
j j lent circuit of Fig.- 8-5 which is a 

— schematic representation of Eqs. 

1 (19). Since the principal interest 
in this chapter is in transmission 

y ^ - i i - i 2 -22 -iz^ y systems, the discussion of the prop
erties of the circuit parameters F u , 

o Fi2, F2 2 will be omitted. I t is as-
Fio. 8-5.—Equivalent circuit of a diacon- sumed that these parameters are 

known either from theoretical com
putations or from experimental measurements on the discontinuity. 

In connection with circuit descriptions of discontinuities, it is useful 
to observe that equivalent-circuit descriptions exist for transmission 

O — — — f — - W \ A r 
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regions as well. This may be seen by rewriting Eqs. (13) as 
r*„-ii 1 

(20) 
I(z) = —JYo cot K(Z0 - z)V(z) - jY0 csc K(Z0 — z)[-V{z0)], 

I(z0) = — jY0 csc K(Z0 — z)V(z) — jY0 cot K(Z0 — z)[—V{z0)], 

where — V(za) is chosen as the positive voltage at Zo in accord with the 
sign convention of Eqs. (19). Comparison of Eqs. (19) and (20) then 
shows that the equivalent-circuit parameters of a length (z0 — z) of 
transmission line are 

I'll = F2 2 = —jYo cot K(Z0 — z), 
Yn = -jY0 csc (c(z0 - z), , . 

F „ - Yn = Y22 - Y12 = -jY0 tan K ( Z ° ~ Z) ■ 

In addition to the knowledge of the relation between the admittances 
at two different points of a transmission line, that of the frequency 
derivative of the relative admittance is important. This relation may 
be obtained simply for a uniform line by forming first the differential 
of the logarithm of Eqs. (17) and (18) as 

and 
AT(z) _ 2AF'(z) 
T(z) 1 + \jY'{z)Y {Z2b) 

Equation (22a) states that on a change in frequency the resulting relative 
change in the input reflection coefficient of a nondissipative uniform line 
differs from that of the output reflection coefficient only by a phase change 
of value twice the change in the electrical length of the line. Rewriting 
Eq. (22a) in terms of admittance with the aid of Eq. (226), one finds that 

dY'jz) dY'(z0) 
K r\ K ~—w— 

nFTTFW = JK(ZO ~z) + 1 + UT'(zo)]2'' (23a) 

and the desired relation is finally obtained by observing from Eq. (11) 
that 

CLK M0!M0'-< 
and therefore Eq. (23a) may be rewritten as 

dY'jz) dY'(za) 
dlnu - A Y 1 \ 1 rflnu ,__,. 

= J \ - K(«O - z) + , , ,-vl, ,w (23b) 1 + [jY'(zW J \KJ " V ' ° *> T 1 + [jY'(z0)Y 

T.t should be emphasized that Eq. (23b) determines the frequency deiivu 
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tive of the relative admittance. If the characteristic admittance F0 varies 
with frequency, the following relation should be employed to distinguish 
between the frequency derivatives of the admittance Yiz) and relative 
admittance Y'(z) 

dY{z) _ dY'{z) , v,,_, dY0 

d In . d In i 
Y'(z) d In i 

(24) 

8-4. Field Representation by Characteristic Modes.—In the following 
sections the electromagnetic fields within radial transmission regions1 of 
cylindrical shape will be described on an impedance—transmission-line 
basis in a manner similar to that employed in the preceding sections. A 

Ezzzzar ' V " \ " \ 
I 

Yflti A VfthfV 

= 0 
Top view Side view 

FIG. 8-6.—Coordinates for the cylindrical region between two disks. 

typical example of a radial transmission system is the cylindrical region 
between two annular disks as shown in Fig. 8 6 . The discussion starts 
from a transmission-line form of the fundamental Maxwell equations and 
proceeds to a characteristic-mode representation of the fields and thence 
to a detailed treatment of the impedance (or admittance) properties of 
several of the lowest modes. As indicated in Fig. 8-6, an r<t>z polar 
coordinate system is most suitable for the description of the field. In 
this coordinate system the electric field E and magnetic field H are given 
implicitly, for the steady state of angular frequency u, by 

ldEz 

r d<j> 
dET 

dz 
1 d(.rEJ 
r dr 

dE* 
dz 

dEZ 

dr 
1 dEr 

r d<f> 

-jwpHr, 

-jwpHz, 

ldHj 
r d<i> 

dHT 

dH$ 
~dY = J"<Er, 
dHz . 

-z- — —z-~ =■= Jcoetij,, dz dr 
1 9{rH<,) 1 dHr . „ 
r dr r d<j> 

(25) 

These equations may be converted to a form that emphasizes the radial 
transmission character of a cylindrical region by eliminating the com-

1 C/S. A. Shelkunoff, Electromagnetic Waves, Van Nostrand, New York, 1943; Ramo 
and Whinnery, Fields and Waves in Modern Radio, Wiley, New York, 1944. 
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ponen t s of E a n d H in t he di rect ion of p ropaga t ion r. T h e resul t ing 
t ransmission-l ine equa t ions for t he remain ing t r ansverse c o m p o n e n t s 
t h e n become 

J. d_ 
r dr 

dE, 
~dr 

(rE,) 

-M 

a n d 

dr 
= -jkr, 

1 dirH*) 
dr = -jkv 

-H 4- 1 (l - ^ - d*H*\ 
* + k2 \rd<t>dz dz2 / 

If + 1 f l 3 ! ^ _ 1 d2H*X 
2 + k2\r2 d<p~2 rdcbdz) 

0 

(26a) 

E„ + 
1 d2E. 
k 

E,+ 

1 d*Ez 

k2\r 

dz2 r 30 dz 
d2E* 1 d*E> 

d</>2 k2 \r d<p dz )} 
(26b) 

where k = ui\/iie a n d f = l/?7 = \ / M A is t he intr insic impedance of t h e 
medium. I t is ev ident from the first of E q s . (25) t h a t t he knowledge 
of t he t r ansverse field componen t s suffices t o de te rmine t he radial com
p o n e n t s ; t h e l a t t e r will therefore no t be considered in w h a t follows. 

Since t h e b o u n d a r y condi t ions on the pe r iphery of t he cross-sectional 
^ - s u r f a c e s of t h e t ransmiss ion region are known, t he t r ansverse behav io r 
of t h e field can be found. Th i s immed ia t e ly suggests t he possibi l i ty of 
finding a transverse-field represen ta t ion , in t e r m s of charac ter i s t ic modes , 
t h a t replaces t h e t r ansve r se der iva t ives in E q s . (26) b y k n o w n expres
sions. T h e v i r tue of th i s p rocedure is t h a t t he field problem is t h e r e b y 
reduced to a one-dimensional t ransmiss ion- l ine problem. F o r t he case 
of uniform regions, t h e app rop r i a t e field represen ta t ion is expressed in 
t e rms of t r ansverse vec tor modes of t w o t y p e s : t he £ - m o d e s der ivable 
from a single componen t of E in t he direct ion of p ropaga t ion a n d t h e 
/ / - m o d e s der ivable from a single componen t of H in t he di rect ion of 
p ropaga t ion . For radial t ransmiss ion regions, on t he o ther h a n d , no 
similar vec tor decomposi t ion in to E- a n d / / - m o d e s exists. A scalar m o d e 
represen ta t ion does however exist, a n d in fact it is re la ted to t h a t employed 
in Sec. 2-13 for uni form lines. T h e represen ta t ion appl icable t o a radial 
t ransmiss ion region of he ight b (Fig. 8-6) consists, for the case in which 
//.. vanishes , of a superposi t ion of £ - t y p e modes 

Ez 
t„V, nir 
—■;— cos -r- z cos ma 

o b 
nir 

sin - j - z sin md>. 
b (27 a) * - - £ ' ( " X T ) 

ind.for t he case in which E, vanishes , of a superposit ion of / / - t y p e modes 

nir 
cos -r- z cos m<t>, 
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Hz 
trJ'i . nir . —~- sin -r- z sin m4>, 

* = !*&" \f)\b) C°S T Z C0S m*' (27b) 

y ; ' . rnr . 
E$ = £m =-=- s i n -=- z s i n m<t>, Zirr b 

together with the corresponding modes of opposite (^-polarization. In the 
above, 

I = (m,n), f = 1, for n = 0, 
TO = 0, 1, 2, ■ • • , e" | = 2, for n ^ 1, 

0, 1, 2 • • • , K
2 = fc2 (?)" 

The mode amplitudes Vi and /;, called the mode voltage and current. 
respectively, are functions only of r and have been so defined that the 
average power flow in the positive r-direction is i Re (VJ*). After 
substitution of the mode forms {21a) or (276) into the Eqs. (26) and 
evaluation of the transverse derivatives therein, there are obtained the 
transmission-line equations 

dF = ~JK YlVl' 
(28a) 

where 

and 
■» - - ( " ) ' - - " ( " ) " - ( " ) " ' » » > 

Z; = ^r = f 1— for the E-type modes, 
11 KKI inrrtn 

7>i = TT = f —j- —r—- for the ff-type modes. (28c) 

The superscript distinguishing the mode type has been omitted, since 
the equations for both mode types are of the same form. A field represen
tation similar to this one can also be given if the region has an angular 
aperture less than 2ir. Such a representation differs from that in Eqs. 
(27) and (28) only in the dependence on 0 and in the value of the ampli
tude normalization required to maintain the power definition. 

If neither Ez nor Hz vanishes, the transverse field may be represented 
as a superposition of the mode fields in Eqs. (27a) and (27b). In this 
case the two types of modes can no longer be distinguished on the basis 
of vector orthogonality as in the uniform line. Nevertheless, the four 
voltage and current amplitudes of the mixed nmth mode satisfy Eqs. (28) 
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and can be determined at any point r from the four scalar components of 
the total transverse field at r. 

As in the corresponding case of the uniform line, Eqs. (28) constitute 
the basis for the designation of Vi and 7; as the mode voltage and current. 
Concomitantly they also provide the basis for the introduction of a 
transmission line of propagation constant KI and characteristic impedance 
Zi to represent the variation of voltage and current along the direction of 
propagation. The transmission line so defined differs from that for a 
uniform region in that both the propagation constant and characteristic 
impedance are variable. This variability of the line parameters nuist be 
taken into account when eliminating I\ from Eqs. (28a) by differentiation , 
in order to obtain the wave equation • j ! 

obeyed by the voltage of an .E-type mode. The current 7" of an 77-typje ) 
mode satisfies the same equation. However both l\ and V" obey more 
complicated wave equations and are best obtained from V[ or 7" respeo i 
tively, by use of Eqs. (28). \ \ 

The waves defined by Eq. (29) have already been treated in Sec. 8-2v * 
There it was shown that outgoing traveling waves were of the form «i -

e v 1 
H^(KT), where K

2 = fc2 - f ^ j • 

In a nondissipative uniform line the exponential waves corresponding j 
to these are classified as propagating or nonpropagating depending on i 
whether the wave amplitudes remain constant or decrease rapidly 
with the distance traveled. The nature of a wave is determined simply j 
from the sign of the square of the corresponding propagation constant; a <i 
positive sign indicates a propagating wave, and a negative sign an attenu-, .^» 
ating wave. For a radial line the situation is somewhat more complex.' 
(1) There is an over-all decrease in amplitude of radial waves due to 
cylindrical spreading, but this decrease will not serve as a basis for distin
guishing the various waves. (2) The square of the propagation constant K 
is really not a constant, as can be seen from Eq. (286). The sign may be 
positive for large r and negative for small r. No difficulty as to classifica
tion arises if K;

2 is either everywhere positive or everywhere negative, for 
this implies that K is either positive real or negative imaginary. Hence 
from Eqs. (6a) the corresponding waves are either propagating or non-
propagating. On the other hand, if nf has a variable sign, there is an 
apparent difficulty that is, however, easily resolvable. Since for this 
case K is necessarily positive and m is equal to or greater than 1, it follows 
from Eq. (6a) that in the range KI- > m (i.e., K- positive) the wave is 
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propagating. Conversely it is seen from Eq. (8) that for ar < m the 
waves damp out as (nr)~m. Thus the propagating or nonpropagating 
nature of a radial wave is determined from the sign of the square of the 
propagation constant KI exactly as in the case of a uniform wave. In 
the case of radial waves it should be noted that the same mode may be 
both propagating and nonpropagating, the propagation being character
istic of the wave behavior at large distances. 

Uniform regions are most suitable as transmission systems if only one 
mode is capable of propagating. This is likewise true for radial regions, 
and therefore the following section will be concerned with the detailed 
discussion of the transmission properties of a radial region in which only 
one E- or / /- type mode is propagating. 

8-5. Impedance Description of a Radial Line.—A typical radial region 
to be considered is that shown in Fig. 8-6. The applicability of a simple 
transmission-line description to such a region is subject to the restrictions 
that only one mode propagate and that no higher-mode interactions exist 
between any geometrical discontinuities in the region. These restrictions 
are not essential and may be taken into account by employing a multiple 
transmission-line description although this will not be done in this 
chapter. The simple transmission-line description for the case of only 
the lowest E-type mode propagating is based on the line equations 

—jkZJ, \ 

-jkY„Y, \ (30) 

J_ = /M ± \ 
Y0 yjt 2-KT I 

obtained by setting m = n = 0 in Eqs. (28). The field structure of this 
mode is circularly symmetric about the z-axis; the electric field has only 
one component parallel to the z-axis; and the magnetic field lines are 
circles concentric with the z-axis. 

The transmission-line description corresponding to the case where 
only the lowest symmetrical / /- type mode can propagate is closely 
related to that for the .E-type mode. The field structure of this mode 
consists, for an infinite guide height b, of a magnetic field with only a 
z-component and a circular electric field concentric with the z-axis. A 
duality thus exists between the E- and //-type modes, since the (negative) 
electric field and the magnetic field of one are replaced, respectively, by 
the magnetic field and electric field of the other. This correspondence or 
duality between the two mode types is an illustration of Babinet's princi
ple discussed in Chap. 2. The point of adducing such a principle is that 
a field situation for one type of mode can be deduced from that of the 

dV = 
dr 
dl_ = 

dr ~ 

Z. = 
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other type merely by the duality replacements. In the transmission-line 
description, duality is manifested by the replacement of V, I, n, e, Z, and 
Y of the one mode by / , V, e, n, Y, and Z of the other. The line equations 
for the lowest fl-type mode are therefore identical with the line equations 
[Eqs. (30)] for the JS-type mode. The duality is, however, an idealiza
tion that is possible only if the height of the transmission structure is 
infinite. For a finite height b the z-component of the magnetic field of 
the ff-type mode must vanish on the planes that constitute the cross-
sectional boundaries. Since the magnetic field is divergenceless, this 
implies the existence of a radial component of the magnetic field. Dual
ity between the fields of the two modes is thus no longer possible. More
over, because of the variability of the magnetic field along the 2-direction, 
n cannot be set equal to zero in the general line equations [Eqs. (28)]. As 
a result the transmission-line equations for the lowest symmetrical 
jtf-type mode (i.e., m = 0) become 

dV . 7 7 _ 1 _ C k 4xr \ 

* ¥" / Y, * (31) 
%--i.r.y, . - * - ( < ? ) • ) 

From a comparison of Eqs. (30) and (31) it is again apparent that duality, 
in the above-mentioned sense, no longer exists because of the different 
characteristic impedances and propagation constants of the two modes. 
A modified and useful form of duality, however, still obtains. If V, Z0I, 
and k of the .E-type mode are replaced by I, Y0V, and K of the / /- type 
mode, the line Eqs. (30) go over into Eqs. (31) and conversely. Thisis 
easily seen if the line equations are rewritten in the forms 

#-type 
(TV = 

dr 
d {ZoI) + {ML = 
dr r 

As a consequence of this modified duality, all relative impedance relations 
of the one mode become identical with the relative admittance relations 
of the other mode provided the propagation constant k is associated with 
the E-type and K with the .ff-type relations. 

In both the E- and H-type modes the voltage V and current I are 
measures of the intensities of the electric and magnetic fields associated 
with the propagating mode. This fact is indicated quantitatively in 
Eqs. (27a) and (27b). The positive directions of V and / may be shown 
schematically by a transmission-line diagram of the usual type as in 
Fig. 8-7. This schematic representation of the behavior of the lowest 

-jkZoI, 

-jkV, 

d(FoF) 
dr + 

H-type 
(Y0V) 

= -JKI, 

dl . V T , 
df = ~JKYOV-

(32) 
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E- (or H-) type mode differs from the corresponding representation for 
the uniform line in that the characteristic impedance, being variable, 
must be specified at each reference plane 

m —r 
i 
I ZQ(r) 

I 

V(r) I 

L 
00 

! Vlr0) 

Fia . 8-7.—A portion of a radial transmission line with positive directions indicated for 7 
and V. 

With this preliminary discussion of the interrelations between the 
dominant E- and H-type modes, it is now appropriate to treat the trans
mission and impedance properties of the individual modes. The modified 
duality existing between these modes makes necessary the consideration 
of only one mode—the lowest Z?-type is chosen in the following—since 
the properties of the other are easily obtained by the duality replace
ments. Transmission and impedance properties are readily deduced by 
consideration of the wave-equation form of the line equations. The wave 
equation for the lowest jB-type mode, obtained by eliminating I from 
Eqs. (30), is 

r dr \ dr ) + k2V = 0. (33) 

The waves defined by this equation have been discussed in Sec. 8-2. 
The standing-wave solution to Eq. (33) was there shown to be of the form 

V(r) = AJ0(kr) + BNo(kr). (34a) 

With the aid of Eqs. (30) and the differential properties of the Bessel 
functions, the solution for the current / can be written as 

jZ0(r)I{r) = AJ.ikr) + BN^kr). (346) 

The arbitrary constants A and B can be evaluated from the boundary 
condition that at r = r0, the voltage and current are V(r0) and I(r0). In 
terms of these quantities Eqs. (34) become 

V(r) = V(r0) 
JIQNQ - NIQJQ 

2 
7 T A T 0 

+ jZ0(ro)7(ro) 
NOQJQ — JOQNO 

TTATO 
(35) 

Z,(r)I(r) = Z0(ro)I(ro 
NQQJI - JQQJVI 

2 
7rATo 

- jV(n) 
JioNi - i V i o J i 

_ 2 _ 

7rATo 
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where 
Jo(kr) = J0, Jo(kr0) = Joo, Ji(kr0) = Jio, 

and similarly for the N's. 
As in the case of the uniform line it is convenient to define relative 

admittances at the radii r and r0 as 

_ Z,(r)7(r) _ Y(r) _ Z,(r.)7(r0) _ Y(n) 
Y{r}- V(r) -TWY ( o ) _ v(.r0) -T^y (36) 

Because of the lack of a unique characteristic impedance for a radial 
line, it is important to emphasize that relative admittance is here defined 
as the ratio of the absolute admittance at a radius to the characteristic 
admittance at the same radius. Incidentally, the choice of sign con
vention for V and I implies that relative admittance is positive in the 
direction of increasing radius. 

The fundamental wave solutions [Eqs. (35)] can be rewritten as an 
admittance relation that gives the relative admittance at any radius r 
in terms of that at any other radius r0. This relation, obtained by 
division of Eqs. (35) by one another, may be expressed as 

Y,(rs = 3 + Y'(rB)t(x,y) ct(x,y) 
' W Ct(x,y)+jY'(r0)^x,y)' (A'> 

where 

ct(x,y) JiNoo - NJ 00 

JoNoo — NoJoo tn (x,y) 

and 

/~u/ \ JioNo NioJo 1 \ ,„„, 
CtiX'V) = JJf» - NJ10 = Tr^xJ)' > ^ 

, , J,N00 - NoJoo , 
SKX,y) JiN10 - N,J10

 ay' >' 

x = kr, y = kro. 
The ct and Ct functions are asymmetrical in x and y and may be termed 
the small and large radial cotangents, respectively; their reciprocals tn 
and Tn may be called correspondingly the small and large radial tangent 
functions. The nature of the asymmetry of these functions is made 
evident in the relation 

ct{x,y)t(x,y) = -Ct(y,x), (39) 

which, in addition, may be employed to obtain alternative forms for Eq. 
(37). In fact this relation implies that Eq. (37) can be expressed in 
terms of only two of the radial functions rather than in terms of the three 
employed. Several practical applications appear simpler, however, if 
the three functions ct, Ct, and f are used as above. These functions are 
plotted in the graphs of Figs. 8-8 to 8-10 with the electrical length (y — x) 
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FIG. 8-86. 
F I G . 8-8.—(a) Values of ct (x, y) for y/x > 1. (6) Values of ct (x, y) for y/x < 1. 



SEC. 8-5] IMPEDANCE DESCRIPTION OF A RADIAL LINE 261 

+-
tbtk 
vn:+ 

^4o"J30^ 

;g|ig§|s 

"fflffl#ffS 

m 
gffift 

TFc 
T}~ 

prnpi 
j+44^H-

Wk\ 

ffrajfj 

t(-#ii 

s 
r 

111 1 

EfSMSff hfftMrtttrtttffitirrlti rft-

Tttf [THTffj" Ffff 

sffiffl+Sw 

0 

1 = 432201 40 
FIG. 8-9O. 

FIG. 8-96. 
Fiu. 8-9.—(a) Values of Tn (x, y) for y/x > 1. (b) Values of Tn (.r, j/) for y;x < 1 
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as the independent variable and the curvature ratio y/x as a parameter. 
The curves of Figs. 8-8a and 8 9 a are for y/x greater than unity and apply 
to the case where the input terminals are at a smaller radius than the 
output terminals of the transmission line. Conversely Figs. 8-8b and 
8-96 apply to the case where the input terminals are at a larger radius 
than the output terminals. The symmetry in x and y of the f function 
permits the use of the single Fig. 8-10 for its representation. 

FIG. 8-10.—Values of f (x, y) = f(y, x). 

Since the radial functions become infinite at certain values of their 
arguments, it is difficult to plot a complete range of their functional 
values. Thus in the graphs of Figs. 8-8 to 8-10 it is to be noted that 
values above 6 are not shown. The abscissas, however, corresponding 
to infinite functional values are indicated by short dashed vertical lines 
in the various figures. The hiatus in plotted values constitutes a definite 
restriction on the use of the graphs, particularly for impedance calcula
tions on radial lines of approximately one-half wavelength. In this 
connection it should be pointed out that by the use of the identity of 
Eq. (39), large values of the Tn function may be found from the graphs 
of the ct and f functions. A more complete table of values of the radial 
functions will be found in the Waveguide Handbook. 

The extension of the graphs to include large values of line length 
y — x is rendered unnecessary because of the asymptotic identity of 
the radial and trigonometric functions in the range of large x and y. 
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This identity may be seen by employing the asymptotic expressions 
[Eq. (6b)] for the Bessel functions in the definitions [Eq. (38)] with the 
result that for x and y >>> 1 

cosl 
ct (x,y) ~ 

,[x - - J j sm[y - y - s i n ( x - - J j cos{y - y 

Ct (x,y) « 
cosl 

(40) 

(x - J j sin^/ - y - s i n ^ x - y c o s ^ - y 

' (2/ - x), 

3\y - T ) ain\x ~ I) _ s i l y - T ) C O T _ i) 
7 3x\ . / 3A~ 7 &A 7 &r\ 
(̂  - T ) S1IY _ T) - s i l \x " T) C°Y ~ T) 

~ cot (?/ - x), 
/ x \ . / TT\ . / A / A 

C0SVX ~~ 4 / S 1 I V " 4 / S m V _ 4 / C V ~ V 
f(x,2/) « — ^ 37r\~77 &A 7 7 &A 7 &A 

cos^x - T j sin^y - T j - sinf x - T j cosf y - — \ 

The insertion of these asymptotic values of the radial functions into the 
radial-transmission-line relation [Eq. (37)] immediately yields the uniform-
transmission-line relation [Eq. (15)]. This is not an unexpected result; 
for in the range of large radii, the cylindrical cross-sectional surfaces of a 
radial guide tend to become parallel planes and thus the radial geometry 
approaches the geometry of a uniform transmission line. As a conse
quence, impedance computations on radial lines for which x and y are 
sufficiently large may be performed with the aid of the uniform-line 
relation [Eq. (15)] rather than of Eq. (37). The accuracy of such a 
computation depends, of course, on the values of x and y; in fact, for 
reasonable accuracy it will be found that both the input and output 
terminals of the line must be located at least one wavelength from the 
axis of radial symmetry. 

For impedance computations on long radial lines in which either the 
input or output terminals are located at a small radius (x or y < 2ir), 
a stepwise method of calculation is necessary because of the limited 
range of y — x over which the radial functions are plotted. The pro
cedure is to divide the long line arbitrarily into a number of radial lines 
of length such that the charts of Figs. 8-8 to 8-10 can be employed. In 
most cases a division into only two lines is necessary. The output ter
minals of the first line are chosen at some convenient radius such that its 
length y — x is less than about ir. For such a line length the range 
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of the radial functions plotted in the charts is adequate. The same 
procedure is repeated for the second line. The input and output ter
minals of the remaining portion of the long radial line will then usually 
be at sufficiently large radii to permit the application either of the uni
form-line relation [Eq. (15)] or, equivalently, of the circle diagram with 
relatively small error. 

Although applications of the radial-transmission relation [Eq. (37)] 
will be made in the next sections, it is desirable to consider a few pre
liminary illustrations of its use with a view toward obtaining some idea 
of the physical significance of the radial functions. As a first illustra
tion let us find the relative input admittance Y'(r) of an -E-type radial 
line with a short circuit at its output terminals located at r = ra. Setting 
Y'(r0) = =o in Eq. (37), one obtains for the input admittance 

Y'{r) = -jct(x,y). (41) 

The radial function — ct(x,y) is thus the relative input susceptance of 
a short-circuited -E-type line or, by duality, the relative input reactance 
of an open-circuited //-type line. I t is to be noted from Figs. 8-8o and b 
that the length of short-circuited line required to produce a given relative 
input susceptance is greater in the case of a radial .E-type line than for 
the uniform line if the relative input susceptance is less than unity and if 
// > x; the radial line is shorter, however, for relative susceptances 
greater than unity if y > x and for all susceptances if y < x. 

The relative input admittance Y'(r) of an -E-type line with an open 
circuit at its output terminals is obtained by placing F'(r0) = 0 in Eq. 
(37) with the result that 

The radial function Tn (x,y) is thus the relative input susceptance of an 
open-circuited E-type line or by duality the input reactance of a short-
circuited //-type line. From Fig. 8-9a and b it is apparent that the rela
tive lengths of open-circuited radial E-type and uniform lines have, for a 
given relative input susceptance, a behavior almost inverse to that of 
the short-circuited lines. 

The case of an infinite radial line, that is, one extending from r = 0 
t o r = co , is of interest and will now be considered. The relative input 
admittance at r of an E-type infinite line looking in the direction of 
increasing radius is obtained from Eq. (37) by setting both Y'(ra) = 1 
and T / » 1. With the aid of the relations of Eqs. (5), (C)h), and (38), 
one finds for the relative input admittance 

Y'(r) = (43n) 
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Y'(r) « -j l—^, for kr « 1, (43b) 
kr In —y-

■y&r 
Y'{r) » 1, f o r f c r » 1. (43c) 

By use of the definition [Eq. (7a)], Eq. (43a) may be put into the form 

Y'(r) = y-1 [cos (?)! - TJO) - j sin (TJI - i»0)]. (43d) 

As is apparent from Eqs. (43a) and (43d) the input admittance of an 
infinite radial line is in general not equal to the characteristic admit
tance Y0(r)\ Moreover, the relative input admittance is complex with a 
negative imaginary (that is, inductive) part. Correspondingly, by 
duality, the relative input impedance of an infinite H-type line is complex 
with a negative imaginary (capacitive) part. 

The relative input admitance at r of the same infinite .E-type line but 
now looking in the direction of decreasing radius is obtained by setting 
r0 = 0 in Eq. (37). With the use of Eqs. (8) and (38), it is now found that 
for all finite Y'(0) the relative input admittance is 

Y'(r) = -j~, fcr«l, (44b) 

(*-J> Y'(r) = -j tan ( kr - -Y kr» 1. (44c) 

The input admittance is thus seen to be positive imaginary (capacitive) 
if it is remembered that admittances are counted negative when looking 
in the direction of decreasing radius. Correspondingly, by duality, the 
relative input impedance of an infinite .ff-type line is positive imaginary 
(inductive). This asymmetric behavior of the admittance of an infinite 
radial line is in marked contrast to that of an infinite uniform line where 
the relative input admittance is always real and equal to unity looking 
in either direction along the line. 

8-6. Reflection Coefficients in Radial Lines.—In addition to the 
standing-wave or admittance description of the fields in radial trans
mission regions, there exists, as in uniform regions, an alternative descrip
tion on a reflection or scattering basis. This latter description is based 
on the traveling-wave solution to the wave equation [Eq. (33)]: 

V(r) = AH^(kr) + BH^(kr), (45a) 

where A and B are the complex amplitudes of the waves traveling in the 
directions of increasing and decreasing radius, respectively. The solution 
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for the current 7 follows from Eq. (45a) by use of Eq. (31) and the dif
ferential properties of the Hankel functions as 

jZ0(r)I(r) = AH[*-(kr) + BH[»(kr), (456) 

and this again may be interpreted in terms of waves traveling in both 
directions. Reflection coefficients may now be introduced at arbitrary 
radii r and r0 and defined as ratios of waves traveling in each direction 
at these points. Both current and voltage reflection coefficients may be 
defined. The voltage reflection coefficients are 

r»(r) - A WW)' r"(ro) = A WWo)' (46a) 

and the current reflection coefficients are correspondingly 

r'(r) = A wm' r,(ro) = A wwi' (466) 

On the elimination of the factor B/A there are obtained the fundamental 
transmission-line relations 

r„(r) = rv(r0)e'2[",(*rl-'»(*r»)], (47a) 
Ti(r) = r7(7-0)e''2['"t*'-»-'"(*">], (476) 

that relate the values of the reflection coefficients at the radii r and r0. 
The quantities T/O and rji are the phases of the Hankel functions as defined 
in Eq. (7a). The transmission Eqs. (47) also provide a means of relating 
the admittances at two points on a radial line. This relation may be 
obtained from the wave solutions by division of Eq. (45a) by Eq. (456) 
with the result that at the radius r 

V(r) ~ jYo{r) H<0Hkr)l + Tv
 ( 4 8 ) 

This equation may be transformed to the more familiar form of a relation 
between the reflection coefficient and the admittance as 

Y'+(r) = f Z - L ' = , ^ y - / , (49a) 

or conversely as 

r . (r) = "zt + [' T, = - * yt> (496) 

if the relative admittance (or impedance) ratios are introduced as 

r M - 1 _ Y(r), Y'M - X - Y{r) (50) 

Z'_ 

i + r, 
i + r, 

- l 
+ i' 

l 

r, 

~r-[n 
l + r„ 

l -
i + 

i 

Y'+ 
Y'J 
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where 

rt(r) - -yr.(0 |p{£} rrW = W ) f ^ j (5i) 
are the admittances associated with waves traveling on an infinite .E-type 
radial line in the directions of increasing and decreasing radius, respectively 
[cf. Eq. (43a)]. I t is instructive to note that the radial-line relations Eqs. 
(47) to (50) go over into the corresponding uniform-line relations Eqs. 
(17) and (18) in the limit of large kr, for in this limiting region 

Vo(kr) = TJI(AT) = kr — -^ 

r„ = - r , , 
and 

Yt = 7r = Yt. 
Equations (47) and (49) provide a method alternative to that of Eq. (37) 
of relating the admittance at two different points of an .E-type radial line. 
The corresponding relations for the case of an H-type line are obtained by 
the duality replacements discussed above. 

8-7. Equivalent Circuits in Radial Lines.—The radial-transmission-
line relations so far developed permit the determination of the dominant-
mode voltage and current or, alternatively, the admittance at any point 
on a radial line from a knowledge of the corresponding quantities at any 
other point. These relations assume that no geometrical discontinuities 
exist between the two points in question. The existence of such a non-
uniformity in geometrical structure implies that relations like Eqs. (35), 
for example, must be modified. The form of the modification follows 
directly from the linearity and reciprocity of the electromagnetic field 
equations as' 

/ i = YUV1 + YnV2, 1 
It = YnVx + Yi2V2, I K°'} 

where 7i and Vi are the dominant-mode current and voltage at a reference 
point on one side of the discontinuity and 72, V2 are the same quantities 
at a reference point on the other side. These equations are identical 
with Eqs. (19) which describe a discontinuity in a uniform line. The 
discontinuity can likewise be represented schematically by the equivalent 
circuit indicated in Fig. 8-5 which shows the choice of positive directions 
for the voltage and the current. The equivalent-circuit parameters 
Yn, Yn, and Y22 depend on the geometrical form of the discontinuity 
as well as on the choice of reference points. As in the case of the uniform 
line, the explicit evaluation of the circuit parameters involves the solu
tion of a boundary-value problem and will not be treated here. The 
customary assumption that they are known either from measurement or 
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from computation will be made. Even when the reference points 
designated by the subscripts 1 and 2 in the circuit equations are chosen as 
coincident at some radius, the equations are still valid. Equations (52) 
then indicate in general an effective discontinuity in the dominant-mode 
voltage and current at the reference radius in contrast to the continuity 
that exists at every point in a smooth radial line. 

A particularly instructive example of an equivalent circuit is that 
corresponding to a length rt> — r of an 2?-type radial line with no dis
continuities between r and n>. The relations between the currents and 
voltages at the reference radii r and ro have already been derived in Eqs. 
(35). They can readily be put into the form of Eqs. (52) by a simple 
algebraic manipulation that yields 

/ i = -JYojr) ct(x,y)y t - j V F , ( r ) y , ( r 0 ) cat(x,y)V,, \ . . 
U = -3 VFo(r)Fo(ro) cst(z,y) V, + jT0(r0) ct(y,x)F,, j ^ 

where 
h = I(r), F j = V(r), x = kr, 
h = /(ro), V2 = -V(n), y = kr0, 

and 
2 1 

1.1 x T y/xy , , N 

cst(x,t/) = -j-^ ^-y- = -cst(y,x). 
J oJV oo — JV nJ oo 

The function cst (x,y) is termed the radial cosecant function, since it 
becomes asymptotically identical with the trigonometric cosecant 
function for sufficiently large x and y. The value of the radial cosecant 
function may be computed from the tabulated values of the radial 
cotangent functions by use of the identity 

cst2 iXiV) =
 1 + c t f o y (*.y>. (54) 

This identity goes over into the corresponding trigonometric identity 

csc2 (y — x) = 1 + cot2 (y — x) 

for sufficiently large x and y. From Eqs. (53) it is .to be noted that the 
equivalent circuit of a length of radial line is unsymmetrical in contrast 
to the case of the uniform line. The shunt and series parameters of the 
x-circuit representation (cf. Fig. 8-5) for the radial line are seen to be 

Ku - F » = ~jYo(r) 

F2 2 - Ylt = -jTo(ro) 

ct(x,y) + J ^ cst(x,y) 

-ct(y,x) + J ; cst{y,x) 
(55) 

F1 2 = -j y/Y0(r)Ya(n) cst(x,y). 
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Since the corresponding equivalent-circuit representation of a finite 
length of an H-type radial line differs somewhat from that of the .E-type 
line just considered, it is perhaps desirable to indicate explicitly how the 
duality principle may be employed to obtain the H-type representation. 
On use of the duality replacements in Eqs. (53), the circuit equations are 
obtained corresponding to a length r0 — r of Zf-type radial line in which 
there are no discontinuities; thus 

Vi = —jZpjr) ct(x,y) Ii - j VZo(r)Z0(r0) cst(x,y)h, 
Vz = -j VZo(r)Zu(r0) cst(x,y) ll + jZ„(ra) ct(y,x)h, (56) 

where the various quantities are defined as in Eq. (53). These circuit 
equations are of the form 

Vi = Z n / i + ZrJ'i, 
1 2 = /t\ll\ "T Z22I1 

and may be schematically represented as the T-circuit shown in Fig. 8-11. 

■AV^- ■AV-

5^12 

FIG, 8-11.—T-circuit for a discontinuity with positive directions of V and / . 

The series and shunt elements of the T are given bj ' 

Zu - Zv> = —jZ0{r) ct (x,y) + J | cst(x,y) 

ZfZ — Z12 -jZo{ro) -ct(y,x) + J- cst(y,x) 
y 

(57) 

-j VZo(r)Z(r0) cst(x,y). 

It should be emphasized that equivalent-circuit representations of 
the type described in Eqs. (53) apply to radial lines on which only one 
mode is being propagated, or at least on which all higher modes are 
effectively terminated by their characteristic impedance. If such is 
not the case, the equivalent circuits must be modified to include the 
description of more than one propagating mode. 

The admittance description of radial lines will be completed with the 
derivation of the differential form of the relation between the relative 
admittances at two points r and r0 on a radial line. To derive this rela
tion in a manner analogous to that employed for the uniform line, one 
first forms the differential of the logarithm of the transmission-line 
relation [-Eq. (47a)] and obtains 
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AI\.(r) _ AI\(ro) 
r.(r) 

ATv(r) 

" r , ( r„) -^^ 1 " 

Ar„(r0) .4 
r,(ro) " ' " ' x 

'/OW ' 

1 
[hl(kr) 

■"loyyu 

1 
h'0{kr0) 

Afc (58) 

This differential relation indicates on one hand that the change in phase of 
the voltage reflection coefficient at the input end of an 2?-type radial 
line is the sum of a phase change associated with the output reflection 
coefficient plus a phase change associated with the electrical length of 
the line. On the other hand, the relative change in amplitude of the 
input voltage reflection coefficient is identical with the relative change in 
amplitude of the output reflection coefficient. This behavior is analogous 
to that of a uniform line, and in fact Eq. (58) becomes identical with the 
uniform-line relation [Eq. (22)] for large kr and kr0. By means of Eq. 
(58) it is possible to compute the change in the input voltage reflection 
coefficient due either to a frequency change Ak/k or to a change in output 
reflection coefficient or to a simultaneous change of both these factors. 
In order to express Eq. (58) in the admittance form it is necessary to 
find the differential relation between the voltage reflection coefficient 
and the relative admittance. Although this relation can be obtained by 
differentiation of Eq. (496), such a procedure is not too simple. It is 
somewhat more desirable to derive the desired differential relation 
between the relative admittances at any two points r and r0 by starting 
from the expression for the amplitude ratio 

-B = J, - jY'(r)J0 Jw - jY'(ra)J00 

A N, - jY'(r)Na Nw - jY'(r0)Noa' 
obtained from Eqs. (34a) and (346) and the definitions of Eq. (36). 
Forming the differential of the logarithm of this ratio at x = kr and 
y = kr<> and equating the results, one gets, with the aid of the Wronskian 
relation, Eq. (9c), 

(r 
AY\r) . . . Y'(r) Ak\ 

+ SI* + i-TTfvTTZvr, IT "(r) 

where 

+ [jY'(r)Y ' r 1 + \JY'{rW\ k 
( AF'(ro) ( . r '(ro) \ Ak\ . . , . „ . 

1 + \jY'{r)Y- 2 
*(r) [Ji(kr) - jY'(r)J0(kr)]*irkr 

The reason for the introduction of a coefficient a(r) lies in the fact that 
a(r)/a(ro) approaches unity as kr and kr0 become sufficiently large. In 
this far region Eq. (59) becomes asymptotically identical with the corre
sponding uniform-line relation [Eq. (23a)]. It should be pointed out that 
Kq. (59) can be employed to compute the change in relative input admit-
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tance due to a change either in output admittance AF'(ro) or in frequency 
Ak/k = Aco/o) or in both. A particular case of Eq. (59) which is often 
of use occurs when a short circuit exists at the output terminals. For 
this case 

and therefore Eq. (59) reduces to 

41"w
 + ( * + rT«U.l£]"M 

AZ'(rp) 
[Z'(roW 

|_1 + [jY'(rW ' r 1 + [jT'(r)]= 

AZ'(r0) + jy 
Afc 
fc Jiry^o(2/) 

(60) 

The importance of differential relations of the above type stems from 
the fact that they provide a relatively simple admittance means for rigor
ously computing Q's of cavities and other parameters, as will be illustrated 
in the following sections. 

The corresponding differential relation for an //-type radial line may 
be obtained by the usual duality replacements. The fundamental dif
ferential relative admittance relation [Eq. (59)] becomes, under the 
duality transformation, a relative impedance relation of exactly the sarnie 
form. I t is important to note that the characteristic impedance Zo(r) 
of an / / - type line is a function of k in contradistinction to an .E-type line. 

8*8. Applications.—In the preceeding sections a variety of methods 
employed to describe the electromagnetic fields within radial transmis
sion systems have been investigated. These investigations indicate 
that complex radial systems of the sort often encountered in practice 
may be regarded as composite structures consisting of transmission 
regions and discontinuity regions. The associated descriptions of the 
fields within these component regions fall naturally into two distinct 
categories: the transmission-line description and the equivalent-circuit 
description. I t is thereby implied that the electrical properties of such 
composite systems may be computed by straightforward engineering 
methods involving only impedance calculations on the transmission-line 
and circuit equivalents of these systems. As illustrations of such com
putations we shall first consider a class of resonant-cavity problems with 
particular consideration of some cases associated with the design and 
operation of certain high-frequency electronic oscillators. 

The electrical properties of a resonant system are determined by 
specification of the three fundamental parameters:. 

1. The frequency of resonance. 
2. The Q of the resonance. 
3. The resonant conductance. 
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The meaning as well as computation of these parameters may perhaps 
be clarified by consideration of a general resonant system schematically 

represented in the vicinity of the res
onant frequency by an equivalent circuit 
of the form shown in Fig. 8-12. The 
representation is recognized to be that 
of a lumped-constant low-frequency 
shunt-resonant circuit. I t is also rep
resentative at some reference point for 
the admittance description of the be
havior of the electromagnetic fields in 
spatially extended resonant systems of 

many types. The total admittance associated with the resonant system 
may be written 

F I G . 8*12.—The equivalent circuit of 
a system near resonance. 

9t+j '(•"-i) g,(w) + jBt(a), (61) 

where the first form pertains to the lumped-constant circuit and the 
second to the extended structure. The fact that in the second case the 
circuit parameters may depend on the angular frequency has been 
explicitly emphasized in the expressions for the total conductance g, and 
total susceptance B,. 

A resonant frequency of an electromagnetic system is defined as a 
frequency at which the average electric and magnetic energies within the 
system are equal. Since by an energy theorem (cf. Chap. 5) the total 
susceptance of an electromagnetic system is proportional to the dif
ference between the average electric and magnetic energies stored in 
the system, it follows that an angular frequency a>o of resonance is 
identical with the frequency for which 

cooC J_ 
0>aL 

= B,(«o) = 0. (62) 

Since the total susceptance may vanish at more than one frequency, 
Eq. (62) determines, in general, a series of resonant frequencies. 

The Q of a resonant electromagnetic system is defined as the product, 
at resonance, of the angular frequency ta and the ratio of the total energy 
stored in the system to the power dissipated or otherwise coupled out of 
the system. The total energy stored within an electromagnetic system 
can be expressed in terms of the frequency derivative of the total sus
ceptance and the rms voltage V associated with the equivalent circuit 
describing the system. From the energy theorem discussed in Chap. 5 
this expression for the total energy is 

Kc+i) F 2 l r f JB, 
2 doi 
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Correspondingly, the total power lost from the system is gtV'2. As a 
consequence, the desired expression for Q at the resonant angular fre
quency coo is 

2gt \ dw Jw.^ gt 

and is seen to be independent of the voltage V associated with the refer
ence plane to which the equivalent circuit pertains. The fact that both 
the resonant frequency and the Q of an enclosed system are invariant 
with respect to choice of reference point should be evident from their 
original definitions in terms of energy. This independence with respect 
to reference point does not apply to the last of the three aforementioned 
parameters—the resonant conductance. As has already been implied 
the resonant conductance gt(wo) is defined as the ratio, at resonance, of 
the total power lost from the system to the square of the rms voltage at 
the reference plane. 

As an application of the developments in Sec. 8-3 to 8-7, we shall now 
consider a few examples of the computation of the resonant parameters 
defined in Eqs. (61) to (63). 

8-9. A Coaxial Cavity.—The first case to be considered is that of a 
nondissipative cylindrical cavity oscillating in the lowest symmetrical 
£?-typemode. The cavity dimensions are indicated in Fig. 813 . As also 

— j -
I 

—h~' 1 
o n r2 

Cross-sectional view 

x=krl = 0.020"* 
y = kr2 = 0.U5"k 

Equivalent network 
FIG. 8-13.—A coaxial cavity. 

shown in the figure the equivalent electrical network for this structure is 
an .E-type transmission line of length r2 — n and propagation constant 
k = 2TT/\ = oi/c with infinite-admittance terminations at r\ and r2. 
With the choice of r\ as the reference radius, the total admittance at 
ri is seen to be the sum of the infinite admittance of the termination 
plus the input admittance of a short-circuited i?-type radial line of 
electrical length y — x. By Eqs. (41) and (63) the resonant wave 
number k (or angular frequency co0) is therefore determined from the 

Cros 
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resonance condition 
ct(x,y) (64) 

Reference to the plot of the radial cotangent function in Fig. 8-8a shows 
that for 

V _ ri 
Tl 

5.75, 

the solution to Eq. (64) is 

t/o — xo = fc0(r2 — Ti) = 3.04, 
or 

. 2x _ (0.095) . . . . . . „ Xo = ~r = 2ir „ _ . = 0.196 in. = 0.50 cm. «o 3.04 

The resonant wavelength is thus about 3 per cent greater than that of a 
corresponding uniform cavity of equal length. The remaining resonant 
parameters Q and g are, for this nondissipative case, infinite and zero, 
respectively. 

8-10. Capacitively Loaded Cavity.—As a second illustration let us 
consider the calculation of the resonant frequency of a loaded cylindrical 

± » 
I r \ 
0 r ' 

Cross-sectional view 
z=kr, =0.020" k 
v=kr2 =0.115" k 
6=0.007" 

b' =0.042" 

Y' 

X JB, 

0 rx r2 
Equivalent network 

FIG. 8-14.—A capacitively loaded cavity. 

cavity oscillating in the lowest angularly symmetric jB-type mode. As 
indicated in Fig. 8-14, the equivalent network that describes the fields 
within such a structure consists of a junction of an open- and a short-
circuited iJ-type radial transmission line of unequal characteristic admit
tances Y0(r) and Y'0(r) but identical propagation constants k = 2ir/\ and 
a junction admittance of value jB\. The network parameters are 
obtained from Eq. (30) and the Waveguide Handbook as 

Fo(r) _ V 

2W . 
Y'0(r) 

, eb' 
m T T ' 

4b 

(65a) 

(65b) 

where In is the logarithm to the basee. Equation (65b) is an approxi
mation that is valid to within a few per cent for the cavity shape under 
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consideration. At the reference plane r = T\, the total susceptance 
relative to the characteristic admittance F0(ri) is, from Eqs. (41) and 
(44a), 

ft(*) _ By YtjrJUz) .. 

yj(ri) rj(ri) + yj(ri) ./.(*) C H I * ; ' 

or to a good approximation by Eqs. (44b) and (65a) 

Bt(k) Bx . b'x .. , ,„„. 
Ti^O Tjfcj + 62 ~ c t ( l ' » ) - ( 6 6 ) 

The resonant frequency of the lowest .E-type mode is obtained from that 
value k0 for which the total susceptance vanishes. With the insertion of 
the numerical values into Eq. (66) the vanishing of the total susceptance 
leads to the transcendental resonance condition 

-0.0379fco - O.O6O&0 = - c t (0.020fc0, 0.115fc„) (67) 

which can be solved graphically for fc0 with the aid of Fig. 8-8a. The 
left-hand side of Eq. (67) is expressed as a function of 

2/o — x0 = k0(r2 — ri) = 0.095fc0, 

and as such it is representable in Fig. 8-8a as a straight line of slope 
— (0.098/0.095) = —1.03. The intersection of this line with the function 
— ct (x,y), with y/x = 5.75, then yields for the solution of Eq. (67) the 
value 

ya - xo = 0.095fc0 = 1.35, 

and consequently the resonant wavelength is 

X0 = ^ = 0.441 in. = 1.12 cm. 
fco 

In many applications it is necessary to know the dependence of the 
resonant wavelength on the gap height b. This dependence may be 
computed exactly as in the above case and will be found to yield the 
values shown in Table 8-2. 

TABLE 8-2.—VAEIATION OF RESONANT WAVELENGTH FOR THE CAVITY OF FIG. 8-14 
6, in. Xo, cm 
0.005 1.24 
0.006 1.17 
0.007 1.12 
0.008 1.08 
0.009 1.04 

8-11. Capacitively Loaded Cavity with Change in Height.—As a 
variant of the two preceding examples let us consider the problem of 
finding the gap height b to make the cylindrical cavity illustrated in 
Fig. 8-15 resonate at the wavelength X = 1.25 cm in the lowest angularly 
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symmetric £-type mode. In this specification of the problem the 
electrical lengths, 

X! = kn = 0.255, 
x2 = kri = 0.638, 
x3 = kn = 1.468 

are explicity known, and hence the values of the radial functions may be 
obtained directly from the plotted curves. The electrical network that 
describes the lowest 2?-type mode in the above cavity consists of three 
i?-type radial lines of characteristic admittances Y0(r), Y'oir), and Y'^(r) 

r ,= 0.020 
r2 = 0.050" 
r3= 0.115" 

6 = ? 

b' = 0.042" 
4"= 0.050" 

1 ! 1 

! t 
or> * r2 i 

\ 
b" 

Cross-sectional view 

n *i 
j&i jiB2 

0 r i r2 r 3 
Equivalent network 

F I G . 8-15.—Loaded coaxial cavity with a change in height. 

joined at the radii ri and r2, with the first and last lines being open- and 
short-circuited, respectively. The junction admittances jBi and jB2 at rt 

and r2 are capacitances whose susceptance values may be determined to 
within a few per cent from the Waveguide Handbook. Higher-mode 
interaction effects between the discontinuities at ri and r2 are assumed 
to be of negligible importance. For the cavity indicated in Fig. 8 1 5 , 
the values of the network parameters are 

™ = b-l = i 19 

2kb 
y;(r.) - . » ( ^ ) ( ^ - : ) 

F0(r) = &_' = 0.042 
Y'a(r) ~ b b ' 

v 
V 

(68a) 

(68b) 

B, 
Y'B(rt) 

= 0.016, 

and Bi is determined from Eq. (65b) which incidentally is a limiting form 
of Eq. (68b) for a <3C 1. To determine the gap height b, it is first necessary 
to compute the total susceptance at some reference point, say r = rx + 0. 
The total susceptance at this reference point is the sum of the suscept-
ances looking in the directions of increasing and decreasing radius. The 
susceptance in the direction of increasing radius is computed by a stepwise 
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procedure. As a first step, the sum of the junction susceptance at r2 

and the susceptance of the short-circuited line of electrical length x3 — x2 

relative to Y'0(r2) is computed to be 

B2 _ yj'(r2) c t (2 .2)X .) = 0 0 1 6 _ ! 334 = _ : 3 2 
Y'0(r2) Y'0(r2) 

with the aid of Eqs. (68) and Fig. 88a. I t is noted that the change in 
height at r2 has a relatively minor effect in terms of the junction sus
ceptance introduced thereby but a major effect in terms of the change in 
characteristic admittance. With this knowledge of the relative sus
ceptance at x2, the relative susceptance at Xi + 0 in the direction of 
increasing radius may be calculated with the aid of the radial-trans
mission-line relation [Eq. (37)] as 

B _ 1 - 1.32 ct(xhx2)t(xi,X2) 
Y't(fO Ct(zi,x2) + (1.32)f(x1(ar,)' 

or explicitly by use of Figs. 8-8 to 8-10 (with x2/x\ — 2.5) 

(69a) 

B _ 1 - (1.32)(4.04)(0.872) _ _ ^ { m ) 

Y'0(ri) 1.36 + (1.32)(0.872) 

The relative susceptance at i i + 0 looking in the direction of decreasing 
radius has already been found in Sec. 8-10 to be 

B 2kb' , eb' , V Xl 
n(rT) = ir ln4F +6 2' ( 7 0 a ) 

B A O / M , 0.0285 , 0.00535 ._„, , 
= 0.341 In — r 1 r (70b) Y'oin 

—* i— 

The resonance condition [Eq. (62)] that the total susceptance B + B 
vanish then leads to 

_ _ . , . 0.0285 0.00535 , ., n 0.341 In —r 1 T 1.45 = 0, o o 
which can be solved graphically for b to give 

6 = 0.00590 in. 

For the case in which the height b is known, the problem of finding the 
resonant frequency is solved by a method similar to the one just carried 
out. Values of k are assumed, and by a trial-and-error method the 
resonance value ka is found as that for which Eqs. (69a) and (70a) are 
equal in magnitude but opposite in sign. 

8-12. Oscillator Cavity Coupled To Rectangular Waveguide.—As a 
final illustration of the computation of the electrical properties of cylin-
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drical cavities we shall consider the case of the radial cavity of Fig. 
8-16 oscillating in the lowest angularly symmetric Z?-type mode and 
coupled to a matched rectangular waveguide. Such structures, fre
quently encountered in high-frequency oscillator tubes, are excited by an 
electronic beam along the symmetry axis. The case illustrated in Fig. 

© 
E 

Top view (reduced scale) 

0 r, 4 

Y' 

J. ■ # i i-jB 
0 7"! r 2 

F I G . 8-16.—Cavity and equivalent circuit of an osillator coupled to waveguide. 

816 resembles closely the cavity of the Neher tube designed for operation 
in the 1-cm wavelength range. The calculation of the over-all electrical 
characteristics of such an electronic-electromagnetic system requires a 
knowledge of the interaction of the electronic beam and the electromag
netic field as summed up in the expression for the electronic admittance 
at some reference plane. This electronic problem has been considered 
elsewhere in the Radiation Laboratory Series1 and will be omitted in 
the following discussion, since the modification thereby introduced is 
taken into account simply by inclusion of the electronic admittance in 
the expression for the total admittance. 

The computations as always are based on the network equivalent of 
the oscillating system. As shown in Fig. 8-16, the radial-transmission-
line description of the system to the left of the radius r2 is identical with 
that employed in Sec. 8-10, and hence the values of the associated circuit 
parameters need not be indicated again. The only additional values 
necessary are those associated with the coupling network at r2 and with 

1 Klystrons and Microwave Tnodes, Vol. 7. 
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the #oi-mode uniform transmission line describing the rectangular 
waveguide. In the case under consideration the coupling is accomplished 
by a small slit of width d in a wall of infinitesimal thickness. The 
coupling network is a simple shunt inductive element whose relative 
susceptance is given by (cf. Waveguide Handbook) 

The effective ratio of the characteristic admittance Y„ of the rectangular 
guide to the characteristic admittance Y'0(r2) of the radial guide at r2 

is 

Ym~\^r' {71b) 

where the wavelength X„ in the rectangular guide of width a is related 
to the free-space wavelength X by 

X 
X, 

With the knowledge of the pertinent circuit parameters as contained in 
Eqs. (65) and (71), it is now possible to compute in a straightforward 
transmission-line manner the total admittance at some arbitrary reference 
point and thence the desired resonant properties of the system. How
ever, rather than proceed in this manner there can be employed a simpler 
and more convenient perturbation method of computation that is based 
on the smallness of the impedance coupled into the cavity system at 
r = r2. If this impedance were identically zero, the total admittance 
at r = r\ would be zero and correspondingly the resonant wavelength 
would be X0 = 1.12 cm as computed in Sec. 8-10. The effect of the 
coupling is to introduce at r = r2 a small impedance AZ2 and thereby 
bring about a small relative change in the unperturbed resonant fre
quency of amount 

Aw __ Ak _ AX 
w k X 

Concomitant to these changes there is produced a change AY't in the total 
relative admittance given by 

*r' = fcf T + SK <™ 
which merely expresses the fact that the total admittance is a function 
both of the frequency and the terminating impedance at r = r2. Equa
tion (72) provides the basis for the computation of the frequency shift 
caused by the perturbation AZ'2. The imposition of the equilibrium 
condition [Eq. (62)] that AB[ = 0 leads to the desired value for Ak/k. 
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To perform the calculation it is first necessary to know the numerical 
values of the partial derivatives in Eq. (72) that indicate the rate of 
change of the total admittance with respect to both the frequency and 
the output impedance Z2-

The total admittance at r = r\ + 0 is the sum of the relative input 

admittance Y' of the radial line to the right of r\ + 0 plus the relative 

admittance Y' looking to the left of r\ 4- 0. From Eq. (67) of Sec. 
8-10, the unperturbed values at ka = 14.21 in - 1 (X0 = 1.12 cm) of these 
admittances are 

?'0"i) = - i l -39, 

? ' 0 i ) = +i(0.098)(14.21) = +J1.39. 

The partial derivative with respect to frequency of Y' for the unperturbed 
cavity is obtained by means of Eq. (60) and Table 8-1 as 

k dY' 
ak j\jY' - x ( l - F'«) +x J,{x) -jY'Jo(x) 

J»(y) 

0.284 (1 + 1.93) + 0.284 0.141 - 1.39(0.980) 
'~0~437 

a yt ( 
k~ak = M L 3 9 

= J2.78. 
The corresponding frequency derivative of Y' may be computed in a 

similar manner, but it is simpler to differentiate Y' directly, since it is a 
linear function of k, and obtain 

dY' 
dk ;(0.098)fc0 = j l .39, 

a value identical with Y' itself as is to be expected, since Y' is effectively 
a lumped admittance. The frequency derivative of the total admit
tance at ri is thus, in the unperturbed case, imaginary and of the value 

dY't 
dk V dk ^ dk ) J'4.17. (73) 

Likewise from Eq. (60) the variation of the total admittance with the 
output impedance at the unperturbed frequency k0 is 

dY\ 
dZ'2 

dY' X 
dZ't y 
0.020 
0.115 

J , W - jY'J^x) 
L •/»(?/) J 

2 

0.111 - (1.39) (0.098) 
0.437 .35. 
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With the knowledge of the numerical values of the partial derivatives 
in Eq. (72), it is now possible to compute the frequency shift caused by 
the introduction of a coupled impedance whose value relative to Z'0(r2) is 

AZ'2 = AR'2 + jAX'2 = - v l 

B 
HO-.) J Y'0{n) 

or 

the numerical values being obtained by use of Eqs. (71a) and (71fc). The 
frequency perturbation necessary to maintain the equilibrium condition 
of vanishing total susceptance is obtained by setting the imaginary part 
of Eq. (72) equal to zero 

and therefore 

Ait 
A-

dY't 
dZ'2 

* dk 

AB't 

AX'2 

hdB't 
~ ~dk 

0 

Ak dY't , „ 
T + HAX> = 

.35)(21.8)10-3 

4.17 

o, 

- 7.05 X 10 (74) 

The actual resonant frequency of the coupled system is thus 0.705 per 
cent less than the unperturbed resonant frequency, and the smallness of 
this frequency shift justifies the perturbation method of calculation. 

The remaining characteristics of the system can be computed with 
the aid of the results obtained above. The resonant relative conduct
ance, for example, is the real part of the change in the total admittance 
at r = r\ due to the coupled perturbation AZ'2 and is given by the real 
part of Eq. (72) as 

g' = A^ = ^AR't = (1.35X1.41)10-* = 1.90 X 10"3. (75) 

In connection with these calculations it is of importance to note that the 
coefficients of AX'2 and AR'2 in Eqs. (74) and (75) indicate respectively 
the frequency and power-pulling factors of the output load on the cavity 
(the electronic effects being neglected). I t is a straightforward pro-
cedure to further compute the pulling factors with respect to the load 
in the rectangular guide. 

The loaded Q of the system is given by Eq. (63) as 

^ 2g' k dk ' 
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or with the insertion of the numerical values from Eqs. (73) and (75) 

Q = mkw>x (4-17) = u o ° -
For the computation of the unloaded Q the effects of dissipation on the 
metallic boundaries of the system must be taken into account. The 
modification required in the over-all equivalent-circuit—transmission-
line picture consists in the introduction of resistive elements into the 
circuit parameters and in the introduction of a complex propagation 
constant k and characteristic admittance (with variable imaginary 
parts) to describe the radial transmission lines. These effects, as well 
as finite-thickness effects, will not be taken into account in this chapter. 



CHAPTER 9 

WAVEGUIDE JUNCTIONS WITH SEVERAL ARMS 

B Y C. G. MONTGOMERY AND R. H. DICKE 

Low-frequency communication circuits usually consist of networks 
composed of interconnected single-terminal-pair circuit elements such 
as resistors, condensers, and inductors. Occasionally, circuit elements 
with two terminal pairs, such as transformers, are used. In micro
wave circuits, waveguide junctions with several arms are often employed. 
This is necessary because lengths of line long compared with the wave
length must be used to connect different components together. The 
simple connection of a number of components in series or in shunt is 
not possible because of the finite size of the components. Thus there must 
be a length of transmission line associated with each component, and the 
individual transmission lines must be connected together at a microwave 
junction. 

The description of the behavior of a junction increases in complexity 
as the number of arms increases. A convenient classification of junctions 
may be made on this basis. Thus it is convenient to speak of a junction 
with four interconnecting arms as a member of a class that might be 
called "fourth-order junctions" or "four-junctions." In low-frequency 
terminology, such a junction would be termed a network or transducer 
with four pairs of terminals. As usual, only linear passive lossless junc
tions are to be considered. 

T-JUNCTIONS 
If a waveguide junction has three arms, it will be designated as a 

T-junction. Such a junction is completely characterized by a matrix 
of the third order containing six independent elements. 

9-1. General Theorems about T-junctions.—Three fundamental 
statements that are simple and useful may be made about a T-junction. 
By the arguments of Chap. 5, the behavior of the T is identical with the 
behavior of an equivalent circuit. Circuits that contain the required 
number of independent parameters and are therefore suitable are dis
cussed in Sec. 4-11. From the properties of these circuits the general 
theorems can be proved. 

Theorem I.—It is always possible to place a short circuit in one arm 
of a T-junction in such a position that there is no transmission of power 
between the other two arms. The proof is simple. In Sec. 412 the 

283 
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expression was derived for the resulting elements of the impedance 
matrix when a load is placed on one terminal pair of a network. If 
the short circuit is placed in arm (3), a load of impedance Z3 is placed 
across the terminals and the impedance matrix of the resulting two-arm 
junction is given by 

Z2 Z2 

y ^13 y _ "M 
7 _ Z33 + Z 3 Z33 + Z3 ,,.. 

Z2 Z 2 

12 — ~ j 7f- ^22 — ly j 7^ 
i j ] T * J ^ 3 3 -I" ^ 3 

The plunger stops all power transmission if the mutual element of this 
matrix vanishes, or if 

Z2 

Z12 = 7—jr-7- (2) 
■433 T ^ 3 

Since Z3 can take any value from — «. to + « , this equation can always 
be satisfied, and the theorem is proved. The input impedances of arms 
(1) and (2) under these conditions are given by 

7(1) — 7 _ Z12^13 

^23 

Z{£ = Z 2 2 y 
^ 2 3 

An even simpler proof of this theorem may be given by means of the 
circuits of Fig. 4-35. In the series circuit of Fig. 4-35, if the distance of 
the short circuit from the terminal plane is such that the total line length 
from the short circuit to the terminals of the transformer is an odd 
number of quarter wavelengths, the circuit is open at that point and no 
transmission occurs. In the shunt case, the transformer must be short-
circuited to prevent transmission. 

The determination of the position of the short circuit to stop trans
mission is a convenient method of determining experimentally the 
parametric lengths of the lines in Fig. 4-35. The measurement can be 
accurately made, and the indication is positive. If a small amount of 
loss is present, either in the junction or in the movable short-circuiting 
plunger, the power transmission does not become exactly zero but passes 
through a minimum at the proper position. 

Theorem II.—If the T-junction is symmetrical about arm (3), a 
second theorem is true. A short circuit in the arm of symmetry can be so 
placed that transmission between the other two arms is possible without 
reflection. A three-junction with a short circuit in one arm is equivalent 
to a transmission line whose characteristic impedance can be found 
from Eq. (1) if the subscripts 1 and 2 are made equal, The value is 

(3) 
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Z\ Z n 
Z 2 

^ 1 3 _ 
^33 + Z 

y - (z- ^33 -|- Lz (4) 

Since Z3 may have any value either positive or negative, Z0 may also 
have any value, and in particular Zo may be unity. This demonstrates 
the second theorem. 

The theorem may also be proved from the equivalent circuits. For a 
symmetrical T the circuits of Fig. 4-35 reduce to those shown in Fig. 
9-1. Perfect transmission from terminals (1) to (2) results if the proper 
impedance is placed on arm (3) to resonate the impedance Z. The cir-

(3) 

Q;: 
(1) (2) 

' 1 '2 ' l Z l2 

FIG. 9-1.—Shunt and series equivalents for a symmetrical T-junction. 

cuit then reduces to a transmission line with a characteristic impedance 
of unity and a length h + Z2. 

Theorom III.—A third theorem applicable to a general T-junction is 
that it is impossible to match such a junction completely. A junction 
is said to be completely matched if the input impedance at any arm is 
unity when matched loads are connected to the other two arms. The 
proof of this theorem follows most easily from the unitary character of 
the scattering matrix. If a matched junction is possible, the scattering 
matrix must have diagonal elements equal to zero; thus 

S = 
0 Sl2 <Sl3 
012 0 023 
<J13 <J23 0 

(S) 

Since S is unitary, 
(1,2) element 

the off-diagonal elements of SS* are zero. From the 

OllOl2 ~T" bl->b*2 + (Sl3lS32 = 0 

S13S*3 = 0. (6) 

However, neither Si3 nor S23 can 
Thus the diagonal 

Thus either Sn or S23 must be zero. 
vanish if the diagonal elements of S*S are to be unity. 
elements of S may not all vanish. 

It can also be seen, by the use of similar arguments, that any two of 
the diagonal elements of S can vanish only if the third arm of the junction 
is completely decoupled from the junction. 
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These three theorems are often useful in understanding the operation 
of microwave devices, since the theorems are completely general. Indi
vidual varieties of T-junctions often have other special properties which 
are best described by the equivalent circuit. 

9-2. The Choice of an Equivalent Circuit. Transformation of Refer
ence Planes.—Although any one of a number of forms of circuit may be 
used to represent a junction, certain circuits are particularly suitable for a 
given junction. To establish a criterion of suitability is difficult. Per
haps the choice could be made on the ease with which the numerical 
computation can be performed for a particular application of the junc
tion. The simplicity of the computations depends upon the application 
for which the junction is intended as well as upon the nature of the junc
tion. For example, since the lengths of transmission line of the circuits 
of Fig. 4-35 are easily determined experimentally, it might well be argued 
that the terminal planes of the junction should be chosen so as to make 
the line lengths all zero. The circuits would reduce to simple series and 
shunt circuits whose behavior is easy to visualize. This criterion does 
not offer any basis for choice between the shunt and series circuits; both 
are true equivalent circuits. For a given junction, however, the posi
tions of the terminal or reference planes are different for the two circuits. 
Thus an additional criterion is suggested. If the reference planes fall 
close to a plane in the junction that has some physical significance, the 
plane of the junction of the center conductors of a coaxial-line T, for 
example, then this choice of reference planes seems a natural one. How 
this may be applied to a particular junction is illustrated in the examples 
to be discussed. 

A second method for choosing a correct equivalent circuit depends on 
the manner of the variation of the elements of the circuit with frequency. 
Thus if a positive reactance occurs in an equivalent circuit, it would be 
satisfying if the variation with frequency were just that of an inductance 
varying as wL. It is somewhat more likely that the reactance would be 
proportional to 2irc,/\ll rather than 2TTC/X, since relative values of the 
reactance are usually employed. Whether or not this criterion can lie 
applied to all cases is not known. If it were necessary to resort to a very 
complex equivalent circuit in order to have the amount of the frequency 
dependence of all the circuit elements correct, then the usefulness of the 
equivalent circuit might be largely destroyed. A simpler circuit with 
few elements is valuable, even if the dependence on frequency is wrong. 
An examination of special cases will aid in the understanding of this 
point. 

Since transformations from one set of terminal planes to another are 
often made, it is desirable to give the general relations that express the 
change in the impedance-matrix elements. A change in the position of 
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a terminal plane can be regarded as the addition of a length of transmis
sion line to the equivalent circuit. The length may be, of course, either 
positive or negative, since a line of length —I is equivalent to one of 
(X„/2) — I in so far as impedance calculations are concerned. If the 
phases of the currents are also to be preserved, the equivalent length is 
rihg — I, where n is an integer. Since the calculations are easy, a some
what more general case will be considered. Instead of a line, suppose 
that a general two-terminal-pair network is added to the original junction. 

F I G . 9 - 2 . — T h e a d d i t i o n of a T - n e t w o r k t o a gene ra l n e t w o r k N. 

In Fig. 9-2 is shown a network N to which has been added a T-net
work on the kth terminals. The current ik and the voltage vk at the origi
nal network are to be eliminated and replaced by the new voltage v'k and 
current i'k. The new and old values are related by 

Vk zi-d'k — Ziiik-
(7) 

The negative signs result from the convention that positive currents flow 
into the network at the positive terminal of each pair. The network N 
is described by the set of equations 

Vi = Znl'i + 

Vk = Zltii + 

+ Zlkik + 

+ Zkkik + 
(8) 

It is a simple matter of algebra to eliminate vk and ik from Eqs. (7) and 
(8). The resulting set of equations will have coefficients that may be 
denoted by primes. The values are 

Z' 

Zkk 

rj ZikZjk 
"il ~ ri f > 

&kk T 222 
if i, j ^ k, 

7 ' 1 2 _ 7' 
A,k 7 , ~ - 6ki, 

ZkkZ\\ , Z u 2 2 2 212 

Zkk ~\~ ?22 Zkk ~\- ^22 

(9) 

(10) 

(U) 

If the T-network that was added is a length of transmission line of 
unity characteristic impedance and length I, the impedance elements are 
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« l l = «22 2 = 

j csc 

, 2TT? 
-.7 <'ot -—■ 

*0 

2-KL (12) 

ZllZ22 212 — 1-

By successive applications of this transformation, lines may be added to 
all the terminals of the network N. 

9-3. The £-plane T-junction at Long Wavelengths.—The properties 
of branched transmission lines were discussed in Chap. 6 under the simple 
assumption that the lines behaved as though they were connected in 
series. This approximation is valid for low-frequency transmission lines 

2 C) 

(a) C) 
* Hi. 9-3.—A series junction, (a) Equivalent circuit of an £-plane T-junction; (b) cross-

sectional view of an £-plane T-junction. 

of all forms. As the frequency increases, the properties of the junction 
become more complicated and depend upon the shape of the junction 
and the kind of transmission line. Figure 9-3 illustrates diagrammatically 
a series junction and defines the convention of positive directions of the 
voltages and the currents flowing into the junction. The impedance 
and admittance matrices of this system both contain infinite elements 
and are consequently of little use. The linear equations that relate the 
voltages and currents are 

v1 + v.i + V3 = 0,\ 
ii = t2 = n . ] 

A rectangular waveguide, operated in the dominant mode, that has a 
branch waveguide joining it on the broad face behaves, at long wave
lengths, as a pure series junction of three waveguides. Such a junction 
is called an .E-plane T-junction, since the change in structure at the 
branch occurs in the plane of the electric field. Figure 9-3fo shows a 
cross section of a waveguide with an A'-plane branch. The equivalent 
circuit of this B-plane junction is shown in Fig. 9-3o. The proper choice 
of the characteristic impedance of the three lines is immediately obvious. 
At long wavelengths the integral of the electric field taken around the 
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path shown by the dotted lines is zero; 

bitfi + b2E2 + b,Ei = 0. (14) 

Thus if the voltages are taken proportional to the heights of the wave
guides, Eq. (14) is equivalent to the first of Eqs. (12). Since the currents 
in the three lines are equal, the characteristic impedance of each line 
must be chosen proportional to b. In Fig. 9-3a the characteristic imped
ances are denoted by Zh Z2, Z3. 

Although the impedance matrix of this system does not exist, the 
scattering matrix does. By the application of elementary circuit theory, 
the scattering matrix S may be shown to be 

— Zi + Zi + Z3 

s = 

Z\-\- Z% + Z% 
_ Z s/ZiZj 
Z\ + Zi -f- Zz 
Z\ — Zi + Zi 
Z\ + Zi + Z% 

Z \ZZiZi 
Z\ + Zi + Zi 

z Vz2Zi 
Z\ + Zi + Z% 
Z\ + Zi — Z; 
Z\ + Zi + Zz 

(15) 

This equation as well as Eqs. (12) is independent of the angle of the 
branched line with respect to the main line. 

As the frequency is increased, the line integral of the electric field 
along the path in Fig. 9-36 begins to have an appreciable value, and the 
behavior of the junction is no longer represented by a pure series circuit. 
To investigate the proper equivalent circuit it is useful to restrict the 
branching angle to 90° and further to impose the conditions that 

63 « 61, &i = b2. 

To simplify the notation, it is convenient to write 

&i = bi = 6, 63 = b'. 
If a wave is transmitted down the branch line, it is reflected at the 

junction with a large reflection coefficient. For small values of b', the 
reflection coefficient is given by S33 of Eq. (15): 

S3 
2b - b' 
26 + b'' 

. V 3 

f . JB iv, If the lines (2) and (3) are terminated in open 
circuits, the reflection coefficient is unity. At high 
frequencies the field configuration in the neighbor
hood of the junction must be similar to that pro
duced by the symmetrical change in height of a 
waveguide described in Sec. 6-16. The electric field is distorted near 
the branch line and concentrated to produce an excess storage of electrical 

F I G . 9-4.—Equiva
lent circuit of an E-
plane T-junction with 
junction susceptance. 

file:///ZZiZi
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energy. Therefore a capacitive susceptance must appear at the junction. 
The equivalent circuit becomes that shown in Fig. 9 4 . 

The value of the susceptance B is 

B = S(1+lnw) (16) 

relative to the characteristic admittance of the main waveguide. Equa
tion (16) is valid if both b/\„ and b'/b are small compared with unity. 
This value B may be compared with the junction susceptance B' at a 
step change of height in a waveguide. This junction susceptance was 
found to be 

b B' -?<■ + - £ > (17) 

which is valid under the same conditions. 
It is interesting to compare these two junction effects by calculating 

the input admittance of the waveguide structure shown in Fig. 9-5. This 
waveguide termination can be re
garded as a change in height of the 
guide and a short circuit a distance 
b away. The input admittance is 
therefore 

/ I I J I J I I 1 / - T 

K = JB' .b' ,2wb 
J b c o t x r - (18) 

The structure may also be regarded 
as an i?-plane T-junction with a 
short circuit in each of the two main 

arms a distance b/2 away from the branch. The input admittance on this 
basis is 

F I G . 9-5.—Structure for comparing the 
junction effects of a change in cross section 
and of an i?-plane T. 

yta = JB 
. l b ' ,-rb 

J 2 ¥ c o t x r (19) 

Since 6/\„ <JC 1, the difference between Eqs. (18) and (19) may be shown 
to be 

J — 4/ "'"'" X„ "--f'KiH (20) 

Thus the two methods of calculation give the same results to a good 
approximation. 

This comparison is a critical test of the reliability of both formulas, 
since the short circuits are placed close to the junction (b « \g) and 
consequently interaction effects are to be expected. 

I t is often convenient to transform the equivalent circuit of Fig. 
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(21) 

9-4 to a new reference plane in the branch arm. Since the impedance 
matrix is infinite, the general form of the transformation given in Sec. 
9 2 cannot be used. It is easy, however, to proceed from first principles. 
The junction equations are 

vi + v2 + v3 = 0, 
ii = ii = is — jBvs. 

If a Il-network is connected to arm (3), the new currents and voltages are 
given by 

i'z = 2/iiw's - 2/12V3, 

i't = 2/12V3 - 2/22V3. 

The network relations become 

vi + v, + ^ v'3 + i 
2/12 

0, 

Zl = t2 
\2/l2 2/12/ \ 

2/12 

2 - 2/112/22 

If the added line is short, 
2/o 

2/12 

2/12-

-jB yn\ . 
/12/ 

(22) 

The junction becomes a pure series junction if the coefficient of v'3 in 
the second of Eqs. (22) vanishes or if 

B 
2/o' 

01 = (23) 

For this length, Eqs. (22) reduce to Eqs. (13). Since I is negative, the 
reference plane is within the junction as shown in Fig. 9-6. 

1 * * j^^ 

— F T \ 
I d I 

I > I > > > > • • • — - H 

F I G . 9-6.—Reference planes of an E-plane T-junction with first-order end correction. 

9-4. £-plane T-junction at High Frequencies.—At high frequencies 
for which the condition b <K X„ is no longer fulfilled, the equivalent circuit 
of an B-plane junction becomes more complicated. For the symmetrical 
case, there must be four circuit parameters. An equivalent circuit 
which is convenient to use and which reduces directly to the simple 
series circuits for long wavelengths is shown in Fig. 9-7. The elements of 
the admittance matrix are indicated on the left-hand side of the figure. 
If the Il-network in arm (3) is replaced by the T-network that is equiva-
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lent to it, the circuit becomes that shown in Fig. 9-76. The impedances 
are related to the admittances of Fig. 9-7a by the equations 

1 

(24) 

As b' becomes small compared with b, Zb and Zd approach zero, Z* 
becomes very large, and the only remaining element is the shunt capaci
tance Zc. The circuit elements are shown as inductances or capacitances 

« o 

zh 

Zc 

zd 

= 

= 

= 

2/ii -
2/33 -

2/122/33 

2/ 
2/122/33 

2/12 -
2/122/33 

2/12 
- 2/13 

2/l3 
13 

2/l3 
" 2/13 

- 2/?3 

(3) 

v„-% 

-nnrcr>-
(!>»„-»«£ -, I 2<2) 

(3) 

Hf-

(2) 

(a) (6) 
F I G . 9-7.—Exact equivalent circuits for an i?-plane T-junction at high frequencies. 

in Fig. 9-7 according to the sign of the admittances when b' = 6. Typical 
experimental values, for 6/X„ = b'/\a = 0.227, are 

Za = " j lO.4 , 
Zb = J0.50, 
Zc = - J4 .85 , 
Zd = -yo.57. 

(25) 

Additional values of the circuit parameters are to be found in Vol. 10 
of this series. 

The circuits of Fig. 9 1 are, of course, equally valid representations 
of the symmetrical E-plane T-junction. The values of the circuit 
parameters of the series representation are 

i l = h = 0.014, 
A„ An 

~ = 0.028, 
Ao (26) 

Z = j'0.01, n2 = 0.829, J 
for V = b = 0.2X0. 

If the three arms of the T-junction have equal heights and branch at 
equal angles of 120°, the junction possesses a higher degree of symmetry 
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than the 90° junction, and the number of circuit parameters necessary 
to describe the behavior is reduced to two. The impedance matrix is 
of the form 

Z l l Z12 Z l2 
Z = Z12 Z n Z12 . (27) 

Z12 Z12 Z l i 

A circuit that exhibits the same symmetry as this junction is shown in 
Fig. 9-8. The elements Zi and Z2 are related to the elements of Z by 
the equations 

Z\ 

(28) 
z2 '" ' 

Z i i = 
Z1(2Zl + 3Z2) 

3(Zi + Zt) 

Z\ = Zn + Z12, 

Zl2 —' 3(Zi + Z2) 
(Zn + Zi2)(Zu — 2Zu) 

3Zi2 

Another special case of considerable interest is the 180° .E-plane 
junction or the bifurcation of a wave
guide in the #-plane. Such a junction is 
shown schematically in Fig. 99a. If the 
dividing wall has negligible thickness, 
certain special properties are manifest. 
The equivalent circuit of Fig. 9-76 may be 
drawn as in Fig. 9'9b for the reference 
planes indicated in Fig. 9-9o. Since the 
reference planes of the three arms coincide, 
the voltage v'3 = Vi + v2. The T-net-
work in Fig. 9-9b must reduce to a shunt 
element, and the equivalent circuit be
comes that of Fig. 99a. If the heights of the smaller guides are not equal, 
an additional element must be added to the circuit. This additional ele-

9 (3) 
h v, 

F I G . 9-8.—Equivalent circuit of 
120° i?-plane junction. 

-nm^-

(i) 
2 

(2) 

? (3) ? 

If u 

\\ 
0 ( l ) <! 

u 
3 (2) 0 

(a) (6) (c) 
F I G . 9-9.—i?-plane bifurcation of a waveguide and the equivalent circuit. 

ment may be an impedance in series with the terminal common to arms (1) 
and (2). 
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Another equivalent circuit which may be useful in some situations is 
one that contains a three-winding ideal transformer. This circuit is 
shown in Fig. 9-10. The six parameters are the three line lengths, two 
turn ratios of the transformer, and Z. The circuit equations are 

Vl + Vz + V3 = 0, 
wii'i + n2i2 — riiiz = 0, 

Z l — lz 
1 / n i n 2 \ (vj_ _ vj\ 
Z\ns) \ n i n-t) 

(29) 

when the positive directions for the currents and voltages are those 
shown on the figure. 

<? (3 ) <? 

3 nV 
uumfl.ft.tumj -i^Tfiwinr 

(i) - t 
n, n2 k (2) 

F I G . 9-10.—Equivalent circuit of an /?-plane T-junction with a three-winding transformer. 

The series impedance Z in Fig. 91b may also be placed in shunt with 
the transformer. If the characteristic impedance of line (3) is chosen as 
n2b'/b, the circuit reduces to that shown in Fig. 9-4 at the proper reference 
planes in the three lines. 

9-5. if-plane T-junctions.—Junctions with three arms in which the 
branching takes place in the //-plane may be discussed in a similar fashion 
to .E-plane junctions. For very long wavelengths, the junction is a pure 

(1) 
f 

(3) 

^ n — 

" 1 
1 

1 1 
a i (2) (1) 

z 

--z 

(3) 

(2) 

(a) (b) 
F I G . 9-11.—//-plane junction and equivalent circuit at long wavelengths. 

shunt junction. The coupling from the main waveguide to the branch 
guide is by means of the magnetic fields. If the branch arm is at 90° 
to the main line, the coupling will be from the longitudinal magnetic field 

http://uumfl.ft.tumj
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in the main line to the transverse magnetic field in the branch line. Since 
these fields are in quadrature with respect to the transverse electric field, 
the junction behaves as a pure shunt junction only if a quarter-wave
length line is inserted between the branch line and the main line. Figure 
911a shows the junction, with the 
reference plane indicated. The 
equivalent circuit is shown in Fig. 
9116. The proper ratio of imped
ances of the main line and the 
q u a r t e r - w a v e l e n g t h line is the 
ratio of the transverse magnetic 
field to the longitudinal magnetic 
field. The characteristic imped
ance of the quarter-wavelength 

FIG. 912.- -Exact equivalent circuit for an H-
plane T-junction. 

line relative to that of lines (1) and (2) is therefore 2a / \ 0 . As the fre
quency is increased, additional circuit elements must be employed to 
express the effect of higher modes at the junction, and the circuit becomes 
that shown in Fig. 9-12. The values of the elements on the side arm will 
depart from those of a quarter-wavelength line. Experimental values of 
these parameters for X = 3.20 cm and a = 0.902 in. are 

(30) Z„ = J0.17, Zb = ./0.19, 
Zc = - j l . 0 4 , Zd =j\.Q0. 

The value of 2a/X0 is 1.002 for these conditions. 
9-6. A Coaxial-line T-junction.—Stubs or T-junctions in coaxial line 

have equivalent circuits that are similar to those of waveguide junctions. 

0.058" 

Ref. plane 
1-

- Ref. plane 

2.145" 

Ref. plane 
— T - 3 

y0 = 0.0216 mho 

■04 

— 1.913'1-

(o) Dimensions of stub used. (b) Circuit. 
F I G . 9-13.—Equivalent circuit of a coaxial T-junction. 

Since the coaxial-line junction is physically like a shunt junction, it is 
natural to employ a shunt equivalent circuit. The coupling is magnetic, 
and no phase shift between the branch line and the main line would ba 
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expected for low-frequency waves. At high frequencies a junction 
effect becomes important, which may be represented most suitably as 
shown in Fig. 9 1 or 912 . As an example of the circuit of a coaxial-line 
T-junction, parameters measured1 at a wavelength of 10 cm are presented 
in Fig. 9-13. As expected, the reference planes for which the circuit 
has a simple form are close to the junction of the inner conductors. 
The reference planes in the main line overlap, as for the //-plane T. 
The junction effect is represented by the shunt inductance and the ideal 
transformer, and the effects of these elements are not large. 

9-7. The T-junction with a Small Hole.—The theory of diffraction by 
a small hole, discussed in Chap. 6, may be applied to two waveguides 
joined together to form a T-junction whose arms are connected by a small 
hole. It will be recalled that the theory proceeds from the assumption 
that the field in the hole depends on the incident field only. Radia

tion takes place from the hole into wave
guide or into free space as though the 
hole were an electric or magnetic dipole 
or both, depending on whether the inci
dent field has an electric or magnetic 
component. For the irises discussed in 
Chap. 6, a large reflection is produced 
by the wall containing the hole and a 
small amount of power is transmitted 

through the hole. If a hole is located in the side wall of a waveguide 
as shown in Fig. 9 14, power incident upon it from guide (3) is almost 
totally reflected, but some power leaks through the guides (1) and (2). 
Guide (3) appears to be terminated in a large susceptance given by 

(1) Hm 

H„3 

1 A«3 
Hnl 

(2) 

FIG. 914.-
(3) 

-T-junction coupled with 
a small hole. 

B S\ y " MXE\ M2HI), 

where En is the electric field in guide (3) normal to the hole, Hi and Hm 
are the tangential magnetic fields in the directions of the principal axes of 
the hole, P is the electric polarizability, and Mi and Af2 are the two 
magnetic polarizabilities. The quantity S is a normalizing factor that 
is equal to i(X„/X)afc for unit transverse magnetic field and for the 
dominant mode in rectangular waveguide. I t will be recalled that 
this expression neglects the reaction of the load upon the matched 
generator, which is small if B is large. 

The power leaking into guides (1) and (2) is given by similar expres
sions. If the amplitudes of the waves into guides (1) and (2) are denoted 
by A1 and A?, respectively, then 

1 J. R. Harrison, "Design Considerations for Directional Couplers," RL Report 
No. 724, Dec. 31, 1945, Fig. 56. 
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Ax = - £ L {PEinEi„ - MxHaHu - MiHimHlm), 
A O l 

4 * = -^■\PEinEln + M1H3lHu - MJI*JIlWL), 
A O l 

where the difference in sign results from the fact tha t the waves A i 
and A2 are traveling in opposite directions. 

If a wave is incident in guide (1) of the junction, a somewhat different 
situation arises. The incident field excites a field in the hole which 
radiates waves outward from all three arms of the T-junction. The 
wave from arm (3) is given by 

A - A §}. 

The wave radiated away from the hole in arm (1) is a wave reflected from 
the hole. The amplitude is 

Bi = 3f(PRl + MiHl ~~MiH^-
The wave radiated away from the hole in arm (2) produces only a small 
change in phase in the incident wave. The amplitude is 

Ai = ~ ft(PEl ~ MlHh ~ MJP~J-
The hole in the side of guide (1) is therefore equivalent to a two-arm 
junction with a scattering matrix having the elements 

Si2 = 1 + A?, Su = B\. 

The scattering matrix may be replaced by an equivalent circuit in the 
\isual way. If a T-network is chosen for the circuit representation, the 
elements are 

2(1 + AJ 
Z l 2 (1 - B,y - (1 + Atf-

Z\\ — Z\1 = A\ - B\ 
(1 - B,)» - (1 + A,Y 

Since ĵ 4.2j and \Bi\ are small compared with unity, Zn is large and 
Zn — Z12 is small. 

If the T-junction of Fig. 9-14 represents an //-plane junction, then 

* - & ( & ) ' * ■ - * » 
Zn Z12 — 0, 

7 . a>b (a\ 

file:///isual
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WAVEGUIDE JUNCTIONS WITH FOUR ARMS 

Junctions in waveguide which have four arms have many special 
properties that have proved to be particularly useful in microwave 
circuits. Such junctions are related to the familiar bridge circuits at 
low frequencies. These properites are fundamentally the result of the 
high degree of symmetry that a four-junction may possess. 

9-8. The Equivalent Circuit of a Four-junction.—It is easy to find 
many equivalent circuits for a junction with four arms by proceding 

F I G . 9-15.—Equivalent circuit of a four-junction. 

according to the general methods outlined in Chap. 4. One equivalent 
circuit is shown in Fig. 4-37 and consists of six transmission lines con
nected in shunt with four shunt admittances. A more useful form 
results from the application of the general methods. Figure 4-38 illus
trates a four-terminal-pair network with a core consisting of a four-
terminal network. If the four-terminal network of Fig. 4-34 is used for 
the core, a general form for the equivalent circuit of a four-junction 
results. The circuit is shown in Fig. 9-15. The number of independent 
circuit parameters is 10—the number necessary to determine the imped
ance matrix completely. For the voltages and currents defined in the 
figure, the impedance matrix can be found from elementary principles, 
and the result is 

Z = (31) 

w 

Zn Z1Z2Y1 Z\Zi{Yi + 12) Z\ZiY\ 
Z\Z-iYz Z22 Z2Z3Y1 ZIZIXYY + Fi) 
ZiZs(Yi + Yz) Z2Z3Y1 Z33 Z%ZtXi 
ZiZtYi Z-iZi\Y\ + Fj) Z%ZiY<i Zn 

lere Y\ and Yt are the admittances of the crossed circuit elements. 
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From the form of the circuit or from the impedance matrix, certain 
properties are evident. (1) With respect to a given arm, there is one 
opposite arm and two adjacent arms. (2) The mutual impedance 
between the opposite arms (1) and (3) can be made to vanish either by 
making Z\ or Z 3 equal to zero, a trivial case, or by making F x + F 2 = 0. 
For this condition, however, the mutual impedance between arms (2) 
and (4) also vanishes. (3) If the mutual impedance vanishes between 
two adjacent arms, for example, (2) and (3), then Fi = 0, and the 
mutual impedance between the other pair of adjacent arms (1) and 
(4) also vanishes if the trivial cases are neglected. 

F I G . 9-16.—The circuit of the four-junction of Fig. 9-15 redrawn. 

The analogy of the circuit of Fig. 9-15 to that of a Wheatstone bridge 
may be made obvious by rearranging the components as shown in Fig. 
9-16. The choice of arm (1) to represent the " b a t t e r y " of the bridge is, of 
course, arbitrary. The circuit could have been drawn with any arm in 
this position. The relation that is maintained is that arms (1) and (3) are 
opposite arms, as are arms (2) and (4). I t would be possible to proceed 
from this equivalent circuit to develop the interesting properties of 
four-arm junctions. The method that will be adopted, however, is to 
consider the scattering of waves falling upon the junction and to derive 
the behavior in these terms. 

9-9. Directional Couplers.—It is evident from the circuit of Fig. 9-16 
that by altering the impedances connected to arms (2) and (4) it is 
possible to balance the bridge. The impedances on arms (2) and (4) 
may consist of matched loads together with some reflecting irises. In a 
similar fashion, if proper irises and matched loads are connected to arms 
(1) and (3), no power is coupled between these two arms. The wave
guide junction may now be extended to include the irises. Furthermore 
it is possible to choose the irises in such a way that no reflections are 
produced when waves are incident in arms (1) or (2). Under these 
conditions the device is called a directional coupler. 
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A. directional coupler is defined as junction of four transmission lines 
(1), (2), (3), and (4) such that with all lines terminated in their character
istic impedances, the terminals (1) and (2) are matched and there is no 

1 2 

J 
1 

F I G . 9-17.—A directional coupler. 

coupling between (1) and (3) and (2) and (4). The suitability of the 
name can be seen from Fig. 9:17. A wave incident on the junction in 
line (1) leaves by lines (2) and (4). A wave incident in line (2) leaves 

Destructive C -
interference^ "" 

I 

F I G . 9-18.—Directional coupler with two incident waves, first case. 

by lines (3) and (1). Thus the powers absorbed by matched loads on 
arms (3) and (4) are indicative of the powers traversing the junction in 
lines (1) and (2) in the two directions. The ratio of the power emerging 
from line (4) to that incident in line (1) is called the coupling coefficient 
of the directional coupler. 

A directional coupler has several interesting properties. One of 
these is that all the terminals are matched. The waves indicated by 

j 2 dotted lines in Fig. 918 may be 
i 1 reversed in time and combined 
1 I with the waves indicated by solid 

arrows. If the amplitudes and 
phases of the two waves relative 
to each other are properly ad
justed, the two waves entering 
the junction at arm (1) can be 
made to cancel each other. All 

that remains is a wave entering the junction at arm (3) and leaving it at 
arms (2) and (4). Thus a wave incident on the junction at arm (3) is 
transmitted to arms (2) and (4) without reflection, and the terminal (3) 
is matched. In a similar way it can be shown that terminal (4) is 
matched. Thus all directional couplers are completely matched. 

Another theorem of importance is that a junction such that two 
noncoupling terminals are matched is a directional coupler. It may be 
assumed that terminals (1) and (3) of Fig. 919 do not couple with each 
other and are matched. Waves can fall upon the junction in lines (1) 

3! i 

FIG. 

Destructive 
interference 

9-19.—Directional coupler with two 
incident waves, second case. 
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and (3) as shown by the solid and dotted arrows. If the phase and 
amplitude of one of these waves are adjusted with respect to those of the 
other wave, the two waves in line (4) can be made to cancel each other. 
A reversal of time causes a wave to enter line (2) and leave at lines (1) 
and (3). This is the same situation which is indicated by the dotted 
arrows in Fig. 9-17, and therefore the junction is a directional coupler. 

9-10. The Scattering Matrix of a Directional Coupler.—The scattering 
matrix of a directional coupler is of the form 

0 
0 2 1 

0 
0 4 1 

<Sl2 

0 

O 3 2 

0 

0 
O 2 3 

0 
0*43 

0 1 4 

0 

O 3 4 

0 

The zero elements on the diagonal indicate that the junction is com
pletely matched, and the remainder of the zero elements indicate that 
there is zero coupling between arms (1) and (3) and also between arms 
(2) and (4). The remainder of the elements of S are not completely 
independent but must be such as to make the matrix symmetrical and 
unitary. The conditions thus imposed are that 

Sjk = Skj, I 

IS12I2 + l-Sul2 = 1, j 
and 

<321<S*3 + 1S41S43 = 0> I 
O l 2 0 1 4 + 032O34 = 0 . J 

From Eqs. (33) and (34), 

I012II023I 
|Sl2 | | (Sl4| 

and hence 
IS12I 
\Su\ 

Equations (36) state that the coupling from arm (1) to arm (2) is equal 
to that from arm (3) to arm (4) and also the coupling from arm (1) to 
arm (4) is equal to that from arm (2) to arm (3). Thus a wave incident 
in arm (1) couples the same fraction of its power into arm (4) that a wave 
in arm (2) couples into arm (3). 

There is still a great deal of arbitrariness in the phases of the ele
ments of S. This indeterminateness can be eliminated by the correct 
choice of the locations of the reference planes. As an example, the loca
tion of the terminal plane (2) may be chosen in such a way that Sv< is 
real and positive. Similarly the location of the plane of arm (4) may be 

(33) 

(34) 

I1S141IS34I, 
|o*23||0*34|, 

IS34I, 
|-S„|. 

(35) 

(36) 
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chosen in such a way that Su is positive imaginary, and the location of 
the plane in arm (3) may be chosen so that Szi is positive real. From 
Eqs. (36), 

S12 = Su = a, (37) 

a positive real number. From Eq. (34), 

aS*3 + S u a = 0; 
and from Eq. (38), 

S23 = Su — jp, 
where /3 is positive real. 
Thus the scattering matrix becomes 

(38) 

(39) 

0 
a 

0 
# 

a 
0 

Jfi 
0 

0 
# 

0 
a 

ifi 
0 

a 
0 

(40) 

The scattering matrix (40) will be regarded as a standard form for a 
directional coupler. From the first of Eqs. (33), 

a2 4- /32 = 1. 

A theorem that is of considerable importance may now be proved. 
I t has been shown previously that every directional coupler is completely 
matched. I t will now be shown that any completely matched junction 
of four transmission lines is a directional coupler. If the junction is 
matched, the scattering matrix is 

S = 

0 
S21 

S31 
Su 

0 1 2 

0 

s3i 
(S42 

»Sl3 
S23 

0 
0 4 3 

Su 
S24 

S34 
0 

(41) 

The location of the terminal planes may be chosen in such a way that S21 
and 1S43 are pure real and positive and that <S4i is pure imaginary. Then, 
since S is unitary, 

1S21O23 — 041<343 = 0 , I 

— 021>S 4 1 + O23O43 = 0 . 
(42) 

If the first of Eqs. (42) is multiplied by »S'2i, the second by >S'43, and the 
difference is taken, 

(SI, - S\s)Sn = 0. (43) 

Hence either S..-., vtmislies and the junction is a directional coupler as 
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already proved, or 
&21 = S43 = a, (44) 

where a is a real positive number. 
If a is substituted in Eqs. (42), 

S23 = Stl = jfi, (45) 

where 0 is a pure real number. 
If these relations are substituted in Eq. (41), S takes the form 

0 
a 

S31 

JP 

a 
0 

i/s 
S42 

»Sl3 

J/S 

0 
a 

i/s 
S24 

a 
0 

If the first row of the matrix (46) is multiplied by the complex conjugate 
of the second column, and if the first column is multiplied by the complex 
conjugate of the fourth row, then because S is unitary, 

- # S i » + JPS& = 0, 1 
aS3i + aS*2 = 0. j l '' 

If neither a nor $ vanishes, Eqs. (47) imply that both S31 and S42 vanish. 
This puts Eq. (46) into the same form as Eq. (40), and the junction is a 
directional coupler. If either a or f) van
ishes, the junction is also a directional 
coupler. Thus the result has been ob
tained that any junction of four trans
mission lines which is c o m p l e t e l y 
matched is a directional coupler. 

M l . The Arbitrary Junction of Four 
T r a n s m i s s i o n L ines .—It might be 
thought that any junction of four trans
mission lines could be c o m p l e t e l y 
matched by a transformer in each of the 
four transmission lines and therefore 
could be made into a directional coupler. This cannot be done in gen
eral, however, as will now be shown.1 

Let us consider the arbitrary junction of four transmission lines shown 
in Fig. 9-20. If plungers are inserted in lines (2) and (3) as shown in the 
figure, then for any position of the plunger in arm (2) there exists a position 
of the plunger in line (3) such that no coupling exists between lines (1) and 
(4). The junction with the plunger in line (2) at some definite position is 

1 This proof is due to R. L. Kyhl. 

F I G . 

Plunger 

9-20.—Arbitrary junction of 
four transmission lines. 
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reduced to a three-terminal-pair junction for which a plunger in one of the 
remaining arms can always be used to decouple the remaining two trans
mission lines. For such locations of the plungers, there exist standing 
waves in each of the transmission lines (1), (2), and (3). If now the 
plunger in line (2) is moved to a new location, there will again be a new 

F I G . 9-21.—Positions of nodes in arms of F I G . 9-22.—Linear combination of solutions. 
four-junction for two positions of the 
plungers. 

position of the plunger in line (3) which causes line (4) to be decoupled 
from line (1), and there are pure standing waves in lines (1), (2), and (3). 
The nodes of the standing waves in line (2) must now be in a new position. 
However, the nodes in lines (1) and (3) may or may not be in the same 
position. In Fig. 9-21, the dotted lines marked a represent one position 
of the nodes, those marked b represent the other position. 

Since these solutions represent pure standing waves, they are charac
terized by the fact that the electric fields are everywhere in phase or 
180° out of phase, as shown in Chap. 5. If none of the positions a and b 

coincide, a linear combination of 
these two solutions, taken with dif
ferent time phases, corresponds to 
running and standing waves in the 
lines (1), (2), and (3). Only if the 
nodes of the two solutions coincide 
in one of the guides will the linear 
combination be a pure standing 
wave in that guide. The linear com
bination of solutions is shown in Fig. 
9-22. Since the waves in the guides 

are not pure standing waves, the amplitude of a wave running one way 
is different from that running the other way. This is indicated in Fig. 
9-22 by the arrows of different length. It will be assumed that one long 
arrow points into the network and two point out. If the converse condi
tion were obtained, a time reversal would lead to the desired condition. 
By the addition of matching transformers to the lines (1), (2), and (3) 

F I G . 9-23.- -Four-junction with matching 
transformers. 
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the conditions of Fig. 9-23 are obtained. The transformers set up the 
standing-wave pattern of Fig. 9-22. 

From a consideration of the terminals located on the transmission-line 
side of the transformers in Fig. 9-23, it is seen that the new modified 
junction is matched looking into line (2). Moreover, there is no coupling 
between lines (2) and (4). The terminals of line (4) can now be matched 
by the inclusion of a transformer in line (4). Thus both lines (2) and (4) 
are matched, and there is no coupling between them. Hence, by an 
earlier theorem, the junction is a directional coupler. Conversely, the 
junction may be considered as a perfect directional coupler with trans
formers that mismatch it in the four transmission lines. 

Four transformers are actually not required; it is easily seen that three 
are sufficient. If the linear combination of the two standing-wave solu-

Fio. 9-24.—Behavior of a degenerate four- Flo. 9-25.—Junction of two T's connected 
junction. together. 

tions is taken correctly, one of the lines, line (1), for example, can be made 
to contain a pure running wave. Thus the transformer on line (1) is not 
essential, and three transformers are sufficient to match the junction of 
four transmission lines. 

I t should be remembered that the foregoing derivation hinges upon 
the assumption that none of the nodes a and b in Fig. 9-21 coincide. 
Since the plunger in line (2) is moved to a new position* in going from 
case a to case b, it is clear that the resulting nodes also move. Hence if 
the nodes do coincide in one of the transmission lines, it will have to be 
either in line (1) or in line (3). If the nodes a and b of Fig. 9-21 coincide 
in line (3) and nowhere else, a linear combination of the two solutions 
may be taken such that the waves are completely canceled in line (3). 
The combination must be one with equal time phases. The resulting 
linear combination is one with standing waves in lines (1) and (2) only, 
as in Fig. 9-24. Figure 9-25 is an example of a junction in which standing 
waves are set up in lines (1) and (2) by a plunger in arm (2). I t is to be 
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FIG. 9-26.- -Behavior of a degenerate four-
junction. 

noted that the junction of Fig. 9-25 is composed of two T-junctions con
nected together by a transmission line c. The plunger in arm (2) is in 

such a position as to decouple c 
from arm (1). 

I t may turn out that the nodal 
planes a and b coincide in both 
lines (1) and (3). This is possible 
only if the waves are completely 
absent from line (2). This im
plies,, however, that there are pure 
standing waves in lines (1) and (3) 
with no waves in the other lines. 
This condition is indicated in Fig 
9-26. 

The procedures just described could be repeated for a wave introduced 
into line (4). A standing-wave solution analogous to Fig. 9-24 or 9 2 6 
would be obtained. In each case the network is equivalent to a junction 
of the type shown in Fig. 9-25 (the 
lines need not be numbered in this 
order) provided all degenerate 
forms of Fig. 9-25, such as those 
shown in Figs. 9-27 and 9-28, are 
included. 

To recapitulate, any arbitrary 
junction of four transmission lines 
can be represented either as a di
rectional coupler with transform
ers in three of the lines or as a 
junction consisting of two inter
connected T-junctions. 

9-12. The Magic T.—A matched directional coupler with a coupling 
coefficient of \ has proved to be an extremely useful device for many 
microwave applications and has become known as a magic T. The low-
frequency analogue of a magic T is the well-known hybrid coil used in 
telephone repeater circuits. Such a device is indicated in Fig. 9-29. 

Among the many applications of the magic T, the more important 
ones are impedance bridges,1 balanced mixers,2 balanced duplexers,3 

and microwave discriminators.4 

A magic T can be realized in any one of a number of forms, in wave-
1 Vol. 11, Chap. 9, Radiation Laboratory Series. 
2 Vol. 16, Chap. 6, Radiation Laboratory Series. 
3 Vol. 14, Chap. 8, Radiation Laboratory Series. 
4 Vol. 11, Chap. 2, Radiation Laboratory Series. 

FIG. 9-27. -Equivalent form of a degenerate 
four-junction. 
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guides or in coaxial lines. One of the simplest of these forms is the com
bination of an E-plane and an //-plane T-junction which is shown in 
Fig. 9-30. A wave incident on the junction in arm (4) has even symmetry 

about the symmetry plane, and the 
transmitted power is divided with 
even symmetry between arms (1) 
and (2). No power is coupled to 
arm (3), since no mode that has 
even symmetry can propagate in 

(1) 
0—0(3)i 

(2) 

(4) 

F I G . 9-28.—Another form of 
four-junction. 

a degenerate F I G . 9-29.—Circuit of a 
hybrid coil. 

arm (3). There is also a reflected wave in arm (4). The reflected wave 
can be matched out, however, by adding to the junction some post or iris 

that does not destroy the symmetry 
of the junction. A wave incident 
in arm (3) possesses odd symmetry 
and therefore excites fields in arms 
(1) and (2) which have odd sym-

Arm 3 

Arm 1 

Symmetry plane 

Arm 2 

• Arm 4 

F I G . 9-30.—A magic T. F I G . 9-31.—Positions of post and iris for 
matching a \- by 1-in. waveguide T. 

metry. No power is transmitted to arm (4), since arm (4) will not support 
a mode with odd symmetry. To eliminate the reflected wave in arm (3), 
a second matching device must be added to the junction. Figure 9-31 
shows one method for matching the junction. The dimensions are given 
for a wavelength of 3.33 cm in \- by 1-in. waveguide. The post is 0.125 
in. in diameter, and the iris -fa in. thick. 
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The argument of the preceding section can be repeated with coherent 
generators connected to arms (3) and (4) to show that in the matched 
junction, arms (1) and (2) are also decoupled. I t is easy to see that the 
impedance matrix must have the simple form 

0 
0 

1 
1 

0 
0 

- 1 
1 

1 
- 1 

0 
0 

1 
1 

0 
0 

Z = -L= 
V 2 

for the proper choice of reference planes. I t may be shown that 

Y = - Z = - S , 

(48) 

— I. An equivalent circuit of a magic T is shown in Fig-

Arm 3 (waveguide) 

since Z2 

9-32. 
Another form of a magic T-junc

tion is shown in Fig. 9-33. Three 
of the arms are coaxial lines, and the 
fourth arm is rectangular waveguide. 

Arm 2 

(3) -I (?V2 
V? 

(l) VI 

(4) 

F I G . 9-32.—Equivalent circuit of a magic T. 

Arm 1 
F I G . 9*33.—A magic T in coaxial line and 

waveguide. 

The symmetry of the junction ensures that there is no coupling between 
arms (3) and (4). If the junction were matched, there would be no 
coupling between arms (1) and (2). Many other1 magic T's can be 
made from ring circuits, which are discussed in the next section. 

9-13. Ring Circuits.—A four-arm junction may be equivalent to four 
three-arm junctions connected together to form a ring circuit as in Fig. 
9-34. The lines Zi, li, h, U which interconnect the networks may have 
arbitrary lengths and arbitrary characteristic impedances. If the series 
transformer representation of Fig. 4-35 is used for each of the three-arm 
junctions, the equivalent circuit may be reduced to a simpler form. The 
series impedance elements of each three-junction may be combined with 
the lines that interconnect the networks, with the possible exception of 
one remaining series element. If the network possesses some symmetry, 

'See also Sec. 12-24. 



SEC. 9-13] RING CIRCUITS 309 

this remaining element is also absent. The turn ratios of the trans
formers may also be adjusted if corresponding changes are made in the 
line impedances. 

A ring circuit may be easily realized in waveguide by combining four 
i?-plane T-junctions as shown in Fig. 935 for a symmetrical case. If 

(4) (3 )o 

( 1 )o 

u 

'3 

h 

h 

° 

(2) 

F I G . 9-34.—A ring circuit made up of four three-arm junctions. 

(3) T 

(i) 

yrrr;iifr>>)?})rTT7T7 

(4) 

(2) 

FIG. 9-35.—A symmetrical ring circuit made of four i?-plane T-junctions. 

the distances between the reference planes are so chosen that each T-junc
tion is a pure series junction and that each is separated by XB/4 from the 
adjacent junctions, the device becomes a directional coupler of a common 
form, sometimes called a double-stub coupler. If b' « b, the reference 
planes may be chosen as shown in Fig. 9-6. The directional coupler is 
matched if b" has the value 

b" 

and the coupling coefficient C is given by 

= 4 + (^ 
en by 

M 
If b' is very small compared with b, b" may be made equal to b and the 
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—swir^-
(3) 

> 

^6 

(1) 

ft 

/ ft'+ft' \ 

(4) 

coupling coefficient is simply (b'/b)2. A simple equivalent circuit for 
this directional coupler is shown in Fig. 9-36. 

If the coupling coefficient of a directional coupler is equal to ^, the 
device becomes a magic T. At long wavelengths, a magic T could be 
made as shown in Fig. 9-37fo from E-plane T-junctions. Shunt junctions, 

which are the duals of the series 
junctions, may also be used. A 
synthesis of a magic T in coaxial 
line is shown in Fig. 937a. 

A still more general form1 of 
directional coupler in which each 
line has a different characteristic 
impedance can be constructed. 
Such a device is illustrated sche
matically in Fig. 9-38 where only 
the characteristic impedances of 
the lines are indicated. There are 
four parameters: the coupling co

if C = 0.5, a magic 

^C 
(2) 

' ( - f t - ) 
A simple equivalent circuit F I G . 9-36.-

for the directional coupler of the kind shown 
in Fig. 9-35. 

efficient C and three arbitrary quantities K, L, M. 
T is obtained. 

The configurations so far discussed are composed of T-junctions 
separated by quarter-wavelength sections of line. Another series of 

Flo, 9 37a. - A magic T in coaxial line. 
FIG. 9-376.—A magic T made from £-plane T-junctions. 

junctions results if one of the lines is chosen to be three-quarters of a 
wavelength long. For example, a magic T composed of fi-plane wave
guide junctions is shown in Fig. 9-39. The four lines may also have 
different characteristic impedances, and Fig. 9-40 shows the values that 

!)(■■ 

B. A. L ippmami . " T h e Theory of Directional Couplers, ' 
. 28, 1945. 

l iL Report No. 81)0, 
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these impedances must have for the junction to be a matched directional 
coupler. 

9-14. Four-junctions with Small Holes.—The theory of the diffrac
tion by small holes is useful in the discussion of several important types 
of directional couplers. One example is the two-hole directional coupler 
shown in Fig. 9-41, where the holes are spaced by a quarter of a guide 
wavelength. The equivalent circuit is a special case of the ring circuit 

FIG. 9-38.—A general form of directional F I G . 9-39.—A magic T composed of 
coupler in which each line has a different E-plane waveguide junctions. 
characteristic impedance. 

FIG. 9-40.- Values of impedances necessary to make the junction of Fig. 9-39 a matched 
directional coupler. 

of Fig. 9-34. The line lengths U and lA are effectively zero, and li and U 
are one-quarter wavelength. The two waveguides are coupled by the 
longitudinal magnetic fields, which excite magnetic dipoles within the 
holes. If the holes are small, the dipoles are of equal strength and 90° 
out of phase. The dipoles radiate into the second waveguide; but 
because of spacing between the holes, the radiation is reinforced in the 
direction of the original wave in the first waveguide and is canceled in 
the opposite direction. Thus one arm of the junction (that containing 
the termination in the figure) is decoupled from the arm in which the 
power is incident. The amount of radiation from the holes may be com
puted by the formulas given in Sec. 97 . The interactions between the 
holes arc. of course, neglected in the formulas, whereas in practical 
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directional couplers such as the one shown in the figure, the interactions 
may not be negligible. 

It is also possible to couple from one waveguide to another by two 
holes so that the wave in the auxiliary line travels in the opposite direction 

F I G . 9-41.—Two-hole directional coupler. 

to that in the main line. Such a device is shown in Fig. 9-42. Direc
tional couplers of this type are called reverse couplers. The two coupling 
holes are located on opposite sides of the center line, on the broad side 
of one waveguide and on the narrow side of the other. The longitudinal 

F I G . 9-42.—Sehwinger reverse-coupling directional coupler. 

magnetic fields that excite the holes are in the opposite directions. The 
holes are spaced along the waveguide by a quarter of a wavelength. 
and therefore radiation from one hole is reinforced by radiation from the 
other for the wave traveling in the backward direction. The coupling 
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Absorber 

coefficient for this coupler also may be calculated from the small-hole 
formulas if the proper relative values of the fields are inserted. 

Another directional coupler, which operates on a different principle, 
is shown in Fig. 9-43. This device is known as a Bethe-hole coupler. 
Since the hole is in the center of the broad face of the waveguide, it is 
excited both by the normal electric field and by the transverse magnetic 
field in the waveguide. Both an electric dipole and a magnetic dipole 
are produced in the hole, and both dipoles radiate in both directions into 
the second waveguide. The electric coupling is an even coupling about 
the axis of the hole, wheras the magnetic coupling produces fields with 
odd symmetry. The strength of the magnetic coupling can be adjusted, 
therefore, to be equal to the electric 
coupling, by the rotation of one 
waveguide with respect to the other. 
The phases of the fields are such 
that if power is incident on the cou
pler in the lower waveguide from 
the left side of the figure, the power 
coupled into the upper waveguide proceeds in the direction of the arrow 
labeled " T o detector." 

Design formulas for Bethe-hole directional couplers and for other 
types as well are given in Chap. 14 of Vol. 11 of this series. 

9-15. Degenerate Four-junctions.—In Sec. 911 it was shown that a 
degenerate form of a four-junction that did not have the properties of a 
directional coupler consisted of two three-junctions connected together 
as in Fig. 9-25. To find the conditions on the elements of the impedance 
matrix that must be satisfied in order that the junction be degenerate, 
it is most convenient to find the impedance matrix for two T-junctions 
connected together. If the terminals of one T-junction are designated 
by (1), (2), and (3) and those of the other T-junction by (4), (5), and (6), 
and if terminals (3) and (4) are connected together, then 

Vz = Vi, i3 = — 1 4 . 

These relations may be used to eliminate v3, vit is. and u from the network 
equations. The result is the impedance matrix 

To detector 
F I G . 9-43.-

Main line 
-Bethe hole coupler. 

z= 

Z i r ■^13 

Z33 + Z44 

„ Z13Z13 
Za-\-Zii 

72 
Z 

Z33 + Z44 

Zs$-

Z\zZa 
Zn~\-Zu 

Z23Z4!, 
■Z33+Z44 

Z"1 

" 4 5 
Z 3 3 + Z 4 4 Z56-

Zu~ 

Z\iZit, 
Z33 + Z44 

Z23Z46 

•Z33+Z44 

ZthZis 
Zsi-\-Za 

Z2 

^33 + ^44 
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The characteristic feature of this impedance matrix is that the determi
nant of the upper left-hand portion which is partitioned off is equal to 
zero. The corresponding determinant of the general impedance matrix 
of Eq. (31) is 

Z iZ , (F , + Yt) Z1ZiY1 
Z2Z3Y1 ZiZi(Y\ 4-

This determinant is equal to zero if 
Y2) 

or 

When the admittance 

(Y, + y,y 
F 2 = 0, 

F 2 = 0, 

= Y\ 

-2Y,. 

oA/WfWV" 

(1) 

(2) 

z,e ^ 

0) 

F I G . 9.44—Equivalent circuit for 
T-junctions connected together. 

the general equivalent circuit can be 
redrawn in a way that makes evi
dent the two three-junctions. This 
circuit is shown in Fig. 9-44. 

Another degenerate case of par-
■ V V V T A A / V O ticular importance is that for which 

Yi becomes infinite. Again the cir
cuit may be redrawn to make the 
relationships between the lines obvi
ous. Figure 9-45 shows this circuit. 
The admittance Y' consists of Z\ 
and Zi in parallel, or 

1 

(4) 

Y' = 4- + 1_ 
Zi z; 

and similarly 

Z, + k 
It is more customary to replace the II-network formed by Y', Y'' 

and Yt by the equivalent T-net-
work. For the symmetrical case, 
when lines (1) and (4) are identical 
as are lines (2) and (3), the circuit 
becomes that of Fig. 9-46, where 
the network elements are labeled 
with the values of the impedance 
elements. The circuit of Fig. 9-46 
is useful for symmetrical struc
tures such as four waveguides 
joined together in the //-plane, 
the //-plane cross (Fig. 9-47a), or the coupling of a coaxial line to a wave
guide (Fig. 9-47i>). Some values of the circuit parameters for the //-plane 

F I G . 9-45.—Equivalent circuit for two sym
metrical T-junctions connected together. 
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cross are to be found in the Waveguide Handbook.1 Unfortunately few 
data are available for the transition from coaxial line to waveguide. 

F I G . 9-46.—Second form of equivalent circuit of Fig. 9-45. 

The problem has, however, received considerable experimental2 and 
t h e o r e t i c a l 3 investigation. If 

i 

(a) 

s u i t a b l e r e f e r e n c e planes are 
chosen, it is possible to reduce the 
values of the s e r i e s e l e m e n t s 
(Zn — Z\i, for example) to zero. 

9-16. A Generalization of the 
T h e o r y of Four-terminal Net
works to Four-terminal-pair Net-
works .—By p a r t i o n i n g t h e 
impedance matrix of a four-termi
nal-pair network, a formal exten
sion4 to the usual four terminal 
network can be made. The network equations may be written 

Zni' + Z12i", 
Z2li + Z22I ) 

where the Z(,'s are portions of the impedance matrix Z, thus 

E 
7»rii't{'"" 

(b) 
F I G . 9-47.-—Examples of junctions for 

which the circuit of Fig. 9-46 is valid: (o) 
#-plane cross; (b) coupling of coaxial line 
to waveguide. 

v 
V " 

Z = 

(Zu 
Z12 

Z\3 
Zu 

Z\i 
Z22 

Zzz 
Zu 

Z\3 
Z23 

Z33 
Z31 

Zu 
Z24 

Z34 
Z44 

= fz" z"l 
\Z.2\ Z22J 

1 Waveguide Handbook, Vol. 10, Rad ia t ion Labora to ry Series. 
2 Microwave Transmission Circuits, Vol. 9, Chap . 6, Radia t ion Labora to ry Series. 
3 J . C. Slater, Microwave Transmission, McGraw-Hil l , New York, 1942, Chap . V I I : 

"Proper t i e s of the Coaxial-wave Guide Junc t ion in t h e 725A and 2J51 O u t p u t , " 
BTL Repor t N o . MM-44-180-4, Nov . 20, 1944; S. K u h n , " T h e Coupling between a 
Rectangular Wave Guide Carrying an H 0 i Wave and a Concentric L ine , " ASE Repor t 
No. M439, September 1942; L. B. Turner , " I m p e d a n c e Transformer and Junct ion 
Box for Cm-wave Coaxial Ci rcui t , " ASE Repor t No . M522, June 1943. 

4 L i p p m a n n , op. cit. 
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and 

It should be noted that 

Z l l = Z u , Z12 = Z21, Z22 = Z22-

As in Fig. 9"48, a four-terminal network 7-\ may be connected between 
terminal pairs (1) and (2) of Z and a second network Z2 between ter-

Zi 

W ( 2 ) 

—(y)— 
z 

—('vO— 
(3)v"y 

z2 

F I G . 9-48.—Circuit for matrix generalization of image impedance. 

minal pairs (3) and (4), together with series generators ê . The network 
equation then becomes 

e' = (Z„ + Z,)i' + Z„i", 
e" = Z„i' + (Z22 + Z,)i", 

where 

e';':,:'' e " = ' : ; ] ' „ 
z = \^'u ^'i2\ z = 1 " ^"A 

(Zl2 Z 2 2 J ' (Z'12 Z'22) 
The solutions obtained for the currents are 

i' = (Zi + Z f t - V - (Zt + Z»)-'Z12(Z22 + ZO- ' e " , 
i" = - ( Z , + Z»)- 'Z2 1(ZU + ZO- ' e ' + (Z, + Z f ) - ^ " , 

where 
z? = z „ - z12(z22 + z2)- iz2 1 , 
Z™ = Z22 — Z 2 i (Z n -(- Zi)ZJ2 

are the generalized input impedances. The image impedance of the 
four-junction may be similarly generalized, and the image impedances 
Z' and Z" are denned by 

Z' = Z„ - Z12(Z22 + Z'O-'Z,!, 
Z" = Z22 - Z21(ZU + ZO-'Zjj . 

If a four-terminal-pair network is terminated by the image imped
ances on each side, then 
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i' = *(Z') _ 1e ' , for e " = 0, 
i" = i ( Z " ) _ 1 e " , for e ' = 0. 

From this equation, it is evident that if terminals (1) and (2) are to be 
decoupled and terminals (3) and (4) are also to be decoupled, Z' and 
Z" must be diagonal matrices, 

7, _ (Zi 0 ) 7 „ (Z, 0 ' 

|o z2j - *- (o z4 • 
The currents are therefore 

ei e-i j. „ _ 
11 = 2Z ' = 2 X ' ' 
t3 = 2lT' li = W e = 0. 

Lippmann1 has extended the development of the theory to the treat
ment of chains of four-terminal-pair networks. The method runs 
parallel to the corresponding treatment of chains of four-terminal 
networks. An image transfer constant and a propagation constant 
may be defined, and the generalization is essentially complete. A 
somewhat similar problem arises in the consideration of a chain of 
cavities connected in a ring that forms the resonator system of a strapped 
magnetron.'2 

RADIATION AND SCATTERING BY ANTENNAS 

The concept of a generalized waveguide junction which was estab
lished in Chap. 5 may be extended to antenna problems. One terminal 
of the junction is the transmission line connected to the antenna. The 
other terminals are infinite in number and may be chosen in any of 
several ways. The currents and voltages at these terminals or, alterna
tively, the wave amplitudes form a representation of the electromagnetic 
fields in the vicinity of the antenna. 

9-17. Representation in Terms of Plane Waves.—The transmission-
line terminal of an antenna differs in no way from a terminal line of 
any waveguide junction. A wave incident on the antenna through the 
transmission line may be partially reflected, or the terminal may be 
matched, and no reflection takes place. The amplitude of the reflected 
wave may be expressed in terms of a scattering coefficient or in terms 
of a shunt or ■ series impedance terminating the waveguide. If large 
reflecting objects are near the antenna, the magnitude and phase of the 
reflection coefficient in the transmission line depends upon the position 
and nature of the reflector. In nearly all cases, however, such reflected 

1 Lippmann, op. cit. 
2 Soe Micro\ravc Magnetrons, Vol. (i. Chap. 4. Hadintion Laboratory Pories. 
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G<* z±ZB 

(a) 
FIG. 9-49.—The termination of a wave

guide or a parallel-plate transmission line in 
free space. 

power is negligible compared with the reflected power from the antenna 
itself. As an example, the particular case of an antenna consisting of 
the open end of a rectangular waveguide may be considered. At the 
end of the waveguide the fields are distorted to satisfy the boundary 
conditions, and both electric and magnetic energy is stored near the end 
of the pipe. This stored energy produces effects equivalent to those 

produced by a lumped suscept-
ance. Energy is also radiated, 
and this energy may be repre
sented by a lumped conductance. 
The equivalent circuit of the trans-
m i s s i o n line is therefore that 
shown in Fig. 949a. In Fig. 
949b the field near the end of the 
pipe is indicated. In the .E-plane 
shown, B-modes are excited and 
produce the equivalent of a capac-

itive susceptance. For a rectangular waveguide, //-modes are also 
excited. The net effect is capacitive, however, for waveguides of the 
dimensions usually encountered in practice. 

Several cases of the abrupt termination of a transmission line in 
space have been rigorously solved,1 and the results are collected in the 
Waveguide Handbooks The conductance G may be regarded as the 
relative conductance of space; its magnitude is of the order of (fca)2, 
where k is the wave number and a a dimension of the waveguide. 

The remaining terminals of the antenna are usually chosen to be 
located a very large distance away from the antenna, and the wave 
amplitudes of plane waves proceeding outward are taken as a repre
sentation of the field. Thus the radiation pattern of the antenna is 
commonly used to describe the antenna properties. The maximum 
radiation intensity relative to an isotropic radiator that radiates the 
same total power is called the gain of the antenna. The radiation 
patterns of certain simple cases have also been rigorously calculated. 

It is also possible to calculate the radiation from a small hole. For a 
small hole at the end of a waveguide the value of B in Fig. 9-49 is the 
same as that of an iris placed across the guide, and G is given by 

G = 2x ab\g 

Certain general theorems may be proved about the radiation and 
scattering from antennas, but it is more convenient to choose a different 
representation for the terminals for this purpose. 

1 J. Schwinger, unpublished work. 
2 Waveguide Handbook, Vol. 10, Radiation Laboratory Series. 
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9-18. Representation in Terms of Spherical Waves.—It is convenient, 
in dealing with infinities, to replace a nondenumerable set by a denumber-
able one. One way in which this can be done in the case of the radiation 
problem is to expand the field quantities in spherical waves whose 
angular dependence is simply related to the various tesseral harmonics. 
The total electromagnetic field is determined by the amplitudes of these 
various waves. This representation in terms of spherical waves is 
equivalent to the introduction of terminals with incident and reflected 
wave amplitudes for each of the spherical waves. 

In a vacuum, the electric and magnetic field vectors satisfy the 
same differential equation, namely, the wave equation, 

d2E 
v 2 £ - c2 -^ = 0. (49) 

at 

By v 2 is meant the vector operator 

V- = VV ■ - V X V X. (50) 
In terms of cartesian components, Eq. (49) reduces to the three scalar 
equations 

AE, - c2 ^ = 0, (51) 

where A is the Laplacian operator. It is seldom useful to solve Eq. 
(51), as the three solutions are not independent, being coupled by the 
condition 

V ■ E = 0. (52) 

A solution of the scalar equation [Eq. (51)], however, can be used to 
construct permissible solutions of Eq. (49) for certain special coordinate 
systems. One such coordinate system is that of spherical coordinates. 
The solutions are systems of spherical waves about the center of the 
system. 

It is convenient to assume a sinusoidal time dependence. Equa
tion (49) becomes, in the usual way, 

V2E + fc2E = 0. (53) 

The scalar wave equation becomes 

Au, + k-u = 0. (54) 

For any solution of Eq. (54), there is a vector solution of Eq. (53) given 
by 

L = \u. (55) 

It should be noted that Eq. (52) is not satisfied by L. However, L 
can be used to construct solenoidal vector fields. Let R be a radius 
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vector from some fixed point. Then 

M = R X L (56a) 
and 

N = v X (R X L) (56b) 

are solutions of Eqs. (52) and (53). It should be noted that M is normal 
to R. Because of the occurrence of R in Eq. (56), the coordinate system 
in which this equation has the most simple form is the system of spherical 
coordinates shown in Fig. 9-50. 

Scalar Wave Equation.—In the spherical coordinate system Eq. (54) 
becomes 

I 1 
r2 dr 

( 2du\ , 1 d ( . du\ 
+ 

1 d2u 
r2 sin2 6 d<)>2 + k*u = 0. (57) 

A set of single-valued solutions to this equation is 

1 PlT^cos d)e>m* —^ Z„ 
V kr 

i ( * r ) , (58) 

where n and m are integers such that 

n sg 0, \m\ ^ n, 
Z PiT1 ( c o s 6) is the associated Legendre poly

nomial, and Z is a cylinder function. If the 
origin lies inside the region under considera
tion, the field quantities must be finite at this 
point and Zn+Vi must be the Bessel function 
Jn+n- If the point r = 0 is excluded from 
the region, Z„+ w may be a Bessel, Neumann, 
or Hankel function. The details of the 
solution of this equation, together with the 
properties of the various functions, may be 
found in many places1 and will not be dis
cussed here. 

The associated Legendre polynomials have the form 

(1 - x2)"""2 rf"+"(x2 - 1)" 

9-50.—System of spherical 
coordinates. 

where x = cos 0. 

2nn! dxn+m 

Some examples of these polynomials are 

PI = i ; pi = c o s s, P] 
P\ = ^(3-cos2 9 - 1 ) , 
P\ = 3 sin d cos 0, 
P? = 3 sin2 e. 

sin 8, 

(59) 

(60) 

1 H. Margenau and G. M. Murphy, The Mathemiiticx of Physics and Chemistry. 
Van-Nostrand, New York, 1943. 
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The functions e>"P[?' (cos 6) are called tesseral harmonics and have 
the important property of orthogonality. I t may be shown that 

/ : / ; 
e»'"**P?(cos ff)e"'*P[l'(cos 0) sin 6 dd a> = 0 (61) 

(62) 

for p ?* m and/or q ?* n. 
The behavior of the various cylinder functions for large values of kr 

will shed some light on the physical meaning of Eq. (58). I t is easily 
shown that in the limit x —> » , 

J^x) = ^j— cos \x - 2 *)> 

jV„+H(x) = ^ — sin [x - ^ — w), 

H„+H<»(z) = yJ^(-J)n+le'-*, 

/W2 >(*) = ^ (jr+1e->*. 

It is clear that a solution with a Bessel or Neumann function for its 
radial dependence represents a spherical standing wave. The two 
Hankel functions represent running waves that either diverge from the 
origin or converge upon it. I t is clear that a wave running out from the 
origin requires a source, and this is a physical reason for the necessity 
of excluding the origin in the case where the radial dependence is that 
of a Hankel function. 

Vector Wave Equation.—Each of the solutions [Eq. (58)] of the 
scalar wave equation can be used to generate solutions of the vector wave 
equation as in Eqs. (56a) and (566). Let 

Mm„ = R X Vumn, (63) 
Nm„ = v X (R X vumn). (64) 

These are solenoidal solutions of the vector wave equation [Eq. (53)]. 
It is to be noticed that Mmn is normal to R. For this reason, a solution 
for which Mm n is the electric or magnetic field is called transverse-
electric or transverse-magnetic respectively. I t should be noted also 
that if the electric or magnetic field is Mmn, the corresponding magnetic 
or electric field is of the form Nm„. 

I t may be demonstrated that the set of waves of Eqs. (63) and 
(64) forms a complete set of solutions of Maxwell's equations which, for 
empty space, vanish at infinity. 

In addition to this completeness property, the set of solutions given in 
Eqs. (63) and (64) have the important property of orthogonality. This is 
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the same orthogonality property which was invoked in the case of a wave
guide with several propagating modes. Because of the orthogonality of 
the functions in Eqs. (63) and (64), the stored electric or magnetic 
energy inside a simply connected charge-free region is equal to the sum 
of the energies computed for the various modes. Moreover, the power 
entering or leaving the bounding surface is equal to the sum of the 
powers computed for each of the spherical waves. 

9-19. Solutions of the Vector Wave Equations.—Since the magnetic 
field may always be determined from the electric field, it is necessary 
to consider only the electric field in a description of the electromagnetic 
field in a charge-free space. I t is convenient to use Hankel functions in 
the description of the field. Let us consider the description of One of 
the spherical waves of the set of Eqs. (63) and (64), 

Mmn = R X VWmn. (65) 

The occurence of the complex function e?m* in Eq. (58) is inconvenient. 
Therefore a new set of waves may be defined, 

M^„ = jr (Mm„ + M_„,n), ) 
! (66) 

Mi'„ = jr-. (Mmn - M_„,„). \ 
47 / 

Consider the wave 

« L = P'„""'(cos B) cos m<t> —== Zn+,i(hr). (67) 

The solutions M' are even in <j>, and the solutions M " are odd in <j>. The 
function Z„+ w will be assumed to be a linear combination of the two 
Hankel functions, 

Z . + w = aff„+w<» + M W » . (68a) 

In case the region includes the origin, the field at the origin must be 
finite, Z„+M must be a Bessel function, and 

a = b. (686) 

If there is an antenna at the center of the region, the origin must be 
excluded and then there is no simple relation between a and b. However, 
the various o's and b's, are linearly related to each other, and it is pos
sible to define a scattering matrix that relates the various incident 
waves to the scattered waves. This is completely analogous to the scat
tering matrix that was defined in Chap. 5 for generalized waveguide 
junctions. 

I t is convenient to introduce a single index instead of the double 
index of M'mn. The way in which this is done is of no particular impor-
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tance. However, for purposes of definiteness let the new subscripts be 
.assigned according to Table 9-1. 

TABLE 9-1.—REPLACEMENT OF DOUBLE SUBSCRIPTS BY SINGLE SUBSCRIPTS 

Subscript 

2 
3 
4 
5 
6 
7 

Mode 

M'„ 
M'A , 
N'01 ' 
K 
K 

Mode character 

Electric dipole 

Magnetic dipole 

The subscript 1 will refer to the terminals in the transmission line that 
excites the antenna. As in Chap. 5, column vectors will be introduced 
to represent the incident and scattered waves. Let 

a ] r&o 

b = (69) 

These vectors have an infinite number of dimensions. I t is convenient 
to normalize the a's and b's in such a way that ia*a„ represents the 
power incident on the antenna in the nth mode. Since the a's and 6's 
are linearly related, a scattering matrix S may be defined such that 

Sa = b. (70) 

The methods of Chap. 5 can be used to show that S is unitary and 
symmetrical. However, it is worth while to arrive at these results 
in a simpler way. Since 

S*a"* = 6* = 5*S*, 
then (71) 

a*S*S*a = 6*b. 

But -j6*b is the total power scattered by the antenna, and it must 
equal the total incident power £a*a. Therefore 

a*S*Sa = a*a. (72) 
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Since Eq. (72) applies independently of the vector a, 

S*S = I, (73) 
or 

S* = S-1. (74) 
Thus S is a unitary matrix. 

To show that S is symmetrical, it should be noticed that for any 
solution of Maxwell's equations for zero loss there is another one with 
time reversed. For example, if 

E(r, 6, 0, 0 = 5 ) R e (M'-e*") (75) 
m,n 

E(r, 8, <t>, - 0 = ^ Re (Mi.,*-*") = ^ Re (M^*>") 

is a solution, 

is also a solution. However, 

R X V |PLml (cos 6) cos m<t> —j= [as#(1,(fcr) + bsH(v(kr)] 

and ^ (76) 
M*' = 

R X V |pLml(cos 9) cos mtf> —i= [aftf<2>(fcr) + b*H(i\kr)] 
[ \/kr 

Thus from Eq. (76), if Sa = b represents a solution of Maxwell's equa
tions, then another allowable solution is 

Sb* = a*. (77) 

The complex conjugate of Eq. (77) is 

S*b = a 
or 

S*-'a = b ; (78) 
therefore 

S*-1 = S. (79) 

If Eq. (79) is compared with Eq. (74), it can be seen that 

S = S (80) 

and S is symmetrical. I t should be noticed that the symmetry property 
depends upon the fact that the angular dependence of M' is pure real. 

9-20. Scattering Matrix of Free Space.—When there is no antenna, 
the wave amplitudes ai and f>i are meaningless and consequently the 



SEC. 9-21] SCATTERING MATRIX OF A DIPOLE 325 

scattering matrix has its first row and column omitted. The relation 
Eq. (686) requires that the remainder of the scattering matrix be just the 
identity matrix 

S„ = 
1 0 0 .. -
0 1 0 . . -
0 0 1 . . . . (81) 

0 

eia 

0 
0 
0 

e'a 

0 
0 
0 
0 

0 

0 
1 
0 
0 

0 

0 
0 
1 
0 

0 - -

0 .. .. 
0 - .. 
0 .. .. 
1 .. .. 

9-21. Scattering Matrix of a Simple Electric Dipole.—Assume that an 
electric dipole radiates the mode M01, and that it is matched to its 
transmission line. I t may be assumed also that the antenna does not 
affect any of the other modes. The scattering matrix is 

(82) 

I t should be noted that the assumption that the antenna is matched 
and radiates only mode (2) determines the first column of matrix (82). 
The second column follows from the symmetry and unitary property of 
S. The first two rows are fixed by the symmetry of S. The remainder 
of the matrix is fixed by the assumption that the antenna does not disturb 
the other radiation modes. I t has the same form as Eq. (81). 

Such a dipole antenna will absorb power only from the one dipole 
mode that it radiates. I t also absorbs all the power incident on the 
antenna in this mode. If a plane wave falls on the dipole antenna, the 
antenna absorbs the one dipole mode and leaves the rest of the wave 
undisturbed. The absorption of the dipole mode may be described as a 
dipole wave radiating out from the antenna and having the right ampli
tude and phase to cancel the dipole component in the plane wave. This 
negative wave will be called the scattered wave. Scattering of this type 
may be described by the matrix 

S - So 

0 
e>" 

0 

e i « 

- 1 0 

0 
(83) 
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It should be noted that the power scattered by the antenna is equal to 
the power absorbed by the antenna, independently of the type of wave 
falling on the dipole. 

9-22. The General Antenna.—The scattering matrix of a general 
antenna that is assumed to be matched to its transmission line is 

0 

O 2 1 

Si-

(84) 

There are a few interesting things to be seen about matrix (84). The 
first of these is the reciprocity property. Since 

« n l — " I n , (85) 

an antenna that absorbs |Si„|2 of the power incident on the antenna in 
the nth mode also radiates |Si„|2 of the total radiated power in this 
mode. Similarly, there is a reciprocity for the scattering of one mode 
into another by the antenna. 

For a unit incident wave in the antenna line, the wave radiated by 
the antenna is 

(o * 

b r 

O21 

" 3 1 (86) 

Because of the unitary property of S, a wave incident on the antenna such 
that 

a< = 

" 2 1 

" 3 1 (87) 

will be completely absorbed. It will be recognized that a, is just br with 
a time reversal. 

The general antenna is not of great interest. Its generality is so 
great that any pile of tin with a transmission line exciting it may be 
called an antenna. It is evident on physical grounds that such a pile of 
tin does not make a good antenna, and it is worth while to search for some 
distinguishing characteristics that can be used to differentiate between an 
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ordinary pile of tin and one that makes a good antenna. When the 
properties of a good antenna are considered, the only one that stands 
out is the general economy of metal. A good antenna does not have an 
ensemble of metallic ears, flaps, and springs that play no useful role in 
the business of radiating. In other words, there may be two antennas 
that have identical radiation patterns. One of them may have miscel
laneous structures attached to it that are not necessary. Since the 
radiation patterns are identical, the patterns cannot be used to distinguish 
between the antennas. I t might be expected, however, that one antenna 
would scatter more than the other. It is worth while therefore to see 
what can be done in the way of differentiating between a good and bad 
antenna on the basis of scattering. 

9-23. The General Scattering Problem.—It is convenient to break the 
scattering matrix of a general antenna into two parts 

b — b l - j - b2) (88) 
where 

S! = 

s2 = 

0 

s2 

0 

Similarly, it is convenient to brea 
parts 

a = 

a'1' = 

= a 
a, 
0 
0 
0 
0 

i <J12 

1 j 

0 2 2 

0 

0 
0 ] 

-- --

k the columi 

[) + 

y 

a'2), 

a<2' = 

(89) 

(90) 

i vectors a and b into two 

f o ' 
a2 

a3 

(91) 

(92) 

The quantities of interest are 

Power radiated by the antenna = ^a a ) *a ( 

Power absorbed by the antenna 
Power scattered by the antenna 

. i a ( 2 ) * s * S l a < 2 > , 

i [ ( S , - l)a<2 ']*[(S2 - l)a<2>]. 
(93) 
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The eigenvalue solutions1 are convenient for the calculation of scattering. 
Let 

Sa* = nkak, (94) 

where the a* are a complete, orthogonal, and real set of eigenvectors. 
The column vectors a.k are normalized in such a way that 

a*a* = 1. (95) 

Thus for each of these eigensolutions, the power radiated by the antenna 
is 

iai"*al" = ial (96) 

(97) 

(98) 

(99) 

(100) 
(101) 

where ak is the first component of the k'h eigenvector. 
Likewise, the power absorbed by the antenna is 

If 

the scattered power is 

However, 

h = (S2 - |)ai», 

but 

and 

Therefore 

ft = (S - l)a* - S,aj?> - (S -
h = (s* - l )a t - S .a? - (S 

S i a ? = 8tail>, 

S2ai" = 0. 

h = (sk - l )a , - s ^ + a<»> - S&'f 
= (sk - l)a<,2> - S^K 

If the first column of S is designated by the column vector 

'() 
S21 

(102) 

(103) 

then Sia'j." =_akr, and therefore 

f* = (s* - l)ai2' - akr. (10-1) 

The scattered power is ^ of 

fff* = (*f - !)(** - Dar2 'ai2) + akr*r - (s* - l )a ,a?*r 
- (s, - l)o,r*al2'. (105) 

1 See Chap. 12 for the mathematical formulation of eigenvalue solution.-. 
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Since a* is pure real, 
Sf* r = rai2' = skak, 
P*aSt2> = sia„. 

Also 
r*r = 1, 

fff* = (<f - 1)(«* - l)a<2>af + [1 - («* - l)Sk 

I t should be noted that 

I M ( f * r ) ^ [ai»r][r*ai»]. (108) 

From Eqs. (106) and (108) 

a W i: «J8iai = oi; 
therefore 

fff* S [(«? - 1)(«* - 1) + 1 - (s* - l)sk - («t - l)s*]al 

ffft 1 [2 - stsk]al = oj. (109) 

Thus the scattered power for an eigensolution is always equal to or greater 
than the absorbed power. 

9-24. Minimum-scattering Antenna.—A minimum-scattering antenna 
will be defined as an antenna for which the scattering is a minimum for 
each eigensolution. Under this condition, Eq. (109) becomes an equality 
for all k. I t is to be expected that of all antennas producing a given 
radiation pattern, any minimum-scattering antenna will be the least 
like a pile of tin. However, it remains to be seen if any arbitrary antenna 
pattern can be obtained with a minimum-scattering antenna. 

In order for f*ft = ak in Eq. (107), either 

a M > = ol (110) 
or 

sk = 1. ( I l l ) 

I t is clear that Eq. ( I l l ) cannot be satisfied for all k, as this would yield 
the identity matrix for the scattering matrix and this corresponds to n-o 
antenna at all. In order for Eqs. (106), (106a), and (110) to be satisfied 
for some value oik [k = 1, for example) it is necessary, however, that 

a<2> = e'->air*, (112) 

where the phase factor y is real. 
If Eq. (112) is multiplied by Si, 

Sia?' = e"aiSir* = e^a'/'; 
but 

S^™ = s^ 1 ' . 
Therefore 

Sl = e". (113) 

(106) 

(«» - 1 K * R (107) 
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Now either the remainder of the eigenvalues are equal to unity, or 
there is another eigenvalue 

s2 ¥■ 1, (114) 
but then 

a?'2,ai2> = of. (115) 
Because of the orthogonality of the eigenvectors, 

a?ai = 0, 
!)^(2l 

and 

also 

(116) 
(117) 

(118) 

s2 = — s i = -e'l. (119) 

This exhausts the class of all eigenvectors with eigenvalues not equal to 
unity. This follows because Eqs. (112) and (118) are the only pure real 
vectors of this form. The remaining alternative, with 

s2 = 1, (120) 
will be considered later. 

The scattering matrix may be computed as follows: 
S = TS/T-1 , (121) 

where T is a matrix with the eigenvectors normalized to unity as columns 
and Srf is a diagonal matrix with eigenvalues as entries. From Eq. (110) 
it can be seen that for the eigenvectors normalized to unity which satisfy 
that equation, 

1 
V2" 

1 
V2 

order to simplify the notation let 
' 1 

a i OJ 

I t can be assumed, without loss in generality, that a\ = a2 In 

ai = 
1 

V2 (122) 

Then 

T = V2 

1 1 
9a —92 
9i -g-i 

\ 

(123) 
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Sa = 

Equation (121) can be written as 

S = T(S,, 

* 1 

0 
0 
0 

0 
— si 
0 
0 

0 
0 
1 
0 

0 
0 
0 
1 (124) 

Since 

Eq. (125) is easily evaluated. 

l)T-i -

T- ' = T, 

(125) 

(126) 

((«, - 1) - ( s i + 1) 0 0 
(si - 1)02 («i + 1)!72 0 0 
(s, - l)sr3 (s, + 1)»3 0 0 

1 02 
1 — 02 

03 
"(73 

+ I, (127) 

S = 

- 1 
«102 

Sl03 

«102 

-g\ 
- 0 3 0 2 

Si ( 

- ? 2 

"0l +1. (128) 

Equation (128) can be simplified somewhat by choosing the terminals in 
the antenna transmission line in a new place. It is possible to choose this 
location so that 

* i = + l ; (129) 
then 

0 02 03 

?2 (1 - g\) - 0 2 0 3 

U -0302 ( 1 - 0 ! ) ■ ■ • . ( 1 3 0 ) 

It will be recalled that there was a second alternative to Eq. (114) 
which is that 

s2 = 1. (131) 



332 WAVEGUIDE JUNCTIONS WITH SEVERAL ARMS [SEC. 9-24 

By following through a procedure analogous to that leading to Eq. (128), 
it may be shown that the condition 

requires that 
Si, = 0 

Sl = — 1 , 

(132) 

(133) 

and this leads to a scattering matrix of the form Eq. (130). 
The scattering matrix (130) has some interesting properties. I t is, 

for one thing, pure real, and this introduces a symmetry in the antenna 
pattern. To see this, note that if a is the column vector of a plane wave 
incident on the antenna, then a* is the column vector of a wave incident 
from the opposite direction. Thus if 

then 
Sa = b, 

Sa* = b*. 

(134) 

Thus the components of b* differ only in phase from those of b, and the 
gain of the antenna in one direction is identical with that in the opposite 
direction. 

Another property of antennas to which the scattering matrix (130) 
applies is that they scatter radiation with the same pattern that they 
normally radiate. To see this, it should be noted that the radiation 
pattern of the antenna is given by the first column of matrix (130). 
On the other hand, the matrix that represents the scattering of the 
antenna is 

fo i o 

-0I 
"0203 

"0203 (135) 

This matrix is of such a form that any column vector operating on it 
yields a column vector of the form 

V 

where c is some number. 
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It can be easily verified that the scattered power is always equal to 
the absorbed power, independently of the mode of excitation. If the 
incident wave is represented by 

the power absorbed by the antenna is 

Pa = i(ra)*(?a), 

(136) 

(137) 

where r has the same significance as in Eq. (103). The power scattered 
by the antenna is 

P, = i [ (S , - S0)a]*[(S, 
= M(ra)r]*[(ra)r] 
= i(?a)*(?a). 

S0)a] 

(138) 

Thus the scattered power is always equal to the absorbed power. 
To recapitulate, a minimum-scattering antenna has identical gain in 

opposite directions. It scatters with the same antenna pattern that it 
radiates. It always scatters the same power it absorbs. A dipole 
antenna is an example of such a minimum-scattering antenna. 



CHAPTER 10 

MODE TRANSFORMATIONS 
B Y E. M. PURCELL AND R. H. DICKE 

Waveguides are usually designed to have only one propagating mode 
over the frequency range within which operation is intended. In the 
neighborhood of discontinuities in the guide, to be sure, the electromag
netic field cannot be described by a single mode, but the higher, non-
propagating modes that are there excited die out quickly with distance 
from the region of the discontinuity, and only the dominant mode, 
represented by a wave running in each direction, remains. As has been 
seen, this circumstance greatly simplifies the analysis of waveguide 
circuits, for it allows any length of guide of uniform cross section to be 
treated as a simple transmission line. In many instances, however, 
the waveguide-circuit designer must concern himself with the properties 
of guides that admit more than one propagating mode at the frequency 
used. Some of the practical reasons for interest in such questions are: 

1. The special types of symmetry that some of the higher modes 
possess can sometimes be utilized to advantage. The waveguide 
rotary joint based on the axial symmetry of the TM0i-mode was 
the first such application and remains one of the most important. 

2. The attenuation of a running wave in a waveguide, which is the 
result of the finite conductivity of the walls, decreases as the wave
guide is enlarged in cross section for a given frequency and a given 
mode. When attenuation is unusually costly, it may be desirable 
to use for transmission either the lowest mode, in a guide too large 
to prevent propagation of other modes, or a higher mode such as 
the T.Eoi-mode for which the decrease of attenuation with increasing 
guide dimensions is exceptionally rapid. 

3. In waveguides of circular cross section there is no single lowest 
mode. Rather, for any arbitrary choice of a direction perpendicu
lar to the axis of the guide, there are two modes with identical 
cutoff wavelengths distinguished by the polarization which may 
be parallel or perpendicular to the reference direction.1 Propaga
tion of this type provides the guided-wave counterparts of the 

1 The lowest mode is likewise double, or degenerate, in this sense for a guide whose 
cross section is a square or any figure of 4n-fold symmetry, but the choice of axis is 
then not wholly arbitrary. 

:!:M 
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multitude of effects associated with elliptieally polarized light and 
lends itself to a variety of uses. 

From a theoretical point of view the propagation of two modes, 
rather than just one mode, in a uniform guide is a subject of limited 
interest. It was pointed out in Sec. 2-18 that the normal modes are 
orthogonal and should therefore be treated entirely independently, at 
least in regions remote from discontinuities or nonuniformities in the 
guide. Thus, the problem of a uniform guide carrying power in, for 
example, n modes is formally identical with the problem of n separate 
guides each permitting propagation in its fundamental mode only, these n 
guides being connected together in various ways at certain junction 
points. The latter may be thought of as corresponding to discon
tinuities or irregularities in the guide carrying many modes simultane
ously, since they serve to transfer energy from one mode to another. 
It is these junctions which will demand most of our attention in this 
chapter. Such a junction will be referred to as a mode transducer. This 
is a broad and rather loose use of a term which in circuit theory is custom
arily applied only to two-terminal-pair networks. 

10-1. Mode Transducers.—The early literature on waveguides1 con
tains many descriptions of means by which a particular waveguide 
mode can be excited. Usually the means suggested involve one or more 
antennas projecting into the guide and driven in appropriate phase 
relation to one another. This technique is illustrated by the elementary 
examples of Fig. 10-1, which shows how the TE2n-mode in a rectangular 
waveguide might be excited from a coaxial line. 

In Fig. 10-la the coaxial line is made to branch at A into two lines 
that are carried above and below the guide, respectively, to drive antennas 
B and C. These antennas are displaced by the same distance <SV2 on 
either side of the center of the guide; and because they are driven in 
phase, the total length back to the junction .1 being the same for each 
branch, there is no excitation of the fundamental 7'A'10-mode. The 
Tiioo-mode, however, is excited. If the dimensions of the guide are so 
chosen as to permit propagation of the TE10- and TE20-mode.s only, 
transmission will actually be effected only by the 77?2o-mode if it is 
assumed that perfect geometrical symmetry has been realized. Several 
adjustable parameters are available, notably d, h, and S in the figure, by 
which one might hope to satisfy some additional electrical requirement, 

1 R. I. Sarbacher and \Y. A. Edson, Hyper and I'ltrahigh Frequency Engineering, 
Wiley, New York, 1944, Sec. 6 1 4 . p . 201. Sec. 8-8, p . 309: J. G. Brainerd, G. Kochler. 
H. J. Reich, and L. F. Woodruff. Vlira-high-frequency Techniques, Van Xos t rand , Xcw 
York, 1942, Chap . 14, p . 479: F. E. T e r m a n . Radio Engineers' Handbook, .McGraw-
Hill, New York. 1943. Sec. 3. p . 261. 
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such as that of an impedance match looking into the coaxial input line 
when the waveguide has a reflectionless termination. 

In Fig. 10-16 a similar transformation is effected in a different way. 
The antennas B and C are brought in from the same side of the guide and 
symmetrically disposed but are driven exactly out of phase, the line AC 
being made just one-half wavelength longer than AB. Again the 
TE20-mode is excited, and the TEVmode is not. Whereas in the device 
of Fig. 10-lo the achievement of "mode purity," that is, the freedom from 
excitation of the r£i0-mode, depends on geometrical symmetry only, 

(a) (b) 
FIG. 10-1.—Excitation of tiie 7'-E2o-mode from ;i coaxial line. 

this is not true of the circuit of Fig. 1016. The extra section of line, 
nominally one-half wavelength long, will vary in electrical length if the 
frequency is changed. Thus, if extreme mode purity over a band of 
frequencies is a requirement, the scheme 6 is not a good one. This 
illustrates one of the practical considerations that influence the design of 
mode transducers. 

There is'another difference between the circuits of Fig. 10-lo and 6 
which should be noted in passing. If the waveguide were large enough to 
allow still higher modes to propagate, these would, in general, not respond 
in the same way to excitation by the two probe arrangements a and b. 
The TE2i-mode, for example, the field configuration of which may be 
found in Fig. 10-2, would be excited by the system of Fig. 10-16 but not 
by that of Fig. 10-la, whereas the converse is true for the TEu-mode. 
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The essential difference between the antenna configurations o and 6 of 
Fig. 10-1 is that the former is symmetrical about a line or axis running 
longitudinally down the guide whereas the latter is qntisymmetrical about 
a vertical plane through this axis. 

Schemes of this sort can be elaborated in nearly endless variety. 
Also, use could be made of suitably placed current loops rather than the 
antennas of the electric type shown in Fig. 104. There are, however, 
difficulties associated with loop antennas if strong coupling—for example, 
an impedance match—between transmission line and waveguide is 
desired. In this case the loops are necessarily large, and large loops do 
not behave as simple magnetic dipoles. 

The methods thus far discussed have not actually found wide use in 
microwave engineering for t h e 
reason that their application is con
fined to transitions between coaxial 
line and hollow waveguides. If it 
is desirable to use hollow wave
guides for transmission because of 
the advantage in power-handling 
capacity or because of their con
venient Size, it is usually desirable FlQ- 10-2.—Field configurations for the 

* 1 j TEn-mode. 
for the same reasons to exclude even 
short sections of coaxial line from the circuit. 

Waveguide-to-waveguide transitions, with a change in mode, are 
sometimes effected in a manner that resembles the multiantenna method 
already described. Figure 10-3 shows a transition from the TE10- to 
the TEzo-mode in rectangular guide. The coupling between the guides is 

(a) (6) 
F I G . 10-3.—Coupling from the TEio-mode in one waveguide to the TEio-mode in another 

by means of small holes. 

effected by two small holes separated by a distance equal to one-half the 
wavelength of the TElrmode in guide (1). If the holes are not too large, 
the magnetic field in one hole due to a wave in guide (1) will be just 
opposite to the field in the other, which is the condition required for 
excitation of the T^o-mode in guide (2), without simultaneous excitation 
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of the T£io-mode. The coupling is weak, however; that is, a wave 
entering guide (1) will be almost totally reflected, only a small fraction 
of the power being transferred to guide (2) when guide (2) is provided 
with a reflectionless termination. 

If strong coupling is desired—for definiteness, let us say a matched 
condition—two courses are open. The nearly total reflection could be 
compensated by an impedance-matching element, which could be placed 
in either guide. For example, an inductive iris might be included in 
guide (1), as in Fig. 10-36. In effect, this creates a resonant cavity at 
the end of guide (1). The matched condition would be attained only 
over a very narrow frequency range, and the resistive losses in the part 
of the guide that forms the cavity would be greatly increased, as would the 

(a) (6) 
F I G . 10-4.—Matched mode transducer from the TEio- to the TE2o-mode. 

electric field strength, for a given power transfer. For some purposes, 
however, this might not be objectionable. 

The original transducer can be altered in another way, by enlarging 
the coupling holes. If this course is pursued in an effort to obtain a 
matched mode transducer, the elementary explanation of the action of 
the two coupling holes soon loses its validity. Instead, there exists a 
complicated field configuration not easy to analyze, and there is no longer 
any assurance that only one mode will be excited in guide (2). Never
theless, it may be possible to achieve the desired result by a cut-and-try 
procedure, in which one or more geometrical parameters are systematic
ally varied and their effect upon the impedance match and upon the 
excitation of the unwanted mode in guide (2) is examined. Perhaps the 
simplest example of this treatment is shown in Fig. 10-4. Here the entire 
wall common to the two guides has been removed. A plunger in guide (a) 
provides an adjustable parameter which is found, experimentally, to 
control the excitation of the TE10-mode to a considerable degree. In one 
specimen of this type, the fraction of the power incident on the junction 
from guide (1) which was transferred to the T£i0-mode in guide (2) could 
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be reduced to 0.001 by adjustment of the plunger. At this plunger 
setting, moreover, the reflection of incident power was not lai'ge and could 
be eliminated by a relatively minor impedance transformation introduced 
ahead of the junction in guide (1). 

The final junction, shown in 
Fig. 10-4b, belongs to a class of 
mode transducers of considerable 
importance in microwave engi
neering. Such transducers are 
characterized by an abrupt change 
of mode effected in a space that 
is closely coupled to both input 
and output pipes. The stored 
e n e r g y a s s o c i a t e d w i t h t h i s r e g i o n FIG. 10-5.—Transducer from the TEio- to the 

is small, and as a result the 
properties of the junction do not change rapidly with frequency (Chap. 
5). The transducer shown in Fig. 10-5 belongs to this class also; it 
effects a transformation from the T-Eio-mode in rectangular guide to 
the TMoi-mode in round guide. 

F I G . 10-6.—Mode transducers that employ a taper from one mode to another, (a) Rec
tangular-to-round transition, (b) transition from the TEio- to the Ti?2o-mode. 

A different approach to mode-transducer design is suggested by the 
tapered transmission line. I t has already been pointed out (Chap. 6) 
that waveguides of different characteristic impedance can be joined in an 
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almost reflectionless manner by means of an intermediate section in 
which a gradual change from the dimensions of one guide to those of the 
other takes place. Provided this tapered section is at least a few wave
lengths long or, more precisely, if the change of cross section per wave
length is slight, propagation through the composite guide occurs with 
very little reflection over a wide frequency band. This principle is 
applied in the "rectangular-to-round" taper frequently used to connect 
a rectangular guide operating in the T7?io-mode to a guide of circular 
cross section operating in the TEu-mode (Fig. 10-6a). Since the two 
modes involved have essentially the same character, this device scarcely 

F I G . 10-7.—Transducer for converting from TEiv-mode in rectangular guide to TEoi-mode 
in round guide. 

deserves to be called a mode transducer. Fig. 10-66 shows a " t a p e r " by 
which the transformation from the TEi0- to the Ti?2o-mode can be 
effected in a gradual manner. The operation of this taper should be 
self-evident if the reader will notice that the abrupt cessation of the 
dividing wall at A can have no effect on the propagation of the TE20-
mode, because the currents that flow on the two sides of the wall are equal 
and opposite. 

The ri?2o-mode in rectangular guide can, in turn, be converted into 
the TE0i-vaode in round guide by the transducer sketched in Fig. 10-7. 
Successive sections through the transition section are shown, and the 
field configuration is indicated. 

10-2. General Properties of Mode Transducers.—The general state
ments that can be made about mode, transducers are few and follow 
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immediately from the observation that a waveguide in which n modes 
can propagate is equivalent to n guides, in each of which only one prop
agating mode can exist. Thus, the properties of a junction of m guides 
supporting n\, n2, . . . nm modes, respectively, can be described by an 
N-by-N impedance matrix, N being the total number of propagating 

m 

modes, or N = N rij. The basis for this assertion is the orthogonality 

of the waveguide modes, which ensures the absence of cross terms involv
ing the fields of two or more modes from the expression for the power flow 
normal to a boundary surface drawn across a guide. 

To such a junction, then, all of the general theorems of Chap. 5 may 
be applied. The symmetry of the impedance matrix is again an expres
sion of the reciprocity theorem or, in this case, of the reversibility of the 
mode transformation. To be sure, this result is fairly obvious, and it 
was not stressed in the preceding section in which each transducer was 
described arbitrarily in terms of a wave incident from one side only. 

The transducer of Fig. 10-4 can be described by a 3-by-3 matrix, 

Z\\ Z12 Z \3 

Z = Z12 Z%2 Z23 ' 
Z13 Z23 Z33 

in which the subscript 1 is identified with the Ti?io-mode in the narrow-
guide and the subscripts 2 and 3 with the TE20- and TEw-modes, respec
tively, in the wide guide. If the junction is lossless, an allowable assump
tion for junctions of this type, the elements of Z are all imaginary. An 
ideal transducer of this sort would be characterized by 

Z23 = Z13 = 0, (1) 
and

 2 z » - z « = o,j (2) 
Z±2 Z11Z22 — 1 = 0 . j 

Equation (1) expresses the fact that the TE10-^\a,ve in the wide guide is 
not excited by the other waves. Equations (2) state the condition for a 
matched transition between terminals (1) and (3). Since the 3-by-3 
impedance matrix for the lossless ease originally contained six unknown 
quantities, the application of Eqs. (1) and (2) leaves only two quantities 
to be specified. One of these can be identified at once as Z33; the remain
ing quantity is to be associated with the equivalent length of line between 
terminals (1) and (2). The result that has been obtained is perhaps so 
obvious as to command little respect. It amounts to the statement that 
an ideal mode transducer is equivalent to a lossless matched two-terminal-
pair network and hence to some length of uniform line. 

The third terminal pair is completely disconnected from the remainder 
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of the system, by virtue of Eqs. (1). A wave incident from (3) will be 
totally reflected as if, for this mode, there existed a short circuit some
where within the transducer. The apparent position of the short circuit 
is specified by Z33. 

In practice mode transducers are not quite perfect, either because 
they are not perfectly matched or because an appreciable amount of 
energy is transferred to the unwanted mode or for both reasons. A 
slight mismatch is usually tolerable and in any case presents no new 
problem. Excitation of one or more unwanted modes, on the other hand, 
often proves very troublesome. I t is in the examination of this problem 
that the description of a transducer as an re-terminal-pair device is most 
helpful. 

If a transducer is considered such as the one in Fig. 10-4, it is seen to 
involve only one unwanted mode and can be regarded as a three-terminal-
pair device. The general three-arm lossless junction has the property 
(Chap. 9) that a short circuit suitably located in one arm, say (3), entirely 
decouples the other two arms from each other. Hence, no matter how 
weak the excitation of the unwanted mode, if it happens that the energy 

transferred to that mode is sub
sequently reflected back, without 
loss, to the junction and in pre
cisely the most unfavorable phase, 
there will be no transfer of energy 

FIG. 10-8.—Interconnection of two three- be tween guides (1) a n d (2) in t h e 
terminal-pair networks. , i , . . . , 

steady state. A wave incident 
upon the junction from guide (1) or from guide (2) will be totally 
reflected. A situation like this can arise when two mode transducers 
are connected together by joining the multimode pipe of one to the 
corresponding pipe of the other. This is equivalent to connecting 
two three-terminal-pair networks as in Fig. 10-8. The behavior of the 
combined network may be expected to depend critically on the length of 
the connecting pipe. 

Little can be said, in general, about junctions involving more than 
three modes. In special cases symmetry conditions may simplify the 
solution. An example is provided by the junction shown in Fig. l()-4a 
which, if the plunger is removed, becomes a four-terminal-pair device. 
I t is a very special four-terminal-pair device, however, for inspection 
discloses that in so far as the four propagating modes are involved, it has 
precisely the symmetry of the magic-T four-junction. The T^o-mode 
in arm (2) plays the role of the series branch of the magic T. Thus 
any result derived for the latter junction applies at once to Fig. 10-4o. 
It is interesting, although perhaps disappointing, to note that there is not 

\r 
=3r O-r— 

i\ 
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obtained thereby a theoretical prediction that the plunger in Fig. 10-4 
can be adjusted to eliminate excitation of the TiJio-mode in the wide 
guide. That is to say, the magic-T four-junction does not belong to the 
class of four-junctions that are equivalent to two cascaded three-junctions 
(see Chap. 9). 

If a mode transducer cannot be assumed to be lossless, the only general 
statement that can be made about it is the statement of the reciprocity 
theorem. 

10-3. The Problem of Measurement.—When two or more modes are 
excited in the same waveguide, it is not easy to determine by measure
ment the amplitude and phase of each. The difficulties are mainly 
practical ones, which wrould not arise if the experimenter had at his dis
posal infinitesimal probes that could be moved about within the guide 
at will without disturbing the existing fields. 

Only in exceptional cases is the usual slotted-line technique applicable, 
for it is usually impossible to cut in a guide a slot that will be everywhere 
parallel to the lines of current flow in each of the two modes and will 
therefore seriously disturb the field of neither. One such exception is 
found in the case of a guide of circular cross section carrying the TEu-
and TMoi-modes, neither of which is modified by the presence of a narrow 
longitudinal slot. A probe in the form of a small antenna can be moved 
along such a slot, as in the usual standing-wave experiment, and a quan
tity can be measured that is some function of a linear combination of the 
amplitudes of the four traveling waves, two of which are associated with 
each mode. The interpretation of the "standing-wave" pattern so 
obtained is a more complicated affair than in the case of a single mode. 
For example, if the guide is matched for both modes so that there are two 
waves only, running in the same direction, the power picked up by the 
probe will nevertheless go through maxima and minima as the probe is 
moved along the guide. The reason for this is the difference between the 
guide wavelengths X0l and X„2 of the two waves. Suppose that Ip, the 
rectified probe current, is proportional to the square of the electric field 
amplitude at the probe and that x measures the position of the probe 
along the guide. Then, 

/„ ~ |e''<-"/x>" + k"V<'-"/X»='|2, (3) 

where be'e accounts for the relative amplitude of the second wave and its 
phase relative to the first wave at x = 0. The distance between succes
sive positions of maximum I,, is 

(Xr/1 — \„2) 
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and the apparent "standing-wave rat io" is 

ip~* = (i + by 
/ „™ (i - by w 

An analysis of the fields within such a guide, even when several waves 
are present, can be made on the basis of a number of probe readings taken 
at points distributed along the guide. In principle, six probe readings 
should suffice to determine the six quantities of interest: the relative 
amplitudes of the four traveling waves (three numbers) and their relative 

phases at some reference point 
(three numbers). This, of course, 
assumes that the guide w a v e 
length for each mode is previously 
known as well as the relative 
degree of coupling to the probe, 
that is, the field at the probe in 
each mode when equal power is 
flowing in the two modes. If slots 
are ruled out, as they often are, 
fixed probes may be used. These 
may take the form of small holes 
in the guide walls coupling to 
external guides to which a detec
tor can be connected. In any 
case, the deduction of the desired 
quantities from several p r o b e 

FIG. 10-9.—Probes for detecting the TMn- readings is a process discourag-
mode- ingly tedious and probably inac

curate unless the circumstances permit simplifying approximations. 
A difficulty that may arise from the use of a probe is the coupling 

between the two modes caused by the probe itself. This is especially 
troublesome when one of the modes present has a low intensity. The 
difficulty can be avoided, at some cost in complexity, by a scheme that 
also furnishes a method for measuring the amplitude of one mode alone 
in the presence of the other. Let the circular guide supporting the 
TEU- and TMoi-modes be provided with two diametrically opposite 
longitudinal slots and a traveling probe for each slot, as shown in Fig. 
10-9. If the transmission lines coming from the probes are joined 
together externally at a point equidistant from the two probes, the volt
age at this junction point will be a measure of the amplitude of the 
TMoi-mode only. Of course, this is merely an application of the multi-
antenna mode transducer described at the beginning of Sec. 10-1. The 
principle can obviously be extended to any mode configuration if the 
complexity of the resulting apparatus can be tolerated. 
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When there are more than two allowed modes, the difficulty of 
quantitative determination of the fields within the guide becomes indeed 
formidable. In many cases, however, it is possible to ascertain the prop
erties of the mode-transducing junction through measurements made in 
the single-mode guide that usually forms one arm of the transducer. 
Consider such a transducer, exemplified by the devices shown in Figs. 
10-1 and 10-5, which serves to couple a guide carrying only one mode to 
another guide in which more than one mode can propagate. For brevity, 
the single-mode guide will be referred to as A and the multimode guide 
as B. I t is assumed further, for simplicity, that only two modes are 
excited; the desired mode (2) is strongly excited, whereas the mode (3) 
is excited only weakly. The following remarks thus apply to the TEla-
to TAfoi-mode transducer of Fig. 10-5 if the junction is free from irregu
larities that would introduce asymmetry and result in the excitation of the 
T^u-mode as an elliptically polarized wave in pipe B, which is in this 
case the circular guide. Let us see how the electrical properties of the 
junction can be determined from standing-wave measurements made in 
guide A only. While the procedure to be described is a practical one, it is 
discussed here chiefly as an application of the ideas of the preceding 
section. 

It should be noted at the outset that one operation which can be 
performed on the waves in pipe B in a nearly ideal manner is that of 
reflecting them from a short-circuiting plunger, which fits snugly into 
pipe B and the face of which is a flat metal surface normal to the axis of B. 
Such a plunger introduces no coupling between modes. Moreover, 
because the phase velocities of the two modes in B are different, motion of 
the plunger varies the terminations of the two modes at different rates. 

I t was shown in the preceding chapter that an equivalent circuit of 
the form shown in Fig. 10-10 can be drawn for a lossless three-terminal-
pair network, and this representation is convenient for the present pur
pose. Three of the parameters in this general description are the line 
lengths li, l2, and l3, which are of no immediate concern. The other 
parameters are the turn ratios n !2 and nn of the two ideal transformers, 
and the convention is adopted that nu < 1 for a voltage stepup from line 
(1) to line (3), which is the situation suggested'in Fig. 10-10. The ideal 
transducer is then characterized by nn = 1, Wi3 = 0. The case of inter
est, however, is n i 2 = 1, 0 < nu « 1. 

The plunger in pipe B now serves to connect to lines (2) and (3) 
impedances Z2 and Z3 which, but for losses in pipe B, would be pure 
reactances jXi and jX2. Any combination of Xi and X2 can be realized 
if pipe B is long enough and if the guide wavelengths of the modes in B 
are incommensurate. Measurements of the impedance of the junction, 
as seen from pipe A, for a sufficient number of plunger positions provides, 
in principle, information from which the parameters of the equivalent 
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circuit can be determined. If nu « 1, as assumed, it is well to examine 
the situation more closely. In particular, suppose that the most sig
nificant piece of information required is the value of n!3, which is a meas
ure of the degree of coupling to the unwanted or parasitic mode. The 
effect of W13 will be most pronounced at plunger positions for which the 
line (3) is terminated in a very high impedance. In fact, if there were no 
loss in line (3), total reflection of power incident "from A would result 
when the distance of the plunger from the transformer, which, of course, 
includes the distance U, was (2n -f 1) X0j/4, n being an integer and XPJ 
denoting the guide wavelength for the mode in question. Actually, 
because of attenuation in B, Z3 will not become infinite but will be very 
large when the plunger is near the position just specified. 

o o--

FIG. 10-10.—Equivalent circuit of a lossless three-terminal-pair network. 

The behavior of Z2 and the resulting variation of the impedance Z\ 
observed at the terminals (1) can be analyzed by applying the trans
mission-line formulas. Suppose that the total distance L between the 
transformer n13 and the plunger is close to mXs,/4 (m = 1, 3, ■ ■ •) so 
that kL = 2irL/\g = mir/2 + 6, where 0 « 1. Let the attenuation con
stant for this mode in B be denoted by a (as in Sec. 2-16, for example). 
If a\ « 1, as is usually true, an approximate formula for Z2 is easily 
derived 

3» 

/ rnXgaV 
(5) 

+ 
The impedance connected to line (2) can be treated as a reactance 

jXi, even though the attenuation constant of mode (2) is comparable to 
that of mode (3) if plunger positions in the neighborhood of L2 = m\J4 
are excluded. The impedance seen looking to the right, at T, can then 
be written 
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mX„ 
-JO 

/w iX^gV 
+ j * . (6) 

+ 
A measurement of the standing-wave ratio in A, as a function of 

plunger position, will disclose sharp minima, and it is in these regions 
that Eq. (6) applies. If the variation of X2 through such a narrow region 
is neglected, the impedance ZT will traverse a curve in the RX-pla,ne 
similar to that drawn as Curve I in Fig. 10- 11a, as the plunger is moved 
through a region m — wi\. 

For m2, some other value of m, the impedance ZT will trace out Curve 
II , which is similar to Curve I but displaced by a different value of X2. 
Now if mi and m2 are both fairly large, and if \rrii — m2| <K mit the 
maximum resistance observed at T will be approximately the same. 
Curves I and II , if transformed to 
the Smith chart of Fig. 10-lib, 
will then come close to the same 
resistance circle, provided the ref
erence plane T has been properly 
selected. Since the position of T 
(governed by the length h) is not 
known in advance, the procedure 
is to plot the observed standing-
wave ratio and the corresponding 
plunger position, measured in 
units of Xo2, on the Smith chart. 
The whole diagram can then be 
rotated until the circles so obtained touch the same resistance circle. 
Thus, with some approximations, the position of T has been found, and 
if a is known ni3 can be immediately computed. 

The degree of coupling between mode (3) and the rest of the system 
can be estimated in another way if it can be arranged to excite in guide B 
this mode only. Such a wave, incident on a perfect transducer, will be 
totally reflected, as has already been noted in Sec. 10-2. If n13 > 0, 
however, there will be transferred to the other modes a small fraction of 
the incident power, a measurement of which will at once determine ni3. 

10-4. Mode Filters and Mode Absorbers.—The example just dis
cussed in Sec. 10-3 could have been analyzed much more easily had it 
been possible to assume that guide B was terminated in a matched load 
for mode (2) at the same time that mode (3) was totally reflected. The 
term jX2 in Eq. (6) could then be omitted. In other words, a terminat
ing element capable of reflecting one mode totally while absorbing another 

F I G . 10-11.—Impedance loci in the neigh
borhood of resonances. 

file:///rrii
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or transmitting it without reflection would be useful. In any given case, 
the electromagnetic field configuration of the modes in question will 
suggest at once means by which, at least in principle, this can be achieved. 
Figure 10-12a and b shows two such selective devices. Each consists of a 
screen of conducting wires (supported, if necessary, by a thin dielectric 
sheet). The wires are, respectively, perpendicular to the electric fields 
of the rMoi-mode (a) and the TE^-mode (6). Hence the screen a 
will transmit TM0i-waves without reflection but will reflect, at least 
partially, T.Eoi-waves and others such as those of the TMu-mode. 
Conversely, the screen b transmits T^Eoi-waves. 

Modes that are reflected by such a screen, or mode filter, will not, in 
general, be totally reflected. The reflection coefficient will depend on the 
diameter and the number of the wires. In fact, such a screen can be 
regarded simply as a shunt susceptance, similar to a metal post in a 

Wires 

FIG. 10-12.—Wire screens for selective transmission of (a) TMoi-mode and (b) TEm-mode. 

rectangular guide. As a practical matter, it is difficult to achieve a very 
large reflection coefficient for one mode without causing appreciable 
reflection of the mode to which the screen is intended to be transparent, 
since complete transparency presupposes wires of infinitesimal diameter. 

In certain special cases, one of which is represented by Fig. 10-126, 
conducting sheets parallel to the guide axis may be employed. If each 
wire of the screen of Fig. 10-126 is translated along the guide, it generates 
a septum, and through these septa the TjEoi-waves will pass undisturbed. 
Such a scheme is obviously limited to TE-modes, since the equivalent of a 
"magnetic wall" does not exist. 

An important variant of Fig. 10-12a makes use of a single resonant 
ring, instead of the concentric rings of wires, to reflect T^n-waves. Such 
a closed resonant ring would not totally reflect 7\E0i-waves. 

The application of waveguide-circuit analysis to mode filters them
selves is straightforward and not particularly interesting. If the filter 
in question does not couple one mode to another, it is necessary to insert 
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in each of the equivalent single-mode transmission lines the appropriate 
impedance element. 

If the wires shown in Fig. 10-12 are not perfectly conducting, the 
resulting device is a selective mode absorber. It is not easy in practice 
to constrtict a mode absorber that presents a matched load to one mode 
and that transmits another freely. This is not always necessary, how
ever. Often it is required merely that sufficient selective attenuation be 
introduced in a multimode guide that connects two mode transducers to 
avoid difficulty arising from a resonance. This problem was suggested 
in the preceding section, the results of which are immediately applicable. 

Let us suppose that the transducer to which Fig. 10-10 applies is 
provided with a matched termination for mode (2). This might, in 
practice, take the.form of a similar transducer connected to transfer back 
to the single-mode guide. If the term jX^ in Eq. (6) is replaced by 
unity, it is noted that the maximum reflection of a wave incident from 
pipe A will occur when 0 = 0, and the standing-wave ratio pA in A can 
then be written, if p is not large, as 

PA _ i « J£»_. (7) 

— m\ga 
Now e 4 is the attenuation of the amplitude of a wave running one way 
between the junction and the plunger in line (3). This might be written 
more generally as e~y, including the effect of any mode absorber intro
duced into pipe B. Then 

PA ~ 1 « - ^ — (8) 

It should be noted that the quantity (n13)2, which has been used to specify 
the coupling of the unwanted mode, is approximately [(nu) ! « 1] the 
ratio of the power transferred into mode (3) to that transferred into mode 
(2) when both are terminated without reflection. If it is required for a 
given application that pA — 1 shall not exceed a specified number, regard
less of the distance between the junction and the reflecting termination 
of the parasitic mode (3), Eq. (8) prescribes the amount of attenuation 
that must be provided in pipe B by a selective mode absorber. 

10-5. The J^u-mode in Round Guide.—The TE n-mode in wave
guide of circular cross section, which was mentioned at the beginning of 
this chapter, deserves special attention. Propagation can occur in two 
modes simultaneously in such a guide, but there is an essential arbitrari
ness in the description because the two modes have identical cutoff 
frequencies and because there is no unique direction to fix the 
coordinate system in which the field configuration is to be described. 
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FIG. 10-13.—Resolution of a plane-
polarized wave into two basic waves. 

First, two mutually perpendicular planes through the axis of the guide 
may be selected, and modes (1) and (2) may be defined as the two TEu-
modes with electric fields parallel and perpendicular respectively to 
each of these planes. Any wave in this pipe, for example a wave polar
ized in a plane making some angle with the two chosen planes, can be 
represented as the sum of waves associated with modes (1) and (2). 
The wave, in other words, can be resolved into what will be called two 

basic polarizations. The basic polar
izations need not be perpendicular 
to each other, but this choice is 
usually convenient; and if it is made, 
the modes (1) and (2) will be said to 
be orthogonal. 

Figure 10-13 shows how a plane-
polarized wave at some arbitrary 
polarization angle may be resolved 
into two basic polarizations. I t is 

clear that there is nothing fundamental about the particular directions 
chosen for the basic polarizations. If these basic polarizations are rotated 
to a new position, an alternative representation is obtained for the plane 
wave. 

In a similar way two plane waves may be superposed to make a circu
larly polarized wave as shown in Fig. 10T4. Thus, a circularly polarized 
wave may be said to be resolvable into these two basic polarizations. 
Basic waves need not be taken as 
plane polarized. For instance, 
it is well known that two circu
larly polarized waves can be com
bined to form a plane-polarized 
wave. Thus the two circular 
polarizations form a possible set 
of basic waves. 

For the analysis of circuits 
and circuit elements employing 
the !F.E n-modes, a description by means of scattering matrices, which 
were introduced in Sec. 5-13, is helpful. As before, a waveguide carrying 
two modes is to be regarded as equivalent to two transmission lines, and 
the terminal of such a guide is represented by two terminal pairs, each pair 
being associated with one of the basic polarizations. The new element 
in the situation arises from the possibility of shifting, at will, from one 
set of basic polarizations to another. Such a change in representation 
involves a transformation of the scattering matrix that "mixes" the 
original terminal pairs, so to speak. Although this is a procedure that 

Fio. 1 0 1 4 . -
polarized wave 
waves. 

-Resolution 
into two 

of a circularly 
plane polarized 
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can be carried out formally for any guide carrying two modes, it usually 
lacks the useful physical interpretation that can be given in this special 
case. 

10-6. Permissible Transformations of a Scattering Matrix.—Con
sider the system shown in Fig. 
10-15. The two planes of polar
ization are designated by the num
bers (1) and (2). The remainder 
of the terminals are located in rec
tangular waveguides and are des
ignated by the numbers (3) and 
(4). As was shown in Chap. 5, if 
the incident waves are represented 
by the column vector 

F I G . 10-15.—Waveguide junction with 
four terminals. Two terminals are in rec
tangular guide; the other two terminals 
are two basic polarizations in the round 
waveguide. 

a = 

and the scattered waves by 

then 

b = 

W 

Sa = b, 

(10) 

(11) 

where the matrix S is symmetrical and unitary. It is implicitly assumed 
that the polarizations (1) and (2) are normal to each other. 

It is evident that the planes of 
polarization chosen in Fig. 10-15 are 
not unique and a rotation of (1) and 
(2) to a new position should be per
missible. A rotation can be charac
terized by a linear transformation of 
the wave amplitudes. A rotation of 
the basic polarizations by an angle 
8 changes the wave amplitudes Oi 
and o2, in Fig. 10-16, into the cor
responding primed quantities; thus 

10-16.—Transformation of 
polarizations by a rotation. 

basic 

Oi = 

ai = 
a\ cos 6 — a'2 sin 8, 
a[ sin 8 + a\ cos 8. (12) 



352 MODE TRANSFORMATIONS [SEC. 10-6 

Equations (12) may be written, using the matrix notation, as 

a = Ta', (13) 
where 

cos 8 

sin 6 

0 

- sin 8 

cos 8 
0 

1 0 

0 1 

In a completely analogous way, 

b = Tb ' ; (15) 

and if these are substituted in Eq. (11), 

b ' = T- 'STa' . (IB) 
The matrix 

S' = T" lST (17) 

is the scattering matrix for the new terminals. I t may be seen by 
inspection of Eq. (14) that 

T-1 = T, (18) 

and thus T is orthogonal. It was found in Sec. 5-12 that a sufficient 
condition that Eq. (16) provide a permissible transformation is that the 
matrix T be real and orthogonal. A permissible transformation is one 
that leads to a symmetrical and unitary scattering matrix. 

Many transformations T that are real and satisfy Eq. (18) and are 
therefore permissible are not particularly useful, for, in general, these 
transformations mix all the components of a with one another. If the 
transformation is restricted to a mixing of the terminals (1) and (2), it is 
found that the resulting transformation is either the rotation described 
by Eq. (14) or a reflection in some plane containing the axis of the guide. 
There are cases in which the more general transformation (having no 
simple geometrical significance) is useful, but they will not be considered 
here. 

In addition to the rotation or reflection of the reference polarizations, 
there is another important type of transformation. This is a transforma
tion which is equivalent to choosing the reference plane of each of the 
terminals in a new place. It is effected by the diagonal matrix P dis
cussed in Sec. 5-16. If the fcth terminal reference plane is shifted out a 
distance dk, then 
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e'*1 

0 
0 
0 

0 
e J * I 

0 
0 

0 
0 
&*' 
0 

0 
0 
0 
e>'+ 

p = . r i , " > d9) 

where </>* = 2ir{dk/\k). It should be noted that P* = P_ 1 . The matrix 
S' obtained by the transformation 

S' = PSP (20) 

is both symmetrical and unitary. 
If transformations of the type given by Eqs. (17) and (19) are induced 

successively, it can be shown that any such sequence is equivalent to a 
single transformation S' = USU, where U is a unitary matrix. 

Consider the following example. Let 

(21) 
1 

u = —=■ U V2 

1 - 1 

j j 

0 

0 

! V2 0 

0 V2 
The matrix U may be represented as the product 

U = PT, 

where T is a rotation [see Eq. (14)] of 45° and 

P = 

1 Oj 

0 j \ 

0 

0 

1 0 

0 1 

(22) 

I t may easily be seen that transformation by U changes the reference 
polarizations into circular polarizations. To see this, note that a particu
lar case of a = Ua' is 

1 

V 2 

[l] 
j 
0 
o 

= u 
m 
0 
0 
o 

(23) 

The left-hand side of Eq. (23) represents a circularly polarized wave. 
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The matrix given by Eq. (21) is a special case of a transformation that, 
in the more general case, changes the basic polarizations from plane to 
elliptical polarizations. 

10-7. Quarter-wave Pipe.—Perhaps the simplest device that dis
plays the characteristic features of T-En-mode propagation is the quarter-
wave pipe. It is a length of guide having a circular cross section at either 
end but departing from circular symmetry in the intermediate section, 
where it is symmetrical about a plane only. The departure from circular 
symmetry in this region is just great enough to introduce a net difference 
of ir/2 in the electrical length of the pipe with respect to basic polariza
tions chosen respectively parallel to and perpendicular to the symmetry 

rO.043" 

-4.215^ 

' O / (/y/hy^^f" 
-1.210" 0.215-

i i i / / i s / / / / > i J > i f / j , , / 

0.065 

F I G . 10-17.—Quarter-wave pipes. The steps at each end of the fin are quarter-wavelength 
transformers for matching; the dimensions given are for X = 1.25 cm. 

plane. In other words, if two waves polarized in these directions are 
passed through the pipe, a quarter-wave retardation of one with respect 
to the other results. This device is the exact analogue of the optical 
quarter-wave plate made of a doubly refracting crystal, and it is employed 
in the same manner, that is, to convert a linearly polarized wave into a 
circularly polarized wrave and vice versa. 

The requisite retardation can be effected in many ways, with negligible 
reflection of the incident wave. I t suffices, for example, to make the 
guide slightly elliptical in cross section for some distance, or a dielectric 
slab may be introduced or a metal fin, as in Fig. 10-17. In any case, if 
reflections can be neglected, the scattering matrix for the quarter-wave 
pipe can be written 

(24) 

0 
0 
1 
0 

0 
0 
0 
3 

1 
0 
0 
0 

0 
.7 
0 
0 
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An incident l inearly polarized wave 

1 
1 
0 
0, 

emerges as a circularly polarized wave 

e>* 

Quarter-wave plates 

The angle <fi is simply a measure of the electrical length of the pipe for a 
wave polarized along (1). If *S24 and <S42 in Eq. (24) are replaced by — 1, 
the scattering matrix is obtained for a half-wave pipe, a device that can 
be used, for example, to convert a right-hand circularly polarized wave 
into a left-hand circularly polarized wave. 

10-8. Rotary Phase Shifter.—The rotary phase shifter1 may be cited 
to illustrate the use of the transformation discussed in the previous section 
to facilitate analysis. F i g u r e 
10-18 is an exploded view of such 
a phase shifter. It consists of two 
sections of round guide separated 
by a sandwich of a half-wave pipe 
between two quarter-wave pipes. 
The heavy arrows on these sections 
indicate the planes of polarization 
that are retarded by the pipes. 
The half-wave pipe is mounted in 
such a way as to be rotatable. If the incident plane wave has a plane 
of polarization (1) or (2), it will be shown that the device acts as a phase 
shifter as the angle 0 is changed. 

Consider first the section marked A in Fig. 10-18. This is just a 
section of uniform waveguide with arrows indicating the directions of 
polarization for the four terminal pairs. It is easily seen that the scat
tering matrix for this section is 

A 
FIG. 1018.-

Half-wave plate 
-Rotary phase shifter. 

\ / 2 

0 
0 

1 
1 

0 
0 

- 1 
1 

1 
- 1 

0 
0 

1 
1 

0 
0 

(25) 

1 A. G. Fox, "Waveguide Filters and Transformers," BTL Memorandum MM-41 
160-25. 
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where 4>i is a phase angle depending on the length of the guide. After 
passing through the quarter-wave pipe, the scattering matrix becomes 

S 2 = - V e>*> V2 

0 
0 

1 
-3 

0 
0 

- 1 
-3 

1 
- 1 

0 
0 

-3 
-j 

0 
0 

(26) 

The axis of the half-wave pipe is at an angle 8 with respect to the direction 
(4). Therefore, the problem is simplified if the matrix of Eq. (26) is 
transformed by a rotation through an angle 8 by the matrix 

Then 

T = 

S; = TS2T = ~ e« 
v 2 

sin 8 

sin 8 

cos 8 

-3er 

-eie 

-jeie 

e-i> —je~'e 

-je" 

(27) 

(28) 

Now passage through the half-wave pipe has the effect of changing 
the sign of the fourth row and column. Therefore, 

S3 = —-= e>*> 
\ / 2 

0 

g-it _g , l> 

je~'e +je'e 

e~'9 -\-jc^B 

-ej) +jeie 

0 

(29) 

A rotation by — 8 is now indicated, in order that the scattering matrix of 
the quarter-wave pipe should be simple. This rotation is effected by 
T' = T ( - 0 ) = T(0). Thus, 
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0 

g-2)» _ gW 

je-M +jeW 

e-W je-2,e 

g2;0 Ig^'" 

0 

S4 = T'S3T' = - L e,>. 
V 2 

Passage through the final quarter-wave pipe changes Eq. (30) to 

36 = - 7 = e" 
\ / 2 

(30) 

0 

g-2)'« _ gSj'» 

g-2,« + e 2 , « 

e-2jt g-2,« 

-e2 '» e2'8 

0 

(31) 

A rotation by 45° brings the basic polarization planes into coincidence 
with (1) and (2) and is accomplished by setting S6 = T"ST", in which 
T" is given by Eq. (27) with 8 = 45°. When this transformation is 
carried out and the terminals subsequently moved to the end of the guide, 
the final result is 

! e-2'9 0 
0 i 

0 «*»'• 

0 
-2 /9 0 

0 e21 

v 
It should be noted that for an incident wave 

1 
0 
0 
0 

(32) 

the scattered wave is 

b = e»'<*-

(33) 

(34) 

The outgoing wave contains 8 as a phase angle. Thus, as 8 is increased, 
the equivalent line length between input and output terminals is increased. 
For an incident wave 
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the scattered wave is 

t) = gj'(«7+28) 

(35) 

(36) 

and the line length is decreased as 8 is increased. 
10-9. A Rectangular-to-round Transducer.—Figure 1019 shows a 

rectangular-to-round mode trans
ducer. The junction between the 
two guides may be symmetrical as 
shown (i.e., have one or more sym
metry planes), or it may be com
pletely unsymmetrical. The ter
minals (2) and (3) may be plane 
polarizations located symmetrically 
with respect to a symmetry plane 
as shown, or they may be elliptical 
polarizations in any position. 

It is evident that since the junc
tion has three terminal pairs and negligible loss, all the results obtained 
for lossless T-junctions of various kinds are also applicable here. These 
results are mainly the following: 

-Itectaiigular-to-rouiid 
transducer. 

D 

It is impossible to make a T-junction that is completely matched. 
If a T-junction is matched at two terminal pairs, the third terminal 
pair is completely decoupled from the other two. 
A plunger in any arm of a T-junction can be so placed as to 
decouple the remaining two arms. 
If the T-junction is symmetrical, a plunger in the arm containing 

the symmetry plane can be so placed that the remaining two 
junctions are matched. 

Each of these results is applicable to Fig. 10T9. For instance, assume 
that the Z?-plane of the figure is a symmetry plane of the junction. 
Assume that the terminals (2) and (3) are elliptical polarizations whose 
major axes make angles of 45° with respect to the symmetry plane. The 
plane polarization indicated in the figure is clearly a limiting case. Two 
circular polarizations form the other limiting case. From the result (D) 
it is clear that there is a nosition of a plunger in the rectangular guide such 
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that the terminals (2) and (3) are matched. For example, there is a 
position of the plunger such that a linearly polarized wave, polarized as 
(2) in the figure, is reflected back, polarized as (3). 

The statements (A), (B), and (C) apply regardless of the symmetry 
of the junction or orientation of the polarization. The interpretation 
of the statement (A) is obvious. Theorem B states that if terminal 
(1) is matched and (2) is the polarization excited in the round guide 
by a wave incident in (1), then the polarization (3) orthogonal to (2) 
is completely decoupled from (1) and (2). Alternatively, if a polariza
tion (2) is completely reflected polarized as (3), then (1) does not couple 
with the round guide. 

The theorem (C) has an interesting application to the junction of 
Fig. 1019. If a plunger is inserted in (1), then for any polarization (2) 
there is a position of the plunger such that this polarization is reflected 
back unchanged. Also, for this same position the orthogonal polariza
tion (3) is unchanged by reflection. 

10-10. Discontinuity in Round Guide.—A round guide with a dis
continuity in the middle is an 
example of a four-terminal-pair 
network. As such, it satisfies the 
conditions applicable to direc
tional couplers. One of the most 
interesting of these is the follow
ing: Any four-terminal-pair junc
tion that is completely matched1 

is a directional coupler. To state 
It in other words, if a junction 
of four waveguides is matched at 
each waveguide , t h e n for a n y FIG. 10-20.—Discontinuity in round wave
guide t he re is one o the r guide t o g u l 

which it does not couple (see Chap. 9). 
This theorem may be taken over completely in the case of the round-

guide junction. If, for a given set of basic polarizations, the junction is 
matched, then it has the properties of a directional coupler. Referring 
to Fig. 10-20 this implies that the polarization (1) (shown as a plane 
polarization, whereas it may be elliptical or circular) does not couple to 
one of the polarizations (2), (3), or (4). 

The case of no eoupling between guides (1) and (2) is rather trivial. 
In this case no power is reflected in either (1) or (2) for incident power in 
(2) or (1). This is also true for any linear combination of (1) and (2). 

1 As usual the term "matched" is intended to mean that if all terminal pairs but 
one are provided with reflectionless terminations, a wave incident at the one terminal 
pair is not reflected. 
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For any polarization incident on one side, the power is transmitted 
wholly through to the other side. 

If (1) and (2) couple, then there is zero coupling between (1) and (3) 
and between (2) and (4). Thus, all los less matched junctions of two 
round guides may be divided into two classes: 

1. Those in which power entering one guide in any polarization is 
wholly transmitted out the other guide. 

2. Those in which each of the basic polarizations of one guide couples 
with one and only one basic polarization of the other guide. 

10-11. Principal Axes in Round Guide.—In Fig. 10-21 is shown a 
round guide having a lossless termination. Plane polarizations (1) 

and (2) are chosen as basic polar
izations for the device. Since the 
directions of (1) and (2) were chosen 
at random, the resulting scattering 
matrix is complicated. I t will now 
be shown that it is possible to 
choose directions for the polariza
tions (1) and (2) such that these 
polarizations are not changed by 
the reflection at the termination. 

Let S be the scattering matrix 
(a 2-by-2 matrix, of course) of the 
junction referred to the original ter
minals. Now assume that there is 

some incident wave a which is reflected back unchanged, except perhaps. 
for a change in phase. Assume, in other words, that 

Sa = SSL, (37) 
where s = e'*. 
In order for Eq. (37) to be satisfied by a nonvanishing a, the determinant 

O n — S Ol2 
021 022 ' 

FIG. 10-21.- -Round waveguide with lossless 
termination. 

= 0. (38) 

This leads to a quadratic equation in s (called the characteristic equation 
of S), the two roots of which are, in general, unequal. The roots will be 
of the form e'* because the box is lossless. 

Provided s has one of the roots of Eq. (38) as its value, there will be 
nontrivial solutions of Eq. (37). As yet, however, there is no guarantee 
that the resulting solutions for a do not represent elliptical polarizations. 
It will now be shown that the a's do indeed represent linearly polarized 
waves. 

If Eq. (37) is multiplied by s*S*, and if it is remembered that 
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s-', 
then 

S*a = s*a. ^39) 
If the complex conjugate of Eq. (39) is added to Eq. (37), the result is 

S(a + a*) = s(a + a*). (40) 

But a + a* represents a pure real column vector, or a linearly polarized 
wave. Hence, linearly polarized waves can be found that satisfy Eq. 
(37). These particular planes of polarization afford convenient basic 
polarizations because the resulting scattering matrix has only diagonal 
elements. 

If the termination of the waveguide is lossy, the scattering matrix is 
no longer unitary and Eq. (40) is no longer valid. I t is still possible to 
obtain solutions of Eq. (37), but these solutions, in general, represent 
elliptically polarized waves. 

10-12. Resonance in a Closed Circular Guide.—The problem to be 
discussed in this section derives its importance from the use of waveguide 
rotary joints employing the TAfoi-mode. It has already been pointed 
out in Sec. 10-3 that even very weak excitation of one of the T^En-modes 
by a transducer such as that shown in Fig. 10-5 may have a pronounced 
effect on the behavior of a rotary 
joint made from two such trans
ducers connected in cascade in the 
event of a TEn-resonance in the 
pipe connecting the two. To find 
the conditions under which such a 
resonance can occur, it is neces
sary to take into account the fact 
that a TEu-wave incident on one 
of the transducers is reflected with 
a phase that depends, in general, 
on the polarization of the wave. 
That is to say, the transducer, as 
regards TSu-waves, acts v e r y 

much like the junction of Fig. 10-21. There is, of course, some " loss" 
representing the leakage of power through the transducer into the rectan
gular guide, but this can be disregarded in the search for the resonance 
condition, as can the presence of the TMoi-wave in the pipe. The prob
lem can thus be reduced to that of the section of round guide closed at 
both ends, which is shown in Fig. 10-22. 

The waveguide is cut in the middle to allow the two sections to be 
rotated with respect to each other. The two halves of the guide are 
identical. Their terminations are totally reflecting and are identical 

Round waveguide closed at both 
ends. 
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also, although of some irregular shape. The principal axes of the ends 
are indicated by the directions a and b. The median plane is taken as a 
common terminal plane for the two halves of the system, and the polariza
tions (1) and (2) are common to the two halves of the system. The 
problem is to find the conditions for which, at a fixed frequency, a wave 
can exist in this closed lossless system. This problem was first treated 
by H. K. Farr.1 

The two ends are designated by the numbers 1 and 2. If the scatter
ing matrices for the two ends are Si and So, then 

Sia i = bi , 
S2a, = b>. (41) 

Since the incident wave for one- end is the scattered wave coming from 
the other end, it is clear that 

ai = b2, 
a2 = b i . 

(42) 

From Eqs. (41) and (42), 
SiS2a2 = Sib2 = S^ i = bi = a2. (43) 

From this result it may be inferred, as in the preceding section, that if 
solutions are to exist with a2 9* 0, we must have 

det (SiS2 - I) = 0. (44) 

Now Si and S2 are not unrelated, for the two ends are the same, except 
for rotation of one with respect to the other. I t is convenient to take as 
reference the situation in which the ends are oriented so that their 
principal axes are parallel and coincide with the basic polarizations (1) 
and (2) of Fig. 10-22. In this case 0 = 0, 

IV*' 0 
(0 e*\ s^s* = io ;-]• (45) 

If now the two halves of the guide are rotated by 9 and — 6, respectively, 
we have 

Si = S(fl) 
and 

S2 = S( - f l ) , 

where S(0) is the matrix of Eq. (45) transformed by a rotation of T(0), 
according to Eq. (14). Thus Si becomes 

„ _ [cos2 de>*' + sin2 6e.'<" cos 0 sin 6(e'"" - e>*~-)} ,, . 
1 ~~ (cos 6 sin e(e'*' — e'*') cos2 flc'*1 + sin2 Be'*1)' 

1 H. K. Farr, "A Theory of Hcsomuu-e in Rotary Joints of the TM0i Type," RL 
Report No. 093, January 1940. 
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and So is the same except for a change in sign of the off-diagonal elements. 
It is merely a matter of straightforward algebra to substitute these 
matrices in Eq. (44) and thus obtain a relation connecting 8, 4>\, and <£2. 
If, instead of 4>i and <£•>, the angles t and 5 are introduced, these angles 
being defined by 

€ = 4>1 + <t>2, 5 = <t>l~ <t>-2, (47) 

the result assumes a particularly compact form 

• o ^„ cos 5 — cos t , ,_. sin2 20 = r—• (48) cos 5 - 1 

The angles 6 and e have a simple interpretation. If the termination is 
represented by two selective reflectors or short circuits, one acting on a 
wave polarized along one of the principal axes and the other effective foi 

F I G . 10-23.—The quantities h and h in resonant round waveguide. 

a wave polarized along the other principal axis, then eX„/47r is the sum of 
the distances from the midplane to each of the two reflectors and 6X„/4ir 
is the distance between the two reflectors. For the structure shown in 
Fig. 10-23, 

« = r (*i + ^ 
A,, 

assuming that the edge of the fin acts as a short circuit at that point for a 
wave polarized parallel to the fin. 

If the guide were terminated at each end by a flat plunger, 6 would be 
zero and solutions of Eq. (48) would exist only for c = 2mr, (n = 1, 
2, . . .). This means that the total length of the pipe between plungers 
must be nX„/2, the familiar condition for resonances in a closed uniform 
guide. 
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If <5 is not zero, Eq. (48) shows that resonance can occur at some value 
of 8 for any t within a limited range. The situation is best illustrated 
by curves of constant 8 on the (8 — e)-plane, as in Fig. 10-24. If 8 = ir/4, 
for example, resonance will occur for some value of 8 if c lies within the-

F I G . 10-24.—The angle of rotation 6 for the occurrence of resonance of a closed round 
waveguide. 

range 2rnr±jr/4, (n = 1, 2, • • •); and if 5 = ir, a resonance will occur 
for some value of 8, no matter what value of e is chosen. 

If resonances are to be avoided, it is clearly desirable to have 8 small, 
thereby increasing the range of lengths for a given frequency (or, at fixed 
length, increasing the range of frequencies) over which resonances are 
excluded. 



CHAPTER 11 

DIELECTRICS IN WAVEGUIDES 

B Y C. G. MONTGOMERY 

11-1. Waveguides Filled with Dielectric Materials.—In the preceding 
portions of this book, it has usually been assumed that the medium in 
which the phenomena take place is either free space or a material in 
which the energy losses can be neglected. I t is now desired to investigate 
more closely what happens when the energy losses must be taken into 
account as well as to indicate the mechanism of these energy losses. 
Dielectric loss can be formally described by considering the dielectric 
constant to be a complex number which can be written as 

e = e' - je". 

In a condenser made with a lossy dielectric, the power loss for a given 
applied voltage will be proportional to the real part of the admittance. 
The conductance is 

G = Re (F) = Re (jwC) = Re (ju ~ C0J 

= Re I ju — Co + to — Co] = oj — Co-
\ to to / «o 

It is evident therefore, that the amount of energy loss is proportional to 
e". The phase angle <p of the dielectric constant is often used as a 
measure of the loss, and 

tan tp = —■ 

If e is a complex number, then the wave impedance becomes complex, 
and the transverse electric and magnetic fields become out of phase. 
The propagation constant y also becomes complex. If frequencies above 
the cutoff frequency are considered, then 

ana 
£> 

, —j = 7 T r ^ — = 7 T - 2 — = X — , t a i l ip, (l ) 
47r X' e X„ en X-

:*65 
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where X is the wavelength corresponding to the frequency u> of uniform 
plane waves in the medium and X() is the corresponding wavelength of 
uniform plane waves in free space. The guide wavelength X„ is given by 

Xff~Xo^e„ \*J 2 + 2 1 + (2; 

If it may be assumed that e"/e.u is small compared with unity, X„ may 
be expanded in powers of t"/t0 

x° -Xo ( S „ _ xi) i - (3) 

Thus, to the first order, the wavelength is unchanged by the presence of 
the t" term in the dielectric constant. These formulas are also valid, of 
course, for TEM-waves. It is necessary only to set X„ = X and \c = <* . 
The equations become 

X = X0 •v?(j+iM77rr 
~ Xo \ t'TT 

2e0 

+ sec <p) 
(4) 

^?M + ■■) 
If it is desired to express the losses of the medium in terms of an 

equivalent conductivity of the medium, then the substitution 

ives the results 
a a /MO 

and 

X e - X o V 7 „ ~ x l ) l -

(5) 

(0) 

Still another set of parameters is sometimes used to describe a lossy 
medium. The index of refraction is assumed to be complex, and quan
tities n and k are defined by 

- .? (n — jfr)2. (7) 
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The quantity k is called the absorption index. It can be seen that 

- = ri1 - k* 
V, ) (8) 

— = 2nk.' 
to 

The parameters n and k are most often used when dealing with optical 
frequencies but occasionally are used in the microwave region. 

When a dielectric is introduced into a waveguide, the transmission loss 
is increased because of the losses in the dielectric and the increase is 
measured by a as calculated above. The Joule heating losses in the walls 
of the waveguide are also altered. The change in the metal losses 
caused by a change in the real part of the dielectric constant is a simple 
one. Since the propagation constant is given by 

7 2 = k2 — u2t)i, 

we see that a fractional change in e produces a change in 7 of the same 
amount as would be produced by the same fractional change in u2. 
Thus, it can be seen from Fig. 2-13 that an increase in e will decrease the 
metal losses at a frequency near the cutoff frequency but will increase 
these losses at higher frequencies. Since the only metals considered 
here are those which have conductivities so high that the form of the 
fields in the waveguide is unchanged by the losses that result, the total 
loss can be computed by adding directly the values of a for the metal 
and for the dielectric. 

To find the effect on the metal losses of an imaginary term in e, a 
more detailed examination must be made. In Chap. 2 it was shown that 
the value of the attenuation constant for the metal, am, is given by the 
expression 

1 LuJHi-'\2dS 

27<rRe (Z„) f \Ht\2dS 
./cross section 

where H^a is the magnetic field tangential to the metal walls and Ht is 
the transverse magnetic field. Two cases must now be treated. First, 
/?-modes may be considered, where no longitudinal magnetic field exists, 
and H, = Hlaa on the boundary of the waveguide. The ratio of the two 
integrals in the expression for am depends only on the shape and size of 
the guide, and the dielectric constant occurs only in Re {ZE). Thus 

1 1 
Re {ZK) R e I y \ awe" + fat' 

V'V 
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For a lossless dielectric, 
1 at' 

Re (Z'E) fi 

Hence, the fractional change in the metal losses resulting from an imagi
nary term in the dielectric constant can be written as 

Aa„, Re (ZE) 
1 

Re (Z'E) 

Re (ZE) 

Aa, 
a , -m (9) 

I t is seen from this equation that the effect is of the second order in 
t"/e'. Moreover, the change can be either positive or negative, depend
ing on whether X„ is less or greater than \Z2 X. 

For ff-modes, the situation is somewhat more complicated, because 
there is a longitudinal magnetic field. On the boundary of the wave
guide 

\Ht^ = |//,|2 + |//,|2, 
where Hi is the longitudinal magnetic field. However, Hi is proportional 
to Ht, and from Eq. (2-89) it is seen that 

Hi = const. — 
7 

Thus am can be split into two parts and written as 

"'" = Re (Z„) l/1 + \y\*) 
where A and B are geometrical constants. However, 

R e ( Z w ) = R e ( ^ ) = ^ 

since 
|T | 2 = «- + /J2. 

Hence 
Act,,, a'1 A 
a„, ll2 , , B • +p 

A and B are positive quantities, and therefore Aa„,/am is always positive 
4 

For high frequencies, Q becomes small and Aa,,/am approaches a- '-= and 
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becomes independent of frequency. 

Aam tan 
- ( x ) 

Tt is seen that the expression 

A 

A + m (10) 

is of the second order in e"/e'. Here again, because am has been calcu
lated only under the assumption that a/13 <5C 1, the total attenuation is 
given by a + am. 

11-2. Reflection from a Change in Dielectric Constant.—The bound
ary conditions that are to be satisfied at the surface of a discontinuity 
in the properties of the medium are that the tangential components of 
the electric and magnetic fields must be continuous. Suppose that there 
is such a discontinuity in a waveguide and that the plane of the dis
continuity is perpendicular to the axis of the guide. The power flow 

Re (Z 
down the guide is P »f H,\2ds, where the integral is taken 

Now Hi must be continuous across 

,(D , ( 2 ) 

F I G . 

Reference 
plane 

11-1.—Equivalent circuit for a change 
in dielectric constant. 

over the cross section of the guide. 
the interface of the two dielectrics, 
whereas the wave impedance Zw 
will change d i s c o n t i n u o u s l y . 
Therefore, it is clear that there 
must be a reflected wave at the 
interface, and this will be sufficient 
to satisfy the conditions at the 
boundary. Moreover, the equiv
alent impedance that will correctly describe this reflection should be 
chosen proportional to the wave impedance. Hence, the equivalent 
circuit representing the discontinuity is simply that shown in Fig. 11-1. 

The standing-wave ratio r is the ratio of the impedances taken in 
such a way that r > 1. The position of the minimum is either at the 
junction or a quarter wavelength away from it, depending on the loca
tion of the observation point with respect to the reference plane. 

The value of the wave impedance, as derived in Chap. 2, differs for 
E- and H-modes, and the two values are 

Z„ = J«M 7 _ 
fay-

(2-91) 

For the case of no loss, these reduce to 

z» = i? 
r, 

(2-35) 

(2-39) 
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where X is the wavelength in the medium and f is V MA- In terms of 
the wavelength in free space, the impedance of guide (2) relative to that 
of guide (1) may be written 

and 

7(2) 

z<? 

(11) 

(12) 

If e'2) > «(1), then the relative fl-mode impedance decreases monotoni-
cally as t(2) increases. The relative E-mode impedance is not a monotonic 
function but may increase, pass through a maximum, and then decrease. 
It is easy to show that the maximum value occurs when 

< $ ■ 
and the maximum value is 

Za 

(13) 

(14) 

Thus, for sufficiently large values of Xo/Xc, there are two values of 
that make Z'^/Z1^ equal to unity, namely, 

e(2> = £ ( » 

and 
to «(2) = 

fey to 
„<1) 

The second value corresponds to the case of Brewster's angle for plane 
waves, that is, the angle at which, when the electric vector lies in the 
plane of incidence, there is no reflected ray from the boundary between 
two mediums. Figure 11-2 shows values of the relative wave impedance 
for (Xo/Xc)2 = 0.8 when «<» = e„. 

When the dielectric material is lossy, the wave impedance becomes 
complex. Its value can be expressed in terms of the complex dielectric 
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constant as follows. From Eq. (291), 

ZH = 

«2 + 

+ 

371 

(15) 

ZK 

die -f- to -

2 " 2 / •> II >l\ 

l - . 2 / 3 V J V 2/32 e'/ 
(16) 

It is seen from these expressions that the change in the real part of 
ZH or ZE is of the second order in e". For T-E-modes, the presence of 

1.4 
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z« 
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F I G . 11-2.—Relative wave impedance as a function of dielectric constant. 

loss makes the wave impedance slightly inductive; for TM-modes, the 
reactive part is either positive or negative depending on the frequency. 
Near cutoff ZE is capacitive; at higher frequencies it becomes inductive. 
The expressions for ZH and ZE can be transformed to a somewhat more 
\iseful form in the following way: 

file:///iseful


372 DIELECTRICS IN WAVEGUIDES [SEC. 11-2 

x | 1 + J ^ tan 

z« = f V ? ; ± i ( 2 /"^' (17) 

+ T tan2 ^ 

Z„ - >- ^ , COB* * j 1 + * tan2 „ ( ^ - , tan v [\ ( ^ 

The wave impedance ZE is thus purely resistive when 

(18) 

and its value is 

Z,- /M 

2t' 

To obtain corresponding expressions for transmission in a dielectric 
medium but not in a waveguide, it is necessary only to set X„ = X. 

If it be assumed that guide (1) is empty and that guide (2) is filled 
with a lossy dielectric, then the reflection produced at the junction can 
be easily calculated. Let the dielectric-filled guide be so terminated 
that there are no reflected waves from the termination. If the dielec
tric is very lossy, then the use of a sufficient length of the material is the 
obvious solution. If the dielectric has low loss, the use of a tapered 
section from the dielectric back to empty guide is a relatively easy 
method of obtaining a matched termination. The reflection will be 
equal to that in a line terminated by the relative impedance Z = R + jX. 
The quantities R and X may be obtained from the impedance given by 
Eq. (17) or (18), divided by the value of the wave impedance when no 
dielectric is present. If an .H-mode is present, and if X̂  denotes the 
guide wavelength in the dielectric and X„ the guide wavelength without 
dielectric, then 

x:, 
R 

3 t a n 2 "(v) l + 3 t a n M ^ ) ' / (1») 

X = 7; R tan <p 

where X' is the wavelength of uniform plane waves in the dielectric 
medium. Equations (2) and (4) may be used to obtain \'g and X' in terms 
of c' and e". Thus, expressions for e' and t" in terms of R and X may be 
written. These expressions are useful in the determination of dielectric 
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cons tan t s . If X/R = t a n 8, t h e n t'/t0 is given b y the posi t ive solut ion of 

(0" - -
V n / to 

*2(1 + t a n 2 8) + (1 - t a n 2 BY - 1 - / ^ ' + v* t a n 2 B = 0, (20) 

where c = X0/Xc. W h e n e'/e„ has been found, it is possible to calculate 

t a n (p l- = t an 20 '" - (21 

These expressions can be simplified considerably in mos t cases. T h u s 
if v « 1 and 8 « 1, 

to "'- + 
1 - v1 

and 

1 - v"- o2 + 2 1 
fl2 

1 - vl 

~/?2 

(22) 

= 20 

*2 + 
1 -

S2 

If 0 is no t small b u t e2 m a y be neglected compared with e'/t0, the 

tan V = tan 20, 

Co 

«0 

«0 
= 

to 

to 
1 

COS <p, 

sin p, 

i,-"u-- tan 

(23) 

Suppose t h a t t he dielectric-filled waveguide- i s t e rmina ted not in a 
ma tched impedance b u t in a shor t 
circuit. T h e reflection may be 
most convenient ly expressed b y 
the equ iva len t circuit shown in 
Fig. 11-3. T h e value of the ad
mi t t ance Yn of a t ransmiss ion line 
of length d is 

F n = F 0 coth yd. (24) 

The character is t ic a d m i t t a n c e Y0 is given by E q . (15) or (16), a n d 7 is 
given b y E q s . (1) a n d (2). T h e values of 7 „ have often been used to 

Reference 
plane 

FIG. 11-3.—Equivalent circuit of short-cir
cuited dielectric-filled waveguide. 
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determine the values of dielectric constants at microwave frequencies.1 

For this purpose Eq. (24) must be expressed in terms of «' and tan <p 
and solved. Since the equation is a complex transcendental one, it is 
necessary to resort to graphical methods. 

11-3. Dielectric Plates in Waveguides.—Elementary transmission-
line theory may be applied to calculate the impedance of dielectric plates 
perpendicular to the axis of the waveguide. A few simple cases will be 
discussed to show certain applications of dielectric materials to microwave 
techniques. Let it be assumed, for the moment, that losses may be 
neglected. The impedance at the face of the plate is 

Z = Z 1 + J ' Z t a p &, 
Z 4- j tan fit 

where Z is the relative impedance and t the thickness of the plate. When 
fit = mr, where n is an integer, Z» = 1. Thus a plate n half-wavelengths 

I 1 - 8 

\i 
i n 

v 

\ / 

/ 

0.9 1.0 
Wavelength ratio 

1.1 
Vx„ 

FIG. 11-4.- -Variation of standing-wave ratio with wavelength for a dielectric plate one-
half wavelength thick. 

The standing-wave ratio introduced by the plate thick is reflectionless. 
is 

= 1(Z2 - 1) tan fit] + V 4 Z 2 4- (Z2 + l ) 2 tan" fit (25) 
1) tan fit\ - \ / 4 Z 2 + (Z2 + l ) 2 tan2 fit 

Figure 11-4 shows the variation in r with wavelength in the neighborhood 
of the wavelength X0 when the plate is a half wavelength thick. The 
dielectric constant is t/e0 = 2.45, and X0/Xc = \/y/2. If the dielectric 
is lossy, there is no plate thickness for which the reflection is zero. For 
small values of fit, 

1 — Z2 

£m = 1 - jfit — j — , 

1 - Z2 

r = 1 + fit 
1 S. Roberts and A. von Hippel, "A New Method for Measuring Dielectric Con

stant and Loss in the Range of Centimeter Waves," Contribution from Department of 
Massachusetts Institute of Technology Electrical Engineering, March, 1941. 
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The thin dielectric plate is thus equivalent to a small shunt capacitance 
across the waveguide. By means of an inductive iris placed at the face 
of the plate, the circuit may be made resonant and refiectionless. 

It is possible to construct a tuning device of two movable dielectric 
slabs each one-quarter wavelength thick. When the two slabs are in 
contact, the combination is refiectionless. When they are separated by 

FIG. 1-1-5.- -Impedance chart illustrating the use of two movable quarter-wavelength 
dielectric slabs in waveguide as a tuning device. 

a quarter wavelength, the reflection is a maximum and corresponds to a 
resistance R, given by 

R 
1 fey 
-fey 

for //-modes, at the face of the first dielectric slab. Thus, referring to 
Fig. 11-5, the impedance at the face of the first slab can have values along 
the boundary of the shaded circle. If the combination is moved, as a 
whole, along the guide, all impedances within the larger circle can be 
attained at a given point. 

It is also possible to insert a quarter-wavelength transformer to match 
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from an empty guide to one filled with a dielectric, the transformer sec
tion being composed of the guide filled with a dielectric having a dielectric 
constant of an intermediate value. This intermediate value, for H-raodea, 
is such as to make the guide wavelength the geometric mean of the guide 
wavelengths in the full and empty guides. It should be noted that no 
end corrections are necessary, since the junction effect is absent. 

A plate composed of a lossy dielectric can be treated in a manner simi
lar to that for the lossless plate. The expressions become much more 

complicated in form, but their 
derivation is s t r a igh t fo rward . 
The general nature of the behavior 
may be seen from Fig. 11-6 which 
shows some experimental values of 
the transmitted and r e f l e c t e d 
power as a function of the thick
ness of a piece of plywood in wave
guide. The observations w e r e 
taken at a wavelength of 10 cm in 
1.5- by-3-in. waveguide. 

11-4. The Nature of Dielectric 
Phenomena.—In a homogeneous 
isotropic dielectric medium, the 
electric displacement differs from 
its value in free space by the polar
ization P which is the electric 
moment per unit volume in the 
medium; 

P = D - e0E = (e - t 0)E. (26) 

The electric susceptibility Xe is 
related to P by 

e0E ~ 
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Fi'i. 11-6.—Experimental values of 
transmitted and reflected power as a func
tion of the thickness of a plywood plug in 
waveguide. 
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V^ 

Xe = 1 = fce - 1. (27) 

If there are N molecules per unit volume and the electric moment of one 
molecule is m, then P = Nm. To explain the observed value of the 
dielectric constant and its variation with frequency, it is necessary to 
consider the nature of the mechanisms whereby molecules can acquire an 
electric moment. If a small conducting sphere of radius a is placed in 
an electric field F, the conduction electrons will distribute themselves in 
such a way that the sphere acquires an electric moment equal to A.wf^F. 
In a similar manner the electrons in a molecule will redistribute them
selves in such a manner that the molecule will acquire an electric moment 
whose magnitude is proportional to F We write m = aJF and call «i 
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the polarizability of the molecule. This polarizability will be inde
pendent of temperature. On the other hand, the molecule may have. 
by virtue of its structure, a permanent electric moment of magnitude m. 
When the field is applied, the molecule will tend to turn and align itself 
with the moment in the direction of the field. This alignment will be 
destroyed by the collisions and other random forces that the molecule 
experiences. Since the energy of the electric moment when it makes an 
angle 8 with the field F is —mF cos 6, the mean value of the moment may 
be calculated by means of Boltzmann's distribution law, 

/ 
„6(F/kT) m c o g g d { l 

I emco,e(F/hT, ^ f j 

where d£L is an element of solid angle, k is Boltzmann's constant, T is 
the absolute temperature, and the integrals are taken over all directions. 
For values of T such that kT » mF, it is found that 

m2F 
Hi - m - (28) 

Thus a permanent electric moment results in a polarizability that is 
inversely proportional to the absolute temperature. Strictly speaking, 
m should be calculated not from the classic Boltzmann law but from the 
corresponding quantum-theory expression. However, it is easily shown 
that for the case of high temperatures, an identical result1 is obtained. 

The expression for the total average moment per molecule is, then, 

= ri+£<)' (29) 

It is now necessary to find the value of F, the total field acting upon the 
molecule. This field is made up of a contribution from the external 
applied field E plus the contributions from the fields of the other dipole 
moments in the medium. The contribution of the dipoles is very difficult 
to estimate. This is evident from the fact that the number of dipoles 
at a distance r from the point under consideration is proportional to 
4irr2 dr, and the field of a dipole is proportional to (cos d)/r3. Hence the 
total effect is proportional to J(4TT COS 8/r)dr. For large r this integral 
vanishes, since there are equal contributions from those regions where 
cos 9 has opposite signs. For small r, however, the integral diverges 
and the value of the field is extremely sensitive to the particular assump
tions made about the nearest neighbors of the dipole under consideration. 

1 For a more complete discussion of the details of the quantum-theory calculation, 
the reader is referred to J. H. Van VIeck, Electric and Magnetic Susceptibilities, Oxford, 
New York, 1932. 
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In the case of a gas, no very large error is made by neglecting the field of 
the other dipoles entirely and putting F = E. For more concentrated 
substances, the next approximation may be considered to be the classic 
one of Clausius. Clausius assumed that the dipole could be thought of 
as being within a small spherical cavity within the medium. In this 
case 

F = K + ~ (30) 

The use of this expression for F, together with the equations already 
obtained, to find t results in the relation 

i N ( -J. m2 V 

or, as it is more usually written, 

1 _ i 

This approximation for F is not a very good one, and more exact expres
sions have been given by Onsager1 and Kirkwood.2 We have, however, 
established an important fact which is true regardless of the expression 
for F, namely, that the polarization consists of two parts, one part that 
is independent of temperature and depends on the shift of the charge 
within the molecule and one part whose contribution decreases with 
increasing temperature and is caused by the permanent electric moment 
of the molecule. The dependence of the dielectric constant upon 
temperature will be that of the temperature dependence of the polariz
ability, in general, since the effect of the local field would not be expected 
to be greatly dependent upon temperature. 

The effect of frequency on the polarizability is again a twofold one. 
Since, in the microwave region, the natural frequencies of the molecule 
are large compared with the frequency of the radiation, the molecular 
polarizability ai is independent of frequency. When the frequency of 
the radiation approaches a natural frequency of the molecule, then <*i 
changes and gives the familiar anomalous-dispersion curve for the fre
quency variation. The lowest natural frequencies of most molecules lie 
in the infrared and do not influence the values of the dielectric constant 
at microwave frequencies. The effect of the rotation of the electric 
moment, however, will be strongly dependent upon frequency. This 

■L. Onsager, J. Am. Chem. Soc., 68, 148G (1936). 
8 J. G. Kirkwood. J. Chem. Phys., 7, 911 (1939). 
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effect was first explained by Debye,1 who showed that the transient part 
of the effect of collisions is similar in character to the effect of viscous 
forces that impede rotation. At low frequencies, these viscous forces 
would be small and the dielectric constant high. At high frequencies, 
the forces would be so large that, effectively, the molecules would be 
prevented from aligning themselves and the dielectric constant would be 
low. Thus, if the viscous forces are proportional to the rate of change of 
moment, 

(32) 
1 + j<J>7 

where r is a "relaxation t ime" that is characteristic of the material and 
a0 is the value of a at u = 0, namely, 

a° = 3kf ( 3 3 ) 

If the Clausius hypothesis is used for obtaining the value of F, then 

i l l *( a i + Jr_). (34) 

A rearrangement of this expression, and separation of the real and 
imaginary parts of e, gives 

(35) 
* T y 

where 
, _i_ o , 

, 9 - (36) 
and e8 and e„ are the values of e at zero frequency (static value) and infinite 
frequency (optical value), respectively. In terms of the molecular 
constants, 

t' 

It t 

V 

= 

= 
" i + y2 

l+y*y' 

e, + 2e0 
; — F T ~ WT 

IN ( , m}\ 
+ 1 

*o TT7 '^Z^r> (37) 

and 
2N 
-g- «1 + 1 

3 

P. Debye, Polar Molecules, Chemical Catalog Co., 1929. 
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Thus we see that t decreases monotonically from es to £„ whereas e" 
increases from zero, passes through a maximum, and again decreases to 
zero. The maximum value of i" is {ts — «„), 2 and occurs when y = 1. 
At this frequency t' = (es + e„).'2. The quantity e is a relatively 
slowly varying function of frequency, and the change from t, to e„ takes 
place over a range of at least a factor of 100 in frequency. Debye has 
compared this expression with experimental determinations and finds 
good agreement for substances in which Clausius' hypothesis may be 
expected to hold. He finds values of the relaxation time of the order 

109 1010 10" 
Frequency in cps 

FIG. 11-7.—Variation of the dielectric constant of water with frequency. 

of 10~10 sec for liquids and 10^5 to 10~6 sec for a solid, ice. These values 
are entirely reasonable judged from crude estimates made from the 
known values of the viscous forces. A viscous force of this kind would 
be expected to be strongly dependent on the temperature at all frequencies 
at which the polarity of the molecule contributes to e, and indeed this is 
the case. For a strongly polar liquid, such as water, the agreement is not 
exact, but the general nature of the frequency variation is unaltered. 
Figures 11-7 and 11-8 show some experimental values1 for the dielectric 

1 The observations from which the curve was drawn were taken from E. L. 
Younker, "Dielectric Properties of Water and Ice at K-band," RL Report No. 644, 
December 1944, A. von Hippcl, "Progress Report on L'ltrahigh-frequency Dielec
trics," OSRD Report No. 1197, December 1942, and the references cited in these 
reports. Somewhat different conclusions have been reached by J. A. Saxton, "The 
Dielectric Properties of Water at Wavelengths from 2 Mm to 10 Cm, and over the 
Temperature Range 0° to 40°C," Paper No. RRB/C115, April 1945. Saxton con
cludes that the experimental evidence indicates that the Debye theory correctly 
represents the facts for water, [f this is the case, water is very exceptional, since 
most dielectric liquids seem to possess a whole range of relaxation times. 



SEC. 11-4] THE NATURE OF DIELECTRIC PHENOMENA 381 

constant of water as a function of frequency for a temperature of 25° C. 
The dotted lines show the values predicted by the Debye theory. For 
higher temperatures the maximum value of e" occurs at a higher fre
quency corresponding to a shorter relaxation time. I t is seen that 
although the observations on water agree qualitatively with Debye's 
theory, the quantitative agreement is rather poor. The observed 
dielectric constant seems to change considerably more slowly with fre
quency than the theory predicts, and this is true for the imaginary as well 
as the real part. The maximum 
value of e" is observed to be lower 
than the theoretical value. Both 
of these deviations are what would 
be expected if not one but many 
values of the relaxation time T 
exist1 whose mean value corre
sponds to the frequency at which 
t" is a maximum. A valuable 
summary of the work in this field 
has been given by Kauzmann.2 

If the dielectric medium has, 
in addition to the above-men
tioned properties, a conductivity 
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F I G . 11-8.—Variation with frequency of the 
loss tangent of water. 

that is not negligible, this may be described, as has been shown, by an 
imaginary portion of t which varies with frequency as 

t = —• u 
In all known cases, a is independent of frequency, and this introduces a 
frequency variation for e" different from that caused by polar relaxation. 
For most dielectrics, a is so small that the contribution to t" from this 
effect is negligible at microwave frequencies. 

In Table 11-1 are given selected values of measured dielectric con
stants for three frequencies. It will be noted that i'/tB usually decreases 
slightly and that tan <p increases as v increases. This is good evidence 
for the presence of permanent electric moments. However, it obviously 
is possible to have relatively loss-free materials even at very high fre
quencies. Care must be taken to choose a substance that contains polar 
molecules only as impurities in the dielectric. These impurities can be 
removed or at least minimized by carefully controlled manufacturing 

1 If there is a dis t r ibut ion of relaxation t imes, Eq. (32) is to be replaced by an 
integral expression similar to t ha t given in Eq. (68) in Sec. 11-9. Several forms of the 
distr ibution law have been proposed, all agreeing equally well with experiment. 

2 W. K a u z m a n n , "Dielect r ic Relaxation as a Chemical Ra t e Process ," Rev. Mod. 
PhUs., 14, 12-44 (1942). 



382 DIELECTRICS IN WAVEGUIDES [SEC. 11-5 

processes. It is more difficult to exclude the presence of moisture. 
Water molecules have such a large electric moment that even a small 
percentage of moisture is sufficient to cause an objectionable amount of 
loss. Many plastic materials contain sufficient moisture to affect the 
amount of dielectric loss, and this loss becomes larger the higher the 
frequency. The large values of tan <p at 60 cps are caused chiefly by 
the presence of a real conductivity. 

TABLE 111.—DIELECTRIC CONSTANTS 

Substance 

Steatite ceramic, Alsimag 243 
Ruby mica 
Quartz, fused 
Corning glass—702P 
Corning glass—705AO 
Corning glass—707DG 
Black Bakelite 
Lucite 
Flexiglas 
Polystyrene 
Polyethylene 
Apiezon W 
Paraffin 
Mahogany plywood, dry. . - . 
Water, 25°C 

60 cps; 106 cps; 

tan if 

0.0015 
0.005 
0.0009 
0 009 
0.03 
0 0006 
0 10 
0.07 
0.06 
0.0002 
0.0001 
0.022 
0.0002 
0.01 
(3000) 

6 
5 
3 
4 
4 
4 
4 
2 
2 
2 
2 
2 
2 
2.4 

79. 

tan if 

0.0004 
0.0004 
0.0002 
0.002 
0.004 
0.0008 
0.03 
0.015 
0.015 
0.0003 
0.0001 
0.0025 
0.0002 
0.02 
0.03 

1010 cps 

tan if 

0.0002 
0.0003 
0.0001 
0.006 
0.007 
0.001 
0 05 
0.005 
0.005 
0.0005 
0.0002 
0.002 
0.0002 
0.02 
0.46 

11-5. Ferromagnetism at Microwave Frequencies.—Most substances 
are characterized by a value of the magnetic permeability that is inap
preciably different from the permeability of free space, the ratio being 
1 + 10 -6. For nearly all purposes this small difference can be neglected. 
However, the ferromagnetic substances, iron, nickel, the Heusler alloys, 
and a few others, have permeabilities relative to free space that are large 
compared with unity. In addition, all these substances are characterized 
by hysteresis, and no simple relation such as B = y.H obtains. Never
theless, for small amplitudes of a sinusoidally varying field it can be said 
that the amplitude of B is proportional to the amplitude of H. Because 
of the energy loss caused by hysteresis, it is necessary to have a perme
ability that is complex-, exactly analogous to a complex dielectric con
stant. This may be written 

n = M ,7M = tan f. (38) 
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Likewise the expression for the propagation constant and wave imped
ance in a ferromagnetic medium is more complicated; 

Y2 = k2 - a>V + >> V , ) 
Zij = j<V + an." I (39) 

It is seen that y has a real part and ZH an imaginary part, both of which 
are representative of the energy loss from hysteresis. Since, however, 
most ferromagnetics are metals or at least semiconductors, an imaginary 
part of the dielectric constant must also be included. The result is 

Y2 = fc* - u W - e ' V ) + jo,2(e'V + * V ) . (40) 
It is found that 

a - oi * / - £ - (tan ip + tan f )R~ii, 2 

2 - J ? f l « , 
(41) 

where 
k2 

R = 1 — tan <p tan f , , . 
Ul't /J. 

+ 
k2 k* 

sec2 <p sec2 f - 2(1 - tan <p tan f) -=-7-7 + 

In terms of the other variables, 

P X0 V 2 ' 

(42) 

where 

fl = . v ^ v : _ AoV + m± _ 2 ,vwv: (x.y + AoV 1-
eoMo \ A c / L(eoMo)" eoMo \Xe / \X C / J 

The wave impedance can be calculated from 

^ ^ ^ 1 (43) 

The denominator in Eq. (43) can be written 
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For a ferromagnetic metal, e' may be neglected in comparison with 
t", and the wave impedance reduces to 

Z™ = ^ £ (VW+ v." - 3 V|M! - M")- (44) 

The losses in a ferromagnetic metal can thus be expressed in terms of a 
skin depth S as in the case of ordinary metals, 

4 (45) 

1000 

3 
II 100 

2__ 

where the effective permeability 
Meff i s 

Me,, = |M| + M". (46) 

Few experimental investigations 
of the properties of ferromagnetic 
metals have been made, and very 
little is known about them.1 In 
Fig. 11 -9 are reproduced some 
observations of Arkadiew2 and 
Mohrning3 of the values of nel! for 
iron and nickel. 

An example of a nonconduct
ing ferromagnetic substance is a 
finely powdered iron dust bound 
together by an insulating plastic 
such as is frequently used for cores 
in high-frequency transformers. 
The sample4 of material that has 

been measured was approximately 50 per cent iron by volume. For a 
frequency of 3000 Mc/sec, it was found that 

10 

^ ^ N ^ 

Mohr 

\ «, \ \ \ 
\ \ 

Arkad 
\ 

ew \ 
\ 

Ni 
u 

\ 

\ \ 

Fe 

\ 
\ 

10' 109 

Frequency in cps 
10 

Fi 11-9.—Effective permeability of iron and 
nickel vs. frequency. 

^ = 20, 
to 

- = ■ 1 . 4 , 
to 

an <p = 0.07, 

* = 3.2, 
Mo 
// 

*- = 4.2, 
Mo 

tan f = 1.3. 

• A recent s u m m a r y has been prepared by J. T. Allanson, " T h e Permeabil i ty of 
Ferromagnet ic Mater ia ls at Frequencies Greater than 105cp.s," Central Radio Bureau 
2545, WR-1157, .IKIA 4281, Apr. 21 , 1944. 

* W . Arkadiew, Physik Z., 14, 561 (1913). 
» N . Mohrning, Hochfrequenztcchnik u. Elektakus, 53, 19(5 (1939). 
4 The mater ial in question was an experimental sample of polyiron furnished by 

H. L. Orowley and Co., Inc. , West Orange. X. .). 
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These values were calculated from measurements of the impedance of 
small pieces of the material placed in a coaxial transmission line, as 
described earlier in this chapter for dielectric plates. The value of 
e'/'o is high because of the presence of the conducting iron particles which 
are polarized under the influence of the field. The point corresponding 
to these observations is plotted on Fig. 11-9 for comparison with the 
results for the solid material. 

It may be seen by reference to the expression for Zn in Eq. (43) that 
mixtures of this sort can be compounded to make Z H have any arbitrary 
real value. If the imaginary part of ZH is set equal to zero, 

From Eqs. (41), for kc = 0, is found the condition that <p must equal f. 
If this is true, then 

Z* = yjj' (47) 

" + JP = ^ J— (tan v+j). (48) 
11-6. Guides Partially Filled with Dielectric.—Let us consider the 

case of a waveguide containing two dielectric mediums, the boundary 
between the mediums being along the axis of the guide. The propaga
tion constant and the impedance relative to that of empty waveguide 
specify completely the properties of such a configuration, and the method 
of calculating these quantities will be shown. Let us consider only 
rectangular waveguide in the lowest H-mode. It would be possible to 
follow the usual procedure, described in Chap. 2, of choosing the solution 
of the wave equation for Hz that satisfies the boundary conditions. 
These conditions include not only the usual one that the normal deriva
tive of Hz vanish on the wall but also an additional condition which must 
be satisfied at the boundary of the two dielectric mediums. This 
procedure is straightforward, but there is an easier method of obtaining 
the propagation constant. As has already been shown, any one of the 
three directions may be regarded as the direction of propagation of the 
waves in rectangular guide. Then an equation for the propagation con
stant in the 2-direction can be found from the condition that a standing 
wave must exist, for example, in the ^-direction. Since expressions for 
the impedance of a guide completely full of dielectric have already been 
obtained, it is possible to write down this condition immediately if the 
direction perpendicular to the dielectric interface is chosen. This 
method of approach was first devised by Frank,1 and some numerical 
results obtained by him will now be discussed. 

1 N. H. Frank, RL Report No. T-9, 1942. 



386 DIELECTRICS IN WAVEGUIDES [SEC. 11-6 

Let us consider the configuration shown in Fig. 11-10. Here a longi
tudinal slab of dielectric of thickness d is placed in the center section of a 
rectangular guide of width o. The electric field E is a maximum at the 
center of the guide. The admittance looking from the center of the guide 
in the x-direction must therefore be zero. If the losses in the dielectric 
are negligible, the admittance at the center will be 

Y' + j'Fj?' tan 
n » - H) 

F ?> + jY' tan («<?' 5 ) 

where Y' is the admittance looking to the left, at the left boundary of the 
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F I G . 11-10.—Variation of Xi/Xe with a/Xi for various values of d/a, when t j / t = 2.45. 
Case I : Dielectric in center of guide. 

dielectric. Just as in the case of a guide completely filled with dielectric, 
a small amount of loss produces only a second-order change in X„. If 
Fi. = 0, then 

Y' = jY^ tan («»'-*-•} 
where FJ,1' and Fj,2) are the characteristic admittances of portions (1) 
and (2), respectively. Setting Fm = 0, we have 



S E C . 11-6] GUIDES PARTIALLY FILLED 

1 0 f a n *<" ? - t a n *<-> ■ 

387 

(49) 

We know, however, that 

<■•">■ - ( £ ) ' - £) '■ 
«•-;(£)'-(£)■! (50) 

■* 0 Kr. 

Ff,2' *<?>' 

where X. is the wavelength of a plane waye in medium (1). Equation (49) 
is thus a transcendental equation for X„ and can be solved numerically. 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 
M. 
X 

FIG. 1141.—Variation of Xi/X„ with o/Xi for various values of d/a, when « / e = 2.45. 
Case I I : Dielectric at edge of guide. 

The results are given in Fig. 11-10, which shows Xi/X5 as a function of o/Xi 
for a series of values of d/a for the case where e^/ei = 2.45. I t is to be 
noted that for small values of d/a there is a large change in X5 whereas the 
change in X„ between d/a = 0.75 and d/a = 1.0 is very small. This is 
obviously because, for small d, dielectric has been added where the field 
is high and the effect is much larger than when the dielectric is added 
where the field is weak. 

A second simple case is shown in Fig. 11*11. The equation for X0 
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now represents the condition that the impedance looking to the left 
vanish on the right-hand boundary of the waveguide. We have 

-± tan Kfd = - tan K»»(ri -a), (51) 

where /c4" and K'^ are defined by Eqs. (50) and 

7(2) y<i) 

7m V(2) ' 
^ 0 L 0 

For e2/«i = 2.45 the results of the calculation are as shown. I t is seen 
from the curves that for small values of d the effect is small. As the 
dielectric interface approaches the center of the waveguide, the effect 
becomes much larger and then decreases again as the region of weak 

1 1 
1 
d 
J 7/////U///// ■ a H 

4 =0.45 
| 

T 
b 
1 

4 =0.50 6 1 
fc6=2.45 

0 0.1 0 2 0.3 0.4 0.5 0.6 0.7 

X 
F I G . 11-12.—Variation of X/X„ with b/X. Case I I I : Dielectric at bottom of guide. 

fields near the right-hand wall of the guide is approached. The circles 
on the curve indicate the values of a/\ for which the next Hrmode can 
propagate. The losses have again been neglected. 

Figure 11-12 shows a somewhat more interesting example. The pre
ceding cases involved a mode of transmission that was transverse-electric 
both in the direction normal to the dielectric interface and in the direction 
of propagation. In the present case, if the interface normal is chosen as 
the reference direction, the field configuration may be considered to be 
that of an fi-mode. The field has components Ex, Eu, Ez, Hy, and Hz. 
Hence, with respect to the z-axis, the mode is neither a pure i?-mode 
nor a pure H-mode but must be a combination of the two. The 
impedance method of calculation is still valid, but now the S-mode 
impedance [Eq. (11)] is used as the characteristic impedance of the lines. 
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1.6 

1.4 

1.2 

v- io 

The results for a particular case are shown in Fig. 11-12, for the values 
(2A1 = 2.45 and b/a = 0.45, for a guide half full of dielectric. Figure 
11-13 shows the variation with d/b 
for two values of b/X. This case 
has been treated in a more general 
fashion by Pincherle,1 who dis
cusses other modes in rectangular 
guide. Pincherle also examines a 
waveguide of circular cross section 
with a dielectric rod down the 
center. This case can be con
sidered from an impedance point of 
view by the methods of Chap. 8. 

11-7. Dielectric Post in Wave
guide.—If there is a cylindrical 
dielectric post of circular cross 
section in rectangular g u i d e 
operating in the i/10-mode, which 
extends in the direction of E at 
the center of the guide, the rela
tive admittance Y can be expressed by the simple formula of Frank, 

0.4, 

F I G . 11-13.-

-J 
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-Variation of \/\g 
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with d/b for 

1_ 
Y 2XD 

ln~ + 1.775' 
It w 1.91 

where R is the radius of the post and a the width of the waveguide. This 
expression was derived for the case for which |e/«0| (2irR/\y <K 1 and 
the series arms of the equivalent T-network have a negligibly small 
impedance. The expression is valid to within 3 per cent for the range of 
wavelengths given by | < o/X < 1, provided that the radius of the post 
is small enough. 

The expression holds for a complex t as well as for real values. It is 
possible to solve for e in terms of a measured Y and in this way measure 
dielectric constants. For example, it was found for a = 0.420 in. and 
X = 1.25 cm, a column of water for which R was 0.009 in. had a measured 
admittance of 1 — j . The value of e/eo deduced from this was 

e 39 - J17. 

For real values of e, Y = jB, where B is positive and hence a capacitance. 
It is evident from an inspection of the formula that the frequency 

' .L. Pincherle, Phys. Rev., 66, 118 (1944). 
! N . H. Frank , R L Repor t No. T-9, 1942, Sec. V. p . 32. 
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variation of the admittance is not at all that of a capacitance in the low-
frequency approximation. For posts of larger radius the above expres
sion is not accurate and a much better formula is given in Vol. 10 of this 
series. 

11-8. Cavities Containing Dielectrics.—When a resonant cavity is 
filled with a dielectric material, both the resonant frequency and the Q 
of the cavity are changed. Conversely, if it is desired to maintain the 
same value of the resonant frequency, the dimensions of the cavity must 
be altered. If the losses are assumed to be small, then it is easy to see 
what this change in size must be. The form of the fields should remain 
the same under such a change, with the result that if e is altered, the 
operator V2 + 72 + U2«M must change only by a constant factor. If 
c is changed by a factor /2, then all the linear dimensions must evidently 
be changed by a factor 1 / / if u> is to be kept constant. The losses in 
the metal walls will be proportional to l/Q or to S/l, where 5 is the skin 
depth and I some dimension of the cavity. Thus it is seen that Q also 
changes by a factor 1//. 

If the loss in the dielectric is to be included, then to the value of 
l/Q for the metal losses must be added a quantity 1/Qi corresponding to 
the dielectric loss. However, the dielectric loss per cycle is propor
tional to the square of the electric field and so is the stored energy. The 
conclusion is, therefore, that 1/Qi is independent of the mode and of the 
size of the cavity and is equal to e"/t' = tan <p. Thus, for the cavity 
and dielectric 

This equation is correct as long as the losses in the dielectric are not 
large enough to alter the resonant frequency of the cavity. From the 
table of dielectric constants given above, it is seen that the Q of the 
dielectric can be as large as several thousand at microwave frequencies. 
In general, the metal losses may be neglected in comparison with the 
dielectric loss. 

Consider now a cavity only partially filled with dielectric. The cases 
that can be treated simply are those in which the surface of the dielectric 
is perpendicular to an axis of the cylindrical cavity and parallel to the 
end plates. The wavelength in waveguides partially filled with dielec
tric have already been dealt with, and the results are immediately 
applicable here. Thus Figs. 1110 to 11-13 inclusive make it possible 
to find the resonant frequency in these cases by direct utilization of the 
condition that the length I of the cavity must be 
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where n is an integer. The information given in these figures does not 
make it possible to find the Q of the cavity. We notice that Qi, the 
dielectric Q, will depend on the mean value of E2 in the dielectric, relative 
to the mean value of E2 in the whole cavity, and hence Qi, as well as 
the resonant frequency, depends on the position of the dielectric within 
the cavity. 

To find an expression for Qi it is convenient to regard as the direction 
of propagation the direction of the 
normal to the dielectric interface as 
before and let this be the z-axis. 
The metal losses will be neglected. 
Let the cavity walls be located at 
z = 0 and z = I and the dielectric 
interface at z = a, as shown in Fig. 
11-14. The tangential electric field in region (1) is A sin iSjz; and in region 
(2), B sin /32(Z — z). At the interface 

^ ^ 
(1) """■ ' 

^—x 

(2) 

2=0 z-a z=l 
F I G . 11-14.—Field distribution in a cavity 

containing a dielectric material. 

A sin /3ja = B sin /32(Z — a). (52) 

The condition of resonance is determined from the continuity condition 
of the derivatives, or 

0iA cos fra = -/32B cos /32(Z - a). (53) 

If the value of B from Eq. (52) is inserted, then 

cot 02(Z — a) = — -r- COt /3iffl. (54) 

The Q of the cavity is then given by 

e[ f" A2 sin2 /3iz dz + 62 fl B2 sin2 /32(Z - z) dz 
Q = Jo 5± . (55) 

t" [a A2 sin2 /3iZ dz + e'2' V B2 sin2 /32(Z - z) dz 

Substitution for B from Eq. (52) and the use of Eq. (54) reduces this to 

t\M + e'2N 
Q = t'/M + e'2'M 

(56) 

where 
1 M = a — — sin ftia cos /3ifl. 

N = (I - a) sin2 fra -f (I ~ a) ^ u20ia + ~ sin fro cos fca. 

A calculation similar to this may be made for radial cavities. For 
this problem, it is convenient to employ the radial transmission-line 
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theory, a discussion of which is found in Chap. 8. Feenberg1 has made 
accurate calculations for the case of a cylindrical rod of dielectric in 
the center of a pillbox-shaped cavity operated in the mode in which the 
electric field is perpendicular to the end plates. The results are expressed 
in tables and curves for convenient use. 

One other important example of the use of dielectrics in cavities 
remains to be discussed, namely, a dielectric material filling a hole that 
is used for coupling to the cavity. For example, a glass window sealed 
to the metal cavity might be employed as a pressure seal in the coupling 
aperture. Unfortunately, little is known in detail about such con
figurations, and the discussion must be confined to a few general remarks. 
The somewhat simpler case of a diaphragm, the opening of which is 

filled with dielectric, placed across a rectangular 
waveguide operated in the dominant mode may 
be considered. The loss in the dielectric is pro
portional to the total electric field in the aper
ture. A portion of this field, n a m e l y , t h e 
dominant-mode portion, is given by the equiva
lent-circuit arguments. The circuit, shown in 
Fig. 1115, is driven by the constant-current 

generator / , the iris being represented by the admittance Y. The 
current through Y will be 

F I G . 11-15.—Equiva
lent circuit for the domi
nant-mode current in a 
dielectric-filled iris. 

IY 
(2F0 + Y)' 

and the voltage across Y will be 

/ 
Total loss 

Dominant mode 
(2F„ + Y) 

This quantity is proportional to the 
dominant-mode field; therefore its 
square is proportional to the dielec
tric loss. It is evident that the loss 
decreases monotonically as Y is 
increased. To this must be added 
the loss produced by the higher-
mode fields. If the aperture is com
pletely open, no higher-mode fields 
are excited. This is also true when the aperture has no opening. Thus 
the dielectric loss caused by the higher modes will be zero when Y is zero; 
and as Y increases, the loss will increase, pass through a maximum, and 
then decrease again, approaching zero as Y approaches infinity. The 
total loss may then be represented as in Fig. 11-16. 

1 E . Feenberg, " U s e of Cylindrical Resonator to Measure Dielectric Propert ies a t 
Ult rahigh Frequencies ," Sperry Gyroscope Co., Ju ly 1942. 

Admittance of aperture Y 
F I G . 11-16.—Loss vs. admittance for 

dielectric-filled coupling aperture. 
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To obtain quantitative values, it is necessary to find the exact value 
of the field at all points in the aperture. This will, of course, depend on 
the shape as well as on the admittance of the diaphragm. 

11-9. Propagation in Ionized Gases.—In the preceding sections, the 
effects of a complex dielectric constant or a complex permeability were 
considered. The problem can equally well be formulated in terms of a 
conductivity of the medium, this conductivity being a complex quan
tity. For certain applications the formulation in terms of conductivity 
has a more direct physical interpretation and is often useful. A case in 
point is the problem of the effect of an ionized gas on the passage of 
electromagnetic waves through it. The general expressions for y and 
ZH will first be derived, then specific application to ionized gases will be 
made. 

For simplicity let us consider the dominant mode in rectangular 
waveguide, where kc = w/a. The propagation constant y takes the form 

. 2 

+ jufur — oi2tix, (57) 

when the medium filling the waveguide has a conductivity <r. If a- is a 
complex quantity, it may be written 

o- = <r' - ja". (58) 
The propagation constant is then 

7 ©* + jWo-' 4-3 (59) 

Thus a" /a is the contribution to the dielectric constant of the con
ductivity of the medium. It will be assumed that t and n are real. If 
it is remembered that y = a + jf3, then 

+ o;W2I 2a2 = 

2d2 

- ) +(j}fi(r ' -01 tfj. 

+ ŵ c ' + wVV2 

If the substitution of 

and 

is made, then 

2a2 = 

2/32 = 

+ o)j«r' 

-\-uixa" — a2tn 
(60) 

+ a)2/xV2 + 

+ •) I t ' £)■]■! 
(61) 

file://-/-uixa
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I t should be pointed out that X and Xg are the wavelengths in the medium 
and in the waveguide, respectively, when the conductivity a is zero. 

The expression for 0 may be written as 

2/32 = <j>y.(j 

In the special case that a' = 0, 

Thus if 
k 2 

> us\ia", 

and if 

p = o. 
In the latter case, the waveguide is beyond cutoff. The cutoff wave
length in the waveguide is 

(X„)<!Ut„If = —, • (63) 

The following approximate expressions are useful. If 

r - ® 
/ » / M 2 (i a. 1 "V^'2 

un<r" — [ — ) » oine'', 

, + ■ ■ - \ , (64) 

and 

P 

If the opposite situation is true and 

OJjLKT 

then 
W 
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and 

N0 " ti>llG 1 + m- + 
01)1(7 

In all the above expressions, the corresponding formulas for uniform 
plane waves may be obtained by the substitution X„ = X. 

The wave impedance ZH can be found by making substitutions in 
Eq. (15), 

4 < w " ' (66) ZH = 4/8' + ff'V2 \ 2/87 
When 0 = 0, 

Z„ a (67) 

To illustrate the application of these formulas, let us consider a gas 
containing positive ions and electrons and having a net charge of zero. 
The complex conductivity has been calculated by Margenau1 by kinetic-
theory methods. Margenau finds 

In 
3 (2*mkT ")» h We-' dt 

tM + j p a ' (68) 

where I is the meaniree path, n the density of charged particles of charge 
e and mass m, k is Boltzmann's constant, and 7" is an effective tempera
ture defined by 

where M is the mass of the heavy particles and E is the amplitude of 
the electric fields. The quantity p is a mean free time, and 

(70) ^ = ' ( 2 ^ ) 
If only small fields are considered, the difference between T and T' may 
be neglected. It is seen immediately that the effects of the positive ions 
may be neglected compared with those of the electrons because of the 
occurrence of m in the denominator of the expression for a. This expres
sion reduces to simple form when the frequency is very low or very high. 
For low frequencies, that is, for 

ml2 

0 ) 2 « 

e2 In 
2kT 

-3 
. o)e2Z5w 

3 (%rmkT)K J 3kT 
1 H. Margenau, Phys. Rev., 69, 508 (1946); RL Report No. 836, Oct. 26, 1945 

(71) 
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The real part of <s is the Langevin formula usually written in terms of the 
mobility. The imaginary part corresponds to a change in dielectric 
constant that is independent of u. For high frequencies, «2 » mP/2kT, 

= 16 e2n (hT\H _ ■ e*n 

The imaginary portion of a is the familiar expression for entirely free 
electrons. Since a" is inversely proportional to o> and a' is inversely 
proportional to «2, at sufficiently high frequencies a « —ja". The 
effective dielectric constant « — <r"/a> [see Eq. (59)] may be positive or 
negative depending on whether n is small or large. The behavior of the 
ionosphere may be explained in terms of these expressions. As the 
altitude is increased, n increases, and there is a cutoff condition if <r' is 
sufficiently small. From Eqs. (63) and (72), 

X« = ^ = T , = 2 - ^ . - (73) 2*- = 2 j r ljn_ 
yjuiio" X"\e2nM 

For this wavelength 

If the losses, as represented by a', cannot be neglected, the exact theory 
must be utilized. No true cutoff phenomenon occurs, because energy is 
lost in the medium. 

A similar situation exists in the action of a gas-discharge switch (TR 
switch) in a waveguide circuit. During the discharge proper the above 
formula for a does not hold, because ionizing collisions were neglected in 
the derivation. However, during the period of recovery after a discharge 
has taken place, the formula is valid. At microwave frequencies and 
for the gas pressures used, a" ^> a'. The attenuation is therefore of the 
nature of attenuation in a waveguide beyond cutoff. 

11-10. Absorbing Materials for Microwave Radiation.—An interest
ing example of the application of the principles discussed in this chapter 
is afforded by certain materials that absorb electromagnetic radiation 
without producing much reflection. Such materials were developed by 
the Germans during the war for radar camouflage.1 .They were used 
principally to cover the breathing tubes that extended above the surface 
of the ocean from submerged submarines. Two principal varieties were 
developed, one employing poorly conducting materials, the other using 
lossy dielectric materials that have also a complex permeability. 

An absorbing material of the first type consists of alternate layers of 
dielectric and thin sheets of poorly conducting material. The structure 

1 G. G. Macfarlane, "Radar Camouflage, Research and Development by the 
Germans," T. 1905, M/99, TRE, July 23, 1945. 
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Dielectric spacers 

Metal 

is shown schematically in Fig. 11-17. The dielectric material is a foam of 
polymicrylchloride with the low value of 1.3 for «/e0 and a negligible loss 
tangent. Each layer of dielectric is about 7 mm thick. The conducting 
sheets, each about 0.1 mm thick, are made of paper impregnated with 
lampblack. The whole structure is 
glued together, and the outside is 
coated with a thin layer of water-
repellent wax. 

The design of a reflectionless struc
ture is equivalent to the problem of 
matching from free space to a short 
circuit by means of a lossy transmis
sion line. I t is obviously impossible 
to obtain a perfectly reflectionless 
matching transformer, and an approx
imation must be chosen The approx
imation employed here is to use a 
number of lumped elements to intro
duce the loss instead of a continuous lossy line. The equivalent circuit 
of the arrangement is shown in Fig. 11-18. The lossy line is made 
to behave in the manner of an exponentially tapered line1 by using sheets 

L=7o+6 

Conducting sheets 
FIG. 11-17.—Construction of absorbing 

sheet containing conducting layers. 

;& 
i a a 

Short 
* circuit 

Line of 
admittance 

-"2 " 3 "4 " 5 u 6 
Line of admittance =1 

FIG. 11-18.—Equivalent circuit of absorbing sheet in Fig. 11-17. 

of conduct ing mate r ia l whose surface res is t iv i ty varies b y a cons t an t 
factor from one sheet t o the next . 

Tab le 11-2 gives t he va lues of t he resist ivi t ies of t h e conduc t ing layers . 
TABLE 11-2.—SURFACE RESISTIVITIES OK CONDUCTING SHEETS OF MULTILAYER 

ABSORBER 

Sheet number (from front 
surface) 

Surface resistivity, ohms 
per square 

Equivalent conductance 
relative to dielectric line. 

1 

30,000 

0.011 

2 

14,000 

0.024 

3 

6500 

0.051 

4 

3000 

0.110 

5 

1400 

0.24 

6 

650 

0.51 

7 

300 

1.10 

1 J. 'C. Slater. Microwave Transmission, McGraw-Hill, New York, 1942, Chap. 1, 
p. 75. 
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The behavior of the absorber may be easily calculated from the 
equivalent circuit. Even without calculation the approximate action is 
readily seen. At long wavelengths the absorber acts as a large inductive 
susceptance with a very small conductance. At shorter wavelengths the 
conductance is larger and the susceptance smaller, and the admittance of 
the combination traces out on an admittance diagram a spiral approach
ing the center. The admittance makes one revolution on the diagram 
each time the phase change through the absorber is 180°. When the 

+0.5 

I 

\ 
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/ 

-
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93\ir£*Y$\ )12'8 

57^yk*/ V 
\ 11.4/ 

■ 1—.-.■! 1 1 1 1 1 1 

-0.5 

0 0.5 1.0 1.5 

Conductance. 
Fio. 11-19.—Impedance chart for the absorbing sheet of Fig. 11-17. The wavelengths 

are indicated on the curve. 

spacing between the layers becomes an appreciable fraction of a wave
length, the spiral expands until the conducting layers are a half wave
length apart. At this frequency the conductances are short-circuited 
by the metal surface, and the admittance is pure imaginary. This 
behavior is illustrated in Fig. 1119 where the points on the spiral are 
labeled with the wavelength in centimeters. Figure 11-20 shows the 
calculated reflection coefficient as a function of wavelength. The actual 
absorbers do not give as good results as calculated because of variations 
in the various parameters in manufacture. The reflection coefficient was 

file:///l4.7
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observed to have a variation of 5 to 10 per cent in the wavelength range 
of 7 to 15 cm. 

A second variety of absorber, composed of a synthetic rubber impreg
nated with iron powder, makes use of both dielectric and magnetic losses. 
For uniform plane waves, the equations of Sec. 11-5 are considerably 
simplified. The wave impedance may be written 

2 7 = K ~ W" = /M'(1 - j tan f) L' cos <p -i 
H \ t ' - j t " \ e ' ( l - j tan v) V ' ' c o s r e 

and depends, therefore, for loss angles that are not too large, essentially 

15 

u 
I * 
f «-

10 

J 
\J 

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 
Wavelength in cm 

F I G . 11-20.—Reflection coefficient of absorbing sheet. 

on the difference f — <p. The propagation constant from Eqs. (41) 
becomes 

4 « M 
COS ip COS f 

^ 

which depends upon the sum of the loss angles. An efficient ferro
magnetic absorber should have large and equal values of <p and f and large 
values of «' and M' subject to the condition that M'A ' be nearly equal to 
MoAo-

The construction of an absorber utilizing these principles is shown in 
Fig. 11-21. The synthetic rubber is impregnated with iron powder, 
prepared from iron carbonyl, of particle size less than 10M- The material 
has a specific gravity of about 4. At a wavelength of 10 cm the dielectric 
constant *'/e0 is approximately 25, M'/MO varies from 3 to 4, tan ip is 
approximately equal to tan f, and tan f and tan <p lie between 0.3 to 0.4. 
The intrinsic impedance is therefore real but rather small, and a resonant 
construction has been adopted to match into the absorbing material. 
The waffle construction, at wavelengths long compared with the grid 



400 DIELECTRICS IN WAVEGUIDES [SEC. 11-10 

spacing, acts as a shunt inductance. A thin layer of low-loss dielectric 
acts as a spacer between the rubber and the metal to be camouflaged. 
The equivalent circuit of the absorber is shown in Fig. 11-22. The 
resonant nature of the device indicates that it is effective only over a 

J 

U 
~l 

u □ 
n 

i_ 

E 
r 

Iron-impregnated 
rubber 

FIG. 11-21.—Absorbing sheet with resonant construction. 

F I G . 11-22.—Equivalent circuit of absorbing sheet of Fig. 11-21. 

7 8 9 10 11 12 13 14 15 
Wavelength in cm 

F I G . 11-23.—Reflection coefficient of three samples of absorbing sheet of Fig. 11-21. 

narrow frequency band. Some observations showing the effectiveness 
of this material are shown in Fig. 11-23. Other materials with values of 
v V A ' more nearly equal to the impedance of free space can probably 
be obtained. Experiments with iron oxide (Fe203, 7-phase) and mag
nesium ferrite (MgOFe203), both of which are ferromagnetic, show 
promise in this direction. 



CHAPTER 12 

THE SYMMETRY OF WAVEGUIDE JUNCTIONS 

B Y R. H. DICKB 

In this chapter the properties of symmetrical junctions of two or more 
transmission lines will be investigated. As these junctions will be 
assumed to be lossless, all the results found for lossless junctions (Chap. 
5) will be assumed to apply here. In particular a junction will be repre
sented by an impedance, admittance, or scattering matrix of a lossless 
generalized waveguide junction. Terminal voltages and currents will 
be normalized in such a way as to make the characteristic impedance of 
all transmission lines unity. 

Symmetry about a single plane 

Symmetry about two planes 

Complete symmetry 
Fio. 12-1.—Junctions having reflection symmetries only. Symmetry of one or more planes. 

12-1. Classes of Symmetry.—A number of symmetrical junctions are 
illustrated in Figs. 12-1 to 12-3, inclusive. I t is evident that this col
lection is by no means complete and that there is an unlimited number 
of possible symmetrical junctions. Nearly all junctions of transmission 

401 
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lines encountered in practice have some sort of symmetry. Because of 
symmetry, a junction may have rather unusual properties. This will 
be brought out later when examples are discussed. 

A symmetrical junction is characterized by the fact that it is left 
unchanged by a symmetry operation. For example, in Fig. 12-2a 
the symmetry operation is a rotation of the structure by 180° about the 
symmetry axis. This operation turns the figure back into itself. The 
junction is said to be " invariant" under this symmetry operation. 

In Fig. 12-1 the junctions are characterized by their invariance under 
reflection in one or more planes. When there are two and only two 

£ ^ 

(a) 

One axis 

(b) ' ' (c) 
Three axes 

Symmetry about one or more axes 

^ ^ 
""̂ 7" 

(d) (e) 
Symmetry about a point an axis, Symmetry about a point 

and a plane 
F I G . 12-2.—Junctions having reflection symmetries only, continuation. 

symmetry planes, they must intersect normally. Their intersection is a 
symmetry axis, as may be seen by reflecting first in one plane and then in 
another. This is an example of the interrelation between symmetry 
operations. This matter will be discussed later in more detail. 

Since space has no preferred directions, it is evident that there is 
nothing unique about the choice of the x-, y-, and z-axes in Maxwell's 
electromagnetic equations. In fact, a rotation of the coordinate frame 
and field quantity to a new position is an operation under which Maxwell's 
equations should be invariant. This rotation is again a symmetry 
operation. 

Although Maxwell's equations are invariant under a symmetry 
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operation, any given solution need not be. For instance, a wave moving 
to the right can be transformed under a reflection into a wave moving to 
the left. However, a standing wave with the symmetry plane at a node 
or loop is left unchanged by the reflection. Such a solution is said to be 
invariant under the symmetry operation. 

Symmetrical junctions will be investigated by looking for symmetrical 
solutions of Maxwell's equations that satisfy the boundary conditions of 
the junction. Any solution can then be expressed as a linear combination 

FIG. 12-3.—Higher-order symmetries. 

of these symmetrical solutions. A detailed solution of the boundary-
value problem is outside the scope of this book.1 Instead, general condi
tions which result from symmetry will be investigated. 

A useful method for obtaining the properties of symmetrical junc
tions is found in the theory of eigenvalue equations. This theory 
is developed sufficiently to make the subsequent treatment of special 
problems intelligible. However, before the general theory is developed, 
a simple special case will be considered as an illustration of the type of 
problem to be considered. 

12-2. Symmetry of the Thin.Iris.—An iris across a rectangular wave
guide is a geometrical configuration with a single plane of symmetry and 

Terminals lris Terminals 
(1) (2) 

FIG. 12-4.—The thin iris. 

represents one of the simplest examples of a symmetrical junction. Such 
a junction is represented in Fig. 12-4. Let terminal planes be chosen as 
indicated in the figure. The region between the two terminal planes 

1 J. Schwinger has treated these aspects of many of the problems in detail. This 
work in as yet unpublished. 
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may be regarded as a part of the lossless junction, and an impedance 
matrix Z (pure imaginary) may be defined such that 

e\ = Znii + Z12i2, I . . 
e2 = Znii + Z22i2. J 

where the e's and i's are the currents and voltages at the junction. 
The first observation that can be made from symmetry is that 

Z22 = Zn. This is evident because a reflection of the waveguide through 
the plane of symmetry leaves the guide unchanged. However, this 
reflection interchanges the field quantities at terminals (1) and (2). 
Thus an interchange of (1) and (2) in the elements of the impedance matrix 
should leave it unchanged. This is possible only if 

Zl2 I Zih 1 (2) 
Z22 — Z\\. j 

The first of conditions (2) will be recognized as the usual impedance-
matrix symmetry condition and is valid independently of the existence of 
geometrical symmetry. The second condition is imposed by the geo
metrical symmetry. 

Equation (1) is valid for any choice of ii and z2. In particular, it 
holds for i2 = — ii. If this substitution is made in Eq. (1), 

ei = ii{Zn — Zn), \ 
e2 = i2(Z„ - Z12), } (3) 
e2 = —ei. j 

For this particular antisymmetrical solution the impedance seen looking 
into terminals (1) or (2) is 

Z = !l = 1? = Z u - Z». (4) 
ei e2 

If ei = — e2, the electric field at the terminals (1) is opposite in sign to 
that at the terminals (2). It is easily seen that this solution of Maxwell's 
equations has an electric field which is an odd function of position along 

the axis of the guide (see Fig. 12-5). 

i i 
. J Note that the field becomes zero 

+ 1 1 t I I at the symmetry plane; and since 
(1) (2) the iris is thin and effectively 

Fio. 12-5.—Field distribution for antisym- embedded in this plane, the field 
metrical solution. . . . . . 

distribution is exactly the same 
as though the symmetry plane had become an electric wall. 

As the field distribution is that which would be produced by a metal 
wall at the symmetry plane, the impedance Z is that of a short circuit 
transformed down the line a half wavelength; that is, Z = 0. Therefore 
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from Eq. (4), Zn = Z\2. This is just the condition that the iris be a 
shunt susceptance at the symmetry plane. Perhaps the easiest way to 
see this is from the T-equivalent of the impedance Eq. (1) (see Chap. 4). 
If Zn =■ Z22 = Zii, the circuit becomes a pure shunt element of imped
ance Zu across the junction. 

The odd distribution in electric field of Fig. 12-5 is one symmetrical 
solution of Maxwell's equations. It is evident that the even solution is 
another. 

ex = e2, 

- = 2Z12. (5) 

i\ = ii, 
These are the only two solutions which are symmetrical about the sym
metry plane. It is evident that any other solution of Eq. (1) can be 
obtained as a linear combination of the solutions given in Eqs. (5) and (3). 

MATRIX ALGEBRA 

12-3. The Eigenvalue Problem.—The problem just considered was so 
simple that it could be seen by inspection that an odd or even distribution 
of fields about the symmetry plane was a symmetrical solution of Max
well's equations. In more complicated cases involving many waveguides 
in complicated configurations the intuitive approach may not be sufficient 
to obtain a correct solution. I t is the purpose of the next sections to 
develop formal methods that are applicable to these more complicated 
cases. 

A formalism that is useful in the discussion of symmetrical junctions 
is that provided by the theory of the eigenvalue equations. This theory 
is developed here only to the point actually needed in the subsequent 
problems. A more complete treatment can be found in any of the stand
ard works on matrix algebra. There are also introductory treatments 
for the reader unfamiliar with this field.1 

The Eigenvalue Equations.—For a square matrix P, a column vector a, 
and a number p, the equation 

Pa = pa, (6) 

is called an eigenvalue equation. The quantity p is called an eigen
value, and a an- eigenvector. As an example of an eigenvalue equation, 
with reference to Eq. (4), Eq. (3) may be written as 

Zi = zi, (7) 
1 Birkhoff and MacLane, A Survey of Modern Algebra, Maemillan, New York, 

1941; H. Margenau and G. M. Murphy, The ^[athematics of Physics and Chemistry, 
Van Nostrand, New York, 1943. 
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where 

! = » . ( _ ! ) ■ < * > 

Equation (6) can be satisfied only for certain discrete values of p. 
To see this, Eq. (6) may be written as 

(P - pl)a = 0, (9) 

where I is the unit matrix. Equation (9) is a homogeneous set of n 
equations in n unknowns and has a nonvanishing solution for a only if the 
determinant of the coefficient vanishes,1 

det (P - p i ) = 0. (10) 

By expansion of this determinant, a polynomial in p of degree n is 
obtained. This polynomial, called the characteristic polynomial, has n 
roots, some of which may be equal. When m of these roots are equal, 
the eigenvalue is said to have a degeneracy of order m. Equation (10) 
is called the characteristic equation of P. 

Nondegenerate Eigenvalues.—The vectors ai . . . a„ are said to be 
linearily independent if for numbers c, there is no solution of the equation 

c,-a,- = 0 (11) 

other than the trivial one, c,- = 0 for all j . 
Theorem 1.—The n eigenvectors of P corresponding to the n non-

degenerate eigenvalues are linearily independent. Let the eigenvalue 
equation be 

Pa, = P A , (12) 

where the n eigenvalues p, are all different. Let 

CA = 0. (13) 

Multiply Eq. (13) by 

(P - p, l)(P - p3l) • • • (P - p j ) . (14) 

From Eq. (12) the result is 

ci(pi - p2)(pi - p3) ■ ■ ■ (Pi - P»)ai = 0. (15) 

All other terms in the sum vanish. Equation (15) can be satisfied only 
by Ci = 0. In a similar way each of the other c's can be shown to vanish, 
and the n eigenvectors are linearily independent. 

1 Margenau and Murphy, op. at., Chap. 10, p. 299. 

I 

I 
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There can be no more than n linearily independent ra-dimensional 
vectors. To show this let a0 be any ra-dimensional vector. Then the 
equation 

c,a, = 0 (16) 

must have a nonvanishing solution for cy, since it consists of n equations 
in n + 1 unknowns. Also in such a nontrivial solution c0 j£ 0; for if 
Co = 0, all the c's must vanish. 

Theorem 2.—Any n-dimensional vector may be expressed as a linear 
combination of n linearily independent vectors, 

n 

a„ = 2 > a > (17) 
; = i 

The proof of this theorem is immediately evident if Eq. (16) is divided 
through by c0. 

From Theorems 1 and 2 it can be seen that there is only one linearly 
independent eigenvector for each eigenvalue of P. Any other eigenvector 
can be obtained from this eigenvector by multiplying by a constant. 

Degenerate Eigenvalues.—If m of the n roots of the characteristic 
equation are equal, then there are m linearly independent eigenvectors 
associated with this eigenvalue. An easy way to see this is to form the 
matrix 

P + e0 = T, (18) 

where t is a number and Q is a matrix so chosen that T has no degeneracies. 
Therefore Theorem 1 applies to T. In the limit, as t —* 0, T —> P and m 
of the roots coalesce. The m eigenvectors associated with these roots 
become associated with this degenerate eigenvalue. I t is evident that 
any linear combination of these m eigenvectors is also an eigenvector. 
Hence by taking linear combinations of the eigenvectors a new set of 
linearly independent eigenvectors can be obtained. Therefore the basic 
set of eigenvectors associated with a degenerate eigenvalue is not unique. 
There is an infinite number of possible sets. 

12-4. Symmetrical Matrices.—The transpose of a matrix is obtained 
by changing rows into columns keeping the order the same. Note that 
the transpose of a column vector a is the row vector 3. The transpose 
of the product of two matrices is 

P Q = Q P. (19) 

This is easily seen from the definition of the product. A symmetrical 

I 
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matrix is by definition on3 that is equal to its transpose. Symbolically, 

P = P. (20) 
Two column vectors a; and a, are said to be orthogonal when 

a,ay = a.a; = 0. (21) 
Theorem 3.—If P is symmetrical, the eigenvectors associated with 

different eigenvalues are orthogonal to each other. Let 

Pa, = p,a,. (22) 

Taking the transpose of Eq. (22) and changing the index, 

a*P = pAk = a*P. (23) 

Multiplying Eq. (23) on the right by a,-, Eq. (22) on the left by a*, and 
subtracting, 

(p* - P))a*a; = 0. (24) 

If ph ^ pj, the two eigenvectors are orthogonal. If p, = pk, then the 
linearly independent eigenvectors need not be orthogonal. However, 
it is possible to choose a set that is orthogonal. In fact this can be done 
in an infinite number of ways. 

Real Symmetrical Matrices.—A matrix is pure real or imaginary if all 
its elements are pure real or imaginary. 

Theorem 4.—If P is real and symmetrical, all its eigenvalues are real 
and the eigenvectors may be so chosen as to be real. For if 

Pa ; = P A , (25) 
then 

Pa? = p*a*, (26) 
since 

P = P*. 
Also 

a?P = P5a?, (27) 
since 

P = P. 
Multiplying Eq. (27) on the right by a, and Eq. (25) on the left by a* 
and subtracting, 

(P? - Py)S,-*a; = 0. (28) 

Since a*a, is nonvanishing, 
l>* = Pr (29) 

Thus all eigenvalues are pure real. If Eq. (29) is substituted in Eq. (26). 
it is seen that both a, and a* are eigenvectors of the same eigenvalue. 
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The eigenvectors with some eigenvalue pk may be divided into two 
classes, those for which a t and a* are linearly independent and those 
for which a t and aj are linearly dependent. If ak and a* are linearly 
dependent, then a t + at is a real eigenvector. Ifa* and a* are linearly 
independent, then a* + a* and j(a.k — a*) are linearly independent and 
real eigenvectors. Thus it is always possible to pick a complete set of 
real linearly independent eigenvectors. 

Corollary.—The eigenvalues of a pure imaginary symmetrical matrix 
are pure imaginary, and the eigenvectors may be so chosen as to be pure 
real. An example of the corollary is afforded by the problem of the thin 
iris. The odd and even solutions of Eqs. (3) and (5) may be written 

Zay = z;ay, 
where 

- U ! 
and 

z, = 0, z2 = 2Z, 

- f t ) 
It should be noted that z\ and «2 are pure imaginary and ai and a2 are 
real and orthogonal. 

12-5. Rational Matrix Functions, Definitions.—Any expression of the 
form 

/(P) = c0(P - e,l)(P - c,l) • • • 
(P - c . iD-HP - c-,1)-1 ■ • ■ , (30) 

where the c's are constants, is called a rational function of P. 
Two matrices P and 0 a l ' e said to commute if 

PQ - QP = o. 

It can be shown easily that any two factors in Eq. (30) commute, and thus 
the factors may be taken in any order. 

Theorem 5.—If 
Pa ; = PA,, (31) 

then 
/(P)a, = /(Pi)a,-, (32) 

where/(P) is a rational function of P. This theorem is proved by adding 
the identity ck\ ay = ck&j to Eq. (31), where ck is a constant, 

(P + Cil)ay = (p, + ct)ay. (33) 
If Eq. (33) is multiplied by (P + ck\)~\ the result is 

(P + c j ) - ' a y = (p, + ck)~%. (34) 
The product 

/(P)ay = c0(P - cil) • ■ • (P - c_l)->at 
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may be evaluated by taking the product of a t by the last factor, then the 
product by the second last factor and so on. The result is, using Eqs. (33) 
and (34), 

/(P)a, = /(p,)a,, 

An application of this theorem may be found in the scattering and 
impedance matrices that are connected by the equation 

S = (Z - l)(Z + I)-1. (35) 

Therefore, if Za, = 2,-a,-, then from Theorem 5 

Sa, 
where 

s, 

The general result has been proved that the impedance, admittance and 
scattering matrices have common eigenvectors. I t should be noted that 
since z* = —z„ 

lo.lS = g i — 1 3* — 1 , 
I8'1 % + 1 2)* + 1 *' 

12-6. Commuting Matrices.—An important theorem may be proved 
regarding the eigenvectors of two matrices that commute. 

Theorem 6.—If P and Q commute and Pa, = p,aj, where p, is non-
degenerate, then a, is an eigenvector of Q. To prove this theorem, it 
should be noticed that 

QPa, = p ;Qa, 
or 

P(Qa,) = pAQa,). 

The vector Qa, is therefore an eigenvector of P corresponding to the 
nondegenerate eigenvalue p,. Therefore Qa, can differ from a, at most 
by a multiplicative constant, or 

Qa, = 3,-a,-. 

Hence a, is an eigenvector of 0- In a similar way it can be seen that if 
p, is degenerate, Qa.,- is a linear combination of all the linearly inde
pendent eigenvectors of this eigenvalue. 

12-7. Cayley-Hamilton's Theorem.—The characteristic equation of a 
matrix was denned by Eq. (10) of Sec. 12-3. 

Theorem 7.—Every matrix satisfies its characteristic equation. To-
prove this, let the characteristic equation of P be 

— s,a„ 

_ * ~ 1 
*.- + !' 

p" + Cip"~l + ■ • ■ = 0 



SEC. 127| CAYLEY-HAMILTON'S THEOREM 411 

and let the n roots of this equation be pk. Form the matrix 

M = P" + dP"-1 + • ■ ■ + c„. 

Any nth-order vector can be expanded in terms of eigenvectors a* of P. 
Let 

- X dk&k. 
k' 

Then 

Ma = y dk(pl + c i p r 1 • • • + c„)a*. 
k 

The expression in parentheses on the right of this equation vanishes. 
Therefore 

Ma = 0, 

for any vector a. Therefore M = 0, and P satisfies its characteristic 
equation, which proves the theorem. 

The spur or trace of a matrix is defined as the sum of its diagonal 
elements. The last theorem needed for the discussion to follow will now 
be stated. 

Theorem 8.—The spur of a matrix P is equal to the sum of its eigen
values pk. Let the characteristic equation of P be 

p" + c,p"~l + • ■ • = 0. 

The sum of the roots of the polynomial is equal to d. The characteristic 
equation is the expansion of det (P — pi) . In the expansion of the 
determinant, the coefficient multiplying p"~l is ^ Pnn. Therefore 

Z-- - 2~ 
SYMMETRIES OF MAXWELL'S EQUATIONS 

As pointed out earlier, the fact that there are no preferred directions 
in space indicates that a particular choice of the x-, y-, and 2-axes in 
Maxwell's equations is not unique. It should be possible to introduce a 
rotation in the geometrical axes and a transformation in the field quan
tities such that the new coordinates and field quantities satisfy Maxwell's 
equations. In such a case Maxwell's equations are said to be " invariant" 
under the transformation. 

Rotations are not the only transformations that leave Maxwell's 
equations invariant. Reflections are also permissible transformations. 
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Then again several transformations may be applied in succession. The 
resulting transformation is also one under which Maxwell's equations 
are invariant. The general transformations will not be needed for the 
examples to be discussed. The transformations that will be needed are 
the reflections of various kinds and rotations about a single coordinate 
axis by fractional parts of 360°. The reflections are the transformations 
that will be required most often, and their theory will be developed in 
detail. 

12-8. The Symmetry of a Reflection in a Plane.—Under a reflection 
in the yz-plane, x is transformed into —x, and the other space coordinates 
are left unchanged. 

x —* x' = —x, \ 
y-*y' =■ v, J (36) 
Z —> z ' = Z. ) 

A transformation on the components of electric and magnetic field that 
leaves Maxwell's equations invariant is desired. One such transforma
tion, as can be seen from the inspection of Maxwell's equations, is 

x->x' = -x, EX^>E'X = -Ex, HX->H'X = HX, \ 
y-^y' = +y, Ev->E'y = Ev, Hy^H'v= -Hv,\ 
z-*z' = z, E,^E'Z = E„ H,-+H',= -H„ I 

« - » « ' = « , \ (37) 
T —> V = — T 

u x ? u x — u i, l 
t/„ —> Jy = Jy, p —> p' = p. 1 
I —> V = T I 

I t is well to ponder the meaning of this invariance of Maxwell's 
equations under the transformation (37). Stated in words the trans
formation replaces the electric field at the point x, y, z by that at the point 
—x, y, z, changing the sign of the x-component. The invariance of 
Maxwell's equations implies that this new field distribution is also a solu
tion. Thus for any one solution, another can be obtained by applying 
the transformation (37). I t should be noted that in general this new 
solution will not satisfy the original boundary conditions. Only when 
the geometrical structure is invariant under the reflection does this new 
transformed solution also satisfy the same boundary conditions as does 
the old. In this case, any permissible solution can be transformed into 
another permissible solution by the transformation (37). 

Let us introduce a formal operator Fx to represent the transformation 
(37). Fx will be thought of as an operator that can operate on any 
coordinate to change it into its transformed value. For example, 

Fx- Ex(x,y,z,u) = —EJ — x,y,z,u). (38) 
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It is evident that 
Fx • (CEX) = C{FX- Ex), (39) 

where C is a constant. Also 

Fx- (x + y) = Fx-x + FT-y. (40) 

An operator is said to be linear when conditions (39) and (40) are satisfied. 
Information concerning general properties of the junction can often 

be obtained by searching for solutions of Maxwell's equations that are 
invariant under the symmetry transformation. I t is desired to find 
solutions of Maxwell's equations that are left unchanged (except for a 
possible change in phase) by the symmetry operator. A change in phase 
can be compensated by a change in time zero, and such a change in solu
tion is not significant. 

If Ev is a symmetrical solution, then 

Fx-Ey= jEv, (41) 

where/ is a number with unit modulus. Equation (41) will be recognized 
as a type of eigenvalue equation. Operating on Eq. (41) by Fx, 

F\ ■ Ev = jFx ■ Ev = pEy. (42) 

A reflection applied twice, however, leaves everything unchanged and 
therefore 

Fl ■ Ev = Ey. (43) 

From Eqs. (42) and (43), 
n = I \ 

(44) 
/ 2 = 1, 
/ = + 1 . 

Solutions with / = + 1 are even functions of x. If Ey and E, are 
even functions of x, the solution of Maxwell's equation will be called 
"even." If / = - 1 the solution will be called "odd." Note that if 
Ey and Ez are even functions of .r, Ex is odd, and conversely. The 
symmetries of the even and odd solution are summarized in Table 12-1. 

TABLK 121.—EVEN AND ODD SOLUTIONS OF MAXWELL'S EQUATIONS 

Ex{x,y,z) 
Ey{x,y,z) 
E,(x,y,z) 
Hx(x,y,z) 
Hv{x,y,z) 
H,(x,y,z) 

Even 
= -Ez(-x,y,z) 
= E„(-x,y,z) 
= £ < ( - w ) 
= H^-x^jZ) 
= —Hy(-x,y,z) 
= -U,{-x,y,z) 

EAx,y,z) 
Ea(x,y,z) 
E,(x,y,z) 
HAx:y,z) 
H„(x,y,z) 
HAx.y.z) 

Odd 
= Er(-x,y,z) 
= -E,{-x,y,z) 
= -E,(-x,y,z) 
= -Il,{-x,y,z) 
= H„(-x.y,z) 
= H,(-x.y,z) 

If the solution is continuous across the symmetry plane, that is, if the 
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symmetry plane does not contain a metallic sheet at the point in question, 
then setting x = 0 in Table 121 yields 

Even 
Ez = 0, 
Hy = 0, 
H, = 0, 

(45) 

Conditions (45) for the odd case are just the ones that must be satisfied 
by the field quantities at the surface of an electric wall. In other words 
the field distribution is the same as though the symmetry plane were 
replaced by a perfectly conducting metallic film. In a similar way the 
even solutions correspond to a magnetic wall at the symmetry plane. 

12-9. Symmetry Operators.—Operators Fy and Fz can be introduced 
in a similar manner to represent reflections in the xy- and the rrz-planes. 
All the above results follow exactly as for the operator Fv These reflec
tion operators may be applied in combinations to the various coordinates. 
For instance a reflection in the 7/2-plane followed by a reflection in the 
zz-plane is equivalent to a reflection in the z-axis (or a rotation of 180° 
about the z-axis). A new operator Rz may be introduced to represent 
this reflection in the z-axis. Formally, 

R, = FJt = FyFx. (46) 
In a similar way 

D = v p — p F 1 
" x r yr z — r zr yi 1 

Rv = FXFX = PJ.. 
(47) 

Another symmetry operator is 

P = FJFyF* (48) 

This is a reflection in each of the coordinate planes and is equivalent to a 
reflection in the origin. There is one other symmetry operator of impor
tance in this set, namely, the identity operator. Let / represent the opera
tor that leaves the coordinates unchanged. A multiplication table for 
these operators can now be constructed. This is shown in Table 122. 

TABLE 12-2.—MULTIPLICATION TABLE FOR THE REFLECTION GBOUP 

/ 
R, 
Ry 
R, 

F, 
F, 
F: 
P 

I RX Ry R, 

I RX Ry R, 

Rx * Rt Ry 
Ry Rt I RX 

Rz Ry RX I 

FX P F, Fy 
Fy F, P Ft 

F, F, F, P 
P F, Fy FZ 

FX Fy F, P 

FX Fy F, P 
P F, Fy FX 

F, PX FX Fy 
Fy Fx P F, 

I Rg Ry Rx 
Rz 1 Rx Ry 
Ry RX I R, 
RX Ry R. I 
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It can be verified from the table that a 180° rotation about the 2-axis 
followed by a reflection in the j/z-plane is etiuivalent to a reflection in the 
.cz-plane. Symbolically, 

FXRZ = Fy. (49) 

These eight reflection operators together with their rules of multipli
cation given in Table 12-2 are an example of a group. A group is a set 
of elements with a law of multiplication such that for any three elements 
of the group A, B, and C, 

1. A(BC) = (AB)C. 
2. There is an element / such that for any element A, IA = A. 
3. For every element A there is an element A"1 such that AAl = /. 
I t should be noted that for the reflection group every element com

mutes with every other element. For example 

FrR, = RJ,. 

A group all elements of which commute with one another is said to be 
Abelian. The elements /, Rx, R„, and Rz form a group called a subgroup 
of the reflection group. The generators of a group are elements from 
which any element of the group can be obtained as a product. The 
elements Fx, Fy, F2 are generators of the reflection group. Another set 
is Rx, Rv, and P. 

Table 12-2 may be used to construct a table of symmetry types. 
Each symmetry type is a subgroup of the reflection group. In Table 
12-3, seven types of symmetry are listed. They are illustrated by the 
waveguide structures of Figs. 12-1 to 12-3. To illustrate how this table 
was constructed, notice that there is no symmetry with two symmetry 
axes. From Table 12-3, two symmetry axes automatically require a 
third. 

T A B L E 1 2 3 . — S Y M M E T R Y T Y P E S UNDER R E F L E C T I O N GRCH.I ' 

Number of symmet ry elements 

1 
Tvpe Planes 

1 
2 
3 
l 

."> 
i> 
7 

1 

2 
3 
0 
1) 
1 

u 

Axes 

0 
1 
3 
1 
3 
1 
1) 

Points 

OJ 
1 

oi 
1 
1 

Type of 
symmet ry 

Planar 

( 'omplete 

Ax i ill 

Mixed 
Point 
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12.10. Field Distributions Invariant under Axial and Point Reflec
tions.—In Table 12-2 it should be noted that R\ = I and P 2 = /, so the 
arguments that led to even and odd field distributions as the only solu
tions of Maxwell's equations invariant under reflection in a plane are 
valid for reflection in an axis and a point. 

The solutions with Rt as the symmetry operator are given in Table 
12-4. 

TABLE 12-4.—SOLUTIONS SYMMETRICAL UNDER R, 

Even 
Ex(x,y,z) = -Ex(-x,-y,z) 
E,(x,y,z) = -E,(-x,-y,z) 
E,(x,y,z) = E.(-x,-y,z) 
Hx(x,y,z) = -Hx(-x,-y,z) 
H„(x,y,z) = -H,(-x,-y,z) 
H,(x,y,z) = H.(—x,—y,z) 

she symmetry axis (x = y 

Even 
Ex(0,0,z) = 0, 
Ey(0,0,z) = 0, 
#.(0,0,*) = 0, 
#„(0,0,z) = 0, 

= 0) , 

Odd 
Ex(x,y,z) = Ex(-x,-y,z) 
E,(x,y,z) = Ey(-x,-y,z) 
E,{x,y,z) = -E,(-x,-y,z) 
Hx(x,y,z) = Hx( — x,—y,z) 
Hv(x,y,z) = Hv(-x,-y,z) 
H,(x,y,z) = -H,(-x,-y,z) 

therefore, the solutions are 

Odd 
E,(0,0,z) = 0, \ 
#,(0,0,z) = 0. 

I 
) 

(50) 

The solutions of Maxwell's equations symmetrical under P are given 
in Table 12-5. 

TABLE 12-5.—SOLUTIONS SYMMETRICAL UNDER P 
Even Odd 

Ex(x,-y,z) = E,{—x,—y,-z) E,(x,y,z) = -Ex(-x,-y,-z) 
E„(x,y,z) = E,(-x,-y,-z) E,(x,y,z) = -E„(-x,-y,-z) 
E,(x,y,z) = E.(-x,-y,-z) E,(x,y,z) = -E,(,-x,-y,-z) 
Hx(x,y,z) = -Hx(-x,-y,-z) Hx(x,y,z) = Hx(x,y,z) 
Hv(x,y,z) = -H,(-x,-y,-z) Hv{x,y,z) = Hv(x,y,z) 
H,(x,y,z) = -H,(-x,-y,-z) H,(x,y,z) = H.(x,y,z) 

At the origin, x = y = z = 0, these solutions are characterized by the 
vanishing of the field components, thus 

Even Odd 
#,(0,0,0) = 0, £,(0,0,0) = 0, \ 
#,(0,0,0) = 0, 5,(0,0,0) = 0, I (51) 
#,(0,0,0) = 0, £,(0,0,0) = 0. J 

The invariance of Maxwell's equations under the reflection group has 
been examined in some detail. These are not the only symmetry 
operators which will be encountered, but other types of symmetry will 
be discussed in connection with the particular problems to which they 
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apply. As an example of another type of symmetry, the problem of the 
symmetrical //-plane Y-junction will be considered later. 

WAVEGUIDE JUNCTIONS WITH TWO OR THREE ARMS 

12-11. The Thick Iris.—The symmetry of the thick iris is the same 
as that of the thin iris. The main reason for presenting this type of 
problem again is to introduce with a simple illustration the formal 
methods of solution. The junction is shown in Fig. 12-6. The iris may 
have an aperture of any shape in a 
metal plate of uniform thickness d. 

The junction has a symmetry _* | '_*. 
plane through the iris, and all the ^ 2 - * j * - 2 -

results of Sec. 12-2 apply to this 1̂  ̂  l,̂  "'>i.J ; ^ 
problem. The junction is invari
ant under the reflection operator 
Fx; and to any solution of Max- z 

n, .■ i- c • J L FIG. 12-6.—The thirk iris. 
wells equations satisfying t h e 
boundary conditions imposed by the waveguide and iris, there is another 
obtainable by operating with Fx on the solution. 

If e and i are the voltage and current vectors 

eij . = (n 

of the junction, then ei is a measure of Ez at junction (1) and ii is a 
measure of Hv at junction (1). Under Fx, which symbolizes the trans
formation (37), 

" - " ' - " ( 5 2 ) 

(53) 

The sign convention on the junction currents (into the network) results 
in no sign reversal in Eq. (53). The reflection operator Fx takes the form 

F - (; i) («> 
when operating on i and e. Thus, 

Fi = i\ Fe = e ' . (55) 

The transformation given in Eqs. (52) and (53) may be made by per
forming the matrix operation of Eq. (55). The matrix F is said to repre
sent the operator Fx. 

ei 
e2 

i\ 
12 

—> 
-> 

O'l 

e't 
A 
*1 

= 
= 
= 
= 

e->, 
e,; 
*2, 

i\-
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If the impedance matrix of the junction is Z, then 

e = Zi. (56> 

But the transformed voltages and currents also satisfy Eq. (56) 

e' = Zi ' , \ 
Fe - ZFi, ( 

FZi = ZFi, ( (57) 
(FZ - ZF)i = 0. ) 

Equation (57) is valid for any current vector i. Hence 

FZ - ZF = 0. (58) 

Equation (58) is important. I t is a direct link between the symmetry 
operator F and the impedance matrix. 

The only solutions invariant under Fx are the "even" and "odd" 
solutions (Table (12-1). For these solutions x 

Even Odd 
61 = ~62' ! (59) 

%1 = 12, U = — 1 2 - J 

Conditions (59) can also be obtained from the eigenvalue equation 

Fa = /a. (60) 

The characteristic equation is [see Eq. (10), Sec. 12-3] 

det ^ J.) = p - 1 = 0. 

The eigenvalues are 
/ i = + 1 , / 2 = - l . (61) 

[See also Eq. (44)]. 
Eigenvectors of Eq. (61) can be found by inspection and can be written 

•2I1J' a2-vn-iJ' V2 UJ 
Note that ai and a2 are linearly independent (Theorem 1), orthogonal 
(Theorem 3), and pure real (Theorem 4) and are normalized to unity. 

From Eq. (58) and Theorem 6, ai and a2 are also eigenvectors of Z. 
Thus the eigenvalue equations of Z can be written as 

Za* = zka.k; (62) 

2* is pure imaginary (corollary, Theorem 4). 
From Theorem 5, ai and a2 are also eigenvectors of Y and S. 
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As was discussed previously (Sec 
are those for which the symmetry 
electric wall respectively. Figure 12 
these two cases, showing one side 
only. 

Nothing very much can be said 
about the eigenvalue Z\ for the even 
case without a solution of the bound
ary-value problem. However, it is 
clear that the obstacle for the odd 
case will reflect in such a way that an 
effective short circuit lies somewhere 
between the symmetry plane and the 
left side of the iris. The eigenvalue 
z2 will be capacitive, because the 
short circuit lies between one-quarter 
and one-half guide wavelength from 
the terminals. If the thickness of 
the iris, d, is small compared with the 

. 12-8) the even and odd solutions 
plane becomes a magnetic and an 
7 is a cross section of Fig. 12-6 for 

Even a 
L 

/////////(///////////. 
Electric wall 

7777777, 
(1) 

Terminals 

i Bp- Magnetic wall 
W777///77M d 

Odd a 
i 

t ^ ^ ^ ^ - E l e c t r i c w a l . 
" 2 I 

■J 

(i) yr-2 
Effective position / 

of short circuit 
FIG. 12-7.—Boundary conditions for 

symmetrical and antisymmetrical solu
tions for the thick iris. 

guide wavelength X„, then 

0 < JZ2 < V — ■ 

The impedance matrix can be written down directly in terms of zx and z2. 
However, it may be obtained formally by the following procedure. 
Equation (62) may be combined to form the single equation 

ZA = AZ, (63) 
where 

z' - to : ) • 
- ! )■ 

Note that A has ai and a2 as columns. The matrix A has columns that 
are orthogonal and normalized to unity. Such a matrix is said to be 
orthogonal. I t has the property that 

The fact that A is symmetrical is not very significant. If Zi and z2 were 
interchanged, the new A would not be symmetrical. From Eq. (63), 

AZ.A-1 = AZA 
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If this equation is multiplied out, 

(«i + 22) (z i - 22) 
Z = 

.(21 - 22) (21 + 22) 
(64) 

If a T-section equivalent is made for Eq. (64), it takes the form of Fig. 
12-8. 

Z 2 2 2 

— « ° 
iWZi-z2) 

0<jZ2< JT — 

F I G . 12-8.—Equivalent circuit of a thick iris. 

12-12. The Symmetrical Y-junction.—Figure 12-9 shows an .H-plane 
symmetrical Y, and Fig. 12-10 is a diagram to illustrate its symmetries. 
There are three symmetry planes F\, Fz, and F3 intersecting in a threefold 
symmetry axis. The structure is invariant under rotations of 120° 
and 240° about the symmetry axis. 

FIG. 12-9.—iJ-plane Y-junction. F I G . 12-10.—Symmetries of 
Y-junction. 

/f-plane 

The symmetries illustrated in Fig. 1210 are not the only ones. The 
plane containing the axes of ftie three guides is a symmetry plane, and 
the intersection of this plane with the other planes (that is, the 2-axes of 
the guides) are symmetry axes. However, these symmetries do not play 
an important role in the properties of the Y-junction. In fact, these 
extraneous symmetries will later be removed by placing a post, along the 
three-fold axis, that does not extend completely across the guide. 
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The unit operator together with Ri, i?2) ^i> F^, and F$ form a group 
whose multiplication table is Table 12-6. I t should be emphasized that 

T A B L E 12-6 . -

/ 
Ri 
Ri 

Fi 
Fi 
F3 

I 
I 
Ki 
R2 

Fi 
F2 

F3 

Ri 
Ri 
Ri 
I 

F3 

Fi 
Fi 

- S Y M M E T R Y 

Ri 
Ri 
I 
Ri 

Fi 
F3 

Fi 

Fi 
Fi 
Fi 
F3 

I 
Ri 
R* 

F2 

Fi 
F3 

Fi 

Ri 
I 
Ri 

G B O U P 

F3 

F3 

Fi 
F2 

Ri 
Ri 
I 

this table states that, for example, 

FtFx Ri. 

Stated in words, a reflection in the plane Fi (Fig. 12-10) followed by a 
reflection in F3 is equivalent to the rotation Ri. 

Note that 
F$Fi ^ F1F3 

and the group is noncommutative. The operators I, Ru and R2 form an 
Abelian subgroup. 

Note that any element of the group may be generated as a product of 
one or more terms in i?i and / \ . For instance, 

F3 = F,R\. (65) 

Therefore J?i and / \ are generators of the group. 
The rotation i?i rotates the junction by 120°. The currents and 

voltages at a terminal plane become replaced by those at another ter
minal. We shall always use the convention that the terminal number 
is fixed in space but that the structure itself is transformed. Thus the 
currents and voltages at terminal 1 are replaced by those at terminal 3. 
Let 

Ri = 
0 
1 
0 

0 
0 
1 

1' 
0 
0 

(66) 

Then the terminal currents and voltages i and e are transformed into 

RJ 
Rje 

1 , 

e'. (67) 

This may be compared with the result given in Eq. (55). 
Since the transformed currents and voltages are permissible sohi-

tionSj one obtains in the usual way [see Eq. (58), for example] 

R,Z - ZR, = 0, (68) 
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with similar relations for the admittance and scattering matrices. In a 
similar way a matrix may be introduced to represent each of the other 
symmetry operators. However, for reasons that will be indicated below, 
it is necessary to introduce a matrix for only one more such operator, 
namely, Fi, the remaining generator of the group. Let 

(1 
0 
o 

0 
0 
1 

0 
1 
0 

Fi = 0 0 1 ■ (69) 
0 1 0 

Note that Eq. (69) interchanges fields at terminals 2 and 3 without 
affecting terminals 1. The impedance matrix must also commute with 
that given in Eq. (69) because of the symmetry of the junction. Thus 

FjZ - ZFi = 0. (70) 

The commutation of the generators Ri and Fi with the impedance, 
admittance, or scattering matrix automatically guarantees the commuta
tion ^f every symmetry matrix. To see this, note that from Eq. (68), 

RfZ = R,ZR! = ZR? (71) 
and 

FiRfZ = FiZR? = ZFxRf. (72) 

From Eqs. (72) and (65), 

F3Z - ZF3 = 0. (73) 

In a similar way each of the symmetry operators can be shown to com
mute with Z. 

Note that the commutation relation [Eq. (73)] is the only connection 
between the impedance and symmetry operators. Thus if the generators 
of the symmetry group commute with Z, then every symmetry operation 
commutes and all the conditions that symmetry imposes on Z are fulfilled. 

The Eigenvalue Problem.—Introduce the eigenvalue equation for 
Ri, 

Ria,- = rjSLj. (74) 

From Table 12-6 it can be seen that 

Rf = I ; (75) 

physically, it is clear that three rotations of 120° return the figure to 
its initial position. Combining Eqs. (74) and (75), 

R?a, = la,- = r̂ a,-. 
Thus 

r } = I. (76) 
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Let 
ri = 1, 

r-i = -

r3 = ~ 

1 , V3 
2 + IT = ai' (77) 

V3 
2i = a2. 

The three eigenvalues of Ri are all different and therefore nondegenerate. 
The three eigenvectors of Ri can be found by inspection (remembering 

that <x\ = a2, a\ = a.\, aiaz = 1). 
Let 

(78) 

ai = 

a2 = 

a3 = 

V 
1 
1 v 
a2 

V 
« 1 

, » 2 . 

Since Ri commutes with Z, Y, and S, the eigenvectors given in Eqs. (78) 
are, by Theorem (i, eigenvectors of Z, Y, and S. Thus, for instance, 

Za t = «ta*. (79) 

By Theorem 4 it must be possible to choose eigenvectors of Z that are 
pure real. This is possible only if 22 = z3. This can be seen in another 
way. Operating on Eq. (79) with Fi, remembering Eq. (70), 

Z(F,a ;) = 3I(F1aJ). 

Thus Fia, is an eigenvector of zt. 
But 

Fi32 = a3, 
Fia3 = a2. 

Therefore 
Z2 = Z3. 

By taking Ei and linear combinations of a2 and a3, three linearly inde
pendent, orthogonal, real eigenvectors can be obtained. Let 

bi 
b2 

ai, 
a2 + 33, 

1 b, = ~ j(a, 
(80) 
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Note that b2 and b3 are eigenvectors of Z. Also, 

(81) 

Thus the b/s are simultaneously eigenvectors of Z and Fi. By Theorem 
3, since Z and Fi are symmetric, bi, b2, and b3 are mutually orthogonal. 
By Theorem 4, bi, b2, and b3 must be, except for a possible multiplicative 
constant, pure real, 

bi = 

b2 = 

b3 = 

(82) 

I t can be seen by inspection that the b's are real, orthogonal, and linearly 
independent. 

By Theorem 5 (see example at end) the a's and b's are also eigenvec
tors of S and Y. Let 

where 
Sa, = s,a„ Ya, = ^a,-, 

z , - - 1 
1 + 1 

s, = 1, Vi = zr1-

Field Distribution.—Note that the eigensolutions always have stand
ing waves in all of the joining waveguides, since \s,\ = 1. However, in 
connecting guides that are part of the junction or in the interior of the 
junction, there may be running waves. As an example of this a2 and 
a3, as can be seen by inspection, are solutions with a different time phase 
at each of the junctions. In the case of a2 the voltage is a maximum 
first at terminals (1), then (2), then (3). In the vicinity of the symmetry 
axis the electromagnetic field rotates about the axis once per cycle. The 
solution a3 is the same except for the opposite direction of rotation. 
These solutions might be called three-phase solutions because they are 
analagous to the types of field distributions obtained in three-phase a-c 
machinery. 

Since these rotating fields have a time phase that varies with the angle 
of rotation, the components of E and H parallel to the symmetry axis 
must vanish along that axis [see Eq. (50) for the analogous twofold 
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symmetry axis]. Since the other components of E vanish anyway, E 
must completely vanish along the symmetry axis. 

The field distributions for bi, b2) and b3 can be easily obtained. I t 
is to be noted that from Eq. (80), bi is an eigenvector of Fi for which the 
eigenvalue is + 1 - I t is also an eigenvector of F2 and of F3. For all 
three reflection operators the solution bi is an even solution, and therefore 
the field distribution is characterized by a magnetic wall along each of 

Magnetic 
walls 

£=t± Magnetic wall. 

A ITT (i) 

, Electric wall 
/ ! 

(1) 

Solution b, Solution b2 Solution b, 

FIG. 12-11.—Boundary conditions for the various eigensolutions. 

the symmetry planes. Thus arm (1) is terminated in a V-shaped 
magnetic wall. The solutions b2 and b3 are eigensolutions of Fi, even 
and odd respectively, and are therefore characterized by a magnetic 
and an electric wall in the symmetry plane (see Fig. 12-11). 

The Scattering Matrix.—The eigenvalue equations 

Sb* = stbi, 

where the eigenvectors b'k are the b's normalized to unity, 

bi = 
1 

V3 
h> 1 

b2 = vi 
bi = V2 

can be written 

[see Eq. (63)] where 

and 

B = 

SB = BS„ 

1 2 
A / 3 A / I 

1 _ 1 
A / 3 A / 6 

1 ' 1 
. A / 3 A / 6 

3rf = 
S! 0 0 ] 
0 s, 0\ 
o o sA 

0 

1 

1 



426 THE SYMMETRY OF WAVEGUIDE JUNCTIONS 3EC. 1212 

The matrix B is orthogonal. Hence, 

S = BS„6. 
If S is multiplied out, there is obtained 

where 

(83) 

(84) 

(85) 

Equation (84) also gives the impedance and admittance matrices Z and Y, 
provided that in Eqs. (85) Sj is replaced by Zj and ?/, respectively, where 

s = 
a /3 /3 
P a P 
P /3 a 

a = i(si + 2s2), 
0 - i (Sl — S 2 ) . 

1 +Sj 
Vi = 

1 ->i 
1 +«,■ 

(86) 

Note that the sum of the diagonal elements, or spur, of the matrix given 
by Eq. (84) is equal to the sum of the eigenvalues (Theorem 8). 

Power Division.—A junction is said to be matched when all the 
diagonal elements in the scattering matrix are zero. Clearly a necessary 
condition for a matched junction is that the sum of all eigenvalues of S be 
zero. In Eqs. (85) the phases of Si and s2 can never be of such values 
that a = 0. Hence the symmetrical Y-junction can never be matched. 

This property is much more general than appears above. In fact 
no junction of three transmission lines can be matched. To show this, 
assume that such a junction has been matched. Its scattering matrix is 

S = 
0 $12 $13 
$21 0 $23 
$31 $32 0 

(87) 

But S is unitary and symmetrical; the product of any column by the com
plex and conjugate of any other column is therefore zero. If the first 
column is multiplied by the complex conjugate of the second, the result is 

<Sl31<S32 = 0-

In a similar way the other two products give 

*Si2<Sf3 = 0, S2\S*3 = 0. 

These three equations cannot be satisfied unless two of the three 
quantities <Si2, >S23, Sis are zero. But in this case there is a column of 
the matrix that is zero. This is impossible, since the product of every 
column by the complex conjugate of itself is unity. Thus it is impossible 
to match a T-junction or any other junction of three guides. 



SEC. 1213] EXPERIMENTAL DETERMINATION 427 

It is to be noted that the best match which can be obtained with the 
symmetrical Y-j unction is when 

si = - s 2 . (88) 

In this case the scattering matrix of Eq. (84) becomes 

S = 
1 
2 
2 

2 
- 1 

2 

2 
2 

- 1 
(89) 

With two of the waveguides terminated in their characteristic imped
ances, eight-ninths of the power entering the third arm goes into these 
terminating loads. The remaining ninth is reflected back to the genera
tor. In order to satisfy the condition (88), it is necessary to adjust the 
phases of Si and s2 relative to each other. One way in which this can be 
done is to insert a pin in the guide along the symmetry axis. I t will be 
remembered that the electric field is zero along the axis for the modes 
whose eigenvalue is s2. The pin does not affect these modes at all. The 
electric field is a maximum at this point for the eigenvector ai with the 
eigenvalue s\. Hence as the pin is extended across the guide, the phase 
of Si would be expected to change without altering s2. I t does not neces
sarily follow that by such an adjustment, the phase of Si can be made to 
have any desired value, but it is to be expected that a sizable variation 
can be obtained in this way. 

12-13. Experimental Determination of Si and s2.—If plungers are 
inserted in two of the arms in symmetrical positions, then power entering 
the third arm will set up standing waves in the system. The plungers 
are adjusted until the nodal points come in the same place in each of the 
three arms; then the position of the nodal point is measured. The 
phase determined in this way is the phase of one of the eigenvalues. 

The procedure just outlined is correct in principle but would be very 
difficult in practice. A procedure that involves a single plunger is much 
better in many ways. I t is to be noticed that the eigenvector b3 has no 
fields in one of the arms. If there are no fields, the plunger can be omitted 
in this arm. In fact, the condition of no power in this arm is a convenient 
test for determining when the remaining plunger is in the correct position. 
To see this algebraically, let a plunger be placed in arm (3) of the Y-junc-
tion and let a matched load terminate arm (1). Then the scattering 
equation is 

Sa = b, 
where 

<Ji = 0, 
i, -i* I' (9°) 

a, = b3e->* ' 
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and <j> depends upon the position of the plunger. If it is assumed that 
the reflection coefficient in arm (2) is s2, then 

a2s2 = b2. (91) 

Combining Eqs. (90) and (91), using the notation of Eq. (84), 

bi = /3a2 + /8o3) (92) 
b2 = aa2 + @a3 = a2s2, | 
63 = /?a2 + aa3 = a3e>*. j ^ ' 

Equations (93) have a solution only if 

(a - s„) /3 
= 0. (94) 

/3 (a - e>>) 

Solving Eq . (94) for e>* using Eq . (84), 

C* = sj. (95) 

Thus if the reflection coefficient in arm (2) is s2, the plunger is in such a 
position that Eq. (95) holds. The ratio of a2 to a3 is the ratio of the 
minors of a column of the determinant in Eq. (94). 

at _ a — 0* _ _ 1 

«2 + a; = 0. 
Substituting in Eq. (92), 

61 = 0. 
Under these conditions, therefore, no power enters the load on arm (1). 
Conversely, if the plunger is adjusted until no power enters arm (1), 
then s2 is given by relation (95). 

The determination of Si is the next step. One way in which it can be 
determined is to measure a by measuring the reflection coefficient atone 
of the arms with the other arms matched. Then, making use of Eqs. 
(85), Si can be determined. Another method, which is capable of greater 
accuracy, will now be outlined. 

I t is to be noted that the eigenvector b3 is odd with respect to F but 
that bi and b2 are even. The eigenvectors bi and b2 have different eigen
values with respect to S, and the positions of nodes are therefore different 
for bi and b2. A linear combination of bi and b2 with the same time phase 
is a new standing-wave solution. However, the nodes occur at different 
places. In particular, by taking the right combination, the nodes in 
arms (2) and (3) can be made to occur i \ 0 away from the nodes of b3. A 
linear combination of this standing-wave solution with b3, since the time 
phase of b3 is in quadrature and its amplitude is equal to the other solu-
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tion, can be made such that there are pure running waves in arms (2) 
and (3). 

To recapitulate, there is a solution that corresponds to running waves 
in arms (2) and (3) and a standing wave in (1). This solution can be set 
up by a plunger in arm (1). The position of this plunger can be adjuster' 
until there is no reflection by the Y-j unction. The position of the plunger 
is then an accurate measure of a combination of Si and s2. Since s2 
is known accurately, si can be determined. 

It will now be shown that the linear combination 

Q = —\r- b. + ^ b2 + ^ ^ ^ b, (96) 
si + s2 2s2 2s2(si + s2) 

s a set of incident waves which results in pure running waves in arms (2) 
and (3). The components of Eq. (96) are, from Eqs. (82), 

2s2 + Si 
y i 

3* 
93 

Sl{Si + S2) 
S2 — Si 

S2(Si + S2) 
= 0. 

Thus this solution corresponds to waves incident upon the junction from 
arms (1) and (2). After scattering by the junction, the waves are given 
by 

h = Sg, 
where 

Di + s - Da + s—77—r-TT °3t Si + s2 2s2 2s2(si + s2) 

since bi, b2, and b3 are eigenvectors with eigenvalues si, s2, and s2. The 
components of h are 

, 2si + s2 2«i + si 
fti = ; = - j ; ; s2gv 

Si + si 2s2 + Si 
h = 0, 

Si — S2 
h3 = Sl + S2 

I t should be noted that h2 = 0 and there is no reflected wave in arm (2). 
In other words, power enters by arms (1) and (2) and leaves by arms (1) 
and (3). It should be noticed also that 

N = M. 
Thus there is a pure standing wave in arm (1). If this standing wave ia 
set up by a plunger in the correct position, the position of this plunger is a 
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r~ 

measure of the eigenvalues of S. If a plunger in arm (1) is in such a 
position that its reflection coefficient is 

& = £ = SFi *1+Jl, (97) 

thep. power is matched through the Y-junction. In practice the Y-junc-
tion might be measured on an impedance bridge to obtain an adjustment 
of this plunger for which Eq. (97) holds. Since s2 is known from other 
measurements, Eq. (97) can be solved for sl in terms of e»* and S2. 

To recapitulate, it is found that for a plunger in one of the arms of the 
Y-junction, there is one position for which there is no coupling between 
the remaining two arms and there is another position for which the power 
is matched through the Y-junction without reflection. Both of these 
conditions are more general than appears here. Consider the second 
part: The symmetry of the Y-junction can be partially removed by includ
ing, as part of the Y-junction, a transformer in arm (1). The resulting 
junction has only a single plane of symmetry, namely, the plane including 
arm (1). However, this arm backed up by a plunger is still effectively 
a pure reactance. There is now a new position of the plunger for which 
power is matched through the Y-junction. A three-armed junction 
with a single plane of symmetry is usually called a T-junction. Thus 
power can be matched through a T-junction by means of a plunger placed 
at the proper position in the symmetry arm. 

A property of all three-armed junctions, symmetrical or not, concerns 
the stopping of transmitted power. Let us consider a plunger to be 
placed in one of the arms in such a position that there is no coupling 
between the two remaining arms. If transformers are inserted in these 
arms, there will still be no coupling but the symmetry has been completely 
destroyed. Thus we have the result that for any junction of three trans
mission lines, there is a position of a plunger in any arm for which the 
remaining two arms are decoupled. 

12-14. Symmetrical T-junctions.—Figure 12-12 is an illustration of 
three different types of symmetrical T-junctions. Two of the T-junc
tions have a single symmetry plane; the third has an axis of symmetry. 
It should be noted that the series T-junction is a special case of the axial 
T-junction. 

The terminal planes in each of the arms are illustrated and numbered 
in the figure. The reflection operator applied to the shunt T-junction 
has the form 

F = 
0 1 0' 
1 0 0 
0 0 1 

V } 

(98) 
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Since F commutes with the scattering matrix, 

S = FSF-1 = FSF. 

431 

(99) 

If Eq. (98) is substituted in Eq. (99) and the matrix product performed, 
the elements of S must satisfy 

O n — O22, 

<Sl3 = 0*23-
(100) 

In a similar way the reflection operator applied to the series T-junc
tion takes the form 

0 1 0' 
1 0 0 . 
0 0 - 1 

F = 

The rotation operator applied to the axial T-junction takes the form 

(0 1 0" 
1 0 0 . R = 
0 0 - 1 

Thus the rotation operator is quite equivalent to the reflection 
operator applied to the series T-junction, and the properties of the axial 

? R 

(3) 

F 

ft* 
i 

'si. 5 -T 

^ Q v \ ^ 3 (i) i2) 
(3)N 

- V ^ (M Shunt ^ 

l < ^ 

(3) 

^ 
(1) (2) 

(a) Series 

(1) | (2) 

(c) Axial 

Fio. 1212.—Symmetrical T-junction. 

T-junction will be essentially the same as those of the series T-junction. 
Note that 

RSR = S. 
This condition leads to 

O n = 022, 
Ol3 = —023-

These relations, except for the change of sign, are the same as Eqs. (100). 
For this reason the properties of all the T-junctions will be very similar. 
In order to avoid duplication, only the shunt T-junction will be discussed 
in detail. 
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12-15. The Shunt T-junction.—-The symmetry operator of 
shunt T-junction is the reflection operator given in Eq. (98). 
eigenvalue equation of F is 

the. 
The 

r 3 i — fk3-k-
Since 

P = I, 
If the characteristic equation of F, 

0, 

the only eigenvalues are + 1 

det ( F - / I ) 

is solved, the roots are 

U = + 1 , / . = + i , / , = - l . 

Thus there are two positive eigenvalues and one negative. The negative 
eigenvalue is nondegenerate; its eigenvector is therefore unique, except 
for the usual multiplicative constant. The eigenvectors of the degenerate 
positive eigenvalue are not unique, but the following set of eigenvectors 
are orthogonal and real: 

ai = 

Let the eigenvalue equation for the scattering matrix of a shunt 
T-junction be 

Sb, = Sjbj. 

I t must be assumed that the three eigenvalues of S are unequal unless 
there is some symmetry operator that requires equality. Since S and F 
commute, the b's are also eigenvectors of F (Theorem 6). Thus b t must 
be a linear combination of ai and &i, 

\ 
bi = 

1 ' 
1 

V2 
a2 = 

1 ' 
1 

-V2 
, &3 — 

1' 
- 1 

0 

1 
1 

y/2a 

Note that a is real by Theorem 4. By Theorem 3, b2 must have the form 
1 
1 
V2 

b« = 

By Theorem 6, b3 = a3. The form of the b's is not particularly simple, 
because the positions of the reference planes in the arms 1, 2, and 3 have 
been chosen in an arbitrary way. We shall now indicate how these planes 
may be chosen so that a = 1. 
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As was pointed out previously, eigensolutions are always standing-
wave solutions. A linear combination of two standing-wave solutions 
with equal time phase is again a standing-wave solution. I t is desired to 
take a linear combination of bi and b2 to produce a standing-wave solu
tion in which the amplitude of the wave in guide (3) is A / 2 times that in 
guides (1) and (2). This is always possible, and we shall assume, without 
going into details, that it has been done. New reference planes are now 
chosen to occur at the voltage loops in guides (1), (2), and (3). The 
reference planes in (1) and (2) are, of course, symmetrically placed. The 
standing-wave solution obtained is, with respect to these new reference 
planes, an eigensolution with voltage loops at the reference planes. Its 
eigenvalue is clearly 

si = 1. 
Its eigenvector may be either 

ai = 
1 
1 

IV2J 
or the same thing with the opposite sign for the third element. I t is 
always possible to choose the original linear combination in such a way 
that ai is the correct eigenvector. A comparison with bi shows that 
a = 1. Thus for these new reference planes, 

b a , = Sj&j, 

where Si = 1. The eigenvectors a, may be combined to form an ortho
gonal matrix 

1 1 A / 2 
1 1 - A / 2 . (101) 

A / 2 - A / 2 0 
Then 

where 

Prom Eq. (101) 

SA = ASd 

si 0 0 
0 s2 0 
,0 0 s3 

S = ASA 
If the product on the right of Eq. (102) is formed, the result is 

S = 
a 
S 

>? 

a 
a 
y 

7 
7 
0. 

(102) 

(103) 
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where 
a = 1(1 + s2 + 2s3), 
/3 = i ( l _ + «,), 

V2n ) (104) 
7 = -47- (1 - S2), 

« = i ( l + s2 - 2s,). 
Note that 

2a + /3 = 1 + s2 + s3 

as it should (Theorem 8). 
I t will be remembered that it is impossible to match a T-junction. 

As a check on this, for a matched T-junction, 

a = 0 = 0. 

This is clearly impossible as an inspection of Eqs. (104) will show. 
I t will now be shown that if a = 0, the trivial case for which guide 

(3) is completely decoupled is obtained. If 

a = 0, 
then 

s2 = - s , = 1. (105) 

Substituting Eq. (105) in Eq. (104), 

a = 0, 
0 = 1, 
7 = 0, 
6 = 1. 

This result is more general, applying to unsymmetrical junctions as well. 
To see this let the scattering matrix be 

0 *S-21 O31 

^ = *S21 0 032 ■ 

O31 S32 S33 

Since S is unitary, the product of the first column by the complex conju
gate of the second vanishes; 

*J31»532 = 0. 

Either <S3i or <S32 must vanish. In either case, 

l-S.il = 1, 

since the square of each column must be unity. Then 

031 — 032 = 0, 

|-S«| = |5» | = 1. 

http://l-S.il
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The guide (3) is completely decoupled. Note that it is consequently 
impossible to have all three diagonal elements vanish. 

12-16. The Use of the T-junction as an Element of a Tuner.—It will 
now be shown that if a plunger is inserted in guide (3) to short-circuit it, 
the remainder of the guide acts as a line with a shunt susceptance at 
the symmetry plane. The electrical distance to this susceptance will 
not, in general, be the same as the geometrical distance. 

A shunt susceptance in a transmission line sets up equal waves travel
ing in opposite directions. This can be seen from the scattering-matrix 
analogue of Eq. (64). 

g _ Sn S21 
I021 (Su 

(106) 

where 
Sn = i(si + s2), 
S21 = i ( s i — S2). 

(Reference planes are assumed to be chosen as in Fig. 12-6.) For a thin 
iris, s2 = — 1. When the iris is completely absent, si = + 1 and a = 0; 
S becomes 

(107) 

With the iris present, S is given by Eq. (106) which, it is to be noted, can 
be obtained from Eq. (107) by adding ^(«i + s2) to every element of 
Eq. (107). Thus a pure susceptance generates waves of equal amplitude 
in either direction. Another way of expressing this relation is 

\Sn - S21I = 1 (108) 

provided the junction is a pure susceptance. 
In order to check this relation for the T-junction with a plunger in 

guide (3), it is necessary to obtain a solution with a pure standing wave 

aA SA + 
1A 

aA+y SA+i 

T 
1 

FIG. 12-13.—Operation of a T-junction as a stub tuner. 

in (3) but with traveling waves in the other guides. To be more explicit, 
let a solution with power entering guide (1) be combined with a solution 
with power flowing into guide (3). This is illustrated in Fig. 12-13, in 
which the small Greek letters have the same meaning as in Eq. (103). 
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The amplitude A has to be chosen in such a way that there is a standing 
wave in arm (3). The condition for this is 

yA + 0 = e'*, 

where 0 is a phase determined by the position of the plunger in guide (3). 
If the junction acts as a shunt susceptance at the symmetry plane, Eq. 
(108) must be satisfied; therefore 

(aA + y) (SA + y) 
= 1, 

from which 
51 1. 

It is apparent from Eq. (104) that this relation is correct. 
junction acts as a shunt susceptance. From Eq. (103), 

a — & = s3. 

Hence the 

\ ^ Magnetic wall 

Thus the electrical length of line between the two terminals is s3. This 
I electrical line length may be deter

mined experimentally by inserting a 
plunger in arm (2) and adjusting until 
there is no coupling between (1) and 
(3). Under these conditions the plung
er is electrically an integral number of 
half wavelengths from the effective 
susceptance. Another method that can 
be used to determine this length will be 

taken up in the next section. 
I t should be noted that the reflection coefficient of the junction is 

Eigenvectors a, and a2 

F I G . 12-14.—Boundary conditions for 
eigenvectors ai and a?. 

a + -- = a + 

This reflection coefficient is zero when 

e'* - /8 

e'* = 11. 
a 

It may be verified, by substituting from Eq. (103), that this equation has a 
solution with real </>. 

The eigenvectors ai and a2 are also eigenvectors of F with eigenvalue -{-1. 
This is the usual even solution which is equivalent to the field distribution 
when the symmetry plane is replaced by a magnetic wall (see Fig. 1214). 
The magnetic wall reduces the junction to a two-terminal junction for 
which there are two eigenvectors ai and a2. The eigenvector a.% is odd 
about the symmetry plane. The fields are those with the symmetry 
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®^J 
Electric wall 

plane replaced by a metal wall (see Fig. 1215). To measure the proper
ties of a right-angle bend with a magnetic wall, it would be necessary to 
apply equal incident waves to the symmetrical arms of the T-junction. 
The right-angle bend of Fig. 12-15, how
ever, can be constructed, and its prop
erties measured directly. Note that the 
eigenvalue of S for a3 (Fig. 12-15) is s3 
which is also the distance along the line to 
the effective position of the susceptance 
when the junction is used as a tuner. 
This, then, is another way in which this 
lineJength can be determined. The series 
T-junction is analyzed in a similar way. If a plunger is inserted in guide 
(3), it acts as a series reactor in the line. 

12-17. Directional Couplers.—Most of the directional couplers in use 
have a symmetry such that their scattering matrices have the form 

(109) 

Eigenvector 3 3 

F I G . 12-15.—Boundary condi
tions for eigenvector as showing 
magnetic field lines. 

a 

0 

7 
8 

J3 
a 

8 
7 

7 
8 

a 
P 

5) 
7 

<8 
a 

It will now be shown that if this junction is matched (a = 0), it is also a 
directional coupler; and conversely if it is a directional coupler (say 
/? = 0), then it is matched. First let a = 0. Then, since S is unitary, 

Re (138*) = Re (76*) = Re (7/3*) = 0. (HO) 

Equation (110) states that plotted in the complex plane, the three vectors 
7, 8, and 0 are mutually at right angles. This is possible only if one of 
them vanishes. If one vanishes, however, the device is a directional 
coupler. 

The converse of this theorem is also easily proved. If the device is a 
directional coupler, then either /3, 7, or 8 must vanish. Assume that 
/3 = 0. The three remaining complex quantities must again be at right 
angles to one another, and one must vanish. Assume first that a ^ 0. 
In this case either 7 or 8 must vanish, but this corresponds to the limiting 
case of a directional coupler with zero coupling. Except for this case, 
a = 0 and the coupler is matched. Thus a directional coupler with a 
nonvanishing amount of coupling and with the symmetry given by Eq. 
(109) is automatically matched. 

12-18. The Single-hole Directional Coupler.—The single-hole direc
tional coupler is an example of a junction having three symmetry axes 
but no symmetry planes. 
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In Fig. 12-16 the symmetry axes are designated by Ri, i22, and R3. 
The terminal planes are numbered (1), (2), (3), and (4), and the direction 
of positive electric field in each plane is indicated by an arrow. Figure 
12-17 is a representation of the common metal wall between the two 

F I G . 12-16.—Directional coupler. 

waveguides. The coupling hole is shown as well as the symmetry axes. 
The coupling hole may have any shape consistent with the symmetry 
conditions. 

Symmetry Operators.—Designate the operation of 180° rotation about 
the various symmetry axes by the 
three symmetry operators J?i, Rt, and 
R3. These three operators have the 

■Jl ,. D multiplicative properties 

F I G . 12-17.—Wall common to the 
two waveguides of Fig. 12-16 showing 
coupling hole. 

R\ 
R\Ri 
RiR3 

R3R1 

= 
= 
= 
= 

Rl 
Rs< 
Ri, 
R2, 

Rl I, 

(111) 

where / is, as usual, the identity opera
tor. I t should be noted that all four operations can be generated by Rt 
and J?2. Let these symmetries be the generators of the group. 

The matrix representation of Ri can be seen by inspection to bo 

Ri = 

The operator Ri, operating on the terminal quantities 

0 0 
0 0 
1 0 
0 1 

1 0 
0 1 
0 0 
0 0 

(112) 

a = 

ai 
o2 

a3 

(113) 
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interchanges the first and third as well as the second and fourth com
ponents. In a similar way the operator i?2 takes the form 

R2 = 

0 0 
0 0 

0 1 
1 0 

V 

0 1 
1 0 

0 0 
0 0 

(114) 

Both Ri and R2 have doubly degenerate eigenvalues. However, it is 
possible to take a linear combination of Ri and R2 whose eigenvalues are 
nondegenerate. Let 

M = e iRi + «2R2, (115) 
where 

<2 = i ( i - j). 
Note that 

M 2 = R,R2, 
M4 = I. 

(116) 

(117) 

The Eigenvalue Equations.—The eigenvalues of M satisfy the charac
teristic equation 

m4 - 1 = 0 (118) 
and are 

mi = + 1 , 
™2 = J, 
m3 = — 1 , 
TO4 = -j. 

The eigenvalue equation of M takes the form 
Ma, = m,a,. (119) 

The easiest way to obtain the eigenvectors of Eq. (119) is to note that M 
commutes with Ri and R2. Since M is nondegenerate, at must be an 
eigenvector of both Ri and R2 (Theorem 6). The eigenvalues of Ri 
and R2 are ± 1. 

To illustrate the procedure for finding the eigenvectors, let ai be an 
eigenvector of M with eigenvalue + 1 ; that is, Mai = ai. Thus, 

ai = («iRi + f2R2)ai 
= eiRiai + (2R2ai 
= eir,ai + «2r2ai 
= (eiri + *2r2)ai, 

where ri and r2 are eigenvalues of Ri and R2 and must be either ± 1 . 
From Eqs. (116), ci + e2 = 1; thus for the eigenvalue wii = 1, the 
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eigenvalues of Ri and R2 must be + 1 . Thus ai is an eigenvector of 
Ri and R2 with + 1 as eigenvalue. From Eq. (112), the following condi
tions are imposed on a i : 

(120) 

The matrix R2 imposes the conditions 

< = <> I 
a2» = a?'. J 

Conditions (120) and (121) require that 
™(1) _ „U> _ „(1) 
-*2 — °3 — "4 ' 

Clearly a possible eigenvector is 

(121) 

(122) 

(123) 

1 
- 1 

1 
- 1 

' a3 = i 

I 
1 

- 1 

- 1 

j 3n — -$ 

1 
- 1 
- 1 

1 

In a completely analogous way the remainder of the eigenvectors can be 
shown to be 

(124) 

Note that M is symmetric, and by Theorem 3 the a's are all mutually 
orthogonal. They have been normalized to unity. The eigenvalues of 
the three symmetry operators Ri, R2, and R3 for the four eigenvectors 
ai . . . a4 are given in Table 12-7. 

TABLE 12-7.—EIGENVALUES FOR THE SINGLE-HOLE DIRECTIONAL COUPLER 
Eigenvectors 

Symmetry 
operators 

'R, 

R,> 

>R, 

a, 
1 

1 

1 

a. 
1 

- 1 

- 1 

a3 

- 1 

- 1 

1 

a, 

->\ 
1> 

- l ) 

Eigenvalues 

Since the scattering matrix must commute with Ri and R2, it also 
commutes with M. By Theorem 6, the a's are also eigenvectors of S, 

Sa, = s ta,. (125) 

In Eq. (124), the eigenvectors of S are pure real, a condition required by 
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(126) 

Theorems 4 and 5 if the sk are nondegenorate. Equation (125) can be 
written in the unified form 

ST = TSrf, 
where 

T = 

1 
1 
1 
1 

1 
-1 
1 

-1 

1 
1 

-1 
-1 

1 
-1 
-1 
1 

s„ = 

Si 
0 
0 
.0 

0 
s2 
0 
0 

0 0 
0 0 
S3 0 
0 s4 

Since T is symmetrical and orthogonal, Eq. (126) may be written as 
S = TS,iT. (127) 

The product on the right-hand side of Eq. (127) may be expanded to give 

(128) 

a 
P 

7 
5 

P 
a 

S 
7 

7 
S 

a 

P 

5 
7 

P 
a 

where 
a = i ( s i -f si + S3 + st), 
P = T(SI - s2 + s3 - St), 
7 = i (S l + S2 - S3 - St), 
& = T(SI — s2 — s3 + st). 

(129) 

As a check on the correctness of Eqs. (129), note that by Theorem 8, 

spur S = s t + s2 + s3 + St. 

As another check assume that a = 0. Since the four eigenvalues St have 
unit moduli, this condition can be satisfied only if the four s's are paired, 
with each pair consisting of two eigenvalues of opposite sign. There are 
three possibilities 

(130) 

(131) 

(132) 

Si = — S 2 

S3 = — Si 

Si = — S 3 

s2 = — st 

Si = —Si 

Si = — S 3 

7 = 0, 

0 = 0, 

5 = 0. 
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Thus the general condition is satisfied: A matched junction is automati
cally a directional coupler. The three conditions given by Eqs. (130), 
(131), and (132) show that in so far as symmetry is concerned, it should 
be possible to match the junction in such a way as to have guide (1) 
decoupled from any one of the other three guides. 

Field Distribution of the Eigenvectors.—For this discussion, it will be 
assumed that the wall between the two guides is thin (Fig. 12-17). How
ever, there will be no assumption about the shape or size of the coupling 
hole other than that it satisfy the proper symmetry requirements. 
Equations (50) show the conditions that the fields must satisfy along a 
symmetry axis for the " o d d " and "even" solutions. These conditions 
may be combined with the results of Table 12-7 to obtain information 
concerning the electromagnetic field in the coupling hole. 

For example, consider the eigenvector a2. This eigenvector is even 
under Ri but odd under R2 and R3. From Eq. (50), the field normal to 
Ri must vanish along the axis J(?I. Also the field parallel to Ri and Rs 
must vanish along Rv and R3. These conditions are compatible with a 
field in the center of the hole in the Ri direction only. The components 
of the electromagnetic field at the center of the hole, for each of the 
eigenvectors, are 

ai —» no field, 
a2 —-» Ei, Hi, t 

a3 —* E3, H^ 
a4 —* E2, Hi. 

The subscripts of E and H correspond to components along the three 
symmetry axes. 

Symmetry with 6 = 0.—Symmetry cannot be used to give quanti
tative information concerning the relative strengths of the electric and 
magnetic fields in the coupling hole except for one special case. When 
6 = 0° or 180°, new symmetries appear. In fact, the symmetry of the * 
junction is then complete with three symmetry planes, three symmetry 
axes, and a symmetry point. The plane of the coupling hole becomes 1 
a symmetry plane. Let F represent the operation of reflection in the 
plane of the hole. The eigenvectors &k are also eigenvectors under F. 
The eigenvectors ai and a2 correspond to the eigenvalue + 1 , and a3 
and a.t to the eigenvalue — 1. I t is to be remembered that for the 
eigenvalue — 1 , the field quantities satisfy the boundary conditions 
of an electric wall in the plane of the hole. Thus, since the wall is 
thin, the hole effectively disappears. The eigenvectors a3 and at have 
field distributions characteristic of two independent waveguides. Thus % 
the hole has no effect on the fields for these two eigenvectors for 0 = 0. 
It should be emphasized that this is true independently of the size of : 
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the hole. Thus for 6 = 0, 

443 

S3 

Si 

+ 1 
- 1 . 

Operation as a Directional Coupler.—It will be assumed that the 
coupling produced by the coupling hole is small. However, nothing will 
be assumed about the shape of the coupling hole other than it have the 
correct symmetry. The four terminal planes in Fig. 12TG were chosen 
to be one-half wavelength from the R3-axis. For the problem of most 
interest, namely, that of the small coupling hole, the effect of the hole on 
the field quantities may be considered as a perturbation. The zero-order 
approximation is obtained from the field distribution without the coup
ling hole. In this case the problem reduces to two independent guides 
and the eigenvalues are easily seen to be 

s<<» = + 1 
o(0) 

„(0) 

o(0) 

- 1 , 
+1, 
- 1 . 

(133) 

Equations (133) will be called the unperturbed eigenvalues. 
It is to be noted that the eigenvalues given in Eqs. (133) are pure real; 

and for small coupling, the perturbations on these eigenvalues will be 
essentially imaginary. The conditions of Eqs. (133) are independent 
of the angle between the two waveguides, but the perturbations will, in 
general, be a function of this angle. Let the perturbations be denoted by 
sy(0). From the previous discussion of the fields associated with a 3 and 
3u for 9 = 0 it is clear that 

Also for similar reasons 
«',"(()) = s'4"(0) = 0. 

S4»(T) = si''(T) = 0. 

(134) 

(135) 

The conditions of Eq. (135) can be shown formally to follow from Eq. 
(134). Let us introduce the operator Rs which rotates 8 through 180°. 
This has the effect of interchanging the terminals (1) and (2). This 
transformation, in acting on the terminals, takes the form of the matrix 

0 1 10 0 
1 0 j 0 0 

0 Oj 1 0 
0 0 j 0 1 
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When Rs operates on the a's, the result is 
n«ai — ai, 
R«cl2 = — &4| 
R»a3 = as, 
R»34 = —32. 

The eigenvalue equation Sa t = s tat is transformed by R« into 
R.SFt^R.a* = stR,a4, 

S'(R,at) = s*(R,a*), 
where S' = R9SR71 is the scattering matrix of the transformed junction. 
But 

S'a* = s£at, (136) 
where 

4(9) = Sk(r + 8). (137) 
Thus 

Si(8 + TT) = s i (9 ) , 
s2(0 + ir) = st(8), 
s3(6 + T ) = s,(9), 
s4(0 + ir) = s2(0). 

Also it may be seen that 
s* (8) = « t ( -0 ) , 

from Eqs. (138) and (134). 
Remembering Eqs. (134), (135), and (137), typical perturbations can 

(138) 

*]--

(Si1,-S'21>) 

(s'MI 

FIG. 12-18.—Perturbations of eigenvalue of S 
(V) 

a function of a. 

be plotted as a function of 8, as in Fig. 12-18a. By adding these curves 
together correctly, the values in Fig. 12-186 are obtained. I t should be 
noted that the two curves will always cross provided that for 8 = 0, 

\s'2»\ > Is'1']- (139) 

Referring to Eq. (129) it can be seen that S = 0 at the crossover point. 
Thus the device will act as a directional coupler at some angle provided 
that Eq. (139) is satisfied. Tt should be pointed out that the device is 
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not a perfect directional coupler in that, in general, a ^ 0 at the crossover 
point. This seems to contradict the results previously obtained, but 
there is no real paradox. The relation & = 0 is only an approximation 
based upon the small-coupling assumption that sJt1' is pure imaginary, 
which is, of course, not exactly correct. 

12-19. The Biplanar Directional Coupler.—The structure of the 
biplanar directional coupler shown 
in Fig. 12-19 is characterized by two 
symmetry planes Fi and F2 and a 
symmetry axis that is the line of 
intersection of these two p l a n e s . 
The plane that contains the axes of 
all four guides will not be regarded 
as a symmetry plane. This partic
ular symmetry group can be gener
ated by the symmetry operators Fi 
and Fi. In operating on terminal quantities (current, voltage, incident-
wave amplitude, etc.), Fi and F2 take the form 

Fn 
(1) 

12-19.—The biplanar 
coupler. 

Fi = 

0 0 
0 0 

1 0 
0 1 

1 0 
0 1 

0 0 
0 0 

F2 = 

(o o 
0 0 

0 1 
1 0 

0 I) 
1 0 

0 0 
0 0 

Note that although the symmetries of Figs. 1219 and 1216 are quite 
different, the generators of each of the symmetry groups take exactly 
the same form when written as matrices. A comparison may be made 
with Eqs. ( I l l ) and (113). Fi and Ri are quite equivalent to each other, 
and F2 is equivalent to R2. As a result of this fact, except for those 
results connected with the symmetries of the field, namely, the field 
distributions for the various eigenvectors, all the results obtained for the 
single-hole directional coupler also apply to Fig. 12-19. In particular, 
the eigenvectors of Eqs. (123) and (124) are eigenvectors of the scattering 
matrix that takes the form of Eq. (128). Table 12-7 is still valid if 
Ri and R2 are replaced by Fi and F2 and R3 by the rotation R. 

Fields Associated with the Four Eigenvectors.—From Table 12-7 it 
can be seen that the eigenvalues of Fi and F2 for the eigenvector ai are 
+ 1. From Eq. (45) it is seen that the fields at the two symmetry planes 
satisfy the conditions imposed by magnetic walls along the symmetry 
planes. In Fig. 12-20, these boundary conditions are shown. The 
figure also shows the boundary conditions that the remaining eigenvectors 
must satisfy. Note that if a thin metal plate is inserted in the plane Fi 
in such a way as not to destroy the symmetry, the phases of s2 and Si 
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will be changed but not those of s3 or s4. Also Si or st can be changed by a 
symmetrical metal wall in F2 . Moreover, it can be seen that a metal pin 
inserted in the guide along the symmetry axis will change «i but leave 
the other eigenvalues of S unchanged. 

The insertion of irises in the two symmetry planes and a pin along 
the symmetry axis are three adjustments that can be used to obtain any 
scattering matrix consistent with this symmetry, for example, that for a 
directional coupler. It must be assumed, however, that these adjust
ments have sufficient range to obtain the desired results. 

In order to be a directional coupler, the junction must be matched. 
The condition for a match is the vanishing of the sum of the eigenvalues 

Magnetic 
walls 

Incident 
amptitude = l 

Reflected 
amptitude = S! 

V i Symmetry 

Symmetry 
planes 

F I G . 12-20.-

a! a4 
-Boundary conditions for eigenvector solutions ai, az, a3, a*. 

of S in Eq. (128). Let us try by means of obstacles along the plane Fx 

and the symmetry axis to cause a, in that matrix, to vanish. The phase 
of s2 can be adjusted by means of the obstacle in F i in such a way that 
s2 = _ g3. Then the axial pin can be used to set si = — s4. These two 
conditions, substituted in Eqs. (129), result in 

a = 0, 
& = 0. 

Another possible procedure is to adjust Si and s2 to satisfy 

Sl 

«2 

- s s , 

— S4-

(140) 

(141) 

These conditions, substituted in Eq. (128) yield 

a = 0, 
0 = 0. 
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Figure 12-21 shows the form that the obstacles might take. The power 
distribution is that given by Eqs. (140). Notice that the distribution is 
just opposite that which one might expect from simple optics. 

If in Fig. 12-19 the angle 8 is very small, the two eigenvalues s3 and s4 
are very nearly equal. This can be seen by reference to Fig. 12-20. 
In this case the wall Fx together with the remainder of the guide forms a 
tapered waveguide that at some position reaches the cutoff width. The 
amplitude of the wave dies down quickly after this. As a result there is 
very little electromagnetic field at 
the wall Fi. Hence, it matters 
little whether F 2 is electric or mag
netic. Thus it is seen that for 
small 0 the wave incident in guide 
(1) goes only into guide (3) when 
the junction is matched as in Fig. 
12-21. This result is even more 
general. In fact it can be seen by 
the inspection of Eq. (129) that 
if S3 = s4, /3 = 6. If in addition 
a = 0,then/3 = 5 = O a n d H = 1. 
Thus independently of the mechanism used to match the junction, y 
is the only nonvanishing matrix element. 

12-20. The Magic T.—The "magic T " may be defined as a direc
tional coupler with equal power division. Clearly the scattering matrix 
of a magic T may always be written in the form 

(142) 

The elements e, f, g, and h are not completely independent but must 
satisfy the unitary conditions 

FIG. 12-21.-—One method of matching the 
junction of Fig. 1219. 

0 0 
0 0 

« 9 
,f h 

e f 
g h 

0 0 
0 0 

(143) 

ef* + gh* = 0, 
eg* + fh* = 0, 
M2 + M2 = l / l 2 + W 2 = i, 
M2 + l/l2 = M2 + W2 = i-

In addition, the equal-coupling condition requires that 

M = l/l = \g\ = \h\. 
By the correct choice of the positions of the terminals in three of the four 
guides, three of the 'our parameters e, f, g, and h can be made to have any 
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phase angle desired. The fourth argument is then determined through 
Eqs. (143). For example, any magic T may, by proper selection of 
reference terminals, be made to have a scattering matrix with one of the 
following forms, 

V2 

0 
0 

j 
J 

0 
0 

3 
-3 

3 
3 

0 
0 

3 
-3 

0 

oj 
1 

V2 

(0 0 
0 0 

1 3 
U i 

1 j \ 
i i 

0 0 
o oj 

(144) 

(145) 

Biplanar Symmetry.—It should be noticed that Eqs. (145) and (128) 
are of the same form, and it might be expected that the biplanar direc
tional coupler of Fig. 12-19 could be tuned in such a way as to make a 
magic T out of it. This tuning would require three adjustments which 
could be the irises in the two symmetry planes and the pin along the 
symmetry axis. The phases of sh s2, and s4 could be adjusted until 

51 = — S 3 , 

52 = — Si, 

Sl = JS2. 

If these values are substituted in Eq. (129), the elements of the scattering 
matrix are found to be 

a = 0, 
0 = 0, 
7 = *8!(1 - j), (146) 

y = 

Except for a phase factor, y and 5 are the same as in Eq. (145). In fact 
by choosing the terminals in a new symmetrical set of positions Eqs. 
(146) become 

1 

12-21. The Synthesis Problem.—A few words regarding the synthesis 
problem at microwave frequencies are necessary. At microwave fre-
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quencies there are a large number of problems in which the frequency 
dependence of a device is only of incidental interest. This is because the 
frequency is so high that the bandwidths are small compared with the 
frequencies. 

Wideband systems or junctions are of importance, but only because 
it is desirable to have components that are fixed-tuned. In any case, 
there is a synthesis problem regarding the attainment of certain properties 
at one frequency. Additional properties may be desirable, such as power-
handling capacity or large bandwidth, but these may be regarded as 
secondary in importance. 

At low frequencies, lumped elements of inductive or capacitive 
characteristics are used as the building blocks from which a network is 
synthesized. At high frequencies this type of technique is not particu
larly useful because of the size of the resulting components. The trans
mission line is a convenient element for microwave circuits. 

To understand how the transmission line may be used to synthesize 
a network, consider the admittance matrix 

Y = 

2/n 2/i2 
2/21 2/22 

(147) 

This may be written as 

2/u 
0 
0 

0 
0 
0 

0 
0 
0 

+ 

+ 

0 
2/21 
0 

2/12 

0 
0 

0 
0 
0 

0 
0 
0 

0 
2/22 

0 

0 
0 
0 

+ (148) 

Each of these submatrices may be examined individually. The first 
matrix has zeros in all rows and columns except the first. This implies 
that if voltages are applied to all the terminals, the only terminal influ
enced by the first submatrix is terminal (1). At this terminal a current 
proportional to yn flows. In other words, the first matrix in Eq. (148) 
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may be represented by a shunt susceptance j/u connected to the terminals 
(1). In a similar way the second matrix can be represented by a trans
mission line one-quarter or three-quarters wavelength long depending on 
the sign of ym, of characteristic admittance \yn\, connected between the 
terminals (1) and (2). The remainder of the submatrices follow in a 
similar way. The end result is illustrated for a three-terminal-pair device 
In Fig. 12-22. 

An alternative arrangement is a synthesis of the impedance matrix 
in terms of lines connected in series. This is a convenient way of syn

thesizing a junction by means of 
lengths of waveguide connected in 
series at the various junctions. 

In order to synthesize a par
ticular circuit whose scattering 
matrix is given, it is necessary to 
solve for the equivalent impedance 
or admittance matrix and then 
use the above synthesis procedure. 
It should be pointed out that by a 
discreet choice of the location of 

the reference planes the impedance matrix can often be made to take a 
simplified form with a resulting simplicity in brass. 

Synthesis of the Biplanar Magic T.—It will be noticed that Eq. (145) 
is very closely related to the symmetry matrix M given by Eq. (115). 
In fact, 

1 - 3\» 
M (149) 

F I G . 12-22.—-Synthesis of a three-terminal-
pair junction in coaxial line. 

s = 
V2 

M. 

Substitution of Eq. (149) in the second of Eqs. (117) gives 

S4 + I = 0. (150) 

The admittance matrix is given by 

Y = (I - S)(l + S)-i . 

This equation may be written 

Y = (I - S)2(l + S2)(l + S2)-'(l - S)->(l + S)-1 

= (I - 2S + 2S2 - 2S3 + S4)(l - S4)-1. 

Substituting from Eq. (150), 

Y = -S( l - S + S2). (151) 
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Substituting from Eq. (145) in Eq. (151), 

0 
1 

0 
-V2 

1 
0 

- V2 
0 

0 
-V2 

0 
1 

-V2) 
0 

1 
0 

(152) 

The synthesis, by coaxial lines, of a junction whose admittance matrix is 
given by Eq. (152) follows in the same way as before. Note that the 
lines with a characteristic conductance of unity are one-quarter wave
length long. Those whose character
istic conductance is -\/2 are three-
quarters wavelength long. 

From a practical point of view 
a three-quarter-wavelength line is 
more frequency-sensitive t h a n a 
quarter-wavelength line, and it is 
desirable, if possible, to choose ref
erence planes in such a way that all 
elements in the matrix of Eq. (152) 
are positive. If the reference planes 
are moved back one-quarter wave
length, S in Eq. (151) changes sign and, as may be verified, the admit
tance matrix of this new junction is 

- i — (4) r (3) _ 

V4X - 9 0 = » / 2 ~ 

(1) 

|— ' /4X - ] 

(2)T 
L.<7„=1 

F I Q . 12-23.—Synthesis of a magic T in 
coaxial line. 

Y = i 
0 + V2 

+ V2 0 

0 + V 2 
+ V2 

This junction may be synthesized by the circuit of Fig. 12-23. I t should 
be noticed that power entering arm (1) is split equally between arms (3) 
and (4) and no power leaves arm (2). 

12-22. Coupling-hole Magic T's.—As another example of a magic T 
with a scattering matrix of the form of Eq. (145), consider a directional 
coupler of the type shown in Figs. 1216 and 1217 with 0 = 0. The 
coupling hole or holes will be assumed to be large enough to produce 
equal power division. One possible arrangement is a set of two holes 
about a quarter-wavelength apart. Another possibility is a large slot 
or oblong hole in the direction of the guide axis. As was pointed out 
previously, the symmetry of the junction becomes complete for 0 = 0. 
The symmetry plane containing the coupling holes becomes effectively 
an electric wall for the eigenvectors as and a4. Consequently the coupling 
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hole has no effect upon these standing waves, and the field distributions 
are identical with those of two independent waveguides. As a result, 
because of the location of reference planes, the eigenvalues of the scatter
ing matrix for these eigenvectors are (see paragraph entitled Symmetry 
with 0 = 0, Sec. 12-18). 

S3 S4 - 1 . 

The eigenvalues Si and s2 are dependent upon the size and shape of the 
coupling hole or holes. However, it is to be noted that these two eigen
values are the only parameters of the junction left open. Thus it requires 
only two adjustments to convert the junction into a magic T. For 
example, if the coupling is produced by two circular coupling holes, there 
may exist a particular diameter for the holes and a distance between the 
holes for which the device is a magic T. 

With reference to Eqs. (129), it is evident that for the matched junc-
_ tion for which a = 0, the condition's 

of Eq. (130) require that 7 = 0. 
Thus, if the junction is a magic T 
(for which a = 0), it must be one for 
which there is no coupling between 
guides (1) and (3) or between (2) and 
(4). It is to be noted that this is 
just the opposite of the behavior of 
the small-single-hole coupler for 
which the coupling between (1) and 
(4) is the least (see last paragraph 

-Magic T. of Sec. 1218). Referring again to 
Eqs. (129), it is evident that the conditions to be satisfied in order that 
the junction be a magic T are 

Fio. 12-24.-

Si = ±3-
It should be noted that only one condition must be satisfied in order that 
the junction be a directional coupler, namely, 

8l = -Si. 

A suggested means of designing such a magic T is to vary one of the 
parameters of the system, for instance, the length of a wide slot, until 
the device is a directional coupler (matched). The power-division ratio 
is measured, and the procedure repeated with another slot width. These 
two sets of data are used to predict the correct width. This procedure 
is refined by successive approximations. 

12-23. Magic T with a Single Symmetry Plane.—The junction of 
Fig. 12-24 has a single symmetry plane. For the terminal planes num-
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bered as shown, a reflection in this plane can be represented by the matrix 

F = 

(0 
1 

0 
0 

1 
0 

0 
0 

0 
0 

1 
0 

0) 
0 

0 
- 1 

As F commutes with the scattering matrix and is its own inverse, 

S = FSF. 

Multiplying out the right-hand side and setting the product equal to the 
left-hand side, 

O n = O22, 

" 3 1 = 1S32, 

O41 = — (S42, 

-S34 = 0. 

(153) 

I t can be seen also from the field distributions in the junction that the 
above conditions are correct. The junction is not yet a magic T, as 
there is still coupling between (1) and (2); moreover it is not matched. 

Assume that matching transformers are inserted in such a way as to 
make 

S33 = S44 = 0 . 

The scattering matrix can then be written as 

S = 

a 

a 
y 
s 

P 
a 

7 
-S 

7 
7 

0 
D 

5 
-6 

0 
0 

(154) 

The scattering matrix is unitary, and the absolute square of each column 
must be unity; that is, 

From Eqs. (155), 

H2 + I0I2 + M2 + |s|2 = i,' 
2|7l2 = 1, 
2|5|2 = 1. 

|a|2 + |0|2 = 0. 

(155) 

This is possible only if both a and 0 vanish. Thus with a = 0 = 0 the 
scattering matrix of a magic T is given by Eq. (154). Tf the positions of 
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the reference planes in guides (3) and (4) are chosen correctly, the scat
tering matrix can be made to take the form 

S = -T4 j - v - - - (156) -3 
V2 

0 
0 

1 
1 

0 
0 

1 
- 1 

1 
1 

0 
0 

1 
- 1 

0 
0 

which is, except for sign, identical with Eq. (144). 
I t should be emphasized that the lack of coupling between guides (1) 

and (2) results from the matching of the device into arms (3) and (4). 
However, the zero coupling between arms (3) and (4) results from sym
metry. It is this symmetry property which makes the junction shown in 
Fig. 12-22 a particularly desirable type of magic T. 

Matching Conditions.—It should be noted that it takes four conditions 
to match the junction of Fig. 12-24. Two conditions are required for 
each of the terminals (3) and (4). The biplanar magic T required three 
adjustments, and the large-hole type only two. Thus the greater the 
number of symmetries of a junction, in general, the fewer conditions 
required for a match. 

If power enters guide (3) only, the field distribution is even about the 
symmetry plane. This may be seen from Eqs. (153). If power enters 
guide (4), the field is odd about the symmetry plane. These distributions 
are eigenvectors of F. Thus at the symmetry plane the fields satisfy the 
boundary conditions of a magnetic or an electric wall. 

It is highly desirable to have methods of adjusting for match that are 
independent for guides (3) and (4). One way in which this could be done 
is to introduce magnetic and electric conductors in the symmetry plane. 
Each of these materials would affect only one of the field distributions. 
For instance, a metal sheet in the symmetry plane has no effect on the odd 
field distributions or on the power entering arm (4). 

Of course, the lack of a good magnetic conductor is a difficulty, and 
it is necessary to use some other method. In practice, the junction has 
been matched by a combination of a metal object in the symmetry plane 
and an inductive iris in guide (4). This iris is far enough inside the junc
tion so that fringing fields from the even distribution are negligibly small. 

12-24. Synthesis of Magic T with a Single Symmetry Plane in Coaxial 
Lines.—Before proceeding, it should be noticed that there are several 
possible locations of a symmetry plane that lead to a scattering matrix of 
the form given by Eq. (156). For instance, instead of the plane's cutting 
terminals (3) and (4), it could have cut terminals (1) and (2). Another 
possibility is a symmetry plane that reflects (1) and (4) into each other 
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and (2) and (3) into each other. It will be this type of symmetry which 
will appear in the coaxial magic T. 

Notice that the matrix of Eq. (154) is pure imaginary. Therefore, 
since S is unitary, 

S2 = - I . (157) 

The relation between the admittance and scattering matrix becomes 

Y = (1 - S)(l + S)"1 

= (1 - S)2(l - S)-H1 + S)- 1 (158) 

= (1 - 2S + S2)(l - S2)-1. 

Substituting from Eq. (157), Eq. (158) becomes 

Y = - S . (159) 
Using the methods outlined previously, the junction whose matrix 

has the form of Eq. (159) would be synthesized by three quarter-wave
length lines and one three-quarter-wavelength line. This is illustrated 
in Fig. 12-25. 

r— Symmetry R 

Fio. 12-25.—Ring-circuit synthesis of a F I G . 12-26.—Star. 
magic T in coaxial line. 

12-25. The Star.—The junction illustrated in Fig. 12-26 has a five
fold axis of symmetry and five symmetry planes. The plane including 
the axes of all five guides will not be regarded as a symmetry plane. 

Let a rotation of 72° counterclockwise be designated by Ri, one of 
144° by Ri, and so forth. Then the five rotations are /, Rx, R2, Ri, and 
Rt. The five symmetry "planes (see Fig. 12-26) are designated by 

Fi . . . Ft. 

These ten symmetry operators form a group with the following multipli
cation table: 
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TABLE 12-8.—MULTIPLICATION TABLE FOR THE GROUP OF SYMMETRY OPERATORS 
FOR A STAR JUNCTION 

/ 
Ri 
Ri 
Rz 
R, 

F, 
F, 
F3 

F, 
Fi 

I 
I 
Ri 
R2 

R, 
R, 

F, 
F2 
F3 

F, 
Fh 

Ri 
Ri 
« 2 
Rz 
Rt 

I 

F. 
Fs 
Fi 
F2 
F, 

« 2 

R2 

Rz 
Rt 

I 
Ri 

F2 
F3 
Fi 
F„ 
F, 

« 3 

« 3 
« 4 
/ 
« 1 
J?2 
FS 
F, 
F2 
F3 
Ft 

* 4 

# 4 
/ 
Ri 
Rl 
* 3 

F3 
F4 
F5 
F, 
F, 

F, 
Fi 
F3 

Fs 
F2 
F, 
/ 
Rz 
Ri 
Rt 

Ri 

F2 
F2 
F4 
F, 
F, 
F6 
Rl 
/ 
* 3 
« 1 
« 4 

F, 
F3 
F5 
F2 
F4 
Fi 

K, 
R, 
/ 
« 3 
Ri 

Ft 

Fi 
Fi 
Fz 
Fs 
F2 
Ri 
R, 
Rl 
/ 
Rz 

F„ 
F6 
F2 
F4 
F, 
F, 
* 3 
* 1 
Ri 
Ri 
I 

I t m a y be seen b y inspect ion of Tab le 12-8 t h a t Ri a n d F \ are genera
to rs of the group. I n ma t r ix form the opera tors i?i a n d F\ are 

Ri = 

Fi 

0 0 0 0 1 
1 0 0 0 0 
0 1 0 0 0 
0 0 1 0 0 
0 0 0 1 0 
1 0 0 0 0 
0 0 0 0 1 
0 0 0 1 0 
0 0 1 0 0 
0 1 0 0 0 

(160) 

(161) 

By referring t o Tab le 12-8 it m a y be seen t h a t Ri satisfies t h e equa t ion 

R* = I. 

I t also can be seen by inspection of t he character is t ic d e t e r m i n a n t t ha t 
the character is t ic equa t ion of R 1 i s 

,-5 _ 1 = 0 

a n d t h a t t he eigenvalues of Ri are t he five fifth roots of 1 (see Theorem 7). 
Let 

n = 1, 
r2 = e'+', <t>i = &?, 
r3 = C'*'-, <j>2 = br, 

Let t h e eigenvalue equa t ion for Ri be 
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The five eigenvectors can be written by inspection 

1 
1 
1 
1 

,1. 

a2 = 

1 
Ti 

rt 

r3 

72. 

, 33 — 

l' 
Ti 

Tl 

r5 

/». 

a4 = 

1' 
r3 
r5 
r2 

J*. 

, 35 — 

1 
r2 

r3 
Ti 

A 
(162) 

Since the eigenvalues of Ri are nondegenerate, the eigenvectors of 
Eqs. (162) are, by Theorem 6, eigenvectors of the scattering matrix S. 

From Theorem 4 the eigenvalues of S associated with a2 . . . 35 are 
degenerate, since the r's are complex numbers. The nature of these 
degeneracies can be found from Eq. (161). If 

bat = Sk&ki 
S(Fia*) = sttFrf*). (163) 

Thus Fiat is an eigenvector of S with an eigenvalue sk. But 

F i 3 i = 3 i , \ 
Fi32 = as, / 
Fia3 = a4, > (164) 
Fi34 = 83, \ 
Fi35 = 32. / 

Substituting Eqs. (164) in Eq. (163), we have 

52 = SS 

53 = St 

There are only three independent eigenvalues of S. Since one of these 
can always be adjusted by location of the terminal planes, there are only 
two important independent parameters of the star which may be 
adjusted by matching transformers. 

Field Distributions of Eigenvectors.—The field distributions are very 
similar to those of the symmetrical Y-junction. The components of the 
electric and magnetic fields perpendicular to the symmetry axis vanish 
along the axis for ai. All the remaining eigenvectors are characterized 
by fields rotating about the axis. The electric and magnetic fields 
parallel to the axis must vanish along the axis. 

I t is apparent that a pin along the symmetry axis will affect Si but not 
s2 or s3. 

The Scattering Matrix.—The scattering matrix may be obtained from 
the three eigenvalues in the usual way. Since the eigenvectors at are 
not all orthogonal to each other, it is convenient to pick an orthogonal 
set. It may be verified that the set 
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bl = V! a i ' 
b2 = 

b3 = 

1 
V l O 

1 
Vw 
VTo 

VTo 

(as + a,) , , 

(a» + a4), 

(a« - a,), 

(a2. - a6) 

(165) 

is orthogonal, real, and normalized to unity. 
The eigenvalue equation for S may as usual be written 

SB = S&, 
where B is a matrix with the eigenvectors of Eq. (165) as columns and 
where 

Sd = 

Since B is orthogonal, 
S = BS„B. 

If this equation is multiplied out, it is found that 

Sl 

0 
0 
0 
0 

0 
s2 
0 
0 
0 

0 
0 
s3 
0 
0 

0 
0 
0 
S3 

0 

0 
0 
0 
0 
S 2 

s = 

a 

0 
7 
y 
P 

P 
a 

P 
y 
7 

7 
p 
a 

P 
y 

7 
y 
P 
a 
P 

/»' 
7 
7 
P 
a 

(166) 

where 
a = £(*! + 2s2 + 2s,), \ 
P = i[si + (r2 + r5)s2 + (r, + rt)s3], I (167) 
7 = i[si + (r, + rjsz + (rt + r5)s3]. j 

It should be noticed that a is one-fifth of the sum of the eigenvalues, in 
accordance with Theorem 8. As another check on the correctness of 
Eqs. (167) note that if 

Si = S2 = S3 = 1 , 
then 

a = 1, 
0 = 0, 
7 = 0. 
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The star may be adjusted in such a way as to be matched. This 
may be done by inserting any obstacle that does not ruin the symmetry, 
for instance, a cylindrical rod along the symmetry axis. In general, this 
will change the phases of all three eigenvalues with respect to one another. 
The second adjustment could be a pin along the symmetry axis. This 
changes the phase of Si only. Thus 
these two adjustments are independ
ent; and if there is sufficient range in 
the adjustments, the junction can be 
matched. If a = 0, 

l/s| = \y\, 
and (3 and y are at an angle of 120° 
with respect to each other. Thus 
the matched junction distributes the 
power equally among the remaining 
four guides. Thus if the five star is 
matched, power entering one of the 
arms is split equally among the other 
four arms. 

12-26. The Turnstile Junction.—The turnstile junction shown in 
Fig. 12-27 is a six-terminal-pair device. The two polarizations in the 
round guide furnish two of the terminal pairs. Figure 12-28 shows the 
numbering scheme of the terminal planes. 

Fio. 12-27.—Turnstile junction. 

Symmetry axis 

Reference plane 

F I G . 12-28.—Symmetry properties of the turnstile junction. The symmetry planes 
are Fi, F2, F3, F4; the terminal planes in the rectangular waveguide are 1, 2, 3, 4; the 
terminals in the round waveguide for the two polarizations are 5 and 6. A rotation of 
90° about the symmetry axis is Ri. 

The junction has a fourfold symmetry axis and four symmetry planes. 
The symmetry planes in Fig. 12-28 are designated by Fi, F2, F3, &ndFt. 
Let a counterclockwise rotation of the fields by 90° be designated by 
Ri. Let Rit R3, and / represent rotations of 180°, 270°, and 0° respec-
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tively. Terminal numbers are kept in a fixed position under any sym
metry operation. 

The rotations and reflections form a group with the following multipli
cation table. 

T A B L E 1 2 - 9 . — M U L T I P L I C A T I O N T A B L E OF T H E SYMMETRY O P E R A T O R S FOR THE 
T U R N S T I L E J U N C T I O N 

/ 
R, 
Ri 
R, 

F, 
F-i 
F, 
Ft 

I 
I 
R> 
/?2 
« 3 

Fx 
F. 
F3 

F, 

K, 
Ri 
R* 
R3 
I 

F3 

Ft 

Ft 
F, 

R. 
R? 
Rz 
I 
Ri 

F2 

Fi 
Ft 

F, 

Rs'.Fi 
Rz'iFi 
l \F, 
Rv.Fz 
R2IF3 

F,\[ 
A3I/C2 
FvtR 3 
F*\Ri 

Fi 

F2 

F, 
Fi 
Ft 

R2 
I 
Ri 
R, 

F, 
F3 

Fi 
F, 
F2 

Ri 
« 3 
/ 
R°. 

Ft 

F< 
F2 

F3 

Fi 

R, 
Ri 
R* 
I 

It may be seen by inspection of Table 12-9 that any rotation (other 
than /) and any reflection are generators of the group. In particular, 
Ri and Fi are generators of the group. In operating on the terminal 
quantities, Ri and Fi take the form 

Ri = 

F i = 

(0 
1 
0 
0 

0 
0 
1 
0 
0 
0 

0 
0 

0 
0 
1 
0 

0 
0 
0 
0 
0 
1 

0 
0 

0 
0 
0 
1 

0 
0 
0 
0 
1 
0 

0 
0 

1 
0 
0 
0 

0 
0 
0 
1 
0 
0 

0 
0 

>0 
•0 
' 0 
0 

io 
i 1 
0 
0 
0 
0 

1 
0 

°] 
0 
0 
0 

- 1 
0 

°1 
0 
0 
0 

0 
- 1 

I t should be noticed that both Ri and Fi can be divided, as shown by the 
dotted lines, into two square submatrices. The rectangular sections 
contain only zeros. The determinant of such a matrix is the product of 
the determinants of the submatrices. 

Let the eigenvalue equation of Ri be 

Ria* = rk&k, 
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where rk is a root of the characteristic equation 

det (Ri - \r) = 0 
or 

(r4 - l)(r2 + 1) = 0. 

The roots of this equation are 

n = 
r2 = 
r3 = 
Ti = 

A set of eigenvectors is 

ai = 

a* = 

1 
1 
l 
l 
0 
0 

) 

1 
3 

- 1 
-3 

0 
t 

0 

1, 
j (doubly degenerate), 
- 1 , 
—j (doubly degenerate). 

a2 = 

a6 = 

■ l" 

-3 
- 1 

3 
0 

. 0 

) 

o] 
0 
0 
0 
1 

.— -3. 

a3 = 

f l' 
- 1 
+1 
- 1 

0 
k 

, 36 = 

0 

fo 
0 
0 
0 
1 
J. 

The eigenvectors a5 and a6 are eigenvectors of the eigenvalues r2 and rt 
respectively. I t may be seen by inspection that 

■ ia i = 3.\, 
r\&i = 34, 
Fia3 = as, ' 
■ iln = 82, I 
Fias = a6, 
r i 3 e = 35 

(168) 

Since the scattering matrix S commutes with Ri, the eigenvectors ai 
and a3 are also eigenvectors of S (Theorem 6). Linearly independent 
eigenvectors of S can be formed by taking linear combinations of a2 and 
a» and of Sn and a6- Let 

(169) S(32 + aas) = S2(32 + aa6), 
S(a2 + 1835) = s4(32 + /8as), 

where a and 8 are numbers. If Eqs. (169) are multiplied by Fi, then 
using the conditions of Eqs. (168), 
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S(a4 + aa6) = s2(a4 + aa6), 
S(a4 + /3a6) = s4(a4 + /3a6). 

It is seen that the eigenvalues s2 and s4 are both doubly degenerate. It 
should be possible to take linear combinations of the eigenvectors of both 
s2 and s4 in such a way that the resulting eigenvectors are pure real. It 
may be readily verified that the set 

b i 
b2 

b3 
b4 

b6 

b6 

= a i , 
= i(a2 + a4) + ia(a6 + a6), 
= a3) 
= i(a2 + a4) + T0(a5 + a6), 
= | ( a 2 - a4) + |a(aB - a6) 

= | ( a 2 - a4) + ^/3(a6 - a,) 

is pure real if a and /3 are real. 
becomes 

Written as column vectors, this set 

bi = 

l ' 
1 
1 
1 
0 
0 

b, = 

b, 

1 
0 
1 
0 
0 
0 

b5 = 

0 
1 
0 

- 1 
0 
a 

b6 = 

1 
- 1 

1 
- 1 

0 
0 
0 
1 
0 

- 1 
0 

The eigenvectors b, satisfy the eigenvalue equations 

Sbj = Sjbj, 
where 

«e = st. 

It should be noted that b2 and b4 are eigenvectors of different eigen
values (namely, s2 and s4) and consequently must be orthogonal to each 
other, by Theorem 3. Therefore 

a/3 = - 2 . 

In b2 and b4 only three of the elements do not vanish. If the vanish
ing terms are disregarded, b2 and b4 are similar to the bi and b2 of Sec. 
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12-15 and are those of a series T-junction. I t is possible to choose the 
position of the reference planes in such a way that a = v 2 - Actually, 
for any symmetrical position of the planes in guides (1) to (4) there is 
some reference position in the round guide such that a has this value. 
Assume that this has been done. 

The above eigenvalue equation for S can be written 
SB = BSd, (170) 

where 

i = 

S i 

0 
0 
0 

0 
0 

V 

1 1 
1 0 
1 - 1 
1 0 

0 V 2 
0 0 

0 
S2 

0 
0 

0 
0 
1 

- 1 
1 

- 1 

0 
0 

0 0 : 0 0 
0 0 i"0 0 
s3 0 0 0 
0 s , 0 0 

0 0 I s2 0 
0 0 i 0 Si 

1: 0 
oi i 

- l | 0 
OJ - 1 

- \/2\ 0 
0 | A / 2 -

' 

o' 
1 
0 

- 1 

0 
- V'2. 

The columns of B are the eigenvectors bt; therefore B is orthogonal. 
Solving Eq. (170) for S, 

S = BS,;B, 

S = 

where 

7 
5 

0 - « 
e 0 

7 
6 
7 
a 

0 
— 6 

€ 

0 
— t 

0 

0 
0 

0 
t 

0 
— e 

0 
0 

^ ( . . 

a = i (« i + s2 + s3 + Si), 
^ = i (s 2 + Si\, 
7 = T ( S I - s3), 
& = i(sl + S3 — St), 

The spur of S is 
ia + 2(3 = 8i + 2s2 + s3 + 2s4, 
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as is necessary to satisfy Theorem 8. If the turnstile is matched, 

JiL J 
<-x-*~ r.x L a = 0 = 0. 

The conditions for this are 

(171) 

Eigenvector b, Eigenvector b2 

Eigenvector b, 

Electric wall 

Si = — SS , 

S-2 = — S 4 , 

which lead to 

o = 0, 

ITI = h 
w - -^ 

Therefore , if t he t u r n s t i l e i s 
Eigenvectors b0 and b'0 ma t ched , power en ter ing guide 

(1) leaves b y guides (2), (4), and 
(5). One-half of t h e power leaves 

Magnetic wall by the round guide; the remainder 
FIG. 12-29.-Eigenvector̂ olutions b„ and rV, d i y i d e s equally between guides (2) 

and (4). 
Field Distributions.—The eigenvalues of the four reflection operators 

are indicated in Table 12-10 for the six eigenvectors bk. 

TABLE 12-10.—EIGENVALUES FOR THE REFLECTION OPERATORS OF THE TUHNSTII.K 
JUNCTION 

1 eigenvalues 

Note that only bj and b3 are eigenvectors of F3 and F4. As the boundary 
conditions on the symmetry planes are determined by the eigenvalues of 
the symmetry operators, Table 12-10 can be used to verify the correctness 
of the diagrams in Fig. 12-29. The remainder of the eigenvectors satisfy 
boundary conditions similar to those of b2. 

As b2 and b5 are eigenvectors of S with the same eigenvalue s», any 
linear combination is also an eigenvector. Let 

F, 
F» 
F„ 
F, 

b, 
+ 1 
+ 1 
+ 1 
+ 1 

b2 

+ 1 
- 1 

-
-

bi 

+ 1 
+ 1 
- 1 
- 1 

b, 
+ 1 
- 1 

-
-

b5 

- 1 
+ 1 

-
-

be 
- 1 
+ 1 

-
-

b„ = b, + bs 

1 
-1 
-1 

V2 
V2\ 

(172) 
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Also the vector 

THE TURNSTILE JUNCTION 4 0 5 

b(' = bi + b6 

is an eigenvector of S w i th the eigenvalue .s4. 

b,', = b, + bc ( 1 7 3 ) 
- 1 

- 1 

■V2 
[-V2, 

The eigenvector given in Eq. (172) is introduced because it satisfies 
different boundary conditions from those of either b2 or bs (b* or b6). 

Magnetic wall 
Electric wall-

Lowest mode 
/ propagates 

(a) Eigenvector b, 
Reflection coefficent S, 

propagating mode 

(6) Eigenvalues S 2 and S4 

Eigenvectors b2 and b4 

Electric' f 
walls -> 

No propagating 
modes 

(c) Eigenvector b 3 

Reflection coefficent S 3 

Magnetic w a l l ' 

Electric wall / 

Single propagating 
mode 

(d) Eigenvectors b0 and b'0 

Eigenvalues S 2 and S4 

F I G . 12-30.—Junction partitioned by electric and magnetic walls for the various eigenvector 
solutions. 

Note that bo and bo are eigenvectors of F3 and F4 but not of Fi or F2. The 
boundary conditions satisfied by b0 or b0 are illustrated also in Fig. 12-29. 

Since the magnetic and electric walls shown in Fig. 12-29 divide the 
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junction into separable parts, it is possible to illustrate the results in a 
more graphic form. This is done in Fig. 12-30. I t should be noted that 
although the structures shown in parts b and d of this figure look very 
different, they have the same eigenvalues; this means that they are 
electrically equivalent. This equivalence, depending as it does only on 
symmetry, is independent of frequency. Figure 12-30a is the only 
structure that does not have at least one electric wall passing through the 
symmetry axis. If a pin is inserted along the symmetry axis, the only 
eigenvalue affected thereby is st. 

Matching the Turnstile.—It should be noted that there are four 
parameters associated with the turnstile, namely, the four eigenvalues. 
Positions of reference planes are not important in the consideration 
of power division; and since reference planes can always be chosen in 

such a way as to make one of the 
eigenvalues + 1 , only t h r e e p a r a 
meters of importance remain. 

The matching of the turnstile 
requires the adjustment of three of 
the parameters until the conditions of 
Eqs. (171) are satisfied. In practice 
this might be done by inserting a triple 
plunger in the bottom of the junction 
along the symmetry axis. A turnstile 
junction containing such a plunger is 

FIG. 12-31.—Turnstile junction showing s h 0 W n in Fig. 12-31. The plunger 
triple plunger m position. , r- o 

consists of a thin pin and two concen
tric sleeves. The matching procedure consists of inserting the two sleeves 
into the guide and adjusting them until a match is obtained looking into 
arm (5). The conditions for this are 

0 = 0, 
»2 = — Si. 

After this the pin is inserted. I t will be remembered from the previous 
discussion that this affects only «i. Its position is adjusted until 
si = — s3. Then a = 0, and the junction is completely matched. 

12-27. Purcell's Junction.—The device shown in Fig. 12-32 is a junc
tion of six rectangular guides. I t is completely symmetrical in the sense 
that all the waveguides are equivalent. The junction may be regarded 
as one generated by a cube, each guide being mounted on a face of a cube. 

The terminal planes are shown as dotted lines in Fig. 12-32 and are 
numbered according to a rule that allows a regular progression from one 
number to the next. Each terminal plane has an arrow assigned to it 
that represents the direction of positive electric field. The way in 
which the arrows are assigned is evident from the figure. 
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I t may be seen by inspection of the figure that a rotation of 180° about 
the axis marked Ri turns the figure back into itself. Hence the rotation 
Ri is a symmetry operator. The effect of the rotation Ri on the terminal 
voltages may be seen from the figure. First it is seen that the voltage 

FIG. 12-32.—Purcell's junction. 

of terminal (1) goes into that of terminal (6) without a change in sign. 
This, together with the other permutations of the terminals, are 

(1) -» (6) 
(2) -> (5) 
(3) -> (4) 
(4) -> (3) 
(5) - (2) 
(6) - (1) 

Symmetry operator 

This permutation may be induced by the matrix 

Ri = 

' 
0 

0 0 1 
0 1 0 
1 0 0 

0 0 l" 
0 1 0 
1 0 0 

0 

(174) 

operating on a current or voltage column vector. 
In a similar way the 180° rotations about the axes Ri and R3 are 

symmetry operators and have, as matrices representing the corresponding 
permutations of the terminal pairs, 
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R2 

0 0 0 
0 0 1 
0 I 0 

1 0 0 
0 0 0 
0 0 0 

1 0 O' 
0 0 0 
0 0 0 

0 0 0 
0 0 1 
0 1 0 

0 1 0 
1 0 0 
0 0 0 

0 0 0 
0 0 0 
0 0 1 

0 0 0 
0 0 0 
0 0 1 

0 1 0 
1 0 0 
0 0 0 

At first glance it might be thought that these three rotations are the 
only symmetry operators, except for the identity operator I. If this were 
true, however, the product of any two ought to yield the third matrix. 
It is found that, on the contrary, the product of two of them, Ri and R^ 
for example, yields new permutations 

M i = R,R2 

and 

where 
M , R2Ri, 

M , 

0 0 0 
0 0 0 
1 0 0 

0 1 0 
0 0 1 
0 0 0 

0 1 0 
0 0 1 
0 0 0 

0 0 0 
0 0 0 
1 0 0 

and 
0 0 1 
0 0 0 
0 0 0 

0 0 0 
1 0 0 
0 1 0 

0 0 0 
1 0 0 
0 1 0 

0 0 1 
0 0 0 
0 0 0 

M 2 

These two operators are rotations about a symmetry axis designated in 
the figure by M, or M». The operator Mi represents a rotation clock-
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wise (looking out along the arrow) of 120°. The operator M2 is a rota
tion of 240°. 

The four symmetry axes of Fig. 12-32 are also symmetry axes of the 
cube upon which the junction is built. Ri, R2, and R3 are symmetry 
axes of the cube passing through midpoints of two opposite edges. The 
fourth axis is a threefold axis of the cube which passes through diagonally 
opposite corners of the cube. 

It is evident from an inspection of the figure that there are no sym
metry planes in the junction. Hence the symmetry operations are the 
six rotations /, Ri, i?2» R3, Mi, and M2. The multiplication properties 
of these operators are summarized in Table 12-11. Note that the group 

TABLE 12-11.—MULTIPLICATIVE PROPEBTIES or THE OPERATORS FOR PURCELL'S 
JUNCTION 

/ 
Ri 
R2 
R3 

M, 
M2 

i?. 
/ 
M2 
Ml 

R3 
R2 

R2 

Mi 
I 
M2 

Ri 
R3 

if3 iJWi 
M2\R2 

MVR3 

I \Rx 

R2 \M2 

Ri\I 

M2 

R3 
R, 
R2 

I 
M, 

whose multiplication table is Table 12-11 is of order 6 and has three sub
groups of order 2 and one of order 3. I t is a subgroup of the symmetry 
group of the cube. 

As may be seen from Table 12-11, the group may be generated by 
the elements Ri and Mi. Since Mf = I, the eigenvalues of Mi are the 
three cube roots of 1. Each of these roots is a doubly degenerate eigen
value. Thus 

Mia t = m*aM (175) 

where 

Wll.2 = 1 , 
, 1 + V3j 

fflii = <*;, « ! « ; = 1. 

Vsj 

The eigenvectors a t are not uniquely determined because of the degen
eracy of the eigenvalues. However, a set may be easily written down. 
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Let 

ai = 

I 
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' 1 ^ 
1 
1 

1 
1 
1 

a2 = 

' 1 ^ 
- 1 
1 

- 1 
1 

-\j 

a3 = 

1 1 

' 1 
0 

<*2 

0 
Oil 

0 

JUNCTIONS 

a< = 

[ S E 

• o ' 
1 
0 

a2 

0 
« i 

mi = m2 = 1 wi.5 = rw4 = at 

a s = 

| 

< 1 ' 
0 

« i 

0 

« 2 
0 

t * 

a6 = 

' 0 ' 
1 
0 

< * 1 

0 
<*2 

1 

(176) 

mb = me = a2 

Tf S is the scattering matrix of the junction, 

M,S - SM,. 
Multiplication of Eq. (175) by S gives 

M^Sa*) = m*(Sa*). 

Thus Sajt is an eigenvector of Mx with the eigenvalue mk. But this 
implies that Sa* is a linear combination of the two eigenvectors in Eqs. 
(176) that have m* as eigenvalues. In particular 

.nd 
Saj = gn&i + 9i2a2 

oa2 = g2iai + 322a2) 

(177) 

where the g's are numbers. 
Equations (177) may be combined to produce eigenvalue equations 

for S. Multiply these equations by the numbers ki and /r2 respectively, 
and add 

S(ki3n + A-2a2) = (gnki + j ^ i ^ a i + (g^ki + <722A-2)a2. (178) 

Assume that this is an eigenvalue equation for S. Then 

S(friai + A-2a2) = s(kiai + /r2a2), (179) 

where s is the eigenvalue. Equating the right-hand sides of Eqs. (178) 
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and (179) results, because of the linear independence of ai and a2, in the 
two equations 

(Juki + g2iA-2 = ski, 
gnki + gmki = sk^ 

The permissible values of s are the two roots of the equation 

0u - s 0l2 = 0 
# 2 i g-2-2 — s 

Let these roots be Si and s2. There are two linearly independent solu
tions for A"i and A-2 corresponding to each root. Let these solutions be 
ku and A-i2 for s = «i and /r2i and A-22 for s = s2. Then 

Sbi = s!bi, (180) 
where 

bi = A-Ua, + Aria2. (181) 

Since S and Ri commute, Eq. (180) may be multiplied by Ri to give 

Si (R ibO = * i (Rib i ) . 

However, as may be seen from Eqs. (176) and (174), 

R i b i = A-nai - A-i2a2. 

Thus both the sum and the difference of the terms in ai and a2 are eigen
vectors of S with eigenvalue Si, and each of the terms A-nai and A-i2a2 
must be independently an eigenvector of S. Therefore, because A-n 
and A-l2 may not both vanish, either ai or a2 is an eigenvector. If neither 
kn nor A~i2 vanishes, both ai and a2 are eigenvectors, which implies that 
s.i is degenerate or that Si = s2. It will be assumed, without information 
to the contrary, that Si and s2 are nondegenerate, in which case A-n or 
A12 must vanish. Without loss in generality it may be assumed, that 
A-n in Eq. (181) vanishes; thus 

b i S i = &iai. 
In a similar way, 

02a 2 — S2a2» 

In a completely analogous way, there are linear combinations of a3 and 
a4 and of as and a6 that are eigenvectors of S. Thus let 

b3 = gis3-3 + 5/3434, \ 

b4 = g4ia.3 + gu&i, I M821 
b» = g-ob&b + 9o6a6, ( 
b 6 = #65a5 + .966a6, / 

where 
Sb4 = .Sib,,. (183) 
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(185) 

Then 
S(Ribt) = **(Ribt). (184) 

Thus Rib* is an eigenvector of S of eigenvalue Sk- However 
Ria3 = «ia6, 
Ria4 = aia5, 
Ria5 = a2a.i, 
R^e = a2a3. 

Therefore 
R^-s = ai(p33a6 + 034a5), 
Rib4 = ai(043a6 + 044a5), 
Rib5 = a2(ff55a4 + ?56a3), 
Rib6 = a2(?65a4 + ?6ea3). 

Equations (185) are compatible with Eqs. (183) and (184) only provided 
that 

s3 = s5 and/or s6, 
s4 = s5 and/or s6. 

As has always been done, it will be assumed that the degeneracy in S 
is the minimum consistent with symmetry conditions. Without loss in 
generality, therefore, it may be assumed that s3 = s5 and that s4 = s6. 
It requires only a renumbering of the s's to put them into this form. 

By Theorem 4, it is possible to choose linear combinations of b3 and 
b5 and of b4 and b6 that are pure real. I t may be seen by inspection of 
Eqs. (182) and (176) that this is possible only if 

gn _ 055 

931 9™ } (186) 

ga ge 
However, 

and 
R i b 3 = ai<733 

055 ( a 

( a 6 + ^ a 5 ) 

( a 5 + ^-6 a . ) 

are eigenvectors of S with the same eigenvalue. Either &s and a6 are 
independently eigenvectors of S, which implies that 

«3 = S4 = S5 = *6, 
or else 

0_5_6 = 03_3, ( l g 7 ) 

055 034 

As usual the minimum condition on the eigenvalues is the one that 
will be assumed. Combining Eqs. (186) and (187), 
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In a similar way, 

033 

055 

043 

065 

= +034, 
= ±056-

= +044, 
= +066-

473 

(188) 

(189) 

By the utilization of Eqs. (188) and (189), the b's may be redefined, 
without loss in generality, as 

bi = ai , \ 
D2 = 32, 1 
b 3 = a3 + a4, ( 
b4 = 83 — 34, I 
b5 = 3 5 + 3 6 , | 
b6 = 35 — 3e, / 

where 
Sb*. = Sjtbt, 

83 = S5, 
«4 = S6. 

T h e eigenvectors given in E q s . (190) are no t pure real . 
pu re real set m a y be chosen. Let 

e i = bi = 3 t , 
e 2 = 82, 
e 3 = b 3 + b 5 = a3 + a4 + 3 5 + 3 6 , 
e 4 = b 4 + b6 = 3 3 — a4 + a5 — 3 6 , 

e 5 = ~ - (b3 - b5) = - ~ (a3 + a4 - 3 5 

e 6 = - ~ (b4 - b6) = — (a3 - a4 - 3 5 

F r o m E q . (176) t he e ' s m a y be seen to be 

6 i = 

1 
1 
1 
1 
1 

, 1 . 

e 2 = 

e 6 = 

l" 
- 1 

1 
- 1 

1 

0 
0 
1 
1 

- 1 
- 1 

e 3 = 

e 6 = 

2 
2 

- 1 
- 1 
- 1 

, - 1 . 
' o1 

0 
1 

- 1 
- 1 

1 

y 

- a 6 ) , 

+ a,). 

e 4 = 

(190) 

However a 

2' 
- 2 

- 1 
1 

- 1 
1, 

? 



474 THE SYMMETRY OF WAYEGVIDE JUNCTIONS [SEC. 1227 

It may be seen by inspection that the e's are mutually orthogonal. The 
eigenvalue equation 

Se(. = skek 

may be written as 

where 
ST = TS„, 

■Si 

0 
0 

0 
s« 
0 

0 

0 
0 
S3 

st 

0 
0 

0 

0 
S3 

0 

0 
0 
Si 

sd = 

The matrix T has the vectors ei . . . e6 (normalized to unity) as columns. 
Since its columns are all mutually orthogonal, T is an orthogonal matrix 
and 

T-> = T. 
Therefore, 

S = TS,,T = 

a 

0 
y 

6 
y 
& 

0 
a 

« 

7 
5 
y 

y 
5 
a 

0 
7 
S 

d 
7 
0 

a 
5 
7 

7 
5 
7 

6 
a 

0 

6' 
7 
« 

7 
0 
a 

where 
a = i(si + Si + 2s3 + 2«4), 
0 = i(si - s2 + 2s3 - 2s,), 

i(«i + s2 - s3 
5 = I(S! 

Si), 
Si). 

It is seen that the spur of S is the sum of the eigenvalues, in compliance 
with Theorem 8. It should be noted that 

"14 = oie, 

a condition that can hardly be said to be obvious from an inspection of 
Fig. 12-32. That condition 

<Sl3 = *Sj5 

is necessary can, however, be seen by inspection of the figure. 
There are several special cases of interest. First assume that the 

junction is matched (i.e., a = 0). This requires that 

sx + s2 + 2(s3 + st) = 0. 
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It is apparent that this condition is not sufficient to determine com
pletely the power division. Consider then the following cases. 

This requires that Si = 2s3, which is impossible, since |st| =. 1. 

Case 2: | a = ° ' 
17 = 0. 

This requires that 

or clearly 

0 = £(si + 2s3), 
5 = i(si - s3), 

since \sY\ = \s3\ = 1. 

Cas 6 3 . | g = 0 

This requires that 
2s, 
2si 

i ^ id ^ i, 
O g |S| g f , 

+ 3s3 + Si = 0, 
+ s3 + 3s4 = 0, 

which is possible only if 

Si = s 3 = — s 4 = — s2 . 
Then 

7 = 0, 
101 = I-

0 = si, 
Stated in words, if the junction is matched in such a way that there is no 
coupling between terminals (1) and (6), then all the incident power is 
transmitted out the arm opposite the one into which it is injected. 

Case 4: For this case, relax the condition that the junction be matched, 
but let 

7 = 0. 
This requires that 

Si + s2 — s3 — s4 = 0. 

This equation can be satisfied in three 

1. Si = - S 2 1 
S 3 = —St | 

2. Si = s3 1 
S 2 = Si | 

3. Si = s4 | 
s2 = sz | 

distinct ways: 

a = 0 
7 = 0. 
S = 0 
7 = 0. 
S = -2/3 
7 = 0. 
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Ca.se 5 : 5 = 0. 
This requires t h a t 

X, — .S; — .S3 + ,S'4 = 0 . 

This equat ion , too, can he satisfied in three dist inct ways 

1. .si = s-, | /3 = 0 
s3 = St I b = 0. 

2 . .si = .s3 I 2 = 0 

S'< = at j 7 = 0 . 
3 . ,s-i = - « j I 5 = 0 

s2 = -s3 j y = —2a. 

FREQUENCY DEPENDENCE OF SYMMETRICAL JUNCTIONS 

12-28. The Eigenvalue Formulation.—From Eq . (5-126), t he ra te of 
change of impedance or a d m i t t a n c e mat r ices wi th respect to angular 
frequency is given by 

iZ'i = ijW (191) 
or 

§Y 'e = 4jW, 
where 

dz 
du 

r = dY 
du> 

and W is t h e to ta l average e lect romagnet ic energy in t he junc t ion when 
excited by i or e which are assumed to be pure real. I n a similar way 
the r a t e of change of t he scat ter ing ma t r ix S is given by 

aS*S'a = -2jW, (192) 

subject to t he condit ion t h a t t he incident wave vector a satisfy 

a = e'"S*a* (193) 
for some real /3. 

T h e appl icat ion of these equa t ions direct ly t o t he impedance , admi t 
tance, or scat ter ing mat r ices leads to ra the r complicated results b u t the 
eigenvalue formalism great ly simplifies everything. Assume t h a t 

(194) 
Sa t = si-at, J 

where 
I 1 4 - e. 

(195) 

and afc are pure real, or thogonal , and normal ized to uni ty . It should be 

Zat = 
Ya* = 
Sa* = 

1 
Vk 

Zk&k, ) 

yk^t, J 
Sk&H ) 

1 + 
1 -

Sic 

Sic 

http://Ca.se
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noted that ak is a permissible wave column vector for Eq. (192), since Eq. 
(193) is satisfied by a.k with 

C" = sk. 

Substituting in Eq. (192) and making use of Eqs. (194), 
a*S*S'a* = -2jWt, 

a*S'afc = -2jWksk. (196) 
If Eq. (194) is differentiated with respect to frequency, the result is 

S'a* + Sa'k = s'kak + ska'k. (197) 
Many of the junctions that have been considered have enough symmetry 
so that a* is completely determined by symmetry. In this case ak is 
independent of frequency and Eq. (197) becomes 

S'a* = 4a*. (198) 
Equation (198) is satisfied in the case of the symmetrical Y-j unction 

but is not satisfied in the case of the shunt T-junction. Only those 
examples for which Eq. (198) is satisfied will be considered in this section. 
Since S' and S have the same eigenvectors, they commute. This may 
be seen as follows 

Sat = skak, 
S'Sa t = skS'ak = skskak 

= s'kskak = s'kSaik = Ss'kak = SS'a t , 
(S'S - SS')a* = 0. 

Since the a t 's form a complete set, Eq. (199) is satisfied for any vector 
and hence 

S'S - SS' = 0. 

If Eq. (198) is substituted in Eq. (196), it is seen that 
s'k = -2jWksk. (200) 

This equation is important. It can be written 

- p l n n = -2jWk 

or 

^ = -2Wt, (201) 

where 
sk = e'*K 

Since Wk is the stored energy associated with the eigenvector a.k and is 
positive, the phase angle <t>k always decreases with frequency. Since a.k 
is normalized to unity, the total incident power on the junction is 

P = ia.*k*k = i watt. 

(199) 
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Equation (201) may be written 

du m-
Equations (194) and (19G) may be written as 

SA = ASrf) 

S'A = AS;, 
where A as usual has the vectors a.k as columns and 

Sd 

«i 0 0 
0 
0 

's[ 0 0 
0 
0 

Si = 

Equation (200) becomes 

where 
Si = -2JW.S,, 

Wrf ^ 

Wx 0 0 
0 
0 

u\. 

3KC. 12-28 

(202) 

(203) 

(204) 
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Substituting Eq. (204) in Eq. (203), there results 

S'A = -2jAWdSd, 
S' = -2jAWdAASrfA (205) 

= -2JWS, 
where 

W = AWdA. 

It should be noted that S', S, and W all have the same eigenvectors 
and hence commute with each other. 

In a completely similar way Eq. (191) becomes 

a4Z'a, = AjWk. (206) 

Again assuming that symmetry is sufficient to make a*, independent of 
frequency, a.k is an eigenvector of Z' and Eq. (206) becomes 

«i = W * , (207) 
where z[ is the eigenvalue of Z'. Note that —jz'k is always positive. 
Z' is obtained in a way completely analogous to that of Eq. (205) as 

Z' = 4jAWdA = 4jW. (208) 

It should be pointed out that the Wk of Eq. (207) is different from the 
Wk of Eq. (200), since an eigencurrent normalized to unity is physically 
different from a unity eigenwave. The rate of change of Y may be 
determined in a completely analogous way. 

12-29. Wideband Symmetrical Junctions.—A junction is said to be 
wideband when the power distribution by the junction is insensitive to 
frequency. The wideband junction is an ideal that is seldom achieved. 
It is possible, however, to state the conditions under which a junction is 
wideband. If, in Eq. (205), W has the form 

W = F . M I , (209) 

then the modulus of each element of S is independent of frequency, or 
the junction is wideband. The necessary and sufficient condition for W 
to have the form of Eq. (209) is for W,s of Eq. (196) to satisfy 

Wt = TFo(o)). 

Stated in words, this requires that the electromagnetic energy stored in 
the junction be the same for all the various eigensolutions. 
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CHAPTER 1 

INTRODUCTION 

By GEORGE L. RAGAN 

The course of the development of techniques and applications of 
radio frequencies has been one of progression from low frequencies to 
higher and higher frequencies. Most recently this progression has seen 
the development, at a greatly accelerated rate, of techniques and applica
tions of the extremely high frequencies of the microwave region. The 
rapidity with which this region of the radio-frequency spectrum has been 
developed is a result of the expenditure of an enormous effort in the 
design and manufacture of devices using these waves to advantage in 
military applications. Radar apparatus, used to detect objects and to 
determine their location, is of course the most familiar of these devices. 
Applications such as those of navigation and communication, however, are 
also very important and should not be overlooked. Although the impetus 
resulting in the accelerated development of the microwave region came 
from the pressure of military needs, the techniques and apparatus 
developed have many peacetime applications. 

It is impossible to give an exact definition of the limits of frequency 
or wavelength implied by the term "microwave." The microwave 
circuits to be described in this volume were developed for operation within 
the region of wavelengths extending from about 12 cm down to about 1.2 
cm, the corresponding frequencies being 2500 to 25,000 Mc/sec. The 
term "microwave" is usually considered to embrace a somewhat broader 
region of the radio-frequency spectrum, perhaps including all wavelengths 
shorter than about 30 cm or frequencies exceeding about 1000 Mc/sec. 

Microwaves are unique among electromagnetic waves in that their 
wavelength is of the same order of magnitude as the dimensions of the 
apparatus in which they are used. The closest analogy to microwave 
phenomena is to be found in sound waves, which have wavelengths 
of the same order of magnitude. Like sound waves, microwaves may be 
propagated along hollow tubes and focused into a sharp beam by means 
of horns or parabolic reflectors of moderate size. Another analogy that is 
sometimes useful in the understanding of microwave phenomena is to be 
found in a study of the diffraction of light waves in passing through 
holes or slits the dimensions of which are comparable with the wave
lengths of the light waves. 

1 
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Among the properties of microwaves which are useful are the follow
ing: 

1. Microwaves may be directed into sharp beams of radiation by 
means of relatively small horns or reflectors. This property 
makes them especially valuable in applications requiring antennas 
of high gain or high angular resolution. Radar makes use of this 
property in order to obtain precise information concerning the 
direction of a reflecting object. 

2. An enormous number of bands, each broad in terms of cycles 
per second, may be contained within a region covering a range in 
frequency of only a few per cent. For example, 500 bands, each 
1 Mc/sec wide, may be used in the region from 2500 to 3000 Mc/sec 
(12 to 10 cm) or in the region from 29,500 to 30,000 Mc/sec (1.02 
to 1.00 cm). 

3. Pulses of extremely short duration may be used, since the sidebands 
introduced by the pulse modulation represent a relatively small 
percentage spread in frequency. 

The circuits used at microwave frequencies are radically different 
from those used at lower frequencies. During the previous stages in the 
evolution toward higher frequencies, little fundamental change had been 
necessary. The process had been one of improvement and refinement of 
the older techniques and circuits along well-defined and clear-cut lines. 
As the wavelength decreased to the point where it became comparable 
with the dimensions of the apparatus, the older circuits became imprac
tical. For example, lumped circuits became prohibitively small and 
entailed excessively large losses, and two-wire lines suffered from increas
ingly serious radiation effects. The smallness of the wavelength, which 
led to the downfall of the conventional circuits, made practical the use of 
circuits of a new type to replace them. Thus, the use of hollow-pipe 
waveguides became practical as a substitute for the failing two-wire 
line, and the cavity resonator emerged as a replacement for the older 
resonant circuit composed of lumped elements. Coaxial lines and 
coaxial-line circuits, useful at long \\ avelengths and down well into the 
microwave region, serve as transitional circuits, helping to bridge the 
gap. The "skin effect," already important at high radio frequencies, 
becomes increasingly important in microwave work. 

Concurrent with the marked change in the form of the circuits, 
changed points of view involving various concepts are required. It is 
found necessary to relinquish, or at least to relegate to a minor role, 
the idea that currents and voltages are the fundamental entities in the 
transmission of radio-frequency power. Instead, the concept of the 
transmission of power by means of electromagnetic waves traveling in 
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the dielectric medium associated with the transmission line or hollow 
pipe is found to be more significant. This concept is far from new, since 
it was used by Lord Rayleigh as early as 1897, in working out the theory 
of hollow-pipe waveguides. Furthermore, electromagnetic-field theory 
has always formed the basis for the understanding of the radiation from 
antennas and the propagation of radio-frequency energy through space. 

Electromagnetic-field theory is embodied, in concise mathematical 
form, in the set of relations known as Maxwell's equations. Anyone who 
plans to design microwave circuits will find it advisable to gain an 
understanding of the basic principles underlying these equations, even 
though he may rarely, if ever, find it necessary to apply the equations 
themselves to any specific problem of circuit design. He should develop 
a feeling for such fundamental things as: (1) the relation between current 
in a conductor and the magnetic field in the medium adjacent to the 
conductor, (2) the fact that in any electromagnetic wave the electric 
field and the magnetic field are always orthogonal, and (3) boundary 
conditions, such as those forbidding a tangential component of electric 
field or a normal component of magnetic field in the electromagnetic wave 
at the surface of a perfect conductor. It is hoped that the material of 
Chap. 2, which presents a brief semiquantitative explanation of the 
behavior of waveguides on the basis of reflected plane waves, will assist 
those who do not have such a feeling for the fundamentals of the wave 
point of view to obtain it. 

It is thus evident that a different point of view, involving concepts that 
are not particularly helpful in the design of circuits for low frequencies, 
is needed in the design of microwave circuits. Nevertheless, many of 
the older concepts, in somewhat modified form, continue to be useful 
in microwave work. One of the most important of these concepts is 
that of impedance. To be sure, it is necessary, when working with 
waveguides, to redefine impedance in terms of electric and magnetic 
fields; but the concepts of impedance and impedance transformations 
along the waveguide, carried over from conventional transmission-line 
theory, are extremely useful. For this reason, Chap. 2 begins with a 
brief exposition of this conventional theory, and a considerable amount 
of emphasis is placed, in later sections, on the use of transmission-line 
calculators or impedance charts based on the equations resulting from 
this theory. 

Since the circuits used in microwave transmission differ so greatly from 
those used at lower frequencies, the design problems are naturally 
different. In addition, a greater emphasis is placed on impedance-
matching, with the result that a great deal of the designer's effort goes 
into the measurement of impedance and the elimination of mismatch. 
Each separate microwave circuit should match the characteristic imped-
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ance of the line within close tolerances. When the line leading from the 
circuit toward the load is free of reflected waves, no reflected wave should 
be generated in the input line by the circuit itself. The principal reasons 
for the stringent requirements for well-matched circuits are the following: 

1. Stable operation of microwave magnetron transmitters is depend
ent on well-matched circuits. This requirement is associated 
with the fact that microwave magnetrons are efficient self-excited 
oscillators tightly coupled to a line that is many microwavelengths 
long. 

2. The line suffers voltage breakdown more readily if a standing wave 
exists on it. This situation becomes very serious at the high 
power levels attained in the short pulses frequently used in micro
wave applications. 

3. An impedance mismatch implies a partial reflection of the power 
in the incident wave. This reflected power may be wasted, as 
by reradiation of a received signal, or it may cause an unfavorable 
loading of the magnetron, thereby lowering its efficiency. 

4. Even though the input impedance of a transmission line may be 
matched by means of an impedance transformer, extra dissipative 
losses occur in the line because of the standing waves caused by a 
mismatch. 

In addition to the emphasis on impedance matching, it is usually 
desired to design circuits in such a way that they maintain the matched 
condition over a broad band of frequencies. It is usually felt to be 
worth while to take great pains in design work in order to achieve this 
broadband performance without resorting to the use of circuit parameters 
that require adjustment as the frequency is changed. Indeed, the 
tendency has been to establish, in the course of the design work, dimen
sions and tolerances for all details of the circuit which will ensure proper 
performance of the finished product without further adjustment. This 
procedure has been adopted in order to relieve the manufacturer and 
the user of the equipment of the task of making adjustments that are 
frequently difficult and time-consuming. 

It seems pertinent, at this point, to introduce a few remarks about the 
manufacture of the novel circuits used for microwave transmission. 
These circuits amply justify, by their outward appearance, the term 
"plumbing" that is frequently applied to them. Unfortunately, the 
precision and skill required in their manufacture are not in the same class 
with those of ordinary plumbing. They should be made with care by 
skilled workmen, a fact that is sometimes hard to impress upon shops not 
familiar with the manufacture of precision radio equipment. The 
accuracy of the workmanship required may easily be underestimated, 
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even by those familiar with the requirements of low-frequency circuits. 
The allowable departures from design dimensions tend to decrease in 
proportion to the decrease of wavelength, if the same reflection or mis
match may be tolerated. This consideration, added to that of the 
increased importance of matched circuits already referred to, affords 
some idea as to the quality of workmanship needed. 

The user of microwave equipment frequently finds it extremely diffi
cult, because of a lack of experience with microwave equipment or because 
of adverse operating conditions, to make even the minimum number of 
required adjustments on his equipment. Both difficulties were particu
larly prevalent in the use of microwave equipment for military purposes. 
The elimination of nonessential adjustments is therefore a very material 
contribution to the quality of the performance of the equipment. 

Although the microwave transmission circuits to be described in this 
volume were designed principally for use in radar apparatus, most of 
them will doubtless be found useful in communication and navigation 
equipment. A schematic diagram of the radio-frequency components 
of a simple radar set is presented in Fig. 1-1. It is found convenient 
to subdivide the r-f components into several groups, each group form
ing a more or less complete unit with its special techniques and prob
lems. Each specialized group of components is discussed separately 
in the appropriate volume or volumes of the Radiation Laboratory 
Series. The components1 indicated within the dotted squares are: 
(1) transmitter components, (2) duplexer components, (3) mixer and 
receiver components, and (4) antenna components. The remaining 
components fall into the group frequently termed "transmission-line 
components." These last components constitute the microwave trans
mission circuits to be described in this volume. 

The function of these transmission circuits is to transmit r-f power 
and signals from one of the specialized components to another. Among 
other things, the circuits must provide for the necessary bends and twists 
in the line, and must permit the required relative motions of the com
ponents. The transmission lines used to carry microwave power or 
signals are almost always either hollow-pipe wraveguide, as indicated 
schematically in Fig. 1-1, or coaxial lines. 

A number of materials and techniques that may be found useful in 
designing microwave transmission circuits is presented in Chap. 3. In 
this presentation are described materials and techniques that are felt 
to be particularly applicable to the fabrication of microwave transmission 

1 M icroivave Magnetrons, Vol. 6; Microwave Duplexers, Vol. 14; Microwave 
Mixers, Vol. 16; Crystal Rectifiers, Vol. 15; Klystrons and Microwave Triodes, Vol. 7; 
M icrowave Receivers, Vol. 23; Microwave Antenna Theory and Design, Vol. 12, Radia
tion Laboratory Series. 
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Flu. 1-1.—Schematic diagram of the r-f components of a sample radar set. Several transmission line components are shown in relation to other 
types of r-f components. 
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circuits, with emphasis on the more recent developments. This material 
is presented early in the volume because the capabilities and limitations 
of the manufacturing processes must be considered when designing the 
circuits described in the succeeding chapters. 

Before passing on to a consideration of specific transmission line 
components, it seems desirable to point out the fact that no material 
on test equipment or on testing techniques is included in this volume. 
This material is omitted, not because it is unimportant, but because it 
merits a more thorough and more lengthy treatment than could prof
itably be included in the present volume. For a comprehensive and 
authoritative treatment of this important subject the reader is referred 
to another volume1 of the Radiation Laboratory Series. 

In Chap. 4, the basic problem of connecting sections of transmission 
lines by means of suitable couplings is treated. Consideration is given 
also to such problems, intimately associated with transmission lines, 
as coaxial line supports, waveguide pressure seals, and phenomena of 
high-power breakdown. The choice between coaxial lines and wave
guides is dictated by considerations of physical size, attenuation, high-
power limitations, and bandwidth. At the shortest wavelengths, 
waveguides have a clear superiority, whereas at the longest wavelengths 
their large size makes them unsuitable for many applications. Some 
properties of coaxial lines and waveguides are discussed in Chap. 4. 
These properties should be carefully considered in choosing the type of 
transmission line to be used for any given purpose. 

It is frequently desirable to be able to transfer r-f energy from a coaxial 
line to a waveguide or from one waveguide mode to another. This is 
accomplished by circuits known as transitions, examples of which 
are presented in Chap. 0. The rotary joint indicated in Fig. 11 employs 
transition units to pass from the lowest mode in rectangular waveguide to 
the second mode in round waveguide, which is a symmetrical mode suit
able for use in rotary joints. Rotary joints of this type as well as others, 
are discussed in Chap. 7. Other motional joints that permit various 
relative motions are also described. 

Certain large motions, such as those occurring between r-f units that 
are separately shock-mounted, are best permitted by the use of the flexible 
sections of coaxial line or waveguide presented in Chap. 5. In addition, 
these flexible lines are useful in temporary installations and in experi
mental or test apparatus. 

Variable impedance transformers of a number of types are discussed 
in Chap. 8. The transformer most frequently used in r-f transmission 
lines is the phase shifter indicated schematically in Fig. 1-1. The use in 
r-f systems of variable impedance transformers, commonly referred to as 

1 Technique of Microwave Measurements, Vol. 11, Radiation Laboratory Series. 
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"tuners," is, in general, discouraged. Tuners are, nevertheless, discussed 
extensively in Chap. 8, since they are required in some system applications 
and are very useful in experimental work in the laboratory. 

Information concerning r-f power dividers and r-f switches is also 
included in Chap. 8. These devices have been used to some extent in 
radar systems, but few sets require them. Variable power dividers are 
more useful in experimental laboratory work, as variable attenuators 
operating at high power levels. 

The concluding chapters, Chaps. 9 and 10, contain an extensive treat
ment of the theory and design of microwave niters. For a long time, 
certain filter circuits have been used in radar sets, particularly in con
nection with gas-filled switching tubes and mixers. There was, however, 
no well-formed theoretical groundwork to guide the designer of micro
wave filters. Toward the end of the war period, it began to appear that 
the growing number of microwave sets in use made it advisable to 
investigate the use of filters as a means of reducing troublesome inter
ference between equipments. Consequently, a broad program for the 
study of principles to serve as a guide in the design of microwave filters 
was undertaken. The theory and techniques described in these two 
chapters came too late to play any significant role in the war, but they 
should prove extremely useful in peacetime developments. The prin
ciples described are not merely extensions to microwave frequencies of 
principles already in use at low frequencies. They represent, rather, a 
significant contribution to filter theory along lines that had not previously 
been exploited. The results of this work should find many useful applica
tions in the design of filters for use at low frequencies as well as at micro
wave frequencies. 

Throughout this volume, as in others of the Radiation Laboratory 
Series, rationalized mks units are used except where alternative units 
are specifically indicated. 



CHAPTER 2 

ELEMENTARY LINE THEORY 

B Y GEORGE L. RAGAN 

CONVENTIONAL TRANSMISSION-LINE THEORY 

A great deal of interesting and useful information may be obtained 
by applying low-frequency circuit theory to the problem of a long 
transmission line with distributed constants. In this treatment it is 
convenient to focus attention on the current flowing in the conductors 
and the voltage between conductors, rather than on the electromagnetic 
fields in the dielectric medium. Although the former point of view may 
be less accurate than the latter, it leads more simply to the same result. 

2-1. The Telegraphers' Equation.—Proceeding in the usual way,1 let 
us consider the two-wire transmission 
line of Fig. 2 1 . The series impedance -«-f- ' i ^llz 

and the shunt admittance per unit ( T / / / / / / ^ / / / / / A / / / / / / / ) 
length of line are, respectively, Z and 
Y. Fixing our attention on the infin
itesimal element of line whose length 
is dz, we write expressions for dl, the 
current flowing from one conductor 
to the other through the conductance 
Y dz, and dV, the change in potential 
difference between conductors caused 
by the current I flowing in the impedance Z dz, as 

{Y////////////S//////A 

F I G . 2 1 . -

~ r -
\~ dz -j h*dz 
z z + dz 

—Voltage and currents in a 
transmission line. 

dl 
dV 

Or, expressed as derivatives, 
d[ 
dz 
dV 
dz 

-VY dz, 
-IZdz. 

-IZ. 

(1 ) 

(2) 

Here V and I are the complex voltage and current associated with a 
1 Sarbacher and Edson, Hyper and Ullru-High-Frequency Engineering, 1st ed., 

Wiley, New York, 1943, Chap. 9; J. C. Slater, Microwave Transmission, McGraw-Hill , 
New York, 1942, Chap. 4 ; S. A. Schelkunoff, Electromagnetic Waves, Van Nost rand, New 
York, 1943, Chap. 7. 

9 



10 ELEMENTARY LINE THEORY [SEC. 2-1 

steady-state condition1 characterized by sinusoidal time variation. 
In general, both Z and Y will be complex: 

Z = R + jX, 
Y = G + jB. (3) 

Taking the second derivatives of Eqs. (2), we obtain 

d2T dV \ 
t i = - Y ~ = YZl) 

\ <A\ 
(PV dl 1 ' ' Vr = - T" = ZYV. \ dz- dz I 

Let us solve the second of these equations by assuming the solution 
to have the form 

V = Ae-y, (5) 

where A and y are constants which will be evaluated presently. Using 
the solution assumed in Eq. (5), 

~ = y*Ae-T = y*V = YZV, (6) 

which enables us to write 
y2 - YZ, 
y = ± VTZ. (7) 

We shall let y represent the positive root arid use — y where the negative 
root is required. The general solution will be of the same form as 
Eq. (5); but, since we are dealing with a differential equation of the 
second order, the solution will contain two constants of integration, A 
and B, which, in general, will be complex, 

V = Ae-" + Be~". (8) 

The expression for the current is easily obtained by substituting Eq. (8) 
in the second of Eqs. (1), 

-IZ, dV 
dz 

I 

= 

= 

= 

-

7 

z 1 
zc 

y(Ae~>' 

{Ae-<* -

(Ae->* 

- Be~") 

- Bey), 

- Be-"). (9) 

1 For a discussion of the more general problem of transients or nonsinusoidal wave
forms, see Brainerd, Kohler, Reich, and Woodruff, Ultra-High-Frequency Techniques, 
Van Nostrand, New York, 1942, Chap. 11; or E. A. Guillemin, Communication 
Networks, Vol. II, Wiley, New York, 1935, Chap. 11. 
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For convenience a new quantity has been defined 

2» = f « >/f' (10) 
whose significance will appear presently. 

2-2. Interpretation of the Solution.—Since y is defined in terms of the 
complex quantities Z and Y, it is itself complex and may he written as 

7 = a+j0. (11) 

Writing the solution, Kq. (8), in full including the time factor gives 
Ye'"' = Aer'-'e''"'-^ + Be«'e'("'^". (12) 

The factor c'{"'~^l) indicates that this term varies sinusoidally with 
both t and z. The significance of a> is easily recalled by remembering 
that the phase angle ut increases by 2ir radians, when t increases by the 
periodic time 1/c. That is, 

' (<+;)- uit + 2x, 

to = 2irv. (13) 

Similarly, the phase angle must increase by 2ir between the successive 
equiphase points z and z + X 

0(z + X) = (82 + 2ir. 

fi = ~ ( U ) 

It must be borne in mind that X is the wavelength in the transmission 
line, not the associated free-space wavelength. 

This factor <>/(»'-03) represents the phase of a wave traveling in the 
positive z direction. This fact is easily demonstrated by noting that 
the factor has the same value, and hence the same phase, at the points 
z and 2 -\- dz at successive instants of time t and t + dt, provided that. 

ut - Pz = u(l + dt) - P(z + dz), 
u dt = dz, 

dz w . 
V* = di = -p (15) 

Now w is obviously positive, and it will be shown in Sec. 2-4 that /5 is 
positive for ordinary lines, since 7 was defined as the positive root of 
Kq. (7). Hence the phase velocity vp of the wave represented by this 
term is positive; that is, this wave travels in the positive z direction. 
Similarly, it may be shown that the other imaginary exponential term 
for negative 7 represents the phase of a wave traveling in the negative z 
direction with an equal phase velocity. 
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Phase velocity, as used above, is a simple concept, and its value is 
easily calculated. Unfortunately, the group and signal velocities, which 
are equally important, are rather obscure. For the type of line to which 
the present discussion, based on the telegraphers' equation, applies, the 
three velocities1 are equal. This follows from the fact that such lines are 
nondispersive; that is, the phase velocity is independent of frequency. 
Substitution of Eqs. (13) and (14) in Eq. (15) yields the fundamental 
relation 

r„ = A, (lfi) 
which may be solved for X, giving 

The real exponential factors of Eq. (12) represent attenuation of the 
waves. In each case, the wave is attenuated in the direction in which 
it is propagated. This agrees with our experience that in actual lines 
there is such an attenuation; and the concept of energy conservation 
demands that the wave become weaker, rather than stronger, as it 
advances. The constants „-l and B are in general complex; they represent 
the magnitude and phase of the waves traveling to right and left, respec
tively, at the point 2 = 0 at the time t = 0. 

The expression for the current, Eq. (9), is interpreted similarly as 
representing waves whose complex amplitudes are A/Z0 and — B/Z0, 
traveling to right and left, respectively. The amplitude of each current 
wave is related to that of the corresponding voltage wave by the factor 
Z„. In the special case in which Zn is a pure real number, each current 
wave is in phase with the associated voltage wave. In general, Z0 is 
complex so that a shift in phase occurs between the associated current 
and voltage waves. The quantity Z0, called the "characteristic imped
ance" of the line, may be thought of as representing, for that particular 
line, the complex ratio of voltage to current in a traveling wave. 

The significance of the negative sign in the amplitude of the current 
wave traveling to the left is not immediately obvious. It arises mathe
matically, because the derivatives of cr~<z and cyz have opposite signs. 
To understand this physically, let us consider what happens if a d-c 
generator is connected to the left-hand terminals in Fig. 2-1. If the 
upper terminal is made negative, the voltage (integral of electric field) 
and current (conventional or positive) will be in the directions indicated, 
and power will flow to the resistive load which, it is assumed, is con
nected to the right-hand terminals. If the generator and load are 
interchanged, and the upper wire is kept negative, the voltage will 

1 For a good discussion of these three velocities, see Sarbacher and Edson, loc. cil.7 

Sec. 5-8. 
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remain in the direction shown, but the current will be reversed and 
the power will now be flowing to the left. Thus we see the origin of 
the negative sign on the current of the wave traveling to the left. A 
rigorous demonstration involving electromagnetic fields and Poynting's 
vector is easily given, but will not be carried out here. 

Reviewing our general procedure in setting up and solving the line 
equations, it should be pointed out that first the line was described in 
terms of differential equations involving the two quantities Z and Y. 
In the solution of these differential equations, Z and Y were found 
occurring only in the combinations sfZY and s/ZjY. For the sake 
of convenience, new symbols 7 and Z0 were then introduced for these two 
combinations. These new symbols were given a simple physical inter
pretation and christened, respectively, "propagation factor" and 
"characteristic impedance." I t should be clearly understood that a 
knowledge of either the original quantities Z and Y, or the derived ones 
7 and Z0, enables us to calculate the other pair through the relations 

7 = VZY, Z = yZa, 
Z° = S ' Y = k {18> 

2-3. Impedance Relations, Reflection Coefficients, and Standing 
Waves.—It will be seen later, as practical problems of design and per
formance are approached, that the concept of impedance in lines and a 
knowledge of impedance transfor
mations are extremely useful tools. 
The results obtained in Sec. 2-1 may 
be used as a starting point in the 
development of these indispensable 
aids. Just as in low-frequency cir-

Zr 

cuit theory, the complex impedance *-' 
Z, at a point z may be defined as the *=-J *=0 
r a t i o Of t h e c o m p l e x v o l t a g e t o t h e F l G - 2-2.—Transmission lino with generator c . and load. 
complex current at that point. 
Using Eqs. (8) and (9), we may write 

V Ae~iz 4- Be/** 

Up to the present point in this development, the origin of the two 
waves traveling in opposite directions has not been discussed. Two 
generators of exactly the same frequency may be assumed to be con
nected to the opposite ends of a very long line, a line so long that the 
attenuation in the line prevents appreciable interaction between the 
generators. A much more practical case is that shown in Fig. 2-2. 
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At the point z = 0, a receiving-end impedance ZT is placed. Equation 
(19) must be satisfied for any value of z, including z = 0, so we may write 

B 
7 - 7 A + B 7 1 + ^ 

'A - B > - ! 

This equation may be solved for the complex ratio 

B 
A 

ZT — Zo 

(20) 

(21) Zr + Zo 

which represents, at the point z = 0, the amplitude and phase of the volt-

•'LUr"» 

F I G . 2-3.—A voltage wave propagated to the right. 

age wave traveling to the left relative to that traveling to the right (see 
Fig. 2-3). 

Several important inferences may now be pointed out. 

1. We have discovered that when we terminate a line with an imped
ance, a wave will be set up, which travels back toward the source. 

2. I t is natural to call the voltage wave of amplitude A traveling 
toward the load the "incident wave," and the voltage wave of 
amplitude B traveling back toward the generator the "reflected 
wave." The complex ratio B/A is then referred to as the " voltage 
reflection coefficient," for which we shall use the symbol r . 

3. In the special case where ZT = Z0, B/A is zero; that is, no reflected 
wave is set up. To our previous interpretation of Z0 (see Sec. 2-2) 
may now be added the remark that, if a line be terminated in 
its characteristic impedance, no reflected wave will be generated. 

Having evaluated the voltage reflection coefficient TV, arising at a 
terminal impedance Zr, it is interesting to discover the relation between 
reflected and incident waves at other points along the line. To do this, 
the total voltage V, given by Eq. (8), is evaluated, at the point z = — I, 
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Ae* + Be-'1. (22) 

This equation has been interpreted as signifying that the total voltage 
is the sum of an incident voltage 

and a reflected voltage 
= Ae«, 

Be-y'. 

The ratio of these two complex voltages 

1= Ae 

(23) 

(24) 

(25) 

shall be called the "voltage reflection coefficient" at the point z = — I. 
The relation between this quantity, which will be designated, as r_;, and 
the voltage reflection coefficient at z = 0, designated as r0, is 

r_, = r0e-2^ = r0e- ■lalp-ljft (26) 

This equation indicates that the complex reflection coefficient at any 
distance I from the load behaves as a vector 
(see Fig. 2-4), whose value varies from r 0 
at the load to zero as I approaches infinity. 
The amplitude decreases because of the 
factor e~2al, and the phase angle varies 
cyclically because of the factor e~2m. Thus, 
for very long lines, the reflected wave dis
appears at large distances from the load 
and only the incident wave remains. If 
the incident voltage should be taken as a 
reference vector (see Fig. 2-5), the relative 
voltage V[ may be written as 

Fit;. 2-4.—Transformation of 
the voltage-reflection coefficient 
along the line. 

vi v.t = 1 r0e- ji". (27) 

Similarly, we could proceed from Eqs. (9) to write 

~ = - -,<r^1 = - r o e - 2 * . (28) 

The current reflection coefficient here is the negative of the voltage 
reflection coefficient; the significance of the negative sign was discussed 
in the previous section. The total current relative to the incident current 
vector is 

r, = y = i r0e- -2yl (29) 
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One reason for dealing at length with the subject of reflection coefficients 
and their variation along the line lies in the fact that the concept of 
reflected waves set up by an improper termination or by discontinuities 
in the line is an indispensable aid to visualizing what takes place in a 
line. Another reason is that these ideas will be used to advantage later 
on in connection with reflection-coefficient charts based on Eqs. (27) 
and (29). 

The way in which the incident and reflected waves combine is illus
trated by Fig. 2-6. In a the two waves are in phase, and the resultant 
voltage has its maximum amplitude \A\ + \B\ at certain positions. In 
b, a quarter cycle later in time, each wave has traveled a quarter wave-

lrlG. 2-5.—Transformation of relative voltage along the line. 

length in its direction of propagation, so that the two waves are now 
out of phase. They may be subtracted to give a voltage amplitude 
\A\ — \B\ at positions midway between those at which the maximum 
amplitudes of a occurred. In successive quarter cycles, the resultants 
have the same amplitudes as in a and b but reversed in sign. In c. is 
shown the maximum amplitude occurring at each position along the line. 
This corresponds to F_ ( of Eq. (22). 

To examine this case mathematically, Eq. (22) is rewritten, replacing 
7 by j@ and neglecting a, 

V_i = Ml^' (*+0" -\- \B':f,'(-,~sn, 

where the complex nature of the amplitudes .1 and R, written as |,-l]e'* 
and \B\e'e, is brought into evidence (see Fig. 2-7). For certain positions 
U, the voltage amplitudes have the same phase angle; that is 
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(* + fih) 
h 

(d - fih) + 2wn, 
B - <t> + %rn 

20 

■ 2ir/\, we may write 

■) X. (30) 

Remembering that j3 

, , . ( - ♦ ± 

Similarly it may be shown that 
the positions Z2 at which the two 
amplitudes have phase angles diff
ering by ir are 

I. -a- 4> , 2n + 
4ir 4- -0= (31) 

At the positions Zi the voltage 
amplitude is 

V^ = |A| + |B|. (32) 

Furthermore, Eq. (30) shows that 
these voltage maxima occur at 
half-wavelength intervals. At the 
positions 1% the voltage amplitude 
is 

F _ = |A| - |B| . 
That such voltage minima occur 
at points midway between maxima 
is revealed by comparing Eqs. (30) 
and (31). The ratio of maximum 
to minimum voltage is 

r = 

W 
F I G . 2-6.—Combination of incident and 

reflected waves to form a standing wave. 
(a) Incident and reflected waves adding in 
phase, ib) Waves in opposition a quarter 
cycle later, (c) Standing wave voltage 
amplitude pattern. 

(33) 
v 
• max vmin 

_ W + \B\ 
\A\ - \B\ 

1 + 

1 -

B 
A 
B 
A 

It is common practice to refer to r as the "standing-wave ratio," or more 
precisely as the "voltage standing-wave ratio," frequently abbreviated 
as VSWR. This ratio is rather easily determined experimentally. 
Equation (33) may be solved for the magnitude of the reflection coefficient 

B 
A = irl r - 1 

r + l ' 
(34) 

The groundwork has now been laid for a commonly used method of 
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impedance measurement. By measuring r and Z2 and by applying 
Eqs. (34) and (31), both magnitude and phase of the ratio B/A may 
be determined. The load impedance Zr may then be calculated by 
Eq. (20). Equation (19) for the point z = —I may be written in the 
form 

Z_, = Zo ^ r - (35) 
?yi - B 

Ac,-<1 

If the value of B/A as given by Eq. (21) is substituted in Eq. (3.5) and 
the result rearranged, we obtain 

Z-i = Z, 
Z,.(cy' + c-T) + Z„(fT' - e-><) 
z0(ey' + e-y) +zr(<»1'- c-y')' (30) 

Vmax = L4l+IBI 

VmF„ = MI-IBI 

(a) (&) B 
Frc. 2-7.—Vector relations for combining incident and reflected voltages. 

This may be written, in terms of hyperbolic functions, as 

ZT cosh yl + Zn sinh yl 
Z0 cosh yl + Z, sinh yl 

or alternatively as 
Z r + Z0 tanh 7? 

Z_, = Z„' 

Z-, Z0 + Zr tanh 7/ 

(37) 

(38) 

This result is extremely useful. If we know the load impedance Zr and 
the line characteristics Z0 and 7, we may calculate the impedance Zi 
at any point a distance I from the load, toward the input end of the line. 
It is frequently convenient to express all impedances in terms of Z0. 
We shall denote such "normalized" impedances by a prime; thus 
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Equation (38) may then be written 
„, _ Z'r + tanh yl 

- ' - 1 + Z'r tanh yl ( 3 9 ) 

In many practical problems the attenuation of the line is small enough 
to give the impedance transformations with sufficient accuracy by a 
simplified formula. If 

a = 0 
7 = JP, 

then tanh yl becomes 
tanh j@l = j tan f)l. 

Equation (38) then simplifies to 

ZT + jZp tan 01 
Z~l - Zo Z . + jZr tan fil' (40> 

and Eq. (39) to 
„ , _ Z'r+j tan pi 
Ai ~ r+wt^rpi' (41) 

It will be seen later on that this equation is the basis for the common 
rectangular impedance chart. 

2-4. Propagation Factor and Characteristic Impedance.—The signifi
cance of these two line constants was discussed, in a general way, in 
Sec. 2-2. There are two special cases that are deserving of further 
elaboration. In each case it will be assumed that Z and Y of Eqs. (3) 
may be expressed simply as 

Z = R +jo>L, 
Y = G + jaC. 

It will be noted that any possible series-capacitance or shunt-inductance 
effects have been neglected; a little reflection will show that this is 
justifiable in ordinary types of line. Equations (7) and (10) then 
become 

y = VZY = (VR + juL){G + jud), (43) 

(42) 

\Y~ \j< 
R + juL 

IGTWC ^ 
Ideal (Lossless) Line.—Many practical problems are solved accurately 

enough, and a great deal more easily, if Eqs. (43) and (44) are simplified 
by assuming ideal conductors and dielectric mediums for which 

R = G = 0. 
Those equations then become 

7 = jo Vl~C, (45) 

-4 (46) 
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The real and imaginary parts of y are 

a = 0, 

e-»VLc.} (47) 

It is worth noting that the phase velocity, given by Eq. (15), may now 
be evaluated as 

vr = - = -}=■ (48) 

From Eqs. (13) and (14) it is noted that 

| = "X- (49) 

Equations (48) and (49) may be combined to yield the following expres
sion for the wavelength: 

x = ~ = ~Jw (50) 

v v V LL, 
It may be seen from Eq. (46) that Z0 is real, that is, it is purely resistive. 
This means that a resistance having this particular value will properly 
terminate the line. It means also that the current and voltage in a 
traveling wave are in phase. This may be seen by writing Eqs. (8) 
and (9) for a pure traveling wave, that is, 5 = 0 , 

I = ±e-y> = L.\ (51) 
■Zo Zo ) 

Since these expressions represent the amplitudes of quantities varying 
sinusoidally with time, the power flowing in the traveling wave is the time 
average of their product; namely, 

P = 12VI = IT0 = 12PZ°- <52> 
Line with Small Losses.—In problems involving long lines, or lines 

with appreciable attenuation, the foregoing simplifying assumptions are 
no longer valid. In many such cases it will be true that R « uL and 
G <<C uC. It then becomes possible to simplify Eqs. (43) and (44) by 
performing a binomial expansion. If Eq. (43) is written as 

*-*vrc ('+&)"('+£)"• 
and expanded by the binomial expansion, the solution becomes 
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y=jay/Lc(l+^L- g ^ + 

1 + 
G (?2 

+ 2juC 8jWC2 

Neglecting terms of order higher than the second, the "result is 

/ R2 _ RG G2 \] 
+ \Sio2L2 4w2LC + Scc2C2)\' 

Equating real parts of this expression, one obtains 

R IC , G IE 
a = 2^E + 2Sc n e p e r / l ] 

(63) 

(53a) 

Using the ideal-line characteristic impedance. 

% 

and the corresponding characteristic admittance, defined as 

y°~ z'0~ yi 
Eq. (53a) may be written as 

fv 
R , G . 

a = 2Z7 + W nepers/m. (54) 

It is easily recognized that the first term on the right is due to conductor 
loss, the second to dielectric loss. This equation may be expressed as 

where 

and 

a = «c + ocd, 

R 

Old 

2Z'0 

G 
2 ft' 

(55) 

(56) 

(57) 

If the imaginary parts of Eq. (53) are equated 

ft = * VLC(1 + <^jj - ~ c , 8u2(]2 + 
G2 

> 

VLC i + 
1 (JR G\ 
2 \2wL 2wC) (58) 
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If primed symbols are used to indicate quantities for the same line but 
with R = G = 0, Eq. (14) may be written as 

0' = a. VLC = ^~ 

Then it is easily verified that Eq. (58) is equivalent to 

i + sfe-^Vl; («» 
the wavelength relation which follows is 

1 I etc _ a A' 1 
2V0' W) y 
ws is 

(60) 

Equations (59) and (GO) contain terms which are readily interpreted. 
The conductor loss enters these expressions in the form 

ac _ ac\' 

which has the dimensions of nepers per radian of line length. Similarly, 
the term aj/P' represents the dielectric loss in nepers per radian. It will 
be noted that, when these two losses are equal, /3 has the same value 
as in the case of an ideal line; referring to Eq. (58) this statement is 
equivalent to specifying that 

A = Ji. 

The greatest change in /3 obviously occurs when one type of attenuation 
is much larger than the other. Even in this case, however, the fact that 
this small term is squared means that a rather large attenuation per 
radian is required to affect /3 or X appreciably. 

Now that the discussion of Eq. (43) has been completed for the case 
of small R and 0, the same procedure is applied to Eq. (44), which may 
be rewritten as 

*.-/*('+&)v&r-
Application of the binomial expansion yields 

Z ° _ \C \ 2juL 8fW + J \ 2juC 

If terms of higher order than the second are dropped from the result. 
this becomes 

3(75 

8j-l>-C 
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Simplifying in the same manner as in Eq. (58), we obtain finally 

*-«[1 + s(? + »y)(?-?)->(?-!0} <*> 
The real part of the characteristic impedance may be compared to the 
phase constant 8, Eq. (59); and the imaginary part to the attenuation 
constant a, Eqs. (54) and (55). The conductor attenuation and the 
dielectric attenuation add in the case of a; but both 8 and Z0 remain 
equal to their ideal-line values 8' and Z'0 so long as the conductor losses 
are equal to the dielectric losses. When these losses are not balanced, 
it will be noted that, in all cases, the attenuation in nepers per radian 
of line length enters, in a rather simple way, into the perturbation of 
each quantity from its ideal-line value. In 8 and in the real part of Z0, 
the attenuation enters squared and is, hence, relatively unimportant. 
In the imaginary part of Z0 it enters to the first power and may be appre
ciable. I t must be remembered, however, that these approximations 
are valid only for 

~L«>' 

In terms of the corresponding attenuations in nepers per radian this 
means that 

1 

and 
3' ^ 2 ' 

5?«I . 
3' ^ 2 

If these restrictions are not fulfilled, recourse should be had to the original 
expressions,Eqs. (43) and (44). 

2-6. Application to Coaxial Line Characteristics. The Ideal or Loss
less Line.—The appropriate equations from Sec. 2-4 which are needed 
in the present discussion are 

a = 0, 
B = uVLC, 

\ C " 

(2-47) 

(2-46) 

The basic assumption that the conductor has infinite conductivity leads, 
through the "skin effect'' to be discussed presently, to a current flowing 
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entirely on the surface of the conductors. Referring to Fig. 2-8, the 
inductance and capacitance for a unit length of ideal coaxial line may 
be written as 

T Ml , & 
L = j j - In - ; 

2jrei 
c = 

In* 
a 

(63) 

(64) 

■ / / / / / / / / / / / 

Here HI and *i apply to the dielectric medium between conductors; the 
expression for C is easily obtained 
by simple electrostatic theory; 
that for L is derived on the 
assumption that all current is 
confined to the surface of the 
conductors so that it is accurate 
only at relatively high frequencies. 

Equation (47) may now be 

f2 .<T2 vH2-

F I G . 2-8.—Coaxial line dimensions. 

written, using Eqs. (63) and (64), 
13 = u Viu^i. (65) 

Introducing relative inductive capacities and remembering that 
V W o = 1/c, the following result is obtained 

/8 = u v W o \Zkmk* = - -y/kmke. 

Recalling Eq. (48), note the phase velocity is found to be 
c 

Vv = -x = \/k„ ke 
By use of the fundamental relation X = vp/v, Eq. (16), 

X = C Xo 

V V fc-mfie. V fcm.ke. 

(66) 

(67) 

(68) 

where X0 = c/v is the associated free-space wavelength. Usually k„ 
has the value unity for ordinary dielectrics; consequently Eqs. (66), 
(67), and (68) may be written as 

" x T " ^ Xo 
2ir (69) 
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It will be noted that the phase velocity is independent of frequency; that 
is, an ideal coaxial line is a nondispersive transmission line. Conse
quently, the group and signal velocities are equal to the phase velocity 
(see Footnote 1, p. 12). 

Similarly, substituting Eqs. (63) and (64) in Eq. (46) gives 

Z - 1 

1,7. !T~ i, 
(72) 

Let us again restrict our consideration to dielectrics for which km^= 1. 

Inserting the numerical value 376.7 ohms for the quantity VMoAo, the 
so-called "impedance of free space," we obtain 

Zo = 60£ ln I, (73) 
\A\ a 

_ 138.0, b ,„ . . 
Z0 = —-= login-- ('4) 

\/ke « 

'ftl 
«1 

lln 

fn 

1 b 

In - ' a 
IK 

V,7 In 
h 
a 

The power in a running wave may be written, using Eq. 52, 

„ 1 v Vfc yn- (75) 
2 Z0 120 ln b/a 

If the electric field intensity at the center conductor is denoted by E,„ 
the voltage may be shown to be 

V = / —"- dr = E„a ln b- (76) 
Ja r a 

Using this relation, Eq. (75) may be written 

p -2r .^R)S = - 120 ]Ua ("] 

The Actual or Low-loss Line.—The attenuation in actual coaxial lines 
is usually low enough to permit the use of the equations developed in the 
latter part of Sec. 2-4. These equations contain all the general relations 
needed for calculating a, /3, and Z„. The line characteristics requiring 
specific evaluation for coaxial lines arc an ctj, /3', and Z0. The last two 
are the values of /3 and Z0 for an ideal line and have been evaluated in 
the first part of this section; the first two are the attenuation constants 
for conductor and dielectric losses which may now be calculated. 

Equation (56) gives the attenuation due to the conductors: 

R 



20 ELEMENTARY LINE THEORY [SEC. 2-5 

Here Z[ is the characteristic impedance, neglecting losses, given by 
Eq. (72), and R is the effective resistance per unit length of line. Since 
the current flows mostly near the surface of the conductors, a calculation 
of this effective resistance requires consideration of the "skin effect." 
The current density has its maximum value at the surface of the conductor 
and falls off exponentially to 1/e of this maximum value in a distance 

(78) 

v-. irviL&z 

Subscripts 2 refer to the conductor material. This quantity S is usually 
called the "skin depth." The losses in a conductor in which the current 
density is distributed according to this exponential law may be calcu
lated. They are found to be exactly the same as those which would 
result from the same total current of uniform distribution flowing in the 
walls of a tubular conductor of wall thickness S. The effective resistance 
per unit length of center conductor is then 

Ra — 

A similar expression may be written for the outer conductor, replacing 
a by b. The total resistance is the sum 

«. + » . » . i ^ + {) (79, 
Substitution in Eq. (56) gives the alternative forms 

"'^^wA^Va+j) nepers/m 

1.581 X 10-" l"km/i A 
= Zl V T 7 \a + b) nePers/m- (79«) 

If we let subscripts 1 refer to the characteristics of the dielectric medium, 
Eq. (72) becomes, for the present case, 

Substitution of Eq. (80) in Eq. (79a) yields the conductor loss 

1 lirv^till \\ 1 . . 
a- = 2V"^r\a + v 1 ^ n eP e r g /m- (81) 

a 
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Introducing relative inductive capacities and inserting numerical values 
for the constants, one obtains as the final form 

2.63 X 10" 
ac = — 

a 
V ^ t : [a+1) nepers/m- (82) 

The attenuation due to the dielectric is given by Eq. (57); 

<*d = 2f' (2-57) 

A simple integration gives, for a dielectric whose effective conductivity 
is o\, 

G = — ' • (83) 
l n b 

a 

In Eq. (57), substitute this for G and the reciprocal of Z'0, Eq. (80), 
for Y't: 

a i / M l fQl\ 

<*d = -s- •»/— (84) 

It is noted at once that this loss is independent of the dimensions of the 
line. The effective conductivity may be a true conductivity which 
could be measured with a d-c ohmmeter; or it may be due, wholly or in 
part, to a hysteresis loss which occurs in the molecules of the dielectric 
as they are subjected to polarization by the high frequency fields. In 
any case, the dielectric may be described by a dielectric constant ei and 
an effective conductivity <ri. 

The current density in the dielectric medium is 

J = a,E + c, ~- (85) 

By Ohm's law, o\li is the "conduction' ' current, including both true 
conduction current and current supplying hysteresis losses; the term 

*i — is the displacement current. Eor a harmonic voltage, ot 

E = E0e>»<; 
and 

3E ■ n 

-m = i"E-

Equation (85) may now be written 

J = (a, + jati)E. (86) 
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The conduction current is in phase with the electric field and therefore 
represents a power loss. The displacement current is out of phase and 
therefore does not. Since the conduction current is usually small com
pared with the displacement current, it is convenient to rewrite Eq. 
(86) as 

amplex dielectric 

-0->£> 
it is convenient to define a complex dielectric constant, 

(87) 

(88) 

in order to simplify Eq. (87); thus 

./ = joxriH. (89) 

The conductivity no longer appears explicitly but is contained in the 
complex dielectric constant. If 
«C| is substituted for ei in equations 
derived on the basis of an ideal 
dielectric with a simple dielectric 
constant ci, the resulting equations 
will take into account the non-
ideal character of the dielectric. 
The complex dielectric constant 
is usually expressed as 

ecl = t[ - # ' . (90) 

Comparison with Eq. (88) shows 
that 

Loss current 
w('{E 

FIG. 29.—Current-voltage relations in imper
fect dielectric. 

eL = ei 

is the real part, and 
ffi 

(91) 

(92) 

is the imaginary part of the complex dielectric constant. These relations 
are presented diagrummatically in Fig. 29 . The power lost per unit 
volume is 

Pi = JE cos 6 = JE sin 5. 
Therefore, the power factor, in the usual sense, is 

■p = cos 8 = sin 5. (93) 
The ratio 

tan 5 (94) 
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is called the "loss tangent" and is, for small angles, almost identical with 
the power factor. 

The dielectric attenuation given by Eq. (84) may be rewritten, using 
Eq. (92), 

ad 
» j rr 

= ~rr \rr = *v -T V ^ M I nepers/r (95) 

By use of Eq. (94) and the introduction of relative inductive capacities, 
one obtains 

ad = irv y/kelkml \AoMo tan 5 nepers/m (9C) 
■KV = — \/k„nket tan 5 nepers/m. 

In view of Eq. (08), this may be written 

Xi 
tan 5 nepers/m, 

(97) 

(98) 

where Xi is the wavelength in the line. Other forms for this equation are 
ad = ir tan 5 nepers/line wavelength 

= i tan 5 nepers/radian. (99) 

2-6. Some Useful Relations in Transmission Lines.—A number of 
the frequently used transmission-line equations developed earlier in the 
present chapter have been col
lected, for easy reference, in Table 
2-1. The equation numbers given 
in the table correspond to the 
earlier appearance of those equa
tions in the text. Where no such 
number is given, the correspond
ing equation does not appear 
explicitly in the text but is a sim
ple extension or special case of one 
of the numbered equations. 

Aside from these transmission-
line equations, a number of rela
tions of miscellaneous character 
are frequently useful. Several 
such relations, valid for ideal or low-loss lines, are tabulated in Table 
2-2. Figures 2-10, 2-11, and 2-12 present some of these relations in 
graphical form. 

Most of the relations should be clear from the table, but Items 4, 5, 
and 6 of Table 2-2 may require additional explanation. Item 4 is likely to 
prove confusing unless one notes particularly that it is the net power trans-

1.0 
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FIG. 210.—Relation between V8WR and 

(a) reflection coefficient F, (b) power re
flected Pr, (c) power transmitted Pt. 
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mitted to the load which is being considered. This power may be calcu
lated by considering the conditions at a voltage maximum, Item 26, when 
the voltage there has the breakdown value Vb. The net power trans
ferred into the impedance R by this breakdown voltage is 

III 
2 R P , = H - ^ = III 

2rZ0 
For a matched line r = 1, the power is 

P _IZ? 
m 2 Z0 ' 

and Item 4 follows: 

P 

(100) 

(101) 

(102) 

2.6 

2.4 

£ 
I" 

1,4 

31.6 

1.2 

L0 

f 

/ 

/ . ' y S & 

A 'A Y 
V 

* 

Item 5 may be clarified by noting that, in a section of line in which a 
reflected wave exists, the mean-square current in the walls is larger, for a 

given net power transfer to the 
load, than if a pure traveling wave 
were in the line. This means that 
the actual ohmic loss ir the walls 
is increased because of the pres
ence of standing waves. Simi
larly, the ohmic loss in the 
dielectric of the line is higher 
because of an increase in the mean-
square voltage across the line. . If 
we consider a half wavelength of 
line, both current and voltage go 
through a complete cycle of varia
tion ; therefore, the averaging will 
be unique, irrespective of the phase 

of the standing wave along the line section chosen. Item 5 is valid, strictly 
speaking, only for an integral number of half wavelengths or for those 
lengths containing a sufficient number of half wavelengths to make phase 
effects negligible. In the latter case, however, the total loss must be so low 
that the value of r is essentially constant. If this is not the case, the actual 
loss-increase factor will lie somewhere between those factors calculated 
on the basis of the values of r at input and output ends of the line section 
considered. 

It is true here, as it is in general, that the power lost per unit length 
PL must correspond to the decrease, per unit length, of the net power P 
being transmitted toward the load. Since the power decreases exponen
tially, P = fV - 2 < " , we have 

2 3 4 3 
VSWR 

F I G . 2-11.—Increase in ohmic loss due to 
standing waves. 
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F i - - Tz - - Tz ^e~^ = 2aP-
Consequently we obtain the general relation 

PL 

(103) 

(104) 

In the present instance, the power loss is the sum of that loss caused by 
incident and reflected waves. If the conductors have a resistance R per 
unit length, this is 

\{i\R + PrR) = lw(\ +r«). 
By Eq. (52), the net power transmitted is 

ByEq . (104), 
P = W\z* -I\ZL 

the attenuation is 

For matched lines r = 

After d vision Item 5 

ar 

- 0, we 

is 

"L — 

R 
2Z„ 

obtain 

a,„ = 

l + r 

) =i 

(1 + 
(1 -
from 

R 
2Z„' 

2 r 

nz0(\ 
r2) 
r2) 
Eq. ( 

2 + i 

(107) 

(105) 

(106) 

(107) 

(108) 

am - i - r 2 - 2,- ' ( , 0 9> 
where Item lb has been used to obtain the final term. 

It must be recognized that this 
effect is quite distinct from that of 
Item 3, which must be considered in 
addition to the ohmic loss factor. 
By using a suitable impedance trans
former at the input end of a section 
of line on which standing waves 
exist, all the power available at that 
point may be caused to enter the line 
section; but if its output end is mis
matched instead of matched, a greater 
percentage of power will be used to 
supply losses in the line section. 

Item 6 of Table 2-2 is offered with
out proof, since proof is rather diffi
cult to obtain on the basis of the transmission-line theory developed in the 
present chapter; it may, however, be proved by the use of network theory 
(see Chap. 10). It has been assumed that the line losses are small; hence, 
each value of r remains substantially constant in passing from the dis-

0 0.4 0.8 1.2 1.6 
Normalized susceptance, B/Y0 

F I G . 2-12.—Voltage standing-wave ratio 
for susceptance-shunting matched line. 



TABLE 2 1 . — S U M M A R Y OP TRANSMISSION L I N E EQUATIONS 

No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Quant i ty 

Propagat ion constant 
y = a + jp 

Phase constant /3 

At tenuat ion constant a 

Characterist ic Impedance Za 

I n p u t Impedance Z_i 

Impedance of short-circuited 
line 

Impedance of open-circuited 
line 

Impedance of a line an odd 
number of quar te r wave
lengths long 

Impedance of a line an inte
gral number of half wave
lengths long 

General line 

Expression 

juC) 

Im y 

. , - 1 dP H e 7 = - - ^ 

A/7r +jo,L 

r, Z, + Z„ tanh yl 
J ° Za + Zr t anh yl 

Za t anh yl 

ZD coth yl 

„ ZT + Za COth al 
Za + Zr coth al 

„ Z, + Za t anh al 
Za + Zr t anh al 

Eq. 
No. 

43 

44 

38 

Ideal line 

Expression 

jji \/LC 

co V X C = — - — vp X 

0 

vl 
7 2 r + j'Zo tan fll 

Za + i ^ r t an 01 

jZa t an /H 

—jZa cot /3( 

z, 

z, 

Eq. 
No . 

45 

47 
ff. 

46 

40 

Approximation, low-loss line 

Expression 

See a and /} below 

'M&-30T 
ft G 

a'+ad=2Z>a+W0 

<x+W-ai)§ + ¥)] 
-<W~J) 

„ al -\- j tan /Si 
1 -h jW tan (il 

v 1 -f- j a / tan /?/ 
<*̂  -+- .7 tan $1 

y Za + ZrOi 

p Zr -\- Z^cd 
ZQ 4" Zra£ 

Eq. 
No. 

59 

54 

62 



T A B I . B 2 1 . — S U M M A R Y OF T R A N S M I S S I O N L I N E EQUATIONS.—(Continued) 

No. 

in 
11 

12 

Quant i ty 

Voltage V-i along line 
Current /_i along line 

Voltage reflection coefficient 

General line 

Expression 

V,(l + r„e-W) 
/■(l - r„c-2T'j 
Z, - Zo 
z, + z0 

Eq. 
No. 

27 
29 

21 

Ideal line 

Expression 

Vi(i + r„e- ' "" ) 
/ , (1 - Fee-2 '"') 
Z r - Za 

Z,+Za 

Eq. 
No. 

Approximation, low-loss line 

Expression 
Eq. 
No. 

R, L, G, C = distributed resistance, inductance, conductance, capacitance per unit lengtli. 
0' = VLC = pliiise constant, neglecting losses. 

1 Z'o = \ J
f = characterise c impedance, neglecting loss; Y'Q ■ 

X = wavelength measured along line. 
vP = phase velocity of line, equals velocity of liglit in dielectric of line for an ideal line. 
l'o = leflection coefficient at z = 0. 

I = distance along line, from load end. 
Subscript r denotes receiving end, (load) quantities at z = 0. 
Subscript —I denotes input end, quantities at 2 = —I. 
Subscript i denotes incident wave quantities. 



T A B L E 2 -2 .—SOME M I S C E L L A N E O U S R E L A T I O N S I N L O W - L O S S T R A N S M I S S I O N L I N E S 

CO 
14-

Item 

la 

16 

2a 

26 

2c 

3a 

36 

4 

5 

Equation 

r i+l r| 
I - in 

r R - Zc 
It + Zo 

r = -=-; R = rZa 
Zo 

li T 

fl-m-eri)' 
p< i .rl« 4 r 

Pi l ! ( r-f-1) ' 

i \ 1 
Pm r 

a, 1 + V- r2 + 1 
am 1 - r2 2r 

Fig. 

1 

1 

1 

2 

Explanation 

r = voltage standing-wave ratio 

|r | = magnitude of reflection coefficient 

r = reflection coefficient (real) at a point in a line where the impedance is real (R). Point 
may be at an actual resistive load or at a voltage max. or min. in standing-wave pattern 

Conditions for R > Za, i.e., at voltage maximum 

Conditions for R < Za, i.e., at voltage minimum 

Pr = power in wave reflected by discontinuity or mismatched load 

Pi = power in incident wave 

Pi — power in transmitted (or absorbed) wave 

Pb = net power transmitted to load at onset of breakdown in a line in which a VSWR = r 
exists 

Pm = same when line is matched, r = 1 

am = ordinary attenuation constant; matched line, r = 1 
a, — attenuation constant allowing for increased ohmic loss caused by standing waves 

(VSWR = r) 

to 

55 

fea 
o ft 

m 
p 
to 
d> 



T A B L E 2 - 2 . — S O M E M I S C E L L A N E O U S R E L A T I O N S I N L O W - L O S S T R A N S M I S S I O N LINES.—(Continued) 

Item 

6a 

66 

6c 

6d 

7a 

7b 

7c 

8a 

86 

8c 

Equation 

rmin = —: n < r2 

r m u = TiTirz • • • rn 

Tn 
Tmtn 

rir2 ■ ■ ■ r »_ i 

ri < r2 < r3 < ■ • • < r„ 

in 1*1 
VX2 + 4 

V J * + 4 + 1*1 
Vx* + i-\x\ 

| X | = ^ Vr 

, , |B| 
1 ' V-B2 + 4 

ViJ 2 +-4 + \B\ 
V~B* + 4 - |B| 

|B| - T -J 
Vr 

Fig. 

3 

3 

3 

Explanation 

Resultant VSWR when two separate mismatches combine in worst phase 

Resultant when they combine in best phase 

Resultant for n mismatches, worst phase 

Resultant for n mismatches, best phase. If this gives rain < 1, then r„in = 1 

Relations for the case of a normalized reactance X in series with resistance Za 

Relations for the case of a normalized susceptance B shunting conductance Fo 
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continuity giving rise to it to the next discontinuity. For mathematical 
convenience, the standing-wave ratios have been numbered with sub
scripts assigned in the order of increasing values. Since r is, by definition, 
equal to or greater than unity, whenever the formulas give values less 
than unity, the true minimum is unity. By proper phasing of the various 
discontinuities, any value of resultant VSWR between the minimum and 
maximum values indicated is attainable. 

TRANSMISSION LINES AS GUIDES FOR ELECTROMAGNETIC WAVES 
2-7. The Guided-wave Concept—Unfortunately, the conventional 

transmission-line theory outlined above is limited in its application to 
lines with two or more conductors, such as coaxial or parallel-wire lines. 
Even these simple lines may propagate waves in which the distribution 

E 
H 

Out of paper • 

Into paper ° 

A portion of the jry-plane A portion of the yz-plane 
FIG. 213 . —Fields in a plane wave in free space. 

of currents and electric fields is more complicated than the assumptions 
of the conventional theory permit. To study these so-called "higher 
modes," a more comprehensive approach must be made. This is 
afforded by the application of electromagnetic theory to the problem. 
Whereas the conventional theory chiefly considers currents and voltages, 
the electromagnetic theory is primarily concerned with the electric and 
magnetic fields associated with these currents and voltages. The con
cept of the propagation of energy through space in the form of an electro
magnetic wave is one which is familiar in connection with radio and light 
waves. The electric and magnetic fields for a portion of an infinitely 
large wavefront are shown in Fig. 2-13. The wave is being propagated 
(vector P) in the positive 2-direction, toward the reader; in Fig. 2T3 a 
small portion of the ?/2-plane is shown. The wave is being propagated 
to the right and the distance A0, between points of identical phase, is 

(a) 

p I 

w 
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indicated. T h e only electric field present is Ey, and the only magne t i c 
field is H x. Bo th are uniform over t he xy-plane, and va ry , with t ime and 
2-coordinate, as e'"'-^z. Fo r free space, a is 0, so 7 = j/3 = j2ir/\e. T h e 
velocity of p ropaga t ion is identical wi th the phase velocity, 

c - 1 / v W o = 2.9977G X 10 s m / s e c . 

There is a un ique relation be tween E and H in such a p lane wave. 

E = V M O A O H ; 

the q u a n t i t y \ /M(I/eo is called the " w a v e impedance of free s p a c e " a n d 
has the va lue 37(5.7 ohms. 

A t ransmiss ion line m a y be regarded as a guide which confines t he 
electromagnetic energy to the dielectric med ium t h a t comprises p a r t of 
the line, t he reby pe rmi t t ing its p ropaga t ion wi th relat ively high efficiency 
along the line. In a coaxial line, for example , the electric and magnet ic 
fields are confined to the space be tween the outer and inner cyl inders . 
At the b o u n d a r y between dielectric med ium a n d metal l ic conductor , a 
sharp d iscont inui ty in electrical proper t ies occurs. T h e high conduct iv
ity of t he meta l wall gives rise to b o u n d a r y condi t ions which impose cer
ta in restr ict ions on the form of t he electric and magnet ic fields which m a y 
exist within t h e dielectric. A conseciuence of t he good conduc t iv i ty 
of the metall ic walls is t h i s : electrical cur ren ts are induced in t he walls by 
the magnet ic fields, t h u s providing a connect ing link be tween the con
ventional v iewpoint and the e lec t romagnet ic -wave approach . For 
simple t ransmission lines, the vol tage be tween conductors is s imply t h e 
integral of the electric field; this provides ano the r connect ing link. 

The e lec t romagnet ic-wave concept is based on the fundamen ta l set of 
equat ions known as Maxwel l ' s Equa t i ons . These equa t ions d raw on 
experimental and theoret ica l con t r ibu t ions of Gauss , Ampere , and 
Fa raday as well as on those of Maxwell , who incorpora ted their var ious 
theories in to one comprehensive e lec t romagnet ic theory . These equa
tions m a y be expressed in compac t vector form as 

div D = p, (110a) 
div B = 0, (1106) 

curl H = J + ^?> (110c) 
at 

curl E = - ^ , (110c?) 
at 

where 
D = eE, ( I l i a ) 

and 
B = M H, (1116) 
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are the electric and magnetic inductions. The conduction current den
sity J is related to the electric field by Ohm's law, 

J = CTE. (112) 

These equations are given here chiefly for reference. It is beyond the 
scope of this volume to carry through a detailed development of trans
mission-line problems based on these equations. Rather, the general 
procedure for such a development will be outlined briefly and the results 
for specific types of waveguide written.1 

Let us consider a waveguide which is formed by one or more metallic 
conductors of unspecified cross-sectional form, but which has a uniform 
cross section throughout its length. The most common types of wave
guide are coaxial cylinders, parallel wires, hollow tubes of rectangular 

cross section, and hollow tubes of 
circular cross section. The present 
discussion applies to any one of 
these as well as to other less com
mon shapes. For the sake of con-
creteness, let us think of t h e 
discussion as applying to the rec
tangular waveguide of Fig. 2-14, 
although the discussion itself will 
be kept perfectly general. It is 
customary to simplify the problem 

by considering first the case of an ideal waveguide with perfectly 
conducting walls. This consideration immediately imposes the bounda
ry condition that the tangential component of the electric field must 
vanish on all conducting surfaces. The compact vector equations, 
Eqs. (110b) and (110d), are then expanded into expressions involving 
field components. This expansion is written in that system of coordi
nates in which the boundary conditions are most easily expressed. Thus, 
for rectangular waveguide the expansion is written in rectangular 
coordinates, while for cylindrical waveguide and for coaxial cylinders the 
cylindrical coordinate system is used. These equations are simplified by 
assuming all the fields to vary sinusoidally in time and to be propagated 
in the axial coordinate direction with a propagation constant y; that is, 

•//»;;//,//////> 

F I G . 2-14. -Hectangular-wavcguidc coordi
nates. 

H = H V " ' - T 2 (113) 

The problem, then, becomes one of finding expressions for the variation of 
1 The same notat ion and equat ions to be found in Principles of Microwave Circuits, 

Vol. 8 of the Radiat ion Laborator ies Series, will be used. The reader is referred to 
this volume for an excellent t r ea tmen t of the subject. 
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t.f. 
•T -s ON , 

jgja) 

ra»i 
6 

the field components in the other two coordinates consistent with the 
field equations and satisfying the boundary conditions. Simple field 
distributions which meet these requirements in three common waveguide 
types are sketched in Fig. 2-15. The mode designations will be explained 
below. 

To recapitulate, the dependence on time and on the axial coordinate 
is assumed to be given by Eq. (113). If equations for the cross-sectional 
dependence of the fields can be 
found which satisfy the field equa
tions, Eqs. (110c) and (llOd), and 
which require no tangential elec
tric field on the metallic walls, a 
solution of the waveguide prob
lem will have b e e n f o u n d . 
Although one might fear that no 
such solution can be found by 
this method, it actually turns 
out that an infinite number of 
solutions results. This a r i s e s 
from the fact that there are more 
variables and parameters than 
connecting equations. As a mat
ter of fact, the usual practice is 
to choose one field component 
(usually Ez or Hz) equal to zero 
and solve for the remaining field 
components. Even when this is 
done, an infinite set of solutions 
exists which satisfies the connect
ing equations and the boundary 
conditions. 

If Ez = 0, then the vector E 
clearly lies in the plane transverse 
to the propagational axis z. The resulting set of solutions, commonly 
termed "modes," are designated as transverse electric or TE-modes. If 
Hi = 0, the resulting solutions are termed transverse magnetic, or TM-
modes. In some special cases (for example, coaxial line or two-wire line 
operating in the simplest manner) both Ez and H, are zero, and the solution 
is termed transverse electromagnetic, or TEM-mo&e. I t is only to these 
simple cases that the conventional transmission-line theory applies. 

In these simple cases, there is no lower limit on the frequencies that 
may be propagated along the line; nor is the phase velocity dependent on 
the frequency. That is, such a line is nondispersive, and the group and 

F I G . 2-15.—Fields in waveguides. The 
modes are (a) TBM in coaxial line, (fc) TEw 
in rectangular tube, (c) TEu in round tube. 
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signal velocities are identical with the phase velocity. In the general 
case for a given waveguide, each separate mode of the TE- or 7'j1/-series 
is characterized by a frequency below which propagation does not occur. 
This is called the "cutoff frequency" for the particular mode, and the 
associated free-space wavelength is called the "cutoff wavelength." 
At the cutoff frequency the phase velocity for that mode is infinite and 
drops rapidly as the frequency is increased. Consequently, such modes 
are dispersive, and the group and signal velocities are not equal to the 
phase velocity. Similarly, the guide wavelength, the distance between 
equiphase points in the waveguide, is infinite at the cutoff frequency and 
drops rapidly as the frequency is increased. 

2-8. Transmission Characteristics of a Simple Parallel-plate Wave
guide.—In order to visualize better the physical situation that exists in 
a waveguide transmitting an electromagnetic wave, it may be found 

H 

(«) 

y-b ■ ' '',' "/ "V V V Y T"^ 

Out of paper 
Into paper 
Current in )-
conductors) 

F I G . 216.-
i t 

HTT r •'' i fff i 

-Portion of a plane wave confined between infinite conducting planes. 

helpful to consider in some detail the fields in a simple waveguide. 
Although a purely mathematical development based on Maxwell's equa
tions gives expressions for all the field components and enables one to 
map the fields, an aid to physical understanding is afforded by a con
sideration of the problem from the standpoint of plane waves. 

Lossless Waveguide.—The type of waveguide easiest to visualize is 
that composed of two parallel planes, Fig. 2-16, infinite in extent and hav
ing perfect conductivity. The electric field has only a ^-component; 
hence the boundary condition requiring zero electric field tangential to 
the conductor planes is satisfied. The magnetic field, being tangential 
to the conducting planes, induces currents on them as indicated. The 
direction of propagation of the energy is given by the right-hand-screw 
rule: it is the direction of advance of such a screw when turning the vec
tor E into the vector H, the axis of the screw being perpendicular to the 
plane containing E and H. The wave of Fig. 2-16 is being propagated 
in the positive z-direction, as indicated by the vector P. The direction 
of propagation, as well as the instantaneous rate of transfer of electro-
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magnetic energy across unit area in this direction, is given by the Poynt-
ing vector, 

S = E X H, 

E and H being instantaneous values at the point considered. The time 
average of S, taken over a cycle, gives the average power per unit area 
flowing through an infinitesimal element of surface chosen perpendicular 

■ to the vector S. If we have, at a certain point, only the fields Ey and Hx, 
where the symbols stand for the amplitude of fields varying sinusoidally 
with time, the average power per unit area will be 

p, = iEyHx. (114) 

The factor £ arises, of course, from the averaging process. If we consider 
a width o, in the x dimension of Fig. 2-16, the power transferred is the 
product of power per unit area pz and the area ab; 

P = iEyHxab. (115) 

Since the amplitude of the current for unit width of either conducting 
plane is equal to the amplitude of the magnetic field, 

11 = Hx', 

therefore the total current in width a is 

/ = aHx, (116) 

and the amplitude of the voltage between planes is 

V = bEy. (117) 

Substituting Eqs. (116) and (117) in Eq. (115), we obtain 

P = hVI, (118) 

which is in agreement with the result obtained by ordinary low-fre
quency or conventional transmission-line theory. The equivalent 
characteristic impedance for a section of width a is 

7 - v -bE» m ^ 
z°-7-air; (119) 

By suitable mathematical manipulation of Maxwell's equations, it can 
be shown that for a plane wave in a medium whose magnetic permea
bility is MI, and whose dielectric constant is «i, the ratio between electric 
and magnetic fields is the wave impedance, 
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The relation between the fields in our simple waveguide is not altered 
if we change the plane separation b. If we increase b indefinitely, we 
obtain in the limit an infinite plane wave. Therefore, these fields have 
the same form as those of a plane wave, and Eq. (120) is applicable to the 
simple waveguide. Equation (119) may then be written 

Z. = \zw. (121) 

Similarly, the phase velocity for a plane wave, propagated in a medium 
whose characteristic constants are HI and ei, may be shown,' by use of 
Maxwell's equations, to be 

1 C (122) 

The intrinsic wavelength in the medium is 

X, = ^ = — L = = -£==■ (123) 

These same relations apply to the simple waveguide that we are dis
cussing. Since the conduction planes are assumed to be perfectly con
ducting, no conductor loss is present. Similarly, the dielectric medium is 
assumed to be ideal; therefore there is no dielectric loss. Hence, for the 
simple case we have been considering, the transmission characteristics are 

fc \ (124) 

Zt = — Lw. a 

Waveguide with Losses.—If the dielectric is not ideal but possesses an 
effective conductivity <ju the power dissipated per unit volume is T-EJO-I; 
and the power lost per unit length for a section of waveguide of width a is 

Pi = aHEfri. (125) 

I t is true here, as it is in general, that the power lost per unit length Pi 
must correspond to the decrease per unit length of the power P being 
transmitted. Since P = P0e~"", we have 

Pi = - ^ = - x p °e-2"* = 2aP. dz dz 
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Therefore, we obtain the general relation 

« = §■ (126) 

The value of P in this case is found, using Eqs. (115) and (120), to be 

P = \ahEl^f; (127) 

Substituting in Eq. (120) we obtain the dielectric loss factor, 

„ , = j-afrfffri. = ci £ i . ( 1 2 8) 

ah/? VMI 
Although this relation was derived for a certain size of guide, it is clear 
that it holds for any size. Since, in Eq. (126), both Pi and P are directly 
proportional to the cross-sectional area, their ratio is independent of the 
guide dimensions. Conventional transmission-line theory, Eq. (57), 
gives 

CU = — - , - ( 2 ' 5 7 ) 

The conductance G, per unit length of a waveguide strip of width a, is 

G = ~ (129) 

The equivalent characteristic admittance F„ plays the part of Y'0 in the 
previous section. For such a strip Y', is the reciprocal of Zr; 

¥. = ± = -V- (130) 

Hence, we obtain the dielectric loss by substituting in Eq. (57), 

" - x K&-1& ( ' 3 " 
Again, the conventional transmission-line theory agrees with electro
magnetic-wave theory. 

To obtain an accurate expression for the conductor loss, one would 
have to solve the electromagnetic field equations, taking into account the 
finite conductivity <r2 and the constants >J2 and e2, characteristic of the 
conductor material. This would lead to nonvanishing tangential com
ponents of E on conductor surfaces, which may be thought of as arising 
from an ohmic relation between the currents induced in the conductor by 
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the magnetic field and the finite resistivity of the conductor. For any 
ordinary metallic conductor, and for frequencies up to those approaching 
the optical region, this tangential field is very much smaller than the 
normal component of electric field; hence, the following approximate 
method of obtaining the attenuation is good. The relation between the 
complex magnetic field H'x and the complex tangential electric field E'z, 
at the surface of the conductor, is found to be the so-called "surface 
impedance"; 

Zs = Rs+ jX, 

The factor (1 + j) indicates that the fields E'z and H'x are 45° out of phase 
in time. As a matter of fact, this impedance is merely the intrinsic 
impedance, the ratio of E' to H', for plane-wave propagation in a metal. 
The power flowing into a unit area of each conductor to supply the con
ductor loss is given by the time average of the y component of the 
Poynting vector. Taking H'x as a reference, E'2 has a component 

Ez\ = R,HX = .. / Hx, 

in phase with H'x, and an equal component out of phase. The time 
average of the Poynting vector is the same as the time average of the 
product of these in-phase fields; thus, 

P* = \^Hl (133) 

This relation gives the power dissipated per unit area of each conductor in 
terms of the amplitude of the magnetic field IIx. It is assumed that Hx is, 
to a good approximation, the same as that given by the simple theory in 
which the conductors are assumed to be perfectly conducting. As pre
viously noted, this assumption is good for ordinary metals at radio fre
quencies. The total loss in both conductors per unit length of a strip of 
waveguide of width a is 

P> = 2aP2 = a ^ f HI (134) 

The power transmitted is, using Eqs. (115) and (120), 

(132) 

P = \abEyHx = \abJ^-Hl (135) 
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Substitution of these expressions in Eq. (126) gives the conductor loss 
factor 

ac = 

Wvnz 
er2 

•!?<»' ab 

u * - ^ - (136) 

It might seem odd that the strip width a does not appear in this expres
sion. This is easily understood, however, when it is recalled that both 
power transmitted and power lost are directly proportional to a; hence 
the attenuation, their ratio, is independent of a. As an interesting 
application of this result, let us see what thickness of conducting plane, 
carrying the same total current uniformly distributed, would give the 
same loss. Since the current per unit width is equal to H„ the loss per 
unit area in a sheet of thickness d, which has a conductivity az, is 

P> = \PR = \ H l ^ (137) 

Equating Eqs. (133) and (137) gives 

\ ^ H l m 
so that 

d = —^ (138) 
V 7reMzC2 

It will be noticed that this expression for d is precisely that given by Eq. 
(78) as the "skin depth" or "depth of penetration," denoted by S. The 
magnetic field 11,, electric field Ez, and associated current density Jz all 
decrease in amplitude as one passes from the surface y = b into the metal 
of the top plate. Each of the three expressions contains the factor 
e-(»-6)/8j g 0 $ may be interpreted as the distance into the metal required 
for fields and current density to decrease to 1/e of their values on the sur
face of the metal. 

In this waveguide with losses, the phase constant /3, the characteristic 
impedance Ze, and the wave impedance Zw are all practically the same as 
those for the lossless waveguide already discussed. Small correction 
terms such as those developed in the latter part of Sec. 2-4 would apply 
here as well. The attenuation factor for this simple parallel-plate wave
guide is, for a strip of width a, 

a = ac + cti, 
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where 

Clc -u-
<*d = 7T 

(72Ml (139) 

2-9. Rectangular Waveguide, TEi0-mode.—Although the simple 
parallel-plate waveguide just discussed is easy to analyze, it is not a 
practical type of waveguide. By a fairly simple extension of the plane-
wave approach, the Ti^o-mode in a rectangular waveguide may be 
visualized. Let us take the parallel-plane waveguide of Fig. 2-16 and 

Equiphase 
lines 

(a) Special waveguide (6) Plane y=b/2, showing incident wave 

(c) Plane j=6 /2 , showing incident and reflected waves 

(d) Plane x-a/2, showing resultant fields 
Legend for equiphase lines 

/—•—E y , max + value — • — \ 
Incident]—o— Ey, max-value -—°-— [ reflected 

1 Ey'O 1 
F I G . 2-17.—Development of T^io-mode. 

add a conducting wall in the (x = 0)-plane as shown in Fig. 2-17. Let a 
plane wave of the type discussed in Sec. 2-8 approach the plane x = 0 
as shown in Fig. 2-17. The intrinsic wavelength in the medium, as given 
in Eq. (123), is indicated. The direction of propagation Pi makes an 
angle 6 with the z-axis, the normal to the (x = 0)-plane. When this 
incident wave strikes the (x = 0)-plane, it will be reflected in the direc-
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tion Pr in such a way as to satisfy the boundary condition Ey = 0 on the 
conducting (x = 0)-plane. The resulting interference pattern is indi
cated in Fig. 2-17. It will be noted that each positive equiphase line of 
the incident wave intersects a negative equiphase line (its own reflection) 
at the conducting plane x = 0. Similarly, the amplitude of the field Ey 
at each point along the conducting plane x = 0 may be shown to be 
zero, as required. A similar situation exists on the (x = a)-plane, where 
each positive equiphase line intersects a negative equiphase line of the 
reflected wave (not its own reflection, but that of the positive equiphase 
line which preceded it by one wavelength). Similarly, at each point of 
the (x = o)-plane the field E„ is zero. If we should place a conducting 
sheet in the (x = a)-plane, there would be no tangential electric field 
there, and therefore it would not disturb the electric field pattern. We 
could then consider the reflected wave Pr as being incident on this con
ductor and as being reflected from it as the wave l"r of Fig. 2-18. This 

I ' IG. 2-18.—Successive reflections. 

wave is in turn reflected in the (x = 0)-plane as P'r', and so on down the 
waveguide in the z direction. The resulting waveguide is shown in Fig. 
2-19. 

We are now ready for some more quantitative discussions of the 
propagation characteristics. Figure 2-20 represents a section of the 
waveguide just developed, with a minimum number of phase lines drawn 
in and some pertinent dimensions indicated. Some simple trigonometric 
relations enable us to write 

'ivision of Eq. (141) by 

cos e = X l / 2 

a 

a/2 

Eq. 

\ 
X, 

X, 
2a 

2a 

(140) gives 
cot 8 
cos 8 

1 
sin 6 

(140) 

(141) 

(142) 

Using Eq. (140), sin 8 may be expressed 

sin e = V T - cos2 8 = J l - Q i J ; (143) 
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substituting in Eq. (142), we obtain the desired relation 

* i 

V-feJ 

[SEC. 2-9 

(144) 

Since the cosine function never exceeds unity, Eq. (140) cannot be 
satisfied if Xi is greater than 2a; but it can be satisfied for any Xi smaller 

(a) Fields in aperture 

((>) Side view X 

^ / - y /■ ■/■ 7 

\ , 

= a /2 

Y 

Z 

. - / / / / / A / / / ; / / / 

' ' 1 ' ' ' 
///////,/,.>/;; 

^ / / / / < / ' / ; / . ■ > / / / / / / / ; / - , 

(c) Top view at Y = b/2 

(d) Current in walls 

F I G . 2-19.—Fields and currents in rectangular waveguide, T-Eio-mode. 

than 2a. Similarly, the guide wavelength must equal or exceed Xi, the 
intrinsic wavelength in the medium, in order to satisfy Eq. (142). Both 
of these conclusions are indicated also by Eq. (144), since if Xr exceeds 
2a, Xs become imaginary; and if Xi is less than 2a, \ equals or exceeds Xi. 
The "crit ical" or "cutoff" wavelength is the free-space wavelength X0 
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associated with Xi = 2a. Using Eq. (123), Xi = "Ko/^Kkn,, we may 
write 

\c = 2a V~Q^r (145) 

This is the longest wavelength that will propagate down this waveguide 
in this mode. The corresponding frequency, 

vc = — = X„ 2a yjke k m 
(146) 

is the cutoff frequency which is approached as the angle 9 approaches 
zero; that is, the wave bounces back and forth across the guide, making 

— - y ^ r 

F I G . 2-20.—Relations in 7\Eio-mode. 

little progress along it. In the limit, at cutoff, the wave bounces back 
and forth across the guide at perpendicular incidence to the walls. 

Applying Eq. (145), we may write Eq. (144) as 

\o/s/kekmi (147) 

Although this result was derived for a special waveguide and mode, it 
is characteristic of all types of waveguide and of all modes. For each 
case, there is a cutoff wavelength Xc which is the longest free-space 
wavelength that may be propagated. The expression for this cutoff 
wavelength, in terms of the dimensions and materials of the waveguide 
being considered, may be obtained for any desired mode by setting up 
and solving the appropriate field equations. The value thus obtained 
may then be used in Eq. (147) to obtain the guide wavelength. 

We now turn our attention to the constants a, (3, and Z0. The phase 
constant is 
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The phase velocity, vp — oi//S, is 

•' = >Xr^nj - er-r* (149) 

Since the phase velocity depends on the frequency, the guide is dispersive, 
and the signal and group velocities are not equal to vp. The attenuation 
constant a may be calculated in the same way as that of the parallel-
plate waveguide of Sec. 2-7, but to do so the magnetic fields should be 
known. In the simple plane-wave treatment of the TEio-w&ve the 
magnetic fields have not been considered, and it does not seem profitable 
to do so since a complicated analysis would be necessary. Both magnetic 
and electric fields are indicated in Fig. 2-15; expressions for them may 
be found elsewhere.1 When the calculations are made, the resulting 
dielectric attenuation factor is 

1 /MI <Xl / l l i 1 

OCd r-m 
= « ^ > (150) 

where the prime denotes the corresponding attenuation factor of the 
parallel-plate waveguide, Eq. (139). Similarly, the conductor attenua
tion is 

2 ^ / X i Y 
o \2aJ_ 

■[-?(£)■]■ 
The last term in the bracket is associated with the losses in the side 

walls at x = 0 and at x = a, and the first one is associated with losses 
on the walls at y = 0 and y = b. Both attenuation factors contain the 
factor XJ/XJ, which becomes infinite at the cutoff wavelength; this seems 
reasonable because near cutoff the wave bounces back and forth across 
the guide, suffering attenuation with each crossing but making little 
progress down the guide. When operating far from cutoff, on the other 
hand, Xj/Xi approaches unity and X ^ a approaches zero, so that both 
attenuations approach the values for the simple parallel-plate waveguide; 
this also seems quite reasonable, since by our reflected-wave concept the 

'See Waveguide Handbook, Vol. 10, Radiation Laboratory Series. 

file:///2aJ_
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wave is now essentially a plane wave traveling parallel to the walls 
of the guide. 

Since « and /3 have been discussed, the consideration of characteristic 
impedance may now be studied. For the parallel-plate waveguide there 
was no difficulty in defining the potential difference V between the two 
plates. In the present instance, however, there is only one conductor; 
hence, this definition of V becomes meaningless. Similarly in the 
previous discussion, the current / flowing in unit width of each plate 
of the waveguide was calculated. Now, there are no separate conductors 
carrying current; moreover, some currents flow transverse to the direction 
of propagation, as indicated in Fig. 219. These transverse currents, 
however, are not associated with the magnetic field component Hx which 
enters into the Poynting-vector expression for power propagated in the z 
direction. The top and bottom walls of the waveguide of Fig. 2-19 may 
be considered as forming a sort of parallel-strip transmission line and 
carrying currents in opposite directions. Let us calculate the total 
longitudinal current in the lower strip, in the (y = 0)-plane, and its 
negative in the top strip. This gives for the total longitudinal current, 

J, = -atfx . (152) 
IT 

Here Hx, the amplitude of the magnetic field, is equal to the current per 
unit width at the center, and the factor 2/ir arises from averaging the 
sinusoidally varying magnetic field across the width a. The definition 
of a reasonable voltage between top and bottom walls is a still more 
difficult matter. The voltage is zero at the side walls, at x — 0 and at 
x = a, and has the amplitude bEy at the center. Some sort of averaging 
appears to be in order. Let us choose, if possible, an averaging factor 
so that an effective voltage Ve results which is defined by the equation 

P = iVelt. (153) 
When the Poynting vector is integrated over the cross section and 
averaged in time, the power is found to be 

P = ~ EyHx. (154) 

Equating Eqs. (153) and (154), and using Eq. (152), we obtain 
T, abEyHx 

= \bEt. (155) 

The effective voltage so defined is lower than the integrated voltage 
across the center of the waveguide by the factor 7r/4. However, this 
factor is somewhat higher than the factor 2/ir which would be obtained '',-'• 

E. G. & G. LIBRARY 
LAS VEGAS BRANCH 
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by a simple averaging across the a dimension. This seems reasonable, 
since the longitudinal current associated with the voltage is strongest 
at the center; and, consequently, the higher voltages at the center should 
be given greater weight in the averaging process than the lower voltages 
nearer the side walls. 

In the procedure outlined above the transverse currents were ignored 
and the total longitudinal current flowing in the top and bottom walls was 
calculated. Then an effective voltage was defined as that voltage which, 
when used in conjunction with the longitudinal current just calculated, 
would give the power being transmitted. There can be no doubt that 
the current and voltage so defined are appropriate for the purpose of 
calculating power transmission. They are not the only definitions which 
could be used, of course. One might begin by choosing the maximum 
voltage bEv to be the voltage V, though this does not seem particularly 
logical. An effective current could then be defined in svich a way that 
it could be used to calculate transmitted power. Although this com
bination of V and I would give the proper value for power, it does not 
seem nearly so logical as the method which was originally used. In 
fact, the original method seems so plausible that one is tempted to use 
the current and voltage so defined to calculate an effective characteristic 
impedance; 

/ _ T« _ ^ E« n , ^ 
li 8 a Ilx

 v ' 

In attempting to define any such equivalent characteristic impedance 
one enters into a very controversial subject. There can be no denying 
that this is the proper definition on the basis of power transmission and 
total longitudinal current, for that is the basis on which it was derived. 
Thus it is certainly true that 

P = iF,Zc. (157) 

It is when one begins to extend an impedance defined on a certain basis 
to other uses that trouble and controversy arise. A number of different 
definitions, each useful for certain purposes, have been proposed. Three 
of these, based on the maximum voltage V, total longitudinal current 7, 
and power P, arc given by Schelkunoff;' 

Zv. 
V = wlrE„ 
I ~ 2 a l L 

„ _ 2P _ 7T- bE„ 
^■•' ~T--~S air; 

1 S. A. Schrlkunoff, Eltctromat/nitic ll'nm-.s, Van Xosl i;unl, New York, 1943, Chap. 
n. 319. 
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The last of these is the one which we obtained above. It will be noted 
that all these impedances involve the dimensions of the waveguide in 
the same way and differ only by numerical constants. They are all 
proportional to the wave impedance Zw = Ey/Hx, which may be shown 
to be 

Z - = # ! = A ^ , J-7-^V (159) 

"• v"V-0i)' 
Slater1 proposes the evaluation of the numerical factor of Eq. (158) by 
requiring that, as a approaches infinity, the expression be asymptotic to 
that for a parallel-plane waveguide, Eq. (119). 

In any case, there is little need for an actual numerical value in ohms 
which may be quoted as the characteristic impedance of a waveguide. 
In most cases what is really important is the impedance, on whatever 
basis one wishes to conceive it, at a given position z along a waveguide 
relative to the characteristic impedance, on the same basis, of the wave
guide. This relative impedance will be independent of whether one (a) 
thinks of impedance as maximum voltage over total longitudinal current 
and uses Zv,i, or (b) thinks of impedance as our effective voltage V, 
divided by the total longitudinal current and uses Ze. 

Perhaps the most satisfactory procedure of all, from the point of view 
of valid concepts, is to consider impedance as the ratio of transverse E to 
transverse H and use the wave impedance Z„. This concept gives 
exactly the same relative impedance as those involving currents and 
voltages, since the maximum voltage and total longitudinal current are 
directly proportional to the maximum transverse electric and magnetic 
fields, respectively. 

It is only when one wishes to predict what will happen, when two 
different waveguides are joined, that the way in which the dimensions 
enter into an expression for characteristic impedance must be considered. 
Even in this case, the numerical constant involved need not be specified, 
since it will cancel out when the expression for the impedance of one 
waveguide relative to the other is written. Thus, let us join two wave
guides whose dimensions are, respectively, <Zi, b\, and o2, fc2. Assume the 
dielectrics filling them to have constants MI, *I, and /J2, (■>, and intrinsic 
wavelengths Xi and X2. By any of the relations given above, the imped
ance ratio will be 

z2 
(160) 

1 J. C. Slater, Microwave Transmission, 1st ed., McGraw-Hill, Now York, 1942, 
'"hap. 4, p. 185. 
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The assumption that the reflection from the junction will behave in the 
manner implied by Eq. (160) is unjustified. All the equivalent character
istic impedances are defined on the basis of a single uniform waveguide, and 
there is no reason to expect them to be particularly significant in predict
ing what will happen when two different waveguides are joined. In order 
to solve this problem theoretically, one must treat it as a boundary-value 
problem in electromagnetic theory. After laborious calculation, one 
finds1 that, for small changes in dimensions, Eq. (160) does indeed repre
sent the situation rather accurately. For small changes in a and b, the 
reflections introduced are those which would be expected to result from 
the joining of two ideal transmission lines whose relative impedance is 
given by this equation. For large changes in dimensions, the real part 
of the impedance mismatch at the junction is still given by Eq. (160); 
but, in addition, a shunt susceptance appears in the equivalent circuit. 
This introduction of a shunt susceptance at a step discontinuity in 
a transmission line is characteristic of the behavior of sudden 
discontinuities. 

2-10. Characteristics of Some Common Waveguides.—The three 
types of waveguide most commonly used in microwave transmission are: 
(1) coaxial lines, (2) round tubing, and (3) rectangular tubing. The elec
tric and magnetic field distributions in the "lowest mode" that may be 
propagated in each type are indicated in Columns 1, 2, and 4 of Fig. 2-21. 
By "lowest mode" is meant the field pattern characterized by the lowest 
cutoff frequency (or longest cutoff wavelength). A coaxial line may 
propagate any frequency, including, of course, zero frequency, but the 
other two types of waveguide have a definite lower limit of frequency (or 
upper limit of wavelength), as indicated in Columns 2 and 4. 

Round waveguide is seldom used as a transmission line because of 
difficulties arising from the fact that there is no unique direction of 
polarization of the fields. That is to say, the field pattern of Column 2 of 
Fig. 2-21 may be rotated through any angle about the axis of the tube. 
Imperfections in the tubing and bends required in installing it tend to 
■introduce other components of polarization which then get out of phase, 
resulting in elliptical polarization of the waves. 

As a matter of fact, the second or 2'Moi-mode, Column 3 of Fig. 2-21, 
in round waveguide is more frequently used than the lowest mode. The 
fields in the TWoi-mode possess symmetry about the axis of the tube; 
this mode is suitable for rotary joints (see Sees. 6-20 and 7-4), and is 
frequently used in this way. 

In Fig. 2-22 the next higher modes are presented. The cutoff wave
length given for the coaxial-line mode is only approximate, but it is,a very 
good approximation for lines whose diameter ratio b 'a is low. For a 

1 See Wnvrflitirfr Handbook, Vol. 10, Radia t ion Labora to ry Series. 
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diameter ratio of 2.3 (50-ohm air-filled line) the approximation gives a 
result which is 3.2 per cent above the correct cutoff wavelength. 

The Ti^o-mode given for rectangular waveguide is the second mode if 
& < a/2, but if 6 > a/2 the second mode is the TE0i-mode. The TEal-
mode may be considered to be the !T£io-mode polarized at 90° to that 
shown in Fig. 2-21, and the cutoff wavelength is merely 2b. Rectangular 
waveguides are commonly chosen with the dimensions a = 2b; conse
quently both TEnr and T.E<n-modes have half the cutoff wavelength of the 
2\E10-mode. This choice permits propagation of the TZ?io-mode alone 
between X = 2a and X = a. This twofold factor is to be compared with 
the factor 1.31 within which the Ti?ii-mode in round waveguide has 
exclusive rights and with the infinite factor (though limited wavelength 
range) for which the TEM-raode in coaxial line holds exclusive rights. 

The first two diagrams1 of Fig. 2-23 illustrate waveguides that are. 
essentially compact versions of the basic TE io-mode of rectangular 

FIG. 2-23.—Miscellaneous types of waveguides. 

waveguide. The third2 may be thought of as a TEllrmode in rectangular 
waveguide with capacity loading introduced by the ridge. The approxi
mate cutoff wavelength given in the figure is taken from Ramo and 
Whinnery. 

The mode shown in the elliptical pipe is the lowest mode, termed by 
Chu3 the eH i wave. It corresponds to the TEn-mode in round waveguide 
and to the Ti?io-mode in rectangular waveguide. The next higher mode 
in elliptical pipe will, in general, be the „Hi wave, which is like the mode 

1 W. L. Barrow and H. Schaevitz, "Hollow Pipes of Relatively Small Dimensions," 
Trans. A.I.E.E., 60, (Mar. 22, 1943). 

2 S. B. Cohn, "Properties of Ridge Waveguide," RRL Report No. 411-211, Aug. 
1945; S. Ramo and J. R. Whinnery, Fields and Waves in Modern Radio, Wiley, 1944, 
p. 364. 

3 L. .1. Chu, "Electromagnetic Waves in Hollow Elliptic Pipes of Metal," J 
Applied Phys., IX, No. 9 (Sept. 1938). 
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shown but polarized at 90° from that shown. I t has a higher cutoff 
frequency (shorter Xc) and may thus be eliminated in a certain wavelength 
interval, leaving the mode shown in complete possession. In this respect 
it partakes of the advantage of the rectangular waveguide, still retaining 
some of the advantages of round waveguide. 

The attenuation formulas of Fig. 2-21 give only the attenuation caused 
by the finite conductivity of the walls of an air-filled copper waveguide. 
The attenuation due to the walls will be altered if a wall of different con
ductivity is used or if a dielectric whose properties differ from that of air is 
used. If we let the characteristics of copper be denoted by subscript c, 
and those of an alternative material by subscript 2, the attenuation of an 
air-filled waveguide of the new material may be found by multiplying 
the formulas by the factor 

"2 = J^- (161) 

If a waveguide be filled with a dielectric whose relative inductive capacity 
is k,, the cutoff wavelength is increased by the factor 

- X ^ = Vfc,- (1B2) 
Xr(air) > 

At the same time, the attenuation and guide wavelengths are altered.1 

Two quantities which are frequently of interest but which have been 
omitted from the figures are: (a) specific wave impedance, and (b) loss in 
the dielectric. These have been omitted because it is possible to give 
them in terms which are generally applicable to all waveguides. 

The specific wave impedance is defined as the ratio of transverse 
components of electric and magnetic fields, 

Zw = f-T- (163) 
IS T 

This ratio is constant over the guide cross section for any waveguide 
mode. For air-filled waveguides transmitting TZ?M-modes, it is simply 
the so-called "impedance of free space," 

ZTEM = fo = JM-° » 377 ohms. (164) 

For all modes the wave impedance approaches this value for wavelengths 
much shorter than the cutoff wavelength of the mode. Usually it 
differs from this value by a factor depending on the ratio Xo/X„. For all 

'See, for instance, R. I. Sarbacher and W. A. Edson, Hyper and Ultra-high Fre
quency Engineering, 1st ed., Wiley, New York, 1943, Chapters 6 and 7. 
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TE- and TM-modes the wave impedance for air-filled guides is given 
respectively by 

ZTE = To , y = f o ^ , (165) 

(167) 

(168) 

z«-f.>/>-fe)' = f.fe> (>«) 
If the waveguide is filled with a dielectric characterized by MI and «i, these 
relations become 

ITEM = fI = * / ^ = 377 ^ ^ - ' ohms, 

z'" - W1 - ($'- *■# < 1 < s 9 > 
where fi is the intrinsic impedance of the medium, Xi is the intrinsic 
wavelength in the medium, and X„ is the actual guide wavelength in the 
dielectric-filled waveguide. 

The dielectric attenuation constant for T^M-modes is independent 
of the dimensions or form of the waveguide, and it has been shown1 to be 

<r\ /Ml _ frifi M 7 m 

A more useful form is derived from Eq. (98), 

<*! = 27.3 ^ "' "' tan 5 db/m. (171) 
A 

For both TE- and TM-modes the dielectric attenuation factors are 
increased to 

at = a i rtr# (172) 

TRANSMISSION-LINE CHARTS AND IMPEDANCE-MATCHING 
The way in which voltage and current vary along a transmission line 

has been discussed in Sees. 2 1 and 2-2. In later sections it has been 
1 See Eq. (84) for coaxial line, and Eq. (131) for parallel-plate waveguide. 
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shown that the electric and magnetic fields in waveguides vary in a similar 
way and may be described in terms of analogous line constants a, 0, and 
Zo or Zw. In Sec. 2-3 the concept of impedance was introduced, the 
complex impedance at any position along the line being defined as the 
ratio of the complex voltage at that position to the complex current there. 
An analogous quantity for waveguides was later seen to be the ratio of 
complex electric field to complex magnetic field. The concepts of reflec
tion coefficient and standing waves also were introduced in Sec. 2-3, and 
later these were extended to waveguides. A clear understanding of these 
concepts and of the way in which the various quantities vary along the 
line or guide is a valuable aid in the design of microwave transmission 
circuits and in the understanding of their behavior. The equations 
developed in Sec. 2-3 enable one to calculate the relations between these 
quantities and the way they vary along the line. A clearer insight into 
the meaning of these relationships is afforded, and a valuable aid in the 
rapid solution of practical problems is gained by the graphical representa
tions of the equations which will be presented in the following sections. 

2-11. Reflection-coefficient Chart with Impedance Contours, Smith 
Chart.—One of the most instructive and convenient charts is that based 
on a polar plot of the reflection coefficient, Eq. (26) and Fig. 2-4. The 

chart might equally well be con-
sidered as based on the relative 

I \ voltage diagram of Fig. 2-5. Let 
I > J | us consider the transmission line 

j of Fig. 2-24, which is assumed for 
i I simplicity to have no loss (that is, 

„, z~~l . . z~ a — 0) but to have a phase con-
i'lG. 2-24.—Terminated transmission line. . 

stant /3 and a real characteristic 
impedance Zo. If we terminate this line at the point z = 0 in a pure 
resistance Rh which is larger than Z0, we calculate the reflection coef
ficient at z — 0 from Eq. (21) as 

This is real, positive, and less than unity, as indicated in Fig. 2-25a. 
The relative voltage, taking the incident voltage as unity, is VQ = 1 -4- r 0 ) 
as indicated in Fig. 2-256. Equation (173) shows that the reflected voltage 
is in phase with the incident voltage, which is reasonable, since the load 
is real and lies between Za and infinity or open-circuit impedance. 
Similarly, the relative current, considering the incident current as unity, 
is Io = 1 — r 0 , as shown in Fig. 225c. At the point z = — I, the vector 
To has rotated through an angle — 2/3Z with the resulting changes to r , 
V , and I'. It should be recalled from Sec. 2-3 that 
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r = roe-'2"1, \ 
V = (1 + DVh. = W t a , } (174) 
I = (1 - r ) Ih . = I'Ii.„ = I 'V t a /Zo.) 

It is clear from Fig. 2-25 that the relative voltage has its maximum value 
1 + |r0 | at the load and its minimum value of 1 — |r0 | a quarter wave
length away. The separate quantities of Fig. 2-25 have been combined 

(o) (6) 
FIG. 2-25.—Vector diagrams of (a) reflection coefficient, (jb) relative voltage, and (c) relative 

current. 

into one diagram in Fig. 2-26; the relative voltage has been resolved into 
components V{ in phase with the current and V2' out of phase with it. A 
simple theorem in plane geometry requires that the intersection point Q 
lie on the circle. The impedance is found from Eq. (174) to be 

V V'V-
rf " " " loc 

T v -
T/ V»PC 

Z0 

V (175) 

V V 
r + r' (176) 

The impedance relative to Z0 
expressed in terms of the compo
nents of V , is 

za ~ r 
In terms of the angle a, the com
plex vectors are 

r = | iV", 
v; = |vv", 
V£ = |VJ|c'("w. 

Substitution in Eq. (176) gives 
Z _ \V[\e* 
Zo | I V -

_ J Y i l _ 
i r I 

F I G . 2-26.—Basic diagram for reflection-
coefficient impedance chart. 

+ iv:i, -)(»/2-<z) 

'W (177) 
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This may be written 
Z' = 1 

where we have defined 

Z - Z 

z - Y: 
R ~zl 
v/ _ x 
x - W „ 

It should be obvious that whenever P lies in the lower half of the diagram 
the ratio V2'/I' will have a phase angle —jV/2, resulting in a negative 
sign for the reactance X'. On the other hand, when it lies in the upper 
half, X' will be positive. 

The position of the point P within the circle of Fig. 2-26 is seen to 
determine r , V , I', and through them the components R' and X' of the 

<<•) (fc) 
F I G . 2-27.—Circles of constant resistance. 

impedance Z'. In Fig. 2-27a the circle marked ft' = 1 is the locus traced 
IV'I by the point P moving in such a way that R' = W=-r- remains constant and 

equal to unity. Other circles, each representing a different value of R', 
are shown in Fig. 2-276. The fact that these loci are circles is not obvious 
at first but may be shown by simple analytic geometry. Similarly, the 
locus of points P such that X' = |Vj|/|I| has the value + 1 is shown in 
Fig. 2-28a. Other curves of constant reactance are shown in Fig. 2-286. 
These curves are arcs of circles whose centers lie on the vertical line 
through the point S, as may be shown by analytic geometry. 

When the two sets of circles of Figs. 2-27 and 2-28 are superposed as in 
Fig. 2-29, they form a gridwork of orthogonal circles. Using this grid-
work as a coordinate system, one may read the related impedance com
ponents R' and X' by plotting on this chart the point P corresponding to 
any given reflection coefficient r . This type of chart was developed by 

V+jX', 

in 
]V£1 
II'I 

(178) 

(179) 
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P. H. Smith1 of the Bell Telephone Laboratories and is frequently referred 
to as the "Smith chart." To avoid confusing the diagram, the actual 
lines of the polar coordinates needed for plotting T are omitted. Instead, 
the arm shown is pivoted at the center; and its radial scale together with 
the phase scale around the circumference of the chart enables one to 
plot the points. The phase scale is calibrated directly in wavelengths; 
when I varies through X/2, the phase angle 2@l = 4irZ/\ varies through a 
complete cycle, 2T radians. On a purely logical basis one would choose 
the positive direction as the reference or zero-phase direction, since this 
corresponds to zero-phase angle for the vector r of Fig. 2-25. It is com
mon practice, however, to refer phase measurements in transmission lines 

(a) 
FIG. 2-28.—Circles of constant reactance. 

to the voltage minimum since it can be located more precisely than the 
maximum, particularly in the case of large standing-wave ratios. This 
practice is followed in the Smith chart, as it is in most transmission-line 
impedance charts; hence, the zero-phase line is the line from Z' = 1 to 
Z' = 0, and refers to the voltage minimum. The radial scale is calibrated 
in terms of the standing-wave ratio rather than directly in terms of reflec
tion coefficient. The simple connecting relations were given by Eqs. (33) 
and (34) 

_ l + | r | ■ 
- | r r 
- l 

(180) 

r + 1 
A number of ways of expressing standing-wave ratios have been used. 
Some people use "voltage standing-wave ratio," while others prefer to use 
the square of this which is sometimes called "power standing-wave ratio." 
In both cases, there have been those who expressed the ratio as maximum 

' P . H. Smith, "Transmission Line Calculator," Electronics (Jan. 1939); "An 
Improved Transmission Line Calculator," Electronics (Jan. 1944). 
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tzz, 

Attenuation in 1 decibel steps 
Pivot at center of calculator 

- - Generator 
l i nn i t - t—t—t 1 f~ 

Load-

Ikl k ± ^ U J U l Ui i l i 
Transparent 

slider for arm ^or-i 
F I G . 2-29.—Circular form of transmission-line calculator. (P. H. Smith, "Electronics," 

January 1939.) 

over minimum, giving a number in the range unity to infinity; others used 
the minimum over maximum and obtained numbers in the range unity to 
zero. There seems to be emerging a general preference in favor of using 
the voltage standing-wave ratio exceeding unity, 

v 
' max V (181) 

which is abbreviated to VSWR. This is, of course, the same in value as 
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/ „ / / a , , the only difference being a shift of a quarter wavelength in posi
tion of the maxima and minima. The scale marked on the arm of the 
Smith chart shown is the reciprocal of this, that is, 1/r. In the later 
version of his chart, in the 1944 article, Smith adopts the ratio r. Another 
definition of standing-wave ratio which is sometimes convenient is in 
terms of decibels, 

SWR (db) = 20 log10 r. (182) 

If one is accustomed to thinking in terms of the so-called "power stand
ing-wave ratio," Eq. (182) would be written as 10 logio r2, which would 
give the same db standing-wave ratio. 

In any case, the conversion is made from the linear radial scale of 
reflection coefficient to a scale reading directly in whatever standing-wave 
ratio one prefers to use. In addition, a number of other useful scales 
which are related directly to the reflection coefficient may be included on 
the arm. The scale marked "attenuation in 1-decibel steps" is useful in 
calculating impedance transformations when the line loss is not negligible. 
It is used to introduce the factor e~2al, by which the reflection coefficient 
decreases going a distance I toward the generator clockwise, or e w , by 
which it increases going in the reverse direction. The power transmitted 
by a running wave contains the same factor e~2al, though it decreases 
toward the load rather than increasing as does the reflection coefficient. 
Another method of using this type of chart has been found very useful, 
especially when transforming a number of plotted points simultaneously 
through a specified distance along the line is desired. A sheet of tracing 
paper is laid over the chart and the points P are plotted on it rather than 
on the chart. To transform the points along the line, the tracing paper is 
pivoted at the center and rotated through the desired number of wave
lengths in the proper direction, as indicated on the wavelength scales. 
The new impedance values may then be read from the chart. 

An especially good example of the usefulness of the tracing-paper 
technique is offered by its application to the discussion of the impedance-
tuning characteristics of variable transformers (see Chap. 8). I t has been 
found convenient to mount the chart on a plywood board and to pivot the 
tracing paper by sticking a glass-headed thumbtack into the center. In 
plotting experimental data, marks are first made on the tracing paper at 
0 and 0.25X of the phase scale and labeled accordingly. If the load is a rea! 
impedance r?i > Zo, the point P may be plotted at the proper place along the 
real axis to the right of center, as in Fig. 2-30. The load is, in this case, at a 
voltage maximum, and the voltage standing-wave ratio is, using Eq. (183), 

+ Ifll \Rl + Zo/ It i D , /IOQ'I 

l \R-, + Zo/ 
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This fact, that r is equal to the relative impedance R' for real loads 
R > Zo, is very useful in the tracing-paper method of plotting experi
mental data. I t makes easily available a scale of the same type fur
nished by the arm of the Smith chart, converting | r | to r. As a corollary 
to this observation, it is useful to remember that, at any voltage maxi
mum, the impedance in the line is real and greater than Z0 by the factor r. 
If it is desirable to find the impedance a distance I toward the load from 
such a voltage maximum, one may simply describe an arc in the counter
clockwise direction about the center of the chart, as in Fig. 2-30a. The 

FIG. 2-30.—Tracing-paper method of plotting data over reflection coefficient chart. 
(a) Compass and straight-edge method. (R/Zo) = r is impedance at Vm&x, P is that a 
distance I toward load, {b) Alternative method, rotating paper. Paper is returned to 
original position as in a after plotting P. 

radius of the arc is determined by the value of r, and the angle of the arc 
is indicated by the outer wavelength scale. An alternative method of 
plotting the point P which does not require compass or straightedge is 
indicated in Fig. 2-306. The outer scale of the Smith chart gives directly 
the distance I below the index mark labeled OX. When the tracing paper 
is returned to the original position as in Fig. 2-30o, the point P represents 
the impedance at a distance I toward the load from J, voltage maximum. 
If the distance from the reference point in the load to the closest voltage 
maximum is ?m«i, the impedance of the load is plotted by applying the 
above procedure using the value /,„„ for the length /. Frequently, the 
distance /min to the nearest voltage minimum, rather than the distance 
In**, is obtained in taking data. Since these two distances differ by exactly 
a quarter wavelength or one-half turn on the chart, it is necessary merely 
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to turn the tracing paper through 180° and use the index labeled 0.25A 
in conjunction with the outer wavelength scale to read lmjn. 

The method of deriving the impedance components R and X by cur
rent and voltage vectors, as in Eq. (179), gives a certain insight into the 
current and voltage relations existing. However, it is more direct to 
calculate the components of Z by the use of Eq. (21), 

r = z + z„ 
Introducing relative impedance and its components, we obtain 

r =
 7L^A =

 R' + ix' - ] 

Z ' + 1 R'+jX' + l' 

The real and imaginary components of r are then 
R' + X'2 - 1 l^ + J2X 

(R' + l )2 + X'- ^ (R' + I)2 + X'2 

(184) 

(185) 

(180) 

2-12. Other Types of Transmission-line Charts.—The chart based on 
the reflection coefficient has thus far been correlated with a gridwork of 
impedance contours. In certain problems other types of contour lines, 
such as Y = G + jB, Z = \Z\J_d_, or Y = |F | / # , are much more useful. 
It is sometimes desired to base the chart on a rectangular impedance or 
admittance plane rather than on 
the reflection-coefficient circle. 

Smith Admittance Chart.—In 
the previous section the point P 
was plotted, Fig. 2-26, at the ter
minus of the relative voltage vec
tor V = 1 + r , and the related 
gridwork of R and X circles, Fig. 
2-29, was derived, thus enabling 
us to read the corresponding com
ponents of impedance. In a simi
lar way, we now plot the point 
P', Fig. 2-31, at the terminus of 
the relative current vector I' = 
1 — r and derive the related grid-
work of admittance circles. We 
1/Z', and write 

17IG. 2-31.—Basic diagram 
coefficient admittance chart (cf 

reflection-

define Y = 1/Z, Y0 = 1/Za, Y' 

T' T' T ' 
Y' = - = + 2 . 

V V V 
(187) 

corresponding to Eq. (170). By taking steps exactly analogous to those 

file:///Z/J_d_
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leading to Elq. (179), we may define the admittance components by 

Y' = 

G' = 

B' = ~ = 

G'+jB', 
£ = Jlil 
Yo [V'i 
£ = ML 
Fo iV'l 

(188) 

Since P ' in this example lies in the upper half of the diagram, B' has the 
positive sign. 

Whether a gridwork applying to the impedance case or to admittance 
is being derived, the generalized diagram of Fig. 232 may be used. The 

point P" represents the appropri
ate point P or P', and the vectors 
A2, Ai, and C represent the appro
priate current or voltage vectors. 
The real and imaginary components 
of the coordinates being derived 

S are these. 

Real part |A>| 

FIG. 2-32.—Generalized diagram for 
deriving either impedance or admittance 
chart. 

Imaginary part = + ~ r - (189) 

If P" lies in the upper half of the dia
gram, the imaginary part is positive; 
if in the lower half, it is negative. It 
should therefore be evident that the 

admittance components G' and B' corresponding to a given position of P' 
are the same as the impedance components R' and X' corresponding to the 
same position of P. That is, the gridwork developed for reading the 
components of impedance for a point P plotted at position 1 + r may be 
used also for reading the components of admittance for a point P' plotted 
at position 1 — r . 

A useful property of the Smith chart is now evident. Since points P 
and P' of Fig. 2-31 have as their respective coordinates on the Smith chart 
the impedance and the admittance corresponding to each, this chart 
provides an easy method of converting from admittance to impedance and 
vice versa. This is particularly useful in the tracing-paper method of 
using the chart, since any plotted impedance point or points may be con
verted readily to the equivalent admittance plot by a simple rotation of 
one-half turn of the tracing paper. Obviously the inverse conversion is 
also accomplished by a half-turn rotation. It may be noticed that the 
half-turn operation performed on an impedance plot may equally well 
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be thought of as giving the impedance plot a quarter wavelength down the 
line. This brings out clearly the well-known inversion of impedance by a 
quarter-wavelength section of line. That is, it gives a complex impedance 
equal to the original admittance which is the reciprocal of the original 
impedance. In more general terms, the chart affords a simple means of 
finding the reciprocal of any complex number. 

A word should be said regarding the plotting of data as an admittance 
plot. One obvious method is to plot the data on tracing paper as an 
impedance plot, as outlined in the preceding section, and then to convert 
this impedance plot to an admittance plot by rotating the tracing paper 
half a turn. If one prefers, the admittance may be plotted directly, 
making use of the fact that the normalized admittance at the current 
maximum (voltage minimum) is real, greater than Y0, and numerically 
equal to r. For admittances (see Fig. 2-30), G/Y0 = r is the admittance 
at y»i,„ P is at a distance I toward the load from V^D. If the data are 
taken by measuring the distance I from a voltage minimum, the method of 
Fig. 2-30 plots admittance directly, but if I is measured from a voltage 
maximum it plots impedance directly. I t is perhaps simplest to bear this 
in mind and make the direct plot by this method using the data for I in 
whatever form they are taken. The resulting plot may then be converted 
from impedance to admittance or vice versa by a half-turn rotation. 

Charts Expressing Impedance or Admittance in Polar Form.—It is 
sometimes convenient to express the impedance in terms of its magnitude 
|Z| and its phase angle 6, rather than in terms of its components R and X; 
thus, 

Z = ]Z|e's. (190) 

The process of deriving this chart is quite similar to the previous deriva
tions, and therefore it will not be carried through in detail. Referring to 
Fig. 231 , the magnitude and phase angle of the impedance are 

!zl - w\ - w 
e = <P'OP. (191) 

The position of the point P is accordingly represented by the coordinates 
[Z| and 8. The angle 6 is positive when P is above the real axis OS, nega
tive when it is below. The resulting gridwork of coordinates is shown in 
Fig. 2-33. 

There is naturally a 1-to-l correspondence between a given impedance 
point P on the Smith chart and the point P in the same position in the 
\Z\/6 chart. Each is basically a plot of the relative voltage V. Using 
this fact, the latter chart may be derived directly from the former simply 
by converting from given rectangular coordinates (R,X) to the polar 
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coordinates (|Z|,0) which define the same impedance. Another conse
quence of this fact is that the same method of plotting data is used; the 
right half of the diameter OS is marked in terms of R' = r, just as was the 
Smith chart. 

Just as in the case of the Smith chart, the same gridwork of impedance 
coordinates may be used for admittance coordinates provided that the 

F I G . 2-33.—.Reflection coefficient chart with |Z| and 8 coordinates. 

proper change in the method of plotting the data is observed. The chart 
is, w-hen used for admittances, a plot of relative current just as the Smith 
chart was when used as an admittance chart. The data-plotting tech
nique is likewise identical with that for the Smith admittance chart. If 
we let the admittance be expressed as 

Y' = | Y V = ^7, (192) 

the magnitude and angle are 

IY'1 = 1 =\±l = PS 
1 ' W\ lv'l OP' 

<t> = -e = <POP'. 

(193) 
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Magnified Center Portion oj Reflection-coefficient Charts.—When it is 
desirable to plot data or calculations precisely, the reflection-coefficient 
chart may be drawn to a large scale. In many cases where such precise 
work is being done the data or calculations involve only small reflection 
coefficients; therefore only the central portion of this large-scale chart is 
needed. One extremely precise version of the central portion of the Smith 
chart is reproduced1 in Fig. 2-34. It is limited to r ^ 2, which is equiva-

FIG. 2-34.—Enlargement of portion of Smith chart. {This chart prepared by L. F. 
Woodruff for 2nd. ed. of Vltra-Hiah-Frcqucnci/ Techniques, D. Van Nostrand Co., J. G. 
Brainerd, editor.) 

lent to ]T| g -J-. This chart has been found very useful in the design of 
microwave transmission circuits because it gives a scale which is about as 
large as the data would justify; and plotting any points for which r 
exceeds 2 is seldom necessary. Further magnification is occasionally 
useful, especially in aiding calculations. 

The |Zj/0 type chart may be similarly magnified. One version of this 
chart, drawn to a large scale and including the whole chart, has been 
printed by the Radio Corporation of America.2 It includes also the 

1 Reproduced by courtesy of L. F. Woodruff of the Eloc. EI IR. Dopt. , M.I .T . 
2 P. S. Carter. R.C.A. Rev., I l l , No. 3 (.Jan. 1939). 
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polar coordinate lines, radii, and circles concentric about the center for 
plotting 1\ Although these lines have a certain usefulness, they tend to 
confuse the diagram for the average person. 

Rectangular Impedance or Admittance Chart.—In the previous dis
cussions we used the reflection coefficient as the basis for a transmission-
line chart because it transforms in a simple manner along the line. The 
t'orresponding resistance and reactance coordinates were then derived; 
they were rather unusual in form. In the present instance we shall begin 
by choosing rectangular coordinates for the resistance and reactance, and 
proceed to plot contour lines on this coordinate system to enable us to 
follow the transformation of impedance along the line. This transforma
tion is given by Eq. (41), 

Z'r+j tan 01 _ 
*-1 1 + jZ'r tan 01 ^ y 4 j 

Let us consider again the line of Fig. 2-24. For this line Eq. (194) 
becomes 

R[ + j tan 131 
Z = l + j / i i t a n / M ( 1 9 5 ) 

By choosing a particular value for 7?i and allowing 01 to vary from 0 to 2ir, 
a circle with its center on the real axis as in Fig. 2-35, will be plotted. 
Remembering that R[ is equal to the VSWR, this circle may be considered 
characteristic of the value r-i. If a number of values for R[ are chosen, a 
complete set of such circles for various values of r will be mapped. Simi
larly, the angle 01 may be assigned a value and Ri varied from unity to 
infinity. This will map one of the semic'rcles centered on the imaginary 
axis, as in Fig. 2-35. This semicircle is characteristic of the value 01, or of 
the length / measured in wavelengths, and may be so marked. When this 
is repeated for a number of values of 01, a set of these semicircles will be 
drawn in. As in the Smith chart, it is the usual practice to consider the 
reference or zero phase to be the real axis from Z' = 1 to Z' = 0, which is 
the position of the voltage minimum. 

In this type of chart it is necessary to include both the (/£,.^-coordi
nates and the (r,^-coordinates. The use of tracing paper has no special 
advantage, since transformations along the line are not effected by a sim
ple rotation. Data are plotted directly in terms of the measured r and I 
values, I measured from the voltage minimum. If it is desired, a section 
of the chart in the neighborhood of Z' = 1 may be enlarged just as in the 
case of the chart based on the reflection coefficient. 

In order to use this chart to plot admittances, it is only necessary to 
consider the reference phase line from Z' = 1 to Z' = 0 as being the 
voltage maximum. To convert <Vom Z' to the corresponding Y' one 
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follows around the standing-wave-ratio circle from the point Z' to a point 
a quarter wavelength away as denoted by the markings on the phase 
circles. 

The transformation of the Smith chart into the rectangular (R-X)-
plot may be seen qualitatively by inspection and quantitatively by use of 
the mathematical connecting equations. Qualitatively, one sees that 
the upper-half circumference of the Smith chart has been pivoted at the 

R'= resistance component 
FIG. 2-35.—Rectangular impedance chart. 

(R = X = 0)-point and bent upward and left and stretched out to form 
the positive imaginary axis of the (ft-X)-plot. In the same way the 
lower-half circumference is bent downward and left to form the negative 
imaginary axis. At the same time, the real axis is stretched out to infinite 
length. The R- and X-circles of the Smith chart are thereby straightened 
out into a rectangular coordinate system. The radial constant-phase 
lines of the Smith chart (not drawn in) are bent into circular arcs passing 
through R' = 1, X' = 0. The set of circles, for constant VSWR or 
[ r | , which were concentric in the Smith chart, have been shifted so that 
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each has a different center in the (-R-X)-chart. Mathematically, the 
transformation of coordinates is of the conformal mapping type. The 
complex Z'-plane is transformed into the complex T-plane through 
the relation of Eq. (185), 

Z' - 1 
r = Z' + l' (196) 

and the inverse transformation is obtained through the inverse form of 
Eq. (196), 

1 + T 
l - r" Z' (197) 

Previously the circular impedance chart was based on a diagram in 
which the voltage vectors V , VI, and VJ, of Fig. 2-26, were drawn relative 
to the incident voltage vector, which appears as the unit vector in the 
positive real direction. Since this unit vector also represents the incident 

current, Fig. 2'26 may be thought 
of as a voltage vector diagram 
based on the incident current vec
tor with the factor Z0 relating the 
scales of current and voltage; that 
is, since V< = Zol,-, we may express 
the voltage vector V as 

V J_ _ (V/Z„) 
Zoh 
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X' 
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V = ir = (198) 
V, Zdi I, 

Now let us rotate the vector dia
gram so that the vector I', the 
total current, lies along the posi
tive real axis, and let us also 
change the scale so that it becomes 
the unit vector; that is, the vector 
diagram is now transformed as in 

Fig. 2-36, so that the vector currents and voltages are all expressed 
relative to the total current at the given point in the line. Equation 
(198) now becomes, using V/I = Z, 

FIG. 2-36.—Vector relations for rec
tangular impedance chart, derived from 
Fig. 2-26. 

V" (199) 

and the components of V become 

R 

(200) 
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It is, in this"way, easy to establish the relations between magnitudes and 
phases of the various currents and voltages by simple construction, using 
a rectangular impedance chart. Although the present procedure neces
sarily yields results in agreement with the related construction of Fig. 
2-26, transformations of vectors along the line are much more complicated 
than in the earlier case. This is due to the fact that the diagram is now 
based on total current, which changes from point to point; the earlier 
diagram was based on incident current, which remains constant. 

In a similar way, Fig. 2-31 may be transformed into a diagram showing 
the vector relations for a rectangular admittance chart, Fig. 2-37. While 
the original diagrams, Figs. 2-26 and 2-31, are drawn to the same scale, 
based on incident voltage and current, the resulting rectangular diagrams, 
Figs. 2-36 and 2-37, have different scales. This is easily adjusted by 
change of scale, of course, but is 
mentioned as one consequence of 
the transformation. 

2-13. The Choice of a Trans
mission-line Chart.—In the pre
ceding sections two d i f f e r e n t 
forms of chart, a circular one 
based on r and a rectangular 
one based on the components of 
Z or Y, have been described, and 
in either case the chart may be 
used to represent either Z or Y. 
Moreover, the circular chart may 
be used to give either rectangular 
components of Z or Y or the corresponding magnitude and phase angle. 
There are numerous other charts in use, but the ones described are the 
most common, and they are adequate to treat any transmission line in a 
clear and convenient manner. The problem of choosing from among 
them the proper chart to represent most clearly the solution to a given 
problem deserves some consideration. In some cases the choice is largely 
a matter of personal preference, but more often a clear choice is indicated. 

Circular vs. Rectangular.—When data are to be plotted simply for 
record purposes or to read R and X components, this choice is largely a 
matter of personal taste. In the following cases, however, the circular 
chart has certain advantages. Frequently the choice of a reference point 
for which the impedance is plotted is rather arbitrary, and it may be 
desired to shift the reference point after plotting the data. If the data are 
plotted on tracing paper over a circular chart, this is easily achieved by a 
simple rotation of the paper. In this way it is frequently possible to 
discover a position for which the variation of a certain parameter leads to a 

F I G . 
tangular 
Fig. 2-31. 

2-37.—Vector relations for rec-
admittance chart, derived from 
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variation in reactance alone or of susceptance, resistance, or conductance 
alone. In the case of the rectangular chart such simple rotations of the 
plotted points are never valid. For the circular chart, rotation is accurate 
for data taken at constant wavelength, in error in phase angle only if not 
at constant wavelength. For slight rotations and small wavelength 
variations, the phase error is not serious. In the rectangular chart, the 
size and shape of the plot of a given set of data at constant wavelength 
depend on the choice of a reference point, while in the circular chart they 
do not. Since the choice is so frequently arbitrary, this variability in size 
and shape does not seem physically significant, and the circular chart 
seems the more desirable. Even in cases in which the reference point is 
not wholly arbitrary, it may turn out to be desirable to transform an 
impedance plot into an admittance plot. This is easily accomplished by a 
half-turn rotation of the circular chart, and the plot is not distorted in 
size and shape as it would be on the rectangular plot. 

One may suspect from the foregoing that it is the author's judgment 
that in most cases the circular chart is to be preferred. This is, indeed, 
the case where the plotting and transforming of data are concerned. The 
rectangular chart seems better suited, however, to the task of showing the 
vector relations existing between the various voltages and currents at a 
point where an equivalent series- or shunt-circuit representation is valid. 
Figure 2-39 illustrates such an application. Another problem which is 
treated better by the rectangular chart is that of representing qualita
tively, as in a discussion, a multiple transformation in which two or more 
characteristic impedances are involved. The diagram of Fig. 4-16 is an 
example of this. In such cases the R and X (or G and B) coordinates are 
in terms of absolute values rather than relative, and the constant-phase 
and constant-VSWR circles are omitted. A set of such circles, based on 
the appropriate characteristic impedance, is implied for each character
istic impedance involved. In actual numerical calculations it is imprac
tical to work with other than normalized impedances, relative to the 
particular characteristic impedance being considered; therefore the 
rectangular chart loses its advantage for quantitative work. 

Admittance vs. Impedance.—In low-frequency circuits it is usually 
quite obvious, from the form of the circuit connections, when to use 
impedance and when to use admittance. The over-all performance of a 
combination of circuit elements is then easily predicted by adding series 
impedances or shunt admittances. In microwave transmission circuits it 
is rarely possible to combine either impedances or admittances in this 
simple way. This is because circuit elements—for example, junctions 
between transmission lines or waveguides, physical discontinuities such as 
dielectric supports in coaxial lines, and so forth—are not small compared 
with a wavelength as they are in low-frequency circuits. This means 
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that the phase of current or of voltage is not constant over any one circuit 
element or combination of elements. 

For example, consider a T-junction formed by joining three coaxial 
lines of equal characteristic impedance. With two of the lines terminated 
in their characteristic impedances, let us inquire as to the input impedance 
presented to the third line. At low frequencies, one reasons simply that 
the current is shared between the two branches while the voltage across 
the two branches is the same; and one draws the valid conclusions that 
the two branches form a parallel circuit shunting the third and that the 
admittances of the two branches are simply added to get the admittance 
of the combination as seen from the third line. If the frequency is so 
high that the wavelength is comparable to the dimensions of the junction, 
the first question to be answered is: At what point in the junction should 
the impedance be expressed? Before answering this, let us consider the 
manner in which this impedance is to be measured. The standing-wave 
ratio and position of a voltage minimum will be determined in the input 
line by moving a voltage-measuring probe along a slotted section of line 
some little distance from the T-junction. By use of a transmission-line 
chart, the impedance or admittance may be extrapolated to any desired 
point in the junction. Actually, the fields and currents in the immediate 
neighborhood of the junction are so complicated that a measurement of 
impedance in this region is, from the practical standpoint, impossible and, 
from the theoretical standpoint, meaningless. It is only by correlating 
the effects observed a little distance away from the junction with an effec
tive impedance at the junction, which would have produced, in a simple 
uniform line, the same effects at the same distance away, that meaning is 
attached to the "impedance at the junction." We have not yet answered 
the question regarding the choice of a reference point in the junction, but 
it should be fairly clear that the choice is rather arbitrary since it is only 
the effect produced a little distance down the line which is significant. 
The natural choice would seem to be the point at which the axes of the 
three coaxial lines coincide. When the impedance or admittance is 
extrapolated to this point, it will probably be found that the admittance 
is approximately the sum of the characteristic admittances of the two 
branch lines. At low frequencies this approximation will be very good 
indeed. As the frequency approaches that for which the second coaxial 
mode may be propagated, it will very likely become an extremely poor 
approximation. 

The method of treating junctions in terms of an equivalent circuit in 
network theory is described thoroughly in other volumes1 of this series, 
and briefly, in Sec. 2-14. The point to be made here is that, although 

1 Waveguide Handbook, Vol. 10, and Principles of Microwave Circuits, Vol. 8, 
Radiation Laboratory Series. 
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simple addition of impedances or admittances is valid for low frequencies, 
the situation is usually much more complicated at high frequencies. 
There are, nevertheless, instances of particularly simple discontinuities or 
junctions for which the simple concepts of addition of admittance or 
impedance are valid, even in waveguide or relatively large coaxial lines. 
In all such cases, the validity is limited to discontinuities for which the 
dimensions in the direction of propagation are negligible compared to a 
wavelength. 

The most commonly used discontinuity of this type is the thin induc
tive flap in rectangular waveguide, Fig. 2-38. The equivalent circuit 
shown is strictly valid only for an extremely thin flap of perfectly conduct
ing material; but it is adequate for cases of practical interest. The flap is 
usually of 0.020-in. to 0.064-in. brass for wavelengths of 1 to 10 cm, and 

therefore d is not more than about 
0.03-guide wave leng ths . For 
thicknesses of this magnitude, it 
is found that a correction must be 
applied to the value of B calculated 
for very thin flaps, but that the 
equivalent circuit need not, for 
practical purposes, be modified. 
These flaps are extensively used 
as waveguide impedance trans
formers and are discussed in more 
detail in Chap. 4. At the present 
moment we are particularly inter
ested in their relation to imped

ance and admittance charts. Flaps made of reasonably good con
ductors may be considered as lossless without serious error. If the 
output waveguide is terminated in such a way that the normalized 
admittance at the reference plane of this termination is Yh then 
the input admittance Y3 is the sum of Yy and the inductive flap sus-
ceptance jB2; that is, F 3 = Fi + jB2. This is the familiar addition of 
admittances which is used in low-frequency circuits. The way in which 
this addition is shown on a rectangular admittance chart is illustrated in 
Fig. 2-39. The admittance chart may be thought of as representing a 
current diagram at the reference plane when unit voltage, common to 
Y\, B2, and F3 , is applied there. We may take B2 = jO.5 and show, Figs. 
2-39 and 2-40, how this combines with (a) a general admittance such as 
Yi = 0.5 — jO.5 to give F 3 = 0.5 — j'1.0, and (b) the special admittance 
Yi = 1 + j'0.5 to give the special value F 3 = 1 + jO, or matched-line 
condition. This latter procedure will be discussed in greater detail later 
when we come to the use of the inductive flap as a waveguide matching 

2-38.—Inductive iris in waveguide. 
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-1.0 
F I G . 2-39. — Admittance diagram for in

ductive iris. 

element. For Case a, the principles of Fig. 2-37 are used to show the volt
age and current vectors, Fig. 2-39, each relative to the positive real unit 
vector which represents the voltage common to Y\, B2, and Yt. The 
voltage in the "incident," or positively traveling wave to the right of the 
discontinuity is Vu. This is seen to lead the incident wave Vi3, to the left 
of the discontinuity, by a slight phase angle. The magnitude of the 
incident wave is seen to be lower on the right, though this is not always the 
case. If the discontinuity is loss
less, conse rva t ion of energy 
demands only that 

vw - r?) = vui - n), 
since each side of the equality is 
proportional to the net power 
flowing to the right. Thus if 
T3 = 0, as in Case b, Vu will equal 
or exceed Vi3. 

The admittance transforma
tions for these two cases are 
shown on the circular chart in Fig. 
2-40. If one is not interested in 
the relations between the various 
currents and voltages, and this is so more often than not, then the circular 
chart serves equally as well as the rectangular. 

The inductive Tflap in waveguide has been cited as an example in which 
the use of an admittance diagram is indicated. A similar type of equiva
lent circuit holds for the coaxial-line discontinuity of Fig. 2-41, although 
the shunt susceptance is capacitive in this case. I t is apparent that in 
this problem, too, an admittance diagram is required. I t is characteristic 
of radial discontinuities in coaxial lines, where one or the other or both 
conductors abruptly change diameter, that the equivalent circuit contains 
a pure shunt element, and in all such problems the use of admittance 
diagrams is indicated. 

In Figs. 2-42 and 2-43, discontinuities which yield a series-type equiva
lent circuit are shown for waveguide and coaxial lines. Just as in Fig. 2-38, 
the discontinuity must have small extent d in the longitudinal direction. 
In either circuit, the reactance X may have any value, either positive or 
negative, depending on the dimension c. Discontinuities of this type 
naturally call for the use of impedance charts to represent them. The 
principles of Fig. 236 may be used to obtain the relations between volt
ages and currents in terms of the total complex current which is common 
to the elements of a series circuit. 

(R-X) vs. (Z-6); (G-B) vs. (Y-0).—This choice is usually clear in any 
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given problem. The problems discussed in the predecing paragraphs 
clearly required the expression of Z or Y in rectangular form rather than in 
polar form. In the majority of cases, this will be the choice. There 
is one particular type of problem, however, in which the use of the polar 
form for Z or Y is useful. This is the problem in which neither series-
impedance elements nor shunt-admittance elements are needed, but in 
which a change of characteristic impedance occurs. 

FIG. 2-40.—Admittance diagram (o) corresponding to Fig. 2-39, and (6) illustrating match 
ing by inductive iris. 

An example of this problem arises in connection with the prediction of 
impedance transformations along a coaxial line supported by dielectric 
beads. This problem is discussed in detail in Chap. 4, but Fig. 2-44 gives 
an illustrative example. The impedance at a is Z0 = 1.6 Z'0; hence it is 
entered at Z = 1.6, 0 = 0. The arc of length 0.05 represents passage 
through the bead, leading to the impedance Zb/Z'a = 1.45/ —18°. This 
impedance is expressed in terms of the air-filled line merely by reducing 
the magnitude of impedance by the factor 1.6, leaving the phase angle 
unaltered. 
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The ordinary (ft--X)-ehart could be used, in which case both R and X 
would be reduced by the factor 1.6. The positions of all the plotted 
points are naturally the same for the two charts, the only advantage of the 

JX 

FIG. 2-41.—Oapaoitivo stop in coaxial line. 

2o 

KM 
Yus. 2-4L>.—Series vravpRuirtc stub. 

Z 
Fm. 2-43.--rieries poaxial-linc rhoko. 

(Z-8)- over the (7?-X)-chart being the simpler conversion from one char
acteristic impedance to another. Of course, if steps of the type shown in 
Fig. 2-41 occur, a (G'--B)-ehart is needed in order to add a shunt B. 
Transfer of characteristic-admittance level involves changing (7 and B 
by the factor 1.6, just as in the case of R and X, but in the opposite 
direction. 
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FIG. 2-44.— Use of (Z-S)-chart for beads in a coaxial line. 

The (F-<2>)-chart might have been used in place of the (Z-fl)-chart in 
solving the problem of Fig. 244. Clearly, the whole diagram would have 
been rotated 180°. There is no special rule for choosing between the two 
alternatives; it is merely a matter of personal preference. As indicated 
above, the {R-X)- and (G-B)-charts may be used for this type of problem 
with only slightly more work in converting characteristic impedance or 
admittance. I t is seldom that the polar-type chart is really necessary; it 
is usually preferable to use the usual (R-X)- or (G-B)-chart rather than 
change to a different one. 

IMPEDANCE-MATCHING AND DESIGN PROCEDURE 
2-14. The Design of Matched Circuit Elements.—Reason for Match

ing.—It was stated in Chap. 1 that one of the most important, and one of 
the most difficult, problems in the design of microwave transmission 
circuits is that of maintaining a "matched" condition in all circuit ele-
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ments . If the line on the o u t p u t side of a given element is t e rmina ted 
in such a way t h a t no s tanding wave exists in it, then it is desired t h a t no 
s tanding wave be excited in t he i npu t line b y the element itself. Now, 
using the t heo ry developed in the present chapter , it can be shown t h a t 
under these c i rcumstances the t ransmiss ion line and the associated circuits 
introduce a m i n i m u m of ohmie a t t enua t i on , t r a n s m i t m a x i m u m power 
without b reakdown , and present a m i n i m u m ra t e of change, wi th change 
of frequency, of t he impedance presented to t he t r a n s m i t t e r o u t p u t t e rmi 
nals. If t he t r a n s m i t t e r is designed to work in to t he character is t ic 
impedance of t h e line and the a n t e n n a presents a reflectionless t e rmina 
tion, then such a cont inuously ma tched line provides o p t i m u m coupling 
between a n t e n n a and t r ansmi t t e r . 

Al though t h e o ther factors ment ioned are i m p o r t a n t enough to sug
gest the desirabi l i ty of the cont inuously ma tched operat ion, by far the 

(a) Short line (about 1 to 2 ft) (fc) Long line (about 10 to 20 ft) 
I'lc. 2-45.—Typical ltitrkc diagram for magnetron. 

most i m p o r t a n t factors are those involving the load character is t ics of the 
t ransmi t te r . Power ou tpu t , opera t ing frequency, and frequency s tabi l i ty 
of microwave oscillators are all r a the r critically dependen t on the. char
acter of the load in to which they operate . This is par t icular ly t rue of 
high-efficiency tubes such as magne t rons , but it is t rue to some ex ten t 
of o ther tubes such as klys t rons or tr iodes. T o indicate the magn i tude of 
these effects a detai led s tudy is necessary. Those who are in teres ted in 
s tudying t h e m further will want 1o refer to Vol. (i of this series. 

T h e way in which the ou tpu t power and opera t ing frequency depend 
on the load presented to a typical magne t ron is i l lustrated in the so-called 
" R i e k e d i a g r a m " of Fig. 2-to. T h e polar coordinates which form the 
basis of this chart give the phase and niagnit tide <>f the reflection coefficient 
a t a chosen reference point in the magnet ion. This eonidinafc plane is 
identical wi th tha t which we used in earlier impedance char ts , and the 
radial scale has again been marked in term< of voltage s tanding-wave rat io 
ra ther t h a n of voltage, reflection eoetiicienl. Diagrams of (his type are 
obtained in this m a n n e r : first, by coupling the magnet ion to a ma tched 
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load and noting the power delivered and the operating frequency; then 
by introducing a mismatch and varying the reflection coefficient in a 
systematic way by means of a variable impedance transformer, and not
ing, for each point on the reflection-coefficient diagram, the power and 
frequency. When a sufficiently good coverage of the chart has been 
obtained, lines indicating constant-power and constant-frequency con
tours are drawn in. 

With such a diagram available, the effect of an impedance mismatch on 
the magnetron may be determined. Let us take, for example, a YSWR of 
1.5 and note its effect for various phases. Maximum power, 50 kw, occurs 
for the phase marked 0.46 wavelengths on the circumferential scale, and 
the minimum power, 34 kw, occurs for a phase of 0.20 wavelengths. The 
maximum frequency, 13 Mc/sec above that for matched line, occurs for a 
phase of 0.07X, and minimum frequency, 13 Mc/sec below, occurs for 
0.38-X phase. The frequency sensitivity of an oscillator to its load 
impedance is popularly known as "pulling," and the total frequency dif
ference between maximum and minimum for a YSWR of 1.5, a common 
measure of this sensitivity, is known as the "pulling figure." In the 
example above, the pulling figure is 26 Mc/sec. 

Large standing-wave ratios in the phase region 0.47X lead to unstable 
operation of the magnetron, indicated by shading in Fig. 2-45. This 
instability is associated with the convergence of the frequency contours 
and is aggravated by interposing an additional length of line between 
magnetron and mismatch, Fig. 2-45b. 

Let us summarize by recapitulating the effect on this typical magne
tron of allowing the reflection coefficient to vary in magnitude from 0 
(r = 1.0) to 0.2 (r = 1.5) and to vary through all phases. The extremes 
of power are 50 kw, or a variation of about ±20 per cent from the mean. 
The extremes of frequency are ± 13 Mc/sec from the mean. And for long 
lines, unstable operation occurs over part of the impedance region under 
consideration. These variations are usually the most important con
siderations in judging the degree of impedance-matching to be attained in 
designing components. 

The next most important consideration is, in many cases, that involv
ing voltage breakdown. It was shown in Sec. 2-6 that the wl power 
which may be transmitted through a transmission line to a load is 
decreased, compared with the net power transferred in a matched line, by 
a factor exactly equal to the value of the YSWR in the line. Thus, in our 
example above, the power-handling capacity of the transmission line is 
reduced to two-thirds of that of the matched condition by the assumed 
YSWR of 1.5. For high-power apparatus, operating close to the limit of 
the power-handling capacity of the transmission line and components, 
this may be a very serious limitation. 
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The remaining factors, increased ohmic losses and reflection of power 
from the incident wave, are relatively minor ones. Using the relations of 
Sec. 20 , these are evaluated for a VSWR of 1.5 to compare with the previ
ous factors. The ohmic attenuation is increased by only about 8 per
cent. The power reflected by the mismatch whose VSWR is 1.5 is only 
4 per cent. 

Measurement of Mismatch.—The direct approach to the problem of 
achieving this matched-line condition is simply to terminate the output 
line in a reflectionless load and to examine the standing waves introduced 
in the input line by the component being designed. The experimental 
procedure involved is described in detail in Vol. 11 of this series. The 
data consist of the value of the VSWR and the position of a voltage mini
mum in the standing wave. These data enable one to plot the impedance 
or admittance at a chosen reference point in the component being tested. 
The magnitude of the VSWR is, of course, sufficient to indicate the extent 
of the mismatch, but the phase information and impedance plot are 
frequently helpful in analyzing defects in the design and in effecting an 
improvement. 

Still further information, leading to more complete knowledge of the 
characteristics of the component, may be obtained by an indirect approach. 
Briefly, this method consists of terminating the output line in a movable 
short-circuiting plunger, rather than in a perfect match, and determining 
merely the position of the voltage minimum of the complete standing wave 
resulting in the input line. If the component under test is perfectly 
matched, any motion of the plunger in the output line will cause an 
exactly equal shift of phase in the standing-wave pattern in the input 
line. If the component introduces a mismatch, the phase of the standing 
wave in the input line will not follow linearly the position of the short-
circuiting plunger as it moves along the output line. Although we cannot 
go into the details of the interpretation here, suffice it to say that the 
extent of this departure from linearity is a direct measure of the VSWR 
introduced by the component when under normal operating conditions. 
In addition, the positions of the output plunger and of the voltage mini
mum in the input line, when maximum departure from linearity occurs, 
constitute useful information. From the nonlinearity and phase data 
one may deduce the input impedance at any chosen point in the input 
line when the output line is matched. Moreover, one may predict 
exactly how the input impedance varies with the output impedance, and 
one may even predict the same characteristics for operation in the reverse 
direction, interchanging input and output ends. This wealth of informa
tion is usually expressed as an "equivalent circuit" in any one of several 
different forms familiar to those versed in network theory. 

In general, the direct approach already described will be used rather 
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than the indirect one, since it requires fewer measurements and leads 
directly to an impedance plot. Occasionally the indirect method is 
deeirable because of the additional information which it furnishes; there 
are still other instances in which the indirect method is preferable because 
of instrumental reasons. This is particularly true when either input 
or output line is too small to be conveniently handled by the usual 
slotted-line technique. In such cases the small line is made the output 
line and terminated in a movable short circuit. Since the indirect method 
provides a complete equivalent circuit, the line used as the output line in 
the measurement is immaterial. Even when both input and output lines 
are too small to enable accurate measurements of VSWR by the use of 
slotted section, the location of the phase of a voltage null (the only use of 
a slotted section needed in the indirect method) is quite reliable. 

Methods of Achieving a Match.—If the measurement of the mismatch 
of a circuit being designed indicates that the mismatch is too large to be 
acceptable, there are, in general, two courses of action which may be 
followed. The simplest one is to design, on the basis of the impedance 
measurement, an impedance transformer to be built into the unit in the 
appropriate manner. Although this may be satisfactory in some 
instances, it will not in general produce a desirable design, especially if 
the VSWR matched out by the transformer is large. Such a procedure 
ordinarily leads to a device which requires very accurate machining in 
order to give the transformer the proper transformation characteristics, 
and which is rather frequency-sensitive and subject to voltage breakdown. 

The second method, and the one frequently used, is the attempt to 
effect an improvement in the match by a systematic variation of one or 
more design parameters. In initiating the design of a circuit to accom
plish a given requirement it is well to bear this in mind and to provide 
one or more conveniently adjustable parameters, such as a variable-length 
coaxial-line stub, waveguide short-circuiting plate position, and so forth. 
Usually such elements will present themselves rather naturally in each 
design. 

In the case of a T-stub support for coaxial line we have at our disposal, 
as an adjustable parameter, the stub length. By trying a series of dif
ferent lengths it will be found possible to choose a length which will give a 
perfect match past the stub. This is an example of the simplest type of 
matching, achieved by adjusting a single parameter. If the admittance 
point were plotted for successive increments of stub length, a series of 
points would be obtained falling on a smooth curve and passing through 
the perfect-match point at the center of the chart. 

An example of a slightly more complicated nature is afforded by the 
problem of the design of a transition from coaxial line to waveguide, Fig. 
6-9. Here we have two parameters, the probe length P and the end-plate 
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distance D. One parameter is first fixed at some arbitrary value, and the 
other is then varied. The procedure is repeated for other values of the 
first parameter. The corresponding admittance points are shown in Fig. 
6-10, in which contour lines corresponding to constant P and constant D 
are drawn. This gridwork of admittance contours may be used to 
estimate, by interpolation, the values of the two parameters which would 
give the matched condition. I t is also useful in estimating how much 
departure from optimum value may be tolerated in either parameter in 
order not to exceed a maximum allowable YSWIl. It also enables one to 
establish such mechanical tolerances for variation of the two parameters 
occurring simultaneously. 

Sometimes it will be found that it is impossible to obtain perfect 
match with the parameters available, but that a reasonably low VSWR 
may be obtained. An example of this is found in the design of a stub 
angle, Sec. 4-4. It is then common practice to supplement the parameter-
adjustment method of matching with the addition of a suitable trans
former. Other situations calling for a combination of the two methods 
will be discussed in the next section. 

The Principle of Scaling or Similitude.—It is possible, by taking advan
tage of certain principles of similarity, to make use of the details of an 
existing circuit in lhe design of a new one to operate at a different fre
quency. This process is quite analogous to the design of full-size aircraft 
and ships on the basis of experiments conducted on scale models. In the 
scaling of mechanical models, the scaling of dimensions must be accom
panied by appropriate changes in the properties of the fluid medium and 
in the velocity of motion. Similarly, in the scaling of electromagnetic 
devices, a change in dimensions must be accompanied by the proper 
changes in the electrical and magnetic properties of the materials used and 
in the operating frequency. 

The relations between physical dimensions, operating frequency, and 
the properties of the materials may be derived by suitable manipulation of 
Maxwell's equations. Stratum1 shows how this principle of electro-
dynamic similitude leads to the following relations: 

nel-v* = A, (201) 
ixaV-v = B. (202) 

Here .1 and B are constants to be discussed presently and I is any length 
which establishes the dimensional scale factor of the device being con
sidered; it might be, for example, the radius of a spherical cavity or the 
width of a rectangular waveguide. In scaling, all dimensions of the 
device must be changed by the same factor as is /. When the dimensions 
are scaled in this way, the operating frequency v and the characteristics 

1 J. ('. Stratton, Elrctromugndic Theory, McGraw-Hill, New York, 1941, p. 488. 
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H, t, and cr of each of the mater ia l s t h r o u g h o u t the ent i re a p p a r a t u s mus t be 
al tered in such a way t h a t the cons tan t s A and B re ta in the i r old values. 
T o be specific, each of t he cons tan t s A and B will have a series of values 
Ai and Bi un ique ly de te rmined by the proper t ies m, «,-, and CTJ of the 
mater ia l cons t i tu t ing t h a t par t icu la r p a r t of t he original a p p a r a t u s . 
E q u a t i o n s (201) and (202) then become 

/ W V = -4;, i = 1, 2 ■ • • (203) 
MW2*< = Bi. i = 1, 2 ■ ■ ■ (204) 

As an example of t he appl icat ion of this principle, let us double t he 
character is t ic length I of a par t icu la r device. T h e cons tan t s Ai of Eq . 
(203) remain unchanged if v should be halved, and if m and e; shoidd be 
left unchanged . I n order t o satisfy Eq. 204), however, we mus t double 
Ci. T h e doubl ing of all conduct ivi t ies t h roughou t t he a p p a r a t u s m a y in 
some cases be extremely i m p o r t a n t t o the proper functioning of t he device. 
This is par t icu la r ly t r u e of those circuits, such as cavi ty resonators , in 
which the power absorbed in conduct ing surfaces or dielectric medium 
plays an i m p o r t a n t role in de te rmining performance. 

On the o ther hand , there are a large n u m b e r of circuits in which the 
power lost to t he conductors and dielectrics of t he device is a negligibly 
small fraction of t he i npu t power. Fo r such devices (and near ly all of 
those described in this volume fall in to th i s class), the conduct iv i ty is 
relat ively u n i m p o r t a n t in de te rmining the electric and magnet ic field 
pa t t e rns . T h e impedance which is de te rmined by these fields therefore 
shows li t t le dependence on conduct iv i ty . Hence, the plot of impedance 
against scaled frequency is essentially the same for the scaled-down device 
as for t he original one, even though the conduc t iv i ty is no t scaled. In 
m a n y practical problems, therefore, it is not necessary to satisfy Eq . (204). 

Al though the fraction of the input power lost in passing th rough the 
a p p a r a t u s m a y be very small in bo th the original and the scaled-down 
circuits, t he two figures m a y differ from each other by a considerable 
factor if the conduct ivi t ies are not scaled. It can be shown 1 t h a t for a 
circuit whose dimensions are scaled down by a factor p from a larger one, 
the percentage of the incident power lost in passing th rough the smaller 
a p p a r a t u s a t a frequency p t imes higher bears the following re la t ionship 
to t h a t lost in t he larger: loss in dielectric, .smaller by the factor p; loss in 
conduc tors , larger by the factor \/p. I t mus t be r emembered t h a t we 
are considering the case where the over-all length, as well as t he other 
dimensions, is scaled down, and the character is t ics e, u, and a are kept 
cons tant . 

I t should be noted tha t cons tancy of the loss t angen t (essentially equal 
1 The .special case of nt tenual ion in rec-taapilar waveguide m a y be verified by 

converting Ens. (150) and (151) into loss per wavelength. 
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to the power factor) of a dielectric with change of frequency corresponds 
to the scaling of a in the manner required. This fact is easily seen by con
verting Eq. (92) 

e'/ = - (2-92) 

into the form 

a-i = «f" = ufJK 1 )■ (20.ri) 

It is evident that if the dielectric constant t[ and the loss tangent (e" 't[) 
remain constant, then a will be proportional to v as required by Eqs. (20.'?) 
and (204) when scaling without change of y.i or e,-. 

Thus far we have considered only the adjustment of /, v, and at in 
applying Eqs. (203) and (204) to scaling problems, keeping tn and ti con
stant. Although this application is the most useful for these equations, 
there are several others. One which is occasionally useful is that, in which 
the size of a circuit is reduced while the same operating frequency is 
retained. This reduction and maintenance of frequency may be accom
plished most easily by the introduction of a new dielectric with a higher 
value of e. If it is desired to decrease 1 by a factor p, then e must be 
increased by the factor p- in order to satisfy Eq. (203), n and v remaining 
unchanged. In order to satisfy Eq. (204), <r,- must be increased by the 
same factor p-. As remarked in connection with the preceding example, 
it is, in many practical problems, not necessary to satisfy Eq. (204). 

A third possibility is that of keeping / and m fixed, and varying e, and v 
to satisfy Eq. (203). Other combinations in which m is varied are possi
ble, in principle, but rather impractical. There are also numerous possi
bilities in allowing three or even all four of the quantities on the left of 
Eq. (203) to vary. 

To be exact, all dimensions must be scaled, but it is obvious from a 
practical standpoint that some dimensions are not at all important. 
Thus it is only the internal dimensions of a metal waveguide that need be 
scaled. Similarly, only the internal diameter of the outer conductor and 
the outer diameter of the inner conductor of a coaxial line have any 
significance. In general, only those dimensions involving the dielectric 
material in which electric and magnetic fields occur and the metal sur
faces adjacent to this region are significant. 

Unfortunately the practice of scaling dimensions is considerably-
hampered by the fact that the pertinent dimensions of standard coaxial 
lines and rectangular tubes seldom have the proper relationships. This 
is, in the case of rectangular waveguides, chiefly due to the fact that the 
timing used is standard stock tubing, sized according to its external 
dimensions. Very rarely do the inside dimensions of one tube scale at all 
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closely to that of a different size. Similarly it is difficult to obtain, from 
stock tubing, a series of lines of different sizes with approximately the 
same diameter ratio. Nevertheless, the principles of scaling by similitude 
argument give one a fair start on a new design if applied as carefully as 
inconsistencies in the scale factors of standard tubings permit. 

2-16. Impedance-matching Transformers.—There are times when it 
becomes desirable to incorporate into a design a fixed transformer section. 
This section is usually introduced for the purpose of matching the circuit 
in question to the characteristic impedance of the transmission line or 
waveguide. In some special cases, however, it is necessary to cause a 
specified impedance to occur at a given point. An example of this 
application is found in the case of the transformer which is sometimes used 
to cause the optimum load impedance to appear at the terminals of a 
transmitter tube such as a magnetron. In regard to the use of a trans
former to compensate for the mismatch of a circuit being designed, it 
is usually preferable to obtain a satisfactory match by the methods out
lined in Sec. 2-14; but if these methods fail to give the degree of match 
desired, several types of simple transformers are available. 

Quarter-wavelength Transformers.—The simplest types of coaxial-line 
transformers fall into this classification. Quarter-wavelength transform
ers may be used in waveguides, but it is more common to use shunt 
susceptance elements in waveguide work. The quarter-wavelength 
transformers used in coaxial lines usually take the form of sections of 
line in which the inner conductor is enlarged by slipping onto it a metallic 
sleeve of the appropriate thickness. This and other forms of transformers 
for coaxial lines are discussed in Sec. 4 5 , while some forms of waveguide 
transformers are taken up in Sec. 4-16. 

One frequently hears it said that a quarter-wavelength line section 
"inverts the impedance." This statement may be understood by noting 
that it is the normalized impedance, expressed in terms of the character
istic impedance of the quarter-wavelength section, which is inverted. 
Thus if a load impedance Zr terminates a quarter-wavelength section of 
characteristic impedance Z'0, the normalized output impedance ZT/Z'0 is 
transformed at the input end to the normalized input impedance 

Writing the equation in this form brings out the inversion property of the 
quarter-wavelength line more clearly than does the frequently used form 
(Item 8 of Table 2-1) 

Z< = §-'■ (207) 
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In any case, the characteristic impedance of the quarter-wavelength sec
tion which can transform the output impedance ZT to the input impedance 
Zi is given by 

Z'a = V Z X (208) 
A simple example of the inversion property of a quarter-wavelength 

line section is clearly evident from an inspection of the impedance chart 
of Fig. 235. Consider the normalized impedance point It = 2, A' = 0. 
This point lies on the real axis at the point where the (r = 2)-circlc 
crosses it. If this (r = 2)-circlc is followed in the clockwise direction 
(that is, if the impedance transformation is traced at points along the line 
toward the generator) for a quarter wavelength, we arrive at the normal
ized impedance R = %, the reciprocal of the normalized load impedance 
It = 2. Conversely, if we start with the normalized load impedance 
It = i and follow the upper arc of the (r = 2)-circle for a quarter wave
length, wc obtain the input impedance R = 2, the reciprocal of the load 
impedance It = \. It is easily verified for any of the constant-r circles 
that the two points of intersection with the real axis bear this reciprocal 
relationship. 

A quarter-wavelength transformer may be used to obtain an input 
impedance equal to the characteristic impedance Z« of the transmission 
line if, for any rail load impedance Zr, the characteristic impedance of the 
transformer section is chosen to be that required by Eq. (208); namely, 

Z'B = VIXo. (209) 
In the general case the load impedance will be complex rather than 

real. Fortunately, however, points of real impedance occur at every 
voltage-minimum or voltage-maximum point along the line on the input 
side of the circuit being matched. If one of these were chosen as a refer
ence point, the effective load impedance at that point would be real, and 
the above method of transforming a real load impedance to Z0 would be 
valid. 

If a point of minimum voltage is chosen as the reference point, the 
load impedance will be 

2„„„ -= —'. (210) 
' ' i 

where r, is the value of the YSYVR introduced by the circuit to be matched. 
The characteristic impedance of the transformer section is then 

Z'u - vXJz"; -- ~^=> (210 
V'' i 

and the impedance transformation is as shown in Fig. 2-4('ia. The circle 
edef represents the circle for which \'S\V'R = r, for an impedance chart 
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based on the impedance Zo. The actual load impedance lies somewhere 
on this circle (say at point d or at point i) but we need not be concerned 
about its location in the present instance. Locating the point e of mini
mum voltage is important; this may be accomplished by extrapolating an 
integral number of half wavelengths toward the load from one of the 
voltage minima which occur in the slotted section of line used to measure 
r,. Usually the point e should be chosen as the voltage minimum that is 
as close as possible1 to the circuit being matched, in order to obtain the 
least frequency-sensitive response. This choice is made because of the 
fact that the rate of change of input impedance with wavelength is, for a 
given load impedance, greater for long lines than for short ones. If the 

/ / 
I, 

/ 

'o/r \ 
\ 

(a) Low impedance transformer (b) High impedance transformer 
F I G . 2-46.—Impedance diagrams for quarter-wave transformer. 

point c is made the terminal end of the quarter-wavelength transformer 
whose characteristic impedance is given by Eq. (211), the impedance 
transformation along the transformer section will follow the arc eZ0, result
ing in an input impedance equal to the characteristic impedance Z0 of the 
line. 

In a similar way, one may choose for the reference point the point c 
where the voltage is a maximum and the impedance is 

Zmai = TlZo. (212) 

The required characteristic impedance of the transformer section is 

Z" = y/Z^JZa = y/rZo, (213) 

and the impedance transformations are as shown in Fig. 2-466. 
The problem of creating a prescribed impedance at a given point by 

the introduction of a transformer section into a matched transmission line 
is essentially the inverse of the above problem. If the desired impedance 
lies on the curve where VSWR = r-,, either of the two transformers 

1 For discussion of an exception to this general rule see, below, the subsection title 
" U s e L'f Admit tance Char t s . " 
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described above is suitable. For example, if it is desired to produce the 
impedance / at a given point, the input end of the transformer of imped
ance Z'0 can be placed the proper distance (represented by the arc ef) on 
the load side of the given point. The transformation is then, working 
from the matched line impedance Z0 back to the desired impedance at 
/, from Z0 via the dotted arc to e, thence along the dashed arc ef. 

Shunt Susceptance Elements.—A type of impedance-matching element 
\vhich is particularly useful in waveguides is that which behaves essentially 
like a pure susceptance shunting the line. The mechanical details and 
design data for waveguide structures used to accomplish this shunting 
action are discussed in Sees. 4-13, 4-14, and 4-15. The most common 
structure is the so-called "inductive diaphragm," which adds a negative 
susceptance with a magnitude dependent on the dimensions. 

(o) (b) 
FIG. 2-47.— Admittance charts for waveguide matching, (a) using rectangular chart; 

(b) using circular chart. 

The way in which such an element is used to match a given circuit to 
the characteristic impedance (or admittance) of the waveguide is indi
cated in Fig. 2-47. These diagrams represent the impedances of Fig. 2-46 
transformed onto an admittance chart. Again, we are not concerned 
with the actual load admittance but are interested merely in finding the 
point along the standing-wave pattern where the admittance has the 
desired value. In this case we seek the point where the admittance has 
the form Y = 1 -f jB, represented by the point k in the diagrams. At 
this point an inductive diaphragm whose susceptance is — B may be added 
and the matched condition achieved. 

For this type of matching the point e, at the voltage minimum, has no 
particular significance; however, it furnishes a convenient reference point 
with respect to which the matching diaphragm may be located. The 
magnitude B of the susceptance and the distance d between voltage 
minimum and proper diaphragm position may be read from the admit
tance chart after the experimental data on phase and magnitude of the 

file:///vhich
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VSWR have been plotted. As a matter of fact both B and d are com
pletely determined by the magnitude of the VSWR and may be calculated 
by formulas, Eqs. (4-55) and (4-56), or determined from graphs, Figs. 
2-12 and 4-61. A discussion of the advantages to be obtained under cer
tain conditions by the use of admittance charts is presented in the next 
subsection. 

The preceding discussion was based on the use of an inductive (nega
tive) susceptance to effect matching. Such an element is to be placed at 
the point k, Fig. 2-47, which is a distance d toward the load (counterclock
wise) from the voltage minimum at e. There is a corresponding point h 
at the same distance d toward the generator from the voltage minimum at 
which a capacitive (positive) susceptance may be placed to effect matching. 

Use of Admittance Charts.—It has been shown above that the char
acteristic impedance and placement of a quarter-wavelength transformer 
may be determined very simply without the aid of an admittance (or 
impedance) chart. Similarly, reference was made to simple graphs 
and formulas by which the magnitude and placement of susceptive ele
ments may be determined. In case the matching is to be done on the 
basis of a single measurement at a given frequency these methods present 
the simplest and most accurate solution. In most design work, however, 
it is desired to obtain the best possible match over a given band of fre
quencies. I t has been found that an admittance chart is of great assist
ance in achieving this goal. 

The usual procedure consists of taking data on the magnitude and 
phase of the VSWR introduced by the given circuit at a number of fre
quencies within the operating band of the device to be matched. Some 
convenient reference point within the device or its input line is then chosen, 
and the admittance at that point is plotted for each frequency used in the 
measurements. Let us first assume that we are dealing with a waveguide 
circuit and that we have been particularly fortunate in the choice of a 
reference point so that the admittances cluster about the point k. We 
can then try adding an inductive susceptance of appropriate magnitude 
and predict the admittance plot to be expected from the device if matched 
in this manner. It may very well turn out that, in order to obtain the 
optimum over-all performance within the operating band, a compromise 
susceptance will be used which is not intended to produce a perfect match 
at any wavelength within the band. An example of this type of matching 
procedure is to be found in Sec. 6-6, the corresponding admittance diagram 
being shown in Fig. 6-17. 

There are numerous complications and variations which need to be 
considered in actually applying the procedure indicated above. In the 
example given, the variation of the magnitude of the susceptance B with 
wavelength must be taken into consideration, and this variation differs 
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from one type of matching structure to another. Then, too, one is seldom 
fortunate enough to choose the optimum position of the matching device 
as a reference point. In general one must choose, on the basis of the 
admittance plot at the initially chosen reference point, a new reference 
point. The admittance must then be replotted at this new point; it is 
unfortunately true that u simple rotation of the chart will not suf
fice because the phase length between points is different for different 
wavelengths. 

It sometimes happens that this difference in phase length can be used 
to advantage in increasing the bandwidth of a circuit. An illustration of 
this effect is afforded by the example from Sec. (Hi mentioned above. 
The method of design discussed in Sec. G(J is, in fact, one of the most useful 
methods of achieving broadband circuits. 

Although the above discussion has been based on waveguide circuits, 
similar considerations apply to coaxial circuits. The choice of the initial 
reference point is again rather arbitrary, but in the coaxial circuits the 
admittance points should cluster about either point c or e, depending 
on the use of a transformer section of either low or high characteristic 
admittance. Corresponding to the variation of susceptance with fre
quency, there will be a variation in transformer action with frequency, 
because the transformer is a quarter wavelength long at only one wave
length. All these considerations may be worked out very nicely by 
means of admittance (or impedance) diagrams. 

The broadbanding technique described in Sec. 6-6 for a waveguide 
circuit may be applied in suitably modified form to coaxial circuits. It 
was by the use of such a technique that the broadband coaxial-stub angle 
of Fig. 4-31 was designed. 

2-16. Other Design Factors. M' anujaclur ability.—Although it is no 
doubt true that almost anything one might design could be manufactured 
if sufficiently elegant methods of fabrication are sought, a little thought as 
to problems of manufacture may often avoid needlessly involving slow 
and expensive fabricational techniques without sacrificing performance. 
At times there may arise a serious conflict between considerations of 
simplicity of fabrication and some other characteristics to be mentioned 
presently. In particular, the streamlining which leads to better break
down characteristics is often difficult to achieve if conventional machining 
methods are to be used. In such cases, circumstances may indicate a 
choice, or some compromise may be reached. 

Power-handling Capabilities.—As has just been indicated, streamlin
ing by eliminating sharp corners is frequently desirable. If sharp corners 
occur in a region of high electric fields, they seriously reduce the break
down power. It is sometimes sufficient merely to remove the machining 
burrs by rising emery cloth or to go one step further and round the edge 
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by introducing a radius of curvature of a few thousandths of an inch. 
However, if the ultimate in breakdown resistance is needed, special 
streamlined contours or large radii of curvature, calling for special design, 
become necessary. Examples of this type of design are the high-power 
Z?o-transition in Fig. 6-77 and the " doorknob "-type transition from 
coaxial line to waveguide in Fig. 6-37. In the doorknob design, consider
able difficulty with manufacturability has been experienced, illustrating 
the point about the conflict between manufacturability and other factors. 

The use of dielectrics is to be avoided wherever possible if high-power 
operation is desired, both because surface flashover is likely to occur along 
the dielectric-to-air interface and because most dielectrics are perma
nently damaged if such breakdown occurs. 

Highly frequency-sensitive devices are usually unsuitable for high-
power transmission. Usually they include either a section of line in 
which high standing waves exist or else a small gap across which a high 
voltage builds up. In either case abnormally high electric fields occur, 
leading to low power-handling capacity. 

I t is possible to have a device which includes objectionably small gaps 
even though it is not very frequency-sensitive. An example of this is the 
probe-type transition from coaxial line to waveguide, Fig. 6-9, in which the 
small gap between the end of the probe and the opposite wall of the wave
guide leads to low breakdown figures. This limitation may become less 
serious if the gap is increased by bulging out the waveguide wall in that 
region. This change alters the impedance match, so one must compensate 
for it by readjusting the junction parameters. 

Bandwidth.—Of all the factors which enter into microwave-circuit 
design, the problem of maintaining a low VSWR over broad frequency 
bands is without doubt the most difficult. I t is a relatively simple matter 
to conceive the basic design for a circuit which will perform the reqaired 
function; for example, a method of coupling from a given coaxial line to a 
given waveguide. With reasonable provisions for adjustable design 
parameters, and with due regard for high-power and manufacturability 
factors, a design may be readily evolved which is reasonably well matched 
at a given wavelength. If further improvement in the impedance 
match is desired, a simple impedance transformer may be inserted to 
give essentially perfect match at this wavelength. If the performance 
of this device at a series of frequencies is then investigated, it will give an 
estimate of what may be called the ' ' inherent' ' frequency sensitivity of the 
design. This inherent sensitivity varies widely from one circuit to 
another but will usually be low enough to make operation over a band 
of about one per cent width satisfactory with a VSWR below 1.10. Some 
relatively simple circuits give satisfactory performance over a band of ten 
per cent width, but many others fall far short of this; and it is rare indeed 
that an appreciably broader inherent bandwidth is found. 
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As an example of one important factor which influences inherent 
bandwidth let us consider the simple circuit of Fig. 2-48. A resistance 
card, whose surface impedance is equal to the wave impedance of the 
waveguide at midband, is placed a 

End plate 

F I G . 2-48.— Resistance card load in 
waveguide matched at \ = Ao. Surface 
resistance of card is equal to wave imped
ance of guide at \o. 

quarter of a midband guide wave
length from the end plate which 
terminates the waveguide. This 
impedance has the value, for all 
TE-type waves, of 377 X„oAo ohms 
per square, where X0 is the midband 
wavelength and Xe0 is the corre
sponding guide wavelength. For 
coaxial lines, it is simply 377 ohms 
per square. The wavelength sen
sitivity of such a load is given by 
Fig. 2-49 for various choices of 
midband wavelength relative to 
cutoff wavelength. The wavelength sensitivity of the equivalent coaxial 
line load is given for comparison and is the limiting curve which would be 
obtained for (X0/Xc) = 0. It is important to 'note that the closer the 
midband wavelength is to cutoff, the more sensitive to wavelength the 

toad becomes. This is, of course, 
-> n - ' ' 

because of the rapid change of 
guide wavelength near cutoff. 

This simple circuit is rather 
typical of a large number of those 
which include a quarter-wave
length stub in shunt with the line. 
The coaxial-load curve might 
equally well be considered to rep
resent that of an ordinary quarter-
wavelength T-stub support. The 
waveguide curves bear a close 
relation to a transition from coax' 
ial line to waveguide of the com
moner types (see Sec. 6-9). 

In general, circuits tend to 
behave in a manlier similar to this. 
Bandwidths are usually better 
for circuits operating far from 

cutoff. A note of warning is in order, however, since difficulties arise as 
the wavelength approaches the cutoff value for the next higher mode. 
The higher-mode fields set up by waveguide discontinuities are not 
attenuated rapidly enough, and undesirable interactions between discon-
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FIG. 2 - 4 9 . ^ Wavelength sensitivity for 

resistance card loads matched at X = Xo in 
a waveguide whose cutoff wavelength is \r. 
The equivalent coaxial load is given for 
comparison. 
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tinuities occur. The wavelength at which these difficulties set in depends 
on such factors as the nature of the discontinuities, but for any wave
length below about 0.6XC caution is advisable. 

If the inherent bandwidth of a circuit falls below that desired, either 
it must be discarded and replaced by a basic design of greater inherent 
bandwidth, or it must be given greater breadth of band by resorting to 
some form of broadbanding technique. These techniques usually consist 
of the introduction of some other element whose frequency sensitivity is 
roughly equal to that of the original unit and which is placed in such a 
position that the reflections from the two circuits tend to cancel over a 
considerable frequency band. 

The details of the circuits involved may take various forms. Although 
there is some overlapping of categories, a classification according to the 
form of the broadbanding element will be attempted, and an example or 
two of each group given. 

To broadband a simple device such as a bead support or simple stub 
support, an identical unit may be added at a point in the line which is 
effectively a quarter of a wavelength away. This is the most obvious 
way of obtaining cancellation between units of equal frequency sensitivity 
and is discussed in Sees. 4-3 and 4-4. 

Another method which sometimes presents itself is that of adjusting 
the distance between two circuit components both of which are already 
present and which have approximately equal frequency sensitivities. An 
example of this is to be found in the judicious spacing of a simple coaxial-
line stub support with respect to the probe-type transition from coaxial 
line to waveguide described in Sec. 6-7. 

A third method consists of introducing an additional element for the 
express purpose of broadbanding. This element may take the foim of a 
section of line whose length is half a wavelength and whose characteristic 
impedance differs from that of the rest of the line. This half-wavelength 
transformer introduces no mismatch at midband and its frequency sensi
tivity may be varied by altering its characteristic impedance. For 
example, the added element may be a transformer consisting of a dielec
tric-filled section of coaxial line. The frequency sensitivity of such a half-
wave dielectric "bead" is given by Fig. 4-15. The added element might 
consist of other resonant combinations, such as a resonant slit in wave
guide or a pair of inductive irises spaced to cancel reflections at midband. 

Another method, closely related to the last, is to place the added 
element more or less symmetrically on the output and input sides of the 
original circuit component. One example of this is afforded by the place
ment of a low-impedance half-wavelength sleeve transformer symmetri
cally with respect to a simple coaxial-line stub support in order to obtain 
the broadband stub described in Sec. 4-4. The technique of using two 
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elements, one in the output line and one in the input, is illustrated by the 
discussion of Sec. 6-14 in connection with Fig. 6-79. The procedure out
lined there is to a large extent one of trial and error in regard to the size 
and location of the element in the output line. It is quite possible tha t a 
more straightforward method could be evolved if the broadbanding proce
dure were based on measurements of the complete equivalent circuit 
characteristics of the component at a number of frequencies in the desired 
band. 

Instead of adding an element in the output line, as in the preceding 
method, the design parameters may be varied in such a way that the 
variation of impedance with frequency takes on a desirable form. It 
then becomes possible to add an impedance transformer in the input line, 
just as in the preceding case, which restores match at midband and gives, 
by virtue of the sensitivity of the effective length of the intervening line 
section to frequency, a broad bandwidth. Examples of this technique are 
to be found, in Sec. 6-6, applied to the crossbar transition between coaxial 
line and waveguide. 

Although their applicability is restricted to certain simple problems, 
tapers form the basis of the most familiar of all broadbanding techniques. 
Use of tapers is made in the design of transitions between different sizes 
of coaxial lines, Sec. 6-1, and different sizes of waveguides, Sec. 6-3. 

The final class of broadbanding techniques to be discussed is probably 
one of the most familiar; namely, the use of a properly chosen series of 
quarter-wavelength transformers. Slater1 discusses this method of 
achieving broadband performance; an example is to be found in the 
coaxial-line phase shifter of Sec. 9-5. 

Mode Purity and Resonances.—In some devices, additional considera
tions enter the picture to complicate the design problem and limit the 
freedom of variation of design parameters. For instance, in designing a 
transition from rectangular waveguide operating in the lowest or TEw-
mode to round waveguide operating in the second or TMoi-vaode, the 
lowest or TEu-mode may also be excited in the round guide. Particular 
care must be taken in providing design parameters which may be adjusted 
for minimum excitation of the unwanted lower mode. At the same time 
attention must be paid to the impedance match, for there may be a con
flict between the two considerations when adjusting the design parameters. 
This conflict may be dealt with in the manner illustrated by the discus
sion of Sec. 6-4. 

• When the round waveguides of two such transitions are joined to form 
a rotary joint, an additional complication arises. Even though the exci
tation of the unwanted mode may be exceedingly small, certain over-all 
lengths of round waveguide lead to trouble because of resonance in that 

1 J. C. Slater, Microwave Transmission, McGraw-Hill, New York, 1942, pp. 57-62. 
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mode. The resonant wavelength depends in a rather complicated way on 
the angle as the rotary joint turns. A thorough discussion of this 
resonance problem is given in Sees. 7-10 to 7-16. 

Even though a round waveguide may be too small for any propagation 
except in the lowest mode, there still remains the possibility of the exist
ence of either of two perpendicular polarizations. It is this ambiguity 
about polarization which makes round waveguide unsuitable for most 
transmission-line applications; however, use is made of this property in 
the rotary joint using circular polarization, Sec. 7-17. In this application, 
care must be taken to excite a circular polarization, rather than elliptical; 
such care presents a design problem closely analogous to that of mode 
purity in the design of transitions to TMOi-mode. There arises, similarly, 
the problem of avoiding resonances in the round waveguide; this topic is 
discussed in Sec. 7-18. Similar problems, in connection with a rotary 
joint using a device which rotates the plane of polarization, are discussed 
in Sec. 7-19. 

2-17. Series Branches and Choke or Capacity Coupling.—Frequently 
the coupling of two sections of transmission lines is desired under circum-

I f f r 

-ir-r r >'• 
(c) (<f) 

F I G . 2-50.—Evolution of capacity or choko coupling for coaxial line. 

stances that make the attainment of good metallic contact rather difficult. 
This requirement is encountered in the design of many components for 
both coaxial lines and waveguides. The following examples, described in 
later chapters, are typical: waveguide couplings, Chap. 4; rotary joints 
and other types of motional joints, both in coaxial lines and in waveguides, 
Chap. 7; switches, short-circuiting plungers, and phase shifters, Chap. 8. 

Since this problem is of such common occurrence, it seems advisable to 
describe in some detail the most usual method of solving it. In doing so, 
many of the transmission-line and impedance-transformation equations 
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developed previously will be used; thus the discussion will give an illus
tration of the use of these equations, as well as results which are them
selves useful in many practical problems. 

The problem proposed is usually solved by what is frequently, though 
somewhat inaccurately, termed "capacity coupling" or "choke coupling." 

Via. 2 -51 .—Ser ics - lmui r l l in i ! l ines foiniinsr c h o k e or rupue i t ive coupliiiK- All e n l a i j i o m e n t 
of t h e ene i rc led p o r t i o n of {a) is .shown in (/>). 

One simple form of this circuit is illustrated by Fig. 2-50, where it is 
obvious that the term "series-branching lines" is appropriate. Its 
evolution from true "capacity" couplings and improvement by the addi
tion of another section of line acting as a "choke" is indicated by the 
series of sketches of Fig. 2-50. 

The performance of such a circuit may be analyzed by means of the 
simple line theory which we have developed in the preceding sections. 

E. G. & G. LIBRARY 
LAS VEGAS BRANCH 
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Referring to Fig. 2-51, it is evident that the branch lines communicating 
with the gaps in both inner and outer conductors will be excited by radio-
frequency energy, since the main-line current is interrupted by them. 
Assuming the gaps in inner and outer conductors to be small compared 
with a wavelength, we may write (see Fig. 2-51) 

T\ = T'0 + V2 + V... (214) 

Dividing through by /«, which is common to all branches, we obtain the 
series-impedance relation 

Zi = Zo + Ztl -r Z«. (215; 
The main line is assumed to be terminated in its characteristic impedance 
Z0. I t is evident that if Zi2 and Zn, the input impedances of the branch 
lines, can be made very small compared to Z0, the gaps will not present an 
appreciable mismatch to waves transmitted along the main line. This 
will be the case if the branch lines are each made a half wavelength long, 
since the input impedance for a half-wavelength line terminated in a short 
circuit is zero, neglecting losses. Furthermore, in such a line section, the 
current is high at the short circuit, zero at a point a quarter wavelength 
away, and high again (equal to To) at the half-wavelength point. If the 
break in the branch lines is made at the quarter-wavelength point, it will 
not be necessary to provide good contact since no current is flowing at 
that point. 

I t is obvious that these conditions will prevail, for a given circuit, only 
at one particular wavelength; the question then arises as to its perform
ance at other wavelengths. This performance, of course, depends on such 
geometrical factors as the radii, a-\, bi, a?, hi of the branch lines. It is also 
natural to be somewhat apprehensive as to how the breakdown-power 
limitation of the branch lines compares with that of the main line. These 
questions will now be investigated. 

Impedance Relations.—The relations for the outer-branch line of Fig. 
2-51 will be derived first. Beginning at the short-circuited (right-hand; 
end, and working back to the gap in the main line, we have 

Zn = jZoi tan <?,, (216) 

where 0i = 2ir/i/X and line losses are neglected. The length / is chosen 
equal to a quarter of the midband wavelength X0, so that 

At or near midband, tan d\ will be very large—infinite at midband, and 
about six for a wavelength 10 per cent either side of midband. If the 
junction impedance Z, (contact resistance, radiation resistance if an open 
junction, and other discontinuity effects) is kept less than, or comparable 
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to, the character is t ic impedance Z0i , it m a y be neglected compared wi th 
Ziu Th i s suggests t he desirabi l i ty of mak ing Z<u as high as possible, 
which is desirable for o ther reasons as well. Neglect ing Z,-, then , t he 
impedance t e rmina t ing the next section of line is 

Z12 = Zv l = jZ0l t an Bu (218) 

which t ransforms [by Eq . (40)] to 

Z12 + jZ02 t a n 02 Z i 2 = Zn Zfrl + jZin tan 8-i 
... Zoi t an 0, + Z02 t an 02 

Normalizing in terms of the main-line impedance Z„ and rearran 
obtain 

z02 cot e, 
Zi2 .(Zn\ . a

 +Z„,cotl)2 
' 1 — ■_ - COt 0, COt So 

>4oi 

If we make l\ = U_ = Xo/4, we may write, as in Eq. (217), 

,, = *,= * = !£. 

igi ng, \w 

(220 

(22b 

Ordinarily, Z,K/Zin ^ ^ and near midband cot 0 <5C I ; therefore we mav 

neglect T/— cot 0, cot 02, compared to un i tv , in the denominator . Tn addi-

tion, near midband , cot 0 is well approx imated In

cut 9 = *-(!-«) " ( I T ) <2 2 2> 
where AX is delined by AX = X — X(i. Equa t ion (220) m a y lie approxi 
mated by 

Z,2 (fe) (if) (-!::> 
These approximat ions lead to a result which is slighlly larger t h a n t h a t of 
Eq. (220), b u t t he error is less t h a n 5 per cent for 0.80 < X, X„ < 1.33 
provided Z,l2/Zui ^ i . I t rises to 15 per cent over the same wavelength 
range if Z„2 /Z0 i = 1. Since the losses have, been neglected, the imped
ance Z,2 is na tu ra l ly pure ly react ive. T h e normalized reactance , referred 
to Zn of the main line, is 

- v . - $■■ fe)(^)(-0 <-
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In trie case of the coaxial-line example of Fig. 2-51, a similar analysis of 
the line within the center conductor leads to 

^--fe)(iT)(1 + §i> ^ 
The input impedance is then given by 

Z' = l+j(X'a + XU). (226) 
Since the branch lines present reactances of the same sign, their contribu
tions to the over-all mismatch of the circuit are, roughly speaking, addi
tive. They may be made approximately subtractive by spacing the gaps 
in outer and inner conductors a quarter of a midband wavelength apart. 
Such an arrangement, combined with a reversal of the orientation of the 
center-conductor branch which may be desirable mechanically, is shown 

^ k, k ., i i t k k \ y > / / / j As/ / / / / /■*/ A 

F I G . 2-52.—Alternative arrangement of Fig. 2-51 providing broader bandwidth. 

in Fig. 2-52. The outer-branch line and inner-branch lines are now each 
in series with the main line at different points. The VSWR which each 
separately would introduce into a matched line may then be calculated 
from Kq. (7c) of Table 2-2: 

(227) 

For small values of r, the mismatch, which we shall define as (r — 1), 
is approximately equal to |X|. Thus, the mismatch introduced by the 
outer-conductor branch line is given approximately, using Eqs. (224) and 
(227), by 

Tl (§)(?¥)('+0 <228> 



SEC. 2-17) SERIES BRANCHES AND CAPACITY COUPLING 105 

Neglecting \ / r in Eq. (227) leads to an estimate of the mismatch which is 
too low, but the error is less than 10 per cent for r < 1.2. This error is 
opposite in sign to the errors made in the approximations leading to Eq. 
(224), so that Eq. (228) is actually a rather good approximation (that is, 
in error by less than 10 per cent) for r2 ^ 1.2, |AX/X| ^ .25 and 

Zo2 
■Zoi 

< 1. 

It will be noted that the mismatch is proportional to: (a) Z02/Z0, (b) 
(|AX|/X), and (c) (1 + Z02/Zoi). Therefore, to maintain the lowest possi
ble mismatch over a band of wavelengths about X0, it is desirable, in view 
of (a), to make Z02 as small as possible compared with Z0. In view of (c) 
it is desirable to make Z0i as large as possible compared with Zm; the 
desirability of making Z0i large, for another reason, was pointed out in the 
discussion leading to Eq. (218). 

In each case, actual FIG. 2-53.—Variations in outer conductor of branch lines. 
circuit is a figure of revolution generated by rotation about a horizontal axis to be imagined 
to exist below the figure. 

A number of alternative physical arrangements of branch lines for 
the outer conductor of coaxial lines is shown in Fig. 2-53. The center-
conductor branch line is pretty closely restricted, because of physical 
considerations, to the two forms c and d of Fig. 2-50. The arrangement 
of Fig. 2-53<z is the one most frequently used in coaxial rotary joints since 
it is fairly economical of space, both radially and axially, and involves 
no dielectric. 

For those arrangements which include radial sections of transmission 
line, the simple equations given are not accurate. Radial lines require a 
special treatment which will not be given here. Curves giving the radial 
dimensions of effective quarter-wavelength lines are given in Figs. 4-46 
and 4-47 and may be used in design work. In estimating wavelength 
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sensitivity the results given here for coaxial branch lines should give a 
fairly good approximation. The characteristic impedance of a radial 
line is fairly well approximated by considering the radial line to be roughly 
equivalent to a coaxial line whose cylindrical conductors are separated by 
the same distance as are the plates of the radial line, and whose mean 
radius is equal to the mean radius of the section of radial line. Thus 
close spacing between conductors leads to a low characteristic impedance, 
wide spacing to a high characteristic impedance. 

As an example of the use of Eq. (228), the frequency sensitivity of the 
preferred type of coaxial rotary joint for standard -g-in. coaxial line (see 
Fig. 7-4) may be calculated. The outer branch line has the form of Fig. 
2-53o, the inner that of Fig. 2-51a. The constants are given in Table 2 3 . 

TABLE 2 3. 

Line 

Outer 
Inner 

—CHAHACTERISTICS OF J-IN. OOAXIAI,-UNE UOTABY JOINT, FIG. 7 4 
All impedances in ohms 

Zo 

46.6 
46.6 

Zoi, A^ Z02, Zm 
1 

13.4 
28 

^ 0 2 ^ 0 4 

/to ZQ 

4.2 0.090 
13.4 0.29 

ZQ'1 Zlli 

0.31 
0.48 

The values of mismatch which would be caused by each branch separately 
are 

n - 1 

r4 - 1 

(0.090) ( j !£ ! ) 

(0.29) ( | !£ ! ) ( ! . 

(1.31) « 0.19 ^ p , 

48) « 0.97 |AX| 

(229) 

(230) 

In the actual design the gaps were, for economy of space, at the same point 
in the line (see Fig. 2-51). Hence the actual mismatch was approximately 
the sum of these, namely, 

1 « (0.97 + 0.19) !AX| 
1.16 

■ AX 
(231) 

If t h e y were separa ted b y a q u a r t e r wavelength , (see Fig. 2-52), t he mis
m a t c h would be approx imate ly the i r difference, 

rd 1 « (0.97 - 0.19) 
|AX| 

0.78 
|AX| 

(232) 

These results are plotted graphically, over a range of wavelengths, in Fig. 
2-54. 

Breakdown.—One would expect to find that the small clearances and 
small diameters occurring in these branch lines lead to a serious decrease 
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1.15 

in the power-handling capacity of the coaxial line. On examination it is 
discovered that the small diameters of the inner conductor branch do lead 
to such a reduction, but it is found that the smallness of the clearances 
does not lead to high electric fields, since the total voltage across the gap 
goes down quickly enough, as the gap is decreased, to avoid trouble. 

Referring to the center-con
ductor branch of Fig. 2-51, we may 
demonstrate this point. The 
highest voltage in this branch 
occurs across the line where the 
center conductor changes diam
eter. The branch is excited by 
the current of amplitude la where 
it joins the main line, at the left 
end of Line 4. Let us first con
sider the situation at midband, 
where Line 4 is exactly a quarter 
wavelength long. The voltage at 
the right end of Line 4 has the 
amplitude 

1.20 

-Performance of coaxial-line rotary 
joint of Table 2-3. 

7 4 = UZM = 7o60 In b4 (233) 

The amplitude of the maximum electric field E4, at the center conductor, 
is related to the voltage amplitude by 

f 
J <•< 

—-— dr — Eidt In —■ r a4 

Equating Eqs. (233) and (234), we obtain 

60/„ 
Et = 

(I4 

(234) 

(235) 

In the main line, the maximum field, at the center conductor of radius a, 
is found by the same method to be 

607_o 
o 

Ea (236) 

Therefore, the maximum field in Line 4 is larger than that of the main 
line by the factor 

^ i - 2L 
Ea at 

(237) 

That is, the field in the branch line is larger than that of the main line by 
exactly the same factor as that relating the inner conductors of the respec-
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tive coaxial line. To avoid breakdown in Line 4, the fields in the main 
line must be lowered from their break down value by this factor. Since 
the power being transmitted varies as the square of the fields, the power 
reduction factor caused by the smaller diameter in the branch line is 

Power with branch _ / a 4 

Power without \ a 
Of course, the same voltage V\ appears also across the left end of Line 

3, but it is very unlikely that the electric field at the conductor of radius 
a3 would exceed that at a4. For a given outer-conductor diameter 
(b3 = 64) a line whose diameter ratio is 2.72 (Z0 = 60 ohms) gives mini
mum electric field for a given applied voltage. In practice both lines 
have diameter ratios considerably smaller than this, and that of Line 3 
is nearer to the optimum value. 

Equations (237) and (238) are exact mathematically, but we have 
neglected the effect of the discontinuity in conductor diameter in passing 
from Line 3 to Line 4. In order to avoid increased fields in this region, the 
ends of the center conductors should be rounded with radii of curvature no 
less than their respective cylindrical radii. 

Applying the same equations to the outer branch Lines 1 and 2, one 
finds that the minimum field occurs at the right end of Line 2 and is given 
by 

Since this gives E2 less than E0, no difficulty from breakdown in the outer 
branch is to be expected. It is, of course, advisable to avoid sharp edges 
where Lines 1 and 2 join. 

The preceding discussion is accurate only for midband conditions. 
However, changing the wavelength by a considerable amount does not 
alter the conclusions appreciably, since the feeding current and maximum 
voltage are at the crests of distributions varying sinusoidally along the 
line. 

The -g-in. coaxial-line rotary joint of Table 2 3 has a = 0.187 in. and 
a4 = 0.125 in.; therefore the power-reduction factor is, for this capacity 
coupling, 0.44. 

Contact and Radiation Losses.—In Eq. (218) the junction impedance 
Z,- was neglected entirely compared with the input impedance of Line 1. 
If we assume that the junction presents a small resistive impedance R, 
because of contact or radiation effects, we have, instead of Eq. (218), 

Zu = R + jZoi tan Bx. (240) 

When the succeeding steps are carried through and small quantities 
neglected, as before, in the final result, it is found that the reactance is that 

" 
(238) 
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given by Eq. (224), but that there now appears a resistive component of 
input impedance given by 

s«-*(£)'(if)' <2«» 
It has been assumed, in making the simplifying approximations in the 
final result, that It2 may be neglected as compared with Z\x tan2 0i. 
Thus the result is valid only if this is the case. 

The main-line current I0 flows in this input resistance; hence the 
power dissipated with a resistance R present in the branch line is 

P^\nR^\llE(^j^fj- (242) 

Had the resistance R appeared directly in series with the outer conductor, 
rather than in a branch line, the power dissipated in it would be 

P = iHR. (243) 

Therefore, the power dissipated in the resistance R is decreased, by the 
branch-line arrangement, by the factor 

p = \zrJ\2T)- (244) 

For practical capacity-coupling (or choke-coupling) circuits this factor 
represents a tremendous benefit. Taking the coaxial circuit whose 
characteristics are given in Table 2-3 and a value of AX/X of 0.25, the 
loss-reduction factor is 0.015 for the outer conductor and 0.036 for the 
inner. 

Incidentally, it should be pointed out that the ratio Z02/Z01 comes in 
squared in the loss-reduction calculation, again indicating in no uncertain 
terms the advantage of making Z01 large compared to Z02. 

Extension to Waveguides.—The principles and equations developed 
for coaxial lines may be carried over, with suitable modifications, to wave
guide capacity or choke couplings. The problem of providing such 
couplings for round waveguide operating in the IWoi-mode is an exceed
ingly simple one. Since this mode is a symmetrical one, the current flow 
in the waveguide wall is of uniform density, just as in a coaxial line; the 
branch line is excited in exactly the same manner as if it were connected to 
the outer conductor of a coaxial line. Any of the forms of outer-con
ductor branch line used for coaxial line may be used for the 7'Afoi-mode 
in round waveguide. This mode is widely used in waveguide rotary 
joints, and such couplings are quite common. All the equations previ
ously developed carry over exactly, provided the main-line characteristic 
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impedance Z0 is correctly chosen to suit the waveguide mode. This 
impedance is that associated with radial voltage and total current; 
namely, 

Z» - 4 8 A 1 fe)' (245) 

That this is the proper impedance to use may be seen by referring to Fig. 
255 and noting the fact that 

.Jl.Ol,*, 

F I G . 2-55.—Branch-line coupling for round 
waveguide carrying TAioi-modc. 

Vi = V0 + Vi2, (246) 
where V0 and Vi are the integrated 
values of the radial field ET taken 
from the center, where ET = 0, to 
the inner surface of the wave
guide, and Vi2 is the voltage 
across the coaxial branch line 
excited by the current 70. Divid
ing Eq. (246) by the common 
current Ia, one obtains the imped
ance relation 

Zi = Z0 + Zi2, (247) 
where it is clear that the charac
teristic impedance used in the 
waveguide is that defined by 

To 
/o" 

Z„ = (248) 

As an example of the application of these and previously derived 
formulas, Fig. 2-56 gives the performance curve calculated for the typical 
3-cm band TAfoi-coupling whose characteristics are listed in Table 2-4. 

T A B L E 2 - 4 . — C H A R A C T E R I S T I C S OP A TMOI-CAPACITY C O U P L I N G * D E S I G N E D FOR 
Xo = 3.33 CM 

a 

0.576-in. 

X, 

3 .83 cm 

Zo, 

8 .1 ohms 

^ 0 2 

3 . 1 ohms 

* See Fig. 2-56. 

A comparison of Fig. 2-56 with Fig. 254 shows that the waveguide 
coupling is somewhat more frequency-sensitive than the outer-conductor 
branch coupling, but not as frequency-sensitive as the inner. The wave
guide coupling is restricted by the cutoff wavelength of the TMoi-mode 
on the long-wave side of midband, and trouble occurs because of the 



SEC. 217] SERIES BRANCHES AND CAPACITY COUPLING 111 

possibility of propagation of the next higher mode on the shorter-wave
length side of midband. The region of wavelengths shown in Fig. 256 
:s about all that is practical in view of these limitations. 

Round waveguides operating in the lowest or TiJn-mode may be 
coupled in the same manner, but the branch lines are then asymmetrically 

1.041 1 ] 1 1 1 1 1 

1.03 -/ 
a. / 
S 1.02 y 

1.01 - ^ — - ^ 

l.oo I — I r - ^ - X ^ T — I — I — I — 
0.94 0.96 0.98 1.00 1.02 1.04 1.06 1.08 1.1 

3.13 3.23 3.33 3.43 3.53 3.63 
X cm 

Fia. 2-56.—Performance of TAfoi-coupling (see Fig. 2-55 and Table 2-4). 

excited by the waveguide currents. Branch lines with coaxial geometry 
will be excited in the second coaxial mode, so the phase constant asso
ciated with them is no longer simply that of transverse electromagnetic 
wave but rather that of a mode with cutoff characteristics (see Fig. 2-22). 

FIG. 2-57.—Capacitive or choke coupling for rectangular waveguide. 

Similarly, radial sections will be excited in the second radial mode, foi 
which design curves are given in Fig. 4-46. 

Although these complications make more difficult the quantitative 
analysis of the behavior of the capacity-coupling circuit, the principles to 
be observed for low mismatch over a broad band of wavelengths are still 
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the same. That is, the Line Section 2, next to the main line, should have 
a' low characteristic impedance or closely spaced conducting surfaces, but 
Section 1 should have a higher characteristic impedance or more widely 
separated conducting surfaces. 

Rectangular waveguides transmitting the lowest or 2'I?io-mode have a 
lield structure and current distribution rather like that of the lowest mode 
in round waveguide, just discussed. The various forms of capacity 
coupling shown for coaxial lines should, with suitable modifications, be 
applicable to rectangular waveguides in somewhat the same way in which 
they were applied to round waveguide. The form most frequently used 
is that of Fig. 2-57, the design of which is discussed in considerable detail 
in Sec. 4-9. Alternative types of capacity-coupling circuits devised 

F I G . 2-58.—Simple branch circuit approximately equivalent to Fig. 2-57. 

especially for use with rectangular waveguides are discussed there, also. 
The simple branch circuit of Fig. 2-58 is approximately equivalent to the 
common coupling of Fig. 2-57. The two grooves of height di of the former 
have been widened, bent into semicircular form, and joined to form the 
circular groove of the latter. The simple coupling would not be expected 
to be an effective capacity-coupling circuit, however, since the currents 
flowing in the side walls of the waveguide branch line of height rf2 are 
large and must flow through contacting surfaces. Neglecting this fact, 
the mismatch introduced by such a circuit may be calculated by modify
ing slightly the coaxial-line equations. I t is merely necessary to change 
X to X„ and AX to AX„ in Eq. (228) to obtain the mismatch due to one of 
the two series branches. Since there are two equal branches, the total 
mismatch is twice this value. The characteristic impedances are, since 
all branch lines have the same width as the main waveguide, simply pro
portional to the respective waveguide heights b, dh and d2, [see Eq. 
(158)]. Equation (228) then becomes, for the complete coupling, 
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Although there is a considerable difference between this coupling and 
the common coupling of Fig. 2-57, enough similarity exists for this result 
to give a fair prediction of the performance of the capacitive coupling. A 
comparison is made in Fig. 2-59 
between values of VSWR meas
ured for two different c h o k e 
couplings and the performance 
predicted by Eq. (249). I t will 
be noted that, although the agree
ment is not bad, the mismatch of 
the actual circuit is consistently 
lower than that predicted by the 
formula, especially at longer wave
lengths. I t may be reasoned that 
this is due to the fact that the 
branch lines are_effectively wider 
than the main line; hence, they 
have lower characteristic impedance and slower variation of X0 than 
assumed in the formula. This would be especially noticeable at longer 
wavelengths, since the main line would approach cutoff long before the 
branch lines. 

Since Eq. (249) gives fair agreement with measurements made on com
mon couplings, one is encouraged to expect other equations, based on the 
simple coupling of Fig. 2-58, to do likewise. One would not expect to 
have breakdown trouble. The voltage amplitude in the main line of Fig. 
2-58 is 

10 io.: 
X cm 

—Performance of waveguide 
js of Fig. 2-57. For the two 
di = 0.150" and di = 0.104". 

curves, d\ = 0.250", di = 
0.050". Solid lines are experimental, dashed 
lines calculated by Eq. (249). 

F I G . 2-59. 
choke coupliu; 
upper curves, 
For the lower 

V I u-Zoj (250) 

where 70 is the longitudinal current in the main line and Z0 is the appropri
ately defined characteristic impedance [Zv,, « waveguide height b, Eq. 
(158)]. The maximum voltage in Line 2 is, at midband, 

V-2 = 7„Z02, (251) 

where Z02 is similarly defined and is proportional to d2. Dividing Eq. 
(251) by Eq. (250), one obtains 

Rearranging, one obtains 
It) ZQ b' (252) 

(253) 
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where the terms represent the maximum electric field amplitudes in the 
branch line and in the main line of the simple circuit. Since in the actual 
coupling the fields tend to fan out to fill the circular groove, it would be 
expected that breakdown is even less likely in the choke coupling than in 
the main line. 

Similarly, Eq. (244) may be modified to give the loss-reduction factor 
for the simple circuit; namely, 

For the worst wavelength, 9 cm, on the curves of Fig. 2-50, this factor is 
0.18 for the older design, upper curves, and 0.015 for the improved version 
lower curves. Although the application of VA\. (254) to the actually used 
couplings is certainly not expected to give an accurate figure, it should 
serve as a rough estimate. 



CHAPTER 3 

MATERIALS AND CONSTRUCTION TECHNIQUES 

B Y RICHARD M. WALKKK 

The materials usually used in the design of microwave transmission 
circuits are good metallic conductors and low-loss dielectrics with dielec
tric constants between 2 and 4. Metallic conductors and miscellaneous 
parts are usually made of brass or copper, sometimes plated with a highly 
conductive metal if low attenuation is desired, and often protected against 
corrosion and fungus growth by lacquers or other finishes. Dielectric 
materials are used frequently for supporting center conductors in cables 
and coaxial lines, and for pressurizing waveguides and coaxial lines. 

In this chapter, materials are considered from the standpoint of 
durability, strength, and electrical characteristics at microwave fre
quencies. Tables of materials, and their characteristics presented here 
include only those materials that have been used successfully in micro
wave transmission systems and those that show promise for future 
applications. Construction techniques are discussed from the stand
point of tolerances, economy, and application to the construction of 
microwave transmission lines and components in the laboratory and in the 
factory. 

METALLIC MATERIALS 

3-1. Tubing for Coaxial Lines and Waveguides.—Brass is the most 
widely used metal for coaxial lines and waveguides because it is easilv 
machined and soldered and has relatively low electrical loss. Rectangular 
and circular seamless brass tubing is available in many standard sizes 
that are quite adequate for general use in microwave transmission lines. 
Stainless-steel tubing is used in applications where attenuation is not a 
serious consideration. For good conductivity the tubing is plated with 
copper or silver, or made with a copper or silver lining. 

For optimum performance at microwave frequencies, special care 
must be taken in the selection and fabrication of tubing. The conditions 
for optimum performance of a microwave transmission line are smooth 
wall surfaces, high conductivity in the metallic walls, and protection 
against corrosive atmospheres and fungus growth. Rough wall surfaces 
are objectionable for several reasons. Sharp burrs or edges on the wall 
surface considerably decrease the maximum peak power that a line can 
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116 MATERIALS AND C0SSTHUCT10S TECHNIQUES |SKC. 31 

handle without voltage breakdown. A rough wall surface also increases 
the effective resistance of the transmission line, and the attenuation per 
unit length of line is therefore increased. This increase in resistance 
can be explained in terms of the skin effect in a conductor at high fre
quencies. The effective skin depth 5 is defined as the depth at which the 
current density is 1/c times the current density at the surface; it is given 
in meters by the formula1 

where Ao is the free-space wavelength in meters, cr is the conductivity in 
mhos per meter, /x the permeability of the metal in henrys per meter, and c 
the velocity of light in meters per second. [See Eq. (2-78).] From Eq. 
(1) it is seen that, for a given wavelength, 5 is inversely proportional to the 
square root of the conductivity of the metal. For copper, the value of S 
at 10-cm free-space wavelength is 1.2 X 10 - 4 cm or 4.7 X 10~5 in. 

^/, The attenuation per unit length of line is 
■w\/'\^\v\^ 5 increased if the wall surfaces are scratched or cor-

. rugated as shown in Fig. 3-1. The increase in 
attenuation is believed to be caused by two effects: 
Q) the effective length of the conductor, which is 
a section of the wall surface of thickness 5, is 

& increased; (2) the concentration of currents at the 
=4= edges of each corrugation increases the effective 

(4) resistance of the skin. The contribution of the 
FIG. 3-1.—Corrugated increased effective length can be calculated for 

wall su r f aces . 1 /■ , - ■ , j j . i r 
known configurations in the corrugated surface. 

The effective length for the triangular grooves of Fig. 3-la is twice the 
actual length of the line, if the triangle is equilateral, for any depth of 
groove. Similarly, for square grooves or corrugations, as shown in Fig. 
'S-lb, the effective length of the line is also twice the actual length of line. 

An example of one form of the square type of corrugation is the flexible 
waveguide known as "Titeflex" (see Sees. 514 and 5-15). Measurements 
made at Radiation Laboratory on six samples of Titeflex flexible wave
guide showed that the attenuation is 3.2 to 3.6 times the calculated value 
for smooth wall surfaces. The samples of 1.5- by 3-in. Titeflex were 2 ft 
long and the corrugations were 0.060 in. square. Four samples were 
silver-plated 70-30 brass and the other two were unplated 70-30 brass. 
Measurements at 10.4 cm showed an average loss of 0.069 db /m in the 
silver-plated samples and of 0.127 db/m in the unplated samples. Com
parison of these values with the calculated loss of 0.019 db/m for silver 
waveguides and of 0.040 d b / m for 70-30 brass waveguides with smooth 

1 J . C. Slater, Microwave Trans»iissiuri, McGraw-Hil l , Xow York, 1942, p . 114. 
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walls, shows that the actual loss is respectively 3.0 and 3.2 times the 
calculated losses. The results indicate that there are losses other than 
those caused by the increased length of line. These losses may result from 
the concentration of currents at the edges of the corrugations. 

There is evidence that the added loss caused by surface imperfections 
such as oxide films and die marks is also a function of the wavelength. 
This result is to be expected since such surface imperfections become com
parable in dimensions to the skin thickness as the wavelength decreases. 
Loss measurements on commercially drawn tubing at 3 cm agree with 
theoretical calculations within an estimated experimental error of + 5 per 
cent. Similar measurements at 1.25 cm gave results that were 10 to 20 
per cent higher than the theoretical loss values.1 and at 0.54 cm the loss 
was about 50 per cent higher than the theoretical values.2 The above 
measurements were made in waveguide of dimensions 0.400- by 0.900-in. 
TD, 0.170- by 0.420-in. ID, and 0.086- by 0.180-in. ID, respectively. 
It seems probable that the increased attenuation is caused by surface 
irregularities of some nature. These irregularities must be numerous and 
submicroscopie in size. Further investigation of these effects is par
ticularly desirable. If is extremely likely, however, that the over-all 
attenuation of a transmission system may be seriously increased by rough 
wall surfaces in applications where long lengths of line are used, especially 
at the lower wavelengths. 

In the manufacturing process, round seamless tubing is drawn from a 
flat sheet into a series of cylindrical cups by means of a conventional 
hydraulic press that presses the metal into successive dies. Each die 
reduces the diameter of the tubing and increases its length until the length 
of the deep-drawn tubing reaches the limit of the press. The operation is 
then continued on a draw table, on which the tubing is drawn horizontally 
through a die and over a sizing plug until the proper diameter is reached. 
Annealing is usually required after each drawing operation because the 
metal becomes work-hardened. Dies for drawing rectangular tubing are 
made by accurately ground and fitted rollers. Rectangular tubing is 
drawn from circular tubing. Silver-lined tubing is made in the same 
manner. The flat sheet, however, is made by silver-soldering a plate of 
silver to a block of the base metal desired. This block is then rolled into 
a flat sheet. The ratio of the thickness of silver to that of the base metal 
remains constant throughout the process. 

3-2. Dimensional Tolerances.—The dimensional tolerances of the 
tubing depend on the accuracy of the die and plug, and the finish depends 
on the finish of the die and plug. Best finishes are produced by use of a 

1 E. Maxwell, "Conductivity Loss Measurements at K-band," KL Report Xo. 854, 
Jan. 15, 1946. 

2 K. R. Rerinner, unpublished data. 



MATERIALS AM) COXSTRCCTIOX TF.CIIXIQVF.S [SEC. 3 2 

die-and-plug combination of very hard steel that has been highly polished 
and plated with chromium. Tolerances in drawn tubing are limited by 
the wear permitted on the die and plug before they are replaced. The die 
is usually made to the minimum diameter within the specified tolerance 
and allowed to wear until it reaches the maximum allowable diameter. 
Commercial tolerances to be expected on the inside or outside of round and 
rectangular standard tubing are given in Table 3-1. The table also 
shows the maximum standing-wave voltage ratio, at the given wavelength, 
that will result from joining two pieces of tubing with the maximum 
tolerance in opposite directions. The VSWR introduced by a junction 
between two waveguides of different inside dimensions is approximately 
equal to the ratio of the impedances of the two lines and is given by Eq. 
(2-160), which may be written 

_ \„a'h 
(2) 

T A B L E 3 1 . — C O M M E R C I A L T O L E R A N C E S IN H O U N D AND RECTANGULAR T U B I N G 
Coaxial lines 

Outer con
ductor diam
eter OD, in. 

5 
1 6 
1 
2 
5 
8 
7 
8 

U 
it 

Wall thick
ness, in. 

0 .025 
0.032 
0.035 
0.032 
0 049 
0 049 

Inner con
ductor diam
eter 01) , in. 

0 .125 
0.1875 
0.250 
0.375 
0.500 
0.625 

Tolerance 
outer cond. 

ID, in. 

± 0 . 0 0 2 
+ 0 002 
± 0 , 0 0 2 5 
± 0 . 0 0 2 5 
± 0 003 
± 0 . 0 0 3 

Tolerance 
inner cond. 

OD, in. 

± 0 . 0 0 2 
± 0 . 0 0 2 
± 0 . 0 0 2 
± 0 . 0 0 2 
+ 0.002 
± 0 . 0 0 2 5 

.Maximum 
VSWR at 
joint ,* in. 

1.065 
1.036 
1.035 
1.025 
1.020 
1.012 

Rectangular tubing 

Tubi 

3 .0 X 1 5 OD 
2 .75 X 0 375 I D 
1.25 X 0.625 01) 
1 0 X 0 .5 OD 
0 .5 X 0 .25 OD 

Wall 
thick

ness, in. 

!OD or I D 
tolcr-

ince, in. 

0 .080 ± 0 . 0 0 5 ± 0 . 0 0 5 
0.049 + 0 . 0 0 5 + 0 . 0 0 5 
0.064 i ± 0 . 0 0 4 ± 0 . 0 0 4 
0.050 i ± 0 . 0 0 2 j ± 0 . 0 0 3 5 
0.040 j ± 0 . 0 0 2 i ± 0 . 0 0 3 

Wall 
toler

ance, in. 

.Maximum 
\ radius on Maximum 

VSWR at! X„, cm 

IHTS, ill. 

0.016 
0.016 
0 .030 
0 .030 
0.010 

joint * 

1.012 
1.032 
1.016 
1.018 
1.040 

10.4 
10.4 
3 .3 
3 3 
1.25 

* The VSWR given in this column was calculated for the given wavelength assuming two tubes wfie 
joined giving the greatest possible mismatch within the above Tolerances. Shunt capacity is negligible 
in all caaes. 

where a and b are respectively the wide and narrow inside cross-sectional 
dimensions of one waveguide, and a' and h' the corresponding dimensions 
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of the other waveguide; \„ and \'„ are the guide wavelengths. The react
ance at a step of this order of magnitude is negligible in comparison with 
the resistive mismatch. From the formula, we see that the mismatch 
is at a maximum when a'/a and b/b' arc maximum—that is, when one 
waveguide is larger than the other in the a dimension but smaller in the b 
dimension. Steps in coaxial lines may cause mismatches that are more 
reactive than resistive, or vice versa, depending on whether the steps on 
the outer and center conductors are in the same direction or opposite 
directions, respectively. The values given are for steps in the opposite 
direction on the two conductors, in which case the mismatch is due 
mainly to the change in characteristic, impedance. For complete analysis 
of the problem of discontinuities in coaxial lines, reference should be made 
to Sec. 4-(>. From Table 3-1 it is seen that the mismatch introduced by 
junction steps in tubing is not excessive. Care must be taken to remove 
burrs from junctions to prevent voltage breakdown. 

Brass waveguides and tubing of special sizes for coaxial lines are some
times needed in the laboratory and in product on. The manufacture of 
such tubing requires a new set of dies and sizing plugs for large-scale 
production. When only a few pieces of tubing are needed, the cost of 
retooling is often too expensive and requires too much time. In such 
cases the drawing process may be speeded up by using coin silver, which 
can be drawn more easily. The dies and plugs for drawing coin silver 
need not be hardened or chromium-plated. 

Tubing for coaxial lines of special sizes may be made in short lengths in 
the laboratory shop by turning on a lathe or by reaming out undersize 
tubing. Waveguides of special sizes may be made by casting two halves 
and milling the inside to the correct dimensions, or by cutting down over
size waveguide. In either case, the break should come in the center of the 
broad side of the waveguide to minimize current flow across the junction. 
The two halves may be adequately held together by clamps, or soldered. 
Care must be taken in soldering to avoid warping of the metal. 

3-3 Miscellaneous Metallic Parts.—Special applications require the 
use of metals other than brass because of their thermal expansion coeffi
cients, elasticity, sliding friction, and other properties. An iron-nickel-
cobalt alloy containing 54, 28, and 18 per cent of the metals respectively 
is widely used in making seals to glass for pressurizing lines because its 
expansion coefficient is the same as that of Corning Glass Xos. 704, 705, 
7052, and 70(1 (see Sec. 4-19). This alloy is designated by the trade names 
Kovar and Fernico. Phosphor bronze, beryllium copper, and chromium 
copper are used in making sliding contacts, such as bullets in coaxial 
lines (see Sec. 4-2), and movable plungers for coaxial lines (see Sec. 8-3). 
These alloys are desirable for sliding-contact applications because they 
have good elasticity and good electrical conductivity. Anaconda Beryl-
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TABLE 3-2.—CONDUCTIVITY AND ATTENUATION OF METALS AND ALLOYS 
Values given for 20°C 

Metal Conductivity, 
mhos/meter 

Relative 
attenuation 

Waveguide 
attenuation, 
db/meter* 

Copper, pure 
Aluminums 

Pure 
Si 0.29%, FeO.14%. . 
Die-casting alloys.. . . 

Brasses, annealed 
Cu 90% 
Cu 80 % 
Cu 70% 
Cu 60% 

Brass, hard-drawn 
Cu 70% 

Bronze, phosphor 
Coppers 

Be 2.15%, Pb 0.35%. 
Same, heat-treated.. . 
Cr 0.85%, Si 0.10%.. 
Same, heat-treated... 

Chromium 
Constantan 
Gas carbon 
Graphite 
Gold 
Lead 
Magnesium 

Pure 
Dow M 
Other alloys 

Mercury 
Nichrome 
Palladium 
Platinum 

5.8005 X 10J | 1.00 

3.475 
3.475 
1.05-2. 64 

2.52 
1.882 
1.51 
1.65 

1.22 
0.817- 2.52 

0.983 
1.05-1.45 
2.32 
4.64 
2.23 
0.204 
0.002 
0.0125 
4.10 
0.454 

2.175 
1.525-2 
0.558-1 
0.1044 
0.0999 
0.907 
0.999 

00 
00 

6.275 
4.960 

Rhodium j 1.960 
Silver, pure 
Silver, coin (10 % Cu) 
Steel, cold-rolled j 
Steel, cold-rolled I 
Steel, stainless j 
Steel, stainless j 
Tin j 0.654 
Tungsten, drawn I 1.780 
Zinc ! l . 725 

1.29 
1.29 
2.35-1 

1.52 
1.75 
1.95 
1.88 

2.18 
2.66-1 

2.43 
2.34-2 
1.58 
1.12 
1.61 
5.33 

54.00 
21.60 

1.19 
3.58 

.48 

64 
95-1. 
20-2. 
45 
63 
53 
41 

52 

00 

1 
0 
1 
10 
16 
7 
10 
2 
1 
1 

.72 
96 
08 
20 
00 
00 
35 
95 
80 
84 

0.117 

0.151 
0.151 
0.275-0.174 

0.178 
0.206 
0.229 
0.220 

0.255 
0.312-0.178 

0.285 
0.275-0.234 
0.185 
0.131 
0.189 
0.624 
6.320 
2.530 
0.139 
0.418 

0.192 
0.229-0.200 
0.380-0.280 
0.874 
0.894 
0.296 
0.283 
0.202 
0.113 
0.127 
1.193| 
1.9* 
0.8* 
1.212§ 
0.346 
0.221 
0.215 

* For 0.400" X 0.900" I D rectangular tubins at 3.20-rm wavelength. 
r W. A. Edson BTL. Memo 3510-W.A.K— 3/12/45. 
X Very rough estimate based on an old experiment at lO-em wavelength. 
S Measured at 3.20 cm wavelength at Radiation Laboratory. 
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Hum Copper 175 has the best elasticity of the three but its conductivity is 
slightly lower than that of 70-30 brass.1 Anaconda Phosphor Bronze 356 
and Chromium Copper 999 are somewhat higher in electrical conductivity 
than 70-30 brass. 

Table 3-2 gives values of the conductivity of various metals used in the 
design of microwave transmission lines and components and the relative 
attenuation in each metal. The conductivity values for pure metals were 
assembled from data in the Handbook of Chemistry and Physics,2 and the 
values for alloys were taken from data in Sweet's File for Product 
Designers. 

The attenuation of rectangular waveguide 0.400- by 0.900-in. ID at a 
free-space waveguide of 3.2 cm is also given in Table 3-2 for the various 
metals. The attenuation was calculated from equations developed in 
Chapter 2 for most of the metals. The attenuation values for magnetic 
metals were determined experimentally by direct loss measurements. 

3-4. Construction Techniques.—Special construction techniques have 
been necessary in the manufacture of microwave transmission-circuit 
components that have peculiar geometrical shapes. These special 
techniques include electroforming and several forms of precision casting. 

Electroforming is a process for producing hollow metal parts of 
irregular shape by electroplating a low-melting-point metallic alloy on wax 
molds made to reproduce the interior of the part desired. The process 
serves in some cases as an interim between model-shop specimens and 
production parts, but it has also been used successfully on a large scale 
in the production of parts. The mold is usually made of Wood's metal, 
Cerrobend, or electrotyping wax. The electroforming metal is usually 
copper or nickel, which is deposited to the thickness required for the 
desired mechanical strength. The mold is then melted out leaving the 
part with very accurate internal dimensions. Matching windows or 
other inserts may be molded into the alloy at the correct positions so that 
they will become attached to the plated part in the plating process. 
These inserts are very easily located with accuracy and are well bonded to 
the copper or nickel during the plating process. Electroformed parts of 
nickel which are very light yet mechanically strong can be produced. 
For good electrical conductivity the nickel is usually plated with silver 
after the mold is melted out. Electroforming may be done in any labora
tory that has equipment for electroplating. Although the process is not 
limited to the use of copper and nickel, it is not practical for some metallic 
platings because of the difficulties in applying thick deposits. The thicker 
the plate becomes during plating the more porous is the surface last 

1 Sweet's File for Product Designers, F. W. Dodge Corporation, New York, 1943. 
2 Handbook of Chemistry and Physics, 26th ed., Chemical Rubber Publishing Co., 

Cleveland, 1942. 
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deposited because the metal deposits faster on the high spots. A combi
nation of platings may also be used in electroforming. 

The production of some transmission-line components of peculiar 
geometrical shapes difficult to fabricate or otherwise produce has been 
achieved by use of precision-casting methods. In comparison with con
ventional sand easting these methods have advantages of cleaner, 
sharper definition and much closer dimensional tolerances. Precision-
casting methods can be grouped into three general classes: die eastings, 
centrifugal castings, and "lost wax" castings. 

Die-casting techniques are of course well known and widely used. 
The molten metal is forced under pressure into steel molds of extreme 
accuracy and high finish. This method produces the finest castings and 
is the most economical for large-scale production. It is, however, limited 
to metals and alloys with relatively low melting points because the tem
perature of the molten metal must be considerably lower than that of the 
die metal. Copper, aluminum, and zinc alloys may be easily die-cast in 
steel molds. The accuracy is determined by the tolerance of the mold and 
the difference in contraction of the two metals during cool ng. Toler
ances of ±0.002 in. may be held consistently in small parts. Tools must 
be replaced when worn beyond tolerances. The tool cost limits the prac
tical use of die-casting to the production of large quantities. 

Centrifugal casting is a process intermediate between sand-casting 
and die-casting. This method is used when dimensional and finish 
requirements are not too exacting. Accurate molds are made of plaster 
of paris, baked sand, or special clay, and mounted off center on a revolving 
table. The molten metal is poured into a cup or hole in the center of the 
table and forced through channels into the molds by centrifugal action. 
The resulting castings are much superior to sand castings because air 
pockets are prevented by the centrifugal action. This is an ideal method 
where some machining of the casting is possible, to insure the accuracy of 
critical dimensions. 

The "lost wax" method of casting is an ancient technique modernized 
by the dental profession. Briefly, it consists of making a wax impression 
of the part to be molded, burying the impression in special clay, and bak
ing the clay. During the baking, the wax is lost by evaporation through 
the pores of the clay. Thus there is produced a ceramic mold that will 
withstand extremely high temperatures. Such a mold is porous enough 
to permit the escape of air and gas, so that a casting made from it will be 
free of blow holes and bubbles. The molten metal is drawn into the mold 
by vacuum action on the porous ceramic mold. This process is highly 
technical and the many trade secrets involved are closely guarded by the 
various manufacturers. The icsults are excellent but sometimes expen-

http://TECIIXIQrF.fi
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sive. This ̂ method is capable of producing castings that could be made by-
no other means. 

Powder metallurgy—a process of molding powdered alloys of copper, 
aluminum, and zinc—affords an alternate for casting. This process pro
vides unusual production economy, particularly in the case of complex 
parts, the production of which normally requires a series of forming, 
working, or machining operations. The powdered metal is screened and 
compressed, or briquetted, in a mold under pressures of 50,000 to 100,-
000 lb/in2 to form a sustaining compact mass that will withstand the 
necessary handling during transfer to the sintering furnace. Thin wall sec
tions should be avoided because they cause die failures at pressures of this 
magnitude. In the sintering furnace the metal is heated nearly to the 
melting point, a process that fuses the powder into a hard metal compara
ble in strength to a casting. Die costs and costs of setting up production 
are so high that the process is not economical except for large quantities 
of identical parts. The finished parts are often porous and cannot be 
used where pressurization is required. Dimensional tolerances to be 
expected on the briquette as sintered are ±0.004 in. on the diameter and 
±0.008 in. on the length. Re-pressing or coining will improve the 
tolerance on the diameter but will not improve the tolerance in the direc
tion of pressing. Powder metallurgy has also been used for making oilless 
bearings by mixing graphite with the powdered metal. 

Many microwave transmission components must be made in two or 
more parts which are then joined by soldering. I t is advisable to locate 
such joints so that minimum current flows across the joint, in which case 
radiation and reflection in poorly soldered joints are minimized. 

Two methods of soldering are used in making joints in microwave 
components: silver soldering and soft soldering. Silver soldering—some
times referred to as hard soldering—may be defined as the joining of 
metals by means of a nonf errous filler alloy containing silver, which melts 
at a temperature near but below the melting point of either metai to be 
joined. Joints properly made have strength comparable to that of the 
parent metal. Any of the commercial silver solders such as Sil-fos or 
Easy-flo give strong durable joints on copper, brass, or bronze. Gas 
brazing with a torch, using oxygen and acetylene or other suitable fuel 
gas, is the most common heating method and gives excellent results, 
especially in the hands of a skilled operator. Control of the heating, 
to bring the joint surfaces of both parts simultaneously to the proper 
temperature, is effected by application of the flame away from the joint. 
Thus the flame is not allowed to impinge directly on the solder, and the 
solder is melted by the heat of the parts. Initial cleanliness is of para
mount importance. This may be ensured by the use of a suitable flux 
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which aids in protecting metal from oxidation by dissolving oxides that 
' may form and by promoting free flow of the molten solder into the joint. 
After soldering, it is desirable to clean the parts thoroughly since the flux 
may cause corrosion. Common fluxes are 'water-soluble and are easily 
removed by hot water or steam. Clearances between parts to be soldered 
are important and vary according to the materials. For joining brass, 
a clearance of 0.002 to 0.003 in. gives good results. Silver soldei- usually 
has a composition of copper, zinc, and 40 to 50 per cent silver. The melt
ing-point range is 1150° to 1600°F. 

Soft solder contains tin and lead in ratios that vary according to the 
manufacturer. A common composition for electrical work is 45 per cent 
tin and 55 per cent lead. The more lead above 38 per cent, the higher 
the melting point. Soft solders melt at 350° to 000°F depending on the 
composition. Joining of this type is not suitable for assemblies requiring 
strength or for a situation in which vibration is likely to occur. Soft 
solder is often used to solder beryllium-copper fingers where high temper
atures would ruin the temper. Other applications are the joining of 
small, light parts that do not require strength and are not subject to 
vibration. 

Resistance and spot welding are very seldom used in the fabrication of 
microwave transmission lines and components. A method of soldering 
copper and copper-plated sfeel in a hydrogen atmosphere using various 
high-melting-point solders has been much used repently for the construc
tion of microwave tubes. It might well be applied to the construction of 
other components as it is easy to use and gives excellent results. The 
process cannot be used for brass. Further details are given in Chap. .14 
of Vol. 31 of this series. 

FINISHES AND ELECTROPLATING 
Metallic transmission lines and components arc often subjected to 

corrosive atmospheres, to humidity, and to fungus growth. In tropical 
regions these agents may increase the attenuation in lines and components 
to such an extent that frequent replacement of parts is necessary if 
adequate protection has not been provided. The increase in loss is caused 
by the pitting of wall surfaces, the formation of lossy metallic compounds, 
and the flaking of platings. Metallic surfaces may be protected by one or 
both of two processes: (1) nonmetallic. finishes, and (2) electroplating. 
These processes will be discussed in Sees. 3-5 and 3-0, respectively. Sec
tion 3-7 is a discussion of testing procedures used for determining the 
corrosion resistance of conductors by the effect of corrosion on the elec
trical loss in the wall surfaces. 

3-5. Nonmetallic Finishes.—Corrosion may be prevented with some 
success by two nonmetallic finishing processes: a chemical surface treat-
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ment, and a special varnish treatment. Both processes have been used 
successfully in field applications for protecting microwave transmission 
lines and components. The Ebonol process, an example of chemical sur
face treatment, consists of dipping the cleaned metallic part into a solu
tion of Ebonol salts until a black oxide coating is formed. Ebonol " C , " 
" S , " "Z," and " A " salts are used, respectively, for blackening copper 
and its alloys, iron and steel, zinc and its alloys, and aluminum and its 
alloys. The Ebonol salts are produced and distributed by the Enthone 
Company of New Haven, Conn. The Ebonol " C " coating has proved 
satisfactory for corrosion protection of brass. However, the loss in brass 
transmission lines is increased slightly if the coating is too thick. The 
thickness of the coating can be controlled by the length of time the metal 
is submerged and can be judged by the color of the surface. Blackening 
is accomplished in from 3 to 5 min for pure copper and in from 10 to 
25 min for copper alloys ranging from 70 to 80 per cent copper. When 
copper or brass lines or parts that have been soldered together are treated, 
the solder is not affected by the solution. Therefore, it is advisable to 
copper-plate the assembly after all soldering has been done and before 
using the blackening process. The Ebonol " A " process has also been 
used successfully for blackening and protecting aluminum. Bulletins 
are available from the Enthone Company which give details on cleaning 
surfaces and preparing the solutions. 

The most satisfactory varnish coating investigated to date is a phenol 
formaldehyde varnish, developed by E. I. du Pont de Nemours and Com
pany. This varnish is prepared by mixing two parts by volume of their 
VGT-1112 varnish with one part by volume of T-8802 thinner. I t is 
applied to a chemically or electrically cleaned surface by spraying or dip
ping. The coated surface is then baked for 20 min at 340°F. A smooth 
hard finish is produced which is very adherent and which provides very 
good corrosion protection. The varnish when baked too long becomes 
brittle and changes to an opaque dark color instead of a transparent yel
low. When it is baked too long or at too high temperatures the adhesion 
is poor, and cracks appear which impair the corrosion protection. 

The varnish-coating process can be applied to any metallic surface or 
combination of metallic surfaces in one component. The Ebonol process 
requires a different solution for each metal. Where silver-plating is done 
to obtain optimum conductivity, the varnish coating may be applied over 
the plating. Both finishes give protection from the corrosive action of 
fungus growth. The protection against fungus growth is due not to a 
chemical which kills fungi but to the fact that fungi cannot live on the 
contents of either finish. 

3-6. Electroplating.—Plating of waveguide, coaxial line, and other 
microwave line components has been, until recently, the accepted proce-
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dure for corrosion protection. It has been known, however, for many 
years that under outdoor weathering conditions most electroplated 
deposits show a very high percentage of failures. Porosity of the electro
plated deposits has been one of the chief contributing factors. Plated 
deposits such as zinc, cadmium, nickel, chromium, and more recently 
antimony, have been successful in some outdoor applications. To achieve 
satisfactory results with respect to corrosion, very stringent specifications 
must be set up for the plating process. Deposits of electroplated nickel 
0.001 to 0.003 in.'thick have high corrosion resistance when carefully pre
pared. Chromium is tarnish-resistant under ordinary conditions but will 
fail rapidly in the presence of chlorides. Because chromium plating is 
also highly porous, it is necessary to protect the base metal with 0.001 to 
0.002 in. of nickel. Gold is highly corrosion-resistant but the cost of 
deposits of suitable thickness prohibits its extensive use. In general, it is 
not easy to electroplate thick deposits of the platinum metals. Their cost 
is also a factor in limiting their use. 

Silver and copper are the most desirable plating materials from the 
microwave standpoint because of their high electrical conductivity. 
Since, however, these metals corrode or tarnish under outdoor weather 
conditions, they may profitably be protected with thin coats of low-loss 
varnish or the Ebonol finish. A thin "flash" plating of a noncorroding 
metal like palladium, described later in this section, offers good protection. 

Porous electroplated deposits are objectionable not only because the 
rough surfaces increase the attenuation but also because the porosity 
greatly decreases the protection against corrosion. The pores allow 
solutions to produce, at the junction of the dissimilar metals, electrolytic 
action that may result in' highly accelerated corrosion. In general, con
tacts between metals at the extremes of the electrochemical series are 
undesirable because of the large potential differences set up between them. 

Because of its high electrical conductivity, silver plating has often 
been used on microwave transmission components. Copper has about 
the same electrical conductivity as silver but it corrodes very rapidly. 
Considerable success has been achieved in obtaining nonporous silver-
plated deposits. These results have been achieved, however, under ideal 
laboratory conditions. The degree of control necessary to produce non-
porous silver deposits is too exacting for general commercial practice. I t 
should be kept in mind that in ordinary decorative silver plating 15 or 
more individual steps are necessary to produce a smooth, adherent sur
face. To minimize porosity and maximize electrical conductivity a num
ber of additional and very exacting controls must be imposed upon the 
usual plating process. Not only is it necessary to exercise a very precise 
and elaborate control over the actual plating process, but it is also essen
tial to select and prepare carefully the metallic surfaces that are to be 
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plated. Heterogeneity in chemical composition and roughness of the 
base-metal surface are the major factors that produce low-quality electro
plated deposits. The subject of nonporous plating is treated with some 
thoroughness in the literature on electroplating; therefore only the aspects 
of the problem of porosity that influence the electrical conductivity of the 
wall surface at microwave frequencies will be mentioned here. At such 
frequencies, a plated film of the usual thickness (0.0005 to 0.001 in.) 
carries practically all of the electric current. Therefore, the effective 
electrical conductivity of a conductor plated with a metal of high con
ductivity is a maximum when the surface is perfectly smooth and non-
porous (see Sec. 31) . Buffing of a silver deposit by an experienced 

Wavelength in free space \o in cm 
F I G . 3-2.—Skin depth in metallic conductors at microwave frequencies. 

operator greatly reduces the porosity and smooths the surface, but, on the 
other hand, buffing compound may be incorporated into the silver deposit 
with a resulting reduction of electrical conductivity. Ball burnishing, 
when properly controlled, produce's a smooth silver surface of low porosity, 
and it has little tendency to contaminate the plate. Both burnishing and 
buffing tend to produce a dense deposit, but, at the same time, they pro
duce some strain as the result of cold-working of the surface. Excessive 
cold-working of a silver deposit tends to reduce the electrical conduc
tivity. The strain induced by cold-working may be released by heat-
treating the plate at approximately 200°C to induce recrystallization of 
the silver. Heat-treating may also be utilized to release crystallization 
strain in freshly electroplated deposits, and thus to increase the electrical 
conductivity. 
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Theoretically, a highly conductive plating on a low-conductivity base 
metal increases the effective conductivity of the metallic, wall in accord
ance with the curves shown in Fig. 3-3. The attenuation approximates 
that of a metallic Avail made of the highly conductive metal if the plating 
thickness is equal to, or greater than, a skin depth. Figure 3-2 is a curve 
showing the skin depths for seven common metals, plotted against the 
free-space wavelength. The attenuation in the Avails of a waveguide or 

0 

F I G . 3-3. 

0.8 1.2 
Plating thickness in skin depths d/rf, 

-Attenuation in plated conductors. The relative attenuation a is the ratio of the 
attenuation of the combination to the attenuation of the base metal. 

coaxial line is proportional to the real part of the impedance looking into 
the wall. This impedance, for a good conductor plated with another 
conductor, may be determined from the characteristic impedances Zi and 
Zi of the metals, the reflection coefficient between layers, and the propa
gation function 71 in the metallic plating. These quantities are given 
[see Eq. (2-132)] by 

(Si \ (T2 

(b) * - ^ - a + / > ^ 
(3) 



SEC. 3-6] ELECTROPLATING 129 

Zj — Z\ \/a\ — \/ai 
Zi + Zl T /̂ffl + V'o'2 

(4) 

7l = jw A - ^ = (1 + j) VirjU&i = —; ' (5) 

where f3i is the skin depth in the plating; yh <rt, and 72, a2 are the propaga
tion functions and electrical conductivities of the plating and the base 
metal, respectively. The wavelength in the plating is 

lm (71) \wAii<ri 

hence the phase shift in the plating metal is rf/Xi, where (/ is the plating 
thickness. 

The impedance looking into the surface of a plated metallic conductor 
may be calculated from the usual impedance transformation equation1 

sinh 7 if/ H —■ cosh 7 id 
Z = Ii 1£? {7 ) 

cosh 7id H sinh 71a 
7lff2 

Figure 3-3 shows curves of relative attenuation in a plated conductor, in 
terms of the attenuation in a solid conductor of the base metal, plotted 
against the plate thickness in skin depths. The curves were calculated 
from Eq. (7) and checked by the impedance-chart method. Figure 3-2 
was calculated from Eq. (1). Both figures are based on the assumption 
that the surfaces are smooth and nonmagnetic. The theoretical curves of 
Fig. 3 3 have not been checked experimentally because of the difficulty in 
measuring plating thickness and because of the porosity of plated films. 
However, experiments at Pratt Institute in Brooklyn and at Radiation 
Laboratory, in which silver was plated on brass, indicated that" a thickness 
much greater than the skin depth is required to obtain a silver-plated 
waveguide with a loss comparable to that of a pure silver waveguide.2 

Since all platings are somewhat porous, it is advisable to use a plating 
thickness several times greater than a skin depth if the plating has to 
form the conducting film. 

The most effective highly conductive plating combination used so far 
in the manufacture of microwave lines and components is a combination 
of palladium and silver developed by the Sparry Gyroscope Company. 

1 Kunio and Whinnery, Fields and N'uvex in Modern Hudio, Wiley, Xew York, 
1944, p. 217. 

: 1{. M. Walker, " \"-Hand Waveguide Corrosion Proofing," liL Heport No. 
S-29, Get. 6, 1944; T. (i. Dixon, "Protection of H.I''. Transmission Lines," Pratt 
Institute Report P.l.-X-l, July 31, 1945. 
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A flash plating of palladium is applied to the brass or copper base metal, 
which leaves a film for protection against corrosion of the base metal. 
The palladium flash is followed by a silver plating which appears to be less 
porous than a silver plating deposited directly on brass or copper since it 
gives a lower attenuation. This silver plating is made thick enough to 
form a good conductive skin (at least 0.0006 in. at 3.0 cm) and is followed 
by another flash coating of palladium for its protection. Since the con
ductivity of palladium is about one quarter that of silver this final 
flash coating must be much thinner than a skin depth if increased loss is to 
be avoided. From Fig. 3-3 we note that a flash thickness of one-fifth skin 
depth of palladium on silver increases the attenuation by only about 7 per 
cent, whereas the attenuation is doubled by a full skin depth. 

3-7. Corrosion Tests and Measurements.—Corrosion tests are usually 
made in a test chamber into which is sprayed a fine mist containing the 
corrosive elements and compounds. The solution to be sprayed may be 
made up in the approximate proportions to simulate actual outdoor 
weather conditions in a particular locality, or it may be concentrated with 
particular compounds to speed up the corrosive action. The action in 
either case is much faster than under outdoor weather conditions because 
all parts are exposed continuously to the spray. The outdoor weather-
corrosion rate is variable depending upon location and exposure. 

TABLE 3-3.—COMPOSITION OF SALT SPRAY, AN-QQ-S-91 

N a C l . . . . 

Metal chloride 

KCl 
CaCl , 
MgClj 
Others 

g P er 1 of H , 0 

28 
0 . 8 
4 .0 
4 .0 

Percentage 

2 .8 
0 .08 
0 .4 
0 .4 
0 . 8 

Ordinary rain water contains oxygen, nitrogen, carbon dioxide, oxides 
of sulfur, oxides of nitrogen, ozone, hydrogen, sulhdes, and ammonia. 
In industrial areas the concentration of carbonic and sulfurous acids may 
run very high. Over the sea and in adjacent, regions the concentration of 
salt may be very high. As a result of the wide range of weather condi
tions encountered in outdoor use of microwave transmission lines and 
components, corrosion testing can provide only a comparison of the cor
rosion rates of various metals under similar conditions. 

The degree of corrosion of various metals may be determined by 
measuring the loss of samples of waveguides or coaxial lines before and 
after corrosion. The salt-spray test for corrosion of electroplated de
posits is the generally accepted method. Although salt-spray testing has 
been used for many years, the method is subject to considerable criticism 
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because of lack of reproducibility of the tests. Therefore considerable 
caution must be exercised in comparing the results of tests made in dif
ferent chambers or at different times in the same salt-spray test chamber. 
The rate of corrosion in any given chamber will vary widely depending 
upon the location and position of the test piece in the chamber. If the 
temperature of the chamber and the concentration of the salt solution are 
not controlled, even wider variations in results may occur. For best 

T A B L E 3 4 . — C O H K O S I O V T E S T D A T A OX P L A T E D A S D SURFACE-COATED W A V E G U I D E 

Waveguide base meta! and plating 
in- surface coating, mils* 

70-30 brass Cu flash, 0.1 Xi, 0.15 A g . . 0 .16 
Cu flash, 0.1 Xi, 0.3 Ag. . . 0.14 
0.1 Xi. 0.3 Ag, Pd flash. . .! 0 .32 
0.1 Xi, 0.3 Ag | 0 .17 
0.1 Xi, 0.3 Au j 0 .19 
0.5 Ag, 0.2 Au : 0 .25 
0.3 Ag, I'd flash ! 0 .15 
Pd flash, 0.6 Ag .Pd flash.. 0.14 
Pd flash, 0.3 Ag, Pd flash.. \ 0 .13 
0.3 Ag ' 0 19 
Heavy Ag plate , 0 .12 
0.16 An | 0 .29 
0.3 Cd [ 0.21 
Cu Hash, 0.3 Ag, 0.1 Cd. . .j 0 .20 
Lbonol coating ! 0 .26 
Kbonol coating 0 .29 
Phenol formaldehyde 1.0. 0 .26 
Phenol formaldehyde 1.0. 0 .28 

Aluminum 2S Anodized. 0 .15 
Silver plated 0 .23 

0 .21 
0 .33 
0 .36 
0 .29 
0 .26 
0 .31 
0 .23 
0 .28 
0 .16 
0 .22 
0 .18 
0 .40 
0.30 
0 .25 
0 .26 
0 .30 
0 .26 
0.30 

0.41 
7.40 

Where measured 

Radiat ion Labora tory 
P r a t t Ins t i tu te 
Radiat ion Labora tory 
P ra t t Ins t i tu te 
P ra t t Ins t i tu te 
Pra t t Ins t i tu te 
Radiat ion Labora tory 
P r a t t Ins t i tu te 
Radiat ion Labora tory 
P ra t t Ins t i tu te 
P ra t t Ins t i tu te 
P ra t t Ins t i tu te 
Radiat ion Labora tory 
Radiat ion Laboratory 
Radiation Laboratory 
P ra t t Ins t i tu te 
Radiat ion Laboratory 
Pra t t Ins t i tu te 

Radiat ion Laboratory 
Radiat ion Laboratory 

* Pol l ings or ijlatinp listed in ttie order of their deposit. 

results all specimens should be rim at the same time and transposed at 
regular intervals. 

Various combinations of metallic platings and nonmetallic coatings 
were included in a series of tests to find a method of protecting waveguide 
from corrosion and to determine the relative resistance of the surfaces to 
corrosion and fungus growth. These tests were made at Radiation 
Laboratory and at Pratt Institute in Brooklyn. The samples were 
pieces of tubing, -j by 1 in. OD, with 0.050-in. wall, 1 m long. The vela-
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t ive resistance to corrosion was de te rmined by measur ing the a t t enua t ion 
of each sample a t a frequency of 9000 M c / s e c (Xo = 3.33 cm) before and 
after exposure to a 200-hr salt spray. T h e sal t -spray test chambers were 
opera ted according to A r m y - X a v y Aeronaut ical Specification AX-QQ-
S-91, which requires t he composition of spray given in Tab le 3-3. Resu l t s 
of these tes ts are t abu la t ed in Tab le 3-4. Mos t of the samples tes ted 
were plated by commercial es tabl i shments according to their own control. 
These methods are t r ade secrets in most cases: therefore t he results only 
indicate wha t m a y be expected in commercial ly p la ted waveguides. 

DIELECTRIC MATERIALS 
3-8. Uses and General Requirements.- - M a n y design requi rements 

for microwave t ransmission lines and components make dielectric ma
terials desirable for the following uses: 

1. Mechanical suppor t of center conductors for coaxial lines. 
2. Pressure sealing of coaxial and waveguide lines, resonant cavit ies, 

and other components . 
3. Impedance-match ing , slugs in slug tuners , etc. 
4. Rower absorpt ion in line terminat ions . 
5. Sealing pores in o ther materials . 

Design procedures for coaxial bead suppor ts , pressure windows, and slug 
tuners are discussed in Sees. 4 3 , 4-18, and 8-5, respectively. Line 
t e rmina t ions are discussed in Vol. 23 of this series. 

T h e requ i rements for electrical and mechanical character is t ics of 
dielectric mater ia ls for the uses just listed are varied. Bead suppor ts , 
pressurizing uni ts , and impedance-matching uni ts require dielectric 
mater ia ls with low dielectric cons tan ts and low-power factors as well as 
good mechanical s t rength and heat resistance. The rma l expansion 
coefficients are very impor t an t in the design of pressure windows. Special 
mixtures of glass and polystyrene tha t have expansion coefficients approxi
mate ly equal to the expansion coefficient of brass were developed a t 
M . I . T . T h e mater ial called " p o l y g l a s " ' can be molded into intr icate 
shapes and cemented into waveguide and coaxial lines to form a pressure 
seal over wide t empe ra tu r e ranges. Special types ot glass arc sealed to 
Kovar or Fernico for resonant -aper ture pressurizing windows as men
tioned in Sec. 3-3, (see also Sec. 4T9) . 

Mois ture absorpt ion, oxidation, and fungi are the chief enemies t h a t 
des t roy the good electrical propert ies of dielectric materials . Absorbed 
mois ture even in very small quant i t ies appreciably increases dielectric 
loss at microwave frequencies. To combat this effect in tropical regions, 

1 A. Von Ifippcl. S. M. KingsbnrK, mid L. G. Wesson. "Low Kxpansion Plastics," 
N'DHC Jteport 14-">39. M.I.T.. Xov. 194.".. A. Von Hippcl, "Tables of Dioloetne 
Materials." XDKU licport 14-425, M I T . . June 1(14.). 
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small amounts of paraffin or certain silicones have been incorporated into 
some materials during manufacture. It was found that 0.2 per cent of 
paraffin is effective in minimizing moisture absorption in polystyrene, but 
larger amounts of paraffin produce scarcely any further improvement. 
Paraffin alone is only mildly effective in reducing the moisture absorption 
of polystyrene-glass mixtures, presumably because water is strongly 
adsorbed on the glass surface. In this case, the addition of 0.1 per cent of 
a silicone (Dow Corning Ignition Sealing Compound No. 4), which is 
preferentially adsorbed on glass, has proved an effective remedy. The 
best results are obtained when both paraffin and the silicone are added. 
Oxidation also increases the loss of dielectric materials at microwave 
frequencies. Oxidation occurs most readily during the molding or casting 
operation and can be minimized by careful control of the molding 
temperature. 

•Materials with a high-power factor and low dielectric constant are 
used for line terminations. Graphite or a specially prepared form of iron 
is often used for the lossy material. Graphite is mixed with Portland 
Cement or X-pandotite Cement made by the Dixon Crucible Company of 
Jersey City, N.J.; and specially prepared iron is suspended in very fine 
particles in a ceramic or bakelite filler to form a material, polyiron, much 
used as a core material in r-f transformers. One source of this material is 
Henry L. Crowley and Company, Inc., of West- Orange, X.J. The 
resulting mixture in either case is a poorly conducting medium, which can 
be cast into a section of transmission line to absorb the electromagnetic 
power. Since both materials are quite porous, they absorb enough mois
ture to change their characteristics considerably. Therefore, it is neces
sary to seal the pores with silicone liquids or similar materials to keep out 
moisture. 

3-9. Characteristics of Dielectric Materials.—Many low-loss plastics 
were developed during World War II, but relatively few have been used 
extensively in microwave transmission-circuit design because of failure 
to meet the requirements outlined previously in this chapter. Electrical 
and mechanical characteristics of the most widely used dielectric materials 
are given in Table 3-5. The specific dielectric constant ke and loss factor 
tan 5 are given for each material at three wavelengths in the microwave 
region. 

The complex dielectric constant of a medium is expressed as 

« = «' - it", 

in Eq. (2-90). In tire table, ke — e'/'eo and tan 5 = e"/e' where to is the 
permittivity of free space. The value of t"/t' is often called the loss 
tangent or power factor and the loss in the dielectric material can be cal
culated from it (Sec. 2-5). 
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TABLE 3-5.—KLECTBICAL AND MUCH 
All values given for room temperature, 

Material 
trade name 

Glasses 
No. 70.5 \ 
No. 7052 
No. 707 \ 
No. 790 
No. 774 ) 

Polyglas 
P t 

S t 

D t 

M t 

Polystyrene 
X M S 10023 
Styron C-176 

Laolin 
Lustron D-276 

D-334 

Poly 2-5 Dichloro-
stvrene 

D-1385 

Styramic HT 
F-1891 

Polyethylene 

M 702-R 
KLW A-3305 

Silicone Liquids 
No. 200 

No. 500 

Ignition Sealing 
Compound No. 
4 

Ceramics 
Titanium Diox

i d e 

Steatite Ceramic1 

F-66 
Crolite No. 29 

Miscellaneous 
Poly F-1114 

No. 1421 Resin 

Q-200.5 

Styraloy 22 

Ruby Mica 

Mycalex 1304 

Manufacturer 

Corning Glass 
Works 

Mass. Inst. of 
Tech. 

Mass. Inst. of 
Tech. 

Monsanto Chem. 
Co. 

Hood Rubber Co. 

Bakelite Corp. 
Dow Chemical 
Co. 

Catalin Corp. 
Monsanto Chem. 

Co. 
Monsanto Chem. 

Co. 

Monsanto Chem. 
Co. 

Monsanto Chem. 
C o . 

AcsdiaSvn. Prod. 
Bakelite Corp. 
E. I. du Pont dp 

Nemours and 
Co., Inc. 

D o w C o r n i n g 
Corp. 

D o w C o r n i n g 
Corp. 

D o w C o r n i n g 
Corp. 

E. I. du Pont de 
Nemours and 
Co., Inc. 

B T L 

H. I.. CrowleyCo. 

E. I. du Pont dp 
Nemours and 
Co., Inc. 

General Electric 
Co. 

Dow Chemical 
Co. 

Dow Chemical 
Co. 

General Electric 
Co. 

General Electric 
C o . 

kt at 
30 cm 

4 70 
5 05 
3 97 
3 87 
4.92 

3.36 

3 55 

3 22 

4 80 

2. 55 
2.56 

2.50 
2.52 

2.5.5 

2 59 

2 56 

2.26 
2.23 
2.25 

2 80 

2 20 

2.78 

99 { 

6.25 

5 85 

2 10 

2 56 

2.55 

2.38 

5.40 

6 92 

tan 5 at 
30 cm 

4.80 X 10"" 
5.00 
1.20 
0 60 
8 80 

0.77 

3 40 

0.76 

13.00 

0.45 
0.30 

0. 10 
0.40 

0.27 

0.23 

0.34 

0.40 
0.19 
0.22 

4.00 

0.80 

6.60 

1 .0(lt 

0. 54 

1 .90 

0.20 

0.45 

0.45 

3.85 

0.25 

3.00 

ht a t 
10 

cm 

4.72 
5.04 
4 .00 
3.84 
4.89 

3.35 

3.55 

3.22 

4.86 

2. 55 
2.55 

2.49 
2.51 

2.54 

2'. 62 

2 .55 

2 26 
2.21 
2.25 

2 79 

2.20 

2 77 

tan S at 
10 cm 

5.20 X 10- J 

5.80 
1.90 
0 .68 
8.90 

0.78 

4.00 

1.20 

33.90 

0.50 
0 26 

0.22 
0 41 

0 24 

0 23 

0 38 

0.40 
0.19 
0.22 

10 00 

1 .45 

10.00 

6.25 0.55 
i 6 25 ! 2 40 

2. 10 

2.53 

2.52 

2 38 

5 40 

6.91 

0.20 

0.50 

0.44 

3.30 

0 30 

3 60 

t , at 
3 cm 

4.71 
4.93 
3.99 
3.82 
4.82{ 

3.32 

3.53 

3.22 

5.22 

2.55J 
2 54 

2.49J 
2.50J 

2 54J 

2.61) 

2 55 

2 26t 
2.151 
2 25J 

6.25 

2. 10} 

2.52 

2.501 

2 38 

5.40J 

6.90J 

tan S at 
3 cm 

6.10 X 10"' 
8. 10 
2. 10 
0.94 
8.90J 

0.84 

4 .60 

1.30 

66.00 

0 .70 t 
0 30 

O.30t 
0 . 6 0 t 

0 ,40} 

0.23 

0.40 

0 50t 
0.20]: 
0 .22J 

3 15 

0.20J 

0.56 

0 . 5 0 t 

2.40 

0 . 3 0 t 
4 45t 

* Data from " T: 
t Treated to pre' 

ables of Dielectric Materia 
ent moisture absorption. 

Vols. I and H, N D R C Reports 14-237, Feb. 1944; 
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ANICAL PROPERTIES OF DIELECTRICS* 
25°C; wavelengths refer to free space 

Heat dis
tortion 

tempera
ture Tdi» 

°C 

703 
710 
746 

1450 
819 

86 7 

150 0 

77-83 
82 

74-88 
76 

76 

113 

110 

95-105 
95-105 
95-105 

1350 

1225 

1000 

60 

62-65-

Thermal con
ductivity at, 
C a l / c m ! Sec 
per °C /cm 

20-30 X 10"< 
27 
27 
20-30 
20-30 

1 .8-2 .0 
1.8-2.0 

1 .8-2.0 
1.90 

1.90 

15.00 
10.30 
10.30 

1.82 

4.00 

18.00 

13.70 

Thermal ex
pansion co
efficient at, 

pa r t s / °C 

0.46 X 10- ' 
0.47 
0.31 
0.08 
0 .33 

1.60 

2 .10 

1.74 

1.30 

6 . 5 - 7 . 6 

0 . 6 - 0 . 8 
6 . 0 - 8 . 0 

6 . 0 - 8 . 0 

5.93 

25 
19 
19 

96.8 

160 

63 

0.77 

9 

5.9 

0.80 

Molding 
methods 

Compression 

Comp. 

Oomp. and inj. 

Comp. 

Comp., inj., extr. 
Comp., inj. 

Comp., inj., extr. 
Cast and comp. 

Cast, comp., inj. 

Cast, comp., inj. 

Extr. , comp., inj. 

Comp. and extr. 
Comp., inj., extr. 
Comp., inj., extr. 

Fluid 200 cs 

Fluid 0.65 cs 

Light grease 

Die-press and 
tiring 

Comp. mold 

Dip-press 

Machining 

Comp., extr., inj. 

Comp. 

Machina-
bility 

No 
No 
No 
No 
No 

Poor 

Poor 

Poor 

Poor 

Good 
Good 

Good 
Good 

Good 

Good 

Good 

Good 
Good 
Good 

No 

No 

Poor 

Good 

Good 

Good 

Poor 

Faii-

Moisture 
absorp

tion, per
centage 
weight 
at 90 % 

humidity 

0.07 

nil 

0,06 

3.67 

0 . 0 0 . 
n i l ! 

0 .40 > 
0.06 

0 . 0 6 ' 

0 .031 

0 .03J 

0.03 
0 .03 
0.025 

0 .1 

nil 

nil 

0.1 

0.00 

0 .1 

Low 

0.04 

0.003 

Remarks and uses 

Seals to Kovar Mo.W. 
Seals to Kovar Mo.W. 
Seals to tungsten 
Seals to tungsten 
Seals to tungsten 

Beads for coaxial lines 

Beads for coaxial lines 

Flexible cables 
Flexible cables 
Flexible cables 

Sealing and lubrication 

Delav lines 

Insulator 

Chem. resistant 

riexible seals 

Substi tute for mica 

14-425, June 1945. 
X Est imated values. 
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The dielectric constant of a dielectric material and the loss in it are 
produced by contributions of three molecular mechanisms,1 namely: (1) 
electronic and atomic polarization, (2) orientation of permanent dipoles, 
(3) ionic or electronic conduction. 

1. Polarization is the response of the charge carriers in a dielectric 
medium to an applied electric field. These carriers may be locally 
bound, as electron clouds are bound by the change of a nucleus, or 
as ions are bound in crystal structures. An exterior field in this 
ease displaces the positive charge carriers slightly with respect to 
the negative ones, thus producing dipole moments by "electronic" 
or "a tomic" polarization. This "induced" polarization has its 
resonance frequencies in the optical range. At high electrical 
frequencies and up to optical frequencies approaching the resonant-
value, the displacement of charge follows closely the applied field 
so that the resulting current is out of phase with the field. This 
behavior produces no loss but leads to a frequency-independent 
contribution k'ei to the dielectric constant and to a corresponding 
contribution ru = V^Ti to the index of refraction. This contribu
tion to ke depends on temperature only because the number of 
molecules per cubic centimeter varies with temperature. This 
change in k'ei due to temperature is approximately given by 

Afr', 
T T - = (Ki - 1) « i + 2)at, (8) 

"-e l 

where a is the thermal expansion coefficient given in Table 3-5. 
For most dielectrics the temperature effect is small (about .05 per 
cent per °C). 

2. In addition to the induced dipoles, there exist in many molecules 
permanent dipoles produced by the difference in electron affinity of 
their atoms. Such dipoles tend to produce polarization by orienta
tion of the molecules in the applied field. Gas molecules are free to 
rotate with little restraint; therefore they follow the field more or 
less instantaneously. Resonance frequencies are found in the 
infrared, but for heavy molecules they extend into the microwave 
range. In liquids and solids, however, the freedom of rotation is 
normally impeded by the interaction of the neighboring molecules. 
The resonance phenomenon degenerates into an aperiodic orienta
tion under high friction, which is very temperature-sensitive. The 
orientation of permanent dipoles appears pronounced in the fre-

1 A. Von Hippel, "Tables of Dielectric Materials," Vols. I and II, XDRO Reports 
14-237 and 425, M.I.T., Feb. 1944, and June 1945. A. Yon Hippel and R. G. Breck-
enridgc, "Tlie Interaction Between Electromagnetic Fields and Dielectric Materials," 
XDRC Report 14-122, M.I.T., .Ian. 1943. 
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quency characteristics of many materials. Its principal feature is 
that, with increasing frequency, the dipoles begin to lag more and 
more behind the field; that is, their contribution to the dielectric 
constant decreases, and the loss tangent or power factor increases 
to a maximum and decreases again as the dipole effect dies out. If 
only one dipole type is present, orientating itself in a viscous medium 
without mutual interaction, the electrical behavior of the dielectric 
can be represented by a simple EC-circuit. After removal of the 
field, the polarization would die down exponentially with a "relaxa
tion t ime" r. The dielectric constant should decrease to about 
0.2 of its maximum value in one decade of frequency increase. 
With increasing temperatures the viscosity decreases, the relaxation 
time shortens, and the whole dispersion region moves to higher 
frequencies. Most dielectrics, especially plastics, contain dipoles 
of many types; and each dipole, because of the varying location of 
neighboring molecules, finds itself in slightly different surroundings. 
Therefore, a wide distribution of relaxation times exists, and the 
ke and tan 5 curves are flattened out. This condition is present in 
most of the dielectrics given in Table 3-5. Plasticizers inevitably 
lower the relaxation times in polymers and thereby shift the loss 
maximum to higher frequencies. 

3. The last contribution to ke and tan 5 is the ionic or electronic con
duction, which has a small effect in the materials listed in Table 3-5. 
This effect, caused by the migration of electrons or ions through the 
material, produces a frequency-independent conductivity and a 
contribution to the loss tangent inversely proportional to the fre
quency. If the electrons or ions, after migrating over some dis
tance, are stopped—as, for instance, at the boundary of a carbon 
particle embedded in rubber—a field distortion results. To the 
observer this gives the impression of a high dielectric constant. 
Dielectric constant and loss in this case are frequency-dependent 
and influenced fundamentally by the nature and distribution of the 
conducting particles. It is, therefore, important to keep dielectric 
materials free from such particles and also to prevent carbonizing of 
their surfaces by too much heat during the molding process. Fillers 
are often polar (wood flour) or poorly conducting (carbon black) 
and thus may increase tan 5. 

3-10. Construction of Dielectric Parts.—Dielectric material for the 
construction of parts is usually furnished by the manufacturer in a powder 
form. This powdered material is (hen polymerized and formed into 
various shapes by heating the material in a mold until polymerisation of 
the liquid material in the mold is complete. The temperature, curing 
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time, and pressure requirements should be obtained from the producer of 
the raw material as they are critical for some materials. Construction 
techniques for dielectric parts are divided into five general classes: (1) 
compression molding, (2) transfer molding, (3) injection molding, (4) 
extrusion molding, (5) casting. 

Compression molding is the simplest of the forms of plastic molding 
which use heat and pressure. The powdered material is poured into a 
cavity into which a closely fitted piston descends, compressing the powder 
while it is hot into the cavity. The piston is then withdrawn, leaving the 
finished part, which is pushed out by an ejection pin, and the cycle is 
repeated. The temperature and pressure used must be correct for the 
material and must be properly controlled. Only one piece in each cavity 
is made in one cycle. 

Transfer molding is a double-step compression method. The correct 
amount of powder is heated and pressed into a block of semisolid form, 
then transferred while hot to an adjoining cavity where it is further 
pressed and cured into the finished part. This method is used when the 
finished part has an irregular cross-sectional area or when it requires 
inserts that must be accurately positioned. 

Injection molding is a continuous process accomplished with an auto
matic machine in which the molding powder is heated to a semifluid state 
and injected into the mold where the finished part is formed and removed 
automatically. Such a machine is expensive and requires skilled oper
ators, but it does fast and accurate work. 

Extrusion molding is used only for tubes, rods, and bars of continuous 
cross section. The powdered material is heated to a plastic state and 
slowly forced through a die of the required shape and size. The material 
hardens as it comes out of the die. Many plastic materials cannot be 
extruded. 

Casting is the simple process of placing the material to be formed into 
a mold or container of the desired shape and curing the material, with or 
without heat, until it hardens. No pressure is used in this process. 

Ceramic materials, such as porcelain, titanium dioxide, steatite, and 
Crolite are sometimes used in the construction of microwave transmission 
components. Titanium dioxide is used in delay lines because of its high 
dielectric constant and low loss. The other materials are used for crystal 
casings and, in mixtures with graphite and other lossy materials, for line 
terminations. Ceramic parts are made by the die-press method. The 
dry powder is mixed with water or any organic binder that dries out dur
ing heating. The mixture is put in a die of the desired shape and com
pressed, at room temperature, into a compact mass strong enough to be 
transferred to a furnace for baking. The baking temperatures range from 
1000° to 1600°C depending on the density required. Ceramic parts are 
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usually porous and require glazing to produce a surface. Glazing is a 
process of sealing the surface pores in the ceramic by applying suspensions 
of essentially low-melting glass and firing at suitable temperatures to 
melt the glaze and form an impervious coating. 

The surface condition of finished dielectric parts is determined mainly 
by the surface of the mold in which it was formed. The metal used for 
the mold is very important when materials such as polyglas requiring high 
temperatures and pressures are to be molded. The polyglas materials 
are particularly difficult to mold because of the abrasive quality of the 
molding powder. In this case, the mold is made of very hard steel, 
polished and plated with chromium to prevent the molding powder from 
scratching the mold during the pressing operation of the compression- and 
transfer-molding processes. I t is also advantageous to lubricate the mold 
with one of the silicone liquids or paraffin when molding materials such as 
polyglas. The lubricant not only lubricates the mold, allowing the ma
terial to be completely pressed into corners, but it also tends to fill in the 
surface pores of the part being formed, thereby making it moisture-proof. 
Pores in ceramics may also be sealed with silicone liquids or paraffin. 

In designing dielectric parts of intricate shapes it is important in most 
cases to allow rounded corners and slight tapers in dimensions so that the 
finished parts may be removed from the molds without breakage. It is 
also advisable to limit the thickness of a molded part to a small value 
because most dielectric materials have very low heat conductivity and are 
therefore heated very slowly on the inside of a thick piece. 

PRESSURIZATION PROBLEMS 

Pressurization of microwave transmission systems consists ideally of 
sealing the entire system, or separate units of the system, against air 
leakage to ensure constant pressure inside and to keep out moisture and 
water vapor. A decrease in the air pressure inside a transmission line or 
component decreases the maximum power that the unit will handle with
out voltage breakdown. Therefore, pressurization is essential, even 
under ideal weather conditions, for high-power systems at high altitudes. 
Damp weather and high-humidity conditions cause an increase in the loss 
of the system and a corrosion of metallic parts, which also increases the 
loss in the metallic walls. Moisture and high humidity encountered in 
tropical climates also promote the growth of fungi. 

In actual practice ideal pressurization is not easy to attain. Small 
leaks are usually present, and it is difficult to design large lightweight parts 
that will stand the pressure differential encountered by high-flying air
craft. Therefore alternative methods have been used to control the 
pressure inside the system and keep out moisture. Two such methods 
have been developed: 
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1. Sealing the antenna feed and couplings as well as possible and 
leaving the small leaks to breathe very slowly. This method is 
used without a pump or relief valve on some shipborne and ground 
installations. For airborne equipment in which this method is 
used, a relief valve must be provided which operates at the 
maximum allowable pressure in the system. In this case it is 
advisable that the modulator, the receiver, and the line constitute 
one pressurized container. For a given leakage rate, a decrease 
in the rate of change of pressure in the system will, of course, 
accompany this volume increase. This method permits a large 
amount of breathing under conditions of extreme pressure and the 
temperature changes encountered in airborne application, but it 
gives adequate protection in ground and shipborne applications. 
However, protection of individual units must be provided for ship
ment and storage. 

2. Sealing the antenna feed and couplings as well as possible and using 
an automatic pump to keep the inside pressure constant in spite of 
small leaks. The air taken in by the pump is dried by a chamber 
filled with silica gel and crystals of cobaltous chloride, which are a 
dull blue when dry but turn pink when saturated with moisture. 
This change in color is an indication that the chamber must be 
replaced or refilled. Replacement chambers are usually furnished 
as spare parts. The moisture may be removed from the saturated 
chamber by heating after the chamber is removed from the system. 
This method is very effective in both ground and airborne applica
tions, but it is objectionable in airborne applications because 
the pump and associated equipment add weight to the system. 

Pressurization of each unit or group of units by one of these two 
methods is necessary to protect the disassembled system during shipment 
and storage as well as during operation. 

The most effective method for a specific application naturally depends 
on the amount of breathing permitted in the application and the minimum 
leakage attainable in the individual components of the system. The 
remainder of this chapter deals with the methods used in pressurizing the 
individual components and suggestions for improvements using new 
materials that show promise. Components requiring special sealing 
methods are (i) lines and couplings, and (2) rotating shafts and joints. 

3-11. Sealing of Transmission Lines and Couplings.—Transmission-
line output terminals of units are often sealed for protection during 
shipment. For this purpose, seals known as "pressurizing windows" 
have been used. Waveguide pressurizing windows of two types are 
discussed from the standpoint of electrical design in Sec. 4-22. The slug 
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type is made of polyglas which has a coefficient of expansion approxi
mately equal to that of brass. The dielectric is molded into a solid piece 
of the correct dimensions and cemented into the waveguide to form a 
pressure seal. A very thin cement is required which will flow into a small 
clearance space of about 2 or 3 mils between the slug and the waveguide 
wall. Vinylseal cements1 NA 28-14 and T 24-9 thinned with acetone or 
toluene respectively have given the best results so far obtained. Two or 
three applications of the cement are usually required for a good pressure 
seal because the evaporation of the solvent tends to leave air pockets. 
When properly cemented the unit makes an airtight seal over a wide 
temperature range. One application of cement is sufficient for holding 
the slug in place and keeping out moisture and dirt during shipment. 
Coaxial lines may be pressurized by dielectric beads similar in design to 
the waveguide windows of the slug type. This design is illustrated in 
Fig. 4-8. 

The resonant-aperture pressurizing window was developed and manu
factured by Westinghouse. This window, as shown in Fig. 4-76, is made 
by sealing glass into a Kovar disk to form an airtight seal. The Kovar 
disk is then soft-soldered to a choke coupling to complete the operation. 
This seal will stand extreme pressures and temperatures. 

Synthetic rubber rings are used in waveguide and coaxial couplings to 
pressure-seal the junctions. They are very simple in construction, as 
shown in Fig. 4-44. The rectangular groove that holds the doughnut-
shaped rubber ring is designed so that the rubber ring practically fills the 
groove when the two metallic parts are clamped together. The rubber 
ring must retain its elasticity over the temperature ranges encountered in 
the use of the system being designed. 

3-12. Rotary-joint Pressure Seals.—Rotary-joint pressure seals have 
been the chief cause of leaks in pressurized systems. Xo completely 
satisfactory solution of the problem has been found because materials 
having the proper characteristics have not been developed. Several 
designs have been used, however, with a fair degree of success. 

To meet the restrictions usually encountered in the operation of a 
rotary joint, the rotary seal must: (1) operate at speeds up to 3000 rpm; 

, (2) operate over a temperature range from 70° to — 50°C; (3) impose low 
frictional torque; (4) require small space; (5) be easily reproducible; (6) 
operate continuously. 

The following types of rotary seal have been recommended: (1) the 
synthetic-rubber-lip type, (2) the Sealol type, (3) the bellows type. 

The synthetic-rubber-lip seal, developed at Radiation Laboratory and 
manufactured by Giaton and Knight2 has proved to be the most economi-

1 Manufactured by Carbide and Carbon Chemicals Corp., Xeiv York, X.Y. 
2 Graton and Knight Co., 356 Franklin Street, Worcester, Mass. 
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Low pressure 
Rotary member 

(a) Rubber-lip type 

Carbon sealing ring 
Low pressure 

cal and dependable of the three types. Figure 3 4 a shows the construc
tion of the rubber-lip seal. The rubber is held firmly in the outer housing 
in such a way that pressure on the high-pressure side tends to tighten the 
seal on both the rotating shaft and the outer housing. 

This type has the advantages of extremely low cost and very small 
space requirement. The rubber rings are readily interchangeable; thus 
the unit is easily serviced. Test samples have run continuously for 

months without excessive air loss; 
a loss of 1 in.3 in 2 hr at an inter
nal pressure of 15 lb/in.2 is not 
considered excessive. The torque 
required is 1 to 2 lb-in. for a 1-in. 
shaft seal holding 15-lb pressure. 
The lip must be thick enough to 
ensure accurate trimming, and the 
angle of slope should be as small 
as practicable for low torque. 
The metal housing ring should 
have appreciable grooves and 
should be nickel-plated to achieve 
a satisfactory bond to the rubber. 
The housing ring should provide 
support at the rear of the seal for 
maintenance of low torque. 

The rubber used in the rubber-
lip seal is very important. Graton 
and Knight Formula 93, a Hycar 
base preparation, is recommended. 
Results of tests on many types of 
rubber indicate a stress-deforma
tion hysteresis period inversely 
proportional to the temperature. 
Even though the rubber samples 

themselves are flexible down to — 70°C, the stationary sealing limit is 
about — 50°C and, with the shaft rotating, the limit is — 20°C. There-. 
fore, for very low temperatures, electric heaters are required for seals 
made of this compound. 

The Sealol type of rotary seal illustrated in Fig. 3-46 utilizes a carbon 
cylinder sealed by a rubber packing to a stationary member running 
against a lapped steel shoulder on the rotating member to form the seal. 
The success of the design depends upon the finish of the carbon and steel 
mating surfaces—a fact that makes manufacturing tolerances critical. 
The carbon must be nonporous and the contact,surface smooth and round. 

Rubber packing 
(b) Sealol type 

Low pressure 

. W W W 
Rotating member 

FIG. 3-4. 

^ V N W \ 
Carbon sealing ring 

(c) Bellows type 
—Rotary-joint pressure seals. 
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Morganite MM] and MMj made by the Morgan Brush Company of Long 
Island City, N.Y., or Graphitor No. 35 and No. 39, made by the U. S. 
Graphite Company of Saginaw, Mich., are recommended for Sealol 
rotary seals when used with hardened tool steel. Speed is no problem 
except for temperature rise with dry operation. At 3500 rpm this rise 
over ambient temperature is about 70CC for a 1-in. shaft. The torque 
requirement for a 1-in. shaft seal at a gauge pressure of 15 lb is 2 to 5 lb-in. 
After a 10- to 20-hr run-in period at 2000 rpm required to lap the surfaces, 
the leakage can be brought down to 1 in.3 in 20 hr at 15 lb/in.2 

Bellows seals as shown in Fig. 3-4c are less reliable because they have 
mechanical flexibility, require more room, and require the same precise 
manufacturing as the Sealol type. The fact that the seal utilizes a car
bon or bronze foreplate, bearing against a lapped steel shoulder, makes its 
operation independent of temperature. 

The success of either type depends on the characteristics of the sealing 
material. No material that has been tried has given a completely satis
factory seal; however, new developments in the field of plastics may offer 
solutions to the sealing problem. 

New silicone rubber developed by Dow Corning Corporation and 
General Electric appears to offer a possible solution to the low-tempera
ture problems of the rubber-lip seal. Silicone rubber retains its elasticity 
at very low temperatures. 

Another new material, developed by E. I. du Pont de Nemours and 
Company, appears to have promising possibilities for use in all types of 
seals. The new material, known as "Teflon" and designated by du Pont 
as "Poly F-1114," is a soapy-feeling plastic that causes very little friction 
when rotated in contact with a machined metallic surface. It is not so 
pliable as rubber but has much better low-temperature characteristics. 
Teflon is also very resistant to chemical action and absorbs no moisture. 



CHAPTER 4 

RIGID TRANSMISSION LINES 
B Y G. L. RAGAN AND RICHARD M. WALKER 

COAXIAL LINES 

B Y G. L. RAGAN 

4-1. Factors Governing Choice of Dimensions.—The primary con
siderations in choice of rigid-line dimensions are high power-carrying 
capability and low attenuation. Mention of such other characteristics 
as maximum voltage between conductors, maximum impedance of 
resonant line, and minimum impedance of resonant line is frequently 
made. These considerations, which are of importance in some types of 
work, are rarely, if ever, considered important at microwave frequencies 
and still less often are considered important in microwave transmission 
lines. The consideration of maximum voltage may be useful in case the 
frequency is so low or the line so short that it contains considerably less 
than one-half wavelength. In this case the voltage on the line is essen
tially constant along its length regardless of impedance-matching and is 
of prime importance in the transfer of power. In microwave lines, how
ever, this is almost never the situation. Such lines are usually much long
er than one half wavelength so that the load impedance must match the 
line impedance if standing waves are to be avoided. It is in this matched 
condition that a given line carries maximum power to a load; high power-
carrying capability therefore is calculated on this basis. The resonant 
impedance behavior of a coaxial line enters into certain resonator prob
lems at microwave frequencies but not into the choice of dimensions 
for a transmission line. 

In seeking the dimensions of a transmission line to obtain optimum 
performance with respect to some selected characteristic, the problem 
must be limited further in one of the following ways. One may seek 
those dimensions consistent with the restriction that only the fundamental 
TEM-mode be propagated at a given wavelength in the resulting line; 
this restriction sets an upper limit, in a certain manner, on the size of the 
line for a given wavelength. Or one may be limited for mechanical 
reasons to an even smaller line size. Usually, in this case, the limitation 
will be the diameter of the outer conductor. 

The two primary factors, high power-carrying capability and low 
attenuation, will be considered now under these two types of limitation. 

144 
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Maximum Power-carrying Capacity for a Given Wavelength.—The 
power being t r a n s m i t t e d by a coaxial line in t he absence of s t and ing 
waves is given by Eq. (2-77), 

D El Vk. a2 

120 In 17, (1) 

where 77 = b/u is the d iameter ra t io of the conductors . T h e critical 
dimensions ior cutoff of t he second or TE'w-mode are well approx ima ted 
by the relat ion indicated in Fig. 2-22. 

therefore, 
y/ke via + b); 

X, 
T V X (1 + 17) 

Subs t i tu t ing th is value for a in t he above equat ion, one obta ins 

E\\\ In 7, P 
120V2 Vke (1 + v)2 

(2) 

(3) 

(4) 

Normal ly one would opera te at a wavelength slightly longer t h a n cutoff. 
This effectively reduces a in Eq . (3) by the desired wavelength factor and 
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F I G . 4-1.-—Relative power-handling capacity and loss length vs. diameter ratio for coaxial 
line, at a given wavelength. 

reduces P in Eq . (4) by the square of this factor. T h e form of the equa
tions is unchanged. Re la t ive values of P a re p lo t ted as a function of n 
in Fig. 4 1 . The m a x i m u m value of the last te rm, In [77 '(1 + rj)'1}, is found 
to be 0.0774. This occurs when T\ has the value 2.09 and means Z„ = 44.4 
ohms for air-filled line. When numerical values are inserted, t he maxi
m u m power is given by 

P „ „ = 6.53 X 1 0 - 5 - ^ = X s
c , (5) 

V he 
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and the corresponding conductor radii are 

y/ht 
a = 0.097 — , ( 6 a ) 

6 - 0 . 2 1 5 - ^ , (66) 

where &e = 1 for air, and a reasonable value for Ea is 3 X 106 volts/m at 
breakdown. Hence, Eq. (5) becomes 

P„,« = 5.88 X 108X?. (7) 
For example, X = 0.1 m gives 

Pm« = 5.88 Mw, 
2a = 1.94 cm (0.764 in.) = center conductor OD, 
26 = 4.30 cm (1.092 in.) = outer conductor ID. 

Minimum Conductor Loss for a Given Wavelength.—The attenuation in 
coaxial conductors may be written [slightly modifying Eq. (2-82)] 

a = 0.04566. l ^ l ^ nepers/m. (8) 
\<rX 0 In T] w 

Applying the same limit as above to the size of conductors at a given 
wavelength, we find that 

TV V Ke 1 + 7J 

If this value of b is substituted in the previous equation, the result is 

n 1-IQt; *■"<• 0 + v)'1 , 
a = U.14do—-= nepers/m. (]Q\ 

\/a \c- v In V 
Relative values of loss length, the reciprocal of a, are plotted against -q in 
Fig. 4-1. The minimum value of the last term, (1 + TI)-/V In V, is 4.45 and 
occurs when -n = 4.68. The impedance is 92.6 ohms for air-filled line, 
and the minimum attenuation for a given wavelength is 

m̂in = 0.6368—-zJ-—; nepers/m. (\\\ 
\' a Xc" 

The line dimensions are 
a - 0.056 - ^ = , 

Vk. 
b = 0.262 - ^ = -

(12a) 

(126) 

For an air-filled copper line (<r = 5.80 X 107 mhos/m) the result is 

= 8.38 X 10-5X,-15 nepers/m ,.„,. 
= 7.27 X 10-4XC-,J db/m. K ' 
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If Xo = 0.1 m, then 

amin = .0232 db/m, 
2a = 1.12 cm (0.441 in.) = OD of inner conductor, 
26 = 5.24 cm (2.065 in.) = ID of outer conductor. 

Maximum Power-carrying Capacity for a Given Outer-conductor Size.— 
Equation (1) may be written in terms of b 

El Vk. 52 In r, ( u ) 
r " ' 120 T,2 ' v ' 

Relative values of P are plotted against ij in Fig. 4-2. Since 6 is given, the 
problem is to find the value of ij which makes the last term In TJ/IJ2 a 

Diameter ratio n 
F I G . 4-2.—Relative power-handling capacity and loss length vs. diameter ratio for coaxial 

line for a given outer-conductor radius. 

maximum. This maximum occurs for r\ = 1.65, giving an impedance of 
30 ohms if the line is air-filled. For this case, assuming breakdown to 
occur when Ea = 3 X 106 volts/m, the maximum power is 

■P„,„ = 1.377 X 101062. (15) 
Minimum Conductor Loss for a Given Outer-conductor Diameter.— 

In this case b is constant and JJ the variable; consequently, Eq (8) has the 
proper form. In Fig. 4-2 relative values of loss length, I/a, are plotted 
against i\. The term (1 + 7j)/ln v is a minimum when rj = 3.6, which 
makes the characteristic impedance 77 ohms for air-filled line. For air-
filled copper line 

c w = 0.0215X^6-1 nepers/m. (16) 

Some Mechanical Considerations.—Aside from these r-f factors, there 
are some factors of mechanical nature. For instance, the line should be 
as rigid as possible in order to withstand shock and vibration with a 
minimum disturbance of characteristic impedance and power-carrying 
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capacity. Assuming the inner conductor to be a tube and of the same 
metal as the outer conductor, it seems that a relatively large center tube is 
desirable. This makes the two tubes approximately equal in size and 
their behavior under shock and vibration is comparable. Both the center 
and outer tubes should be large and supported at frequent intervals in 
order to keep the resonant frequency of each section of tubing above any 
vibration frequencies likely to be encountered in use. A large center 
tube and frequent supports are also an aid in preventing relative motion 

1 2 4 6 8 10 
Ratio of radii - j 

F I G . 4-3.—Characteristic impedance of an eccentric line. 

between inner and outer tubes when the line is subjected to shock. The 
diameter ratio should not be made too small, however, since the effect of 
eccentricity is much more pronounced for low-impedance lines. Fig. 
4-3 illustrates this eccentricity effect. 

In manufacturing small lines, particularly for the short-wavelength 
end of the microwave region, it is desirable to use a relatively large center 
conductor. The upper limit upon the size of center conductor comes from 
the previously mentioned effect of eccentricity. Within the limitation 
imposed by this effect, a large center conductor makes it easier to fabricate 
such structures as stub supports, slotted center-conductor contacts 
(bullets), and center-conductor capacity couplings like those used for 
rotary joints. 

The summation of these mechanical considerations leads to a com
promise between the very low diameter ratio indicated by most of these 
considerations and the practical limitation imposed b3r the increased 
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sensitivity of low-impedance lines to eccentricity effects. Probably a 
diameter ratio of 1.5 to 2 is an acceptable figure. This ratio gives a 
characteristic impedance for air-filled line of 25 to 42 ohms—values that 
are about the same as those for maximum power-carrying capacity, 30 
ohms and 44.4 ohms for the two cases already discussed. 

The 50-ohm Line as a Compromise Standard.—When choosing a 
coaxial line to serve a given purpose one might choose the line impedance 
to suit the requirements peculiar to the individual application. Depend
ing on which of the five characteristics already mentioned is considered 
most important, this procedure would lead to the use of a number of 
different impedances over a threefold range, 30 to 93 ohms. Under such 
a system each transmission-line circuit element is a special design problem 
requiring its own special test equipment, such as slotted lines for imped
ance measurement. Obvious economy both in test equipment and in 
design work can be achieved if a single impedance can be chosen as a 
compromise standard. It has been found convenient to adopt 50 ohms 
as an impedance level offering a satisfactory compromise. For air-filled 
coaxial line this requires a diameter ratio of 2.3, and for polyethylene 
(k, = 2.25) a ratio of 3.5. By reference to Figs. 4-1 and 4-2 the perform
ance of the 50-ohm line may be compared with that of the line whose 
diameter ratio has the optimum value for each of the four characteristics 
presented there. The results of such an examination are given in Table 
4-1. 

TABLE 41.—COMPARISON OF 50-OHM PERFORMANCE WITH THAT OF OPTIMUM LINES 

Characteristic 

For a given wavelength: 

Loss length 
For a given outer conductor: 

Optimum value 
Of 7) 

2.09 
4.08 

1.65 
3.00 

Relative values for 50-ohm line 
I 

he = 1, v = 2.3 ke = 2.25, ij = 3.5 
i 

0.99 
0.78 

0.86 
0.91 

0 80 
0.96 

0 56 
1 00 

Quite apart from line-impedance considerations, a number of different 
line sizes are required in order to meet mechanical requirements and to 
accommodate various wavelengths. A list of some air-filled lines which 
have been used, together with some of their characteristics, is given in 
Table 4-2. 

The theoretical maximum power tabulated is for a peak voltage 
gradient of 30,000 volts/cm and for coaxial cylinders in the absence of 
supports. The recommended maximum powers are based on experi-
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ence with |--in. stub-supported lines and 
f-in. bead-supported lines in system use. 
These have shown signs of failure in care
fully made laborotory systems at powers of 
about 500 and 50 kw, respectively. A 
safety factor of 2.5 in power (1.6 in volt
age) is allowed in each case. These figures 
give a factor of 0.15 between theoretical 
maximum and design maximum for the 
stub-supported series and 0.033 for the 
bead-supported series. The low rating for 
the bead-supported lines is explainable on 
the basis of flashover along the insulator 
and high fields in air spaces between bead 
and center conductor. The attenuation 
figures given are for copper lines. For the 
i-in. line, the wavelength is 3.3 cm; in all 
others it is 10 cm. Silver-plated lines are 
some 60 per cent higher in attenuation. 
Lines made of brass tubing have about 
twice the attenuation of copper lines. In 
Table 4-2, the lowest safe wavelengths 
listed are taken as 12 per cent above the 
cutoff wavelength for the second coaxial 
mode, a criterion based on experience with 
the lf-in. line. It was found that this line 
was usable down to a wavelength of about 
9.3 cm, which is 12 per cent longer than 
that calculated as cutoff for the second 
coaxial mode. These lines have been ap
proved by the Army-Navy Cable Coordi
nating Committee as standards for 
microwave use. It is common practice 
to refer to a line by the outer diameter of 
the outer conductor. Thus, the largest 
line listed is commonly referred to as the 
lf-in. line. 

4-2. Couplings for Coaxial Lines.— 
The principal points to consider in 
such couplings are these. First, both 
outer and inner tubes should be joined 
with a minimum of discontinuity in 
order to minimize reflection of r-f power 
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and to prevent any local concentration of fields, by sharp corners, 
which would lower the breakdown power level. Second, the con
tact resistance of both outer and inner junctions should be kept 
low in order to minimize losses and to prevent burning and consequent 
deterioration of the contacts by the high currents involved. Third, 
it is frequently desirable to provide a pressure-tight junction in the outer 
tube to prevent the entrance of moisture or of corrosive atmosphere or to 
maintain an actual pressure differential. Finally, such features as 

F I G . 44.—Coupling for coaxial line; polarized connector. 

convenience in use and positive clamping action should be considered. 
The following types of connector have been found to satisfy these 
requirements. 

Polarized Connectors.—The coaxial connector most used in micro
wave lines is shown in Fig. 4-4. It is a polarized connector; that is, the 
two mating units are not identical. The junction of the outer conductors 
is made by forcing into a female taper a piece bearing a male taper of 
slightly sharper angle. This insures contact's being made at the tip of 
the male piece and hence at the desired point, the inner wall of the 
outer conductor. The connector is drawn up by means of four screws 
passing through clearance holes in a square flange surrounding the male 
outer connector. The female outer connector is surrounded by a similar 
flange with tapped holes to receive these four screws. A neoprene gasket 
is compressed between the two outer-connector pieces to provide pres-
surization. Its dimensions must be right within small tolerances; it 
must be thick enough to obtain sufficient compression to insure pressuri-
zation, and yet not so thick that it will prevent a good contact between 
the male and female tapers. -

The center-conductor junction is formed by plugging the slotted 
"bullet" of the male connector into the end of the center-conductor tube 
of the female connector. The nose of the bullet is very slightly tapered 
at the point of contact, so that contact is made to the inside of the female 
center tube at its end only. This prevents any reentrant cavity's being 
formed between the inside of the female tube and the outside of the 
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bullet nose. The circular gap between the end of the female tube and 
the shoulder on the bullet is kept as small as mechanically feasible in 
order to minimize the impedance and field discontinuities set up thereby. 
In the case of the -g-in. OD coaxial line, the gap is held to a maximum 
of 0.032 in. The standing wave introduced by this discontinuity is 
certainly less than 1.03 at a wavelength of 10 cm. I t is very important 
that the bullet shoulder should not be forced against the end of the female 
tube before the outer-conductor coupling is completely sealed. If 
this should occur, the center conductor would tend to buckle under the 
longitudinal compression so introduced. For this reason the extension 
of the female center tube and the male bullet shoulder are each specified 
according to their respective outer-conductor parts in such a way that 
there is a gap (nominally, 0.010 in. with a tolerance of ±0.010 in. in 
the case of the ^-in. line) between them when the coupling is drawn 
together completely. I t is very important that the slotted bullet be 
springy enough to make good tight contact with the inner wall of the 
female tube, formally a springy metal (see Sec. 3-1) such as heat-
treated beryllium copper is used for the bullet. A heat-treated chrome-
copper alloy has been found to have satisfactory mechanical properties 
and, in addition, to afford better thermal conductivity. The quality 
of conductivity is sometimes desirable as, for instance, in plugging into a 
transmitter tube. The heat generated in the contacts and in the glass 
seal is then conducted away more rapidly, reducing the temperature at the 
glass seal. In soldering this bullet into the male center tube, a low-
melting solder must be used and care must be exercised to prevent injuring 
the temper of the bullet by overheating. In fabrication the bullet is 
sprung out so that it is under radial compression when plugged into the 
female tube. 

Several convenient features of this connector may be indicated. 
There are no loose pieces in the assembly; all the elements of the con
nector are self-contained except the four standard screws, and these 
can be made captive screws if desired. This feature prevents loss of 
parts and also makes it impossible to omif. any vital part in making a 
connection, an omission which has occurred in the case of the double-
ended bullet of the unpolaiized connector discussed later. Another 
desirable feature is that a line to which a connector is to be attached is 
prepared simply by making certain that the outer and inner tubes end 
flush with each other, becau.se the total length of the two outer-con
ductor parts when coupled is exactly the same as the length of bullet 
plus gap allowance. A third feature is that a certain amount of angular 
misalignment of the axes of the connected hues is permitted by the 
tapers of the outer- and inner-conductor contacts. This misalignment 
cannot be allowed to become large, however, since the tapers are slight 

http://becau.se
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and since the pressurizing gasket will not be properly compressed if the 
misalignment is large. 

In the use of any polarized connector, it is advisable to establish a 
convention to be followed in assembling connectors to line sections or 
line components. It is customary to follow the same convention as in 
connecting garden hose; namely, at a connection the power (water) 
flows from transmitter (water main) through a male coupling into a 
female coupling. Thus, the male coupling always points toward the 
antenna (or hose nozzle). In case the line is also used for reception, 
or for reception alone, the male coupling still points toward the antenna. 

h MC^^EM 't 
F I G . 4-5.—Five-eighth.s-inrh line coupling; impolaiizod coimeotor. 

This convention is recommended for all transmission lines, whether of 
coaxial or waveguide type. 

I'npolarized Connectors.—Another type of connector which has had 
considerable use is that shown in Fig. 4-5. Since the two line ends 
joined are identical, this connector is said to be "unpolarized." The 
unpolarized connector has certain obvious advantages in permitting the 
assembly of lines and components in any order or in the turning of any 
piece end-for-end; but it has the disadvantage of requiring two loose 
pieces—the center-contact "bullet" and the outer union. In addition 
to the possible loss of these loose parts, there is also the possibility of 
omitting a bullet or of its falling out of place (luring assembly. This is 
especially serious in a line containing dielectrics—for example bead 
supports or vacuum seals, since flic high standing waves resulting may 
cause permanent damage to the dielectric before the power can be shut 
off. Kven if this problem does not exist, as in purely receiving or low-
power transmitter lines, it is a nuisance to have to take many couplings 
apart until the faulty connector assembly is found. 

The inner-conductor bullet is exactly like the bullet of the unpolarized 
connector on each end. A double-ended bullet is usually shorter than 
the single-ended type, although to obtain the same mechanical properties, 
such as springiness, it should be about twice as long as the latter. Since 
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it is not soldered in place, the problem of detempering by the heat of 
soldering is avoided. 

The outer contact is made between the outer tubes directly, the union 
sleeve providing the necessary alignment. In order to get good contact 
all around, the tube ends must be finished flat and in a plane perpendicular 
to the tube axis. The special trimming tool shown in Fig. 4-6 drawn to a 
larger scale does this, and at the same time it trims to the proper length 
the sleeve against which the pressurizing gasket is compressed by the 
union. 

FIG. 4-6.—Trimming tool for unpolarized connector. 

This connector has been largely superseded by the polarized con
nector discussed before and is not recommended because of the difficulties 
just mentioned. 

Other Connectors.—Several other connectors which have been used to 
some extent are shown in Fig. 4-7. They are essentially like one or the 
other of the two connectors already discussed, or combine features of 
the two. The connector shown in Fig. 4 la requires special care in 
soldering and in finishing the tube ends and is intended for laboratory 
test work only. The connectors shown in Figs. 4-76 and c are designed 
primarily for aluminum lines and do not require any soldering. 

Although the soldering and brazing techniques for aluminum are now 
being worked out, they are still difficult. Corrosion of aluminum in 
general, in soldered or brazed joints, and in contacts with other metals 
gives considerable trouble. Another difficulty encountered with alu
minum connectors is that the resistance of aluminum contacts is fairly 
high. Since it is presumably caused by a surface film of insulating 
aluminum oxide, the high resistance might be expected to be less trouble
some in the microwave region where the frequency is so high that the 
capacitive reactance across the insulating layer becomes small compared 
to the contact resistance. To improve the contacts, a silver layer has 
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(a) 

Neoprene 
gaskets 

sometimes been applied, either by electroplating or by spraying molten 
silver onto the contact surface. The — — SoMer 

conductors may be made of alumi
num tube clad on the inside with a 
thin silver lining in the process 
of tubing manufacture. The outer 
tube can then be flared out so that 
the silver surfaces form the contact. 
The silver lining inside the center 
tube would not serve to decrease the 
attenuation of the line as it does in 
the case of the outer conductor and 
thus would be wasted except at the 
contact. 

4-3. Bead Supports.—One of the 
major problems in connection with 
coaxial lines is that of supporting the 
center conductor. The o b v i o u s 
method of accomplishing this is to 
use dielectric insulating washers, 
commonly referred to as "beads." 
While these beads alter the charac
teristic impedance and propagation 
constant of the line throughout the 
bead thickness, the impedance dis
continuity so produced is rather 
unimportant at very low frequencies. 
In this case there are usually many 
beads per wavelength, and one sim
ply modifies the characteristic imped
ance and propagation constant of 
the air-filled line to take into ac
count the presence of a partial die
lectric filling.1 In microwave lines, 
on the other hand, the beads are an 
appreciable fraction of a wavelength 
thick, so that the impedance dis
continuity is sizable. Furthermore, 
there are few, rather than many, 
beads per wavelength. For these 
reasons, simply modifying the line characteristics is not sufficient. A 

1 H. T. Kohlhaas, Reference Data frr Radio Engineers, Fe(l"ial Telephone and 
Radio Corp., 1943, p. 116. 

(*) 

(0 
F I G . 4-7.—Miscellaneous connectors. 

(a) Un pressurized laboratory connector 
(Raytheon Company). (h) Soldcrlcss 
connector for aluminum line, pressurized 
by neoprene gaskets (General Electric 
Company), (c) Sotderless connector 
for aluminum line with metallic com
pression-type presMiirization (Radiation 
Laboratory). 
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number of schemes have been devised to circumvent these impedance 
difficulties, as shown in Fig. 4-8. They will be discussed in detail later 
in this section. 

At low frequencies, dielectric losses in lines are usually negligible 
compared to conductor losses, but at microwave frequencies dielectric 
losses become comparable to, and in some cases greater than, conductor 
losses. The dielectric attenuation constant in a line completely filled 
with dielectric is, by Eq. (2-99), 

27.30 Vke, 
Odi = ' tan 6 db/m. (17) 

This figure is independent of diameter ratio but assumes the dielectric-
filled line to be matched. This equation applies directly to the undercut 
bead, Fig. 4-8c, since the bead is matched—that is, it is terminated in 
its characteristic impedance. In other arrangements the beads are not 
matched, and as a result the dielectric attenuation constant is larger. 

m ) 

(<•) 

] 
\ X. 

(6) (c) 
I ( V////////S//A 3 

f 
y/////////////////A I 

' V//////////. /////////A I 
(d) (c) 

Fl.l. 4-8.—Several forms of bead support, (a) Thin bead, (b) Bead grooved to 
increase surface leakage path, (c) Half-wave bead, (d) Undercut (constant impedance) 
bead, (e) Stepped three-quarter-wave bead. 

An effect that may be of comparable magnitude is the increase in the 
beaded section of the conductor loss caused by the introduction of 
dielectric. Fortunately, this increase does not occur for very thin 
beads, since the current flowing in the conductors is the same as that in 
the main line. 

A problem common to both low and high frequencies is that of voltage 
breakdown. This problem acquires increased importance, however, 
in lines carrying pulses of high peak power, a requirement that is fre
quently imposed in microwave applications. In this connection three 
effects are of importance. The first is flashover radially along the air-
dielectric interface, which occurs at a lower field than that required to 
break down either material alone; the extent to which this limits the 
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power is difficult to estimate, and it depends on the character of the 
surface and on humidity effects. The bead faces are sometimes cor
rugated by concentric grooves similar to those shown in Fig. 4-8b to 
increase the leakage path for surface currents. The second consideration 
is the limitation imposed by breakdown within the insulator itself at 
microwave frequencies and is an element that 
is hard to evaluate. The dielectric strength, 
however, of practically all dielectrics is known 
to exceed that of air by a large factor at ordi
nary frequencies. This is known to be also 
true of the dielectrics used in flexible coaxial 
cables at microwave frequencies. Hence one 
does not anticipate any limitation on power 
by reason of breakdown in the body of the di
electric. The third effect is the increased field 
in the air film which is likely to exist between FIG. 4-9.—Loose-fitting coaxial 
bead and conductor. If a cross section such 
as that of Fig. 4-9 is considered, it is recalled that the electric displacement 
must be constant across the boundary c 

Ec (air) = k„Ec (dielectric). (18) 

For very thin air films this may be written 

Ef = keEa, (19) 

where Ef is the electric field strength in the air film and Ea that in the 
dielectric at r = c ~ a. The air film may be thin enough to give a 
negligible contribution to line voltage, characteristic impedance, power 
transmission, and so forth, but still so thick that it contains enough gas 
to give breakdown trouble. Any thickness that is large (compared with 
mean distance through which an accelerated electron moves between 
collisions with the molecules of the gas) would be sufficient to cause 
such breakdown trouble. Since this mean distance is of the order of 
10~5 cm at atmospheric pressure, it is clear that films of air of several 
orders of magnitude greater than this figure might easily occur. The 
critical field strength at breakdown may be assumed to be the same in 
the air film as in the main line, but there is evidence1 to indicate that-
larger r-f fields may be tolerated in small gaps, just as in d-c breakdown. 
Therefore, any estimate of power-handling capability based on this 
assumption may be regarded as fairly conservative. 

In the case of thin beads, the total voltage across the line is the same 
in the bead as in the unbeaded line; therefore, the field in the dielectric 

1 D. Q. Posin, I. Mansur, H. F. Clarke, "Expe r imen t s i" Microwave Breakdown," 
RL Report Xo. 731, Nov. 2S, 1945. 
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would be identical with that in the unbeaded line at any given radius. 
If a very thin air film were present, the field in it would be given by 
Eq. (19); hence, the power transmitted by the line must be reduced by 
the factor k\ to prevent breakdown in the air film. If the bead is of poly
styrene, ke = 2.56, the power-reduction factor is 6.6 (multiplying factor 
0.15). The same factor applies to the half-wavelength line, since the 
maximum voltage occurs at the ends where it is equal to that in the 
unbeaded line. 

For the undercut bead, the total voltage is again the same as that of 
the unbeaded line, but the center-conductor diameter has been decreased. 
Since the undercut section is matched, Eq. (14) is applicable, where 
Ea is the field in the dielectric at r = c « a. In view of Eq. (19) E„ may 
be replaced by E//ke. The power transmitted by a matched dielectric-
filled line in which an air film is present is then given by 

Pf = ^Lhj. (20) 

Comparison with the power P 0 carried by an air-filled line of the same 
characteristic impedance and same outer-conductor radius gives the 
power-carrying factor 

ft = kjl (j)2 = *rI,_2 (V^ " 1}' (21) 
where J; is the diameter ratio in the air-filled line and i\' that in the under
cut beaded line (In 77 = In ri'/\/%). 

F I G . 4-10.—Bead lines. 

Thin Beads.—While bead-supported lines have largely been sup
planted by stub-supported ones, some of the early transmission lines 
were beaded. The standard f-in. OD line was used, both outer and 
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inner conductors being of copper tubes. Sections of such a line are 
shown in Fig. 410. The beads were of polystyrene, and the dimensions 
were made in such a way that the beads fitted tightly onto the center tube 
but loosely into the outer. This permitted affixing the beads at the proper 
intervals onto the center tube and then pulling the assembly into place 
within the outer tube. Since the tubes were of soft copper and the beads 
gave support at frequent intervals, gentle bends in the completed line 
were permissible. With sufficient care, a bending tool could be used to 
obtain bends on a radius as small as four inches. The molded polystyrene 
beads were 0.100 in. thick, 0.254 in. in inner diameter to fit closely around 
the 0.250-in. inner tube, and 0.500 in. in outer diameter to permit a loose 
fit within the 0.555-in. ID outer tube. 

0 0.2 0.4 0.6 0.8 
Bead thickness in wavelengths ~^~ 

FIG. 4-11.—Mismatch introduced by thin beads. 
The mismatch introduced by a bead that fits tightly against both 

outer and inner conductors is easily calculated (see Fig. 4-1.1). Figure 
4-11 gives an enlargement of that portion pertaining to thin beads. From 
this graph it is found that a 0.100-in. (.04 wavelengths at X = 10 cm) 
polystyrene bead is expected to give a VSWR of 1.27. Since the bead 
fits loosely in the outer tube, the VSWR should be reduced, and r = 1.23 
is the experimentally determined1 value. The figure is further reduced 
by the crimping technique used to hold the bead in place on the center 
tube, because the crimping, which consists of deforming the center tube 
on both sides of the bead by squeezing it between parallel knife edges, 
increases the characteristic impedance in the crimped portion of the line. 
These short sections of high-impedance line partly compensate for the 
section of low-impedance line formed by the bead. The crimping used 
in the f-in. line was found by Reed2 to reduce the VSWR from 1.23 to 
1.15 at X = 10 cm. Since the crimping has a rather large effect on the 
VSWR introduced, it must be carefully controlled. 

1 ,1. Reed, "Broad-band Bead Spacing," M.I.T. Bachelor's Thesis, January 1943. 
2 Ibid. 
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V/. 

A number of bead-spacing schemes have been proposed.1 Theoretical 
analyses of the performance of some of these schemes have been made by 
Condon2 and by Hanson.3 The more promising schemes are based on 
the cancellation of the reflections of two beads when spaced approxi

mately a quarter wavelength apart, 
as in Fig. 4-12<z. Figure 413 gives 
the performance of a pair of i-in. 
polystyrene beads spaced for can
cellation X = 10 cm in Curve II , 
and for comparison, that of a single 
bead in Curve I. Using the nomen
clature of Fig. 4-12o, it can be 
shown that the condition for reflec-
tionless spacing of a pair of beads 
is 

2 v ^ 

ft 

tan a tan /3 = (22) 

- a - J u—a+^—J L -a — 
^ — | X0 equivalent ^ 

(c) 
FIG. 4-12.—Basic bead apacings. (a) 

Quarter-wave-spaced pair, (b) Uniform 
quarter-wave spacing, (c) Lawson spac
ing for four. 

1 + k. 
Since the right-hand member of 
this equation is approximately 
unity, one may write an approxima
tion which is extremely good for 
thin beads, 

a + 0 « i\, (23) 
where all electrical angles are ex
pressed in terms of wavelengths. 
For example, the angles of Fig. 4-13 
are 0 = 0.05, a = 0.195, and 

a + 0 = 0.245. 

Building up a bead-spacing scheme based on pairs spaced a quarter 
wavelength apart, one may use uniform spacing between beads as in 
Fig. 4-126 keeping the total number of beads even. The spacing between 
pairs is equivalent to a half wavelength; consequently, the reflections 
from the two pairs are approximately in phase and lead to the high wave
length sensitivity of Curve I I I of Fig. 413 . If the two pairs are spaced 

1 J. L. Lawson, "Design and Test of Concentric Transmission Lines," RL Report 
No. 141, July 14, 1941; W. W. Salisbury, unreported early work using half-wave air 
line between beads; John Reed, op. cit. 

2 E. U. Condon, "Low-loss Coaxial Cables for Micro-Waves," Research Report 
R-94293-E, Westinghouse Research Laboratories, Apr. 17, 1941. 

3 W. W. Hansen, "Notes on Microwaves," Chap. VII of the notes prepared by 
S. Seeley and E. C. Pollard based upon Hansen's lectures to the personnel of Radia
tion Laboratory in 1941-1942. 
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the equivalent of three-quarters wavelength apart, as in the Lawson 
system of Fig. 4-12c, the response curve is flattened as indicated by 
Curve IV of Fig. 4-13. This gives a great improvement near midband, 
but it should be noted that at about 8.3 and 12.5 cm the curves cross, 
the Lawson spacing going to much higher values than that of the uni-
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FK; . 4 1 3 . - VSWR for ]-in. polystyrene bead as a function of wavelength. Curve I, 

single bead; Curve II , quarter-wave-spaced pair as in Fig. 4-12a; Curve I I I , uniform quarter-
wave spacing, four beads as in Fig. 4-126; Curve IV, Lawson spacing for four beads as in 
Fig. 4-12c. 

form spacing. Hansen1 has analyzed, by an approximate method, the 
behavior of these curves as more and more beads are added. His 
results may be summarized in the following manner. 

1. The curve for the uniformly spaced line becomes steeper and 
steeper, whereas that for the Lawson line becomes flatter and 
flatter, in the neighborhood of midband. 

2. The maxima on either side of midband wavelength move in closer 
and closer and secondary, tertiary, etc. maxima enter the range of 
wavelengths being considered. 

3. It can be shown that the amplitudes of the maxima in the case 
of the uniform line are limited to approximately that of Curve I 
for a single bead in the wavelength region considered in Fig. 4-13. 
On the other hand, the maxima of the Lawson line are not thus 
limited, and as a result extremely high standing waves will occur 
at a wavelength fairly close to midband if many beads are used. 

4. Hansen concludes that for short lines having few beads the Lawson 
lino is best, but for long lines the quarter-wave uniform spacing 
is to be preferred. If a total bandwidth of AX at a midband wave-

Hansen, op. cit. 



162 RIGID TRANSMISSION LINES [SEC. 4 3 

length X0 is desired, then the Lawson spacing is not bad, providing 
the number of beads is less than 

n = 2 TV-AX 

Fluctuations in bead thickness, variations in crimping, and errors 
in positioning of beads may introduce enough randomness to alter the 
predicted behavior markedly. Line losses also tend to reduce the 
cumulative effect of reflections. Reed has suggested that beads be 
assembled in groups of eight, the spacing between groups to be random. 

0 0.1 0.2 0.3 0.4 0.5 0.6 
Bead thickness in wavelengths 

FIG. 4-14.—Mismatch caused by a bead as a function of thickness. 

His system for the eight beads is as follows: the spacing between beads 
in each pair to be right for one wavelength, that between pairs in a set 
of four to be right for another, and that between the two sets of four to 
be right for a third wavelength. By choosing the three wavelengths 
properly a low VSWR may be obtained over a considerable band. 

Half-wavelength Bead.—Since the input impedance of a half-wave
length section of transmission line is equal to its output impedance 
regardless of its characteristic impedance, a bead whose thickness is 
half a wavelength (in dielectric) introduces no mismatch. If the bead 
length is chosen properly for midband the VSWR introduced will be a 
function of the deviation from half wavelength, as indicated by Fig. 
4-14. The performance of beads which are made a half wavelength long 
at 10 cm is shown in Fig. 4-15. Comparison of the curve for the half-
wave polystyrene bead with those of Fig. 4-13 for thin beads reveals 
the relatively high wavelength sensitivity of the ha^-wave bead. 

Because of its high frequency sensitivity, its high dielectric loss 
(because of the large amount of dielectric present), and because of various 
mechanical reasons, half-wavelength beads are not used for transmission-
line supports. They have found limited use as frequency-sensitive 
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elements purposely introduced to cancel the frequency sensitivity of 
some other circuit. 

Undercut Bead.—If the size of the inner conductor is reduced by the 
proper amount, the characteristic impedance in the bead-filled line 
can be made equal to that in the air-filled line (see Fig. 4-8d). In 

Xincm 
F I G . 4-15.—Performance of half-wave beads of various dielectrics. 

order to achieve this equality the inner conductor must be reduced from a 
radius of a to a radius ft', so that 

Z„ = 00 In - = - ^ L In -,■ (24) 
a V^ a 

While at first this seems an ideal solution to the problem, there are 
practical difficulties. The problem of assembling the bead onto the 
undercut section may be solved by making the beads in two halves, split 
along a diameter; or it may be preferable to make the center conductor 
in many sections, one for each bead, and to assemble the sections by 
screwing or press-fitting each section to the next with the bead in place. 

High-power breakdown may occur more readily in an undercut bead 
than in other types, because the sharp edge e shown in Fig. 4-8d naturally 
leads to a high electric-field concentration. Since this edge occurs at 
the bead surface, flashover along the dielectric surface is likely to occur. 
This tendency may be greatly reduced by rounding the edge; at the same 
time this rounding probably tends to decrease the net shunt-capacity 
effect (see below) at the junction. If such rounding is used, it is felt 
that breakdown is less likely to occur here than at the other vulnerable 
spot, namely, in the air film between the bead and the center conductor 
whose diameter has been reduced. 

As discussed in Sec. 4-5, whenever a change of diameter occurs in 
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either of the coaxial conductors, or in both, the effect of the fringing fields 
so produced is equivalent to adding a certain capacity in shunt with the 
line at that point. If an undercut bead support is designed without 
compensating for this, a certain amount of mismatch will result. In 
the case of the 0.25-in. polystyrene bead in the f-in. line of Table 4-1, 
calculation shows the shunt capacity introduced by the step at each end 
separately to be 6.8 X 10 - 1 4 f. At X = 10 cm this leads to a capacitive 
susceptance of 0.062Y0, but the proximity effect, caused by the two 
discontinuities being relatively close together, reduces this to 0.0553A

0-
The over-all mismatch for the bead then amounts to a VSWR of 1.09. 

In discussing power-handling capacity, it was remarked that rounding 
the corner where the center conductor changes diameter would be 

X~ 2XQ X - X Q X= 2AQ 

F I G . 4-16.—Admittance diagrams for compensated undercut bead. 

expected to decrease the net shunt-capacity effect. This surmise is 
based on the fact that a decrease in the diameter of the center conductor 
gives rise to a short section of high-impedance line, which has an induc
tive effect. The degree of rounding required to give perfect compensation 
could be easily determined experimentally. 

A simple and effective way of compensating for the shunt-capacity 
effect, in the case of beads that are thin compared with a wavelength, 
is to reduce the characteristic admittance YB in the beaded section. 
The rectangular-coordinate admittance diagrams of Fig. 4-16 show how 
this reduction accomplishes the desired result. The vertical lines ab and 
cd represent the shunt susceptance at the two bead surfaces, and the 
arc be represents the electrical length of the bead. The input admittance 
is represented by d, and the error in closure da is a measure of the mis
match introduced. For a given bead thickness, YB is chosen to give 
perfect compensation near the shortest wavelength to be used. Since 
both the susceptance and the bead thickness in wavelengths are inversely 
proportional to wavelength, a reasonably low VSWR results for any 
X > Xmi„. The thinner the bead is, the better the broadband perform
ance. Unfortunately, decreasing the characteristic admittance in the 
bead means still larger steps in the conductor size and hence larger 



SEC. 4-3] BEAD SUPPORTS 165 

shunting effects. Practically, however, this is not a serious effect. 
Figure 4-17 gives the dimensions for such a compensated bead designed 
for 10 cm and its calculated wavelength performance. 
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F I G . 4-17.—Undercut head with 

impedance compensation. 
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F I G . 4-18.— Undercut bead with quarter-

wave compensation. 

Another method of compensation is to make the bead a quarter wave
length long, leaving its characteristic admittance the same as that of the 
main line. This spacing of the two shunt-capacity effects gives cancel
lation at the design wavelength 
but does not perform especially 
well over a broad band. Figure 
4-18 gives the dimensions and per
formance for such a bead. 

Having designed beads in this 
way to have as low a mismatch 
as possible, it is further advisable 
to space them at odd quarter-
w a v e l e n g t h i n t e r v a l s . This 
avoids cumulative addition of the 
reflections which, though individ
ually small, may attain very large 
values if a number combine in 
phase. The discussions g i v e n 
previously relative to quarter-wave and alternative spacing schemes apply 
here although, of course, in the present case the mismatch per bead is 
much smaller. 

Three-section Read.—It is sometimes convenient to have a bead that 
is a complete well-matched unit. The half-wave bead is of this type, but 
it is not desirable because of its high frequency sensitivity. A broad-

P I G . 419.—Three-quarter-wave beads with 
steps. 
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band bead may be made in the forms indicated by Fig. 4-19. The 
characteristic impedance Z'„' of section A is easily calculated by use of 
Eq. 74. The characteristic impedance Z„ of sections B and C is to be 

made the geometric mean between 
Zo and Z'0', and the length Xx is 
to be made an effective quarter 
wavelength, in order to provide 
matching transformers between Z0 
and Z'„'. Since the completely 
filled section A is thereb\' operat
ing in the matched condition, its 
length Xi might seem to be unim-
p o r t a n t . H o w e v e r , if Xi is 
c h o s e n to be a quarter wave
length, a very desirable broadband 
response is obtained. 

The impedance transforma
tions involved are shown in the 
rectangular impedance plots of 
Fig. 4-20. The source is consid
ered to be at the left in Fig. 4-19 
and the line to the right is as
sumed to be matched. 

I t is desired to follow the im
pedance transformations along the 
bead from point a to h, c, and d of 
Fig. 4-19. The output end a is 

terminated in the impedance Za = Z0, and from this point on Fig. 4-20 an 
arc is described clockwise about the impedance Z'0 to obtain the impedance 
Zb. From 6 to c, the arc is about Z'0' and from c to d it is again about Z^. 

1.3 

a: 1.2 
s 

in 

1.0 

FIG. 4-20.—Impedance transformations in 
three-section bead {Z\ = \ZZo Z"o). (a) 
Midband, X = Xo; A'I , Xi, Xi all equal to X/4. 
(ft) X > Xo; Xi, Z i , Xa less than X/4. (c) 
X < Xo; X\, Xi, XT, greater than X/4. 

NV 

\ \ -> ^">< 

1 
_ ^_ -" s 

8 9 10 11 12 
X in cm 

F I G . 4-21.—Performance of three-section bead made of polystyrene, (a) Z'o = \/~Z<,Z"a. 
(ft) Z\ = 0.98S x''2UZr0. 

(Strictly speaking, the arcs on the diagram are not centered exactly 
at the impedances Z„ and Z'a, but for the purpose of qualitative argu
ment one need not worry about this discrepancy.) At midband, Fig. 
i-20a, the center section be is matched at the impedance level Z'0'. Above 
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midband wavelength (Fig. 4-206) and below (Fig. 4-20c) the section 
be tends to compensate for the departure of the lengths of the end sec
tions from the quarter-wave value. The calculated performance of such 
a bead, made of polystyrene and designed for a midband wavelength 
of 10 cm, is given by Curve a of Fig. 4-21. Comparison reveals that this 
type of bead is considerably better than the half-wavelength bead of 
Fig. 4-15 and that it is slightly better than the Lawson spaced set of four 
beads, Curve IV of Fig. 4-13. 

A slightly broader band may 
be obtained, at the expense of in
troducing a mismatch at midband, 
by reducing the impedance Z[. 
The effect of this reduction may be 
seen on the impedance diagrams of 
Fig. 4-22. There will be a pair of 
wavelengths, one above and one 
below midband, for which the 
modified bead will be perfectly 
matched, as indicated in the dia
grams 6 and c of Fig. 4-22. It may 
be shown that if the impedance Z'0 
is reduced so that i t is given by 

Zo = -p y/ZoZ'o, 

then the VSWR at midband is 
r = F\ 

If the midband VSWR is to be 
kept below 1.05, F may be chosen 
equal to 1.012. The resulting per
formance for a polystyrene bead is given by Curve b of Fig. 4-21. The 
band within which r is below 1.05 has been increased by this means from 
a full width of 2 per cent to one of 2.8 per cent. The shape of the curve 
is that characteristic of a double-tuned circuit. 

The design equations for the original bead, matched at a midband 
wavelength X0, are as follows: 

FIG. 4-22.—Impedance transformations 
for broadband bead (Z'a < \/ZuZ"a). (a) 
Midband, A = An; Xi, Xi, A"j all equal to 
A/4. (h) \ > A„; V,, X~, X, loss tlian A/4. 
(c) A < Ao; Xi. X:, Xi greater than X/4. 

x2 

X, 

c 

Xo , 
- 4 k< 

Xo , 
- -4-AV 

-\(. ) 

-H 
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(25a) 

(256) 

(25c) 
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Relation (25a) merely expresses the fact that X2 is a quarter of the wave
length \0/\/ke in a completely filled line section. Relation (256) 
comes from a consideration of the fact that both the effection wavelength 
and characteristic impedance in a transmission line vary as l/y/C 
if L is kept constant (see Table 2-1, Items 2 and 4). Since the charac
teristic impedance Z'a is the geometric mean of Z0 and Z", the correspond
ing effective wavelengths, X0', X0, and X'0', must bear the same relationship, 

X0 = \/XoX0. 

The characteristic impedance of a partially filled section of line 
(Fig. 4-19) is 

/, , h . , c , //,'„ In - + In -
Z'a = GO In - — , -■ (26) 

This equation is derived by calculating L, the inductance per unit 
length, and C, the capacitance per unit length, and using the relation 
Z = \/L/C. When this is solved simultaneously with 

Z'a = VZ^ZZ' = CMc-]i In K (27) 

the result is Eq. (25c), which may be written in the alternative form 

log™ c = --~-^---- (\/ke logl0 b + logio a). (28) 

For the second type of bead shown in Fig. 4-19 the lengths Xi and X2 
are the same as before and are given by Eqs. (25a) and (256). The 
dimension d may be shown to be given by 

logio d ■= —-r ■'—-, (logio 6 + \/ke log10 a). (29) 

This type of bead recommends itself particularly at the shorter wave
lengths, where it is very difficult to make a bead thin enough to obtain 
a low VSWR. For the longer wavelengths this bead may be too long 
to be practical in many cases. The long bead-to-conductor contact 
surface (along the inner conductor of the first type of Fig. 4-19 and along 
the outer on the second) may be especially objectionable. The contacting 
surfaces may be limited to the central quarter-wavelength section by 
making the partial filling of dielectric occupy a position intermediate 
between conductors without contacting either. 

One would expect all forms of this bead to be relatively good for 
handling high power. The center section is matched, and the fields 
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in the uir gaps in the end section, while larger than those in the main 
line, are not so high as those in the air gaps of the beads discussed 
previously. 

There is some fringing of the electric fields at all points of impedance 
change, since the fields in the main line and in the completely filled section 
are purely radial and fall off radially as 1/r, while those in the partly 
filled section suffer a discontinuity at air-to-dielectric boundaries. As a 
matter of fact, some component of electric field in the Z-direction (par
allel to the axis of the line) must exist in the partly filled sections. These 
fringing fields would be expected to contribute a shunt-capacity effect 
paralleling the line at the points a, b, c, and d. Since these points are 
spaced by a quarter wavelength, some degree of cancellation results. 

An experimental model of the first type of bead of Fig. 4-19 was made 
for the^-in. coaxial line for operation at 3.33-cm midband. The dielectric 
used was Teflon (ke = 2.1), and the dimensions were 

Z i = 0.272 
Xi = 0.220 
2a = 0.1875 
2b = 0.437 
2c = 0.310 

in., 
in., 
in., 
in., 
in. 

The voltage standing-wave ratio was measured from X = 3.02 to X = 3.65 
cm, and it was found to agree, within experimental error, with the 
predicted behavior. The experimental error caused by load, connectors, 
and slotted section was unfortunately of the order of r = 1.06, but it 
could safely be said that the VSWR was lower than approximately 1.12 
over this band. 

The possibility of the existence of a resonance, caused by the second 
coaxial mode, was not entirely eliminated. The dimensions of the coaxial 
line are such that this mode may propagate in the completely filled section 
and in all probability it can do so in the partly filled sections. There 
should be little tendency to excite this mode, however, because it is an 
asymmetrical mode while the bead is supposed to be made as nearly 
symmetrical as possible. One should bear in mind the possibility of 
encountering resonance trouble, especially if the beads themselves are not 
symmetrically made or if they are placed near some circuit which tends 
to excite the second coaxial mode. For example, such beads should 
not be placed near a transition unit from coaxial line to waveguide, nor 
near a coaxial-line stub support. 

This same warning is applicable, to some extent, to most coaxial-
line beads. It is particularly pertinent when the line size is so large 
compared with the operating wavelength that propagation of the second 
mode becomes possible in the bead. In such large lines the second mode 
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is not attenuated very rapidly in the air-filled part of the line; conse
quently, special care rmist be taken to keep beads at a safe distance from 
asymmetrical circuits. As an example of this difficulty, erratic behavior 
was noticed in an attempt to design a transition from coaxial line to 
waveguide for a wavelength of 3.3 cm, and the trouble was traced to the 
bead of the type N connector which supported the coaxial line about a 
quarter inch from the waveguide wall. When this bead was moved to a 
distance of about three-quarters of an inch, normal behavior was obtained. 

(a) (6) 
I-'IG. 4-2^.—Simple T-stub support for coaxial line. 

4-4. Stub Supports and Angles.—The impedance mismatch intro
duced by dielectric bead supports in coaxial lines causes increasing 
difficulty as the wavelength becomes shorter. It is fortunate that an 
alternative method of supporting the central conductor becomes practical 
at these shorter wavelengths. This method employs a branch line of 
the type illustrated in Fig. 4-23, which is commonly referred to as a 
"s tub support." 

Simple T-stub Supports.—The principle of operation of such a stub 
support is briefly as follows: at the junction point, the voltage between 
inner and outer conductors of the branch line is the same as that across 
the main line at that point, and the current flowing into the junction 
from the input line (for example, that in the center conductor from the 
left-hand branch) is divided between the branch line and the output 
line. On the basis of these observations it can be said that the stub line 
is a shunt circuit in parallel with the main line. 

The stub line is terminated in a metallic short circuit, so that it 
presents a purely susceptive admittance at the junction. 

Ya = - j T o cot ^ = jBs. (30) 

The characteristic admittance of the stub line is assumed to be equal to 
that of the main line }'o since it will be in the usual type of stub in which 
the same size conductors are used in both the stub and the main line. 
At any given wavelength X the length / may be chosen equal to X/4, 
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in which case Eq. (30) becomes 

F« = - j F o C o t g = 0. (31) 

Under these conditions the stub line presents zero susceptance at the 
junction, so that it does not introduce any mismatch into the main line. 

If the stub line is made of length I = X0/4, the susceptance introduced 
by the stub at any wavelength X is, by Eq. (30), 

Bs= -Y.cotkf). (32) 

A in cm Xincm 
F I G . 4-24.—Performance curves for simple F I G . 4-25.—Stub length vs. wavelength for 

T-stub. match for stubs of Fig. 4'24, 

The voltage standing-wave ratio introduced into the input line by this 
susceptance shunting the main line is given by Item 8 of Table 2-2 and 
by the curve of Fig. 2-12. The theoretical-performance curve for a 
simple T-stub of this type is given by Curve a of Fig. 4-24. Measure
ments reported by Pound1 on three experimental models are plotted as 
Curves b, c, and d. The frequency sensitivity of the actual stubs is 
seen to be in good agreement with that predicted by simple theory. 

In Fig. 4-25, the stub length giving perfect match at a wavelength X 
is plotted against X for the three stubs of Fig. 4-24. Comparison with 
calculated quarter-wave values shows marked deviation between experi
ment and simple theory. An extremely useful correlation which is 
approximately valid for many line sizes and wavelengths is presented 
in Curve II which indicates that the stub length should be approxi
mately a quarter wavelength, measured from the inner surface of the 

1 R. V. Pound, " S t u b Suppor ts in J- in. Coaxial L ine , " R L Repor t No . 232, M a y 19, 
942. 
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outer conductor. The simple theory does not predict the correct stub 
length because the fields and currents in the region of the junction are 
badly distorted, and the region within which such distortions exist is an 
appreciable fraction of a wavelength. The approximate correlation 
between the quarter-wave value and the stub length measured from the 
inside surface of the outer conductor of the main line could hardly be 
other than fortuitous, but it is nevertheless a bit of information worth 
remembering. 

In view of the discussion of the preceding paragraph it might be felt 
that it is rather remarkable that any stub length may be found that 

X in cm 
TV;. 4-20.—Broadband T-stub support. I'm. 4'27.—Performance of broadband 

stub in ;-in. coaxial line. I — theoretical 
simple stub; II = theoretical broadband; 
I I I — experimental. 

yields perfect match past a T-stub. As a matter of fact, perfect match 
is not achieved by any choice of stub length in the right-angle stub 
support to be discussed presently (see Fig. 4-26). The obvious difference 
between these two types of stub supports is that the straight-through 
T has perfect output-input symmetry with respect to the plane passing 
through the stub perpendicular to the axis of the main line, while there 
is no such plane of symmetry in the right-angle stub. 

It can be shown in a perfectly general way that any circuit that 
possesses this property of symmetry can be adjusted to give a perfect 
match, while those not possessing such symmetry cannot, in general, 
yield perfect match. The methods by which this general proof is given 
are discussed in another volume of this series (see Vol. 8, Chap. 9). 

Throughout the foregoing discussion the stub is assumed to be of 
perfectly conducting metal and hence loss-free. An accurate calculation 
of the loss to be expected from a stub support is extremely difficult 
mathematically, but an estimate may be easily made based on simple 
theory which should be approximately correct. It is likely that the 
actual loss is somewhat higher than this estimate because of additional 
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currents in the junction region that are associated with the fringing 
fields existing there. According to the simple theory the maximum volt
age amplitude in the stub branch occurs at the junction and is just equal 
to that in the main line, while the maximum current amplitude occurs 
at the short-circuiting plug and is just equal to the current amplitude in 
the main line. The amplitude of the current decreases cosinusoidally 
from the short-circuiting plug to zero at the junction. Since the con
ductor losses at any point in a line are proportional to the square of 
the current amplitude at that point, the losses in a quarter-wave stub 
may be shown to be just half that in a quarter wavelength of the main 
line. 

The power-handling capacity of a stub-supported line is, of course, 
less than that of the section between supports, but the magnitude of 
this effect for a simple stub is not well known, either theoretically or 
experimentally. An indication of the magnitude is obtained from experi
ments on the standard ^-in. coaxial line, which would be expected to 
break down at about 1200 kw pulse power, assuming the critical or 
breakdown field to be 30,000 volts/cm. A short smooth section of such 
a line, held between sections tapering from a larger size line, gave break
down at about 800 kw, while a section of line supported by the broadband 
stub (to be discussed later in this section) broke down at about 600 kw. 

Broadband T-stubs.—The wavelength sensitivity of the simple stub 
support was higher than desirable. The first attempts to circumvent 
this difficulty followed the earlier procedure used in bead supports, 
namely, spacing two such stubs at one-quarter or three-quarters wave
length apart. By choosing individual stub lengths correct for one 
wavelength and spacing them for cancellation at another, an acceptable 
double-tuned circuit response was achieved.1 

An ingenious method of compensating for the frequency sensitivity 
of a single stub was proposed by Pound.2 The view of Fig. 4-26 shows 
the structure, and the admittance charts of Fig. 4-28 illustrate the prin
ciple. The points on the admittance diagrams labeled r, s, t, and u 
correspond to the same points on Fig. 4-26. Assuming a generator 
to be located at the left of the stub and the output line at the right to 
be matched, the admittance may be traced through the stub assembly 
from right to left. At midband, Fig. 4-28a, the stub length has been 
chosen so that it will introduce no shunting effect at the point st; and 
the low-impedance section ru is exactly half a wavelength long so that 
its input admittance is equal to its output admittance Y0. Thus the 
stub is perfectly matched at X0. At a particular wavelength \ 2 > Xr,, 

1 W. P. Mason, "A Band Pass Metallic Support for Coaxial Transmission Lines/' 
BTL Report MM-42-160-1, Jan. 3, 1942. 

2 Pound, op. cit. 
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the line section rs is less than X2/4 in length; consequently, the admittance 
at s is capacitive as shown in Fig. 4-286. But the stub length is also less 
than X2/4; therefore, it adds a shunt inductance effect to bring the 
admittance to the point t, symmetrically below s. The other half tu 
of the broadbanding transformer then transforms this admittance back 

to the value of the output ad
mittance Fo, and results in perfect 
match at X2. At some particular 
wavelength Xi < X0 the conditions 
are as depicted in Fig. 4-28c. The 
admittance at s is now inductive, 
while the stub adds capacitance to 
give the symmetrical admittance 
point i which is then transformed 
by the section tu back to Y0-

It can be shown by simple 
transmission-line theory that the 
d e s i g n r e l a t i o n s required to 
achieve perfect match at wave
lengths X0, Xi, and X2, are 

+B 

-B 

rj 
u] ty° 

Xo 

*i 
Is 
It G 

(o) 

= tan A xA 

© -»- * 

P2, (33) 

(34) 

(c) 
FIG. 4-28.—Admittance ■ diagrams for 

broadband T-stubs. (a) Stub is equal to 
Xo/4 and adds nothing, (b) Stub is less than 
X2/4 and adds inductance, (c) Stub is 
greater than Ai/4 and adds capacity. 

manipulation of Eq. (33) gives 

Xo = ^ A l A 2 

Xi + X2' 
i (" i + vi), 

Any two of the wavelengths X0, 
Xi, and X2 may be chosen at will; 
the third and the value of p2 will 
then be determined by Eq. (33) 
and the impedance Zx will be 
determined by Eq. (34). A little 

(35a) 

(356) 

(36a) 
\Xi + w 

(366) 
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On a frequency scale, midband is simply the arithmetic mean of the 
other two values, while on a wavelength scale the relation is more 
complicated.1 

The theoretically predicted and experimentally observed performances 
of a stub of this type are given in Fig. 4-27. That of a narrow-band 
stub is given for comparison. In Table 4-4 are given the dimensions 
that have been experimentally determined for a number of stub supports 
of this type. For a given line size and wavelength band all dimensions 
except the stub length L are calculated from the design equations. The 
stub length is made the design variable and is adjusted until the desired 
performance curve is obtained. 

TABLE 4-4.—DIMENSIONS FOR BROADBAND T-STUBS (FIG. 4-26) 
All dimensions in inches, wavelengths in centimeters 

Line size 

i 

5 
S 
7 
8 
7 
8 
7 * 

8 

It n 
1! 

Zc 

51 
48 
46 
46 
44 
75 
50 
53 

Conductors 

d i 

0.187 
0.250 
0.375 
0.375 
0.375 
0.250 
0.500 
0.625 

d2 

0.437 
0.555 
0.811 
0.811 
0.785 
0.875 
1.152 
1.527 

Transformer 

ds 

0.218 
0.283 
0.425 
0.425 
0.425 
0.327 
0.573 
0.725 

U 

0.630 
1.600 
1.600 
1.950 
1.950 
1.970 
1.600 
1.950 

Stub 
length L 

0.516 
1.113 
1.238 
1.450 
1.450 
1.311 
1.425 
1.750 

Ao 

3.2 
8.1 
8.1 
9.9 
9.9 

10.0 
8.1 
9.9 

* Not a s tandard line. An early line used in Pound's original design. 
t Not a s tandard line of the 50-ohrn series. Data taken from Microwave Transmission Dcsiyn 

Data, Sperry Gyroscope Co., May 1944, p . 57. 

It is interesting to note the similarity between the response curve of 
Fig. 4-28 and that of a triple-tuned circuit. These stubs have been 
designed to give perfect match at three wavelengths differing by some 
10 per cent. As the wavelengths \\ and X2 are chosen closer and closer 
to Xo, p of Eq. (33) becomes larger and larger. In the limit, when 
Xi = X0 = X2, the coefficient 1/p2 of the linear term of Eq. (34) becomes 
zero. Equation (34) then becomes 

1 This observation is in keeping with the more general principle that the behavior 
of most circuits tends to be more symmetrical when plotted on a linear frequency scale 
than when plotted on a linear wavelength scale. Specific examples of this principle, 
in which perfect symmetry in the plot of VSWR vs. frequency is given by the theory, 
are (a) the half-wave bead and three-quarter-wave beads of Sec. 4-3, (b) the simple 
T-stub of this section, and (c) the complete broadband stub assembly being discussed 
here. Usually, any simple device, matched at a frequency va and involving only 
elements whose electrical angles are some multiple n, either even or odd, of ?r/2 at 
midband, will possess this symmetry. These observations constitute a rather strong 
argument in favor of plotting performance curves in terms of frequency. 
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. (!)"-©'—° 
which has the solution 

f- = 0.8393. 
Zo 

This solution corresponds to the critically coupled triple-tuned circuit 
which is perfectly matched at midband, and at midband only, and which 
has a very flat response curve in the neighborhood of midband. As Zi 
decreases from the value Z0 toward the value 0.839320, the performance 
curve starts from that of a simple stub and becomes progressively flatter 
until it reaches critical coupling. Any further decrease in Zx causes 
the overcoupling response curve to appear, and the spread in the wave
lengths Xi, X0, X2 becomes progressively larger as Zi decreases. If 
Zi is decreased too much, rather high mismatch will begin to appear in 
the intervals between these three wavelengths. For the stubs of Table 
4-4 the VSWR remains well below 1.01 (by calculation) in these inter
mediate intervals. Incidentally, the wavelengths Xi and X2 spread 
rapidly as Z\ decreases. For Xi = 0.9X0, one obtains Zx = 0.835Z0, 
which is only one-half of 1 per cent lower than the critically coupled 
value, 0.8392. A variation of another half per cent to Zx = 0.831Z0 
makes Xi = 0.87X0. 

There is a small phase distortion in the broadband T-stub which 
should be taken into consideration when the application demands high 
precision in this regard. Pound1 evaluated this distortion, both theo
retically and experimentally, for the 1-in. line version. The correction 
AL to be applied to the mechanical length of line containing such a stub 
in order to obtain its equivalent electrical length was found to have the 
values given in Table 4-5. 

T A B L E 4 5 . — P H A S E D I S T O R T I O N IN BROADBAND STUB SCI ' I 'OHT OF F I G . 4-28 
Electrical length = mechanical length + AL. 

AH unity are in centimeters 

X 
\L 

8.4 
- O . l . j 1 

9.0 
- 0 . 0 8 

10.0 
0 

11.0 
+0.10 

11.4 
+0.15 

Right-angle Slabs.—Stub-supported coaxial lines are usually made 
of rigid tubing supported at fairly large intervals, so that the line is»not 
easily bent. The necessary changes in direction required of the line are 
accomplished by means of stub angles which are modifications of the 
T-stub previously discussed. It is nearly always possible to lay out the 
transmission-line arrangement in such a way that simple 90° changes 

1 R. V. Pound, " P h a s e Distort ion in Broad Band Stub Suppor t s , " RL Report No. 
53-6, AUR 17, 1942. 

(37) 

(38) 
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of the axial direction of the line accomplish the desired interconnections 
between circuits in a straightforward manner. 

The physical arrangement and performance of simple stub angles 
having various stub lengths are given by Fig. 4-29. These performance 
curves, unlike those of the T-stubs discussed earlier, do not present a 
perfect match to the input line at any wavelength. Each curve goes 
through a minimum VSWR at a different wavelength, and the stub 

1.25 r 

1.20 

1.15 

i / ; > >-7-r 

d, di 

/ / / / / / j a & 

t I > > > , > ^ ^ 

(o) 

1.10 

1.05 

1.00 
11 12 9 10 

A in cm 
(6) 

F I G . 4-29.—Simple stub angle, (a) Dimensions, (ft) Performance curves for a line with 
di = 0.37.5" and di = 0.785". 

length is plotted against the associated optimum wavelength as Curve 
I of Fig. 4-306. The stub length L is rather close to the quarter-wave 
value, Curve II. As the wavelength of best match becomes longer the 
minimum VSWR goes down, as clearly illustrated by Fig. 4-30a. This 
type of behavior is expected because, as the wavelengths become large 
compared with the line dimensions, junction effects should become of 
decreasing importance. Unfortunately this type of stub angle lacks the 
T-stub property of symmetry that is responsible for attaining perfect 
match. 

In order to obtain a matched stub angle it is necessary to introduce 
an impedance transformer. One such design and its performance curve 
is given in Fig. 4-31. This design is based on Pound's work,1 which gives 
impedance diagrams showing how the broadbanding, evident by com
parison with the dashed curve representing a theoretical stub, is achieved. 

Soon after this design was completed, the wall thickness of the outer 
; Ibid. 
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conductor of the £-in. line was changed from 0.045 to 0.032 in., and it 
was assumed that this slight change would not affect the performance 
enough to require a redesign. Later it was found that the stubs being 
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Fin. 4-31.—Stub angle matched by undercut transformer, (a) Dimensions, {b) Per
formance curve. 

made according to this design but using the thinner tubing gave a VSWR 
of about 1.10 at wavelength of 10.7 cm. It does not seem likely that 
the small change in wall thickness could have caused such a large mis
match to appear, but no other source for the error has appeared. 

file:///incm
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In some applications, the length of the side branch (over two inches 
to the end of the transformer section) is objectionable. For this reason, 
as well as that of the unexplained mismatch previously mentioned, 
alternative stub angles are preferred. One alternative is that of using 
the simple sleeve transformer of Fig. 4-32a. The sleeve transformer is 
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F I G . 4-32.—Stub angle matched by sleeve transformer, (a) Design, (b) Performance. 
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I 'm. 4-33.—Universal stub, (a) Dimensions, (b) Performance curves for |-in. stub for 
Xo = 10 cm. Curve I, straight T-stub; Curve II , stub angle. 

fairly short, leading to an extremely compact stub. Since the response 
curves (see Fig. 4-32b) are about like those of a theoretical stub, this 
design is not to be recommended for bands of width greater than about 
6 to 8 per cent. This design was evolved especially for operation at a 
wavelength of 9.1 cm, where none of the ather stub angles was well 
matched. It was later discovered that a simple change of stub length 
gave fair results at other wavelengths. 

Universal Stubs.—A stub which may serve either as a straight-through 
T-stub or as a stub angle, depending on the way in which the parts are 
assembled, is shown in Fig. 4-33a. When the short-circuiting plug is 
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assembled as shown in solid lines at position P, a stub angle results. 
Ordinary coaxial-line connectors are then attached to the left and top 
branches for connection to other sections of line. If the plug is assembled 
at position P' (shown in phantom) and a standard connector is attached 
to the right-hand branch line, a straight-through T-stub results. The 
dimensions for three such stubs are given in Table 4-6. The performance 
curves for the universal stub in the i-in. line size are given in Fig. 4-336 
and the dimensions are those given in Table 4-6. It was found necessary 
to increase the original value of Li by 0.070 in. in order to obtain the 
result of Curve I. It may be that some modification of L2 would improve 
the stub-angle performance of Curve II. 

T A B L E 4 - 6 . — D I M E N S I O N S FOR U N I V E R S A L STUBS OP F I G . 4 3 3 
All dimensions in inches, wavelengths in centimeters 

Line 
size 

5 * 
8 
7 
8 

It 

Z0 

48 
46 
75 

d, | d-. 

0.250 0.555 
0.375 0.811 
0.2501 0 .875 

da 

0.283 
0.425 
0.327 

di 

0.294 
0.445 
0 .342 

L . 

1.181 
1.323 
1.410 

L, 

1.050 
1.094 
1.100 

U 

1.950 
1.950 
1.970 

u 

1.100 
1.141 
1.310 

Xo 

9 .9 
9 .9 

10.0 

* Designed by Polytechnic Inst i tute of Brooklyn; Report R-25-43, PIB-9, Contract OEMsr-335, 
July 1, 1943. 

t Not a standard line of the 50-ohm series. Data taken from Microwave Transmission Design Data, 
Sperry Gyroscope Co., May 1944, p. 08. 

Miscellaneous Stubs.—A number of other types of stub have been 
proposed to fulfill special requirements. A few of these are illustrated 
in Fig. 4-34. Figure 4-34o is a modification of the broadband T-stub 
which has the advantages of greater rigidity and of mechanical balance. 
It is especially well suited to applications in which it is required to 
support a section of coaxial line which is rotating at high speed about 
its axis. 

The stub of Fig. 4-346 is a special type of stub angle in which symmetry 
between input and output halves has been introduced. It was pointed 
out in the discussion of ordinary T-stubs and stub angles that it is usually 
possible to obtain an impedance match with simple symmetrical circuits 
(for example, simple stub angle). It was indicated in Fig. 4-22 that this 
effect becomes more pronounced as the wavelength becomes shorter, 
and extremely poor conditions can be expected to arise as the wavelength 
approaches that corresponding to the cutoff of the second coaxial mode. 
The stub of Fig. 4-346 was designed for the largest line usable in the 10-cm 
band, and it was very satisfactory, whereas attempts to make a stub 
angle of the usual type had proved most unsatisfactory. The enlarge
ments of the center conductor are not needed for matching but serve 
rather as broadbanding transformers. 
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Diagram 4-34c illustrates the use of a smaller coaxial line within 
the center conductor of the standard |- in. line, the f-in. tube being 
common to both lines. In the diagram the outer line is supported by a 
broadband T-stub, while the smaller line is a simple narrowband stub 
matched for a wavelength of 9.1 cm. 

(c) (d) 
Fro. 4-34.—Miscellaneous stubs, (a) Cross stub support in standard {-in. line 

(\o = 10 cm). (6) Cross stub angle in standard 1 f-in. line (Xo = 9.9 cm), (c) Stub within 
a stub in standard |-in. line (inner stub for X — 0.1 cm), (d) Internal stubs in a large line 
(dimensions comparable to X). 

A simple stub of the type shown in Fig. 4-34d might be expected to 
present an almost complete short-circuiting effect to the line. For 
wavelengths that are long compared with the line dimensions this is 
indeed the case, but for lines that are almost large enough to propagate 
the second coaxial mode the mismatch due to such a stub is surprisingly 
small. It was found that a single f-in. rod used in this manner to 
support the f-in. center conductor of the lf-in. line gave a VSWR of 
about 1.2 at 9.1 cm, increasing linearly with wavelength to a value of 
2 at about 10.7 cm. A spaced pair showed some promise (r < 1.10 
from X = 9.0 to 9.5 cm), but the problem was not pursued further as 
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there seemed little prospect of a good broadband performance in the 
10- to 11-cm wavelength region for which a stub was desired. 

I t may be that the approach of the wavelength toward propagation 
of the second coaxial mode is the essential factor in giving a low VSWR, 
but it is also possible that the fact that the stub length approaches the 
quarter-wave value at about the same time is the more important. If 
the latter explanation is the true one, a better performance would be 
expected from higher-impedance lines, since the radial distance between 
outer and inner conductors is greater for a high-impedance line than for a 

' / / / / / / / / / / / / / / / / t r / ; ; ; ; / / / / / / / / / / / / ; 

FIG. 4-35.—Simple types of quarter-wave coaxial transformers. 

low-impedance line having the same cutoff wavelength for the second 
mode. 

In addition, various " t r ick" shapes may be tried for support. Mak
ing the supporting rod of smaller diameter may be beneficial. It has 
been reported that the Raytheon Laboratories have had success with 
shapes that introduce a "capacity-loading" effect, while the Sperry 
Laboratories have found a thin wafer-like structure with a spiral effect 
to be extremely handy as a completely internal metallic support. 

The chief limitation of the stub shown in Fig. 4-34d and the other 
types of internal stub mentioned seems to be in their power-handling 
capacity. Experimental results are not known to the author, but it 
does not seem likely that any of these supports would be applicable 
where high peak powers are transmitted. 

4-5. Coaxial Impedance Transformers.—Four simple types of coaxial-
lino transformers are illustrated in Fig. 4-35. For a general discussion 
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of the principles underlying the use of transformers in impedance-
matching the reader is referred to Sec. 2-15 and to Slater.1 There are 
of course other ways of changing the characteristic impedance of a coaxial 
line, including combinations of those shown, and any such arrangement 
may be used as a transformer. Those shown include the more important 
ones, however. 

The most commonly used type is that of Fig. 4-35a. It is shown as a 
sleeve to be slipped over the center 
conductor, in which form it is very 
convenient to use as a trial trans
former. A narrow longitudinal slot 
may be sawed the full length of the 
sleeve in order to permit sliding it 
along the line. After the proper size 
and position of the trial transformer 
sleeve have been found, it is advisable 
to make a confirming measurement 
with the sleeve soldered in place 
because of the possibility of faulty 
contacts between sleeve and center 
conductor. In manufacturing prac
tice the transformer may be a sol
dered sleeve or it may be formed by 
machining the center conductor and 
transformer from a solid rod of larger diameter. Machining is usually 
more practical for short sections and the sleeve technique is preferred for 
longer lengths. 

The characteristic impedance of the transformers shown may be 
calculated from the usual formula 
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4keZ0, Dielectric filled line 

-Characteristic impedance 
coaxial line. 

of 

Z„ 
138.2 i, 

(39) 

or read from Fig. 4-3(i. The radii b and a and the relative dielectric 
constant kr. are, of course, those in the transformer section. It is evident 
that the characteristic impedance may be decreased compared with 
that of the main line (1) by increasing a (Fig. 4-35a), (2) by decreasing 
b (Fig. 4-35c), or (3) by increasing ke (Fig. 4-35d). The impedance may be 
increased (1) by decreasing a (Fig. 4-35f>), (2) by increasing b (not shown, 
because it is little used), or (c) by decreasing ke (a possibility only if the 
main line is dielectric-filled). Various combinations of these six alterna
tives are possible, and the resulting characteristic impedance may be 
calculated by Eq. (39) or read from Fig. 4-36. 

1 J. C. Slater, Microwave Transmission, McGraw-Hill, Xcw York, 1942, pp. 55-63. 
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Of the transformers shown in Fig. 4-35, only that of Fig. 4-35d is 
free from distortions in the electric and magnetic fields at the junction 
between main line and transformer. It was mentioned in Sec. 2-12 
that a change in diameter of either or both conductors of a coaxial 
line sets up fringing fields which introduce a shunt-capacity effect, as 
indicated by the equivalent circuit of Fig. 2-41. More will be said 
about this effect in the following section. It is well to point out at this 
time that this shunting effect must be taken into consideration if extreme 
precision is required in the use of matching transformers. Fortunately, 
the two shunt capacitances are spaced a quarter wavelength apart and 
as a result tend to cancel each other to a certain extent. 

As an illustration of the magnitude of the error introduced by neglect
ing the discontinuity capacitances, a typical numerical example should 
be considered. At a wavelength of 10 cm in the standard i-in. OD 
coaxial line, a sleeve transformer is to be used (Fig. 4-35a) to match 
out a VSWR of 2.56. On the basis of simple theory, this requires a 
transformer of characteristic impedance Z0/1.6 and of length 2.50 cm 
placed with its output end at a voltage-minimum point. The susceptance 
that may be calculated1 at each end of the transformer amounts to 0.04Fo, 
and experimental values are in good agreement. If the transformer is 
placed with its output end exactly at the voltage minimum, the resulting 
VSWR will be about 1.025 rather than 1.000 as expected from simple 
theory. The input admittance is slightly capacitive and is almost 
identical with that which would be predicted by simple theory for a 
transformer placed 0.004X (0.016 in.) too close to the generator. As 
one might infer from the last observation, almost perfect match may be 
achieved by displacing the transformer an equal distance toward the 
load. 

4-6. Coaxial-line Discontinuities.—Several references (Sees. 2-12, 
2.15, 4.3, 4.5) have already been made to the existence of an equivalent 
shunt capacity at the point where either conductor (or both) of a coaxial 
line undergoes an abrupt change of diameter. The purpose of this 
section is to present a very brief qualitative explanation of this effect 
and to give a few useful curves and illustrative examples. Thorough 
theoretical treatments2 and numerical results3 exist in the literature, and 
the reader is referred to them if additional material is desired. 

1 . 1 . R. Whinncry and H. W. Jamieson, "( 'oaxial- l ine Discontinuit ies," Proc. 
I.R.E., 32, 095-709 (November 1944); also Sec. 4 (J of this volume. 

2 Vol. 10, Radiat ion Labora tory Series; .1. R. Whinnery and H. W. .lamieson, 
" Kquivalent Circuits tor Discontinuities in Transmission Lines ," Proc. I.U.K., 32, 
98-115 (February 1944). 

3 J. R. Whinnery, H. W. Jamieson, and Tlieo Kloisc Robbins, "Coaxial-Line 
Discontinuit ies," Proc. I.R.E., 32, 695-709 (November 1944). 
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The field structure in the neighborhood of a step discontinuity is of 
the form shown in Fig. 4-37a. All field lines end normal to the metallic 
boundary since no tangential component of E may exist there. The 
principal- or lowest-mode field is purely radial; consequently it is obvious 
that there are some longitudinal components of field present which do 
not belong to this mode. The longitudinal components may be thought 
of as belonging to higher mode .E'-waves (those modes with longitudinal 
component of E but not of II, also called " TM-waves")- If the dimen
sions of either (or both) of the 
lines are large enough to propa
gate any of these higher mode E-
waves, a part of the power incident 
on the discontinuity will be trans
formed into such £"-mode waves 
traveling away from the discontin
uity in the large line (or lines). 
Usually this is undesirable, and in 
order to avoid transfer of power 
into higher-mode waves of both E 
and H types the dimensions of 
lines actually used are limited so 
that only the lowest mode may be 
propagated. 

It is shown in the theoretical 
references that the effect of the 
discontinuity is exactly repre
sented by an equivalent circuit 
of the type given in Fig. 4-37c pro
vided the lines are both capable of 
propagating only the lowest mode. 
This equivalent circuit is valid 
only for impedance measurements made at a distance from the discontin
uity which is large enough to ensure that the higher order fields have been 
attenuated to negligible values. It assumes also that no other discontin
uity occurs close enough to couple to these higher order fields. This con
sideration is sometimes termed the "proximity effect," and methods of 
treating it are given in the references. Usually, the proximity effect low
ers the capacity of each discontinuity by an amount depending on the phys
ical arrangements of the discontinuities and on their separation. If two 
discontinuities are separated by a distance greater than the separation 
between inner and outer conductors of the line between them, little 
interaction results, and the reduction in individual capacitances is 
negligible. For certain arrangements, namely those for which the fields 

/777777T7 
Principal wave current, line B 

Current to be accounted 
for by 

Total current 
(principal 
and local) A 

Z = 0 
Principal wave current, line A 

(e) 

F I G . 4 37.—Step discontinuity in coaxial 
line, (a) Electric fields at the discontinuity. 
(b) Plot of the variation of the currents 
across the discontinuity, (c) Equivalent cir
cuit of the discontinuity. 
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between the discontinuities are relatively undistorted (as in line A of Fig. 
4-37o), much closer separations may be tolerated. 

Four common types of step discontinuity are given in Fig. 4-38. 
By using the formulas given in the legend, in conjunction with the curve 

UA €* f 
& 

TT7 

(a) Cflnr^ kegCd(ot);a = al/bl 

h, 
% 

(b) C2-2nr2 keBCd (a);or = a 2 /6 2 

r%=rt (See text) 

W) Cd = § ^ (See text) (c) C3=2nT, keACj(.a);a = aJb1 

Total capacity is CC=C2
+C3 

F I G . 438.—Examples of coaxial-line step discontinuities (C d from Fig. 4-39). 

of Fig. 4-39, a good estimate of the junction capacity may be made. 
The equivalent circuits are all of the type given in Fig. 4-37c, where 

Yd = jCo>, (40) 

and Z0A and ZOB are the ordinary characteristic impedances of the 
coaxial lines A and B. 

Figure 4-39 is taken from Whinnery and Jamieson (loc. cit.) and 
applies exactly only for step discontinuities in parallel-plane transmission 
lines. It gives accurately the capacity per unit width caused by a step in 
such a line; when this value is multiplied by the appropriate circumference 
(27rri or 2irr2 as indicated in the legend of Fig. 4-38), a good approxima
tion to the discontinuity capacity in a coaxial line of the same step 
ratio a is obtained. I t may be noted that the appropriate radius is 
that common to lines A and B. The error involved in the approxi
mation depends, for a given step ratio, on the diameter ratio of the 
coaxial conductors. If the largest diameter ratio of either line is below 
five, the approximation is good to within better than 20 per cent for all 
values of a plotted. Greater accuracy may be obtained by study of 
the references cited above. 
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The appearance of the dielectric constant ke in the formulas of Fig. 
4-38 requires further explanation. Referring to Fig. 4-37a it will be 
noticed that the field in line A is relatively undistorted; therefore the 
value of the dielectric constant in line A should have little effect on 
the higher mode fields. It is the dielectric constant in line B, where the 
principal distortions of field occur, that has the major influence on the 
higher-mode fields and hence on the discontinuity capacity. The values 
of C'd from Fig. 4-39 are based on 
air dielectric and thus must be 
multiplied by the appropriate die
lectric constant to obtain the ac
tual capacity. In all cases except 
C3 of Fig. 4-38, the major field dis
tortions occur in line B. 

In the case of the double step 
of Fig. 4-38c, the total junction ca
pacity is well approximated by 
considering it to be composed of 
the two capacitances C2 and C3 
added in parallel. To justify this 
statement, the outer conductor 
can be visualized as displaced 
slightly to the right creating an 
intermediate section of line of 
outer radius rt and inner radius r2. 
In this intermediate section the 
fields are relatively free of dis
t o r t i o n ; h e n c e , there is little 
interaction between the two dis
continuities and their capacities 
may be calculated separately. In 
view of the remarks of the preced
ing paragraph, the dielectric con
stant krA is appropriate to the capacity C3, while keB is used in calculating 
C2. As the outer conductor is brought back to the position indicated in 
the figure these two capacities remain essentially separate, but their shunt
ing actions become located at the same point in the line. 

The situation existing in Fig. 4-38d is more complicated, since the 
fringing fields caused by the two steps are intimately associated. An 
approximate method of treating the problem, due to Whinnery, gives 
results which agree fairly well with experiment. An intermediate 
cylindrical sheet of radius rx = r2 (properly chosen) could be inserted as 
indicated in the figure and the junction capacitances C\ and C2 of the 
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4-39.—Approximate discontinuity 
pacitance for coaxial steps. 
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internal and external lines that are formed by the methods outlined in 
connection with Figs. 4-38a and b could be calculated. These junction 
capacitances are treated first by placing them in series with each other and 
then by connecting the combination across the line. 

The value of rx — r2 is chosen as that value which makes the total 
capacitance Cd a maximum. Being at a maximum, the value of Cd is not 
very sensitive to slight variations of Ti = r2 from the correct value. 

dielectric 0.8 0.9 1.0 1.1 1.2 3 
Bead diameter, D (inches) 

(a) (b) 
F I G . 4-40.—Some experimental results on coaxial steps, (a) Dimensions. (6) Comparison 

between theory and experiment. 

A series of measurements1 which provides a check on the validity of 
this procedure is summarized graphically in Fig. 4-40. Unfortunately the 
experimentally measured values of VSWR are to be trusted to an accuracy 
of only about + .03; consequently it is difficult to ascertain if the dis
crepancy between theory and experiment is real. At any rate, the 
prediction of theory is certainly close enough to be very useful in many 
applications. 

WAVEGUIDES 

B Y RICHARD M. WALKER 

4-7. Factors Governing Choice of Dimensions.—The choice of dimen
sions for a waveguide to be operated at a given wavelength involves the 
following considerations: (1) mode of operation; (2) cutoff wavelength 
for the operating mode and the next higher mode; (3) attenuation in the 
wall surfaces; and (4) voltage breakdown. Waveguide dimensions are 
usually selected so that only the lowest or fundamental mode can be 
propagated at the desired wavelength. With such a choice of dimensions, 
propagation of a higher mode excited by components in the system is 
rapidly attenuated and the impedance of the system is not changed 
appreciably. Therefore, the design of components that may excite a 

1 B. P. Washburne, "Coaxial-Line Step Discont inui ty Admi t tances , " HL Group 
Report No. 53, July 25, 1945. 
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higher mode, such as couplings, rotating joints, switches, transitions, and 
so forth, is simplified. This choice of dimensions also makes it possible 
to use matching elements such as capacitive and inductive irises and the 
resonant ring which excite higher modes in the waveguide. Two com
ponents or elements in the transmission line which excite a higher mode 
may form a resonant cavity, the Q of which is determined by the distance 
between them. Since the attenuation is high for the higher modes, the 
cavity Q can be made very low by moving the components far enough 
apart (see Sec. 2-3 for attenuation formulas). An exception to this con
sideration is made in some cases such as the circular-pipe section of a 
waveguide rotary joint discussed in Sec. 7-3 where the TMoi-mode is 
essential for the rotary-joint operation. The TEn-mode that may also be 
propagated in the circular waveguide is suppressed by resonant rings and 
by special design to prevent its excitation. 

Usually, waveguide transmission systems are similar to high-pass 
niters in that, for a given choice of inside dimensions, all wavelengths 
below the cutoff wavelength \c may be propagated. However, where 
propagation is limited to one mode, the pass band has a lower wavelength 
limit, determined by the cutoff wavelength for the second waveguide 
mode. The cutoff wavelengths for any mode may be calculated from the 
inside dimensions of the waveguide. Formulas for calculating the cutoff 
wavelengths of rectangular and circular waveguides in the fundamental 
and higher modes are given in Sec. 210. 

So far the pass band has been discussed for a waveguide with given 
internal dimensions. This pass band is fairly wide compared with the 
operating wavelength band of a radar system. Since the waveguide-
attenuation and voltage-breakdown characteristics change considerably 
over the pass band, a portion of the pass band that gives the best over-all 
operating characteristic may be selected. Figure 4-41 shows the varia
tion of attenuation over the pass band for rectangular waveguide oper
ating in the T"£io-mode. The curve was calculated from the equation1 

0.01107 
a" 

l o 
2b WtM m- db/ft, (41) 

where ac is the conductor loss, a and b the wide and narrow inside dimen
sions, respectively, in inches, and X0 and X„ the free-space and cutoff 
wavelengths, respectively. In Fig. 4-41 aca3/i is plotted against X0/Xc for 
three ratios of a/b—2.12, 2.25, and 2.47. For convenience, the dimen
sion a for Fig. 4-41 is in inches. 

1 Microwave Transmission Design Data, Sperry Gyroscope Co., May 1944, p. 77 
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F I G . 4-41.—Variations of attenuation with Xo/Xc in rectangular copper waveguide; a is in 
inches; otc is conductor loss in decibels per foot. 
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T h e m a x i m u m power t h a t can be carried by a rec tangular waveguide 
opera t ing in t he T'E'in-mode with a > b is given by the equa t ion 1 

E* 
6.63 X 10-4a6 0> (42) 

If a and b a re in meters , and the electric field s t rength E is in volts per 
meter, t he power is in wa t t s . Since 

-;?- = 6.63 X 10-«(a6) yjl - (£) ■ (43) 

Figure 4-42 shows the var ia t ion of P/abEl^ with changes in X/Xc over 
the pass band . 

TABLE 4-7.—SOME WAVEGUIDE CONSTANTS 

Guide size 
OD, in. 

Loss, f I Wave-
db/m lengthj 

(copper) band, cm 

A. Rectangular (77? ,o-Mode) 

X 1.5 
75 X 0.375(ID) 
X 1 
5 X 0.75 
25 X 0.625 
0 X 0 5 
5 X 0.25 

0.080 
0 049 
0 064 
0.064 
0 064 
0 050 
0.040 

10.0 
10.0 
6.5 
5.0 
3.2 
3.2 
1.25 

1.7 X 10" 
3.08 
5.39 
2.54 
1.97 
1.10 
0.248 

10.5 
2.77 
4.86 
2 29 
1.77 
0 99 
0.223 

0 0199 
0.0575 
0 0310 
0 0633 
0.0725 
0.117 
0.340 

3-13.0 
0-12.6 
8-8.5 
6-6.3 
9-5.1 
3-4.1 

1.07-1.9 

B. Round (77,'„-Mode) 

3 ID 
1 OD 0.032 

10 0 
3.2 

18.4 X 10-
17.3 

16.6 
1.57 

0.0140 
0.0847 

10.0-11.7 
3.18-3.64 

* Calculated values assuming 30,000 volts/cm. 
t Calculated values for copper. 
t Based on maximum wavelength 10';, below cutoff for lowest mode and minimum wavelength 1 % 

above that allowing propagation of another waveguide mode. At 10 rh below cutoff, the attenuation 
is roughly twice, and breakdown power roughly half, that for the short-wave limit. Both become very 
rapidly worse as cutoh" is approached. 

As the cutoff wavelength is approached, the a t t e n u a t i o n of a wave
guide increases rapidly and the b reakdown power decreases rapidly. 
Therefore, the ent i re pass band as described above is not used. T h e use 
of a range from abou t 1 per cent above the cutoff wavelength for the 
second mode to 10 per cent below cutoff for t he lowest mode is considered 
good practice. For nar row-band systems, it is advisable to opera te 

1 Ibid., p. 73. 
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Fia. 4-42.—Variations in breakdown with Xo/Xc in rectangular waveguide. 
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near the center of this wavelength range. At 10 per cent below cutoff for 
the dominant or 71jE'io-mode, the attenuation is roughly twice, and the 
breakdown power roughly half, that for the short wavelength limit. 

The more important characteristics of several commonly used wave
guides are presented in Table 4-7. 

WAVEGUIDE COUPLINGS 
Two general classes of couplings are used for connecting waveguide 

sections: (1) the contact coupling, and (2) the choke-flange coupling. 
The losses and reflections from a contact joint between two sections of 
tubing are negligible if care is taken to have the sections line up and make 
good contact across the entire surface. It is considered good design 
practice to use the more complicated "choke-flange" coupling in service 
applications instead of the contact coupling because clean, flat, parallel 
surfaces are hard to achieve and maintain. 

4-8. Contact Couplings.—The contact coupling is usually made of 
flat flanges which are soldered to the ends of the tubing and bolted 
together as shown in Fig. 4'43. A joint of this type is often used in 
experimental impedance-measuring equipment where extreme accuracy 
is desired. This assembly is usually made by inserting into the line at the 
junction a plunger carefully machined to 
make a slip fit in the tubing. After the 
bolts are tightened, the plunger is pulled 
out of either end. Each time the coup
ling is assembled the mating surfaces are 
usually cleaned to remove corrosion and 
thereby ensure good contact. By mov
ing one flange back a few mils from the ,, , „ 

, , . , I' iu. 4-4.S.-- Contact coupling. 
end of the tubing as shown in i ig . 443, 
a greater pressure may be applied to make good contact over the entire 
surface. This procedure reduces the mechanical strength of the joint; 
therefore, the line should have additional support. Reflections from such 
a coupling can be kept consistently below 1.01 in VSWH by use of this 
procedure. Tests have shown that a coupling of this type, when carefully 
made, is better than the average soldered guide-to-guide joint. The 
contact coupling is not frequency-sensitive. 

4-9. Circular-groove Choke-flange Couplings.—Choke-flange coup
lings consist essentially of a series-branching transmission line whose 
length is one-half wavelength, thus presenting zero series impedance to the 
main line. The important feature of such a coupling is that it is broken 
at a low-current point B (Fig. 4-44) in the branch line; thus contact 
troubles are minimized. It is common practice to make the outer 
quarter-wavelength section in the form of a circular groove. The depth 
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d of this groove is chosen a quarter wavelength in order that the minimum-
current point will occur at the contact between the choke and flange. 

For the rectangular-waveguide coupling, the outer groove may be con
sidered as a low-impedance coaxial line excited principally in the second 
T^io-mode as in Fig. 4-44a. Figure 4-44 illustrates standard choke-
coupling designs for rectangular waveguide operating in the fundamental 

F I G . 4-44.—Continuous circular-groove choke coupling, (a) Rectangular-waveguide 
coupling, 7\Ei[)-mode. (6) and (c) Circular-waveguide couplings, 7\l7oi-inode. 

TBio-mode and for circular waveguide operating in the TMoi-mode. 
From the symmetry of fields and currents about the vertical line }"}' and 
the equal but opposite (mirrored) symmetry about the horizontal line XX, 
it is obvious that the excitation of the choke section must be such that it 
will excite only coaxial modes of similar symmetry. Hence, the TE2o-
mode would not be excited under normal conditions. If the choke and 
flange are not lined up perfectly, the 7,A1

2o-modo will lie excited to some 
extent. It is quite likely that a good deal of excitation of the TE:,o-m<idc. 
is normally present. The currents flowing in the waveguide do not tend 
to excite the side portions of the circular groove (that is, the portions of 
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the groove adjacent to the narrow sides of the waveguide). This fact 
seems to indicate that the fields in the circular groove cannot be ade
quately described by the TE^o-mode alone but that a fairly large T^o-term 
plus smaller amounts of higher TiJ-modes are required. 

Since the currents in the side walls of the waveguide have no longi
tudinal component, it is not necessary to provide any choke action along 
the narrow sides of the waveguide. Therefore, the circular groove may 
be filled up with metal or not cut at all in this region as indicated in Fig. 

■ d - i 

F I G . 4-45.—Discontinuous circular-groove choke coupling. 

4-45. This procedure is desirable when misalignment between the choke 
and flange is contemplated as in motional joints (see Sec. 5-20). By this 
procedure the choke is broken up into two separate portions, one excited 
by the currents in the top wall and the other by the currents in the lower 
wall of the waveguide. The two portions may now be considered as 
separate waveguides. Moreover, the currents in the broad walls of the 
waveguide, being sinusoidal in their transverse variation, tend to excite 
the riJio-mode in a fairly pure manner. 

A coupling of this type is difficult to manufacture; therefore, the 
circular-groove type has been used for rigid-waveguide couplings. The 
cutoff wavelengths for the 5"£-modes are given with very good accuracy 
for these low-impedance coaxial lines, by the approximate equation 

average circumference 
(44) 

where n is the order of the mode (TEn0). By use of the usual equation 
relating guide wavelength to free-space and cutoff wavelengths, the depth 
of groove d in Fig. 4-44a can be calculated; a quarter guide-wavelength 
depth is required. Since the T^o-mode is the one chiefly excited, 
the groove is made a quarter wavelength deep for this mode. The 
average circumference of the groove is such that the 77?3tl-mode wi'.' 
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not propagate at the longer wavelengths for which the choke is designed. 
At the shorter wavelengths, the depth is a very small fraction of a quarter 
wavelength for the r£3 0-mode. 

In the choke coupling for circular waveguide operating in the 
TMoi-mode, Fig. 4-446, the coaxial groove is excited uniformly over the 
circumference in the fundamental coaxial mode (assuming perfect align
ment). Therefore, the wavelength in this section is equal to the free-
space wavelength. The groove depth must be adjusted to balance 

1.5 
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F I G . 4-4fi.—Voltage and current nodes in a radial-transmission line; ri corresponds to a 
voltage node; n corresponds to a current node; for n = 1, cylindrical wave. 

junction effects, which makes it deeper than X/4. An experimental 
method for determining the proper groove depth is described later in this 
section. 

To determine the average circumference in a circular-choke groove 
that is cut in such a way that the point B on diameter D is at a current 
minimum position and also a quarter wavelength from point A, the section 
of line between A and B must be considered. This section of line between 
the main line and the coaxial groove is a radial-transmission line. The 
proper groove diameter D, Fig. 4-44a, is usually determined by empirical 
methods. A method for determining this diameter, proposed by Pierce of 
Bell Telephone Laboratories,1 is to vary the radius r1 of a purely radial 

1 J. Ti. Pierce, "Des ign Procedure for Disk Choke Couplings," B T L Repor t 
MM-44-120-22, Apr. 26, 1944. 
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transmission line until no discontinuity is presented in the main-wave
guide line. The width of this radial line should be the same as that used 
in the final choke design (y of Fig. 4'45). From this radius r1; the radius 
rB of a circle at the antinode or high-impedance point may be found for 
the rectangular-waveguide case from the curves of Fig. 4-46, which is 
reproduced from Pierce's report. It should be mentioned here that in 
some instances the proper groove diameter will intersect the waveguide. 
If this is so it is impossible to make a simple circular choke which will give 
both a perfect match and very low leakage. Either match or low leakage 

y-^diameter at voltage node in fractions of a wavelength 
1'IG. 4*47.—Voltage and current nodes in a radial-transmission line; n = voltage node; 

r2 = current node; n = 0, cylindrical wave. 
> 

must be sacrificed. This situation has been encountered in 0.170- by 
0.420-in. ID and 1-g- by -f-in. ID waveguides operating at free-space 
wavelengths of 1.25 cm and 3.3 cm, respectively. The only way to 
preserve both is to go to some other groove shape or to a discontinuous 
circular groove as illustrated in Fig. 4-45. Grooves of other shapes for 
choke couplings are discussed later in Sec. 4-9. For the circular-wave
guide choke coupling, Fig. 4-47 gives the same relations. 

Having calculated the groove depth for the correct diameter D as 
outlined, it may be desirable to check experimentally to see that this 
depth gives the expected current minimum at the choke-flange contact. 
In the same report, Pierce has proposed one such check. Figure 4-48 
illustrates the Pierce method for determining the correct groove depth. 
The method consists essentially in opening the choke-flange contact and 
inserting at this point a variable-length transmission line short-circuited 
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at its outer diameter. This transmission line may be coaxial or radial as 
shown in Fig. 4-48. With this arrangement, the main line is short-
circuited a half wavelength beyond the choke opening to give maximum 
excitation of the choke, and the position of the minimum voltage Lx is 
found for various lengths of the added line L2. Figure 4-48 shows the 

x form of the Li-vs.-L2 curves for 

Good choke-groove right depth 

Bad choke - groove wrong depth 

good and bad choke designs. The 
curves show essentially the sharp
ness of the resonance created when 
the variable-line length L2 is ap
proximately A/4, since the choke 
depth is also a quarter wavelength. 
Since a gap is created in place of 
the choke-flange contact, the con
ditions at this junction are not 
quite the same as those in actual 
practice; however, if the gap is 
kept small, this objection is prob
ably not very serious. 

Where choke-flange couplings 
are to be separated to eliminate 
shock mounting, it is advisable to 
limit the external diameter of the 
coupling so that the outer edge is a 
quarter wavelength from B. In 
this case the open circuit at the 
edge is transformed to a low im

pedance across the gap at B. This low impedance is in series with a much 
higher impedance so that leakage is minimized. 

So far no mention has been made of the factors affecting the perform
ance of such a coupling over a broad band of wavelengths. Obviously 
the choke groove cannot be the right depth to give zero current at the 
contact over a broad band. Hence, a certain amount of leakage and 
contact losses will occur on each side of the design wavelength. Simi
larly, the effective over-all choke length cannot be half a wavelength over 
a broad band; consequently some mismatch will occur at each side of the 
design wavelength. Such effects may be minimized by making the 
characteristic impedance Zx of the outer groove much larger than that 
of the radial section Zy as shown in Fig. 4-44. The impedance at point 
B in Fig. 4-44 is 

ZB = jZx tan /31; (45) 

I ' IG. 4 48. —Pierce method for design of 
choke grooves, (a) Coaxial-plunger method. 
(b) Washer method, (c) Curves showing 
good and bad chokes. 

where (3i = 2ird/\x, and \x is the guide wavelength in the outer groove. 
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Then at point A the impedance ZA can be calculated from the usual line-
theory formula using ZB as the load for the radial line. The impedance 
at point A is then 

7 _ nr ZB + jZy tan j3e ZA -Z»Z7~+jZB tan ft' (46) 

where /3s is the effective angular length of the radial-line section. The 
relation between effective and actual length of the radial line is not impor
tant. In this discussion it is assumed that /' and X̂  are the effective 
values of length and guide wavelength for the radial section; then, 

32 = 
2TTT 

X ' ' 
(47) 

Inserting the value of ZB given by Eq. (45) into Eq. (40) and simplifying, 
we have 

_ (Zt t.an_j8,1 + (Z„ tan fl.) 
x J a ""T v ~-Z \ ' tan ft tan ft-' { ' 

In practice, both j8i and j32 are very nearly ir/2; hence if 0i is equal to 
x/2 + 5i and /32 is equal to T/2 + <52, tan /?i and tan j32 are approxi
mately — l/5i and —1/52, respectively. Using these assumptions 

52 + frv 5, 
^ ~ - j Z „ 7 — , (49) 

9-" M, - 1 

and in practice (Z„/Z,)5i82 « 1 ; therefore 

z.. \ 
(50) **--;*. («■+!: 4 

This reactance appears in series with the line impedance of the main 
waveguide. 

The voltage standing-wave ratio introduced in the main line is 
very nearly 1 — ZA Zu. The important points to be noted from the 
above discussion are these: 

1. The mismatch is directly proportional to Z,r Zn; hence for lowest 
mismatch Zu should be as low as practical (that is, y as small 
as practical). 

2. If Zx » Z,„ the contribution to the mismatch by &i is negligible 
compared to that by an equal <S2, hence Zx should be made large 
compared to Z„ (that is, .r » //). This makes the mismatch more 
sensitive to choke-groove diameter T) than to the depth d. In 
general, .r is made from two to five times as large as y. 
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4-10. Other Choke Couplings.—Two general types of grooves other 
than circular ones discussed in Sec. 4-8 have been used in the design of 
choke-flange couplings for rectangular waveguide. One is known as 
the British-type choke, Fig. 4-49a, and the other type, the Chu choke, 
is represented by the two chokes shown in Figs. 4-496 and c. Both types 
are similar in operation to the discontinuous circular-groove choke 
couplings in that no choke action is used along the narrow-waveguide 
walls. Although both types are quite good electrically, they are very 
difficult to manufacture; therefore they have only been used in special 
applications. 

The British-type choke can be designed quite successfully and easily 
by direct calculations since the guide wavelength is the same as that 
in the main-line waveguide. The path lengths I and d in Fig. 4 -49a are 

I = ^ - «, (51) 

d = ^ - 5, (52) 

where Si and $d are small corrections which may be obtained from the 
equivalent circuit analysis of A'-plane T-junctions (see Vol. 10 of this 
series). 

The two types of Chu-choke couplings are illustrated in Fig. 4-49. 
Their operation may be analyzed by considering the current flow in the 
half-wavelength cavity resonator shown in Fig. 4-50. The cavity-choke 
coupling of Fig. 4-50 is not a good design because the choke-flange contact 
is at a maximum position over the entire perimeter. However, its opera
tion is the basis for the design of Chu-choke couplings. The cavity 
is excited in the jf'.E'io-mode and, since its width is a, its guide wavelength 
is the same as that in the main waveguide. The solid lines of Fig. 4-506 
show the direction of current flow in the cavity walls. The dotted lines 
show the direction of the magnetic field. When c = a, the cavity has 
several features which are utilized in the design of Chu-choke couplings. 
(1) The diagonal lines df and eg and the axes YY and XX are parallel 
to the current flow. (2) The diagonals fall at positions of minimum cur
rent density. (3) The current flow lines and field lines are symmetrical 
about the diagonals and also about the A'A'- and FF-axes. 

From the first two features, it is seen that the diagonal lines are ideal 
positions for a choke-flange contact. Choke-flange contact may be 
made along the diagonals in two ways: (a) by removing section A and 
folding the sections B and B' to join lines go and do to form the variable-
groove-depth type of coupling shown in Fig. 4-49&, and (b) by removing 
sections B and W and folding section A about the XA-axis to join 
lines go and do to fo and eo, respectively, thus forming the fold-back 
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FIG. 4-49.—Other choke couplings. (a) British-choke coupling. (h) and (c) Chutype 
choke coupling; (b) is a variable-groovc-depth type and (c) is a fold-back type. 

1'iG. 4-50.- Half-wavelength cavity choke coupling. Solid line iliow.s conductor current; 
dashed line shows magnetic field. 
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type of coupling (Fig. 4-49c). In either case symmetry and continuous 
magnetic fields still exist. 

So far only conditions for low leakage at the contact between choke 
and flange have been discussed. For minimum mismatch in the main
line waveguide, c must be a half-guide wavelength and, since c must 
equal a for the low-leakage conditions outlined above, a must be a half-
guide wavelength. Therefore, the choke may be used only when X„ = Xc 
or, in terms of free-space wavelength, when X0 = \g/\/2 = X C / A / 2 . 
For i- by 1-in. (0.050-in. wall) waveguide, the Chu chokes operate best 
at a free-space wavelength of 3.23 cm. The operation of this type of 
coupling over a wide range of wavelengths should be at least as good as 
the other types if the impedance in the outer groove is made large in 
comparison with the impedance in the section between the choke and 
flange units as discussed in Sec. 4-8. Both designs have been checked 
experimentally and have been found to give satisfactory results; however, 
manufacturing problems prevent further development. 

TABU: 41 -C'HGKK-CUUI'LI.VG DK.SIGN DETAILS 

Army-Navy type 
choke flange 

UG-54 /T-53 /U 
U-200/U-21 t / l ' 
UG-40 /C-39 /C 
r G - 5 2 / r - 5 1 / T 
Xone 
UG-117/L'-116/U 
Xone 

None 
None 

Guide Choke dimensions, in. 

dimen- ! 
sions, in. 1 

a \ 6 

2 .84 11.34 

X 

R e d a n 

y d 

Fig. 
no. 

gular-wavcguide choke. 

4 .015 0 .250 0.050 ' 1 . 120 4 .44a 
2 .84 11.34 ,3.75 0 . 2 5 0 0 . 0 3 0 0.865 4 .44a 
0.90 ;0.40 ,1 .1830 .003 ,0 .031 |0 347 14.44a 
1.125X>.50 ; 1 . 3 3 2 0 . 0 6 3 0 . 0 3 1 0 347 4 . 4 4 a 
0. 900;0.40 1.155 0. 12510. 010*10.355*,4 . 44a 
0 . 4 2 0 0 . 1 7 0 0 . 5 0 1 0 . 0 2 9 0 . 0 0 8 0.137 4.44a 
0.42010.170 0.589.0. 063,0.008 0.156 '4.44a 

i i . , ; 

r c 

0.4675 0 .713 

Circular-waveguide chokes. J 

0.05()'().015 0 .153 4.446 (1) 
1.187 1.479;0. 093,0. 030 0.312 14.446(2) 

i l l 

Design 
wave
length, 

cm 

Band-
width for 
r = 1.05, 

% 

J'-fc'io-mode 

10.7 
9 .0 
3.20 
3.20 
3 30 
1.25 
1.25 

M/'oi-m 

1.25 
3.30 

± 1 5 
+ 15 
+ fi 

> + 6 
> ± 2 
> ± 4 

ude 

> + 4 
> ± 6 

* Designed for 0.115-in. separation between choke and fliin^e (see See. 5.2]). 

4-11. Summary of Choke-coupling Designs.—Choke-flange couplings 
have been standardized by the Army and Navy for several sizes of 
waveguides. The continuous circular-groove type shown in Fig. 4-45 
has been favored because it is much easier to make on a large scale. 
Dimensions for choke-coupling designs are tabulated in Table 4-8 with 
the numbers of the figures in this chapter to which they refer so that any 
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of the choke couplings listed can be reproduced. The bandwidth in 
per cent on each side of the design wavelength when the voltage standing-
wave ratio is below 1.05 is given in the table. 

CORNERS, CIRCULAR BENDS, AND TWISTS 

Waveguide corners and circular bends are similar to elbows in water 
and gas pipe in that they change the direction of energy flow. Twists 
are used to change the polarization. These units are very important 
in the design of compact assembly units. Corners and circular bends 
for rectangular waveguide operating in the 77?io-mode are made in the 
E- and //-planes. An /?-plane bend or corner is defined as one whose 
axis lies in a plane parallel to the electric field lines. The //-plane bend 
or corner is defined as one whose axis lies in a plane parallel to the mag
netic field lines. So far, in practice, circular waveguide has been used 
only in short lengths such as rotary-joint sections; consequently, there 
has been no need for circular-waveguide corners or bends. 

Waveguide corners, circular bends, and twists must be carefully 
designed to avoid impedance mismatch and to prevent voltage break
down. These design features are discussed in the following sections. 

4-12. Waveguide Corners.—Corners for rectangular waveguide are 
made in two types as shown in Fig. 4-51. The characteristics of the 

7U^ 
to 

v c 7 
do 

Fio. 4-51.—Waveguide corners, (a) Double-mitered type, (6) Single-miter, cutoff type. 
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double-mitered type may be determined from the mismatch set up by 
a single-mitered corner. The equivalent circuit for an .E-plane single-
mitered corner and its parameters for 1- by -j-in. waveguide at 3.0, 
3.2, and 3.4 cm are shown1 in Figs. 4-52 and 4-53. The dotted lines are 
the reference planes corresponding to the equivalent circuit and its 
parameters. The same characteristics for an H-p\a,ne single-mitered 
junction are shown in Figs. 4-54 and 4-55. These parameters are plotted 
as a function of wavelength and angle of bend. From these curves 
the mismatch produced by a simple junction may be determined. 

L L L 1 . L J J -o.8l 1 1 U 
0 30 60 90° 120° 0° 30° 60° 90° 120" 

8 ^ 9 - ~ 
F I G . 4 -52 .—Ser ies r e a c t a n c e of s imple w a v e - F I G . 4 - 5 3 . — S h u n t s u s c e p t a n e e of s i m p l e w a v e 

gu ide co rne r s , £ - p l a n e . gu ide corner , E-plane. 

In the double-mitered corner, two of the single-mitered corners are 
spaced in such a way that their reflections cancel each other at the 
desired wavelength. The proper spacing (L in Fig. 451) may not be 
calculated from the equivalent circuit parameters of a single corner since 
higher mode propagation cannot be neglected. It is necessary to deter
mine L experimentally. 

The mean length L for cancellation of reflections in a double-mitered 
.E'-plane corner is very nearly a quarter-guide wavelength as shown by 
experimental measurements. Measurements also show that L must be 
larger than a quarter-guide wavelength for i/-plane double-mitered 
corners. An experimental design curve for 90° double-mitered .ff-plane 
corners in waveguide 1^ by 3 in. OD, 0.080-in. wall, is shown in Fig. 

1 The curves of Figs. 4-52, 4-53, 4-54, and 4-55 were plotted from measurements 
made at California Institute of Technology, Contract OKMsr-1311, W. H. Pickering, 
Official Investigator. 
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4-56. The mean length L in terms of guide wavelengths is plotted 
against X0/Xc, where X0 is the free-space wavelength at which the corner 
is to be designed and Xc the cutoff wavelength of the waveguide. This 
curve has been checked experimentally at a few points (X0/Xc 0.65 to 0.75) 
for other waveguide sizes and found to be accurate within experimental 
errors in measurements. The deviation oi L from a quarter-guide wave
length for cancellation of reflections between the two junctions is theo
retically zero for 0 = 0, and it is small if 9 is small (see Figs. 4-54 and 
4-55). 

0' 30' 60* 90° 120" 0° 30° 60° 90° 120° 
a— e— 

FIG. 4-54.—Series reactance of simple wave- F I G . 4-55.—Shunt susceptance of simpU 
guide corner, H-plane. waveguide corners, /f-plane. 

The mismatch of double-mitered corners over a given band of wave
lengths depends on the magnitude of the reflection set up at each junc
tion and the spacing between junctions. Maximum bandwidth for a 
given mismatch is obtained when the spacing between junctions is a 
quarter-guide wavelength plus the correction already discussed. How
ever, it may be desirable in some instances to make L equal to f or -|X„. 
Since the reflection from each junction in a 90° double-mitered corner 
varies with wavelength, the bandwidth also varies with wavelength. 
This variation is shown for the I5 waveguide by 3 in. OD, 0.080-in. 
wall, in Fig. 4-57 which was determined experimentally. The band
width was taken as the wavelength band in per cent over which the 
voltage standing-wave ratio was below 1.06. This curve can also be 
applied to other waveguide sizes. This type of mitered corner will 
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stand as much power before arcing as the waveguide itself if the joints 
are properly soldered. 

The cutoff type of mitered corner has not been used widely since the 
double-mitered corner was conceived, because it is more difficult to fabri-

U.il 

0.30 

0.29 

0.28 

n?7 

1 

\ 

0.50 0.60 0.80 0.90 070 
XQ/XC 

FIG. 4-56.—Design curve for double-mitered //-plane corner*. 
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Bandwidth curve for double-mitered H-plane corners. 

0.85 

cate; the dimension C in Fig. 4-51 is critical; and it arcs over at much 
lower power levels than the waveguide. Arc-over problems are particu
larly bad in the .E-plane cutoff corners because the effective guide height 
6 is decreased. No theoretical analysis has been worked out for the cutoff 



S E C . 4-13] WAVKGU1DK BENDS AND TWISTS 207 

type of mitered corners. Empirical curves for the design of such corners 
In these curves the percentage ampli-

Fio. 

0.4 0.5 0.6 0.7 
(c/d0) 

4-58.—Reflection from 
corners. 

0.8 0.9 1.0 

//-plane cutoff 

are shown in Figs. 4-58 and 4-59. 
tude reflection is plotted as a func
tion of c/rfo for five angles. Data 
for these curves were taken from 
British measurements using wave
guide 7 cm by 3.25 cm ID at 10.84 
cm. The reflection coefficient is 
defined as the ratio of the ampli
tude of the reflected wave to that 
of the incident wave. The reflec
tion coefficient has been arbitrarily 
plotted in such a way that it goes 
through zero and changes its sign, 
thereby avoiding cusps that would 
occur if only positive values were 
employed. From both figures, it 
is evident that, at any bend angle, 
a design is possible which essenti
ally allows perfect transmission 
around the corner. Evidently 
the E-bend is more satisfactory in the sense that the curves are flatter 
and hence the dimension c is not so critical. 

4-13. Waveguide Bends and 
Twists.—A circular bend in wave
guide may be considered as a sec
tion of line with a characteristic 
impedance differing from that in 
the straight waveguide by an 
amount depending on the angle of 
the bend, its radius, and the me
chanical tolerances of its cross 
section. If the bend is uniform, 
it acts as a transformer, setting 
up reflections at each end, both of 
which are equal in magnitude. 
The transformation is from a 
higher to a lower impedance at one 
end and from the lower back 
to the higher at the other, or 
vice versa. Therefore, the bend 

should be any number of half wavelengths long, measured along its 
axis for cancellation of reflections. These reflections increase as 

0.5 0.6 0.7 
c/da 

-Reflection from 
corners. 

i?-plane cutoff 
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L mean 

the radius of curvature of the bend is decreased. The guide wave
length in the bend is almost equal to that in straight waveguide for 
smooth undistorted bends. Two alternatives are presented in design
ing circular bends for wide wavelength ranges: (1) the radius of curvature 
may be made very large so that the reflections from each end are negligi
ble; or (2) the radius may be made very short (X„/2) so that the deviation 
of the bend length from X0/2 is small over a wide range of wavelengths. 
Both methods have been used successfully in practice; however, the 

short radius is preferred because of space 
and weight limitations. 

Figure 4-60 illustrates the E- and H-
plane circular bends in rectangular wave
guide. These bends may be made by 
filling a straight section of waveguide 
with cerrobend or Wood's metal and 
bending the section by a machine or 
press, by the electroforming process dis
cussed in Sec. 3-2, or by machining. 
After bending in the first method, the 
filler is melted out. The bending method 
is the most economical and is adequate 
for bends of large radius. For bends of 
small radius, the bending process pro
duces excessive distortion in the wave
guide walls which causes impedance 
mismatch. The electroforming process 
is recommended for bends of short radius. 
The machining process is applicable to 
any size. The bend is turned on a 
lathe in the form of two U-shaped cir
cular troughs in such a way that the seam 

is in the center of the wide side wall. The two halves are then soldered 
together and the unit is cut into bends of any desired angle. 

Twists in rectangular waveguide are very similar to circular bends 
since they are best matched when their length is any number of half-
guide wavelengths. The guide wavelength in the twisted section is 
nearly equal to that in the straight waveguide if the cross-sectional 
dimensions of the twist at any point are the same. Twists are made by 
filling a waveguide section with cerrobend or Wood's metal and twisting 
the section in a vice or machine to the desired angle. 

The results of tests on several waveguide circular bends and twists 
are given in Table 4-9. The dimensions for circular bends are illustrated 
in Fig. 4-60. 

(i» 
F I G . 4-60.—-Waveguide bends. 

(a) //-plane bend, (b) #-plane 
bend. 
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TABLE 4-9.—PERFORMANCE OF WAVEGUIDE CIRCULAR BENDS AND TWISTS 

Type 

£*-plane bend 

ff-plane bend 

Waveguide 
size I D , in. 

1.34 X 2.84 
1 .34 X 2.84 
1.125 X 0 .50 
0 .90 X 0 . 4 0 
0 .90 X 0 . 4 0 
0 .90 X 0 . 4 0 
0 .420 X 0.170 
1.34 X 2 . 8 4 
1.34 X 2 . 8 4 
1.125 X 0 .50 
0 .90 X 0 . 4 0 
0 .90 X 0 . 4 0 
0 .420 + 0 . 1 7 0 

Inside 
radius R, in. 

6 
6 
2 
0 .50 
0 .25 
3.00 
0 .50 
6 
fi 
2 
0 .192 
1.1875 
0 .50 

e 

45° 
90° 
90° 

180° 
90° 
90° 
90° 
45° 
90° 
90° 
90° 
90° 
90° 

Design wave
length, cm 

10 
10 
3 .3 
3 .3 
3 .3 
3 .3 
1.25 

10 
10 
3 .3 
3 .35 
3 .30 
1.25 

Bandwidth 
for r below 

1.05, per cent 

> ± 2 0 
> ± 2 0 

± 9 
> ± 9 
> + 9 
> + 9 
> ± 4 

± 1 0 
> ± 2 0 
> ± 9 

± 4 
± 9 

> ± 4 

Type 

Twists 

Waveguide size 
I D , in. 

0 .900 X 0.400 
0 .900 X 0.400 
1.125 X 0.500 
0 .420 X 0.170 
0.420 X 0.170 

Length, in. 

2 
3 
4 
H 
2J 

Design Bandwidth 
wavelength, for r below 

cm i 1.05, per cent 

3 .4 
3.4 
3 .3 
1.25 
1.25 

± 6 
± 3 . 7 

> + 9 
> ± 4 
> ± 4 

IMPEDANCK-MATCHING 
Impedance-matching devices in waveguide are sometimes necessary 

to correct for the mismatch of a component or assembly of components 
in the line. The matching consists of introducing into the line a reflect
ing element that sets up a reflection equal in magnitude but 180° out of 
phase with the existing reflection. If the reflecting element is a perfect 
conductor, its action is equivalent to some combination of series and 
shunting reactors in an ordinary transmission line which absorb no power. 
Many reflecting elements whose dimensions along the guide axis are small 
compared with a wavelength are equivalent to simple shunting reactances 
in the line. The equivalent reactance for elements discussed in the 
following sections have been determined theoretically and verified experi
mentally. This equivalent reactance is given as the normalized suscept-
ance B. The normalized input admittance Y to such reflecting elements 
when introduced into a matched waveguide is 

Y = l+jB. (53) 
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The voltage standing-wave ratio set up in a matched line by an element 
of normalized susceptance B is1 

V4 + fi2 + B (54) 

The susceptance B required to correct a given voltage standing-wave 
ratio r may be written as 

r - 1 
B V 

(55) 

The location of the reflecting element for correction of the mismatch r 
is determined by 

B 90° - tan~ 

720° 
(56) 

where d is the distance between the reflecting element and a voltage 
minimum. If the reflecting element is inductive (B is negative), it 
should be placed at a distance d on the load side of a minimum; and if 

0.150* 

0 2.0 4.0 
Normalized susceptance B/Y0 

F I G . 4-61.—Distance between voltage minimum and position of matching susceptance. 

capacitive, it should be at a distance d on the generator side of a minimum. 
For best operation over a broad band, the minimum position mentioned 
above should be the first one on the generator side of the component or 
discontinuity causing the reflection. 

Curves of r vs. B and d/\„ vs. B are given in Figs. 2-12 and 4-61. 
The effect of higher modes (fringing fields) is neglected in the calculation 
of the curves. This higher mode effect has been troublesome only in 

1 Microwave Transmission Design Data, Sperry Gyroscope Co., M a y 1944, p . 97. 
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cases where large susceptances were used in waveguides operated at a 
wavelength just above their cutoff wavelength. 

The simple shunting reactance elements which have been used exten
sively in microwave-transmission systems and which will be discussed 
here are (1) inductive diaphragms, (2) capacitive diaphragms, (3) capaci-
tive buttons and dents, and (4) quarter-wavelength transformers. 

4-14. Inductive Matching Diaphragms.—A diaphragm in waveguide 
is an aperture in a thin metal diaphragm that extends transversely across 
the guide. In the inductive diaphragm, the aperture extends completely 
across the guide, the edges being parallel to the electric-field vector for 
the lowest mode. Inductive dia
phragms are made in two types, 
symmetrical and asymmetrical, 
which are illustrated in Fig. 4-62a. 

In the symmetrical type the 
aperture of width d is centered be
tween the guide walls. The shunt 
susceptance for this type has the 
theoretical value1 

/ \ 

i f 

(a) 

1 \ 
V -■ 1 ' T 

b t 
a •-

B = X. cot: ay (57) 

where X„ is the guide wavelength 
of the lowest mode and a is the 
longer of the cross-section inside 
dimensions of the guide. Figure 
4-63 shows the theoretical varia-

(b) 
FIG. 4 -62.—Inductive and capacitive 

diaphragms in rectangular waveguide. (a) 
Inductive diaphragms. (6) Capacitive dia
phragms. 

tion of B with d/a computed by a more accurate expression than Eq. 
(57). 

In the asymmetrical type, the center line of the aperture is displaced 
from the half-way position between the guide walls. If X0 is the center-
line position measured from the nearest side wall of the guide (X0 = a/2 
for the centered diaphragm), the theoretical susceptance is 

B = cot- ^ - 1 1 + sec- jr- cot-
a la \ la at 

(58) 

The approximation in deriving this formula is the same as for the sym
metrical type but is not so good here because of the asymmetry. The 
special case for which one edge of the diaphragm coincides with the guide 

1 N. H. Frank, Report T-9, Sec III, p. 14. This formula was derived by assuming 
that the cutoff wavelengths for all the higher modes that are excited are so large com
pared with the free-space wavelength that these may be neglected relative to the cutoff 
wavelength. 
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0.5 0.6 0.7 . . 0.8 0.9 
o/a 

F I G . 4-63.—Normalized susceptance of symmetrical inductive diaphragm. 
1.4 

1.2 

1.0-
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,-1.00 \ 
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/l= ).50 

,-0.78 
/ 1 
^ 0 . 9 1 

V ^ 0 . 9 / 

y / y 

=1 
— S — 

0,6 0.7 
6/a 

0.9 1.0 

F I G . 4-64.—Normalized susceptance of asymmetrical inductive diaphragm. 
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wall is contained in this equation, if one sets X0 = d/2. For this special 
case, the shunt susceptance is given by 

B = - -" cot2 ~ { 1 + csc2 
a 2a ;(1+-^)- (59) 

Figure 4-64 is a plot of the variation of B{a/\„) with d/a for this special 
case for an accurate theoretical formula. 

A circular aperture centered in a waveguide of circular cross section 
as shown in Fig. 4-65 is inductive. Measurements have been made at 

40.0; 

r 
d a 

-jx -jx 

Zo >-jB 

FIG. 4-65.—Inductive window for circular 
waveguide. 
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I 1 1 
e~—Experimental points 

0.6 0.9 0.7 0.8 
d in inches 

FIG. 4-67.—Normalized susceptance of 
inductive diaphragm in circular waveguide; 
X = 3.20 cm. 

20.0 

10.0 

: 

1.0 

0.6 

0.4 

0.2 

0.1 

Theory for small holes 
infinitely thin diaphragm 
Experimental diaphragm 
0.032"thick 

I I 
0.20 0.30 0.40 0.50 0.60 0.70 0.80 

d in inches 
F I G . 4-66.—Normalized susceptance of 

inductive diaphragm in circular waveguide, 
X = 3.20 cm. 

0.07 

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
d in inches 

F I G . 408.—Series reactance of inductive 
diaphragm in circular waveguide; X = 3.20 
cm. 
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l in inches 
0.10 0.20 0.30 0.40 0.50 0.60 

X0 = 3.20 cm (X„ = 2.026 in.) for a waveguide | f- in. ID (T^n-mode). 
The equivalent circuit parameter B, plotted against d, is given in Figs. 
4-66 and 4-67 for a -g^-in. diaphragm. Figure 4-66 also gives a theoretical 
curve, the theory assuming small holes in an infinitely thin barrier. 

Figure 4-68 gives a plot of X/Za 
vs. d for the same case; and Fig. 
4-69 is a plot of B/Y0 and X/Z0 
vs. t for d = ~rs in. 

4-15. Capacitive M a t c h i n g 
Diaphragms.—The aperture in a 
capacitive diaphragm extends 
across the guide, as shown in Fig. 
4 -626, the edges being parallel to 
the longer cross-section dimension 
a of the guide. The theoretical 
shunt susceptance of such a dia
phragm centered between the 
guide walls is, for infinitely thin 
diaphragms, 

B = 
0.50 0.60 0.20 0.30 0.40 

t in inches 
F I G . 409.—Variation of equivalent circuit 

parameters with thickness of diaphragm; 
X = 3.20 cm. 

46 , ird 
XT l n CSC 26' 

(60) 

where X0 is the guide wavelength 
of the lowest mode, b is the shorter 
cross-section inside dimension of 

the guide, and d is the width of the aperture. For an asymmetrical dia
phragm (see Fig. 4-626), 

B 8b 
X"0 

ird ln csc Yb- (61) 

Figure 4-70 shows the theoretical and observed variations of B with d/b 
for waveguide 3.44 cm by 7.21 cm ID at a wavelength of 9.8 cm. The 
theoretical value is derived to the same degree of approximation as in 
the inductive case. The experimental observations were made at the 
Research Laboratory of the General Electric Company. 

The thickness of the diaphragm has a large effect on the susceptance 
of capacitive diaphragms. For small but finite diaphragm thickness, 
the following theoretical formulas have been derived. 

B = B0 + 

2iri d 
X„ b 

2Td/b_d\ 
\ \d b) (62) 
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where B and G are the shunt susceptance and shunt conductance of the 
diaphragm of thickness t, B0 being the value given by Eq. (61). These 
values refer to the entrance planes of the diaphragm. 

The use of the capacitive diaphragm is limited to relatively low-
power systems because of the danger of voltage breakdown. 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
FILJ. 470.—Normalized susceptance of asymmetrical capacitive diaphragm. 

- a -
(a) 

-i*a 

o: :-jXi 

FIG. 4-71.—Capacitive post or button 
(M 

(«) Mertii 
(c) 

n view, (6) top view, (c) equivalent circuit 
at the reference plane (shown dotted in b). 

4-16. Capacitive Buttons and Dents.—Capacitive buttons are some
times used for matching of components and transmission systems. The 
capacitive button consists of a metallic cylindrical rod of finite length 
inserted into the center of the wide side of the waveguide so that its axis 
is parallel to the electric field. Such a device is shown (for rectangular 
waveguide, TEio-mode) in Fig. 4-71. The cylindrical post of length I 
and diameter d is joined to the wide side of the waveguide. An equiva
lent circuit referred to the reference plane in Fig. 4-71 is a 77-network 
whose series and shunt arms are capacitive elements for small lengths of 
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5.25 

4.20 

3.15 

o 

obstacle (and rf/X « 1). For lengths approximately one-quarter of 
free-space wavelength, the shunt element becomes series resonant. When 
used as a matching element such buttons are slightly rounded on the 
end to reduce field concentration on the edges and thus to increase the 
breakdown power level in the guide in which the matching button is 
installed. Even with rounded edges, buttons decrease the breakdown 
power level of the waveguide. 

A plot of experimental data for the relative reactances of the series 
and shunt arms as a function of the obstacle length for the case d = 0.25 
in., a = 0.90 in., b = 0.40 in., and X = 3.2 cm, is given in Fig. 4-72. 

The data were taken on a tuning 
screw with slightly rounded edges. 
The choke on the tuning screw 
i n t r o d u c e d a small reactance 
( ~ 0.05) even for zero length; this 
reactance has been subtracted 
from the Xa/Za plot. 

Dents may be used in match
ing components after assembly to 
correct for manufacturing toler
ances. Dents arc very similar to 
the capacitive button since a dent 
in the center of the wide side of 
a waveguide is capacitive, and it 
reduces the breakdown power 
level of the waveguide. Dents 
can easily be made at any desired 
position along the line for final 
matching of a component or sys
tem. To find the correct position, 

a clamp may be placed on the waveguide at different points to squeeze 
the waveguide just enough to see if a dent at that point would decrease 
the reflection. After removing the clamp, the waveguide springs back 
almost to its original position if the dent is not deep. When the correct 
position is reached, the dent is made deep enough so that when the clamp 
is removed the depth of the penetration is correct for matching. This 
procedure is quite satisfactory when a directional coupler is used to 
indicate the reflected power. When a slotted section of waveguide is 
used to measure the reflected power, it is more convenient to calculate 
the proper location for the dent. The proper distance from a voltage 
minimum position is shown in Fig. 4-(>l where the distance tl is plotted 
against the voltage standing-wave ratio. For a capacitive element 
such as the dent, the proper distance between the voltage minimum 
and the element measured toward the load is X/2 — d. 

2.10 

1.05 

— 
M i 

i 

Top view 

00.25 0.9 

TV 

-J->Xt 
Equivalent circuit 

xa 

0 0 " 

/ 

0 1 2 3 4 5 6 7 
Length of screw in mm 

■1-7'J..- - KourtaiH'os of a, r i ipuc i t ive t u n i n g 
KcriMv; X — 3.20 c m . 
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The reflection from a dent measured in r2 increases linearly with the 
depth of the dent. Experimental results on waveguide 0.500 by 1.125 in. 
ID show an increase in r2 of 0.08 per ^V-vn. depth. 

4-17. Quarter-wavelength Transformer.—A transformer in a wave
guide is made by an abrupt change of either or both cross-sectional inside 
dimensions of the guide. The quarter-wavelength transformer is equiva
lent to a matching diaphragm with a thickness of one-quarter guide 
wavelength. If the original dimensions are called a and b and the 
reduced dimensions a' and b', the ratio of the impedance of the smaller 
to the larger may be calculated from p]q. (2-160) for changes in either 
or both dimensions. The ratio is 

Z0 b a' \„ (63) 

In addition to this change in characteristic impedance, a shunt sus
ceptance is introduced at each junction. Higher modes are also set up 
at such junctions especially when the change is asymmetrical (guide axis 
shifted in transformer section). These higher modes are damped out 

FIG. 4-73.—Asymmetrical quarter-wavelength transformer. 

rapidly by a transformer of smaller dimensions than the waveguide 
and therefore cause little trouble in quarter-wavelength transformers. 
Since the quarter-wavelength transformer is essentially a matching 
diaphragm which is one-quarter wavelength in thickness, the junction 
susceptance may be estimated from the preceding formulas and curves 
for matching diaphragms. Since asymmetrical transformers involving a 
change in only one guide dimension are more practical from the manu
facturing standpoint, they are frequently used. The asymmetrical 
capacitive transformer shown in Fig. 4-73 is usually used because in this 
type the cutoff characteristics of the guide for the 7'771()-mode are not 
changed and the construction is very simple. For small changes in the 
characteristic impedance, the junction effects are small. The input 
admittance seen at the generator side when the load end is matched is 
given by 

f. " iff' *» 
The transformer may be designed to cancel a given mismatch by the 
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above formula. To avoid difficulty in locating the transformer at the 
correct position, it may be made to slide in the guide after being tinned 
with solder on the bottom and sides. A small hole in the center of the 
broad face of the guide will enable the operator to move the transformer 
until a match is obtained; then the transformer is soldered in place by 
heating the outside of the guide. 

PRESSURIZING WINDOWS 

Pressurizing windows are structures sealed in the line for protection 
of an entire transmission system or of individual components from 

F I G . 4-74.—Thin-shoot, nonresonant windows. 

moisture, fungus growth, and corrosion during shipment, storage periods, 
and operation. Pressurizing windows also increase the voltage break
down limit of a microwave transmission system, if the system is sealed 
under pressure as discussed in Chap. 3. 

Four types of pressurizing windows are known for sealing waveguide 
systems: (1) thin sheets, nonresonant; (2) thin sheets in resonant mount; 
(3) half-wavelength dielectric plugs; and (4) T-shaped dielectric plugs 
three-quarters wavelength long. All types make use of low-loss dielectric 
materials for transmission of power without attenuation. The material 
must be low loss to prevent r-f heating and consequent destruction of the 
dielectric material as well as undesirable results in matching. The 
electrical and mechanical characteristics of these materials and techniques 
for handling them are discussed in Chap. 3. Therefore, the following 
sections are discussions of each type principally from the standpoint of 
electrical design. 

4-18. Thin Sheets, Nonresonant.—Pressurizing windows of this 
type make use of a transverse sheet of nonporous dielectric material 
sealed into the waveguide. The seal is made by supporting the sheet 
between a choke and flange with glue on each side or by clamping with a 
gasket on each side as shown in Fig. 4-74. In Fig. 4-74a the impedance 
added in series with the line at A bv the dielectric-filled radial line and the 
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circular-choke groove is made small by the same methods used for the 
design of choke couplings (see Sec. 4-9). Radiation at B may be elimi
nated by the metal contact and by using a lossy rubber for the gaskets. 
The choke-groove diameter D for minimum current at B will be smaller 
in this case than in the ordinary choke coupling because the dielectric 
sheet increases the effective length of the gap. Sheets of mica or Teflon 
0.010 in. thick have been used between standard choke-flange couplings 
in waveguide 1 by i in. with 0.050-in. wall at 3.2 cm without excessive 
reflection. Some method of preventing radiation should be used in such 
a case, however, if a receiver is located near the coupling. Figure 4-746 
shows another method using a half-wavelength radial line filled for a 
quarter wavelength with the rubber gaskets to seal the dielectric sheet 
on either side (d ~ A/4). The high dielectric constant of the rubber 
makes the guide wavelength in this section very short. Leakage at B 
may be prevented by a thin ring of soft copper clamped around the two 
gaskets as shown in the insert. The copper ring makes a good short 
circuit at B and provides a method for making a unit for easy replacement. 
The considerations for making the impedance at A small over a broad 
band of wavelengths are the same as those discussed in Sec. 4-9 for choke 
couplings; namely, the characteristic impedance in the outer X/4 section 
should be high compared to that in the inner section (x i>> y), and y should 
be as small as practical from the standpoint of strength of the dielectric 
sheet. The edges of the waveguide at A should be rounded slightly to 
prevent cutting of the dielectric sheet when pressure is applied on one 
side. 

The reflection from the sheet across the waveguide can be calculated 
assuming a section of dielectric material of thickness t fitted into a section 
of waveguide in a plane perpendicular to the guide axis. If the guide is 
viewed from the generator side with a matched load beyond the window, ' 
a normalized impedance Z„ is seen at the face of the dielectric sheet which 
is 

l + i Z J ' t a n * 
Z s ~ / o ~Zl' + 7 T a n e ' (<wJ 

where Z'0' is the normalized impedance of the dielectric-filled guide 
[Eq. (2-168)], and 6 is 2-irt divided by the guide wavelength in the dielec
tric-filled guide X" given by Eq. (2-147). By dividing out the right-hand 
side of Eq. (65) to form a power series, the following equation is obtained. 

\z" ~ w Zs = 1 + j tan 8 [ Z'„' - Wl 1 4- tan2 6 
' 1 

V (z")2J 
1 3 e 

~ 1 1 
3 tan3 9 -=r, - - ^ + ■ ■ ■ (66) 
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Since 8 is small for thin sheets, the squared term is negligible and 
tan 8 = 6 = 2wt/\'ll'; consequently, 

Z, = 1 + j 2^ (7„ \ \ (67) 

rFlie guide wavelength in the dielectric-filled section is equal to the 
product of X„ (air-filled) and Z". Equation (67) therefore reduces to 

Z. = 1 + j 
2wl 

1 (68) 

0.06 

From Kq. (2-147) this may be expressed in terms of the dielectric constant 
kc of the sheet, 

Equation (69) shows that the thin sheet of dielectric material acts like a 
series capacitive reactance in the waveguide. At a given wavelength, 

this reactance is directly propor
tional to the thickness and to the 
dielectric constant minus one. 
Figure 4-75 shows the value of 
this normalized reactance per mil 
thickness plotted against the die
lectric constant ke for three com
m o n w a v e g u i d e sizes. This 
reactance is nearly equal to r — 1 
for thin sheets. 

A pressurizing window of this 
type is practical at the lower mi
crowave frequencies where a thick 
sheet strong enough to stand at
mospheric pressure variations maj' 
be used without causing large re
flections. The reactance caused 
by the dielectric sheet changes 
very little over the wavelength 

band of a given waveguide operating in a single mode (see Sec. 47) . 
A pressurizing window of this type may be matched with an induc
tive matching diaphragm at the front face of the dielectric sheet. A 
symmetrical matching diaphragm is preferable because asymmetry would 
cause higher mode excitation in the choke. 

4-19. Thin Sheets in Resonant Mount.—A pressurizing window of this 
type consists of a resonant aperture in a thin metallic sheet filled with 

a/ 

bf 

"̂ r i '\y 
Z = \-jX 

~"c 

£J0.02 

1 2 3 4 5 6 7 8 
Dielectric constant ke 

l i e . 4-75.—Reflections from thin-sheet, 
nomesonant windows, (a) Waveguide \ by 
i in. by 0.(l4()-in. wall at Xo = 1.25 cm. (h) 
Waveguide 1 by \ in. by 0.050-in. wall at 
Xo = 3M cm. (c) Waveguide 3 by 1^ in. by 
0.080-in. wall at Xo = 10 cm. 
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glass. Two such designs have been developed as shown in Figs. 4-76a 
and 6. These developments were carried out at the General Electric 
Company and the Westinghouse Electric and Manufacturing Company, 
respectively. Both units consist of a Kovar (or Fernico) disk or plate 

1 
\ Kovar-
( Glass 

K f * f m,~ 

M.035" p 0 . 9 0 0 ' — | 

l.400{0.315" 

1—0.590^ 

(o) 
FIG. 4-76.—Resonant window in rectangular waveguide, (a) Rectangular aperture 

window. (/>) Circular aperture window. 

with a resonant opening into which glass with the same thermal properties 
as the metal is sealed. 

The first design may be soft-soldered into the waveguide directly 
as shown in Fig. 4-76<z. A structure of this kind is known as a "trans
mitting screen" or "resonant aper
ture." It has been found experi
m e n t a l l y that the appropriate 
dimensions for a rectangular reso
nant opening is given approximately 
by the relation 

W'-GO'-FV'-fe)" 
(70) 

-Resonant rectangular aper
ture. This empirical rule is extremely use

ful in obtaining approximate dimen
sions of the opening for resonance; and information contained in it can 
be represented by the following geometrical construction. In a cross 
section of the waveguide as shown in Fig. 4-77, a line AB, of length 
X0/2 (X0 is the free-space wavelength), may be drawn with its center 
at the waveguide axis. Two hyperbolas may then be constructed with 
their vertices at A and B, respectively, which pass through the corners 
of the guide cross section, as shown. Then the corners of a resonant 
opening lie on these two hyperbolas, as, for example, those of the opening 
of dimensions a' and b'. A resonant diaphragm with such an opening 
will be matched if the diaphragm is very thin. This condition is changed 
somewhat in the pressurizing window because of the dielectric filling 
and because the thickness must be appreciable for mechanical support. 
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The effective thickness of the resonant diaphragm is increased and the 
characteristic impedance in the aperture is reduced by the dielectric 
material. Both the thickness of the diaphragm and the presence of the 
dielectric material have the effect of adding capacitance at the input 
side of the opening. To correct for this added capacitance, the dimen
sion a' may be made smaller. The amount of the decrease in o' for com
plete correction is directly proportional to the thickness, as seen in the 

analysis of Sec. 4-18. In practice, 
this decrease may be made larger 
than necessary and the thickness of 
the finished diaphragm reduced on 
a grinding wheel until resonance 
occurs at the desired wavelength. 
This procedure corrects for toler
ances and variations in the charac
teristics of the dielectric material 
used. The dimensions of a reso-
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F I G . 4-79.—Half-wavelength dielectric plug 

in a section of waveguide. 
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F I G . 4-78.—Mismatch of resonant win
dows. Curves a and b are for corresponding 
designs of Fig. 4-76. 

nant window for 1- by £-in. (0.050-in. wall) waveguide are shown in Fig. 
4-76a. Curve a of Fig. 4-78 shows the mismatch1 caused by such a design 
over a 12 per cent wavelength band. 

The second design is much the same as the first except that the 
aperture is circular. The correct diameter for resonance in such a design 
is larger than the narrow inside dimension of the waveguide a. For this 
reason the resonant diaphragm is supported in the line between two choke 
couplings as shown in Fig. 4-766. Dimensions are given for a resonant 
window of this type for use between two standard choke couplings (see 
Table 4-7) designed for 1- by i'-in. (0.050-in. wall) waveguide as shown 
in the figure. The mismatch caused by such a design over a 12 per cent 
wavelength band is also shown in Fig. 4-78, Curve b. 

4-20. Half-wavelength Dielectric Plugs.—A simple pressurizing 
window for narrow-band operation may be made by inserting a half-
wavelength dielectric plug into waveguide as shown in Fig. 4-79. The 
guide wavelength in the dielectric-filled section is given by the formula 

' R. M. Walker, RL Report No. 587, June 29, 1944. 
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£-G0" 
(71) 

where ke is the dielectric constant of the medium. The normalized 
impedance looking into the face of the plug from the generator side with a 
matched line on the other side is given by Eq. (65). From this equation 

1.70r 

3.00 3.10 3.40 3.50 3,60 3.20 3.30 
X In cm 

F I G . 4-80.—Mismatch vs. wavelength for half-wavelength dielectric plug. 

it can be seen that, when 6 is 180° or X"/2, the normalized input imped
ance is unity and the line is matched. The frequency sensitivity of the 
half-wavelength dielectric plug depends upon the dielectric constant of 
the material used. The mismatch in voltage standing-wave ratio intro
duced into a 1- by |- in. (0.050-in. wall) waveguide by a dielectric plug 
which is a half wavelength long at X0 = 3.3 cm is plotted against Xo 
for three values of the dielectric constant k, in Fig. 4-80. 

4-21. T-shaped Plugs Three-quarters Wavelength Long.—A pres
surizing window of this type is a modification of the type discussed in 
Sec. 4-20, which is much less frequency-sensitive. Referring to Fig. 
4-81, the center section A completely fills the waveguide and provides 
the pressure seal. In sections B and C, the waveguide is only partly 
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filled with dielectric and the characteristic impedance is the geometric 
mean between that in section A and that in the air-filled guide. Sections 
B and C thus serve as quarter-wavelength matching sections from air-
filled guide to dielectric-filled and back to air-filled. As will be seen 
later, this leads to a broadband impedance match. Other shapes were 
tried but they failed to give the desired bandpass characteristics—prob

ably because of higher mode excita
tion in the dielectric-filled section. 

From the t r a n s m i s s i o n - l i n e 
equation, Eq. (65), the impedance 
seen looking into a line of character
istic impedance Zc that is one-
quarter wave-length long and is 
terminated in an impedance ZB is 
Z2

C/ZR. Applying this formula to 
each of the three sections of the window in Fig. 4-81 from right to left, 
assuming a matched line to the right of the window, it is found that the 
impedance at the left face of section C is 

7 = JZ°)4 

za{z\;y-' 

^0( 
.'' 1 c 

A 

-*>* 

B 

»*,J 

/ * \ 
^d | 
i t 

r̂ 

F I G . 4-81, -T-shaped plug three-quarters 
wavelength long. 

(72) 

where Za, Z'0't and Z'0 are the characteristic impedances of the air-filled 
guide, section A, and sections B and C, respectively. From Eq. (72) 
it is seen that no mismatch occurs when Z'0 is equal to the square root of 
ZQZ'0'. From Eq. (2-168) it appears that this condition is also satisfied 
when \'g is equal to the square root of X">„. The equation for determining 
the quantities \'g' and \g is Eq. (2-147). Referring to Fig. 4-81, xi and xz 
are made one-quarter X̂  and X", respectively. 

Now except for dimension d/b, all the dimensions of the three-quarter-
wavelength T-shaped pressurizing window have been determined (see 
Fig. 4-81). Theoretical considerations of the boundary conditions at 
the air-dielectric surface lead to the following equation relating the 
guide wavelength in the partly filled line to that in air-filled line (see 
Vol. 8, Chap. 11): 

tan .-1 (b - d) = ^— tan 2TT.4 'd (73) Avl 
where 

2x 

A' = 2TT 

AT2 
1 

X:* + 4a2 

Figure 4-82 shows a curve of d/b for a = 0.900 in., b = 0.400 in., and 
X0 = 3.3 cm when X̂  is the square root of the product of X„ in air and X„ 
in completely filled guide. The curve gives the theoretical percentage 
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F I G . 4-82.—Design curve for T-shaped plug 
in rectangular waveguide. 

filling for the outer sections of the three-quarter-wavelength T-shaped 
windows in the given waveguide at 3.30-cm free-space wavelength. An 
experimental curve is also drawn in dotted lines for the same conditions. 
The experimental curve is consistently above the theoretical curve, the 
deviation becoming greater as k€ increases. This deviation is partially 
caused by the junction effects that would be shunt capacitive reactances 
across the line. The junction ef
fects could have been corrected 
by lengthening the outer sections, 
the center section, or both. In
creasing the dimension d effec
tively increases the length of the 
outer sections by decreasing the 
guide wavelength in the partly 
filled guide and in addition makes 
a double-tuned circuit which in
creases the bandwidth of the win
dow. Experiments show that the 
maximum bandwidth is obtained 
by a combination of the above ef
fects, increasing d and thereby cor
recting for junction capacitance in the outer sections and forming a double-
tuned circuit and also increasing the length of the center section. 

The reason that a construction of this type leads to a broadband 
window is indicated by the impedance charts of Fig. 4-83. In the figure 
the three-quarter-wavelength T-shaped plug is compared to the half-
wavelength plug. At midband where the dimensions are correct both 
types are matched as shown in Fig. 4-83a. At a longer wavelength 
(Fig. 4-836) the half-wavelength plug transforms the impedance Z'a = Zn 
along the dashed circle about the center Z'a' to the impedance Z'd. At 
this longer wavelength, the length x3 is shorter than a half wavelength 
by 2(3. Hence, Z'd is rather poorly matched to Z0. The three-quarter-
wavelength T-shaped window is better matched, and the following 
transformations occur. The section B transforms Z0 (along the circle 
of radius r3) about its characteristic impedance Z'a. This fails to match 
into the impedance Z'0' of the next section, as indicated, since the length 
ah is now shorter than a quarter-guide wavelength. This impedance 
Zb is then transformed by the center section be to a point Zr. which 
is almost symmetrically above Zi,; consequently, the section cd trans
forms it along the arc Zr to Z,i almost symmetrically above the arc 
Za to Z,i. This leads to an impedance Z,i which is quite well matched 
to Za. A similar line of reasoning shows that below midband Zd is also 
well matched. 

The bandwidth for this type may be further increased by making 
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V I 

Z„ slightly less than the square root of Z0Z„. The window then acts like 
a double-tuned circuit which is matched to the characteristic impedance 
of the guide at two wavelengths, one on each side of the original design 

_ _ __ wavelength; and a slight mis
match occurs at the design wave
length. This mismatch is about 
1.03 in voltage standing-wave ra
tio for a change of 2 per cent in Z'0. 

4-22. Summary of Pressuriz-
ing-window Designs.—The vari
ous types of pressurizing windows 
already discussed have been used 
in microwave transmission circuits 
extensively except for the half-
wavelength dielectric plug which is 
too frequency-sensitive for sys
tems covering a wide wavelength 
range. Each type has its limita
tions, however, with regard to 
ruggedness, sealing difficulties, 
breakdown characteristics, atten
uation, and mismatch as a func
t i o n of w a v e l e n g t h . T h e 
resonant sheet window made of 
glass sealed in a Kovar disk is con
sidered the most rugged design 
and makes a permanent seal. For 
this reason it is used in applica
tions where replacements cannot 
be made in the field such as cavity 
magnetron and TR switch output 
seals. The other types have bet
ter breakdown characteristics and 
introduce lower mismatch over a 
wide band of wavelengths. A 
summary of these characteristics 

for the window types discussed is given in Table 4-10. Dimensions are 
given for each type as well as the free-space wavelength for which they were 
designed. The mismatch characteristics are given as the wavelength band 
obtained in the particular design for a voltage standing-wave ratio less than 
1.10. This wavelength band is given as percentage of the design wave
length, the design wavelength being midband. The breakdown power 
level is given in kilowatts at an altitude of 50,000 ft ( « 12 cm Hg). 

FIG. 4-8.3.—Waveguide impedance curves 
for dielectric plugs, (a) At midband; 
zi = ^'ff/4; -E2 = X"0 /4; Xi =iX"p/2. (b) Above 
midband;zi < X'„/4;:c2 < X"0/4;3-3 < X"0/2. 
(c) Below midband; xi > X'0/4; x? > X"r,/4; 
X3 > \"g/2. The dashed circle, z'd, and z3 
refer to a half-wave bead (see Fig. 479) . 
Full circles, Zd, x\ and X2 refer to T-shaped 
plug (see Fig. 4-81). 
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TABLE 410.—FRESSUBIZING WINDOWS IN RECTANGULAR WAVEGUIDE 

Type 

Three-quarter-
wavelength 
plug 

Sheet, in reso
nant mount 

Fie. 
No. 

4 .81 
4.81 
4.81 
4 81 
4.81 
4.70a 
4 706 
4.74 
4.74 

Dielectric* 

Polystyrene 
l'olyglas p i 
Polyglas [ ) | 
I'olygtas p t 
Polyglas ]i% 
Glass § 
(llasslj 
Mica!| 
TeflonB 

Window 
dimensions, 

in. 

x\ 

0.315 
0.300 
0.285 
0. 104 
0.940 
0.315 
0, 590 
0.002 
0.010 

Xi d 

0.225 0.180 
0.220(0. 160 
0 .2250 .310 
0.072!0.008 
0.60810.503 
0,590 0.035 

to.050 

J s 

Waveguide 
dimen

sions,t in. 

a 

0.900 
0.900 
1.122 
0.420 
2.84 
0.900 
0.900 
0.900 
0.900 

b 

0.400 
0.400 
0. .500 
0.170 
0.134 
0.400 
0.400 
0.400 
0.400 

Loss, 
db 

0.005 
< 0 . 0 4 0 

0. 200 
0.060 
0.010 
0.015 

Wave
length 

band for 
r < 1.10, 

cm 

3 .3 + 6% 
3.3 + 6 
3.3 ± 5 
1.25 ± 3 

10.00 + 15 
3.2 ± 1.5 
3.2 ± 5 
3 .3 ± 6 
3,3 + 6 

Breakdown 
power at 
50,000 ft, 

kw 

80 
65 

36 
50 
65 
65 

* See Table 3.5 for characteristics. 
t Column <i is the wide and b the narrow cross-sectional inside dimension. 
J Treated to prevent moisture absorption. 
§ Test on a single sample, may not be representative. 
[ Mounted between two choke-flange couplings. 

VOLTAGE BREAKDOWN AT MICROWAVE FREQUENCIES 
B Y G. L. RAGAN 

With the introduction of the technique of using short pulses of r-f 
energy at a high-power level, the problem of voltage breakdown in the 
transmission lines and waveguides becomes a serious one. In order 
to gain a better understanding of the factors that influence the power 
level at which microwave breakdown occurs, a series of experiments was 
performed.1 An attempt was made to obtain quantitative data regard
ing those factors which were found to be relatively important. 

4-23. Apparatus and Methods.—In these experiments the r-f power 
sources used were microwave magnetrons energized by high-voltage 
d-c pulses of short duration supplied by a pulse-generating power supply 
usually referred to as a "modulator." The maximum power available 
at the three wavelengths used is given in Table 4-11, the lower values 
being the powers regularly available in most of the experiments, the higher 
values being available for only a small fraction of them. An attempt was 
made to obtain a combination of magnetron and modulator that would 

1 D. Q. Posin, Ina Mansur, H. Clarke, "Experiments in Microwave Breakdown," 
RL Report No. 731, Nov. 28, 1945. Unless otherwise stated, all figures and conclu
sions given in the text are based on these experiments. 

H. F. Clarke, G. L. Ragan, R. M. Walker, I. Mansur, "Summary of High Power 
Breakdown Tests on Microwave Components," RL Report No. 1071, Jan. 10, 1946. 
This article contains a thorough treatment of methods and techniques, including 
magnetron type numbers, modulator model numbers, water-circulating system, 
and so forth. 
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furnish the highest powers provided by contemporary design in these 
fields. Wherever possible a modulator was used that was capable of 
furnishing a number of different pulse lengths and repetition rates. 

TABLE 4-11 

Xominal 
wavelength, em 

10.5 
3 .2 
1.25 

Maximum power 
available, k\v 

Usually i Sometimes 

1000 
125 
50 

1500 
250 
125 

It was decided to use rectangular waveguides exclusively in these 
experiments, since they provide an electric field that is uniform in the 
direction of the field. In order to provide increased fields, waveguide 

Smaller dimension of 
rectangular waveguide f 

1'IG. 4-84.—Experimental waveguide section. 

sections of the type shown in Fig. 4-84 were used. The long tapered 
sections provide impedance-matching between the normal-size waveguide 
and the constricted portion. Dimensions of the various test sections 
used are given in Table 4-12. The relation between electric field and 
power transmitted in a matched waveguide of width a and height d 
(sometimes referred to as " g a p " in the following discussion) is 

^ - = G.63 X 10-4«f ( M - (74) 

In order to determine the electric field strength, it is necessary to 
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measure the power being transmitted. This is done by the use of a 
directional coupler that transmits a known fraction of the power in the 
incident wave to a power-measuring thermistor bridge (see Vol. 11, 
Chap. 3). An alternative method is that of absorbing the r-f power in a 

Nominal wave 
length, cm 

10.5 

3.2 

1.25 

TABI.F 

Guide width 
a, in. 

2.840 

0.900 

0.420 

4 1 2 

GuidR height 
d, in. 

0.110 
0.040 

0.006 
0.017 
0.038 

0.006 
0.016 
0.036 
0.059 

Reference symbol 
on curves 

S 
S 

X 
X 
X 

K 
K 
K 
K 

110 
40 

6 
17 
38 

6 
16 
36 
59 

"water load." In this device the r-f power is absorbed in a flowing 
stream of water, and the average power is computed from the heating 
of the water by ordinary calorimetric methods. With careful use, the 

Magnetron p 

Thermistor 

=0= 

Thermistor 
bridge 

*- Directional 
coupler 

Thermocouple junctions 
. (connected to 
) galvanometer) 

Water load 

Power supply 
modulator and 
synchroscope 

FIG. 485.—Arrangement of apparatus for calibration. 

water load is felt to be the most accurate power-measuring instrument 
available, but it is too slow in response to be very useful in general 
breakdown measurements. In practice, the combination of directional 
coupler and thermistor bridge was calibrated by comparison with a 
water load, with the apparatus arranged as indicated in Fig. 4-85. The 
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thermistor combination was then used in the actual measurements, the 
arrangement being that indicated in Fig. 4-86. 

The pulse length and repetition rate were measured by the use of a 
synchroscope (Vol. 5, Sec. 16-5). This instrument is basically a cathode-
ray tube provided with a circuit for generating pulses that are used to 
trigger the modulator which applies power to the magnetron and simul
taneously to start the horizontal sweep of the cathode-ray tube. The 

I Magnetron p 

Couplings 

=□£ 

Power supply 
modulator and 
synchroscope 

Directional 
coupler 

Pressure seal 
across waveguide 

Vacuum or 
pressure pump i 

Sealed off 
f from outside 

, Dry load | atmosphere 

Waveguide 
test section Co capsule 

Vacuum or 
pressure gauge 

■ (Mercury) 
F I G . 4-86.—Arrangement of apparatus used in experiments. 

magnetron current or voltage is indicated by the vortical deflection on the 
cathode ray screen. From the data on pulse length, repetition rate, 
and average power it is a simple matter to obtain the pulse power, 
that is, the average power during the time interval in which the mag
netron is oscillating. 

An analysis of sources and estimate of the magnitudes of the errors 
encountered in the present experiments may lie useful, both in evaluating 
the data given and in suggesting improvements in future experiments. 
The largest single source of error is felt to be that caused by the existence 
of standing waves in the test section. In practically all cases the VSWR 
was below 1.10, averaging about 1.05. Since the constricted portion of 
the waveguide test sections was half a guide wavelength long, a maximum 
of the standing-wave voltage pattern always occurred within the con
stricted section. As indicated in Table 2-2, the breakdown field in the 
presence of a standing wave occurs at a power that is lower by the factor 
r (the value of the VSWR) than the power that would be required to 
achieve breakdown if the line were perfectly matched. On this basis 
it is estimated that the data on power, quoted without correction, in the 
following pages are subject to a systematic error which gives powers, 
on the average, about 5 per cent low. 
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Other sources of error are usually random rather than systematic. 
The errors in pulse length T and gap height d are estimated at about ± 5 
per cent, on the average. Both T and d are cons derably less accurate 
than this for small values and more accurate for large values since 
their errors tend to be constant in absolute magnitude rather than on a 
relative basis. 

A number of other sources of error, each averaging about ±0.5 per 
cent in magnitude, are as follows: (1) thermal leakage in water-load 
measurements; (2) thermocouple and galvanometer errors in using a 
water load; (3) errors in thermistor bridge; (4) errors in measuring repeti
tion rate; (5) attenuation in waveguide between measuring section and 
test section. There is, in addition, a rather large error in any given 
measurement, caused perhaps by statistical fluctuations in the ionization 
existing in the gap just before and during the pulse. A method of reduc
ing this uncertainty by the use of ionizing radiations is discussed in the 
following section. 

It is believed that each individual measurement of power made in 
these experiments is subject to about 5 per cent systematic error (the 
measured values being too low) and about + 10 per cent random error 
from all causes. Since each point is the average of a number of observa
tions, it is felt that the powers indicated are accurate to about —5 per 
cent (systematic error) and ± 5 per cent (random error); thus half the 
observations of power fall within the range of errors between 0 and —10 
per cent of the true values. Since the field strength E is proportional 
to the square root of the power, the probable error in E is only about 
half as large, namely, — 2.5 per cent +2.5 per cent (ranging from 0 to —5 
per cent). 

4-24. Preliminary Considerations.—One of the problems confronted 
at the outset of the experiments was that of obtaining consistent and 
repeatable data. It was noticed in earlier work that rather large dis
crepancies exist between measurements made at different times, and 
smaller but still bothersome discrepancies occur even between successive 
measurements. 

It was felt that these discrepancies were caused in part by a failure 
to control certain parameters, and it was planned to investigate these 
sources. The discrepancies between successive measurements were 
thought to be due, however, to causes of a statistical nature, and it was 
felt that some improvement might result from irradiating the test gap 
to provide a source of ions. This is a technique familiar in low-frequency 
breakdown studies where the presence of additional ions, while providing 
much more consistent performance, is found to have little effect on the 
average breakdown figures. 

To provide the ionization desired within the waveguide gap, a strong 
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4-87. -Effect of radioactive co-
breakdowu power. P* is the 

breakdown power when Co * is used. P 
is the breakdown power without radio
active irradiation, r is pulse width, vr is 
repetition frequency, d is gap (see Fig. 
4-84J, X is wavelength. 

source of gamma-radiation in the form of radioactive cobalt chloride 
was obtained from the Cyclotron Laboratory of the Massachusetts 
Institute of Technology. A very intense source was required (3 milli-
curies radium equivalent) and it was placed in the form of a small capsule 
directly in contact with the broad surface of the waveguide. Although 
this amount was barely sufficient to cause a noticeable improvement in 

the repeatability, it had a large effect 
on breakdown measurements. This 
is in marked contrast to the experi
ence at lower frequencies where it is 
found that statistical reliability may 
be achieved without increasing the 
ionization to such an extent that the 
measurements are affected. 

The degree of lowering of break
down power for a typical waveguide 
section is shown, as a function of 
pressure, in Fig. 4-87. Curves of 
similar form were obtained for other 
sections. In general, the irradiation 
has its greatest effect at pressures of 
about one-sixth to one-third of an 

atmosphere, and the effect appears to be somewhat larger in magnitude for 
waveguide sections of smaller gap dimension d. 

It is interesting to obtain a crude estimate of the ionization caused by 
the radioactive Co60. The gamma rays emitted have an energy of 1.3 
Mev and decay with a half life of 5.3 yr. Since one millicurie gives, by 
definition, 3.7 X 107 disintegrations per second, the 3.2-millicurie source 
used emits roughly 108 quanta per second or 100 per microsecond. From 
the geometry of the experiment it is estimated that roughly one-tenth 
of the quanta, that is, 107 per second, are emitted in such a direction 
that they might cause ionization in a part of the gap where the fields 
are large. The absorption of the gamma rays in the gas furnishes 
negligible ionization compared with that furnished by secondary electrons 
knocked out of the brass walls of the waveguide. The range of an 
electron whose energy is 1.3 Mev, which is the maximum energy available, 
is about 0.06 cm (0.024 in.). Only those gamma rays absorbed in the 
waveguide wall within this distance of the inner surface may be effective 
in causing ionization in the gap. Since it requires 1.5 cm of copper 
to absorb half the gamma radiation, only about 3 per cent will be absorbed 
in a 0.06-cm layer. These observations lead to a final estimate, crude 
but probably right as to order of magnitude, of 3 X 105 ionizing events 
per second. On the average, it would be expected that one such event 
would occur every three microseconds. 
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It may be assumed that ions formed within the first 10 per cent of 
the pulse time are almost completely effective.1 For 1-Msec pulses, the 
probability of occurrence of an ionizing event within the first 10 per cent 
is seen to be about 1 in 30. For the shortest pulse width used in the 
experiments, 0.2 ^sec, it would be 1 in 150. 

Each secondary electron passing through the air in the gap causes 
the formation of a number of ion pairs along its path. While the number 
of pairs per unit length is dependent on the energy of the secondary 
electron, it may be taken as about 100, on the average, at atmospheric 
pressure. Multiplying this figure by the 3 X 105 events per second, an 
estimate of 3 X 107 ion pairs per second per centimeter of path is obtained. 
From the geometry of the apparatus it is estimated that the effective 
secondary electrons are emitted from a wall surface of roughly 3 cm2 so 
that the number of ion pairs formed per cubic centimeter of gas volume 
is estimated to be 107 per second. 

A comparison of the frequency of ionizing events with the number 
normally present as a result of cosmic rays and natural radioactivity is 
enlightening. The latter figure is usually taken as about two per minute 
per square centimeter of wall area or six per minute for the 3-cm2 areit 
being considered. From the comparison of this small number with the 
3 X 105 events per second estimated above, a vast improvement in 
statistical reliability when using the radioactive cobalt is expected. 

The improvement, while noticeable, is not so great as it is desirable 
to obtain. A series of 28 trials with the Co* in place was alternated with 
an equal number without artificial ionization. This number of trials 
is not sufficient to justify a thorough analysis of the statistics involved, 
but the following behavior seemed to be indicated: (1) There were con
siderably fewer large departures from the mean value when Co* was used. 
(2) Half the values fell within a + 5 per cent range when Co* was used, 
whereas the corresponding range was + 6 per cent without it. (3) The 
breakdown power was about half as high when Co* was used as when it 
was not. 

Perhaps the best indication of the improvement in repeatability 
which w-as provided by the Co* is to be found in the data obtained in a 
series of breakdown measurements in which the pressure is varied. It 
was found that if a single observation is made at each pressure, the 
resulting curve of breakdown power vs. pressure was much smoother when 
Co* was used. In order to obtain satisfactory curves without Co*, the 
average of a number of observations was required. One such pair of 
curves is given in Fig. 4-88, from which Fig. 4-87 is derived. 

1 This assumption is rather well justified by data presented in the next section that 
show that a 10 per cent change in pulse duration (which is for practical purposes 
equivalent to an equal change in the time of introduction of a burst of ions) leads to a 
change in breakdown power of only about 3 per cent. 
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In addition to the problem of achieving the repeatability, a cursory 
investigation of two other factors that might be expected to influence 
breakdown was made. The first of these factors was the effect of 
humidity, and the second was that of sharp points on the metal walls. 

Tests were made using approximately saturated air (relative humidity 
conservatively estimated to be greater than 80 per cent) provided by 
circulating air that had been bubbled through water at room temperature. 
These results were compared with those obtained using dry air (conserva
tively estimated to have a relative humidity of less than 10 per cent) 

0 100 200 300 400 500 600 700 800 
Pressure in mm Hg 

l ' lo. 4-88.—Variation of breakdown power with prebsure, with and without Co*. 

provided by circulating air which had been drawn through a trap cooled 
by dry ice. In a series of measurements using alternately dry and wet 
air, the average of breakdown values of seven trials with dry air was 5 
per cent higher than that of the six interspersed trials using wet air. 
These experiments were not intended to afford a precise measurement 
of the effect of humidity but rather to serve as a guide in judging whether 
or not special precautions as to the control of humidity in conducting 
subsequent experiments were necessary. It was felt that since only a 
5 per cent change was indicated under these extreme conditions of 
humidity, it would not be necessary to take special precautions. 

In order to study the effect of sharp points, a quantity of fine brass 
chips whose average size was from 2 to 5 mils was introduced into a 
waveguide section of 40-mil gap and tested at a wavelength of 1.25 cm. 
Breakdown with a large quantity of these "shop dust" particles present 
was about one-third of that observed before their introduction. The 



S E C . 4-25] EFFECT OF DURATION 235 

same low figure was observed even after the particles were poured 
out of the waveguide section. The few remaining particles adhering 
to the walls were sufficient to maintain the low breakdown power. When 
these were removed by blowing out the waveguide section with a strong 
stream of compressed air, the original high breakdown power was again 
observed. Although these experiments are quite crude, they serve to 
indicate the importance of carefully removing all foreign particles from 
transmission-line components and serve to emphasize the desirability 
of removing burrs and rounding sharp corners. In all subsequent 
experiments, care was taken to observe these precautions in the waveguide 
test sections. 

4-25. Effect of Duration and Repetition Rate of Pulses.—An investi
gation of breakdown phenomena at microwave frequencies is complicated 
by the necessity of using short pulses of r-f power. The use of short 
pulses in such investigations is required both by the fact that pulses are 
commonly used in microwave applications and also by the fact that it is 
in this way that the extremely high electric fields desired may best be 
produced. 

It is to be expected that the fields required, to produce breakdown 
within the short time interval represented by the pulse would exceed 
those corresponding to continuous 
wave conditions. It has been ob
served that the delay between the 
time of application of a d-c voltage 
and the resulting breakdown is a 
rather strong function of the " over 
voltage." That is, a rather long 
time will be required for the forma
tion of a spark if the voltage is just 
sufficient to cause breakdown, 
whereas the time becomes increas
ingly shorter as the voltage is in
creased above this critical value. This is to be expected since the rate of 
multiplication of ions is increased when the voltage is made greater. 

A careful study of the dependence of breakdown power on the pulse 
width was made, and the resulting data are plotted in Fig. 4-89. From 
the average of the slopes of the three lines of Fig. 4-89, the empirical 
relation P cc T-o.23 j s obtained. Other data have been taken which 
indicate a considerably stronger dependence on pulse length, and there 
are indications that under some conditions the data are better represented 
by P a T~° 6. It is suggested that P <* T_-S represents a rather good 
approximation under average conditions. 

The method of measuring the pulse power in taking the data of Fig. 

1.0 15 2 3 
Pulse width T in it sec 

F I G . 4-89.—Dependence of breakdown 
power on pulse width, at three different 
repetition rates. Average result: P <* T~0-23. 
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, 

Values are average for 

Co* used 

4-89 deserves mention, since it is entirely different from that usually 
employed. The magnetron current was passed through a noninductive 
1-ohm resistor, and the voltage drop across the resistor was applied to 
the vertically deflecting plates of the synchroscope. If the performance 
chart of the 4J53 magnetron used is consulted, it will be found that the 
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F I G . 4-90.—Dependence of breakdown power on repetition rate. Average result: 
p oc >.r-".is. 

efficiency of the tube does not vary appreciably over the range of currents 
used. The voltage applied to the input terminals of the magnetron 
is almost constant over the same range of currents; consequently, the 
magnitude of the current is closely proportional to the power supplied 
to the tube and, by virtue of the constancy of efficiency, to the r-f power 
delivered by the tube. The power scale of Fig. 4-89 represents the height 
of the deflection on the synchroscope, which is proportional to the current 
through the magnetron. 

This method of measurement of pulse power was especially needed 
for the single pulse breakdown work, denoted by vr — 0. The method 

also is advantageous for general 1000 
* 900 

~ 800 

I 700 

o"^ 
d= D.105 " 

7"=1//UU 
10.5 cm I 

Co ' us t d 

O 
600 

0.6 0.7 0.8 0.9 1.0 1.2 14 1.6 1.8 2 
repulse width in /* sec 

F I G . 4-91.—Dependence of breakdown 
power on pulse length at constant duty 
factor. Average result: P tt /(/iT)r~0■3',. 

use since the measurement of pulse 
power is not dependent on the ac
curacy of measuring pulse length 
and repetition rate. 

In contrast to the expecta
tion that the breakdown power 
would depend strongly on pulse 
length, it is hardly to be ex
pected on theoretical grounds 

that any appreciable dependence on repetition rate should be observed. 
The shortest interval between pulses, about 500 Aisec for vT = 2000 
per second, is so long that the ionization held over from one pulse to 
the next would be expected not to be very important. Nevertheless, a 
very definite dependence is observed as indicated by Fig. 4-90. The data 
plotted represent averages for a number of different conditions in which 
r, d, and X are varied. The effect may be represented empirically as P 
oc ,/-o-J3 or simply P « v~^. 
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Since the dependence of breakdown power on pulse length is stronger 
than its dependence on repetition rate, it is to be expected that breakdown 
power will increase with decreasing pulse length if the product T X vr, 
sometimes called the "duty factor," is kept constant. Figure 4-91 
illustrates this. Combining the empirical relations suggested above, one 
would expect to obtain 

<X (vrT)~y"T~Vs. 

The slope of Fig. 4-91 corresponds to a somewhat stronger dependence 
on pulse length but is in qualitative agreement with expectations. 

4-26. Effect of Pressure, Gap, and Wavelength.—In d-c measure
ments on breakdown the two variables ordinarily considered are pressure 
and gap. A third, which is inevitable in a-c work, is that of frequency 

100 150 200 300 500 700 1000 1500 
p in mm Hg 

FIG. 4-92.—Relation between breakdown field strength and pressure for the gap 
heights, and wavelengths indicated on curves. The meaning of the symbols on the curves 
is given in Table 4-12. 

or wavelength, and the additional parameters, pulse length and repetition 
rate, enter whenever pulsed operation is considered. Now that the 
effect of these latter parameters has been described, the study of the 
dependence of breakdown fields on pressure, gap, and wavelength, 
keeping fixed the parameters associated with the pulse, is to be considered. 

The data to be presented in connection with this study were taken at 
wavelengths of 1.25 and 3.20 cm. The gaps used at the shorter wave
length were 6, 16, 36, and 59 mils and, at the longer wavelength, 6, 17, 
and 38 mils. In all cases the pulse length was 0.25 Msec, the repetition 
rate 500 per second; and the radioactive-cobalt capsule was used. The 
data are presented in a number of different ways in Figs. 4-92 through 
4-96. 
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FIG. 4-93.—Data of Fig. 4-92 plotted with E/p against p. 
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FIG. 4-94.—Data of Fig. 4-92 plotted with E/p against pd. 
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FIG. 4-95.—Data of Fig. 4-92 plotted with E/p against pX. 
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In all cases it was found that for pressures of about one-half to one 
atmosphere, the electric field at breakdown was essentially the same for 
all gaps and for both wavelengths, as illustrated by Fig. 4-92. In addi
tion, the electric field became more or less proportional to the pressure 
at these high pressures. This fact is demonstrated graphically in Fig. 
4-93 where the ratio E/p is plotted as the ordinate and the constancy of 
this ratio at high pressures indicates linearity of the relationship. 

In d-c work it is found that the product pd of the two variables, 
pressure and gap width, is a significant quantity. A relation known 
as Paschen's law is verified both experimentally and theoretically in 
the case of d-c breakdown. One formulation of the law states that 
the breakdown voltage Ed is a function of the product pd, and when the 
breakdown voltage is plotted against pd a unique curve results. The 
law may be stated in several other forms but is not to be misinterpreted 
as asserting that breakdown voltage is proportional to pd. An alterna
tive formulation of the law, easily derived from that just given, is that 
E/p is a function of pd. It has been shown,1 providing certain assump
tions are made regarding the processes involved in the discharge and 
certain restrictions imposed on the values of «, p, and d, that E/p should 
be a function of pd in high-frequency discharges. In order to see whether 
or not Paschen's law has significance for these microwave breakdown 
data, the quantity E/p is replotted against pd in Fig. 4-94. For the 
higher values of pd, it appears that all the curves approach constancy 
of E/p and the value approached seems to be about the same as the d-c 
figure of 40. The agreement with the d-c value is probably fortuitous 
since there are several complicating factors in the microwave data. 
Chief among these factors are the tendency of the Co* to cause a reduc
tion in breakdown field and the counterbalancing tendency of short 
pulses tending to raise the breakdown fields. It can hardly be said that 
the Paschen plot Fig. 4-94 represents an appreciable improvement on 
the simple pressure plot of Fig. 4-93, except at the higher values of pd. 

A general principle of similarity for a-c discharges has been pointed 
out by Margenau.2 The principle is strictly valid only for steady-state 
discharges in which the a-c field is continuously applied and in which the 
effect of metal walls is negligible, as it is in the so-called " electrodeless " 
discharge. Within these limitations the principle states that no changes 
in the properties of the discharge should occur so long as the ratios E/p 
and oi/p are both constant, provided that the changed conditions do not 
activate additional sources of ionization or destroy active ones. While 

1 T. Holstein, "Initiationof High Frequency Gas Discharges," Phys. Rev., 69, 50-51 
(Jan. 1 and 15, 1946). 

2 Henry Margenau, "Theory of Alternating Current Discharges in Gases," ItL 
Report No. 967, Jan. 10, 1946. 
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the present experiments do not fulfill the requirements on which this 
principle is based, it was felt that its application might lead to some 
improvement in presentation. Accordingly, the data on E/p were plotted 
against pX, a quantity proportional to the reciprocal of u/p, with the 
result shown in Fig. 4-95. It may be seen that the data at the two wave
lengths for a given gap dimension are brought into fairly good agreement 
by a plot of this type. This correlation is encouraging, and it would be 
desirable to check it by performing further experiments. Two additional 
curves, K16 and X17, which were omitted in the previous graphs to 
avoid confusing them, are included in order to give added evidence of the 
correlation indicated. 

In an attempt to obtain a better correlation between the various gap 
widths of Fig. 4-95, the gap width d was introduced as a multiplying 
factor in the abscissa, with the result shown in Fig. 4-9(3. With the 
exception of the 6-mil curves, a considerable improvement in the presenta
tion results. If instead of the multiplier d its square root is introduced, 
the 6-mil curves are in better agreement with the others, while the 
59-mil curve is then detached from the others. While the plot of Fig. 
4-96 is not so good as one might hope to obtain, it seems to represent one 
of the most significant ways of presenting the data. The justification 
for such a plot is largely empirical, although it may be argued that if X is 
kept constant it makes E/p a function of pd, as suggested by Holstein, 
and if d is kept constant it makes E/p a function of pX, as suggested by 
Margenau. 

4-27. Summary and Discussion of Breakdown Results.—The data 
discussed in the preceding sections lead to some very definite conclusions 
but certain inconsistencies in the data presented indicate the desirability 
of obtaining additional data. Certain changes in experimental technique 
and the desirability of investigating effects not definitely established are 
also suggested by a survey of the data. Both a resume of these results 
and recommendations in regard to future experiments are presented in 
this section. 

1. The repeatability of the data was definitely improved by the 
use of radioactive cobalt, but the breakdown power was decreased 
by a rather large factor, and this factor appeared to be dependent 
on such parameters as pressure and gap. It is suggested that 
the use of an ionizing agent such as ultraviolet illumination that 
would produce a more continuous supply of low-energy electrons 
would be preferable. The fact that the Co* ionizes in large 
bursts at irregular intervals may be undesirable when the electrical 
field is applied in pulses. 

2. The data indicate that humidify is rather unimportant. The 
fact that no more than 5 per cent difference occurred between 
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breakdown powers with " w e t " and " d r y " air was definitely 
indicated. 

3. The effect of sharp corners was found to be very large. This 
emphasizes the desirability of removing machining burrs and 
of rounding sharp corners. 

4. It was definitely shown that breakdown power increases as the 
pulse length is reduced. While certain quantitative variations 
were observed from one set of data to another, an average of all 
the data indicates the empirical relat ion P <x T~'*. An investiga
tion of the factors that cause the discrepancy between different 
sets of data might be profitable. 

5. The breakdown power was found to decrease, as the repetition 
rate was raised. The empirical relation indicated was P cc p"'". 

6. When the product VTT, frequently referred to as the "duty factor," 
is kept constant, the effect of pulse length predominates. Com
bining the two empirical relations discussed under Paragraphs 
(4) and (5) gives 

P <x (v , .T)->»T-! i . 

More data are needed to verify this relation. 
7. At higher pressures, namely, above about one-half atmosphere, 

all data tend to show that the electric field E is proportional to 
the pressure p; that is. E/p is approximately constant. 

8. For a given value of pulse length T and repetition rate v„ there 
appears to be good evidence to support the relation 

v W 
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4-97.— Altitude at whieh air density equals that at the iiidiralrd pressure and 
temperature. 
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9. There is less definite indication that the relation E/p = f(pd) 
is valid; however, a combination in which E/p is plotted against 
\pd represents the data fairly well. 

10. A summary of the above empirical relations will tend to indicate 
that for values of \pd (cm X mm Hg X cm) exceeding about 50, 
the following empirical relation is fairly good: 

- = 42T-'^rM«, 
V 

where T is in microseconds, c, is in thousands of pulses per second, 
E is in volts per centimeter, and p is in millimeters of mercury. 

11. The dependence of breakdown field strength or power on altitude 
may be determined by using these results in conjunction with 
Fig. 4-97. 



CHAPTER 5 

FLEXIBLE COUPLING UNITS AND LINES 

B Y F. E. EHLERS AND F. T. WORRELL 

Although the transmission of power at microwave frequencies is 
most effectively accomplished by means of rigid coaxial lines or wave
guides, certain applications demand the use of flexible units. Such 
units are necessary when allowance must be made for the relative motion 
of two components, either because of vibration, or because such motion 
is an essential part of the function of the device. Flexible coupling units 
fall naturally into two classes: those employing coaxial lines, and those 
in which waveguide techniques are used. 

FLEXIBLE COAXIAL CABLES 

By F. E. EHLERS 

Two types of coaxial cables have been used for r-f transmission: 
beaded cables and solid dielectric cables. A beaded cable is made by 
slipping "fish spine ""beads over a copper wire used as a center conductor, 
and braiding a wire shield over the beads as an outer conductor. The 
construction is shown in Fig. 5-1. This type of cable has been largely 
replaced by the solid dielectric cable which is made by extruding a dielec
tric (usually polyethylene) over a conductor, either solid or stranded, 
and by braiding a shield over the dielectric. On some cables two braids 
are used in order to obtain better shielding. Over the outer braid, a 
jacket, usually of some vinylite plastic, is either extruded or tubed. For 
naval installations, in addition to the plastic jacket sometimes a steel 
braided armor is woven over the cable. Solid dielectric cables are much 
more rugged than the beaded cables since polystyrene beads, being 
brittle, are easily broken, and thereby introduce losses by reflection and 
possible short-circuiting of the cable. 

For the purpose of facilitating the production of r-f cables, rigid lines, 
and connectors for radio and radar equipments for the Army and Navy, 
a joint Army-Navy R-f Cable Coordinating Committee has been set up 
with headquarters in Washington, T). C. This committee, with the aid 
of the services, laboratories, and manufacturers, has determined standards 
for rigid linos, coaxial cables, connectors, and adapters. A numbering 
system to facilitate the description and ordering of transmission lines 
and fittings has also been established. For r-f transmission lines, the 
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number system RG-/U was designated. This includes flexible cables, 
rigid coaxial lines, and waveguides. The UG-/U numbering system was 
assigned to connectors and adapters used with these transmission lines. 
These systems may be remembered more easily by means of the following 
interpretation: " R G " means "radio guide," and " U G " means "union 
guide." The final " U " means "universal." As this committee is a 

F I G . 5-1.—Construction of beaded and solid-core cables, showing braid, core, center 
conductor, and jacket. 

wartime agency, it will soon cease to function; but a new committee will 
be formed to carry on a similar work for the postwar period. 

The Army-Xavy R-f Cable Coordinating Committee has from time to 
time published specifications of all cables, lines, and fittings recommended 
for Army and Navy equipment. These particulars were not meant to 
be restrictive in any way, and when improvements were made they were 
described in detail. The latest specifications on coaxial cables are those 
of JAX-C-17 which were publ shed July 31, .1945. A complete index 
of r-f transmission lines and fittings was published by the same committee 
on June 15, 1945. Some of the material in this chapter is taken from 
these two publications. Although the present discussion is not intended 
to be exhaustive, it covers rather completely the cables, connectors, and 
adapters that are suitable for microwave frequencies. The discussion is 
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limited to flexible cables having a nominal characteristic impedance of 
52 ohms since such cables match approximately the rigid lines used at 
microwave frequencies. With the tolerances that cable manufacturers 
can now hold, the characteristic impedance of these cables is within ± 2 
ohms of this nominal value. 

5-1. Attenuation in Flexible Cables.—The attenuation in a flexible 
coaxial cable is made up of two kinds of losses: series losses in the center 
and outer conductors, and shunt losses in the dielectric. The series 
losses are proportional to the square root of the frequency and may be 
calculated from the following formula1 for the series attenuation As in 
decibels per meter: 

, 27.37 1 (\/PcK, , VPOK,\ 
A'= za-^\^T+ --&:-)• (1) 

Here, Z0 equals the characteristic impedance of the cable; pc and p„ 
are the resistivities of the center and outer conductors, respectively; 
and Kc and Ko are the factors of attenuation of the stranded and braided 
conductors as compared with that of perfect cylinders of the same 
material. 

Shunt losses are caused by the conductivity of the insulating material. 
The dielectric constant of an imperfect dielectric may be expressed as a 
complex quantity, the imaginary component designating the conducting 
or dissipating property of the material. For example, a lossless coaxial 
line may be said to have a shunt eapaeitive susceptance per unit length, 
which will be called jcockn where u is the angular frequency, c is the capac
ity per unit length with air as the dielectric, and ke is the relative dielectric 
constant of the insulator. If we substitute an imperfect dielectric so 
that kr = k'c — jk'J, we have the following shunt admittances: 

jo>c{k'e - jk'J) = juck'c + uck'J = g + jo>c. 
From the above equation it can be seen that uck" is the shunt conductance 
of a coaxial line and is directly proportional to frequency. The power 
factor for a low-loss dielectric is well approximated by the formula 

For polyethylene, which is used in all cables at microwave frequencies, 
the power factor is about 0.0004. The shunt losses .4,, of a coaxial line 
may be calculated from the equation 

Ap = 0.091 X 10-5 V'k'P" db/m. (2) 
An examination of Eqs. (1) and (2) reveals that shunt losses are inde-

1 J. C. Shiter, Microwave Transmission, McGraw-Hill , Xew York, 1942, p . 162; 
Vol. 8, Sec. 2 19, Radiat ion Laboratory Scries. 
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pendent of the size of the cable but that the series losses in each conductor 
are inversely proportional to its radius. 

To illustrate the effect on the attenuation of braid, as compared with 
the attenuation of a solid cylindrical conductor of the same metal, let 
us take the RG-14/U cable which has the following characteristics: 

o = 0.101 in. = 0.00258 m total attenuation = 0.14 db/ft 
b = 0.370 in. = 0.00940 m k'e = 2.25 
p = 1.724 X 10- ' ohm-meters Z0 = 52 ohms 

for copper P = 0.0004 
X = 10 cm = 0.1 m 

From Eq. (2), the attenuation caused by the polyethylene dielectric is 
0.05 db/ft. Substituting proper values in the first term of Eq. (1), after 
letting Kc = 1 since the conductor is not stranded, gives 0.052 db/ft 
for the loss in the center conductor and hence leaves another 0.038 db/ft 
for the attenuation of the braid. Assuming a perfect cylinder of copper, 
from Eq. (1), we calculate the loss in the outer conductor and obtain a 
value of 0.014 db/ft. Thus the "braid factor" is 

0.014A'„ = 0.038, 
Kh = 2.7. 

Nominal values for well-woven braids vary from 2.5 to 3. 
A brief explanation of braid construction will serve to point out some 

of the aspects of the design of flexible cables for a minimum braid factor. 
The first step in the design of a braid is the choice of the wire that will 
produce a braid rugged enough to minimize the contact resistance between 
individual wires. A number of thin wires are combined to form a carrier 
that we might compare to a single flat reed in a woven basket; a number 
of these carriers are woven in and out to form the braid. Around 99 
per cent coverage is required for a braided conductor in order to avoid 
excessive loss by radiation and to ensure proper shielding. This coverage 
is determined by the number of ends per carrier, the number of carriers, 
and the number of "p icks" per inch which make up the braid. The 
number of picks per inch is the number of times that a single carrier 
crosses over or under another carrier in an inch of cable. Another term 
applied to this characteristic of the braid is the word " l a y " ; this is 
the length of cable required for the carrier to make one complete revolu
tion around it. Since the currents in a coaxial conductor are always in 
the direction of propagation, a braid having a long lay will have less 
attenuation than one having a short lay since less energy is dissipated 
in contact resistance. Mechanical considerations, however, limit the 
lay of the braid, and greater stability with flexing can be attained with a 
shorter lay. The tightness with which the braid is woven is also impor-
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tant in eliminating instability under flexing and in decreasing the contact 
resistance between braid wires. I t is also important that the individual 
braid wires should not be embedded in the dielectric and that jacketing 
material should not penetrate between them. 

5-2. Jacketing Materials.—The two jacketing materials most widely 
used on flexible cables are regular vinyl and noncontaminating vinyl. 
The development of the noncontaminating type was undertaken because 
the plasticizer from the old type of vinyl jacket leached out, was absorbed 
in the polyethylene, and increased the power factor. The use of cables 
with the new type of jacket is especially important where the cables 
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l 'lo. 52.—Contamination of polyethylene by vinyl jacket. The attenuations were 
measured at room temperature, X = 10 cm. The first 9 days of heating were at fi8°C. 

will be subjected to high temperatures. Figure 5-2 gives a comparison 
of attenuation, as a function of the number of days at a temperature of 
92CC,1 of two samples of RG-9/U cable, one having the old vinyl jacket 
and the other, the new noncontaminating vinyl jacket. After 200 days, 
the total attenuation of the cable with the regular vinyl jacket had 
increased by a factor of almost 4 whereas the attenuation of the cable 
with the noncontaminating vinyl jacket had increased only 0.01 db/ft 
or about 0 per cent. 

An examination of the copper braids of both cables indicated con
siderable tarnishing and corrosion and the formation of a coating of green 
waxy material. Although the plasticizer from the new jacket attacked 
the copper more vigorously than did the old material, its effect on the 
dielectric power factor was considerably smaller. 

Both types of jacketing materials are flexible within the temperature 
range from - 2 5 ° to +90°C but are, of course, stiffer at the lower tem
peratures. For temperatures below — 25°C, however, the jacket is very 
brittle and is likely to crack if the cable is bent. The regular vinyl 
jacket is slightly more flexible than the noncontaminating vinyl jacket at 

1 G. .1. Schaihle, "S-band Attenuation and Capacity Stability of RG-9/U Cable," 
BTL Report No. G.JS-3710, June 1945. 
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temperatures lower than — 25°C; it reaches a brittle state at about 
- 35°C 

These jackets are thermoplastic; that is, they may be deformed or 
softened by excessive heat or pressure. In general, they can be cut easily 
but do not tear readily; they also have good abrasion resistance. These 
materials have practically no permeability to gasoline or water. 

6-3. Cables for Low-power Levels.—For low-power levels, the three 
cables most frequently used at microwave frequencies are the types 
RG-9/U, RG-21/U, and the RG-5/U. The RG-9/U cable is a double-
braided cable containing a polyethylene dielectric core with a stranded 

1 2 , 1 1 1 1 1 , , , , . . , . , , 
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Temperature in °C 

FIG. 5-3.—Variation of attenuation with temperature for an RG-9/U cable. The 
ordinates are the change in attenuation from the value at 20°C. X = 10 cm. Circles, 
temperature increasing; triangles, temperature decreasing. 

center conductor that is made of seven strands of 21 AWG silver-clad 
wire. The inner braid is made of silver-clad copper in order to obtain 
lower contact resistance between the wires at high frequencies than would 
be attained with the use of pure copper. The diameter over the dielectric 
is 0.285 in.; and the total diameter over the jacket, which is the non-
contaminating type, is about 0.440 in. 

The attenuation of this cable at a wavelength of 10 cm is about 0.16 
db/ft, and there is little or no variation of attenuation with flexing or 
with changes in temperature. Some recent measurements have been 
made at Bell Telephone Laboratories on the effect of heat on the attenua
tion of RG-9/U cable at 10 cm, between 20° and 94°C. A maximum 
increase of 6 per cent in the attenuation occurred at 60°C during the 
period of increasing temperature (see Fig. 5-3). However, during the 
cooling period a maximum increase of 9 per cent occurred at the same 
temperature. This represents a maximum deviation of about 0.014 
db/ft from the 20°C value and agrees very closely with results on a similar 
type of cable obtained some time ago at the Radiation Laboratory. 
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The stability of transmission for wavelengths smaller than 3.53 cm, 
however, is much worse. Variations of about 0.4 db in the r-f trans
mission through the cable were encountered by flexing a 20-ft length; 
the measured attenuation of long lengths of cable varied as much as 
0.02 db/ft depending on how tightly they were coiled. In the tempera
ture range of —40° to +70°C, at a wavelength of 3.30 cm, the attenuation 
varied erratically between 0.30 and 0.40 db/ft (see Fig. 5-4). 

Each successive heating cycle caused a permanent increase of about 
0.01 db/ft in the attenuation until, after about nine cycles of heating 
to a temperature of G0°C or more and cooling to room temperature, the 
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4.—Attenuation of RG-9/U cable vs. temperature. 

100 

attenuation stabilized near 0.40 db/ft. This random variation of 
attenuation with temperature cycling is undoubtedly caused by the 
expanding polyethylene disturbing the contacts between the braid wires. 
To lessen this variation, or possibly to eliminate it entirely, a new cable, 
which is designated as RG-9A/U, has been designed with the silver 
inner braid having a shorter lay to give better stability. This "special 
high-frequency cable will have slightly larger attenuation because of 
the shorter lay. 

Measurements of the frequency sensitivity of the attenuation of 
RG-9/U cable have been made in the wavelength range from 3.15 to 
3.55 cm. Because of the effect of flexing upon the attenuation, the cable 
was fastened to a board while the attenuation was measured, to ensure 
reproducible results. Over this wavelength range, the attenuation 
varied from 0.303 db/ft at 3.55 cm to 0.341 db/ft at 3.162 cm, a variation 
of about 12 per cent. The results are shown in Fig. 5-5. 

The RG-21/U cable is an attenuating cable that is used when one 
piece of equipment must be isolated from another to eliminate interaction 
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between them; it is used, too, when a given amount of attenuation is 
needed to decrease the sensitivity of some piece of test equipment. 
This cable, like the RG-9/U cable, has a double braid: an inner one 
of silver-clad copper and an outer one of copper with a noncontaminat-
ing vinyl jacket. In order to achieve the desired attenuation, a high-
resistance No. 16 AWG Nichrome center wire is used. As most of the 
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F I G . 5-5.—Attenuation of RG-9/U cable vs. wavelength. 

dissipation is in the center conductor, the attenuation in decibels is 
nearly proportional to the square root of the frequency. This cable 
was designed to replace the RG-38/U cable which uses "lossy" rubber 
dielectric with a power factor of about 0.006 as the dissipating element. 
In the RG-38/IJ cable, the attenuation is nearly proportional to fre-

-30 -20 -10 0 +10 +20 +30 +40 +50 
Temperature in 'C 

FIG. 5-0.—Attenuation of KG-21/U cable vs. temperature at 10-cm wavelength. 

quency, and in addition the power factor of the rubber has a high tem
perature coefficient, about 0.008 db/ft per °C. The RG-21/U cable was 
developed to have a low temperature coefficient of attenuation. From 
- 4 0 ° to + 60°C the attenuation at a wavelength of 10 cm has a maximum 
value of 0.84 db/ft at +10°C; and it decreases to 0.82 db/ft at each end 
of the temperature range, a total change of only 2.5 per cent (see Fig. 
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5-6). In the wavelength range from 8.6 to 12.6 cm, the attenuation 
varies from 0.74 to 0.90 db/ft as shown in Fig. 5-7. 

Like the RG-9/U cable, the RG-21/U cable has a very good stability 
of transmission with flexing and temperature cycling, in the region from 

90 9.4 9 . 8 1 0 2 1 0 6 Ho UA i l i 12.2 
Wavelength jn cm 

F I G . 5-7.—Attenuation of RG-21/U cable vs. wavelength (10-cin band). 

8 to 12 cm. However, at wavelengths of 3.53 cm and below, bending 
and flexing cause considerable variation. When a cable carrying r-f 
power at these high frequencies is bent or flexed, the attenuation increases, 
and several minutes are required for the transmission to return to the 
original level. Since most of the 
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-Attenuation of RG-21/U cable vs. 
wavelength (3-cm band). 

loss is in the center conductor, the 
effect of temperature on attenu
ation is less than in the RG-9/U 
cable and is in the opposite direc
tion; that is, the attenuation 
decreases with increasing temper
atures, as does the resistivity of 
Nichrome. Over the range from 
- 4 6 ° to +61°C, the attenuation 
varies from 1.68 to 1.56 db/ft. The variation is illustrated in Fig. 5-9. 
Over the wavelength range from 3.13 to 3.53 cm, the attenuation varies 
from 1.70 to 1.52 db/ft, as shown in Fig. 5-8. 

The RG-5/U cable is the same size as the RG-21/U cable. Instead 
of the Nichrome wire, No. 16 copper wire is used as the center conductor. 
The shield consists of two copper braids, and the jacket is a regular vinyl 
jacket instead of the noncontaminating type. This cable has not had 
as widespread usage for microwaves as the RG-9/U cable since there is 
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little gain in flexibility and the electrical properties are not so good. 
The attenuation of RG-5/U cable at 10 cm is about 0.22 db/ft. It has 
been used principally for a flexible coupling from Sperry Klystrons since 
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the SKL fittings used on these Klystrons will fit the RG-5/U cable but 
not the RG-9/U. These SKL fittings are shown in Figs. 5-37 and 5-38 
at the end of Sec. 5-11. 

6-4. High-power Cables.—For high-power transmission, there are 
two cables that have been most widely used. These are the RG-14/U 

cable, its armored equivalent 
RG-74/U, and the RG-17/U cable 
with its armored e q u i v a l e n t 
RG-18/U. The RG-14/U cable 
has a polyethylene dielectric core 
of 0.375 in. diameter, with a No. 
10 AWG copper wire for the center 
conductor. There are two copper 
braids over the core covered by a 
noncontaminating vinyl jacket. 
The resulting over-all diameter is 
about 0.550 in. The attenuation 
of this cable at 10 cm is 0.14 db/ft. 
Since the diameter is slightly 
larger than that of the RG-9/U 
cable, the series conductor losses 
and therefore the total attenua
tion are somewhat less. 

The RG-17/U cable has a 
polyethylene core which has a 
0.680 in. diameter and contains a 
center conductor of copper rod or 

A single copper shield is braided over the 
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F I G . 5-10.—Average power transmitted 
by cables of various sizes. KG-/U numbers 
on curves refer to Table 5 5 . 

tubing of 0.188 in. diameter. 
core, and a noncontaminating jacket of 0.760 in. diameter is tubed or 
extruded over the braid. The attenuation is 0.096 db/ft at a wavelength 
of 5.00 cm where the cable begins to transmit the Ti?-mode. 
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The power breakdown for the dielectric-filled cables is of two kinds: 
thermal breakdown, and voltage breakdown. Thermal breakdown 
occurs when the dielectric softens because of the heating under high 
average power and allows the center conductor to move with respect to 
the outer conductor. Voltage breakdown occurs when the r-f voltage 
exceeds the dielectric strength of the insulation. Figure 5-10 shows a 
graph giving the average power rating of the cables of various sizes, includ
ing the RG-14/U and RG-17/U cables. These curves are calculated 
on the basis of a center-conductor temperature of 175°F and an ambient 
temperature of 104°F. As the frequency of the r-f current is increased, 
the power rating of the cable is decreased. This is because the amount 
of heat to be dissipated per unit length increases with the attenuation. 

The RG-14/U cable has been tested under pulsed r-f power, at a 
wavelength of 10 cm, with a 1-jusec pulse and a repetition rate of 1000 
pps. True voltage breakdown was not attained in this way, but just 
above a pulse power of 300 kw failures usually occurred in the r-f con
nectors. This cable certainly should not be run at peak powers greater 
than 300 kw at microwave frequencies, although the maximum operating 
voltage as recommended by the Army-Navy R-f Cable Coordinating 
Committee is 5500 volts rms, which corresponds approximately to 500 
kw pulse. This pulse power rating, of course, is limited by the amount of 
average power which the cable will transmit safely. 

The RG-17/U cable was run for an hour at 1.2 Mw pulse power with a 
duty ratio of 1/1000 without any noticeable change. The voltage rating 
on this cable is 11,000 volts rms. 

6-5. Resonances in Coaxial Cables.—Some flexible coaxial cables 
have been found to exhibit bad resonances at certain frequencies. These 
resonances are caused by certain periodic variations in the characteristic 
impedance of the cable which result from the periodic fluctuations of 
the diameter of the dielectric, the centering of the center conductor, or the 
ellipticity of the core. These resonances are characterized by a rapid 
change, with wavelength, in the standing-wave ratio looking into the 
cable and by an increase in the attenuation. They have been observed, 
at the Radiation Laboratory, in the RG-8/U and RG-9/U cables in the 
region of wavelengths from 8 to 10 cm. The standing-wave ratio changed 
from 1.1 to about 2 in voltage and dropped back to 1.1 in about 0.3 
per cent change in wavelength, or in about 10 Mc/sec. At the resonance 
frequency, the transmission decreased by about 20 to 50 per cent of the 
transmission off resonance. In six samples, resonances were found at 
8.4, 9.2, 9.4 cm (see Fig. 5-11). It is apparent that these resonances are 
caused by periodic variations because, if a cable that resonates is cut in 
half, each half will resonate at the same frequency as the original length. 

The Naval Research Laboratory has reported finding resonances in 
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the RG-17/U, the RG-18/U, and the RG-9/U cables in the wavelength 
range from 46 to 22 cm. Nearly all the samples tested exhibited reson
ances with maximum voltage standing-wave ratios varying from 1.4 
to 8. Measurements on the diameters revealed a definite periodicity 
(see Fig. 5-12). Cables in which abrupt changes occurred in the diameter 
showed much higher standing-wave ratios at resonance. One cable 
sample in which the resonance was small did not have very abrupt changes 
in the diameter but had a more gradual periodic variation. From the 
standpoint of transmission-line theory, gradual changes, even if periodic 
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F I G . 5-11.—Resonances in RG-9/U cable. 

would cause little reflection. However, abrupt discontinuities that are 
repeated periodically will add up to a very large mismatch at the input 
end of a long cable at those frequencies for which these abrupt dis
continuities are spaced by an integral number of half cycles. 

The RG-8, 9, 17, 18/U cables are the only cables that have been 
tested for resonances, but it is presumed that, since the extrusion is done 
in a similar way for other types of cables, they too may exhibit resonance 
effects. In very short lengths of cable, the effect of resonance is less 
noticeable; but in long lengths, the standing-wave ratio may become very 
high. As refinements are made in the techniques of manufacture these 
resonances may be eliminated or considerably lessened. 

5-6. Flexibility and Durability of Coaxial Cables.—Tests of the 
flexibility and durability of coaxial cables are inadequate, but some 
results on the RG-14/U cable will give an indication of what may be 
expected of a cable under flexing. Table 5 1 gives the results and a 
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description of tests on three samples of RG-14/U cable flexed at the rate 
of 90 cycles per minute. 

Specification limit -

.665 

Specification limit ■ 

1 2 3 4 5 6 
Distance along cable in feet 

F I G . 5-12.—Periodicity in core diameter of RG-17/U cable. 

T A B L E 5 - 1 . — E F F E C T S OF R E P E A T E D F L E X I N G OF COAXIAL CABLES 

Sample 
No. 

1 

2 

3 

Description 
of tests 

From straight to a 
3^-in. radius 

From straight to a 
5-in. radius 

From straight to 
6-in. radius 

Time 
flexed 

2 hr 

12 hr, 18 mill 

25 hr, 37 min 

Number of 
flexings 

1080 

71,820 

138,330 

Condition after flexing 

Ragged copper braid, broken 
center conductor, dielectric 
and jacket unharmed. 

Inner braid slightly dis
turbed, center conductor 
broken, dielectric and jacket 
unharmed. 

Center conductor broken in 
three places. Braid, dielec
tric, and jacket unharmed . 

These cables are early samples of RG-14/U and contain a center 
conductor of copper-weld wire, which is copper drawn over a steel center 
core. With this construction, the wire is brittle and inclined to break 
from metal fatigue under flexing. The present RG-14/U cable uses solid 
copper wire, and therefore, under the same conditions, will probably 
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last longer than the samples described above. The RG-9/U cable is 
much more flexible than the RG-14/U. A 4-oz force is required to 
bend a straight 1-ft length of RG-9/U cable to a radius of curvature of 
about 8 in., whereas a 10-oz force is required to bend a straight 1-ft 
length of RG-14/U cable to a radius of curvature of about 16 in. In 
permanent installations, the Navy recommends that bends having radii 
of curvature not less than ten times the diameter of the cable be used. 
This certainly ought to be the lowest limit in the radius of curvature of a 
cable under repeated flexing. 
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F I G . 513a.—Type N connectors, UG-21/U, UG-22/U. 
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FIG. 5136.—Type N connectors, UG-21b,'U, UG-22b/U. 

5-7. Connectors for Cables for Low Power.—The connector that is 
used most prevalently on low-power cables is the type X. Cross-sec
tional drawings for two types of N connectors are shown in Figs. 5-13. 
The first type uses a polystyrene bead 0.254 in. long. The second is a. 
modification of the polystyrene connectors and uses Teflon, a material 
with a low dielectric constant, for the insulating bead. In this new 
design, an improvement was made in the technique of coupling the 
braid and jacket to the body of the connector. The original type N 
connector, shown in the drawing on the left side of Fig. 5-13, was some
what unsatisfactory because the cable core worked away from the bead of 
the connector, and the braid was stretched from bending and flexing 
with use. In the new design, shown in the drawing on the right-hand 
side of Fig. 5-13, a rubber washer is compressed by a nut and grips the 
jacket, braid, and cable core to the main body of the connector. In this 
construction, there is less likelihood of the braid stretching to allow 
the dielectric and center conductor to pull away from the connector 
bead. An additional advantage in the new design is the step in the outer 



SEC. 57] CONNECTORS FOR. CABLES FOR LOW POWER 257 

conductor of the plug; this step reduces the mismatch caused by a gap 
between the plug pin and jack center contact. This allows an adjust
ment in the tolerances so that there is always a gap that will prevent the 
spreading of the jack fingers by the shoulder against the plug pin. An 
interim design embodying these mechanical properties, but using poly-
dichlorostyrene dielectric instead of Teflon, has been made. These three 
types are designated in the following way: the original connector has an 
ordinary UG-/U number; the mechanically improved design with the 
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Flo. 5-14.— Theoretical performance of type N connectors. The circles represent the 
improved type with a Teflon bead, the squares the original typo with a polystyrene bead. 

polydichlorostyrene dielectric bead is designated by a UG-A/U number; 
the Teflon-dielectric connectors are designated by a UG-B/U number. 
A complete listing of the connectors designed for each cable is found in 
the table at the end of the section on flexible cables. 

Figure 5-141 shows a graph of the performance of the type X con
nectors with the 0.254-in. polystyrene or polydichlorostyrene beads and 
the modified connectors using Teflon dielectric beads. The dielectric 
constant for Teflon is low (2.1) compared with that for polystyrene 
(2.5(3). This low dielectric constant reduces considerably the maximum 
mismatch that can occur in a pair of connectors because of the shunt 
capacities at the steps that result from the introduction of the beads. 
For (he Teflon connectors at a wavelength of 5 cm, the maximum stand
ing-wave ratio is 1.2 in voltage whereas the ratio for the polystyrene 

' T h e development of Tolloji-dioleol rie eoniioeiorx Has carried out at the Poly
technic Ins t i tu te of Hrooklyn, under contract from OSHI). '['he calculations 
embodied in this figure n ere taken from a progress report of work on this contract . 
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connectors is i.3 at the same wavelength. Most of the improvement in 
match was made in the wavelength range from 3.0 to 3.5 cm. The 
length of the Teflon was made nearly a quarter wavelength at 3.3 cm 
in order to cancel out the shunt capacity of the step in the outer and 
inner conductors which was caused by the introduction of the bead. 
In this way each bead is compensated to be well matched from 3.0 to 
3.5 cm. The two beads are spaced so that the reflections from them 
cancel each other at a wavelength of 9.3 cm. This spacing was made in 
order to have a single connector design that would be good from 8 to 12 
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F I G . 5-15.—Histogram of voltage standing-wave ratios observed on commercial type N 

connectors; (a) is for HG-9/U cable, (b) is for RG-21/U and RG-5/U cables.' 

cm as well as from 3.0 to 3.5 cm in wavelength and that ultimately would 
replace the original polystyrene type of connector. 

The curve in Fig. 5-14 indicates only relatively what may be found 
in actual cables and connectors. The plug-and-jack center contacts 
introduce reflections that are erratic and unpredictable. In the 3-cm 
band, the center contacts alone have been found to produce standing-
wave ratios as high as 1.1 in voltage. For best match, the extreme ends 
of the fingers of the jack center conductor should make contact with the 
plug. Since the characteristic impedance of the cable varies ± 4 per 
cent and may not be uniform along the whole length, the magnitude and 
phase of input impedance of the cable may vary over a considerable 
range. Data on voltage standing-wave ratio have been obtained from 
1775 UG-21/U and UG-22/U connectors attached to RG-9/U cables by 
technicians during the last two and a half years at the Radiation Labora
tory. Seventy-seven per cent of these connectors had a voltage standing-
wave ratio of 1.15 or less around 10-cm wavelength, and 40 per cent had a 
VSWR of 1.10 or less (see Fig. 5-15). The results on the RG-5/U and 
RG-21/U cables were not so good. Only 23 per cent of the connectors 
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had a VSWR of 1.15 or less, and 61 per cent of the connectors had a 
VSWR between 1.16 and 1.25. Since these cables are smaller than the 
RG-9/U, the shunt reactance at the junction between the cable and the 
connector is greater and undoubtedly causes the higher standing-wave 
ratio. 

In the range of wavelengths from 3.1 to 3.5 cm, the UG-21/U and 
UG-22/U connectors on the RG-9/U cable are badly mismatched. Four 
pairs of connectors were tested with the following average results: 

Wavelength 3.1 cm 
VSWR... 1.58 

3.3 cm 
1.32 

3.5 cm 
1.25 

This cable connector has been used at these frequencies but only in 
conjunction with a transition from coaxial line to waveguide, or in some 
r-f component for which the connector mismatch has been compensated 
in the design. Results for the Teflon-dielectric connector in the 3-cm 
wavelength range are somewhat comparable to those for the polystyrene 
connectors for RG-9/U cable at 10 cm. The following are data taken at 
the Polytechnic Institute of Brooklyn. 

TABU; 5-2.—TEFLON CONNECTORS 

Number of pairs 
tested 

14 
12 
5 
6 

Average 

14 
12 
5 

Average 

3 1 rra 

1.12 
1.13 
1.11 
1,07 
1.11 

9 cm 

1.09 
1.13 
1.07 
fib' 

Av erage VSWR 

3 .3 cm 

1.18 
1.13 
1.06 
1.15 
1.10 

_ 
10 cm 

1.10 
1.12 
1.06 
1.10 

3 .5 cm 

1.10 
1.11 
1.08 
1.11 
1.10 

11 cm 

1.13 
1.14 
1.06 
1.12 

Type N Adapters.—Since type X connectors are very widely used, a 
series of adapters has been designed. These include not only couplers 
to the various rigid lines but also such adapters as shunt T's and pres
surizing fittings. In Table 5-3, these adapters are listed, information 
concerning the match at wavelengths of 3.2 and 10 cm being given where 
it is known. Figures 5-16 give cross-sectional sketches of some of these 
adapters. 
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5-8. HN Connectors.—The type HN connectors (UG-59, 60, 61/U) 
have been designed for applications using the RG-8/U cable, which 
require higher voltages than the type X connectors will safely transmit. 
These connectors, which are shown in Figs. 5T7, are designed so that 
the path length in air between the dielectric surfaces is as long as possible. 
This air path is increased by trimming the polyethylene core of the cable 

FIG. 5-16.—TVDC N adapters; (ol UG- I i a . 547.—HN emmpctovs-, (al UG-59A/U, 
30/U; (b) UG-29 U; (c) UG-27A/U, (d) (M UG-OOA/L", (c) UG-61A/U. 
UG-202/U; (e) UG-107/U. 

in the shape of a cone which fits into the polystyrene bead. The tool 
required for this is like a simple hand pencil sharpener and is designated 
by the Army and Navy number AIX-103/U. Also, the bead of the jack 
is cut so that it will fit into the polystyrene bead of the plug. The 
Army-Xavy R-f Cable Coordinating Committee rates this connector for 
4000 volts peak at an altitude of 50,000 ft. 

5-9. High-power Connectors to Rigid Lines.—The Army-Xavy R-f 
Cable Coordinating Committee has designed a field-assembly connector 
for joining the RG-14/U cable to |-in. stub-supported line. In this cable 
connector, designated UG-207/U, the center contact is forced under the 
dielectric for about -j in. and is soldered to the center wire at the end of 
the dielectric. Then the cable core is pushed into the polydichlorostyrene 
bead, the outer diameter of which is such that the characteristic imped-
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ance is 52 ohms (see Fig. 5-18). This feature gives a long path length, 
so that the possibility of breakdown through the air between the cable 
dielectric and the bead is considerably lessened. A butyl-rubber washer 

TABLE 5-3.—TYPE X" ADAPTEHS 

Army-Navy 
number Description 

Figure 
numbc 

Voltage standing-wave 
ratio 

UG-30/U Adaptor from X plug to X plug 
; for pressurizing a unit. 

UG-29/U Adapter from X plug to X" plug, 
not pressurized. 

UG-27/U Right angle, fits between X plug 
and jack. 

UG-27A/U Right angle, fits between X plug 
and jack, better matched than 
IJG-27/U. 

UG-202/U j Right angle from X plug to X 
I plug. 

UG-28/U j Branched T, coupling to X* plugs 
on all arms. 

UG-107/U Branched T, one branch couples 
to plug; other two to jacks. 

516 

510 

516 

516 

5-16 

10 cm 

1.10-1.15 

1.15-1.20 

1.15-1.25 

1.10-1.15 

1.5 

3.2 cm 

1.20-1.30 

5-lOf 1.5 

* Appears as very high reactance since braided section propagates coaxial TK-mode. 
f Same except plug on vertical arm. 

Beads^ 
Center contact Butyl rubber 

/ Solder 

^Oi N---—. I 

l-'io. 5-IS.— UG-207/L" connector. 

is compressed between the two polydichlorostyrene beads in order to 
seal hermetically the line to which the connector is coupled. To reduce 
the possibility of corona in (he air gaps, Dow Corning Ignition Sealing 
Compound is applied liberally to the cable core and center contact 
before inserting them into the bead at assembly. 

One bad feature of this connector is that the center contact is not 
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soldered to the center wire of the cable at the end that is forced under 
the dielectric. Should the diameter of the hole in the center contact 
which fits over the cable center wire be large, and should some dielectric 
be forced into it between the center conductor and the center contact, 
at this point a reentrant section of line would be formed in series with the 
main coaxial line. At microwave frequencies, this section could be an 
appreciable part of a wavelength and might therefore introduce con
siderable reflection. In assembling a connector of this type care must 
be exercised to ensure a good contact at this tip. 

Electrical tests have been made on the UG-207/U connector in which 
290 ft of RG-14/U cable were used as a termination. The following 
results were obtained. 

TABLE 54.—REFLECTION FKO-U THE l'G-207/U CONNECTOR 
Wavelength, Voltage standing-wave 
centimeters ratio 

9.25 1.25 
9.43 1.11 
9.60 1.23 
9.79 1.31 
9.99 1.15 

10.16 1.08 
10.33 1 0 9 
10.48 1.14 

The Radiation Laboratory design of the connector between RG-14/U 
cable and |-in. line, Figs. 5-19, 5-20, utilizes a taper from the size of the 
cable to the outer diameter of the |-in. line. There is a step in the inner 

FIG. 5-19.—Connector for i-in. line to RG-14/U cable. 

conductor to compensate for the change in dielectric from polyethylene 
to air and to maintain constant impedance. The dielectric for the taper 
must be extruded into the connectors, and, if a good bond is made to 
the cable dielectric, the connector will stand nearly as much power as 
the cable. The most frequent incidence of breakdown is across the 
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dielectric face of the junction, between the dielectric and the air line. 
The path across this dielectric face may be made longer by a series of 
circular grooves in the dielectric surface. Two such connectors with 
extruded polyethylene dielectric were tested at a wavelength of 10.4 cm 
with a pulse length of 1.04 jisec and a repetition rate of 500 pps. Break
down across the dielectric face occurred at 575 kw pulse power for one 
connector and 662 kw pulse power for the other. With a safety factor 
of 2, a connector of this type may be rated at 300 kw pulse power, subject 
of course to the average-power limitation. 

The voltage standing-wave ratio that can be expected to be set up 
by a single connector is between 1.1 and 1.2 for wavelengths greater than 

FK; . 5-20.— Modified oomiorror for ,f-in. lino To RG-14 t" rahlo. 

9 cm. Considerable variation is found among connectors. This is 
undoubtedly caused by differences in the characteristic impedance of the 
cable and in the manner in which the dielectric is extruded. 

In the design of connectors for the microwave region, the maintenance 
of constant impedance throughout is not the only requirement for obtain
ing a well-matched connector. At these frequencies, abrupt changes in 
the diameter of the line, which are caused by introducing a bead with a 
fairly large dielectric constant, result in a large capacitive susceptance. 
Such a mismatch may be canceled by another susceptance of the same 
value spaced about a quarter wavelength from the first, as explained in 
the preceding chapters in this book. Another method for eliminating 
this capacitive susceptance is to use a short section of high-impedance 
line at the step, as shown in the sketch in Fig, 5 21. The .explanation of 
this technique follows. If we assume that Z, is terminated in its charac
teristic impedance, the capacitive susceptance introduces a mismatch 
shown on the admittance chart by -1. If we normalize the admittance 
to the characteristic admittance of the high-impedance line Z-<, we move 
our admittance to point P. Next, we transform the admittance P 
through a length 1 of the high-impedance line to point C. Then by 
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normalizing the admittance C to the characteristic admittance of the 
line Z3 we arrive at D, and by adding the capacitive susceptance at this 
step, we obtain a perfect match. A modification of the Radiation 
Laboratory design of the connector between RG-14/U cable and f-in. 
line has been made, using this principle for matching the capacity step 

I'ici. 5 - 2 2 . — U G - 1 5 4 / U pluR. 
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(see Fig. 5-20). The undercuts were introduced to hold the dielectric 
core and center conductor firmly in place. 

The Army-Navy R-f Cable Coordinating Committee has designed 
for the RG-17/U cable a connector, the UG-154/U, which is suitable for 
field assembly and is shown in Fig. 5-22. This connector utilizes the 

Fin. 5-2I!.— UG-2:i7/U adaptor. 

center wire of the cable as the center contact. This center wire fits 
into the center tube of the mating connector and contact is secured by 
slotting and compressing this tube. For low-voltage use (less than 
200 kw pulse power), the cable dielectric is cut off flush as in Fig. 5-22. 
Dow Corning Ignition Sealing Compound is used to fill up the air gaps. 
Couplings to various rigid lines are made by means of adapters; for the 

I 'm. 5-24.—UG-150/U plug. 

g-in. stub line, the adapter is the UG-237/U shown in Fig. 5-23. The 
bead section in this adapter is a quarter wavelength long at about 10 cm; 
its characteristic impedance is 40.2 ohms. Thus the connector acts as a 
matching transformer from the 52-ohm cable to the 40-ohm -J-in. line 
for a wavelength of 10 cm, and the quarter-wavelength spacing helps 
to cancel the shunt capacity caused by the step in the diameter of the 
line. 

For high-voltage use, the RG-17/U cable dielectric is trimmed as 
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shown in Fig. 5-24. This trimming enables the cable dielectric to fit 
into the bead of the connector, and thus to increase the path length for 
the voltage breakdown from the center conductor to the outer conductor. 
Dow Corning Ignition Sealing Compound is used to fill the air gap around 

the center conductor and between 
the dielectric surfaces and to de
crease corona and the possibility of 
breakdown. This connector, if used 
with the UG-155/U connector, Fig. 
5-25, to couple two sections of cable 
together, will withstand nearly as 
much voltage as the cable. 

To increase the length of the air 
,.„ . . . . . , x path across the surface of the dielec-
LG-loo, U adapter. ^ 

trie, the connector may be tapered as 
shown in Fig. 5-26. The characteristic impedance of any cross section in 
this taper may be calculated from the equation 

Z0 = 138 • 
l o g , o ( | ) l o 8 l . ( ^ ) 

k'.V k[}> 
log "©■ (3) 

This equation assumes that the capacity per unit length of a coaxial 
line made up of two dielectrics whose common boundary is the surface of a 
cylinder of diameter d2 (Fig. 5-27) consists of two capacities in series, 

F I G . 5 26.—AN-type adapter from RG-14,. U cable to f-in. rigid line. 

calculated from the two coaxial lines which would be formed if a thin 
metal tube were at this boundary. The inductance per unit length of 
the coaxial line is assumed to be unchanged since the magnetic per
meability of most low-loss dielectrics is nearly the same as that of air. 
If the tapers of the conductors are straight lines, then Eq. (3) may be 
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used to calculate the shape of the dielectric in this section to ensure a 
taper with a gradually changing characteristic impedance. For a 
taper longer than a half wavelength, however, straight tapers of both 
conductors and dielectric will give a fairly good match since the change 
in the characteristic impedance will be gradual. 

6-10. Polyglas Connectors.—In certain applications where a con
nector must maintain the pressure in the air-filled line to which it is 
coupled, it is possible to obtain 
a seal by means of an extruded 
polyglas bead in the connector. 
P o l y g l a s has the property of 
adhering to the metal of the 
center and outer conductors and 
thus of securing a seal. It has, 
further, a coefficient of expansion 
equal to that of brass; this enables 
the connector to seal the line 
hermetically over a range of tem
peratures greater than would be obtained with the use of a butyl-rubber 
washer squeezed between two polydichlorostyrene beads. The dielectric 
constant of polyglas D, the material which is most satisfactory at present. 

Fio. 5-27.- -Coaxial line with two dielectric 
layers. 

Fio. 5-29.—Adapter from HN connecto 

is rather high: 3.22, as compared with 2.25 and 2.56 for polyethylene and 
polydichlorostyrene, respectively. This high dielectric constant makes 
it necessary to introduce a large step in the conductors, and therefore 
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causes high eapacitive mismatches at the steps. The mismatch may be 
lessened if the conductors are stepped in opposite directions from those of 
the conductors of the connecting line; that is, if the center-conductor 
diameter is decreased while the outer conductor is increased in diameter. 

80 
60 

40 

20 

10.0 

\ 

FIG. 530.—Adapter from UG-154/U connector to 1 f-in. line. 

By using the formulas from Sec. 4-6, which give the capacity of a step 
in terms of the dimensions of the line, the length of the bead may be 
selected so that a matched connector can be obtained. Figures 5-28 

through 5-30 show several such con
nectors designed to fit various lines 
and fittings. These connectors are 
matched at a wavelength of 30 cm. 

The adapter shown in Fig. 5-28 
shows the insertion of a polyethyl
ene bead into the polyglas. In this 
way a more elastic dielectric is used 
over the fingers of the slotted center 
conductors of the adapter so that 
these fingers will be able to expand 
when the plug center contact is 
forced into them. The character
istic impedance of this two-dielec
tric section may be calculated on 
the basis of Eq. (3). The termina
tion of the Radiation Laboratory 
prevented the completion of tests 
on this sort of adapter. It is not 
known how satisfactory it might be 
to manufacture. Other polyglas 
materials that have similar proper
ties, but with a lower dielectric 

constant, are being developed. 
5-11. Summary.—In the preceding sections of this chapter a some

what detailed but not exhaustive description of a few of the most widely 
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TABLE 5-5.—ARMY-NAVY STANDARD LIST OF R-F CABLES 
15 October 1944 

ClaSS Of ': 
c a b l e s 

S ingh 1 

b r a i d ^ 

D o u b l e 
b r a i d 

A r m v -
N a v y 

R G - 5 8 / U 

nc-8/u 
RG-10/U 

lK'.-17/l" 

RG-18/U 

RG-19/L" 

RG-20/U 

iui-.-..->/i; 

K G - . - . / C 

R G - 9 / U * 

R ( i - i i / r 

UG-74/U 

Inner 
conductor 

20 AVVf! 
Copper 

7/21 AWG 
Copper 

7/21 AWG 
Copper 

0. 188 
Copper 

0 188 
Copper 

0.2.">() 
Copper 

0 250 
Copper 

20 AWG 
Copper 

in AWG 
Copper 

7/21AWG 
Silvered 
Copper 

10 AWG 
Copper 

10 AWG 
Copper 

Nominal 
liamctei 

of dielee 
trie, in. 

0.110 

0 28.") 

0 28.3 

0.080 

0.680 

0.910 

0.910 

0. 11C 

0. 18.") 

0.280 

0 .370 

0 . 3 7 0 

Shielding 
braid 

Tinned copper 

Copper 

Copper 

Copper 

Copper 

Copper 

Copper 

Tinned copper 

Copper 

Inner, silver-
coated copper 
outer, copper 

C -r 

Copper 

Protective 

Vinyl 

Vinyl 

Vinyl (noncon-
taminating) and 
armor 

vinyl (noncon-
t.aminating) 

Vinyl (noncon-
tamiuit ing) and 
.incur 

Vinyl (noneon-
taniinaliinr) 

Vinyl (nnncon-
taminating) and 
armor 

Polyethylene 

Vinyl 

Vinvl (noncon 
laminating) 

Vinvl (noncon 
taininating) 

Vin\I (noncon 
taminatinK) and 

Nominal 
over-all 
diani., 

in . 

0 195 

0.403 

(Max.) 
0 475 

0 870 

(Max.) 
0.945 

1 120 

(Max.) 
1. 195 

(M;,x.) 
0 20fi 
0 332 

0 420 

0.545 

0.61.5 

Weight, 
lb/ft 

0.025 

0.106 

0.146 

0.460 

0.585 

0.740 

0.925 

0.034 

0.087 

0. 150 

0.216 

0.310 

Nominal 
imped
ance, 
ohms 

53 .5 

52.0 

52.0 

52.0 

52,0 

52.0 

52.0 

53. 5 

53 . 5 

51.0 

52 .0 

52.0 

Nominal 
capaci
tance, 
wf / f t 

28 .5 

29.5 

29.5 

27. 5 

29 5 

29.5 

29.5 

28 5 

28 5 
30.0 

29. 5 

29 . 5 

Max. 
operating 
voltage, 
volts rms 

1900 

4 0 0 

4000 

11,000 

11,000 

14,000 

14,000 

1900 

2000 
4000 

5500 

5500 

General-purpose, small-size flexi
ble cable 

General-purpose, medium-size, 
flexible cable 

Same as RG-8 /U armored for 
Naval equipment 

Large, high-power, low-attenua
tion, transmission cable 

Sirne as RG-17/U armored for 
Naval equipment 

Very large, high-power, low-at
tenuation, transmission cable 

Sime as RG-19/U armored for 
Naval equipment 

Small-size, flexible cable 

Small microwave cable 
Medium-size, low-level circuil 

cable 

General-pur pose, semiflexible 
power-transmission cable 

Same as RG-14/U armored for 
Naval equipment 

I-9A/U is identical with RG-9/U except that the inner braid is woven with a shorter lay. This should result in a greater stability under flexing 



270 FLEXIBLE COUPLING UNITS AND LINES 

TABLE 5-6.—R-r CABLE CONNECTORS 

[SEC. 511 

Cable 
No. 

RG-58/U 1 
RG-58A/UJ 

RG-5/U 1 
RG-21/U J 

RG-8.9/U] 
RG-9A/U [ 
RG-10/U J 

RG-14/U ) 
RG-72/U \ 
RG-74/U J 

RG-17/IJ I 
RG-18/U ) 

* Not weatl 
t Couples t< 

f-in. stub-line 
coupling 

Type N 
(polystyrene 
equivalent) 

""UG-188/Uplug 
Fig. 5 32 

i 

Similar to Fig. 
5-19 

Type N modified 
(Teflon 

dielectric) 

UG-18/U plug UG-18B/U plug 
UG-18A/Uplug | UG-19B/L* panel 
VJG-19/U panel i jack Fig. 5-13 

UG-19A/U pan
el jack 

Ug-20/U jack 
UG-20A/U jack 
Fig. 5 13 

UG-21/Cplug 
UG-21A/Uplug 
UG-22/U panel 
jack 

UG-22A/U pan
el jack 

UG-23/U jack 
UG-23A/Ujack 

Fig. 5-13 

l'G-207/U field i UG-204/U plug 
assembly Fig. Fig. 5-33 
5-18 

Fig. 519 j 

tUG-237/U Fig.; UG-167/U plug 

UG-20B/U jack 

UG-21B/U plug 
UG-22B/U pan
el jack 

UG-23B/U jack 
Fig. 513 

5-23 Fig. 5-34 
j 

Had. Lah. De
sign Fig. 5-26 

Other 
couplings 

BXC connectors 
UG-88/U plug 
Fig. 5-35 

UG-89/U jack 
Fig. 5-36 

UG-90/U panel 
jack 

(VSWR < 1.16 
for wave-lengths 

< 7.5 cm) 

*SKL fittings— 
Fig. 5-37 UG-
275/U straight 

UG-276/U right 
angle (not con
stant imped
ance) Fig. 5-38 

HJS" connectors 
Fig. 517 

UG-59/U plug 
Fig. 517 

UG-60/U jack 
Fig. 5-17 

UG-61/U jack 
Fig. 5-17 

LX connectors 
Figs. 5.39, 5-40 

UG-100/U plug 
UG-101/U panel 
jack 

UG-279/U jack 

UG-192/U cou
ples to lf--in. 
line. Fig. 5-41 

lerproof. 
UG-154/U. 
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used cables, connectors, and adapters has been given. The various types 
of connectors which have been discussed in detail were chosen not only 
on the basis of their general use but also to suggest to the reader various 
ways in which other connectors for new cables and lines for microwave 
frequencies may be designed. In order to give a more comprehensive list 

F I G . 5-32.—UG-188/U plug. 

F I G . 5-33.—UG-204/U plug. 

F I G . 5-36.—UG-89/U jack. 
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F I G . 5-37.—UG-275/U Klystron con- l i u . 5-38—UG-276/U Klystron 
nector. right-angle connector. 

F I G . 5-39.—UG-100/U plug. 

F I G . 5-41.—UG-192/U adapter. 
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of the cables and connectors, Table 5-5 has been prepared. The physical 
and electrical properties of all the 52-ohm cables on the standard list of 
cables published by the AXRFCCC are given in this table. Figure 
5-31 shows the variation of attenuation with frequency for these cables. 
The corresponding connectors and adapters which are designed to be used 
with them are shown in Table 5-0 and various figures illustrate these 
connectors. Included also is a list, Table 5-7, of various adapters used to 
couple one connector to another. These adapters are not necessarily 
matched at microwave frequencies and therefore are recommended only 
where a good match is not needed. 

T A B L E 5 - 7 . — P A R T I A L L I S T OF ADAPTORS FOR COAXIAL CONNKCTORS 
N u m b e r Description 

U G - 9 7 / U Right angle: fits between LX plug and jack. 
UG-108/U Fi ts between LN and X plugs. 
UG-109/U Adapts from L N plug to LX plug. 
UG-110 /X Adapts from type X jack to SKL male fitting. 
UG-131/U Adapts from type N plug to female SKL fitting. 
UG-201/U Adapts from type X jack to B X C plug. 
UG-212/U Right angle: fits between H N plug and jack. 
UG-213 /U Adapts from type X plug to L X jack. 
UG-217/U Adapts from L N plug to UG-154 /U connector 
UG-252/U Adapts from TJG-215/U connector to L X plug. 
UG-274 /U T containing one male B N C connector and two female R N C ends. 
UG-306/U Right-angle adapter ; fits between B N C plug and jack. 

WAVEGUIDE UNITS 

By F. T. WORRELL 

Flexible waveguide units can be divided into two main classes: 
nonresonant and resonant. The first includes varieties which are essen
tially continuous waveguides made of some special flexible conductor; 
the second includes varieties which consist of a flexible choke-to-flange 
junction, or a number of flexible choke junctions in cascade. 

Before discussing these flexible waveguides in detail, the various 
applications in which a flexible waveguide may be used should be con
sidered. These are listed below. 

1. General Service Unit. This unit is used for connecting two pieces 
of equipment, or for connecting test equipment to a system, and 
for any sort of "patch cord" service. This application generally 
requires long sections of flexible waveguide. 

2. Alignment Section. This is a section, generally short, which is 
used to connect two rigidly mounted units that are expected to be 
misaligned, relative to the nominal alignment, by an amount 
sufficient to prohibit the use of a piece of rigid waveguide. 
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3. Vibration Section. This section can be used to connect two pieces 
of equipment that vibrate with respect to each other. 

4. Flexure Section. One of these sections can be flexed continually 
through fairly large amplitudes at a relatively slow rate, that is, 
slow compared with variation rates. 

5. Flexible Waveguide for Emergency Repair. This flexible waveguide 
may be used to replace damaged sections of rigid waveguide for 
temporary service until more permanent repairs can be made. An 
emergency-repair waveguide must be of such a design that it can 
be cut to arbitrary lengths. 

In general, no given kind of waveguide will fall into only one of the 
classes listed above, but will have properties putting it in several of the 
classes. The combination of properties needed for a given application 
will determine the type of waveguide to be selected. 

NONRESONANT FLEXIBLE WAVEGUIDE 

The flexible waveguides that come under this heading are wound 
metal hose, Titeflex, seamless corrugated waveguide, plastic and plastic-
filled waveguides, and wire-screen waveguides. 

6-12. Wound Metal Hose.—At Radiation Laboratory the first piece 
of flexible waveguide was -made by forcing a piece of breeze cable, which 

FIG. 5-42.—Wound-metal-hose waveguide. 

is similar to ordinary BX armor, into approximately the cross section of 
the rigid waveguide with which it was to be used. I t was, of course; 
lossy (about 1.5 db/m) but showed enough promise to warrant develop
ment of a more elegant version. This version is the wound-metal-hose 
flexible waveguide. 

The construction of wound-metal-hose1 waveguide is illustrated in Fig. 
5-42. The waveguide is formed by winding a narrow strip of silver-clad 
brass in a spiral on a rectangular form and crimping the edges of the strip 

1 Manufactured by American Metal Hose Branch, American Bri"«# O . , Water-
bury, Conn. 
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as it is wound so that the adjacent turns are linked together. Since the 
crimping is quite tight, there is good electrical contact between the 
turns. When the waveguide is flexed, the successive convolutions in 
the winding slide over one another without breaking the contact. It is 
evident that such waveguides can be supplied in rather long pieces; these 
pieces can be cut to the desired length, and connectors can be soldered to 
them. The sizes in which wound-metal-hose waveguides are made are 
listed in Table 5-8. 

Wave
length 
region, 

cm 

1 

3 

3 

5 

6.5 
6.5 

10 

10 

30 

TABLE 

Type 
No. 

CG-162/U 

CG-179/U 

CG-165/U 

CG-167/U 

CG-169/U 

5-8.—SIZES OF 

Inside dimen
sions,* in. 

0.170 X 0.420 

0.400 X 0.925 

0.497 X 1.122 

1 X U 
2 X M 
I X 11 
8 X 1^2~ 

1.338 X 2.838 

1 X 2-2 

3i X &i 

WoUN'D-METAL-HOSE WAVEGUIDE 

Mating rigid 
waveguide 

OD, in. 

i X 2 

i X 1 

! x u-
2 x U 

7 
1 X 2 

? 
U X 3 

.473 X 2.848 
( | X 2 | ID .049 
wall) 

3.41 X 6.66 (32 
X 6i ID 0.080 

wall) 

Mating rigid 
waveguide,! 

type No. 

RG-53/U, 
RG-66/U 

RG-52/U, 
RG-67/U 

RG-51/U, 
RG-68/U 

RG-50/TJ 

RG-49/U 

RG-48/U, 
RG-75/U 

RG-69/U 

Rubber-
covered 

assembly, 
type No. 

CG-163/U 

CG-164/U 

CG-165/U 

t 

CG-168/U 
t 

CG-170/U 

* Ail sizes have a radius on the coiners of the order of 5 in. Exact values are not quoted here. 
t When two numbers are listed, tin: first is the more commonly used (brass) waveguide, the second 

the less common (aluminum) waveguide. Exception: RG-06/U is silver. 
X Rubber-covered assemblies have been made in these sizes, but no type numbers have been assigned. 

This type of waveguide is suitable for essentially the same fre
quency range as is the corresponding rigid waveguide. Since the 
irregularities in the inner wall of the waveguide are small and frequently 
spaced, and since the contact loss in the windings is small, the mismatch 
introduced by the flexible waveguide is mainly that caused by the dis
continuity at the connection between the rigid and the flexible wave
guides. Such a discontinuity does exist, since the corners of the flexible 
sections must be rounded. The effect of this discontinuity can be 
minimized by making the nominal inside dimensions of the flexible 
waveguide different from those of the rigid waveguide. To date only 



276 FLEXIBLE COUPLING UNITS AND LINES [SEC. 5-12 

the dimensions of the CG-179/U waveguide have been changed in this 
way. Flexible waveguides for the longer wavelengths are not badly 
enough mismatched by this discontinuity to warrant making a change 
in the cross section. The smaller CG-162/U waveguide needs a con
siderable change in cross section. 

A certain amount of mismatch may be introduced at the point where 
the metal hose is soldered to the connector. This mismatch is random 
in character and can be detected by standing-wave measurements. I t 
should be noted here that the effect of any changes in design of this wave
guide can be found only by testing many samples and making a statistical 
analysis since the scattering in impedance among the various samples is 
appreciable. 

Metal hose that has no covering material is fairly flexible. Samples 
of various sizes have been tested, at the American Brass Company, for 
minimum bending radius by bending them over uniform drums of differ
ent radii. Recommended minimum radii for bending in the E- and 
H-planes are listed in Table 5-9. If the waveguide is bent to a smaller 
radius, the loss will increase. The waveguide is wound to such a tightness 
that when the recommended minimum radius has been reached, the 
difficulty of further bending of the waveguide makes this fact apparent. 

TABLE 5-9.—MINIMUM BENDING RADII OF METAL-HOSE WAVEGUIDES 

Inside dimensions, 
in. 

0.170 X 0.420 
0.400 X 0.925 
0.500 X 1.125 
! x i | 
i x n 
7 V P I 
8 /*■- ■L32 
1.338 X 2.838 

Minim im bending 
£-plane 

20 
9 
9 

10 
20 
20 
24 

radius, .H-plane, 
in. 

18 
18 
20 
30 
30 
36 

The large bending radius specified for the 0.170- by 0.420-in. size 
should be noted. It has been found that any bending sharper than that 
specified causes considerable distortion of the cross section of the wave
guide and a large increase in the loss. 

Standing-wave-ratio specifications for the different sizes vary but, 
in general, one can expect that the voltage standing-wave ratio will be 
between 1.00 and 1.05 per end for any size the design of which has passed 
beyond the experimental stage. This means that a given length of 
waveguide may have an over-all voltage standing-wave ratio between 
1.00 and 1.10, depending on the reflection from each end and on the 
electrical length of the line. In a long line the loss may be large enough 
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to affect the over-all standing-wave ratio. Further properties will be 
discussed in the section on the rubber-covered version, which in general 
has the same electrical characteristics. 

The uncovered wound-metal-hose waveguide has several disadvan
tages. It deteriorates fairly rapidly with use since the flexing, by 
tending to open the convolutions, makes the contacts poorer and the 
waveguide more lossy and allows sparking between the convolutions. 
If exposed to salt spray, or even to ordinary atmospheric corrosion, this 
waveguide deteriorates because it is unprotected on the outside. Since 
it is not jacketed, it cannot be used in a pressurized system. However, 
it is useful in laboratory systems where there is no appreciable trouble 
with atmospheric corrosion, and in hastily assembled equipment where 
the extra losses are not important. Its chief importance in complete 
systems is for emergency patching of a damaged piece of rigid waveguide. 
In such a case the damaged section can be removed, and a piece of the 
flexible waveguide, cut to the proper length, can be soldered in place as a 
temporary expedient. 

6-13. Wound Metal Hose, Rubber-covered.—This construction is a 
refinement of that described in the previous section. The flexible section 
has connectors soldered to each end and a rubber jacket molded around 
the entire unit. The sizes of waveguide for which a rubber-covered 
version has been made are listed in Table 5-8. A typical CG-164/U 
assembly is shown in Fig. 5-43. Because of the construction, units of 
this kind are supplied only in standard lengths. At present, it is made 
in lengths up to 48 in., in 6-in. steps, and also in GO- and 72-in. lengths. 
Although any type of connector may be used on this waveguide, the 
standard assembly is fitted on each end with a flange, mating with the 
standard rigid-line choke coupling. The exception is the CG-163/II 
waveguide, which has a choke at one end and a flange at tile other, mating 
with the UG-116/U and the UG-117/U connectors, respectively. The 
rubber jacket makes the waveguide inherently less flexible, but since it 
prevents the convolutions from opening, the functional life of the wave
guide is much longer. The jacket seals the waveguide so that it may be 
used in a pressurized system and affords protection against corrosion. 

Power-breakdown troubles may be of two kinds: arcing across the 
waveguide in the direction of the ^-vector, and arcing in the convolu
tions. Iso breakdown across the waveguide was observed, when the 
following powers were applied to the various sizes of waveguide: 
CG-170/U waveguide at a wavelength of 10.3 cm, 800 kw; CG-164/U 
at 3.2 cm, 200 kw; CG-1G3/U at 1.25 cm, 150 kw. The determination 
of the power level at which arcing occurs in the convolutions is difficult, 
for considerable arcing may occur without being visible to an observer 
looking down the inside of the waveguide. I t is possible to detect such 
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arcing by measuring the loss in a piece of waveguide under high-power 
conditions and comparing this loss with that which is measured at low 
powers. This has been done on an 8-ft section of CG-164/U at 3.2 cm 
for powers ranging from 50 to 200 kw. The power loss was, within 
experimental error, constant over this range, a fact which leads to the 
belief that no appreciable sparking occurs up to 200 kw. 

F I G . 5-43.—Rubber-covered wound-metal-hose assembly. 

Waveguide of this type is moderately flexible. Permissible distor
tions of various sizes are listed in Table 5-10. These figures are obviously 
TABLE 5 1 0 . — F L E X I B I L I T Y OF V A R I O U S R U B B E R - C O V E R E D M E T A L - H O S E W A V E G U I D E S 

Type 
No. 

CG-170/U 
CG-166/U 
CG-164/U 
CG-163/U 

Allowable E-h 
radius, in. 

45 
8 
8 
6 

^nd Length 
90° 

required for 
twist, 

24 
18 
9 

in . 

only approximate. The variation in flexibility with dimensions of the 
waveguide does not appear, from the table, to be as smooth as one would 
expect. The units are "preflexed" in the factory before being tested. 
It should be noted that these figures are, in general, smaller than those 
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for the uncovered waveguides (Table 5-9). At first glance this seems 
inconsistent since the rubber jacket tends to stiffen the waveguide. How
ever, it has been found that, even though the covered waveguides are 
inherently stiffer than the uncovered ones, the former can be flexed 
until they are more pliable than the latter without deterioration of 
electrical properties. This apparently is because the rubber jacket holds 
the convolutions in place and keeps the contacts good. In the case of 
the smallest size, the rubber also holds the cross section uniform. 

No figures have been given for //-plane bending because the flexibility 
of the waveguide in the //-plane is so small that it is almost impossible 
to distort the guide without breaking it. An E'-plane bend and a 90° 
twist should be used instead of an //-plane bend. 

Vibration-table tests indicate that rubber-covered metal hose is satisfac
tory for vibration service. Data have been accumulated at the American 
Brass Company on the life expectancy of units of types CG-10(i/U and 
CG-164/U. A number of assemblies, each 12 in. long, of both types, 
were mounted in a machine that displaced one end of the assembly by 
IT in. on either side of the neutral postion, in the Zi-plane, at a rate of 
1400 cycles per minute. Under these conditions almost all the samples 
lasted at least one million cycles, and about 25 per cent of them lasted 
more than ten million cycles; two were still good after 00 million cycles. 
Some caution must be used in interpreting these data since it is suspected 
that the vibration table may not have given the simple type of motion 
described above but may have put addit onal stresses on the waveguide 
which would tend to shorten its life. However, the tests did show 
improvement in both strength and flexibility over an earlier model 
tested in the same way. 

Flexure tests have been run at the American Brass Company on 
the CG-166/C' unit. Six 12-in. samples have been flexed in the /(.'-plane, 
10° on either side of the neutral position in a continuous arc at a rate of 
20 cycles per minute. All but one, which broke early in the test, were 
flexed 3.5 to 4.0 million cycles before breaking. In both the vibration 
and flexing tests, loss and standing-wave measurements were made at 
frequent intervals. In general, during the test the samples showed no 
marked change in either loss or standing-wave ratio until they were 
actually broken. 

The effect of temperature on the rubber jacket is not definitely known; 
however, jackets occasionally crack when flexed at extremely low tem
peratures. This type of waveguide has proved satisfactory in general 
and is particularly suitable for vibration and flexure service. 

5-14. Titeflex.—The construction of Titeflex1 is shown in Fig. 5-44. 
Like the metal-hose waveguide, it is made by winding a narrow metal 
strip spirally on a rectangular form. In this case, however, the strip is 

1 It, w\ll be seen tha t this type is ulsu a wound metal hose. To distinguish it from 



280 FLEXIBLE COUPLING UNITS AND LINES [SEC. 5-14 

considerably thinner, and the adjacent turns are crimped only a small 
amount over each other. The crimped edges are soft-soldered after 

FIG. 544.—Titeflex waveguide. 

the winding is finished. Thus, when the waveguide is flexed, there is no 
sliding of adjacent convolutions over each other, but rather a flexing of 
each convolution. The sizes in which Titeflex is made are listed in Table 
5-11. 

TABLE 511.—SIZES OF TITEFLEX 

Wave
length 
region, 

cm 

1 

3 

3 

5 
6. 

10 

10 

Type 
No. 

Inside , Mating rigid 
dimensions,* waveguide 

in. OD, in. 

CG-162/U 0.170 X 0.420 J X i 

CG-179/U 'o.400 X 0.900 i X 1 

CG-165/U 0 .497X1.122 | X l | 

I x is i x ii 
CG-167/T 1- X 1J 1 X 2 
CG-169/U 1.338 X 2.838 1J X 3 

I X 2 f .473 X 2.848 
(f X 2J ID, 
.049-in. wall) 

Mating rigid 
waveguide, f 

type No. 

RG-53/U, 
RG-66/U 

RG-52/U, 
KG-67/U 

RG-51/T, 
RG-68/U 

RG-50/U 
RG-49/U 
RG-48/U, 

RG-75/U 

Rubber-
covered 

assembly, 
type No. 

CG 

CG 

CG 

CG 

-162A/U 

-179A/U 

-165A/U 

-169A/U 

* All sizes have a radius on the corners of the order of \ in. E-vact values are not quoted here. 
t When two numbers are listed, the first is the more commonly used (brass) waveguide, the second 

the less common (aluminum) waveguide. Exception: RG-G6/U is silver. 

Compared with the metal hose, Titeflex is considerably more flexible 
in some respects, less in others. Being made of a thinner strip, it can be 
bent to a small radius. It breaks, however, if flexed repeatedly after 

other types, this is referred to by its convenient trade name. Titeflex is manufac
tured by Titeflex, Inc., 500 Frelinghuysen Avenue, Newark, N. J. 
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bending to the limiting radius, because large localized deformations then 
occur. Its great flexibility for a single bending makes Titeflex useful for 
alignment sections. It can be said, in general, that Titeflex is more 
flexible but more fragile than its metal-hose counterpart. It differs 
further from the metal hose in that its construction allows the waveguide 
to stretch or compress slightly; however, it cannot twist. Furthermore, 
it is airtight and can therefore be used in a pressurized system without 
need for a rubber jacket. Only one difficulty arises here; namely, that the 
waveguide will tend to stretch slightly when in a pressurized system. 
This stretching is noticeable only in the larger sizes, and can be made 
negligible in many cases by having the rigid r-f components associated 
with the flexible waveguide mounted strongly enough to take the stress. 
Like the metal hose, Titeflex is available in long sections and can be used 
for repairing damaged rigid waveguide. It is more likely to be damaged 
in use than the metal hose is, but it is less subject to deterioration from 
atmospheric corrosion. 

No systematic program of testing has been undertaken, but a number 
of miscellaneous tests have been made to determine the flexibility of this 
type of waveguide. Some 24-in. samples of uncovered Titeflex in the 
1.340- by 2.840-in. size have been tested to find the effect of distortions 
on the standing-wave ratio. The test samples were distorted, without 
any mechanical troubles or appreciable changes in the standing-wave 
ratio, by these amounts: 90° //-bend, 120° /?-bend, 5-in. //-plane shear, 9-in. 
Z?-plane shear, 1-in. stretch, and i-in. compression. The waveguides 
tended to take a set at the extreme values of distortion listed; therefore, 
such distortions could not be recommended for flexing service. 

5-15. Titeflex, Rubber-covered.—Titeflex of this type is made in 
standard lengths with connectors soldered to the ends. A rubber jacket 
is molded around the outside of each unit. The jacket has the effect 
of stiffening the waveguide somewhat and making it considerably more 
sturdy. The standard lengths available and the specifications on their 
electrical properties are the same as those for the rubber-covered metal 
hose. 

The only life-test data available are those made on a few samples of 
CG-KUA/U waveguide, 12 in. long. These samples were run through a 
flexing test in which they were flexed 15° each side of the neutral position. 
The test was discontinued after a half-million cycles, at which time all 
the samples were still good. 

The power-handling capacity of Titeflex has not been measured 
systematically. It is believed that this guide can handle at least those 
powei's at which the metal hose has been tested (see Sec. 5-13). Its 
breakdown power may be lower than that of the metal hose because the 
ridges in the wall of the waveguide are higher and narrower. 



282 FLEXIBLE COUPLING UNITS AND LINES [SEC. 5-16 

- 5-16. Seamless Corrugated Waveguide.—The construction of seam
less corrugated waveguide1 is shown in Fig. 5-45. Like the common 
circular bellows or Sylphon bellows, this waveguide is made from thin-
walled rectangular tubing that has corrugations formed in its walls. 

The design problems here are not so straightforward as in the previ
ously mentioned types. In the original design the inside dimensions 
of the flexible section were made equal to those of the rigid waveguide, 

FIG. 5-45.—Seamless corrugated waveguide. 

the impedance of which it was supposed to match. The depth of the 
corrugations was made small compared with the wavelength in the hope 
that the discontinuities introduced would be small, and yet large enough 
to provide a reasonable flexibility. Also, the corners of the waveguide 
had to be rounded to ensure flexibility. The units made according to 
this design do not match the rigid waveguide in impedance. Theoretical 
analyses2 have been made of waveguide with corrugations in one or both 
of the broad faces. The analyses show that these waveguides transmit 
electromagnetic radiation in modes that do not have the same geometry 
as those in the smooth-walled rectangular waveguide. No analysis has 
been made of waveguides with corrugations in all four walls, but it seems 
logical to assume that the same theory of transmission is true in these 

1 Manufactured by American Metal Hose Branch, American Brass Co., Water-
bury, Conn. 

2 C. C. Cutler, "Electromagnetic Waves Guided by Corrugated Conducting 
Surfaces," BTL Report No. MM-44-160-218, Oct. 25, 1944; H. Goldstein, "The 
Theory of Corrugated Transmission Lines and Waveguides," RL Report No. 494, 
Apr. 6, 1944. 
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waveguides. Therefore, one would expect that a smooth-walled rec
tangular waveguide and a corrugated waveguide of the same inner 
dimensions would not have the same impedance. As a matter of fact, 
experimental data indicate that the corrugated waveguide has the same 
impedance as a smooth rectangular waveguide the inside dimensions of 
which are approximately the mean of the inner dimensions of the cor
rugated waveguide and the dimensions at the bottom of the corrugations. 

rlO convolutions per inch Mates with UG-40/u 

r D uv 

iruui 

-1.050-

...J 

Nominal 
Material-0.007"copper 

l i e . 5-4G.—Seamless-corrugated-waveguidc assembly for connecting two pieces of UG-52/U 
waveguide. 

At the time of writing, waveguide of this type is available in two 
sizes: 0.400 by 0.940 in. ID, -g-in.-radius corners, corrugations 0.100 in. 
deep, to be used with RG-52/U waveguide (0.400 by 0.900 in. ID) ; and 
0.500 by 1.125 in. ID, -j-in.-radius corners, corrugations 0.100 in. deep, 
to be used with RG-51/U waveguide. It can be seen from the previous 
remarks that these waveguides will not match the rigid waveguides 
with which they are used. As a matter of fact, the voltage standing-
wave ratio, observed when one looks from a piece of UG-52/U waveguide 
into the smaller of the above-mentioned sizes of corrugated waveguide 
terminated at the far end, is about 1.10 to 1.15. The conclusion stated 
in the previous paragraph would indicate that the proper inside dimen
sions of the two guides, each having corrugations 0.100 in. deep, would 
be 0.300 by 0.800 in. and 0.400 by 1.025 in., respectively. In early 
developmental work, there was no time to perfect the design of this 
waveguide; consequently, until the proper dimensions could be found, 
a makeshift had to be constructed for the small size since usable 
units were urgently required. The small size was needed for two appli-
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cations; namely, as an alignment section between two sections of RG-
52/U waveguide and as an alignment section between a piece of RG-51/U 
waveguide and a piece of RG-52/U waveguide. In each case an optimum 

32 Nominal 
Material - 0.007" copper 

J'iG. 5*47.—Seamless-corrugated-waveguide assembly for connecting KG-51/U to HC1-52/U 
waveguide. 

1'lG. 5-48.—Finished assemblies of seamless-corrugated-waveguide connectors. 

length was determined experimentally, so that the flexible unit was well 
matched over the wavelength band from 3.1 to 3.5 cm. Drawings of 
these two units are shown in Figs. 5-4(1 and 5-47. Finished assemblies are 
shown in Fig. 5-48. 

This type of waveguide is about the most flexible that is available; 
it lacks only the ability to twist. Its flexibility is approximately the 
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same as t h a t of uncovered Titeflex, b u t it ra tes higher in compression and 
extension. T h e small size can be ben t on a f-in. radius in t h e i?-plane, 
or on a 1^-in. radius in the //-plane, or stretched or compressed 10 per 
cent, without appreciably changing the standing-wave ratio. A unit 
with ten corrugations can be sheared -| in. in the //-plane and -j- in. in 
the Z?-plane without changing the standing-wave ratio. 

One assembly in this same size with nine corrugations has been 
tested at a wavelength of 3.2 cm at a power of 250 kw, pulse length of 
0.8 Msec, 1300 pps. No breakdown occurred for the following distortions: 
30° //-bend, 45° .E-bend, |-in. stretch, and |-in. compression. Appar
ently the distortion is limited by the standing-wave ratio and by the 
mechanical limitations of the waveguide. 

Corrugated waveguide is airtight, but it cannot be pressurized, 
except within certain limitations. A 3-cm small waveguide assembly 
was tested at 20 lb/in2, and was found to stretch 15 per cent. It did 
not bulge radially at pressures up to 30 lb/in2. Therefore, a guide of 
this size can be used in a pressurized system at a pressure of 20 lb/in-' 
if the rigid waveguide sections to which the flexible section is connected 
can stand a stress of about 10 to 12 lb. 

At present, the corrugated waveguide is made of soft annealed 
copper to give it maximum flexibility as an alignment section. There
fore, it is not suitable for repeated flexing or for vibration service. By 
the use of different materials, units satisfactory for such service may be 
developed eventually, but since rubber-covered Titeflex is already 
available for these uses, there is no urgent need for such development. 

6-17. Plastic and Plastic-filled Waveguides.—It is well known that 
light can be conducted down a dielectric rod without appreciable loss 
of light through the walls, even if there is no metallic reflecting surface 
on the walls. In the optical case, if one uses a rod of appreciable cross 
section the light will be carried in numerous modes, perhaps thousands. 
In microwave work, carrying the power in only one mode is of interest; 
consequently, the problem is somewhat different. Some theoretical 
work has been done on this problem.1 Two cases were considered: 
that of a rod of uniform dielectric constant; and that of a rod whose 
dielectric constant varied from a large value at the center to 1.0 at the 
surface. For simplicity, the calculations were made for the TOoi-mode. 
In each case it was found that the electric field at the surface was about 
40 per cent of the maximum field in the interior of the rod, and that 
55 to 60 per cent of the radiation was transmitted along the outside of 
the rod. This means that any external supports would cause large 
reflections of power. Ways of making slight improvements have been 

1 R. M. Whitraer, "Waveguides Without Metal Walls," RL Report No. 726, 
May 10, 1945. 
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suggested, but on the whole, it is believed that this system of trans
mitting power is impractical. 

Although a simple plastic-rod waveguide will not work, a metal 
waveguide filled with plastic should be satisfactory. A plastic-filled 
waveguide would have the following advantages over a hollow waveguide. 

1. The width of the waveguide would be l/-\/2ke times the width 
of air-filled waveguide for the same cutoff frequency. 

2. The height of the guide, which is kept close to X/2 in air-filled 
waveguides in order to get maximum power-handling capacity, 
could be proportionately much less since the breakdown strength 
of a solid dielectric is much higher than that of air. 

3. The walls of the waveguide could be thin because the dielectric 
provides support and holds the shape. 

4. The waveguide would lie flexible since the thin metal wall could 
be distorted. 

The dielectric-filled waveguide would have these disadvantages. 

1. Voids in the dielectric would cause large reflections. 
2. Transitions to the air-filled rigid waveguide would be required. 
3. The attenuation would be higher, even if the dielectric were 

lossless. 

To explain the higher attenuation an example may be considered. 
At a wavelength of 10.0 cm, a standard 1.5- by 3-in. copper waveguide 
will have a loss of 0.0199 db/m. If this waveguide is filled with poly
ethylene, k'e = 2.25, and if the width is then reduced by y/k'e to keep 
Ac the same as before, and the height is reduced by the same factor, the 
copper loss will be increased by the factor k„ to a value of 0.0448 db/m. 
In addition, polyethylene, for which y/Wl — 0.0009, will cause a loss 
of 0.184 db/m. The total loss is, therefore, 0.229 db/m. 

Attempts have been made to develop flexible dielectric-filled wave
guides for the 1-cm region.1 In one variety a thin lead sleeve was used 
over a polyethylene core. This waveguide had a loss of 4 or 5 db/m, 
which could have been reduced by silver-plating the inside of the lead 
sleeve. In another version that was tried, du Pont conducting silver 
paint2 was applied to the outside of a polyethylene rod. The lowest 
loss obtained in this case was about 7 db/m. Moreover, after drying, 
the paint flaked off when the rod was flexed. These results, it must 
be admitted, are not encouraging, but it seems reasonable to assume that 

' H. E. Kallman, "Rudiments of Flexible Waveguides," RL Group Report No. 
41—9/26/45. 

2 Made by E, I. du Pont de Xemoiirs, Arlington, N. .1. 
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a successful version could be developed. I t has been suggested that a 
more flexible binder be used, and that a flexible sheath be put over the 
paint to prevent the cracking. If such a waveguide were perfected, it 
would still have a loss about three times that of the rigid waveguide 
and would thus be used only in special applications. One advantage is 
that it would not radiate small amounts of power as do metal hose and 
vertebrae. For use with signal generators, the high loss would not be 
objectionable. 

6-18. Wire-screen Flexible Waveguides.—The British have devel
oped waveguides having copper screen walls. Two different varieties have 

(a) (i) 
F I G . 5-40.—British flexible waveguide; (a) wires parallel to waveguide axis, (b) wires on 

the bias. 

been used, as shown in Fig. 5-49. One has the wires in the screen 
running parallel and perpendicular to the axis of the waveguide; the 
other has the wires on the bias. Both varieties have rubber jackets 
molded over the screen. The first kind can be twisted but is stiff in 
bending; the second cannot be twisted but is fairly flexible in bending. 
Each has a loss of roughly 0.4 db/m and voltage standing-wave ratio 
of 1.03. 

Some life tests were made of this type of waveguide. A flexure 
test was accomplished by mounting one end of a sample eccentrically 
on a rotating table while holding the other end in a fixed position. The 
table rotated at 110 rpm. Two samples were tested: a 15-in. sample was 
sheared 3 in., and a 6-in. sample was sheared -j- in. After about 500,000 
flexures, the loss had increased about 50 per cent, presumably as a 
result of loosening of the braid. One sample was vibrated at an ampli
tude of 0.013 in. at 2000 rpm for 12 hr with no change in loss. Samples 
have also been held at a temperature of 60°C for 76 hr with no change, 
particularly with regard to adhesion of the rubber to the metal braid. 
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This is important, since, without the rubber jacket, the braid would 
collapse when the waveguide was bent. 

RESONANT FLEXIBLE WAVEGUIDE AND COUPLING UNITS 

6-19. Flexible Bellows.—A flexible-bellows section consists of a radial 
choke made of flexible material. For round waveguide carrying the 
TEu-mode, the design is quite straightforward. The choke consists 
of a section of radial transmission line one-half wavelength long, with a 
short circuit at the end, as shown in Fig. 5-50. The theory of operation 
of radial chokes has been treated in Sec. 4-9 and will not be discussed 
here. For greater flexibility than is provided by one of these sections, a 

Radial choke 

Round waveguide 

F I G . 5-50.—Flexible bellows for 7'£\i-waveguide. 

series of sections can be stacked, one on the other, forming, in essence, 
a flexible waveguide. Not much use has been made of this type because 
the round waveguide is used infrequently. Bellows can, however, 
also be used in rectangular waveguide. The design of a single section 
is practically the same as that of the round waveguide. When a number 
of these are stacked together, however, they must be separated by 
partitions having rectangular holes the same size as the waveguide. 

Two different kinds of bellows have been made. In one,1 a complete 
section is spun in one piece, in much the same way as in the manufacture 
of circular Sylphon bellows. This spun type is shown in Fig. 5-51. 
In Fig. 5-52 is shown an individual bellows. The method of assembly 
is shown in Fig. 5-53. It should be noted that the dimension A is 
bigger than the dimension B. Consequently the impedance of the inner 
section of the radial choke, which corresponds roughly to the first quarter-
wave section, is larger than the impedance of the outer section, which 
corresponds to the second quarter-wave section. This situation is 

1 Manufactured by Fulton Sylphon Co,, Knoxville, Tenn. 
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opposite to the low-impedance-high-impedance design that is charac
teristic of a broadband choke. Therefore, this bellows is satisfactory 
only over a narrow band. It also has other disadvantages: it is subject 
to high-power breakdown across the rectangular hole; and its life under 

FIG. 5-51.—Spun bellows 

0.062'̂ , 

J l 
-0.116" 
r-0.062" 

ff 

Si 

—1 0.400 r«-

1'ic. 5'52.—Details of a 3-em spun bellows. 

constant flexure or vibration is short. However, it has good flexibility 
and is airtight, although it cannot be pressurized unless the connecting 
rigid waveguide can stand the stresses introduced by having air inside 
the bellows at a pressure above atmospheric. 

Detailed data are not available on this kind of bellows. Power-
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handling tests have been made from time to time, and the results are 
variable. The breakdown seems to depend upon the thickness of the 
edge of the rectangular hole and upon the tolerance in the diameter 
of the radial choke. Some standing-wave measurements taken on an 

1.10 

f*\ f*\ f*\ 

fW 1 
Fio. 5-53.—Cross section of a spun-bel

lows assembly. 

1.05 

1.001 1__. 
3.15 3.20 3.25 

T'u;. 5-54.—Performance of a 3-cin spun-
bellows assembly with three sections. 

FIG. 5-55.--Typical design of a Cook bellows for rectangular wa\ ('guide. 

early model are plotted in Fig. 5-54. These are only generally indicative 
of the performance of bellows of this variety. 

The bellows of the second variety1 consists of two pieces of thin, 
flexible stock and a partition with a rectangular hole, all of which are 
assembled as shown in Fig. 5-55. Although the Cook bellows is generally 
less flexible than the spun bellows, it has sevei'al advantages, most of 
which result from the proper design of the partition. If the partition is 

1 Manufactured by Cook Electric Co., Chicago, 111. 
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Performance of Cook bellows for 
rectangular waveguide. 

fairly thick, the breakdown power is higher because of the thicker 
edge on the rectangular hole. Also, the design of the choke more nearly 
fulfills the ideal low-impedance-high-impedance condition since the 
effect of a thick partition is to narrow the first quarter-wavelength 
section of the choke. Another advantage of this bellows is that they 
are more rugged than those of the previously mentioned variety. 

The Cook bellows are good over a broader band than are the spun 
bellows, as can be seen from the curve in Fig. 5-56 which shows the 
voltage standing-wave ratio as a function of wavelength for a recent 
model of bellows for rectangular 
waveguide. Tests with a fre
quency-modulated oscillator 
indicate that there are serious 
resonances in one part of the 
pass band. Bellows of this 
recent model have not been test
ed at high power, but tests on 
earlier models indicated that 
they could handle a higher pulse 
power than the spun bellows. 

In general, it can be said that 
bellows are not particularly sat
isfactory. They are not so flexible as some other types of waveguide, 
and their pass band is relatively small, not exceeding 6 per cent. 

5-20. Open Choke-flange Junctions.—It is sometimes convenient 
when assembling a system to allow for possible small misalignments in 
the r-f line components by leaving one of the choke-to-flange junctions 
open a bit. Although this expediency has been used for some time, it is 
only recently that detailed measurements have been made to determine 
exactly what happens in such an open joint. The work was done on 
chokes of two designs, one for use at a wavelength of 10.7 cm, and the 
second for a wavelength of about 9 cm. In each case it was found that 
when the choke and flange were slightly displaced sidewise, relative to 
each other, and at the same time separated by a small amount, bad 
resonances occurred. Typical performance is shown in Fig. 5-57 where 
transmission loss is plotted as a function of the separation Az of choke 
and flange for a displacement Ay of 0.125 in. in the direction of the 
small dimension of the cross section, and a displacement Ax of 0.100 in. 
in the perpendicular direction. These measurements were made on the 
first-mentioned choke at a wavelength of 10.4 cm. Similar data were 
taken for several other values of Ay and Ax, and standing-wave measure
ments were made under all these conditions. The curves obtained 
were all similar to the one shown, differing in the magnitude of the peak, 
and in the position of the peak relative to Az. 
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Some information as to what is happening when these resonances 
occur can be found by comparing VSWR and transmission curves for a 
given pair of values of Ax and Ay. One particular pair of curves indi
cates that where the resonance occurs the voltage standing-wave ratio 
is about 2.0, and the transmission is about 50 per cent. The power 
reflection corresponding to a standing-wave ratio of 2.0 is -g, or 11 per 
cent. Therefore, the other 39 per cent must be either radiation loss 
or resistive loss in the walls of the resonant cavity which exists between 
the choke and flange, or, more likely, a combination of the two. 

1 

J 
1 

i 
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l y M ^ 

Ay = 0.125" 
Ai = 0.100" 

11\ 

0 Before plugging 
a After plugging (Fig. 5.59 

' 
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f~Az 

0 0.1 0.2 0.3 0.4 0.5 0.6 ■ 0.7 0.8 0.9 0.10 
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F I G . 5-57.—Transmission loss of 10.7-cm choke-flange junction as a function of separation. 

Further information on this effect was found in the process of check
ing the design of a special open choke junction by the use of Pieree's 
method.1 There were a number of positions of the variable short-
circuiting plunger where the customary phase shift was observed. 
These positions were separated in such a way that there seemed to be 
two sets of positions, one corresponding to radiation in the T^io-mode, 
the other to radiation in the TE^-mode. When the depth of the choke 
groove was correct, the T.E'io-radiation was not noticeable, but the other 
was still present. The existence of this radiation in the T^o-mode is, 
of course, to be expected. 

If the ordinary choke for rectangular waveguide is now examined, 
it is found that the choke ditch is actually a section of coaxial line. 
Because of the symmetry of the electromagnetic field in the rectangular 
waveguide, the radiation excited in the section of radial transmission line 

1 Specifically, the piethod using a coaxial-line short-circuiting plunger, as described 
in Sec. 4-9. 
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between the waveguide and the choke ditch is predominantly in the 
J'.fi'io-mode; therefore the excitation of the choke ditch is also in this 
mode, as shown in Fig. 5-58. The depth of the ditch is therefore made 
a quarter-guide wavelength for the TE m-mode at the design wavelength. 
If there were no other modes present, no trouble would occur. However, 
the T^o-mode is also excited in the waveguide. The circumference 
of the choke ditch is large enough to allow the ditch to propagate radia
tion in this higher mode. Since the ditch, however, is not far from 
cutoff for this higher mode, the guide wavelength in this mode is long; 
therefore, the depth of the ditch is consid
erably less than iX„ for this mode. Conse
quently, the ditch, instead of presenting an 
infinite impedance at the top, presents a 
fairly small impedance, which may be of 
the order of jZa or less. In series with 
this impedance, there is the impedance, 
reflected back to the choke ditch, of the 
outer edge of the choke-flange joint. The 
distance from the ditch to the edge of 
the choke joint is generally something 
between \\g and \ \ „ . Since the imped
ance at the outer edge of the joint looking 
out into free space is high, the impedance 

, ., , c ., , , i - ^ i -,, , 1>'IG. 5-58.—Excitation of typical 
Seen a t t h e e d g e Ol t h e c h o k e d i t c h Will b e chokc. The vectors represent elec. 
low, with the imaginary part capacitive. t r i o fields. 
This capacitance in series with the inductance of the choke ditch forms a 
series-resonant circuit. It would, therefore, be quite possible to have the 
resonant condition that has been found. To remedy this trouble, the sec
tions of the choke ditch adjacent to the narrow edge of the waveguide were 
plugged, as illustrated in Fig. 5-59, which made the remaining arcs of the 
ditch short enough to prevent propagation of the T^o-mode. This 
method has been used successfully in every device where trouble had previ
ously been experienced. The performance of a 10.7-cm joint with plugged 
ditches is shown in Fig. 5-57. The plugged chokes showed no resonances 
for displacements up to \ in. in x and y directions. Similar tests have been 
made of 3-cm chokes. The standard choke coupling showed resonances 
which were not completely removed by plugging. I t is believed that 
these were caused by reflections from the outer edge of the coupling, 
which is square, since a round choke having the same internal dimensions 
showed no resonances after plugging, for displacements of at least 
Ax = 0.100 in. and Ay = 0.063 in. 

Since the choke ditch of one of these plugged choke joints is beyond 
cutoff for the TEso-mode, it presents a very low reactance to radiation 
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waves with great accuracy, and the single-screw tuner has proved ade
quate for most low-power work. 

8-12. Waveguide Double-slug Tuners.—Since a dielectric slug is 
limited in the amount of reflection that it can introduce, such elements 

Micarta 

Dielectric 

F I G . 8-30.—Mycalex double-slug tuner for waveguide. 

may be used in pairs, as shown in Fig. 8-30, to increase the tuning range. 
The maximum reflection from two slugs X„/4 in length occurs when the 

separation C is X„/4 where X„ is the 
guide wavelength. The normal
ized impedances at different points 
in the tuner section are given in 
Fig. 8-31. These impedances are 
obtained by application of the 
usual transmission-line equation as 
discussed in Sec. 8-11. If zi is the 
normalized characteristic imped
ance in the region of the dielectric, 
then the c o m b i n a t i o n , when 
followed by a matched line, has 

~E-plane of 
waveguide 

F I G . 8-31.—Normalized impedances in 
waveguide double-slug tuner, z' = \, z" = 
zi1, z'" = l/zi2, z = zi4. i n p u t i m p e d a n c e 
compared with z\ for a single element. 

Tuning is accomplished in either of two ways: (1) by varying the 
depth of insertion B and the position along the line A of the two slugs 
together without changing their separation C, or (2) by varying the sepa-
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The chief problem in designing the 3-cm vertebrae is to design a 
choke that can be moved about freely in the immediate vicinity of the 
flange without producing high standing waves or large losses. The 
dimensions of the choke ditch are therefoie slightly different from those 
of the ditch in the rigid-line couplings. Jn the first place, the choke 
is designed for a separation from the flange of -/g in.; therefore, the 
ditch is shallower than for a contact joint. Second, since the separation 
of choke and flange is greater here than in the contact joint, the choke 
ditch must be made wider in an at
tempt to preserve the desirable low-
impedance-high-impedance condi
tion. Tf this is done, variations 
of impedance of the choke-flange 
junction with wavelength and with 
distortions, that is, relative motion 
of the choke and flange, will be 
minimized. Finally, the sections 
of the choke ditch adjacent to the 
narrow edges of the rectangular 
waveguide are plugged, as described 
in Sec. 5-20. An example of the 
improvement of performance result
ing from the plugging is shown in 
Fig. 5(')0, in which is shown the loss 
in a 3-cm vertebral assembly at a 
wavelength of 3.2 cm, before and 
after plugging, as a function of the 
amount of bending in the //-plane. 
It should be noted here that the 
resonance trouble is more likely to 
appear at the shorter wavelengths. 
In fact, the unplugged vertebrae 
gave no trouble in the region from 3.3 to 3.."> cm. 

The general construction of a 3-cm vertebral assembly is shown in 
Fig. 5-(il. Tn Fig. 5-(>2 are shown details of construction of the disk 
inserts. The choke-to-flange junctions consist of a series of disks 
separated re in. In each disk is a rectangular hole 0.100 in. by 0.900 
in., forming the waveguide. In one lace of the disk is the choke ditch. 
The opposite face of the disk is plane and forms the flange for the next 
choke-flange joint. The thickness of each disk is such that the distance 
between successive choke-flange joints is a quarter of the guide wave
length in the undistorted position of the vertebral assembly. Vertebral 
assemblies are designed to have even numbers of joints so that small 
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(o) 
(6) 

Flexible cover 

Metal hose armor 

FIG. 5-Gl.—3-cm vertebrae assembly; (a) is a single rboke disk, (h) is the flexible cover, (r) 
parts assembled. 
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mismatches in the individual junctions are canceled out. The disks 
are assembled in a neoprene jacket that serves to hold them in the proper 
relationship, one to another. This is accomplished by having ribs in the 
rubber jacket which tit into grooves in the disks. 

The vertebral assemblies have end pieces with choke couplings that 
mate with standard rigid-line flange couplings. Around the outside 
of the rubber jacket is a flexible metal hose that helps pressurize the 
assembly by preventing radial expansion of the jacket. Longitudinal 
expansion must be restrained by the waveguide sections to which the 
unit is attached. The metal hose restricts the flexibility of the wave
guide to a certain extent, but the units can be used without the sheath 
if extra flexibility is needed and pressurization is not. The 3-cm verte
brae are supplied, at present, in 5- and 9-choke units. 

—1 0.385V-
0.355 

m 

t 
V\<:. ~t(V2.- Disk insert for 3-cm vertebrae. 

The loss and standing-waA e ratio caused by various distortions of a 
O-choke unit at various wavelengths are shown graphically in Fig. 
5■ (>3. These data may be summarized as follows: in the range from 
X = 3.10 cm to X = 3.50 cm, the waveguide assembly can be (1) twisted 
45°, (2) stretched at least 1 in., (3) compressed \ in., (4) bent in the 
A'-planc (i0°, (5) bent in the //-plane 00°, (0) sheared in either plane 
1 in.; all this can be done without introduction of a loss greater than 
0.5 db or a VSWR greater than 1.10. 

The power-handling capacity of the 3-cm vertebrae is adequate for 
powers in vise at the present time. At 250 kw pulse power, 0.8-jusec 
pulses, 1300 pps, the same 9-choke unit mentioned above could be 
distorted at least ihe following amounts without breakdown: -j-in. 
compression, ^-in. strelch, I -in. //-plane shear, 45° E- and //-bend, 45° 
twist. The maximum E-plane shear is \ in. At 100 kw pulse power 
this last figure increases to at least 1 in. 



298 FLEXIBLE COUPLING UNITS AND LINES [SEU. 5-21 

1.1-

1.0 

;0.5 

o.o 

1.2 

Sl.l 

i.ot 

1.0 

;o.5 

o.o 

30 60 90 
Angle in degrees 

6 ^ — — « > a <> 

0 30 60 
Angle in degrees 

90 

-6 \o/«~n—- 6 
30 60 

Angle in degrees 
90 

■~\&f='' 
30 60 

Angle in degrees 
(c) 

90 

1.11 

O . O 1 

1.0 

= 0.5 

0.0 

0 + j +1 
Stretch in inches 

t ^ l ~=&ril2^J 
0 + j +1 

Stretch in inches 
(A) 

1.0 

;0.5 

0.0 

30 60 90 
Angle in degrees 

^—3 U ^ J> *s 
30 60 90 

Angle in degrees 
id) 

0.5 

n 3.1 cm g 
° 3.3 cm —' 
i. 3.5 cm 0.0 

Shear in inches 

Shear in inches Shear in inches 
(/) 

I K ; . o-GI-i.-—Loss and fjWH fur deformations of A-cm vertebral assembly: (a) twist; ('») 
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Vertebrae suffer from one disadvantage that is sometimes serious: 
they have an appreciable amount of r-f leakage. It should be noted 
that this leakage is small compared with the power transmitted by the 
vertebrae and is noticeable only when the vertebrae are in an enclosed 
space or near a sensitive detector or receiver. 

FIG. 5-64.—1-em vertebral assembly; (a) choke disk, (b) flexible cover, (c) assembly. 

The problems involved in the design of the 1-cm vertebrae differ 
from those of the 3-cm version. In the first place, since only a 4 per 
cent wavelength band needs to be covered, it is not necessary to plug the 
choke groove to avoid resonances. In the second place, the ideal 
diameter of the choke ditch for a choke coupling on the standard 1-cm 
waveguide would be such that the ditch would cut across the corners 
of the waveguide. When the ditch is made large enough in diameter to 
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avoid this trouble, the choke coupling is not well matched. In rigid-
line couplings, this mismatch is minimized by making the separation 
between the choke and the flange small, thus achieving an alternating 
low-impedance-high-impedance condition. With vertebrae, however, 

F I G . 5-65.—Details of 1-cm vertebrae; (a) is choke disk, (b) end piece. 

F I G . 5-66.—Typical 3- and 1-cm vertebral assemblies. 

this cannot be done; therefore, the design of the choke ditch must be 
better. The design was improved to a great extent by reduction of the 
size of the rectangular waveguide within the vertebrae to the point 
where a choke ditch of nearly the correct diameter could be used. The 
use of undersized waveguide gave rise to a further problem of match
ing the vertebrae to standard waveguide. The matching was accom
plished by the use of a choke groove of a special size in the connectors on 
the ends of the assembly; this, of course, required that the end connectors 
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on the vertebral assembly be chokes and not flanges. A typical vertebral 
assembly for 1 cm is shown in Fig. 5-64. In Fig. 5-65 are shown details 
of the disk inserts and the end piece of the vertebral assembly. In Fig. 
5-66 are shown typical 3- and 1-cm vertebral assemblies. 

Assemblies of 1-cm vertebrae sheathed with flexible metal hose are 
available. In the 1-cm size the extension force is much smaller than 
in the larger 3-cm size when used in a pressurized system; therefore, the 
rubber jacket keeps the extension of the unit down to fairly small values. 
This size can be considered for pressurizing, if it has the metal jacket 
to prevent radial expansion. At present 1-cm vertebrae are assembled 
in units containing 11, 21, and 41 chokes with standard end connectors. 

FIG. 5-68.—A possible assembly of TBoi-vertebrao. 

Also, a small 5-choke unit for a particular alignment application has 
been made, as well as a 41-choke unit with a special adapter on one end to 
mate with a standard rigid-line choke. 

The voltage standing-wave ratio and loss of an 11-choke unit, under 
various conditions of distortion, are shown in Figs. 5-67.' Experiments 
on the power-handling capacity of these vertebrae indicate that operation 
is possible at levels around 100 kw for any distortion that is possible 
from the standpoint of loss and standing-wave ratio. 

This discussion has been concerned only with vertebrae designed 
for use with rectangular waveguide carrying power in the TE10-mode. 
Vertebrae can be made also for round waveguide carrying power in the 
TEii-mode. Vertebrae can also be constructed for use in waveguide in 
the TEoi-mode. In waveguide carrying this mode, the currents in the 
wall are circular in a plane perpendicular to the axis of the waveguide; 
therefore, if the waveguide is cut in this plane, no power will leak out 
of the waveguide, and no choke will be needed. One might expect that a 
vertebral assembly could be made that uses a series of rings supported 
in some sort of flexible jacket as shown in Fig. 5-68. This arrangement 

1 E. L. Younker, "An Improved K Band Vertebrae Waveguide," RL Report No. 
776, Aug. 25, 1945. 
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has two faults: first, it requires transitions to rectangular waveguide 
at the ends if it is to be used in the conventional type of system; and 
second, as soon as the assembly is bent in any way the asymmetry 
introduced will allow lower waveguide modes to be generated. As 
soon as the lower modes, namely, the TEu- and TMoi-modes, are present, 
the circular slots in the waveguide wall will cause large reflections of 
power and will allow large amounts of power to radiate. 

5-22. Summary.—The previous discussion can best be summarized 
by a brief listing of the various types of flexible waveguide according to 
the applications to which they are suited. 

General Service Unit.—The rubber-covered wound metal hose and 
rubber-covered Titeflex are to be preferred. In case of emergency, 
if these are not available, the uncovered varieties of wound metal hose 
and Titeflex may be used. Their use is not recommended because they 
are not so strong mechanically, and they deteriorate more rapidly in 
service, especially when exposed to salt spray or corrosive vapors. 

Alignment Section.—For the 1-cm band, the vertebrae are to be 
preferred at present, partly because of availability. Seamless corrugated 
waveguide and Titeflex, when they are developed, may be more satis
factory from certain standpoints. For the 3-cm band, the seamless 
corrugated waveguide is preferable. Uncovered Titeflex is slightly less 
flexible. Vertebral sections, which are bulkier, may be considered 
when the bulk does not matter since they have more degrees of freedom 
than the others. For the 10-cm band, uncovered Titeflex is to be 
preferred because of its flexibility and general availability. Vertebrae 
at these wavelengths do not seem to be practical. Seamless corrugated 
waveguide is under development, and it is not known whether it will be 
practical in this size. In addition to these, an open choke-flange junction 
is suitable, if the choke ditch is plugged. 

Vibration Section.—At 1 cm, for lengths greater than 8 in., the rubber-
covered wound metal hose is preferable. For shorter lengths, the verte
brae are best. At 3 cm, the rubber-covered Titeflex or wound metal 
hose in the long lengths are good. For short lengths, the vertebrae are 
satisfactory. Other considerations, such as r-f leakage, will determine 
which is to be used. On the 10-cm band, about the only type available 
at present is the rubber-covered wound metal hose. Rubber-covered 
Titeflex, when it is available, may be preferable because of greater flexi
bility. An open choke-flange junction with the choke plugged is suitable 
for small amplitudes of vibration. 

Flexure Section.—Any of the types except corrugated waveguide can 
be recommended at present, the choice depending, among other things, 
on the sharpness of bending required. The corrugated waveguide may 
some day be developed to the state where it, too, can be used. The 
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uncovered varieties of the wound metal hose and Titefiex are, of course 
excluded. 

Pressurized Unit.—On all bands, the rubber-covered wound metal, 
hose, rubber-covered Titefiex and the uncovered Titefiex can be used. 
In addition, for the 3-cm band and, it is expected, for the 1-cm band, the 
corrugated waveguide will be suitable, if certain limitations that have 
already been mentioned are taken into account. With the same restric
tions, vertebrae will be suitable at 1 cm, and perhaps at 3 cm. 

Emergency Repair Type.—For emergency repairs of damaged wave
guide, where, for instance, a piece of flexible waveguide is to be soldered 
in the place of a damaged section of rigid waveguide which has been 
removed, uncovered metal hose or Titefiex can be recommended. Nei
ther is to be considered permanent since each deteriorates rapidly. 



CHAPTER 6 

TRANSITION UNITS 

TRANSITIONS FROM ONE COAXIAL LINE TO ANOTHER 

BY G. L. RAGAX 

I t is frequently desirable to pass from one coaxial line to another 
without setting up reflections resulting in standing waves. Some of 
the variations most commonly encountered are these: (1) change of line 
size with little or no change of diameter ratio or characteristic imped
ance; (2) change of dielectric (for example, air-filled line to flexible cable), 
usually with a change of diameter ratio to preserve approximately con
stant impedance; (3) change of dimension of one conductor only with 
consequent change of characteristic impedance; (4) combinations of 
these variations. A discussion of some of the variations associated with 
the use of coaxial cables was given in Sec. 5-6. A general treatment 
of the problem will be given in the following sections. 

6-1. Tapers in Coaxial Lines.—One of the simplest ways of joining 
two dissimilar coaxial lines is by means of an intermediate taper section 
which introduces the change in 
line characteristics gradually. A 
simple example of such a taper is 
given in Fig. G-l. If the change 
occurs gradually enough only 
negligible reflected waves should 
be generated. To a first approxi
mation this expectation is realized, 
and indeed the reflected wave 
approaches zero as the taper length approaches infinity. Frank1 has 
shown that the reflection coefficient for a taper of length d within which 
the line constants are slowly varying is approximately 

-Coaxial line taper. 

4YO 
d(ln_Z) 

dz 47<j 

d(m Z) 
dz 

2 # * 
(1) 

where y is the propagation constant, Z is the characteristic impedance, 
and the subscripts 0 and d denote values at the points z = 0 and z = d. 

' X . H . Frank , "Reflections from Sections of Tapered Transmission Lines and 
Wave Guides ," RL Repor t No. 189, Jan . 6, 1943. 
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Usually the value of the logarithmic derivatives will he discontinuous 
at the ends of the taper; the values to be used are those just inside the 
tapered portion. 

In applying Eq. (1) it is necessary to obtain expressions for 7 and 
Z in terms of z and then perform the indicated operations. This was 
done by Frank for the parallel-plate transmission line indicated in 
Fig. 6-2. An ideal dielectric for which ke = 2.56 fills the output line, 
and a linear physical taper of the dielectric is used. The over-all VSWR 
is given as a function of the length by the graph of Fig. l>-2. 11 is apparent 
that certain optimum lengths exist. These lengths-().8X„, 1.2X„, and 

1.121 1 1 1 1 1 ■ 1 

F I G . fi-2.- Voltage standing-wave ratio produced by reflections from a tapered dielectric 
plug in a parallel-plate transmission line. 

so on—are electrically equivalent to integral numbers of half wavelengths, 
the average wavelength in the taper being reduced, because of the dielec
tric, to about 80 per cent of that in free space. Lengths equivalent to 
odd numbers of quarter wavelengths lead to maximum values of VSWR. 
As the taper becomes longer and longer, the magnitude of the oscillations 
of the curve decreases and both maxima and minima approach perfect 
match. 

Since the problem just discussed deals with a transmission-line 
or TEM-raode, it applies in the limiting case of a coaxial line whose 
diameter ratio approaches unity. It would be expected to represent 
fairly accurately the situation for low-impedance coaxial lines, becoming 
less accurate as the diameter ratio departs appreciably from unity. 
The problem of dielectric tapers in coaxial line of higher diameter ratios 
may be worked out in a straightforward, though somewhat laborious, 
manner by the application of Eq. (1). 
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A problem which is much more frequently encountered is that of a 
taper between coaxial lines both of which are air-filled. In this problem 
Xo = Xd = t (2ir/X), so that Eq. (1) becomes 

r = -3 
. X 

8TT {['-^H^L--*}- <2» 
It has been pointed out1 that if the taper is made in such a way that 
the function In Z varies linearly over the length of the taper, Eq. (2) 
gives 

■v 7 And 

It follows that T has the magnitude 

1 Z, |sin e\ 

(3) 

(4) 

where 8 = 27rd/X is the electrical length of the taper. Equation (4) 
and the relation 

l - | r | w 

may be used to determine the VSWR introduced by a given taper. The 
curve of Fig. 6-3 gives the values of r2, the square of the usual VSWR, as a 
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FIG. 6-3.-

X 2X 3 \ 
Length of taper 

-Standing-wave ratio introduced by tapered section of coaxial line, 75 to 46 oitms. 
Ordmate is the square of the VSWR. 

function of taper length for a logarithmic taper between 46- and 75-ohm 
lines. The existence of the best taper lengths (integral numbers of half 
wavelengths) and worst lengths (odd numbers of quarter wavelengths) 
is evident. The decreasing amplitude of the oscillations of the function 

1 Microwave Transmission Design Data, Sperry Gyroscope Co., May 1944, p. 35. 
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sin 8/8 is also brought out. The "exact limiting value" indicatedis not 
strictly accurate, since there will be a shunt capacity effect at the step 
in the conductors. This effect is quite important for the usual micro
wave lines (see Sec. 4-6). 

For small values of | r | , Eq. (5) becomes 

r « 1 + 2|r | . (6) 

As a matter of fact, Frank points out that the accuracy of Eq. (6) is 
about the same as that of Eq. (1), both being based on the assumption 
that only small reflections are present. Substitution of |T| from Eq. 
(4) into Eq. (6) gives 

- i + ' - i ^ 4 m 
It should be recalled that Eqs. (3), (4), and (7) and Fig. 6-3 apply 

only to tapers for which the function In Z varies linearly. This may be 
quite different from the usual taper in w-hich one or both conductors 
are given a physically linear taper. For tapers involving little change 
of diameter ratio, the difference between linear logarithmic and linear 
physical taper is not great, therefore the preceding discussion represents 
either situation fairly well. 

I t can be shown that for a linear physical taper, whose dimensions 
are indicated in Fig. 6-1, the logarithmic derivatives appearing in Eq. (2) 
are 

~d (In Z~ 
dz 

d (In Z) 
Zod \6o a0/ 
\d(lnZ)~\ aoboZp 
[ dz JoOi&iZx' W dz 

Both derivatives are identically zero if 

^ = *>■ (10) 

This relation implies, of course, a taper of the constant-impedance type. 
I t is evident from Eq. (2) that for such tapers, V is identically zero regard
less of taper length. For tapers whose length is an integral number 
of half wavelengths, the exponential factor in Eq. (2) becomes unity, 
so that T is proportional to the difference between the logarithmic 
derivatives, Eqs. (8) and (9). An inspection of Eq. (9) indicates that 
equality of the two derivatives results if 

doboZo = aJjiZx. (11) 
This relation furnishes a criterion for making reflectionless half-wave
length tapers by giving the proper linear physical tapers to the con-
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ductors. To be sure, all the quantities appearing in Eq. (11), involving 
the dimensions and impedance of the two lines to be joined, are usually 
specified in a given problem and rarely would they be consistent with 
Eq. (11). The difficulty is to design reflectionless linear tapers to 
solve practical problems. It has been suggested1 that the general 
problem be solved by using a double taper. The procedure would be: 
(1) to design an integral half-wavelength taper whose actual dimen
sions are uniquely fixed by Eq. (11), from one of the given lines to an 
intermediate line of the same impedance as the second; and (2) to pass 
directly, by means of a constant-impedance taper whose length is not 
important, from this intermediate line to the second of the given lines. 

It will usually be found more convenient to solve Eq. (11) explicitly 
for a dimension of the intermediate line, assuming o0, Do, ZQ} and Z\ 
to be given. The radius b\ of the outer conductor is 

6 l = 6 /5LJD-59, (12) 

where rj0 = 6o/<Zo and rji = bi/a-i. It is convenient to choose as a refer
ence line, a line of unit outer-conductor radius ba and of diameter ratio 
TJO = e = 2.72. For any other diameter ratio -qi the outer-conductor 
radius 6i is easily determined from Eq. (12) and the corresponding radius 
a i = bi/rji computed. The result for values of -qi between 1.5 and 6 is 
given graphically in Fig. 6-4. It is easily shown that, for any two values 
of 7) which may be chosen, the corresponding values of b and a read from 
these curves satisfy Eqs. (11) and (12). Hence these curves may 
be considered as giving, on a relative scale, values of b and a to be used 
in the design of reflectionless half-wavelength tapers between lines of 
specified diameter ratio (or impedance). 

An important fact is at once apparent in Fig. 6-4; namely, that for a 
taper between lines whose diameter ratios are in the neighborhood of 
■q = e = 2.72, little change of outer-conductor size is indicated. Fortu
nately, the lines in common use at microwave frequencies have diameter 
ratios of about this value; consequently, tapers in which the, outer-
conductor diameter remains unchanged should be good. Less than 
3 per cent change in outer-conductor size is required for any two lines 
with diameter ratios lying between 2 and 4 (impedances between 42 
and 83 ohms). 

1 A. W. Gent and P. J. Wallin, " I m p e d a n c e Matching by Tapered Transmission 
Lines," Valve Labora tory Repor t No. G 78, Ju ly 1944. These authors , using a 
different mathemat ica l method, obtained Eq. (10) and the following modified relation 
in place of Eq. (11): aobo = Oihi. A critical comparison of their derivation with t ha t 
of Frank which led to Eq. (1) seems desirable. Both methods involve certain approxi
mations, and it is not known which analysis leads to the more accurate result. 
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The frequency sensitivity of coaxial tapers is a matter of considerable 
importance in some applications. It is convenient to introduce this 
subject by a consideration of the logarithmic taper to which Eq. (7) 
applies. If d is chosen equal to an integer n times half the midband 

1.2 

1.0 

0.8 

£0.6 

0.4 

0.2 

1 2 3 4 5 6 
1 = b/a 

FIG. 04.—Design curves for reflectionless half-wave tapers. The vertical scale gives 
values of b and a on an arbitrary scale. 

wavelength X0, it follows from Eq. (7) that the mismatch, denned as 
r — 1, is 

(r - 1) ~ In 

/mrXAl 
A A A 

\ X ) 

(13) 

For small departures of the electrical length ?HTX0/X from'the value mr 
which it has at midband, Eq. (13) is well approximated by 

( r - 1) 
lnk(f} (14) 

This approximation to the mismatch is good to about 10 per cent for 
departures up to about 7r/4 in electrical length. In other words, it is 
this good for values of AX/X less than l /(4n). For half-wavelength 
tapers (n = 1) this amounts to a band of about +25 per cent, for one-
wavelength tapers +12 per cent, and so forth. This result implies, of 
course, that the full-wavelength taper presents little advantage over a 
half-wavelength taper for bands narrower than + 12 per cent. For bands 
appreciably broader than this, however, the longer taper offers a material 
reduction in mismatch. 
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The reflection coefficient for a linear physical taper designed according 
to Eq. (11) varies in exactly the same way with wavelength as that for a 
logarithmic taper, since both are determined by Eq. (2) and in both 
instances the logarithmic derivatives at z = 0 and z = d are equal— 
although the actual value of the derivative for the linear physical taper 
may be different from that for the logarithmic taper. As a matter of 
fact, the values will probably be found almost identical in the two types 
of tapers for most practical problems; this is true at least for the 46- to 
75-ohm taper. It does not seem profitable, therefore, to discuss the 
frequency sensitivity of the linear physical taper. I t is possible, how
ever, to state that the discussion of the frequency sensitivity of the loga
rithmic taper applies here accurately. 

6-2. Transformer Sections between Coaxial Lines.—Some general 
aspects of transformers in coaxial lines have been discussed in Sec. 4-5. 

( z z r z z z 
[//////.- r 

Zi / / ;. z* 

is / / v 

:zz 
V/////-T7-

(a) (b) 

W) 
(*oaxi;il-)inc I rnn.ifnrniors. 

In the present section specific application of these principles to the 
problem of joining two coaxial lines will be treated. In addition, the 
merits of this method of joining coaxial lines as compared with that 
of using tapers will be considered. 

In discussing the use of coaxial-line transformers it is customary to 
neglect the effect of the discontinuity capacitance arising from the fringing 
fields in the neighborhood of an abrupt change in the diameter of one or 
both conductors. It has been pointed out in Sees. 4-5 and 4G that 
this junction effect may be rather large; therefore, it should be taken 
into consideration if large changes in conductor size occur. 

If two lines are joined directly as illustrated by Fig. (i-5a there will 
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be introduced a VSWR equal to the ratio of the two characteristic imped
ances, if the junction susceptance Ba between Lines 1 and 2 is negligible. 
If Zi = Z2 the only mismatch arising will be that due to Bn. but if the 
steps in conductor diameter are large this mismatch may not be negligible. 
Furthermore, the restricted space between inner and outer conductors is 
undesirable and in extreme cases would lead to a complete short circuit. 
In order to (1) provide impedance-matching, (2) reduce the effect of 
discontinuity capacitances, and (3) reduce the restriction of the inner-
conductor gap, an impedance transformer section or sections such as 
those shown in Figs. G-ob and c may be inserted. 

It has been shown in Sec. 2-14 that the condition for matching by 
means of a transformer of the type illustrated by Fig. 0-56 is 

Z2 = y/Z£t. (15) 

It is easily shown, by means of the transmission-line equation, Eq. 
(2-41), that if junction susceptances Bvl and Bn exist at the junction 
of the lines indicated by the double subscripts, exact cancellation of the 
two susceptances will occur at the design frequency, provided that 

Ordinarily the values of Bv2 and B,3 will be found to be so small that 
they may be safely neglected, but it is advisable to make the steps in 
conductor size at the ends of the transformer section of comparable 
magnitude in order to take advantage of a certain amount of cancellation. 

The frequency sensitivity of a single quarter-wavelength transformer 
may be determined rather easily by applying the transmission-line 
equation. Neglecting Bl2 and B-^, the mismatch, defined as r — 1, 
introduced at a wavelength, is approximately 

where AX is the difference between X and the wavelength for which the 
transformer is designed. For values of r — 1 below about 0.2 and values 
of AX/X below about 0.2, Eq. (17) gives r — 1 to about 10 per cent 
accuracy. 

It is of interest to compare the frequency sensitivity indicated by 
Eq. (17) with that given by Eq. (14) for a taper. For small changes in 
impedance between input and output line, Eq. (17) may be written 



SEC. 6-2] TRANSFORMER SECTIONS BETWEEN COAXIAL LINES 313 

while, with the same restriction, Eq. (14) for a taper becomes 

( r - l ) . f g . (19) 
It is readily seen that the mismatch introduced by the transformer is 
larger by the factor ir/2. 

A greatly decreased frequency sensitivity may be achieved by using 
a two-section transformer of the type represented by Fig. G-5c. This 
design also presents another desirable feature, which is especially impor
tant if large changes of line size or impedance are required; namely, the 
diameter changes are divided among three steps rather than two. Slater' 
gives a good explanation of the decreased frequency sensitivity afforded 
by multiple-section transformers. He points out that in order to obtain 
this low frequency sensitivity the impedances should be chosen to satisfy 
the relation 

m - © - m (20) 

If the junction suseeptances are sizable, it seems advisable to arrange the 
conductor steps in such a way that the suseeptances will satisfy the 
relation 

i'i 2Vr7F 4 Y* (21) 

This arrangement gives cancellation at the design wavelength, and a line 
of reasoning similar to that of Slater concerning frequency sensitivity 
leads one to favor such a relation. 

It may be shown by a tedious calculation using the transmission-line 
equation that the mismatch in the input line is given, for the two-section 
transformer, by 

(r-I)awij;y- (22) 

The accuracy of the approximation is about the same as that of Eq. (17) 
under the same restrictions. 

A comparison of the frequency sensitivity of a taper, single-section 
transformer, and two-section transformer is given by Fig. CvG. The 
quadratic behavior of Eq. (22) makes the two-section transformer superior 
over the wavelength range presented. It is, of course, expected that the 
taper would give the best results for very broad wavelength ranges. 

In the event that the two lines joined have the same impedance but 
different diameters, a short transformer section of the type indicated in 
Fig. i)-5d is sometimes useful. The conductors are displaced axially 

1 J. ('. Slater, Microwave Transmission, McGraw-Hill, New York, 1942, p. 57. 
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by a distance I which is chosen in order that the susceptances B12 and B23 
may be compensated for by the transforming action of the short section of 
line of high impedance Z2. It is well known that the insertion of a 
section of high-impedance line, the length of which is short compared to a 
wavelength, gives an inductive effect. The two capacitive junction 
susceptances and inductive-line section are spaced so closely together 
in terms of wavelengths that they cancel in a manner approximating 
lumped-circuit behavior. The length /. may be easily determined 
experimentally; it would be rather difficult to calculate accurately because 
of the large interaction between the junctions. It is sometimes found 

desirable to till the line Z2 with a 
dielectric supporting material that 
decreases the impedance Zi: thus 
rendering it less inductive for a 
given length. 

There are of course endless 
variations of the transformers that 
have been presented here. In par
ticular, there are special cases in 
which either inner or outer con
ductors are the same size in the 

two lines to be joined. The use of dielectrics in one or more of the lines 
or transformer may be required or may be found desirable. 

In neither this section nor in the preceding section on tapers were 
experimental results or actual designs presented. It did not seem profit
able to do so, since the principles of design, the dimensions required, and 
the equations giving performance characteristics are quite reliable and 
complete. 

TRANSITIONS FROM COAXIAL LINE TO WAVEGUIDE 

BY F. L. XIKMAXX 
6-3. The Transition Problem.—In microwave transmission lines it is 

frequently desirable and often necessary to change from waveguide to 
coaxial line. Many components, such as duplexers, bridge circuits, and 
antenna feed horns, are more easily constructed in waveguide. However, 
many microwave oscillators have coaxial output terminals; also, it is 
frequently more convenient (at longer wavelengths, for example) to 
produce a symmetrical field for application to rotary joints by the use of 
the coaxial mode. Except in special applications, not to be treated 
here, the problem is to provide for a transition between the principal 
coaxial TiJ.il/-rnode and the dominant Tis'io-mode in the rectangular 
guide. The field configurations for these modes are shown in Figs. G-7a 
and b. The basic methods for exciting this waveguide mode with a 

http://TiJ.il/-rnode
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coaxial line can be used in different arrangements to excite one of the 
modes of higher order, if desired. 

The fundamental way of establishing a desired mode in a waveguide 
is the excitation of either the electric or the magnetic field identified with 

(a) (fc) 
I'm. 6-7. -Field configurations for lowest coaxial-line and waveguide modes; («) the 

principal or TKM = coaxial mode; (b) the dominant or 7'i^io-waveguide mode. The 
i?-lines are solid; the //-lines are dashed. The direction of propagation is into the page. 

that mode. This is done either by means of an "an tenna" element 
parallel to the electric field, or by means of a loop, the plane of which is 
normal to the magnetic field. An example of each of these methods for 
the TEio-mode in waveguide is shown in Fig. fi-8. Although each type 
has had some application, transitions based on the waveguide antenna for 
electric coupling are much more widely used at present. 

Coaxial 
ne 

Coaxial 
line 

E-plane 
of guide 

E-plane 
\o f guide 

(a) (6) 
FK; . 0-8.—Ba.sie methods of coupling from coaxial line to waveguide for the lowest 

modes; (a) crossed transition for excitation of the electric field; (b) loop transition for 
coupling to the magnetic field. 

The crossed transition from coaxial line to waveguide is treated 
theoretically by Slater,1 who has shown that a transition of this type can 
be matched by variation of the end-plate and coaxial-plunger positions, 
dimensions D and iS of Fig. 6-8. In particular, the coaxial stub con
stitutes a variable reactance in series with the waveguide antenna (that 

1 J. C. Slater, Microwave Transmission, McGraw-Hill, New York, 1942, Chap. 
VII. 
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portion of the coaxial center conductor which extends across the guide); 
and, by means of variations in the length of the short-circuited section 
of guide, it is possible to adjust the radiation resistance of this antenna. 
It is possible, therefore, to make the reactance of the antenna zero and 
its resistance equal to the characteristic impedance of the coaxial line 
whenever this is less than twice the characteristic impedance of the wave
guide. This limit holds for transitions in which the coaxial line is 
centered on the wide side of the guide. 

Other theoretical treatments1 give methods for calculating the 
dimensions which will match the transition. These are, however, much 
more easily obtained experimentally as will be shown later. 

A modified version of this transition, in which the center conductor of 
the coaxial line extends only part way into the guide (the probe transi
tion), has also been treated theoretically, and to some extent experi
mentally, by Slater.2 Since this has proved one of the more successful 
types of transition, it will be treated in detail later. Both the crossed 
coaxial-line-to-waveguide transition and the probe transition have been 
used for the excitation of the TEu-mode in round waveguide.3 

Heretofore, the magnetic coupling has been given little theoretical 
study and the types of electric coupling used in modern practice are differ
ent from the crossed coaxial-line-to-waveguide transition which has been 
treated theoretically. Therefore, the purpose here is to describe the 
transitions most used today and to present, in terms of transmission-
line concepts, the experimental techniques used in designing them and in 
matching them over comparatively broad wavelength bands. 

In practice it has usually been necessary to provide a transition from 
one of the standard coaxial lines, having an impedance of about 50 ohms, 
to one of the standard rectangular waveguides used at 3 or 10 cm. Thus, 
the impedance of the line or guide itself is seldom used as a factor in 
impedance-matching. In all standard transitions the characteristic 
impedance of the coaxial line is well within the limit required for match
ing; that is, it is considerably less than twice that of the rectangular 
guide. 

The transitions to be described are as follows: 

1. Transitions from waveguide 1^ by 3 in. OD at a wavelength of 
10 cm to coaxial lines of sizes 

1 S. Kuhn , " T h e Coupling between a Rectangular Waveguide Carrying an Hoi-
Wave and a Concentric Line," Admiral ty Research Establ ishment Report M 139, 
Haslemere, Surrey, England, September 1942. 

2 J . C. Slater, "Proper t i e s of the Coaxial-Waveguide .Junction in the 725-A and 
2J51 O u t p u t , " RTL Memorandum 44-180-4, November 1944. 

3 " T h e Coaxial to VVave Guide Transformer ," British Royal Society Repor t 
G 8 / 1 0 2 / W . D. Allen, J anua ry 1942. 
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a. i in. OD 
b. i in. OD 
c. l i in. OD 
d. If in. OD. 

2. Transitions from waveguide i by 1 in. OD and waveguide f by 
1-j in. OD at a wavelength of 3 cm to coaxial lines of sizes 
a. i in. OD 
b. A in. OD. 

A discussion of these transmission-line dimensions and the factors govern
ing their choice is to be found in Chap. 4. 

6-4. Matching Techniques.—Since the techniques for matching 
transitions from coaxial line to waveguide are applicable to all types, 
they will be discussed separately, with examples for which detailed 
development data are available. The theory of impedance-matching 
at microwave frequencies is discussed in Chap. 2. The necessary experi
ments consist of measuring the magnitude and phase of the standing 
waves set up by reflections from the transition as an element in a trans
mission line terminated in a matched load. Measurements may be 
made either in the coaxial line or in the waveguide. However, measure
ments in the waveguide are preferable because the final matching may 
then be done by means of an iris which affects the power-handling 
capacity of the unit less than does a coaxial transformer. From measure
ments in the guide, the sizes and positions of these irises may be calculated 
very accurately. Measurements in the coaxial line necessitate the experi
mental determination of the iris dimensions or the use of a coaxial trans
former which further limits the breakdown power of the coaxial line. 

By the use of the Smith impedance (or admittance) chart, the data 
from these standing-wave measurements may be plotted in terms of the 
associated reflection coefficients and their phase angles. This chart also 
presents the real and imaginary components of the normalized imped
ance of the discontinuity represented by the transition. Contours of 
constant resistance (or conductance), and contours of constant reactance 
(or susceptance) appear as arcs of circles on such a chart. So it is pos
sible, by the measurement of the voltage standing-wave ratio and the 
position of a voltage minimum and by the performance of the proper 
transformations on the Smith chart, to obtain the impedance at any 
desired reference plane between the point of measurement and the transi
tion. Usually impedances are referred to the plane of the coaxial line 
(for example, in right-angle transitions) for measurements in the wave
guide and to the end of the coaxial line at the inside surface of the wave
guide wall for measurements in the coaxial line. Plots of the impedances 
or, more often, the admittances as functions of the transition dimensions 
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and as functions of wavelength, show how the dimensions must be varied 
to produce a match and how the impedance will vary with the wavelength. 

6-6. Narrowband Matching.—The matching of these transitions, 
when the sizes of the coaxial line and the waveguide are fixed, is accom
plished in one of two ways. The dimensions within the transition may 
be varied, such as the position of the waveguide short circuit (end plate), 
the coaxial stub length, or the loop size or probe depth, depending upon 
the type of transition to be used. Thus, it is usually possible to obtain 
sufficient variation of both conductance and susceptance to match the 
transition at nearly any wavelength for which both the coaxial line and 

the waveguide support their lowest 
modes. This is called "narrow
band" matching in contradistinc
tion to the second method; in the 
latter, the transition is adjusted to 
have a certain type of variation of 
admittance with wavelength (gen
erally not matched), which may 
then be matched over a consider
ably wider band by means of a 

transformer or, more often, a waveguide iris. This is called "broadband " 
matching and will be discussed in detail later. 

In microwave systems, the application for which a component is 
intended determines the wavelength band over which the component 
must operate and the quality of impedance match which is required over 
this band. In receiving systems, the primary consideration is that of 
power loss. In transmitting systems the requirements are more stringent 
because reflections from an impedance mismatch which produce negligible 
power loss may seriously affect the operation of the oscillator or some 
other r-f component. Since the components described here are used 
either for transmitting alone or for transmitting and receiving, only small 
reflections can be tolerated. The usable bandwidth of a component is 
therefore defined as the wavelength range over which the voltage stand
ing-wave ratio caused by reflections from that component is 1.10 or less. 
The limit of 1.10 is imposed for design purposes; it is usually necessary 
to allow voltage standing-wave ratios as high as 1.15 on production 
models. 

The development of the probe transition from lf-in. coaxial line to 
waveguide,1 shown diagrammatically in Fig. 6-9, provides an example 
of the narrowband matching technique. Figure 6-10 is an enlarged 
section of a Smith chart on which is plotted the admittance of this 

1 M. Clark, Jr., "Coupling between lf-in. Coaxial Transmission Line and lj-in. 
X 3-in. Waveguide," BS Thesis, M.I.T., January 1943. 
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transition, at a wavelength of 10.02 cm, for different end-plate positions 
and probe depths. Measurements were made in the waveguide and 
admittances are referred to the center of the coaxia' line. At this point, 
variations in the end-plate distance appear as almost purely susceptive 
changes in the admittance. Variations in probe depth change both the 
conductance and susceptance at roughly the same rate. 

T-"IG. filO.—Admittance as a function of dimensions for probe transition from lg-in. 
coaxial line to waveguide, measured in guide, plotted at Hie center of the coaxial line. 
1) = end-plate distance, I1 = probe depth, ,\ — 10.92 cm. 

These measurements show that the dimensions for best match, at a 
wavelength of 10.92 cm, are 2.55 cm for the end-plate distance measured 
to the center of the coaxial line, and 1.91 cm for the probe depth measured 
from the inside of the guide to the end of the probe. It is also possible 
to estimate from these data the tolerances necessary to keep the mismatch 
below a certain limit; for example, the unit will have a voltage standing-
wave ratio of less than 1.05 for a variation in the end-plate distance of 
+ 0.093 cm (0.037 in.). However, since several dimensions may vary 
in any unit, design tolerances should be considerably smaller than this. 
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Figure 6-11 is a Smith-chart plot which shows the variation of the 
admittance with the wavelength for this transition when it has the 
dimensions for best match at the 10.92-cm wavelength. The resulting 
voltage standing-wave ratios at the different wavelengths are plotted in 
Fig. 6-12. By measurements over a range of wavelengths, the dimen
sions for the best match at any particular wavelength in the 10- to 11-cm 
region can be determined. Figure 6-13 gives the end-plate distance for 
best match as a function of the wavelength for which the match occurs. 

FIG. 6-11.—Admittance as a function of wavelength for the probe transition from 
lf-in. coaxial line to waveguide matched at 10.92 cm; measured in guide, plotted at center 
of coaxial line. 

Practically no variation of probe depth is required to obtain best match 
in this wavelength range. The value of 1.87 cm given for this dimension 
is the average of values having variations less than +0.05 cm which are 
hardly significant. 

In this method, which utilizes variations of two dimensions to produce 
an impedance match at a single wavelength, the resulting bandwidth 
is determined by the characteristics of the transition at that wavelength. 
For the case in which the end plate is less than a half guide wavelength 
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from the probe, t he re is b u t one combina t ion of end-p la te d is tance and 
probe inser t ion which will m a t c h t he t rans i t ion a t a given wavelength . 
The impedance of t h e shor t -c i rcui ted section of waveguide is, of course, 
the same, if the length of t he section is increased by some integral mul t ip le 
of half guide wavelengths . However , such an increase in t he end-p la te 
distance serves only to increase t he frequency sensi t ivi ty of t he t rans i t ion . 
Addit ional p a r a m e t e r s mus t be used, therefore, t o increase t he b a n d w i d t h . 
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I'm. 6-ii -Voltage standing-wave ratio vs. wavelength for probe transition front ljj--iu. 
coaxial line to waveguide. 
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transition from l^-in. coaxial line to waveguide; probe depth 1.87 cm. 

An invest igat ion has been m a d e of t he effect upon frequency sensi
t ivi ty of t e rmina t ing t he p robe in a sphere. Spheres of different d i am
eters were a t t a c h e d to t h e end of t he probe and t h e frequency sensi t ivi ty 
of the t r ans i t ion as a function of sphere d iamete r was measured . T h e 
t ransi t ion becomes more frequency-sensi t ive as t he d iamete r is increased, 
al though the effect is small for spheres of d iamete r s up to ab o u t 1.2 t imes 
tha t of t he coaxial center conductor . F r o m this restil., toge ther wi th 
results obta ined with other t rans i t ions to be discussed, it appears t h a t 
the larger the object in t he region of t he t rans i t ion , the greater is the 
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frequency sensitivity when the transition is matched by varying only 
two parameters. For this reason, at a given midband wavelength, the 
probe transition inherently covers a broader band than do other types of 
transitions having the same impedance discontinuity between the coaxial 
line and the guide. However, this type of transition has certain dis
advantages; it has been replaced in many applications by other types 
which, although having inherently a smaller bandwidth when matched 
by the two-parameter method, can be matched over wide bands by the 
method to be described next. 

6-6. Broadband Matching with Waveguide Irises.—There are several 
ways in which the impedance characteristics of a transition may be 
altered by the variation of more than two parameters: for example, by 
placing the coaxial line off-center, by using dielectrics, by changing the 
shape of the short-circuited waveguide section, and by matching with 
coaxial stubs. Nearly all of these methods have been developed experi
mentally for special applications. The broadband matching described 
here is a systematic method which has been applied successfully to several 
types of transitions and is, therefore, of more general interest. 

This method utilizes several important impedance properties of 
these transitions and of waveguide obstacles in general. In discussing 
these properties, it should be recalled that the use of a Smith chart 
involves a polar plot of the magnitude and phase of the reflection coeffi
cient associated with a given admittance or impedance. These two 
quantities are uniquely specified by that admittance or impedance. On 
the Smith chart they are plotted in terms of the voltage standing-wave 
ratio and the distance in wavelengths from a voltage minimum (admit
tance maximum or impedance minimum) to the desired reference plane. 
The chart also gives the values of conductance and susceptance compo
nents of any admittance. Admittance plots are used exclusively in this 
discussion because the broadband matching techniques presented involve 
the application of shunt susceptances. 

The procedure in this method is applicable to a transition which has 
been, or can be, matched by the two-parameter variation method 
described in the last section. The admittance as a function of wavelength 
over the desired band is determined for different values of these two 
parameters. This permits the adjustment of the transition admittance to 
have certain desired characteristics. The transition is then mismatched 
to a voltage standing-wave ratio between 1.5 and 2.0 and to an admit
tance function having the proper distribution in phase, to be described 
later. By performing transformations on the Smith chart of this 
admittance-vs.-wavelength function, it will be possible to find a point 
some distance along the line from the transition toward the generator at 
which the admittance is nearly constant over the desired wavelength 
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range. If this point occurs near the circle of unity conductance on the 
chart, as can be arranged by a proper initial mismatch of the transition, 
a waveguide iris or other susceptance can be used at this point to match 
the transition over the entire band. Further, it is sometimes possible, 
with the proper initial spread of voltage standing-wave ratios with wave
length, to secure a reduction in this spread by making use of the variation 
with wavelength of the susceptance of the matching element. 

To illustrate the application of this technique, the development of 
the crossbar transition from f-in. coaxial line to waveguide shown 
diagrammatically in Fig. 0-14, will be presented in some detail. This is 
essentially a modification of the probe transition, but it can be built more 
accurately and will carry more power than one of the probe type. Since 

Coaxial line 

Matching iris 

ij-plane of 
waveguide 

U - End plate distance Crossbar support' 
1'JL;. 014.—Crossbar transition from coaxial line to waveguide. End-plate distance and 

crossbar depth are indicated. 

it has been matched by both the narrowband and the broadband 
methods, it provides a comparison of the results obtained by these two 
techniques. — ««*.• 

In Fig. 6-15 is plotted the admittance as a function of wavelength, for 
this transition, for different combinations of end-plate and crossbar 
positions. These dimensions are first adjusted roughly to give a voltage 
standing-wave ratio of less than 2.0 over the band desired (10.3 to 11.1 
cm) and Curve 1 is plotted. Increasing the end-plate distance by 0.080 
in. produces the admittance, function, Curve 2. Next, increasing the 
crossbar insertion 0.030 in. gives Curve 3. By a slight further adjust
ment of both of these parameters the properly centered narrowband 
match plotted in Fig. 6T(i results. This design has a VSWR of less than 
1.05 for a 2 per cent band centered at 10.7 cm. In matching over a 
broad band, of course, this intermediate step, used as an illustration of the 
narrowband method, is not necessary. It is presented for the purpose 
of comparing the methods. The transition can be adjusted directly to 
have the admittance function represented by Curve 5, Fig. 6T5. 

In mismatching the transition so that the admittance-vs.-wavelength 
function moves from Curve 3 to Curve 5, Fig. 0-15, an important property 
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of these transitions is seen. A comparison of these curves shows that, 
although there is considerable change of admittance with changes in 
the dimensions of the transition, the general distribution and relative 
orientation of points on the curves is little changed by these variations in 
dimensions. This is true, at least, when the admittance function lies 
in the region near match as obtained by the two-parameter variation 
method. In other words, to a first approximation, for comparatively 

F I G . 615.—Admittance of crossbar transition from |-in. coaxial line to waveguide as a 
function of wavelength and dimensions; admittance measured in guide and referred to 
center of coaxial line; Xi = 10.3 cm, X2 = 10.7 cm, A3 = 11.1 cm. 

small changes in dimensions, the dispersion of admittance with wave
length is relatively independent of the dimensions. This means, how
ever, that the dispersion with wavelength of the standing-wave ratio 
and reflection phase angle as plotted on the Smith chart can be greatly 
reduced, simply by mismatching the transition as shown. This may be 
seen by comparing the spread of these two quantities with the wavelength 
in Curves 3 and 5. 

When the characteristic is that given by Curve 5, the transition is 
no longer matched, but the variation with wavelength of both the magni-
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tude and phase of the reflection is considerably reduced. The curve for 
the admittance as a function of wavelength does not change appreciably 
in either size or shape in going from the matched to the mismatched 
condition. Thus, it is possible to obtain a reduction in the variation with 
wavelength of either the voltage standing-wave ratio or the reflection 
phase angle or both, depending upon the orientation of the admittance 
function and the direction on the Smith chart in which the mismatch 

FIG. (Vll).—Admittance of narrowband g--in. coaxial-line crossbar transition measured in 
guide and referred to center of coaxial line. 

occurs. However, it will appear in the following discussion that there 
are only certain ways in which the transition may be mismatched to 
permit broadband matching by the addition of a properly placed shunt 
susceptance. 

The second property utilized in this method is quite familiar and is 
characteristic of all transmission lines with reflecting discontinuities. 
It is essentially true that in transforming impedances along the line by 
rotation about the center of a Smith chart, a given physical length of line 
represents more rotation on the chart at short wavelengths than it does 
at longer ones. If the transition is mismatched in the proper manner 
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for broadband matching, it will have an admittance-vs.-wavelength 
characteristic similar to that represented by Curves 5 in Figs. 6-15 and 
6-17. Since these admittances are referred to the plane of the junction 
from measurements in the waveguide, they may be transformed along 
the guide toward the generator in the usual way (by rotation of the points 
clockwise about the center of the chart), the differences in guide wave
length being taken into account. If the admittance at midband (10.7 

Fiu. 0-17. -Broadband matching of l-in. coaxial-line crossbar transition. Curve 5: 
admittance at center of coaxial line measured in guide. Curve 6: calculated admittance 
in guide at position for iris 0.339 \u at 10.7 cm toward generator from coaxial line. Curve 7: 
calculated admittance at same point with inductive window of B = 0.45 at 10.7 cm. 

cm) is transformed as shown on Curve 6, Fig. (S-17, until it falls near the 
curve of unity conductance on the positive (capacitive) susceptance side 
of the chart, a shunt inductive susceptance such as a waveguide iris may 
be added at this point to match the transition for this wavelength. 
However, the physical distance corresponding to this electrical trans
formation represents a larger fraction of a guide wavelength (more 
rotation) at 10.3 cm, and a smaller fraction (less rotation) at 11.1 cm, 
than at midband. Consequently, the variation with wavelength of the 
admittance function is considerably less at this point than it is at the 
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junction, as is seen by comparing Curves 5 and G, Fig. (i-17. With an 
inductive iris at this point, therefore, it is possible to match the transition 
to a small VSWR over the entire wavelength range shown. This effect 
can be utilized, of course, only if the admittance function at the junction 
of the mismatched transition has the proper variation of reflection phase 
angle with wavelength. Specifically, the admittances for the shorter 
wavelengths must have larger phase angles than those for the longer 
wavelengths. 

Flo. PrlS.—Admittance av matching: ij is of broadband crossbar transition. TYie-
full curve and open nicies arc experimental; the dashed curve and Idled circles are pre
dicted hy l'ig. 017 . 

As mentioned previously, the variation with wavelength of the 
susceptance of the waveguide iris can be used in this method of matching 
in such a manner as to reduce the spread in the VSWR of the transition 
with wavelength. In the example given, an inductive iris is used. The 
susceptance added by such tin iris is proportional to the wavelength. 
The longer the wavelength then, the greater is the susceptance added by 
an iris of given physical dimensions. If the transition, as mismatched 
for matching over a broad band, has a VSWR which increases with wave
length, more susceptance is required to match it at longer wavelengths. 
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Therefore the spread in standing-wave ratio with wavelength can be 
reduced further by adjusting the transition so that it will have such a 
characteristic, and by using an iris in this manner. This effect is better 
understood by comparing Curves 6 and 7, Fig .047, which show that the 
admittance function at the iris is not only centered on the chart but is 
also somewhat reduced in its spread. 

10.3 10.4 10.5 10.6 10.7 10.8 10.9 11.0 11.1 
Wavelength in cm 

FIG. (VI 9.—Voltage standing-wave ratio for crossbar transition from s-in. coaxial line 
to waveguide under different conditions of match. (1) Matched with end-plate and 
crossbar dimensions only. (2) Mismatched for broadband matching with iris. (3) 
Predicted results with matching iris. (4) Experimental results with matching iris. 

Curves 0 and 7 in Fig. G-17 are calculated from the initial admittance 
function of the mismatched transition, Curve 5, which was measured 
experimentally. Figure 0-18 shows the accuracy with which these 
calculated results may be duplicated experimentally. A comparison 
of Figs. GIG and G-18 shows the difference in the results obtained by the 
narrowband and broadband methods of matching this transition over the 
same wavelength range. The voltage standing-wave ratios as functions 
of wavelength for this transition under different conditions of match are 
plotted in Fig. G-19. This makes the same comparison in terms of 
YSWR-vs.-wavelength functions for the two methods. Also shown are 
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the amount oCmismatch necessary and the type of YSWR function with 
which an inductive iris can be used to obtain this bandwidth. 

It sometimes happens, when this matching technique is used, that 
the proper reduction in the spread of the reflection phase angle with 
wavelength must be obtained by transformation of the junction admit
tance to the circle of unity conductance on the negative (inductive) 
susceptance side of the Smith chart. Matching is then accomplished 
by the use of a capacitive iris. For this, the YSWR-vs.-wavelength 
characteristic of the transition in the mismatched condition should be 
the opposite of that shown in Fig. (3-15; that is, the smaller ratios should 
occur at the longer wavelengths since the susceptance of a capacitive iris 
is inversely proportional to the guide wavelength. In practice, however, 
the use of the capacitive iris is avoided whenever possible, since this 
decreases the dimension of the guide parallel to the electric field and, 
therefore, decreases the voltage at which breakdown occurs. 

There are several general considerations in the use of this broadband 
matching method. It will be noted that a reduction in the spread with 
wavelength of the reflection phase angle is accomplished in two ways. 
First, considering what an admittance-vs.-wavelength plot represents on a 
Smith chart, a simple mismatch of the transition constitutes such a 
reduction. Second, because of the different rates at which the various 
wavelength-vs.-admittance points rotate on the Smith chart, the junction 
admittance may be transformed along the line to some point nearer the 
generator where this spread is less. In obtaining maximum bandwidth 
these two operations are interdependent. The form of junction admit
tance as a function of frequency when the device is matched at a given 
frequency is determined by the type of junction. If a desired reduction 
in the spread of the reflection phase angle is specified, then neither the 
extent of the mismatch nor the transformation distance (rotation) neces
sary is uniquely determined; that is, the same reduction may be accom
plished by a large mismatch and a small rotation or vice versa. In this 
connection a "large mismatch" implies a YSWR of from 1.5 to 2.0. A 
"large rotation" is, arbitrarily, one greater than a half wavelength or 
360° on the Smith chart. For example, compare Curves 4 and 5 of Fig. 
G-15. By the proper transformation along the line, the spread in phase 
of the points on either of these curves can be reduced to about the same 
amount. The transformation necessary to produce the effect, however, 
differs in the two cases. On Curve 4, to group the points on the circle of 
unity conductance in the capacitive side of the chart, so that an inductive 
iris may bo used, a rotation of nearly 0.9 guide wavelengths is required. 
In the case of Curve 5, a rotation of less than 0.4 guide wavelengths 
produces the same result. Further, the average standing-wave ratio is 
less for Curve 4, but its variation of VSWR with wavelength is consider-
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ably greater than that for Curve 5. Both these conditions are undesir
able. The first implies that only a small susceptance is required to 
center the rotated Curve 4 about the point of match on the chart. The 
second means that a larger total variation with wavelength of the match
ing susceptance is required to cancel this spread of VSWR with wave
length in Curve 4 which appears as a spread in susceptance at the point 
where the iris is added. However, the total variation, with wavelength, 
of the iris susceptance is proportional to the size of the iris. Hence the 
small iris does not appreciably reduce the spread of VSWR with wave
length in Curve 4 which was larger than that of Curve 5 in the beginning. 

These alternative procedures ma}' be compared in general for a given 
transition admittance function. If the initial mismatch is small, the 
rotation required will be large. This means that the iris will be some 
distance from the transition which makes the unit larger. The iris will 
be small and less critical as to position; but, because only a small amount 
of susceptance is required for matching, it will not take advantage effec
tively of the variation in susceptance with wavelength of the iris which, 
as has been shown, can be used to reduce the spread in the VSWR with 
wavelength. If the initial mismatch is large, the rotation required will 
be small. A large matching iris will be necessary, and its position will be 
more critical. Further, if the initial mismatch is increased too much, the 
form of the admittance-vs.-wavelength function may no longer be inde
pendent of the dimensions; and the maximum bandwidth obtainable in 
this method may be decreased rather than increased. In addition, there 
will be larger standing waves in the region between the transition and its 
matching iris. This condition may decrease the power-handling capac
ity, though tests show that the effect is very small for standing waves of 
the order occurring in the transition described in this section. All these 
properties must be considered, when the transition is initially mismatched, 
for matching over the maximum wavelength range by this method. In 
practice it has been found that the use of a comparatively large initial 
mismatch gives the best results. 

Because of the importance of the use of susceptive elements in this 
method of broadband matching, a note on their use for impedance 
matching is in order. The required susceptance may be introduced in 
the proper phase by the use of either a waveguide iris (or diaphragm) or a 
coaxial transformer. The general technique of this use of susceptance 
elements is described in Sec. 2-7. There are several reasons, however, 
for the fact that the waveguide iris has been used almost exclusively in the 
matching of transitions from coaxial line to waveguide. First, in the 
experimental development of these transitions, it is much more con
venient to insert such an iris after the transition is built when the size 
and position of the matching susceptance must be determined from 
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measurements on the transition. Second, the power-handling capacity 
of the transition must be considered. In an ideal transition, this will be 
limited only by the breakdown power of the coaxial line. In certain 
improved versions of the transitions already described this is, in fact, the 
ease. High-power tests have shown that there is considerable asymme
try of the electric field for a short distance into the coaxial line from these 
transitions. Almost any discontinuity in the coaxial-line center con
ductor in this region is likely to decrease the power required to cause the 
unit to arc at high powers. Third, there is no particular advantage of the 
coaxial transformer over the waveguide iris for the measuring techniques 
required in this impedance matching. In the design of components as 
critical as these transitions, it is generally necessary to make standing-
wave measurements on both sides of the transition to be certain that the 
line is terminated with a perfectly matched load, as well as to obtain 
measurements of the transition characteristics. For these reasons the 
impedance matching is almost never done from the coaxial side of the 
transition. 

Both symmetrical and asymmetrical irises have been used success
fully in this matching. The asymmetrical iris is, of course, much simpler 
to use than the symmet)'ical iris, and its size and position can be calcu
lated just as accurately. However, because of the amount of the next 
higher waveguide mode—the ^i^o-mode—which it excites, it should be 
avoided whenever the iris is placed too close to the transition or any other 
waveguide discontinuity such as a choke-flange coupling. The "safe" 
distance depends upon both the susceptance of the iris and the wave
length. The field strength of the second waveguide mode excited by such 
an iris increases with the size of the iris; and the rate of its attenuation 
decreases with the wavelength. For example, the amount of the TEW-
mode set up by an asymmetrical iris having a susceptance of 0.70 (equiva
lent to a VSWR of 2.0) is attenuated to 1 per cent (40 db) of that for 
the TEio-modc incident upon the iris in 0.60 free-space wavelengths at 
10.0 cm. At 9.0 cm the corresponding distance for the same conditions 
is 0.82 wavelengths, and at 8.0 cm it is 1.29 wavelengths. These iigures 
are given for the standard rectangular tubing 11 by 3 in. by 0.080-in. wall 
used as a waveguide at 10 cm. This has a cutoff wavelength of 7.22 cm 
for the TE2a-mode. At the 3-cm wavelengths now used for radar, and 
with the standard rectangular tubing i by 1 in. by 0.050-in. wall having a 
cutoff wavelength for the second mode of 2.29 cm, the effect is not so 
critical since those wavelengths are proportionately farther from cutoff. 
An asymmetrical iris used to match a voltage standing-wave ratio of 
1.5 to 2.0 should not be placed closer than a quarter guide wavelength to a 
discontinuity, when the free-space wavelength is greater than the cutoff 
wavelength of the T^u-waveguide mode by 15 per cent or less. The 
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theory of (and data for) the use of the asymmetrical waveguide iris is 
developed elsewhere.1 

6-7. Broadband Matching with Coaxial Stubs.—It is possible by 
means of a properly placed narrowband coaxial stub support to improve 
considerably the match of a transition, from coaxial line to waveguide 
over a given band. By narrowband stub support is meant one not 
having a broadband coaxial matching transformer such as that described 
in Sec. 4-4. The reason for the use of the narrowband stub will appear 
in this discussion. Although used in only one specific application, this 

- coaxial line 

Reference plane for 
admittance of stub 

S S I -
j Reference plane 
\ / for admittance of 

q \ transition measured 
(_ / in coaxial line 

\ E-plane of guide 

___ x 
4 (approx.) 

FIG. 6-20.—Probe transition for ^-in. coaxial line to waveguide with coaxial matching stub. 

method should be applicable to all transitions having the proper junction 
admittance function. However it is neither so simple and convenient 
mechanically, nor so effective electrically, as the method described in the 
last section. 

This method is particularly applicable to high-power transitions, 
which, operated at powers too high for beads, require a stub support on the 
center conductor whether or not this stub is used in the matching of the 
transition. It consists of reducing the variation of susceptance with 
wavelength of the probe transition by means of a quarter-wavelength, 
coaxial, short-circuited section (stub support) properly placed in shunt 
with coaxial line. The susceptance function of such an element is 

1 A. E. Heins, " T h e Susceptance of Asymmetrically Located Windows in Rec
tangular Wave Guides ," RL Repor t Xo. 183, October 1942; X. H. Frank, Wave Guide 
Handbook, Sec. I l l , RL Report T-9, Xovember 1942: W. Sichak, "One Sided Induct ive 
Irises and Quarter-wave Capacitive Transformers in Waveguide ," R L Report Xo. 
426, November 1943. 
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nearly the same form as that of the probe transition alone; but it has the 
opposite sign with respect to wavelength. 

The method was used in the broadband matching of a transition 
beween -g-in. coaxial line (with f-in. center conductor) and the standard 
i- by 3-in. rectangular waveguide in the region of 9 cm. The construction 
of this unit is shown in Fig. 6-20. The design was developed in the follow
ing manner. The probe transition, without the coaxial stub support, 

F I G . 0-21.—Admittance as a function of wavelength for l-in. coaxial-lino transition, 
measured in coaxial line. Curve I : admittance at junction (see Fig. G20). Curve I I : 
admittance approximately |X away from junction in coaxial line. 

was matched at 9.1 cm by variation of the probe and end-plate positions, 
dimensions P and D in Fig. 6-20. (The probe was supported from the 
input end of the coaxial slotted section used for measuring standing 
waves.) The admittance of this transition, measured from the coaxial 
side and plotted at the reference plane indicated in Fig. G-20, has the 
characteristics shown as Curve I on the Smith chart, Fig. 6-21. Approxi
mately three-eighths of a wavelength back in the coaxial line (rotation 
toward the generator on the chart) this transforms into the admittance 
function shown as Curve II. This is almost a purely susceptive variation 
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with wavelength, having negative (inductive) susceptances for wave
lengths shorter than 9.1 cm and positive (capacitive) susceptances for 
those longer. A quarter-wavelength short-circuited section of line added 
in shunt at this point will have a similar variation in susceptance but 
one of opposite sign with respect to wavelength. This is seen from the 

F I G . 6-22.—Calculated admittance as a function of wavelength at center of g-in. coaxial 
stub. Admittance is that of stub alone. 

formula for the admittance of short-circuited section of lossless trans
mission line, 

Y . 4 2TTI 

T0=-I c o t T-
The calculated admittance as a function of wavelength for such a 

stub is plotted in Fig. 6-22 for the same wavelength range over which 
the transition was measured. A broadband stub support does not have 
this characteristic, and therefore it cannot be used for matching in this 
way. When the stub and probe susceptance functions are combined in 
the proper phase, the variation of match of the combination is consider
ably reduced over that of either unit alone, as shown in Fig. 6-23. The 
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Via. 0-2H.—Admittance as a function of wavelength for |- in. coaxial stub-supported 
probe transition measured in coaxial line and referred to center of stub. Admittance is for 
combination of transition and stub. 

maximum voltage standing-wave ratio over the range measured has been 
reduced from 1.13 to 1.07. This j 15 
effect in terms of VSWB, as a func- 0 
tion of wavelength is shown in Fig. s 
6 - 2 4 . F u r t h e r improvement 
could probably be effected by 
using a stub of characteristic im
pedance different from that of the 
line and by redetermining the stub 
position and the transition dimen
sions for proper centering of the 
match in the range measured. 
However, since this result was 
adequate for the requirement at 
the time, no further improvement 
was attempted. Further, it is possible to match this transition over wider 

11.10 

'1.05 

1.00 
9.4 8.8 9.0 9.2 

Wavelength in cm 
Flo. 624.—Voltage standing-wave rat io 

as a function of wavelength for probe 
transition from {-in. coaxial line, stub-sup
ported, to waveguide. 
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wavelength bands, or to adapt it to other bands by the use of the wave
guide matching iris in the manner described in the last section. A sum
mary of these results will be given later. 

6-8. Tuning Adjustments.—The earliest transitions from coaxial line 
to waveguide, which were usually of the crossed coaxial-line-to-waveguide 
type shown in Fig. 6 8 , were quite frequency-sensitive and were, therefore, 
built with adjustable plungers in the waveguide and coaxial short-
circuited sections so that the transition could be tuned to the desired 
frequency. These were soon replaced by fixed-tuned transitions of 
somewhat different types, which are better matched over a broad band. 
It has been found that when bandwidths of about 10 to 20 per cent are 
desired, the dimensions of such transitions are critical; and it is difficult 
to duplicate the impedance characteristics of the original design. This 
realization led to the development of a method for adjusting the match 
of subsequent experimental and production units to obtain maximum 
bandwidth and optimum match. 

Since the amount of tuning required is generally small, and because 
they are easily constructed and have a smaller effect than other tuners 
on the power-handling capacity of the units, waveguide tuning screws 
are used as the final matching adjustment on some of these transitions. 
The general use of screws as tuning elements is discussed in Sec. 8-14. 
Application to transitions from coaxial line to waveguide will be pre
sented here. 

In building a number of 10-cm broadband transitions to the same 
design, it has been found that the matching iris dimensions required to 
give the maximum bandwidth or the optimum match over a given broad 
band vary as much as +0.040 in. in both position and aperture, indicating 
that the transition characteristics are not identical with those of the 
original design. However, in most instances it is possible, by the calcula
tion of new iris dimensions from measurements on the transition without 
the matching iris, to obtain bandwidths and degrees of match quite 
comparable with those of the original design model. By a slight adjust
ment, then, of the amount and phase of the matching susceptance, it 
would be possible to match, over a broad band, transitions which do not 
duplicate exactly the characteristics of the original design. This match
ing can be done much more easily with tuning screws than by the calcula
tion of new matching iris dimensions from standing-wave measurements 
on the transition. Further, when so tuned, the screw tuners can be 
locked or soldered and no further adjustment is necessary. This tech
nique has proved very tiseful in the laboratory; it also expedites the 
production of satisfactory units using these transitions, such as mag
netron couplings, antennas, and rotary joints. This technique should 
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not be used, however, as a substitute for the development of accurate 
production assembly methods. 

One arrangement which has been used effectively is that shown in 
Fig. 6-25. With screws of fairly large diameter (about 1 in. at 
10 cm), it is possible to obtain quite large capacitive susceptances and 
inductive susceptances of the order of 0.15 (normalized) or slightly 
larger. In the arrangement shown, these screws are in the center of the 
wide side of the guide, one centered on the matching iris, and the other 
one-eighth guide wavelength away toward the transition. Each screw 
can be moved from about 0.2 in. projection into the guide to about 1 in. 
hack into its housing. This gives a continuous variation in susceptance 

Coaxial line 

Transition i y 2 " x 3 " 
waveguide 

Screw (inductive) 

Matching iris 
in waveguide 

0.2" 

Screw (capacitive) 

FIG. 6-25.--Tuning scrow.s for adjusting mutch of 10-oin transition. 

from about +0.3 capacitive to about —0.15 inductive. Jn the figure, 
one screw is shown in the position which gives maximum inductive 
susceptance and the other in the position for a capacitive susceptance. 
Capacitive susceptances which are considerably larger than the value 
given are obtainable with such a screw. However, the value given for 
the inductive susceptance is about the maximum that may be obtained 
from a screw of this diameter at 10 cm. This limits the magnitude of 
admittance variation which may be produced in any phase by two screws 
used in this manner. 

The screw centered on the iris produces at this point a variation of 
susceptance which is effectively an adjustment of the iris aperture. The 
other screw gives a variation of susceptance one-eighth guide wavelength 
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away. This appears at the iris as a change in conductance which effec
tively adjusts the iris position. 

Since the mismatch which is to be canceled may occur in any phase, 
the limiting factor of this device is the maximum inductive susceptance 
obtainable with a given size screw. With the 10-cm screw tuner described 
above, a reflection of any phase may be reduced by a factor of about 
1.15 in terms of the voltage standing-wave ratio. Similar results are 
obtained at 3 cm when the dimensions are scaled according to the guide 
wavelengths. Screws of larger diameter have been used to obtain a 
greater inductive susceptance, but these do not give purely susceptive 
tuning when used to introduce capacitance; sometimes, they actually 
produce a shunt resonance. Screws of the size discussed above are about 
the optimum for applications in which the same diameter screw is used 
for capacitive and inductive tuning. Other typos of screws for general 
application are discussed in Chap. 8. 

This type of tuning adjustment can, of course, be applied equally 
well to other devices, particularly to transitions matched by the narrow
band method. In each type this amount of corrective tuning on produc
tion units has proved sufficient to bring the voltage standing-wave ratios 
well within the desired limits which are usually 1.10 and 1.15. 

This method of adjusting the final match of these transitions is 
particularly simple and convenient for narrowband matching. The 
reflection from the transition is measured at the proper frequency and 
the screws are adjusted to give a minimum standing-wave ratio and then 
soldered in position. This is a feasible production technique. Broad
band matching however, which is more often necessary, is more difficult 
to accomplish by this method. In this case, it is necessary to make a 
plot of admittance vs. wavelength, or to obtain the equivalent informa
tion by means of a microwave impedance bridge, an instrument which 
measures the voltage standing-wave ratio simultaneously at several 
different frequencies in the desired band. The reason for this procedure 
may be seen by reference to Fig. 6-17 or to Fig. 6-18. The transition 
can be adjusted, by means of the screw tuner, to have a standing-wave 
ratio of unity at midband (10.7 cm). This would occur, however, through 
the addition of capacitive susceptance which would shift the entire curve 
upward and cause the mismatch at the ends of the band to increase. 
Therefore the screw tuner must be used to center the admittance curve 
for a broadband transition about the point of match on the chart, rather 
than to match it at a specific wavelength. 

6-9. Examples of Transition Construction.—Many mechanical 
arrangements have been employed in the construction of coaxial-line-to-
waveguide transitions with differences depending upon the application 
and the conditions under which the unit is to be operated. A number 
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of these are diagrammed in Fig. 6-26 for easy reference and in order to 
facilitate comparisons between different designs. By adjustment of 
the proper dimensions, it is possible to obtain an impedance match for 
nearly any geometrical shape of transition region, at nearly any wave
length in the range for which the waveguide and coaxial line support only 
their lowest modes. However, the impedance characteristics of different 
types of transitions differ considerably for wavelengths, in the region of 
that for which the transition is best matched. Since the transition 
dimensions are usually critical, and since there are few instances in which 
a desired type of electrical characteristic cannot be obtained with one 
of the geometrically simple constructions shown, the practice has been 
to use the simplest possible arrangement by which a given impedance 
characteristic can be obtained. Most of the transitions shown in Fig. 
6-26 are based on the waveguide antenna or electric-coupling method 
described in Sec. 6-3. However, the distinction between this and the 
magnetic or loop-coupling method is hardly significant in some of the 
more complicated constructions. 

6-10. Crossed Transitions from Coaxial Line to Waveguide.—The 
earliest method of providing a transition from the. principal coaxial mode 
to the lowest rectangular (or round) waveguide mode is the crossed line 
and guide transition shown in Fig. 6-.26a. As discussed in Sec. 6 3 , 
matching is accomplished by adjusting the lengths of the waveguide and 
coaxial-line short-circuited sections, dimensions D and S in the figure. 
In the region of match, this transition hasalways proved very frequency-
sensitive and, therefore, has been used either as a tunable device or as 
a narrowband fixed-tuned transition. Figure 6-27 shows the detailed 
construction and electrical characteristics for this type of transition 
between ^j-in. coaxial line and rectangular waveguide \ by 1 in. by 
0.050-in. wall in the 3-cm region. Measurements for its development 
are made m the waveguide; and a long length of RG-9/C/ cable (see 
Sec. 5-1) is coupled to the coaxial line with a type X connector, 1JG-58/U 
(see Sec. 4-2), used as the coaxial load. The mismatch of the cable 
section was about 1.14 in voltage at 3.2 cm. This design met require
ments for a rugged, easily constructed transition matched reasonably 
well for a narrow band. I t has been used in microwave test equipment 
as a low-power, type X connector to 3-cm waveguide adapter. 

Another type of crossed coaxial-line-and-waveguide transition, tuned 
in another way, is that shown in Fig. 6-266. In this unit the outer con
ductor of the coaxial line extends into the waveguide from both sides, 
forming a tunable coupling gap. It is used as a tuning device to match 
power into a coaxial crystal mount in a 3-cm standing-wave detector. 
Tuning is accomplished by varying the coaxial stub length S and the gap 
in the coaxial line G. I t is a narrowband tunable device; its charac-
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teristics are, of course, also determined by the position of the waveguide 
short circuit which is fixed in this unit. By making all three dimensions 
variable, it should be possible to adjust the bandwidth to some extent, 
as well as to match the transition at a given wavelength. This, however, 
is an unnecessary complication in a tunable device. 
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6-11. Probe Transitions.—In terms of the impedance match and the 
bandwidth obtainable without special matching techniques, the probe 
transition is the most desirable type and has had considerable application 
in microwave systems and test equipment. Some of the possible differ-
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ent constructions of this transition are shown in Figs. 6-26c to / . The 
chief problem involved in the design of such a transition is the support 
of the coaxial center conductor which should not limit the power-handling 
capacity of the unit to less than that of the transition itself. 

Figure 6-26c shows a method of supporting the center conductor of 
the coaxial line by means of a quarter-wavelength coaxial stub having a 
half-wavelength coaxial transformer for broadband matching of the stub 
only. Such a stub is very well matched (VSWR less than 1.05) over as 

3.14 3.16 3.18 3.20 3.22 3.24 3.26 
Wavelength in cm , 

F I G . 6-27.—Voltage standing-wave ratio characteristics of adapter from type N connector 
to waveguide. 

much as a 30 per cent band and is the basis of the broadband stub-
supported coaxial line discussed in Chap. 4. The characteristics of the 
transition are very little affected by the presence of the stub, and the 
coaxial line is broken in the figure to indicate that the position of the stub 
along the line is unimportant. However, in order to support the probe 
accurately, the stub should be placed as close to the waveguide as possible. 
On the other hand, it probably should not be designed to come less than 
a half wavelength from the transition in order that the higher modes set 
up in the region of such discontinuities are damped sufficiently to prevent 
interference with the functions of either the stub or the transition. The 
development of this transition and its electrical characteristics have been 
discussed in detail in Sees. 6-5 and G-7. Typical plots of voltage 
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standing-wave ratio vs. wavelength for probe transitions from l |-in. 
and £-in. coaxial lines are to be found in Figs. 612 and 6-24, respectively; 
such a plot is shown in Fig. 6-24 by the curve labeled "probe transition 
only." This type of transition has been used successfully in units requir
ing transitions from coaxial line to waveguide at both 10- and 3-cm 
wavelengths. 

The effect obtained in using a narrow-band coaxial stub support to 
reduce the frequency sensitivity of a probe transition has been discussed 

8.0 8.5 9.0 9.5 10.0 10.5 11.0 11.5 12.0 
Wavelength in cm 

FIG. 6-28.—Probe transition from g-in. coaxial line to waveguide with simple stub 
support. Curve I: original design. Curve I I : average for two production units of original 
design. Curve III-, transition matched with iris for 9.9 to 11.1 cm (average of three 
individually matched units). Curve IV: transition matched with iris for 8 to 12 cm 
(average of two individually matched units). 

in Sec. 6-7. The basic construction of this transition is shown in Figs. 
6-20 and 6-26d. The application of this technique to the probe transition 
from £-in. coaxial line to waveguide, described previously, has resulted 
in a particularly useful transition in the 10-cm region. Its properties 
are given in the VSWR-vs.-wavelength plot in Fig. 6-24 and by Curve I, 
Fig. 6-28. By the use of matching irises in the manner described in 
Sec. 6-6, it has been possible to adjust the frequency of best match and, 
to some extent, the bandwidth of this transition over a considerable 
range. This has been done without variation of the transition-matching 
dimensions (end-plate distance, probe insertion, and stub position) from 
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those of the original design. Results of these further modifications an 
given in Fig. 6-28. Curve II is voltage standing-wave ratio as a function 
of wavelength, averaged from two production units made to the original 
design, but measured over a considerably wider wavelength range than 
that for which the transition was intended. To meet requirements for 
transitions handling appreciable power and being sufficiently well 
matched, in the 9.9- to 11.1-cm band, to be used for measuring equip
ment, three production models were individually matched with waveguide 
irises. Each transition was measured over this band, and separate 
matching irises were calculated for each one. The results for these three 
transitions are averaged in Curve III . A similar type of experimental 

1.40 

* 1-30 

1.20 

% 1.10 

1.00 
10.0 10.5 9.0 9.5 

Wavelength in cm 
-Boad-supported probe transition ii Fio. 6-29.-

development is shown in Curve IV. In this instance an attempt was 
made to secure the best possible match over the entire 8- to 12-cm wave
length range by the use of matching irises. This was done with two 
production units built to the original design for the stub-matched probe 
transition. 

Although the coaxial-stub method of supporting the center conductor 
does not limit the power-handling capacity of the probe transition 
(which is generally less than that of the coaxial line itself), it has another 
disadvantage. The electrical characteristics of these transitions are 
sensitive to the centering and insertion of the probe. These dimensions 
are particularly difficult to hold accurately in assembly since the sup
porting stub is some distance from the transition region. Because of 
,his fact and because the probe transition has a lower breakdown power 
han the coaxial line, this transition has been replaced by other types in 
pplications where high power is used and a very good match is required. 
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In instances where power limitations and sizable reflections are net 
serious considerations, such as in certain test equipment, the probe may 
very conveniently be supported by a dielectric (usually polystyrene) as 
shown in Figs. 6-26e and /. The bead shown in Fig. 6-26e is frequently 
part of a type N coaxial connector in r^-in. line. The outer-conductor 
diameter is increased at the bead in order to maintain a 50-ohm charac
teristic impedance in the dielectric-filled region. The length of the 

FIG. G-30.—Adapter from type N connector to 3-cm waveguide (dielectric-supported 
probe transition). 

bead is a quarter wavelength in the dielectric so that the capacitive mis
match occurring at one end cancels that at the other. This transition has 
been used extensively in test equipment and other low-power microwave 
applications at both 10- and 3-cm wavelengths. Figure 6-29 shows the 
detailed construction of a typical adapter from type N coaxial connector 
to waveguide with a representative plot of the VSWR as a function of 
wavelength for the design matched at about 9.5 cm. Table 6-1 gives 
the dimensions for matching at other wavelengths. Relative to other 
types of transitions these adapters are limited by the inconsistencies 
and frequency sensitivity of the type N connectors, but they have been 

TABLE 6 1 . — D I M E N S I O N S FOR A D A P T E R FROM T Y P E N COAXIAL C O N N E C T O R TO 
W A V E G U I D E * FOR B E S T M A T C H AT V A R I O U S W A V E L E N G T H S 

X 

3 3 
9 .5 

11.0 

Coaxial line, 
in. 

0.296 0 .125 
0.296 0 .125 
0.296 0 .125 

Waveguide, 
in. in. 

12 X 1 X 0.050 ' 0 .500 
1'2 X 3 X 0.080 0 .143 
1,4' X 3 X 0.080 0 .143 

in. 

0 .310 
0.707 
0 .725 

P, 
in. 

0 .250 
0 .765 
0.862 

Band 
V S W R < 1.10, 

% 

±1 
±3 
+ 3 

* See Fig. (i-29. 
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widely used in low-power microwave systems. A bead-supported 3-cm 
adapter of this type and one having a crossed coaxial-line-and-waveguide 
transition are pictured in Fig. 6-30. 

A somewhat more rugged and accurate method of supporting the 
probe by means of dielectric is that shown in Fig. 6-26/. The detailed 
construction and electrical characteristics of this type of transition used 
as a type N coaxial-connector-to-waveguide adapter are shown in Fig. 

6-31; those dimensions which are 
more important in matching are 
indicated. In this design the size 
of the coaxial line varies for struc
tural reasons, but a 50-ohm 
characteristic impedance is] main
tained in both the air- and dielec
tric-filled regions. Matching was 
accomplished by varying the end-
plate distance, the probe insertion, 
and the length of the dielectric 
support. This adapter has proved 
to be a superior type at 3-cm 
wavelengths; the same construc
tion has not yet been used for 
10-cm applications. I t is consis-

0.326" 

0.291' 

l~ 0.075" N 

— 0.200" brass tubing 

1.10 

11.05 

10S 10 3.20 3.30 3.40 3.50 

F I G . 

Wavelength in cm 
6-31.—Type N coaxial connector to 
3-cm waveguide probe transition. 

tently better] m a t c h e d for a 
broader band in production than 
the types discussed above, prob
ably because of the more accurate 
method of positioning the probe. 

6-12. Crossbar Transitions.— 
In order to simplify the construc

tion of coaxial-line-to-waveguide transitions and to permit a more accurate 
support of the center conductor, the "crossbar" transition,1 shown in 
Fig. 6-26<7, was developed for use in a 3-cm coaxial rotary joint of 
70-ohm characteristic impedance with transitions to waveguide on either 
end. Dimensions and voltage standing-wave ratio characteristics for this 
transition are given in Fig. 632. In this development it was possible to 
achieve an adequate impedance match and bandwidth without resorting 
to additional matching elements such as waveguide irises or coaxial trans
formers. This same type of transition, for wavelengths near 10 cm using 
standard waveguide and |- in. coaxial line having a characteristic imped
ance of 50 ohms, has proved considerably more frequency-sensitive. 

1 C. F . Edwards , "P re l imina ry Repor t on a Waveguide R o t a r y J o i n t , " B T L 
Memorandum 43-160-120, Ju ly 1943. 
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FIG. 6-32.—Crossbar transition from 3-cm coaxial line to waveguide (data from Ref. 6). 
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FIG. 6-33.—Crossbar transitions from |-in. coaxial line to waveguide in the 10-cm region. 
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TABLE 6-2.—DIMENSIONS FOB CURVES SHOWN IN Via. 6-33 

Curve 

I 
II 

III 

D, in. 

0.696 
1.670 
0.530 

P, in. 

0.509 
0.653 
0.705 

R, in. 

2.200 

A, in. 

2.120 

Band, cm 
(VSWR < 1.10) 

9.25 + 4% 
10.7 + 2% 
10.2 to 11.2 

One method of matching this transition over a broad band by means of a 
waveguide iris has been described in Sec. 6-6. A summary of the 

, different d e s i g n dimensions for 
crossbar transitions in the 8- to 11-
cm wavelength region may be 
found in Fig. 633 and in Table 
6-2. The broadband model is 
pictured in Fig. 6-34. 

The differences in the proper
ties of the transitions shown in 
Figs. 6-32 and 6-33 is easily under
stood in terms of the relative guide 
wavelengths. First, the formula 
for the guide wavelength is 

X„ = Xo 

\ w 
FIG. 6-34.—Broadband crossbar transition 

from g-in. coaxial line to waveguide. 
where X0 is the free-space wave
length, and Xc is the cutoff wave

length (equal to twice the inside wide dimension of the guide). J\T ow, as Xo 
approaches Xc, the rate of change of X„ with X0 will increase; that is, the 
nearer the waveguide component is operated to the cutoff wavelength, 
the more frequency-sensitive it becomes. The ratio of free-space to 
cutoff wavelength for the three different transitions is as follows: 

Xo (midband), cm 
3.3 
9.2 

10.7 

X„/X, 
0.579 
0.637 
0.741 

If all dimensions of the different transitions were scaled according 
to the wavelength, the electrical properties, of course, would remain 
unchanged. This method has been used to great advantage in special 
applications where a component of the desired characteristics has been 
developed for another wavelength. However, the waveguide and 
coaxial-line sizes for the different wavelength bands are predetermined 
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and usually are not in the correct ratio for "scaling," in terms of guide 
wavelengths. In comparing these crossbar transitions, the effect is 
complicated even further by the difference in the characteristic impedance 
of the coaxial line which is 70 ohms for the 3.3-cm transition and 50 ohms 
for the other two. 

6-13. "Doorknob" Transitions.—The only limit on the power which 
may be safely transmitted by a coaxial-line-to-waveguide transition under 
given conditions should be that imposed by the breakdown voltage of 
the coaxial line alone. Although the crossbar transition can carry 
more than twice the power of which the stub-supported probe transitions 
are capable, this desired maximum power limit was not obtained with 
either design. In order to achieve this, a transition1 was developed 
in which the center conductor of the coaxial line terminates on the oppo
site side of the guide (for an i?-plane, right-angle transition) in a knob of 
the proper size to permit impedance-matching and of a "streamlined" 
shape to increase the power required for breakdown. This general type of 
transition, two versions of which are shown in Figs. 6-26fe and i, is 
widely known as the "doorknob" transition and occasionally by more 
colorful names which identify different shapes of doorknobs. 

The doorknob may be thought of as an "inverted" stub in a crossed 
coaxial-line-and-waveguide transition. The purpose of this stub is to 
match the susceptance (as measured in the coaxial line) of the "an tenna" 
(that portion of the coaxial center-conductor extending across the guide) 
which excites the waveguide, as discussed in Sec. 6-3. The proper shunt 
susceptance for this matching can be added by "building u p " the inside 
of the guide in this region as well as by using a short-circuited section 
of coaxial line having the proper input susceptance. Further, as might 
be expected, this arrangement proves slightly less frequency-sensitive 
than one in which the susceptance matching the waveguide antenna 
depends upon the electrical characteristics of an appreciable length of 
coaxial line. 

This type of construction has very successfully improved the power-
carrying capability of the coaxial-line-to-waveguide transition to the 
point where it is limited only by the breakdown power of the coaxial 
line. An extensive series of high-power tests on different types of door
knob transitions has been made under a number of different conditions of 
pressure, standing waves, and ionizing radiation. These have shown 
that a well-made transition of this type, operating in a reasonably 
well-matched transmission line, will break down only at powers necessary 
to cause arcing in the coaxial line. These transitions have had wide 

1 N. A. Schuster and G. L. Hollingsworth, "Development of an Improved Con
version Unit for Coaxial Line to Waveguide Feed," General Electric Co. Engineering 
Memorandum EMT-521, January 1943. 
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application in 10-cm waveguide systems using magnetrons with coaxial-
output or coaxial-mode rotary joints. This construction also has been 
used in 3-cm rotary j oints and in certain test equipment. It has been used 
in 1-cm applications, chiefly as a means of matching power into a crystal. 
Some of these applications are largely experimental, and such transitions 
generally have adjustable dimensions to permit tuning. 

When matched only by adjustment of the transition dimensions (end-
plate distance, and doorknob size and shape), these transitions are 
comparatively narrow band; that is, they have a VSWR of less than 1.10 
for a bandwidth of only a few per cent. By mismatching the transition 
and matching over a broad band with a waveguide iris, in the manner 
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F I G . 6-35.—Doorknob transition from lf-in. coaxial line to waveguide. Curve I : 
narrowband model (data from Ref. 7). Curve I I : average of four design models for 
broadband transition, 

described in Sec. 6-6, bandwidths of the order of 10 to 20 per cent are 
obtainable. This has been done for a number of different 10-cm transi
tions; it has not been done, to any extent, for the 3-cm transitions 
since coaxial line is seldom used in high-power applications at this 
wavelength. Requirements for the match are not so stringent for low-
power transitions. 

Although the doorknob transition is quite satisfactory in terms of 
its power-handling capacity and bandwidth (if properly "broadbanded" 
with an iris), it is extremely critical as to dimensions. Since the specifica
tions for its construction are detailed, they cannot be included here. 
However, some representative electrical characteristics for different 
designs will be presented with references from which more detailed 
design information may be obtained. 

Figure 6-35 shows the voltage standing-wave ratio as a function of 
wavelength for two designs of doorknob transitions from i£-in. coaxial 
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line to standard 10-cm waveguide. Both have the same general con
struction shown in Fig. 6-26/i. The characteristic of the narrowband 
model is plotted as Curve I. This design differs from that for the 
broadband model in that it has no matching iris and has a flat end plate 
some distance farther from the doorknob than is the semicircular end 
plate in the broadband model. These curves show the frequency 
sensitivity of the basic design of doorknob transition in this wavelength 
range as well as the improvement which may be obtained by broad
band matching with an inductive waveguide iris. Curve II for the 
broadband model is the average of the data taken from measurements on 
four units for which individual matching irises had been calculated. 
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FIG. 6-36.—Doorknob transitions from f-in. and ls-in. coaxial line to waveguide. 
Curve I: average for four preproduction models individually matched for maximum 
bandwidth, j - in . coaxial line. Curve I I : average for 10 preproduction models of same 
design as for Curve I, but with different iris for longer wavelengths, | - in. coaxial line. 
Curve I I I : design model l i - in . ooaxial transition hemispherical doorknob. 

Some results for doorknob transitions with different sizes of coaxial 
line at different wavelengths in the 10-cm region are shown in Fig. 6-36. 
Curve I represents the characteristics of the broadband £-in. coaxial-
line-to-waveguide doorknob transition which has the same general 
design in the transition region as that discussed above and shown in Fig. 
6-26L This result was obtained in the usual way, by varying the 
transition dimensions to give the proper mismatch and by matching with 
a waveguide iris calculated to give the maximum bandwidth. Curve II 
is the characteristic curve of the same transition design with a slightly 
different position of matching iris to improve the match in the region of 
11 cm. It should be noted that this can be done only at the expense of a 
standing-wave ratio with a slightly higher average over the band and a 
somewhat decreased bandwidth. Curve I I I is the VSWR as a function 
of wavelength for a hemispherical doorknob transition from li-in. 
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coaxial line to waveguide for use in the 8- to 9-cm band. This has the 
construction shown in Fig. G-26i. 

Similar transitions have been built for 3-cm wavelengths, though 
they have had far less application than those for 10 cm. So far, little 
work has been done in attempting to increase the bandwidth of these 
transitions by means of a waveguide iris. Figure 6-37 shows the voltage 
standing-wave ratio as a function of wavelength for two experimental 
models of doorknob transitions matched in the region of 3.2 cm. Both 
of these were matched by adjustment of the end-plate position and shape 
and the doorknob size and shape. One form was used1 at the Tele-

1.50 

1.40 

1.30 

> 
1.20 

1.10 

3.10 3.15 3.20 3.25 3.30 
Wavelength in cm 

F I G . 6-37.—Doorknob transition from 3-cm coaxial line to waveguide. Curve A : British 
(TRE) hemispherical doorknob transition similar to Fig. 626t except that a semicircular 
end plate and no matching iris are used. Curve B: General Electric transition similar to 
Fig. 626A without matching iris. 

communications Research Establishment in matching power from 
3-cm waveguide into a thermistor for low-level power measurements. 
It has a hemispherically shaped doorknob similar to that shown in 
Fig. 6-26i, and a semicircular end plate very close to the doorknob, similar 
to the arrangement shown in Fig. 6-26ft. An improved design has been 
developed, but the details are not yet available. The transition as 
developed at the General Electric Company2 has the same general con
struction as that shown in Fig. 0-26/i but with no matching iris. This 
was an experimental development intended for use in a 3-cm coaxial-mode 
rotary joint. 

1 P. R. Tunnicliffe, " A n R F Wat tme te r for Low-Level Power Measurements at 
3 cm," T R E Repor t T 1663, May 1944. 

2 K. M. Uglow, General Electric Co., Transmi t t e r Engineering Division, Let ter of 
Feb. 19, 1944, to G. L. Ragan, Radiat ion Labora tory , M. I .T . 
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In terms of its power-handling capabilities, bandwidth, and degree 
of match attainable, the doorknob transition has proved the most 
satisfactory type for high-power work. Furthermore, it has the advan
tage in applications to rotary joints that, since the center conductor 
terminates on the bottom of the guide, a second low-power coaxial 
rotary joint may be built within the center conductor. This is a great 
advantage in certain types of installations. However, the doorknob 
transition is very difficult to build because its dimensions are quite critical. 
This is to be expected for the broadband models in which the transition 
is actually adjusted to have a considerable mismatch of the proper 
distribution with wavelength in magnitude and phase so that it may be 
matched over a broad band by means of a waveguide iris. There has 
been considerable difficulty in securing consistent production units. 
The machining tolerances required by most designs are not unduly 
small and can be met, with care. It appears, however, to be much more 
difficult to maintain the assembly dimensions because of the distortion 
and movement of the parts at the temperatures required for silver soldering. 

Calculations of new matching irises from measurements on individual 
transitions can compensate for these deviations. This, however, is 
laborious; the same result can be accomplished by the use of tuning 
screws to adjust the iris impedance slightly in the manner described in 
Sec. 6-8. But, since the calculation of matching irises for individual 
units is not practical and tuning adjustments are undesirable as produc
tion techniques, several different methods of manufacturing these transi
tions have been tried. The doorknob contour itself can be machined 
with a sufficient accuracy; and it is not likely to distort in assembly if 
properly designed. The chief problem arises in maintaining accurate 
dimensions in the waveguide section. Ordinary rectangular tubing is not 
sufficiently accurate; and it is subject to considerable distortion. 
Attempts to cast waveguide sections have not, so far, proved satis
factory. Electroformed sections are slightly more accurate, but they 
lack mechanical strength at the junction between the coaxial outer 
conductor and the waveguide wall. Machined sections are, usually, 
unnecessarily heavy and too expensive for practicability. The best 
results have been obtained by using a well-annealed precision wave
guide that is very carefully handled during the assembly process. Fur
nace-assembly soldering of the parts, accurately held in position with 
soldering jigs, is required to minimize variations in production units. 
Since considerable work has been done on the problem of manufacturing 
well-matched doorknob transitions, all the results cannot be given here. 
Further information and design details may lie obtained from previous 
references and elsewhere.1 

1 F. L. Niemann, " 10-C'jii Coaxial Line-to-Reetangular Waveguide Transitions," 
KL Report No. 802, December 1945. 
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6-14. Magnetic and Resonant-slot Couplings.—The transitions 
described thus far have been of the electric-coupling type in which 
various means of supporting a waveguide-exciting antenna are employed. 
As discussed in Sec. 6-3, there is also the magnetic-coupling transition 
which is formed by terminating the coaxial line in a loop, the plane of 
which is orthogonal in the waveguide to the magnetic field associated 
with the TE'io-mode. Several different versions of this transition have 
been developed, and a few have had limited application. They are, 
in general, difficult to match, quite frequency-sensitive, and critical as 

/ \\ x 3*x 0.080" wall 

9.2 9.3 9.4 9.5 9.6 9.7 
Wavelength in cm 

F I G . 6-38.—Straight-through transition from g-in. coaxial line to waveguide. 

to dimensions, so that they have a number of disadvantages when 
compared with the electric-coupling type of transition. In one instance 
in which a straight-through iJ-plane transition at 9.4 cm was required, 
the construction shown in Fig. 0-26j was used with limited success. The 
dimensions and electrical characteristics of this transition are given in 
Fig. 6-38. It was matched by variation of the loop size L and the probe 
depth P (Fig. 6-26J). A particularly long probe was necessary to obtain 
the proper susceptance. The supporting post was arbitrarily chosen 
fairly large in order to minimize high-power breakdown to the opposite 
side of the guide. 

Figures 6-26t and I show two right-angle //-plane transitions for the 
10-cm region used by the Raytheon Manufacturing Company. The 
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first is a straightforward loop coupling which could be matched by 
variation of the loop size and end-plate distance, but which proved too 
frequency-sensitive to be of much use. The second is based on the idea 
that the distribution of electric field in a resonant slot in the coaxial 
line is similar to that required to excite the TEw-mode in rectangular 
waveguide. The slot region is excited by magnetic coupling from the 
loop formed by grounding the center conductor to the outer conductor 
in the region of the slot. This transition proves somewhat broader band 
than the other with a VSWR of less than 1.10 for a ± 3 per cent band 
when the unit is well made. Matching of this transition is accomplished 
by variation of the slot width and length, the end-plate distance, the loop 
size, and the guide height which provides the proper susceptance. As in 
the case of any transition of complicated geometry most of these dimen
sions prove rather critical, and the desired characteristics are difficult to 
reproduce. This transition was used in one model of a production radar 
system but was replaced in later models by a probe-type transition. 

6-15. Applications and Special Transitions.—In addition to providing 
transitions between the different standard coaxial lines and waveguides, 
some of the units described have been combined with other devices for 
specific applications. The most frequently used examples are the 
magnetron-to-waveguide input couplings, and the coaxial rotary joints 
between waveguide sections. The applications to rotary joints will be 
discussed in Chap. 7. Two different kinds of magnetron couplings will 
be described here. 

One type of waveguide coupling for a high-power 10-cm magnetron 
having coaxial output section is shown in Fig. 6-39. In this design the 
magnetron may be removed from the coupling unit. The outer conduc
tors are coupled by means of the conventional half-wavelength coaxial 
choke (see Chaps. 2 and 7). The center conductors are connected by a 
double-ended "bullet" designed to maintain spring contact at each end. 
It is made of beryllium copper and is heat-treated after machining for 
maintenance of its properties while operating at a fairly high tempera
ture. A pressurizing gasket seals the outer case of the magnetron 
output section to the coupling unit so that the r-f line may be operated 
under pressure to reduce the possibility of breakdown. The unit shown 
is a doorknob transition for lf-in. coaxial line with a f-in.-diameter 
center conductor. Its characteristics are those given by Curve II , 
Fife. 6-35. It is used with the 4J31-35, 43-47, and 74-77 types of mag
netrons. A second magnetron-to-waveguide coupling is that shown jn 
Fig. 6-40. To ensure the proper positioning of the probe, the coupling 
is designed to be a permanent part of the tube. When this construction 
is used, the probe may be contained within the tube seal, an arrangement 
which greatly increases the power-handling capacity of the unit. The 
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Magnetron 

Choke coupling 

Glass tube-seal 

F I G . 6-39.—Waveguide input coupling fur high-power 10-cm magnetron. 

Standard flange l j x 3"waveguide/ Coaxial output line 
from magnetron 

'//,'/,■ A 

J^fk*^ 

l^'Lf )-516l-1.125"J 
Coaxial choke 

L 
1.20 

Si.io 

9.5 
1.00 

8.5 9.0 
Wavelength in cm 

Flo. 6-40.—Coupling from coaxial line to waveguide for high-power tunable magnetron 
(sealed-in-glass probe transition). 
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Conducting 
partition 

enlarged waveguide section in the region of the probe also aids in this 
respect. Matching is accomplished in the usual way, by variation of 
the end-plate distance and the probe depth. The results, shown in the 
curve of voltage standing-wave ratio 
as a function of wavelength, were 
obtained without the use of a match
ing iris. This is the type of con
struction used on the 4J70-73 tunable 
magnetron. I t has given no evi
dence of breakdown at the maximum 
powers (about one megawatt) pres
ently available. 

A special application, in which a 
combination of transitions is used to 
advantage, is shown in Fig. 6-41. 
This arrangement reduces the com
plexity in construction of r-f com
ponents in a radar system that uses 
separate antennas for transmitting 
and r e c e i v i n g . 1 Two adjacent 
collinear c o a x i a l a n t e n n a s were 
designed to be operated in a vertical position and to have symmetrical field 
patterns in a horizontal plane. The two concentric coaxial-line-to-wave
guide transitions, one a crossbar-supported probe and the other essentially 

Conducting partition -
Rectangular guide -7 

Tuning screws 

Cylindrical door 
knob transition 

^ 
Crossbar transition 

F I G . 6-41.—Concentric transitions for 
double antenna. 

(a) (6) 
FIG. 6-42.— Field configurations in large coaxial line of double-coaxial coupler; (a) 

shows the electric field configuration in the TE 10-mode; (b) that in the TEM~mode; (c) 
shows the orientation of the conducting partition for symmetrical excitation of the coaxial 
line. 

a cylindrical doorknob transition, allow coupling to both antennas in such 
a manner that neither field pattern is distorted by the presence of the trans
mission line to the other antenna. This device was used in a "system 

' K . M. Fano , " D o u b l e Coaxial Coupler for B U P X A n t e n n a , " R L Repor t No . 
736, May 28, 1945. 
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operating in the 3-cm region. At these wavelengths, in order for the inner 
coaxial line not to become too small, the larger coaxial line is of a size such 
that it allows the transmission of the undesirable TEu-coa,xia\ mode illus
trated in Fig. 6-42a. This mode cannot be used because of the require
ment of azimuthal symmetry on the field of the antenna. The desired 
symmetrical TEM-c.oa.xia, mode is shown in Fig. 6-42b. The elimination 
of the T En-mode from the large coaxial line was accomplished in the follow
ing manner It is evident from the field configuration of this mode, shown 
in Fig 6-42a, that the plane a-a' constitutes an equipotential surface to 
which the components of the field are orthogonal, so that it may be replaced 
by a thin conducting partition without disturbing the field configuration. 

Single ridge Double ridge 
F I G . 6-43.—Electric field configurations for TEio-mode in single- and double-ridged wave

guide. 

If this is done, the only orientation for which the 7\Z?u-mode may be 
propagated in such a transmission line is that for which the field is as 
shown in (a) or (c). If this partition is oriented in the transition as 
shown in Fig. 642c, then the coaxial line following the partition will be 
symmetrically excited. Any other fields are rapidly attenuated. This 
is particularly important since there is known to be considerable distortion 
of field in right-angle transitions of this sort. The length of this strip is 
that which is necessary for the desired amount of attenuation of the 
unwanted modes. 

These transitions were matched by the usual techniques already 
discussed. The transition to the larger coaxial line proved to be some
what critical as to dimensions and for that reason tuning screws were 
provided to permit factory adjustment of the transition after assembly. 
Both transitions when properly made and tuned have a voltage standing-
wave ratio of less than 1.1 for a bandwidth of about 9 to 10 per cent. 

In developing a very wideband transition from coaxial line to wave
guide considerable work has been done by the Radio Research Laboratory 
at Harvard University on the properties of " r idge" waveguide1 and its 
application to the transition problem.2 This type of waveguide is 

! S . B. Cohn, "Proper t i e s of Ridge Waveguide ," R R L Repor t No. 411-211, 
August 1945. 

2 S. B. Cohn, "Des ign of Simple Broad-band Waveguide-to-Cor,xir,l Lino Junc
t ions ," R R L Repor t No. 411-186, July 1945. 

http://TEM-c.oa.xia
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also discussed in Sec. 2-9. The electrical field configurations for single-
and double~("H-shaped") ridge waveguide are shown in Fig. 6-43. 
The approximate distribution in intensity is suggested by the density of 
the lines of force. 

This type of waveguide has several properties which make it applicable 
to broadband components in general, and to coaxial-line-to-waveguide 
transitions in particular. For given over-all dimensions it has a longer 
cutoff wavelength (lower cutoff frequency) than the same size of rec
tangular guide. Its characteristic impedance can be made considerably 
lower than that of ordinary guide; and in particular, it can be made equal 

FIG. 6-44.—Adapter for type N connector (UG-58/U) to waveguide with single-tapered 
ridged waveguide. 

to that of the standard coaxial lines. Further, the range between the 
cutoff wavelengths of the various modes is considerably increased, making 
it useful for very broadband requirements. However, it has certain 
disadvantages. In addition to being somewhat more complicated to 
construct accurately, its attenuation is several times that of ordinary 
waveguide, and its breakdown is obviously less than that of the standard 
guide. This limits its use to those receiving or low-power transmitting 
systems which employ a fairly short length of this guide. 

In using ridged waveguide in a transition from coaxial line to standard 
waveguide, the coaxial line is terminated in a ridged waveguide section 
with an input characteristic impedance equal to that of the coaxial line. 
The " r idge" then is tapered gradually into the standard guide. Since 
the ridged waveguide is symmetrical, the asymmetrical TE^o-mode is 
not excited in the rectangular guide; and, since in the ridged guide the 
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Type N (UG 58 /a) connector 

TT 
, ^ r ^ ^ ^ ^ 

1.00 -6.875-
0.375' 

Wavelength in cm 
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Fiu. G-45.—Adapter for type N (UG-58/U) connector to waveguide with double-tapered 
ridged waveguide. 

- 1 1 " sq* 

4.0 6.0 8.0 10.0 12.0 14.0 
Wavelength in cm 

Ki<;. fi-46.—Dimensions and performance curve of transition from J-in. coaxial line to ridged 
\vave;:uide liorn. (See I'i^. G'47.) 
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T-Eso-mode has a much shorter cutoff wavelength than in the standard 
guide, most of the field of this mode excited by the transition is damped 
out before it reaches the rectangular guide. I t is sometimes possible to 
use-such, a transition over almost the entire region between the cutoff 
wavelengths of the TEvr and the T^ao-modes in the standard guide. 

Figures 6-44 and 6-45 show, respectively, the use of single and double-
tapered ridged waveguide sections in the construction of a broadband 
coaxial-line-to-waveguide transition. These units, designed by the 

FIG. 6*47.—Transition from {-in. coaxial line to ridged waveguide horn (see Fig. 6-46). 

Radio Research Laboratory, are for the standard type N (UG-58/U) 
connector in bead-supported rV-in. coaxial line. An example of a 
similar application to a broadband antenna "feed" horn, with a transi
tion from standard J-in. coaxial line to a special size of guide developed 
at the Radiation Laboratory, is shown in Figs. 6-46 and 6-47. The 
flared horn provides an approximate match to free space. The results, 
plotted in terms of voltage standing-wave ratio as a function of wave
length, were measured in the coaxial line. 

LOWEST MODE IN THE WAVEGUIDE TRANSITIONS 

By F. E. EHLEES 

6-16. The Transition between Rectangular Waveguides of Different 
Sizes.—It is often desirable to transform from rectangular waveguide of 
one size, carrying the !F.Eio-mode, to that of another size in which the 
same mode is propagated. This may be done by means of a quarter-
wavelength matching transformer, or by a taper from one set of dimen
sions to the other. 
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Although the concept of characteristic impedance in waveguide is 
not so well defined as it is in coaxial line, it is convenient to use regular 
transmission-line theory in determining the dimensions of a quarter-
wavelength transformer. Consequently, the following formula for 
the equivalent impedance of rectangular waveguide in the T'E'io-mode 
may be taken from Slater.1 

\i X0 a 
(23) 

If this formula is assumed, the equivalent circuit of the discontinuity 
between the different waveguides 
is that shown in Fig. 6-48 provided 
that the change from Z\ to Z2 is 
not too great and that neither 
waveguide will transmit higher 
modes. 

To find the condition between 
two waveguides when their im
pedances are equal, Eq. (23) may 

F I G . 6-48.—Equivalent circuit of discon
tinuity between different waveguides. 

be rewritten in the following form: 

62 = - Z* m 

:fi= 7 7 7 ^ | 
zzzzzzzT 

/// s / / / r \ 

This is the equation of an hyperbola, connecting a and b if Zeaa is kept 
constant. For a given choice of a greater than a half wavelength, a 
value of b for the waveguide is determined which will match the imped
ance of another waveguide of the same equivalent impedance. 

If the two waveguides differ only in the narrow dimension, the calcula
tion of a quarter-wavelength trans
former becomes very simple since 
the characteristic impedance is 
proportional to the narrow dimen
sion only. T h u s, the narrow-
dimension of the transformer sec
tion is 

bt = \/bib2, 

where bi, b», and bt are shown in Fig. 0-49. 
At each junction between the waveguide and the transformer, there 

will be a shunt capacitive susceptance. If the discontinuities are not 
too large, however, the shunt susceptances, having about the same 

1 J . C. Slater, Microwave Transmission, McGraw-Hill , New York, 1942. 

tsjs's ;///,/r//;;;;/////rn 
FIG 649.—Narrow dimensions of a trans

former section. 
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magnitude, will nearly cancel each other because of the quarter-wave
length spacing. If the two waveguides differ in the wide dimensions 
only, the problem is a little more difficult since the guide wavelength 
must be taken into account. For this sort of change, the shunt suscept-
ance at the steps will be inductive instead of capacitive. If two wav&r 
guides differ in both dimensions b and a, the transformer section may be 
chosen to make the shunt susceptance of 
the ends approach equality or vanish 
altogether. Such a quarter-wavelength 
transformer has been designed for the junc
tion between 1^- by -f-in. rectangular wave
guide with 0.064-in. wall, and 1- by i-in. 
waveguide with 0.050-in. wall. The di
mensions of this transformer are shown in 
Fig. 6-50. The voltage standing-wave 
ratio introduced by the transformer is less 
than 1.03 over the wavelength band from 
3.13 to 3.53 cm. 

A simple way to transform from a wave
guide of one size to one of another size is 
to taper the dimensions linearly. In 
Frank's report,1 the ratio of incident to 
reflected waves from a tapered section of 
transmission line, if the second waveguide 
is terminated in its characteristic imped
ance, is shown to be (see Eq. 1) 

FIG. 650.—Quarter-wavelength 
transformer from 1- by $-in. rec
tangular waveguide (0.050-in. wall) 
to l j - by f-in. rectangular wave
g u i d e (0.064-in. wall). Army-
Navy designation UG-80/I7. 

exp ( - a / % * ) . (24) 

If the two terms of Eq. (24) representing the magnitude of the dis
continuities at both ends of the taper are equal, and if the length of the 
taper is equal to an integral number of half wavelengths, the reflection 
from the taper will be zero, according to the formula above. If these 
two terms are different, the mismatch of the taper will be at a minimum 
for length of the taper equal to an integral number of half wavelengths. 
For a taper in which the dimensions change linearly, ao may be denned 
as the wide dimension of the smaller waveguide and d as the length of 
the taper. Then the corresponding dimension of any cross section in the 
taper is 

. Sx 
a = ao T ~r> 

1 N. H. Frank, "Reflections from Sections of Tapered Transmission Lines and 
Waveguides," RL Report No. 189, Jan. 6, 1943. 
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where 5 is the difference between the wide dimensions of the two wave
guides. For calculating the length of an integral number of half wave
lengths, the following formula may be used: 

r 
Integrating and simplifying, 

2wd f"1 V(2a ) 2 - X2 , 
W = ¥L 2a da-

n\S 

V/(2a1)-' - X- - V(2a 0 ) - - X- - X ( c A _ cos-i _L) 
2ai 2a0/ 

This formula may be rewritten for convenience in the parameters of 
waveguide wavelengths and the wide dimensions for the two terminating 
waveguides. 

n(ffli — do) d 

Two such tapers, 0.817 in. and 1.635 in. long, were constructed and 
tested. The first was calculated from the above formula to be a half 
wavelength long and the other, a full wavelength, at 3.22 cm. The 
voltage standing-wave ratios of both transitions were 1.05 or less over a 
wavelength range from 3.14 to 3.52 cm. 

6-17. Transition from Rectangular to Cylindrical Waveguide.—As the 
primary modes in both the round and rectangular waveguides are similar, 
being TE-TD.odes, the cylindrical waveguide may be excited directly from 
the end, utilizing a gradual taper or a quarter-wavelength transformer. 
If the rectangular waveguide is terminated abruptly in the cylindrical 
waveguide, the voltage standing-wave ratio is about 2. The admittance 
of such a transition from i- by i-'m. waveguide with 0.040-in. wall to 
0.350-in. ID tubing at a wavelength of 1.25 cm is Y = 0.45 — jO.15 
referred to the junction point between the two waveguides. Thus, to 
match such a transition with a quarter-wavelength transformer the 
equivalent characteristic admittance of the transformer section relative 
to the rectangular waveguide must be 0.67; and the susceptance of the 
two junctions of the transformer must be equal. Since the transition is 
from rectangular to round waveguide, this condition will be more easily 
obtained by a waveguide that has a cross section intermediate between 
round and rectangular. As the guide wavelength and the characteristic 
admittance cannot be calculated in a waveguide with round corners, both 
the length and the size of the transformer must be determined experi
mentally. The admittance that would be obtained with a transformer 
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whose characteristic admittance is correct for matching the two wave
guides may be calculated on the basis of transmission-line theory as a 
function of its length. The resulting curve passes through the center 
of the Smith chart in Fig. 6-51. There are two other curves in Fig. 6-51 
which show the variation of admittance with length for transformers with 
too large and too small a characteristic admittance. These curves have 

FIG. G-51.—Curves for correct and incorrect transformer characteristic admittance; 
(̂ 1) transformer characteristic admittance too small; (B) correct transformer characteristic 
admittance; (C) transformer characteristic admittance too large. The admittance chart 
has been rotated 180° from the usual position (see Sec. 2-12). Some users prefer this 
position since it gives positional correspondence with impedance chart. 

been calculated with the assumption that no shunt susceptance exists at 
the junctions of the transformers. With such susceptances present there 
would be some rotation and shifting of these curves. However, when 
these curves are taken as indicative of the general trend of admittances 
that would be encountered, the dimensions of the transformer may be 
determined empirically by a series of approximations. It should be 
remembered, however, that the characteristic admittance is proportional 
to a/X„, which increases with the wide dimension of the guide and is 
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inversely proportional to the narrow dimension [see Eq. (23)]. Such a 
transformer from i - by i-in. waveguide with 0.040-in. walls to round wave
guide 0.350 in. ID was designed for 1.25-cm wavelength and is shown in 

Fig. 6-52. 
Another way to c o n s t r u c t a 

quarter-wavelength transformer is to 
fill in a section of the round wave
guide as shown in Fig. 6-53. This 
has been tried in transforming from 
i- by T-in. waveguide with 0.040-in. 

0.350" wall to round waveguide 0.350 in. ID, 
with less success than the design of 
Fig. 6-52. This design is also not so 
easy to make as the transformer 
described in the preceding paragraph. 

A taper from rectangular to round 
waveguide may be constructed as 
shown by the sketch in Fig. 6-54. In 
this construction, the cross section 
changes gradually from a rectangular 

shape to a circular one. If this transition section is made longer than a 
wavelength, the match will, in general, be quite satisfactory. One is 
assured of a good match if this transition is made very long, for the change 
will be gradual enough to cause little mismatch. Figure 6-54 gives the 

FIG. 6-52.—Transformer from \- by 
^-in. waveguide with 0.040-in. wall to 
round waveguide 0.350 in. ID. 

F I G . 6-53.—Quarter-wavelength transformer. 

dimension of such a taper from 1- by i-in. rectangular waveguide with 
0.050-in. wall to 1-in. round waveguide with 0.032-in. wall. This taper is 
between one, and one and a half wavelengths long and the voltage stand
ing-wave ratio is 1.10 or less from 3.14 to 3.47 cm. 

I t is also possible to transform from rectangular waveguide to round 
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waveguide with the two waveguides at right angles. There are two types 
of coupling, series and shunt. In the series coupling, the wide dimension 
of the waveguide is transverse to the axis of the round guide. This is 
not so easy to match as the shunt coupling since there is a greater dis
tortion of the magnetic and electric fields at the junction between the 

F I G . 6-54.—Taper from rectangular to round waveguide. 

rectangular and round waveguides. However, if a wedge is placed 
extending from one wide side of the rectangular waveguide to the opposite 
wall of the round waveguide as in Fig. 6-55, a match may be obtained. 
This wedge helps to bend the wave around the corner. Data of voltage 
standing-wave r a t i o vs. wave
length for wedges of three sizes are 
shown in ths graph Fig. 6-56 for 1-
by i-in. waveguide with 0.050-in. 
wall and round waveguide xf in. 
ID. Better results may possibly 
be obtained if some matching 
device, such as inductive window, 
is used in conjunction with the 
wedge. 

A transition, using shunt cou
pling from | - by 1-in. waveguide 
with 0.040-in. wall to round wave
guide 0.350 in. I D , may be 
matched at 1.25-cm wavelength by 
adjusting a s h o r t - c i r c u i t i n g 
plunger in one arm of the round 
waveguide. This combination of 
waveguide dimensions is such that 
at this wavelength no matching irises or transformers are needed. For 
waveguides of different relative sizes, some additional means of matching 
must be employed. 

In designing such a transition, one must avoid using a waveguide too 
near cutoff for the TAf oi-mode. Since the rectangular waveguide opening 

Flu. 6-55.—Right-angle transition from 
rectangular to round waveguide. The wave
guide width is 0.900 in. ID . 
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increases the cutoff wavelength of this mode in this short section of round 
waveguide, resonances may occur which would introduce serious reflec
tion. In case the diameter of the round waveguide cannot be reduced 
in a particular application, these resonances may be eliminated by 

1.40 
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-g 1.20 

1.10 
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T 

VdA 
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Fiu 

3.30 3.40 
Wavelength in cm 

6-5G.—Voltage standing-wave ratio for different size wedges from rectangular to 
round waveguide. 

placing across the opening narrow bars which are parallel to the wide 
dimension of the rectangular waveguide. These bars, being perpendicu
lar to the electric field in the rectangular waveguide, have little effect 
upon the match but, by closing the opening, they reduce the cutoff 

wavelength of the TAfoi-mode to a 
safe value. 

With a single rectangular-wave
guide input wave, one polarization will 
be excited, of which the maximum 
radial electric-field component will be 
transverse to the wide dimension of the 
rectangular waveguide. It is possible 
to couple another waveguide the same 
distance from the short-circuiting plug 

about 90° in azimuth from the location of the first rectangular waveguide 
(see Fig. 6-57). In this way, another polarization may be fed into, or 
coupled out of, the round waveguide. However, the waveguides are not 
strictly independent for there will be some coupling from one to the other. 

FIG. 6-57.—Transition from rectangu
lar to round waveguide with two reetair 
gular waveguides. 
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1" I " 
2*4 waveguide 

0-420!' 

transformer 

This coupling to the second arm of r-f power from the first will reflect from 
the second opening some ^.En-power, with the polarization 90° to the wave 
set up by the first arm. The phase of this reflected wave may be different 
from that of the input wave so that, in adding with the input wave, it will 
cause some of the energy to be circularly polarized. 

Another means of coupling the other polarization is by feeding the 
round waveguide end-on with a quarter-wavelength transformer, as 
in Fig. 6-53. The quarter-wavelength transformer will act as a short-
circuiting plug in the round waveguide, for the wave from shunt arm 
providing the narrow dimension of the transformer is beyond cutoff 
for the incident frequency. Fig
ure 6-58 gives the details of this 
transition. The distance from the 
edge of the quarter-wavelength 
transformer to the inside dimen
sion of the rectangular waveguide, 
as shown, is somewhat less than 
the distance for a short-circuiting 
plug. The effective short circuit 
is slightly beyond the face because 
the transformer waveguide is 
beyond cutoff for this polarization. 

6-18. Circular Polarization of 
the T-Eii-mode.—The radial com
ponent of the electric field of a single polarization of the TEu-mode at a 
fixed radial distance r < a is of the general form 

Er = E sin 4>V("'-^>. 
Now this single wave may be broken up into the sum of two waves 
whose maximum amplitude is 90° apart in azimuth; thus, 

0.170 

waveguide I 
2 " 4 

FIG. 6 58.—Transition from rectangular 
waveguide to two polarizations in round wave
guide. 

Er = El sin <t>ei("'-^ + E2 cos 4>e ,;(u<-0z) (25) 

where <j> has undergone some angle of rotation from 4>', depending upon 
the relative magnitude of E i a n d hii. 

If the second wave had undergone a shift in phase of 6' radians, it 
would be designated for conveniences which will become clear later in 
the discussion as 6' = 0 + (71-/2), where 6 is now the phase shift greater 
(or less) than a quarter wavelength. Equation (25) now becomes 

jYu( + - + 0 — BX ) 
Er = Ex sin <£e> <<■"-<« + E2 cos <fe y 2 J 

Er = Ei sin dje''"'-^1' + Ei cos 4> ( — sin 6 + i cos 
If, to the right-hand member of this equation, we add 

E2 sin <f> cos de>{"'-^x) - E2 sin 4> cos de'^'-^ 

y<"'-<w. (26) 
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and regroup the terms, the equation for the electric field becomes 

Er = [Ei sin <t> - E% sin (4> + fl)]e'<-'-^' + £ 2 cos eA"'~*+*~dx\ (27) 

The first term represents a plane-polarized wave. The second term, 
however, has an amplitude which is independent of angle and therefore 
is symmetric. This symmetry is, however, false since, at any instant 
t', the electric field has the same pattern as a single plane-polarized wave. 
To determine the angular position of the maximum electric field, the 
exponent must be set equal to zero. 

4, = at + \ - fix. 

At any cross section in the waveguide, therefore, the maximum ampli
tude rotates with an angular velocity of wt. Hence, the resultant of 
any two plane-polarized waves which differ in phase consists of the sum 
of a single plane-polarized wave and a circularly polarized wave. The 
E4, component of the T En-mode, which for constant r < a has the form 
E = E cos 4>e'iat~Px>, can thus be represented in a manner similar to 
Eq. (27). The derivation of the E$ component then, will be omitted 
from this discussion. 

If the amplitudes Ei and E2 of the two waves were equal, then 

i( ut — « + - — &Z I 
Er = Ei [sin <f> - sin (4, + e)]e""'^ + Ex cos « A 2 ' 
Er = - 2 # i sin | cos U + 0 e'"<"'-^' + Ex cos $e v -"*-*+;>). (28) 

The angle 6 is the difference in phase shift from ir/2 radians, or a quarter 
wavelength; thus, if 9 = 0, all the energy from two waves of equal 
amplitude whose polarizations differ by 90° is transmitted into the cir
cularly polarized mode, when a phase shift of v/2 radians or a quarter 
wavelength is introduced into one of the two waves. If the phase shift 
is greater or less than TT/2, the ratio between the amplitudes of the plane-
polarized wave and the circularly polarized wave from Eq. (28) is 

E,_rin2 
Ec I cos 

and the ratio of the powers in the two waves is 

(29) 

4 sin2
 T 

r , cos- t) 
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If a probe is inserted into a waveguide which is matched to all polariza
tions and which carries two such waves, and the probe is rotated around 
the tube, the symmetry of the resulting wave can be determined. From 
Eq. (26), the magnitude of the square of the electric field as a function 
of <j> and 6, after setting E2 equal to E\, may be calculated. 

El = E\ (1 + sin 2<#> sin 0), (31) 
which has maxima at <t> = jr/4, 5ir/4 and minima at <t> = Sir/4, 7ir/4 for 
IT > 9 > 0. The maximum to minimum voltage ratio is 

[l + sin"l (d r\ ,_„, 
r = Vl^lirr9

 = C O t V 2 + 4 | (32> 
Combining Eqs. (29) and (32), and (30) and (32), we get 

„ 2 sin I cot - 1 r ~ -7) 2 sin I cot - 1 r — j) 

Ec ~ I T \ ~ sin (2 cot - 1 r) 

and 
. ( 2 c o t - r - | ) 

P p _ 1 - sin 2(cot-x r) 
2cot-

With the above relations there is sufficient information to design 
a quarter-wave plate in the TEu-mode in order to obtain a circular 
polarization. Various schemes for obtaining it have been tried. Usu
ally, these schemes consist of inserting a metal fin or a dielectric slab at a 
45° angle to the incident wave. At this fin the incident wave can be 
resolved into two waves of equal amplitude at 45°. If the fin is very 
narrow, its effect on the polarization, of which the radial vector is maxi
mum 90° in azimuth away from the fin, is very small; this is true since 
the electric field Er is perpendicular to its surface and the radial compo
nent ET is equal to zero. For fins that are rather thick, however, there 
is some phase shift in one polarization, and considerable phase shift in 
the polarization that has a maximum electric field at the fin. For a 
0.062-in. fin in round waveguide of 0.350 in. ID at 1.25 cm, the guide wave
length, as a function of the amount of insertion of the fin into the wave
guide, is plotted in Fig. 6-59 for the two polarizations. Another way of 
obtaining a quarter-wave plate is by filling in part of the waveguide 
with a metal plate as shown in the cross-section sketch in Fig. 6-60. In 
this figure also is a plot of guide wavelength as a function of the thickness 
of this metal plate. 

The quarter-wave plate must be matched to both polarizations and 
particularly to the polarization in which it causes the greater phase shift. 
This matching is accomplished by using a quarter-wavelength step in 
the plate which must be determined experimentally after the dimensions 
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1.000 

; 0.900 

s 0.800 

0.700 
0.000 0.020 0.040 0.060 0.080 

h in inches 
F I G . 6-59.—Guide wavelength in two polarizations of TEn-mode for metal fin in round 

waveguide. 

h / 
jg-0.062" 

< 

\ 

/ 

\ 
\ 

0.940 

i 0.900 

0.860 

0.820 

y 
> 

-A 

, 
/ 

T 

K^ 
0 0.020 0.040 0.060 0.080 

t in inches 
F I G . 6-60.—Waveguide wavelength for two polarizations of TEn-mo&e. 
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FIGS. 6-61 and 6-62.—Quarter-wave plates; 1.25-cm wavelength. 
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of the matching transformers are determined. The length of the quarter-
wave plate may be calculated as follows: 

where I' is the length of the quarter-wave transformer, X(l and X,, are 
the guide wavelengths of the quarter-wavelength transformer for the 
two polarizations, and I is the remaining length of the quarter-wave 
plate with Xi and X2 the corresponding guide wavelengths of the two 
polarizations as shown in Figs. 6-59 and 6-60. Dimensions for two 
quarter-wave plates are shown in Figs. 6-61 and 6-62 for 1.25-cm wave
length in round waveguide 0.350 in. ID. 

A quarter-wave plate may be obtained by means of a number of 
lumped susceptances spaced in the round waveguide. These lumped 
susceptances may be in the form of rods, as in Fig. 6-63, which protrude 

F I G . G-63.—Quarter-wave plate with lumped susceptance. 

into the waveguide. These rods act like shunt capacities; and if the 
values of their susceptances are known, the spacing between them may be 
determined by means of the Smith chart so that a perfect match is 
obtained. If the shunt capacity of these elements is not too large, a 
match over a broad band may be obtained by spacing several of these 
elements about a quarter wavelength if the relative magnitudes of these 
susceptances follow the values of the binomial coefficients. For example, 
if two susceptances are used, their magnitudes are equal; if three suscept
ances are used, then their magnitudes should have the relative values of 
wc, 2wc, and a>c, respectively. Several typical values are as follows: 

Number of elements Value of eapaeities 
2 we coc 
3 a)C 2OJC GJC 

4 . cxiC 3oC ZuiC o:C 
5 wc 4wc 6OJC 4O>C UC 

Equal spacing of equal elements may also be used but the broadband 
match may not be so good. By trying various matched combinations 
of these elements, the values of the susceptance and the number of ele
ments may be determined experimentally so that circular polarization 
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Right handed 
Circular polarization 

Left handed 
Circular polarization 

is attained. This technique is rather cumbersome to design. Sufficient 
work has not been done to determine whether there is any gain in band
width over the continuous type of quarter-wave plates. 

I t is also' possible to couple from rectangular waveguide directly to 
round waveguide in circular polariza
tion without means of a quarter-wave 
plate. The shunt rectangular-wave
guide arm as shown in Fig. 6-64 
couples to the TEn-mode, by cutting 
transverse currents in the round 
waveguide. The instantaneous cur
rents in circular polarization wind 
spirally around the waveguide making 
a complete revolution in a waveguide 
wavelength. Thus, if these currents 

are excited by orienting the rectangular waveguide a t ' the proper angle 
with the axis of the round waveguide, circular polarization can be set up. 
This angle can be approximated by the formula 

Fia. 6-64.—Double circular polarizer 
with right- and left-handed circular 
polarizations. 

8 = tan" 2ira 

where a is the radius of the round waveguide and \„ the waveguide wave
length. If both ends of the round 
waveguide are matched, then a right-
handed circular polarization will be 
excited in one direction and a left-
handed circular polarization in the 
other. Data at 1.25-cm wavelength 
for such a transition as a function of 
the orientation angle of the rectangular 
waveguide with respect to the round-
waveguide axis are shown in Fig. 6-65. 

If a m o v a b l e short-circuiting 
plunger is introduced into one of these 
arms, some interesting results may be 
obtained. A left-handed polarization 
will be reflected back as a right-handed 
polarization, looking in the direction of 
propagation, and will add to the origi
nal right-handed circularly polarized 
wave. As the phase of this reflected 
wave is adjusted by the short-circuit
ing plunger, the resulting wave propagated in the matched arm may vary 
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gradually from circularly polarized wave to plane-polarized wave. If the 
reflected wave is 180° out of phase with the other wave in the matched 
arm, then there is no propagation, and all the energy is reflected from the 
junction. 

Circular polarization may also be excited by means of a transition 
which has been aptly designated as a "turnst i le" transition. This con
sists of two cross arms of rectangular 
waveguide with a round waveguide 
coupled out of the section that is com
mon to the two arms. The narrow 
dimensions of the rectangular wave
guide are lined up with the round-
waveguide axis. If the transition is 
matched so that the symmetry is 
preserved, then some interesting re
sults are obtained. This matching is 
done by adjusting the dimensions of 
a post which is set in the bottom of 
the rectangular waveguide along the axis of the round waveguide as 
in Fig. 6-OG. The data for Fig. 6-60 are taken from Table 6-3. The 

UJ 
Fiu. ft-66. — Matching of turnstile junction 

of Fig. 6-67; data taken from Table 6-3. 

T A B L E 6 - 3 . — D I M E N S I O N S * TO ACCOMPANY T U R N S T I L E J U N C T I O N OF F I C . 6-66 

Center 
wavelength, 

em 

3.33 
3 .57 
1.25 

a, in. 

0.181 
0 .160 
0.070 

b, in. 

0 .509 
0 .502 
0.175 

c 

0 
0 
0 

in. 

125 
125 
065 

d, in. 

0 .4375 
0.5315 
0.188 

Hound 
wave
guide, 
I D , in. 

0 .9375 
1.000 
0 .350 

j Rectangular 
j waveguide, in. 

1 X I (.050 wall) 
1 X i (.050 wall) 
\ X 1 (.040 wall) 

* All letter symbols pert:iin to Fig. tj-liti. 

height and diameter of the lower part of the post have a greater effect on 
the match looking into one rectangular waveguide with matched loads 
in the other four arms, while the narrow post has greater effect on the 
match looking into the round waveguide. Thus a transition is obtained 
with the following characteristics: 

1. The wave is matched looking into the round waveguide with 
matched loads in the four rectangular arms. 

2. Each rectangular arm is matched with matched loads in the other 
arms. 

With these conditions, if power is fed into Arm A Fig. 6-67, one half 
of the power is transmitted in the round waveguide, and the other half 
is divided between Arms B and D with no power propagated in Arm C. 
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Since B and D are in shunt with Arm A, the phase at the planes repre
sented by narrow sides of waveguides A and C will be equal for the two 
waves. If arms B and D are short-circuited and are equal in length, 
the two reflected waves arrive back at the junction in phase, and the 
reflected power is equally divided between Arms A and C. No reflected 
power enters the round waveguide since the two reflected waves will 
set up polarizations in the round guide which are 180° out of phase and, 
therefore, will be canceled out. 

If one arm is a quarter wavelength longer than the other, then the 
reflected waves from the two arms 
are out of phase and will set up a 
polarization in the round guide 
which is aligned with the axis of 
the short-circuited arms. Thus, 
there are two waves of equal ampli
tude, whose polarizations differ by 
90°, propagated in the round wave
guide. As the length of the arms 
is adjusted, keeping a quarter-
wavelength difference in lengths 
between the two, the phase of the 
polarization set up by the reflected 
waves will be varied. If the phase 

difference between the polarizations is equal to zero, then a plane-polarized 
wave oriented at 45° to the cross arms is propagated. If this phase 
difference is equal to ir, then there is propagated a plane-polarized wave, 
oriented at 90° in azimuth from the wave resulting from a phase difference 

T A B L E 6 - 4 . — D I M E N S I O N S AND VSWR FOR THE TURN-STILE J U N C T I O N S O F F I G . 6-66 

F I G . 6-67.—Cross section of turnstile tran
sition. 

V S W R with matched 
loads in the three 

rectangular arms and 
in the round 
waveguide 

Circu 

rfi,* 
in. in. 

1.03 for X = 3.33 em 1 .3670.864 
1.01 from X = 3.407 

to 3.746 em 

1.05 for X = 1.25 em 0 .457 0. 30S 

i 
1 

ar polarizer 

VSWR 

1 .08 at 1.215 em 
1.10 at 1 224 cm 
1 .05 at 1.255 cm 
1 .10 at 1.250 em 
1.11 at 1 .265 em 
1.16 at 1.280 cm 

Plane polarizer 

in. 

I 
<h'* ; VSWR in. ' 

1 
1 

1.616 1.146. 
1.356 0 .763 1 19 at 3 595 cm 

1.05 at 3 .605 cm 
1 .02 at 3 . 654 em 

* d\ and d2 are lengths of arms B and />. 
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of zero. If this, phase difference is ir/2, 3TT/2, the resulting wave is circu
larly polarized in the round waveguide; while in between these values of 
phase difference the resulting wave is elliptically polarized. 

Table 6-3 gives the dimensions of three turnstile transitions centered 
at wavelengths of 3-33, 3-57, and 1.25 cm. Complete data have not 
been collected on these transitions since each transition was designed for 
a specific application, and only sufficient data were taken for this appli
cation. Table 6-4 gives the length of short-circuited arms for circular 

70 

50 c k 

- 30 

10 

\ Ml 

F I G . 6-f 

3.50 3.54 3.58 3.62 3.66 
A. in cm 

-Characteristics of turnstile vised as linear polarizer. Dimensions are given in 
the second line of Table 6-4. 

polarization and for plane polarization, with the voltage standing-wave 
ratios obtained for these applications. 

* 

■ - 5 cm — — » -

7mm 

t Po ystyrene 

FIG. 6-69.—Dielectric quarter-wave plates. (a) Waveguide j | - in. ID at 3.2-cm wavelength 
with polystyrene; (b) waveguide '.i in. ID with .styraloy. 

While the voltage .standing-wave ratio is very good over a broad band, 
the useful wavelength region may be limited further by the frequency 
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sensitivity of the lengths of the short-circuited arms. Figure C-68 shows 
a plot of the ratio between the power found in the two polarizations in 
the second transition of Table 6-4, over a part of the frequency band, 

0.081 1 1 1 1 1 1 1 1 1 , , 

7.0 7.5 8.0 8.5 9.0 9.5 10.0 10.5 11.0 11.5 12.0 12.5 
Wavelength in cm 

Flo. 6-70.—Circular-polarization tests on styraloy quarter-wave plate of Fig. 6-69&. 

when the transition is used as a linear polarizer. The amount of P 2 
in the figure is very small at 3.58-cm wavelength but increases very rapidly 

toward each end of the band. ThisP 2 wave 
will be out of phase with the P i wave, thus 
setting up some circular polarization. For 
some applications the ratio must be greater 
than 30 db. 

Another way to construct a quarter-wave 
plate is to place a narrow slab of dielectric 
material, as shown in the drawings in Fig. 
6-69, at an angle of 45° to the incident 
polarization. The dielectric has a greater 

FIG. 6-71.—Circular polar- effect on the guide wavelength of that corn
ier in rectangular waveguide. p o n e n t the polarization of which is parallel 

to its width, than in the component at 90°. 
The notches and the tapers match the plate to the incident wave. 
Apparently better results are obtained with a fairly thick slab of dielectric 
than with a very thin sheet. Experimental results of the tapered quarter-
wave plate of Fig. 6-69 are shown on the graph of Fig. 6-70. The small 
maxima and minima are probably due to multiple reflections from the two 
tapers in the two component polarizations. 

6-19. Circular Polarization in Square Waveguide.—It is possible to 
propagate a circularly polarized wave in square waveguide, as well as in 
round, by dividing the power in half so that two 77?io-modes are 
propagated at right angles, and by introducing a phase shift of ir/2 in 
one of these modes. This phase shift may be obtained by using a 
section of rectangular waveguide with a slab of dielectric as in Fig. 6-71. 
Since the boundary conditions are not complicated, the cutoff wavelengths 
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for the primary modes in the two polarizations may be calculated accu
rately. This technique of exciting circular polarization gives us several 
parameters which must be adjusted in order to obtain a broad band. By 
selecting the dimensions a and b, and the thickness and dielectric con
stant of the slab, a waveguide section may be obtained in which the 
phase difference between the two polarizations, as a function of free-
space wavelength, is at a minimum in the center of the selected band. 
In this way, theoretical bandwidths of 3 to 1 and 5 to 1 can be obtained 
using the maximum ratio of 3 db, between the major axis and the minor 
axis of the wave, as a criterion. 

TRANSITIONS INVOLVING A CHANGE IN WAVEGUIDE MODE 

B Y F. E. EHLERS 

For certain specialized applications, it is often necessary to transform 
the dominant mode of one type of waveguide to a higher mode of another. 
The higher waveguide mode most often used is the TMoi-mode in round 
waveguide. The advantage of this mode is that it has radial symmetry 
and, therefore, is desirable for use in rotary joints, in antennas in which a 
uniform azimuth is desired, and in other applications requiring symmetry. 

6-20. Transitions to the TM01-mode.—Transitions to the TATOi-mode 
are more difficult to design than are transitions between two different 
waveguides in which only the lowest mode is propagated, because the 
TMm-mode has to be excited without setting up an appreciable amount 
of TE'ii-mode. The cutoff wavelength for the TMoi.-mode is 

_ 2ira 
K ~ 2A05' 

while the cutoff wavelength for the ^-En-mode is 

_ 2-wa 
K ~ L841" 

Therefore, if the diameter of the waveguide is selected to propagate the 
TWoi-mode, it will also propagate the T^En-mode. From the standpoint 
of electromagnetic theory, the round waveguide must be excited with a 
field as nearly symmetrical as possible. 

Since nearly all microwave transmission line is rectangular waveguide, 
the most logical type of transition to the Til/01-mode is from the TEW-
mode in rectangular guide. From Fig. 6-72 it is seen that the TM/0i-mode 
is very similar to the coaxial J^ilf-mode. The first type of TMoi-transi-
tion from rectangular waveguide contained first a right-angle transition 
from rectangular waveguide to a coaxial line which was beyond cutoff 
for all waveguide modes. Then an antenna, formed by the extension of 
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the center conductor of the coaxial line into the round waveguide, excited 
the rMoi-mode. In this construction, there is perfect symmetry so that 
no T.E'ii-mode (see Fig. 6-73) is set up in the round waveguide unless the 
coaxial section is so short that higher modes, set up in the coaxial line 
by the junction at the rectangular waveguide, are not attenuated suffi
ciently. This transition was satisfactory only over a very narrow band 
of wavelengths. It was matched to the transmitter frequency by 

Electric intensity 
FIG. 6-72.—Instantaneous fields in TMr 

Section at r-r' 
Magnetic intensity 

,-mode showing electric and magnetic intensities. 

adjusting the plunger in the rectangular waveguide, the plunger in the 
coaxial stub, and then three capacitive screws. The disadvantage of 
such a transition, beyond the mechanical complications, is that the power 
capacity of the transition is limited by the narrow coaxial section. The 
device would be much easier to make if power could be coupled directly 
from the rectangular waveguide to the round waveguide without this 
narrow constriction. Therefore, from a study of the fields of the TEl0-
mode in rectangular waveguide and of the TMoi-mode in round wave-

Fia . 6-73.—Instantaneous currents on conductor surface in T^n-mode. The corresponding 
E and H fields are shown on the right. 

guide, the most logical method of exciting the TTI/oi-mode directly from 
the rectangular waveguide should be determined. From Fig. 2-19 it can 
be seen that, in a plane across the narrow dimension of the rectangular 
waveguide and parallel to the wide side, the magnetic field forms closed 
loops somewhat circular in shape, and the electric field is always per
pendicular to the plane. Xow if the magnetic field lines of the 7'.1/IU-
mode in a circular cross section of the round waveguide are examined, 
it is found that they form closed circles. Moreover, at the instant shown 
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by the line A in Fig. 6-72 when the radial component of the electric field 
is equal to zero, the electric field is axial. This analysis of the fields sug
gests that the Til/m-mode can best be excited by coupling from the wide 
dimension of the rectangular waveguide. The diameter of the round 
waveguide must be large enough to propagate the TM0i-mode but not 
large enough to propagate the next higher mode, the TEii-mod-i, whose 
cutoff wavelength is 27ra/3.048. To complete the transition, a short-
circuiting plug which fits the rectangular waveguide is adjusted to excite 
the maximum electric vector in the center of the round waveguide; a 
matching device may be placed either in the round waveguide or in the 
rectangular waveguide, or both, to reduce the reflections. Such a simple 
type of transition is possible for certain sizes of rectangular and round 
waveguides, but in designing such a transition, some technique for deter
mining the purity of the TMoi-mode must be used. 

Only one polarity of the T^n-mode is excited by this type of transi
tion—the one in which the maximum electric vector lies along the diameter 
of the cylindrical waveguide that is parallel to the axis of the rec
tangular waveguide. This can be readily seen by a study of the geometry 
of the transition. The T'.E'io-mode in rectangular waveguide has an 
electric vector which is perpendiular to the axis of the rectangular guide 
and parallel to the narrow dimension. Its magnitude is maximum in 
the center and decreases sinusoidally to zero at the edges of the wave
guide. Thus, there is symmetry about the center of the rectangular 
waveguide which precludes the excitation of the mode in the round pipe 
which is not symmetric about this center line. This property of the 
transition, to excite only one polarization of the Ti^ii-mode, makes it 
possible to use the technique outlined in the following paragraphs. 

6-21. Determining Percentage of TEu-mode in Cylindrical Wave
guide.—When r-f power is propagated simultaneously in the TEu- and 
TMox-modes in a cylindrical waveguide, it is possible to determine the 
relative amount of power in the two modes by measurements of the 
electric field in the waveguide. Since a probe inserted into a waveguide 
will be excited by the electric field which is directed along its length, only 
the radial component of the electric vector in cylindrical waveguide need 
be considered. For the TMai-mode, the radial component of the electric 
field at the periphery of the pipe will vary according to the formula 

Er = EEC'V1* *«>', (33) 

where EE — voltage amplitude of TAfoi-wave, x = distance along the 
axis, and Xoi = the waveguide wavelength in the rilfoi-mode. For the 
TEn-mode, 

£V = £„ sin ^ A " *...>, (34) 
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where EK = the amplitude of the T^u-wave, and <t> — angle of azimuth. 
If the two modes are propagated simultaneously and the waveguide is 
matched to each mode, then the radial component of the electric field 
becomes 

Er = Ej("-%) + EH sin 4*/0^ + a ) , (35) 

where a is the phase difference between the two modes at x = 0 and t — 0. 

If the two terms are divided by e ^ x " ' ' and only the amplitude of 
the electric field is considered, 

Er = EE + EH sin </>A"*r+v, 

where —, = -— — —■ From this relation, it is seen that, at the point 
A An Aoi 

along the pipe where ev-x ' = + 1 , the values of maximum and 
minimum are obtained by rotating around the pipe; 

Em„ — Eg + En I 
and > (36) 

Emia = EE — EH ) . 

If the ratio of maximum to minimum fields measured around the wave
guide is defined as 

Ea Jtn*x. 
v ■ (37) 

Eqs. (36) may be combined to give 

ijL =
 r ~ 1 

EB r+1 (38) 

This maximum ratio will occur every X'/2 along the axis of the waveguide, 
or 5j to 7-j cm, for tubing 1.152 in. ID over the band from 3.13 to 3.53 
cm. These same values of maximum and minimum are obtained if 
sin <$> = ± 1 , and the probe is moved along the axis of the waveguide; 
however, the technique of rotating the waveguide and inserting the probe 
into holes along the waveguide is preferable in order to avoid radiation 
in the TEu-mo&e and possible resonances caused by the slot. For round 
waveguide with inner diameters of 1.152 in. and 1.188 in. about 15 
holes spaced j in. apart are sufficient to obtain accurate results in the 
wavelength range of 3.13 to 3.53 cm. For a matched load in the wave
guide, one may use a cone of finely grained wood 14 in. long with a 
14-in. shank machined to a slide fit in the tubing. The reflections intro
duced by the cone may be detected by changing the position of the cone 
in the guide, and by observing the resulting variation in the power 
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extracted by a fixed probe. For a waveguide .407 in. in diameter, 14 
holes spaced -£g in. apart were used satisfactorily over the range from 1.21 
to 1.27 cm with a 6-in. wooden cone as a load. 

To make use of the variation in power around the pipe in calculating 
the relative amount of power transmitted in the T'.E'ii-mode, the ratio 
of the r-f power transmitted to the square of the voltage amplitude at 
the periphery of the waveguide for each of the modes should be known.1 

These formulas may be checked by calculating the total power from the 
component of Poynting's vector in the direction of propagation from 
the equations2 

\ = i f f P, d* 

J* = 0 Jr = 0 
'T)r dr clip. (39) 

The field equations for the ?'A'u-mode were taken from the equations 
Ex = 0 

- 4 V l t e ) 2 r S i n n 0 / " ( ' ' ^ ) 
E* = j[A'a,ll(z) ^^[^"('''if) 

Hz= A' cos n<t>Jn (»■ ~ ) e"-"'-*""'' 

,.l(t-l-p„mT) 

(,l<«t-$„„. 

Hnm waves in the 
dielecti (40) 

and those for the T^[,^^-mu^le were taken from the equations 

Ez = Ajjr'^)^'-^ 

E JA r oi \ a / 
r / (u I - (So i J - i En waves in the dielectric (4 1) 

]A — aJi r — 

1 F . E. Ehlers, " E 0 Ro ta ry Joints for 1ho 3-(Vntimetcr Hand," III. Report No. 
853, Dec. 4, 1945. 

- Karbacher and Edson, Hyprr and i'lt/ahigh Fn'qnninj Eyiginn-rittg, Wiley, Xcw 
York, 11M3, p. 2(13. Eq. [7.114i: )>. 258. Eq i 7 . m i i : p. 250. Eq. (7.82), respectively. 

http://i7.mii
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Dividing the axial component of Pointing's vector by the square of the 
amplitude of the radial component of the electric vector at the surface 
of the waveguide, we obtain for the TEu-mode, 

El 
_̂ L A 
200 X u ' 

(42) 

where Xn is the guide wavelength in this mode and a is the radius of the 
waveguide. For the TWoi-mode 

El 
a- X01 

240 X ' 

After combining Fqs. (42) and (43), 

PH X2 F 2 

= 120 - ~f 
P E Xn Xoi h f: 

^ = 1 20 X ' {r ~ 1Y' 
PE ' X„ Xoi (r + l ) 2 

(43) 

(44) 

(45) 

where r is the ratio of maximum to minimum voltage at that point along 
the axis of the waveguide where the rotational asymmetry is greatest. 
The coefficient of (r — l ) 2 / ( r + l ) 2 is plotted against X/o in Fig. 074. 

0.60 f 

0.50 

-U-0.40 

0.30 

0.20 
2.10 

Tic 

2.20 2.30 2.40 
X/a 

fr~4.— I ' j i c l o r i n Kq. (45) p l o t t e d :ig;iinst X ' a . 

For some applications, the requirements for the purity of the TMoi-
mode in the round waveguide may not be very severe. In applications 
for rotary joints, however, there must be less than 0.5 per cent of the 
power in the TEn-mode. fn the design of the transitions developed at 
the Radiation Laboratory, attempts were made to secure this degree of 
mode purity, and various techniques were tried to reflect from the round 
waveguide, or otherwise suppress, the energy in the TEn-mode. How-
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ever, before discussing these techniques, two transitions from rectangular 
waveguide to round waveguide in the TMoi-mode will be described in 
which no devices are needed to obtain the desired mode purity. 

A simple transition in wrhich the round waveguide is attached to the 
wide side of the rectangular waveguide, at right angles to it, has been 
described earlier in this chapter. Such 
a transition has been designed, for use 
at a wavelength of 1.25 cm, in which 
rectangular guide -J by \ in. with 
0.040-in. wrall and round waveguide 
with an inside diameter of 0.4675 in. 
are used. A rectangular plug is in
serted into the rectangular waveguide 
as shown in Fig. 6-75. In this particu
lar transition, the dimensions of the 
rectangular guide are such that it is 
possible to select round guide of a 
diameter which achieves, simultane
ously, a nearly perfect match and a 
mode purity satisfactory for use in 
rotary joints. This optimum diame
ter for the round guide was determined 
experimentally. For each of several diameters tried, the short-circuiting 
plug was adjusted so that the minimum voltage standing-wave ratio was 
obtained at 1.25 cm, the center wavelength of the band. Figure 6-76 
shows a plot of this minimum voltage standing-wave ratio as a function of 
the diameter of the round waveguide. The match of the finished transi
tion as a function of wavelength is shown in Fig. 6-77. The bandwidth of 

f x j x 0.040 
rectangular 

tubing 

- 0.4675"ID 
round tubing 

F I G . 6-: 
0.158" 
— 7Woi-mode transition 
.25-em wavelength. 

1.20 

•1.10 

1.00 

FIG. 6-76.-

0.460 0.465 0.470 0.475 
ID of round waveguide in inches 

-Voltage standing-wave ratio of transition from \ 
guide to /?u-mode. 

0.480 

by ^-in. rectangular ivave-

the transition for a maximum voltage standing-wave ratio of 1.05 is about 
4 per cent. 

Because of the urgency with which this type of transition was devel
oped, no systematic data were taken by which the ratios between the 
dimensions of the waveguides and the wavelength could be determined 
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for any wavelength hand. It is possible, however, to scale the dimen
sions of this particular transition according to the ratio of the desired 
wavelength to 1.25 cm and thus to obtain comparable results. 

In the design of a transition from 11- by s-in. waveguide with 
0.004-in. wall to a round waveguide of 1.188-in. inner diameter, it was 
found that better mode purity could be obtained by use of a round 

short-circuiting plug having the same 
diameter as the wide dimensions of 
the rectangular waveguide. Because 
first consideration was given to the 
purity of the mode excited in the 
round waveguide, the location of 
the plunger was determined as that 
which gave minimum asymmetry at 
3.20 cm. The purity of the TM0l-
mode in the resulting transition is 
shown in Fig. 6-78. 

Since the transition was so simple 
in construction, it was decided to round the corners, as shown in Fig. 6-79, 
so that the transition would be able to transmit very high power. The 
position of the plug with the rounded corners was redetermined, and a 
tapered section from rectangular waveguide 1 by ^ in. with 0.050-in. wall 
was added. An inductive window was placed in this taper to match the 
transition at 3.20 cm, since the voltage standing-wave ratio without the 
window was 1.4. With this window, the transition had a voltage standing-

\ u,. 
ran.) of 
mode, ' 
guide. 

1.23 1.25 
Wavelength in cm 

l. 77. -Vo l tage i-tanc 
r ight-angle t ransi t ion 

Ig-WHVC 
) 7'.Un,-

rectangular wave-

0.016 

0.012 

0.008 

0.004 

3.30 3.10 3.20 
Wavelength in cm 

F I G . 6-78.—Purity of !T3/"oi-mode for eleetroformed or die-fast high-power rotary joint. 

wave ratio of 1.10 or less from X = 3.102 cm to X = 3.250 em (see Fig. 
0-80). The only means of manufacturing this transition is by the process 
of electroforming over a cerrobase form. The cerrobase is then melted 
out and the transition cleaned. 

Since this technique has not been satisfactory for large-scale raami-
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facture, the transition was redesigned for the process of die-casting. In 
the die-casting technique, a core must be drawn out of the rectangular 
waveguide and also out of the round-waveguide end of the casting; 
therefore the taper was eliminated. Also, a different technique for 
matching the transition was used: 
round waveguide as well as an in
ductive window in the rectangular 
waveguide in order to obtain a 
broader band. To demonstrate the 
advantage of two matching devices, 
the admittance plots of the transi
tion will be examined first without 
any inductive matching devices. 
Figure G-81 gives a plot on the Smith 
chart of the transition with the 
admittance referred to an arbitrary 
position in the rectangular wave
guide chosen so that, if an inductive 
window of the correct aperture were 
placed there, the best broadband 
match would be obtained. With 

a matching iris was placed in the 

FIG. 

Matching windows 

fi-79.—High-power A'o-transition with 
matching windows. 

such a window, the bandwidth between maximum standing-wave ratios of 
1.10 is 3.16 to 3.25 cm or about 4 per cent. Now let us insert an iris into 
the round waveguide and adjust the aperture and position so that the 
smallest spread of admittances is obtained. The dotted lines in Fig. 6-81 
show the path through which the iris moves the admittance at each par
ticular wavelength. Since the iris adds capacitive susceptance, the ad

mittance of the transition without 
1.21 1 1 1 1 the iris and the admittance point 

with the iris may be rotated 
together to the place on the chart 

S l-l| H \ I 7T I at which these two points lie along 
some line of constant conductance. 
In this way the dotted lines in Fig. 

3.30 6-81 c a n be traced. Since the 
susceptance of a capacitive iris is 
inversely proportional to the guide 
wavelength in the round wave

guide, corrections can be made in the first data in order to determine 
the size of aperture of the new iris and its position in obtaining the desired 
admittance pattern. In this way was obtained the admittance plot in 
Fig. 6-81, which, with an inductive window in the rectangular waveguide 
matched the transition to a maximum standing-wave ratio of ] .04 in 
voltage from 3.13-em to 3.20-cm wavelength. 

l.O 
3.10 

I'm 

3.20 
Wavelength in cm 

080.- -Performance curve for transit 
of Fig. 6-79. 



388 TRANSITION UNITS [SEC. 0-22 

This technique of matching may be used on other types of transition, 
such as rectangular to round in the ^-En-mode. Separating the match
ing devices between the output and the input lines makes it much easier 
io attain a broadband device. 

F I G . 681.—High-power die-cast TA/oi-transitiou. A = admittance without iris 
B = admittance with too small an iris; C = best admittance for broad band; D = com
pleted transition with inductive window in rectangular waveguide. 

6-22. TBn-mode Filters.—In the two transitions discussed in the 
foregoing paragraphs, the dimensions of the respective waveguide's were 
such that, at the chosen wavelength bands, the mode purity was satis
factory. In some transitions these dimensions, together with wave
length, may not be so fortunate. Consequently, some means of sup
pressing the TSii-mode must be employed. This was first done by 
means of an extension of the round waveguide below the rectangular 
waveguide, terminated by a short circuit. This is shown in Fig. 0-82. 
If this extension stub is a quarter wavelength in the T^n-mode measured 
from the short circuit to the center of the rectangular waveguide, a 
nearly pure TMOi-mode is propagated in the round waveguide. Unfortu
nately, this stub is also nearly a quarter wavelength in the TMoi-mode, 
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0.050 -1.187-

■ 1.062'-^ 

£SS N\\>\\SV 

Yui. fi.82.-
(a) 

-Details of Preston 7'.l/oi-transition; (a) stub transition for 3.17 to 3.23 cm; 
(6) stub transition for 3.27 to 3.33 cm. 

and thus causes a large mismatch which must be cancelled. A better 
result is obtained if this stub is made three-<]uarters guide wavelength in 
the 2,£'u-mode. Then the diameter 
of the stub can be chosen experi
mentally so that when the length of 
the short-circuited stub becomes 
three-quarters waveguide wavelength 
in the T^n-mode, it is a half-wave
guide. wavelength in the TM/oi-mode. 
In this way, the voltage standing-
wave ratio of the transition can be 
made small enough (about 1.5) to be 
matched easily by an i n d u c t i v e 
window. Such a transition was de
signed from 1- by -J-in. waveguide 
with 0.050-in. wall to round wave
guide 1.188 in. 11) at a wavelength of 
3.20 cm. The dimensions of this 
transition are shown in Fig. .G-82. 
The voltage standing-wave ratio is 
below 1.1 for a 2 per cent band 
centered at 3.20 cm, and the ratio of 
TE-mode to TM-mode is about O.o 

i . • jnessor. 
per cent over this band. 

Another way of suppressing the 7'En-nwdc is by means of a coaxial 

3"xU 
I'IG. li-s:).—7".l/„, 
with coaxial st i 

2 waveguide-
transition for 10.7 
1) V'A'n-niO'le sup-
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stub on the axis of the round waveguide placed below the rectangular 
waveguide as in Fig. 6-83. This has one advantage over the round 
waveguide stub: it has little effect on the TMOi-mode, since the maximum 

(a) 

-10 

-20 

-30 

-40 
- f l - 0 . 0 3 2 " ) , Mean diameter ■ O *p 

Flo. 6-84.-

0.01 0.02 0.03 0.04 0.05 0.06 
(and Hnches 

(fc) 
-Susceptance of a ring mounted in a waveguide: (a) as a function of mean 

circumference; (b) as a function of cross-section dimensions. 

electric field for this mode occurs at the center conductor of the coaxial 
stub and is not coupled into it. Therefore, the stub can be made a 
quarter wavelength long in the T^n-coaxial waveguide mode, and it 
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0.2 -

2 0 

-0.2 

will present a very high impedance to the round waveguide TEn-mode. 
This device is not so effective a suppressor as the compound TE—TM-stub 
discussed in the earlier part of this section, and the introduction of the 
poly-supported resonant ring is necessary to obtain sufficient purity 
of the TiV/oi-mode. This particular transition has a standing-wave 
ratio of 1.10 or less over the band from 10.61 to 10.81 cm. 

Possibly the most effective filter for the TEu-mode is the resonant 
ring. If a circular metal ring of the correct diameter is placed in a round 
waveguide propagating a plane wave such as the TEu-mode, nearly all 
the energy will be either absorbed or reflected away from this ring. 
The Til/oi-mode, however, will be 
little affected, since the electric 
field is nearly always perpendicu
lar to the e d g e s of the ring. 
Thus, if this ring is inserted in the 
round waveguide in which the 
amount of T^H-mode is larger 
than desired, a large proportion of 
this energy will be filtered out of 
the round waveguide. The reso
nant ring is a satisfactory mode 
filter if about 90 to 95 per cent of 
the energy is in the TMoi-mode. 

If this ring is aligned axially 
and centered in the round wave
guide, it acts like a resonant circuit 
parallel to the impedance of the 
line. As the periphery of the ring is increased from a very small diameter, 
it first has increasing capacitive susceptance. Then, as the periphery 
is increased beyond the resonant point, the ring becomes inductive. 
Figure 6-84 shows the effect of the diameter of the ring whose metal cross 
section is 0.040 in. square. These data were taken in waveguide \i in. 
ID at a wavelength of 3.20 cm. A complete study of the effect of reso
nant rings in round waveguide was made at the Telecommunications 
Research Establishment in Great Britain. At 9.1-cm wavelength, 
British physicists found that the resonant outer periphery was slightly 
greater than a free-space wavelength and increased as the thickness of 
the ring material was increased. To a first approximation, the resonant 
inner periphery is independent of ring thickness. Figure 0-85 shows a 
chart of the amplitude of the transmission coefficient vs. the periphery 
of the resonant ring for different diameters of the wire, taken in waveguide 
2\ in. ID. The effect of the waveguide diameter is of a second order, 
for a ring with a periphery of 1.15X will resonate in waveguide 21 in. ID 

0.112 
0.080" 

0.028" 
0.41 1 1 1 ^4,0.012" 

0.9 1.0 1.1 1.2 1.3 
Ring circumference in wavelengths 

FIG. 6-85.—Amplitude transmission co
efficient vs. ring circumference in wave-
lengths. The wavelength was 9.1 cm, the 
waveguide had an ID of 2\ in. The diameters 
of wire used for the rings are indicated on the 
curves. 
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Polystyrene 

Metal ring 

I in TM0i 

at 9.1 em, while it requires a ring with a periphery of 1.18X for waveguide 
3f in. diameter. 

Another significant effect of increasing the thickness of the ring 
material is that the frequency sensitivity is decreased. This can be seen 
from Fig. 6-85 by the fact that the slope of the curves giving the amplitude 
of the transmission coefficient decreases for increasing ring thickness. 
Telecommunications Research Establishment found that at 9.1 cm the 
frequency sensitivity is 2|- times less for a wire of O.llG in. diameter 
than it is for a wire of 0.012 in. diameter. 

One of the first applications of the resonant ring was to increase the 
bandwidth of the transition which used a round waveguide stub to filter 

the TEn-mode. A resonant ring 
was placed in the stub as in Fig. 
6-86, so that the length of the stub 
appeared to be a quarter wave
length in the TEu-modc. The 
total length of this stub from the 
center of the rectangular wave
guide to the short-circuiting plug 
was made a half guide wavelength 
in the TMfoi-mode. Since the dis
tance to the ring was shortened 
from three-quarters of a wave
length to a quarter wavelength 

and the resonant ring is a broadband device, some improvement in 
bandwidth was obtained over the compound TE-TM-stub. This type 
of transition was not used because of the mechanical difficulty of sup
porting the resonant ring by a polystyrene or mica disk, and because the 
compound TE-T21-st\xb had sufficient bandwidth to satisfy the require
ments at that time. 

In subsequent designs of TM/oi-transitions, a better means of support
ing this resonant ring was devised. If the electric field of the TA'ii-mode 
in Fig. 6-73 is examined, it will be found that a metal sheet can be placed 
along a diameter across the waveguide so that it is perpendicular to the 
electric field and, therefore, will cause no disturbance of this field. 
Similarly, if metal struts which lie along this diameter to support the 
resonant ring are used, the effectiveness of the resonant ring for this 
polarization is unimpaired. However, if the struts are aligned in the 
direction of the electric vector, the ring is only 50 per cent effective. 
From the discussion in the beginning of this chapter it is seen that only 
one polarization of the 77<.'u-mode can be excited in the right-angle 
transition; that is, the one in which the polarization is along the axis 
of the rectangular waveguide. Therefore if the struts are oriented 

FIG. 6-86.—Stub filter with resonant 
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perpendicular to the axis of the rectangular waveguide, the resonant ring 
will filter out the T.fi'n-morle. 

With the use of the strut-supported ring, a TMn-mode transition was 
designed to cover the band from 3.13- to 3.53-cm w-avelengths. In 
order to obtain a transition from 1- by -J-in. waveguide with 0.50-in. 
wall which would be easy to manufacture and which would have no stub 
extending below the Rectangular waveguide, the construction shown in 
the drawing in Fig. 687 was tried. The 0.980 in. diameter of the 
hole concentric with the round waveguide was experimentally found 

0 800 

^ 0 . 4 9 3 ^ 

u s v ^ i t . ' . s ^ ' . v ' v / V ^ A 

(a) 

:H: 
0.800" 

| 0.685"-^-

J U 
g V ( ' / ^ f f y / / f 

0442" 
(6) 

-Filter-ring transitions. Tho basic construrtion i.s similar to that of the upper 
view of Fig. 0-93. 

to give the smallest amount of J'.E'n-modc and the best possible 
match at 3.20-cm wavelength with round waveguide 1.188 in. ID. The 
diameter of 0.980 in. matched the transition to about 1.1 and from 5 to 
7 per cent of the energy was propagated in the ^-En-mode. With 
the addition of a strut-supported resonant ring, the amount of TZin-mode 
was reduced to 1 per cent or less from 3.1 to 3.5 cm. With the ring 
located about x§ in- from the bottom, the transition was matched by a 
symmetric inductive window to 1.1 or less over this band. However, 
as the amount of 77?u-mode exceeded the allowable half per cent for the 
high-wavelength end of this band, the size of the waveguide was changed 
to see if bettor mode purity could be obtained. With the waveguide 
of 1.152 in. ID (i-in. tubing with 0.049-in. wall), it was found that the 
transition could be matched over the band from 3.13 to 3.53 cm with a 
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voltage standing-wave ratio of 1.1 or less, with an inductive window; 
the amount of power to the TEu-mode was less than one-half per cent 
over this band (see Figs. 6-87, 6-88, and 6-89). The position of the reso
nant ring was chosen principally to obtain an r-f admittance which could be 
matched over a broad band by an inductive window in the rectangular 
waveguide. Its effect on the purity of the IM/or-mode is practically 
independent of the distance from the bottom of "|he rectangular wave
guide. However, for positions nearer the bottom than f in., its effective-
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| 0.002 

3.10 3.20 3,30 3.40 
Wavelength in cm 
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l-'io. li-HX.- Purity of AViuode for filter-rine transition (J'ig. OXta). The ordinale 
isPll/Pj? as given by Kq. (45), and is derived from the data plotted in (b). 

:>[ (a) 

ness diminishes. Sectioii 7-3 contains a discussion of the application 
of these transitions in rotary joints and an explanation of the effect 
of the strut-supported ring on the T.E'ir-mode resonances. 

Although a standing-wave ratio in voltage of 1.1 or less is satisfactory 
for most uses, a better match can be obtained by using a capacitivc iris 
in the round guide as well as an inductive window in the rectangular 
waveguide (Fig. 6-87rf); this is the same method used in the transition 
from 1 x- by f-in. waveguide which was discussed in a previous part of this 
chapter. The graph in Fig. (i-90 shows the standing-wave voltage ratio 
as a function of wavelength for the initial model. 

Because of the wide use of these transitions, and because of the differ
ent processes by which they were constructed, two more ways of matching 
were employed: a quarter-wavelength transformer, and a capacitivc 
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button. The quarter-wave transformer, which is shown in Fig. 6-87b, 
was used to obtain a match at 3.20 cm. Because it has a simple geometry, 
the transformer is especially adapted to the process of electroforming. 
The voltage standing-wave ratio of the transition with this transformer 
is 1.04 or less, from 3.15 to 3.25 cm (Fig. 6-91). 

Button matching is especially suitable to the process of die-casting. 
In this process, a die must be drawn from a rectangular waveguide and 
another from the round-waveguide section of the transition casting. 
By putting a capacity button 0.080 in. high and \ in. in diameter at the 
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1.—VSWR vs. X for the transition of Fig. G-S7«. 
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F I G . 6-90.—VSWJi vs. X for the transition of Fig. G-87d. 

3.50 

bottom of the transition along the axis of the rectangular waveguide, 
but off the axis of the round guide toward the back of the transition, 
the transition can be matched without the additional machining necessary 
to put in a quarter-wave transformer or an inductive window. Each 
transition will be matched to 1.03 VSWR or less from 3.13 to 3.29 cm 
with a maximum of LOG at 3.33 cm as in Fig. 6-92. 

The following procedure was used to determine the position of the 
button. The position of the minimum in the standing-wave ratio 
of the transition without the button was used as a reference point. 
A small button, not quite large enough to remove the mismatch caused 
by the transition, was placed in the transition where it reduced the 
voltage standing-wave ratio. The admittance was plotted with respect 
to the position of the voltage minimum without the button. Having 
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assumed that the button would add shunt capacitance, the two admit
tances were rotated on the Smith chart until they lay along some con
stant conductance circle. Successive adjustments of the position were 
made until the button moved the admittance along the conductance circle 
of 1. Then, that height of the button which would bring it into the 
center of the chart was determined experimentally. Locating the proper 
position only by rotating the admittance of the transition toward the 
load is subject to considerable error since the guide wavelength in the 
transition section is not known. 

1.10 

1.00 

1.10 

3.10 

I 'm. G-91. 

1.00-
3.30 3.20 

Wavelength in cm 
-VSWll vs. X for the transitioi 

of 1'ig. 6-876. 

3.10 3.30 3.20 
Wavelength in cm 

-VSWR vs. X for the transition 
of Fig. 6 87c. 

The optimum bandwidth is attained when the button is 0.088 in. 
from the center line of the round guide. To improve the match for the 
higher wavelengths, the button must be nearer the load; if the button is 
moved farther back, its effect diminishes, and it becomes critical with 
respect to position. Consequently, there is no satisfactory position to 
match for the wavelengths above 3.3 cm. 

The most critical paj't in this type of transition is the resonant fl-ring. 
Tilting an 77-ring with the supporting struts as axes tends to affect its 
resonant frequency. One transition was tested in which the ring was 
tilted 0.018 in. (the difference between the height of one end and the 
height of the other end of the ring). Then the ring was adjusted to an 
0.010-in. tilt. The following table gives a comparison of the results. 

T A B L E 6 - 5 . — R E S U L T S OF T I L T OF i/-RiNG 

X 

3.16 
3 .20 
3 .23 
3.30 

VSWR 
0.018in. 

1.16 
1.07 
1.06 
1.13 

VSWR 
O.OlOin. 

1.09 
1.05 
1.00 
1.09 

Assuming that a change of 0.008 in. in tilt from the level position has 
the same effect as a change from 0.010 in. to 0.018 in., we find that a 
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tolerance of ±0.002 in. is allowed for a change of 0.01 in voltage standing-
wave ratio. Variation in the height of the //-ring is less critical; ±0.005 
in. will cause a change in voltage standing-wave ratio of 0.01. 

Another means of eliminating this objectionable TTJu-mode is to use 
a metal fin as shown in Fig. 6-93. It has been shown that only one 
polarization of the TEn-mode can be excited in the round waveguide 

F I G . 6-93—Fin 7\En-mode filter. 

by a right-angle transition from rectangular to round waveguide; there
fore, if there is inserted across the diameter of the waveguide a metal 
fin aligned along the axis of the rectangular waveguide, this polarization 
is short-circuited. One requirement of the fin is that it must be very 
well centered. The type of mode propagated in this half round-wave
guide section is essentially the 5r,/?u-mode, with one half 180° out of 
phase with the other half, so that a symmetric mode is set up at the 
transmitting end of the fin. If, however, the fin is not centered, then 
the waveguide wavelength in one half is different from that in the other 
half, and a shift in phase between these two halves results in some 
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TEn-iaoAe being excited by the fin (see Fig. 6-94a). This fin also mus 
be long enough so that the higher mode in Fig. 0-946 is sufficiently 
attenuated. 

The mismatch of the fin to the ril/m-mode, with the edge rounded, 
is very highly inductive, so that the fin is nearly matched if it is about 
a half guide w'avelength long. Figure 6-95 shows a plot of various fin 
sizes and the resulting match to the 7*A/"oi-mode as a function of wave

length. The straight fin will stand no more 
power than the resonant ring. Corona forms 
along the edge of the fin; and, although round
ing the edges has a salutary effect on the break
down, it does not eliminate this corona entirely. 

Another means of reflecting the TjEn-mode 
is to couple out this mode into shunt arms of 
rectangular waveguide in the same manner as 
the right-angle transitions described in Sec. 
6-17. However, instead of using the full rec
tangular opening into the round waveguide, a 
narrow resonant slot may be used to couple 
into the waveguide. Four such waveguides 
may be spaced 90° around the 7Woi-waveguide 
so that all polarizations are coupled into the 
rectangular waveguides. If the short-circuit
ing plungers in each arm are adjusted so that 
an effective short circuit is placed at the center 
of the waveguide, all the energy is reflected 
back and the device is a resonant mode filter. 
This type of filter is a selective device, for it 

FIG. 6-94.—Propagated (a) W1U have little effect on the TMoi-mode trans-
and attenuated (6) modes in fin mitted in the round waveguide. The currents 
section. . rr\ ^ r I - I T 

in the I AZoi-moae are always m the direction 
of propagation; they are, therefore, parallel to the slots which will not, 
consequently, cut across any currents in this mode. 

Some experiments have been done on this type of mode filter but no 
appreciable band was attained. Figure 6-96 shows the plot of the 
transmission of 7\Eu-mode past a single arm of 1̂ -- by f-in. waveguide 
on round waveguide 1.152 in. ID. I t was thought that by spacing 
the opposite arms a quarter wavelength away as in Fig. 6-97 the band
width could be increased; but there was some interaction between the 
two sets of arms. At certain wavelengths, more energy was propagated 
in the T En-mode with this type of filter than without it. One funda
mental fault of this design was that the symmetry of the round-waveguide 
section was not preserved. 
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3.0 3.1 3.5 3.2 3.3 3.4 
Wavelength in cm 

l ; n . I)-','.").- - M i t t rh of rin to 7".l/oi-modc in r o u n d w a v e g u i d e . 

3.25 3.30 3.35 
Plot of t r;insnii*MOH of 7 ' £ n - m o d e past s ingle :ntu 

s t u b t y p e (see l-'ig. t i ( l7) . 

3.40 
f m o d e filt<-j- of t he s l i uu l -

The purpose of using resonant slots to couple into the waveguide was 
to ensure the TEn-modc filter's introducing as little disturbance as 
possible to the incident 7'.l/\u-mode. Since, however, there is very little 
coupling of the TM-mode into a shunt waveguide arm with a full open
ing, it is possible that a more satisfactory filter may be made, using 
four short-circuited arms 90° apart around the waveguide as in Fig. 
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F I G . fv97.—Mode filter with two sets 
of stubs spaced Xff/4 apart in round wave
guide. Stubs to reflect TEn-mode. 

6-98<z. Since this is symmetric it will not excite any TE'n-mode. Some 
of the yjl/oi energy will be reflected 
back as well as the 7'£u-mode, to be 
sure, but if this reflection is not too 
large, it may be matched out by 
inductive diaphragms or it may be 
spaced to cancel the reflection from 
the transition. One is limited some
what in spacing the filter in the round 
waveguide since that section between 
the filter and the transition itself may 
become resonant in the TE u-modc 
at certain frequencies. One might 
also extend this further and use along 
section of waveguide, the cross sec
tion of which is shown in Fig. 6-98, 
which might be designed so that it 
will not propagate the TiJii-mode. 

Another device which may be used to excite the TMoi-mode is shown 
in Fig. 0-99. This should transform nearly 
all the energy into the TM<.n-mode without 
the necessity of any mode filters. The 
wave propagated in the two arms of the 
rectangular waveguide T from the input 
shunt arm have the same phase relation. 
Since the two path lengths from the T, 
around the rectangular bands to the center 
of the round waveguide, are equal, this 
waveguide will be excited by a symmetric 
field which theoretically should prevent 
any of the T E n-mode f r o m being 
propagated. 

6-23. Straight-on TMoi-mode Transi
tions.—In Sec. b-20, the easiest way of 
exciting the TWoi-mode was discussed, and 
it was decided that this could best be done 
by coupling the round waveguide at right 
angles to the wide side of the rectangular 
waveguide;. It is often desirable, however, 
to have the two waveguides on the same 
axis. Some means must be used to excite 
the waveguide with a symmetrical field. 
This may be done by a tapered fin. This fin 

A— 

Section at A A 
' -1 in TE,nmode 

when aligned with the maxi-
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mum electric vector in t he 77?n-mode in the round waveguide, will 
divide the waveguide mode into two half-round TTJu-modes of equal 
power, i n Fig. 6-100 there are 
sketches of t he electric field in var i 
ous cross sections of th is t apered r j _ _ R0und 
section showing how the held is W waveguide 
gradually divided in to two sections 
with one side 180° out of phase with 
the field in t he other half. If the. 
round waveguide is t apered to a 
larger size to t r ansmi t the T J / m -
mode, then a t e rmina t ing a n t e n n a 
may be used to ma tch the wave
guide to t he TMoi-mode. This 
device, if t he fin is centered care
fully, will excite very l i t t le energy in 
the 7 ' i l /n-mode since the s y m m e t r y 
is not dependent in any way on bottom. branches by moans of an n-
frequency. 

The length of t he t aper for this t ransi t ion was de te rmined to obtain 
the best match for 3.2 cm. which for round waveguide -{;] in. ID is 1.12") 

T " 7 

Rectangular waveguide 
Fir. . fi-!)fl.---7'.l/.,,-t!':i»sitii 

c i t ing r o u n d w avt ' t iuide in a 
m a n n e r . T h e i n pur \vav<'Ki 
b o t t o m , b ranch t '* by moan.-
p l ane T . 

is in r o u n d ^ aYojrui, k' wi lh Tapi' 

in. A metal rod of i in. d iameter v. as soldered over this taper to provide 
rounded edges in order to cut iliran the possibility of corona and voltage 
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breakdown. On the basis of t he theory of tapered t ransmission lines, 
it would be expected t h a t if this taper were m a d e very long it would be 
very well ma tched over a broad band . Lengthening this t ype of taper , 
however , makes t he mismatch worse. A s tudy of t he cutoff wavelength 

JU: 32 

0 0.2 0.4 0.6 0.8 
h/d 

FIG. 6-101.—Cutoff wavelength for round waveguide with fin, !T/?H-mode. 

as a function of the dimension of the fin in Fig. 0-101 indicates tha t 
t he cutoff wavelength m a y become infinite as the height of the fin 
approaches the d iamete r of the waveguide. This , of course, would intro
duce a large d iscont inui ty in the impedance a t this point . The design 
of this t rans i t ion has not been finished, ff a capaci t ive iris in the round 

waveguide, together with an induct ive iris in 
the rec tangular waveguide, is used to match 
this t ransi t ion, a good ma tch m a y be obtained 
over a fairly broad band. 

Another technique of obta in ing a straight-
on 7\1/oi-transition is shown in Fig. 0102. 
In this t ransi t ion a fin is placed across a. 
d iamete r in t he round waveguide so that it 
is perpendicular to the electric field. In this 
way, the incident, power is divided in half u ith 
very litt le mismatch . Xow, if a phase shift 
of 180° is introduced into one half of this 
waveguide section, then a symmetr ica l held 

m a y be formed exactly like the r ight -hand sketch in Fig. GT00. This phase 
shift m a y be accomplished by a section of dielectric or a metal half-round 
rod as in Fig. 0TO3. The half-round rod has some advan tages since this 
section of waveguide will p ropaga te only the 7 7 : n - c o a \ i a ] mode ; and then 
its cutoff wavelength can be calculated. As in the previous design, the 

FIG. (M02.—Fields in wave
guide* divided by a diametral 
plane. 
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Coaxial phase shifter Dielectric phase shifter 

Matching taper Dielectric quarter-wave matching 
transformer 

FIG. G-103.—Two possible means of obtaining a phase shift and appropriate matching 
sections. 

round waveguide should be tapered to one of larger size which propagates 
the TWoi-mode; the same terminating antenna 
may be used. The addition in the round 
waveguide of some filter, such as a resonant 
ring, will increase the bandwidth. 

A shorter straight-on transition is possible 
if a stub is used to introduce the phase shift. 
Tn this transition, the dividing fin is placed in 
the rectangular waveguide and a series stub is 
placed on one side as shown in Fig. 0-104. 
This fin is also extended into the round wave
guide, and no gradual taper from the rectangu
lar section to the round is needed. The same 
antenna, is used to terminate this fin. With 
the introduction of a resonant ring, such a 
device appears to be capable of being matched 
over a broad band. 

6-24. High-power Capacity.—In the course 
of designing these transitions, some tesfs were 
made on their power capacity. For must of 
these tests, the round waveguide was matched 
to space by means of a flared horn. This made v-iu. c 104.-stiaiKht-on 
.. -1 1 \ i 1 1 1 1 i 11 7'.Uoi-transition w i t li stub 
it possible to observe where breakdown actually h a s c b i l iftc r . 
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occurred in the transition. Since only 100 to 200 kw peak power was 
available for test, the transition with its matched horn was placed inside 
a bell jar of a vacuum system. Then the air was drawn out until arcing 
occurred. The following chart of power breakdown for atmospheric 
pressure was calculated, assuming that the peak-power breakdown varies 
directly as the -| power of the pressure and is inversely proportional 
to the square root of the pulse width up to 2 /isec. If the repetition rate 
is increased by a factor of 4, the peak power necessary for breakdown is 
decreased by 30 per cent. 

There are many factors that determine the power capacity of a transi
tion, such as the width of air gaps in the transition and the presence of 
sharp corners and of dust or fine metal filings. Cleanliness seems to lie 
an especially important factor in ensuring the best power capacity of a 
particular design. When each transition was tested at first, frequent 
"spli t t ing" or "sputtering" occurred from the sharp corners, but as 
the transition was continued under high power, this spitting graduallv 
ceased. Greater consistency is obtained if the sharp corners are elimi
nated by rubbing with steel wool and the transition is blown clean by an 
air blast. 

6-25. Summary.—In the previous paragraphs we have discussed in 
detail the transitions that were developed, or were attempted, at the 
Radiation Laboratory. In designing these transitions, with the possible 
exception of the round waveguide in the transition for 1.25 cm, the inquiry 
was consistently limited to standard tubings. This was especially true 
in the case of the rectangular waveguide which was standardized by the 
Army and Navy. Therefore, if a simple transition, containing no 
filters for the TE-mode, excited nearly pure mode, this was a happy 
coincidence; and if the combination of waveguides and wavelength were 
not right, various TE-modc filters had to be tried to obtain the satisfactory 
TMoi-mode purity. It is possible that the purity of the mode in the 
round waveguide in such a simple transition results from the optimum 
adjustment of four dimensions: the height and the width of the rec
tangular waveguide, the diameter of the round waveguide, and the posi
tion of the short-circuiting plunger. There were not many parameters 
with which to work, but it is possible that broader bands could have 
been obtained if a greater investigation of these parameters had been 
made. For instance, one might investigate the effect that the height 
of the rectangular waveguide would have upon the mode purity in a wave
guide of a given diameter when the plunger is adjusted for minimum 
excitation of the 77i'n-mode. Also, the effect of the wide dimension 
of the rectangular waveguide might be investigated. If these investiga
tions were made over the entire frequency range where the 7'4/oi-mode 
will operate without higher modes, they would give adequate data to 
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enable an engineer to design a simple transition which could be manu
factured for any desirable band from standard tubings. Of course one 
could scale the transitions described in this text by the ratio of the 
wavelengths for the known transition to the wavelength of the new band 
and obtain a set of dimensions which would be as good for the new band; 
but in a great majority of the cases, these dimensions would be very 
odd indeed, and would not correspond to any standard tubings available. 
Consequently, a fundamental series of investigations, such as those pro
posed here, would be desirable if further designs of the 7\170i-transitions 
were contemplated. 

T A B L E 6 - 6 . — B H E A K D O W X OF 7 W O I - T R A N S I T I O Y S 

Transit ion Fig. 
No. 

Wave
length, 

cm 

Break- „ ,. 
. Rat ing . 
, ., ' k\v, tor k i l o - i , , taetor ot wat t s , at ,. ^ : satetv 1 ^sec. , 

1000 ops 

W i akest point 

Compound TA'-7'.V stub. 6-82 I 3 .2 250 

Strut-supported resonant- 0 87 3.2 900* 
ring filter. 

Fin filter (breakdown at 
fin) 

High-power transit ion. 
rounded corners. 

Straight-on tapered I'm. 

Transition with rectangu- (i-75 i 1.25 70 
lar plug in bo t tom. 

125 

450 

0 03 
(i 70 

'li-100 

3.2 
3.2 

3 .2 

550 

440 

276 
1250 

220 

35 

A c r o s s r e c t a n g u l a r 
waveguide edges a t 
opening into round 
waveguide 

Junct ion of rectangu
lar and round to bo t 
tom of rectangular 
corner of ring 

Along edges of fin 
No arcing at 200 kw 

peak power to 10 cm 
pressure 

From top of taper to 
top of round wave
guide near point 
where fin is nearly 
across waveguide 

Junct ion of rectangu
lar and round to bot
tom of rectangular 

harp edtft's taken off with steel wool, and transition thoroughly cleaned by air blast. 



CHAPTER 7 

MOTIONAL JOINTS 

BY F. L. NIEMANN, F. E. EHLERS, AND F. T. WORRELL 

In microwave system installations it is usually necessary to provide 
for relative motion between components at one or more points in the 
r-f transmission line. The shock-mounting of the different components 
and the searching or scanning motions performed by radar antennas, for 
example, require motional joints in the coaxial line or waveguide which 
have a variety of degrees of freedom. It is the purpose of this chapter to 
discuss the electrical design of the various devices that fulfill these require
ments. The mechanical aspects are treated in other books of this series, 
e.g., "Radar Scanner Enginering," and will be mentioned here only in 
so far as they affect, or are affected by, the electrical characteristics. 

There are two general electrical considerations that apply to all 
motional joints. First, they must provide a good impedance match (a 
voltage standing-wave ratio of about 1.2 or less) for all required dis
placements. This involves the problem of mode purity, in certain 
cases, since the presence of undesired field configurations can give rise to 
resonances which appear as large reflections in the transmission line. 
As is mentioned in Chap. 6, this requirement of impedance match is 
imposed by the sensitivity of most microwave oscillators to their load 
impedances and by the effect that large standing waves may^have on the 
operation or power-handling capacity of other transmission-line compo
nents. The power lost through reflection at a mismatched component 
is usually so small as to be a secondary consideration. Second, special 
precautions are frequently necessary to minimize the r-f leakage from 
these components in order to prevent interference with receiving equip
ment or, when systems have very high power, to prevent damage from 
sparking to the moving mechanical parts of the unit such as the bearings. 

A mechanical consideration that affects most of the designs for 
motional joints is that of pressurization, discussed to some extent in 
Chap. 3. It is sometimes desirable to operate a microwave trans
mission line under considerable pressure or to maintain sea-level pres
sures at high altitudes to reduce the likelihood of breakdown at high 
powers. In systems designed for ship installation or for operation in the 
tropics or other regions having high humidity, the transmission line 
is kept dry by the introduction of dry air at a pressure slightly greater 

40G 
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than atmospheric. Therefore, it has become standard practice to provide 
for pressurization in the design of nearly all microwave transmission-line 
components. In terms of the type of motion for which they are designed, 
motional joints may be classified as (1) rotary joints, and (2) other types 
of motional joints. Each category includes designs for both waveguide 
and coaxial line. 

Rotary Joints.—Rotary joints provide for continuous rotation in 
either direction about one axis. This requires field configurations 
with symmetry about the axis of rotation. In practice either the 
TEM-mode (dominant coaxial mode) or the jTAfoi-mode in round wave
guide is used. A round-waveguide rotary joint using a circularly 
polarized TEn-mode has been developed experimentally. In systems 
where the coaxial mode is used throughout, the electrical problem is 
relatively simple. More frequently, however, the transmission line 
consists of rectangular waveguide carrying the TE w-mode, so that 
transitions to a symmetrical mode are required for the rotary joint. 
The transition problems have been treated in Chap. (5. 

Other Types of Motional Joints.—There is often need for joints that 
provide for translational displacements that are small compared with a 
wavelength or for rotations of considerably less than 360°; these usually 
do not involve a change of mode. Such joints include vibrational or 
alignment joints, which allow very small translational and rotational 
displacements in any direction or about any axis; "swivel" joints, which 
permit rotation through fairly large angles about the longitudinal 
axis of the transmission line; hinge joints, for small angular displacements 
about either of the transverse axes; and universal joints for angular 
displacements about both transverse axes simultaneously. Most of 
these devices have been designed for rectangular waveguide although a 
few have been built for coaxial line. The function of the vibration or 
alignment joint is sometimes accomplished through the use of flexible 
waveguide or coaxial cable (see Chap. 5). These require considerable 
space, however, and are not to be recommended for applications involving 
continuous motion. 

MOTIONAL JOINTS IN COAXIAL LINE 

BY F. L. XIEMAXX 

7-1. General Design Considerations for Coaxial Rotary Joints.— 
Since the field configurations for the TEN- or dominant mode in coaxial 
line are functions of the radius only, they are suitable for a continuous 
rotary motion about the axis of the line. Impedance-matching is 
therefore quite simple, and the chief problems in the design of such a 
joint are mechanical in nature. The major electrical requirement is 
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that there be a low impedance in series with the line at the point of dis
continuity where there is relative motion between the rotating and fixed 
parts. An impedance minimum (and therefore a voltage minimum) 
is necessary in order to prevent burning of contacts, to minimize leakage, 
and to match the discontinuity. For low-speed joints operating at low 
powers, a well-designed mechanical "wiping" contact on both inner and 
outer conductor is satisfactory. A more desirable arrangement that 
allows high speeds of rotation and operates well at high powers is the 
following. As small a gap as it is convenient to make mechanically is 
left between the moving and the fixed parts of the conductor. A coaxial 

choke section (r-f)1 is placed in 
series with this gap in one of several 
possible arrangements that will 
produce a low series impedance at 
the gap. Two of these arrange
ments are shown in Fig. 7-1. In 
Fig. 7-la the choke section consists 
of a quarter wavelength of coaxial 
line terminated in an open circuit, 
the fields being rapidly attenuated 
in the region beyond the coaxial sec
tion. This places a low impedance 
at the discontinuity between the 
two parts of the conductor. This 
arrangement is applicable only to 
the center conductor, since, in the 
case of the outer conductor, the 
chokes must be designed to come 
outside the conductor, and a perfect 
open circuit is not possible. Figure 

(6) 
■1.—Coaxial choke* in rotary joints. 

7-\b shows chokes of slightly different constructions on both inner and outer 
conductors. These chokes consist of half-wavelength sections terminated 
by short circuits. This arrangement also places a low impedance across 
the gap. Each half-wavelength section consists of two quarter-wave
length sections, one of which has several times the impedance of the 
other. As is shown in Chap. 2, this greatly reduces the frequency 
sensitivity of the choke; well-made junctions of this kind have almost 
immeasurable reflections over as much as a 30 per cent band. Further, 
these chokes are so designed that the short circuit occurs just a quarter-
wavelenglh from the point of contact. This places a high impedance 
and, therefore, a current minimum in this region. This design has a 
further advantage over the quarter-wavelength section in that the center 

1 The theory of r-f chokes is discussed in Chap. 2. 
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conductors of the two members may be joined in a bearing and thereby 
be more rigidly supported. 

In practice, the use of these chokes results in a completely satisfactory 
impedance match for a rotary joint. However, in certain units used at 
high powers, leakage sufficient to cause damage to the bearings has 
occurred through these chokes. The elimination of this effect by the 
use of an absorbing material will be discussed later. 

7-2. Examples of Rotary Joint Construction.—The chief differences 
among the various ways of constructing coaxial rotary joints are mechani-

Finger contacts 

Standard jg coupling -

F I G . 7-2.— 10-cni rotary joint /or j \ - i n . ]ine. 

cal in nature and are determined by the speed of rotation, temperature, 
loading, and pressure difference under which the joint is to be operated. 
The final solutions to some of the problems involved have not been 
obtained; the several examples presented here are representative, of 
designs developed during the last few years at various stages of progress 
in microwave engineering. Most of them could be improved by the 
utilization of later developments, particularly in the technique of low-
temperature high-speed pressure seals. Also, in certain cases the designs 
were intended for applications not requiring high-speed or low-temperi.-
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ture operation, and the units could be simplified by the use of sleeve 
bearings and neoprene seals. For speeds greater than a few hundred 
revolutions per minute, or for heavy loading, or both, ball bearings are 
necessary. If, in addition, the joint is to be operated over a wide range 
of temperatures and pressures, as in the case of aircraft installations, a 
Sealol type of pressurizing seal is more successful. 

Figure 7-2 shows a design for a 10-cm rotary joint in A-in. coaxial 
line. This rotary joint is designed for fairly low speeds, of 60 rpm or 
less, and both the inner and outer conductors are made of beryllium-
copper or phosphor-bronze and slotted to form "ringers" which, under 
tension, provide a good mechanical wiping contact. A sleeve bearing 
and a neoprene- or rubber-lip seal are satisfactory for the conditions 
under which ihis unit is designed to operate. The particular applica-

Bead supports 
F I G . 7 3 . ' - 10-cm bead-supported rotary joint for |-in. lino. 

tion for which this was designed required a right-angle connection so 
that the center conductor is supported by a right-angle quarter-wave
length stub. It could equally well be supported by "straight through" 
stubs or by means of beads it the power rating is not a limiting factor. 
If a special low-temperature neoprene is used in the pressurizing seal, 
the unit should be satisfactory at temperatures down to about — 2()°C. 
However, since this rotary joint was designed for low-power and low-
speed applications, prcssurization was incorporated chiefly as a means 
to keep out dirt and moisture. The unit has had only limited application. 

A later design of a 10-cm rotary joint is shown in Fig. 7-3. This is 
for a bead-supported f-in. coaxial line and incorporates coaxial chokes 
at the discontinuity. A quarter-wavelength, open-circuited section 
is used on the center conductor and a two-section, half-wavelength, 
short-circuited choke coupling on the outer conductor. It should be 
noted that the close spacing desirable in these couplings requires a very 
accurate alignment of the bearings. If low-temperature neoprene is 
used in the seal, this unit should be satisfactory for speeds of 300 rpm 
or less and should be effectively pressurized at temperatures down to 
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— 20°C. In both these specifications the seal is the limiting factor. 
Use of the Sealol type should permit operation at speeds of several 
thousand revolutions per minute and at temperatures considerably 
lower than -20°C. 

In this design, as in most others, it is desirable to have the seal come 
between the choke sections and the bearings. This arrangement pre
vents the leakage of oil or grease into the chokes and helps to shield the 
bearings from any radiation that may leak through the chokes. In 
certain high-power applications, it is necessary to take further precau
tions to prevent damage to the bearings from r-f arcing. 

In the design for a £-in. stub-supported coaxial rotary joint shown 
in Fig. 7-4, the two-section half-wavelength broadband choke is used on 

F I G . 7-4.- f-in. medium-speed rotary joint for 10 cm. 

both the inner and the outer conductor. This allows the inner con
ductor to be supported at the discontinuity by means of the steel pin 
turning in a graphited-bronze (Morganite) bearing. Because it has 
sleeve bearings and a low-temperature-neoprene seal, this joint should 
probably not be operated at more than twro or three hundred revolutions 
per minute nor at less than — 20°C for continuous service. It has, 
however, been run satisfactorily at 000 rpm and at room temperature for 
50 hr. In this design one of the Oilite bearings is between the choke 
and the seal. This arrangement is undesirable, in general, but has given 
no trouble in a number of different applications; it should be satisfactory 
provided that the joint is not operated at too high a power or at speeds 
of rotation at which the Oilite becomes overheated and exudes oil which 
can affect the operation of the choke sections. Two versions of this 
design differing only in the direction of the input line are pictured in 
Fig. 7-5. 

A coaxial rotary joint, also in ^-in. line, designed expressly for high 
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speeds, heavy loading, and low t empera tu re s is shown in Fig. 7■(>. In 
addi t ion t o t he half-wavelength choke sections a n d the graphi ted-
bronze bear ing on the inner conductor , it has two large ba l l - type main 
bear ings, a Sealol pressvirizing seal, and a ba lanced double -s tub suppor t 
on the rotor . This un i t is designed for 3000 rpm and for t empera tu res 
down to - 5 0 ° C . 

FIG. 7-5.—f-in. coaxial stub-supported rotary joint. 

Graphited-bronze ^ ^ ^ ^ ^ ^ 

'-Low temperature neoprene gasker 
FIG. 7'6.—High-speed pressurized coaxial rotary joint for 10 cm. 

These examples, chosen as typical of a large n u m b e r of slightly differ
en t modifications, are all for 10-cm wavelengths . T h e y can, of course, 
be adap t ed to b o t h longer and shorter wavelength b a n d s ; models have 
been designed for wavelengths as long as 25 cm and as short as 3 cm. 
However, a t the short wavelengths , machining tolerances become almost 
prohibi t ively small, and for the 3-cm and 1-cm bands , coaxial ro tary 
joints have been replaced almost entirely by the 7\l/ i , ,-mode ro tary 
joint. 

There has been little reference to the power-handl ing capaci ty of these 
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joints because they are usually capable of transmitting at least as much 
power as the coaxial line itself can support. The power-handling capacity 
of the coaxial line is limited by the bead supports or by the coaxial 
transformers on the broadband stub supports (see Chap. 4). When the 
coaxial mode is utilized for a rotary joint in a high-power system having 
a waveguide transmission line, however, the coaxial section and its 
transitions to waveguide are frequently a limiting factor in the power 
rating of the system. This problem is to be discussed in a later section. 

A similar consideration applies to the bandwidth of these joints in 
terms of the allowable impedance mismatch. As has been mentioned, 
the match provided by the two-section, half-wavelength, coaxial chokes 
is very good (the voltage standing-wave ratio is less than 1.05 if the 
choke sections are properly made) 
over a band which is probably some
what wider than that for which a 
broadband stub support is as well 
matched. Bead supports in coaxial 
line usually constitute even more of a 
limiting factor in terms of match 
and bandwidth than do the stub 
supports. 

A possible type of rotary-joint 
construction developed by the Naval 
Research Laboratory, which is not limited by chokes or by stub or bead 
supports in the frequency band over which it is usable, is shown in 
Fig. 7-7. It consists of a dielectric-filled coaxial line with a tapered 
contact that provides a long leakage path between the dielectric sections. 
The dielectric used is du Pont Poly F-1114, polytetrafluorethylene, 
called "Teflon." This has very good bearing properties and is highly 
resistant to chemical action. The contact is lubricated with Ignition 
Sealing Compound, which has a dielectric constant approximately the 
same as that of Teflon and has good high-voltage insulating properties. 
Spring-finger contacts are used on the inner and outer conductors. 
This type of joint should be usable at any frequency up to the cutoff 
frequency of the second coaxial mode. In a dielectric-filled line this, 
of course, occurs at a lower frequency than in an air-filled line of the 
same over-all dimensions. However, at microwave frequencies the 
power loss in the dielectric becomes appreciable. Furthermore, because 
of the dielectric and the mechanical contacts, such a joint is limited to 
low speeds and low average powers. 

7-3. Other Coaxial Motional Joints.—It is difficult mechanically to 
provide for relative motion between sections of coaxial line other than 
motion about the axis of the line, as in rotary joints. Various methods 

Contact-type dielectric-filled 
rotary joint. 
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have been proposed and some actually used experimentally with a 
certain amount of success. Since waveguide joints for these motions 
are considerably simpler and usually more satisfactory than coaxial 
joints, little use has been made of coaxial line for this purpose. In 
systems using coaxial line throughout, however, it is not always con
venient to use a waveguide motional joint. 

An example of a coaxial universal joint for small angular displace
ments is shown in Fig. 7-8. It is capable of about +3° angular dis
placement about both transverse axes simultaneously. It was used 
in a "conical scan" antenna for an accurate direction-finding radar 
system. The desired beam scan with fixed polarization was obtained 
by an off-center nutating motion of the antenna feed. The conventional 

FIG. 7-8.—Coaxial universal joint for small displacements. 

chokes are slightly modified to allow for the small angular displacement. 
The dimensions of the coaxial line are increased to facilitate the mechani
cal construction, but the line impedance is maintained at very nearly 
50 ohms throughout. The two step discontinuities in diameter introduce 
approximately the same susceptance and are placed a quarter wavelength 
apart so that reflections from them cancel at the design wavelength. 
The discontinuities at the gap between moving parts in the inner and 
outer conductors are also a quarter wavelength apart for the same reason. 
Since this unit was designed to be operated at faiily high speeds (1800 
rpm), a balanced double-stub support for the center conductor is used 
on the rotor. This design should be satisfactory for powers at which 
it is safe to operate -g-in. stub-supported coaxial line. However, because 
of the comparatively large susceptive discontinuties occurring at the 
changes in the size of the line, this motional joint is probably well matched 
for a rather narrow band, probably not more than 5 per cent for a voltage 
standing-wave ratio of less than 1.1. 

A somewhat more complicated motional joint that provides for 
small displacements in all degrees of freedom, translational and rotational, 



SEC. 7-3] OTHER COAXIAL MOTIONAL JOINTS 415 

is shown in Fig. 7-9. The mechanical design, although simple, creates 
some interesting impedance-matching problems. Chokes are used at 
all points of contact, so that good electrical contact between moving 
parts is not essential. In order to make this construction feasible 
in a unit designed for use with -g-in. coaxial line, a coaxial line of larger 
size is used in regions of contact. However, in order to allow the desired 
longitudinal motion, the size of the inner conductor in these sections 
cannot be changed; therefore, several sections of coaxial line having 
different impedances are necessary. To provide for impedance-matching 
over a useful band, a half-wavelength taper in the outer conductor is 
used between the standard £-in. line and the largest coaxial section. 

"Folded" Choke couplings 
FIG. 7-9.—Coaxial motional joint for small translational and rotational displacements. 

The four different impedances—Zlt Z2, Z3, and Z4—are designed to have 
approximately the relationship 

(zX- = z1 = (zX-
\zj z2 \zj' 

or 
2 log |? = log p = 2 log fl; 

ZJ\ /J<L Z*3 

that is, the logarithmic increment between Z3 and Z2 is twice that between 
Z2 and Zx or between Z4 and Z3. As discussed by Slater1 and in Chap. 6 
of this book, this is the condition for broadband matching with two 
quarter-wavelength transformer sections. 

The line section of impedance Z4 is made large enough so that the 
choke sections on the inner conductor can be machined with reasonable 
ease. The susceptive discontinuity between Z2 and Z3 is also made 
twice that between Zi and Z2 or between Z3 and Z4, which are made 
approximately equal. Because of the quarter-wavelength spacings, 
reflections from the first and last of these discontinuities add and are 
canceled by that from the center discontinuity. Actually, Z4 is some-

1 J. C. Slater, Microwave Transmission, McGraw-Hil l , New York, 1942, p . 57. 
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what different from the value that would be given by the relation pre
viously stated. It is adjusted so that the reflections from the Z4-to-Z3 
discontinuity on either half of the unit (which will add since they are a 
wavelength apart) are canceled over an appreciable band by the reflection 
from the stub support for the inner-conductor section. The variation 
of the voltage standing-wave ratio with wavelength can be given a 
final adjustment in design by varying the position of the short-circuiting 
plug in the stub support. 

Although the development of this joint for production or system 
use has never been completed, initial results indicate that it should be 
possible to build such a device having a YSWR of less than 1.2 over 
about a 10 per cent band. With properly rounded edges on the coaxial 
transformers, the unit should be capable of carrying as much power 
as can safely be used with ^-in. stub-supported coaxial line. 

WAVEGUIDE ROTARY JOINTS 

B Y F. E. EHLERS 

If a section of waveguide transmission line must be rotated about 
an axis with respect to another section, as in scanners for radar equip
ment, some sort of round-waveguide section may be used. It is neces
sary that the round-waveguide section should be one that propagates 
a symmetrical mode (such as the TMoi-mode or circular polarization 
in the TEn-mode), or one that has some means of rotating the polariza
tion of the 7\Eu-mode. 

7-4. Resonances in Rotary Joints.—The most satisfactory method of 
obtaining a waveguide rotary joint is by the use of the TMoi-mode. 

F I G . 7-J0.- Choke .sections in round waveguide for T.lfoi-niode. Tlie.se designs are for 
wavelengths of A.'.i cm and 1.25 cm. 

This may be done by using two 7'A/r
0r-7,.E'io-mode transitions and a 

choke section in the round waveguide as shown in Fig. 7-10. The 
details of designing a choke for a broad wavelength band will not be 
treated here for they have been covered in Chap. 2. Since the coaxial 
sections in the choke will be excited by a symmetric field, they must lie 
computed on the basis of the principal coaxial TEM-modc. 

http://Tlie.se
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The difficulties of making a transition from a rectangular waveguide 
that produces a pure TAf0i-mode in the round waveguide were dis
cussed at considerable length in Chap. 6. The design of several transi
tions was described in which as little as one-half of 1 per cent of the 
energy is propagated in the T^n-mode. With this small amount of 
energy in the rJS-mode there will be very little variation in the reflection 
from the rotary joint and no variation in the output power with rotation. 
However, if the transitions should excite as much as 1 per cent of power 
in the TEu-mode, variations in the input voltage standing-wave ratio 
of about +0.02 with rotation may be encountered. The amount of 
this variation will depend on two things: the relative amount of TEn-
mode in the round-waveguide section, and the variation with angle of 
polarization of the impedance of the transition to the T^u-mode in the 
round waveguide. When the right-angle transition from rectangular 
to round waveguide is used, only one polarization of the TE-mode is 
propagated in the round waveguide, and that is one in which the electric 
vector is parallel to the rectangular-waveguide axis. Therefore, energy 
in the TE-mode in the round waveguide, which is polarized at 90° to 
the rectangular-waveguide axis, will be totally reflected from the transi
tion. If there is any energy in the T2?-mode with a polarization parallel 
to the rectangular-waveguide axis, a small fraction of this will be prop
agated in the rectangular waveguide. ' As the joint is rotated, then, 
different amounts of energy will be propagated in the rectangular wave
guide and cause variations of the input voltage standing-wave ratio 
and of the output power. Some variation will also occur in the input 
voltage standing-wave ratio if the electrical length of the round-wave
guide section for the TEu-mode changes with angle of rotation, thereby 
introducing a varying reactance to the transmission line. 

Even with as little as one-half per cent of TEn-mode in the round 
waveguide, resonances may be obtained in the round-waveguide section 
if its equivalent electrical length is equal to an mtegia,l number of half 
wavelengths in the TEn-mode. The theory of these resonances has 
been worked out.1 The following relation gives the condition for 
resonance in the round-waveguide section: 

I ._ n cos~' [cos (rj -'- 7) cos2 8 + cos (r> — 7) sin2 8] , . 

In this equation, I is the length of the cylindrical waveguide measured 
between corresponding points in the two mode transformers whose 
position is specified below; X, is the wavelength in the TEu-mode; 
8 is the angle of rotation; and n is an integer. The total shifts in phase 

1 H. K. Fair, "Theory of TMn-Uode Rotary Joints," RL Report No. 993, Jan. 
15, 1946. Also Vol. 21, Chap. 10, of the Series. 
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of the position of the minimum of the !Ti?ii-wave with angle of rotation 
for the two transitions are, respectively, i\ and 7. The values of r\ and 7 
may be obtained experimentally. If the Ti'n-mode is polarized parallel 
to an axis of symmetry, then all the energy that is reflected back will 
be in that polarization. For a right-angle transition from rectangular 
to round waveguide, this axis of symmetry is along the middle of the 
rectangular waveguide. Since no energy can be excited in the polariza
tion at 90° to this axis of symmetry, any energy of that polarization 
in the round waveguide will be totally reflected without change of 
polarization. If the TEu-v?a,vc, which is oriented differently from one 
of these polarizations, is reflected from a transition, then the reflected 
wave consists of two polarizations that are parallel and perpendicular, 
respectively, to the axis of symmetry. The phase difference in radians 
between the positions of the minima for these two polarizations in one of 
the transitions is -q, and 7 is the value for the other transition of the 
rotary joint. Then rj and 7 may be computed from the relations 

each x is the distance between the position of the minimum in the round 
waveguide for the Tifn-polarization parallel to the, axis of symmetry 
and the minimum for that polarization which is perpendicular to the 
axis of symmetry; and Xa is the wavelength for the TEu-mode. 

If there is no shift in phase between these two polarizations, there 
is no variation with rotation, and the resonant condition is 

j _ = n. 
X8i 2 ' 

and for the next higher resonant wavelength, 

L = " ~ ' 

Calculating the bandwidth between resonant wavelengths, we have 
AX0 = X„ — XB[ 

«.-(A-2)'--',-
\II — 1 n/ 11 — 1 

As the number of half wavelengths in the round waveguide, and therefore 
the length of the waveguide, is increased, the bandwidth between reso
nances is decreased. In general, it is best to use a short rotary joint in 
order to obtain as broad a band as possible. If the rotary joint is made 

m 
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less than one-half wavelength, there is some coupling between the two 
transitions of the asymmetrical fields near the junctions of the rectangular 
and round waveguides. This coupling will cause a variation in the 
input impedance of the joint with rotation. 

A further limitation of the bandwidth between resonances is pro
duced by the difference in phase between the reflections from the tran
sitions of the two polarizations that are parallel and perpendicular to 
the axes of symmetry of the transitions. Figure 7-11 is a plot of resonant 
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FIG. 7-11.—Plot of resonant wavelengths for several values of 17 with identical transitions. 

wavelength for different values of -q when the two transitions are identical 
and, therefore, y = 7. From the graph we see that, when TJ is equal to 
x/2, or the phase difference is a quarter wavelength, there is no band 
that is free of resonances. For ij equal to zero, there is no spreading of 
the resonances with rotation but, as the value of i\ is increased, this 
spreading increases. Therefore, in the design of JWoi-transitions for 
rotary joints, every effort should be made to minimize the phase shift 
between the two polarizations. 

Some interesting phenomena may be observed in these resonances. 
From Fig. 7-11, we see that if TJ = 7, the two pairs of resonances come 
together at 90° and reach their maximum spread at 0° and 180°. How
ever, if the two transitions are different—that is, t; 5̂  7—these two 
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resonances do not come together (see Fig. 7-12). As 77 — 7 becomes 
larger, the spread of resonances at 90° and 270° increases. If -q = 0, 
there is no variation of these resonances with angle of rotation, but there 
are two fixed resonances that differ in fractions of a guide wavelength 
by y/2ir. Now, if 7; be fixed and 7 varied, some improvement is made 
on the total spread of resonances if 7 is made as small as possible. 
Therefore, if it is possible to improve the phase difference for one tran
sition, an improvement will be obtained in the complete rotary joint. 

F I G . 7-12.—Resonant wavelengths with transitions with unequal values 77 and 7. 

These deductions from the theoretical formula have been taken into 
account in the actual design of rotary joints. 

7-5. Rotary Joints Using Transitions with the Compound TE-TM-
stub.—Complete studies have been made on the resonances in rotary 
joints composed of the three types of the TM0i-transitions discussed in 
Chap. 6. One of these is the transition which uses a compound TE- and 
TM-mode round-waveguide stub that supports the T-En-mode. For 
this transition, the change in phase of the reflection coefficient for the 
T-Eu-mode with varying polarization is very small. Thus, there is little 
spreading of the resonances with rotation. It was found that for the 
± 1 per cent band centered at 3.20 cm, resonances occurred when the 
distances measured between the centers of the rectangular waveguides 
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were equal to an integral number of half wavelengths (see Fig. 7-13). 
Permissible lengths which cover the band from 3.17- to 3.23-cm wave
length were determined experimentally and given in Table 7-1. A 

TABLE 71.—PERMITTED LENGTHS L OF ROTABY JOINT 

2.44- 3.90 cm 
4.51- 5.90 
6.58- 7.91 
8.66- 9.91 

10.73-11.92 

12.81-13.92 cm 
14.88-15.93 
16.96-17.93 
19.03-19.94 
21.11-21.94 

- ^ 

TV ? ? y / / s ■? s\ 

WL 
' ^ 

general empirical formula for the resonant lengths that must be avoided 
is given by 

1.90 + 2.005n < L < 2.44 + 2.075n, 

where L is the distance in centimeters 
between the centers of the rectangular 
waveguides, n is a whole number, and 
2.005 and 2.075 are half the wave
guide wavelengths in the T-En-mode 
for a waveguide with an inner diame
ter of lxs in. at 3.17 and 3.23 cm re
spectively. For n = 22 or larger, 
the resonant regions begin to overlap 
at the edges of the + 1 per cent band-
For this reason a length L = 40 cm 
is the upper limit for a rotary joint 
that will perform well over a band 
from 3.17 to 3.23 cm. Within the 
range of the lengths listed above, the 
input voltage standing-wave ratio 
should vary less than ±0.01 with 
rotation. The variation is least for 
the lengths halfway between the reso
nant lengths; and to eliminate the 
possibility of h i g h standing-wpve 
ratios near resonance, the extremes 
of the permitted lengths should be 
avoided. 

Since each one of these transitions 
of the rotary joint will have a voltage 
standing-wave ratio of 1.1 at the 
extremes of the band from 3.17 to 
3.23 cm, the input voltage standing-
joint will vary from 1.2 to perfect 

l i \ S ,S S \ \ T T i 

*. \ K >.H u v v i i 

F I G . 7-13. -Assembly of rotary joint and 
i?0-tran sf ormers. 

wave ratio of the complete rotary 
match depending on the spacing 
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of the two transitions. It is possible to choose the length L so that. 
with the change of impedance with wavelength, the two transitions will 
cancel each other at the center of the band. The empirical formula for 
L that gives this cancellation is 

L = 5.0 + 2.75u, (3) 

where 2.75 cm is equal to a half wavelength in the 7'.U,u-mode for this 
waveguide at 3.20 cm. 

For small values of L satisfying Eq. (3), this cancellation is very 
good; for long lengths, the phase change with wavelength is so large 
that there is little advantage in using this relation. It must be remem
bered that the primary restriction on the length L is the necessity of 
avoiding resonances in the TEu-mode. Within the range of permitted 
lengths, L may be chosen to satisfy Eq. (3) as nearly as possible. 

1.20 

> 

l .UU ' 1 ' ' ' 
314 3.16 318 3.20 3.22 3.24 

Wavelength in cm 
Flu. 714.— Voltage .standing-wavc ratio of 7\V.u-rotai-v joint with compound TE-TM-

stul). 

The input voltage standing-wave ratio for two typical completed 
rotary joints as a function of wavelength is shown in Fig. 7-14. The 
curve for L = 7.5 approximately satisfies Eq. (3). For the length of 
9.40 cm, however, the reflections from the two transitions add at, 3.23 cm. 
This represents about the worst mismatch that can be expected for any 
value of L. 

7-6. Resonances in the High-power Rotary Joint.—This votary joint 
consists of two transitions of the type shown in Fig. 0-79, Sec. (V22. In 
this transition, a round short-circuiting plug is used in the rectangular 
waveguide and all sharp corners are rounded to increase the power-
handling capacity. Because of these rounded surfaces, the transition 
must be manufactured by the processes of die-easting or electroforming. 
This transition contains no mode filters in the round waveguide; and 
consequently, there is little spread of the resonances with rotation. In 
Fig. 7T5 the resonant wavelengths are plotted against the total length 
of the round waveguide measured between the bottom surfaces of the 
rectangular waveguides. The shaded region indicates the total spread 
with rotation of the resonances. This spread is practically independent 
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3.30 

: 3.20 

of frequency. To find the limits of a resonance-free band of a rotary 
joint of a given length from Fig. 7-15, one should follow along a vertical 
line at the given length at the bottom of the chart and read from the 
vertiea' scale the upper resonant wavelength on the lower resonant 
region and the lower resonant wavelength on the upper resonant region. 
It is a safe policy to operate 0.02 cm in wavelength from each resonance 
to allow for mechanical tolerances and to avoid possible high standing-
wave ratios near resonance. 

A number of lengths of this rotary joint may be chosen which cover 
the complete band from 3.13- to 
3.3(>-em wavelength without reso
nances. But since the ratio of the 
77i-mode to 7'.U-mode power is 
more than one-half per cent for 
wavelengths greater than 3.29 cm, 
there will be variations in the volt
age standing-wave ratio with rota
tion. For a ratio of 7'£"-mode to 
7W-mode of 1 per cent, the input 
voltage standing-wave ratio will 
vary about ±0.025; and for a load 
matched to 1.3 in voltage, the 
shift in the position of the mini
mum in the input rectangular 
waveguide will be about 0.03 wave
guide wavelengths. The varia 
tion in the output power will be 
about 1 percent. If a rotary joint 
is designed to cover a narrow band centered at 3.30 cm, there will be less 
variation with rotation if a length is chosen that is midway between the 
resonant lengths. 

7-7. Resonances in the J\Eu-mode for the Filter-ring Type of Rotary 
Joint. The introduction of the filter ring in the TMln-miH\e transition 
shown in Fig. 0-87 and discussed in Sec. (i-22 complicates the phenomenon 
of resonances in the rotary joint. The stub-supported resonant ring will 
transmit as much as 50 per cent of the 77','i,-power incident on it if the 
polarization of the A'-vector is in the direction of the stubs, as compared 
lo 1 per cent of that polarization when it occurs !)()° to it. Consequently, 
rotating the joint will tune the resonances. For that wavelength for 
which the ring is a half wavelength from the bottom, the resonances will 
be nearly constant with rotation. As the wavelength is increased or 
decreased from this point, the dependence of resonance on angle of 
rotation increases. 

3.10 

JJ__ 

1/ 

n\ l* 
FIG. 

9 10 
Over-all inside length in inches 

7-15. -—Kftwonunt wavelength vs, 
over-alt length for die-east high-power rotary 
joint. 
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Experimental curves of resonance (Fig. 7-16) as a function of length 
indicate that the resonance is practically independent of rotation at 
3.1 cm. However, with increasing wavelength, the width of the resonant 
region increases. The two outer resonances of the shaded region for a 
given length occur when the angle between the two transitions is 0° or 
180°. As the second transition is rotated from this position, the outer 
resonances move in together and become nearly coincident at the 90° or 
270° positions. At 3.5 cm it is impossible to space the transitions so 

Over-all inside length in inches 

FIG. 7-10 —Hesonant wavelength vs over-all length for //-ring transition. 

that resonance will not occur, since the electrical distance of the ring 
from the bottom is approaching one-quarter of a guide wavelength. 

To avoid changing standing-wave ratio with rotation, the shortest 
rotary joint that is recommended for these transitions is one having 
3$ in. between the bottom surfaces of the transitions. This variation 
is probably caused by the interference of the fringing fields near the 
ring struts and is avoided when the transitions are sufficiently far 
apart. The largest band that can be obtained by a rotary joint from 
two of these transitions is 3.13 to 3.37 cm with a length of 3.789 in. 

In Chap. 6 several techniques of matching this type of transition are 
discussed. The chart of resonant wavelengths in Fig. 716 may be used 
for all of these techniques since there is little or no effect on the reso
nances in the round-waveguide section. 
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Resistance 
strip 

Filter ring 

7-8. Rotary Joint Using TEu-mode Filter-ring Type of Transitions 
with TiJii-absorbers.—As we have seen in the previous discussion, the 
necessity for avoiding troublesome resonances in the T^H-mode imposes 
considerable limitation on the selection of lengths for rotating joints. 
If the round-waveguide section is made longer, the band between 
resonances is shortened. However, if some means of coupling the 
T£ n-power out of the round waveguide into an absorbing load is used, 
resonances may be eliminated and a rotary joint may be made any 
length. The bandwidth of such a rotary joint will be limited only by 
the match of the transitions and the purity of the TAfoi-mode. This 
coupling may be done with four 
longitudinal slots spaced by 90° 
around the pipe. The currents in 
the waveguide for the TEu-modc 
of one given polarization at two 
places on the round waveguide 
180° apart (on the round guide) 
flow transverse to the slots, and 
therefore power is transmitted 
through them. (See Fig. 6-73 in 
the Introduction of Sec. 620.) 
Four slots are spaced by 90° 
around the waveguide in order to 
absorb all polarizations of the 
TEn-mode. As the currents in 
the 7'Moi-mode are longitudinal 1'',°- 7-i7n.-Smgk-„10de absorber. 
everywhere, these slots have little effect on them. 

In designing TTJn-mode absorbers, considerable care must be taken 
so that no appreciable amount of the 7\l/'oi-power is coupled into the 
absorber. Consequently, the use of wide slots must be avoided, and 
these slots must be located in the round waveguide so that a maximum 
amount of the TEu-modc is coupled into them. This maximum coupling 
occurs when the center of the slots is placed at the voltage maximum, 
which is an odd integral number of quarter-guide wavelengths in the 
77in-mode away from the position of the short circuit of the transition. 
If there is considerable difference between the short circuit for the 
polarization aligned along the axis of the rectangular waveguide and for 
the short circuit of the polarization perpendicular to it, then some means 
must be provided so that a satisfactory match is obtained for both 
polarizations. 

In I he design of an absorber for the lilter-ring type of transition, 
considerable difficulty was encountered with variation in the position of 
the short circuit with rotation of the polarization. In this design the 
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energy ih the rA'n-mode is coupled into a coaxial cavity, 1 in. long and 
T in. wide, which has a 400-ohm/square 
ring of IRC resistance material in its 
center to absorb the r-f energy. (See 
Fig. 1-Yia.) The l o n g i t u d i n a l slots 
excite this cavity in the rectangular wave
guide Ti?io-mode. With a short-circuit
ing plug in the round waveguide placed 
three-quarter waveguide wavelengths 
from the center of the slots, the length 
and width of these slots were determined 
so that a voltage standing-wave ratio of 
2 to 4 was obtained from 3.13 to 3.53 cm. 

'im Xt When this absorber was placed three-
y \ quarters of a waveguide wavelength from 

the bottom of the filter-ring transition, 
the voltage standing-wave ratios for the 
polarizations, parallel and perpendicular 
to the axis of symmetry in the wavelength 
range from 3.13 to 3.40 cm, were similar. 
(See Fig. 7-18.) However, the mismatch 
for the 90° polarization rose rapidly from 
a voltage standing-wave ratio of 3 to a 
voltage standing-wave ratio of 9 in the 

IK;. 7-176.—Double-mode absorber. range from 3.4 to 3.53 cm. Asinglemode 
absorber on only one of the transitions of a rotary joint will eliminate reso-
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FIG. 7-18.—VSWR for 7'^n-mode absorbers for niter-ring transitions. 

nances from 3.13 to 3.4 urn. Apparently for this type of rotary joint, the 
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Ti?ii-mode absorber need not be so efficient to eliminate resonances at 
the low wavelengths as at the high wavelengths. If an absorber is used 
with each transition, or if two absorbers are combined, as shown in 
Fig. 7- 17b, rotary joints of any length will cover the entire band from 
3.13 to 3.53 cm without resonances. 

7-9. Rotary Joints for 1.25-cm Wavelength.—Since bends in \-
by i-in. waveguide occupy so little space, only one length for the rotary 
joint, consisting of two transitions described in Fig. 6-75, Sec. 6-21, has 
been used. This length is 2.110 in., measured between bottom surfaces 

FIG. 7-19.—Transition of rotary joint with plug for 1.25 cm. 

of the transition; and the resonances occur at wavelengths of 1.21 and 
1.30 cm. This is considerably outside the usable band for the tran
sition. However, to eliminate some of the bends in rectangular wave
guide, a long rotary joint was designed using T-Eu-mode absorbers. 
The dimensions for this absorber were obtained from scaling the dimen
sions of the design described in the preceding paragraphs. From 40 to 
60 per cent of the energy in the TTJn-mode is dissipated in a single-mode 
absorber; and one absorber is required with each transition to eliminate 
the resonances completely. This rotary joint will function from 1.23 to 
1.26 cm with a maximum variation in the voltage standing-wave ratio 
of +0.03 and a maximum variation of 2 per cent in the transmitted 
power. The introduction of the slots near the junction of the rec
tangular and round waveguides increases the voltage standing-wave 
ratio of the transition, and the short-circuiting plug has to be readjusted 
in order to obtain a match. This change in the short-circuiting plug 
increases the amount of 7*i?ii-mode excited in the round waveguide over 
the original design in Fig. 6-75, Sec. 6-21; and the absorber is not suf
ficiently well matched for the T'-En-mode to eliminate the rotational 
variation. The dimensions for the transition of this rotary joint are 
shown in Fig. 7-19. 

7-10. Analysis of the Resonances in Rotary Joints Composed of 
Transitions with Diametric Fins in the Round Waveguide.—In Sec. 6-22, 
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Fig. 6-93 shows a sketch of a transition with a diametric fin to suppress 
the TBn-mode in the round waveguide. This fin will totally reflect all 
the energy in the polarization of the r^n -mode that is aligned parallel 
to it. The polarization which is 90° to this fin will be readily trans
mitted, since the electric vector is perpendicular to its surface, and will 
be reflected from the bottom of the rectangular waveguide. Because 
this fin is rather long, the difference in phase between the positions of 
the short circuit for these two polarizations will be about one or two 
wavelengths. With transitions of this type, it may be possible to adjust 
the fin so that TJ and y in Eq. (1) are equal to zero at one wavelength; 
but with changes in wavelength, the values of -q and y will increase 
rapidly. Consequently, in order to obtain a broad band with this tran
sition, a T7?ii-mode absorber may have to be used to eliminate resonances. 

The straight-on transitions that use a dividing fin, such as in Fig. 
6T00 in Sec. 6-23, will have the same difficulty since the fin is practically 
no obstruction to the transverse polarization of the TEu-mode. The 
addition of a mica or dielectric-supported ring will eliminate this diffi
culty as well as a TEu-mode absorber, since the energy of all polari
zations is reflected from the resonant ring in the same phase. This 
resonant ring must be placed so that resonances do not occur between 
the ring and the fin or between the ring and the base of the transition. 
For transitions that use dielectric-supported resonant rings, the reso
nance occurs when the spacing between the rings is approximately equal 
to an integral number of half-guide wavelengths. The distance between 
these rings is selected as an odd integral number of quarter-guide wave
lengths at the center of the wavelength band to obtain the largest pos
sible range free of resonances on either side of this center wavelength. 

7-11. Rotary Joint Using Circular Polarization.—In Sec. G-18 various 
methods of obtaining circular polarization in the 2\En-mode were dis-

Choke 

Quarter-wave plate 

Round waveguide 

F I G . 7-20.—Rotary joint with circular polarization. 

cussed. Two transitions from rectangular to round waveguide which 
transform all of the energy in the rectangular waveguide into a circular-
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polarized wave may be combined as in Fig. 7-20 to make a rotary joint. 
Since the wave propagated in the round-waveguide section is symmetric 
there will be no variation in the output power with rotation. This wave 
at a given reference point xx in the round waveguide at the output tran
sition has the form 

Er = Eeii"i~fi'l+*). 

If there is a mismatch in the transition, part of this wave will be reflected 
back to this same point with some definite phase change. Now if the 
output transition is rotated through an angle 6, the amplitude of the 
wave at the same instant with respect to the output transition is 

ET = Eel("'^x'+*+n. 

For constant <f> about an axis of the output transition, the equivalent 
line length added to the round waveguide is 6 radians. From this, the 
total phase shift in the position of the minimum for the standing wave is 
equal to 6 radians; and the input admittance for the rotary joint will 
make two complete revolutions around a Smith admittance diagram for 
every revolution of the output transition. Consequently, the tran
sitions and load in the output rectangular waveguide will have to be 
perfectly matched if variation of the input admittance and "pulling" 
of the oscillator is to be avoided. 

7-12. Resonance in a Circular-polarization Rotary Joint.—Because of 
the frequency sensitivity of a quarter-wave plate, it is not possible to 
design a transition to the circular-polarized r ^u -mode over a broad 
band without some of the energy in the round waveguide being propa
gated in a plane-polarized wave. If the angle of the output transition 
is such that the plane-polarized wave is not affected by the 45° quarter-
wave plate, it can be resolved into two components, each at 45° to the 
plane wave. One of these components will be propagated into the rec
tangular waveguide, the other one will be reflected back into the round-
waveguide section. For other orientations of the output transition, this 
plane-polarized wave will be converted into an elliptic-ally polarized 
wave in passing through the quarter-wave plate of the output transition. 
Some of the components of the elliptically polarized wave will be 
reflected back into the round waveguide. This reflected wave may in 
turn be reflected from the other end; and if the electrical length between 
the two transitions for this reflected wave is equal to an integral number 
of half wavelengths, resonances will occur that will absorb and reflect a 
large amount of the energy. These resonances may be eliminated by 
using a transition from rectangular to round waveguide which will 
present a match to all polarizations of the r^n-wave . In the tran
sition of Fig. 6-58, Sec. 6-17, the TSu-polarization excited through the 
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quarter-wavelength transformer will not be propagated in the shunt 
rectangular waveguide. But if an incident 7'2?n-wave of any other 
polarization is propagated in the round waveguide, it can be resolved 
into two components—one which will be propagated through the quarter-
wavelength transformer and down the main transmission line, and 
another which will be coupled into the shunt rectangular waveguide. 
If a quarter-wave plate is combined with this type of transition and two 
such combinations are used to make a rotary joint, then no resonances 
can occur, since any plane wave in the round waveguide will be matched 
regardless of its polarization. The elimination of these resonances makes 
it unnecessary to determine specific lengths to avoid resonances. There 

are two other transitions that have this prop
erty of being matched to all polarizations. 
These are the transitions with the two shunt 
rectangular arms spaced at 90° shown in Fig. 
6-57, Sec. 617, and the turnstile transition 
shown in Figs. 6-66 and 6-67 in Sec. 618. 

7-13. Rotary Joints Using a TEu-mode 
Polarization Rotator.—In the same manner 
that a quarter-wave plate will set up circular 
polarization, a half-wave plate may be used 
to rotate the polarization of the TEu-modc. 
The radial electric vector Er of a 7,i1u-wavc 

may be resolved into two components at right angles; thus, 

Er = [Ex sin <t> + E2 cos <t>\e.i(-»t~l"). (4) 

Since the amplitude of the input wave is constant, then 

E = VEf+El 
If 8 is defined as the angle which the Ex component above makes with 
the resulting wave E, then from Fig. 7-21, 

Er = E [sin <t> cos 8 + sin 8 cos W"'-*'-', 
or 

ET = E sin O + 6)(^"'-i>". (5) 
Now if a half-wavelength difference in phase is introduced between the 
two components, then 

ET = E [sin 4> cos 8 - sin 8 cos 4>]c''("'-M, (6) 
ET = E sin (<)> - 6)e'^-^\ 

The maximum radial vector is at the angle for which the sine function is 
equal to 1; thus, the angle of the maximum vector for the incident wave is 

* = $-*, 
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and for the output wave, 

<t> + e. 

If the polarization of the input wave is fixed and the half-wave plate 
is rotated, the output polarization is rotated through twice the angle of 
the half-wave plate. We can make use of this property in the con
struction of a rotary joint in the round waveguide. If we rotate the 
output transition through twice the angle of the section containing the 
half-wave plate, then the polarization of the input T.E'ii-mode will be 
rotated correctly to be transmitted through the output transition. 

The same techniques may be employed in designing a half-wave plate 
as in designing the quarter-wave plates in Figs. 6-61, 6-62 and 6-63 in 
Sec. 6-18. The same step may be used to match the ends of the plate, 
and the length may be extended to obtain a half-wavelength difference 
in phase between the two components of the incident wave. 

The length for the half-wave plate may be calculated from the 
formula 

l' 
iw (t ~tj + 2K \i ~ TJ (7) 

In this equation, /, is the length of the step-matching transformers, and I 
is the remaining length of the half-wave plate; X(, and \,„ are the wave-

•3.110" 

F I G . 7-22.—Half-wave plate for a wavelength of 3.40 cm. 

guide wavelengths in the matching transformer for the components 
Ei and 2?2 in Eq. (4); and \i and X2 are the corresponding waveguide 
wavelengths in the remaining length of the half-wave plate. To make 
the plate shorter, two fins may be used to obtain the half-wavelength 
phase shift. Figure 7-22 shows the dimensions of such a half-wave plate 
in a round waveguide with an inner diameter of 1.000 in. for a wave
length of 3.40 cm. 

Let us consider the broadband possibilities of a rotary joint using a 
polarization rotator. Over an appreciable pass band, the phase shift 
will not always be an exact half wavelength because of the frequency 
sensitivity of the half-wave plate. If we define 5 as the difference in 
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phase shift from a half wavelength, then the 7,7?n-wave, after going 
through the half-wave plate, will be 

E, = 7?(sin 4> cos 8 - sin 8 cos ^e'^e'1-"1'^, 
E, = 7?(sin 4> cos 8 — sin 0 cos 0 cos 5 — j sin 0 cos <t> sin a)e/("><-*o. (8) 

If 

(E sin <£ cos 9 cos 5 - 7? sin <£ cos 0 cos 5yc<"-0*> = 0 

is added to Eq. (8) and the terms are regrouped, the result is 

ET = [E cos h sin (<£ - e)e'^'-fl) + (1 - cos 5)7? sin 0 cos 6 cos 5 
- jE sin 0 cos 0 sin a]e'("'-^x). (9) 

From Eq. (9), it may be seen that if the phase shift is not equal to a 
half wavelength, the resulting wave consists of one part that is rotated 

F I G . 7-23.—Hotary joint employing a half-wave plate. 

correctly to be transmitted through the output transition and another 
part that is an elliptically polarized wave. The magnitude of the com
ponents of this elliptically polarized wave will vary with the angle of 
rotation. If 0 is zero, all the incident wave will be transmitted; but 
for 0 greater than zero, some components of this elliptical wave will be 
reflected from the two ends of the rotary joint. These reflected waves 
will set up resonances if the electrical length is equivalent to an integral 
number of half wavelengths in the guide. These resonances may be 
eliminated in the same way as in the circularly polarized rotary ]xjint— 
that is, by using transitions from rectangular to round waveguide which 
are matched to all polarizations. Figure 7-23 shows a sketch of a rotary 
joint using that type of transition. This rotary joint is superior to the 
type employing circular polarization because the phase of the reflected 
wave from a mismatched load does not vary with rotation. 
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Choke \ 

MISCELLANEOUS WAVEGUIDE MOTIONAL JOINTS 

B Y F. T. WORRELL 

In addition to rotary joints, joints that allow other kinds of motion. 
have been developed. These are the swivel joint, the hinge joint, and 
the universal joint. The first allows a limited twisting of one piece of 
waveguide relative to another about their common axis. The second 
allows oscillation of one piece of waveguide relative to another about an 
axis perpendicular to the longitudinal axis of the two waveguides and 
lying in either the 2?-plane or the //-plane. This is sometimes called a 
"nod" joint. The universal joint allows both possible displacements of 
the hinge joint to be made simultaneously, so that the moving wave
guide can move anywhere within a cone whose axis is the axis of the 
fixed waveguide and whose apex is at a point on the 
axis between the two pieces of waveguide. 

7-14. Swivel Joints.—The simplest swivel joint, 
good only for small angles of twist, consists of two 
pieces of waveguide connected by a choke-to-flange 
junction in which the choke and flange are free to 
rotate with respect to each other about the com
mon longitudinal axis of the two waveguides. A 
schematic drawing of such a joint is shown in Fig. 
7-24. The standing-wave ratio for a 3-cm joint 
of this design, at various wavelengths' and at 
various angles of twist, is shown in Fig. 7-25. 
This joint consists of the choke illustrated in Fig. 
4-45(b2) and listed in Table 4-8 which is separated 
0.020 in. from a flange of the same diameter. 
Figure 7-26 gives the performance of a similar 
10-cm joint using the choke of Fig. 4-45a, listed in Table 4-8, separated 
0.020 in. 

The performance of the simple joint can be improved if, instead of 
using a single junction, two such junctions separated by a section of 
waveguide a quarter wavelength long are used, as shown in Fig. 7-27. 
This design has two advantages over the simple one. First, for a given 
total angle of twist, the twist per junction is reduced by a factor of 2. 
Second, reflections that are not too large will cancel; since the two 
junctions are separated by a quarter wavelength of line. I t would there
fore be expected that the allowable twist would be more than twice that 
of the simple joint. The standing-wave ratio of the improved 3-cm 
model for various wavelengths and angles of twist is shown in Fig. 7-28. 
It should be noted that whereas the simple model can be twisted only 
up to 10° before the voltage standing-wave ratio rises above 1.10, the 

Fro. 7-24. —Simple swivel 
joint. 
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1.35 j 1 1 1 1 1 second model can be twisted more 
than 30° under the same restric
tions. The performance of the 
improved 10-cm model is shown in 
Fig. 7-29. 

In many cases the two-junc
tion model would be sufficiently 
good. H o w e v e r , a still better 
3-cm model has been designed 
which will twist up to 60°. The 
limitation in the twisting of this 
joint is in the mechanical design; 
as far as electrical performance is 
concerned, the joint could twist a 
greater a m o u n t . This swivel 
joint, which is shown in Fig. 7-30, 
consists essentially of two of the 
twro-junction joints separated by 
a half wavelength. It can be seen 
that the resulting distance be
tween centers of the pairs of junc
tions is 3/4X„; therefore small 
residual mismatches in the two 
pairs of junctions cancel, thus 

further increasing the amount that the joint may be twisted. Here again 
the twist per junction is reduced for any given total twist. The perform
ance of the 3-cm four-junction joint is shown in Fig. 7-31. 

FIG. 725.—Standing-wave ratio for a 
3-cm band choke-flange joint for various 
angles of twist. 

1.40 

10.0 
X0 in cm 

FIG. 720. Standing-wave ratio for 10-cm 
band choke-flange joint for various angles of 
twist. 

Two-junction swivel joint. 
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1.10 

1.05 

It is interesting to inspect the performance curves to find the cause 
of this improvement. In Figs. 7-32 and 7-33 the voltage standing-wave 
ratio is plotted as a function of 
angle for various wavelengths for 
the two- and four-junction joints, 
respectively. These curves show 
that at a wavelength of 3.5 cm the 
impedance match of the two-junc
tion joint changes rapidly at the 
end of its useful range of twisting 
(40°). At this same wavelength 
the four-junction joint can be 
twisted only twice as much. This 
indicates that the standing-wave 
ratio becomes so large that the 
addition of the extra pair of junc
tions does not help much in de
creasing it, and therefore, that the 
improvement is entirely the result of having half the twist per junction for 
the same amount of total twist in the four-junction joint as against the 
two-junction joint. However, at a wavelength of 3.2 cm, the two-junction 

l.oo 

4 " - ^ A —JS. A 

3.0 3.1 3.2 3.3 
\ a in cm 

3.4 3.5 

F I G . 7-28.—Performance of a 3-cm band 
two-junction swivel joint. Triangles repre
sent 10° twist, squares 20°, and circles 30°. 
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F I G . 7-29.—Voltage standing-wave ratio vs. Xo for different angles of twist of 10-cm swivel 
joint. 
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joint is deteriorating at a slow rate at the position of maximum twist, so 
the addition of the two extra junctions allows more than twice the twist 
to be given. 

1.05 

F I G . 7 - 3 0 . — F o u r - j u n c t i o n swivel j o in t . 

The constructional details of the four-junction 3-cm swivel joint are 
shown in Fig. 7-34. The individual sections are mounted in ball-bearing 
races. The twisting motion is transmitted by three wires running the 
length of the joint. Each wire is fastened to each section by a ball-and-

j 10 ^___^ socket joint, and the point of 
fastening is chosen so that when 
one end of the joint is twisted each 
of the four sections is twisted, 
relative to the adjacent section, by 
one-quarter of the total amount. 
This design seems to be sufficiently 
sturdy. One s a m p l e has been 
tested by twisting through ± 60° 
at a rate of 1 cps; the test was 
stopped at the end of 3.5 million 
cycles, at which time the electrical 
characteristics of the joint were 
still unchanged from the original 
values, and the mechanism was 
still operating. 

Some trouble was experienced 
with resonances in the 10-cm swivel joint. At short wavelengths these 
resonances appeared only at large angles of twist; at long wavelengths 
these appeared at very small angles. The resonances apparently are not 
caused by reflections from the housing; at least efforts to remove the 
resonances by altering the housing design produced no results. The cause 

1.00 

F I G . 7 - 3 1 . — V S W R v s . Xo for a 3-cm b a n d 
f o u r - j u n c t i o n swivel j o i n t for seve ra l ang les 
of tw rist. T r i a n g l e s r e p r e s e n t 10° t w i s t , 
circles 20°, a n d s q u a r e s 30° . 
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of the resonances is not definitely known but it may be the excitation of 
the r£?2i-mode in the region between the choke and flange. This mode 
is not excited normally but could be excited when the choke and flange 
are twisted with respect to one another. If this were the case, the trouble 
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Angle of twist in degrees 
FIG. 7-32.—VSWR as a function of 

angle of twist for two wavelengths for two-
junction swivel joint. 
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F I G . 7-33.—VSWR as a function of 
angle of twist for two wavelengths for four-
junction swivel joint. 

might be eliminated by inserting thin partitions in the choke ditch as 
shown in Fig. 7-35. Such a partition imposes the requirement that the 
field across the choke ditch be zero at the partition, which would suppress 
the TE2i-mode. 

Three #23 wires spaced 
'uniformly around circumference 

F I G . 7-34.-
OD 1.285" 

-Construction of the 3-cm four-junction swivel joint. 

High-power tests indicate that the 3-cm joint will stand at least 
200-kw peak power at 1-Msec pulse length, 500 pps. Except at points 
of resonance over restricted regions the 10-cm joint will handle at least 
l.l Mw at 1-Msec pulse length, 420 pps. At these resonant points, 
which were mentioned in the preceding paragraph, breakdown appears 
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to occur between choke and flange at considerably lower power levels 
than when the resonance is absent. 

The swivel joint has an advantage over the rotary joint in that it has 
fewer critical dimensions and is easier to 
construct. It has the disadvantage of 
being bulkier and heavier. 

7-15. Hinge Joints.—A simple hinge 
joint can be made by mounting two pieces 

TE21 suppressor 
partition — 

Flange 

Choke 

Fio. 735.—Choke with TE, i-mode 
suppressor partitions. 

F I G . 7-30.—Simple hinge joints. 

of waveguide, one with a choke, the other with a flange, in a housing which 
allows them to move as indicated in Fig. 7-36<x. If an ordinary flange is 

used, it is necessary to have the choke-
flange separation large in order to allow 
oscillations of more than a few degrees. 
The flange is therefore beveled from the 
edge to the center, as shown in Fig. 
7-36b. This beveling allows a smaller 
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Fio. 7 3 7 . — P e r f o r m a n c e of 
/?-plane hinge joint for three different 
hinge angles. 

FIG. 7-38.—Performance of //-plane 
hinge joint for three different hinge 
angles. 

choke-flange separation, and therefore an improved performance of the 
joint results. In the //-plane hinge joint the design is complete at this 

file:///o---13
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point. A 3-cm model has been made which will oscillate through an angle 
of ± 13°. An .E-plane joint of this design has resonances; to remedy this 
trouble, the choke ditch has been plugged, as described in the discussion 

0.063" 

F I G . 7-39.—£-plane 3-cm hinge joint. 

of open choke-flange junctions in Sec. 5-20. The loss and voltage 
standing-wave ratio of the 3-cm .E-plane and 7/-plane joints as a function 
of angle at various wavelengths are shown in Figs. 7-37 and 7-38. The 
complete joints are shown in Figs. 7-39 and 7-40. 
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High-power tests show that, except as noted below, both the .E-plane 
and //-plane 3-cm hinge joints will handle 200 kw, at 1 jusec and 500 pps, 
without sparking. However, when the choke-flange separation becomes 

F I G . 7-40.—//-plane 3-rm hinge joint. 

less than 0.010 in. in the //-plane joint, sparking occurs between the 
choke and flange. When the /?-plane joint is turned so that the choke 
and flange touch at one edge, sparking occurs across the choke ditch on 
the other side. 

As one might expect, there is an appreciable amount of loss from 
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either type of hinge joint in the region of maximum displacement. 
This is not large enough to be serious from the standpoint of loss of 
transmitted power but may be serious if there are any sensitive detectors 
near by. I t may also become serious if the housing around the joint is 
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FIG. 7-41.—Rectangular-choke hinge joint. One side-plate has been removed in the 
photograph. 

incorrectly designed. If the design is such that some of the leakage 
power is reflected back into the joint, there may be a resonance between 
the housing and some part of the joint. 

In an effort to make a hinge joint with less leakage, the design shown 
in Fig. 7-41 has been tried. This design is based upon a modification 

file:///v/vw/M
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of a British choke.1 The "flange" in this joint is the inner cylinder, 
whose axis is the axis of rotation of the hinge joint. The choke con
sists essentially of a T-stub, one-half wavelength deep, of the same 
width as the waveguide but of smaller height. The stub is folded along 
the line ABC, where AB and BC are each a quarter wavelength. Inspec
tion of the figure will show that as the joint is displaced from the neutral 
position, there is no widening gap to allow leakage, as in the other type 
of hinge joint. However, the distance from the waveguide wall to the 

0 5 10 15 20 25 
Angle of rotation in degrees 

F I G . 7-42.—Performance of rectangular-choke hinge joint at three wavelengths. 

bottom of the choke ditch gets farther and farther from the correct 
value as the joint is bent. This causes an appreciable mismatch. 

In Fig. 7-42 is shown a set of performance curves for a 10-cm model 
of this joint. The joint does not appear promising although it could 
doubtless be improved; it has not yet been tested for resonances or 
power-handling capacity. 

7-16. Universal Joints.—The universal joint is so named because its 
mechanical arrangement is like that of the common universal joint used 
in machines. The simplest electrical arrangement of such a joint has a 
standard rigid-line choke coupling on each piece of waveguide. The 
chokes are placed a small distance apart, so that the joint can move in a 
cone of limited angle. Since the rigid-line choke couplings are not 
designed to be used with a gap between them, the simple joint must be 
modified to make it satisfactory. The modifications are those to be 

1 See Sec. 4-10 for description of this choke. 
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This joint was designed to operate over a wavelength range from 
3.1 to 3.5 cm. In Fig. 7-44 is shown the voltage standing-wave ratio 
as a function of wavelength for various positions of the joint. The 
joint has been tested at powers up to 100 kw, 1-^sec pulse width, 500 pps, 
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; 1.15 
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1.00 
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F I G . 7-44.—Performance of 3-cm band universal joint in three angular positions. 

without breakdown. This joint has appreciable losses at large angles 
just as hinge joints have. The losses are considerable in that, if there is 
some reflection from the housing, it appears as an appreciable mismatch 
at the joint. In one instance, the change in the housing from the 
original design made the performance of the joint worse. For this 

1.900" diam. 

Outer flange 
Choke 
1.160"diam. 
Inner flange 

Pivot point 

^ Linkage 
F I G . 7-45.—Radial-choke universal joint. 

reason, the housing should be designed with care, in order to avoid 
resonances. 

Some work has been done with another type of universal joint 
which, it is hoped, will be satisfactory over greater angles and will 
allow less r-f leakage. The design of this joint is illustrated in Fig. 7-45. 
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A radial choke is used rather than the more conventional folded choke. 
The moving waveguide ends in a flange, the outer surface of which is in 
the shape of a sphere. This rides in a housing of the same shape. The 
break betwreen these two parts is at the same distance from the rec
tangular waveguide as the ditch of a conventional choke wrould be 
and is, therefore, at a current minimum. This design feature removes 
the need for a mechanical contact between the two parts. The inner 
flange is connected by an external linkage to another ball-and-socket 
joint which forms the bearing for the assembly, holding the two wave
guides in a definite position relative to one another. Since this spherical 
surface is the supporting bearing, the inner flange does not touch the 
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FIG. 7-46.—Reflections from radial-choke universal joint. 

choke but, instead, clears it by a small amount, thus preventing a 
variable contact from affecting the operation of the joint. The radial 
choke is designed to have a good low-impedance-high-impedance ratio 
by making the first quarter-wave section small in height, and the second 
section greater in height. This joint does not give so much trouble with 
r-f leakage as the conventional one. 

Unfortunately, not enough work has been done on this joint to prove 
its worth. Resonances are present, which could presumably be removed 
by some sort of plugging scheme. If the resonances were removed, the 
joint might be quite satisfactory. It might be possible to get a larger 
angle of motion with this joint than with the conventional type. The 
variation of the standing-wave ratio with wavelength for the straight-
through position of the joint is shown in Fig. 7-46. 

s 
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MOTIONAL JOINTS COMBINING COAXIAL LINE AND WAVEGUIDE 

B Y F. L. NIEMAN 

7-17. General Considerations.—As discussed in the introduction to 
this chapter, the design of a motional joint capable of continuous rotation 
for a microwave transmission line requires the use of a symmetrical field 
configuration. This may be the dominant coaxial mode (T EM-mode), 
or either the symmetrical TMOi-mode or a circularly-polarized T7?ii-mode 
in round waveguide. When rectangular tubing is used for the wave
guide transmission line, as is generally the case in modern microwave 
systems, transitions from the TEu-mode in rectangular waveguide to 
one of the symmetrical modes in coaxial line or round waveguide are 
necessary. The problem of designing well-matched transitions for this 
purpose is discussed in Chap. 6. Where such transitions are used to 
provide a symmetrical field for a rotary joint it is usually desirable and 
sometimes advantageous to design the unit so that it may include the 
transitions. 

Rotary joints in round waveguide for use with rectangular-wave
guide transmission lines are discussed in Sees. 7-4 through 713. In 
these, the propagation of several possible modes and resonances due to 
the proximity of the two mode-exciting transitions and the possibility 
of using a circularly polarized asymmetrical mode, all present many new 
problems. However, most of these problems do not arise in the design 
of waveguide rotary joints using the coaxial mode. Asymmetrical fields 
excited by the transition discontinuity are attenuated to a negligible 
value in a very short distance so that joints of this type are almost 
never short enough to give rise to resonance effects between transitions. 
Thus, the chief requirement for a useful rotary joint with combined 
coaxial line and waveguide is the design of a well-matched transition 
from coaxial line to waveguide. The only further requirement placed 
upon the mechanical design of the joint is that it should not allow vari
ation in the transition characteristics during rotation. Any of the types 
of transition from coaxial line to waveguide described in Chap. 6 may 
be used in the design of a coaxial rotary joint for a waveguide line. 
Some examples of different transitions applied to this type of rotary 
joint are given in the following paragraphs. The details of mechanical 
construction such as the types and arrangements of bearings and pressure 
seals will be discussed only in so far as they differ from those for the 
coaxial rotary joints treated in Sees. 7-1 through 7-3. 

7-18. Rotary Joints with Cross-transition from Coaxial Line to 
Waveguide.—The first coaxial-line-to-waveguide transition developed, 
and therefore the first applied to rotary joints, was that in which the 
coaxial line crosses the waveguide as shown in Fig. G-8a. A discussion 
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of the matching of this type of transition by variation of the lengths of 
the coaxial and waveguide short-circuited sections is given in Chap. 6 
together with specific examples. A possible arrangement using this 
transition in the design of a rotary joint (as developed for 3-cm wave
lengths by the Sperry Gyroscope 
Company) is shown in Fig. 7-47. 
The coaxial chokes and mechani
cal details are similar to those for 
the coaxial rotary joints. This 
joint and transition have had but 
limited application since they are 
rather frequency-sensitive com
pared with other types. Although 
the ball in the transition region 
does effect a slight improvement 
in the bandwidth, such transitions 
have standing-wave ratios less 
than the desired limit of about 1.1 
over a frequency band of only a 
few per cent. 

7-19. Rotary Joints with Probe 
Transitions.—A design, also for 
3-cm wavelengths, of a coaxial 
rotary joint between waveguides 
with probe transitions from coaxial 
line to waveguide is shown in Fig. 
7-48. Seal and bearing details are 
not given. This type of transition 
(see Sec. 6-9), and therefore this 
rotary joint, if p r o p e r l y con
s t r u c t e d , p r o v i d e s a good 
impedance match (voltage stand
ing-wave ratio of less than 1.2) over 
a frequency band of about 10 per 
cent in width. In practice, the 
advantage of the broad band obtained from the probe transition is some
what offset by the fact that the electrical characteristics of the transition 
are sensitive to the probe depth and centering. These dimensions are diffi
cult to hold accurately in stub-supported assemblies. In the rotary-
joint application, the problem is complicated further by the relative 
motion between one waveguide section and its exciting probe. If the 
assembly is not properly centered a variation of the impedance with 
rotation occurs. However, this type of joint requires no coaxial chokes 
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on the center conductor, a fact which greatly facilitates mechanical con
struction, particularly for the small dimensions necessarily used at 3-cm 
wavelengths. 

7-20. Rotary Joints with Combinations of Transitions.—Two rotary 
joints for 3-cm wavelengths having probe transitions combined with a 
loop-coupling or a crossbar transition have been developed at the Bell 

Flo. 7-49.—3-cm coaxial rotary joint between waveguides "with probe am! crossbar 
transitions. 

Telephone Laboratories. Both these designs eliminate the stub support 
for the coaxial center conductor, which allows a shorter and more com
pact design. One of these, shown in Tig. 7-49, uses a probe transition 
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on one end and a crossbar transition on the other.1 The design and 
characteristics of this crossbar transition are discussed in Sec. 6-9. The 
impedance match of the probe transition as a function of frequency is 
slightly better than that of the crossbar transition. The combination in 
this rotary joint introduces a voltage standing-wave ratio of less than 1.1 
for a frequency band of about 12 per cent. Different lengths of coaxial 
line between transitions were tried, and it was found that those with 
lengths of -f in. or more between the inner wall surfaces of the wave
guides gave no variation of impedance with rotation, indicating that the 
higher asymmetrical coaxial modes are either not strongly excited or are 
damped to negligible values in a very short length of coaxiaHine. 

A similar joint using an "in line" loop- or magnetic-coupling tran
sition between the coaxial line and the waveguide in place of the crossbar 
transition is shown in Fig. 7-50.2 This arrangement permits the rota
tion of one waveguide section about an axis perpendicular to the axis of 
the other, an arrangement that is advantageous in certain applications. 
The probe transition in this design is identical with that in the unit just 
described except that the matching parameters, the waveguide end-plate 
distance, and the probe depth have all been adjusted to give a match 
over a slightly different wavelength band. The bandwidth and the 
excellence of match are essentially the same. However, the loop-
coupling transition is considerably more frequency-sensitive than is the 
crossbar type. The combination has a bandwidth of about 5 per cent 
for a voltage standing-wave ratio of less than 1.1. 

In this design, an improved technique is used in eliminating the 
effects of the discontinuity in the coaxial line. First, each coaxial choke 
consists of two quarter-wavelength sections of different impedance, an 
arrangement that increases the wavelength range over which the chokes 
are effective. Second, a section of lossy dielectric is provided between 
the choke and the bearing to attenuate further any power leaking from 
the coaxial line. This is sometimes necessary on joints used in high-
power systems to prevent leakage that can cause interference with 
receiving components and even damage to the bearing itself. 

Joints of both designs have been tested and found satisfactory at 
voltages corresponding to pulse powers of 100 kw at atmospheric pressure. 
Since this much power was not available for 3-cm wavelengths at the 
time, the equivalent power was obtained by the introduction of standing 
waves in the transmission line of which the joint is a part (see Chap. 4). 
Further tests at pressures reduced sufficiently to cause breakdown showed 

1 C. F. Edwards, "Preliminary Report on a Wave Guide Rotating Joint," BTL 
Memorandum 43-160-120, July 30, 1943. 

2 C. F. Edwards, "An X-band Rotating Joint Between Perpendicular Wave
guides," BTL Memorandum 44-160-71, March 30, 1944. 
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that, in each joint, failure is most likely to occur in the waveguide at 
the probe. In each case, breakdown occurred at about the same values 
of pulse power and pressure indicating that the joints should be rated at 
the same power, which is probably not greatly in excess of 100 kw. 

It is worth noting, since data for comparisons are given in Chap. 6, 
that the bandwidths obtained in these units are not necessarily to be 
expected at other wavelengths when the various standard sizes of wave
guide and coaxial line are used. For example, the bandwidths obtained 
for the crossbar and loop-coupling transitions in these rotary joints are 
somewhat larger than those which result from similar matching tech
niques applied to the same type of transition at 10-cm wavelengths 
using standard 1^-in. by 3-in. by 0.080-in. wall waveguide and one of 
the standard 50-ohm coaxial lines. The reason for this is that the sizes 
of coaxial line and waveguide for these 3-cm transitions are larger relative 
to the wavelength than are those for the standard 10-cm waveguide and 
coaxial lines. This makes for the decreased frequency sensitivity of the 
3-cm units in two ways. First, since the impedance of the guide is 
slightly less and the impedance of the coaxial line is considerably greater 
than for the 10-cm transitions, the discontinuity between these is appreci
ably less, thus reducing its frequency sensitivity. Second, the 3-cm 
units operate at frequencies farther from the cutoff frequency; that is, 
the ratio of the guide wavelength to the cutoff wavelength is less. Con
sequently, the variation of the guide wavelength, and therefore the 
electrical dimensions of the transitions, with frequency is less (see Sees. 
2-15 and G-9). These are, of course, relative considerations based upon 
the electrical properties of the transition as a function of its geometrical 
configuration and do not alter the fact that a microwave component is 
more sensitive to changes in dimension at shorter wavelengths than at 
longer ones. One-thousandth of an inch at 10 cm is still 1 mil at 3 cm, 
but it is a larger fraction of a wavelength, and the construction tolerances 
are correspondingly less. 

7-21. High-power Rotary Joints with Doorknob Transitions.—Transi
tions from coaxial line to waveguide designed to carry pulse powers up 
to the limit of the coaxial line are discussed in Sec. 6-9. In the most 
successful of these, the center conductor of the coaxial line terminates 
on the opposite side of the guide from the junction (for a right-angle 
transition) in a knob which is of the proper size and shape to permit 
impedance-matching and which has a "streamlined" or rounded contour 
to minimize the likelihood of breakdown. These have had their greatest 
application in rotary joints at the 8- to 11-cm wavelengths for two 
reasons. First, the need for such a high-power joint a*rose because there 
was, at the time, proportionately more power available at these wave
lengths than at shorter ones. Second, coaxial rotary joints or those with 



452 MOTIONAL JOINTS [SEC. 7-21 

combined coaxial line and waveguide were used almost exclusively at 
these wavelengths since the sizes of the round waveguide required result 
in rather large and unwieldly units. Further, very satisfactory round-
waveguide rotary joints had been developed for the 1.25- and 3-cm wave
length bands (see Sees. 7-4 through 7-13). 

The two units to be described here have been used, to a considerable 
extent, in radar systems designed to operate at pulse powers up to 1 Mw. 
No breakdown trouble has been experienced, and there are indications 
that properly constructed units of these designs should be usable at 
pulse powers up to nearly 1.5 Mw in well-matched transmission lines 
(see Chap. 4). These joints, if well made, introduce reflections of 1.2 
or less in voltage standing-wave ratio for a 10 to 12 per cent band. As 
discussed in Sec. 6-9, the electrical properties of the doorknob transition 
are critical as to variations in dimensions; and considerable care is 
required in the assembly of these joints in order to achieve the quality 
of match just stated. Data on the match as a function of wavelength 
for preliminary production models of one design will be given later. 

The first of the two designs used most extensively is shown in Fig. 
7-51.' It is designed for 1-j-in. coaxial line and utilizes a hemispherically 
shaped doorknob with a built-in choke section to provide for relative 
motion between the center conductor and the doorknob at either end. 
It operates at 8- to 9-cm wavelengths. The capacity or choke couplings 
on the outer conductor are of the standard type for coaxial rotary joints. 
On both the inner and the outer conductor these choke sections follow 
the conventional principle for broadband choke couplings, having, in 
series, two quarter-wavelength sections of different impedances. How
ever, because of space limitations, the second (larger impedance) section 
for the center-conductor coupling at the doorknob is a so-called "disk 
resonator" in which an equivalent quarter wavelength—that is, the 
distance from the short circuit to a voltage maximum—is somewhat 
longer than one-quarter of the free-space wavelength (see Sec. 4-8). 

This design is an example of symmetrical construction in which 
choke couplings are provided for both the inner and outer conductors at 
both ends of the joint, which makes it possible to remove separately 
either transition and the coaxial center conductor. This is a desirable 
feature in many installations but not necessarily an essential one either 
mechanically or electrically. 

In joints operating at pulse powers of 1 Mw it has been found that 
the coaxial choke couplings allow sufficient leakage to cause actual 
burning of the bearing surfaces. This is particularly true of the choke 
sections on the center conductor where the field strength is greatest. 
No difficulty has, as yet, been experienced with the choke sections and 

1 Mechanical design by the Raytheon Manufacturing Co. 
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F I G . 7 51.—1^-in. coaxial rotary joint between waveguides for 8 to 9 cm. 
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Type N coaxial connector 

2.560 diam. 

bearings for the outer conductor, in joints operating at these powers. 
To prevent this highly undesirable 
effect a section of lossy dielectric, 
consisting of a specially prepared, 
finely powdered iron (such as poly-
iron) in either a ceramic or phenolic-
resin base, is placed between the 
choke coupling and the bearing. 
Bushings -J in. long and i in. thick 
with -g^-in. spacing between the 
rotating conductor and the bushing 
provide adequate protection from 
leakage. 

A design for a pressurized, high-
power, lf-in. coaxial rotary joint 
between waveguides operating at 
10- to 11-cm wavelengths is shown 
in Fig. 7-52 and a model is pictured 
in Fig. 7-53. Designed for airborne 
operation, it has a pulse-power 
breakdown rating of 1500 kw at 
atmospheric pressure and of 3000 
kw at 25-lb pressure on a matched 
line. These ratings are for a l-/jsec 
pulse at 500 cps repetition rate. 
The general design for this joint is 
the same as that for the one just dis
cussed except that it has capacity 
couplings at only one end and uses a 
different shape of doorknob. Since 
this doorknob is larger (for the 
longer wavelengths) than that in the 
previous design, it has been possible 
to build the choke coupling for the 
center conductor entirely within the 
doorknob in the form of a folded 
coaxial line. 

Figure 7-52 also shows a pro
posed method for using the center 
conductor of this coaxial rotary 
joint to carry a second concentric 
coaxial line. This may be used 

with a second antenna for a separate receiving system or low-power radar 
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F I G . 7-52.—Diagram of 10-cm, lf-in. c< 
rotary joint between waveguides. 

axial 
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interrogat ion system, for example . T h e use of a single ro t a t ing scanner 
mechanism for two sys tems is a very grea t a d v a n t a g e in m a n y instal la t ions. 

The vol tage s tand ing-wave ra t io as a function of wavelength averaged 
for several of t he first p roduc t ion models of th is design is shown in Fig. 

FIG. 7-53.—Photograph of 10-cm, l|-in. coaxial rotary joint between waveguides. 

1.01 1 1 1 I I I I 
9.8 10.0 10.2 10.4 10.6 10.8 11.0 11.2 

Wavelength in cm 
1'ic. 754.—VSWIl vs. wavelength for 1 j - i n - coaxial rotary joint with doorknob transition. 

7-54. These results are within tolerable l imits b u t it should be possible 
to improve upon t hem as the accuracy of p roduc t ion techniques increases. 
Within the limits of measurement (voltage s tanding-wave rat ios of 1.01) 
these joints exhibit no change of impedance wi th ro ta t ion . 



CHAPTER 8 

TUNERS, POWER DIVIDERS, AND SWITCHES 

BY G. L. RAGAN AND F. L. XIEMANN1 

TUNERS (VARIABLE IMPEDANCE TRANSFORMERS) 

A P P L I C A T I O N S AND G K N K R A L P R I N C I P L E S 

8-1. Applications.—Variable impedance transformers are used to 
alter the impedance at points on the input side of the lines in which 
they are inserted. A transformer of a general type, frequently referred 
to as a " tuner" or as an "impedance matcher," is capable of altering 
both the magnitude and the phase of the standing-wave pattern in the 
input line. A less general but very important type, commonly referred 
to as a "phase shifter" or "line stretcher," does not alter the magnitude 
of the standing wave existing in the line in which it is inserted but acts 
simply as a line section of variable length, thus shifting the phase of the 
input standing-wave pattern. 

It may be found helpful to classify the various tuners according to 
their functions, which are: 

1. That of introducing a prescribed impedance at some reference 
point in the input line with the output line terminated in its char
acteristic impedance. 

2. The inverse function, frequently referred to as "matching a line," 
of causing no standing wave to appear on the input line when,the 
output line is terminated in an arbitrary impedance. 

3. The function of causing a prescribed impedance to appear in the 
input line when the output line is terminated in an impedance; 
other than the characteristic impedance of the line. 

A number of legitimate applications of variable impedance trans
formers will be found, especially in connection with laboratory test and 
design work. The use of such circuits is not to be considered, however, 
as an easy substitute for careful design of matched circuits. It was 
pointed out in Sec. 2-14 that a matched transmission line is an aid 
in achieving broad bandwidth, low line losses, high power-handling 
capacity, and transmitter-tube stability. Tf the matched condition is 
maintained all along the line, these objectives will be more fully realized 

1 Sections 810 through 8 15 by F. L. Xiemimii. 
450 
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than if an attempt is made to match a poorly designed line by means of 
a variable impedance transformer. 

When used as a supplement to a carefully made line, an impedance 
transformer, especially one of the phase-shifter type, may be required in 
order to achieve oscillator stability. The use of a phase shifter ia 
especially recommended in connection with long transmission lines, and 
it is of paramount importance if the oscillator is to be tuned to a par
ticular frequency. The reasons behind this requirement are discussed 
in Vol. 6. 

Unless the use of a variable impedance transformer is demanded by 
the transmitting tube for the reasons indicated in the preceding para
graph, it is considered unwise to include one in an engineered r-f system. 
Usually the improvement in performance is too small to justify the 
effort expended in obtaining proper adjustment and in making the fre
quent readjustments required. For this reason, the adjustment is apt 
to be poorly made or readjustment neglected, with the result that on 
the average the performance of the system is worse with the variable 
transformer in place than it would be without it. 

The principal applications of variable impedance transformers are 
(1) in test work in the laboratory in which it is desired to achieve some 
required impedance accurately and (2) in engineered r-f systems in those 
instances where their use is demanded in order to achieve stable trans
mitter operation or operation at a prescribed frequency. 

8-2. General Principles; Use of Impedance Charts.—In general any 
obstacle inserted into a uniform transmission line in which a pure travel
ing wave exists will cause part of the power in this traveling wave to be 
reflected back toward the generator, thus setting up a standing wave in 
the input line. The impedance at any chosen point in the input line is 
thereby altered, and the new impedance may be determined, by means 
of the relationships developed in Chap. 2, from a knowledge of the mag
nitude and phase of the standing-wave ratio at that point. Although 
the magnitude and phase of the wave transmitted past the obstacle will 
bear a new relationship to those of the incident wave, it is not possible 
for the obstacle to set up in the output line a wave traveling back toward 
the generator, that is, toward itself. Therefore, the impedance at all 
points in the output line remains equal to the characteristic impedance 
of the line. Thus the insertion of the obstacle has resulted in an imped
ance transformation. 

It is convenient to represent the effect on the impedance at some 
chosen reference point in the input line by means of an impedance (or 
admittance) chart. The type of chart found best suited to most dis
cussions of impedance tuners is the Smith chart, Fig. 2-29. An analysis 
of the effect of inserting a thin wire or screw through a small hole in 
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the center of the broad face of a rectangular waveguide affords a good 
example of the use of such a chart. It is found (Vol. 10 of the Series) 
that the admittance in the waveguide at the position of the screw starts 
from the center of the chart, for zero insertion of the screw, and moves 
continuously out along the semicircle C of Fig. 8-1 as the screw is inserted. 
This semicircle Y = 1 + jB is the locus of input admittances to which 
the screw may transform the output admittance Y = 1 + JO. The 
semicircle C represents the admittance at the screw and at positions an 

J'lG. S-l.— Admittance conlourh for screw in waveguide. 

integral number of half wavelengths toward the generator from the 
screw. If some other point in the waveguide is chosen as the reference 
point, the corresponding contour of admittances may be obtained simply 
by rotating the semicircle C through the appropriate angular distance on 
the chart.' For example, if it is desired to represent the admittance 
contour at a point in the waveguide which is one-eighth wavelength 
toward the generator from the screw, a 90° clockwise rotation of the 
semicircle C to the position D is required. 

The representation on a Smith chart of such a transformation of an 
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admittance contour along the line is facilitated by the use of a tracing-
paper overlay, as indicated by Fig. 2-30. The tracing paper is pivoted 
at the center of the chart, the index at the zero of the wavelength scale 
is marked, and the given admittance contour C is drawn. The paper is 
then rotated so that the index indicates the proper distance in wave
lengths. The new position of the given contour with respect to the 
chart beneath represents the admittance at the point indicated on the 
wavelength scale. The Smith chart may, of course, be used as an 
impedance chart in exactly the same way. In addition, if at any time 
it is desired to convert from impedance to admittance, or vice versa, 
a simple half turn of the tracing paper produces the desired result. 
These features of the Smith chart make it ideally suited to discussions 
of variable impedance transformers. 

A circuit provided with a single variable parameter (in the given 
example, the circuit was a screw in a waveguide) is capable of accom
plishing a certain degree of impedance (or admittance) transformation; 
that is, at any chosen position in the input line, a certain admittance 
contour may be described. In order to be able to introduce, at any 
given point, impedances other than those on this contour, one or more 
additional variable elements are needed. One of the most effective 
ways of supplying this need, and one that is extremely easy to evaluate 
on a Smith chart, is to vary the position of the screw along the line. 
This may be accomplished, in a manner described more fully in Sec. 8-10, 
by inserting the screw through a longitudinal slot in the waveguide. II 
the screw is first inserted, for example, at a point one wavelength from 
the reference point in the input line, the admittance contour C of Fig. 8-1 
may be obtained. At a screw insertion corresponding to any point on 
this contour the screw may be moved along the line by any distance, 
a half wavelength of motion corresponding to a complete rotation of the 
tracing paper. Thus the curve C sweeps over the entire area of the 
chart, indicating the fact that a sliding-screw tuner is capable of intro
ducing any admittance into a matched line. 

The sliding-screw tuner has been discussed at some length in order 
to illustrate the general method of predicting the area of the admittance 
chart which may be presented to the input line by a given variable-
impedance transformer when the output line is matched. It is also of 
interest to know what region of output-line impedances may be trans
formed by a tuner into a matched input line. If the tuner is reversed in 
the line, so that the reference point formerly on the input side is on the 
output side, the problem is easily solved. Of course if the tuner is sym
metrical with regard to input and output ends, as most are, it is not 
necessary to carry out an actual reversal of the circuit. It is easily 
shown that the region of output-line impedances (referred to the refer-
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ence point now in t he o u t p u t line) t h a t m a y be ma tched by the reversed 
tune r is t he complex conjugate of t he region covered by the t une r in its 
original position wi th ou tpu t line matched . 

It is somewhat more convenient t o t r ea t a t une r in t he ma tched -
ou tpu t condit ion and then t ake t h e complex conjugate of the result ing 
region if this tun ing character is t ic is desired. T h e complex conjugate 
of a region plot ted on t rac ing paper in t he manne r described m a y be 
obta ined by merely tu rn ing the sheet over, keeping the real axis in the 
same position before and after tu rn ing . The meri ts of a tuner are 
usual ly judged on the basis of the m a x i m u m s tanding-wave rat io, occur
ring in any phase in t he o u t p u t line, which can be t uned to r = 1 in t he 
input line. I t does not seem worth while to t ransform to t he conjugate 
region, therefore, since the m a x i m u m s tanding-wave ra t io is t he same as 
in the region originally obta ined. In the examples presented in the fol
lowing sections the a d m i t t a n c e (or impedance) region p lo t ted will be t h a t 
which may be obta ined a t t h e indicated reference point in t he inpu t line. 

The re remains t he more general problem of t ransforming an o u t p u t 
impedance differing from the character is t ic impedance of t he line into a 
prescribed inpu t impedance . Since this problem involves a double set 
of variables, it is more difficult to analyze t h a n those previously discussed. 

C O A X I A L L I N E T U N E R S 

8-3. Short-circuiting Plungers .—In order to prepare the way for a 
discussion of coaxial-stub tuners , it is first necessary to discuss means 
of achieving a perfectly reflecting t e rmina t ion of variable phase. Such a 
device has other appl icat ions as well, one of which will be discussed in 
Sec. 8 T 8 . I t has become common pract ice t o refer to such a reflecting 
te rmina t ion as a short-circui t ing plunger a l though a complete reflection 
of any phase will suffice, and the effective posit ion of the short circuit in 
a given design is usual ly dependen t on t h e opera t ing wavelength. 

The obvious approach to t he problem is t o insert into the line a 
t igh t ly fitting me ta l plunger of t h e t y p e sketched in Fig. 8-2o. I t is 
very difficult, and in fact impract ical , t o obta in a plunger which moves 
wi th sufficient ease a n d a t t he same t ime makes good contact with the 
conductors . This considerat ion is extremely impor t an t , since a poor 
contac t presents an undesirable series resistance to t he currents flowing 
be tween the coaxial conductors , and leads to power loss and to errat ic 
behavior . ' 

T h e use of metall ic fingers, indica ted by Fig. 8-26, offers a very 
effective means of reducing the contact resistance. At the same t ime, 
t he current flowing in the line at t he point of sliding contact is reduced 
to zero since t he t ips of the fingers are a qua r t e r wavelength from the 
current m a x i m u m which occurs at the short-circui ted end of the coaxial 
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cavity formed by the plunger. The fingers should be made of a springy 
metal such as beryllium copper, phosphor bronze, or spring brass. They 
should be given an initial deformation in order that the restoring force 
maintains pressure at the contacts when they are inserted into the 
coaxial line. It is essential to provide good contact since the current is 
zero only at the exact wavelength for which the plunger cavity is a 
quarter wavelength long. For reasonably broad bands the current is 
still considerably smaller than that in the plain plunger of Fig. 8-2a to 

FIG. 8-2.—Coaxial short-circuiting plungers, (a) Plain-contact type, (b) Quarter-
"wavelength-finger type, (c) Capacity-coupled type. 

which it is related by the cosine of the electrical angle of the plunger 
cavity. 

Another method of reducing the current flowing in the sliding con
tact is shown in Fig. 8-2c. The principle involved is that of the folded 
half-wavelength capacity or choke coupling discussed in Sec. 2-17. 
Separate half-wavelength sections are used to couple from the plunger 
to the outer conductor and from the plunger to the inner conductor. In 
each case the sliding contact comes at the low-current point in the 
folded-line section. The principles of design discussed in Sec. 2-17 apply 
here as well. The important points to remember are these: 

1. The impedance of the two capacity-coupling sections formed 
between the coaxial-line conductors and the plunger should be as 
low as is practical. This means that the clearance between this 
part of the plunger and coaxial-line conductors should be made 
as small as is consistent with the requirement that the plunger 
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must not come into actual contact with the coaxial-line con
ductors at any point along these capacity-coupling sections. 

2. The impedance of the folded-choke sections contained within the 
plunger should be made as large as possible. 

3. The resistance at the sliding contacts should be made as small as 
possible. 

Of the three types of plungers illustrated by Fig. 8-2, that of Fig. 8-2c 
modified in the manner indicated in Figs. 8-3 and 8-4 has been found 

Flo. 8-3.—Capacity-coupled, short-circuiting plunger. 

F I G . 8-4.—Capacity-coupled, short-circuiting plunger. 

to be best for most purposes. . Its principal advantages over the other 
types are found to be these. 

1. It presents a more nearly perfect reflection of power (that is, its 
losses are lower). 

2. It is necessary to make only one short set of fingers, and the con
tact provided by them need not be extremely good since the alter
nation of high and low impedances in the coupling section reduces 
the importance of the contact resistance (see Sec. 2-17). 

3. The alignment of the outer and inner conductors of the coaxial 
line into which the plunger is inserted need not be especially good, 
since the one set of fingers can be made very flexible and the clear
ance between the plunger and the outer conductor can be large 
enough to permit considerable misalignment of the conductors. 
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4. Although this plunger has approximately the same over-all length 
as the plunger of Fig. 82b, it presents a short circuit at its input 
end whereas the simple plunger with fingers presents an open 
circuit. This feature of the choke plunger permits the design of a 
more compact stub tuner as will be shown in Sec. 8-7. 

5. When the three designs are considered from the point of view of 
ease of manufacture, especially in the light of the second and third 
points of this enumeration, most manufacturers would find the 
plunger of Figs. 8 3 and 8-4 easier to make. 

In certain applications the fingers shown in Figs. 8-3 and 8-4 may be 
omitted entirely, and manufacture is thus made still simpler. If this is 
done, however, one must consider the impedance presented at the 
plunger by the section of line behind the plunger, through which the 
rods moving the plunger extend. This impedance appears in series 
with the high impedance of the folded choke, and for certain plunger 
positions the combination will become resonant resulting in large losses 
and anomalous behavior of the impedance at the input end of the plunger. 
The coupling to this section of line behind the plunger may be reduced 
by adding to the plunger, in the region where the fingers are omitted, 
a metal sleeve having an outer diameter nearly equal to the inner 
diameter of the outer conductor. The resonance will thus be sharpened; 
that is, it will be noticeable over a smaller range of plunger positions. 
If the wavelength range used and plunger motion required are small 
enough, the length of the line behind the plunger may be chosen to 
avoid trouble due to the resonance. 

As a matter of fact, there is a very slight, but noticeable, coupling 
to the line behind the plunger even when the construction indicated in 
Figs. 8-3 and 8-4 is used. For a plunger of this type used in a i-in. 
coaxial line at a wavelength of 10 cm, it was found that an extremely 
sharp resonance occurs at certain plunger positions. In this particular 
example, all metal parts were gold-plated. The input standing-wave 
ratio was measured as a function of plunger position. For one sharply 
defined position, the input SWR dropped to about 36 db, while for all 
other positions it was about 45 db. It was found possible to remove 
all signs of this resonance by introducing some absorbing material into 
the line behind the plunger. Any absorbing material that presents a 
fair match to the characteristic impedance of the line should be satis
factory for such a purpose. One arrangement that was found to give 
good results was to place a thin washer of polyiron1 material against 
the metal end cap through which the rods that move the plunger extend. 

1 A washer, 0.1 in. thick, made of the H. L. Crowley Co.'s D-l material was used. 
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8-4. The Sliding Series Stub Tuner.—A tuner of this type is in theory 
one of the simplest of coaxial-line tuners, yet it is capable of canceling 
standing waves of any magnitude or phase. It has been described by 
M. S. Glass1 whose design is presented in Fig. 8-5. The plunger in the 
stub may be moved through a distance of half a wavelength or more, 
and the whole outer assembly including the stub may be moved through 
a similar distance. The details concerning the contacts between this 
assembly and the outer conductor of the line and the effect of the 
increased outer-conductor diameter in the region of the stub will not be 
considered in the preliminary discussion. 

F I G . 8-5.—Sliding series stub tuner. 

The discussion of Sec. 8-2 in connection with a sliding-screw tuner 
applies also to the sliding-stub tuner, with slight modification. Whereas 
the screw inserted into a waveguide behaves as a shunt susceptance, the 
stub of Fig. 8-5 acts as a series reactance. Unlike the screw, which for 
reasonable lengths acts only capacitively, the stub may add reactance 
of either a capacitive or an inductive nature. The impedance in the 
line at the point where the series stub joins it is Z = 1 ± jX, as indi
cated by the circle C of Fig. 8-6. Since the distance between any chosen 
reference point in the input line and the stub position may be varied 
by at least half a wavelength, the circle C may be rotated through 360° 
and may thus cover the whole impedance plane. It is therefore obvious 
that this tuner can introduce standing waves of any phase and amplitude 
when its output line is matched. By the arguments of Sec. 8-2, it may 
also tune out a standing wave of any phase and amplitude, and it may 
match any output impedance to any input impedance. 

The plunger used in the stub is one that was not described in the 
preceding section dealing with coaxial-line plungers. A coiled spring 
that fills the space between outer and inner conductors is used. It is, 

1 M. S. Glass, " A Variable Series Reactance for Coaxial L ines ," BTL Report 
Mn-42-140-51, Sept . 12, 1942. 
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in its free state, somewhat larger and is therefore under a compressional 
strain, which leads to low contact resistance. 

The contacts between the outer conductor and the sliding assembly 
are of the finger type discussed in the preceding section. In this case, 
however, the full line current flows in the contacts; hence the need for 
low-resistance contacts is obvious. The construction of fingers that will 
give the required quality of contact and maintain it in service appears 
to offer a serious problem. Perhaps a capacitance-coupling scheme such 
as that used in the coaxial phase shifter (to be described in Sec. 87) 
would prove more suitable. One disadvantage of such a change, how
ever, is that a larger change of outer diameter results. 

F I G . 8-6.—Impedance diagram for sliding-stub tuner. 

The effect of the change in outer diameter is twofold: the character
istic impedance in that part of the line is increased, and an effective 
shunt capacitance is introduced at each end because of the well-known 
junction effect. The characteristic impedance could be restored to 
equality with that of the line by the proper increase of the diameter of 
the inner conductor, and the junction capacitance could probably be 
well compensated in the manner suggested by Fig. 6-5d. In the original 
design the higher-impedance line is made an integral number of half 
wavelengths long; thus when the stub is in its null position (zero added 
reactance) the line section gives the one-to-one transformation ratio 
characteristic of lines an integral number of half wavelengths long. 

Although one or more of the refinements mentioned may be worth 
while in contributing to the ease of adjustment of the tuner, none of 
them is really required for tuning any output impedance to any input 
impedance. This statement may be checked by considering a half-
wavelength section of the high-impedance line, which also contains the 



466 TUNERS, POWER DIVIDERS, AND SWITCHES [SEC. 8-5 

stub, as the actual variable transformer, and the remaining end portions 
containing junctions as output and input transformers. Obviously any 
output impedance transformed through the output transformer is still a 
general impedance. And any required input impedance may be obtained 
by presenting the appropriate impedance to the input transformer. 

FIG. 8-7.—Double-slug tuner with dielectric slugs. 

8-5. Slug Tuners.—Tuners of this type have some very desirable 
characteristics, both from the standpoint of use and from that of fabri
cation. The tuner shown in Fig. 8-7 is particularly easy to analyze and 
has been found satisfactory for applications in which the power level is 
not excessive and the required tuning range is only moderately large. 

Each dielectric bead, commonly referred to as a "slug," acts as a 
quarter-wavelength transformer of impedance ZT = Zo/s/Jc,, introducing 
a VSWR of magnitude ke. The slugs may be moved along the line by 

FIG. 8-8.— Double-slug tuner for small standing waves. 

means of dielectric handles extending through a longitudinal slot in the 
outer conductor, as indicated in the design shown in Fig. 8-8. As the 
spacing S between the slugs is varied, the standing-wave ratio intro
duced by the pair varies from unity to a maximum value equal to k*, 
the product of the individual values of VSWR, as indicated by Items 
6a and 6b of Table 2-2. The standing-wave ratio is a maximum for 
S = X0/4 and is equal to unity when S = 0, when the two slugs join to 
form a single half-wavelength section of line. 
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The magnitude of the standing-wave ratio as a function of the 
angular separation 360°(S/X) is given in Fig. 8-9 for slugs of several 
dielectrics. When the separation is S = X0/4, the maximum standing-
wave voltage ratio r = kl, is introduced. Assuming the generator to be 
on the left in Fig. 8-6 and assuming the output line to be matched, the 
input end of the left-hand slug is at the reference point indicated. The 
input impedance at this point is real and equal to \/k\, as indicated in 
the impedance plot of Fig. 8-10, which gives the impedance at the refer
ence point for slugs of dielectric con- . . 
stant 2.56 ( p o l y s t y r e n e ) . By 
means of an impedance chart or by 
application of the transmission-line 
equation, Eq. (2-41), it may be 
shown that, for other values of S, 
the impedances are those indicated 
in Fig. 810. 

It is evident from the impedance 
chart that there is little change in 
the phase of the standing waves 
introduced as S is varied if the 
center of the combination is kept 
at a fixed point in the line. The 
phase shift 5 of the minimum of the 
standing-wave pattern from the ref
erence point is plotted as a function 
of the angular separation 360°(S/X) 
in Fig. 8-11. The voltage minimum 
is shifted slightly toward the load 
from the reference point. 

One method of changing the 
separation of the slugs without 
moving the center point can be seen from Fig. 8-12. The two slugs are 
fastened to the small blocks that are moved along the slot by the oppositely 
pitched threads of the upper screw. Turning this screw gives control 
over the magnitude of the VSWR introduced. The pha'se of the stand
ing wave may be varied by turning the lower screw that moves the whole 
slug assembly. This adjustment has the effect of rotating the impedance 
contour of Fig. 8-10, sweeping out the entire shaded area of the impedance 
diagram. Any impedance within this area may be introduced when the 
load is matched, and any load whose impedance lies in this area can be 
matched to the input line. 

The screw arrangement just described is found to be too slow for 
work involving large adjustments. For such applications the mechanical 
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Flo. 8-! Standing-wave ratio of 
double-slug tuner of Fig. 8-7 for values of 
K, = 2, 3, 4, S. 
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arrangement of Fig. 8-13 is preferable. The whole assembly is moved 
along by means of a fast-motion rack-and-pinion drive. 

The slug tuner in this form has been found to be extremely useful 
for introducing known impedances to magnetrons for the purpose of 
studying their load-impedance characteristics. The fact that the mag
nitude and phase of the standing wave may be separately varied makes 
it easy to obtain a uniform coverage of the impedance chart. For this 

F I G . 810.—Impedance of dielectric slug tuner of Fig. 8-7, Ke = 2.56. S is measured in 
"wavelengths. 

application it is desirable to be able to introduce high values of VSWR, 
the usual requirement being about r = 10. This requires a high value 
of dielectric constant or the use of metallic slugs partly filling the line. 
Since the power levels are high, the metallic slugs, which give better 
high-power performance, are used. 

Each slug is suspended from a separate carriage by means of two 
mica sheets projecting through two longitudinal slots cut in the sides of 
the outer conductor. The two carriages are connected by means of a 
metal strip that is fastened to the top surface of the carriage on the left. 
A screw projects upward from the carriage on the right through a slot in 
the strip. By tightening a wing nut on this screw, the strip is fastened 
to the right-hand carriage with the carriages at the desired separation. 
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The two carriages then move together with this separation, as the 
pinion gear is turned by the crank shown. 

A larger drawing of the metal slug used appears in Fig. 8-13. It was 
designed for use in the lf-in. line at a wavelength of about 10 cm, and a 
tuner using a pair of such slugs should be able to introduce a VSWR of 

0 30 * 60 90 
Angular spacing »360°(^) 

FIG. 811.—Phase shift of double-slug tuner for values of Kr = 2, 3, 4, 5. 

FIG. 812.—Double-slug tuners. 

about 10. In order to avoid breakdown it is important that all corners 
be rounded. Slugs should be made of aluminum so that they will be 
light and therefore easy to support. 

A few words should be included concerning the behavior of metal 
slugs in regard to impedance. If little or no space is left between the 
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slug and the outer conductor, the metal slug is simply a transformer of 
the type shown in Fig. 4-35c. The characteristic impedance of the 
transformer section containing a metal slug of outer radius b' and inner 
radius a' is desired. If the original line has an impedance Z0, the trans
former impedance may be shown to be 

ZT = Zg — Za, (1) 
where Zl is given by 

ZJ - 138 log,„ y- (2) 

There are, of course, shunt-capacitance effects at the end of the trans
former sections, but since these are a quarter wavelength apart, a certain 
amount of compensation results. 

Neglecting shunt-capacitance effects, the behavior of any slug tuner 
having transformers of impedance ZT is exactly the same as that of a 
tuner having dielectric slugs of the same characteristic impedance and 
electrical length. Therefore Figs. 8-9, 8' 10, and 811 apply to quarter-
wave slugs in general, provided that ZT and ke are related to the char
acteristic impedance of the line by 

— = *—■ (3) 
Z° y/k. 

Slugs of other forms and other methods of support have also been 
used. One design calls for a dielectric sleeve filling the space between 
the slug and the outer conductor. This design is mechanically more 
rugged but is subject to greater breakdown trouble. A type of slug 
which is extremely useful when the introduction or removal of low stand
ing waves is desired is that of Fig. 8-8. The dielectric does not com
pletely fill the line but takes the form of a sleeve fitting against the outer 
conductor. The characteristic impedance of a dielectric transformer of 
inner radius c fitting against the outer conductor of a line whose radii 
are b and o is 

ZT = 138 yji —£-!- + logic y logio h~- U) 

This equation is a modification of Eq. (5-3). The wavelength in the 
transformer section is smaller than that in the main line by the factor 
ZT/ZO) therefore the physical length of the slug should be shortened 
accordingly. 

The particular slug tuner shown in Fig. 8-8 is designed for operation 
at wavelengths of 9 to 11 cm, the slug lengths being somewhat shorter 
than a quarter wavelength at 9 cm. At any wavelength in this band, 



472 TUNERS, POWER DIVIDERS, AND SWITCHES [SEC. 8-6 

unity VSWR is obtained when the slugs are slightly separated. There 
is less tendency for sparking to occur at high power levels if the slugs 
are not allowed to touch. The maximum VSWR that may be intro
duced is slightly greater than 1.5 at all wavelengths. This relatively 
low value was the maximum required for the particular application for 
which the tuner was designed. It was desired to introduce a standard 
VSWR of 1.50 which could be varied through all phases in order to test 
the "pulling figure" of magnetron oscillators.1 It was also necessary 
to be able to restore with ease the matched condition in order to obtain 
a standard for comparison. Both conditions are easily obtained with 
the simple mechanical design evolved. One slug is attached by dielectric 
pins to a rod that parallels the axis of the line. The other slug is attached 
to a metal block that slides on the same rod. Stops on the rod at either 
side of the second slug may be set in such positions that they define the 
minimum and maximum slug separations corresponding to r = 1 and 
T = 1.50 for a given wavelength. The whole assembly may be moved 
as a unit along the line to vary the phase of the standing wave. 

Usually it is desirable to use a slug tuner that will give a maximum 
VSWR only slightly in excess of that likely to be needed in practice. 
If a tuner capable of excessive tuning is used the adjustments become 
more critical than necessary and nothing is gained. In addition, larger 
standing waves and hence larger voltage gradients are introduced into 
the line by the tuner of larger range, a factor that may cause breakdown. 
The added difficulty of adjustment is easily seen by noting that in Fig. 
8-9 the rate of change of VSWR with separation is higher for the slugs 
of higher dielectric constant. 

There are indications that the use of two slots, as in the design of 
Fig. 8-13, leads to more slot radiation than does the use of one slot, as 
in the designs of Fig. 8-12. The difference is greater than that resulting 
from the larger open area of the two slots, and it appears to be caused 
by a greater freedom of propagation of higher modes in the double-slot 
line. For this reason, it seems desirable to use a single slot, rather than 
double slots, even though the single slot may need to be several times 
as wide in order to provide sufficient support for the slug. A slight 
modification of the designs shown in Fig. 8-12 should permit single-slot 
construction. Support by means of dielectric pins such as those used in 
Fig. 8-8 is suggested. 

8-6. Stub Tuners.—Coaxial-line transformers utilizing one or more 
branch lines of variable length have long been popular. A schematic 
diagram of such a tuner having three branch lines or stubs is presented 
in Fig. 8-14. A practical design of a double-stub tuner is illustrated in 

1 See Fig. 2-45 and accompanying text, Sec. 214. 
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Fig. 815 . The stubs contain short-circuiting plungers like those of 
Fig. 8-4. The physical arrangement of the lines is seen to be quite 
different from the conventional arrangement of Fig. 8-14. The two 
plungers are mounted in a straight section of coaxial line which is slightly 
larger and slightly heavier in construction than the input and output 
sections of line. This construe-

better alignment of 
conductors in the 

tion affords 
the coaxial 
stubs. 

The admittance diagrams 
showing the performance of a 
double-stub tuner in which the 
spacing between the stubs is. a 
quarter wavelength are given in 
Fig. 8-16. Diagram a gives the 
admittance at the stub nearest the 
matched l o a d . A coaxial-line 
stub is capable of introducing 
a shunt susceptance of either positive 
admittance lying on the circle D 

E 3 
F I G . 8-14.—Triple-stub tuner. 

or negative sign. Thus any 
for which the conductance is G — 1, 

may be introduced at the output stub when the line beyond it is termi
nated in a perfect match, point d. In diagram b the admittance at the 
next stub a quarter wavelength toward the generator is indicated. The 

Output line 

Short-circuiting plunger 

Input line -

^ ^ Short-circuiting plunger 

F I G . 8-15.—Double-stub tuner. 

transformation of the circle D on which a typical point e is indicated is 
easily accomplished on the Smith chart. Transformation through a 
quarter wavelength of line entails simply a rotation through 180° about 
the center of the chart, point d. This rotation is easily accomplished 
by the use of tracing paper ia the manner described in Sec. 8-2. Any 



474 TUNERS, POWER DIVIDERS, AND SWITCHES [SEC. 8-6 

admittance lying on the dashed circle D may be presented to the second 
stub. The typical point e may be transformed by means of the second 
6tub along the circle F. Circle F is one of the family of constant-con
ductance circles of the Smith chart, and it may be traversed by adding 
pure susceptances by means of the stub. The addition of susceptances 
to the point d gives the circle E of unit conductance. There is no point 
on circle D which has a conductance greater than unity, hence there is 
no way of presenting, at the input side of the second stub, any admittance 
within the circle E corresponding to conductances greater than one. 
Any point on the chart which does not lie within this area may be 
obtained by the combination of two stubs spaced a quarter wavelength 

(a) (4) 
F I G . 8-16.—Admittance of double-stub tuner, ^X-spacing: (a) at output stub; (b) at next 

stub, j \ away. 

apart. It is, therefore, clear that standing waves of very large magni
tude may be obtained in some phases, but that a standing wave larger 
than unity cannot be introduced in a phase along the real axis to the 
right of point d. 

If a third stub is added, a quarter wavelength toward the load from 
the first, a triple-stub tuner such as that of Fig. 8-14 is formed. The 
two stubs nearest the load may now be used to present, on the input 
side of the middle stub, any admittance that does not lie within the unit 
conductance circle of Fig. 8-16&. This region transforms at the stub 
nearest the generator to the region inside the circle D of the same 
diagram. Thus the two stubs nearest the load may introduce at the 
input stub any admittance exterior to the circle D. The middle stub 
and the input stub may introduce at the same point any admittance 
exterior to the circle E, as shown in the preceding paragraph. Since 
these unattainable regions are mutually exclusive it is clear that the 
three-stub tuner with quarter-wavelength spacing is capable of intro
ducing standing waves of any phase and magnitude. 
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The admittance diagrams corresponding to two stubs spaced three-
eighths of a wavelength apart are given in Fig. 8-17. As in the pre
ceding figure, diagram a represents the admittance obtainable at the 
stub nearest the load. Typical points c, d, e, / on this circle of unit 
conductance are indicated. In diagram b, transformation through three-
eighths wavelength results in the new position of circle D and its typical 
points. Circles E, F, and G indicate the transformations of these points 
which may be effected by the second stub. The maximum conductance 
obtainable, G = 2, encloses a region that is not obtainable by a double-

Fio. 817.—Admittance of double-stub tuner, fX-spacing: (o) at output stub; (6) at input 
stub, | \ away. 

stub tuner of this type. The standing-wave ratio associated with 
admittances lying within this region, however, are all equal to or greater 
than r = 2. Therefore, any standing-wave voltage ratio of magnitude 
less than or equal to two is certainly obtainable in all phases. 

The method of analysis indicated by Figs. 8-16 and 8-17 may be 
extended to other stub spacings. For any stub spacing there will be a 
circle of maximum obtainable conductance which will define the region 
of the admittance chart which is not available by means of the double-
stub tuner with this spacing. The value of this maximum conductance 
is given as a function of stub spacing in Fig. 8-18. 

On the basis of Fig. 8-18 it might seem advisable to choose a stub 
spacing of approximately one-half wavelength, and an angular spacing 
of approximately 180°. I t will be found, however, that if such spacing is 
used it will become necessary to introduce extremely large susceptances 
in order to tune out standing waves of only moderate amplitudes if the 
phase of this standing wave is unfavorable. The same disadvantage 
exists in the case of quarter-wavelength spacing. In addition, the pro
cedure to be followed in tuning out a mismatch with spacings approxi
mating either quarter-wavelength or half-wavelength values is very 
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difficult. On the other hand, the procedure required for spacings of an 
odd number of eighth wavelengths is relatively simple. A comparison 
of the procedures involved is given in Fig. 8-19. It is assumed that in 

both cases shown in Fig. 8-19 the 
stubs are originally in their null or 
zero-susceptance position. Both 
diagrams a and b represent the 
admittance at the input stub. 
The admittance at this stub is 
originally that indicated by point 
0. The effect on this admittance 
of adjusting the output stub is 
represented by motion along the 
circle D. If diagram a is rotated 
through 180° and d i a g r a m b 
through 90° clockwise, it will be 
clear that the circle D represents 
the effect of the output stub. The 
point a on this circle represents the 
proper transformation required of 

the output stub. The input stub may then transform the point a along 
the circle E to the point b representing the matched input condition. 
If the effectiveness of the tuning adjustment is judged from the magni
tude of the input standing-wave ratio, it will be found that minimum 
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Fia. 1 -Tuning out a mismatch: (a) with JX-spaced stubs; (b) with | \ -spaced stubs. 

input VSWR occurs at the point 1 on the circle D. That is, the point 1 
represents the closest approach to the center of the diagram. The 
admittance point 1 is transformed by the input stub along the circle F. 
In the case of the quarter-wavelength spacing, diagram a, this leads to 
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no reduction in input VSWR. In the case of three-eighths-wavelength 
spacing, the admittance point 2 on circle F represents the minimum 
VSWR obtainable by adjustment of the input stub. If the input stub 
is left in this position and the output stub is readjusted, it ean be shown 
that the resulting input admittance moves from the point 2 along a 
circle whose closest approach to perfect match is indicated by the point 3. 
It is evident that a process involving successive reduction of the input 
standing-wave ratio is occurring and that the approach toward perfect 
match is rapidly achieved. This procedure is in marked contrast to the 
unsatisfactory termination of the equivalent procedure indicated in 
diagram a. The first adjustment leads to the admittance point 1 which 
cannot be improved by further adjustments. In order to obtain the 
matched condition with stubs spaced a quarter wavelength apart, it is 
necessary to proceed by guess work, since the process of successive 
reduction of input standing-wave ratio leads to an impasse. 

The difficulty just described constitutes one forceful argument in 
favor of a stub spacing of one-eighth or three-eighths wavelength over a 
spacing of a quarter wavelength. Another disadvantage of the quarter-
wavelength spacing is that three stubs are required. I t is difficult, first 
of all, to decide which pair of adjacent stubs represents the proper combi
nation for tuning out a given load admittance. In regard to spacings 
approximating one-half wavelength, it has already been mentioned that 
extremely high susceptances are sometimes required in order to match 
standing-wave ratios of moderate magnitude if the phase happens to be 
wrong. In view of these considerations, it is felt that a spacing of an 
odd number of eighth wavelengths represents the most practical value if 
its inherent limitation of r g 2 can be tolerated. 

A method of increasing the tuning range of a double-stub tuner with 
any spacing is to use an additional section of line which may be inserted 
or removed at will. One method of accomplishing this objective is to 
make the tuner reversible and have the length of line different on output 
and input sides. This arrangement requires the use of an adapter or 
couplings of the same polarity attached to the input and output lines. 
The practical value of this suggestion is doubtful since it requires 
uncoupling and reversing the tuner if the required tuning is not accom
plished in the original position. If the output and input lines differ in 
length by a quarter wavelength, it is easily shown that all phases and 
magnitudes of standing-wave ratio are obtainable. Usually, a change of 
length of less than a quarter wavelength will suffice. The minimum 
length required for various stub spacings has been studied by Smith.1 

Another method of increasing the tuning range of a given double-
1 P. H. Smith, "Two Stub Transmission Line Impedance Matching Circuits," 

BTL MM-43-170-14, Aug. 19, 1943. 
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stub tuner is to decrease the characteristic impedance of the line between 
the stubs. For example, Smith gives curves that show that if the char
acteristic impedance of the line between stubs is 0.7 times that of the 
main line, the tuning range of a double-stub tuner with one-eighth- or 
three-eighths-wavelength spacing is increased from r = 2 to r = 4. 
Similarly, the tuning range of a double-stub tuner with quarter-wave
length spacing is increased from r = 1 to r = 2 by the same change of 
hne impedance. The effect of such a design change on the ease of tuning, 
discussed in connection with Fig. 849, has not been investigated. Before 
attempting this modification, it would be advisable to study the possible 
results of the change. 

8-7. Phase Shifter.—Variable impedance transformers of this type, 
popularly known as "line stretchers," are required in transmission-line 
assemblies more frequently than any of the other transformers. They 
are needed in order to obtain stability of operation of microwave magne
trons when the line length is excessive or when the frequency of a tunable 
magnetron is changed. If the impedance presented to the magnetron 
falls within the unstable region shown on the Rieke diagrams of Fig. 2-45, 
the situation may be remedied by means of a change of line length 
between the magnetron and the load. The effect of this change of line 
length, which may be accomplished by means of a line stretcher, corre
sponds, on the impedance chart, to a rotation, about the center of the 
chart, of the impedance presented to the magnetron. In this way the 
load impedance is easily transformed into a region of stability. As 
the frequency of a tunable magnetron is changed, the load impedance 
presented to the magnetron also changes. If the line is long, there will 
be an especially rapid shift in the phase of the VSWR at the magnetron, 
since the line length in terms of wavelengths varies rapidly with change 
of wavelength in a long line. The load impedance at the desired oper
ating frequency is often found to be in an unstable region, but readjust
ment of the phase shifter will result in stable operation. 

One of the most satisfactory designs of phase shifter for coaxial lines 
is that shown in Figs. 8-20 and 8-21. It operates in much the same way 
as the slide of a trombone. The input line (lower left) and output line 
(lower right) are standard £-in. coaxial lines. The H-shaped line section 
at the top corresponds to the slide of the trombone. The sliding and 
stationary line sections are coupled by means of capacitance-coupling 
sections of the folded half-wavelength type illustrated by Fig. 2-53a. 

In order to make possible the construction of a capacitance-coupling 
unit of this type, the outer conductor of the sliding section is increased 
to li-in. OD, and the center conductor is reduced to \-m. diameter. 
In addition, it is necessary to increase the diameter of the center con
ductor in the i-in. line sections. The impedance in the sliding section is 
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F I G . 8-20.—Cross-section view of coaxial phase shifter. 

91.8 ohms, which is matched to the 46.4-ohm impedance of the j-in. line 
by means of three transformers, each a quarter wavelength long. The 
characteristic impedances of the transformer sections are, proceeding in 
order from the 46.4-ohm line, 37.8, 29.1, and 50.1 ohms. The frequency 
sensitivity of the combination of transformers plus the two capacitance-
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coupling sections is about the same as that of the 1-in. stub angle used. 
Each unit is best matched at a wavelength of 9.1 cm, and each sepa
rately gives a VSWR of about 1.05 at X = 8.8 cm and X = 9.4 cm. By 
judicious choice of the spacing between stub angle and transformer 
section, the resultant VSWR of the combination remains below 1.05 
from X = 8.8 to X = 9.8 cm. This example illustrates one broadbanding 
technique discussed in Sec. 2-16. 

Neither of the stub angles of the slide section is matched, when taken 
separately. The stub length is chosen to give the minimum mismatch 

FIG. 8'21.—Photograph of the phase shifter of Fig. 820. 

obtainable at a wavelength of 9.4 cm, the value of VSWR being about 
1.38. The two stubs are spaced to obtain cancellation of their mis
matches at a wavelength of 9.4 cm. The resulting combination of two 
stubs, in the H-shaped form shown, gives a VSWR of 1.05 at wavelengths 
of about 9.1 and 9.7 cm. If the two stubs were combined in a vr-shaped 
structure (stubs projecting left and right instead of upward) the fre
quency sensitivity of the combination would be greater. It would be 
greater also if one stub projected upward and the other to the right or left. 

The bellows surrounding the sliding joint is for the purpose of render
ing the device airtight, while permitting adjustment of the slide. A 
lengthening of the line of a full half wavelength is permitted for wave
lengths up to about 10 cm. 

The design shown is recommended only for wavelengths between 9.0 
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and 9.6 cm. Outside this range the standing-wave ratio becomes exces
sive and the length of the capacitance-coupling sections deviates too far 
from a quarter wavelength. Tests indicate that the line power must be 
about 500 kw at a wavelength of 9.4 cm to cause breakdown in air at 
atmospheric pressure. Each of a group of 52 units manufactured was 
tested for match at all slide positions at a wavelength of 9.4 cm. The 
maximum VSWR observed for any position of the 52 units was r = 1.35, 
and for half of the units the highest figure was r = 1.16. 

Several other designs for coaxial phase shifters have been proposed. 
Most of these use the trombone-slide principle, but employ slotted-finger 
contacts instead of the capacitance coupling used in the design just 

F I G . 8-22.—Type N line stretcher 

described. Xone of these has proved to be very easy to manufacture 
or very satisfactory in performance. 

A line stretcher of a simple type which is literally all the name 
implies, is illustrated in Fig. 8-22. It is intended for use at low power 
levels in lines, usually flexible cables, equipped with type X connectors. 
Unfortunately, the impedance is not matched through the unit; hence, 
in addition to a shift of phase, a mismatch is introduced. 

WAVEGUIDE TUNERS 
8-8. Short-circuiting Plungers.—A variable-position short circuit is 

frequently needed in waveguides, just as in coaxial lines. Short circuits 
find numerous applications in experimental laboratory work as well as in 
circuits such as stub tuners and variable power dividers. 

Short-circuiting plungers for circular waveguide may be made as 
shown in Fig. 8-23. This proposed design, which has not, to the author's 
knowledge, been tried, uses a folded half-wavelength capacitance-
coupling scheme similar to that used in coaxial-line plungers. The two 
quarter-wavelength sections of the plunger are actually coaxial lines, but 
because of the asymmetrical excitation by the waveguide currents they 
operate in the second coaxial mode, the TiJio-mode of Fig. 2-22. The 
wavelength Xio in this mode may be calculated by the methods of 
Chap. 2. The wavelength will of course be different in the two sections, 
the respective values being denoted by \'10 and \"0 in Fig. 8-23. The 
practice of alternating low and high characteristic impedances, discussed 
in Sec. 2-17, leads to good performance over a broad band of wave-
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lengths. The sliding contact comes at a current node, as in the coaxial 
counterpart. It may be found desirable here, as for the coaxial plunger, 
to improve the contact by using short slotted fingers. 

A limitation on the use of slotted fingers in waveguides operating in 
the lowest mode or in coaxial lines in which the second mode exists 
should be borne in mind; namely, that the currents are not wholly longi
tudinal, as they are in coaxial lines excited in the lowest or TEM-mode 
or in round waveguide excited in the second or TMOi-mode. Some trans
verse components of current are interrupted by longitudinal slots and 
good performance is therefore not to be expected. For this reason, a 
quarter-wavelength plunger with slotted fingers, similar to the coaxial 
plunger of Fig. 8-26, is not recommended. 

A plunger of the type used in the double-stub tuner of Fig. 8-26 
has been found to give satisfactory performance in laboratory test work 

at low power levels. It is extremely easy to make, especially at very 
short wavelengths where the plunger is small. The alternation of low 
and high impedances makes the attainment of low contact resistance less 
important than it would be in a plain cylindrical plunger relying solely 
on low contact resistance. It may be shown that the current in the 
contact is reduced below that in the main waveguide by the factor 
Zoi/Zm by the alternation of the low characteristic impedance Z0i and 
the high characteristic impedance Z02- Plunger losses are reduced by 
the square of this ratio compared with those in a plain cylindrical 
plunger having the same contact resistance. The contact resistance of 
the plunger of Fig. 8-23 plays a still smaller role in plunger losses and 
contributes, in principle, zero loss at midband. 

The problem of designing a plunger for rectangular waveguide is not 
so straightforward, in theory, as that of designing one for round wave
guide. A very practical and satisfactory design has been evolved, how
ever, and it is shown in Fig. 8-24. The large hollow cavity within the 
plunger forms a section of waveguide one-quarter of a guide wavelength 
long. Therefore the input impedance, along the slots adjacent to the 
contacts of the sliding block, is infinite and the current in the contacts 
is zero. This infinite impedance is transformed, by the quarter-wave
length line of low impedance formed between the plunger and the wave-
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guide walls, to zero at the input end of the plunger. It is difficult to 
visualize the action of this low-impedance line formed between closely 
spaced coaxial tubes of rectangular cross section. At the input end this 
line is excited only along the broad waveguide surfaces, and at its out
put end it is short-circuited along the narrow waveguide surfaces, and 
coupled through a slot to infinite impedance along the broad surfaces. 
In practice, however, a plunger of this type has been found to perform 
very satisfactorily. The r-f loss in such a plunger terminating a wave
guide has been observed to be about the same as that in one wavelength 
of waveguide. This is about what might be expected from the conductor 
losses in the walls of the line sections composing the plunger; therefore 
the sliding contacts cannot contribute much to the loss. 

FIG. 8-24.—Plunger-type choke for a waveguide l\ by 3 in. by 0.080-in. wall. 

In earlier designs, a thick metal sheet parallel to the broad surfaces 
of the waveguide divided the high-impedance cavity into two separate 
waveguide sections. Each section was coupled separately through one 
of the two slots to the outer low-impedance line. It was reasoned that 
if this plate were made as thin as possible, the impedance of each of the 
sections would be a maximum. It was then argued that the fields and 
currents are such that the presence of the plate is not needed; conse
quently the plate was omitted in later designs. 

Quarter-wavelength sections with slotted fingers similar to the coaxial 
plunger of Fig. 8-26 have also been used. They are found1 to be inferior 
to plungers of the capacity-coupled type. 

8-9. Waveguide Stub Tuners.—Although stub tuners were frequently 
used early in the development of microwave circuits, they are now 
seldom employed. This is due partly to the development of tuners of 
alternative types which are more convenient to use and partly to the 
general trend toward the elimination of tuners from r-f lines such as 
those used in radar sets. I t seems probable, however, that of all the 

1 C. G. Montgomery and D. D. Montgomery, "Losses and Reflections Introduced 
by Joints and Plungers in 3-cm Waveguides," RL Report No. 164, Oct. 15, 1942. 
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types of tuners used in waveguides, the stub tuner is least likely to 
break down under high-power service. This would seem to be its chief 
advantage. 

A double-stub tuner of one type used in rectangular waveguide is 
illustrated in Fig. 8-25. The branch sections of waveguide, containing 
movable short-circuiting plungers like those of Fig. 8-24, are attached to 
the broad surfaces of the waveguide, forming a configuration frequently 

termed an ".E-plane T-junction." 
In the equivalent circuit of such a 
junction the branch section ap
pears in series with the main wave
guide. The rounding of the angle 
formed between branch line and 
main waveguide, apparent in the 
figure, has the purpose of avoiding 
the high electric fields that would 
otherwise occur along this junction 
line. 

An alternative method of cou
pling the branch line to the main 
waveguide is by means of an H-
plane T - j u n c t i o n connection, 
which is made by joining the 
branch line to the narrow surface 
of the waveguide. The equivalent 
circuit of the //-plane T-junction 
consists of an effective shunt con
nection between branch line and 
main waveguide. The principal 
advantage of the //-plane connec
tion is that it is not necessary to 

round the angle along the junction line since there is no electric field at 
this point in the waveguide junction. 

Because it is connected in shunt, the //-plane stub has exactly the 
same effect as the coaxial-line stub discussed in Sec. 8-6. In fact, the 
entire analysis of the performance of multiple-stub tuners of various 
spacings is the same in the two cases. A spacing of an odd number of 
eighth wavelengths is most frequently used in waveguide double-stub 
tuners, just as it was in coaxial lines. If the stubs are placed on opposite 
sides of the waveguide, spacings as small as one-eighth wavelength may 
be used, although the distortions of the fields in the vicinity of the 
junctions may cause some peculiarities in tuning behavior. If the stubs 
are placed on the same side, as they usually are for ease of adjustment, 

Fi 8-25. — Double-stub tuner 
tangular waveguide. 
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a considerably greater minimum spacing is required. The spacing in 
terms of wavelengths varies much more rapidly with wavelength in this 
case, and the band in which good tuning characteristics are obtained is 
therefore narrower. 

The analysis of the tuning characteristics of a stub tuner using the 
E-plane connection of Fig. 8-25 is like that 
given in connection with coaxial stubs, 
with the following simple modifications. 
The admittance diagrams of Sec. 8-3 must 
all be considered as impedance diagrams, 
and the words impedance, resistance, and 
reactance must be substituted for admit
tance, c o n d u c t a n c e , and susceptance 
throughout the discussion. The VSWR 
limitations are unchanged. The minimum 
spacing possible for stubs placed on the 
same side of the waveguide is obviously 
smaller for E-plane stubs than for ff-plane 
stubs. 

An interesting design, which has been 
found useful for tuners used at a wave
length of 1.25 cm, is illustrated by Fig. 
8-26. The series branches in this instance 
consist of round waveguides. The per
formance is similar to that of the -E-plane 
stub tuner of Fig. 8-25. The plunger 
shown has already been discussed in Sec. 
8-8. It is felt that a plunger of the type 
indicated in Fig. 8-23 would be preferable. 
The design as shown has, however, given 
satisfactory performance. It may be 
worth while to point out the possibility of 
the occurrence of a resonant condition for 
some settings of the plunger. Only one of 
the two mutually perpendicular polariza
tions that may exist in the round wave
guide is strongly excited. It is possible that a slight coupling to the other 
polarization might lead to a resonance for certain plunger positions. 
The resonance would presumably be so sharp that it would seldom be 
encountered, and a slight change of plunger position would then elimi
nate the trouble. 

8-10. Variable-position, Single-screw Tuner.—A very simple and 
convenient device for low-power impedance tuning in rectangular wave-

. 8-26 —Double-stub tuner us
ing round-waveguide stubs. 
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guide is shown in Fig. 8-27. This tuner consists of a small screw pro
jecting through a slot into the center of the wide side of the guide 
parallel to the electric field in the region of maximum field intensity. 
Such an obstacle appears in the line as a nearly pure shunt susceptance, 
capacitive for insertions smaller than about one-quarter wavelength in 
free space and inductive for insertions greater than this resonant length. 
At the resonant length the susceptance is nearly infinite. 

The normalized admittance at the screw, when the tuner is followed 
by a matched line, is 1 + jb for insertions less than the resonant length, 
where 6 is the shunt capacitive susceptance relative to the characteristic 
admittance of the line. The magnitude of this admittance is \/l + b2 

which can have any value from unity to very large values. If the slot 

F I G . 8-27.—Single-screw tuner. 

is of such a length that the position of the screw can be varied by at 
least one-half the guide wavelength, this admittance is obtainable in all 
possible phases. Conversely, an admittance of any magnitude and phase 
can be tuned to unity, or matched, by adjusting the tuner in such a way 
that its reflection just cancels that from the admittance to be tuned. 

In terms of the quantities actually observed in an impedance or 
admittance measurement, it is possible with this tuner to introduce a 
reflection of any phase or magnitude (standing-wave ratio). The reflec
tion coefficient is a useful concept to use in a discussion of impedance 
tuning since the standing-wave voltage ratio and the phase of the reflec
tion coefficient are the quantities usually measured and those that 
uniquely determine the impedance at a given reference plane in the 
waveguide. The actual value of the normalized impedance associated 
with a given reflection is easily obtained by the use of a Smith impedance 
chart (see Sec. 211) by plotting the voltage standing-wave ratio and 
the electrical distance (the phase angle of the reflection coefficient) from 
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a voltage maximum (or minimum for the admittance) to the desired 
reference plane. Since many waveguide tuners involve elements that 
behave as shunt susceptances, reference to a Smith chart in this dis
cussion will usually imply its use as an admittance plot. 

The statement that a screw inserted parallel to the electric field 
appears as a shunt capacitance can now be clarified by reference to such 
an admittance plot. If the admittance obtained from measurements of 
the standing-wave ratio and distance, in guide wavelengths, from a 
minimum to the plane of the screw is plotted as a function of depth of 
insertion of the screw, for a given wavelength, the plot will lie along the 
circle of unity conductance on the upper half (positive-susceptance side) 
of the Smith-chart admittance diagram. This behavior is characteristic 
of screws with diameters small compared with a guide wavelength except 
when the standing-wave ratio is large (that is, for large screw insertions) 
and losses in the tuner become appreciable and result in a change in 
conductance. 

As the screw approaches a free-space quarter-wavelength insertion it 
becomes resonant and presents a nearly infinite shunt admittance or a 
nearly infinite reflection limited only by losses in the tuner. Thus, 
since the insertion can be adjusted for nearly any magnitude of reflec
tion and this reflection presented in any phase by varying the position 
of the screw along the line, nearly any admittance can be presented or 
matched with this deviee. 

Practically, of course, this tuner is limited in the magnitude of the 
admittance that it can tune by the fact that the adjustment becomes 
very critical for large insertions of the screw. As the screw approaches 
a quarter-wavelength insertion the rate of increase in reflection with 
insertion increases very rapidly. Furthermore, losses, not only in the 
screw itself but in the power coupled out of the slot by the screw, become 
appreciable for large insertions, and therefore the contact between the 
screw carriage and the waveguide becomes important. This effect makes 
it difficult to obtain or reproduce the desired phase of a large reflection 
by adjusting the position of the tuner. Figure 8-28 shows an improved 
design for a single-screw tuner in which a folded half-wavelength coaxial 
choke section is used to create a low impedance in the region of contact 
between the screw holder and the surface of the waveguide and, thereby, 
to minimize the effect of variations in contact as the carriage is moved 
along the guide. This design has been found to be advantageous for 
accurate work even when the reflections to be tuned are comparatively 
small (VSWR of 1.2 or less, for example). When it is desired to achieve 
the degree of match represented by a standing-wave voltage ratio of 
less than 1.01, contact effects can greatly hamper the facility of adjust
ment and reproducibility of results. 
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Impedance tuning of this type is ideally suited to impedance meas
urements in microwave systems, since these measurements are most fre
quently made in terms of the magnitude and phase of a reflection. The 
variable-position single-screw tuner offers a means of adjusting these two 
quantities in a relatively independent manner. The magnitude of the 
reflection from the screw is completely independent of the phase; that is, 
it depends only upon the insertion and does not vary with changes in 
position of the tuner. However, it is evident from the Smith-chart 
admittance plot of a variable shunt susceptance that the phase of the 
reflection is approximately independent of the magnitude only for small 
values of susceptance along the circle of unity conductance. For a 

F I G . 8-28.—Sliding-screw tuner. 

fixed position of the screw the rate of change of the reflection phase 
angle with insertion is small for insertions and increases with the inser
tion. As the insertion increases from zero to a quarter wavelength, the 
phase of reflection changes by an eighth guide wavelength—a change of 
90° in the phase angle of the reflection coefficient. 

The fact that these two parameters are approximately independent, 
for small standing waves, makes this method of tuning quite convenient 
for impedance measurements of certain kinds. For example the reflec
tion from a small mismatch frequently has a negligible variation in mag
nitude over a fairly broad wavelength band. Such a mismatch, tuned 
out at one wavelength by means of the screw tuner, can then be tuned 
quickly at other wavelengths by a single adjustment of the position of 
the screw along the guide. 

The use of the sliding-screw tuner is not limited by the wavelength 
range over which it is desired to tune impedances except in so far as the 
waveguide itself is limited. If the slot length S (Fig. 8-27 )is sufficiently 
large to allow a variation in the position of the screw of one-half a guide 
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wavelength for the longest wavelength to be used, then all phases of reflec
tion are possible at any wavelength. If the screw length is long enough 
to permit an insertion L equal to one-quarter wavelength in free space 
at the longest wavelength, then reflections of any magnitude are pos
sible within the limitations set by losses in the tuner at large insertions. 
Because of its simplicity and versatility, the single-screw tuner has been 
used almost exclusively in low-level impedance measurements of wave
guide components. Since there is seldom need to tune extremely large 
standing waves with great accuracy, this tuner is entirely adequate for 
most applications. 

8-11. Single-slug Tuner.—Probably the most stringent limitation on 
the application of the single-screw tuner to waveguide lines is that of its 

F I G . 8-29.—High-power single-slug tuner. 

low power-handling capacity. The slot must be made comparatively 
narrow in order to minimize leakage and reflections, and the screw must 
be, accordingly, of small diameter. In order to maximize the tuning 
range, however, the screw must be inserted in the region of maximum 
field strength, or at the center of the guide. For these reasons there are 
always high field intensities at the screw, and the use of this tuner is 
therefore usually limited to the test bench or to low-power systems 
where only small standing waves are to be tuned. 

A similar tuner, in which a thin slab of dielectric replaces the screw, 
has been used Successfully at high powers and for standing-wave ratios 
of two or three in voltage. This tuner, shown in Fig. 829a, is often 
referred to as a "single-slug" tuner. 

The effect of such an element in a transmission line may be studied 
by considering the element to be a series section of line of variable char
acteristic impedance which may also be varied in position. If the char
acteristic impedance of the waveguide is taken as unity as indicated in 
Fig. 8-29b, and if si is the normalized characteristic impedance of the 
waveguide in the region of the dielectric, then the normalized input 
impedance at the slug is (assuming a lossless line, or real zi) 
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/ l + jzi tan @l\ 
(5) 

where 0 = 2v/\g, and \g is the guide wavelength in the region of the 
dielectric. For a thin slug this wavelength is found to be very nearly 
the usual guide wavelength; the experimental determination of the wave
length will be described later. Equation (5) also assumes negligible dis
continuity capacitances at each end of the dielectric strip. This is a 
good approximation for strips having a thickness small compared with 
the width of the waveguide. From Eq. (5) it is seen that the reflection 
coefficient appearing on the input side of the slug is 

r = L z J = iW - i) , (6) 
2 + 1 2Zl +j(z? + D 

and its magnitude is 
tan 01 

(*i - i) 

The quantity |T|, considered as a function of /, has its maximum value 
when the first term in the denominator vanishes, or when 01 = w/2 or 
I = X„/4. This gives 

IT1 = ^ -■ 

Then, for a length I equivalent to a quarter of a guide wavelength, the 
standing-wave voltage ratio is 

l + !rL.x 
i - irl 

(7) 

and depends only on the insertion, if «i is real. It should be noted that 
if r is defined as always greater than unity then r = 1/zf, if zi is less 
than one. Furthermore, it is seen from Eq. (6) that if Zi is real and I is 
an equivalent quarter wavelength the reflection coefficient is real and 
depends only on zh which means that the phase of the reflection is inde
pendent of the magnitude. This holds for all insertions, within the 
approximations that Zi is real and that X„ in the region of the dielectric 
does not vary appreciably with insertion. This slug tuner differs from 
the single-screw tuner in that the phase of reflection from the screw is 
not independent of the insertion for large reflections. 

From Eq. (5) it is seen that, as / approaches an equivalent half 
wavelength in guide, the normalized input impedance approaches unity 
and there is no reflection. This suggests a simple method for deter
mining equivalent electrical lengths in the region of the dielectric. A 
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strip of the dielectric to be used is inserted in the guide and its length 
trimmed until a minimum reflection is measured. This length is an 
equivalent half wavelength and, to a good approximation, half this 
length is an equivalent quarter wavelength. These electrical lengths 
are, of course, functions of the wavelength. 

For the Mycalex1 dielectric used in the high-power tuner shown in 
Fig. 8-29a, these lengths were found to be very nearly the usual values 
for waveguide without the dielectric. Mycalex, a fused mixture of 
powdered mica and soft glass, is used because of its good high-voltage 
properties, low loss, and high dielectric constant that makes it possible 
to obtain sizable reflections from strips necessarily limited in thickness 
by the slot width. For example, a quarter-wavelength strip of A-in. 
thickness produces a standing-wave voltage ratio of about 4 for full 
insertion at 10-cm wavelengths. In experimental work the slugs can be 
coated with ignition sealing compound2 which serves both to improve 
the high-voltage breakdown characteristics and to lubricate the trans
verse motion of the slug in its Micarta carriage. 

It is difficult to give an unambiguous statement of the power rating 
of such a tuner. Breakdown phenomena are erratic and the factors 
affecting them are not well understood. This is particularly true for 
pulsed operation in which transient effects and the multiple harmonics 
produced by some oscillators contribute to the general confusion of 
results. The power rating of the tuner just described depends, among 
other things, upon the insertion required to introduce a given reflection 
and this, in turn, depends upon the wavelength. Furthermore, proper 
techniques of tuning can increase considerably the useful power limit of 
the tuner. That is, a tuner that is just "safe" for all phases of a given 
reflection at a given pulse power may be used at considerably higher 
powers or larger reflections (insertions) if the insertion is made in small 
steps, each accompanied by an adjustment in position to determine the 
proper phase for matching. It will be shown that, if the normalized 
characteristic impedance in the region of the slug is less than unity, as it 
is for a low-loss dielectric when the guide is operated in the T^io-mode, 
the voltage across the line in the region of the tuner is always equal to 
or less than the voltage across the matched portion of the line. The 
"voltage across the l ine" at any point is that relative to the voltage 
across a matched line, and is calculated from the normalized impedance 
at the point. 

This condition on the voltage holds, if the tuner is properly used, 
for either of two cases: (1) when the tuner is followed by a matched 
line and is being used to present a desired input impedance, or (2) when 

1 GE Mycalex 1364 recommended. 
2 Dow Corning Corp., Ignition Sealing Compound 4. 



492 TUNERS, POWER DIVIDERS, AND SWITCHES [SEC. 811 

the tuaer is used to tune out a mismatched load impedance that follows 
it in the line. For matching a load impedance, the tuner is adjusted in 
such a way that the normalized input impedance of the combination of 
tuner and load is unity. It will be shown that, for a given power delivered 
to the load, the voltage across the line in the region of the tuner is never 
greater than that across a matched line in Case (1) for any position of 
the tuner; this is also true in Case (2) when the tuner is adjusted to 
match the load impedance. 

This statement can be justified in the following way. For Case (1), 
in which the tuner is followed by a matched load, the normalized out
put impedance of the tuner is unity. This is the condition expressed in 
Eq. (5), which reduces to 

z = z\ 

for I = X<//4, where z is the normalized input impedance and zi is the 
normalized characteristic impedance in the tuner section (see Fig. 8-29a). 
If zi is less than unity, the impedance along the tuner decreases from 
unity at the output end to z\ at the input end. For a constant power, 
the voltage across the line decreases from F0 , the voltage across the 
matched line at the output end to I V i at the input end of the tuner 
section. 

For Case (2), in which the tuner is used to match a load impedance 
different from unity, the general transmission-line equation is 

_ /zR + jzi tan 0l\ 
1 Vi + iz« tun /3lJ' 

where zR is the normalized impedance at the output end of the tuner 
and depends on the impedance of the load. The input impedance z is 
the transformation of z« through the line of characteristic impedance 2i 
and length I. This impedance reduces to 

z2 

ZR 

for ( = X<//4. If the tuner is adjusted for match, the normalized input 
impedance is unity or 

ZR = Z\. 

Then, if Zi is less than unity, the impedance along the tuner decreases 
from unity at the input end to zR = z\ at the output end. Similarly 
the voltage decreases from V0 to FoZi-

It should be remembered that the conditions just described hold in 
Case (2) only when the tuner is adjusted for match. When the tuner is 
being used to match another impedance there are possible positions of 
the tuner where the voltage across the line is considerably greater than 
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Vo because of the standing waves. The result obtained indicates the 
proper method of tuning to be used at high powers. The proper phase 
for match is determined at small insertions of the tuner by the usual 
standing-wave-measurement technique. Then, as has been shown for 
this tuner, the proper insertion may be made without appreciable vari
ation of the phase and the slug will automatically be at a position of 
lowest voltage. 

The voltage across the line mentioned in this discussion may be con
sidered as the voltage that would occur across an empty guide if the 
same conditions of impedance were established by other means. The 
actual voltages occurring across the gap between the slug and the oppo
site side of the guide are, of course, considerably different from the 
voltage across the line. I t seems reasonable, however, to assume that 
this "gap voltage" is least where the voltage across the line is least. 
It has been shown that, with proper tuning technique, this gap voltage 
need never be greater than it is in regions where the voltage across the 
line is that for the matched condition. 

In view of the many factors affecting the power rating of a tuner of 
this type, it must suffice to give an example of conditions under which 
these tuners have been used satisfactorily. Both single and double1 

Mycalex-slug tuners have been used in standard 10-cm waveguide to 
introduce standing-wave ratios up to 2 or 3 in voltage for pulse powers 
up to 800 kw, with a pulse width of 1 /xsec, and a repetition rate of 
400 cps, at atmospheric pressure, and with 10-cm magnetrons of the 
4-J series. Methods for estimating extrapolations to other conditions 
are discussed in Chap. 4. 

A slug tuner can, of course, be made with slugs of other dielectrics 
or of metal. Few other dielectrics, however, have as good high-voltage 
properties as Mycalex for the same high dielectric constant. Little is 
gained by the use of dielectrics in a low-power tuner since all dielectric 
tuners are limited in the maximum amount of reflection obtainable, and 
are therefore considerably less satisfactory for low-power work than the 
single-screw tuner. This analysis of the quarter-wavelength-slug tuner, 
however, suggests that the use of a thin metal slug would result in a 
low-power tuner having some advantages over the single-screw type. 
One of the chief advantages would be that a larger reflection would be 
introduced by a thin metal slug than by a small screw of the same 
thickness for the same insertion. Conversely, the same reflection could 
be obtained with less insertion. This effect would make a metal-slug 
tuner more useful than the single-screw tuner for tuning large reflections 
since it would be less critical to adjust. Such a tuner, however, has not 
been developed since it has seldom been necessary to tune large standing 

1 Double-slug tuners are discussed in Sec. 8-12. 
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waves with great accuracy, and the single-screw tuner has proved ade
quate for most low-power work. 

8-12. Waveguide Double-slug Tuners.—Since a dielectric slug is 
limited in the amount of reflection that it can introduce, such elements 

Micarta 

Dielectric 

F I G . 8-30.—Mycalex double-slug tuner for waveguide. 

may be used in pairs, as shown in Fig. 8-30, to increase the tuning range. 
The maximum reflection from two slugs X„/4 in length occurs when the 

separation C is X„/4 where X„ is the 
guide wavelength. The normal
ized impedances at different points 
in the tuner section are given in 
Fig. 8-31. These impedances are 
obtained by application of the 
usual transmission-line equation as 
discussed in Sec. 8-11. If zi is the 
normalized characteristic imped
ance in the region of the dielectric, 
then the c o m b i n a t i o n , when 
followed by a matched line, has 

~E-plane of 
waveguide 

F I G . 8-31.—Normalized impedances in 
waveguide double-slug tuner, z' = \, z" = 
zi1, z'" = l/zi2, z = zi4. i n p u t i m p e d a n c e 
compared with z\ for a single element. 

Tuning is accomplished in either of two ways: (1) by varying the 
depth of insertion B and the position along the line A of the two slugs 
together without changing their separation C, or (2) by varying the sepa-
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ration of the slugs for a given insertion and varying the position of the 
tuner. In the first method the variations in the phase and in the mag
nitude of the reflection are independent, as in the case of the single-slug 
tuner. I t can be shown that, in the second method, if the separation C 
of the elements 0 is varied in such a way as to keep the position A of 
the center of the tuner constant, there is very little change in the phase 
of the reflection. Since the normalized input impedance of the tuner 
followed by a matched line is unity for a separation of the slugs equal 
to zero or an integral number of half wavelengths in the guide, imped
ances varying from unity to z\ are obtainable by this method for a given 
depth of insertion. The impedance z\, of course, depends upon the 
insertion. It is usually more convenient mechanically, with a tuner of 
this type, to use the first method of tuning. The additional adjustment 
on the separation of the slugs, however, is of advantage when the tuner 
is used over a wide wavelength band. This adjustment may be used to 
maximize the reflection obtainable with a given insertion at different 
wavelengths. 

The power rating of a single Mycalex-slug tuner was discussed in the 
previous section. The double-slug tuner may be used at slightly higher 
pulse powers than the single-slug tuner for the same standing-wave ratio 
because the double-slug type requires less insertion for the same mag
nitude of reflection. As has been shown, the maximum standing-wave 
voltage ratio obtainable is equal to \/z\ for the double-slug tuner, as 
compared with \/z\ for the single-slug type, where «i is the normalized 
impedance for a given insertion in the region of the dielectric and the 
standing-wave ratio is defined as greater than unity. 

The advantage, however, is not so great as might be expected from 
the difference in the insertion required for a given reflection. This state
ment may be justified qualitatively for the double-slug tuner as follows. 
If the normalized characteristic impedance z\ in Fig. 8-31 is le^s than 
unity, then for a quarter-wavelength separation the output end of the 
first slug is at the position of an impedance maximum (and, therefore, 
a voltage maximum) because of the reflection from the second slug. At 
this point the voltage across the line, as defined in the last section, is 
VQ/ZI which is greater than V0, the voltage across the matched line. 
Thus the voltage across the line is not equal to or less than V0 every
where in this tuner as it was shown to be for the single-slug tuner. How
ever, double-slug tuners of this type using Mycalex slugs have been used 
at 10-cm wavelengths, at pulse powers up to nearly a megawatt, to tune 
standing-wave voltage ratios of about two under the conditions given in 
the last section and using the tuning technique described there. 

Another form of high-power slug tuner in which the variation in the 
magnitude of the reflection is obtained by changing the slug separation 
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is illustrated in Fig. 8-32a and 6. Both dielectric and metal slugs have 
been used in this design. For most applications the faster motion 
afforded by the version of Fig. 8-326 is preferred. The maximum reflec-

F I G . 8-32.—Perspectives of double-slug tuner of type indicated in Fig. 8-33; (a) slow motion; 
(b) fast motion. 

tion occurs when the slugs are separated by a quarter of the guide wave
length. For this condition the standing-wave voltage ratio, by the 
relations given in the last section, Eq. (7), is 

1 (Za\ r = *i = w 
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where Z\ is the characteristic impedance in the region of the slug and 
Z0 is the characteristic impedance of the waveguide. The general 
expression1 for the impedance of a rectangular waveguide operated in 
the r£io-mode is 

U X„ 6 
\ t Xo a 

where c and n are the electric and magnetic inductive capacities, X0 and 
Xo are the guide and free-space 
wavelengths, and b and a are the 
inside guide dimensions as indi
cated in Fig. 8-33. Then for metal 
slugs where the thickness of the 
slug is b — b', the maximum stand
ing-wave voltage ratio is given by 

Rectangular waveguide 
Dielectric -

Tuning slug-

®'-C-*)'-G)' 
FIG. 33.—Dimensions for calculation of 

impedance of slug tuner. 

.Rectangular waveguide 

.Metal slug 

This equation is valid if the slug 
extends across nearly the full 
width of the guide, since the guide wavelength is then the same in the 
tuner as it is elsewhere in the guide. The proper size of metal slug for a 
desired mismatch is given by this expression. A similar calculation for 

dielectric slugs is more complicated. 
This simple analysis neglects the dis

continuity capacitance at each end of the 
slug. The neglect of this capacitance is 
warranted not only because these effects 
are small even for a slug that fills about 
one-third of the guide, but also because 
these effects occur a quarter of a guide 
wavelength apart for each slug. The 
reflection caused by the end effect at one 
end of a slug is of nearly the proper phase 
to cancel that from the other end. 

Dielectric slugs have been used in 
tuners of this type, but since a dielectric 

slug must have considerably greater thickness than a metal slug in 
order to introduce the same reflection, it has no advantage over the 
metal slug in terms of power-handling capacity. The most satisfactory 
design for a double-slug tuner for high power is shown in Fig. 8-34. 
It consists of metal slugs held by polystyrene supports at each side of 

FIG. 

Cables for moving slug 
8-34.—High-power tuning slug 

in waveguide. 

1 J . C. Slater, "Mic rowave Transmiss ion," McGraw-Hil l , New York, 1942, p . 185. 
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the guide where the field intensities are low. This design eliminates the 
slot that frequently contributes to breakdown phenomena at high powers. 

Motion of the slugs in this design is effected by means of small cables 
that enter from the side of the guide. Such a tuner has proved to be 
fairly satisfactory electrically but difficult to construct in such a way as 
to provide for the proper motion of the slugs. This tuner has, at best, 
about the same power rating as the Mycalex double-slug tuner pre
viously described which is considerably simpler to construct and use. 

8-13. Fixed-position, Capacitive-screw Tuners.—The theory of 
tuning with fixed-position, variable susceptances is discussed in Sec. 8-6. 
In particular it can be shown that impedances of all phases and mag
nitudes can be tuned with various combinations of three or more capaci-
tive screws spaced one-quarter or one-eighth of a guide wavelength 
apart. Two screws capable of adding infinite susceptance, placed one-
eighth of a guide wavelength apart, can, theoretically, tune all possible 
reflections for which the voltage standing-wave ratio is less than two at 
the frequency for which their separation is adjusted. At other fre
quencies the maximum reflection tunable in all phases is less. In 
addition to this limitation, the double capacitive-screw tuner has the 
disadvantage that, for certain phases of impedance, tuning a very small 
mismatch requires large insertions of one or both screws. Furthermore, 
the tuning is not direct; that is, for many phases of mismatch to be 
tuned, the resulting standing-wave ratio observed varies in a compli
cated manner as the screws are inserted. The combined reflection of 
tuner and mismatch may become considerably larger than that of the 
mismatch alone as the screws are inserted. Since it is usually desirable 
to be able to tune a mismatch by observing only the magnitude of the 
reflection (standing-wave ratio) without regard to its phase, this anoma
lous variation makes it difficult to find the proper insertions of the screws 
for match. 

More complete tuning is obtained by the use of at least three screws 
with one-eighth- or one-quarter-wavelength spacing, as shown in Fig. 
8-35. Four screws with one-eighth-wavelength spacing are sometimes 
used. Tuning with such combinations of three or more screws is more 
direct, for some phases of mismatch, and these tuners are usable over 
broad wavelength bands. Usually, no more than two of the screws are 
necessary to tune a given mismatch and, provided that the proper pair 
is used, tuning can be accomplished with a minimum of insertion. 
Thus adjustment becomes less critical and the losses in the screws are 
minimized. 

These advantages are largely offset by the problem of determining 
just what combination of screws will give the most desirable tuning. 
This problem arises from the fact that with these tuners many imped-
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ances are tunable with more than one pair of screws or with a great 
many different settings of three screws. Moreover, some impedances 
that can be tuned exactly with one pair of screws can be very nearly 
tuned with another. The tuning of a given reflection without reference 
to its phase, therefore, becomes a rather tedious process, and a knowledge 
of the properties of the tuners is required to determine whether or not a 
given setting that matches the reflection is the most desirable one. 
Complicated rules have been developed for tuning with multiple fixed-
position susceptances. These rules serve chiefly to indicate that other 
methods of tuning should be used whenever possible. 

There is seldom the necessity to tune large reflections at high powers. 
At low powers, the single sliding-screw tuner (Sec. 8-10) is almost com-

F I G . 8-35.—Waveguide capacitive-screw tuners. 

pletely satisfactory for a waveguide tuner and is simple to use. For 
limited reflections at high powers, the dielectric-slug tuners (Sees. 8-11 
and 8-12) or general-susceptance screws next to be discussed (Sees. 8-14 
and 8-15) are adequate and considerably less complicated than the 
capacitive-screw tuners. 

8-14. General-susceptance Screws.—The complexity of tuning with 
fixed-position capacitive screws led to the development of general-
susceptance screws, that is, fixed-position screws that are capable of 
introducing either inductive or capacitive shunt susceptance at very 
nearly constant phase. A pair of such screws spaced one-eighth of a 
guide wavelength apart form a tuner that combines many desirable 
features (although not the range) of the double-stub tuner with the 
mechanical simplicity of a screw tuner. In addition, a tuner of this 
type has no slot leakage as have the variable-position waveguide tuners. 
Furthermore, because larger screws may be used, the depth of insertion 
for a given reflection is less and the breakdown power is correspondingly 
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greater than for the sliding-screw or metal-slug tuners. (Sees. 8-10 
through 8 12). 

The chief limitation of general-susceptance screw tuners is that the 
amount of inductive susceptance obtainable even with a large screw 
is comparatively small. Thus the maximum reflection tunable in all 
phases is limited if no more than two screws are to be used. The use 
of more than two tuning screws is undesirable because of the added 
complexity of tuning discussed in Sees. 8-6 and 8-13. There is, however, 
wide application for a simple and accurate impedance-tuning device 
which can match all phases of a limited reflection over a 15 or 20 per 
cent band, which has negligible r-f leakage, and which can handle appre
ciable power. 

A simple and convenient device for obtaining, with a single screw, 
a susceptance that can be made either capacitive or slightly inductive 
and that is variable both in phase and in magnitude has been developed 
at the Bell Telephone Laboratories.1 This tuner consists of a large-

diameter screw offset from the 
center of the guide and having a 
small projection beyond the end of 
the screw as shown in Fig. 8-36. 
If the screw is effectively one-
quarter of a guide wavelength in 
diameter, this projection behaves 
as a lumped capacitive suscept
ance which "scans" through one-
quarter wavelength in phase and 
changes gradually in magnitude 
with rotation of the screw. If this 

device is followed by a matched line, the shunt admittance at some fixed 
reference plane on the input side will appear to vary from a pure capaci
tive susceptance to a pure inductive susceptance of nearly the same 
magnitude if the pitch of the screw thread is sufficiently small. The 
admittance as a function of insertion of the screw shown in Fig. 8-36, at 
a wavelength of 3-33 cm, is plotted in Fig. 8-37. The conjugates of these 
admittances may be matched with this tuner. 

A tuner of this design has the appreciable advantage of providing 
approximate tuning over a limited range of impedances with a single 
control. Such simplification is seldom a step in the wrong direction. 
This tuner has certain properties, however, that should be noted in con
nection with experimental applications. The exactness with which an 
arbitrary impedance may be tuned is determined by the change in the 

1 P . H. Smith, " T h e Asymmetr ical Waveguide Tuning -Plug," B T L l tepor t , 
M M 44-170-59, Dec. 8, 1944. 

1<'IG. 8-36.- -Single asymmetrical screw 
3-cm band. 
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magnitude of the reflection introduced between scans. This change, of 
course, depends upon the pitch of the screw thread, which, in turn, is 
limited by the diameter of the screw. The diameter of the screw is 
a function of the wavelength, since it must be effectively equal to a 
quarter wavelength, and it is limited by the size of the guide. Further
more, it may be seen from Fig. 8-37 that successive scans of the imped-

FTC. 8-37.—Admittance of asymmetrical screw shown in Fig. 8-30; variation with screw 
rotation. 

ance phase are usually not adjacent curves in terms of the magnitude 
of reflection introduced. This effect is to be expected since the projec
tion on the screw moves transversely as well as iongitudinally in the 
guide with rotation of the screw. Thus on alternate half turns of the 
screw, the projection is near the side of the guide, where the reflection is 
considerably less than that occurring when it is near the center. Finally, 
the shunt susceptance of the rest of the screw is superimposed on the 
admittance of the projection. Since the former is fixed while the latter 
varies in phase by approximately plus or minus one-eighth wavelength 
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from the center of the screw, the phase angle between the reflections from 
each of these sources varies from 0 to ± 90°, approximately. 

Because of all these effects, the standing-wave ratio observed in 
tuning a mismatch is a complicated function of the insertion. In tuning 
without reference to the phase of the mismatch, it is not always readily 
evident that an improvement is being effected or that a given minimum 
reflection is the best possible match that may be obtained. If properly 
used, however, this tuner is capable of matching an admittance of any 
phase within the circle indicated (VSWR of 1.4 or less) to a standing-
wave voltage ratio of 1.2 or less; for some phases considerably larger 
reflections may be matched to the same degree. 

Another method of obtaining capacitive and inductive susceptance 
with a single screw utilizes the fact that, just as a screw projecting into 

F I G . 8-38.— Double-screw tuner for 10-cm "wavelength. 

the guide parallel to the electric field appears as a shunt capacitive 
susceptance, so the same screw retracted into its boss, leaving a cavity, 
behaves somewhat as a lumped inductive susceptance that varies with 
the length of the cylindrical cavity so obtained. A tuner for mis
matches corresponding to a standing-wave voltage ratio of about 1.15, 
which uses two such screws 1 in. in diameter, spaced one-eighth of a 
guide wavelength apart, is described in Sec. 6-8. This tuner is used to 
provide a small adjustment on the admittance of a broadband matching 
iris in the waveguide sections of a transition from coaxial line to wave
guide. A greater maximum inductive susceptance may be obtained by 
the use of screws of larger diameter (2 in.) as shown in Fig. 8-38. An 
admittance plot for this tuner is shown in Fig. 8-39. The admittance 
at the center of the input screw is plotted for each screw separately; 
that is, one screw is varied with the other set flush with the inside of the 
guide. It is found that there is little interaction between the screws 
when both are used simultaneously even for fairly large insertions and 
for screw diameters considerably greater than X8/8. Consequently, the 
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admittances that can be produced are obtained by combining the 
admittances of the two screws. For example, the admittance repre
sented by point A in Fig. 8-39 is obtained with an insertion of slightly 
less than 0.05 in. of the input screw and a retraction of 0.40 in. of the 
output screw. 

It is seen from Fig. 8-39 that the variation of admittance with retrac
tion of the screw departs appreciably from the circle of unity COnduct-

F i c 8-3U.—Admittance as a function of screw betting for two L'-in. diameter general-
susceptance screws. 

ance on which the plot of a pure shunt inductive susceptanee should fall. 
It will be shown later that, provided this deviation is not too great, it is 
somewhat advantageous. This effect can increase the maximum reflec
tion that can be tuned in all phases by a pair of these screws at a given 
wavelength, or can increase the wavelength range over which a given 
reflection can be tuned in all phases for a fixed screw separation. The 
factors determining the proper size and spacing of screws for optimum 
broadband tuning will be discussed here and in the next section in so far 
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as they have been investigated experimentally in the development of a 
double-screw tuner for 10-cm waveguide. 

A screw inserted in the center of the guide, parallel to the electric 
field, gives nearly an infinite shunt capacitive susceptance for an inser
tion of a free-space quarter wavelength only if the screw diameter is 
small compared with the guide wavelength. As discussed in Sec. 8-10, 
however, a screw of this type requires considerable insertion to produce 

F I G . 8-40.—Admittance as a function of screw setting at 9.5 and 10.7 cm for 2a-in. diameter 
general-susceptance screw. 

a usable effect and, consequently, has a low power-handling capacity. 
I t is desirable to obtain a given susceptance with a minimum insertion, 
which is done by increasing the diameter of the screw. This limits the 
maximum susceptance obtainable, however, and if the screw is too large 
the resulting plot of admittance as a function of insertion is quite differ
ent from a simple variation in shunt susceptance. This effect is to be 
expected, since a sufficiently large screw will behave as a length of line 
having a characteristic impedance and guide wavelength that vary with 
the insertion of the screw. At some insertion the screw may appear as 
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a half-wavelength section of line and give no reflection. Such an effect 
is shown in Fig. 8-40 which is a plot of admittance as a function of 
screw setting for a 2.5-in. diameter screw. This screw provides very 
little capacitive susceptance at 10.7 cm and none at 9.5 cm. Further
more, the plots for both inductive and capacitive settings of the screw 
appear to be anything but a simple variation in shunt susceptance. 

As expected, the effect for a given screw size is more pronounced at 
short wavelengths. Figure 8-41 is a plot at various wavelengths of 
standing-wave voltage ratio as a function of insertion for a screw 2 in. 

0 0.10 0.20 0J0 040 050 0.60 0.70 0.80 0.90 1,00 
Insertion or retraction in inches 

F I G . 8 -41 .—Vol t age s t a n d i n g - w a v e r a t i o as a func t ion of sc rew s e t t i n g for 2-in. d i a m e t e r 
sc rew a t dif ferent w a v e l e n g t h s . 

in diameter. A similar result, although one not so pronounced, is 
obtained with a 1.5-in. screw in the 8- to 11-cm region. A 1-in. diameter 
screw, however, is found to be quite satisfactory over this wavelength 
range for standing-wave ratios up to 3 in voltage. It shows a com
paratively small variation of reflection with frequency for a given inser
tion as shown in Fig. 8-42. The shaded area represents the spread in 
curves of standing-wave voltage ratio as a function of insertion at five 
different wavelengths between 8.1 and 11.1 cm. 

Also plotted to the same scale in Fig. 8 42 is the almost negligible 
inductive susceptance produced by retracting the 1-in. screw into its 
boss. From this curve it is leadily evident that a much larger screw is 
necessary to provide a usable amount of inductive susceptance. A com
pound screw of the type shown in Fig. 8-43, Sec. 8-15 is necessary to 
provide a usable amount of either inductive or capacitive susceptance 
with the same screw. 
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3.50 

Although a larger screw will give a greater inductive susceptance, 
there are factors that limit the size 
of screw that can be used over a 
desired wavelength range. It is 
shown in Fig. 8-40 that, as the 
wavelength decreases, the plot of 
admittance as a f u n c t i o n of 
retraction departs considerably 
from a purely susceptive varia
tion. Data for different screw 
diameters indicate that this effect 
becomes more marked as the ratio 
of screw diameter to guide wave
length increases. The resulting 
characteristics are undesirable in 
two ways. First, they limit the 
magnitude of inductive suscep
tance that may be obtained. 
Second, they affect the "orthogo
nality" of tuning as shown in Fig. 
8-39 for a pair of screws spaced 

one-eighth guide wavelength apart. Tuning with two screws is least com
plicated when one screw tunes the conductance component of a given 

0.10 0.20 0.30 0.40 
Insertion or retraction in inches 

F I G . 8-42.—Voltage standing-wave ratio 
as a function of screw setting for 1-in. diam
eter screw in waveguide; spread over 8.1- to 
11.1-cm band. 

2" diam 

E- plane of Matched 
L_ waveguide / ,0 i ^ 

Screws centered on 
//•plane of waveguide 

F I G . 8-43.—Tuning screws for adjusting match of transitions. 

admittance and the other, the susceptance component. Departures from 
this characteristic make tuning without reference to the phase of the 
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mismatch a more complicated procedure as in the case of the capacitive 
screws discussed in Sees. 8-6 and 8-13. 

This effect on the admittance as a function of retraction for the 
inductive screw is to be expected. In large-diameter cavities at suffi
ciently short wavelengths, appreciable propagation of the lowest round-
waveguide or 7\Eii-mode is possible. In this case the discontinuity 
becomes a short-circuited section of line of small but finite length which 
appears in the waveguide as a series reactance as well as a shunt sus-
ceptance. Since the whole effect is distributed over a large fraction of a 
guide wavelength it can hardly be treated as a single lumped susceptance. 
Experimentally, it has been found that the shunt admittance of a retracta
ble screw 2 in. in diameter is very nearly a pure susceptance in the wave
length range 9 to 11 cm. This result is shown in Fig. 841 . A screw of 
this size has been used successfully in a double-screw tuner for standing 
waves up to 2 in voltage over this wavelength range. 

All effects described here probably can be analyzed and the optimum 
screw sizes calculated for a desired tuning range from the theory of 
waveguide discontinuities. In the interest of obtaining quickly the 
design for a useful tuner, however, the theory is left for more leisurely 
application. 

8-15. A Waveguide Double-screw Tuner.—As discussed in the last 
section it is possible to tune a limited reflection in all phases by use of 
two general-susceptance tuning screws centered in the wide side of the 
guide. Such a tuner for 10 cm using the compound screws described in 
Sec. 844 is shown in Fig. 843 . A plot of admittance as a function 
of setting of each screw separately would be similar to that shown in 
Fig. 8-39 where the admittance is referred to the plane of the input screw. 
The tuner is followed by a matched load. The compound screws will 
give a greater susceptance variation over a wide band than may be 
obtained with the simple screw tuner whose tuning is illustrated in 
Fig. 8-39. The relative sizes of the inductive and capacitive section of 
the compound screw were determined experimentally for the 9- to 11-cm 
band as described in the last section. It remains to discuss the tuning 
range, over a broad wavelength band, of a pair of these compound 
screws with a fixed separation, that is, one-eighth guide wavelength for 
only one wavelength in the band. The best separation for maximum 
tuning range over a given band may also be determined. 

In Sec. 8-6 it was shown that two susceptive elements capable of 
adding infinite inductive and capacitive shunt susceptance and which 
are spaced an eighth wavelength along a transmission line can tune 
reflections of any phase for which tiie standing-wave voltage ratio is no 
larger than two. That is, all admittances except those lying within the 
circle of normalized conductance 2 on a Smith chart may be presented 
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or their conjugates matched with such a tuner. This condition holds 
theoretically only for the wavelength at which the tuning elements are 
an eighth of the line wavelength apart. At other wavelengths the maxi
mum reflection that may be tuned in all phases is smaller than that for 
which the standing-wave ratio is 2 in voltage. 

Very nearly the same result is obtained with general-susceptance 
screws that introduce only limited inductive and capacitive suscept-

Fia. 8-44.—Theoretical tuning range at midband of double-screw tuner with X„/8 spacing; 
admittance plotted at input screw. 

ances. Figure 8-44 is a plot of the theoretical tuning range of two 
screws with X„/8 spacing which can introduce ±0.7 unit of susceptance. 
Much larger capacitive susceptances are obtainable with actual screws 
but this 0.7 unit of inductive susceptance is about the limit that can be 
obtained with a 2-in. diameter screw at 10 cm. As indicated in Fig. 
8-43, the admittance is referred to the center of the first or input screw 
and the device is assumed to be followed by a matched load. The con
jugates of all admittances within the shaded area may be matched with 
such a tuner at the wavelength for which the separation is X„/8. The 
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maximum reflection that may be tuned in all phases is that represented 
by a standing-wave voltage ratio of about 1.9. 

Assuming that the screws can add the same maximum susceptance 
at all wavelengths in a given band, the tuning range over the band may 
be predicted as shown in Fig. 8-45. This plot shows the tunable regions 
of admittance at 9.0 cm (broken curve) and at 11.0 cm (solid curve) 

F I G . 8 45.—Theoretical tuning at 9 and 11 cm of double-screw tuner with Xff/8 spacing at 
10 cm; admittance plotted at input screw. 

of a tuner for which the screw separation is X„/8 at 10 cm. Only the 
region enclosed by both curves is tunable over this 20 per cent band. 
The maximum reflection that can be tuned in all phases over the band is 
that for which the standing-wave voltage ratio is 1.55. It is limited by 
the range of the tuner at 9.0 cm. This effect suggests that the proper 
spacing for maximum tuning over the band should be X„/8 not at mid-
band (10 cm) but at a shorter wavelength. Figure 8-46 shows the effect 
of using a screw separation that is one-eighth guide wavelength at 9.0 cm. 
The maximum reflection tunable in all phases over the band is now that 
for which the standing-wave ratio is 1.75 in voltage. It is limited on 



510 TUNERS, POWER DIVIDERS, AND SWITCHES [SEC. SIS 

the low-conductance side of the plot by the range of the tuner at 11.0 cm, 
therefore, the best spacing appears to be one-eighth guide wavelength 
at a somewhat longer wavelength than 9.0 cm. Usually, the exact 
spacing for a maximum tuning range over a given band will depend upon 
the bandwidth and the guide wavelengths involved. 

A comparison of the tuning ranges at 9 and 11 cm for the two differ
ent spacings of Figs. 8-45 and 8-46 shows, however, that the range of 

F I G . 8-46.— Theoretical tuning at 9 and 11 cm of double-screw tuner with X0/8 spacing at 
9 cm; admittance plotted at iuput screw. 

tuning at 11 cm is considerably less affected by changes in screw spacing 
than that at 9 cm; hence, little improvement is effected by increasing the 
separation from X„/8 at 9 cm. Thus, to a very good approximation the 
spacing required for a maximum tuning range over a given band is an 
eighth wavelength for the shortest wavelength at which tuning is desired. 

Except at the shortest wavelengths the experimental results obtained 
with actual tuners show somewhat better coverage than that predicted 
in the preceding analysis. The compound screws described here can 
add very large capacitive susceptances, but the maximum inductive 
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susceptance obtainable is about that assumed in the previous discussion. 
The shunt admittance added by these screws in a retracted position, 
however, is not a pure inductive susceptance. The plot of admittance 
as a function of screw setting at a given wavelength departs from the 
curve of unity conductance, as shown in Fig. 8-39, in such a way that it 
increases the maximum reflection that may be tuned in all phases. 

Vlr,. 8-47. -Experimental tuning at 10.3 cm of double-screw tuner with X,,/S spacing at 
10..'i cm wavelength; admittance plotted at input screw. 

Figure 847 is the plot of tuning range for an experimental double-
screw tuner of the type described in this section and gives the tuning 
range at 10.3 cm for a screw spacing that is X,,/8 at this wavelength. It 
is seen that reflections equivalent to a standing-wave voltage ratio of 2 
are tunable in all phases, although neither screw can introduce separately 
more than 0.7 unit of inductive susceptance. 

A plot of the same type at 9 cm for a screw spacing of X„/8 at 9 cm 
is given in Fig. 8-48. Here, the tuning range is limited to reflections in 
all phases for which the standing-wave ratio is 1.71 or less in voltage. 
The reasons for this reduced range have not been thoroughly analyzed, 
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.but the effect is probably due to interactions between screws. In the 
last section several suggestions are given as to why such effects can occur 
at the shorter wavelengths. 

Figure 8-49 shows the tuning range at 11.1 cm of the same tuner 
(X„/8 spacing between screws at 9.0 cm). This plot demonstrates the 
conclusion, given in the previous analysis, that the spacing between 

Fia . 8-48.—Experimental tuning at 9 cm of double-screw tuner with X„/8 spacing for 9 cm; 
admittance plotted at input screw. 

screws should, usually, be one-eighth guide wavelength for the shortest 
wavelength at which the tuner is to be used. For a reasonable band
width (about 20 per cent) this spacing allows the maximum of tuning 
at the shortest wavelength and does not appreciably affect the tuning 
range at the long-wavelength end of the band which usually is greater 
than the range at the short-wavelength end. The tuner described here 
will tune in any phase reflections for which the voltage standing-wave 
ratio is 2 or less from about 9.5 cm to more than 11.1 cm. For certain 
phases, very large reflections may be tuned since these screws can intro
duce very large capacitive susceptance. 
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FIG. S-40.—Experimental tuning at 11.1 em of double-screw tuner with Ay/8 spacing for 
9 cm; admittance plotted at input screw. 

8-16. Phase Shifters.—The importance of phase shifters in certain 
applications has been emphasized in Sec. 8-7. Two simple and effective 
forms of waveguide phase shifters that have found favor are illustrated 
by Figs. 8-50 and 8-51. 

','<'</,',' m>ss s<>>\zj/ 

* * i i ~ * - * 

1 7 Shielding tube m 
r 

F I G . 8-50.—Slotted-waveguide phase shifter. 
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These two models operate on entirely different principles. The 
simpler principle is that underlying the version shown in Fig. 8-50. 
Long longitudinal slots are cut along the center of the two broad surfaces 
of a rectangular waveguide, each slot being very similar to those used in 
connection with standing-wave measurements. Since there are no trans
verse currents interrupted by these slots, they do not radiate appreciably. 
If desired, any slight amount of radiation may be suppressed by the outer 
section of rectangular tubing indicated in Fig. 8-50. When the clamp 
indicated in the figure is tightened, the larger dimension a of the wave-

I ' IG. 8-51.—Dielectric phase shifter. 

guide cross section is reduced, resulting in a reduction in the cutoff wave
length and an increase in guide wavelength. The relations are 

Xc =. 2a, (8) 

V1 - (s) 
The change in the dimension a is distributed over a long section of line 
that functions as an impedance-matching taper. As the guide wave
length is increased, the effective electrical length of the whole waveguide 
section is decreased, thus effecting a shift in phase. 

In the phase shifter of Fig. 8-51, the change in guide wavelength is 
brought about by moving a long dielectric slab laterally across the 
interior of the waveguide. The effect on guide wavelength of such a 
slab has been calculated (Vol. 10) theoretically for the case in which the 
slab extends all the way from the top to the bottom wall of the waveguide. 
It seems to be easier to determine experimentally the change in guide 
wavelength caused by motion of the modified slab indicated in Fig. 8-52. 
Qualitatively, it is easy to see that the effect of the dielectric should be 



SEC. 8-101 PHASE SHIFTERS 515 

r 
; ; -> ■> ->; s / \ / ; \> A; 7 

/ / / / / / / / / / SII7-

FIG. 8-52.- -Section view of dielectric phase 
shifter. 

much greater when it is in the region of the high electric fields present.at 
the center of the waveguide than when it is in the weak fields near the 
side walls. The length of the slab must be great enough to give a com
plete half-wavelength change in equivalent length as the slab is moved 
from center position to the side wall. 

The slab is supported by means of either two or three rods, spaced 
in such a way that cancelation of reflections is achieved. Two rods of 
equal d i a m e t e r spaced three-
quarters of a wavelength apart 
have been used. The wavelength 
to be used is the effective wave
length for an average position of 
the slab at the midband frequency. 
Alternatively, three rods with 
quarter-wavelength spacing may 
be used. The center rod should 
produce twice as much reflection 
as the other two in order to achieve a broadband cancelation of reflections. 
For small rods, the reflection coefficient is proportional to d2, consequently 
the central rod should have a diameter -\/2 times that of the others. 

The ends of the dielectric slab are tapered in the manner indicated in 
Fig. 8-51, the length of the taper being half a wavelength. The wave
length to be used here is something like the mean between the normal 
guide wavelength and that in the section containing the slab in an average 

position. The double taper shown in 
Fig. 8-53 was found also to give good 
results. It was e x p e c t e d that a 
broader band would result from this 
arrangement, but its superiority over 
the s i n g l e t a p e r h a s n o t been 
established. 

The dielectric that has been found 
to be most satisfactory for the slab 
material is polystyrene or one of the 
new materials of high softening tem
perature and the same dielectric con

stant. The plastic materials have the advantages of being easy to machine 
and unlikely to break in use. They have, however, the defect of being 
likely to suffer permanent damage if a spark is permitted to occur in the 
vicinity. Materials such as Mycalex, polyglas, or glass of various types are 
not damaged by sparking, but they are difficult to machine and subject to 
breakage. It is explained in the next paragraph that there is a maximum 
permissible thickness of slab which decreases as the dielectric constant 

Yui. 8-53.---Double tapered dielectric 
slab. 
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of the slab material is increased. Since glasses in general have high 
dielectric constants, glass slabs must be made thin; hence, they are fragile. 
It is possible that either Mycalex or polyglas might offer a good compro
mise in regard to machinability, ruggedness, and arc resistance. 

If the dielectric slab is made too thick, or if the width a of the wave
guide is too large, more than one waveguide mode may be propagated. 
I t has been observed that when this situation exists certain positions of 
the slab lead to a resonant condition. The resonance occurs when the 
effective length of guide section supporting the higher mode has a critical 
value of approximately half a wavelength. High values of dissipative 
loss and high values of input standing-wave voltage ratio result, and 
voltage breakdown is likely to occur. The waveguide normally used at 
wavelengths near 1.25 cm is so wide (a = 0.420 in.) relative to the wave
lengths used that it is subject to this difficulty. In the construction of 
phase shifters, the width is decreased, by means of a half-wavelength 
taper, to the value indicated in Table 8-1. 

The dimensions and performance characteristics of dielectric phase 
shifters designed for three wavelength regions are given in Table 8-1. 

TABLE 8-1.—DIMENSIONS OP POLYSTYRENE (k, = 2.56) PHASE SHIFTERS 
(Wavelength range for r < 1.10) 

Symbol 
and 

units 

Model I 
X = 1.23 to 

1.27 cm 

Model II 
X = 3.13 to 

3.53 cm 

Model III 
X = 8.5 to 
11.6 cm 

Waveguide dimensions 

Slab thickness 
Clearance gap 
Slab length, including tapers. . . 
Diameter of two rods 
Diameters of central rod, if used 
Rod spacing 
Dielectric taper length 
Breakdown power 

a, in. 
6, in. 
c, in. 
e, in. 

in. 
d, in. 
d, in. 

in. 
in. 
kw 

0.350 
0.170 
0.075 
0.020 
2 
0.030 
0.042 
0.173 
0.346 
70 

0.900 
0.400 
0.188 
0.044 
5 
0.041 
0.058 
0.470 
0.940 

200 

2.840 
1.340 
0.500 
0.170 
15 
0.124 

4.426 
2.050 

1000 

POWER DIVIDERS 

COAXIAL P O W E R D I V I D E R S 

8-17. Fixed Coaxial Power Dividers.—When it is desired to send half 
the power into each of two loads, a circuit of the type illustrated in 
Fig. 8-54 may be used. A modification, giving an unequal division of the 
power, is presented in Fig. 8-56. Several alternative circuits have been 
devised, but the ones given here have proved to be most satisfactory. 

The operation of the circuit of Fig. 8-54 is good over a broad band, as 
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shown qualitatively by the following analysis. It may be reasoned that 
the two loads and the stub are effectively in parallel at the junction point. 
Each of the two loads presents the characteristic admittance Y0 of the 
line at the junction point, giving a total load admittance at that point 
of 2F0. At midband wavelength, the stub length is adjusted to be effec
tively a quarter wavelength, consequently it adds zero susceptance. The 

^ 

Y„ 
" j \ - ' > 

e 
'>—r ~> ' 

I 

J, = V 4 

d 
-2a 

_ 

^ ^ 
V 

V2y n 

F I G . 8-54.—Power divider for equal division of power. 

*Y„ 

J2Y„ 2K„ 

/ ' 

FIG. 8-55.—Admittance transformations in power divider of Fig. 8-54. 

enlargement of the conductor of the quarter-wavelength section of the 
input line, a continuation of the center conductor of the stub, is chosen 
to give a characteristic admittance y/2 F0. This section acts as an 
admittance transformer, matching the load admittance 2F 0 to the char
acteristic admittance Y0 of the input line. 

At a wavelength longer than the midband wavelength, the stub is too 
short and adds an inductive (negative) susceptance B3 to the load 
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admittance 2Y0, as indicated in Fig. 8-55. This is desirable, however, 
since at this wavelength the transformer section is also too short. The 
combined action of stub and transformer leads to an input admittance Yt 
that is very close to F0 even at wavelengths longer than the midband 
wavelength, as indicated in Fig. 8-55. Similarly, for shorter wavelengths, 
the stub adds a positive susceptance that combines with the transformer, 
now too long, to give a good match in the input line. 

It is easily shown that for small departures from midband wavelength, 
the susceptance added by the stub is quantitatively equal to that required 
to produce the compensation indicated in Fig. 8-55. For larger depar
tures from midband wavelength, compensation is no longer exact, but 
it is still good. The dimensions given in Table 8-2 were found to give a 
VSWR below 1.1 for the wavelength range 9 to 11 cm. All dimensions 

T A B L E 8 - 2 . — D I M E N S I O N S OF P O W E R D I V I D E R S OF FIG 

Dimension 

. 8-54 

S tandard line size 

1 in. 

1.220 
0 .325 
1.110 

i in. 

1.107 
0 .468 
1.000 

except the stub 
outlined above. 

r 
ri 

A0/4 
t-X„/4— 

length are calculated according to the simple theory 
The stub length is then adjusted to give minimum input 

VSWR at midband wavelength. 
The principle of operation of 

the power divider of Fig. 8-56 is 
similar to that of the model shown 
in Fig. 8-54. In order to obtain 
unequal power division, quarter-
wavelength transformers are in
serted in the two load lines. The 
characteristic admittances of the 
transformer sections are chosen to 
give the admittances Y \ and Yi, 
satisfying the relations 

Y1 + F 2 = 2F0 , 
Yi=Pi 
Yi Pi 

^ ^L 

q^J 
-V4—* 

i-
^ 

(10) 

(11) 
F I G . 8-56.—Power divider for 

division of power. 
unequal Equation (10) requires the total 

load admittance at the junction to 
be equal to 2Y0 just as in the simpler model of Fig. 8-54. The same char-



SF.C. 8-18] VARIABLE POWER DIVIDER .r)19 

acteristic admittance, \/2 Fn. is then used for the stub and the input 
transformer whose action, including compensation for wavelength change, 
is just as before. Equation (11) enables the circuit to be designed to 
obtain any desired ratio between the powers P i and P 2 going to the two 
loa.ds. At midband wavelength both Fi and F 2 are pure conductances, 
and they are in parallel and subject to the same rms voltage V. The 
powers P i and P 2 going to the two loads are then F 2 Fi and F 2F 2 , and 
Eq. (11) follows. 

As the wavelength is varied, Fi and F2 take on susceptive components; 
but their conductive components remain almost constant for wavelength 
variations that are not too large, and the power-division ratio remains 
almost constant. The constancy of the conductance component of 
admittance at the input side of a quarter-wavelength transformer is 
easily demonstrated with the aid of an admittance chart or by means of 
the admittance-transformation equation. It is found also that the signs 
of the susceptance components of Fi and F 2 are opposite; consequently, 
there is a tendency for them to cancel each other. Quantitatively, the 
cancellation is good when Y\ and F 2 are nearly equal, but the susceptance 
component of the larger admittance F 2 is always larger. This situation 
leads to a greater frequency sensitivity than that of the simple circuit 
of Fig. 8-54. It is possible to obtain accurate compensation of the fre
quency sensitivities of the stub, output transformers, and input trans
former by suitable modification of the design. It is necessary to decrease 
the characteristic admittance of the stub and input transformer by ther 
proper amount and m«ke the appropriate change on the right side of 
Eq. (10). In the limit, as Yi approaches zero, a right-angle stub "ŵ ith 
a half-wavelength broadbanding transformer will result. By theory, 
the characteristic admittance of stub and transformers is, in this case, 
1.22 Fo, which may be compared with 1.41F0 in the case of Fig. 8-54., 

8-18. Variable Power Divider.—The purpose of this device is to vary 
at will the ratio between the power delivered to two output lines. A t t h e 
same time, the input impedance remains matched; therefore, no power 
is reflected by the circuit. The theory outlined below applies equally 
well for transmission lines of various types. Both coaxial and wavegitfrW -
versions have been made and found to operate essentially as expected. 

Such power dividers are used to divide a given input power in any 
proportion desired between two operating loads (for example, two 
antennas) or, with a "dummy" load connected to one arm, to achieve an 
attenuator that has a minimum insertion loss of zero and is well matched 
at all attenuations. Although such an attenuator follows a calculable 
law closely, it is rather sensitive to slight frequency changes and hence 
not especially suitable for precision work. 

The principle of operation may be understood by considering the 
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model indicated schematically in Fig. 8-57. The conditions prevailing 
for three different stub lengths will be discussed. 

(1) lc = \\, hence ld = iX. In this case, stub C presents a short 
circuit (Zc = 0 or YG = x) across the junction ACE. This prevents the 
passage of power into output line A. Since this short circuit occurs |X 

To move 
plungers 

e+p*=i 

F I G . 8-57.—Variable power divider. 

from the input junction GUI, it presents an open circuit across this junc
tion (Za = °° or Ya = 0). Thus the output branch G acts as a quarter-
wavelength stub support, allowing free passage of power from input line / 
into the other branch H. This branch H is matched since the stub 
D (-jX long) acts as a normal stub support and permits free passage of 

power into the matched load B. Thus 
the input line I is matched, all the 
power is delivered to load B and none 
to A. 

(2) lc = £X, hence h = \\. Now 
the stub D short-circuits the load B, 
while the stub C allows free passage 
into load A, since it acts as if it were 
a quarter-wavelength stub support. 
Thus all the power is now delivered to 
load .4, none to B, and the input line 
7 is matched. 

1.0 

* o 
Q. 
S0.5 

PB PA 

F I G . 8-58.—Division of power vs. 
stub length for the power divider of 
Fig. 8-57. 

D is now capacitive and stub C is inductive. These stub susceptances are 
added in shunt with the loads A and B. At the input junction GH1, the 
admittances at E and F have been transformed by the quarter-wavelength 
sections EG and FH in such a way that the inductive effect of one branch 
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is exactly compensated by the capacitive effect of the other, and the con
ductances add to give exactly the characteristic admittance of the coaxial 
line. Hence the admittance at the input line I exactly matches the line. 
The power divides equally between output lines A and B, as indicated by 
Fig. 8-58. 

Application of the transmission-line equation shows that, for all values 
of lc, the admittance at the input line I exactly matches the line. The 
fraction of the available power 
delivered to output line A and 
to output line B may be cal
culated from the equations 

PA = s i n , (__) 

PB = s W ( ^ j ■ ( i 2 ) 

These quantities are plotted 
in Fig. 8-58. 

It should be realized, how
ever, that a power divider of 
this type presents a matched 
impedance in the input line 
only when the line is the 
branch so indicated in Fig. 
8-57. If power is fed in 
through one of the other 
branches, say branch A, and 
branch B and the branch 
indicated as the input line are 
terminated in matched loads, 
the impedance looking in at 
A will not, in general, be matched. For the setting of the stubs that 
would normally give complete transmission into load A, the imped
ance looking in the reversed direction will be matched. For other 
settings of the plungers, a certain amount of mismatch will occur. The 
percentage of the power in the incident wave which is coupled through 
from one branch to another is the same regardless of which branch is 
used as the input one. It is not, true, however, that the input impedances 
or standing-wave voltage ratios in the two cases are equal. In the first 

FIG. 8-59.—Coaxial power divider for 1-in, Hi 
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ease all the power of the incident wave not transmitted to load A is 
dissipated in load B, but in the reversed arrangement, the power not 
dissipated in the branch I is partly reflected back along branch A and 
partly dissipated in load B. 

The actual form of the final circuit is that shown in Fig. 8-59. The 
input line is shown in the rear and the two output lines are shown in the 
foreground. The right-angle stubs in the two output lines are like those 
of Fig. 4-31, including undercut transformers. An identical undercut 
transformer occurs in the input line. The two plungers are moved by 
pinioned gears attached to a common shaft. 

It was found necessary in order to obtain an improvement in imped
ance-matching to alter the length of the two stubs in the input and out
put branches. The YSWR finally obtained was about 1.1 at the design 
wavelength of 9.1 cm. Power levels of about 500 kw were required to 
cause breakdown. 

The effectiveness of a variable-length stub in short-circuiting either 
one of the output lines is limited by the conductivity of the metals and 
the losses in the plunger. It was found that the maximum attenuation 
obtainable at either output line was limited to about 45 db. 

WAVEGUIDE POWER DIVIDERS 

8-19. Fixed Power Divider.1—Fixed waveguide power dividers of 
two types have been developed, the Y and the T, so-called because of 
their shape. The principle of operation of the Y-shaped power divider 
is simple. A rectangular waveguide carrying power in the TE10-mode 
is illustrated in Fig. 8-60a; a thin conducting plate may be inserted across 
the waveguide, perpendicular to the electric field, as in Fig. 8-606. The 
introduction of this plate does not change the fields inside the waveguide, 
nor does it change the currents in the walls; consequently, the input 
impedance relations undergo no change when the partition is put in. 
Since the field is uniform in the //-direction, the voltage across the wave
guide will be divided between the two branch waveguides in the ratio 
of Va'Ti = Ehi,'Eb\ = b-i/bi. In addition, the currents in the two 
branches are equal to each other and to the currents in the main wave
guide. The two branches are. therefore, in series with the main wave
guide, and the power transmitted through the two branch waveguides 
will be in the ratio of their heights. This waveguide circuit is then a 
power divider. 

This power divider in its simplest form would not be convenient, since 

1 Contributions to Sei*. 8-J9 ami 8-20 were made by V. T. Worrell. 
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each branch, having a height less than the height of the waveguide, has 
an impedance different from the impedance of the main waveguide. 
This simple version should be modified by tapering each branch into a 
waveguide of standard size, as shown in Fig. 8-60c. In practice, it is 
found convenient to have the two branch waveguides separated from one 

F I G . 8-60.—Development of Y-type power divider. 

another, rather than joined by a common wall, and a further modifica
tion that results in the Y-shaped power divider is made as in Fig. 8-60ri. 

Models have been designed, as indicated in Fig. 8-61 and Table 8-3, 
for the 3-cm and 10-cm regions. All are for an equal division of power, 
although models can be designed for some other ratio of power divi
sion, if desired. Tt should be noted that the critical dimensions in each 

TARiJO 8 - 3 . — D E S I G N PARAMETERS FOR THE P O W E R D I V I D E R S OF F I G . 8 61 

Band for 
VSWR 
= 1.07 

10.0-11.1 
8.5-11.5 
3 . 1 - 3.4 
3 . 1 - 3.4 

a, in. 

2.840 
2.840 
0.900 
0.900 

b, in. 

1.340 
1.340 
0.400 
0.400 

c, in. 

0.562 
0.9375 
0.200 
0.230 

d, in. 

■i 

1 6 
1 

1 

e, in. 

0.080 
0.080 
0.050 
0.050 

0 

11° 31' 
7° 6' 

13° 14' 
7° 3' 
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case are the angle of the Y, which deteimines the length of the taper, and 
the position of the leading edge of the vane. These dimensions were both 
determined experimentally. The 10-cm model has been tested on high 
power; it did not break down at the maximum available power of 1.1 Mw. 

Rect. brass tubing 

Flu. S'GL—Waveguide power divider, fixed Y-type. 

It is probable that a power divider of this type will handle almost as 
much power as the waveguide itself. 

Another possible form of fixed power divider makes use of a series-
branching T-junction, as in Fig. 862. If power is fed into arm A, it 
will divide equally between arms B and C. If the three branches are all 
waveguides of the same size, however, there will be a considerable mis-

B o 
b2- 2 h 

FIG. 8-62.—A T-type power divider. 
Arrows represent electric fields. 

F I G . 8-63.—Power divider, modified T-
type. Arrows represent electric fields. 

match consisting, in part, of the mismatch due to the junction effect, and, 
in part, "jf the mismatch due to the load of impedance 2Z0 terminating a 
waveguide of impedance Z0. In practice it has been found difficult to 
match such a power divider over any reasonably large wavelength band. 
There are a number of ways in which this frequency sensitivity could be 
reduced. One way that might succeed would be to use the T of Fig. 8-63, 
a series-branching T, in which the output branches are half the height 
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F I G . 864.-

\ 2 ^ « 

- A 
w 

\ 

Y-type power divider 
th T-shape. 

of the input branch, with, therefore, half the characteristic impedance. 
Then, only the junction effect would be left to match. Again, the height 
of the output branches could be set at some other value found experi
mentally, to correct partially the junction effect. In either case, the 
output branches would have to be 
tapered up to full size, and the result 
would not be a particularly simple 
arrangement. In addition, because of 
the sharp corners, it probably could not 
handle as much power as the Y-type. 

The power divider just discussed 
used a series-branching, or .E-plane 
T. An i/-plane T might be used, but 
it would probably be more frequency-
sensitive than the .E-plane T. It 
would have the advantage, however, 
of handling higher powers. 

If the geometric arrangement of the T is preferable to that of the Y, 
the latter can be modified to get a T that is almost as compact as a simple 
T, and that has the broadband characteristics of the Y. This design is 

illustrated in Fig. 8-64. It can be 
seen that this design uses a Y-type 
power divider the branches of 
which have mitered angles placed 
as close as possible to the divider. 
A dimensioned drawing is shown 
in Fig. 8-65. The input VSWR is 
below 1.1 over the wavelength 
band 3.15 cm to 3.65 cm. This 
power divider has been tested at 
pulse powers up to 225 kw, 1-^sec 
pulse duration, 1000 pps, without 
breakdown. 

8-20. Variable Power Dividers. 
A simple variable power divider 
can be made using a Y-j unction 
with the dividing partition hinged 
at one end as shown in Fig. 8-66. 
Such a power divider should be 

well matched over a broad band, since it is derived from a broadband fixed 
power divider. The power divides between the two output branches in the 
ratio of the heights 6i and b2, just as in the related fixed power divider of 
Sec. 819. Some work was done on such a power divider, but it was not 

FIG. 805.—Power divider for use at wave
lengths between 3.15 cm and 3.65 cm. 
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carried through to completion. A model designed for a wavelength of 
10.5 cm was tested at various wavelengths and found to have a maximum 
standing-wave voltage ratio of about 1.25 for all adjustments over the 
band from 8.2 to 11.5 cm. This model was not well constructed; as a 
result the data are not particularly meaningful. Better performance 

could probably be obtained from 
a well-built model. One trouble
some feature was the design of a 
capacitance joint to connect the 
moving partition to the waveguide 
walls. The joint on the one model 
that was made gave trouble with 
r-f leakage and was not considered 
satisfactory. 

A more s u c c e s s f u l power 
divider, although probably not so 

wer good intrinsically as the Y-type 
power divider, is the waveguide 

ine power divider. An idealized model of such a 
Power enters arm A, arms B and C 

F I G . 8-66.—A Y-junction variable 
divider with hinged partition, 

version of the coaxial 
power divider is shown in Fig. 8-67. 
are connected to the two loads between which the power is to be divided. 
Arms D and E, each a quarter guide wavelength from .4, have plungers 

ganged and are set a quarter guide riding in them. The plungers are 
wavelength apart vertically. 

As was shown in the discussion 
of the coaxial-line power divider, if 
the T-junctions are all ideal the 
power divider will be matched at all 
settings of the ganged plungers. 
But the waveguide T-junctions are 
not ideal; hence an equivalent cir
cuit (Vol. 10) including a junction 
effect must be used in the analysis. 
Therefore, as the plunger in arm D is 
moved, instead of an impedance of 
1 + j tan 131 being seen at the junc
tion of arm D with the main line, 
an impedance that differs from this 
value is seen because of the effect of the junction. A similar effect occurs 
at arm E. Thus, as the ganged plungers are moved, the impedance seen 
looking into the power divider will vary approximately as shown in 
Curve a of Fig. 8-68. This circle will close on itself when the plungers 
have moved a quarter wavelength from their starting position, since the 

variable power 



SEC 8-20J VARIABLE POWER DIVIDERS 527 

power divider then looks the same as in the beginning. The center of 
the curve is displaced from the center of the chart, since the junction of A 
with the main line also is nonideal. If, then, a matching iris is placed 
in the input arm, the impedance of the power divider as a function of 
plunger position will be a circle about the center of the chart. 

This nonideal behavior can be compensated by putting in a matching 
element that makes the junction behave like an ideal one. The matching 

P I G . 8'GS.—Input admittance of power divider as plungers are moved. Reference 
point is 0.16 X„ on input side of junction and X = 3.2 cm. (a) no irises in stubs; (ft) irises 
in stubs; (c) iris also in input. 

iris that is used is the same one used in matching a series-branching T. 
When this iris was used in arms D and E, the impedance of the power 
divider no longer varied as Curve a of Fig. 8-68 but was fairly constant as 
in Curve b. Since the junction of A with the main guide is nonideal, a 
matching iris is required there also. When this iris is inserted, Curve c 
of Fig. 8-68 results. 

This power divider is frequency-sensitive, as might be expected from 
the design which includes several rather long stubs. One power divider 
has been designed for a wavelength of 3.20 cm. In the wavelength band 
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from 3.17 to 3.23 cm, the maximum standing-wave voltage ratio is 1.20. 
The power-division ratio is limited by the loss in the stubs and the plung
ers; the maximum ratio obtainable with this divider is about 35 db. 

This basic design of power divider for waveguide has been modified, 
as was the coaxial-line version, by putting a gas switch on one of the 
plunger arms. The tube is arranged to be ineffective at high-power 
levels, allowing the power divider to attenuate the transmitted signal. 
At low power, the switching tube is effective in reducing the attenuation 
of the low-level signal. An additional problem arose in the design of 
this model. It was discovered, when making standing-wave measure
ments on the first experimental model, that the plot of standing-wave ratio 
as a function of plunger position was a circle that closed only after a 
plunger motion of one-half wavelength. This effect was similar to that 
caused by the plungers being improperly set relative to one another. Since 
the plungers had been set accurately a quarter wavelength apart, the 
trouble was thought to be caused by an abnormally large phase shift intro
duced by the T-junction to which the gas switch was attached. This was 
found to be the case; and, when the distance between the plungers was 
changed to compensate for this effect, the performance was the same as in 
the simple power divider. 

SWITCHES 
8-21. Coaxial-line Switches.—The variable power divider described 

in Sec. 8-18 may be used as a coaxial-line switch by moving the pair of 
short-circuiting plungers between the two positions corresponding to full 
power transmission first into one load and then into the other. Such 
a switch would carry about as much power as the normal stub-supported 
line of which it is composed, and it would be well matched even during 
the switching process. 

For certain applications it is desired to have a switch that is more 
compact, lighter in weight, simpler to build, and faster in switching. In 
many of these applications the problem is simplified by the fact that the 
switch is not required to operate at high power levels, and usually the 
mismatch during switching is of no consequence. 

A switch that possesses all these desirable characteristics, but which 
is limited to low power levels and is not matched during switching, is 
shown in Fig. 809. It was designed for use at wavelengths around 
10 cm, but there is nothing in the design which makes it unsuitable for 
other wavelengths. The switch was designed for laboratory test work, 
so it is equipped with type-N connectors, the connector most frequently 
used on coaxial test cables. Switching is accomplished by shifting the 
connection of the center conductor from one output line to the other. 
The center conductor of the input line is pressed, by an internal spring, 
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against the movable section of the center conductor; thus good electrical 
contact is maintained. The center-conductor section is moved by means 

FIG. 8-69.—R-f switch, shown in OFF position. The horizontal pin in the center may be shd 
right or left to complete the circuit to either one of the two output lines. 

of dielectric pins attached, through a slot, to an external carriage moving 
on ways. Each end of this section 
is fitted with a pin that plugs alter
nately into one or the other of the 
slotted-finger receptacles in the 
two output lines. 

The number of switches of this 
type which have been made is 
insufficient to give an accurate 
figure for the input VSAVR that 
can be expected in production. 
Indications are that the value is 
probably about 1.5 at a wave
length of 10 cm. Although this 
figure is acceptable for many appli
cations, it is not very good. The 
high mismatch is probably caused 
by a combination of connector 
mismatches and mismatch at the 
right angle formed at the center of 
the switch. 

A switch of another type suita
ble for similar applications is that 
of Fig. 8-70. The design repre
sents a variation on a switch developed at Radio Research Laboratory 
at Harvard, which is a six-way switch, type number M2415. Type-X 

F I G . 8-70.—Type-N switch with two out
put lines. Rotation of the shaft transfers 
the connection from one to another of the 
two output lines at th*> right. 
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connectors are again used, but the principle of operation is different. 
The input line is at the top of the figure, coaxial with the hexagonal 
block forming the body of the switch. The coaxial-line elbow inside 
the body is rotated by means of the shaft indicated in the lower 
part of the figure. The upper end of the elbow is connected to the 
input line, but the output end may be rotated to either of the two 
output lines shown. With the hexagonal block, as many as six output 
lines could be used. The center conductor of the elbow makes contact 
with the input line by means of a slotted tip inserted into a hole in the 
input center conductor. The connection to the center conductor of the 
output line is made by a projecting blade that is squeezed between two 
open fingers of the center conductor of the output line. The outer con
ductor of the elbow makes contact by a rotating machined fit. Contact 
with the output lines is furnished by a coaxial sleeve that is pressed, by 
the spring shown, against the cylindrical inner surface of the hollow body. 
One end of the sleeve is rounded to fit this cylindrical surface, and the 
other end is slotted to form fingers that contact the outer conductor 
of the main part of the elbow. Of course, it is necessary to allow for the 
passage of the two fingers of the center conductor of the output line 
as the elbow is rotated. This is accomplished by cutting a wide hori
zontal slot through the end of the sleeve and through the end of the 
dielectric filling the line within the sleeve. 

The first group of switches made according to this design gave an 
average VSWR of about 1.5 to 2.0. It was felt that this was partly 
caused by mismatches in the connectors and in the elbow angle, but 
principally by the relatively large cutaway section for allowing passage 
of the center conductor of the output line. As an expedient, the imped
ance transformation resulting from drilling away a large part of the 
dielectric within the entire length of the elbow section was tried. Four 
holes of 0.120-in. diameter were drilled parallel to the center conductor, 
removing most of the dielectric material. It was found that this trans
formation decreased the VSWR to an acceptable value. A switch of this 
type, mounted on a box containing a relay, is shown on the left in Fig. 872. 

Two other modifications were found also to be desirable: 
1. Trouble was experienced from "freezing" of the metallic contacts 

in the rotating machined fit at the input end of the elbow, so the 
closeness of the fit was relaxed and a thin washer of poly-F dielec
tric was inserted as a spacer. This material is ideal for the pur
pose, being tough yet smooth and slippery. The low capacitance 
across the washer gives adequate coupling of the outer conductors. 

2. The coupling to the outer conductor of the output lines was also 
made capacitive by removing the spring and soldering the sleeve in 
place to leave a gap of from 0.005 to 0.010 in. between the sleeve 
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and the cylindrical inner surface of the body. Actually, the sleeve 
was rebuilt, omitting the slotted fingers and increasing the diam
eter of the output end to give maximum coupling capacity. Five 
switches, incorporating these two modifications and having the 
holes drilled in the dielectric, gave a VSWR below 1.2 at a wave
length of 10 cm and below 1.3 at 9 cm and 11 cm. Operation was 
satisfactory from —50° to +75CC. 

Neither of these switches is capable of the extremely fast switching 
that is sometimes required. It is frequently desired, in certain rapid-
scanning devices, to switch alternately between two antennas at rates 
measured in hundreds or thousands of switching cycles per minute. 

L o a d # l — Load #2 

'-<=' I Input 
]*'IG. 8-71.—Proposed high-speed coaxial switch. 

The power levels required are also beyond the capabilities of the two 
switches just described. Attempts have been made to design a coaxial-
line switch capable of fulfilling these requirements, but none of these 
efforts has met with any noteworthy success. I t may be remarked, 
however, that these unsuccessful attempts were made some time ago 
and it may be that a determined attack on the problem using present 
knowledge and techniques would prove more fruitful. 

One of the more promising early switches bore a resemblance to the 
variable power divider that was developed somewhat later. A combi
nation of some of the principles of this early switch with the power 
divider of Fig. 8-57 is represented schematically in Fig. 8-71. The two 
stub branches are cut to permit the two "choppers" Ci and c2 to short-
circuit the line giving a stub length h, equivalent to a quarter wave
length. 
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A radial capacitance-coupling section is used on the outer conductor. 
The choke sections would have to be folded under as indicated in order 
to make them a full quarter wavelength long for suppressing leakage of 
power. The diameter d is made as large as possible in order to get 
maximum capacity in the coupling. Unfortunately, there is not sufficient 
room for a full quarter wavelength of radial line. The gap g is made as 
small as is practical—perhaps 0.010 in. or less. Looking at the stub 
on the left, appreciable capacitive reactance will appear in the capacitance 
couplings of both inner and outer conductors. This may be compen
sated by proper adjustment of U in design. The capacitive reactance is 

FIG. 872.—R-f switches. 

still larger in both conductors when the copper sheet is removed, as on 
the right. This reactance is not serious, since it is in series with a very 
high reactance caused by the short-circuiting plunger, about a quarter 
wavelength away. Any slight effect may be compensated by adjustment 
of U. 

The action of the switch is as follows: The two chopper sheets c l and 
c2 are essentially half disks mounted on shafts Si and Sz. The shafts 
are rotated in synchronism in such a way that when one stub is short-
circuited by its chopper the other is not. In the condition shown, the 
left stub is short-circuited and acts as a quarter-wavelength stub, allow
ing power to go past it to the load on the left. The right stub is short-
circuited by the movable plunger at a length h equivalent to a half 
wavelength. Just as in the power divider, this short-circuits the right 
load cutting off its power. Since this short circuit appears a quarter 
wavelength from the input junction, the input power is permitted to flow 
out to the left load. 
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The original switch was essentially of this type, but the upper lines 
containing plungers were omitted. Trouble was experienced with break
down at moderate power levels, hence rounding of sharp corners is 
advisable. Care must be exercised to ascertain that both loads are 
never short-circuited at the same time. That is, the choppers should be 
slightly more than half a disk with the result that during switching, power 
is delivered to both loads for an instant, and the condition in which 
neither load can dissipate the input power is avoided. 

If such a switch does not give satisfactory performance, recourse 
may be had to the use of a waveguide switch. This alternative would 
involve transitions from coaxial lines to waveguide, but it is probable 
that the simplicity and high-power capabilities of waveguide switches 
would more than compensate for the necessity of using transitions. 

8-22. Waveguide Switches.1—The simple T-switch is basically a 
T-junction such as the one shown in Fig. 8-62 with the input line at A, 

..--"Chopper" 

WZZZQ 
C Z Z Z Z Z Z Z Z 

\w / / / / :zz 

s s s \ V \ \ \ \ TT 

Matching iris 

F? PI 
/ / / / / / a 

c i 

/ / / / ? 7-rf 

FK; . 8-73.—A T-type waveguide switch. 

and the two loads between which power is to be switched at B and C., 
Some mechanical arrangement is used that alternately puts a short 
circuit in branch B, sending power into C, and then in branch C, sending 
power into B. The short circuits are so located that reflectionless trans
mission occurs around the corner when the T-switch is properly matched 
by an iris in A. 

Several such switches have been designed at 3 and 10 cm for switch
ing power from one antenna to another. One design is shown in Fig. 
8-73. In this model there are, in the output branches, two choke-flange 
junctions with the choke on the input side of the junction separated 
from the flange just enough to allow a metal "chopper" plate to move 
in and out. The length S of the short-circuited branch and the dimen
sions of the input matching iris may be determined by experiment or may 

1 Contributions to Sec. 8-22 were made by F. T. Worrell. 
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be taken from data reported elsewhere (Vol. 10). The two choppers are 
mounted in such a way that when one is between its choke and flange 
the other one is removed from its choke and flange; thus power is allowed 
to go through the open junction. The choppers may be sections of disks 
mounted on a common shaft. They should short-circuit the respective 
branches somewhat less than 180° of rotation in order to avoid both 
loads being cut off at the same time. An alternative design differs from 
this version in having the corners of the junction rounded to reduce the 
likelihood of power breakdown. 

F I G . 8-74.—Modified T-type waveguide switch. 

The British have also made a switch of this type. It differs in that 
the waveguide narrows down in the switch, as shown in Fig.1 8-74, and 
uses a British choke like the one discussed in Sec. 4-10. The chopper 
consists of sector disks with 36° sectors. Since the waveguide height is 
so small, the switching can be done rapidly; as a matter of fact, this 
switch was designed to switch power from one antenna to another and 
back on alternate pulses. 

A waveguide switch that will switch power into any one of three 
circuits is presented in Fig. 8-75. The power applied to A may be 
switched into B, C, or D. Short-circuiting is accomplished by means of 
resonant rings, one in each output branch. The matching irises, required 
for matching around the corner into branch B or C, are inserted in these 
branches rather than in the input line where they would affect straight-
through transmission into branch D. 

This switch is of interest because it is the only one of American design 
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to use resonant rings as the short-circuit devices. The ring used is 
shown in Fig. 8-76. The shape of the ring, which is different from the 
simple rectangular resonant ring normally used in rectangular wave
guide, is such that the impedance V - - U - - -

- t i -

- - H - - ! ! -

L /0.080 wall 

»2.78l4l 
-4.623 — 

I f 
623-

of the ring is relatively insensitive 
to frequency changes. A ring is 
desired which will be as good a 
short circuit as possible over a 
large frequency band when its 
plane is perpendicular to the longi
tudinal axis of the waveguide. 
Actually, a small amount of power 
leaks past the ring. The amount 
of power leaking past the ring is 
01 db down from incident power 
level at midband wavelength, 9.1 
cm and 30 db down at the edges 
of a 7 per cent band. The rings 
are made of ^ - i n . duraluminum 
stock, and all edges are rounded 
to reduce tendency to spark. 
They are rotated by motors with 
stopping pins i n s e r t e d in the 
mount. 
switching cycle, the new branch is opened before the old one is closed 
to avoid complete reflection of input power. The VSWR during switching 

has a maximum value of about 2.7. 
Sparking occurs at an undeter
mined point, probably in the re
sonant ring, at a power of about 
200 kw. 

A special two-way switch has 
been designed for switching 3.2-cm 
power alternately into the two 
ends of a linear antenna array. In 
Fig. 8-77 is a schematic diagram 
showing the s w i t c h that was 
developed cooperatively by Radia-

FIG. 8-76.—Detail of reaonant ring. t i o n Laboratory and Bell Tele
phone Laboratory.1 When the 

switch is in the position shown, power coming in arm C is switched 
to B, then through the antenna, from which most, but not all, goes 

1 Drawings and data on final design supplied by C. N. Nebel of BTL. 

FIG. 8-75.—Views of three-way switch. 
Switching may be accomplished in about 0.03 sec. In the 
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out into space. The power that is not radiated, amounting to some 
10 per cent, comes back in arm A and into an absorbing load in arm D. 
When the switch is thrown the other way, the power goes into A, through 
the antenna, back into B, and then into the load at D. The ratio of the 
power delivered into branches A and B (i.e., the discrimination factor for 

one switch position) is about 40 to 50 db, on the average. The VSWR 
observed on one representative switch was below 1.02 over the frequency 
range 9320 to 9400 Mc/sec, rising to 1.04 at 9430 Mc/sec. Transmission 
loss through the switch was about 0.1 db. At a pressure corresponding 
to an altitude of 50,000 ft, breakdown occurred at about 50 kw pulse 
power on the average. 

FIG. 8-78.—A Y-switch with short-circuiting pins. 

Junctions that are Y-shaped with 120° between arms have been found 
to have properties that make them desirable for switching applications. 
In particular, if a short circuit is placed close to the junction in one output 
branch, power will be transmitted around the corner into the other 
branch with only a small reflection over a broad band of wavelengths. 
This property has been used to advantage in the switch shown in Fig. 



Sac. 8-22] WAVEGUIDE SWITCHES 537 

'*! [~M5cm o.79cm— 
1.62 cm--

Wire thickness - 16 SWG 
FIG. S-79.—A Y-switch with resonant ring. 

FIG. 8-80,—Schematic diagram of rotary switch. 
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8-78. The short circuit is provided by a rod that is inserted to within 
0.012 in. of the bottom of the waveguide. The power leaking past this 
rod is 55 db below that transmitted into the other branch. Breakdown 
occurred at about 10 kw pulse power when the switch was operated while 
the power was applied. 

A Y-switch using a resonant ring has been designed by the British.1 

This switch, which is shown in Fig. 8-79, is designed for a wavelength 

Choke 

Shorting cylinder 

FIG. 8-81.—Switching system for rotary switch. 

of 3.2 cm, and uses the British waveguide 1- by £-in. ID. The standing-
wave voltage ratio is less than 1.06 over a band whose total width is 
0 per cent. The discrimination between the two output branches is 
better than 25 db over this band. The switch has transmitted 20 kw 
at pressures down to 5 in. of mercury. 

A switch of a different type is that operating on a rotary principle. 
One such switch that has been developed is based on a 3-cm Bo-mode 
rotary joint. A schematic drawing of such a switch is shown in Fig. 8-80. 
Power is introduced at A through a standard .Bo-transition into the rotary 
section. The transition back to rectangular waveguide has four branches, 
B, C, D, and E. In the application for which this switch was designed 
each of these four arms was fastened to a horn antenna feed. As the 

1 W. D. Allen, " Resonant Rings and Ring Switches in Waveguides," TRE Report 
0-10/R137/WDA, Feb. 19, 1943. 
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joint rotated, each feed in turn swept past the throat of a folded horn 
antenna. The switching arrangement, not shown in this figure, short-
circuited the three arms which were not transmitting power into the 
antenna. 

The switching system is shown in Fig. 8-81. Each arm is broken at 
a certain place by an open choke-flange coupling in which the faces 
of the choke and flange are cut to a radius r. Fitting in between these 
open junctions is a stationary metal cylinder with an aperture. As the 
switch rotates, each arm in succession will carry power to the antenna 
while the others are short-circuited. The radius of the cylinder is so 
chosen that power is transmitted through the switch with minimum 
reflection. The chokes in the open junction are standard chokes that 
have been turned down as indicated to get a well-matched open junction. 
The aperture in the cylinder must be chosen carefully to afford the small
est possible impedance variation during switching. The aperture found 
to be best is 105°. 

The standing-wave ratio during switching is fairly low, a VSWR of 
slightly over 2, and the change in standing-wave ratio takes place in 
such a way that the phase is fairly constant. This is found to be desirable 
to avoid excessive frequency-pulling of the magnetron. A switch of 
this type performs well over a relatively narrow band of wavelengths, a 
total band width of about 1 per cent being all that may be expected. 
Powers of about 100 kw may be used. 

A switch of this type, designed for a wavelength of 1.25 cm, is shown 
on the right in Fig. 8-72. 



CHAPTER 9 

THE THEORY OF MICROWAVE FILTERS 

B Y R. M. FANO AND A. W. LAWSON 

Filters are passive networks which selectively transmit waves of 
different frequencies. The design of such networks consists in the 
appropriate choice and arrangement of circuit components to obtain 
specified frequency characteristics. Methods for designing networks 
consisting of inductances, capacitances, and resistances have been highly 
developed. When microwave components are used, however, the exist
ing low-frequency methods of design are no longer directly applicable. 
The proper solution of the design problem at ultrahigh frequencies 
would be the development of a new design method which would use 
microwave components as building blocks. The development of such a 
design method, however, presents mathematical difficulties which have 
not yet been overcome. Under these circumstances, it is natural to 
inquire whether microwave components could be used to approximate 
the behavior of lumped elements over a limited frequency band. If so, 
it would then be possible to obtain microwave filters from low-frequency 
filters by the simple process of substituting for the lumped elements the 
corresponding microwave components. Fortunately, such a design pro
cedure is feasible in most practical cases, and a variety of microwave 
filters have been successfully designed in this manner. 

In the light of the foregoing discussion, the subject of microwave 
filter design can be divided into two parts; namely, the design of lumped-
element filters with prescribed electrical characteristics, and the trans
formation of these filters into microwave structures having approximately 
the same characteristics over a specified range of frequencies. 

The present chapter deals with the first part of the problem, that is, 
the design of lumped-element filters. Since a complete treatment of this 
subject would require at least an entire volume, this chapter represents 
a compromise. The authors have tried to present enough basic material 
to permit the reader not familiar with network theory to understand 
and profitably apply the simpler methods of design. On the other 
hand, it has been considered worth while to include more refined design 
procedures developed in recent years because they are not presented in 
any book available at this time. A good understanding of these pro
cedures, however, requires a certain familiarity with network theory, 

540 
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which for the sake of brevity is not discussed here. For a detailed dis
cussion of this subject, the reader is referred to Vol. 2, Communication 
Networks, by E. A. Guillemin, and to Network Analysis and Feedback 
Amplifiers, by H. W. Bode.1 In this connection, it should be pointed 
out that some network theorems, as for example the reciprocity theorem, 
apply to microwave networks as well as to lumped-element networks. 
Other theorems, however, have been proved only in the case of lumped 
elements although they are generally believed to apply to microwave 
networks also. For a discussion of the extension of network theorems 
to distributed-constant systems, the reader is referred to Vol. 8, Chap. 5, 
of this series. 

Chapter 10 deals with the approximate transformation of lumped-
element structures into microwave structures and with the realization 
of microwave niters in practical forms. Since filters are needed at 
microwave frequencies for the same purposes and reasons as at lower 
frequencies, the transformation of lumped-element structures provides 
an adequate variety of filter characteristics. However, one important 
practical difference exists. At low frequencies, low-noise amplifiers may 
be used to supply power lost in dissipative filters; at microwave fre
quencies, no satisfactory amplifiers have been built to date. Conse
quently, dissipative filters have not been studied, and all the filters 
described below provide frequency discrimination by selective reflection; 
any resistive loss is purely incidental and represents an unavoidable 
design hazard. 

MATHEMATICAL REPRESENTATION 
OF TWO-TERMINAL-PAIR NETWORKS 

9-1. Parameters Specifying Two-terminal-pair Networks.—The sim
plest type of filter consists of a network with a pair of input terminals 
and a pair of output terminals. It is customary to j 
refer to such a network as a four-terminal network ^Z 
or a two-terminal-pair network. Filters with more £,+ 
than two pairs of terminals can be designed by °~ 
properly connecting a number of filters of the sim- FIG. 91.—A two-ter-
plest type. It seems appropriate, therefore, to minai-pair network. 
focus our attention on two-terminal-pair networks and, in particular, on 
the mathematical representation of their external characteristics. 

A two-terminal-pair network is illustrated schematically in Fig. 9-1 
as a box with two pairs of terminals. The network inside the box is 
assumed to be linear and passive but may be completely arbitrary in 

1 See, for example, references 5 and 1 of the bibliography at the end of the chapter. 
Numeral superscripts in the text refer to the corresponding numbered reference of the 
bibliography. 

K 
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all other respects. The external behavior of the network can thus be 
expressed by means of any two linear relations involving the variables 
Vi, Vi, 11, h- Six pairs of such relations can be written expressing any 
two of these variables as functions of the other two. Only three of 
these six pairs, however, are sufficiently important in practice to deserve 
special attention. 

The first pair of relations is obtained by expressing the voltages 
Vi and Vi as functions of the currents 7i and 72. 

Vi = Zuh + Znh, 
' ! = Z2U1 + Z22I2. 

One usually refers to the coefficients Z n , Z12, Z2t, Z22 as the "open-circuit 
impedances." In fact, if the output terminals are open-circuited, that is, 
if I? = 0, one obtains 

Similarly one obtains for Ii = 0, 

Z22 = I -j- I , Z12 
\ ' ! / l i - 0 

According to the reciprocity theorem, which states that if, in any linear 
passive network, the positions of a voltage source V and an ammeter 
measuring a current I are interchanged, the ratio V/I remains the same, 
the two open-circuit transfer impedances Zi2 and Zn defined above are 
always equal. Consequently, an arbitrary two-terminal-pair network is 
completely specified by only three open-circuit impedances. 

The second pair of linear relations can be obtained by expressing the 
currents Ii and I2 as functions of the voltages Vx and y 2 as follows: 

/ : = YnV, + YnVi, 1 m 
h = F.iVi + Y22V2. I l ; 

The coefficients Yn, Yn, Y2h Y22 are called the "short-circuit admit
tances" because they can be defined as follows: 

T-(¥Xu r-(ft)..-/ <5> 
As in the previous case, the short-circuit transfer admittances F12 and 
}*2i are always equal because of the reciprocity theorem. Therefore, as 
one would expect, three short-circuit admittances are sufficient to specify 
any arbitrary two-terminal-pair network. 

(1) 

( * ) ■ V/1/1.-0 

(2) 

(3) 
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By solving the pair of Eqs. (4) for V\ and V2 and comparing the 
results with the pair of Eqs. (1), the following identifications can be 
made: 

^22 rr Y \\ 
Zn - det Y 

Zu = Z21 = 

Z22 — det Y 

det Y 

where det Y is the value of the determinant 

det Y = Y11 } 12 

1 21 i 22 
— 1 n ' 22 — ' 1 2 

Following the opposite procedure, one obtains 

F„ = Z22 v Zn 
det Z' Y'rl det 7; 

v - v - ^ u 

where det Z is the value of the determinant 

det Z = Zw Zn\ „ „ „ 
v 17 \ — ^ 1 1 ^ 2 2 — <£ 
Z>21 / J 2 2 | 

From these equations, one obtains 

det Z = 1/det Y. 

(7) 

(8) 

(9) 

(10) 

(11) 

The third pair of linear relations expresses the variables at the input 
terminals Vh 7i, as functions of the variables at the output terminals 

Fi = G,Vz - (B72, 
I, = e F 2 - SD/2. 

(12) 

The coefficients ft, ffi, 6, D are called the "general circuit parameters' 
and can be defined as follows: 

«- (£) • «- -(& ■ (13) 

G and 3) are dimensionless transfer ratios, whereas (B and C have, respec
tively, the dimensions of impedance and of admittance. These circuit 
parameters are related to the open-circuit impedances and to the short-
circuit admittances as follows: 
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Zu = 

Yu = 

Zu — 

Y» = 

det Y = 

Z22 — 

"as' I 99 — ) 
22 (B 

1 
det Z 

e = 

Y22 _ Z u 
I 12 Z12 
det 7 = J_ 

Z12 Y D = -

1 
F12 

l i i 
F 1 2 

det Z 
Z12 

Z22 
Z12 

where 

= a'£> - me = 1. 

(14) 

(15) 

(16) 

(17) 

(18) 

The last relation states that only three of the four circuit parameters 
are independent, as one would expect as a result of the reciprocity 
theorem. 

In the particular case of symmetrical networks, that is, of networks 
whose input and output terminals cannot be distinguished by means of 
external measurements, the parameters necessary to specify a two-
terminal-pair network reduce to two. One has, in fact, 

i " i i = F22, Z n = Z22, « = 2D. (19) 

Reciprocal impedance networks represent another special case in which 
the number of independent parameters is two. These networks are 
characterized by the property 

(B = 6 (20) 

from which one obtains, using Eqs. (16) and (17), 

det Y = det Z = 1, Z12 = - F , 
F n = Z22, Z n = I 22- (21) 

It will be seen later that most practical filters are either symmetrical 
networks, or reciprocal impedance networks. 

9-2. The Use of Matrices in Circuit Analysis.—The linear relations 
between the current and voltage variables of a two-terminal-pair net
work can be written in matrix form as follows: 

(a - ( Z n Z12 
Z21 Z22 

F,i Y1 

F21 F 2 

X (£)• 
X V i 

ft) - ( : ; ) * [ii 

(22) 

(23) 

(24) 
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These three matrix equations may be considered as shorthand represen
tations of the three pairs of relations, Eqs. (1), (4), and (12). Such 
representations are very convenient when a number of two-terminal-pair 
networks are to be connected in series, parallel, or cascade. 

For the convenience of the reader not familiar with matrix algebra, 
four fundamental operations on four-element matrices are defined below 

A + B = 

A X B = 

A n A12) . \Bii B12 
A21 A22) \B2i B22 

An A12\ x f £n Blt 
Au A22) {B21 B22 

-4nflii + i iAi AnBie + AitBi2 

A „ + Bn An + £12 
A21 + B21 A22 + B22) 

A2iBn + A22B21 

AA = A: 
A n A12 

A 21 A 22 

A-1 = 

det A 

A n A12 

A21 A 2 2 

UiB12 + A22B 22 
A.vlii A;Ai2 
AA 21 kA 22 

A 22 —A 21 
det A det A 

det A det A 
A n A12 
A21 A A11A22 — A12A21. 

The reader will notice that 

A X B ^ B X A. 

A matrix consisting of a single column may be considered as 
matrix in which the elements of 
the second column are equal to 
zero. The reader can convince him
self that, on the basis of the above 
definitions, Eqs. (22), (23), and (24) 
are identical to the pairs of linear 
relations Eqs. (1), (4), and (12). 

Suppose now one wishes to 
study the behavior of two net
works connected in parallel as 
shown in Fig. 9-2. One obtains for the currents 7 : and 72 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

a square 

V,<=Vi"f 

F I G . 9-2.—A parallel combination of two-
terminal-pair networks. 

/1 = I[ + I[' = {Y'^V, + Y'ltVi) + (Y[[V[' + YW) 
= (}"„ + Y'^V, + (F'12 + Y'^)VS, 

h = rt + r2' = (Y'2lv[ + Y^v^ + (Y'2[v[' + Y22V;) 
= (Y'tl + F^)Fi + (Y'22 + F2'2)F2. 

(31) 
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This pair of equations can be written in matrix lorm as follows: 

{ + f/i'l U'j 
1 11 

Y' 
1 21 

-\\k 
Y' 
1 12 

Y' 
Y' 
1 I 

Y' 
1 o 

X 

+ 
V't) + 

Y" 1 I I 

Y" 
1 21 

Y" 
1 12 

Y" 
1 22 

X 

J 2 
X (?;)■ (32) 

It follows that the matrix of the parallel combination of the two net-

irK 

X 

(2) 

/,' Ideal 
-*—1:1 

~~££" 
o o 

72*/2'< 

k 

works is simply 

Y = Y' + Y". (33) 

(2) 

V2=V2'+V2" 

te'i 
Ideal 
1:1 

9-3 .—A series combinat ion of t w o -
terminal-pair networks . 

The simplicity of this last equation 
places in evidence the advantages 
of matrix algebra. The ideal trans
formers of Fig. 9-2 can be eliminated 
if the points A' and A" are at the 
same potential and can, therefore, 
be tied together without changing 
the behavior of the system. This 

is the case in most practical networks because the input and output ter
minals are usually connected by a ground wire. 

Figure 9-3 illustrates two networks connected in series. In this case 
one finds that the Z-matrix of the whole network is the sum of the 
corresponding matrices of the two component networks. 

Z = Z' + Z". (34) 

In this case also, the ideal transformers can be eliminated if the points 
A' and A" are at the same potential 
and can, therefore, be tied together 
without modifying the behavior of 
the system. As pointed out before, 
this elimination is possible in most 
practical cases. 

The third and most important 
type of network combination is the cascade connection illustrated in Fig. 
9-4. The pair of relations between the input and output variables can 
be written in matrix form as follows: 

^ 

V.-Vfj £ a 
7K~ 
\v2'=v{' 

% 

c: a 
72=72" 

"NO 

F I G . 9-4.-—Cascade c o n n e c t i o n of t w o -
t e rmina l -p i t i r n e t w o r k s . 

a' 
e' 

03' 
2D' 

X vA 
-n) 

a' 
e' 

03' 
» ' X <B" 

3 3 " 
X 

-I* 
(35) 

The matrix of the whole network is, therefore, equal to the product of 
the matrices of the two component networks, namely, 

a <B) a ' is,' a " 03" 
e SDI _ l e ' so'I e " SD" 

(36) 
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The above results can be generalized to any desired number of networks. 
In the particular case of a cascade connection, the (Q(Be£>) matrix of the 
whole network is simply the product of the corresponding matrices of 
the component networks. I t is noteworthy that the multiplications 
must be performed in the proper order because the commutative law 
does not apply to products of matrices, as was pointed out in Eq. (30). 

For the convenience of the reader, a number of basic networks are 
shown in Tables 9-1 and 9-2, together with the matrices by which they 
are most simply represented. 

TABLE 91.—SIMPLE COMPONENTS AND THEIR CORRESPONDING MATRICES 

Component 

Series 
impedance 

Shunt 
admittance 

Section 
of line 

Ideal 
transformer 

Circuit 

o 'vw-

l:a 

o o S o 
_r^S_ 

D 

affies 
Matrix 

(i 3 
1 0 
Y 1 

cosh yl Zo sinh y 
sinh yl 

cosh yl 
Z0 = Characteristic 

impedance 
7 = Propagation 

function 

1 
0 

a 
0 a 

9-3. Determination of Input Impedance and Insertion Loss.—The 
matrices discussed above specify the behavior of a two-terminal-pair 
network independently of the characteristics of the generator and of the 
load that are connected to the input and output terminals. In many 
cases, on the other hand, one is interested specifically in the behavior 
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TABLE 9-2.—SIMPLE STRUCTURES AND THEIR CORRESPONDING MATRICES 

Structure 

T-section 

u-spotion 

Circuit 

Symmetrical 
lattice 

Matrix 

Zc Zc) 
z„ + zc) 

lv) -Yc Yb + Yc 

z„ + za zb - za 
2 2 

Zo — Za Zb -\~ Za 

\y] 

2 2 
(Y„ + Ya Y„ - Y, 

2 2 
n -Y* Y„ + Y, 

of t h e ne twork when it is inser ted be tween a given genera tor and a given 
load. T w o functions are par t icu lar ly useful in th i s 
connection, namely , t h e i npu t impedance Z of t h e 
ne twork when a load impedance ZL is connected t o 
t h e o u t p u t te rminals , and t h e vol tage inser t ion ra t io , 

FIG 9-5 —Two- which will be defined later . T o compute t h e i npu t 
terminal-pair network impedance let t h e ne twork be specified by t h e 
terminated in a load p a r a m e t e r s a> <B> e > &, and let Q', ffi', &, 3D' be t h e 

corresponding pa rame te r s of t h e cascade connection 
of t he ne twork and the load impedance ZL as shown in Fig. 9-5. One 
obta ins then 

a' (B'l (< 
C £>'J [ 

a a 
e so x 

f 1 0] M (37) 

At this point one observes t h a t t h e dr iving-point impedance Z is t h e 
same as t he open-circuit impedance of t he cascade connect ion t o which 
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Eq. (37) applies. Therefore, Z can be expressed in terms of d' and (B' 
by means of Eq. (14). One has then 

az,, + 
ezL 2D 

« 
<°. 

Zr 

i*L 

+ 

+ 

(B 
a 
Tt 
e 

(38) 

Another convenient expression for Z can be obtained by substituting 
for the ratios ft/6, (B/Q, and SD/C by means of Eqs. (14) and (15) 

Z n 2 i + Z22 
(39) 

FIG. 96.—Two-terminal-pair network in
serted between a generator and a load. 

It is interesting to note that this equation contains only driving-point 
impedances and admittances and, moreover, that one could multiply all 
the impedances measured at the 
output terminals by a constant k 
without changing the ratio Z/ZX\. 
In other words, the ratio Z/Z\i 
depends only on the relative values 
of the impedances measured at the 
output terminals. This fact is of 
primary importance in connection with waveguide networks, as is shown 
in Sec. 10-6. 

The voltage insertion ratio is the function most commonly used to 
describe the over-all behavior of a filter when it is inserted between a 
specified generator and a specified load. I t will be defined below, in a 
manner somewhat unconventional, for the particular case of practical 
importance in which both the load impedance and the generator imped
ance are pure resistances. With reference to Fig. 9-6, let V 'L be the 
voltage across the load resistance RL when the filter is removed and the 
generator is matched to the load by means of an appropriate trans
former in order to maximize the load power. The voltage insertion 
ratio is defined as the ratio of V[ to the voltage VL measured across RL 
when the filter is inserted between the generator and the load. One 
obtains for the voltage V[ 

v: (40) 

The voltage VL can be determined in terms of the general network 
parameters in the following manner. Let ft', (B'; C', 2D' be the elements 
of the matrix representing the cascade connection of the generator 
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resistance, the filter, and the load as illustrated in Fig. 9-6. This matrix 
can be computed as follows: 

la' <$,' 
l e ' 3D' rMtHi: 

a R> 
+ R.sQ + R.s'£>) (03 + R..-SJ) 

e + D 
(41) 

One observes then that the ratio VS/VL is, by definition, equal to « ' ; 
that is, 

a + Tp + Rse + ^ D. (42) 

It follows that the insertion ratio is given by 

n 
VL 

+ VRsRLe] (43) 

If the filter is nondissipative, that is, if it contains only reactive elements, 
G and 3D are real quantities but <B and C are imaginary. This property 
can be derived from Eqs. (17) by observing that the open-circuit imped
ances and the short-circuit admittances are imaginary in the case of 
reactive networks. 

If one is concerned only with the frequency discrimination properties 
of a filter irrespective of its transient behavior, the phase of the ratio 
V'L/VL is immaterial. It is customary to refer to the square of the 
magnitude of the insertion ratio as the "power-loss ratio." In fact, if 
Po is the maximum power available from the generator and PL is the 
power delivered to Ri. when the filter is inserted between the generator 
and the load, one obtains 

(44) 

The reciprocal of this ratio, that is, PL/Po, is called the "power-trans
mission ratio." The insertion loss L, on the other hand, is the value in 
decibels of Pa/PL, that is, 

L = 10 log10 rr = 20 log, 
r L 

(45) 

This definition of the insertion loss differs from the one made in 
many textbooks in that the power delivered to the load is normalized 
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with respect to the power available from the generator rather than to 
the power that would be delivered to the load if the load were connected 
directly to the generator. Of course, the two definitions coincide if the 
load resistance is equal to the source resistance. 

In the particular case of nondissipative networks, which is the most 
important case in practice, the expression for the power-loss ratio, given 
by Eqs. (43) and (44), can be transformed into a more convenient form 
in the following manner. Since the first term of Eq. (43) is real, whereas 
the second term is imaginary, using Eq. (18) one obtains for the power-
loss ratio 

Hi 
I',. (IG2 + 1 *>2 + 2fl'D) - ( T S ; + *-*'-e' + 2 m e ) 

= i + m-t (B 
VRTRl ~ VW^ :.)•} (40) 

The advantage of this last expression is that it simplifies readily in the 
case of a symmetrical network (Hi. = Ji.t, d = D) and in the case of a 
reciprocal impedance network (ULRS = 1, <B = <3). 

9-4. Wave Matrices and Accumulative Mismatches.—Before leaving 
the subject of the mathematical representation of two-terminal-pair net
works it is well to discuss, to some extent, two matrices which are par
ticularly useful in connection with transmission-line systems. Figure 9-7 
illustrates a network terminated in two arbitrary nondissipative trans
mission lines. Let 1\ be defined as the square root of the product of the 
voltage and the current of an incident wave at the input terminals of-
the network. In other words, the magnitude of 7\ is h , 
equal to the square root of the power carried by the 
incident wave, and the phase of 7i is equal to the phase 
of the voltage. Similarly, let R1 be defined as the 
square root of the product of the voltage and the cur
rent of the reflected wave at the input terminals. 72 
and 7̂ 2 represent the incident and reflected waves at the output terminal 
as indicated in Fig. 9-7. The variables Ilt Ri, L,, 1{2 may be considered 
as normalized voltages. 

Matrices that relate these four variables may be defined as in the 
case of terminal voltages and currents. For instance, one may write the 
following matrix equations, 

FIG. 9-7.—Net
work terminated in 
lossless lines. 

I \ 7', 
7\ I \ 
-In Ati 

X (47) 

(48) 
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The elements of the two matrices thus defined can be determined as 
follows: 

\ 7 I / K , _ 0 V ? 2 / / I = 0 

V l / K j - 0 V ^ V I i - O 

(49^ 

(50) 

where Ti and r 2 are the reflection coefficients at the input and output 
terminals, respectively, when the line on the other side of the network 
is properly terminated, and A and T2 are the transmission coefficients 
measured under the same conditions. Because of the reciprocity theorem 
one has 

7\ = ft = T. (51) 

The parameters defined by Eq. 
follows: 

I t follows that 

. 1 
■^11 — 7p' 

A r ' 
^ 2 1 — 7p' 

(50) are related to r I ? 

A ^ \ 
A12 — — nV' j 

A - r - TlT2 \ 
•A 22 — 1 7p- J 

T2, and T as 

(52) 

AUA22 — AuA-n = 1. (53) 

The reader will observe that the parameter An = l/T is the voltage 
insertion ratio defined above and, therefore, \AU\2 is the power-loss ratio. 
If the network is nondissipative, the power transmitted through the 
network must equal the incident power minus the reflected power. I t 
follows that, if the output line is properly terminated, one has 

| 2 ? = 1 - ir,!2. (54) 

Similarly, if the direction of power flow is reversed and the input line is 
properly terminated, one has 

| 7 ? = 1 - |r,|». (55) 

It follows that the magnitudes of the reflection coefficients for the 
input and the output terminals are equal; that is, 

| i \ | = ir,| = |r|. (56) 

The VSWR measured in either line when the opposite line is properly 
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terminated is then given by 

i + lrj 
i - in' 

(57) 

The A-matrix has properties similar to the (Ct, (B, 6, D)-matrix, that 
is, the A-matrix of a cascade connection of a number of networks is equal 
to the product of the A-matrices of the component networks. One must 
observe, however, that this method of analysis can be used only if the 
transmission lines that are joined in the process of cascading the networks 
have the same characteristic impedance. It this is not the case, the 
junctions of transmission lines of different characteristic impedances must 
be considered as separate networks. 

An illustration of the use of A-matrices is the following problem. 
Let A' and A" be the matrices of two nondissipative networks, and r' and 
T" be the magnitude of the VSWR in the input lines of the two networks 
when their output lines are properly 
terminated. If the two networks are 
connected in cascade as shown in 
Fig. 9 8 , the magnitude r of the 
VSWR in the input line will depend 
on the angular length 6 of the line 
joining the two networks. It is de
sired to determine the maximum and minimum values of r that can be 
obtained by varying d. The A«-matrix of the section of line of length d 
is found to be 

(A') (A") To matched 
termination 

l ' i a . 9-8. -Two networks (.-ounce t.ed 
cascade by a transmission line. 

o 
o (58) 

Therefore, the matrix of the whole system is 

A = A[. 
A' X 

0 
X 

(A'A 
Ui'x 

1 " 
1 " 

A ' A ' 
' M l 'MS A' i 2 i ^ 2 2 

X Ane" 
A'2\ e~'» 

A[', e" 
A':,c~ 

(59) 

At this point one observes that the maximum and minimum values 
of r must correspond, respectively, to the minimum and maximum 
values of the magnitude of the transmission coefficient T of the whole 
network since no power is lost in the network. The value of Au, that is, 
of 1/T", is easily obtained from Eq. (59) as follows: 

4 „ = 1/7' = A'^AW + A'uAZfT" 

T"l Wl (i - r;'rje-'»). (00) 
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The maximum and minimum values of the magnitude of T are evidently 
given by 

i _ i + |rj||rj'| _ i + |r,'||r;'| 

l 
i r i 

\r\\T"\ V(i - |rj|»)(i - |ri'|») 
l - irillr'/l _ i - \T't\\r'I\ 

\T'\\T"\ V(i - |ri|*)(i - |ri'|») 

(61) 

(62) 

One has, then, for the minimum and maximum values of the magnitude 
of the reflection coefficient, 

|r|, 
in 

= vi - \n 
Vi 

iri'l - |r;| 
l - |r;'||rj 
iri'l + |ri| 

(63) 

(04) 
■|mta i + | r ; ' | | r j 

Finally, by means of Eq. (57), one obtains for the maximum and mini
mum values of the VSWR in the input line 

rm„ = r'r", (65) 
and 

' forr ' > r" 
)r (66) 

for r" > r' 

IMAGE PARAMETERS 

9-6. Image Impedance and Propagation Functions.—The so-called 
" image" parameters of a network play a very important part in the 
conventional design of filters. It is desirable, therefore, to review briefly 
their definitions and to discuss some of their properties. 

The image parameters of a two-terminal-pair network are the image 
impedances of the two pairs of ter-

L— -* -̂ minalsand the propagation function. 
The two image impedances Zn and 
Zn may be defined as follows: with 
reference to Fig. 9-9, Zn is the im
pedance which would be measured 
between terminals 1 and V, if an 

impedance equal to Zu were connected to terminals 2 and 2'; conversely, 
Zn is the impedance which would be measured between terminal 2 and 
2' if an impedance equal to Zn were connected to terminals 1 and 1'. 

The propagation function specifies the transmission properties of the 
network when the source and load impedances are equal to the image 
impedances. With reference to Fig. 9-9, suppose a voltage source is 

h 
FIG. 9-9.—Two-terminal-pair network ter

minated in its image impedance. 
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placed in series with Zn- The ratio V1/V2 may be expressed in terms 
of the propagation function 7 as follows: 

Pi _ [Zn ,R7-> 
y 2 \&n 

The factor -\/Zn/Zn represents the transformer action of the network 
and becomes unity in the case of a symmetrical network. If the voltage 
source is placed in series with Zn, the voltage ratio becomes 

ei. (68) 

The consistency of Eqs. (07) and (OH) follows from the reciprocity 
theorem. The propagation function is, in general, a complex -quantity 

7 = a + j@. 

The real part a is called the "attenuation function," and the imaginary 
part /3 is called the "phase function." 

The image parameters are related to the circuit constants CZ, <B, C, 50, 
defined in Sec. 9-1, as follows: 

Zn = Vaffl/eaj, z,2 = VaxB/ea, («9) 
cosh2 7 = «X>, sinh2 7 = (86. (70) 

Two other quantities, namely, the open-circuit and short-circuit imped
ances of a network, are often useful in the computation of the image 
parameters. These are defined in the following manner. Let Zoci and 
Z„ri be, respectively, the impedances measured between terminals 1 and 
V when terminals 2 and 2' are open-circuited and short-circuited. Let 
Z„c2 and Z,ci be the corresponding impedances measured between ter
minals 2 and 2'. It can be shown that the image parameters are given by 
the following equations: 

Zn = VZ0ClZ,eh (71) 
Zn = \/ZociZsci, (72) 

7 = tanh- ' /§=! = tanh-i J%&, (73) 

which may be written alternatively as 

i ln 1 + Vz^/zocl _ 1 1 + yz^/zoe2 
2 1 - VZ~ZJZZ, 2 ! _ y/Zm/Z^ K ' 

In the case of geometrically symmetrical networks, the image param
eters can be expressed in terms of the open-circuit and short-circuit 
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impedances of half the network. Special consideration must be given 
here to the meaning of open circuit and short circuit since the terminals 
involved may be more than two. With reference to Fig. 9-10, Zoch is 
determined by separating the two halves of the network at the geometric 
plane of symmetry and then short-circuiting the terminals resulting 
from any pair of wires which cross each other on that plane, leaving all 

the other terminals disconnected. 
Conversely, Zach is determined by 
tying together all the terminals at 
the geometric plane of symmetry 
except the ones that were short-
circuited before. In terms of these 
impedances, Bartlett's bisection 

states that the image impedance 

]■'!. . 9-10.—Bisection of a symmetrical net
work. 

theorem, as extended 
(obviously Zn = Zn = 

by Brune,3 

Zi) and the propagation function are given by 

2 tanh" \z\ 
Zi — \/ZaChZ„ 

± jir = In 1 + -
och J_ 

och 

— \/Zach/ZOCh 
±3*. 

(75) 

(76) 

Equations (75) and (76) are extremely useful in connection with sym
metrical networks because they save a considerable amount of labor in 
the computation of the image parameters. Moreover, as will be shown 
later, they form the basis of a classical method of filter design. 

Two networks connected in cascade as shown in Fig. 9-11 will now 
be considered. It is assumed that Zn = Zn. The image impedances 
for terminals 1 and 4 of the cascade connection are, respectively, Zn and 
Zn, tha t is, the image impedances for the same terminals of the two net
works, considered separately. In fact, if an impedance equal to Zn is 
connected to terminals 4, the network 3-4 will load the network 1-2 with 
an impedance equal to Zn, which 
by assumption is equal to Z,2. 
Consequently, the input impedance 
measured at terminals 1 will be 
equal to Zn as required by the 
definition of image impedance. 
Similarly, if an impedance equal to 
Zn is connected to terminals 1, the impedance measured at terminate 4 
will be equal to Zn. The propagation function of the cascade combina
tion is then by definition 

Hvn ut \v23 

F I G . 911.—Two-terminal-pair networks 
connected in cascade and terminated in 
image impedances. 

= ln \T\ VfeJ = ln [rr. Vfe + ln (77) 

Both networks are separately terminated in the proper image impedances 
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when Zn is connected to terminals 4. It follows that 

7l2 In 

and consequently, 

734 

7 = 7i2 + 73 

(78) 

(79) 

In other words, the propagation function of the two networks in cascade 
is equal to the sum of the propagation functions of the two networks. 
These results can be generalized for a cascade connection of any number 
n of networks in which the image impedances are matched at every 
junction. The propagation function of the cascade connection will be 
equal to the sum of the propagation functions of the individual net
works, and the two image impedances will be equal to Zn and Z /2n. 

9-6. Behavior of Image Parameters of Reactive Networks.—The 
properties of the image parameters of nondissipative networks will now 
be considered in more detail. In such networks the impedances Zxi, 
Zoci, Z,ei, ZSC2 become purely imaginary, and if Xoch X„c2, X,c\, X,c« are 
the corresponding reactances, the expressions for the image parameters 
become 

Zn — V — A o e l X . c l , Zll — V — X o c i X s , 

l . i + Vx~jx~oc 
y = H In . 

2 1 - y/XJX« 
(80) 

It follows that both image impedances are real and y is purely imaginary 
when {X,ci/Xoci) = (Xtcl/XorA) < 0. The band of frequencies in which 
this condition is satisfied is called the "pass band," since the attenuation 
a is identically zero. Conversely, when {X,c\/Xor\) = (Xsc2/Xoc2) > 0, 
both image impedances become purely imaginary and y becomes 

+ jk; (81) 

where k is an integer. The band of frequencies in which a ^ 0 is called 
the "attenuation band." The sign of the ratio Xsci/X„ci = Xsc2/X<,C2 
must change, by definition, at each end of a pass band. But, according 
to Foster's reactance theorem, the slope of any reactance function is 
always positive. I t follows that one of the two reactances (Xsc or X„) 
must be either zero or infinite whenever the ratio Xsci/Xoc\ = X,C2/X„C2 
changes sign. This must be true, of course, for both pairs of terminals. 
Conversely, a pole or a zero of either reactance marks the limit of a pass 
band unless both reactances are critical, that is, both change sign at the 
same frequency. It follows also that the image impedances become 
either zero or infinite at the ends of any pass band. The attenuation a 
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becomes infinite when Xtc/X„c = 1. However, the image impedances 
are noncritical when a is infinite, unless both reactances are, independ
ently, critical. 

The propagation function has been shown to have very useful prop
erties in connection with the design of filters. The actual transmission 
characteristics of a filter, however, are represented correctly by the 
propagation function only when the source and load impedances are 
equal to the image impedances. In practice, the source and load imped
ances are pure resistances and, consequently, do not properly terminate 
the filter at all frequencies. Let RL and Rs be the source and load 
resistances, respectively. The power-loss ratio is given in terms of fi, 
05, C, 2D by Eq. (46) which is rewritten below. 

PL ^ 4 \s>£, \anL\ a:D [\JRsRLe \ 
RSRLQ 

oje ■ 

(82) 

When the image parameters are introduced, by means of Eqs. (69) and 
(70), this equation becomes 

PL 1 + 
\Zl\ RL _ jZli Rs , 2 _ Z71 

\RBzn \BLZ„J cosn 7 [yJTfs 

-4: Rs RL 

L ^ / 2 

WL 

sinh2
7J- (83) 

It will be noticed that the image impedances and the terminating resist
ances appear in this equation only as Zn/Rs and Z,U/RL- Therefore, 
it is possible in all cases to normalize the image impedances with respect 
to the corresponding terminating resistances. This is equivalent to say
ing that both terminations can be made equal to unity without loss of 
generality. Physically speaking, this is done by changing the impedance 
level of the whole network and by using, if necessary, an ideal trans
former. It will be sufficient, therefore, from now on to consider only 
networks terminated in 1-ohm resistances. 

Two groups of networks are particularly important; symmetrical 
networks for which, according to Eqs. (19) and (69), Zn = Z,2, and 
networks with reciprocal image impedances for which, according to 
Eqs. (20) and (69), Zn = l/Zn. In the case of symmetrical networks 
with 1-ohm terminations, Eq. (83) reduces to 

P? 
PL 

= 1 'l~%\ sinh2 y. (84) 

In the pass band, 7 is a pure imaginary jp, and Z, is real. Therefore, 
Eq. (84) becomes 
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P Z < » - 1 + ![*-*]' sin2 8. 

55'J 

(85) 

Zi is finite over the whole pass band but becomes either zero or infinite 
at the cutoff frequencies. The function 8 must have a positive slope 
and must equal an integer times ir at the cutoff frequencies. In fact it 
can be shown that, in the case of a symmetrical network, Ztc cannot 
vanish while Zoc is finite, and Zoc cannot become infinite while Z,c is 
finite. It follows that the power ratio oscillates between unity and the 

i f 1 ~|2 

value 1 + | \Z, - -^ • T h e 

maxima occur approximately when 
sin2 8=1, that is, when 8 is equal to an odd integer times ir/2. At the 

/ iV 
cutoff points, I Zi — -=- 1 becomes infinite and sin 8 vanishes. The 
limit of the product can be found by substituting in Eq. (85) the values 
of Zi and sin 8 expressed as functions of Zoc and Zxc. This limit is 
always finite. 

In the attenuation band, Zi is imaginary and 8 is equal to an integer 
times ir. Therefore, Eq. (84) reduces to 

= 1 + \Z,\ + 1 sinh2 (8G) 

The limit of this expression at the cutoff, that is, when a approaches zero 
1 

and \Zi\ + T-=-T approaches infinity, must be equal to the value obtained 
\Zi\ 

when approaching the cutoff from the pass band. The power ratio is 
never less than, and, for large values of a, is approximately equal to 

Pi ( a ) ~ 16 \Z,\ m (87) 

The minimum value of 

is never smaller than 

\_\Zi\ + z,\ 

ftw 

is 4. Therefore, the power ratio 

(88) 

The common statement of this fact is that the insertion loss is never more 
than 6 db below the attenuation function. 

Networks of the second group have image impedances reciprocal to 
each other. Let Zi = Zn = 1/Zn. Equation (83) is simplified to 

PL ^ 4 Z, - cosh2 y. (89) 

file:///_/Zi/
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In the pass band, y is imaginary and Z, is real, as in the previous case. 
Therefore, this equation reduces to 

£o» = i + -l 7 - 1 (90) 

It can be shown that, when Zn = l /Z / 2 , Z„c cannot vanish while ZK is 
finite and Zsr cannot become infinite while Z„c is finite. This situation 
is exactly opposite to that encountered in the case of symmetrical net
works. It follows from Eq. (80) that, at the cutoff points, /3 must be 
given by 

|8 = \ + n*, (91) 

that is, cos j3 vanishes at both ends of the pass band. At these points 
[Zi — l/Zj] becomes infinite but, as in the previous case, the limit of 
the product of the two factors is finite. Again the power ratio oscillates 
between unity and the value 1 + \[Zi — 1/Zi], the maxima occurring 
approximately when cos2 /3 = 1. 

In the attenuation band, /3 is a constant equal to the value at the 
cutoff given by Eq. (91), and Z, is imaginary. Therefore, Eq. (89) 
reduces to 

£« = 1 + 4 ̂  + IZ, sinh2 a. (92) 

Since this equation is identical to Eq. (80), no further discussion is 
required. 

NORMALIZATION OF FILTER DESIGNS 

The particular values of the components used in a final filter design 
depend on the electrical specifications which include, among other 
things, the desired values of the terminating impedances and the width 
of the pass band. To avoid unnecessary duplication in computation, it 
is desirable to "normalize" designs so that, by slight alterations, a single 
basic design may be made to satisfy a variety of given specifications. 

First, a procedure will be developed by which a filter design appropri
ate for 1-ohm terminations may be adapted for use with any pair of 
terminating impedances. In principle, such a procedure is always 
applicable but may in certain instances lead to practical problems requir
ing special handling. Fortunately, such cases are the exception rather 
than the rule. Second, certain frequency transformations that normal
ize the frequency dependence of most practical filters will be discussed. 
The first and simplest transformation reduces the design of all low-pass 
filters to the design of prototypes witli cutoff frequencies of 1 radian/sec. 
More complex transformations will then be introduced which permit 
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the design of a whole class of high-pass, bandpass, and band-elimination 
filters from these low-pass prototypes. The use of such transformations 
reduces considerably the amount of algebraic manipulation and numerical 
computation required to yield final data and eliminates the necessity 
for redundant expositions in the remainder of the chapter. It should be 
realized, however, that the filters generated from a basic low-pass filter 
by such transformations of variables do not always afford the most 
advantageous design for a given problem. Except for rather special 
applications, however, such filters are quite satisfactory and are widely 
used. 

9-7. Impedance Normalization.—The normalization with respect to 
the terminating impedances does not present any difficulty when the 
terminating impedances are equal. It is evident that the insertion loss 
of a filter remains unchanged when all the impedances of the system, the 

(a) (6) 
F I G . 9-12.— Impedance-level transformations in a low-pass filter. 

source and load impedances included, are multiplied by the same con
stant. Therefore, a filter designed to operate between 1-ohm termina
tions can be modified to operate between 72-ohm terminations by simply 
multiplying all the inductances and the resistances by R and dividing 
all the capacitances by R. In the case in which the terminating imped
ances are not equal, the basic design can still be used, but the impedance 
level of one side of the filter must be changed. In theory this can be done 
very easily by means of an ideal transformer, but in practice the behavior 
of an ideal transformer can be only approximated. In many practical 
cases, however, the ideal transformer can be lumped with other elements 
of the network. In other words, the network can be modified so that 
the proper change of impedance level is produced at the most con
venient place between the input terminals and the output terminals. 

A similar procedure must be followed when the basic design requires 
terminating impedances different from each other, whereas the specified 
impedances are equal. By way of illustration, consider Figs. 9-12a and 
9-13<z, which show the simplest basic designs for a low-pass filter and a 
bandpass filter, respectively. In the case of the low-pass filter, the basic 
design can be modified to operate between equal terminations only by 
means of a transformer (Fig. 9-126). Therefore, the original frequency 
response cannot be reproduced exactly since all practical transformers 
are frequency-sensitive. The bandpass filter, on the contrary, can be 
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transformed very easily as shown in Fig. 9-136 and c without any change 
of frequency behavior. Even in this case, however, the transformation 
is possible only if the coupled coils are practically realizable, that is, if 

.Ro 
2 > L 

W.L> > L2 (93) 

It turns out that this condition is satisfied whenever the band of the filter 
is greater than 1 radian/sec, that is, in all practical cases. For a further 
discussion of such changes of 

S^fywv 

mpedance level, the reader is referred to 
standard texts on network theory. 
It must be pointed out, however, 
that there is no straightforward 
procedure which leads in all cases 
to the desired result, and that 
the success of a network manipula
tion of this type depends to a 
certain extent on the ingenuity of 
the designer. 

9-8. Pass-band Normalization. 
Normalization with respect to the 
pass band and to the attenuation 
band reduces most practical filters 
to basic low-pass structures. 
From the mathematical point of 
view, such normalization consists 
simply of a change of variable. 
To study this question, consider 
first an arbitrary two-terminal-
pair network connected between 

a source and a load. The insertion loss, L(u), of the network is pro
portional to the logarithm of the magnitude of a real function of the 
variable jta; thus 

L(u) = 20 1og10 1/0)1. (94) 

But f(—jw) is the conjugate of f(jw) since the function (not the value of 
the function) is real. It follows that 

-Impedance-level transformations 
in a bandpass filter. 

L(w) = 20 log10 \f(ju)\ = 20 logl„ ! / ( - > , ) | = L(-oi ) . (95) 

In words, the insertion loss is always an even function of the frequency. 
Consider now the change of variable 

= ka (96) 

where k is a. positive constant. This substitution is obviously equivalent 
to a change of the frequency scale. The variable /.-co' enters in the func-
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tion L(ku') always in the combinations Lkw , Cka', and Mhos', and 
in those combinations only. Therefore, if «/ is considered as a real 
frequency, the function L(koi') is the insertion loss of a network obtained 
from the original one by multiplying all self-inductances, mutual induct
ances, and capacitances by the constant k. In particular, given the design 
of a low-pass or high-pass filter whose cutoff frequency is 1 radian/sec, 
the cutoff frequency can be altered to an arbitrary value uc by merely 
dividing the values of all the reactive elements by uc. 

Consider now another change of variable, namely, 

co = -k/u'. (97) 

This substitution has the effect of interchanging the origin with the point 
at infinity, and the positive axis with the negative axis. For instance, 

L 

-wt 

(a) "" (6) 
k 

Flo. 9-14.—Insertion loss of a low-pass and a high-pass filter. 

the insertion loss of a low-pass filter shown in Fig. 9 i 4 a is transformed 
into the function shown in Fig. 9-14b, which is obviously the insertion loss 
of a high-pass filter. When u>' is a real frequency, the change of variable 
of Eq. (97) transforms any inductive reactance oiL into a capacitive 
reactance — kL/a' and any capacitive reactance — l/uc into an inductive 
reactance a'/kC. Therefore, the function L( — k/w'c) shown in Fig. 9-146 
is the insertion loss of a network obtained from the original one by 
substituting for any inductance L a capacitance C" = 1/kL and for any 
capacitance C an inductance U = 1/kC. 

The presence of any mutual inductance in the original network would 
lead to difficulties, since there is no such thing as a mutual capacitance 
which can be substituted for a mutual inductance. A mutual inductance 
M can produce an inductive mutual reactance uM between two loops of a 
network without requiring any electrical connection between the loops 
(Fig. 9-15a). In order to introduce a capacitive mutual reactance in the 
same manner, it is necessary to use an ideal transformer as shown in 
Fig. 9156. The equivalent mutual capacitance of the coupling circuit 
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of Fig. 9-156 is equal to aC. As in the case of impedance transformations, 
the presence of an ideal transformer is very important from the con
struction point of view, but is immaterial as far as the theoretical work 
involved in the process of normalization is concerned. 

The transformation just described can be used to design a high-pass 
filter from a low-pass filter. If the constant k is made equal to the 
cutoff frequency of the low-pass filter, the high-pass filter will have the 
same cutoff frequency. Conversely, any high-pass filter can be reduced 
to a low-pass filter by the reverse transformation. By combining the 
transformations defined by Eqs. (96) and (97), any high-pass or low-pass 
niter can be derived from a low-pass filter with a cutoff frequency of 

1 radian/sec by uniform changes of 
the elements, regardless of the com
plexity of the structure. 

Finally, consider the change of 
variable Ideal 

(a) (4) 
!'IG. 9-15.—Mutual inductance and effec

tive mutual capacitance. V»o o> / 
(98) 

where both o>„ and k are positive constants. This substitution transforms 
an even function of w into an even function of &>' which has a geometric 
symmetry with respect to the points J = uj and u' = — w„. In fact, the 
points oil and —oi are transformed into the two pairs of points 

, _ _ co, lo)\ 
01 ~ 2k + yjw rh + M)! 

2k + 4P + <"»' 
/ _ U l 0>\ 

°l ~ 2k \ 4 F ih + W 

2k \4k~ 
1 _ I _ I ' V > 

Tiro + ("or 
The product of the points of each pair is 

">1<"2 = (.<•>!>), 

(99) 

(100) 

(101) 

which reveals the geometric symmetry involved in the transformation. 
The difference between the points of each pair is 

■>i/fc. (102) 

It follows that an insertion loss function L(u) such as the one shown in 
Fig. 9-14a for a low-pass filter is transformed into the function of a' 
shown in Fig. 9-16, which is obviously that of a bandpass filter. 
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The change of variable of Eq. (98) transforms any inductive reactance 
aLi into a reactance 

X = kL , (*' U'\ 
(103) 

This function is easily recognized as the reactance of the Beries-tuned 
circuit of Fig. 9-17a, in which 

L[ = kLh C> - 1 1 (104) 

Similarly any capacitive susceptance wC2 is transformed into a sus
ceptance, 

B = kC2w^ (-, - - » \ (105) 

which may be recognized as the 
susceptance of the parallel-tuned cir
cuit of Fig. 9-176, in which 

O j — <Cv/2, u = 
1 (106) 

In order to represent the coupling 
reactance 

■ A n kM< 
-U% -Ulg -U^ Ul{ Ulg <l£ U 

(107) F I G . 9-16.—Insertion loss of a bandpass 
filter. 

resulting from a mutual inductance M, it is again necessary to use an 
ideal transformer, as shown in Fig. 9-17c, in which 

aL'm = kM, C'm = l/Zi(«J)». (108) 

By the use of Eq. (98), a low-pass filter with a cutoff frequency of 1 
radian/sec is transformed into a bandpass filter with a bandwidth w equal 

Ci 
<̂ ™M(-° » f T > 

ci Ideal 
(a) W (c) 

F I G . 9-17.—Resonant elements. 

to l/k. Therefore, the design of a bandpass filter with mean frequency 
o>'a can be obtained simply by substituting for any inductance L i s, senes-
tuned circuit with elements 

L[ = L,/u/, C[ = 1/L'M)*; (109) 
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for any capacitance C\, a parallel-tuned circuit with elements 

C't = Ci/w', Li = 1/Ci(»;)»; (110) 

and for any mutual inductance M, a circuit such as the one of Fig. 9-17c 
in which 

aL'm = M/w, C'm = 1/KM*. ( I l l ) 

FIG of 
u/2 u> 
band-

The converse, however, is not in general true. Only a bandpass filter 
whose insertion loss has the proper 
geometric symmetry about the mean 
frequency can be reduced to a low-
pass filter. Thetransformation of Eq. 
(98) can also be applied to a high-pass 
filter having an insertion loss such as 
the one plotted in Fig. 9-146. The 
result would be, evidently, a band-
elimination filter whose insertion-ratio 
curve would look like the one shown 
in Fig. 9-18. The mechanism of the 
transformation and the equations 
relating the parameters are the same 
as in the case of the bandpass filter. 

By combining the changes of variable of Eqs. (96) and (98), it is possible 
to obtain a band-elimination filter from a low-pass filter. As in the 
previous case, the converse is not true. 

REACTIVE NETWORKS WITH SPECIFIED IMAGE PARAMETERS 

9-9. Designs Based on Lattice Structures.—The symmetrical lattice 
shown in Fig. 9-19 is, for two reasons, a very useful structure in filter 
design. First of all, it is the most general symmetrical network. In the 
second place, it lends itself to a simple synthesis 
procedure based on prescribed image parameters. 
Both properties become evident when Bartlett's bisec
tion theorem is applied to the lattice structure. The 
open-circuit and short-circuit impedances of half the 
network are simply 

u2 - % - w , 
•18.—Insertion loss 

rejection filter. 

Zg, dock — Za. ( 1 1 2 ) 

I" TO. 9-19.-- S y m 
metrical lattice. 

Since Z0 and Zb can be any two physically realizable impedances, it is 
evident that any symmetrical network can be reduced to a symmetrical 
lattice. Moreover, the image impedance is specified by the product 
ZaZi,, whereas the propagation function is specified by the ratio Za/Zb. 
i t follows that the two image parameters can be specified independently, 
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and the two impedances Za and Zb can be found from them without 
difficulty. In the case of nondissipative networks, Za and Zb are react
ances and can be realized in Foster form, in either Cauer form, or in any 
convenient combination of them. 

The design problems for nondissipative filters will now be considered 
in more detail. I t has been shown previously that Zoc and Zsc must have 
opposite signs in the pass band and the same sign in the attenuation 
band. The same is true for Zoch and Zsch since Eqs. (75) and (76) have 
the same forms as Eqs. (71), (72), (73), and (74). I t follows that either 
Za or Zh (not both) must be critical at the cutoff frequency. Moreover, 
the poles and zeros of Za and Zb must 
coincide in the attenuation band, , ^* f1 "fz "J* 
whereas in the pass band the poles of z i I j i j ( ^u 

Za must coincide with the zeros of Zb ( i ! | i 
and vice versa. A possible distribution J. } 1 } J. ^ 
of poles and zeros for a low-pass filter 4 T * , " T 
. f . „ . „ „„ Li Pass A, Art. w 
is shown in t ig . 920. f b a n d i band ' 

According to Foster's reactance F I G . 9-20.—-Distribution of poles 
theorem, a reactance is specified, except a"d ,zeros in ^e imPedanoe functions 

' . . . . . of a low-pass niter. 
for a constant multiplier, by the loca
tions of its poles and zeros. For instance, Za and Zb can be written, for 
the case of Fig. 9-20, as follows: 

Za = « " ^ ! ) ; (113) 
= kbU --up(a\ - ^ 

ju(o)\ - w2) 

The image impedance is then 

Z, = VZ^Zl = y/kJ„'-)jZ^=- (115) 
V ^ i — w2 

The ratio \/Za/Zb which determines the propagation function is 

^ " L Z ^ . (116) 

It will be noticed that Z, depends on the cutoff frequency a>i and on the 
other critical frequency u2 but not on wa. On the contrary, \ZZa/Zb 
depends on ui and u>„ but not on u2. This fact may be generalized in the 
following manner. The image impedance depends on the critical 
frequencies located in the attenuation band (cutoff frequency included) 
and not on the critical frequencies located inside the pass band. The 
ratio \/Za/Zb, on the other hand, depends on the critical frequencies 
located in the pass band (cutoff frequency included) and not on those 
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located in the attenuation band. This makes even more evident the fact 
that the image-impedance function and the propagation function can be 
specified independently. 

Equation (85) shows that the power ratio in the pass band is unity 
when Zt is equal to unity (for 1-ohm terminations). Therefore, the 
image-impedance function must be selected so that unity is approximated 
over the pass band in the best possible way. The larger the number of 
critical frequencies in the attenuation band, the closer the function may 
be made to approximate unity. However, the number of elements 
required in the filter also increases with the number of critical frequencies. 
Consequently, in general, some compromise must be made between 
performance and practicability. 

The attenuation function a becomes infinite when -\fZa/Zh = 1. 
Consequently, to obtain high off-band attenuation, the function \/Za/Zb 
must be selected so that unity is approximated in the best possible way. 
The approximation may be improved by increasing the number of critical 
frequencies in the pass band but only, as before, at the expense of increased 
circuit complexity. The procedure for determining the location of the 
critical frequencies that yield the best approximation will not be discussed 
here.5 

The symmetrical lattice is very useful for the basic design of filters, 
but is quite impractical as a final filter structure. For instance, the 
tolerances on the values of the elements are very strict, and the balanced 
form of the structure leads to difficulties in grounding the network. It 
is therefore necessary, once the basic design has been made, to develop 
the lattice into a more convenient structure—an unbalanced ladder, for 
example. This operation depends to a large extent on the ingenuity 
of the designer and, moreover, cannot always be performed since the 
lattice is a more general structure than the ladder. The lattice develop
ment will not be completely discussed here. Two basic steps, however, 
are sufficiently important to deserve attention. 

In the network of Fig. 921a, the open-circuit and short-circuit 
impedances of half the network are 

Z„lh = Z + Zh\ 

z^-z + z.1 (117) 

These impedances, on the other hand, form the arms of the lattice of 
Fig. 9-21 b. The network of Fig. 921a is thus equivalent to the lattice 
of Fig. 9-216. It follows that, if the arms of a lattice contain a common 
series impedance, this impedance can be taken out of the lattice as shown 
in Fig. 9-21a. 

The dual operation is shown in Figs. 9-2lc and d. The open-circuit 
and short-circuit admittances of half the network of Fig. 9-21c are 
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Y0Ch — Y + 11 
Ysch = Y + Ya 

(118) 

Again, these admittances form the arms of the lattice of Fig. 9-21d, and 
the two networks are thus equivalent. It follows that if the arms of a 
lattice contain a common parallel admittance, this admittance can be 
taken out and placed in shunt to both pairs of terminals. Both methods 
of lattice development can be used in succession to take out common 
poles and zeros of the two impedances Za and Zb. 

Another method of developing a lattice is based on the fact that the 
propagation function of a filter is entirely specified by the cutoff fre
quencies and by the locations of the infinite peaks of attenuation. The 
infinite peaks of attenuation can be divided among a number of lattices 
all having the same image impedance. These lattices, when placed in 

(0 (d) 
F I G . 9-21.—Two equivalent lattice structures and their duals. 

cascade, are equivalent to the original lattice since their combination has 
the same propagation function. The resulting lattices are then sepa
rately developed into more convenient structures. 

9-10. Constant-k Filters.—The method of design based on constant-^-
and m-derived structures was the first to be developed and because of its 
simplicity is still widely used when the design requirements are not too 
strict. For this reason, it will be discussed here in some detail. These 
designs will be treated as particular cases of the lattice structure. 
Although the meaning of conventional expressions such as "constant k" 
and " m-derivation" will be partially lost by such an approach, other 
more important concepts will be made clearer than they would be if the 
traditional derivations were followed. The discussion will be limited 
to low-pass filters designed to operate between 1-ohm resistances. All 
the other types of filters can be derived from these basic designs by means 
of the transformations described in Sees. 9-7 and 9 8 . 

Consider the simplest possible type of filter, that is, one with no 
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critical frequency other than that which separates the pass band from 
the attenuation band. There are two sets of reactance functions which 
may be used for Za and Zb. These functions are plotted in Fig. 9-22. 
The two functions of each set have opposite signs from a> = 0 to o> = 1, 
and the same sign from to = 1 to oi = * . The cutoff frequency is, 
therefore, 1 radian/sec, and the filter is of the low-pass type. The image 
impedance and the ratio \/Za/Zb are, for the functions of Fig. 922a, 

Z, = y/Z£h = VLaLi, V T ^ 7 2 , ./§? = J ^ ' - -. J" - -; (119) 

and, for the function of Fig. 9-22b, 

Z, = VZlZb = / * =., . /f-" = /£» 3<* . (i20) 

I t is evident that the functions corresponding to Fig. 9-22b are the 
reciprocals of the functions corre
sponding to Fig. 9-22a. There
fore, it is not necessary to carry 
further the design for the case of 
Fig. 9-22b. The final network for 
this case will be the dual of the 
network resulting from the func
tions of Fig. 922a. 

The product L„Lb is fixed by 
making the image impedance equal 
to unity at zero frequency. The 
ratio y/La/Lb specifies the location 
of the peak of infinite attenuation, 
since a = °o for s/-ZJZb = 1. 

F.„. 9-22.-Beh.vior of Z„ and \ for two If « = <* a t u = * , it follows t h a t 
simple filters. /,„ = L „ = 1. (121) 

This means that the functions Za and Zb of Fig. 9-22a are tangent at 
infinity where their slope is equal to unity. The resulting lattice is 

1 1 1 1 1 

(o) (b) (c) 
FIG. 9-23.—Transformation of lattice in Fig. 9-22a to an equivalent ladder structure. 

shown in Fig. 923a. This lattice can be developed following the method 
described in Figs. 9 21 and 9-22. First of all, the inductance is taken 

http://9-22.-Beh.vior
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out; the remaining capacitances in the b-arms of the lattice are in parallel 
and can be lumped together. These steps are shown in Figs. 9-236 and c. 
The dual network resulting from the functions of Fig. 9-22b is shown in 
Fig. 9-24. The propagation function for both filters is given by 

y = 2 tanh"1 

VT~-V 
1 + 

1 -

3" 

3<" 
(122) 

V i - «2 

The image impedance for the filter of Fig. 9-23 is 

o pCflTfipi-j o 

o'T 'T . 
FIG. 9-24.—Lad

der equivalent of 
l a t t i c e s t r u c t u r e 
shown in Fig. 9-226. Wlk = V l - «2, (123) 

and for the filter of Fig. 9-24 the image impedance is 

w» - vr^ (124) 

Plots of these functions are shown in Figs. 9-25a and 9-256. Tt will be 
noticed that the half sections obtained by bisecting the filters of Figs. 

w 

FIG. 9-25.—Image parameters for structures shown in Figs. 9-23 and 9-24. 

9-23c and 9-24 arc identical. It follows that the image parameters of the 
nonsymmetrical filter shown in Fig. 9-26, are 

Wn = V T = ^ , (125) 
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The power-loss ratio for the filter of Fig. 9-23c can be computed by 
substituting Eqs. (122) and (123) in Eq. (84), after noting that 

sinh2 yk = 4"-
tanh2 ^ 

(l-tanh^J 
-4co2(l - w2). 

Thus, after some algebraic manipulation, one finds 

1 + w6. 
PL 

(128) 

(129) 

The same expression is found for the filter of Fig. 9-24. 
The power ratio for the half section of Fig. 9-26 is found by sub

stituting Eqs. (125) and (127) in Eq. (89) and noting that 

cosh; 7 t 1 

1 - tanh2 ^ 
= 1 -

The final expression reduces to 

PL 1 + 4 « 4 

(130) 

(131) 

o—Tfinp-I 
F I G . 9-26.—Half 

section of struc
tures shown in Figs. 
9-23c and 9-24. 

The filters of Figs. 9-23c, 9-24, and 9-26 are usually referred to as 
j " constant-A;" structures. The name originates from 

the fact that the ratio k of the impedances of the 
series branch to the impedance of the shunt branch is 
a constant independent of frequency. 

9-11. m-derived Filters.—The physical meaning 
of the well-known process of m-derivation becomes 
evident when the operation is performed on a 

lattice structure such as the one of Fig. 9-27o. The impedance Za is 
multiplied by a positive constant m, while the impedance Zb is divided 
by the same constant, as shown in Fig. 9-276. The image impedance 
which depends on the product of the z mZ 

two new impedances Z'a = mZa and o » VVW ° 
Z'b = Zb/m remains unchanged. The X, / 
cutoff frequency also remains un
changed. The ratio Za/Zb, on the 
contrary, is multiplied by m2: ( o) (6) 

Z l 
Z'JZ'b = m\ZJZh). (132) 

(a) 
Fie. H-27.- -Illustration of m-derivation 

of a lattice structure. 

It follows that the ratio Z'JZ'b can be made equal to unity at any desired 
frequency in the attenuation band by properly adjusting the value of tn. 
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In other words, since a = cc for Z'JZ'b = 1, a peak of infinite attenuation 
can be produced at any desired frequency in the attenuation band. 

Application of this process of m m m 
m-derivation to the lattice of Fig. 
9-23a leads to the lattice of Fig. 9-28o 
which can be developed into the T-sec-
tion of Fig. 9-286. In this particular 
case, m must be smaller than unity 
since Za is larger than Zb. The func
tions Z'a and Z'b are plotted in Fig. 
9-29. The peak of infinite attenuation occurs at a frequency u, 
by the solution of the equation 

(a) 
F I G . 9-28.—Two equivalent forms for 

m-derivation of lattice in Fig, 923a. 

given 

which yields 
74 zi~m V«l - i i , 

-u 
The attenuation for a> = °o becomes 

ctk{ °°) = 2 t anh - 1 m = In 1 +m 
1 — m 

(133) 

(134) 

(135) 

The propagation function ykm = a + j/3 is plotted in Fig. 9-30. 
The process of m-derivation may also be 

applied to the filter of Fig. 9-24. The result
ing network shown in Fig. 9-31 is the dual 
of the network of Fig. 9-286. The image 
impedance of this filter is still given by Eq. 
(124) and its propagation function is the 

FIG. 9-29.—Z'a and Z\ for 
the m-derived section shown in 
Fig. 9-28.. 

F I G . 9-30.—Propagation function 
of an m-derived section. 

same as for the filter of Fig. 9-286. The power-loss ratio turns out to be, 
for both types of m-derived filters, 
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I 
- K - = i + 1 - (1 - m 2 V 

[SEC. Oil 

■ (136) 

2m I It is interesting to note that the ratio 
at the cutoff frequency (u = 1) is 
still equal to 2 as for the original 
filters of Figs. 9-23c and 9-24. 

The process of m-derivation is, 
traditionally performed directly on 

the T- and ir-structures as shown in Fig. 932a and b. The lattices of Fig. 
9-27 can be developed into the T- and ir-structures of Fig. 9-32, provided 
the following identifications are made: 

Z i 

F I Q . 9-31.—Dual of network shown 
in Fig. 9-28b developed by m-derived 
filter shown in Fig. 9-24. 

za = 
i 

h. 
2 

2 

2Z2 

+ 2 F , 

_2_ 

(137) 

(138) 

I t is seen that in the nonsymmetrical filters shown in Fig. 933 and 
obtained by bisecting the m-derived filters of Figs. 9-286 and 9-31, the 
image impedances Wu are still equal to the image impedances of the 

F I G . 9-32.—Traditional method of performing m-derivation on a T- or 7r-structure. 

o 

"1* 
o——— 

—nm'̂ -* c 

i c 
*2k~ 

( 

' 0 0 0 * -

m ) 
m 

0 
(o) (i) 

FIG. 9-33.—Two derived half sections corresponding to filters shown in Figs. 9-286 and 9-31. 

original constant-^ structures, and the propagation function yi.m/2 is half 
of the propagation function of the m-derived filters. The image imped
ances Wikm and Wum are 

Wzkm = 1 - a>2(l - co") 
W»[l oHl - u*)], (139) 
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Wlkm = vr TFi, 
1 - w 2 ( l - TO2) 1 - (1 - W2)c 

(140) 

It follows that if two identical half sections are connected in cascade as 
shown in Figs. 9-34a and b, the resulting symmetrical filters will have 
image impedances equal to W2i-m and Wu., respectively, and propagation 
functions equal to ynm as for the m-derived filters. 

r̂ nnr\ 

HH 
1 ~ 

innrs 

- X 2m 

(o) (6) 
Flfl. 9-34.--Arrangements at m-derived half sections with improved image impedances. 

The two image impedances Witm and Wzkm are plotted in Fig. 9-35. 
It is evident that these functions approximate unity better over the pass 
band than do Wu, and Wu- The process of m-derivation and bisection 
can be carried further by using the structures of Fig. 934 as starting 
points. The resulting structures can be again m-derived and bisected, 
and so on. This procedure leads to filters 
whose image impedances approximate 
unity to a better and better degree, over 
the pass band, and whose propagation 
functions have more and more peaks of 
infinite attenuation. 

It must be pointed out, however, that 
the image impedance and the propagation 
function cannot be specified independently. 
In practice, image impedances resulting 
from more than one, or at most two, 
?n-derivations are used very seldom. As 
far as the propagation function is con
cerned, the desired number of infinite 
peaks of attenuation is obtained by cas
cading m-derived sections having different 
values of w„. These sections have sim
ple constant-fc image impedances. If m-derived impedance is desired 
for the whole network, one section is bisected and the two half 
sections are placed at the two ends of the network as shown in Fig. 
936. The propagation function for this network is the sum of the 
propagation constants of the individual sections. The image impedance 

FIG. 9-35.—Image impedances of 
sections shown in Fig. 9-34. 
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of the whole network is equal to W2km- The image impedances of the 
individual sections at the four junctions are all equal to Wy,. If the 
image impedance and the propagation function have to be specified 
entirely independently, the lattice method of design must be used. This 
is particularly true when the required image impedance is not a simple 
function. 

F I G . 9-36.—Cascade of m-derived sections terminated in half sections. 

9-12. Limitations on the Use of Image Parameters.—The image-
parameter method of design fails when the design specifications are so 
strict that the effect of mismatched terminations cannot be neglected. 
In order to estimate the order of magnitude of such effects, the power 
ratio in the pass band must be considered. This quantity, given by 
Eq. (85), depends on the product of (Zi — 1/Z;)2 and sin2 /3. The 
quantity (Zi — 1/Z;)2 becomes infinite at the cutoff while sin2 /3 becomes 
zero. It has already been pointed out that the limit of the product of 
these two quantities is finite at the cutoff. In other words, the large 
value of (Zi — 1/Z;)2 is balanced by the small value of sin2 /3. However, 
if /3 changes so fast that sin2 ft becomes unity one or more times while 
(Zi — 1/Zr)2 is still large, sizable peaks of insertion loss will result. 

For a given image-impedance function and a given pass band, the 
tolerance on the loss depends primarily on the total change of /3 in the 
pass band, assuming for the moment that the rate of change of /3 is fairly 
constant. In fact, the larger the number of frequencies at which sin2 [i 
becomes equal to one, the closer one of these frequencies will be to a 
cutoff point. The number n of these frequencies is equal to one plus 
the number of poles and zeros of \/Za/Zb inside the pass band, (the 
cutoff points and the points co = 0 and co = » excluded), since (3 becomes 
equal to an integral multiple of TT every time \/Za/Zt, vanishes or becomes 
infinite. On the other hand, these poles and zeros are the parameters 
controlling the behavior of a in the attenuation band. For instance, the 
number of infinite peaks of attenuation, that is, the number of roots 
of the equation y/Za/Zh = 1 corresponding to real positive values of u, 
can be at most equal to n. I t follows that a large change of /3 is unavoid
able when a has to be very large in the attenuation band. 

When the behavior of the propagation function is considered in more 
detail, it is found that the rate of change of /} in the vicinity of a cutoff 
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frequency is usually larger than its average value over the pass band. 
This is particularly true when the attenuation rises steeply on the other 
side of the cutoff. This fact makes the situation even worse as far as the 
tolerance in the pass band is concerned. 

It may be concluded that, for a given image impedance, the tolerance 
in the pass band limits the attenuation in the rejection band and vice 
versa. In particular, there is an upper limit to the number of m-derived 
sections with a specified image impedance that can be placed in cascade 
if the loss in the pass band has to be kept within a specified tolerance. 
This tolerance can be improved by a better choice of image impedance 
but only at the expense of added complexity in the sections. A special 
case will be considered more quantitatively because of its practical 
importance in the microwave field; it is a filter composed of n identical 
sections in cascade. Let Zi and /3n be, respectively, the image impedance 
and the phase function of one section. The power ratio in the pass band 
is, for n sections, 

PL 
where 

&-i) 1 +l\Z' ~ V jsin-nPo = 1 + E;, (141) 

Pa 
PL 

(142) 

Then the ratio of this quantity for n sections to the corresponding 
quantity for one section is given by 

e2 sin2 nB0 

ef sin2 /30
 v ' 

Plots of s„/si for n = 3, 5, and 10 are shown in Fig. 9-37. 
Let the sections be, for instance, of the constant-/; low-pass type. 

The power ratio for one section is given by Eq. (129). The quantity 
z\ is then 

ej = u6. (144) 

The phase function /3o is given by Eq. (122) 

/?„ = 2 tan"1 = 2 sin-1 u. (145) 
\ / l — a2 

Plots of E2/e2 for n = 3, 10, and x are shown in Fig. 9-38. Figure 9-39 
shows the insertion loss, in decibels, for n = 1, 10, and » . It is evident 
from these curves that the pass-band tolerance becomes progressively 
worse as n is increased. 

The analysis of filters consisting of several sections in cascade has 
been carried out for the particular case of symmetrical sections. The 
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-Envelope n«o* 

Fio. 9-37.—Plot of function 5i£_!££. sin po 

F I Q . 9-38.—Plot of function 
sins (2n sin 1 op 
sin2 (2 s in - 1 OJ) 
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results, however, can be extended to the case of nonsymmetrical sections, 
provided the image impedances for any two pairs of terminals which are 
joined together are identical. The case of nonsymmetrical sections, 
however, is not sufficiently important to deserve a detailed analysis. 

It is evident from the preceding discussion that, for a given image 
impedance, bandpass tolerances smaller than several decibels will be 
difficult to obtain by the image-parameter method if high attenuation 
in the stop band is required. Such a tolerance is not objectionable in 
many low-frequency filters in which the tolerance is usually determined 
by the maximum allowable distortion of the signal, and very seldom by 
loss considerations. Unfortunately, the situation is otherwise in the case 
of microwave filters. In the first place, no satisfactory microwave 
amplifiers have been developed as yet, and consequently any reflection 

-Pass band -

10 

Envelope n=co 

0.5 0.6 
_i_ 
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F I G . 9-39.—Insertion loss for a cascade of constant-fc low-pass sections. 

losses in the pass band of a receiver filter are equivalent to a decrease in 
receiver sensitivity. Secondly, in microwave systems, and particularly 
in radar systems, it is often necessary to limit the frequency spectrum of 
the high-power transmitter. It turns out that the magnetron, which is 
the only high-power oscillator available at present, does not operate 
satisfactorily if the power reflected by the load is too large. In general, 
the power reflected must be less than Y$ of the incident power, correspond
ing to a voltage standing-wave ratio of less than 1.5. Moreover, since 
allowance must be made for small reflections in other components of the 
transmitting system, it is desirable to use filters that, in the pass band, 
produce a VSWR smaller than 1.2, or in other words, tha t reflect less 
than about 1 per cent of the power. This means that, neglecting the 
effect of dissipation, the insertion loss should be less than 0.04 db in the 
pass band. The problem is made even more complex by the effect of 
incidental dissipation; the input VSWR or the input reflection coefficient, 
rather than the insertion loss, must then be kept within a specified toler
ance. Such bandpass tolerances can be achieved with the image-
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parameter method only by using an image impedance that approximates 
unity sufficiently well within the pass band. Thus as the tolerance 
becomes stricter, one is forced to use more and more complex sections to 
achieve the required image-impedance function. In principle, such a 
procedure may always be carried out; but as the sections become more 
involved, one encounters practical problems of manufacturability, par
ticularly in the case of microwave filters, where mechanical design is 
complicated by the distributed nature of the components. Even then it 
is apparent that the components have not been used in the most efficient 
manner, since the design procedures based on the image-parameter 
method do not lead to uniformly distributed tolerances in insertion loss 
over the pass band. Of course, one may attempt to achieve a more uni
form tolerance by cut-and-try manipulation of the basic design, but such 
a procedure is very tedious and often fruitless. Consequently, in the 
case of strict design requirements, when reflection losses can no longer 
be neglected, a method for directly synthesizing a network having a 
prescribed insertion loss becomes necessary. Such a method is described 
in the succeeding sections. 

REACTIVE NETWORKS WITH SPECIFIED INSERTION LOSS 

A design procedure4 which does not suffer from the drawbacks of the 
image-parameter method has been developed for nondissipative networks 
by S. Darlington* of the Bell Telephone Laboratories. This method 
permits the determination of the elements of a reactive network from a 
knowledge of its insertion loss for specified resistive terminations. In 
the following discussion each termination, that is, the load resistance and 
source resistance, is assumed to be equal to 1 ohm. This assumption 
does not limit the generality of the results since either termination can 
be made independently equal to any desired value by means of appro
priate changes of impedance level. 

9-13. Physical Realizability of Insertion-loss Functions.—The first 
question to be considered is the physical realizability of the insertion-loss 
function. It is evident that not every function of frequency can be the 
insertion loss of an actual network. Therefore, it is necessary to deter
mine what restrictions must be imposed on a function of frequency in 
order to guarantee the existence of a network with such an insertion loss. 
The following analysis is limited to linear passive networks consisting of 
lumped elements only. 

First will be considered the conditions of physical realizability for a 
two-terminal-impedance function. It can be shown that any impedance 
(not necessarily reactive) must be a real function Z(ja>) of the imaginary 

* The following discussion of Darlington's method, which diverges somewhat from 
the original presentation, is due to E. A. Guillemin. 
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variable jw, and that this function is the ratio of two finite polynomials. 
A considerable amount of information about this function can be obtained 
by studying its behavior over the whole complex plane instead of on the 
imaginary axis only. Therefore, let p be a complex variable, 

V = " + >>■ (146) 

The function Z(p), which coincides with the physical impedance for 
a = 0, is a real function of the complex variable p. Since Z(p) is the ratio 
of two finite polynomials, it is a rational meromorphic function. 

By making use of the fact that the network is passive, it can be shown 
that Z(p) must be a positive real function (p.r.); that is, it must satisfy 
the condition 

Re [Z(p)] ^ 0, for a g; 0. (147) 

Several properties of Z(p) can be derived from this condition. The most 
important of these properties is that Z(p) has no poles or zeros in the 
right half of the complex plane. In other words, the roots of the two 
polynomials of which Z(p) is the ratio have nonpositive real parts. 

Brune2 showed that the p.r. condition is sufficient as well as necessary. 
In other words, any rational meromorphic function which satisfies Condi
tion (147) is necessarily the impedance of a physical network. Brune 
proved this theorem by developing a method of determining the elements 
of a two-terminal-pair network having the prescribed impedance. Dar
lington4 gave a different proof of this theorem and, at the same time, 
showed that any dissipative impedance can be realized by means of a 
nondissipative two-terminal-pair network terminated in a pure resistance. 
This second theorem forms the basis of the new direct method of filter 
design, by permitting the determination of a nondissipative filter having 
any given input impedance when a pure resistance is connected to tbe 
output terminals. This output resistance can always be made equal to 
1 ohm by means of an ideal transformer. 

The input impedance, however, is not a convenient function to specify 
in the case of a filter. It is necessary, therefore, to develop a method of 
obtaining the input impedance from the insertion loss and, at the same 
time, to derive the conditions of physical realizability for the insertion 
loss from the conditions that must be satisfied by the input impedance. 
This problem has to be solved -before the synthesis procedure can be 
discussed. 

In the network of Fig. 9-40, the voltage reflection coefficient T(p) at 
the input terminals is given by the well-known expression 

«» - wrlr ('«> 
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where Z(p) is the input impedance of the nondissipative network ter
minated in a 1-ohm resistance. The right half of the Z-plane becomes, 
in the T-plane, according to Eq. (148), the region inside a circle of unit 
radius centered at the origin. In other words, the absolute value of 
V(p) is smaller than unity when the real part of Z(p) is positive. The 
imaginary axis of the Z-plane transforms into the circle of unit radius in 
the T-plane. Consequently, 

|T(p)| g 1 for Re [Z{p)\ S: 0. (149) 

Since Z{p) is a positive real function, this inequality becomes 
1 , . |r(p)( g 1 for<rg:0. (150) 

Conversely, if the absolute value of 
T(p) is smaller than or equal to one, 
the real part of Z{p) must be positive 
or zero. I t follows that if Eq. (150) 
is satisfied by an arbitrary function 
T(p), the corresponding function Z(p) 

is necessarily positive real. Of course, T(p) must be a rational mero-
morphic function in order that Z(p) may be the impedance of a lumped-
element network. 

I t can be shown that if a function of a complex variable is regular in 
a region S, its absolute value at any point of S is smaller than or equal to 
the maximum absolute value over the boundary of S. This theorem 
can be applied to the function T(p) which must be regular for a ^ 0. 
Let S be the entire right half of the p-plane. Then, if the absolute value 
of T(p) is smaller than or equal to one over the boundary of S, that is, if 

¥ I G . 9-40.—Two-terminal-pair network 
with input impedance Z. 

then 
|r(j«)l ^ i, 

|F(p)| g 1, for (7 ^ 0. 

(151) 

(152) 

To summarize, if T(p) is a rational meromorphic function which is regular 
in the right half of the p-plane and satisfies Eq. (151), then the function 
Z(p) defined by Eq. (148) is positive real and consequently is a physically 
realizable impedance. 

The fact that Eq. (151) has to be satisfied is physically obvious, since 
the fraction of the incident power which is reflected at the input to the 
network at real frequencies, |r(ja>)|2, cannot be larger than 1. Equation 
(151), however, is a necessary but not a sufficient condition, since T(p) 
must also be regular in the right half of the plane. 

The power-loss ratio is defined as the ratio of the power available 
from the source to the power delivered to the load. Since the two-
terminal-pair network of Fig. 9-40 is nondissipative, the power reaching 
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the load is the difference between the power incident from the source and 
the power reflected. It follows that the power-loss ratio is 

Po 1 ^ 1. (153) pL i - |ro«)|' 
The insertion loss for equal terminations is simply 

L = 10 log10 —■ (154) 

Since T(ju) is a real function of ju, the square of its magnitude must be 
an even real function oi u, that is, a real function of a>2: 

|rtfu)|» = r y u ) -T(-ju). (155) 

Moreover, l'(p) is a rational meromorphic function of p, and must satisfy 
Eq. (151). It follows that |r0'w)|2 must be of the form 

| r W 1 " = JVK) + Af (»,')• ( 1 5 0 ) 

The polynomials Af(w2) and N(u-) must be real and nonnegative for all 
real, nonnegative values of u2. In terms of these quantities, the power-
loss ratio becomes simply 

Po _ N(^) + M ( ^ ) _ M(u,2) 
Px. A^o,2) """^(w2) ' U ° ' ; 

It will be shown later that N(o>?) must be the square of either an even 
or an odd polynomial in &>. This condition, however, can be satisfied 
without imposing any further restriction on the function representing the 
power-loss ratio. In fact, it is sufficient to multiply both the numerator 
and the denominator of Eq. (157) by all the root factors of JV(w2) that 
have odd multiplicity. It follows that no loss of generality results from 
rewriting Eqs. (156) and (157) as follows: 

Po _ />(*>») + Q*(o>) _ , , P("2) ,. „ . 

pi ~ ww) _ + WM' ( ' 
and 

| r ° ' c o ) | 2 = FmrwM=, i QW (159) 
+ P(a,2) 

The even polynomials P(u2) and Q2(&>) must be real and nonnegative for 
all real values of <o. 

9-14. Determination of Input Impedance from a Prescribed Insertion 
Loss.—It remains to be shown that for any function of the type repre
sented in Eq. (159) it is possible to find a function T(p) which is regular 



584 TUE THEORY OF MICROWAVE FILTERS [SEC. 9-14 

in the right half of the p-plane. In other words, it must be shown that 
the conditions imposed on |r(jw)|2 are sufficient, as well as necessary, for 
the determination of T(p). This proof will consist of giving a method for 
obtaining from |r(JOJ) |2 a function T(p) which is regular in the right half 
of the p-plane.6 Let 

r(p) = !riv' <16°) 
W2 +■ V 2 

where u\, u2 are even functions of p, that is, polynomials with even powers 
of p, and Vi, v2 are odd functions, that is, polynomials with odd powers of 
p. It follows from Eq. (159) that 

\n\ -
u\ -

- v \ ] 
-v\\ - -

(MI + vi)(ui 
. («2 + V2)(u2 - f . ) J p=jw 

P(<*2) 
P("2) + Q » 

(161) 

By substituting — p2 for &J2 in P(w2) and Q2(«), the following two equa
tions are obtained 

P ( - p 2 ) = (MI + i>i)(«i - vi), (162) 
P(-p') + Q'K-JP) = («* + »>)(«. ~ vt). (163) 

It should be noticed that, for p = ju, (u-\ — «i) and (u2 — v2) are con
jugates of (wi + vi) and (u2 + v2), respectively. 

First, the function u2 + v2 will be determined. The polynomial of 
Eq. (163) can be expanded in a product of root factors as follows: 

P ( - P 2 ) + QK-JP) = HP2 - P 5 ) ( P 2 - pi) • ■ • (PC - Pi), (164) 

where A: is a real constant and p\, p\, p2 are the roots of the polynomial in 
the variable p2. The roots p2 can be either real or complex. If they are 
complex, they must be present in conjugate pairs pi and (pi)*, since the 
coefficients of the polynomial are real. Any pair of conjugate roots 
results in two root factors which can be expanded as follows: 

[p2 - P2J[p2 - (Pi)*] = [(P ~ P.)(P ~ P*)][(P + P.)(p + P*)]- (165) 

The location in the complex plane of the four p-roots resulting from the 
pair of conjugate p2-roots is shown in Fig. 9-41. On the imaginary axis, 
that is, for p = jo>, the product (p — pr)(p — Pv) is the conjugate of 
the product (p + p,) (p + p*). In fact, these products can be developed 
as follows: 

(p - p,)(p - p*) = [-a, +j(oi - <*,)][-<r, +i(co + «,)] ,1 6 („ 
= [<r2 — (w2 — O)2)] — J2UOT„, 

and 
(P + P,)(p + P*) = W, + j ( « + u,)][<r, + j(oi - w,)] . . 

= [„« - (co2 - u2)] + fio*.. *■ ' ' 
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•p 

•p* 

*-p* 

a 

-Py 

Therefore, the right-hand side of Eq. (165) can be split into two parts, as 
indicated by the square brackets, which are conjugate on the imaginary 
axis. The product of these two parts is thus real and positive for p = jo>. 
Any double real p2-root is a degenerate case of a pair of conjugate roots 
to which Eqs. (166) and (167) are applicable. 
It follows that the corresponding root factor 

[p2 - P2,]2 = lip - p.)(p + Pv)]2 (168) 

is nonnegative for p = ju. 
Any negative real root, pi = (joi,)2, must 

be of even multiplicity. In fact, if the root 
were simple, the factor [ — OJ2 + w2] would be 
negative for w2 > «2 and positive for a>2 < u2„ 
and thus violate the assumption that 
P(u2) + Q2(o>) is nonnegative for nonnegative *"«*■ 9 *i-—A quadruplet of 
va lues Of a,2. conjugate roots. 

Any nonnegative real root p2 = a\ of odd multiplicity results in a 
factor (p2 — <r2) which is negative or zero for p = ju. Since 

P{rf) + Q2(<o) 

is nonnegative by assumption, the total number of nonnegative real roots 
of odd multiplicity must be even; otherwise the constant k of Eq. (164) 
must be negative. Since (p2 — a]) is negative, it is obviously impossible 
to express it as the product of two conjugate root factors. However, 
it is possible to associate a minus sign with all such roots provided a 
minus sign is also associated with k when the number of such roots is odd. 
Any such factor can then be expanded into a product of two factors which 
are conjugate for p = jio 

- ( p 2 - d) = [ - ( p - <r.)]\p + * , ] . (169) 

This product is, of course, real and nonnegative for p = j<a. 
It can be concluded that Eq. (164) can be written as the product of two 

groups of factors that are conjugate on the imaginary axis of the p-plane. 
Because of this property, the two groups can be identified with the two 
polynomials (w2 + fj) and (w2 — Vi). Each polynomial contains, as a 
multiplier, the constant y/k if k is positive, or y/~k if k is negative. The 
two conjugate factors resulting from any pair of conjugate pi roots 
(double real roots included) or from any single nonnegative real root can 
be placed arbitrarily in either polynomial. However, all the zeros of 
the polynomial (w2 + ^2) must be in the left half plane since the function 
V(p) must be regular in the right half plane and on the imaginary axis. 
Therefore, all the factors (p ± p„) in which the real part of (±p„) is 
negative must be placed in the polynomial (w2 + Vi), and all the other 
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factors, in which the real part of (±p») is positive, are placed in the 
polynomial (u2 — v2). The real part of the p, can never be zero; that 
is, there cannot be any negative real root pi = — ul, for then 

P («») + Q«(«) 

would vanish and T(jw)\2 would become infinite for a = u„ contrary to 
the assumption made at the beginning of this discussion. 

Equations (165), (168), and (169) ensure that the separation of the 
two polynomials can be performed. Therefore, the polynomial (M2 + »») 
in the variable p can be determined in all cases from the polynomial 
P(oi2) + Q2(oi) by following the procedure outlined above. This pro
cedure does not present any difficulty once the pi roots of 

P(-P2) + Q ' ( - JP) 

are known. The polynomial (ui + Vi) can be determined in the same 
manner from the function P(u2). In this case, however, the zeros of 
(MI + Vi) can be anywhere in the p-plane. It follows that the poly
nomials («i + Vi) and (u2 + v2) can be separated in more than one way, 
and, therefore, the result is not unique. In most practical cases, however, 
all the zeros of P(a2) occur for real nonnegative values of «2, that is, the 
real part of all p„-roots is zero, and, therefore, the polynomial («i + t>i) is 
unique. 

9-16. Specification of a Network with a Prescribed Input Imped
ance.—It may be concluded that a physically realizable function T{p) 
can be obtained in all cases from a power-loss function PO/PL which 
satisfies the necessary conditions discussed before. It follows that these 
conditions are sufficient as well as necessary. The requirement on the 
regularity of T(p) is automatically satisfied when the polynomial 

(«2 + Vi) 

is properly determined. The input impedance of the nondissipative 
network of Fig. 9-40 can be found readily from T(p) by means of the 
equation 

71 \ - * + r(P) = («2 + V2> + (Ml + Vl) _ (Ml + Uz) + (Vi + V2) . . 
Z ( P ) ~ 1 - T(p) (U , + V& ~ (Mi + Oi) (U, - Ui) + (l>, - Oi)" k ' 

For convenience, let 
Ml = M2 + Wi Ui = Vi + Vi (171) 
?n2 = M2 — ui n2 = f2

 — Vi (172) 

so that Z(p) can be written as 

Z{P) = ^1+Jtl. (173) 
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At this juncture, further development depends on whether Q(ai) is even 
or odd. If it is assumed for the moment that Q(w) = Q( — p2) is an even 
function, the input impedance can be expressed in terms of the open-
circuit and short-circuit impedances of the nondissipative network as 

Z ( p ) = Z.ci f^±l = ^ + l i = »i ^ (i74) 
Z„2 + 1 m.2 + n2 itzrrh 

rit 
This equation leads to the identifications 

^ o e l — 
n-2 

7 rii 

m i 

■7 _ m = 

n2 

«2 — vi 
V2 + Vi 

M2 + Mi ' 

M2 — Mi 

V2 — Vi 

(175) 

(176) 

(177) 

The three open-circuit impedances Zu, Zi2, Z22 and the three short-circuit 
admittances Yn, Y12, Y22 can be obtained without difficulty from Eqs. 
(175), (176), and (177). Thus, 

„ mi M2 + Mi 
^ 1 1 = — = Z22 = 

V(«i 

/ 22 = 

V(«i 

m2 _ 
n 2 

- « ? ) 
V2 — 

m,i 

rii 

- « ? ) 

M 2 

*>2 

-
V l 

M2 

Vl 

-

~ Mi 
J 

— Vi 

( « * -

+ Mi 
+ Vi 
( » i -

1 

»?) 

j 

«5) 

Q ( - P 2 ) . 
»2 — f l ' 

Q(-P 2 ) 

(178) 

(179) 

(180) 

nsn 

n 2 t>2 — f i 

„ V"i i" i i — 711̂ 2 _ y/(ul Z12 n.2 
v m2 M2 — Mi 
in — — = ■ 1 ' 

«1 Vi + Vi 
v _ \Zmim2 — tiirii 

12 Mi V2 + Vl V2 + Vi V """ ' 

It remains to be shown that the impedances and admittances defined 
above are separately physically realizable, and that they collectively 
satisfy the conditions of physical realizability for a two-terminal-pair 
reactive network. I t can be shown by means of function theory that the 
ratio of the even part of either polynomial forming Z(p) to the odd part 
of either polynomial behaves exactly like a reactance function. This 
property results from the fact that Z(p) is a positive real function. I t 
follows that all the driving-point impedances and admittances defined 
by Eqs. (175) to (181), inclusive, are physically realizable. The poles 
of the transfer impedance Z12 and of the transfer admittance Y12 coincide 
with poles of Zu and Z22 and with the poles of Yn and F22, respectively. 
This property together with the fact that both numerators are even 
polynomials guarantees the physical realizability of Zn and Yu. It 

file:///Zmim2
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can be shown also that the residues fen, k22, k12 of Z n , Z22, Zi2for any one 
of their common poles satisfy identically the equation 

kuk22 - k,\ = 0. (182) 

This equation guarantees the physical realizability of the two-terminal-
pair reactive network defined by Zn, Z22, and Zi2. The same equation is 
satisfied by the residues of Yn, Y22, and Fi2. 

It was pointed out, in connection with Eq.r(157), that the polynomial 
N(a2) had to be the square of either an even or an odd polynomial Q(u). 
Equations (179) and (181) justify this requirement since -\/N(w'2) appears 
in the numerators of Zl2 and F i 2 . Now Zi2 and Yn have been shown to 
be physically realizable if Q(&>) is an even polynomial, but this is not true 
if Q(«) is an odd polynomial. In fact, the ratio of two odd polynomials 
is an even function and, therefore, cannot be physically realized as a 
transfer impedance or a transfer admittance. When Q(u) is equal to 
Q( ~JP)i a n °dd function, Eq. (174) may be manipulated in an alternative 
fashion to obtain 

^ 3 + 1 
v , N y Z , „ + 1 TOi + Ml t i l l l i . - „ . 
Z(P) = /j„r\ y j 7 = j = (*"•!) 

Zoc2 + 1 m2 -\- n2 TO? n-i ■— + 1 
1712 

Phe following identifications can be made: 

= ni = v1±vlj ( l g 4 ) 

m 2 M 2 — Mi 
TOl M2 + Mi , . 

Z"2 = ^ = WTTi' (185) 

ZQC2 = ^ 1 = ^ - ^ . (186) 
m2 M 2 — Mi 

Equations (178) to (181), inclusive, are then replaced by 

Zn = Hi. = ?1±1±, Z22 = ^ = V-^±, (187) 
m2 u2 — Mi '— » ■ — " ■ ■ 

i /22 — 1 m2 u2 — Mi 

V-QK-iv) JQ(-
U2 — Mi U2 -

v nl v2 + vi 
mi u2 + Mi 

V-Q'l(-jp) JQ(-

-iv) 
- Mi 

~JP) 

Zl2 = m2 —TT-^T. --Z—TTT, (188) 

y l x = ^ = £LZ-H, F22 = — = ^ ^ > (189) 
nil u2 + Mi "" -. . -1- "... 

_ F l 2 = y^ lE^ = v ■« v , . , = , _ ^ _ ^ . (190) 
Wli U2 + Ui Mo + Mi 

The numerators of Z !2 and Fi2 are odd functions of p. I t should be noted 
that the imaginary unit results from the fact that Q( —jp) is an even func
tion of p multiplied by —jp. The denominators of Z12 and Yi2 are even 
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functions of p. It follows that Zi2 and Yi2 are odd functions of p, and 
are, therefore, physically realizable. I t can be shown that also in this 
case the residues of Zu, Z22, and Z12 at any common pole satisfy Eq. 
(182). The same is true for the residues of F n , F22, and Fi2. It follows 
that the nondissipative network defined by Eqs. (187) to (190) is physic
ally realizable. 

9-16. Summary of the Method of Designing Reactive Networks with 
Specified Insertion Loss.—The major steps in the design of a reactive 
network with specified insertion loss are summarized below for the 
convenience of the reader. 

1. The input impedance Z{p) must be a rational meromorphic func
tion which is positive real. 

2. In order to satisfy Condition (1), the reflection coefficient T(p) 
must be a rational meromorphic function, regular in the right half 
plane and satisfying the inequality 

|T(p)[ g 1 for<r g; 0. (191) 
3. Condition (2) can always be satisfied if 

P0 _ M(^) 

K~l + Ay)' (192) 

where the polynomials M and N are nonnegative for real values 
of oi. 

4. If 

then by writing 
iV(«2) = Q2(u), (193) 

T(p) = ul±^, {m) 
u2 + v2 

where U\, u2 are even and Vi, v2 are odd functions of p, it is possible 
to determine (MI + vi) and (u2 + i>2) from the roots of the polyno
mials P(u2) + Q2(u>) and P(u2), respectively. 

5. Finally, from Mi, VI, u2, v2 it is always possible to determine at 
least one set of open-circuit impedances (or short-circuit admit
tances) specifying a two-terminal-pair reactive network having 
the prescribed power-loss ratio P0/PL- Succeeding sections will 
discuss the appropriate selection of the power-loss-ratio function 
and the synthesis of the two-terminal-pair reactive network speci
fied above. These steps will complete the solution of the original 
synthesis problem. 

SELECTION OF POWER-LOSS RATIOS 
9-17. Selection of Polynomials P(co2) and Q2(u).—The selection of 

the polynomials P(u2) and Q2(u) depends on the purpose for which the 
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filter is designed. Moreover, practical considerations concerning the 
physical structure of the filter may place further requirements on the two 
polynomials. Microwave filters are designed, at present, to provide 
frequency discrimination without regard to transient response. It 
follows that the ratio PL/PO must approximate unity in the pass band and 
zero in the attenuation band. Physical intuition tells one that the best 
function for this purpose is that for which all the minima in the pass band 
are equal and all the maxima in the attenuation band are equal. More
over, it seems evident that there should be as many frequencies of zero 
loss (PL/PO = 1) and infinite loss (PL/PO = 0) as the degrees of the 
polynomials used permit. Since the zeros of P(«2) are evidently fre
quencies of zero loss and the zeros of Q?(u) are frequencies of infinite loss, 
it follows immediately that all the o>2 roots of P(V) and Q2(w) should be 
real and nonnegative. Fortunately it turns out, as will be shown later, 
that this condition guarantees that the network will be physically 
realizable in the convenient form of a ladder structure. The numbers of 
zeros of P(w2) and Q2(w), that is, the degrees of the polynomials, can be 
specified independently. Therefore, it seems logical to consider first 
the case of Q2(u) = 1. The case of P(u2) = 1 can be treated in a similar 
manner. If Q2(«) = 1, the loss can be infinite only for u = <x>, when 
P(u2) becomes infinite. All the zeros of the polynomial P(w2), on the 
other hand, must be in the pass band and must be separated by equal 
maxima. These requirements can be met by using Tchebysheff poly
nomials of the first kind, properly modified for this purpose. 

9-18. Tchebysheff Pass-band Behavior.—Consider the function 

r„(co) = cos (n cos-1 w) = Re [(&> + j \ZT^^)n}. (195) 
This function oscillates between — 1 and 1 as w is increased from — 1 to 1. 
At the two ends of this band, 

Tn(l) = 1, ] 
r ( - 1 for n odd. [ (196) 

| 1 for n even. ) 
The n zeros of T„(w) occur for |u>| < 1. When \u>\ > 1, cos -1 w is imagin
ary, and the magnitude of Tn(u) becomes larger than unity and, in fact, 
approaches infinity as the nth power of OJ. 

The right-hand side of Eq. (195) can be expanded in the form of a 
polynomial for integral values of n. The recurrence formula 

TVH = 2wl\ - T„_i (197) 

provides an alternate method of obtaining the same polynomials. Table 
9-3 gives these polynomials for values of n from 1 to 8. The polynomials 
T3(u) and 71

1(o)) are plotted in Fig. 9-42. 
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TABLE 9-3.—TCHEBYSHEFF POLYNOMIALS 
T\{w) = u. 
r 2 ( u ) = 2«2 - I . 
T3(u) = 4u3 - 3a>. 
Tt{u) = 8w' - 8o>2 + 1. 
Tb(u) = 16o;s - 20w3 + 5w. 
TeM = 32a,6 - 48o>4 + 18u2 - 1. 
Tv(w) = 64a;7 - 112^ + 56a>3 - 1u>. 
T,(w) = 128w8 - 256u6 + 160a,4 - 32u2 + 1. 

The Tn(a>) functions, when squared and mult ipl ied by an a rb i t r a ry 
positive cons tan t /iJ, p rovide polynomials sui table for use as P(co2) in t he 
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F I G . 9-42.—Plots of the functions T,(w) and T<(u). 

case of low-pass filters. In fact, /t27'2(oj) is an even polynomial whose 
value oscillates be tween zero and h} in t he band — 1 < <x> < 1. All t h e 
o>2 roots are real and posi t ive since t h e y coincide wi th t he n roots 

T„(a) = 0. 

The power-loss ra t io and the square of t he m a g n i t u d e of t he reflection 
coefficient are then 
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|r(> 

1 + A»ri(u), (198) 

(199) 
i + P(u

2) i + A»r*(«) 
The functions T\ and T\ are plotted in Fig. 9-43. The tolerance of the 
power-loss ratio PO/PL in the pass band is 

s2 = A2. (200) 

For small values of h2, the maximum insertion loss in the pass band is 
approximately 

Lm„ « 4.23fc2. (201) 
For large values of w, the power ratio approaches the asymptotic value 
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It follows that the ratio of this 
asymptotic value to the tolerance 
in the pass band is independent of 
b? since 

1 Po 
PL 

= \ (2- ) 2 (203) 

Thus, the tolerance in the pass 
band can be improved only at the 
expense of the loss in the attenua
tion band, or vice versa. The 
integer n may be considered as an 
over-all figure of merit of the 
filter. I t can be shown that no 
polynomial P(o,2) of 2n degree in 
a can lead to a ratio 

1 
-1.2 -0.8 

.1 IG. 9-43.— 

0.4 1.2 
El 
PL 

Plots of the functions 7V(w) and 
7V(u>). 

larger than !(2w)2". 
Once P(oi2) is chosen, its zeros 

must be found together with the zeros of the polynomial 1 + P(">2), as 
required by Eqs. (162) and (163). Fortunately, Eq. (195), which defines 
the function T„(w), permits a direct determination of these zeros. The 
double zeros of h2Tl(w) occur for 

n cos - 1 w (i + mv) (m = 0, 1, 2, 1); (204) 
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that is, for 

---■*-«*(£ +5*} (205) 

The zeros of 1 + h2Tl(o>) occur for 

cos (n cos - 1 a) = ±JT', (206) 

that is, for 

n cos"1 U = f ̂  + m7r 1 - j sinh - 1 ( ± r ) (w = 0 ,1 , 2, • • • , n — 1); 

(207) 
or 

--°»[fe + ?')-^Binh-l(±i)} (208) 
9-19. Tchebysheff Behavior in the Attenuation Band.—The case of 

P(o)2) = 1 can be treated in the same manner, and leads to Tchebysheff 
behavior in the attenuation band. The polynomial hTn(w) can be 
identified with Q(oi) so that the power ratio becomes 

K - 1 + ^ b - 1 + sroj- (209) 

The corresponding expression for the square of the magnitude of the 
reflection coefficient is 

i w - rr-ko -1 + *W (210) 

The function h2Tl(u) is small for |o>| < 1 and large for \u\ > 1 so that the 
ratio PO/PL approximates unity at high frequencies. The filter having 
such a power-loss ratio is, therefore, of the high-pass type. The zeros 
of rj(«) yield peaks of infinite loss; PO/PL on the other hand approaches 
unity at high frequencies when h2Tl(u) approaches infinity. The 
minima of PO/PL for |u| < 1 are all equal to the value of the ratio for 
u = 1. 

l+^ = l+i (211) \_PL]U=1 

A low-pass filter may be derived from the high-pass filter by following the 
procedure discussed in Sec. 9-8, or by substituting — 1/w' for o> in Eq. 
(209) to obtain 
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Consider now the case in which both P(u?) and Q2(u) differ from unity, 
that is, the case in which there are several frequencies of infinite loss as 
well as several frequencies of perfect transmission. The desired type of 
behavior for the insertion loss is shown in Fig. 9-44. Consider the 
function 

F( A _ PM - M to ~ "')'("* ~ "2>2 • ' " « - ' ~ "2)2 ow t{u > Q » ( « ) n (i - *wm - «*x)» • ■ ■ a - <4n-i^)* { ' 
which satisfies the conditions of physical realizability for arbitrary 
positive real values of the ul; it can be shown that this function has the 
desired Tchebysheff behavior in the attenuation band as well as in the 
pass band if the uj are chosen as follows: 

(0 6.5 = ksn*l^J, (214) 

where k is a positive real constant smaller than unity. The function 
sn(u) is the Jacobean elliptic function7 of modulus k defined by the two 
equations 

$n{u) = sin <j>, (215) 
d £ (216) ~r. V l - k* sin2 | 

The constant K is the complete elliptic integral of modulus k defined by 

K = I"'72
 t

 d* (217) 
Jo V l - k* sin2 ? 

The insertion loss corresponding to the function defined by Eq. (213) is 
sketched for n = 2 in Fig. 9-44o. The maxima in the pass band (u < 1) 
are equal to the value of the function for u> = y/k. 

4 = F(k) = F(0) = AV*»3 ■ ■ • «,,„_,]*. (218) 

The minima in the attenuation band are all equal to 

I = hi 
e2 ~~ e 2 ' 

(219) 

hw-wsh (220) 

It follows from Eqs. (218) and (219) that the product e2e| is fixed by the 
value of n, that is, by the degree of P(o>2) and Q2(u). Thus, 

44 = [<olU3 ■ ■ ■ «2n-i]4. (221) 
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The value of k determines the width of the transition region between pass 
band and attenuation band. The width of this region is 

A" - $n - ^ - ^ r (222) 

Evidently, a large value of k results in a sharp cutoff. When k ap
proaches unity, however, o)„ approaches k, and consequently the product 
ŝ ej; also approaches unity. Since this product is a measure of the toler
ance in both bands, it can be concluded that, for a given n, the rate of 
cutoff cannot be increased indefinitely except at the expense of increased 
tolerances. In addition to this theoretical limitation on the choice of k, 
there are certain practical limitations. First, the incidental dissipation 
is particularly effective in reducing the peaks of attenuation when such 
peaks are close to cutoff. In the second place, the adjustment of the 
filter elements is very critical when k is large. These factors should be 
taken into consideration in any practical design. 

The function F(u2) whose corresponding insertion-loss function is 
sketched in Fig. 9-44a is the square of an even function of u. On the 
other hand, the function F'(co2) that corresponds to the insertion-loss 
function sketched in Fig. 9-44b is the square of an odd function of u. Let, 
then, 

w,, « _ h, " ' f a ' - "')'("S - " ' ) ' • • • (u»l. - <*2)2
 r9TO 

* {i0 ' - h~ ( i - c o i « » ) » ( i - « ! « > ) * ■ • ■ (l - < « * ) « " {iU) 

This function is seen to satisfy the conditions of physical realizability. 
Tchebysheff behavior can be obtained by choosing the oil as follows: 

*-* m , 5nFT (224) 

Figure 9-446 is a sketch of the insertion loss corresponding to F'(w2) for 
n = 2. 

The maximum values of F'(u !) for |w| < 1 are all equal to F'(k) and 
are given by 

tl = F'{k) = A»*[«lUlMi • ■ • W2„-,]4, (225) 

** ~ ** _ „._4 f ( 2 n + l - , ) g 
1 - ulk ~ k m [ 2n + 1 

(226) 

The minimum values of F'(«2) for \a>\ > 1 are all equal to F'(l/k) and are 
given by the expression 
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It follows that the product ejiejj is independent of h. Thus, 
E*S| = W[ulU3cos • • ■ «,„_!]». (228) 

Since the considerations on the value of k made in connection with F(u2) 
apply also to the case of F'(w2), no further discussion is required. 

The zeros of the polynomial P(u2) are the ul appearing in the numer
ators of F(w2) and F'(co2). The determination of the zeros of 

P(^) + Q*{u), 
that is, of the roots of the equations 

F(u)2) + 1 = 0 , F'{^) + 1 = 0 (229) 

does not present any serious difficulty. The procedure, however, involves 
the use of certain properties of elliptic functions which, for the sake of 
brevity, cannot be discussed here. The reader is referred to the original 
paper by Darlington4 or any standard treatise on elliptic functions.7 

PHYSICAL REALIZATION OF SPECIFIED REACTIVE NETWORKS 

9-20. Properties of Ladder Networks.—The next step in the design 
of a filter is the determination of a two-terminal-pair reactive network 
whose impedances Zn, Z22, and Zi2 or admittances Yu, F22, and F J 2 are 
specified. Such a network can be obtained without difficulty in the form 
of a canonic T- or II-structure.6 In practice, however, the branches of 
these structures are very difficult to construct, particularly in the case 
of microwave filters. Darlington4 of the Bell Telephone Laboratories 
has developed a general method of synthesis that permits the realiza
tion of the network in the form of a cascade of a number of sections, each 
of which corresponds to a pair of conjugate zeros of Zi2 or Fj 2 . Such a 
cascade structure turns out to be satisfactory in most practical cases. 
Darlington's general method of synthesis, however, is not discussed here 
because most microwave filters fall in a special class for which the syn
thesis procedure is considerably simpler. In general, it is desired to have 
as many peaks of infinite loss as possible for a given number of elements. 
These finite frequencies at which the loss is infinite are the zeros of Q(a) 
and, therefore, are also the zeros of Z12 and Y12. Under these circum
stances, that is, when the zeros of Z12 and F ! 2 occur for finite imaginary 
values of p, the filter can be realized as a simple ladder structure. 

Consider the ladder structure shown in Fig. 9-45. Let Z'lt, Z'21, Z(2 
be its open circuit impedances. It can be shown that all the zeros of 
Z'n are at real frequencies which coincide with the resonance frequencies of 
the shunt branches. Furthermore, Z'w Z'22, and Z'l2 have the same poles, 
at finite frequencies, and the residues at these poles satisfy the equation 

knkn - k\2 = 0. (230) 
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This equation is also satisfied by the residues at the internal poles of 
Ziu Z22, and Z12 for the network to be synthesized. This fact does not 
mean that the internal poles of Z u , Z22, and Z12 must always coincide, 
for Eq. (230) can be satisfied if kn = fcJ8 = 0 while ku 5* 0. However, 
if it is assumed for the moment that all the finite poles of Zu, Z22, and Zu 
do coincide, and furthermore that it is possible to design a structure of 
the type shown in Fig. 9-45 for which Z n = Zn and the zeros of Z'n 
coincide with the zeros of Zn, it follows that Z12 and Z'12 must also have 
coincident poles, and, therefore, can differ only by a constant multiplier 
which can be made equal to unity by a proper choice of the value of a. 
If Zu = Z'n and ZJ2 = Z'l2, the residues at the internal poles of Z22 must 
be equal to the residues at the poles of Z22 since the residues for both sets 
of impedances satisfy Eq. (230). The elements C2n+i and L2n+i which 
control the behavior of Z22 at infinity and at the origin can be adjusted to 
make Z'22 = Z22 without changing Z'12 and Z'u. The assumption that 
Zn, Z22, and Zu have coincident poles at finite frequencies can now be 

k fc fc 
Ideal 

FIG. 9-45.—A simple ladder structure. 

eliminated. In fact, all the terms of the partial fraction expansion of 
Zn that correspond to poles not common to the other two impedances 
can be lumped together in any convenient form as a reactance in series 
with the input terminals. This series reactance does not change either 
Z22 or Zi2. The same procedure can be followed in the case of the poles 
of Z22 that are not common to Z n and Z i 2 . In most practical cases, 
however, the original assumption concerning the poles of the Z's is 
satisfied. 

9-21. Determination of Ladder Elements.—The synthesis of the net
work has now been reduced to the problem of finding a ladder structure 
whose input impedance equals Zu and whose shunt branches resonate at 
the zeros of Z )2. I t can be shown tha t it is always possible to design such 
a ladder structure, provided the conditions assumed above are satisfied. 
Some of the series inductances may turn out to be negative. However, 
it is always possible to eliminate them by using coupled coils as shown in 
Fig. 9-46. Fortunately, in most practical cases, this situation does not 
arise. For further discussion of this point, the reader is referred to 
Darlington's original paper.4 

The actual synthesis of Zu can be performed in the following manner. 
Let ±w2, ±0)4, ±o>e, • • • , ±t»2n be the zeros of Z !2. Subtract from Zn 
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a reactance equal to the value of Z u for o> — a>2. Use this reactance 
(realized in a manner consistent with the behavior of Zu at us = 0 and 
oi = oo) as the first series branch of the ladder structure. The remainder 
Zft has zeros for o> = ± &>2. Subtract from the partial fraction expansion 
of l/Zft' the term corresponding to the pair of poles at a = + o>2. This 
term is the admittance of the resonant branch L2, C2. Let the inverse of 
the remainder be Zft'. Subtract from Z$' the reactance juL3 so that 
the remainder Z',3,' has a pair of zeros coincident with the pair of zeros 
+ w4 of Z12. Eliminate these zeros by subtracting from the expansion of 
1/Z^ the term corresponding to the poles at <J = ±on. The same 
operation is repeated on Zft, the inverse of the remainder, and so on, until 
all the zeros of Z12 have been used. At this point, the synthesis of Zu 
has been completed, and the re
mainder must be zero. Lx L3 i2 

Some of the zeros of Zi2 may °—Tiftr^r'doo^-o o ^ " j - o o—nn^T^lSW^-o 

I*. :L,*L ' 2 ^ 3 occur for w = <*>. Since ZJ2 is an Kz,2 L,+£2° 
odd function of u, the multiplicity j _ 7 ^ v 

of the zero at infinity must be odd. 0 T" C
 0 0 ~T"C

 0 
Let it be, for instance, 2m — 1. In (<*) (6) 
this case the ladder has m purely FlG- /^.-Elimination of n e g a t j v e in-

r ^ ductances by use of coupled coils. 
capacitive shunt branches. The 
same thing can be said about the zeros of Z l 2 for o> = 0, except that in this 
case the shunt branches become purely inductive. 

The special case in which all the zeros of Z i 2 occur at infinity is particu
larly important. If there are no internal zeros of Z i2, the polynomial 
Q(u) must be a constant. The determination of the ladder structure 
reduces to a continuous fraction expansion of Zu, that is, to a realization 
of Zu in the well-known Cauer form 

Zn = pU + J (231) 
pC2 + 1 

pL,+ 

pC„' 

All the inductances in the shunt branches vanish and the capacitances C\ 
and C„+i are short-circuited. The inductance L„+i is determined from 
the behavior at infinity of Z22, and the ratio o of the ideal transformer from 
the constant multiplier of either Zi2 or Z22. In this case all the elements 
)f the ladder are positive and no difficulty is encountered. Obviously 
he impedance Z22 can be expanded into a continued fraction instead of 
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Z\\. The two expansions must lead to the same ladder, and, therefore, 
they provide a convenient method of checking the final results. I t is 
also possible to expand into a continued fraction the input (or output) 
impedance of the network terminated in 1-ohm resistance. This method 
of synthesis must also lead to the same network obtained by expanding 
either Zu or Z22-

Most practical filters turn out to be of either the symmetrical or the 
reciprocal-impedance type. For a symmetrical filter Z n = Z22, F n = F22, 
whereas for a reciprocal impedance filter Zu = F22, F n = Z22. A sym
metrical filter consists of two identical sections connected in cascade 
back-to-back. A reciprocal impedance filter, on the other hand, con
sists of two dual sections connected in cascade back-to-back. It is 
obvious that a priori knowledge of such properties facilitates the syn
thesis of the network. 

TTHMn"~nmr 
F I G . 9-47.—Dual of ladder structure shown in Fig. 9-45. 

First will be considered the case where Q(u) is an even polynominal. 
Equations (178) and (179) show that for a symmetrical network 

m t = m2, Wi = 0. (232) 
It follows from Eq. (162) that P(co2) must be the square of an odd func
tion of «. Reciprocal impedance networks are obtained, on the other 
hand, when 

Wl = n2, Vl = 0; (233) 
P(co2) is then the square of an even function of co. The attention of the 
reader is called to the fact that all the loss functions considered in Sees. 
9-18 and 9-19 correspond to either symmetrical or reciprocal filters. 

When Q(u) is an odd polynomial, the situation is reversed. Sym
metrical filters are obtained when P(co2) is the square of an even function, 
and reciprocal impedance filters are obtained when P(co2) is the square of 
an odd function. 

The synthesis procedure discussed above is based on the open-cir
cuit impedances Zn, Z12, and Z22. It is evident that a dual procedure can 
be followed which is based on the short-circuit admittances Fn, Yn, 
and F22. The ladder structure resulting from this procedure is shown in 
Fig. 9-47. The details of the procedure can be obtained from the previous 
discussion by substituting admittance for impedance, short circuit for 
open circuit, series for shunt, capacitance for inductance, and vice versa. 
The zeros of F i 2 , for instance, correspond to the resonance frequencies of 
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the series branches. Both procedures become identical when all the 
zeros of Z12 and Yu occur at u = » , that is, when Q(u) is a constant. In 
all other cases, one procedure is preferable to the other, but the resulting 
networks are not identical. Furthermore, in some cases, namely, in 
the case of reciprocal networks, it may be convenient to develop part of 
the network by one procedure, and the rest of the network by the other 
procedure. As a final remark, it should be pointed out that reciprocal 
networks, that is, networks for which Y'n = Zn, Y'22 = Z22 and Y'n = Z12 
have the same insertion loss when terminated in 1-ohm resistances. 

EFFECT OF INCIDENTAL DISSIPATION ON FILTER CHARACTERISTICS 

The methods of design discussed in the preceding sections are limited 
to nondissipative networks. In practice, since a small amount of dis
sipation is always present, the actual behavior of a filter differs somewhat 
from the behavior predicted theoretically on the assumption that the 
network is purely reactive. The two main effects of incidental dissipation 
are the introduction of a small but finite loss in the pass band and the 
rounding-off of the peaks of infinite loss in the attenuation band. The 
approximate effect of incidental dissipation can be computed without 
difficulty in most practical cases. In some cases it is even possible to 
modify the design of the network so that the incidental dissipation is 
taken into account, to a first approximation. 

9-22. Analysis of Uniformly Dissipative Networks.—In most practical 
niters, the losses can be assumed to be uniformly distributed. In other 
words, if a series resistance R is associated with any inductance L and a 
shunt conductance G with any capacitance C, the ratios R/L and G/C are 
approximately equal for all elements. If the two ratios are equal, the 
computation of the effect of incidental dissipation is simplified by the 
substitution 

\ = % = «. (234) 

In terms of this quantity, the impedance of any dissipative inductance 
L and the admittance of any dissipative capacitance C become 

ZL = R + jcoL = (5 + ju)L, (235) 
Yc = G + juC = (&+ ju)C. (236) 

If the complex variable p = a + jw is substituted for jos, these equations 
become 

ZL= (p + &)L, (237) 
Yc = (p + S)C. (238) 

Consider any analytic function of the complex variable p character
izing the behavior of a nondissipative network, namely a driving-point 
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impedance Zip). If dissipation is introduced uniformly so that Eq. 
(234) is satisfied, the reactance of any inductance pL and the susceptance 
of any capacitance pC are given simply by Eq. (237) and Eq. (238), 
respectively. Since Z(p) depends on p only through the reactances and 
the susceptances of the individual elements of the network, the imped
ance Zs(p) of the dissipative network can be obtained from Z(p) by 
substituting p + & for p. Thus, 

Zs(p) = Z{p + 5). (239) 

It follows that the impedance of a uniformly dissipative network at any 
real frequencies (p = ju) is equal to the impedance of the nondissipative 

network at the complex frequency 
P = 5 + ju. (240) 

To estimate Zi(ju), the function Z{p + S) is expanded 
in a Taylor series about the point p as follows: 

F I G . 9-48.—Cir
cle of convergence 
for Taylor series ap
proximating a dis
sipative impedance. 

Z,(p) = Z{p + S) 

For p 

71 \ A- d Z X _ 1 _ l d*Z S2 . 

jb>, Zip) is a pure reactance; 

Zip) = jX(f*). 

Substituting Eq. (242) in Eq. (241), it is found that 

(241) 

(242) 

(243) 

This Taylor series converges uniformly only within a circle centered 
at ju (in the complex p-plane) whose radius equals the distance from ju to 
the nearest singularity as shown in Fig. 948. In other words, the series 
cannot be used in the vicinity of a pole. However, this difficulty can 
be overcome easily by using the Taylor expansion of 

y ,(P) = Yip + 5) V 
Zip + 5) 

which has a zero where Zip + 5) has a pole. Then, for p = joi, 

Yip) = jB{u) 
and consequently, 

Y;ijo>) = Yi&+ja) =jB(u) + dBjo. 
du ' 2 W f 

(244) 

(245) 

When the Taylor series converges uniformly and & « u, the values of 
Ztiju) and Ytijoi) are given to a good approximation by the first two or, 
at most, the first three terms of the series. 
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Consider now the case of dissipative networks for which the ratio 
R/L is the same for any L, and the ratio G/C is the same for any C but 
R 
, - % 

Let 

1(1-1) 
It can be shown that if 

G_ 
« 1 , 

(246) 

(247) 

the impedance of the dissipative network is still given, to a good approxi
mation, by Eq. (239) and, therefore, by the Taylor series of Eq. (243). 
The same is true for the admittance or any other analytic function of the 
complex variable p. I t should be noted, however, that power ratios and 
magnitudes of functions of ip are not, in general, analytic functions of p. 

9-23. Effect of Dissipation on Pass-band Characteristics.—Some of 
the most important applications of these formulas to the determination 
of the effects of incidental dissipation on the behavior of filters will 
now be discussed. First will be considered the case of filters designed by 
means of the image-parameter method. The propagation function 
7 = a + jfi is imaginary in the pass band and is an analytic function of p. 
Equation (243) may be used directly to study the effect of incidental 
dissipation in the pass band by substituting /3(oo) for X(u) and, of course, 
yi(joi) for Zi(ju). Then 

Titf") ■= 7(8 + J«) = # ( « ) + ^ 5 + (248) 

In general, it is unnecessary to take into account the third term of the 
series. To a good approximation, then, the effect of incidental dissipa
tion is to add an attenuation 

rfu) (249) 

to the phase function jp(u) of the nondissipative filter. It is interesting 
to note that as is proportional to the slope of the phase function. I t 
follows that uniform attenuation in the pass band is obtained only when 
the phase function is linear. 

The average attenuation in the pass band can be estimated from the 
total phase shift A0 over the pass band and the corresponding bandwidth 
w. The average slope of the phase function is 

d/3(a 
w (250) 
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, and the average attenuation is 

( « • ) „ = 8 ^ - (251) 

Equation (74) shows tha t 0 increases by 7r/2 between a zero and a pole 
(or vice versa) of \/Zac/Zoc. On the other hand, the number of zeros 
and the number of poles must be equal to the number of roots of the 
equation y/ZK/Zx = 1, that is, to the number of frequencies (real or 
complex) at which the attenuation becomes infinite. In the particular 
case of filters consisting of a cascade of n constant-fc or m-derived sections, 
the total phase shift over the pass band is 2nir, provided the pass band of a 
low-pass filter is taken equal to twice the cutoff frequency. Then, by 
Eq. (251) 

( « , ) „ = & ™ • (252) 

In the case of bandpass filters consisting entirely of resonant LC-com-
binations tuned at the center frequency &J0, the quantity 5 can be expressed 
in terms of the Q0 ot the resonant combinations as follows: 

1 (R G\ 1 ( R G\ 1 c„ 
S = 2\L+c) = 2u°\^L + ^c) = 2Qa- ( 2 5 3 ) 

Substitution for 5 in Eq. (252) yields 

(aj).vg = 7s—- nepers = 8.686 -=—- db. (254) 
Qo w Qaw 

In other words, the average attenuation is inversely proportional to Qa, 
and is directly proportional to the number n of sections and to the ratio 
of the mean frequency to the bandwidth. 

9-24. Effect of Dissipation on Rejection-band Characteristics.—The 
effect of incidental dissipation on the propagation function y in the 
attenuation band will now be considered. Since, in most cases, y has 
poles at real frequencies (imaginary values of p), it is convenient to study 
the function g — y/~Z,cIZcz which is supposed to approximate unity for 
real frequencies in the attenuation band. This function may become 
infinite at a cutoff frequency, but this difficulty can be surmounted by 
considering instead the function -\fZ^IZ,c which has a zero where g 
has a pole. 

If g{p + 5) is substituted for Z(p + 5) in Eq. (241), the expression 
for s/Ztc/Zoc becomes, in the presence of dissipation, 

*(P) - 9<P + B) - «(P) + ^ * + \ r 0 L * + • ■ ■ (255) 
Let 

g(jo>) =a+jb I ( 2 5 6 ) 

gi(ju) = as + jbs I 
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Since g(p) is real for real frequencies in the attenuation band, the follow
ing expression may be written: 

giU">) = as + jbs = g(S + ja>) 

At this juncture it is desirable to express the propagation function in the 
presence of dissipation in the form of Eq. (74), namely, 

is = at + jff, « ^ l n (1 - a,) - j b i (2 5 8) 

Equating real parts of the preceding equation gives, for the attenuation 
at, 

2oj 
1 ,_ 1 + a\ + b] + las 1 ■ 1 + 

a> « 7 l n i 1 i 1 » o - 7 l n o • (259) 
4 1 + a\ + b\ - 2as 4 2q8

 v ' 
1 + a\ + b\ 

When no dissipation is present, the attenuation is 
2a 

'-k^^jk: (260) 

1 + o 2 

If the following substitutions are made, 
k = -—;—jj ki = ^—:—„ . ,,> (261) 

1 + a2 1 + a] + b\ 
Eqs. (259) and (260) may be written in the same simple forms 

a = iln[±|. (263) 

When the dissipation is small, the following approximation can be used: 

Since A>e is always smaller than unity for 8 ^ 0 , it follows that the attenua
tion is never infinite when dissipation is present. When & = 0, a becomes 
infinite for k = a = 1. The corresponding ks for the dissipative network 
is 

^ = 1 - 2 - ( £ ) 2 * 2 ' <265> 
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and the corresponding attenuation in the dissipative case is reduced to 
the approximate value 

M . 1 In 
(da\ 

(266) 

Further simplification is possible in the special case of an m-derived 
section of a filter. The function a is given by Eqs. (120) and (132). 

1 V"2 - i 
for u > 1. (267) 

Since Z'a and Z'b are the short-circuit and open-circuit impedances for 
half the network, it will be necessary to multiply the resulting attenua
tion by two in order to obtain the at for the whole network. It is found 
for the rate of change of a 

(268) 
dt* 

The peak of attenuation occui 

m 

t m 
, (<o2 - 1 ) * 

"s for a = 1, that is, when 

_ V^2 - i 
CO 

At a frequency of infinite attenuation u„, Eq. (268) becomes 

da 1 
«>»(«i - i) 

(269) 

(270) 

The attenuation for the whole m-derived section is twice the value given 
by Eq. (266), or 

2 ^ ( « i - 1) = In ' (271) 

This equation shows that the maximum attenuation approaches zero 
when o,, approaches the cutoff frequency, that is, unity. In other words, 
if the peak value of the attenuation must be larger than a given a0, ux 

must be larger than the value given by Eq. (271) for [ae]m = a0-
The effect of incidental dissipation on loss arising from mismatched 

terminations is secondary in importance to the effect on the propagation 
function discussed above. It can be computed, if necessary, by following 
a procedure very similar to the one used in connection with propagation 
function. It must be pointed out, however, that, in general, there is 
no need of computing accurately the total effect of incidental dissipation 
since the image-parameter method of design leads to a loss function that 
is only roughly equal to the attenuation function. In other words, the 
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loss function is already so different from the design data that it would be a 
waste of time to compute accurately second-order corrections. 

9-25. Correction for Uniform Dissipation.—The situation is quite 
different in the case of filters designed to have a specified insertion loss. 
Since in this case the loss of the ideal nondissipative filter is exactly equal 
to the specified function, it is desirable to compute more accurately the 
effect of incidental dissipation. Moreover, in this case it is worth while 
to make allowance in the original design for the effect of incidental dis
sipation, so that the dissipative filter will have a satisfactory loss function. 

The general procedure discussed in the preceding pages may be 
applied to the voltage insertion ratio which is an analytic function of the 
complex variable p. It should be noted that the power-loss ratio Pa/Pj. 
is the square of the magnitude of the voltage insertion ratio for p = ju>. 
It follows from Eqs. (158) and (163) that the voltage insertion ratio p 
is given by 

i0(-n2\ forQ(u) even, 
"(P)= III I (272) 

for Q(tii) odd. 
U2 + t>2 

[jQ(-jp) 
The power insertion ratio of the dissipative filter is then 

(jr)s = lw(p)l|_-- = \P(V + S)\lHu. (273) 

Since the computation involved is straightforward, no further discussion 
is required. 

Darlington4 has developed a method for making allowance in the 
original design for the effect of incidental dissipation. This method is 
based on the following reasoning. It has been shown that the voltage 
insertion ratio ps(p) of a dissipative filter can be obtained by substituting 
p + 5 for p in the expression for the insertion ratio p(p) of the correspond
ing nondissipative filter. Consider now a nondissipative filter whose 
voltage insertion ratio is 

p'(p) = P(p - h). (274) 

The ratio for the corresponding dissipative network is then 

p'iip') = P(P + B - S) = p(p). (275) 

It follows that in order to obtain a filter whose insertion ratio is 
p'j(p) = P(P) it is sufficient to design a nondissipative filter with a pre-
distorted ratio p'{p) = p(p — 5). 

The new function p(p — h) must satisfy the condition of physical 
readability in order to be the voltage insertion ratio of a nondissipative 
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filter. Consequently, according to Sec. 9-13 and to Eq. (272), the zeros 
of p(p — S) must have negative real parts. Moreover, the magnitude of 
p{p — h) must not be smaller than unity at real frequencies, that is, for 
imaginary values of p. I t follows that, assuming that p{p) is physically 
realizable, S must be smaller than the magnitude of the real part of any 
zero of p(p). Moreover, p(p — 5) must be multiplied by a real constant 
equal to the reciprocal of the minimum value of p'(jci) = p(jo> — S) in 
order to make p'(joi) 3: 1. A final requirement on p'(p) is that the 
polynomial Q'(-jp) = Q[— j(p — 5)] be either even or odd. In general, 
since this condition is not satisfied automatically, it is necessary to 
multiply both the numerator and the denominator of p(p — 8) by root 
factors of the type (p + py), where p, is any zero of Q[— j(p — 5)] which 
does not come in a pair pv, —py. These root factors have the effect of 
increasing considerably the number of elements of the network. Further 
analysis reveals, however, that a satisfactory solution can be obtained by 
using as a predistorted insertion ratio the function 

Q(-p2) f o r Q( - JP) e v e n> 
u2(p - 5) + v,(p - 5) . , <276) 

= ^ ^ ) tor Q(-jp) odd. 

In other words, (p — 5) is substituted for p only in the numerator of 
p(p). The voltage ratio for the dissipative network will then be 

, QTZTT^irm f o r Q(-JP) even, 
P'/(P) = ,, - . , (277) Ui + Vi 

QI-KP + *)] 
for Q(—jp) odd. 

This function is a good approximation of p(p) except in the vicinity of the 
internal poles of p(p), that is, of the zeros of Q(—jp). The peaks of 
infinite loss of p(p) are thus rounded off in the final dissipative network. 
In the particularly important case of Q(u) = 1, that is, when the loss in 
the attenuation band is a monotonic function, this difficulty does not 
arise. 

Once the predistorted ratio p'(p) has been determined, the polynomial 
P'(o>2) is computed as follows: 

P > 2 ) = |M;(JU) + v'2(ju)\* = [Q'(«)]». (278) 

If the ratio p"(p) is used, the polynomial P"(u2) is 

P"{^) = | M J 0 ' « - *) + »«C/'« - 5)l2 - Q2("0- (279) 

The filter is then designed following the procedure developed above for 
the nondissipative case. 
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The same predistortion procedure can be applied to the reflection 
coefficient r(p) instead of to the voltage ratio p(p). In this case T'(p) 
becomes 

r'(P) = r(p - i) = ^z^+^z^l (280) 
«s(p - 8) + wz(p — &) 

The conditions of physical realizability lead to the requirement that 5 
must be smaller than the magnitude of the real part of any internal pole 
of r(p). Furthermore, r (p — b) must be multiplied by a real constant to 
meet the requirement 

| r<> - 8)| ^ 1. (281) 
The polynomial 

!Q'(«)]2 = |uj(*0 + »50"o,)|* - |MIC/") + i'i(j«)l! (282) 
can be made a perfect square by multiplying both the numerator and the 
denominator of T'{p) by the proper root factors, as in the previous case. 
The predistorted network is then designed following the original pro
cedure for nondissipative networks. 

It should be noted that it is not possible to predistort T(p) and p(p) 
independently. I t follows that the predistortion procedure should be 
applied to T(p) when strict tolerances are placed on the reflection coef
ficient, and to p(p) when strict tolerances are placed on the insertion ratio. 

EFFECT OF MISMATCHED TERMINATIONS ON FILTER CHARACTERISTICS 
9-26. Superposition of Mismatches.—Before concluding the general 

discussion on the methods of filter design, it is worth while to consider the 
behavior of a filter when connected to the other components of a system. 
This question is very important because, although the filter is designed as 
a separate unit, it is the over-all behavior of the system including the 
filter that really matters. More specifically, the distortion of the loss 
characteristics of the filter arising from other components of the system 
must be tolerable, and conversely the design specifications for the filter 
must be consistent with the specifications for the other components of 
the system. 

This last point is particularly important in view of the difficulties 
encountered in designing filters with very strict tolerances. For instance, 
the input voltage standing-wave ratio of a microwave system may be as 
large as the product of all the ratios for the individual components. Care 
must be taken, then, to divide the over-all VSWR among the components 
in proportion to the difficulty of design. It is often advisable to let the 
filter have a VSWR as high as the maximum VSWR of all the other 
components together. 

Somewhat less important, but far from negligible, is the effect of 
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the other components of a system on the loss in the attenuation band of a 
filter. It will be shown later that the difference between the decibel 
loss of a filter and the decibel loss of the whole system may be as large as 
the sum of the VSWR's of the two terminations of the filter expressed in 
decibels. This fact points out that, if the loss of a system must be 
approximately equal over a certain band of frequencies to the loss of a 
filter that is part of the system, the other components must be reasonably 
well matched over the same band. 

The characteristics of a filter have been computed on the assumption 
that both terminations are purely resistive and constant at all frequencies. 
In practice, this assumption is very seldom justified, particularly in the 
case of microwave filters. In this case both sides of the filter are con
nected to transmission lines or guides which would provide the proper 
resistive terminations for the filter if they were terminated in their 
characteristic impedances at the other ends. In practice, small reflec
tions in the input and output lines are always present. Let rs and rL be 
the voltage standing-wave ratios of the input and output lines, when 
they are not connected to the filter. The mismatches in the two lines 

may be considered as arising from 
mismatched reactive networks in
serted in perfectly terminated 
lines. The equivalent network 
for the filter and its terminations 

FIG. 9-49.—Filter with mismatched termina- is shown in Fig. 9'49. It is as-
t lons- sumed in the following discussion 

that the filter is nondissipative. Let rD be the VSWR produced 
by the filter in the input line when the output line is properly terminated, 
that is, when rL = 1. When rL = 1, the value of the VSWR in the input 
line, r'0, depends on the phase of the reflection in the output line. It 
was shown in Sec. 9-4 that the maximum and minimum values of the 
r'0 are given by 

(283) 

for rL > r„, 
(284) 

for rL < r0. 

Equation (283) gives the maximum VSWR that may be present in the 
input line of a filter when the filter is not properly terminated at the 
output terminals. If other nondissipative components are inserted in 
the input line between the filter and the generator, the maximum VSWR 
in the output line of the generator will be 

K U , = r . [ / U = W l . (285) 

r Net-
work 

produc
ing 

Filter 

Net-
work 

produc
ing 

r„rL, 

r, 

[ -
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where r, is the VSWR produced in the output line of the generator by 
the components preceding the filter when r'0 = 1, and is equal to the 
VSWR measured from the filter toward the generator when a matched 
termination is substituted for the generator. The minimum value of 
T', when r„ > r,rL, is 

K U = ^ = £ (286) 

9-27. Accumulative Effect of Mismatches.—In general, r, results 
from the reflections produced by a number n of components. Let r,* be 
the VSWR on the input line of one of these components when its output 
line is properly terminated. Repeated application of Eq. (283) leads 
to the following expression for the maximum possible value of r,: 

k = ni 

[r,]m„ = \ \ r,k. (287) 
A = l 

Similarly the maximum possible value of rL is 

[rzU, = [[ rLk, (288) 
* = i 

where rLk is the VSWR of the kth of the nL component on the load side 
of the filter. The maximum and minimum values of r'„ are obtained by 
substituting Eqs. (287) and (288) for r, and rL in Eqs. (285) and (286). 

The magnitude of the reflection coefficient corresponding to r', is 

1̂1 = ffqrr (289) 
Let PJ be the power available from the generator, that is, the power 
flowing in its output line when the line is properly terminated. Let 
P'L be the power delivered to the load of the system. Since all the com
ponents are nondissipative, the ratio P'0/P[, that is, the power-loss ratio 
for the whole system is given by 

The maximum value of this power ratio is found to be 

(P±\ _ (r.r.r, + 1)» 
\P'J^- ±r.rLr0

 ( 2 9 1 ) 

Since 

is the power-loss ratio of the filter alone when properly terminated, 
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improper t e rmina t ions m a y increase t he power-loss ra t io of the system by 
the factor 

nuatioi 

(293) 

If r„ » 1, t h a t is, in t he a t t enua t ion band of t he filter, t h i s factor becomes 
approximate ly 

r„r,.. (294) 

Consider now the m i n i m u m value of 1"JP'L, when r„ > rLrs. This 
assumpt ion limits t he val idi ty of t he results to t h e a t t enua t ion band of 
the filter. However , it is only in t he a t t enua t ion baud t h a t t he minimum 
value of the loss is of any practical impor tance . Then 

0"u\ _ (r„ + >vx)-Ci) / 7,/min 4 / „ ( , / L 

It follows t h a t t he improper te rmina t ions m a y decrease t he power-loss 
ra t io of t he system by the factor 

(Pj\ = (r,_+_r.r,)\ 

t is, for large \ 

(!±) = _L 

When ;■„ » 1, r„y& >\r,., t h a t is, for large values of t he loss, this factor 
reduces to 

(297) 

This reduct ion of loss m a y be far from negligible. For instance, if 
rt = rL = 2 in the a t t enua t ion band of the filter, t he loss of the system 
is 6 db lower t h a n the loss of t he filter alone when properly terminated. 
It follows t h a t it is necessary to limit the WSWR of any component of a 
sys tem t h a t includes a filter not only over t he pass band of the filter, 
b u t also over t he port ion of t he a t t e n u a t i o n band in which the minimum 
tota l loss of the sys tem is specified. 
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CHAPTER 10 

THE DESIGN OF MICROWAVE FILTERS 

B Y A. W. LAWSON AND R. M. FANO 

A direct method of designing microwave filters has not yet been 
developed. In other words, no design procedure is available which leads 
directly to a structure physically realizable by means of microwave 
elements. Most microwave filters hitherto designed have been derived 
from lumped-element structures by approximating the behavior of induct
ances and capacitances by means of microwave elements, such as sections 
of lines, cavities, irises, etc. As will be seen, the lack of a direct synthesis 
procedure sets limitations on the design. 

In addition to theoretical and practical limitations on filter design, 
the actual system applications often impose widely varying geometrical 
and physical requirements. These requirements are largely responsible 
for the ultimate appearance of any filter. Thus, two filters having 
exactly the same attenuation characteristics and circuit specifications 
may have radically different forms. For instance, one filter may be for a 
system using coaxial transmission line and another for a system using 
waveguide; alternatively, a cavity filter of reasonable dimensions at 
10,000 Mc/sec may be prohibitively large at 100 Mc/sec for airborne 
systems; or again, a compact, rugged design suitable for low power levels 
may be completely inadequate in a system using higher power. For such 
reasons it appears impractical to discuss here all designs existing at the 
time of preparation of this manuscript. Rather, it appears desirable to 
describe typical examples as illustrations of the general methods of 
deriving microwave filters from lumped-element structures. These 
examples do not necessarily represent the most efficient designs or the 
ultimate, either practically or theoretically. In fact, a large number of 
the filters described below were designed, manufactured, and used before 
the theory involved was generally understood. In particular, some of the 
more elaborate methods of designing lumped-element filters will not be 
used in connection with any of these practical examples. This fact does 
not mean that such methods are not useful, but that, because of time 
limitations, the designer was forced to employ only techniques already 
available to him. Fortunately, however, these practical examples serve 
very well as illustrations of the methods of designing microwave filters. 

In this chapter it will be shown how the simple ladder structures basic 
613 
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to all methods of design discussed in the previous chapter are readily 
transformed into microwave structures. The relative values of the 
lumped elements, which depend on the method of design employed, are 
of no consequence in the transformation process. The discussion of 
practical microwave filters resulting from such transformations will be 
divided into four parts on the basis of the techniques used in approximat
ing the behavior of lumped elements at microwave frequencies. The 
first part will deal with filters employing sections of lines alone or in 
combination with lumped inductances and capacitances. For practical 
reasons, filters of this type cannot be used when narrow pass bands (less 
than approximately 10 per cent) are required. The second part will deal 
with filters consisting of a cascade connection of direct-coupled cavities. 
The use of these filters is limited by the fact that the couplings between 
cavities become rather critical when the pass band is less than approxi
mate!}' 1 per cent. A design procedure suitable for narrow-band filters 
is presented in the third part. These filters take the form of chains of 
cavity resonators separated by quarter-wavelength sections of line. 
Filters with broader pass bands may be obtained by substituting resonant 
irises for the cavities. The fourth part will be devoted to miscellaneous 
types of filters some of which should be considered merely as suggestions 
for future developments. 

FILTERS EMPLOYING TRANSMISSION LINES 

10-1. The Frequency Behavior of Lines.— Before considering any 
practical filter structure, it is desirable to discuss in some detail the fre
quency behavior of a section of transmission line in order to determine 
under what conditions and to what extent it can be made to approximate 
the behavior of inductances and capacitances. 

Let Z0 be the characteristic impedance of a lossless line and I its 
length. If the section is short-circuited at the far end, the input imped
ance is 

Z =jX = jZoUnu1, (1) 

where a> is the angular frequency and c the velocity of light in the dielec
tric. The reactance function represented by this equation is plotted in 
Fig. 10-1. The reactance has an infinite number of poles and zeros at 
frequencies at which the length of the line is, respectively, an odd or even 
number of quarter wavelengths. The plot of the admittance of the line 

("Fig. 10-16) is an identical cum! displaced to the left by ■ Thus, 

Y = l = jB = j ' cot a, ' = -,?)•„ cot c> '■ (2) 
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Suppose now that the section of line is open-circuit':d at the far end. The 
input impedance becomes 

Z = jX = -jZo cot a - (3) 
c 

and the input admittance becomes 

Y = jB = j if tan u - = jYB tan u — (4) 
Zd o C C 

It will be noticed that Eq. (3) is identical in form with Eq. (2) whereas 
Eq. (4) is identical in form with Eq. (1). Therefore, Fig. 10-lo may be 
UBed also as a plot of Eq. (4) and Fig. 10- lb as a plot of Eq. (3). 

(a) 

I'm. 1ft'].- Frequency behavior of open-eirruited and shoi't-pirruitod lines. 

It is interesting to compare these curves with the reactances and 
siisceptances of an inductance, a capacitance, a series-tuned circuit, and a 
parallel-tuned circuit. The reactance of a simple inductance XL and the 
susceptance of a condenser Be are identical in form; 

XL — uL 
Bc = wC. 

The plot of these functions is, evidently, a straight line of slope equal to 
L and C, respectively. The reactance of a series-tuned circuit and the 
susceptance of a parallel-tuned circuit are also identical in form. 
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\ C \Uo 0> / \O)0 01 I 

[SEC. 101 

(5) 

(6) 

where OJ0 = l/^/LC is the resonance frequency. These functions are 
plotted in Fig. 1G-2. 

x,—*- y B, 

Frequency behavior of resonant circuits. 

I t will be noticed that the curv« of Fig. 10- la may be used to approx
imate a straight line in the vicinity of the origin. The slope of the curve 
at the origin is 

(dX\ „ I 
^au> /„_o c 

\do> /„=o F0 
I 

(7) 

(8) 

Therefore, the frequency behavior of an inductance can be approximated 
by a section of short-circuited transmission line, provided the length of 
the section is much smaller than (TT/2) (C/U) at any frequency of interest. 
The slope given by Eq. (7) must be made equal to the inductance L, thus, 

L = Z„ -■ (9) 
c 

This is done by adjusting Z0 once the quantity l/c has been fixed to satisfy 
the required length of line. 

A capacitance C can be simulated in a similar manner by means of an 
open-circuited section of transmission line. In this case, the slope of the 
susceptance function at the origin, as shown in Eq. (8), is made equal to C: 

I 
C = Y0- (10) 
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The quantities F„ and l/c are adjusted to satisfy this equation while the 
length I is kept much smaller than the minimum value of (x/2) (c/w). 

Consider now the susceptance of a short-circuited line and the react
ance of an open line (Fig. 10-16) in the vicinity of a zero, that is, when the 
length of the line is close to an odd number of quarter wavelengths. In 
any one of these regions the function can be made to approximate the 
curve of Fig. 10-2. It follows that a short-circuited line can simulate a 
parallel-tuned circuit in a relatively small frequency band centered at 
the resonance frequency. Under the same conditions, an open line can 
simulate a series-tuned circuit. The line length is given in both cases 
by the expression 

i (i+ 4 z = ^ V 2 + nV (11) 

where n is any positive integer. The line admittance (or impedance) 
must be such that the slopes of the two curves are equal at the common 
zero. The slope of the susceptance function of a short-circuited line at a 
zero is 

(f) = YJ = hk + nA (12) 
Similarly the slope of the reactance function of an open line at a. zero is 

(f) =z0i = ^ + n A (13) 
The corresponding slopes for a parallel-tuned circuit and a series-tuned 
circuit are 

te) = 2C, (14) 

te) = 2L. (15) 

It follows that, in the case of the parallel-tuned circuit, equivalence is 
obtained if 

^-5(1+4 (i6) 

and in the case of the series-tuned circuit, if 

2L = ^ (l + nr\ (17) 

The integer n should be as small as possible since, for a given tolerance. 
the width of the approximation band, in percentage of u0, is inversely 
proportional to 2n -f- 1. On the other hand, since the slope is directly 
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proportional to (2n + 1), it may be necessary to make n > 1 in order 
to obtain a sufficiently large slope. 

Series- and parallel-tuned circuits can be simulated also by means of :i 
short-circuited line and an open line, respectively, of lengths equal to 

l = mr— • (18) 
coo 

This equivalence results from the fact that the curve of Fig. 10-la is 
identical to the curve of Fig. 10-lb, apart from a translation to the left 
of Aw = (ir/2)(c/l). The slope of the reactance function of a short-
circuited line at one of its zeros is 

-,-■) = Za- = Z0— 19) 
<IU/u=riTc/l C W0 

Therefore, in order to approximate the behavior of a series-tuned circuit, 
the line impedance must satisfy the equation 

2L = Z„ — • (20) 
Wo 

Similarly, in the case of an open line approximating a parallel-tun©' 
circuit, the line admittance must satisfy the equation 

2C = F„—• (21) 
wo 

Compare a system in which all the reactive elements are equal lengths 
of line of arbitrary characteristic impedances with the network formed 
by the corresponding lumped elements. The impedance of each section 
of line can be obtained from the impedance of the corresponding lumped 
element (or elements) by means of a simple change of variable. In the 
case of simple inductances and capacitances, the change of variable is 

c I 
-. tan w' - = w. (22; 

In the case of tuned circuits, the substitution is 

Oo / U_ _ W|A 
2 \w 0 w / 7 c o t " i = -2\—--) (<") 

if wo = (ir/2 + nw)(l/c), and 

c , , / w0 / w w0\ ,0(1 
tan w - = JJ- ( j (21) 

I \wo w / 
, LCI I I W 

c if w0 = nir -.. Since, by assumption, the change of variable is the same 
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for all the elements of the system, any function describing the frequency 
behavior of the distributed-constant system can be obtained directly 
from the corresponding function for the lumped-element network by 
means of the same change of variable. 

It is interesting to consider in more detail the physical significance 
of the change of variable. The substitution of Eq. (22), for instance, 
transforms the interval — » to + <» in the u domain into the interval 
— (T/2)(C/Z) to + ( T / 2 ) (c/i) in the a' domain. However, since <•>' is a 
multivalued function of a>, the same interval in the a domain is repeated 
an infinite number of times in the w' domain in any interval [ T / 2 4- «*■]-
(c/t) to [T/2 + (n + l)ir](c/7). To make this point clearer, consider the 

Za°R ZB*R 

*||g,|g,(y * 

(a) 

*-<£ ' c ^ Vtc 
Fro. 10-3.—Transformation of a low-pass filter into its microwave equivalent. 

simple low-pass filter of Fig. 103a and the corresponding distributed-
constant system of Fig. 10-36. The power-loss ratio for the filter of 
Fig. 10-3a can be shown to be 

Vi 
2V 1 + GO' (25) 

where uc is the half-power frequency. The loss ratio for the filter of 
Fig. 10-36 becomes then 

(26) 

The reciprocals of these power ratios are plotted in Figs. 10-4a and 10-46, 
respectively. Figure 10-46 shows that the structure of Fig. 10-36 is at 
the same time a low-pass and a bandpass filter. When it is considered as 

v1 
|2F2 

2 

= 1 + 
tan o) -c 

i l 
t a n oi, -

c c 
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a low-pass filter, its half-power 
frequency is 

I 
I C 

(27) 

When it is considered as a band
pass filter, its bandwidth is always 
equal to the expression 

2ur 2 -. t a n - 1 <j>c - , I c (28) 

whereas the mean frequencies are 
given by 

c 
*>0 = wir j (29) 

The change of variable defined 
byEq. (23) transforms the interval 
0 to * in the u domain into the 
interval 0 to TT(C/1) in the w' do
main, or better, into any interval 
rwr(c/0 to (n + l)ir(c/7). Com
pare. for instance, the bandpass 

filter shown in Fig. 10-5a, which is derived from the low-pass filter of 
Fig. 10-3a, with the corresponding distributed-constant system shown in 

Flu. 10-4.—Power transmission ratios for 
structures of Figs. 10-3o and 10-3b. respec
tively. 

Z0i~2 j Lt Y02-2 { C2 

(a) (A) 
F I G . 10-5.—Transformation of a bandpass filter into its microwave equivalent, 

Fig. 10-56. The power-loss ratio for the lumped-element filter is found 
to be 
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2V, = 1 + [too I (J _ <*>\\ 

On the other hand, the ratio for the structure of Fig. 10-56 is 
14 

vl 
2V2 

2 

= 1 + 
cot a) -c 

x w'l _ c o t T -

(30) 

(31) 

The reciprocals of these power ratios are plotted respectively in Figs. 
10-6o and 10-66. It will be noticed that the curve of Fig. 10-66 is identical 

(a) (6) 
Fia. 10-6.-^Power transmission ratios for structures of Figs. 10-5a and 10-56, respectively. 

to the curve of Fig. 10-46 but for a translation of (ir/2)(c/l). There is 
an infinite number of pass bands, all of which have a bandwidth equal to 

W 2 T c o t 23" 

The mean frequencies are given by the equation 

< = \2 + nw)r 

(32) 

(33) 

It is interesting to note that each pass band possesses arithmetic sym
metry with respect to its mean frequency whereas in the case of Fig. 
10-6a the symmetry is geometric. 

The change of variable defined by Eq. (24) transforms the interval 0 

to «> in the u domain into the interval s 7 to ( T / 2 + w) (c/l) in the 01' 

domain. However, since this interval is repeated an infinite number of 
times,*the complete plot becomes identical to the plot of Fig. 10-46. 
This similarity should not be surprising since the low-pass to bandpass 
transformation used to obtain the filter of Fig. 105a from the filter of 
Fig. 10-3o is mathematically equivalent to a change of variable of the 
type (see Sec. 9-8) 
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This change of variable combined with Eq. (22) leads to the substitution 
defined by Eq. (24). 

Sections of lines may be used also as two-terminal-pair networks. 
Such elements may operate as integral parts of a filter, or merely as links. 
Here the correspondence between sections of lines and lumped elements 
is not so simple as in the previous cases. Two functions are required to 
describe the element since there are two symmetrical terminal pairs. 
These two functions may be chosen in several different ways, but the 
open-circuit and the short-circuit impedances of half the section, Z^, 
Z„ch, are particularly convenient for reasons that will become evident 
later. Bartlett 's bisection theorem already mentioned in Sec. 9-5 shows 

Zsch 

o — I A A / V - * — o . L 
A/W-s 

F I Q . 10-7.—Symmetrical lattice structure. F I G . 10-8.—Low-frequency lattice equiva
lent of a section of line. 

that the lattice structure of Fig. 10-7 is equivalent to the section of line 
under discussion. Let Zo be the characteristic impedance of the line and 
I its length. The short-circuit impedance of half the network is then 

Z.ch = jZ0 tan oj 5— (35) 

The open-circuit impedance is 

ZTCh = jZa cot 01 ^ - (30) 

The Z„oh arm of the lattice is evidently a short-circuited line of character
istic impedance equal to Z0 and length equal to 1/2. Similarly, the Z^h 
arm is an open-circuited line having the same length and the same charac
teristic impedance. It follows that when 1/2 is much smaller than a 
quarter wavelength, the section of line approximates the behavior of the 
lattice structure shown in Fig. 10-8. From Eqs. (7) and (8) the values 
of L and C are 

L = Zo ^ • (37) 

C = F 0 ~ (38) 

If I is made equal to an odd multiple of half wavelengths, the section 
of line may be used to simulate the behavior of the lattice structure 
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shown in Fig. 10-9. Both arms are tuned at a frequency o>o at which 
the line is an odd multiple of half wavelengths, 

1 1 
o>o = 

VL2C2 

- < » + - ) * (i 
The values of L\ and C2 are given by Eqs. (20) and (21), 

Ll = 2.„ V2 + ™) = T 
C2 = 2co„V2+nTj = T, 

c 

I 
c 

(39) 

(40) 

(41) 

(42) 

If ' is made approximately equal to an even multiple of half wavelengths, 
the lattice of Fig. 109 is transformed into the lattice shown in Fig. 10-10. 

Flu. 10-9.—Lattice equivalent of lino with 
odd number of half wavelengths. 

l 'iu. 10-10.—Lattiee equivalent of line with 
even number of half wavelengths. 

Notice that one lattice can he obtained from the other by interchanging 
the output terminals. In fact, Kqs. (20) and (21) show that 

/j 0 tlTT /j 0 I 

2 wo 4 c 
„ 1*0 nir _ Yg I 

2 2 wo 4 c 

(43) 

(44) 

10-2. Practical Limitations on the Use of Lines.—The technique of 
using sections of parallel wire or coaxial transmission line to approximate 
the behavior of lumped elements is relatively old.1 The older filters, 
however, were designed to operate at relatively low frequencies. During 
the war, the range of operation of these filters was extended to frequencies 
as high as 3 X 103 cps. At higher frequencies, the dimensions of con-

1 See. for example, the first reference listed in the bibl iography at the end of the 
chapter. Xtimbcrcd superscripts in the text refer to the corresponding numbered 
.cfcrences of the bibliography. 
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ventional transmission lines become impractically small if the propaga
tion of higher modes is to be prevented. This fact sets a limit to the 
range of application of filters employing sections of conventional trans
mission lines. It must be pointed out also that the stray effects due to 
geometrical discontinuities in a transmission line become rather important 
when the frequency of operation approaches the cutoff frequency of the 
T.En-mode. For instance, it cannot be assumed that two lines having 
the same characteristic impedance but different dimensions can be 
joined without any reflection taking place. In practice, the stray effects 
become so important at frequencies of the order of 3 X 109 cps that filters 
cannot be designed by purely theoretical means. Although empirical 
adjustments of the elements can compensate to a certain extent for the 
stray effects, the actual characteristics of the filter are always somewhat 
different from the theoretical ones. 

Another limitation to the field of application of filters using sections 
of lines is set by bandwidth considerations. Consider a prototype low-
pass ladder structure with a cutoff frequency equal to 1 radian/sec and 
1-ohm terminations. It turns out that in any structure of this type the 
inductances measured in henrys and the capacitances measured in farads 
have values of the order of magnitude of unity. Let this structure be 
transformed into a bandpass filter with a bandwidth w and a mean 
frequency oij. Following the method discussed previously (see Sec. 
9-8), each inductance becomes a series-tuned circuit whose reactance 
function at the mean frequency w0 has a slope of the order of magnitude 
of 2/w. Similarly each capacitance becomes a parallel-tuned circuit 
whose susceptance function at the mean frequency co0 has a slope also of 
the order of magnitude of 2/w. For these tuned circuits, let lines of 
length equal to an odd number (2« + 1) of quarter wavelengths at the 
mean frequency o>0 be substituted. The order of magnitude of the charac
teristic impedance of the open-circuited section of line which is sub
stituted for any series-tuned circuit must be, according to Eq. (13), 

Zo = y~ : 7T- (45) 
w w (In + 1 ) 

Similarly the order of magnitude of the characteristic, admittance of the 
short-circuited section of line corresponding to any parallel-tuned circuit 
must also be, according to Eq. (12), 

v' - l^i' L = L an 
" T w (2/(. + 7 ) K 

It follows that the ratio of the characteristic impedances of the two lines is 
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Note that the terminations of the filter are equal to 1 ohm, or in other 
words, that Z0 and Z'0 are normalized with respect to the terminating 
impedances. 

The difficulties involved in obtaining narrow bands, that is, large 
ratios of Zi,/Z'0, are obvious when it is remembered that the characteristic 
impedance of a coaxial line is directly proportional to the natural loga
rithm of the ratio of the diameters of the two conductors and inversely 
proportional to the square root of the dielectric constant of the medium 
filling the line. Ratios of Z0/Z'0 as large as even 3 or 4 are difficult to 
obtain in practice without considerably increasing the losses of both lines. 
It follows that a large value of uo/w must be balanced by an almost equal 
value of In + 1- Lines several wavelengths long are again impractical 
because of their inconvenient dimensions and their high losses. This 
bandwidth limitation may be circumvented by using loosely coupled 
cavity resonators instead of sections of lines. The techniques involved 
in this method of design will be discussed in Sec. 10-8. In practice, the 
upper limit for the ratio o>0/w when sections of lines are used is about 10. 

10-3. Filters Employing Lines as Two-terminal Elements.—It is of 
historical interest to note that, except for the simple resonant cavity, 

'//A 1 
m ip- Polystyrene 

x""""-><<ym Q 
7/A I 

m ^m-. 

(a) W 
FIG. 1011.— A low-paws filter with its lumped-element equivalent eirruit. 

low-pass filters were among the first to be requiied in the application of 
microwave techniques to radar. This circumstance arose from the fact 
that the efficient operation of crystal mixers requires the rejection of the 
third harmonic of the fundamental frequency to be received. Figure 
lOTla illustrates the typical design of such a filter for a coaxial mixer 
input line. This filter, which consists of two reentrant line sections 
separated by a concentric condenser, is the coaxial embodiment of a 
simple constant-^ prototype section whose equivalent lumped-constant 
analogue is represented schematically in Fig. lOTlb. This analogy 
obtains only at those frequencies for which the reentrant line sections are 
shorter than a quarter wavelength. At higher frequencies the reactances 
of the sections of line have poles and zeros that are not present in the 
lumped-element case and consequently the existence of spurious pass 
bands must be expected. 
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Let uc be t he cutoff frequency of t he lumped-e lement filter. The 
values of L and C given in Fig. 1011b are obta ined by properly trans
forming t he p r o t o t y p e section of Fig. 9-23c. The character is t ic imped

ance of t h e r een t r an t lines is given 
I by Eq. (9), 

>̂o — L j — Re 
0)c I 

(48) 

10-12.—Attenuation character! 
low-pass filter of Fig. 10-1 lo. 

T h e capaci tance C m a y be assumed 
to be lumped if t h e width of the 
concentric condenser is small com
pared wi th I. Under these con
dit ions t h e a t t e n u a t i o n function 
behaves in t h e m a n n e r shown in 

Fig. 10-12. T h e ac tua l cutoff frequency u'c is somewha t smaller than u, 
because t he reac tance of t h e line is always larger t h a n uL. A peak of 
infinite a t t enua t ion occurs when 
the length I is a qua r t e r wave
length. Since a spur ious pass 
band appears when I is a half 
wavelength , t h e length should be 
made as small as possible. 

T h e drawing of Fig. 10 - l l a is 
.scaled t o dimensions sui table for 
a | - i n . , 46.2-ohm coaxial line. 
Polys tyrene filler is used in t he 
concentric condensers t o shor ten 
the filter and to add mechanical 
rigidity. T h e measured insertion 
loss for th is filter is shown in Fig. 10-13. T h e design formulas given 
above predict a cutoff frequency of 28<>0 M c / s e c ; t h e ac tua l ly observed 
value corresponding t o 3-db insertion loss is 2440 M c / s e c . The dis

crepancy be tween t h e calculated 
and observed va lue arises in part 
from t h e approx imat ion inherent 
in t r ea t ing t h e sections of line as 
lumped induc tances instead of as 
t ransmission lines; t he remainder 
of the discrepancy may be ac
counted for by t he extra fringing 

capaci ty neglected in t lie design formulas. In practice, it is possible to com-
pensute for such end effects by shaving down t he length of t he dielectric 
beads until t he characteris t ic impedance of the filter matches the line. 
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10-13. -Hejecti on-hand characteristics 
of filter of Fig. 101 \a. 
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Concentric condensers -

Under these circumstances, the standing-wave characteristics in the pass 
band are shown in Fig. 10-14. 

A high-pass analogue5 of the harmonic filter described above is shown in 
Fig. 10-15 together with its equiv
alent lumped circuit. As in the 
case of the low-pass filter, a short-
circuited line of length I is sub
stituted for the lumped inductance 
L. The characteristic impedance 
of this line is again given by 

Z0 I (49) 

The two concentric condensers 
may be treated as lumped capaci
tances if their length is much 
smaller than I. Otherwise they 
should be considered as open-cir
cuited lines. In the former case, 
a spurious pass band appears when 
the length of the short-circuited 
line becomes longer than a quarter 
wavelength. The attenuation, however, rises very slowly and hence the 
insertion loss may remain small until the length of the line approaches 
one-half wavelength. 

FIG. 1015.—High-pass microwave filter 
its equivalent lumped circuit. 

Two-section high-pass filter and equivalent circuit. 

A two-section filter of this type is shown in Fig. 10-16. This drawing 
is scaled to dimensions suitable for a 50-ohm coaxial line. The filter was 
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intended to have a cutoff frequency of 900 Mc/sec; at this frequency the 
insertion loss should be, theoretically, equal to 7 db [see Eqs. (9-129) and 
(9-141)]. Actually, as seen from Fig. 10-17, which illustrates the experi
mentally determined insertion loss of the filter, the cutoff frequency is 
about 680 Mc/sec. As before, this large discrepancy is caused by the 
roughly approximate nature of the design equations. The insertion 
loss is less than 0.5 db over most of the frequency range from 800 Mc/sec 
to 4000 Mc/sec. There is, however, a small hump of about 1 db occur
ring at 2700 Mc/sec approximately, the frequency for which the coaxial 

stubs are a quarter wavelength long. 
The concentric condensers used 

in this filter are filled with Dilectene 
(ke = 3.5) to provide mechanical 
rigidity and to reduce the over-all 
length of the filter. It will be noted 
that in the two-section filter, the 
center condenser is only one-half the 
size of the end condensers since it 
must be equal to two of the end con
densers in series. 

A group of filters that is some
what analogous to the rn-derived 
filters and suitable for the frequency 
range from 150 Mc/sec to 1000 
Mc/sec has been developed. These 
filters are typified by the use of 
lumped elements in the series arms 
of the ladder structure and coaxial-
line sections in the shunt arms. 
Since the coaxial lines are sufficiently 
long to be resonant near the pass 

band of the filter, they may be considered as a convenient means of build
ing resonant impedances. As in the case of m-derived structures, these 
filters may be designed to have very sharp cutoffs, at some cost in the 
attenuation farther from the pass band. Moreover, the use of half sec
tions at the two ends of the filter, combined with a proper choice of their 
frequencies of infinite attenuation, results in improved bandpass 
characteristics. 

Lumped-element structures are used as guides in the design of these 
filters. The values of the elements, however, must be determined with
out making any approximations concerning the frequency behavior 
of the lines. More specifically, in order to obtain satisfactory bandpass 
characteristics, it is necessary to plot families of image-impedance curves 
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F I G . 10-17.—Rejection-band charac
teristics of high-pass filter shown in 
Fig. 10-16. 
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for various values of the design parameters. Attention must also be 
paid to the existence of superfluous pass bands arising from the repetitive 
dependence on frequency of the impedance of the coaxial lines. 

It must be pointed out, however, that even when the above design 
procedure is followed, the neglect of the connecting-lead inductances and 
of the stray capacitances of the coils may result in small but appreciable 
differences between predicted and observed characteristics. Finally, the 

Attenuation Equivalent circuit 

Li L, 

—^nnr>—»—*Tnnrv— 

Filter type 

1 L L 

J ' 2 

— /W!P-
L 

-TfflP 

, L C L C 

i 

—nm -̂
L 

-nwr*— 

L\ C\ C\ L\ 

X 
c2x 

Kjjf 
J i 2 

No constant* or 
m derived equivalent 

FIG. 10-18.—Four typical microwave filters employing lines as two-terminal elements. 

incidental dissipation, which is not taken into account in the design, will 
smear the peaks of infinite attenuation and slightly increase the loss in 
the pass band. 

The four types of filters that have been developed are schematically 
represented in Fig. 10-18 together with their attenuation functions. 
Type 1 is a low-pass filter obtained from a conventional m-derived section 
by substituting, in the shunt arm, a short-circuited line for the lumped 
inductance and an open-circuited line for the lumped capacitance. By 
properly transforming the prototype section of Fig. 9-286 to obtain a 
cutoff frequency uc and terminations equal to ]{, it is found for the lumped 
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element s t ruc tu re t h a t 
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It follows t h a t t h e character is t ic impedances of t h e two lines m u s t be, 
according to Eqs . (9) and (10), 

1 I V . . 

(51) 

(52) 

If l\ and l2 a re mucli smaller t h a n one-quar te r wave length over the 
frequency b a n d of interest , the i r ac tua l values do no t m a t t e r . If this is 
not t he case, however, t hey mus t be selected in such a way t h a t t h e act'ual 
cutoff frequency uc is kep t unchanged . Consider the behaviors of Z„ch and 
Z„.b, t h a t is, of t he open-circuit and short-circui t impedances of one-half 
t he ac tual ne twork . Since 2o c h m u s t vanish for w = uc, 

cot uc -=— t a n oic — = fr=— = m2 — r - (53) 
C Zoi C /Zoi wr/i 

But from Eqs . (51) a n d (52) t he following expression is ob ta ined : 

P = rf-„ (1 - »»'). (54) 

Equa t ion (53) becomes, then , 

h . h 
uc — t a n <iic — 

—- - (1 - ??J2) j - ^ - = m2 . (55) 
, ' i (•> 

t a n oi,. — u t -
c c 

This equa t ion m a y be solved for ?i when h< is given or vice versa. Atten
tion mus t be paid to the fact tha t the frequency a t which l,2 becomes a 
quar t e r wavelength is the cutoff of a spurious pass band . Therefore, 
it is desirable to keep I-, as small as possible. T h e cons tan t in is usually 
made equal t o 0.(1 since for this va lue the image impedance of the half 
section (midshunt impedance) is reasonably cons tant over t he pass band. 

T h e peak of infinite a t t e n u a t i o n occurs when Zorh = Zsr„, t h a t is, 
when the impedance of the shunt a rm is equal to zero. Therefore, 

t a n wx - t a n oix - = -=- = - - - ■ (56 
c r /jti* r-{\ — m-j 
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It is interesting to note that co„ depends on the product hh. Equations 
(55) and (56) can be solved approximately by using the first two or three 
terms of the series expansions of the tangents. The propagation func
tion of the filter is given by the expression 

T = 2 t a n h - ' /f=± = 2 t a n h - f l 2 Z ° ' u° UcLl 

[cotU~y~^tanU~;Jt • (57) 

The image impedance of the midshunt II-section is 

r,- VIS - n„ [»«(» af) - z£ ,„ (; ̂ )] 
^ * [ co l (t ?di) - f» tan ("- ^ 1 - I!"" (58) 

Filter No. 2 of Fig. 10-18 is derived from a conventional low-pass 
constant-A- section by substituting open-circuited lines for the shunt 
capacitances. However, if the length I of the line has its quarter-wave 
resonance at a frequency u„ slightly larger than the cutoff frequency <JIC, 
the frequency behavior of the filter becomes similar to the one of an 
m-derived section. The proper design procedure consists of making the 
cutoff frequency and the frequency of infinite attenuation of the actual 
filter coincide with wc and w„ of the m-derived lumped-element section. 
The following expression is, then, obtained: 

uj=l^ (59) 

Zo = ^ - tan uc 'c- (60) 

The image impedance of the filter at zero frequency may be made equal 
to any desired value H, usually the impedance of the terminations. In 
this case, 

(Z^nZ„rh)^o = 2Z„Z
CL = K2. (61) 

Equations (59), (60), and (61) yield 

Zo _ 1 w, ■I . I \ JW Wc , TT 0)c tan^c = 2V2^ t a n2^ (W) 

I H I = I^cot^ (63) 
uc \ t a n ucl/c u, \ i « „ i!u„ 

where, for the m-derived section, the ratio ur/u«, is equal to V 1 — m2 

In the case of lumped-element sections, m must be made equal to approxi-

L 
R 
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mately 0.6 in order to obtain a well-behaved image impedance for the 
midshunt half section. In the present case a somewhat smaller value of 
m, approximately 0.55, may be used. The first spurious pass band starts 
at the frequency at which I becomes equal to one-half wavelength, that is, 
at a frequency equal to 2o>m. For this filter, the propagation function is 
given by 

2 tanh" 
$ 

2 tanh 1 2Z0 We , / 0) U>cl\ —jr — COt I - I 
UcJj Ul \UC C / 

and the image impedance of the midshunt IT-section is 

Z\ = VZL.ZL = 2Z0 cot h ^) \2Z° ^ cot (» "A - 1 

(64) 

(65) 

Filter Xo. 3 is derived from a bandpass constant-A; section by substi
tuting for the tuned circuit in the shunt arm an open-circuited section 
of line resonating at the mean frequency o>0. By properly transforming 
the prototype low-pass structure into a bandpass filter with a mean 
frequency &>0, a bandwidth w, and terminations equal to R, the following 
expressions are obtained for the lumped elements 

U K 
— ? w Ci = Rw 

_ 1 _ 1 

The length of the line is given, obviously, by 

Jo ' 

(66) 

(67) 

The characteristic impedance of the line must be, according to Eqs. (16) 
and (66), 

Zo 
T _ IT W 

2,( 'jU)() 4 C*J() 
(68) 

If <a,)/w is relatively small the actual bandwidth of the filter becomes 
somewhat smaller than w and can be computed as the difference between 
the frequencies at which /?,„.,, is equal to zero. 

Peaks of infinite attenuation occur at the frequencies for which I is 
one-quarter and three-quarters wavelength. In spite of this fact, the 
filter can hardly be considered of the m-derived type since these fre
quencies are determined entirely by the mean frequency a>(„ being equal 
to w0/2 and %wn. However, the image impedance of the midshunt II-sec-
tion is somewhat natter than the image impedance of the corresponding 
lumped-element section, although its behavior cannot be adjusted 
independently of u„ and w. This image impedance is 
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z; = VZLZL = 2Z0 cot (x ^J 

The propagation function is, similarly, 

7 = 2 t a n h - ' J ~ = 2 t a n h - ' 

„ COtir — 

WoL -fey 
- 1 (69) 

„ cot T 

CO t)L UJ 

( : ) • 
(70) 

Spurious pass bands start at frequencies equal to 2co0, 3«0, 4oi0, etc. 
Filter No. 4 is derived from a lumped-element structure which is not 

of any conventional type. It has 
bandpass characteristics without 
any superfluous low-pass band. 
Its main advantage is that there 
are no condensers in the series 
arms. This fact makes it parti
cularly suitable for use at high 
power levels. For design data on 
this filter, the reader is referred to 
the original report by Mode and 
Nosker.' 

The filter of Fig. 10-19 will be 
examined in detail to illustrate the 
practical design procedure. This 
filter is intended to operate be
tween 50-ohm terminations, to 
have a pass band from 220 to 260 
Mc/sec, and rejection bands from 
165 to 215 Mc/sec and from 275 
to 375 Mc/sec. In order to obtain 
such characteristics, a Type 2 low-
pass filter is used in tandem with 
a Type 3 bandpass filter. The sharp cutoff of the low-pass filter is 
used to eliminate the high-frequency portion of the pass band of 
the Type 3 filter where the image impedance is varying rapidly with 
frequency. Furthermore, the Type 2 filter increases the amount of 
attenuation obtainable per section far from the pass band. The resulting 
filter is composed of five coaxial lines making up the bandpass filter and 
five coaxial lines composing the low-pass filter. The two sets of lines 

H''T l ' i ' l '1r ' ,r iT l ' i ' 'SrTTT r7 nu 
F I G . 1019.—Filter composed of five sections 

of Type 2 and five sections of Type 3. 
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form a fasces which is bound in a cylindrical tube 21 by 3 in. OD. The 
lines are interconnected by a centrally located coaxial line. 

The schematic diagram for the low-pass unit is shown in Fig. 10-20. 
The filter consists of four II-sections. The A lines are made from a pipe 
| in. in diameter with yV-in. inner conductors. These lines have a char
acteristic impedance of 111 ohms and are 8 in. in length. The B lines are 
made from f-in. tubing with center conductors A in. in diameter. Their 
characteristic impedance is 55.5 ohms and their length is also 8 in. 

0.0376^A 
fWy\— r 0.037Mi 

/■?nnr*— r r 
0.0376M r 0.0376//A r r 

FIG. 10-20.—Low-pass unit of filter shown in Fig. 10-19. 

The schematic diagram for the bandpass unit is shown in Fig. 10-21. 
The filter consists of four II-sections. The A lines are Te-'m. ID tubings 
with Tj-in. OD center conductors. In this case Z0 = 139 ohms. The 
lines are 13jl in. long. The B lines, having a characteristic impedance 
of 69.5 ohms, are obtained from rs-in. ID tubing and |-in. OD rods. 
Their length is equal to that of the A lines. 

The theoretical curve for the attenuation function and the experi
mental curve for the insertion loss of this filter are compared in Fig. 10-22. 
It is not unusual to encounter 10 per cent discrepancies between theo
retical and experimental results if allowance is not made for junction 
effects. 

0.0229,uh 

-nm^—\ 
0.0229 fih 0.0?29fth 0.0229/M 

Fio. 10-21.—Bandpass unit of filter shown in Fig. 10-10. 

10-4. Filters Employing Lines as Four-terminal Elements.—A num
ber of other filters employing sections of lines have been developed. A 
comprehensive survey including the types shown in Fig. 10-23 can be 
found in a report by P. Richards.3 Reference should also be made to a 
much earlier survey by Mason and Sykes.1 Four of these filters will be 
analyzed in some detail as illustrations of the design technique. 

Some of the sections shown in Fig. 10-23 make use of lines as two-
terminal-pair networks. These sections are used in some cases in 
combinations with sections of different types to provide mechanical 
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spacing. In other cases they are used to suppress undesired pass bands 
resulting from the periodicity of transmission-line impedances. The 
resulting filters cannot be analyzed by means of the image parameters 
of the individual sections because the image impedances of different 
sections are not, in general, equal. In such a case, the advantages of the 
image-parameter method of analysis disappear, and instead of computing 
the image parameters of the whole filter it is often just as easy to compute 
the elements of the GCBCD matrix (see Sec. 9-1) by multiplying the corres-

Fi« 

200 
Mc/sec 

10-22.—Comparison of observed insertion loss and computed attenuation character
istic of filter shown in Fig. 10-19. 

ponding matrices of the individual sections. The insertion loss of the 
filter can be found readily from this matrix as shown in Sec. 9-3. A rough 
estimate of the attenuation function of the whole filter can sometimes, 
but not always, be obtained simply by adding the attenuation functions 
of the individual sections. The warning is necessary, however, that this 
method, which is correct when matched conditions exist at the junctions 
of different sections, may be misleading when mismatches are present. 
It may happen, for instance, that the whole filter has a pass band where 
the individual sections have an attenuation band. The physical meaning 
of this phenomenon is that the reflection from one section may cancel 
partially or totally the reflection from another section. Because of these 
considerations, the parameters QffiCD for the individual sections will be 
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given together with the design formulas although they are not used in the 
following discussion. 

Filter type Attenuation 

■Z0i 
i 

2o2 

^01 
1 

J L; 
-21-

1 w - r 

Z <" ,Zo: 

^ 

±2± 
Zo2 

^ f , — 

c 
HI-

2 / 

■£■ 

"r- 3" !. 
?" I 

FIG. 10-23. Irour filter types and their attenuation rhatarteristicK. 

Filter No. 1 (T-section) is derived from the constant-/!; bandpass 
section of Fig. 10-24. Let iv lie ilie bandwidth and o>(i the mean fre
quency. A short-circuited line of characteristic impedance Z0i and 
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length 11 is substituted for the series arm, and a short-circuited line of 
characteristic impedance Zm is substituted for the shunt arm. The 
length I is given by the expression 

Uol _ IT 

~c ~ 2' 
(71) 

With reference to Fig. 10-24a and using Eqs. (16) and (20), it is found 
for Zoi and Zm that 

„ 2R ox, „ _ Rir w 
/ n i — 1 ^ 0 2 — "77" 

T W O WO 

The ratio of the characteristic impedances is then 

(72) 

Zoi 
Zm 

/4«oV 
\W W ) 

(73) 

These design equations are satis
factory when the ratio w/ut, is 
much smaller than £. If this is 
not the case, the actual bandwidth 
will be appreciably smaller. 

FIG. 10-24.—Constant-A; bandpass section. 
The proper design equations may be found by 

computing the cutoff frequencies of the filter as the frequencies for which 
Zoch is equal to zero. After proper manipulations, the following expres

sion is obtained: 

§s=»"fe)-'-Kis)-
(74) 

Furthermore, imposing the condition 

ZochZsch = K 

at the mean frequency 'u0 yields "the equation 

ZoiZo -(?)" (75) 

2000 3000 4000 
Frequency in Mc /sec 

FIG. 10-25.—Insertion 
loss of filter Type 1 shown 
in Fig. 10-23. 

Equations (74) and (75) together with Eq. (71) 
provide all the necessary design equations. It 
must be added, however, that because the 
impedance of the line in the series arms 

becomes infinite for a = o>0/2 and u = |uo, there is a peak of infinite 
attenuation on each side of the pass band. However, since the locations 
of these peaks obviously cannot be controlled, the filter can hardly be con
sidered to be of the m-derived type. The propagation function is 

7 = 2 tanhr = 2 tanr r 1 + I K ' - ' - J S F - (re> 
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An experimental curve is reproduced 
in Fig. 10-25 showing the insertion 
loss of one L-section, that is of one 
half of the filter shown in Fig. 10-24. 
Table 101 gives the matrix compo
nents for Filter No. 1 (T-section) and 
for the II- and L-sections derived from 
it. 

Filter No. 2 in Fig. 10-23 is ob
tained from the w-derived II-section 
shown in Fig. 10-26a. The series arm 
of the section is transformed into a 
series combination of two resonant 
circuits tuned to the frequencies of 
infinite attenuation OJ00[ and w^, as 
shown in Fig. 10-266. These two fre
quencies occur on opposite sides of 
the pass band. Two short-circuited 
lines of length 

I ire 
2u n 

(77) 

are substituted for the shunt arm. 
The characteristic impedance of these 
lines must be 

_ 1 I _Rir W . . 
Zo1 _ W, c ~ 4^ ^ ' ( 7 8 } 

In the series arm two short-circuited 
lines of length li and U are substituted 
for the two resonant circuits. Then, 

I, = h = (79) 

For filters with a reasonably narrow 
band the following approximation (tan 
be made: 

h + U = 21. (80) 

It follows that the two lines must have 
the same characteristic impedance 
Zoi, since for u = o>0 the sum of their 
impedances must be equal to zero. 
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The quantity Zm can be found by equating the slope of the reactance of 
the shunt arm at the mean frequency to 2L2, that is, to the corresponding 
value for the lumped network. Thus, it is required that 

' 0 2 

where M>„ = u>, 

[da\ tan OJ - + tan 01 -1 uo = 2 L , 

4 0!0 

ui„ ; whence it follows that 

Z02 = — Li sin2 - —= 
T 4 OJo 

imR oj0 . 7T w„ sin2
 T —"■ 

ir M; 4 COO 

(81) 

(82) 

For small values of wx/w0 this equation reduces to 

Zm = m1i-r — \—\ = It -r 
4 w0 \ w ) 4 1 — 

-. -• (83) 
m- o>o 

Equations (77), (78), (79), (80), and (83) form a complete set of design 
equations in the case of narrow-band filters. For larger values of w/ua 

r iH 

L2 C2 

■ 1—lTRRTs-̂ i » o o h 

C'T S i , 

c'2' 

t O o i-

L"> IP j ~ * 

c,x r 
c, wi? 

_2mR ? 3 = 2 ^ ( d - m ) ' 
_L 1 
L1C1 L?C° 

I 
LiCz 

r = u . , 0 , , , 

(a) (6) 
FIG. 10-26.—Two equivalent forms of m-derived bandpass filter. 

the same equations may be used, but some disagreements must be expected 
between actual and predicted characteristics. 

The components of the affieS) matrix are 

„ tan u —|- tan w -

a = \+p c—. i = o, 
tan u -c 

03 = jZ021 tan a) —h tan w — ) , \ c c/ 

Z02C 2Z0l tan + Z0 tan u — h tan « -c c, 

Z01Z0o t a n I t a n to -1 + t a n co 2 I \ c c} 
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Spurious pass bands are centered at frequencies 3co0, 5&>o, etc. The 
characteristics of the filter, however, are not periodic functions of u. 
For instance, the difference between the frequencies of infinite attenu
ation bracketing the pass band centered at 3u0 is iw„. For further dis
cussion of filters of this type, the reader is referred to the original paper 
by Richards.3 

The measured insertion loss for a filter of this type is compared in 
Fig. 10-27 with the predicted at
tenuation function; except for the 
anomalous bump in the pass band 
the agreement is good. Part of the 
discrepancy, particularly near the 
frequencies of infinite attenuation, 
is caused by incidental dissipation. 
The bump in the pass band is 
inexplicable, unless it arises from 
spurious effects introduced by the 
test procedure. 

Filter No. 3 may be considered 
as a high-pass filter derived from 
the lumped-element structure in 
Fig. 10-28. The cutoff frequency 
for this filter coincides with the 

zero of Z,ch, that is, with the resonance frequency of Li and C. The 
image impedance for u = <x> is made equal to the terminating resistance 

c 
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10-27.—Insertion loss of filter Type 2 
shown in Fig. 10 23. 

R. The design equations are then 

(84) 

& = U 

1 

Ci + C 

c 

CiC 
(85) 

FIG. 10-28.—Equivalent circuit for 
Type 3 shown in Fig. 10-23. 

filter A section of a line of character
istic impedance Z0 and length 21 is 
then substituted for the lattice. From Eqs. (37) and (38) it is found that 

I 
hi — Za - ; C*i — ^ r — 

c Z0c 

Equations (84), (85), and (86) then yield, for ucl/c « 1, 

Z„ R 

i_l 
R oicl 

(86) 

(87) 

(88) 

The length / is arbitrary but must be made short compared with a quarter 
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wavelength over the frequency band of interest. When this condition is 
satisfied, the behavior of the actual filter approximates closely the 
behavior of the lumped-element network. On the other hand, if this 
condition is not satisfied, the behavior of Z0<,h and Z,cb must be examined 
for the actual filter. It is easy to show that the exact value of the cutoff 
frequency uc is given by the expression 

I I w ZouicC tan uc - = 1 for uc - < =■ (89) c c Z 

The impedance Za can still be made equal to the terminating impedance 
R, since it is well known that under these conditions there is always a 
frequency at which the reflections arising from the two condensers cancel 
each other and perfect transmission results. 

<̂ - Polystyrene r- Dilectene spacers 

^ss/sssssss/ysssssAysssstssssssssTT* 

HP 'SSSSSS>SS S SXS>t/SSSS ssssfs/sssyss / z z ) / sss/s sssssss ss "s\ 
F I G . 10-29.—A practical form of filter Type 3 shown in Fig. 10-2.3. 

Spurious attenuation bands appear between the frequencies at which / 
becomes equal to an integral number n of quarter wavelengths and the 

frequencies at which Eq. (89) is satisfied for (n — 1) -= < — < n ^- It 

follows that this filter may be used also as a bandpass filter. 
For the components of the CKBCSD matrix it is found that 

1 . 2OJ/ , 2OJZ 
Q, = —^-rr s m r- cos —7 

CdCZo C C 

= J H1_"izi) 
. 2ul 2 2U 

sm -=, cos — c wC c (90) . 1 . 2uil 6 = J „ s i n — ; 

1 . 2OJ/ , 2coZ 2D = „ „ sin h cos «CZo C C 

A practical design for a filter of this type is shown in Fig. 10-29. 
It consists of a coaxial line with polystyrene filler between the inner and 
outer conductors. The inner conductor is broken periodically and the 
sections thus formed are spaced with Dilectene washers to form series 
capacitances. The capacitances of the first and last condensers are equal 
to C whereas the capacitances of the other seven condensers are equal to 
C/2. The filter consists, thus, of eight prototype sections. The experi
mentally determined insertion loss for this filter is shown in Fig. 10-30. 
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Fil ter No . 4 in Fig. 10-23 m a y be de r ived from t h e low-pass filter 
shown in Fig. 10-31. T h e cutoff frequency wc of t h i s filter coincides wi th 
t h e zero of Z„h: t h a t is, wi th t h e resonance frequency of L 2 and CV T h e 
zero-frequency image impedance is m a d e equal t o t h e t e rmina t ing 
resistance R. U n d e r these condit ions, t h e design equat ions a re 

R2 = 

1 
(91) 

(92) 

N o t e t h a t t h e a t t e n u a t i o n never becomes infinite; however, the image 
impedance, and consequent ly t he insertion loss, become infinite for 

T h e corresponding microwave 
filter is designed by subs t i t u t ing a 
line of character is t ic impedance Z0 1 , 
and of length 11 for t h e lat t ice, and a 
shor t -c i rcui ted line of character is t ic 
impedance Zoi a n d of length I for 
t h e series induc tance . T h en 

30 

S20 
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/ 
' 

Li = Zc C1 = 
Zoi c 

z„.,- (93) 

Ci 

1500 2500 3500 
Frequency in Mc/sec 

l'lu. 10-30.— Insertion loss of filter shown 
in Fig. 10-29. 

Zo2 

Zoi (T' ) ' 
According to Kq. (02), the result is 

R* = Z„,(Zo, + Z„,). 

However, if uj/c is small compared with un i ty , t h a t is, if / is much 
smaller t h a n one-quar te r wavelength for u = uc, t he design can be 
simplified by le t t ing Z0i = R. Th is will change t h e loss in t he pass 
band somewha t ; as a m a t t e r of fact, it will t end to improve the char
acteristics of t he filter since perfect t ransmission will be obta ined not only 
a t zero frequency bu t also a t t he frequency for which t h e image impedance 
is equal to R. 

N o t e t h a t all the lumped e lements have been effectively replaced bi
sections of line of equal length /. I t follows, according to t he discussion 
in Sec. 10-1, t h a t the frequency character is t ics of t he microwave filter 
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can be obtained without any approximations from the corresponding 

functions for the lumped-element filter by simply substituting tan w' -

for u. Thus the resulting functions have a period equal to ir -=, as shown 

in Fig. 10-23. The components of the CKBeS) matrix can be obtained 
from Eq. (90) by substituting Z0i 

for Zo and Z02 tan j , for -=;• 
£ ciit 

Other types of niters, similar 
to the one discussed above, can 
be designed without difficulty. 
For further discussion of these ,. w l„, ,. . , . ., , c l . 

l i t ; . 10-.J1.—Equivalent circuit for niter 
filters, the reader is referred to the Type 4 shown in Fig. 10-23. 
original report by Richards.3 

10-5. Waveguide Filters.—It may be noted that no waveguide filter 
has been described up to this point. Theoretically speaking, the behavior 
of hollow-pipe waveguides is so similar to the behavior of conventional 
transmission lines that one might expect to find waveguide filters analogous 
to the broadband filters discussed in the preceding section. No such fil
ters, however, have ever been built for a number of reasons. 

First of all, a waveguide is intrinsically a high-pass filter. Low-pass 
filters are thus excluded, and the need for any high-pass filter other than a 
simple section of guide is rather improbable. The characteristics of 
guides as high-pass filters are discussed below. In the second place, 
it would be rather difficult to design filters employing sections of wave
guides as elements because of the junction effects. These junction 
effects, which in general can be minimized in the case of conventional 
transmission lines, become of paramount importance in the case of wave
guides. It follows that not only does any theoretical design become 
worthless, but even the mathematical analysis of a given system becomes 
impossible to perform. In the case of narrow-band filters, however, the 
difficulties arising from the use of waveguides are easily overcome, as 
will be shown later. 

In view of this situation, it is fortunate, indeed, that waveguide 
filters very seldom require a broad pass band. TR switches are the only 
broadband filters ever built. Even in this case, the design procedure for 
narrow-band filters is applicable. The fact that broadband filters are 
seldom needed becomes clear when one considers that the absolute fre
quency band required to transmit a given intelligence is independent of 
the frequency of the carrier. It follows immediately that the same, 
intelligence that requires, for instance, a 10 per cent band at 300 Mc/sec 
will require only a 1 per cent band at 3000 Mc/sec. 
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It seems worth while to discuss the behavior of waveguides as high-
pass filters in more detail. Below a certain critical frequency, an exciting 
field in a waveguide will die out exponentially according to the law 
E = Et,e~ax where E0 is the amplitude of the field at the point of excitation 
and x is the distance from this point to the point of measurement. The 
threshold frequency for this phenomenon is known as the "cutoff fre
quency" and depends on the geometry of the waveguide and the particu

lar mode excited. In the follow
ing discussion, attention will be 
confined to the damping of domi
nant modes in rectangular and cir
cular waveguide. 

The attenuation function is 
given in all cases by 

a = 8.69 M'~(T)' 

F I G . 10-32.—Attenuation below cutoff in 
waveguide. 

db/meter 
where X and X„ are, respectively, 
the free-space wavelength and the 
cutoff wavelength in meters. It 
should be recalled that this at
tenuation is not a consequence of 

dissipation of a traveling wave, but is attenuation by reflection just as 
in the case of nondissipative filters. 

It is clear from the foregoing equation that the maximum obtainable 
attenuation is 54.6/Xc db/meter. For the TE u-mode in rectangular 
waveguide Xc = 2a, where a is the wide dimension of the guide; for the 
TEn-mode in circular waveguide, Xc = 3.41r, where r is the radius of the 
guide. 

Figure 10-32 gives a normalized plot of the attenuation function as a 
function of Xc/X. I t is apparent 

L-^^ - J - f ■—■ i 
_ L 

a ~r 
F I G . 10-33.—High-pass filter constructed 

from a tapered rectangular waveguide. 

from this graph that any device 
that alters Xc will change the cutoff 
frequency. Thus, for instance, a 
variable cutoff high-pass filter can 
be obtained by placing in the guide a thin, longitudinal dielectric or 
metallic slab which can be moved across the waveguide. A method of 
obtaining the same result by means of a variable-width guide has been 
described by Wadey.4 

The insertion loss of a section of guide differs from the total attenua
tion of the section and depends on the source and load impedances just 
as in the case of conventional filters. Tapers are used in most cases to 
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match the input and output guides to the attenuating section as shown 
in Fig. 10-33. However, a perfect match can never be obtained because 
the guide wavelength approaches infinity when the frequency approaches 

n 

k \i 

/ 

0.93 0.95 0.97 0.99 1.1 
A. 
Ac 

F I G . 10-34,—Behavior of tapered waveguide near cutoff frequency. 

its cutoff value. Figure 10-34 gives typical data on a filter section of 
this type. 

FILTERS EMPLOYING DIRECT-COUPLED CAVITY RESONATORS 
It has been pointed out that the use of lines in filter design is limited 

by the values of characteristic impedances obtainable in practice. More 
specifically, it is not practical to build narrow-band filters employing 
lines, inductances, and capacitance, exclusively. A similar situation 
arises also in connection with lumped-element filters because of practical 
limitations on the size of the elements. In the latter case, the difficulty 
is overcome by transforming the network, usually a ladder structure, into 
a cascade of resonant circuits loosely coupled through mutual inductances. 
As an example, consider the bandpass section of the constant-fc type 
shown in Fig. 10-35a. This filter is designed for a mean frequency 
wo, a bandwidth w, and terminating impedances equal to R. With 
reference to the design equations given in Fig. 10-35a, it is obviously 
difficult to build inductances and capacitances of the widely different 
sizes required for a 1 per cent bandwidth, that is, for a ratio <j0/w equal to 
100. 

To circumvent this difficulty the network is transformed into the 
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equivalent structure shown in Fig. 10-356. The reader who is not familiar 
with the details of this transformation procedure is referred to Chap. 4, 
Sec. 6, of Communications Networks by E. A. Guillemin. The equivalence 
of the two structures as two-terminal-pair networks can be checked with
out difficulty, however, by computing the impedances Zoch and Zsoh. In 
the transformed network, all the inductances have the same value, and 
the ratio Cs/C\ is only 2. If Li is still too large, the impedance level of 
the whole network may be changed by means of ideal transformers or, 
in practice, by means of two suitable matching networks. This method 
of designing narrow-band lumped-element filters leads to a solution of 
the analogous problem in the case of microwave filters. Cavity reso
nators are known to behave, in the vicinity of a resonance frequency, 
like simple resonant circuits. It follows that a possible microwave 
realization of a narrow-band filter will consist of a number of cavity 

(a) (6) 
l'i«. 10-:i5.—A prototype constant-^ bandpass filter transformed into a more practical 

equivalent form. 

resonators coupled to one another in such a way that they form a chain. 
For this reason, cavity filters will now be discussed. Initially, however, 
there will be a digression for the discussion of the properties of cavities as 
network elements. 

10-6. Cavity Resonators as Circuit Elements.—Any cavity resonator 
is inherently a very complex network. It has an infinite number of 
natural frequencies of oscillation and, moreover, it may oscillate in more 
than one mode at any given natural frequency. The present section is 
concerned, particularly, with the external characteristics of cavities, 
that is, with their behavior as circuit elements. In view of this fact, one 
must consider a cavity together with the elements that couple it to the 
rest of the network. Under these conditions the frequency behavior of 
a cavity can be represented by means of any convenient set of three 
independent functions of frequency. The three open-circuit reactances 
Arn, Ari2, A'22 are particularly suitable for this purpose because they lead 
directly to a convenient form of equivalent circuit. These reactances 
are measured at the terminals of the cavity. No difficulty arises when 
the terminals consist of coaxial lines operated in the dominant TEM-
mode. In the case of waveguide terminals, however, doubt may exist 
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concerning the exact meaning of impedance. This question deserves 
some attention before an analysis of cavities is given. 

Impedance, when defined in the conventional manner as the ratio of 
voltage to current, loses its meaning in connection with waveguides 
because of the lack of terminals at which these quantities can be meas
ured. It turns out, however, that the ratio of the transverse component 
of the electric field to the transverse component of the magnetic field is 
constant over any cross section of a waveguide and has the physical 
dimensions of an impedance. This ratio can be substituted, for most 
practical purposes, for the impedance as defined in the conventional 
manner. In particular, this ratio has the same functional properties 
with respect to frequency as regular impedance functions, that is, it 
obeys the same restrictions and fol
lows the same theorems. 

The only limitations to such a 
concept of impedance is that two 
such impedances cannot be compared 
when they are measured in different 
guides. This limitation, however, 
has no practical importance since 
such a situation never arises. In 
fact, the behavior of a network 
depends only on the relative values 
of the impedances measured at the 
same pair of terminals and never on 
the relative values of impedances 
measured at different pairs of ter
minals. A proof of this fact for the 
case of a two-terminal-pair network is given in Sec. 9 3 . For further dis
cussion of the physical meaning of waveguide impedance the reader is 
referred to Vol. 8. 

According to the above definition of impedance, the characteristic 
impedance of a waveguide becomes the ratio of the transverse component 
of the electric field to the transverse component of the magnetic field for 
matched conditions, that is, when no standing wave is present in the 
guide. This ratio, which is also called the "wave impedance," can be 
expressed in the case of yi?-modes as follows: 

M,-

L>% 
J_ , 

i 

f^T( 

W*1 w*S"S i* -re, 
o I - ' 

I 

FlQ. 
(o) (6) 
10-36.—Equivalent circuits 

cavity resonator. 

*'-£ l 

^W" (94) 

where o>c is the cutoff frequency of the guide. 
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It is common practice in transmission-line work to normalize any 
impedance with respect to the characteristic impedance of the line in 
which such impedance is measured. The same practice is followed in 
the case of waveguides. It should be remembered, however, that since 
in this case the characteristic impedance is an irrational function of fre
quency, the normalized impedance does not have the same functional 
behavior as regular impedance functions. 

The foregoing considerations on the meaning of impedance in wave
guides permit the discussion of the frequency behavior of cavities with
out any limitation on the type of terminals. . Consider first the case of a 
cavity with a single input line. Foster's reactance theorem19,20 states 
that the input reactance X(w) of any two-terminal reactive network can 
be represented in the form shown in Fig. 10-3Go. When this theorem is 
applied to a lossless cavity, each tuned circuit of the equivalent network 
corresponds to one of the resonance frequencies of the cavity, that is, one 
of the frequencies at which the input reactance becomes infinite. 

The reactance of the cavity can then be written 

X(u) = wL'a -^ + \ jrrr\ 5T (95) 
* - i 

The values of the parameters are given by the expression 

(96) 

(97) 

(98) 

where B(u) is the input susceptance of the cavity. 
Another form of equivalent network is shown in Fig. 10-3(35. The 

reactance X(u) can be written in terms of the parameters of this network 
as follows: 

y( , r 1 , V " W ' T l 

\{oi) = uL0 + > —-- : - = u L , - —=r 
«Co /_/ U K . — w ) aL o 

L< \ "■><./ (. k(0>k ~ W") 
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where 

U = 14 + p^iM 
u 
Ml 

y„ 0,1 \ dB(u) 

•'„ = ('„' 

(100) 

(101) 

(102) 

X , 1 , 

Vpi.x'oxiitiatc ' 
i v i t y r e s o n a t o r 

•ircuHs [)f 

T h e Aih t e rm of t h e summat ion of Eq . (99) is t he reactance of t h e kth 
resonant loop reflected in t he p r imary loop th rough the m u t u a l induct 
ance Mt. I t is physically clear t ha t , given any a rb i t r a ry va lue w' of u>, 
a t any frequency oi < oi', t he t e rms of t h e summat ion for which OJ| » a/2 

can be neglected. In fact, under these condit ions t he resonant loop is 
approx imate ly an open circuit , and therefore t he reac tance reflected in 
the p r imary loop is negligible. For 
this reason, Eq . (99) and t h e cor
responding ne twork of Fig. 10-3W; 
are preferable, in t he case of dis t r ib-
u ted-cons tan t systems, t o Eq . (95) 
and the corresponding ne twork of 
Fig. 10-3(>a. For a ma themat i ca l 
discussion of this quest ion and of t he 
convergence of t h e infinite summat ions of Eqs. (95) and (99), t he reader 
is referred to t he original pap 'T by H. Schelkunoff,1^ and t o Vol. 8. 

In most pract ical cases it is t he behavior of a cavi ty in t he vicinity of 
a resonance frequency o>,,, t h a t is, of a pole of A'(«) t h a t is of interest . 
By ' ' v i c i n i t y " is m e a n t a f requency band t h a t is centered a t oip and has 
a wid th small compared wi th cop and with t he difference be tween up and 
the adjacent resonance frequencies. Under these condit ions all t he terms 
of the summat ions in Eq. (99) ei ther are negligible compared with t h e 
p th t e rm or behave approximate ly like negat ive induct ive reactances. 
The equivalent ne twork reduces then to t h e one shown in Fig. !0-37a in 
which 

(' = C (103) 

L = U v m. 
L, U<*1 

(104) 

If one step further is taken by neglecting the reactances of C and L and 
1he variat ion of w uv. the eqiiivalenl network of Fig. \0'A7I> is ob ta ined ; 
its reactance is simply the ;;th t e rm ol the s u m m a t i o n in Eq . (95). 
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Consider now the case of a cavity with input and output couplings. 
The cavity becomes then a two-terminal-pair network with an infinite 
number of natural modes of oscillation, that is, an infinite number of 
frequencies at which the open-circuit reactances Xlir X12, X22 become 
infinite. If no dissipation is present, the extension of Foster's reactance 
theorem19 to the case of two-terminal-pair networks leads to the following 
expressions for the open-circuit reactances of a cavity:* 

FIG. 
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10-38.—Equivalent circuit of a 
with two pairs of terminals. 

O 
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u3MlkM2k 

(105) 

2) 

The corresponding equivalent cir
cuit is shown in Fig. 10-38. Each 
resonant loop is tuned to a natural 
frequency of the "cavity and cor
responds to one term in each of 
the summations of Eq. (105). 
The mutual inductance M0 repre
sents direct inductive coupling 
between the input and output 
terminals. The two capacitances 
Cm/2 together with the ideal 
transformer represent direct ca-
pacitive coupling between the 
input and output terminals. 

The values of the elements in 
the equivalent network of Fig. 
10-38 are given by equations 
similar in form to Eqs. (100), 

(101), and (102), namely, 
* This analysis is based on the assumption either t ha t only one mode of oscillation 

is associated with any resonance frequency of the cavity or, if several modes have the 
same resonance frequency, t h a t these degenerate modes are coupled symmetr ical ly to 
the input and ou tpu t terminals . The case of degenerate modes asymmetr ical ly 
coupled to the terminal can be considered as the limiting case of normal modes wi th 
almost equal resonance frequencies. This case, however, is rare since asymmetr ic 
couplings eliminate, in general, any preexistent degeneracy of modes. 
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L*_ = <4 (dBn(<o)\ 
M\* 2 V do, /„mJ 
Lk _ w'j (dB22((a)\ 

M\k 2 V du / „ _ „ ' 
^ _ _ = <4(dBu(u)\ 
tMik 2 \ d u /«-<*' 

_ (dBn(«)\ 
\ dui /„„<, 

/ dBH(«) \ 
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(106) 

(107) 

(108) 

(109) 

(110) 

(111) 

where Bn 
1 

J B 2 2 = — 
1 r> 1 - • 

, i>i2 = — **— are the open-circuit sus-
A12 

-17- , " i i -rr 
^■11 A 22 

ceptances. As in the case of a cavity with a single pair of terminals, given 
any arbitrary value </ of u, for u < o>', the terms of the summations for 
which <a|» (a/)2 can be neglected. 
Similarly, in the vicinity of any 
resonance frequency oip, the equiv
alent network reduces to the one 
shown in Fig. 10-39a. The param
eters Li, Ci, Li, C-i are given by 
equations similar to Eqs. (103) 
and (104), whereas M and C„ are 
given by the expression 

M <= M0 - MlkMi V M^1 

* = i 
(112) 

F I G . 10-39.—Approximate equivalent circuits 
of a cavity with two pairs of terminals. 

If a further simplification is made 
by neglecting the reactances of L\, 
C\, Li, Ci, M, and Cm, the equiv
alent circuit shown in Fig. 10-396 
is obtained. The ideal transformer produces the required change of imped
ance level if the network is not symmetrical. The values of the elements 
are given by 
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„ , _ 1 Lp 1 /dBn(a)\ r , 1 n ,oN 
L"~ aiM\p-2\ r/w 7 „ „ „ ; y'" vie;' U M ; 

dBn(o 
du 

(114) 

The effect of incidental dissipation can he taken into account, to a 
first approximation, by inserting a series resistance 7iV in every resonant 
loop of the equivalent circuit of Fig. 1038. The value of 7r,.. is usually 
expressed in terms of the Q of the cavity at the frequency uk by the 
relation 

^ = Q„ (115) 

where Qk is defined as 2ir times the ratio of the energy stored to the 
energy dissipated per cycle when the cavity oscillates at the kth natural 
frequency. The quantity Qi, can also be expressed in terms of the fre
quency behavior of the open-circuit impedances Zu, Z™, and Zy.. Let 
wk be the difference between the frequencies on both sides of oil: at which 
the square of the magnitude of any one of the three open-circuit imped
ances becomes one-half of its maximum value; then 

Q* = -±- (IKi) 

Tt should be noted, however, that this equation is correct only if w,, is 
small compared with the difference between «i and the nearest resonance 
frequency of the cavity. 

Dissipation is taken into account in the equivalent circuit of Fig. 
10-396 by means of a shunt conductance G'p given by 

"£,* = Q, (117) 

It is common practice in dealing with a cavity resonator to express 
the elements of the equivalent circuits in a normalized form by means of 
the so-called "loaded Q's." bet Z(n and Z,v, be the characteristic imped
ances of the input and output lines respectively. The quantity (Q,,)M 
is defined as the Q of the cavity at the frequency OJ;, when a resistance 
equal to Zoi is connected to the input terminal. With reference to the 
equivalent circuit of Fig. 10-396, which is exactly correct for o> = w,„ 

in \ — r<>7 tdyZni rfBn(o)) Z01 L,, ^, , „, 
(Q„),A - <*,cj«x = —^-y -fa-\a_at ~ »7.?/>;■ ( l l 8 ) 

(QP)LI is defined similarly as the Q of the cavity when a resistance equal 
to Z0i is connected to the output terminals. In this case 
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{Qp)L2 — 0>pCp du Ml <1 W> a"- 2 
It follows that the Q of the cavity, when loaded on both sides, becomes 

tn "i — r" ^01^02 _ (QP)LI(QP)L2 non\ 
{Q,h ~ "P p a>Z01 + Z0, ~ («,)« + (Q^T ( 1 2 0 ) 

Note that in defining these loaded Q's it has been assumed implicitly 
that there is no dissipation inside the cavity. If the loaded Q's were 
determined experimentally, instead of (QP)LI, {QP)L« the following values 
would be obtained: 

«&" - ifmz, (121) 

«*>" - g S f e r (122) 
In conclusion, the behavior of a cavity in the vicinity of a resonance 

frequency &»0 is determined by three parameters, namely, Q0, QL\ and QL«. 
The subscript p has been dropped since from now on the behavior of 
cavities in the vicinity of only one resonance frequency will be considered. 

10-7. Design of Cavity Resonators.—Of all the various types 
described, only the simple cylindrical cavity, the reentrant cylindrical 
cavity, and the rectangular cavity need be considered. These types 
satisfy, in general, the size and weight requirements imposed on filters 
and can be manufactured by simple processes. 

The unloaded Q of a cavity is determined by the volume-to-surface 
ratio of the cavity, the mode excited, and the resistivity of the surface. 
In designing simple resonant cavities for filters, it is desirable, if possible, 
to have only one resonance frequency lying within the frequency range 
of interest. In general, this procedure sets an upper limit on the size 
of the cavity and consequently on the Qa of the cavity for a given surface 
material. In some cases a compromise must be effected, since to reduce 
the dissipative loss in the filter to a minimum, Q0 should be as large as 
possible. 

For quantitative illustration, consider the use of a symmetrical cavity 
as a selective transmission device. Let the input and output lines be 
properly terminated in their characteristic impedance Z0. An approxi
mate equivalent circuit for the system is shown in Fig. 10-40a. The 
voltage source Es in series with the line impedance Za is transformed into 
an equivalent current source shunted by Z0 as shown in Fig. 10-406. 
The ratio of the power delivered to the load to the power available from 
the source behaves with frequency as a simple resonance curve, as shown 
in Fig. 10-41. The ratio of the mean frequency «0 to the difference w 
between the two half-power frequencies is, by definition, equal to Q'L, 
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the Q of the dissipative cavity when loaded on both sides by Z0. If 
Qo is the unloaded Q of a symmetrical cavity, for the insertion loss L 
at resonance 

20 log, ■0+£> (123) 

In view of the relation between QL and bandwidth, it is clear that losses 
are more important in narrow-band filters. 

l.= s, 

O f C « - O — — i 

<Z0 i p C~ ~ <G Z0< 

o 1 o I o 1 
(a) (b) 

F I G . 10-40.—Two equivalent circuits of a cavity loaded on both sides. 

From the foregoing discussion, it is evident that to change the effective 
bandwidth of a cavity, the coupling to the cavity must be altered. The 
exact manner in which this may be done depends on the type of coupling 
used, which in turn is largely dependent on system requirements. 

In many cases, it is convenient to make a cavity resonator by placing 
two irises in a section of rectangular waveguide. This procedure has 
the advantage of permitting the theoretical calculation of the size of 

irises required for a given loaded 
Q. In waveguides, inductive irises 
are almost always used as cou
plings. These are superior to 
capacitive irises from the point of 
view of both loss and power-han
dling capacity. Even more im
portant, perhaps, is the fact that 
for a given amount of coupling, 
the opening for an inductive iris is 
always bigger than for the cor
responding capacitive iris, and 

hence the inductive iris is easier to make. For instance, a normalized 
susceptance of 10 in a 1- by i-in. waveguide requires a gap size in a 
capacitive iris of 0.004 in. whereas the opening in a symmetrical inductive 
iris with the same susceptance is approximately 0.25 in. For similar 
mechanical reasons, the symmetrical inductive iris is preferred to the 
asymmetrical iris. Moreover, the second mode excited by a symmetrical 
iris in a rectangular guide is the T^o-mode whereas the asymmetrical 
iris excites the 7'Z?L.0-mode also. 

2 0.5 

Frequency 
Flo. 10-41.—A simple resonance curve. 
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F I G . 10-42.—Loaded Q as a function of 
iris size for rectangular cavity in 1- by Mn. 
guide. 

1000 

I t is possible to calculate by simple formulas, as shown below, the 
normalized susceptance required 
for a rectangular cavity with a 
given loaded Q. From the nor
malized susceptance the size of the 
inductive iris required may be cal
culated. I t is important to take 
into account the thickness of the 
iris since this has an appreciable 
effect on the normalized suscep
tance and hence on the loaded Q. 
Figure 10-42 shows a theoretical 
curve of the loaded Q as a function 
of iris size when zero iris thickness 
is assumed, and a similar experi
mental curve for irises $V in- thick 
in a 1- by -j-in. guide. 

If the cavity is made of rectan
gular waveguide with completely closed ends, the resonance frequency 
occurs when the length of the cavity is equal to X0/2. When the coupling 

irises are introduced, however, the 
length of the cavity must be re
duced to maintain the same reso
nance frequency. For stronger 
couplings, that is, larger iris open
ings, the shortening required is 
correspondingly greater. Figure 
1043 shows this relation for cavi
ties made from 1- by i-in. rectan
gular waveguide using A-in. 
inductive irises. It is obviously 
impossible to build a cavity whose 
resonance frequency is exactly 
equal to a specified value. There
fore, it is considered good practice 
to make the distance between the 
irises slightly shorter than required 
and to provide a capacitative tun
ing screw which can be used to 
tune the cavity over a 10 per cent 
frequency band. If the screw is 
placed at the center of the cavity 

where the currents are a minimum, it introduces only a si ight additional loss. 

F I G . 10-43.—Foreshortening of rectangular 
waveguide cavity as function of loaded Q. 
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The final form of such a cavity constructed from 1- by ^-in. rectangu
lar waveguide and designed to resonate at 3.3 cm is shown in Fig. 10-44. 

In order to illustrate the general 
remarks made above it appears 
worth while to give the design 
calculations for this cavity as an 
example of the required procedure. 
Furthermore, these calculations 
will offer the opportunity of point
ing out the effects of certain ap
proximations currently made in 
the design of cavities. 

The arrangement of two induc
tive irises in a rectangular wave
guide and its equivalent circuit are 
shown schematically in Fig. 10-45a 
and Fig. 10-456. Let b be the nor
malized susceptance of either iris. 
The length I of the section of guide 

can be determined by making the open-circuit input susceptance (not 
normalized) equal to zero for u> = u>0. For J5n 

F I G . 10-44.—Rectangular cavity resonator. 

4^)' b + tan 
b + 

Qv=^) 
1 — 6 tan Gv= )̂ 

(124) 

Therefore, the proper length I is given by the expression 

I tan - y/oil — 26„ 
bl- 1 

(125) 
TTT 

jb 

where 60 is the value of b for 
(a = co0. To determine the loaded 
Q's of the cavity, the slope of Bu 
for u = o>o must first be computed. 
If QL is larger than 100; it is rea
sonable to neglect the frequency 
variation of b. On the basis of 
this assumption, from Eqs. (124) 
and (125) there is obtained the equation 

1__L 
(a) 

FIG. 10-45.-
in waveguide 
equivalent. 

(b) 
-A simple rectangular cavity 
and its transmission-line 

(dBA = ji bl + 1 
■\/a2 — & 

tan 260 (126) 
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T h e loaded Q of t h e cavi ty is then , from E q . (120), 

QL = bl + 1 , _, 2b. 

1 \<"o/ 

t a n - ^ . (127) 

For large values of &0 th is equa t ion becomes approx imate ly 

( = ) ' 
Thus , t o a first approximat ion , Qx varies quadra t ica l ly wi th b0. 

T h e design of an induc t ive iris for a given b0 is1 s t ra ight forward. Fo r 
an infinitely t h in symmet r ica l iris t he re is t h e approx ima te relat ion 

b„ = - 2 ^ -r=±== cot* f (129) 
u i / „ \ ' 2a v ' v-(*y 

where d is t h e opening of t h e iris a n d a is t h e w id th of t he guide. Sub
s t i tu t ion of Eq . (129) in Eq . (128) yields 

QL = i — ^ C0t4 ~ (130) 

T h u s , for sufficiently small va lues of d/a, QL is p ropor t iona l t o d - 4 . Th is 
relat ion reveals how critical are t h e iris dimensions for large values of 
QL- E q u a t i o n (128), on t h e other hand , points t o t h e necessity of cor
rect ing Eq . (129) t o t ake in to account t he th ickness of t h e irises. 

T h e a m o u n t of loss a t resonance m a y be calculated from E q . (123). 
For ins tance , a cav i ty wi th a Q0 of 10,000 a n d a loaded QL of 100 has a 
loss a t resonance of only 0.08 d b ; b u t if QL is increased to 500, t h e cor
responding loss is 0.42 db . 

I t is in teres t ing t o compare t h e above resul ts wi th t h e insert ion loss 
compu ted from t h e e lements of t h e aCBCSD ma t r ix of t h e sys tem. For 
t he ma t r ix e lements 

a = 2D = cos 8 - feo sin 8, \ 
<S> = j sin 8, \ (131) 
6 = j [ ( l - bl) sin 8 + 2b0 cos 8] J 

where « 

8 = - V " 2 - "I (132) 
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Consequently, it is found that for the insertion loss 

L = 10 logio 1 + ^ ( 2 cos 6 - b0 sine)2 

Since perfect transmission is obtained for 

2 
tan 9 = ri bo 

the proper value of I is givei 

ta 

l b y 
I ° 

n - V«o - u? = T-c bo 

(133) 

(134) 

(135) 

The apparent disagreement between this equation and Eq. (125) 
results from the implicit assumption that perfect transmission through 
the cavity occurs at the resonance frequency OJ0 as the equivalent circuit 
of Fig. 10-39b would indicate. This equivalent circuit, however, neglects, 
in our case, the reactances OJOLI = ^oLv = — Z0/b0 (see Fig. 10-326). It 
can be shown that these reactances shift the frequency of perfect trans
mission from uo to 

1 ~ 2Q,(l\bl)\' ( 1 3 6 ) 

The bandwidth &>' between the half-power points of the transmission 
curve becomes 

w-Q.TTb?; (137) 

For large values of b0 these corrections are evidently negligible and Eqs. 
(125), and (135) lead to identical results for any practical purposes. 

Consider now a rectangular cavity asymmetrically loaded. Let i>i 
and 62 be the nprmalized susceptances of the input and output irises 
respectively, and I the distance between the two irises. For Bn and 5 2 2 

*->M'-(5)' 
B2 U-® 

62 + tan 
bi + 

(iv^^l) 
1 — 62 tan 

bi + tan 
62 + 

Hc^^i 

(138) 

(139) 

For a = oj0 both Bu and B22 must vanish 
length of the cavity is given by 

1 — bi tan 

It follows that the proper 

tan - \/a c 
h + b2 

b,b2 1 
(140) 
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The slopes of Bu and B22 at their common zero are given by 

/dBu\ _ jl ftj-1 t a n - , ^ ± l l (141) 

\ dm /„=„„ \ du /„=„06f + 1 
The loaded Q's of the cavity are then 

QLI = 6? + 1 + „ - I ^ + b> 

2 \«o7 
tan"1 r " ' ' (143) 

t>it>2 — A 

Q M = Q L I | ^ - J - (144) 

These equations can be further simplified for large values of 61 and b2 
as in the case of symmetrical cavities. 

A design procedure similar to the one just described can be followed 
when a circular waveguide is used instead of a rectangular waveguide. 
In this case circular irises are recommended. 

In some cases it is desirable to use other types of cavities with rec
tangular waveguide feeds. Irises are still used as coupling elements 
although theoretical design is usually impossible since the field distribu
tion is not, in general, the same on the two sides of an iris, and the cor
rect coupling must be determined empirically. For obvious reasons of a 
mechanical nature, circular irises are preferred to inductive irises. An 
example of the use of circular irises is shown in Fig. 10-62. 

To connect a cavity to a coaxial line, three types of coupling devices 
may be used, namely, loops, probes, and irises. These three methods of 
coupling are illustrated schematically in Fig. 10-46. The cavities shown 
in this figure are of the reentrant cylindrical type. They may be con
sidered, roughly, as sections of coaxial lines shoit-circuited at one end 
and loaded with a capacitance at the other end. From the point of view 
of reproducibility, the iris and probe couplings are to be preferred. 
However, the loop coupling presents considerable advantages when the 
coupling has to be adjusted after assembly. In fact, the coupling can 
be varied very easily by rotating the plane of the loop with respect to 
the cavity. 

The introduction of the coupling elements in a cavity alters the 
resonance frequency by a small but unpredictable amount. For this 
reason, as in waveguides, it is general practice to provide a method for 
tuning the cavity to the desired frequency after assembly. This tuning 
can be accomplished in reentrant cavities by making the length of the 
center conductor adjustable. A cavity with loop couplings and adjust
able-screw tuning is shown in Fig. 10-47. This cavity can be tuned over 
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more than a 10 per cent band at about 3000 Mc/sec. Its Qo is about 
5000 and the loaded Q with the loop size shown is about 500. The 
resulting transmission loss at resonance is about 0.5 db. 

(6) (e) 
Flo. 10-46.—Alternative couplings to a reentrant cylindrical cavity. 

The main disadvantages of a cavity resonator are its size and weight. 
In many cases where a loaded Q of less than 30 to 40 is sufficient, it is 
possible, by replacing cavities with resonant irises, to reduce the weight 
and space required. These irises behave like parallel-tuned circuits in 
shunt to the line and, therefore, may be considered as combinations of 

W///////////,'/////////A 
F I G . 10-47.—A reentrant cylindrical cavity resonator with loop couplings and provision 

for tuning. 

inductive and capacitive irises. Several types of such irises may be used, 
the most common of which are illustrated schematically in Fig. 10-48. 

The saving in space and weight associated with the use of a resonant 
iris results from the fact that the waveguide is used to store the energy 
associated with the iris, while still performing its function as link to other 
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m m 

components of the system. However, since the ratio of the effective 
volume to the surface is always smaller for an iris than for a cavity with 
the same loaded Q, the dissipative losses in the iris will always be greater. 
Thus, the use of resonant irises is restricted to values of loaded Q suf
ficiently small to keep the trans
mission loss within reasonable 
limits. On the other hand, the 
design of cavities becomes rather 
difficult when small loaded Q's of 
the order of magnitude of 50 are 
desired because the coupling ele
ment becomes a major portion of 
the cavity. It follows that reso
nant irises are complements to 
cavities rather than substitutes for F l°- 1 0 4 8 - - s ' m P l e r e s o n a n t irise3-
them. Their application in the design of broadband waveguide filters 
will make this fact more evident. 

10-8. Theory of Direct-coupled Cavities.—In many applications, a 
simple resonant cavity does not provide sufficient off-band attenuation 
for a given maximum insertion loss in the pass band. Consequently, it 
is appropriate to inquire how more satisfactory characteristics may be 
obtained by using a chain of cavities directly coupled to one another. 
I t has been pointed out previously that such a system resembles the well-
known lumped-element structure characteristic of narrow-band filters. 
The following analysis will show that microwave filters consisting of a 
chain of cavities all tuned to the same frequency can actually be derived 
without difficulty from corresponding lumped-element filters. 

Each cavity in a chain can be represented in the vicinity of its reso
nance frequency <*>o by an equivalent circuit of the type shown in Fig. 
1039a. For simplicity, any direct coupling between input and output 
terminals will be neglected. Furthermore, since narrow-band filters are 
under consideration, the frequency dependence of all nonresonant react
ances such as those resulting from mutual inductances will be neglected. 
It follows that the actual nature of such a nonresonant reactance is 
immaterial. For the sake of simplicity, these reactances will be indicated 
schematically as inductances. 

On the basis of the above assumptions, the equivalent circuit for a 
chain of cavities takes the form shown in Fig. 10-49a. The reactance Xk 
is the coupling reactance oiaMk between the fcth cavity and the preceding 
one. Xs amd XL are the reactances of the input and output loops 
respectively. All elements of the network are normalized with respect 
to the terminating resistances, or, in other words, the network is designed 
to operate between 1-ohm terminations. 



662 THE DESIGN OF MICROWAVE FILTERS [SEC. 10-8 

C Xn*\ 

I / W V — 0 & 

I O O - * 

F I G . 10-49.—The equivalent circuit for a chain of cavities and the corresponding prototype 
low-pass structure. 

Let Z be the impedance of any one of the resonant loops and let oio be 
the resonance frequency thus: 

• jLwo (145) 

The input impedance Zx of the network when terminated in a 1-ohm 
resistance can be written in the form of a continuous fraction as follows: 

Zx = jXs + 

Z + Z + 

(146) 

+ Xl_i 

z + Y2 
Z + ±!±L. 

1 + jXz. 

If the number n of cavities is even, this equation becomes 

Zx = jXs + l 

z 
x\ + 1 

W + I 
ZXU. 

■ xixi 

(147) 

+ zx\x\ 
x\x\ ■ + 
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, 1 
^ zx\x\ ■ • ■ XLi , i 

(.1 -t- J A i j ^-2^-2 • V2 
An+1 

If n is odd, the last terms of this equation become 

+ zx\x\ ■ ■ ■ x£T7 i (148) 

x\x\ ■ ■ ■ XL, + zx\x\ ■ ■ ■ XL, L i Y*Y2 . . . Y2 ' y s y j . . . v i 
A 1 A 1 A « /l I -V \ A 1 A 3 A n 

V1 T j A t ) W y l v'2~~ 
A 2 A 4 ■ A n + 1 

Consider now the prototype low-pass ladder'structure shown in Fig. 
10-496; its cutoff frequency is 1 radian/sec. The input impedance Z[ of 
this filter terminated in a resistance R can also be expressed in the form of 
a continuous fraction. To avoid confusion with the a used in connection 
with the bandpass filter, let u' represent the frequency. For the imped
ance Z\ 

Z[ = wcr+^,^- i (149) 
ju'L2 + j"'C3 + 

+ ^ ' C „ _ ! + ^ l 

ju'U + R 

If the last element of the ladder of Fig. 1049b were a condenser, that is, if 
the total number n of elements were odd, the last terms of Eq. (149) would 
become 

+ I 1 
^ >>'L„_i + r (150) 

' I t has been shown in Sec. 9-8 that a prototype low-pass filter with a 
1-radian/sec cutoff frequency can always be transformed into a bandpass 
filter by means of the change of variable 

""" " - " " (151) 
w i . . , . / 

where a>0 is the mean frequency of the bandpass filter and w is its band
width. If this change of variable is introduced in Eqs. (149) and (150), 
the reactances and susceptances appearing in the continuous fraction 
expansion of Z[ are transformed as follows: 

. , r -Ly, ( O! a>o\ / ■ I C O N 

ju'L2k-~>j — oiA 1 (152) 
W \&>0 03/ 
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^ c w x - * ; ^ 1 « . ( - - - ) . ass) 
where k is any positive integer. With reference to Eq. (145), these 
reactances and susceptances can be identified with those appearing in the 
continuous-fraction expansion f̂ or the input impedance of the chain of 
cavities. This identification yields the relations 

L 
i 

Cy,-\-i T X,Xt • • ■ X 

- T ± i ± 3 A 2 * - i d en-. 
^ - L x\x\ ■ ■ - xik

 U 5 4 ; 

(155) w " X\X\ ■ ■ ■ X\k+1 

These two equations yield the following expressions for the coupling 
reactances: 

Xl = £-w (156) 
<V 

c\ *i» = j - ^ — W = X\ 7 - ^ — (157) 

X?*+i - r - ^ — ^ = X\ j - % — (158) 

If for the moment the reactance XL is neglected, the output-coupling 
reactance Xn-i is given by 

■XL.1 = -j— w = X\ jl R for n even 
liv Lin 

RCn Cn R 

(159) 
XUi = -RO w = ^ i ?r p for n odd. 

The reactances Xs and XL of Fig. 10-49a do not correspond to any 
elements of the prototype structure of Fig. 10-496. They may be con
sidered as stray reactances whose presence, however, is unavoidable. 
I t will be seen, on the other hand, that since Xs and XL are of the order 
of magnitude of \/w/wB, they are very small in the case of narrow-band 
filters. 

The determination of the effects of these stray reactances on the 
characteristics of the filter presents the same problem as the determina
tion of the effects of mismatched terminations, which has been discussed 
in Sec. 9-27. It is found that because of the presence of Xs and XL, the 
VSWR in the input line is multiplied or divided by a factor equal, at 
most, to the product of the VSWR's produced by the two stray react
ances if they were placed separately in a properly terminated line. If 
both Xs and XL are small compared with unity, the maximum value of 
this factor is equal, approximately, to 1 + Xs + XL. It follows that 
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the resulting distortion of the insertion-loss curve is usually negligible in 
the attenuation band. In the pass band, on the other hand, the increase 
of VSWR may not be tolerable. The reflections arising from Xs and XL, 
however, can usually be eliminated over a sufficiently broad band by 
inserting equal and opposite reflections in the manner discussed in Sec. 
2-15. 

The method of design described above applies to any filter of the type 
shown in Fig. 10-49. The values of the lumped elements in the prototype 
structure can be determined by following any one of the design procedures 
discussed in Chap. 9. The fact that the first element of the network of 
Fig. 10-496 is a shunt capacitance does not limit the generality of the 
method of design; any similar filter whose first element is a series induct
ance can be transformed into its dual whose first element is then a shunt 

Capacilive screw 

o 

nm^-\ pTiwymnr^ (-nnnr̂  

F I G . 10-50.—Chain of direct-coupled resonant cavities and equivalent circuit. 

capacitance, as explained in Sec. 9-7. The power-transmission character
istics are not changed by such a transformation because dual networks 
have the same insertion loss. 

The main limitation on the low-pass characteristics that can be 
obtained with a structure of the type shown in Fig. 10-49f> is that no peak 
of infinite attenuation can exist at finite frequencies. Such a limitation, 
of course, applies also to the characteristics of the corresponding micro
wave filter but only in the frequency band in which the cavities can be 
considered as simple resonant circuits. It is likely that a similar method 
can be found for designing direct-coupled cavity filters with infinite 
peaks of attenuation near the pass band. However, no filter of this type 
has ever been designed. 

A chain of direct-coupled cavities can be built by properly spacing 
inductive irises in a section of rectangular waveguide, as shown schematic
ally in Fig. 10-50a. The values of the normalized susceptances &i, 62, 
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. . . , b„, 6„+i can be computed from Eqs". (156) to (159) inclusive with 
the help of Eqs. (106), (107), (141) and (142). If «0/w is larger than 100, 
to a good approximation 

M-{.?c-?['-C 
\otk\ = blyj—^—, 

for n even 

for n odd. 

(160) 

(161) 

(162) 

(163) 

The lengths of the cavities are computed by means of Eq. (140). In 
practice, however, the irises are uniformly spaced and the cavities thus 

formed are tuned separately to 
the frequency OJ0 by means of 
capacitive screws. An equivalent 
circuit for this chain of cavities is 
shown in Fig. 10-506. This circuit 
is obtained from Fig. 10-49a by 
transforming the coupled coils 
into T-networks of inductances. 
This transformation places in evi
dence the fact, already clear from 
the above discussion, that the 
reactances of the irises are just the 
coupling reactances shown in Fig. 
10-49o. 

The design procedure discussed 
above is not limited, of course, to 
rectangular cavities. However, 
when other types of cavities are 
used, the dimensions of the cou
pling irises must be determined 
experimentally since no design 
equations are available. 

10-9. Filters Employing Di
rect-coupled Cavities.—The simplest type of cavity filter consists, of 
course, of two direct-coupled cavities. The equivalent circuit shown in 
Fig. 10-51a is of the familiar double-tuned type. By varying the cou-

Oi 62 61 

' I I I ° 
O 1 1 1 o 

to 
FIG. 10-51.—Two direct-coupled cavities, 

their equivalent circuit and the corresponding 
prototype structure. 
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pling between the resonant loops in this circuit, the well-known trans
mission curves plotted in Fig. 10-52 may be obtained. 

The two-cavity filter may be derived from the prototype structure 
shown in Fig. 10-516. If 

L\ = Cz = K = 1, 

this structure becomes identical to the 
constant-A; half section discussed in 
Sec. 9-10. The power ratio for this 
half section was found to be 

P° 1 1 4 (164) 

1 
is 

1 I Ji 

Critical 
^coupling 

Over-
"■̂ coupling 
^-Under-
C coupling 

The condition Lx = C2 = R = 1 cor
responds, then, to critical coupling. 

If rectangular cavities are used, the 
irises can be designed theoretically, as explained above, 
to Fig. 10-51c from Eqs. (160) and (151), 

U 
Frequency 

FIG. 10-52.—Effect of coupling on 
transmission through double-tuned cir
cuits. 

w-^5['-(2)'} 
IM - i>!. 

With reference 

(165) 

(166) 

A filter of this type has been designed and built by Fox. The dimensions 
of the filter are given in Fig. 10-53 for a mean frequency equal to 3000 
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y 
F I G . 10-53.—A bandpass filter consisting of two rectangular cavities, direct-coupled. 

(After Fox.) 

Mc/sec and a bandwidth equal, approximately, to 1 per cent. Apart 
from a midband loss (due to dissipation) of 0.6 db, the general behavior 
of the filter follows the theoretical curve so closely that no useful purpose 
is served by reproducing the experimental curve. 
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A different example of critical cavity coupling is afforded by the design 
of Cork and Clark12 illustrated in Fig. 10-54. This filter is an engineered 
version of two reentrant cavities with iris couplings and coaxial terminals. 
In order to obtain a ratio w0/w between 85 and 105, it was found neces
sary to open the input iris until it extended the full height of the cavity. 
Likewise, to obtain critical coupling, the coupling iris also had to be 
extended the full height of the cavity. The consequent shape with 
reentrant cylindrical cavities was so grotesque that the rectangular 
shape shown in the final design was adapted to facilitate manufacture. 
Figure 10-55 shows the rough form of the filter for both cylindrical and 
rectangular shapes and illustrates the development. For practical 
reasons, it was also found desirable to bend the inner conductor of the 

input and output lines through 
90°. These couplings thus appear 
more like loops than irises in the 
final design. 

This filter was designed to 
have a resonant frequency adjust
able from 950 to 1150 Mc/sec with 
a constant bandwidth over the 
range of adjustment. In order 
to accomplish this, it was neces
sary to provide a mechanism for 
ganged tuning the cavities. Of 
the various possibilities, metal-
slug tuning was selected because 
of its freedom from sliding metal 
contacts and because of the lin
earity of tuning with displacement 

of the slugs, which is illustrated in Fig. 10-56. A dielectric bridge serves to 
couple the tuning slugs and permits ganged tuning. The introduction of 
the slugs increases the dissipation in the cavities, but the extra loss is 
not excessive when the cavities are loaded sufficiently and may be mini
mized by proper design of the slugs. In order to adjust the cavities to 
the same resonance frequency initially, trimmer screws are provided. 

As the cavities are tuned over the band from 950 to 1150 Mc/sec, 
it is found that the condition of critical coupling is not maintained. The 
cavities appear overcoupled at the high-frequency end and undercoupled 
at the low-frequency end. In order to compensate for this variation, 
the metal diaphragm was introduced. The resulting pass bands at the 
middle and at the edges of the tuning range are shown in Fig. 10-57. 

The empirical design of such a filter by "bench" testing is an under
taking of no mean proportions. Many of the distances are very critical. 

Fia. 10-54.—Tunable bandpass filter con
sisting of two direct-coupled reentrant cav
ities. (After Cork and Clark.) 
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F I G . 10-55.—Successive stages in the development of the filter shown in Fig. 10-54. 

For instance, it is evident from the plot of the input loaded Q of either 
cavity {QLI) against the separation of the input line and the cavity cen
ter line shown in Fig. 10-58 that a 
change in this distance of only 
0.04 cm produces a change in 
QLI of about 10. The distance 
be tween c a v i t y cen te r lines 
is almost as critical. Thus, a 
change of 0.1 cm between cavity 
center lines alters the bandwidth 
by approximately 10 per cent. 
Other distances are much less criti
cal. For instance, there is very 
little dependence of loaded Q on 
the length of the input and out
put irises. However, as in all coupled resonant circuits, the tuning of the 

1050 
Frequency in Mc/sec 

F I G . 10-56.—Resonant frequency of re
entrant cavity shown in Fig. 10-54 as a func
tion of slug position. 



670 THE DESIGN OF MICROWAVE FILTERS [SEC. 10-9 

^ 1 6 
Frequency in Mc/sec 

Flo. 10*57.—Bandpass characteristics of filter shown in Fie. 10-64 for various values 
of the mean frequency. 

cavities is critical. For instance, if the trimmer screw is advanced by 
0.011 in. in one cavity, the center of the filter pass band is shifted by 

5 Mc/sec. 
In addition to the difficulties 

of manufacture imposed by close 
tolerances, other production prob
lems are created by assembly re
quirements. Thus, it was decided 
to make the dielectric bridge from 
steatite, whose distortion temper
ature exceeds 1000°C, so that 
silver solder might be used in the 
final assembly. However, steatite 
is very hard and results in consid
erable wear on the cavity center 
conductor unless it is chromium-
plated. Fortunately, in this case, 
the chromium does not introduce 
an excessive amount of loss since 
the pass band is relatively broad. 

In actual practice, this filter is 
used as a duplexer by substituting 
a TR tube for one of the trimmer 
screws. The transmitter power 
and the local oscillator signal are 
applied to opposite ends of the 
filter through additional irises 
which are omitted from the draw

ing in the interests of simplicity. The two coaxial terminals are connected 

1 2 3 4 
Distance from iris center 

line to cavity center line in cm 
Fia. 10'68.—Dependence of QL\ of the cavity 

shown in Fig. 10*54 on coupling. 
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to the antenna and mixer, respectively. Consequently, the desirable filter 
feature is high image rejection. Table 10-2 gives the attenuations 
observed for image frequencies 120 Mc/sec away from various signal fre
quencies in the tuning range. This filter has been described in somewhat 
greater detail than some of the others because it is one of the few filters 
that to date have been engineered for quantity production. 

TABLE 10-2.—IMAGE REJECTION OF DIRECT-COUPLED FILTER 

Signal frequency, 
Mc/sec 

950 

1050 

1150 

image frequency, 
Mc/sec 

830 
1070 
930 

1170 
1030 
1270 

Insert ion loss, 
db 

48 
39 
52 
38 

> 50 

The two filters described above are adjusted for critical coupling. 
This adjustment, however, does not yield maximum bandwidth for given 
loss tolerances in the pass band and given sharpness of cutoff. The 
optimum design for frequency discrimination corresponds to over-
coupling. The amount of overcoupling required depends on the toler
ance allowed in the pass band. This question can best be investigated 
by studying the behavior of the power-loss ratio for the prototype low-
pass structure of Fig. 10-516 for arbitrary values of R and C\. The value 
of Li cannot be specified independently if the cavity filter must be sym
metrical. In fact, Eq. (159) yields for X\ = .Y;+1, 

U = R(\. (167) 

When RCi is substituted for L« in the expression for the power ratio, 

PL iR 1 - R o- - 1 (168) 

This equation can be identified with Eq. (198) of See. 9-18 in which the 
Tchebysheff polynomial is 7'2(w). Since the coefficient of OJ2 must be 
equal to 2, the following relation must be satisfied by R and C2, 

2(1 - R) 
C\ = R 

The tolerance of the power ratio in the pass band is then 

,2 _ „ _ (1 - * ) * 

m 

(169) 

(170) 
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Eqs. (167), (169), and (170) thus permit the design of a low-pass filter 
having a cutoff frequency equal to one radian/sec and a specified tolerance 
of s2. The cutoff frequency is defined, in this the maximum 
frequency at which the power ratio is within the specified tolerance. 
Since, as pointed out in Sec. 9-18, Tchebysheff polynomials yield maxi
mum sharpness of cutoff for a given tolerance and a given cutoff fre
quency, an optimum design has been obtained. 

For critical coupling, that is, for monotonic behavior of the ratio 
PO/PL, R must be equal to I. Equation (168) becomes then 

The tolerance for unity cutoff frequency is 

e2 = 5" <172) 
It follows that for the same bandpass tolerance and the same bandwidth, 
the off-band insertion loss for an overcoupled filter is 6 db larger than for 
a critically coupled filter. Once the values of the elements of the proto
type section are determined, the microwave filter can be designed by 
following the procedure discussed above. 

The actual insertion loss of a two-cavity filter will depart from the 
predicted behavior because of dissipation in the cavities. The effect 
of dissipation is a distortion of the characteristics as well as a finite loss 
over the whole pass band. Nothing can be done, of course, about the 
loss. However, it can be shown that it is possible to correct approxi
mately for distortion of the characteristics by substituting for Ci, L2, R 
the values C[, h'%, R' defined by 

C[ = ( j r p i c j L'i = L^[ + &C^ & = ^ ( l + SCi)2. (173) 

The loss factor 5 depends on the unloaded Q0 of the two cavities and on 
the ratio u0/w as follows: 

& = k -°- (174) 

If these corrections are made, the actual power ratio will be equal to the 
theoretical power ratio in the absence of dissipation multiplied by the 
factor (1 + 5d) 2 . In other words, the final effect of dissipation will be 
a constant loss Ld given by the expression 

Lt = 20 log10 (1 + SCO « 8.7 -? J - (175) w Q 
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The design of direct-coupled cavity filters is straightforward. There 
are, however, several practical considerations that limit the usefulness of 
such filters. First of all, the tolerances on the dimensions of the coupling 
irises set a practical limit to the ratio ua/w. For instance, in rectangular 
cavities the susceptance of each coupling iris is about (1/V)(U>0/M;). It 
follows from Eq. (129) that in the case of a 1- by i-in. rectangular wave
guide for u0/w = 300, a change of 0.005 in. in the opening of the iris would 
correspond approximately to a 10 per cent change of bandwidth. It is 
evident that such a tolerance in the dimensions of the irises would result 
in a considerable distortion of the characteristics of the filter. 

A second practical difficulty arises from the fact that the individual 
cavities cannot be separately tested and adjusted before assembly. The 
lineup procedure after assembly becomes very complex if more than two 
or three cavities are used. These difficulties may be overcome through 
careful construction, but the manufacturing cost will be correspondingly 
high. A method of designing cavity filters that circumvents most of the 
limitations noted above is discussed in Sec. 10-11. 

In the preceding sections, the direct coupling of modes in separate 
cavities has been considered. Before leaving the subject of direct cou
pling, it is worth while to considei the possibility of utilizing several modes 
in a single cavity. The next section is devoted to this topic. 

10-10. Cavities Excited in More Than One Mode.—The reader will 
recall that a cavity resonator is inherently a complex reactive network as 
the equivalent circuit of Fig. 10-38 indicates. Therefore, the possibility 
of approximating the behavior of a complex lumped-element filter by 
means of a single-cavity resonator may be considered. Such a method of 
design would result obviously in a considerable saving of space and weight. 
Although very little research has been done up to the present along this 
line, it seems worth while to indicate a method of attack that may lead to 
useful results. A type of cavity that, alone, behaves like a two-cavity 
filter will also be described. An experimental model of such a cavity has 
been built by the authors and the results of the test are reported below. 

According to Foster's reactance theorem, any two-terminal-pair reac
tive network can be represented in the form shown in Fig. 10-38 with the 
possible addition of arbitrary reactances in series with the input terminals. 
It can be shown, however, that most practical filters, and, in particular, 
the ones that have the optimum Tchebysheff behavior discussed in Sees. 
9-18 and 9-19, do not require these additional series reactances. It fol
lows that if the resonance frequencies of a cavity and the coupling to the 
different modes are successfully adjusted to coincide with the corre
sponding quantities for a lumped-element filter, the behavior of the filter 
will be approximated by the cavity over a limited frequency band. 

As an illustration of this statement, consider the equivalent circuit of 
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the two-cavity filter shown in Fig. 1059a. This circuit can be trans
formed into either one of the normal forms shown in Figs. 1059b and 
10-59c. The two normal frequencies wi and «2 can be expressed in terms 
of uo and the coupling coefficient k — M/L, as follows: 

Wl 1 + k' W j 
(Do (176) 

Note that one of the mutual inductances of Fig. 10-596 is negative. This 
negative mutual inductance corresponds to the ideal transformer (Fig. 

F I G . 10-59.—Three equivalent forms of a double-tuned filter. 

10-59c) which produces a 180° phase shift. If the ideal transformer were 
missing, the insertion loss of the filter would be infinite for u = oi0 because 
the reactance of the shunt arm of the T would vanish at that frequency. 

Consider now a cavity consisting of a section of square guide closed 
at both ends. Such a cavity has two independent modes of resonance 
at the frequency for which the length of the cavity equals one-half the 
guide wavelength for the T^io-mode. The lines of electric field and mag-
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netic field for these two modes are shown in Figs. 10-60o and 10-606. 
The resonance frequency of one mode can be changed with respect to the 
frequency of the other mode by deforming the square into a rectangle or, 
more simply, by inserting a capacitive screw as shown in Fig. 10-60c. 
Thus the resonance frequencies of the two modes can be adjusted to 
coincide with u>i and u>2 in Fig. 10-59. The two modes are then equally 
coupled to the input and output coaxial lines by means of loops lying in 
the diagonal planes of the guide at 90° with respect to each other. Such 
an arrangement provides equal 
couplings for the two modes, to
gether with the 180° phase shift 
required by the network of Fig. 
10-596. In fact, the magnetic 
fluxes of the two modes linking 
the loop shown in Fig. 10-60d are 
equal in both magnitude and phase 
for one orientation of the loop, but 
they are opposite in phase for the 
other orientation as shown in Fig. 
10-60e. The self-inductances of 
the loops are represented by the 
two inductances L0 in Fig. 10-596. 
In conclusion, if the presence of 
other modes ot resonance is neg
lected, the cavity is equivalent to 
the network of Fig. 10-596 and, 
therefore, to the network of Fig. 10-59a. 

The equivalence of the cavity to the original network of Fig. 10-59a 
can be seen more directly in the following manner. The independent 
modes of oscillation of the cavity, before the introduction of the screw, 
can be chosen in an infinite number of ways as arbitrary linear combina
tions of the particular modes shown in Figs. 10-60a and 10-606. For 
instance, modes that may be considered as independent are those having 
the field configurations shown in Figs. 10-60/ and 10-60(7. The mode of 
Fig. 10-60/is coupled to the loop shown in Fig. 10-60c? but not to the loop 
shown in Fig. 10-60e. Vice versa, the mode of Fig. lOdOg is coupled to 
the loop of Fig. 10-60e and not to the loop of Fig. 10-60d. It follows that 
no transmission can take place if the loops are normal to each other. 
However, if the two modes are coupled to each other inside the cavity 
by any convenient device, the cavity becomes equivalent to the network 
of Fig. 10-59a and power will be transmitted from one loop to the other. 
The screw shown in Fig. 10-60c, for instance, can be used to couple the 
two modes so that the two methods of design lead to the same result. It 

FIG. 10-60.—Illustration of the operation 
of a rectangular cavity behaving as a double-
tuned filter. 
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w 
F I G . 10-61.—Illustration of the operation 

of a cylindrical cavity behaving as a double-
tuned filter. 

is evident from this discussion and from Eq. (176) that the coupling coeffi
cient k depends on the length of the screw. It follows that by adjusting 
the screw transmission, curves of the types shown in Fig. 10-52 may be 

obtained. In this process, how
ever, the length of the cavity must 
be readjusted if the mean fre
quency coo is to be kept constant. 
Loop coupling is not essential to 
the design. Iris coupling can also 
be used as shown in Figs. 10-60/i 
and 10-60J. 

A cavity of the same type can 
be designed using a section of cir
cular waveguide. The configura
tions of the two independent 
modes for this case are shown in 
Figs. 10-61<z and 10-61&. The in
put and output waveguides are 
coupled through the cylindrical 
surface although the end plates 
could be used just as well for this 
purpose. The operation of this 

cavity is very similar to the operation of the cavity discussed above, as 
indicated schematically in Fig. 10-61. An experimental model of a cavity 
of this type is shown in Fig. 10-62. Figure 10-63 is a plot of the insertion 
loss as a function of frequency for such a filter. It will be observed that 
the stray direct coupling between the irises, 
which has been neglected in the above 
analysis, limits the ultimate off-band inser
tion loss that is obtainable to 35 to 40 db. 
This effect becomes progressively more 
important as the bandwidth of the filter is 
increased by opening the iris holes. One 
would expect the direct coupling to be 
smaller for the same bandwidth when the 
input and output guides are connected to 
the end plates. This fact, however, has not 
been checked experimentally. The adjust
ment of the bandwidth and of the coupling 
screw must be done experimentally but 
.pparatus described below make such adjustments relatively simple. 
n actual practice, it has been found desirable to provide two 
dditional tuning screws symmetrically inserted into the cavity along 

F I G . 10-62.—A cylindrical cav
ity that behaves as a double-
tuned filter. 
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radii at 45° to the coupling screw to permit the tuning of both modes to 
the same desired frequency. This procedure is necessary, in general, 
unless the cavity has perfect symmetry about the plane of the coupling 
screw, a condition impossible to 
achieve in practice. 

It is possible to couple two such 
cavities with a quarter wavelength 
of transmission line, as explained in 
the next section, and obtain charac
teristics equivalent to those for four 
quarter-wavelength-coupled cavities 
with single resonances. The advan
tage of this type of filter from the 
standpoint of weight and space is 
obvious. 

In principle, a cavity that has 
three independent modes of oscilla
tion successively excited may be 
designed. However, to date this has 
not been accomplished, according to 
the best information of the authors. I t should be remarked that in 
extending the principle of multiresonance, spurious modes excited at 
frequencies near the pass band must be avoided. 

F I G . 10-63.—Insertion loss of filter shown 
in Fig. 1082. 

FILTERS EMPLOYING QUARTER-WAVELENGTH COUPLINGS 

The difficulties of manufacturing and adjusting filters employing 
direct-coupled cavities become increasingly serious as the pass band 
becomes narrower. However, a method of cavity coupling which circum
vents these difficulties has been developed and will be described below. 
This method is by no means limited to narrow-band applications but may 
be used advantageously in certain broadband designs. 

10-11. Theory of Quarter-wavelength Coupling.—The method of 
coupling discussed in this section is based on the impedance-transforming 
properties of quarter-wavelength lines. In order to understand this 
transformation property, consider a quarter-wavelength line terminated 
in a normalized impedance Z. The normalized input impedance of such 
a line is 

Z' = 
Z + j tan -

1 + jZ tan • Z (177) 

It follows that the circuit of Fig. 10.(Ha is equivalent to the circuit of Fig. 
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10-646 if the normalized impedance Z' is equal numerically to the normal
ized admittance Y and if both lines in Fig. 10-64a are one-quarter of a 
wavelength long. In fact, the two networks have the same open-circuit 
and short-circuit impedances. 

Consider now the ladder structure of Fig. 10-65a. This structure can 
be transformed as shown in Fig. 10-656 where F2, Yt, Ye, etc. are equal, 

respectively, to Z'2, Z\, Z'e, etc. -AA/V 
z' 

h-?-4 I 4 
(«) (6) 

Fro. 10-64.—Illustration of the impedanoe-
transforming properties of Ay/4 lines. 

The two networks are exactly 
>Y-z' equivalent at the frequency for 

which the coupling lines are one-
quarter wavelength long. All the 
sections of line must, of course, 
have unity characteristic imped
ance, that is, the admittances 
and impedances of the elements 

must be normalized. However, if the frequency band of interest is small 
compared with the mean frequency, as in the case of narrow-band filters, 
the frequency dependence of the electrical length of the lines may be 
neglected to a first approximation. 

Let Yi, F3, F5, . . . of Fig. 10-65<x be the normalized admittances of 
parallel-tuned circuits resonating at the frequency OJ0, and Z'it Z\, Z[ be 
the normalized impedances of series-
tuned circuits also resonating at the 
frequency wo. A filter of this type, 
shown in Fig. 10-66a, can be derived 
from the prototype low-pass struc
ture of Fig. 10-496 by following the 
procedure described in Sec. 9-8. 
The corresponding filter employing 
X„/4 couplings is shown in Fig. 
10-666. The Q's of the parallel-
tuned circuits, when loaded on both 
sides by the characteristic imped
ances of the adjacent lines, are 
given by 

1 r, "o 
( « i ) . ;C. 2t+l (178) 

F I G . 10-05.—Equivalent ladder structures. 

where w is the bandwidth between the two frequencies corresponding to 
the point oi = 1 in the frequency response of the prototype structure. 

Since a symmetrically loaded transmission cavity has been found to 
be approximately equivalent to a shunt-tuned circuit, whose loaded Q 
is given by Eq. (178), a simple microwave realization of the structure of 
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Fig. 10-666 is obtained in the form of a chain of cavities coupled by quarter-
wavelength lines. The only difficulty may arise from the fact that the 
terminating resistance R is not in general equal to the characteristic 

H 

Flo. 10-66.—A bandpass filter and its X0/4-coupled equivalent. 

impedance of the output line, that is, R 5̂  1. In this case, the last cle
ment of the network is transformed as shown in Fig. 10-67. Because of 
the transforming property of the quarter-wavelength line, a conductance 
G' = R can be substituted, as 
shown in Fig. 10-676, for the last 
section of line of Fig. 10-67a ter
minated by the resistance R. The 
conductance G' is then transformed 
into a properly terminated line of 
unity characteristic impedance 
preceded by an ideal transformer 
of ratio 1 to y/R, as shown in Fig. 
IO-67c. The last tuned circuit 
together with the ideal transformer 
is then identified with an asym
metrically loaded cavity, as shown 
in Fig. 10-396. for Z01 = Zu2 = 1 
and a = %/•??■ The input and 
output loaded Q's of the cavity are then, respectively, 

h 4 
(a) 

1-.-/R 

(£) 
FIG. 10f>7.—Change of impedance level 

at the output terminals of the structure 
shown in Fig. 10-66b. 

wo 
w 

R V 
(179) 
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The Q of the cavity loaded on both sides then becomes 
i 

«w--nh*2- (180) 

If the last element of the structure of Fig. 10-496 is a shunt-tuned cir
cuit, the last quarter-wavelength section of line will be missing from the 
structure of Fig. 10666. In this case 

(Q«) . - f lC . J , (181) 

{QL>- - TTR W 

Changes of impedance level similar to the one just described can be per
formed at other points in the structure. 

The method of design based on the use of quarter-wavelength cou
plings is not limited to cavity filters. For instance, resonant irises can be 
used to approximate the behavior of the parallel-tuned circuits in Fig. 
10-666. However, since resonant irises have relatively low Q0's, they 
are not used in connection with narrow-band filters. On the other hand, 
in the case of bandwidths of a few per cent, the use of resonant irises 
instead of cavities results in a considerable saving of space and weight. 
Some examples of filters employing resonant irises will be described later. 
The design procedure for such filters is the same as for cavity filters. It 
must be pointed out, however, that only structures for which the termi
nating resistance R is equal to unity can be physically realized by means 
of resonant irises. In fact, no change of impedance level can be per
formed in this case since resonant irises are inherently symmetrical. 

The advantages of quarter-wavelength coupling over direct coupling 
are evident from the above discussion. In the first place, the tolerances 
on the dimensions of the cavity couplings are considerably relieved. 
For instance, in the case of rectangular cavities that are quarter-wave
length-coupled by rectangular guides of the same dimensions as the 
cavities, the irises have susceptances approximately equal to 

\T W ) 

that is, to the square root of the value required if the cavities were 
directly coupled. In the second place, the quarter-wavelength lines 
provide a simple way of mechanically connecting the individual cavities. 
Since these coupling lines are not resonant, an electrical connection made 
at any point in the line will not interfere with the filter operation, pro
vided this connection satisfies reasonable specifications on voltage 
standing-wave ratio and loss. The connection should also be sufficiently 
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far from the cavity couplings to prevent interference with their operation. 
Each cavity can then be built, adjusted, and tested as a separate unit, 
so that only minor readjustments are necessary when the cavities are 
assembled into a filter. The advantages of this adjustment and test 
procedure for quantity production are obvious. 

The construction problems can be further simplified by making all 
the cavities identical. Such a design is not optimum in the sense that 
better filter characteristics could be obtained with the same number of 
cavities, but very often the resulting simplicity of construction is worth 
the loss of performance. The power-loss ratio of a filter consisting of n 
identical cavities (or resonant irises) can be computed by means of Eqs. 
(141) and (143) of Sec. 9-12. In fact, the structure of Fig. 10-66 can be 
considered as a cascade combination of n identical sections when all the 
tuned circuits are equal and the terminating resistance is equal to one. 
Each of these sections consists of a quarter-wavelength line of character
istic impedance equal to one, shunted at its midpoint by a tuned circuit. 
Let the normalized susceptance of the tuned circuit be 

B = 2x (182) 
where 

x = Q i ( - - ^ ) « 2 < 2 J ; = ^ (183) 

is a frequency variable normalized with respect to the resonance frequency 
ui and the loaded Q. In terms of this variable, the power-loss ratio for 
one section is 

y-L = 1 + A (184) 

and the propagation function is 

7o = cosh"1 ( - * ) . (185) 

It follows that the power-loss ratio for n sections is given by 

M =1+x2
s^--^)] = ! + J ^ ( _ x ) = 1+,2f-,(x). (186) 

/ i /„ sin- [cos ' (— x)\ *\ J \ / 
The function i'n(x) is the Tchebysheff polynomial of the second kind 
and of the order n. The polynomials corresponding to n = 1, 2, 3, 4 
are given below. 

l\{x) = 1 

t-.Gr) = 4, - - 1 ( 1 8 7 ) 

l\(x) = 8x3 - 4z. / 
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The recurrence formula for these polynomials is 

Un+l = 2xUn - Lr„_L (188) 
Note that the validity of Eq. (186) is not limited to the case in which the 
shunt branches are tuned circuits. In this circuit B can be any sus-
<*eptance, provided, of course, that the proper expression for x is used. 

F I G . 10-68.—Power-transmission curve for n quarter-wavelength-couplcd resonant 
elements. 

Plots of the percentage transmission, that is, of (PL/P0)n, are shown 
in Fig. 10-68 for n = 1, 2, 3, 4. These curves show that the bandpass 
tolerance increases with n; consequently, values of n larger than 4 are 
seldom used. For large values of x, the off-band insertion loss becomes 
approximately 

Ln « Q(n - 1) + 20n log10 x. (189) 
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The application of these formulas to the design of practical filters will be 
discussed in the succeeding section. 

10-12. Filters Employing X„/4-coupled Cavities.—Because of the 
construction advantages mentioned above, X„/4-coupled cavities are 
becoming increasingly popular. The applications are scattered through
out the frequency range from 200 to 10,000 Mc/sec, using both waveguide 
and coaxial couplings. Typical examples will be described, one of them 
in detail. The actual behavior of these filters deviates so little from the 
predicted behavior that it does not appear worth while to give complete 
experimental data in all cases. 

The filter that will be discussed most completely consists of a number 
of reentrant cylindrical cavities of the type illustrated in Fig. 10-47, 
separated by quarter-wavelength coaxial lines. The lines are loop-
coupled to the cavities so that the effective locations of the input terminals 
of the cavities must be determined experimentally. This determination 
can be performed, with the help of a standing-wave detector, by finding 
the position of the voltage zero in the input line when the cavity is detuned. 
Under these conditions the input terminals of the cavity are effectively 
short-circuited. It follows that their location must be an integral 
number of half wavelengths from the position of any voltage zero. This 
experimental determination may be done in such a way that the equiva
lent line length of whatever fittings are used to connect the cavity to the 
coaxial lines is included. The effective length of the coupling lines is 
often made equal to three or five quarter wavelengths to provide addi
tional mechanical spacing. These longer lines are, of course, more 
frequency-sensitive, but their frequency behavior can still be neglected 
in most practical cases. 

Because of incidental dissipation, perfect transmission is never 
obtained. The minimum insertion loss of n identical cavities quarter-
wavelength-spaced is very nearly n times the minimum loss of one 
cavity. Dissipation tends also to smooth out the curve of the insertion 
loss in the pass band. For instance, the experimental curves for the 
insertion loss plotted in Fig. 10-69, which are in good agreement with the 
corresponding theoretical curves in the attenuation band, show no 
appreciable wiggles in the pass band. 

The fact that type N couplings may be used in practice to link the 
cavities to the transmission lines mechanically would indicate that the 
tolerance on the effective length of coupling lines is extremely liberal. 
This contention was experimentally substantiated by inserting a line 
stretcher between two cavities and observing the effect on the transmis
sion curve of the filter. The resulting characteristics observed for 
various line lengths in the case of a two-cavity filter are presented in 
Fig. 10-70. It will be noted that a variation of ±X„/20 in the length 

file:///Jl-COVPLED
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of the coupling line is tolerable for most purposes. As the length of the 
coupling line approaches half wavelength, the transmission curve becomes 

10.95 10.90 10.85 
Wavelength \ 0 cm 

F I G . 10*69.—Observed insertion loss of n quarter-wavelength-coupled cavities of the type 
shown in Fig. 10-47. 

Frequency 
FIG. 10-70.—Effect of improper spacing between two identical cavities. Curves 

a, b, c, d, e, and / refer to spacings of X„/4, 1.2 Xp/4, 1.4 X„/4, 1.6 Xff/4, 1.8 Xp/4, and Xff/2, 
respectively. 

lopsided and a double hump appears. These two humps separate more 
and more until finally, at exactly half-wavelength spacing, three sym
metrically arranged humps appear. It should be remarked that this 
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experiment justifies the assumption made above in neglecting the 
frequency behavior of the coupling lines for narrow-band filters. 

When the length of the coupling line is held fixed at a quarter wave
length, it is found, as one would expect, that the angular position of the 
coupling loop in the cavity is not critical. Transmission curves for 
various orientations of the loops are 
shown in Fig. 10-71. This method of 
varying the coupling provides a 
feasible method of adjusting the 
bandwidth over a limited range. 
Thus a rotation of the loops through 
45° from the position of maximum 
coupling should reduce the band
width by a factor of 2. Since the 
loaded Q is doubled in this process, 
an increased midband loss as actually 
observed is to be expected. Roughly 
speaking, the loaded Q of a cavity 
varies inversely as the square of the 
area of the coupling loop. Conse
quently, when the bandwidth is 
critical, the loop size must be held to a close tolerance. 

The theory of quarter-wavelength-coupled cavities assumes that all 
the cavities are tuned to the same frequency. This adjustment is 
perhaps the most critical in the construction of such a filter. Figure 
10-72 shows the effect of detuning one of the cavities in a two-cavity 

Frequency 
F I G . 10-71.—Effec t of l oop o r i e n t a t i o n 

on t r a n s m i s s i o n t h r o u g h t w o A f l /4-coupled 
cav i t i e s . C u r v e a s h o w s all l oops o r i e n t e d 
for m a x i m u m coup l ing ; C u r v e b s h o w s o n e 
l oop of c o u p l i n g l ine r o t a t e d off 30° ; a n d 
C u r v e c s h o w s all l o o p s r o t a t e d off 45° 
a n d t h u s r e d u c i n g l o a d e d Q of e a c h c a v i t y 
b y a f ac to r of a p p r o x i m a t e l y 2. 

10.653 
, A, = 10.653 

10.653 
Wavelength-*-

10.653 
X,= 10.653 

F I G . 10-72. 
* ; = 10.671 X,= X,=10.653 X2=10.637 

-Ef fec t of d e t u n i n g of t r a n s m i s s i o n t h r o u g h t w o X 0 / 4 - c o u p l e d c a v i t i e s . 

filter by an amount equal to the bandwidth of a cavity. As might be 
expected, the minimum loss is greatly increased and the center of the 
pass band is shifted. Of course, the higher the loaded Q, the more 
critical the adjustments are. Fortunately, the accurate adjustment of a 
cavity to a given frequency by means of a tuning screw is not a difficult 
procedure. 
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Before progressing to a discussion of other types of quarter-wave-
Iength-coupled filters, it is interesting to investigate the characteristics 
that can be obtained if the tuning of the cavities is varied and the length 
of the coupling lines readjusted to optimum values. Unfortunately, no 
simple method of theoretical analysis is available to handle the general 

case. Figure 10-73, however, pre
sents an observed transmission 
curve which illustrates how the 
bandwidth may be expanded at 
some cost in minimum transmission 
loss. This curve is included mainly 
to satisfy the curiosity since, in 
general, more satisfactory transmis
sion curves can be achieved in 
other ways. 

Filters similar to those just 
described have been constructed at 
both 200 and 300 Mc/sec. At 
these frequencies, reentrant cavi
ties using uniform center conductors 
become inordinately large. If the 
required loaded Q is not too high, 

it is customary to foreshorten the cavity by increasing the capacity 
between the reentrant line and the end wall of the cavity. In the 
extreme case, the cavity appears as in Fig. 10-74 and may be regarded 
as composed of an inductive line L and a lumped capacity C. Increas
ing the capacity decreases the length of line required to produce a certain 
resonant frequency since 

/ 

r*^L~^ ^ 

1 I 
y / 

» Identical 
\ tuning 

\ L _ Stagger 
I I tuning 
\ 1 
\ 
\ I 

(o)\ \b) 

Frequency 
F I G . 10-73.—Observed t r ansmiss ion 

through four Xp/4-coupled cavities, stag
ger-tuned. 

Wo 
1 

VLC 
(190) 

vzzz&zzm 

I ' A ' A ' A W k ' . l ' . m A t ' 

-§Zrc 

W (o) 
FIG. 10-74.—A reentrant cylindrical 

cavity foreshortened by the use of capac
ity loading and its equivalent circuit. 

Even if the capacity is estimated 
from the electrostatic capacity of 
the parallel plate combination with
out regard for fringing and the 
inductance is treated as the lumped 
equivalent of a short section of 
concentric line, the frequency esti
mated by the familiar equation given above is accurate to 10 per cent. 

The sketch of Fig. 10-75 is scaled to dimensions suitable for a loaded Q 
of about 30 and a resonance frequency adjustable from 190 to 220 Mc/sec. 
The condenser plates are made unequal to increase the linearity of tuning 
with displacement and to increase the displacement required for a given 
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frequency change. Type N fittings are suitable for input and output con
nections to either coaxial line or cable. The center conductor of the 
coaxial line is usually run straight 
through the cavity and is connected to 
the cavity center conductor. Such 
coupling obviously constitutes a loop 
and thus the loaded Q may be changed 
by varying the distance h of the wire 
from the bottom of the cavity since QL 
is roughly inversely proportional to h1. 
As in the previous case, the effective 
location of the input terminals of the 
cavity must be determined experimen
tally. In a typical application of these 
cavities, the distance for effective 
quarter-wavelength coupling between 
successive cavity center lines is only 5J 
in., only slightly larger than the diam
eter of the cavities used, namely, 4-j in. 

The introduction of lumped capaci
ties in the cavity considerably decreases 
the unloaded Q because of the increased 
surface area. However, for a loaded Q of 30, the minimum transmission 

Type N fitting 
F I G . 10-75.—A practical structure 

for a capacity-loaded cavity with loop 
coupling. 

loss for the cavity just described is only 0.2 db. 
ment of three cavities of this type is not unusual. 

The tandem arrange-
A similar cavity used 

F I G . 10-76.—Production model of capacity-loaded cavity used at 300 Mc/sec. 
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at 300 Mc/sec has been produced on a fairly large scale in the form shown 
in Fig. 10-76. 

A practical procedure for the design of high-Q, quarter-wavelength-
coupled filters in waveguide is illustrated in Fig. 10-77. Each cavity of 
the type shown in Fig. 10-44 has a section of waveguide, one-eighth of a 
guide wavelength long at the resonance frequency, extending past each 
iris. Choke and flange connectors are alternately attached to the ends. 
Thus, when several cavities are connected in cascade, the cavities are 
effectively spaced by quarter wavelengths. As pointed out above, the 
choke and flange electrical connection does not disturb the operation of 
the filter. 

Such filters have been extensively investigated. Line stretchers have 
been inserted between cavities and the effect of the connecting line length 
observed. The results differ in no way from those presented above for 
the case of reentrant cavities. As many as four cavities with a loaded 

Q of 130 and a resonance wave
length of 3.3 cm have been suc
cessfully coupled. The observed 
characteristics in no case differ 
from the expected behavior by 
more than an amount accounted 
for by dissipation. The midband 
loss due to dissipation was about 
0.4 db per cavity for the particular 
type of cavities used. Since the 

detailed design of rectangular cavities with given loaded Q and co0 has 
been considered in Sec. 10-7, no further discussion is required here. 

10-13. Filters Employing Quarter-wavelength-coupled Resonant 
Irises.—A discussion of practical quarter-wavelength-coupled filters 
would not be complete without a description of the special type employing 
resonant irises. In fact, this type of filter was built before quarter-
wavelength-coupled cavities were contemplated. The use of resonant 
irises is indicated in all cases where the loaded Q is sufficiently low, 
about 40, and space is at a premium. The reasons for using resonant 
irises instead of cavities have been discussed in Sec. 10-7. 

One of the outstanding uses of this type of filter, 9 and 10, is in the 
construction of broadband TR tubes, illustrated in Fig. 10-78. These 
tubes have been designed and manufactured for operation at both 3000 
and 10,000 Mc/sec. Their properties are fully discussed in Vol. 14, 
Chap. 3, to which the reader should refer for a detailed discussion. 
However, for the sake of completeness it seems worth while to mention 
a few of their electrical features. The tubes generally contain four or 
five resonant irises. Two of these irises are ovoid windows which serve 

F I G . 10-77.—Practical form of filter conipoM 
of Xu/4-coupled, waveguide cavities. 
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to seal the tubes; the others are of the dumbbell-slot variety. The 
loaded Q of all the elements is usually equal to about 4. Since the loaded 
Q is very low, its value is not critical. Moreover, the tolerance on the 

F I G . 10-78.—A broadband T R tube illustrating quarter-wavelength coupling of resonant 

tuning is so large that fixed-tuned irises may be used and, therefore, no 
adjustment is required after assembly. A typical curve illustrating the 
input voltage standing-wave ratio 
for such a tube is shown in Fig. 
10-79. 

When a filter with a narrower 
band is desired, it is no longer 
feasible to use resonant irises of 
the dumbbell-slot type. In fact 
an iris with a loaded Q of 30 and 
a resonance frequency of 2880 
Mc/sec for use in a 1^- by 3-in. 
waveguide has a capacitative gap 
of only 0.004 in. The required 
tolerances in QL and «0 are such 
that a tuning screw must be pro
vided. However, since the total 
range of the tuning screw must be 
less than 0.004 in., this adjustment is extremely critical. An iris suitable 
for narrow-band filters is the simple circular opening shown in Figs. 
10-80a and 10-806. This iris resonates when the periphery of the opening 
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Wavelength in cm 

10-79.—VSWR characteristics 
T R tube shown in Fig. 10-78. 
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I ' I 10-80.—Irises suitable for narrow
band niters. 

is approximately equal to half a wave
length. The voltage standing-wave 
ratio for an iris of this type is plotted 
in Fig. 10-81. Such an iris may be 
machined to a very close tolerance 
and, moreover, may be tuned over a 
reasonable range with a capacitive 
screw. Since the capacitive screw is 
only a trimmer and carries a small 
fraction of the current at resonance, 
it does not introduce so much dissipa
tion as a tuning screw^in a dumbbell-
slot iris of the same loaded Q. Fur
thermore, the tuning rate of a screw 
in a circular iris is considerably slower 
than that of a screw in an iris of the 
dumbbell-slot type. For instance, 
the gap width in a circular iris corre
sponding to a 0.004-in. gap in the 
dumbbell slot is 0.075 in. A filter 
of this type8 employing three reso
nant irises is shown in Fig. 10-82. 

The transmission characteristics plotted in Fig. 10-83 reveal a loss of 
about 0.5 db. 

Several remarks should be made concerning the construction of n-iris 
filters. In general, the losses are 
found to be appreciable in silver-plated 
brass irises unless the silver is bur
nished. In fact, plain brass has been 
found superior to unburnished silver 
plating. Some care must be exer
cised in soldering the tuning screws 
after final adjustment to ensure that 
such soldering does not itself alter 
the tuning adjustment. The actual 
lineup procedure for a multi-iris filter 
of this type will be discussed in Sec. 
10-22. 

10-14. Refined Theory of Quarter-
wavelength Coupling.—It is perhaps 9 8 10i0 1 0 2 10.4 10.6 10.8 11.0 
worth while to review the simplifying Wavelength in cm 
assumptions made in the previous , F'G- IO-SI.-VSWR characteristics 

_ r of a typical resonant ins of the type 
analysis of quarter-"\vavelength-cou- shown m Fig. IO-SO. 
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FIG. 10-82.—Narrow-band filter employing X„/4-coupled resonant irises. 

pled filters. The first assumption concerns the frequency sensitivity of 
the coupling sections. No theoreti
cal investigation has yet been made 
of the distortion caused by this fre
quency dependence in the general 
case of unequal cavities or resonant 
irises. However, in the case of 
identical elements, it is possible to 
develop a simple expression for the 
power-loss ratio which takes into 
account the frequency dependence 
of the electrical length of the lines. 

Let 0(w) be the angular length of 
a coupling section. At the mean 
frequency w0 this angular length is, 
by definition, equal to ir/2. Pro
ceeding as in the case of constant 
angular length, for the propagation 
function of one section, if the char
acteristic impedance of the lines is 
unity, 

7o = cosh -1 ( cos 6 
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—Characteristics of filter shown 
in Fig. 10-82. 
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where B is the susceptanoe of the resonant elements 
ratio for one section is still given by Eq. (184), 

Pi. 4 

The power-loss ratio for n sections is, therefore, 
R2 sin2 [n cos - 1 (y)] 
T sinYTcos-f ~(y)] ' ' 4 

The power-loss 

(192) 

(£). + B2 

1 + - viiy) 
where 

y = -= sin 6 — cos 9. 

(193) 

(194) 

(!,Xy) is the Tehobysheff polynomial of the second kind appearing in 
Kq. (180). 

In order to compute the power-loss ratio, both R and 6 must be 
expressed as functions of the frequency u. as follows: 

B = 2Q,. (195) 

(190) 

QL is the loaded Q of the resonant element and uc is the cutoff frequency 
of the guide used as coupling line. Note that wc = 0 when a coaxial 

line is used. 
Curve A in Fig. 1084 is a plot 

of the insertion loss obtained from 
Eq. (193) for a filter consisting of 
three resonant irises with QL = 4, 
quarter-wavelength-spaced in a 
1- by i-in. rectangular guide. 
Curve B, on the other hand, is a 
plot of the insertion loss as ob
tained from Eq. (180) which neg
lects the frequency dependence of 
the sections of guide. The pass 
band of Curve B is approximately 
40 per cent larger than the pass 
band of Curve A. Moreover, the 

tolerance in decibels for Curve B is twice as large as for Curve A. 
A simple formula for the ratio of the two bandwidths can be derived 

li'irn Kq. (193). For this purpose it mav be assumed that both B and 9 

3.3 
X in cm 

FIG. 10-84.—Effect of the frequency sensi
tivity of coupling lines on characteristics of a 
filter consisting of three elements, X,;/4-
coupled. 
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are proportional to the frequency difference Ao> = u> — u0; hence Eqs, 
(189) and (190) reduce to 

AOJ 

e = 

B = 4QL-
Olo 

Aw 1 
1 + too 

1 
\u0/ _ 

(197) 

(198) 

Equation (194) can be simplified for values of 9 near ir/2 by means of the 
following approximations: 

sin 8 ~ 1, 

cos 6 « | - 9 ■ 

Then, for the variable y, 
1 

V «o < 4 
QL 1 

(199) 

It is convenient to introduce again the normalized frequency variable 
Ao> 

2QL 
oio 

already defined in Eq. (183). The ratio y/x is a constant 
1 

1 + 4 -
Q {'-(S)" 

(200) 

(201) 

Substituting fort/ and B in Eq. (193) by means of Eqs. (195), (199), (200), 
and (201), 

(ft- 1 + x2Ul(kx)- (202) 

Equation (202) is identical to Eq. (186) but for the fact that the variable 
of the Tchebysheff polynomial is multiplied by k. Let we be the width 
of the pass band between the outer zeros of U\(kx), and wT/« be the 
corresponding bandwidth for 0 = r/2, that is, the width between the 
outer zeros of U\{x). I t is evident that 

«V2 
We 

= k ^ 1- (203) 

In the case of Fig. 10-84, that is, for QL = 4 and oic/o}0 = 0.73, k is equal 
to 1.42. Equation (202) shows also that the frequency dependence of 9 
reduces the bandpass loss. In fact, x2 is inversely proportional to A;2 for 
any given value of U\. 
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The percentage error in bandwidth, which results from assuming that 
8 is independent of frequency, is inversely proportional to QL and becomes 

approximately 3 per cent for 
QL = 50. Therefore, such an as
sumption is quite reasonable in 
the case of narrow-band filters. 

Equations (193) and (194) can 
also be used to study the effect of 
making the length of the coupling 
lines different from a quarter wave
length at the mean frequency a>0-
It is clear that when 8(w0) ^ ir/2 
the frequency characteristics of 
the filter are not symmetrical with 
respect to uj. The curves of Fig. 
10-85 represent the percentage* 
transmission obtained from Eq. 
(193) for ;i = 3 and for three dif
ferent constant values of 0(&JO). 

The second important assump
tion involved in the analysis of 
quarter-wavelength-coupled fil

ters concerns the representation of cavity resonators as simple parallel 
resonant circuits. Figures 10-39a and 10-396 show that in using such a 
representation the series reactances of the input and output loops arc 
neglected as well as the direct coupling between input and output ter
minals. The direct coupling is actually negligible in well-designed cavi
ties. The series reactances, on the contrary, may 
have an appreciable effect on the bandpass charac
teristics of the lilter. 

To investigate this phenomenon, consider the 
section oi'aquartcr-wavelength-eouplcd filter shown 
in Fig. 10-80. in which the two series reactances are 
equal to A0. In the case of rectangular cavities, A'0 
is of the order of magnitude of l/\/Qr. [see Kq. 
(128)]. It follows that in computing Z0,.h for the 
section of Fig. 10-80 A'u may be neglected whenever 
X0B <3C 1. This condition is satisfied over the pass band when QL is 
larger than about 100. On the other hand, for Zsch 

"i. Wo '•'I 
10-85.—Kffect of i m p r o p e r 

coup l ing line. 
l eng th of 

F I G . 1 0 - 8 G . — S e c 
t ion of A.j/4-couplccl 
filler w i t h ser ies r eac 
t a n c e s . 

Xa + tan 

1 - A'0 tan 
(204) 
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In this equation the presence of Xo may be corrected for by making 8 
equal to the value for which Z„h = j , that is, approximately 

0„ = | - 2X0- (205) 

Note that this correction is made automatically if the effective location 
of the terminals of the cavity is determined experimentally in accordance 
with the procedure outlined in Sec. 10-12. 

As an illustration of the effect of the reactances X0, the filter shown 
schematically in Fig. 10-87 will be considered. This filter consists of 
four irises placed in a waveguide in such a way that two cavities separated 
by a quarter-wavelength section 6 0 pb0 pb0 b0 

of guide are formed. According ° I I I l ° 
to our method of design, this filter I I I I 
behaves like a critically coupled, 
doubly tuned circuit when all the I I I I 
irises are equal. Overcoupling i J *« J I 
and undercoupling can be ob- r 9 "r~ T ' I ' e "1 
t a ined by Varying the ra t io p of FIG. 10-87.—TWO rectangular cavities, X„/4-
the susceptance of the two inner c o u p e 

irises to the susceptance of the two outer irises. To find the frequencies 
of perfect transmission, one must solve the equation <$> — Q = 0, as indi
cated by Eq. (46), Sec. 9-3, where in this case, 

03 = (cos 6 - b0p sin 6)2 - sin2 8 (206) 
e = — (bop cos 8 + sin 6 + b0 cos 8 — 6§p sin 6)2 

+ (cos 6 - b0 sin 8)- (207) 

where b0 is the normalized susceptance of the outer irises and 6 is the 
angular length of each cavity. The particular case of critical coupling 
occurs when the two 8 roots of the equation (S> — G = 0 coincide. Such 
degenerate roots are found for a value of p, given by 

P4 = 1 + J (208) 

or, for b > 10, by 

P « 1 + ,',• (209) 

Note that in this case the series reactance Xo is equal to — r-- Since 
Co 

critical couphng is obtained when p > J, the two cavities are effectively 
undercoupled when all the irises are equal. It follows that the stray 
series reactances have the effect of decreasing the coupling between the 
two cavities. However, if the loaded Q of the cavities is about 100, this 
effect is of the order of magnitude of only 1 per cent. 
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In the narrow-band extreme, the elements of a quarter-wavelength-
coupled filter may no longer be considered "dissipationless." In the 
theoretical section, methods for computing the effect of incidental 
dissipation and for correcting the design formulas have been discussed. 
However, in many cases the work involved in such corrections and the 
changes required in mechanical design do not pay sufficient dividends in 
improved performance to justify this procedure. It is common practice 
to accept such deviations from the predicted performance without com
pensating for them since, in many cases, the deviations are of minor 
importance. By way of illustration, Fig. 10-88 is included to show the 

0 1 0 1 0 1 2 
Susceptance of elements 

F I G . 10-88.—Effect of incidental dissipation on Xff/4-coupled resonant elements. Curves 
correspond to values of g = 0 , 0.02, and 0.05. 

effect of a varying degree of dissipation on the characteristics of filters 
with two, three, and four identical resonant elements. The parameter 
used to measure the dissipation is the ratio of the loaded to the unloaded Q 
of the elements. 

10-15. Quarter-wavelength-coupled Filters with Tchebyshefi Charac
teristics.—Most of the quarter-wavelength-coupled filters that have 
actually been designed and built make use of identical cavities. How
ever, in such a design, as pointed out before, the mechanical simplicity 
is achieved at the cost of electrical performance. For this reason, it is 
perhaps worth while to investigate this matter in some detail by com
paring the optimum loss characteristics of the general structure shown in 
Fig. 10-66 with the characteristics of filters employing identical cavities. 
This structure can be derived from the prototype low-pass structure of 
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F I G . 10-89.—Off-band insertion loss for various filters having a bandpass tolerance oi 

1 db (e ! = 0.25). 

Fig. 10-496, for which the optimum behavior of the power-loss ratio is of 
the form (see Sec. 9-18) 

~ = 1+ .»r'(«) (210) 

where Tn is a Tchebysheff polynomial of the first kind, n is the number 
of elements, and ea is the bandpass tolerance. It will be recalled that all 
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the maxima of this function and its value for w = 1 are equal to 1 + e-. 
The method of network synthesis that yields filters with prescribed power-
loss ratios has been discussed in Chap. 9. 
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8 10 x^j-HJ^I 

FTG. 10-90.—Off-band insertion loss for various filters having a bandpass toleranre of 
0.5 db (V = 0.125). 

A quarter-wavelength-coupled filter consisting of two identical 
cavities can be derived from the prototype low-pass structure of Fig. 
10-496 in which the inductance, the capacitance, and both terminating 
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resistances are equal to unity. This type of design which corresponds to 
critical coupling has already been discussed in Sec. 10-9 in connection 
with directly coupled cavity filters. I t was found there that by over-
coupling the two cavities, that is, by deriving the filter from a prototype 
structure having a power ratio of the optimum form, the off-band loss 
could be increased by 6 db, while maintaining the same bandwidth and 
the same bandpass tolerance. Design equations for this prototype 
structure are presented in the same section, together with a method of 
compensating for the effect of incidental dissipation. Plots of the off-
band insertion loss of two element filters are shown in Figs. 10-89,10-90, 
and 10-91 for different values of the bandpass tolerance. 

In the case of three identical, quarter-wavelength-coupled cavities, 
the power-loss ratio is of the optimum form, but the tolerance e2, which is 
equal to ^V, cannot be changed. In fact, it can be shown that Eq. (186) 
for n = 3 can be rewritten in the form 

(F:)3 - i + 2 7 T>^ w 
by means of the change of variable 

x1 = y/lx. (212) 

This transformation is merely a normalization of the independent 
variable which makes the power ratio equal to 1 + -jV for x' = 1. 

In this connection, it is interesting to note that if the same trans
formation is applied to Eq. (202), which takes into account the frequency 
dependence of the coupling lines, 

(PX - l + 27P T>W- ™ 
This equation shows very clearly that the frequency dependence of the 
coupling lines reduces the bandwidth by a factor equal to k. Moreover, 
it shows that the bandpass tolerance is reduced by the factor k2, a fact 
which is not evident in Eq. (202). In the particular case of Fig. 10-84, k 
is equal to 1.42 and the maximum loss in the pass band is thus reduced by 
0.8 db. 

The value of -fa for e2 in-Eq. (211) corresponds to a maximum loss in 
the pass band equal to 0.16 db which is satisfactory in most practical 
cases. However, if a different tolerance is desired, the loaded Q of the 
middle resonant element has to be different from the loaded Q of the outer 
resonant elements. The relation between the ratio of the loaded Q's 
and the tolerance can be determined from the frequency behavior of the 
prototype structure of Fig. 10-92. The power-loss ratio of this structure 
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found to be 

1 + ~oT "" 4co- - 4 (£-<!.) (214) 

This equat ion can be identified wi th Eq . (210) for n = 3, in which 7'3(o>) 
is given by 

'J'3(w) = O)(4OJ- - 3 ) ; (215) 

therefore the following condit ions must be sat islied for op t imum i'requency 
response: 
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\LC cy 
L2C* 

64 

(216) 

(217) 

From these conditions the following two design equations can be derived: 

8C L = 3C2 + 4 
L_ = C3 

8C 3<73 + 4 

(218) 

(219) 

In transforming the low-pass structure to a bandpass structure, 
the pass band of the filter is defined as the frequency band in which the 
power ratio is smaller than, or equal to 1 + s2. 
If w is the width of this band, one obtains for 
the loaded Q of the outer resenant element 
[see Eq. (120)] 

2 w (220) 
Fio. 10-92.—Three-element pro

totype low-pass structure. and the ratio of the loaded Q of the inner 
element to the loaded Q of the outer element becomes 

L 
(221) 

That this ratio becomes unity for e2 = ^V can be checked. 
Curves of the off-band insertion loss for different values of the 

maximum bandpass loss are plotted in Figs. 10-89, 10-90, and 10-91. 
The insertion loss for a filter derived from a constant-A; low-pass section 
is also plotted in the same figures for the same values of bandpass loss. 
For a constant-fc section the ratio r is equal to 2 and the transmission 
ratio has no maxima in the pass band other than the one at the mean 
frequency o>0. 

In the case of a filter consisting of four identical resonant elements, 
the maximum value of the power-loss ratio is found to be 1.25. This 
value corresponds to a loss of approximately 1 db and a tolerance 
e2 = ^. The curve of the off-band insertion loss for this filter is compared 
in Fig. 10-89 with the corresponding curve for a four-element filter of 
optimum design which has the same bandwidth and the same bandpass 
loss. I t can be seen that far from the pass band the filter of optimum 
design has a loss 2.65 db larger than the loss of the filter with equal 
elements. Since such a difference is negligible, the simple design with 
equal elements is quite satisfactory if a bandpass loss of 1 db is per-
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fflMr 
Fin. 10-93. 

mitted. If a different tolerance is desired, however, the filter must be 
designed following the procedure discussed in Chap. 9. 

The off-band insertion loss of the filters discussed above is, in all 
cases, a monotonie function which increases with the frequency deviation 
from the center of the pass band. The rate of cutoff, for a given bandpass 
tolerance, is determined by the number n of resonant elements. More 

precisely, in the case of optimum 
design sufficiently far from the 
pass band, the insertion loss in 
decibels is proportional to n. It 
follows that extremely sharp cut
offs require large numbers of reso
nant elements. In the case of 
lumped-element filters, this diffi
culty is circumvented by using fil
ters of the m-derived type, that is, 
filters derived from prototype 
structures such as the ones shown 
in Fig. 10-93. These structures 
can be designed in a number of 
ways, for instance, by cascading a 

number of actual m-derived sections, or by means of the direct synthesis 
procedure discussed in Chap. 9. The insertion loss of a low-pass filter of 
this type has a number of infinite peaks which coincide with the resonance 
frequencies of the branches of the ladder. These resonance frequencies 
can be placed in the vicinity of the pass band to increase the sharpness of 
the cutoff. The optimum design for filters of this type is discussed in 
Sec. 9-19. 

Low-pass structures of the types 
shown in Fig. 10-93 can be transformed 
into quarter-wavelength-coupled filters 
by following the same procedure used 
in the case of the structure of Fig. 10-496. 
The only difficulty encountered concerns 
the transformation of the resonant 
branches into microwave elements. 
Consider, then, one of the resonant 
branches of the structure of Fig. 10-93a which is assumed to have a cutoff 
frequency u, equal to 1. This branch, shown in Fig. 10-94a, resonates 
at the frequency 

1 

-Prototype low-pass structures 
of the m-derived type. 

(a) 
Fin. 10-94.— Ti ansf or miition. 

mint branches. 
)f l'OSO-

y/LC 
(222) 

When 1hc low-pass s1 mrturo is transformed into a bandpass filter with a 
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bandwidth w and a mean frequency <o0, the resonant branch is trans
formed into the network shown in Fig. 10-946. Both tuned circuits 
resonate at the frequency oi0. This network cannot be realized directly 
at microwaves. Therefore, it is further transformed into the network 
of Fig. 10-94c by applying Foster's reactance theorem. The resonance 
frequencies w„ and u of the two series-tuned circuits are given by the 
following equations: 

« . « - , = «! (223) 
<»«,. - <•>., = w» = «*.w. (224) 

For large values of &>0/w the following expressions are approximately 
true: 

2 «o + ■ 

OJ0 2 

(225) 

(226) 

The network of Fig. 10-94c places in evidence the fact that OJ„ and &> are 
the frequencies at which the insertion loss of the bandpass filter becomes 
infinite. The values of Li and L2 can be determined by requiring that the 
sum of the susceptances of the tuned circuits shall vanish at the frequency 

Q 
wo and shall have, at the same frequency, a slope equal to 2 — Then 

In the 
these 
mately 

Li 
U 

L\IJ2 _ L 
w 

(227) 

(228) 

case of narrow-band filters, 
equations 

Li = U 

yield 

= 2 ^ . 

approxi-

(229) 

_0 
PI* 

o-^nnrv 

<«) (b) 
T h e ne twork of Fig. 1 0 9 4 can F l ° 10-95.—Microwave realizations of the 

resonant branches shown in Fig. 10-94. 
be approximated m a number of 
ways by means of microwave elements. In the case of coaxial-line filters 
with a relatively broad band, two simple stubs in shunt with the main line 
may be used. When the ratio u<,/w is so large that stubs become imprac
tical, cavities quarter-wavelength-coupled to the main line as shown in 
Fig. 1095a may be used. The Q of the cavity when loaded by the char
acteristic impedance of the coupling line is related to L by the approxi
mate equation 

QL 2L- (230) 
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Tuned to w„ 

Tuned to a»0 

Figure 10-96 illustrates the microwave realization of a bandpass rrc-derived 
section. A similar arrangement of cavities can be used in the case of 
waveguide filters. 

An entirely different approach to the problem of transforming the 
branch of Fig. 10-94a into microwave elements is illustrated in Figs. 
10-956 and 10-95c. The branch is considered as a separate filter whose 

output terminals are open-cir
cuited. The transformation into 
the structure of Fig. 10-95c can 
be performed exactly as in the case 
of a direct-coupled, two-cavity fil
ter. Both cavities are tuned to 
the frequency u», and the band
width w„ between the frequencies 
of infinite loss is controlled by the 
coupling between the two cavities. 
A similar arrangement can be 
used, of course, in the case of 
waveguide filters. 

All the filters discussed in the 
preceding sections are of the 
bandpass type. Band-rejection 

can be designed in the same manner. 
filter can always be transformed into 

F I G —Microwave realization 
m-derived section. 

filters are seldom used, but 
A lumped-element bandpass 
a band-rejection filter by substituting series-tuned circuits for parallel-
tuned circuits and vice versa in accordance with the procedure 
discussed in Sec. 9-8. For instance, the structure of Fig. 10-666 would be 
transformed into the structure of Fig. 10-97. The L's in Fig. 10-97 are 

F I G . 10-97.—A band-rejection structure. 

made equal numerically to the C's in Fig. 10-666, for coupling lines of 
unity characteristic impedance, and vice versa. Let the power-loss ratio 
of the bandpass filter be 

where 
(231) 

(232) 
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The power-loss ratio of the band-elimination filter obtained from the 
bandpass filter as explained above is given then by 

(%L = i+>(?)■ (233) 

This equation shows that the pass band and the rejection band have been 

o 
/;;;;;;/////;//// 

(6) 
FIG. 10-98.—Two alternative microwave realizations of hand-rejection structure. 

interchanged in the frequency spectrum; thus the frequencies correspond
ing to x = ± 1 , that is, the two ends of the pass band are left fixed. 

Microwave band-rejection filters can be designed without difficulty 
by using quarter-wavelength couplings as 
in the case of bandpass filters. Figure 
10-98a illustrates a practical realization of 
a waveguide filter of this type. The cavi
ties are placed in series with the guide 
and therefore they behave like parallel-
tuned circuits in series with the line. 
However, this typo of structure and the 
structure of Fig. 10-97 have the same 
insertion loss. This equivalence can be 
checked easily by simply adding quarter-wavelength sections at both ends 
of either structure. A structure more directly equivalent to the filter of 
Fig. 10-97 would consist of cavities coupled in shunt to the main guide, 
as shown in Fig. 10-986. The input terminals of these cavities are effec-

_c? 
';/////;/;//;//? 

(a) (6) 
F t c 10 -99 . — A ser ies- resonant 
structure with its equivalent circuit. 
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tively spaced one-quarter wavelength from the guide since no reflection 
takes place in the guide when these terminals are short-circuited. In the 
case of coaxial-line filters, cavities quarter-wavelength-coupled to the 
main line, such as the ones shown in Fig. 10-96, may be used. 

Transmission-resonant irises have their counterpart in the rejection-
resonant irises which behave approximately like series-tuned circuits. 
Rejection irises can be obtained from transmission irises by the simple 
procedure of interchanging metal with hole. A very simple type of 
rejection iris is shown in Fig. 10-99 together with its equivalent circuit. 
Irises of this type can be quarter-wavelength-spaced in a guide to form a 
broadband rejection filter. The design procedure is the same as in the 
case of bandpass filters, apart from the transformation from bandpass to 
band-rejection filter already discussed above. 

MISCELLANEOUS FILTERS 
10-16. Lattice Networks.—Symmetrical lattice networks are exten

sively used in the process of designing lumped-element filters because 

Zb Reference 
planes 

(a) (i) (c) 
FIG. 10-100.—Simple waveguide magic T and its equivalent circuit. 

they represent the most general form of symmetrical two-terminal-pair 
network. However, they are seldom used as final filter structures because 
they require extremely close tolerances on the values of the elements. 
The reader can be convinced of this fact by noting that proper operation 
of a lattice filter requires perfect coincidence of the critical frequencies of 
the series and shunt arms. Small differences between corresponding 
critical frequencies may produce considerable distortions of the frequency 
characteristics of the filter. 

In spite of these practical considerations, it is of interest to inquire 
whether it is possible to simulate a lattice network by means of wave
guides. An investigation of this question reveals that the simple magic T 
may be regarded as the nucleus of a lattice network. It will be recalled 
that a magic T in rectangular waveguide consists of an //-plane T and an 
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.fi-plane T formed at the same point of a waveguide, as shown in Fig. 
10-100a. If, now, two of the arms of a properly matched magic T are 
terminated with impedances Z„ and Zb as schematically represented iri 
Fig. 10-100b, the behavior of the resulting two-terminal-pair network may 
be represented by the lattice network of Fig. 10-100c. 

As in the case of a lattice network, it is found that in a magic-T filter 
the impedances connected to the A and B arms must be held to verj 
close tolerances. Moreover, the behavior of a magic T can be made to 
approximate the behavior of a simple lattice network only over a limited 
frequency range. For these reasons, magic-T filters are not, in general, 
feasible although they may present advantages in very special cases. 

10-17. Mode Filters.—It is sometimes desirable to transmit energy 
through a waveguide or a coaxial line in a single preferred mode. For this 
purpose, structures have been designed that selectively propagate certain 
modes while reflecting others. Such devices are known as "mode 
filters." These filters are outside the scope of this chapter but reference 
may be made to Chap. 7 for a detailed discussion of their application in 
rotary joints. 

In certain special cases, however, mode filters may be used with advan
tage to provide frequency discrimination. Thus, if the two frequencies 
to be separated are extremely close together, it is often simpler to arrange 
to propagate the two frequencies in different modes and to utilize the 
difference in mode rather than the difference in frequency as the basis for 
discrimination. As an example, the simple case will be considered in 
which it is desired to separate two signals of slightly different frequencies 
received by the same antenna. If the antenna is designed to receive 
circularly polarized waves, it will accept waves of all possible polari
zations. If the two waves to be received are plane-polarized at right 
angles, they may be transmitted through the same guide using different 
modes of propagation or different polarizations of the same mode. The 
two modes can then be separated by means of a mode filter. In this 
manner, it is possible to achieve without difficulty 20- to 30-db discrimi
nation over a band of a few per cent. A filter that performs the same 
operation by frequency discrimination would become progressively more 
complex as the frequency difference between the two signals became 
smaller. Unfortunately, it is difficult by this method to extend this 
principle to obtain discrimination between more than two frequencies or 
to separate two signals of widely different frequencies. 

10-18. Absorption Filters.—In some cases, in which it is desirable to 
attenuate a wide band of frequencies, the use of absorption filters is indi
cated. Such filters do not discriminate by reflection but by dissipation 
and, consequently, their use is limited to those cases where the attenuated 
frequencies are not to be utilized. Although substances, such as 
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F I G . 10-101.—Attenuation as a function 
of frequency for dielectrics with constant loss 
angles, and for Corning Glass No. 6460. 

ammonia, which have absorption bands in the microwave range are 
known, in general the application of absorption filters is limited to low-
pass filters with gradual cutoffs. In these cases, it is possible to find 
suitable solid dielectric materials for which the loss functions vary as in 
Fig. 10-101. The dielectric may then be introduced into the trans

mission line or waveguide as a 
slug with suitable tapers to avoid 
reflections. For design informa
tion on dielectric materials, the 
reader is referred to a comprehen
sive report by A. von Hippel.20 

10-19. Multiplexers.—In the 
terminology of communication 
engineering, a multiplexer is a 
device for separating signals of 
different frequencies present in the 
same circuit and directing them 
into subsidiary circuits, or vice 
versa. Such a device is not to be 
confused with a duplexer as used 
in radar for electronic switching in 
systems designed to transmit 

pulses and detect subsequent echoes. Multiplexers permit the transmis
sion of a number of signals from one station to another without the intro
duction of appreciable crosstalk and constitute, therefore, one of the main 
applications of filters. 

It is obvious that microwave multiplexing requires a method of con
necting channel filters across a transmission line or waveguide in such a 
way that the power in each signal is diverted to the appropriate branch 
with negligible loss. One such method, analogous in principle to that 
used in radar duplexing, has been experimentally tested by Fox14 and 
found to be very satisfactory. This multiplexer, schematically repre
sented in Fig. 10-102, consists of n bandpass filters centered at the n 
frequencies of the signals to be separated. Each of these filters is con
nected in shunt to the main transmission line. For frequencies within a 
particular channel, the corresponding filter acts as a shunt impedance 
approximately equal to the characteristic impedance of the line; for such 
frequencies, the remaining filters appear as open circuits. 

It follows from the above discussion that- a signal of frequency o>* 
within a particular channel is effectively aware of the presence of only one 
filter, namely, the one tuned to its own frequency. If the main guide is 
then short-circuited at the proper place, that is, approximately an odd 
number of quarter wavelengths from the center of the A'th side branch, 
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the signal of frequency o)t is matched into this branch without appreciable 
loss. The input iris of the last filter may be substituted for the end plate 
of the guide, as shown in Fig. 10-102, without modifying the behavior of 
the system. The branches containing all the other filters are then con
nected to the main guide at the proper distance from the input iris of the 
last filter as shown in Fig. 10-102. In the particular case considered, each 
filter consists of a simple cavity. However, more complex filters can be 

FlQ. 10-102.—A multiplexer. 

used if required by the frequency separation of the channels. Coaxial-
line multiplexers similar to the waveguide".multiplexer just described can 
be designed in a similar manner. 

ASSEMBLY AND TEST PROCEDURES 

10-20. Broadband Filters.—For broadband filters where the pass 
band is greater than 10 per cent in frequency, the mechanical tolerances 
are sufficiently loose, in general, to eliminate the necessity for adjustment 
after assembly. It suffices to check the insertion loss at several points in 
the pass band, for example, at the center and edges, to ensure that no 
gross mechanical error is present in the particular filter under test. The 
exact test procedure depends on the particular specifications, but usually 
does not present a major problem. For the measurement of insertion 
loss, an apparatus of the general type schematically represented in 
Fig. 10-103 is needed. When the generator is isolated from the filter 
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under test by an attenuating pad which reflects negligible power, and 
when a well-matched detector terminates the line, a comparison of the 
power reaching the detector with and without the filter interposed 
determines the insertion loss. I t is wise to, use a power monitor on the 
generator to ensure that the power output of the generator is unaltered by 
reflections from the filter since it is often not feasible to use sufficient 
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pad 
Variable 

attenuator - Detector 

1 
Meter 

F I G . 10-103.—R-f bench for testing broadband filters. 

padding to provide complete isolation. In this manner, it is possible 
to ascertain insertion losses up to about 60 db. For higher attenuations, 
extreme care must be exercised to avoid direct r-f leakage from the gener
ator to the detector. In many cases, the available power from the gener
ator is such that with 60 db of attenuation in the filter plus adequate 
padding, the power level is below the limit of sensitivity of the detector. 

It should be recalled in the 
testing of broadband filters that 
spurious results are often intro
duced by the fact that the con
nectors to the filter are not 
sufficiently frequency-insensitive. 
For this reason, it is common 
practice to insert dummy connec
tors of the same type employed 
in the filter between the generator 
and load when the measurements 
are made with the filter removed. 
It must be realized, however, that 
this procedure does not determine 
the over-all insertion loss produced 
by the filter in actual practice. 

As an example of the over-all 
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F I G . 10-104.—Insertion loss for three 
filters of the same type, illustrating repro-
ducibility. 

reproducibility of electrical characteristics including both manufacturing 
and test errors, curves for a number of Type 2 filters described in Sec. 10-3 
are shown in Fig. 10-104. 

10-21. Narrow-band Filters.—Point-by-point determination of inser
tion loss as a function of frequency is cumbersome but possible whenever 
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adjustments after assembly are not required. In narrow-band filters, 
where mechanical tolerances are close and compensating adjustments 
must be made after assembly, the point-by-point procedure becomes 
prohibitively expensive and other test and lineup procedures must be 
found. It is highly desirable in lining up multicavity filters, for instance, 
to be able to ascertain at a glance the effect of a small change of any one 
of the parameters of the system on the whole loss characteristic. In the 
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F I G . 10-105.—Schematic diagram of a volume control for a reflex oscillator. 

case of narrow-band filters, it is possible to sweep a generator over the 
range of frequencies concerned and observe on a cathode-ray tube a 
frequency plot of the power transmitted by the filter to a detector. In 
order for the trace on the screen to represent sufficiently well the fre
quency characteristics of the filter alone, a scheme that keeps the output 
power of the generator constant over the frequency band of interest 
must be provided. A generator with such a volume control, used in con
junction with a frequency-insensitive detector, provides an adequate 
test system. 

A circuit that maintains a con
stant output power from a reflex 
oscillator* is shown schematically 
in Fig. 10-105. A small fraction 
of the power carried by the wave 
traveling from the generator to the 
load is coupled into a detector by 
a directional coupler. The recti
fied voltage from the detector is 
amplified and applied to the voltage regulator which controls the reflector 
voltage of the generator. Whenever possible, it is desirable to modulate 
the tube because high-gain d-c amplifiers are, in general, very trouble-

* Most tunable generators are of the reflex type . In such oscillators, even if 
cons tant output is no t required, the reflector voltage mus t track the resonance fre
quency of the cavi ty to mainta in oscillations. 

F I G . 10-10f>.—Power output of a reflex oscil
lator as a function of the reflector voltage. 
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some. In this case, the output of the amplifier must be rectified before 
being fed into the voltage regulator. 

Fig. 10-100 shows a typical plot of the output power of a reflex 
oscillator as a function of the reflector voltage for a given resonance 
frequency of the cavity. If the reflector voltage is initially adjusted for 
operation at the point A, any small change of the power coupled into the 
detector produces a large change of the reflector voltage, which in turn 
corrects the output power of the tube. This correction can be adjusted 
to have the proper sign for stable operation. The stability conditions 
can be expressed mathematically in the following manner. The reflector 
voltage Vr consists of two components V0 and Vc. Vo is independent 
of the output power of the tube and is manually adjusted, whereas Ve is a 
function of the output power specified by 

Vc = }iP). (234) 

The tube characteristics can be expressed by 

P = *(VT)«) = 0[(7o + Vc),a] (235) 

where co is the resonance frequency of the cavity. The output power 
can be determined by substituting Eq. (234) for Vc in Eq. (235) and solv
ing for P. Let P0 be a value of the output power that can be obtained 
at any frequency within a specified band centered at oi0. VB can then be 
adjusted to the value for which Eqs. (234) and (235) are satisfied by 
P = Pa and oi = wo- This condition of operation is stable if 

that is, if a positive increment of P in Eq. (234) corresponds to a negative 
increment of P in Eq. (235). If this condition is not satisfied at the 
point A in Fig. 10-106, it will certainly be satisfied at the point B and 
vice versa. 

Suppose now it is desired to vary co over the specified band centered 
at u0 while keeping the deviation of P from P0 within a given magnitude 
A/V Let AVC be the maximum change of Vc required, according to Eq. 
(235), to keep P within these specified limits. This change of reflector 
voltage can always be obtained by means of the feedback circuit, pro
vided the gain of the amplifier is sufficiently high. It follows that &P„ 
can be made arbitrarily small. Note that the only restriction to be 
placed on the functions f(P) and 4>[(V0 + Vc),oi] is that they must 
satisfy Eq. (236) for all values of P considered. 

The directional coupler and the detector have been implicitly assumed 
to be frequency-insensitive. This is not the case in practice, however; 
the minimum value of AP0 is therefore actually limited by the frequency 
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behavior of the r-f components. In fact, the output voltage of the 
detector, rather than the output power of the tube, is the quantity that 
is kept constant. Detectors of the barretter type can be matched to a 
VSWR less than 1.2 over a 10 per cent band. The frequency behavior of 
the directional coupler is therefore the actual limiting factor. 

The volume control scheme of Fig. 10-105 has been tried out in con
nection with a type 2K45 oscillator. This tube is thermally tuned by 
controlling the grid voltage of a triode, which is the heating element. 
The resonance frequency of the cavity can thus be swept over a 10 per 
cent band with a 14-sec period* by alternating the control grid voltage 
over a suitable range. Any convenient on-off circuit can be used for this 
purpose. The same circuit can also provide the required sweep voltage 
for the oscilloscope presentation mentioned above. The long period 
associated with thermal tuning requires the use of a long persistence 
screen. 

The accuracy of the measurement of the insertion loss of a filter may 
be improved by the use of logarithmic amplifiers in comparing the inci
dent power with the power transmitted through the filter. If the output 
voltages of two logarithmic amplifiers are proportional, respectively, 
to the logarithm of the incident power and to the logarithm of the trans
mitted power, their difference is by definition proportional to the insertion 
loss. This method of measurement can be used in connection with the 
sweep frequency oscillator described above. If the output voltages of 
the two amplifiers are connected directly to the vertical plates of the 
oscilloscope, the vertical deflection of the beam will be proportional to 
the insertion loss. A plot of the insertion loss as a function of frequency 
can thus be obtained. 

A satisfactory type of logarithmic amplifier21 makes use of a special 
type of germanium crystal, in which the "cat whisker" is welded to the 
surface of the crystal. For these crystals the static voltage-current 
characteristics obey the logarithmic law 

V = KlogI 

sufficiently well over a range of currents as large as 1000 to 1. If a 
crystal of this type is used as the plate load of a pentode, the voltage 
across the crystal will be proportional to the logarithm of the grid volt
age of the pentode. Appropriate current feedback must be used to 
counteract the effect of the nonlinearity of the tube characteristics that 
would otherwise limit the accuracy of the logarithmic response. Other 
stages of amplification of conventional design can be used before and after 
the stage in which the crystal is connected. 

* When tubes with external cavities are available, mechanical tuning permits 
frequency modulation at audio rates. 
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Quarter-wavelength-coupled filters are lined up experimentally in 
the following manner. Each cavity is tuned separately to the correct 
frequency. The value of the loaded Q is checked at the same time. The 
cavities are then connected and the frequency response of the filter is 
observed on the screen of an oscilloscope in the manner described above. 
Small readjustments of the elements are then made to obtain optimum 
bandpass characteristics. In general, if a filter is aligned for opti
mum bandpass characteristics, the off-band insertion loss will behave 
as predicted. The loss in the pass band depends critically on the align
ment, and with a swept generator it takes only a matter of minutes to 
adjust a four-cavity filter. Without a swept generator and the aux
iliary detecting apparatus, such an adjustment may require days of 
tedious measurements. 

The alignment of a doubly resonant cavity may be easily accomplished 
with the same apparatus in the following manner. With the coupling 
screw almost removed, the screws that independently tune the two modes 
are adjusted until the transmission curve consists of a single peak of 
maximum amplitude. The coupling screw is then adjusted until the 
dip between the two peaks is equal to the allowed bandpass tolerance. 
The whole curve is then shifted to the desired resonant frequency by 
tuning both modes with a movable end membrane or by readjusting both 
tuning screws simultaneously. A filter consisting of two direct-coupled 
cavities can be lined up in the same manner. 

10-22. Quarter-wavelength-coupled Fillers.—In certain cases, special 
lineup procedures, which do not require swept generators, are practical. 
As an example, a method of adjusting quarter-wavelength-coupled 
filters is described. The apparatus required is schematically illustrated 
in Fig. 10-107. A frequency-stabilized generator should be used in 
connection with narrow-band filters. The filter to be adjusted is inserted 
between two standing-wave detectors in a line that is perfectly ter
minated. Initially, the resonant elements (cavities or irises) are all 
detuned and the generator is adjusted to the desired resonant frequency. 
Under these circumstances a large standing wave exists in the first 
slotted section. The positions A and A' of two minima of the voltage 
standing wave are determined. The first iris is then tuned until one of 
the minima coincides with the point B, half way between A and A', 
that is, until the standing-wave minima are shifted by X„/4. The second 
iris is now tuned until the minima shift back to their original positions, 
A and A'. Thus, successive irises are tuned by alternately adjusting 
the position of a standing-wave minimum to occur at A and B. The last 
iris, however, cannot be tuned by this procedure. It should be adjusted 
to the desired midband response, that is, in many cases, maximum out
put power. Note that in the case of lossy filters the adjustment for 
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maximum output power does not yield unity standing-wave ratio in the 
input line. After these adjustments are made, the filter is checked at 
the edges of the pass band to make sure that the over-all behavior of the 
filter is satisfactory. 

The details of the adjustment and test procedure may vary from filter 
to filter. However, it cannot be overemphasized that easa of adjustment 
should be a prime consideration in the design of any filter. Moreover 
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versat i le t e s t benches , including swept oscillators and logar i thmic 
amplifiers, are of great help in labora tory work and become a v i r tua l 
necessity in t h e case of q u a n t i t y product ion of mul t ie lement filters. 
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Coaxial-line discontinuities, 184-188 
Coaxial-line switches, 528-533 
Coaxial-line tuners, 460-481 
Coaxial universal joint, 414 
Cohn, S. B., 57, 358 
Condon, E. U., 160 
Conductor attenuation, 50 
Conductor loss, 21, 26 

minimum, 146, 147 
Conductors, metallic, at microwave fre

quencies, skin depth in, 127 
plated, attenuation in, 128 

Connectors, assembling of, convention to 
be followed in, 153 

for cables for low power, 256-259 
coaxial, adapters for, 273 
high-power, to rigid lines, 260-267 
HN, 260 
polarized, 151 
Polyglas, 267 
r-f cable, 270 
Teflon, 259 
type N, 256-259 
unpolarized, 153 

Construction techniques, 120-124 
Contact losses, 108 
Contacts, sliding, 119 
Cook bellows, 290 
Cook Electric Company, 290 
Cork, B. B., 668 
Corrosion tests, 130-132 
Coupling, capacity, 100-114 

choke (see Choke coupling) 
Coupling devices, 654, 659 
Coupling loop, 685 
Coupling sections, frequency sensitivity 

of, 691 
Coupling units, 288-303 
Couplings, choke-flange, circular-groove, 

193-199 
for coaxial line, 150-155 
contact, 193 
iris, 659 
loop, 659 
magnetic, 354 
probe, 659 
quarter-wavelength, 677-683 
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Couplings, quarter-wavelength, filters 
using, 677-706 

theory of, 690-696 
resonant-slot, 354 
sealing of, 140 
waveguide, 193-202 

Crossbar transitions, 346-349 
Crowley, Henry L., 133, 463 
Current, longitudinal, 51 
Cutler, C. C , 282 
Cutoff frequency, 49 

D 

Darlington, S., 580, 581, 612 
Depth of penetration, 45 
Design factors, 95-100 
Design procedure, 82-100 
Dielectric attenuation, 27, 50 
Dielectric attenuation constant, 59 
Dielectric constant, complex, 28, 133 
Dielectric loss, 21 
Dielectric materials, 132-143 

characteristics of, 133-137 
Dielectric parts, construction of, 137-140 
Dielectric plugs, half-wavelength, 222 
Dielectrics, electrical properties of, 134, 

135 
mechanical properties of, 134, 135 

Directional coupler, 229 
Dissipation, in cavities, 672 

effect of, on pass-band characteristics, 
603 

on rejection-band characteristics, 604-
607 

incidental, 601-609 
uniform, correction for, 607-609 

Dixon, T. G., 129 
Dixon Crucible Company, 133 
Doorknob transitions, 349-353 

high-power rotary joints with, 451-455 
Dow Corning Corporation, 133, 143, 491 
Du Pont de Nemours, E. I , 125, 143, 286 

E 

Ebonol, 125 
Edson, W. A., 9, 12, 58, 383 
Edwards, C. F., 346, 449 
Ehlers, F. E., 383 
Electroforming, 121 
Electroplating, 124-132 

Elliptic function, 594 
Enthone Company, 125 

Fano, R. M., 357 
Farr, H. K., 417 
Femico, 119 
Filter designs, normalization of, 560-566 
Filter-ring transitions, 393 
Filters, absorption, 707 

band-rejection, 704 
broadband, 709, 710 
characteristics of, effect of degree of 

dissipation on, 696 
constant-*;, 569-572 
using direct-coupled cavities, 666-673 
using direct-coupled cavity resonators, 

645-677 
double-tuned, equivalent forms of, 674 

rectangular cavity behaving as, 675 
high-pass, waveguides as, 644 
using lines as four-terminal elements, 

634-643 
using lines as two-terminal elements 

625-634 
m-derived, 572-576, 702 
mode, 707 
with n identical sections in cascade, 

577 
narrow-band, 710-714 
quarter-wavelength-coupled, 714, 715 
using quarter-wavelength couplings, 

677-706 
2\En-mode, 388-400 
with transmission lines, 614-645 
waveguide, 643-645 

50-ohm line, 149 
Fin rSu-mode filter, 397 
Finishes, 124-132 

nonmetallic, 124, 125 
Fiske, M. D., 715, 716 
Fox, A. G., 667, 716 
Frank, N. H., 211, 305, 332, 363 
Frequency behavior of transmission lines, 

614-623 
Frequency sensitivity of coupling sec

tions, 691 
Frequency stability, 83 
Fulton Sylphon Company, 288 
Fungus growth, protection against, 125 
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V, 

General Electric Company, 143, 214, 
221, 352 

General Electric Mycalcx, 49J 
Cieut, A. \\ ., 309 
Gewert/., ('. -M., 012 
Glass, M. S., 464 
Goldstein, A., 716 
Goldstein, 11., 282, 715 
Graton and Knight Company, 141 
Guide wavelength, 48 
Guided-wave eoneept, 30—10 
Guillemin, E. A., 10, 541, 580, 012, 71G 

H 

Hancock, H., 612 
Hansen, \V. Vv., 160 
Harbury , P . L., 715, 716 
Heins, A. E., 332 
Hinge joints, 438-442 
H . \ connectors, 260 
Hollingsworth, G. L., 349 
Holstein, T., 239 

I 

Ideal (lossless) line, 19, 23 
Image impedance, 554-557 
Image-impedance networks, reciprocal, 

559 
Image parameters , of reactive networks, 

557-561 
use of, l imitat ions on, 576-580 

Impedance, 13-19 
characteristic, 12, 19-23, 41 , 51 

of coaxial line, 183 
of eccentric line, 148 
effective, 52 

of free space, 58 
image (see Image impedance) 
input (see Input impedance) 
open-circuit, 542, 555 
short-circuit, 555 
wave (see Wave impedance) 

Impedance chart , rectangular, 72 
Smith, 60-67 
use of, 457-460 

Impedance-matching, 4, 59-100, 209-218 
reason for, 82 

Impedance-matching transformers, 90 
95 

hnpedni measurement , 18 
Impedance networks, reciprocal, 514 
Impedance normalization, 501 
Impedance transformers, variable, 456-

516 
Input impedance, determinat ion of, 

583-586 
prescribed, network with, 586-589 

Insertion loss, 550 
of cavity resonators, 654 
specified, reactive networks with, 580-

589 
Insertion-loss functions, physical realiza-

bility of, 580-583 
Iris, inductive, in waveguides, 78 

rejection, 706 
resonant, 660, 688-690 
waveguide, b roadband matching with, 

322-331 

J 

Jacket ing materials , 247 
Jamieson, I I . \V., 184 
Joints , with polarization rotator , 430-432 

swivel, 433-438 
universal, 442-445 

K 

Kal lman, II . E., 286, 716 
Kingsbury, S. M., 132 
Kohler, G., 10 
Kohlhaas, H. T. , 155 
Kovar, 119 
Kuhn , S., 316 

L 

Ladder elements, determinat ion of, 598-
601 

Ladder networks, 597-601 
Latt ice, symmetrical , 566 
Latt ice networks, 706 
Lawson, J . L., 160 
Leiter, H., 715 
Line with small losses, 20 
lane .stretcher, type X, 481 
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Loaded Q, 652 
Loss, conductor (see Conductor loss) 

dielectric, 21 
Loss length, 146 
Loss tangent, 29 

M 

Magic T, 706 
Magnetron, 83, 227 
Mansur, I., 157, 227 
Manufacturability, 95 
Marcus, P., 716 
Margenau, H., 239 
Mason, W. P., 173, 634 
Match, methods of achieving, 86 
Matching, narrow-band, 318-322 
Matching diaphragms, capacitive, 214, 

215 
inductive, 211-214 

Matrices, 544-547 
wave, 551-554 

Maxwell, E., 117 
Maxwell's equations, 3, 37 
Metal-hose, wound, 274-279 
Metallic materials, 115-124 
Metals and alloys, attenuation of, 120 

conductivity of, 120 
Microwave realizations of resonant 

branches, 703 
Microwave transmission circuits, 5 
Microwaves, useful properties of, 2 
Mismatched terminations, effect of, 

609-612 
Mismatches, accumulative, 551-554, 611 

measurement of, 85 
Mks units, rationalized, 8 
Mode, D. E., 633 
Mode purity, 99 
Modulator, 227 
Molding, compression, 138 

extrusion, 138 
transfer, 138 

Montgomery, C. C , 483 
Montgomery, D. D., 483 
Morgan Brush Company, 143 
Motional joints, 407 

in coaxial line, 407-416 
combining coaxial line and waveguide, 

446-455 
waveguide, 433-445 

Multiplexers, 708 
Mycalex, General Electric, 491 

N 

Nebel, C. N., 535 
Networks, connected in cascade, 546 

connected in parallel, 545 
connected in series, 546 
ladder, 597-601 
lattice, 706 
with prescribed input impedance, 

586-589 
reactive, image parameters of, 557-

561 
with specified insertion loss, 580-

589 
reciprocal image impedance, 559 
reciprocal impedance, 544 
symmetrical, 544, 558 
two-terminal-pair, 541-554 
uniformly dissipative, 601-603 

Niemann, F. L., 353 
Nosker, L. W., 633 

Pass band, 557 
average attenuation in, 603 
characteristics of, effect of dissipation 

on, 603 
Pass-band behavior, TchebyshefF, 590-

593 
Pass-band normalization, 562-566 
Phase constant, 49 
Phase distortion, in broadband T-stub, 

176 
Phase function, 555 
Phase shifter, 478-481, 513-517 

dielectric, 514 
slotted-waveguide, 513 

Phase velocity, 12, 20, 42, 50 
Phosphor bronze, 119 
Pickering, W. H., 204 
Pierce, J. R., 196 
Pierce method for design of choke 

grooves, 198 
Pipe, elliptical, 57 
Plane wave in free space, 36 
Plate, quarter-wave, 371 
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Plugs, dielectric, half-wavelength, 222 
T-shaped, three-quarters wavelength 

long, 223 
Plungers, short-circuiting, 460-463, 4 8 1 -

483 
capacity coupled, 462 
quarter-wavelength-finger, 461 

Polarization, circular, rotary-joint , 428 
in square waveguide, 378 
of '/ '.En-mode, 369-378 

elliptical, 54 
Polarization rotator , joints with, 430 -

432 
Polyglas, 132 
Polyglas connectors, 267 
Polyiron, 133, 463 
Polytechnic Ins t i tu te of Brooklyn, 257 
Posin, D. Q., 157, 227 
Positive real function (p r.), 581 
Pound, R. V., 171, 173, 176 
Powder metallurgy, 123 
Power, reflection of, 29 

transmission of, 29 
Power-carrying capacity, maximum, 145, 

147 
Power dividers, 516-528 

coaxial, 516-522 
fixed, 522-525 
fixed coaxial, 516-519 
variable, 519-522, 525-528 
waveguide, 522-528 

Power factor, 28 
Power-handling capabilities, 95 
Power-loss rat io, 550, 558 

selection of, 589-597 
Pow rer-transmission ratio, 550 
Poynt ing vector, 41 
Pressurization problems, 139-143 
Preston 7\Woi-transition, 389 
Propagat ion factor, 13, 19-23 
Propagation function, 554-557 
Pulling figure, 84, 472 
Pulse width , dependence of breakdown 

power on, 235 

Q 

Q, loaded, 652 
unloaded, 653 

R 

Radiat ion losses, 108 
Radio Research Laboratory, 361 
Radioactive cobalt , effect of, on break

down power, 232 
Radioactive cobalt chloride, 232 
Ragan, G. L., 227 
Ramo, S , 57, 129 
Raytheon Manufactur ing Company, 452 
Reed, J., 159, 160 
Reflection coefficient, 13-19, 29, 63 

current , 15 
voltage, 15 

Reflection-coefficient char t , 60-67 
Reflex oscillator, volume control for, 711 
Reich, H. J., 10 
Rejection-band characteristics, effect of 

dissipation on, 604-607 
Resistance card load, 97 
Resonances, 99 

in high-power ro tary joint, 422 
in ro tary joints, 416-420 

Resonant aper ture , 221 
Resonant ring, 391 
Resonators, cavi ty (see Cavi ty resonators) 
R-f cable connectors, 270 
R-f components of sample radar set, 6 
Richards, P . I. , 634, 715, 716 
Rieke diagram, 83 
Robbing, Theo Eloise, 184 
Rotary- joint pressure seals, 141-143 
Rota ry joints, 100-109, 407 

circular-polarization, 428 
resonance in, 429 

coaxial, 407-413 
coaxial chokes in, 408 
with combinat ions of t ransi t ions, 448-

451 
with cross-transition from coaxial line 

to waveguide, 446 
filter-ring, TEu-modv for, resonances 

in, 423 
high-power, with doorknob transit ions, 

451-455 
resonances in, 422 

with probe transi t ions, 447 
resonances in, 416-420 
with TEn-modc filter-ring transit ions 

with 7'riu-absorbcrs, 425 
waveguide, 416-433 
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S 

Salisbury, W.W., 160 
Salt-spray test, 130 
Sarbacher, R. I., 9, 12, 58, 383 
Scaling, 87 
Schaevitz, H., 57 
Schaible, G. J., 247 
Schelkunoff, S. A., 9, 52, 716 
Schuster, N. A., 349 
Screws, general-susceptance, 499-507 
Sealol, 142 
Series branches, 100-114 
Sheets, thin, nonresonant, 218-220 

reflections from, 220 
in resonant mount, 220-222 

Shunt suseeptance elements, 93 
Similitude, 87 
Skin depth, 26, 45 

in metallic conductors at microwave 
frequencies, 127 

Slater, J. C , 9, 53, 99, 116, 245, 313, 315, 
316, 362, 415, 497 

Smith, P. H., 63, 500 
Smith admittance chart, 67 
Smith impedance chart, 60-67 
Soldering, 123 

hard, 123 
silver, 123 
soft, 123 

Sperry Gyroscope Company, 129, 189, 
210, 307, 447 

Standing-wave ratio, 17, 63 
voltage, 17 

Standing waves, 13-19 
Stratton, J. C , 87 
Stub supports, 170-182 
Stub tuners, 472-478 

sliding series, 464—466 
waveguide, 483-485 

Stubs, coaxial, broadband matching with, 
332-335 

righl^angle, 176-179 
universal, 179 

dimensions for, 180 
Suseeptance shunting matched line, 31 
Switches, 528-539 

coaxial-line, 528-533 
type N, 529 
waveguide, 533-539 

Swivel joints, 433-438 
Sykes, R. A., 634 

T 

T-stub supports, simple, 170-173 
T-stubs, broadband, 173-176 

dimensions for, 175 
phase distortion in, 176 

Tapers in coaxial line, 305-311 
Tchebysheff behavior in attenuation 

band, 593-597 
Tchebysheff characteristics, 696-706 
Tchebysheff pass band behavior, 590-593 
Tchebysheff polynomials, 590 
TE-mode, 39 
r^io-mode rectangular waveguide, 46-54 
Ti?u-mode, circular polarization of, 369-

378 
in cylindrical waveguide, determining 

percentage of, 381-388 
for filter-ring rotary joint, resonances 

in, 423 
TEu-mode filters, 388-400 

Fin, 397 
Teflon, 143 
Teflon connectors, 259 
Teflon dielectric beads, 257 
Telecommunications Research Estab

lishment, 352, 392 
Telegraphers' equation, 9-11 
TEM-mode, 39 
Test equipment, 7 
Test procedures, 709-714 
Thermistor bridge, 229 
Titeflex, 116, 279-281 
Titeflex, Inc., 280 
TM-mode, 39 
TMoi-mode, transitions to, 379-381 
TMoi-transitions, breakdown of, 405 

Preston, 389 
straight-on, 400-403 

TR tubes, 688 
Tracing paper, 65 
Transformers, coaxial impedance, 182-

184 
impedance-matching, 90 -95 
quarter-wavelength, 90-92, 217 
variable impedance, 456-510 

Transmission-line charts, 59-82 
choice of, 75-82 
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Transmission-line components, 5 
Transmission-line equations, 32 
Transmission-line theory, 11 
Transmission lines, filters with, 614-045 

frequency behavior of, 614-623 
low-loss, relations in, 31 
radial, voltage and current nodes in, 

196, 197 
relations in, 29-36 
rigid, 144-242 
sealing of, 140 
use of, l imitations on, 623-625 

Tubing, for coaxial lines, 115-119 
dimensional tolerances of, 117 
silver-lined, 117 
for waveguides, 115-119 

Tuners , 456-516 
capacitive-screw, 498 
coaxial .ine, 460-481 
double-screw, waveguide, 507-513 
double-slug, waveguide, 494-498 
single-screw, variable-position, 485-

489 
single-slug, 489-494 
sliding-screw, 459 
slug, 466-472 
s tub (see S tub tuners) 
waveguide, 481-516 

Tuning screw, capacitive, 216 
TunniclifTe, P . It., 352 

U 

Uglow, K. M., 352 
U. S. Graphi te Company, 143 
Units , 8 
Universal joints, 442-445 
Unloaded Q, 653 

V 

Velocity, group, 12 
phase (see Phase velocity) 
signal, 12 

Voltage, effective, 51 
Voltage breakdown, 84 

a t microwave frequencies, 227-242 
Voltage insertion ratio, 549 
Von Hippel, A., 132, 136, 716 
VSWR introduced by junct ion between 

two waveguides, 118 

\V 

Wadey, \V. ( i . , ( i l l 
Walker, 11. M., 129, 222, 227 
Wall surfaces, corrugated, 116 

scratched, 116 
Wallin, P. J., 309 
Warner, A., 716 
Washburne, P>. P., 188 
Water load, 229 
Wave impedance, 41, 53, 617 

of free space, 37 
Waveguide bends, and twists, 207-209 
Waveguide constants, 191 
Waveguide corners, 203-207 
Waveguide couplings, 193-202 
Waveguide filters, 6-13-645 
Waveguide mode, transit ions with change 

in, 379-405 
Waveguide motional joints, 433 445 
Waveguide power dividers, 522-528 
Waveguide rotary joints, 416-433 
Waveguide s tub tuners, 483-485 
Waveguide switches. 533-539 
Waveguides, common, characteristics of, 

54-59 
cylindrical, determining percentage of 

T-En-mode in, 381 388 
different, joining of, 53 
dimensions for, choice of, 188-193 
fields in, 39 
flexible, wire-screen, 287 
as high-pass filters, 644 
inductive iris in, 78 
lossless, 40 
metal-hose, min imum bending radii 

of, 276 
nonresonant flexible, 274-288 
parallel-plate. 40-46 
plastic, 285-287 
plastic-filled, 285-287 
rectangular, of different sizes, t ransi

tion between, 361-364 
TB1 0-mode, 46-54 
transit ion from, to cylindrical, 364-

369 
resonant flexible, 288-303 
ridge, 358 
screw in, 458 
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Waveguides, seamless corrugated, 282-
285 

square, circular polarization in, 378 
transitions from coaxial line to, 314-

361 
tubing for, 115-119 
two, VSWR introduced by junction 

between, 118 
vertebral flexible, 294-303 

Wavelength, critical, 48 
cutoff, 48 
guide, 48 
intrinsic, 42 

Wesson, L. G., 132 . 

Westinghouse Electric and Manufactur
ing Company, 141, 221 

Whinnery, J. R., 57, 129, 184 
Whitmer, R. M., 285 
Windows, pressurizing, 218-227 
Woodruff, L. F., 10, 71 

X 

X-pandotite Cement, 133 

Y 

Younker, E. L., 302 
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Foreword 

THE tremendous research and development effort that went into the 
development of radar and related techniques during World War II 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. Because this 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super
vision of the National Defense Research Committee, undertook the great 
task of preparing these volumes. The work described herein, however, 
is the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 
and other Dominions. 

The Radiation Laboratory, once its proposals were approved and 
finances provided by the Office of Scientific Research and Development, 
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 
project. An editorial staff was then selected of those best qualified for 
this type of task. Finally the authors for the various volumes or chap
ters or sections were chosen from among those experts who were inti
mately familiar with the various fields and who were able and willing 
to write the summaries of them. This entire staff agreed to remain at 
work at MIT for six months or more after the work of the Radiation 
Laboratory was complete. These volumes stand as a monument to this 
group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of scientists, engineers, and others who actually carried on 
the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and they 
worked so closely together even though often in widely separated labora
tories that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote 
reports or articles have even been mentioned. But to all those who 
contributed in any way to this great cooperative development enterprise, 
both in this country and in England, these volumes are dedicated. 

L. A. DUBHIDGE 
v 
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Preface 

THIS book endeavors to present the salient features in the reformulation 
of microwave field problems as microwave network problems. The 

problems treated are the class of electromagnetic "boundary value" or 
"diffraction" problems descriptive of the scattering properties of dis
continuities in waveguides. Their reformulation as network .problems 
permits such properties to be calculated in a conventional network manner 
from equivalent microwave networks composed of transmission lines and 
lumped constant circuits. A knowledge of the values of the equivalent 
network parameters is a necessary prerequisite to quantitative calcula
tions. The theoretical evaluation of microwave network parameters 
entails in general the solution of three-dimensional boundary-value prob
lems and hence belongs properly in the domain of electromagnetic field 
theory. In contrast, the network calculations of power distribution, 
frequency response, resonance properties, etc., characteristic of the "far-
field" behavior in microwave structures, involve mostly algebraic prob
lems and hence may be said to belong in the domain of microwave network 
theory. The independence of the roles played by microwave field and 
network theories is to be emphasized; it has a counterpart in conventional 
low-frequency electrical theory and accounts in no small measure for the 
far-reaching development of the network point of view both at microwave 
and low frequencies. 

In the years 1942 to 1946 a rather intensive and systematic exploita
tion of both the field and network aspects of microwave problems was 
carried out at the Radiation Laboratory of M I T by a group of workers 
among whom J. Schwinger played a dominant role. By means of an 
integral-equation formulation of field problems, Schwinger pointed the 
way both in the setting up and solving of a wide variety of microwave 
problems. These developments resulted in a rigorous and general theory 
of microwave structures in which conventional low-frequency electrical 
theory appeared as a special case. As is to be expected, the presenta
tion of the results of these developments involves the work of many 
individuals both in this country and abroad, as well as much material 
which is now more or less standard in mathematical and engineering 
literature. Unfortunately, it has not been possible to document ade
quately these sources in the present edition. I t is hoped that these and 
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other omissions will be remedied in a subsequent and more up-to-date 
edition. 

Although the primary aim of this book is to present the equivalent-
circuit parameters for a large number of microwave structures, a brief but 
coherent account of the fundamental concepts necessary for their proper 
utilization is included. Thus there is summarized in the first three 
chapters both the field and network theoretic considerations necessary 
for the derivation and utilization of the basic transmission line—equiva
lent-circuit formalism. The mode concept and transmission-line formu
lation of the field equations are introduced in Chapter 1. This chapter 
contains an engineering treatment of the transmission-line theory neces
sary for the description of propagating and nonpropagating modes in the 
more important types of uniform and nonuniform waveguides. The 
field-structure, propagation, attenuation, etc., characteristics of the 
transmission-line modes so described are compiled in Chapter 2, with 
both quantitative and pictorial detail. The elements of microwave-
network theory required for the analysis, representation, and measure
ment of the equivalent circuits for iV-terminal microwave structures are 
outlined in Chapter 3; also contained in this chapter is a sketch of some 
of the field theoretic methods employed in the derivation of the equiva
lent-circuit parameters reported in Chapters 4 to 8. Although most 
of the above material is written for the impedance-minded micro
wave engineer, some of the sections should be of interest to the applied 
mathematician. 

The remaining chapters contain a compilation of the equivalent-
circuit parameters for a variety of nondissipative iV-terminal microwave 
structures. These results are presented usually both analytically and 
graphically in individual sections having an intentionally concise format 
to avoid repetition. Since the analytical formulae are frequently 
cumbersome to evaluate, care has been taken to achieve a reasonable 
degree of accuracy in the graphical plots. In Chapter 4 a number of 
two-terminal structures, such as beyond-cutoff and radiative waveguide 
terminations, are treated. Obstacle and aperture discontinuities in wave
guides, gratings in free space, etc., are among the four-terminal structures 
described in Chapter 5. Chapter 6 deals with six-terminal microwave 
structures and contains the equivalent-circuit parameters for a number 
of E- and //-plane T- and F-junctions, bifurcations, etc. Several eight-
terminal structures are treated in Chapter 7. Chapter 8 contains the 
circuit description of a number of typical composite microwave struc
tures: dielectric-filled guides, thick apertures, etc. In contrast to the 
relatively complicated field calculations employed to obtain the previous 
results, only simple microwave network calculations are required to find 
the circuit parameters and properties of these composite structures. 
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The equivalent-circuit results in the various sections of Chapters 4 to 8 
involve the expenditure of considerable time and effort on the part of 
many workers—often not at all commensurate with the space devoted 
to the presentation of these results. Each section usually represents the 
contributions of many individuals who unfortunately are not acknowl
edged in each instance. In addition to J. Schwinger, the f ollowing helped 
with direct theoretical contributions to these sections: 

J. F. Carlson, A. E. Heins, H. A. Levine 
P. M. Marcus, and D. S. Saxon. 

Indirect contributions were made by II. A. Bethe, N. H. Frank, and 
R. M. Whitmer. The efforts of Levine and Marcus, who remained with 
the office of publications until its close in 1946, are particularly acknowl
edged; the latter correlated all the tabulated work reported in the 
appendix. The continued interest and criticism of Levine and Schwinger 
since the close of the laboratory are greatly, appreciated. Although a 
great deal of experimental work on the measurement of equivalent-
circuit parameters was carried out, only that part which is not covered 
by or in agreement with theory is included in Chapters 4 to 8. The 
work of W. H. Pickering et al., of California Institute of Technology, and 
of C. G. and D. D. Montgomery should be cited in this connection. 

A considerable amount of technical assistance was rendered by many 
others. Mrs. A. Marcus did most of the work on the mode plots pre
sented in Chapter 2. C. W. Zabel correlated some of the theoretical and 
experimental data on T sections in Chapter 6. Most of the numerical 
computations were carried out under the direction of A. E. Heins by M. 
Karakashian, R. Krock, D. Perkins, B. Siegle, and others. Finally, the 
valuable editorial assistance, planning, and criticism of H. M. James 
in the initial stages of preparation of this book should be mentioned. 

Although conceived at the Radiation Laboratory of MIT, the greater 
part of this book was written in the years subsequent to its close while the 
author was a staff member of the Polytechnic Institute of Brooklyn. 
The author wishes to thank Professor E. Weber, Director of the Micro
wave Research Institute at the Polytechnic Institute, for use of the 
technical and clerical facilities of the laboratory in the preparation of 
this book; also various members of the Institute for their criticism and 
proofreading of many sections of this book; and lastly his wife, Muriel, for 
her continuous help and encouragement. 

N. MARCUVITZ 
BROOKLYN, N.Y. 

September, 1950 
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CHAPTER 1 

TRANSMISSION LINES 

1-1. Waveguides as Transmission Lines.—The determination of the 
electromagnetic fields within any region is dependent upon one's ability 
to solve explicitly the Maxwell field equations in a coordinate system 
appropriate to the region. Complete solutions of the field equations, or 
equivalently of the wave equation, are known for only relatively few 
types of regions. Such regions may be classified as either uniform or 
nonuniform. Uniform regions are characterized by the fact that cross 
sections transverse to a given symmetry, or propagation, direction are 
almost everywhere identical with one another in both size and shape. 
Nonuniform regions are likewise characterized by a symmetry, or propa
gation, direction but the transverse cross sections are similar to rather 
than identical with one another. 

Examples of uniform regions are provided by regions cylindrical 
about the symmetry direction and having planar cross sections with rec
tangular, circular, etc., peripheries. Regions not cylindrical about the 
symmetry direction and having nonplanar cross sections of cylindrical, 
spherical, etc., shapes furnish examples of nonuniform regions (c/. Sees. 
1-7 and 1-8). In either case the cross sections may or may not be limited 
by metallic boundaries. Within such regions the electromagnetic field 
may be represented as a superposition of an infinite number of standard 
functions that form a mathematically complete set. These complete 
sets of functional solutions are classical and have been employed in the 
mathematical literature for some time. However, in recent years the 
extensive use of ultrahigh frequencies has made it desirable to reformulate 
these mathematical solutions in engineering terms. It is with this 
reformulation that the present chapter will be concerned. 

The mathematical representation of the electromagnetic field within a 
uniform or nonuniform region is in the form of a superposition of an 
infinite number of modes or wave types. The electric and magnetic field 
components of each mode are factorable into form functions, depending 
only on the cross-sectional coordinates transverse to the direction of 
propagation, and into amplitude functions, depending only on the coordi
nate in the propagation direction. The transverse functional form of 
each mode is dependent upon the cross-sectional shape of the given 
region and, save for the amplitude factor, is identical at every cross 
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2 TRANSMISSION LINES [SEC. 1-1 

section. As a result the amplitudes of a mode completely characterize 
the mode at every cross section. The variation of each amplitude along 
the propagation direction is given implicitly as a solution of a one-
dimensional wave or transmission-line equation. According to the mode 
in question the wave amplitudes may be either propagating or attenuating 
along the transmission direction. 

In many regions of practical importance, as, for example, in wave
guides, the dimensions and field excitation are such that only one mode is 
capable of propagation. As a result the electromagnetic field almost 
everywhere is characterized completely by the amplitudes of this one 
dominant wave type. Because of the transmission-line behavior of the 
mode amplitudes it is suggestive to define the amplitudes that measure 
the transverse electric and magnetic field intensities of this dominant 
mode as voltage and current, respectively. It is thereby implied that 
the electromagnetic fields may be described almost everywhere in terms 
of the voltage and current on an appropriate transmission line. This 
transmission line completely characterizes the behavior of the dominant 
mode everywhere in the waveguide. The knowledge of the real charac
teristic impedance and wave number of the transmission line then permits 
one to describe rigorously the propagation of this dominant mode in 
familiar impedance terms. 

The impedance description may be extended to describe the behavior 
of the nonpropagating or higher modes that are present in the vicinity 
of cross-sectional discontinuities. Mode voltages and currents are 
introduced as measures of the amplitudes of the transverse electric and 
magnetic field intensities of each of the higher modes. Thus, as before, 
each of the higher modes is represented by a transmission line but now the 
associated characteristic impedance is reactive and the wave number 
imaginary, i.e., attenuating. In this manner the complete description 
of the electromagnetic field in a waveguide may be represented in terms 
of the behavior of the voltages and currents on an infinite number of 
transmission lines. The quantitative use of such a representation in a 
given waveguide geometry presupposes the ability to determine explicitly 
the following: 

1. The transverse functional form of each mode in the waveguide 
cross section. 

2. The transmission-line equations for the mode amplitudes together 
with the values of the mode characteristic impedance and propaga
tion constant for each mode. 

3. Expressions for the field components in terms of the amplitudes 
and functional form of the modes. 

The above-described impedance or transmission-line reformulation of the 
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electromagnetic field will be carried out for a number of practical uniform 
and nonuniform waveguides. 

1-2. Field Representation in Uniform Waveguides.—By far the 
largest class of waveguide regions is the uniform type represented in Fig. 
1-1. Such regions are cylindrical and have, in general, an arbitrary cross 
section that is generated by a straight line moving parallel to the sym
metry or transmission direction, the latter being characterized by the 
unit vector Zo. In many practical waveguides the cross sectional geom
etry is described by a coordinate system appropriate to the boundary 

Cross sectional view Longitudinal view 

F I G . 1-1.—Uniform waveguide of arbitrary cross section. 

curves although this is not a necessary requirement. Since the trans
mission-line description of the electromagnetic field within uniform 
guides is independent of the particular form of coordinate system employed 
to describe the cross section, no reference to cross-sectional coordinates 
will be made in this section. Special coordinate systems appropriate to 
rectangular, circular, and elliptical cross sections, etc., will be considered 
in Chap. 2. To stress the independence of the transmission-line descrip
tion upon the cross-sectional coordinate system an invariant transverse 
vector formulation of the Maxwell field equations will be employed in the 
following. This form of the field equations is obtained by elimination of 
the field components along the transmission, or z, direction and can be 
written, for the steady state of angular frequency OJ, as 

5 = -Mb + p v,v,) ■ (H, x z„), ) 
> (1) 

— ' = -jkv(t + p v,v.) • (zo X E«). ) 

Vector notation is employed with the following meanings for the symbols: 

Ei = Ei(x,y,z) = the rms electric-field intensity transverse to the 
z-axis. 

H, = H,(x,y,z) = the rms magnetic-field intensity transverse to the 
z-axis. 

f = intrinsic impedance of the medium = I/7; = y/ii/t 
k = propagation constant in medium = o> y/JTt = 2ir/X 
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V( = gradient operator transverse to 2-axis1 = V — z0 -r-
oz 

t = unit dyadic denned such that e • A = A ■ e = A 
The time variation of the field is assumed to be exp (+jo>t). The z com
ponents of the electric and magnetic fields follow from the transverse 
components by the relations 

jkr,E. = Vt ■ (H, X Zo), 1 
jk[H, = V, ■ (z0 X E,). / (2) 

Equations (1) and (2), which are fully equivalent to the Maxwell 
equations, make evident in transmission-line guise the separate depend
ence of the field on the cross-sectional coordinates and on the longitudinal 
coordinate z. The cross-sectional dependence may be integrated out of 
Eqs. (1) by means of a suitable set of vector orthogonal functions. 
Functions such that the result of the operation V,Vt • on a function is 
proportional to the function itself are of the desired type provided they 
satisfy, in addition, appropriate conditions on the boundary curve or 
curves s of the cross section. Such vector functions are known to be of 
two types: the .E-mode functions e,' defined by 

(3a) 

(3b) 

(4a) 

h; = zo X e'i, 
where 

V?*i + k'c% = 0 
*i = 0 on s if k'ci ^ 0 

-P = 0 on s if k'ci = 0;* as 

and the i7-mode functions e,-' defined by 

e," = zo X V,*. 
h," = zo X e,", 

where 

a î n I (46) 
— = 0 on s, I y ' 

1 For a cross-section denned by a rectangular xy coordinate system 

■where x0 and y0 are unit vectors in the x and y directions. 
* The case kci = 0 arises in multiply connected cross sections such as those encoun

tered in coaxial waveguides. The vanishing of the tangential derivative of *,• on s 
implies that *i is a constant on each periphery. 
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where i denotes a double index mn and v is the outward normal to s in 
the cross-section plane. For the sake of simplicity, the explicit depend
ence of e'iy e", *i, and SF; on the cross-sectional coordinates has been 
omitted in the writing of the equations. The constants k'ci and k'^ are 
defined as the cutoff wave numbers or eigenvalues associated with the 
guide cross section. Explicit expressions for the mode functions and 
cutoff wave numbers of several waveguide cross sections are presented in 
Chap. 2. 

The functions ei possess the vector orthogonality properties 

J j ej • e," dS = 0, ) 

with the integration extended over the entire guide cross section. The 
product e< ■ e,- is a simple scalar product or an Hermitian (i.e., complex 
conjugate) product depending on whether or not the mode vectors are 
real or complex. 

The transverse electric and magnetic fields can be expressed in terms 
of the above-defined orthogonal functions by means of the representation 

E, = ^ V ' ( z K + V y,"(z)e,", 

(6a) 

and inversely the amplitudes Vt and U can be expressed in terms of the 
fields as 

Vi = f f E, • e{ dS, V'f = f f E, ■ e'(' dS, 

/,' = f f H, • h; dS, 7," = f f H( ■ h," dS. 
(66) 

The longitudinal field components then follow from Eqs. (2), (3), (4), and 
(6a) as 

jkr,E, = £ /;(*)*£*<, 
jkfff. = > V'MWHu 

In view of the orthogonality properties (5) and the representation (6a), 
the total average power flow along the guide at z and in the z<> direction is, 
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P , = Re ( f f E« X H* • zo ds\ = Re (V F.'/f + V W \ (7) 

where all quantities are rms and the asterisk denotes the complex 
conjugate. 

For uniform guides possessing no discontinuities within the guide cross 
section or on the guide walls i,he substitution of Eqs. (6a) transforms 
Eqs. (1) into an infinite set of equations of the type 

dl- > ( 8 ) 

which define the variation with z of the mode amplitudes V, and 7i. The 
superscript distinguishing the mode type has been omitted, since the 
equations are of the same form for both modes. The parameters K; and 
Zi are however of different form; for i?-modes 

for fl-modes 

^■N/fc'-C z; = fg = ^ ; (9a) 

Equations (8) are of standard transmission-line form. They con
stitute the basis for the definition of the amplitudes Vi as mode voltages, 
of the amplitudes li as mode currents, and concomitantly of the para
meters K; and Zi as the mode propagation constant and mode char
acteristic impedance, respectively. The functional dependence of the 
parameters KJ and Z on the cross-sectional dimensions is given in Chap. 2 
for several waveguides of practical importance. 

The field representation given by Eqs. (6a) and (8) provides a general 
solution of the field equations that is particularly appropriate for the 
description of the guide fields in the vicinity of transverse discontinuities 
—such as apertures in transverse plates of zero thickness, or changes of 
cross section. The field representation given in Eqs. (6a) is likewise 
applicable to the description of longitudinal discontinuities—such as 
obstacles of finite thickness or apertures in the guide walls. However, as 
is evident on substitution of Eqs. (6a) into Eqs. (1), the transmission-line 
equations (8) for the determination of the voltage and current amplitudes 
must be modified to take into account the presence of longitudinal 
discontinuities within the cross section. This modification results in the 
addition of z-dependent "generator" voltage and current terms to the 
right-hand members of Eqs. (8). The determination of the mode 
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amplitude for the case of longitudinal discontinuities is thus somewhat 
more complicated than for the case of transverse discontinuities. Both 
cases, however, constitute more or less conventional transmission-line 
problems. 

1-3. Uniform Transmission Lines.—As shown in Sec. 1-2 the repre
sentation of the electric and magnetic fields within an arbitrary but 
uniform waveguide (cf. Fig. 1-1) can be reformulated into an engineering 
description in terms of an infinite number of mode voltages and currents. 
The variation of each mode voltage and current along the guide axis is 
described in terms of the corresponding variation of voltage and current 
along an appropriate transmission line. The description of the entire 
field within the guide is thereby reduced to the description of the elec
trical behavior on an infinite set of transmission lines. In this section 
two distinctive ways of describing the electrical behavior on a trans
mission line will be sketched: (1) the impedance (admittance) description, 
(2) the scattering (reflection and transmission coefficient) description. 

The transmission-line description of a waveguide mode is based on the 
fact, noted in the preceding section, that the transverse electric field E t 
and transverse magnetic field H( of each mode can be expressed as 

E,(x,y,z) = V(z)e(x,y), 1 
Kt(x,y,z) = I(z)h(x,y), j U U J 

where e(x,y) and h.(x,y) are vector functions indicative of the cross-
sectional form of the mode fields, and V(z) and I(z) are voltage and current 
functions that measure the rms amplitudes of the transverse electric and 
magnetic fields at any point z along the direction of propagation. As a 
consequence of the Maxwell field equations (cf. Sec. 1-2) the voltage 
and current are found to obey transmission-line equations of the form 

dV ,■ 7T ) 

Tz = -i*YV') 
where, for a medium of uniform dielectric constant and permeability, 

K = \/fc2 — k% 

i ( = f - = * / - - r for i/-modes, , ,-, -, N 
z = 1 ) * \« * } (Ha) 

= f r = t l - r f° r -E-modes. 

Since the above transmission-line description is applicable to every mode, 
the sub- and superscripts distinguishing the mode type and number will 
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be omitted in this section. The parameters k, kc, K, and Z are termed the 
free-space wave number, the cutoff wave number, the guide wave number, 
and the characteristic impedance of the mode in question. Instead of 
the parameters k, kc, and K the corresponding wavelengths X, Xc, and X„ are 
frequently employed. These are related by 

, 2TT , 2ir 2ir 
K = —, Kc = — > K = — I 

A AC Ag 

\ 
K = v-ay 

(lib) 

The explicit dependence of the mode cutoff wave number kc and mode 
functions e and h on the cross-sectional geometry of several uniform 
guides will be given in Chap. 2. Together with the knowledge of the 
wavelength X of field excitation, these quantities suffice to determine 
completely the transmission-line behavior of an individual mode. 

Since the voltage V and current I are chosen as rms quantities, and 
since the vector functions e and h are normalized over the cross section 
in accordance with Eq. (5), the average total mode power flow along the 
direction of propagation is Re (VI*). Although the voltage V and 
current I suffice to characterize the behavior of a mode, it is evident that 
such a characterization is not unique. Occasionally it is desirable to 
redefine the relations [Eqs. (10)] between the fields and the voltage and 
current in order to correspond more closely to customary low-frequency 
definitions, or to simplify the equivalent circuit description of waveguide 
discontinuities. These redefinitions introduce changes of the form 

V = ^ , I = N»l, (12a) 

where the scale factor N& is so chosen as to retain the form of the power 
expression as Re (VI*). On substitution of the transformations (12a) 
into Eqs. (11) it is apparent that the transmission-line equations retain 
the same form in the new voltage V and current I provided a new charac
teristic impedance 

Z = ZN = 4 (126) 
Y 

is introduced. Transformation relations of this kind are generally 
important only in the case of the dominant mode and even then only 
when absolute impedance comparisons are necessary. Most trans
mission-line properties depend on relative impedances; the latter are 
unaffected by transformations of the above type. 
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Equations (11) may be schematically represented'by the transmission-
line diagram of Fig. 1-2 wherein the choice of positive directions for V and 
/ is indicated. To determine explicit solutions of Eqs. (11) it is con
venient to eliminate either I or V and thus obtain the one-dimensional 
wave equations 

dW 0 

or 
(PI 
dz2 + K*I = 0. 

(13a) 

(136) 

m my 

Equations (13) define waves of two types: either propagating or atten
uating with the distance z depending on whether the constant K2 is either 
positive or negative. Although 
both types of waves can be treated 
by the same formalism, the follow
ing applies particularly to the 
propagating type. 

Impedance Descriptions.—The 
solutions to Eqs. (13) can be 
written as a superposition of the 
trigonometrical functions 

cos KZ, sin KZ. (14) 
By means of these so-called stand
ing waves, the solutions to Eq. (11) can be expressed in terms of the 
voltage or current at two different points Zo and Z\ as 

I »t» 

z z0 
F I G . 1-2.—Choice of positive directions of 

voltage and current in a uniform transmission 
line. 

V(z) = V{zo) sin K(ZI — z) + Vjzi) sin K{Z — z0) 
sin K(ZI — Zo) 

/(zo) sin K(ZI — z) + 7(zi) sin K(Z — z0) 
sin K(ZI — Zo) 

or in terms of the voltage and current at the same point z0 as 

V(z) = F(zo) cos K(Z — zo) — jZI(z0) sin K(Z — z0), 
I(z) = /(zo) COS K{Z — zo) — jYV(z0) sin K(Z — z0). 

(15a) 

(156) 

(16a) 
(166) 

Equations (16) represent the voltage and current everywhere in terms 
of the voltage and current at a single point Zo. Since in many applica
tions the absolute magnitudes of V and I are unimportant, it is desirable 
to introduce at any point z the ratio 

1 !{*) 
YV(z) = Y'(z) = 1 

Z'(z) (17) 
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called the relative, or normalized, admittance at z looking in the direction 
of increasing z. In terms of this quantity Eqs. (16) can be reexpressed, 
by division of Eqs. (16a) and (16b), in the form 

v,(s _ 3 + Y'(*o) cot K(Z0 - z) n s n 

which is the fundamental transmission-line equation relating the relative 
admittance at any point z to that at any other point Zo. 

Many graphical schemes have been proposed to facilitate computa
tions with Eq. (18). One of the more convenient representations, the 
so-called circle diagram, or Smith chart, is shown in Fig. 1-3. For real K 
this diagram represents Eq. (18) as a constant radius rotation of the 
complex quantity Y'{zK) into the complex quantity Y'{z), the angle of 
rotation being 2K(Z0 — i) radians. Since graphical uses of this diagram 
have been treated in sufficient detail elsewhere in this series,1 we shall 
consider only a few special but important analytical forms of Eq. (18). 
For F'(zo) = » , 

Y'(z) = -j cot K(Z„ - a); (19a) 
for Y'(zo) = 0, 

for Y'(zo) = 1, 
Y'{z) = + j tan K(Z„ - z); (19b) 

Y'(z) = 1. (19c) 

These are, respectively, the relative input admittances at z corresponding 
to a short circuit, an open circuit, and a "match" at the point z0. 

The fundamental admittance relation [Eq. (18)] can be rewritten as 
an impedance relation 

7V-1 = 3 + Z'(z») cot K(Z0 - z) , 

The similarity in form of Eqs. (18) and (20) is indicative of the existence 
of a duality principle for the transmission-line equations (11). Duality 
in the case of Eqs. (11) implies that if V, I, Z are replaced respectively 
by I, V, Y, the equations remain invariant in form. As a consequence 
relative admittance relations deduced from Eqs. (11) have exactly the 
same form as relative impedance relations. 

It is occasionally desirable to represent the admittance relation (18) 
by means of an equivalent circuit. The circuit equations for such a 
representation are obtained by rewriting Eqs. (16) in the form 

/(*) = -iY cot K(z„ - z)[V{z)] - jY csc K(Z„ - z)[-V{z,)\, \ 
I(z0) = -jY csc K(Z„ - z)iV(z)] - jY cot K(Z„ - z)[-V(z„)]. ( ^ l a J 

1 Cf. G. L. Ragan, Microwave Transmission Circuits, Vol. 9, Radiation Laboratory 
Series. 
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Attenuation in 1 decibel steps 
Pivot at center of calculator 

— Generator 
mill i i i i — i — 

Load— 
\—t—i—i—i-

Transparent 
slider for arm 

8 « ? 8 8 « * * * mU^ I lUltt-
i _ ^ 

FIG. 1-3. — Circle diagram for uniform transmission lines. 

The equivalent circuit is schematically represented by the ir network 
shown in Fig. 1-4 which indicates both the positive choice of voltage and 
current directions as well as the admittance values of the circuit elements 
for a length I = z0 — z of transmission line. 

By the duality replacements indicated above, Eqs. (21a) may be 
written in impedance form as 

V{z) = -jZ cot K(Z0 - z)[I{z)] - jZ csc K(Z0 - z)[ — I(zt>)], 
V(z0) = -jZ csc K(Z0 - z)[I(z)] - jZ cot K(Z0 - z)[-7(z0)]. (216) 
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Hence an alternative equivalent circuit for a length I of transmission line 
may be represented by the T network shown in Fig. 1-46 wherein are 
indicated the impedance values of the circuit elements. The relation 
between the impedances at the points z and z0 follows from the above 
circuit representations by the well-known combinatorial rules for 
impedances. 

/(*> /(2Q) Hz) -nz0) 
"" -jTcsc K( 

AVW 1 ° ° V\AA/ 1 V*AA/V ° 
Kl 
2 

SjTtan^-' jTtan%'$ 

>Ztan £•' jZtan ^-' 

jZcsc Kl 
m > '$ -v(20) viz) v / - ^ ~ V(M 

(a) (6) 
Flu. 1-4.—(a) ir-Circuit for a length I of uniform transmission line; (6) T-circuit for a 

length I of uniform transmission line. 

An alternative form of Eq. (18) useful for conceptual as well as 
computational purposes is obtained on the substitution 

Y'(z) = -j cot 0(z). (22a) 

The resulting equation for 0(z) in terms of 8(z0) is, omitting an additive 
multiple of 2ir, 

6(z) = 0(zo) + K(Z„ - z). (226) 

The quantity 0(z) represents the electrical " length" of a short-circuit 
line equivalent to the relative admittance Y'(z). The fundamental 
transmission-line relation (18), expressed in the simple form of Eq. (226), 
states that the length equivalent to the input admittance at z is the 
algebraic sum of the length equivalent to the output admittance at z0 
plus the electrical length of the transmission line between z and z0. It 
should be noted that the electrical length corresponding to an arbitrary 
admittance is in general complex. 

In addition to the relation between the relative admittances at the 
two points z and z0 the relation between the frequency derivatives of the 
relative admittances is of importance. The latter may be obtained by 
differentiation of Eqs. (21) either as 

dY'jz) dY'jZp) 
ri K ~A 

1 + [j/T'(z)]2 = JK{Zo ~Z) + 1 + [JY\Z,)Y' ( 2 3 a ) 

or, since from Eq. (116) 

dK (kYdk = (kVdu, = _ /XVdX 
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as 
dY'(z) .fkV . , t fa , rfF'(zo) ,__.. 

- - ' ^ K ( g „ - 8 )— + , „ , , , „ ■ (236) l + bT'(*)]» _ J V ; v ° ' « i + IJY'izo)]* 
It should be emphasized that Eq. (236) determines the frequency deriva
tive of the relative admittance. If the characteristic admittance Y varies 
with frequency, it is necessary to distinguish between the frequency 
derivatives of the relative admittance Y'(z) and the absolute admittance 
Y(z) by means of the relation 

dY(z) v \ dY'(z)~\ , v „ . / dY\ 

Equations (22) to (24) are of importance in the computation of frequency 
sensitivity and Q of a waveguide structure. 

1-4. Uniform Transmission Lines. Scattering Descriptions.—The 
scattering, just as the impedance, description of a propagating mode is 
based on Eqs. (10) to (11), wherein the mode fields are represented in 
terms of a voltage and a current. For the scattering description, how
ever, solutions to the wave equations (13) are expressed as a superposition 
of exponential functions 

er>KZ a n d e+>", (25) 

which represent waves traveling in the direction of increasing and decreas
ing z. The resulting traveling-wave solutions can be represented as 

V(z) = V-m e-^<"°> + V„e e-W'<«—>, (26a) 
ZI(z) = Fine e-»«c-«) _ F „ , ^ > M , (266) 

where Fm» and V„a are the complex amplitudes at z = z0 of "incident" 
and "reflected" voltage waves, respectively. 

Equations (26) constitute the complete description of the mode fields 
everywhere in terms of the incident and reflected amplitudes at a single 
point. Since many of the physical properties of the mode fields depend 
only on a ratio of incident and reflected wave amplitudes, it is desirable 
to introduce at any point z the ratio 

T(«) = X^ e>"<"°> (27) 

called the voltage reflection coefficient. The current reflection coefficient 
defined as the negative of the voltage reflection coefficient is also employed 
in this connection. However, in the following the reflection coefficient r 
is to be understood as the voltage coefficient. 

In terms of Eqs. (26) and (27) the expression (7) for the total average 
power flow at any point z on a nondissipative uniform transmission line 
becomes 
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P = Re {VI*) = '—^L' - i ~ L 2 = l ^ L 2 [1 - |r|2], (28) 

which may immediately be interpreted as the difference between the 
incident and the reflected power flowing down the guide. Equation (28) 
makes evident the significance of |r|2 as the power reflection coefficient, 
which, in turn, implies that | r | < 1. 

The relation between the reflection coefficients at z and z0 is simply 

r(z) = T(z0)eW-*\ (29) 

A graphical representation of Eq. (29) is afforded by the circle diagram 
shown in Fig. 1-3 from which both the amplitude and phase of the re
flection coefficient may be obtained. The greater simplicity of the 
fundamental reflection-coefficient relation (29) as compared with the 
admittance relation (18) implies the advantage of the former for computa
tions on transmission lines without discontinuities. The presence of dis
continuities on the line leads to complications in description that usually 
are more simply taken into account on an admittance rather than a reflec
tion-coefficient basis. In any case both methods are equivalent and, as 
seen by Eqs. (26) and (27), the connection between them follows from 
the relations 

= 1 - V(z) = L ^ M . (30) 
* w l + r(z) o r l[z) l + Y'{z) {M) 

It is frequently useful to employ a circuit representation of the con
nection between the scattering and impedance descriptions at any point 
z0 of a transmission line. This representation is based on the fact, evi
dent from Eqs. (26), that 

F(zo) = 27™ - Z/(z0), (31a) 

or 
Z(zo) = 27™ - F7(z0), (31b) 

where 
/i„c = F F « . 

These relations are schematically represented by the circuits shown in 
Fig. l-5a and 6. Figure l-5o indicates that the excitation at zo may be 
thought of as arising from a generator of constant voltage 2F i n , and 
internal impedance Z. The alternative representation in Fig. 1-55 shows 
the excitation as a generator of constant current 2Iino and internal 
admittance Y. 

A transmission-line description that is particularly desirable from the 
measurement point of view is based on the standing-wave pattern set up 
by the voltage or current distribution along the line. From Eqs. (26a) 
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and (27) the amplitude of the voltage pattern at any point z is given by 

17(2)| = lF»e| V I + |r|2 + 2 | r | cos*( 2 ) , (32) 

r(z) = |r|e'*w, 
where 

defines the amplitude | r | and phase * of the reflection coefficient. Most 
probe types of standing-wave detectors read directly proportional to the 
voltage amplitude or its square. The ratio of the maximum to the mini-

/(«<>) /(Zo) 
Z 

"- ' ini 
V(z0) ia 

£-1 in 

V(Z0) 

(a) (b) 
FIG. 1-5.—(a) Representation of an incident wave at zo as a constant-voltage generator; 

(b) representation of an incident wave at z<t as a constant-current generator. 

mum voltage amplitude is defined as the standing-wave ratio r and is 
given by Eq. (31) as 

r = i±Jf j ' (33a) 

and similarly the location of the minimum 2mm is characterized by 

*(«■»*) = T. (336) 

At any point z the relation between the reflection coefficient and the 
standing-wave parameters can then be expressed as 

r ( 2 ) = - ^ - i *■«•<■■ r — 1 
r + 1 ' 

(34) 

For the calculation of frequency sensitivity it is desirable to supple
ment the relation between the reflection coefficients at two points on a 
transmission line by the corresponding relation for the frequency deriva
tives. The latter is obtained by taking the derivative with respect to K 
of the logarithm of both sides of Eq. (29). This yields 

dT(z) = rfr(zp) 
r(z) ~ r(20) 

^ J2K(Z 
. d< 

Zo) — (35) 
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For the case of nondissipative transmission lines (K real) it is useful to 
separate Eq. (35) into its real and imaginary parts as 

d\T(z)\ d\Hz0)\ 
|r(z)l _ 

da 
u 

d$(z) _ 
do> 

since from E q . (116) 

die 
K 

. |r(z.)| 
doi 

O) 

_ / A 2 dfc _ (kYdoi 
\K/ k \K/ u> 

(36a) 

(366) 

It is seen that on a relative change of frequency da/oi, the relative 
change d | r | / | r | in amplitude of the reflection coefficient is identical at 
any two points z and z0 on the transmission line. The absolute change 
d<J> in phase of the reflection coefficient at z differs from that at z0 by an 
amount proportional to the change in electrical length of the intervening 
line. Equations (35) and (36) are equivalent to the corresponding 
Eqs. (23) for the admittance frequency sensitivity. The former are 
more suited for the investigation of broad-banding questions on long 
transmission lines, while the latter are more suited to the computation 
of Q's of short lengths of transmission lines or cavities. 

1-6. Interrelations among Uniform Transmission-line Descriptions.— 
The interrelations among the impedance, relative admittance, reflection 
coefficient, and standing-wave characterizations of the voltage and cur
rent behavior on a uniform transmission line may be summarized as 

T = I I V - - l ^ i e - - f ^ £ = | ^ i , (37a) 

V - jL - 1 ~ r _ ~3 + r C 0 t Kd (onu\ 
Z' 1 + T~~ cot Kd -jr ' w ' 6 ; 

On separation into real and imaginary parts these relations may be writ
ten in the form 

r| = L=l _ J i Z ^ T ^ _ J ^ J l i ) ! ^ , (38a) r + 1 \(i+G')t + B' ^(R' + iy + X' 

* = 2nd + ir = tan-1 ( , 2B~ \ 
\ S ' + G' - 1/ 

= tan-1 (■-,- 2X\ V (386) 
\X'' + R'' -\) 
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G' = 

B' = 

R' = 

X' = 

1 + |r| = V(l + G'y -KB7' + V(l - G'Y + B'' 
1 - lrl V( i + G'Y + B'' - V(i - G')2 + B'' 

_ V(R' + l)2 + X1' + V(fl' - l)2 + X'' 
~ V(R' + l)2 + X'' - V(R' - l)2 + X'' 

r 1 - HI2 R' 
R,' + x,> r2 sin2 Kd + cos2 <cd 1 + 2|r| cos * + |r |2 

-X' _ (r2 - 1) cot Kd = - 2 | r | sin<i> 
ft/' + x ' 1 ~ r2 + cot2 ad ~ 1 + 2|r| cos * + |r|2 ' 

G' r = 1 - |r|2 

G'' + B'' ~ r2 cos2 Kd + sin2 Kd 1 - 2|r| cos * + |r|2 ' 
-B' _ (1 - r2) cot Kd = 2|r| sin 3> 

G>' + B'' ~ r* cot2 K(l + l ~ l ~ 2lpl cos * + lrl2' 

(38c) 

(38d) 

(38e) 

(38/) 

(38?) 

where Y' = G' + jB' = relative admittance at z. 
Z' = R' + jX' = relative impedance at z. 
r = |r |e '* = reflection coefficient at z. 
r = voltage standing-wave ratio. 
d = z — Zmin = distance to standing-wave minimum. 

Pt = 1 — |r |2 = relative transmitted power. 
pr = | r |2 = relative reflected power. 

As previously stated Fig. 1-3 provides a graphical representation of most 
of the above relations. In addi
tion the graph of the dependence 
of P,, Pr, and | r | on r, shown in 
Fig. 1-6, is often of use. 

1-6. Uniform Transmission 
Lines with Complex Parameters. 
a. Waveguides with Dissipation.— 
The presence of dissipation in 
either the dielectric medium or 
metallic walls of a waveguide 
modifies slightly the transmission-
line description [Eq. (11)] of a 
propagating mode. This modifi
cation takes the form of a com
plex rather than an imaginary 

1.0 
0.9 
0.8 

0.7 

0.6 
| 0.5 
"0.4 

0.3 
0.2 
0.1 

0 

1 h^ 

r. ,» 

/ 

"£ 

a / 

Pr 

' V b / 

^ \ 

1 1.2 1.6 2 2.5 3 3.5 4 
VSWR 

8 10 

F I G . 1-6.—Relation between VSWR and 
(a) reflection coefficient r , (fa) relative power 
reflected Pr, (c) relative power transmitted Pt. 

propagation constant y and leads to transmission-line equations that may 
be written as 
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The complex propagation constant y may be expressed as 

7 = a + tf = \^fZrki, (39a) 

where the attenuation constant a, the inverse of which is the distance 
along z for the field to decay by 1/e, and the wave number /S = 2TT/XB are 
determined by the type of dissipation, the mode in question, and the 
geometry of the waveguide. The quantity 8.686a, the decibels of 
attenuation per unit length, or its inverse 1/8.686a, the loss length per 
decibel of attenuation, is frequently employed as a measure of attenuation 
instead of a. The characteristic impedance Z = l/Y is likewise complex 
and, for the same voltage-current definitions (10) as employed in the 
nondissipative case, is given by 

= - ^ for fl-modes 
Z=ir\ 7 (396) Y j _ jy_ 

jwt 
for i?-modes, 

where /J and e, the permeability and dielectric constant of the medium 
filling the waveguide, may in general be complex. 

Electric-type dissipation in the dielectric medium of a waveguide may 
be taken into account by introduction of a complex relative dielectric 
constant 

- = «' - je", (40) 
to 

where e' is the relative dielectric constant and e" the loss factor. For a 
medium having a relative permeability of unity, the propagation constant 
is 

In a waveguide having a cutoff wavelength Xc > Xo the attenuation 
constant a is, therefore, 

TTX/' 2-K [ - 1 + (1 +x2)K 2*- . , /s inh"1 x\ . . . . 
a = ~ xV " x7„ V 2 x 7 o s i n h K^r-)> {42a) 

« ^ ^ - ( l - | 2 - - - ) , x « l , (426) 

a = j ( l - ^ - - - ) , * » 1 , (42c) 
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TABLE 11.—PROPERTIES OF DIELECTRIC MATERIALS* 

l 'J 

1. Ceramic and other inorganic 
materials: 

AlSiMag 243 
Steatite Ceramic F-66 
Tl-Pure 0-600 
Tarn Ticon T-J, T-L, T-M 
Mixture of ceramics and poly

mers: 
Titanium dioxide (41.9 % ) . . . ) 
Polydichlorostyrene (58.1 %) . I 
Titanium dioxide (65.3 % ) . . . ) 
Polydichlorostyrene (34.7 %) . 1 
Titanium dioxide (81.4%). . . j 
Polydichlorostyrene (18.6 %) . I 
Fused quartz 
Ruby mica 
Mycalex 1364 
Mycalex K10 
Turx 52 
Turx 160 
AlSiMag 393 

2. Glasses and mixtures with 
glasses: 

Corning glass 707 
Corning glass 790 
Corning glass (C. Lab. No. 

7141M) 
Corning glass 8871 
Polyglas P + 
Polyglas D 4- (Monsanto) 
Polyglas M 
Polyglas S 

3. Liquids: 
Water conductivity 
Fractol A 
Cable oil 5314 
Transil oil 10C 
Dow Corning 200; 3.87 cp . . . . 
Dow Corning 200: 300 cp 
Dow Corning 200; 7,600 c s . . . . 
Dow Corning 500; 0.65 cs 
Ignition sealing compound 4 . . 

4. Polymers: 
Bakelite BM 120 
Cibanite E 
Dielectene 100 
Plexiglas 
Polystyrene XMS10023 
Loalin (molding powder) 
Styron C-176 
Lustron D-276 
Polystyrene D-334 
Styramic 

/ -= 100 cps 
X = 3 X 10» cm 

6.30 
6.25 

99.0 
96.0 

4.00 
3 90 

4 .15 
8.45 
3.45 
3.25 
5.58 
3.60 

0.0013 
0.0015 
0.001 
0.0008 

0.0060 
0.0009 
0.0025 
0.0059 
0.0170 
0.0078 
0.0063 
0.0038 

0.0006 
0.0006 

0.0020 
0.0018 
0.0014 
0.0005 
0.0140 
0.0011 

2.17 
0.001 
0.001 
0.0005 
0.0005 
0.0005 
0.0005 
0.0004 

0.030 
0.0038 
0.0033 
0.061 
0.002 
0.001 
0.0008 
0.0004 
0.0006 
0.0025 

/ - 3 X 10" cp 
X - 10 cm 

5.75 
6.25 

23.0 
3.80 
5 4 
6.91 
11.3 
6.70 
6.83 
4.95 

4.00 
3.84 

4.00 
8.34 
3.35 
3.22 
4 86 
3 55 

77.00 

0.0002 
0.00055 

0.0013 
0.0001 
0.0003 
0.00360 
0.004 
0.0052 
0.00380 
0.00097 

0.0019 
0.00068 

0.0010 
0.0026 
0.00078 
0.00120 
0.0339 
0.0040 

0.150 
0.00072 
0.0018 
0.0028 
0.0048 
0.010 
0.0103 
0.00145 
0.010 

0.0438 
0.0053 
0.0039 
0.0057 
0.0005 
0.00022 
0.00026 
0.00041 
0.00024 
0.00022 

/ = 10" cps 
X = 3 cm 

5.30 

10.2 

23.0 
3.80 

11.3 
6.69 
6.85 
4.95 

3.99 
3.82 

4.00 
8.05 
3.32 
3.22 
5.22 
3.53 

3.68 
3.47 

0.00085 

0.00132 

0.00157 
0.0001 

0 C04 
0.0066 
0.0049 
0.00097 

0.0021 
0.00094 

0.0016 
0.0049 
0.00084 
0.0013 
0.0660 
0.0046 

0.0390 
0.0075 
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TABLE 1-1.—PROPERTIES OF DIELECTRIC MATERIALS.'—(Continued) 

! = 100 cps 
X = 3 X 10» cm 

/ - 3 X 10* cps 
X - 10 cm 

/ - 10'° cps 
X = 3 cm 

Styraloy 22 
GE Resin #1421 
Dow Exp. Plastic Q-200.5. . . 
Dow Exp. Plastic Q-385.5.. . . 
Dow Exp. Plastic Q-409 
Poly 2, 5-dichlorostyrene D-

1385 
Thalid X-526-S 
Polyethylene 
Polyethylene M702-R 
Polyethylene KLW A-3305.. . 
" T e a o n " Poly F-11U 
Waxes: 
Acrawax C 
Paraffin wax (135° amp) 
Parowax 
Cerese wax AA 

2.40 
2.56 
2.55 
2 .51 
2.60 

2 .60 
2 .25 

0.0009 
0.001 
0 0009 
0.0005 
0.0010 

0.0005 
0.0144 
0.0006 
0.0005 
0.0005 
0.0005 

0.0157 
0.0013 

2.40 
2.53 
2.52 
2.50 
2.60 

2.62 
2.93 
2.26 
2.21 
2.25 
2.1 

2.48 
2.22 
2.25 
2.29 

0.0032 
0.0005 
0.00044 
0 00063 
0.00087 

0.00023 
0.0163 
0.00040 
0.00019 
0.00022 
0.00015 

0.0015 
0.0001 
0.0002 
0 00088 

2.40 
2.52 

2.49 
2.60 

2.60 
2.93 

2.08 

2.45 
2.22 
2 25 
2.26 

0.0024 
0.00056 

0.0008 
0.0012 

0.00023 
0.0159 

0.00037 

0.0019 
0.00020 
0.00025 
0.0007 

1 and 2 
I and 2 
1 and 2 
1 and 2 
1 and 2 

1 and 2 
1 and 2 
1 and 8 
1 and 8 
1 and 8 

1, 2, and 8 

S 
S 
fi 
5 

Uses: 
1. For use as waveguide windows or coax beads, cable fittings. 
2. For use as dielectric transformers or matching sections. 
3. For use as at tenuators or loading materials. 
4. For liquid-filled lines. 
5. For moistureproofing radar components. 
6. For use in vacuum tubes. 
7. For capacitor dielectrics. 
8. Cable materials. 
* Abstracted from Von Hippie et ol., "Tab les of Dielectric Materials ," N D R C 14-237. 

and t h e wave n u m b e r /3 is 

X8o 
> 
X„o 

/ 
+ (1 + x 2 ) ^ 2TT 

= r— COSh 

1 + ' 

= \ ( l + 2x 

/ s i n h - 1 a;\ 
\~~2~J' 

x « l , 

z » l , 

(43a) 

(436) 

(43c) 

where 

a n d 

*flO 
Xo 

AFW 
X = «' 

T h e approximat ions (426) and (436) a re val id for «"/« ' " ^ 1 and X0 not 

i^=v¥-

file:///~~2~J'
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TABLE 1-2.—ELECTRICAL CONDUCTIVITIES OF METALS* 

5 = 9.19 X lO-" "\(— ) X0 meters, X0 in meters. 

<R = 10.88 X 10~3 \(—J - ohms, X0 in meters. 

21 

Material 

Eff. cond. a 
at 

X = 1.25 cm 
in 

107 mhos/m 

Aluminum: t 
Pure, commercial (machined sur

face) 
17S Alloyj (machined surface)... . 
24S Alloy (machined surface) 

Brass: 
Yellow (80-20) drawn waveguide 
R«d (85-15) drawn waveguide 
Yellow round drawn tubing 
Yellow (80-20) (machined surface) 
Free machining brass (machine 

surface) 
Cadmium plate 
Chromium plate, dull 
Copper: 

Drawn OFC waveguide 
Drawn round tubing 
Machined surfacet 
Copper plate 
Electroformed waveguide t 

Gold plate 
Mercury 
Monel (machined surface) f 
Silver: 

Coin silver drawn waveguide 
Coin silver lined waveguide 
Coin silver (machined surface) | . . 
Fine silver (machined surface) f. . 
Silver plate 

Solder, softf 

1.97 
1.19 
1.54 

1.45 
2.22 
1.36 
1.17 

1.11 
1.04-0.89 
1.49-0.99 

4.00 
4.10 
4.65 

2.28-1.81 
3.15 
1.87 
0.104 
0.155 

3.33 
1.871 
2.66/ 
2.92 ) 

3.98-2.05] 
0.600 

DC cond. a in 10' mhos/m 

3.25 (measured) 
1.95 (measured) 
1.66 (measured) 

1.57 (measured) 

1.56 (Eshbach) 
1.57 (Eshbach) 

1.48 (measured) 
1.33 Hdbk. of Phys. and Chem. 
3.84 Hdbk. of Phys. and Chem. 

5.48 (measured) 
4.50 (measured) 
5.50 (measured) 

' KHdbk. of Phys. and Chem. 

4.10 Hdbk. of Phys. and Chem. 
0.104 Hdbk. of Phys. and Chem. 
0.156 (measured) 

4.79 (measured) 

4.79 (assumed) 

6.14 Hdbk. of Phys. and Chem. 

0.70 (measured) 

* Abstracted from E. Maxwell, "Conduct iv i ty of Metallic Surfaces," J. Applied Phys., July, 1947. 
t Only one sample was tested. 

too close to the cutoff wavelength Ac The approximations (42c) and 
(43c) apply to a metal, i.e., a strongly conducting dielectric with e"/e' » 1, 
and are expressed in terms of the skin depth 5 rather than e". In each 
case the leading term provides a good approximation for most of the 
dielectrics and metals encountered in practice. 
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Measurements of the loss factor e" and conductivity a at various 
wavelengths are displayed in Tables 1-1 and 1-2 for a number of dielectrics 
and metals. The conductivity properties of a nonmagnetic metal are 

3 4 5 6 
Cosh [5*p] 

FIG. 1-7.—Phase and attenuation functions vs. x. 

frequently described by its characteristic resistance (R, which is related 
to its skin depth S and conductivity a by 

CR Mo & 10.88 X 10" 1 V( °) Xo ohms, 

<r being measured in mhos per meter, 5 and X0 in meters. 
To facilitate computations of a and /3 a graph of the functions 

/ s inh - 1 a^ 
\ 2 " 

cosh ( ^ ^ J and sinh ( ^ 1 is plotted vs. x in Fig. 1.7. 



SEC. 1-6] UNIFORM TRANSMISSION LINES 23 

A complex relative permeability 

-M- = M' - jv" (44) 
Mo 

may be introduced to account for dissipation of a magnetic type. For 
a medium of unit relative dielectric constant, the attenuation constant 
and wave number may be obtained from Eqs. (42) and (43) by the replace
ment of t' and t" by n' and // ' , respectively. The skin depth S in this 
case is 

where the conductivity <sm accounts for the magnetic type of dissipation. 
Extensive tables of the loss factor y!' or alternatively the conductivity 
<rm are not as yet available. 

The presence of dissipation of both the electric and magnetic type 
may be taken into account by introduction of both a complex relative 
dielectric constant and a complex permeability, as given by Eqs. (40) and 
(44). The attenuation constant and wave number may again be obtained 
from Eqs. (42) and (43) if t' and «" therein are replaced by eV — «"M" 
and t"y.' + eV"> respectively. In this case the skin depth S is given by 

62 p + &2' (46) 

where 

— i Sm = A / 
co/uoc \ 0)ta<r„, 

When the medium is an ionized gas, it may be desirable to introduce a 
complex conductivity 

cr = «r' - ja" (47) 

to describe both the dielectric and dissipative properties of the medium. 
For a medium of unit relative dielectric constant and permeability the 
attenuation constant and wave number can be obtained from Eqs. (42) 
and (43) on the replacement of e' and e" therein by 1 — <r"/u(0 and 
<T'/U>€O, respectively. 

The characteristic admittance of a propagating mode in a dissipative 
guide follows from the knowledge of the complex propagation constant. 
For example, in a dissipative dielectric medium the characteristic admit
tance for //-modes is given by Eqs. (396), (42), and (43) as 

[to X0 [ , / s inh - 1 x\ . . . / s inh - 1 x\ 

VMO X7O Lcosh V ^ ~ / ~J smh H^/ 
(48a) 
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i«o x» r 1 ,- (*A2 «"i 
\ M . A . . L J \ X o j 2\' 

/eo Xo ,.. ., 

7 « l , 

$ » L 

(486) 

(48c) 

The approximation (48&) is applicable to the case of small dissipation 
«"/«' « 1 and Xo not too close to Xc, whereas the approximation (48c) 
applies to the metallic case. 

The effect of dissipation in the metallic walls of a uniform waveguide is 
described by a complex propagation constant which may be obtained by 
explicit evaluation of the complex cutoff wavenumber for the waveguide. 
An alternative method particularly desirable for first-order computation 
is based on the formula for the attenuation constant 

" - - 2 P 7 5 ' ( 4 9 ) 

where P is the total power flow at z [cf. Eq. (7)] and therefore — dP is the 
power dissipated in a section of waveguide of length dz. Equation (49) 
refers to a mode traveling in the positive z direction. From Eq. (49) it 
follows that the attenuation constant a = am due to losses in the metallic 
guide walls is 

l R e ( Z m ) / | H t „ | 2 d s 
2 Re (Z)SS\Hl\idS (50) 

where Zm the characteristic impedance of the metallic walls [cf. Eq. 
(48c)] is approximately the same for both E- and i/-modes, and Z is the 
characteristic impedance of the propagating mode under consideration. 
In first-order computations Ht«, and H, are set equal to the nondissipa-
tive values of the magnetic field tangential to the guide periphery and 
transverse to the guide cross section, respectively. The line integral 
with respect to ds extends over the guide periphery, and the surface 
integral with respect to dS extends over the guide cross section. 

The tangential and transverse components of the magnetic field of an 
U-mode can be expressed in terms of the mode function * defined in Eqs. 
(3) of Sec. 1-2. Hence by Eqs. (6), (9a), (48c), and (50) the attenuation 
constant of a typical 2?-mode in an arbitrary uniform guide with dissipa-
tive metallic walls is to a first order (omitting modal indices) 

1. (Rk 
27^ Ml (50a) 

where (R = /cf 5/2 is the characteristic resistance of the metallic walls as 
tabulated in Table 1-2, and the derivative with respect to v is along the 
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outward normal at the guide periphery. The magnetic field components 
of a traveling //-mode can be expressed in terms of the mode function * 
defined in Eqs. (4) of Sec. 1-2. Thus by Eqs. (C), (9b), (48c), and (50) 
the attenuation constant of a typical //-mode in an arbitrary uniform 
guide with dissipative metallic walls is to a first order (omitting modal 
indices) 

1 « « 
2^1 

[ML % / * ' ds (50b) 

where the derivative with respect to s is along the tangent to the guide 
periphery. A useful alternative to Eq.. (50a) for the attenuation con
stant of an E-mode is 

131 k [ 1 5fc2l 
" - " S T K L " * ! ^ } (50C) 

where &kl/t>v represents the variation of the square of the mode cutoff 
wave number kc with respect to an infinitesimal outward displacement 
of the guide periphery along the normal at each point. Equation (50c) 
permits the evaluation of the /?-mode attenuation constant by simple 
differentiation of A;2 with respect to the cross-sectional dimensions of the 
guide. Although there is no simple dependence on k?c, the corresponding 
expression, alternative to Eq. (506), for the attenuation constant of an 
//-mode may be written as 

1. (JU-
2 f 

where the factor 

, J(S)'« 
3 k\ J / * 2 dS 

must be obtained by integration. 
Explicit values for am are dependent upon the cross-sectional shape 

of the waveguide and the mode in question; several first-order values are 
indicated in Chap. 2 for different guide shapes. The corresponding 
first-order values for the wave number /3 are the same as in the non-
dissipative case. The attenuation constant due to the presence of 
dissipation in both the dielectric and metallic walls of a waveguide is to a 
first order the sum of the individual attenuation constants for each case. 

With the knowledge of the complex propagation constant y and the 
complex characteristic impedance Z to be associated with losses in either 
the dielectric medium or metallic walls, a transmission-line description of 
a propagating mode in a dissipative guide can be developed in close 
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analogy with the nondissipative description of Sees. 1 3 and 1-4. In 
fact, the two descriptions are formally the same if the K of Sees. 1-3 and 
1-4 is replaced by —jy. This implies that an impedance description for 
the dissipative case is based on the standing waves 

cosh yz and sinh yz 

and leads to a relation between the relative admittances at the points 
2 and 2o of the form 

V M = 1 + Y'(z«) coth 7(g0 - z) 
{Z) c o t h 7 ( z o - z ) + F'(2o)' ( ' 

rather than the previous form employed in Eq. (18). The circle diagram 
of Fig. 1-3 can again be employed to facilitate admittance computations; 
however, Eq. (51) can no longer be interpreted as a constant amplitude 
rotation of Y'(z0) into Y'(z). 

A special case of Eq. (51) with practical interest relates to a short-
circuited dissipative line [Y'(zo) = « ] ; in which case 

Vl, , coth al csc2 Bl — j cot Bl csch2 al .„ , 
cot2 Bl + coth2 al K ' 

Y'{z) S al csc2 pi - j cot 01, al « 1, Bl ^ nx, (52b) 
where 

y = a + jB, I - z0 - z. 

Relative values of input conductance and susceptance are indicated in 
these equations and are to be distinguished from the absolute values, 
since the characteristic admittance is complex. The approximation 
(526) applies when al « 1. For dissipation such that al > 3, Eq. (51) 
states in general that Y'{z) ~ 1 independently of the value of Y'(z0). 

Although Eq. (51) provides a straightforward means for admittance 
computations in dissipative transmission lines, such computations are 
tedious because of the complex nature of the propagation constant. In 
many practical problems dissipative effects are slight and hence have a 
small, albeit important, effect on admittance calculations. For such 
problems a perturbation method of calculation is indicated. In this 
method one performs an admittance calculation by first assuming the 
propagation constant to be purely imaginary, i.e., y = j8 as for the ease of 
no dissipation; one then accounts for the presence of dissipation by 
adding the admittance correction due to a perturbation a in y. Thus in 
the case illustrated in Eq. (526) one notes that the input admittance of a 
short-circuited length of slightly dissipative line is the sum of the unper
turbed admittance Y0 = coth jBl and the correction (dYi>/dy) a due to the 
perturbation a in y. 

Equivalent-circuit representations of Eq. (51) can be obtained from 
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those in Sec. 1-3 (cf. Fig. 1-4) by the replacement of K therein by —jy. 
Another useful representation of the equivalent network between the input 
and output points of a dissipative line of length I consists of a tandem 
connection of a nondissipative line of electrical length /3£ and a beyond 
cutoff line of electrical length —jal, the characteristic impedances of 
both lines being the same as that of the dissipative line. 

The scattering description of a propagating mode in a dissipative 
guide is based on wave functions of the type 

e~>' and e+^z. 

These functions represent waves traveling in the direction of increasing 
and decreasing z, respectively, and attenuating as e~a]z]. A mode 
description can therefore be expressed in terms of an incident and reflected 
wave whose voltage amplitudes Vmo and Vna are defined as in Eqs. 
(26) with K replaced by — jy. A reflection coefficient, 

r ( z ) = ^ 5 e>y(>->°\ (53) 

may likewise be defined such that at any two points z and Zo 

T(z) = r(z0)e^'-^. (54) 

However, the total power flow at z is now given by 

P = Re (VI*) = Pmc (l - |r|» - 2I\ | A (55) 

where 

The subscripts r and i denote the real and imaginary parts of a quantity, 
and Y is the complex characteristic admittance for the mode in question. 
From Eq. (55) it is evident that for dissipative lines | r | 2 can no longer 
be regarded as the power-reflection coefficient. Moreover, | r | is not 
restricted to values equal or less than unity. The meaning of T as a 
reflection coefficient can ^ retained if the voltage and current on the 
dissipative line are defineaso as to make the characteristic admittance 
real; in this event Eq. (155) reduces to the nondissipative result given in 
Eq. (28). 

6. Waveguides beyond Cutoff.—The voltage and current amplitudes of 
a higher, or nonpropagating, mode in a waveguide are described by the 
transmission-line equations (39). In the absence of dissipation the 
propagation constant is real and equal to 

i-xJ^W' x>x<' (56) 
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The nondissipative decay of the mode fields in decibels per unit length 
(same unit as for Xc) is therefore 

54.57 
« ■ X > Xc (57) 

At low frequencies the rate of decay is independent of X, the wavelength 
of field excitation, and dependent only on the geometry of the guide 
cross section. Values of the cutoff wavelength \e are given in Chap. 2 
for several waveguide modes and geometries. 

The characteristic impedance of a beyond-cutoff mode (i.e. X > Xc) 
may be obtained from Eqs. (39b) and (56) as 

1 . f 
Z = „■ = j — => for //-modes, Y 

J. 
Y 

W7 
(58) 

M ■Jf-vlr-) — 1| forS-modes, 

and is inductive for //-modes, capacitive for .E-modes. 
The knowledge of the propagation constant and characteristic 

impedance of a beyond-cutoff mode permits the application of the trans
mission-line analysis developed in Sees. 1-3 and 1-4, provided K therein is 
replaced by —jy {y real). The impedance description is given by Eq. 
(51), and the scattering description by Eq. (54). Several modifications 
resulting from the fact that y is real and Z is imaginary have already 
been discussed in Sec. l-6a. 

The presence of dissipation within the dielectric medium or the walls 
of a beyond-cutoff waveguide introduces an imaginary part into the 
propagation constant y. If dissipation is present only in the medium and 
is characterized by a complex dielectric constant, as in Eq. (40), we have 
for the propagation constant y = a + j/8 

2T , /sinh"1 x\ 9 _ , 
a = — cosh I = — ) ' (59a) X, DO 

- £ ( ' + * ■ ■ ■ > ;?«'. (59b) 

and 

C60b) 
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where 

X»o = 

VMS5 X XSe • 

The approximations (59&) and (60b) apply to the case of small dissipation 
with t"/V <JC 1 and \ not too close to Xc. Equations (59) and (60) for a 
beyond-cutoff mode and Eqs. (42) and (43) for a propagating mode differ 
mainly in the replacement of the attenuation constant of the one case by 
the wave number of the other case and conversely. This correspondence 

Side view 

Top view 

(a) Cylindrical 

u 
Top view 

(6) Sectoral 
FIG. 1-8.—Radial waveguides. 

between the two cases is general and applies as well to the other types of 
dissipation mentioned in Sec. l-6a. 

1-7. Field Representation in Nonuniform Radial Waveguides.—Non-
uniform regions are characterized by the fact that cross sections trans
verse to the transmission direction are similar to but not identical with 
one another. A radial waveguide is a nonuniform cylindrical region 
described by an r<f>z coordinate system; the transmission direction is 
along the radius r, and the cross sections transverse thereto are the <£2 
cylindrical surfaces for which r is constant. Typical examples of radial 
waveguides are the cylindrical and cylindrical sector regions shown in 
Figs. l-Sa and b. 

In the r<j>z polar coordinate system appropriate to the radial wave
guides of Figs. 1-8, the field equations for the electric and magnetic field 
components transverse to the radial direction r may be written as 
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ld_ 
r dr 

and 

dEz 

= - j fcf 

= - ^ 7 ? 

- » ♦ + ■ 

r aF ( rF* ) = ~jkv 

k2\rd4>dz dz2 /_ 

z i " / c 2 V d<\>2 rd<j>dz)\ 

I (d*E* - A d2flA~| 

^ V d * dz r2 d<t>2)] 

E.+ k 

Es + 

(61a) 

(61b) 

The radial components follow from the transverse components as 

. _ 1 dHz JW(:Er = - — -
r d(j> 

—jWllHr 
I dE2 

r d<j> 

dz 
dE$ 
~dz 

(62) 

A component form of the field equations is employed because the left-hand 
members of Eqs. (61) cannot be written in invariant vector form. The 
inability to obtain a transverse vector formulation, as in Eqs. (1), 
implies, in general, the nonexistence of a field representation in terms of 
transverse vector modes. The transverse field representation in a radial 
waveguide must consequently be effected on a scalar basis. 

For the case where the magnetic field has no z-component, the 
transverse field may be represented as a superposition of a set of -E-type 
modes. The transverse functional behavior of an .E-type mode (cf. Sec. 
2-7) is of the form 

cos cos 
mcj> 

sin sin 
(63) 

where the mode indices m and n are determined by the angular aperture 
and height of the cylindrical <t>z cross section of the radial guide. The 
amplitudes of the transverse electric and magnetic fields of an .E-type 
mode are characterized by a mode voltage V\ and a mode current I[. 

For the case of no z component of electric field, the fields can be repre
sented in terms of a set of ff-type modes whose transverse form, as shown 
in Sec. 2-7, is likewise characterized by functions of the form (63). The 
voltage and current amplitudes of the transverse electric and magnetic 
field intensity of an //-type mode are designated as V" and / " . 

For the case of a general field both mode types are required, and these 
are not independent of one another. Incidentally, it is to be emphasized 
that the above classification into mode types is not based on the trans-
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mission direction. Relative to the r direction all modes are generally 
hybrid in that they possess both an ET and an Hr component (c/. Sec. 2-7). 

On substitution of the known transverse functional form of the modes 
into Eqs. (61) there are obtained the transmission-line equations 

d V - ,■ 7T ) 

i = -J*YV') 
for the determination of each of the mode amplitudes V and 7. Because 
of the identity in form of the equations for all modes, the distinguishing 
sub- and superscripts have been omitted. The characteristic impedance 
Z and mode constant K are given by 

Z = i = - \ N' * or the E-type modes, 

1 KJC 
Z = -^ = fr - j N" for the H-type modes, 

(646) 

where N' and iV" are constants dependent on the cross-sectional dimen
sions of the radial waveguide and the definitions of V and I {cf. Sec. 2-7). 

Because of the indicated variability with r of the propagation con
stant and characteristic impedance, Eqs. (64a) are called radial transmis
sion-line equations. Correspondingly the mode amplitudes V and I are 
denned as the rms mode voltage and current; they furnish the basis for 
the reformulation of the field description in impedance terms. The vari
ability with r of the line parameters implies a corresponding variability 
in the spatial periodicity of the fields along the transmission direction. 
The concept of wavelength on a radial line thus loses its customary 
significance. 

Impedance Description of Dominant E-type Mode.—In practice, the 
frequency and excitation of the radial waveguide illustrated in Fig. 1-8a 
are often such that, almost everywhere, only the dominant .E-type mode 
with m = 0 and n = 0 is present. The field configuration of this trans
verse electromagnetic mode is angularly symmetric with E parallel to the 
z-axis and H in the form of circles about the z-axis. The transverse mode 
fields are represented as 

E«M,*) = - ^ z, 
I(r) > ( 6 5 ) 
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where z0 and «]>o are unit vectors in the positive z and <t> directions. The 
mode voltage V and current I obey Eqs. '(64a) with K = k and Z = f&/2jrr 
(c/. Sec. 2-7). On elimination of I from Eqs. (64a) the wave equation for 
V becomes 

r dr\ dr) + kW = 0. (66) 

The two independent, standing-wave, solutions of this equation are the 
Bessel functions 

Jo(kr) and N0(kr), 

wherein it is to be emphasized that X = 2w/k does not in general imply 
the existence of a fixed wavelength along the direction of propagation. 

The impedance description of the i?-type radial line is based on the 
above standing-wave solutions; the voltages and currents at the points r 
and ro follow from Eqs. (64a, b) as 

(67) 

where 

V(r) = 7(r„) Cs(x,y) - jZ„7(r0) m(x,y), 
ZI(r) = Zo/(r0) cs(x,y) - jV(n) Sn(x,y), 

r , , _ Ji(y)No(x) - N^Jojx) 
M*,tf) 2 7 ^ ' 

, s _ No(y)Jl(x) - MyWtx) 
cs(x,y) 2 7 ^ ' 

q , ,A _ Ji(v)Ni(x) - # i (y)J i (s ) *>n(x,y) 2 7 ^ ' 

, , _ Jo(y)Na(x) - No(y)J0(x) sn(x,y) 2 7 ^ , 

x = kr, y = kr0, 

and Z = f&/2irr and Z0 = f6/2irr0 are the characteristic impedances 
at r and r0, respectively. These 
voltage-current relations may be 
schematically represented by the 
radial transmission-line diagram 
of Fig. 1-9, which also shows the 
positive directions of V and / . 

Equations (67) may be con
verted to a more convenient form 
by introduction of the relative, or 
normalized, admittances 

nn '(r,) 

v(r> V<r0) 

F I G . 1-9.—Choice of positive directions of 
voltage and current in a radial transmission 
line. 

Y'(r) ZI(r) 
V(r) 

Y{r) 
Y and Y'(ro) = 

ZJjrp) _ Y(r0) 
V(rt) Y0 

(68) 
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at the radii r and r<,; these admittances are positive in the direction of 
increasing radius. By division of Eq. (67) one obtains the fundamental 
radial transmission-line relation for the lowest i?-type mode as 

V , M _ j + Y'(rD) r(x,y) ct(x,y) , . 
Y {T) ~ Ct(x,y) + jT'(r0)f(z,y) ' (™> 

where 

and 

., , = Ji(x)N0(y) - JV1(x)J0(j/) = 1 = cs(x,y) 
C t ^ ' W Jo(x)N0(y) - JVo(x)J0(i/) tn(x,2/) -sn(x,2/)' 

r , A _ Ji(y)N(,(x) - N^Jvjx) 1 = Cs(x,y) . 
^ U Z ' y j Ji{x)Ni{y) - N,(x)J,{y) Tn(x,y) -Sn(x>2/) ' ' V ' U ; 

.., s _ Jo(x)No(y) - No(x)J0(y) , = sn(z,y) 
f ^ , 2 / j JtixW^y) - N1(x)J1(y) i{V'X> Bn(x,y)' 

x = tor, y = fcro. 

The ct and Ct functions are called the small and large radial cotangent 
functions; their inverses tn and Tn are the small and large radial tangent 
functions. The radial functions are asymmetric. The nature of the 
asymmetry is evident in the relation 

ct(x,y) t{x,y) = -Ct{y,x), (71) 

which may be employed to obtain alternative forms of Eq. (69). 
The radial functions are plotted vs. y — x with y/x as a parameter in 

the graphs of Figs. 110 to 1-12. The curves of Figs. 110a and I l i a 
apply when y is less than x, whereas those of Figs. 1106 and 1-116 are 
for y greater than x. The symmetry of the functions f (x,y) permits the 
use of the single graph of Fig. 1-12, for both ranges of y/x. In addition 
to the graphs numerical values of the radial functions are given in Tables 
1-3 for several values of y/x. These tables are incomplete, as many of 
the data from which the curves were plotted are not in a form convenient 
for tabulation. 

The parametric values y/x « 1, but y — x finite, correspond to the 
case of large radii. In this range ct(x,y) = Ct(x,y) = cot(y — x), and 
f(x,?/) = 1. Thus at large radii the radial and uniform transmission-
line equations (69) and (18) are asymptotically identical. The transmis
sion equations (69) permit the determination of the relative admittance 
at the input of a line of electrical length y — x from a knowledge of the 
relative admittance at the output. A few examples will serve to illus
trate both the use of Eq. (69) and the physical significance of the radial 
cotangent functions. 
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TABLE l-3a VALUES OF THE RADIAL FUNCTIONS 
J«(x)N0(y) - N0(x)My) 
JiWN^y) - N^x)Jdy) 

v - x \ \ 

0 
0.1 
0.2 
0 3 
0.4 
0 5 
0.6 
0.7 
0.8 
0.9 
1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 
1.7 
1.8 
1.9 
2.0 
2.1 
2.2 
2.3 
2.4 
2.5 
2.6 
2.7 
2.8 
2.9 
3.0 
3.1 
3.2 
3.3 
3 4 
3.5 
3.6 
3.7 
3 8 
3.9 
4.0 
4.1 
4.2 
4.3 
4.4 
4 5 
4.6 
4.7 
3ir/2 

2 

0.9242 
0.9240 
0.9238 
0.9234 
0.9230 
0.9225 
0.9218 
0.9210 
0.9201 
0.9190 
0.9178 
0.9164 
0.9148 
0.9130 
0.9109 
0.9085 
0.9057 
0.9025 
0.8987 
0.8942 
0.8890 
0.8826 
0.8748 
0.8649 
0.8523 
0.8354 
0.8116 
0.7760 
0.7163 
0.5960 
0.2271 

21.419 
1.5745 
1.2953 
1.1815 
1.1239 
1.0890 
1.0654 
1.0484 
1.0354 
1.0251 
1.0166 
1.0094 
1.0031 
0.9976 
0.9925 
0.9878 
0.9869 

3 

0.8239 
0.8236 
0.8231 
0.8224 
0.8215 
0.8203 
0.8190 
0.8173 
0.8154 
0.8132 
0.8107 
0.8079 
0.8046 
0.8008 
0.7966 
0.7917 
0.7861 
0.7797 
0.7722 
0.7635 
0.7532 
0.7410 
0.7261 
0.7079 
0.8848 
0.6549 
0.6145 
0.5570 
0.4688 
0.3156 

-0.0159 
-1.2767 
6.2225 
2.0733 
1 .5505 
1.3451 
1.2350 
1.1659 
1.1183 
1.0832 
1.0560 
1.0342 
1.0160 
1.0000 
0.9807 
0.9743 
0.9629 
0.9614 

4 

0.7393 
0.7388 
0.7382 
0.7370 
0.7361 
0.7345 
0.7326 
0.7304 
0.7280 
0.7250 
0.7217 
0.7179 
0.7136 
0.7087 
0.7032 
0.6968 
0.6895 
0.6812 
0.6716 
0.6606 
0.6476 
0.6322 
0.6138 
0 5914 
0.5637 
0.5284 
0.4821 
0.4186 
0.3261 
0 1789 

-0.09289 
-0.7641 
- 5.1963 
4.1385 
2.1136 
1.6193 
1.3953 
1.2668 
1.1829 
1.1234 
1.0786 
1.0434 
1.0145 
0.9900 
0.9688 
0.9498 
0.9324 
0.9302 

5 

0.6701 
0.6700 
0.6692 
0.0682 
0.6670 
0.6650 
0.6630 
0.6604 
0.6575 
0.6542 
0.6504 
0.6461 
0.6410 
0.6356 
0.6296 
0.6220 
0.6138 
0.6046 
0.5938 
0.5815 
0.5671 
0.5503 
0.5303 
0.5062 
0.4767 
0.4397 
0.3921 
0.3284 
0.2388 
0.1036 

-0.1248 
- 0 5940 
-2.1200 
23.0896 
2.9965 
1.9537 
1.5645 
1.3638 
1.2394 
1.1549 
1 .0930 
1.0452 
1.0066 
0.9745 
0.9468 
0.9223 
0.9001 
0.8975 

6 

0.6142 
0.6137 
0.6128 
0.6117 
0.6102 
0.6083 
0.6060 
0.6034 
0.6003 
0.5969 
0.5926 
0.5880 
0.5827 
0.5768 
0.5700 
0.5624 
0.5538 
0.5439 
0.5327 
0.5197 
0.5048 
0.4873 
0.4667 
0.4421 
0.4122 
0.3751 
0.3280 
0.2662 
0.1814 
0.0578 

- 0 . 1395 
-0.5057 
-1.4237 
- 8 0395 
4 8423 
2.3711 
1.7431 
1.4548 
1.2882 
1.1788 
1.1007 
1 .0415 
0 9946 
0.9558 
■0 9228 
0.8938 
0 8676 
0.8654 

8 

0.5279 
0.5275 
0.5266 
0.5253 
0.5235 
0.5E17 
0.5193 
0.5165 
0.5135 
0.5095 
0.5052 
0.5002 
0.4948 
0.4886 
0.4815 
0.4736 
0.4648 
0.4546 
0.4431 
0.4299 
0.4148 
0.3972 
0.3768 
0 3523 
0.3237 
0.2882 
0.2440 
0.1874 
0.1121 
0.0058 

-0.1501 
-0.4071 
— 0.9298 
- 1.2394 
248.085 

3.64S4 
2.1355 
1.6242 
1.3671 
1.2102 
1 1020 
1.0239 
0 9629 
0 9143 
0.8732 
0 8379 
0 8091 
0 8008 

10 

0.4653 
0.4644 
0.4635 
0.4624 
0.4607 
0.4587 
0. 4563 
0.4535 
0 4502 
0.4464 
0.4422 
0.4373 
0.4318 
0.4256 
0.4187 
0.4109 
0.4020 
0.3920 
0.3808 
0 3676 
0.3532 
0.3363 
0 3165 
0 2934 
0.2660 
0.2328 
0.1920 
0.1394 
0 07212 

-0.01829 
- 0 . 1498 
- 0 3561 
- 0 7277 
- 1 6024 
-6.19S4 
6 4870 
2.6020 
1.7831 
1.4251 
1 2230 
1 0917 
0 9985 
0 9281 
0 8739 
0 8258 
0 7861 
0 7509 
0.7458 

20 

0.3003 
0.2997 

0.2979 

0.2947 

0.2902 

0.2841 

0.2763 

0.2663 

0.2540 

0.2386 
0.2292 
0.2188 

0.1937 

0.1607 

0.1156 

0.05050 

- 0.05201 

-0.2391 

-0.7001 

- 3.S555 

2.4796 

1.1863 

0.8549 

0.6961 

0.5971 

0.5540 
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TABLE 1-36 

JVi(x)/.(y) 
N„(x)J<,(y) 

0 1 
0.2 
0 3 
0 4 
0 5 
0.6 
0.7 
0.8 
0.9 
1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 
1.7 
1 8 
1 9 
2.0 
2 1 
2.2 
2 3 
2 4 
2 5 
2 6 
2 7 
2 8 
2 9 
3.0 
3 1 
3 2 
3.3 
3.4 
3.5 

3.9 
4.0 
4.1 
4.2 
4.3 
4.4 
4 5 
4.6 
4.7 

3*/2 

14.3929 
7.1454 
4.7064 
3.4694 
2.7126 
2.1955 
1 8149. 
1.5190 
1.2790 
1.0775 
0 9031 
0 7483 
0.6075 
0.4767 
0 3525 
0.2321 
0.1130 

-0.007287 
-0.1315 
-0.2628 
—0.4051 
- 0 5636 
- 0 7158 
- 0 9627 
-1.2328 
-1.5875 
-2.0885 
-2.8729 
-4.3235 
-8.0675 

-44.0149 
13.3283 
5.8266 
3.7146 
2.7030 
2.0993 
1.6912 
1 3915 
1.1580 
0.9674 
0.8061 
0.6651 
0.5386 
0 4222 
0.3128 
0.2078 
0.1049 
0.09215 

18.1697 
9.0320 
5.9623 
4.4092 
3.4623 
2.8155 
2.3462 
1 9814 
1.6874 
1 4423 
1.2318 
1.0464 
0.8793 
0.7254 
0 5805 
0.4413 
0.3048 
0.1879 
0.0275 

-0.1199 
-0.2789 
-0.4555 
-0.6584 
- 0 9005 
-1.2036 
-1.6061 
-2.1851 
-3.1208 
- 4 . ! 

-10.4690 
340.55 

10.4135 
5.3617 
3.6158 
2 7160 
2.1558 
I / 
1.4794 
1.2503 
1.0613 
0.8999 
0.7579 
0.8297 
0.5112 
0.3994 
0.2917 
0.1859 
0.1708 

21.6068 
10.7497 
7.1037 
5 2645 
4.1419 
3.2890 
2.8277 
2.4003 
2.0566 
1.7717 
1.5280 
1.3143 
1.1229 
0.9475 
0.7832 
0.6264 
0.4733 
0 3206 
0.1647 
0.00157 

-0.1741 
-0.3689 
-0.5931 
- 0 8616 
-1 .2001 
-1.6550 
-2.3221 
- 3 4378 
-5.7809 

-14.3840 
41.0035 
8.9151 
5.0912 
3.5801 
2.7563 
2.2282 
1.8541 
1.5701 
1.3430 
1.1540 
0 9914 
0.8475 
0.7169 
0.5958 
0.4304 
0.3703 
0.2613 
0.2479 

24.8284 
12 3512 
8.1707 
6 0610 
4.7789 
3.9102 
3.2763 
2.7904 
2.4006 
2.0781 
1.8033 
1.5832 
1.3490 
1.1531 
0.9707 
0.7970 
0.6282 
0.4603 
0.2894 
0.1109 

-0.0809 
-0.2938 
-0.5390 
-0.8340 
-1.2086 
-1.7178 
-2.4798 
-3 .7963 
-6 .7639 

- 2 0 7680 
24.3027 
8.0858 
4.9478 
3.5893 
2.6574 
2.3092 
1 9435 
1.6825 
1.4357 
1.2455 
1.0808 
0.9344 
0 8011 
0.8770 
0 5592 
0.4451 
0 3327 
0 3192 

27.8666 
13.8747 
9.1843 
6.8188 
5.3827 
4.4108 
3.7034 
3.1607 
2 7270 
2.3686 
2.0641 
1.7988 
1.5625 
1.3473 
1.1474 
0.9576 
0.7736 
0 5912 
0.4059 
0.2126 
0.004948 

- 0 2256 
-0 .4916 
-0.8130 
-1.2239 
-1.7890 
-2.6498 
-4.1879 
-7.9139 

-32.5992 
18.5507 
7.5960 
4.8821 
3 6272 
2.8902 
2.3962 
2.0354 
1.7555 
1.5276 
1 3354 
1.1682 
1.0190 
0.8828 
0 7553 
0 6342 
0.5168 
0 4O08 
0.3864 

33.5884 
16.7351 
11.0954 
8,2481 
6.5234 
5 3553 
4.5071 
3.8540 
3 3403 
2.9157 
2 5559 
2.2421 
1.9643 
1.7120 
1.4787 
1.2581 
1.0455 
0.8360 
0.6228 
0.4009 
0.1 

-0.1025 
-0 .4097 
-0.7868 
-1.2647 
-1.9441 
-3.0162 
-5.0572 

-10.8406 
-272.075 

13.9023 
7.1330 
4.8825 
3.8418 
3.0581 
2.5785 
2.2209 
1.9390 
1.7085 
1 5120 
1.3375 
1.1816 
1 0386 
0.9046 
0 7785 
0.6530 
0 5297 
0 5154 

39 0408 
19.4556 
12.8982 
9.5942 
7.5932 
6 2439 
5 2636 
4.5159 
3.9197 
3.4302 
3 0163 
2.6583 
2.3410 
2.0544 
1.7897 
1.5405 
1.3003 
1.0637 
0.8249 
0 5755 
0.3082 

0 01050 
-0.3359 
- 0 7608 
-1.3171 
-2.1135 
-3.4100 
- 6 0831 

- 1 5 0410 
76.1741 
12.1482 
6.9363 
4.9673 
3.9108 
3 2393 
2 7655 
2.4066 
2.1204 
1 8829 
1.6789 
1.4992 
1.3370 
1 1874 
1.0467 
0.9121 
0 7808 
0 6505 
0 6340 
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TABLE 1-36.—(Continued) 

41 

- 3 . 0 
- 2 . 8 
- 2 . 6 
- 2 . 4 
- 2 . 2 
- 2 0 
- 1 . 8 
- 1 . 6 
- 1 . 4 
- 1 2 
- 1 . 0 
- 0 . 8 
- 0 . 6 
- 0 . 4 
- 0 2 

2 

8 231 
3.107 
1.849 
1.253 
0 8833 
0.6172 
0 4032 
0 2148 
0 03534 

- 0 1498 
- 0 3581 
- 0 6190 
- 0 9944 
-1.667 
- 3 538 

3 

10.59 
3.448 
2 012 
1.3633 
0 9752 
0.7017 
0 4864 
0 3012 
0 1286 

- 0 0456 
-0.2370 
-0.4712 
-0.8000 
-1.378 
-2.967 

4 5 

19.6 
4.124 
2.272 
1 521 
1 093 
0 8025 
0 5803 
0 3942 
0 2254 
0 06014 

- 0 1164 
-0.3254 
-0.6114 
- 1 099 
- 2 416 

6 8 10 20 

TABLE 1.3C 

T . . = Ji(x)Nl(y) - JV ,(i)J, (y) 
1 'V> Jl(y)Na(x) - N,(y)Ja(x) 

- 8 . 0 
- 2 . 8 
- 2 6 
- 2 4 
- 2 . 2 
- 2 . 0 
- 1 . 8 
- 1 6 
-1 .4 
- 1 2 
- 1 . 0 
- 0 . 8 
- 0 . 6 
-0 .4 
- 0 . 2 

2 

0 2109 
0.4486 
0 7544 
1.201 
2.012 
4.256 

149.9 
-4 .74 
-2.297 
-1.458 
-1.0097 
-0.7148 
-0.4972 
-0.3274 
-0.1514 

3 

0 3020 
0 5753 
0 9510 
1.569 
2.981 

10 922 
- 7 634 
- 2 863 
-1.721 
-1.183 
-0.8524 
-0.6175 
-0,4324 
-0.2757 
-0.1344 

5 

0.4644 
0 8023 
1.323 
2.369 
6.189 

- 1 5 5 
- 3 593 
-2.017 
- 1 365 
-0.9901 
- 0 7354 
-0.5432 
- 0 3841 
-0.2469 

oe 

1.3037 
2.2145 
4.8636 

208.08 
- 5 0362 
-2.5757 
-1.7102 
— 1 2514 
-0.9559 
-0.7425 
-0.5751 
- 0 4357 
- 0 3143 
-0.2041 
- 0 1005 

y — z \ ^ 

0 
0 2 
0.4 
0 6 
0 8 
1.0 
1.2 
1.4 
1.6 
1.8 
2.0 
2.2 
2.4 
2 6 
2 8 
3.0 

2 

0 
0 3058 
0.6497 
1.0903 
1.754 
3 038 
7 288 

-31.00 
- 5 123 
-2.749 
-1.811 
- 1 282 
-0.9229 
-0.6473 
- 0 4150 
- 0 2036 

3 

0 
0.4094 
0.8824 
1.524 
2 600 
5.189 

27.16 
-9.709 
- 4 192 
-2.636 
-1.865 
-1.384 
-1.036 
-0.7593 
- 0 5206 
-0.2997 

5 

0 
0.6180 
1.361 
2.460 
4.654 

13.133 
- 2 5 74 
-6.979 
-4.078 
-2.850 
-2.142 
-1.662 
-1.299 
-1.001 
- 0 7390 
-0.4937 

6 

0 
0 7228 
1 605 
2 958 
5.873 

20.93 
-18.42 
-6.782 
- 4 424 
-3.007 
-2.297 
-1.806 
- 1 430 
- 1 119 
-0.8446 
- 0 5863 

The relat ive inpu t a d m i t t a n c e of an .E-type radial line of electrical 
length y — x wi th a shor t circuit [Y'(r0) = « ] a t i ts o u t p u t end is 

Y'(r) = -j ct(x,y). (72) 

For an open circuit [F ' ( r 0 ) = 0] a t t he o u t p u t t he rela t ive i npu t a d m i t 
tance is 

1 
Y'(r) = j 

Ct(x,y) 
j 'Tn (x,y). (73) 
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For an infinitely long £-type line the relative input admittance at any 
point r, looking in the direction of increasing radius, is found from Eq. (69) 
by placing Y'(r0) = 1 and r0 = » to be 

Y'(r) = -j—?(kr\ (74) 

or 

:>(&r) 

y ' W ^ l f o r f c r » l , 

Z'(r) S ^ + jfcr In 4 ~ for AT « 1, 
v ' 2 7/cr ' 

where y = 1.781. The input admittance of an infinite radial line is not 
in general equal to the characteristic admittance! For .E-type lines it is 
seen to be complex with a negative imaginary, i.e., inductive, part. The 
relative input admittance looking in the direction of increasing radius is, 
for all noninfinite 7'(0), 

(75) Y'(r) = 

Y'{r) =* 

Y'(r) =* 

.J,(fcr) 
3 Jo(kr)' 

—j tan ( kr -

. kr 
~32 

-5) for kr » 1, 

for kr « 1. 

The relative input admittance is negative imaginary and hence capacita-
tive; it is to be remembered that the output is at a smaller radius than the 
input and hence the input admittance is counted negatively. 

1̂2 Z\\-Z\2 Z22~Zl2 
' W V W 1 o o WWV* 1 V V W o 

(a) (b) 
FIG. 1-13.— (a) 7r-Oircuit representation of an E-type radial line of electrical length y — x\ 

(b) T-circuit representation of an //-type radial line of electrical length y — x. 

An alternative method of determining the relation between the input 
and output admittances of a radial line is afforded by the equivalent cir
cuit representation for a length y — x of line. From Eq. (67) one finds 
that the parameters of the w circuit representation (c/. Fig. 113a) of the 
.E-type radial line are 
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F „ - F I 2 = -jY yct(x,y) + ^ cst(x,y) 
x 

F 1 2 = - j T o 

where 

ct(y,x) + J^ cst{x,y) \, 

Ylt = - j A / F F O cstfoy), 

cst'Cr.j,) = ^ + C t ( x , y ) C t ( T ' 2 / ) 

(76) 

The cst function may be termed the radial cosecant function since in the 
limit of large x and y it becomes identical with the ordinary cosecant 
function. 

A useful formula for perturbation and frequency-sensitivity calcula
tions, particularly in resonant radial structures, can be obtained from the 
differential form of Eq. (69). The differential change dY'{r) in relative 
input admittance arising from either a change dY'(r0) of relative output 
admittance or a relative change dk/k in frequency, or both, is given by 

/ dY'(r) | . Y'(r) \ dk\ 
\1 + [JY'(r)Y + P 1 + [JY'irWl k ) a(T> 

( dY'{rt) , | . , F'(r0) \dk\ . , , _ „ 

where 
_2_ 1 + [jF'(r)P 

K> irkrlJiikr) - jJ0(kr)Y'(r)Y 
For large AT and kr0 the ratio a(r0)/a(r) approaches unity, and hence in 
this range Eq. (77) and the corresponding uniform-line equation (23) 
become asymptotically identical. With a short circuit at ra the right-
hand member of Eq. (77) simplifies to 

Scattering Description of Dominant E-type Mode.—The scattering 
description of the dominant i?-type mode in the radial guide of Fig. 18a 
is based on the traveling-wave solutions 

H'^(kr) and HpQcr) 
of the radial-wave equation (66). The Hankel function solutions H'f1 

and H'0" represent waves traveling in the direction of increasing and 
decreasing radius and are the analogues of the exponential functions 
encountered in uniform lines. In terms of these functions the solutions 
of the radial transmission-line equations (64) for the dominant mode volt
age and current can be written as 

V(r) = VmMpQer) + V^H^ikf, 
jZI(r) = VmM?\kr) + V,*H?{kr), ' ( 7 9 ) 
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where V^c and V„a are the complex amplitudes of the incident and 
reflected waves traveling in the direction of increasing and decreasing r, 
respectively. The analogy with the uniform line Eqs. (26) becomes 
more evident by use of the relations 

where 
H'»(x) = (-.O-fc-e-"*", 

hm = VJl(x) + Nl(x), . Nm{x) 
Jm{x) ' 

(80) 

rmc 
Vm = -£■ + t a n 

The amplitude hm and phase )/m of the Hankel functions are plotted and 
tabulated as functions of x for 
m = 0 and 1 in Fig. 1-14 and in 
Table 1-4. 

A convenient measure of the 
voltage and current at any point 
r is obtained on introduction of a 
reflection coefficient defined as the 
ratio of the amplitudes of the 
reflected and incident waves. 
There exist two types of reflection 
coefficients: a voltage reflection 
coefficient 

V^Hpikr) FiDc 
(81a) 

L5-

0.5 

F I G . 1-14.—Amplitude and phase of Hankel 
functions of order zero and one. Tv(r) 

and a current reflection coefficient 

ri(r) = r-« # w 
7„ 

'. eJ'J11(*')_ (81b) V*. H[»(kr) 

In contradistinction to the case of a uniform line the voltage and current 
reflection coefficients are not negatives of each other. 

The fundamental radial transmission-line equations for the reflection 
coefficients at any two points r and r0 of an .5-type line follow from Eqs. 
(81) either as 

IY(T-) = rY(ro)e'21'°(*r)-*'<':r°,l (82a) 
or as 

T,(r) = r,(r0)e'2l"<l'>-"<*">)J. (826) 

By division of Eqs. (79) the relation between the admittance and reflec
tion coefficient at any point r is seen to be 

no-) l + r , 
1 + IV 1 +Ty (83a) 
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With the aid of Eqs. (82) and (83) radial-line calculations may be per
formed with either the voltage or current reflection coefficient in a manner 
similar to uniform line calculations. In fact for large kr it is apparent 
that the two types of calculations are identical, since Tv = —T, and 
Y+= F_ = Y. 

The computation of frequency sensitivity on a long radial line is 
facilitated by a knowledge of the differential forms of Eqs. (82). From 
Eqs. (82a) and (80) it follows that 

oTy(r) _ dVvjn) -4 f 1 _ 1 1 dk 
Vv(r) rv(ro) r ; i L W Kikro)] k K° ' 

gives the relation between the changes dTv(r) and drv(r0) in the input and 
output reflection coefficients due to the relative frequency shift dk/k. 
As for the case of the corresponding uniform line relation (35), Eq. (84) 
can be decomposed into an amplitude and phase part from which it is 
apparent that the relative change in reflection coefficient is the same at 
all points of a nondissipative line. 

The description of the dominant E-type mode in the waveguide 
shown in Fig. l-8b is somewhat different from that just described. 
Because of the vanishing tangential electric field at the guide walls the 
dominant mode is no longer angularly symmetric and hence m ?± 0. 
The transmission-line description is based on the mth-order Bessel and 
Hankel functions but otherwise is formally identical with that just 
described. Since no table or plots of the mth-order radial cotangent, 
etc., functions are available,1 no details of this dominant .E-type descrip
tion will be presented. The transmission-line description of the higher 
angular modes in radial lines likewise depends on mth-order Bessel 
functions. 

Description of Dominant H-type Mode.—Frequently in the regions 
shown in Fig. 1-8 the frequency and excitation are such that, almost 
everywhere, only the lowest H-type mode is present. The field con
figuration of this mode is angularly symmetric about the 2-axis, and 
hence m — 0. For regions of infinite height in the z direction the mag
netic field is parallel to the 2-axis, the electric field lines are circles or 
circular arcs about the 2-axis, and n = 0. For the particular case of the 
waveguide shown in Fig. l-8o the field configurations of the dominant 
E- and H-type modes are, therefore, dual to each other. For regions of 
finite height there is an additional radial component in the magnetic field 
of the dominant if-type mode, and n ^ 0. Duality between the fields 
of the two dominant-mode types no longer exists. However, whatever 
the height, the transmission-line description of the dominant H-type 

1Cf. H. S. Bennett, "Transmission Line Characteristics of the Sectoral Horn," 
Proc. I.R.E., 37, 738 (1949). 
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mode in the waveguides of Fig. 1-8 is dual to that of the dominant /?-type 
mode in Fig. l-8a. Duality in this case implies that in Kqs. (04a) the V, 
ZI, and k of the dominant .E-type description are replaced by the / , YV, 
and K of the dominant //-type description. The dependence of the 
characteristic admittance Y and mode constant K of an //-type mode on 
the cross-sectional dimensions of a radial waveguide are given in Sec. 2-7. 

As a consequence of duality all relative admittance relations derived 
above for the dominant .E-type mode in the guide of Fig. l-8a are identical 
with the relative impedance relations for a dominant / /-type mode, pro
vided k is everywhere replaced by K. For example, the fundamental 
input-output impedance relation for a length y — x of the dominant 
//-type radial line is obtained from Eq. (69) by duality as 

7//_N _ 3 + Z'(r0)^(x,y) ct(x,y) 
LKr) Ct(x,y)+jZ'(r0Mx,y)' {^> 

where x = nr and y = «r0. In addition the relative admittance param
eters (76) of the IT circuit representation (cf. Fig. l-13a) for a length 
y — x of a dominant .E-type radial line become the relative impedance 
parameters for the T circuit representation (cf. Fig. 1-136) of a length 
y — x of the dominant //-type line. It is also evident that the scattering 
description of the dominant //-type mode follows from that of the 
dominant .E-type mode by the aforementioned duality replacements. 
In employing duality one should remember that an infinite admittance, 
or short circuit, becomes on the duality replacement an infinite impedance, 
or open circuit, and conversely. 

1-8. Field Representation in Nonuniform Spherical Waveguides.— 
Another type of nonuniform region that permits a field representation in 
terms of an infinite set of known transmission modes is the spherical 
waveguide depicted in Fig. l-15a or 6. The transmission direction is 
along the radius r, and the d(f> cross sections transverse thereto are either 
spherical surfaces as in Fig. l-15a or spherical sectors bounded by cones 
of aperture 20i, and 202 as in Fig. 1-156. The Maxwell equations for 
the electric and magnetic fields transverse to the radial direction, which 
is characterized by the unit vector r0, may be written in invariant vector 
notation as 

1
r | ( ^ ) - - J * r ( « + ^ ' ) - ( H , X r . ) 

. ' ) (86a) 

; J : ( r H , ) = -jkr> (£ + 1 ? ) ■ ( r ° x E < ) > 
the longitudinal components being expressed in terms of the transverse 
components as 

jkvEr = V, ■ (H, X r0), 1 (&6b) 
jk{HT = V, • (to X E«). ) V ; 
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Side view Section A-A 

fa) (6) 
F I G . 1-15.—Spherical waveguides: (a) Spherical; (fe) Conical. 

The notation is the same as that employed in Eqs. (1) and (2) save that 
(V and V(, the gradients transverse to r0, are defined by 

(V = V - To -r-i dr 

V, = V 5 — r2r0. 
rl dr 

Alternatively, in the spherical coordinate system, r, 6, <t> appropriate to 
these geometries, the field equations for the transverse components may 
be written as 

I | W,) = -M [H. + ± [I ^ f9 (sin. H.) 
d 1 d 
dd sin9 d<t> 

- — (rE*) = -j'fcf I-He + j^-A -^ -^ —-— (sine H+) 
r dr I * r L s m ^ 3d> dd 

1 a2 

irn^e a<£2 

#» 

ff. 

AA(r^) = _ # „ _ # , + ! d i d Ee 

\§-r{rH,) = - j f c i , { + £ . + 

k2r2 YdB sine a<£ 
a i d 
de sine ae 

E$ 

sin2e a<> dd 

(sine £*) 

1 [" 1 d1 

kh-z Lsin2e 5* 2 

] } ' 

(sine£,)]j, 

(87) 
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and for the longitudinal components as 

jkrjEr = 

MHT = 

1 
r sin 6 

1 
r sinfl 

49 

(88) 

The dependence of the fields on the transverse coordinates may be 
integrated out because the knowledge of the boundary conditions on the 
curve or curves s (if any) bounding the transverse cross sections implies 
the knowledge of the form of the transverse mode fields. As in the case 
of a uniform region this may be done by introduction of an infinite 
set of orthogonal vector functions which are of two types: ej(0,<£) and 
el'(8,<p). The .E-mode functions e,'(0,0) are defined by 

where 
h,' = r0 X e,', 

r'Vt ■ ,V*. + k'c% = 0, 
♦i = 0 on s if k'ei * 0, ' 

ds 
= 0 on s if k'ci = 0, 

(89a) 

(896) 

The //-mode functions e['(8,4>) are defined by 

where 

e," = r X ,V*i, 
hi' = r0 X e,", 

r2V, ■ ,V*, + k'J-'Vi = 0. 

dv 

The two-dimensional scalar operator r2V, 
coordinates by 

0 on , 

(90a) 

(906) 

(V is represented in spherical 

r2Vt ■ ,V _ 1 _ 
sin6 

9 ■ i 
38 S m 6 + 

1 
d8 sin20 d<t>2 

The subscript z denotes the double index mn and is indicative of the 
two-dimensional nature of the mode functions. The vector v is the 
outward-directed normal to s in the plane of the cross section. For 
unbounded cross sections, as in Fig. 115a, the boundary conditions on *,• 
and *, are replaced by periodicity requirements. 

The explicit dependence of the mode functions e< and e," on the cross-



50 TRANSMISSION LINES [SEC. 1-8 

sectional coordinates 8, <j> will be given in Sec. 2 8 . At this point we shall 
state only that the e functions possess the same vector orthogonality 
properties as in Eq. (5) for the uniform case. In the spherical case the 
domain of integration is the entire spherical transverse cross section 
having the angular surface element dS = sin 8 d8 d<t>. The representation 
of the transverse field in terms of the above set of vector modes is given 
by 

Mr,B,4>) = £ V'(r) 1' + £ Vl'(r) ^ , 
t t (91) 

H,l 

and that of the longitudinal fields follows from Eqs. (86fe) to (91) as 

jkvEr = ^ kfl m, 

Y* k'" 
(92) 

The mode amplitudes W and 7, are obtained from the orthogonality 
properties of the mode functions as 

' ' - / / 
Vi = / / rE, ■ e< dS, 

; (93) 
7; = / / rH< • h i ds' 

where, since the amplitude relations apply to both mode types, the mode 
superscript is omitted. 

The substitution of Eqs. (91) into (86a) and use of Eqs. (5) lead to the 
defining equations (omitting the mode sub- and superscripts) 

dV ,• 7T 
dr 

dr 
HT • ( 9 4 ) 

which determine the variation with r of the as yet unknown amplitudes 
V and 7. As before, these equations are of transmission-line form and 
constitute the basis for the designation of V and I as the mode voltage 
and current. The propagation wave number K and characteristic imped
ance Z of the tth mode are given by 
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- V ^ l where k\ = n(n + 1). 

1 k Z = -^ = f - for //-modes, 
I K 

1 K 
Z = -y = f r for .E-modes, 

(95) 

where the numerical value of n is determined by the cross-sectional shape 
and the 9 dependence of the mode in question. 

Spherical Transmission Lines.—The frequency and excitation of a 
spherical waveguide of the type illustrated in Fig. 1-15 may be such that 
the fields therein are almost everywhere characterized by only a single 
mode. For such a mode the electric and magnetic fields transverse to 
the transmission direction r may be represented as 

E 1 ( r , ^» = 7 ( r ) e ( ( ' ' * ) 

Ht(r,9,<t>) = I(r) 
r 

h(*,*) 

where the mode voltage V and current / obey the spherical transmission-
line equations (94), and where e and h are known orthogonal vector 
functions characteristic of the cross-sectional form of the mode. The 
knowledge of the latter functions reduces the problem of field description 
to that of the determination of the behavior of V and J on a spherical 
transmission line. Spherical transmission lines are distinguished by the 
numerical value of n [cf. Eqs. (95)], this mode index being indicative of 
the 9 variation of the mode fields. In the waveguide of Fig. l-15a the 
dominant mode is a dipole field characterized by n — 1, whereas in the 
waveguide of Fig. 115& the field of the dominant mode is angularly sym
metric and n = 0 (cf. Sec. 2-8). Although a transmission-line analysis 
of these dominant modes can be presented along the lines developed in 
the preceding sections, a detailed treatment will not be carried out because 
of the lack of appropriate numerical tables. The transmission-line 
behavior of typical spherical modes will, however, be sketched. 

The wave equations that describe the mode behavior on a spherical 
transmission line may be obtained for the case of .E-modes by elimination 
of V't from Eqs. (94) as 

T* + [ * » - ^ dr I't = 0 (96a) 

and for the //-modes by elimination of / " as 

[' dr2 ' V? = 0. (96&) 

E. G. & G. LIBRARY / 
LAS VEGAS BRANCH 

v. 
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The corresponding equations for Y\ and 7" are not so simple, and hence 
these amplitudes are best obtained from 7,' and V" with the aid of Eqs. 
(94). Solutions to Eqs. (96) may be expressed in terms of the standing 
waves 

J„(kr) and ftn{kr), (97a) 
where 

>-«-*•" (-;=)"("¥} 
*■<*>-—'(-^"(^V 

J„(x)ft'„(x) - #»(x) J'n(x) = 1. 

The functions Jn{x) and Nn(x) are closely related to the half-order Bessel 
functions; typical functions are 

Jo(x) = sin x, ftt>(x) = — cos x, \ 
f . . . sin x .-> , . . cos x > (97c) 
Ji(x) = — cos x H ; JVI(X) = — sin x 

In terms of these solutions the current and voltage of an 7?-mode at any 
point r of a spherical line follow from Eqs. (94) as 

7(r) = 7(r0)(■/„#;„ - ftJ'J) - jij7(r0)(.?«o#. - R.Jn) 
V(r) = 7(r„)(J„o^: - NnJ'n) -jtl(r0)tf'jt'n - $'J'n), . 

(98) 

where 7(r0) and V(r0) are the corresponding mode current and voltage at 
any other point r0 and 

Jn = Jn(kr), J„0 = Jn(kr0), J'n = -^r Jn(x) 

As for the case of the uniform line the voltage-current relations may 
be schematically represented by a transmission-line diagram similar to 
that of Fig. 1-2 which indicates the choice of positive directions of V and 7 
(if 2 is replaced by r). The relations given in Eqs. (98) between the mode 
voltage and current at two points on a spherical 7?-line may be rephrased 
in impedance terms. On introduction of the relative impedance at any 
point r, 

V(r) _ Z(r) 
Z'(r) = 

r/w r 
which is counted positive in the direction of increasing r, and division of 
Eqs. (98), one has 

Z ( r ) _ Ct.{x,y)+jZ'{ra)Ux,V? ^ ' 
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where x — kr, y = kra, and 

ct.{xy) = h{y)^'n{x) ~ fi*toJ'*S?> - — l -
Jn{x)ftn{y) - Nn(x)Jn(y) tn.(x,y) 

CUX'V) - J'n(x)N'n(y) - N>n(x)J'n(y) - TZ&y)' > («»•) 

f ' (X>2/ ) ' J ; ( x ) ^ ( j , ) - K(z)K(y) - UV'X)' 
ct.(x,y) S.(x,y) = - Ct.(y,x). 

The functions ct, and Ct, are termed the small and large spherical 
cotangents, respectively; their inverses, tn, and Tn„, are correspondingly 
called small and large spherical tangents. As in the case of the radial 
functions of Sec. 1-7 this nomenclature is based on the asymptotic 
identity of the spherical and trigonometric functions at large kr. Plots 
of the spherical functions are not as yet available.1 

Equations (99) apply to any i?-mode. For conical regions of the 
type indicated in Fig. 1-156 the lowest mode is transverse electromagnetic 
and n = 0. For this mode 

ct,(x,y) = Ct.{x,y) = cot(y - x), 
Ux,y) = l, 

and therefore the transmission-line description reduces to that of a 
uniform line with a propagation wave number k and characteristic 
impedance f. 

From Eqs. (94) and (95) it is evident that the transmission-line 
description of an H-vaode follows from that of an E-mode on the duality 
replacements of I, V, f of the latter by V, I, 77 of the former. Con
sequently the relation between the relative admittances at two points on 
an ff-mode spherical line is given by Eq. (99) with Z'(r) replaced by 
Y'(r). In the case of H-modes n is always unequal to zero. 

The scattering description of the nth mode on a spherical transmission 
line is based on the spherical Hankel function solutions 

&<»(hr) =Jn(kr)+0n(kr), 
H«\kr) = Jn(kr) - 0n(kr) (iW) 

of the spherical wave equations (96). The former solution represents 
an ingoing and the latter an outgoing traveling wave. For the case 
of an i?-mode the solution of Eq. (96a) for the mode current may be 
written 

I(r) = 7 tajJi»(*r) + I^fi'vikr), (101a) 
lCf. P. R. Desikachar, "Impedance Relations in Spherical Transmission Lines," 

Master's thesis, Polytechnic Institute of Brooklyn, (1948). 
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and hence 
-jvV(r) = I*M™'(kr) + I„sHn»'(kr), (101b) 

where the prime denotes the derivative with respect to the argument. 
The generator, or exciting source, is assumed to be at small r. To 
emphasize the analogy with exponential functions the amplitude hn and 
phase T)„ of the spherical Hankel functions are denned by 

&$\x) 

where 

L = VJKX) + #s(*), 

A current reflection coefficient 

T,(r) = ^ ^(kr) = ( - l ) »+ i h^ 0^»r) ( 1 0 3 ) 
I™ H™(kr) I™ 

can then be employed to characterize the field conditions at the point r. 
The relation between the current reflection coefficients at the point r and 
r0 follows as 

r,(r) = r,(r0)e'"2I«"<w-'>"("-°>]. (104) 

Hence, with the knowledge of tables1 of the spherical amplitude and phase 
functions h„ and i?„, a scattering description can be developed in exact 
analogy with that of the uniform and radial lines (cf. Sees. 1-4 and 1-7). 
In fact for an n = 0 .E-mode in the conical guide of Fig. 1-156 

ho = 1 and jjo = kr, 

and therefore the two scattering descriptions are identical. A similar 
scattering description can, of course, be developed for the .ff-modes on a 
spherical transmission line. 

1 Tables of the amplitude and phase functions can be found in ibid. Also cf. 
Morse, Lowan, Feshbach, and Lax, "Scattering and Radiation from Spheres," 
OSRD report reprinted by U.S. Navy Dept., Office of Research and Inventions, 
Washington, D.C., 1946. The amplitude functions in this report are denned some
what differently from those in Eqs. (102). 

(+jr+ike-»~, (102) 

7)„ = (n + 1) o + tan- 1 ^-K-^-
^ Jn(x) 



CHAPTER 2 

TRANSMISSION-LINE MODES 

2-1. Mode Characteristics.—As outlined in the preceding chapter 
the description of the electromagnetic fields within a waveguide can be 
reformulated in terms of the voltage and current amplitudes of a set of 
mode functions ei indicative of the possible transverse field distributions 
in the waveguide. The resulting transmission-line description, though 
formally independent of the form of the mode functions, depends quanti
tatively on the characteristic impedance and propagation constant of the 
individual modes. In many cases these two fundamental mode charac
teristics are simply interrelated so that a knowledge of only the mode 
propagation constant is necessary. For the case of waveguides with 
walls of finite conductivity the mode propagation constant 7 = a + j0 
is complex (cf. Sec. 1-6). The attenuation constant a and the wave-
number p depend upon the cross-sectional dimensions, the conductivity, 
and the excitation wavelength X of the given waveguide. These mode 
characteristics must be known explicitly for quantitative transmission-
line considerations. Their computation requires a knowledge of the 
mode field distribution or, equivalently, of the mode function. 

In this chapter the explicit form of the electric and magnetic field 
distribution in the various modes or, equivalently, of the vector mode 
functions e ; will be presented for several uniform and nonuniform wave
guides. The customary engineering assumption of exp (jut) for the time 
dependence of the fields, with suppression of the time factor exp (jut), is 
adhered to. Electric and magnetic field intensities are expressed as rms 
quantities. Concomitantly Vi and /;, the voltage and current amplitudes 
of the normalized mode functions e;, are rms quantities. As a conse
quence the total mode power flow in the transmission direction is given 
by Re (VJ*). First-order values of the attenuation constant a and the 
cutoff wavelength \e will be stated for modes in several types of wave
guide. In addition maximum electric-field intensities, power expressions, 
etc., will be indicated in several cases. Although the principal concern 
of this chapter is to provide quantitative data for transmission-line 
computations in waveguides of different cross sections, the presentation 
includes the requisite mode information for the theoretical computation 
of the equivalent circuit parameters of waveguide discontinuities (cf. 
Sec. 3-5). 

55 
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Plots of the electric- and magnetic-field distributions are desirable 
as an aid to the visualization of the field distributions in the various 
modes. Mode patterns of two types are useful in this connection. The 
one type indicates the electric- and magnetic-field strengths on transverse 
and longitudinal planes within a waveguide; the other shows the 
magnetic-field intensity or, equivalently, the current density on the 
inner surface of the guide. The former of these patterns readily furnishes 
qualitative information as to the location of points of maximum field 
strength, power flow, etc. The latter yields information on current flow 
and is desirable in connection with questions of dissipation and of coupling 
by apertures in the guide walls. 

Since a number of mode patterns will be presented in this chapter, 
it is desirable to say a few words as to the construction of the patterns. 
Each pattern depicts the instantaneous field distribution in a traveling 
waveguide mode. For a given mode it is desirable to indicate quantita
tively the intensity of the electric- and magnetic-field distribution on a 
specified plane. Such information can be portrayed in the usual type of 
flux plots only if the field lines are divergenceless on the given plane, the 
intensity of the field being then indicated by the density of the field lines. 
Mode fields generally are not divergenceless in a given viewing plane 
since field lines generally leave and enter the plane. As a result many of 
the mode patterns are not true flux plots and hence do not indicate the 
field intensity everywhere. Nevertheless, wherever possible the density 
of the field lines has been drawn so as to represent the field intensity. 
For example, this convention has been adhered to in regions where no 
lines enter or leave the viewing plane. These regions are generally 
apparent from a comparison of the field distribution in the various 
sectional views. 

The mode patterns are drawn so that the relative scale of different 
views is correct as is also the direction of the field lines. The following 
conventions have been adhered to: 

1. Electric field lines are solid. 
2. Magnetic field lines are short dashes. 
3. Lines of electric current flow are long dashes. 

Lines of zero intensity have generally been omitted from the mode 
patterns for the sake of clarity. The location of these omissions should 
be apparent and taken into account to preserve the flux plot. 

2-2. Rectangular Waveguides, a. E-modes.—A uniform waveguide 
of rectangular cross section is described by the cartesian coordinate 
system xyz shown in Fig. 2-1. Transmission is along the z direction. 

In a rectangular waveguide of inner dimensions o and b, the E-mode 
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functions ej normalized over the cross section in the sense of Eqs. (1-5) 
are derivable from the scalar functions 

2 1 . mir nir 
~ "'" "b *, r / , b ~ , 2 a 

V'""a + n b 
a sin l:l:Lx sin — y, (1) 

where m, n = 1, 2, 3, ■ ■ ■ . By Eqs. (1-3), (1-10), and (1) the field 
distribution of the £„,„-mode is given as 

2V; m 
Ex 

Ev = -

0 / 2 b J_ 2° a 

V m a + B 6 
2F,' n 

TOT nir 
cos — x sin -r-y, 

/ 2b _L_ 2 a a 

TOT TIT 
sin — x cos -r-y, (2a) 

. f 7,'X / 2 6 , n2 r sin — x sin -rV, b a b 

n - 2 / ; 

H 
H. - - % 

+ n: 

TO 

•v TO2 —(- n2
 T 

O 0 

. TOT nir sin — x cos -r-y, a a b 

mir . nir - cos — x sin -j-y, 
a a b 

(26) 

H, = 0, 
where the field variation along the z direction is determined by the 
transmission-line behavior of the mode 
voltage 7,'(z) and current /,'(«) [cf. 
Eq. (111)]. The components of the 
orthonormal vector e[ are given 
directly by Ex and E„ on omission of 
the amplitude factor V[. 

The cutoff wavelength for the 
i?m„-mode is 

2 Vab \U ^FY^i (3) 
FIG. 21.—Rectangular waveguide cross 

section. 

From Eq. (1-50) the Z?m„-mode attenuation constant due to dissipation 
in the guide walls is 

2(R/ 63 

fa \ 2 1 i 0 ' 
\m 2 + n2 y^ SM-®' 

(4) 
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where the characteristic resistance (R is a measure of the conductivity 
properties of the metal walls (cf. Table 1-2). The attenuation constant 
is a minimum at the wavelength X = 0.577X^. 

The maximum value of the transverse rms electric-field intensity of 
the Emn-rnode is 

* ™ 7= —,- (5a) 
Vab mb + na v ' 

na mb 

and occurs at values of x and y for which 

mir mb tw na ,.1N tan —x = ± —, tan T » = ± —; ■ (5b) a na b mb 

Since an £-mode possesses a longitudinal component of electric field, the 
maximum of the total electric field is dependent on the impedance condi
tions in the guide. 

For a matched nondissipative guide the total average power flow 
along the positive z direction is given by 

In Fig. 2-2 are portrayed the field distributions of the Eu, En, and 
i?22-modes in a rectangular guide of dimensions a/b = 2.25 and excitation 
such that \„/a = 1.4. The mode patterns on the left-hand side of the 
figure depict the electric and magnetic lines within transverse and 
longitudinal sections of the guide. The right-hand patterns show the 
magnetic field and current lines on the inner surfaces at the top and side 
of the guide. 

b. H-modes.—The //-mode functions e", normalized over the cross-
section, are derivable from scalar functions 

, y/trntn 1 mw nit 
*i = — , --—L = cos —x cos -j-y, (7) 

Am} - + n2 j \ a b 

where 

m, n = 0, 1, 2, 3 • • ■ , mode m = n = 0 excluded, 
tm = 1 if TO = 0. 
«„ = 2 if TO ^ 0. 
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F I G . 2-2.—Field distribution for i?-modes in rectangular guides. 

1. Cross-sectional view 
2. Longitudinal view 
3. Surface view 
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The field components of the Hmn-mode follow from Eqs. (1-4), (MO), 
and (7) as 

/, V* EX = vi 

Ey= -VI' ■ 

K + ri 

4™^ 

tn/K . TIT = cos — x sin -r-y, a a o 

. mir nir 
= sin — x cos -r-y, 
a a " 

(8a) 

n b 
Ez = 0, 

V ^ n 
° / 2& 

V W a + n2^ 

TOir 717T sin — x cos -r-y, a o 

Hy = 7J' 

>/m2a + n i 
TOX . nir cos — x sin -=-«/, (8b) 

//. -hVl „ x \A 
2a6 ■H nir + n2

 r cos — x cos -=-«. o a o 

The 2 dependence of the field components is determined by the trans
mission-line behavior of V"{z) and /"(«) [cf. Eq. (1-11)]. On omission 
of the amplitude factor V" the components of the orthonormal vector 
function e" are given directly by Ez and Ev. 

The cutoff wavelength of the ffmn-mode is 

2 Vab 
X " = 

yr¥+n*i 
(9) 

and is exactly the same as for the £mn-mode. 
The attenuation constant for a propagating H„n-raode due to dissi

pation in the guide walls is 

<R 
tnmP- - + f„» ! 

S^W+ 
(10) 

where the characteristic resistance (R. (cf. Table 1-2) is a measure of the 
conductivity of the metal walls. 

The maximum electric-field intensity in a i7m„-mode is for m ^ 0, 

1 IS~I=*m -
m6 

(11a) 
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and occurs at values of x and y for which 

rrnr tan — x = a 
na 
mb 

tan -j-y = mb 
na 

For m j*- 0, n = 0, the maximum electric field is 

I*-" " <Vb ly"l (116) 

and occurs at integral multiples of x = o/2m. For m — 0, n ^ 0 the 
maximum field has the same magnitude as in Eq. (116) but occurs at 
integral multiples of y = b/2n. 

In terms of the rms mode voltage V" the total power carried by a 
traveling iZmn-wave in a nondissipative guide is given by 

K-'J1-^™ (12) 

The -ffiirmode is the dominant mode in rectangular guide and hence 
will be considered in some detail. Instead of the voltage V"0 and current 
1'ia employed in Eqs. (8) a voltage V and current I more closely related 
to low-frequency definitions can be introduced by the transformations 

7"° ~ V26 V' 7"° ~ \ a ' 

In terms of V and I the nonvanishing field components of the i/io-mode 
are 

V . T Ev = — r sin -x, b a 
„ 27 . x Hx = — sin -x, a a 
„ . x y x 

J 2a 6 a 

(13) 

For guide walls of finite conductivity the attenuation constant of the 
Hio-mode is 

ft 

26 / X V 
^ o \ 2 o / 

(14a) 
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and the guide wavelength is 

to a first order. The maximum electric-field intensity occurs at the 
center of the guide and has the magnitude l^l/b. The rms voltage V in 
a traveling wave is related to the total power flow by 

i X a 
for a nondissipative guide. 

Mode patterns for traveling H10, Hn, H21 -modes in rectangular guides 
are displayed in Fig. 2-3. As in the case of Fig. 2-2, a/b = 2.25 and 
\g/a = 1.4. The mode patterns on the left indicate the field distribution 
on cross-sectional and longitudinal planes; those on the right depict the 
electric-current distribution on the inner surface of the guide. 

c. Modes in a Parallel Plate Guide. The modes in a parallel plate 
guide of height b may be regarded as appropriate limiting forms of modes 
in a rectangular guide of height b as the width a of the latter becomes 
infinite. As noted in Sees. 2-2a and 6, the modes in a rectangular guide of 
height b and width a form a discrete set. However, as the width of the 
rectangular guide becomes infinite the corresponding set of modes 
assumes both a discrete and continuous character; the mode index n 
characteristic of the mode variation along the finite y dimension is dis
crete, whereas the index m characteristic of the variation along the 
infinite x dimension becomes continuous. The complete representation 
of a general field in a parallel plate guide requires both the discrete and 
continuous modes. For simplicity, we shall consider only those discrete 
modes required for the representation of fields having no variation in 
the x direction. For the representation of more general fields, reference 
should be made to Sec. 2-6 wherein a typical representation in terms of 
continuous modes is presented. 

The discrete 2?-modes in a parallel plate guide of height b are derivable 
from the scalar functions 

. rnry ,- sin -^ 
*i = \\i — - ^ 0 < y < b 

\ b nw 
T 

n = 0, 1, 2, 3, • ■ • . 
e„ = 1 if n = 0, 
fn = 2 if n 7* 0, 
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F I G . 2-8.— Field distribution for //-modes iu rectangular waveguide. 

1. Cross-sectional view 
2. Longitudinal view 
3. Surface view 
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Hence, by Eqs. (13) and (1-10) the field components of the .Eon-mode 
follow as Ex = °' ) 

Ey = - F . ^ c o s - ^ , ( 1 5 o ) 

TT TI /«n nvy \ Hx = / , «/-=- cos —jr, ) 

ff. = 0, ) 

where the z dependence of the mode fields is determined by the trans
mission-line behavior of the mode voltage V[ and current /,' given in Eqs. 
( I ' l l ) . The components of the orthonormal (in the y dimension only) 
vector e,' are obtained from Ex and Ey on omission of the mode amplitude 
V't. 

The cutoff wavelength of the i?o„-mode in parallel plate guide is 
\'ci = 2b/n. The attenuation constant of the i?on-mode caused by finite 
conductivity of the parallel plates is 

a = — — — .=.) (15c) b fV'-feJ 
where the dependence of the characteristic resistance (R on the conduc
tivity of the plates may be obtained from Table 1-2. I t should be noted 
that these results are special cases of Eqs. (3) and (4) with m = 0. 

The Soo-mode is the principal, or TEM, mode in a parallel plate guide. 
The principal mode is characterized by an infinite cutoff wavelength Xc 
and hence by a guide wavelengh X„ identical with the space wavelength X. 
Instead of the voltage V'm and current I'00, more customary definitions for 
the principal mode are obtained on use of the substitutions 

V00 = ~ and 7J0 = VbI. 
Vb 

In terms of the new mode amplitudes V and I the nonvanishing field 
components of the principal mode are 

F - V 

Hx = I, 

as derivable from a scalar function y/b by means of Eq. (1-3). It is 
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evident that V represents the voltage between plates and / the current 
flowing per unit width of each plate in the conventional manner. The 
attenuation constant, descriptive of dissipation in the plates, for the 
principal mode reduces to 

1 (R 
a = ir 

The discrete //-modes in a parallel plate guide of height b are derivable 
from the scalar mode functions 

rail 

*< = J£ - . 0 < y < b, 
~b 

n = 1, 2, 3, • ■ ■ . 

Hence, by Eqs. (1-4) and (1-10) the field components of the Z/o„-mode 
follow as 

*< = W? s i n ^ 
E, = 0, 

Hx = 0, 
„ rl, J2 . niry 
Hy = /, ^_ s in __, j (i6fe) 

■ TTII n\ 12 niry 
H-=-nv*2b\beoair' 

where as above the z dependence of the mode fields is determined from the 
transmission-line behavior of the mode amplitudes V" and /,■'. The 
components of the orthonormal vector e" are obtained from Ex and Ev 

on omission of the mode amplitude V". 
The cutoff wavelength X^ of the 7/o„-mode is 2b/n, the same as for 

the Eon-mode. The attenuation constant of the //On-mode due to finite 
conductivity of the guide plates is 

2 (R v " / /,» i 

where again the characteristic resistance (R of the metallic plates may 
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be obtained from Table 1-2. The decrease of the attenuation constant 
with increasing frequency is to be noted. 

2-3. Circular Waveguides, a. E-modes.—A uniform waveguide of 
circular cross section is most conveniently described by a polar coordinate 

system T$Z as shown in Fig. 2-4. 
For a cross section of radius a the .E-mode 

vector functions e,' normalized over the cross sec
tion in accordance with Eqs. (1-5) are derivable 
from the scalar functions 

* i 

J, (?) 
IT XiJm+i(xr) sin 

(17) 

where 

FIG. 2-4.-—Circular wave
guide cross section. 

o, I, 
= I 
= 2 

2, 3 , ■ ■ ■ , 

if m = 0, 
if TO ^ 0, 

and Xi = X»n, the nth nonvanishing root of the 
rreth-order Bessel function Jm(x), is tabulated in Table 2-1 for several 
values of TO and n. 

" (m + 2" - k) 
T A B L E 2 - 1 . — R O O T S OF J„(X) = 0 

4m2 - 1 _ (4m ! - l ) (28m 2 - 31) 
2) 2 47r(m + 2n - \) 48ir3(m + 2n - \Y 

n ^ \ 
1 
2 
3 
4 

0 

2.405 
5.520 
8.654 
11.792 

1 

3.832 
7.016 
10.173 
13 323 

2 

5.136 
8.417 
11 620 
14.796 

3 

6.380 
9.761 
13 015 

4 

7.588 
11.065 
14.372 

5 

8.771 
12 339 

6 

9.936 
13.589 

7 

11.086 
14.821 

On use of Eqs. (1-3), (1-10), and (17) the field components of the 
i?m„-mode become in polar coordinates 

Er= -V'i 

E*= ± V, 

(x.O 

\ a / s 

T aJm+i(\i) s i n 

J 

m<t>, 

*■ = -«£«< 

ir X. rJm+1(Xi) COS 

J 

m<t>, 

\ a I cos 
a^m+i(Xi) sin m<t>, 

(18o) 
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J '(?) 6m m \ a / s i n V -r J' m \ / SHI j « r = -Mi* / r / — r m<j>, \ TT xi rJm+i(xi) cos v ' i , 1 8 „ 

_ j;Y^-rN) 
rj _ 7/ /«"> \ a / COS _ , 
" * — — i i x l j 7—, . md>, \ TV oJm+i(x.) sin ^' 
H, = 0. 

The z variation of the mode fields is determined by the transmission-line 
behavior of V[ and /,' given in Eqs. (1-11). As is evident from Eqs. (18) 
the .Emn-mode (m ^ 0) is degenerate and consists of two modes with even 
or odd angular dependence. Though not explicitly shown each of these 
modes is, of course, characterized by a different mode voltage and current. 
The polar components of the vector e,' are obtained from Er and E^ on 
omission of the amplitude V[. 

The cutoff wavelength of the degenerate i?m„-mode is 

Ki = ^-a, (19) 

where the roots x»» are given in Table 2 1 . 
The i?-mode attenuation constant due to finite conductivity of the 

guide walls is 

f a ' v ' rV-feJ 
where the frequency-dependent characteristic resistance (R of the metal 
walls may be obtained from Table 1-2. 

In terms of the rms voltage Y\ the total power carried by an £m„-mode 
in a matched nondissipative guide is 

Pi = -, V v 2
 |F;|2' (21) 

Mode patterns of the instantaneous field distribution in traveling 
waves of the E0i-, En-, and i?2i-modes are shown in Fig. 2-5. The 
excitation frequency is such that X„/a = 4.2. The left-hand views of 
Fig. 2-5 depict the electric- and magnetic-field intensities on transverse 
and longitudinal planes in which the radial electric field is maximum. 
The right-hand view shows a development of the magnetic-field and 
electric-current distribution on half the guide circumference. 
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F I G . 2-5.—Field distribution for i?-modes in circular waveguide. 
1. Cross-sectional view 
2. Longitudinal view through plane l-l 
3. Surface view from $-* 
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6. H-modes.—The e" vector mode functions normalized over the 
circular cross section are derivable from scalar functions 

' \ * Vv" - m* ^"(Xi) Sin 
cos (22) 

where 
Xi ~ m' 

m = 0, 1, 2, 3, 

and x.' = Xmn is the nth nonvanishing root of the derivative of the mth-
order Bessel function. Several of the lower-order roots are given in 
Table 2-2. 

TABLE 2-2.—ROOTS OF j'm{x') = 0 
, _ / _ ^ - - 4m» + 3 _ 112m' + 328m8 - 9 

x-„ ~ \m + in 2)1 4r(ro + 2n - f) 4Sir'(m + In - | ) J " " m > 0 

\ ^ m 

1 
2 
3 
4 

0 

3.832 
7.016 
10.173 
13.324 

1 

1.841 
5.331 
8.536 
11.706 

2 

3.054 
6.706 
9.969 
13.170 

3 

4 201 
8.015 
11.346 

4 

5.317 
9.282 
12.682 

5 

6.416 
10.520 
13.987 

6 

7.501 
11.735 

7 

8.578 
12.932 

From Eqs. (1'4), (1-10), and (22) the field components of an Hmn-mode 
are found to be 

E, = ±F{' P 

E, = 0, 

n\a / sin 
2 rjm(x'i) cos 

m<J>, 

(23o) 

Xi - wi 2 aJm(x,') sin 

* , = -II' ^ 
m\ a ) cos 

j a^«.(xO sin 

^ + j„ j*m m Um\a ) sin 
* * V 7T v ' /• _ m 2 rJ„(xD cos 

V> Xi - m 
TO<£, 

TO<£, (236) 

Xi - m' 

TJ ■ ^Xt -rrft l*m Xi 

Xi - m 

"\ a / cos 
2 aJmix'i) sin m<p. 
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As evident from Eqs. (23) the Hm„-mode (m ^ 0) is degenerate; i.e., there 
exist two i7mn-modes, one of odd and one of even angular dependence. 
The polar components of the normalized mode vectors e," are obtained 
from E, and E$ on omission of the z dependent voltage amplitudes V". 

The cutoff wavelength of the degenerate #m„-mode is 

K\ = Ha, (24) 
At 

the roots x! being given in Table 2-2. Except for the degenerate case 
m = 0 the cutoff wavelengths differ from those of the i?m„-modes. 

The Hmn attenuation constant due to dissipation in the guide walls is 

(R 
fa Xi - ml m VRl)' 

(25) 

The frequency-dependent characteristic resistance (R of the metal walls 
may be obtained from Table 1-2. 

The total average power carried by a traveling Hmn-mode in a matched 
nondissipative guide is expressed in terms of the mode voltage V" as 

P" = W1 - fe)2 |F"' (26) 

The dominant mode in circular guide is the Hu. In a nondissipative 
guide the wavelength of propagation of the i/n-mode is 

(27) 

V 1 V3-4W 
The maximum rms electric-field intensity of the Hu-mode occurs at the 
axis of the guide and has a magnitude 

\V"\ *~ - m- (28) 
In terms of Em„ the maximum.average power carried by the i/n-mode is 

(29) = 3.97 X 10-3 ^ i - (_£_y a , 

where all units are MKS. 
Mode patterns of the instantaneous field distribution in traveling 

Hoi, ffn, and /72i -modes are shown in Fig. 2 6 for X„/a = 4.2. The 
transverse and longitudinal views are in the plane of the maximum 
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FIG. 2-6.—Field distribution for //-modes in circular waveguide. 
1. Cross-sectional view 
2. Longitudinal view through plane l-l 
3. Surface view from s-s 
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2-4. Coaxial Waveguides. 

radial electric field. The views on the right-hand side of Fig. 2-6 depict 
the magnetic-field and electric-current distribution on half the guide 
circumference. 

a. E-modes.—The description of the 
uniform coaxial guide depicted in Fig. 2-7 
is closely related to that of the circular 
guide considered in the previous section. 
The coaxial guide is described by a polar 
coordinate r$z system in which the outer 
and inner conductors are at radii a and b, 
respectively, and the transmission direc
tion is along the z-axis. 

The vector functions ej normalized in 
accordance with Eqs. (1-5) and character
istic of the £J-mode fields are derivable [cf. 
Eqs. (1-3)] as gradients of scalar functions. 
The scalar function appropriate to the 
lowest £-mode in a coaxial guide is 

*o In r 

Fio. 2-7.- -Coaxial waveguide cross 
section. 

<J**i 
(30) 

Hence by Eqs. (110), the field components of this mode are 

Er = 7J, 

" * — -«on 

V 2 i r i n i 
1 (31) 

E* = E, = Hr = H, = 0. 

This transverse electromagnetic or TEM-mode is the dominant, or 
principal, mode in coaxial guide. Its cutoff wavelength is infinite, and 
hence X„ = X for the dominant mode. 

A more customary definition for the voltage and current of the 
principal coaxial mode is obtained by multiplication and division, 
respectively, of the normalized voltage and current in Eq. (31) by 
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In terms of the new voltage V and current / the nonvanishing components 
of the dominant mode become 

V 
ET a r In T b } (32) 

7 

The maximum electric-field intensity in the principal mode occurs at 
the surface of the inner conductor and is of magnitude 

\Ema\ = -M-- (33) 
b\nj b 

For constant outer radius and voltage the maximum electric-field 
intensity is a minimum when a/b = 2.72. On a matched coaxial line the 
rms voltage V is related to the total average power flow P by 

P = -2*-v\V\\ (34) 

For constant outer radius and \Em.,\, the power flow is a maximum when 
a/b = 1.65. The attenuation constant of the dominant mode due to 
dissipation in the inner and outer conductors is 

/«. + « * _ ! _ , 
\a 6 /2 f ln£ 

where (5L and (R& (cf. Table 1-2) are the characteristic resistances of the 
metals of which the outer and inner conductors are constituted. For 
fixed outer radius and wavelength the attenuation constant is a minimum 
when a/b = 3.6 provided (R„ = <3U. 

The normalized e,' vector functions characteristic of the higher 
.E-modes are derivable from the scalar functions 

*' - Z - ( * l) sin m*' <36> 
where 

"(*0 2 

m 
«m 

tm 

= 
= 
= 

o, 
1 
2 

1, 

r JiUi) 
\JI 

2 , 3 , 
if m 
if m 

(cxO 

= o, 
^ 0. 
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The quantity x; = x»» is the nth nonvanishing root of the Bessel-
Neumann combination Zm{c%i), where c = a/6. The quantities (c — l)x; 
are tabulated in Table 2-3 as a function of the ratio c for several values of 
m and n. 

TABLE 2-3.—ROOTS OF Jm{cx)Nm(x) - Nm(cx)Jm(x) 
Tabulated in the form (c — l)xm«, n > 0 

= 0 

\ mn 
c x. 

1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 
1.8 
2 0 
2 5 
3 0 
3 5 
4 0 

1.0 
1.1 
1.2 
1.3 
1 .4 
1.5 
1.6 
1.8 
2 0 
2.5 
3 0 
3.5 
4.0 

01 

3.142 
3.141 
3.140 
3.139 
3.137 
3.135 
3.133 
3.128 
3 123 
3.110 
3.097 
3 085 
3.073 

03 

9.425 
9.425 
9.424 
9.424 
9.423 
9.423 
9.422 
9.420 
9.418 
9.413 
9.408 
9.402 
9.396 

11 

3.142 
3.143 
3 146 
3 150 
3.155 
3.161 
3.168 
3.182 
3 197 
3.235 
3.271 
3 305 
3.336 

13 

9.425 
9.425 
9.426 
9.427 
9.429 
9.431 
9.434 
9.439 
9.444 
9.460 
9.476 
9.493 
9.509 

21 

3 142 
3.147 
3.161 
3.182 
3.208 
3.237 
3.27 
3.36 
3.4 

23 

9.425 
9.427 
9.431 
9.438 
9.447 
9.458 
9.469 
9.495 
9.523 

31 

3.142 
3.154 
3.187 
3 236 
3.294 
3.36 
3.43 
3.6 
3.7 

33 

9 .425 
9.429 
9.440 
9.457 
9.478 
9.502 
9.528 
9.587 
9.652 
9.83 
10.0 
10.2 

02 

6.283 
6.283 
6.282 
6.282 
6.281 
6 280 
6.279 
6.276 
6 273 
6.266 
6 258 
6 250 
6 243 

04 

12.566 
12.566 
12.566 
12.566 
12.565 
12.565 
12.564 
12.563 
12.561 
12 558 
12 553 
12.549 
12.545 

12 

6.283 
6.284 
6.285 
6.287 
6.290 
6 293 
6.296 
6.304 
6.312 
6.335 
6.357 
6.381 
6.403 

14 

12.566 
12.567 
12.567 
12.568 
12.570 
12.571 
12.573 
12.577 
12.581 
12.593 
12.605 
12 619 
12.631 

22 

6 283 
6.286 
6.293 
6.304 
6.317 
6.332 
6.349 
6.387 
6.43 

24 

12 566 
12.568 
12.571 
12.577 
12.583 
12.591 
12.600 
12.619 
12.640 

32 

6.283 
6 289 
6.306 
6.331 
6.362 
6.397 
6.437 
6.523 
6.62 
6.9 

34 

12.566 
12.569 
12.578 
12.590 
12.606 
12.624 
12.644 
12.689 
12.738 
12.874 
13.02 
13.2 
13.3 

Cf. H. B. Dwiclit, "Tables of Ro 
Phya., 27 (No. 1), 84-89 (1948). 

for Natural Frequencies in Coaxial Cavities," Jour. Math. 

The cutoff wavelength of the Emn-mode may be expressed in terms 
of the tabulated values (c — l)x».>. as 

x:, = 2T 

(c - l )x . 
■ (a - b) 2(a - b) 1, 2, 3, (37) 
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The field components ol the £„„-mode follow from Eqs. (1-3), (1'10), 
and (36) as 

„ „ . m „ ( r \ sin 
r \ b/ cos 

».--fl¥a(»j)S:-* 

(38o) 

(386) 

# z = 0. 

From the form of Eqs. (38) it is apparent that the £mn-mode (m > 0) 
is degenerate and may have either of two possible polarizations, each 
distinguished by a different voltage and current amplitude. The polar 
components of the ev' vector are obtained from Eq. (38a) on omission of 
the z-dependent voltage amplitude V[. 

The attenuation constant due to finite conductivity of the inner and 
outer conductor is 

b a J2
m(cxi) 

. Jl(cxi) 

+ • 
l 

l ^m (39) 

where (R„ and GU, (cf. Table 1-2) are the characteristic resistances of the 
inner and outer conductors, respectively. 

In terms of the rms voltage V[ the total power transported by a 
traveling .Em„-mode in a matched nondissipative guide is 

P = 

^ - (4)' 
m\ (40) 

The instantaneous field distribution in traveling waves of the E0i, 
Eu, En type are shown in Fig. 2-8. The mode patterns are all drawn 
for the case a/b = 3 and X„/o = 4.24. The left-hand views portray the 
electric and magnetic field distributions in the transverse and longi
tudinal planes on which the radial electric field is a maximum. The 
right-hand patterns show developed views of the magnetic-field and 
electric-current distribution on half the circumference of the outer 
conductor. 
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F I G . 2-8.—Field distribution for 2?-modes in coaxial waveguide. 
1. Cross-sectional view 
2. Longitudinal view through plane l-l 
3. Surface view from s-e 



SEC. 2-4] COAXIAL WAVEGUIDES 77 

b. H-modes.—The vector functions e" normalized in accordance with 
Eqs. (1-5) are derivable from scalar functions 

where 

J~(X; 0 ivL(xi) - ivm(x; 0 j;(xj) 

m = 0, 1, 2, 3, • • • , 
and x.' = Xmn is the nth root of the derivative of the Bessel-Neumann 
combination Z„(cx,') with c = a/b. For n = 1 the quantities (c + l)xmi 
are tabulated as a function of the ratio c in Table 2 4 ; for TO > 1 the 
quantities (c — l)xmn are tabulated in Table 2-5. 

TABLE 2-4.—FIRST ROOT OF J'„(cx')N'm(x') - N'm(cx')J'„(x') = 0 
Tabulated in the form (c + l)xml, (m > 0) 

1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 
1.8 
2.0 
2.5 
3.0 
3.5 
4.0 

11 

2.000 
2.001 
2.002 
2.006 
2.009 
2.013 
2.018 
2.024 
2.031 
2.048 
2.056 
2.057 
2.055 

21 

4.000 
4.001 
4.006 
4.011 
4.015 
4.020 
4.025 
4.026 
4.023 
3.980 
3.908 
3.834 
3.760 

31 

6 000 
6 002 
6 008 
6.012 
6.017 
6.018 
6.011 
5.986 
5.937 
5.751 
5.552 
5.382 
5.240 

In terms of the tabulated values, the cutoff wavelength of an Hmi-
mode can be expressed as 

2* 
X " = — (a + 6), (c + l )x l i 
X » ^ l [ ( a ± 6 ) form = 1,2, 3, ■ • ■ , 

and for an Hmn-mode as 
2* 

(c - l)x. 
2(a - b) 
( n - 1) 

- (a - b), 

for n = 2, 3, 4, • • 

(42a) 

(42b) 
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It is evident from these equations that the -ffu-mode is the dominant 
if-mode in coaxial guide. The cutoff wavelength of the //oi-mode is 
identical with that of the .En-mode, i.e., Xoi = Xu and can be obtained 
from Table 2-3. 

TABLE 2-5.—HIGHER ROOTS OF fm(cx')N'm(x') - N'm(cx')fm(x') = 0 
Tabulated in the form (c — l)x'mn, (» > 1) 

1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 
1.8 
2.0 
2.5 
3.0 
3.5 
4.0 

^\ mn 
C N. 

1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 
1.8 
2.0 
2.5 
3.0 
3.5 
4.0 

02* 

3.142 
3.143 
3.145 
3.150 
3.155 
3.161 
3.167 
3.182 
3.197 
3.235 
3.271 
3.305 
3.336 

04* 

9.425 
9.425 
9.426 
9.427 
9.429 
9.431 
9.434 
9.439 
9.444 
9.460 
9.476 
9.493 
9.509 

12 

3.142 
3.144 
3.151 
3.161 
3.174 
3.188 
3.205 
3.241 
3.282 
3.306 
3.516 
3.636 
3.753 

14 

9.425 
9.426 
9.428 
9.431 
9.435 
9.440 
9.446 
9.458 
9.471 
9.509 
9.550 
9.593 
9.638 

22 

3.142 
3.148 
3.167 
3.194 
3.229 
3.27 
3.32 
3.4 
3.5 

24 

9.425 
9.427 
9.433 
9.442 
9.454 
9.467 
9.482 
9.515 
9.552 
9.665 
9.77 
9.89 
10.0 

32 

3.142 
3.156 
3.193 
3.249 
3.319 
3.40 
3.49 
3.7 

34 

9.425 
9.429 
9.442 
9.461 
9.484 
9.511 
9.541 
9.609 
9.684 
9.990 
10.1 

03* 

6.283 
6.284 
6.285 
6.287 
6.290 
6.293 
6.296 
6.304 
6.312 
6.335 
6.357 
6.381 
6.403 

05* 

12.566 
12.567 
12.567 
12.568 
12.570 
12.571 
12.573 
12.577 
12.581 
12.593 
12.605 
12.619 
12.631 

13 

6.283 
6.284 
6.288 
6.293 
6.299 
6.306 
6.315 
6.333 
6.353 
6.410 
6.472 
6.538 
6.606 

15 

12.566 
12.567 
12.569 
12.571 
12.574 
12.578 
12.582 
12.591 
12.601 
12.629 
12.660 
12.692 
12.725 

23 

6.283 
6.287 
6.296 
6.309 
6.326 
6.346 
6.369 
6.419 
6.47 
6.6 
6.8 
7.0 

25 

12.566 
12.568 
12.573 
12.579 
12.588 
12.598 
12.609 
12.634 
12.661 
12.739 
12.82 
12.91 
13.0 

33 

6.283 
6.290 
6.309 
6 337 
6.372 
6.412 
6.458 
6.56 
6.67 
7.0 

35 

12.566 
12.570 
12.579 
12.593 
12.611 
12 631 
12.654 
12.704 
12.761 
12.92 
13.09 
13.3 
13.5 

* The first nonvanishing root X'0n is designated as n = 2 rather than n = 1. The roots x'Dn+i and 
Xon(n > 0) are identical. 

The electric- and magnetic-field components of an Hmn-mode are 
given by Eqs. (1-4), (1-10), and (41) as 

Sr = ± V'(' - (X'0 sin m<j>, 

p _ v" X,' ^i ( i r \ c o s
 mA. 

E* - V> T Zm {Xi b) sin m+' 
(43a) 

Ez = 0, 
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F I G . 2-9.—Field distribution for //-modes in coaxial waveguide. 
1. Cross-sectional view 
2. Longitudinal view through plane l-l 
3. Surface view from s-s 
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rr r„ Xi _/ ( ,r\ cos 

U ■ X Tr/, X>' _ / / A COS 
* ' = - ;"^F'¥Z"'VXi6JsinW*-

As in the case of the 2?-modes, the #m n-mode (m > 0) may possess either 
of two polarizations, each characterized by a different voltage and current. 
The polar components of the normalized e" vectors are obtained from ET 
and E^ of Eqs. (43a) on omission of the 2-dependent amplitude V". 

For a traveling Hmn-mode the attenuation constant due to finite 
conductivity of the guide walls is given by 

K JZ(x[) (b\ aul l m» / _ /_xy 

[«; -Ox,') , «_>] 1 (X/Ag)» 
La J:(CXO b J f + JZ{cx[) b J f y i _ (x/x/;), 

«^m(cXi) -fe)]-['-©'] 
(44) 

where (R0 and (5U are the characteristic resistances of the metals of which 
the outer and inner conductors are composed (cf. Table 1-2). 

The total average power carried by a traveling #m n-mode in a matched 
nondissipative coaxial guide is expressed in terms of the rms voltage V" as 

= WRI" W't'\*. (45) 

Mode patterns of the instantaneous field distribution in traveling 
waves of the Hu, H^, and H3i coaxial modes are shown in Fig. 2-9. The 
patterns pertain to coaxial guides with a/b — 3 and X„/a = 4.24. The 
patterns on the left depict the electric and magnetic field distribution in 
transverse and longitudinal planes on which the transverse electric field 
is a maximum; those on the right portray the magnetic-field and electric-
current distribution on half the circumference of the outer conductor. 

2-5. Elliptical Waveguides.1—An elliptical waveguide is a uniform 
region in which the transverse cross section is of elliptical form. As 

1 Cf. L. J. Chu, "Electromagnetic Waves in Elliptic Hollow Pipes," Jour. Applied 
Phys., 9, September, 1938. Stratton, Morse, Chu, Hutner, Elliptic Cylinder and 
Spheroidal Wavefunctions, Wiley, 1941. 
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illustrated in Fig. 2-10 elliptic coordinates £?; (the coordinate TJ is not to 
be confused with the free-space admittance ij employed elsewhere in this 
volume) describe the cross section and the coordinate z the transmission 
direction. The rectangular coordinates xy of the cross section are related 
to the coordinates of the confocal ellipse £ and confocal hyperbola i\ by 

(46) x = q cosh£ cost;, 
y = q sinh£ sinr;, 

where 2q is the focal distance. The boundary ellipse is defined by the 
coordinate £ = a with major axis, minor axis, and eccentricity given 
by 2g cosh a, 2q sinh a, and e = 
1/cosh a, respectively. The case 
of a circular boundary is described 
by e = q = 0 with q/e finite. 

The mode functions e[ charac
teristic of the .E-modes are deriv
able from scalar functions of the 
form 

A = Rem(£,eXi)Sem{ri,eXi), 
o*i = Rom(£,oXi)Som(ii,oxd, 
where m = 0, 1, 2, 3, • • • M iu F lG 2.10_. 
eXi = eXmn is the nth nonvanishing 
root of the even mth-order radial Mathieu function Rem(a,x), whereas 
ox* = oXmn is the nth nonvanishing root of the odd mth-order radial 
Mathieu function Rom(a,x). The functions Sem(r),x) and Som(rj,x) are 
even and odd angular Mathieu functions. In the limit of small x = kcq 
the Mathieu functions degenerate into circular functions as follows: 

lim Sem(rj,x) = cos m<j>, 

Elliptical waveguide cross section. 

lim Som(?),x) = sin m0, 

lim Rem(£,x) = lim Ro„ 
V - . 0 (u) ■\2 

(48) 
•i mK&cT)) 

and, correspondingly, the confocal coordinates £ and rj become the polar 
coordinates r and <j>. 

The field components of the even eEmn-mode follow from Eqs. (1-3), 
(1-10), and (47a) as 

Jp T// fiem(S,«X«)£em(7)„,Xi) 

q v cosh2 £ — cos2 77 

K,= _ y : j g ^ . ' X . - ) ^ f a , . x O , v ( 4 9 a ) 

E. = -a 
q Vcosh 2 £ C O S ' 71 

riek'ciRem(t,exdSem(ri,exi), 
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„ ,, Rem(.£,exi)Se'm(7i,eXi) 
Hi = +li 

H* = - / ; 

q \ / cosh 2 | — cos2 i) 
Re'M,.xdSem(v,.Xi) } (496) 

g \ /cosh 2 £ — c 
tf, = 0. 

The prime denotes the derivative with respect to £ or n, and ek'„ = 2v/e\'ci 
denotes the cutoff wavenumber of the even mn mode. The z dependence 
of the fields is determined by the transmission-line behavior of the mode 
amplitudes V[ and J{. The odd 0Emn-mode is represented in the same 
manner as in Eqs. (49) save for the replacement of the even Mathieu func
tions by the odd. The components of the mode functions ê  are obtained 
from E;. and Ev of Eqs. (49a) on omission of the amplitude V't and insertion 
of a normalization factor. 

. The e"-mode functions characteristic of the //-modes in elliptical 
guides are derivable from scalar functions of the form 

e*i = fle„($,eXDSe,»(T,,exO, (50a) 
o** = fiom(£,ox;)Som(7Mx,'), (50b) 

where m = 0, 1, 2, 3, • ■ ■ , and ,x\ = . xL and ox,' = oxL» are the nth 
nonvanishing roots of the derivatives of the radial Mathieu functions as 
defined by 

Re'm{a,eX[) = 0, 
Ro'm(a,ox^ = 0. ' ( 5 1 ) 

The field components of the even eHm„-mode are given by Eqs. (14), 
(110), and (50a) as 

E, v „ Rem(.Z,eXi)Se'm(n,eXi) 

q v c o s h 2 £ — cos2 i\ 
F v„ Re'M,eX[)Sem{r,,eX[) } (52) 

q v cosh2 £ — cos2 t\ 
Et = 0, 

Re'm(t,ex'dSem(y,eXi) H( = - / , " 
q -\7cosh2 £ — cos2 

_ ,-„ Rem(Z,eXi)Se'm(ri,cx'i) v ,,.„. 
' _ * / , 9 h 2 ' I *■ • 

q Vcosh2 £ — cos2 7j 
X V" 

Hz = -3 ~x» ~r eK'iRem(t,ex[)Sem(v,ex'i)-
The field components of the odd o#mn-mode are obtained from Eqs. (52) and 
(53) on replacement of the even Mathieu functions by the odd. The com
ponents of the e" mode functions are obtained from E( and Ev on omis
sion of the mode amplitude V" and addition of a normalization factor. 

file://-/7cosh2
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The cutoff wavelengths of the E- and ff-modes may be expressed in 
terms of the roots Xi and the semifocal distance q as 

X* = H (54) 
Xi 

on omission of the various mode designations. An alternative expression 
in terms of the eccentricity e of the boundary ellipse is obtained by use 
of the elliptic integral formula for the circumference 

s = - / V l - e2 cos2 7j dr, = ^ E(e) (55) 
e Jo e 

of the boundary ellipse. The ratio Xc/s is plotted vs. e in Fig. 2-11 for 
several of the even and odd E- and if-modes of largest cutoff wavelengths. 
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FIG. 2-11.—Cutoff wavelengths of elliptical waveguide. 

It is evident from the figure that the eHu-mode is the dominant mode in 
an elliptical waveguide. The splitting of the degenerate modes (m > 0, 
e = 0) of a circular guide into even and odd modes is also evident from 
this figure. 

Computation of power flow and attenuation in elliptical guides 
involves numerical integration of the Mathieu functions over the guide 
cross section. The reader is referred to Chu's paper quoted above for 
quantitative information. 

Mode patterns of the transverse electric and magnetic field distribu • 
tion of several of the lower modes in an elliptical guide of eccentricity 
e = 0.75 are shown in Fig. 2-12. The patterns are for the .Hoi, e-ffu, 
offn, *Eoi, efin, and 0EU -modes. 
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Flu. 2-12.—Field distribution of modes in elliptical waveguide. Cross-sectional view. 

2-6. Space as a Uniform Waveguide, a. Fields in Free Space.—Free 
space may be regarded as a uniform waveguide having infinite cross-
sectional dimensions. A transmission-line description of the fields within 
free space can be developed in a manner similar to that of the preceding 
sections. The cross-sectional directions will be described by the xy 
coordinates and the transmission direction by the z coordinate of a rec
tangular coordinate system as shown in Fig. 2-13. In this coordinate 
system the general electromagnetic field can be expressed as a superposi
tion of an infinite set of E- and //-modes closely related to those employed 
for rectangular guides (c/. Sec. 2-2). In the absence of geometrical 
structures imposing periodicity requirements on the field, the required 
modes form a continuous set of plane waves, each wave being character-
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ized by a wave number k indicative of the direction of propagation and 
wavelength. 

The e,' vector functions character- y, 
istic of the i?-modes are derivable 
from scalar functions of the form 

* i = * i 
gj(kxx+kvy) 

VWTti (56) 

where — » < kx < » , —oo < ky < 
» , and i is an index indicative of the 
mode with wave numbers kx in the x 
direction and ky in the y direction. 
The question of normalization will be 
left open for the moment. 

By Eqs. (1-3), (1-10), and (56) 
the field components of the Z?i-mode can be written as 

Ex = V- , kz ewc'+xivi 
Vkl + k\ 

Ey = V't k" e'^+k'"\ Vkl + kl 
JI 

E, = - i Vkl + kl e'("-'+k^\ 

F I G . 2-13.—Coordinate systems ior ( 
waves in space. i 

Rectangular coordinates x,y,z i 
Polar and azimuthal angles 6,<t> , 

(5^) 

Hy 

-n 
fCji . gjikxx+kyy) r 

(57£J-

r 

The 2 dependence of this mode is determined by the transmission-line 
behavior of the mode voltage V'i and current /,', which obey the uniform-
line equations (1-11). On introduction of the new variables 

* Vkl + kl 
k 

J' x f>i<JczX+kvy) 
' Vkl + kl 

0. 

kz = k sin 6 cos </>, 

ky = k sin 6 sin </>, 

k-2* 

t a n <j> = ■—-, 
Kx 

s i n , _ Vkl + kl 
k (58) 

it is evident from Fig. 2-13 that an 2?,-mode with Vkl + kl < k, repre
sents a propagating plane wave whose wave vector k is characterized by 
polar angle 0 and azimuthal angle 0. The magnetic field of this mode is 
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linearly polarized and lies wholly in the transverse xy plane at the angle 

The e," vector function characteristic of an ii/i-mode is derivable from 
a scalar function (56) of the same form as for the i?i-mode. The field 
components of the i/v-mode follow from Eqs. (1-4), (1-10), and (56) as 

k 

' Vki + *; 
k ) (59a) 

Vkl + kl 
Ez = 0, 

Hx = I" , kx
 eK*.*+M> 

Vkl + k* 
Hy = r/ vwrn e,"m' > (596) 

H, = ^- Vkl + kl e'^'+k"'>, an 
where again the z dependence of the mode field is given by the trans
mission-line behavior of the mode voltage V" and current /,■'. On sub
stitution of Eqs. (58) it is seen that a traveling Hi-mode with y/k\ + k\ < k 
is a plane wave whose wave vector k points in the direction specified by 
the polar angle 8 and the azimuthal angle <f>. The electric field of the 
//i-mode lies entirely in the xy plane and is linearly polarized at the 
angle 0 — TT/2. 

The cross-sectional wave numbers of both the Ei- and i/i-modes are 
identical and equal to 

kci = y/W+K = g = y sin 8. (60a) 
By Eqs. (1-1 lb) it follows that 

K = - ^ - 5 - (606) 
cos 8 

From the dependence of the cross-sectional wave number on X it is 
apparent that mode propagation ceases when \/k% + k2

y > k, i.e., when 6 
is imaginary. 

The power flow per unit area in the z direction can be expressed 
in terms of the rms mode voltage Vt as 

i 
f-W" 

for the case of a propagating i?i-mode or as 

*■ = i ":,,,i^'i2 = £-9w ^ 
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Ps=>/^ V i _ f e y |F"'2=" c°s e|y*"'2 (ei&) 
for the case of a propagating .H^-mode. 

The dominant E- and H-modes are obtained from Eqs. (57) and (59) 
by first placing kx = 0 and then ky = 0, or conversely. These modes are 
evidently TEM waves with the nonvanishing components 

Ey = V't(z), Ex = V'0'(z), 
HX = -r0(z), Hy = r0'(z) (62) 

and are seen to be polarized at right angles to one another. The wave
length X„ of propagation in the z direction is equal to the free-space 
wavelength X for these modes. 
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FIG. 2-14.—Atmospheric attenuation of plane waves, (a) Atmosphere composed of 10 

gm. of water vapor per cubic meter. (6) Atmosphere composed of 20 per cent oxygen at 
a total pressure of 76 cm. Hg. 

The attenuation constant of plane waves in free space is determined 
solely by the dielectric losses in the atmosphere of the space. Because 
of the importance of this type of attenuation at ultrahigh frequencies 
theoretical curves of the attenuation (8.686a), in decibels per kilometer, 
due to presence of oxygen and water vapor, are shown in Fig. 2-14 as a 
function of wavelength. 
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b. Field in the Vicinity of Gratings.—The analysis of the electro
magnetic field in the vicinity of periodic structures, such as gratings in 
free space, is in many respects simpler than in the case where no perio
dicity exists. Instead of a continuous infinity of modes, as in Sec. 2-6a, a 
denumerably infinite set of Er and H-modes is present with only discrete 
values of kx and ky. When the excitation and geometrical structure is 
such that the field has a spatial periodicity of period a and b in the trans
verse x and y directions, respectively, the only permissible values of 
kx and ky are 

*, = — , m = 0, ± 1 , +2 , ■ • ■ 

Zn > <63> 
kv = ~ , n = 0, ± 1 , ±2 , • • ■ 

A situation of this sort obtains, for example, when a uniform plane wave 
falls normally upon a planar grating having a structural periodicity of 
length a in the x direction and b in the y direction. The Er and Hi-modes 
in such a space are given by Eqs. (57) and (59) with kx and k„ as in Eqs. 
(63). The cutoff wavelengths of the Er and H,-modes are both equal 
to 

2TT y/ab 
— ' (64) vw V m2~ + n2 

a 

which is characteristic of the wavelength below which the plane waves 
are propagating and above which they are damped. On introduction 
of the substitution (58) it is apparent that these modes can be interpreted 
in terms of a discrete set of plane waves (diffracted orders) defined by the 
angles d and <i>. In many practical cases the excitation and dimensions 
are such that X > a > b, and hence only a single mode, one of the 
dominant modes shown in Eqs. (62), can be. propagated. As a conse
quence the field is almost everywhere described by the voltage and current 
of this one mode. 

A similar mode analysis can be applied to describe the fields in the 
vicinity of a periodic structure when the excitation consists of a plane 
wave incident at the oblique angles 0' and <j>'. If the spatial periodicity 
of the structure is again defined by the periods a and 6 in the x and y 
directions, the only permissible E- and H-modes, shown in Eqs. (57) and 
(59), are those for which 

k 2Im_k/ m = 0 ± l j ± 2 i 

a 
1-KU 

T 
fc„ = ^ P - k'v, n = 0 , ±1 , ±2, • 

(65) 
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where k'* = k sin 6' cos <t>' and fc£ = k sin 0' sin <j>' are the wave numbers 
of the incident excitation. The cross-sectional wave number of both the 
Ei- and the H,-mode equals 

hi = W O r ~ ~" g'x°s *')' + (i ~si" e'xin *')' = h (66) 

and as in the previous case these wave numbers characterize a discrete 
set of plane waves (or diffracted orders). 

Frequently the excitation and dimensions are such that only the 
dominant mode (m = n = 0) with kx = k'x and kv = k'y is propagating. 
For example, if </>' = 0 and a > b, this situation obtains, as can be seen 
from Eq. (66), when 

X > a(l + sin 8) = \ci, 

i.e., when the next higher diffraction order does not propagate. Under 
these conditions the dominant mode voltage and current describe the 
field almost everywhere. 

The components of the e,' vectors are obtained from the Ex and Ev 
components of the mode fields of Eqs. (57a) and (59a) on omission of the 
mode amplitudes. The normalization of the e,- vector functions has not 
been explicitly stated since it depends on whether the mode index i is 
continuous or discrete. For a continuous index i, e; must be divided 
by 2ir to obtain a vector function normalized over the infinite cross section 
to a delta function of the form i{kx — k'x) 5(kv — k'y).1 For discrete 
index i, e ; should be divided by \/ab to obtain, in accordance with Eqs. 
(1-5), a vector function normalized to unity over a cross section of 
dimensions a by 6. 

2-7. Radial Waveguides, a. Cylindrical Cross Sections.—An example 
of a nonuniform region in which the transverse cross sections are com
plete cylindrical surfaces of height b is provided by the radial waveguide 
illustrated in Fig. 2-15. In the r<j>z polar coordinate system appropriate 
to regions of this type, the transverse cross sections are <£z surfaces and 
transmission is in the direction of the radius r. Radial waveguides are 
encountered in many of the resonant cavities employed in ultra high-
frequency oscillator tubes, filters, etc.; free space can also be regarded as 
a radial waveguide of infinite height. As stated in Sec. 1-7 the transverse 
electromagnetic field in radial waveguides cannot be represented, in 
general, as a superposition of transverse vector modes. There exists 
only a scalar representation that, for no Hz field, is expressible in terms of 
£-type modes and, for no Et field, in terms of ff-type modes. 

1 The delta function S(x — x') is defined by the conditions that its integral be 
unity if the interval of integration includes the point x' and be zero otherwise. 
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1 1 ) ) ) ) ) ) ) >)))))) 

•■' , _i 
)) I > ) ) > > > > > T >> ) 

General view Side view 
FIG. 2-15.—Radial waveguide of cylindrical cross section. 

E-type modes.—The field components of an iJ-type mode in the 
radial guide of Fig. 2.15 can be represented as 

,, T , e„ nir cos hj, — —Vi-r cos -=- z . m<j>, b b sin ' 

E,= 

ET = 

_ T_, t„ m nir rnr sin + ViT r sin -r z m<t>, b Knr K„O b cos (67a) 

-if I'i 2m kb 
nir . nir cos sin -=- z . md>, b sin 

Hz = 0, 

HA = /, 
2irr 

nir cos cos -=- z . m<j>, b sin 

Hr 
, , . „ (, i m nir sin ±nVi -r cos -r- z m<(>, b Kn Knr b cos 

(676) 

where 

- V*- - (?)'• 
e„ = 1 if n = 0, 
«„ = 2 if n ^ 0, 

m = 0, 1, 2, 3, • • ■ , n = 0, 1, 2, 3, • • • . 
The z dependence of the i?-type modes is determined by the transmission-
line behavior of the mode voltage V[ and current /,'. The latter quanti
ties satisfy the transmission-line equations (1-64) with 

Z.' = f 
bem KI 

2irrtn K'JC 

< - > - ( - ) ' - ( " ) • (68) 
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For either m — 0 or n — 0 the transverse electric and magnetic fields of 
each mode have only a single component. As is evident from the form 
of Eqs. (67) there exist two independent Em„-type modes with different 
<t> polarizations; the amplitudes of these degenerate modes are different 
from each other although this has not been explicitly indicated. 

In a radial waveguide the concept of guide wavelength loses its 
customary significance because of the nonperiodic nature of the field 
variation in the transmission direction. Consequently the usual relation 
between guide wavelength and cutoff wavelength is no longer valid. 
However, the cutoff wavelength, defined as the wavelength at which 
K[ = 0, is still useful as an indication of the "propagating" or "non-
propagating" character of a mode. For an i?-type mode the cutoff 
wavelength is 

X„ = - ^ = = = = = = = > (69) <m+® 
and its dependence on r indicates that the mode is propagating in those 
regions for which X < X^ and nonpropagating when X > X^. 

In terms of the rms mode voltage and current the total outward power 
flow in an .E-type mode is Re (F,'/;*). For computations of power on a 
matched line it should be noted that the input admittance of a matched 
radial line is not equal to its characteristic admittance [cf. Eq. (1-74)]. 

The dominant E-type mode in the radial waveguide of Fig. 2-15 is 
the m — n = 0 mode and is seen to be a transverse electromagnetic 
mode. The nonvanishing field components of this TEM-mode follow 
from Eqs. (67) as (omitting the mode designations) 

F - V& 

i(r) I (70a) 

and the corresponding characteristic impedance and mode constant as 

Z = f 2^; a n d k. (70b) 

Frequently the excitation and guide dimensions are such that the domi
nant mode characterizes the field almost everywhere. The total outward 
power carried by the dominant mode at any point r in a matched non-
dissipative radial guide is 

P = ^ ^ | ^ ) | 7 ( r ) | 2 ' ( 7 i ) 

as is evident from the power relation and Eqs. (1-74); the function ho(kr) 
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is the amplitude of the zeroth-order Hankel function and is defined in 
Eq. (1-80). 

H-type modes.—The field components of an H-type mode in the 
radial guide of Fig. 2-15 are given by 

E. = 0, 
„ €m . mr sin 

2irr b cos Y ' } (72o) 
n _ -^Tiitnk m . nir cos 
■Or = + i f 7 , - r Sin - r - Z . TO<£, J ' b n„ «„r b sin ^' 
„ r„ €„ . nx sin i i 2 = Z, -r sin -5- z m<t>, b b cos 
„ , r „ c„ TO n7r nir cos , . 
HA = ±Ii -r r COS -=- Z . m<t>, > (726") 

9 b Knr nnb b sin ' K'*u> „ . „ „ („ nir 7i7r sm 
" r = —JVV/ FT - T7 COS -T- Z TO4>, 

•" ' 2irr kb b cos ' where 

— J»-(")'■ 
m = 0,1,2, ■■• . n = 1, 2, 3, • ■ • . 

The z-dependent mode voltage V" and current Z" obey the radial 
transmission-line equations (1-64) with 

2irrtn //k 
f U. 

cn m t 

* - >-(?)•-(")" 
(73) 

The existence of two distinct ZZm„-type modes with different </> polariza
tions is to be noted. 

The cutoff wavelength of the ZZmn-type mode is identical with that 
of the Z?mn-type mode and, as in the latter case, is indicative of regions 
of propagation and nonpropagation. The total outward power flow in 
an H-type mode is given in terms of the rms mode voltage and current by 
Re (Vi'I't'*). 

The dominant H-type mode in the radial guide of Fig. 2-15 is the 
m = 0, n = 1 mode. The nonvanishing field components of this mode 
can be written as 

E*==2^S1QbZ> 

H, = -r- sin I z, ) (74) 

„ . V X K 
Hr= -J,,2^2bC0SbZ' 
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on omission of the distinguishing mode indices. The characteristic 
impedance and mode constant of the dominant //-type mode are 

Z = f ^ - and K = *lk> b K >/* (75) 

The total outward power flow carried by the dominant //-type mode in a 
matched nondissipative radial line is 

_4xr/c 2 
b K iricrhl(Kr) |/(r)l2 (76) 

b. Cylindrical Sector Cross Sections.—Another example of a radial 
waveguide is provided by the nonuniform region illustrated in Fig. 2-16. 

Z i i i i i i i i i i-r 

i i i i i i i i i i i 

(a) General view (6) Side view 
F I G . 2-16.—Radial waveguide of sectoral cross section. 

In the r<j>z coordinate system indicated therein the cross-sectional surfaces 
are cylindrical sectors of aperture * and height b. 

E-ty-pe modes.—In the above type of radial waveguide the field 
components of an Z?-type mode are 

where 

_, T , e„ Wir . mir Ez = - V, -r cos -r- z sin — <t>, b b <s 

EA 
T., e„ mir nir nir mir , ' i T — * —r s l n TT z c o s -*r 4>> ' b x„r* Knb b * 

„ . T, 2 nir . nir . mir . 

Hz = 0, 
TT T, 2 nir . mir , H* = I<rt,cos T * sin "1" *' 

. T., tn k mir nir mir 
Hr = —jriVi -T- = cos -r- z cos — <£, 

m = 1, 2, 3, 
- > - ( ? ) ' 

n = 0, 1, 2, 3, 

(77a) 

(776) 
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The 2 dependence of this Emn-type mode is determined by the trans
mission-line behavior of the mode voltage V'{ and current I[, as given by 
Eqs. (1-64) with 

7' _ » J*t A 
' J r*e„ K'JI 

(78) 

< - 4 - (-)" - (s)' 
The cutoff wavelength of the ^ n - t y p e mode is 

^ = - 7 ^ = c ^ - 7 — v - . (79) 

\(£) + (iy 
and as before is indicative of the regions of propagation and nonpropaga-
tion. 

The dominant JJ-type mode in the radial waveguide of Fig. 2-16 is 
the m = 1, n — 0 mode. The nonvanishing field components of this 
mode are (omitting mode indices) 

V T 
E* = _ T s i n * *• 
H* = % s i n I *» > (80) 
w • v x T ^ 
* ' = ^ - b 2 7 i c o s i ^ 

The characteristic impedance and mode constant are 

5 ? and S = ^k*-(£) Z - f ^ S and ,' = J ^ - ^ , (81) 

and the transmission-line behavior is described in terms of the "standing 
waves" 

Jr/*(kr) and Nr/*(kr). (82) 

In terms of the dominant-mode rms voltage V the total outward power 
in a matched nondissipative guide is 

H-lype modes.—The field components of an .ff-type mode in the 
radial waveguide of Fig. 2-16 are 
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E. = 0, 
„ , .„ «m . nir mir 

v r$> b * ) (84o) 
„ . v r „ Cm A mir . nir . raw 

Hx = I, -r sin -r- z cos -^- <j>, 
0 0 <P 

TT T„ c» WIT nir JIT . mir i ,„ , 
"+ = —/j x —x. —x. c o s ~r z S l n ~ r̂ <£> / (846) 

where 

r r . T,(/ €m nir nir mir , 
r$ kb b <J> 

•• - ̂ rM' 
m = 0, 1, 2, 3, ■ • ■ , n = 1, 2, 3, • • • . 

The z-dependent mode voltage V" and current / " satisfy the radial trans
mission-line equations (1-64) with 

_ „ _ r*e„ Ki'k 
0em < 

•■" - V*' - (")" - (5)'-
(85) 

The cutoff wavelength is the same as that given in Eq. (79) for an Emn-
type mode. The total outward mode power is given by Re (F"JJ' ). 

The dominant //-type mode is the (wi = 0, n = l)-mode. The 
nonvanishing field components of the dominant / /-type mode are (omit
ting mode indices) 

v V . ir E A = — sin -r z, r$ b 

H, = y sin ^ z, ^ (86) 

„ . V X T 

The characteristic impedance and mode constant are 

The transmission-line behavior of the dominant //-type mode is expressed 
in terms of the standing waves 

Jo{i<r) and N0(nr). 
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The total outward power flow transported by this dominant mode in a 
matched nondissipative sectoral guide can be expressed in terms of the 
rms current / as 

r* A; 2 
2b K iTKrhKnr) I'WI2 (88) 

2-8. Spherical Waveguides. a. Fields in Free Space.—On introduc
tion of a r6<(> spherical coordinate 
system, as shown in Fig. 2-17, it 
is evident that free space may be 
regarded as a nonuniform trans
mission region or spherical wave
guide. The transmission direc
tion is along the radius r and the 
cross sections transverse thereto 
are complete spherical surfaces 
described by the coordinates 8 and 
<t>. In practice many spherical 
cavities may be conveniently re
garded as terminated spherical 
guides. 

The e'-mode functions charac
teristic of the .E-modes in a spherical guide are derivable from scalar 
functions 

F I G . 2-17.- -Spherical coordinate system for 
waves in space. 

where 

1 COS 
*i = *i = T7- P™(cos 8) . m<t>, Ni sin 

N2 _ 4TT n(n + 1) (n + m)\ 
* ~Z 2n + l ( n - m)!' 

1, n 

(89) 

n m = 0, 1, 2, 
n = 1, 2, 3, • ■ ■ , 

tm = 1 if m = 0, 
em = 2 if m ^ 0, 

and P^(cos 8) is the associated Legendre function of order n and degree 
m. Typical Legendre functions of argument cos 8 are 

P0 = 1, 
Pi = cos 9, 
P 2 = i (3 cos2 6 - 1), 
P 3 = i ( 5 cos3 8 - 3 cos 8), 

P} = 
p\ = 
p\ = 

15 sin2 

— sin 6 
—3 sin 
—t sin 
8 cos 8, 

j 

8 cos 8, 
8(5 c o s 2 

P 3 -

P2 

9 -
= 3 sin2 

- 1), 
15 sin3 

9, 

8. 

(90) 

1 Cf. S. A. Schelkunoff, Electromagnetic Waves, Chaps . 10 and 11, Van Nostrand, 
1943. 
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By Eqs. (1-3), (1-10), and (89) the field components of the i?„„-mode are 

„ V'i 1 rfP™ (cos 8) cos 
E,~ ~7F, Te s i n m * ' 
E, = ± - ; - ~ P"(cos 8) Sm m*. ) (91a) 

r TV, sin 8 cos ' 
„ . f/' w(n + 1) _ . „. cos 

T. _ /.' m __, „. sin / / ( = + -*T~-—a p?(cos 8) m4>, r Ni sm 8 cos 
/J 1 rfP?(cos 8) cos ) (916) 

i 7 * - ~7m—Te—sin m*' 
HT = 0, 

where the degeneracy of the 2?m„-mode is indicated by the two possible 
polarizations in <j>. The r dependence of the fields is determined by 
the mode voltage V[ and current I[. These quantities obey the spherical 
transmissi on-line equations (1-94). The components of the mode 
functions e[ normalized according to Eqs. (1-5) with dS = sinfl dd d<t> 
are obtained from Ee and E^, of Eq. (91a) on omission of the amplitude 
factor V'i/r. The outward power carried by the ith mode is Re (VJ*). 

The dominant mode in a spherical waveguide is the electric dipole 
mode n = 1. For the case of circular symmetry (m = 0) the non-
vanishing components of this mode are 

= F / 3 _ s 

r yJ8Tf 

^ = ^ f r W £ C 0 S ^ (92) 

on omission of the mode designations. In terms of the rms voltage V 
the total power carried by an outward traveling dominant mode is (c/. 
Sec. 1-8) 

P = p r |V(r)|«. (93) 
1 ~~ (krj* + Wj* 

The e"-mode functions characteristic of the fl-modes in a spherical 
waveguide are derivable from the scalar functions shown in Eq. (89). 
The field components of the f/m„-mode follow from Eqs. (F4), (1-10), 
and (89) as 
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Ee = ± ^ ,T m . P?(cos 0) S m m</>, r Ni sm 8 cos 
y ; ' 1 dPy(cos 9) cos 

* r i\Tj d0 sm ' 
E, = 0, 

(94a) 

„ /•' 1 dP£(cos 9) cos J 
H°= -TWi W~ sin"1*' 
„ _ . /." m 

HA — 
1'i m „ „ , „. sin — 1rj—.—-. P^(cos 8) m<t>, r Ni sin 8 cos ' 

Tj •,. V" n(n + 1) _ , „. cos 
^ = - j r ^ ^ ] v — ^ ( c O S 0 ) s i n m * -

(94b) 

The r dependence of the mode fields is determined by the spherical 
transmission-line behavior of the mode voltage V" and current I". The 
components of the normalized mode function are obtained from Ee 

and E* of Eq. (94b) on omission of the amplitude factor V"/r. 

Longitudinal view 
F I G . 2-18.-

Cross sectional view 
-Conical waveguide. 

As for the case of modes in a radial waveguide, the concepts of cutoff 
wavelength and guide wavelength lose their customary significance in a 
spherical guide because of the lack of spatial periodicity along the trans
mission direction. The cutoff wavelength 

Xe i = 
1-wr 

\/n(n + 1) (95) 

of both the Emn- and Hmn-modes is, however, indicative of the regions 
wherein these modes are propagating or nonpropagating. For regions 
such that X < \ci the mode fields decay spatially like \/r and hence may 
be termed "propagating"; conversely for X > \ci the mode fields decay 
faster than \/r and may, therefore, be termed "nonpropagating." 

b. Conical Waveguides.—A typical conical waveguide together with 
its associated spherical coordinate system r8<t> is illustrated in Fig. 2-18. 
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The transmission direction is along the radius r, and the cross sections 
transverse thereto are 841 spherical surfaces bounded by cones of aperture 
81 and 82. The conical waveguide is seen to bear the same relation to a 
spherical waveguide that a coaxial guide bears to a circular guide. 
Examples of conical guides are provided by tapered sections in coaxial 
guide, conical antennas, etc. 

The dominant .E-mode in the conical guide of Fig. 2-18 is a transverse 
electromagnetic mode whose nonvanishing components are 

Ee — , cot (0,/2) sin 8 r In ' 
cot (02/2) ) (96) 

H - T 1 

* 2irrsin0 

The r dependence of the dominant mode voltage V and current I is 
determined by the spherical transmission-line equations (1-94); for this 
case of the dominant (n = 0) mode these reduce to uniform transmission-
line equations. The choice of normalization is such that the character
istic impedance and propagation wave number are 

f , cot (0i/2) , , ,„„x 
z = £lnHoTW2j and ' - * • (97) 

The total outward dominant-mode power flow in a matched nondissipa-
tive conical guide is correspondingly 

The cutoff wavelength of the dominant mode is infinite. 
The attenuation constant of the dominant mode in a conical guide is a 

function of r and is given by 

= / ati/f , «i/f \ 1 , . 
\r sin 0i r sin dj cot {8^/2)' ( ' 

cot (02/2) 

where (Ri and (R2 are the characteristic resistances {cf. Table 1-2) of 
the inner and outer metallic cones. 

The ej mode functions characteristic of the E-modes in a conical 
guide are derivable by Eqs. (1-3) from scalar functions of the form 

*i = [P"(cos 0)P™(- cos 00 - P™(- cos 0) P"(cos 00] C0S m<j,, (100) 
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where the indices n (nonintegral in general) are determined by the roots of 

P™(cos 0 2 )P? ( - cos 0i) - P™(- cos 02)P™(cos 8i) = 0, 

where m — 0, 1, 2, 3, ■ ■ • . The e" mode functions characteristic of 
the i/-modes are derivable by Eqs. (1.4) from scalar functions 

», - P?(COS ») d P " ( - ; o s 9l) - f-(- cos e) tr^Al (101) 

where the indices n are the roots of 

rfPr(cos 02) rfP?(- cos Oi) _ dP%(- cos fl2) dP?(cos 9Q 
d0 d0 d0 d6 ~ 

where m = 0, 1, 2, 3, • • ■ . The lack of adequate tabulations both 
of the roots n and of the fractional order Legendre functions does not 
justify a detailed representation of the field components of the higher 
modes. The special case, 02 = ir — 8\, of a conical antenna has been 
investigated in some detail by Schelkunoff (loc. cit.). 



CHAPTER 3 

MICROWAVE NETWORKS 

3-1. Representation of Waveguide Discontinuities.—Waveguide struc
tures are composite regions containing not only uniform or nonuniform 
waveguide regions but also discontinuity regions. The latter are 
regions wherein there exist discontinuities in cross-sectional shape; these 
discontinuities may occur within or at the junction of waveguide regions. 
As indicated in the preceding chapters the fields within each of the wave
guide regions are usually completely described by only a single propa
gating mode. In contrast the complete description of the fields within a 
discontinuity region generally requires, in addition to the dominant 
propagating mode, an infinity of nonpropagating modes. Since a 
waveguide region can be represented by a single transmission line 
appropriate to the propagating mode, it might be expected that the 
representation of the discontinuity regions would require an infinity of 
transmission lines. This expectation is essentially correct but unnecessar
ily complicated. The nonpropagating nature of the higher-mode 
transmission lines restricts the complication in field description to the 
immediate vicinity of the discontinuity. Hence, the discontinuity 
fields can be effectively regarded as "lumped." The effect of these 
lumped discontinuities is to introduce corresponding discontinuities into 
the otherwise continuous spatial variation of the dominant-mode voltage 
and current on the transmission lines representative of the propagating 
modes in the over-all microwave structure. Such voltage-current dis
continuities can be represented by means of lumped-constant equivalent 
circuits. The equivalent circuits representative of the discontinuities 
together with the transmission lines representative of the associated wave
guides comprise a microwave network that serves to describe the fields 
almost everywhere within a general waveguide structure. The present 

t chapter is principally concerned with the general nature and properties 

of the parameters that characterize such microwave networks. 
The determination of the fields within a waveguide structure is 

primarily an electromagnetic-boundary-value problem. An electro
magnetic-boundary-value problem involves the determination of the 
electric field E and magnetic field H at every point within a closed region 
of space. These fields are required to satisfy the Maxwell field equations 
and to assume prescribed values on the boundary surface enclosing the 
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given region. According to a fundamental theorem a unique solution to 
this problem exists if the tangential component of either the electric field 
or the magnetic field is specified at the boundary surface. The reformu
lation of this field problem in terms of conventional network concepts 
will be illustrated for a general type of waveguide structure. 

a. Impedance Representation.—A typical waveguide structure is 
depicted in Fig. 3-1. The over-all structure is composed of a discon
tinuity, or junction, region J and a number of arbitrary waveguide regions 
1, . . . , N. The boundary conditions appropriate to this structure are 

F I G . 3-1.—Junction of N waveguides. 

that the electric-field components tangential to the metallic boundary 
surface S, indicated by solid lines, vanish and that the magnetic-field com
ponents tangential to the "terminal, "or boundary, surfaces Th . . . ,TN, 
indicated by dashed lines, assume prescribed but arbitrary values. It is 
further assumed that the dimensions and frequency of excitation are such 
that only a single mode can be propagated in each of the waveguide 
regions although this is not a necessary restriction. It is thereby 
implied that the terminal surfaces T\, . . . , TN are so far removed from 
the junction region J that the fields at each terminal surface are of 
dominant-mode type. Consequently the tangential electric field E( and 
magnetic field H ( at any terminal surface Tm may be completely charac
terized by the equations (c/. Sec. 1-3) 

E,(x,y,zm) = Vme„ 
H,(x,2/,2„) = J m h m 

Zom X e m , (1) 

where em and hm are the vector mode functions indicative of the cross-
sectional form of the dominant mode in the mth guide, where Zo™ denotes 
the outward unit vector along the axes of the mth guide, and where the 
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voltage V„ and current / „ denote the rms amplitudes of the respective 
fields at Tm; the normalization is such that Re (VmIZ) represents the 
average power flowing in the mth guide toward the junction region. 

The above-quoted uniqueness theorem states that the electric field 
within the space enclosed by the terminal surfaces is uniquely determined 
by the tangential magnetic fields or, equivalently, by the currents Ii, 
. . . , IN at the terminals 7\, . . . , TV. In particular the tangential 
electric fields or, equivalently, the voltages Vi, . . . , VN at the terminal 
surfaces Ti, . . . , TN are determined by the currents 7j, . . . , IN- The 
linear nature of the field equations makes it possible to deduce the form 
of the relations between the voltages and currents at the various terminals 
without the necessity of solving the field equations. By linearity it is 
evident that the voltages V\, . . . , VN set up by the current Ih or 72, 
. . . or I* acting alone must be of the form 

(2) 

where the Zmn are proportionality factors, or impedance coefficients, 
indicative of the voltage set up at the terminal Tm by a unit current acting 
only at the terminal Tn. By superposition the voltages resulting from 
the simultaneous action of all the currents are given by 

F i = Z n / i , 
V, = Zxdx, 

VN = ZNIII, 

VI — Z\zli, 
Vi = Z22I2, 

VN = Zf/J}., 

► 1 — Z\NIN 
V2 = ZZNIN, 

VN = ZNN-LNI 

V I = Z\\I\ + Ziili + • • ■ -\-Z\NIN, 
V2 — Zaili "f" Z22I2 + " ■ ■ ~\~ZININ, 

(3) 

VN = ZNIII + ZNZII + ~r ZNNIN-

These so-called network equations, which completely describe the behavior 
of the propagating modes in the given microwave structure, are frequently 
characterized simply by the array of impedance coefficients 

/Z11 Z12 
Z02 

Z\N I 
Z%N 

\ZN\ ZN2 

called the impedance matrix of the structure. 
The foregoing analysis of an JV terminal pair microwave structure is 

file://-/-Z/nIn
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the exact analogue of the familiar Kirchhoff mesh analysis of an n ter
minal pair low-frequency electrical structure. As in the latter case, 
many properties of the impedance coefficients Zmn may be deduced from 
general considerations without the necessity of solving any field equations. 
The more important of these properties are Zmn = Znm and Re (Zmn) = 0. 
With appropriate voltage-current definitions (c/. Chap. 2) the former of 
these relations are generally valid, whereas the latter pertain only to 
nondissipative structures. In addition to the above, many useful proper
ties may be derived if certain geometrical symmetries exist in a wave
guide structure. Such symmetries impose definite relations among the 
network parameters Zmn {cf. Sec. 3-2)—relations, it is to be stressed, that 
can be ascertained without the necessity of solving any field equations. 
These relations reduce the number of unknown parameters and often 
yield important qualitative information about the properties of micro
wave structures. 

The form of the network equations (3) together with the reciprocity 
relations Zm„ = Znm imply the existence of a lumped-constant equivalent 
circuit which provides both a schematic representation and a structural 
equivalent of the relations between the voltages and currents at the 
terminals of the given microwave structure. This equivalent circuit, or 
network representation, provides no information not contained in the 
original network equations, but nevertheless serves the purpose of casting 
the results of field calculations in a conventional engineering mold from 
which information can be derived by standard engineering calculations. 
In view of this representation, the boundary-value problem of the 
determination of the relations between the far transverse electric and 
magnetic fields on the terminal surfaces is seen to be reformulated as a 
network problem of the determination of the impedance parameters 
Zm„. These parameters may be determined either theoretically from the 
field equations or experimentally by standing-wave measurements on 
the structure. In either case it is evident that the impedance parameters 
provide a rigorous description of the dominant modes at the terminal 
surfaces and hence of the electromagnetic fields almost everywhere. 
This " f a r " description, of course, does not include a detailed analysis of 
the fields in the immediate vicinity of the discontinuities. 

In the reformulation of the field description as a network problem 
the choice of terminal planes is seen to be somewhat arbitrary. This 
arbitrariness implies the existence of a variety of equivalent networks for 
the representation of a waveguide structure. Any one of these networks 
completely characterizes the far field behavior. No general criterion 
exists to determine which of the equivalent networks is most appro
priate. This ambiguous situation does not prevail for the case of lumped 
low-frequency networks, because there is generally no ambiguity in the 
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choice of terminals of a lumped circuit. However, even at low frequencies 
there are, in general, many circuits equivalent to any given one, but 
usually there is a "na tu ra l " one distinguished by having a minimum 
number of impedance elements of simple frequency variation. It is 
doubtful whether a corresponding "na tu ra l " network exists, in general, 
for any given waveguide structure. In special cases, however, the same 
criteria of a minimum number of network parameters, simple frequency 
dependence, etc., can be employed to determine the best network repre
sentation. These determinations are facilitated by the ability to trans
form from a representation at one set of terminal planes to that at another 
(cf. Sec. 3-3). 

Various definitions of voltage and current may be employed as meas
ures of the transverse fields in waveguide regions. The arbitrariness in 
definition introduces an additional source of flexibility in the network 
representation of waveguide structures. For example, if the voltages Vn 

and currents 7„ employed in Eqs. (3) are transformed into a new set V„ 
and In by 

Vn = -£==, 7„ = /„ V7Tn, (4a) 
VNn 

the transformed network equations retain the same form as Eqs. (3) pro
vided the transformed impedance elements are given by 

2«„ = Zmn VWJfn. (46) 

The new representation may possess features of simplicity not contained 
in the original representation. Because of this it is frequently desirable 
to forsake the more conventional definitions of voltage and current in 
order to secure a simplicity of circuit representation. It should be noted 
that the new definitions are equivalent to a change in the characteristic 
impedances of the terminal waveguides or, alternatively, to an introduction 
of ideal transformers at the various terminals. 

6. Admittance Representation.—Although the preceding reformulation 
of the " far" field description of the microwave structure of Fig. 3-1 has 
been carried through an impedance basis, an equivalent reformulation 
on an admittance basis is possible. In the latter case the original bound
ary value problem is specified by indication of the transverse components 
of the electric rather than the magnetic field on the terminal surfaces 
Ti, . . . , TV The introduction of voltages Vm and currents 7„ on the 
terminal planes together with a Kirchhoff analysis on a node basis (i.e. 
Vm rather than Im specified at Tm) leads in this case to network equations 
of the form 
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/ . = YnVi + F 1 2 7 2 + • • • + YlNVN, 
u = Yilv1 + F22y2 + • • • + Y2NVN, 

(5) 

I» = YsiVi + YN2V, + ~T Y NN VN, 

where the admittance elements F„„ possess the same general properties 
Ymn = Ynm and in the nondissipative case Re (Fm„) = 0 as the impedance 
elements of Eqs. (3). Tn this case the admittance element Ymn represents 
the current set up at the terminal T„ by a unit voltage applied only at the 
terminal Tn. As an alternative to Eqs. (5) the array of admittance 
coefficients 

F2 1 

F12 

i 22 

1 / Afl I J 

FLV ' \ 

YNNI 

called the admittance matrix of the waveguide structure, is sometimes 
employed to characterize the dominant-mode behavior of the given 
structure. 

The statements relative to the arbitrariness in choice of terminal 
planes and voltage-current definitions apply equally well to the admit
tance description. However, the equivalent network representation of 
the network equations (5) is dual rather than identical with the network 
representation of Eqs. (3). 

c. Scattering Representation.—An alternative description of the fields 
within the waveguide structure of Fig. 3 1 stems from a reformulation of 
the associated field problem as a scattering problem. Accordingly, in 
addition to the general requirement of the vanishing of the electric-field 
components tangential to the metallic surfaces, the original boundary-
value problem is defined by specification of the amplitudes of the waves 
incident on the terminal planes T\, . . . , TN. In this scattering type of 
description the dominant-mode fields at any point in the waveguide 
regions are described by the amplitudes of the incident and reflected 
(scattered) waves at that point. In particular the fields at the terminal 
plane Tm are described by 

E,(x,y,zm) = (am + bm)em, 
H((x,j/,zm) = (om — 6m)hm, X e„ (6) 

where e„ and hm are vector mode functions characteristic of the trans
verse form of the dominant mode in the mth guide and am and bm are, 
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respectively, the complex amplitudes of the electric field in the incident 
and reflected wave components of the dominant mode field at Tm. The 
normalization of the mode functions is such that the total inward power 
flow at any terminal Tm is given by | Q>m\ \0m |2; this corresponds to a 
choice of unity for the characteristic impedance of the mth guide. 

The fundamental existence theorem applicable to the scattering 
formulation of a field problem states that the amplitudes of the scattered 
waves at the various terminals are uniquely related to the amplitudes of 
the incident waves thereon. As in the previous representations the form 
of this relation is readily found by adduction of the linear nature of the 
electromagnetic field. Because of linearity the amplitudes of the 
reflected waves set up at the terminal planes T\, . . . , TN by a single 
incident wave ai at T\, or a2 at T2, . ■ . are 

&i = <Snai, 61 = (Si2fl2, bi = SiKdn, 
62 = 021<Il , &2 = S22O2, ^2 = OJWOAT, 

(7) 

ON — Ojvifli, 0,v — Snilli, On — SNNCIN-

Therefore, by superposition the amplitudes of the scattered waves aris
ing from the simultaneous incidence of waves of amplitudes ai, . . . , an 
are 

bi = SnOi + Si2a2 + • • • + Swan, 
62 = $2101 + S22O2 "f" ' ' ' + S2!fO,N, 

(8) 

bfl = SNIO,1 + SN20,2 + ~ r ^jvA'tt .v j 

where the proportionality factor, or scattering coefficient, Smn is a measure 
of the amplitude of the wave scattered into the mth guide by an incident 
wave of unit amplitude in the nth guide. In particular, therefore, the 
coefficient Smm represents the reflection coefficient at the terminal Tm 
when all other terminals are "matched." For brevity it is frequently 
desirable to characterize the scattering properties of a waveguide structure 
by the array of coefficients 

jSn 
S21 

s = 

S12 
022 

Sin 
OJ,v 

(9) 

\o jv i 0 ^ 2 ' * * www I 

called the scattering matrix, rather than by Eqs. (8). 

file:///ojvi
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The elements Smn of the scattering matrix S may be determined either 
theoretically or experimentally. The values so obtained are dependent 
on the choice of terminal planes and the definitions of incident and 
scattered amplitudes. Certain general properties of scattering coeffi
cients may be deduced from general considerations. For example, with 
the above definitions [Eqs. (6)] of the amplitudes a„ and 6„, it can be 
shown that 

1. The reciprocity relations Smn = Snm, 
N , 

2. The unitary relations ) S*pmSfin = 5mn = l_ !, ~ n' 
4* (0 if m ^ n, 

(10) 

are valid; the latter apply only to nondissipative structures. 
If the given structure possesses geometrical symmetries, it is possible 

to derive corresponding symmetry relations among the scattering coeffi
cients. These relations, derivable without the necessity of solving field 
equations or performing measurements, are identical with those for the 
elements of the impedance or admittance matrices of the same structure. 

The reformulation of field problems either as network problems or as 
scattering problems provides fully equivalent and equally rigorous 
descriptions of the far field in a microwave structure. The choice of 
one or the other type of description is difficult to decide in many cases. 
In favor of the impedance or admittance descriptions are the following 
facts: (1) The descriptions are in close accord with conventional low-
frequency network descriptions; (2) they can be schematically represented 
by equivalent circuits; (3) they lead to simple representations of many 
series or shunt combinations of discontinuities and junctions. In favor 
of the scattering description are the facts: (1) It is particularly simple and 
intuitive when applied to the important case of matched or nearly 
matched microwave structures; (2) reference-plane transformations can 
be effected quite simply by phase shifts of the scattering coefficients. 

For the most part impedance or admittance descriptions are employed 
throughout the present volume since it is desired to stress the connection 
between microwave network analysis and the conventional low-frequency 
network analysis. For interrelations among the various descriptions the 
reader is referred to Principles of Microwave Circuits by C. G. Montgomery 
and R. Dicke, Vol. 8 of this series. 

3-2. Equivalent Circuits for Waveguide Discontinuities.—The Kirch-
hoff analysis of the far fields within a general ^-terminal pair microwave 
structure can be expressed in terms of N(N + l ) / 2 complex parameters 
[cf. Eqs. (3) and (5)] and represented by a general A?-terminal-pair 
equivalent network. If the structure possesses geometrical symmetries, 
it is possible to reduce the number of unknown network parameters and 
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correspondingly simplify the form of the equivalent network by means of a 
Kirchhoff analysis that utilizes these symmetries. Symmetrical struc
tures are characterized by the existence of two or more terminal planes 
looking into any one of which the structure appears electrically identical. 
As outlined in the preceding section, a Kirchhoff analysis of the response 
due to current excitation at one of these symmetrical terminal planes is 
described by impedance coefficients given by one of the columns in Eqs. 
(2). The columns describing the responses due to current excitation at 
the other symmetrical terminal planes can be expressed in terms of these 
same impedance coefficients, but in different order. I t is thus evident 
that the symmetry properties of the given structure can serve to reduce 
the number of unknown impedance coefficients. Results of analyses 
utilizing structural symmetries will be tabulated in this section for several 
microwave discontinuities. 

The Kirchhoff analysis of a symmetrical microwave structure can 
be effected on either an impedance or an admittance basis. The choice 
of analysis is generally dictated (at least for the N > 3 terminal pair 
structures) by the type of geometrical symmetry possessed by the struc
ture. I t is not implied hereby that only one type of description is 
possible in a given case. An impedance or an admittance description is 
always possible. In a structure with a certain type of symmetry the 
impedance description, for example, may be found most desirable since 
the parameters of the equivalent circuit for the structure may be simply 
related to the elements of the impedance matrix but not to those of the 
admittance matrix. The possible existence of another equivalent circuit 
whose parameters are simply related to the elements of the admittance 
rather than of the impedance matrix is not excluded. However, the 
two equivalent circuits will not, in general, be equally simple. The 
preferred description is that based on the simplest equivalent circuit. 

In the following the equivalent circuits together with the correspond
ing impedance, or admittance, representations of several general classes 
of microwave structures will be presented. No detailed effort will be 
made either to show how the symmetries of the structure delimit the 
form of the matrix and circuit representations or to discuss the reasons 
for the choice of a particular representation. The consistency of a 
representation with the symmetry of a structure can be readily verified 
on application of a Kirchhoff analysis both to the given structure and to 
the equivalent circuit. These analyses lead, of course, to the same 
matrix representation. Incidentally the recognition of the applicability 
of conventional Kirchhoff analyses to microwave structures constitutes 
an important engineering asset, for one can thereby set up and delimit 
the impedance or admittance matrix or, alternatively, the equivalent 
circuit representation thereof and derive much information about the 
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behavior of a given microwave structure without the necessity of solving 
any field equations. 

For a given type of geometrical symmetry the equivalent circuit 
information will be seen to apply equally well to a variety of waveguide 
structures of which only a few will be pointed out. Since no specific 
choice either of terminal planes or of voltage-current definitions will be 
made, the representations to be presented are of a quite general form and 
can be considerably simplified by a judicious choice of these factors (cf. 
Sec. 3-3). However, the positive directions of voltage and current will 
be indicated since the form of the impedance or admittance matrix 

>>>>>>>>>>> > > i ,-rrr 
(I) ' <*> 

(a) Symmetrical discontinuity 
in a waveguide 

ru Y12 

V. ) 
(c) Admittance matrix 

F I G . 3-2.—Symmetrical two-terminal-pair waveguide structures. 

(though not the equivalent circuit) depends on this choice. Furthermore 
the location of the terminal planes, though arbitrary, must be in accord 
with the symmetry of the given structure. I t is assumed throughout 
that only the dominant mode can be propagated in each of the wave
guides, this unnecessary restriction being employed only for the sake of 
simplicity 

a. Two-terminal-pair Networks.—Typical two-terminal-pair wave
guide structures of arbitrary cross section are illustrated in Fig. 32a and 6. 
For a symmetrical choice of the terminals Ti and T2 relative to the central 
plane, the symmetry of the structure imposes a corresponding symmetry 
on the admittance matrix and equivalent circuit representation of the 
over-all structure. The general representation of a two-terminal-pair 
structure is thereby reduced to that shown in Fig. 3-2c and d. The 
positive directions of voltage and current have been so chosen as to 
obtain positive off-diagonal elements in the admittance matrix. 

(1) ^ - £ 2 ^ ^ = Z 2 > ^ (2) 

(6) Symmetrical junction of two guides 

h o » h » o 

I'll — Yi* -Yu-Yu v 

-o 
r2 (d) Equivalent circuit 
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The simplification in circuit description resulting from the symmetry 
of the above two-terminal-pair structures can be taken into account 
equally well on an impedance basis. In this case the circuit represen
tation is expressed in terms of a symmetrical T-circuit rather than of the 
T-circuit employed in the admittance description. 

b. Three-terminal-pair Networks.—An arbitrary junction of three 
waveguides may be represented by either the impedance or the admit
tance matrix shown in Fig. 33a or b. The equivalent circuits correspond-

^11 ^12 ^13 

Z\2 Z22 %21 

"13 Z?l Z; 33 

V 
(a) Impedance matrix of a general 

6-terminal network 

^ 
I'll ri2 1-, 

^12 ^22 Yl 

>-13 ^23 I ' , 

23 

3a 

V 
(c) Admittance matrix of a general 

6-terminal network 

h 1 1 
v,\ I, 

(6) Equivalent network for a (<f) Equivalent network for a 
general 6-terminal structure general 6-terminal structure 

FIG. 3-3.—Representations of general three-terminal-pair structure. 

ing to these matrices are dual to one another and can be represented as 
indicated in Fig. 33c and d. These representations can be considerably 
simplified for the case of symmetrical structures. 

An important class of symmetrical three-terminal-pair structures is 
that in which geometrical symmetry exists with respect to a plane. Such 
symmetry implies that the symmetry plane bisects one of the guides, the 
so-called stub guide, and is centrally disposed relative to the remaining 
two guides, the latter being designated as main guides. Structures with 
this planar symmetry may possess either E- or fl-plane symmetry, 
depending on the type and relative orientation of the propagating modes 
in the main and stub guides. Emplane symmetry obtains when sym
metrical electric-field excitation in the main guides results in no coupling 
to the stub guide. On the other hand, i7-plane symmetry implies that 
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antisymmetrical electric-field excitation in the main guides produces no 
excitation of the stub guide. I t should be noted that such properties are 
not present if modes other than the dominant can be propagated in the 
stub guide. 

STRUCTURES WITH E-PLANE SYMMETRY.—Two junctions with #-plane 
symmetry are illustrated and represented in Fig. 3 4. When formed of 
guides with rectangular cross section, such junctions are characterized 

1' > "' " ' ■ ' ' ' ' ' ' 

" " > ' > > > A ■* > t > > > > 

( a ) Symmetrical E-plane T-junction (6)Symmetrical E-plane ^-junction 

*il 

y» 

ru 

*ia 

*u 

Ya 

Yl3 

Y13 

Y33 

(c) Admittance matrix ' i ( d ) E q u i v a | e n , c i r c u i , 
Fio. 3-4.—Symmetrical three-terminal-pair structures—E-plane symmetry. 

by the fact that the far electric field is everywhere parallel to the plane 
of the above figures. The indicated admittance matrix and equivalent 
circuit representations of such structures depend on a symmetrical 
choice of terminal planes in guides (1) and (2). 

For the special case of a Y junction with * = 120°, it follows from the 
added symmetry that Y12 = Yu and Yn = Y33, provided the terminal 
plane in guide (3) is selected in the same symmetrical manner as those in 
guides (1) and (2). The equivalent circuit of Fig. 3-4d therefore reduces 
to that shown in Fig. 3-5a. 

For the case of a Y junction with * = 0, the so called i?-plane bifurca
tion, the sum of the terminal voltages is zero and consequently Y^ = °o 
(i, j = 1, 2, or 3) if the terminal planes are all chosen at the plane of the 
bifurcation. Although the admittance matrix is singular in this case, 
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differences of the matrix elements are finite and the equivalent circuit of 
Fig. 3-4d reduces to that shown in Fig. 3-56. For a bifurcation with a 

QT3 

TV 

or 

"V, 

A/V— 

Yn-Yn 

"h 

6r 
(a) (6) 

FIG. 3*5,—(a) Equivalent circuit for 120° F-junction. (6) Equivalent circuit for 0° 
F-junction. 

dividing wall of arbitrary thickness 

Y = Yu + Y33 — 2¥is, 

and for a wall of zero thickness 

Y = Yu — " 1 : 

STRUCTURES WITH H-PLANE SYMMETRY.—The sectional views of the 
junctions illustrated in Fig. 3-4a and b apply as well to junctions with 
//-plane symmetry. In the latter case, for guides of rectangular cross 
section, the far magnetic field is everywhere parallel to the plane of the 
figures. Coaxial T and Y junctions, though not possessing the same 
geometrical structure, have the same type of field symmetry; junctions 
of this type are illustrated in Fig. 3-6a and b. The associated imped
ance matrix and equivalent circuit representations shown in Fig. 3-G 
correspond to a symmetrical choice of terminal planes in guides (1) 
and (2). 

If * = 120° in the i/-plane Y junctions of Fig. 3-46, the higher degree 
of symmetry implies that Z12 = Z13 and Zn = Z33, provided the terminal 
plane in guide (3) is chosen symmetrically with those in guides (1) and (2). 
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In this case the equivalent network of Fig. 3-6<i becomes completely 
symmetrical and is composed of a common shunt arm of impedance Zi3 

and identical series arms of impedance Zn — Z12. 

ZZZZZZZZZJ 
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> > > > > > ' 
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{a) Probe coupled junction of coaxial 
and arbitrary waveguides 
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Zl3 

z13 

z33 

matrix 

t '» 
Vi 

r, 

(6) Coaxial T-junction 

Z33~Z\3 

2l2_2l3-X ' 
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(d) Equivalent circuit 
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F I G . 3-6.—Symmetrical three-terminal-pair structures—//-plane symmetry. 

c. Four-terminal-pair Networks, JUNCTIONS WITH E-PLANE SYM
METRY.—Junctions of four rectangular guides with .E-plane symmetry are 
indicated in Fig. 37a and b. Since there exist two symmetry planes, 
either guides (1) and (2) or guides (3) and (4) can be designated as the 
main guides or as the stub guides. The designation .E-plane is consistent 
with the fact that the far electric-field intensity is everywhere parallel 
to the sectional plane indicated in the figure. If guides (1), (2) and 
guides (3), (4) are identical and the terminal planes in identical guides are 
chosen symmetrically, the admittance matrix and equivalent circuit 
representations of the structure are shown in Fig. 3-7c and d. 

The indicated equivalent circuit applies to the junction in Fig. 3-75 
only if the thickness of the dividing wall is sufficiently large to make 
negligible the .E-mode coupling (i.e., the coupling resulting when the 
normal electric field is a maximum at the aperture). If this situation 
does not prevail, as is the case when the thickness of the dividing wall is 
small, the +45° diagonal elements of the admittance matrix of Fig. 3-7c 
should be changed from F13 to Yu in order to take account of both E-
and //-modes of coupling through the aperture. For the case of four 
identical guides, a dividing wall of zero thickness, and all terminal planes 
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FIG. 3-7.—Symmetrical four-terminal-pair structures—ff-plane symmetry. 
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FIG. 3-8.—Equivalent circuit for junction of Fig. 3-76 with wall of zero thickness. 

chosen coincident at the central reference plane T, the elements of the 
admittance matrix become infinite but differ from one another by a finite 
amount. The equivalent circuit corresponding to the resulting singular 
matrix is illustrated in Fig. 3-8 where 

Ya = 2 ( 7 „ - F12) = 2(F1 3 - Yu) = 2(F3 3 - Ytl), 
Yb = 2(F12 - Yu) = 2(F34 - F I 3) . 
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JUNCTIONS WITH H-PLANE SYMMETRY.—The sectional views of Fig. 
3-7a and b apply equally well to junctions with //-plane symmetry; in 
such junctions the far magnetic field intensity is everywhere parallel 
(i.e., the far electric field is everywhere perpendicular) to the plane of the 
indicated sectional view. The coaxial guide junctions shown in Fig. 
3-9a and b also possess the same field symmetry as the //-plane junctions. 

I"' 
E . . . . . . . . 

(4) 

EH 

I > > I * >T 

(2) 

(3) 

(a) Coaxial to waveguide junction 

(4) 

f (1) 
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f t f j j r r r r ) 

'///////////A & 
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:<3) 

(b) Cross junction of two coaxial guides 

Zl\ Z\2 Z\3 Z\i 

Z\2 Zll Zu 2]3 

Z\% Z\% Z 3 3 Z 3 4 

Z\3 Zn Z34 Z33 

y 

(d) Equivalent circuit (c) Impedance matrix 
F I G . 3-9.—Symmetrical four-terminal-pair structures—//-plane symmetry. 

If the terminal planes 7\ and T2 are chosen symmetrically (as likewise 
T3 and T4), the equivalent circuit and impedance matrix representations 
of this class of structures are shown in Fig. 3-9c and d. 

If the dividing wall in the //-plane junction of Fig. 3-7b is of small 
thickness, the +45° diagonal elements of the impedance matrix are to be 
changed from Z13 to Zn. The corresponding equivalent circuit is shown 
in Fig. 3-10a. The special case of identical guides, a dividing wall of zero 
thickness, and all terminal planes coinciding at the central reference plane 
Tis represented by the equivalent circuit of Fig. 3-106. 

MAGIC T-JUNCTIONS.—Two typical magic T-junctions are depicted in 
Fig. 3-lla and b. In Fig. 311a a symmetrical junction of four rectangu
lar guides is illustrated in which guide (3) is the //-plane stub and guide 
(4) is the .E-plane stub. Figure 3-116 is a symmetrical junction of one 
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Za~{Z\\ ~Z\ij ~ (Zi4 -Z1 3) 
2c=(^33~23 4) - (2i4 _Zi 3 ) 

(a) Wall of arbitrary thickness 

'W—o 

Za = 2(Z„-Z 1 2 ) = 2 (2 ,3 -Z„) = 2(7 3 3-Z 3 4) 

Z(, = 2(Z1 2-Z1 3) = 2(Z34-Z13) 

(6) Wall of zero thickness 
FIG. 3-10. Equivalent circuits for junction of Fig. 3-76—//-plane symmetry. 
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coaxial and three rectangular guides; in this figure the coaxial guide (3) 
is the .ff-plane stub. If the terminal planes in the identical guides (1) 
and (2) are chosen symmetrically, the impedance matrix and equivalent 
circuit representations of these junctions are given in Figs. 311c and d. 

3-3. Equivalent Representations of Microwave Networks.—Many of 
the equivalent circuits indicated in the preceding sections may be unsuit
able in practice either because of difficulties in carrying out network 
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computations or because of the complexity in the measurement and 
frequency dependence of the circuit parameters. By an appropriate 
choice both of voltage-current definitions and of reference planes, alterna
tive circuits can be devised in which such difficulties are minimized. 
Several equivalent representations obtained in this manner will be 
described in the present section. Since symmetrical JV-terminal-pair 
representations can often be reduced by symmetry analyses (bisection 

t—d !i 
(i) 

Ta T> 

(2) 

T2' T2° 

FIG. 3-12.—General two-terminal-pair waveguide discontinuity. 

theorems) to a number of two-terminal-pair networks or less, equivalent 
representations of the basic two-terminal-pair structures will be con
sidered first. 

The arbitrary discontinuity at a junction of two different guides 
illustrated in Fig. 3-12 is an example of a general two-terminal-pair 
microwave structure. The over-all structure may be represented by 
transmission lines of characteristic impedances Zi = l / F i a n d Z 2 = l/Yi, 
connected at the terminal planes Ti and T2 by either the T or ir equivalent 

-w 
^11~^12< ^ " ^ l ? 

* 0 1 

o— 
T equivalent 

^52 

- O 
T, 

o-
IT equivalent 

-O 

* J 2 

-o 
T2 

FIG. 3-13a.—Circuit representations of a general two-terminal-pair structure. 

circuit indicated in Fig. 313a. The relations among the circuit param
eters of the T and IT representations at the terminals 7\ and T2 are 

Zn Zl2 = 

Zii = 

Zl2 = 

Y» r„ 

\Y\' 
Y12 

\Y\ 

Ylt = 

y» = 

Ylt = 

Z\% 
\z\ 

Z\2 
\z\' 
Zll — Zl2 

(11) 
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where 

\Y\ = ^11^22 ~ Y\2 = r^i; \Z\ = ZUZM — Z\2 = ryi-

The relation between the input impedance Zia (or input admittance F™) 
at T\ and the output impedance Zout (or output admittance YM) at T2 

is given by 

Zin = Zu — -^ :—7}—> I Or Yin = Yn ~ TT , v )• 
^22 "T -"out \ I I ! T /out/ 

(12) 

At the same terminals T\ and T2 alternative representations of the 
above discontinuity are provided by the series-shunt circuits of Fig. 3136. 

121/Zn 

Zx ..r^^-s 
0 1 ' ' O 

»-*• 
T, 

Z\2 
Shunt-series Series-shunt 

FIG. 3*13fe.—Circuit representations of a general two-terminal-pair structure. 

These dual circuits are equivalent to the T and T-circuits shown in Fig. 
3-13a. The primary-secondary turns ratio of the ideal transformer is 
denoted by n / 1 ; the corresponding impedance ratio at the transformer 
terminals is n 2 / l . It is evident that for a structure in which the determi
nant \Z\ or \Y\ vanishes, the equivalent circuit becomes either purely 
shunt or purely series, respectively. . , 
In this special case the ideal trans- ' 
former can be omitted if the char- z, „ _I zx 

acteristic impedance of the output ° 
line is changed to n2Z2; i.e., if the 
voltage-current definitions in the 
output guide are changed. \s %g Xg 

A variety of other equivalent |̂ ^ * ^ — " ™ ° 
r e p r e s e n t a t i o n s fo r t w o - t e r m i n a l - ' F l Q 3-14.-TransmisS i0n-l ine represent!-
pa i r S t r u c t u r e s Can b e f o u n d b y tion of a symmetrical two-terminal-pair 
employing transmission lines as 
circuit elements. Thus, as shown in Fig. 3-14, a transmission line of length 
8 = d and characteristic impedance Z0 can be employed to represent a 
symmetric discontinuity structure with Z n = Zi2(Yn = Y2i). In terms 
of the parameters of the circuit representations of Fig. 3-13a and 6, the 
transmission-line parameters are 
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z„ = Vz\^zj„ Y0 = vTfT^T;;, 
9 / z 1 2 — Z n 0 /F12 ~ F u 

t a n 2 = V^TX;' t a n 2 = V^TTFT;-
The consideration of the corresponding representations for asymmetrical 
structures will be deferred until the closely related question of the trans
formation of reference planes is treated. 

Transformations of Reference Planes.—Equivalent circuit representa
tions of a waveguide discontinuity may be considerably simpler at one set 
of terminal planes than at another. The investigation of simplifications 
of this type requires the ability to determine the equivalent circuit param
eters at one set of reference planes from the knowledge of the parameters 
at any other set. For the case of the structure shown in Fig. 3-12, 
shifts of the input terminals from T\ to T[, a distance d away from the 
junction, and of the output terminals from T2 to T't, a distance s away 
from the junction, can be accomplished in several ways. A straight
forward way of effecting this shift involves the addition of transmission 
lines (or their equivalent circuits) of lengths d and s to the input and out
put terminals, respectively; the characteristic impedance and propagation 
wave number of the input and output lines being Zx — 1/Ti, KX = 2ir/\gU 
and Zz = 1/F2, «2 = 2ir/X„2. The computation of the " shifted " param
eters can be carried out by standard circuit techniques. Though some
what laborious, this method has the virtue of being applicable to 
JV-terminal-pair structures involving both uniform and nonuniform 
transmission lines. Phase shift of the scattering matrix of a microwave 
structure provides an alternative method of reference-plane transfor
mations, but this will not be discussed herein. 

For the particular case of uniform lines there is another way of effect
ing the desired transformation. This method is based on the fact that an 
arbitrary two-terminal-pair network can be represented as an ideal 
transformer at certain "characteristic" reference planes. Since reference 
plane transformations to and from these "characteristic" terminals can 
be readily accomplished, a simple means of carrying out arbitrary 
transformations is thereby provided. 

The existence of an ideal transformer representation of the two-
terminal-pair structure of Fig. 3-12 follows from the fact that at the 
terminals T\ and T2 the input-output relations of Eqs. (12) can be 
rewritten in terms of three new parameters Do, So, y as 

tan Kl(D - Do) = 7 tan K2(S - So) (13) 

if the change of variables 

Z-,n - —jZi tan KID, Y^ = +jYi cot KXD, | . 
Zou. = +jZ2 tan K2S, Foot = — jY2 cot K2*S J 
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is made. The relations between the parameters Do, So, y of the tangent 
relation (13) and the parameters of the T or ir representation of Fig. 3-13 
are given either as 

aj3 

b = 

p - ay 
1 + aPy 
P — ay 
a - Py 
p — ay 

or conversely as 

1 + c2 - a2 - 62 , 
a = —, r—; ± 

— 7 = 

2(a 

1 + a 2 

2(e 
1 + a 2 

- be) 
- c2 - 62 

- ba) 
+ c2 + 62 

€-+ c2 - a2 - b2 

2(a - be) + 1, 

2(6 + ac) 

6a) + 1, 

where for the 

T Re-presentation 

a = tan -— Do 
A c l 

P = tan — So 

.Z„ 

■ Aw. 

1 + a2 + c2 + 62 

2(6 + ac) 

■F Representation 

a = — cot — Do 

0 = _ Cot ^ S„ 
A„2 

. ^ 1 1 

C = ^ T 7 
b = Z11Z22 ~ ^12 

Zi^>2 
6 = Y^Yz Y\, 

Y,Y2 

(15) 

(16) 

(17) 

The relations (15) are determined by expansion and identification of terms 
in Eqs. (12) and (13); Eqs. (16) follow from Eqs. (15) by inversion. 
Equations (15) are not valid for the degenerate case a = /3 = 0, as is 
to be expected from the corresponding degeneracy in the impedance 
representation of an ideal transformer. The + signs in Eqs. (16) 
indicate the existence of two sets of a, p, y equivalent to a, b, c; these sets 
are positive or negative reciprocals of each other. For each value of 
y given by Eqs. (16), the corresponding set of values for a and p may be 
obtained from 

- b + y R - y(h + ac) + (i + a2) 
a — —■ } p ~ , 

c ■+■ ay c — ab 
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or 
a + cy _ yjb* + c~) + (b + ac) 

a 1 + by y{c - ab) 
For each value of a, the corresponding set of values of /3 and y are 

b — ac b — ac 
y a + a aa + 1 

1 — aa a + a 
c + ab 

For nondissipative structures with purely reactive output impedances 
it is evident from Eqs. (14) that both D and S are real. The quantity D 
is then the distance from the terminal 7\ to a voltage node in the input 
line and is counted positive in the direction away from the junctions; 

Zx 

^91 

o— TV r2° 
Ideal transformer 

Flu. 3-15. - Ideal transformer representation of a nondissipative two-terminal-pair structure 
at characteristic reference planes. 

correspondingly, & is the distance from T2 to a voltage node in the output 
line and is also positive in the direction away from the junction. Thus if 7 
is written as —n-Z^/Zi, Eq. (13) states that "characteristic" terminals 
T\ and T\ exist, distant D0 and Su away from 7\ and T2, at which the 
input impedance is a constant n2 times the output impedance.1 There
fore at the terminals T\ and Tl the equivalent circuit of the nondissipative 
waveguide junction shown in Fig. 3-12 is the ideal transformer depicted 
in Fig. 3-15. 

The equivalence between the transformer representation at T\, Tl 
and the T or w representation at 7\, Ti can be rephrased as an equivalence 
at the same set of terminals. For example, if lengths D0 and <S0 of input 
and output transmission lines are added, respectively, to the terminals 
Ti and T2 of the T or ir representation of Figs. 3-13, a representation is 
obtained at T\ and T\ that is equivalent to the transformer representation 
of Fig. 3-15. Conversely, if lengths —D0 and —So of input and output 
lines are added to the terminals T\, T^ of the transformer representation, 

1 Cf. A. Weissfloch, Hochfreq. u. Elektro., vol. 60, 1942, pp. 67 el seq. 
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a representation is obtained at T\, T2 that is equivalent to the T or IT 
representation. 

The transformer representation embodied in Eq. (13) provides a 
relatively simple means of determining the parameters a', b', and c' 
[cf. Eqs. (17)] of a network representation at any terminals T[, T2 from 
the corresponding parameters a, b, and c of a representation at the ter
minals Ti, 7V Let it be assumed, as indicated in Fig. 3-12, that the refer
ence planes T[ and T2 are located at distances d and s, respectively, away 
from T\ and T2. The form of the tangent relation relative to the new 
reference planes T[ and T2 can be readily obtained from that at the 
reference planes Ti and T? by rewriting Eq. (13) as 

tan Kl[(D - d) - (D0 - d)] = y tan K2[(S - s) - (So - s)]. (18) 
Comparison of Eqs. (13) and (18) indicates that relative to the new 
terminals T\ and T2 the parameters a', /3', and y', as defined in Eqs. (17), 
are given by 

a — oto 
a' = tan (ci(D0 — d) 

ff = tan K2OS0 — s) = 

1 + aa0 

1 + /30o 
(19) 

where 

ao = tan Kid 

/3o = tan K2S 

tan -— a, 

tan -— s. 
Ao2 

(20) 

At the new terminals T[, T2 the relations between a', b', c' and a', 0', y' 
are the same (except for the prime) as those between a, b, c and a, /3, 7 
given in Eqs. (15). The elimination of a'', /3', y' from the primed relations 
by means of Eqs. (19), followed by the use of Eqs. (15), leads to the 
desired relations [Eqs. (21)] between the shifted and original network 
parameters. 

_ 
Zi 

XS| 

n 

a', b\ c' 
z2 

x5 

Ti 

(a) hH (6) hs^ 
FIG. 3-16.—Equivalent representations of shifted two-terminal-pair network. 

On transformation to new terminals T[ and T'2, located at distances 
d and s from 7\ and T2, the two-terminal-pair networks indicated in Figs. 
3-13o and b can be schematically represented as in either Fig. 3-16a or 
K The boxes represent networks of the T or w type or any of their 
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equivalents; the heavy lines represent lengths of transmission lines. 
The relations between the parameters a, b, c of the original T(ir) repre
sentation and the parameters a', b', c' of the transformed T(ir) representa
tion are1 

, _ a + ao + /306 — aopV 

V 

1 
c 
1 
6 

— aaa — PQC — 
+ a0b + 0o -
— aod -
— aoC 

- /3oC -
— /30a -

a0/3ob' 
atoPoa 
aoPob' 

- aoi80 

(21) 

1 — a0a — /3oC — ctofiob 
where 

ao = tan -— a, po = tan — , 
« » 1 A j 2 

Equations (21) apply as well to the case where a', V, c' are parameters of 
a 7X71-) representation and a, b, c are parameters of a ir{T) representation, 
provided the relation between a0, /Jo and d, s is 

l 2 l r ,7 fl > 
ao = — c o t r— a , po = — c o t -— s. 

A9i A„2 

It is to be noted that the two distinct sets of transformation relations 
distinguished by the parentheses in the preceding sentences are dual to 
each other. 

As an illustration of the use of Eqs. (21) let it be required to determine 
the shifts d and s of the input and output terminals of the waveguide 
structure of Fig. 3-12 in order to transform the representations of Fig. 

(a) (b) 
F I G . 3-17.—Equivalent representations by shift of terminal planes, (a) Shunt repre

sentation of arbitrary two-terminal-pair network shown in Figs. 3-13a and b. (b) Series 
representation of arbitrary two-terminal-pair network shown in Figs. 3-13a and b. 

3-13a and b into the pure shunt (series)1 representation of Fig. 3-17a and 6. 
Let a, b, c be the parameters, as defined in Eqs. (17), of the original 
representation, and correspondingly let a', b', c' be the impedance (admit
tance) parameters of the transformed representation. Since for a shunt 

1 The following s t a tements apply to the cases either within or wi thout parentheses , 
respectively. 
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(series) representation V = 0, it follows from Eqs. (21) that for an 
arbitrary a0 

„ b — aoC 
a + aa (22a) 

where 

a0 = tan —- d, /3o = tan —- s (226) 
A„l A„2 

for a T(v) to shunt (series) representation, or 

a0 = — cot r— d, /3o = — cot — s (226') 

for a T(ir) to series (shunt) representation. On substitution of Eq. (22a) 
into (21) the parameters of the shunt (series) representation become 

(a + ao)2 + (b - aoc)2 

(22c) (1 - al) (a - be) + a0(l + C2 - a2 - 62) 
a!_ = (a + ao)2 + (6 - a^Y 
c' (1 + a2) (6 + ac) ' 

where for the 

Shunt Representation Series Representation 
, X , B a =z'1

 a = r, 
?L = 2 h. sL = LIi 
d n Zi d n2 Fj 

Both the shunt impedance jX and series admittance jB of the transformed 
representation are shown in Fig. 3-17a and 6 (also cf. Fig. 3-136). A 
further simplification of the transformed representation is obtained on 
removal of the ideal transformer by modification of the output character
istic admittance, a procedure indicated previously. 

A useful special case of the above transformation occurs when the 
original network is symmetrical (a = c) and the input and output 
terminals are shifted by equal amounts d = s. The shift d = s required 
to secure a shunt (series) representation is given by Eq. (22a) as 

a0 = /30 = — a + y/b + a2. 

Therefore, Eqs. (22c) become 

a, = vTFo"» 

/ , " ' ' > (23) 

c' 
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These expressions assume greater significance when one notes that 
-\/b + a2 represents the shunt reactance (series susceptance) of the 
original symmetrical T {if) network. 

Another simple case obtains when d = 0. From Eqs. (22) it is 
evident that for a T(TI) to shunt (series) transformation 

/3o = tan — s 
A„2 

, a2 + b2 
a' = T-, 

a — be 

°L = "2 + ft2 

c' b + ac 

whereas for a T{ir) to series (shunt) transformation 

a' 

°L 
c' 

N-terminal-pair Structures.—Equivalent representations of an N-
terminal-pair waveguide structure can be obtained either at a given set of 
reference planes or at shifted reference planes. In the former case repre
sentations of the type depicted in Figs. 3-13a and b can be employed to 
secure equivalent representations of the two-terminal-pair networks that 
compose the over-all iV-terminal-pair network. In addition multiwind-
ing ideal transformers can be usefully employed. Since no impedance or 
admittance description of an ideal transformer exists, its description 
must necessarily be phrased in terms of terminal voltage and currents. 
For the case of a three-winding ideal transformer, illustrated in Fig. 3-18a, 
the network equations are 

F i / i + IV2 + V3I3 = 0, ) 
Xl = Yl = I3 , (26) 
ni n2 n3' ) 

where n\, n2, and n3 are proportional to the number of turns on the various 
windings. The relation between the input admittance Yin at the ter
minals T3 and the output admittances Y\ and F2 at the terminals Ti and 
T2 follows from Eqs. (26) as 

(24) 

cot — s 
^o2 

1 + c2 

be — a 
1 + c2 

b + ac 

(25) 
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The three-winding ideal transformer is evidently a natural generalization 
of the familiar two-winding ideal transformer. 

A network utilizing the ideal transformer of Fig. 3-18a is shown in 
Fig. 3-186. The terminals T4 can be regarded as terminals of an output 
line or of a lumped-constant circuit elemen"•.. Accordingly Fig. 3-186 

FIG. 3-18.—(a) Three-winding ideal transformer, (b) Network with three-winding ideal 
transformer. 

represents either a four- or a three-terminal-pair network. The corre
sponding network equations follow from Eqs. (26) as 

( ^ i VJh + (72 
Vx -

W l 

+ 74)/2 
7 4 

U 

72 

= I. 

+ 73/3 
+ 74 
n2 

- / i . 

= 0 
73 
n3 

(28) 

The relation between the input admittance Y^ at terminals T3 and out
put admittances Fi, F2, and F4 at terminals 7\, T2, and !T4 is given by 

F» = (m + ntfY.Y, + n\Y1Yi + ^ 7 2 7 4 

nKl' i + F 2 + Yt) 
(29a) 

The input admittance Ya at T4 in terms of output admittances Fi, F2, 
and F 3 at T^, T2, and T3 is 

F,» 
(ni + n2YYlY2 + n l ^ + Y2)Y3 

nJFi + n^F2 + nIF 3 
(296) 

The input admittance Fin at T2 in terms of output admittances F1 ; F 3 
and Yt at T1; IT3, and Tt is 

n' iy1y« + nl(Yl + F 4 )F 3 
(«i + n2)2Yl + n\Y3 + ntf 

(29c) 
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The special case ni = n2 describes a hybrid coil, a network frequently 
employed to represent a magic T (cf. Fig. 311) at appropriate reference 
planes. For this case it is apparent from Eqs. (29a) and (6) that when 
Yi = F2, the input admittance at T3(Tt) is independent of the output 
admittance at Tt(T3). This important property forms the basis for 
many applications of the magic T in bridge circuits, etc. By the use of 
additional elements in the network of Fig. 3-186 it is possible to obtain 

T 3 < 

2YC: 

Yi i 
O—i 

? 2YZ ? 
Lvw-

r*n 
Pa 

Ya< 

(6) (c) 

HJ 
TiQ 2Y3 

-Tnnr-

T{ 
ft 

if) n 
J2B 

(e) 

O-

o-
T; 

(d) 
F I G . 3-19.—Steps in reference-plane transformation of representation in (a) to represen

tation in (/). 

equivalent representation of arbitrary three- or more terminal-pair 
networks. 

Equivalent representations of an Af-terminal-pair structure can 
also be obtained by transformation of reference planes. Reference 
plane shifts can be effected quite simply if the over-all network repre
sentation can be reduced to a number of two- (or less) terminal-pair 
networks. Such reductions, for the case of symmetrical iV-terminal-
pair networks, can be accomplished by the use of symmetry analyses 
(bisection theorems). The reduced networks are fully equivalent to 
the over-all network in that the former compose the latter and conversely 
the latter reduce to the former. If the reduced networks are two-ter
minal-pair networks, the transformation equations (21) can be employed 
to secure new representations at other terminal planes. With the knowl-
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edge of the new representations of the reduced networks the over-all 
network can be composed at the new reference planes. 

For illustration a transformation process will be employed to obtain 
simplified representations of the three-terminal-pair structures depicted in 
Figs. 3-4 and 3-6. The over-all network representations at the terminals 
Ti, T2, and T3 are reproduced in Figs. 3-19o and 3-20a with a somewhat 
different notation. On bisection of the over-all networks by placement 

FIG. 3-20.—Steps in reference-plane transformation of representation in (a) to represen
tation in (/). 

of a short or open circuit at the electrical centers, the reduced networks 
indicated in Fig. 3-196 or c and Fig. 3-206 or c are obtained. Simplified 
representations of these reduced networks can easily be found. On 
appropriate shift of the terminal 7\ a distance d away from the junction, 
the reduced network of Fig. 3-19c becomes the open circuit indicated in 
Fig. 3-19d; and correspondingly, the network of Fig. 3-206 becomes the 
short circuit of Fig. 3-20e. In addition the terminal T3 can be shifted a 
distance s away from the junction so as to transform the reduced networks 
of Figs. 3-196 and 3-20c into the series and shunt representations of Figs. 
3-19e and 3-20d. The over-all network representation at the new ter
minals T[, T'2, and T'3, as shown in Figs. 3-19/and 3-20/, is then composed 
by recombination of the transformed reduced networks. The relations 
between the parameters a, 6, and c of the original and a', b', and c' of the 
transformed networks are given by Eqs. (22a) and (c), where in this case 
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For Fig. 3-19 
+ 2x , jY„ 

ao = tan — a = TT-
A » i * i 

f 2 , r /Jo = tan — s 
\ / 3 

. Ya + 2Yb + 2YC a- 3 Yi 

■ 2Yd + 2YC 
C = -3—2YT-

4F2 

b = ~ac - wit , 2B 

a! _ 1 2F3 
c' n2 Fi 

«o = 

j3„ = 

a = 

c = 

6 = 

a' = 

a' 
c'" 

For Fig. 3 20 
. 2* jZ. 
tan -— a = -

A„ i Z i f 2x tan — s 
A»3 

. Za + 2Z„ + 2ZC 

■ 2Zd + 2ZC 
3 2Z3 

4Z? 
°C 2ZIZ3 

2X 
Zi 
, 2 Z 3 

(30) 

As mentioned above the representations in Figs. 3-19/ and 3-20/ can be 
further simplified through removal of the ideal transformer by a suitable 
modification of the characteristic impedance of the output line at ter
minal T'3. 

3-4. Measurement of Network Parameters.—The experimental 
determination of the N(N + l)/2-network parameters that characterize 
an A-terminal-pair waveguide structure involves the placement of known 
impedances at A — 1 " o u t p u t " terminals and measurement of the result
ing impedance at the remaining " inpu t " terminal. A variable length of 
short-circuited line provides a convenient form of output impedance. A 
standing-wave detector or its equivalent provides a means for the meas
urement of input impedance (cf. Vol. 11 of this series). Input imped
ance measurements must be performed for N(N + l ) / 2 arbitrary but 
independent sets of output terminations. The determinations of the 
network parameters from these measurements can be considerably simpli
fied by a judicious choice and placement of the output impedances. For 
example, the placement of arbitrary but fixed output impedances at 
N — 2 terminals reduces the over-all network to a two-terminal-pair 
network, the parameters of which can be readily, measured. A proper 
choice of the fixed output impedances gives rise to two-terminal-pair net
works from whose measured parameters the unknown N(N + 1) /2 param
eters are easily determined. The proper choice of output impedances is 
generally apparent from the form of the equivalent circuit for the over
all structure. Since the measurement of the parameters of an A-ter-
minal-pair network can be reduced to the measurement of the parameters 
of two-terminal-pair networks, only the latter will be considered in this 
section. 
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The three network parameters characteristic of an arbitrary two-
terminal-pair waveguide structure can be measured by various methods. 
The conventional network method involves the measurement of input 
impedance for three particular values of output impedance. This method 
has the advantage of being applicable to dissipative structures and to both 
uniform and nonuniform lines. For nondissipative structures it is desir
able to employ pure reactive output impedances (short-circuited lines), 
since they give rise to an infinite standing-wave ratio in the input line. 
Under these conditions the output impedance is a simple function of the 
length of the short-circuited line, and the input impedance is a correspond
ingly simple function of the distance to the minimum in the input line. It 
is convenient to employ any three of the following pairs of measured values 
for input impedance Z„, and corresponding output impedance Zml, 

Zto 
Zo\lt 

1 

2t> 

0 

2 

2 . 

00 

3 

z 
Z 

* 

00 

z. 

5 

0 
Zo 

(31) 

for the determination of the unknown network parameters. The quan
tity «o represents the input impedance set up by a zero output impedance, 
etc. In terms of the above values the impedance elements for a T repre
sentation (cf. Fig. 313a) of a two-terminal-pair network can be expressed 
as in any of the following columns: 

' • - 1 2 

Z l l 

Z22 

1, 2, 3 

/ ( z . -z)(z, -z„)Z 
± ^ (2 - z„) 

Z» 

7 2 

2» — Zo 

1, 2, 4 

+ V(z0 - zJZ. 

z« 

-z . 

1, 2, 5 

.jzxZ0(z„ - z„) 
" ' 20 

2 . 

2„Z„ 
Zo 

where the numbers at the head of each column indicate the particular set 
of three measured values in (31) on which the equations are based. The 
admittance elements of a TT representation (cf. Fig. 3-13a) follow from the 
above expressions on the duality replacement of impedances by admit
tances. It is to be noted that either of two elements, + or —Ziz(Yl2), 
can be employed for the representation of the input-output impedance 
measurements. This ambiguity can be resolved by a measurement of 
transfer impedance or of any other quantity that yields the relative phase 
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at the input and output terminals. In many cases the correct sign may 
be ascertained theoretically. 

For the case of uniform lines the transformer representation discussed 
in Sec. 3-3 provides a basis for an alternative method of measurement of 
a two-terminal-pair structure. As illustrated in Figs. 3-12 and 3-15 a 
nondissipative two-terminal-pair structure can be represented at charac
teristic terminals T\ and T\ by an ideal transformer of impedance ratio n2 

connecting input and output lines of characteristic impedances Z\ and Z2. 
The transformer ratio n2 and the location of the characteristic terminals 
are readily determined from the following typical measurements of 

1. The standing-wave ratio and position of the minimum in the input 
line for a matched load (Zout = Z2) in the output line. 

2. The position of a short circuit in the output line such that the 
corresponding minimum in the input line coincides with that in 
measurement 1. 

From the transformation properties of the ideal transformer it is evident 
that the standing-wave ratio in measurement 1 is equal t:> n2Z2 /Zi, which, 
as shown in Sec. 3 3 , is denoted by — 7; the locations of the terminals T\ 
and T\ are given by the position of the maximum in measurement 1 and 
of the short circuit in measurement 2. As in Fig. 3-12, the distances from 
the input and output terminals to T\ and Tl are designated as D0 and 
So, respectively. The parameters of a T or TT representation (c/. Fig. 3-13a) 
are then expressed in terms of D0, So, 7 by means of Eqs. (15) and (17). 

The accuracy of the two preceding methods of measurement is diffi
cult to ascertain because of the uncertainty in individual standing-wave 
measurements. This difficulty can be partially removed by averaging 
a large number of such measurements. For the case of nondissipative 
two-terminal-pair structures in uniform lines, a more systematic procedure 
may be employed if more accuracy is required. This precision method 
involves a plot of the measured values of the positions of the input minima 
vs. the corresponding positions of the output short circuits. An analysis 
of this plot with the aid of the previously considered tangent relation in 
the form 

tan 2w(D' - D'a) = 7 tan 2T(S' - S0) (32) 

yields the data required for the determination of the network parameters. 
Equation (32) is just Eq. (13) rewritten with D' = Z>/X„i, D'0 = D0/X„i, 
S' = S/Xe!, and S0 = S0/Xo2. 

As mentioned in Sec. 3-3, the tangent relation provides a representa
tion of the input-output impedance relation that is particularly well 
suited for measurements in nondissipative waveguides. This is evident 
from Eqs. (14), which indicate that S is identically the distance measured 
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from the output terminals to a short circuit in the output line and D is 
the distance from the input terminals to the corresponding minimum 
position in the input line. The essence of the present method is the 
determination of a set of parameters D0, So, and y that, on insertion into 
Eq. (32), provide a curve of D vs. S which best reproduces the experi
mental curve of D vs. S. By Eqs. (15) and (17) it is apparent that the 
parameters Do, So, and y are equivalent to the network parameters of a 
T or w representation. A virtue of the present method is that a compari
son of the computed and measured curves of D vs. S indicates immedi
ately the average accuracy of the final set of parameters Z)0, So, and 7. 

So 

(a) (6) (c) 
F I G . 3-21.—Plots of D vs. S. 

(a) - 7 ^ 1 . Q>) - 7 > 1. (c) - 7 » 1 -

In practice it has been possible to obtain, at wavelengths of about 3 cm, 
an average difference of less than 0.0005Xe between the experimental and 
computed curves of D vs. S. An accuracy of this magnitude implies that 
the limitations in the accuracy of equivalent circuit measurements lie 
not in the standing-wave measurements but rather in the mechanical 
measurements required to locate the input and output terminals. 

The details of a successive approximation procedure for the precise 
determination of the parameters D0, So, and y will now be outlined. The 
measured values of D' and S' when plotted yield curves of the form indi
cated in Fig. 3-21.1 From Eq. (32) one sees that this curve should be 
repetitive with a period of a half wavelength in both D' and S' and sym
metrical about a line of slope — 1. The curve intersects the line of slope 
— 1 at points of maximum and minimum slope. The point of intersection 
at the maximum slope is D' = D0, S' = S'0. The maximum slope is y, 
and the minimum slope is 1/7. First approximations to D0 and So are 

1 A. Weissfloch, Hochfreq. u. Elektro., Vol. 60, 1942, pp. 67 et «ej. 
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obtained from the locations of the points of maximum and minimum 
slopes by suitable averages. A first approximation to y is given by the 
average of the maximum and the reciprocals of the minimum slopes. An 
additional value for the average is given in terms of w', the width in 
guide wavelengths between points of slope — 1, as 

V2. 
4 cot2 2ir A V2 A (33a) 

If the guide wavelengths in the input and output lines are unequal, the 
value of w' may be determined from a plot of D' vs. S'. In practice, 
however, it is most convenient to plot the absolute values of D and S as 
in Fig. 3-21; in terms of the maximum spread w of this curve 

- 7 
cot22^Q"^4+i) (33b) 

It is to be noted that the slope of the symmetry axis of this curve is 
— X„i/Xo2 and hence the maximum slope of this curve is y\i/'\a2, etc. 

D'+S' , 

Dl+S' 

F I G . 3-22.—Plot of D' + S' vs. S' for - 7 = 1. 

Almost "matched" two-terminal-pair structures have a —y value of 
approximately unity and consequently give rise t o a f l vs. £ curve from 
which it is difficult to evaluate and locate the points of maximum slope. 
Since in such cases y = — 1 — e(e « 1), Eq. (32) may be rewritten in 
the approximate form 

D> + S' £* D'0 + S0 47T 
sin 4ir(S' - S'0). (34) 

Thus, if the experimental data is plotted in the form D' + S' vs. S', the 
curve shown in Fig. 3-22 is obtained. The values of DJ, + S'0, S0, and 
e/2ir can be easily read from this curve and furnish first approximations 
to the required parameters Do, So, and 7. 

The knowledge of the first approximations to Do, S(), and y is sum-
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ciently accurate in many cases. More accurate values can be obtained 
if a theoretical curve of D vs. S, as computed by means of Eq. (32) 
and the first approximation values, is compared with the measured 
curve. A convenient mode of comparison is a plot of the difference 
between the experimental and computed values of D vs. those values of 
S corresponding to the experimental points. This difference curve of 
AD' = D'„B — D'mmv vs. S' may or may not possess regularity. If regu
larity is exhibited, the first approximations to D'0, S'0, and y are inaccurate 

-0.001-J 

(a) 7 = - 2 ; ASo 
F I G . 3-23.—Plot of typical error curves. 

■■ 0.001, AJDO = A7 = 0. (b) y = - 2 ; A7 = 0.01, ADo = ASo = 0 

and the difference curve should be analyzed to obtain corrections AD'0, 
AS'Q, and A7 to the first approximations. To determine these corrections 
it is necessary to know the expected form of the curve of AD' vs. S' arising 
from variations AD'0, AS'0, and A7 in Eq. (32). The differential form of 
Eq. (32), namely, 

AD' = AD' cos2 2ir(S' - S'0) + 72 sin2 2TT(S' - S'0) 
(35) 

is the theoretical equation for the difference curve. 
The actual difference, or error, curve of AD' = D'mo — D'omp vs. S' 

arises from errors AD'0, AS'0, and A7 in the choice of DJ, S'0, and 7 by the 
procedure described above. This curve is plotted in Fig. 3-23 for typical 
values of the various parameters. If, for example, the amplitudes of the 
actual error curve at S' — S'0 = 0, £, and i are designated as A0, Al4, and 
Ayt, then from Eq. (35) the required corrections to be added to D'0, S'0t and 
7 are found to be 
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AS'o = ^ r j (A« - A°), 
Ay' = 2,r[(l + 72)Avi - A, - y'Ay,]. 

Other methods of analysis of the error curve can be employed depending 
on the value of 7. The corrected values for D'0, S'0, and 7 usually suffice 
to describe all the measured data to within experimental accuracy. The 
accuracy itself can be estimated by plotting another difference curve 
employing the second-approximation values of D'0, S'0, and 7. This curve 
should possess no regularity; its average deviation provides a measure of 
the average error in the "electrical" measurement. 

The electrical error in the standing-wave measurements is to be dis
tinguished from the "mechanical" error in the measurement of distance 
to the terminal planes. Since the evaluation of 7 and the location of the 
point of maximum slope can be obtained merely from relative values of 
D and S, it is evident that these determinations involve only the elec
trical error. However, the absolute evaluation of D'0 and S'0 necessary 
for the determination of the network parameters may involve the measure
ment of the distances from the point of maximum slope to the input and 
output terminals. Because of difficulties in maintaining accurate 
mechanical tolerances in microwave structures, the latter measurement 
is usually the largest source of error. 

From the error curve, etc., it is possible to estimate the over-all 
experimental errors SD'0, dS'0, and 57/7 in D'a, S'0, and 7. The corre
sponding relative errors Sa/a, 5c/c, and Sb/b in the network parameters a, b, 
and c, [cf. Eqs. (15)] arising from the experimental errors may be expressed 
as 

- = V ( - ^ H P « > < y + ( ^ ^ y + ( ^ v • \ 
a \ \s in 4irD0 " / \sin 4TS0 " / \ 7 / I 

si^{M^W^Fi^Wi i37) 

where 
«(ff2 + 72) , /3(1 + « V ) 

1 (/3 - ay){a(3 + 7) ' ' " («7 - /3)(1 + a/87)' 
= 07(1 + «2) A = ag(l ~ 72) 

2 (07 - 0)(a|8 + 7) ' 5 (a - fiy)(fi - ay)' 
= «T(1 + 0«) 7(«2 - ff2) 

3 (1 + a07)(0 - 07) ' 6 (a - /S7)(/S - a>)' 

(36) 
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and a, 0, y, a, b, and c are defined in Eqs. (15) and (17). The sensitivity 
of the network parameters a, b, and c to errors in Do, So, and y evidently 
depends on the choice of terminals as well as on the type of microwave 
structure. For a desired accuracy in the values of the network param
eters, the above equations furnish from approximate values for D0, So, 
and 7 the precision necessary in the determination of the latter quantities. 
Instead of the relative error Sb/b it is frequently necessary to know the 
relative error 

, Sb , f 8a , 8c\ 
* rr~i o -T- + ac I 1 I 
& yfe + ac _ _b \ a c / ^ a \ 
Vb + ac 2(6 + ac) 

Distance Invariant Representations.—As is evident from Eqs. (37) a 
precise determination of the equivalent-circuit parameters of a micro
wave structure requires a precise measurement of the distances D0 and S0, 
between the characteristic and the prescribed terminal planes. Accurate 
measurements of these distances may require an absolute mechanical 
accuracy at \ = 3 cm, for example, of a mil in a distance of a few inches; 
this is exceedingly difficult to attain—particularly when the prescribed 
terminal planes are relatively inaccessible. Inaccuracies in mechanical 
measurements may result in disproportionately large errors in the circuit 
parameters. For instance, inaccurate distance measurements on a sym
metrical structure may lead to an asymmetrical circuit representation 
(i.e., a 7^ c) despite the certainty of structural symmetry. All such 
difficulties arise because of the dependence of the circuit representation 
on "mechanical" measurements of distances to prescribed terminal 
planes. The difficulties can be avoided by use of a representation in 
which the type of circuit is prescribed and in which the locations of the 
terminal planes are not prescribed but rather ascertained from the 
measurements. The values of the circuit parameters in such a repre
sentation may be made highly accurate since they may be ascertained 
solely from the "electrical" measurement of the maximum slope y 
of the D vs. S curve. Inaccuracies in absolute distance measurements 
have no effect on the determination of y and hence are manifest only 
as proportionate inaccuracies in the locations of terminal planes. The 
determination of distance invariant representations of this type will now 
be discussed. 

The equivalent circuit representative of a nondissipative microwave 
structure is dependent on the determination of three parameters. As 
noted above, the tangent parameters D0, So, and y form a convenient set. 
To secure a representation in which the circuit parameters are inde
pendent of measurements of the two distance parameters Do and So, it 
is necessary to prescribe two bits of information about the desired repre-
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sentation. For example, the circuit representation may be prescribed 
to be both symmetrical and shunt. The impedance parameters of the 
desired representation will therefore satisfy the prescribed conditions 

a = c and 6 = 0. (38) 

By Eqs. (15) this implies 

a/3 = - 1 , a = 07, (39a) 

and hence a and /3 are prescribed to be 

a = + V ^ , 0 = + —L=. (396) 
V - 7 

The relative reactance of the shunt element is therefore, by Eqs. (39) and 
(15), 

a =c = + r ^ (40) 

and is manifestly dependent on only the y of the D vs. <S curve of the 
given structure. The locations of the terminal planes for this shunt 
representation follow from measurements of the locations of the charac
teristic reference planes and from the values [by Eqs. (396) and (17)] of 
Do and So, the distances between the characteristic and the desired 
terminal planes. 

There exist a variety of other distance invariant representations of a 
microwave structure. For example, the representation may be pre
scribed to be purely series; the admittance parameters of this representa
tion are then identical with the impedance parameters of Eqs. (40). 
The transformer representation illustrated in Fig. 3-15 also belongs to 
this category. Of the various possible representations the most desirable 
is usually the one in which the associated terminal planes are located in 
closest proximity to the physical terminal planes of the structure. 

3-5. Theoretical Determination of Circuit Parameters.1—The pres
ence of a discontinuity structure in a waveguide results in discontinuities 
in the propagating mode fields at the "terminals" of the given structure. 
As noted in previous sections such field or, equivalently, voltage-current 
discontinuities can be schematically represented by means of a lumped-
constant equivalent circuit. The theoretical determination of the equiva
lent-circuit parameters requires mathematical methods that do not 
properly lie within the realm of microwave network engineering. Instead, 
such determinations generally involve the solution of so-called boundary 
value or field problems. The present section is primarily intended to 

1 A comprehensive account of the theory of guided waves is in preparation by 
J. Schwingcr and the author. 
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sketch those field theoretical techniques, devised largely by J. Schwinger, 
which have been employed to obtain the equivalent-circuit results pre
sented in Chaps. 4 to 8. 

The field problems to be discussed are concerned with the behavior 
of electromagnetic fields not everywhere within a region but rather only 
in those regions relatively " fa r " from a discontinuity structure; the 
behavior in the latter is, of course, just that of the propagating modes. 
The solution of such field problems presupposes the ability to determine 
the electric and magnetic fields set up in a waveguide by electric currents 
(i.e., tangential magnetic fields) on obstacle-type discontinuities and by 
magnetic currents (i.e., tangential electric fields) on aperture-type dis
continuities. The field representations summarized in Eqs. (1-6) are of 
the desired form provided the mode functions e ;, the mode voltages Vt, 
and the mode currents It can be determined. The mode functions are so 
determined that the mode fields possess in the waveguide cross section 
the transverse xy behavior dictated both by the field equations (1-1) and 
by the requirement of vanishing tangential electric field on the nondissipa-
tive guide walls. Explicit evaluations of the mode functions e* for a 
variety of waveguide cross sections are presented in Chap. 2. The corre
sponding evaluation of the mode voltages and mode currents then follows 
from the requirements that the mode fields possess the longitudinal z 
dependence dictated by the field equations, and in addition that the total 
fields satisfy the boundary conditions imposed *by the presence of the 
discontinuity and the nature of the excitation in the waveguide. As 
shown in Sec. 1-2, the determination of the longitudinal z dependence of 
the mode amplitudes Vi and Ii constitutes a conventional transmission-
line problem and is described implicitly by the transmission-line equa
tions (1-8). These transmission-line considerations are a necessary 
preliminary to a major source of difficulty: the explicit evaluation of the 
electric or magnetic currents set up on discontinuity surfaces by the 
given excitation in the waveguide. These discontinuity currents must 
be so determined that the total fields satisfy prescribed boundary condi
tions on the discontinuity surfaces. Once the discontinuity currents are 
found, the various mode voltages and currents follow by straightforward 
transmission-line considerations. In particular there follow the domi
nant-mode voltage-current relations at the terminals of the discontinuity, 
and hence the equivalent-circuit parameters characteristic thereof. 

The preceding paragraph has sketched in only qualitative detail the 
salient features of a general method for the determination of equivalent-
circuit parameters. The methods employed in Chaps. 4 to 8 are basically 
of a similar nature and differ mostly in their technique of successive 
approximation to the desired rigorous results. These methods have been 
classified as 
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1. The variational method. 
2. The integral equation method. 
3. The equivalent static method. 
4. The transform method. 

The particular method employed in the derivation of the equivalent cir
cuit results in Chaps. 4 to 8 has always been indicated under Restrictions 
in each section therein. The above methods will be briefly illustrated in 
this section. The field problems presented by the Asymmetrical Capaci-
tive Window described in Sec. 5-16 (c/. Fig. 5-1-2) and the E-plane Bifur
cation described in Sec. 6-4 (cf. Fig. 6-4-1) have been chosen for simplicity 

i i I tn 
L_L v -T 

xT z T 
Bisected Equivalent 

Longitudinal View Circuit 
FIG. 3-24.—-Bisected capacitive window. 

of illustration; the methods to be discussed are, however, of quite general 
applicability. 

The equivalent circuit for a capacitive window in a rectangular 
guide in which only the dominant //io-mode can be propagated is, in 
general, a four-terminal network. However, if the window is formed by 
an obstacle of zero thickness and if the input and output terminal planes 
are chosen coincident with the plane of the window, the equivalent net
work becomes pure shunt, since the electric field and hence the dominant 
mode voltage are continuous at the terminal plane. The associated field 
problem, whose solution is necessary for the determination of the relevant 
equivalent-circuit parameter, need be concerned with the field behavior 
in only the input half of the structure. This is a consequence of choosing 
the arbitrary excitation in the input and output guides such that the 
inward-flowing dominant-mode currents at the input and output termi
nals are equal. Under these circumstances the tangential magnetic and 
electric fields in the aperture plane are zero and a maximum, respectively, 
with a consequent symmetry of the field structure about the terminal 
plane. A sketch of the bisected structure and its associated equivalent 
circuit is shown in Fig. 3-24. I t is first necessary to find in the input 
region z < 0 a solution of the field equations (1-1) subject to the boundary 
conditions of 

1. Vanishing of the electric field tangential to the guide walls at 
y = 0, 5. 
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2. Vanishing of the electric field tangential to the obstacle surface 
at 2 = 0, d < y < b. 

3. Vanishing of the magnetic field tangential to the aperture surface 
at z = 0, 0 < y < d. 

4. Excitation by the dominant-mode current / at the terminal plane 
T. 

This field problem will be solved not for the case of a rectangular wave 
guide region but rather for the simpler case of a parallel-plate waveguide; 
the uniformity of the structure in the x direction implies that the equiva
lent circuit results for the parallel-plate guide (with principal mode inci
dent) become identical with those for the rectangular guide on replace
ment of the space wavelength X in the former by the guide wavelength X„ 
in the latter. 

The transverse electric and magnetic fields in the input region z < 0 
may be represented in accordance with Eqs. (1-6) as 

E, (y,z) = V V„(z)en(y), 

v > (41) 

H, (y,z) = 2 ^ /n(z)h»(y), 
where h„ = z0 X e„. 

By virtue of principal-mode excitation and uniformity of the field 
structure in the x direction there is no z component of magnetic field; hence 
only E-modes are necessary in the representation. From Eqs. (2-15) 
the .EJ-mode functions in a parallel-plate guide of height b are given by 

(tn mry . 
e» = - J-r cos -r- y„ = e„(y)y0, 

y° l (42) 
-r cos —r- x0 = hn(y)Xo, 

where n = 0, 1, 2, 3, . . . . 
Imposition of the boundary conditions 2 and 3 at the terminal plane 

2 = 0 results in 

0 = V y„e„ 
o 

(y), d <y <b, (43a) 

Inhn{y), 0 < y < d, (43b) 

where Vn and /„ represent the mode amplitudes at z = 0. From the 
orthogonality [Eqs. (1-5)] of the mode functions it follows from Eqs. (43) 
that 
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Vn = I E(y)en(y) dy, (44a) 
J ap 

In= [ H(.y)K{y) dy, (44b) 
J oh 

the integrals being extended over the aperture and obstacle surfaces, 
respectively, and the functions E(y) and H(y) being defined by 

E,(y,o) = E(y)y0 

and 
H,(i/,o) = H(y)xQ. 

The mode amplitudes Vn and 7„ are not unrelated. The nonpropagating 
nature of the higher modes implies that the higher mode transmission 
lines are "matched," and hence for n > 0 (noting the convention that 
impedances are positive in the direction of increasing z) 

In=-YnVn or 7„ = -ZJn, (45) 

where by Sec. 2-2c the characteristic admittance Yn and the propagation 
wave number K„ of the nth i?-mode transmission line are given by 

v _ ! _ «* I n — rr- — —> 
An Kn 

K„ = ^ 2 _ ^ y . (46) 

Equation (436) may be rewritten by means of Eqs. (45) in the form 
00 

Ih(y) = V YnVnhn(y), 0 < y < d, (47) 
1 

where hereafter for simplicity of notation the o subscript shall be omitted 
from all the dominant-mode quantities. By the use of the expressions 
(44a) for the mode amplitudes Vn, Eq. (47) can be rewritten as an integral 
equation for the determination of the electric field E(y) in the aperture, 
namely, as 

Ih(y) = - f G(y,y')E(y') dy', 0 < y < d, (48) 
J up 

where 

G(y,y') = ^ YM)h*W). 
i 

The interchange of the order of summation and integration involved in 
the transition from Eqs. (47) to (48) is permissible provided the boundary 
condition (43b) is understood to relate to the plane z = 0 —. After solu,-
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tion of the integral equation (48) for J'J{y) the circuit parameter li is 
obtained from the relation 

i | = i = — > - - ' (49) 2 V - E(y)h{y)dy 
yap 

a result which is independent of I by virtue of the linear relation between 
the aperture field E(y) and the exciting current / . An alternative expres
sion for the shunt susceptance B can be derived on an obstacle basis 
rather than the aperture basis considered above; the derivation on an 
obstacle basis proceeds via Eqs. (436), (45), and (446) by determination 
of the relation between the obstacle field H(y) and the exciting voltage. 
However, the evaluations of the circuit parameter B to be discussed 
below will be confined to the aperture treatment based on Eq. (49). 

a. The Variational Method.1—Although a rigorous method of evalua
tion of the susceptance of the capacitive window requires the solution 
of the integral equation (48) for E(y), it is possible to avoid this by a 
variety of approximate methods. The variational method is based on 
the following expression for the susceptance: 

1 1 x jap ' 

derivable on multiplication of Eq. (48) by E(y) and integration over the 
aperture region 0 < y < d. The importance of Eq. (50) lies in its sta
tionary character with respect to variations of E(y) about the correct 
aperture field. More explicitly, if a field E(y) correct only to the first 
order is inserted into Eq. (50), the susceptance determined therefrom is 
correct to the second order. Moreover for the case of the above-men
tioned capacitive window, wherein only ZJ-modes are exited, the sus
ceptance determined from the so-called variational expression (50) is a 
minimum for the correct field E(y). A judicious choice of a trial field 
is thus capable of giving reasonably correct values of susceptance without 
the necessity of solving the integral equation (48). One also notes that 
the variational expression is dependent only on the form of a trial field 
E(y) and not on its amplitude. 

As an example let us employ the trial field E(y) = 1 in the variational 
expression. Evaluation of the resulting integrals in Eqs. (50) and use 
of Eqs. (46) then lead to the approximate expression for the relative 
susceptance 

: A monograph on the use of variational principles in diffraction problems, etc., 
is being prepared by H. Levine and J. Schwinger (to be published by John Wiley 
and Son, New York). 
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mrd\ 2 

B sbv i r n T T . (51) 8b'O 1 
Y x Z-/ / , /26VI «rf 

6 T'>/-(?)• 
The relative susceptance may be evaluated numerically by direct sum
mation of the series in Eq. (51). For example, when d/b = 0.5 and 
26/X « 1, the addition of a few terms of the series yields 

? - ? (0-42), 
whereas the rigorous result given in Sec. 516 (if X —> X„) yields 

B 8b m w 

the approximate result being about 20 per cent larger. For other values 
of d/b, for example, when d/b « 1, direct summation of the series may 
become prohibitively tedious because of poor convergence. In this 
range it is desirable to employ an alternative method of summation. To 
this end Eq. (51) may be rewritten as 

?. = ^ \ Vsin2 na i i f^Y V ^ 2 na 
1 ' (52) 

for 26/X < 1 and with a = ird/b. Equation (52) can be summed in a 
variety of ways. For example, if the sums in Eq. (52) are designated as 

CO CO 

, \ ^ sin2 na . „ . . V* sin21 F(. 

then twofold differentiation with respect to a yields 

F"{a) = 2 V c o s 2 w a = - 2 In 2lsin a\ « - 2 In 2a, (53a) 
I 

G"(a) = 2 V C 0 B
w ? t a = 2 f (3) - 4 F{a), (536) 

I 

with 
F(o) = F'(o) = G(o) = G'{o) = 0, 

Z^ n3 f(3) = 7.r-3 = L 2 0 2 -
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Hence on twofold integration of Eqs. (53) to order a2 

w - -■.(*)-.-.(>») 
G(a) « f(3)a2 = 1.202 ( y Y 

Therefore on insertion of these results into Eq. (52) the approximate 
value of the relative susceptance in the range d/b <K 1 and 2b/X < 1 
becomes 

B = 8b 
Y ~ X K ^ H ( ? ) W 4 <«•> 

This is to be compared with the rigorous value given in Sec. 5-16 to the 
corresponding order and in the same range (note X —» X„): 

-?[*®+K?)'--l 
It is to be noted that the approximate value is again somewhat larger 
than the correct one. 

Although a variational procedure can provide a reasonably good 
approximation to the correct values of circuit parameters, its accuracy is 
dependent on a judicious choice of the trial field. A more refined choice 
of field is embodied in the so-called Rayleigh-Ritz procedure wherein the 
trial field is represented in terms of a set of independent (and usually 
orthogonal) functions in the aperture domain. To illustrate this pro
cedure for the case of the capacitive window let us represent the trial 
field in the form 

E{y) = 1 + > am cos ^ p , (55) 
I 

where, in accord with the properties of the variational expression (50), 
the coefficients am must be so chosen as to make the susceptance station
ary and in particular a minimum. The substitution of Eq. (55) into (50) 
yields 

B = 86 
Y ~ X 

N JV 

Doo + 2 } Do,aj + V AmO,am (56) 

where, in view of Eq. (46) and the orthogonality of cos (rmry/d) and h(y) 
in the aperture, 
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^ 1 / cos ^ hn(y) dy / cos ^ p h„(y) dy 

The imposition of the stationary requirements on B/Y, namely, 

B N 

^ = ?(D°" + 2)^) = ° (57) 
( = 1 

m = 1, 2, 3, ■ ■ ■ , N 
leads to a set of JV linear simultaneous equations for the determination of 
the unknown coefficients at. On use of these equations in Eq. (56) one 
obtains for the relative susceptance the simple result 

N 

B = 86 " 
Y ~ X I Dm+ ) D (58) 

which represents an upper bound for the correct result. For TV = 0 
Eq. (58) reduces to the value 

B _8b 
Y ~ T Do° 

previously obtained in Eq. (51). For N —> °° the representation of 
E(y) in Eq. (55) becomes complete and Eq. (58) generally converges to 
the rigorous result. 

It should be pointed out that a corresponding variational procedure 
can be developed in terms of the obstacle current rather than the aperture 
field; in the case of the capacitive window this leads to approximate 
values of susceptance that provide a lower bound to the correct value. 
A combination of these two procedures can quite accurately determine 
the true value of susceptance. 

b. The Integral-equation Method.—The susceptance of the capacitive 
window can be obtained by direct solution of the integral equation (48) 
for the aperture field E(y). It is not generally feasible to solve this 
integral equation exactly because of the termwise method of solution. 
However, an approximate integral-equation solution for E(y) coupled with 
its subsequent use in the variational expression (50) provides a highly 
accurate procedure. 

A general method of solution of the integral equation (48) is based on 
a diagonal representation of the kernel G(y,y') in terms of a set of func
tions orthogonal in the aperture domain. The relevant functions are 
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the eigenfunctions of the kernel regarded as an integral operator in the 
aperture domain. I t is difficult to obtain such a representation for the 
dynamic kernel G(y,y'). However, the desired representation can be 
obtained for the static (k2 —> 0) kernel G,(y,y'), where 

G.(y,y') = V Yn. hn(y)hn(y') 

rnry rnry 
x •» COS -— COS —r 2 -

- J - \ = -3 — In 2 
n T *t iry iry cos -r- — cos -f-

0 0 
(59) 

where the static characteristic admittance F„, of the nth i?-mode is 

On introduction of the change of variable 

■wy . „ird „ , „ ird /„,., cos -j2- = sin2 ST- cos 0 + cos2 ^-> (61) o lb 26 

which transforms the y domain 0 to d into the 6 domain 0 to ir, one 
obtains^the desired diagonal representation of the static kernel as 

G.(y,y') = - J ^ l n ( 2 sin2 g? |cos 0 - cos 0'|) 
00 

.&>«[", . , ltd _ V C 0 S W# C 0 S W ^ ' l /nox 
= "J IF r Sm 26 " 2 2/ n J (62) 

1 

in terms of the orthogonal functions cos nd in the transformed aperture 
domain 0 to ir. 

To utilize the representation (62) the integral equation (48) is written 
in the form 

Ih(y) + ^ Inhn(y) = - fo G,{y,y')E{y') dy' (63) 
1 

with 
/ = /, 

h = (Yn, - Yn)Vn. ' ( 6 3 a ) 

In view of the linearity of this integral equation the solution E{y) can be 
written as 
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E(y) = ls(y) + ^inKn(y), (64) 

1 

whence by Eq. (44a) it follows that 

V = Zoo/ + 

Vm = Zm0I + > ZmJ 

/ Zonln, 
1 

i 
(m = 1, 2, 3, • • •) (65) 

on use of the definitions 

Zmn = ~ I Z«(y)h-(y) dy. (65a) 

Equations (65) represent in network terms the coupling of the static 
modes excited by the capacitive discontinuity. In view of Eqs. (63a), 
which represent the terminal conditions on the higher-mode lines, the 
desired dominant-mode admittance I/V can be obtained from Eqs. (65) 
by a conventional network calculation if the impedance parameters Zm„ 
are known. The latter may be found on determination of the partial 
fields &n(y) from the integral equations (n = 0, 1, 2, • • ■), 

K(y) = - J0 G.(y,y')£n{y') dy', 0 < y < d, (66) 

obtained by substitution of Eq. (64) into (63) and equating the coefficients 
of /„. I t is readily shown with the aid of Eqs. (66) and (65a) that the 
parameters Zmn obey the reciprocity relations Zmn = Znm. 

To illustrate the approximate solution of the integral equation (63) 
let us place In = 0 for n ^ 2. The determination of the impedance 
parameters for this case first requires the solution of the integral equation 
(66) for n = 0 and n = 1. For n - 0 Eq. (66) becomes, on introduction 
of the representation (62) and the change of variable (61), 

i 

where for simplicity 6(9) = 5{y) dy/dd. On equating the coefficients of 
cos nd on both sides of Eq. (67), one obtains 
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/ e(fl') do' = 

1 

J T" l n CSC 2b > ( 6 8 ) 

) cos nB' d6' = 0, n ^ 1. 

Hence, by Eqs. (44a) and (61) with (a = sin2 vd/2b, 0 = cos2 ird/2b), 
there follows 

1 /■» 1 
•v/b Jo 2ja>eb, Trrf' 
V J " — l n CSC yrr 

S(0)(a cos 0 + 0) d0 = ^ " ^ 2 ^ 
2joitb, ird 

ln csc T -̂26 ) (69) 

Z20 = ~ \ l £(0)(a2 cos 29 + 4a0 cos 0 + (1 - 3a)0) d0 | 

V 2 (1 - 3a)0 
2iu>tb. ird 
—— ln csc jjr 

the parameters Zn0 being obtained in a like manner. Similarly for n = 1. 
Equation (66) becomes on use of Eqs. (62) and (61) 

00 

J2 . . , a . . 2u>t [* /, ird , V cosn0 cosn0 ' \ ,„, 
Vfc <« cos * + « = " ' Vjo ElW V n °SC 26 + 2 / n )dd • 

(70) 
whence 

f\l(e> )de' = - # 
. 2ue . ird 

J V l n c S C 2 6 

/ £!(«') cos d'dd' = - y 

/ o ' G l ( < ? , ) 

(71) 

.2u* 

cos n0' d0' = 0, n ^ 2, 

and, as in Eqs. (69) with £(0) replaced by £i(0), one obtains by Eqs. (44a) 
and (61) 
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Zoi — 

Zn = —-x I a" "i : — T J V \ (72) 

Z21 

etc., for Zni- As a check the verification of the reciprocity relation 
Zio = Zoi is to be noted. 

With the knowledge of the relevant impedance parameters the 
desired discontinuity susceptance can now be obtained from Eqs. (65) 
by a simple "network" calculation. For in view of Eqs. (63a) and 
Ii = I3 = • • • 0, one finds that 

— / Zoo 
72 

£11 + Y1 - Yui 

and thus on substitution of Eqs. (60), (69), and (72) there follows after 
some algebraic manipulation 

B 
Y 

8b 
X 

ird 
In csc ^ + 

Q cos4 wd 
2b 

where 

i - (?) 

Q sin 

- 1. 

26 

(73) 

Equation (73) provides an approximate value for the relative susceptance 
that is seen to agree with the first two terms of the more accurate value 
quoted in Sec. 5-16 (if X —> Xs). 

Since only the first two .E-modes have been treated correctly, the 
aperture field E(y) determined by the above integral-equation method of 
solution is approximate. However, as stated above, the accuracy of the 
equivalent-circuit calculation can be improved by use of this approximate 
field as a trial field in the variational expression (50). To investigate 
the limits of validity of such a procedure let us first rewrite Eq. (50) in 
the form 
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i I = X F"s ( T ) 2 + X (F" " Fns) (T) 2 - (74) 
i i 

The field E(y) defined by the integral equation (63) will be employed as a 
trial field, but now the I„ are to be regarded as unknown coefficients that 
are to be determined so as to make stationary (minimum in this case) 
the susceptance B of Eq. (74). On multiplication of Eq. (63) by E(y) 
and integration over the aperture, there is obtained on use of Eq. (44a) 

I V + V LVn = V YnsV\. (75) 

Substitution of this result into Eq. (74) and use of the network relations 
(65) then yield 

Y ZmJJn + V (Ym- Yms) (Y ZmnlX 
m = 1 

fV - V 
I } ZomIm \ 

3 2 = » ' (76) 

where one notes that I0 = I. The imposition of the stationary conditions 

-f- = 0, n = 0, 1, 2, 3, ■ ■ • 
uln 

for the determination of the coefficients Im leads to the set of equations 
(for all n) 

jB (Y ZoJA Z„„ = 2Z0nI + 2 y Zmn[Im - (7m s - Ym)Vm] 
0 m = l 

from which, on noting the identity of the left side and the first term of the 
right side of these equations, one readily obtains the solutions 

Im = (Yms - Ym)Vm, m = 1, 2, 3, ■ • • . (77) 

Thus the choice of coefficients I„ that makes the susceptance B stationary 
is exactly the choice required to make E(y) an exact solution of the 
integral equation (63). It is not generally feasible to satisfy all of the 
conditions (77). As an approximation one may choose Im = 0 for all 
m > N. Under these circumstances the network equations (65), which 
determine Vm and hence Im, become 
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N 

V = Zj + J) z0Jn, 
1 

I 
(78) 

zmoi + y Zm„i„, 
1 

with 
7 = 1, L = (Ym. - Ym)Vm, m = 1, 2, • • • , N. 

The use of these network equations in the variational expression (76) 
then leads to the final variational result 

where 

.B .Bo 
3 2 •? 2 

AT+l 

5} (F- - F-.) (^) 2 ' (79) 

• Bo I I ,__ . 
J "2" = y = -JV ( 7 9 ° ) 

Z/ Z o m 

is the approximate discontinuity admittance obtained by the integral-
equation method of solution with Im = 0 for m > N. The sum in 
Eq. (79) is thus seen to act as a variational correction to the integral-
equation result. 

As an example of the use of Eq. (79) let us consider the case N = 1 
for which the integral equation result Bo/Y has already been derived in 
Eq. (73). Since the correction series in Eq. (79) converges relatively 
rapidly, only the first term thereof will be evaluated and this only to 
order (2fc/X)3. Thus, on use of Eqs. (78), (46), and (60), the first term 
may be expressed relative to the characteristic admittance of the dominant 
mode as 

.. (VtV . 1 /26V ZIOZH — Z\i.Z\o + Zio 
Y, - Yu 

ZooZn — Z\o + 
Yx u 

which, on evaluation of the wavelength independent terms within the 
bracket by Eqs. (69) and (72), becomes 

The substitution of Eqs. (73) and (80) into (79) then yields as the vari
ational result for the relative susceptance 
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ln CSC 2b + , _ , „ . 4«f + 16 U J V " 3 s m 2b) C0S2b ■ 
1 + Q sin4 ^ ' v ' 

(81) 

This is identically the result quoted in Sec. 51b (if X —> X„); it is estimated 
to be in error by less than 5 per cent for 26/X < 1 and by less than 1 per 
cent for 4b/X < 1. 

c. The Equivalent Static Method.—The equivalent static method of 
solving the capacitive window problem of Sec. 5-16 resembles strongly 
the integral-equation method just described. As in the latter, the original 
dynamic problem with only a dominant mode incident is reduced to a 
static, parallel-plate problem with an infinity of modes incident. How
ever, the task of finding the fields produced by each of the incident static 
modes is now regarded as an electrostatic problem to be solved by con-
formal mapping of the original problem into a geometrically simpler 
problem for which the potential (i.e., static) solution can be found by 
means of complex function theory. The static problem for the case of 
only the lowest, principal mode incident constitutes a conventional elec
trostatic problem with a d-c voltage applied across the guide plates; the 
static problems with a higher mode incident, although less conventional 
electrostatic problems, are nevertheless solved in a manner similar to 
that employed for the lowest mode. The use of conformal mapping in 
the solution of the electrostatic problems implies a limitation of the 
equivalent static method to microwave problems that are essentially two 
dimensional. As in the previous method, no attempt is made in prac
tice to obtain the formally possible exact solution; a variational procedure 
is, however, employed to improve the accuracy of an approximate 
solution. 

As a preliminary to the electrostatic solution of the integral equation 
(63) subject to Eqs. (63a), the unknown aperture field is now represented 
as 

E(y) = VE{y) + ^ /„£„(,/), (82) 
l 

where the proportionality to V rather than to / , as in Eq. (64), is more 
convenient for conformal mapping purposes. I t then follows by Eqs. (44) 
that 

- / Z(y)h(y) dy = 1, / £„(y)h(y) dy = 0 
y«p yap 

B =8b 
Y ~ X 
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and also that 

I = YooV -

Vm = T„0V + 

t TJ'" 
i 

y zmj„, 
m = 1, 2, 3, ■ ■ ■ , (84) 

where the significance of the proportionality factors Foo, To* will be 
'evident below, while by definition 

T mo — — / 
J ap 

Z(y)hm(y) dy, 
I (85) 

Zn(y)hm(y) dy. ' 

In contrast to Eqs. (65) the network equations (84) are of a "mixed" 
type; the "network" parameters comprise the admittance F0o, the imped
ances Zmn, and the transfer coefficients 7V, Tno- From the knowledge of 
these parameters the desired discontinuity admittance I/V can be found 
by straightforward solution of the network equations (84) subject to the 
terminal conditions (63a). To determine the network parameters it is 
first necessary to find the partial fields E„(y). On substituting Eq. (82) 
into the integral equation (63) and equating coefficients, one finds that 
the partial fields are determined by the set of integral equations (n = 1, 
2, 3, . . .) 

YooHy) = ~ fo G,(y,y')&(y')dy', (86a) 

0 < y < d, 

- ^ h(y) + hn(y) = ~ fQ G,(y,y')&„(y') dy', (86b) 

from which it is apparent that these partial fields differ from those 
encountered in the previous method. From Eqs. (85) and (86) one 
derives the reciprocity relations 

T on = T no and Zmn = Znm. 

To find the partial field £(y) by conformal mapping one observes that 
the integral equation (86a) is characteristic of an electrostatic distribution 
with a ^/-component electric field and an x-component magnetic field 
(or stream function) given, when z < 0, by 
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Efo) = e(y) + V T0nen(y)e""\ 

(88a) 

3Cfo) = (Foo -jo>*z)h(y) - V T0nYnMy)enr'/b, 
I 

for the individual terms in Eqs. (88a) are solutions of Laplace's equation, 
and as is evident from Eqs. (85) and (87), the integral equation (86a) is 
obtained from the boundary condition that 3C(y) = 0 at z = 0, 0 < y < d. 
Equations (88a) are characteristic of an electrostatic distribution corre
sponding to a unit d-c voltage across the guide plates, the term Foo being 
proportional to the "excess" static capacitance arising from the presence 
of the discontinuity at z = 0. Similarly the field distribution 

« 

S„(y) = Zns sinh ^ en(y) + \ Zmnem(y)em"'\ 
m = l ) (886) 

3C„(y) = - 7V h(y) + cosh ~ h„(y) - \ Y„.Zmnhm{y)e'""b, 

associated with the integral equation (866) corresponds to an electro
static distribution with only the nth mode incident. 

The parameters F0o, Tno, and Zmn can be found either by solving the 
integral equations (86) or by finding the electrostatic field distributions 
(88a) and (886). The latter involves the determination of a stream func
tion <Ky,z) (i.e., a magnetic field) satisfying Laplace's equation and the 
boundary conditions appropriate to the parallel-plate waveguide geom
etry depicted in Fig. 3 -25a. I t is simpler to solve this problem not in 
the actual waveguide but rather in a geometrically transformed wave
guide in which the boundary conditions on ip are simple. From the 
theory of analytic complex functions a solution of Laplace's equation 
in the transformed guide is likewise a solution in the actual guide if the 
transformation is conformal. The desired transformation is one which 
conformally maps the original waveguide region in the f = 2 + jy plane 
of Fig. 3-25a into the upper half of the ^-plane of Fig. 3-256 and thence 
into the waveguide region in the f = z' + jy' plane shown in Fig. 3-25c. 
The corresponding points in the f, t, and f'-planes are so chosen that 
the aperture surface 0 < y < d, 2 = 0 in the {"-plane is transformed into 
the terminal surface 0 < y' < b, z' = 0 in the f -plane. 

With the aid of the Schwartz-Christoffel transformation the function 
that maps the guide periphery in the f-plane of Fig. 3-25a into the real 
axis of the <-plane of Fig. 3-256 is found to be 
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cosh ^ = t, (89a) 
b 

while that which maps the guide periphery in the f'-plane of Fig. 3 -25c 
into the real axis of the £-plane is 

a cosh ^-+ $ = t, (896) 
o 

where a = sin2 ird/26 and /3 = cos2 ird/2b [note the significant connection 

t = - o o t = _ O o 
r( = - l — i , ( - ( » 

i 
t = t* b ! 

1 LL J t -i —* 1 4_»z' 
« = + ~ » ( = + 1 —OG to 1 + o o i = + o o t = l 

U+jy) (2'+;'/) 
T̂ plane t plane !f'plane 
(a) (6) (c) 

F I G . 3-25.—Conformal mapping from $* to f planes. 

-f- = 0 on 
' O o n -

between Eqs. (896) and (61)]. The over-all mapping function for the 
transformation from the f- to the f'-planes is thus 

cosh "j = a cosh * y -)- /3. (90) 

The solutions of electrostatic problems in the transformed waveguide of 
Fig. 3-25c can be readily found, since the terminal conditions therein 
correspond to a simple open circuit (^ = 0) at the terminal plane z' = 0. 

The complex stream function 

* = + +34> (91) 

that corresponds to only the principal mode incident (i.e., an applied d-c 
voltage) in the waveguide of Fig. 3-25c is 

* = Af, (92a) 

where the constant amplitude A (regarded as real) can be selected arbi
trarily. The associated solution in the actual waveguide is therefore by 
Eq. (90) 

/ c o s h ^ - A 
* = A - cosh"11 J, (926) 
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or equivalently as a series in powers of e*i/b as 

* = — 
TV 

In i - ^ - 2/3e'^ - 0(1 - 3a)e2*r<* + • • • . (93) 

If A is now set equal to jut/y/b, the stream function \p follows from Eqs. 
(91) and (92a) as 

* = j — - V [in - - I z - 2/3 cos ^ e'"» - 0(1 - 3a) cos ^ e ' "* 

+ • • •] (94) 
and evidently represents the static magnetic field produced by a principal 
mode incident in the actual guide. On comparison of Eqs. (94) and 
(88a) one finally obtains 

. . . 2o;tb. ird 
loo = 1 In CSC ^ r , 

7T 26 
7\,i = V2fc ^ (95) 

r 0 2 = \ / 2 (1 - 3<*)/3, • • ■ 

The corresponding complex stream function for only the (n = 1)-
mode incident in the waveguide of Fig. 825c is simply 

* = B sinh ^ - , (96a) 

whence by Eq. (90) the complex stream function in the actual guide is 

* = ^ s i n h ' g \l+—?—, (96b) 
a 26 / . irf 

V S m h 26 
The latter may be expressed as a series in powers of e"Vb as 

* = £- [ e _ T - 2/3 + (1 - 2a2)c^ + • ■ ■ ] , (96c) 

from which, on setting B = a s/2/b and taking the real part, one obtains 
the real stream function 

-0 + cosh y cos ^ - a V " 6 cos ^ + • ■ • (97) 

characteristic of a static magnetic-field distribution in the actual guide 
with only the n = 1-mode incident. On comparison of Eqs. (97) and 
(886) one finds that 
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2\„ = V2/3, 
z - Q2 (98) 

With the knowledge of the network parameters in Eqs. (95) and (98) 
it is now possible to obtain the solution of the capacitive window prob
lem in the approximation wherein only the two lowest modes are treated 
exactly. The "mixed" network equations (84) reduce in this case to 

1 — ' o« ' — Toui, 
Vl = T1BV + Zn / i , 

with the "terminal" conditions 

1=1 and h = (Fi . - YJVy 

(99) 

whence 

■y ~ YoO + 

Z„ + Y1 - Yu 

On insertion of the values of the parameters given in Eqs. (95) and (98), 
one obtains for the discontinuity susceptance 

B 
Y 

27 
jYV 

86 
X 

Q cos4 

l n c s c 2 b + 
2b 

1 + Q sin4 
(100) 

the result obtained previously in Eq. (73) by the integral-equation method 
and in agreement with the first two terms of the value quoted in Sec. 
5- lb (if X->X„). 

The accuracy of an approximate solution of the above electrostatic 
problem can be improved by utilization of the aperture field E(y) found 
thereby as a trial field in the variational expression (50). The basis for 
such a procedure may be developed in a manner similar to that in method 
b. As a trial field one first considers that electrostatic field E{y) defined 
by the integral equation (63) in which the unknown coefficients In are 
to be so chosen as to make the variational susceptance B stationary. 
Writing the variational expression in the form (74) and utilizing Eqs. (75) 
and (84), one then obtains 

3 2 = F°« + 

y zmjjn + y (Ym - Ymt) (rm0v+y z„jny 
n = l 

(101) 
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Imposition of the stationary conditions 

f f =0, n = 1,2,3, • • ■ , oo, 
din 

with the arbitrary V being held constant, leads to an infinite set of 
equations 

0 = V Zmn[L - (Fm8 - Ym)Vm], 

whose solution is readily seen to be 

/ „ = (Yml - Ym)Vm, m = 1, 2, 3, ■ • • , oo. (102) 

This variational choice for Im is thus exactly that required to make the 
trial E{y) rigorously correct. As a practical approximation let only the 
first .W of Eqs. (101) be satisfied, the remaining Im being set equal to 
zero. The network equations (84), which represent the solution of the 
electrostatic problem in this case, then become 

YooV 7 1 On-l n, 
1 
N 

Yz i 
1 v m = 1, 2, 3, • • • , N (103) N 

Vm = Tm0V + 
I 

subject to 
1=1 and L = (Ym, - Ym)V 

By means of Eqs. (103) the variational expression (101) may be rewritten 
as 

'1=40+t (F"'-y"'s )(T)2' (104) 
JV+1 

where we have defined 

■ Do v \ IviD'm IM\A \ 

J~2 = 5-oo - /j—y—' (104u) 
l 

the latter being the approximate electrostatic result obtained by treating 
only the N lowest modes correctly. As in the corresponding, but not 
identical, variational expression (79) the sum in Eq. (104) represents a 
variational correction to the electrostatic result. 
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As an example, the use of Eq. (104) for the case N = 1 will be con
sidered. The approximate electrostatic result B0/Y is then given by Eq. 
(100). As an approximation the correction series in (104) will be replaced 
by its first term. By means of Eqs. (103) this term may be expressed in 
the form 

the approximation being correct to order (2b/X)3. Insertion of this cor
rection into Eq. (104) yields for B/Y the same result as obtained in 
Eq. (81) by the integral-equation method and quoted in Sec. 5-16. 

Although identical results have been obtained for the susceptance of 
capacitive window by both the integral-equation and the equivalent-
static methods, it should be recognized that the latter method generally is 
the more powerful for two-dimensional problems. This is a consequence 
of the power of conformal mapping to solve Laplace's equation in rather 
complicated geometrical structures. 

d. The Transform Method.—As a final illustration we 'shall consider 
the equivalent-circuit problem presented by a six-terminal microwave 
structure—the E-plane bifurcation of a rectangular guide treated in 
Sec. 6-4. Although the various methods described above are likewise 
applicable to the solution of this problem, we shall confine ourselves to 
an integral-equation method. However, since the £J-plane bifurcation 
can be regarded advantageously as either an aperture or obstacle dis
continuity of infinite extent, the associated integral equation will be of 
the so-called Wiener-Hopf type. The solution of this integral equation 
differs in detail from the integral-equation method discussed above and 
moreover is rigorous. 

A longitudinal view of the i?-plane bifurcation together with the choice 
of coordinate axes and dimensions is shown in Fig. 326a. For simplicity 
of analytical discussion it is assumed that only the f/io-mode can be 
propagated and that the bifurcation bisects the structure (note that the 
height at the bifurcation is b rather than 6/2 as in Sec. 6-4). By a special 
choice of excitation the symmetry about the plane of the bifurcation can 
be utilized so as to require solution of the field problem in only half of 
the structure. Thus, an antisymmetrical choice of current excitation in 
guides 1 and 2 will lead to a correspondingly antisymmetrical magnetic-
field distribution in which the tangential magnetic field in the "aper ture" 
plane, y = b, z > 0, vanishes. The resulting field problem has then to 
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be solved only in the reduced domain, shown in Fig. 3-266, obtained on 
bisection of the structure about the plane of the bifurcation; the corre
spondingly reduced equivalent circuit shown in Fig. 326c is found on 
(open-circuit) bisection of the over-all equivalent circuit of Fig. 6-4-2. 
The two-terminal nature of the reduced circuit implies that no propa
gating mode is present in guide 3 under the assumed antisymmetrical 
excitation. A further simplification resulting from the uniformity of 

4 

E®1 
il 

® 

Longitudinal View 

(a) 

®, 
JL 

Reduced Domain 

(b) 
Flo. 3-26.—.E-plane bifurcation. 

Reduced Equivalent 
Circuit 

(C) 

the structure in the x direction permits the solution of the circuit problem 
in a parallel-plate rather than a rectangular guide; the parallel-plate 
results go over into those of the rectangular guide on replacement of the 
space wavelength X in the former by the guide wavelength X„ in the latter. 

Because of the uniformity of the structure in the x direction and princi
pal-mode excitation of guide 1 the fields are derivable from a single 
x-component, 4>(y,z), of magnetic field. The field problem in the reduced 
domain of Fig. 3-26b is hence the scalar problem of determining a function 
\j/ satisfying the wave equation 

/ d2 d2 \ 0 (106) 

and subject to the following boundary conditions (with kb < ir/2): 

^ = 0 for y = 0 and for y = b, z < 0. 
dy 
\j/ = 0 for y = b, z > 0. 
\j/ —> I cos kz — jYV sin kz 

4. i>- for z -

for z -

+ °° where l^l m 
The quantities I and V represent the dominant-mode current and voltage 
at the terminal plane T(z = 0), and Y is the characteristic admittance of 
guide 1. Condition 4 states that the dominant field in guide 3 is that of 
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the lowest nonpropagating mode therein. It is required to solve the field 
problem specified in Eqs. (106) for the normalized susceptance 

7 = jVv <1 0 7> 

The representation of the field 4> which satisfies Eq. (106) will be deter
mined by a Green's function method rather than by the equivalent modal 
method previously employed. To this end one utilizes the two-dimen
sional form of Green's theorem: 

f (*V=G - CVV) dy' dz' = f (+ g - G ^ j ds', (108) 

where 

V = - * + *-.. 
dy' dz' 

The double integral with respect to the running variables y', z' is taken 
over the entire reduced domain in Fig. 3-26£>; the line integral with respect 
to ds' is taken over the periphery thereof; and n' represents the outward 
normal direction at the periphery. The Green's function 

G = G(y,z;y',z') = G(y'z';y,z) 

will be defined by the inhomogeneous wave equation 

( £ . + £ , + *')<? --«(»-*')«<«-«'> (109) 

and subject to the following boundary conditions: 

1 . ^ = 0 for y = 0, b. dy u 

2. Im G = 0, G bounded for «—>—». 

3. G—> e~[«'u for z —> + <x where \KI\ = \[r) ~ k2. 

The delta function is defined by 

S(x) = 0 if x ^ 0, / S(x - x') dx' = 1, 

the interval of integration including the point x. Explicit representations 
of the Green's function defined by Eqs. (109) are readily found either in 
the form 
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-., . ,, sin k(z — z') — sin k\z — z' 
G(y,z;y',z) = 2kb 

+ T > , =- COS - r ^ COS —r^- ( H O o ) 
fr / , / /JMTV 6 b M-

or in the form 
+ » +3V 
cos Vfe2 - f2 y cos Vfc2 - f2 (b - y') e J f ( W ) d f 

V&2 - r2 sin Vk2 - f2 6 

<?(»,*»',*') +.+,-, y<y'' 
cos -\//c2 — f2 (b — «/) cos \/fc2 — f V 

2*J <,*(*-*-> ^ f ) 
V&2 - i"2 sin Vfc2 - r2 b 

y > y', (110b) 
with 

o < u < - v m -w. 
In conformity with the defining equation and boundary conditions in 
Eqs. (109) one notes that the representation (110a) satisfies the wave 
equation except at z', where it possesses a discontinuity in the z derivative 
of magnitude — d(y — y'); correspondingly, the representation (110b) 
satisfies the wave equation save at y', where it has a discontinuity in the 
y derivative of magnitude —5(2 — z'). Equations (110a) and (110b) are 
seen to be representations in terms of modes transverse to the z- and 
y-axes, respectively. 

On use of the defining equations and boundary conditions (106) and 
(109), one finds by Green's theorem (108) that \j/ can be represented every
where in the reduced domain as 

4,(y,z) = j o G(y,z;b,z')E(z') dz', (111) 

where for brevity we have set 

E(z') = ^+(y',z') 

The unknown function E(z'), which is proportional to the 2-component of 
electric field in the aperture plane, may be determined on imposition of 
the boundary condition 2 in Eq. (106). This condition leads to the 
homogeneous integral equation 
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/ . 
0 = / K{z - z')E(z') dz', z > 0, (112) 

where K(z - z') = G(6,z;b,z'). The solution of Eq. (112) for E(z) then 
determines ^(y,z) everywhere; in particular at z —> — « we note from 
Eqs. ( I l l ) and (110a) that 

Hy,z) = ^ /0 W s in k(z ~ z') * ' . 

whence, on comparison with boundary condition 3 of Eq. (106), 

7 = - 1 / E(z') sin fcz' dz', 
/CO Jo 

jYV = - i - / £(z') cos fcz' dz'. 

In view of Eq. (107) the desired circuit parameter is seen to be 

/ E(z') sin kz' dz' 
Y = ^h, = - t a n V, (H3) 

/ / * ( • ) cos kz' dz' 

where 

' / . 
phase of I E{z')e->k'' dz'. 

If, in harmony with its interpretation as an electric field, we set the func
tion E{z') equal to zero on the "obstacle" plane z < 0, the desired angle <p 
becomes the phase of the Fourier transform of E(z) at the "frequency" k. 

To determine the Fourier transform of E(z) it is suggestive to rewrite 
Eq. (112) as the Wiener-Hopf integral equation 

/
+ » 

K(z - z')E(z') dz' (114) 

with 
H(z) = 0 , z > 0, 
E{z) = 0 , z < 0, 

where, as is evident on comparison with Eq. ( I l l ) , 77(z) is the magnetic-
field function \j/ on the obstacle plane y = b, z < 0. The diagonal repre
sentation of K(z — z') given in Eq. (110b) (with y = y' = b) permits a 
simple algebraic representation of the integral equation (114) as 

3C(f) = 3C(f)E(r), where 3C(f) = - COt )ff?-Z/'b, (115) 
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in terms of the Fourier transforms 

/ : . 
0C(f) = / H(z)e-*' dz, Im f > 0, 

/
+ • 

E(z)er*'dz, Z m f < « i , } (116) 

3C(f) = / K(z)e-X* dz, 0 < Im f < ^ < «ti 

of #(z) , 2?(z), and .K(z), respectively. The validity of the transform 
relation (115), which is an expression of the so-called Faltung theorem for 
Fourier transforms, presupposes a common domain of regularity for the 
various transforms. The existence of a common domain 0 < Im f < «i 
is manifest from the regularity domains indicated in Eqs. (116), the latter 
domains being determined by the infinite z behavior of the various func
tions. An additional boundary condition on the field is implied by the 
mere existence of the first two transforms in Eqs. (116); namely, the 
behavior of E(z), for example, must be such that E(z) is integrable about 
the singularity point z = 0. Thus it will be assumed that 

E(z)~z~° a s z - > 0 (117a) 

with a < 1; hence by Eq. (116) it follows that 

S(f) ^ O T ) " - 1 a s f - > co. (H76) 

Although both the transforms 3C(f) and £($") in Eq. (115) are unknown, 
they may nevertheless be evaluated by means of Liouville's theorem. The 
theorem states that, if an analytic function has no zeros or poles in the 
entire complex plane and is bounded at infinity, the function must be a 
constant. To utilize the theorem let it first be supposed that the trans
form 3C(f) can be factored as 

3C_(f) _ cot Vk* - r2b m R , 

where 3C_(f) has no poles or zeros in a lower half of the f-plane while 
3C+(f) has no poles or zeros in an upper half of the {"-plane. Equation 
(115) can then be rewritten in the form 

K+(f)3C(f) = 3C_(f)6(f). (119a) 

The left-hand member then has no zeros or poles in an upper half plane 
while the right-hand member has no zeros or poles in a lower half of the 
f-plane. If all the terms in Eq. (119a) have a common domain of regu
larity, the function which is equal to the left-hand member in the upper 
half plane and which by analytic continuation is equal to the right-hand 
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member in the lower half plane must therefore have no poles or zeros in 
the entire plane. If, as is already implied, the analytically continued 
function is bounded at infinity, then by Liouville's theorem this function 
and hence both members of Eq. (119a) must be equal to some constant A. 
It thus follows that 

£ ( f ) =oe^) and ^ - x S r t ' (119b) 

whence from Eq. (113) 

tan-'fyj = - phase of'L^jj^Y (120a) 

or independently of A 
B 1 X-(k) - 3C_(-&) 
Y j X-(k) + X-(-k) (120b) 

To factor 3C(f) in the regular manner desired in Eq. (118), one 
employs the known infinite product expansion of the cotangent function 
and obtains 

K ( r ) ~ (k2 - nb 

or on factoring 

, n;[.-a'+ai 
(n;[.-(s)'+(£)T 

v(t) _ i n(26,f)n(2b,-f) _ac-(f) , 1 9 n 
MS> (fc2-f2)b[n(6,r)]2[n(6,-f)p 3c+(f)' [ ' 

where the function 

■™-n; [>/■-(£)'+>£]•-* (-) 
is manifestly regular and has no zeros in the lower half plane 

Imt<\iT) ~k\ 

If we now identify in Eq. (121) 

3C-(f) = tn i ry? e x < f > - (123a) 

^- ( i '"gl r ) ] '^ (1236) 

we see that 3C_(f) is regular and has no zeros in the lower half plane 

Im f < »/( £r ) — A:2 while 3C+(f) is regular and has no zeros in the upper M 
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half plane Im f > 0. The argument x(f) of the exponential is to be so 
selected that the behavior of 3C+(f) and 3C-(f) at infinity is algebraic. 
This requirement is necessary, in view of Eqs. (117), to permit the appli
cation of Liouville's theorem to Eq. (119a). The required choice is 
facilitated by a knowledge of the asymptotic properties of the gamma 
function r(x) at infinity. For one notes that, as f —> « , 

n(b,f) 

where C =0.577; hence from the asymptotic properties of the gamma 
function 

n ( b , r ) - ^ = e ~ < c - 1 + l n ^ , f ̂  co. (124) 

On using Eq. (124) in Eq. (123b), one obtains 

0C_(D= v i e " " - ' ' " , f ^ » . 

Thus, to ensure the algebraic behavior of 3C_(f) at infinity x(f) must be 
chosen as 

x ( f ) = J — l n 2 , (125) 
IT 

and therefore 
3C-G-) = Vttb, f - » » . (126) 

From the asymptotic f —> °° behavior of £(f) and 3C_(f) given in 
Eqs. (117b) and (126), one deduces by reference to Eq. (119b) that the 
constant A is real and that E(z) ~ z~^ as z —> 0. It therefore follows 
from Eqs. (120), (123a), and (125) that the desired circuit parameter 
B/Y is given by 

tar.(*)-^h. + ft(s)_Ml(s).*4 (127) 
where the phase Si of the unit amplitude function II(b,fc) is designated by 

Sl (») = V f Bin- * - **\ fcb = 2b 
ir X ' 

Equation (127) is the rigorous result quoted in Sec. 6-4 for the special 
case bi = b2 = b therein and if X in Eq. (127) is replaced by X„ (note that 
the b of this section is the b/2 of Sec. 6-4). The distance d is evidently 
the distance from the edge of the bifurcation to the open-circuit (zero 
susceptance) point in guide 1. 



CHAPTER 4 

TWO-TERMINAL STRUCTURES 

The waveguide structures to be described in this chapter are composed 
of an input region that has the form of a waveguide propagating only a 
single mode and an output region that is either a beyond-cutoff guide or 
free space. In a strict sense such structures should be described 
by multiterminal equivalent networks. However, in many cases the 
behavior of the fields in the beyond-cutoff or in the free-space regions is 
not of primary interest. Under these circumstances the above structures 
may be regarded as two-terminal, i.e., one-terminal pair, networks 
in so far as the dominant mode in the input guide is concerned. The 
relative impedance at a specified terminal plane in the input guide and 
the wavelength of the propagating mode in the input guide suffice to 
determine the reflection, transmission, standing-wave, etc., character
istics of such structures. In the present chapter this information will be 
presented for a number of two-terminal waveguide structures encountered 
in practice. 

LINES TERMINATING IN GUIDES BEYOND CUTOFF 

4-1. Change of Cross Section, H-plane. a. Symmetrical Case.—An 
axially symmetrical junction of two rectangular guides of unequal 
widths but equal heights (Z/\o-mode in large rectangular guide, no 
propagation in small guide). 

'A 
a'-*-

- a 

& 

™* 
a' is* 

*9 
O— 

Cross sectional view Top view 
FIG. 41-1 . 

Equivalent circuit 

Equivalent-circuit Parameters.—At the junction plane T, 

1 [l - (x)2] XoX„ + fi^J^)' (Xn - X0) 
(1« 



FIG. 4-1-2.—Reactance of //-plane change of cross-section symmetrical case. 
Experimental points for \ / a = 1.4. 
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X 
zV 

2a 

0.429(1 - 1.56a2)(l - 6.75a2Q) + 0.571(1 - 0.58a2) M$ 
(16) 

where A'n, A'22, and A'0 are defined in Sec. 5-24a, and 

w V'-(*y 
Restrictions.—The e<iviivalent circuit is applicable in the range 

X > 2a' provided 0.5 < a/X < 1.5. Equations (la) and (lb) have been 
obtained from the data of Sec. 524a by terminating the circuit indicated 
therein with the inductive characteristic impedance of the smaller guide. 
This procedure is strictly valid only if the smaller guide is infinitely long; 
however, a length of the order of the width a' is usually sufficient. Equa
tion (la) is estimated to be in error by less than 1 per cent over most of 
the wavelength range. Equation (lb) is an approximation valid in the 
small-aperture range and differs from Eq. (la) by less than 10 per cent 
for a < 0.4 and for 0.5 < a/X < 1. 

Numerical Results.—Figure 4-1-2 contains a plot of X\/Za2a as a 
function of a in the wavelength range X > 2a', provided 0.5 < a/X < 1.5. 
These curves have been computed by the use of the curves in Sec. 
5-24a. 

Experimental Results.—A nvimber of measured data taken at 
X/a = 1 . 4 are indicated by the circled points in Fig. 4-1-2. These data 
are quite old and are not of high accuracy. 

b. Asymmetrical Case.—An axially asymmetrical junction of two 
rectangular guides of unequal widths but equal heights (H 10-mode in 
large rectangular guide, no propagation in small guide). 

-«— a'-*-
-« a — * -

1 
1 
a 

1 
V/s. 
V 

'///, 

z0 l 

\j) J 
T 

hx 

Front view Top view 
F I G . 4-1-3. 

Equivalent circuit 
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F I G . 4-1-4.—Reactance of //-plane change of cross-section asymmetrical case. 
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Equivalent-circuit Parameters: 

X = 2o 
/o Xfl 

2a 

Xn 1 (x)>* 
(^) s ] x„x22 + ^/i - ( ^ ) 2 (z22 - Xo) 

Z„ \ 0.198(1 + 1.44a2) + 0.173(1 + 1.33o2)(l + 41.3a4Q) 
where Xn, X22, and X0 are defined in Sec. 5-246, and 

(la) 

(lb) 

Q = 1 V-©' — — ' A<? ^Rgi 
Restrictions.—The equivalent circuit is applicable in the range 

X > 2a' provided 0.5 < a/X < 1.0. Equations (lo) and (16) have been 
obtained from the data in Sec. 5-246 by terminating the circuit indicated 
therein with the inductive characteristic impedance of the smaller guide. 
Although this procedure is strictly valid only when the smaller guide is 
infinitely long, it usually may be employed even when the length is of the 
order of the width a'. Equation (16), valid in the small-aperture range, 
is an approximation that differs from Eq. (lo) by less than 10 per cent 
when a < 0.4 and 0.5 < o/X < 1.0. 

Numerical Results.—In Fig. 4-1-4 X\g/Z02a is represented as a 
function of a in the wavelength range X > 2a', provided 0.5 < o/X < 1.0. 
These curves have been computed with the aid of the curves of Sec. 5-246. 

4-2. Bifurcation of a Rectangular Guide, H-plane.—A bifurcation of 
a rectangular guide by a partition of zero thickness oriented parallel to 
the electric field (Hw-mode in large rectangular guide, no propagation in 
smaller guides). 

— a *• 

-1*1-
T o— 

X , 

a2 

Cross sectional view Top view 
F I G . 4-2-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—The equivalent circuit may be repre
sented as a short circuit at the reference plane T located at a distance d 



1 

F I G . 4-2-2.—Location of short-circuit terminal plane for H-plane bifurcation. ~3 
CO 
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given by 
2ird = x{\ + ai In ai + a2 In a2) — »S2(x;l,0) + Si(xi)ahO) 

where 
2o : 2a2 

Xi = — i X 2 . 
A0 A0 

a\ a2 
a i = —; «2 = —» 

o a 

+ S1(x2;a2,0), (la) 

X = Xi + X2 = 

X„ = 

2a 

v-ay 
?jv(x;a,0) = \ ( s i n - ' — ^ J L 

Restrictions.—The equivalent circuit is valid in the range 0.5 < a/X < 1 
provided X > 2a2 (where a2 > Oi). Equation (la) has been obtained by 
the transform method and is rigorous in the above range. 

Numerical Results.—In Fig. 4-2-2 there are contained curves for 
d/a as a function of aja for various values of a/X in the permitted 
range. 

4-3. Coupling of a Coaxial Line to a Circular Guide.—A coaxial guide 
with a hollow center conductor of zero wall thickness terminating in a 
circular guide (principal mode in coaxial guide, no propagation in circular 
guide). 

Cross sectional view 

2a 26 -r*d ■n 

Side view 
F I Q . 4-3-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—The open-circuit reference plane T is 
located at a distance d given by 

2jrd 
~x~ = ^ ( in ^ J — + a In -) + S'Azfl) - SJAax;0) - Sf(z';0,c), 

A. \ 1 — a <x / (la) 
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! ^ „ In T - 1 — + a In + (1 - a) f l .478 - - \ 
O 1 — a a \ 7 i / 

(16) 

where 
2o , , . , 1 

X = "T-> X = ( 1 — <*)£, C = -
A a 

Si'(x;0) = £ (sin"* | - - | ) , Jo(ir/J.) = 0, 
71 = 1 

Sf.(x;0,c) = £ ( s i n - ^ - -*), H » = (C — l)X0n, 

^0(X0n)iVo(X0nC) — iV 0 (XOn)/o(xo nc) = 0 , t l = 1, 2 , 3 ■ • • 

Restrictions.—The equivalent circuit is valid in the wavelength range 
X > 2.61a provided the fields are rotationally symmetrical. The location 
of the reference plane has been determined by the transform method and 
is rigorous in the above range. The approximation (lb) agrees with Eq. 
(la) to within 3 per cent if (2o/X < 0.3 and 1 < a/b < 5. 

Numerical Results.—The quantity ird/a is plotted in Fig. 4-3-2 as a 
function of b/a for various values of the parameter 2a/X. The summa
tions Sf° and Sf° are tabulated in the appendix. The roots irfin = xo* 
are given in Table 2 1 ; the quantities iryn = (c — l)xon are tabulated as a 
function of c in Table 2-3. For large n it is to be noted that |3„ = n — Y\ 
and y„ ~ n. 

4-4. Rectangular to Circular Change in Cross Section.—The termina
tion of a rectangular guide by a centered, infinitely long circular guide 
(i/io-mode in rectangular guide, no propagation in circular guide). 

Cross sectional view 

7////////, 
'17777777, 

Side view 
F I G . 4-4-1. 

Y0 

o— 
5-J'Ba 

Equivalent circuit 

Equivalent-circuit Parameters.—At the terminal plane T 

B. 
F„ 2F„ 'r3YB' 

51 « 0.685 ^ , 
F 0 a3 

(la) 

(16) 
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where B/2Ya = one-half the quantity B/Y0 in Eq. (la) of Sec. 5-4a and 
jF'o/Fo = j times the quantity Y'0/Y0 in Eq. (la) of Sec. 5-32. 

Restrictions.—See Sec. 5-32. The approximation (16) above agrees 
with Eq. (la) in the small-aperture range d/a « 1 and d/\ <K 1. 

Numerical Results.—The parameters B/Yo and jY'0a/Yob may be 
obtained as functions of d/a from Figs. 5-4-2 and 5-32-2, respectively. 

Experimental Results.—Data for Ba/Yo measured at X = 3.20 cm for 
the case of a rectangular guide of dimensions a = 0.900 in., b = 0.400 in. 
joined to an infinitely long circular guide of variable diameter d are 
indicated in Fig. 4-4-2. The circled points are the measured values; the 
solid line is the theoretical curve computed from Eq. ( la) . Since there 
is no justification for the extrapolation of the formulas to the case d > 6, 
the theoretical curve has not been extended into this region. 

4-5. Termination of a Coaxial Line by a Capacitive Gap.—A junction 
of a coaxial guide and a short circular guide (principal mode in coaxial 
guide, no propagation in circular guide). 

; ; J i > i t j j . i ) I j-r 

i ' > > > > ' ' ' > ' ->—r 

Adr~ 

T •JB 

Cross sectional view Side view 
FIG. 4-5-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference plane T 

Y0 

4b . a IT b , , a — b\ 
a) 

Restrictions.—The equivalent circuit is valid in the wavelength range 
X > 2(a — b)/yi, where iryi = (a/b — l)xoi may be found in Table 2-3. 
The susceptance has been evaluated by the small-aperture method treat
ing the principal mode correctly and all higher modes by plane parallel 
approximations. Equation (1) is an approximation valid for 2ird/X « 1 
and d/(a — b) <£ 1. For a/b ~ 1 the quantity YI ~ 1. 
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LINES RADIATING INTO SPACE 

4-6a. Parallel-plate Guide into Space, E-plane.—A semi-infinite 
parallel-plate guide of zero wall thickness radiating into free space (plane 
wave in parallel-plate guide incident at angle a relative to normal of termi
nal plane). 

General view 

Ll* 
T' T 

Side view 
FIG. 4-6-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference plane T located at a 
distance d given by 

^ = x In * - Si(xfl,0), X yx 

the equivalent circuit is simply a conductance 

G , . X J ; ^- = tann -=-; 

(1) 

(2) 

where 

*i(*;o,o) = £ (.dn-^ - ^), 
n = l 

b a 4xd 
v' e ~ "v"' 
e = 2.718, 

X' = -
c 

1.781. 

At the reference plane T' an alternative equivalent circuit shown in 
Fig. 4-6-2 is characterized by 

G' sinh -wx 
cosh trx + cos 9 

G' irb t b ... 
F0~2X'' f o r v « 1 . 

sin 6 
cosh M; + cos 8 

_ ~ A 1 ?eX_' 
Fo ~ X' 7& 

f o r ^ « 1 . 
A 

(3) 

(3«) 

(4) 

(4a) 

Y0 

X' G'S jB'jL 

r' 
FIG. 4-6-2. 
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F I G . 4-6-3.—Radiating parallel plate guide, E-pl&ne. Circuit parameters at terminal plane T. 
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The angular distribution of the emitted radiation is described by the 
power gain function 

TTX S i l l <p 
-7T < 4> < 7T, (5) 

defined relative to an infinitely extended isotropic line source. The gain 
S(0) is 

2TTX 
8(0) 1 (5a) 

Restrictions.—The equivalent circuit is valid in the range 6/X' < 1. 
The equations for the circuit parameters have been obtained by the 
transform method and are rigorous in the above range. 

Numerical Results.—The quantities 2W/b and G/Y0 are plotted in 
Fig. 4-6-3 as a function of &/X'. The alternative circuit parameters 
G'/Yo and B'/Yo are plotted as a function of b/\' in Fig. 4-6-4. The 
power gain function 9(0) is displayed in Fig. 4-6-5 as a function of 0 with 
b/X' as a parameter; only positive angles are indicated because the gain 
function is symmetrical about 0 = 0. 

4-6b. Rectangular Guide into Bounded Space, E-plane.—A rectangu
lar guide of zero wall thickness radiating into the space between two 
infinite parallel plates that form extensions of the guide sides (i/io-mode 
in rectangular guide). 

Cross sectional view 

Equivalent-circuit Parameters 
therein is replaced by X„, where 

T 

b 
i 

amet 

i | 

1 1 

T' T 

Side view 
F I G . 4-6-6. 

ers.—Same as in Sec. 

O 1 
Y° <e 

* 9 

T 

Equivalent circuit 

4-6a provided 

K = 

V-W 
Restrictions.—Same as in Sec. 4-6a with X' replaced by X„. 
Numerical Results.—Same as in Sec. 4-6a with X' replaced by X„. 
4-7a. Parallel-plate Guide Radiating into Half Space, E-plane.—A 

semi-infinite parallel-plate guide terminating in the plane of an infinite 
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screen and radiating into a half space (plane wave in parallel-plate guide 
incident at angle a relative to normal to screen). 

i*J. =*=/B 

Front view Side view 
FIG. 4-7-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference plane T 

= / Jo(x) dx - /,(*&), Y0 

Y0 X' 

F„ = / : N0{x) dx + N^kb) + z w 
2 1 

where 

B^ _ 26 eX_ 
Y0 ~ X' 726' 

«■ — T-7-; X — , 
X COS a 

(la) 

(16) 

(2a) 

(26) 

e = 2.718, y = 1.781. 

Restrictions.—The equivalent circuit is valid in the range 6/X' < 1.0. 
The circuit parameters have been obtained by the variational method 
assuming a constant electric field in the aperture at the reference plane. 
No estimate of accuracy is available over the entire range, but the error 
is no more than a few per cent for (26/X') < 1. Equations (16) and (26) 
are static results and agree with Eqs. (la) and (2a), respectively, to within 
5 per cent for (2ir6/X') < 1. 

Numerical Results.—The quantities G/Yo and B/Y0 are plotted in 
Fig. 4-7-2 as a function of 6/X'. 

4-76. Rectangular Guide Radiating into Bounded Half Space, E-plane. 
A rectangular guide terminating in the plane of an infinite screen and 
radiating into the half space bounded by two infinite parallel plates 
that form extensions of the guide sides (//m-mode in rectangular 
guide). 
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,////////?, 
■""W///J, 1 

Y0 

r jB < 

Front view Side view 
FIG. 4-7-3. 

Equivalent circuit 

Equivalent-circuit Parameters.—Same as in Sec. 47a provided X' 
therein is replaced by X„, where 

X„ = —r 

1 - ^ ay 
Restrictions.—Same as in Sec. 4-7o with X' replaced by X„. 
Numerical Results.—Same as in Sec. 4-7a with X' replaced by X„. 
4-8. Parallel-plate Guide into Space, H-plane.—A semi-infinite 

parallel-plate guide having zero thickness walls and radiating into free 
space (Hio-mode in rectangular guide of infinite height). 

Front view 

a © 
E 

V 

Top view 
FIG. 4-8-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference plane T located at 
a distance d given by 

2wd , X X„ . _. X - - = In =— + 3 - j f sin 1 r-a 2ya 2a \„ 

2«2yl 
2o 
X„ 

2a 
XT 

\V(2n -f~l)2 - 1/ (2n + 1) (1) 

the equivalent circuit is simply a resistance, 

Z"„ = t a n h 2' (2) 
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where 
ira 1 . Xn — X 

* = r - " o l n 
X„ 2 X„ + X 

X 

Ml' 1.781. 

At the reference plane T" the equivalent circuit is that represented in 
Fig. 4-8-2. The corresponding circuit parameters are 

R' sinh i 
ZQ cosh \p + cos 0 

where 

e = 

X' 
z0 

4ird 

sin 8 
cosh f + cos 9 Z0 

(3) >R' 

o-
The angular distribution of the emitted T' 

radiation is described by the power gain FIG. 4-8-2. 
function 

lira . \ 

VTsmy 
I 2a sin <j>\2 

cos l T m n ^ . l cos 2 ^ 2ra . 0 
8(0) = 8(0) — A * _ / 2 e - - -n. 5j ( 4 ) 

which is defined relative to an infinitely extended line source. The gain 
9(0) is 

8 ( 0 ) = Ix„ + x) - (x„ - x )T-»^" ( 5 ) 

Restrictions.—The equivalent circuits are valid in the wavelength 
range 2a/3 < X < 2a. The formulas have been obtained by the trans
form method and are rigorous in the above range. 

Numerical Results.—In Fig. 4-8-3 2ird/a and R/Z0 are plotted as a 
function of a/X. The alternative-circuit parameters R'/Z0 and X'/Zo 
are shown in Fig. 4-8-4. The symmetrical gain function 8(0) is dis
played in Fig. 4-8-5 as a function of 4> for several values of the parameter 
a/X. 

4-9. Parallel-plate Guide Radiating into Half Space, H-plane.—A 
semi-infinite parallel-plate guide of infinite height terminating in an 
infinite screen and radiating into a half space (if m-mode in parallel-plate 
guide). 
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ti 1 m iix 

Front view Top section view 
F I G . 4-9-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference plane T 

R^ _ Yo X y„ 
Z0 

where 
G_ = 2wa 
Yo X8 

(0+(0 z' (0+(0 (1) 

/ > -
x) cos(irx) Jo(kax) dx 

1 + 2 2a 
X0 \2a) \ Jo 

| - « 0.285 \ ^ « 1 
F0 a X„ 
and 

^y- = —— / (1 — x) COS(TTX) No{kax) dx 

sin(irx) Jo(kax) dx, (2a) 

(2b) 

B 
Yo * 

= 0.156 -°, a 

2a 
+ K 

£<-
'_1 + 2feT. / sin(7ra;) No(kax) dx (3a) 

Jo 

(3b) 

Restrictions.—The equivalent circuit is valid in the wavelength range 
■j < a/X < f. The equivalent-circuit parameters have been evaluated 
by the variational method assuming a lowest-mode electric-field dis
tribution in the aperture at the reference plane. The error is estimated 
to be less than 10 per cent for R/Z0 and perhaps somewhat larger for 
X/Zo- Equations (2b) and (36) are rough approximations to Eqs. (2a) 
and (3a), which are valid to within 10 per cent for a/X < 0.53. 

Numerical Results.—The quantities R/Zo and X/Z0 of Eq. (1) are 
plotted in Fig. 4-9-2 as functions of a/X for the range 0.5 < a/X < 1.5. 
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FIG. 4-9-2.—Impedance of parallel plate guide radiating into half-space, //-plane. 
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4-10. Apertures in Rectangular Guide, a. Rectangular Apertures.— 
A rectangular guide terminating in a screen of finite size and radiating 
into space through a rectangular aperture (//io-mode in rectangular 
guide). 

Front view 

l i 111 i i rr-r* 
0.400" 
11 ! i i i i i) ii 

± 
"32 

Side view 
FIG. 4-10-1. 

o— 
5 

Equivalent circuit 

Equivalent-circuit Parameters (Experimental).—At the reference 
plane T 

G_,-B_ = i - r 
YO + JY0 i + r ' (1) 

A number of values of T = |r|e'* = \Y\ <f>, measured at X = 3.20 
cm. for radiation into space through rectangular apertures in a 3^2-iri-
thick screen, are presented in the following table: 

\ . d2, in. 
^^\. 
rfi, in. ^ \ 

0 900 
0 800 
0 750 
0.600 
0 500 
0 400 
0 300 
0 200 

0.400 in. 

0 .3 l | -90° 
0.28|-74° 

0.25|-58° 
0 26 32° 
0.58|95° 
0 88 137° 
0.98 161° 
1 0 171° 

0.300 in. 

0 .42-109° 

0.36|-68° 

0.61 102° 

0 200 in. 

0.54|-123° 

0 .5 l | -102° 

0.69|ll3° 

0.100 in. 

0.77|-138° 

0.68|-120° 

0.77 130° 

0.050 in. 

0.87|-145° 

0.80|-134° 

For radiation through rectangular apertures into a space bounded by 
"infinite" parallel plate extensions of the top and bottom sides of the 
rectangular guide, the values of T become 
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^ \ ^ d,2, in. 
^ \ ! 

di, in. ^ ^ \ 

0.900 
0.800 
0.750 
0.600 
0.500 
0.400 
0.300 
0.200 

0.400 in. 

0 .16 | -7° 
0.28|16° 
0.23|39° 
0.57|87° 
0.74|ll8° 
0.90 144° 
0.98 157° 
1.0]l68° 

0.300 in. 

0.30|-50° 

0.17|21° 

0.74|l22° 

0.200 in. 

0.38|-91° 

0.23 | -39° 

0.80 129° 

0.100 in. 

0.68|-121° 

0.47|-95° 

0.86[l40° 

0.050 in. 

0.79|-138° 

0 .64 -115° 

For power passing through rectangular apertures into a matched 
guide of the same size as the input guide, the values of r are 

\ ^ di, in. 

d\, in. ^ ^ \ 

0.750 
0.500 

0.400 in. 

0.10|100° 
0.62 123° 

0.300 in. 

0.07|97° 
0.64 128° 

0.200 in. 

0.09|-105° 
0.69 134° 

0.100 in. 

0.35|-116° 
0.77|143° 

0.050 in. 

0.55|-128° 

b. Circular Apertures.—A rectangular guide terminating in the plane 
of a screen of finite size and radiating into space through a circular aper
ture (/fio-mode in rectangular guide). 

—0.050" 

I I I I D I I I ) >'f> 

i i D i i D i i ) 

/ ■A 

Yo 

*9 
O -

-JB, 

Front view Side view 
F I G . 4-10-2. 

Equivalent circuit 

Equivalentrtircuit Parameters (Experimental).—At the reference 
plane T 

Y0
 J Y0 l + r w 
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Values of r measured at X = 3.20 cm. for radiation through an off-
centered 0.375-in. aperture in a screen of 0.050-in. thickness are 

\ ^ x, in. 

d, in. ^ " \ 

0.375 

0 

0.982|l59.6° 

0.050 in. 

0.982159.6° 

0.100 in. 

0.983|161.6° 

0.150 in. 

0.986[l62.8° 

0.200 in. 

0.990165.4° 

For radiation into a space bounded by "infinite" parallel-plate extensions 
of the top and bottom sides of the guide, the values of r become 

^ \ ^ .T, in. 
^ v l 

d, in. ^ ~ \ 

0.375 

0 

0.982| 

0.050 in. 

0.982|l59.9° 

0.100 in. 

0.985|l61.8° 

0.150 in. 

0.987|l63.6° 

0.200 in. 

0.990|l65.8° 

In both cases the aperture is symmetrically located with respect to the 
height of the guide. The power radiated varies approximately as 
cos2irx/a, where a is the guide width.1 

4-11. Array of Semi-infinite Planes, H-plane.—An infinite array of 
semi-infinite metallic obstacles of zero thickness with edges parallel to 
the electric field (plane wave incident at angle 8, no propagation in 
parallel-plate region). 

Front view 

4-
*- a -+■ 

/ 

—- a-*-

/ 0-fcJ 
E * 

Top view 
FIG. 4-11-1. 

X/cos 0. 

Equivalent circuit 

Equivalent-circuit Parameters.—In the transmission-line representative 
of plane waves traveling in the directions ±8 the equivalent circuit is 
simply a zero impedance at the terminal plane T. The latter is located 
at a distance d from the edge of the array, where 

1 Cf. "Representation, Measurement, and Calculation of Equivalent Circuits for 
Waveguide Discontinuities with Application to Rectangular Slots," Report PIB-137 
(1949), Polytechnic Institute of Brooklyn, New York for more accurate data. 
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2ird 
X/cos 8 

2wd 
A/cos 8 

where 

2x In 2 + sin-1 2x 
— sin" 

2a; In 2 + sin"1 

V l - V V l - 2?/ V l + 2y 
+ S,(2x;2y,0) - S,(x;»,y) - S*(x;y,-y), (la) 

2x . , x . , x 

VI " V 

o cos 8 
V = 

V l - 2y V I + 2y 
+ • • • (lb) 

a sin 9 

St(x;ai0) = V f n - l . £ 
sin" , 

Ul V(n - /J)2 

n = 2 

} < V ( 2 - / 3 ) 2 - a 2 -

Restrictions.—The equivalent circuit is valid in the wavelength range 
X > 2a. Equation (la) has been obtained by the transform method and 
is rigorous in the above range. Equation (16) is an approximation that 
agrees with Eq. (la) to within 3 per cent for a/X < 0.5. The relative 
phase of the fields in adjacent (beyond-cutoff) guides of the parallel-plate 
region is (2TTO/X) sin 6. 

Numerical Results.—The reference plane distance ird/a may be 
obtained from Fig. 5-22-2 as a function of a/X and 8 provided the 6 
therein is replaced everywhere by a. 

4-12. Radiation from a Circular Guide, Eoi-mode.—A semi-infinite 
circular guide of zero wall thickness radiating into free space (i?oi-mode 
in circular guide). 

Front view 

Equivalent-circuit Parameters.-
a distance d from T", where 

i rd , X . „ ir/Si . _. X 
— = In 1-2 — sin * — — 
a ya Ka X„ 

, 

2 

! i 
t i 

a ! i 
i-«- d -t-t 
! i 

T' T 
Side view 
F I G . 4-12-1. 

1 

Equivalent circuit 

At the reference plane T located at 
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?L « l n A. + 2 - ^ ! sin-^ £■ - 0.264 - 5.91 
a 7a K<Z A , (sy-^csy-M 
the equivalent circuit is simply the conductance G defined by 

Yl = t a n h \> W 
where 

J0 x* + OtfO' V ? 
3 . X„ + X *a / Liri'o(x)J x dx , ^ _ K a _ _ l n _ _ _ _ y o _ _ _ _ _ _ _ _ (3) 

and 
2ir 2ir . X Ka 

k = -T-j K = -T— > A„ = — 1 y = — • 
A K V I - (X/2.61a)2 T 

iS{'(»;/9i) V fsin-1 , y - ^ l J0(^„) = 0. 

An alternative equivalent circuit at the reference plane T" is shown in 
Fig. 4-12-2. The corresponding circuit parameters are 

G' _ sinh \p \ z—• 1 
Y„ cosh ^ + cos 2«d' / G-> iB'z~. 
W_ = sin 2nd ( ( 4 ) . v — . 1 
F0 cosh \// + cos 2*.d I 

T' 
FIG. 4-12-2. 

The angular distribution of the emitted radiation is symmetrical about 
the guide axis. The power gain function defined relative to an isotropic 
point source is 

ota\ - 9 ^ i ^ 1 ) Jo(frffl sin 9) E(ka,ka cos 9) , . 
b W a sin 6 (ka „.„ ay E(ka,Ka) - E(ka, -m)' W (ka . 0yE(ka>K - Usin) 
9(0) « 02 for 6 « 1, (5a) 

S W - L r / k\ , r for9' = ( x - 9 ) « l , (56) 

where 
#(a;,y) = (x - y)* e»+'(«), (6) 



0.76 0.86 0.96 1.06 1.16 1.26 1.36 
2a 

1.46 1.56 1.66 1.76 

F I G . 4-12-3.—Radiating circular guide, i?oi-mode. Circuit parameters at terminal plane T. 

1 



0.76 0.96 1.16 Is 
X 

1.36 1.56 1.76 

F I G . 4-12-4.—Radiating circular guide, i?ci-mode. Admittance at terminal plane 7". CD 
CO 
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(6a) 

F(x,y) tdt 
\/t2 + i2 + y TJP + xi 

Restrictions.—The above formulas have been obtained by the trans
form method and, for the indicated field symmetry, are rigorous in the 
wavelength range 1.14a < X < 2.61a. For xa < 1 the approximate Eq. 
(la) is correct to within 2 per cent and Eq. (3a) to within 1 per cent. 
Equation (6a) is correct to within 1 per cent for y > 0, i.e., 6 > 90°. 

Numerical Results.—Curves of ird/a and G/Y0 as a function of 2a/X 
are presented in Fig. 4-12-3. In Fig. 4-12-4 G'/Y0 and B'/Y0 are plotted 
as a function of 2a/X. The graph of the power gain function 9(0) as a 
function of 8 with 2a/X as a parameter is given in Fig. 4-12-5. 

4-13. Radiation from a Circular Guide, Hoi-mode.—A semi-infinite 
circular guide of zero wall thickness radiating into free space (i/0i-mode 
in circular guide). 

T 
2a k£ 

Front view Side view 
F I G . 413-1. 

— K - d-+> 
7" T 

O -

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference plane T located at 
a distance d defined by 

^ = In A + 2 - ?$ s in- ' A _ 1 SiHvM a ya *a X„ y 

+ p:KHMl 
Jo X* + Orfl)' 

x dx 
Vx2 + (*a)2 

rd T/J; . _. x 
1 c m 1 — « In h 2 — sin - „ 

a ya xa X„ 
0.883 (g)1-0.879 (S)4 , 

the equivalent circuit is simply the resistance R defined by 

Zo = t a n h 2 ' 

(1) 

(la) 

(2) 
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where 
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f = m - in + — / 
4 \„ - X ir Jo 

, ~ 1 , X„ + X 

tan ML) 
x dx 

+ W i ) 2 V x 2 + (fro)2 

[SEC. 4-13 

(3) 

(3a) 
and 

fr = 2x 2jr 
X0 ' 

^1 .64 f f l y l 

s{°(yM = £ sin-' (^==r^ - f\ ^;w) = o. 

An alternative eciuivalent circuit at the reference plane T" is indicated 
in Fig. 4-13-2. The corresponding circuit parameters are 

>R' 

\JX' 

sinh \// K = 

Z0 cosh \p + cos (2xd)' 
X' sin 2*d (4) 

cosh 4> + cos 2nd 

FIG. 413-2. 

The angular distribution of the emitted 
radiation is symmetrical about the guide axis. 
The power gain function defined relative to 
an isotropic point source is 

8W 
2frxa2 Jo(Tr0[)Ji(ka sin 6) H(ka,ka cos 
ir?! 1 /fro . V H(ka, 

(iff Sm ') 
-/ca), —H{ka,na) (5) 

S(») * («■ 
where 

for 6 « 1, 
for (ir - 0) « 1, 

H(x,y) = V^"— y e"-F(I-»), 
ff (x,2/) « \ / x - 2/ e", 

(6) 
(6a) 
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Restrictions.—The above formulas have been obtained by the trans
form method and, for the indicated field symmetry, are rigorous in the 
wavelength range 0.896a < X < 1.64a. The approximation (la) is 
correct to within 5 per cent and (3a) to within 1 per cent. Equation (6a) 
is correct to within 2 per cent for y > 0; i.e., 9 < 90°. 

Numerical Results.—Curves of -rd/a and R/Zo as a function of 2a/X 
are presented in Fig. 4-13-3. In Fig. 4-13-4 R'/Z0 and X'/Z» are plotted 
as a function of 2a/X. The graph of the power gain function Q(0) vs. 9 
with 2ira/\ as a parameter is given in Fig. 4-13-5; the monotonic decrease 
to zero of the curves in the range 150° < 9 < 180° is omitted. 

4-14. Radiation from a Circular Guide, Hn-mode.—A semi-infinite 
circular guide of zero wall thickness radiating into free space (Hu-mode 
in circular guide). 

^M I ' 
i 

T T 
Front view Side view Equivalent circuit 

F I G . 4-14-1. 

Equivalent-circuit Parameters.—At the reference plane T the voltage 
reflection coefficient is 

Ai + jA2 

T,+'A' 

_'-f. 
1+f I 0 

r=_Ll^Li^ = ( l ) 

where 
T _ So + * /x„ — xy 

«o - Ax. + v e
ce'2 

A, 
X5 - X' 

ira i 

and 

£ [ " XJ^— , 1 In ! ( \ + [^lM~n e'4xl 
Xjo ^ + M ) V ^ ! + ( k ) ! IV ^[K[(x)\j I 

+ £ 

A2 = y I 1 + " ) ec,e'2 
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2a f 
\ Jo 

* Jo L Vx* + (kaY 

ka 
V x 2 + (ka)2 

|1 + 

„ _ 2xa , 2a 

and 

i & 1 
z2 + W [ ) 2 V X 2 + (fra)2 

A'a 

In 

tan" 

,1 + 

K i d ) 
ir/ipr) 

207 

dx 

[ *I[{x)\' 

t a n - ^ + t a n - ^ M l ^ 

X0 = 1.781, 

(£0a)2 = (A-o)2 - (x0 - jyB)2, x„ = 0.5012, ya = 0.6435, 

Sf ■(*;<>) = V Lm-i | . - ? Y / , ( * ) = 0, 
71 = 1 

Si\*;y) - £ (Bin- - ^ = = - ^ , J'M) - o. 
n •= 2 

The angular distribution of the emitted radiation is described by the 
power gain function 9(0,0), where 8 and <t> are the polar and azimuthal 
angles. This function, denned relative to an isotropic point source (i.e., 
normalized so that its integral over all angles is 4ir) is given by 

4A-K02 Ji{*P[) 
S(*.*) = irfl[ H{ka,na) — H(ka,—Ka) 

, , J[(ka sin 9) „ . , , „. 
cos2<£ ~- : — ^ H(ka,ka cos 0) /A-a sin eV 

+ 2 sin24> Ji(ka sin 
sin 0 E(ka,ka cos 0) 

where 

E(x,y) 

(x + «/)« e" x — y 
\x + £oa|% + f„a|2 + i^2 

(0 

e" 
V x + y 

. e J V'2+x' \ V I ! + I ' + » Vt'+z'+zJ ■'I'M 
_ i f - . ^ / i _ + i \ t a n . ^ i(0 

'l<0. 
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The choice of coordinate system is such that <£ = 0 corresponds to the 
magnetic plane, <f> = w/2 to the electric plane (i.e., Hz ~ cos <t> and 
Ht <~ s in <f>). 

Restrictions.—The above equations have been obtained by the trans
form method and are rigorous in the wavelength range 2.61a < X < 3.41a. 

Numerical Results.—Graphical plots of the above equations are not 
available. Tabulations of the summation functions SJl and SJ'1 are 
presented in the Appendix. Several of the Bessel function roots xi» = *i8» 
and x'in = irfi'n are given in Tables 2-1 and 2-2. 

4-15. Coaxial Line with Infinite Center Conductor.—A'coaxial line 
with a semi-infinite outer conductor of zero thickness and an infinite 
center conductor (principal mode in coaxial guide). 

y/////^//A 
26 U -
2a -*-

Cross sectional view 

l 
T 

X 
o -

T' 
Side view 
F I G . 4-15-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference plane T located at 
a distance d from the reference plane 7", where 

ird , eX 
In a — b y(a — b) k(a — b) 

+ 
*(y*>>i) 

2i_M 7V?+P W W ) 
a Jo 

_ ! _ « _ / dx x / / /ThWY e , \ ( 1 
2 ! _ M x Vx2 + (kby \ \ V A o ^ / / 

a 

a~^~b ~ l n
 7 (a - b) ~ Li [n\u ~ 7 + 3 \ X~/ W / + ' ' J 

a ~ b»\. (la) 

the equivalent circuit is simply the conductance G defined by 

~ = tanh % (2) 
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where 
i / I.N 1 f " dx i. - i -Ko(x) ^ = k(a — b) / — tan-1 . \ ' T v ' - ' X iri0(x) i-'i-;[ V>+fe)* V' + fe)' 

and 
^ = A-(a - b), a ~ b » X, 

(C — 1 ) X 0 » = ry„, J r o(XOn)A / ' o (cXOn) — Jo(cXOn)N0(xOn) = 0 , 
n = 

1 

At the reference plane T' the parameters 
of the alternative equivalent circuit in- y 
dicated in the Fig. 4-15-2 are [— 

G' _ sinh \j/ 
Yo cosh ^ + cos 2A-d 
B^ _ sin 2kd 
Yo cosh ^ + cos 2frd 

(3) 
(3a) 

G ' > j B ' ^ L 

(4) 

7" 
F I G . 415-2. 

The angular distribution of the emitted 
radiation is described by the power gain 
function (defined relative to an isotropically radiating point source), 

4 J0(kb sin 0)No(ka sin 8) - J0(ka sin 8)Na(kb sin 6) 
8(«) = sin20 [Jl(kb sin 0) + N\(kb sin 8)] 

Fa(k cos 8) 
Fb(k cos 0) 

(5) 

8(e) « jg 
•^[m^r+i - * « v 2 yj 

8(0) <*-'>'±.fln[*> (.-*) 

Fb(k) Fb{-k) 

6«l, 7 = 1-781, (5a) 

, ir - 8 « 1 (56) 
+ 1 

where 

LirJ.(z)J 1 / « 3 <JJ [ T / D ( I ) J 

p (t) = eiae V I ' + ( * O ) V I ' + (*«)! + £a 

- e«", £ > 0 
and Fb(£) is obtained by simply replacing a in F„(i;) with b. 

(6) 
(6a) 
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Restrictions.—The problem is treated by the transform method. 
The equivalent circuits and the above formulas are rigorous in the wave
length range 

< X < oo. 

The quantity y^a/b), as well as the quantities 7»(a/6), may be obtained 
from Table 2-3. When a » b » X, yn(a/b) ~ n and the formulas go over 
into those for the radiation from parallel plates, .E-plane, whose separation 
is 2(a - b) (see Sec. 4-6a). Equation (la) is accurate to within 12 per 
cent for b/a > 0.2, a/X > 0.1. Equation (3a) is accurate to within 15 
per cent for b/a > 0.5, a/X > 0.1. Equation (3a) is in error by 42 per 
cent for b/a = 0.2, a/X = 0.1. Equation (6a) is valid to within a few 
per cent for £ > 0, i.e., 6 < 90°. 

Numerical Results.—Figure 4-15-3 contains a plot of ird/(a — 6) as 
a function of a/X for various values of a/b. Figure 415-4 shows the 
variation of G/Y0 with (a — 6)/X for a few values of a/b. The gain 
function 9(0) is plotted in Fig. 4-15-5 as a function of 6 for a/b = 2 and a 
few values of a/X. The summation Sf°(y;0,c) is tabulated in the 
Appendix. 

4-16. Coaxial Line Radiating into Semi-infinite Space.—A semi-
infinite coaxial line terminating in the plane of an infinite metallic screen 
and radiating into free space (principal mode in coaxial guide). 

" " i 

Cross sectional view 
F I G . 4-16-1. 

)B r 
T 

Equivalent circuit 

Equivalent-circuit Parameters.—At the terminal plane T 

G i r*/2 de 
Y0 

2 1 
Fo 3 , a 

]Rb 

sin 8 

■2(b2 - a 2 ) 

[Jo(ka sin 6) - J0{kb sin 0)]2, 

a b 
X X « 1 . 

(la) 

(16) 
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f̂ -.:." :^: ■:-î lpi=£i:̂ ::t:.:!J.f: 
$ji:4EE:^\^:p:EH:-::::;±?;i.{;:r :i ;± 

l!±::.::::::E:::±::::JE^:J:jj;:.^^ 
r-4::|:l:E::::i:"E:E::EE::: :--i-.:i:=:::Ji-.-::p:z 

1 1 : 1 

""! "~ ^ + - T - ! - - - 1 '-1 11! 1 i ' ■ ■ 

F 

-

. 

-

; 

_ 0.1 0.2 a-b 
X 

0.3 0.4 0.5 

F I G . 4-16-2.—Conductance of coaxial guide radiating into half space. 



1.2 

FIG. 416-3.—Susceptance of coaxial guide radiating into half space. 



216 LINES RADIATING INTO SPACE [SEC. 4-16 

Y0 
i2 + 62 - 2ab cos <*>) 

ir In 

B_ _ 86 

nhJo ( «A / «\1 
- Si [2ka sin j ) - Si l2kb sin 2 I d<f>, (2a) 

Xln , 
0 

where Si(z) is the sine-integral function, E(x) is the complete elliptic 
integral of the second kind, and k = 2ir/\. 

Restrictions.—The equivalent circuit is valid in the wavelength range 
X > 2(a — b)/yh where 71 is determined from the first root x = Xoi of 

MxWo ( x f ) - Jo ( x fj No(x) = 0, x = ^— 7 i ' 

and may be found from Table 2-3. The circuit parameters have been 
obtained by the variational method assuming a principal mode electric 
aperture field and are presumed to be in error by less than 10 per cent over 
most of the range of validity. The approximate Eq. (lb) agrees with Eq. 
(la) to within 15 per cent for (a — 6)/X < 0.10 a/b ^ 3; similarly Eq. 
(26) agrees with Eq. (2a) to within 15 per cent for (a — 6)/X < 0.10 and 
a/b ^ 2. The accuracy is improved in both cases for larger values of 
a/b. 

Numerical Results.—In Figs. 4-16-2, -3 the quantities G/Y0 and B/Y0 
are plotted as functions of (a — b)/X, for several values of a/b. 



CHAPTER 5 

FOUR-TERMINAL STRUCTURES 

A structure that contains a geometrical discontinuity is designated as 
a four-terminal, or two-terminal-pair, waveguide structure if it comprises 
an input and an output region each in the form of a waveguide propagat
ing only a single mode. The over-all description of the propagating 
modes is effected by representation of the input and output waveguides as 
transmission lines and by representation of the discontinuity as a four-
terminal lumped-constant circuit. The transmission lines together with 
the lumped-constant circuit form a four-terminal network that determines 
the reflection, transmission, standing-wave, etc., properties of the over-all 
structure. The quantitative description of the transmission lines 
requires the indication of their characteristic impedance and propagation 
wavelength; the description of the four-terminal circuit requires, in 
general, the specification of three circuit parameters and the locations 
of the input and output terminal planes. 

In the various sections of this chapter a number of basic four-terminal 
waveguide structures will be represented at specified terminal planes by a 
four-terminal electrical network. The circuit elements of this network 
are specified by their reactance or susceptance values. The latter do not, 
in general, correspond to constant, i.e., frequency-independent, induct
ances and capacitances, but this does not impair their usefulness. The 
choice of terminal planes as well as of the form of the equivalent network 
is not unique; other equivalent forms, which are desirable in particular 
applications, may be readily obtained by the methods outlined in Sec. 
3-3. As stated above, five impedances and two propagation wavelengths 
are employed for the description of the general four-terminal structure. 
In the presentation of this information it is most convenient to specify 
all impedances relative to the characteristic impedance of the input 
transmission line, although any other impedance can be employed as a 
norm. The propagation wavelengths of the input and output trans
mission lines will be indicated explicitly in the equivalent-circuit repre
sentation of the given structure. When both the input and output guides 
are identical, this explicit indication will sometimes be omitted if no 
confusion is likely. 

A number of free-space structures are included in the present chapter. 
Under appropriate conditions of excitation, the scattering of plane waves 
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by gratings and arrays in free space can be treated (cf. Sec. 2-6) in the 
same manner as scattering by a discontinuity in a waveguide. In both 
cases the scattering is described by a four-terminal network of the type 
described in the preceding paragraphs. The applicability of such a 
description is restricted to the wavelength range in which the higher 
diffraction orders, i.e., higher modes, cannot be propagated. 

STRUCTURES WITH ZERO THICKNESS 
5-1. Capacitive Obstacles and Windows in Rectangular Guide. 

a. Window Formed by Two Obstacles.—Window formed by zero thickness 
obstacles with edges perpendicular to the electric field (Hi0-mode in 
rectangular guide). 

-JB 

Cross sectional view Side view 
FIG. 5-1-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the terminal plane T for the 
unsymmetrical case a" ^ b — d: 

yn
 = x; ( l n L c s c 2bcsc 25 { d +d) 

3COS2KT cog 

2Qi cos2 ^ cos2 ~ id' + d) 

+ 
26 26 

1 + Qi sin2 ~ sin2 ^ id' + d) 

where 

,xd (d' +d)- c o s 2 ^ - cos2 ^ (d' + d) 26 26 

Qn = VRU 
- 1. 

For the symmetrical case d' = b — d: 

B^ 
Yo 

46 
l n ( C S C ^) + ~ 

r\ , ltd 
Q2 cos* % 

+ Q2 sin4 
26 

+ AO)'0--iO' 26 

(la) 

(2a) 
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! 46 /. /2b\ . 1 / x d V , 1 / 6 \ 2 T n 1/V<A 

KlK^bJ +Q\2bJ + 2\\J \2b) 

d 

« 1 . 

« 1 , (2b) 

(2c) 

Restrictions.—The equivalent circuit is valid in the range b/X„ < i 
for the unsymmetrical case and b/\g < 1 for the symmetrical case. 
Equations (la) and (2a) have been obtained by the equivalent static 
method employing a static field in the aperture due to the incidence of 
the two lowest modes; the higher-mode attenuation constants have been 
approximated by mr/b for n ^ 3. Equation (la) is applicable in the 
range 2b/X„ < 1 with an estimated error that rises to lass than 5 per cent 
at the lowest wavelength range. Equation (2a) is applicable in the range 
b/X0 < 1 with an error of less than about 5 per cent and in the range 
2&/X„ < 1 to within 1 per cent. Equation (26) is a small-aperture 
approximation that agrees with Eq. (2a) to within 5 per cent in the range 
d/b < 0.5 and 6/X„ < 0.5. The small-obstacle approximation (2c) 
agrees with Eq. (2a) to within 5 per cent in the range d/b > 0.5 and 
b/\e < 0.4. 

Numerical Results.—The quantities B\/Yob and Y0b/B\, as obtained 
from Eq. (2a), are plotted in Fig. 5-1-4 as a function of d/b with b/\g as a 
parameter. 

b. Window Formed by One Obstacle.—Window formed by a zero thick
ness obstacle with its edge perpendicular to the electric field (i/io-mode 
in rectangular guide). 

Cross sectional view Side view 
FIG. 51-2. 

■JB 

T T 

Equivalent circuit 

Equivalent-circuit Parameters.—Same as Eqs. (2a) to (2c) except 
that X„ is replaced by X„/2. 

Restrictions.—Same as for Eqs. (2a) to (2c) except that X„ is replaced 
by X,/2. 

Numerical Results.—If the X„ in Fig. 5-1-4 is replaced by X„/2, one 
obtains a plot of BX„/2F0b as a function of d/b with 2b/X„ as a parameter, 
where B/Y0 is now the relative susceptance of a window formed by one 
obstacle. 
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c. Symmetrical Obstacle.—A symmet r ica l obstacle of zero thickness 
wi th its edges perpendicular t o the electric field (Hi0-mode in rec tangular 
guide) . 

\'///////////, 
J- 1 
d' b TLi 

y0 dfzjB Y0 

Cross sectional view Side view 
FIG. 51-3 . 

Equivalent circuit 

Equivalent-circuit Parameters.—Same as for Eqs . (?a) t o (2c). 
Restrictions.—Same as for Eqs . (2a) to (2c). 
Numerical Results.—Same as for E q . (2a) and p lo t ted in Fig. 5-1-4. 
6-2. Inductive Obstacles and Windows in Rectangular Guide.—a. 

Symmeirical Window.—Symmetrical window formed by zero th ickness 
obstacles wi th edges parallel t o the electric field (.H\o-mode in rec tangula r 
guide) . 

te+i+di 
Cross sectional view Top view 

FIG. 5-2-1. 

Zo ]JX 

T T 

Equivalent circuit 

Equivalent-circuit Parameters.—At the te rminal p lane T 

X a , ird 1, 3 
-^ = r - t a n 2 JJ- 1 + -r 
Zo X„ 2a i 4 

1 v> - m - 1 

+it)\<- 4 E(a) - BW(a) E(B) - aW(8) _ 1 . , vd 
2 fl2 1 2 S m a IT 

X a 

a' 

Z0 

X 

, , ird 
— t a n 2

 Tr X„ 2a 
a ird' 

-^ ~ r - COt2 — 
Zo A„ a 

where 

1 + 

1 + 

ird 
2? 

M 
2/VaA 
3 W 

« 1 , 

« 1 , 

ird 
= C082a 

( l a ) 

( lb) 

(lc) 
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and F(a), E(a) are complete elliptic integrals of the first and second 
kinds, respectively. 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range %a < X < 2o. Equation (la) has been derived by the equivalent 
static method employing the static aperture field set up by an incident 
lowest mode and, in addition, the higher-mode attenuation constant 
approximations 

for n ^ 5. In the range a < X < 2a Eq. (la) is estimated to be in error 
by less than 1 per cent; for %a < X < a the error is larger, but no 
estimate is available. The term in (a/X)2 of Eq. (la) accounts for not 
more than 5 per cent of X/Z0. The approximate form (16), valid in the 
small-aperture range, agrees with Eq. (la) to within 4 per cent for 
d < 0.5a and a < 0.9X. Equation (lc) is an approximate form valid in 
the small-obstacle range; for a" ^ 0.2a and a < 0.9X it agrees with Eq. 
(la) to within 5 per cent. 

Numerical Results.—As obtained from Eq. (la), X\0/Zaa is plotted 
in Fig. 5-2-2 as a function of d/a for the range 0 to 0.5 and for various 
values of a/X. In Fig. 5-2-3 the inverse quantity Ba/Ya\g = Z0a/X\Q 
is given as a function of d/a in the range 0.5 to 1. 

b. Asymmetrical Window.—Asymmetrical window formed by a zero 
thickness obstacle with its edges parallel to the electric field (i/io-mode in 
rectangular guide). 

o 1 o 

r z0 3,jx z0 

o * o 
T T 

Equivalent circuit 

Equivalent-circuit Parameters.—At the terminal plane T 

t 2 ?d 

Zo X„ 2 rd \ l + 1 + a2 + /36(j34 + 6a2)Q 
1 + CSC 2a 

1 - 1(??\ 2 \n\l 

Cross sectional view Top view 
FIG. 5-2-4. 

a2 + 2/32 In /3 2a4/32 

a4(l + a2) 1 + a2 (la) 
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Fia. 5 2-5.—Susceptance of asymmetrical inductive window in rectangular guide. 
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X_ 
z0 
h. 
x 

\e\2a) [ 3\2a) J L 
_ 2X„ /wd/V [ 3 / i r^ 'Y 

o \2a) I + 2\2a) _ 

where 

sin 2a 

1 + 4 

2a 

« i , 
a 
irdf_ 
2a 

(16) 

d-«l, a 
(lc) 

Q = 

V 
- l. 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range o < X < 2a. Equation (la) has been derived by the equivalent 
static method employing the static aperture field for two lowest modes 
incident and, in addition, higher-mode approximations similar to those 
indicated in Sec. 5-2a for n S: 4. Equation (la) is applicable in the 
wavelength range a < X < 2a with an estimated error of about 1 per cent. 
The asymptotic form Eq. (16) valid for the small-aperture range agrees 
with Eq. (la) to within 5 per cent if d/a < 0.3 and a/X < 0.8. Equation 
(lc) is valid in the small-obstacle range; for d'/a < 0.2 and a/X < 0.8 it 
agrees with Eq. (la) to within 10 per cent. 

Numerical Results.—As obtained from Eq. (la), Z0a/X\g is plotted 
in Fig. 5-2-5 as a function of d/a in the range 0.1 to 0.7. Similarly in 
Fig. 5-2-6 there is a plot of Z0a/XX0 as a function of d'/a in the range 0 
to 0.5. In both figures a/X is employed as a parameter. 

c. Symmetrical Obstacle.—A centered symmetrical obstacle of zero 
thickness with its edges parallel to the electric field (//io-mode in rec
tangular guide). 

i 

E 

■ ^ 

I 
'§, 
- a d -

►— 

Cross sectional view Top view 
F I G . 5-2-7. 

Equivalent-circuit Parameters: 

2E{(i) X = a ) (1 + a*)F((3) 
Z0 X 2E(J3) - aW(p) 

+ 27 ©' 

o-

Zn ]jX Z0 

T T 

Equivalent circuit 

2(2a2 - 1)E(|3) - a2(3a2 - l)F(/3) 
2E(0) - a2F(/3) (la) 
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7\2a/ L 

a 
ire'd 0 + 27 

d' 

2oj 

where 

^ 1 + 12 = 

wd' 

d)'m 
« i , 

« i , 

(ib) 

(lc) 

2a cos 
ird' 
2a' 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range 2o/3 < X < 2a. Equation (la) has been derived by the equivalent 
static method employing the static obstacle current set up by an incident 
lowest mode and using higher-mode approximations similar to those 
indicated in Sec. 5-2a for n jg 3. Equation (la) is applicable in the 
wavelength range 2a/3 < X < 2a with an estimated error of a few per 
cent for a < X < 2a. The asymptotic form Eq. (lb), valid in the small-
obstacle range, agrees with Eq. (la) to within 10 per cent provided 
d'/a ^ 0.15 and a/X g 1. Similarly Eq. (lc), valid in the small-aperture 
range, agrees with Eq. (la) to within 10 per cent for d/a < 0.25 and 
a/X < 1. 

Numerical Results.—As obtained from Eq. (la), Ba/Yo\ = Z0a/X\g 
is plotted in Fig. 5-2-8 as a function of d'/a with a/X as a parameter. 

6-3. Capacitive Windows in Coaxial Guide, a. Disk cm Inner Con
ductor.—A window formed by a circular metallic disk of zero thickness on 
the inner conductor of a coaxial line (principal mode in coaxial guide). 

T-
b0 n 

d' 
o 

o 

= JB 

—o 

—o 

Cross sectional view Side view 
FIG. 5-3-1. 

T T 

Equivalent circuit 

Equivalent-circuit Parameters.—At the terminal plane T 
ird 

B _ 2b0 . 
Y0~TAl 4 In (cscsD+-4A cos4 

2b0 

+ A sin4 s j -

+ teyo-«»■£) 3 s i n 2 2T 0 ) COSiWo + A* (la) 
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£=^MS)+I(sy+8(*)'H(sD + A2 

r - « 1 > ( l b) 
Oo 

J^ 2b0A 

d' « 1 , (lc) 

where d = c — b, d' = b — a, b0 = c — a, 

- 1 

-ARI;)* _J/5(X)_ 
^§(xc/o) 

/,w^-w(?)' 
- l 

1 /2 60 . T A 2 

— = I — ; sin -r- 1 > 
1 _ (2*?Y ^ ° ' 

and x = 7T7l 

c/o — 1 
= XM is the first nonvanishing root of 

JoUWo ( § ) - tf„(x)Jo ( f ) 0. 

Restrictions.—The equivalent circuit is valid in the wavelength 
range X > 2(c — a)/yi provided the fields are rotationally symmetrical. 
The susceptance has been evaluated by means of a variational method 
treating the first higher £J-mode correctly and all higher modes by plane 
parallel approximations. Equation (la) is estimated to be correct to 
within a few per cent for c/a < 5 and for wavelengths not too close to 
cutoff of the first higher mode. Equation (lb) is a small-aperture 
approximation that agrees with Eq. (la) to within 5 per cent in the range 
d/b0 < 0.5 and 2b0/X < 0.5. Equation (lc) is a small-obstacle approxi
mation and agrees with Eq. (la) to within 5 per cent in the range 
d/bo > 0.5, 260/X < 0.4. 

Numerical Results.—For c/a = 1 the graph of B\/Y02b0 as a function 
of d/bo with 260/X as a parameter may be obtained from Fig. 5-1-4 if the 
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FIG. 53-4.—Coefficient At for disk on inner conductor of coaxial guide. 
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X„ and b therein are replaced by the X/2 and 60 of this section. For 
c/a > 1, B\/Y02b0 may be obtained from its value for c/a = 1 by 
addition of the term A2 and multiplication of the resulting sum by A\. 
The wavelength-independent term A, is plotted in Fig. 5-3-2 as a function 
of d/b0 for several values of c/a. In Figs. 5-3-3, 5-3-4 graphs of A2 as a 
function of d/bo with 2b0/X as a parameter are shown for c/a = 3 and 5; 
A2 = 0 for the case c/a — 1. The root x(c/a) may be obtained from 
Table 2-3 (note that the c therein is the c/a of this section). 

b. Disk on Outer Conductor.—A window formed by a metallic disk of 
zero thickness on the outer conductor of a coaxial line (principal mode in 
coaxial guide). 

^ \ , t ^ ^ \ 1 t 7c v&\ 3 2a 2h 
, i y t i 
OOs\>^ 

Cross sectional view Side view 
FIG. 5-3-5. 

Y0 ^ZjB Yc 

T T 

Equivalent circuit 

Equivalent-circuit Parameters.—The equivalent-circuit parameters are 
the same as in Eqs. (la) to (lc) of Sec. 5-3a except that now 

d = b — a, a" = c — b, b0 = c — a, 
. c b / In - / - — 1 

. a a \ a 
b c 

Ms)' 7 i 

and the root x 

Jl(x) 
Jlixa/c) L 

J«(x)N« (?f) - NoixUo (f) 

1 (2 bo g . n TrrfV 

7i - (̂ Y d sm 

= - Xoi is defined by 
1 — a/c a 

J o(x)ATo ( f ) - N0(X)J0 (*f) = 0. 

Restrictions.—Same as in Sec. 5-3a. 
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Numerical Results.—For c/a = 1 the graph of BX/F02b0 as a function 
of d/bo with 260/X as a parameter may be obtained from Fig. 5-1-4 if X„ 
and 6 therein are replaced by the X/2 and bo of this section. For c/a > 1, 
B\/Y02bo may be obtained from its value for c/a = 1 by addition of 
the term A2 and multiplication of the resulting sum by Ai. The wave
length-independent term Ai is plotted in Fig. 5-3-6 as a function of 
d/ba for several values of c/a. In Figs. 5-3-7, 5-3-8 graphs of A2 as a 
function of d/ba with 2b0/X as a parameter are shown for c/a = 3 and 5; 
A 2 = 0 for the case c/a = 1. The root xoi may be obtained from Table 
2-3 (note that the c therein is the c/a of this section). 

6-4. Circular and. Elliptical Apertures in Rectangular Guide, a. Cen
tered Circular Aperture.—A centered circular aperture in a transverse 
metallic plate of zero thickness (#i0-mode in rectangular guide). 

Cross sectional view Side view 
Fio. 5-4-1. 

HB Yo 

T T 

Equivalent circuit 

Equivalent-circuit Parameters.—At the terminal plane T 

r *b - i i 

B^ X„ 
F0 

F„ a 

where 

A1 = ( -1)" 

3 ab\a 

30 — 6 tan ^ + tan3 -= 

d«b, 

(la) 

(16) 

2 1 — 2 cos 8 sin2 k — \ tan s — 1 

15 tan 

(tanf-l)' 

^--i-^y^M-Tl' d«b 
96 a3j\(x) Zy «3 L V v J 
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4b3 V^' 

, ^ _ ? ^ f jry_ A _ io d\ , /&V V " m'Jl (°^?) 
2 ~ ajl(x) Ll20a \ 3x b) ~*~ \ a / A a5 

and 

ird / , . (mb\ 

sin fl = ■*-, p = J n ' - (^Y, 

(omit n = 0, m = 0 term), 

(omit n = 0, m = 1 term). 

Restrictions.—The equivalent circuit is valid in the wavelength 
range 2a > X > 2o/3 provided the Hn-mode is not propagating. The 
circuit parameter B/Yo has been computed by a variational method 
employing as an aperture field the static small-hole electric-field distribu
tion. The error is estimated to lie within 10 per cent for d < 0.96, 
provided X is not too close to cutoff of the next propagating mode. The 
expressions (16) are approximations to Eq. (la) in the small-aperture 
range d « 6. The restriction to zero thickness should be emphasized; 
thickness effects are considered in Sec. 8-10. 

Numerical Results.—The quantity B/Y0 of Eq. (la) has been plotted 
as a function of d/a in Fig. 54-2 for various values of X/a and a/b. 

b. Small Elliptical or Circular Aperture.—A small elliptical or circular 
aperture in a transverse metallic plate of zero thickness (i/io-mode in 
rectangular guide). 

n2 + (?) 
>Riy 

* ( ~ ) 

d « b 

b « \ 

. , , 1 /sin x \ 
Jl{x) = x \ x ~ - C0S x) 

I- I I 
n = — «j m = — cc 

z-1 t 
n - 0 , + 2, + 4, • m = 1,3,5, • 
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F I G . 5-4-2.—Relative susceptance of centered circular aperture. 
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Y0 >-jB 

Cross sectional view Side view 
F I G . 5-4-3. 

T T 

Equivalent circuit 

Equivalent-circuit J'aramclcrs.—For an elliptical aperture 

5„ a \iirM ) ' 
where 

and 

M = (Mi cos2 0 + JW2 sin2 <f>) sin2 

M i = (j 4/' '(e) - £(e) 
rf?7T 1 
6 4 . 4r/t ' In -= 1 (h 

,f _ drfl 

t « 1, 

2)/-V) 

(2) 

(3) 

(4a) 

(46) 

(5a) 

(5b) 

<> 4 E(t) - (1 -

• - >RjF 
and F(c) and E(i) are complete elliptic integrals of the first and second 
kinds, respectively. 

For the special case of a circular aperture a\ = dz = d and 

M = - d3 s i n 2 ■—■ o a (6) 

Restrictions.—The equivalent circuit is valid in the wavelength 
range 2a > X > a. The parameter B/Ya has been obtained by an 
integral equation method employing the small-aperture assumptions: 
the largest dimension of the aperture is small compared with X/ir, the 
aperture is relatively far removed from the guide walls, and the wave
length is not too close to cutoff of the second mode. In this approxi-

file:///iirM
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mation B/Yt, is independent of position along the direction of electric 
field. The approximations (ib) and (5b) are asymptotic forms of Eqs. 
(4a) and (5a) and are valid for small eccentricities €. 

Numerical Results.—The coefficients Mi and M2, plotted as a func
tion of d2/dh may be obtained from Fig. 5-4-4. 

5-5. Elliptical and Circular Apertures in Circular Guide.—A small 
elliptical or circular aperture in a transverse metallic piate of zero thick
ness (#n-mode in circular guide). 

-JB 

*— 2R -

Cross sectional view Side view 
F I G . 5-5-1. 

T T 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference plane T for an ellip
tical aperture of orientation 4> = 0 or 7r/2 and angular positions 9 = 0, 
it/ 2, TV, or 3ir/2 

where 

M = M,. 

+ Mt 

^ XJiM)! 44 
Fo iR 18A0M 

2J[(ar) cosfl cos(0 - 6) - 2 •Li^J. s i n 0 sin(c6 

2J[(ar) cosfl sin(4> - 6) + 2 lA0^)- s m 0 cos(4> 

-4 
(i) 

(2) 

ali = 1.841, X„ = 

V1 _ (3^2fi) 
and the coefficients Mj and M2 are defined in Eqs. (4) and (5) of Sec. 5-46. 

For a centered elliptical aperture, r = 0 and Eq. (2) reduces to 

M = Mi cos2 <(> + M2 sin2 0. (3) 

For a circular aperture, di = d2 = d and Eq. (2) reduces to 

M 
d3 

[2./; (<*r) cos 0]2 + 2.1 i{ar) . 
-—- sin 

<xr (4) 
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0.031 
2 3 4 7 8 9 10 

16d(in.) 
F I G . 5-6-3.—Shunt susceptance of a circular aperture in a ciiumar 

(Points, experimental; curves, theoretical.) 

11 12 13 14 15 

rcular guide of yf in. diameter. 
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For a centered circular aperture, r = 0 and Eq. (2) reduces to 

d3 

M = ~ (5) 

Restrictions.—The equivalent circuit is applicable in the wavelength v 
range 2.61K < X < 3.41.R. The above-mentioned restrictions on <f> and 0 
serve to ensure that only a single Hu-mode of the indicated polarization 
can be propagated. The comments mentioned under Restrictions in 
Sec. 5-4b also apply to this case except that B/Y0 is not independent of 
position along the direction of electric-field intensity. 

Numerical Results.—The coefficients Mi and M2 are plotted as a 
function of d2/di in Fig. 5-4-4. The relative susceptance B/Y0, as 
obtained from Eqs. (1) and (5), is plotted vs. d/2R in Fig. 5-5-2 for the ; 
special case of a centered circular aperture in the small aperture range. 

Experimental Results.—Measurements of B/Y0 taken at X = 3.20 cm i 
in a circular guide of -Hi in. diameter are shown by the circled points in 
Fig. 5-5-3. These rough data apply to centered apertures in a transverse 
metallic plate of -^ in. thickness. For comparison the dotted curve 
shows values of B/Yo obtained from Eq. (1) with the aperture diameter d 
replaced by (d — -$? in.) to account approximately for the effect of plate 
thickness. The solid curve is a corresponding plot of B/Y0 vs. d as 
obtained from Eq. (1) for the case of zero thickness. For plates of finite 
thickness (see Sec. 5-16) the equivalent circuit should be represented by 
a tee rather than by a simple shunt circuit at the terminal plane T; 
for the -st in. thick plate the relative series reactance of the tee varies 
approximately linearly from 0 to about 0.05 as d varies from 2R to OAR. ' 

5-6. Small Elliptical and Circular Apertures in Coaxial Guide.—A 
small elliptical or circular aperture in a transverse metallic plate of zero 
thickness (principal mode in coaxial guide). 

o 1 o 

T 

Cross sectional view Side view Equivalent circuit 
F I G . 5-6-1. 

2R, 
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Equivalent-circuit Parameters.—At the reference plane T 

Ri 

Y0 

\r2 In 
Ri 

M 
where 

M = Mi cos2 <t> + M2 sin2 4>. 

(1) 

(2) 
The coefficients M1 and Af2 are given as a function of d2/di in Eqs. (4) 
and (5) of Sec. 5-46. For the special case of a circular aperture, 
di = di ~ d and Eq. (2) becomes 

M 6' (3) 

Restrictions.—The equivalent circuit is applicable as long as only the 
principal mode can be propagated. Otherwise, comments are the same 
as in Sec. 5-4b. 

Numerical Results.—The coefficients Mi and Af2 are plotted as a 
function of d2/di in Fig. 5-4-4. 

6-7. Annular Window in Circular Guide.—An annular window in a 
metallic plate of zero thickness (#oi-mode in circular guide). 

\oX 

Cross sectional view Side view 
FIG. 5-7-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the terminal plane T 

x. \2RJ 0.162 ' (1) 

where 

V1 (l.64/?) 
Restrictions.—The equivalent circuit is valid in the wavelength range 

0.896ft < X < 1.64R. It is to be noted that modes other than the H01-
mode can be propagated in this range. The equivalent circuit describes 
the junction effect for the .ffoi-mode only. Equation (1) is obtained by 
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an integral equation method employing the small-aperture approxima
tions and is applicable in the above wavelength range with an estimated 
error of less than 10 per cent if d g 0.1ft and 0.3ft g r g 0.8ft. The 
error, which is estimated by comparison of Eq. (1) with a more accurate 
numerical variational expression, becomes smaller as r approaches 0.55ft. 

Numerical Results.—In Fig. 5-7-2 the quantity X\g/Z0R is plotted as 
a function of r/R with rf/ft as a parameter. 

6-8. Annular Obstacles in Circular Guide.—An annular metallic strip 
of zero thickness (J5J0i-mode in circular guide). 

^o T=iB Ya 

Cross sectional view Side view 
Fia. 5-8-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the terminal plane T 

Y0 
where 

GO" 
-l(2.405 I ) 

0.269 (1) 

X„ = 

V1 " \2MR) 
Restrictions.—The equivalent circuit is valid in the wavelength range 

1.14ft < X < 2.61ft. Equation (1) has been obtained by an integral 
equation method employing small-obstacle approximations. I t is to be 
noted that modes other than the Boi-mode can be propagated in this 
range. The equivalent circuit describes the junction effect for the 
.Eoi-mode only. Equation (1) is valid for strips of small width; the error 
is estimated to be within 10 per cent if d g 0.10ft and 0.3ft | r g 0.7ft. 

Numerical Results.—In Fig. 5-8-2 the quantity B\g/YoR is plotted as 
a function of r/R with d/R as a parameter. 

STRUCTURES WITH FINITE THICKNESS 

6-9. Capacitive Obstacles of Finite Thickness, a. Window Formed 
by Two Obstacles.—Window formed by obstacles of small but finite 
thickness with edges perpendicular to the electric field (ffio-mode in 
rectangular guide). 
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F I G . 5-7-2.—Reactance of annular window in circular guide (i/oi-mode). 
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V//////A 

'///////A 
i 
d 

-7 ' 
Cross sectional view 

i i 
H f 

I I 

J H 
T T 

Side view 
FIG. 5-9-1. 

Y0 jBa^Z 

— — o 

■JBa Y0 

T T 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference planes T 

§a _ B! b TTl 
Y„- F„ + d t a n X/ 

2TI BH _b _ 
Ya dcsc \ 

where 

il 
Ya 

2b In sec (? ^ ^ TdJ, 
2bd 

A sin4 

+ 
2b 

1 + A cos rdf_ 
2b 

+ m\i „ , Trd'V . ,ird' 
3 C0S 2 6 ; S m 2b 

il ~ 

and 

g = 

1,26 " j + 6\26 ?J ~ 2 l d + 2 \xj U J J' 

£(<*') - a 2 F(« ' ) 
I = g(" ) - g ,2F(«) 
a" ~ E(a') - aV(a')' 

1 + 7rrf \ e I / for ^ « 1, 

1 

V-@ 
f = , - l . 

(1) 

(2) 

(3a) 

(36) 

Restrictions.—The equivalent circuit is valid in the wavelength 
range b/\ < 1. The above equations have been obtained by the 
equivalent static method in which the two lowest modes have been 
treated correctly. Equation (2) is in error by less than 2 per cent. 
Equation (3a) is in error by less than 5 per cent when d'/b < 0.5 and 
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l/d < 0.5; for d'/b > 0.5 or l/d > 0.5 the results of Sec. 8-8 should be 
employed. The approximation (36) agrees with Eq. (3a) to within 5 
per cent when d'/b < 0.5 and b/\a < 0.4. 

Numerical Results.—The quantity Bi\/Y0b may be obtained as a 
function of d/b = 1 — d'/b by the addition of 

2 In & • ) 
T d' 
2 l 

<n 
bd 

to one-half the quantity B\g/Yob plotted in Fig. 5-1-4. The quantity g 
plotted as a function of l/d' may be obtained from Figs. 5-9-4 and 5-9-5. 

b. Window Formed by One Obstacle.—Window formed by an obstacle 
of small but finite thickness with edges perpendicular to the electric field 
(i/io-mode in rectangular guide). 

t 
W^Z\ 

Front view 

T T 
I i 

Side view 
FIG. 5-9-2. 

*o J ^ O - T - -T~J^a ^o 

T T 

Equivalent circuit 

Equivalent-circuit Parameters.—Same as in" Sec. 5-9a except that 
X„ is replaced by X„/2. 

Restrictions.—Same as in Sec. 5-9a except that X„ is replaced by X„/2. 
Numerical Results.—If X„ in Fig. 5-1-4 is everywhere replaced by 

X„/2, there is obtained a plot of BXa/F026 as a function of d/b with 26/X, 
as a parameter. The addition of 

2 In Mil 
w d' 

eC2b 

Td'l 
bd 

to one-half BX„/F02b yields the quantity B{kJYa2b. In Figs. 5-9-4 and 
5-9-5, g is plotted as a function of l/d'. 

c. Symmetrical Obstacle.—A symmetrical obstacle of small but finite 
thickness with edges perpendicular to the electric field (#io-mode 
rectangular guide). 

in 
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Fio. 5-9-4.—Data for determination of equivalent circular diameters of rectangular posts. 
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-►Uk 

'S/////////A 
t2 

V Id 
t2 

□ 
' ' 

I'D J'Sa=r 

Front View 

I T 

Side View 
Fia. 5-9-3. 

tfa 

T T 

Equivalent Circuit 

Equivalent-circuit Parameters.—Same as in Sec. 5-9a. 
Restrictions.—Same as in Sec. 5-9a. 
Numerical Results.—Same as in Sec. 59a. 
6-10. Inductive Obstacles of Finite Thickness, (a) Symmetrical 

Window.—A symmetrical window formed by obstacles of elliptical or 
rectangular cross section with edges parallel to the electric field (Hio-mode 
in rectangular guide). 

£• o 

1 m~& 
or 

±. d'/2 

d'/2 

-jx„ -jx„ 

iJXa 

T 
Top View Top View 

F I G . 510-1 . 

T T 

Equivalent Circuit 

Equivalent-circuit Parameters.—At the terminal plane T 

Xa = 2a ( _ a \ TTZK 
Z„ \ \TTD') ' X ^ l' 

Z0 8X„\ a ) ' X 

(1) 

(2) 

For a window formed by obstacles of elliptical cross section the equivalent 
circular diameters D' and D\ are 

(I + d') 

(I + d')> 

(3) 

(4) 

For a window formed by obstacles of rectangular cross section the equiv
alent circular diameter D' is 
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D' = — a' r* \ 
s/2 E(a') - aW(a')' (tM) 

D'-^fl+^ln4^, i7«l, (5b) J _ . 47rd'\ l_ 
V ^ ' *d n e i A d ' 

where a is determined by 

I _ E{a) - a''F{a) 
y/l - a'\ e = 2.718; d' E(a') - aW(a') 

the equivalent circular diameter Z>i is 

I laW d' 
3 E(a') - aW(cc') A/ 3 E(a) - a'*F(a) 

where a is determined by 

I E(a') - a*F{a') 

(6a) 

(66) 

d' E{a) - a''F(a) ' 
= vr 

The functions F(a) and E(a) are the complete elliptic integrals of the 
first and second kind, respectively. 

Restrictions.—The equivalent circuit is valid in the wavelength range 
2o > X > 2o/3. The circuit parameters have been evaluated by an inte
gral-equation method employing small-obstacle approximations. These 
evaluations have been presented only in the static approximation 
TTD'/X and n\Di/X <K 1; the wavelength correction to Eq. (1) is of the 
same order as that in Eq. (lo) of Sec. 5-2o (note that d'/2 of this section 
is the a" of Sec. 5-2a). The equivalent circular diameters D' and Di 
have been evaluated by conformal mapping methods. In the range D', 
Di < 0.2a and a < X Eqs. (1) and (2) are estimated to be in error by less 
than 10 per cent. 

Numerical Results.—The equivalent circular diameters for obstacles of 
rectangular cross section may be obtained from the curves of Figs. 5-9-4 
and 5-9-5. The relation between \ / 2 D'/d' and l/d' given in Eq. (5a) is 
identical with the g vs. l/d' relation plotted in Fig. 5-9-4. The Di/l vs. 
d'/l relation given in Eq. (6a) may be obtained from the a, a', g vs. l/d' 
curves of Figs. 5-9-4 and 5-9-5 provided the l/d' therein is replaced by 
d'/l. 

b. Asymmetrical Window.—An asymmetrical window formed by an 
obstacle of elliptical or rectangular cross section with edges parallel to the 
electric field (ffio-mode in rectangular guide). 
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•JXb 

or 

_mjvi 
i(r 

-HI 
-jXb 

3jXa 

T 

Top View 

d'/2 

Top View 
FIG. 510-2. 

Equivalent Circuit 

Equivalent-circuit Parameters.—At the terminal plane T 

Xa 4« / a V wD' 

Xi _ a /TTDA 2 TDI 
Z0 16X8 V a ) ' X 

« 1 , 

1. 

(7) 

(8) 

For obstacles of elliptical or rectangular cross section the equivalent 
circular diameters D' and D\ are given in Eqs. (3) to (6). 

Restrictions.—The equivalent circuit is valid in the wavelength range 
a < X < 2o. The circuit parameters have been evaluated by an integral-
equation method subject to small-obstacle approximations. These 
evaluations are given in Eqs. (7) and (8) only in the static approximation 
■KD'/X, TTDI/X <JC 1; the wavelength correction to Eq. (7) is of the same 
order as that in Eq. (la) of Sec. 5-26 (note that the d'/2 of this section is 
the d' of Sec. 5-26). For D', Di < 0.2a and o < X Eqs. (7) and (8) are 
estimated to be in error by less than 10 per cent. 

Numerical Results.—Same as in Sec. 5- 10a. 
5-11. Solid Inductive Post in Rectangular Guide, a. Off-centered 

Post.—A solid'metallic obstacle of circular cross section with axis parallel 
to the electric field (ffio-mode in rectangular guide). 

o— -K- -K-
>JXa 

Cross Sectional View Top View 
Fia. 511-1. 

Equivalent Circuit 

Equivalent-circuit Parameters.—At the reference plane T 

Xa Xi, a 2 irz 
~Zl ~ 2Zo ~ 2X7 CSC ~a So 

- ( $ - (i)' (Socot^-S,)], 
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Xi, _ a l'fd\ 
Z0 X„ \ a ) sin2 —, (2) 

where 

S0 = In 

„ 1 irx 
Cl = s COt 

2 a 

(\a . irx\ . ,TX . „ V ' . , rnrx 
I —i sin — 1 — 2 sm 2 h 2 > s in ' , 

y'd a> ' k * I V - - ( T ) 
. 2M; . \ * . 2mrx T n 

— sm H 7 sm — — — 1 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range a < X < 2a. The circuit parameters indicated in Eqs. (1) and (2) 
have been obtained by a variational method employing a constant, a 
cosine, and a sine term in the expression for the obstacle current. These 
equations represent the first two terms of an expansion in powers of 
(ird/a)2. Although it is difficult to state the limits of accuracy, the 
results are believed to be reliable to within a few per cent for d/a < 0.10 
and 0.8 > x/a > 0.2. A more precise value for the case x/a = 0.5 is 
given in Sec. 5-life. 

Numerical Results.—Numerical values of Xa/Z0, as obtained from 
Eqs. (1) and (2), are given as a function of d/a with x/a as a parameter in 
the graphs of Figs. 5T1-2, 5T1-3, and 511-4. These curves refer to the 
wavelengths X/a = 1.4, 1.2, and 1.1, respectively. Values of the param
eter Xb\g/2Z0a may be obtained as a function of d/a from the curve in 
Fig. 511-5 on multiplication of the ordinates in the latter by sin2 (irx/a). 

Experimental Results.—Measurements of the circuit parameters 
were performed at X = 3.20 cm in a rectangular guide of dimensions 
a = 0.90 in. and b = 0.40 in. on posts for which d/a ~ 0.04. These data 
agree to within an experimental accuracy of a few per cent with the above 
theory in the range 0.2 < x/a < 0.8. 

b. Centered Post.—A symmetrically located post of circular cross 
section aligned parallel to the electric field (//io-mode in rectangular 
guide). 

Equivalent-circuit Parameters.—At the reference plane T and for 
x = a/2 (cf. Fig. 5-11-1) 

Zn 2.Z\) ZA ®'-S ($'-»($'(*-"■$" 
(3) 
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I'n;. 5-11-2.—Shunt reactance of inductive post in rectangulur guide ( \ /a — 1.4). 
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Fia. 5-11-3.—Shunt reactance of inductive post in rectangular guide (X/a = 1.2). 
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a 

FIG. 5-11-4.—Shunt reactance of inductive post in rectangular guide (X/a = 1.1). 
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F I G . 5-11-5.—Circuit parameters of centered inductive post in rectangular guide. 
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263 

(4a) 

(47,) 

n = 3,5, 

Restrictions.—The equivalent circuit is valid in the wavelength range 
2a > X > 2a/3. Equations (3) and (4) have been evaluated by a 
variational method employing one stage of approximation beyond the 
results presented in Sec. 5-11a. These equations are accurate to within 
a few per cent for d/a < 0.20. Equation (46) differs from Eq. (4a) by 
less than 3 per cent in the wavelength range 2a > X > a and for d/a < 0.2. 

Numerical Results.—Curves of XaX„/Z02a vs. d/a are plotted in Fig. 
5-11-5 for several values of X/a. A graph of Xb\g/Za2a vs. d/a, as 
obtained from Eq. (4b), is also plotted in Fig. 5-11-5. 

Experimental Results.—Measurements of the circuit parameters were 
carried out at guide wavelengths of 1.76 and 2.00 in. in a rectangular 
guide of dimensions a = 0.90 in. and b = 0.40 in. These data agree 
with the theoretical values for the range d/a < 0.15 to within an experi
mental accuracy of a few per cent. 

c. Noncircular Posts.—A solid post of elliptical or rectangular cross 
section with axis parallel to the electric field (Hi 
guide). 

-mode in rectangular 

-&1, - ■ > * » 

r—rf i. )*JXa Za 

Top view Top view Equivalent circuit 
FIG. 5-11-6. 
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Equivalent-circuit Parameters.—At the reference plane T 

Z, 
2k 
2Z0 

a 
2X7 

wx \, /4a . vx\ — <ln I —r sin — 1 a I \mo a J 2 sin2 

+ I 2 sin2 

Zo 
a fvd\ . . irx = — I — I sm2 — X„ \ a / a 

V^W 
For a post of elliptical cross section 

d' + d" 
do = — 5 — , di 

For a post of rectangular cross section 
d' 1 = cT_ 1 
2 E(a) - a'2F(a) 2 E(a') - aW{a') do 

![■+£'»(-£) d' « i , 

di 

d, 

^ 2 #(«') - «2^(«') 
d" r , , d' 
V2 L ^ 

/4xd^\] 
d" ^ l' 

(5) 

(6) 

(7) 

(8a) 

(86) 

(9a) 

(96) 

where a is given by 
d" E(a') - a*F(a') 
d' E(a) - a'*F(a)' vT e = 2.718, 

and F(a) and E(a) are complete elliptic integrals of the first and second 
kinds, respectively. 

Restrictions.—The equivalent circuit is valid in the wavelength 
range 2a > X > a. The circuit parameters Xa and Xb have been eval
uated by a variational method employing the small-obstacle approxi
mations d0 « X, as is evident by comparison with the results of Sec. 5-11a. 
The "equivalent circular diameters " do and di have been computed in the 
static approximation by conformal mapping methods. The above 
results are estimated to be correct to within a few per cent in the range 
d0, di < 0.10a and 0.7 > x/a > 0.3. 

Numerical Results.—In the range of applicability of Eqs. (5) to (9), 
numerical values of Xa/Z0 and Xb/Z0 may be obtained from the curves of 
Figs. 511-2 to 5-11-5 provided the equivalent diameter do or di is 
employed in place of the circular diameter d. The equivalent circular 
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diameter d0 of Eq. (80) for a rectangular post is plotted in Fig. 5-11-7 
as a function of the ratio d"/d'. Since the variation of 2d0/d' vs. d"/d' 
is identical with that of 2d0/d" vs. d'/d", a plot of the former in the 
range 0 < d"/d' < 1 yields do for the entire range of d"/d'. The curve of 
■\/2 di/d" vs. d'/d", as given by Eq. (9a), is identically the curve of g 
vs. l/d' plotted in Figs. 5-9-4 and 5-9-5. 

5-12. Dielectric Posts in Rectangular Guide.—A cylindrical dielectric 
obstacle of circular cross section aligned parallel to the electric field 
(i/10-mode in rectangular guide). 

Cross sectional view 

I T « 

Top view 
F I G . 512-1 . 

<MZZHr-dH> 

o 1 o 
T T 

Equivalent circuit 

Equivalent-circuit Parameters.—For an obstacle with a real dielectric 
constant e — e/eo 

Xa Xb 
ZIQ ZZIQ 

X a Xb 
Zm 2^o 

X, 
za 

xb 
Zo 

where 
■xd 

_ « .„-,! *■* P»(0) 1 
2X„ C"C a [_Jt(a) /3Jo(a)Ji08) - «/o(|8)Ji(a) 

. . a ,~,,™\ 2 c l « ' - 3 l 
" 2X0

C"C a [_(*' - 1)«2 " 4 e ' - l j 
2o firdy . . vx -r- 1 — 1 sin2 — X„ \ a / a 

«Vi(fl 1 
Jy{a) aJo(a)J^) - fSJO(0)Ji(<x) ~ 

-£©'"-" (T)'-?('+^i-'-
*-W# 

S0 + a2] 

(la) 

(lb) 

(2a) 

(26) 

S„=ln fes in^ -2s in 2 - + 2 \ira a/ a 5/ 
n=2 AR!)" 

For an obstacle with a complex dielectric constant e — je" = t/to, 
the above formulas are still valid provided t', XJZa, and X\,/Za are 
replaced by «' — jt", j(Za/Z0), and —j(Zb/Z0), respectively. The com-
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plex impedances Za and Zb represent the values of the shunt and series 
arms of the equivalent circuit of Fig. 5-12-1. 

It is to be noted that resonant effects occur for large values of t with 
attendant changes in sign of the circuit elements. In this connection 
the representation of Fig. 3-14 is advantageous for investigating condi
tions under which complete transmission occurs. 

Restrictions.—The equivalent circuit, is applicable in the wavelength 
range 2a > X > a, and for the centered cylinder (x = a/2) in the wider 
range 2a > X > 2a/3. The approximations and method employed in 
the derivations of Eqs. (1) and (2) are similar to those involved in Sec. 
5-11 a, though not so accurate for the off-centered posts. Equations (la) 
and (2a) are estimated to be in error by only a few per cent in the range 
d/a < 0.15 and 0.2 < x/a < 0.8 provided also that neither Xa/Z0 nor 
Xb/Z0 are too close to resonance. In the range y/7' < 4 Eqs. (16) and 
(26) agree with Eqs. (la) and (2a), respectively, to within a few per cent. 
For relatively small diameters, say d/a < 0.1, or values of «' close to 
unity (e" « 1), the equivalent circuit reduces to a simple shunt element. 

Numerical Results.—In view of the large number of parameters 
{d/a,x/a,X/a,t',e") involved in the general result, numerical computations 
have been made only for a centered post (x/a = 0.5) with real dielectric 
constant («" = 0) and for a wavelength X/a = 1.4. The former is not a 
serious restriction, for the essential dependence upon x/a is contained in 
the multiplicative factors in Eqs. (1) and (2). Tables of Xa/Z0 and Xb/Zo 
vs. \ / V are presented below for several values of d/a. 

V? 

2 
3 
4 
5 
6 
7 
8 
0 

10 
11 
12 
13 
I t 
15 

d/a = 

A'„ 

12.!) 
4.57 
2.25 
1.25 
0.731 
0.422 
0.224 
0.080 

-0 .0028 
-0 .078 
- 0 132 
-0 .174 
-0 .207 
-0 .234 

0.05 

I>1 
z, 

0 000050 
0.000158 
0 00030 
0.00049 
0.00073 
0.00104 
0.00141 
0.00186 
0.00242 
0.00312 
0,0040 
0.0051 
0.0065 
0.0083 

d/a = 

Xa 

z, 
3.12 
1.03 
0.438 
0.187 
0.057 

-0 .028 
-0 .063 
-0 .083 
- 0 05* 
- 0 . 6 * 
- 0 . 3 * 
- 0 . 2 8 * 
- 0 . 2 9 
- 0 . 3 4 

0.10 

Xi, 

z„ 
0.00093 
0 00262 
0.0053 
0 0092 
0.0153 
0.0249 
0.042 
0.078 
0.21* 

- 0 . 8 7 * 
- 0 . 1 7 * 
- 0 . 1 1 * 
-0 .079 
-0 .066 

d/a = 

Xa 

Zo 

1.39 
0.443 
0.184 
0.085 
0.067* 
0.5* 

- 0 . 3 * 
- 0 . 2 4 
- 0 . 2 8 
- 0 . 6 1 
+0.230 
+ 0 006 
-0 .040 
-0 .048 

0.15 

X„ 
Zo 

0.0049 
0.0145 
0 0323 
0 068 
0 16* 
1.0* 

- 0 . 4 1 * 
- 0 . 2 1 
- 0 . 1 5 
-0 .119 
-0 .100 
-0 .082 
-0 .061 
-0 .021 

The starred values of Xa/Zo, as computed from Eqs. ( la) and (2a), correspond to values of Xb/Z$ 
n*?ar antiresonance and are of questionable accuracy. The first antiresonance in the series reactance Xb 
occurs for a dici"':fric constant t' «« (3X/4d)2, whereas tha t for the shunt reactance occurs at. 
t' = (5X/4J)' . 
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6-13. Capacitive Post in Rectangular Guide.—A metallic obstacle 
of circular cross section with axis perpendicular to the electric field 
(i/io-mode in rectangular guide). 

V////////. u. jBad=i ^=jBa Yc 

Cross sectional view Side view 
FIG. 5-13-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference plane T 

26 (TDV J_ 

3a 2b /xZ>V D , , , 
U~\g \2b) ' JK<1> 

F„ 2b\irDj Al \g\2b) At 
Bb_^\ (26V 
F0

 — 26 \wDj ' 

is 
Fo 
?s 
F„ 

D 
T « l , 

(la) 

(16) 

(2a) 

(26) 

where 

A1 = 1 + 
6 CSC y ' 

ln -7D~ + V 

ml miry 

1 + 

/ 2 _ /26V w 

Kf)'["-'»a~?)]+K0(-?4) 

Restrictions.—The equivalent circuit is valid in the wavelength range 
26/X0 < 1. Equations (la) and (2a) have been derived by the variational 
method; the angular current distribution on the obstacle was assumed to 
be the sum of an even constant function and an odd sine function. 
These equations are estimated to be in error by a few per cent in the 
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F I G . 5-13-2.—Shunt susceptance of capacitive post in rectangular guide. 
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F I G . 5-13-3.—Series reactance of capacitive post in rectangular guide. 



SEC. 5-14] POST OF VARIABLE HEIGHT IN RECTANGULAR GUIDE 271 

range D/b < 0.1 and 0.2 < y/b < 0.8. For y/b = 0.5 approx imat ions 
(16) a n d (2b) agree wi th E q s . ( l a ) and (2a) t o within 10 per cent for 
D/b < 0.3 a n d 2b/\g < 0.4. T h e var ia t ion of t he circuit pa rame te r s 
wi th y/b is of t h e order of a few per cent. 

Numerical Results.—Figure 5T3-2 conta ins a plot of Ba\g/Y02b of Eq . 
( l a ) as a funct ion of D/b wi th 2b/\g as a pa rame te r . In Fig. 5-13-3 
Yo\g/Bb2b of E q . (2a) is p lo t ted vs. D/b wi th 26/X„ as a pa rame te r . 
B o t h curves app ly t o t h e symmet r ica l case y/b = 0.5. 

5-14. Post of Variable Height in Rectangular Guide.—A centered 
metal l ic cylindrical post of var iable height wi th axis parallel to the 
dominan t -mode electric field ( / / i 0 -mode in rec tangular guide) . 

2 

Cross-Sectional View 
T 

Top View 
FIG. 5-14-1. 

-JXb -JXb 

Hr-jHr-o 
\jXa 

T T 
Equivalent Circuit 

Equivalent-circuit Parameters. Experimental.—The equivalent-c i rcui t 
p a r a m e t e r s a t the te rmina l plane T have been measured in rec tangular 
guide of d imensions a = 0.90 in. and b = 0.40 in. T h e measured d a t a 
are t a b u l a t e d below as a function of h/b for a n u m b e r of post d iameters d 
a n d wave lengths X. For pos ts wi th a flat base : 

Ye in., X = 3.4 cm, X„ 2.000 in. 

h/b (in.) 
xb/z„ 
XJZa 

0.249 
0.005 

-6 .481 

0.497 
0 010 

-1 .015 

0.746 
0.014 

-0 .894 

0.871 
0.017 

-0 .035 

0.921 
0 018 

+0.016 

0.934 
0.018 
0.031 

0.993 
0.020 
0.151 

1.000 
0 020 
0.241 

d = X = 3.2 cm, X„ = 1.763 in. 

h/b (in.) 
X},/ZQ 
XJZ„ 

0.254 
0.006 

-6 .204 

0.505 
0.011 

-0 .906 

0.756 
0 017 

-0 .122 

0.829 
0.019 

-0 .028 

0.943 
0 021 

+0.083 

0.961 
0.022 
0.112 

1 000 
0.023 
0.277 

h/b (in.) 
Xb/Za 
XJZ0 

0.246 
0.005 

-6 .384 

d = ye in., X = 

0.504 
0.013 

-0 .763 

0.629 
0 016 

-0 .277 

3.0 cm, X 

0.755 
0.019 

-0 .053 

„ = 1.561 

0.784 
0.019 

-0 .017 

in. 

0.845 
0.021 

+0.047 

0.898 
0 022 
0.088 

1.000 
0 025 
0 341 
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d = | in., X = 3.4 cm, X„ = 2.001 in. 

h/b (in.) 
Xb/Zo 
XJZ, 

0.258 
0.016 

-3 .179 

0.507 
0.035 

-0 .606 

0,758 
0.054 

-0 .147 

0.882 
0.065 

-0 .052 

0.970 
0.073 

+ 0 028 

1.000 
0 076 
0.107 

d = | in., X = 3.2 cm, X„ = 1.764 in. 

h/b (in.) 
Xb/Zo 
Xa/Zq 

0.251 
0.017 

- 3 . 3 7 

0.501 
0.038 

-0 .591 

0.759 
0.061 

-0 .129 

0.834 
0.068 

-0 .058 

0.882 
0.073 

-0 .020 

0.965 
0.081 

+0.040 

1 000 
0 085 
0.126 

d = | in., X = 3.0 cm, X„ = 1.561 in. 

h/b (in.) 
Xb/Zo 
XJZa 

0.240 
0.019 

-3 .333 

0.488 
0.044 

-0 .596 

0.745 
0 069 

-0 .109 

0.818 
0.077 

-0 .050 

0.923 
0.086 

+0.027 

1 000 
0.098 
0.147 

d = \ in., X = 3.4 cm, X„ = 2.000 in. 

h/b (in.) 
XI/ZQ 
Xa/Z„ 

0.252 
0.047 

- 1 . 7 7 5 

0.499 
0.101 

-0 .468 

0.760 
0.174 

-0 .166 

0.925 
0 227 

-0 .053 

1.000 
0.256 

+0.026 

d = \ in., X = 3.2 cm, X„ = 1.761 in. 

h/b (in.) 
Xb/Zo 
XJZ, 

0.262 
0.052 

-1 .717 

0.505 
0.111 

-0 .477 

0.755 
0.191 

-0 .182 

0.880 
0.240 

-0 .088 

0.924 
0.267 

-0 .038 

1.000 
0.291 

+0.033 

d = \ in., X = 3.0 cm, X, = 1.561 in. 

h/b (in.) 
Xb/Zo 
XJZ0 

0.250 
0.056 

-1 .859 

0.502 
0.121 

-0 .494 

0.750 
0.211 

-0 .179 

0.880 
0.270 

-0 .085 

0.940 
0.300 

-0 .040 

1.000 
0.335 

+ 0 023 

For a post with a hemispherical base of diameter d: 

d = } in., X = 3.4 cm, X„ = 1.999 in. 

h/b (in.) 
Xb/Zo 
XJZ, 

0 248 
0.033 

-3 .373 

0.477 
0.083 

-0 .778 

0.751 
0.151 

-0 .241 

0.950 
0.214 

-0 .079 

0.988 
0 304 

+0.037 

1.000 
0.409 
0.118 

d = \ in., X = 3.2 cm, X„ = 1.762 in. 

h/b (in.) 
Xb/Zo 
x./z„ 

0.252 
0.036 

- 3 268 

0.540 
0.105 

-0 .575 

0.735 
0.162 

-0 .263 

0.925 
0,228 

-0 .098 

1.000 
0.262 

+0.037 
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d = i in., \ = 3.0 cm, X„ = 1.564 in. 

273 

h/b (in.) 
Xh/Za 

XJZa 

0.250 
0 039 

- 3 . 2 0 8 

0.504 
0.107 

- 0 . 7 2 6 

0 .743 
0 .187 

- 0 . 2 7 2 

0.874 
0 .240 

- 0 . 1 4 6 

1.000 
0.304 

4-0.045 

The resonant effects exhibited by the shunt reactance Xa are to be 
noted. 

5-15. Spherical Dent in Rectangular Guide.—A centered spherical 
dent in the broad face of a rectangular guide (//io-mode in rectangular 
guide). 

<>rf>>>>>rrr r ■■ ■" 

m JXb ixb 

*—cn-i-a— 
- ~jXa ZQ 

Cross Sectional View 
T 

Top View 
F I G . 5-15-1. 

Equivalent Circuit 

Equivalent-circuit Parameters. Experimental.—A spherical dent of 
variable height h was formed by pressure of a ^-in. steel ball on the broad 
face of a rectangular guide with dimensions a = 0.90 in. and b = 0.40 in. 
(0.050-in. wall). The measured circuit parameters Xa/Za and Xb/Z0 
at the terminal plane T are shown in Fig. 5-15-2 as a function of h/b at 
the wavelengths \ = 3.4cm(X0 = 2.006 in.), X = 3.2cm(X„ = 1.769 in.), 
and X = 3.0 cm (X„ = 1.564 in.). These data are questionable at the 
larger values of h/b because of the deformation of the guide walls. 

6-16. Circular Obstacle of Finite Thickness in Circular Guide.—A 
centered circular aperture in a plate of finite thickness transverse to the 
axis of a circular guide (Hn-mode in circular guide). 

*y///<\ 
i 

2fl S-"! 
- H 

-jx„ -)Xb 

I — 

* 2fl 
Cross Sectional 

View 

iJXa 

Longitudinal View 

Fio. 516-1. 

Equivalent Circuit 
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* 

-0 .02 
0.1 02 0.3 0.4 0.5 0.6 

b 
F I G . 5*15-2.—Measured shunt and series reactance of a spherical dent in the broad face of a 

rectangular guide. 
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Equivalent Circuit Parameters. Experimental.—The circuit param
eters Za'Xa and X,, Z0 measured at X = 3.20 cm (X„ = 2.026 in.) as a func
tion of plate thickness for a ^ - i n . aperture in a circular guide of i f in. 
diameter are shown in Fig. 5-16-2. The data, which are rough, refer 
to the outside terminal planes T. A plot of Z0/Xa as a function of d for 
/ = -JV in. is shown in Fig. 5-5-3. 

50 

40 

30 

Xa 

20 

10 

— 

— 

--** 

1 

1 

1 

r - 1 

1 

1 

1-

1 
[ 

1 

yx 
■ - -1 ■ - . 

^ 

rf 
- " " 

1 

1 
1 

j 

1 
1 
1 

i / 

■ | • ■ ■ ; ■ • 

1 
1 
1 

1 

. ■ i ■ ■ 

-

~~f ' 

t 

0.5 

0.4 

0.3 

Z0 

0.2 

0.1 

0.1 0.2 0.4 0.5 0.6 0.3 
* (in.) 

F I G . 5-1G-2.— Measured circuit parameters of circular aperture in circular guide. 

5-17. Resonant Ring in Circular Guide.—A thin wire of elliptical, 
circular, or rectangular cross section in the form of a circular ring con
centric with the axis of a circular guide (.ffn-mode in circular waveguide). 

-jXh -jX„ 

C 
■ ' " 

7Z7Z.~±L'l' 

Z$z 

o ^ Z } 

O 
T 

CI}—o 

-o 
T 

Cross sectional view Side view 
I 'm. 5-17-1. 

Equivalent circuit 
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Equivalent-circuit Parameters.—At the reference plane T for the case 
of a ring with mean radius r formed with circular wire of radius r0 

I . = l f f xf ~ 1 
Zo 2 X„r Xi 

where 

—* = 0 
Zo ' 

A_(±y kr_xL_ 
{2*r) [ R x* _ 1 

+ 2 
xlW[/;(4)]2[2r/;'(4)_7»(a)' 

^ I'M R 

- 2 -

+ 
2xr 

_ 2 7 r r V ^ I" 1 _ 

Y*"-Vx"-(^yp'(*"i) 

x;1 

tf-i ^i(x:> 

and 
Ji(x-) = 0, J[(x'J = 0, X . = 

V1 \3AIR) 

(2) 

The Bessel functions Ji(x), Ki(x), h{x) are defined in the glossary; the 
prime superscripts indicate a first or second derivative. 

For a wire of elliptical cross section the equivalent circular radius r0 

is given by 
d1+ d" 2r0 = 

and for a wire of rectangular cross section (c/. Sec. 5-lie) 

2r
 d' 1 

° 2 E(a) - a"F(a)' 2-4[1 + S ln(4-J)---} f « L 

(3) 

(4) 

file:///3AIr
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Restrictions.—The equivalent circuit is applicable in the wavelength 
range 1.84 < (2irB/X) < 3.83. The circuit parameters have been 
evaluated by an integral equation method and are restricted to wires of 
small cross section, r0/R < 0.2, and to rings having radii within the 
range 0.2 < r/R < 0.8. The equivalent circular radii r0 have been 
computed by conformal mapping methods and are likewise subject to the 
aforementioned restrictions. No estimate of accuracy is available within 
the above range. 



278 STRUCTURES WITH FINITE THICKNESS [SEC. 5-17 

FIG. 5-17-3.—Shunt reactance of resonant rings in circular guide. 

Numerical Results.—The relative shunt reactance Xa/Za is plotted 
against 2irr/X in Figs. 5-17-2 to 4 for several values of the parameters 
2TR/\ and ro/R. The equivalent circular diameters do = 2r0 for wires 
of rectangular cross section may be obtained as a function of d" Id! from 
the graph of Fig. 5-11-7. 

Experimental Results.—Reactance measurements were performed at 
X = 3.20 cm on circular rings formed with wire of cross-sectional dimen-
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-5.0 
FIG. 6-17-4.—Shunt reactance of resonant ring in circular guide. 

sions 0.040 by 0.040 in. The measured data, corresponding to circular 
guides for which 2irR/\ = 2.32 and 2.95, are indicated by the circled 
points in Figs. 5-17-3 and 5-17-4, respectively. Additional measurements 
on wires of circular cross section are indicated by the circled points in 
Fig. 5-17-2; these data were taken in circular guide for which 2wR/\ = 2.19 
at a wavelength of approximately 10 cm. 
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GRATINGS AND ARRAYS IN FREE SPACE 
6-18. Capacitive Strips.—An infinitely extended plane grating 

formed by metallic strips of zero thickness with edges parallel to the 
magnetic field (plane wave in free space incident at angle 8). 

J 
K I 

-»-| d [+a-~\ 

y> 
/ 

X/cos9 
O 

TizjB 

X/cos 6 
-o 

Front view Top view 
FIG. 5-18-1. 

T T 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference plane T 

Y0 

ia cos 8 In csc 2a 

+ 
1 (1 - /32)2 [ ( l - ^j (A+ + A.) + 4PA+A. 

' (l - ^j + p(\ + | 2 - | ) (A+ + A_) + 2PA+A. 

B^ _ 4a cos 8 
y0 ~ x 

where 

[. 2a 1 

L l n ^ + 2 2 (3 - 2 cos' 8) 1 1 

(la) 

d-«l, l « l , (16) 

L , 2a . . / a cos 9\ 2 ^1±_sln<>_^__j 
/3 = sin 2a 

Restrictions.—The equivalent circuit is valid for wavelengths and 
angles of incidence 8 in the range a( l + sin 8)/\ < 1. The quantity 
B/Yo has been computed by an integral equation method in which the 
first two diffraction modes are correctly treated to order /32. Equation 
(la) is estimated to be in error by less than 10 per cent for the range of 
values plotted in the accompanying figure. For the case 8 — 0, a more 
accurate expression for B/Y0 is given by Eq. (2a) of Sec. 5-la provided 
6 therein is replaced by a and X„ by X/cos 8. This latter result, valid for 
all apertures d, indicates that at least for small 8 Eq. (la) maybe justifiably 
employed for values of d/a larger than those plotted. Equation (16) is 
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*\$ 
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* 8 



4K0 acostf 

0.16 0.18 0.20 

F I G . 5-18-4.—Shunt susceptance of capacitive strip grating. to 
oo 
co 
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a n approx imat ion for small aper tu res a n d agrees wi th E q . ( l a ) t o wi th in 
10 per cent in t he range d/a < 0.2, o/X < 0.5, and 6 < 0.5. 

Numerical Results.—The q u a n t i t y .BX/4F0a cos 6 of Eq . ( l a ) is 
p lo t ted in Figs. 5-18-2, 5-18-3, and 5-18-4 as a function of d/a in t he range 
d/a < 0.2 for var ious values of 0 (in radians) and for o/X = 0, 0.5, 0.8, 
and 0.9. 

6-19. Inductive Strips.—An infinitely extended plane gra t ing formed 
b y metall ic strips of zero thickness with edges parallel t o t he electric field 
(plane wave in free space incident a t angle 6). 

A 'A 
Front view 

s -*Jd'U-a*J 

/ i 

% 

Top view 
F I G . 5-19-1. 

N/cos 0 
o 

]ix 

—o 

Vcos e 
-o T T 

Equivalent circuit 

Equivalent-circuit Parameters.—At the te rminal plane T 

X _ a cos 

+ 

x^ 
T0 

ir<P 

2a 

(1 [(* " j) (̂ + + A~) + 40M+i4_] 

H')+Ki+M) 
a cos 8 \ , 

(A, 

* + l ( 3 - 2 c « , * ) f * 

.!_) + 2FA+A. 
(la) 

^ « 1 , £ « 1 , (lb) 
a A 

where 

I, 2a sin 0 fa cos fiV 

V 1 ± — x — ~ V—x—^ 
f5 = sin 

lvdf_ 
2 a ' 

Restrictions.—The equivalent circuit is valid for wavelengths and 
angles of incidence in t he range a ( l + sin B)/\ < 1. An integral 
equa t ion me thod in which the first two diffraction modes are t r ea ted 
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accurately to order /32 has been employed to evaluate X/Za. Equation 
(la) is estimated to be in error by less than 10 per cent for the range of 
values plotted below. For the case 9 = 0, a more accurate expression 
for X/Za is B /4F 0 obtained from Eq. (2a) of Sec. 5-la with b therein 
replaced by a, d by d', and X„ by X/cos 6. This latter result, valid for the 
entire range of strip widths a", indicates that at least for small 8 Eq. (la) 
may be justifiably used for values of d'/a in excess of those plotted. 
Equation (lb) agrees with Eq. (la) to within 10 per cent in the range 
d'/a < 0.2, a/X < 0.5, and 8 < 0.5. 

Numerical Results.—The term X\/Z0a cos 8 of Eq. (la) may be 
obtained as a function of d'/a from Figs. 5-18-2, 5-18-3, and 5-18-4, 
provided the replacements X\/Z(,a cos 8 for B\/4:Yaa cos 8 and d' for d are 
made. The angle 8 is given in radians. The large values of reactance 
in the vicinity of a ~ X is indicative of almost perfect transmission 
through the grating in this range. 

5-20. Capacitive Posts.—An infinitely extended grating formed by 
metallic obstacles of circular or rectangular cross section with axes 
parallel to the magnetic field (plane wave in free space incident normally). 

Front view Top view Equivalent circuit 
F I G . 5-20-1. 

Equivalent-circuit Parameters.—For obstacles of circular cross section 
the circuit parameters are the same as in Sec. 5-13 with X„ therein replaced 
by X, and y/b = 0.5. The results of Sec. 5-9c can be employed for the 
case of rectangular obstacles provided \ therein is likewise replaced by X. 

Restrictions.—Same as in Sees. 5-13 and 5-9c. 
Numerical Results.—The variation of Ba\/Y02b and Y<>\/Bb2b with 

D/b and 26/X is indicated in Figs. 5-13-2 and 5-13-3 provided X„ therein is 
replaced by X. The results for rectangular obstacles may be obtained 
from Sec. 5-9c. 

5-21. Inductive Posts.—An infinitely extended grating formed by 
small metallic obstacles of elliptical, circular, or rectangular cross section 
with their axes parallel to the electric field (plane wave in free space 
incident at an angle 0). 
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vx 
WK i 

A 

vx 

— a-

Front view 

jir 
H=d—E3-

1— /: 

Top view 

F I G . 5-21-1. 

-JXb 

\}Xa 
T x/cose 

Equivalent circuit 

X/cos 8 
o 

Equivalent-circuit Parameters.—At the terminal plane T 

a cos 9 In 2irr0 

2 [ 2 m a ■ a mz H — sin 8 I a cos #V Iml 

+ 0.601(3 - 2 cos2 « 1 , 

(la) 

(1&) 

(2a) 

where, if d = (d' + d")/2, 

2r0 
2r0 

2ri = VaW 
2ri = d 

for elliptical cross section, 
for circular cross section, 

2r0 = -~ fo ( " J T ) ' 2ri = — 7s / i ( -p-1 for rectangular cross section. 

The functions /0 and / i are defined in Eqs. (8) and (9) of Sec. 5-llc (with 
d0 = 2>-0, di = 2ri). 

Restrictions.—The equivalent circuit is valid for wavelengths and 
incident angles in the range a(l + sin 0)/X < 1. Equations (la) and 
(2a) were calculated by a variational method assuming for the obstacle 
current an angular distribution that is a combination of an even constant 
function and an odd sine function. The equivalent radii r0 have been 
obtained by an equivalent static method. These results, valid only in 
the small-obstacle range, are estimated to be in error by less than 10 per 
cent for the range plotted in the accompanying figures. 

Numerical Results.—The circuit parameter Xa\/Zoa cos d of Eq. (la) 
is plotted in two parts; in Fig. 5-21-2 the term In (a/2irr0) is presented as a 
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to 
00 

F I G . 5-21-3.—Sum terms for inductive post grating. 



SEC. 5-22] ARRAY OF SEMI-INFINITE PLANES, E-PLANE 289 

function of 2r0/a and in Fig. 5-21-3 the quantity £Z{ \ is given as a 
function of a/X for various values of 8. The parameter X&X/Zoa cos 8 
of Eq. (2a) is plotted as a function of 2ri/a in Fig. 5-21-2. The functions 
f0(d"/d') and fi(d"/d') appear in graphical form in the curves of Fig. 
5-11-7 and Figs. 5-9-4 and 5-9-5, (see Sec. 5-1 lc). 

5-22. Array of Semi-infinite Planes, E-plane.—An array consisting of 
an infinite number of semi-infinite metallic obstacles of zero thickness 
with edges parallel to the magnetic field (in space, plane wave incident 
at angle 8; in parallel-plate region, 7\EM-modes with a relative phase of 
(2irb/X) sin 8 in adjacent guides). 

Front view 

-45J3_ 
i—r—I— j 

i ' i ♦ 
i l l 
l i 1 
1 1 I 

T 7" 

Side view 
F I G . 5-22-1. 

X/cos 8 
o 

X -o 
T; 

Equivalent circuit 

Equivalent-circuit Parameters.—At reference planes 7\ and T\ the 
equivalent network is a simple junction of two uniform transmission 
lines whose characteristic admittance ratio is 

Y' 
-~ = cos 8. 
i o U) 

The input and output planes are located at distances d and a" given by 

2wd 
X/cos 

_2jrrj_ 
X/cos 

= 2x In 2 -f- sin - 2x 
v T - ly2 

V T 1 - 2y 

VTT~2y 

S,{2x;2y,0) - S2(x;y,-y) - S2(x;y,y), 

(2a) 

2x In 2 + sin- 2x 
A / 1 - iy2 Vl + 2y 

i x 

V^2y + , (26) 

~ = 2x' In 2 + sin-1 2x' - sin"1 ~ sin"1 -^— 
X l +y 1 - y 

S2(2x';0,0) - S2(x';0,-y) - S2(x';0,y), (3a) 
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2ira" 
X 

where 

« 2x' In 2 + sin"1 2x' - sin" 

S2(x;«,/?) Xh 

1 +2/ 

& & ■ 

x = - cos 0, y = - sin 
A A 

1 " 2 / + 

\ / ( ' i - P)2 - «'2 " 

(3ft) 

Restrictions.—The equivalent circuit is valid in the wavelength range 
X > 2I>. The equations have been obtained by the transform method 
and arc rigorous in the above range. The approximate Kqs. (2b) and 
(3ft) agree with Kqs. (3a) and (3ft), respectively, to within 4 per cent for 
ft/X < 0.5 and 8 < 00°. It is to be noted that the relative phase of the 
fields in adjacent guides of the parallel-plate region is (27rft/X) sin 6; the 
average wavefront in the parallel-plate region is therefore the same as that 
in the outer space. 

Numerical Results.—Tn Figs. 5-22-2 and 5-22-3 the reference plane 
distances wd/b and wf/ft are plotted as a function of ft/X for various values' 
of the angle of incidence d. The S2 functions arc tabulated in the 
Appendix. 

6-23. Array of Semi-infinite Planes, H-plane.—An array consisting 
of an infinite number of semi-infinite metallic obstacles of zero thickness 

Front view 

U- a >U a-*-| 

LA I J 
, d' ' i I T ' 

rf -r- 7-1 ± ' i 

E 
Top view 

l-'lii. 5-2H-1. 

Vcos 6 
o 

Yi 

* 9 
-o 

Equivalent circuit 

with edges parallel to the electric field (in space, plane wave incident at 
angle 8; in parallel-plate region, //m-modes with a relative phase, of 
(2ira/X) sin 8 in adjacent guides). 



CO 

F I G . 5-22-2.—Location of input terminal plane in i?-plane array. 



F I G . 5-22-3.—Location of output terminal plane in i?-plane array. 
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Equivalent-circuit Parameters.—At reference planes T\ and TV the 
equivalent network is a simple junction of two uniform transmission lines 
whose characteristic admittance ratio is 

1 ° = * (1) 
Y0 X„ cos 8 w 

The input and output planes are located at distances d and a" given by 

—. = sin - 1 —. + sin - 1 —. — 2x In 2 + S2(x:y,y) 
X/cos 8 Vl ~2y VTTZy 

+ S,{x;y,-y) - S,(2x;2y,0), (2) 
2i"K& , X . . . X ^ sin— — -j— g m . . . 

\ V(l - y)2 - (0.5)2 V ( l + 2/)2 - (0.5)2 

- 2s' In 2 + S2(z';0.5,2/) + S2(x';0.5,-2/) - S2(2x';l,0), (3) 
where / 

a cos 8 , a a sin 0 
A/ » X 

S.ClJa.iS) = V f 
Z / [_"*" V ( n - /3)2 - a2 w x„ = 
71 = 2 v^w 

Restrictions.—The equivalent circuit is valid in the range 

2a > X > o(l + sin 9). 

The circuit parameters have been obtained by the transform method and 
are rigorous in the above range. It is to be noted that the relative phase 
of the modes in adjacent guides of the parallel-plate region is (2ira/A) sin 0; 
the average wavefront in the parallel-plate region is therefore the same 
as that in the outer space. 

Numerical Results.—The reference plane distances trd/a and ird' /a are 
indicated in Figs. 5-23-2 and 5-23-3 as a function of <z/A with the angle 
of incidence 6 as a parameter. A table of the S2 functions appears in the 
Appendix. 
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FIG. 5-23-2.—Location of input terminal plane tor i/-plane array. 



F I G . 5-23-3.—Location of output terminal plane for //-plane array. to 
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ASYMMETRIC STRUCTURES; COUPLING OF TWO GUIDES 
6-24. Junction of Two Rectangular Guides, H-plane. a. Symmetri

cal Case.—A junction of two rectangular guides of unequal widths but of 
equal heights (i/io-mode in each rectangular guide). 

V, 

H-a'-H 
a »-
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Cross sectional view 

t l 
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i 
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^ M V, 
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a' 
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Top view 
FIG. 5-24-1. 
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Equivalent circuit 
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7" 

Equivalent-circuit Parameters.—At reference planes T and 7" for the 
larger and smaller guide, respectively, 

z'0 _ x y i n 
X„a a2(X22 — X0) 

X„a 

1 + m\ 
§ ! « ^ - (1.750)(1 - 0.58a2), 

h 
z i-£0+»+S) 
X_ = 2a x 

1 + /3 + 

1 + 

a « l , 

0 = (1 - a) « 1. 

( ^ ) " 
1 + (tr X 0-̂ 2 

Z0 

Zo 
X 

2a 

2a 

2.330a2(l + 1.56a2)(l + 6.75a2Q), a « 1, 

/32(1 + /3) In -
l 27 Q + Q' 

1 + 8 In ■ 
: « 1 . 

I _ ctXo 
a 7r 
I 
a 

» 0.0084a(l - 1.5a2), a « 1, 

- 0, /S « 1 

(la) 

(lb) 

(lc) 

(2a) 

(2b) 

(2c) 

(3a) 

(3b) 

(3c) 
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where 

Xu - -
1 " i l ^A + X)W» + 2 -̂'1 + VCN» + CW"] 

A' 
1 - | i - , [(A' + 1)W„ + 2(A' + DCJVn + CW„] 

Y2 
Y — Y _ 12 ~ 4 ' _ 
A ] — A-22 T?— ~ y l 

A l l 
and 

(i + K,)(I - B O + r2 

(1 - Ki)(l - i?2) - T2' 

(1 - 720(1 + R2) + T* 
(1 - fii)(l - Rt) - T2 ' 

C2 

« — ( ! ; : ) ' ■ 

* - ( ! ; : ) " 

u (1 - 7*0(1 - K2) - T2 1 - a2 \ 1 + «/ 

# n = 2 ( ^ j l + i r ( 1
1 6 ^ 2 ) [7J(«) - «"//(«)] [£(«') - a2F(a')] 

N" " 2 ( 5 ) * l ° * + "a"-'^1)' [ , v ) _ EM1 ~ "°s i " T'j 

a = - = 1 - 0, a' = V l - <*\ 

+ d 

JVi, = 2 

•- ' -V'-©- *—>RH5" 



298 ASYMMETRIC STRUCTURES; COUPLING OF TWO GUIDES [SEC. 5-24 

The functions F(a) and E(a) are complete elliptical integrals of the first 
and second kinds, respectively. 

Restrictions.—The equivalent circuit is valid in the range 

0.5 < ^ < 1.5 

and 2a'/X > 1. Equations (la), (2a), and (3a) have been obtained by the 
equivalent static method using one static mode incident in each guide 
and are estimated to be in error by less than 1 per cent over most of 
the wavelength range; the error may rise to as much as 5 per cent at 
the limit a/X = 1.5. Equations (16), (2b), and (3fo), valid in the small-
aperture range, are approximations that differ from the more accurate 
Eqs. ( la), (2a), and (3a) by less than 5 per cent for 0.5 < (a/X) < 1 and 
a < 0.4; for a < 0.5 the difference is less than 10 per cent. Equations 
(lc), (2c), and (3c) are approximations in the wide-aperture range and 
are in error by less than 6 per cent for 0.5 < (a/X) < 1 and /3 < 0.3. 
The constants Xu, Xi2, and X22 are the impedance matrix elements of the 
T network referred to a common reference plane T and correspond to a 
characteristic impedance choice, Z'0/Z0 = Yga/\ga''. 

Numerical Results.—Figure 5-24-2 contain plots of Z'0\ga/Z0\'ga' 
and l/a as functions of a for various values of the parameter a/X. The 
quantities X\g/Za2a and Z02a/X\g are plotted in Fig. 5-24-3 as a function 
of a for various values of the parameter a/X. These results have been 
plotted from data obtained by use of the equivalent static method with 
two modes incident in each guide and are somewhat more accurate than 
the analytic results given in Eqs. (la), (2a), and (3a). 

6. Asymmetrical Case.—A junction of two rectangular guides of 
unequal widths but of equal heights (/fio-mode in each rectangular guide). 

-—a'—«-
- a — 

i 
— * > 

Front view 

TV*. 
H l u . a' 1 I | 
7" T 

Top view 
F I G . 5-24-4. 

* 3 

\jX 

Equivalent circuit 

X5 - o 

r 

Equivalent-circuit Parameters.—At reference planes T and T' for the 
larger and smaller guide, respectively. 
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F I G . 5-24-2.—Characteristic impedance ratio and terminal-plane location for i7-plane junction. Symmetrical case. 
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(4a) Z' 
-£ = same as in Eq. ( la ) , Sec. 5-24a 
■ ^ 0 

Z'n \'ga" 
X„G 

Xi 

7T « ^ T 5.046(1 - 1.44a2), a « 1, 

i4;(>-*-'-f> ^a-«,«i. 
a 

■=- = same as Eq. (2a), Sec. 5-24a, 
Zts 

%- « ^ 5.764a4( l - 1.33a2)(1 + 41.3a4Q), a « 1 
Zo Aff 

X ~ 2 a " fl~ 

(4b) 

(4c) 

(5a) 

(5b) 

!H[ !»•■»! 

- = same as in Eq. (3a), Sec. 5-24a, 

0.0259a(l - 0.6a2), a « 1, 

0, a « 1. 

(5c) 

(6a) 

(6b) 

(6c) 

The parameters Xu, -X\2, X22, X0, A, A', C, a, a' and (3 are defined as in 
Sec. 5-24a but with 

»--(^)(HH)" 
16a2 a+<l/a> 

(1 - a2)2 

/ a Y f \ , 8a (1 — a2) D . 1 — a . 16a2 _ D , ,„,"] 

*» = 2(x) [1+ i + 3«' g l l n rrr; + T+i^fll-fi*-arJ 
-[¥^W.(^)T[«-K?)1 
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JV2 
8a(l 

3 + a2 

+ 2 

") D , 1 — a , 16a2 _ 
1 + a 1 + da-1 

' a 
2 \X 

JV12 

32a2 / l - aY+^Y I" i 
1 - a2)2 \1 + a/ J L^ 2 

+2[fir^(^)7[«-i(°,)'} 
\-j-2 - R i - a*R2] T 1 + a J 

(1 - a2)2 

Restrictions.—The equivalent circuit is valid in the range 

0.5 < ~ < 1.0. x 
Equations (4a), (5a), and (6a) have been obtained by the equivalent 
static method employing one static mode incident in each guide. These 
equations are estimated to be in error by less than 1 per cent over most 
of the wavelength range and by as high as 5 per cent at the limit a/X = 1.0. 
Equations (4b), (56), and (6b), valid in the small-aperture range, are 
approximations that differ from Eqs. (4a), (5a), and (6a) by less than 5 
per cent for a < 0.4 and 0.5 < a/X < 1. Equations (4c), (5c), and ((6c) 
are approximations in the large-aperture range and are in error by less 
than 10 per cent for f3 < 0.2 and 0.5 < a/X < 0.8. The parameters 
Xu, Xn, and X22 are the impedance matrix elements of the T network 
referred to the common reference plane T and correspond to a character
istic impedance choice Z'0/ZQ = \'ga/\ga'. 

Numerical Results.—In Fig. 5-24-5 there are indicated curves for 
Z'a\ga3/Zu\'ga' and l/a as functions of a for various values of the param
eter X/a. Figure 5-24-6 contains a plot of X\il/Zl>2a as a function of a 
for various values of X/a. These results have been plotted from data 
that are obtained by use of the equivalent static method with two modes 
incident in each guide and thus are somewhat more accurate than the 
analytic results indicated in Eqs. (4a), (5a), and (6a). 

5-25. Bifurcation of a Rectangular Guide, H-plane.—A bifurcation 
of a rectangular guide by a metallic wall of zero thickness aligned parallel 
to the electric field (i/m-modes in rectangular guides 1 and 2, no propaga
tion in guide 3). 

file:///-j-2
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FIG. 5-25-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At reference planes T\ and T2 in guides 
1 and 2, respectively, the equivalent network is a simple junction of two 
uniform transmission lines whose characteristic impedance ratio is 

x„ (i) 

The terminals T\ and T2 are located at distances d and d' given by 

e = ^ = / a l l n a , + a 1 ] n a \ _ ^ x3 

\g \a a2 a a3) I _ / ^ y 

+ S2(x;l,0) - S2 (x2, % Q\ - S2 (x3; % ( ) \ 

(a2 , a a3 . a\ . x's 

— In h — In — I — sin - 1 3 = 

+ S2 \x';^, o) - S^-,1,0) - S2 (x'3; % o \ 

(2) 

2irri' 
x: 

(3) 
where 

2a 
V 
2o 
x:' 

2:2 
2o2 

V 
2a2 
X' ' 

2a_3 

V 

x: 

a; = z2 + S3, 

x = 3̂ 2 ~T~ £ 3 , 

S2(x;a,0) X K" x 
Vr, 

and the wavelengths in guides 1 and 2, respectively, are 
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F I G . 5-25-2.—Locations of input and output terminal planes for H-plane bliurcation. 
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An alternative representation at the reference plane T is provided by a 
T-type network having the reactance parameters 

A : 
1 1 1 

Zi 

-A 12 

Zi 

A 2 2 

zl 

^ + tan 8 tan 8' 

X' 
r " tan « - tan 8' 
Kg 

r^ sec 8 sec 8 
x„ X' J tan ^ - tan 8' 

Kg 

, 1 + -^ tan 8 tan 8' 
Kg Kg 

X" ^ tan 0 - tan 8' 

Restrictions.—The equivalent circuits are valid in the range a < X < la 
and X < 2a2. The circuit parameters have been obtained by the 
transform method and are rigorous in the above range. 

Numerical Results.—In Fig. 5-25-2, 8 and 8' are plotted as functions 
of ai/a for various values of a/X in the range of validity of the formulas. 
The <S2 functions are tabulated in the Appendix. 

5-26. Change in Height of Rectangular Guide, a. Symmetrical Case. 
An axially symmetrical junction of two rectangular guides of equal 
widths and unequal heights (#i0-mode in rectangular guides). 

V////////A 
1 V///////A 

a 
Cross sectional view 

L m, 
Side view 

F I G . 5-26-1. 

■±z5B 

—o o 
T T 

Equivalent circuit 

Equivalent-circuit Parameters.—At the terminal plane T 

Xi-V. , _ * 
A+A' + 2C 

b 
26 
X ?K^)(^),iW)+2 

AA' - C2 

V4X„/ \l+a) V 1 - «2 3 A J 

(1) 

(2a) 
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=?K^)(^)"("+;) B 

B 

26 " 

26 
+ 

l n 4^ + 3 ^ 2 \\J (1 

(26) 

a « 1, (2c) 

7„ ~ Xc \ 2 / L 1 

2 In 
1 + 17 ( iy 

16 W 
« « 1, (2d) 

where 

A = 

3 + a2 

= 2.718. 

Restrictions.—The equivalent circuit is valid in the range b/\g < 1. 
Equation (2a) has been obtained by the equivalent static method employ
ing a static aperture field due to the incidence of the two lowest modes and 
is correct to within 1 per cent in the range b/\g < 1. The approximate 
Eq. (26) is correct to within 3 per cent for (6/X„) < 0.7; for (6/X„) ^ 0.7 
it is still correct to within 3 per cent if a < 0.7. Equation (2c) is an 
asymptotic expansion of Eq. (2a) correct to within 5 per cent if a < 0.6 
and b/\ < 0.5 and to within 2 per cent if a < 0.4 and 6/X„ < 0.4. 
Equation (2d) is an asymptotic expansion of Eq. (2a) correct to within 5 
per cent when S < 0.5 and 6/X„ < 0.5 and to within 3 per cent when 
& < 0.4 and b/\„ < 0.4. 

Numerical Results.—In Fig. 5-26-3 B\/Yab, as obtained from Eq. 
(2a), is plotted as a function of 6'/6 with 6/X„ as a parameter. 

Experimental Results.—The above results have been verified experi
mentally at least for the cases 6/X„ = 0.23 and a > 0.15 to within a few 
per cent. 

6. Asymmetrical Case.—An axially asymmetrical junction of two 
rectangular guides of equal widths but unequal heights (i/io-modes in 
rectangular guides). 



F I G . 5-26-3.—Shunt susceptance for change in height of rectangular guide. 
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Cross sectional view 

t 
6 

T 

Side view 
FIG. 5-26-2. 
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Equivalent circuit 

Equivalent-circuit Parameters.—Same as Sec. 5-26a except X„ is 
replaced by X„/2. 

Restrictions.—Same as Sec. 5-26a except X„ is replaced by X„/2. 
Numerical Results.—If the X„ in Fig. 5-26-3 is replaced by Xa/2, one 

obtains a plot of B\g/2Yab as a function of b'/b with 2£>/X„ as a parameter. 
5-27. Change in Radius of Coaxial Guide, a. Equal Outer Radii.— 

A junction of two coaxial guides of unequal inner but equal outer radii 
(principal mode in coaxial guides). 

x 
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±ziB 

X 
- o 

Cross sectional view Side view 
F I G . 5-27-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference plane T 

In-
rj 
Fo 

B 
Y0 

B 
F„ 

B 
F0 

a 

- { 
2b0A1 

X 

2b0A1 

X 

2b0A1 

X 

(1) 

^M^KrM)*^ A + A' + 2C 
AA' - C2 

2 

1 (boY (l - a\" (ha* - 1 4 a2CY A 2 ] 

(^y ( 1 _ a V + ^] f a 

17 (bX Ai 
2 \ V 2 

+ 
2 In — + — + 4 

4a d 
« 1 , (2b) 

1 - 6 + 2 + - 6 « 1 , 
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where 

.'ill 

a = 1 - 5 6(1 = C W = e - b, 2.7IS. 

The terms A, A', and C are defined in Sec. 5-20«, provided the A0, /;, 
and b' therein are replaced by A/2, fc(), and />£ of this section. The terms 
Ai and Ai are defined in Sec. 5-3a. 

Restrictions.—The equivalent circuit is valid in the wavelength 
range A > 2(c — a)/yi, provided the field is rotationally symmetrical. 
The circuit parameter has been evaluated by a variational method treat
ing the first higher A'-mode correctly and all higher modes by plane-
parallel approximations. Equation (2a) is estimated to be correct, to 
within a few per cent for c/a < 5 and for wavelengths not too close to 
2(c — a)/yi. Equation (2b) is a small-aperture approximation and, 
for c/a = 1, agrees with Eq. (2a) to within 5 per cent for a < 0.0 and 
260/A < 0.5 and to within 2 per cent for a < 0.4 and 2/*,/A < 0.4. 
Similarly, Eq. (2c) is an asymptotic expansion of Eq. (2aJ and, for 
c/a = 1, is correct to within 5 per cent if 5 < 0.5 and 260/A < 0.5 and to 
within 3 per cent if 8 < 0.4 and 2ba/\ < 0.4. For c/a > 1 the agreement 
of Eqs. (2b) and (2c) with (2a) is presumably of the same order of magni
tude in the indicated ranges. 

Numerical Results.—For c/a = 1, the graph of B\/Y02b(, as a func
tion of a for various values of 2&0/A may be obtained from Fig. 5-20-3 
if the \ therein is replaced everywhere by A/2 and b by b0. For c/a > 1, 
B~K/Y02b0 may be obtained from its value for c/a = 1 by addition of 
the term A2/2 and multiplication of the resulting sum by At. The 
quantities Ai and A2 are plotted in Figs. 5-3-2 to 5-3-4. The term 

n - ( ! - . ) Xo is tabulated in Table 2-3 as a function of the ratio c/a 

(note that the c of Table 2-3 is the c/a of this section). 
6. Equal Inner Radii.—A junction of two coaxial guides of equal 

inner but unequal outer radii (principal mode in coaxial guides). 
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Equivalent-circuit Parameters.—At the reference plane T 

n 
F„ 

Y0" 
except that now 

In 

In 

same as Eqs. (2a) to (2c) of Sec. 5-27a, 

(1) 

a = 1 - 5 b0 c — a, b'D = b — a. 

The terms A, A', and C are defined in Sec. 5-26a provided the X„, b, and 
b' therein are replaced by A/2, b0, and b'e, respectively, of this section. 
The terms A\ and A2 are the same as in Sec. 5-3b. 

Restrictions.—Same as in Sec. 5-27a. 
Numerical Results.—For c/a = 1, the graph of /?X/F02b0 as a func

tion of a for various values of 2&o/X may be obtained from Fig. 5-26-3 
if the \„ therein is replaced everywhere by X/2. For c/a > 1, BX/F0260 
may be obtained from its value for c/a = 1 by addition of the term 
A 2/2 and multiplication of the resulting sum by A\. The quantities 
Ai and At are plotted in Figs. 5-3-6 to 5-3-8. 

6-28. E-plane Corners, a. Right-angle Bends.—A right-angle E-plane 
junction of two rectangular guides of equal dimensions (i/io-mode in 
rectangular guides). 
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Equivalent circuit 

Equivalent-circuit Parameters.—At reference planes T the equivalent 
circuit is pure shunt. The relative shunt susceptance and location of the 
terminal planes are given by 

Y0 

m +1 

Yn 
~2T: (i) 
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where 

2ir(b - d) 
cot (4.-ft (2) 

B . = 2ft COt irZ 
+ * - In 2 

A0e (A! - A 2 ) e - + (1 + 5c-') ^ 

Fo 
26 
X„ 

0.878 + 0.498 ~ (!)] 
(1 + 5c-') 

2b 
(V) 

-v^r- — vjr- = jr—r ^ I -+- -KX COt THE — TrX"' 

« 1 , 

5 In 2 - / IT £ n(e 

+ irx-
A'0e~ (Al + A2)e-'+ (1 - 3c-') T\ th-

KS 

and 

2TT6 »-(!)'} 
i + (i 

2b 

- 3e-

« 1 , 

A, + A2 

(3a) 

(36) 

(4a) 

(4b) 

2b 

A0 = 

Ai = 

7T 1 

1 
T 1 

— x' 
:r"-

- 0.5x2' 

A'0 = A0 

A2 = 4 

sinh 

V i - -'-2 (i 

An alternative circuit at the reference-
planes T' is shown in Fig. 5-28-2. 

Restrictions.—The equivalent circuits are 
valid in the range 2b/\g < 1. The circuit 
parameters obtained by the equivalent static 
method, employing two lowest modes inci
dent in each guide, are accurate to within 1 
per cent in the above range. Equations (3b) 

-wr 
roY0 0*!7 

^FlBa 

T' 
FIG. 5-28-2. 
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Fia. 5-28-4.—Circuit parameters of right-angle bend at terminals T'. i?-plane. 
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and (46) are asymptotic approximations to Ba and Bt, that agree 
with the values from Eqs. (3a) and (4a) to within 8 per cent for 
26/X„ < 0.6. 

Numerical Results.—In Fig. 5-28-3, d/b and B\/Y02b are plotted as 
functions of 2b/X„. The alternative circuit parameters Ba\g/Yo2b and 
Bb2irb/Yo\g are shown in Fig. 5-28-4, as functions of 2b/\g. 

Experimental Results.—A few measured values for Ba and Bb are 
indicated by the circled points in Fig. 5-28-4. These data were taken at 
wavelengths in the vicinity of 3 cm. 

b. Arbitrary Angle Bends.—A symmetrical, arbitrary angle, i?-plane 
junction of two rectangular guides of equal dimensions (i?i0-mode in 
rectangular guides). 

^x^bK 

General View Side View 
F I G . 5-28-5. 

Equ ivalent Circuit 

Equivalent-circuit Parameters.—At the reference planes T 

fi-SH-K'-3] 
fc-k-r 

- * r 
2. 

)} (1) 

(2) 

where *(x) is the derivative of the logarithm of x! 
Restrictions.—The equivalent circuit is applicable in the wavelength 

range 26/X„ < 1. The circuit parameters have been obtained by a 
simple equivalent static method and are rigorous only in the static limit 
b/\g « 0. 

Numerical Results.—-The circuit parameters Ba\JY02b and Bbb/Ya\g 

are plotted as a function of 0 in Fig. 5-28-6. The solid curves represent 
the static values of the parameters as given in Eqs. (1) and (2). 

Experimental Results— Measured values of the circuit parameters 
are indicated by the circled points in Fig. 5-28-6. These data apply 
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to rectangular guides of dimensions a = 0.900 in. and 6 = 0.400 in. 
and were measured for several values of 6/X„. The measured values of 
Bbb/Yo\ are within a few per cent of the static values given in Eq. (2) for 
the bend angles 6 = 60, 75, and 90° if 26/X„ < 0.51. 

6-29. H-plane Comers, a. Right-angle Bends.—An //-plane right-
angle junction of two rectangular guides with equal dimensions (//io-mode 
in rectangular guides). 

r 
T 

To Y0 o 

\V, a 

u L 
"JB 

General view 

T T' 

Top view 
F I G . 5-29-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the terminal planes T the equiv
alent circuit is pure shunt. The relative shunt susceptance and the 
location of the terminal planes are given by 

B_ 
Y0 

1 + m 
Y0 

+ 2 Ba 

Ma ~ d) Ba 
; = — cot 1 — 

Y0' 

2Bb 

where 
B » _ ^ T A 
T0-2a [Al 

B „ « 0.42 + - , 
it, 1 — x 

- x cot irx + 

0.64 

Bq + 2Bb 
Y0 

Ba + 2Bb 

Y0 

1 / l + x2\ 
TT\1 - x2) 

x~ 1, 

7o ' 

+ A2 

cot wx 

-2 .04 + 1.63a;, 
w 

X~ 1, 

+ K 

(i) 

(2) 

(1 + A3), (3a) 

(36) 

(1 + A'3), (4a) 

(46) 

and 
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A[ 1 - e-** 
4(1 ~ 33e-*) = 

[2(1 - 3e- ' )( l - 33e"2') - ( W - 3 * ] 

[°1 8 0 1 ( i^T2) + °-2021 

V3^" 
- 2 x V 3 - 0.1858 - 0.1592 (l + z2\ 

\ 7 - x>J 

A't 
0.1801 \TZrj2) + 0.1669 

V3 
J _ g - 2 i r V 3 - I ! 

A3 = 0.01 - 0.0095a; 
0.00416 

+ 0.1432 + 0.1592 

for 0 < x < 1, 

/ l + a:2\ 
V - x*) 

A3 = 1.5 - x 
0.00146 A ' — — 

A a ~ 1.26 - x 

0.0040 + 0.0019a: + 0.0020a;2 

- 0.0016 + 0.0034a; - 0.0026a;2 

for l g x g 1.436, 

forO <a: < 1.2, 

A' 0.00136 
x - 1.26 + 0.0076 - 0.0066a; for 1.3 ^ 1 g 1.5. 

7"<j j> 

V 
->v 

^0 

If 
H 

\ 

< 

■ — 1 

5 

pj'Bn 

< 

^0 

— 0 

F I G . 5-29-2. 

An alternative equivalent circuit at reference planes T is in Fig. 5.29-2. 
Restrictions.—The equivalent circuit is 

valid in the wavelength range a < X < 2a. 
The circuit parameters have been derived 
by the equivalent static method with two 
static modes incident in each guide. The 
error in the susceptance values is estimated 
to be of the order of magnitude of 1 per cent 
in the range 0 ^ 2a/\g ^ 1.44, excluding the 
range 1.2 ^ 2a/X„ g 1.3 in which the varia-
tional correction A'3 diverges. Equations (3b) and (4b) are approxima
tions to Eqs. (3a) and (4a), respectively, and agree with these to within 
10 per cent in the resonant range 0.7 ^ 2a/X„ ^ 1.2. The quantity A2 
is less than 10 per cent of Ba/Yo for 2a/X„ < 1.3; A'2 is less than 10 per 
cent of (Ba + 2Bb)/Y0 for 2a/X5 < 1.0. 

Numerical Results.—The quantities B2a/Y0\ and d/a are plotted 
as a function of 2a/X„ in Fig. 5-29-3. A similar plot for the parameters 
Ya\/Bb2a and (Ba + 2Bb)2a/Y0\g appears in Fig. 5-29-4. 

Experimental Results.—For comparison with the theoretical values 
a number of experimental data are indicated by circled points in Fig. 
5-29-4. These data were measured in rectangular guides of dimensions 
a = 0.900 in. and b = 0.400 in. 

b. Arbitrary Angle H-plane Corners.—A symmetrical, arbitrary angle, 
//-plane junction of two rectangular guides of identical cross-sectional 
dimensions (i/io-mode in rectangular guides). 

file:///TZrj2
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F I G . 5-29-3.—Shunt susceptance and location of terminal planes T for right-angle bend. i/-plane, 
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o-
T 

-r--iXa 

-o 
T 

General view Top view 
F I G . 5-29-5. 

Equivalent circuit 

Experimental Results.—The equivalent circuit of Fig. 5-29-5 is 
valid in the wavelength range a < X < 2a. The circuit parameters 
Z0/Xa and Xt/Z0, relative to the reference planes T, were measured in 
rectangular waveguide of dimensions a = 0.900 in. and b = 0.400 in. 
as a function of the bend angle 8 at various wavelengths. The resulting 
data arc: 

30° 
45° 
50° 
60° 
75° 
90° 

120° 

X = 3.0 cm ( 

z»/x* 

0.849 

1.102 
1.088 
0.864 
0.324 

X„ = 1.560") 

X„/Zo 

0.493 

0 .943 
1.27 
2 .14 
6.46 

X = 3.2 cm ( 

Z„/Xa 

0.782 

1.158 

0.739 
- 2 . 1 7 

X„ = 1.762") 

Xt,/Zo 

0.420 

0 .998 

2 .75 
- 4 . 5 8 

X = 3.4 cm ( 

z,/xa 

0 .718 
0.995 
1.068 
1.176 

1.055 
0.044 

X„ = 1.999") 

X„/Z„ 

0 365 
0 567 
0 650 
0 .817 

1.76 
47 .9 

5-30. Junction of a Rectangular and a Radial Guide, E-plane.—An 
.E-plane junction of a rectangular guide and a radial guide of angular 
aperture 8 (Hio-mode in rectangular guide; principal .E-type mode in 
radial guide). 

P ^ i \ 
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o-
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■}Ba iBcd=. Y[rz) 

Longitudinal view Front view 
F I G . 5-30-1. 

Equivalent circuit 
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Equivalent-circuit Parameters.—At the reference planes Ti for the 
rectangular guide and Ti for the radial guide 

(1) 

(2) 

(3) 

(4) 

Y(r2) 
Y, 

Yl 

Bc 

Y, 
Bb 

Yi 

6 
r2B 

sin 6 
e ' 

_2rb 6 
\0d sin 6 
26 

*b 

0.577 + * (- J 
sin 8 sin 6 

6 sin 28' 
20 

where ^(x) is the logarithmic derivative of x\ and 8 is measured in radians. 
It is to be noted that the characteristic admittance of the radial line 

is variable and the propagation constant of the radial line is K = 2ir/X8 
with 

K = v-ay 
The above formulas also apply to the case of a radial guide with 

downward taper, i.e., 8 negative. 
Restrictions.—The equivalent circuit is applicable in the wavelength 

range 26/X„ < 1. The circuit parameters have been obtained by a simple 
equivalent static method and are strictly valid only in the range 26/X„ « 1. 
The error is estimated to lie within a few per cent for 26/X„ < 0.1. 

Numerical Results.—Numerical values of the ^ function may be 
obtained from Jahnke-Emde, Tables of Functions, 3d ed. (revised), page 
16. 

5-31. Coupling of a Coaxial and a Circular Guide.—A coaxial guide 
having a hollow center conductor of zero wall thickness coupled to a 
circular guide (principal mode in coaxial guide, Eoi-mode in circular 
guide). 

d ' i "*1~lrifc 
1 i-
2a 26 

K 
x» 

Cross sectional view 

T'T 

Side view 
F I G . 6-31-1. 

r v 
Equivalent circuit 
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FIG. 5-31-3.—Location of output terminal plane T for coaxial-circular guide junction. 
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Equivalent-circuit Parameters.—At the reference planes T and T' t he 
equiva lent ne twork is a simple junc t ion of two t ransmission lines whose 
character is t ic impedance ra t io is 

M = A. (1) 

T h e locations of t he i npu t and o u t p u t planes are given b y 

2ird . . « . , (1 — a)x 2b . . i i / i ■> i i 
-rr— = s i n - 1 - — h s i n - 1 — [ — (1 — a) In (1 — a) — a In a] 

X Pi 7i X 
- Si'{xfi) + SJ

2'(ax;0) + Sf°[(l - a)x;0,c], (2) 
2ird' _ . _j ax' . _r (1 ~ a)x' 
\ ~ S m ^ i V l - <*2 + S m V7? - fl(l - a)2 

- ^ [ - ( 1 - a) In (1 - a) - a In a] - SfCz'jSi) + SJ ' (ax ' ;a |8i) 

+ S f [ ( l - a ) z ' ; ( l - a)/31)C], (3) 
where 

2a , 2a 6 1 . X 
-T-J X = r—) a = — = —) A = 
X X„ a c 

Si'(x;y) = 
n=2 

•V1 " (.23K) 

n = 2 

where xo» = i"7n/(c — 1) is t h e n t h nonvanishing root of 

Jo(x)N0(Xc) - No(x)Jo(xc) = 0. 

Restrictions.—The equivalent circuit is valid in t he wavelength range 
1.14a < X < 2.61a, provided X > 2.61b and the fields are rota t ional ly 
symmetr ica l . T h e locations of t he reference planes have been deter
mined by the t ransform me thod and are rigorous in t he above range. 

Numerical Results.—The quant i t ies wd/a and vd'/a a re p lot ted in 
Figs. 5-31-2 and 5-31-3 as a function of b/a for var ious values of the 
pa rame te r 2o/X. T h e roots irp"n and xo«(c) m a y be obta ined from the 
tables in Sees. 2-3a a n d 2-4a. T h e summat ion functions <S£° and £§" are 
t a b u l a t e d in t h e Appendix. 

6-32. Coupling of Rectangular and Circular Guide.—A junct ion of a 
rec tangular and circular guide wi th a common symmet ry axis (Hi0-mode 
in rec tangular guide, nonpropaga t ing # u - m o d e in circular guide). 
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—y///////, 
T 

r 
* ! 7 r -o 

Cross sectional view Side view 
F I G . 5-32-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference plane T 

J j = _ . 0.446a&X, 
Y0~ J d3 

706dY (la) 

(lb) F j . 0.446abX 

jr^^ = one-half the quantity -~- given in Eq. (la) of Sec. 5-4a, (2a) 

B 
2Y0 

3 ab\„ (26) 

where 

TUT K"J 
1.706a7 

( ^ ' ) * 
The corresponding parameters for a two-terminal representation are 

given in Sec. 4-4. 
Restrictions.—The equivalent circuit is an approximation in the range 

2a > X > 1.706d provided neither the Hu- nor the //30-mode propagates 
in the rectangular guide. The circuit parameters have been determined 
by variational methods, Y'0/Yo with the assumption that the aperture 
field is that of the //n-mode in the circular guide and B,'Ya as indicated 
in Sec. 5-4a. For d < b and X not too close to the cutoff wavelength of 
the next propagating mode, the error is estimated to be less than 10 per 
cent. The asymptotic Eqs. (lb) and (2b) agree with Eqs. (la) and (2a) 
to within about 5 per cent if d/a < 0.3. For the equivalent circuit to be 
strictly valid, the output terminal plane must be located more accurately 
than indicated above. 

Numerical Results.—The quantity jY'0a/YJ> is plotted in Fig. 5-32-2 
as a function of d/a for several values of X a. A similar plot for B 2 ) 0 
may be obtained by taking one-half of the quantity B/Y0 plotted in 
Fig. 5-4-2. 
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FIG. 5-32-2.—Characteristic admittance ratio for rectangular-circular guide junction. 
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Experimental Results.—Several exper imental ly de te rmined d a t a for 
t h e case of an infinitely long circular guide are indicated in Fig. 4-4-2. 

6-33. Aperture Coupling of Two Guides, a. Junction of Two Rec
tangular Guides.—A junct ion of two rec tangular guides of different cross 
sections coupled by a small elliptical or circular aper tu re in a t ransverse 
plate of zero thickness (// io-mode in rec tangular guides). 

-iB 
Hi 

Cross sectional view Top view 
FIG. 5-33-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—For the case of an elliptical aper tu re 
oriented as shown in t he above figure 

B_ 

Y0 

1 ° 
Ya 

\„ab 

4 r sin2 M 

\„ab 

4irM sin2 — 
a 

. , irx' 
. , sin2 —T \Qab a 

X'a'b' . , TTX 9 sin2 — a 

2TT\ 

d2 

a26 + a'b' 

« a, b, 

( l a ) 

(lb) 

(2) 

vhere 
M = Mi cos2 <t> + M2 sin2 <t>. 

The coefficients Mi and M 2 are given b y Eqs . (4) and (5) of Sec. 5-4b. 
For the case of a circular ape r tu re (d — di = d2) 

M 6' 

Restrictions.—The equiva lent circuit is applicable in the wavelength 
range a' < \ < 2a (a ' > a ) . C o m m e n t s are the same as in Sec. 5-46. 

Numerical Results.—The coefficients Mi and M 2 are shown in Fig. 
5-4-4 as a function of d2/di. 
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b. Junction of Two Circular Guides.—Two circular guides having a 
common axis of symmetry but of different radii coupled by a small 
elliptical or circular aperture in a transverse plate of zero thickness 
(//n-mode in circular guides). 

Y0 

-jB 

Cross sectional view Side view 
F I G . 5-33-2. 

Equivalent circuit 

Equivalent-circuit Parameters.—For the case of an elliptical aperture 
with orientation 0 = 0 or ir/2. 

~ = 0.952 ^ 
Y0 4TT 

TR* 

rzj^a^Y \i M - 7.74 

£ « 0.952 - ^ 
Yn iirM 

TTT?2 

2Jl(alr) 
car 

1 /2Jl(air)y 
R3 \ air ) 

R'' \ our ) 2*Rr 

d \ « a , r , 

n _ X^/;(a,r) _ KK2 

Yo X^/i(ffllr) x # ' ' 

where 

Jijoar) 
a2r 

Ji(air) 
air 

(3a) 

(36) 

(4) 

M = Af i cos2 <f> + M2 sin2 d>, 
1.841 
—R~' 

1.841 
~1T' 

X„ = 

v " \zjm) v " (sTm?) 
The arrangement of the various terms has been chosen to emphasize the 
similarity between Eqs. (3) and (4) and Eqs. (1) and (2). If the aperture 
center is located on a diameter perpendicular to that indicated in the 
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above figure, Eqs. (3) and (4) are still applicable provided Ji(ar)/ar is 
replaced by J[(ar). 

The coefficients Mi and M2 are denned in Sec. 5-4b. For the case of a 
circular aperture (d = d\ = d2) 

M = — 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range 2.61.R' < X < 3.41ft. The restriction of the aperture orientation 
to <f> = 0 or ir/2 is necessary to ensure that only the i/n-mode of the 
indicated polarization can be propagated in the circular guide. Other
wise, comments are the same as in Sec. 5-46 except that B/Y0 is dependent 
on the aperture position along the direction of the electric field. 

Numerical Results.—The coefficients Mi and M2 are shown in Fig. 
5-4-4 as a function of di/d\. 

c. Junction of Two Coaxial Guides.—Two concentric coaxial guides of 
unequal inner and outer radii coupled by a small elliptical or circular 
aperture in a transverse plate of zero thickness (principal mode in coaxial 
guides). 

^ Yo -JB Y0 

T 

Side view Equivalent circuit 

Cross sectional view 
FIG. 5 33-3. 

Equivalent-circuit Parameters.—For an elliptical aperture oriented 
as shown in the above figure 

Ri 
B X r2 l n Ri 
Yo M (5) 
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1 o 
F0 

(6) 

where 
M = Mi cos2 <fi + Mi sin2 0. 

The coefficients M\ and M2 are defined in Sec. 5-46. For the case of a 
circular aperture (d = dx = rf2) 

M = Mr = M 2 = 
6 

Restrictions.—The equivalent circuit is applicable for all wave
lengths greater than the cutoff wavelength of the //io-mode. Comments 
same as in Sec. 5-46. 

Numerical Results.—The coefficients Mi and M2 are plotted in Fig. 
5-4-4 as a function of d2/di. 

d. Junction of a Rectangular and Circular Guide.—A rectangular and a 
circular guide coupled by a small elliptical or circular aperture in a trans
verse plate of zero thickness (#i0-mode in rectangular guide, i / n -mode 
in circular guide). 

r 
X to 

r„ y0 

-)B 

4 
Cross sectional view Top view 

F I G . 5 33-4. 
Equivalent circuit 

Equivalent-circuit Parameters.—For an elliptical aperture oriented as 
shown in the above figure and with <f> = 0 or x/2 

Y„ 

B^ 
Y0 

\„ab 

4ir sin2 

\uab 

ixM sin2 

1 [2T . 2wx , 7.74 , .,,, ,~|) 
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Yt 1 \„ab 
Yo 0.952 X'TR2 

2J[(a2r) 
■wx sin — a 

(8) 

where 
M = Mi cos2 <j> + M2 sin2 <t>, 

1.841 
R 

\' 

> R ^ F X'=V^D 
The coefficients Mi and M2 are defined in Sec. 5-46. For a circular 
aperture (d = di = di) 

M 
6 

If the aperture center is located on a diameter perpendicular to that 
shown in the above figure, the function J[{air) should be replaced by 
Ji{a2r)/a2r. 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range in which only the /Jio-mode in rectangular and the Hn-mode in 
circular guide can be propagated. Other restrictions are the same as in 
Sec. 5-46. The location of the aperture center is restricted to points 
where the direction of the dominant-mode magnetic field is the same in 
both guides; this is not necessary and is employed for simplification of the 
above formulas. The restriction of the ang'e ^ to 0 or ir/2 is necessary to 
avoid excitation of an //n-mode with polarization perpendicular to that 
indicated in Fig. 5-33-4. The description of this latter mode necessitates 
the use of a six-terminal network. 

Numerical Results.—The coefficients Mi and M2 are plotted in Fig. 
5-4-4 as a function of d2/di. 

5-34. Circular Bends. E-plane.—An ZJ-plane junction of a rectangu
lar guide and a uniform circular bend of rectangular cross section (Hi0-
mode in rectangular guide and in circular bend). 

-jX 

*s 

Cross sectional view Equivalent circuit 



334 ASYMMETRIC STRUCTURES; COUPLING OF TWO GUIDES [SEC. 5-35 

Equivalent-circuit Parameters.—At the reference plane T 

Z'a = 1 + 

where 

X_ 32 
ZQ IT 

X . = 

X,« = X- {! - 12 ( f l ) L _ 2 + 5 " ( x ) ' ' 

The circular bend is a uniform angular guide with propagation wave
length X„̂ , the latter being measured along the arc of mean radius R. 
The electrical length corresponding to an angular distance <j> or to a 
(mean) arc distance s is 

2TTS 
r — = m<t>, where m 2TTR 

Xod, 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range 2b/\g < 1. Equations (1) and (2) have been derived by a 
variational method employing the form of the lowest mode in the angular 
guide for the electric-field distribution in the junction plane. The circuit 
parameters have been evaluated to order (b/R)2, but no estimate of the 
range of accuracy is available. 

6-35. Circular Bends. H-Plane.—An//-plane junction of a rectangu
lar guide and a uniform circular bend, i.e., angular guide, of rectangular 
cross section (Z/io-mode in rectangular and angular guides). 

Yo 

i-jB 
KJ<J> 

Cross sectional view Top view 
F I G . 5-35-1. 

Equivalent circuit 
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Equivalent-circuit Parameters.—At the reference plane T 

15 

335 

+ ( ' + S - " ) ( T ) ' -

B_ = X, 
Fo a 

where 

X„ = 

m 
(i) 

(2) 

v-®* 
xl 247S2 [-(^)©* + (^*)©' 

The propagation wavelength \0<> in the uniform angular guide (circular 
bend) is measured along the arc of mean radius R. The electrical length 
corresponding to the angular distance <j> or to a mean arc distance S is 

2TTS 

X„^ — = m<t>, where m 2TTR 

XO0 

With this interpretation the angular guide may be treated as a uniform 
line with characteristic admittance Y'„ and wavelength X„0. 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range a < X < 2a. The circuit parameters have been derived by a 
variational method employing a sine function for the distribution of 
electric field in the junction plane. The results have been evaluated to 
order {a/R)2 but no estimate of the range of accuracy is available. 



CHAPTER 6 

SIX-TERMINAL STRUCTURES 

An arbitrary junction of three accessible waveguides, each propagating 
only a single mode, is designated as a six-terminal or three-terminal-pair 
waveguide structure. The over-all description of the propagating modes 
in such a structure is accomplished by representation of the waveguide 
regions as transmission lines and by representation of the junction region 
as a six-terminal lumped-constant equivalent circuit. The three trans
mission lines together with the lumped-constant circuit comprise a six-
terminal network with the aid of which reflection, transmission, standing-
wave, etc., properties of the over-all structure can be determined by 
conventional network calculations. The quantitative description of the 
transmission lines is effected by indication of their characteristic imped
ances and propagation wavelengths. The description of the six-terminal 
lumped-constant circuit requires, in general, the specification of six 
circuit parameters and the locations of the three corresponding terminal 
planes. If the structure possesses geometrical symmetries, a reduction 
in the number of required circuit parameters is possible. 

Since only relative impedances are physically significant in microwave 
calculations, all impedances in the following networks will be referred to 
the characteristic impedance of one of the transmission lines. The 
choice of characteristic impedances of the transmission lines as well as the 
locations of the relevant terminal planes will be indicated explicitly in the 
equivalent-network diagrams of the various structures. As discussed 
in Sec. 3-3 the equivalent circuit of a microwave structure can be simpli
fied considerably by an appropriate choice of terminal planes. Simplifi
cations of this sort become increasingly important for multiterminal 
structures. However, the equivalent networks for most of the structures 
described below will be represented at terminal planes which are simple in 
so far as the derivation of the circuit parameters are concerned. For the 
important cases of the open E- and .fl-plane T structures of Sees. 6-1 and 
6-5 the terminal-plane transformations to simple networks will be pre
sented in some detail. 

336 
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6-1. Open T-junction, E-plane.—A right-angle T-type junction of 
two rectangular guides of unequal heights but equal widths (//m-mode 
in rectangular guides). 

- 1 6 

General view 

T T 

Side view 
FIG. 0-1-1. 

? *o ?r 

-jBct 

o 

\l 
I 11 
3 iB" 
r - A 

, 1 i O 

r T 

Equivalent circuit 

Kquivalcnt-circuit Parameters.—At the reference planes T and 7" 
for the main and stub guides, respectively: 

1 

v~ = T~ I t a n " H J 

Ei 
Vo 

«a_-_2ft6 

Ei-

2^7 
26 
X„ 

00 ~ 1 - 0.227 j + 0.008 L J 

r^fe + 4 

(i) 

(2a) 

(2b) 

(3) 

(4a) 

(46) 

(5a) 

(5b) 

where 

■-I, 1 + 5 + a2 

4(1 + a2) 

1 + (v^)T 
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Ai + A2 , _, 1 . t an - ' a . 1 + a2 
s = a tan ' — | h In —-. x(l + a2 

6a 

An alternative equivalent circuit at the reference planes Tj and T[ is 
shown in Fig. 6-1-2. The corresponding parameters are given by 

2 l r (h> j \ 

where 

2ird' 

2Z0 

A0 = 

Ac = 

■■ t a n - 1 Ao, 

, , A0AC + Ab tan 1 

2b 
A0 — Aa 

(1 + Al)(Ab + A„AC) 
6' (A. - A,y + (Ab + A,Acy 
A0(l+Al-Al (1 - Al)(Aa- AbAc) 

Ba 

To 
V {Bd 

b 

(A. 

Bc) 

A„)2 + (Ab + A0Acy 

Ba - 2Bb - 2BC Aa 

Ab 

Yo 

b \Yj 
A.aA.c. 

t*Zo 

2d 
I t 

T ' J-4-4--
li o-

Za 

?r, 

Side view 

□ 
Z=jX 

Equivalent circuit 
FIG. 6-1-2. 

(6) 

(7) 

(8) 

(9) 

Another equivalent circuit a t reference planes T2 and T'2 is indicated in 
Fig. 6-1-3. In this case the circuit parameters are 

X, 
2*1' 

2vd 
"XT' 
, _ A0Aa + 1 

T— = t a n —.—-. j-> X0 A0Ab — Ac 

2B 
F 0 

26 (1 + AaAay + (Ac - AaAby 
V 
(1 

(1 + Aay{Ah + AaAe) 
Al)(Aa- AhAc) + A0(Al + Al 1) 

(1 + A0Aay + (Ac - A0Aby 

(10) 

(11) 

(12) 

(13) 
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Restrictions.—The equivalent circuit is valid in the range 2b < A„ or 
2b' < X„ according as b > b' or b < b', respectively. The circuit param
eter Ba has been obtained by the equivalent static method, employing 
two incident static modes in the main guide, and is accurate to within 1 
per cent over most of the wavelength range. For the case 6/X8 = 0 an 
analytical expression for Ba is given in Eq. (2a); the asymptotic Eq. (26) 
agrees with the plotted results to within 10 per cent in the range b'/b < 1 
and b/\„ < 0.5. The circuit parameters Bb, Bc, and Bd indicated in the 
accompanying graphs have been obtained by a variational method and 
are estimated to be in error by only a few per cent over most of the wave
length range. For the case b/\g = 0 analytical expressions for these 

m2 Z'Q 

T 
l 2 ^ 

J'L 

% 

QT, 

Y=jB 

T2'T2 

Side view Equivalent circuit 
TIG. (ii-:i. 

parameters obtained by the equivalent static method are given by Eqs. 
(3), (4a), and (5a); these equations agree with the plotted results to 
within a few per cent. The asymptotic relations Eqs. (46) and (56) agree 
with the results of Eqs. (4a) and (5a) to within 10 per cent for b/\g = 0. 
The alternative circuit parameters given by Eqs. (6) to (13) have been 
obtained by reference plane transformations (c/. Sec. 3-3). 

Numerical Results.—The circuit parameters Ba\g/Yob, Bt\g/Yob, 
Bcb/Yi>\g, and Bd\g/Yab are indicated in Figs. 6-1-4 to 6-1-7 as functions 
of b'/b with b/\a as a parameter. The alternative circuit parameters 
d/b', d'/b, n2, and X\a/Z0b, computed from the preceding results, are 
shown in Figs. 6-1-8 to 6-1-11. The circuit parameters V/b, m2, and 
B\g/Y0b are given in Figs. 6-1-12 to 6-1-14 as functions of b'/b. The 
multiplicity of representations is presented primarily to illustrate the 
differences in frequency dependence of circuit elements in various 
equivalent circuit representations. 

Experimental Results.—The theoretical results indicated above have 
been verified within an experimental error of a few per cent for a number 
of cases in the range b'/b < 1 and 6, X„ < 0.8. 
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F I G . 6'1-13.—Transformer ratio for open i?-plane T at terminals Ti, T'2. 
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6-2. Slit-coupled T-junctions in Rectangular Guide, E-Plane.—A 
symmetrical right-angle T-type junction of two rectangular guides of 
unequal heights, but equal widths, coupled by a small slit in a wall of 
zero thickness. Sides of slit perpendicular to electric field (Hio-mode in 
rectangular guides). 

- 6 -
i<*r T' 

o 
Y0 -]Ba 

jBi 

t4f 
%-3Ba Ya 

■2 o 

General view Side view 
FIQ. 6-2-1. 

T T 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference planes T and 7" 

Ya b'' 

F 0 

(1) 

l + g l £ 

+ 12 U 7 , 

î RU 
d « 6 

Ya 2F 0 

46 ) , 2V2bb' , 

x; iln ~^r + 2 iX 
Yo x„ L vd W/ J 

MS)" 
6 « XB. 

(2a) 

(26) 

(3a) 

(36) 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range 26/X„ < 1 provided the slit dimension d is small compared with 
the wavelength. The equivalent-circuit parameters have been derived 
by an integral equation method. The derivation of the parameter 
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Ba/Yo neglects term's of the third order in the aperture coordinates. To 
be rigorous the circuit element Bt, should be replaced b y a i r network or its 
equivalent. However, in the small-aperture range, vd/b' < 1 (b' < b), 
the susceptance of the series arm of this w network is approximately 
infinite. The sum of the susceptances of the shunt arms is represented to 
the second order in the aperture coordinates by Eq. (3a). I t is estimated 
that Eqs. (2a) and (3a) are correct to within a few per cent for ird/b' < 1. 
The effect of wall thickness is important and will be considered in Sec. 
8 1 1 . 

6-3. 120° Y-Junction, E-plane.—A symmetrical 120° Y-junction of 
three identical rectangular guides in the .E-plane (H10-mode in rectangular 
guides). 

T _jB T 

Side view 
F I G . 6-3-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—-At the reference planes T 

B° = ^ 0.6455, 

K2V3 
Yo 

Si 
Y0 

(1) 

(2) 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range 26/X„ < 1. Equations (1) and (2) are static approximations and 
have been obtained by conformal mapping methods, etc. They are 
estimated to be accurate to within a few per cent in the range 6/X„ < 0.1. 

Experimental Results.—Measurement taken at a wavelength of 
X = 3.20 cm with rectangular guides of dimensions a = 0.901 in. and 
b = 0.404 in. yield the values 

To = °-29< 
Bi 
F 0 

4.68. 

These are to be compared with the values obtained by Eqs. (1) and (2) 



S E C . 6 4 ] E-PLANE BIFURCATION 353 

in 
Y0 

0.296, ^ = 4.81. 

6-4. E-plane Bifurcation.—A bifurcation of a rectangular guide by a 
partition of zero thickness perpendicular to the direction of the electric 
field (ifio-mode in each of the rectangular guides). 
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Equivalent-circuit Parameters.—At the reference plane T the equiva
lent circuit is simply that of three guides in series, the characteristic 
impedances of the various guides being 

Z\ _h\ Zi _ b% 
Zo b Zo b 

The location of T is given by 
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F I G . 6-4-2. 
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F I G . 6-4-3.— Location of terminal plane T for £-plane bifurcation. 
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At the reference plane 7 \ alternative equivalent circuits (cf. Sec. 3-3, 
N-Terminal Pair Representations). are shown in Fig. 6-4-2. The corre
sponding circuit parameters are 

X 
TT — COt 

2ir& 

Xx 6i , 2ird 
yj- = -r COt — > 
Zo 0 A.„ 

X_2 = 

Xa 
Zo 

62 . 2xd 
-r- COt -r— > 6 X„ 

(3) 

As indicated in Fig. 6-4-2 the turns ratios of the ideal three-winding 
transformer are 6:bi:62 (cf. Fig. 3-186). 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range 26 < X„ < co. The circuit parameters have been obtained by the 
transform method and are rigorous. The approximation (2b) is the 
asymptotic form of Eq. (2a) in the range 26/X„ « 1. 

Numerical Results.—Curves of ird/6 as a function of 6i/6 with 26 / \g as 
a parameter are shown in Fig. 6-4-3. The summation function iSi(a;;0,0) 
may be obtained from the summation functions tabulated in the Appendix. 

6-6. Open T-junction, H-plane.—An //-plane, T-type junction of 
three rectangular guides of equal dimensions (7/\0-mode in rectangular 
guides). 

I a 
1 

«— a —► 

1 
T' 

i i 

i ■ 

General view Top view 
F I G . 6-5-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference planes T and 7" 

ZQ 1 Ay 
X~a

 = XL ~ 2a x cot T~ - 0.0103 
\ 5 T T 4 

+ x1 
+ 0.2614 

Xa + 2Xb + 2XC 

Zo ^z2 0.057 + 

2Xc = 2a 
Z0 ~ 3 X0 \AC + B 

^ X3 + Xt 

( V 3 - x2 

2a [ _ A 
X„L AC + B 
>( B \ 
~ \AC + BY 

>.a( B + C \ 
\„ \AC + B*)' 

- 0.0694 ) 

0.085 
1.62 - z2 

(1) 

(2) 

(3) 

(4) 
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r In 
A =% cot («;) - 0.0322, x = —' 

1 1 4- T2 

B = - ^ - ^ , + 0.03246, 
7T 1 — X2 

C = x t a n (?) + » 0195. 

At t h e reference planes To and 7" t he equivalent circuit is t h a t indicated 
above wi th T replaced b y T0 and X 0 , Xb, . . . by X'a, X£, . . . , where 

Z0 

Xi — t a n (?) 
1 + X i t a n 

Y' On 
p « ^ [0.16 - 0.06(z - 1) 

Xi 

x; 

+ 2X'h 

Z0 

+ 2X£ 

+ 2X̂  

+ 2X̂  

x2 t a n 

(?) 
).06(z 

(?) 

0.04(x - l ) 2 ] , 

1 + X 2 t an 

Z» 

2XJ 
Z0 

(?) 
- 2/ 

(?) 
^ [ - 1 . 5 9 + 2.42(x - 1) + 5.06(i 

L3 sec 

I ) 2 

1 + X2 t a n (?) 
= P « + ^ [2.00 + 1.06(x - 1) + 0 .84( .T - l ) 2 ] , 

2X_ 
Z0 

2X_i 
Z0 

, X 4 + ( X 2 X 4 - X2) t an (^ j + X , sec ( ^ 

1 + X 2 t a n 

2o 
(?) 

[2.00 + 1.04 (a; - 1) + 1.36(x - l ) 2 ] . 

(5a) 

(56) 

(6a) 

(66) 

(7a) 

(76) 

(8a) 

(86) 

\2d\ ■T: 

r, r, 
FIQ. 6-5-2. 

An a l te rna t ive equiva
lent circuit a t t h e refer
ence planes T\ a n d T[ 
is shown in Fig. 6-5-2. 
T h e reference-plane loca
t ions and associated cir
cuit p a r a m e t e r s are given 
by 

d = fr1 t a n - 1 X i — jj ' 
Air £ 

(9) 
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F I G . 6-5-5.—Locations of terminals Ti, Tri and associated circuit parameters for open H-plane T. 
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,, _ X„ , _j A i A ( + A | 
a ~ 2* t a n 2(Xi - Xt)' 
X_ 
Z0 
z\ 
Zo 

4(x2 - x,)2 + (x„ + x,xty 

where 

2 (1 - X\)(4X2 - X„X4) - X,(4 + X2
4 

4(X2 - XQ ' + (XQ + X tX 4 ) 2 

4(1 + X\)X\ 

4X? *8) 

(10) 

(11) 

(12) 

Restrictions.—The circuit is valid in the wavelength range o < X < 2a. 
The quantities plotted in the accompanying graphs have been obtained 
by the equivalent static method employing two static modes incident in 
each guide and are estimated to be in error by about 1 per cent. Equa
tions (1) to (4) are approximate analytical results [except for the last two 
terms in Eq. (2)] for one static mode incident in each guide and are in 
error by less than 15 per cent for 0 < 2a/X„ < 1. The corresponding 
Eqs. (5a) to (8a) at the shifted reference system are correct to within 10 
per cent for 0 < 2a/X0 < 1.25. The approximations (56) to (86) are in 
error by less than 4 per cent in the range 0.7 < X„ < 1.25. 

Numerical Results.—For illustrative purposes the equivalent-circuit 
parameters have been plotted in a number of reference systems. In Fig. 
6-5-3 the exact values of the elements Z02a/XoX0, . . . at the reference 
planes T and 7" have been plotted as a function of 2a/X„. In Fig. 6-5-4 
the exact values of X'a\e/Zo2a, . . . at the reference planes To and T" 
have been plotted against 2a/\. The parameters of the shunt representa
tion at the reference planes Ti and T[ are indicated in Fig. 6-5-5 where 
d/a, d'/a, Z02a/X\g, and Z'o/Z0 are plotted against 2a/X0. I t is to be 
noted that the reference terminals in the main guide overlap one another. 

Experimental Results.—A few experimental data taken at wavelengths 
of 3 and 10 cm are indicated by the circled points in Fig. 6-5-5. 

6-6. Slit-coupled T-junction in Rectangular Guide, H-plane.—A 
T-junction of two rectangular guides of unequal widths but equal heights 
coupled by a small slit in a side wall of zero thickness. Electric field 
parallel to sides of slit (i/io-modes in rectangular guides). 

General view Equivalent circuit 



SEC. 6-6] SLIT-COUPLED T-JUNCTION IN RECTANGULAR GUIDE 361 

Equivalent-circuit Parameters.—At the reference plane T and 7" for 
the main and stub guides, respectively, 

(1) 

where 

A 
z0 

xa Zo 

xb 

xb 
z0 xc z0 xd 2o 

xy 
X„a 

a (ndy 
xAW 

i 1 HY 1 2W 
= x~„ l\rf) 4 

a AaV 
~ K W / ' 

2o 

"x / 
2a 

" x „ ' 

^ , > 

(5)"} 
d « a, 

(2) 

(3a) 

(36) 

(4) 

(5) 

V' - (£) 

_ d ^ 
r 

/ / 1 / 1 /■%. 

>%> > / j 1 / r JW r / / / > > / >-7-

a distance A in guide wave-

(6) 

r A r A 

On shift of the reference planes T to T 
lengths, where 

— 1 a 

32TT X„ 

the alternative equivalent circuit of Fig. 6-6-2 is obtained wherein the 
series reactance Xa vanishes. As indicated in this figure the new reference 
planes in the main guide overlap. Hence, when the output impedance in 
the stub is so adjusted that the junction is reflectionless, the electrical 
length of the main guide is larger than the geometrical length by the 
amount 2A. Since the shift A is relatively small in the range of validity 

GO' 
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of the above formulas, the "shifted" circuit parameters X'b, X'c, and X'dnvc, 
approximately the same as those in the original reference system. More 
accurate values can be obtained by use of the transformation relations 
given in Eqs. (3-21). 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range a < X < 2a' (if a' < a). The formulas have been derived by an 
integral equation method employing the small-aperture approximations 
that (1 < X x and the wavelength is not too close to cutoff of the second 
mode. It is to be emphasized that the above formulas apply to slits in 
walls of zero thickness. The power transmitted through a small slit of 
thickness I and width d is approximately 27.3 l/d db less than that com
puted from the above equations. 

Experimental Results.—With the reference system as shown in Fig. 
(i(i-2 the equivalent-circuit parameters of the above junction were 
measured at a wavelength of X = 3.20 cm for waveguides of dimensions 
a = a' = 0.900 in. and for various slit widths (/. These measurements 
together with the corresponding theoretical values from Eqs. (2) to (5) 
are indicated in the following table: 

d, in. 

0.18!) 
0.2!)!) 
0 38!) 
0 486 
0.688 

Exp. 

22 
8.12 
4.67 
3.2!) 
2.1)8 

Thcor. 

10 .3 
8.0", 
4. on 
3 .35 
2 .20 

K 
Za 

Exp. 

1 14 
1 .00 
1 .00 
1 .06 
. . 2 8 

Thcor . 

1.02 
1 .02 
1 02 
1 .02 
1 .00 

Z0 

Kxp. 

1 00 
1 07 
1 00 
1 .06 
1 7S 

Thcor. 

1.02 
1 02 
1 .02 
1 .02 
I .23 

A (in \„) 

Exp. 

0.001 
0.001 
0 .003 
0 .010 

Thcor . 

0 0000 
0.0004 
0.0010 
0.0026 
0.0106 

The data apply to slits in a wall of 0.005 in. thickness. Because of 
mechanical difficulties (buckling, etc.) associated with a thickness of this 
magnitude, the experimental accuracy is not too good. The theoretical 
results are not applicable to the case of largest width and have been 
included merely to indicate the order of the error in this case. 

In order to emphasize the importance of the wall thickness t the 
following experimental results for the case I = 0.050 in. are included: 

(1, i l l . 

0 300 

X 

3 .23 

X X 
Z0 

4.14 14.3 

A (in X„) 

0.051 

6-7. 120° Y-junction, H-Plane.—A symmetrical 120° Y-junction of 
three identical rectangular guides in the //-plane. (//io-mode in rec
tangular guides.) 
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General view Top view Equivalent circuit 

F I G . 6-7-1. 

Experimental Results.—At the symmetrically chosen terminal planes 
T, measurements taken in rectangular guides of width a ~ 0.90 in. 
at a number of wavelengths yield the following values for the circuit 
parameters: 

X cm 

3 40 
3 .20 
3 00 

X„ in. 

1.9996 
1.7620 
1.5606 

1.499 
1.141 
0 .900 

Zo 

0.698 
0 .598 
0 .537 

6-8. Aperture-coupled T-junctions, E-Plane. a. Rectangular Stub 
Guide.—A right-angle T-type junction composed of two dissimilar 
rectangular guides coupled by a centered small elliptical or circular 
aperture in a metallic wall of zero thickness (i/in-mode in rectangular 
guides). 

M 

General view Side view Equivalent circuit 
F I G . 6-8-1. 
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Equivalent-circuit Parameters.—At the reference planes T and 7" 
for t he case of coupling by a centered elliptical ape r tu re oriented as shown 
in Fig. 6-8-1, 

Y0 \'„a'b'' 
2TTP &y 

( i ) 

(2a) 
Ba _ X„a& 
To ~ ~ 4TTP 

Ih = X 
Fo ~4lT 
Bh ^ X„a& di 

ST [jl ~ \k + aS/)} (3a) 

« 1, (3b) 

where 

P 

M = Mi cos2 </> + ikf2 sin2 0, 
did2, IT 1 
"12" ' 2 1 ( e ) ' 

XD = —r .-^^=' X. 

V^W ' V-fe)' 
T h e coefficients M i and 71/2 a re defined in E q s . (4) and (5) of Sec. 5-4&. 
T h e function E(e) is the complete elliptic integral of t he second kind, 
e = -y/l — (d 2 /d i ) 2 being the eccentr ici ty of t h e ellipse. For t he case of a 
centered circular aper tu re , di = d2 = d 

d3 d3 

M = —, and P = -= ■ 
o 12 

Restrictions.—In the smal l -aper ture range di/X « 1 t he equiva lent 
circuit of Fig. 6-8-1 is applicable a t wavelengths for which only t h e 
dominan t / / io-mode can be p ropaga ted in bo th guides. E q u a t i o n s (2a) 
and (3a) have been obta ined by an integral equat ion me thod employing 
the smal l -aper ture approximat ions (cf. Restr ic t ions, Sec. 5-4&). I t is t o 
be emphasized t h a t t he above results app ly t o aper tu res in walls of zero 
thickness (cf. Chap . 8) . 

Numerical Results.—The coefficients M i , Mi, and P m a y be obta ined 
as a function of d 2 /d i from the curves in Fig. 5-4-4. 

b. Circular Stub Guide.—A symmetr ica l r ight-angle T - type junct ion 
of a rec tangular and a circular guide coupled b y a centered small elliptical 
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or circular aperture in a metallic wall of zero thickness (i710-mode in 
rectangular guide, iZu-mode of indicated polarization in circular guide). 

{— 2 B — / 

a n ii\ *T 
— n : ) i 111 I'I 111111 > i 

T 

Side view 
FIG. 6-8-2. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference planes T and 
for coupling by a centered elliptical aperture of orientation 4> 
or TT/2, 

To ~ L 0 5 1 Sf' 

Fo 

2rP(\X 
X„ab \X / 

Ba 

1 -

2wP 
X„ 

4TTP 
X26 

!rP /X_A2
; 

.„a6 \ X / ' 
i?t X„a5 T J / 7i 
Fo = 4TT L^f V^ 

£«'■ 
+ 

ft 
F„ 

X„ab 
4TTM' 

7.74V 
2 ^ 7 

and 
$ « , 

x: 

r, 
= o 

(4) 

(5a) 

(56) 

(6a) 

(6b) 

>RS" "v-uy 
where the remaining quantities are denned as in Sec. 6-8a. 

For the special case of a centered circular aperture with di 

M = -rr, 
o 12' 

Restrictions.—In the small-aperture range the equivalent circuit is 
applicable at wavelengths for which only a single dominant mode can 
be propagated in each waveguide. The angle <t> must be restricted to 
0 or 7r/2 to ensure that only a single ffu-mode of the above-indicated 
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polarization can be propagated in the circular guide. For further 
comments note Restrictions in Sees. 6-8<x and 5-46. 

Numerical Results.—The coefficients Mu M2, and P appear as func
tions of di/di in the plots of Fig. 5-4-4. 

6-9. Aperture-coupled T-junction in Rectangular Guide, H-plane. 
a. Rectangular Stub Guide.—A right-angle T-type junction of two unequal 
rectangular guides coupled by a centered small elliptical or circular 
aperture in a metallic wall of zero thickness (#i0-mode in rectangular 
guides). 

a 
I E , , , , . 

General view 

T 

Side view Equivalent circuit 

FIG. 6-9-1. 

Equivalent-circuit Parameters.—For the case of an elliptical aperture, 
oriented as shown in the above figure, the circuit parameters at the 
reference planes T and T' are 

where 

Z£ _ \'ga'b^ 
Zo \gab 

ins 
Xb a /a2b fab 
Zo ~~ A„ \TTM + "+" yja'b' 
Xh a (a%\ 
Zo X„ \*M)' 
Xc _ 2a 
ZQ \g 
Xd _ 2a 
Zo Xff 

X 

* « 1 
a 

x: = -^ 

- 2 °'6 ) 

X 
——_ , 

(1) 

(2) 

(3a) 

(3b) 

(4) 

(5) 

v-ay ' v-fe) 
M = Mi cos2 cj> + Mi sin2 <j>. 

The coefficients Mi and M2 are defined in Sec. 5-46. 
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For the case of a centered circular aperture (rfi = d2 = d) 
d3 

"6' 
M = ilf i = Af2 

and Eq. (2) can be written more accurately as 

Xa 4x3 l- f^Y- (6) 

If the reference planes 
lengths, where 

Z0 45 

T are then shifted a distance A in guide wave-

A = 45 X ,/j GO" (7) 

the equivalent circuit at the new reference planes TA has a vanishing 
series reactance Xa. Since the shift A is small, the circuit parameters at 
the reference planes X"A are approximately the same as those at T. 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range in which only the i/io-mode can be propagated. The circuit param
eters have been derived by the integral equation method employing 
the small-aperture approximations that -wd\ < X with X not too close to 
cutoff of the next higher mode. The restriction to zero wall thickness 
is to be emphasized. The power transmitted through a small circular 
hole of diameter d in a wall of thickness t is approximately 32.0 t/d db 
less than that computed by the above circuit. 

Numerical Results.—The coefficients Mi and M2 are plotted as a 
function of d2/dx in the graph of Fig. 5-4-4. 

b. Circular Stub Guide.—A symmetrical fl-plane, T-type junction of 
a rectangular and a circular guide coupled by a centered small elliptical 
or circular aperture in a metallic wall of zero thickness (-ffio-mode in 
rectangular guide, Hu-mode of indicated polarization in circular guide). 

- / \ 

General view Top view Equivalent circuit 

F I G . 6-9-2. 

Equivalent-circuit Parameters.—At the reference plane T and T\ 
for the case of an elliptical aperture with orientation <f> = 0 or x/2, 
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K 
z0 Xn 

Zo ' 
Xh 

Zo 
xb 
Zo 
xc 
Zo 
xd 
Zo 

- 0.952 X'°wR2 

« 0, 

a 
= K 

a 

A„ab 

fa'b 
. \TTM 

a2b 
~ \girM' 

la 
~ A/ 

2a 
" A / 

+ ^ - " • H P } 
« 1 , 

(8) 

(9) 

(10a) 

(106) 

(11) 

(12) 

where 

A„ = 

V'-fe)" 
x: = 

-f-M' 
\3.41i2/ Jlf = Af i cos2 <f> + M2 sin2 0. 

For the special case of a circular aperture see comments in Sec. 69a. 
Restrictions.—The equivalent circuit is valid in the wavelength 

range for which only a single dominant mode can be propagated in each 
guide. To ensure that only a single Hu-mode, with polarization as 
indicated in Fig. 6.9-2, can be propagated in the circular guide, the angle 
<f> must be restricted to 0 or ir/2. Also note Restrictions in Sec. 6-9a. 

Numerical Results.—The coefficients Mi and M% are plotted as a 
function of d2/di in the graph of Fig. 5-4-4. 

6-10. Aperture-coupled T-junction in Coaxial Guide.—A right-angle 
T-type junction of a coaxial and a rectangular guide with coupling by a 
small centered elliptical or circular aperture in a metallic wall of zero 
thickness (principal mode in coaxial guide, fl\o-mode in rectangular guide). 

'1)111! 

OIo S P T 

T' 
I I i > > >\ 

'' > ' '' '' > ' >))) 

Top view Side sectional view 

F I G . 6-10-1. 
Equivalent circuit 
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Equivalent-circuit Parameters.—At the reference planes T and T" for 
coupling by a centered elliptical aperture of orientation <f>, 

B» 

MirR* In (I) 
\gab 
P 

2\R2
2 In 

\R 

(§0 
- (Si) 

where 
M 

X 

(1) 

(2) 

(3) 

The coefficients P and M are defined in Sees. 5-4b and 6-8a. 
centered circular aperture 

For a 

d3 
M = 7T' o P = d* 

12' 

Restrictions.—Subject to the provision that di « X, the equivalent 
circuit is applicable in the wavelength range for which only the principal 
mode can be propagated in the coaxial guide and only the i/io-mode in 
the rectangular guide. The circuit parameters have been obtained by 
an integral equation method employing the small-aperture approxi
mations mentioned in Sec. 5-46. In addition it is assumed that the 
curvature of the surface containing the aperture has negligible effect. 
The restriction to zero thickness is to be emphasized (c/. Chap. 8). 

Numerical Results.—The coefficients M\, M2, and P are plotted as a 
function of di/di in Fig. 5-4-4. 

6-11. Bifurcation of a Coaxial Line.—A bifurcation of a coaxial guide 
by a partition of zero thickness perpendicular to the electric field (princi
pal mode in all guides). 

o-
Zn 

x 
o-
T 

Z, 
\ 
o 
Z2 
X 

- o 

Cross 6ectional view Side view Equivalent circuit 
Fia. 6-11-1. 
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Equivalent-circuit Parameters.—At the common reference plane T 
the equivalent circuit is a series junction of three transmission lines of 
characteristic impedances 

c . b 
In - In -

P = —> P = —> Z0 = Z, + Z2. (1) 
a a 

The location of the reference plane T is given by 

-° (p In J? + ^ In lf) + S f Cr;0,a) - S f OnjO.a,) 

- Sf»(x2;0,«2), (2a) 
Trf 61 6 0 6 2 , &0 /r>, N 
r = r l n r + r l n r j (26) 
■bo b0 Oi 60 62 

27rrf _ 26, 
X ~ ~X 

where 

26„ 

c 
a = — t a 

2(c - a) 
X 

c 
ai = b' 

261 2(c - 6) _ 262 _ 2(6 - a) 
2:1 = X = —*—' x* x 

6 
'-2 = ~> a 

and 

SHxfl,a) = £ ( s i n - ^ - - fj, 

^ ^ ^ = XOn(a) = Xn, J«(Xn)No(Xna) - N o(Xn)J o(x^) = 0 , 
a — 1 

with similar definitions for on and a2. 
Alternative equivalent circuits at the reference plane Ti are identical 

with the alternative equivalent circuits shown in Sec. 6-4. The values 
of the corresponding circuit parameters are given in Eqs. (3) of Sec. 6-4 
except that the 2ird/X0 therein is replaced by the 2-ird/X of this section. 

Restrictions.—The equivalent circuits are valid in the wavelength 
range X > 2(c — a)/yi{c/a) provided the fields are rotationally sym
metrical. The circuit parameters have been determined by the transform 
method and are rigorous in the above range. The approximation (26) 
for trd/bo is in error by less than 2 per cent provided 2(c — o)/X < 0.3. 
For c/a < 3. the results of this section differ by only a few per cent from 
those of Sec. 6-4 provided X„ and 6 in the latter are replaced by the X 
and 6o of this section. 

Numerical Results.—The quantity ird/bo is plotted in Fig. 6-11-2 as a 
function of (c — 6)/(c — a) = 6i/60 with 2(c - a)/X as a parameter and 
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FIG. 6-11-2.—Location of terminal plane T for coaxial bifurcation. 
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for c/a = 5. The corresponding plot for c/a = 1 is shown in Fig. 6-4-3 
provided the X„ and b therein is replaced by the X and b0 of this section. 
Corresponding values of ird/bo within the range c/a — 1 to 5 differ by at 
most 10 per cent. The functions <Sf°(a;;0,a) are tabulated in the Appen
dix; the roots xon(«) are tabulated in Table 2-3 (note the a of this section 
is the ratio c of Table 2-3). 

i 



CHAPTER 7 

EIGHT-TERMINAL STRUCTURES 

An arbitrary junction of four accessible waveguides, each propagating 
only a single mode, is termed an eight-terminal or four-terminal-pair 
waveguide structure. So likewise is termed an arbitrary junction of 
three accessible waveguides in one of which two modes can be propagated 
while in the remaining two of which only one mode can be propagated. 
The over-all description of the propagating modes in such structures is 
obtained by representation of the waveguide regions as transmission 
lines and by representation of the junction region as an eight-terminal 
lumped-constant equivalent circuit. The four transmission lines and 
lumped-constant circuit thereby required together comprise an eight-
terminal network indicative of the transmission, reflection, standing-
wave, etc., properties of the over-all structure. The quantitative 
description of the transmission lines requires the indication of their 
characteristic impedances and propagation wavelengths. For the 
description of the eight-terminal lumped-constant circuit it is, in general, 
necessary to specify ten circuit parameters and the location of the four 
associated terminal planes. This number of required circuit parameters 
may be reduced considerably if the structure possesses geometrical 
symmetries. 

The impedance parameters of the following eight-terminal networks 
will be referred to the characteristic impedance of one of the transmission 
lines; this is in accord with the fact that only relative impedances are 
physically significant in microwave calculations. The equivalent net
work diagrams of the eight-terminal structures will exhibit explicitly the 
choice of characteristic impedances for the transmission lines and the 
locations of the relevant terminal planes. The equivalent networks for 
the most part will be presented only at those terminal planes which facili
tate the derivation of the circuit parameters. The transformation to 
terminal planes that yield "simple" equivalent networks may be effected 
by the technique pointed out in Sec. 3 3 . 

7-1. Slit Coupling of Rectangular Guides, E-plane.—A junction of 
two contiguous rectangular guides of equal dimensions coupled on their 
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broad sides by a slit in a wall of zero thickness. Sides of slit perpendicular 
to the electric field (7/io-modes in rectangular guides). 

General view Longitudinal view 

F I G . 7 1 - 1 . 

oi—\-nm—[ S" 

Equivalent circuit 

Equivalent-circuit Parameters.—At the common reference plane T 
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2>-2( \ / n 2 — x2 — n -\-Tn)^^ 1 + : 

0.0253a:4 + 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range 2b/X„ < 1. Equations (la) and (2a) have been obtained by a 
variational method employing static approximations for the electric field 
in the slit and are estimated to be correct to within a few per cent for 
26/X„ < 1 and d/b < 1. Equations (lb) and (26) have been obtained by 
conf ormal mapping and are exact in the limit 2b/\g —> 0. The restriction 
to zero thickness should be noted. 

Experimental Results.—The equivalent circuit parameters have been 
measured at X = 3.20 cm in rectangular guides of dimensions a = 0.90 
in. and b = 0.40 in. For a slit of width d = 0.04 in. in a wall of total 
thickness 0.03 in., the measured values are 

ft _ n o , Bt, Ba 

-<0 I 0 I 0 
0.58. 

The theoretical values from Eqs. (la) and (2a) are 

0.36. ft = °-24' Bt B« 
Fo 

The discrepancy between the theoretical and measured values of Bb may 
be accounted for by the effect of wall thickness. 

7-2. Small-aperture Coupling of Rectangular Guides, E-plane.—A 
junction of two contiguous rectangular guides coupled on their broad 
sides by a small circular or elliptical aperture in a wall of zero thickness 
(7/io-modes in rectangular guides). 

~JTy~k—?' 
\+}Bc 

General view Longitudinal view 

F I G . 7-2-1. 
Equivalent circuit 

Equivalent-circuit Parameters.—At the common reference plane T the 
parameters for a centered elliptical aperture of orientation <£ are 
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where M = Mi cos2 <f> + Af2 sin2 0, 

X 

£«1. 
A 

* « " • 

(2b) 

(3a) 

(36) 

(4) 

(5) 

^M ' ARST 
The coefficients P, M\, and Mi are defined in Sees. 5-4b and 6-8a. For 
a centered circular aperture of diameter d 

P = 12' M = 6-

If for identical guides (a = a', b = b') the aperture dimensions are 
so chosen that 

^ « 1 , i . e . , ( ^ ) 2 p = M, B " ~ B , 
the above junction becomes a directional coupler (Bethe hole). The 
latter has the property of not coupling power from guide 1 to guide 3 if 
guides 2 and 4 are matched, and conversely. 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range 2b /X<, < 1 (b > b'). The circuit parameters have been derived by 
an integral equation method employing small-aperture approximations 
(c/. Sec. 5-4b). I t is to be noted that the above formulas apply only to 
the case of a wall of zero thickness. 

Numerical Results.—The coefficients P, Mi, and M2 are plotted as 
functions of d2/di in the graphs of Fig. 5-4-4. 
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7-3. Aperture Coupling of Coaxial Guides.—A junction of two con
centric coaxial guides coupled by a small aperture in a wall of zero thick
ness (principal modes in coaxial guides). 

T 
O-

T 
—o 
■)Bd 

\ 

o — t - — L 

General view Longitudinal view 

F i a . 7-3-1. 
Equivalent circuit 

Equivalent-circuit Parameters.—At the common central reference 
plane T 

(1) 

(2) 

(3) 

(4) 

(5) 

For a small elliptical aperture of orientation <j> 

M = Mi cos2 <t> + Mi sin2 4>. 

The coefficients P, Mi, and M2 are defined in Sees. 5-4b and 6-8o. 
For a small circular aperture of diameter d 



378 APERTURE COUPLING OF TWO PARALLEL GUIDES [SEC. 7-4 

d3 d3 
(6) 

For a circumferential slit of width d2 = d (<f> = 0 and di = 2irR2) 

P = irrf2 

"16' 
M 

Sir In 4X 
■wdy 

(7) 

7 = 1.781. 

The susceptance Bb changes sign and hence is capacitive for this case. 
Restrictions.—The equivalent circuit is applicable in the wavelength 

range for which only the principal modes can be propagated. The 
circuit parameters have been obtained by an integral equation method 
employing small-aperture approximations (c/. Sec. 5-46). In addition 
the derivation assumes that the apertures are planar in so far as the 
higher modes are concerned. It is estimated that the formulas are 
reasonably accurate for R2/Ri < 2 and ird/\ < 1. The restriction to 
zero wall thickness should be emphasized. 

Numerical Results.—The coefficients P, Mly and M2 for the case of an 
elliptical aperture are plotted in the graphs of Fig. 5-4-4. 

7-4. Slit Coupling of Rectangular Guides, H-plane.—A junction of 
two contiguous rectangular guides of equal heights coupled on their 
narrow sides by a slit in a wall of zero thickness. Sides of slit parallel to 
electric field (//jo-modes in rectangular guides). 

General view 

z: " £ - * z: 
T jxa jxa 

Equivalent circuit 

FIG. 7-4-1. 

Equivalent-circuit Parameters.—At the common central reference 
planes T 
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Restrictions.—The equivalent circuit is applicable in the wavelength 
range a < X < la! (if a > a')- Equations (2a) and (3a) have been 
derived by an integral equation method employing the small-aperture 
approximations ird/\ « 1, etc. It is to be emphasized that the formulas 
apply to slits in a wall of zero thickness. 

7-6. Aperture Coupling of Rectangular Guides, H-plane.—A junction 
of two contiguous rectangular guides coupled on their narrow sides by 
a small elliptical or circular aperture in a wall of zero thickness (i/io-modes 
in rectangular guides). 

T JXd 

Zo ± 
-TV>-i 

z* 

2 JXa ]Xa 

General view Equivalent circuit 

Equivalent-circuit Parameters.—At the common reference planes T for 
the case of an elliptical aperture with orientation 0 
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A C A a 

1 + ( ; ) • 
Xd _ Xa I a\ 
Z0 ~ Z0 \a'J ' 

(4) 

(5) 

where 
M = Mi cos 2 <j> + M2 s in 2 </>, 

X 

>/-(£)' ^ A R ^ 
with the coefficients Mi and M2 defined as in Sec. 5-46. 

For a circular aperture of diameter d, 

d3 

M = 6 
and 

Xa = 4TT_3 a?_ /2rfV A g3fe\ 
Zo 45 X „ & \ a / \ a ' ' f t7 

(6) 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range a < X < 2a. The circuit parameters have been derived by an 
integral equation method employing small-aperture approximations (cf. 
Sec. 5-46). The restriction to zero wall thickness is to be emphasized. 

Numerical Results.—-The coefficients Mi and M2 are plotted vs. 
d2/di in the graph of Fig. 5-4-4. 

7-6. 0° Y-junction, E-plane.—A symmetrical bifurcation of a rec
tangular guide by a partition of zero thickness perpendicular to the direc
tion of the electric field (//i0-mode in all guides, also Hn- and fiu-mode 
in large guide). 

~£TT "®T 
26 © 1 ' ., *" 

I-*+(2'-*-I (D 
T,'7", 

Cross sectional view Side view 
F I G . 7-6-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At 7\ the reference plane for the 
Hio-modes in guides 1, 2, and 3; and at T[ the reference plane for the Hn-
and fin-modes in guide 1' the equivalent network can be represented as 
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a hybrid coil junction (cf. Fig. 3-186 of Sec. 3-3) of four transmission lines 
whose characteristic admittance ratios are 

= 2, Yy X, ' 

The terminal planes 7\ and T[ are located at distances d and d' given by 

26 26 2«Z 

2jrd 

) 
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FIG. 7-6-2. 

If T is chosen as the reference plane for all guides, the alternative 
equivalent circuits shown in Fig. 7-6-2 are obtained. At the terminal 
plane T 

D 1 + ~, tan 9 tan 6' 
£« _ Xg 

Yl tan 6 - ^ tan ff 
(3a) 



382 BIFURCATIONS, TWO MODES PROPAGATING [SEC. 7-6 

B 



S E C . 7-7] 0° Y-JUNCTION, H-PLANE 383 

Bb 

K, 

B. 

sec 6 sec 8' 

tan 0 — A tan 0' 

1 + ^ tan 0 tan 0' 

^ tan 9 - n tan B' 

(36) 

(3c) 

The numbers beside the windings of the ideal transformers in Figs. 
7-6-1 and 7-6-2 are indicative of the turns ratios. 

Restrictions.—The equivalent circuit is applicable in the wavelength 
range 26 < X„ < 46. The circuit parameters have been obtained by 
the transform method and are rigorous in the above range. The approxi
mations (16) and (26) agree with Eqs. (la) and (2a), respectively, 
to within 10 per cent provided 2b/\g < 0.8. It should be emphasized 
that the line of characteristic admittance Y[ represents both the Hn- and 
Z?ii-mode. Consequently, the indicated equivalent circuits are applicable 
only if the terminal impedances in this line are the same for both the 
Hu- and .En-modes. 

Numerical Results.—In Fig. 7-6-3 the quantities ird/b and ird'/6 are 
plotted as functions of 26/X„. The S2(x;a,0) function is tabulated in the 
Appendix. 

7-7. 0° Y-Junction, H-plane.—A symmetrical bifurcation of a rec
tangular guide by a partition of zero thickness parallel to the electric field 
(.ffio-mode in all rectangular guides, in addition, 772o-mode in large 
rectangular guide). 
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Cross sectional view 
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Top view 
FIG. 7-7-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference planes 7\ and T[ the 
equivalent network is a hybrid coil junction (cf. Fig. 3-186 of Sec. 33) 
of four transmission lines whose characteristic impedance ratios are 

z, = 2, z2 2X0 
(1) 

The locations of the reference planes Ti for the //20-mode in guide 1 and 
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the 7/io-modes in guides 2 and 3, and of the reference plane T[ for the Hw-
mode in guide 1' are given by 

B = ^ = s(2 In 2 - 1) - 2S2(x;l,0) + S3(2x;2,0), 

9' = ^ = a;'(2 In 2 - 1) - 2S2(x';0.5,0) + S3(2x';l,0), 
X„ 

(2) 

(3) 

where 
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x D = 

, _ 2a 

X' = 
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i(Xc - j y Z s 

: — o*s 

F I G . 7-7-2. 

Alternative equivalent circuits at the common reference plane T for all 
guides are shown in Fig. 7-7-2. The corresponding circuit parameters are 

\ ' 
o v 1 + r^ tan 8 tan 6' 

(4) 

Zi 

2Xb 

z2 

2XC 

Z* 

J tan 8' - tan 8 

sec 8 sec 6' 

r^ tan B' - tan 8 x„ 
1 + ^ tan 8 tan 8' x„ 
-p tan 8' - tan 8 

Restrictions.—The equivalent circuit is valid in the range 

0.5 < a/X < 0.75. 
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F I G . 7-7-3.—Locations of terminal planes Ti and T'\ for //-plane bifurcation. zn 
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The circuit parameters have been obtained by the transform method and 
are rigorous in the above range. 

Numerical Results.—Figure 7-7-3 contains graphs of vd/a and ird'/a 
as functions of a/A in the range 0.5 < a/A < 0.75. A number of the <S.V 
functions are tabulated in the Appendix. 

7-8. Magic-Tee (Hybrid) Junction.—A magic-T-junction of four 
identical guides comprising an E- and //-plane T-junction with a common 
plane of symmetry (//i0-mode in all rectangular guides). 
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Experimental Results.—Measurements taken at a wavelength of 
A = 3.20 cm with rectangular guides of dimensions a = 0.90 in. and 
b = 0.40 in. yield the following data at the indicated terminal planes: 

0.93, Xa 
Ao 
A',, 
z0 
xr 

= 0.34, 

= 1.30, 

= 0.18, 

x_d 
/ o 
xc 
z0 
Xf 
z„ 

0.92, 

1.27. 



CHAPTER 8 

COMPOSITE STRUCTURES 

The microwave structures to be described in this chapter are not of the 
same character as the elementary discontinuities and waveguides con
sidered in previous chapters. They are instead composite structures 
whose network representations comprise a variety of elementary lumped-
constant circuits and transmission lines. In contrast to the case of the 
elementary structures it is not necessary to solve any field problems to 
determine the network parameters of composite structures. These 
parameters may be calculated by straightforward microwave network 
analysis from the parameters descriptive of the elementary structures. 
In the following the over-all parameters of a number of composite struc
tures will be derived to illustrate both the use and the results of such 
network analyses. 

Uniform waveguides partially filled with dielectric or metallic slabs 
represent an important class of composite microwave structures. The 
determination of the propagation constants of the modes capable of 
propagating along such waveguides usually constitutes the chief problem 
of interest. This problem may be phrased alternatively as that of 
finding the cutoff, or resonant, frequencies of the waveguide cross section; 
the knowledge of these implies that of the mode propagation constants 
[cf. Eqs. (1-116)]. If the waveguide crosssection possesses an appropriate 
geometrical symmetry, the characteristics of the propagating modes may 
be determined by regarding not the longitudinal guide axis but rather 
one of the transverse directions perpendicular thereto as a transmission 
direction. The composite transmission structure so defined is completely 
equivalent to the original guide; it is composed in general of elementary 
discontinuities and waveguides and is terminated by the guide walls, if 
any. The desired frequencies may be ascertained by simple microwave 
network analysis of the "transverse equivalent network" representative 
of the desired mode in the above composite structure. The resonant 
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frequencies are those frequencies for which the total admittance looking 
in both directions at any point of the transverse equivalent network 
vanishes. If the transverse network possesses symmetries, such reso
nance calculations may be simplified considerably by use of bisection 
theorems. 

Although the propagation constants of any mode can be calculated 
by use of the appropriate transverse network, the results presented below 
will refer for the most part to the dominant mode. The latter will be 
designated as an E- or //-type mode depending on whether the dominant 
mode in the unperturbed guide without metallic or dielectric slabs is an 
E- or //-mode. No general effort will be made to extend the results to 
structures containing dissipative dielectrics or metals although this can 
be done in a manner formally identical with the nondissipative case; in 
the dissipative case one finds complex rather than real resonant fre
quencies and hence complex rather than real propagation constants. The 
determination of the resonant frequencies of a composite waveguide 
cavity will not be considered explicitly, as it follows readily from that for 
the corresponding composite waveguide, of which it represents a special 
case. 

Another important type of composite microwave structure to be 
described below is provided by a junction of two waveguides coupled by a 
slit or aperture in a wall of finite thickness. The modification in the net
work representation introduced by the effect of wall thickness requires 
the representation of the coupling wall as a transmission line whose length 
is equal to the wall thickness. The over-all network is then a composite 
of the circuits representative of coupling into and out of an infinitely 
thick coupling wall and of the transmission line representative of the 
coupling wall itself. The calculation of the over-all network parameters 
is effected by a simple network analysis. Although the above composite 
representation of thickness effects is rigorous only for coupling walls 
whose thickness is large compared with aperture dimensions, it is never
theless surprisingly accurate for much smaller wall thickness. 

PROPAGATION IN COMPOSITE GUIDES 

8-1. Rectangular Guide with Dielectric Slabs Parallel to E.—A uni
form rectangular guide containing two dielectric slabs, the sides of which 
are parallel to the electric field (dominant mode in dielectric-filled guide). 
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Equivalent Network Results.—At the reference plane T the equivalent 
transverse network for the dominant mode in the guide of Fig. 8-1-la 
consists merely of a junction of a short- and an open-circuited uniform 
H-mode transmission line. The propagation wavelength X„ of the 
dominant mode is determined by the resonant condition 

ZQ\ tan 

where 

2r (a - d\ 
Ki\ 2 / 

Zm 
Zm XC2 

Zm cot 

®" 

2TT d 
XC2 2 

® 

(1) 

(2) 

the quantities t[ and e'2 being the relative dielectric constants of the two 
media; Ao is the free-space wavelength. 

At the reference plane T the equivalent transverse network for the 
dominant mode in the guide of Fig. 8-1-lb is a junction of two short-
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F I G . 81-2.—Propagation characteristics of rectangular guide with dielectric slabs || E. 
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F I G . 8-1-3.-—Propagation characteristics of rectangular guide with dielectric slabs 1| E. 
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circuited //-mode uniform transmission lines. The propagation wave
length X„ of the dominant mode is obtained in this case from the resonant 
condition 

2T tan — (a — d) 
Xcl 

— Z02 t a n d. (3) 

where the various quantities are defined as in Eq. (2). 
Restrictions.—Equations (1) and (3) are rigorous provided the con

ductivity of the guide walls is infinite. These equations are also 
applicable when the slabs are dissipative and characterized by a complex 
dielectric constant; in this event X„ is complex. Equation (1) applies as 
well to the higher-order modes of the Hm0 type if m is odd; when m is even, 
the cotangent function should be replaced by its negative inverse. 

Numerical Results.—The ratio Xi/X0 (Xi = \a/-\/T[), as computed from 
a numerical solution of Eq. (1) for Xci/Xc2, is plotted in the graph of Fig. 
8-1-2 as a function of a/Xi for various values of d/a. A corresponding 
plot for Eq. (3) is contained in Fig. 8-1-3. In both cases the data apply 
to nondissipative dielectric slabs with t'ilt\ = 2.45. 

8-2. Rectangular Guide with Dielectric Slabs Perpendicular to E.— 
A uniform rectangular guide containing two parallel dielectric slabs, the 
sides of which are perpendicular to the electric field (dominant mode in 
dielectric-filled rectangular guide). 
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FIG. 8-2-1. 

b-d 

Equivalent network 

Equivalent Network Results.—At the reference plane T the equivalent 
transverse network for the dominant mode is a shunt arrangement of two 
short-circuited uniform i?-mode transmission lines. The propagation 
wavelength X„ of the dominant mode is determined from the resonance 
condition 
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Zoi tan -— (b — d) + Z02 tan — 
A f i A,.j 

d = 0, 

where 

Zoi 
f2A f2 

fey-fey 
fey-©1 

(i) 

(2) 

the quantities t[ and i2 being the relative dielectric constants of the two 
media. An explicit, but approximate, expression for \g is 

(3) 

0-2) ®' 
Restrictions.—Equation (1) is rigorous and subject only to the restric

tion that the guide walls are perfectly conducting. This result applies 
as well to dissipative dielectrics that are characterized by complex 
dielectric constants. Equation (3) is an approximate solution for the 
lowest root of Eq. (1) and is valid in the range for which 2ir(b — d)/\cl 
and 2ird/Xc2 « 1. It should be noted that the dominant mode in the 
dielectric-filled guide has components of both E and H in the direction of 
propagation. 
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FIG. 8-2-2.—Propagation characteristics of rectangular guide with dielectric slabs X E» 



SEC. 8 3] CIRCULAR GUTDE WITH DIELECTRIC CYLINDERS 393 

Numerical Results.—The ratio 
Xi/X„(Xl = Xo/V^l), as obtained 
by numerical solution of Eq. (1) 
for Xci/Xc2, is plotted as a function 
of 6/Xi in Fig. 8-2-2 for the special 
case b/a = 0.45, d/b = 0.5, and 
t'2/t[ = 2.45. In addition Fig. 
8-2-3 contains graphs of Xi/X9 vs. 
d/b for d/b = 0.31 and 0.40 with 
the same values for b/a. and t^Ai 
as above. 

8-3. Circular Guide with Die
lectric Cylinders.—A uniform cir
cular guide containing two concen
tric dielectric cylinders (dominant 
angularly symmetric E0- or H0-
mode in dielectric-filled circular 
guide). 
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x 
-0.40 

= 0.31 
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F I G . 8-2-3.—Propagation characteristics 
rectangular guide with dielectric slabs _1_ 
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F I G . 8-3-1. 
Equivalent network 

Equivalent Network Results.—At the reference plane T the equivalent 
transverse network for the dominant E„-mode consists of a shunt junction 
of an open-circuited and a short-circuited .E-type radial transmission 
line. The propagation wavelength X„ of the dominant 2?0-mode is 
determined from the resonance condition 

where 
F0 1Tn(x,,0) = -Yo,ct(x[,x'2) 

I o 2 

(1) 

(2) 
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X„ = 

2im 
"xTT" 

Xo 

x[ 
2ira 
x r 2 ' x'2 = 

Xo 

2irb 
= x r 2 

^-m ̂ -m 
and the radial tangent and cotangent functions Tn and ct are defined 
in Eqs. (1-70). The quantities t[ and e2 are the relative dielectric con
stants of the two media; X0 is the free-space wavelength. 

At the reference plane T the equivalent transverse network for the 
dominant Z/o-mode is a shunt junction of an open-circuited and a short-
circuited //-type radial transmission line. The propagation wavelength 
X„ of this mode is obtained from 

-Zoi ct(x,,0) = Z02 Tn(.T;,.r2), (3) 
where 

Zoi __ Xri 
Ao2 X(.2 

(4) 

and the remaining quantities are defined as above. 
Restrictions.—Equations (1) and (3) are rigorous, subject only to the 

restriction that the guide walls are perfectly conducting. The roots 
of these equations determine the propagation wavelengths of all modes 
with no angular dependence. 

Numerical Results.—The values of the radial functions Tn and ct for 
real arguments are given in Sec. 1-7 (Table 1-3 and Figs. 1-10 and 111). 
With this knowledge the transcendental equations (1) and (3) can be 
solved graphically. 

A convenient procedure is to assume values for Xi/X„ (X, = Xo/v7*!), 
compute Xci/Xc2 by Eq. (2) or (4), numerically solve Eq. (1) or (3) for, 
say, 6/Xei, and then compute the corresponding value of Xi/26. E0-mode 
propagation curves of X,/X„ (X, = \„/\/t[) vs. X,/26 with e2/fi as a param
eter are shown in Fig. 8-3-2 for the special case b/a = 2. In Fig. 8-3-3 
Eo-mode curves of Xj/X„ vs. \\/2b with b/a as a parameter are plotted for 
tt/ti = 2.54.' It should be noted that, when Xi/X„ > 1, imaginary 

1 Cf. R. E. Staehler, "Determination of Propagation Constants by Radial Trans
mission Line Theory," Master's Thesis, Polytechnic Institute of Brooklyn, 1948. 
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10 

4 . 6 

2b 
F I G . 8-3-2.—Propagation characteristics of i?o-mode in circular guide with dielectric cylin

ders (b /a = 2). 

2.0 7*> 0.5 1.0 1.5 

26 
FIG. 8-3-3.—Propagation characteristics of Eo-mode in circular guide with dielectric 

cylinders («2/ti = 2.54). 
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values of Xi are possible; this corresponds for «2 > «i, to critical reflection 
in dielectric ei and to the propagation of most of the power in dielectric 62. 

8-4. Coaxial Guide with Dielectric Cylinders.—A uniform coaxial 
guide containing two concentric dielectric cylinders (principal mode in 
dielectric-filled coaxial guide). 

/ / ? } > > ■ > > > > > > / / / > 

;;;;;*/; / )SA 

>>;;;>> > > > J > > > rrrr 

Longitudinal view 

Y0i(r) Y02(r) 

VJ 
Cross sectional view 

FIQ. 8-4-1. 
Equivalent network 

Equivalent Network Results.—At the reference plane T the transverse 
equivalent network is a shunt arrangement of two short-circuited .E-type 
radial transmission lines of different characteristic admittances. The 
propagation wavelengths X„ of the principal mode in the dielectric-filled 
guide is determined from the resonant condition 

where 
F01 ct(x2 ,xi) = 

i 0 2 _ «2 A r2 _ *2 / 
J 01 *1 A c i «! / 

V < 2 ~ 
2xa 2x6 

Xl = -T—> X 2 = ^r—! 
A c l Acl 

= F02 Ct(x'2,x'3), 

fey. 
, 2x6 

x2 = =—, 
Ae 2 

(1) 

2xc 

The radial cotangent function ct(x,y) is defined in Eqs. (1-70). The 
quantities t[ and e2 are the relative dielectric constants of the two regions; 
X0 is the free-space wavelength. 

The propagation wavelength of the principal mode is given approxi
mately as 

A , c 
-r l n r 
^ b (2) GO" 

1 . b 
-7 In - -t, a 

In - + A In \ a 0 
where 
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1 + 
A = 

l(2rbY 
2 \ X„ / 

1+U^) 
A « 1 

X„ = 

2 \ ^ X o 

Xo 

<-®' In 

In 

7xa 
~X 
77TC 

T 

"V^M 
"V""®' 

1.781. 

Restrictions.—Equation (1) is rigorous and has been obtained by 
equating the input admittances of the two short-circuited radial lines 
that comprise the over-all transverse network. Equation (2) is an 
approximate solution for the lowest root of Eq. (1) valid in the low-
frequency range 2irb/Xci and 2irc/Xc2 < 1. It is assumed that no dissipa
tion exists either in the dielectric or in the guide walls, although the 
results can be readily modified to include the effects of dissipation. 
Equation (1) applies equally well to all ZJ-modes with no angular 
dependence. 

Numerical Results.—Numerical values as well as a plot of the function 
ct(x,y) for real values of the arguments are given in Sec. 1-7, Table 1-3 
If this function is also computed for imaginary arguments, Eq. (1) can be 
solved graphically.1 An approximate solution of Eq. (2) is obtained on 
placing A = 1; the value of X0/X5 so obtained can be inserted into the 
expression for A to obtain a more accurate value of A, etc. 

8-6. Rectangular Guide with "Nonradiating" Slit.—A rectangular 
guide with a centered longitudinal slit on its broad side (7/io-mode in 
unperturbed rectangular guide). 

H«h-
Y777A\J777Z7{r 

b 

L 
/ 
/ b 
/ 

a 
Cross sectional view 

1 Ibid, (see Sec. 8-3). 

-]Ba 

Equivalent network 
Fia. 8-5-1. 
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Equivalent Network Results.—The relative change AX„/X„ in guide 
wavelength produced by the presence of the slit is determined from the 
resonance condition 

K + c o t ~ = 0 (1) 

for the total transverse admittance at the reference plane T. 
For a wall of zero thickness (t — 0) 

Yo ~ X W ) ' b<<h (2) 

as given in Eq. (2b) of Sec. 6-2. Therefore from Eq. (1) it follows that 
the fractional increase in guide wavelength is 

^ « J^i (hX d « i 
X9 16ab \2a) ' b ' 

where 

For a wall of large thickness (t » rf) 

(3) 

Ba _2b (dY d 
Yo K \2b) ' b <<: 1. (4) 

as obtained from Eq. (2b) of Sec. 6-1 by an appropriate shift in reference 
plane. Therefore, in this case 

T: ~ 2̂ b (fc)' b<K h (5) 

Restrictions.—The equivalent network is valid in the wavelength range 
2b/Xc < 1. Equation (1) is the rigorous condition for the determination 
of the cutoff wavelength provided the correct value for the junction 
admittance is employed. Equations (2) and (4) are approximate 
expressions for the junction susceptance in the range d/b « 1; these 
expressions neglect the radiation conductance and to a first order are 
independent of the external geometry. Equations (3) and (5) give the 
first-order change AX, in the unperturbed guide wavelength X„ and are 
applicable in the small slit range d/b « 1 and X not too close to the cutoff 
wavelength of the next higher mode. 
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8-6. Rectangular Guides with Ridges.—A uniform rectangular guide 
with a centered rectangular ridge on one or both of its wide sides (i/no-
mode in unperturbed rectangular guide). 
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h-aH 

HzS^ 
rv^r re J 
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T 
6 

zz 

Double ridge guide 
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-a'- ' 

/ / 
ZZ 
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6 1 
Single ridge guide 

n Y0 

TJB 

Xc 

a' 
^ 2 - ^ 

Xc 
T 
___ a-a' 

2 

Cross sectional view Equivalent network 
F I G . 8-0-1. 

Equivalent Network Results.—On consideration of the cross-sectional 
symmetry, it is evident that the equivalent transverse network for the 
dominant mode consists simply of a junction capacitance shunted by 
two H-mode transmission lines with open- and short-circuit terminations, 
respectively. The propagation wavelength X„ of the dominant mode is 
determined by the resonance condition (at the reference plane T) 

where 

Y'o+ T , . B 
y- tan — a' -t- y 

Y0 b' 

cot — (o — a') = 0, (1) 

V-feT 
For the double-ridge guide with a' = 0 

B 
v — same as - the ^y- of Eqs. (2) of Sec. 5-la provided d and X„ therein 

are replaced by b' and X„ of this section. (2) 



400 PROPAGATION IN COMPOSITE GUIDES [SEC. 8 6 

With finite a' but (a - a')/2b' » 1 

R R 
■^r- — same as the ^- of Eqs. (2) of Sec. 5-26a provided X„ therein is 
JO JO 

replaced by Xc of this section. (3) 

For the single-ridge guide Xe/2 should be inserted for Xc in both Eqs. (2) 
and (3). Equation (1) yields the same \c for both the single- and double-
ridge guides if the gap height b' of the former is one-half the gap height b' 
of the latter. 

Restrictions.—The equivalent network is valid in the wavelength 
range 26/Xc < 1 for the single ridge and b/Xc < 1 for the double ridge. 
In the nondissipative case Eq. (1) is the rigorous condition for the deter
mination of the cutoff wavelengths \c for the odd Hn0 modes.* Equa
tions (2) and (3) for the junction susceptance B/Y0 are subject to the 
restrictions indicated in Sees. 5-1 and 5-26. In addition these equations 
are subject to the proviso that no higher-mode interaction exist between 
the ridge and the narrow side of the guide; this is approximately the case 
if (o - a')/2b' » 1. If a'/V < 1, see Sec. 8-8. 

Numerical Results.—The junction susceptances B/Y0 of Eqs. (2) and 
(3) are plotted in Figs. 5-1-4 and 5-26-3. Numerical solutions of the 
transcendental equation (1) are tabulated below, wherein the quantity 
\/a appears as a function of a'/a with b'/b as a parameter. The tables 
refer both to the case b/a = 0.25 for the single-ridge guide and to 
b/a = 0.5 for the double-ridge guide. 

CUTOFF WAVELENGTH or Hit, MODE 

b'/b = 0.1 

a'/a 

0.00 
0.05 
0.10 
0.15 
0.20 
0.30 
0.40 
0.50 
0 60 
0 70 
0 80 
0.90 
1.00 

K/a 

3.062 
3.652 
4.111 
4.500 
4.763 
5.164 
5.368 
5 397 
5.255 
4.927 
4.369 
3.485 
2.000 

b'/b = 0.15 

a' /a 

0.00 
0.10 
0.20 
0.25 
0.30 
0.40 
0.50 
0.60 

K/a 

2.925 
3 623 
4.085 
4.248 
4.370 
4.509 
4.518 
4.396 

b'/b = 0.20 

a'/a 

0.0 
0.1 
0.2 
0.3 
0.333 
0 4 
0.5 
0.6 

K/a 

2.747 
3.286 
3.646 
3.869 
3.917 
3 976 
3 977 
3.871 

b'/b = 0.25 

a'/a 

0.0 
0.1 
0.2 
0.25 
0.3 
0.333 
0.4 
0 5 

Xc/a 

2.636 
3.060 
3.349 
3 453 
3 529 
3 567 
3 614 
3 609 

* For n even the tangent function in Eq. (1) is to be replaced by the cotangent. 



SEC. 8-61 RECTANGULAR GUIDES WITH RIDGES 401 

CUTOFF WAVELENGTH OF H [ 0 MODE (Continued) 

b'/b - 0.3 

a'/a 

0 . 0 
0 . 1 
0 .2 
0 25 
0 3 
0 . 4 
0 . 5 

K/a 

2 536 
2 .881 
3 121 
3 205 
3.270 
3.339 
3 332 

b'/b = 0.35 

a'/a 

0.00 
0 10 
0 .20 
0 .25 
0 .30 
0 .40 
0 50 
0 .60 

Xc/a 

2 .505 
2 .736 
2 936 
3 .008 
3 .063 
3 .121 
3.114 
3 .039 

b'/b = 0.4 

a'/a 

0 .0 
0 .10 
0 .20 
0 .25 
0 .30 
0 40 
0 .50 

K/a 

2.374 
2 .613 
2 .785 
2.847 
2 .893 
2.942 
2 .935 

b'/b = 0.5 

a' /a 

0 .00 
0 .10 
0 .20 
0 .25 
0 .30 
0 .40 
0 .50 

K/a 

2 .268 
2 .435 
2 559 
2 .604 
2 .638 
2 .673 
2 .666 

C U T O F F W A V E L E N G T H OF / / 2 0 M O D E 

b'/b = 0.1 

a' /a 

0 .0 
0 1 
0 2 
0.275 
0 . 3 
0 4 
0 .5 
0 6 
0 7 
0 . 8 
0 .85 
0 9 
1 0 

\/a 

1.000 
0.911 
0.831 
0.804 
0 815 
0 943 
1.107 
1.266 
1.405 
1.503 
1.519 
1.488 
1.000 

6'/6 = 0.15 

a'/a 

0 0 
0 1 
0 2 
0 .25 
0 . 3 
0 .4 
0 . 5 
0 . 6 

K/a 

1.000 
0.917 
0.851 
0.841 
0 .867 
0 .993 
1.139 
1.276 

6'/6 = 0.2 

a'/a 

0 .0 
0 .1 
0 .2 
0 . 3 
0 .333 
0.4 
0 . 5 
0 .6 

Xe/a 

1.000 
0 .924 
0.869 
0 .898 
0 .933 
1.019 
1.157 
1.281 

676 = 0.25 

a'/a 

0 .0 
0 . 1 
0 2 
0 25 
0 3 
0 333 
0 4 
0 .5 

K/a 

1 000 
0 929 
0.884 
0 .889 
0 920 
0 .952 
1 032 
1.157 

676 

a'/a 

0 0 
0 1 
0 . 2 
0 25 
0 . 3 
0 4 
0 . 5 

= 0.3 

K/a 

1 000 
0.935 
0 .898 
0 .909 
0.941 
1.045 
1.159 

676 = 0.35 

a'/a 

0 .0 
0 .1 
0 . 2 
0 .25 
0 . 3 
0 4 
0 .5 
0 .6 

V / a 

1.000 
0 .940 
0 908 
0.915 
0.941 
1.031 
1.128 
1 210 

676 = 0.4 

a'/a 

0 
0 
0 
0 
0 
0 
0 

0 
1 
2 
25 
3 
4 
5 

Xc/a 

1 000 
0.946 
0 .918 
0 .926 
0 .950 
1.031 
1 122 

676 = 0.5 

a'/a 

0 0 
0 .1 
0 . 2 
0 .25 
0 . 3 
0 .4 
0 5 

Xc/a 

1 000 
0 956 
0 956 
0 942 
0 961 
1 024 
1 095 
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CUTOFF WAVELENGTH OF H3O MODE 

[SEC. 87 

b'/b 

a' /a 

0 0 
0.1 
0 . 2 
0 . 3 
0 .4 
0 5 
0 6 
0 . 7 
0 8 
0 .9 
0.95 
1.0 

= 0.1 

V / a 

0.880 
0.856 
0.781 
0.695 
0.612 
0.590 
0.666 
0.753 
0.833 
0.885 
0.864 
0.667 

b'/b 

a! ja 

0 0 
0 . 1 
0 2 
0 3 
0.333 
0.4 
0 5 
0 6 

= 0.2 

X/a 

0.867 
0 834 
0.768 
0.692 
0.667 
0.625 
0.633 
0.688 

b'/b = 

a' la 

0 .0 
0 . 1 
0 2 
0 3 
0.333 
0.4 
0 . 5 

= 0.25 

Xc/a 

0.858 
0.825 
0.762 
0.690 
0.667 
0.631 
0.647 

* Computat ions by W. E. Waller, 
Development Co. 

S. Hopfer, M. Sucher, Report of Polytechnic Research and 

8-7. Rectangular Guide with Resistive Strip.—A uniform rectangular 
guide with a central resistive strip of zero thickness parallel to the 
electric field (Hm-mode in unperturbed rectangular guide). 
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y///// ■ 2 

/ 
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/ / / / /A 

>////? //// 

,2R 

Cross sectional view Equivalent network 
FIG. 8-7-1. 

Equivalent Network Results.—The equivalent transverse network 
indicative of the propagating characteristics of the dominant mode com
prises an //-mode transmission line short-circuited at one end and 
terminated at its other end by twice the resistance R (in ohms per unit 
square) of the resistive strip. The complex cutoff wave number kc of 
the dominant mode is given by the resonant condition 

. kra , 2R j tan — + 2 " = 0, (I) 
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where 

Z0 = f j - = 377 -^ ohms. 

By decomposition into real and imaginary parts Eq. (1) can be rewritten 
as 

A , _ tan ^ (1 - tanh2 &) ,_ , 
~Ml ~ l + t a n 2

? 1 t a n h 2 £ 2 ' ( 2 a ) 

. _ tanh £2(1 + tan2 £Q , ,. 
A ? 1 " 1 + tan2 {, tanh2 £,' W 

which implies that 

Ji sin 2f i -f £2 sinh 2£2 = 0, (2c) 
where 

kca , , ., , R /2X\ 

The propagation wavelength X„ and attenuation constant a of the 
dominant mode follow as 

X„ = — . = - cosh I * = | i (3a) 

2* 
a = , ±-*- sinh I ■^—Jl 1, (3 b) 

where 

IxJl - iff - JDf^-Y / . . , v 
* \ ' r a / • , /sinh-1 x\ 

x sinh 1 , " ^ — J ' 
2? 

! - ( « ! - £1) U/ 
Restrictions.—The equivalent transverse network is applicable to the 

computation of the characteristics of the dominant mode in the entire 
wavelength range. Equation (1) is the rigorous equation for the deter
mination of the cutoff frequency and has been obtained by equating to 
zero the total impedance at the central reference plane T. The form of 
Eqs. (2) and (3) has been adapted for computations in the wavelength 
range in which only the dominant mode can be propagated (ir/2 < £i < v). 
It is assumed that the resistive strip has a zero thickness; the effect of 
thickness can be taken into account as in Sec. 8-1. It is further assumed 
that there is good electrical contact betweeen the strip and the top and 
bottom walls of the guide. 

Numerical Results.—For purposes of computation, values of £i are 
assumed and the corresponding values of £2 and A are computed from 



404 THICKNESS EFFECTS [SEC. 8-8 

Eqs. (2c), (2a), apd (26), respectively. The quantities X„ and a may be 
evaluated with the aid of the graph in Fig. 1-7. 

THICKNESS EFFECTS 

8-8. Capacitive Obstacles of Large Thickness, a. Window Formed 
by Two Obstacles.—Window formed by obstacles of large thickness with 
edges perpendicular to the electric field (ffio-mode in rectangular guides). 

\Y//////W ~J^ 
VZW7A^\ _&& 

Y0 jBadfZ z^jBa Yc 

Front view Side view 
FIG. 8-8-1. 

T T 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference planes T 

Bo Bi b irt 
F0 = F„ + vtan v (1) 

Bh b "2mt ... 
rrvcsc v {2) 

where 

Bi = 26 
Yo X» 

il « — 
^ 0 ^ o 

4a \ 1 - «/ AA' -
2C 

€ a?" 1 
l n 4a + 3 + 2 

C2 

« 1 , 

(3a) 

t » V, (36) 

and 

A + «Y" 1 + V1 ~ \\J_ _ l+3a 

" ' " ( ^ ) 

1 

2/o 1 

1 

c (A)' 6' 

Restrictions.—The equivalent circuit is valid in the range b/\g < 1. 
The above .equations have been obtained by the equivalent static method 
with the two lowest modes in each guide treated accurately. Equation 
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(2) is in error by less than 2 per cent. Equation (3a) for Bi/Y0 is in 
error by less than 5 per cent for a < 0.5, 6/X„ < 1, and for all values of 
t; for a < 0.7 the error is less than 10 per cent. For a > 0.5 Eq. (3a) is 
in error by less than 5 per cent when t/b' > 0.3; for t/b' Sg 1 the error is 
less than 1 per cent for all values of a. Equation (3b) is an asymptotic 
expansion of Eq. (3a) that agrees with the latter to within 5 per cent if 
a < 0.6, 6/X„ < 0.5, and t/b' > 1. For a < 0.5 it is to be noted that 
Bi/Yo ranges from its value at t = 0 of one-half the susceptance of a 
window of zero thickness (Sec. 5-1) to a value for t/b' > 1 equal to the 
junction susceptance for a change of height (Sec. 5-26), the latter value 
being less than 10 per cent greater than the former. 

Numerical Results.—Curves of B^/Yob as a function of t/b have 
been plotted for several values of a and b/\„ in Fig. 8-8-4. Curves for 
other values of a and b/\ may be approximated by employing the results 
of the known limiting cases t = 0 (see Sec. 5-1) and t = °o (see Sec. 5-26). 

b. Window Formed by One Obstacle.—Window formed by an obstacle 
of large thickness with edges perpendicular to the electric field (Hm-mode 
in rectangular guide). 

Wffifa 
' t 

1 
ur 

o tf0t)t)''f o 

Y0 jBa-^=L ^jBa y ( 

Front view Side view 
FIG. 8-8-2. 

Equivalent circuit 

Equivalent-circuit Parameters.—Same as in Sec. 8-8a except that 
X„ is replaced by X„/2. 

Restrictions.—Same as in Sec. 8-8a except that X0 is replaced by 
X./2. 

Numerical Results.—Same as in Sec. 8-8a except that X„ is replaced by 
X./2. 

c. Symmetrical Obstacle.—A symmetrical obstacle of large thickness 
with edges perpendicular to the electric field (i/i0-mode in rectangular 
guide). 
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b 
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Y0 jBa^z -±ZjBa 7, 

Front view Side view 
F I G . 8-8-3. 

T T 

Equivalent circuit 
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Equivalent-circuit Parameters.—Same as in Sec. 8-8a. 
Restrictions.—Same as in Sec. 8-8a. 
Numerical Results.—Same as in Sec. 88<z. 

2.2 r 

1.8 -

1.4 
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Vb 

0.4 

= 0.6 

A = r 

•0.6 

F I G . 8-8-4.—Zero to infinite thickness variation of junction susceptance B\, 
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8-9. Inductive Obstacles of Large Thickness, a. Window Formed by 
Two Obstacles.—A window formed by two rectangular obstacles of large 
thickness with edges parallel to the electric field (//io-mode in rectangular 
guides). 

Is* 
^ 

>>>>?' 

>> >>> 
S3 

-iBt 

Cross sectional view Top view 
F I G . 8-9-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference planes T 

Ba _ B _ Y' T(t + 21) 
y„ " y0 y „ t a n K ' 
Bi _ 7J 2w{t + 21) 
y 0 ~~ y 0

 c s c K ' 

(i) 

(2) 

where 
Z' 

i£ = -s5 = same as in Eqs. (1) of Sec. 5-24a, 
y 

Z0 
X 

| = 
a 

x: = 

y 
-=? = -^ = same as in Eqs. (2) of Sec. 5-24a, 

same as in Eqs. (3) of Sec. 5-24a, 

X X 
Xn — 

VRI7 i ~ (4)* 
Restrictions.—The equivalent circuit is valid in the wavelength range 

0.5 < a/X < 1.5. Equations (1) and (2) have been obtained from the 
results of Sec. 5-24 by standard transmission-line analysis and are subject 
to the restriction that i » a'. This restriction is not serious; for when 
t < a', the relative reactance X/Z0 varies between the value given and 
twice the value for t = 0 given in Sec. 5-2; the two values are within 
about 20 per cent of each other. For further restrictions see Sec. 5-24a. 
If X > 2a', \'g becomes imaginary but the circuit is still applicable. 

Numerical Results.—The quantities Z0'/Z0, X/Z0, and l/a may be 
obtained from the graphs in Figs. 5-24-2 and 5-24-3. 
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6. Window Formed by One Obstacle.—A window formed by a single 
rectangular obstacle of large thickness with edges parallel to the electric 
field (//io-mode in rectangular guides). 

S 3 S X ^ 3 S S I E 

< , ■ ■ » . « . » , » , T T -

^ 

t } t f t J-

Cross sectional view Top view 
F I G . 8-9-2. 

Equivalent circuit 

Equivalent-circuit Parameters.—Same as in Sec. 8-9o except that 
all parameters are to be determined from Eqs. (4) to (6) of Sec. 5-246 
rather than Eqs. (1) to (3) of Sec. 5-24o. 

Restrictions.—The equivalent circuit is valid in the wavelength range 
0.5 < o/X < 1.0. See Restrictions under Sees. 8-9a and 5-246. 

Numerical Results.—The quantities Z'0/Z0, X/Z0, and l/a of this 
section may be obtained from the graphs in Figs. 5-24-5 and 5-24-6. 

8-10. Thick Circular Window.—A centered circular window in a thick 
metallic plate transverse to the axis of a rectangular guide (H10-mode in 
rectangular guide). 

I *\trd 

TrT2 

Cross sectional view Side view 
F I G . 8-10-1. 

Equivalent circuit 

Equivalent-circuit Parameters.—At the reference planes Ti and T2 

where 

h. 
F„ 
F„ 

h. 
xa 
h. 
xb 

B 

IF'[ 
™""hra 
, 2*t 

FT csch \K\' 

(i) 

(2) 

F0 
B 

= same as in Eqs. (1) of Sec. 5-32, 

~v~ = same as in Eqs. (2) of Sec. 5-32, 
ill 0 
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, , l.TOGrf 

(^°-y 
The power-transmission coefficient, in decibels, into a matched output 
line is 

[(£)'(■+s-zay+('+t)'} «•> 
T « 4 1 + 4 2 i t>d, {3b) 

T = - 10 log,,, 

d 
where 

Ai = —20 logio \2Y, Yj 
4|>'oJ 

Ai ~ - 2 0 logm -r3—-> ^ « 1, 

4 , = - 3 2 . 0 A 1 A1™)' 
A2 « -32 .0 , ^ « 1. 

A 

The approximate expression for Ai, valid for d « X, is almost equal to 
the transmission coefficient of a hole in an infinitely thin plate (cf. Sec. 
54) . Hence the approximate rule: the power-transmission coefficient 
of a hole in a thick plate is equal to that of a hole in an infinitely thin 
plate plus a thickness correction of —32.0 db per diameter of the hole. 

Restrictions.—The equivalent circuit is valid in the wavelength range 
£>/X„ < 1. The equivalent-circuit parameters have been obtained from 
Sees. 5 4 and 5-32 and are subject to the restrictions listed therein. In 
addition, since the effect of thickness is taken into account in trans
mission-line fashion, it is assumed that there is only a lowest mode inter
action between the opposite faces of the hole. This is rigorously valid 
only for a hole of thickness large compared with the hole diameter; how
ever, it is not too inaccurate even for relatively small thickness (t < d) 
because of the weak excitation of the higher modes within the hole. 
Equation (36), though strictly valid for holes in very thick plates, is a 
fairly good approximation even for small thickness (cf. Figs. 840-3,4). 

Numerical Results.—The relative reactances Xa/Z0 and Xh/Z0 are 
plotted as a function of thickness in Fig. 840-2 for a 0.375-in. hole in a 
rectangular guide of inner dimensions 0400 by 0.900 in. and at a wave
length X = 3.20 cm; the points are measured values and the solid curves 
are computed from Eqs. (1) and (2). The transmission coefficient T, 
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FIG. 8-10-3.—Transmission curves of circular apertures in rectangular guide (a = 0.90 in., 
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-40 - 3 0 

Transmission T in db 

1''IG. 8-10-4.—Transmission curves for circular apertues in rectangular guide (a = 1.122 in., 
6 = 0.497 iu., X = 3.21 cm). 
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as obtained from Eq. (3a), is plotted vs. t in Fig. 8-10-3. In Fig. 8-10-4 
there are indicated the transmission coefficients for a number of variable 
diameter holes in plates of variable thickness. These data were measured 
in a rectangular guide of dimensions 0.497 by 1.122 in. at X = 3.21 cm; 
the circled points are experimental (by W. A. Tyrrell—Bell Telephone 
Laboratories) and the solid curves are computed from Eq. (3a). 

8-11. E-plane T with Slit Coupling.—A symmetrical .E-pIane T-junc
tion of three rectangular guides of equal widths but unequal heights 
coupled on their broad sides by a capacitive slit in a wall of finite thick
ness (#io-modes in rectangular guides). 

General view Side view Equivalent circuit 
Fia. 8-11-1. 

Equivalent-circuit Parameters.—For large thickness, t, the over-all 
junction may be regarded as a composite structure consisting of a main 
guide of height b joined to a stub guide of height b' by a coupling guide of 
height d. The three guides are described by transmission lines of equal 
propagation wavelengths X, but with characteristic impedances pro
portional to the guide heights. The circuit description at the junction 
of the main and coupling guides is given in Sec. 6-1, whereas that at the 
junction of the coupling and stub guides is shown in Sec. 5-26<z. The 
circuit description of the length t of the coupling guide may be obtained 
from Fig. 1-4. The over-all network can then be reduced to the form 
indicated in Fig. 8-11-1. Because of their complexity explicit values of 
the corresponding circuit parameters will not be presented. 

For a slit of thickness t = 0 see Sec. 6-2. 

Restrictions.—See Sees. 6-1 and 5-26a. The transmission-line treat
ment of the effect of wall thickness neglects higher-mode interactions and 
hence is strictly valid only for t ~$> d. However, it is quite accurate even 
for t < d because of the weak excitation of the higher modes in the 
coupling guide. 

Experimental and Numerical Results.—The equivalent-circuit param
eters of the representation in Fig. 8-11-1 were measured at X = 3.20 
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cm in guides of dimensions b = b' = 0.40 in. and a = 0.90 in. for a few 
slits of width d in a wall of thickness t = 0.02 in. The resulting data 
together with the corresponding theoretical values, computed as above, 
are shown in the following table: 

d 
b 

0.50 
0.625 
0.75 

Ba 

Yo 

Exp. 

0.03 
0.05 
0.08 

Theor. 

0.028 
0.043 
0.059 

Ya 
Bb 

Exp. 

1.31 
1.76 
2.20 

Theor. 

1.20 
1.60 
2.10 

Bc 

Exp. 

0.05 
0.10 
0.13 

Theor. 

0.042 
0.076 
0.133 

Bd 

Exp. 

0.08 
0.11 
0.19 

Theor. 

0.008 
0.036 
0.089 

The agreement between the experimental results, which are not too 
reliable, and the theoretical values is fair even though the latter have been 
computed in the range t « d in which the theory is not strictly applicable. 





A P P E N D I X 

ARC SINE S U M S 

A. The Function S.v(x;a,/3). The solution of rectangular-guide prob
lems by the t ransform method requires the evaluat ion of the sum function 

Sx(x;a,f}) X. [ s i n - — = i = ( i ) 

This function m a y be expressed in a form more suitable for numerical 
calculation as 

S.v(x;a,l3) = Y CV ' ^ r ^+ i . - v xOc 2 + a2) 
p = 0 

'"•4> 
where 

Q r~Vi 1 - 3 - 5 • -_^ (2p - 1) = (2p)! 
1 ■ 2 - 3 • • • p 2-"(p!)2 

r " i . * = * ( A ) - *(A r - /8) 

*<2">(.V - /3) _ 

2 / V» - 0 wj 

£ ~ 2j)+l,.V (2p)! t 1 
(n - /S)2 ' ^1 

*(x) = f - In r(-f) = f i n (:r - 1)! dx 

r§p+1„v = r(2p + i) 

dx 
J V - l 

Zv «2"+1 

>"-@ 2p 1 + 2p 
1 + {x/a) 

r,Wr -©} 

(2) 

(2o) 

(2b) 

(2c) 

(2d) 

(2e) 

Wo = 1 (2/) 

p > 0 

The po lygamma function ,1'< 2 ' , ,( .B) a n d the zeta function f(x) are t abu 
lated, for example, in " T a b l e s of the Higher M a t h e m a t i c a l F u n c t i o n s , " 
Yols. I and I I , by I I . T. Davis . 

Special cases of Eq . (2) t h a t are of impor tance obta in for N = 2, 
(8 = 0: 

St(x;a,0) = V fV-M[f(2p + 1) - IMx2 + a*)'wp\j) 

415 

(3) 
„=1 
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and for N = 2, 0 = 0, a = 0: 

S2(x;0,0) = ^ C p»-%(2p + 1) - 1] ^ j (4) 
P = i 

Values of the function £2(z;a,0) are given in Table I for 0 < x < 2 and 
0 < a < 1.9. The values of the function SN(x;a,0) may be readily 
obtained from <S2(x;a,0) by means of Eq. (1). 

B. The Function SJ
N"(x]a). The function Si'(x;a) which arises in the 

solution of circular-guide problems by the transform method is defined, 
in a manner analogous to that in (1), by 

SJ
N'(x;a) = V Lin"1- X X (5) 

VPT^2 n 

n= N 
where 

JO(TT0n) = 0, 
the roots xon = ir/3„ being obtained by the formula given in Table 2.1, 
page 66. Equation (5) can be expressed in a form suitable for numerical 
evaluation as, 

Sjf(x;a) = V Cpp-Ksl2p+1,Nx(x> + ayWp Q 

where 

(6) 
\(X/ 

p = 0 

Sl" ~ 1/ U n) (6a) 

»»r+i.» = 7 , S^TT' P > ° - (6b) 

The quantities Cv
p^i and Wv(x/a) are defined as in Eqs. (2a) and (2/). 

number of typical values for the sums s2j,+i,3 a r e : 

*1,3 
*3,3 
*5,3 
*7,3 
*9,3 

= 0.1026984 
= 0.0940399 
= 0.00837962 
= 0.00095207 
= 0.000117294 

«?!.. 
«?».. 
S?5.3 
«?7.» 
«!..» 

= 0.000014956 
= 0.000001938 
= 0.000000253 
= 0.000000033 
= 0.000000004 

Explicit values of the function SJ
2°(x;a) are given in Table I I for 0 < x 

< 1.8 and 0 < a < 0.7655. 
I t should be noted that a function Sfr(x;a) can be defined by a simple 

generalization of that in Eq. (5). 
C. The Function Sz

N"(x;a,c). The function S%°(x;a,c) which arises 
from the transform method of solution of coaxial-guide problems is 



APPENDIX 417 

defined bv 

where 

oe 

Sz
N°(x;a,c) = \ sin^ 

Vll ~ <x2 
(7) 

irY»(c) = (c - l )xo , 

Xon being the nth root (cf. Table 2.3, p. 74) of the equation 

Z„ = J„(c.r)iV„0) - No(cx)J0(x) = 0. 

A convenient procedure for the numerical evaluation of Sf,'(x;a:c) 
utilizes the Sx(x;a,0) function tabulated in A above. Thus 

Sf,°(x;a,c) = SK(x;a,0) + 

where 
p = 0 

*Dlv+1N(c)x(x2 +a*yw, 
( ; ) (8) 

D, ..-.(c) = . v 
Zv y 7 2 P + l rfp+l/ (8a) 

With the aid of the asymptotic series* 

7„ = n 1 - 0.012C65 -^ + (0.001845 + 0.000C68 1 n 

-(0.000992 + 0.001056x + 0.000218^2) 

1 

" ( * ) ' 

( * ) ' (9) 

with v = c 4— — 2, the following explicit expressions for -D2p+i * can be c 
obtained: 

/),,A-(C) = 0.012665^,^ - (0.001684 + 0.000668*) <-2f°,w 
+ (0.000948 + 0.001039* + 0.000218x!Vf?iN (10a) 

D3,s(c) = 0.037995*f°,JV - (0.004572 + 0.002005*)*2r?,„ • (106) 
D5,A(C) = 0.003320*r?.A, (10c) 

The cutoff zeta functions fl,N are defined in (2e). For s/x2 + a2 < 2 
the first three terms of the series in (8), utilizing the approximations 
(10a — c), provide values of Sf,' accurate to four decimal places if iV = 3, 
c < 5 or if N = 4, c < 7. Values of the function 5^"(x;0,c) are shown in 
Table III for the range 0 < x < 1 and c = 2, 3, 4, 5 with N = 1, 2, 3, 4. 

I t is evident that a function S%"{x;a,c) can be defined by a natural 
generalization of the SZ

N" function in (7); however, no tables are available 
for Slm. 

* Cf. "Bessol Functions," Gray, Mathews, and Macrobert, p. 261. 
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TABLE Il.—S{'(.x;a) 

^—~--~. a 

0.1 
0.2 
0 3 
0.4 
0.5 
0.6 
0.7 
0.8 
0 9 
10 
1 .1 
1 .2 
1.3 
1.4 
1.5 
1.58 
1.6 
1.7 

0 

.01723 

.03474 

0.1 0.2 

.01736 01778 

.03502 .03586 
. 05281 j. 053231.05451 
.07175 
.09188 
.11354 
.13713 
.16311 
.19199 
.22449 
.26138 
.30385 
.35346 
.41263 
.48564 

.58127 

.72799 

.07232 .07405 

.09260 .09476 

.11441 

.13816 

.16431 

.19340 

.22610 

.26323 

.30596 

.35588 

.41546 

.48907 

.58573 

.73524 

.11706 

.14132 

.16800 

.19766 

.23100 

.26885 

.31241 

.36335 

.42422 

.49879 

.59941 

.75821 

0.3 

.01851 

.03730 

.05668 

.07695 

.09845 

.12155 

.14666 

.17425 

.20490 

.23930 

.27838 

.32337 

.37601 

.43913 

.51776 

.62328 

.80177 

0.4 

.01954 

.03935 

.05973 

.08112 

.10373 

.12799 

.15432 

.18321 

.21527 

.25125 

.29211 

.33916 

.41437 

.46086 

.54443 

.65927 

0.5 

.02089 

.04207 

.06390 

.08668 

.11075 

.13655 

.16451 

.19515 

.22913 

.26723 

.31049 

.36039 

.41913 

.49040 

.58130 

.71140 
.88556 

0.6 

.02261 

.04554 

.06913 

.09372 

.11969 

.14746 

.17751 

.21041 

.24684 

.28769 

.33413 

.38785 

.45141 

.52932 

.63116 

.78909 

0.7 

.02476 

.04986 

.07566 

.10252 

.13082 

.16108 

.19375 

.22949 

.26906 

.31346 

.36403 

.42277 

.49288 

.58030 

.69946 

.93124 

0.76548 

.02642 

.05320 

.08069 

.10934 

.13946 

.17162 

.20636 

.24433 

.28637 

.33358 

.38748 

.45039 

.52601 

.62198 

.75929 
1.01924 
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TABLE II I .—SJ»(I ,0 ,C) 
c = 2 c = 3 

x ^^~^~^ 

0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

4 

.00003 

.00010 

.00026 

.00053 

.00096 

.00160 

.00249 

.00366 

.00516 

.00705 

3 

.00006 

.00019 

.00050 

.00102 

.00186 
/. 00310 
.00483 
.00712 
.01007 
.01380 

2 

.00016 

.00051 

.00130 

.00269 

.00494 

.00828 

.01298 

.01931 

.02762 

.03830 

1 

.00092 

.00308 

.00786 

.01680 

.03197 

.05625 

.09422 

.15457 

.25982 

c = 4 

0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

4 

.00012 

.00028 

.00052 

.00088 

.00140 

.00213 

.00310 

.00436 

.00596 

.00793 

3 

.00023 

.00053 

.00099 

.00168 

.00269 

.00410 

.00599 

.00846 

.01160 

.01550 

2 

.00057 

.00135 

.00254 

.00435 

.00704 

.01083 

.01598 

.02280 

.03162 

.04283 

1 

.00297 

.00725 

.01423 

.02559! 

.04352 

.07111 

.11341 

.18035 

.29973 

4 

.00007 

.00019 

.00038 

.00070 

.00117 

.00185 

.00278 

.00400 

.00554 

.00747 

3 

.00014 

.00036 

.00073 

.00134 

.00226 

.00358 

.00539 

.00777 

.01081 

.01462 

2 

.00036 

.00093 

.00190 

.00351 

.00597 

.00953 

.01445 

.02103 

.02959 

.04053 

1 

.00198 

.00523 

.01113 

.02133 

.03792 

.06389 

.10409 

.16781 

.28013 

c = 5 

4 

.00016 

.00037 

.00065 

.00106 

.00163 

.00240 

.00342 

.00473 

.00638 

.00840 

3 

.00031 

.00070 

.00124 

.00202 

.00312 

.00461 

.00659 

.00915 

.01238 

.01638 

2 

' .00077 
.00175 
.00314 
.00517 
.00807 
.01207 
.01745 
.02451 
.03358 
.04507 

1 

.00386 

.00905 

.01699 

.02941 

.04854 

.07757 

.12177 

.19165 

.31772 



GLOSSARY 
B = susceptance. 

f °° cos y 
Ci(x) = — I dy = cosine integral function. 

Jx y 
fir/2 , 

E(x) = I V I - i ' sin2 4> d<f> = complete elliptic integral of second kind. 

Emn = ninth t ransverse magnet ic mode. 1 

/■»/2 1 
Fix) = / —, d<j> = complete elliptic integral of first kind. 

Jo y/l - x2 sin2 4. 
G = conductance. 

(0 /first 
Hi2)(x) = Hankel function of i , kind. 

I second 
(1) EZ. (i) f first 

H™(x) = y]-2 H^la{x) = spherical Hankel function of ] g e c o n d
 k i n d -

Hmn = ninth t ransverse electric mode.1 

/ = rms current ampl i tude . 
Im = imaginary pa r t of. 

In(x) = j~nJn(jx) = modified Bessel function of first kind. 
j = v / z T. 

./„ (x) = Bessel function of order n. 

Jn{x) = \-n J*+li(x) = spherical Bessel function. 

o 

k = — = tuV^e = propaga t ion wavenumber in med ium. 

kc = — = cutoff wavenumber of guide. 

Kn(x) = i " + 1 | f f ! . " y i ) = ( - j ' ) " + 1 | f f ™ ( - ^ ) = modified Bessel function of second 
kind. 

A'„(z) = Neumann function of order n. 
iV„(x) = \ / - Q - iV„+vi(i) = spherical N e u m a n n function. 

R = resistance. 
(R = characteristic resistance of metallic medium. 

Re = real par t of. 
S = scattering coefficient. 

Si(x) = I dy = sine integral function. 
Jo y 

V = rms voltage ampli tude. 
X = reactance. 
Y = admi t tance . 
Z = impedance. 
a = a t tenuat ion constant . 

1 In circular and coaxial waveguides m denotes the periodicity in the angular direction while n 
denotes the periodicity in the radial direction. 

421 
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(3 = phase constant . 
7 = a + j0 = propagat ion constant . 
T = reflection coefficient. 
5 = skin dep th of medium. 
e = absolute dielectric constant of medium. 

— = «' — jt" = relative dielectric constant of medium. 
60 

K = — = —jy = propagat ion wavenumber in gu ide . 
X0 

X = free space wavelength. 
Xe = cutoff wavelength. 
X0 = —, = guide wavelength. 

V i - (*A<)2 

ix = absolute magnet ic permeabil i ty of medium. 
a = conductivi ty of medium. 
u> = angular frequency. 

T) = - = V - = intrinsic admi t tance of medium. 

f = - = \ / - = intrinsic impedance of medium. 



Index 

Admittance, relative or normalized, 10 
frequency derivatives of, 12 

Admittance matrix, 106 
Aperture coupling, of concentric coaxial 

guides, 377-378 
of contiguous rectangular guides, E-

plane, 375-376 
JJ-plane, 379-380 

Apertures, circular, in rectangular guide, 
194 

rectangular, in rectangular guide, 193 
Arrays, in free space, capacitive posts 

in, 285-286 
capacitive strips in, 280-284 
inductive posts in, 286-289 
inductive strips in, 284-285 

of semi-infinite planes, E-plane, 289-
292 

ff-plane, 195, 292-295 
Attenuation constant, 18 

of circular waveguides, E-modes, 67 
of coaxial waveguides, if-modes, 79 

higher E-modes, 75 
lowest E-mode, 73 

of conical waveguides, dominant E-
mode, 99 

due to losses in metallic guide walls, 
24 

of E-mode in arbitrary uniform guide 
with dissipative metallic walls, 24 

of parallel plate guide, E-modes, 64 
E>modes, 65 

of plane waves in free space, 87 
of rectangular waveguides, E-modes, 57 

//-modes, 60 
Hio-mode, 61 

B 

Bennett, H. S., 46 
Bessel functions, 32 

Bessel functions, half-order, 52 
mth-order, 66 

Bifurcation, of coaxial line, 369-372 
E-plane, 112, 160 
of rectangular guides, .E-plane, 353 

355, 380-383 
ff-plane, 172, 302-307, 383-386 

Bisection theorem, 128 
Boundary-value problem, electromag

netic-, 101 
Bridge circuits, 128 

Capacitive gap, termination of coaxial 
line by, 178 

Characteristic impedance, 6 
of mode, 8 

Chu, L. J., 79 
Circle diagram, 11 
Circuit parameters (see Network param

eters) 
Circular guides, annular obstacles in, of 

zero thickness, 249 
annular window in, 247-249 
aperture coupling of, 330 

to rectangular guide, 332 
circular obstacle in, 273-275 
coupling of, to coaxial guide, 323-

324 
with dielectric cylinders, 393-396 
E-modes, 66 

attenuation constant of, 67 
cutoff wavelength of, 67 
field components of, 66 
total power of, 67 

elliptical and circular apertures in 
243-246 

H-modes, 69 
attenuation constant of, 70 
cutoff wavelength of, 70 
field components of, 69 
total power of, 70 

423 
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Circular guides, radiation from, E0i-mode, 
196 

Hoi-mode, 201 
Jfn-mode, 206 

and rectangular guide, junction of, 
324-329 

resonant ring in, 275-280 
Coaxial guides, 72 

aperture coupling of, 331 
capacitive windows in, with disk on 

inner conductor, 229-234 
with disk on outer conductor, 234-238 

coupling of, to circular guide, 323-324 
with dielectric cylinders, 396-397 
H-modes, 77 

attenuation constant of, 79 
cutoff wavelength of, 77 
field components of, 78 
total power of, 79 

higher E-modes, 73 
attenuation constant of, 75 
cutoff wavelength of, 74 
field components of, 75 

junction of, 310-312 
lowest E-mode, attenuation constant 

of, 73 
field components of, 72 

small elliptical and circular apertures 
in, 246-247 

Coaxial line, bifurcation of, 369-372 
coupling of, to circular guide, 174 
with infinite center conductor, 208 
radiating into half space, 213 
termination of, by capacitive gap, 178 

Components of conical waveguides, dom
inant .E-mode, 99 

Composite structures, 387-413 
Conformal mapping, 154 
Conical regions, 53 
Conical waveguides, 98 

dominant E-mode, attenuation con
stant of, 99 

components of, 99 
cutoff wavelength of, 99 

Cutoff wave number, 8 
Cutoff wavelength, of circular wave

guides, E-modes, 67 
ff-modes, 70 

of coaxial waveguides, i/-modes, 77 
higher E-modes, 74 

of conical waveguides, dominant E-
mode, 99 

Cutoff wavelength, of Ei and i/v-modes, 88 
of elliptical waveguides, ,Hm„-mode, 83 
of parallel plate guide, E-modes, 64 

fl-modes, 65 
of radial waveguides, E-type modes, 

91, 94 
H-type modes, 92, 95 

of rectangular waveguides, E-modes, 
57 

H-modes, 60 

D 

Delta function, 162 
Derivatives, frequency (see Frequency 

derivatives) 
Desikachar, P. R., 53 
Dielectric constant, complex, 18 
Dielectric materials, properties of, 19 
Discontinuities, equivalent circuits for, 

108-117 
representation of, 101-108 

Dissipation, electric-type, 18 
magnetic-type, 23 
waveguides with, 17 

Dissipative case, standing waves for, 20 
Dissipative guide, scattering description 

in, 27 
Dissipative transmission lines, perturba

tion method of calculation for, 26 
Dominant mode, 2 
Duality principle, 10 

E 

E-mode functions, 4 
Eight-terminal structures, 373-386 
Electrical length, 12 
Elliptical waveguides, 79 

«E„„-mode, field components of, 81 
,ff„„-mode, attenuation in, 83 

cutoff wavelengths of, 83 
degenerate modes of, 83 
field components of, 82 
power flow in, 83 

Equivalent circuit, 12, 104 
for discontinuities, 108-117 

Error curve, 136 

F 

Feshbach, H., 54 
Fielt), longitudinal. 5 
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Field, magnetic, 5 
transverse electric, 5 

Field distribution, of circular wave
guides, £-modes, 66 

ff-modes, 69 
of coaxial waveguides, if-modes, 78 

higher i?-modes, 75 
lowest B-mode, 72 

of elliptical waveguides, e£m„-mode, 81 
,ff„,-mode, 82 

of parallel plate guide, fl-modes, 65 
of radial waveguides, .E-type modes, 

90, 93 
H-type modes, 92, 94 

of rectangular waveguides, i?-modes, 57 
fl-modes, 60 
Hio-mode, 61 

of spherical waveguides, ^m„-mode, 97 
ffm„-mode, 97 

Field equations, invariant transverse vec
tor formulation of, 3 

for radial waveguides, 29 
Four-terminal structures, 217-335 
Fourier transform, 164 
Free space, gratings in, 88 

plane waves in, attenuation constant 
of, 87 

as uniform waveguide, fields in, 84 
Ei-mode, 85, 88 

cutoff wavelengths of, 88 
Hi-mode, 86, 88 

cutoff wavelengths of, 88 
power flow in, 86 

Frequency derivatives, of reflection coef
ficients, 15 

of relative admittances, 12 
Frequency sensitivity, on radial line, 46 

in radial structures, 43 

Hankel function, phase of, 44 
spherical, 54 

Hutner, R. A., 79 
Hybrid coil, 128 
Hybrid junction, 386 

I 

Ideal transformer, three-winding, 127 
Impedance descriptions of uniform trans

mission lines, 9 
Impedance matrix, 103 
Impedance measurements, input-output, 

131 
Integral equation, homogeneous, 163 

Wiener-Hopf, 164 
Integral-equation method, 146 

Junction, coaxial to waveguide, 116 
coaxial T-, 114 
cross, of two coaxial guides, 116 
with B-plane symmetry, 114 
with ff-plane symmetry, 116 
Magic-T-, 116 
of N waveguides, 102 
probe coupled, 114 
T- (see T-junction) 

Lax, 54 
Legendre function, associated, 96 
Levine, H., 143 
Lowan, 54 

M 

G 

Gradient operator, 4 
Gratings in free space, 88 
Green's function, 162 
Guide wavelength of rectangular wave

guides, JJio-mode, 62 

H 

ff-mode functions, 4 
Hankel function, 43 

amplitude of, 44 

Magic-T-junctions, 116, 386 
Mathiea function, angular, 81 

radial, 81 
Matrix, admittance, 106 

impedance, 103 
scattering, 107 

Maxwell, E., 21 
Measurement, of network parameters, 

130-138 
precision method of, for nondissipa-

tive two-terminal-pair structures, 
132 

Microwave networks, 101-K57 
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Minimum, position of, 132 
Mode, 1 

characterist ic impedance of, 8 
dominant , 2 

Mode characteristics, 55-56 
Mode pa t te rns , 56 
Morse, P . M., 54, 79 

N 

A^-terminal-pair s t ructures , 126 
Network equations, 103 
Network parameters , measurement of, 

130-138 
sensitivity of, 137 
theoretical de terminat ion of, 138-167 

Networks, four-terminal-pair, 114 
" n a t u r a l , " 105 
three-terminal-pair , 111 
two-terminal-pair , 110 

Nonuniform regions, 1 

0 

Orthogonali ty properties, 5 

P 

Parallel plate guide, E-modes, 62 
a t t enua t ion constant of, 64 
cutoff wavelength of, 64 

E-plane, gain pa t t e rn for, 182 
/ / -modes, 65 

a t tenua t ion constant of, 65 
cutoff wavelength of, 65 
field components of, 65 

radiat ing into half space, E-plane, 183 
H-plane, 187 

radiat ing into space, E-plane, 179 
fl-plane, 186 

Power flow, average, 5 
Propagat ion constant , 6 

R 

Radial functions, cotangent , 33 
tangent , 33 

Radial line, dominant E- type mode in, 
scat ter ing description of, 43 

dominan t .H- type mode in, 46 
E-type, circuit representat ion of, 42 
frequency sensitivity on, 46 

Radial line, H-type, T-circuit representa
tion of, 42 

voltage reflection coefficient of, 44 
Radial s tructures, frequency sensitivity 

in, 43 
Radial waveguides, 89 

cylindrical cross sections of, 89 
cylindrical sector cross sections of, 93 
dominant E- type mode, impedance 

description of, 31 
E- type modes, cutoff wavelength of, 

91 , 94 
field components of, 90, 93 
tota l outward power of, 91 

field representation in, 29-47 
H-type modes, cutoff wavelength of, 

92, 95 
field components of, 92, 94 

Radiat ion, into bounded half space, 
rectangular guide, E-plane, 184 

into bounded space, rectangular guide, 
E-plane, 183 

from circular guide, E0 i -mode, 196 
H0 1-mode, 201 
H„-mode , 206 

into half space, coaxial line, 213 
parallel-plate guide, E-plane, 183 

H-plane, 187 
into space, parallel-plate guide, E-

plane, 179 
H-plane, 186 

Ragan, G. L., 10 
Rayleigh-Ritz procedure, 145 
Reciprocity relations, 104 
Rectangular guides, 405 

aperture coupling of, 329-333 
to circular guide, 332 

apertures in, 193 
bifurcation of {see Bifurcation, of 

rectangular guides) 
capacitive obstacles in, of finite 

thickness, 249-255 
of large thickness, 404-406 

capacitive obstacles and windows in, 
of zero thickness, 218-221 

capacitive post in, 268-271 
change of, in cross section, to circular 

guide, 176 
change in height of, 307-310 
circular aperture in, 410 
circular bends in, E-plane, 333-334 

H-plane, 334-335 
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Rectangular guides, circular and elliptical 
apertures in, of zero thickness, 238-
243 

dielectric posts in, 206-267 
with dielectric slabs, parallel to E, 

388-391 
perpendicular to E, 391-393 

B-modes, 56 
attenuation constant of, 57 
cutoff wavelength of, 57 
field distribution of, 57 
maximum electric-field intensity for, 

58 
total power flow of, 58 

B-plane corners of, arbitrary angle 
bends of, 316-318 

right-angle bends of, 312-316 
ff-modes, 58 

attenuation constant of, 60 
cutoff wavelength of, 60 
field components of, 60 
maximum field-intensity for, 60 
total power of, 61 

H-plane corners of, arbitrary angle, 
319-322 

right-angle bends of, 318-319 
7/io-mode, 61 

attenuation constant of, 61 
field components of, 61 
guide wavelength of, 62 

inductive obstacles in, of finite thick
ness, 255-257 

of large thickness, 407-408 
inductive obstacles and windows in, of 

zero thickness, 221-229 
junction of, and circular guide, 324-329 

ff-plane, 168, 296-302 
and radial guide, £-plane, 322-323 

with "nonradiating" slit, 397-398 
120° Y-junction of, .E-plane, 352 

H-plane, 362 
post of variable height in, 271-273 
radiating into bounded half space, 

B-plane, 184 
radiating into bounded space, .E-plane, 

183 
with rectangular ridge, 399-402 
with resistive strip, 402-404 
solid inductive post in, centered, 258-

263 
noncircular, 263-266 
off-centered, 257-258 

Rectangular guides, spherical dent in, 273 
T-junction in (see T-junction, in 

rectangular guide) 
thick circular window of, 408-412 

Reference planes, transformations of, 120 
Reflection coefficient, 15 

current, 13, 44 
frequency derivatives of, 15 
voltage, 13 

radial line, 44 
in uniform transmission line, 13 

Representations, circuit, of two-terminal-
pair structure, 118 

of discontinuities, 101-108 
distance invariant, 137 
equivalent, of microwave networks, 

117-130 
ideal transformer, of two-terminal-pair 

structure, 120 
series, of two-terminal-pair network, 

124 
shunt, of two-terminal-pair network, 

124 
Resonant cavities, 89 

S 

Scattering coefficient, 107 
Scattering description in dissipative 

guide, 27 
Scattering matrix, 107 
Schelkunoff, S. A., 96 
Schwartz-Christoffel transformation, 155 
Schwinger, J., 138 
Six-terminal structures, 336-372 
Slit coupling of contiguous rectangular 

guides, B-plane, 373-375 
ff-plane, 378-379 

Smith chart, 10 
Spherical cavities, 96 
Spherical functions, 53 
Spherical Hankel functions, amplitude 

of, 54 
phase of, 54 

Spherical transmission line, scattering 
description of, 53 

Spherical waveguides, 96 
cotangents of, 53 
.E-mode functions of, 49 
-Em„-mode, cutoff wavelength of, 98 

field components of, 97 
total power of, 97 
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Spherical waveguides, equations of, for 
electric and magnetic fields trans
verse, 47 

field representation in, 47-54 
//-mode functions of, 49 
//mi>-mode, field components of, 97 
longitudinal components of, 47 
^ngents of, 53 
wave equations for, 51 

Staehler, R. E., 394 
Standing-wave ratio, 15, 132 
Static method, equivalent, 153 
Stratton, J. A., 79 
Stream function, 156 
Stub guide, 111 
Symmetrical structures, 109 
Symmetry, iS-plane, 111 

H-plane, 111 

T-junction, coaxial, 114 
in coaxial guide, aperture-coupled, 368 
in rectangular guide, aperture-coupled, 

E-plane, 363-366 
H-plane, 366 

aperture-coupled circular stub, 364 
H-plane, 367 

aperture-coupled rectangular stub, 
363, 366 

H-plane, 366 
open, £-plane, 337-339 

H-plane, 355-360 
slit-coupled, £-plane, 339-352, 412-

413 
H-plane, 360-362 

Tangent relation, 121 
Terminal planes, 104 
Theoretical determination of circuit 

parameters, 138-167 
Transform method, 160 
Transmission line, x-network of, 12 

dissipative, perturbation method of 
calculation for, 26 

spherical, scattering description of, 53 
T network of, 12 
uniform (see Uniform transmission 

lines) 
Transmission-line equations, 6 
Traveling wave, 13 

Trial field, 143 
Two-terminal-pair structure, circuit rep

resentations of, 118 

U 

Uniform regions, 1 
Uniform transmission-line descriptions, 

interrelations among, 16-17 
Uniform transmission lines, 7-13 

with complex parameters, 17-29 
impedance descriptions of, 9 
scattering descriptions of, 13-16 
voltage reflection coefficient in, 13 

Uniform waveguides, field representa
tion in, 3-7 

Uniqueness theorem, 103 
Unitary relations, 108 

Variational expression, 150 
Variational method, 143 
von Hippel, A. R., 20 

W 

Wave equations, 9 
'Waveguides, circular (see Circular guides) 

coaxial (see Coaxial guides) 
conical (see Conical waveguides) 
beyond cutoff, 27 

lines terminating in, 168-178 
with dissipation, 17 
elliptical (see Elliptical waveguides) 
parallel plate (see Parallel plate guide) 
radial (see Radial waveguides) 
rectangular (see Rectangular guides) 
spherical (see Spherical waveguides) 
as transmission lines, 1-3 
uniform, field representation in, 3-7 

Weissfloch, A., 122, 133 
Wiener-Hopf integral equation, 164 
Window, asymmetrical capacitive, field 

problems of, 140 

Y 

Y-junction, 112 
H-plane, 113 



MASSACHUSETTS INSTITUTE OF TECHNOLOGY 

RADIATION LABORATORY SERIES 

Louis N. RIDENOUR, Editor-in-Chief 

TECHNIQUE OF MICROWAVE MEASUREMENTS 

* 



> • f-

MASSACHUSETTS INSTITUTE OF TECHNOLOGY 

RADIATION LABORATORY SERIES 
Board of E d i t o r s 

L O U I S N. RIDENOUR, Editor-in-Chief 

GEORGE B. COLLINS, Deputy Editor-in-Chief 

BRITTON CHANCE, S. A. GOUDSMIT, R. G. HERB, HUBERT M. J A M E S , J U L I A N K. K N I P P , 

J A M E S L. LAWSON, LEON B. LINFORD, CAROL G. MONTGOMERY, C. NEWTON, ALBERT 

M. STONE, L O U I S A. TURNER, GEORGE E. VALLEY, JR. , HERBERT H. W H E A T O N 

1. RADAR SYSTEM ENGINEERING—Ridenour 

2. RADAR A I D S TO NAVIGATION—Hall 

3. RADAR BEACONS—Rober t s 

4. LORAN—Pierce , McKenzie, and Woodward 

5. P U L S E GENERATORS—Glasoe and Lebacqz 

6. MICROWAVE MAGNETRONS—Coll ins 

7. KLYSTRONS AND MICROWAVE TRIODES—Hami l ton , Knipp, and Kuper 

8. PRINCIPLES or MICROWAVE CIRCUITS—Montgomery , Dicke, and Purcell 

9. MICROWAVE T R A N S M I S S I O N C I R C U I T S — R a g a n 

10. WAVEGUIDE HANDBOOK—Marcuvi tz 

11. T E C H N I Q U E OF MICROWAVE MEASUREMENTS—Montgomery 

12. MICROWAVE A N T E N N A THEORY AND D E S I G N — S i l v e r 

13. PROPAGATION OF SHORT RADIO W A V E S — K e r r 

14. MICROWAVE D U P L E X E R S — S m u l l i n and Montgomery 

15. CRYSTAL RECTIFIERS—Torrey and Whitmer 

16. MICROWAVE MIXERS—Pound 

17. COMPONENTS HANDBOOK—Blackburn 

18. V A C U U M T U B E A M P L I F I E R S — V a l l e y and Wallman 

19. WAVEFORMS—Chance , Hughes, MacNichol, Sayre, and Williams 

20. ELECTRONIC T I M E MEASUREMENTS—Chance , Hulsizer, MacNichol, 

and Williams 

21. ELECTRONIC INSTRUMENTS—Greenwood , Holdam, and MacRae 

22. CATHODE R A Y T U B E D I S P L A Y S — S o l l e r , Starr, and Valley 

23. MICROWAVE RECEIVERS—Van Voorhis 

24. THRESHOLD S I G N A L S — L a w s o n and Uhlenbeck 

25. THEORY OF S E R V O M E C H A N I S M S — J a m e s , Nichols, and Phillips 

26. RADAR SCANNERS AND RADOMES—Cody , Karelitz, and Turner 

27. COMPUTING M E C H A N I S M S AND L I N K A G E S — S v o b o d a 

28. INDEX—Henney » 



T E C H N I Q U E OF 
M I C R O W A V E 

M E A S U R E M E N T S 
Ediled by 

CAROL G. MONTGOMERY 
ASSOCIATE PROFESSOR OF PHYSICS 

YALE UNIVERSITY 

OFFICE OF SCIENTIFIC RESEARCH AND DEVELOPMENT 

NATIONAL DEFENSE RESEARCH COMMITTEE 

FIIXST E D I T I O N 

NEW YORK AND LONDON 
MCGRAW-HILL BOOK COMPANY, INC. 

1947 



v> fl 

T E C H N I Q U E OF M I C R O W A V E M E A S U R E M E N T S 

COPYRIGHT, 1947, BY THE 

M C G R A W - H I L L BOOK COMPANY, INC. 

PRINTED IN THE U-VITED STATES OF AMERICA 

All rights reserved. This book, or 
parts thereof, may not be reproduced 
in any form without permission of 

the publishers. 

SCIENCE UBRARt 

THE MAPLE PRESS COMPANY, YORK, PA, 



V 

TECHNIQUE OF MICROWAVE MEASUREMENTS 

EDITORIAL STAFF 

C. G. MONTGOMERY 

D. D. MONTGOMERY 

CATHBEINE F. SCOTT 

CONTRIBUTING AUTHORS 

R. BERINGER C. G. MONTGOMERY 

R. N. GRIESHEIMER R. V. POUND 

D. HAMILTON E. M. PURCELL 

R. A. HOWARD R. M. REDHEFFER 

G. N. KAMM E. WEBER 

S. KATZ H. R. WORTHINGTON 

R. L. KYHL L. B. YOUNG 





Foreword 

THE tremendous research and development effort that went into the 
development of radar and related techniques during World War II 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. Because this 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super
vision of the National Defense Research Committee, undertook the great 
task of preparing these volumes. The work described herein, however, is 
the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 
and other Dominions. 

The Radiation Laboratory, once its proposals were approved and 
finances provided by the Office of Scientific Research and Development, 
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 
project. An editorial staff was then selected of those best qualified for 
this type of task. Finally the authors for the various volumes or chapters 
or sections were chosen from among those experts who were intimately 
familiar with the various fields, and who were able and willing to write 
the summaries of them. This entire staff agreed to remain at work at 
MIT for six months or more after the work of the Radiation Laboratory 
was complete. These volumes stand as a monument to this group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of other scientists, engineers, and others who actually carried 
on the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and they 
worked so closely together even though often in widely separated labora
tories that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote reports 
or articles have even been mentioned. But to all those who contributed 
in any way to this great cooperative development enterprise, both in this 
country and in England, these volumes are dedicated. 

L. A. DUBRIDGE. 
vii 
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Preface 

THE development and engineering of microwave radar equipment 
required that considerable effort be spent on improvements in the 

art of microwave measurements. New techniques had to be devised 
which were suitable for laboratory use, and these had to be modified and 
adapted for use in the field and in the factory. The necessity for the 
maintainance and the repair of military equipment imposed other special 
problems, and test gear had to be designed for these purposes also. A 
large portion of this test equipment was highly specialized and suited 
only for a particular purpose. No standard methods that were com
monly acknowledged were available. Moreover, the precision and the 
convenience of operation of various pieces of measuring equipment varied 
widely. I t has been attempted in the present volume to select for 
description those techniques and apparatus which are most likely to 
prove useful to future workers in the microwave field rather than to 
attempt a compilation that approaches completeness. Emphasis has 
been placed on laboratory equipment, since it is difficult to predict what 
future applications will be important. 

Most of the methods to be described are based on the wave character 
of high-frequency currents, rather than on the low-frequency techniques 
of direct determination of current or voltage. The techniques to be 
described are grouped under four main headings: 

I. Power Generation and Measurement. 
II . Wavelength and Frequency Measurements. 

I I I . The Measurement of Impedance and Standing Waves. 
IV. Attenuation and Radiation Measurements. 

Parts I and II need no further comment except that the measurements 
peculiar to radiation from pulsed generators are included as Chap. 7 of 
Part II . The numerous bridge measurements, so important in the low-
frequency region, cannot be easily modified for microwave work, but 
analogous methods have been devised and show great promise for future 
development. These methods are discussed in Chap. 9 of Part I I I . 
The inclusion of the measurements of dielectric constant in Part I I I is 
based on the fact that it is the dielectric constant which determines the 
intrinsic impedance of a medium, since the permeability of nearly all 

is 
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substances is very closely the same as that of a vacuum. Although 
attenuation and radiation measurements are essentially measurements of 
power, the special devices employed make it convenient to consider such 
measurements in a separate part. 

I t is a pleasure to acknowledge the cooperation of the many indi
viduals who contributed to the preparation of this volume. In addition 
to those specifically named on a preceeding page in the list of authors and 
editorial staff, acknowledgement is due to Miss Ruth Kaufman for 
editorial assistance, to Mrs. Ruth Shoemaker who collated most of the 
photographs, and to Dr. V. Josephson for his able direction of the draft
ing staff. 

CAROL G. MONTGOMERY. 
N E W H A V E N , C O N N , 

February, 1947. 
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CHAPTER 1 

INTRODUCTION 

B Y C. G. MONTGOMERY 

1-1. Microwaves.—The spectrum of electromagnetic radiation may 
be divided into two parts that differ primarily in the principal methods 
for the detection of the radiation. The first of these regions, the optical 
region, extends from the shortest 7-rays, up through the ultraviolet 
and visual wavelengths, to some indefinite wavelength in the far infrared. 
In this region the elementary processes are discontinuous and must 
be described by the quantum theory. The methods of detection involve 
quantum effects—the photoelectric effect or photochemical processes 
in the human eye or in a photographic plate. In the second region, 
the phenomena are more directly associated with electrical effects. 
Radiation is detected by the transformation of the radiant energy into 
some mechanical motion—the deflection of a meter, the sound from 
a loudspeaker, or the motion of an electron beam that falls upon the 
screen of a cathode-ray tube. It is the short-wavelength end of this 
electrical region of the spectrum, the region of microwaves, that is the 
concern of this volume. 

The microwave region extends from about 1000 Mc/sec to about 
30,000 Mc/sec, a range of about five octaves. The range of wave
lengths, from 1 to 30 cm, is identical with the range of dimensions of most 
experimental apparatus, and it is this circumstance that leads to a 
separation of the microwave region from the regions of longer wavelength. 
At low frequencies and long wavelengths, coils, condensers, and resistance 
elements are combined with vacuum tubes to form electrical networks, 
and the sizes of the components can be made small compared with the 
wavelength. If it were attempted to extend these techniques to the 
microwave region, the component parts would be much too small for 
practical application; therefore new techniques must be employed. 
Instead of circuits with lumped elements, circuits that are made up of 
transmission lines must be used. In fact, the process of separating a 
microwave circuit into component elements is one that must be applied 
with caution, and in many cases must be avoided altogether. 

The strength of the interaction between the elements of a circuit—or, 
expressed in another way, the amount of the radiation—precludes the 
use of open wires to conduct microwave currents, and coaxial trans-

1 
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mission lines and hollow-pipe waveguides must be substituted. Empha
sis is shifted from the currents flowing in the conductors to the electric 
and magnetic fields inside the pipes. The circuit elements take the form 
of obstacles placed within the transmission line, and the resonant com
bination of a coil and a condenser at low frequencies is replaced by a 
resonant cavity in the microwave region. Since at least one dimension 
of a resonant cavity must be of the order of half a wavelength, the long-
wavelength limit of the region where microwave techniques are no longer 
very useful is the wavelength for which a resonant cavity becomes 
inconveniently large. 

Vacuum tubes of the conventional type cannot be used in the micro
wave region both because the lead wires are too long and because the 
time of transit of the electrons between the electrodes in the tube is no 
longer short compared with the period of a wave. A new principle of 
operation must be invoked and tubes employing velocity-modulated 
electron beams are used. This principle is embodied in the klystron 
tubes that produce low and medium continuous-wave power and in the 
cavity magnetrons that furnish high power under pulsed operation. 
The high-frequency limit of the microwave region near 30,000 Mc/sec 
is set not because the dimensions of the circuits become too small, but 
because oscillator tubes, at the present time, have not been developed 
for shorter wavelengths. No doubt the near future will see the workable 
region extended. The natural limit of the microwave region where 
quantum effects prevail is already accessible at very low temperatures. 
In the customary notation, the significant parameter hv/kT is unity for 
v = 3 X 1010 cps and T = 1.3°X. 

1-2. Microwave Measurements.—The new techniques that are 
required for the transmission of microwaves must be accompanied by 
new techniques of measuring the transmission characteristics. Indeed 
the quantities that are useful to measure change as the frequency is 
increased. Measurements of the frequency of oscillation are replaced 
by measurements of wavelength; the fundamental quantities, current 
and voltage, cease to be significant in the microwave region, and the 
power and the phase of the waves become important. Physical quantities 
are characterized by four dimensions: mass, length, time, and charge. 
Since electro-mechanical phenomena are of little importance, microwave 
quantities may be characterized by only three. These three microwave 
"dimensions" can be taken as power, length, and frequency, and all 
microwave measurements may be reduced to measurements of three 
parameters. 

The system of units that will be used throughout this volume is the 
rationalized practical MKS system. Microwave power is expressed 
in watts, or in multiples or submultiples of a watt, in megawatts (Mw), 
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kilowatts (kw), or milliwatts (mw); length is expressed in meters (m) 
or centimeters (cm); and frequency, in cycles per second (cps), kilocycles 
per second (kc/sec), or megacycles per second (Mc/sec). Some of the 
letter symbols most often used are given in Table 1-1. This table is not 
exhaustive, and most of the symbols are the commonly accepted ones. 
In the MKS system, the dielectric constant e0 of free space and the mag
netic permeability /x0 have not the value unity but are 

(o = 8.85 finf/metei, 
Mo = 1.257 nh/meter. 

These quantities often occur in the combination 

. h = 377 ohms. 
\ f o 

Complex quantities will be used throughout without any distinguish
ing notation, and the complex conjugate of a quantity will be denoted 
by affixing an asterisk (*). In accordance with engineering practice, 
the time variation of a sinusoidally varying quantity is assumed to be 
e"*'. This convention leads to the positive sign for the reactance of an 
inductance and for the susceptance of a capacitance, as indicated in the 
last two lines of Table 1-1. 

T A B L E 1 1 . — L E T T E R SYMBOLS F R E Q U E N T L Y U S E D 
Quant i ty Symbol 

Electric field E 
Magnetic field H 
Imaginary uni t , -%/ — 1 j 
Propagat ion constant , y = a + jfi y 
Attenuat ion constant a 
Phase constant or wave number , 2x/X 0 
Wavelength * X 
Wavelength in waveguide X„ 
Frequency v, f 
Angular frequency, 2JTK a 
Voltage s tanding-wave ratio, VSWR r 
Reflection coefficient r 
Dielectric constant* t 
Magnetic permeabil i ty* u 
Relative dielectric constant , t or specific inductive capacity, e/eo ■ ke 

Power P 
Impedance , Z = R + jX\ Z 
Admit tance , Y = 1/Z - G +jB Y 

* When zeros are affixed to these symbols, the quantit ies refer to the values for free space. 
t Throughout Chap. 10 the subscript e is dropped for convenience. 

The new technique that contributed so largely to the opening of the 
microwave region was the utilization of the principle of velocity modula
tion for the production of continuous oscillations. Chapter 2 is devoted 
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to a description of low-power sources useful for microwave measurements. 
In Chap. 3 the methods of measurement of power are treated, and Chap. 4 
contains a discussion of some of the microwave signal generators that 
have been used. Sources of noise power are also described, and here 
the atomic constants e and k, the electronic charge and Boltzmann's 
constant, are involved. The measurements of frequency and wave
length, the other fundamental quantities, are described in the next three 
chapters. Nearly all the new techniques that are encountered here rely 
upon frequency modulation of the oscillations. The microwave spectrum 
analyzer described in Chap. 7 has proved itself to be exceedingly versatile 
and useful. The remainder of the volume is devoted to measurements 
that combine power measurements with determinations of position and 
wavelength. The novel instruments include standing-wave detectors, 
directional couplers, and microwave bridge circuits or magic T's. 

1-3. The Detection of Microwaves.—The presence of microwave 
radiation may be detected by electrical or by thermal methods. The 
electrical method distinguishes the microwave region of wavelengths 
from the optical region and involves the conversion of the microwave 
energy to a low, or perhaps zero, frequency by means of a nonlinear 
element and the detection of the energy by the ordinary low-frequency 
techniques. The thermal method is common to the whole electro
magnetic spectrum and involves the conversion of the radiant energy to 
heat. The thermal method is the only method that admits of absolute 
calibration. The barretters, thermistors, and other thermometric 
devices are treated at length in Chap. 3 and need only be mentioned 
here. On the other hand, the electrical methods developed for microwave 
radiation represent a considerable advance in the art of measurement. 

Frequency conversion, or demodulation, may be accomplished by any 
nonlinear electrical device, but the efficiency of conversion and useful 
frequency range vary greatly from one device to another. The most 
suitable conversion element for microwaves is a crystal of silicon with a 
tungsten cat whisker. Silicon to which a trace of impurity has been 
added is a semiconducting metal. If a very fine tungsten point makes 
contact with the surface of a crystal, the difference in work functions 
of the two metals causes a very thin boundary layer to be set up. This 
layer is unsymmetrical and the resistance of the contact depends on the 
sign and magnitude of the impressed voltage. Such a crystal rectifier is 
an excellent nonlinear device for microwave frequencies because the 
active region in the vicinity of the point of the whisker is extremely small. 
For microwave uses, crystals are packaged in small cartridges. Figure 
1-1 shows cross sections of standard cartridge crystals that are useful 
for all but the highest microwave frequencies. The sensitive contact 
is adjusted during manufacture, and the space around the contact is 
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filled with wax. The resulting unit is stable, both electrically and 
mechanically. For wavelengths near 1 cm a second type of cartridge 
is used; this cartridge is shown in Fig. 1-2. The crystal is mounted at 
the end of a coaxial line of small diameter and the dimensions are so 
chosen that the coaxial line appears matched at a wavelength of 1.25 cm 
when the incident microwave power is 1 mw. Considerable effort has 
been expended on the development of crystal rectifiers of these types. 

a Sylvania 6 Western Electric 
FIG. 1-1.—Standard ceramic-cartridge crystals. 

Great improvements have resulted from this effort, both in the sensitivity 
of the rectifiers and in the ruggedness of the units.1 

The ceramic cartridge crystals are of a size convenient for mounting 
as an extension of the center conductor of a coaxial line for wavelengths 
near 10 cm. A schematic drawing of such a mounting is shown in Fig. 
1-3. The crystal is preceded by two slugs of metal or dielectric material 
which reflect microwaves incident upon them. The positions of the two 
slugs are adjustable and it is possible to arrange that the wave reflected 
by the crystal is canceled by the waves reflected from the slugs. When 
this is done all of the power traveling in the coaxial line is absorbed by the 
crystal, and the device is said to be matched. At higher frequencies, 

1 See Crystal Rectifiers, Vol. 15, Radiation Laboratory Series. 
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where waveguide is used for microwave transmission, the ceramic 
cartridge is mounted across the waveguide in the direction of the electric 

field. A crystal holder for wave
lengths from 3.1 to 3.5 cm is shown 
in Fig. 14 . The matching of the 
unit is accomplished by two adjust
able screws preceding the crystal, 
and a variable short-circuiting 
plunger that terminates the wave
guide line. A crystal holder of a 
third variety is shown in Fig. 1-5. 
The mount was designed for the 
shielded cartridge crystal of Fig. 
1-2. The unit is a transition section 
from waveguide to coaxial line with 
the line terminated by the crystal 
cartridge. Impedance-matching is 
accomplished by two screws and a 
variable short circuit as in the other 
waveguide mount. The crystal 
holder was designed for a wave
length of 1.25 cm. Further details 
of crystal mounts may be found in 
other volumes1 of the Series. 

Crystals are often used as recti
fiers to convert microwave energy 
to direct current. They are nearly 
square-law devices and deliver 
about 1 ma of current to a low 
impedance for 1 mw of microwave 

power. Unfortunately the deviations from square-law behavior are suffi
ciently large that calibration is essential for all but the most qualitative 

F I G . 1'2.—Shielded cartridge crystals for 
wave-lengths near 1 cm. 

- Crystal Double-slug tuner 

R-f choke 

To crystal - current meter 
F I G . 1-3.—Coaxial-line mounting for ceramic-cartridge crystals with tuning elements for 

impedance-matching. 

measurements. In a superheterodyne receiver, the crystal is used as a 
1 Crystal Rectifiers, Vol. 15, Radia t ion Labora to ry Series. Microwave Mixers, 

Vol. 16, Radiat ion Labora to ry Series. 
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mixing element. Power from a microwave oscillator, the local oscillator, 
is applied to the crystal together with the signal power. The difference 
frequency produced by the beating of the two microwave frequencies 
may be amplified and detected 
by ordinary low-frequency tech
niques. Some signal power is lost 
by this process, and the conver
sion loss of crystals at present is 
about 6 db. A summary of the 
properties of some of the various 
crystal types now available is 
given in Table 1-2. The first four 
types are designed for use as 
mixers; the last four types are 
intended to rectify to direct current. The type 1N32 differs from the 
type 1N27 in having approximately twice the sensitivity. 

F I G . 1-4.—Crystal holder for use in the 
3-cm region. The crystal is mounted directly 
across the waveguide. 

F I G . 1 5.—Holder for the shielded cartridge crystal. The crystal is inserted beneath the 
screw cap. 

Vacuum tubes also have been used to rectify microwave currents. 
Because of the large transit time of the electrons between the grids of 

T A B L E 1 - 2 . — P R O P E R T I E S OF CARTRIDGE CRYSTAL U N I T S 

Crystal 
type 

1N21B 
1N21C 
1N23B 
1N26 
1N27 
1N30 
1N31 
1N32 

Cartr idge 

Ceramic 
Ceramic 
Ceramic 
Coaxial 
Ceramic 
Ceramic 
Coaxial 
Ceramic 

Use 

Mixer 
Mixer 
Mixer 
Mixer 
Detector 
Detector 
Detector 
Detector 

Test frequency, 
Mc/sec 

3,060 
3,060 
9 ,375 

24 ,000 
3,295 
9,375 
9,375 
3,295 

Maximum 
conversion 

loss, db 

6 .5 
5 .5 
6 .5 
8 .5 
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the tubes, the conversion or rectification efficiency is low. Some of the 
r-f envelope viewers described in Chap. 7 employ vacuum tubes since 
the instruments are designed to work at high power levels, and sensitivity 
is not of great importance. 

1-4. Microwave Cables and Connectors.—An important part of any 
experimental arrangement are the lines and cables used to connect the 
various pieces of equipment. At the long-wavelength end of the micro
wave region, flexible cables are commonly used for this purpose. A 

F I G . 1-6.—Microwave cables. The commonly used RG-9/U is shown on the right. 

knowledge of the cables and the connectors and adapters that are avail
able is very useful.1 Figure 1-6 shows three cables with the ends spread 
apart to show the construction. The center cable in the photograph 
shows a beaded cable with "fish-spine" beads. Cables of this type are 
seldom used at wavelengths as short as those in the microwave region 
since the reflections from the beads are usually objectionable. More
over, the beads are easily broken and the cable is not very rugged. 
More satisfactory cables are made with a solid flexible dielectric, usually 
polyethylene, as in the two other cables in the figure. A double layer 

1 Complete information on microwave transmission lines is given in Vol. 9 of the 
Radiation Laboratory Series. Flexible cables are discussed in Chap. 5 of t h a t volume. 
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of braid forms the outer conductor of the cable, and the braid is covered 
by a protecting jacket and, sometimes, metal armor as well. 

To facilitate production and to standardize transmission lines for 
the armed forces, the joint Army-Navy Radio Frequency Cable 
Coordinating Committee (ANRFCCC) was active during the war and 
established specifications for cables, connectors, and adapters for trans
mission lines of all types, including waveguides. A complete index1 of r-f 
lines and fittings has been prepared by the committee and is a very useful 
source of information. To aid in identification and ordering, a num
ber system has been established which is commonly used. Lines are 
described by a number such as RG-9/U (radio guide -9/universal), and 
fittings by UG-21/U (union guide -21/universal). Although the com
mittee is a wartime agency and will soon cease to function, probably 
a new committee will be formed to continue the work. 

F I G . 1-7.—Type N connectors for microwave coaxial cable: UG-21B/U and UG-22B/U. 

The cables most commonly used at microwave frequencies are the 
RG-9/U, RG-21/U, and RG-5/U cables. The RG-9/U cable is shown 
on the right side of Fig. 1-6. It has a diameter of 0.28 in. over the 
polyethylene dielectric, a characteristic impedance of 52 ohms, and a 
capacitance of 30 MM//ft- The voltage rating is 4000 volts rms, but 
breakdown will occur in the connectors at a considerably lower voltage. 
This cable can be used with small losses down to a wavelength of 3 cm. 
The RG-21/U cable is similar to the RG-9/U cable except that the center 
conductor is made of nichrome wire, and a length of this cable can be used 
as an attenuator. The RG-5/U cable has a smaller diameter, 0.185 in. 
over the dielectric, as well as a smaller center conductor; the impedance 
is also 52 ohms. 

The usual connectors for the RG-9/U and RG-21/U cables are type 
N connectors. The latest designs for a plug and jack are shown in 
Fig. 1-7 and have the designations UG-21B/U and TJG-22B/U. These 
connectors are designed to have a low reflection in the 10-cm region and 
also at wavelengths from 3.1 to 3.5 cm. At intermediate wavelengths 

1 "Index of Army-Navy R-F Transmission Lines and Fittings," Navships 900102, 
Army No. 71-4925, Washington, D.C., June, 1945. 
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the reflections are larger. The smaller RG-5/U cable is often used to 
connect to Sperry Klystrons and require an " S K L " fitting. Such a 
connector, the UG-275/U connector, is shown in Fig. 1-8. Many other 

cables, both larger and smaller, and 
the connectors for them are available, 
as well as adapters from one cable to 
another and to rigid lines, T's, and 
angle connectors. 

At frequencies below the micro
wave region, cables of higher charac
teristic impedance are used; 72 ohms 
is a common value. A reliable con

nector greatly facilitates experimental work and it is often desirable 
to use microwave cables and connectors for low-frequency circuits as 
well. Another series of connectors—the UHF connectors, which have 

F I G 1-8.—UG-275/U connector for 
use with RG-5/U cable to connect to 
Sperry Klystron tubes. 

(a) (6) 
F I G . 1-9.—UHF connectors, Navy types 49190 and 49194. 

proved to be very satisfactory for low-frequency auxiliary equipment, 
can be used with RG-9/U cables and others. A plug and jack are shown 
in Fig. 1-9, Navy types 49190 and 49194 respectively. Figure 110 
shows a bulkhead adapter for 
connecting two cables together. 
Adapters are also available from 
UHF fittings to type N connectors; 
Fig. 1-11 shows two of them. 
Low-frequency connectors are 
often made an integral part of 
microwave c o m p o n e n t s . The 
crystal holder of Fig. 1-4 has a 
UHF jack mounted directly on the waveguide; the low-frequency 
connector shown in Fig. 1-5 is a small connector similar to a type N 
connector designated as a BNC or "baby type N " connector. 

F I G . 110 .—UHF bulkhead adapter. 
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Figure 112 shows a photograph of connectors of several types. 
At the left is a group of type N fittings, in the center are two UHF 
fittings, and on the right are two adapters from type N connectors to 
rigid coaxial line. 

1-6. Rigid Coaxial Lines.—Many microwave transmission lines take 
the form of rigid coaxial lines with air as the dielectric between the inner 
and outer conductors. Air is used to minimize the losses in the line. 
The properties of the line and the characteristic impedance depend on 

(°) (6) 
F I G . 1-11.—Type N to UHF adapters, types UG-146/U and UG-83/U. 

the diameters of the inner and outer conductors. Lines of standard 
sizes have been adopted, all of which have impedances near 50 ohms. 
This value represents a compromise between the dimensions that give a 
maximum power-carrying capacity and a minimum loss per unit length 
if either the outer diameter or the wavelength is held constant. The 
standard lines do not have an impedance of exactly 50 ohms, since 
the dimensions of the conductors are those of tubing that is readily 
available in standard sizes. Table 1-3 summarizes the properties of 

i f & 9 
i 

FIG. 1-12.—Cable fittings. At the left are type N fittings; center, type U H F ; right, 
adapters from type N to rigid coaxial line. 

the rigid lines commonly used. The size of the line is specified by the 
outer diameter of the outer conductor. 

Some means of supporting the inner conductor of the line is, of course, 
necessary. One method is to use dielectric beads of such a shape and 
size that no reflection takes place from the beads or from combinations 
of several beads. Figure 1-13 shows several forms of nonreflecting beads. 
Beads of all these types are often encountered. The bead of Fig. 1 -13c? 
is often split into halves to allow assembly of the line, although a joint 
in the center conductor is sometimes made at this point. I t is difficult to 
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make bead-supported lines with very low reflection over a broad band 
of wavelengths. Moreover, the beads seriously reduce the power-
handling capacity, as is evident from Table l -3. 

A second method for supporting the center conductor is by means of 
stub branches that are effectively a quarter-wavelength long. The 
branch line is in shunt with the main line, but the stub presents a very 

M ). j 

(a) 

1 I 
\ I I I 

«o (0 

I 

f V/////////// 

^ / / / / / / / / / l 

'////////A[ 
(d) <<?') 

F I G . 1-13.—Bead supports for coaxial lines: (a) is a thin bead; (b) shows a bead grooved 
to increase the surface leakage path; (c) is a bead one-half wavelength long; (d) shows a 
bead with the center conductor undercut to maintain a constant impedance in the bead-
filled section of the line; (e) shows a stepped bead three quarters of a wavelength long. 

small admittance and has, consequently, little effect on the transmission 
at the design wavelength. The wavelength band over which the effect 
is small is, however, rather restricted. By means of an increase in the 
diameter of the center conductor of the main line, the bandwidth may 
be made much larger. A cross section of such a stub is shown in Fig. 
1-14. The dimensions shown are for a i-in. line at a wavelength of 9.9 

Line 
size,in. 

OD 

A 
i 
i 
i 

U 
it 

T A B 

Wall 
thick

ness, in. 

0 .025 
0.032 
0.035 
0 .032 
0.049 
0.049 

LE 1-3. 

con
ductor 
diam

eter, in. 

0 .125 
0 .1875 
0.250 
0 .375 
0 .500 
0 .625 

SOME C H A R A C T E R S 

Imped
ance, 
ohms 

4 4 . 4 
50 .6 
4 7 . 8 
4 6 . 4 
50 .0 
53 .4 

Suppor t 

Bead 
Stub 
Bead 
Stub 
Stub 
Stub 

TICS OF 

retical 

m u m 
power, 

kw 

140 
358 
598 

1310 
2530 
4200 

OOAXIAL L I N E S 

mended 

m u m 
power, 

kw 

5 
50 
20 

200 
400 
600 

A t t enua 
tion, 

d b / m 

0 .021 
0 .020 
0 .095 
0 .066 
0 .045 
0 .033 

safe 
wave
length, 

cm 

1.70 
2 .70 
3 .50 
5 .28 
7 .18 
9 .30 
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1.450" 

cm. A single stub of this design produces a voltage standing-wave ratio 
of less than 1.02 for wavelengths from 8 to 12 cm. 

A standard connector for i-in. line is shown in Fig. 1-15. Contact 
between the outer conductors is made with a taper joint, and contact 
between the inner conductors is made with a "bul le t" with spring fingers. 
Both the male and female parts of this coupling are shown at the right 
of Fig. 1-12. With a polarized 
coupling such as this, it is desira
ble to have some convention to 
be followed in the assembly of 
lines. The convention adopted 
is that the power flow shall be 
from the male to the female 
coupling. This same convention 
is used for the connection of water 
pipes. 

1-6. Waveguide Transmission Lines.—Although coaxial lines, both 
rigid and flexible, are adequate for the requirements of microwave trans
mission at long wavelengths and at power levels that are not too high, 
transmission of short wavelengths and high power must be accomplished 
through hollow-pipe waveguides. The waveguide has, almost univer
sally, a rectangular cross section with a ratio of cross-sectional dimen
sions of about 2 to 1. Transmission takes place in the dominant mode 
which is designated as the TE10-mode or 7/10-mode. The electric field 

F I G . 1-14.—Broadband stub support for 
l-hi. coaxial line. 

F I G . 1-15.—Connector for |-in. coaxial line. 

is entirely transverse to the direction of propagation and is perpendicular 
to the broad face of the waveguide. The field strength has a maximum 
value at the center of the broad face, and decreases to zero at the side 
walls. The magnetic field is both transverse and longitudinal with 
respect to the waveguide axis and is perpendicular to the electric field. 
The magnetic field lines form closed contours in planes parallel to the 
broad faces of the waveguide. The wavelength X„ in the waveguide is 
greater than the wavelength Xo in free space, and is given by the equation 
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K ^ 4a2 X0
2 

where a is the larger of the cross-sectional dimensions. For propagation 
to be possible in the dominant mode only, it is necessary that 2<z > X0 > a. 

Standard sizes for waveguide transmission lines have been estab
lished and these sizes are given in Table 1-4. The wavelength band 
given extends from a wavelength 10 per cent less than the cutoff wave
length (2a) for the lowest mode to a wavelength 1 per cent greater than 
the cutoff wavelength (a) for the next mode. For a representative 
wavelength within this band, a value for the attenuation of a copper 
waveguide is given, and the maximum power P „ „ that can be transmitted 
without breakdown. The value of P „ is calculated on the assumption 

to) (6) 
FIG. 1-16.—Choke-flange waveguide coupling. 

that the breakdown field strength is 30,000 volts/cm and is independent 
of frequency. At the upper limit of the wavelength band given, the 
attenuation is roughly twice, and the power-handling capacity about 
half, the values at the lower limit. 

Table 1-4 also lists the choke-flange couplings that are recommended 
for waveguides of each size. A choke-flange coupling is essentially a 
branch waveguide, one-half wavelength long, in series with the main 
waveguide. A coupling for waveguide is shown in Fig. l-16o. For 
ease of manufacture the choke groove is circular. The radius and depth 
of the groove are so chosen that no current flows across the joint between 
the choke and the flange. Since no current flows, there is no need for an 
electrical contact at this point, and the connector makes a good joint 
even if no contact is made. In fact, flexible waveguides may be made 
by a series of choke-flange couplings held together by a flexible cover, 
with a slight spacing between the choke and flange units.1 The choke 

1 See Microwave Transmission Circuits, Vol. 9, Radiation Laboratory Series, 
Chap. 5. 



TABLE 1-4.—STANDARD RECTANGULAR WAVEGUIDES AND COUPLINGS 

Wave
guide 
Army-
Navy 

Type No. 

RG-48/U 

RG-49/U 
RG-50/U 
RG-51/U 
RG-52/U 
RG-53/U 

OD, 
inches 

3 X 1.5 

ID2.75 X 0.375 
2 X 1 

1.5 X 0.75 
1.25 X 0.625 
1.0 X 0.5 
0.5 X 0.25 

Wall, 
in. 

0.080 

0.049 
0.064 
0.064 
0.064 
0.050 
0.040 

Wave
length 
band, 

em 

7.3 -13.0 

7.0 -12.6 
4.8 - 8.5 
3.6 - 6.3 
2.9 - 5.1 
2.3 - 4.1 
1.07- 1.9 

Wave
length for 
Pn„, and 
loss, cm 

10.0 

10.0 
6 .5 
5.0 
3 .2 
3 .2 
1.25 

* _ 
Mw 

10.5 

2.77 
4.86 
2.29 
1.77 
0.99 
0.223 

Loss for 

db/m 

0.020 

0.058 
0.031 
0.063 
0.072 
0.117 
0.346 

Choke 
coupling 

UG-54/U 
-200/U 

-148/U 

-52/U 
-40/U 
-117/U 

Flange 
coupling 

UG-53/U 
-214/U 

-149/U 

-51/U 
-39/U 
-116/U 

Design 
wave
length, 

cm 

10.7 
9.0 

3.20 
3.20 
1 25 

Band
width for 
r < 1 05, 
per cent 

+ 15 
+ 15 

±6 
> +2 

3 

o 

Co 

Co 
>-i 
O 

Co 

Cn 
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groove of a coupling is a coaxial line. This line is operated, however, 
not in the lowest, or principal, mode but in the second or TEi0-mode. 
The fields excited in the choke groove are shown in Fig. l-16b. Other 
choke couplings are shown attached to the crystal holders. Figure 1-4 
shows a UG-40/U coupling; Fig. 1-5 shows a UG-117/U coupling. 

Although the reflections from choke-flange couplings are usually 
completely negligible, it is desirable, for very precise measurements, to 
use a contact coupling such as shown in Fig. 1-17. To be satisfactory 
the surfaces at the joint must be flat, and sufficient pressure must be 
applied to ensure contact over the whole surface. The two waveguides 

F I G . 1-17.—Contact coupling for precise waveguide measurements. 

must also be accurately aligned. The pins in the coupling should be 
located by a jig that fits into the waveguide, and the screws that hold 
the coupling tight should not affect the alignment. A coupling of this 
type is not suitable for field use, since great care is necessary to make a 
good joint. 

1-7. Specialized Microwave Measurements.—In a volume of this size, 
it is by no means possible to describe all the necessary techniques that 
are useful and necessary in the microwave region. The techniques that 
are used only for the study of special devices have, therefore, been 
omitted. A large number of these methods are given, however, in other 
volumes of the Radiation Laboratory Series. The theoretical back
ground essential for most of the processes of measurements is discussed 
in Vol. 8. The properties of reflecting irises and other elements 
of microwave circuits are also to be found there, and a summary of the 
properties, with formulas and tables, is the subject of The Waveguide 
Handbook, Vol. 10. A discussion of irises for impedance-matching and the 
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description of tuners of various types are to be found in Vol. 9. 
Tuners are very widely used in many microwave measurements and form 
an essential part of the equipment of any microwave laboratory. 

With the exception of power measurements and line terminations, 
little space has been devoted in this book to high-power equipment. 
The properties and testing of high-power magnetron oscillators are to 
be found in Vol. 6 of the Series; the modulators (pulsers) and the equip
ment for testing them are discussed in Vol. 5. 

The measurements of the properties of microwave mixers are described 
in Vol. 16, and the radio-frequency and low-frequency properties of 
complete receivers are discussed in Vol. 23. Several volumes of the 
Series are devoted to the low-frequency circuits that are necessary 
auxiliary equipment for nearly all microwave devices. The alignment 
of amplifiers and the measurement of gain are treated in Chap. 8 of Vol. 
18, and amplifier-noise measurements are described in Chap. 14 of the 
same volume. 

The last two chapters of Vol. 12 describe the measurements of the 
properties of antennas in greater detail than does Chap. 15 of this volume. 
Experiments on the propagation of microwaves over the surface of the 
earth are described in Vol. 13. 

The measurements made to determine the properties of gas-filled TR 
switching tubes and of duplexers are to be found in Vol. 14. The testing 
and maintainance of complete microwave radar systems are described in 
Vols. 1 and 2, and the testing of microwave beacons in Vol. 3. 

A number of experiments have recently been made, or are now in 
progress, in a field that might be designated as microwave spectroscopy. 
The properties of substances in fields at microwave frequencies have 
considerable interest to physicists. These properties, however, are 
typical of the optical region of the electromagnetic spectrum and involve 
quantum effects. Consequently, a description of these experimental 
methods has been omitted here. 

Most of the microwave apparatus during the war period was procured 
by the Army and Navy for military purposes and for the development 
of military equipment. Although a large number of manufacturers 
produced this equipment, it is not known at present what will be com
mercially available in the future. To aid prospective purchasers, 
however, a list of manufacturers and some of the microwave equipment 
that they produced during the war is given in Appendix A at the end of 
this volume. 
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CHAPTER 2 

POWER SOURCES 

BY DONALD R. HAMILTON AND R. V. POUND 

MICROWAVE OSCILLATORS 

B Y DONALD R. HAMILTON 

An obvious prerequisite to most of the measurements described in 
this book is a source of microwave energy. From the various factors 
involved there has developed a strong preference for the use of the reflex 
klystron oscillator as this source. For this reason most of the present 
chapter will be devoted to the reflex klystron and its associated equip
ment, but this will be preceded by a brief discussion of the behavior 
required of a source of power for measurements, and a comparison of 
the various basic types of microwave tubes on the basis of these criteria. 

2-1. The Choice of a Microwave Oscillator.—The simplest require
ment placed upon a signal source is that it generate sufficient power for 
the measurement in question—the more economically the better. For 
a simple standing-wave measurement, a few milliwatts of power in the 
transmission line of the standing-wave detector are sufficient. But in 
order that the process of measurement may not influence the signal 
frequency or amplitude, at least 10 db of attenuation are usually placed 
between source and point of measurement, which raises the requirement 
to a few tens of milliwatts. Very similar requirements are placed on 
the local oscillator in microwave receivers, so that many of the more 
common power sources are equally suitable for measurement work and 
as local oscillators. However, in measuring such things, for example 
as attenuation or antenna patterns, a smaller fraction of the initially 
generated power is available to the final detector so that the initial 
power level needs to be increased by at least another factor of ten. 
But the latter measurements are rather less frequent than the mul
titudinous standing-wave measurements requiring tens of milliwatts. 

The ease of modulation of this power is also frequently important 
Ease of modulation may, of course, imply exact regulation of applied 
voltages. This is one of the reasons for a subsequent section on suitably 
regulated power supplies for such signal sources. 

One of the commonest types of modulation is the simple square-wave 
on-off amplitude modulation at audio frequencies, which allows the use, 

21 



22 POWER SOURCES [SEC. 21 

with the standing-wave detector, of an a-c amplifier instead of a d-c 
galvanometer. Amplitude modulation of the output power in micro
second pulses is somewhat similar to this; such pulses are necessary 
in a signal generator designed to produce a signal which simulates a 
received radar signal. The requirements in this case are the more 
stringent since times of the order of tenths of microseconds are of 
importance in producing an output pulse which duplicates the shape 
and duration of the applied pulse. 

Frequency modulation of a signal is extremely useful in investigating 
any phenomenon involving frequency dependence; for example, in a 
spectrum analyzer (see Chap. 7) a reference signal swept in frequency is 
necessary. For such purposes, it is helpful to have the output frequency 
quite sensitive to some electrode voltage and to have the signal frequency 
depend nearly linearly on this voltage. Absence of amplitude modula
tion in the process is not so important since f-m receivers commonly make 
use of amplitude limiters in any case. 

In addition to these matters of output power and modulation, there 
are a number of other fairly obvious criteria, such as the range of fre
quencies that the source may be tuned to generate, the ease of this tuning 
process, the number and difficulty of the adjustments that must be made 
for optimum operation, and the amount of mechanical skill required 
for constructing accessories. Further additions would begin to sound 
like the sermon of Calvin Coolidge's preacher who was " a g i n " sin. 

To meet these requirements there are available three basic generators 
of microwave power: the microwave triode, the klystron, and the mag
netron. The latter has been developed primarily as a high-power 
pulsed transmitter tube and so far remains an inherently higher power 
tube than is needed for most measurements. 

The ingenious physical construction of the lighthouse tube has 
extended the practical operating range of the triode somewhat above 
3000 Mc/sec. This physical construction requires an external cavity, 
however; the resulting problems of cavity construction and of good con
tact between cavity and tube are not too simple. By the adjustment of 
movable sections of the commonly used external cavity, tuning ranges 
of the order of 10 per cent may be obtained. At 3000 Mc/sec, output 
powers of the order of 125 mw may be obtained from the 2C40 lighthouse 
tube at a plate voltage of 250 volts. So far it has not been feasible to 
extend this range to the commonly used higher frequencies. As to 
modulation properties, microwave triodes have an output frequency 
which is quite insensitive to applied voltage. This has sometimes given 
rise to their use in field test equipment where constant frequency is 
desired and the cost of voltage regulation is an important criterion. 
Square-wave or pulsed-amplitude modulation is straightforward, and 
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with proper circuit adjustments satisfactory operation may be obtained 
with short pulses (cf. Sec. 4-8). Nevertheless, because of the complica
tions of the circuits external to the vacuum tube, the difficulty of fre
quency modulation, and the upper limit to the operating frequency, the 
lighthouse tube has not come into general acceptance as a signal source 
for measurements. 

Klystrons exist in a number of electrical and physical forms. There 
are amplifiers with power gains of 30 in the two-resonator form or 1000 
in the three-resonator "cascade" amplifier. High-order multiplication 
of frequency is made possible by the waveform of the r-f current in a 
klystron. Klystron multipliers, preceded by conventional low-frequency 
multiplying stages, have been used for frequency multiplication from 
quartz-crystal-controlled oscillators up to microwave frequencies of the 
order of 9000 Mc/sec. The use of such frequency multipliers in" fre
quency standards is discussed in Chap. 6. Also, at 3000 Mc/sec, 
two-resonator klystrons are available with output powers of the order 
of 15 to 20 watts. 

For measurement purposes, however, the most generally useful type 
of klystron has been the reflex klystron oscillator. The word "reflex" 
derives from the fact that an electron beam passes once through a 
resonant cavity, then by means of a negative electrode, the "reflector," 
is made to return through this cavity on a second transit. Postponing 
for the moment a discussion of the operation of the reflex klystron, it is 
obvious that the use of one simple resonant circuit gives this oscillator 
a great advantage over the lighthouse tube or the two-resonator klystron 
oscillator, both in mechanical tuning range and in ease of tuning adjust
ment. It has also become common practice to place the resonant cavity 
within the vacuum envelope so that there are none of the mechanical 
complications of attaching an external cavity. At 3000 Mc/sec, and 
at comparable plate voltages, present-day reflex klystrons have only 
slightly less output power and efficiency than lighthouse tubes. How
ever, triode efficiency drops sharply and reflex-klystron efficiency drops 
gradually with increasing frequency. Although at 3000 Mc/sec the 
maximum output power of current reflex klystrons is one-half watt as 
compared to the just-quoted 15 to 20 watts of the two-resonator klystron, 
in the 10,000 Mc/sec range one-quarter to one-half watt is still available 
from a reflex oscillator. Great difficulties of construction and tuning 
prevent the use of any two-resonator oscillators in this higher frequency 
range. 

The output frequency of a reflex klystron is quite sensitive to the 
voltage applied to the reflector electrode, although in some tubes the 
sensitivity has been intentionally made small in the interests of stability. 
Change in frequency with applied voltage, known as "electronic tuning," 
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obviously makes for easy frequency modulation, especially since the 
electrode to which the modulating voltage is applied draws no current. 
This last advantage is absent if the frequency is modulated, as it may 
be, by beam-voltage modulation. The same electronic-tuning effect 
is present in two-resonator klystron oscillators and may be enhanced 
by proper adjustment of the feedback, but the modulation must be 
applied to the beam voltage and the rate of change of frequency with 
voltage is less. Conversely, of course, the two-resonator tube is more 
stable in frequency. Frequency modulation of a reflex klystron is 
somewhat nonlinear and is accompanied by amplitude modulation to a 
degree which will be apparent from the later discussion. The two-
resonator klystron may be adjusted to give a more linear characteristic 
with very little accompanying amplitude modulation. 

On-off amplitude modulation of the square-wave or pulsed type is 
easily applied to a klystron or a triode by applying the same modulation 
to the plate voltage; in the reflex klystron similar modulation may also 
be applied to the reflector voltage. A normally loaded reflex oscillator 
will satisfactorily reproduce the shape and duration of the applied voltage 
pulse, as will a triode with proper circuit and feedback adjustments; 
a short buildup time is rather more difficult to obtain with present two-
resonator klystrons. 

The various points of comparison that have just been discussed are 
the basis for the general use of the reflex klystron in measurements at 
present. Specific data on the more common currently available tubes 
will be given in Table 2-1. In order to provide a general background 
for the reader, principles of operation and general characteristics of the 
reflex klystron will be discussed in the next section. More detailed 
information on klystrons and microwave triodes may be found in Vol. 7 
of this series. 

In addition to the signal sources just discussed, there is another means 
of obtaining signal power, which is primarily useful in initial work in new 
frequency bands for which no tubes are available; this is the technique of 
harmonic generation in crystal detectors. This technique will be dis
cussed briefly following the section on principles of reflex-klystron 
operation. 

2-2. General Characteristics and Principles of Operation of the Reflex 
Klystron.—The basic feature of any klystron is its utilization of "velocity 
modulation" and "bunching" to derive, from an input r-f voltage, an 
r-f intensity-modulated current with which to drive an output circuit. 
This is accomplished by substituting for the single cathode-grid control 
space of the triode a composite control space consisting of three separate 
regions: the cathode-anode region in which electrons receive their full 
d-c acceleration; the "r-f gap" in which these electrons are subjected to 
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In addi t ion, i t 

Reflector 

Mil 

an r-f field which does no t t u rn t hem back b u t s imply serves a l t e rna te ly 
to slow down or speed up the electrons (velocity modu la t i on ) ; and the 
"drif t s p a c e " in which there m a y be d-c fields b u t no r-f fields, and in 
which the differences in electron velocities cause t he electrons t o form 
into groups or bunches (bunching) . I t is t h e increased physical size 
which this "divis ion of l a b o r " allows a t a given frequency which makes 
the klystron work up to much higher frequencies t h a n does t he t r iode. 
An addit ional feature, common of course t o t he microwave a r t in general , 
is the use of cavi ty resonators for oscillator circuit t echniques . 

A schematic d iagram i l lust ra t ing the embod imen t of these principles 
in the reflex klys t ron is shown in Fig. 2 1 , in which t h e three regions 
of the control space referred t o above a re identified. 
will be noted t h a t the reflector electrode is 
operated a t a potent ia l negat ive with respect 
to the ca thode; electrons which have passed 
through the r-f gap are therefore subject to Cathode 
a re tarding electric field which, reversing 
their motion before they reach the reflec
tor, re turns t hem th rough the r-f gap. 

Bunching; Phase Relations for Oscilla
tion.—The process of bunch ing which takes 
place in the reflection space is i l lus t ra ted in 
Fig. 2-2, in which electron posit ion is shown 
as a function of t ime for a series of electrons 
which initially pass th rough the r-f gap a t 
equal intervals . T h e slope of any one curve 
a t any ins tan t obviously corresponds to the FIG- 2-1. 
velocity of t he corresponding electron a t 
t ha t i n s t an t ; the velocity modula t ion on first passage th rough the r-f gap 
appears as a change in slope a t t he gap. I t will be seen t h a t t he faster 
the electron, the deeper i t pene t ra te s in to t he reflection space, and the 
longer the t ime t aken to r e tu rn t o t he r-f gap. T h e resul t ing bunch ing 
is apparen t as t he electrons m a k e their second t rans i t . 

On the first t r ip th rough the gap as m a n y electrons were speeded 
up, t h a t is, gained energy a t t he expense of t he r-f field, as were slowed 
down, t h a t is, gave energy to the r-f field: t he t r ansac t ions ba lance to 
zero. B u t on t he r e tu rn passage th rough the gap t h e electrons are 
bunched. This " a c c o u n t i n g " procedure of add ing u p the energy given 
to or t aken away from each electron b y the field will show a ne t profit 
or loss in the to ta l energy of t he beam, which m u s t correspond to a loss 
or profit in t he e lect romagnet ic energy of oscillation stored in t he resonant 
cavity. T h e ne t profit to t he energy of oscillation will be greates t when 
the center of the bunch is slowed down mos t on i ts r e tu rn passage. T h e 

—Schematic diagram of a 
reflex klystron. 
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electron which forms the center of the bunch, and which made its first 
transit of the r-f gap at an instant of zero field, is shown with a heavy 
line in Fig. 2-2. As the figure is drawn, any small change in the total 
reflection transit time of the electron from its value of If cycles would 
clearly result in a diminution of the power delivered to the resonant 
circuit. 

This example may be generalized to show that the delivery of power 
by the beam will be at a maximum whenever the d-c transit time in the 
reflection space is (n + f) cycles, where n is an integer. For a quarter 
cycle on either side of (n + -f) cycles no delivery of power by the beam 

Reflector 

-Time 
F I G . 2-2.—Applegate diagram illustrating velocity modulation and bunching in the 

reflex klystron. Trajectories are shown for a number of originally evenly spaced electrons, 
which form into bunches on the return transit because of velocity modulation on first transit 
of the gap. 

is possible. This does not imply that the tube will always oscillate if 
this transit-time condition is met. For if the d-c beam current is too 
small, the power delivered by the bunched current to an infinitesimal 
r-f gap voltage may be less than the power dissipated in circuit and 
load losses in maintaining the gap voltage; in this case there will be no 
oscillation. Thus, given a transit time which lies in the vicinity of 
(n + f) cycles and therefore meets one of the necessary conditions for 
oscillation, a second condition is also necessary: the d-c beam current 
must exceed some minimum current called the "starting current," 
which depends upon circuit and external load and, incidentally, is 
inversely proportional to (n + 1 ) . If both conditions are satisfied, 
oscillation will always occur. 

Reflector-mode Patterns and Mode Shapes.—Since transit time depends 
upon the reflector voltage VR and the beam voltage Vg, oscillation is 



SEC. 2-2] OPERATION OF THE REFLEX KLYSTRON 27 

200 

100 200 300 
VQ in volts 

F I G . 2'3.—Reflector-mode pattern of 
the type 2K25 reflex klystron operating 
at 3.2 cm. The shaded areas correspond 
to those combinations of beam voltage Va 
and reflector voltage VR at which oscilla
tion occurs. 

allowed for some values of these voltages and not for others. A typical 
"mode pat tern" is shown in Fig. 2-3, in which the regions of oscillation 
for a 2K25 klystron are indicated as shaded regions and are labeled with 
the corresponding values of n. I t should be noted that the word " m o d e " 
is not used here in the sense of "normal modes of resonance of coupled 
circuits"; there is only one circuit, 
and the modes are distinguished by 
different transit times, not by dif
ferent frequencies. The downward 
trend of the reflector voltage for a 
given mode as the beam voltage 
increases is a general characteristic 
of such patterns. Another general 
characteristic, not shown in Fig. 
2-3, is an increase in the value of 
reflector voltage for a given mode 
as the mean klystron frequency 
is tuned upwards. And since transit 
time depends on reflector spacing, 
some fluctuation of mode position 
from tube to tube caused by me
chanical tolerances is to be expected. 

In Fig. 2-3, the modes of oscillation are shown as not extending to 
zero reflector voltage. This is not a true representation of fact; the 
modes usually extend through zero to positive reflector voltage. This 
is not shown in Fig. 2 3 because it is desired to draw attention to the 

fact that in making klystrons and 
in making the power supplies that 
operate them (see Sec. 2-13), it is 
assumed that they will be operated 
with the reflector sufficiently neg
ative to draw no current. Cur
rent collected on the reflector may 
cause dangerous heating of the 
reflector, especially in conjunction 
with certain secondary-emission 
and power-supply phenomena; or 
it may give rise to unwanted 

reflector-voltage modulation. A slightly negative reflector may still 
collect electrons which have been accelerated in the r-f field. 

Returning from this parenthetical admonition to the simple behavior 
shown in Fig. 2-3, it is apparent that for any given value of beam voltage 
there should be one or more ranges of reflector voltage in which oscilla-

aj 
I I 2 0 
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300 100 200 
V„ in volts 

FIG. 2-4.—Output power and frequency 
of oscillation as functions of reflector voltage 
in the type 2K25 (723A/B) reflex klystron. 
Beam voltage 300 volts, X = 3.2 cm. 
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tion will occur, and vice versa. This is illustrated in Fig. 2-4, which 
shows, for the type 2K25 klystron, the dependence of output power on 
reflector voltage for a given beam voltage. Moreover, as will be dis
cussed in more detail later, the oscillation frequency varies with reflector 
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F I G . 2-5.—Amplitude- and frequency-modulation characteristics of the reflex klystron; 

(a) is for square-wave amplitude modulation; (b) for sawtooth frequency modulation. 

voltage. This behavior is also indicated in Fig. 2-4. The tube charac
teristics exemplified in this figure will be discussed below. Meanwhile, 
it should be noted that the load into which the oscillator is working is 
constant in Fig. 2-4, and that a quantitatively, but not qualitatively, 

different result would be obtained 
if the load were changed in going 
from mode to mode. 

Simple Modulation of the Re
flex Klystron.—Even without go
ing into the details of Fig. 2-4 in a 
quantitative manner, it is appar
ent how certain simple types of 
modulation, such as square-wave 
amplitude modulation or sawtooth 
frequency modulation, may be 
obtained by reflector-voltage mod
ulation. The requisite reflec
tor-voltage modulation and the 
resulting output waveform are 
indicated in Fig. 2-5. 

2-3. More Detailed Charac
teristics of the Reflex Klystron. 
Universal Mode Shapes.—For 

many purposes involving a quantitative specification of such modu
lation, the behavior shown in Fig. 2-4 must be described in a more 
exact and quantitative fashion. It turns out, subject to some simple 
conditions which need not be stated, that the mode characteristics 

1.5 times 
optimum load 

Optimum 0.5 times 
load optimum load 

FIG. 2-6.—Universal mode curves for 
the reflex klystron for three different loads. 
Output power and relative frequency are 
shown as functions of relative reflection phase 
angle 4>\ graphical determination of half-
power electronic-tuning range Af\^ indicated 
by construction lines. Reflector voltage 
decreases with increasing c/>. 
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of a reflex klystron may be represented by a single set of universal curves. 
Three such curves are shown in Fig. 2-6. The horizontal coordinate in 
these curves, denoted by </>, is the difference between the values of the 
transit angle (measured in radians at the center frequency) at the point 
in question and at the center of the mode; 4> increases with decreasing 
reflector voltage. Since the transit angle changes by 2w radians in going 
from one mode to the next, the conversion from reflector volts to relative 
transit angle in such a diagram as Fig. 2-4 is a matter of straightforward 
interpolation. The different curves in Fig. 2-6 correspond to different 
external loads applied to the tube, as indicated in the figure. By a 
"heavy" or " large" load is meant one which necessitates a large starting 
current. At optimum load, the starting current is about 44 per cent of 
the operating current; hence at 1.5 and 0.5 times optimum load, the 
respective starting currents are 66 and 22 per cent of the operating current. 

Electronic-tuning Characteristics.—It will be observed in Fig. 2-6 
that while the output-power characteristics of the mode change in shape 
with change in load, the frequency characteristic simply changes its 
vertical scale factor; this frequency characteristic is given by the simple 
relation 

tan <f = 2Q- ( ^p2 , (1) 
Jo 

in which / is the frequency of oscillation, fn is its value at the center 
of the mode (resonant frequency of loaded cavity), and the circuit Q 
includes the effect of the load. Thus the Q's for the heavy, optimum, and 
light loads shown are in the ratio 0.67 to 1 to 2, and this is the vertical 
scale factor to which reference was made. A simple relation is obvious: 
the rate of electronic tuning at the center of the mode, expressed as 
fractional change in frequency per radian change in reflection transit 
angle, is given by 

!(*£) = - J.. (2) 
/„Wo 2Q {Z) 

In practice one is usually more interested in the total range of elec
tronic tuning than in the tuning rate. The electronic-tuning range is 
normally specified as the difference in frequency, A/^, between the fre
quencies at which the power falls to half its maximum value. In Fig. 
2-6 the graphical deduction of A/i; from the power and frequency charac
teristics has been indicated. It is apparent, in the first place, that the 
tuning range is much less dependent on the load and on the Q than is 
the tuning rate at the center of the mode. This is because the load giving 
the highest Q and the lowest tuning rate also allows oscillation over the 
largest range of phase, so that the effects of tuning rate and phase width 
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of the mode neutralize each other. In particular, the load for which 
the electronic-tuning range is a maximum gives the maximum output 
power. To verify further the essential simplicity of nature, it turns out 
to be true that QAfn/fo = 1.2 at optimum load, that is, the electronic-
tuning range at optimum load is approximately the bandwidth of the 
loaded cavity at this load (and only at this load). 

In the case of optimum load, the mean electronic-tuning rate, averaged 
between half-power points, is 

1(&\ = _ J_. n) 
This is equivalent to saying that the frequency deviation at half power 
is about 40 per cent greater than it would be if the tuning rate at the 
center of the mode were followed throughout. If the frequency devia
tion is halved, the nonlinearity of electronic tuning is reduced to 11 
per cent. 

In practical cases the tuning rate, which is of interest, is expressed in 
megacycles per second per volt on the reflector; the conversion from the 
above form requires only the conversion already mentioned from transit 
angle to reflector voltage. 

Electronic-tuning Hysteresis.—This discussion of mode shapes affords 
an opportunity for answering a question which was left unanswered at 
an earlier stage: What happens to the electrons which, having made two 
transits of the gap, go on to make further transits? Between grid 
absorption and electron-optical aberrations, not many electrons do make 
multiple transits; but this partially begs the question. Those electrons 
which do make three or more transits are the most common cause of 
occasional abnormalities of which an example is shown in Fig. 2-7. 
Such phenomena are collectively labeled "electronic-tuning hysteresis" 
since they include situations when the output power and frequency at a 
given reflector voltage depend upon the direction of approach to this 
reflector voltage. As mentioned in the later discussions of specific 
tube types, these effects have been largely eliminated from the more 
recent tubes by designing the electron optics to prevent multiple transits. 
They are also affected considerably by load and beam current and may 
usually be ameliorated by adjustment of these factors. In any case 
the remaining discussion of output characteristics will be for normally 
behaving modes such as those appearing in Fig. 2-4. 

Load Effects.—All the comments which have so far been made about 
the effects of load on the operation of a reflex oscillator are based on 
the implicit assumption that this load is insensitive to frequency and 
nonreactive and that in all its effects it acts as if it were simply a resistance 
connected across the r-f gap of a klystron oscillator. In general, this 
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situation may be obtained only with special loading conditions and at a 
particular frequency; it is the exception rather than the rule. 

One of the most convenient ways of presenting information on 
oscillator performance in the presence of more general loads is the 
so-called "Rieke diagram." This is a graphical presentation of the 
variation of any one oscillator characteristic—most commonly, output 
power or frequency—as a function of the load which the oscillator 
sees. This load may be described as a terminating impedance in the 
transmission line into which the oscillator is coupled; hence the most 
common way of specifying a load is by the magnitude and phase of the 

FIG. 2-7.—Examples of hysteresis and associated phenomena in reflex klystrons. Reflec
tor voltage is being subjected to a sine-wave sweep. The arrows indicate the direction of 
motion of the trace. Reflector voltage is increasing to the left. 

reflection coefficient which would produce the standing waves which are 
present in the line. The most common Rieke diagram is thus one in 
which the magnitude and phase of this reflection coefficient are used as 
polar coordinates to specify a load plane in which the contours of con
stant oscillator characteristic are plotted. 

For an oscillator which has been designed with the effects of the load 
taken into account, optimum output power (and hence optimum elec
tronic-tuning range) will occur at the center of the Rieke diagram, that is, 
for a matched transmission line. The Rieke diagrams for all such 
tubes are similar to each other. In Fig. 2-8 is shown such a Rieke 
diagram as measured for a type 723A/B klystron with fixed reflector 
voltage. For reference purposes, the contour of a constant voltage 
standing-wave ratio of 1.5 in the output transmission line (1-in. X i-in. 
waveguide) is shown; it is a circle concentric with the origin. 
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I t will he observed that a voltage standing-wave ratio up to 1.5 has 
very little adverse influence on the output power. As the phase of this 
standing wave is changed, the frequency of oscillation is "pulled." At 
larger values of standing-wave ratio there is a region of the diagram, the 
"sink," for which the load is too heavy for oscillations to occur. But 
perhaps the most intriguing feature of Fig. 2-8 is the region behind the 
sink, where for a given load (a given point in the diagram) there are two 
different stable amplitudes and frequencies of oscillation. Without 
going into details, this phenomenon only occurs when the actual load 
is some distance away from the oscillator. A given geometrical distance 

F I G . 2-8.—Rieke diagram for 723A/B reflex klystron (" 250-volt mode") . Region of 
no oscillation cross-hatched; region of double-valued operation lies behind the heavy dotted 
line. Line length from tube to load is 10X. 

corresponds at different frequencies to different electrical distances 
(wavelengths); and when this variation of electrical distance becomes 
appreciable over the range of frequencies shown in the Rieke diagram, 
the "long-line effect" enters in as shown in the double-valued region of 
Fig. 2-8. 

By comparison of a number of Rieke diagrams like Fig. 2-8, all taken 
at different reflector voltages, it would become apparent that one very 
painful effect of long lines (or, of course, of any frequency-sensitive 
load) is to cause hysteresis in the reflector-mode shape. A corollary 
to this is the occurrence of frequency discontinuities as the reflector 
voltage is varied. For all such ailments, the principal cure is to keep 
the distance from tube to load small and to keep the standing wave 
which the tube sees small. 
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Variation of Characteristics from Mode to Mode.—All the comments 
up to the present point have had to do with what happens within a single 
mode, with no mention of the differences between the modes which 
are apparent in Fig. 2-4. One simple difference is obvious. I t has been 
seen that all modes at optimum load are supposed to have the same 
width in radians of transit angle; but since the modes are closer together 
at low reflector voltage, this is a region of more radians per volt and 
hence of modes narrower in voltage. 

There are two much more basic differences between modes; namely, 
the maximum output power and the starting current for a given load 
are both inversely proportional to {n + f). The first point partially 
explains the variation of power from mode to mode in Fig. 2-4. The 
second says that the required optimum load is heavier for higher values 
of n, and hence that the electronic-tuning range is proportional to 
(n + f). Note that these comparisons of modes may not be carried 
out too closely in Fig. 2-4 when the same constant load is used for all 
modes. 

Dynamic Modulation Characteristics.—The foregoing sums up briefly 
the static amplitude and frequency characteristics which are relevant to 
modulations such as those of Fig. 2-5. It is to be expected that the 
application of such static characteristics to dynamic modulation must 
break down when sufficiently high modulation rates or sufficiently rapid 
transients are considered. The following comments represent what is 
known about these points. Amplitude modulation begins to depart 
from static behavior when times comparable to the decay time of the 
loaded resonant cavity or frequencies comparable to the bandwidth 
of the cavity are involved. Thus, for example, at optimum load, the 
higher the electronic-tuning range the shorter the pulse buildup time. 
Frequency modulation, on the other hand, so long as it is carried out 
with small deviations of frequency about the maximum-power point, 
involves no time rate of change in the energy stored in the circuit and is, 
therefore, unaffected by circuit Q. The first limiting frequency which is 
encountered is probably the time of electron reflection, which is usually 
smaller than the circuit decay time by at least an order of magnitude. 

2-4. Frequency Multiplication in Detector Crystals.—The end of the 
present section seems an appropriate place to summarize briefly the 
subject of frequency multiplication by means of detector crystals. 
This is a technique which is useful in working at a new frequency at which 
no electronic sources are yet available; it makes use of the distortion of an 
input sine wave in a rectifying crystal to generate harmonics of the input 
frequency. 

A typical arrangement for accomplishing this is shown in Fig. 2-9. 
There are an input and an output line from the crystal. The input 



34 POWER SOURCES [SEC. 2-5 

Crystal -| L Harmonic waveguide; 
cutoff at fundamental 

F I G . 2-9. 

\E -"-Harmonic 

^ > - Chokes 

Fundamental 
—R-f circuit for frequency doub
ling in crystal detector. 

line is coaxial and sc dimensioned that it supports only the lowest coaxial 
mode at the harmonic frequency in question; it is then fitted with chokes 
which prevent any harmonic power from flowing into this line. The 
output line, on the other hand, is a waveguide which can transmit the 
harmonic but will not transmit the fundamental frequency. Preferably, 
the output waveguide presents a match looking from the crystal. For 
best harmonic generation, the two adjustable short circuits are necessary 
to adjust the standing waves in the vicinity of the crystal. Roughly 
speaking, their optimum adjustment is such that the crystal presents a 

match to the harmonic waveguide, 
at low power levels. 

With careful construction, ad
justment, and selection of crystals 
such an arrangement has given a 
conversion loss of 10 db in going 
from 100-mw input power at 10,000 
Mc/sec to 10-mw harmonic power 
at 20,000 Mc/sec. Less careful 
operation would probably give a 
20-db loss; but the loss is diminished 
by use of a higher input power. 

2-6. Specific Reflex-klystron Tube Types.—A number of reflex-
klystron oscillators have been developed in recent years, mostly for use 
as local oscillators in superheterodyne receivers and as bench oscillators 
for test purposes. I t is to be expected that eventually many of the 
currently available types will become obsolete. It nevertheless seems 
worth while to make a brief survey of the currently available types of 
tubes and their characteristics, both as an aid to prospective users and 
as a means of illustrating the foregoing discussion. 

The properties of the tubes to be discussed are summarized in Table 
2 1 . An effort has been made in this table to give data corresponding 
to typical operation of typical tubes; the beam voltages and the currents 
are thus usually less than the maximum rated values, and the output 
power and the electronic-tuning range are in most cases some 30 to 50 
per cent higher than the values required to pass the manufacturer's 
test specifications. A number of details relevant to the use of such tubes 
are omitted here and are available in the technical information sheets of 
the respective manufacturers, which should be consulted in any case 
before actually using the tubes. 

When output power, electronic-tuning range, and electronic-tuning 
rate are given for a single frequency in the tuning range of the tube in 
question, this is so noted in the column headed " N o t e s " ; additional 
comments on frequency dependence will usually be found in the text. 



Type no. 

2K25 
(723A/B) 

726C 
726B 
726A 
2K29 

2K22 

2K27 
2K26 

2K28 
(707B) 

Frequency 
range, 
Mc/sec 

8500-9660 

2700-2960 
2880-3175 
3175-3410 
3400-3900 

4300-4900 

5200-5570 
6250-7060 

1200-3750 

TABLE 21.—SUMMARY OF REFLEX KLYSTRON 

Beam 
voltage, 

volts 

300 

300 
300 
300 
300 

300 

300 
300 

250 

Beam 
current, 

ma 

22 

22 
22 
22 
22 

22 

22 
22 

25 

Reflector 
voltage, 

volts 

110-170 

60-110 

90-130 
90-130 

130-165 
90-172 

110 
230 

Power 
output, 

mw 

28 

23 

120-200 
70-155 

110 
75-150 

(75) 

(40) 
(25) 

70 
110 

CHARACTERISTICS 

Electronic 
tuning 
range, 
Mc/sec 

45 

65 

30 
35 
30 
48-34 

21 
22 

Electronic 
tuning rate, 
Mc/sec per 

reflector 
volt 

2.2 

4.2 

0.9 

1.7-0.7 

0.85 
0.60 

Mfr. 

BTL 
WE 

Raytheon 

WE 
WE 
WE 
BTL 
WE 
BTL 
WE 
BTL 
BTL 
WE 

Raytheon 

Notes 

" 160-volt 
mode" 

"100-volt 
mode " 

3500-
Mc/sec data 

So 

I 
So 

o 

to 

a 



Type no. 

2K41 
(417A) 

2K39 
(419B) 

2K42 
2K43 
2K44 
3K27 
3K23 
2K45 

2K33 
2K50 

2K48 

2K49 

T A I 

Frequency 
range, 
Mc/sec 

2650-3320 

7500-10300 

3300-4200 
4200-5700 
5700-7500 

770-970 
950-1150 

8500-9660 

23600-24400 
23500-24500 

3000-5000 

5000-10000 

LE 2-1 .—SUMMARY OF R E F L E X K L Y S T R O N CHARACTERISTICS.— 

Beam 
voltage, 

volts 

1000 
400 

1250 

700 
1250 
1250 
1250 
1000 
1000 

300 

1800 
300 

1000 

1250 

Beam 
current, 

ma 

50 

45 

19 
45 
45 
45 
60 
60 
25 

8 
22 

10 

12 

Reflector 
voltage, 

volts 

380 
50-180 

600 
350 

40 
< 750 
< 750 
< 750 
< 600 
< 600 

95-145 

100 
60-80 

75-300 

50-350 

Power 
output , 

mw 

450 
55-35 

350 
270 

70 
600 
600 
700 

1500 
1500 

30 

20 
10 

20 

10 

Electronic 
tuning 
range, 

Mc/sec 

6 
8-3 

20 
40 

6 
12 
17 
20 

6 
6 

45 

40 
55 

-(Continued) 

Electronic 
tun ing rate, 
Mc/sec per 

reflector 
volt 

0 .04 
0 . 2 7 - 0 . 1 0 

0 .26 
0 .50 
0 .6 
0 .07 
0 .15 
0 .23 
0 . 0 3 
0 . 0 3 
0 . 7 

1.5 

Mfr. 

Sperry 

Sperry 

Sperry 
Sperry 
Sperry 
Sperry 
Sperry 

BTL 
W E 

Ray theon 
BTL 
W E 
B T L 

Sperry 
B T L 

Sperry 

Notes 

Vo = + 4 0 
Va = + 2 0 

Thermal ly 
tuned 

Thermal ly 
tuned 

0 3 

o 

to 
fa 

ft) 

hi 
fa 

02 
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When the behavior is known to be approximately uniform over the band 
(for example, ±15 per cent), a single average characteristic is given; 
otherwise the values at the lower and upper frequency limits of the band 
are given, in that order. When the data given cover a band of fre
quencies, as just discussed, the mean reflector voltages for the mode in 
question are given in the same order. These voltages are all negative 
with respect to cathode. Data are given only for the preferred or more 
commonly used reflector modes. There is usually considerable scatter 
about the stated voltages from tube 
to tube because of mechanical toler
ances in reflector spacing. The elec
tronic-tuning rate given is the average 
value for the electronic-tuning range, 
that is, electronic-tuning range divided 
by the difference between the half-
power reflector voltages. 

The abbreviations used under 
"Manufacturer" are, in full, as 
follows: 

BTL—Bell Telephone Laborato
ries, 463 WTest St., New York, N.Y. 

WE—Western Electric Co., 120 
Broadway, New York, N.Y. 

Sperry—Sperry Gyroscope Co., 
Great Neck, N.Y. 

Raytheon—Raytheon Mfg. Co., 
Waltham, Mass. 

2-6. The 723 Family of Reflex 
Klystrons.—The first eight tubes in 
Table 2 1 form a family of oscillators 
which are nearly identical in external 
appearance (see Fig. 210) and differ 
primarily in the size of the frequency-
determining resonant cavity. This 
resonant cavity lies completely within 
the metal vacuum envelope so that these differences in size are 
not apparent externally. The frequency of oscillation is varied by 
turning a tuning screw which flexes the tuning bows on the side 
of the tube. This motion is transmitted to one of the grids forming the 
cavity gap, and in the process part of the vacuum envelope (and cavity 
wall) is slightly distorted. The reflector voltage is applied to the top cap. 
The r-f output lead is a coaxial line which passes out through the tube 
base at the usual position of the No. 4 pin. A schematic diagram of the 

F I G . 2-10.—External view of the 
type 2K25 reflex klystron. Note coaxial 
output line protruding through the base. 
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Resonant cavity-

tube construction is shown in Fig. 2-11. More details concerning 
mechanical properties and r-f connections will be given after a discussion 
of the electrical properties. 

The first tube of this series was the early form of the 2K25, the 723. 
There are two main differences between the 2K25 and the 723A/B: 
the 2K25 has a slightly wider tuning range and meets a minimum output-
power specification of 20 mw throughout the band rather than at 9380 

Flexible diaphragm^ 

, Reflector -

Resonator grids 

Mechanical 
tuning strut 

Focusing grlci 

Coupling loop 

Electron gun 

Coaxial line 
output Mechanical tuning strut -

varies distance "D" & 
distance between 
resonator grids 

'•A" & "B" —R-f output probe 

F I G . 2-11.—Schematic diagram of 723 construction. 

Mc/sec alone, as is required of the 723A/B. The 723A/B is presumably 
obsolete. 

All the tubes of this family operate at a normal voltage of 300 volts 
and a beam current averaging 22 ma. Modes of oscillation occur in 
the range of reflector voltage from 0 to 300 volts negative with respect 
to cathode. In this range there occur four or five modes in the 2K25 
and two or three in the 726 and 2K29. In the 2K25, the two most 
commonly used modes are the "100-volt mode" and the "160-volt 
mode," so called from their mean position for an operating wavelength 
of 3.2 cm. In the 2K29 and 726, the phenomenon of electronic-tuning 
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hysteresis—which is present to a slight degree in the 2K25—becomes 
much more troublesome. Design features incorporated in the tubes to 
minimize this effect are not equally effective for all modes; therefore, 
in the 2K29 and the 726 there is a single recommended mode. A scatter 
of roughly ±30 volts about the quoted reflector voltages may be expected 
from tube to tube in this family. 

Insulating material 

0.870"—» 

/TTN sv\ 

^JCZ 
FIG. 2-12.—Schematic diagram of 2K25-to-waveguide socket and mount. Note the 

insulating bushing between waveguide and the tube for 2K25 output coaxial line; this acts 
as part of a choke joint and also serves to provide d-c insulation of the 2K25 from ground. 

The 2K25 and 2K29 have been "preplumbed," by which it is meant 
that the r-f output leads have been designed to provide best oscillator 
performance when the tube works into a specified standard matched 
transmission line, as will be discussed shortly. The 726A, B, and C 
are not preplumbed, and if used with the r-f output fittings which are 
standard with the 2K29, require a matching transformer to obtain 
maximum output power. 

The 2K22, 2K27, and 2K26 have been made only in limited produc-
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tion and their properties are not so well defined as those of the tubes 
just discussed; therefore, only an approximate output power is indicated 
in Table 2 1 . 

The standard—and obvious—method of coupling power from the 
2K25 to the 3-cm waveguide is indicated schematically in Fig. 212. 
The coaxial output line extends through a clearance hole in a conventional 
tube socket and projects into the waveguide in a direction parallel to 
the .E-lines; the outer conductor of the line is then flush with the inner 
wall of the waveguide. For better electrical contact the connection 

® Max. clearance 0.005" 

FIG. 2-13.—Recommended adapter from output line of 2K29 klystron to i^-in. 50-
ohm coaxial line (type N fitting). When this 50-ohm line is matched, optimum load is 
presented to the klystron. All metal parts are silver-plated brass. The dielectric is 
polystyrene. 

between waveguide and outer conductor is a choke joint. If the wave
guide is matched, the mount shown in Fig. 2-12 loads the 2K25 to maxi
mum output power. I t should be noted that any motion of the tube in 
its socket will change coupling and output power, and that any surface film 
of dirt on the polystyrene bead at the end of the coaxial line will cause 
r-f losses. 

At 10 cm, for which the 726 and 2K29 tubes are designed, waveguide 
is not commonly used for these low powers. An adapter from the small 
■|-in. line on the tube to some more standard line is therefore indicated. 
In Fig. 2-13 is shown an adapter to standard r^-in. 50-ohm coaxial line, 
as recommended by the manufacturer. The 2K29 puts out practically 
its maximum power into a matched 50-ohm line through this adapter, 
and this is the condition under which the data in Table 2-1 were taken. 
The 726A, B, and C, as already noted, require an impedance transformer 
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to obtain the output power listed in the table. The electronic-tuning 
range quoted for the 726C corresponds to the load adjusted for maximum 
output power, while for the 726A and B it was obtained with the tube 
working into a matched 70-ohm line. 

2-7. The Type 2K28 Reflex Klystron.—The next tube in Table 2-1 is 
the 2K28, the only one of those listed in which the resonant cavity does 
not lie completely within the vacuum. I t is electrically comparable 

FIG. 2-14.—Type 2K28 vacuum tube, showing copper disks protruding through glass 
vacuum envelope. In use, these disks are clamped to remainder of oscillator circuit, as in 
Fia. 2-16. 

to, but chronologically earlier than, the 2K25 family. In the 2K28, 
as may be seen in Fig. 2-14, two copper disks that form part of the cavity 
walls project through the glass vacuum envelope; the surfaces which 
complete the cavity, of whatever form the surfaces may be, make con
tact with these projecting copper disks. One of the principal advantages 
of this construction, aside from ease of manufacturing, is the freedom 
it gives for choice of the external part of the resonant cavity to suit 
the application and the desired frequency of operation. Thus, although 
the most general application has been at the 10-cm band and above 
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2000 Mc/sec, oscillations have been obtained down to nearly 1000 Mc/sec 
by proper choice of external cavity. Near this frequency the (n. = 1)-
mode approaches zero reflector volts; and although the (n = 0)-mode 
may be operated at some frequencies below 700 Mc/sec, it is very 

unsatisfactory. 
The 707B is an earlier form of the 

2K28 which differs from it only in 
mechanical respects, being about 1£ 
in. longer and having slightly more 
drift of frequency with temperature 
in certain external cavities. In elec
tronic characteristics and in dimen
sions relevant to the attachment 
of the cavity, the two types are 
identical. The most usual operating 
voltage for the 2K28 is that given 
in Table 2-1, 250 volts. The tubes 

may be operated at 300 volts but the electronic-tuning range is almost 
unaltered and the output voltage does not increase so fast as the input 
voltage. In the vicinity of 3000 Mc/sec there are two convenient modes 
corresponding to n = 2 and n — 3 . Both have about the same elec
tronic-tuning range; the (n = 2)-mode is, as usual, higher in output 

500 

400 

300 
e 

200 

100 

0 

V 
\ 

^. 

s^Tl = 

n = 3 

x^ 

2 

= 1 

8 10 12 18 20 22 14 16 
K in cm 

F I G . 2-15.—Reflector mode pattern for 
the type 2K28 klystron: dependence on 
wavelength of the reflector voltages at 
which the mode centers occur. 

¥ i o . 2-16.—Tunable cavity for the type 2K28 klystron for the 8- to 12-cm region. 
Tuning is accomplished by motion of the sliding plungers at either end of the cavity, which 
is rectangular in form. 

power and the (n = 3)-mode is higher in electronic-tuning rate. In 
Fig. 2-15 there is shown a typical relation between reflector voltage and 
wavelength for the various modes of oscillation of a 2K28. The most 
generally useful external cavity for use with the 2K28 over the 2500-
to 3800-Mc/sec range is that shown in Fig. 2-16. This covers the stated 
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range by motion of the two sliding plungers in a rectangular waveguide, 
in the center of and transverse to which is clamped the vacuum tube. 

For the much less frequent use at longer wavelengths the resonant 
cavity has usually consisted of a coaxial line folded back on the tube. 
One of the difficulties with such a circuit is a tendency toward oscillator 
operation in harmonic modes of the circuit, but this difficulty is not too 
serious since such modes of oscillation do not usually occur at the same 
reflector voltage as the fundamental mode. Electronic-tuning hysteresis 
is also somewhat greater with the {n = 0)- and (n = l)-modes used at 
longer wavelengths. 

2-8. The Type 417 Family.—Following the 2K28 in Table 2-1 is 
another sizable homogeneous family, the 2K41 (or 417A), the 2K39 

F I G . 2-17.—External view of the type 2K41 reflex klystron. 

(419B), and a series of tubes intermediate in frequency between these two 
(the 2K42, 2K43, and 2K44). This family of tubes covers the band 
2650 to 10,300 Mc/sec. Primarily a higher-voltage, higher-power, and 
more stable type of tube than those so far discussed, they operate at a 
maximum beam voltage of 1250 volts, at which the normal beam current 
is 45 ma. As is apparent in Table 2-1, the high beam impedance acts to 
diminish the electronic-tuning range and electronic-tuning rate; the 
higher d-c input voltage produces output powers of the order of | to 
T watt. 

The 2K41,- to which the other tubes of this family are externally 
quite similar, is shown in Fig. 2-17. The resonant cavity is completely 
enclosed by the metal vacuum envelope; its frequency is adjusted by a 
change in cavity-gap spacing accompanied by flexing of a diaphragm 
which is part of the cavity wall. This tuning is effected by relative 
motion of the two tuning rings which may be seen in Fig. 2-17; this 
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motion is controlled by a tuning khob. The solid and heavy construc
tion of the tube and tuner contributes to mechanical and thermal stability. 

In the 2K41, adjustment of the tuning knob alone covers the specified 
frequency band; in the other tubes, adjustment of the tuning knob alone 
covers about one-third of the total range, and the tuning screws must be 
adjusted to set the center point of this restricted range. This change to 
the full-range tuner distinguishes the 2K41 from the 417A which it 
supersedes. The latter also has a beam-voltage maximum of 1000 volts; 
otherwise the two differ only in minor details. The 2K39 and the 419B 
differ only in name. The output leads are in each case a coaxial line 

with a type SKL fitting. An 
adapter, JAN type UG-131/U, 
converts this to a type N fitting; 
or plugs JAN types UG-275/U 
and UG-276/U are used to go 
directly to JAN type RG-5/U 
flexible coaxial cable. The 2K41 
has two output leads, the other 
tubes have one. None of the 
tubes are preplumbed, so that a 
coaxial matching transformer is 
used to obtain the optimum out
put data indicated in Table 2 1 . 
With the 2K39, an adapter pro
viding a matched transition from 
coaxial line to waveguide is needed 
in addition; such a transition is 
shown in Fig. 218. Since coaxial 

lines and coaxial transformers are lossy in the frequency range of the 
2K39, the best arrangement for the 2K39 is probably one using as 
short a section of line from tube to waveguide as possible, followed by a 
matching transformer in the waveguide. 

All of these tubes have control electrodes in the electron gun; the 
corresponding applied voltage Va is given under " N o t e s " in Table 2-1. 
In the 2K41 this control electrode is a fine mesh control grid with a high-
n action; this control grid normally runs between 0 and + 5 0 volts with 
respect to cathode. In the other tubes the auxiliary electrode is a 
focus ring which is normally run at cathode potential, but which has 
its own base pin so that it may be run at a nonzero voltage if control 
over the current is desired; this focus ring has a very low-ju action. 

The electronic-tuning range and the output power quoted for the 
2K41 at 1000 volts are not increased appreciably if the voltage is raised; 
nor do they drop very much if the voltage is lowered to 800 volts, but 

F I G . 2-18.—Schematic diagram of matched 
transition from fV-in. 50-ohm coaxial line 
(type N fitting) to 1-in. by $-in. waveguide. 
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if this is done, the necessary reflector voltage rises another 100 volts. 
The unusually low electronic-tuning rate of 0.04 Mc/sec per volt on the 
reflector should be noted. 

The data given for 400 volts for the 2K41 correspond to the (n = 4)-
mode, the mode which behaves in the most constant manner over the 
band. In the lower half of the stated frequency range, the (n = 3)-mode 
(180 to 380 reflector volts) has some 40 per cent more power and 55 per 
cent less electronic-tuning range. 

The data for the 2K39 are self-explanatory. At 1250 volts there are 
two good modes; the (n = 5)-mode provides a marked increase of 
electronic tuning at little cost in output power. Output power is still 
appreciable in the (n = 9)-mode at 700 volts, but drops off very rapidly 
below this because of the coarseness of the tungsten vane grids which 
constitute the cavity gap. The data shown are for 9350 Mc/sec, near 
the upper end of the frequency band, because this is where the data are 
the most reliable and the applications most numerous; data at 8400 
Mc/sec are closely similar to those shown. Output power and electronic-
tuning range are higher at the center of the band and are dropping off 
rapidly at 9350 Mc/sec. 

The 2K42, 2K43, and 2K44 are much newer tubes than the 2K41 
and 2K39. They are very similar in all details to the 2K39, from which 
they are derived. 

2-9. The Types 3K23 and 3K27.—In a sense, the 3K27 klystron 
shown in Fig. 2-19 and the 3K23 are members of the 2K41-2K39 family 
although they operate in the frequency range 770 to 1150 Mc/sec. 
They have the same general tuning arrangement and mechanical con
struction, somewhat enlarged because of the longer wavelength. Like 
the 2K41, they have a tuner which covers the whole frequency range by 
rotation of a single knob without other adjustments. The electron gun 
has a somewhat lower beam impedance (higher perveance) and normally 
operates at 1000 volts, 00 ma, with the low-^ focus ring connected to 
cathode. The 3K27 and 3K23 are not preplumbed; the output lead is a 
coaxial line of the same type as is used in the 2K41. Output power and 
electronic-tuning range average l i watts and 6 Mc/sec over the tuning 
range. There is occasional electronic-tuning hysteresis. 

2-10. The Type 2K45.—Both of the first two families of tubes dis
cussed (the 723 and 417 families) included tubes at some or all of the 
frequencies between the 10-cm and the 3-cm bands. Both families are 
mechanically tuned and differ electronically in the features emphasized. 
A third type of tube is available in the 2K45, which is electronically 
quite similar to the 2K25 but is radically different in method of tuning. 
It is very likely that tubes similar to this type will be developed at other 
frequencies, thus building up a third family. The 2K50, to be discussed 
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shortly, is not quite in this same family, although it uses the same basic 
method of tuning; perhaps it is a first cousin to the 2K45. 

The frequency of oscillation of the 2K45 is adjusted by the process 
of "thermal tuning"; by this is meant that the necessary mechanical 
distortion of the resonant circuit is produced by the thermal expansion 
of a tuning element. In the 2K45 and 2K50, the thermal expansion 
of this element is amplified mechanically before being applied to the 
resonant circuit. The thermal element is the plate of a "thermal tuning 
triode" which is built within the vacuum envelope which encloses the 

F I G . 2-19.—External view of type 3K27 reflex klystron. Note single-knob parallel-motion 
tuning mechanism. 

oscillator; the anode and cathode of this triode are tied to the anode 
(resonator) and cathode of the klystron, respectively; a negative control 
grid varies the current flow to, and thus the temperature of, the thermal 
element. This control of frequency by a high-impedance electrode is a 
very desirable feature for circuit applications. A photograph of the 
tube is shown in Fig. 2-20. 

In the 2K45, the thermal triode draws a maximum current of 20 ma 
at 300 volts, or 6 watts dissipation. This maximum current occurs at 
control-grid voltage about —5 volts with respect to cathode; —35 
volts on the control grid reduces the thermal-anode current nearly to 
zero. This range of thermal control tunes the frequency at least over 
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the specified range 8500 to 9660 Mc/sec; and if, after the frequency has 
stabilized at one of these two limits, the tuning current is suddenly 
shifted to its maximum or minimum allowed value corresponding to 
the vicinity of the other end of the frequency scale, then the frequency 
is changed at such a rate that the speci
fied range 8500^0.9660 Mc/sec is cov
ered in not more than nine seconds. 

As already noted, the 2K45 is elec
tronically similar to the 2K25, although 
not identical to it. Electronic-tuning 
hysteresis has been practically elimi
nated for the 120-volt mode and the r-f 

FIG. 2-20.—External view of the type 2K45 
reflex klystron. Note the coaxial output lead 
extending through the base, and the absence of 
external tuning mechanism. 

F I G . 2-21.—Schematic diagram of 
the type 2K33 reflex klystron. Rec
tangular waveguide leading from the 
radial transmission line is not shown. 

output line has been very much improved electrically. The 2K45 is 
designed to operate into a mount such as that of Fig. 2-12. 

2-11. One-centimeter Reflex Klytsrons.—The next two tubes in 
Table 2 1 , the 2K33 and the 2K50, operate at 1 cm (24,000Mc/sec). 
The 2K33 is a high-voltage mechanically-tuned tube of simple construc
tion which lends itself to quantity production. The 2K50 is a low-
voltage thermally-tuned tube; both these features render the fabrication 
somewhat more complicated than that of the 2K33. 

A schematic diagram of the 2K33 is shown in Fig. 2-21. This tube 
utilizes the same type of copper-disk construction as does the 2K28, with 
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a radical difference: the glass seal comes not inside the resonant cavity 
itself, but rather in a region outside the cavity which may be considered 
to be part of an impedance-matching transformer between the cavity 
and the rectangular-waveguide transmission line. Coupling out of the 
cavity is done by means of a quarter-wavelength section of radial wave
guide formed by an indentation of corresponding length in one of the 
disks. The remainder of the impedance transformer is another section 
of radial waveguide bounded by a metallic wall formed by clamping 
a thick plate between the opposing disks. Out of this radial waveguide 
leads the usual rectangular waveguide. The present production tubes 

have, as an aid to impedance-matching, an addi
tional section of rectangular waveguide dia
metrically opposed to the output line, and 
short-circuited by a movable plunger, called the 
"back plunger." The tube is tuned by a knob, 
the rotation of which causes flexing of one of the 
disks in the region of the impedance transformer, 
and thus causes a change in the cavity-gap spacing. 

As an aid to focusing the beam through the 
very small hole (0.028-in. diameter) which forms 
the cavity gap, the electron gun has a focusing 
electrode. On current production tubes, there is 
stamped an optimum value of beam current 
(approximately 8 ma) for the operating beam volt
age of 1800 volts; the focusing electrode voltage 
should be adjusted to give this current. 

With proper values of beam current and adjust
ment of the back plunger, the output power and 
electronic range are quite uniform over the band. 

The tubes work into a matched load once the back plunger is adjusted. 
In early tubes there was troublesome electronic-tuning hysteresis, 

which has since been removed by a change in design. There is still, 
however, some "thermal hysteresis"; the final distribution of beam 
current on the disks depends on reflector voltage, and the tube parts in 
the neighborhood of the beam have such small heat capacity that, if the 
reflector voltage is swept at 60 cps, a noticeable difference in the fre
quency of oscillation occurs at a given reflector voltage, depending on 
the direction of approach. This difference disappears with a 1000-cps 
sweep. 

In contrast to the 2K33, the 2K50 achieves operation at a beam 
voltage of 300 volts by the use of fine tungsten grids for the cavity gap; 
this allows a larger beam and a smaller transit distance through the gap. 
An external view of the 2K50 is shown in Fig. 2-22; a schematic cross 

Fie . 2-22.—External 
view of type 2K50 reflex 
klystron. Note choke 
joint and glass window 
where the output trans-
m i s s i o n l i n e p a s s e s 
through vacuum envelope 
at top of tube. 
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section is shown in Fig. 2-23. The output power is coupled directly to a 
tapered waveguide through an insert in the side of the cavity; the output 
waveguide ends at a choke flange inside a glass window which is at the 
top of the tube and is part of the vacuum envelope; in operation this 
window is butted up against another waveguide choke joint. 

Tuning the frequency of oscillation is accomplished, as in the 2K45, 
by expansion of a thermal element which is the plate of a thermal tuning 
triode. The maximum power drawn by this thermal element is three 
watts. A variation of the thermal-triode control-grid voltage over the 
range 0 to —30 volts with respect to cathode covers a tuning range at 
least 60 per cent greater than the tuning range specified in Table 2 1 
for r-f operation, 23,500 to 24,500 Mc/sec. If the control-grid voltage 
is suddenly changed from one to the other of the two values which cor
respond statically to this 60 per cent enlarged tuning range, the frequency 
passes through the 23,500- to 24,500-Mc/sec range in about two seconds. 
For the reflector mode specified, electronic-tuning hysteresis has been 
reduced almost to the vanishing point. 

2-12. The Types 2K48 and 2K49.—The last two tubes in Table 2 1 , 
the 2K48 and 2K49, together cover the frequency band from 3000 Mc/sec 

Second disk 
First disk 

Electron gun 

Reflector terminal -

Insulator_ 

Base 

Fio. 2-24.—Cut-away view of the 2K49 tube. 

to 10,000 Mc/sec; 3000 to 5000 Mc/sec is the operating range of the 
2K48, 5000 to 10,000 Mc/sec that of the 2K49. In order to allow the 
tuning of the oscillator circuit over these wide bands, these oscillators 
are of the external-cavity type; the construction of the vacuum-tube 
part of the oscillator is such as to make convenient a resonant circuit 
which is a coaxial line enclosing the reflector leads. Sectional views 
of the vacuum tube by itself and placed in its associated coaxial cavity 
are shown in Figs. 2-24 and 2-25. 

A single reflector mode, that for which n = 1, provides the optimum 
operation over the 3000- to 5000-Mc/sec band in the 2K48; the reflector 
voltage at which this mode occurs increases from 75 to 290 volts as the 
frequency is varied. In the 2K49 no one mode covers the whole band; 
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three modes corresponding to n = 1, 2, and 3 must be used. The cor
responding reflector voltages range between 50 and 350 volts. The 
maximum beam voltage is 1500 volts for each tube. 

The center conductor of the coaxial resonant cavity is an integral 
part of the vacuum tube. A resonant cavity of the type shown in Fig. 
2-25 will of course resonate at a given frequency at a. number of different 
plunger settings; the shortest possible cavity length consistent with 
mechanical requirements should be used. With the optimum inner 
diameter of one inch for the outer conductor of the coaxial line, the mode 
of oscillation with a cavity length of a quarter wavelength is used in the 
2K48 and the mode with a three-
quarter-wavelength cavity is used 
in the 2K49. 

2-13. Reflex-klystron Power 
Supplies.—The general character
istics required of power supplies to 
operate these microwave oscilla
tors are apparent. There are two 
principal voltages to be supplied 
—the beam voltage and the reflec
tor voltage. The latter is applied 
to an electrode which normally 
draws only a few microamperes 
of current. Since the anode in a 
klystron is a somewhat sizable 
resonant circuit which usually 
forms part of the vacuum enve
lope, it is common practice to operate klystrons with the anode grounded. 
This may always be avoided if necessary, with a degree of inconvenience 
varying from tube to tube. Thus in the 2K25 (see Fig. 2-10) it is fairly 
simple to insulate the coaxial output line from the (grounded) waveguide 
into which this output line is inserted. The power supplies which will be 
discussed in detail are of the conventional type with high negative voltage. 

As to other power-supply requirements, each tube of course requires 
a heater supply (6.3 volts alternating current); in addition, the type 
2K41 normally requires a small positive control-grid voltage. Since 
one of the characteristics of the reflex klystron is sensitivity of frequency 
to beam and reflector voltages, these voltages must be regulated to a 
fraction of a volt. In addition to these necessities of life, it is very 
convenient to have included in the power supply some means for the 
square-wave amplitude modulation so commonly used in measurements. 

Two power supplies which have been developed for reflex klystrons 
and which have received considerable use will be discussed shortly. 
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F I G . 2-25.—Arrangement of the 2K49 

tube in its associated coaxial cavity. The 
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These power supplies use the conventional procedure of using a stepup 
transformer at line-frequency, then rectifying and regulating the trans
former output voltage. Before launching into the details of these sup
plies, however, attention should be called to the so-called "r-f power 
supplies" which are discussed at more length in Vol. 22 of this series. 
In these supplies an unregulated low voltage is used to drive an r-f 
oscillator at a frequency of, for example, several megacycles per second. 
The tank coil of this oscillator serves as the primary of an air-core 
stepup transformer operating at radio frequency; the resulting high r-f 
voltage is then rectified in the usual manner to give high d-c voltage. The 
principal advantage of this scheme is the use of a small and light air-core 
transformer. 

Returning to the subject of more conventional power supplies, it 
will be observed from Table 2 1 that a large number of the tubes there 
listed may be operated at 400 volts or below. For such tubes a very 
satisfactory power supply has been found to be the type TVN-7BL.1 

The output beam voltage of this supply is adjustable between 280 and 
480 volts; this range is easily changed to 180 to 300 volts. The reflector-
voltage range is —15 to —210 volts with respect to cathode. A positive 
control-grid voltage is available for the 2K41. A multivibrator type 
of square-wave generator with adjustable frequency is built into the 
supply, and its output voltage may be applied either to the control grid 
or to the reflector of the klystron. 

A circuit diagram of this supply is given in Fig. 2-26. The main 
power supply, working from the two transformers T\ and T2 and a full-
wave rectifier Vi, is separate from the square-wave modulator power 
supply which works from transformer T3 and the full-wave rectifier F2 . 

Control of the output voltage of the main supply is accomplished by 
tubes V3 and Vt, a 6Y6G and a 6SJ7, respectively. The former acts 
as a current-regulator tube, the grid voltage of which is determined by 
the plate current of the 6SJ7 flowing through the bias resistor, R2. 
An increase in the power-supply output voltage raises the grid voltage 
and plate current of the 6SJ7; the increased drop in R3 changes the 
grid voltage of the 6Y6G negatively. For a given current delivered to 
the klystron cathode, this change in grid voltage must be countered 
by an increase in the drop across the 6Y6G; with proper circuit adjust
ment, this restores the output voltage to its original value. 

The voltage which appears at the grid of the 6SJ7 is the difference 
between a positive voltage, taken from a voltage divider across the 
output voltage, and the fixed negative bias provided by F 6 and V6, two 
OC3/VR105 voltage-regulator tubes. The constant bias provided by 
these regulator tubes—in particular the independence of this bias on 

1 Manufactured by Browning Laboratories, Inc. Winchester, Mass. 
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6SJ7 plate current—is essential to the operation of this system. Adjust
ment of the bias, by means of the variable resistor R3, provides the means 
of controlling the output voltage of the power supply within the limits 
of 290 and 480 volts. If the resistors Rt and Rs are short-circuited, the 
output voltage range is 180 to 300 volts. 

The variable resistor R6 adjusts the feedback to the control tube and 
must be adjusted for the amount of feedback giving the best regulation. 
This adjustment, if impaired, is easily repeated by setting R3 to give 
approximately the desired output voltage, then varying the input a-c 
voltage with a Variac. Rt, is then adjusted until the input variation 
produces no output variation. 

As will be seen from the circuit diagram, the regulated reflector voltage 
is obtained by tapping off from a voltage divider placed across the two 
VR tubes. 

The voltage supply for the square-wave modulator is regulated by 
tube V8, a 0D3/VR150. Tube Vi, a 6SN7, and its associated circuit 
form a conventional multivibrator consisting of a two-stage resistance-
capacitance-coupled amplifier with the output leads of the second stage 
connected to the input leads of the first. The dual adjusting control 
of the grid returns, RT, adjusts the frequency of operation. In order to 
prevent the load from affecting the multivibrator frequency, the output 
voltage is taken from the buffer amplifier 79 , a 6V6 tube, which is in 
turn excited by the multivibrator. 

This multivibrator may be synchronized with an external oscillator, 
by injecting a synchronizing voltage at JV Such synchronization is 
of course not necessary for operation. 

The square-wave output voltage of the multivibrator is applied either 
to the klystron grid or to the reflector by switch Si, and is capacitively 
coupled to these electrodes. 

The one-megohm resistor in series with the reflector should be noted. 
This resistor is very convenient, but it means that one microampere 
flowing to the reflector will cause a one-volt change in reflector potential; 
hence the presence of resistor Rs which keeps the reflector voltage at 
least 15 volts negative with respect to the cathode. At any reflector 
voltage there will be a few microamperes of reflector current caused 
by gas and leakage, but all tubes are required to pass close specifications 
on this leakage current. 

In operating the high-voltage tubes, such as the 2K39, the power-
supply problems are somewhat more complicated in detail although not 
in principle. In Figs. 227 and 228 are shown, respectively, the high-
voltage power supply and the associated modulation circuits of a satis
factory power supply for these voltages as used in the SX-12 Klystron 
Signal Generator.1 The power supply and modulation circuits are 
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shown in two figures as a matter of convenience. In Fig. 2-27, the 
schematic diagram of the high-voltage power supply and the leads 
for the output voltages which are eventually applied to the klystron are 
shown. In Fig. 2-28 the actual connections to the klystron socket are 
indicated. 

Aside from the changes in tubes and components made necessary 
by the increased klystron current and voltage ratings, and aside from 
the time-delay relay arrangement, which is shown in Fig. 2-27, the elec
tronically regulated high-voltage power supply of Fig. 2-28 is basically 
the same as that shown in Fig. 2-26 for the TVN-7BL power supply. 
Electronic voltage regulation is achieved in an identical manner by use 
of a regulator tube, the control grid of which is activated by a regulator 
amplifier; this regulator-amplifier tube in turn has its cathode voltage 
held at a given reference level by a VR tube. The same regulator-
feedback adjustment is provided for compensating large line-voltage 
changes which alter VR tube characteristics. 

In the TVN-7BL, the klystron cathode was connected to the cathode 
of the regulator amplifier and a (positive only) klystron-control-electrode 
voltage was derived from the same voltage divider which supplied the 
regulator-amplifier-grid voltage. The SX-12 is intended to be used with 
certain tubes (for example, 2K41, 2K39) which, in the aggregate, require 
that the power supply must therefore produce both positive and negative 
klystron control-electrode voltages. Hence the klystron cathode is now 
connected to the cathode of the regulator reference VR tube, and positive 
or negative control-grid voltages are derived by potentiometers across 
adjacent VR tubes. The regulated reflector voltage is similarly derived 
by potentiometers across VR tubes, as in the TVN-7BL, but, because a 
large negative reflector voltage is useful in obtaining the high-power 
modes of the type 2K39 klystron, five OD3/VR150's are used in series. 
A coarse switching adjustment and a fine potentiometer control of the 
reflector voltage are indicated in Fig. 2-27; padding resistors in the 
switching arrangement provide overlapping of the voltage ranges. 

The resultant electrical characteristics of the output high voltage, 
as quoted by the manufacturer of the SX-12 klystron signal source, are as 
follows: beam voltage, +750 to +1250 volts at a maximum beam current 
of 50 ma; regulation, ±0.2 volts; ripple, 0.2 volts peak to peak; reflector 
voltage, 0 to — 750 volts at a maximum reflector current of 1 ma; regula
tion, ±0.5 volts; ripple, 0.2 volts peak to peak. In connection with 
these characteristics, it is particularly to be noted (see Fig. 2-28) that, 
as in the TVN-7BL, a high resistance is provided in series with the 
reflector as an aid to reflector-voltage modulation. Thus, if reflector 

1 Manufactured by the Sperry Gyroscope Co., Great Neck, N.Y. 
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current above a few microamperes flows, undesirable reflector-voltage 
and frequency modulation results. 

In Fig. 2-28 is shown a square-wave modulation circuit which has 
been developed for use with the klystron for which the high-voltage 
power supply of Fig. 2-27 is used; since some of these klystrons have modes 
of oscillation several hundred volts wide under conditions of maximum 
output power, a high-amplitude square wave is required for modulating 
these tubes. The square-wave generator shown has its own VR-tube-
regulated voltage supply; the output square wave is provided by a multi
vibrator, amplifier, and square-wave shaper and clipper. The resultant 
square wave has times of rise and fall each equal to one microsecond. 
The frequency of the output square wave may be varied from 350 to 
3500 cps by adjustment of the variable resistor indicated in Fig. 2-28. 
The amplitude of the square-wave modulation may be varied from 0 to 
100 volts by adjustment of the indicated variable-resistance attenuator. 
The voltage square wave is capacitance-coupled to the reflector, with 
provision for switching to an external source of modulation if so desired. 

If at any time during the modulation cycle the reflector is operated 
at a positive voltage with respect to cathode, sizable current will be 
drawn by the reflector. This is bad for several reasons. In the first 
place, heating of the reflector electrode and liberation of gas may take 
place. Even worse, when electrons are collected on a reflector which 
has a ratio of secondary electrons produced to primary electrons incident 
greater than unity, a net flow of electrons from reflector to anode may 
result. The net flow may cause the reflector to remain positive with 
respect to cathode regardless of any subsequent voltage modulation 
applied to the other end of the high resistance which is directly in series 
with the reflector. This is not only hard on the tube, but also output 
characteristics become very puzzling to the user, who thinks he knows 
what modulation he is applying to the reflector. Fig. 2-28 shows a 
diode clipper tube connected from cathode to reflector; this counteracts 
any reflector secondary emission and also prevents the reflector from 
becoming appreciably positive during modulation. 

FREQUENCY STABILIZATION 
OF ELECTRONICALLY TUNABLE MICROWAVE OSCILLATORS 

BY R. V. POUND 

Most automatic-frequency-control systems operate to minimize 
the difference between the frequency of an oscillator and that of some 
standard of reference. For most radar systems applications, the stand
ard of reference is the local-transmitter frequency plus or minus the 
intermediate frequency and the AFC system can be thought of as a 
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difference-frequency system. The AFC system used for the beacon 
local oscillator of an airborne radar uses a precision resonant cavity as 
the standard of reference and can therefore be considered as an absolute-
frequency system. The circuits commonly used for both of these systems, 
so-called hunting circuits (see Vol. 16, Chap. 7), function on informa
tion derived once per transmitter pulse or once per audio cycle and 
cannot, therefore, be expected to remove fluctuations in frequency that 
have periods comparable with the time between transmitter pulses, or 
with the audio-frequency period for the beacon AFC system. In fact, 
these circuits impose on the oscillator frequency modulation having a 
period of this order, and the resultant signal, although its average fre
quency is maintained with precision, covers a band of frequencies. 

The conventional AFC systems used in broadcast receivers are differ
ent in principle in that a continuous source of error signal is available. 
The circuits usually used, however, have very long time constants and, 
consequently, are limited in the rate of change of frequency which they 
can correct. This situation is implied when the statement is made that 
the "d-c component" of the frequency-discriminator output voltage is 
applied as an error voltage for AFC purposes. The short-time fre
quency variation of the oscillator does not differ from the frequency 
variation without the AFC system. 

The purpose of the frequency-stabilization circuits to be described 
here is different from that of the low-frequency circuits in that, in addition 
to maintaining a minimum difference in frequency from a standard 
reference cavity, they also remove frequency deviations, occurring at 
audio frequencies and higher, normally found in the output spectrum 
of a microwave oscillator. If a microwave oscillator is caused to main
tain a steady average frequency, free from drifts caused by thermal, 
mechanical, or load-admittance changes, the output signal of the oscillator 
is usually found to be spread over a band of frequencies. This may be 
the result of frequency modulation by noise in the electron stream of 
the oscillator, by residual ripple on the supply voltage, by the a-c heater 
voltage, and by stray magnetic fields. Counteracting these sources 
of frequency modulation is the "flywheel" effect of the resonant-cavity 
"tank circuit" of the oscillator and its effectiveness is a function of the 
loaded Q of this resonator. Since only special types of cavities can be 
used in the oscillator, the tank-circuit Q is not usually very high compared 
with that of many microwave cavities. As a result, considerable care 
must be exercised to hold the oscillator frequency within one part in 
106. Thus it would be difficult to keep a 9000-Mc/sec oscillator within 
a band of frequencies less than 10 kc/sec in width. 

The stabilization systems to be described reduce the width of this 
frequency spectrum by a considerable factor. The long-time frequency 
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stability of the stabilized oscillator is almost completely determined by 
the stability of the reference cavity. The design of highly stable resonant 
cavities will not be discussed here, except to point out that cavities 
having zero, or very small, temperature coefficients of frequency can be 
made by the use of temperature-compensated tuning mechanisms built 
from materials having different temperature coefficients of linear expan
sion. The temperature coefficient of the cavity frequency can be reduced 
by making the cavity walls of Invar, or even fused quartz, lined with 
material of high electrical conductivity. 

2-14. General Description of Stabilization Circuits.—Basically, the 
schemes of electronic frequency stabilization to be discussed here consist 
of a microwave circuit containing a high-Q reference cavity, and either 

Cavity 

Attenuator 

i OUl 

Oscillator 

L 

F I G . 2-29.—Block diagram of electronic frequency-stabilization system. 

detectors or some other means for frequency conversion. A signal 
applied to this microwave circuit produces an output voltage which is a 
measure of the difference between the frequency of the signal and the 
resonant frequency of the cavity. This "error voltage" is then amplified 
and superimposed upon the supply voltage of an element of the oscillator, 
the potential of which controls the oscillator frequency. A block 
diagram illustrating this basic circuit is shown in Fig. 2-29. 

Consider the situation that exists if the output terminals of the 
amplifying device are disconnected from the control terminals of the 
oscillator. If an a-c voltage were applied to the oscillator terminals, a 
frequency modulation would be produced which would in turn produce a 
large a-c output voltage from the amplifier. Ignoring the complex 
conversions of frequency occurring between the two terminal pairs, one 
may consider the device between them as a voltage amplifier. To 
produce stabilization it is necessary to connect the output terminals 
to the input terminals, which represents the limiting case of a negative 
feedback device. I t is well known that if this is to be done without 

discriminator 
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singing around the feedback loop, rigid requirements are imposed upon 
the phase and amplitude characteristics of the amplifier. Since the 
feedback circuit must have a finite bandwidth, it must also have a cutoff 
characteristic at sufficiently high frequencies. It has been shown by 
Bode1 that an amplifier containing coupling networks cannot have a 
phase shift less than an amount which can be specified for a "minimum-
phase-shift" network. There is a definite relationship between the 
amplitude-vs.-frequency response and the phase shift at any given 
frequency for such a minimum-phase-shift network. To a good approxi
mation, the phase shift in radians at a given frequency is given by 

where o is the rate of change of attenuation in decibels per octave of 
frequency. 

For the stabilization circuit it is necessary, for greatest effect, that 
the output voltage from the amplifier have the inverse phase to that 
impressed upon the control element of the oscillator. To avoid singing, 
the voltage gain from the control-element terminals to the output 
terminals of the amplifier must fall to less than unity in the region of 
the high-frequency cutoff before a phase shift of -K radians occurs. Thus 
the rate of change of attenuation with frequency cannot be allowed to 
be greater than 12 db per octave at frequencies below the frequency of 
unity gain. In the circuits to be described, this has been obtained by the 
use of relatively wide passbands throughout the circuits except at one 
point. The high-frequency cutoff is obtained by the use of an .RC-circuit 
of fairly long time constant at the control element of the oscillator so 
that the rate of change of attenuation with frequency is less than 6 db 
per octave for most of the cutoff region. 

It is probable that considerable improvement in the amount of gain 
which can be used and in the bandwidth over which it is effective could 
be obtained by a more elaborate application of the negative-feedback 
theory. Careful measurements of the phase-shift-vs.-frequency charac
teristics of the systems have not been made. Great emphasis should be 
placed upon the design of the amplifiers and associated circuits from 
the viewpoint of phase characteristics. A cutoff network based upon 
these characteristics should be designed. One difference between this 
type of negative-feedback device and the ordinary amplifier should be 
pointed out. For the negative-feedback device, it is not necessary that 
the feedback factor remain constant within the band in which stabiliza
tion is desired. Only when the phase shift exceeds ir/2 is the stabilization 

1 H. W. Bode, "Relations Between Attenuation and Phase in Feedback Amplifier 
Design." Bell Syst. Techn. J'., 19, 421-454 (July, 1940). 
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effect lost completely. Since the major components of frequency modula
tion of the oscillator occur at the power-supply frequency and its first 
few harmonics, the stabilization system requires the highest gain at these 
frequencies. 

The stabilization factor may be defined as follows. If, when the 
stabilization system is disconnected, the oscillator makes a frequency 
shift dv0, and connection of the stabilizing circuit reduces the shift to 
dv, the stabilization factor for the system is 

P = S. (4) 
dv 

This may be expressed in terms of quantities dependent on the major 
parts of the system. The frequency change dv produces a change in 
output voltage from the amplifier of A dv, where A is the output-voltage 
change per unit frequency change and is dependent upon the gain of 
the amplifier, the characteristics of the cavity and associated microwave 
circuit, and the r-f input power to the microwave circuit. This voltage 
must produce a frequency change counteracting dv0 and equal to Af dv, 
where / is the frequency change of the oscillator per unit change of applied 
voltage. Thus 

dv = dv0 — Af dv 

S = pv=l+Aj (5) 

The quantity / cannot be defined for the oscillator tube alone since the 
presence of a resonant cavity as a part of the load circuit of the oscillator 
can increase or decrease the value of /, depending upon the line length 
between the oscillator and the cavity. In Vol. 16, Sec. 4-8 it is shown 
that the presence of the cavity may produce frequency discontinuities 
in the oscillator output voltage unless a certain precaution is taken 
to restrict the rate of change of susceptance of the oscillator load. If 
the rate of change of susceptance is made just less than the limiting value, 
however, the rate of change of susceptance with frequency for the entire 
oscillator circuit, including its own cavity, becomes almost zero so that 
the quantity / is almost infinite. For a line length between the cavity 
and the oscillator which differs by a quarter wavelength from that 
showing the greatest tendency to produce discontinuities, the quantity 
/ has only one-half the value that it has for the tube operated into a 
nonresonant load circuit. With a given amplifier, and a given coupling 
between the oscillator and the cavity circuit, the stabilization factor 
can vary with the cavity-to-oscillator line length, and thus with fre
quency, by a considerable factor. Hence, an amplifier gain or cavity 
coupling which satisfies the stability conditions for the negative-feedback 
device at one frequency may not at another. The best absolute stability 
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results with a cavity-to-oscillator line length which decreases the quantity 
/ at the resonance frequency of the cavity, since the cavity coupling 
and amplifier gain can be increased to give the maximum electronic-
stabilization factor compatible with the negative-feedback stability 
condition. Some stabilization of frequency, in addition to the electronic 
stabilization, is gained directly from the reaction of the high-Q cavity 
on the oscillator. For the line length giving discontinuities with the 
smallest coupling, on the other hand, the same electronic-stabilization 
factor can be obtained but the oscillator is made very much more unstable 
by the direct reaction of the cavity. These considerations are important 
only for oscillators having small output power and for which it is desirable 
to use as much coupling to the cavity as possible. For oscillators 
delivering 0.1 watt or more, sufficient 
decoupling could be used between 
the cavity and the oscillator so that 
the cavity need have very little influ
ence on the electronic tuning or on 
the fundamental frequency stability 
of the tube. 

2-16. The Microwave Discrimina
tor.—One of the two stabilization 
circuits developed uses a circuit 
which is the microwave equivalent of 
the frequency discriminator used at 
low frequencies. A circuit with which 
a microwave frequency discriminator 
can be realized is shown in Fig. 
2-30. This circuit uses a magic T as a bridge to compare the reflec
tion of a cavity with that of a short-circuited line one-eighth wave
length long. A wave directed toward the junction of the T is applied 
by a directional coupler into arm 3 (H-plane arm) of the magic T. This 
excites waves in arms 1 and 2 of the T traveling outward from the junc
tion. At frequencies far removed from the resonant frequency of the 
cavity, the cavity reflects almost exactly as though it were a short 
circuit in the plane of the coupling iris. At these frequencies, therefore, 
the two reflected waves in arms 1 and 2 return to the junction ir/2 
radians out of phase and excite waves of equal amplitude traveling out
ward in arms 3 and 4. Reflectionless detectors terminating these arms 
and having equal sensitivities would give equal output voltages. The 
difference between their output voltages would thus be zero. 

At the resonant frequency of the cavity, the cavity admittance is a 
pure conductance, in the plane of the iris. Any wave reflected by the 
cavity at this frequency combines with the wave reflected from the short 
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circuit on the opposite arm of the T in such a way that waves of equal 
amplitude travel out of arms 3 and 4. The difference in detector output 
voltages is zero, although the output voltage for a single detector is 
different from the output voltage for frequencies far removed from 
resonance. For frequencies slightly removed from resonance, the 
reflection by the cavity is advanced or retarded in phase since the cavity 
admittance contains a capacitive or an inductive susceptance in addition 
to the conductance. On one side of resonance the detector on arm 4 
receives increased power and the detector on arm 3 receives decreased 
power so that the difference in their output voltages is negative. For a 
frequency on the other side of resonance, the reverse is true and the differ
ence in detector output voltage is positive. I t is apparent that a curve of 
this difference voltage as a function of frequency must resemble the 
curves that are characteristic of the low-frequency discriminator circuit. 

An analytical expression for the difference in powers incident upon 
the detectors on arms 3 and 4 may be derived with the aid of the admit
tance equations characteristic of the magic T. These are 

ii = -2~i(«s + ««)^o 

ii = - S T J(e3 - e 4 )F 0 

V2 (6) 

*s = -2~j(ei + e2)F0 

where ii, is, is, and it are the currents flowing into the upper terminals 
of terminal pairs 1, 2, 3, and 4 of an equivalent four-terminal-pair network, 
and ei, e2, e3, and e4 are the voltages across these respective terminal 
pairs. Using these equations, an expression for the power delivered to a 
load of admittance F 4 on arm 4 from a generator of admittance F 3 on arm 
3 can be computed to be 

Y v 2 

Pt = 4,P0g39i | ( 1 + YlYt){i + Y,Yt) + (1 + r iK , ) ( l + Y2Y<) ( 7 ) 

where Yi and Yi are the admittances terminating arms 1 and 2 respec
tively, 03 and g4 are the real parts of Y3 and F4 respectively, P0 is the 
power available from the generator connected to arm 3, and all admit
tances are expressed in units of Yo-

For the discriminator circuit with matched detectors, 

F 3 = F< = 1 
Yi - -3 
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and 

y.-i'+i^, (8) 
Ol Oi 

where So and 6i are the reciprocals of the unloaded Q of the cavity and 
of the Q of the input circuit of the cavity with a matched waveguide 
generator, respectively; Av is (v — v<,)/v0, the fractional difference in 
frequency from v0, the resonant frequency of the cavity. Using these 
in Eq. (7), 

Pi _ I I + (a + a)1 

Po 2 (a + l ) 2 + a2 (9) 

where a is used for 5i/50 and a for 2Ay/80. In an analogous manner, 
the power reflected back through arm 3 to the detector is 

P » J l + (« -« ) !
 (10) 

Fo 2 (a + \y + a* 

If the detectors on both arms are square-law detectors (give output 
voltage proportional to the incident power) the difference between the 
output voltages is proportional to 

Pt- P, ___ 2aa 
Pi {a + l ) 2 + a2' ( ' 

Curves of this function, plotted against a for each of several values 
of a from 0.5 to 10, are given in Fig. 2-31. It is apparent that the maxi
mum rate of change of output voltage with frequency for a given input 
power and unloaded Q occurs for a equal to unity. The maximum and 
minimum output voltages occur at a equal to + (a + 1) respectively, or 
at v = vo ± VO/2QL, where QL is the loaded Q of the cavity. The slope 
at the crossover point is 

\d_ (Pi - P3Y\ = 2a 
[da\ P0 /Jo=o («+ 1) 

If the detectors have a sensitivity of b volts per incident watt, the 'rate 
of change of output voltage with frequency is 

dv ^baQoPa 
dv {a + l)2i'o 

In the 9000-Mc/sec region, wavemeter cavities have a Qo of 25,000, and 
for a equal to unity, b equal 1 volt/mw (1N23 crystal), 

-^ = 2.78P0 volts per Mc/sec. 
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F I G . 2-31.—Output voltage vs. frequency for various cavity-coupling factors of a balanced 
magic-T discriminator. 

W i t h oscillator tubes like t he 2K25 it can be shown (Vol. 16, Sec. 4-11) 
t h a t abou t 18 db of a t t enua t ion are required between such a cavi ty 

and the oscillator, to avoid discontinui
ties. A ra te of change of o u t p u t vol tage 
of 1.4 volts per M c / s e c can t h u s be ob
ta ined from a t u b e giving 30 mw of out
p u t power. 

Another form of t he microwave dis
cr iminator is shown in Fig. 2-32. Here 
a second magic T is used, ins tead of t he 
directional coupler, t o isolate t he i npu t 
signal from the de tec tor which receives 
the power reflected from the discrimina
tor T . T h e i n p u t power is applied t o 
a rm 3. Arm 1 drives t he discr iminator 
T , a r ranged as before, and a rm 2 is 

t e rmina t ed wi th a ma tched d u m m y load. T h e de tec tor for reflected 
power on a rm 4 receives only half t h e reflected power. T o get t he 
balanced-discr iminator act ion, t he o u t p u t vol tage or t he i npu t power of 

Crystal B 

Fia. 2-32.—Microwave discriminator 
employing two magic T's. 
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the detector on arm 4 of the discriminator T must be attenuated to half 
value. Since detectors of equal sensitivity are not likely to be found 
without selection of crystals, this attenuation, if made adjustable, 
affords a means of balancing the discriminator. 

2-16. The D-c Stabilizer.—Frequency stabilization has been achieved 
with the microwave discriminators of Figs. 2-30 and 2-32, by the use of a 
d-c amplifier shown in Fig. 2-33, in the circuit shown in the block diagram 
of Fig. 2-34. The amplifier contains two push-pull stages, direct-coupled 
and with large cathode degeneration provided by the common cathode 

,-. 1000100 
(M) volt 

High • impedance 
meter 

-500 v 300 v. 

F I G . 2-33.—D-c amplifier for electronic frequency stabilizer. 

To reflector 

resistors connected to a large negative voltage. Negative feedback 
from the plates of the output stage to the cathodes of the input stage 
establishes the voltage gain from input grids to output plates at 2000. 
Since the reflector of the 2K25 reflex oscillator to which the stabilization 
is applied must operate in the neighborhood of —100 volts (with the 
cathode at ground potential), and since it represents an unbalanced line 
circuit, the gain from the discriminator output voltage to the reflector 
is about 600. The stabilization factor is also 600 since the oscillator 
changes frequency by about 1 Mc/sec per volt on the reflector, and 
the discriminator output voltage changes at the rate of about 1 volt 
per Mc/sec with an amount of attenuation sufficient to avoid frequency 
discontinuities. Stability as a negative-feedback system is obtained by 
the large capacitance from the reflector to ground, which narrows the pass 
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band from that of the amplifier alone. Although this circuit begins to 
attenuate at a few hundred cycles per second, some stabilization of the 
oscillator frequency against frequency modulation at frequencies as 
high as 50 kc/sec is obtained since the attenuation increases at a rate 
less than 6 db per octave. 

One very useful feature of the stabilization system is that the oscil
lator may be frequency-modulated at any frequency for which stabili
zation exists with stabilization acting throughout the cycle of the 
frequency-modulating signal. This is done by superimposing the 
modulating voltage on the output voltage of the frequency discriminator, 

Tuning knob 

Useful output 

Attenuator r 
R-f 

oscillator 

For 
modulation 

D-c through 
audio 

amplifier 
Reflector or 

other electronic 
tuning elements 

2-34.—Block diagram of d-c stabilizer. 

as indicated by the circuit in broken lines in Fig. 2-33. A change in 
the input voltage to the amplifier from this source produces a change in 
frequency only slightly less than sufficient to produce a discriminator-
output change exactly counteracting the added voltage. Thus the 
circuit may be considered as a degenerative frequency-modulation device. 
The deviation is almost independent of the amplifier gain, the frequency-
vs.-voltage characteristics of the tube, and the frequency of the modu
lating signal so long as it is within the band for which a reasonable 
stabilization factor exists. With the circuits described, a deviation 
almost independent of the frequency of the modulating signal is obtained 
for modulation frequencies from 0 to 50 kc/sec. The linearity of the 
modulation is the same as that of the discriminator characteristic and is 
quite good for deviations up to ± {v0/4)QL. 

If the oscillator is locked through the stabilization circuit to the 
cavity, tuning of the cavity results in corresponding frequency changes 
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in the oscillator within the range of available electronic tuning. With 
control through the reflector this gives about 60-Mc/sec range of single-
knob tuning of the system. For a wider range than this, a thermally-
tuned tube may be used with the control voltage applied, at an 
appropriate d-c level, to the thermal-tuning element. With a 2K45 
tube, for instance, the amplifier output voltage may be applied to the 
grid of the tuning triode as shown in Fig. 2-35. Fortunately, the reflector 
and the triode grid give a frequency change in the same direction as the 
change in their supply voltages and, therefore, the two control voltages 
may be derived from this same bleeder circuit. Diodes that limit the 
range of the voltages that can be applied to the triode grid are included 
for the protection of the tube and for the prevention of "motor boating" 
in and out of oscillation. Since the tuning rate per volt at the triode 
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FlQ. 2*36.—Supplementary circuit for wide-range aingle-knob tuning. 

grid is very much higher than at the reflector, the frequency-stabilization 
factor is very large at very low frequencies. No singing occurs, however, 
because the time constant of the triode tuner is very long and thus the 
reflector control alone acts through the audio-frequency region and 
above. With this circuit a stabilized oscillator, tunable by a single 
knob over a 12 per cent range, can be obtained. The major difficulty 
encountered with this form of the system results from the change in 
electrical line length between the cavity and the oscillator with fre
quency. Since the rate of change of frequency with reflector voltage 
is influenced by the cavity and this line length, the gain of the system 
changes with frequency and an attenuation giving satisfactory operation 
at one frequency may give singing of the feedback circuit at another. 
For oscillators of higher power than the 2K45 this trouble would not be 
present. 

2-17. The I-f Stabilization System.—Another circuit has been devel
oped in order to circumvent the need for a d-c amplifier, which at best 
is troublesome, and to eliminate the use of crystals as detectors, in which 
application they have poor noise figures. A block diagram of this system 
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is shown in Fig. 2-36. The output signal of the microwave circuit is 
an i-f voltage which is dependent in sign on, and proportional in ampli
tude to, the imaginary part of the reflection coefficient of the high-Q 
cavity. After i-f amplification the output voltage is mixed with an i-f 
voltage of the same frequency in a lock-in mixer, and there results a 
d-c voltage that has the characteristics of a discriminator output voltage. 
This voltage can therefore be used as a control voltage for frequency 
stabilization. 

Crystal B receives a signal containing one-half the input power to 
the T, at the frequency of the oscillator, together with two sideband 
signals, derived from modulation by crystal A of part of the wave incident 

<Adjustable line length 
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I-f 
oscillator 

Crystal A 
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Buffer 
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I-f amplifier Lock-in 
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F I G . 236.—Block diagram of i-f stabilizer. 

on crystal A reflected by the cavity. No carrier-frequency wave is 
reflected by crystal A since it is matched to the waveguide in the absence 
of an i-f voltage across its i-f terminals. Crystal B is so mounted that 
none of the oscillator signal incident upon it is reflected. Thus the 
total voltage arriving at crystal B is 

V 2 „ . , , V2E0\Tc\m - y E„ sin uit H ^—— sin [(ui + <jit)t + 5] 

+ sin [(m — 03i)t + 6}}t 

where E0 is the voltage incident at the T, coi is 2TT times the oscillator 
frequency, u2 is 27r times the intermediate frequency, [l\| is the absolute 
value of the reflection coefficient of the cavity, m is the modulation coeffi
cient for crystal A, and 5 is a relative phase factor which depends upon the 
line lengths between the T and the cavity and the T and the modulator 
crystal, the phase characteristics of the T, and the phase of the reflection 
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coefficient of the cavity. The numerical factors are caused by the 
fact that power is divided by two for each transit through the T. 

The output voltage from crystal -B will contain terms found in the 
envelope of the superposition of these waves incident upon it. The 
square of the envelope Et is 

_, Elj. |I\|2m2 | r e | m 

+ ^ ^ cos (o>2f - 5) + l ^ ^ - 2 c o a W J - (12) 

The terms in |I\ |2TO2 will be small in the region of resonance of the cavity 
since | I \ | will be small and m must always be less than unity. The 
second harmonic does not pass through the amplifier so this term may 
be dropped. To this approximation the envelope is 

Et « El^L* {i + |r\lmcos (5) cos (u2«)}w- (13) 

For |re | small compared to unity, a further approximation may be made 
by expanding the square root in a series and neglecting terms higher 
than the first power of |I\ |TO. In this way the i-f voltage may be shown 
to be proportional to 

„ Eay/2\Tc\m ... . . 
E « —!—'— cos (&) cos (oid). (14) 

Now suppose that the variable line length between the cavity and the 
T-junction is such that & is an odd multiple of ir/2 for a pure real reflec
tion coefficient at the cavity. The product |rc | cos 5 is the imaginary part 
of the reflection coefficient at the cavity and is 

| r . | cos 5 = Im Y" ~ Yc- (15) 
1 0 T I c 

Using Eq. (8), a = Si/50, and a = 2A></So, this becomes 

M«»*-{a + %r+a< (l6) 

This is identical with the expression for the output voltage of the d-c 
discriminator. The output voltage of the lock-in mixer thus produces 
the desired type of control voltage. As in the case of the discriminator, 
the maximum rate of change of output voltage with frequency is obtained 
with a equal to unity. For this condition, | r . | goes to zero at the resonant 
frequency of the cavity, and therefore, in the region of resonance, the 
approximations neglecting terms in powers higher than the first of | I \ | 
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are valid. At the cavity resonance, the input voltage to the i-f amplifier 
goes to zero; just off resonance, this voltage is different from zero and 
has opposite phases on either side of resonance. The sense can be 
reversed by changing the cavity-to-T line length by a quarter wavelength; 
thus 8 is changed by ir radians. The sign of the error voltage produced 
by the lock-in mixer can be corrected to give stabilization. 

The zero i-f signal at resonance is an important feature of this fre
quency-stabilization system. Zero is obtained even though the cavity 
reflection coefficient is not exactly zero at resonance. This fact permits 
the use of a large i-f gain without danger of overloading or of limiting 
in the amplifier or lock-in mixer. The phase of the reference voltage in 
the lock-in mixer is not of great importance since the i-f signal has either 
of two distinct phases, ir radians different from each other. Thus the 
phase of the reference voltage that determines the sense of the error 
voltage affects only the gain of the mixer and does not affect the crossover 
frequency. In practice, it is found that neither of these things is exactly 
true. The gain can be made high enough so that a signal does exist 
at the resonant frequency of the cavity. This is probably caused by the 
slightly different efficiencies of the r-f circuit at the two sideband fre
quencies. If, for instance, the two sidebands are of slightly different 
amplitudes, the waves incident at the mixer crystal may be described by 

EB = ~ - E0 sin axt + •—- Eo|rc|mi sin [(an + u2)t + 5] Z o 

+ ~ - E0\Tc\m2 sin [(an - m)t + &]. 

Using this equation, the equation corresponding to Eq. (13) can be 
shown to be 

E, « ^Q- Ea {1 + ]I\| 1 ""1 ' "'*) cos S cos (osO 
2 

/ « i + m2\ 

I mi — m2 \ 
V 2~) + |r«| I ^ i _ _ ^ f ) sin 5 sin (mt) ■ 

Thus there may be a signal with cos 5 equal to zero, but this signal is 
T/2 radians out of phase with the error-voltage signal. If the phase of the 
reference voltage in the lock-in mixer is adjusted to give exactly maximum 
error voltage, this extraneous signal produces zero voltage at the output 
terminals of the lock-in mixer. It can however limit the usable i-f 
gain by overloading the i-f amplifier. The closer \TC\ is to zero at reso
nance, the smaller this extraneous signal will be. 

The sideband signals arriving at the mixer crystal can be made to 
be zero at the cavity resonance even though | I \ | is not zero. Since the 
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magic T is a bridge circuit, the modulator crystal receives a signal only 
when the admittance of the cavity arm is different from the admittance 
at a symmetrically chosen point in the mixer arm. For any a, the mixer 
could be tuned to balance the bridge at the resonant frequency of the 
cavity; no signal would be sent to the modulator crystal and no sideband 
signals would be produced. 

2-18. Electronic Circuits for I-f Stabilization.—The i-f amplifier 
which has been used in several experimental stabilization systems has 
four stages of 6AK5 tubes in a stagger-tuned circuit having a pass band 
of 6 Mc/sec between half-power points centered at 30 Mc/sec. The 6AS6 
tube, with the i-f amplifier output voltage applied to its control grid and 
the reference signal applied to its suppressor grid, is used as a lock-in 
mixer. The reference signal drives the suppressor grid beyond its 
linear region to such an extent that a change of several per cent in the 
plate current occurs upon application of the reference signal. The cath
ode of the 6AS6 is operated with a self-biasing resistor connected to 
— 300 volts. Thus the plate voltage of about —150 volts may be used 
directly as the reflector voltage for a 2K25. Since the lock-in mixer 
can be operated at any d-c level, with appropriate bypass condensers, 
this system is considerably more flexible than the d-c system. I t has 
been applied to tubes having reflector voltages of —1800 volts simply 
by providing high-voltage condensers. 

The oscillator is a 6AK5 electron-coupled circuit operating at 30 
Mc/sec and is contained, along with two 6AK5 buffer amplifiers, one 
for the modulator crystal and one for the lock-in mixer, in a well-shielded 
box. A filter circuit is used on the filament and plate-supply leads to 
minimize unwanted leakage. This filter circuit is made from a brass 
tube with feed-through disk condensers in three baffle plates and series 
i-f chokes between them. 

To assist the alignment procedure, several metering circuits are used. 
The modulator-crystal rectified current and that of the mixer crystal 
can each be metered. A crystal detector is included in the i-f amplifier 
to allow observation of the i-f signal independent of phase, and a volt
meter is used to indicate the output voltage of the lock-in mixer. An 
independent reflector-voltage circuit is provided with a selector switch 
to allow the reflector to be connected either to this circuit or to the lock-in 
mixer plate. The adjustment of the length of line between the cavity 
and the magic T can be made by observation of the plate voltage of the 
lock-in mixer with the cavity tuned far from the r-f oscillator frequency. 
With moderate i-f amplifier gain the plate voltage of the lock-in mixer, 
for the correct line length, should be that obtained with zero amplifier 
gain. A deflection corresponding to the discriminator output is observed 
when the cavity is tuned through the oscillator frequency. The crossover 
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voltage can be made to equal the desired reflector voltage by adjustment 
of the plate load resistance of the lock-in mixer. The system can be 
locked by throwing the switch that connects the reflector to the lock-in 
mixer plate with the cavity set near the oscillator frequency. The 
amplifier gain can be increased as much as is compatible with the phase 
shift of the feedback loop. The circuits of these parts of the system are 
shown in Fig. 2-37. 

It is also possible to produce frequency modulation with this system. 
One way in which this can be done is to apply the frequency-modulation 
signal as a bias voltage on the mixer crystal. If, in the absence of this 
voltage, this crystal is matched for the direct signal from the oscillator, 
it reflects in a manner corresponding to the instantaneous bias voltage. 
The reflected wave returns, in part, to the modulator crystal and becomes 
converted to sideband signals. A portion of these will return to the 
mixer crystal and change the i-f component in the envelope of signals 
arriving at the mixer crystal. This change will result in a shift in fre
quency by the amount required to make the sideband signals, developed 
from the wave reflected from the cavity, almost compensate for their 
presence. The largest deviation for a given amplitude of modulating 
signal will result if the line length from mixer crystal to modulator 
crystal is chosen to make the value of sin 6 for these sideband signals equal 
to unity. The frequency deviation obtained is independent of the 
amplifier gain, of the reflector-voltage characteristics of the r-f oscillator, 
and of the amplitude and frequency of the i-f oscillator. To the extent 
that the reflection-coefficient change per unit bias-voltage change of the 
mixer crystal is independent of the incident power, the deviation is 
independent of the r-f oscillator output power. A deviation independent 
of the modulating frequency is obtained for all frequencies for which 
the stabilization factor is large compared to unity. The linearity of 
the modulation is dependent upon the change of the mixer-crystal 
impedance with bias voltage, a characteristic which has not been meas
ured. An interesting property of this frequency modulation is that it 
could be used to measure a small change in the Q of the cavity. If, 
for instance, a medium of small loss were introduced into the cavity, 
a change in the frequency deviation resulting from a given modulation 
voltage could be observed by measurement of the output voltage of a 
conventional frequency-modulation receiver, adapted to receive the 
oscillator frequency. 

2-19. Results and Limitations of the Stabilization Systems.—Most 
tests of these stabilization techniques have been made in the region 
of 9000 Mc/sec with 2K25 oscillator tubes. The tests were made by 
observation of the audio beat note between two identical systems. To 
avoid interaction of the two oscillators the beat note used was actually 
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in the region of 30 to 40 Mc/sec and was converted to audio frequency 
by the beat-frequency oscillator of a communications receiver. 

With the d-c systems, a residual relative frequency deviation of plus 
and minus about 100 cps was observed under the best conditions. This 
deviation occurred at the power-supply frequency (60 cps) and harmonics 
of it and was probably caused by ripple in the amplifier voltages and by 
pickup of stray fields. In addition, there were slow changes, occurring 
over periods of a few seconds, of as much as 1 kc/sec, although the two 
oscillators remained within the audio-frequency spectrum of each other 
for many hours. No measurement of the long-time stability, independent 
of the cavity temperature, could be made since the best cavities available 
had a temperature coefficient of frequency of about 50 kc/sec per 
degree C. 

The i-f systems gave an audio beat note having less than 50 cps 
frequency modulation at the power-supply frequency. No periodic 
changes of the sort observed with the d-c systems were observed and 
the only long-time drifts found could be attributed to the cavities. In 
both systems, mechanical stress on the r-f circuit parts would produce 
frequency changes, and heat transfer to the cavity from the hand pro
duced a very perceptible frequency change. It is of interest to note that 
a motion of the end plate of one of the cavities of 10 angstroms would 
produce a frequency shift of 120 cps. If a device to measure very 
small dimensions were desired, a cavity having much greater sensitivity 
than this could be designed. 

A limit is set, on the reduction in the width of the frequency spectrum 
of an oscillator which can be achieved with these systems, by the presence 
of noise in the output powrer of the crystal detectors and mixer and in the 
input power of the amplifiers. Increasing the amplifier gain beyond the 
point at which frequency deviations from other sources are made less 
than those resulting from this noise voltage would not produce an 
oscillator signal of more nearly constant frequency. In d-c systems, the 
noise voltage is very much larger than Johnson noise because the crystals, 
as detectors at a level of power of the order of a milliwatt, give a large 
noise-voltage contribution in the audio region and because the d-c amplifier 
is subject to drifts caused by cathode-emission changes. Measurements at 
the University of Pennsylvania have shown that the noise temperature of a 
crystal detector varies as 1//, where/ is the audio frequency, and becomes 
very large at low frequency. This cannot hold to zero frequency, but 
it is probable that the observed frequency deviations occurring over 
periods of a few seconds were caused by this noise voltage. Since 
this voltage is so large, it is felt to be the limiting factor and no attempt 
has been made to use special d-c amplifier tubes of low drift. 

The effect of the noise voltage is analogous to that of the frequency-
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modulation voltage, and to account for a 1-kc/sec shift in frequency, 
with a discriminator output slope of 1 volt per Mc/sec, a noise voltage 
of 1 mv would be required. This is not in disagreement with the measure
ments at low audio frequencies. Special selection of the crystals might 
result in reduction of the frequency instability from this cause by a 
considerable factor. 

In the i-f stabilization systems the situation is considerably better. 
No very-low-frequency drifts exist in the circuit ahead of the lock-in 
mixer. If the gain of the amplifier is large enough to make the amplified 
noise from the amplifier larger than a millivolt or so, it is improbable 
that cathode-emission drift would have any effect. The frequency 
deviations resulting from noise in the crystal and in the i-f amplifier may 
be calculated by replacing all of this noise by an equivalent r-f noise-
voltage source and a perfectly noise-free frequency converter and i-f 
amplifier. The open-circuit mean-square noise voltage of this equiva
lent noise-voltage generator would be 

W = AkTNRB, (17) 

where k is Boltzmann's constant, T is the absolute temperature, N is 
the over-all noise figure of the converter and i-f amplifier combination, 
R is an equivalent resistance for the waveguide characteristic impedance, 
and B is the equivalent noise bandwidth of the feedback system. This 
noise bandwidth is approximately the bandwidth for which the stabiliza
tion factor is greater than unity, since the lock-in mixer is operated 
as a linear mixer. 

The presence of the noise voltage causes a frequency change develop
ing an i-f signal voltage continuously compensating for the noise voltage. 
Therefore the equivalent open-circuit r-f signal-voltage generator, 
which depends upon frequency, is required. This can be found to be 

_ 2 V 2 EymQoa j 
&* rC~L—\T~ dv (18) 

from Eq. (14) and from the derivative of Eq. (11) with respect to fre
quency. Setting Eq. (17) equal to Eq. (18) and substituting for R 

R'T0' 
where P 0 is the input power to the magic T, the root-mean-square fre
quency deviation resulting from noise can be found to be 

,=(*™*y <Lt£*. (i9) 
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In the systems described, N is about 10, B about 10 kc/sec, P0 one 
milliwatt, a equal to unity, m almost unity. Qo is 25,000 and v0, 9000 
Mc/sec. Putting these into Eq. (19), with kT equal to 4 X 10~21 

joules, the root-mean-square frequency deviation is found to be 

(d^)» = 6.5 cps. 

Since this is somewhat less than the deviations observed, it is probable 
that improvement in the stabilization could be made if greater care were 
taken to remove sources of modulation at the power-supply frequency. 
Since the impedance of the mixer crystal is somewhat dependent upon 
the local-oscillator signal level, some frequency modulation might result 
from amplitude variation of the oscillator output voltage through the 
mechanism discussed for producing frequency modulation. The ripple 
voltage in the power supplies used on these systems was about 5 mv 
per hundred volts of d-c; 60-cycla heater voltages were used throughout. 



CHAPTER 3 

MICROWAVE POWER MEASUREMENTS 

By R. N. GRIESHEIMER 

3-1. Introduction.—The measurement of power is one of the few 
fundamental measurements that can be made in the microwave region. 
In the much lower frequency regions, the audio-frequency region, for 
example, it is customary to measure voltage or current. In the i-f 
and r-f regions both voltage and power measurements are common, 
although the communications industry has shown a preference for power 
measurement on the basis that power is a more convenient and a more 
meaningful quantity to measure than voltage. The convenience is 
inherent in the fact that the specification of power is independent of the 
characteristic impedance of the transmission line, provided that the 
line is terminated by a matched impedance load. In contrast, a state
ment of voltage is meaningless without an accompanying specification 
of the line impedance. Power is considered a more meaningful quantity 
because the various line components—relays for example—are actuated 
by power and not by voltage. However, in the microwave region there 
is little or no basis for argument. The preference must be for power, 
because of the fact that the wavelengths are comparable to line dimensions 
and to the dimensions of the detectors that can be used for voltage or 
power measurement. Thus, any loop that might be used as a means 
for deriving a "loop-induced voltage" will, for adequate sensitivity, 
have a physical size comparable to the wavelength and the induced 
voltage gradient will therefore vary along the loop. Under such cir
cumstances it is not possible to make an accurate voltage determination, 
but an accurate power measurement is still possible. In any attempt to 
measure voltage, an additional obstacle would be encountered—the 
difficulty of defining "vol tage" for TM-modes in rectangular waveguides, 
where the curl component of the total electromagnetic field vector does 
not vanish anywhere across the waveguide, and voltage is therefore not 
equal to the simple line integral, JE • ds. 

The techniques and equipment used for power measurement vary 
considerably with the level of power to be measured. For this reason 
it is convenient to divide the scale of average power into three arbitrarily 
defined regions: high-, medium-, and low-level power. Powers greater 
than one watt will be classed as high-level power; the range from 10 mw 
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to 1 watt will be referred to as medium-level power; 10 mw and less will 
lie in the low-level range. The range of medium-level power is the 
smallest, and will command the least attention in this chapter. As 
will be discussed in subsequent sections of the chapter, calibrated attenu
ators, power dividers, and similar devices may be used (usually with 
some sacrifice in accuracy) to measure high-level power with low-level 
detectors. 

Since microwave power is often pulsed, it becomes necessary to 
differentiate between average power and pulse power. Both are time-
averaged values, but differ with respect to the time interval involved 
in the averaging. If the power is averaged over the duration of a single 
pulse, the average is called pulse power. If the power is averaged over 
a period of time very large compared with the duration of a single pulse 
and with the time interval between successive pulses, the average is 
known as average power. Thus pulse power is always greater than average 
power except in the limiting case of unpulsed c-w operation where they 
become equal to each other and to the average power per cycle of oscil
lation. There is no ambiguity regarding the specification of pulse 
length if the pulse is rectangular. If the pulse is trapezoidal, it is cus
tomary to specify the pulse length as the time interval between the 
"half-altitude" points on the leading and trailing sides of the trapezoid. 
Available power detectors permit a direct determination of average 
power, but pulse power must be calculated from average power, pulse 
length, and pulse repetition frequency, according to the relation 

Po = - , (1) 

where 

Po = pulse power, in watts. 
P = average power, in watts. 
T = pulse length, in sec. 
n = repetition frequency, pulses/sec. 

Because of its great convenience in many calculations, the dbm 
(decibels with respect to 1 mw) unit of power has been been borrowed 
from the communications industry. Thus, for example, 1 mw is equiva
lent to 0 dbm, 1 watt equals +30 dbm, 10 /iw correspond to —20 dbm. 
This unit of power facilitates calculations of power levels at various points 
along a transmission line which are separated by attenuating elements. 
For example, if the power incident on an 18-db attenuator is +13.5 dbm, 
the power level at the output terminals of the attenuator is quickly 
calculated as —4.5 dbm. The unit dbw—meaning decibels with respect 
to one watt—is also used. 
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Microwave power measurements are usually conducted by converting 
the high-frequency power into heat. In low- and medium-level power 
measurement the thermal energy is then used to effect a resistance 
change or to generate a thermal emf—either quantity being mensurable 
according to well-known d-c or a-f techniques. In high-level power 
measurement it is customary to make a calorimetric measurement of the 
thermal energy, using either water or a gas as the calorimetric fluid. 
The calorimetric technique is unsuited to low-power measurement 
because of the difficulty of making a simple yet accurate determination 
of a very small temperature rise. Conversely, the resistance element or 
thermocouple, which is physically small enough to avoid trouble from 
variations in skin depth with frequency, is too small to dissipate high 
power without suffering burnout. Other less commonly used techniques 
in microwave power measurement involve the conversion of power 
into light, as in lamp filaments, for example, and the use of crystal 
and diode rectifiers. 

The bolometer, a small resistive element which is capable of dissipating 
microwave power and using the heat developed to effect a change in its 
resistance, is the most commonly used type of detector in low- and 
medium-level power measurement. There are a number of power 
detectors which must be classed as bolometers. Chief among these are 
the barretter and the thermistor. The barretter is an appropriately 
mounted short length of very fine wire, usually platinum, with sufficient 
resistance so that it can be impedance-matched as a termination for the 
transmission line. I t has a positive temperature coefficient of resistance, 
typical of metals. In contrast, the thermistor consists of a tiny bead 
of semiconducting material which bridges the gap between two fine, 
closely spaced, parallel supporting wires. Effectively all of the resistance 
of the thermistor is concentrated in the bead material which has a nega
tive temperature coefficient of resistance. The thermistor bead is 
usually installed in a small glass capsule for ease of mounting the element 
as a termination in the transmission line. Specially designed lamp 
filaments and metalized-glass tubes have also been used effectively as 
bolometers. The resistance change resulting from the dissipation of 
microwave power in the bolometer is commonly measured by using the 
bolometer as one arm of a d-c or a-f Wheatstone-bridge circuit. 

The barretter and the thermistor are sensitive power detectors, and 
are capable of measuring as little as a. few microwatts of power when 
used in properly designed bridge circuits. The thermistor is a somewhat 
more flexible device in that its resistance may be varied over an extremely 
broad range, depending on the magnitude of the bias current used. This 
is often a decided advantage in the broadband impedance-matching 
of the detector. Further, it leads to excellent overload and burnout 



82 MICROWAVE POWER MEASUREMENTS [SEC. 3 1 

characteristics. The barretter has less desirable overload and burnout 
characteristics, and its operating resistance is confined to a considerably 
smaller range. However, barretters have the advantages that they can 
be made more reproducible in both sensitivity and impedance, and are 
less sluggish (that is, have a smaller time constant) than thermistors. 
Other kinds of bolometers and other low-power detectors usually suffer 
from one or more of the following: inadequate sensitivity, change in 
calibration with vibration or shock, objectionable overload and burnout 
characteristics, impedance characteristics that make broadband imped
ance-matching extremely difficult, or excessive variations of sensitivity 
and impedance from one element to the next. 

In making absolute measurements of power there are a number of 
precautions that must be observed with regard to the choice of detector 
and the construction of the transmission-line housing or mount, as it is 
commonly called. In low-level power measurement with bolometers it 
is of prime importance that the sensitivity, in ohms per milliwatt, of the 
bolometer be independent of frequency. In other words, a milliwatt of 
microwave power must effect the same resistance change in the bolometer 
as a milliwatt of d-c power. In the use of a bolometer in a balanced 
bridge, the calculation of microwave power assumes this equivalence; 
in fact, there is no known way of measuring absolute power with bolom
eters that does not rely on the equivalence of the heating effects of d-c 
(or a-f) and high-frequency power. It is at once obvious that this condi
tion cannot be met unless the bolometer is sufficiently small and its 
resistivity sufficiently great that the high-frequency currents are forced 
to flow throughout the volume of the bolometer element, rather than on 
its surface. The temperature gradients within the volume of the 
bolometer element and the exchange of heat with the surroundings will 
then be almost the same for d-c and high-frequency power, and the heat
ing effects of the two will be closely equivalent. 

In high-power measurement with water or gas loads, the chief problem 
is the typical calorimetric one of minimizing the heat exchange between 
the calorimetric fluid and its surroundings. That is, the temperature 
rise caused by the dissipation of the microwave power must be measured 
before any appreciable amount of the heat developed is conducted or 
radiated from the fluid. In either high- or low-level power measure
ments it is essential to match the power load to the transmission line— 
standing-wave-ratio measurements being used to guarantee that this 
condition is met. I t is also essential that the mount for either the 
bolometer or the water load be carefully constructed so as to eliminate 
the possibility of microwave leakage into free space, and that there be no 
sources of power dissipation (for example, poor contacts, rusted metal 
conductors) other than that in the chosen power detector. 



SEC. 31] INTRODUCTION 83 

Usually there are three phases to the problem of developing equip
ment for microwave power measurement: (1) the choice of a suitable 
detector, (2) the design of a matched-impedance transmission-line 
housing or mount for the detector, and (3) the design of auxiliary circuits. 
Each phase involves a number of considerations, the more important 
of which will be listed to serve as an introduction to the discussions 
that comprise this chapter. 

In low- and medium-level power measurement the choice of a suitable 
detector presents an interesting problem, particularly since a wide variety 
of detectors are available. The more important considerations involved 
in the choice are (1) the sensitivity of the detector, in ohms per milliwatt, 
(2) the suitability for absolute, as against relative, power measurement, 
(3) the overload and burnout characteristics, (4) the ease with which it 
can be impedance-matched over a broad band, (5) the variations in sensi
tivity and impedance characteristics within a large quantity of the 
detectors, (6) the availability, (7) the time constant, and (8) the com
plexity of the auxiliary circuit. A compromise is invariably necessary, 
since no one detector leads the field in all of these respects. The most 
important problem in detector-mount design is that of providing satis
factory impedance matching, usually over a broad wavelength band. 
It is often necessary to make a compromise between the desired band
width and the desired maximum allowable VSWR, so that the final 
design of the mount is influenced by the bandwidth requirements of the 
specific problem and the accuracy of power measurement. Thus, 
narrow-band and broadband mounts are evolved which have maximum 
allowable VSWR values of 1.10, 1.25, or 1.50, as the need for accuracy 
demands. The specific application also dictates the decisions in such 
other matters as the desirable transmission-line size and characteristic 
impedance, whether the mount may be tunable or must be pretuned, the 
extent to which it may suffer leakage of microwave power, and its maxi
mum allowable physical dimensions. 

The design of auxiliary circuits may often represent the most serious 
problem of all. For reasons previously stated, bolometers are the most 
commonly used detectors for low- and medium-level microwave power 
measurement, and are almost invariably installed in bridge circuits. 
However, since bolometers are temperature-sensitive elements, the bridge 
circuits, particularly those of the direct-reading type, must be tempera
ture-compensated. Temperature variations affect both the sensitivity 
and balance of the bridge circuit, and the compensating devices must 
deal simultaneously with both problems. As the operating temperature 
range becomes larger, compensation becomes more difficult to achieve. 
It is also necessary to consider such problems as meter overload in the 
event of bolometer burnout, requisite voltage stability of the d-c and a-f 
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bridge supplies, and limitations on the current allowable for operation 
of the bridge. 

In high-power calorimetric measurements there is no problem cor
responding to the choice of a detector for low-power measurements. 
Water and certain gases (for example, ammonia gas) are satisfactory for 
microwave applications. Moreover, the thermopiles used in conjunc
tion with water loads require simple auxiliary electrical circuits. There 
is, however, the design problem of a fluid-flow system for the water 
load which has no counterpart in the field of low-level power measure
ment. Finally, the major problem in high-power measurements centers 
around the design of the water load itself. Not only must the water 
column be properly impedance-matched, but additional precautions 
must be taken to avoid errors that may be caused by the exchange of 
heat between the water and its environment. 

POWER MEASUREMENTS AT LOW AND MEDIUM LEVELS 
3-2. Bridge Circuits.—The Wheatstone-bridge circuits in which 

bolometers are used may be operated either as balanced or unbalanced 
(direct-reading) bridges. When operating the circuit as a balanced 
bridge, the basic procedure involves balancing the bridge both with and 
without microwave power in the bolometer. The level or magnitude 
of the high-frequency power is determined from the difference in bolom
eter bias power between the two conditions of bridge balance. Direct-
reading bridges are usually calibrated by means of a balanced bridge. 
A properly designed direct-reading bridge is closely linear in power, and 
a single calibration at full-scale deflection is often sufficient. The 
balanced bridge has the advantage of greater accuracy, but the direct-
reading bridge is more convenient to use. There are certain fundamental 
principles in bridge design that apply both to balanced and to direct-
reading bridges, and these will be reviewed prior to a discussion of the 
details of specific bridge designs. 

I t is, first of all, necessary to differentiate between two commonly 
used expressions for sensitivity, one pertaining to the bolometer, and 
the other to the bridge circuit in which the bolometer is used. Bolometer 
or detector sensitivity is usually expressed in ohms per milliwatt, and 
is the slope of the static curve of d-c resistance plotted against power for 
the detector. I t is important to remember, particularly in the case of 
thermistors, that detector sensitivity can vary widely depending on 
the bias conditions (or operating resistance) of the detector. In contrast, 
bridge sensitivity is a measure of the bridge unbalance resulting from 
application of high-frequency power to the bolometer. I t is often 
expressed as microamperes of meter deflection per milliwatt of micro
wave power. Bridge sensitivity is a function of many quantities includ-
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ing detector sensitivity. It is not necessarily true, however, that the 
bolometer with the highest detector 0 

sensitivity will provide the greatest 
bridge sensitivity in a given bridge 
circuit. 

Figure 3-1 represents a simple, 
unbalanced Wheatstone bridge, the 
bolometer arm of which has a resist
ance X. It is desired to calculate 
the several currents indicated in the 
diagram. Ohm's law provides the 
three equations necessary to calculate the three unknowns, i\, it, and it. 
Thus, 

Bii + Rgi3 = Di2, 
A(ii - it) = RBi3 + X(i2 + is), 

Bix + A(ix - it) = E. 

In order to achieve simplicity in the final expressions, assume that 

F I G . 31 . -

Bolometer 

Diagram of unbalanced Wheat-
stone bridge. 

A = B = D, 
X = A - S, 
&«A. 

(2a) 
(26) 
(2c) 

Using determinants, the expressions may be calculated for the currents 
in various arms of the bridge, 
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These equations apply for the condition of small bridge unbalance, 
and a constant driving voltage on the bridge terminals. As defined 
by Eq. (26), the quantity 6 is conveniently considered positive for 
thermistors, and negative for barretters. Further, if 5 is small, as 
assumed in Eq. (2c), it is permissible to write 

S = §^ ohms, (4) 

where dR/dP is an expression for the detector sensitivity, and AP is 
the increment of power resulting in a change in bolometer resistance 



86 MICROWAVE POWER MEASUREMENTS [SEC. 3.2 

equal to S. Thus, from Eqs. (3a) and (4), the bridge sensitivity may 
be written 

w dR 

AP 4A(A + Re) 

^ A P 
dp^ . 3A + P 0 HA + Re) 

amp/watt . (5) 

The second term of the bracketed quantity in Eq. (5) may be dropped 
without sacrificing the validity of the equation for small meter deflections 
in sensitive bridge circuits. Thus, in its commonly considered form, 
the expression for bridge sensitivity becomes 

E-§ 
*7 = iA{A + Rg) a m P / w a t t - (6) 

I t is apparent that if all factors were completely independent, 
increased bridge sensitivity would result from a larger driving voltage 
on the bridge or bridge current, decreased bridge-arm resistances, a 
small meter resistance, and increased detector sensitivity. However, 
the factors are usually not independent, and Eq. (6) must be interpreted 
with discretion. For example, bolometer A may have a greater detector 
sensitivity than bolometer B, but may have a higher operating resistance 
and may demand a smaller bridge current to balance the bridge at the 
operating resistance of the bolometer. Or, as is true for a thermistor, 
the detector sensitivity decreases as the operating resistance A decreases, 
and it is not obvious what combination of the two will lead to greatest 
bridge sensitivity for a given meter. In some instances additional 
bridge sensitivity may be derived from the use of bridge arms for which 
A j± B j£ D. However, the gain is seldom large, and bridge circuits 
that use arms of different resistance values are usually designed to meet 
other demands, such as decreased bridge-current drain or greater meter 
protection in the event of bolometer burnout. Usually, bridge sensitivity 
is increased by using the meter of the lowest resistance and greatest 
current sensitivity which is sufficiently rugged. If this fails to provide 
adequate sensitivity, it is usually necessary to use an a-f voltage supply 
for the bridge so that the meter-arm unbalance may be amplified. 

In the above discussion a constant voltage supply for the bridge 
has been assumed. However, if the supply impedance is not negligible, 
it must be noted that E will vary slightly with AP, increasing with AP 
if the bolometer is a barretter, and decreasing with AP if the bolometer 
is a thermistor. The effect is negligible when considering small unbal
ances of the bridge. 

One of the interesting differences between barretters and thermistors 
involves the effect on bridge sensitivity caused by shunting the detector 
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element with an ohmic resistor. If a barretter is shunted with a resistor, 
a loss in bridge sensitivity results. However, bridge sensitivity can be 
increased by shunting a thermistor. The smaller the shunting resistance, 
the greater the increase in bridge sensitivity. Theoretically, there is 
no upper limit to the sensitivity that can be achieved in this way. I t 
is possible to carry the phenomenon to a condition of instability for 
which the tiniest increment of high-frequency power will effect a violent 
off-scale meter deflection. Unfortunately, because of three serious dis
advantages associated with the sensitivity increase, the principle is 
used only for relatively small sensitivity gains. The thermistor, under 
normal operating conditions, has a rather long time constant, and the 
sluggishness in the response of the bridge to a power change in the 
detector is increased appreciably by this scheme. Moreover, a serious 
departure from linearity in the calibration curve (that is, microwave 
power vs.-meter deflection) of the bridge results, and the total bridge 
current needed is greatly increased. 

Because of the infrequent use of the principle, it is hardly worth 
while to treat the phenomenon in mathematical detail. However, a 
simple qualitative explanation is appropriate. Consider first a bridge 
circuit, with an unshunted bolometer, which is initially balanced. If 
microwave power is applied to the bolometer, the detector resistance is 
changed not only by the microwave power, but also by the change in 
the d-c (or a-f) bias power in the detector. In other words, the microwave 
power effects a resistance change in the bolometer, which in turn incurs a 
change in the d-c power dissipated by the element. The change in d-c 
power may be positive or negative, depending on whether the bolometer 
has a positive or a negative temperature coefficient of resistance, and 
on the magnitude of the bolometer-supply impedance as measured at 
the bolometer terminals. Thus, if the bolometer has a constant-current 
supply, the d-c power increment will be positive for a barretter and 
negative for a thermistor. Conversely, if the bolometer has a constant-
voltage supply, the d-c power increment will be negative for a barretter 
and positive for a thermistor. If the bridge arms are all equal to A at 
bridge balance, and if Rg again represents the meter resistance, the 
supply impedance measured at the bolometer terminals will vary between 
A(A + 2Rg)/(3A '+ 2Rg) and A(2A + "&Rg)/(2A + Rs), as the supply 
impedance measured at the bridge "ba t t e ry" terminals varies between 
zeio and infinity. Thus, if a high-impedance source drives the bridge, 
Rg must be small compared with A in order to make the d-c power 
increment negligible; conversely, if a low-impedance source drives the 
bridge, Rg must be made large compared with A in order to make the d-c 
power increment negligible. Finally, it is apparent that a small shunting 
resistance provides a low-impedance supply for the bolometer, thereby 
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effecting a negative d-c power increment (hence loss in bridge sensitivity) 
for the barretter, and a positive d-c power increment (or gain in bridge 
sensitivity) for the thermistor. 

In the operation of a balanced bridge the linearity of the meter 
calibration is usually a meaningless consideration. In direct-reading 
bridges, however, it is an important consideration. Several factors 
influence the linearity of the calibration, and these deserve comment. 
The first condition demanded for linearity of the bridge calibration is 
linearity of the curve of detector resistance vs. power (R-P curve). An 
appreciable region of the R-P curve of the barretter is reasonably linear; 
however, the R-P curve of the thermistor is far from linear over any 
extended region. If the direct-reading bridge has a full-scale sensitivity 
of approximately 1 mw (microwave power), the error caused by the 
nonlinearity of the R-P curve of either the barretter or the thermistor 
is satisfactorily small. A bridge having a full-scale sensitivity of 5 to 10 
mw will be nonlinear. 

As previously discussed, the total power change in the bolometer is 
usually the algebraic sum of two components: the applied microwave 
power and an associated change in the d-c bias power. This second 
component may be used advantageously to improve the bridge sensitivity, 
but can adversely affect the linearity of bridge calibration. This 
follows because the d-c power increment is not linearly related to the 
magnitude of microwave power over a broad range of microwave power. 
The larger the d-c power increment associated with a given amount 
of microwave power, the greater the disturbing effect on the linearity 
of the bridge calibration. 

There is a third source of nonlinearity in the calibration if the bridge 
supply is not a constant-voltage supply. The change in detector resist
ance with microwave power is reflected as a smaller change in the resist
ance of the whole bridge network, which necessitates a change of the 
driving voltage of the bridge. Since the sensitivity of any Wheatstone 
bridge is directly proportional to its driving voltage, the bridge sensitivity 
will be influenced by this effect. Usually it is of less importance than 
other sources of nonlinearity. The fourth source of nonlinearity in the 
calibration can pass almost without discussion. Nonlinearity in the 
calibration of the current of a cheap bridge meter can be a serious source 
of trouble, particularly in very sensitive bridges where other sources 
of nonlinearity are negligible. 

Reference to Eq. (3a) reveals a fifth source of nonlinearity in the 
calibration. For large resistance changes, the meter deflection is not 
linearly related to the change in the resistance of the bolometer. Conse
quently, the bridge should be relatively sensitive if linearity of calibra
tion is to be preserved. 



SEC. 3-3] THERMISTOR PARAMETERS 89 

A sixth source of nonlinearity in the calibration concerns the imped
ance-match of the bolometer at microwave frequencies. The microwave 
impedance is a complicated function of the d-c resistance of the bolometer. 
This impedance must be investigated over the entire resistance range 
corresponding to the limits of balance and full-scale deflection of the 
meter. A bolometer may be well matched at the resistance demanded 
for bridge balance, but may develop a sufficiently high standing-wave 
ratio at the resistance corresponding to full-scale deflection to cause 
appreciable error in power measurement. This error, because it is 
usually frequency-sensitive, can be particularly troublesome. Like 
most other sources of nonlinearity of calibration it must be circumvented 
by making the bridge as sensitive as possible. Thus, it is common prac
tice to place a calibrated attenuator ahead of the detector mount so 
that power levels greater than 1 or 2 mw can be measured with accuracy 
by a direct-reading bridge. It is also customary to impedance-match 
the bolometer at a resistance corresponding to half-scale deflection, 
rather than at the resistance needed for bridge balance as is done in 
balanced-bridge practice. 

Finally, in those bridge designs which employ an a-f instead of a d-c 
driving voltage so that the meter-arm voltage unbalance may be ampli
fied, it is obviously important that the linearity of the amplifier be good. 

In cases where it is impractical to make a point-by-point calibration 
of each bridge circuit, it is often possible to determine a point (usually 
one-half to three-quarters full-scale deflection) at which a one-point 
calibration will make the errors of nonlinearity approximately equally 
positive and negative. 

3-3. Thermistor Parameters.—Bead thermistors are made of a semi
conducting material involving a mixture of various metallic oxides such 
as nickel and manganese oxide, and 
in addition they contain finely dis
persed metallic copper to increase 
the electrical conductivity of the 
mater ia l . I n order t o form the FIG- 3-2.—Diagram to illustrate construction 
i n , J . J . 1 . L * • • j • of a bead thermistor. 
bead, two taut platinum-indium 
wires, 0.001 in. in diameter, are stretched parallel to each other with a 
small, carefully controlled spacing between them. The mixture as a paste 
is daubed as a tiny "fly speck" at a spot on the wires. Surface tension 
shapes the drop into approximately a sphere that bridges the narrow 
gap between the wires. The bead is air dried, and subsequently sintered 
at an elevated temperature. Diagonally opposite tie-wire extensions 
are snipped and the bead cross section is that shown in Fig. 3-2. 
The bead is usually "loaded" with a skin film of glass to protect it from 
further oxidation at high temperatures, thereby adding greatly to the 
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long-term stability of the electrical characteristics of the bead. The two 
short tie-wire extensions are fastened to 0.030-in. tungsten-tipped nickel 
lead wires by a crimping operation, and an unevacuated glass capsule 
is heat-sealed to the lead wires. The final construction of a typical 
capsuled bead thermistor is shown in Fig. 3-3. 

Disk thermistors are not used as power detectors, but are often used 
to temperature-compensate the direct-reading-bridge circuits that 
employ bead-thermistor detectors. Figure 3-4 shows a photograph of a 
typical disk thermistor. Disk thermistors are disk-shaped elements 
and vary considerably in size, depending on the electrical characteristics 
desired. Most of the disks used in temperature compensation of bridge 
circuits are approximately the size of a small coin. It is usually con
venient to solder one side of the disk to a metal plate, using a special, 

F I G . 3-3.—Photograph of a typical capsuled F I G . 3-4.—Photograph of a typical disk 
bead thermistor. thermistor. 

low-melting-point solder, and to use a lead wire soldered to the opposite 
face of the disk as a second terminal. Coatings of wax and paint are 
used to protect the disk from moisture. 

The d-c characteristics of bead thermistors are conveniently plotted 
on double log-log graph paper which makes possible a quick determination 
of any one of the four pertinent quantities: resistance, voltage, current, 
or power. Figure 3-5 illustrates the use of such graph paper in plotting 
data on a V-519 glass-loaded thermistor bead, in air at atmospheric 
pressure. 

A number of the interesting and important d-c characteristics of 
bead thermistors can be observed from the curves of Fig. 3-5. Three 
curves are shown to illustrate the effect of ambient (room) temperature 
on the d-c bead characteristics. The higher the temperature of the 
bead environment, the less the d-c power needed to operate the bead at a 
specified resistance. The resistance of the bead can be varied over wide 
limits by either ambient temperature or d-c power. The burnout 
resistance is less than 10 ohms, whereas the "cold" resistance, at negligi
ble power dissipation, is about 1000 ohms. The negative temperature 
(or power) coefficient of resistance of the thermistor is clearly apparent. 
I t is particularly important to note that the voltage drop across the 
thermistor passes through a maximum value as the current through the 
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bead is increased. At a specified bead voltage, the bead resistance, 
current, and power may have either of two possible values. The voltage 
and resistance of the d-c supply dictate the equilibrium condition. 

The Bell Telephone Laboratories have developed a formula, Eq. (7), 
which expresses the resistance of the bead as a function of absolute 

Current in milliamperes 
FIG. 3-5.—D-c voltage, current, resistance, and power data on a typical bead thermistor. 

(Data by courtesy of Bell Telephone Laboratories.) 

temperature, 

R = B0 exp [ B ( I - £ ) ] , (7) 

where 
R = bead resistance at an absolute temperature K 

Ro = bead resistance at temperature K0 
B = a constant, expressed in degrees Centigrade. 

Equation (7) may be rewritten as 

R = JeB'K, (8) 
where 

J = RaC-B'K'. (9) 
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Equation (8) is of limited use, however, since it does not differentiate 
between the effects of ambient temperature and of (7S/2)-heat dissipation 
on the resistance of the bead. If the reasonable supposition is accepted 
that the bead resistance depends only on its internal temperature regard
less of the source of the thermal activity, Eq. (8) may be rewritten as 

B 
R = JeK+cp_ ( 1 0 ) 

The constant C is a simple proportionality factor, expressed in degrees 
per watt, which linearly relates the effects of ambient temperature and 
(B/2)-heat dissipation on the resistance of th*e bead. 

+20°C/ +0°C - 2 0 O C A - 4 0 ° C 

0 2 4 6 8 10 12 14 16 18 
Power into thermistor in milliwatts 

F I G . 3-6.—Temperature characteristics of a typical bead thermistor. 

Justification for the use of a simple proportionality factor has been 
found in experimental data of the sort shown in Fig. 3-6. The resistance 
of a V-519 thermistor has been plotted against power, at six ambient 
temperatures, covering a range of 100°C in equal 20°C intervals. The 
curves should shift linearly, left to right, if the assumption involved in 
the use of C is a valid one. The observed shift is not quite linear, 
being slightly greater at high temperatures than at low temperatures, i 
but is sufficiently linear to permit acceptance of Eq. (10) for many 
calculations. 
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The three fundamental parameters of the bead thermistor are J, B, 
and C. Parameter B is primarily a material constant, being determined 
largely by the composition of the thermistor mixture. I t is dependent 
on temperature to a slight (and usually neglected) extent. Parameter J 
is primarily a geometrical constant, depending principally on such factors 
as the size of the bead, the spacing of wires within the bead, and the 
resistivity of the thermistor material. Parameter C is primarily a 
thermal constant, depending on such quantities as the thermal capacity 
and specific heat of the bead, the medium (usually air) in which the bead 
is immersed, and lead-wire conduction losses. It is temperature-sensitive 
to the degree made evident by the data plotted in Fig. 36 . 

Equations (8) and (10) are also valid for disk thermistors. Usually 
the value of C is small for a disk because it has a relatively large heat 
capacity. Since the current it carries is a few milliamperes, the product 
CP is negligible compared to the value of K, and almost all calculations 
involving disk thermistors may therefore be made with Eq. (8). 

The values of J, C, and B of a thermistor may be experimentally 
determined as follows. If the d-c powers, P i and P2 , required to bring 
the thermistor to a resistance Pi at temperatures Ki and K2, respectively, 
are measured, then by definition, 

C = Y^T- (ID 

To determine J and B it is necessary to use Eq. (10), which may be 
written as 

(B) + (K + CP)(In J) = (K + CP) In R. (12) 

If C is determined from Eq. (11), Eq. (12) may be considered as an 
equation in two variables: B and In J. Therefore, if a third power 
measurement P3 is made at a temperature K3 and with the thermistor at a 
different resistance R3, values for B and In J may be obtained from 

R _ (Ki + CP,){K3 + CP,)(In R3 - In PQ 
(Ki + CPJ - (K3 + CP,) ' ( ' 

, (Ki + CPQ In Ri - ( g , + CP3) In R3 
l n J (Kl + CPi) - (K3 + CP3) ' U ' 

The resistance Ri is preferably chosen as the resistance at which the 
thermistor will be operated in the bridge circuit; R3 is preferably 100 
to 200 ohms greater. Ki and K2 are chosen as the extremes in tempera
ture over which the bridge circuit must operate, with K3 being chosen 
as an intermediate temperature. This selection of K and R values will 
lead to the most practical set oi J, B, C values, since B and C are slightly 
temperature-dependent. I t is advisable to operate the thermistor in a 
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precision balanced bridge while the data are being taken. This permits 
high accuracy in the determinations of R and P. Moreover, continued 
stability of the bridge balance over a long period of time guarantees that 
the bead has reached thermal equilibrium with its environment. Tem
perature data should be accurate to 0.1°K. 

When determinations of J, B and C are made, it is important to mount 
the bead in a manner similar to that in which it will be used. The 
environment of the bead affects the values of both J and C, particularly 
if the bead has no surrounding glass capsule. An illustration of the 
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F I G . 3-7.—Power vs. tie-wire length of unmounted D-166382 glass-loaded thermistor bead 
in air. (Courtesy of Bell Telephone Laboratories), 

effect of environment may be found in Fig. 3-7, which shows the influence 
of the length of the 0.001-in. tie wires on the d-c characteristics of the 
bead. The effect of increased conduction losses if the wire lengths are 
shorter than a critical value is readily apparent. If the thermistor 
(bead or disk type) is immersed in oil or water or a vacuum, the values 
of J and C will be changed appreciably from those that obtain in air. 
Occasionally a thermistor with d-c characteristics that are radically 
different from the average is found. Close inspection will often reveal 
that the bead is not centered within the air cavity of the glass capsule, 
but is in contact or near contact with the capsule wall. The increased 
conduction losses caused by contact can severely affect the d-c charac
teristics of the bead. 

Considerable use will be made of Eq. (10) in subsequent sections 
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of the chapter, and hence the values of J, B, and C assume importance. 
The equation is particularly useful in the design of certain types of 
direct-reading thermistor bridge circuits, and in studying the effects of 
d-c thermistor tolerances on the temperature compensation of the circuits. 

All disk thermistors have a value of B of 3890°C. Table 3-1 lists 
some of the disk thermistors that have been made by the Western Electric 
Company, together with their nominal values of / . The range of values 
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0.500"-H 

0.20Q1J 
iililj] h ^ - H 

^ 0 . 2 3 7 " 
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a change in the sperry 

mount 

(6) Modified D167332 (d) Final arrangement using standard 
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F I G . 3-8.—An assortment of BTL bead thermistors used in microwave power measurement. 

of / listed does not typify the range that can be provided if need arises. 
Rather, these happen to be values of J that were required to meet 
specific design objectives. 

T A B L E 3 1 . — V A L U E S O F J FOR AVAILABLE D I S K T H E R M I S T O R S 
T y p e No . J Value 
D-169227 0 .447 X 10"3 ohm 
D-167613 0 .705 X 10"3 ohm 
D-168391 1.52 X lO" 3 ohm 
D-168392 1.59 X 10"3 ohm 
D-169228 2 .82 X 1 0 - 3 o h m 

Table 3-2 lists the values of J, B, C of V-519 bead thermistors. The 
average and extreme values have been calculated from the Western 
Electric production test specifications; the tolerances are stated in terms 
of power variations at given resistance and ambient temperature. 

With very few exceptions, all bead thermistors that have been used 
in microwave power measurement are of the V-519 family. Many 
bead thermistors have been developed by the Bell Telephone Labora
tories, and subsequently put into production by the Western Electric 
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C o m p a n y . T h e y differ in the capsule, in t he length of p la t inum-ir id ium 
t ie wires, in t he design of bui l t -up lead wires, and in other geometrical 

TABLE 3 2.—CHARACTERISTICS OF V-519 BEAD THERMISTORS 

B; °C 
C; °C/watt 

Average 

0.555 
2,420 

11,440 

Extreme no. 1 

0.750 
2,402 

10,830 

Extreme no. 2 

0.228 
2,682 

11,960 

respects which are i m p o r t a n t from the point of view of microwave imped
ance match ing . However , m a n y bead thermis tors use t he V-519 

Current in milliamperes 
FIG. 3-9.—D-c characteristics of two high-power bead thermistors. 

bead, and have t he same d-c characterist ics. Figure 3-8 shows a n u m b e r 
of bead thermis tors which are members of t he V-519 family. 
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Brief investigations have been made of two high-power bead ther
mistors, the D-162046 and the V-520. The capsules are somewhat 
larger than those of the V-519 thermistor, but can be readily installed 
in 10-cm-band waveguide or coaxial-line mounts. The chief objection 
to large-bead thermistors is their excessive sluggishness. In most appli
cations it is preferable to use the V-519 bead with calibrated attenuators 
to reduce the microwave power level. The d-c characteristics of the 
high-power beads are shown in Fig. 3-9, together with those of the V-519 
for ready comparison. 

3-4. Operation of a Thermistor in a Bridge Circuit.—Consider a sim
ple series circuit consisting of a battery of potential E, a fixed resistance 
Ro, and a thermistor of resistance R. The voltage drop across the 
thermistor is given by 

RE 
v ' BTTB- (15) 

To have a steady-state condition a second relation must be satisfied. 
Referring to Eq. (10), expressing P as V2/R, and solving for V 

v= B /-S-xV (16) 

A steady-state condition is reached when the thermistor resistance 
is such that the two expressions for V are equal. By plotting two curves 
of V vs. R, one from Eq. (15) and one from Eq. (16), the steady-state 
values of R and V may be determined from the point of intersection of 
the curves. Depending on which curve has the greater slope at the 
point of intersection, the steady-state condition may or may not be 
stable. In most bridge circuits, however, the equivalent series voltage 
and resistance of the d-c supply of the thermistor are such that the 
steady-state condition is stable, and there is a single crossover point 
for the two curves. 

The resistance R0 should be large enough to limit the series current 
to a value less than that required for burnout of the thermistor, which is 
slightly under 10 ohms. 

The maximum voltage in the thermistor characteristic curve is 
commonly called the " h u m p " voltage. As may be seen from Fig. 3 5 , 
its value depends considerably on the ambient temperature. A calcula
tion of the hump voltage is of interest in the design of battery-operated 
direct-reading bridge circuits that must operate at low temperatures. In 
order to have long battery life and yet hold battery weight to a minimum, 
it is desirable to use low-voltage dry cells in such wattmeters. However, 
the battery emf must be large enough to guarantee that the thermistor 
can be biased "over the h u m p " at the lowest temperature, since the 
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operating resistance is almost always less than the value associated with 
the hump voltage. 

The hump voltage, Vh, may be determined from Eq. (16) by differ
entiating V with respect to R, and setting dV/dR = 0. Thus, 

and 

B, i = J e x p [ A ( 1 + ^ r r i f ) ] , (18) 

where Rh is the resistance of the thermistor at the hump voltage Vh. By 
substituting Eq. (18) in Eq. (17), an expression for Vh as a function of 
J, B, C, and K may be obtained. The value of Vh calculated from Eq. 
(17) may be compared with the value of V calculated from Eq. (15) 
under the condition R = Rh. The value calculated from Eq. (15) must 
of course be larger than that calculated from Eq. (17), if the thermistor 
is to be successfully biased over the hump. If it is not larger, it is 
impossible to balance the bridge. It is interesting to note that if 
the bridge cannot be balanced for this reason, it is possible to warm the 
thermistor mount by holding it tightly in a bare hand, balance the 
bridge at the elevated bead temperature, and maintain the balance after 
the temperature has dropped to its initial value. In other words, a 
battery potential inadequate to balance the bridge at a low temperature 
may nevertheless be capable of holding the bridge at balance if it has 
help in achieving the balance condition. 

Although it is apparent from Fig. 3-5 that the resistance of a bead 
thermistor may be varied over a range of many hundreds of ohms, the 
practical operating range is confined to a fraction of this. If the ther
mistor is operated at too high a resistance it may be impossible to balance 
the bridge at a high temperature. For example, the 60°C curve in Fig. 
3-5 demonstrates the impossibility of balancing a bridge that was designed 
to operate this particular thermistor at 700 ohms. If the operating 
resistance were 500 ohms, it would be possible to balance the bridge, 
but the bridge current and driving voltage would be so small that poor 
sensitivity would result. Conversely, at very low resistance levels 
(for example, 10 to 50 ohms) the bead is operated dangerously close to 
burnout. Moreover, broadband impedance-matching of the thermistor 
is extremely difficult at such low resistances. Experience has shown that 
a bead thermistor of the V-519 family should be operated within the 
range of 100 to 300 ohms in order to achieve the optimum set of condi
tions on bridge sensitivity, ease of impedance-matching tbd thermistor, 
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safety from overload or burnout of the thermistor, and ease in effecting 
temperature compensation for the bridge. 

Bead thermistors of the V-519 family burn out at a resistance some
what less than 10 ohms. Almost invariably the burnout is not within 
the sintered bead, but in one of the two 0.001-in. tie wires, halfway 
between the bead and the tie-wire junction with the larger 0.030-in. lead 
wire. If the burnout results suddenly from application of excessive 
power, the bead itself is apparently unhurt. On at least two occasions 
determinations of / , B, and C were made on bead thermistors, after 
which the thermistors were intentionally burned out by excessive power. 
The broken tie wires were spot-welded together and the data retaken. 
The changes noted were within the errors of measurement. Long-term 
application of power almost great enough to cause burnout can effect 
small changes in the values of J, B, and C of a bead; however, under 
normal conditions of use the beads can be considered to have very stable 
electrical characteristics. 

All thermistor mounts share one desirable property which has become 
known as the " self-fusing" property. The burnout resistance of a 
thermistor is so much lower than the operating resistance (that is, 5 ohms 
compared with 150 ohms) that the mount impedance becomes badly 
mismatched before the thermistor can be burned out. As the mount mis
match increases, the generator delivers less power to the thermistor, so 
that a generator capable of delivering burnout power to a matched load 
will not necessarily burn out the mounted thermistor bead. Barretters 
do not share this advantage because of the much smaller difference 
between their operating and burnout resistance levels. 

Bead thermistors of the type commonly used for microwave power 
detection are relatively sluggish devices. Resistance-frequency and 
reactance-frequency graphs for a typical V-519 thermistor show that 
the resistance is constant and the reactance zero at frequencies greater 
than a few cycles per second. Consequently, audio frequencies at 60 cps, 
or greater, may be used as sources of thermal energy for the bead. For 
example, the middle or bottom curve of Fig. 3-5 may be reproduced by 
maintaining a constant a-f power dissipation in the bead at 0°C while 
the d-c power variations are being made. The amount of a-f power 
required to reproduce the 60°C curve at 0°C depends on the value of C 
for this particular bead. This may be seen by writing Eq. (10) as 

R = J expU + c(^+p:)] = ,7exp B (19) l(K + CPa) + CPd\ 
where Pa is the a-f power dissipation in the bead, and Pd is the d-c power 
dissipation. For the example just cited Pa should be chosen so that 

(K + CPJ = 273 + 60. 
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3-6. Audio-frequency Response of Bolometers.—Although a V-519 
thermistor responds only weakly to a-f voltages, a combination of a 
thermistor and an a-f amplifier has been used to advantage in making 
low-level pulse-power measurements. For example, in making produc
tion-line measurements of TR leakage power, a thermistor in a balanced-
bridge circuit is used to measure the average power coupled through a 
standard hole.1 The standard hole provides reproducible leakage from 
a transmission line carrying pulsed magnetron power. After the bal
anced-bridge measurement is made, the thermistor is switched to an 
amplifier circuit which is tuned to the pulse-repetition frequency. In 
order to preserve the microwave impedance-match of the thermistor, 
the amplifier bias current must be set at the same value required to 
operate the thermistor in the balanced bridge. The amplifier gain 
control is adjusted to make the amplifier read directly in pulse power, 
see Eq. (1). A 20-mw pulse-power signal for a ^-^isec pulse at 1000 pps 
will provide an input voltage signal of 10 to 20 jtv, depending on the 
magnitude of the thermistor bias current. This is adequate to operate a 
sensitive a-f amplifier. The amplifier calibration is checked periodically 
by measuring the leakage power from the standard hole. A barretter, 
because of its much smaller time constant, would provide a considerably 
larger voltage signal under the same operating conditions. However, 
the barretter, unlike the thermistor, does not have the ability to with
stand large overloads without burnout, and every defective TR tube would 
result in a barretter burnout. 

In order to understand certain phenomena that are troublesome 
in the design and use of sensitive a-c bolometer bridge circuits, it is 
necessary to probe into the mathematics of the periodic excitation of 
bolometers. I t will be assumed that the bolometer time constant is 
large compared to the period of the modulation of the power, but is at 
the same time not a negligible factor. In other words, the average 
(internal) temperature of the bolometer will be large compared to the 
periodic variation of resistance. The rate of heat generation in the 
bolometer will be given by the product of the average bolometer resistance 
and the square of the bolometer current. Variations with resistance 
in the rates of heat generation and dissipation will be negligible second-
order effects. The law of conservation of thermal energy demands that 

(P - Po)dt = H ■ dT, (20) 

where P is the instantaneous power level, P0 the average power level, 
H the heat capacity of the bolometer, and T the instantaneous tem
perature of the bolometer at the time t. For small periodic variations 

1 J. B. Wiesner, "Details of X-Band High Level TR Tube Test Bench," RL Report 
417, February 3. 1944. 



SEC. 3-5] AUDIO-FREQUENY RESPONSE 101 

in temperature, it may be assumed that the bolometer resistance varies 
linearly with temperature, or 

s ? = k> (21) 

where k is the dynamic temperature coefficient of resistance. If Eq. (21) 
is substituted in Eq. (20) and integrated, 

R = Ra + ~ J (P - Po) dt. (22) 

If the excitation of the bolometer is by an a-f current of constant 
amplitude, 

I = Io cos oit, (23) 
Eq. (22) may be written as 

R = Ro + 

or 

i f'o (R0II cos* ot - ^j dt, 

R = Ro (l + lj± sin 2 o A (24) 

From Eqs. (23) and (24) the expression for the voltage E appearing 
across the bolometer terminals becomes 

7? 1.73 
E = IoRo cos cot + ^ p (sin cot + sin 3«<). (25) 

If k is negative (the case of the thermistor), the equivalent circuit 
is shown in Fig. 3-10a, and 

-&H 
kRJt Ct = T^V (26a) 

Et = ~ P sin &rf. (26b) 
Oil 03 

If k is positive (the case of the barretter), the equivalent circuit is shown 
in Fig. 3-106, and i 

L6 = ̂ , (27a) ^AAAH(-©-° ^ [ " j - © - 0 

. Eh = § p sin &d. (276) R° 
olio) a b 

FIG. 3-10.—Equivalent circuits for (a) a 
If d-C a n d a-f cur ren t s are applied thermistor and (b) a barretter excited by 

,, i . , i i i x a constant-amplitude a-f current. 
simultaneously to the bolometer, a 
second generator is added in series with the first in the equivalent circuit. 

For the thermistor, the second generator voltage E't is given by 
% = ^ p sin 2od, - (26c) 

E. G. & G. LIBRARY r- ' " ' " ' ' 
LAS V£GA3 BRANCH ~* "£ / / 
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where i is the direct current through the bolometer. For the barretter, 
the second generator voltage E'b is given by an equivalent expression 

^ = ws in2wi- (27c) 

I t is interesting to note that the apparent reactive elements L& and Ct, 
behave as real reactive elements in that they are independent of fre
quency. However, they are unlike true reactive elements in that their 
magnitudes depend on I0. 

The above development has been necessary to demonstrate the follow
ing pertinent facts. If a bolometer is used as one arm of an a-c bridge 
circuit, and if the bridge is balanced for the fundamental a-c frequency, 
the third (in the a-c and d-c case, the second and third) harmonic will 
usually appear as an unbalanced voltage across the center of the bridge. 
Moreover, if the bridge is unbalanced for the fundamental frequency, 
this frequency will suffer a phase shift. The harmonic unbalance 
prevents a zero meter reading unless the a-f amplifier has good harmonic 
rejection. The phase shift of the fundamental frequency is troublesome 
in the design of self-balancing a-c bridge circuits which must use pro
perly phased feedback loops. 

I t should be noted from Eqs. (266), (26c), (27b), and (27c) that 
the amplitudes of the harmonic voltages can all be reduced by increasing 
the frequency. Thus, if an r-f current is modulated by an audio fre
quency, the radio-frequency component may be neglected and only 
the modulation envelope considered. If the r-f current is square-wave 
modulated, the power is then given by the Fourier series 

_ „ . 4P0 /cos ut cos Sat cos 5oit \ ,„„. 
P=-P° + — \— 3 ~ +— " " / (28) 

If a d-c bias current i is used, Eq. (22) may be integrated and solved 
for the bolometer voltage E with the result 

_ ._ .„ . AHPo I sin ut sin 3ut , sin but \ (29) 

I t is apparent from Eq. (29) that only odd harmonics of the modulation 
frequency are generated. The sign of A-is of no importance. The Fourier 
expansion given in Eq. (29) will be readily associated with a triangular 
waveform. 

If the skin depth for current in thermistor material at microwave 
frequencies is calculated, it is found to be in excess of the diameter of a 
V-519 bead. Consequently, a bead thermistor will be heated the same 
by microwave currents as by d-c currents, and it is a satisfactory detector 
for absolute power measurements. Careful comparisons of thermistors 
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and barretters in power measurements in the 3-cm and 10-cm bands have 
shown agreement between them that is well within experimental error. 
The glass loading and glass capsule of the thermistor are formed from a 
special low-loss Corning glass. The tie-wire losses are negligible except 
when the operating bead resistance is well under 100 ohms or when 
the frequencies are extremely high. There is, however, a question as to 
whether tie-wire losses are indeed negligible in the 1-cm band. This 
problem is discussed in detail in Sec. 3-21 in connection with 1-cm-band 
thermistor mounts. 

3-6. Temperature Compensation of Direct-reading Bolometer 
Bridges.—There are two phases to the problem of temperature compensa
tion for direct-reading bolometer bridges. I t is desired that the bridge 
sensitivity should be independent of temperature changes, and that 
the bridge should not drift from a condition of balance to one of small 
unbalance as the ambient temperature varies. I t should be emphasized 
that the techniques developed for temperature compensation in direct-
reading bridge circuits do not provide perfect compensation. The cir
cuits are almost invariably designed to have maximum effectiveness 
for the bolometer with average d-c and temperature characteristics, and 
the compensation for such a bolometer can usually be made very good. 
However, it is seldom desirable to adjust the circuits individually to take 
into account bolometer variations; consequently a compensating circuit 
designed for the detector with average characteristics may or may not 
be satisfactory for bolometers having characteristics of extreme values. 
Since most designs of direct-reading bridges to be discussed in this section 
and in Sec. 3-7 have been developed for quantity production, it is neces
sary to state specifications on temperature compensation that will 
apply to any thermistor or barretter that meets the d-c and temperature 
test specifications of the manufacturer. 

The degree of difficulty involved in providing sensitivity compensa
tion depends largely on the ambient-temperature range over which the 
bridge is expected to operate, and on the tightness of the tolerances in 
the test specifications of the bolometer. These same factors influence 
the problem of providing drift compensation, but there is an additional 
factor which often makes this problem more serious. Whereas sensi
tivity compensation is almost independent of the bridge sensitivity, 
the balance drift increases directly with bridge sensitivity. A given 
small change in ambient temperature will produce an unbalance deflection 
of the meter which is proportional to the bridge sensitivity. 

Sensitivity compensation is essential, but drift compensation is 
merely desirable. Much time is saved in operation of the bridge if the 
drift compensation is good. For example, there is always a possibility 
that a small ambient-temperature variation may occur between the 
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time the d-c bridge is balanced and the time the meter deflection is 
noted after introduction of microwave power to the bolometer. Thus 
the power determination may be in error, and it is necessary to make a 
series of readings in order to ensure the correctness of the measurement. 
Satisfactory drift compensation avoids this repetition of measurements. 
Frequently the bridge must be transported from a warm room to a much 
colder outdoor location; an uncompensated bridge will drift rapidly 
for many minutes before the detector has reached temperature equilib
rium and a stable bridge balance can be obtained. In some instances 
it is desirable to use a recording bridge meter to provide a continuous 
record of the variations in microwave power over long periods of time. 
In such an application, drift compensation becomes a necessity in order 
to avoid appreciable errors. Seldom is the drift compensation so good 
that the manual bridge-balance control (usually a d-c potentiometer) 
can be entirely eliminated. However, a single fine-adjustment control 
is quickly and easily used. Subsequent discussions of bridge designs 
will emphasize the techniques used to provide drift and sensitivity 
compensation. The remainder of this section will consider only ther
mistor bridges. These will be discussed in approximately the chrono
logical order of their development in order to display better the logic 
underlying their development. 

In considering sensitivity compensation it is essential first to under
stand why bridge sensitivity varies with temperature. Experimentally, 
it is found that the sensitivity of an uncompensated thermistor bridge 
(wherein balance is obtained by an adjustment of the bridge current) 
increases as the ambient temperature decreases. Neglecting the tem
perature coefficients of resistance of all elements except the thermistor, 
there are three potential explanations: (1) the detector sensitivity (in 
ohms per milliwatt) of the thermistor varies with temperature; (2) the 
resistance of the bridge supply and the thermistor-current supply varies 
with temperature because of the bridge-current adjustment; and (3) 
the driving voltage across the bridge terminals varies with temperature 
for the same reason. 

If Eq. (10) is differentiated to obtain an expression for the detector 
sensitivity of the thermistor, 

jjp = - ^ ( in ^ Y ohms/watt. (30) 

Since K does not appear in Eq. (30) it is to be concluded that the detector 
sensitivity of the thermistor is independent of ambient temperature 
provided that the resistance is held constant. This condition is met 
by the procedure of balancing the bridge at each and every temperature 
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before delivering microwave power to the thermistor. Consequently, 
the first of the above-mentioned possible explanations must be discarded. 

I t is found experimentally that the bridge sensitivity is markedly 
temperature-dependent even when the bridge- and the thermistor-
current supplies have a high resistance. This high resistance is changed 
inappreciably when the bridge current is varied to effect balance over a 
wide temperature range, so that the second possible explanation is of 
minor importance. 

Consistent with the third-mentioned possibility, it is found that 
bridge sensitivity varies directly with the bridge driving voltage, as the 
bridge driving voltage is changed by adjustment of the bridge current 
in traversing a wide ambient-temperature range. The first bridge design 
to utilize this observation in providing sensitivity compensation is 
described in the next section. 

3-7. The V-bridge.—An example of a bridge with sensitivity compen
sation is known as the V-bridge. A circuit diagram of the bridge is 
shown in Fig. 3-11. 

The V-bridge is designed to operate the bead thermistor Thi at a 
resistance of 200 to 300 ohms, depending on the optimum value for 
microwave impedance-matching. Potentiometer Ru is set accordingly. 
Cascaded voltage-regulator tubes provide a well-stabilized d-c bridge 
voltage that can be adjusted by .R4. The adjustment is such that the 
d-c bridge current will effect bridge balance at an ambient temperature 
somewhat in excess of the highest temperature at which the bridge is 
expected to operate. At lower ambient temperatures the d-c current 
is inadequate for bridge balance, and a-f (1000 to 2000 cps) power is 
superimposed on the d-c thermistor power in an amount sufficient to make 
the bridge balance. A 6J5 tube is used in a modified Wien-bridge circuit, 
with a suitable output transformer, to provide a stable a-f current. 
Potentiometer Rs is used for manual adjustment of the bridge balance. 
With R& set at the middle of the range, and at an ambient temperature 
which is roughly at the middle of the operating temperature range, 
Rt is adjusted for bridge balance. Thereafter the Ri setting is left 
untouched, and all further balancing is conducted with #5. 

A d-c meter (200 /̂ a full scale, 50 to 75 ohms coil resistance) is used 
as the bridge galvanometer. Full-scale sensitivity of the bridge is 
standardized at 2 mw by adjustment of the meter shunt Ru. 

Since the bridge meter responds only to direct current, and since the 
d-c bridge driving voltage is maintained constant over the operating 
temperature range, the sensitivity of the bridge is relatively independent 
of temperature changes. I t is essential, however, that the a-f supply 
impedance, as measured at the thermistor terminals, be kept close to the 
operating resistance of the thermistor. If this condition is not met, the 
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a-f power in the thermistor will vary with the bridge unbalance and 
serious error can accumulate. A change in ambient temperature may-
occur between the times of bridge balance and bridge unbalance caused 
by the applied microwave power. Since the bridge must operate the 
bead at any place within the 200- to 300-ohm range, and since the a-f 
supply impedance also varies with temperature, some error in sensitivity 
compensation is thereby realized. The compensation achieved with this 
bridge design is + } db over a temperature range from —10° to +60°C, 
for any thermistor of the V-519 type. An uncompensated thermistor 
bridge would have a sensitivity variation in excess of + 1 db over this 
same temperature range. 

This circuit illustrates the first attempt to use a disk thermistor for 
drift compensation. The disk thermistor Th? is placed in parallel with 
the bridge network in the a-f bridge supply, and acts as a temperature-
sensitive shunt element to control the a-f bridge voltage. As the ambient 
temperature increases, the resistance of the disk decreases. The disk 
therefore becomes a more effective shunt element, reduces the a-f current 
in the bridge network, and decreases the a-f power dissipation in the bead 
thermistor. For perfect drift compensation, the disk thermistor would 
have to limit the a-f power dissipation in the bead thermistor to the exact 
amount required for bridge balance at any ambient temperature. A 
bead thermistor of average J, B, C, values is used in designing the drift 
compensator, and a decade resistance box is placed in shunt with the 
bridge in the a-f bridge supply. Bridge balance is made over a wide 
temperature range by manual adjustment of the decade box, with the Rt 
control left untouched at its midposition. The curve of decade-box 
resistance vs. ambient temperature must then be matched by the R-K 
curve of an available disk thermistor. I t is convenient to prepare a 
family of curves with Ris as the parameter, and to select the value of Ri» 
that provides an R-K curve that an available disk thermistor will match. 
Subsequent developments involving the use of disk thermistors in 
resistive T-networks have led to more accurate matching of the R-K 
curve, but the single D-167613 disk used in this circuit is surprisingly 
effective. The unbalance drift is less than + -* full scale at a sensitivity 
of 2 mw full scale over the temperature range of + 35°C. The maximum 
slope of the drift curve for any bead of the V-519 type is approximately 
3.5 per cent of full-scale deflection per degree C. In the average bead 
for which the circuit is designed, with the bead operating at 250 ohms, 
the unbalance drift is ± y full scale, and the maximum slope 1.5 per 
cent of full scale per degree C. 

Several factors collectively limit the maximum sensitivity of the 
V-bridge to approximately 1.7 mw full scale. The meter sensitivity 
cannot be increased appreciably without sacrificing the ruggedness 
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required if the instrument is to be readily portable. The d-c bridge 
driving voltage is relatively low because of the necessity of using a-f 
power, in part, to balance the bridge. The higher the maximum tempera
ture at which the bridge must operate, the lower the d-c driving voltage 
that can be used. The a-f and d-c supplies provide sufficiently stable 
voltages for operation of the bridge at a 2-mw full-scale sensitivity, but 
any attempt to increase bridge sensitivity by using a much more sensitive 
galvanometer would cause trouble from inadequate voltage regulation. 
Finally, drift compensation by disk thermistors becomes increasingly 
more difficult at higher sensitivities because of the difficulty of maintain
ing the disk and bead thermistors in temperature equilibrium. The 
disk is installed on the outside of the metal mount for the bead thermistor, 
but the small temperature gradient that can exist between the disk and 
the bead becomes increasingly more significant and troublesome as the 
bridge sensitivity is increased. 

The only front-panel controls on the V-bridge are the manual bridge-
balance control Ri and a push-button switch, S\v-2. This switch shunts 
the meter with a 5-ohm resistor, greatly decreasing the nominal sensitiv
ity of the bridge. I t is useful for indicating, not measuring, power 
levels of 2 to 50 mw. Further, if the microwave power level is not 
known approximately before measurement, it is wise to get a preliminary 
indication with the 5-ohm meter shunt in order to avoid a violent off-
scale deflection of the sensitive meter. 

The following changes in the circuit diagram shown in Fig. 3-11 per
mit the operation of the bead thermistor at 125 ohms in the V-bridge 
circuit: (1) change R2 from 4000 to 2500 ohms; (2) change Rn and R12 
from 500 to 300 ohms; (3) eliminate Ris; (4) set Rn at 25 ohms; (5) 
change Ci from 1 n/ to 2 fif; tap the a-f voltage off terminal 5 rather than 
terminal 2 of the secondary of the output transformer; (6) recalibrate. 

The V-bridge has no self-contained calibration device. It is cali
brated against a balanced bridge, and the calibration must be repeated if 
a new bead thermistor is installed. 

3-8. Temperature Compensation with Two Thermistor Disks.—The 
most frequently voiced objections to the V-bridge have been its circuit 
complexity and its physical size. Whereas neither is objectionable for 
use of the bridge as a portable laboratory milliwattmeter, it is highly 
desirable that a milliwattmeter for field service be considerably smaller 
and simpler in design. The need for a simple, compact bridge circuit is 
also felt in the design of signal generators and field test sets. After 
considerable development work, the design of the "two-disk" thermistor 
bridge, which requires only direct current for its operation, evolved. In 
this circuit, sensitivity compensation is achieved by installing a disk 
thermistor in series with the bridge meter thereby making use of the fact 
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that bridge sensitivity can be controlled by adjustment of the meter-arm 
resistance. At the low ambient temperatures where an uncompensated 
bridge becomes more sensitive, the disk increases the meter-arm resistance 
to compensate. Similarly, constant sensitivity is maintained at high 
temperatures through the decrease in meter-arm resistance resulting 
from the reduced disk resistance. Drift compensation is achieved 
through the use of a second disk thermistor which 
is placed in shunt with the bridge, the technique 
being similar to that used for drift compensation in 
the V-bridge. 

The success of the design obviously rests on the 
resistance-temperature (R-K) characteristics of the 
two disk thermistors. The disk characteristic must 
match the R-K curve necessary for compensation, 
over the entire temperature range. A perfect match 
at all temperatures (hence perfect compensation) is 
not possible. However, by installing the disk in 
a network of ohmic resistors it is possible to match at several arbitrarily 
chosen points along the curve, and to have small errors at temperatures 
which lie between these points. I t can be shown that a T-network, Fig. 3-12, 
is as general a network as need be used with a single disk thermistor. 

Since there are four variables in the network, the three resistors and 
a disk of arbitrary J-value, it is to be expected that the desired R-K curve 

may be matched at four points. How
ever, it is often satisfactory to match 
at three points, and thereby permit 
greater latitude in the choice of the 
disk thermistor. An available disk 
may suffice, and thereby obviate the 
need for manufacturing a special disk 
thermistor. This has been an impor
tant consideration since there must 
exist numerous variations of the two-
disk bridge design to meet the various 
field and laboratory demands. 

If the R-K curve necessary for perfect compensation (drift or sensi
tivity) has been experimentally determined by the use of a decade resist
ance box, the problem is that of designing the circuit, Fig. 312, to match 
this curve. The curve to be matched is fortunately a smooth one in all 
but rare instances, and is of the form shown in Fig. 3-13. 

Consider the network1 as a two-terminal-pair network with the disk 
1 R. Krock and N. Painter, "The Two-disk D-c Thermistor Bridge Circuit," 

RL Report 502, Jan. 12. 1944 
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thermistor connected to one pair of terminals. The network equations 
are 

Ei = Rnli + Rnli, ,,,,.. 
E2 = Rnli + R22I2, 

where the resistance of the network as a whole is E1/I1 = R, and the 
resistance of the disk is 

- f-2 = JeB'K. ' (32) 

With these substitutions Eq. (31) may be reduced to 

(R - Ru)JeB/K + (R - Ru)Rn + (fiiO2 = 0. (33) 

The quantities J, fi22, and (fii2)2 may be considered as the three 
variables. If three equations are made of Eq. (33) by substituting known 
resistances at known temperatures (see Fig. 3-13), values for the quantities 
may be determined as 

J = a(a - b)Rie-B/K> 

R22 = a [ (f in - aR1)eir'~1<- - (fin - 6fii)Jf, (34) 

(fi12)2 = a ( f i n - afiO(fiii - b f l i M * " * ' - 1) 
where a is a proportionality constant relating each variable to the cor
responding cofactor of the first row of the determinant formed from Eq. 
(33). 

From Eq. (34) it may be determined that 

fin = fii -p-

Ba = a R ^ >' (35) 

fil2 = y/cL fii -p 

where 
P = Ma - (M - N)b - N 

Qx = {M - N)a - Mb + Nab 
Qj = (a - b)[(M - N)b - M(N + l)a + (M + \)N] 
Qt= (a - b) y/MN(M - N){1 - o)(l - b) 

M = eKl K' — 1 
B^ B_ 

N = eK> K' - 1. 

For any physically realizable network fii2 ^ fin, and fii2 ^ fi22. These 
conditions may be used to define the maximum and minimum values that 
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a may assume. Thus, 

(36) 

I t is not always possible to match a given R-K curve at three points. 
However, it is easy to determine whether a three-point match is possible. 
It has been shown in Eq. (36) that a must lie within a specified range if the 
required network is to be a physically realizable one. The limiting case 
must occur when a„u = owi. If this equality is assumed, Eq. (36) may 
be reduced to a cubic in a and b. This cubic can be factored into a com
bination of a linear and a second-degree function that, when plotted on an 
a-b plane, defines a crescent-shaped area 
such as that shown in Fig. 3-14. 

In the experimental R-K curve shown 
in Fig. 3-13, only those curves whose a-b 
points fall within this crescent area can be 
matched at the chosen three points. I t 
is also possible to demonstrate that the 
dashed, straight line of Fig. 3-14 has special 
significance. The crescent area to the 
right of this straight line is concerned with 
matchable R-K curves having negative 
second as well as first derivatives; the 
crescent area to the left of the dashed line 
is concerned with curves having positive 
second but negative first derivatives. (No curves with positive first 
derivatives can be matched by a disk-thermistor network.) The slope of 
the dashed line (or its intercept along the a axis) is determined by the 
spacings of Klt K2, and K3. For example, the intercept is a = 0.5 for 
(Kn — Ki) = (K3 — K2). The boundary curves which define the crescent 
are also dependent on K\, Kt, and K3. 

The equations just stated are sufficient to permit calculation of the 
constants of the compensating network. However, a set of three graphs 
can be prepared from which the constants can be readily calculated by 
simple interpolation procedures. Such graphs are invaluable if there are 
numerous curves to be matched. To explain the origin and use of this set 
of graphs the following extension of the foregoing theory is necessary. 

From Eqs. (35) and (36) the three pertinent equations may be restated, 

F I G . 3-14.—The crescent area 
in which the a-b points of Fig. 3-13 
must fall if the R-K curve can 
be matched by the network of 
Fig. 3-12. 

-©" (37) 
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(38) 

(39) 

The right side of each equation is a function only of o and b, once values 
have been assigned to B, Ku K%, and K3. Hence it is possible on an a-b 
plane to plot a family of curves, each member of which has a definite 
value of am<„. Similar families of parametric curves can be drawn for 
Rn/Ri and fi22/afii. 

Since values for a, b, and Ri are known from the curve to be matched, 
the value of fin can be obtained from the family of curves based on Eq. 
(38). By dividing Eq. (39) by Eq. (38), squaring, and multiplying by 
Eq. (37), 

\Ql/ <*„,, 
(40) 

By proper interpolation on each of the three prepared graphs values for 
amin, {Rti/aRiY, and (fin/fii)2 may be obtained. Then from Eq. (40), 
the value for ama„ may be determined. In the first line of Eq. (34), J is 
expressed in terms of a and experimentally known constants. A value of 
a is selected which lies within the range defined by Eq. (36) and which 
requires the /-value of an available disk thermistor. From the set of 
curves based on Eq. (39), R22 may be calculated. The value of R12 may be 
determined by squaring Eq. (39) and multiplying by Eq. (37). The 
result, combined with the last line of Eq. (35), leads to 

fll2 = fi82,P^ (41) 
\ a 

This step completes the determination of the circuit constants. 
I t frequently happens that the calculated value of one of the network 

resistors is only a few ohms, and the resistor may therefore be eliminated. 
Similarly, it is usually possible to depart slightly from the calculated 
resistance value in order to use an RM A-standard resistor. 

It should be pointed out that a four-point matching procedure does not 
extend the crescent area of Fig. 3-14 and therefore does not permit a wider 
variety of R-K curves to be matched than when three points are used. 

I t must be emphasized that these calculations neglect the heating effect 
of the current passed through the disk thermistor. This is certainly safe 
for the disk used for sensitivity compensation because the meter-arm cur
rents are of the order of microamperes. The drift-compensator disk must 
pass currents, however, in the milliampere range, and care should be used 
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in selecting disks for this application. Regardless of the ./-value, the disk 
must be sufficiently large, and hence have a sufficiently large heat 
capacity, to keep the product CP negligible compared with K. Fortu
nately, the drift-compensator disk carries the largest currents at high 
ambient temperatures where its resistance is lowest. 

3-9. The Calculation of R-K Curves for Temperature Compensation. 
The above treatment of the problem of the design of a compensating 
circuit is based on an experimental determination of the R-K curve to be 
matched. This is a fundamental limitation because it is difficult to handle 
the tolerance problem in bead-thermistor characteristics. Whereas disk 
thermistors can be made uniform, the tiny beads are found to vary con
siderably in their ambient-tem
perature and d-c characteristics. 
Invariably there arises the problem 
of determining the' success of the 
compensator circuits for limit 
beads in the bridge circuit, and 
such limit b e a d s a r e seldom 
available for experimental tests. 
Consequently, it is often desirable 
to be able to calculate the R-K 
curves which must be matched. 
Such calculations must be based on 
known circuit quantities, including 
the values of J, B, and C of the bead thermistor used. Equations permit
ting these calculations can be used for other purposes. I t is often desir
able to calculate the range of the meter shunt resistance needed to 
standardize bridge sensitivity over the entire range of values of J, B, and 
C. Likewise, meter overload currents in the event of thermistor burnout, 
minimum supply voltage needed to avoid "hump trouble" at low ambient 
temperatures, and the maximum range of resistance variation needed in 
the manual bridge-balance control can be calculated. 

Consider the bridge circuit shown in Fig. 3-15 in which S and D repre
sent respectively the sensitivity- and drift-network resistances. Both S 
and D vary with temperature, of course. 

If the drift compensator is to maintain the bridge at balance, inde
pendently of temperature, then Ohm's law demands tha t 

F I G . 3-l(5.—Diagram of two-disk bridge 
circuit with sensitivity compensator >S and 
drift compensator D. 

D = rA 
E_ 
2i0 

(42) 
(A +r) 

where u is thermistor current at bridge balance. 
An expression for ia may be obtained from Eq. (10) by setting R = A, 
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*> = ^7 ~ - 4 («) 
and P = Ail, thus, 

where the values J, B, and C are those of the bead thermistor. 
From Eq. (42), with substitution for i0 according to Eq. (43), the 

D-K curve that is to be matched by the drift compensator may be cal
culated. I t is important to recognize that the values of r and E have an 
appreciable effect on the shape of the D-K curve required for perfect drift 
compensation, and some judgment is necessary in selecting the value for r. 
I t is convenient to plot on the a-b plane the locus of the a-b points for D, 
as r is varied. The locus curve will intersect the crescent at some given 
value of r, and this places a limit on the value of r that will permit a match-
able D-K curve. Deep within the crescent the matching problem is easy, 
particularly since the range of disk J-values acceptable for a three-point 
match is broader there than near the boundary of the crescent. Thus it is 
easier to select a standard disk. If the value of r (for a given E) is rela
tively small, it may be reasoned that the drift compensator draws large 
current. This is objectionable because either voltage-regulator tubes or 
batteries have limited current drain, and, as previously mentioned, the 
calculation can prove erroneous if the disk passes a large current. Finally, 
it must be remembered that the slope of the S-K curve for the sensitivity 
compensator depends on r. Consequently, a second locus curve on the 
a-b plane showing the locus of the a-b points of S as a function of r is 
needed to make the final decision. Usually the intercept of the D-K curve 
with the crescent boundary limits the maximum value of r, and the inter
cept of the S-K locus curve also limits the maximum value of r. The 
smaller of the two maxima dictates, of course. 

The problem of calculating the S-K curve to be matched is more tedi
ous than that of calculating the D-K curve. The steps involved are the 
following. Equation (10) may be rewritten as 

RT = J exp B 
\_K + C(P + V) (44) 

where P is the microwave power in the thermistor bead, and p the d-fi 
power in the thermistor bead. If c, and i, represent, respectively, the 
thermistor bead d-c voltage and current, 

(45) 
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If Eq. (45) is substituted in Eq. (44), and solved for P, 

B 

P = f, v - edt - §■ (46) 

»(& 
A mesh-equation analysis of the unbalanced bridge circuit of Fig. 3-15 
leads to the expressions for et and it 

A 
"' ~ 2A(R — ^ [ l - (3i?0i?s + 2AR0 + 2ARg + A') - ^ ] (47) 

'« = OA,»~+A) f1 + («o«, + 2ilfio + 24fl„ + 342) ^ j , (48) 
AE' 

'2A(R0 + 
where 

E' 

Ro 

Rg 

E 

1 + 
r 

1 + 

= s + 

AE' 

r 
15 

D 
sRm 

s + Rj 

—TT = tO 

and 

as defined by Eq. (43). 
The objective is an equation relating P to Ig, Rg, K and other circuit 

parameters including the values of J, B and C of the bead. Then, for 
given values of P and Ia (that is, constant bridge sensitivity) Rg (hence S) 
may be calculated as a function of K. Substitution of Eqs. (47) and (48) 
in Eq. (46) should accomplish this, but unfortunately the resulting equa
tion, even with the simplifications resulting from the neglect of second-
order terms, is extremely involved. I t is preferable to plot curves of et 
and it against Rg, and to use these curves to plot P vs. R0. The curves 
must be plotted for each of the three match points—Kx, Ki, and Kt. The 
procedure leads to the values of Rg (hence S) that the sensitivity compen
sator must meet at the three temperatures. 

The procedure may be reversed and P calculated for known values of 
Ig, D, and S at any temperature. This is the technique used to study the 
success of drift and sensitivity compensators on limit beads after they 
have been calculated for a bead with average values of / , B, and C. 

Although the equations presented above are applicable only to a 
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bridge with all arms equal at balance, it is possible to derive equivalent 
equations for a bridge using unequal arms. Many of the two-disk bridge-
circuit designs use unequal arms, primarily to economize on bridge cur
rent, (see Table 3-3). 

In the above theoretical treatment of the problem the effect of tem
perature on other circuit constants has not been considered. Bridge-arm 
and other resistors having small temperature coefficients of resistance are 
preferred. The effect of temperature on the resistance of the copper 
meter coil, however, is often not neglibigle, and the calculated S-K curve 
should be corrected to include this. 

Bridge sensitivity is standardized in the two-disk circuit by selecting 
the proper value of s (the meter shunt) for the bead used. Since the 
parallel combination of meter and shunt is usually small compared with 
the resistance of S, this calibration technique has a minimum disturbing 
effect on the accuracy of the sensitivity compensator. Since the two-disk 
bridge circuit is not self-calibrating, it is desirable to install the meter-
shunt resistances on the spare thermistor mounts. The shunts are made 
from the same wire used in winding the meter coils to avoid a temperature-
dependent current split between the meter and the calibrating shunt. A 
nominal 200-^a, 68-ohm meter is used with the meter resistance set at 
75 + 1 ohms with a selected adjusting resistor. The normally large 
tolerances on meter coil resistance demand that this be done. All cir
cuits must be checked for meter current in the event of thermistor burnout 
to be certain that the overload current is within the rating of the meter. 

The sensitivity of the two-disk bridge circuit is commonly adjusted 
to 2 mw, full-scale deflection. Many of the factors which limit the maxi
mum sensitivity of the bridge are identical with those already discussed 
in connection with the V-bridge. In addition, there is the obvious limita
tion on bridge sensitivity arising from the use of a sensitivity compensator 
which adds to the meter-arm resistance. 

Experience has shown that better drift and sensitivity compensation 
can be realized if the bead thermistor is operated at a relatively low resist
ance. For example, if the thermistor can be impedance-matched for 
microwaves as well at 125 ohms as at 250 ohms, the 125-ohm operating 
resistance should be selected. At the lower resistance level the internal 
temperature (K + CP) of the bead depends more on the power-dissipa
tion term, CP, and less on the ambient temperature K. Hence a given 
variation in K represents a smaller percentage variation of the whole, and 
the ambient-temperature variation proves less troublesome. 

I t is always possible in the two-disk bridge circuit to ground electrically 
the drift-compensator disk to the bead thermistor mount. This is desir
able from the point of view of obtaining good thermal contact between the 
bead and the disk; however, the sensitivity-compensator disk cannot be 
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grounded to the bead mount. Since electrical insulators are usually poor 
thermal conductors, this poses a problem. Fortunately the d-c voltage 
between the sensitivity-compensator disk and ground is small, so that a 
very thin mica or polystyrene wafer is sufficient to insulate the sensitivity-
compensating disk from the bead mount. If the mount is made of 
aluminum, the surface may be anodized in a thin film in order to provide 
the necessary insulation. 

I t is possible for a single disk thermistor (in a resistive T-network) to 
provide both sensitivity and drift compensation in a d-c bridge circuit. 
Since bridge sensitivity is dependent on the resistance of the bridge-cur
rent supply, it is possible to conceive a drift-compensating network which 
would vary this supply resistance in the exact manner necessary for simul-

F I G . 3*16.—Circuit diagram of the two-disk thermistor bridge circuit (see Table 3*1 for 
circuit constants). 

taneous sensitivity compensation. This condition has been met in a 
bridge circuit designed through the cooperative efforts of the Aircraft 
Radio Corporation and the Radiation Laboratory (see Table 33) . 
Unfortunately the development came too late in the history of the Radia
tion Laboratory to permit a theoretical study of the conditions necessary 
to achieve these results with a single disk. 

Figure 3-16 shows a detailed circuit diagram of the two-disk bridge 
circuit. The circuit constants are given in Table 3-3. The constants for 
four of the numerous two-disk circuits that have been developed are 
tabulated. 

Any of the four bridge circuits will maintain the sensitivity constant 
to within + -J- db over a 75°C ambient-temperature range for any bead 
thermistor in the V-519 family. The zero-drift specifications vary some
what among the several circuits, but a typical specification is maximum 
drift of ± $ full-scale deflection at a full-scale sensitivity of 2 mw. The 



118 MICROWAVE POWER MEASUREMENTS [SEC. 310 

maximum slope of the drift curve is 3 per cent of full-scale deflection per 
degree Centigrade. 

In conclusion, the two-disk bridge circuit represents a good com
promise between accuracy of compensation and simplicity of design. 
The thermistor bridge circuits discussed in the following paragraphs are 
capable of greater accuracy and greater sensitivity, but involve relatively 
complicated and expensive circuit design. 

TABLE 3-3.—CIRCUIT CONSTANTS APPLICABLE TO FIG. 316 

ftl 
R, 
Ri 
RA 
Ri 
R, 
Ri 
R, 
R» 
Ria 
Ru 
Rl2 

E 
M 
Tl 

T, 
T3 

Circuit #1 

430 ohms 
430 
180 

0-200 
82 

120 
270 

33 
Zero 

15,000 
330* 

0-400 
6 volts 

75 ohms 
Ai 

D-169227 
D-169227 

Circuit #2 

250 ohms 
250 
250 

0-500 
Zero 

20 
250 

40 
36 

475 
5000 

0-750 
105 vol ts 
68 ohms 

ly bead thermisto 
D- l 68392 
D-168391 

Circuit §3% 

300 ohms 
300 
130 

0 -200 j 
N o t Used 
N o t Used 
Not Used 

Zero 
200 
620 

7000 
0-1000 

150 vol ts 
75 ohms 

r in the V-519 far 
N o t used 
D-168392 

Circuit #4 

180 ohms 
180 
130 

0-200f 
Zero 
Zero 

130 
Zero 

82 
780 

6500 
0-1000 

150 volts 
75 ohms 

nily 
B-168392 
D-168391 

* Ru shunts Ru in this case. 
t fit in series with meter in this case. 
X Example of the one-disk bridge circuit. 

3-10. The W-bridge.—The direct-reading W-bridge, a circuit diagram 
of which is given in Fig. 3-17, is a thermistor bridge that has a maximum 
full-scale sensitivity of 0.1 mw. I t differs from the V-bridge and two-disk 
circuits in that the initial bridge balance is made entirely with 2000-cps 
a-f power in the bead thermistor. The bridge unbalance is amplified, 
phase detected, and registered on a d-c milliammeter. A d-c calibrating 
signal is used to standardize the bridge sensitivity at the ambient tem
perature at which microwave power measurement is to be made. This 
technique circumvents the need for a sensitivity compensator of the sort 
discussed in connection with the two-disk bridge circuit. Compensating 
networks are not reliable at high sensitivities because of the slight tem
perature gradients that invariably exist between the detector element and 
the compensator. Drift control is realized by installing the thermistor 
mount in a thermostated oven, or, in many cases, in a box filled with rock 
wool to provide a very long thermal time constant. 
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The a-f oscillator in the W-bridge is a parallel-T feedback oscillator 
using one-half of a 6SN7 tube, V4*. There are two feedback paths, one of 
which is the winding in the cathode circuit of the tube. I t is in phase with 
the plate of the tube. The second feedback path is through two parallel 
.RC-circuits—one being a low-pass filter, and the other a high-pass filter. 
Both .RC-circuits are calculated so that X0 = R at 2000 cps. At the 
crossover point the amplitude feedback is zero and the phase is indetermi
nate, passing from —90° to +90° . Thus the arrangement represents a 
transformer feedback oscillator with a negative feedback circuit which 
prevents oscillation except at the one frequency at which the negative 
feedback voltage is zero. Since any distortion would represent frequency 
components other than 2000 cps, the output power will be very nearly 
a perfect sine wave. In order to stabilize the oscillator amplitude, a signal 
voltage from the oscillator is rectified and used to control the B + voltage. 

The amplifier consists of a 6SH7 pentode (Vi) followed by one half of a 
6SN7 triode (Fa.), the other half of which is used as a buffer amplifier. 
In order to avoid any appreciable phase shift at 2000 cps, large coupling 
and bypass condensers are used. All leads from high-impedance points 
should be shielded to avoid a-f pickup. 

A phase-detector circuit is necessary to indicate whether the resistance 
of the bead thermistor is greater than or less than that required for bridge 
balance. A signal from the oscillator is mixed with the amplified signal in 
transformer Ti. With no signal from the bridge, both grids of detector 
V3 should receive equal signals, and R is adjusted to make certain of this. 
The cathodes remain at the same potential, and no current flows through 
the meter. Each positive peak charges up one of the condensers (Ci or 
C2), which discharges slowly during the remainder of the cycle. If the 
bridge is unbalanced, the amplified unbalance voltage has either the same 
or opposite phase as the plate of the a-f oscillator V*. Since the voltage 
is applied to the center tap of the secondary of T1( the entire secondary has 
this voltage. On the other hand, the signal applied from the oscillator 
through the buffer amplifier to the primary of T\ will provide secondary 
voltages which are equal in magnitude, but 180° out of phase at the ends of 
the secondary winding. Center-tap signals from the unbalanced bridge 
will therefore increase the positive peak amplitude on one Side of the 
center tap, and decrease it on the other. Finally, since the cathode volt
age is proportional to the grid voltage, there will be a potential drop across 
the meter which indicates the degree of bridge unbalance. Since the 
meter impedance is low, the meter current is proportional to grid voltage 
up to nearly 2 ma, or twice full-scale deflection. The primary of T\ is 
connected so that a decrease in thermistor resistance causes a positive 
meter deflection. 

The bridge circuit is calibrated by first balancing with the audio fre-
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quency, and then adding a known (100 /*w) d-c power to the thermistor to 
produce a condition of unbalance. A variable gain control in the amplifier 
circuit is used to set the meter at the desired deflection. For example, if a 
200-juw full-scale sensitivity is desired, the meter deflection would be set 
at one-half full scale when the lOO-^w calibrating signal is applied. When 
calibrating, the 0- to 1-ma meter is switched from its amplifier-output posi
tion to the high-resistance d-c bridge supply. In this position it permits 
adjustment of the d-c current to the value required for the calibration. 
The calibrating current is calculated from Ohm's law, neglecting the fact 
that the thermistor resistance is slightly less than the balance value when 
the direct current is applied. The resulting error in power measurement 

F I G . 3-18.—Photograph of the direct-reading thermistor W-bridge. 

is less than 1 per cent if a lOO-^w calibrating signal is used. If reduced 
sensitivity is desired, that is, 1 to 2 mw full scale, a push-button switch 
operating a 10:1 resistance divider in the amplifier circuit may be used 
when setting the gain control for a 100-/*w calibrating signal. This 
technique avoids the appreciable error that would result if a 1- or 2-mw 
calibrating signal were used directly. When switched to the calibrating 
position, the meter is shunted so as to read the thermistor current 
directly. 

In order to prevent heater-voltage changes in the oscillator from 
changing its output power, the B + voltage is controlled by the oscillator 
voltage. This also makes the oscillator output voltage independent of 
loading. Tube Vu„ one-half of a 6SN7 connected as a diode, is used 
to rectify the voltage from a 120-volt winding on the oscillator trans-
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former. The rectified voltage controls the grid of the 6SH7 regulator, 
thereby making the B + voltage vary to keep the a-f voltage constant. 
The diode is connected so that the grid is used as a plate, since this 
decreases the period of warm-up drift. 

The bridge usually requires capacitance across the thermistor to effect 
a true balance for the fundamental a-c frequency. The third harmonic 
generated by the thermistor, when the bridge is balanced at full gain, is 
approximately 1 volt at the output terminals of the amplifier. The error 
caused is negligible at a 0.1-mw full-scale sensitivity. 

The bridge is capable of operating a V-519 bead thermistor at any 
resistance within the range of 100 to 500 ohms. The accuracy of the 
bridge in the rated sensitivity range is limited only by the accuracy of 
the meter, bridge-arm resistances, and meter shunt. Figure 3-18 shows 
a photograph of the front panel of the W-bridge. 

3-11. The X-bridge.—For some applications, for example the meas
urement of T R leakage*power, the W-bridge does not have adequate 
sensitivity. To meet these needs a special, more complicated bridge 
circuit was developed which became known as the X-bridge. A circuit 
diagram of the X-bridge is given in Fig. 3-19. 

The X-bridge is capable of a maximum full-scale sensitivity of 15 yuw, 
but may be used at sensitivities as low as 2 mw full scale. In principle 
it is similar to the W-bridge, but in order to realize the greater sensitivity 
it has a higher-gain amplifier, and more stable d-c and a-f supplies. An 
additional front-panel control facilitates adjustment of the thermistor 
balance resistance in 10-ohm steps. Both a magic eye and a d-c, zero-
center galvanometer are used to indicate bridge balance. 

Unlike the W-bridge, the X-bridge may be used as a balanced as 
well as a direct-reading bridge. The initial balance is made with a-f 
power, and with the thermistor connected to the microwave source. 
When the microwave source is disconnected, balance is restored by adding 
d-c power. The magic eye is conveniently used for approaching the 
balance condition quickly, and the galvanometer is used in making 
the final exact balance. 

It is almost essential that the thermistor mount be used in a tempera
ture-stabilized oven when operating at or near the maximum sensitivity 
of the X-bridge. If this is done, the accuracy of the instrument is 
limited almost solely by the calibration accuracy of the d-c milliammeter. 
I t is important that the bridge be balanced capacitively as well as 
resistively. If there is a large out-of-phase voltage at resistive balance, 
the amplifiers may be overloaded and may become nonlinear. At 
sensitivties greater than about 25 MW full scale, the large third-harmonic 
signal generated by the thermistor destroys the linearity between bridge 
sensitivity and amplifier gain. Consequently, direct calibration in this 
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power range is greatly preferable to using fixed gain steps in the amplifier 
circuit. 

A fairly satisfactory oven for the thermistor mount can be designed 
around a simple bimetallic thermostat switch. A nichrome heating 
coil is wound around the outside of a tubular asbestos coil form; the 
thermistor mount is placed within the tube. A material such as rock 
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F I Q . 3-20.- -Schematic diagram of an oven temperature-control circuit using a disk ther
mistor as the control element. 

wool is stuffed both inside and outside the coil form to reduce the tend
ency for "overshooting."1 I t is important to isolate the thermistor 
mount thermally from the microwave transmission line extending from 
the oven in order to avoid a direct conduction path of low thermal 
impedance. A length of coaxial cable or a section of metalized-plastic 
waveguide is effective for this purpose. 

A more elaborate but more exact control of temperature can be 
realized by the use of a disk thermistor as the control element; see 
Fig. 3-20. 

1 "Notes on the Design of Temperature Control Units," General Radio Experi
menter, Vol. XIX, No. 3, Aug. '44. Cambridge, Mass. 

< 
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The disk thermistor constitutes one arm of an unbalanced bridge 
which is driven at 60 cps through a filament transformer. The disk 
is installed on the body of the bead-thermistor mount. Fluctuations 
in the temperature of the disk vary the output voltage of the unbalanced 
bridge. This output voltage is amplified and detected to provide a 
bias voltage which varies with temperature. The bias voltage controls 
the firing time of thyratrons whose plate supply is derived from a power 
transformer. Firing can be controlled over one-fourth of a cycle for 
each tube. Since the oven heaters constitute the load on the thyratrons, 

Effective voltage applied to heater 

Firing curve 

F I G . 3-21.—Diagram illustrating the action of thyratrons in the circuit of Fig. 3-20. 

the average power supplied to the heaters can be varied by a factor of 
two. 

The effective firing curve for one thyratron is shown in Fig. 3-21. 
By superimposing an a-c signal on the bias voltage, the intersection of 
the firing-signal and firing-voltage curves can be made more nearly 
normal, thus minimizing erratic firing. A filament transformer can 
be used for this purpose, as indicated in Fig. 3-20. 

The oven used with the circuit can be very simple. Since no relays 
are involved the control is continuous, and no thermal insulation is 
needed between heaters and thermistor mount to reduce cycling effects. 
The resistance-wire heaters are tightly wound around the thermistor 
mount and coated with a paste which hardens to a porcelain-like material. 
The entire mount is then encased in a small box. A properly designed 
circuit of this type will hold the amplitude of the ambient-temperature 
cycle of the bead thermistor to within ±<0.1°C. 

In this application of the disk thermistor it is not required that the 
disk and bead thermistors be at exactly the same ambient temperature. 
Rather, it is required only that the small temperature gradient between 
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the two be constant. This condition is readily met since the ambient-
temperature range is extremely limited within the oven. 

3-12. Self-balancing Bridges.—It is possible to design a self-balancing 
a-c bridge circuit1 that utilizes the principle of negative feedback for 
control. Such a circuit is shown in Fig. 3-22. I t was developed to 
serve as a tool for the microwave impedance-matching of thermistors. 
Many thermistor mounts have tuning mechanisms that must be adjusted 
for optimum broadband performance, and it is necessary to maintain the 
thermistor at a specified resistance while making these adjustments. 
This is conveniently accomplished by installing the thermistor in a 
self-balancing bridge circuit to obviate the necessity of frequent manual 
rebalance during this period of mount adjustment. 

A 6J5 a-f oscillator, tuned to approximately 2000 cps, supplies bias 
power to the bridge. Any out-of-balance voltage across the bridge is 
amplified by two 6SJ7 stages, and is applied back to the grid of the 
oscillator so as to change the oscillator output voltage in the direction 
required to restore bridge balance. A twin-T resistance-capacitance 
feedback network is used to stabilize the oscillator frequency. This 
network includes a 0.1-megohm potentiometer to vary the oscillator 
output voltage. In order to minimize the feedback necessary to main
tain bridge balance, the oscillator output voltage is advisedly adjusted 
to a level only slightly higher than that needed to balance the bridge at 
the lowest thermistor resistance to be considered. The first amplifier 
stage drives the grid of a normally open 6E5 magic-eye tube. Any 
appreciable out-of-balance voltage causes the 6E5 to bias itself to 
cutoff, and the eye closes. Consequently, the eye provides a convenient 
indication of the satisfactory operation of the bridge. Leads need not 
be shielded if they are short, but 60-cps pickup on the feedback leads 
can unbalance the bridge by changing the oscillator output voltage. 

In practice, it is necessary to connect the thermistor and to Set the 
resistance-level selector switches at the desired thermistor resistance. 
The circuit will hold the thermistor resistance within 2 ohms of the 
selector-switch setting—adequate control for ordinary requirements. 
No attempt has been made to modify this circuit to permit measurement 
of the microwave power that is dissipated in the bead while the mount 
is being adjusted. However, the Bell Telephone Laboratories have 
developed a self-balancing bridge for power measurement which utilizes 
a similar feedback loop to maintain the balance.2 

The BTL bridge, like the V-bridge, relies on a constant d-c bridge 
driving voltage to maintain sensitivity independent of ambient tempera
ture. Unlike the V-bridge, it uses a second bead thermistor rather than 

»L. Mann, "Thermistor Bias Supply," RL Report 55-7/17/44A. 
2 "Temporary Instruction Manual for X-66399A Power Meter," BTL. 



128 MICROWAVE POWER MEASUREMENTS [SEC. 312 

a disk thermistor as the control element for the a-f bridge power, and 
an a-f feedback loop to maintain automatically approximate bridge 
balance over a wide ambient-temperature range. The second or com-

R-f power 
measuring head 
& attenuator Bridge circuit Oscillator 

F I G . 3-23.—Circuit diagram of the BTL self-balancing thermistor bridge circuit. 

pensating bead is installed in a separate "s lave" bridge, as shown in 
Fig. 3-23. 

The d-c power in the microwave bead is standardized at 7 mw with 
the d-c microammeter switched to the " 2 0 0 " position where it serves 
as a high-impedance voltmeter across the r-f thermistor. Since the r-f 
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thermistor 

bridge is always in balance, the bead resistance is known and the d-c 
power standardization can be made by adjustment of Ri to place the 
correct d-c voltage across the r-f bead. When the control switch is 
turned to the MEAS-POWER position, the d-c voltage is unchanged. 
The total bead power required for balance of the r-f bridge is greater 
than 7 mw, hence the deficit must be met by the oscillator. However, 
the oscillator also transmits power to the bead in the compensating 
bridge. The amount is insufficient 
to balance the compensating 
bridge, and this deficit is corrected 
by varying the d-c power (R2) 
until the meter reading indicates 
a condition of balance. At this 
point both bridges are balanced, 
each using a combination of alter
nating current and direct current 
to bring the thermistor to the 
desired resistance. 

With the control switch set at 
the " 1 0 0 " position 8 mw of d-c 
power (an increase of 1 mw) flow 
into the r-f thermistor. The os
cillator amplitude is reduced suffi
ciently to restore balance in the r-f 
bridge; however, this reduction in 
oscillator amplitude unbalances 
the compensating bridge. The 
resistance Rz is then adjusted for 
a half-scale reading of the meter, 
thereby standardizing the bridge 
sensitivity at 2-mw full scale. 

Although the a-f feedback loop 
will maintain balance of the r-f 
bridge over a wide temperature range, the slave bridge will not neces
sarily remain in balance throughout the whole of the same ambient-
temperature range. Because of variations in the d-c characteristics of 
beads, some provision must be made in the circuit design to correct for 
these differences if the slave bridge is also to remain in balance. The 
solution of the problem is best explained by reference to Fig. 3-24. 

Assume that two thermistors having characteristics as shown in Fig. 
3-24 are placed in the bridge circuits. These characteristics show the 
variation in a-c thermistor power required to hold the thermistors at a 
constant value of resistance over a wide ambient-temperature range. 

i 2 M 

Ambient temp. 
F I G . 3-24.—Diagram to illustrate prin

ciple of drift compensation in the BTL 
direct-reading thermistor bridge. 
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The slope characteristic (C-value of the bead) is constant and independent 
of the operating resistance of the bead. When the ambient temperature 
rises from T2 to Th the a-c power required to hold the r-f bead at con
stant resistance decreases by an amount b — c. A proportional change 
in power occurs in the compensating thermistor, but since the slope of 
the curve of one thermistor is greater than that for the other a greater 
change in bias power is produced than is required for bridge balance. 
However, if Rt is adjusted so that the proportion of a-c power into the 
two thermistors is correct for their individual slopes, the bridges will 
remain balanced for all variations in ambient temperature. 

The sensitivity deviation with temperature is no greater than +0.1 
db from — 40°C to +55°C. Over the same temperature range, the zero 
drift with no manual adjustments does not exceed ± 2.5 per cent full 
scale at a sensitivity of 2 mw full scale. An implicit advantage in this 
bridge design is the fact that the r-f thermistor is held at a constant 
resistance level; thereby the additional error introduced because the 
microwave impedance varies with varying bead resistance is avoided. 

In addition to the circuits already discussed other direct-reading 
thermistor bridges have been developed which are simple variations 
of these designs. The development of thermistor-indicator circuits 
has progressed further than the development of thermistor mounts. 
Demands for increased bandwidth in the mounts will continue until 
a mount is developed that will be satisfactorily impedance-matched 
over the entire frequency spectrum from audio frequencies to microwave 
frequencies and beyond. On the other hand, a bridge design is relatively 
unaffected by bandwidth considerations and expansion of the present 
microwave region should offer no new problems in bridge design. 

3-13. Thermistor Mounts.—The microwave transmission-line housing 
or " m o u n t " for the thermistor is probably the most difficult design 
problem that arises in the development of thermistor equipment for 
microwave power measurement. The most obvious and most essential 
requisite of the mount is that it be closely matched to the characteristic 
impedance of the transmission line with which it is to be used. The 
exactness of the impedance match required is a function of the normalized 
generator impedance as measured at the input terminals of the thermistor 
mount. For example, if the generator is matched to the line, a thermistor 
mount having a voltage standing-wave ratio of 1.4 will cause an 8 per 
cent error in power measurement. However, if the generator VSWR 
is also 1.4, the error may lie anywhere within the range of 0 to 12 per 
cent, depending on the relative phase of the two mismatched impedances. 

Tuning elements may be used to match the mount exactly to the 
transmission line at a specified microwave frequency. This is customary 
when the most accurate possible power determination is desired; how-
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ever, it is more often true that a thermistor bridge must be operable over 
a broad frequency band with no frequency-dependent adjustments to 
complicate the operation. This demands a detector mount having a 
broadband impedance match. Unfortunately, from the viewpoint 
of the mount designer, the bandwidth requirements are often so broad 
that it is extremely difficult to maintain a close impedance match (hence 
negligible error in power measurement) throughout the frequency band. 
Consequently, it has been necessary to strive for the best possible broad
band match realizable in the time alloted for the development, recog
nizing that the errors due to impedance mismatch at some frequencies 
will not be exactly negligible. In other words, accuracy is sacrificed 
for convenience in the operation of the equipment over a broad frequency 
band. These comments are considered necessary to justify the high 
maximum voltage standing-wave ratios that are accepted in some of the 
mount designs to be discussed. 

The microwave leakage from or into the mount is important. If the 
power levels to be measured are very low or if the mount is to be used in 
a signal-generator power-monitoring circuit, it must be designed so that 
there is no effective leakage path in shunt with the thermistor. If the 
mount is to be used in a bridge circuit for absolute power measurement, 
it should not have any sources of power dissipation other than the 
thermistor. "Lossy" tuning elements and other defective electrical 
contacts must be carefully avoided. 

For convenience in discussion, thermistor mounts may be classed as 
untuned, fixed-tuned, or tunable. An untuned mount is one that 
incorporates no readily adjustable tuning (or matching) element. I t is 
designed so that the thermistor with average microwave characteristics 
is satisfactorily impedance-matched over the specified frequency band. 
Untuned mounts are commonly used in the 10-cm band and longer 
wavelengths, where the variations in the impedance characteristics of 
thermistors are relatively small. At shorter wavelengths it is usually 
necessary to use mounts of the other types. A fixed-tuned mount is one 
which incorporates tuning adjustments that are set in the laboratory for 
the individual thermistor and never changed. The adjustments are 
commonly made to effect a nearly perfect impedance match at the mid-
band frequency, and the design of the mount dictates the extent of 
mismatch at the band edges. The tuning adjustments make possible 
some compensation for the variations in the microwave impedance 
characteristics of thermistors. Fixed-tuned mounts are commonly 
used at 3 cm and in the 1-cm band. Tunable mounts may be very 
similar to fixed-tuned mounts, except that the tuning adjustments are 
set for optimum impedance match at each frequency. The tuning 
mechanisms may be micrometer-operated so that tables of calibration 
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data can be prepared to facilitate proper settings at each frequency. 
Such a mount is advisable for use in precise power determinations where 
the broadband match of a fixed-tuned mount is not good enough. ■ Occa
sionally it is possible and practical, in balanced-bridge operation, to 
maintain a satisfactory impedance match over a broad band by varying 
the operating resistance (as a function of frequency) of a thermistor in a 
fixed-tuned mount. This is more convenient and economical than the 
use of an elaborate, calibrated tunable mount. 

In general, two different approaches to the problem of designing 
fixed-tuned mounts have been tried, and each has its merits. In some 
instances it may be found preferable to design a preliminary untuned 
mount so that a reasonably satisfactory impedance match is obtained 
without resort to any tuning adjustments. The addition of tuning 
elements that introduce small reactance variations permit a more exact 
impedance match over a broader band. The tuners act simply as "trim
mers," and are usually installed near the detector element. An alter
native and sometimes necessary procedure is to accept an initially bad 
impedance match in the untuned mount, and to use high-reactance tuners, 
often placed an appreciable distance from the detector element, to 
effect the desired match. The success of the latter approach depends 
heavily on the impedance characteristics of the untuned mount as a 
function of frequency and on the reproducibility of the impedance 
characteristics of the detectors. 

In waveguide mounts the operating resistance of the bolometer is 
customarily chosen at approximately the characteristic impedance of 
the waveguide. Experience has shown that this choice usually leads to 
optimum broadband matching. In coaxial lines the bolometer is more 
commonly operated at a resistance greater than the characteristic 
impedance of the line. The impedance of the line is so low, usually 50 
ohms, that a thermistor would be operating too close to burnout and 
would demand excessive bridge current at this resistance level. 

3-14. Untuned Coaxial-line Thermistor Mount.—Figure 3-25 shows 
the construction of an untuned thermistor mount developed for 10-cm-
band use. This construction has been used in both f- and £-inch, 
50-ohm coaxial lines. The center conductor of the mount is supported 
by a broadband quarter-wavelength stub. The thermistor is installed 
in series with the line at the end of a half-wavelength tapered section 
of the inner conductor. A 1- to 2-mil mica or polystyrene wafer, part 
(1), terminates the transmission line in a short circuit for microwaves 
and an open circuit for direct or audio-frequency current. In contrast, 
the stub line provides a short circuit or "return pa th" for direct current, 
and an open circuit for microwaves. 

The small end of the truncated inner-conductor taper is drilled, and 
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two normal, diametrical saw cuts are made to form a set of four fingers 
to pressure-grip one of the thermistor lead wires. The opposite lead 

I wire extends through a brass disk, part (2), which has a set of four coned 
I contact fingers similar to, but shorter and stiffer than, those on the inner-
i conductor taper. The brass disk (4) which seats on part (2) has a 
j drilled cone with a cone angle smaller than that of the fingers on disk 
i (2). Consequently, pressure of part (4) against part (2) forces a firm 
I grip on the thermistor lead wire. The polystyrene disk (6) and ring (7) 

prevent a d-c short circuit within the cap assembly. Parts (5) and (8) 
j include the inner and outer conductors of a standard Amphenol or 
I Selectar coaxial-line fitting to connect the thermistor to its bridge circuit. 

F I G . 3-25.—Drawing of a coaxial-line untuned thermistor mount for 10-cm band. 

The impedance characteristics of the mount are influenced appreciably 
by the inner-conductor taper and by the choice of hole diameter in part 
(3). The taper length is chosen as X/2 at the midband wavelength. 
The ID of sleeve (3) dictates the thermistor operating resistance at which 
best impedance-matching is realized. The optimum operating resistance 
is found to decrease with the ID of the sleeve, and this variable may be 
used effectively in designing a mount to operate with an available 
bridge circuit. Adjustment of this dimension affects both the distributed 
capacitance and distributed inductance of the short length of trans
mission line surrounding the thermistor capsule. At the same time, 
adjustment of the operating resistance of the bead influences both 
the reactive and resistive components of the series impedance caused 
by the bead. I t is believed that a proper combination of the two factors 
results in a resonant circuit with a very low Q because of the loading 
provided by the bead. Such a low-Q resonant circuit in conjunction 
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with a line taper could be expected to present a broadband impedance 
match. 

TABLE 34.—INFLUENCE OF THERMISTOR RESISTANCE ON VSWR OF UNTUNED 
THERMISTOR MOUNT 

Resistance 

VSWR at 9 cm 
VSWR at 10 cm 
VSWR at 11 cm 

100 ohms 

2.75 
2.45 
2.15 

150 ohms 

1.9 
1.7 
1.4 

200 ohms 

1.5 
1.4 
1.1 

250 ohms 

1.3 
1.25 
1.1 

300 ohms 

1.2 
1.3 
1.3 

350 ohms 

1.2 
1.4 
1.5 

Table 3-4 shows the influence of the operating resistance of a D-166382 
bead thermistor on the VSWR of a -jj-in. coaxial mount of the untuned 
type shown in Fig. 3-25. The tabulated data suggest 250 ohms as a 
desirable operating resistance. Table 3 5 demonstrates the broadband 
characteristics of the mount for twelve D-166382 beads chosen at random 
and operated at 250 ohms. The problem of thermistor variations is 
clearly apparent from the data of Table 3-5. 

TABLE 3-5.—DATA TO ILLUSTRATE BROADBAND IMPEDANCE MATCHING OF UNTUNED 
1-INCH COAXIAL MOUNT, WITH TWELVE D-166382 THERMISTORS, OPERATED AT 

250 OHMS 

Max. VSWR 
Min. VSWR 
Avg. VSWR 

8.0 cm 

1.28 
1.07 
1.16 

9.0 cm 

1.27 
1.12 
1.22 

9.8 cm 

1.30 
1.10 
1.14 

10.7 cm 

1.23 
1.07 
1.13 

11.6 cm 

1.15 
1.05 
1.10 

12.5 cm 

1.14 
1.05 
1.10 

The installation of the bead in the untuned coaxial-line mount is 
extremely critical. I t is necessary to make the sleeve, part (3), long 
enough to accept the longest glass capsule length within tolerances: 
Since these tolerances are large, some capsules will require that no more 
than 80 per cent of the sleeve length be used. In this case the capsule 
must be installed so that the bead within the capsule is as close as possible 
to the short-circuited end of the transmission line. The farther the 
bead is removed from the short circuit, the greater the reactance in 
series with it that is caused by the short-circuited length of transmission 
line. Table 3-6 illustrates the importance of proper positioning of the 
bead within the mount. The data were taken with a D-166382 ther
mistor operating at 250 ohms in an untuned £-in. coaxial-line mount. 
The gap distance mentioned in Table 3-6 refers to the gap between the 
end of the glass capsule and the mica wafer, part (1). 

Comparable impedance matching has been obtained with f-in. 
untuned coaxial mounts. In both the f- and -J-in. models, empirical 
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a t t e m p t s were m a d e to improve t he impedance m a t c h i n g fur ther by 
taper ing t he front end of sleeve (3). T h e b lun t end shown in Fig. 3-25 
was found to be as good as, or be t t e r t han , any of several t a p e r s t h a t 
were t r ied. 

TABLE 3-6.—INFLUENCE OF THE POSITION OF THE THERMISTOR WITH RESPECT TO 
THE SHORT CIRCUIT ON THE CHARACTERISTICS OF THE UNTUNED MOUNT. 

VALUES OF VSWR AT VARIOUS WAVELENGTHS 

Gap distance, m m 

0 
1 
2 
3 
4 
6 
8 

8.0 cm 

1.22 
1.35 
1.5 
1.55 
1.6 
2 . 0 
2 . 5 

9.0 cm 

1.15 
1.30 
1.35 
1.5 
1.5 
1.9 
2 . 1 

9.8 cm 

1.12 
1.25 
1.20 
1.35 
1.4 
1.65 
1.95 

10.7 cm 

1.09 
1.16 
1.17 
1.17 
1.22 
1.33 
1.55 

11.7 cm 

1.09 
1.04 
1.03 
1.05 
1.06 
1.19 
1.3* 

12.5 cm 

1.09 
1.04 
1.06 
1.09 
1.09 
1.22 
1.35 

This m o u n t const ruct ion has m a x i m u m pract icabi l i ty in t h e 10-cm-
b a n d region. For wavelengths much longer t h a n 10 cm, the A/2 taper 
becomes object ionably long. For wavelengths much shorter t h a n 10 cm 
the increasingly pronounced var ia t ions in t he impedance character is t ics 
of t he the rmis to r s d e m a n d a fixed-tuned or t u n a b l e m o u n t design. 

F I G . 3-26.—Drawing of the untuned coaxial thermistor mount with disk thermistors. 

Figure 3-26 shows a drawing of the assembled u n t u n e d the rmis to r 
moun t . T h e m o u n t includes a buil t- in, cons tan t - impedance t ape r from 
the f-in. coaxial line to a t ype N jack fitting. T h e brass block for m o u n t 
ing a disk thermis to r is clearly shown. Such a design is used when it 
is necessary t o connect t he m o u n t t o a flexible microwave cable. How
ever, flexible cables should be avoided in power measu remen t s whenever 
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possible. Cable fittings often introduce appreciable reflections which 
effectively increase the VSWR of the thermistor mount. 

3-16. A Double Thermistor Mount.—A British research agency, 
, Radar Research Development Estab

lishment, has designed a novel 70-
ohm, coaxial-line thermistor mount1 

that uses two bead thermistors to dis
sipate the microwave power. The 
construction is shown in Fig. 3-27. 
The coaxial line is terminated by a T 
located in a round, pillbox cavity. 
The cavity is nonresonant, and the 
position of the bottom plate is said not 
to be critical. The thermistors are in 
parallel for microwaves but in series to 
direct current. The series combina
tion comprises one arm of a d-c bridge 
circuit which uses disk thermistors for 
temperature compensation. The most 
interesting feature of this untuned 
mount is that the series combination 
of thermistors obviates the necessity of 
using a stub support for the d-c bridge 
return. In addition, no tapers are 
used, and the mount can be made 

The maximum VSWR of the mount is 1.25 over 

\ ^ 7 -
F I G . 3-27.—Section drawing of the 

Radio Research Development Estab
lishment 10-cm-band thermistor mount. 

Thermistor Mounts.—A different 

extremely compact 
the 9- to 11-cm band. 

3-16. Broadband Coaxial-line 
technique for achieving broadband 
impedance matching has been used 
in a 30-cm band (780 to 900 M c / 
sec) coaxial thermistor mount. A 
simple diagram of the construc
tion is shown in Fig. 3-28. 

A stub and a series-transformer 
section, each X/4 long, are used to 
impedance-match the thermistor. 
The bead is operated at a resistance 
twice the value of the characteristic impedance of the transmission line 
with which the mount is to be used. The design principle is valid only 
if this condition is met. As previously stated, there are objections to 

-V4- dfe 
FlQ. 3-28.—Diagram of a 1000-Mc/sec 

coaxial thermistor mount. 

1 G. F. Gainsborough, personal communication. 
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operating a thermistor at a resistance as low as 50 or 70 ohms, the com
mon values of the characteristic impedance for coaxial lines; however, 
operation of the bead at 100 or 140 ohms is not objectionable. The 
design principle involved is particularly applicable at relatively long 
wavelengths where the reactive component of the thermistor impedance 
is both small and relatively frequency-insensitive. 

At the midband wavelength, the X/4 stub has no influence on the 
input impedance of the mount, and the series transformer accomplishes 
the impedance match. If the mount were to be used as a narrow-band 
mount, it would be entirely satisfactory to follow elementary design 
practice and specify the characteristic impedance of the series trans
former as the geometric mean of the desired input impedance of the 
mount and the thermistor impedance at point c in Fig. 3-28. How
ever, for broadband use, there is an advantage to specifying a charac
teristic impedance for the transformer (and stub line) which is somewhat 
different from the geometric-mean value. Moreover, the stub and series 
transformer tend to cancel reflections at wavelengths removed from the 
midband wavelength. 

Referring to Fig. 3-28, let Y0 be the characteristic admittance of the 
line to the left of the stub, and let Yi be the characteristic admittance 
of both the stub and series-transformer sections of line. Let y„, yb, and 
yc be, respectively, the admittances at points a, b, and c of the line to 
the right of these points. Let ys be the admittance of the stub line. 
Then 

y* = y>> + y* r (49) 
y. = ~jY, cot (3h = -j ~, (50) 

P = tan /3Z0, 

The admittance yc of the thermistor at point c can be transposed to point 
6 by the equation 

Vb~Yx Y7+W (51) 

If Eqs. (50) and (51) are substituted in Eq. (49), and ya is set equal to Yo 
since a match is desired, 

Y°-U YT+lylP 3 T (52) 

If Eq. (52) is solved for yc/Y0, 

where 

Y0 o _ ; ^ p 
2 3T, 

(53) 
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By inspection of Eq. (53), it is apparent that if yc/Y<, equals \ (that is, 
the thermistor is operating at a resistance of 2Z0), and if the mount is 
impedance-matched, then 

Y lP'iT,(P-lp) 
or, 

9 7 ! 
Pi = x 

2Y\ - F§ 

At the midband wavelength P = » , and 

Yx = ^ 
V2" 

(54a) 

(54b) 

This is the result that the above-mentioned geometric-mean calculation 
gives. However, P 2 is approximately equal to 80 at the ends of the 780-
to 900-Mc/sec band, and better broadband performance can be expected 
if 

r„ /so 
y/2 ' \ 7 9 ' r1 = (54c) 

VSWR 

This technique of impedance matching leads to a VSWR-X curve like 
that of the dashed curve in Fig. 3-29. In contrast, the solid curve in 

Fig. 3-29 is typical of a narrow
band mount. I t is possible with 
a mount of this type to meet the 
specification of a maximum VSWR 
of 1.3 over the 780- to 900-Mc/sec 
band. However, it is necessary to 
use the mount as a fixed-tuned 
mount by making the stub length 
adjustable over a small range on 
each side of the nominal X/4 length. 
This a d j u s t m e n t compensates 
effectively for thermistor imped
ance variations. 

A number of variations on the stub—series-transformer matching 
technique have been developed. In some instances the thermistor is 
not placed at the short-circuited end of the transmission line as is done 
in the above-discussed coaxial mounts, but is located as much as X/2 
from the short circuit. The frequency-sensitive impedance of the line 
between the thermistor and the short circuit can be used as an addi
tional variable in effecting a broadband impedance match. Also, in 
ale design as a fixed-tuned mount, the position of the short circuit with 

\ \ \ \ \ \ \ \ \ \ \ \ 

/Narrow 
/ band 

/ / 
/ /Broad 

/ / band 

FIG, 3-29.—Typical VSWR-X curves for 
narrow- and broadband thermistor mounts. 
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respect to the thermistor is often varied (as an end-plunger adjustment) 
to compensate for impedance variations in thermistors. The Bell 
Telephone Laboratories have made effective use of the frequency-
sensitive impedance of such a line length in the design of several coaxial 
thermistor mounts. Table 3-7 lists the current series of BTL coaxial 
mounts, any one of which meets the specification of a maximum VSWR 
of 1.4 over the stated frequency band. 

T A B L E 3-7.—SUMMARY o r COAXIAL T H E R M I S T O R M O U N T S D E V E L O P E D BY T H E B E L L 
T E L E P H O N E LABORATORIES 

Frequency range, Mc/sec Thermis tor operat ing resistance, ohms 
4000 to 5000 125 
3400 to 4000 100 
2400 to 3400 100 

700 to 1500 100 
50 to 500 Characterist ic impedance of coaxial line. 

3-17. A 3-cm Thermistor Mount.—A British laboratory, TRE, has 
devised a fixed-tuned coaxial thermistor mount for use in the 3-cm 
band. A 50-ohm coaxial line is joined to rectangular waveguide by a 
crossbar or doorknob type of adapter. The coaxial line is extended X/2 
from the adapter (to avoid high-order mode coupling) before the inner 
and outer conductors are reduced in diameter by conical tapers. The 
taper length is approximately one wavelength, and reduces the ID of 
the outer conductor from \ to \ inch. The inner-conductor taper 
terminates in small fingers. The thermistor capsule is installed in 
series with the inner conductor and is adjustable in position with respect 
to the short circuit at the end of the coaxial line. This adjustment 
serves as the sole tuning variable in the mount. I t has been possible 
with this design to meet the matching specification of a maximum VSWR 
of 1.3 over the 3.13- to 3.53-cm band, including the effect of the imperfect 
waveguide-to-coaxial-line adapter. The thermistor is operated at 250 
ohms. 

3-18. Waveguide Thermistor Mounts.—In waveguide mounts the 
thermistor is installed across the waveguide with the lead wires parallel 
to the narrow sides of the waveguide. I t is usually placed in the middle 
of the waveguide where the electric field is a maximum. The lead wires 
are customarily brought out through coaxial stubs—the construction 
suggesting an adapter from waveguide to coaxial line which is heavily 
loaded by the resistance of the thermistor bead. One lead wire is 
grounded to the waveguide, and the other is insulated from the waveguide 
for direct and audio-frequency currents. The waveguide is terminated 
in a short circuit placed at an appropriate distance from the thermistor. 

Figure 3-30 shows schematic section drawings of two fixed-tuned 
designs of waveguide thermistor mounts for 3-cm-band use. The 
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narrow-band mount, developed by the Radiation Laboratory, uses an 
adjustable stub and an adjustable end-plunger for the waveguide short 
circuit. The stub length is approximately X/2 for optimum match 
with a thermistor of average impedance characteristics. The two stub 
lengths, zero and X/2, present short-circuit impedances to the thermistor. 
Consequently, the mount may be identified as a "short-short" or, 
simply, an "S-S" mount. In contrast, the second mount shown in 
Fig. 330 uses two X/4 stubs which reflect open-circuit impedances to 

the ends of the thermistor capsule. 
This mount may be identified as 
an "0-0" mount. The 0-0 
mount uses one adjustable stub 
and an adjustable waveguide 
shorting plunger. The Bell Tele
phone Laboratories were the first 
to use the 0-0 design, and other 
microwave research groups quickly 
followed their lead b e c a u s e of 

T 
J 
I 
1 

(a) Narrow band 
FIG. 3-30.—Section 

rectangular waveguide 
(narrow side views). 

(6) Broad band 
drawings of two 

thermistor mounts 

the increased bandwidth potentialities of the 0-0 design. 
In the design of either the 0-0 or S-S mount, the objective is to 

make the change with frequency in the reactance of the stub lines 
counteract the change in the short-circuited length of the waveguide 
behind the thermistor. This is not exactly true because the thermistor 
bead has a frequency-sensitive impedance, and the prime objective, of 
course, is to maintain a matched mount impedance over a broad fre
quency band. I t is fairly obvious, however, that the short-circuited 
lengths of coaxial stub lines and waveguide would seriously limit the 
bandwidth of the mount, were such a cancellation of reactances not 
possible. The rate of change of reactance with frequency of the short-
circuited length of waveguide is dependent on the length of waveguide 
section involved. This length is set at the value required for midband 
match, and the associated rate of reactance change must be accepted, 
be it large or small. On the other hand, the rate of change of reactance 
with frequency in the stub line can be varied by selection of the charac
teristic impedance. Consequently, a means of matching the two rates 
in order to effect the desired cancellation of reactance changes exists. 

In discussing waveguide thermistor mounts it is convenient to 
differentiate between the two quantities, mount admittance (or imped
ance) and thermistor admittance. The mount admittance is the quantity 
determined by a slotted-line measurement, and, unless otherwise specified, 
is referred to the plane of the thermistor bead. The thermistor admit
tance represents the contribution to mount admittance which is caused 
by the thermistor and the coaxial-line stub supports. Thermistor 
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admittance is calculated from mount admittance by subtracting from 
the latter the susceptance caused by the short-circuited length of wave
guide behind the thermistor. The names of these admittance quantities 
have been loosely chosen, but their definitions are specific. 

The effect of the several mount variables on thermistor and mount 
admittance can best be presented by reference to a series of admittance-

FIG. 3-31.—Admittance characteristics of a thermistor in the S-S mount. 

circle diagrams.1 Figure 3-31 shows both the thermistor and mount 
admittances as a function of X and the operating resistance of the ther
mistor of a typical D-166382 thermistor in the «S-»S mount. The wave
guide end-plunger has been adjusted so that the VSWR of the mount 
is under 1.35 over the 3.15- to 3.25-cm band, with the thermistor at a 
250-ohm operating resistance. Several interesting observations may 
be made from Fig. 3-31. At any one wavelength it would be possible 

'Figures 3-31 through 3-35 are taken from the final report: J. A. Becker, "The 
Investigation of the Effect of Manufacturing and Test Equipment Variables on the 
X- and K-Band Characteristics of Bell System Thermistors," NDRC No. 14-462, 
Bell Telephone Laboratories, July 30, 1945. 
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to obtain a perfect match by using the operating resistance of the ther
mistor and the end-plate adjustment as the two tuning variables. For 
example, at 3.20 cm a bead resistance of approximately 200 ohms would 
accomplish this. The marked frequency dependence of the mount 
admittance, particularly at relatively low thermistor resistances, is 
readily apparent; the mount is obviously not a broadband mount. 

F I G . 3-32.—Effect of coaxial-stub length on the admittance characteristics of the S-S 
mount. Numbers adjacent to characteristics give stub lengths in centimeters. 

The frequency sensitivity of the mount admittance is largely caused by 
the frequency dependence of the end-plate susceptance, since the points 
representing the 250-ohm thermistor admittance are much more closely 
grouped than the points representing the mount admittance. 

Figure 3-32 shows the effect of stub tuning on the admittance charac
teristics of the S-S mount. The conductance component of mount 
admittance is particularly affected by the length of the stub line. Since 
most bridge circuits demand that the thermistor be operated at a specified 
resistance, the stub length and end-plate adjustment are the most 
commonly used tuning elements in the mount. 
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The end-plate adjustment should affect only the susceptance compo
nent of the mount admittance, unless the end plate is brought close 
enough to the thermistor to permit high-order mode coupling. However, 
it is possible for a sliding end-plunger which uses a tuned choke instead 
of contact fingers to effect a conductance as well as a susceptance change. 
Figure 3-33 illustrates this point. 

F I G . 3-33.—Effect of choke design end plate on the admittance characteristics of the 
S-S mount. Numbers adjacent to characteristics give the distance from the thermistor 
to the reflector in centimeters. 

The effects of the coaxial-stub adjustment, end-plate adjustment and 
thermistor operating resistance on mount admittance are not vastly 
different in the case of the broader-band 0-0 mount. The additional 
bandwidth of the 0-0 mount is derived from the fact that the thermistor 
admittance shows mainly a conductance change (with X) in the case 
of the S-S mount, and primarily a susceptance change in the case of the 
0-0 mount. The susceptance change can be corrected over a broad 
frequency band by an end-plate susceptance of comparable magnitude 
and opposite sign. The conductance variation cannot be similarly 
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corrected, however. Figure 3-34 shows the plots of the mount admittance 
against frequency of several thermistors in an 0-0 mount. The curves 
tend to curl around the match point, Y = 1 + JO-

I t is possible with the 0-0 mount to meet the specification of a 
maximum VSWR of 1.4 or less over the 3.13- to 3.53-cm band. The S-S 
mount will meet the specification of a maximum VSWR of 1.35 or less 

F I G . 3-34.—Mount admittance vs. frequency of several thermistors in an 0-0 mount. 

over the narrower 3.15- to 3.25-cm band. These specifications are 
written so that most thermistors will meet them; a smaller percentage 
of thermistors will provide considerably better impedance matches than 
these VSWR values indicate. 

When making the tuning adjustments to impedance-match a fixed-
tuned mount, it is necessary to have some sort of impedance or VSWR 
indicator to indicate the progress of the adjustments. If a slotted line 
is used for this purpose, it is almost impossible to use more than two tun
ing variables. That is, the adjustment time may average 10 or more 
minutes when using a slotted line with a two-tuning-variable mount, and 
the inclusion of a third tuning variable would so greatly extend this time 
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that it is impractical to consider it. However, the development of the 
microwave impedance bridge (Chap. 9) has made possible the use of a 
third tuning variable—the vertical position of the thermistor bead 
(that is, bead height) within the waveguide. With this third tuning 
variable it is possible to reduce greatly the maximum VSWR specifica
tion for a given wavelength band. Moreover, all necessary tuning 

F I G . 3-35.—Effect of bead height on the mount admittance of the *S-S mount. The 
numbers adjacent to the curves give the distances in millimeters from the end of the 
thermistor glass capsule to the bottom of the waveguide. 

adjustments can be made, using the impedance bridge, in five minutes 
or less. Figure 3-35 shows the effect of bead height on the mount 
admittance of a D-166832 thermistor in an S-S mount. The effect in 
the 0-0 mount is approximately the same. 

Figure 3-36 shows a detailed cross section (narrow-side view) of an 
0-0 type of mount which has all three tuning variables. I t has become 
known as the " t r i - tuner" mount. The thermistor leads extend into 
X/4 cup chokes to reduce microwave leakage into the stub lines. Bead 
height is adjusted by operation of the screw in the lower stub line. The 



146 MICROWAVE POWER MEASUREMENTS [SEC. 318 

upper stub line is tuned by sliding the inner member along the thermistor 
lead wire and the bearing surface provided by the outer tube. The 

slidable end plate uses beryllium-
copper contact fingers which are 
made \ / 2 in length to guarantee 
a good short circuit a t the tips of 
the contact fingers. Additional 
leakage protection is derived from 
the use of a polyiron sleeve (high 
d-c resistance, but high attenua
tion for microwaves) in the lower 
stub line, and a waveguide-bey ond-
cutoff extension of the outer tube 
of the upper stub line. 

I t is possible with many ther
mistors using the tri-tuner mount 
to meet the specification of a maxi
mum VSWR of 1-1 over the 3.13-to 
3.53-cm band. In the worst case 
the maximum VSWR does not 
exceed 1.2 over this band. More
over, these results may be obtained 
with operation of the thermistor 
anywhere within the resistance 

range of 100 to 300 ohms. Experience with the mount has shown that the 
thermistor should be lowered in 
the direction of the bottom stub 
line as the operating resistance of 
the bead is lowered. In the 0-0 
mount using only two tuning vari
ables, the bead height is stand-. 
ardized at a position which is 
optimum for the average thermi
stor. I t is also possible, of course, 
to standardize on the upper stub 
length and to use bead height and 
end-plate adjustment as a set of 
two tuning variables. 

Figure 3-37 shows a photo
graph of an 0-0 thermistor mount. 
Disk thermistors, if desired, can 
be installed on the sides of the mount. The same technique for disk-
thermistor mounting is used in the tri-tuner mount. 

FIG. 3-36.—Drawing of the tri-tuner 3-cm-
band thermistor mount. 

F I G . 3-37.- Photograph of an 0-0 3-cm-band 
thermistor mount. 
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3-19. Impedance Variations of Thermistor Mounts.—Considerable 
research work has been done by the Bell Telephone Laboratories in 
investigating the sources of impedance variations in thermistors installed 
in S-S and 0-0 mounts.1 The results of this work have made it possible 
for the Western Electric Company to improve their control on manu
facturing variables, but troublesome impedance variations still exist. 

F I G . 3-38.—Effect of thermistor tie-wire length on mount admittance of an S-S mount 
for a wavelength of 3.20 cm. 

Since most of the work in mount design has resulted from the necessity 
of studying match conditions for a large assortment of thermistors 
covering the range of anticipated impedance variation, it is worth while 
to review the more important conclusions presented in the BTL report. 
Further, the information should be valuable in selecting a proper 
thermistor mount for a new wavelength band. 

One of the most important variables is the length of the 0.001-in.-
diameter tie wires. These wires have an appreciable inductance at 
microwave frequencies. Further, the capacitance between the ends 

1 Becker, loc. cit. 
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(within the glass capsule) of the 0.030-in. lead wires must vary as the 
tie-wire length is altered. I t is not easy to separate the two effects, 
but there appears to be little need for doing so since they are coexistent 
in manufacture. Figure 3.38 shows the effect of changing the tie-wire 
length on the mount admittance of an S-S mount. The effect of adding 
the glass capsule ("completed units") may also be seen. Small varia-

F I G . 3-39.—Effect on mount admittance of silver-paste aprons on the ends of the thermistor 
capsule. 

tions in the mass of the glass capsule appear to affect the susceptance 
but not the conductance component of mount admittance. An increase 
in the mass of glass moves the susceptance toward a more positive point 
on the admittance diagram. This would be expected because of the 
additional capacitance due to the increased mass of dielectric. 

Although no practical application has yet been made of the observa
tion, it was found that thick silver-paste aprons on the ends of the 
glass capsule have an appreciable effect on the susceptance component 
of mount admittance. The apron capacitance accomplishes approxi-
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mately the same result as increasing the mass of capsule glass. Figure 
3-39 shows the effect of adding such aprons to the glass capsule. 

There appears to be little direct connection between the d-c charac
teristics of the thermistor and its microwave impedance properties. 
Varying the percentage of copper oxide in the bead mixture has little 
effect on the final mount admittance, although this variation markedly 
affects the cold resistance (resistance at negligible current) of the bead. 
The size of the bead, however, has an important effect on the con
ductance component of the mount, with little or no effect on the sus-
ceptance component. The amount of glass loading on the bead and the 
sintering time and sintering temperature appear to be relatively unim
portant variables. 

Several attempts have been made to determine an equivalent circuit 
for the thermistor installed in a waveguide mount, but these have met 
with only partial success. For example, the 
simple circuit consisting of the thermistor 
admittance in series with the susceptance of 
the coaxial stub line, with the combination in 
parallel with the end-plate susceptance, can be 
used to predict the effect of end-plate and stub- Q 
line tuning on mount admittance. The FIG. 3.40.— Proposed 
thermistor itself is believed to have an equiva- equivalent circuit for the 
lent circuit for microwaves similar to that 
shown in Fig. 3-40. The inductances h\ and L2 represent the inductances 
of the fine tie wires. The current flow through the bead follows two paths: 
the resistive path R\ and the series fiC-path in parallel with it. The RC-
path is believed to represent the effect of the finite particle size of the 
sintered oxides within the bead. The current must in some cases bridge 
capacitive gaps caused by imperfect contact between adjacent particles of 
the mixture. The capacitance Ci represents the combined effects of 
lead-wire capacitance and the dielectric of the glass capsule. 

Many of the more familiar broadbanding techniques are not practical 
for application to thermistor-mount design. For example, adapters1 

from waveguide to coaxial line can frequently be broadbanded by the 
proper placement of an iris or coaxial stub line of suitable susceptance. 
However, the variations in thermistor impedance are sufficiently great 
that such an iris can increase the mount mismatch for some thermistors 
while improving the match for others. This is particularly true if the 
iris or stub must be placed an appreciable distance ahead of the plane 
of the thermistor bead. An iris that could be readily adjusted in its 
position along the transmission line would undoubtedly be an effective 

1 F. L. Niemann, "S-Band Coaxial Line to Rectangular Waveguide Transitions," 
RL Report 802, Dec. 7, 1945. 
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tuning variable, but the mechanical and electrical problems of such a 
design have been too great to justify its careful investigation. 

3-20. The Fishtail Mount.—A 3-cm-band rectangular waveguide 
mount, known as the "fishtail" thermistor mount, uses less conven
tional techniques for broadbanding. The section of waveguide between 
the thermistor and soldered end-plate is flared in the direction of the wide 
dimension of the waveguide. The flare increases the wide dimension 
to approximately twice its normal value, and extends over a length of 
1.67 guide widths. The curvature follows the arc of a circle which is 
tangent to the waveguide at the plane of the thermistor where the flare 

F I G . 3-41.—Photograph of the 3-cm-band fishtail thermistor mount. 

is begun. The waveguide wavelength changes along the length of the 
flared region, and consequently the susceptance-frequency slope of the 
short-circuited length of waveguide is modified by the flare. The 
flared fishtail has been empirically shaped so that the susceptance of 
the short circuit approximately cancels the susceptive component 
of the thermistor admittance over a broad frequency band. Additional 
benefit is derived from placing the thermistor off-center, nearer one of the 
narrow sides of the waveguide than the other. This causes high-order 
modes to be set up, for which the flared termination acts as a resonant 
cavity. The susceptance-frequency characteristics of the back cavity 
are modified and an improvement of the susceptance cancellation results. 
The tuning variables in the mount are coaxial-stub length and bead 
height. It is possible with most thermistors to meet a specification of a 
iwMimnm V8WR of 1.2 or less over the 3.13- to 3.53-cm band in this 
mount. Little use has been made of the fishtail mount because of an 
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r Thermistor 

unexplained resonance at approximately 3.10 cm, at which wavelength 
the VSWR often rises to very high values. Occasionally the resonance 
shifts into the 3.13- to 3.53-cm operating band for reasons not completely 
understood. Figure 3-41 shows a photograph of the fishtail mount. 

3-21. Thermistor Mounts for the 1-cm Band.—Thermistor mounts 
for the 1-cm band are similar to 3-cm-band mounts, but their small 
physical dimensions preclude the use of a capsuled thermistor bead. 
Instead, the 0.001-in. tie wires are soldered or spot-welded to terminals 
that are an integral part of the mount. The mounts are mechanically 
designed so that they can be disassembled to facilitate the bead 
installation. 

Figure 3-42 shows a cross section, looking into the waveguide end of a 
1-cm-band thermistor mount. The bead is spot-weFded halfway between 
the ends of the center conductors of the 
two coaxial stub lines. The stub lines 
are too small for sliding-plunger tuning. 
Consequently, a metal screw, projecting 
into the side of the lower stub line is 
used instead. Similarly, a screw is used 
to vary the susceptance of the short-
circuited section of waveguide behind 
the thermistor. The latter screw pro
jects through the center line of the 
broad dimension of the waveguide. A 
thin polystyrene sleeve and thin mica 
disk provide the necessary d-c insula
tion for the upper thermistor tie wire. 

The gap in which the thermistor bead is installed is small—0.050 in. 
The tie wires are not pulled taut prior to spot-welding, but are given a 
reasonable amount of slack. Each tie wire is approximately 0.030 in. 
long with the result that, with a 0.010-in. bead length, the total arc length 
is 0.070 in. The slack is necessary for two reasons, (1) to avoid snapping 
a tie wire when the mount is subjected to shock or vibration, and (2) 
to avoid excessive thermal conduction losses to the center-conductor 
supports. Figure 3-7 shows that the wires are shorter than is desirable 
from this latter point of view. In fact, two-disk bridge circuits using 
1-cm-band mounts must take into account the somewhat smaller values 
of C of beads that are mounted in this way. The tie-wire inductance 
introduces greater reactance at the 1-cm band than at the 3-cm band, and 
the additional reactance associated with longer tie wires would seriously 
limit the broadband match of a mount of this type. 

The desirable lengths and characteristic impedance of the stub lines 
have been experimentally determined. Optimum broadband impedance 

F I G . 3-42.—Drawing of a 1-cm-band 
waveguide thermistor mount. 
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matching is obtained with operation of the thermistor at a relatively low 
resistance, 100 to 150 ohms. At a standard operating resistance of 130 
ohms many beads can be matched to a VSWR of 1.5 or less over a 2 per 
cent wavelength band centered at 1.25 cm. 

The mount design has never been wholly satisfactory despite numer
ous attempts to improve it. The tiny No. 0-80 tuning screws must have 
an exceptionally snug fit in the threaded mount holes, must be free of 
dirt deposits, and must operate with negligible eccentricity. The 
various brass members of the mount must have accurately milled and 
cleaned machine fits. The microwave leakage was bad until it was found 
that an air-drying silver paste1 is quite effective in electrically sealing 

the mount. Leakage was particu
larly bad in the vicinity of the end 
plate which is held by screws to 
the main body of the mount. 

An i m p r o v e d mechanical 
design of the 1-cm-band mount 
has been produced by the Aircraft, 
Radio Corporation, Boonton, N. J. 
A section drawing is shown in Fig. 
3-43. The shape of the stub has 
been changed and other altera
tions have been made to effect an 
improvement in impedance match
ing. With this design it is possi
ble to meet a specification of a 

maximum VSWR of 1.4 or less over the 1.25 cm + 2 per cent band. 
The Bell Telephone Laboratories have designed a 1-cm-band ther

mistor mount that features a removable tunable coaxial stub line that 
houses the bead thermistor. The center conductor of the stub line 
extends as an antenna probe deep within the waveguide to within 0.020 
in. of the bottom waveguide wall. The narrow gap between the end 
of the probe and the waveguide wall, together with an off-center posi
tioning of the probe, leads to a broadband transition from waveguide to 
coaxial line. This, in fact, is the reason for the exceptionally good 
performance of the BTL mount. The thermistor-bead tie wires are 
soldered to the probe and to the cartridge case. The average thermistor 
bead in the BTL mount has a maximum VSWR of 1.4 over a + 4 per 
cent band. 

The problem of investigating thermistor impedance variations in 
the design of a 1-cm-band mount is extremely difficult. I t is impossible 

Fia. 3-43.—Drawing of a 1-cm-band 
thermistor mount. (Improvement on design 
shown in Fig. 3-42.) 

1 Du Pont de Nemours Co., Wilmington, Del. 
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to remove an installed thermistor bead, and mount it again in exactly 
the same manner in the original or another mount. Likewise, it is diffi
cult to determine allowable tolerances on the dimensions of various parts 
of the mount. Bead-impedance variations are, of course, more pro
nounced at 1 cm than at longer wavelengths. Collectively, these 
considerations explain why the design of the 1-cm-band mount has 
been a tedious and somewhat disconcerting task, and why the band-
widths that have been obtained are considerably less than those realized 
at 10-cm- and 3-cm-bands. 

Thermistor beads that do not have the protection of a surrounding 
glass capsule are very sensitive to the cooling effect of air convection 
currents within the waveguide mount. This greatly aggravates the 
drift problem in the bridge circuit. I t is advisable (even essential, at 
high bridge sensitivity) to seal the input end of the waveguide to the 
mount with a mica window or dielectric plug. The mica window, 0.001 
in. thick to avoid reflections, may be installed at the choke-flange coupler 
at the input end of the mount. The dielectric plug may be fitted into 
the end of the mount and fills a short section of the waveguide ahead 
of the thermistor. Steps are cut into the ends of the plug to make it 
reflectionless. The dielectric material used has a negligible loss factor 
near 1.25 cm. Its temperature coefficient of expansion matches that of 
the waveguide walls, and a pressure fit is sufficient to hold it securely 
in position. 

One problem has arisen in connection with 1-cm-band mounts. A 
comparison of the 1-cm-band thermistor mount with a water load 
assumed to be an absolute standard indicates that the 1-om-band mount 
is lossy. That is, not all of the microwave power is dissipated in the 
bead, but some of it is lost in poor contacts and dissipative metal surfaces 
within the mount. Consequently, the 1-cm-band thermistor mount 
cannot be considered as an acceptable absolute standard for power 
measurement. The magnitude of the loss varies from mount to mount 
and depends largely on the excellence of the mechanical fits and on the 
surface cleanliness of the particular mount. The first indication of this 
loss resulted from calculations on the range of meter-shunt resistances 
needed to standardize the sensitivity of a two-disk bridge circuit using 
1-cm-band beads of known values of J, B, and C. The calculated shunt 
resistances were much smaller than those found necessary when the 
bridge sensitivity was standardized against a water load. After eliminat
ing other potential causes of the discrepancy, it was concluded that the 
mount must be lossy. 

Barretters and thermistors installed in a mount of the same type 
(Fig. 342) were found to agree within the errors of power measurement, 
provided that the thermistor tie wires were held to within a total length 
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of 0.05 to 0.06 in. For tie-wire lengths as long as 0.10 in. the thermistor 
measured approximately 15 per cent less power than the barretter, 
indicating that there is some microwave power dissipation in the bead 
tie wires at 1-cm band. The thermistor bead with 0.05-in. tie wires 
was operated over a resistance range of 81 to 181 ohms; the power 
measured was unaffected by the operating resistance of the bead, pro
vided the mount was tuned for match at each resistance level. These 
experiments prove nothing, however, regarding the suitability of either 
the thermistor (with short tie wires) or barretter as an absolute standard 
for power measurement. 

A 1-cm-band thermistor mount of the type shown in Fig. 3-42 has 
been compared against a water load. The thermistor was operated in a 
d-c balanced bridge, all components of which had been checked against a 
precision potentiometer. The thermistor mount was sealed with silver 
paste, and the absence of microwave leakage was verified by moving 
absorbing and reflecting objects in the vicinity of the mount, with no 
consequent variations in the bridge-galvanometer reading. Trouble
some video-frequency leakage from the magnetron modulator pulse was 
circumvented by installing a shielded bypass condenser in the d-c input 
cable to the bridge circuit. The water load used was one of the slot-
coupled type (Sec. 3-34) which has no objectionable microwave leak
age. A closed-flow system (Sec. 335) was used with the water load. 
A calibrated directional coupler was used to reduce the high-level mag
netron power to the few milliwatts conveniently measured by the ther
mistor bridge. The final comparison between water load and thermistor 
involved a series of 10 runs. The power level measured by the thermistor 
was consistently lower than that measured by the water load; the values 
of the discrepancy varied from 15.8 per cent to 18.4 per cent, and averaged 
17.2 per cent. An evaluation of all possible sources of error in both the 
thermistor and water-load measurements indicated that the apparent 
deviations could have corresponded to true deviations ranging from 12.9 
per cent to 24.7 per cent. I t is believed that lead-wire losses, tuning-
screw losses, and losses in poor contacts within the mount are largely 
responsible for this. 

The Bell Telephone Laboratories have also studied this problem, 
and report the following data on their 1-cm thermistor mount. A large 
number of mounts weTe compared with one another, with the following 
results: for 100 per cent of the mounts the maximum disagreement 
between any two was 0.3 db; for 90 per cent of the mounts the maximum 
disagreement between any two was 0.15 db. The maximum disagree
ment between a thermistor mount and a water load was 0.3 db. Thus, 
assuming the water load to be an absolute standard, the loss in the 
mounts varies from 0.15 to 0.3 db. It is the opinion of BTL that the 
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finger contacts in the coaxial tuning cavity were largely responsible for 
this. 

3-22. Thermistor Power Monitors.—Special thermistor installations 
are sometimes used when the power delivered to a transmission-line 
load is to be monitored. For example, Fig. 3-44 shows a commonly used 
thermistor mount designed to monitor the output power from a 10-cm-
band oscillator cavity. One lead wire of the capsuled bead is bent to 
form a pickup loop which projects, with proper orientation, into the 
cavity. The microwave short circuit is similar in construction to that 
used in 10-cm-band coaxial thermistor mounts. A polyiron sleeve is 
placed behind the short circuit to prevent any microwave leakage from 
traveling along the thermistor leads to the bridge circuit. The pickup 
loop should be as close to the thermistor bead as is physically possible. 

F I G . 3-44.—Thermistor mount for cavity power monitoring. 

Since the loop seldom couples so tightly to the cavity that it presents a 
matched generator to the thermistor termination, it is important to 
minimize the coaxial-line length between bead and loop if the monitor is 
to be relatively frequency-insensitive. 

An alternative power-monitor design which is mechanically more 
complicated but electrically more broadband is shown in Fig. 3-45. The 
tie wires of an uncapsuled bead thermistor are spot-welded to stud pins 
which are mounted in two parallel support wires. The pickup loop is 
formed by sandwiching thin polystyrene tape between bands of phosphor 
bronze ribbon, and cementing with polystyrene cement. The microwave 
bypass condenser, also formed with polystyrene tape and phosphor 
bronze ribbon, bands the vertical support wires together at the position 
of the thermistor. The whole assembly is installed in a threaded, poly-
iron-backed tube that screws into the oscillator cavity. The split-loop 
and bypass-condenser construction are so designed to avoid short-circuit
ing the bead to the d-c bridge supply. This mount design places the 
bead at the very base of the coupling loop, and in this respect is superior 
to the design shown in Fig. 3-44. It has the disadvantage that the 
uncapsuled bead is exposed to air convection currents within the cavity. 
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If a thermistor is installed parallel to and midway between the wide 
sides of a rectangular waveguide, it couples very loosely to the fields 
within the waveguide. Such a construction has been used for monitoring 
high-level power carried by a waveguide. Usually two thermistors are 
used, spaced X„/4 apart, so that their reflections cancel. The two may 
be used in series to form one arm of a bridge circuit, or the second ther
mistor may be entirely disconnected from any power supply. The 
advent of the directional coupler provided a preferable means of power 
monitoring, however, and interest in this thermistor mount was 
discontinued. 

Hair spring stud pins 

Phosphor bronze 
ribbon 0.050" wide 
0.003"-0.005" thick 

0.002" poly tape 
Soft solder 

support leads 

Phosphor bronze 
0.005" thick 0.050" wide , 

0.032" brass 
support wires IV 

' Thermistor 
Loop construction 

Note ■ loop segments are cemented 
together with poly cement 

0.002" poly 
tape 

0.032" 
brass wire 

Silver solder-

0.032"brass wire-
Bypass condenser 

Note ■ phosphor bronze ribbon bent around 
poly tape and support wire 

F I G . 3-45.—TJncapsuled-thermistor-bead mount for cavity power monitoring. 

3-23. Barretters.—Barretters were used for microwave power measure
ment prior to the application of the thermistor to this purpose. In the 
early days of microwave developments the only commercially available 
barretters were the 5- and 10-ma Littelfuses and Buss fuses that had 
been designed primarily for the protection of sensitive milliammeters and 
other pieces of labqratory equipment. These were used with some 
success in microwave power measurement, but it was quickly realized 
that their construction was inherently bad from the viewpoint of micro
wave impedance-matching. The tiny platinum resistance wire is placed 
at right angles to the axis of the fuse capsule, and this produces a high 
reactance component of the fuse impedance. The VSWR of such a 
barretter in either a waveguide or coaxial-line mount is so high that 
impedance matching with tuners is a critical, painstaking manipulation. 
Moreover, the tuned match is extremely frequency-sensitive. 

Recognizing the potentialities of properly constructed barretters, 
techniques for producing them in limited quantities were developed in 
the Radiation Laboratory. This development was also undertaken by 
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the Sperry Gyroscope Company, and by 1945 they were in a position 
to produce microwave barretters in sizable quantities. The Sperry 
No. 821 barretter has been used with a variety of mounts at wave
lengths as short as those of 3-cm band. The 821 barretter is too large 
for use with wavelengths of 1-cm band and shorter. 

The barretter construction technique to be described combines 
features of both the Sperry and 
Radiation Laboratory procedures. 
Although it is not suitable for 
quantity production, the tech
nique is useful to an experimenter 
who finds it necessary to construct 
the barretters for his research 
work. 

Platinum is the metal com
monly used in forming barretter 
resistance wires. I t is desirable 
to use a noble metal to avoid oxi
dation and other chemical action 
that would change the sensitivity 
of the wire. Of the noble metals, 
platinum has the most desirable 
set of physical properties such as 
resistivity, melting point, tempera
ture coefficient of resistance, and 
tensile strength. The diameter of 
the wire commonly used for micro
wave barretter construction varies 
from 35 to 75 X lO"6 in. Such a 
fine wire can be seen with the 
naked eye only under intense 
illumination and is too fragile to 
handle when working with a mag
nifying lens. Consequently, it is 
customary to use Wollaston1 wire, 
the fine platinum core of which is 
centered in a silver wire of approximately 0.001-in. diameter. The 
Wollaston wire can be mounted with relative ease, and an aqueous nitric 
acid solution is used to etch the silver from the platinum core. When a 
core diameter consistent with the desired detector sensitivity has been 
chosen, the resistance of the barretter can be adjusted by varying the 
etched length of Wollaston wire. 

1 Obtainable from Baker, Sigmund Cohn, and other platinum manufacturers. 

F I G . 3-46.—Staking tool used in barretter 
construction. 
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The Wollaston wire may be spot-welded or soldered to the support 
leads of larger diameter. Two soldering techniques have been used: 
(1) tiny holes may be drilled into the ends of the support wires with a 
jeweler's drill, and the ends of the Wollaston wire seated into these holes 
for soldering, or (2) the end of the lead wire may be notched with a 
jeweler's staking tool (see Fig. 3-46), and the end of the Wollaston wire 
laid in the notch for soldering. A heated Nichrome wire is convenient 
for the soldering operation. A double-vise block is used to hold the 
lead wires in a straight, horizontal line with the short length of Wollaston 
wire between them. The two ends of the block are insulated from one 
another and a small d-c current can be passed through the ware during 
the etching period. Thus a constant check can be kept on the wire 
resistance, and the etching stopped at the right time. 

The nitric acid solution used for etching is a mixture of equal parts 
by weight of cp nitric acid and distilled water. A small amount of 
wetting agent (for example, Aerosol) is added to the solution. This 
reduces the possibility of breaking the fine wire by surface-tension forces 
when it is removed from the acid solution. The amount of wetting 
agent to be used is best left to experiment, since the optimum amount 
seems to vary with the particular bottle of acid used. Excessive amounts 
of wretting agent cause the drop of acid to flood over the support vane 
used to bring it in contact with the wire. The etching time required 
is approximately five minutes. 

A micromanipulator is an extremely valuable tool for use in the 
etching operation. Figure 347 shows one design of micromanipulator 
that has been very useful in this operation. Counterweighted arms, 
pivoting in ball and socket joints, are used to maneuver the etching 
arm into position beneath the wire. After these coarse adjustments 
have been made, micrometer-screw drives offering three degrees of 
translational freedom are used to contact the drop of acid solution with 
the wire. The etching arm consists of a dissecting needle with the tip 
stuck into a wedge-shaped piece of Plexiglas. The drop of acid solution 
is placed on the w-edge and maneuvered into contact with the wire. 
The drop is smaller than the length of wire to be etched, so that it can 
be moved along the wire to etch the required length. If close resistance 
control is required, it is advisable to replace the arm-supported Plexiglas 
vane by an acid-filled capillary tube and to touch the fine capillary tip 
to the wire. I t is convenient to have a low-power (20 X) binocular 
microscope to view the work. 

As the etching proceeds, gas bubbles are evolved which are clearly 
visible with the aid of a microscope. After the etching is completed, it 
is necessary to wash the wire before it dries; otherwise, silver nitrate 
crystals may form and break it. The Plexiglas wedge is flooded with 
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warm distilled water containing a wetting agent and carefully with
drawn from the wire. In order to remove the Plexiglas wedge without 
breaking the wire it is necessary for the Wollaston wire not to have been 
soldered to its supports under tension. 

F I G . 3-47.—Sketch of micromanipulator used for etching Wollaston wire in barretter 
construction. 

I t is undesirable in most cases to stop the etching before the plati
num core has been completely cleaned of silver. Specks of unetched 
silver will alloy with the platinum at high temperatures and change the 
characteristics of the wire. Thus overload power that is insufficient 
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to fuse the wire can still cause trouble by changing, for example, the 
calibration of a direct-reading barretter bridge. 

In Fig. 3-47 one of the barretter lead wires supports a glass or poly
styrene tube which can be slid over the short length of etched wire and 
cemented to the leads. The final construction outwardly resembles 
that of a capsuled thermistor bead with lead wires projecting from each 
end of the capsule. Attempts to heat-seal the glass tube to the lead 
wires have failed because conduction heating fuses too great a percentage 
of the wires. The Sperry type 821 barretter uses a copolymerstyrene 
capsule with a window that is cemented in place after the etching is 
completed. Figure 3-48 shows this construction. 
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F I G . 3-48.—Drawing of the Sperry type 821 barretter capsule. 

Unfortunately, the core diameter of the Wollaston wire often varies 
appreciably over a length of a few inches. Some lengths of wire have 
weak spots where the diameter is extremely small. Other pieces of wire, 
for reasons unknown, will not etch satisfactorily. Fortunately, the 
manufacturers of the wire have been sympathetic with the problems of 
the consumer and have not hesitated to exchange good wire for bad. 
The Sigmund Cohn Company, N.Y.C., has provided the following 
equation which relates the fusing current of a platinum wire to the 
diameter. A check on fusing current, using an etched length of several 
millimeters, offers a convenient check on diameter variations. 

where D is the wire diameter in inches, C is the current in amperes 
required to fuse, A is a constant equal to 5170 amp. 

The barretter of the design that has the capsule cemented to its lead 
wires is only as strong as the cement. It must be handled carefully. 
The Sperry barretter, Fig. 3-48, is mechanically rugged, however. It 
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successfully withstands vigorous shock and vibration tests, and is satis
factorily waterproof. The fine platinum cores can be easily broken 
during the etching and washing process, but are surprisingly rugged 
after being capsuled. This ruggedness is achieved only if the Wollaston 
wire is installed with a slight sag; it does not resist tension greater than 
that caused by its own weight. 

All 1-cm-band barretters have been made with uncapsuled Wollaston 
wires that are soldered or spot-welded to terminal posts within the wave
guide mounts. The wires are etched after installation in the mounts. 
A reflectionless dielectric plug is fitted into the end of the mount to 
protect the wire mechanically, and also to protect it from cooling caused 
by air convection currents. Similarly, an uncapsuled Wollaston wire 
may be substituted for the thermistor bead in the coupling-loop design 
shown in Fig. 3-45. 

Taylor-process wire, a fine platinum core in a quartz or glass sheath, 
holds some promise for barretter construction. Little is known about 
its usefulness for this application because it was not commercially 
available during the war. 

3-24. The Theory of Operation of a Barretter.—The ideal microwave 
power detector would have a square-law response; that is, its resistance 
change would be directly proportional to the power dissipated in it. 
Square-law response is especially desirable in a bolometer, since it is 
the first requisite for linearity in the calibration of a direct-reading 
bolometer bridge. It may be seen from Eq. (30) that a thermistor is far 
from being a perfect square-law detector. The barretter more nearly 
meets this condition, and has an approximately linear curve of d-c 
resistance versus power over much of its resistance range. The steady-
state d-c resistance-power curves of a number of barretters have been 
studied, and it has been shown that they can be reproduced accurately by 
curves calculated from the equation 

R - Ro = JPn, (56) 

where Ro is the cold resistance of a barretter in ohms and R is the barretter 
resistance when dissipating P watts. Values for a typical type 821 
barretter are Ro = 115 ohms, n = 0.9, and J = 7.57. 

A general proof can be advanced1 to demonstrate that a barretter 
cannot be a perfect square-law detector. Because of the conduction 
cooling of the element by its lead wires, a temperature gradient must 
exist along the length of the platinum wire. The resistance r per unit 
length of the wire is therefore a function of position as well as of current. 
For direct current, the power-resistance relation may be written 

1 E. Peskin, "Microwave Power Measurement with Bolometers," NDRC Report 
14-529, Polytechnic Institute of Brooklyn, Oct, 31, 1945. 
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/
•/2 

r(P,x) dz = PR(P). 
- « / 2 

Corresponding to each value of current is a value of resistance rise referred 
to Ro, the cold resistance of the barretter. Thus, 

P = f(R - Ro) = ai(R - R0) + a2{R - fl0)2 + • • ■ . (57) 
The power dissipation in the barretter may be expressed as 

P = PR = p(R - R0) + pR0, (58) 

Substitution of Eq. (57) in Eq. (58), and ordering of terms results in 

P = aiR0(R - Ro) + (a*Ro + ai){R - Ro)2 

+ (a3P0 + a2)(R - R0)3 + ■ ■ ■ . (59) 
Finally, since ai appears in the second term of the series expressed by 
Eq. (59), it is obvious that some deviation from a perfect square-law 
response exists. 

When a barretter is used in a microwave power-measurement circuit, 
the deviation from square-law response is affected by the resistance 
of the bias-current supply. As discussed in Sec. 3-1, in general, the 
d-c bolometer power is changed when microwave power is introduced. 
Thus the normal deviation from square-law response, implicit in Eq. 
(56), must be differentiated from the effective deviation. The effective 
deviation includes the effect of the bolometer bias supply on the final 
resistance change resulting from application of the microwave power. 
If the resistance of the barretter bias supply is such that the d-c bias power 
is independent of the microwave power level in the barretter, then the 
so-called normal and effective deviations from square-law response 
become identical. The percentage deviation 8 from square-law response 

where Ri is the operating resistance of the barretter, P i is the d-c bias 
power at operating resistance, and AR is the change in barretter resistance 
caused by microwave power, AP. 

For the type 821 barretter, 
Ri = 200 ohms, P x = 16 ■ 4 mw 

/ = 9.06 ma, t = 25°C. 
For these values of the parameters, the Sperry Gyroscope Company 
has prepared a graph of Eq. (60) as a function of AP. This graph 
is shown in Fig. 3-49. 

1 "The Sperry Type 821 Barretter for Microwave Power Measurement and Detec
tion," Sperry Gyroscope Company, Report No. 5244-1042, July 24, 1945, 
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Of direct interest is the calculation of the error in a direct-reading 
barretter bridge caused by the deviation from square-law response. 
I t will be assumed that the normal and effective deviations are equal 
and that a barretter bridge circuit is used which is equivalent in operation 
to the thermistor W-bridge. The 
first bridge balance is an a-f bal
ance, and d-c power is used as a 
calibrating signal. Calibration is 
effected for a full-scale meter 
deflection, and linear interpolation 
on the meter is used for power 
levels less than that corresponding 
to full-scale deflection. When 
microwave power is applied to the 
barretter, the bridge (by interpola
tion) reads Pm . Because of the 
d e v i a t i o n f r o m s q u a r e - l a w 
response, the meter deflection 
actually corresponds to a slightly 
different power level Pt. The per
centage error, referred to full-scale 
deflection, is y, 

y = 
P . - P, X 100 

P„c 
p » - p , 

7 

6 

5 

4 

3 

2 

1 /-

0 -5 -10 -15 -20 -25 
X 100, (61) % deviation from square - law response 

F I G . 3-49.—Barretter characteristic of 
incremental power vs. percentage deviation 
from square-law response. 

where Pi is the a-f bias power for 
initial bridge balance, Pda is the d-c 
calibrating power for full-scale deflection, and P 2 equals Pi + Pdc-

The slope of the chord XY in Fig. 3-50 is given by 

tan 8 Rz — P i 
PT^PV 

If the R's in Eq. (62) are eliminated by application of Eq. (56), 

J(P1 ~ P?) tan 6 P 2 - P i 

(62) 

(63) 

The resistance of the barretter for steady-state meter deflection with 
microwave power, R3, is given by 

K3 = (P» - Pi) tan 6 + Pi. (64) 

By substitution of Eqs. (56) and (63) in Eq. (64), the expression for 
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R3 becomes 

i?3 = 
J ( P } - P f l ( P , - P i ) 

P , - P i + J P ? + i?o. (65) 

If Eq. (56) is solved for P, in terms of R3, and the value of Ra according 
to Eq. (65) substituted, 

(P? P ? ) ( P . - PQ | p l 1 / n 
(66) 

P , - P i 
Finally, by substitution of Eq. (66) in Eq. (61), the expression for 
y is 

7 = 

(Pi - PV(Pm - P1) 
p 2 - P i 

Tl/n 

X 100. (67) 
P , - P i 

To illustrate the magnitude of this error, assume the following typical 
operating values: P i = 8 mw, P 2 = 12 mw, and Pm = 10 mw. Sub-
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FIG. 3-50.—Barretter characteristic: steady-state resistance vs. power for Sperry type 821 
barretter. 

stitution of these values in Eq. (67), and the use of n = 0.9, gives y a 
value of 2.5 per cent. Note that y becomes zero for both zero and full-
scale deflections, and has its maximum value when the microwave power is 
one-half the d-c power used for full-scale calibration. The deviation 
from square-law response is not important in balanced-bridge operation 
since the barretter is always operated at constant resistance. 

Equation (56) may be differentiated to obtain an expression for the 
detector sensitivity of the barretter 

dR 
dP = nJPn~l = n{R - Ra) (68) 
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Data taken on 60 Sperry type 821 barretters give values for detector 
sensitivity ranging from 4.17 to 4.88 ohms/mw, at an operating resistance 
of 200 ohms and a temperature of 25°C. The average value is 4.46 
ohms/mw, and the mean deviation from the average is 2.75 per cent. 

Figure 3-51 shows the depend-
30 
28 

ence of the barretter bias power on 
ambient temperature for operation 
of the barretter at 200 ohms. The 
approximate linearity of the two 
curves suggests that Eq. (56) may 
be modified, as was the thermistor 
equation, to include the effect of 
ambient temperature T on the 
barretter resistance, thus, 

? ) • (69) 

- ^ 2 i b a r r » H . . 
8-5 vna 

R - RO = J(P + £)■ 

124 

E 20 
V I 16 a. 

10 

8 
- 3 0 - 2 0 - 1 0 0 +10+20+30+40+50+60+70 

Temperature - °C 
FIG. 3-51.—Barretter characteristic: am

bient temperature vs. power required for 
200-ohm operation. 
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The derivative of Eq. (69), dR/dP, can be expressed solely in terms 
of J, n, and (R — R0). This would indicate that the detector sensitivity 
of a barretter, at a given operating resistance, is independent of T. 
The extent of the error involved in assuming a linear relation between 
P and T is indicated by experimental data on dR/dP as a function of T. 

It has been found by the Sperry Gyroscope Com
pany that dR/dP varies linearly with T within ± 3 
per cent over a ± 50°C ambient-temperature range. 
This is not a large variation. Consequently, Eq. 
(69) can be considered valid for many approximate 
calculations. 

Convection cooling of the fine platinum wire 
has an important influence on the characteristics 
of the barretter. The detector sensitivity is greatly 
increased, and the time constant is increased. 
Little use has been made of evacuated barretter 
capsules because of their increased sluggishness. 
Barretters are usually used in applications where 
a fast response is desired, and thermistors are still 
preferred in applications where a longer time con
stant is not a handicap. The effect of altitude on 
the detector sensitivity of a barretter has not been 

studied, but should be of interest in connection with airborne-radar test 
equipment using barretters. The Tung-Sol Lamp Works has developed 
the evacuated barretter shown in Fig. 3-52. The resistance of the unit 
measured at a current of 0.5 ma is 200 ohms +25 per cent. The increase 

Platinum 
wire 

■jdia. max. 

V 
~ l w - 0.020" dia. 

F I G . 3-52.—Evacu
ated high-frequency bar
retter manufactured by 
Tung-Sol Lamp Works, 
model B-100. 
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in resistance due to skin effect is less than 1 per cent for frequencies up to 
10,000 Mc/sec. The sensitivity is 4.5 /uw for a 1 per cent change in resist
ance at the optimum bias current of 0.5 ma. The maximum current is 
1.25 ma. The Radiation Laboratory has had no experience with the unit, 
but its physical size would seem to limit its usefulness to wavelengths of 
10 cm and longer. 

The time constant T of the Sperry type 821 barretter is 320 /isec ± 10 
per cent. It is determined from T = }4irf, where / is the modulation 
frequency at which the demodulation sensitivity of the barretter is 3 db 
down from the value at 100 cps. Typical demodulation response curves 

for the barretter are given in Fig. 
3-53. The curves were taken with 
a constant d-c bias current and an 
average resistance of 200 ohms. 
The carrier frequency was 10 
Mc/sec and was modulated ap
proximately 20 per cent by a sine 
wave. The power of the carrier 
was 1 mw. The two curves are 

10 100 1,000 10,000 100,000 j • j •. i i i-
Fundamental frequency, cycles per second e x p r e s s e d i n d e c i b e l s r e l a t i v e t o 

F I G . 3 - 5 3 . — B a r r e t t e r characteristic: t h e P»Wer in the fundamental at 
demodulation response vs. modulation 100 Cps. 
requency. r p ^ t ^ e gg^ barretters a r e 

normally operated at 200 ohms, demanding a bias power of approximately 
15 mw. The maximum safe power level (limited by alloying of silver 
specks with the platinum) is 32.5 mw. The power required to fuse the 
barretter wire is in excess of 50 mw. 

The equivalence of the heating effects of direct current and micro
wave current, the requisite for application of the barretter to absolute 
power measurements, has been the subject of several investigations.1 

The treatment to be followed here is due to Feenberg. 
If the wire is heated by direct current, the power dissipation is uni

form throughout the cross section of the wire. The heat losses from 
the surface establish a condition in which the center of the wire is hotter 
than the surface. High-frequency currents, however, because of skin-
depth considerations, generate heat at and near the surface of the wire. 
If the wire is thin, a negligible temperature gradient exists along the wire 
radius, and the temperature can be assumed constant throughout the 
cross section. 

1 H. E. Webber, "Power Measurement in the Microwave Region," Sperry Gyro
scope Company, Report No. 5220-109, Mar. 9, 1943. E. Feenberg, "The Frequency 
Dependence of the Power-resistance Relation in Hot Wire Wattmeters," Sperry 
Gyroscope Company, Report No. 5220-108, Mar. 10, 1943. 
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In the case of high-frequency heating, the resistance Ra of the wire 
is given by 

1 ira2e(Ta) 
Ra I 

(70) 

where a and I are the radius and length of the wire, respectively, 9(Ta) 
is the electrical conductivity of the wire, and Ta is the absolute surface 
temperature required to dissipate the generated heat. 

If the wire is heated by d-c power, the wire resistance R is given by 

^ = y / o " e(T) ■ dr. (7i) 

Since 6{T) varies inversely as the absolute temperature, for small 
variations in T, 

8(T) = 6{Ta) - 6-^A ■ (T - Ta). 

Therefore, 

"'^"iSl^r-*- (72) 
Ra 

It is possible to compute T as a function of r, the distance along 
the wire radius, by solving the heat equation in cylindrical coordinates. 

where k is the thermal conductivity of the wire in cal/°C sec cm, p is 
the heat production, in cal/sec cm3, P is the total power dissipation, in 
watts, and J is 0.239 cal/joule. 

The required solution of Eq. (73) is 

-PJ(r> - g*l 
1 l a 4 T O % K' ' 

If Eq. (74) is substituted in Eq. (72), and integrated 

R = Ra U + 0.013 J^-j- (75) 

A 1-cm tungsten wire, dissipating 50 watts at 3000°C, has values 
of R and Ra which differ by only 7V per cent. The difference is cor
respondingly small for a platinum wire operated at a high surface 
temperature. 

The matter of different temperature gradients throughout the cross 
section of the wire is not the only concern, however. High-frequency 
standing waves may exist along the length of the barretter wire, and 
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consequently hot and cool spots may exist at the current loops and nodes. 
This condition does not exist for direct current, and its effect must also 
be considered. Bleaney1 has treated this problem in considerable detail, 
and the results of his investigation will be summarized. 

Like Feenberg, Bleaney treats the case of a wire thin enough so 
that the temperature rise due to r-f heating is uniform across the wire. 
He assumes that because the high-frequency power is small compared to 
the d-c bias power, it causes a small temperature rise. The change of 
high-frequency resistance with temperature does not materially alter 
the power developed at each point along the wire from a cosine-squared 
distribution. Because of the change in skin depth, the high-frequency 
resistance does not vary with temperature according to the same law 
as the d-c resistance. The development involves integrating the differ
ential equation for the temperature distribution along the wire. If 
radiation losses are neglected and only conduction losses to the lead-wire 
supports are considered, the expression derived is 

(AR\ , , 3 „ . /sin <j> \ 

UA-/_1 + ^ c o s 2 6 V~~ c o s < 7 
/ A / A , , sin 0 „„ 

KRX l + -r ■cos 2S 

(76) 

where <t> = 2irl/\, and I is the wire length. When the center of the 
wire is halfway between a current loop and node, cos 2& = 0. When 
the center of the wire falls on a current loop or node, cos 26 = + 1 . 

From Eq. (76) it may be demonstrated that 

1. Regardless of wire length, the heating effects of direct and high-
frequency current are exactly equivalent if the center of the wire 
is halfway between a current loop and node. 

2. Regardless of wire length, the maximum error occurs if the center 
of the wire is coincident with either a current loop or node. 

3. The error is zero for a wire the length of which is 0.96X. 
4. The maximum error (35 per cent) occurs for a wire slightly greater 

than X/2 in length, with a current loop at its center. The barretter 
will indicate greater high-frequency power than it should, since 
the maximum heat is at the center of the wire where the leads 
cannot dissipate it effectively. 

As the wire length is increased, lead-wire conduction losses become 
less important and radiation losses assume increased prominence. How
ever, Bleaney concludes that radiation losses have a negligible effect 

1 B. Bleaney, "Power Measurements by Bolometer Lamps at 3-cm Wavelengths," 
Report CD Misc. 7, CVD Research Group, New Clarendon Lab., Oxford, England, 
Sept. 21, 1942. 
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on the conclusions stated above provided that the wire length is less than 
0.96X. 

3-25. Direct-reading Bridges for Barretters.—Direct-reading barret
ter bridges are in most respects similar to direct-reading thermistor 
bridges. Barretters have a smaller detector sensitivity than thermistors, 
and consequently, d-c barretter bridges are usually less sensitive than 
d-c thermistor bridges. In order to achieve comparable sensitivity it is 
necessary to select the bridge-arm resistances so that the bridge driving 
voltage and bridge current are relatively large. The following data, 
applicable to the Sperry type 821 barretter, specify the approximate 
sensitivity of a d-c barretter bridge. With all bridge arms 200 ohms, 
and using a 200-ohm microammeter, the unbalance current caused by 
1 raw of microwave power is 50 ii&. The unbalance current increases to 
100 fia, in the limiting case of a zero-impedance meter. If two of the 
bridge arms are made higher in resistance, the bridge driving voltage 
must be increased, but the unbalance current for a 200-ohm meter can 
be increased to about 70 (ia. In the more sensitive barretter bridge 
circuits which use audio frequencies with amplification, the frequencies 
must be higher than those used with thermistor bridges because of the 
much shorter time constant of the barretter. 

Although no attempt has been made to do so, it is possible that the 
thermistor W-bridge, X-bridge, and self-balancing-bridge designs could 
be modified to adapt them for use with barretters. Among other things 
the modifications would include higher oscillator frequencies and a change 
in the phase of feedback voltages to take into account the fact that the 
barretter has a positive rather than a negative temperature coefficient 
of resistance. No attempt has been made to adapt disk thermistors to 
the temperature compensation of direct-reading barretter bridges, 
but there appears to be no fundamental reason why this cannot be done. 
The several barretter bridge designs to be discussed have all been con
tributed by the Sperry Gyroscope Company as a part of their general 
development of barretters for microwave power measurement. I t 
will be observed that the bridge techniques used are somewhat different 
from those discussed in connection with thermistor bridges, but again, 
with proper modifications, these designs should be applicable for use with 
thermistors. All designs discussed use the Sperry type 821 barretter. 

Figure 3-54 shows the circuit constants of a d-c barretter bridge of a 
simple type. This bridge was originally designed for monitoring micro
wave power at a level of 0.75 mw over the ambient-temperature range of 
— 40° to +70°C. This power level provides 20 per cent of full-scale 
deflection for an average barretter at 25°C. Variations in barretter 
sensitivity and in ambient temperature can cause a maximum error 
of ±20 per cent referred to the average barretter operating at 25°C. 
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Partial sensitivity compensation is achieved by using copper resistors 
in two of the bridge arms. The difference in the temperature coefficients 
of resistance of copper and of manganin is sufficient to accomplish this. 
No drift compensation is included in the design since the bridge sensitivity 
is relatively low, and since a manual balance is made immediately prior 

to each microwave test. The 
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3-54.—Sperry d-c barretter direct-read
ing bridge. 

meter has a resistance of 280 ohms 
+ i per cent, of which the copper 
coil has 180 ohms +10 per cent. 
The remainder of the resistance is 
composed of manganin. 

The barretter bridge shown in 
Fig. 3-55 is operated as a balanced 
bridge, but is nevertheless direct-
reading in microwave power. 
The bridge is made self-calibrating 
through the use of a calibrating 
resistor and a d-c milliammeter. 

With the microwave power source disconnected from the barretter, the 
selector switch S is thrown to the calibrating-resistor position. The d-c 
bridge current is adjusted so that the milliammeter reads full-scale deflec
tion—a current corresponding to 10 mw of d-c power in the calibrating 
resistor. When the barretter replaces the calibrating resistor, the d-c 
power is inadequate for bridge balance, and balance is achieved by 
superimposing some low-frequency 
r-f power on the d-c power in the 
barretter. If the resistance of 
the calibrating resistor is chosen 
the same as the resistance of the 
barretter at bridge balance, the d-c 
barretter power at the balance 
condition must be 10 mw. Intro
duction of microwave power un
balances the bridge, and balance 
is restored by reducing the d-c 
bridge current. The d-c milliam
meter is calibrated (nonlinearly, of course) in terms of microwave power 
from 0 to 10 mw. I t is convenient to use a zero-right milliammeter 
for this application so that the microwave power scale may be zero-left. 

When the bridge is balanced, microwave power may be read directly 
from the milliammeter calibration to an accuracy of better than +10 
per cent. I t is essential, however, in this bridge design to use precision 
bridge-arm and calibrating resistors as well as an accurately calibrated 

'Barretter R-f oscillator 
with 

output control 

Hi—y«<—L D-c galvanometer 

i ® D-c milliammeter 

Fia. 3-55.—Sperry manually balanced bar
retter direct-reading bridge. 
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meter. The self-calibrating feature obviates the need for sensitivity 
compensation, and again, the bridge sensitivity is too low to demand 
drift compensation. 

The self-balancing bridge shown schematically in Fig. 3-56 is powered 
partially by high-audio-frequency and partly by d-c power. The a-f oscil
lator is a regenerative amplifier deriving its feedback from the unbalance 
of the barretter bridge. The meter M responds to the a-f power delivered 
to the bridge, but is calibrated in terms of microwave power. The 
calibration is referred to an a-f power level of 10 mw, which is decreased 
by an amount equal to the level of microwave power when the bridge 
balances itself with the microwave source connected to the barretter. 
Corrections for barretter differ
ences and ambient-temperature 
variations are made by changing 
the d-c power component. The 
bridge is operable over a wide 
range of sensitivities, with a maxi
mum sensitivity of approximately 
50 fiv/ full scale. The high bridge 
Sensitivity is ob ta ined by increas- F lG- 3-56.—Sperry self-balancing barretter 

. direct-reading bridge. 
ing the d-c power component and 
by increasing the indicator sensitivity. As in the bridge design shown in 
Fig. 3-55, it is convenient to use a zero-right meter so that the microwave 
power scale will be zero-left. Design work on this bridge circuit is cur
rently incomplete so that a detailed circuit diagram is not available. 

3-26. Barretter-amplifier Combinations.—Barretters have been used 
extensively in microwave measurements to indicate power-level ratios. 
For example, they are invaluable in studying antenna patterns, and are 
often used in attenuation measurements. In these applications the 
barretters are commonly biased with direct current and used with pulse-
or square-wave-modulated microwave power so that the demodulation 
signal may be amplified. A typical arrangement of test gear involves a 
barretter in a microwave mount with a high-gain tuned preamplifier, 
the output voltage of which is registered on a logarithmic a-c voltmeter. 
With such an indicator it is possible to read power-level ratios directly 
in decibels. The relatively short time constant (high demodulation 
sensitivity) of the barretter makes it preferable to the thermistor for 
these applications. Crystals are excluded from consideration because 
they do not have a square-law response and are easily burned out by 
high pulse power. 

Not only may barretter-amplifier combinations be used for power-level-
ratio measurements, but they may also be used in place of bridge circuits 
for direct power measurement. The combination must be calibrated 

^ 
Regenerative 

audio 
oscillator 

~)M 
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against a balanced bridge, and thereafter the stability of the amplifier 
gain and of the barretter characteristics may be depended upon to main
tain the calibration. High sensitivity is more easily achieved in this 
manner than with a bridge circuit. Moreover, there is less trouble from 
ambient-temperature variations. The chief disadvantages are that 
the combination is not self-calibrating unless a bridge circuit is appended, 
and that the method is applicable only with pulsed or modulated power. 

The time constant of the barretter, as well as its detector sensitivity, 
influences the sensitivity of the barretter-amplifier combination. The 
normal variations in sensitivity to be expected are indicated by the data of 

1000 cps 
amplifier 

,-p.o.Q.r^ 

VTVM 

'0 

Microwave 
input 31 

MA 

0-200 

1000 4000 

1 0 0 T $200 1=16 

+150 v 

FIG. 3-57.—Barretter-amplifier combination used for microwave power measurement. 

Table 3-8. One hundred Sperry type 821 barretters were tested in the 
circuit shown in Fig. 3-57. In making the tests the microwave input 
power was 100 per cent modulated by a 1000-cps square wave. The 
barretter bias current was fixed at 8.6 ma for all barretters, and the 
microwave power level was held constant. The data indicate that many 
barretters give an amplified signal that is within ± £ db of the mean 
value for the hundred. 

TABLE 3-8.—DATA ON THE REPRODUCIBILITY OF BARRETTERS USED WITH AN 
AMPLIFIER AND VACUUM-TUBE VOLTMETER 
No. of barretters Relative output reading 

6 < 65 
5 65- 70 

16 70- 75 
24 75- 80 
26 80- 85 
14 85- 90 
5 90-100 

I t will be of interest to develop the theory of a barretter that is 
biased by a d-c voltage and subjected to pulsed microwave power. The 
rate of change of resistance of the barretter with time may be expressed as 

dR = dR &9_ dH_ 
dt dd ' dH' dt ' "'' 
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where R is the resistance of the barretter, t is the time, 9 is the absolute 
temperature of the barretter wire, and H is the heat content of the wire. 
The heat capacity cp of the wire is dH/dd. If Eq. (77) is solved for 
dH/dt, 

dH_ _ de_ dR 
dt °" ' dR' dt' ( 8 J 

Equation (78) expresses the rate at which the wire is heated. Not 
all of the pulsed power is effective in heating the wire. Heat losses to 
the environment occur since the wire is not in an adiabatic system. As 
a first approximation {A6 small), the losses may be expressed as 

dH , „ dB . _ ._.. 
w = aAB = aM-AR, (79) 

where a is the thermal conductivity of wire, and Ad is the temperature 
difference between the barretter wire and its environment. 

The microwave pulse input power P is the sum of the two dH/dt 
components expressed by Eqs. (78) and (79). Thus, 

„ dd dR dB A D 

Since 

Eq. (80) may be written as 

d(AR) 
dt 

. (78) and (79). 
de 
dR 

d(Al 
dt 

, 

dR 
dt 

1) 

AR 

de 
+ adR 

dR 
dt' 

dR 
de 

The differential equation given by Eq. (81) is analogous to that 
obtained for a simple parallel .RC-network driven by a constant current 
generator. In establishing the analogy the correspondences are 

1. The voltage drop across the .KC-network corresponds to AR. 
2. The current from the generator corresponds to P. 
3. The capacitance corresponds to cp ■ (d9/dR). 
4. The resistance corresponds to (1/a) ■ (dR/dB). 
The integration of Eq. (81) leads to 

_ t 
AR = s(P + ke '-), (82) 

where 
T = — ) 

a 
the barretter time constant, and 

__ 1 dR 
S ~~ a ' dd' 

a quantity proportional to the detector sensitivity of the barretter. 
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During the period of a pulse, the resistance of the barretter will 
increase exponentially according to Eq. (82). In the interim between 
successive pulses the resistance wall decay exponentially. The decay 
will be less than the rise until a steady-state condition is reached, at 
which time they become equal. In this steady-state condition the 
resistance of the barretter (or the voltage drop across the wire) fluctuates 
between maximum and minimum values which may readily be deter
mined by applying suitable boundary conditions to Eq. (82). Thus, 

( r - p 
-k \\ — g r 1 

Coax — e ^ n = SifsP(l — B T ) f 1 ( 8 3 ) 

(1 - e~) 

where io is the bolometer bias current in amperes, L is the pulse length 
in seconds, and T is the repetition period in seconds. 

It may be observed from Eq. (83) that the amplitude of the demodula
tion signal is independent of the repetition period T either when T y> L, 
or when T y> r and (T — L) ^> r. Thus, in order that the calibration 
of the barretter-amplifier shall be unaffected by variations in repetition 
rate, it is desirable that the pulse length and barretter time constant 
both be small compared to T. In this case Eq. (83) may be simplified to 

Cnmi CQUD sioP(l -

2T « 1, 

e-h=sioP(l-l+^-^--

^ K 1 - * 
sioPL 

) 

. . y (84) 

(85) 

When using a Sperry type 821 barretter with 1-Msec pulses at a repetition 
rate of 1000 pps, Eq. (85) is valid. It should be noted that Eq. (85) 
specifies that the amplitude of the demodulation signal is directly 
proportional to PL, the pulse energy of a square pulse. 

The detector sensitivity s of the barretter is somewhat temperature-
sensitive so that the calibration of the barretter-amplifier combination 
depends to a small extent on temperature. The problem is not so 
severe as the problem of drift control in a bridge circuit that has a 
sensitivity comparable to that of the amplifier. Stability of the bias 
current is as critical as for bridge circuits. 

A Fourier analysis of the steady-state exponential sawtooth wave 
for small duty cycles shows that the amplitude of the fundamental 
component is given by 
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/s in 2 T A 

B(0 = ^ • U . P(0 dt j ■ / ; / • (86) 

V(jj +(2ir)2 

Hence the amplitude of the demodulation signal is not independent of 
the repetition period until T2 « 4irV2. When T is 500 ^sec, a 10 per 
cent variation in T will effect a 1.6 per cent change in the amplitude of the 
demodulation signal. 

There are several considerations with regard to amplifier design 
that deserve mention.1 Since the amplitude of the fundamental compo
nent of the demodulation signal is not independent of repetition fre
quency whereas the amplitude of the sawtooth wave is, it is desirable to 
use a narrow-band amplifier. It has been pointed out that the barretter 
in this application is analogous to a parallel EC-network. Thus it 
acts as a simple low-pass filter with a time constant of 350 jusec. This 
corresponds to a half-power point of 1.6 kc/sec, and an amplifier with 
an upper pass band of 16 kc/sec can be used to get an acceptably accurate 
reproduction of the sawtooth. Since there are no components below the 
repetition frequency, the low-frequency half-power point need only be 
located sufficiently far below this frequency to cause negligible phase 
shift. I t should not be made lower than necessary to avoid objectionable 
distortion of the sawtooth wave since the noise increases with bandwidfli. T? 

An acceptable amplifier design consists of three stages of 6AK5 tubes 
with a total voltage gain of 50,000, followed by a cathode follower whi«fh 
is used to drive the diode detector with a low-impedance source. Tte 
diode detector is of the voltage-doubling type, charging a condenserr 
to the peak-to-peak voltage. A cathode-follower bridge is used to 
drive the output meter which is calibrated to read linearly in pul^e 
power. Three per cent gain stability can be realized by using a feedback1 

factor of approximately 20. A single-loop feedback arrangement gives 
adequate stability, but must be carefully shielded to avoid oscillatioki_J 
Consequently, a double feedback loop using two L-pads may be pref
erable. The gain control may be installed in the cathode-follower driver 
or as an adjustable shunt on the output meter. 

3-27. Barretter Mounts.—In the early days of microwave research 
when Littelfuse bolometers were popular for power measurement, the 
fuse capsules were installed in a coaxial-line mount of the type shown in 
Fig. 3-58. The 10-cm-band mount shown is tunable and has such a 
narrow bandwidth that it must be re tuned at each new wavelength. 
The two tuning adjustments are an adjustable length of line adjacent 

1 R. S. Chaloff, R. J. Harrison, W. W. Mathison, G. B. Guthrie, "Design Proposal 
for AN/ALN-19A Check Set," RL Report 1062, Mar. 27, 1946. 
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to the fuse capsule and a tunable stub line at the opposite end of the 
mount. Both the stub and telescoping line stretcher are rack-and-
pinion-driven. The 50-ohm, | - in. coaxial line is tapered from the right-
angle T to a 50-ohm type N jack for cable connection. 

The VSWR in the line between the fuse and the T is large. How
ever, by adjustment of the line stretcher it is possible to make the 
admittance of the termination, referred to a point at the T, lie on the unit 
conductance circle. The stub may then be tuned to provide a sus-
ceptance of equal magnitude and opposite sign—the condition necessary 
to provide a matched-impedance mount. Because of the difficulty of 
making accurate VSWR measurements in A-in. line (cable size), the 
criterion for impedance match is more often taken to be the maximization 

F I G . 3-58.—Section drawing of a 10-cm-band tunable Littelfuse mount. 

of the power indication. As for coaxial-line thermistor mounts, the stub 
provides a return path for the d-c bridge current, and the polystyrene 
tape or mica provides a microwave short circuit but an open circuit for 
direct current. 

There is nothing in the mount design shown in Fig. 3-58, aside from 
minor mechanical details, that characterizes it solely as a barretter mount. 
A thermistor could be used equally well in a mount of this type, but 
available broadband thermistor mounts are preferable for most purposes. 

Littelfuses have also been installed in waveguide mounts; the method 
of installation is similar to that used in thermistor waveguide mounts. 
For example, Westinghouse Electric Corporation has designed a wave
guide directional coupler for power-monitoring and automatic VSWR 
indication which uses specially selected Littelfuses. The impedance 
match is satisfactory for operation of the power monitor over the band 
from 2700 to 2900 Mc/sec. Similar to waveguide thermistor mounts, 
a fixed-tuned Littelfuse mount uses a tunable coaxial stub and a tunable 
waveguide end plunger. 

Whereas the Littelfuse design does not lend itself to broadband 
impedance-matching in microwave mounts, the Sperry type 821 barretter 
has both desirable and reproducible microwave impedance characteristics. 
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The Sperry Gyroscope Company has developed a series of several 
barretter mounts, all of which use the type 821 barretter. The first in 
this series is a 3-cm-band waveguide mount, a section drawing of which is 
shown in Fig. 3-59. 

The most interesting feature of the mount is the resonant iris 
(window)1 that is used for broadband matching. The resonant iris 
acts as a parallel-resonant circuit shunting the waveguide. In the 
neighborhood of resonance the behavior of the resonant iris can be com
pletely predicted if the resonant frequency, the unloaded Q, and the 

W^;. 
( ^ S ^ S 

> /■ /■ •* ^ A 
ffi 

HF 

F I G . 3-59.—Section drawing of the Sperry type 82X barretter mount; 3-cm band, narrow-
side view. {Courtesy of Sperry Gyroscope Company.) 

characteristic impedance are known. For a narrow slot, resonance 
occurs when the slot length is approximately X/2 in air. The losses in a 
well-soldered metal window are low, the unloaded Q is of the order of 
1000, and the losses can be neglected. The characteristic impedance of a 
resonant circuit is defined as y/L/C. For a window, the characteristic 
impedance is a function of the slot width and the thickness of the window. 
I t increases with slot width, and decreases with increasing thickness of 
metal. The characteristic impedance is of prime importance in this 
application since it determines the shunting reactance offered by the 
window at frequencies off resonance. 

Circle-diagram plots of impedance against frequency are conveniently 
used to determine the desirable characteristic impedance and the distance 
from the barretter at which the window should be placed. In order to 
realize the maximum possible bandwidth, it is found advisable to accept 

1 T . Moreno, " A Fixed-Tuned Broadband Wa t tme te r Using a Broadbandmg 
Window," Sperry Report No. 5224-1003, June 19, 1944. 
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a small mismatch at midband in order to get a very low VSWR at wave
lengths on both sides of the midband wavelength. The designer strives 
for a curve of VSWR against X similar to the broadband curve shown in 
Fig. 3-29. If the susceptance-frequency characteristic of the window 
and the admittance-frequency characteristics of the mounted barretter 
are known, "cut and t r y " calculations with a circle diagram may be 
used to establish the iris location that gives the curve of the desired type. 
It is common at low-frequencies to overcouple two resonant circuits 
to obtain a broad double-humped bandpass characteristic. The window 

3.15 3.25 3.35 3.45 3.55 
Wavelength in cm 

F I G . 3-60.—Effect of resonant iris on broadband match of type 82X barretter mount. 

and the mounted barretter may be thought of as a pair of resonant cir
cuits which, by proper coupling, can be made to give a double-humped 
curve of VSWR against X like the one in Fig. 3-29. 

In designing the type 82X mount to operate over the 3.13- to 3.53-cm 
band, it was found advisable to tune the iris to 3.2 cm. The y/L/C 
ratio of the resonant iris was so selected that its susceptance, properly 
located with respect to the barretter, provided a matched mount admit
tance at approximately 3.45 cm. Table 3-9 contains VSWR data taken 
with 16 type 821 barretters in the 82X mount that uses a fixed end-
plunger position. I t will be observed that the barretter mount has a 

TABLE 3-9.—DATA ON VSWR OF 16 BARRETTERS IN THE TYPE 82X MOUNT 

VSWR 

Highest 
Second highest 
Average 

WTavelength, cm. 

3.13 

1.29 
1.27 
1.20 

3.24 

1.15 
1.14 
1.09 

3.33 

1.23 
1.21 
1.15 

3.43 

1.18 
1.14 
1.10 

3.53 

1.27 
1.21 
1.13 
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bandwidth similar to that of the 0-0 thermistor mount. Figure 3-60 
shows clearly the influence of the resonant iris on the broadband match 
of the mount. 

In the mount of Fig. 359 microwave chokes are used at each end 
of the barretter capsule to reduce microwave leakage. The barretter 
is installed from the top of the mount, after removing the threaded 
plastic cap. 

The Sperry Gyroscope Company has developed a 6-cm barretter 
mount in a 2- by 1-in. waveguide which meets the specification of a 
maximum VSWR of 1.5 over a ± 12 per cent wavelength band. I t is 
similar in construction to the 3-cm-band type 82X mount. 

Design work on a series of coaxial-line barretter mounts is currently 
in progress. It has been established that a low-resistance (for example, 
125-ohm) barretter can be more easily broadbanded in a coaxial-line 
mount than can the 200-ohm type 821 barretter. There is an advantage 
in operating the wire at a resistance that is close to the characteristic 
impedance of the line. The disadvantage of a low-resistance wire is the 
decreased maximum power dissipation. Tests made over a 9- to 20-cm 
band with type 821 barretters in ^-in. coaxial line have indicated the 
following results. With the microwave short circuit at one end of the 
capsule, there is a plane near the opposite end of the capsule at which 
the termination impedance is almost entirely real and changes very 
slowly with wavelength. This impedance is approximately 300 ohms 
when the wire is biased to 200 ohms. These conditions are relatively 
favorable for broadband matching. 

Uncapsuled barretters are used in waveguides as small as 1-cm-band. 
I t has been mentioned in Sec. 3 2 1 that barretter wires can be installed 
in a 1-cm-band thermistor mount, but the barretter installation will 
not be as broadband as the thermistor for which the mount was designed. 
A simple tunable 1-cm-band barretter mount can be constructed by 
placing an inductive-capacitive side stub an odd number of one-eighth 
waveguide wavelengths in front of the wire. When thus placed the 
matching stub will have low loss. The use of side stubs may be avoided 
if the dimensions of the bolometer wire are properly chosen. A wire that 
has a diameter smaller than the skin depth and that is mounted across 
a waveguide has a microwave resistance equal to the d-c resistance 
of the wire and a reactance equal to that of a perfectly conducting wire 
of the same diameter. For match, both the relative resistance and 
reactance should be about 0.5. The resistance is most effectively con
trolled by the diameter and length of the platinum wire; the reactance 
is controlled by the length of the choke or other structural arrange
ments which do not produce bad distributions of current along the wire 
(see Sec. 3-24). 



180 MICROWAVE POWER MEASUREMENTS [SEC. 3-28 

Glass window 

Glass seal 

3-28. Load Lamps.—Lamps, like barretters, are hot-wire bolometers. 
The chief distinction between the two is in wire diameter. Lamps 

usually use wires considerably 
larger in diameter than the wires 
used in barretter construction. 
Because of the larger wire diame
ters, lamps are capable of greater 
power dissipation than are barret
ters. They are usually medium-
level power detectors, useful in the 
range of a few milliwatts to a few 
watts. Also, because of the larger 
wire diameters, many lamps can
not be used for absolute power 
measurements. The lamps used 
in microwave power measurements 
are usually evacuated to increase 
their sensitivity, but are occasion
ally gas-filled to increase the maxi
mum safe power dissipation. 
They may be used in bridge cir
cuits, as are barretters, or they 
may be used with photocells or 
optical pyrometers which measure 
the brilliance of their filaments. 

The General Electric load 
lamps1 have been extensively used 
for 10-cm-band power measure
ment, particularly in connection 
with the standardization of the 
output power of lighthouse-tube 
oscillators. The lamps are built 
as sections of coaxial line having 
glass seals between the inner and 
outer conductors to enclose the 
filament termination in a region of 
high vacuum. The termination 
consists of four equally spaced 
filaments mounted radially from 

The end seal is made of glass to permit 
Figure 3-61 illustrates the construc-

'A New Power Dissipation Lamp for Micro-
1943. 

Silver plated 
inner line 

(Getter mounted 
inside) 

FIG. 3-61.—Construction of the General Elec
tric Company L4PD load lamp. 

the inner to the outer conductor. 
viewing the heated wire filaments. 

1 H. W. Jamieson and H. E. Beggs, ' 
wave Applications," GE Data Folder No. 46248, Apr. 20 
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tion of the lamp. The GE lamps are available in three wattage ratings. 
Table 3-10 summarizes the data for the three models. 

TABLE 3-10.—WATTAGE DATA ON GE LOAD LAMPS 

Model 

L4PD-1 
L4PD-5 
L4PD-15 

Wattage 

For normal 
brilliancy 

1.5 
5. 

15. 

For 700°C 

0.04 
0.1 
0.25 

Max. for one 
hour life 

3 
10 
30 

Visual 
glow at 

40 mw 
100 
250 

Recommended 
wattage 

range 

0 . 1 - 2 
0.5-7.5 
2 -20 

The lamps are commonly used with a barrier-layer photocell, the 
holder for which seats directly on the lamp at its window end. The 
lamp-photocell combination may be calibrated by dissipating known d-c 
power in the lamp; however, the d-c calibration is 8 to 10 per cent in 
error at 10-cm-band wavelengths because of losses in glass seals and metal 
contacts, and because the wires are larger in diameter than the skin 
depth of the microwave currents. This error has been experimentally 
determined by making the lamp and photocell holder watertight, immers
ing them in a water bath, and calorimetrically comparing the d-c and 
microwave power levels required for the same photocell current. When 
observed with an optical pyrometer, the filaments appear to be uniform 
in temperature with negligible end cooling. The calibration curve for 
the L4PD lamp is very nonlinear, as shown in Fig. 3-62. 

Because of the filament shape, the L4PD lamps are not well imped
ance-matched. For example, the L4PD-5 gives a VSWR of 5 in a 
50-ohm line at 500 Mc/sec, and the VSWR in the same line is about 
10 in the 10-cm band. Tuning stubs and line stretchers are commonly 
used to maximize the input power to the lamps. The tuning adjustment 
is usually critical, and additional loss in poor tuner contacts is accepted. 

In parallel with its program of barretter development, the Sperry 
Gyroscope Company has taken an active interest in microwave lamp 
investigations. In cooperation with the Aerolux Light Corporation 
they have developed a lamp suitable for installation in a J-in. or larger 
coaxial line. A typical lamp has a 0.0005-in. tungsten filament, approxi
mately 1 cm long, which is enclosed in a cylindrical, side-exhausted glass 
bulb. Lead wires project from the ends of the bulb, as in the construction 
of capsuled thermistors, and the tungsten filament bridges the gap 
between the lead-wire ends. The lamps are installed in series with the 
inner conductor of the coaxial-line mount, in much the sa,me manner 
as thermistors are installed in 10-cm band coaxial-line mounts. Maxi-
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mum power dissipation for the filament is 0.5 watt in vacuum and 20 watts 
in hydrogen. 

Since the filament resistance is low (6 ohms cold to 70 ohms at burn
out) the lamps cannot be successfully broadbanded. A reasonably 
good match can be obtained, however, by the use of a single tuning 
adjustment, usually an end plunger which is adjusted to place a current 
loop at the filament. The resistivity of tungsten is sufficiently high that 
the diameter of a 0.0005-in. tungsten filament is no greater than the 
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Fio. 3'62.—Representative calibration curves for General Electric Company" load lamps, 

skin depth at 10 cm. The lamps are used with balanced bridges and 
retuning is necessitated only by frequency changes and not by power-
level changes. 

Further study of the broadband matching problem has led to a 
radically different lamp structure. Since the development is not yet 
completed it is impossible to show an accurate sketch of its construction, 
but the drawing shown in Fig. 3-63 illustrates the more important features 
of a design by the Sperry Gyroscope Company. 
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The lamp filament (1) is a 0.1-in. length of 0.00175-in. carbon wire, 
or alternatively, a 0.25-in. length of 0.0005-in. tungsten wire, which is 
installed with duPont silver cement. It is contained in a 705 hard glass 
shell (2), which is heat-sealed to a silver-plated Kovar plug (4). The plug 
is shaped for easy pressure insertion into the inner conductor of the coaxial 
line. A 0.010-in. borated-copper wrinkled disk (3) is sealed between 
the two sections of the glass shell. When the lamp is installed the metal 
cap (5), separated into two parts by the insulation ring (8), screws onto 
the outer conductor. I t thereby squeezes disk (3) between itself and 
metal ring (6). The high-frequency bypass condenser (7) is formed of 
anodized aluminum or borate block. 
The d-c path between the inner and 
outer conductors is completed by a 
stub cavity-coupling loop, or other 
arrangement. 

The borated copper disk (3) 
terminates the line in a short circuit. 
This c o n s t r u c t i o n permits the 
filament wire to be located at a 
current loop that does not change 
position with f r e q u e n c y . The 
physical length of lamps with lead 
wires does not permit this. As in 
10-cm-band coaxial-line thermistor 
mounts, the ID of metal ring (6) has 
a marked influence on the imped
ance match obtained. It is believed that the reduced outer diameter of 
the coaxial line introduces sufficient capacitance to resonate the induct
ance of the filament wire. The result is a low-Q circuit, heavily loaded by 
the resistance of the wire. The design is potentially capable of extreme 
bandwidth. One of the early research models has a VSWR less than 1.1 
at 1000 Mc/sec, and less than 1.4 at 3000 Mc/sec. The maximum power 
capacity of the lamp is about 0.5 watt when evacuated and 5 watts when 
hydrogen-filled. The evacuated lamp with carbon filament has a detector 
sensitivity of approximately 33 ohms per watt. 

The British have used a small lamp for power monitoring in one of 
their 10-cm-band signal generators. The microwave current flowing 
through the filament is used to excite fields in a waveguide-beyond-
cutoff attenuator. The oscillator power is adjusted until the filament 
glow is barely perceptible. With the aid of a magnifying lens installed 
in a microscope tube directed at the filament, a trained operator can 
reproduce the setting to within a few tenths of a decibel. The monitoring 
arrangement is said to have small frequency sensitivity. 

—Sperry broadband 
coaxial-line mount. 

lamp 
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3-29. Metalized-glass Bolometers.—The Graduate Electrical Engi
neering Department of the Polytechnic Institute of Brooklyn has 
developed a bolometer1 for medium-level power measurement at 10-cm-
band which utilizes a tiny metalized-Pyrex tube as the detector element. 
The construction of the f-in. coaxial-line model is shown in Fig. 3-64. 
The inner conductor of the mount is supported by a broadband 
stub. The metalized-Pyrex tube, backed by a short circuit, terminates 
the line. Two X/4 transformer sections, one of which is a small-diameter 
copper wire, are used for impedance matching. The bandwidth of the 

FIG. 3-64.—Section drawing of bolometer with metalized-glass tube. 
PIB bolometer is as good as that achieved with thermistors in 10-cm-
band coaxial-line mounts, or better. The calibration is stable, the over
load characteristics are good, and the detector sensitivity is excellent 
for medium-level power measurements. 

The Pyrex tube, drawn from standard 6-mm tubing, has an OD of 
0.017 in. and a wall thickness of only 0.003 in. The exposed length 
of film is 0.7 cm. The heat capacity of the glass is small and the thermal 
lag of the element is not objectionable. For instance, with the 0.1- or 
0.2-watt elements, less than 5 sec are required for a direct-reading bridge 
to reach final deflection, after application of the microwave power. 
The tube is metalized by baking a thin film of Hanovia No. 670 solution 
on the outer surface. 

The procedures used for impedance-matching the element are of 
particular interest. The input impedance to an attenuating section 
of line at a point I cm distant from the short circuit which terminates it 
is given by 

7 _ 7 sinh al • cos fil + j cosh al • sin f)l ,„_, 
0 cosh al • cos pi + j sinh al ■ sin /3Z 

' S . A. Johnson, " Metallized-Glass Bolometers," NDRC Report 14-524, Poly
technic Institute of Brooklyn, Oct. 31, 1945. 
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The input impedance for series-transformer matching should be real. 
Since there are only series losses in this bolometer design (G = 0), 
the condition that Z< of Eq. (87) be real is that 

0 sin 20Z = a sinh 2al, (88) 
where, 

a = \ V2 V^^Ta - 2, 

|8 = I V2 v^M7^ + 2, 

(T 

Zo 

rX 
2irZ0 
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The diameter ratio of the conductors is di/d? and r is the resistance per 
unit length of line. 
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F I G . 3-65.—Length of short-circuited re
sistive line section to give a real input im
pedance. 
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F I G . 3-66.—Input impedance to a short-
circuited resistive line section at X = 1 0 cm. 
The length of line is specified by Fig. 3-65. 

If values are assigned to X, r, and Z0, a value for L, the length of 
line required to give a real input impedance, may be determined. Figure 
3-65 shows a graph of L as a function of <r for X = 10 cm. In Fig. 366 
there are shown the corresponding values of Ri, the input resistance as 
computed from Eq. (87), together with values of the total d-c resistance 
Ric of the length L of resistive center conductor. It is understood that 
data from Fig. 3-66 apply only when L is chosen from Fig. 3-65. 
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A value of L = 0.7 cm was chosen since this gives a value of Ri which 
is practically independent of small changes in Rdc (or r). Consequently, 
the mount impedance can be expected to be relatively independent of 
the power level measured with a direct-reading bridge. If the tube 
diameter is chosen as 0.017 in., thereby making Z0 equal to 208 ohms, 
the other design data may be taken from the curves as follows: 

a = 3.73, 
r = 486 ohms/cm, 

Ri = 363 ohms 
Rde = 341 ohms 

6 
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FIG. 3-67.—Calculated and measured 

VSWR-X curves for metalized-glass bolom
e t e r . T h e w a v e l e n g t h sca le is in 
centimeters. 

In order to obtain the desired bandwidth, a pair of A/4 transformer 
sections is used to match the element to the 50-ohm line with which the 
bolometer mount is used. The transformers are deliberately designed 

so that at the midband wavelength 
the input impedance of the mount 
is somewhat greater than that re
quired for match, with the result 
that the reflections are reduced at 
the edges of the band. Figure 3-67 
shows a comparison of the com
puted and measured values of the 
reflection coefficient for a typical 
bolometer. 

Rose's metal is used for solder
ing the bolometer element to the end 
cap of the mount and to the copper-
wire transformer section. Thus 

element replacement is not so simple as for a barretter or thermistor. 
After installation, the film is seasoned by passing 40 ma through it for 30 
sec. After this treatment, the cold resistance of the film at 25°C is 
approximately 330 ohms. 

The 0.1-watt (nominal rating) element burns out at approximately 
0.8 watt, but power levels greater than 0.3 watt can effect a permanent 
change in the cold resistance. The detector sensitivity is approximately 
220 ohms per watt. 

The 0.1-watt bolometer is conveniently used in a direct-reading 
bridge having the resistances of all arms equal to 330 ohms, 20-ma bridge 
current (or 10-ma bolometer bias), and a 0-200-u.o, 360-ohm bridge meter. 
Under these conditions the bridge sensitivity will be roughly 0.1 watt 
for full-scale deflection. No attempts have been made to introduce drift 
and sensitivity compensation in the bridge, but the methods discussed 
in the sections on thermistor bridges are in general applicable. 

The PIB bolometer has been particularly useful in making laboratory 
measurements on the output power of the 10-cm-band local-oscillator 
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tubes. The detector sensitivity and 0.3-watt safe power dissipation 
place it in exactly the required range. When barretters or thermistors 
are used for this application, calibrated attenuators are required to 
reduce the power level to the range in which these bolometers operate. 
Further, the problem of zero drift in bridge operation is less troublesome 
if the power can be measured at a 0.1-watt rather than at a 0.001-watt 
level. 

3-30. Thermocouple Power Detectors.—Relatively little use has been 
made of thermocouples as detectors in microwave power measurement, 
partly because of inherent limitations, but largely because the develop
ment of thermocouples specifically designed for microwave applications 
came too late in the progress of the war to attract great interest. Ther
mocouples may, however, assume increasing prominence in future micro
wave developments. 

The greatest advantage associated with the use of the thermocouple 
is the simplicity of the indicator circuit. In contrast to the current 
supply and numerous bridge components required by the thermistor 
and barretter, only a millivoltmeter is required by the thermocouple. 
It may, however, have many disadvantages. Unless the thermocouple 
is used within a small fraction of the safe power range, the millivoltmeter 
calibration is apt to be objectionably nonlinear in microwave power, 
partly because radiation cooling at high temperatures is a more effective 
agent for heat dissipation than conduction or convection cooling at low 
temperatures. Also, since the internal resistance of the thermocouple 
varies with temperature (hence power level), the fraction of the thermal 
emf which is lost as a voltage drop across the thermocouple varies with 
the power level. 

The sensitivity of the thermocouple is not comparable to that of a 
thermistor or barretter bridge unless an evacuated thermocouple capsule 
is used. Evacuated thermocouple capsules are not easily made as 
small as thermistor or barretter capsules; hence their use is limited to 
10-cm band and longer wavelengths where waveguide and coaxial-line 
sizes are large enough for convenient mounting of the larger capsules. 
The more common directly heated thermocouples that use a pair of 
soldered or spot-welded wires have a d-c resistance of only a few ohms. 
Consequently, they are extremely difficult to broadband in a microwave 
mount, the characteristic impedance of which is much larger than the 
d-c resistance. Moreover, the wires used in construction are considerably 
larger in diameter than the skin depth at microwave frequencies. 
Whereas an extremely fine barretter wire can be made by etching Wollas-
ton wire, it is not possible to fabricate a therm oj unction with wires of 
Buch small diameter. 

Many of these difficulties have been overcome in a series of thermo-
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couples developed by the Bell Telephone Laboratories.1 There are 
three types of thermocouples—the familiar, direct-heated two-wire 
thermocouple, the carbon-bridge thermocouple, and the resistive-bead 
thermocouple. All are contained in low-loss glass capsules with lead 
wires that project from the ends of the capsules. The carbon-bridge 
type consists of a length of fine carbon filament secured across a short 
gap between the thermocouple wires. The hot junction comprises the 
bridge and the connections to the wires. By the proper choice of the 
length and diameter of the filament, resistances of over 100 ohms can 
be obtained without too great a sacrifice in ruggedness. A large fraction 
of the input power is absorbed in the small volume containing the hot 
junction, and the sensitivity is about twice that of a simple two-wire 
element. The bead thermocouple includes a tiny glass bead coated with 
a thin metallic film in which the two wires of the thermoelement ter
minate. Most of the thermocouple resistance is concentrated in the bead 
film. The construction is rugged, and the film is sufficiently thin to avoid 
variation of skin depth with frequency. 

One of the 100-ohm carbon-bridge thermocouples was calibrated at 
direct current and at 10 cm against a barretter. The two elements 
agreed within the experimental error of 2 to 3 per cent. No data of 
this sort are available for the bead thermocouple, although it seems 
reasonable that the agreement should also be good for this structure. 

The conditions limiting the maximum safe power dissipation in a 
thermocouple are of interest. The resistance of a continuously over
loaded thermocouple, immersed in air at atmospheric pressure, slowly 
increases because of oxidation of the wire. However, oxidation cannot 
occur if the capsule is evacuated, and slow sublimation of the wire sets 
the safe upper power limit in this case. An additional factor enters in 
the carbon-bridge thermocouple. An evacuated carbon-bridge thermo
couple loses sensitivity without suffering a resistance change, when 
overloaded. This is probably caused by an outgassing of the carbon 
and a consequent pressure rise within the capsule. Unfortunately this 
occurs at a power level which is only a small fraction of that required 
for burnout. 

The characteristics of a number of the BTL microwave thermocouples 
are summarized in Table 3 1 1 . The list is by no means complete, but 
is intended to be representative of what has been accomplished. Since 
research on thermocouples is still continuing at the Bell Telephone 
Laboratories, it can be expected that further improvements will appear. 

1 J. A. Becker and J. N. Shive, "Thermocouples for Use as High Frequency Watt
meters," BTL Report MM-43-110-4, Mar. 4, 1943. J. N. Shive, "Temperature 
Coefficients of Sensitivity and Resistance, Overload and Burnout Data for Several 
Types of Ultra-high Frequency Thermocouples," BTL Report MM-43-110-18, June 
23, 1943. 
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TABLE 311.—SUMMARY OF DATA ON A VARIETY OF BTL MICROWAVE THERMOCOUPLES 

Unit no. 

D-165747J 

1170TC-40§ 
1170TC-72 

1170TC-125 

1170TC-129 

1170TC-130 

1170TC-148 
1170TC-160 
1170TC-166 
1170TC-169 
1170TC-281 
1170TC-283 

D-c resist
ance,* ohms 

5 

22 
10 

66 

42 

105 

120 
24 

570 
350 

17 
38 

Sensi
tivity,*! 
mv/mw 

0.4 

8.9 
0.25 

0.38 

0.38 

0.40 

2.7 
4 
2.5 
3.5 

10 
20 

Max. safe 
input 

power, raw. 

50 

10 
100 

25 

25 

25 

25 
10 
20 
20 
10 
5 

Type 

Direct-heated 

Direct-heated 
Direct-heated 

Bead 

Bead 

Bead 

Carbon-bridge 
Bead 
Carbon-bridge 
Carbon-bridge 
Direct-heated 
Direct-heated 

Environ
ment 

Air, atmos. 
press. 

Evacuated 
Air, atmos. 
press. 

Air, atmos. 
press. 

Air, atmos. 
press. 

Air, atmos. 
press. 

Evacuated 
Evacuated 
Evacuated 
Evacuated 
Evacuated 
Evacuated 

* Approximate values, since they vary with power level. 
t In some cases d-c data ; in other cases low audio frequency. Microwave sensitivity may be several 

decibelB lower in some models. 
J Commercially available from Western Electric Co. Thermocouple mounted in a s tandard inter

national silicon-crystal-rectifier cartridge. 
§ Can be made available in a glass capsule mechanically interchangeable with tha t of the D-163903 

bead thermistor. 

If a thermocouple of thermal emf E and internal resistance Rc is 
connected to a meter having full-scale current sensitivity / and coil 
resistance RMj the fraction n of full-scale deflection is given by 

E 
J(RM + Rc) 

(89) 

From Eq. (89) it may be seen that if Re <3C RM, the voltage sensitivity 
JRM of the meter is the important factor in determining sensitivity. 
Conversely, if RM « Rc, the current sensitivity J of the meter is the 
determining factor. The quantities J and RM, are not necessarily 
independent variables if the size and ruggedness of the meter are to be 
held constant. Likewise, E and Rc are not necessarily independent. 
That is, smaller-diameter wire in a direct-heated thermocouple will 
increase Rc and E for constant microwave power dissipation. The cali
bration linearity is better if Rc is small compared to RM, since variations 
in Rc with microwave power level have a negligible effect on n. 

Early in the war the Bell Telephone Laboratories experimented 
briefly with 10-cm-band coaxial-line mounts for thermocouples, but 
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quickly abandoned the development in favor of bead-thermistor mounts. 
At that time the thermocouples available had many of the undesirable 
features discussed. A few tests were made at the Radiation Laboratory 
with thermocouples installed in thermistor mounts. A 38-ohm direct-
heated thermocouple was installed in one of the 50-ohm, ^-in. coaxial-line 
thermistor mounts designed for 10-cm-band use. The voltage standing-
wave ratio was objectionably large, although it was observed that the 
admittance at the taper tip was constant at 0.4 + 0.05 from 9.5 to 10.6 cm. 
Consequently, a change in the characteristic impedance of the line would 
result in a much better impedance match. A 200-ohm carbon-bridge 
thermocouple was installed in an 0-0 thermistor mount for the 3-cm band 
and, with an additional resonant iris, was matched to give a VSWR less 

than 1.5 over the 3.17- to 3.39-cm 
band. I t was found, however, 
that the impedance match was 
very sensitive to m i c r o w a v e 

i power level, and the effort was 
I discontinued. 
I The thermocouple dipole is an 

interesting a d a p t a t i o n of the 
thermocouple to microwave power 
measurement. The construction 

1 is best discussed by reference to 
I Fig. 3-68, a photograph of the 

i—. . . .. _ . - -1 Philco design which was put into 
FIG. 3-68.-Photograph of thermocouple p r o d u c t i o n b y t h e National Union 

Radio Corporation. 
The antenna is effectively a half-wavelength 10-cm-band dipole, the 

center of which is distorted into a long hairpin bend. The dipole is 
loaded by a thin, constantan wire which is arched across the gap at the 
center. To the center of this wire is spot-welded one end of a fine 
Chromel-P wire to form the hot junction of the thermocouple. The 
opposite end of the Chromel-P wire is tied to the top end of the vertical 
support rod, shown in the photograph. The thermocouple wires thus 
form a small T-structure with the curvature of the wires being of such 
nature that the T approximately fits the surface of a sphere of large 
diameter. 

The dipole extracts power from free space, and the thermocouple cur
rent can be used as a rough measure of the microwave field strength at 
the location of the dipole. Therefore, if the dipole is always located in a 
fixed position with respect to a radar antenna, it can be used as a con
tinuous monitor of the transmitter output power. The device is reason-
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ably broadband, having an effective Q of approximately 10. The bulb 
surrounding the dipole is evacuated, and the time constant of the thermo
couple is 15 to 30 sec. The sensitivity is approximately 0.1 mv/mw of 
microwave power. In establishing this sensitivity value it is necessary 
to measure the power delivered to a matched-impedance load by another 
dipole of equivalent gain connected to a coaxial line. The dipoles are 
mounted in absorbing corner reflectors. 

Although specific mention has been made of constantan and Chromel 
P as the wires forming the thermoj unction, it is of course possible to use 
other metal combinations. It is extremely important, however, to load 
the dipole with a wire having a very small temperature coefficient of 
resistance. The dipole is loaded in part by the resistive wire and in part 
by its own radiation resistance. In fact the equivalent circuit consists of 
a generator with an emf proportional to the electromagnetic field strength 
at the dipole which delivers current to a series combination of the load-
wire resistance and the dipole radiation resistance. If the load-wire 
resistance is sensitive to the microwave power level, the power division 
between the two series loads will vary with the power level. This 
introduces a bad nonlinearity in the calibration curve of the dipole 
thermocouple. 

Prior to the development of the directional coupler it was planned to 
make extensive field use of the thermocouple dipole. The directional 
coupler, however, offered a much more convenient and accurate means of 
monitoring radar transmitter power, and interest in the thermocouple 
dipole subsided. 

3-31. The Use of Rectifiers for Power Indication.—Silicon crystals 
have been used to a limited extent as diode rectifiers in low-level power 
measurement. Like thermocouples, they offer the advantage of an 
extremely simple indicator circuit. Crystals are readily available for 
numerous mixer and video-frequency applications. Further, crystal 
cartridges can be made small enough for easy installation in transmission 
lines for 1-cm band and even shorter wavelengths. Unfortunately the 
disadvantages associated with crystal rectifiers greatly outnumber the 
advantages. 

The crystal is applicable only to relative power measurements since it 
is necessary to calibrate the rectifier and the d-c microammeter against 
an absolute standard such as a balanced thermistor or barretter bridge. 
This fact alone would not seriously limit the usefulness of the crystal 
if the calibration were permanent. It is well known, however, that the 
calibration of a crystal rectifier may change appreciably if the crystal is 
subjected to shock, vibration, or overload. Any action which changes 
the condition of contact of the "cat whisker" against the rectifier surface 
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will change the calibration of the crystal. Although this fault alone is 
sufficient to make the crystal inadequate in most power-measurement 
problems, there are other serious objections. 

At power levels of about 1 MW, crystals are very closely square-law 
detectors, but at power levels of about 1 mw, crystal response may 
deviate widely from the desirable square-law condition. Crystals vary 
widely in this respect; some are much worse than others. Crystals are 
difficult to match over a broad band because the impedance scatter at a 
given power level is very large, and because the impedance of a given 
crystal is relatively sensitive to power level. Consequently, there is no 
hope of obtaining the bandwidths that are possible with untuned and 
fixed-tuned barretter or thermistor mounts. The sensitivity of crystals as 
rectifiers varies tremendously. For example, tests on a large number of 
new 1N21 crystals showed variations of 10 to 1 in crystal current for a 
given microwave power level and in a tunable mount that provided match
ing for all crystals. Moreover, the sensitivity of a crystal rectifier is 
temperature-dependent. Finally, crystals may be damaged easily or 
burned out by high pulse power, even though the average power level is 
low. The above comments apply particularly to the 1N21 and 1N23 
crystals. Little is known about the merits of the more recent welded-
contact germanium crystals when used as rectifiers, but it is probable that 
they share at least some of the disadvantages common to the silicon type. 

The advantages of crystal rectifiers make them particularly desirable 
when the problem is one of power indication rather than of power measure
ment. They are used extensively with wavemeters, for example, where a 
change in crystal current is used to indicate a condition of resonance. 
They are also used extensively with echo boxes as crude indicators of 
power level. The only important disadvantage of a crystal used with an 
echo box for spectrum analysis is its deviation from a square-law response, 
which tends to distort the spectrum. The time-delayed rise and decay 
of power in a high-Q echo box greatly protect the crystal against pulse-
power burnout, and further protection may be derived from shunting 
the meter with a capacitance to avoid large video-frequency back voltages 
on the crystal. Crystals are used as rectifiers in receivers, but in this 
application the microwave power level is so low that the crystals have 
practically a square-law response. 

Although no crystal mounts have been developed specifically for 
microwave power measurement, a variety of crystal mounts have been 
developed for general purposes.1 These mounts do not have the band-
widths or low values of voltage standing-wave ratio that thermistor and 
barretter mounts possess unless 1 mw of power is incident on the crystal. 

Vacuum-tube diode rectifiers have shown more promise than crystals 
1 See Vols. 15 and 16. 
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in microwave power measurements. Vacuum-tube diode rectifiers have 
more stable and less temperature-dependent calibrations than do crystals, 
and they can withstand greater overload abuse than crystals. 

The General Electric Company1 has used a modified GL-582 diode for 
monitoring the output power of a 10-cm-band signal generator. The 
diode is mounted with the cathode thimble in a waveguide, and the 
cathode-to-anode electron stream is used to excite an electromagnetic 
field in a waveguide-beyond-cutoff attenuator. The cathode of the 
diode is connected through an external resistor to a d-c meter and back to 
the tube shell. In order to complete the external d-c circuit between 
cathode and anode, a strip of Aquadag is painted on the glass cylinder of 
the tube between the anode and tube shell. The tube shell and cathode 
are insulated for direct current by an r-f bypass condenser built into the 
assembly. 

Power from a 446-B oscillator is delivered through a coaxial line to the 
diode. The center conductor of the line connects to the anode of the 
diode, and the length of transmission line is made adjustable for tuning 
purposes. The meter current is used as an indication of the strength of 
the field excited in the waveguide-beyond-cutoff tube. 

The GL-582 tube that was used in this design is no longer available. 
However, the 2B22 is mechanically and electrically equivalent to it 
except for the built-in cathode-to-shell bypass condenser. A suitable 
bypass condenser can be designed for the tube mounting. The GL-559 is 
the same as the 2B22 except for a larger diameter cathode structure. In 
addition, it is readily available. 

The Radiation Laboratory has developed a 10-cm-band r-f envelope 
viewer (see Chap. 7) which uses a GL-559 diode in a tunable cavity. I t is 
possible to calibrate the output voltage of the viewer as a function of the 
microwave input pulse power and to use the viewer for relative power 
measurements. A typical calibration curve2 is shown in Fig. 7-33. 

The diode may be used over a tremendous power range—from 20 or 
30 mw to several hundred watts. The sensitivity of the diode as a power 
detector can be increased by the use of a larger load resistance, but this 
increases the rise time of the r-f envelope. The law of the diode is 
approximately 

V » £P°-68 (90) 

where V is the output voltage of diode working into a 300-ohm load, P is 
the input pulse power in watts, and A; is a constant. Consequently, if the 
output voltage is expressed in terms of the microwave pulse voltage 

1 G. E. Catalog No. 6933931 G2, "Standard Signal Generator, 8 to 12 cms." 
* P. A. Cole, J. B. H. Kuper, and K. R. More, "Lighthouse R-f Envelope Indi

cator," RL Report No. 542, Apr. 7, 1944. 
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delivered to a matched-impedance load, an approximately linear calibra
tion results. Equation (90) is not valid at low input power levels of 
30 mw or less because of the zero current that is derived from contact 
potentials and initial velocity of the electron emission from the cathode. 

The calibration of the diode is frequency-dependent because of 
changes in cavity coupling and changes in internal losses within the cavity 
and diode. The sensitivity of the diode is markedly dependent on the 
cathode emissivity, and the GL-559 diodes appear to vary considerably in 
this respect. The cavity is expensive and difficult to make and somewhat 
cumbersome to tune. The calibration is slightly temperature-dependent, 
and the zero current is an inconvenience at high sensitivities. For 
these and other reasons the cavity-mounted diode has not gained great 
popularity. 

MEASUREMENT OF HIGH POWER 
High-power measurements are concerned with average power levels 

of one to several hundred watts and with pulse power levels in the kilo
watt range. With the single exception of lamps, all the power detectors 
that have been discussed are obviously incapable of dissipating many 
watts of power. Even lamps are of questionable usefulness because of the 
objectionable physical size of a design that is capable of dissipating a 
hundred watts for a long period of time. Consequently, an entirely 
different approach to the problem is necessary at these power levels. 
Since appreciable heat is developed by the dissipation of watts of power, 
it is at once evident that calorimetric techniques should be useful. 

3-32. Water Loads.—The water load, most widely used detector for 
high-level microwave power, operates on a calorimetric principle. The 
power is totally absorbed in a matched-impedance section of transmission 
line that is wholly or partially filled with a flowing stream of water. The 
water itself dissipates all of the power, and the temperature rise in the 
stream is measured by calibrated thermocouples or thermistors. There 
are several procedures whereby the temperature rise may be related to the 
absolute microwave power level. 

The design of a water load is analogous to that of a mount for a low-
level bolometer. The impedance-matching and bandwidth are the most 
essential objectives. Instead of the problem of a temperature-compen
sated bridge circuit, the water load introduces the problem of a stable 
fluid flow circuit. 

Since water is an ideal calorimetric fluid, it is fortunate that it also 
exhibits sufficient loss in the microwave region to make it an acceptable 
load material. Figure 3-69 shows a graph of the loss tangent1 (tan S) of 

1 The quantity, tan S, is defined as the ratio e"A', where the complex dielectric 
constant c is denned as (e' — jt"). Thus tan 6 represents the ratio of the loss current 
to the charging current. 
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water as a function of frequency. In the frequency range up to about 
10 Mc/sec, water shows the decreasing loss characteristic of a real 
conductivity. The space-charge polarization created by the unimpeded 
migration of charge carriers results in a frequency-independent conduc
tivity. This condition demands that the loss tangent vary inversely 
proportionally to frequency. In the frequency range above 10 Mc/sec, 
the dipole characteristic of water predominates, and the loss tangent rises 
toward a maximum value which at room temperature is located above 
30,000 Mc/sec. The dielectric constant of water is constant up to about 
500 Mc/sec and slowly decreases to about half its original value at the 
frequency where tan 6 is a maxi
mum. The dielectric constant, 
like the loss tangent, is tempera
t u r e - d e p e n d e n t . Approximate 
values of the dielectric constant, 
normalized with respect to the 
free-space value, are 86 at 1.5°C, 
76 at 25°C, and 57 at 85°C, at 3000 
Mc/sec. 

At wavelengths considerably 
longer than microwaves the water 
load becomes objectionably long 
and impractical. In this case it is 
possible to consider an oil suspen
sion of carbon particles as a substi
tute for the water, or it is possible 
to introduce an additional dissipa-
tive agent, for example, a highly 
which is cooled by the water stream. 

3-33. The Design of Water Loads for Coaxial Lines.—In the design of 
water loads, attention must be given to several problems in addition to 
those of impedance-matching and bandwidth. As in a dry load, it is 
highly desirable that the power be dissipated uniformly along the length 
of the water column. If the input end of the water column carries the 
brunt of the power dissipation and if the temperature rise at that point is 
large, the resultant heat losses that occur prior to the thermometric 
measurement of the temperature rise can cause appreciable error in the 
power determination. Very large errors can result if the heat dissipation 
is so localized that superheating1 of the water and steam generation 
result. Even under the circumstance of uniform power dissipation, it is 
important to reduce conduction and radiation losses to the minimum. 

1 C. J. Calbick, "Superheating of Water in Certain UHF Loads," BTL Report 
MM-43-140-63, Nov. 26, 1943. 
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The error caused by these losses is dependent on the method of calibra
tion of the water load (see Sec. 3-35), and on the flow rate of the water 
column. "Dead pockets" should not exist in the flow stream between 
the thermocouple junctions, since such pockets usually suffer a high tem
perature rise and add to the undesirable heat losses. Microwave leakage 
from the water load can interfere greatly with other measurements that 
are being made in the vicinity of the load. The design of the load must 
be such that it will not arc at high pulse power levels. This is often a 
difficult design problem, and particularly so if the pulse power level is 
almost sufficient to cause arcing in the air-filled transmission line. 
Finally, the heat capacity of the load should be small so that a rise to the 
equilibrium temperature can be obtained quickly. 

Dielectric window 

Water inlet 

w. ^ 

M 

V Water outlet 

F I G . 3-70.—Early model of 10-cm-band coaxial water load. 

A sketch of a 10-cm-band coaxial water load, perhaps the earliest, is 
shown in Fig. 3-70. A dielectric window has been cemented across the 
line to retain the water that is circulated through the terminal end of the 
coaxial container. The impedance-matching is effected with a pair of 
coaxial stub tuners. This design has many of the faults that can be 
found with water loads. The heat capacity of the load is so large that it 
is difficult to follow changes in power level having a period less than one 
minute. Consequently, the use of the tuners is extremely tedious, and 
the impedance-matching operation may require 5 or 10 minutes. The 
tuners can be dissipative, particularly if they are so adjusted that the 
finger contacts rest at a current loop in the stub line. The heat dissipa
tion is nonuniform and is maximum at the input end. There is free heat 
interchange with the surroundings; dead pockets undoubtedly exist in the 
flow pattern. Arcing occurs at relatively low pulse power levels. This 
design furnishes a good example of how not to build a water load. 

The 10-cm-band coaxial water load shown in Fig. 3-71 is a consider-
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ably improved design. The broadband right-angle stub serves not only 
as a support for the inner conductor, but also represents a convenient 
means for bringing the water into the load. The tapered inner conductor 
fits into a glass tube, and is slotted to permit the water to flow from the 
interior into the glass tube, and thence out of the load. The taper 
serves several useful functions. When made sufficiently long, at least 
one wavelength, it is effective as a broadband impedance-matching 
transformer. I t tends to distribute the power dissipation uniformly 
along the length of the exposed water column, and also to prevent arcing 
at operating pulse power levels since there are no sudden discontinuities in 

F I G . 3-71.—Improved 10-cm-band coaxial water load. 

the line. In this design the taper must be long enough so that the attenu
ation of the water column over the length of the taper is sufficient to 
absorb the reflections from the open circuit at the end of the taper. 
The construction is also good from a calorimetric point of view since the 
heated water stream is confined primarily by glass of low thermal con
ductivity. The metal conduction losses would be increased if the water 
stream were directed opposite to the preferred direction shown by the 
arrows in Fig. 3-71. 

A modification of the design shown in Fig. 3-71 allows the coned tip of 
the inner conductor to continue as a constant-Zo line to the end of the 
load. The intake and exhaust for the water stream can then be located 
together at the terminal end of the load, and there is no need to introduce 
the water stream through a stub line. It is probably a more convenient 
design to build and to use, but the opportunity for metal conduction losses 
along the length of inner conductor is increased. Either type of load 
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is well matched; for example, it is possible to meet a specification of 
VSWR < 1.05 from 9 to 11 cm. 

At wavelengths considerably longer than those of the 10-cm band the 
taper length of the Fig. 3-71 design becomes objectionably long. For 
longer wavelengths it may be advisable to use step transformers for 
impedance matching. The Bell Telephone Laboratories have designed a 
30-cm water load1 which is similar to that shown in Fig. 370 except that 
the pair of tuning stubs and dielectric window are replaced by a Micalex 
or an F66 steatite A/4 transformer section. The steatite is the prefera-

J^mi.-:,.:-:--,::^:':' 

T 
FIG. 3-72.—Water load for 1000 to ,3000 Mc/sec developed by Radio Research Laboratory. 

ble material from a machining viewpoint, and can be readily secured in the 
line with rubber cement. The VSWR of the load is less than 1.10 from 
1040 to 1120 Mc/sec. In the design of quarter-wavelength transformer 
sections, it is desirable to select a material with a dielectric constant 
approximately 9, the geometric mean of the values for the air-filled and 
water-filled lines. Since numerous factors must be considered, for exam
ple, low attenuation constant, proper expansion coefficient and machine-
ability, it may be necessary to select a somewhat smaller value of 
dielectric constant. An inner- or outer-conductor metal sleeve must be 
used with the plug in order to get the proper characteristic impedance in 
the transformer section. 

The Radio Research Laboratory of Harvard University has developed 
a coaxial water load and associated closed-flow system2 that can be used 
over the entire 1000- to 3000-Mc/sec band. The load is built in xVin., 
50-ohm coaxial line with a 0.50-in. Chromax wire as the inner conductor. 
The water column need be only 9 in. long; the attenuation per wavelength 
in water at these frequencies is small, but the high dielectric constant 
of water effectively crowds many wavelengths within the specified 
physical length. The outer conductor is tapered into the inner conductor 
at the terminal end of the load in order to distribute the losses more 

1 R. C. Shaw and W. F. Bodtman, "Water-Cooled Load and Power Measuring 
Apparatus for Microwave Transmitters," BTL Report MM-42-160-141, Nov. 25, 
1942. R. J. Kircher, BTL Report MM-32-160-187, Nov. 5, 1943. (Both reports 
have same title.) 

2 W. R. Rambo, "An R-F Wattmeter for the 1000mc-3000mc Range," RRL 
Report 411-209, June 22, 1945. 
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uniformly along the length of water column. The water column is con
fined in the line by a pair of fired Ti0 2 tapers, installed with their bases 
together (see Fig. 3-72). The input taper used for impedance matching, 
is an exponential taper of 6-in. length. It proceeds from the inner to the 
outer conductor, where it is joined at the base with a shorter taper 
that noses into the water column. The shorter taper compensates for the 
variation of the dielectric constant of water with temperature, and thereby 
avoids dependence of the impedance match on power level and ambient 
temperature. The maximum VSWR of the load is 2 over the specified 
frequency range, and the average VSWR is 1.5. The maximum safe 
average power dissipation is 150 watts; no information is available on the 
maximum safe pulse-power rating. 

3-34. Water Loads for Waveguide.—There is more latitude for 
ingenuity in the design of waveguide water loads, and a wider variety of 

F I G . 3-73.—Radiation Laboratory 10-cm-band water load. 

designs exists. An early Metropol-Vickers (British) 10-cm-band water 
load utilizes a pressure-molded polystyrene chamber which slips into a 
section of brass waveguide. The front end is wedge-tapered, from broad 
side to broad side of waveguide, for impedance matching. A dielectric 
partition along the axis of the waveguide divides the chamber into two 
sections, each with an approximately square cross section. The water 
stream is introduced at the rear end of the load, flows forward along one 
side of the partition, and returns along the other side. Except for the 
volume occupied by the thin-walled chamber and its partition, the wave
guide section is completely filled with water. Polystrene has both low 
loss and low thermal conductivity, which make it a desirable dielectric for 
the application. The most important objections to the design are that 
arcing can readily occur at the leading edge of the taper, and that a 
stagnant, overheated pocket of water lies in the wedge tip behind the 
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leading edge of the taper. Increasing the taper length reduces the arcing, 
but increases the trouble from the water pocket. The 3-cm- and 10-cm-
band waveguide water loads used in the Radiation Laboratory were 
designed as shown in Fig. 3-73. Rather than filling the entire waveguide 
section with water, the water is passed through a low-loss glass tube that 
slants across the waveguide from the center of one broad side to the center 
of the other. The combination of (1) slanting the tube, and (2) decreas
ing the bore toward the front end of the load provides both excellent 
impedance matching and reasonably uniform power dissipation along the 
length of the water column. The attenuation in the water column must 
be sufficient to absorb the reflections from the short circuit at the terminal 
end of the waveguide. An empirical approach is used to establish the 
optimum set of conditions on length, diameter, wall thickness, and taper
ing of the glass tube. The 10-cm-band and 3-cm-band loads both meet a 
maximum VSWR specification of 1.05 over the 9- to 11-cm and 3.13- to 
3.53-cm bands, respectively. The tube shape that meets this broadband 
VSWPi specification introduces no arcing problem at the pulse power 
levels of the best magnetrons available in 1945. 

There is a practical restriction on the extent to which the bore of the 
tube may be tapered. If made too small, the flow through the tube may 
become turbulent at the flow rate required for the optimum temperature 
rise in the stream. In the 10-cm- and 3-cm-band designs the bore has 
not been reduced enough to get uniform power dissipation, and the front 
end of the water column develops somewhat more heat than the rear end. 
For this reason it is advisable to direct the water from the rear to the 
front of the load, since the hottest point in the stream should be closest to 
the hot thermoj unction if heat losses occurring prior to the measurement 
of temperature rise are to be kept to a minimum. 

A somewhat different approach to the problem has been taken by 
TRE. 1 They have designed a 10-cm-band water load,2 Fig. 374, that relies 
on tapered waveguide dimensions rather than on a slanting of the tube to 
dissipate the power more uniformly along the length of the water column. 
The tapering in the resonant dimension increases the waveguide wave
length and decreases the energy velocity near the apex of the pyramid. 
This not only leads to more uniform power dissipation, but the effective 
electrical length of the pyramid is less than that of a waveguide of uniform 
cross section of the same physical length. It is believed that this accounts 
for the broadband properties of the load. 

Two concentric glass tubes, supported by dielectric plates, carry the 
water into and out of the chamber. A capacitive iris is used for imped-

1 Telecommunications Research Establishment, Malvern, Eng. 
2 "Power Measurement on 9 cm.," TRE Report No. G. 10/R 139/43, May 27, 

1943. 
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ance-matching. Over an 8 per cent wavelength band the VSWR of the 
load is below 1.06. The load is recommended for use in the power range 
of 10 to 200 watts, average. The maximum safe pulse power rating is not 
available, but it is likely that arcing will occur at the iris if the pulse power 
level is high enough. At a flow rate of 5 cc/sec, and at an average power 
level of 100 watts, a steady-state temperature rise is reached in 10 to 15 sec. 
This figure is comparable with that for the slanted-tube design. 

Another TRE water load, designed for 3-cm-band use, employs a hard 
silica-glass tube that is bent in the shape of a long hairpin. The plane of 

F I G . 3-74.—TRE 10-cm-band water load. 

the hairpin parallels that of a narrow side of the waveguide, and lies near 
a side of the waveguide rather than at the center. Thin-walled, i-in. 
tubing is a desirable size for 1- by -J-in. waveguide. In order to facilitate 
impedance matching the bend of the hairpin should be brought to a long, 
reasonably sharp point, rather than being smoothly rounded. The 
design has a VSWR less than 1.05 for a + 4 per cent bandwidth. In 
3-cm-band and smaller waveguides it is possible to support such a tube 
from the short-circuited end of the waveguide; at the 10-cm-band it would 
be necessary to support the longer tube with dielectric vanes that would 
probably decrease the bandwidth of the load. The hairpin is placed off 
center to get greater bandwidth, just as waveguide fixed-attenuator plates 
are positioned off center. 

The Bell Telephone Laboratories have developed several slanted-tube 
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water loads;I ,2 'the most interesting of these2 is shown in Fig. 3-75. The 
glass flow tube is introduced through a channel and a slot cut in the bot
tom side of the waveguide. The channel is tapered so that it becomes 
shallower and broader toward the rear end of the load; the width of the 
slot increases with that of the wedge-shaped channel. The tube may also 
be tapered to a larger diameter toward the rear of the load. The con
struction represents an excellent means of bringing the tube into the 
waveguide without introducing reflections. The very small slot reflec
tions are effectively canceled by placing their equivalent reflection X^/4 
from the waveguide connection, which has a reflection coefficient of 

FIG. 3-75.—BTL 3-cm-band water load. 

approximately the same amplitude. It is thereby possible to maintain 
the VSWR of the load below 1.02 over a 15 per cent band. 

The load can be regarded as a matching section in which the water 
column is gradually exposed to the microwave field, and an attenuating 
section in which the water column is fully exposed to the field. The 
break comes approximately where the channel has a square cross section, 
or about one third of the distance from the front end of the channel to the 
rear of the load. Consequently, a shallower channel taper does not add 
proportionately to the total length of the load, and it is wise to make the 
taper a very gradual one. 

The attenuation of the water column is approximately 1 db/cm, using 
702P Nonex glass of 0.145 in. ID and normal wall thickness. Increasing 
the wall thickness increases the attenuation rate. The attenuation con
stant is roughly proportional to frequency. The total attenuation should 
be approximately 30 db to realize the low VSWR value quoted above. 

The Westinghouse Electric Corporation has developed a useful 3-cm-

' N . Wax, "A Wide Range. X-band Load," BTL Report MM-43-140-56, Nov. 5, 
1943. 

2 ('. J. Calbick, "Broadband UHF Calorimctric Load," BTL Report MM-44-
140-76, Dec. 29, 1944. 
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band water load of extremely simple construction.1 A short length of 
Pyrex tubing, ^ in. 01) and 0.93 mm capillary bore, extends across the 
waveguide through two directly opposite holes that are centered in the 
broad sides of the waveguide. An adjustable end-plunger provides an 
approximate impedance match; additional tuning screws are required for 
an exact match. The compensating advantage is that the response of the 
load is extremely fast because (1) only a few hundredths of a cubic 
centimeter of water are contained within the waveguide, and (2) the 

Calibrating wire 
-Lucite block Thermopile 

Water flow 

A Main waveguide 
B Auxiliary waveguide 
C Coupling block 
D Water tube 

Water load for the 1-cm band. 

thick-walled Pyrex tube has excellent heat insulating properties. In fact, 
the thermal time constant of the load is smaller than the time constant of 
the galvanometer used with its thermocouple. The thermocouple junc
tions arc installed in rubber tubing at each end of the Pyrex tube. 

The first Radiation Laboratory models of 1-cm-band water loads were 
patterned after the slanting-tube 10-cm- and 3-cm-band designs and the 
capillary-tube design. Because of the difficulty of scaling down the glass 
tube diameter proportionate^ with the decrease in waveguide dimensions, 
the design is much less satisfactory at 1-cm band than at longer wave
lengths. A new design of water load,2 based on the principle of the 
branched-guide directional coupler, subsequently replaced them. The 
details of this design are shown in Fig. 3-7G. 

1 R. J. Schneebcrger, "Capi l la ry Tube Waveguide Power Measurer for Use at 
3.20 cm," Westinghouse Research Repor t SR-142, Oet. 5, 1942. 

2 II. M. Walker, " K - B a n d High-Power Water Load ," RL Repor t 723, May 10, 
1945. 
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The glass-enclosed water column is contained in an auxiliary wave
guide section that is coupled to the main waveguide by a linear array of 
14 rectangular branches. The spacing and length y of the coupling 
branches are both chosen to be A/4, with proper corrections for junction 
effects. These conditions (see Chap. 14) are optimum for impedance 
matching. If the wide dimensions of the main and auxiliary waveguides 
are the same but the narrow dimensions are bA and bB respectively, the 
percentage of the incident power coupled out per branch, P, is 

P = 2 i " ! T-'- ( 9 1 ) 
o2 -4- 2bAbB 

where a is the narrow dimension of the rectangular cross section of the 
coupling slots; a = 0.061 in., and it is assumed that the impedance looking 
either way from a point in the auxiliary waveguide is a match. Equation 
(91) suggests that the power coupled out per branch can be maintained 
constant by varying the dimension bB, that is, by sloping the wall opposite 
the branches in the main waveguide. A linear slope approximately 
meets this condition—each branch coupling out 7.1 per cent of the total 
power to be absorbed. 

Since the main line contains no dielectric or dissipative materials, the 
load should stand pulse power levels almost as high as those required for 
arcing in a uniform section of waveguide. No arcing was observed at a 
pulse power of 120 kw, the maximum available at the time of test. The 
VSWR of the load is less than 1.10 over an 8 per cent band. 

A 16-junction copper-constantan thermopile and a heater wire for 
calibration are built into the load. They are mounted in a lucite block 
which provides good electrical and thermal insulation. Using a nominal 
flow rate of 3 cc/sec, a thermopile current of 60 na with a 10-ohm meter 
results, for 20 watts average input power. The thermal time constant of 
the load is slightly less than one minute. The design has considerably less 
microwave leakage than many water loads because of the long length of 
water column that is enclosed by the metal shield around the load. 

3-35. Flow Systems for Water Loads.—Flow systems of two kinds, 
open and closed, are used with water loads. In the open-flow system an 
elevated, continuously overflowing tank is used to maintain a constant 
pressure head on the stream flowing through the water load. In the 
closed-flow system the water is constantly recirculated through the load 
by means of a metering pump. Each method has its protagonists, and 
each has its advantages. 

Discussion of the design objectives and design details of the two flow 
systems must be preceded by a discussion of the several methods of 
calibration used for water loads. The first of these involves a calculation 
of the microwave (average) power level from the formula 

P = 4.18mc„Ar watts, (92) 
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where m is the speed of water flow (in g/sec) through the load, cv is the 
specific heat of water (in cal/g°C), and AT is the temperature rise (in °C) 
due to absorbed microwave power. A thermopile is commonly used to 
measure the temperature rise, and a flowmeter or stop watch and a con
tainer of known volume is used to determine the flow rate. In addition 
to the errors inherent in the flow-rate and temperature-rise measurements, 
a calculation of P from Eq. (92) neglects any heat exchange that may 
occur between the water column and its environment throughout the 
length of flow line between the hot and cold junctions of the thermopile. 
This neglect may or may not be serious, depending on the construction of 
the specific water load. The thermopile is calibrated against a precision 
mercury thermometer by placing the cold-junction pairs in one water bath 
and the hot-junction pairs in another of somewhat higher temperature. 
The baths are well agitated, and care is taken that the junctions reach 
equilibrium temperatures at the time the galvanometer deflection is noted. 

A second method of calibration involves the use of a heater coil which 
is installed in the flow stream immediately ahead of the water load and 
between the hot and cold thermopile junctions. Sixty-cycle power is 
applied to the heater coil through an accurate a-c wattmeter, and a Variac 
auto-transformer is used to adjust the power level. With an additional 
decade-box control of the thermopile meter sensitivity, it is possible to 
adjust the full-scale galvanometer deflection to correspond to any desired 
power level. The method avoids the necessity of calibrating the thermo
pile against a thermometer and avoids any measurement of flow rate. 
However, it is assumed that the flow rate is the same for the microwave 
power measurement as for the heater coil calibration. If the microwave 
power dissipation is reasonably uniform along the length of the water 
column exposed to the high-frequency fields, the problem of heat exchange 
with the environment is effectively solved. The heat exchange will be 
reasonably independent of whether the water column is heated by micro
wave or a-c power dissipation. This does not hold, however, if the power 
dissipation is badly nonuniform, and particularly if hot pockets exist in 
the flow stream near the input end of the load. 

The heater-coil principle of calibration is most effective if the heater 
coil and thermoj unctions can be built into the load as has been done in the 
1-cm-band water load shown in Fig. 3-76. Accuracy is lost if the heater 
coil is located outside the load and heat exchange is possible in the length 
of flow line between the heater and the section of tubing exposed to the 
microwave fields. In such a case it is advisable to use the following 
modification of the heater-coil principle. 

If the thermojunctions are not designed into the load, as shown in 
Fig. 3-76, it is customary to install them in a separate two-tube block 
that is mounted directly on the water load. The interior of the block 
can be the same as that portion of Fig. 3-76 concerned with the details 
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of the thermojunction installation in the lucite block. The flow of water 
is then directed through one tube of the block, through the water load, 
and back through the other tube of the block. The block can be removed 
from the water load and a thermally shielded, glass-enclosed heater coil 
substituted in the flow circuit for the water load. If the flow rate and 
a-c power are known, Eq. (92) can be solved for AT. This method offers a 
means of calibrating the thermopile without having to remove the junc
tions for immersion in water baths. The microwave power calculation 
may be based on Eq. (92), or the heat exchange may be assumed to be the 
same for the water load as for the calibration tube, in which case the 
second calibration method may be followed. 

Such a calibration tube can be easily made by inserting a spiral 
nichrome coil into a glass U-tube and soldering or spot-welding the ends 
of the tube to heavy copper lead wires which are heat-sealed in the sides 
of the U-tube. The tube is placed in a cylindrical box stuffed with cot
ton, glass wool, or any material of low thermal conductivity and low heat 
capacity. Bakelite ends complete the box. 

There is a third method of using a heater coil that is placed in series 
with the water load in the flow stream. Two identical thermocouples 
are used, one with junctions on each side of the heater coil, and one with 
junctions on each side of the water load. Alternatively, the thermal 
emf's of the two thermocouples may be placed in opposition across the 
terminals of a galvonometer, or the thermocouples may be used as two of 
the arms in a balanced-bridge circuit. In either case the a-c power is 
adjusted to restore balance after the microwave power dissipation in the 
load has caused a deflection. The microwave power level can be read 
directly from the a-c wattmeter, and the measurement is independent of 
flow rate. The null indicator, however, must be very sensitive for 
accuracy, and it is advisable to use a d-c photocell amplifier. 

The problem of heat exchange between the exposed column'of water 
and its environment deserves further discussion. If the water load is in 
thermal equilibrium with its environment at the existing ambient-tem
perature level, and if the water stream brought into the load is colder than 
ambient temperature, the water picks up heat between the two points of 
measurement (hot and cold junctions). Consequently, the thermopile 
meter will deflect despite the absence of microwave power dissipation. 
The effect is similar if the input stream is above the ambient-temperature 
level. When the load is absorbing power it would be ideal to have the 
input water stream as much below the ambient-temperature level as the 
exhaust stream is above it. The net heat exchange between the two 
points of measurement should then be zero. However, this is obviously 
impractical since the temperature of the input stream would have to be 
adjusted as a function of the microwave average power level. The best 
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compromise would involve bringing the water stream to ambient tem
perature level before directing it into the load. For this reason many 
water loads have several turns of copper tubing wrapped around them 
through which the water must flow before entering the load. 

The flow rate should be adjusted so that the temperature rise in the 
stream is no more than a few degrees. The heat exchange by radiation is 
entirely negligible, and heat exchange by conduction is made less serious. 
The rate of heat loss by conduction, h, can be expressed in terms of the 
temperature rise AT in the stream by the equation 

*-*■(¥) (93) 

where AT/2 is the average temperature rise, and fci is the proportionality 
constant. I t is also apparent that if AT is small, it varies directly with 
the microwave power level P, and inversely with the flow rate V; thus, 

AT = k^- (94) 

From Eqs. (93) and (94) it is shown that 

h - K ton 
p = y (95) 

Therefore, the ratio of the rates of heat loss to heat generation can be 
reduced by increasing the flow rate. Other advantages accrue if the 
flow rate is fast and the temperature rise small. The thermal time con
stant of the load is reduced and the thermocouple meter is linear in power. 
The loss in sensitivity can be compensated by increasing the number of 
junction pairs in the thermopile and by using a more sensitive meter. 

A number of design factors for flow systems must be considered. 
The flow rate should be adjustable over a 10-to-l range so that, regardless 
of the microwave power level, the temperature rise in the load can be held 
within a desirable range. I t must be large enough to be measured with 
accuracy, but not so large that the heat-exchange error is troublesome. 
The flow rate must be stable over long periods of time. A flowmeter giv
ing results as accurate as the procedure of clocking a known volume or 
weight of the water has not been found. This procedure however, takes 
time and gives only an average value of flow rate. As previously men
tioned, the water stream should be brought to room temperature before 
being directed into the load. A properly designed flow system can facili
tate this. I t is very important that the flow system contain some means 
of removing the air from the water stream. As the water is warmed the 
dissolved gas emerges in tiny bubbles. These bubbles cling to the sides 
of the flow line, increase the flow resistance, and thereby change the flow 
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rate in a constant-pressure flow system. If carried along by the water 
stream the bubbles effectively change the specific heat of the water 
[see Eq. (92)] and introduce error in the power calculation. If the situa
tion is unusually bad, the flowmeter and the load itself can become clogged 
by gas bubbles. 

Aside from the general considerations just discussed, there are few 
fixed rules that must be followed in the design of a flow system. Almost 
every experimenter in the field of high-power measurements has con
structed a flow system, and has arranged it to meet his individual needs 
and desires. The details of one open and one closed system that have 
been used in the Radiation Laboratory will be discussed. These rfiay be 
considered as representative of the construction of the two types. 

The open-flow system is the simpler to assemble. An elevated tank, 
near ceiling level, is filled directly from the water main. The flow into the 
tank is adjusted so that there is always a slight overflow, thereby main
taining a constant pressure head on the flow line. The water passes 
through a long length of pipe to help bring it to room temperature (or 
heater coils may be used) and then flows through a bubble trap. The trap 
consists of a glass standDipe with input and exhaust lines at the base. A 
stopcock at the top facilitates periodic release of the gas trapped in the 
standpipe. Following the bubble trap is a flowmeter, preferably one of 
the Fischer and Porter rotameters. If the rotameter is not of the Stable-
Vis type the calibration is temperature-dependent, and a thermometer 
must be inserted in the line immediately ahead of the rotameter. I t 
frequently happens that algae collect in the glass rotameter tube, in 
which case it is necessary to clean it periodically with a weak acetic acid 
solution followed by a rinse in mild soap suds. It is possible to get auto
matic timing for a flow-rate check on the rotameter calibration by using 
a 30-sec electric clock to actuate a relay which in turn shifts the water 
jet into a special measuring sump for the 30-sec period. From the flow
meter the water is directed through the thermopile block and water load, 
and is then exhausted into the sewer. 

The more complicated closed-flow system is diagrammed in Fig. 3-77. 
The flow through the system is maintained by a positive metering pump A 
of the gear type. For constant drive-shaft velocity the pump delivers a 
constant flow over a wide range of exhaust pressures. The pump is 
driven by an overpowered synchronous motor C, which operates through 
a gear box B. By changing the external gears and the internal reduction 
ratio of the gear box, it is possible to get six or more different flow rates. 
The total power required to operate the system is approximately \ kw 
at 60 cps and 110 volts. 

The water flows from the pump through a safety valve D set for 
15 lb/in.2 As an extra precaution a pressure switch E is included. 
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When the line pressure reaches 12 lb/in.2, the switch actuates a relay 
which stops the motor C. The bubble trap F has a stopcock G in the line 
from the top of the trap. To remove the air collected in the trap, the 
motor is stopped, G is opened, the outlet / / is closed off by folding the 
rubber tube back on itself, and the pump is started again. Water flows 
from the trap into the reservoir JV. After the air is removed from the 
trap the motor is stopped before the stopcock is closed and the outlet 
line is opened. If a positive pressure is maintained on the intake side 
of the gear pump, very few bubbles will form in the water stream. 

Return from water load 

F I G . 3-77.—Diagram of a closed-flow system for use with water loads. 

In a closed-flow system it is necessary to cool the water stream con
tinuously to remove the heat formed by power dissipation in the load. 
An ordinary refrigerator condenser coil J cooled by a fan K is effective 
for this purpose. The effectiveness of the arrangement is shown in the 
fact that the equilibrium temperature rise in the stream is only 3°C 
when the load is dissipating 1-kw average power at a flow rate of 17 
cc/sec. The flow line is broken at L to permit the occasional flow-rate 
measurements needed to check against wear in the pump gears. The 
water is introduced into the system at L. The reservoir capacity must 
be large enough to permit flow-rate measurements without draining 
the line. 

A booster pump M sucks the water from L and delivers it to the 
reservoir N. The pump consists of a pair of automobile fuel pumps 
operated in parallel to provide the capacity needed for the fast flow rates. 
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The booster pump is driven by a cam mounted on the drive shaft extend
ing from gear box B. Fuel pumps can work into any load pressure 
without producing damage, and without building up excessive pressures 
if the flow line becomes clogged. The pressure built up in the reservoir N 
forces the fuel pumps to deliver the same flow rate as the metering gear 
pump. The arrangement always maintains the desired positive intake 
pressure for the gear pump which is needed to avoid bubble formation in 
the stream. A pressure gauge Q is installed at the intake of the gear 
pump. 

FIG. 3-78.—Photograph of an assembled closed-flow system. 

I t is important to install a filter P in the line ahead of the metering 
pump. Because of the minute clearances in the pump, a rust or grit 
particle can "freeze" the pump or cause enough wear to effect a flow-rate 
change. Since automobile oil filters were found to have too much flow 
resistance, a special filter was developed. A fine-mesh filter cloth is 
stretched across a flat cylinder and is supported by a series of radial 
rod spokes. Without the supports, the cloth would stretch so much 
under pressure that it would lie against the bottom of the cylinder, and 
effectively reduce the filtering area. As the filter clogs, the gauge 
Q shows a pressure drop, and the filter cloth should be cleaned or 
replaced. 

If the critical parts of the gear pump are made of plain rather than 
stainless steel, the pump is subject to rusting. It has been found advisa
ble in this case to substitute for water a 3 per cent aqueous solution of a 
commercial rust inhibitor known as Rust Master. The solution has the 



SEC. 3-36] THERMOPILES FOR WATER LOADS 211 

same specific heat as water, and is as effective as water in dissipating 
microwave power. 

Flow-rate variations in the closed-flow system are well under 1 per 
cent. As shown in Fig. 3-78, the whole flow system can be mounted on a 
base with rollers, and made readily portable. 

3-36. Thermopiles for Water Loads.—The junctions of water-load 
thermopiles may either be immersed in the flow stream, or mounted on 
the outer surface of sections of the flow line. The immersion technique 
is more commonly used, although both methods are acceptable. Figure 
3-79 shows the construction of a thermopile "block" in which the junc
tions are immersed in the flow stream. 

Two parallel holes (channels) are drilled through a lucite or poly
styrene block—one channel carrying water to the load, and the other 

F I G . 3-79.—Water-load thermopile with junctions in the flow stream. 

carrying the exhaust stream. A series of closely spaced, tiny holes are 
drilled into each channel to permit insertion of the junctions. The 
thermopile junctions, with wires properly shellacked to avoid the short-
circuiting of any of the junctions,, are sealed into the holes with poly
styrene cement. The junctions project approximately to the center lines 
of the two channels. 

In forming the series of thermopile junctions it is convenient to use a 
winding jig. Such a jig consists of a metal or fiber rod with an H-shaped 
cross section, notched at regular intervals along its length. By staggering 
the notches on opposite sides of the rod, it is possible to wind a wire 
(or ribbon) along and around the rod. The notches hold it securely in 
place. Similarly, a second wire can be wound along the rod, starting 
from the opposite end of the rod. The two wires touch in a series of 
X-shaped crossings extending in lines along the centers of the top and 
bottom sides of the H. The wires are soldered or spot-welded at all 
crossings. It is particularly easy to spot-weld because one electrode 
can be slipped into the bar, under the crossings. After all crossings are 
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spot-welded, they are snipped at the weld points. Consequently there 
are formed two identical thermopiles of the sort shown in the mounting in 
Fig. 3-79. 

It is possible to construct the external-junction type of thermopile 
by a plating procedure.1 Two thin-walled copper or silver flow tubes are 
coated with a thin layer of a lacquer No. E. P. 216 Formulation R.S. 57C 
(Dow Chemical Company), are wrapped tightly with a 0.005-in. thick
ness of Cellophane, and are then given another thin coat of lacquer. 
The coated tubes are mounted parallel to each other by means of a pair 
of dielectric spacers. A 0.004-in. constantan wire is wrapped in screw-
thread fashion around the tubes, with the help of a winding fixture that 
holds the assembly securely in a slow-speed lathe. Each turn of wire 
encloses both tubes. The assembly is then floated as a raft on the sur
face of a silver-plating bath, so that one-half of each turn of wire may 
be plated with 0.002 in. of silver. Consequently, along each flow tube 
there is formed a series of silver-constantan junctions. I t is therefore as 
little trouble to prepare a one-hundred-junction-pair thermopile as to 
prepare one with ten junction pairs. The turns should be as closely 
spaced as is consistent with freedom from short circuits. The assembly 
is installed in a Bakelite cylinder stuffed with glass wool or cotton. 

In constructing any thermopile it is important to consider the magni
tude of the heat transfer from the hot to the cold stream, through the 
thermopile wires connecting the two streams. Such calculations are 
easily made, and are important. For example, it is easily shown that 
the heat transfer through a number of parallel fine wires can be many 
times that through the dielectric separating the water streams. The 
greater the number of junction pairs, the longer or finer must be the 
wires between junctions if the net heat transfer is to be the same. Conse
quently the internal resistance of a thermopile increases faster than 
linearly with the number of junction pairs, and sensitivity increases more 
slowly than linearly. 

The calibrations of thermopiles are remarkably stable. Corrosion 
is often a cause of trouble in the designs that permit the junctions to 
enter the flow stream. The corrosion is apparently the result of slow-
oxidation of the metals, and ultimately causes the junction to open-
circuit. However, it is seldom that the calibration of a thermopile 
changes appreciably when the corroded junction is resoldered. 

The Bell Telephone Laboratories have on occasion substituted ther
mistors for a thermopile.2 One thermistor is installed in the input stream, 

1 Rita Hughes, "Thermopile for Use with R-F Water Loads," RL Group Report 
No. 551-10/26/45. 

2 R. C. Shaw and W. F. Bodtman, "Water-cooled Load and Power Measuring 
Apparatus for Microwave Transmitters"; BTL MM-42-160-141, Nov. 25, 1942. 
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and a second in the exhaust stream. The two thermistors comprise 
two arms of a bridge circuit that can be made extremely sensitive. 

3-37. The Use of Power Dividers for High-power Mesaurements.— 
Whereas the water load has the unquestionable advantage of providing an 
absolute method of power measurement, the bulk and general incon
venience of its associated flow system relegate it primarily to use in the 
laboratory. Hence, considerable interest has been shown in alternative 
methods of high-power measurement, and particularly in those methods 
that are more adaptable to field usage, where simplicity in construction 
and operation, ruggedness, and portability are as important as accuracy. 

Low-power bolometer bridges, together with calibrated attenuators 
or power dividers are frequently used instead of water loads. Attenua
tors of the high-power transmission type are infrequently used because 
of the difficulty of making their calibrations independent of temperature 
or power level. Power dividers, which allow most of the power to be 
dissipated in a well-matched high-power load and a small fraction of it to 
be measured directly by the low-power equipment, are frequently 
used. The power division can be accomplished with a variety of instru
ments, for example, the single probe, the double probe, the directional 
coupler, and the adjustable power divider. 

The single probe may take the form of a capacitive probe, an inductive 
coupling loop, or a hole in the side of a waveguide. The coupling can 
be varied by rotating the loop or by adjusting the depth of insertion of 
the probe. The single-probe method of coupling demands that the 
transmission-line load be very well matched (for example, VSWR less 
than 1.02) in order to avoid objectionable error in the experimental 
determination of the coupling coefficient, and in order to avoid undue 
frequency sensitivity in the coupling. Even with a perfectly matched 
load the coupling can be expected to vary slowly with frequency. Fur
ther, the coupling must be loose enough (usually of the order of —30 db) 
so that the coupling element does not introduce appreciable reflections 
in the transmission line. Single-probe coupling is not recommended 
unless all power measurements are to be made at the calibration 
frequency. 

In double-probe coupling two identical single probes, spaced X„/4 
apart, are used. This spacing greatly minimizes the error due to a 
mismatched line termination, and also effects a cancellation of the 
reflections from the two coupling elements. Each coupling element 
transmits power to a detector, with the two detector output voltages 
being combined in the indicator circuit. 

Directional couplers are discussed in Chap. 14. There are many 
types, and they can be designed for a wide range of coupling coeffi
cients. They are not adjustable in coupling, but it is possible to add a 
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calibrated low-power attenuator between the directional coupler and the 
bolometer mount. Directional couplers of certain types have very 
desirable broadband coupling characteristics, as well as sufficiently 
high directivity to make the coupling coefficient satisfactorily inde
pendent of the voltage standing-wave ratio of the line termination. 
Directional couplers are usually the preferred type of power divider for 
this application. 

The adjustable power divider (see Chap. 8, Vol. 9) involves a 
configuration of two ganged tuning stubs, an input line, and two output 
lines. Adjustment of the tuners varies the power division between the 
two loads; it is possible to direct any fraction of the input power into 
either of the loads. Through a proper choice of line lengths, the power 
divider may be designed so that, at the design frequency with both loads 
matched, the input impedance of the power divider will also be a match. 
Since both the calibration and the input impedance of the device are fre
quency-dependent, the power divider is of interest only if adjustable 
coupling at a given frequency is required. 

There are fewer sources of error in the water-load measurement 
than in the measurement made with a bolometer bridge and directional 
coupler. In the water-load measurement the chief sources of error are 
in the flow-rate determination and in the a-c calibration of the water 
load. In the bolometer measurement the errors in the cahbration of the 
directional coupler, the accuracy of the bridge-arm resistors and meter 
in the bridge circuit, and the errors due to microwave and video-fre
quency leakage must be considered. Errors in the directional-coupler 
calibration are the most serious of these, particularly if the coupling 
coefficient is 30 db or greater. I t is often preferable to sacrifice the 
possibility of making absolute power measurements with the bolometer-
coupler combination, and to calibrate the directional coupler against 
the water load for relative power measurements. 

I t is important to isolate the bolometer mount thermally from the 
high-power load on the main line of the directional coupler. The heat 
from the load can cause troublesome drift in the bridge balance. Sections 
of coaxial-line cable or metalized plastic waveguide are effective in 
minimizing heat transfer by conduction; inclosing the bolometer mount 
in a shiny metal box is effective in minimizing heat transfer by radiation. 

3-38. Gas Loads.—An interesting gas load for high-power measure
ment has been developed by the Radio Corporation of America.1 A 
cavity resonator filled with ammonia gas is used as the transmission-line 
load. In addition to dissipating the microwave power, the ammonia gas 
is used as the thermometric substance in a gas thermometer. A manom-

1 W. D. Hersberger, "Ammonia-filled Resonators for Power Measurement," RCA 
Report PTR-10C, 9/13/43. 
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eter tube containing colored kerosene is connected to the resonator 
chamber, and the temperature rise is calculated from the pressure differ
ential. Both tuned and untuned (multimode) resonators have been 
used. The tuned resonator has an adjustable end plunger, and a triple-
screw tuner at its input end. Because of the low thermal capacity of 
the gas, the response of the thermometer is sufficiently rapid and the 
tuning adjustments present no problem. It is possible to base the power 
calculation on either the rate of temperature -rise or the final equilib
rium temperature of the gas. 

The resonator is made of copper with an inner felt lining that increases 
the sensitivity of the thermometer at the expense of additional sluggish
ness in response. The heat dissipation is nonuniform throughout the 
resonator, and is a maximum at the center. The cooler ammonia layer 
near the copper wall limits the heat flow from the system more than the 
copper, since the thermal conductivity is relatively poor. The thin 
felt inner lining, together with an air blast against the outside of the 
resonator, prevents the copper losses from adding heat to the gas losses. 
Since the gas warms the felt appreciably, and since the several thermal 
capacities and the effect of convection currents are not well known, 
it is not possible to make accurate power calculations from data on the 
rate of pressure rise. It is therefore customary to calibrate the gas load 
against a bolometer or water load. A comparison of ammonia losses 
vs. copper losses may be obtained by a measurement of the change 
in input impedance when the ammonia is replaced by air. Both 3-cm-
band and 1-cm-band gas loads have been used successfully by RCA. 

3-39. A Coaxial Wattmeter for Field Use.—A crude but useful 10-cm-
band field wattmeter has been made from a |- in. coaxial dry load and 

F I G . 3-80.—Dry calorimeter for high-power measurement. 

a Weston all-metal thermometer. The thermometer is of the coiled-
bimetal-strip type, with the strip housed near one end of a long metal 
tube which carries a dial indicator at its opposite end. The tube is 
inserted in the inner conductor of the load from the rear end of the load. 
The bimetallic element is thus located near the front end of the load 
where the temperature rise is a maximum. These construction features 
are shown in Fig. 3-80. 

The usual radiating fins are removed from the load to increase its 
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sensitivity as a calorimeter. In use the calorimeter is placed on the 
end of the transmission line, the thermometer is read, and the power 
is applied. After an arbitrary one-minute interval the thermometer is 
read again. The temperature rise is proportional to the average power 
applied, with the proportionality constant being a function of the load 
and the material used in filling it. Each dry calorimeter is individually 
calibrated against a water load. 

The test interval must be short enough to avoid a large temperature 
rise; otherwise the linearity between power and temperature rise is lost. 
Too short a test interval, however, or too small a temperature rise 
obviously introduces appreciable measurement errors. Consequently, 
the best values of such variables as the test interval, the thermal capacity 
of the load, and the sensitivity of the thermometer should be chosen in 
order to obtain maximum accuracy for a given average power level. 
The calorimeter shown in Fig. 3-80 has a sensitivity of approximately 
2CF per watt of average power for a one-minute test interval. 

3-40. The Johnson Meter.—Another high-power wattmeter that 
has met with limited popularity is the Johnson meter.1 I t is a power 

FIG. 3-81.—Construction of Johnson meter in 1 \- by 3-in. waveguide. 

monitor like the directional coupler and bolometer combination, since 
it requires only 1 per cent of the power rather than 100 per cent as do the 
water load, the gas load, or the dry load calorimeter. Figure 3-81 
shows the construction of a Johnson meter for use in a waveguide trans
mission line. 

A small section of the waveguide wall is removed and replaced with 
a section of high-resistance material, for example, a 0.015-in. sheet of 
constantan. It can be shown that, at magnetron power levels, enough 

1 M. H. Johnson, "Microwave Wattmeter," RL Report 239, Nov. 18, 1942. 
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heat is dissipated in the constantan to produce appreciable temperature 
changes. Since the conductivity of the brass waveguide is greater than 
that of the constantan section, a temperature differential will be main
tained which can be used to give an indication of the power. A platinum 
resistance thermometer is used to measure this temperature differential; 
200 ohms of 0.002-in. platinum wire is wound on the constantan section, 
and another 200 ohms is wound on the waveguide. These two windings 
serve as two of the arms of a Wheatstone bridge, as shown in Fig. 3-82. 

The unbalance current in the bridge is directly proportional to the 
power in the transmission line to within a few per cent. The instrument 
may be calibrated against a water load, or by passing direct current or 

The platinum arms are in a section of transmission line. 
The indicator has a shunt on some models 

F I G . 3 H2.—Diagram of the Johnscm-ineter bridge circuit. 

low-frequency alternating current through the constantan. Heating by 
low-frequency current can be used on the 3-cm-band meters, but con
structional details prevent its use on the 10-cm-band waveguide and 
coaxial-line meters. The coaxial meters are made in the same manner as 
the waveguide meters; that is, a thin sheet of constantan replaces the 
outer conductor and the platinum arm of the bridge is placed around it. 

The thermal capacity of the active element is made as small as possible 
in order to speed up the response, but usually one to three minutes are 
required to get an equilibrium reading. Theoretically the Johnson 
meter is compensated for ambient-temperature variations because the 
two platinum windings are on a section of the transmission line, and any 
change in ambient temperature should affect both coils to the same 
degree. In practice, however, it is found that the drift condition is 
bad if the meter is located near the magnetron or a dissipative load where 
severe thermal gradients exist along the length of the transmission line. 
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Type 10E/223 
neon lamps 

3-41. Neon Tubes as Power Indicators.—Several attempts have been 
made to use neon tubes and lamps for relative high-power measurements. 
A glass capillary filled with neon,1 inserted into a slot in a waveguide 
parallel to the axis of the waveguide, glows with an intensity dependent 
on the power level in the line. The intensity of the neon glow can be 
measured by a photocell. The chief trouble encountered is in obtaining 
properly reproducible neon tubes. A two-probe arrangement, with the 
energy coupled by the probes used to fire a pair of small neon bulbs, has 
also been tried. The probes are spaced X/4 apart, and a single photocell 
views both bulbs. The difficulty with this arrangement lies mainly in 

the sensitive dependence of the 
coupling coefficient on the depth 
of probe insertion. 

The British have also experi
mented with a double-probe neon-
lamp arrangement,2 as shown in 
Fig. 3-83. This device does not 
employ a photocell; the ionization 
current produced in lamps biased 
by a constant voltage and exposed 
to a high-frequency field is used as 
an indication of the power level. 

If a d-c voltage less than the d-c striking voltage is applied across the 
electrodes of the lamp, a current will flow. The d-c resistance of the lamp 
may be about 0.1 megohm, and the variation of this resistance with the 
microwave power level provides the desired indication. The lamps are 
adjusted to a standard power sensitivity and connected in parallel. Then 
the single meter reading gives the arithmetic mean response of the two 
lamps. Accuracies of ± 3 per cent relative to a water load &re claimed. 

I t is of interest to investigate the accuracy obtainable with two neon 
lamps, rather than one, when the transmission-line termination is mis
matched. The following development is not limited in application 
solely to neon lamps, but may be considered as a general comparison 
of the merits of single- and double-probe power taps. 

Consider a transmission line carrying an incident voltage wave of 
unit amplitude, and a reflected wave of amplitude B. The voltage v 
at any point I along the line is given by 

Narrow-side view 
2'/2 x 1 in. waveguide 

FIG. 3-83.—THE neon-lamp arrangement for 
monitoring high power. 

V 1 + B sin 201, 
1 J. M. Sturtevant, "Power Monitoring at 10 Cm," RL Group Report 82L-10, 

8/24/43. 
2 "Power Measurement at 9 Cm," TRK Report No. G10/R139/43, May 27, 

1943. 
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where 

'-£ 
The maximum and minimum values of v are (1 +■ B) and (1 — B), 
respectively, and the voltage standing-wave ratio r on the line is given by 

1 + B 

The product of the maximum and minimum values of v is the net power 
transfer along the line and is equal to 1 — B2. If it is assumed that the 
d-c ionization current in the lamp is directly proportional to the incident 
power (that is, the lamp is a square-law detector), the maximum and 
minimum current readings will lie between (1 + B)2 and (1 — BY-
The fractional error must then lie within the limits defined by 

, 2B 
1 - B2 ~~ 1 

and 

(1 + BY-
1 -

(1 - BY 

- (1 
- B2 

- (1 

- BY 

- B2) . 1 - 1 
1 - B2 1 + B r 

Thus, for VSWR values of 1.1 or 1.2, errors of approximately ±10 per 
cent or ±20 per cent can occur. 

For tw'o lamps, spaced X„/4 apart, the line voltages at the positions 
of the lamps can be expressed as 

wi = 1 + B sin 2/9Z, 
and 

v2 = 1 - B sin 2/31. 

The mean reading from the two lamps is given by 

V^-^ = 1 + B2 sin* 2/3Z. 

The fractional error is given by 
(1 + B2 sin2 2/30 - (1 - B2) B 

1 - B2 1 - B2 

( r - 1) 

(1 + sin2 2/30 

n ' ( l + sin2 200-
4r 

Thus the error, as a function of I, must lie between these limits: 
(r - l ) 2 

Maximum error 

Minimum error 

2r 
(r ~ IY 

4r 
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For r = 1.1, the error lies between \ per cent and £ per cent. Fo r r = 1.2, 
the error lies between \\ per cent and 2\ per cent. This is obviously a 
big improvement over the single-probe power tap. 

Westinghouse Electric Corporation has also been interested in neon 
power indicators, and has developed a special neon tube1 for the produc
tion-line bench-testing of magnetrons. The neon tubes are formed from 
one-foot lengths of 0.5-mm Pyrex tubing with a gas reservoir at one 
end and a tungsten electrode sealed into the other end. The conical 
tip of the electrode protrudes partially into the capillary and is needed 
to produce a potential gradient in the gas sufficient to start the discharge. 
A much smaller potential gradient can maintain it. The length of the 
gaseous discharge column measures the pulse power, since the ionization 
and deionization times of neon are presumably much less than the width of 
the pulse modulation envelope. 

The tube is installed normal to the broad side of a waveguide, and 
protrudes a small distance into the guide. I t is possible to match the 
tube to a VSWR of 1.5 or better by use of an adjustable end plunger and 
by variation of the depth of insertion of the tube. A water load is used 
as a primary standard for calibration purposes. It has been found 
that many tubes are erratic in performance, and that it is difficult to 
reproduce them in quantity. 

By means of a rotating mirror, it is possible to observe the length 
of the discharge column for each individual pulse. I t is thus possible to 
study whether the magnetron oscillates for each applied pulse, and the 
extent to which the output power varies with successive pulses. 

1 R. J. Schneeberger, "Xeon Tube Power Indicator," Wcstingliuusn Research 
Report SR-156, Dec. 1, 1942. 



CHAPTER 4 

MICROWAVE SIGNAL GENERATORS 

BY R. BEMNGER, C. G. MONTGOMERY, R. A. HOWAED, 
AND S. KATZ 

A signal generator is ordinarily understood to be a source of electrical 
power of known intensity, frequency, and modulation character. It 
differs from an oscillator or generator in that the power level is known 
and controllable. These conventions will be adopted in the following 
discussion of microwave signal generators. 

The principal function of a microwave signal generator is to provide a 
signal of know:n character for the testing of receivers. As such receivers 
can differ greatly, and since the number of possible tests is unlimited, it 
is clear that there is no restriction on variety in signal-generator design. 
Signal generators may be designed to provide continuous-wave signals, 
short pulses of any shape, sinusoidal amplitude-or frequency-modulated 
signals, or even noise signals or noise-modulated signals; and all of these 
at any power level. In such a multitude of possibilities it is necessary 
to be arbitrary in the selection of topics and the way in which to treat 
them. The selection and presentation arc highly colored by the problems 
which were met at the Radiation Laboratory in the course of a restricted 
development program. Even with such a narrow range of interest, 
reservations and apologies must be made for many of the devices to be 
described since they do not fulfill even these restricted design considera
tions in many instances. 

To cite a single limitation, the microwave signal generators which 
have been developed at the Radiation Laboratory are usable over 
rather restricted frequency ranges, + 10 per cent at most. There are 
no microwave signal generators that can compare in versatility with 
their low-frequency analogues. The accuracy of microwave signal 
generators is generally inferior to that commonly achieved at radio 
frequencies. These and other difficulties are indications of the newness 
of the microwave arts. 

Receiver sensitivities are specified in terms of the smallest signal 
to which the receiver gives an unambiguous response; signals smaller 
than this limit are undetectable against the background of spontaneous 
fluctuations or electrical noise in the output voltage of the receiver, 
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For the best superheterodyne microwave receivers the noise background 
is of the order of 10~~20 watt per cycle of receiver bandwidth when 
referred to the input terminals of the receiver. Hence, for such a receiver 
with a bandwidth of 106 cps, the ultimate sensitivity is about 10~14 watt. 
The controlled production of these very small signal intensities is perhaps 
the principal difficulty in signal-generator design. I t requires the 
ultimate in careful design and calibration. 

Specifically, there are two main classes of microwave signal generators: 
modulated or unmodulated continuous-wave signal generators and noise 
generators. The c-w signal generators involve a c-w oscillator, usually 
a velocity-modulation tube, an attenuating network, usually of variable 
insertion loss, a power monitor or absolute power meter, and often a 
frequency meter. These must be enclosed in a leak-proof box to which 
supply voltages are applied and out of which comes the signal. Since 
the oscillator level is 100 to 150 db above the required signal level, 
the shielding difficulties are considerable and have seldom been solved 
satisfactorily. In addition, the attenuators must be very carefully made 
since they are used to extrapolate the 70 to 120 db from the desired signal 
level to the power region where thermal elements can be used to measure 
the signal power in absolute units. These and other complications, 
especially the frequency sensitivity of the various components, make 
the design and calibration of such signal sources exceedingly difficult. 

Some of these problems are avoided by the use of microwave noise 
sources in those cases where a continuous-wave signal is not required. 
Some noise sources are easily constructed and satisfactorily rugged and 
stable. In addition, some noise sources are absolute in the sense that 
they emit microwave noise of an amount given by physical constants and 
measurable parameters. Since the sources of noise are frequently just 
those which limit the sensitivity of receivers, the magnitude of the noise 
power is already in the range required for receiver-sensitivity measure
ments, and the sources need little or no shielding or attenuation. This 
may, however, be disadvantageous if larger intensities are required. 

THE USE OF SIGNAL GENERATORS IN TESTING RECEIVERS 
4-1. Receiver Noise Figures.—If it is desired to find the ultimate 

sensitivity of a microwave receiver, a cursory glance at the many receiver 
components and the multitude of forms which each can take is sufficient to 
prove that it is not easy to define this sensitivity unambiguously, much 
less to analyze the contributions from the several parts and characteristics 
of the receiver. Every receiver component from the input terminals to 
the observer is important to the problem and each receiver is, so to 
speak, a special case. This difficulty in assigning a simple scientific 
meaning to the ultimate sensitivity of a receiver has led to the definition 
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and measurement of another and more exact quantity, the noise figure1 

or noise factor of the receiver. This quantity provides a basis for 
comparing receivers and for the more complex study of the ultimate 
sensitivity of a particular receiver. A receiver which has no internal 
sources of noise is called a perfect receiver. The sensitivity of such a 
receiver is limited only by the thermal noise generated in the impedance 
of the signal source. Real receivers, having internal sources of noise, 
are less sensitive. These considerations are formulated mathematically 
in the following paragraphs. 

For a linear-gain receiver2 connected to a signal source, with s the 
available power from the signal source in the frequency range / to / + A/, 
and An the available thermal noise power from the signal-source imped
ance in the same frequency range, 

Arc = kT0 A/, 

where k is Boltzmann's constant and To is the absolute temperature of 
the signal-source impedance (usually taken to be 300°K). If the signal 
and noise powers as indicated by a wattmeter connected to the output 
terminals of the receiver are S and AN, respectively, in a frequency 
interval3 / ' to / ' + A/, it will be found that the noise-to-signal ratio 
AN/S is greater than An/s. The factor by which it is greater is defined 
as the noise figure, 

AN 

s 

F is greater than unity except for a perfect receiver where F is equal to 
unity. 

It is clear that F is a function of the signal-source impedance because 
<S will depend on the "goodness of match" between the signal source and 
the receiver at the signal frequency / and at the image and harmonic 
frequencies, and the output noise AN will depend on the signal-source 
impedance. The complete dependence of F is so complex that at the 
present time the optimum signal-source impedance can be determined 

1 The treatment here follows that of S. Roberts, RL Report 293, Jan. 30, 1943. 
It is similar to that of H. T. Friis, Proc. Inst. Radio Engrs, 419 (1944). 

2 Linear-gain receivers are those for which the output power is proportional to 
the input power. This includes the more sensitive double-detection or superhetero
dyne class but excludes most single-detection receivers which are "square law." 

3 In double-detection receivers the frequencies / and / ' differ; the former being 
called the radio frequency and the latter the intermediate frequency. The character 
of any modulation and A/ are the same, however, at these two frequencies. 
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only by experiment.1 Because of this dependence of the noise figure on 
the signal-source impedance, it is necessary to specify and quote the 
signal-source impedance corresponding to a given noise-figure value. 

The incremental-band noise figure of Eq. (1) is seldom used except 
in mathematical discussions. In practice, one is concerned with the 
so-called effective or average noise figure, the noise figure relevant to 
the entire acceptance band of the receiver. The average noise figure 
is computed by averaging F with respect to the receiver gain over the 
acceptance band of the receiver. If G(f) is the receiver gain defined 
by G(J) = S(f)/s(j), then the average noise figure is 

F = ^ (2) 
J0 G(f)df 

In the following sections this quantity will be considered in connection 
with several ways in which it can be measured. 

4-2. Noise-figure Measurement with C-w Signal Generator.—In the 
arrangement of Fig. 4-1, the receiver is presumed to include no detectors 

Cw 
signal 

generator 
Receiver 

Output power-
measuring 

meter 

FIG. 4-1.—Noise-figure measuring apparatus. 

or other devices which mix signal and noise (i.e., no second detector for a 
superheterodyne receiver). If the acceptance band of the power meter 
is somewhat wider than the receiver pass band, in a frequency interval 
A/ of the pass band the output noise power as indicated by the power 
meter is 

AN = F - An = F - kT0 A/; s s 

consequently, the total indicated output noise power is 

= kTo fo F(f)G(f) df. 

From Eq. (2) is obtained 

N F = j4 (3) 
kT0 J0 G(J)df 

1 These matters are treated fully in Vol. 16 of this series. 
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If the receiver bandwidth B is defined as 

BG(fo) = j " G(f) df, (4) 

where /0 is the midband frequency, the frequency at which (?(/) is a 
maximum, then Eq. (3) becomes 

N 
F = kTaBG<Jo)' ( 5 ) 

The noise figure F is measured in the following manner. With 
no signal emanating from the signal generator, the output power is 
N. A signal s(/o) of such a magnitude as to double the output power 
is introduced. Then 

N = S(/„) = G(/o)s(/o) 
and Eq. (5) becomes 

P _ «(/o) 
kT0B (6) 

Thus, if the available power from the signal generator for which the 
output signal-to-noise ratio is unity is known and B is measured, F can 
be found from Eq. (6). 

Customarily a c-w signal generator has an attenuator calibrated in 
such a way that the available power can be changed and set to known 
values; and consequently, s(f0) is known. The bandwidth B can be found 
by measuring (?(/) throughout the receiver pass band by tuning the signal 
generator to a known set of frequencies or by using an f-m signal gener
ator. For most superheterodyne receivers B is determined by the i-f-
amplifier pass band, which is much narrower than the microwave band
width. In such instances B can be measured with an i-f signal generator. 

4-3. Noise-figure Measurement with Microwave Noise Source.— 
Many noise sources have a uniform intensity over a frequency interval 
that is wider than the acceptance band of the receiver being tested. 
For a thermal noise source at temperature T, the available power in a 
frequency range A/ is just kT A/. The noise temperature of the source 
is designated as T and completely characterizes the generation of noise 
signals. In the case of sources which are not thermal, this representation 
is still used, where T is the temperature of a thermal source having the 
observed available power. The noise temperature of a source may 
therefore be a real physical parameter or entirely fictitious. 

The measurement of F with a noise source is very simple. The total 
output noise is 

■ • / . N = kT0 G(f)F(f) df. 
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The total output signal is 

S = kT I G(J) df. 
From Eq. (2) is obtained 

p = ~ hi = I. K 
kT0' S ~ To' S' 

If, as before, the signal source is adjusted so as to double the output 
noise, that is, N = S, then 

F - £ (7) 

It is seen that the bandwidth of the receiver does not enter into the 
measurement, and if the noise source is calibrated in noise-temperature 
units, F values are measurable directly. 

It has been implicitly assumed that power is available from the signal 
source only at the signal frequency and not at any of the other fre
quencies to which the receiver is sensitive, such as harmonic or image 
frequencies. With noise sources this may not be the case and it is neces
sary to remove all but signal frequencies from the noise source or to make 
correction if they are present. If such contributions are present, the 
measured noise figure F' is related to that defined in Eq. (1) by 

F = F' p*jl<, (8) 
vTsig 1 sig 

where the summation is carried over all frequencies to which the receiver 
responds. A simple case which occurs in practice is G,ie = Gin 
T.iu = Tim,*., and Gwmonic ~ 0. Then Eq. (8) reduces to 

* image; 

F = 2F' =2— (9) 

An ideal noise source for receiver measurements is one for which the 
noise temperature is constant over the signal band of the receiver and 
zero everywhere else, thus avoiding the complications cited. Some 
noise sources, in particular those employing shot-noise vacuum tubes 
and resonant cavities, fulfill these conditions quite well. 

4-4. Measurements on Pulse Receivers.—Microwave receivers for 
the amplification of short pulses have received considerable attention 
at the Radiation Laboratory. Most of the measurement techniques 
that will be treated were developed for this class of receiver and in some 
cases they apply only to these receivers. Some of the characteristics of 
microwave pulse receivers will be examined briefly. 

A pulse receiver is a receiver that accepts a short pulse of microwave 
energy, amplifies it, and presents an amplified signal at a low frequency 

X 
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whose envelope reproduces the shape of the pulse with good fidelity. 
Such receivers usually consist of a superheterodyne arrangement employ
ing a crystal mixer driven by a c-w microwave oscillator as the first 
detector, a vacuum-tube-i-f amplifier at ordinary radio frequencies, and 
a second detector which yields a d-c pulse. This pulse reproduces the 
microwave pulse shape to a degree that depends on the amplitude and 
phase response of the i-f amplifier. In particular, the acceptance band 
of the i-f amplifier must be of the order of 1/T cps in width, where T sec 
is the length of the microwave pulse. The microwave circuits are almost 

F I G . 42 .—Output voltage from a G-stage single-tuned i-f amplifier of 1-Mc/sec over-all 
bandwidth for rectangular voltage pulses starting at t = 0 . 

always much wider than this and do not limit the fidelity of the total 
system. 

The theory and design of such amplifiers is treated elsewhere in this 
series and no more will be said than is necessary in order to understand 
the use of microwave signal generators in measuring their performance. 

The Pulse Response.—The complete amplitude and phase charac
teristics of the receiver are necessary in solving the pulse-response 
problem; consequently, each receiver is a special case. The main 
points, however, can be illustrated with a single example. For a receiver 
having a 6-stage i-f amplifier that' employs single-tuned coupling, that is, 
a simple shunt-resonant interstage coupling circuit, and having an 
over-all bandwidth B of 1 Mc/sec (total bandwidth between half-power 
points) Fig. 4-2 shows the normalized output voltage function for rec-
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tangular pulses of various lengths T but of equal amplitudes.1 The 
main point of interest is the low output voltage and large distortion 
which result when the pulse length is too short for the receiver bandwidth 
in question. This condition should be avoided in testing receivers with 
pulsed signal generators. 

4-5. Measurements with Pulsed Signal Generators.—Pulse receivers 
are frequently tested with pulsed signal generators since this most nearly 
reproduces the conditions under which the receiver is operated. The 
minimum detectable signal is very difficult to define and measure and 
depends markedly on receiver parameters and the observer. I t is 
desirable, therefore, to find a more exact criterion which can be used 

with pulse receivers and the usual 
oscilloscope indicators. The so-called 
tangential signal has been found to be 
the best of such criteria. This is the 
signal that raises the observed noise 
amplitude by its own width as seen on 
an A-scope. This is shown in Fig. 4-3 
for a square-law second detector. It 
is clear that there is no way in which to 
define this operation independently of 
the observer since there is no meaning 
to the " t o p s " of the noise peaks. 
Nevertheless, it is found that various 

FIG. 4-3.—Tangential signal on an observers agree upon the tangential 
A-scope with a square-law second &[ { s t r e n g t h and that the absolute 
detector. ° ° 

value of the tangential signal is not a 
critical function of the various receiver parameters. 

Such measurements have been reported2 using a radar receiver of 
4-Mc/sec bandwidth with rectangular pulses of 1 ^sec duration occurring 
at a repetition rate of 1000 per sec. An A-scope with a sweep speed 
of 4.9 /asec/in. was used as the indicating device. I t was found that each 
of seven experienced observers could repeat tangential-signal measure
ments with a standard deviation from the mean of less than 1 db for a 
variety of receiver-gain settings and intensities of the oscilloscope trace. 
The standard deviation in the mean for the seven observers was some
what less than 2 db for the same experimental conditions. In these 
experiments the mean absolute value of the peak pulse power for the 
tangential signal was 9.2 db above the c-w power required to equal rms 
noise power measured as described in Sec. 4-1. It was also found 

1 The curves of Fig. 4-2 also represent the response of any 6-stage single-tuned 
amplifier, if the abscissas are in units of tB and the curves are labeled in units of TB. 

2 S. Katz, "Microwave Test Signals," RL Report 1023, Jan. 15, 1946. 
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that the tangential signal strength was quite insensitive to the pulse 
repetition rate for the range 200 to 4000 per sec. There are, however, 
no data on the way in which the pulse-length receiver-bandwidth product 
affects the tangential signal. This undoubtedly becomes important for 
pulses shorter than a certain critical value, perhaps of the order of \/B 
as is seen by referring to Fig. 4-2. For very short pulses the amplitude 
is reduced and the shape is poor for exact measurements. 

"Pulsed-off" Signal Generators.—One of the principal difficulties 
in designing microwave pulsed signal generators is the stringent require
ment on the constancy of the pulse voltage applied to the klystron 
oscillator if frequency modulation during the pulse is to be avoided. 
Another difficulty is in the measurement of the peak pulse power. This 
is commonly accomplished by c-w 
operation' of the oscillator on the as
sumption that the peak pulse power 
is equal to the c-w value which is 
measured with a thermal element. 
This is subject to error unless special 
circuits are employed to accomplish 
this condition. Even then it is diffi
cult to be sure. Another way is to 
measure the average pulse power with 
a thermal element and to calculate the 
peak pulse power knowing the recur
rence rate and pulse length. This is 
hard to do accurately for two reasons: 
(1) because the exact pulse shape, 
length, and separation must be known 
accurately; and (2) because the average pulse power is very small and 
difficult to measure. 

These problems are circumvented by the use of a "pulsed-off" 
signal generator, a generator that normally generates a continuous 
wave and which is pulsed out of oscillation for short lengths of time at 
some recurrence rate. If the oscillator is a reflex klystron, this is accom
plished by putting onto the reflector a rectangular pulse (of either sign) 
sufficient in amplitude to drive the tube out of oscillation. The pulse 
need not have any particular shape but only steep sides, if rectangular 
pulses are to be generated. Since the oscillator is off for only a small 
fraction of the total time, the peak pulsed-off power is approximately 
equal to the average power and thus is easily measured. 

Unfortunately, the use of such signal generators is not straightforward. 
In the first place, the character of the noise is changed by the c-w signal 
which is on between pulses. Secondly, the video characteristics of the 

F I G . 4-4.—Pulsed-off tangential sig
nal on an A-scope having a square-law 
second detector. 



230 MICROWAVE SIGNAL GENERATORS [SEC. 4-6 

indication differ from those for a positive pulse, both between pulses 
(because of the c-w biasing of the second detector) and during the pulses. 
This is shown in Fig. 4-4 for a tangential signal on an A-scope having a 
square-law second detector. Very little experimental work has been 
done with pulsed-off signal generators. Available results indicate that 
tangential signals are of approximately the same peak power as for 
conventional pulsed generators. 

4-6. Pulse-receiver Response to Frequency-modulated Signals.— 
Another way of avoiding some of the undesirable features of pulsed signal 
generators is by the use of a frequency-modulated signal source. With 
klystron oscillators, frequency modulation is easier to accomplish than 
good pulse modulation and the associated circuits are much simpler. 

If the frequency of a signal generator is varied linearly with the time 
at a sufficiently high rate, the time variation of the output signal from a 
receiver is somewhat similar to its response for a rectangular pulse. If 
the signal voltage is the real part of 

S = c'«, 

where 8 is the phase, the instantaneous frequency is dB/dt and the average 
rate of change of frequency is 

d2e , 
d¥ = b-

If the rate of change of frequency is constant, then 
S = ei(al+bl'/2) 

where the frequency oi = a at t = 0. The frequency spectrum of this 
signal is given by the Fourier transform of S which is 

g(u) = 5 - / e'<°'+«!/2> e->-1 dt 
ZT J _ „ 

= ylIM->iJLr} (10) 

The amplitude of g(u) is seen to be independent of the frequency. 
The time response of the output voltage from a receiver having 

Eq. (10) as the input voltage is, of course, dependent on the amplitude 
and phase response of the receiver. The calculations are most easily 
made for a receiver having a Gaussian error-function amplitude response 
and linear or zero phase shift.1 If B is the total bandwidth (in radians/ 

1 This amplitude function is the limiting form for single-tuned stages in cascade. 
The phase shift of such a cascade, however, approaches °° with the number of stages 
and the Gaussian amplifier is not physically realizable. This is not serious in the 
present example. 
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sec), i.e., the interval between the frequencies where the voltage response 
is l / \ / 2 times the maximum value, the gain of such an amplifier (output 
voltage divided by input voltage) is given by 

H(u exp -2 In 2 1 

where a is the frequency at the band center. The output time response 
is given by 

V(t) = / g(u)H{u)e>«ld 

[exp -4 l - 3y 

where y — 4 In 2 

ybP 
2 ( y 2 + D exp jat + jbt2 

2(Y 2 + 1) (H) 

B2 The last exponential is the oscillating, frequency-

modulated portion of the signal. It is noted that the modulation is less 
rapid than for g(u) by a factor .Q 
/ = (72 + I)"1 . The first two 
terms represent the envelope of 
the f-m signal. The maximum 
value of this envelope occurs at 
t = 0, when the input signal has 
the same frequency as the center 
of the pass band of the receiver. 
The response is normalized so that 
\V{t)\ = 1 for slowly modulated 
signals (small b). For rapid fre
quency modulation, \V(t)\ < 1 by 
an amount given by the voltage 
attenuation A of the signal, where 

0.6 

0.4 

) 31 
0.2 

(12) 
0.1 

A. N y V 

s^?I-

2(72 + 1) 
The time response of the out

put voltage is given by the first 
exponential in Eq. (11). It is seen 
to have the Gaussian form. This 
output voltage function can be characterized by a pulse duration T sec, 
defined as the time duration between the points at which the output volt
age is A/y/2. This is 

F I G . 45.—Parameters of output func
tions for a Gaussian receiver with an f-m 
input signal. 
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B , 2 4 In 2 y 7
2 + 1 , -„ , 

r = T V 7 2 + l = - g (13) 

Figure 4-5 shows the quantities A2, /, and br/B plotted against y. 
It is important to note that the output time functions for f-m and for 

rectangular-pulse inputs are somewhat different in form, especially 
for pulses long enough to be reproduced without great distortion. This 
is shown in Fig. 4-6 where four sets of output functions for rectangular-
pulse and for f-m input functions have been plotted. The four output 
pulse functions are labeled with the input pulse durations in microseconds. 

Time in n sec 
F I G . 4-6.—Pulse and f-m response of a Gaussian receiver of 2-Mc/sec bandwidth. 

Solid curves are f-m output functions and dotted curves are output functions for rec
tangular pulses whose output pulse durations are equal to the corresponding f-m pulse 
lengths. All curves are arbitrarily adjusted to be symmetrical about t = 0. 

Each of the f-m output functions is calculated from Eq. (11) using a T 
value which is equal to the output pulse duration of one of the rectangular-
pulse response curves. The output pulse duration is defined as the time 
interval between the points at which the amplitude is equal to l/s/2 
of the maximum amplitude. Whereas the f-m response is always similar 
to the receiver bandpass function, the pulse function is more like a 
rectangular pulse, at least for long pulses. This difference in shape 
leads to some difference in the minimum detectable signal observed with 
pulse and with f-m signal generators. This difference seems to be small. 
For tangential signals there seems to be no detectable difference at 
least for the case of long pulses and slow frequency modulation such as 
the 2-nsec curve in Fig. 4-6. 
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Miscellaneous Measurements.—By use of an f-m signal generator 
receiver bandwidths can be measured with some accuracy. With the 
rate of change of frequency of the r-f signal properly adjusted, the 
receiver bandpass characteristic is displayed upon an oscilloscope. If a 
reaction wavemctcr is included with the signal generator, this will cause 
a sharp notch in the pattern at the resonant frequency of the wavemeter. 
The width of the bandpass curve can be measured by moving this notch 
along the pattern and noting the wavemeter tuning. The bandwidth B 
as defined in Eq. (4) differs from the frequency interval between 1 / A / 2 
voltage points (the so-called 3-db bandwidth). Table 4-1 illustrates the 
relation between these quantities for several simple cases. 

TABLE 4 1.—RATIO OK BANDWIDTH B TO THE 3-DB BANDWIDTH 
Ratio 

One singlo-tuned stu^c 1.57 
Gaussian 1.06 
Rectangular 1.00 

An f-m signal generator also provides a convenient means of tuning 
the receiver. When the notch appears at the center of the bandpass 
characteristic, the frequency meter indicates the frequency to which 
the receiver is tuned. Conversely, the receiver may be adjusted so 
that, with the frequency meter tuned to a desired frequency, the notch 
appears at the center of the bandpass characteristic. 

By a similar method, the operation of the automatic-frequency-control 
circuits of a radar receiver can be checked. Comparison of the frequency 
of the bandpass characteristic with the receiver frequency, under manual 
control and under automatic control, provides quantitative information 
about the locking of the automatic-frequency-control circuit. The 
behavior of the automatic-frequency-control circuits during actual oper
ation can also be observed. If the transmitter frequency is varying 
because of a varying impedance in the transmission line, this is immedi
ately obvious on the oscilloscope where the wavemeter notch moves 
relatively to the center of the receiver passband. A pulsed signal genera
tor cannot yield such information. 

There are other properties of receivers and receiving systems which 
may be measured with signal generators. The recovery time of a 
receiving system after a strong signal may be measured provided that 
the interval between the occurrence of the test signal and the initial 
trigger can be reduced to a small value. As the interval is reduced, 
the amplitude of the test signal decreases because of the reduced sensi
tivity of the receiving system. The interval at which the signal ampli
tude is one-half the value at full sensitivity is a useful measure of recovery 
time. Finally, signal generators facilitate the tuning of such frequency-
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dependent components of a receiving system as the TR cavity. With 
the test signal displayed upon an oscilloscope, the frequency-critical 
components may be adjusted for maximum signal amplitude. 

THE DESIGN OF MICROWAVE SIGNAL GENERATORS 
4-7. Microwave Design Considerations for C-w and Modulated C-w 

Signal Generators.—The signal generators which have been built at the 
Radiation Laboratory for the testing of pulse receivers have been of three 
varieties: (1) continuous-wave, (2) rectangular-pulse-modulated con
tinuous-wave, and (3) frequency-modulated continuous-wave. Usually 
in a given signal generator either c-w signals or one of the modulated 
forms can be produced by using a switching arrangement. 

These generators employ a low-voltage r-f oscillator, usually a 
velocity-modulation tube, as the c-w source. The supply voltages are 
modulated for pulse or f-m operation. This oscillator signal is con
veyed to the output terminals of the signal generator through a trans
mission line including attenuating elements and frequently a reaction 
wavemeter. Part of the oscillator signal is absorbed in a monitoring 
element, usually a thermal power-measuring element. This is frequently 
arranged so that the absolute value of the monitor power is related to 
the absolute level of the signal-generator output power. The r-f assembly 
consists, therefore, of four essential parts: an oscillator, an attenuator, 
a wavemeter, and a power monitor. The principal design problem is to 
construct and arrange these components so that a properly modulated 
signal of known frequency and power is available. 

Suitable r-f oscillators are discussed in Chap. 2 and will not be listed 
here. Any oscillator capable of supplying a minimum of 10 mw over 
the frequency band in question, with good power and frequency stability, 
may be used. 

At resonance the reaction wavemeter should produce a " d i p " in the 
signal power of such a magnitude as to be easily detected by the power 
monitor when the wavemeter is tuned rapidly through the signal fre
quency. The resonance should also be broad enough in frequency to give 
a sufficient decrease in power when the frequency of very short pulses is 
measured. The decrease of power in this case is always smaller than 
for c-w power because of the reduced response of the wavemeter to the 
sideband frequencies of the pulse. On the other hand, the dip should be 
narrow enough for accurate frequency measurements. It has been 
found, in practice, that for c-w power a wavemeter dip of 50 per cent 
and a dip width of 0.01 per cent of the midband frequency satisfies 
these criteria. The response of the wavemeter for resonances in unde
sirable modes should be small compared with the response for the proper 
mode so that confusion will not result. When determining the frequency 
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of very short pulses, the lower Q of a spurious mode may result in a 
decrease in power as large as that caused by the proper mode, since a 
high-Q resonance affects only a small part of the frequency spectrum of 
the pulse. 

The calibrated attenuator may be of any type provided that both ends 
present small voltage standing-wave ratios at all attenuation settings 
and frequencies within the band. Its variation of attenuation with 
frequency should be small. The power monitor may be conveniently 
arranged to give a full-scale deflection when the r-f power dissipated in 
the sensitive element, usually a thermistor, is 1.0 mw. The maximum 
voltage standing-wave ratio of the thermistor should also be small. 
If 1.0 mw is chosen as the reference 
power level, some means must be 
provided for reducing the power 
delivered by the oscillator to this 
level. Th i s can convenient ly Wavemeter 
be an auxiliary "power-set" 
attenuator. 

If the sole function of the signal 
generator is to provide a signal of 
known intensity and frequency, 
the design of the r-f circuit can be 
very simple. The wavemeter may be attached to the transmission line in 
one of the ways described in Chap. 5. The principal problem is to take a 
known portion of the oscillator power to be measured by the power 
monitor. One simple way of accomplishing this'is shown schematically 
in Fig. 4-7. The oscillator is connected to one arm of a waveguide 
T-junction with the attenuator and power monitor attached to the other 
two arms. A matching transformer is provided so that the oscillator may 
work into a reflectionless load. A certain fraction of the oscillator power 
will go to the monitor, the remainder to the calibrated attenuator, the 
exact manner of division depending upon the variety of the T-junction 
used. The power division can be determined by a calibration of the 
device. The wavemeter is placed next to the oscillator in Fig. 4-7. In 
this way, when the wavemeter is tuned to resonance, both the power to 
the monitor and the power passing through the attenuator are reduced. 
The alternative placing of the wavemeter next to the power monitor, as-
indicated by dotted lines in the figure, is not satisfactory since the dip 
in the power through the attenuator would be very small. 

Such a simple arrangement would be satisfactory for many labora
tory uses. In commercially built equipment, however, the tendency has 
been to make a signal generator perform other functions. In particular, 
for the testing of radar systems, signal generators have been designed 
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Zgf power monitor 
r-^/VV-i 

so that the attenuator, power-measuring device, and wavemeter can 
also be used to measure the power and frequency of a signal from a source 
external to the signal generator (the radar transmitter). This greatly 
complicates the design of the r-f circuit. These difficulties will be 
outlined in more detail and specific examples of their solution will be 
given. 

If power and frequency measurements are to be made on both an 
external source and the internal oscillator 
of a signal generator, it seems logical to 
use a symmetrical arrangement such as 
that shown in Fig. 4-7. It would be neces
sary to move the wavemeter to a symmetri
cal position at the junction. Such a signal 
generator is described in Sec. 4-14. The 
principal objection to power division by a 
T-junction is the inaccuracy introduced if 
the power monitor and attenuator are not 

perfectly matched. I t may be shown that if appropriate reference planes 
are chosen in the arms of the junction, the equivalent circuit is the simple 
one shown in Fig. 4-8. The power delivered to the attenuator PA can 
be simply written as 

where PM is the power absorbed by the monitor. If the voltage standing-

FIG. 4 8.—Equivalent circuit of 
T-junction used for power measure
ment. 
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FIG. 4-9.—Signal generator using a magic T. 

wave ratio of either the attenuator or power monitor is as large as 1.2. 
PA will differ by one decibel from its value with matched components. 
Thus a calibration is essential for accurate work. The power division 
is, of course, a function of frequency. For greatest convenience of 
operation, this variation should be small. 

The extreme sensitivity of the power division to reflections from the 
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individual components can be avoided by using more complicated 
arrangements. Three directional couplers (Chap. 14) and an r-f switch 
may be employed as described in Sec. 4-15 to avoid completely the effects 
of mismatch. Another possibility is to use a magic T for the power 
division, and a switch to interchange the position of the oscillator and 
power monitor. This arrangement is shown schematically in Fig. 4-9. 
A magic T has the property that power sent into one arm is divided 
equally between adjacent arms if these arms are terminated in matched 
loads. No power goes into the opposite arm (see Chap. 9). The r-f 
switch can be constructed similar to a stopcock using Z?-plane bends in 
waveguide. No signal generators using this r-f circuit are currently 
available. 

4-8. Pulse Modulation of Oscillators.—To be useful, the pulse 
generated by a pulsed signal generator must simulate as closely as possible 
the characteristics of the signals for which the pulse receiver is used. 
Since the signal generator may be used to test receivers having widely 
different characteristics, it is usually desirable that the parameters of 
the pulse, such as length and recurrence rate, be variable. Furthermore, 
the timing of the test pulse should be synchronized with the presentation 
of the indicating system. 

In the past, only two types of r-f oscillator tubes have been used in 
microwave signal generators, the reflex, velocity-modulated tube, and 
the so-called "lighthouse" tube. In the reflex, velocity-modulated 
tube, the frequency and output power depend critically upon the poten
tial of the reflector electrode and only to a lesser extent upon the potential 
of the anode with respect to the cathode. By setting the reflector voltage 
accurately to a definite value during a very short interval of time, a pulse 
of r-f energy at the frequency determined by the reflector voltage is 
produced. If the pulse is to be rectangular and properly shaped, the 
voltage during the pulse must be very nearly constant, and the rise and 
decay time very short. At the end of the pulse the reflector voltage 
returns to a value at which the tube does not oscillate. Thus the oscil
lator is periodically turned on for a short time during the cycle. The 
amplitude of the pulse is determined by comparison with the power 
generated when the oscillator is producing a continuous-wave signal. 
The circuit constants of the signal generator are usually so adjusted that 
the peak amplitude of the pulse equals that of the continuous wave, 
which may be measured by means of the thermistor bridge in the signal 
generator. 

Pulse-forming Stages.—Figure 4-10 shows the delay lines and switch 
tubes used to produce a voltage pulse. Normally the delay lines are 
charged to B + potential. With the arrival of a positive trigger upon the 
grid of the gas-discharge tube A, the delay line selected by the pulse-
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length switch discharges through the tube, causing an abrupt increase in 
cathode potential. The delay line discharges until the plate potential 
falls below the ionization point and the current is cut off. The cathode 
resistance is chosen so that the impedance of the discharge path is 

>2%ft 
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F I G . 4-10.—Pulse-forming network and switch tubes. 

appoximately equal to the characteristic impedance of the delay line. 
Either of two delay lines (or more, if desired) are made available by 
switching. 

For pulses of variable length (position 1 of the pulse-length switch), 
the front edge is produced in the 
same way as described above, with 
the 1.1-mh inductance as the load. 
The trailing edge is formed by the 
discharge of the gas tube B. The 
time interval between front and 
trailing edges is determined by the 
rate of change of bias controlled by 
the adjustment of the 100,000-ohm 
rheostat. 

To ensure that the d-c potential 
on the reflector of the r-f oscillator 
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— V W r A A / V K / V V 

-105 v ^ 
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F I G . 4-11.—Diode clamping circuit. 

has the same value during the pulse as during c-w operation, a clamping 
circuit may be used, as shown in Fig. 4-11. The cathode of the diode 
is at a positive potential relative to the plate, and hence the diode con
ducts only during a positive pulse. The potentiometers are so adjusted 
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that, with the diode in a nonconducting state, the potential at the junc
tion of Ri and Ri is equal to that at the junction of Ri and Rz when the 
diode is conducting. 

Another method for generating a short voltage pulse uses a pulse 
multivibrator, shown in Fig. 412. With the arrival of a trigger upon the 
grid of one tube, one cycle of oscillation is produced, the multivibrator 
recovers, and remains quiescent until another trigger arrives. Potentiom
eter Ri controls the duration of the pulse. The circuit constants may 
be so adjusted that when a single trigger is applied the multivibrator 
generates a train of pulses of short duration separated by 5 to 10 usec. 
This type of modulation is often con
venient, particularly in measurements 
of receiver recovery. 

Synchronization of Pulses.—In 
testing pulsed radar systems it is 
necessary to synchronize the signal 
generator with the transmitter in order 
that the repetition rates of the system 
and signal generator are exactly the 
same. This synchronization is usu
ally accomplished by trigger pulses 
formed in one part of the system and 
distributed to the other components. 
One common scheme is to use the 
trigger which operates the modulator 
of the transmitter to drive the pulse-
generating circuit of the signal genera
tor. Since this trigger may be either a positive or a negative one, 
some provision must be made so that the pulse-generating circuit 
can be actuated by either polarity. One method of accomplishing 
this is to have a selector switch and an inverter stage so that it is 
always possible to introduce a trigger voltage of the same polarity into 
the pulse generator. A modification consists of using an inverter-
amplifier stage with a switching arrangement for applying a negative 
trigger to the cathode or a positive trigger to the grid so that in either case 
an amplified negative trigger is produced. This synchronization scheme 
requires a trigger cable connecting the transmitter with the signal 
generator. 

A more convenient arrangement is to apply a small amount of the 
transmitter power to a crystal, amplify the resulting video pulse, and 
utilize this as the synchronizing signal. While the use of the signal 
generator is simplified by the elimination of the trigger cable and the 
trigger-polarity switch, the bulk of the set is increased slight'.y by the 

F I G . 4-12.—Multivibrator for producing 
pulses of variable length. 
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addition of the video amplifier. The amount of power extracted from 
the line and applied to the crystal should be small enough so that no 
error is introduced in measuring the transmitter power. I t should also 
be small enough so that the crystal will not be burned out with the 
largest transmitter power which is likely to be encountered. While 
it is simple enough to reduce the power coupled to the crystal to the 
required level, in doing so the output voltage of the crystal at minimum 
transmitter power is reduced to a very small amount. This requires 
that the video amplifier have a fairly large gain to produce a satisfactory 
synchronizing signal. 

In some cases it is desirable to reverse the order of synchronization, 
and have the transmitter driven by a trigger generator which is part 
of the signal generator. An external cable connection must be provided 
for conducting the trigger voltage to the transmitter. 

Not only must the signal generator be synchronized with the trans
mitter, but it is also necessary to have the signal separated in time 
from the transmitter pulse by a variable amount. Some delay circuit 
must therefore be placed between the trigger generator and the modu
lator of the signal generator, whether the trigger be generated internally 
or received from some external source. This delay circuit most commonly 
takes the form of a multivibrator of essentially the same type as that 
shown in Fig. 4-12. The rectangular pulse which the delay multi
vibrator produces is differentiated, and the pip caused by the trailing 
edge of the pulse is used to trigger the pulse generator. Thus, by varying 
the length of the pulse produced by the multivibrator, it is possible to 
alter the time interval between the signal and the transmitter pulse. A 
more detailed discussion of delay multivibrators for this application may 
be found in Vol. 22 of this series. 

4-9. R-f Leakage and Shielding.—It is very important that the 
signal generator be well shielded, since the oscillator level is much greater 
than the signal level and signals can easily escape from the generator and 
find their way into the sensitive parts of the receiver being tested. Such 
spurious signals, even if small compared with the test signal, can introduce 
large errors in receiver measurements. This is illustrated by the follow
ing example. If PL is the leakage power, and Ps the available signal 
power from the signal generator as measured at the receiver input ter
minals, and VL and Vs the corresponding voltages, then the maximum 
and minimum values of the voltage at the receiver are 

y»« = vs + vL 
and 

VJ E is the error in decibels introduced by the leakage, the error cor-
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responding to Vm„ is 

E+ = - 2 0 1og,oU +y~\ 

and that corresponding to FmiI1 is 

E_ = -2oiogl„(i - ^ y -

The actual error falls between E+ and 7<L_. It is convenient to specify 
the error in terms of the ratio PL/PS or by the quantity 

PL VS 
L = 10 logio -jT- = — 20 logio T7-> 

IS V L 

which is commonly called the "leakage," namely, the leakage power 
expressed in decibels below the signal power. The contours E+ and E_. 

-20 -10 0 +10 
Leakage in db 

FIG. 4-13.—Errors due to leakage from a signal generator. E+ curve is for leakage in 
phase with signal and E- curve is for leakage 180° out of phase. Actual error will fall in 
shaded region. 

vs. L are shown in Fig. 4-13. The actual error will always be inside of 
the shaded region. 

The leakage from a signal generator can be measured with a calibrated, 
superheterodyne receiver. The receiver is connected to a flexible trans
mission line terminated in a small horn which is used to explore the region 
close to the signal generator. A small horn close to the source of leakage 
is more sensitive than a larger antenna several feet away. 

Evidently, the smaller the power level of the test signal, the more 
damaging are the effects of leakage. It is, therefore, advantageous to 
use test signals which are large in amplitude, such as the tangential 
signal. 
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The sources of leakage in a signal generator are numerous. Leakage 
occurs at any imperfect waveguide junction, and through any small 
apertures in the r-f line. In most signal generators designed in the past, 
there has been leakage of r-f power at the back-plate of the thermistor 
mount and coaxial line by which the d-c power is supplied to the ther
mistor. Other sources of leakage have been the cover of the mount for 
the r-f oscillator tube, the junction of the tube mount and the exit 
transmission line, the waveguide choke-flange joints, and the openings 
for mechanical devices for driving the attenuator and tuning the r-f 
oscillator. 

There are a variety of techniques which may be used to minimize 
leakage. In general, all joints, such as the threads of tube caps and the 
junctions of waveguide sections, should be as nearly mechanically perfect 
as is possible. The necessary apertures in the waveguide, such as a slot 
into which resistive attenuators are inserted, or the holes through 
which the supporting rods of an attenuator are moved, or the holes 
through which insulated wires pass must be very well shielded. It has 
been found that polyiron,1 a material having a high attenuation for 
microwaves, provides an excellent means for absorbing leakage power. 
Thus, slots through which attenuator flaps move may be enclosed in 
polyiron; the dielectric material of insulated leads may be polyiron; and 
shafts may be sealed with polyiron washers. 

Several techniques for reducing the leakage from waveguide fittings 
have been used. Among these are carefully constructed flanges making 
excellent contact with one another, and flange-choke combinations with a 
ring of metal textile in a shallow groove placed concentrically with and 
further from the guide axis than the choke groove. The metal textile 
ring consists of copper braid pressed into resilient rings which fit into this 
groove. When together, the choke and flange combination compress 
the ring, forming a very leakproof joint. In using a flange-to-flange 
combination, a thin washer has sometimes been used to compensate for 
the lack of parallelism. The metal textile ring is usually greatly superior 
to a solid washer. Thermistor mounts have been a great source of leak
age in the past. The tunable back-plate and the coaxial line, whose 
center conductor is the d-c lead to the thermistor, were particularly 
objectionable. The tunable back-plate may be improved by careful 
soldering after the thermistor has been matched. Leakage from the 
coaxial line may be suppressed by the use of polyiron. A satisfactory 
method for suppressing leakage along a shaft is to make the shaft of 
plastic and to enclose it in a metal pipe in such a way that the combination 
is a waveguide below cutoff. Other materials that have been used 
to reduce the leakage from signal generators include steel wool, metal 

1 See Chap. 12; also Vol. 8, Chap. 11. 
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paint, and plaster of Paris impregnated with some lossy material such as 
graphite. 

The best guarantees of negligible leakage are careful mechanical 
construction, the use of soldered joints wherever possible, the use of 
chokes and metal textile rings in waveguide connections, the use of 
polyiron washers and disks in movable components, and the use of poly-
iron strips to cover irises and slots in waveguide. 

4-10. Miscellaneous Features.—The weight and the size of a labora
tory signal generator are usually of little importance compared to 
accuracy. On the other hand, a test generator for field use should be 
light and compact for portability. The use of light metals for the panel, 
chassis, carrying case, and some of the r-f components is a great help 
in weight reduction. The other principal source of weight is the power 
transformer. The lower limit on transformer weight is determined 
primarily by the voltages it must be insulated to withstand, and the 
amount of power it must supply. By choosing an r-f oscillator which 
does not require high voltage and by choosing circuits which require 
a minimum amount of power, the weight of the test set can be minimized. 

While the power-supply requirements on signal generators using light
house tubes are much less stringent than those for velocity-modulation 
tubes, the performance of the lighthouse-tube signal generators has not 
been sufficiently good to justify their use except in rare applications 
where higher power is required than can be obtained from velocity-
modulation tubes. Since both the frequency and output power of 
velocity-modulation tubes are dependent on the voltages applied to the 
tube, the power supply for these tubes must be well regulated. In fact, 
it is sometimes necessary to stabilize the heater current for the tube. 
In thermally tuned tubes using direct heating of the tuning strut, the 
tuning current must be well regulated. Where triode tuning is used, as 
in the 2K50, the heater current as well as the plate voltage for the triode 
must be well regulated. Field-test generators should be designed to 
operate over a wide range of power frequencies (for example, 60 to 1600 
cps) and should be insensitive to the waveform of the primary power 
source. 

Where the output line of the signal generator consists of a waveguide 
junction, some provision should be made for keeping foreign matter, 
such as water and dirt, from entering the waveguide. This can be done 
by plugging the end of the waveguide with a piece of nondissipative 
dielectric shaped so that the standing-wave ratio is small when viewed 
from either side. Windows which are suitable for this purpose are 
described in Sec. 4-22 of Vol. 9 of this series. 

The electrical connection between the signal generator and the 
device to be tested can take many forms. A direct connection to the 
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receiver necessitates disconnecting the receiver from its operating circuits, 
which is seldom convenient. A commonly used procedure for radar 
systems is to use a horn or dipole directed at the radar antenna and 
connected to the signal generator.' This may, however, lead to serious 
errors. Space attenuation is often too great if the horn is placed a 
considerable distance from the antenna. If the horn is placed close to 
the antenna, it becomes extremely difficult to know the fraction of the 
signal power which is received. If the horn and antenna are separated 
by a distance greater than the extent of their wave zones, the space 
attenuation A in decibels is calculated from 

where g1 and gi are the gains, relative to an isotropic radiator, of the horn 
and antenna, and d is the distance between them. If the signal generator 
leaks, it is well to keep the leaking parts out of the antenna beam. 

A more convenient and accurate method of introducing the signal into 
the transmission line of a radar system is by means of a directional 
coupler. Such couplers are described in Chap. 14 of this volume. I t is 
good practice to install a directional coupler into the system permanently. 
The directional properties of the coupler cause the introduced signal to 
be propagated toward the receiver. By the same mechanism, only 
the transmitted wave from the system which is proceeding toward the 
antenna will be introduced into the test generator. 

The most convenient method of conducting the signal power is by 
means of a flexible coaxial cable. The connections used for coaxial 
cables are usually mismatched to such an extent that the effect of additive 
reflections from the two ends of the cable and from the other imperfectly 
matched components can cause a serious variation in power output with 
frequency. To obtain the best accuracy, it is often necessary to calibrate 
the signal generator using the same cables and connections as are 
employed for the measurements. The transmission loss of flexible coaxial 
cables becomes greater at higher frequencies and cannot be used at 
frequencies much higher than 10,000 Mc/sec. Available types of 
flexible cables are discussed in Chap. 1 of this volume and in Chap. 5 
of Vol. 9 of this series. 

Waveguides are generally more satisfactory than cables from an 
electrical point of view, but they are less convenient to use. At fre
quencies much less than 8000 Mc/sec the size of waveguide necessary 
to transmit power without appreciable attenuation becomes too great 
to be practical. For the greatest versatility flexible waveguide should 
be used. A flexible guide, constructed of a spirally wrapped metal strip, is 
satisfactory for use at 10,000 Mc/sec. A guide made up of a series of 
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choke and flange joints (known as vertebrae) held in a rubber envelope 
is also satisfactory. Its transmission loss is not high and is not greatly 
affected by twisting and bending.1 Flexible guides of both types leak 
power, the vertebral guide being the poorer in this respect. This leakage 
should be absorbed by a lossy covering material. 

4-11. Calibration Procedures.—The procedures used in calibrating a 
signal generator depend, of course, on the device in question. There are 
certain similarities in the methods used if the discussion is limited to 
c-w and modulated c-w signal generators. For these classes tkere 
are three main points of interest: (a) the output signal power level, (b) 
its carrier frequency, and (c) the modulation characteristics. 

The determination of the modulation characteristics is usually a 
question of design rather than one of calibration. For a c-w signal 
generator, the presence of modulation may be detected with a spectrum 
analyzer. If modulation is present, it may be eliminated by improved 
filtering of the supply voltages or by low-frequency shielding of the 
oscillator tube. For pulsed signal generators, the spectrum of the pulses 
or the time response of a receiver of known characteristics when excited 
by the generator may be observed. 

It is usually desired to know the frequency of c-w or modulated c-w 
signals. This is often accomplished by including a cavity wavemeter in 
the signal-generator circuits. This wavemeter may be calibrated by any 
of the methods discussed in Chaps. 5 and 6. When a wavemeter is not 
included in the signal generator it is necessary to use an external wave
meter in the exit transmission line. Suitable circuits for this purpose are 
treated in Chap. 5. Such measurements can be used to calibrate roughly 
the tuning of the oscillator tube, which is frequently useful. 

There are two principal forms of calibration of signal power which can 
be called derived and direct calibrations. A derived calibration is one in 
which power is measured in some part of the r-f circuit of the signal gen
erator, and this value is used to calculate the available power at the output 
terminals when the circuit parameters are known—in particular the 
attenuation caused by power split and by the variable attenuator. For 
this purpose a thermal power-measuring element connected to a suitable 
bridge and indicator is often placed on a side stub connected to the r-f 
circuit in the signal generator. These devices are discussed in Chap. 3. 

This derived calibration is usually supplemented by a direct measure
ment of the output signal power, in which case the internal power-meas
uring device becomes simply a monitor. The principal difficulty arises 
from the rather small output power that is usually available, particularly 
for pulsed signal generators. Direct measurements may be taken over 

1 Volume 9, Chap. 5 contains more complete descriptions of the several varieties of 
flexible waveguide. 
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the whole range of the variable attenuator at various frequencies or ' 
they may be made at a single point. If direct measurements are made 
at a single point, the attenuator must be calibrated by an auxiliary 
measurement or the attenuation may be calculated from the dimensions. 
For resistive attenuators it is necessary to calibrate the attenuator point 
by point. 

Whether the calibration is derived or direct it is necessary to know 
the character of the modulation of the sjgnal in order to interpret power 
measurements made with a thermal element. I t is customary with f-m 
and pulsed signal generators employing klystron oscillators to provide v 

for c-w operation and to assume that the f-m or peak pulse power is 
the same as the c-w value. With suitable pulsing and f-m circuits 
this is approximately correct. It is always subject to error, however, 
and consequently, it is more desirable to measure the f-m or peak pulse 
power directly. In the case of pulsed modulation this can be done by 

measuring the average power and deducing 
the peak power from the recurrence rate and 
pulse length and shape. This is frequently a 
difficult measurement because of the low value 
of available average pulsed powers. A more > 
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position of c-w and pulse satisfactory measurement method is discussed 
s l g n a s' in the following paragraphs. , 

In this method the peak power of a pulse is measured by mixing it 
with c-w power in a receiver. A relation between these two powers is 
derived so that a knowledge of the c-w level can be used to give the peak 
pulse power. Since the c-w power is easily measured, this is capable of 
considerable accuracy. By itself the c-w power produces no change in 
the output signal of the receiver;1 that is, the baseline of an oscilloscope 
connected to the output terminals of the receiver remains unaltered. 
However, if c-w and pulsed power from two sources of exactly equal 
carrier frequency are applied to the mixer simultaneously, the video 
pulse appearing on the oscilloscope may be either positive, negative, or 
zero, depending upon the relative phase and amplitude of the two ' 
signals. 

Suppose that the output signals from a pulsed and a continuous-wave 
generator, operating at exactly equal frequencies, are applied to a mixer 
and receiver. If the signals are equal in amplitude and in phase, the 
pulse and c-w signals combine to produce a positive video pulse, since 
the video output voltage changes only when the r-f pulse is applied. 
If the signals are out of phase and of equal amplitude, the two signals 
combine to produce a negative video signal. In practice, since the two v 

sources cannot remain coherent, the video pulse appearing on the oscil-
1 This measurement is carried out far above the noise level of the receiver. 



SEC. 4-12] THE TGS-bBL SIGNAL GENERATOR 247 

loscope is composed of a series of horizontal lines representing combina
tions of the signals of arbitrary phases. If the r-f pulse amplitude is 
adjusted so that the modulation product appears as shown in Fig. 4-14, 
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Variable 
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F I G . 4-15.—Block diagram of calibration equipment. 

then the peak voltage of the pulse is twice that of the c-w signal, and the 
power during the pulse four times the c-w power. An operational block 
diagram of the calibrating equipment is shown in Fig. 4-15. 

PRACTICAL C-W AND MODULATED-C-W SIGNAL GENERATORS 
4-12. C-w, Pulse-modulated or F-m Signal Generator for the 3000-

Mc/sec Region (the TGS-5BL Signal Generator).—This signal genera
tor is designed to operate in the frequency range from 2400 Mc/sec 
(12.5 cm) to 3445 Mc/sec (8.7 cm). A front-panel view is shown in Fig. 

F I G . 4-16.—TGS-5BL signal generator. 
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4-16. Figure 4-17 is a block diagram of this equipment. No provision 
is made for measuring the input power from an external source. The 
equipment was designed for laboratory use only. 

The circuit diagram for this signal generator is shown in Fig. 4-18 
While this is largely self-explanatory, there are a few points to which it 
is worth calling attention. It will be noticed that a switch is provided 
so that when it is desired to go from c-w to pulsed operation, a voltage 
is applied to the reflector of the oscillator which prevents oscillation. 
The rectangular pulses remove this blocking voltage for short periods 
of time. This goes far toward avoiding the difficulties of a frequency 

-430 to -330 volts d-c— 
Reflector potential 

Tuning plunger controls 
volume of resonant cavity 

Compensating disk thermistor 

Thermistor 
Biasing current 

Cathode pin *3 
and filament*2 
-250 to -180 volts d-c 

Coupling iris 

Resistive stripe 

Tuning plunger 
controls volume 

of resonant cavity 

Filament pin *7 
-250 to -180 volts d-c 

F I G . 4-19.—707B McNally cavity oscillator and associated r-f components. 

change between the c-w and pulsed operation although there is still 
a small shift in frequency remaining. 

External frequency-modulation voltage is applied to the reflector 
of the oscillator, but external amplitude modulation is applied to the grid 
which results in some frequency modulation. A selector switch permits 
square-wave modulation (50 per cent duty ratio) with the multivibrator 
running self-synchronously at about 1500 cps, or being triggered at any 
frequency from 500 to 2000 cps. The duration of the pulse from the 
pulsing multivibrator is determined partly by the duration of the trigger 
applied to it. For pulse lengths of 5 to 10 jusec, the trigger must be of 
several microseconds duration. A switching arrangement is provided 
to furnish this long trigger. 

The oscillator is a 707B (McNally) reflex velocity-modulation tube 
with an external cavity. The oscillator and the arrangement of the 
other r-f components are shown in Figs. 4-19 and 4-20. As can be 
seen from Fig. 4-19, the cavity has straight sides and curved movable ends 
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in the form of tuning plungers. One of these plungers can be positioned 
at will and locked with a setscrew. The other is actuated by a microm
eter drive which varies the wavelength over a band of about 2 cm. 
Thus, two positions of the semifixed plunger suffice to cover the whole 
frequency band. I t would be desirable to have both plungers move out 
or in together, as the entire frequency range could be covered without 
resetting the second plunger. I t would also result in more uniform 
variation of output power with frequency. These refinements were 

FIG. 4-20.—TGS-5BL signal generator, detailed view of mounting of cavity in the chassis. 

foregone in the present case to gain mechanical simplicity. It will be 
seen from the block diagram, Fig. 4-17, that no means of determining 
frequency is provided in this signal generator. With a fixed setting of 
the back plunger, however, the micrometer driving the front plunger 
can be calibrated approximately in frequency. A typical frequency 
calibration chart is shown in Fig. 4-21. 

The r-f power is adjusted to the reference level by adjusting the grid 
voltage of the 707B. Power monitoring is accomplished by extracting 
signal power from one side of the cavity and monitor power from the 
opposite side. The signal power is coupled out through a cutoff attenu
ator. The power monitor consists of a thermistor bead located as closely 
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as possible to its coupling loop. This thermistor forms one arm of a 
bridge circuit. I t is driven by a constant d-c current so that its sensi
tivity is nearly independent of temperature, and compensated for ambient 
temperature effects by a 2000-cps current controlled by a disk thermis-
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tor. Figure 4-22 shows how the indicated power varies with the actual 
signal power when the output attenuator is set for minimum attenuation. 
The maximum signal power is about 1 or 2 mw. A somewhat more 
satisfactory method of calibration is to set the output attenuator to give 
100 nw when the monitor reads half scale, and then set the attenuator 

11 

2700 2800 3200 3300 2900 3000 3100 
Frequency - mc/sec 

F I G . 422.—Frequency sensitivity of the power monitor in the TGS-5BL signal generator. 
The actual signal power is maintained constant as the frequency changes. 

dial to read —10 dbm at this point. A typical calibration curve using 
this technique is shown in Fig. 4-23. It is desirable to have the monitor 
meter marked in + and —dbm as the output power of the oscillator at 
the edges of the frequency band is not always sufficient to give half-scale 
deflection on the monitor meter. The power-monitor meter may be 
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made to read linearly in dbm if the monitor coupling loop couples suffi
cient power out of the oscillator cavity. 

The attenuator is of the cutoff type operating in the T-En-mode. 
In order that the attenuator shall appear to be a generator of internal 
impedance approximately Zo, the resistive attenuator insert is provided. 

0.35 I 1 1 1 1 
2600 2800 3000 3200 3400 

Frequency in mc/sec 
F I G . 4-23.—Frequency sensitivity of power monitoring in the TGS-5BL. The signal 

power is set to be 100/iw when the attenuator dial reads — lOdbrn. 

These resistive elements are easily burned out if several watts of power 
are accidentally fed into the signal generator from an external source. 
Because of the movement of the attenuator insert in the cutoff tube, 
it is necessary to have a length of flexible cable between the attenuator 
and the signal output jack. 

There is probably some leakage of r-f power from the joint where the 
two halves of the cavity come together, some around the thermistor, and 
some around the attenuator insert. The voltage leads come out of the 
shield box through polyiron chokes. 

4-13. A Pulsed-lighthouse-tube Signal Generator for the 2700- to 
2900-Mc/sec Region (TS-155).—This is a signal generator with provi-

F I G . 4-24.—Front-panel view of the TS-155/UP signal generator. 
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sion for measuring power from an external source. A front-panel view 
of the set is shown in Fig. 4-24. It covers the frequency range from 2700 
to 2900 Mc/sec and furnishes pulsed signals only. This generator 
employs a lighthouse tube with an external coaxial cavity. The fre
quency and amplitude of the oscillations of the lighthouse oscillator 
are rather insensitive to changes in plate'voltage, which places rather 
lax requirements on the regulation of the power supply. Variations 
in construction of individual tubes has led to rather erratic performance 
of the microwave signal generatois using them, such as failure to oscillate 
over the entire frequency band, and slow buildup in amplitude of oscil
lation when pulsed. Adequate shielding was provided by placing the 
tube and cavity assembly in a metal enclosure and bringing all lead 
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F I G . 4-25.—Block diagram of TS-155 signal generator. 

wires and tuning controls out through polyiron chokes. The block 
diagram of this set is shown in Fig. 4-25. 

The circuit diagram of the signal generator is shown in Fig. 4-26. 
The power supply is noteworthy only in the fact that so little attention 
is paid to voltage regulation. Two VR tubes are used, one to regulate 
the voltage for the thermistor bridge, and one to regulate the plate 
voltages of V\a, Via, and T/2&, to prevent the pulse delay time from varying 
with power-line voltage. 

The oscillator cannot be operated to produce a continuous wave but 
may be pulse-modulated at 120 to 2000 cps with either internal or external 
triggering. The internal trigger voltage is furnished by the blocking 
oscillator T/5a. When the selector switch is in the position for internal 
triggering, the trigger voltage is conducted also to the "trigger jacks" 
so that it may be used as a synchronizing signal to trigger an external 
transmitter. The external trigger pulse may be from 0.5 to 18.0 fisec 
long as measured between the half-voltage points, but the rise time to 
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10 volts must be less than 0.1 ;usec. The amplitude may range from 
10.0 to 100.0 volts. 

-Coupling loop 

Grid cylinder assembly 
length adjustable 

-Mica capacitor 
" Plunger screw driver 

adjustment 

^ J - ^ P o l y i r o n chokes 

Cathode 
Plate cap finger 

Plate 

Grid leak 
F I G . 4-27.—Schematic diagram of lighthouse-tube cavity, TS-155/UP. 

F I G . 4-28.—View of TS-155/UP signal generator showing r-f components. 

The pulse may be delayed in any amount from 5 to 1800 /usec from 
the synchronizing trigger voltage at a repetition rate of 2000 cps. The 
delay range varies somewhat with repetition rate. The delay is varied 
by the potentiometers Pi, P 2 in the delay multivibrator y2 o

 — V^-
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The pulse length is continuously variable from 0.75 to CO /usec at a 
repetition rate of 2000 cps. The range of pulse lengths varies somewhat 
with repetition frequency. Pulse length is varied by means of the 
potentiometer P 4 in the multivibrator V3a — V3b- The resistor P 3 is 
set to give a fixed pulse length when the selector switch is set in the 
calibration position. In the calibration position, the multivibrator 
frequency is also set at about 650 cps so that the proper amount of 
average power is delivered to the thermistor power monitor for calibra
tion. The shape of the r-f pulse is 
not all that might be desired. The 
pulse has a rise time of 0.25 ^sec from 
10 to 90 per cent voltage, and a fall 
time of 0.3 jusee from 90 to 10 per 
cent voltage. 

The oscillator is a 2C40 light
house tube with adjustable coaxial 
cavities, as shown in Fig. 4-27. The 
arrangement of the oscillator and 
associated r-f components can be seen 
in Fig. 4-28, which is a top view of 
the signal generator. No provision 
is made for determining frequency 
in this equipment. The oscillator 
cavity can be adjusted until the 
power monitor shows a dip on input 
power. The output frequency of the 
oscillator is then near the frequency 
of the input signal. In testing 
radars, this is an aid in adjusting 
the test-signal frequency to that to 
which the receiver is tuned. The r-f power is adjusted to the reference 
level by varying the plate voltage of the oscillator with the selector 
switch in the calibration position. After the reference power level is 
set this way, the repetition rate and pulse length may be changed and 
the pulsed power will remain approximately the same. 

Power is monitored by a temperature-compensated thermistor bridge. 
A loop couples power out of the coaxial cavity into a coaxial line. The 
center conductor of this line makes a right-angle bend and goes into a 
T-stub terminated by the thermistor. Power is radiated from this 
right-angle bend into the cutoff tube of the attenuator. This monitoring 
scheme is shown in Fig. 4-29. The variation in output power with 
frequency when the power monitor reads full scale and the attenuator 
is set at —20 dbm is shown in Fig. 4-30. Input-power measurements 

R-f oscillator 
Cavity 

Fiu. 4-29.—Schematic diagram of 
monitoring T-junction of the TS-155 
signal generator. 
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may be made in the range from 0 to 200 mw. The attenuator is always 
set for minimum attenuation and the power level read from the monitor 
meter. Figure 4-31 is a typical calibration curve of input power for full-
scale monitor reading. This monitoring scheme is obviously not well 
suited to input-power measurements. 

0 

2600 2800 3200 3400 3000 
o Frequency in mc/sec 

F I Q . 4-30.—Power output vs. frequency, TS-155 signal generator. The power monitor 
reads full scale and the output attenuator is set to —20 dbm. 

The attenuator is of the cutoff type operating in the TEn-mode, with 
a resistive disk at the point of high impedance near the attenuator cou
pling loop. A flexible coaxial cable connects the attenuator insert to 
the output jack. 

The r-f components are well shielded so that the detectable leakage 
power is less than —120 dbw. The heater-current leads for the 2C40 
are brought out of the cavity through polyiron chokes. The plate rod, 

carrying the plate c u r r e n t , is 
brought through a reactance choke 
and a polyiron sleeve. The insu
lated thermistor lead passes through 
a polyiron choke. All other joints 
and connections are made to fit well 
and are assembled very tightly. 

Calibration of this set is com
plicated by the inability of the set 
to operate with the oscillator pro
ducing c-w power and by the large 
minimum attenuation of the atten
uator. The repetition rate and the 
pulse length, as well as the average 
output power, must be accurately 

determined in order to determine the pulse power. The average output 
power is only about 2 to 3 MW, at most, and hence is difficult to measure 
even with a sensitive thermistor bridge. If the pulse power is determined 
at minimum attenuation, the signal is introduced into a spectrum analyzer. 
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FIG. 4-31.—Calibration curve for power 
input vs. frequency, TS-155 signal 
generator. 
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The signal is compared with that from another oscillator whose output 
power is reduced by an accurately calibrated attenuator. 

4-14. An F-m and C-w 9000-Mc/sec Signal Generator (TS-147).— 
This signal generator, a front-panel view of which is shown in Fig. 4-32, 

FIG. 4-32— The TS-147/UP signal generator. 
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F I G . 4-33.—Block diagram of TS-147/UP signal generator. 
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FIG. 4-34.—Signal generator TS-147/UP, circuit diagram. 
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was designed for measuring both input and output power and frequency 
in the frequency range from 8500 Mc/sec to 9600 Mc/sec. The block 
diagram of the set is shown in Fig. 4-33. 

The generator may be operated to produce a continuous wave or f-m 
signals by means of a sawtooth voltage generated by a blocking oscillator. 

Synchronization may be accomplished either by an external trigger 
voltage or by r-f pulses coming into the input-output jack of the signal 

F I G . 4-35.—R-f components of the TS-147/UP signal generator. The waveguide and 
accessories are painted black. 

generator. A small amount of the power coming from an external 
transmitter is coupled through a — 35-db iris into a crystal rectifier. 
The video pulse from this crystal is amplified by the two-stage amplifier 
and is used in the same way as an external trigger voltage. Triggering 
takes place at r-f power levels of from 5 to 500 watts with pulses of 
0.5- to 6-Aisec duration. External positive trigger voltages of 10 to 
50 volts and 0.5- to 20-Msec duration are capable of triggering the blocking 
oscillator. The sawtooth sweep voltage can be continuously adjusted to 
give sweep rates of 0 to 2 volts per ^sec, which correspond to 0 to 6 Mc/sec 
per /isec of frequency modulation. The sawtooth sweep may be delayed 
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by any amount from 3 to 50 ,usec after the triggering voltage. The 
circuit diagram is shown in Fig. 434. 

The 2K25 oscillator is a reflex velocity-modulated tube with an 
antenna which radiates the power into rectangular waveguide. It is an 
internal-cavity tube with mechanical tuning. Figure 4-35 is a photograph 
showing the oscillator and other r-f components of the test set. 

The frequency meter is a cylindrical resonant cavity of variable length 
which normally operates in the Ti'oii-mode. It bears a spirally engraved 
dial with engraved marks 1 Mc/sec apart. It has an absolute accuracy 
of +2.5 Mc/sec at 25°C and 60 per cent relative humidity. The relative 
accuracy is +1.0 Mc/sec for frequency differences of less than 60 Mc/sec. 
The wavemeter is coupled to the waveguide by means of a hole in its 
side. Its response to c-w signals within the frequency band in spurious 
modes is at least 20 db less than the response in the TE0U-mode. The 
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variation in response with frequency on input signals is about ± 15 per 
cent, but on output power the variation is about ±30 per cent. 

As can be seen from Fig. 4-36, the wavemeter coupling iris is directly 
opposite the generator arm of a waveguide T. I t will also be noticed 
that a small pin projects inward from one wall of the waveguide. This 
pin tends to match out the reactance of the wavemeter hole when the 
wavemeter is not resonant. The generator arm of the T may be closed 
off by an r-f switch, which is the movable metallic plate located just 
above the tuning pin. 

A metalized-pyrex vane attenuator is used to reduce the r-f power 
to the reference level. Power is monitored by a thermistor and tempera
ture-compensated bridge. A meter-shunt resistor is attached to the 
thermistor mount to compensate for the variation in sensitivity of 
different thermistor beads. In this way, the thermistor mount can be 
replaced in the field without having to recalibrate the power monitor. 
A noteworthy feature of the mount is the fact that there is very little 
leakage from it. Leakage is prevented by having a waveguide-beyond-
cutoff tube extending beyond the coaxial tuning stub, and by surrounding 
the fixed coaxial stub with polyiron. The thermistor bridge is balanced 
when the reference power, 1 mw, is applied to the thermistor element. 
The meter-balance control decreases the d-c power to the thermistor by 
1 mw. As a result the thermistor always has the resistance at which 
it was tuned for best match when the r-f power was measured. I t should 
be noted, however, that when the set is switched to f-m operation, the 
average power delivered to the thermistor is very small; therefore, unless 
the bridge is rebalanced, the thermistor will not be at its proper value 
and its standing-wave ratio will probably be increased. This change in 
standing-wave ratio causes a change in the division of power at the T 
and a different proportion goes into the output line. For the same 
reason, replacement of the thermistor mount by one whose standing-wave 
ratio varies with frequency in a slightly different manner, even though it 
has a sensitivity-compensating meter-shunt resistor, alters the output 
power of the signal generator somewhat from that shown by the calibra
tion curve which was made with the original mount. With the r-f switch 
closed, the T is cut off and the error of the thermistor in measuring 
input power is only that from reflection. Typical calibration curves 
for both input and output power are given in Fig. 4-37. 

The two calibrated attenuators and the power-set attenuator are all 
metalized-pyrex vanes which are moved from the sidewall of the guide, 
where there is no electric field, to a point near the center of the guide, 
where the electric field is a maximum. The two calibrated attenuators 
are alike, except that one, known as a step attenuator, has only two 
positions differing in attenuation by 40 db. The other attenuator is 
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continuously variable over an approximate 40-db range. The frequency 
sensitivity of attenuation of this type of attenuator has the characteristic 
of being almost zero for minimum attenuation, increasing slowly to 
about the 20-db range, and then decreasing to nearly zero at about 40 db. 
Above 40 db, the frequency sensitivity increases more rapidly and is 
opposite in sign to that at attenuations less than 40 db. These facts 
dictated the use of a 40-db step attenuator, but the choice is a desirable 
one also from the standpoint of calibration as it divides the total attenua
tion into two nearly equal parts. When the selector switch is in the 
position for measuring input power, the step attenuator is in the position 
of minimum attenuation and input powers of + 7 to +30 dbm can be 
measured. When the switch is in the position for testing receivers, the 
step attenuator is at the 40-db position and the output power may be 

50 60 70 80 10 20 30 
-dbm +dbm 

(a) (6) 
F I G . 4-37.—Sample calibration for a TS-147/UP signal generator; (a) gives the calibration 

for output power (b)for imput power. 

varied from —42 to —85 dbm. When the switch is set at the third 
position, the step attenuator is at minimum value, giving output powers 
of approximately —7 to —30 dbm. The waveguide is terminated in a 
coaxial adapter. A flexible coaxial cable is used to conduct power into 
or out of the test set. 

The set is well protected from r-f leakage by making each component 
leaktight. The leakage protection of the thermistor mount has already 
been described. The 2K25 is housed in a cast-aluminum cylinder, the 
lid of which has a polyiron choke-ring. The voltage leads are pressed 
into a single piece of nonconducting polyiron that fits tightly into a 
sleeve. The tuning adjustment is a bakelite rod passing through a long 
metal sleeve that acts as a waveguide beyond cutoff. The output 
antenna of the oscillator passes through a reactance choke before entering 
the waveguide. The video lead from the crystal passes through a 
polyiron choke. The waveguide sections each end in a flange. Each pair 
of flanges has a silver-plated washer (about 0.003 in. thick) clamped 
between the pair. No special precautions are taken to prevent leakage 
around the rods that actuate the attenuator strips other than having 
the parts fit tightly. The metal rod that operates the r-f switch passes 
through a polyiron block retained in a close-fitting sleeve. 
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4-16. An F-m and C-w Signal Generator for the 24,000-Mc/sec 
Region.—This signal generator produces signals and is designed 
for measuring the output power and frequency of transmitters in the 
region 23,500 Mc/sec to 24,500 Mc/sec. Figure 4-38 is a photograph 
of the front panel. A block diagram of this test set is essentially the 
same as that shown for TS-147 (Fig. 4-33) except for the arrangement of 
r-f components. 

The circuit diagram of the signal generator is shown in Fig. 4-39, 
except for the power supply. The electrode voltages for the oscillator 
are electronically regulated, and a ballast lamp is provided to regulate 

F I G . 4-38.—A 24,000-Mc/sec signal generator. 

the heater current for the cathode of the triode tuner and the electron 
gun. This feature contributes a great deal to the frequency stability of 
the r-f oscillator. 

The sawtooth sweep which is used to frequency-modulate the r-f 
oscillator is generated by a triggered blocking oscillator. An external 
trigger may be introduced, or if the set is connected to a transmitter 
which produces short pulses of r-f power, the blocking oscillator will be 
automatically triggered. This automatic triggering is accomplished by 
coupling a small amount of power from the main transmission line through 
a 43-db coupling iris into a crystal. The output voltage of this crystal 
is amplified by a 3-stage video amplifier and used as the trigger. Auto
matic triggering will take place at input powers ranging from 150 to 
1000 watts. 

The oscillator is a 2K50 internal-cavity, reflex, velocity-modulation 
tube with thermal tuning. The thermal-tuning current, which expands 



Video amplifier Blocking oscillator 
1 'Signal width +30bV 

Trigger input 

& 

Disc.therrr.Jl J _ 5 6 0 200 M amps 
75 ohms ^=" 

bo 

S3 o 
=£ 

Co 

o 
S3 
Co 

Regulated power supply for h v circuits Thermistor bridge 

FIG. 439.—Schematic circuit diagram of the 24,000-Mc/sec signal generator. 

http://Disc.therrr.Jl


SEC. 4-15] 24,000-MC/SEC SIGNAL GENERATOR 267 

a strut and distorts the oscillator cavity, is regulated by the grid voltage 
of a triode housed in the metal shell of the oscillator tube. 

The frequency is determined by means of a cavity wavemeter. This 
is a hybrid cavity, being partly coaxial and partly cylindrical.1 The 
frequency is read in megacycles per second, on a counter geared to the 
tuning rod, to an accuracy of less than 0.1 per cent at all parts of the 
band. While this accuracy is sufficient for most absolute frequency 
measurements, it is not good enough for many measurements of small 
frequency differences, such as between the transmitter and local-oscillator 
frequencies. Where higher accuracy is required, a calibration curve is 
furnished with the equipment. The wavemeter cavity and tuning rod 
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F I G . 4-40.—Block diagram showing directional-coupler arrangement. 

are made of silver-plated invar to minimize the change in resonant 
frequency with temperature. The resonant frequency varies by about 
14 Mc/sec from expansion when the temperature changes from —40° 
to -|-550C. The maximum variation of the resonant frequency from 
humidity changes in the same temperature range is about 12 Mc/sec. 
In the worst case, these frequency variations are additive. 

In order that the wavemeter give a dip on both input and output 
power, it is located between the input directional coupler (6-db coupling) 
and the output directional coupler (10-db coupling). In this way, the 
output signal passes first the wavemeter, then the first output coupler, 
and finally, the thermistor. An input signal, on the other hand, passes 
through the 6-db input coupler, then the wavemeter, and is finally 
absorbed in the thermistor. This can be seen at once in Fig. 4-40 which is 
a schematic drawing of the r-f circuit. Figure 4-41 shows in more detail 
how the switching is accomplished. 

1 See Sec. 5 1 9 , for a description of this cavity. 
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FIG. 4-41.—Schematic diagram of attenuators in the 24,000-Mc/scc signal generator 
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An uncalibrated attenuator is provided so that the output power 
of the 2K50 may be cut down to 1 mw as shown on the power monitor. 
This attenuator, which is a dissipative-vane type, also provides padding 
which minimizes pulling of the oscillator by the wavemeter when it is 
resonant. This attenuator is marked POWER SET on the block diagram. 

The power monitor is a thermistor used as one arm of a bridge circuit 
and compensated for thermal effects. The error from mismatch of this 
thermistor mount has a maximum value of about 7 per cent. The 
mechanical zero of the power-indicating meter is set with the needle 
pointing straight up. This point is marked 1 mw and 0 dbm. A METER 
SET knob is provided which varies the current to the thermistor bridge. 
This knob is adjusted to make the meter read 0 mw when the POWER SET 
attenuator is in the position of maximum attenuation. The effect is to 
reduce the d-c power to the thermistor by 1 mw. A lock is provided so 
that once the METER SET adjustment is made, it cannot be altered 
accidentally. The POWER SET attenuator is then adjusted until the meter 
reads 1.0 mw and locked. The bridge is now balanced and the thermistor 
resistance is that at which it was tuned for best match. 

Errors that might arise from standing waves in the various trans
mission lines are avoided by the use of directional couplers. It is neces
sary to introduce an r-f switch (in this case a fixed attenuator with a 
carbonized vane) into the input power line in order to prevent errors from 
leakage of power around this path. This leakage power is caused by 
reflection from the thermistor mount, imperfect directivity of the 6-db 
coupler and reflection from the termination of the primary input power 
line. Because of the coherent nature of the leakage and the signal, 
the error may be much worse than it would seem at first glance. The 
directional couplers which are involved in the attenuation of input and 
output signals are of the branched-guide type because of their small 
variation of coupling with frequency, and the relatively good match 
that they present to the line. 

The calibrated attenuator consists of a resistive strip that can be 
rotated into the common input-output waveguide. In this way the 
attenuator dial can be marked with a single set of marks and attenua
tions in decibels below 1 mw engraved on the upper half of the dial 
for receiver testing, while figures representing decibels above 1 mw 
are engraved on the lower half for use in testing transmitters. A 
fixed attenuator of the proper value is inserted into one of the waveguides 
by operation of the RECV-TRAN switch to make round attenuation figures 
(such as —60, +30) occur on the same calibration mark. This attenu
ator is removed from the power-output line in the TEST position of the 
RECV-TRAN switch so that the signal may be increased by approximately 
17 db above the maximum calibrated signal level. The attenuation 
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figures marked on the dial of the calibrated attenuator refer to the ratio 
of the power at the output waveguide to the power measured by the 
thermistor. This includes the attenuation of directional couplers and 
fixed attenuators as well as the calibrated attenuator itself. 

Since both coaxial cables and spirally wrapped flexible waveguides 
tend to be lossy and sensitive to flexing at these frequencies, a vertebrae-
type flexible guide is furnished to connect the signal generator to the 
directional coupler of the transmitter 'or receiver waveguide or other 
test point. The output waveguide of the signal generator proper has 
a polyglas plug near its opening that prevents foreign matter from getting 
into the waveguide. This plug has matching steps on each side to 
minimize reflections from it. 

The signal generator has been carefully designed to have a mini
mum of r-f leakage. The 2K50 tube is held in a leaktight aluminum 
shield and the voltage leads come out through polyiron chokes. The 
main body of the r-f circuit, which includes attenuators and directional 
couplers, is the most novel feature of this test set. The waveguides, 
including the directional couplers, are milled into two flat pieces of 
aluminum. The two pieces are then bolted tightly together to form the 
waveguides. The result is a very leaktight system. The wavemeter 
barrel is dropped through a hole in the aluminum plates and a take-up 
nut pulls it into such close mechanical contact with the plates that no 
leakage is detectable. 

MICROWAVE NOISE SOURCES 

4-16. Noise Sources at Microwave Frequencies.—The difficulties of 
calibration and construction of c-w signal generators have lent con
siderable favor to the use of noise sources, which are much more easily 
constructed and in some cases are considerably more rugged and stable. 
Tn addition, some noise sources are absolute in the sense that they 
emit microwave noise of an amount given by physical constants and 
measurable parameters. Such noise sources can rightly be considered as 
the ultimate standards of power measurement; consequently, apart from 
their convenience, noise sources are necessary tools in fundamental 
studies. Since the sources of noise are frequently just those which limit 
the sensitivity of receivers, the magnitude of noise power is already in 
the range required for the receiver measurements and the sources need 
little or no shielding or attenuation. This may, however, be disadvan
tageous if larger powers are required and constitutes perhaps the only 
serious limitation of noise sources. 

It is convenient to divide noise sources into two categories, thermal 
sources and shot-noise sources. The physical mechanisms of noise 
production are quite different. Thermal sources are thermodynamic 
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systems and so are characterized by their absolute temperature T. Hot 
bodies such as incandescent filaments, hot transmission-line loads, 
furnaces, and the sun are practical examples of thermal-noise sources. 
Shot-noise sources employ moving electric charges, particularly electrons 
in vacuum tubes or metal-semiconductor contacts. Both thermal and 
shot-noise sources produce known amounts of noise, the former given by 
the equations of radiation theory and the latter by Schottky's equation 
or its modification. They are thus absolute sources. In practice, 
however, it is not always possible to apply the theory directly to the device 
in order to calculate the noise power generated. Such devices become 
secondary sources of noise and must be calibrated against some standard 
signal source. They may, however, retain the form of variation given by 
the theory so that extrapolation is possible around the calibration point. 

A noise source and a load will be connected by a transmission system. 
It may be a simple transmission line or a complicated system of antennas, 
reflectors, transmission lines, or transformers. In any case, a cut can be 
made in the system at any point, dividing the load from the source. 
The terminals thus exposed are those of the source and the load. At the 
source terminals the available power in a frequency range df centered at 
the frequency /, for a thermal source at temperature T, is kT df. The 
quantity T is called the noise temperature of the source. In the case of 
sources which are not thermal this representation may still be used, and 
T becomes the temperature of a thermal source having the observed 
available power. The noise temperature of a source may therefore be a 
physical parameter of the source or entirely fictitious. In any case, the 
noise temperature of a source completely specifies the available power. 
The available power from a source of noise temperature T is the power 
absorbed by a load at 0°K having a bandwidth df at frequency / and 
having an impedance equal to the complex conjugate of the source 
impedance at the exposed terminals. 

The load most frequently used in conjunction with a noise source is a 
receiver. The commonly accepted criterion of receiver performance, 
namely, the receiver noise figure, has been defined in Sec. 4-1. 

4-17. Thermal Noise Sources. Hot Transmission-line Loads.—Per
haps the most absolute of the various noise sources is a matched trans
mission-line termination that can be heated to a known temperature. 
For calibrating receivers, the temperatures required may be quite high 
since noise figures of even the best receivers correspond to about 2000°K. 
For special receivers, designed for temperature measurement exclusively, 
the required temperatures are much lower. Dicke's microwave radio
meter,1 for example, requires a noise source only some 10 to 50° above 
room temperature. 

1 R. H. Dicke, "The Measurement of Thermal Radiation at Microwave Fre
quencies," RL Report 787, Aug. 22, 1945. 
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Payne-Scott1 has described a 10-cm thermal noise source employing 
a tungsten-filament lamp mounted across a waveguide. The filaments 
are arranged in a cylindrical structure, the wires being parallel to the 
axis of the cylinder, and to the electric field in the waveguide. The 
author states that no appreciable power is absorbed in the glass envelope 
or lamp base, and that little difficulty was experienced in matching the 
device to the waveguide. Hansen2 has described a hot load employing 
a heated filament as the central conductor of a coaxial transmission line. 
Noise in excess of that given by the filament temperature was observed, 

but no explanation was offered. 
Dicke3 has constructed a very 
simple hot load for the calibration 
of a 1.25-cm radiometer. (See 
Fig. 4-42.) I t consists of a care
fully tapered polyiron plug fitted 
into a section of waveguide. With 
a suitable taper it is matched over 
a broad frequency" band. A 
thermocouple or bimetallic ther
mometer is attached to the wave
guide. The whole is surrounded 
by a heating coil and an insulating 

jacket. The load can be heated from 100° to 150°C without damaging 
the polyiron or affecting the match. 

The Sun.—The hot waveguide loads described are merely simple cases 
of thermal noise sources, which in general may take any form so long as an 
electrical connection can be made with a receiver. If the receiver is 
provided with a narrow-beam antenna, the sun is a suitable noise source. 
If the sun's temperature is Ts, the antenna gain G, and the solid angle of 
the sun fl5, then the available power at the receiver is 

F I G . 4-42.—Tapered polyiron 
hot load. 

waveguide 

4x (14) 

if there is no attenuating medium between the sun and the receiver, and 
provided that GQ,/4/ < 1. This latter condition implies that the 
antenna pattern is broad compared with the aperture of the sun. If 
the reverse is true, the available power is just kTs. 

1 Ruby Payne-Scot t , "A Thermal Xoise Generator for Absolute Measurement of 
Receiver Noise Factors a t 10 cm," Radio Physics Labora tory Repor t 3924, May 29, 
1944. 

2 W. W. Hansen, unpublished experiments reported in lectures given a t R L 
Seminar. 

3 Dicke, loc. cit. 
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G. C. Southworth1 has reported measurements on the noise from the 
sun at 10-, 3.2-, and 1.2-cm wavelengths. He finds the 10- and 3.2-cm 
measurements agree quite well with Eq. (14) using the optical values, 
Ts = 6000°K, and an angular sun diameter of 32'. He received, how
ever, much less than the calculated noise at 1.2 cm. This has not been 
confirmed by the recent experiments of Dicke2 with the 1,25-cm radio
meter. Measurements3 during the solar eclipse of July 9, 1945 were 
particularly sensitive to the sun's aperture which was found to be not 
greater than 10 per cent in excess of the optical value. The sun's 
temperature was measured as 10,000°K, considerably above the optical 
value and in the opposite direction from the discrepancy observed by 
Southworth. Much more work will be necessary to give a definitive 
answer to these difficulties. 

In the wavelength region below about 2 cm, corrections must be 
applied4 for the attenuation in the atmosphere when using Eq. (5). 
Also a correction must be made if any appreciable part of the antenna 
pattern falls on the terrestial objects for which the characteristic noise 
temperature may be in the range 100° to 300°K. 

4-18. Shot-noise Sources.—Vacuum-tube noise sources have long 
been used at ordinary radio frequencies. In particular, the temperature-
limited diode has served as an absolute source of noise for the calibration 
of receivers. At microwave frequencies, the shape of the conventional 
diode is not convenient because of the necessary smallness of the tubes 
and the distributed impedances of their leads, and other forms of vacuum-
tube noise sources have been developed. Nevertheless, some attempts 
have been made to employ diodes. Breazeale and Beers5 have described 
a diode which formed an integral part of the mixer circuit in a 10-cm 
receiver. The mixer was tuned for signal match with the diode in place. 
I t was found that the diode current and noise temperature were roughly 
proportional. The device, however, was not convenient to tune and 
required its calibration in situ. The shot-noise source described by 

1 G. C. Southworth, J. Franklin Inst. 239, 285 (1945). 
2 R. H. Dicke, R. L. Kyhl, A. B. Vane, and R. Beringer, "The Absorption of Atmos

pheric Water-Vapor in the K-band Region," RL Report 1002, Jan. 15, 1946, Phys. 
Rev. 70, 340 (1946). 

3 R. H. Dicke and R. Beringer, Astrophys. J. 103, 375 (1946). 
4 J. H. Van Vleck, "Atmospheric Absorption of Microwaves," RL Report 175, 

Apr. 27, 1942; "Further Theoretical Investigations on the Atmospheric Absorption 
of Microwaves," RL Report 664, March 1, 1945. R. Beringer, "The Absorption 
of One-half Centimeter Electromagnetic Waves in Oxygen," RL Report 684, January 
26, 1945, Phys. Rev. 70, 53 (1946). Dicke, Kyhl, Vane, and Beringer, loc cit. 

6 W. M. Breazeale and Y. Beers, "Use of a Temperature-Limited Diode in Meas
urements of Noise Figures of Crystals," RL Report 294, Feb. 27, 1943. 
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Waltz and Kuper1 is much more versatile. This source, which employs 
a shot-noise-excited, tuned cavity is commonly called the noise klystron. 

Present noise klystrons are adapted from velocity-modulation oscil
lators. The electrons are accelerated from the cathode; some of them 
pass through the cavity gap, and are collected by the reflector, using 
the circuit of Fig. 4-43. 

The electron beam induces shot-noise currents in the cavity which 
can be extracted in the usual way 
with loops, probes, or irises. All 
frequencies in the pass band of the 
cavity will be present, a spectrum 

FIG. 4-43.—Circuit of a noise klystron. 

several megacycles per second wide. 
The mode of noise production in 

the noise klystron is in some ways 
similar to that in a conventional 
diode. Fluctuations in the beam 
current, arising from the discrete

ness of 'the electronic charge, induce currents in the cavity as in the anode 
circuit of a diode. The roles of space charge and of transit time are some
what different, however. Since no virtual cathode ever exists between the 
cavity grids, and since the radio-frequency circuit appears between these 
grids, there can be no compensation of fluctuation currents in the electron 
beam such as accounts for the space-charge reduction of diode shot-noise. 
The electron beam through that gap is therefore temperature-limited. 
Only if the grids are very poor will this be modified, and even in this case 
there will be little reduction because of the 
very large drift angles between cathode and 
cavity. 

The transit-time effects observed in a con
ventional diode arise from the finite time 
required of an electron to traverse the cathode-
anode space in the accelerating field. The 
transit-time reduction of noise is dependent on 
the form of this accelerating field and differs 
for different field configurations. In the noise klystron there is no 
accelerating field in the gap. I t is necessary, therefore, to treat the noise 
production by a beam of electrons of essentially uniform velocity dis
tributed at random in time. 

If the grids were perfect conductors of current, each electron would 
induce in the cavity a current pulse with straight sides and top as in 
Fig. 4-44 for which / i(l) dt = e (electronic charge). In a frequency 

1 M. C. Waltz and J. B. H. Kuper, "Simplified Measurement of Receiver Sensi
tivities (S-Band Noise Sources)," RL Report 443, Sep. 17, 1943. 
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interval / to / + df this gives a mean fluctuation current of 
( 2 

' sm 
S 5 = 2c7 I — - 2 | df, (15) 

where 9 = 2wfr is the transit angle. This noise current is identified 
as a current generator appearing in shunt with the gap conductance, 
Fig. 4-45, which is made up of ohmic cavity losses and any loading caused 
by the beam. The available power from the device is Ai2/4r/. Obviously 
Ai2 is reduced from its low-frequency value for any 
finite transit angle. This equivalent circuit has I 
been checked by Waltz by measuring the output ($y 
noise and the cavity bandwidth and calculating g \ 
from the bandwidth and gap capacitance. i-,(i 4.45. Equiva-

For a real tube with imperfect grids, the situa- lpn t circuit of noise 
tion is quite similar except that the beam coupling 
coefficient is a more complicated function of the transit time since the elec
tron current pulse has rounded corners that are caused by the field which 
leaks into the cavity before the electron enters and after it leaves the gap, 
as shown in Fig. 4-46. This will distort and remove the zeros in the beam-
coupling coefficient. An exact calculation of this effect has not been 
made, largely because the device is not used as an absolute source, since 

the conductance g is not known with any 
certainty. Transit-time considerations are 
used only to select a region in which At"2 is not 
a rapid function of the transit angle. For this 
purpose, the transit angle is calculated from 

- - 2*fd (16) 

t < / 
1 

Enters 
gap 

F I G . 4-46. 

—"N.1 

1 \ 
1 

Leaves 
gap 

—Current pulse 
in a noise klystron with im
perfect grids. 

5 .96 (10 ) 7 \ / ? 

where d is the gap space in centimeters and V the electron energy in 
electron-volts. 

Since the noise klystron is used as a relative source, the transit-time 
reduction in shot noise is not objectionable. The transit angle changes, 
however, with frequency and with changing gap space if the cavity is 
tuned in that manner, requiring that the device be calibrated anew 
at each frequency in the tuning range of the tube. It is therefore desir
able to reduce 9 as much as possible, usually by increasing the accelerating 
voltage as much as tube construction permits. The effects of transit 
time are illustrated in Fig. 4-47, which is taken from Waltz and Kuper, 
and in which the equivalent noise temperature is plotted vs. X for different 
accelerating voltages at constant current. 
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Throughout a considerable range of cathode currents the equivalent 
noise temperature or output noise power is found to vary directly with 
cathode current as given in Eq. (15). For larger currents the noise 
saturates, the saturation current increasing with increasing acceleration 
voltage. This effect is not completely understood, but focusing diffi
culties play some part since the measured cathode current is not the 
true beam current and the cathode current will increase more rapidly 

I04 

8.5 9.0 9.5 10.0 10.5 
Wavelength X in cm 

FIG. 4-47.—Noise temperature of a Sperry 417-A Klystron in the 10-cm region as a 
function of accelerator voltage and wavelength at a constant cathode current of 0.86 ma. 
This source had a measured bandwidth (to 3 db points) of 1.8 Mc/sec. Noise temperatures 
are referred to the cavity coupling loop, that is, corrected for cable loss. 

than the beam current under defocusing conditions. Beam loading 
does not seem to be a contributing factor as measurements show no 
increase in cavity bandwidth with increasing cathode current. Figure 
4-48 taken from Waltz and Kuper illustrates this effect. 

A practical noise source for the 10-cm region can be easily constructed 
following Waltz and Kuper. A Sperry 417-A Klystron is connected as 
shown in Fig. 4-49 or Fig. 4-50. The coupling loop feeds a 50-ohm coaxial 
cable of some 5-db loss so that the device will appear as a matched source 
at signal frequency. The output noise is varied by changing the cathode 
temperature as in Fig. 4-49, or alternatively by adjusting the control-grid 
bias as in Fig. 4-50. These two methods give the same output noise for 
equivalent cathode currents. The curves of Fig. 4-47 and Fig. 4-48 were 
taken with such a tube. It is noticed that no accelerator-voltage regula-
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tion is incorporated in the power supplies; it is unnecessary since the 
noise temperature is almost saturated with respect to accelerator voltage 
at 1500 volts. The device has a relatively broad band (2.5 Mc/sec to 
3-db points), and displays the cavity resonance curve. Once it has been 
calibrated, it can be used over long periods of time under even extreme 
handling conditions, and it is certainly as stable as the best continuous-
wave signal generator used under laboratory conditions. 

10"U—I 1 1 1 1—I 1 1 
0.1 0.2 0.4 0.6 0.8 1 2 4 6 

Cathode current in ma 
F I G . 4-48.—Noise temperature of a Sperry 417-A Klystron at 8.8G cm as a function of 

cathode current. Acceleration voltage is 1800 volts. Noise temperatures are referred to 
the cavity coupling loop, that is, corrected for cable loss. 

A number of these 417-A Klystron noise sources have been constructed 
for receiver calibrations in the field. Recently, it was found that some 
tubes were unstable and did not have noise temperatures that were 
linear in cathode current. These tubes are, in general, gassy and thus 
precautions should be taken to obtain hard tubes. 

In the 3-cm region similar noise sources have been constructed using 
Sperry 419 and Western Electric 723A/B Klystron tubes. Both tubes 
require very high voltages because of the rather large transit angles. At 
2200 volts of accelerating potential, the 419 was still in a region of rather 
large transit angle and the output noise was a critical function of voltage 
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and frequency. The 723 tube does not permit accelerating voltages much 
above 750 volts and displays the same effect. 

These difficulties are in accord with known grid spacings using Eq. 
(15). A tube with smaller grid gap is desired at this frequency. Transit-

HOvAC 

F I G . 4-49.—Cathode-temperature-controlled noise source and power supply. 

angle considerations are quite stringent, especially for tubes in which the 
gap spacing increases with tuning to higher frequencies. Tubes essen
tially free of these effects could be built for the 10-, 3.2-, and 1.25-cm 
regions with gap spacings of 0.031, 0.010, 0.004 in. corresponding to 
6 = ir/4 at an accelerating potential of 1000 volts. At such a transit 
angle, doubling the gap space would reduce the output noise power by 
15 per cent at most. 

F I G . 4-50.—Grid-controlled noise source and power supply. 

4-19. Crystal Noise Source.—It is generally known that the noise 
from a crystal mixer at ordinary radio frequencies is greater than that 
from a room-temperature resistor and that some part of this noise arises 
from the passage of electrons across the metal-semiconductor boundary 
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F I G . 4-51.—Metal semicon
ductor boundary layer with no 
applied potential. 

layer. Very high noise temperatures are observed, particularly for cur
rents in the reverse or high-resistance direction. While this phenome
non may be troublesome in a crystal mixer, it offers a possible source of 
microwave noise, since the crystal also generates noise at microwave 
frequencies. 

The behavior of electrons in a crystal boundary layer is in some ways 
similar to that in a diode. The electrons move through a region in which 
the electric potential is varying somewhat as 
in Fig. 4-51. The width of this boundary 
layer is rather small (10 -6 cm).1 Electrons 
will cross the barrier in both directions and 
for electrons moving from the semiconductor 
to the metal, the average distance which they 
must travel (10 - 8 cm) is small compared to 
their mean free path. Thus, as in a diode, the 
electrons move through a region in which 
the electric field is the dominant force. 

When a potential is applied across the crystal, there will be a net 
current in the conventional direction. For reverse or back voltages 
applied, the current increases somewhat more rapidly than linearly with 
the voltage, largely because of the lowering of the barrier by the Schottky 
effect. The differential resistance slowly drops from say 104 ohms at 0 
volts to 200 ohms at 5 volts in the back direction. Currents of several 

milliamperes are obtainable. 
These currents are composed 

of uncorrelated electrons since 
there are many electrons in the 
conductor band. These electrons 
induce shot-noise voltages across 
the barrier and electron transit-
angles are negligible even at the 
highest microwave frequencies. 
The barr ier should, therefore, 

behave as a temperature-limited diode with a noise temperature of 

FIG. 4-52.- -Equivalent circuit 
barrier. 

crystal 

PTR T = ^ = 58Q0IR, 2/c (17) 

where / is the back-current and R the differential resistance of the 
barrier at that current. 

Equation (17) is known to give the correct order of magnitude of 
1 H . A. Bethe, " T h e o r y of High Frequency Rectifiers for Silicon Crys ta ls , " R L 

Repor t 184, October 29, 1942; " T h e o r y of the Boundary Layer of Crystal Rectifiers," 
R L Repor t 185, November 23, 1942. 
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observed noise temperatures. It seems desirable, however, to modify 
this expression to take account of the spreading resistance Rs and the 
capacitance C associated with the barrier.. The equivalent circuit, 
instead of being simply a current generator in shunt with It, is more 
complicated (see Fig. 4-52). The noise temperature of this circuit is 
approximately 

eIR = 5S00IR 
~ 2/fc(fl8flw2C2 + 1) (RsRo>2C2 + 1)' 

Figure 4-53 shows the variation of T with I for several 1N26 crystals; 
the measurements were made by R. H. Dicke at 1.25 cm. 
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F I G . 4-53.—Noise temperatures of some 1N26 crystals at a wavelength of 1.25 cm. 

In the calibration and use of noise crystals, several precautions must 
be observed. In the first place, a moderate back current, for example, 
3 to 4 ma should be used. Higher currents cause instability in both 
the back resistance and the noise power. Furthermore, no sources of 
microwave power should be incident on the crystal. In particular, 
local-oscillator power from the receiver being tested will beat with the 
noise produced, giving very complicated effects. The circuit usually 
used is shown in Fig. 4-54. With the mixer M matched at the local-
oscillator frequency, no local-oscillator power is incident on the noise 
crystal. 

The noise temperature is usually calibrated with a receiver matched 
at signal frequency. The matching transformer is adjusted to match 
the noise crystal with the desired back current flowing. The line is 
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then broken at A and the noise-crystal circuit replaced by a matched load 
for the receiver noise-level measurement. This is better technique than 
turning off the noise current since the r-f noise-source impedance changes 
markedly with noise current. When measurements are made with an 
unmatched signal source, the noise source is replaced by a passive load 
having the noise-source impedance. 

The bandwidth of a crystal noise source is largely determined by the 
crystal holder and passive circuit elements in the crystal cartridge. It 
will usually be very broad (2 per cent to 10 per cent). The noise at image 
frequency will, therefore, be essentially as large as at signal frequency 
and corrections must be made for it. 

10 ma 

rO 
3v 

Matched J 

load 

s Matching 
_2c transformer 

Receiver 

M 

F I G . 4-54.—Circuit for measuring noise temperatures of crystals. 

As the mixer is also usually broadband compared with signal-image 
separation, the correction is quite simple and Eq. (9) Sec. 4-1 can be used. 

Noise crystals have been used somewhat in the 3-cm region, but chiefly 
in the 1-cm band. The results of Dicke and Pound give noise tempera
tures of 3000° to 6000°K for back currents of 3 to 5 ma at 1.25 cm with 
1N2G crystals. Life tests were not entirely conclusive but indicate that 
the noise temperatures decrease and resistances increase during extended 
operation. At 3.2 cm, noise temperatures are generally higher, being 
5000° to 9000°K for back currents of 3 to 4 ma with 1N23 crystals. 

Before concluding, it should be mentioned that there is evidence of 
other than shot-noise contributions to crystal noise temperatures. 
For example, "burning" crystals with electrostatic discharges usually 
increases the noise. Also the observed noise temperatures are frequently 
in excess of those given by Eq. (17). Nothing quantitative is known of 
these contributions. 
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CHAPTER 5 
THE MEASUREMENT OF WAVELENGTH 

B Y ROBERT BERINGER 

At ordinary radio frequencies, wavelengths or frequencies are often 
measured with a wavemeter that consists of a resonant circuit composed 
of inductances and capacitances. This is coupled to the source and to a 
device which indicates resonance in the circuit. With proper design, 
the system is resonant at a single frequency1 for each set of inductance 
and capacitance values and it is possible to calculate the resonant fre
quency from a knowledge of these values. If the wavemeter is to be 
tunable, some means must be provided for varying the inductances and 
capacitances in a known manner. In addition a calibration point is 
sometimes provided by a comparison with a frequency standard. 

At microwave frequencies such circuit elements lose their utility for a 
number of well-known reasons and it is common to build resonant circuits 
in the form of cavities. Under certain conditions it is possible to calculate 
the relevant circuit parameters of cavities from the dimensions, a practice 
which corresponds to the low-frequency calculation of inductance and 
capacitance from the dimensions of coils and condensers. In this sense 
a cavity is a standard circuit element, particularly convenient at micro
wave frequencies where frequency standards are rather difficult to build 
and operate. 

Strictly speaking, a cavity is a dielectric region completely surrounded 
by conducting walls. The electromagnetic fields in such a region can 
assume a variety of spatial configurations. At certain frequencies and 
for certain configurations, the system is resonant; that is, electromagnetic 
energy is stored over time intervals long compared with the wave period. 
These resonant solutions are called the normal modes of the cavity. For 
a cavity of given dimensions the corresponding resonant frequencies and 
spatial configurations are completely specified. Conversely, for a 
given mode and resonant frequency, the dimensions are uniquely deter
mined, making it possible to determine distances with the use of a fre
quency standard. 

If the normal modes of a given cavity are examined, it will be found 
1 There will, in general, be other resonances at much higher frequencies. These 

are not given by the simple analysis in which coils and condensers are approximated 
by L and C. 

285 
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that there is an infinite set of resonant frequencies having a lower bound 
but no upper bound. The least resonant frequency has a free-space 
wavelength of the order of the linear dimensions of the cavity for cavities 
of simple shape, so that resonant cavities are of a convenient size at 
microwave frequencies. Further, if the cavity size is altered in order 
to change the least resonant frequency by a few per cent, the mechanical 
displacement will be a few per cent of the linear dimensions and, for 
microwave frequencies, it will be easily measurable. 

Of course, a complete cavity is of little use since means must be 
provided for coupling the cavity to the source and this involves a removal 
of a section of the cavity walls and the introduction of a coupling device 
(a probe, loop, or iris). These in turn are usually connected to trans
mission lines; one for each coupling. A system composed of such a 
cavity together with short sections of the coupled transmission lines is 
called a cavity-coupling system. A description of the use of such systems 
for wavelength indication is the purpose of this chapter. 

Perhaps the most convenient way in which to analyze a cavity-
coupling system is by the method of equivalent circuits. One finds the 
self-impedance and transfer impedance at certain terminals in the exit 
transmission lines and represents them by a low-frequency circuit com
posed of inductances, capacitances, resistances, transformers, and so 
forth. This analysis has been developed in Vol. 8, Chap. 7 and we 
shall not repeat it here; rather we shall merely review the results which 
are pertinent to the study of cavity wavemeters. 

CAVITIES AS CIRCUIT ELEMENTS 

5-1. The Equivalent Circuit of a Single-line Cavity-coupling System. 
The simplest cavity-coupling system is a cavity provided with a single 
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F I G . 5-1.—Impedance representation of a single-line cavity-coupling system at any terminal 
plane in the exit transmission line. 

emergent transmission line coupled through a hole in the cavity wall 
by means of a probe, loop, or iris. This system constitutes a single-
terminal-pair circuit. It has been shown (Vol. 8, Chap. 7) that, if the 
loss is not too high, all such systems can be represented by the circuits 
of Figs. 5 1 and 5-2 at an arbitrarily chosen terminal plane in the exit 
transmission line. The values of the circuit elements will, in general, 
depend on the choice of terminals, and in certain cases one or two of the 
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resonant elements may degenerate to a nonresonant element (by short-
circuiting one of the L's or C"s). 

This general form of the equivalent circuit of a cavity-coupling system 
is of great utility since it embraces all systems, but it is a generality of 
form only. For any particular 
system the L's, R's, and C's must 
be found by the solution of a field 
problem or by experiment. 

Impedance Functions near 
Resonance.—For most applications 
of cavities the behavior of the 
system near to a single resonant 
frequency is sufficient to give the 
desired results, in particular if this 
resonant frequency is well sepa
rated from its neighbors. In such cases the equivalent circuits of Figs. 
5-1 and 5-2 are greatly simplified since all but one of the resonant elements 
can be replaced by nonresonant elements and these can be lumped into a 
single element. Thus the most general representations of a single-line 

F I G . 5-2.— Admittance representation of 
a .single-line cavity-coupling system at any 
terminal plane in the exit transmission line. 
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R FIG. 53.—Impedance representation of a single-line cavity-coupling system near resonance. 

cavity-coupling system are those of Figs. 5-3 and 5-4. These circuits can 
be further simplified by omission of the elements R' and r' since they are 
always small in a well-designed system, corresponding to the off-resonant 
losses in the transmission line and coupling. Furthermore, it can be 
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FIG. 5-4.—Admittance representation of a single-line cavity-coupling system near resonance. 

shown that by proper selection of the terminal plane the equivalent circuit 
can be reduced to a simple series 72LC-circuit or a simple parallel RLC-
circuit. 

This is seen by referring to a Smith impedance diagram. Consider 
a simple series fiLC-circuit terminating a transmission line of charac-
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teristic impedance Z0. On a Smith impedance diagram, the input 
impedance of the circuit describes a locus like the circle (a) in Fig. 5-5, 
as a function of frequency. At the real axis, u = &>o = 1/VLC, the 
resonant frequency of the circuit. If the circuit is shunted by a capacitor, 

the locus is a circle such as (b) in Fig. 
5-5.1 The new resonant frequency 
co„ is different from uo. The radius 
of the new circle is also different. If 
the simple TSLC-circuit is shunted by 
an inductance, the circle will be shift
ed in a counterclockwise direction. 

The circuits of Fig. 5-4 have been 
shown to be the most general repre
sentations of a cavity-coupling 
system near resonance. Hence loci 
such as (b) are the most general im
pedance contours for a cavity-cou
pling s y s t e m n e a r a p a r t i c u l a r 
resonance. 

Since a change of reference terminals in the transmission line cor
responds, to a first approximation, to simply rotating locus (Jb) around 
Zo, it is evident that by a suitable choice of reference terminals any 
cavity-coupling system can be brought into the form of locus (a). Hence, 
any cavity-coupling system near resonance behaves as a simple series 
RLC-circuit at suitable terminals in the transmission 
line. 

A discussion of the representations of Fig. 5-3 in 
terms of the Smith admittance diagram proceeds in an 
exactly parallel fashion. 

Q-faclors, Coupling Parameters, and External Load
ing.—It is common in the study of low-frequency 
resonant circuits and of cavity-coupling systems to 
specify the losses in the circuit by means of the Q-factor 
which is denned as 

F I G . 5-5.—Loci of cavity-coupling-
system input impedance on a Smith im
pedance diagram. 

Q = 2T 
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al'ent circuitof cavity-
coupling ay.stem ter
minated in Zu at a 
pa r t i cu la r t e rmina l 
plane. energy dissipated per cycle 

There are a number of Q-factors in common use which, for a cavity-
coupling system, differ only in the sources of dissipation which are 
included in the denominator of Eq. (1). These are illustrated by a 

1 This is obtained by transforming (a) to the admi t tance plane, which consists of 
reflection of (a) through the point Z0 . The capacitive susceptance is then added, 
which rotates the admi t tance circle. This circle is then reflected back through Zo 
to obtain (b). 
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consideration of the circuit of Fig. 5-6, which is the equivalent circuit of a 
cavity-coupling system at certain terminals in a matched transmission 
line. The Q of the system to the right of line A is the so-called unloaded 
Q. It is 

Qv. = 2TT/O YJIT = —> (2) 
"5" Pr r 

where I cos wot is the driving current and wl = I/IC. The Q of the entire 
circuit, including Z0, is called the loaded Q. It is 

QL = ^ r (3) r + Zo 
Qu 

r 

(4) 

The coupling parameter is defined as /3 = Z0/r or as the normalized 
admittance, Zo/r = (l/r)/Yo, at resonance. Using this quantity Eq. 
(4) becomes 

Qu = (1 + /3)Qi. (5) 

The external or radiation Q of the circuit is defined as 

so that 
Q* = %> (6) 

± = l+±. ( 7) 
QL QU ^ Qn W 

I t is clear that for the loaded Q all sources of dissipation are included 
in the denominator of Eq. (1). For the unloaded Q only sources interior 
to the cavity-coupling system are considered, while for the radiation Q 
the external losses alone are considered. The coupling parameter is, so 
to speak, the efficacy with which energy stored in the cavity-coupling 
system is coupled to the external load and dissipated there. 

Our discussion considers only a single, simple model. It is not diffi
cult, however, to formulate these c 
Q's for an arbitrary resonant cir
cuit. (See Vol. 8, Chap. 7.) 

6-2. Transmission Through a ,^ ^ ^ n^T p> 
Two-line Cavity-coupling System. FlG 5 .7 ._E q u i v a l e n t circuit of a two_line 
T h e g e n e r a l i m p e d a n c e a n d a d m i t - cavity-coupling system at particular reference 

. . . r •. planes and near a particular resonance. 
tance representations ot cavity-
coupling systems with more than one emergent transmission line can be 
derived with somewhat more difficulty. Near resonance these representa
tions are rather simple for the case of small loss and negligible direct mutual 

o ^ ^ r o r H p V v V ^ g o 
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impedance between the two coupling lines. One form is shown in Fig. 
5-7 for a particular choice of terminal planes in the emanating trans
mission lines. The transformers shown are ideal transformers, one of 
which can be eliminated by a transformation of impedance level. 

Consider a transmission system including a two-line cavity-coupling 
system with its reference planes chosen as in Fig. 5-7. Let the generator 
and load impedances at these planes be real and given by RG and RL-
This circuit is shown in Fig. 5-8. Transforming the load and generator 

1 » 1 K21 I- ' 
F I G . 5-8.—Equivalent circuit of a two- FIG. 5-9.—Alternative form for the circuit 

line cavity-coupling system at particular of Fig. 5 8 . 
reference planes. Generator and load im
pedances RG and RL are real at these planes. 

into the resonant mesh, we have the circuit of Fig. 5-9. The unloaded 
Q is Qu = uoL/R, corresponding to putting Ra = RL = 0. The loaded 
Qis 

~ _ oi aL 
W i ~ R + n\Ra + n\RL' 

from which 

Qu = Q, (l + n\ § + «S §)■ 
The input and output coupling parameters are commonly defined in 
terms of a matched generator and load (i.e. RB = RL = Z0). They are 

I t is also customary to define the transmission through the cavity 
in terms of a matched generator and load. For this case the impedance 
of the mesh of Fig. 5-9 is 

Z-B[(l + ft + ft)+*.fe-==)} 
and the power into the load impedance is 

PL = n!Zo|/|2 = /W?|/|2 

= Zo 

(i + h + W + Qlfe-^)*' 
The available power from the generator line is iE2/ZQ = P0. 
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The transmission-loss function T(u) is defined as PL/Po or 

no) = +M* (8) 
(1 + /3i + /3,)2 + Q; 

At resonance, the transmission loss is 

yw0 w I 

TI \ - 4ffi/32 

Dividing Fq. (8) by Kq. (9), we have 

7'(«) 

Putting to = ug + Aw/2, 
+ ê  

We see that T(u) = i!T(a>o) (i.e., half-power points of transmission) for 
Au/uj = 1/QL- The frequency interval Aco is frequently called the 
bandwidth of the cavity at the resonant frequency u0. 

5-3. Frequency-pulling by Reactive Loads.—It is easily shown 
(Vol. 8, Chap. 7) that the resonant frequencies of a cavity-coupling 
system are functions of the reference-plane position 
in the emergent transmission line. Any change in ~\L n\c~^R 
line length changes the electric and magnetic o—H300 ■>—|(A/W 
energies stored interior to the reference plane and 
thus the resonant frequencies. 

If we have a cavity-coupling system with two or ' ! ' C"')'z 
more emergent transmission lines, the resonant fre- ,, ' , „. 

b _ ' l'iu. 5-10.— Circuit 
quency looking into one of the lines depends on the <>f Fig. 5 7 at terminals 
load impedances on the other lines, and the fre- (1) wh,e" Z.L ,is ','al'c>d 

L ^ _ _ across terminals (2). 
quency at which the cavity transmits a maximum 
of power depends on the load and generator impedances. 

Consider a two-line cavity-coupling system. Near a particular 
resonance and at certain reference pianos it can be represented by Fig. 5-7. 
For a particular choice of load impedance ZL on terminals (2), Fig. 5-7 
can be transformed to the circuit of Fig. 5-10 at terminals (1). The 
resonant frequency of this system is the frequency for which 

uL - 4". + ntX'- = 0 (11) 
is satisfied. In the case that nlX,, « ufy, \/uC, Eq. (11) may be solved 
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for the perturbed resonant frequency 
_ n\XL 

wH — uo — —ni—' (12) 

where o)§ = 1/LC. In terms of the coupling parameter 02 = nlZ0/R 
and Qu = uoL/R, we can write Eq. (12) as 

(13) 

The second term in the parentheses represents the frequency-pulling. 
This pulling is usually small but becomes important when cavities are 
used as accurate frequency meters. For example, if /32 = \, Qu = 104, 
and XL/Z0 = 1, then (co0 - uR)/m = 2.5 X 10*5. 

The pulling of a transmission cavity is evaluated in a similar way. 
At particular reference planes and near a particular resonance, a two-line 
cavity-coupling system with arbitrary loads is represented as in Fig. 
5-8 with Ra and RL replaced by Z<> and ZL. Transforming Zu and ZL into 
the resonant mesh as in Fig. 5-9, we see that maximum power is absorbed 
by the load resistance RL at a frequency which is the solution of 

uL - - ^ + n\Xa + n\X,. = 0. (14) 

For n\Xa, n\XL « cuL, 1/oC, the solution of Eq. (14) is given by 

\ 2/vcoo 2Z/Wd / 

In terms of/3i = n\Zo/R,Pi = n\Za/R and Q„ = uoL/R, Eq. (15) becomes 

aT = aoV-2z&:~2m.f (16) 

The admittance case is treated in an analogous manner. If at some 
terminals the cavity-coupling system is representable as a shunt-resonant 
circuit, and if a load susceptance B appears at these terminals, then the 
resonant frequency of the system is 

C0R = °°V-mQ-} (17) 

The formulas (13) and (16) are carried over into the admittance case by 
replacing each X/Z0 by its corresponding B/Y0; signs remain unchanged. 

Frequently in microwave circuits the series reactance is not known at 
the reference terminal for which Figs. 5-8 and 5-7 are valid. What is 
usually known is the standing-wave ratio of the generator and load 
impedances. Depending on the phase of these standing waves at the 



SEC. 5-3] FREQUENCY-PULLING BY REACTIVE LOADS 293 

reference terminals of Fig. 5-7, the pulling can vary from (a) none at 
all, corresponding to a maximum or minimum in the standing-wave 
pattern at the reference terminals, to (6) a maximum pulling, correspond
ing to X/Zo = ± (r2 — l)/2r, where r is the VSWR corresponding to the 
reactance X. Therefore the extreme values of the resonant frequency 
corresponding to Eq. (13) are 

fl,(r| - 1) 
«R = OJo ± "0 J^. (18) 

The extreme values of the frequency for maximum transmission cor
responding to Eq. (16) are 

, 1 
4y„ 

NORMAL MODE FIELDS IN SOME CAVITIES OF SIMPLE SHAPE 
The discussions thus far have been confined to the circuit aspects of 

cavity resonators. This study gave a number of results of considerable 
generality, in particular, the form of the equivalent circuit of a cavity at 
terminals in the emergent transmission lines. I t was found that at 
certain terminals the cavity could be represented by an ensemble of simple 
series- or shunt-resonant circuits having certain Q's and resonant fre
quencies. The form of the resonant behavior of cavity-coupling systems 
is thus obtained, and with some restrictions it is the same for all systems. 
Various physical systems differ only in having a different set of resonant 
frequencies and associated Q-factors. These parameters are now to be 
discussed. 

The determination of the resonant frequencies and associated Q's1 

of a cavity-coupling system is, of course, a field problem. In general, 
it is a very difficult problem, particularly if the cavity has a complex 
shape and if the coupling system is treated rigorously. Because of this 
difficulty, it is not usually solved. Instead, a much simpler system is 
considered, a system in which all transmission lines and coupling devices 
are removed and all walls are unbroken. With this simplification, it 
becomes possible to find the field solutions of cavities of regular shape 
such as rectangular parallelopipeds, right circular cylinders, spheres, 
and so forth. 

These field solutions are very useful in the design of cavity systems. 
The resonant frequencies thus found are usually very nearly those of the 
complete system, since cavities are usually not coupled so tightly that an 
appreciable amount of the total stored energy resides in the external 

.(r? 1) .01 1) 
' '2 

(19) 

1 Throughout this section, which concerns isolated cavities, Q will always refer 
to the unloaded Q. 
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circuits. Likewise, the unloaded Q's calculated from the field equations 
do not differ greatly from those observed for the cavity-coupling system, 
since the coupling devices seldom distort the cavity fields appreciably. 

These problems will not be solved in detail here. Many appear in 
the literature.1 We shall merely tabulate the results after outlining 
briefly the methods used. 

The first step is to find the normal-mode fields in a completely lossless 
cavity of the given shape. This involves solving Maxwell's equations 
subject to the boundary conditions that E be normal to all boundary 
surfaces and that H be tangential. The solutions can be written in 
several forms, but essentially they are a set of characteristic resonant 
frequencies and vector functions, E and H, describing the spatial con
figurations of the normal-mode fields. 

Next, it is assumed that the introduction of loss by means of a finite 
wall conductivity does not change these normal-mode fields. The Q of 
the cavity, written as 

5 js H* dS 

is then computed using the normal-mode fields H and the known skin 
depth 5 in the wall material. These are frequently expressed in terms 

of the dimensions of the cavity for each of the 
normal-mode fields. The quantity Q5/\ is a 
function only of the relative dimensions or 
shape of the cavity and the form of the resonant 
mode. 

5-4. Rectangular P a r a l l e l o p i p e d . — T h e 
normal-mode fields are most easily found for 
the rectangular parallelopiped2 and can be 
expressed in terms of sines and cosines. These 
fields are conveniently divided into two sets, 

transverse-electric and transverse-magnetic modes. They are transverse-
with respect to the axis of reference which is taken to be along the longest 
dimension of the figure. In Fig. 5-11 this is the z-axis. The transverse-
electric T.E-modes have no E components along z, and transverse-magnetic 
TM-modes have no H components along z. 

The next specification is in terms of the integers, I, m, n. These are 
1 For general review of field solutions see E. U. Condon, Rev. Mod. Phys., 14, 341 

(1942) or W. W. Hanson, J. Appl. Phys., 9, 654 (1938). 
2 F . Bourguis, Ann. Phys., Lpz., 35, 359 (1939) and the review articles of Condon, 

loc. cii. and J. P . Kinzer, "Review of Informat ion on Resonant Cavi t ies ," BTL, case 
23458-5, Jan . 8, 1943. The t r e a tmen t given here follows t h a t of Kinzer. 

F I G . 5-11.—Rectangular-par-
allelopiped cavity. 
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defined as 

I = number of half-period variations of E and H along x, 
m = number of half-period variations of E and H along y, 
n = number of half-period variations of E and H along z. 

For a given set, the field is completely specified and the modes are 
designated as TEifm.n or TMi,m,n. The resonant frequencies are given 
by the equation, 

where A, B, and C are in centimeters. 
The normal-mode fields are given by the equations: 

T£-modes 

Ex = — -r cos kix sin k2y sin fc3z 

Eu = -— sin k& cos k2y sin k3z 

£ 2 = 0 

Hx = -~-^ sin k\X cos k%y cos k3z / n > 0 ^ ^ 

Hv = - r j - cos kix sin k2y cos fc3z \ ! or m > 0 

# s = ^-r^—- cos fcia; cos kiy sin fc3z, 

TM -modes 

E, = —J-s- cos fclx sin fc2w sin k3z kl 

Ev = —rj- sin fcix cos fc2y sin fc3z 

fc2 + A:2 
£ s = L-r̂ —- sin kix sin fc2j/ cos k3z V Z > 0 .__. 

Hx = — -r sin ftjx cos A;2y cos fc3z I TO > 0 

//„ = -7-1 cos fcix sin kiy cos A;3z 

H, = 0 

where ki = hr/A, fc2 = mir/B, k3 = rnr/C, X = 2ir/fc, and 

The restrictions, «, I or m > 0, for the T^E-modes and, I, m > 0, for the 
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TM-modes, are introduced to avoid trivial cases in which all E or H field 
components vanish. 

The quantity, QS/\, is commonly tabulated instead of Q, since 
this quantity is a function of only the mode and shape of the cavity. 
S is the skin depth in centimeters in the cavity walls. 

For the TE-modes, 

. (P2 + <?2)(p2 + <?2 + r')W 

AC[p2r2 + (p2 + ?
2)2] + BC [?V2 + (p2 + g2)2] + ABr*(p* + g2)' {M> 

for (I and m) > 0; 

5 _ 4BC (g2 + r2)M 
Q X 2~ ' q2C(B + 2A) + r2B(C + 2A)' f ° r l = °' ( 2 4 ) 

and 
5 ABC (p2 + r 2)^ 

Q X = ~~2~~ ' p2C(A + 2B) + r2A(C + 2B)' f ° r OT = °- (25) 
where p = 2/A, g = m/B, r = n/C. 

For the TM-modes, 

n5 ABC (p2 + g2)(p2 + g2 + r2)H 
Q X = ~T " p2£(A + C) + q2A(B + C)' f o r " > ° ; (26) 

5 ABC (p2 + o2)^ 
Q X = ~ 2 ~ ' p2B(A + 2C) + g2A(B + 2C)' f o r n = °- (27) 

and 

The skin depth 5 is given by the equation, 

8 = Jv£i7. cm> (28) Xp 
' 120TTV 

where p. is the permeability of the wall material (or relative permeability 
in mks units), X is the free-space wavelength in cm, and p is the resistivity 
of the walls in ohm cm. Table 5-1 gives the resistivities of some materials 

T A B L E 5-1.—D-c RESISTIVITY OF SOME COMMON M E T A L S AND ALLOYS 
Materials p(at 20°C), ohm cm 

Copper, commercial annealed 1.72 X 10~6 

Copper, pure annealed 1.69 
Aluminum, commercial 2 .83 
Brass, various alloys 6 to 8 
Silver, pure 1.63 
Coin silver, annealed 1.87 
Coin silver, hard drawn 2 . 1 

commonly used in cavities. These depend on the purity and history of 
the material. All are at room temperature. 
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6-5. The Kight Circular Cylinder.—The normal modes in the right 
circular cylinder1 are also divided into TE- and TM-classes, where the 
axis of reference is along the cylinder axis (see Fig. 5-12). They are 
further specified in terms of three integers, I, m, and n, which are defined 
by 
I = number of full-period variations of Er 

with respect to d, 
m = number of half-period variations of Eg 

with respect to r, 
n = number of half-period variations of ET 

with respect to z, 

for TTJ-modes. For TAf-modes, the integers 
are correspondingly defined in terms of the 
components of H. 

The normal-mode fields are expressed in 
terms of trigonometric and Bessel functions, 
and the resonant frequencies include the 
roots of Bessel functions. These latter are 
given by the equation, 

(29) 

"v&y+Gy 
for the free-space wavelength of the resonant 
frequencies. The quantities x!m are: 

FIG. 5-12.—Right circular cylin
der. 

xim = mlb root of J'i(x) = 0 for the TE-modes; 
x!m = mik root of Ji(x) = 0 for the TM-modes. 

Values of a few of these roots are given in Table 5-2.2 The equation for 
the resonant frequencies can also be written as 

"»»-(*)' + (?)■(?)■ (30) 

from which it is seen that (JD)2 vs. (D/L)2 is a straight line with intercept 
(cxim/ir)2 and slope (cn/2)2. Plots of this type are called mode charts, 

1 F. Bourguis, Ann. 1'hys., Lpz., 35, 359 (1939); \V. L. Barrow and \V. W. Mieher, 
Proc. Inst. Radio Engrs., 28, 184 (1940); J. P. Kinzer, "Review of Information on 
Resonant Cavi t ies ," 1STL, case 23458-5, Jan . 8, 1943. The t r ea tmen t here follows 
Kinzer. 

2 Barrow and Mieher, Inc. cit. These values for the most pa r t agree with Kinzer 
loc. HI. and E. J ahnke and F. F.mde " Funkt ionentafe ln ," Teubner , Leipzig, 1933. 
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and such a chart is shown in Fig. 5-13 for a few of the lower modes. Only 
the values 0, 1, 2 of n are shown. 

Such mode charts are very useful in cavity design, for the observed 
resonant frequencies will usually lie close to those shown in the chart. 

FIG. 5-13.—Mode chart for right circular cylinder. 

For tunable cavities in which L is varied, one can see from the chart 
what modes are possible in the tuning range of the cavity, and steps 
can be taken to suppress any unwanted modes occurring in that range. 
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TABLE 5 2.—ROOTS OF JI(X) AND J[(X) 

299 

TB-mode 

l l n 
21n 
Oln 
31m 
41n 
12n 
o l n 
22n 
02n 
61n 
32n 
13n 
71n 
42» 
81n 
23n 
03n 

2 i m 

1.841 
3.054 
3.832 
4.201 
5.318 
5.332 
6.415 
6.706 
7.016 
7.501 
8.016 
8.536 
8.578 
9.283 
9.648 
9.970 

10.174 

TM-mode 

Oln 
l l n 
21n 
02n 
31n 
\2n 
41n 
22n 
03n 
51n 
32n 
61n 
13n 

Xl„ 

2.405 
3.832 
5.136 
5.520 
6.380 
7.016 
7.588 
8.417 
8.654 
8.772 
9.761 
9.936 

10.174 

T h e normal -mode fields are given by the following equat ions . For t he 
7'A'-modes, 

sm 18 sin A'3z Er = -I' 

Ee = —J'i(kir) cos IB sin k3z I' 
Ez = 0 

He 

H. 

For t he 7 'M-modes 

Er = 

Ea 

-r J[(kir) cos 18 cos k3z 

A, 

,k3Ji(kir) . i -I -, -, sin 18 cos k3z }i k k\r 

Ji{k\r) cos 18 sin k3z 

n > 0 
TO > 0 

n > 0 
m > 0 

(31) 

(32) 

^ 3 
r- JJ(A'ir) cos Z0 sin £32 

A.-3 Ji(kir) . . 1 -. j sin IB sm kyt 
k k\r TO > 0 

Ez = -r Ji(kir) cos IB cos k3z 

Hr = -I 
kir 

sin 18 cos k3z 
TO > 0 / /» = —,/j(A'ir) cos Z0 cos A:32 

H, = 0 

\here A"! = 2x,m/D, k3 = UT/L, k- = A; + k\, and X = 2ir/A\ 

(33) 

(34) 

file:///here
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Fia. 514.—Q S/\ vs. D/L for several jT-Eo-modes in a right circular cylinder. 

The Q-factors are given by the following equations. For the TE-
modes 

«£- ['-(£)] l*!m + V*R*l* 

2* [*i. + P'R3 + (1 - A) 
and for the TM-modes • 

(©]' 
Q\= 2 r ( l + f l ) ' f o r w > 0 > 

(35) 

(36) 
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FIG. 5-15.—Q i/\ vs. D/L for several 7\E-modes in a right circular cylinder. 

and 

Q 
Xlm 

X ir(2 + R) 
for n = 0, (37) 

where R = D/L and p = rnr/2. 
These equations are represented graphically in Figs. 5-14, 5-15, and 

5-16 where Qr- values are plotted for several modes as a function of 
A 

D/L.1 

I t can be seen from Fig. 5-14 or Eq. (35) that for a given TE0mn-mode, 
Q(S/\) is a maximum for a square cylinder, that is, D = L. 

1 These curves are taken from Kinzer, loc. cit. 
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Consider, however, the more complicated question: for a given Q and 
X, what mode and what shape give the minimum volume? Kinzer1 

has shown that the T.Eoi„-modes satisfy this criterion, at least for 
Q(5/X) > 0.75 which is the usual case of interest. He finds that 

0.9 
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0.6 

O T O . 5 
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V 
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~^^T 

^ 1 3 

™on 

TM022 

=§£! 
~^s^ 
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l-'iu. 516.— Q 5/X vs. D/L for several TM-modes in a right circular cylinde 

n = 1.G26 sin </>/cos3 <j>, where c/> is a solution of the equation 

1.220 
5 cos3 0 — 3 cos5 <{> 

Q: 

The corresponding diameter and length are given by 

D _ 1.220 
X cos <t> 

1 J. P. Kinzer, "Cyl inder Resonator of Minimum Volume for (liven Q," BTL 
MM-43-3500-23, Apr. 6, 1943. 
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L 
X 

0.813 
C O S 3 <j> 

These results are presented in Fig. 5-17, where n, D/\, and L/X are 

60 4.5 | 1 1 1 1—71 30 

40 
t n 

3.5 

20 2.5 

1.5 

D * 

i^^-n 

^ 

20 

10 

2 . 4 6 8 10 

F I G . 5-17.—Cavity parameters for minimum volume for 7\Eo-modes. 

plotted vs. Q - for the above conditions. 

in designing very-high-Q cavities such as echo boxes. 
Fig. 5-17 one chooses the integral value of 
n nearest that taken from the ordinate scale. 

6-6. Coaxial Cylinders.—The normal 
modes in the full coaxial resonator formed 
from concentric circular cylinders have been 
treated by several authors.1 Cylindrical 
coordinates are used as in Fig. 5-18. The 
modes are divided into TE- and TM-modes 
and further specified by integers I, m, and 
n which are defined as in the cylindrical 
case. 

The normal-mode fields and resonant 
frequencies contain Bessel functions and 
their roots. The resonant wavelengths 
X = c/f are given by 

1 F . Borguis, Hochfrequenzlechn. u Elektroakust., 
56, 47 (1940); W. L. Barrow and W. W. Mieher, 
Proc. Inst. Radio Engrs., 28,184 (1940); J . P . Kinzer, 
BTL Case 23458-5, J an . 8, 1943. The t r ea tmen t 
here follows Kinzer. 

This information is useful 

Of course, in using 

F I G . 5-18.—Coaxial resonator. 
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v&y+©* 
(38) 

where xim are the roots of 
,h{x)Ni{-qx) = Jt(r,x)Ni(x), for TM-modes 

and the roots of 
J',(x)Ni(r,x) = J',(vx)N',(.x), for TE-modes. 

Here, r\ = b/a, and Ji and Ni are Bessel functions of the first and second 
kind respectively. 

While it is possible to write Eq. (38) in the form of Eq. (30) and to 
construct mode charts therefrom, this procedure is cumbersome since a 
different chart must be constructed for each ij-value. A better procedure 
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F I G . 5-19.—xim vs. m for TE-modes in coaxial-cylinder cavity. 
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FIG. 5-20.—xim (1 — TJ) VS. TJ for TAf-modes in coaxial-cylinder cavity. 
is to present graphs of xim vs. ij for each of the modes as in Figs. 5-19 and 
5-20.' From these, mode charts can be constructed for any given case. 

For the T.E-modes the fields are given by 

Er = I —r sin 18 sin k3z 
kir 

Ee = —Z't(kir) cos 16 sin k3z 
E, = 0 

Hr 
1 ZJ(fcir) cos 16 cos k3z 

„ , k3 Zi(Air) . , 
tit = — 11 r sin 10 cos fc32 Air 

(39) 

(40) 

fci Hi = -r Ziiktf) cos Zfl sin £32 

where Zi(kir) = Jiikir) J'i(xim) JV,(A,r). 
1 These figures are taken from Kin2er Zoc. cU 
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For the TM-modes the fields are 

E, = —7- Z[(kir) cos 16 sin k3z 

Ee=l^ ^p^- sin Id sin k3z } (41) 

Ez = -r- Zi(kir) cos Z0 cos A'3£ 

Ziik^r) . HT — —I —; sin W cos /c32 
Air 

Hi = — ZJ(fcir) cos £0 cos A:3z 
if, = 0 

(42) 

where Z j ^ r ) = J , ( M - ^ ' " l N ; ( M - In both the TE- and TM-

modes, 

fci = —-> k% = -ft k2 = k\ + k\, and X = -=-• a L K 

Kinzer gives the following formulas for Q-- In the Ti?-modes, 
A 

g _ _ _ _ _ , (43) 

where 

,(1 + VH) + p2R2 -?- ( 1 + — ) + p'B'ilf 

and R = o/L and p = rwr/2, In the TM-modes, 

and 

8 _ 1 ( 4 . + P'fl ')*(l ~ i,»g') f o r w > 0 . f44^ 
W X _ 2* (1 + VH') + fl(l - „»ff')' i o r w > °' ( 4 4 ) 

QX°V2(l+,g')+fl(l-„»H')' f o r w = 0 ' ( « ) 

where ff' = [ZK>mm)/ZKz*m)]2-
Kinzer states that the Q6/X values for TM omn-modes are not correct as 

n —»• 0. Since the fundamental TEM- or TMoon-mode is of considerable 
engineering interest, we will include an exact formula for this case. 
I t is 

Q * = , , 2L " l + a/b <«> 
a In a/b 
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For a given X, n, and outer-conductor diameter a, this Q is a maximum 
for a/b = 3.6. 

5-7. Other Shapes.—Expressions for the Q-values and resonant 
fields have been worked out for several other shapes: the sphere,1 the 
sphere with reentrant cones,2 ellipsoidal-hyperboloid resonator,2 and 
the partial-coaxial resonator.3 None of these except the last-named 
have been used very much. The partial-coaxial TAf0oi-mode is used in 
klystron resonators. Partial-coaxial cavities in this and other modes 
are sometimes used as wavemeters, but no formulas for the normal-mode 
fields or Q-values are available. 

5-8. Cavities Containing Dielectric Materials.—In the formulas which 
we have given for the resonant frequencies of cavities, it has been 
assumed that the cavities were empty; that is, a relative dielectric con
stant ke of unity, where k, = e/e0. I t is easy to extend these expressions 
to the case when ke ^ 1. 

Consider an arbitrarily shaped lossless cavity resonating at a fre
quency u. Maxwell's equations in the cavity are 

curl E + jp.uK = 0, (47) 
curl H - jewE = 0. (48) 

At resonance the stored electric and magnetic energies are equal and are 
given by 

WE = W„ = i I pH*dv = i I iE2 dv. (49) 

Let us change the dielectric constant of the medium filling the cavity 
from e to t'. Also, change o> to </ to restore resonance and the original 
spatial configurations of E and H. Without loss of generality, we can 
keep H' = H. Then, from Eq. (49), 

I eE* dv = f e'E'* dv, 

and 

/L - w 

V«' ~ E ' 
1 G. Mie, Ann. Phys., Lpz., 25, 377 (1908); S. Borguis, Ann. Phys., Lpz., 36, 359 

(1939). 
2 W. W. Hansen and R. D. Richtmeycr, / . Appl. Phys., 10, 189 (1939). 
3 For cavities in 7\EJl/-mode, see W. W. Hansen, J. Appl. Phys., 10, 38 (1939); 

Microwave Transmission Design Data, Publication No. 23-80, Sperry Gyroscope 
Company, Inc., N. Y., 1944; D. Alpert, "Design Characteristics of Resonant Cavi
ties," Westinghouse Research Report SR-127, July 2, 1942. For partial-coaxial 
cavities, see W. L. Barrow and W. W. Mieher, Proc. Inst. Radio Engrs, 28, 184 (1940). 

http://jp.uK


308 THE MEASUREMENT OF WA VELENGTH [SEC. 5-9 

F r o m Eq. (48) 
W_ 
E 

and so, 
/ 

u 

Thus, if u corresponds to ke = 1.00 ■ • ■ , the resonant frequency 
corresponding to k'e is «' = w/VX- I n terms of free-space resonant 
wavelengths this can be written X' = X y/lc,. 

5-9. Scaling Theorems and the Principle of Similitude.1—Suppose we 
have an arbitrarily shaped cavity with lossless walls and let all dimen
sions be multiplied by a factor N. If E and H are also multiplied by N, 
and o> by 1/JV, Eqs. (47) and (48) are left invariant. From Eq. (49), 
we see that the condition for resonance is maintained. Hence, for any 
lossless cavity, if all dimensions are multiplied by a scale factor TV, all 
resonant frequencies are divided by N, and the spatial configurations of 
the fields are similar. 

If the cavity walls have a finite conductivity, it is seen that the skin 
depth is multiplied by a factor \/N when the dimensions are multiplied 
by N, keeping the conductivity constant. Thus, the fields in the walls 
are not scaled with those in the cavity and the scaling theorem is not 
obeyed. If, however, the resistivity is multiplied by the scale factor N, 
the skin depth is scaled by the factor N and the theorem is exact. Hence, 
if all dimensions of a cavity and the resistivity of the walls are multiplied 
by a factor N, then all resonant frequencies are divided by N, and the 
spatial configurations of all fields are similar. The Q of the cavity 
remains invariant. 

For the usual high-Q microwave cavity, the resonant frequencies are 
affected very little by the finite wall conductivity, being almost the loss-
free values. Hence, if all dimensions are multiplied by N, keeping the 
wall conductivity invariant, the resonant frequencies are multiplied, to 
a very good approximation, by 1/JV. The Q of the cavity is multiplied by 
a factor ■s/N, since the spatial configurations of E and H are nearly 
similar, and the skin depth is multiplied by a factor y/N. 

PRACTICAL WAVEMETER CIRCUITS 
A wavemeter is used to determine the frequencies of waves in a 

transmission system. This involves tuning or changing the resonant 
frequency of the wavemeter and noting the change in power absorbed by a 
load connected to the system. A knowledge of the circuit and the 

1 H . Konig, Hochfrequenztechn. u. Elektroakust., 68, 174 (1941) and review in 
Wireless Engr., 19, 216 (1942). 

s (50) 
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resonant frequency of the cavity-coupling system at some reference 
plane can then be used to determine the wave frequencies. 

It is seen that this tuning procedure involves variables different from 
those used in the analysis of cavity-coupling systems, where the resonant 
behavior of fixed systems was studied. In all practical systems, however, 
a small change in source frequency is equivalent to a like change in the 
resonant frequency of the wavemeter, since the Q's, coupling parameters, 
and reference terminals change very slowly with frequency. There
fore, in the following discussion, source-frequency changes and wave-
meter tuning will be used interchangeably at frequencies near a particular 
resonance. 

While there exists an unlimited number of ways in which a cavity 
can be connected into a microwave transmission-line system, only a few 
simple forms are used for wavelength indication. Some of these have 
been discussed in previous sections; others will be introduced here. 
Although all of these circuits have certain features in common, it will be 
most convenient to discuss each independently. 

6-10. Transmission Cavity Wavemeter.—An ideal circuit for a trans
mission wavemeter takes the form of Fig. 5-21. The generator frequency 

Matched 
generator z0 

Cavity 
coupling 
system 

3> Matched 
load 

U— i —J UJ 
FIG. 5-21.—Transmission-wavemeter circuit. 

is measured by changing the resonant frequency of the cavity in the region 
of the generator frequency until maximum power is transmitted to the 
load. The wavemeter setting corresponding to this maximum is an 
indication of the generator wave frequency. 

Zo R < 
(—rffBtfv--V 

1 » | «2 1 
F I G . 5-22.—Representation of Fig. 5-21 at a particular set of reference planea. 

At frequencies near a particular resonance and at particular reference 
planes in the input and output lines from the cavity, the circuit of Fig. 
5-21 can be represented as in Fig. 5-22. Let the load be a power-meas
uring device. At frequencies far from resonance essentially no power 
is transmitted to the load. As the cavity is tuned to the frequency 
region of the incident waves, power will be transmitted to the load. This 
transmitted power is given in Sec. 5-2 and is 
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T ; 

T(a>) = -. r-2, (51) 
(1 + 0i + &)2 + Ql ( CO U>o\ 

0)0 CO ) 

where T(u>) equals the power into the load divided by the available power 
from the generator, /3i = nlZ0/R, j32 = n\Z'0/R, Qu = uoL/K, w0 is the 
generator frequency, and co the resonance frequency of the cavity, 
to2 = l/LC. Clearly, T(u) is a maximum at u = coo and reduces to 

™ = (1 + * + *)*" (M) 

The sharpness of resonance is given by the frequency difference 
between the points at which T(u) = iT(uo). This frequency difference 
is 

COO _ C00(1 + ft + ft) , „ , 

the bandwidth of the cavity for transmission. 
A typical transmission wavemeter is the TBon-cavity described in 

Sec. 5-16. Its measured loaded Q is about 12,000, and its coupling 
parameters are equal and about 0.5. The bandwidth for 

£-° = /„ = 9370 Mc/sec (X = 3.2 cm) 

is, therefore, 0.78 Mc/sec, and the derived unloaded Q is 24,000; 
T(/o) = 0.25 which is equivalent to a transmission loss of 6.0 db. 

A wavemeter is usually calibrated with a standard or reference 
cavity which in turn is calibrated with a standard frequency source. 
A substitution method is often used, in which the standard cavity is 
substituted for the wavemeter in the circuit of Fig 5-21. Several 
precautions must be observed in this procedure. First, the generator 
frequency must be kept constant. Aside from thermal and power 
constancy, this implies that there be no reactance-pulling of the generator. 
This is usually accomplished by "padding" the generator with a bilat
erally matched attenuator. Second, the reference and wavemeter 
cavities must not be subjected to reactive pulling, or must be pulled by 
equivalent amounts. If the cavities are identical (have equal QJs, 
couplings, and reference planes), they will be pulled equal amounts by 
reactive generator and load impedances. However, in general the 
cavities are not identical and the pulling will be different for the reference 
cavity and for the wavemeter. Thus the generator and load should be 
matched as well as possible. 

The extreme values of the frequency for maximum transmission are 
given by Eq. (19), Sec. 5-3, in terms of the voltage standing-wave ratios, 
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ri and r2, of the generator and load. The difference between this fre
quency and the frequency of maximum transmission with matched load 
and generator is 

■£[4-^+ *(-s)} 
For the TEon-cavity discussed above, this amounts to ±0.018 Mc/sec 
for n = r2 = 1.1, and +0.15 Mc/sec for r\ = ri — 2.0. 

Transmission wavemeters are sometimes used on a side arm which is 
coupled to the main transmission line with a directional coupler. This is 
shown in Fig. 5-23 for a waveguide transmission-line circuit and direc
tional coupler. Suitable couplers 

Power 
measuring 

load 

Cavity wavemeter 

Directional coupler 

are discussed in Chap. 14. 
This method of using a trans

mission wavemeter is very useful. 
There is no pulling of the cavity 
or change in transmitted power 
through the wavemeter by mis
matched main-line loads. If the 
directional coupler is unidirec
tional and matched, the analysis of 
the wavemeter indication is the 
same as that of the preceding 
paragraphs since an equivalent 
matched generator appears at the 
output terminals of the directional coupler. 

5-11. Reaction Wavemeter Terminating a Line.—A circuit which has 
been used is shown in Fig. 5-24. As the cavity is tuned through the 
generator frequency the power absorbed by the load is changed. The 
form of this change depends on the line length I. 

Generator Main line 
Main 
line 
load 

FIG. 5-23.—Transmission-wavemeter sys
tem coupled to the line with a "Bethe-hole" 
directional coupler. 

F I G . 6-24.—Reaction wavemeter terminating a line. 

Frequently the power-measuring load is a crystal or belometer, repre-
sentable as a pure shunt admittance g + jb. If, the cavity-coupling 
system is representable at its terminals, as a shunt-resonant circuit, 
then Fig. 5-24 is equivalent to Fig. 5-25. The length I is usually chosen 
so that maximum power is absorbed in the load when the cavity is far 
off resonance. This occurs when the off-resonance cavity susceptance 
transformed to plane B is —jb, and YJb = tan (2irl/\). At the fre-



312 THE MEASUREMENT OF WAVELENGTH 

quency o> the cavity admittance at plane A is 

[SEC. 5-11 

K \o>o <J> / 

7o 
PS 

where fl = RYo, Q« = OJORC, and o> = coo + 5. At plane B the cavity 

B 
I 

G^T— 

FIG. 5-25.—Circuit equivalent of Fig. 5-24 for a load admittance of g + jb. 

admittance is 

Fo 
1+'•(*■£+ PT) 

The power into the load at the frequency « is 

/2Fo P = 
which reduces to 

(Yo+Y + g+ jb)(Y0 + Y* + g - jb)' 

Po = 
PY„ 

(54) 

(55) {Y0 + g)> 
far off resonance. The ratio Po/P gives the relative power into the load 

at any frequency. 
The minimum power into the load 

occurs at the frequency for which 
| Fo + Y + g + jb\ is a maximum. On 
a (G,B) plane this quantity is the 

",to> >/*ro*9**1 

G length of the vector shown in Fig. 
526. This vector is a maximum and 
the absorbed power a minimum for 
the frequency u'0 at which (Y0 + Y 

FIQ. 5-26— Vector representation of + g + jb) i s p u r e r e a l ; t h a t i s , 
{Yo + r+g+jb). for 

* + \ u>o o / \ o o)o/ 
Yo 
b = 0, 
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which occurs for 

Q-Z--W- (56) 

COO 41 0 

This frequency-pulling is the same as that calculated in Sec. 5-3. The 
power absorbed at this frequency, toj = coo + (<*>o/3b)/(2FoQ„), is 

and the ratio of this power to that absorbed far off resonance is 

p_ 
Po Y" + 9 + YI (&2 + Y$J 

(57) 

The tuning curve of the power absorbed by the load is shown in Fig. 
5-27. The bandwidth of the resonance is Acoo where 5 = Awo/2 is the 
solution of the equation 

1 1 
\YB+ Y +g+jb\* 

This solution gives 

Acoo = 

(Yo + gY 

Y« + g + f- (52 + YD 

|Vo + <7 + !;(b2 + y2o)]2 

/S 

Qu Yo + g 

The corresponding loaded Q of the resonance is 

Yo + g 
QL = Qu — 

Y, + g + ~ (b2 + YD 
■I 0 

It should be noted that this reduces to Q„(l + 0 ) - 1 for b = 0, g = 0. 
The same loaded Q is obtained j 
for b = ± Yo, g = Yo-

Clearly if b = 0 then 5 = 0, 
and tVie minimum power into the 
load occurs at the cavity resonance 
frequency too. The corresponding 
line length for which the off-
resonance c a v i t y admittance 
transforms to zero at plane B is 
one-quarter of a wavelength. For „ r „, „ , , , , , , , . 

. ° 1 IG. 5-27.--Power absorbed by the load m 
this case the power into the load the circuit of Fig. s-24. 

P..--

^N[^P > 
Y^oYl 

11 

"owo 

' * » p , „ 

" " l 
1 

A. 
w—*-
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at resonance, co = coo, divided by the power into the load far off resonance 
is 

P_ = (Fo + gY 
Po (F„ + g + YIRY 

This is easily verified directly by cone 

Matched 
generator 2o \E Z0 

Matched 
load 

F I G . 5-28. —2?-plane waveguide T-circuit with 
a reaction wavemeter. 

6-12. Reaction Wavemeter on an 
ient waveguide circuit for wavelength 
The line length between the junc
tion and the cavity is chosen so that 
the load impedance seen by the 
generator is equal to Z0 when the 
cavity is tuned far off resonance. 
This corresponds to a maximum 
power into the load. This ab
sorbed power is reduced as the 
wavemeter is tuned to resonance. 

At some particular reference 
planes, the T-junction is repre-
sentable with an ideal transformer 
and series reactance. At these 
terminals, Fig. 5-28 can be repre
sented by the circuit of Fig. 5-29. 
The line length I is chosen such that 

Bering the circuit on resonance which 
is just Yo, g, and Y\R in parallel. 

For the T2?0ii-cavity, dis
cussed in Sec. 5-16, with 0 = 1 
and Qu = 24,000 at 3.2 cm and 
for a 1N23 crystal in a standard 
waveguide holder for which y = Yo, 
and b = Yo, the frequency-pull
ing is 0.20 Mc/sec, P^ = (|)P„ 
and QL = 12,000. 

E-plane Waveguide T.—A conven-
indication is of the form of Fig. 5-28. 

FIG. 529.—Circuit representation of Fig. 528 
at particular reference planes. 

Xi 

Zo 
— n2 tan j3l. (58) 

Transforming the cavity circuit into the main loop we have the circuit 
of Fig. 5-30, where 

Zc + jZ0 tan PI 
tan pi + jx = n » Z , y ' T -V T ' T , = n'Zo 

n* 

Zo-j 
■ Zcxx 

(59) 

Z0n2 
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The cavity impedance is 

Zc* 
Z& 

315 

(60) 
1 +2j-

where /3 = R/Zo, Qu = u0RC, and co = oio + 8. 
The power absorbed in the load is a minimum when the total loop 

impedance 2Z0 + r + jx + jzi = Z has a maximum absolute value. 
This impedance is represented in the vector drawing of Fig. 5-31. This 
loop impedance has a maximum absolute value, and the power absorbed 

x l 

- x l 

} 

- tfV^S^ 
- w ^ ^ C " ^ / 
/ i Zo \<"0 V 

r+js 

\ « o 
r° 

/ fl 

F I G . 5-30.—Alternative representation of F I G . 5-31.—Vector representation of the 
Fig. 5-28 and Fig. 5-29. loop impedance of Fig. 5-30. 

in the load is a minimum for the frequency at which jx + jxi = 0. Solv
ing for this condition from Eqs. (59) and (60), we obtain 

O)0P _ Xl 

2Qu ' Z~w? "o - "o = 757T • ^ y (61) 

For this frequency the total loop impedance Z is real and equal to 

(62) ^ = 2Z0 + ^ + i(g)2} 
The power absorbed by the load at an arbitrary frequency is 

„ E2Z0 E*Z0 

zz* 
Far off resonance this is 

(2Z0 + r)» + (x + Xi)2 

P - E1 

while at the frequency for which Eq. (61) is satisfied 

E*Z0 p . E*Z0 

Z2 

(63) 

(64) 

(65) 
[22o + Zs(n* + ^ ) ] 2 

The power absorbed by the load has the general shape of Fig. 5-27. The 



316 THE MEASUREMENT OF WAVELENGTH [SEC. 513 

position of OJJ is given by Eq. (61). In general the curve is somewhat 
unsymmetrical about OJQ. 

Consider the function AP = P^ — P. The sharpness of the 
resonance is given by the rate of variation of this function with frequency. 
In fact, we may define a loaded Q for this wavemeter arrangement as 
QL = u'0/Auo where AOJO is the frequency range between the half-power 
points of AP. The frequencies u'0 ± Aw0/2 are the solutions of the 
equation 

ZZ* 2(Z„ , ) 2 + m 
The solution of this equation is 

A(do 
Mo Zm„ 

Wu' ~zi (66) 

ft--

Consider the T^Eon-cavity discussed in Sec. 5-16 with /0 = 9365 
Mc/sec, j3 = 1, Q„ = 23,000, and an £-plane T in rectangular (0.900-in. 

by 0.400-in.) waveguide at this 
frequency for which n2 = 0.767 
and xj/Zo = 0.132. The line 
length for which Eq. (58) is 
satisfied is 0.473X„. This is the 
length from the reference plane 
of Fig. 5-29 to the plane at which 
the cavity is represented as a 
shunt-resonant circuit. Making 
correction for the positions of the 
reference planes of the T and the 
cavity, the physical line length 
shown in Fig. 5-28 is.452X0 = 2.03 
cm. For this system P„in = 0.513 
Pa, and occurs at a frequency 

9365 + 0.035 Mc/sec. The bandwidth of the resonance defined in Eq. 
(66) is Aci)o/2ir = 0.57 Mc/sec. The resonance has the shape of Fig. 5-27. 

The resonance curve (Fig. 5-27) for such a wavemeter circuit is almost 
symmetrical and the pulling is small when the line length is chosen accord
ing to Eq. (58). However, for other line lengths the resonance curve 
will become quite unsymmetrical and the power absorbed in the load, 
when the wavemeter is far from resonance, will be less than the available 
power. Such a resonance curve is shown in Fig. 5-32. This situation 
will always occur to some extent if the generator frequency is varied over 
a wide band without changing the physical line length in Fig. 5-28. 

6-13. Iris-coupled Wavemeter on Top of Waveguide.—Of the several 
reaction wavemeter circuits commonly used, that of Fig. 533 is perhaps 

F I G . 5-32.—Schematic diagram of the 
power absorbed in the load of Fig. 5-28 in 
which d is chosen incorrectly. 



SEC. 5-13] IRIS-COUPLED WAVEMETER 317 

the most satisfactory. The shunt capacitance is placed at the symmetry 
plane B to cancel the shunt inductance of the junction when the cavity 
is far off resonance. The series reactance A's of the iris, as modified by 
the capacitive screw, still appears across the plane A. This series element 
has approximately the value of the off-resonance cavity reactance at the 
plane of the iris. I t is part of the cavity-coupling system, and can be 
represented as a section of transmission line of characteristic impedance 
Zo. This leads to the circuit of Fig. 
5-34 at the reference planes A and B, 
where I is chosen such that 

R 
AA/V i 

XB = Z0 tan &l. 

Matched 
generator 

Matched power 
measuring load 

c 

1 o -

Capacitative screw 
or iris 

FIG. 5-33.—Iris-coupled wavemeter on top F I G . 5-34.—Circuit equivalent of Fig. 5-33 
of waveguide. with X3 = Zo tan (il. 

The power absorbed by the load is 

„ E*Z0 

zz* where 

with Zc 

Zr +jZ0 
Z — 2Zn -f- Zo 

zs 

Z0 

Zo + jZc^ 
"0 

Qu = RuoC, and /3 
1 + 2 j . 

Far off resonance, this becomes 
E*Zo 

The absorbed power is a minimum for 

" ° ~ " o + 2i§QM4-T0-<7 
This minimum power is 

E*Z0 

2Zo (0(^ + ̂ )1 Zo/3 + V 2o/3 + 
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The maximum power is slightly greater than P0 . It is 

[ S E C . 5-14 

2Z0 + 
E*Za m z0 r 

4 + /3J 
and occurs far from OJ0. These points 
are illustrated in Fig. 535. In prac
tice XJZa is very small, and terms of 
the order of (Xs/Z0)2 are entirely 
negligible, so tha tP 0 = P„iB = E*/4Z0 
to a good approximation. 

The tuning curve of the load 
power is very similar to that of Fig. 5-27. If we define the loaded Q as 

for Fig. 5-27, we get, to a very good approximation, QL ~ 

F I G . 5-35.—Vector diagram of the loop 
impedance of Fig. 5-34. 

corresponds to a bandwidth of a)o(l + j3/2) 
1 +0/2 

which 

5-14. Reaction Wavemeter on a Coaxial 
Stub.—In coaxial transmission systems it 
is convenient to use the circuit shown 

Matched Y 
generator 

^ k ^ ^ ' ■ ^ ^ ^ k ^ ^ ^ ^ ^ ^ ^ ^ ■ ; 

Matched 
1-, load 

^ ^ ^ *•' 
Cavity 

F I G . 6-36.—Reaction wavemeter on coaxial stub. F I G . 5-37.—Equivalent circuit of Fig. 
536. 

schematically in Fig. 5-36. The line length I is chosen so that, when the 
cavity is far off resonance, the stub is an effective X/4 in length; that is, 
the stub presents an infinite impedance in shunt with the main line. This 
gives the circuit of Fig. 5-37. Figure 5-37 can be transformed into the 
circuit of Fig. 5-38 if the change of stub line length 
with frequency is neglected. Here, 

R' e <£ — /SQLJ , LC 
1_ 

£ 6 ' 
and Qu = uoRC = u 0£/r and /3 = R/Z0 = Z()/r. 

The power into the load at any frequency is 
Z0Z 

PL El za 
Zo + Z 

z0 + ZoZ ■ 
Zo + Z 

F I G . 5-38.—Alter
native representation 
of equivalent circuit 
of Fig. 5-36. 
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where Z = r + 2j5£ in the region of resonance and Z = joo far off 
resonance; here 6 = cc — w0. The expression for PL reduces to 

P -E* 
1 + 4 m 

{0 + 2)2 + 16 m 
in the region of resonance. 

The load power is a minimum for 6 = 0, where 

Zo (/3 + 2)2 

and a maximum far off resonance, where it is 

P - E" 

The tuning curve is similar to Fig. 5-27 with 

U)Q = OJ0-

Defining the bandwidth as for Fig. 5-27 we obtain 

;H> 
which corresponds to a loaded Q for the resonance of 

n — t*>0 — Q" 

+ 2 
This can also be written as 

PRACTICAL MICROWAVE WAVEMETERS 
In this section several typical wavemeters will be described which 

have been designed and tested in the Radiation Laboratory. Each 
example will be chosen to illustrate a particular mode configuration and 
mechanical arrangement, any of which is suitable for general test purposes. 
In addition to a description of the mechanical and electrical features of 
each of these, theoretical Q values will be included, as well as experi
mentally observed values where they are known. Wherever important 
manufacturing techniques are known they will also be included. 
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A wavemeter consists of a cavity-coupling system having a variable 
or tunable resonant frequency. This is accomplished by displacing 
some part of the cavity walls, usually with a screw of known pitch. 
Some of these instruments are essentially self-calibrating in that enough 
pertinent dimensions are directly measurable to give the free-space 
wavelengths of the normal modes. These types were much used in the 
early days of the development of each of the microwave bands. Later, 
when standard frequency sources became available there was a general 
shift to wavemeters which required calibration point by point over the 
tuning range. These instruments frequently have more desirable 
mechanical and electrical properties tha'n the self-calibrating variety. 

The details of calibration and the standardization of frequency will 
not be treated at length since these matters are discussed fully in 
Chap. 6. The effects of temperature, humidity, and air pressure on the 
resonant frequencies of cavities will not be analyzed since these are 
also found in Chap. 6. The chief emphasis in this section will be on the 
physical and circuit aspects of some existing wavemeters. 

5-15. Coaxial Wavemeter for the 3- and 10-cm Regions.—The coaxial 
wavemeter operating in the fundamental TEM-mode is a rugged and 

SS S 2 

F I G . 5-39.—TFS-5 coaxial wavemeter for the 3000 and 10,000 Mc/sec regions. 

dependable instrument, especially in the range up to 10,000 Mc/sec. 
Above this frequency the coaxial size becomes too small for convenience, 
and the drive mechanism must be too precise for easy manufacture. 

The model shown in Figs. 5-39 and 5-40 is typical of these wavemeters. 
A short-circuiting plunger is caused to move along the axis of the coaxial 
cylinders, and a mechanism is provided for measuring this displacement. 
The wavemeter is coupled to an external coaxial line with a loop. At a 
reference plane slightly inside of the cavity the system can be repre
sented by a shunt-tuned circuit. The system admittance is infinite at 
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this plane far off resonance and is pure real at resonance, which occurs 
when the cavity length is do ~ X/2. Successive resonances occur for 
cavity lengths of d = do + nX/2, where n is an integer.1 Thus an 
observation of the plunger displacement between successive resonances 
gives the wavelength directly. 

The plunger is driven with an accurately ground lead screw with a 
f c m lead (the thread tolerance is +0.0005 inches per inch in manufac
tured units). This screw is attached to a dial divided into 50 equal 

FIG. 5-40.—TFS-5 coaxial wavemeter. 

divisions, each corresponding to 0.01 cm of thread lead. A dial vernier 
is provided for interpolation to 0.001 cm. The screw drives a nut 
which is attached to a tube which carries the short-circuiting plunger. 
The nut is kept from rotating by means of a block in a slot. The nut 
is split and loaded with a spring to eliminate end play. The slotted 
phosphor-bronze spring-finger plunger has an annular slot 1 in. deep 
behind the contact plane. This slot acts as a choke in the range X = 10 
cm where it is i \ deep and in the range of X = 3.4-cm where it is f \ deep. 
The finger tips are chromium-plated for smooth sliding on the silver 
cavity walls. 

The outer tube holds the drive mechanism and forms the outer 
conductor of the coaxial line. It is coin silver with an internal diameter 

1 Because of the finite loss in the coaxial line in the wavemeter, resonances are 
periodic with a period slightly smaller than X/2. This error is, however, entirely 
negligible, being of the order of 10-5 per cent for a typical 3000 Mc/sec wavemeter. 
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of 0.625 in. The center rod is of coin silver and is 0.125 in. in diameter. 
At one end it is supported by a silver-plated plug which closes the cavity. 

In the 10-cm region the cavity is one wavelength long near the center 
of the tuning range. The unloaded Q of a perfect coaxial line of silver 
of the dimensions given and of this length is 3,300 at X = 10 cm. At 
X = 3.3 cm this unloaded Q is 6,000. The increase is caused by the more 
favorable length and outer cylinder diameter at the latter wavelength. 

The measured unloaded Q's fall far short of these theoretical values. 
For example, at X = 10.7 cm, with the coupler shown in Fig. 5-39 and 
using the meter as a reaction device with matched generator and load, 
one measures QL = 500 and /3 = 3.0 at maximum coupling. This 
gives a deduced Qu = 1250. The cause of this low value is not known 
but it seems probable that the plunger fingers are at fault, since such 
contacts are notoriously lossy. I t would be better to use a choke 
plunger except that this would work only in certain frequency ranges. 

Wavemeters of this type have been checked against a frequency stand
ard. With well-constructed meters, wavelengths can be measured with an 
absolute accuracy of + 0.05 per cent in the 3000-Mc/sec range, provided 
that backlash is eliminated by tuning to successive resonances in the same 
direction. The limiting accuracy is associated with both the Q of the 
resonance and imperfection in the lead screw. 

The coupling to the wavemeter is adjustable by rotating the loop. 
Maximum coupling occurs when the loop is in a plane containing the 
axis of the cylinders, and corresponds to /3 « 3 in the 10-cm range for 
the loop shown. The coupling parameter can be reduced almost to zero 
by rotating the loop 90°. 

The meter is usually used as a reaction device by coupling it to a 
coaxial line with a stub such as that shown in Fig. 5-39. In the 10-cm 
region the coupler shown satisfies the condition that the effective stub 
length is X/4 far off resonance. This coupling scheme was treated in 
detail in Sec. 5-5. This wavemeter can also be used as a transmission 
wavemeter by introducing a second loop, usually in the fixed end. 

6-16. Right Circular Cylinder in TE0u-mode for the 3-cm Region.— 
An iris-coupled right circular cylinder operating in the 7\E0u-mode 
has been extensively used as a wavemeter in the 10,000-Mc/sec region. 
The cavity may be coupled to one or more external waveguides. Tuning 
is accomplished by varying the length of the cavity. Figure 5-41 shows 
one model which has been manufactured in quantity. A photograph 
of this cavity is shown in Fig. 6-26. The plunger is advanced with a 
micrometer screw (40 threads per inch). A conventional micrometer 
head has often been used, although Fig. 5-41 shows a head with a special 
invar screw. Since no currents flow across the gap between the plunger 
and the cylinder for the TEon-mode, no chokes are built into the plunger 
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and a simple plate will serve. All of the other modes which can become 
resonant in the tuning range of the cavity have currents across this gap 
and will excite the region behind the plunger. The polyiron absorbing 
disk on the back of the plunger dissipates these fields, thus lowering 
the Q's of these modes to very small values. Hence, for a fixed iris-
coupling diameter, the coupling parameters for these modes are very small 
and the reaction on the external circuit is much reduced. Since none 
but the TMnl-mode can become simultaneously resonant with the 

0.900" x 0.400" ID waveguide 

FIG. 5-41.—TFX-30 wavemeter for 10,000-Mc/sec region. 

desired mode (TEon), this mode-suppression technique prevents any 
detectable resonances other than the desired resonance and assures 
only one resonant frequency corresponding to each plunger displacement. 
In like manner, if the cavity is provided with two irises, the transmission 
is negligible for the unwanted modes. These transmission coefficients, 
which are easier to measure than the change in admittance as the cavity is 
tuned to a very low Q and weak resonance, have been studied and typical 
values are shown in Table 5-3. 

TABLE 5-3.—TRANSMISSION THROUGH THE CAVITY OF FIG. 541 WITH POLYIRON MODS 

Mode 
TEan 
TE2U 

TE3n 
TEU2 

Su PI>RESSOR 

Transmission loss, db 
6.5 

> 33 
> 26 
> 50 

The Tjl/m-mode requires an extra word of explanation. Since it is 
intrinsically degenerate with the 77£oii-mode it will be simultaneously 
resonant at each plunger setting. Since it also has currents across the 
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gap it has a low Q, and, if excited, can lower the Q of the desired resonance. 
This is avoided by preventing its initial excitation by the iris and making 
sure that no cross coupling exists between it and the 7'7?0n-mode. The 
former is accomplished by proper choice of the iris position, such as in 
Fig. 5-41. Cross coupling is avoided by keeping the end plates accurately 
perpendicular to the cavity axis and making the gap uniform. Consider
able machining precision is required for these reasons. 

0 0.100 0.200 0.300 0.400 0.500 0.600 0.700 
Micrometer reading in inches 

F I G . 5-42.—Experimentally observed mode chart for the wavemeter of Fig. 5-41. 

The resonant wavelengths of the several possible modes are given 
only approximately by the formulas of Sec. 5-4 because of the iris and 
the gap. This necessitates an experimental determination of the 
resonant frequencies. Such results are shown in the mode chart of Fig. 
5-42. The wavemeter is usually calibrated for the region inside of the 
dotted rectangle (8500-9600 Mc/sec). It was found possible to manu
facture these wavemeters with sufficient precision so that a standard 
tuning curve (micrometer reading vs. resonant frequency) gave the true 
resonant frequency of any meter, to an accuracy + 3 Mc/sec, provided 
the meter was adjusted to coincide with the standard at a single plunger 
setting. Details of this procedure are found in Chap. 6. 
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The invar cavity is finished internally by grinding, honing, or buffing 
all surfaces, copper plating (0.0003 in.), buffing or polishing, silver 
plating (0.0002 in.), and finally polishing. This procedure is meant to 
give a smooth, homogeneous silver surface of as high a skin conductivity 
as possible. Actually, little is known of how to produce plated surfaces 
of the lowest possible loss other than to ensure that the coating is free 
of fissures or rough spots. A high polish in itself may do little good. 

The unloaded Q of a perfect right circular cylinder resonating in the 
r^on-mode is given in Sec. 5-4. If we assume the d-c value for the 
conductivity of silver at 25°C, we find for the given dimensions that 
Qu = 27,400 at 9365 Mc/sec (3.20-cm free-space wavelength in the 
standard atmosphere). The values of Qu deduced from measurements of 
the loaded Q and coupling parameter sometimes approach this value. 
With coupling parameters of the order of unity, Qu values as high as 
24,000 have been observed. However, many cavities have much lower 
unloaded Q's sometimes traceable to poor plating or faulty alignment of 
the parts. There is some evidence that the deduced unloaded Q falls 
rapidly as the iris diameter is increased from that corresponding to /3 = 1. 
This may be due to increased excitation of the lossy rAfm-mode. 

The reaction meters are provided with irises of 0.250-in. or 0.290-in. 
diameter and are mounted either on the top or at the end of a 0.900 by 
0.400-in. (ID) waveguide. In the latter form the waveguide is made 
X„/4 long, for X = 3.2 cm, and is provided with a flange for joining it 
to a waveguide circuit. Far off resonance no currents flow across this 
joint. The 0.290-in. iris diameter gives a coupling parameter of about 
unity, for meters with Qu ~ 23,000 at X = 3.2 cm, and somewhat less with 
inferior cavities. The loaded Q depends, of course, on the external 
circuit. 

The transmission meters are provided with two 0.250-in. diameter 
irises feeding X0/4 sections of 0.900 by 0.400-in. (ID) waveguide. The 
best of these cavities have a transmission loss of 6.0 db at 3.2 cm cor
responding to Q„ = 23,000, 0! = /32 = i, and QL = 11,500. 

5-17. Right Circular Cylinder in TE0n-mode for the 10-cm Region 
(TS-270).—A TEoii-mode cavity similar to that described in Sec. 5-16 
has been used in the 10-cm region as an echo box and a wavemeter. One 
form of this cavity is shown in Fig. 5-43. Tuning is accomplished by 
varying the cavity length between the limits shown in the figure, cor
responding to resonant wavelengths of 10.3 to 11.2 cm. The plunger 
design follows that of Sec. 5-16. Coupling is provided by loops, one on 
the side and one on the top. The top loop is normally connected to a 
crystal detector whose output indicates resonance. The drive mechanism 
displaces the plunger without rotation, using a rotating micrometer 
screw attached to the main dial and a nut attached to the plunger. 
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The main dial also drives a vernier dial through a gear reduction. The 
dials are calibrated in frequency and a calibration curve is supplied with 
the cavity. The cavity material is silver-plated bronze. I t is sealed with 
rubber gaskets and a sylphon bellows. 

The theoretical unloaded Q for a plunger setting at the center of the 
tuning range (2800 Mc/sec or 10.7 cm) is calculated from Fig. 5-14 to 
be 55,000 assuming pure silver walls. The loaded Q has been measured 
to be 42,000 with a total coupling coefficient of about 0.1 giving a deduced 
unloaded Q of 46,000. The application1 of this cavity as an echo box 
is described in Vol. 22, Chap. 10. 

6-18. Right Circular Cylinder in TEnn-mode for the 1-cm Region.—A 
self-calibrating wavemeter operating in the lowest round-waveguide mode 
(TZ?n) has been used in the 24,000-Mc/sec region. One form of this 

FIG. 5-44.—TFK-2 wavemeter for the 24,000-Mc/sec region. 

cavity is shown in Fig. 5-44. A standard micrometer head is used to 
drive a choke plunger which is pressed on the spindle. Several successive 
resonances of the 7\Eu-mode occur in the f-in. tuning range. These 
lie A0/2 apart, and if the internal diameter of the cylinder is known, 
the free-space wavelength can be computed from the displacement 
corresponding to X0/2. 

In Fig. 5-44 the cavity is excited from the end of a rectangular wave
guide with an iris. This is suitable only for a reaction meter. Trans
mission meters are excited with irises X0/4 from the cavity end, one on 
either side of the cavity and in a median plane. The end-on coupling 
is largely magnetic and the electric vectors in the external waveguide 
and inside the cavity are polarized in the same direction. In the trans
mission cavity, the electric vector in the cavity lies in a plane per
pendicular to the waveguide axis. 

The horsehoe strap across the iris in Fig. 5-44 eliminates the double 
response which is sometimes observed in these wavemeters and which 
arises from ellipticity in the cylindrical cavity or in the plunger gap. 
This is seen as follows. In a perfect cavity any two I '^n-modes which 
are orthogonal can be used to describe the cavity fields, and since they 

1 Cf. also "Instruction Book for Model OBU-3 Echo Box Test Set," Ships 308-A, 
U. S. Navy Dept., June 15. 1944. 
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resonate at the same frequency they are indistinguishable from measure
ments in the external line. If the cylinder or the plunger gap is eccentric, 
the resonant frequencies of these two modes are split and they are 
polarized along the axes of the ellipse. Depending on the orientation 
of these axes with respect to the exciting waveguide more or less power 
will be coupled to each of the modes, but, in general, both will be coupled 
and two resonances will be observed in each X0/2 travel of the plunger 
(of the order of 5 to 14 Mc/sec apart for a group of manufactured units). 
The strap introduces a very large eccentricity which polarizes the two 
modes in planes parallel to and perpendicular to the electric vector in the 
external waveguide and splits them so far apart in frequency that no 
resistive coupling can introduce cross coupling. Only the mode polarized 
in the plane of the electric vector in the external waveguide is excited to 
any degree, and so the double resonance is eliminated. 

All of the cavity parts are of pure silver. The tube is accurately 

broached and polished to a diameter of 0.375 f _ n n n 0 ) in. The plunger 
is provided with a choke in the form of an annular cup X/4 deep for 
X = 1.25 cm. This is suitable since the fields excited in the plunger are 
in the coaxial TEn-mode which has a wavelength very nearly X for the 
dimensions used. The very-low-impedance line formed by the outside 
of the plunger and the cylinder improves the choke action, as it is 3X/4 
in length. An absorbing disk is placed behind the plunger to eliminate 
resonances in the back cavity, which might conceivably be strong enough 
to give spurious indications. 

In the 24,000-Mc/sec region the cavity is tunable to three resonances 
corresponding to the TEni-, TEUi-, and T^ns-modes. The theoretical 
unloaded Q's of a perfect silver cylinder resonating in these modes 
are 8,200, 9,500 and 10,200 respectively. The experimental values 
deduced from measurements of loaded Q's and coupling parameters are 
very nearly as large as those calculated. In fact, they seem too large to 
be consistent with the added loss which must be introduced by the 
plunger. These measurements were taken with a O.lll-in.-diameter 
coupling hole. Typical measured values for the TEm-mode are 
QL = 3500, /3 = 1.3, giving a deduced Qu = 8000 for a resonant fre
quency of 24,000 Mc/sec. 

6-19. Hybrid TE0ii-mode Wavemeter for the 1-cm Region.—The 
wavemeters discussed thus far have all been of simple shape: coaxial 
and right circular cylinder. Above 20,000 Mc/sec, all of these simple 
cavities have too large a tuning rate (change in resonant frequency per 
unit displacement of a plunger) to be consistent with the available pre
cision of drive mechanisms. This suggests a cavity in which only a part 
of the cavity wall is displaced, preferably in a region of low field intensity. 
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0.420" x 0.170" ID wave guide 

Such cavities nave been studied1 for the case of a right circular cylinder 
tuned by a concentric cylindrical post somewhat shorter than the cavity. 
Such cavities are commonly called partial coaxial or hybrid cylindrical 
cavities. 

It is seen by referring to the curves of Barrow and Mieher that the 
resonance frequency of the TEon-mode in 
the right circular cylinder is displaced 
only a little by the post. The Q of this 
mode is, of course, quite high and should 
not be lowered very much by the post. 
Since the coaxial 7'i?oii-mode as well as 
the T.Z?oii-mode for the cylinder have cir
cular currents in the end plates it is pos
sible to introduce the post through a 
loose-fitting hole in one end plate with
out providing chokes or contact fingers. 
Figure 5-45 shows one form of the hybrid 
T-Eon-mode cavity which has been used as 
a wavemeter in the 24,000-Mc/sec region. 

Considerable cut-and-try work was done in the design of this cavity. 
Most of this was an effort to get a linear frequency-vs.-displacement 
curve so that an evenly divided dial could be calibrated directly in 
megacycles per second. Some work was also done to eliminate unwanted 

a = 0.8584" h = 0.432" 
c = 0.1110" S = 0.250"mm 
£=0.6607" i»=0.1250" 

F I G . 5-45.—Hybrid TEou-mode wave-
meter or the 24,000-Mc/sec region. 
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Cavity length 0.8584 
Plunger diameter 0.1250 

Resonant frequency in Mc/sec 
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F I G . 5-46.—Error curve for cavity of Fig. 5-45, set at 24,000 Mc/sec, per revolution of 
47-thread-per-iiich plunger screw. 

resonances, in particular that of the 7'A'3n-mode, and to achieve a more 
constant coupling parameter and loaded Q throughout the tuning range. 
All of these problems are adequately solved in the model of Fig. 5-45. 

The tuning post is driven by a 47-thread-per-inch screw giving a 
nominal tuning rate of 100 Mc/sec for each revolution. The post 
insertion is set so that the tuning rate is exactly the nominal value at 

1 W. L. Barrow and W. W. Mieher, Proc. Inst. Radio Engrs, N. Y. 28, 184 (1940). 
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24,000 Mc/sec. An error curve showing the departure of this tuning 
rate from the nominal value is shown in Fig. 5-46. The small wiggles 
in the curve of Fig. 546 are due to eccentricity as the plunger rotates. 
At 24,000 Mc/sec the dimension S in Fig. 5-45 is approximately 0.37 
inches. The exact insertion of the plunger at 24,000 Mc/sec is, of 
course, set by comparison with a frequency standard. I t should be noted 
that the resonant frequency increases with increasing plunger insertion. 

The cavity length is chosen so that no mode crossings occur within 
the tuning range (23,500 to 24,500 Mc/sec). The tuning rate is not 
appreciably influenced by this dimension but depends markedly on 
the post diameter which was chosen to give the smallest average depar
ture from a tuning rate of 100 Mc/sec per revolution over the tuning 
range. 

The iris opening is chosen to give a 50 per cent dip in transmitted 
power when the cavity is coupled to the top of the waveguide. This 
corresponds to a coupling coefficient of j3 = 0.83. This coupling is nearly 
constant ( ± 5 per cent) over the tuning range of the cavity. 

The measured loaded Q of this cavity is QL ~ 6,000. Referring to 
Sec. 5-5 this corresponds to a deduced unloaded Q of 8500. This is 
much less than the theoretical value for the unloaded Q of a perfect silver 
cylinder in the T.Eoii-mode which is 19,600. However, the coaxial part 
of the cavity is very near or beyond cutoff for the coaxial TiJon-mode 
and the theoretical Q is much lower than the value for the cylinder. 

MEASUREMENTS ON CAVITY-COUPLING SYSTEMS 

The Q-factors and coupling parameters of cavity-coupling systems 
can be measured by a number of methods any of which can be placed in 
one of three categories. 

First, there are measurements of power transmission, through or past 
a cavity, as a function of frequency or cavity tuning. With a two-line 
cavity, the transmission through the cavity is measured; with a single-line 
cavity a reaction circuit is used. These methods yield loaded Q-values 
using the formulas of Sees. 5-10 to 5-14. 

In another class of methods, the magnitude and phase of the waves 
reflected from a cavity system are measured as a function of frequency 
or cavity tuning. The magnitude of the reflection is usually measured 
for high-Q systems where the reflection coefficient is a rapid function of 
frequency. For low-Q systems a measurement of the phase of the 
reflected waves is more convenient. When properly used these methods 
yield both QL and /3. 

For systems with very high Q-values neither of the above methods is 
satisfactory. With suitable apparatus however, it is possible to measure 
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the rate of decay of shock-excited fields in such cavity systems and hence 
to derive QL from decrement formulas. 

In several of the methods mentioned it is desirable to have a signal 
source of very high frequency stability and preferably one which is 
tunable over a known range of frequencies. Crystal-controlled radio-
frequency oscillators followed by a chain of frequency multipliers have 
been used for this purpose (see Chap. 6). These frequently have a very 
low output power so that highly sensitive receivers must be used as 
indicating devices. This difficulty has been overcome by using the 
multiplier output voltage as a locking voltage for a klystron multiplier, 
but the resulting apparatus is rather cumbersome. The stabilized 

Crystal 

Stable oscillator 
frequency F 

Magic T (F+f) 
■ and higher order 

sidebands 
i+X„/8 

Crystal 90° phase shift Tunable oscillator 
frequency / 

FIG. 5-47.—Tunable microwave frequency-stable signal source. 
oscillators recently developed by Pound1 are more convenient sources of 
frequency-stable signals. These devices are discussed in Chap. 2. 

These stabilized oscillators can be tuned directly with the stabilizer 
cavity, which may be calibrated against a frequency standard (Chap. G). 
This method is suitable if frequency differences need be known only 
with moderate precision (+ 105 cps). For higher precision the tuning and 
calibration difficulties in this method are considerable and other tuning 
procedures are more attractive. One such method is the use of a single-
or double-sideband modulator to put sidebands of known frequency 
separation on the stable signal. One or several of these sidebands can 
then be used as a variable-frequency source. 

Figure 5-47 shows a tunable, frequency-stable source employing a 
single-sideband modulator, which is perhaps more desirable than other 
modulators since only one of the first-order sidebands (plus higher-order 
sidebands, in general) is emitted. The transmission-line circuits may be 
either waveguides or coaxial lines. The line lengths I and I + X„/8 
are electrical or phase lengths to the crystal contacts. The crystals 

1 R. V. Pound, "An Improved Frequency Stabilization System for Microwave 
Oscillators," RL Report 837, Oct. 26, 1945; "An Electronic Frequency Stabiliza
tion System for c-w Microwave Oscillators," RL Report 815, Oct. 1. 1945. 
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must be accurately matched to the lines if no carrier is to be emitted. 
The signal frequency F + f is varied by changing/ which is produced by 
a calibrated radio-frequency generator. It is usually necessary to know 
with precision only differences in frequency so that F need be known only 
to within a few megacycles per second. 

As the power level of / is increased, the level of F + / increases until 
it is of the order of 4 db below the level of F for the optimum form of 
the time variation of the crystal impedance. The remainder of the carrier 
power is distributed into the F — f sideband, which is lost in the 
oscillator, and higher-order sidebands, some of which are emitted. The 
main experimental problem is to obtain a signal level which is independent 
of modulation frequency, since otherwise the power must be monitored. 

Of course, the circuit of Fig 5-47 is only one form of a variable-fre
quency sideband generator. Other and simpler forms using a single 
modulating crystal in which both sidebands are emitted are often quite 
satisfactory. 

5-20. Transmission Measurements with a Two-line Cavity.—Any of 
the wavemeter circuits of Sees. 5-10 to 5-14 are suitable for measuring the 
loaded Q of a cavity system from the variation of transmitted power with 
frequency. Of these, the simplest is the two-line cavity with a matched 
generator and a matched load (Fig. 5-21). We have seen that the 
transmission loss (power into load divided by available power from 
generator) is 

4/3,02 T(o>) = 

(1 + /3i + 02)2 + Q, I WO _ COoV 

for this arrangement, where u is the signal frequency and o>o the resonance 
frequency of the cavity (or vice versa). At u = oi0 this reduces to 

1M - (1 + 0. + ft)"' 
and the frequency difference between the points at which T(a) = £T(&>o) 
is 

coo coo(l + ffi + |32) 
250 - oi -Q: 

In practice 25o/wo is measured with a swept system (Sec. 6-31) or by 
measuring T{u) point by point. In any case QL is given by the variation 
in T(u). If |3i and /32 are also desired, it is necessary to make some other 
measurement such as the input and output impedances of the cavity at 
resonance. 

The details of the apparatus will, of course, depend on the frequency 
range in question and individual preferences. However, they will all 
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resemble Fig. 5-48 to some extent. The signal source is some sort of 
tunable or swept-frequency stable oscillator. The receiver can be a 
crystal detector and d-c meter, or if modulation is employed, it can be 
an audio-frequency amplifier, a spectrum analyzer, or a conventional 
superheterodyne receiver, depending largely on the power available. 
If, for example, the available signal power is 10~3 watt, and if two 10-db 
pads are used, 100 ^w are available at the receiver when the cavity is 

Signal 
source 

Matched 
pad Cavity Matched 

pad Receiver 

F I G . 5-48.—Transmission-loss apparatus. 

removed, and a crystal detector can be used with cavities of reasonable 
insertion loss (20 db or less). The pads are made large enough to 
prevent frequency-pulling of the cavity and to assure that the cavity 
loads are each Z0- If both the generator and load are reasonably matched 
something less than 10 db is entirely adequate. Without a stabilized 
oscillator large pads would be required to prevent frequency-pulling 
of the oscillator. 

It is not necessary to discuss the measurement of QL with the other 
circuits of Sees. 5-10 to 5-14. The apparatus resembles that which has 
just been discussed. The loaded Q's are calculated from the formulas 
derived in the preceding paragraphs. 

6-21. Standing-wave Measurements on Cavities.—The measurement 
of the amplitude or phase of waves reflected from a cavity-coupling 

Tunable 
frequency. 

stable 
generator 

/ P a d / Slotted line _ [ ) 
Probe. Cavity 

L - Receiver 

F I G . 5-49.—Apparatus for measuring standing waves from cavity. 

system as a function of frequency yields both QL and the coupling 
parameter /3. The amplitude measurements are most sensitive with 
high-Q systems, whereas phase measurements are better for low-Q 
systems. Either can be made'with the apparatus of Fig. 5-49. The 
generator is any of those previously mentioned. It is usually provided 
with a pad of several decibels insertion loss, matched so that the cavity 
is loaded by the Zo of the exit cavity line. The slotted section is of 
coaxial line or waveguide and carries a scale for measuring phase. The 
receiver can be a crystal detector and d-c meter or an a-c amplifier if 
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the generator is modulated, or better, a spectrum analyzer or a super
heterodyne receiver. If the superheterodyne receiver is used its local 
oscillator must track with the generator. Any of the usual methods can 
be used in comparing the maxima and minima of the standing-wave 
pattern to give the standing-wave ratio. 

Amplitude Measurements.—The analysis of the amplitude of the 
standing-wave ratio to give QL and j3 is easily derived from the treatment 
in Sees. 5-1 and 5-2, and from the material of Chap. 8. It was shown 
that the VSWR of a terminating impedance Z in a transmission line of 
characteristic impedance Zo is 

\Z + Z,| + \Z - Z. | , 
r = \Z + Z„| - \ Z - Z0\' ( 6 7 ) 

or, in terms of admittances, 
_ [7 + r . l + | F - Fo| 

r ~ \Y + Y0\ - \Y - Y0\ (™> 

At the reference plane at which the cavity-coupling system is repre-
sentable as a simple series circuit the terminating impedance is 

Z = R+jX~R+ J2EQU L 
Jo 

where Q„ = 2vfoL/R and f = fo + S, and Eq. (67) becomes 

| V ( Z 0 + R)> + X>\ + 1 V(Z0 - R)* + X2 | 
T | V ( 2 o + R)2 + X>\ - | V(Zo - RY + X2 | 

For 5 = 0, Eq. (69) reduces to 

r0 = -^r, for R < ZQ, 

or 
T-o = -Tf-, for R > ZQ. 

(69) 

Z 
At the frequencies/„ ± Slt for which 2RQu(61/f0) = +(Zo + R), Eq. (69) 
becomes 

1 + 
7-1 = 

1 + 1^ 
(70) 

These frequencies fa + &i are those for which 

+ 25i V , p + 1 
R ^ 
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where the coupling parameter 8 is dehned in the usual way as Z0/R. The 
procedure is to measure r a s a function of frequency, to determine the 
minimum r = r0, to calculate r\ from this by Eq. (70), and to note 
the frequency separation 25i between 
the points at which r = r\. From 
this one gets QL from Eq. (71), and 
since r0 = 8 or 1/8, one gets B and 
Qu as well. There is only one point 
of confusion in this procedure; it is 
necessary to determine whether r0 = /3 
or 1/8, that is, to determine whether 
R > Z0 or R < Z0. This is illu
strated in Fig. 5-50. For locus (a)> 
R > Z0 and r0 = R/Z0 = 1/8- For 
locus (6), R < Z0 and r0 = Z0/R = /3. 
These two cases are best denoted by 
the following observation: for ro = 8 
the position of the minimum of the 
standing-wave pattern moves X0/4 as / goes from a value far off resonance 
t o / 0 ; while for r0 = 1//3 the minimum position is the same far off resonance 
as at /o. It is to be noted however that rx is the same for r0 = 8 and for 
ro = 1/8-

12 

F I G . 550.—Impedance contours of cavity 
system near resonance. 
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F I G . 5-51.—VSWR of cavity at frequen 
cies /o + 5i, for which QL = /o/25i, as j 
function of /3 or 1 /£ . 
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F I G . 5-52.—VSWR of a TFX-30EC 
cavity (0.2915-in.-diameter coupling hole.) 
tuned to / = 9370 Mc/sec. 

A plot of Eq. (70) is shown in Fig. 5-51. I t is seen that r. is less than 
10 in the range 0.26 < j3 < 3.85. This is the most useful range for the 
procedure outlined above, and other methods or techniques should be 
used for larger values of ri. One can, for example, choose some smaller 
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value for Sx and calculate the VSWR analogous to n for this Si as well as 
a new relation between QL and /0/61. 

As an example of the procedure discussed, consider the data of Fig. 
5-52 in which r is plotted vs. d for a TFX-30 cavity tuned to f0 = 9370 
Mc/sec. The apparatus of Fig. 5-49 was used with a 723-A tube and a 
Pound stabilizer, tuned with a calibrated cavity. A spectrum analyzer 
was used as a receiver. The VSWR at resonance was r0 = 1.55 and the 
minimum in the standing-wave pattern at resonance was at a distance 
X„/4 from the position of the minimum when the generator frequency was 
far off resonance (as in locus (6) Fig. 5-50.) Thus (3 = 1.55. For this 
value of 0, ri is 6.20 (from Fig. 5-51) and the frequency separation is 
1.16 Mc/sec. Thus QL = 9370/1.16 = 8080 and 

Q„ = (1 + 1.55)8080 = 20,600. 

The admittance case, proceeding from Eq. (68), is derived in an 
analogous manner. Here the loci of Fig. 5-50 are the admittance con
tours at a reference plane where the cavity system is representable as a 
simple shunt-resonant circuit, (GCL). The VSWR at resonance is 

~ , for G > Yd, 
y (72) 
Zg, forG<F„. 

The coupling parameter is |3 = Yo/G which equals r0 for G < F 0 or 
l / r 0 for G > Yo, corresponding to loci (b) and (a) respectively in a 
diagram identical with Fig. 5-50 for admittances. The VSWR at which 
2GQ„ (V/o) = ±(Y0+ (?) is given by 

which is the same as the function of Fig. 5-51; and as before QL = /o/25i, 
and Qu = (1 + |3)QL. This complete analogy between the impedance 
and admittance analyses is evident if one recalls that the shunt-resonant 
admittance function is given by transforming the series-resonant imped
ance function a distance X„/4 along the line and replacing all impedances 
Z by 1/Z = Y, a procedure which to a first approximation gives an 
admittance locus identical to the original impedance locus. 

6-22. Phase Measurements.—The loaded or unloaded Q of a cavity 
can also be found from the phase shift in the standing-wave pattern as a 
function of frequency in the region of resonance. For low-Q systems 

To = 
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which are tightly coupled (/8 >$> 1) these measurements are very sensitive 
whereas the magnitude of the VSWR changes very slowly with frequency. 

The basis for the measurement is easily illustrated. Consider the 
impedance function of a single-line cavity-coupling system at a reference 
plane at which it is representable as a simple series KLC-circuit. This is 

Z « R + j2RQu L (74) 
Jo 

where Qu = 2irfaL/R and / = /o + &. At a frequency shift 8„ = /o/2Q„, 

F I G . 5-53.—Smith impedance diagram showing the phase shift Au in the standing-wave 
minimum for the frequency shift 5U — fa/2Qu; also the phase shift At for the frequency 
shift 5L = /o/2Qi. 

Z = R + JR. The corresponding phase shift of the standing-wave 
minimum relative to the minimum position at resonance is most easily 
found with a circle diagram. Consider the construction of Fig. 5-53. 
Locus (1) represents the impedance function of Eq. (74). The inter
section of this circle with locus (a) gives a point P„ at which Z = R + JR. 
The corresponding phase shift in the standing-wave minimum relative 
to the minimum position at resonance is A„. A plot of Amin/X,; vs. R/Z0 
is shown in Fig. 5-54 for the above condition (5U = /o/2Qu). I t is to be 
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noted that all phase shifts are measured from the standing-wave-minimum 
position at resonance. 

The conductance case is treated similarly. If terminals are chosen 
such that the cavity system is a simple shunt-resonant GLC-circuit, 
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F I Q . 5-54.—Shift in standing-wave minimum A^/Xg (relative to minimum position at 
resonance) corresponding to' a frequency shift 6U = (/« — fo) — /o/2Qu . 
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F I G . 5-55.—Shift in standing-wave minimum A L / X P (relative to a minimum position 
at resonance) corresponding to a frequency shift SL — (JL — fo) = /O/2QL. 

the admittance function is 

Y « G + J2GQ„ 
fo 

(75) 

where Q„ = 2irfoC/G and f = fo + &. At a frequency shift 8„ = /o/2Qu 
we have Y = G + jG. The corresponding shift in the standing-wave 
minimum relative to the minimum position at resonance is given in 
Fig. 5-54. 
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If the frequency shift S„ is too small to be measured conveniently, 
the frequency shift SL = fo/2QL can be used. At this frequency Eq. (74) 
becomes Z = R + j(Z0 + R). The corresponding shift in the minimum 
relative to the minimum position at resonance is given in the construction 
of Fig. 5-53 and is labeled AL. Figure 5-55 is a plot of this shift vs. 
R/Zo or G/Yo. 

It is clear from the preceding paragraphs that one can conveniently 
get both Qu and QL from phase measurements. If both of these are 

Fia. 5-66.—Measured phase shifts for a cavity resonating at 9370 Mc/sec with G/Yi = 
0.112. 

measured, one has a check on the conductance at resonance since 

Qu = QL(1 + fl. 

The above methods are illustrated by the data of Fig. 5-56 taken with 
a cavity resonating at /o = 9370 Mc/sec, with G/Y0 — 0.112. From 
Fig. 5-54 we have Au/X„ = 0.018 corresponding to 2SU = 2.3 Mc/sec, 
giving Qu = 9370/2.3 = 4070. From Fig. 555, AL/\„ = 0.134, cor
responding to 25L = 22.7 Mc/sec, giving QL = 9370/22.7 = 413. From 
these Q values, 0 = *&& - 1 = 8.9 which checks with Y0/G = 0 = 8.9. 

In the foregoing treatment we have used phase shifts Amin/X„ as phase 
angles between minimum positions. If there is no dispersion (that is, 
X = X„) in the exit transmission line, the measured Amia values, in centi
meters, can be used directly to give A„in/X„. However, if there is dis
persion, this is subject to a correction depending on the ratio X„/X, the 
total X-interval experimentally used, and the number of wavelengths 
between the cavity and the measuring probe. In the case of very-low-Q 
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systems where a large X-interval is used this may introduce an appreciable 
correction. 

In order to avoid confusion arising from the algebraic sign of A^ let 
us consider |A„i„|. I t is then true that the measured lA^I is always 
greater than or equal to the \A^a\ which appears in all of the foregoing 
formulas. That is, the rate of change of phase with frequency is always 
increased by dispersion in the transmission line, a result which follows 
from Foster's reactance theorem. The correction which must be 
applied to lA^I is 

AX. = N 4(̂ x1 

R 

where x is the distance from the cavity to the probe. 
6-23. Decrement Measurements.—For very-high-Q cavity systems, 

the frequency stability required to make transmission and standing-
wave measurements becomes rather difficult to achieve. In such cases 
it may be more convenient to use decrement measurements. This has 
been extensively investigated in connection with the use of "echo 

boxes" for the measurement of radar-
system performance. The point of 
view here is somewhat different from 
these studies which are concerned with 
the time required, after the termina
tion of the transmitted pulse, for the 
signal from an echo box to decay to 
the minimum detectable receiver 
signal. From this time interval, an 
over-all figure of merit, including trans
mitter power and receiver sensitivity, 

can be found for the radar system, making use of a cavity of known 
Q-factor and coupling parameter. Here this problem is inverted to find 
the Q from decrement measurements. 

Suppose that the cavity system in question has only one resonant 
mode in a certain frequency range. Then for these frequencies it is 
representable at certain reference terminals as a simple series- or shunt-
resonant circuit. Let the cavity be connected to a matched generator 
of available power P0- The circuit is that of Fig. 5-57 at a particular 
reference plane. Let E{t) be a step function of amplitude 

Fia. 5-57. 
cavity system at 
plane. 

L 
Equivalent circuit of 

a particular reference 

E0 = 2 VZP^Zo, 

starting at time t = 0 and of frequency «. I t is well known that if 

a, = Vzi~ 4L2 (the damped angular frequency of the loaded 
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cavity system) the current builds up according to1 

Ht) = ^ V o (1 - e""^ ' ) cos cot. (76) 

If the generator is now extinguished at a time T the current decays 
according to the law 

i(T) = i(r)e~~^T, (77) 

where T is measured from the extinguishing time and i(r) is the value of 
Eq. (76) a U = T. 
Thus 

t(D = -5-4V (i - « " ^ « 2L cos «>'■ ( 7 g ) 
The decaying voltage measured across Z0 is E(T) = i{T)Z<, and the 
power absorbed in Z0 is P{T) = i{T)2Z0. Hence Eq. (78) becomes 

V T T = W T ^ ) ( / - e )e 

In terms of the constants QL = Q„/(l + 0), Qu = coL/fi and 0 = Z0/R 
this becomes 

^W = 1 + ^ (1 " e~^-)e-^T. (79) /P(r) 

The decrement is obtained by measuring P(T) at two times, 7" and 
T". The ratio of the corresponding P(T) values is 

4. P(T") (80) 

Equation (80) is of course directly obtainable from Eq. (77). The 
reason for deriving the complete expression Eq. (79) is so that the total 
time T can be calculated for a particular minimum detectable P{T). 

Consider a.typical example in which P{T) is detected with a super
heterodyne receiver having a minimum detectable power of 10 -12 watt. 
Let co = 2TT X 1010 radian/sec r = lO"5 sec QL = 106 0 = 0.1 and 
Pa = 10 - 2 watt such as could be easily obtained from a reflex klystron. 
Then the time T required for the decaying signal to reach 10 -12 watt is 

* * l n 

= 3(10)-6 sec, 

~ a (1 - e 3S) 

1 For example, E. A. Guillemin, "Communication Networks," Vol. I, Wiley, New 
York, 1931, p. 92. 
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which should be ample for the measurement. Keeping other factors 
constant, if &, = 104 this interval decreases to 3(10)~8 sec, which is 
about as short as is convenient to measure. 

An apparatus for measuring decrements could take the form of Fig. 
5-58. The oscillator is a reflex klystron; the receiver is a conventional 
superheterodyne receiver with crystal mixer, an i-f amplifier 1-Mc/sec 
wide, a detector, and a video amplifier. The oscilloscope has a fast sweep 

Oscillator 

Pulser 

Pulse delay 

Cavity 

Receiver 

Attenuator 

Oscillator 

F I G . 5-58.—Apparatus for measuring decre
ments of cavity systems. 

F I Q . 5-59.—Oscilloscope 
pattern of decay of oscillating 
cavity. 

circuit which is triggered by the modulator. The oscilloscope pattern is a 
plot of Eq. (79) with perhaps some nonlinearity in the voltage scale. 

Such a pattern is shown in Fig. 5-59. One picks a certain fiducial 
mark such as 0 in Fig. 5-5. An attenuation of, for example, A db is 
then introduced in the receiver and the sweep delay is shortened by an 
amount AT sec, so as to restore the trace to its original position. Then 
from Eq. (80) 

" 2 3 ° 3 A (81) 
QL 10 AT 

For example if A = 3 db, u = 2TT(10)10 radian/sec, QL = 5(10)4, the 
change in sweep delay is AT = 0.549 ^sec. 

If the frequency of the oscillator is not constant from sweep to sweep 
the pattern of Fig. 5-59 will be fuzzy. However it will have a sharp 
edge (right-hand edge of trace shown) corresponding to the damped 
resonant frequency of the cavity since other frequencies will excite the 
cavity to a lesser degree. 



CHAPTER 6 

FREQUENCY MEASUREMENTS 

B Y LOUIS B. YOUNG 

Associated with all electromagnetic phenomena are two quantities, 
frequency and wavelength, which are related by the velocity of light in 
the medium of propagation, 

/ = -• 

Either quantity may be chosen as a basis for standardization, but once 
this choice has been made, the other quantity must be derived from a 
knowledge of the velocity of light. Since this velocity is a function of 
the medium of propagation, the accuracy to which the dependent quantity 
may be determined hinges on the engineer's ability to correct the velocity 
in vacuum to fit his experimental conditions. Therefore standardization 
should be made on the quantity which requires the greatest accuracy 
in application. In addition, consideration must be given to the ease and 
accuracy of measurement of the quantity chosen for standardization. 

I t is apparent that frequency requires the greatest accuracy of 
measurement since the alignment of transmitters and receivers is depend
ent on it. Wavelength is the convenient quantity on which to base 
microwave impedance design problems, but the accuracy to which wave
length must be known is not nearly so great as in the case of frequency. 
The measurement of frequency involves a standard of time; that of 
wavelength, a standard of length. Standard time signals and standard 
frequencies whose submultiples agree precisely with standard time are 
made available by radio broadcast. Equally accurate standards of 
length are not readily available, and, if they were, the technique of the 
comparison of lengths, even in the microwave region, is not so easy nor 
capable of so great accuracy as that of frequency comparison. I t is 
indeed fortunate that standards of frequency can be built with ease and 
accuracy since frequency must be known to great accuracy in application. 
Consequently, frequency has been chosen as a basis of standardization, 
and this chapter will deal with primary and secondary standards and 
with the measuring equipment developed to use them. 

PRIMARY FREQUENCY STANDARDS 
6-1. General Requirements.—A true primary frequency standard 

consists of a stable oscillator with which a clock is synchronized for 
343 
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comparison with standard time. The National Bureau of Standards 
maintains seven crystal-controlled oscillators which are trimmed so that 
their mean frequency provides a time indication in exact agreement with 
astronomical observations of the U.S. Naval Observatory. One of these 
oscillators provides frequency multiples for radio transmission from 
Station WWV. By careful intercomparison of all seven oscillators, it is 
possible to avoid the use of an oscillator whose frequency has large 
cyclical deviations from the mean. The accuracy achieved in these 
transmissions is better than 1 part in 107. 

Microwave frequency standards do not require such high accuracy 
because of the limitations placed on their utilization by existing measuring 
equipment and techniques. Therefore the elaborate means used to 
maintain the accuracy of the national standard of frequency can be 
omitted. In fact, a single crystal-controlled oscillator that can be 
monitored, relative to standard-frequency broadcasts, is an adequate 
basis for a microwave standard. Stability over long periods is highly 
desirable in the event that standard-broadcast reception is interrupted, 
but the only essential requirement is negligible frequency drift during a 
measurement. 

6-2. Microwave Frequency Generation.—The frequency of the crystal 
oscillator is raised to the vhf region by means of vacuum-tube multipliers. 
The vhf multiple of the crystal frequency is raised to the microwave 
region by using a silicon crystal rectifier as a harmonic generator. These 
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Fia . 6-1.—Microwave frequency standard. 
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harmonics represent a series of standard microwave frequencies that are 
spaced by the last vhf multiple of the crystal frequency. Such a standard 
is useful but lacks the versatility of one that can be varied to cover the 
entire microwave region. 

Complete coverage is attained by multiplying a variable frequency 
rather than that of a crystal oscillator. The tuning range of this low-
frequency source is chosen so that the ranges of microwave harmonics 
are overlapping. Multiples, submultiples, and known fractions of a 
crystal- controlled frequency are used to determine the variable frequency 
to a high degree of accuracy. The entire complex assembly necessary 
to produce a variable microwave frequency of predetermined accuracy 
has come to be known as a "primary frequency standard." Figure 6-1 
indicates the functions of the various components of such a standard. 

6-3. Design Considerations.—The variable frequency, which is 
multiplied to the microwave region, is obtained by mixing a multiple 
nfo of the crystal-oscillator frequency /0 with the signal from a tunable 
oscillator of frequency / i . The accuracy to which this variable base 
frequency is known depends to a large degree on the contribution and 
accuracy of the tunable oscillator. In order that this contribution may 
be small, the range of the variable frequency should be restricted as much 
as possible. The amount of restriction is determined by the frequency-
multiplication process. 

Vacuum tubes are employed to multiply the variable frequency 
nfo + / i so as to provide a vhf signal of frequency n^n/o + / 0 - Crystal 
rectifiers multiply this frequency to the microwave region by harmonic 
generation, and the microwave frequency is niW2(nfo + /i)- A microwave 
power of —70 dbw is available at the 40th harmonic (n2 = 40) when 
75 ma of rectified current is produced. This power is 50 db above the 
noise level of a spectrum analyzer (panoramic receiver). The utilization 
of higher-order harmonics results in lower output power which is inade
quate for making measurements involving high insertion losses. The 
lowest-order harmonic n2miD that is utilized determines the variable-
frequency range that is required for continuous microwave coverage, 
that is, overlapping ranges for successive harmonics. In order for the 
lowest and next-to-lowest harmonics to produce overlapping coverage, 

ni(n2 min)(«/o + fi)m^ ^ ni(n2 ^ + l)(n/0 -r-/i)„i«. 

This equation reduces to 

(nfo + / i ) - . , > n2 min + 1 
(nfd + / l ) m i o ~~ W2 mia 

For example, if harmonics down to the 10th are utilized, the variable 
frequency must cover a 10 per cent range. However, the 10th through 
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40th harmonics of a vhf signal variable over a small range will not cover 
the entire microwave region. In fact, it is necessary to use three output 
signals in the vhf region to obtain complete and continuous microwave 
coverage. 

Although the range of the variable frequency, and hence that of the 
tunable oscillator, is determined by the frequency-multiplication process, 
the actual frequency of the tunable oscillator is determined by other 
factors. Since the variable frequency is generated by a mixing process, 
undesirable frequency components tend to appear in the output signal. 
A balanced mixer may be used to eliminate the frequency component nf0. 
Frequency components nf0 — / i , / i , 2/i, and 2w/0 may be eliminated by 
using a double-tuned, low-Q mixer output circuit that has a pass band 
corresponding to the range covered by the variable frequency n/0 + / i . 
Response should be down 40 db at the difference frequency nf0 — / i . In 
order to satisfy all requirements it is advisable that 

h 
Consequently, the accuracy of the variable frequency is determined 
one-sixth by the tunable oscillator and five-sixths by the crystal-controlled 
oscillator. 

The accuracy of the tunable oscillator's contribution depends on 
both its stability and accuracy of calibration. By careful protection of 
the components from sudden temperature changes and by voltage regula
tion, stability can be made such that the error caused by drift is negligible 
during a measurement. Calibration accuracy is the main factor, and 
maximum accuracy may be realized by calibration at the time of applica
tion rather than by dependence on a calibration curve. 

Calibration is accomplished by measuring the frequency difference 
between known fractions of the crystal-oscillator frequency and the 
tunable-oscillator frequency. Multivibrators or regenerative modulators 
may be used to obtain submultiples fo/n3, of the crystal-oscillator fre
quency. Harmonics of these submultiples lie in the range of the tunable 
oscillator. The difference frequency is / i — n4/0/n3, and is measured by 
comparison with the frequency of an audio oscillator. If, for example, 
the n4/o/n3 components are harmonics of 2 kc/sec, then the audio oscil
lator must cover from 0 to 1 kc/sec, since the tunable-oscillator frequency 
can never be further than 1 kc/sec from a harmonic. 

The audio oscillator is preferably of the beat-frequency type, for 
stability and for operation at very low frequencies. This oscillator will 
have sufficient accuracy if it is provided with a calibration curve which 
has points measured every 50 cps by comparison with the 50-cps signal 
derived from the crystal-oscillator frequency. The clock at the end of the 
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divider chain in Fig. 6 1 is not to determine accuracy, but rather to 
indicate if the operation of the equipment has been interrupted by a 
power-line failure or if the dividers have erratic behavior. 
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F I Q . 6-2.—Block diagram for the Radiation Laboratory microwave frequency standard. 

6-4. Microwave Facilities at the National Bureau of Standards.—As a 
result of the close cooperation between the Radio Section, National 
Bureau of Standards, and the Radiation Laboratory, both organizations 
developed frequency standards according to the general design con
siderations given in Sec. 6 3 . Naturally the Bureau of Standards 
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generates more accurately known frequencies since their equipment is 
based on one of the seven 100-kc/sec crystal oscillators that determine 
the national standard of frequency. In addition to generating a variable 
frequency and multiplying it to the microwave region, they also multiply 
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FIG. 6-3.—Key to Fig. 6-4. 

the crystal-oscillator frequency in order to provide a series of microwave 
frequencies that are known to a very high degree of accuracy. 

In order to utilize their precision frequencies, a shielded measure
ments room has been constructed in which both temperature and humid
ity are carefully controlled. The Radiation Laboratory has furnished 
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specialized equipment, such as a cavity Q-meter, and the Bureau itself 
has procured and improved all types of standard measuring equipment. 
Consequently, the Bureau is well equipped to provide a microwave 
calibration service, and to develop and improve the cavities that are used 
as secondary standards.1 

FIG. 6-4.—Radiation Laboratory microwave frequency standard. 

RADIATION LABORATORY MICROWAVE FREQUENCY STANDARD 

The general considerations for frequency standards are exemplified 
in detail by the Radiation Laboratory microwave frequency stand-

1 In addition to these facilities, the Bureau is preparing to maintain microwave 
standards of power and attenuation. 
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ard.1 Figure 6-2 indicates the components that are included and their 
relationships. Figures 6-3 and 6-4 show the arrangement of the panels 
in two 6-ft racks, the racks being bolted together and mounted on small 
trucks. 

6-6. Crystal-controlled Oscillators.—Two crystal-controlled oscil
lators are shown although only one is actually used for frequency meas
urements. The extra oscillator is kept operating and provides a standby 
as well as a means of checking the first oscillator when poor radio recep
tion prevents the use of standard-frequency broadcasts. Both oscillators 
are of the bridge type wherein the crystal is operated at series resonance. 
The crystal itself is maintained at nearly constant temperature in a 
thermostated oven. Both the circuit and the oven are similar to those 
used by the General Radio Company and the early Loran systems, since 
components from both sources were utilized. Figure 6-5 indicates, in 
simplified form, the circuit that is used. A Class A, r-f amplifier is fol
lowed by a triode phase inverter which drives a nearly balanced bridge, 
one arm of which is a series-resonant 50-kc/sec quartz crystal. The 
unbalance voltage developed across the bridge is coupled back to the 
input circuit of the r-f amplifier. The amplifier utilizes a resonant cir
cuit for high gain and elimination of harmonics. One arm of the bridge 
is a tungsten-filament lamp whose resistance increases as more power is 
delivered to the bridge. This resistance change is such as to reduce the 
bridge unbalance, the feedback, and hence the power delivered to the 
bridge. Thereby, the lamp serves as a stabilizing element to maintain 
the oscillator output signal at constant amplitude. During oscillation, 
the net phase shift around circuit is zero, but variations in tubes or com
ponents may shift the phase slightly at one or more points in the circuit. 
In order to maintain oscillation, the frequency must change so that the 
crystal can introduce a compensating phase shift. However, since the 
crystal is equivalent to a very-high-Q series-resonant circuit, the fre
quency change need be but very slight. In fact, an ordinary series-
resonant circuit is placed in series with the crystal in the bridge circuit to 
provide slight frequency adjustment. Variation of the capacitance from 
300 to 525 MMI will change the resonant frequency only 12 parts in 106. 

Actual circuit details for the crystal oscillator are shown in Fig. 6-6. 
The power supply is regulated by means of VR-tubes, although this pre
caution is not necessary for ordinary line-voltage fluctuations. The 
actual circuit also includes a voltmeter to monitor the oscillator, a 
cathode-follower output stage to isolate the oscillator from external loads, 
and components for the control of the crystal oven. 

1 P. A. Hower, "Radiation Laboratory Frequency Standard," RL Report 55-5-
10/1/45. 
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The original alignment of a new oscillator may be facilitated by the use 
of a signal generator and oscilloscope. The circuit is broken, for example, 
at the input circuit of the r-f amplifier, and a 50-kc/sec signal is injected. 
The resonant circuit of the amplifier is tuned until there is no phase dif
ference between the amplifier input signal and the bridge output signal. 
The circuit is reconnected for oscillation and the variable resistance in the 
bridge is adjusted until the output cathode follower delivers about 1 
volt rms. 

Tuned amplifier Phase inverter Bridge 
F I G . 6 5.—Simplified schematic for the crystal oscillator. 

The 370-ohm resistor, which constitutes one arm of the bridge, is 
approximately equal to the resistance of the lamp when 1 volt rms is 
impressed across the lamp terminals. 

The quartz crystal is mounted in a supersonic chamber and this 
assembly is placed in a thermostated oven consisting of two aluminum 
castings separated by asbestos insulation. Heater elements are placed 
around the outer casting and are separated from it by a narrow air space. 
The whole assembly is inclosed in a balsa-wood box. A mercury thermo
stat that operates on a temperature differential of +0.1°C is fastened in 
good thermal contact to the outer aluminum casting. This thermostat 
operates a sensitive relay which controls power to the heater elements 
through a power relay. The entire oven has sufficient thermal mass and 
insulation so that the temperature of the crystal is held to 60 + 0.05°C. 
This temperature control combined with the bridge-type oscillator results 
in a stability of better than ± 5 parts in 107. By checking against 
standard-frequency broadcasts, it is not difficult to adjust the oscillator 
so that the mean frequency is 50 kc/sec ± 2 parts in 107. Therefore, 
over long periods of time, the over-all accuracy can be relied upon to be 
better than + 7 parts in 107. If greater accuracy is desired, adjustment 
relative to standard-frequency broadcasts can be made at the time of use. 
The long-period accuracy is usually sufficient, however, and is highly 
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FIG. 6-6.—Crystal oscillator. 
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desirable in localities where standard-frequency broadcasts are often 
obscured by radio interference. 

6-6. Reception of Standard-frequency Broadcasts.—Figure 6-2 does 
not indicate any means for checking the accuracy of the crystal oscillator. 
Any good communications receiver will have sufficient sensitivity to 
produce a reasonable indication of the carrier-level meter when tuned to 
the 2.5-, 5-, 10-, or 15-Mc/sec broadcast by WWV. Two of these trans
missions are always on the air, modulated with 4000 cps, 400 cps, and 
pulses that mark the seconds, all derived from the national standard of 
frequency. Time signals mark the beginning of each 5-min period by 
complete removal of the modulation. In the Radiation Laboratory 
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F I G . 6-7.—Comparison receiver. 

standard, the crystal frequency of 50 kc/sec is multiplied to 5 Mc/sec, not 
only to provide a base to which the tunable-oscillator frequency is added 
to form the variable frequency but also to provide a signal for comparison 
with the 5-Mc/sec standard transmission. However, even when the 
crystal frequency has its maximum deviation from 50 kc/sec, the beat 
frequency in the receiver is but a few cycles. Frequency multiplication 
of the two 5-Mc/sec signals would increase the difference, but the r-f 
amplification preceding multiplication would be prohibitive. However, 
an effective multiplication without regeneration difficulties is possible 
with a receiver such as that indicated in Fig. 6-7. A heterodyne detector 
is used to reduce the carrier frequencies without reducing their difference 
frequency in order to divide the amplification preceding multiplication 
between stages at different frequencies. A choice of 1 Mc/sec for / 3 
will keep all other frequencies below 5 Mc/sec, while the original differ
ence frequency is multiplied by a factor of nine. 
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Output 
square wave 

6-7. Frequency Dividers and Clocks.—The output signal from the 
crystal oscillator is coupled to a "harmonic amplifier" that generates 
50-kc/sec square waves by amplification and clipping. Before clipping, 
an output jack is provided for the amplified 50-kc/sec signal that is used 
to drive the first fixed-frequency multiplier. Two output jacks are pro
vided to couple square waves to 
the comparison oscilloscope and to 
the first frequency divider. Fre
quency division from 50 kc/sec to 
50 cps is accomplished in four 
steps by means of synchronized 
multivibrators. Figure 6-8 with 
Table 6-1 show's the circuit de
tails of the frequency divider, and 
Fig. 6 9 shows the circuit for the 
power amplifier that drives the 50-
cps clock at the end of the divider 
chain. For each multivibrator 
the natural frequency and the 
amount of synchronizing signal 
are both adjustable. Cathode followers are used to couple successive 
dividers and to provide signals for the comparison oscilloscope. Both 
grids of the multivibrator tubes are synchronized in phase to favor division 
by an even integer; grids are synchronized 180° out of phase to favor odd 
division. An unregulated power supply delivering 250 volts will suffice to 
operate the dividers since synchronization is unaffected by ordinary line-
voltage fluctuations. At the end of the divider chain, a 6V6 beam 
tetrode with a reactive load provides a distorted sine wave with sufficient 
power to drive a 50-cps synchronous-motor clock. 

Input 
synch 
signal 

FIG. 6-8.— Frequency divider, 50 kc/sec to 
5 kc/sec to 2.5 kc/sec to 250 cps. 

TABLE 61.—CIRCUIT CONSTANTS FOR FIG. 6-8 
The values of R are in thousands of ohms; C is in microfarads 

Ri 
Ri 
R, 
Ri 
Rs 
C 

50 to 5 
kc/sec 

10 
50 
13 
16 
25 

0.0036 

■ 5 to 2.5 
kc/sec 

18 
20 
30 
15 
27 

0.0043 

2500 to 
250 cps 

75 
20 
91 
12 
30 

0.022 

The 50-cps clock is mounted on a panel beside a 60-cps clock which is 
operated from the regular power line. A push-button switch on the 



SEC. 67] FREQUENCY DIVIDERS AND CLOCKS 355 

panel removes the 50-cps driving voltage, thereby retarding the clock. 
Another push button replaces 50-cps power with 60-cps power, thereby 
advancing the clock. By means of these two push buttons, the 50-cps 
clock may be set to close agreement with standard time signals. A 
quick comparison of the two clocks indicates whether or not the fre
quency dividers are operating properly. Both the 60-cps clock and a 

F I G . 6-9.—Frequency divider, 250 cps to 50 cps. 

green pilot lamp are connected to the power line through the contacts of 
an a-c relay which is held closed by the presence of line voltage. If line 
voltage is interrupted, the clock stops and the green lamp is extinguished. 
When line voltage is restored, the clock and green lamp will operate only 
after a reset button is pressed to energize the relay. Until the reset but
ton is pressed, the restored line voltage operates a red pilot lamp, thus 
indicating that the power has been interrupted. The 60-cps clock indi
cates the time of power failure and thereby is useful in estimating the 
state of stability of the crystal oscillators. The time lost by the 50-cps 
clock indicates the duration of the power failure. 

The National Bureau of Standards avoids the synchronization prob
lems of multivibrators by using regenerative modulators as frequency 
dividers. Four copper-oxide rectifiers are arranged to form a balanced 
modulator. As is characteristic of such a device, one of the two input 
frequencies is suppressed in the output signal. In this case, that input 
frequency closest to the desired output frequency is suppressed. Several 
of these modulators may be coupled to an amplifier as is shown schemati
cally in Fig. 6-10. The output signal of each modulator is amplified and 
provides an input signal for another modulator. Into one modulator is 
fed the signal to be divided, thus providing a master control signal for the 
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entire system. If this signal is removed, the device stops. In fact, a 
push-button switch in the power supply is often necessary to shock the 
device into operation when the control frequency is present. In the 

100 kc/sec 

F I G . G-10.—Regenerative-modulator frequency divider. 

330 k 
l—**v\ y 

-»*B + 

-*■ Output signal 

0.0002 ioo k 

0.05 

AGC bias 
Feedback 

F I G . 6-11.—Tunable oscillator, simplified schematic. 

case of the multivibrator divider, the system will continue to operate, but 
at its natural frequency, when the synchronization is removed. The 
regenerative modulator shown in Fig. 6-10 is representative of but one of 
many possible combinations. Those used by the Bureau of Standards 
operate over a two-to-one variation in amplifier supply voltage with but 
a slight phase shift of the output frequency. Although this system of 
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frequency division seems preferable to the multivibrator type, it is more 
difficult to construct because of the tuned circuits involved. 

6-8. Tunable Oscillator.—As indicated in Fig. 6-2, the tunable oscil
lator furnishes a frequency that is variable from 1.0 to 1.4 Mc/sec. This 
frequency is mixed with the 5-Mc/sec multiple of the crystal-oscillator 
frequency to provide a frequency that is variable from 6.0 to 6.4 Mc/sec. 
It is this resultant frequency that is multiplied to the microwave region, 
and therefore it must have great stability. Accordingly, the prime design 
consideration for the tunable oscillator is stability. Figure 6-11 illus
trates the general type of oscillator that is used. A parallel-resonant 
circuit works into a cathode follower to minimize loading and to prevent 
variations in tube characteristics from affecting the resonant frequency 
of the tuned circuit. The cathode-follower output signal is amplified 
by two video stages whose gain is stabilized by AGC. A portion of the 
amplifier output signal is coupled back to the resonant circuit in order to 
sustain oscillation. 

Actual circuit details for the tunable oscillator are shown in Fig. 6-12. 
The resonant circuit is more complex than that shown in Fig. 6-11 in 
order to provide vernier tuning and somewhat uniform impedance over 
the tuning range. Four coils are employed which consist of solid copper 
wire wound on 1^-in. diameter polystyrene forms. These coils are 
switched to provide four bands, each of which covers a range of 100 
kc/sec. Ten different values of fixed capacitance can be switched so as 
to be in parallel with the particular coil that has been selected. This 
10-position switch serves to subdivide the 100-kc/sec bands into parts 
that are approximately 10 kc/sec each. Finally, a precision variable 
condenser is used to tune the oscillator over the particular 10-kc/sec 
subdivision that has been selected. For this purpose, the effective 
capacitance of a General Radio precision condenser is reduced by series 
padding so that the tuning rate corresponds to 10 cps per dial division. 
All coils and fixed condensers are mounted in a thermally insulated box. 
A thermostated oven is not employed since gradual drift is more tolerable 
then small, but rapid, oscillating changes in frequency. 

The resonant circuit is direct-coupled to the grid of the 955 cathode 
follower. The dynamic input capacitance is degenerated so that the 
static capacitance of 1 iiy.i is essentially all that the tube contributes to 
the resonant circuit. The output impedance of this cathode follower is 
sufficiently low so that input impedance of the first video amplifier is 
unimportant. The video amplifiers are shunt-compensated, however, 
and hence variations in input impedance of the second video amplifier 
will cause phase-shift variations. Input impedance variations will occur 
because of power-supply variations, AGC-bias variations, drafts, and 
tube aging. Consequently, the power supply is well regulated, and the 
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F I G . 6-12.—Tunable oscillator. 
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filaments of the tubes are operated from a Sola regulating transformer. 
The tubes are covered with shield cans to minimize the effects of sudden 
drafts of air. 

The output signal of the second video amplifier is coupled to a cathode 
follower whose high input impedance minimizes the dynamic effects that 
might cause phase variations at this point. This cathode follower thus 
isolates the amplifier from the AGC diode and the output cathode fol
lowers. The feedback to the tuned circuit is tapped off the load resistor 
of the cathode follower at a low-impedance point. An isolating resistor 
whose resistance is large compared to the impedance of the resonant cir
cuit is inserted in the feedback path. The amount of feedback is adjusted 
by short-circuiting a portion of the IK potentiometer. In this way the 
capacitance from the moving contact to ground is eliminated. To 
minimize phase shift in the feedback lead, the 330K isolating resistor is 
soldered to the potentiometer. The lead wire to the resonant circuit has 
capacitance to ground, but this capacitance does not vary and constitutes 
part of the resonant circuit. 

The video amplifiers are designed so that they provide excessive gain 
when no AGC is applied. The feedback is adjusted to provide about 
— 5 volts of AGC bias, and hence about 5 volts peak of output signal. 

This oscillator provides an output signal that is stable to + 1 cps 
over long periods of time. Consequently, the accuracy of its contribu
tion to the resultant microwave frequency depends to a large extent on 
the accuracy to which its relatively low frequency can be determined. 

6-9. Audio Interpolation Oscillator.—The frequency of the tunable 
oscillator is determined by measuring the frequency difference between 
it and a harmonic of the 2.5-kc/sec submultiple of the crystal-oscillator 
frequency. Accordingly, the interpolation oscillator must cover a range 
from 0 to 1250 cps. In order to facilitate the generation of low-frequency 
signals and to provide good stability, the oscillator is of the beat-fre
quency type. 

Figure 6-13 indicates the circuit details. The two oscillators operate 
at about 30 kc/sec. Each oscillator is similar to the tunable oscillator 
described in Sec. 6-8 and the same design considerations apply. The 
same type of regulated power supply is used and a Sola filament trans
former is employed to regulate heater voltage. A General Radio preci
sion condenser is used in the resonant circuit of the variable oscillator so 
that the tuning rate is 1 cps per dial division. 

In order to minimize interaction both oscillators are coupled to a 
6SA7 mixer through cathode followers. Interaction between the two 
oscillators results in their locking to the same frequency as the beat 
frequency approaches zero. Therefore, in order to generate as low an 
audio frequency as possible, all components are carefully shielded. In 
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F I G . 6-13.—Audio interpolation oscillator. 
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fact, the bottom of the chassis is broken up into shielded compartments 
which separate the components common to each oscillator. Also the 
input level of each signal applied to the 6SA7 mixer is kept below 2 rms 
volts to reduce coupling through the mixer. 

The output signal of the mixer is coupled to a cathode-follower output 
stage through a low-pass filter whose high-frequency cutoff occurs at 
1500 cps. For low audio frequencies, the mixer is essentially direct-
coupled to the cathode follower. Another triode is used in conjunction 
with the output stage to form a circuit that will indicate zero beat. A 
meter is connected between the two cathodes, and the grid bias of the 
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-Comparison-oscilloscope components for checking frequency dividers. 

auxiliary triode is adjusted so that the meter deflects either side of 
midscale. 

The oscillator is calibrated every 50 cps by means of Lissajous pat
terns formed with the 50-cps submultiple of the crystal-oscillator fre
quency. The precision tuning condenser is sufficiently uniform so that 
the audio-frequency calibration is known to ± 2 cps. The stability of 
the oscillator is ±0.1 cps over long periods of time. In fact, it will be 
within + 1 cps of zero beat when first turned on after long inoperative 
periods. 

6-10. Comparison Oscilloscope.—This unit facilitates checking the 
frequency dividers and calibrating the audio interpolation oscillator and 
the tunable oscillator. Its functions could be performed by means of a 
commercial oscilloscope and communications receiver, but the procedure 
would be much more difficult and time consuming. 

Figure G-14 is a simplified schematic of the components that are used to 
check correct frequency division. The output square wave of a divider 
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is coupled to the horizontal and vertical amplifiers of the cathode-ray tube 
through an /iC-filter. Consequently, the effective input signal to the 
amplifiers is essentially the fundamental frequency of the square wave. 
The amplifiers work into highly reactive loads that are adjusted so that 
there is a 90° phase shift between the two sine-wave signals that are 
applied to the deflection plates, thus producing a circular pattern. 
Simultaneously, the output square wave of the preceding frequency 
divider is used to intensity-modulate the cathode-ray tube so that the 
circular pattern is divided into segments whose number is equal to the 
ratio of the two frequencies. This indication may be interpreted more 
quickly and easily than the conventional Lissajous figure. 
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F I G . 6-15.—Comparison-oscilloscope components for tunable-oscillator calibration. 

Even a complex Lissajous figure may, however, be used easily to check 
the calibration of the audio interpolation oscillator. An output square 
wave from a frequency divider is filtered and amplified so that, for 
example, a 50-cps signal provides horizontal deflection for the cathode-
ray tube. The audio-oscillator signal provides vertical deflection and a 
Lissajous figure is established. Since the oscillator calibration is accurate 
to + 2 cps, the frequency ratio indicated by the Lissajous figure need not 
be calculated in order to determine the frequency of the check point. 
That is, if the audio oscillator is tuned until the pattern is stationary, 
the error in dial calibration is but one or two divisions. 

The third and most important feature of the comparison oscilloscope 
is the circuit that facilitates determination of the tunable-oscillator fre
quency. Figure 6-15 indicates the functions of the various circuit com
ponents. A 2.5-kc/sec square wave from the frequency dividers is 
coupled to a harmonic amplifier whose pass band is 250 to 750 kc/sec. 



SEC. 610] COMPARISON OSCILLOSCOPE 363 

Harmonics within this band are coupled to a heterodyne mixer whose 
local-oscillator signal is supplied by the tunable oscillator. The mixer 
output signal is coupled to an i-f amplifier which passes frequencies in the 
range of 750 ± 5 kc/sec. Consequently, several frequencies are present 
in the i-f channel. Some of these frequencies are square-wave harmonics 
that lie within the i-f pass band and are coupled directly through the 
mixer to the i-f channel without frequency conversion. Another i-f 
signal results from heterodyning a square-wave harmonic with the 
tunable-oscillator frequency. Accordingly, several beat frequencies 
appear in the detector output signal and hence in the output signal of the 
audio amplifier. Signals appear at 2.5 and 5 kc/sec and represent differ
ence frequencies between harmonics of the 2.5-kc/sec square wave. 
These signals are removed by audio filters tuned to 2.5 and 5 kc/sec. 
Another audio signal appears which is the frequency difference between 
a square-wave harmonic and the i-f signal produced by heterodyning some 
other square-wave harmonic with the tunable-oscillator frequency. 
This audio frequency lies between 0 and 1250 cps and is equal to the fre
quency difference between the tunable-oscillator frequency and the 
multiple of 2.5 kc/sec that is nearest to it. Since the tunable oscillator 
is very stable and since provision is also made to check it against multi
ples of 5 and 50 kc/sec, the frequency of the nearest multiple of 2.5 
kc/sec is readily determined. 

The actual frequency of the tunable oscillator is the frequency of the 
nearest multiple of 2.5 kc/sec plus or minus the audio beat frequency 
that falls in the range of 0 to 1250 cps. The beat frequency is measured 
with the audio interpolation oscillator by forming a simple Lissajous 
figure. In the case of beat frequencies less than 2 cps, a voltmeter 
attached to the audio amplifier is used to determine the beat note. The 
meter will indicate zero beat at intervals corresponding to one-half the 
fundamental frequency of the input square wave. When harmonics of 
the 2.5-kc/sec square wave are used, the frequency of the tunable 
oscillator may be determined to the accuracy of the crystal oscillator 
at intervals of 1250 cps. The circuit details are shown in Fig. 6-16. 

In the method described above, the 100th through the 300th har
monics of the 2.5-kc/sec square wave are used. If the tunable-oscillator 
frequency were compared with square-wave harmonics in an ordinary 
receiver, the 560th harmonic of 2.5 kc/sec would have to be utilized. 
Therefore, it is apparent that the heterodyne method reduces the require
ments on the square-wave harmonic content and on the frequency 
response of the associated circuits. 

The operation of the equipment could be improved by restricting the 
pass band of the beat-frequency amplifier that follows the special receiver. 
The i-f amplifier has a pass band of about 10 kc/sec, and consequently it 
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provides nearly equal amplification for the 298th 6hrough the 302nd 
harmonic of 2.5 kc/sec. Similarly, the i-f amplifier will pass five other 
signals which are produced by heterodyning the tunable-oscillator fre
quency with lower square-wave harmonics. All of these signals are 
mixed in the second detector and all possible difference frequencies result. 
For example, if the tunable-oscillator frequency is 1.0 kc/sec above the 
nearest multiple of 2.5 kc/sec, audio frequencies of 1.0, 1.5, 2.5, 3.5, 4.0, 
5.0, 6.0, 6.5, 7.0, 8.5, 9.0, . . . kc/sec will appear in the detector output 
signal. If the audio amplifier were cut off sharply at 1300 cps, a much 
clearer signal would appear on the cathode-ray tube for comparison with 
the audio interpolation oscillator. 

6-11. Variable-frequency Generation.—The variable frequency that 
is multiplied to the microwave region is generated in the balanced mixer 
of Fig. 6-17. The output signal from the tunable oscillator is mixed with 
the 5-Mc/sec multiple of the crystal oscillator to produce a signal that is 
variable from 6.0 to 6.4 Mc/sec. 

The 5-Mc/sec signal is obtained from the frequency multiplier 
described in Sec. 6-12. The multiplier output signal contains frequencies 
other than 5 Mc/sec, so a selective amplifier precedes the mixer and pro
vides a pure 5-Mc/sec signal of about 40 volts rms. This signal is 
coupled to the mixer by means of a cathode follower. The cathode 
follower is also coupled to an output jack, thus providing a 5-Mc/sec 
signal for comparison with the standard-frequency broadcast from 
Station WWV. The resistor in series with the output lead prevents an 
external short circuit from affecting the mixer. 

The mixer consists of two 6SA7 tubes whose plates are coupled in 
push-pull to a bandpass output circuit. A pass band from 6.0 to 6.4 
Mc/sec is obtained by resistive loading and tight coupling to the output 
line which, in turn, is tightly coupled to the next tuned circuit. The 
5-Mc/sec input signal does not tend to appear in the push-pull output 
circuit since this signal is applied to grids that are driven in phase. The 
tunable-oscillator signal is applied to mixer grids that are driven in push-
pull by a triode phase inverter, but this frequency does not appear in the 
output signal because of the plate-circuit selectivity. In fact, since 
the 5-Mc/sec signal is eliminated by balancing the mixer, the plate-
circuit selectivity is completely adequate to remove all other undesirable 
frequencies from the output signal. 

6-12. Basic Types of Vacuum-tube Frequency Multipliers.—Vacuum-
tube multipliers are essentially Class C r-f amplifiers in which the plate 
circuit is resonant at some multiple of the input frequency. Class C 
operation is preferred because of the high harmonic content of the result
ant plate-current pulse. Multiplication can be performed by factors 
up to 5 before the harmonic content of the output signal is so low that the 
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plate circuit can no longer discriminate successfully against the funda
mental frequency and other harmonics. The elimination of these 
undesirable frequencies is very important since they produce cross-
modulation in the next multiplier, and spurious microwave signals result. 
For example, if the first multiplier is a quadrupler whose input frequency 
is 5 Mc/sec, inadequate plate-circuit selectivity will result in output 
frequencies at 15 and 25 Mc/sec as well as at 20 Mc/sec. Since the next 
multiplier—in this case a quintupler—is also a nonlinear device, it will 

B+ B+ (2»+D/ 

(6) Push-push (C) Push-pull 
multiplier multiplier 

F I G . 6-18.—Basic types of frequency multipliers. 

detect difference frequencies of 5 and 10 Mc/sec. These difference 
frequencies will modulate the output signal to produce a spectrum that 
contains frequencies of 90, 95, 100, 105, and 110 Mc/sec. This process is 
repeated in successive multipliers until the microwave output signal is 
not a single frequency but a series of indistinguishable frequencies that 
occur at 5-Mc/sec intervals. I t is apparent from this example that 
selectivity is most important in the early stages of multiplication. For
tunately, the early multipliers operate in a frequency range where loosely 
coupled circuits and selective amplifiers may be used easily to improve 
discrimination. 

The simplest multiplier is the single-tube circuit of Fig. 6-18. Suffi
cient fixed bias is provided so that the tube does not exceed its rated 
dissipation when the excitation is removed. When excitation is supplied, 
the resistance of the grid leak is adjusted so that the self-bias provides 
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optimum harmonic generation at the output frequency. Since all 
harmonics of the input frequency tend to appear in the output signal, a 
high-Q plate circuit is a prerequisite for successful operation. 

Increased discrimination and output power are realized by the push-
pull and push-push circuits of Fig. 6-18. In the case of the push-pull 
multiplier, all even harmonics of the input frequency are canceled in the 
output circuit; hence, a multiplier of this type is well suited for tripiers and 
quintuplers. Also the push-pull circuit performs well at high frequencies 
since the effective output capacitance is one-half that of a single tube. 

The push-push multiplier is so named because like current pulses 
flow through the plate circuit corresponding to each half cycle of the 
input frequency. Push-push operation is used for doublers and quad
ruples since only even harmonics tend to appear in the output signal. 
The circuit is seldom used for vhf multipliers since the effective output 
capacitance is twice that for a single tube. Only a very small inductance 
is needed to resonate with this large output capacitance above 100 
Mc/sec, and the resultant Q and selectivity are rather poor. 

6-13. Frequency Multipliers from 50 kc/sec to 6 Mc/sec.—The 
crystal-oscillator frequency is multiplied to 5 Mc/sec by means of a 
push-push quadrupler followed by two push-pull quintuplers. The cir
cuit details are shown in Fig. 6-19. The push-pull drive for the quad
rupler is obtained from a triode phase inverter. A resistor is placed in 
series with the lead from the phase-inverter cathode in order to equalize 
the driving impedances for the two halves of the quadrupler. The 
plate circuit is resonant at 200 kc/sec and is link-coupled to the next 
multiplier, a quintupler. 

The two quintuplers are alike except for their tuned circuits. All 
coils are made by winding a single layer of heavy copper wire on a poly
styrene rod. AH tuned circuits are shielded to minimize spurious coup
ling of undesirable frequency components. The 6AG7 tubes provide 
sufficient amplification so that the interstage coupling is relatively small, 
the tuned circuits are relatively independent, and the selectivity is rea
sonably good. 

6-14. Frequency Multipliers from 6 to 24 Mc/sec.—The two push-
push doublers of Fig. 620 are used to raise the variable frequency from 
the region 6.0 to 6.4 Mc/sec to the region of 24.0 to 25.6 Mc/sec. The 
output signal of the mixer, which generates the variable frequency, is 
coupled to an r-f amplifier that provides sufficient driving signal for the 
first doubler. Again 6AG7 tubes are employed and the stages are link-
coupled. Except for the r-f amplifier input circuit, all resonant circuits 
are provided with front-panel tuning controls whose calibrations are 
sufficiently accurate to eliminate the necessity of tuning indicators. 

The r-f amplifier provides an output signal in the range from 6.0 to 
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6.4 Mc/sec; the first doubler provides a signal in the range from 12.0 to 
12.8 Mc/sec; the second doubler provides an output signal in the range 
from 24.0 to 25.6 Mc/sec. 

6-15. Frequency Multipliers from 24 to 96 Mc/sec.—Two push-push 
doublers are employed to multiply 24 Mc/sec by a factor of four. In this 
frequency range, 832 twin-tetrodes are used because their input and 
output capacitances are approximately one-half those of the 6AG7 
pentode. Also, the 832 tube has an internal bypass condenser for the 
screen grids. The use of an external condenser often causes instability. 

Circuit details are shown in Fig. 6-21. All resonant circuits are 
tunable from the front panel, and small pilot lamps are coupled to the 
circuits for visual tuning indication. Tuning indication of this type is 
much easier to use than a d-c ammeter, especially in plate circuits. 

96.0102.4 Mc/scc 
output jack 

Frequency multipliers from 24 to 96 Mc/sec. 

The first doubler provides an output signal in the range 48.0 to 51.2 
Mc/sec; the second doubler provides an output signal in the range from 
96.0 to 102.4 Mc/sec. 

6-16. Frequency Multiplier from 96 to 288 Mc/sec.—In this frequency 
range the push-pull tripler of Fig. 6.22 is used in order to obtain the low 
output capacitance offered by push-pull operation. The input circuit 
employs a self-supported three-turn coil as inductance for the resonant 
circuit. The plate circuit employs a short-circuited transmission line 
which appears inductive and resonates with the combined capitance 
of the tubes and a split-stator tuning condenser. This condenser is 
mounted as close as possible to the plate leads emerging from the 832 
envelope. The resonant lines are made from i-in. silver-plated rods 
which are spaced about 2 in. apart. The length of the resonant section 
is about 4 in. 

Both the grid and plate circuits are tunable from the front panel, and 
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two pilot lamps are coupled to the resonant circuits for tuning indication. 
The grid circuit is below the chassis; the plate circuit, above the chassis. 
Both circuits are completely shielded to minimize radiation and pickup. 
The output signal is in the range from 288.0 to 307.2 Mc/sec. 
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F I G . 6-22.—Frequency multipliers from 90 to 288 Mc/sec. 
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F I G . 6-23.—Frequency multipliers from 288 to 864 Mc/sec. 

6-17. Frequency Multiplier from 288 to 864 Mc/sec.—A single-tube 
tripler is used in this region and employs a 2C43 lighthouse triode with 
coaxial grid and plate cavities. The details are shown in Fig. 6-23. 

The grid circuit is formed by a section of Sj-in. diameter tubing con
nected to the tube shell, and by a section of 2-in. diameter tubing con-
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nected to the grid. Thus, the grid circuit is equivalent to a short-circuited 
coaxial line whose outer conductor is connected to the triode cathode and 
whose inner conductor is connected to the triode grid. Both conductors 
of the coaxial line have contact fingers to provide good connections with 
the tube that is inserted through the outer conductor. Grid excitation 
is supplied through a large coupling loop near the short-circuited end of 
the cavity. Tuning is accomplished by moving a curved plate toward, or 
away from, the inner conductor of the line. A front-panel control rotates 
a cam which, in turn, moves the rod supporting the tuning plate. Bias 
is applied to the cathode since the grid is at ground potential. I t is 
insulated from, and bypassed internally to, the shell of the tube. 

The plate circuit is formed by a section of 2-in.-diameter tubing con
nected to the triode grid and by a section of ^-in.-diameter rod connected 
to the triode plate. The plate circuit is equivalent to a short-circuited 
coaxial line whose outer conductor is connected to the triode grid and 
whose inner conductor is connected to the triode plate. At the output 
frequency the grid circuit offers little impedance and the grid is essentially 
at a-c cathode potential. Thus, the plate cavity is nearly equivalent to 
a resonant circuit connected between plate and cathode. This circuit is 
tuned by varying the length of the short-circuited coaxial line. Actually 
the outer conductor is formed by two cylinders of nearly the same diame
ter, one sliding within the other. A good electrical connection between 
the two cylinders is ensured by means of contact fingers. Voltage is 
supplied to the triode plate through the inner conductor of the coaxial 
line. This conductor is insulated from, but bypassed to, the outer con
ductor at the plate that short-circuits the r-f line. Since the inner con
ductor is fastened rigidly to the outer conductor, beryllium-copper fingers 
are provided so that the inner conductor can slide with respect to the 
triode plate cap when the cavity is tuned. Only \ in. of axial movement 
is required to cover the range from 864.0 to 921.6 Mc/sec. Consequently, 
a micrometer drive is used to control this movement. 

The output signal is coupled inductively from the plate cavity by a 
loop and is applied to a crystal-rectifier harmonic generator through a 
filter which makes it possible to monitor the rectified current. 

6-18. Harmonic Generation by Crystal Rectifiers and Velocity-
modulated Frequency Multipliers.—The last step in frequency multiplica
tion to the microwave region is accomplished by harmonic generation in 
a silicon crystal. Crystal rectifiers of types 1N21, 1N23, and 1N26 are 
employed and mounted in holders similar to those used for microwave 
mixers. The vhf signal is applied to the crystal through the i-f output 
jack of the mount, and microwave harmonics of this signal are propagated 
down the microwave transmission line. If this is a coaxial line, stub 
supports serve as filters to remove the input frequency and its first few 



374 FREQUENCY MEASUREMENTS [SEC. 618 

harmonics. If the transmission line is waveguide, its own transmission 
characteristics provide adequate filtering. In practice, the 10th through 
the 50th harmonics of the vhf input signal have been used. The Radia
tion Laboratory standard utilizes the 15th through the 43rd harmonics 
of the output signals from the various vacuum-tube frequency multipliers. 
Experience has shown that in this range the harmonic amplitude is 
inversely proportional to the harmonic number. Microwave output 
powers of — 50 to — 70 dbw are obtained if the vhf input power is sufficient 
to produce 50 to 80 ma of rectified current. 

Since the output signal from a crystal rectifier contains a series of 
microwave frequencies, a transmission frequency meter or cavity may 
be inserted in the output line to discriminate against unwanted harmonics. 
A low Q and an approximate frequency calibration can be tolerated as 
long as low insertion loss and a wide tuning range are realized. 

Klystron triplers may also be used for frequency multiplication.1 

These tubes are similar to double-cavity klystrons except that the catcher 
cavity is resonant at the third harmonic of the buncher cavity. If a 
submultiple of the input frequency is applied to the accelerating grid, 
the tube is phase-modulated. Consequently, a series of microwave fre
quencies appear in the output signal, their number and amplitude being 
dependent on the Q of the output cavity and the index of modulation. 
Although a frequency multiplier of this type provides a larger power than 
does the crystal rectifier, the alignment of the cavities is critical, and the 
multiplier is difficult to use. 

TABLE 6-2.—FREQUENCY RANGE COVERED BY HARMONIC GENERATION 

Input frequency, 
Mc/sec 

Min 

6.0 
12.0 
24.0 
48.0 
96.0 

288.0 
864.0 

Max 

6.4 
12.8 
25.6 
51.2 

102.4 
307.2 
921.6 

Output frequency, 
Mc/sec 

Min 

90.0 
180.0 
360.0 
720.0 

1440 
4320 

12960 

Max 

185.6 
371.2 
742.4 

1484.8 
4403 

13209 
32256 

Harmonic 

Min 

15 
15 
15 
15 
15 
15 
15 

Max 

29 
29 
29 
29 
43 
43 
35 

1 E. Ginzton, A. Harrison, It. Hatch, "A Frequency Standard in the Microwave 
Region," Report 105-5220, Measurements Development Laboratory, Research 
Laboratories, Sperry Gyroscope Company, Inc., Feb. 20, 1943; E. Feenberg, "Bunch
ing Theory for Two Resonator Klystron Multipliers," Report 5221.117, Tube Develop
ment Laboratory, Research Laboratories, Sperry Gyroscope Company, Inc., May 23, 
1944. 
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6-19. Frequency Range and Accuracy.—By utilizing harmonics of all 
frequencies in the multiplier chain, the Radiation Laboratory standard 
provides complete coverage from 90 to 32,000 Mc/sec. Table 6-2 indi
cates how this coverage is attained. 

Since microwave signals are generated by frequency multiplication 
of a signal that is variable from 6.0 to 6.4 Mc/sec, the useful accuracy of 
the standard depends on the stability and accuracy of measurement of 
.this variable frequency. Table 6-3 indicates the maximum uncertainty, 
in cycles per second, in the variable frequency, that are contributed by 
the various components. According to the table, the standard-frequency 
signals are accurate to at least ±1.1 parts in 106. That is, a 3000-Mc/sec 
signal is known to ±0.003 Mc/sec; a 9000-Mc/sec signal, to ±0.01 
Mc/sec; and a 27,000-Mc/sec signal, to ±0.03 Mc/sec. The probable 
errors are, of course, much less than these maximum uncertainties. 

TABLE 6-3.—UNCERTAINTY OF 6-MC/SEC VARIABLE FREQUENCY 
Contributing factors Uncertainty, cps 

Stability of crystal oscillator +2 .5 
Mean frequency of crystal oscillator +1 
Stability of tunable oscillator +1 
Stability of audio interpolation oscillator +0 .1 
Frequency of audio interpolation oscillator +2 
Maximum uncertainty +6 .6 
Probable uncertainty +3 .5 

RESONANT CAVITIES AS SECONDARY FREQUENCY STANDARDS 
Resonant cavities are ideally suited for secondary frequency standards 

since they are simple, compact, portable, and relatively inexpensive. 
During the war they were used almost exclusively for the production-line 
calibration of frequency meters, beacon-frequency reference cavities, and 
AFC cavities. Because of their compactness and portability, they were 
used to check the alignment of equipment in the field. Despite this 
usefulness, however, many existing cavity designs will prove inadequate 
as peacetime laboratory standards because they are subject to tempera
ture and humidity effects. At the close of the war the ideal cavity had 
not been realized, but new developments indicate that much improved 
models are feasible. 

6-20. General Design Considerations.—In order to be considered a 
standard of frequency, the resonant frequency of a cavity must remain 
unchanged despite the physical and electrical conditions imposed upon 
it. Temperature compensation or thermostated ovens must be employed 
to avoid frequency changes resulting from expansion or contraction. A 
small change in cavity dimensions produces a large change in resonant 
frequency. Consequently, temperature compensation is successful only 
when close tolerances and uniformity of materials are maintained. I t is 
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difficult enough to obtain uniform raw materials, but it has been even 
more difficult to reproduce, cavity to cavity, the effects of machining, 
soldering and aging. Manufacturing processes not only change the 
characteristics of the basic materials, but also introduce unknown small 
quantities of other materials and strains which are not relieved even after 
several temperature cycles. A thermostated cavity avoids the difficulties 
of temperature compensation but results in a bulky device that is not 
readily moved from place to place. 

In addition to temperature effects, humidity effects must be elimin
ated since the water-vapor content of the air within the cavity affects 
the dielectric constant and thereby affects the resonant frequency. 
Sealing and subsequent evacuation is the best, but the most difficult, 
solution to the humidity problem. Cavities usually include a tuning 
mechanism as well as one or more couplings. All these openings must be 
sealed, but it is highly desirable that the cavity remain tunable after 
sealing. Sealing techniques must not affect temperature compensation 
or introduce strains, and no hygroscopic material may be used within 
the cavity. All seams and joints must be vacuum tight if absolute free
dom from humidity effects is expected. 

In order to be most useful and to minimize production costs, a stand
ard-cavity design should provide tuning over a wide frequency range with 
fairly uniform electrical characteristics. Loaded Q and transmission loss 
(or input conductance) must always provide a sharp resonance indication 
at the frequency of the signal transmitted through (or past) the cavity. 
This effect is achieved by properly placing the coupling loops or holes so 
that , as the cavity is tuned across the band, coupling changes compensate 
changes in unloaded Q. A sharp resonance indication requires a high 
loaded Q, which may be realized by loose coupling to a cavity of high 
unloaded Q. Although loose coupling increases the loaded Q and mini
mizes frequency pulling by external loads, transmission loss is increased 
accordingly. 

Sensitive measuring equipment can tolerate considerable loss through 
a cavity, however, and a sharp resonance indication and freedom from 
frequency pulling are the most important characteristics. The resonant 
mode should provide a loaded Q sufficiently high so that the corresponding 
pass band is not more than 10 times the desired accuracy.1 Also a mode 
should be chosen which allows a simple tuning mechanism that does not 
introduce uncertain electrical contacts at high-current points. Once a 
cavity design is chosen, it should be examined to determine the frequencies 
at which the cavity will resonate in other modes. The cavity should be 
free of the effects of other modes throughout its frequency range and 

The accuracy ot resonant-frequency measurement is discussed in Sec. 6-28. 
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preferably mode-free over the frequency range of the oscillator with 
which it is used. 

False responses can be minimized by selectively absorbing energy 
from the undesired modes without interfering with the desired mode. 
However, absorbing material must be nonhygroscopic in order to avoid 
humidity effects. Another mode-suppression technique employs slots or 
gaps which are cut in the cavity and thereby change its effective dimen
sions for the undesired modes. Accordingly, the cavity may be made 
resonant in these modes at frequencies well outside the operating range. 

In summary, a standard cavity should provide a high loaded Q, low 
transmission loss, small couplings to external loads, a simple tuning 
mechanism, a broad tuning range, freedom from the effects of other modes, 
temperature compensation, and vacuum-tight seals for freedom from 

F I G . 624.—Partial-coaxial standard cavity. 

humidity effects. A practical design must effect a compromise between 
satisfying these many requirements and avoiding the consequent difficul
ties of manufacture. 

6-21. Partial-coaxial Cavities.—The cavity shown in Figs. 6-24 and 
6-25 approximates a three-quarter-wavelength short-circuited coaxial line 
that has a lumped capacitance added to the open end.1 This design is 
used to cover the frequency range from 2700 to 3400 Mc/sec by employing 
two models of different lengths. Production models were designated 
TFS-10 and were used primarily as beacon-reference and filter cavities. 
However, they also represent the most satisfactory standard-cavity design 
that has been developed for this frequency range. 

As shown in Fig. 6-25, the cavity is tuned by varying the length of the 
center conductor. The tuning rate varies from 750 to 1500 Mc/sec per 
in. of shaft motion. Contact fingers are placed at a low-current point, 
approximately one-quarter wavelength from the short-circuited end of the 
cavity. The effective electrical position of the fingers varies with fre-

1 This mode is described in Chap . 5. 
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quency, however, and, in order to keep them always in a low-current 
region, two cavities of different lengths were designed. The short cavity 
is tunable from 3000 to 3400 Mc/sec; the long model, from 2700 to 3050 

'Mc/sec. The contact fingers are one-quarter wavelength from the short-
circuited end at 2850 and 3200 Mc/sec for the long and short models, 
respectively. Also, the long and short cavities have their coupling loops 
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1 vpe ot cavity 
Short 
2.870 
0.915 
1.970 
2.570 

Long 
3.406 
1.050 
2.506 
3.106 

v Polystyrene bead 
for unsealed type 

F I G . 6-25.—Mechanical dimensions for TFS-10 cavities. 

and relative dimensions chosen so that together they provide a wide 
frequency range without unreasonable variations in Q and transmission 
loss. 

The unloaded Q of this cavity is about 6000 if the interior is silver-
plated and the contact fingers are made of heat-treated beryllium-copper. 
Depending on the orientation of the coupling loops, the loaded Q will 
lie between 650 and 3000. When the loops are oriented for standard-
cavity use, a loaded Q of 3000 and a transmission loss of 6 db result. 

An approximate temperature compensation has been achieved by 
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making the body of the cavity from ordinary steel and the center con
ductor from invar steel. The resultant frequency shift with temperature 
is about + 5 kc/sec per degree C, the cavity being somewhat overcom-
pensated. This overcompensation could be reduced by simply making 
part of the invar center conductor from brass or from the material of the 
body, steel. The preferable method for temperature compensation is 
that described in Sec. 6-25. 

The cavity is sealed for evacuation by soldering a spring-loaded bel
lows around the tuning mechanism and by using glass beads to support 
the coupling loops. These beads provide a Kovar-glass seal at both the 
inner and outer conductors, and were manufactured by the Corning 
Glass Company. However, the use of glass beads, instead of the con
ventional polystyrene bead, introduces an impedance transformation that 
reduces the effective coupling-loop area. Loops that provide an insertion 
loss of 6 db with polystyrene beads provide a loss of 10 db with glass beads. 

From the standard-cavity viewpoint, the most serious defect of the 
present design is the coaxial fittings. Waveguide is large and cumber
some in this frequency range, hence the use of 50-ohm coaxial cables. 
The connectors of both the cables and the cavity wear and cause large 
and unreproducible impedance mismatches, and the resultant frequency 
pulling is significant. I t might be advisable to provide resistive padding 
between the cavity coupling loops and the coaxial connectors. The pad
ding might well be in the form of a lossy center conductor that is made 
by evaporating metal on glass.1 Although at first thought the use of 
padding may seem undesirable, this is a false impression since at least 
10 db and preferably 20 db of attenuation should be provided on each 
side of the cavity in order to isolate it from the oscillator and the detector 
when making reliable frequency measurements. I t is obviously advan
tageous to incorporate this padding as an integral part of the cavity. 

6-22. TiJoii-mode Cavities.—Right-cylindrical cavities that operate 
in the TEVi-mode have been used extensively in the frequency range 
from 7900 to 9700 Mc/sec. They are easy to construct and can be pro
vided with a simple tuning mechanism that does not require the use of 
contact fingers. However, cylindrical cavities do support more than 
one resonant mode, even over relatively small frequency ranges, and 
hence require mode-suppression techniques. 

All cavities of this type are tuned by the axial movement of a piston 
which constitutes one end of the cylinder. A small gap about ^V in. 
between the piston and sidewall does not affect the operation since no 
currents flow across the corners of the TEou-mode cavity. A standard 
micrometer thread is usually used to provide uniform motion. Vernier 
tuning is achieved by threading a rod through the main tuning shaft so 

1 Metalized-glass attenuators are discussed in Chap. 12. 
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that the end of the rod projects into the cavity from the piston. The 
tuning rate depends on the effective amount of the rod that is in the 
cavity. Since there are no radial currents across the end of a TEon-
mode cavity, contact fingers between the rod and piston are unnecessary. 
In practice a -^-in. gap is left between the two parts. The double 
tuning mechanism, however, does not lend itself to standard sealing 
techniques. The simplest method for sealing the tuning mechanism is 
the spring-loaded bellows described in Sec. 6-21 for the TFS-10 cavity. 
If vernier tuning is desired, a second screw with fine, ground threads may 
be inserted through the main tuning screw. 

The cavity may be inductively coupled to external loads in two ways. 
In the first method, which applies to either a transmission or a reaction 
cavity, waveguide is butted against a circular iris in the side of the cavity 
so that the broad dimension of the waveguide is parallel to the axis of the 
cylinder. The distance from the cavity to the waveguide flange is impor
tant only for the reaction cavity. This cavity is usually coupled to the 
main transmission line by means of a waveguide T. The effective dis
tance between the cavity and the transmission line is made one-half wave
length so that resonance produces a reduction in power delivered to the 
load. 

The second method of coupling applies only to the reaction cavity. 
The cavity and waveguide are milled and soldered together so that the 
circular iris is centered on the broad face of the waveguide. The axis 
of the cylinder is parallel to the broad dimension of the waveguide, and 
the effective distance between the cavity and the waveguide is zero. 
Thus the frequency sensitivity of the T-method is avoided. A small 
inductive post in the waveguide below the coupling iris will help to com
pensate for the impedance mismatch produced by the hole when the cav
ity is not resonant. 

The coupling irises are usually sealed by soldering Kovar-glass disks 
over the holes on the outside of the cavity. Since this operation is done 
after the waveguide has been hard-soldered to the cavity, it is difficult to 
obtain a tight joint. Induction-heating techniques have been used to 
provide localized heating for this soldering operation. 

The T.Eoii-mode cavity has a theoretical unloaded Q of about 30,000, 
if the inside surface is silver. Practical cavities have an unloaded Q of 
about 20,000. The inability to achieve the theoretical Q remains 
unexplained. Perhaps the buffing operations are imperfect and the silver-
plated interior is not sufficiently uniform. Naturally the cavities are not 
perfectly symmetrical. The effect of the degenerate TM l n -mode asso
ciated with the TEou-mode is unknown but may be appreciable. Meas
urements have shown that apparently identical cavities have unloaded 
Q's which vary from 15,000 to 25,000. The conventional coupling holes 
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of i-in. diameter load the cavity so that a loaded Q of about 10,000 and a 
transmission loss of about 6 db are realized. As in the case of the TFS-10 
cavity discussed in Sec. 6-21, it is recommended that resistive attenuators 
of at least 10 db be attached permanently to the cavity. 

Spurious-mode suppression is the major problem for TE'on-mode 
cavities. Because of their symmetry, they will resonate at several fre
quencies within the range of the oscillators that are used to excite them.1 

A slight separation of the TMni- and T.Eoii-modes may be achieved by 
spherical curvature of the end of the cavity. In many production 
models, a polyiron disk was attached to the back of the piston. Energy 

F I G . 626.— TEui-mode cavity covering the frequency range from 7900 to 8500 Mc/sec 

that is coupled into the back cavity is absorbed by the polyiron disk, if 
electric currents tend to cross the gap between piston and sidewalk 
However, the use of polyiron proved unsatisfactory in sealed cavities 
since the polyiron occluded water vapor. Perhaps a metalized-glass 
plate similar to those used in resistive attenuators would provide a satis
factory, nonhygroscopic absorber for the back cavity. 

The cavity shown in Fig. 6-26 employs a choke cut in the edge of the 
piston in order to shift the Ti^n-mode approximately 100 Mc/sec. This 
is a typical example of an undesired mode that causes trouble even though 
shifted outside the calibrated frequency range of the cavity. When the 
micrometer is set for resonance at 7900 Mc/sec in the T-Eou-mode, the 
cavity is also resonant in the Ti?3ii-mode at 8560 Mc/sec, just outside 
the calibrated range. An oscillator designed for use in this band will 
probably tune to 8560 Mc/sec. If so, the cavity can indicate falsely 
that the oscillator is at 7900 Mc/sec. Since this type of error can be 
very costly, it is often advisable to measure the approximate wavelength 
with, for instance, a coaxial wavemeter or slotted section. 

Over a very narrow range of frequencies, some undesired modes can 
be shifted by making the back cavity resonant. As seen from the main 

1 Modes which may exist in cavities are discussed in Chap. 5. 
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cavity, the gap between piston and wall represents a high impedance 
that shifts modes which require currents across the cavity corners. In 
the case of transmission cavities, the relative orientation of the input and 
output coupling holes can be used to minimize transmission in nonsym-
metrical modes. 

Successful temperature compensation1 of these cavities was never real
ized because they did not exhibit reproducible expansion characteristics. 
Standard cavities were made originally from all-invar parts except for 

- Bakelite 
Take-up nut 

Hybrid TEon-mode cavity. 

the waveguide and its flanges. The cavities behaved, however, as if they 
were made from a material whose coefficient of expansion was two to four 
times that of invar. Many factors can be involved. Time did not 
always permit aging the invar as recommended by its manufacturer. 
Hard-soldering requires that the cavity be heated until cherry red. Invar 
is a critical material and slight changes in composition, as may result 
near the soldered joints, will change its characteristics. The brass wave
guide and flanges may introduce unknown strains during changes in 
temperature. As a result compensation by inserting a section of brass 
in the tuning shaft was not reproducible. 

6-23. Hybrid TOon-mode Cavities.—These cavities are used in the 
frequency range from 23,500 to 24,500 Mc/sec and differ from the 
ordinary TBon-mode cavity in that the field configuration3 is slightly dis
torted by coaxial rods which are attached to the ends of the cavity as 
indicated in Fig. 6-27. The cavity is tuned by varying the insertion 

1 Section 6-24 discusses the t empera ture coefficient of frequency for a TEon-mode 
cavity. 

2 The hybrid T-Eou-mode is discussed in Chap . 5. 
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of one of these rods. The tuning rate is fairly linear, and simple, direct-
reading dials can be utilized for frequency meters. 

Spurious modes have been discovered in this cavity, despite the 
Bakelite absorber that is coupled to the cavity by means of a narrow gap 
which does not affect the operating mode. Also, a mode-crossing was 
observed which produced an uncertain resonance indication over a small 
part of the tuning range. One experimenter removed this mode-crossing 
by omitting the short, fixed coaxial rod, and reported that no other 
detrimental effects were introduced. 

F I G . 6-28.—Standard cavity for the frequency range from 23,500 to 24,500 Mc/sec. 

The only standard-cavity design using this mode is shown in Fig. 
6-28. I t is an all-invar cavity, but is unsealed and uncompensated for 
thermal expansion. Five fixed-tuned models were built with tuning rods 
of various lengths so that the resonant frequencies were distributed 
uniformly throughout the frequency range. The cavities are mounted 
directly on the broad face of the waveguide to produce a reaction resonance 
indication. The mounting is like that described in Sec. 6-22 for the 
T-Eon-mode cavities, except that a capacitive, rather than an inductive, 
post is used to match out the reactance of the coupling hole. The cou
pling-hole diameter is about ^ in., and the resultant loading reduces the 
unloaded Q of 15,000 to a loaded Q of about 6000. 

No transmission cavities have been built but the same size coupling 
hole would serve equally well. Because of the small hole size, it probably 
would be simpler to seal the waveguide than the cavity. Kovar-glass 
seals could be placed between metalized-glass attenuators and the cavity. 
In this way, the frequency-pulling caused by the seals would be a per
manent effect, and the combined mismatches of the seals and the cavity 
would be isolated from the generator and detector by the pads. The 
sealed tuning mechanism could be of the spring-loaded-bellows type as 
was suggested for the partial-coaxial cavities. In any case, the Bakelite 
absorbing material should be replaced by a nonhygroscopic absorber such 
as metalized glass. Temperature compensation could be achieved by 
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using external differential expansion to move the tuning shaft as dis
cussed in Sec. 6-25. 

TEMPERATURE AND HUMIDITY EFFECTS FOR STANDARD CAVITIES 

The resonant frequencies of some cavities can change as much as 1 
part in 10' as a result of thermal expansion and variation of the water-
vapor content of the atmosphere within the cavity. Consequently, true 
standard cavities should be sealed and temperature-compensated. How
ever, the ordinary frequency meters, which are calibrated by means of 
standard cavities, are not usually sealed. In order to avoid production-
line corrections for temperature and humidity effects, these frequency 
meters are calibrated against standard cavities which undergo the same 
effects. For purposes of standardization, the standard cavities are 
adjusted to resonate at the desired frequencies at 25°C and 60 per cent 
relative humidity. Since these atmospheric conditions cannot usually be 
realized at the time of cavity adjustment, the cavities are made resonant 
at frequencies which differ from the desired frequencies by amounts 
corresponding to the temperature and humidity effects. The cavities are 
adjusted under nonstandard conditions so that they resonate at the 
desired frequencies under standard conditions, and a clear knowledge of 
temperature and humidity effects is necessary. 

6-24. Temperature Effects.—If all dimensions of a lossless cavity are 
scaled proportionally, the resonant wavelength is scaled by the same 
factor. When a homogeneous cavity undergoes thermal expansion, all 
dimensions are increased by a factor (1 + a) per degree C, where a is the 
linear coefficient of expansion for the material. That is, 

— = (1 + a) per degree C. 
A 

Since frequency and wavelength are related according to 

f - c 

it follows that 
A / _ AX 
/ X + AX 1 + a 

per degree C. 

Since a is a very small quantity, the thermal coefficient of frequency is 
very nearly 

-r — — a per degree C. 

Although the scaling principle is exact only when skin-depth effects are 
included, they can be omitted with negligible error in the case of high-Q 
cavities. 
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Unfortunately the thermal coefficient of expansion is useful only for 
estimating the frequency coefficient since truly homogeneous cavities 
of known expansion coefficients are not realized in practice. Small 
amounts of solder and manufacturing processes often change a low expan
sion characteristic so that the frequency coefficient is two or three times 
that predicted. Also, the frequency-pulling effects of external loads 
vary with temperature and effectively change the frequency coefficient. 
For example, 7\Eoii-mode standard cavities were made in quantity from 
all-invar parts except for the waveguide transmission lines attached 
to them. Although the expansion coefficient for invar is 0.8 X 10~6, the 
average frequency coefficient for these cavities was —2 X 10 -6. Indi
vidual frequency coefficients varied from this value by factors as large 
as 2, caused in part by improper sealing which introduced humidity, as 
well as temperature, effects. 

However, if a TE0n-m.ode cavity is made from a high-expansion 
material—for example, steel for which a = 12 X 10 -6—then the fre
quency coefficient is more nearly —a. Since the resonant frequency 
decreases with the height of the cylindrical cavity, a portion of the tuning 
shaft can be made from a higher-expansion material in order to effect 
internal compensation. If this portion has a coefficient <*i and a length j 
I, differential expansion will effectively move the piston an amount i 
— («i — a)l. This motion will change the resonant frequency an ) 
amount ( , 

■ » ( & > 
{ 

where df/dh is the tuning rate, and h is the height of the cavity. The 
total frequency change will be 

(4/)'= -"/-(«i-«)* 00- L 

and the frequency coefficient is «• r, -

(M)'__<^(g),rdegreeC. -V 
For compensation, this coefficient is zero and the ratio of expansion 
coefficients is T 

I \dfj 
The compensation cannot be perfect over the entire tuning range because j 
(f/l)(dh/df) does not remain constant. Consequently, it is vVise i \p^*> 
start with a cavity of low-expansion material. Compensation is deter
mined by cut-and-try methods since spurious effects are prominent and 
render calculation almost useless, 
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In the case of the partial-coaxial cavity, a decrease in the length of 
the center rod increases the resonant frequency. Therefore, if the center 
rod is made of a low-expansion material, differential expansion effectively 
shortens the center rod and provides temperature compensation. The 
field configuration for this mode is very complex, and the frequency 
coefficient of a compensated cavity is best determined experimentally. 
A cavity with a steel body (a = 10 X 10-6) and invar center rod (effec
tive a = 2 X 10~6) has a frequency coefficient of +1.6 X 10~6 per 
degree C. By an approximate method, the coefficient for a steel-and-
invar combination was calculated to be + 6 X 10~6 per degree C. The 
factors neglected in the approximation tend to make the result even 

larger, and the discrepancy is 
another example of the large 
spurious effects which are too 
complex and numerous to calcu
late. Only a few cavities of this 
type were built, and data are in
sufficient to indicate that the fre
quency coefficient of + 1.6 X 10~* 
per degree C is really reproducible. 
If the compensation is reproduci
ble, it may be improved further by 
changing the cavity dimensions 
slightly. 

In the case of the hybrid TEon-
mode cavity, the field configura
tion is such that the coaxial 
conductor has but little effect on 
the resonant frequency. In fact, 

even at 24,000 Mc/sec a conventional thread can be used for the tuning 
drive and yet a relatively low tuning rate is realized. The tuning effect is 
so complex and the dimensions are so small that internal temperature com
pensation is not practical. 

6-26. External Temperature Compensation.—If all parts of a cavity 
are made from a material for which the expansion coefficient «i is larger 
than 10 X 10 -6 , then spurious effects will be small and the frequency 
coefficient will be very nearly equal to — oi. Consequently, the calcula
tions are simple when temperature compensation is applied to the tuning 
shaft external to the cavity. If the cavity is sealed by means of a 
spring-loaded bellows as shown in Fig. 6-29, the differential expansion of 
the shaft, screw, and cap can provide compensation. 

The expansion coefficients and effective lengths of the shaft, screw, and 
cap are designated by the subscripts 1, 2, and 3, respectively. Positive 

Tuning screw 
Tuning 
shaft 

Bearing 

Bellows 
Shim 

F I G . 6-29.—External temperature compensa
tion for standard cavities. 
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axial motion is into the cavity. The tuning shaft is made of the same 
material as the cavity in order to ensure a homogeneous interior. When 
the assembly undergoes a temperature change, the shaft experiences an 
effective movement 

AZ = ctih + 0^2 — a3l3. 

As indicated in Fig. 6-29, 
U + h = h, 

so that 
Al = (a, - at)h + (a2 - a3)l3. (1) 

This motion changes the resonant frequency an amount 

AZ (I> 
The expansion of the cavity changes the frequency an amount —aj so 
that the net frequency change is 

A/ = -aJ + AZ 

The fractional frequency change is 

A/ ,M 
7 = ~ai + l 

(§)■ 

(10-
For perfect compensation there is no frequency change and 

AZ (9f\ 
f i a , / - - (2) 

In order that the compensation may be successful over the tuning range, 
AZ must vary as the cavity is tuned. The nature of this variation depends 
on the tuning characteristic. Conversely, Eqs. (1) and (2) determine 
the tuning characteristic for which uniform compensation may be 
achieved. Differentiation of Eq. (1) gives 

—gj- = a2 — ai, {6} 

and differentiation of Eq. (2) gives 

a(AZ) 
ai si \df/dij' (4) dl 

Equations (3) and (4) may be combined and integrated to give 

*k-a-^rl + c» (5) 
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where C\ is a constant. Equation (5) may be rearranged and integrated 
to give 

« 2 — « 1 \ « 1 / 

where Ci and Ci are constants. This equation is equivalent to 

/V. « -/ = w + C, 

where fc and C are constants. Thus, uniform compensation is feasible 
for a cavity whose tuning characteristic is of the general form 

/" = kl + C, (6) 

if ai and a2 are chosen so that 

n = 2 ! ^ ! . (7) 
Oil 

However, since the expansion coefficients are positive and not zero, 
Eq. (7) requires1 that 

n > - 1 . 

Equations (1), (2), and (7) may be combined to give 

- = 1 - 7 -Xnf■ W 
This equation suggests making the cap and screw of the same material 
so that a2 = a3. Accordingly, Eq. (8) gives the shaft length as 

"=-m-
which requires a negative tuning rate for n > 0 and a positive tuning 
rate for 0 > n > — 1. 

Equations (7) and (8) may be combined to give 

(n+l)h-nh-J^f 

ai h 
This equation suggests making the cap and shaft of the same material 
so that oi = a3. Accordingly, the length of the screw is given as 

h = h-h = l(j} do) 
1 The case of n = 0, that is, ai = a2, is treated separately in a later part of this 

section. 
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which requires a positive tuning rate for n > 0 and a negative tuning rate 
for 0 > n > - 1 . 

When n — 0, that is, ai = a?, Eq. (5) becomes 

L-c sf~ C l' 

which may be rearranged and integrated to give 

l o g / = CJ + Ct, 

where C3 and C4 are constants. Thus, if a cavity has a tuning charac
teristic so that a graph of log / versus I gives a straight line, uniform 
compensation is achieved by making the shaft and screw of the same 
material. Accordingly, Eqs. (1) and (2) may be combined to give the 
ength of the cap as 

i . - ( -^-) i i . (ID 
V*! — a 3 / dj 

which requires <*i > a3 if the tuning rate is positive, and ax < a3 if 
the tuning rate is negative. 

Although uniform compensation cannot be achieved if n ^ — 1, 
this case is important because it includes, for example, the pure coaxial 
cavity. Since the resonant wavelength is proportional to the length 
of the cavity, the tuning characteristic is of the form 

j = kl + C, (12) 

and n = — 1. Differentiation of Eq. (12) gives 

% - * 
which may be combined with Eq. (2) so that 

Alkf = a\. 

This equation indicatesvthat Al should decrease as the frequency increases, 
that is, as the cavity is lengthened. If the tuning rate is positive, this 
effect is realized by making the cap and screw of the same material so 
that only the shaft length is effective in producing compensation. At 
one frequency, perfect compensation is achieved by making the shaft 
length 

dl 

where <*i > a3. This expression results from a combination of Eqs. 
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(1) and (2) when a2 = «3- If the tuning rate is negative, Al will decrease 
as the frequency increases when the screw provides compensation. The 
cap and shaft are made of the same material, and «i = a3. At one 
frequency, perfect compensation is achieved when the length of the screw 
is 

y*2 — s i / dj 
where «i > a2-

Although uniform compensation over the tuning range cannot be 
realized for all cavities, optimum compensation results when the materials 
and dimensions are chosen to be compatible with the requirements 
imposed by the tuning characteristic. Consequently, when designing a 
compensated cavity, the tuning characteristic should be examined by 
plotting frequency vs. shaft position on logarithmic or semilogarithmic 
graph paper. If the major portion of the resultant curve is a straight 
line, its slope is equal to the exponent n that is used in the equations for 
uniform compensation. Even in this case, however, uniform and exact 
compensation is difficult to realize because of variations in materials, 
tolerances, and the effects of manufacturing processes. Accordingly, 
it is desirable to provide shims of cap material between the cap and 
cavity as shown in Fig. 6-29. These shims are included in the calcula
tions, but later may be made of high- or low-expansion material in order 
to improve compensation at some particular frequency. 

6-26. Humidity Effects.—In a resonant cavity, the energy stored in 
the electric field is equal to that stored in the magnetic field. The energy 
stored in each field is a function of frequency, and that stored in the 
electric field is a function of the dielectric constant of the medium within 
the cavity. Consequently, when the dielectric constant varies, the 
frequency of excitation must be varied until the energies stored in the two 
fields are again equal and resonance is restored. For all practical cavities 
in which the medium does not introduce excessive and variable loss, 

fj,_ Ik. 
/. " W 

where f0 is the resonant frequency corresponding to a new dielectric 
constant, k'e. 

Accordingly, the fractional frequency change is one half the fractional 
change in dielectric constant, that is, 

Af _ _ 1 Afc, 
/ ~ 2 ke ' 

However, this equation is of general use in the laboratory only when 
easily measured quantities, such as temperature and relative humidity, 
are related to the dielectric constant in a simple manner. Since this is 
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not the case, the nomograph of Fig. 6-30 was prepared for laboratory 
use. 
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FIG. 6-30.—Humidity-effect nomograph. 

The calculations are based on an empirical equation1 which relates 
the dielectric constant of air to temperature and partial pressures of dry 
air and water vapor, that is, 

h = 1 + 210 X 10-6 Y + 180 X 10-6 ( l + ~ ) y , 

where T is the absolute temperature, Pa is the partial pressure of dry air in 
millimeters of mercury, and P„ is the partial pressure of water vapor in 
millimeters of mercury. The nomograph is normalized relative to 25°C 

1 A. C. Strickland, "The Dielectric Constant of Water Vapour and its Effect 
upon the Propagation of Very Short Waves," RRB 1594, Radio Department, National 
Physical Laboratory, Radio Research Board, Department of Scientific and Industrial 
Research, May 11, 1942. This is a British Report. The humidity effects based on 
this equation have been verified experimentally at the Radiation Laboratory. 
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and 60 per cent relative humidity, which are standard measurement 
conditions. Since the dielectric constant increases with the total water 
content of the air, the largest effects occur when the relative humidity 
is 100 per cent at high temperatures. 

In the case of sealed cavities which are evacuated, small leaks are 
readily detected with ordinary frequency meters because of the large 
frequency changes produced by the humidity effect. If cavities are 
sealed merely to prevent the internal atmosphere from changing, small 
leaks are not readily detected unless the external conditions differ con
siderably from those at the time of sealing. Consequently, it is a good 
idea not only to seal cavities but to evacuate them as well. 

It should be borne in mind that the humidity effects described in this 
section are relatively simple in principle and do not include the effects 
of molecular resonances which occur in some parts of the microwave 
spectrum. 

MEASURING EQUIPMENT AND TECHNIQUES 
Accurate frequency measurements usually fall into two classes: 

those in which the resonant frequency of a cavity is determined with 
the signal from a primary standard, and those in which the cavity fre
quency is determined by comparison with a standard cavity. For the 
first class of measurement, a spectrum analyzer (panoramic receiver) 
provides a sensitive indication of the transmission of, or reaction on, the 
standard signal by the cavity. The accuracy of this method is limited 
because the rate of change of transmission, or reaction, with frequency 
is zero at resonance. On the other hand, the rate of change is a maximum 
at the half-power frequencies of the cavity, and a factor of 10 in accuracy 
is gained by using images of the standard-frequency signal, the images 
being separated so as to occur at the cavity half-power points. This 
cavity Q-meter technique is so named because Q may be determined 
simultaneously from a knowledge of resonant frequency and pass band. 

The simplest way to align two cavities to the same frequency is to 
allow them to react successively on the transmission line between an 
f-m oscillator and a detector. The detector output signal is coupled 
to an oscilloscope so that the pattern is a plot of reaction versus frequency. 
Accuracy is limited by the ability to judge when the peaks of the two 
reactions are coincident. A small displacement of the two peaks will 
produce merely a slight shift in the peak of the composite reaction. On 
the other hand, a small displacement is easily observed if the cavities 
are coupled to separate transmission lines and detectors. A common 
f-m oscillator is used, and electronic switching in the oscilloscope provides 
superposition of the two reaction patterns. This is the cavity-com
parator technique. 
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However, even the most accurate standards and measuring techniques 
are of little value if the resonant frequencies of cavities are affected in an 
uncontrolled manner by temperature, humidity, and external loads. 
Obviously, standard conditions must be established and recognized. 

6-27. Standard Measurement Conditions.—In order to minimize 
frequency errors caused by temperature and humidity effects on unsealed 
and uncompensated cavities, standard conditions were chosen to represent 
typical operating conditions. The choice of 25°C and 60 per cent relative 
humidity was made by the Radiation Laboratory where the first calibra
tion service was initiated. The Radio Section of the National Bureau 
of Standards now maintains this service and continues to use these 
standard conditions. The conditions mean that cavities are adjusted 
so they resonate correctly at 25°C and 60 per cent relative humidity. 
Since these conditions are not always realized at the time of adjustment, 
a cavity is purposely misaligned by an amount corresponding to its 
temperature and humidity effects. Naturally this procedure introduces 
some error, and the best results are obtained with sealed and compensated 
cavities. The humidity effect is the same for all unsealed cavities but the 
temperature effect is often individual. Consequently, when a cavity is 
submitted for calibration, its temperature coefficient of frequency should 
be furnisned to, or requested of, the test laboratory. 

The ideal solution to the problem of standardizing the effects of 
external loads would be to terminate all transmission lines with their 
characteristic impedances. The practical solution is to use resistive 
attenuation between the cavity and external loads. The amount of 
attenuation depends on that tolerable and the reflection coefficients of 
the loads which are to be isolated. 

Cavity Q-meters and comparators can tolerate about 32 db of attenua
tion between oscillator and detector. Since transmission cavities may 
have an insertion loss of about 7 db, about 25 db are left for isolation. 
A reflex oscillator is very poorly matched to the transmission line, but 
a crystal detector can be matched so that its VSWR does not exceed 
1.10. Consequently, most of the attenuation should go betw-een the 
oscillator and cavity. If well-matched 17- and 8-db attenuators are 
placed on the oscillator and detector sides respectively, the cavity will 
be coupled to loads whose voltage standing-wave ratios will not exceed 
1.05.1 Well-matched attenuators can be made from long, tapered pieces 
of iosistance-strip material or poljriron, and frequency pulling by external 
loads will be minimized as much as possible. 

6-28. Spectrum-analyzer Techniques.—Equipment is arranged as 
indicated in Fig. 6-31 if the standard-frequency signal is to be transmitted 
through or past the cavity. Many commercial spectrum analyzers have 

1 Frequency pulling as a function of load reflection is discussed in Chap. 5 
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cutoff attenuators between the r-f input jack and the mixer, and the 
attenuator insertion loss effectively lowers the sensitivity. For frequency 
measurements, optimum sensitivity is necessary in order to allow ade
quate attenuation on either side of the cavity, and it is common practice 
to remove the cutoff attenuators from spectrum analyzers. 
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frequency standard 

Tune cavity or frequency 
standard to maximize pip 

Crystal rectifier 
harmonic generator 

' j\ \ Spectrum 
analyzer 

Matched attenuator Cavity Matched 
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F I G . 6-31.—Spectrum-analyzer technique. 
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Fia. 6-32.—Auxiliary-oscillator technique. 

If the sensitivity is still inadequate, an auxiliary c-w oscillator may 
be used as indicated in Fig. 6-32. The frequency standard is tuned so 
as to beat with the c-w signal transmitted through the cavity. Care must 
be taken not to use the beat which occurs between image frequencies 
in the spectrum analyzer. The two possible beat patterns are shown 
in Fig. 6-33. When the two input frequencies are nearly equal, the beat 
frequency is independent of the local-oscillator frequency; when the 
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frequencies are images, the beat frequency changes as the local oscillator 
is swept across its range. If the auxiliary oscillator is unstabilized, the 
beat indication will not persist for much longer than 2 or 3 min. Fre
quency coincidence can be estimated to about +10 kc/sec. 

The accuracy of cavity resonant-frequency measurement depends 
also on the observer's ability to judge when the transmitted signal is 
maximized. If the spectrum analyzer has a linear heterodyne receiver, 

F I G . 633.—Spectrum-analyzer beat-frequency indications. 

the height of the c-w pip is roughly proportional to the r-f input voltage.1 

For high-Q cavities, the relative voltage in the neighborhood of resonance 
is very nearly 

where Vo is the voltage at the resonant frequency /o, / is the observed 
frequency, and Q,. is the loaded Q of the cavity. Since 

A/ = Jo - /, 
Ah = h0 — h, 

and 
V cc h, 

then 
A / 1_ f~Kh 
U ~ QL V2A0' 

where A///o is the fractional frequency error corresponding to a pip. 
height error Ah/ho. A careful observer can detect a 2 per cent variation 
in pip height so that 

A / _ 1 

1 I t is assumed here t ha t bo th the first and the second detectors are nearly linear. 
If thev are not linear, the accuracy will he greater t han tha t which is calculated. 
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6-29. Cavity Q-meter Technique.—The components for the Q-meter 
method are shown in Fig. 6-34. R-f power from an f-m oscillator is 
transmitted through the test cavity to a crystal detector. The detected 
signal is amplified and provides vertical deflection for the cathode-ray 
tube so that the resultant pattern is the bandpass characteristic of the 
cavity. The f-m oscillator also serves as the local oscillator for a hetero
dyne receiver whose intermediate frequency is adjustable and whose pass 
band is very narrow. The intermediate frequency is sufficiently low so 
that the f-m local oscillator produces i-f signals when it is either above 
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FIG. 6-34,—Components for cavity-Q-meter method. 

or below the input frequency. The video output signal consists of 
pips similar to those produced by a spectrum analyzer. These pips are 
used to intensity-modulate the cathode-ray tube, thus producing spots 
on the bandpass characteristic. If the standard-frequency input signal 
corresponds to the resonant frequency of the cavity, the spots are equi
distant from the base line. If the receiver is adjusted so the spots occur 
at the cavity half-power points, their frequency separation is equal to the 
bandwidth and is twice the intermediate frequency of the receiver. 
Loaded Q is measured as the ratio of resonant frequency to bandwidth. 

The actual arrangement of the circuit components is shown in Fig. 
6-35.' The power supply is not indicated but is designed to operate both 

1 The Radiation Laboratory has furnished a cavity Q-meter of this type to the 
National Bureau of Standards. 
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mechanically and thermally tuned reflex oscillators. Frequency modula
tion is accomplished by varying the oscillator reflector voltage. Either 
sine-wave or sawtooth modulating signals may be used. 
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F I G . 6-35.—Arrangement of circuit components for cavity Q-meter. 

Sine-wave modulation provides a double trace and produces two 
pairs of spots if the amplifiers introduce distortion or effectively delay 
the spots by poor video response. Measurement error can be avoided 
by using the mean positions of spot pairs. A phasing control is provided 
so that amplifier phase shift and oscillator hysteresis may be compensated 
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and the two patterns may be superimposed. However, the sine-wave 
modulation produces a faster sweep at the center of the screen than 
does a sawtooth modulation of the same recurrence frequency. Accord
ingly, better video response and a wider i-f pass band are required. 
The wider i-f pass band produces broader spots so that some accuracy is 
lost. Consequently, a compromise has been effected. 

Amplifier response and i-f bandwidth are chosen for optimum opera
tion when sawtooth modulation is used. That is, negligible error occurs 
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F I G . G-36.—Modulation and sweep circuits for cavity Q-meter. 

for sawtooth modulation. This may be checked against the mean posi
tion of the spot pairs when sine-wave modulation is employed. Spot 
pairs result because the simpler circuit design for sawtooth operation is 
inadequate for optimum sine-wave operation. 

Modulation and sweep-circuit details are shown in Fig. 6-36. A 
selector switch provides a choice of a 60-cps sine-wave signal, a 60-cps 
sawtooth signal, or some external signal. A sawtooth recurrence fre
quency of 60 cps is chosen for three reasons: instability from 60-cps hum 
modulation is eliminated by synchronization; the low recurrence fre
quency reduces the high-frequency response requirements for the video 
amplifiers; and a narrow receiver pass band can be utilized. 

The sawtooth signal is generated by means of a standard thyratron 
circuit which uses a fraction of the heater voltage for synchronization. 
When the thyratron fires, a positive pulse is developed across the cathode-
bias resistor. This pulse is applied to the CRT cathode and blanks the 
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return trace. The sawtooth signal is applied to a cathode-coupled push-
pull amplifier which is direct-coupled to the CRT horizontal deflection 
plates and the grids of two cathode followers. The output signal from 
one of the cathode followers is applied to the oscillator reflector. A 
clamping diode prevents the reflector from being driven positive with 
respect to the cathode. The entire sweep is centered on the CRT 
screen by varying the bias of one push-pull amplifier tube. This control, 
however, does not appear on the front panel. The horizontal-positioning 
control is actually the reflector-voltage control for the oscillator. Reflec
tor-voltage variations shift the pattern with respect to the sweep since 
they shift the operating frequency with respect to the modulation. 

When sine-wave modulation is employed, the cathode-follower output 
signals are applied to a phase-shift network. The output signal from this 
network is used to modulate the oscillator, and since only small phase 
variations are necessary to superimpose the two patterns, the amplitude 
variation is negligible. Another set of contacts (not shown in Fig. 6-36) 
on the selector switch removes the CRT blanking signal for sine-wave 
operation. 

The receiver for the Q-meter, shown in Fig. 6-37, consists of a tunable 
i-f stage, three bandpass stages, a diode detector, and video amplifiers. 
The i-f input impedance is that of a 50-/ih choke and is equal to about 
100 ohms at 300 kc/sec, the lowest intermediate frequency. The choke 
offers even less impedance to crystal-current variations and minimizes 
the shock excitation of the i-f amplifier when the oscillator is over-
modulated and drops out of oscillation. In order to facilitate oscillator 
alignment, crystal current may be returned to ground through the input 
resistor of the vertical amplifier. Figure 6-38 indicates this circuit and 
the switch which short-circuits the crystal current to ground in normal 
operation. When crystal current is coupled to the vertical amplifier, the 
CRT pattern indicates relative output power from the oscillator as a 
function of frequency. 

Only the first stage of the i-f amplifier is selective and effective in 
determining the intermediate frequency. The tuning range is divided 
into four bands as indicated in Fig. 6-37. The selectivity of each band 
is such that there are at least 25 cycles of the intermediate frequency in the 
modulation envelope corresponding to an output pip. Coils, tuning 
condenser, and band switch are mounted in a separate shielded box and 
are connected to the receiver strip by means of a short, shielded cable. 
The cable enters the strip at the tube socket of the first stage to prevent 
regeneration. The tuning range of the receiver permits cavity-bandwidth 
measurement between 0.6 and 12.2 Mc/sec. 

Two video stages follow the second detector and the output signal 
is coupled to a phase inverter. The positive pips from the plate of the 
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F I G . 6-37.—Receiver for cavity Q-meter. 
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phase inverter are coupled to the CRT intensity grid but are limited to a 
peak amplitude of 15 volts to prevent exceeding the CRT bias. The 
negative pips from the cathode of the phase inverter are coupled to the 
CRT focus electrode in order to maintain focus during intensification. 
Also, these negative pips may be coupled to the vertical amplifier so 
that the instrument may be used as a spectrum analyzer. Receiver 
sensitivity (barely discernable pip) is about — 110 dbw. 

To CRT 
vertical deflection -210v 

J3 ou tps p | a t e Di 

F I G . 6-38.—Vertical-deflection amplifier for cavity Q-meter. 

The vertical amplifier, shown in Fig. 6-38, consists of two BC-coupled 
stages and a cathode-coupled push-pull amplifier which is direct-coupled 
to the CRT vertical-deflection plates. The first stage is shock-mounted, 
and the input circuit is decoupled from chassis ground to eliminate the 
effects of ground currents. Hum modulation resulting from a-c heater 
operation is eliminated by using well-filtered direct current from a 
selenium rectifier. The amplifier has negligible phase shift at the 
recurrence frequency, 60 cps, and its response is uniform to 20 kc/sec. 
The response falls to half power at the frequencies 2 cps and 60 kc/sec. 

The CRT circuit is conventional and hence is not shown. A 5BP1 
tube is used to obtain good focusing. The cathode is operated at —1700 
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volts and the intensifier ring at 1500 volts. For optimum focusing, the 
second anode is operated at +150 volts, the average potential of the 
direct-coupled deflection plates. 

Typical CRT patterns are shown in Fig. 6-39. Spot pairs appear 
since sine-wave operation is assumed. For bandwidth measurement, the 
half-power level is established by means of the calibrated attenuator 
of Fig. 6-34. Since the crystal detector is very nearly a square-law 
detector, the half-power level will be half amplitude for the pattern 
In order to be sure that the pattern reaches the baseline, the f-m oscil
lator should have a large frequency deviation. If this is true, shifting 

® 
}uii. 6-39.—CRT patterns for cavity Q-meter. The pattern on the left is for bandwidth 

measurements, that on the right for frequency measurements. 
the pattern along the baseline should not produce any vertical motion. 
Since the baseline is not clamped, however, attenuating the signal will 
produce some vertical motion of the baseline, and this motion must be 
included in the half-power level determination. When the half-power 
level is established, the receiver is tuned until the spots coincide with 
the half-power points and bandwidth is read from the receiver calibration. 
The accuracy of the measurement is essentially that of establishing the 
half-power level and probably will not be better than + 7 per cent. 

Figure 6-39 also shows the CRT pattern that is used for resonant-
frequency measurement. The f-m oscillator has a small frequency 
deviation in order to obtain the best possible spots, and the horizontal 
amplitude is reduced to produce a very narrow pattern. Large vertical 
deflection is used and spots appear somewhat blurred even though their 
time duration is very short. The frequency standard or cavity is tuned 
until the spot pairs are matched. The sensitivity is sufficiently high so 
that manually squeezing a cavity will produce appreciable spot-pair 
separation. The accuracy of measurement depends on the Q of the 
cavity and the minimum discernable spot-pair separation. 

For a transmission cavity which may be regarded as a lumped-
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constant circuit coupled to matched transmission lines by ideal trans
formers, 

A P H . _ A / M | / O hi], 
Pa hi \fa_k) 

\U M 
where P ^ is the power delivered to the matched line at the half-power 
frequency/^. For high-Q cavities, this relation may be approximated by 

AF« = A/w ( /Q \ 
Pa fyi vfw ~ /« / 

Since 
O = /° 
W ' 2(/M - /„)' 

then 

^ = 2QL Mi. 

For the cavity Q-meter the vertical deflection d from the baseline in 
proportional to power, and the fractional frequency change at the half-
power points is equal to the fractional change in resonant frequency. 
Accordingly, the equation may be written 

A/o _ 1 Ari 
/o _ 2QL d ' 

Usually the vertical deflection from the baseline to half-power level is 
5 in., and the minimum discernable spot separation is 0.2 in. so that 
Ad is 0.1 in. The resultant accuracy is 

A/o = 1 
/o 100Qt' 

which is 10 times greater than that for the spectrum-analyzer technique 
where a similar 2 per cent variation in deflection is assumed discernable. 

6-30. Cavity-comparator Technique.—Figure 6-40 indicates the 
method by which two cavities are aligned to the same frequency and 
their relative Q's and transmission losses are compared. A reflex 
oscillator is frequency-modulated by applying a sawtooth signal to its 
reflector. A recurrence frequency of 120 cps is used in order to eliminate, 
by synchronization, the instability produced by hum modulation. An 
oscillator with twin output jacks, or a magic T or directional couplers, 
is used to divide the oscillator output power between two channels. 
Power transmitted by each cavity is detected, and the detected signals are 
amplified, mixed, and applied alternately to the CRT vertical-deflection 

file:///fa_k
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plates. Alternate presentation of the two bandpass characteristics is 
achieved by electronic switching. A symmetrical multivibrator is 
synchronized with the sawtooth generator and provides a square wave 
which is applied to the mixer circuit. 

The important circuit details are shown in Fig. 6-41. The regulated 
power supplies (omitted from the diagram) are designed to operate both 
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F I G . 6-40.—Cavity-comparator technique. 

mechanically and thermally tuned oscillator tubes. The sawtooth 
generator (also not shown) is similar to that of Fig. 6-36, except that 
synchronization is accomplished by coupling a fraction of the 120-cps 
power-supply ripple to the thyratron control grid. 

The input circuits of the amplifiers are isolated from ground by 10-ohm 
resistors to eliminate the effects of ground currents. Ground currents 
are exceptionally bad if the heater current flows through the ground 
lead to the oscillator. Type 6J7 tubes are used for the first amplifier 
stages since they introduce less hum modulation than other pentodes. 
Even less hum modulation is encountered if type 6F5 (metal envelope) 
triodes are used for the first stages. Their relatively high input capaci
tance is unimportant because of the low impedance of the crystal detector 
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as a video generator. Each 6J7 stage has a voltage gain of 31 which 
can be duplicated by 6F5 tubes. 

Mixing is accomplished by applying the two signals to 6SJ7 pentode 
amplifiers which have a common plate-load resistor. Switching is 
accomplished by direct-coupling the 6SJ7 cathodes to cathode followers 
which are coupled to the multivibrator. The two CRT patterns are 
adjusted for a common baseline by means of a balancing control which 

F I G . 6-42.—TFU-1RL cavity comparator. 

varies the grid bias for one 6SJ7 tube of the mixing circuit. Balancing 
makes the plate currents of the mixing tubes equal. The mixer output 
signal is applied to cathode-coupled push-pull amplifiers which are 
direct-coupled to the CRT deflection plates. Horizontal deflection is 
achieved in a similar manner, and the CRT circuit is similar to that 
described for the cavity Q-meter. As in the case of the Q-meter, the 
reflector voltage of the oscillator effects horizontal positioning. The 
complete equipment is shown in Fig. 6-42 with microwave components 
for the frequency range from 23,500 to 24,500 Mc/sec. 

For frequency or Q comparison the test gain control of Figs. 6-40 and 
6-41 is adjusted so that the patterns have nearly equal amplitude. 
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For relative transmission-loss comparison, gains A and B (screwdriver 
adjustments) are set so that the two channels provide equal deflections 
under similar conditions. That is, the two gain controls are set so that 
the reference cavity produces equal deflections when inserted in either 
channel. When the test cavity is in place and the push-button switch 
is depressed, the relative amplitudes indicate relative power losses since 
the crystal is very nearly a square-law detector. 

When two similar cavities are adjusted to resonate at the same fre
quency, a misalignment of 1 per cent of the bandwidth may be detected. 
Consequently, the accuracy of the technique is 

A/o = 1 
/o lOOQz.' 

which is the same as for the cavity Q-meter. That is, two cavities may 
be tuned to the same frequency as accurately as the resonant frequency 
of one can be measured. 



CHAPTER 7 

THE MEASUREMENT OF FREQUENCY SPECTRUM 
AND PULSE SHAPE 

B Y GEORGE N. KAMM 

The wide use of pulses in the applications of microwaves demands new 
techniques for the measurement of the characteristics of the pulses. 
Three instruments are available for these purposes: the spectrum ana
lyzer, the r-f envelope viewer, and the r-f oscilloscope. 

The spectrum analyzer is a device for the analysis of spectra of pulsed 
oscillators. I t presents visually on a cathode-ray-tube screen the dis
tribution in frequency of the r-f power of the pulse. A spectrum analyzer 
is an electronic instrument that incorporates a narrow-band super
heterodyne receiver. The receiver is electronically tuned in frequency by 
applying a linear modulating voltage to the local oscillator. The same 
sawtooth voltage is applied to the horizontal deflecting plates of a 
cathode-ray tube. The output signal of the receiver is applied to the 
vertical-deflecting plates to produce a plot on the tube, which indicates 
power vertically and frequency horizontally. 

Although originally designed specifically for spectrum analysis, the 
analyzer has proved to be a highly versatile r-f measuring instrument and 
has found wide use as such at the Radiation Laboratory and elsewhere. 
As a sensitive r-f detector, it may be used to align and check the operation 
of radar sets and to measure frequency and frequency differences, stand
ing waves, and attenuation. This principle of an electronically tuned 
receiver has been incorporated into several special types of test 
equipment. 

An r-f envelope viewer presents on a cathode-ray-tube screen the 
shape of the envelope of the radio-frequency pulse. The r-f envelope 
shows directly the amplitude modulation of the pulse, its time of rise, 
its time of fall, and any slope or oscillation on the top of the pulse, but 
it does not indicate anything about the frequency modulation during 
the pulse. 

R-f oscilloscopes attempt to show the waveform of the microwave 
signal directly. They represent obvious extensions of the techniques 
so commonly employed in the low-frequency region. These extensions 
are difficult and relatively little effort has been spent in their develop
ment. 

408 
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THE PRINCIPLES AND DESIGN OF SPECTRUM ANALYZERS 

7-1. Formation of the Spectrum.—The spectrum analyzer is intended 
for use with pulsed r-f oscillators used in radar sets. The pulses of these 
oscillators are very short, ranging from 0.1 /usec to several microseconds 
in length, and there is a relatively long time between pulses, ranging 
from 500 to 2500 /jsec. The i-f amplifier of the spectrum-analyzer 
receiver is narrow compared to the spectrum width but is still sufficiently 
broad so that the transient generated by a pulse has decayed entirely 
before the next pulse occurs. 
Therefore, although the pulse is 
repeated, the response of the ana
lyzer to each pulse is the same as 
if it were a single nonrepeated 
pulse. 

The method of Fourier analysis 
shows that a single nonrepeated 
voltage transient may be ex
pressed as the summation of the 
voltages of sine and cosine waves 
with incremental frequency differ
ences over all frequencies from 
zero to infinity. The amplitude 
of these voltages as a function of 
frequency is the frequency func
tion. The square of the absolute 
value of the frequency function is the power spectrum which is seen on 
the analyzer screen. 

A receiver that has a sufficiently wide bandwidth to include the total 
range of the frequency function and has a linear phase response would 
reproduce the original form of the pulse except for a time delay. The 
spectrum-analyzer i-f bandwidth, however, is made very narrow and 
does not respond to the entire frequency function but only to a very 
narrow section of it, a section sufficiently narrow to represent, for prac
tical purposes, the value of the frequency function at a single frequency. 
This narrow band of frequencies is likewise the equivalent of an r-f 
pulse, but one much longer in duration and lower in voltage than the 
original pulse. This longer pulse, rectified by a square-law detector, 
gives a transient pulse on the cathode-ray-tube screen proportional 
to the power spectrum at the frequency for which the receiver is tuned. 
To produce the complete spectrum the analyzer is slowly swept in fre
quency, while the horizontal deflection is varied in synchronism. A 
succession of transients appears on the screen, which resemble a picket 

F I G . 7-1.—Spectrum of a l-/isec rectan
gular r-f pulse as seen on a TS-148/UP 
spectrum analyzer. 
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fence, and the envelope of the transients is proportional to the power 
spectrum. For small ranges of frequency the horizontal deflection is 
accurately proportional to frequency. Figure 7-1 is a photograph of the 
spectrum, as seen on a TS-148/UP spectrum analyzer, of a 1-jusec rec
tangular pulse having negligible frequency modulation. Although 
in the photograph the individual transients composing the spectrum can
not be clearly seen, examination of the edges of the spectrum will show 
that it is composed of such transients. 

The reception of c-w signals by the spectrum analyzer is very easily 
explained. If the analyzer sweeps through the c-w signal slowly, the 
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F I G . 7-2.—Basic circuit for a spectrum analyzer. 

transient appearing on the screen will be just a plot of the pass band of the 
receiver. If the sweep is rapid, the transient may not reach its full 
amplitude and the amplitude becomes a function of the sweep rate. 
When seen in conduction with pulsed spectra, a c-w signal can usually 
be identified by observing that there is a break in the baseline; for the 
pulse transients, which are faster, no such break is seen. 

A block diagram of the basic circuit of a simple spectrum analyzer 
is shown in Fig. 7-2. The sawtooth generator at the upper right supplies 
the horizontal-sweep voltage of the cathode-ray-tube indicator. This 
voltage is also applied through a potentiometer to the reflector of the 
reflex local-oscillator tube, thus frequency-modulating the tube in accord
ance with the sawtooth waveform. The local-oscillator power is supplied 
to the crystal mixer (upper left) where ic is combined with the incoming 
signal. If the frequency difference between the local-oscillator and signal 
frequencies is equal to the i-f frequency, a difference signal is produced 
which is proportional to the r-f signal and which is amplified by the i-f 
amplifier. The bandwidth of the i-f amplifier is purposely made much 
more narrow than that of a conventional radar receiver in order to achieve 
good resolution of the spectrum. The i-f amplifier may amplify at a 
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single frequency as in the TSS-4SE spectrum analyzer or it may use two 
intermediate frequencies, that is, it may have a second mixer to convert 
the signal to a still lower frequency. The TS-148/UP and the TSK-3RL 
spectrum analyzers are of this type. 

Following the i-f amplifier and usually incorporated in the i-f-amplifier 
unit is the detector. The detector is usually operated at a small signal 
level so that its output voltage will be approximately square-law; how
ever, the square-law characteristic cannot be relied upon for accurate 
measurements of the spectrum, and some method of calibration should 
be used. A video amplifier follows the detector to amplify the output 
voltage of the detector to a level suitable for the cathode-ray tube. 

This is the basic circuit for a spectrum analyzer and shows the ele
ments which cannot be omitted. However, more elements can be, and 
usually are, added to make the analyzer more useful, easier to operate, 
or to adapt it to a particular application. The modifications are some
times so many and so great that it is difficult to recognize the basic 
spectrum analyzer. The section on applications of spectrum analyzers 
and the description of particular models of analyzers will illustrate the 
multitudinous additions and adaptations which are possible. 

7-2. General Theory of Operation.—To illustrate the quantitative 
relations in the formation of the spectrum, the frequency functions 
representing two simple transients will be considered. The first transient 
is a rectangular r-f voltage pulse of length T, symmetrically located with 
respect to the axis t = 0. For the duration of the pulse, the voltage is 
defined as f{t) = A cos wot. Fourier's integral theorem for a nonperiodic 
transient states that 

f(t) = I a(a)eil"doi, 
and (1) 

a(u) = i /_ . me~i"'dL 

For a symmetrical transient this simplifies to the form 

f" 
j(t) = 21 a(u) cos wt du, 

Jo 
and (2) 

1 /"" 
a{u) = - / f(t) cos ut dt, 

T Jo 
where a(o>) is the frequency function. 
For the rectangular r-f pulse just mentioned, a(u) has the form 

A f'/2 
a(a) = — I cos ojot cos oit dt, 

TT Jo 
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and if wo » 1/T, 

o(o>) = 
A sin (wo ~ <•>) 2 

4TT 
(uo - u) 2 

The power spectrum |a(oi)|2 is given by 

l«(«)l' = £-, 
2 2 sin2 (uo - u) s 

("o - a>)2-j 

(3) 

(4) 

The form of this function is shown in the graph, Fig. 7-3, of sin WX/TTX, 
where x = (/o — f)r. It may be noted that the first zero of the frequency 
function is at x = 1, or |(/0 — / ) | = 1/T, and the difference in frequency 
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Fia. 7-3.—Graphs of sin TTX/TTX, sin2 irx/(trx)2. 

between t h e first two zeros is 2 / T . Also p lo t ted in Fig. 7-3 is t he function 
|2, or sin2 irx / (irx)2, which gives t h e power spec t rum. T h e similar i ty |et(& 

of th is figure t o t he spec t rum pho tograph , Fig. 7 1 , should be noted. A 
pulse 1 Msec long will have 2 M c / s e c be tween t h e first zeroc of t he spec
t r u m a n d a pulse 1 Msec long will have 8 M c / s e c . 
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The second r-f transient to be considered is the pulse with an error-
function amplitude modulation. This waveform is unique in that f(t) 
and a(u) have the same form. The function f(t) is given by the expression 

/(«) = A'e-™' cos u'0t. (5) 

The frequency function has the form 

A' f" 
a(u) = — / e~ikl)1 cos oi'0t cos ait At, 

it Jo 

and, assuming that u'0 » 1/k, 
A' /»-o»'o\' 

a(co) = - — - e \ 2k ) . (6) 
4.K \/ir 

The usefulness of the expression for a(w) in Eq. (6) is that it approxi
mates the admittance function of the i-f amplifier. Many single-tuned 
stages, each tuned to the same frequency, have a pass band that approxi
mates this admittance function as a limit, as the number of stages 
increases indefinitely. The frequency function representing the r-f 
transient at the output terminals of the i-f amplifier is the product 
of the admittance function and the frequency function of the r-f pulse. 
Since the i-f bandwidth is sufficiently narrow that a(u) for the r-f pulse 
is essentially constant over that bandwidth, the expression a(u), derived 
for the error-function pulse, is the form of the frequency function of the 
r-f transient of the i-f amplifier. The admittance function of the i-f 
amplifier is 

fa-0l't\' 

g(u) = e V 2* > , 

corresponding to a transient 

f(t) = i k \ ^ e-(*')' cos u'0t. 
If the receiver is tuned to a frequency u in the region of the spectrum 

of the rectangular pulse, the frequency function at the output terminals 
of the i-f amplifier is given by 

Arsm(Ut-a'tt)l _ / -^ .y 
aiu) = -. e \ 2* / 

(wo - u„) g 

and the corresponding transient is 

f{t) = ^ e -«" ! cos « i t (7) 
v Co>o - wo) 2 
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The bandwidth of an amplifier is usually defined as the difference in 
frequencies for which the voltage amplitude is l / v 2 times the maximum 
amplitude. This definition applied to the admittance function gives for 
the bandwidth the expression 

1 3 v ^ 

This is not exact but is in error by only 0.3 per cent. If fit) in Eq. (7) 
is expressed in terms of i-f amplifier bandwidth, and if the frequency to 
which the analyzer is tuned is denoted by o> in place of u'0, the result is 

fit) = — s - ^ e V 2 ') cos ut. 
2 ( \ r 

t«» - <») 2 
Detected by a square-law detector, the transient applied to the oscil
loscope screen is 

^ i s in2 (a>0 - u>) ^ 

4 fit) = ^ r ^ ~ e ( - ^ T < ) • (8) 

The envelope of the peaks of the transients has the form 

„rt 9A^Aps[n^u"-u)i fit) i — , 
(<j)o — u)2 j 

which is proportional to the power spectrum of the rectangular pulse 
given in Eq. (4). 

Besides showing analytically that the envelope of the transients 
appearing on an analyzer screen actually gives the power spectrum, the 
expression for fit) just developed shows the loss of sensitivity of the 
analyzer caused by its narrow bandwidth. If the i-f amplifier had 
infinite bandwidth and no phase distortion, it would reproduce the 
original pulse exactly with an amplitude a proportional to A. With the 
same gain but a narrow bandwidth the transient amplitude is given by 
3arA//2, when the analyzer is tuned to the center of the spectrum. The 
loss of sensitivity in voltage is 

_3rA / 
2 ' <9> 

and the loss of sensitivity in power is 

p = a2 = ? ^ - (10) 
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A spectrum analyzer having a bandwidth of 50 kc/sec, when viewing 
an r-f pulse of ^-/jsec length, would experience a reduction of sensitivity1 

by a factor 1.4 X 10~3 in power or 28 db. In the discussion it was 
assumed that the admittance function of the i-f amplifier had a phase 
function equal to zero. This amounts to neglecting the time delay 

\ ' i 
,/0-45Mc/Sec /0 -15Mc*ec ,/0 /0 + 30 Mc/sec /0+45McAec /0+75 Mc/sec 
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F I G . 7-4.—The spectra of a j-^sec rectangular r-f pulse and a c-w signal 30 Mc/sec 

higher in frequency as they would appear on the spectrum-analyzer screen. The inter
mediate frequency is 45 Mc/sec. 

between the occurrence of the original pulse and the response of the i-f 
amplifier, an easily justifiable procedure. 

Although the foregoing calculations do not assume that a super
heterodyne receiver was used, the method applies equally well to that 
case and gives the same result, except that a superheterodyne receiver 
responds to more than one frequency. Both frequencies, JLO + /.r 
and fLo — /if (where JLO is the local-oscillator frequency and /if the 
resonant frequency of the i-f amplifier) may beat with JLO to produce 
fit, which is amplified. The resultant spectrum is plotted not against 
the resonant frequencies of the receiver but against the local-oscillator 
frequency, which differs from them by the i-f frequency. Figure 7-4 
shows the relation of the image spectra to the true spectrum frequency. 
The sweep range of the analyzer is limited and it is impossible to see the 
whole pattern at once, but by tuning the local oscillator any section of 
it can be seen. Such a typical section is shown by the dashed circle. 

I t should be noted that a superheterodyne receiver is sensitive to 
more than the two image frequencies shown in Fig. 7-4. For example, 
the frequencies/LO + /;//2 are amplified as well as the frequencies j h 0 ± fu. 

1 The effect on the spectrum ampli tude of changing the pulse length is il lustrated 
by the spectra shown in Fig. 7 29. The pulse lengths are 0.5, 0.99, and 2.0 ,usec; the 
a t tenuat ions necessary to equalize the ampli tudes of the spectra closely approximate 
0, 6, and 12 db as would be expected from Eq. (10). 
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If the signal is strong, the difference frequency fu/2 is produced and is 
multiplied by the mixer crystal to produce fa which then is amplified. 
Similarly the analyzer will respond to / i 0 ± fu/n to produce nth-order 
images. Although those higher-order images are of much lower ampli
tude than the first-order images they may be observed when a c-w signal 
of large amplitude is present, and frequently cause considerable confusion. 
Figure 7-5 is a graph of higher-order images as observed on a TSX-4SE 
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F I G . 7-5.—High-order images in the TSX-4SE spectrum analyzer. 
spectrum analyzer. Frequency is plotted horizontally, /0 being the 
frequency of the c-w signal. The images are spaced symmetrically 
about /0. Plotted vertically is the number of decibels by which the c-w 
power must be increased for the nth-order image to give the same deflec
tion as the first-order image. 

7-3. Determination of Sweep Frequency, Intermediate Frequency, 
I-f Bandwidth, and Video Bandwidth.—Although the components of a 
spectrum analyzer and their functions have been discussed, nothing 
has been said about the design of the components to adapt the analyzer 
for a particular application. Although a single spectrum analyzer is 
frequently used to perform a large number of functions, the analyzer will 
be a more useful tool if it is designed to meet specific applications. If a 
pulse signal is used for radio transmission, the energy of the pulse should 
be confined to the narrowest possible band of frequencies in order to 
avoid loss of signal at the receiver. The spectrum analyzer provides 
the most direct and the simplest way of determining the frequency dis
tribution of power in the r-f pulse. The manner in which the r-f pulse 
source dictates the design of the spectrum analyzer will now be described. 

The local oscillator should be tunable throughout the frequency 
range of the r-f signals to be observed and the range of the frequency 
sweep should cover the principal region of the spectrum; for the rec-



r 

SEC. 7-3] INTERMEDIATE FREQUENCY AND BANDWIDTH 417 

tangular pulse at least three or four zeros should be visible on either side 
of the center lobe (see Fig. 7-1). 

The spectrum as seen on the screen of the cathode-ray tube consists 
of a pattern of vertical transients, the envelope of which corresponds to 
the power spectrum of the pulse. Since each transient is produced by a 
single r-f pulse, the period of the transients is the repetition period of 
the r-f pulses. The separation of the transient pulses on the screen is 
determined by the sweep length in centimeters, the sweep frequency of the 
receiver, and the repetition frequency of the r-f pulses. If these quanti
ties are designated as 6,/„ and/, , respectively, the-separation of the pulses 
in centimeters is bf./fr, assuming that the voltage applied to the horizontal 
deflecting plates is a linear sawtooth waveform. The number of pulses 
in a single sweep is /,//«. 

To achieve adequate detail in the spectrum it is desirable that the 
number of transients in the region between the third minima of the 
spectrum be 50 or more (see Fig. 7-4). If this region covers the CRT 
screen, a sweep frequency of 10 cps is required for a pulse repetition 
frequency of 500 per sec, slow enough for the eye to see the spot of light 
moving across the screen. On the other hand, if the pulse repetition 
frequency were 1000 cps, an equivalent resolution would be achieved 
with a sweep frequency of 20 cps which would result in a barely detectable 
flicker. I t might be argued that the number of transients appearing 
on the screen per unit time is independent of sweep frequency, hence 
the appearance of the spectrum should likewise be independent of repeti
tion frequency. Actually when the sweep frequency is low enough in 
relation to the decay times of the CRT screen and the eye for a nicker 
to be observed, the eye sees a single sweep as a unit. The spectrum will 
appear more empty as the sweep frequency is increased. Of course the 
situation is changed when a screen having long persistence (such as a 
P7 screen) is used in place of the more usual PI screen. The sweep 
frequency can then be varied over a much wider range without affecting 
the detail of the spectrum. In fact some very pretty spectra may be 
observed on a long-persistence screen. Such a screen, however, is a 
disadvantage when there is a frequency drift of the spectrum analyzer 
or of the pulse source or when it is desirable to change the tuning 
rapidly. 

I t is thus evident that the choice of sweep frequency is governed by 
the pulse repetition frequency and the type of cathode-ray-tube screen 
used. To make maximum use of the detail afforded by the spectrum 
analyzer, the spectrum should be expanded until only the main lobe 
and the first few minima are seen on the screen at one time. Since a 
particular reflector voltage, and thus a particular position on the screen, 
corresponds to a unique frequency, the form of the spectrum will be 
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independent of the exact waveform of the sweep voltage. There are two 
reasons for making the horizontal sweep a linear sawtooth waveform. 
First, any other choice would make the spacing of the transients vary 
across the screen and, second, a fast return trace is necessary since 
thermal effects in the oscillator would otherwise cause a slightly displaced 

spectrum to appear on the return 
trace. 

As the proper choice of sweep 
frequency is dictated by the repe
tition rate of the r-f pulse signal, 
similarly, the proper choice of i-f 
frequency and i-f bandwidth is 
d i c t a t e d by the pulse length. 
The lowest repetition rate of the 
pulse signal determines an upper 
limit for the sweep frequency. 
Likewise, the longest pulse length 
to be used determines the maxi
mum value of the bandwidth of 
the i-f amplifier in order that the 
spectrum as seen on the analyzer 
screen be a true reproduction of 
the power spectrum. The short
est pulse length, on the other 
hand, determines the minimum 
intermediate frequency w h i c h 
may be used in order to avoid 
appreciable overlapping of the 
image spectra. 

For a rectangular r-f pulse the 
width of the spectrum is increased 
as the pulse length is decreased. 
The frequency difference between 
first minima is equal to 2/r, where 
T is the pulse length in seconds. 

Thus, for a 1-^sec pulse the frequency difference between minima is 2 
Mc/sec, while for a 5-Msec pulse, it is 0.4 Mc/sec. To achieve adequate 
resolution of the spectrum, the bandwidth of the i-f amplifier must be nar
row compared to 2/r. In Sec. 7-2 it was assumed that the i-f bandwidth 
A/ was infinitely narrow compared to 2/r; in practice, however, if 
7-A/ is made 0.1 or less, it is not possible to detect the difference between 
the form of the spectrum and that of the spectrum function. The graphs 
in Fig. 7-6 show the effect of changing TA/. I t will be noticed that the 
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F I G . 7-6.—The effect of spectrum-analyzer 

bandwidth on the shape of the spectrum of a 
rectangular r-f pulse as it appears on the 
analyzer screen. The pulse length is T sec, 
the bandwidth of the i-f amplifier is A/ cps. 
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spectrum does not become worse rapidly and that the first effect to be seen 
is that the minima are no longer zero. 

The achievement of adequate separation of the image spectra places 
a lower limit on the intermediate frequency which may be used. For a 
rectangular pulse, Fig. 7-3, the power in the fourth side lobe of the 
spectrum is about one-third of one per cent of the power at the spectrum 
center. Therefore, no appreciable overlapping of the spectra will occur 
if side lobes beyond the third overlap the third and lower side lobes of the 
other image. This condition requires the intermediate frequency to be 
equal to or greater than 4 /T , twice the separation of the first minima. 
Figure 7-7 shows the appearance of the images in this case. 

Image 1 True spectrum frequency Image 2 

/\ 

^=±/ .—...—A *^* 

F I G . 7-7.—Appearance of the spectrum of a rectangular r-f pulse when the intermediate 
frequency of the analyzer is twice the separation of the first minima. 

Since the pulse length determines the limits for the i-f bandwidth 
and the intermediate frequency, it is clear that the range of pulse lengths 
which must be accommodated will determine jointly maximum i-f 
band and minimum intermediate frequency. If the range of pulse 
lengths to be used is large, complications may arise in the design of the 
i-f amplifier. To consider a particular case, let the range of pulse lengths 
be from 5 to ^ /isec. This requires an i-f bandwidth of 20 kc/sec or less 
and an intermediate frequency of 8 Mc/sec. It would be difficult to 
build an i-f amplifier at 8 Mc/sec with such a narrow bandwidth but 
the problem could be solved by using a double intermediate frequency; 
that is, amplifying at 8 Mc/sec, then converting to a still lower frequency 
where the narrow bandwidth could be achieved. Two of the spectrum 
analyzers to be described later use an i-f amplifier of this type. 

It should be made clear that it is the i-f bandwidth and not the band
width of the video amplifier which determines the resolution of the 
spectrum. All of the spectrum resolution has been accomplished by 
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the time the signal reaches the detector. The video amplifier should 
amplify the transient signal without excessive loss in amplitude because 
of its bandwidth. Other than this, the characteristics of the video 
amplifier are of relatively little importance, since the exact form of the 
transient is never observed. 

7-4. Determination of the Sensitivity and I-f Gain Required for a 
Given Application.—A spectrum analyzer is usually designed for use in a 
wide variety of applications requiring different sensitivities. Conse
quently, the sensitivity is made variable by means of r-f attenuators and 
an i-f gain control. The maximum sensitivity is, of course, dictated by 
the application requiring the greatest sensitivity. 

The spectrum analyzer, like all other receivers, has a limit imposed 
upon its sensitivity by noise. For the design of spectrum analyzers 
for any given application, it is necessary to know the value of this limit. 
Since the analyzer is seldom used at very high sensitivity the mixer and 
input stages need not usually be designed as carefully as those for radar 
receivers. 

A signal equal in power to noise produced in the receiver will have a 
power 

S = NF, 

where N is the noise power of an ideal receiver and F is the noise figure 
of the actual receiver. N is calculated from 

N = kTAf, 
where 

k = Boltzmann's constant, 1.37 X 10~23 joule/° Kelvin 
T = Temperature in degrees Kelvin 

A/ = Noise bandwidth of the receiver. 
If T = 293°K (20°C), and A/ = 100 kc/sec, N = 4.03 X 10~16 watt or 
—154 dbw. A typical analyzer receiver may have a noise figure of 20 db, 
or 10 logio F = 20. A signal equal to noise then would have a power of 
—154 dbw + 2 0 dbw = —134 dbw, or expressed as decibels below one 
milliwatt, —104 dbm. If it is required, for example, that the fluctua
tions caused by noise be 3 per cent or less in power, and it is assumed 
arbitrarily that the peak power of noise is 4 times the rms value, the ratio 
of necessary signal power to noise power is 4 to 0.03, or 21 db. The r-f 
sensitivity of the analyzer should be made not greater than — 83 dbm. 

In viewing spectra of magnetrons, high sensitivity is not required 
since more than enough power is available. The problem in this case 
is that of introducing enough attenuation between the magnetron and 
the mixer crystal to ensure linear mixing, which requires that the signal 
power be small relative to the local-oscillator power. An initial attenua
tion of 20 or 30 db is usually achieved by a directional coupler which 
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extracts a small part of the power incident upon it from the magnetron. 
Thereafter, resistive or cutoff attenuators in the analyzer reduce the 
power to the required level. 

To illustrate the determination of the required i-f sensitivity for a 
pulsed r-f signal, consider the case of a low-power oscillator, with a peak 
power of 10 mw, producing a rectangular pulse of 1 n sec duration 
with no frequency modulation. The spectrum analyzer has a bandwidth 
of 50 kc/sec. If the output power of this oscillator is attenuated by 20 db 
before reaching the crystal mixer in the analyzer, this peak signal power 
of 0.1 mw meets the requirements of being small compared with the 
local-oscillator power which is usually about 1 mw. 

The gain of the crystal is defined as the ratio of available i-f power from 
the crystal mixer to the available r-f power. The gain differs with the 
type of crystal and with the individual crystal but may be taken to be 
about 0.25. 

Assuming that the form of the pulse is not modified by transmission 
through the r-f section and the crystal, there will appear at the input 
terminals of the i-f amplifier an i-f pulse with a peak power of 25 /iw. 
The crystal impedance may be about 400 ohms, in which case the peak 
voltage will be 0.1 volt. However, the i-f amplifier must have a sensi
tivity considerably greater than 0.1 volt because of the loss in signal 
amplitude by transmission through the narrow-band filter. 

In Sec. 7-2, an expression was developed for the peak voltage ampli
tude of the r-f transient at the output terminal of the i-f amplifier relative 
to the peak voltage, if the video amplifier has a wide response, and the 
receiver is tuned to the center frequency of the initial r-f pulse. This 
expression is 

a = !rA/. 
Substituting in this formula an i-f bandwidth of 50 kc/sec and a pulse 
duration of 1 /isec, a = 7.5 X 10 -2 is obtained. The i-f amplifier must, 
therefore, be designed to have a sensitivity at least as great as 7.5 mv. 

Another use to which the spectrum analyzer is frequently put is the 
detection of leakage signals from a c-w local oscillator, so that the fre
quency and operation of the oscillator may be judged without removing 
the oscillator from the circuit in which it is being used. The sensitivity 
required of the analyzer is about —70 dbm or 10 -10 watt. Assuming, 
as before, a gain of 0.25 for the crystal mixer and a resistance of 400 ohms, 
the i-f voltage sensitivity must be 10 -4 volt, or 0.1 mv. For reception 
of c-w signals the output indication is independent of the i-f bandwidth; 
in fact, as will be seen in the next section, it would be desirable from 
considerations of stability to make the i-f bandwidth large. 

A spectrum analyzer should have a maximum sensitivity dictated by 
the application which requires greatest sensitivity, whereas for other 
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uses, the sensitivity must be decreased either by reducing the i-f gain or 
introducing r-f attenuation. The i-f gain, however, must not be reduced 
so far that the peak r-f power will produce nonlinear distortion in the 
mixer crystal. If a large amount of r-f attenuation is to be used, care 
must be taken to minimize leakage. If this is not done, the leakage 
signal may obscure the input signal; similarly if attenuation measurements 
are to be made, leakage will cause completely erroneous results. 

To illustrate the design for two applications, assume that a spectrum 
analyzer is to be used to detect c-w leakage signals requiring a c-w sensi
tivity of —70 dbm and also for viewing pulses from a 5-kw r-f source 
through a 20-db directional coupler. The pulse duration is 1 /xsec and 
the spectrum-analyzer i-f bandwidth is 50 kc/sec. A possible solution 
of this problem is to use an i-f gain control which will vary the c-w voltage 
sensitivity of the i-f amplifier from 10 - 4 volt for c-w measurements to 
7.5 X 10~3 volt for pulse measurements. Zero r-f attenuation would 
be used for c-w measurements; however, an attenuation of 57 db would 
be needed to reduce the 50-watt peaks from the directional coupler to 
the 10 - 4 watt necessary to avoid distortion in the mixer. If the analyzer 
is to be used at intermediate sensitivities, both the i-f gain and r-f attenua
tor must be variable, since the i-f gain control alone cannot cover 57 db. 
If desired, a step r-f attenuator might be used. 

7-5. Stability Considerations in the Design of a Spectrum Analyzer.— 
There is no theoretical reason why a spectrum analyzer cannot be built 
with a bandwidth of 2 kc/sec for the analysis of 50-Msec pulses, assi ming 
that such pulses can be obtained without having the frequency mt dula-
tion completely obscure the pattern. However, in practice considerable 
difficulty is encountered because of the instability of the frequency-
modulated local oscillator. Reflex oscillators of the type used in spec
trum analyzers at microwave frequencies sweep over tens of megacycles 
per second and have reflector sensitivities of several megacycles per second 
per volt. Ripple voltage from the power supplies, heater-voltage 
changes, thermal-drift effects, and microphonics all contribute to distort 
the spectrum badly, or to cause it to drift rapidly off the screen Thus, 
unless a special stabilized local oscillator is used, such an analyzer is not 
practical. 

If a spectrum analyzer is to be used for long pulses, supply voltages 
must be carefully regulated. For example, assume a reflector sensitivity 
of 3 Mc/sec per volt and a 2-Msec pulse. The spectrum will not be badly 
distorted if the frequency modulation of the local oscillator is limited to 4 
per cent of the frequency difference between the first minima of the 
spectrum. The frequency modulation must be limited to 40 kc/sec, 
or the reflector modulation to 0.013 volt, which would result from a sine-
wave modulating voltage of 4.6 mv rms. The stability of cavity voltage 
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is almost as important as reflector voltage. Frequently, heater voltage 
also must be regulated. 

Frequency modulation caused by instability is also important in the 
reception of c-w signals. If the sweep frequency is synchronized with 
the supply frequency and the sweep expanded to give a clear indication 
of the form of the signal, frequency modulation due to the supply fre
quency will appear as changes in the width of the signal as the signal is 
moved across the screen by changing the reflector voltage. 

The major importance of frequency modulation when viewing a c-w 
signal lies in the following effect. When the sweep frequency is high the 
amplitude and form of the output transient cease to be independent of the 
sweep speed because of the limiting response time of r-f and video ampli
fiers. Since the output transient is a function of the sweep speed (inverse 
square if the sweep speed is very high), its amplitude becomes a function 
of the frequency modulation of the sweep. I t is easily observed that the 
amplitude of a c-w signal decreases as the sweep frequency or sweep 
speed expressed in megacycles per second per centimeter on the screen is 
increased beyond a certain point. If frequency modulation is present, 
the amplitude of the signal will fluctuate violently even though the signal 
strength is far above noise. If the sweep speed is suddenly increased a 
small transient results; if it is suddenly decreased there is a larger tran
sient. The effect is of importance when the analyzer is used as a c-w 
detector, as it makes accurate amplitude measurements difficult. The 
effect can be minimized in two ways, by decreasing the sweep speed, or by 
increasing the bandwidth of the i-f amplifier, both of which methods 
lengthen the transient. I t is better to increase the bandwidth since the 
requirements for frequency stability are thereby reduced. A spectrum 
analyzer for c-w measurements should have as wide a bandwidth as 
possible. 

REPRESENTATIVE SPECTRUM ANALYZERS 

The general theory of operation of a spectrum analyzer and the forma
tion of the spectrum have been discussed in some detail, the functions of 
the components have been explained, and the principles of their design 
have been developed enough to permit the selection of a suitable analyzer 
or the designing of one for a specific need. Representative spectrum 
analyzers will now be described, particularly those which are of late design 
or those to which the reader may have access. 

7-6. The TSK-3RL 1-cm-band Spectrum Analyzer.—The first 
spectrum analyzer to be described is the TSK-3RL (Radiation Laboratory 
designation). This has been chosen not for its availability but because it 
is of recent design and illustrates the application of the principles of 
design developed in Sees. 7-3 to 7-5; in addition, it is the one with which 
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the author has had the closest connection. Only a limited number of 
TSK-3RL analyzers have been produced. 

General Description.—The TSK-3RL is a 1-cm spectrum analyzer 
designed for use with radar equipment in the range 23,500 to 24,500 
Mc/sec. I t is intended mainly to serve two specific functions: to analyze 
the spectra of magnetrons with pulse lengths varying from 1 to 0.1 u,sec, 
and to permit the observation of the c-w signals from radar and beacon 
local oscillators, thus enabling them to be tuned properly. 

■ Wave guide pressurized Cathode-ray tube with 
1 i fhr,l*n / i t+^nn e:. 

F I G . 7-8.—Control panel of TSK-3RL 1-cm spectrum analyzer. 

The TSK-3RL spectrum analyzer is designed to operate from a power 
supply of 105 to 125 volts, 50 to 1200 cps. The power consumption is 
less than 150 watts. The bandwidth of the i-f amplifier is approximately 
100 kc/sec. The i-f amplifier has two intermediate frequencies, the first 
being 45 Mc/sec and the second, after the second mixer, 6.5 Mc/sec. 
The sensitivity required for a c-w signal to give a 1-in. deflection is 
greater than —66 dbm. Besides spare parts the analyzer is furnished 
with a 1-cm-band pickup horn and a 2-ft length of flexible waveguide to 
aid in picking up the leakage signal from the radar local oscillator. 

Physical Description.—The spectrum analyzer is built in a standard 
aircraft-rack assembly and has over-all dimensions of 15£ in. wide, 8 in. 
high and 17-j in. deep. The weight of the analyzer proper is 31 lb. The 
plywood carrying case has dimensions, 20 in. wide, 13 in. high, and 21f in. 
deep. I t contains compartments for spare parts and cables. The com
bined weight of the analyzer, spare parts, and carrying case is 58 lb. 
Figure 7-8 shows the front control panel of the TSK-3RL analyzer. 
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Components of the TSK-3RL Analyzer.—The analyzer is swept in 
frequency by modulating the high-frequency local oscillator. The high-
frequency local-oscillator tube used in the TSK-3RL is a type 2K50 reflex 
klystron. This tube may be rapidly modulated over an extreme range 
of 100 Mc/sec by applying the modulating voltage to the reflector. 
Tuning of this tube over the band is accomplished by an auxiliary "tuning 
triode " in the same envelope. The grid voltage of this triode controls the 
plate dissipation, thus expanding the plate element and thereby mechan-
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FIG. 7-9.—Modes of the 2K50 oscillator. The upper curves represent frequency change; 

the lower curves represent relative power. 

ically tuning the oscillator section. The construction of the gun and 
tuner sections of the 2K50 tube is shown in Fig. 2-23. Figure 2-22 is a 
photograph of the 2K50 tube. The 2K50 operates with a cavity voltage 
of 300 volts, a gun-cathode current less than 25 ma, and has an output 
power greater than 10 mw at the center of the band. A negative voltage 
change on either reflector or tuner grid has the effect of increasing the 
frequency. There may be more than one mode of oscillation for this 
tube. These modes are in general characterized by different output 
powers, different maximum frequency ranges, and different values of the 
electronic tuning. The mode for which the tube was designed is char
acterized by moderate output power and a maximum frequency range. 
The modes of the 2K50 in frequency and output power are shown in 
Fig. 7-9. 

Referring to the block diagram for TSK-3RL, Fig. 7-10, it will be 
seen that the modulating voltage for the reflector is derived from the 
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sawtooth generator. The sawtooth generator consists of a thyratron in a 
circuit providing push-pull deflection for the cathode-ray tube. An 
isolating cathode-follower provides sawtooth output voltage to the voltage 
divider and the reflector. 

The local-oscillator output signal and the r-f input signal are com
bined in the crystal mixer, and the difference frequency, if it lies in a 
narrow band centered at 45 Mc/sec, is amplified by the i-f amplifier. 
The two image frequencies are fa + 45 Mc/sec and /if — 45 Mc/sec and 

F I G . 7-11.—Photograph of TSK-3RL r-f circuit. 

are spaced by 90 Mc/sec. The i-f bandwidth of 100 kc/sec is achieved 
by the use of the double-frequency i-f amplifier. Since the longest pulse 
length to be observed is 1 /asec, the condition that Tm„A/ g -^ developed 
in Sec. 7 3 is satisfied; also since the shortest pulse is 0.1 jusec, the condition 
/if ^ 4/Tmin is also satisfied. The exact frequency 45 Mc/sec for /if is 
chosen so that with either 30- or 60-Mc/sec radar receivers a local-
oscillator signal is found 15 Mc/sec distant from a spectrum image. A 
square-law detector gives an output signal proportional to power of the 
r-f signal. A pair of pentodes with cathode phase inversion serves as the 
video amplifier and gives push-pull vertical deflection which aids con
siderably in focusing the spectrum. 

Since the presentation of an r-f pulse is a short transient, to obtain 
sufficient light intensity to see this transient easily an intensifier circuit 
has been incorporated to brighten the trace for the duration of the tran
sient. To intensify the trace and at the same time preserve optimum 
focus, an out-of-phase signal is simultaneously applied to the focus 
electrode. 
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The three-position switch on the front panel has the following func
tions. In the first position a plot of crystal current (a function of r-f 
power) versus reflector voltage is presented on the screen. The fre
quency-meter marker pip appears superimposed on the crystal current 
which greatly facilitates adjusting the analyzer. The second position 
provides normal operation; in the third position the reflector modulation 
voltage is changed and the sweep is expanded by a definite factor (approx
imately five). 

A very important part of a spectrum analyzer is the r-f circuit. The 
r-f circuit of TSK-3RL is shown as a photograph in Fig. 7-11 and in block 
diagram form in Fig. 7-12. The r-f circuit is mounted on a removable 
section of the front panel for ease of assembly. The function which the 
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F I G . 7-12.—Block diagram for the TSK-3RL r-f circuit. 

r-f circuit performs is the mixing of the incoming r-f signal with the local-
oscillator signal to produce a beat-frequency signal that can be amplified. 
Because of the wide range of power encountered, the input signal passes 
through two r-f attenuators on its way to the crystal mixer. The first of 
the two attenuators is a switch attenuator, which introduces an attenua
tion of 35 db when in the ON position. The second is a calibrated con
tinuously variable attenuator with a maximum attenuation of 35 db or 
more. The total maximum attenuation of 70 db with the additional 
attenuation of 20 db in the directional coupler in the radar set would 
reduce a 50-kw peak signal to a 50-^w peak signal that is sufficiently 
small to preserve linearity in the mixing. The local-oscillator power 
required is about 1 mw. The output power from the local oscillator, 
however, is many times that value, being 10 mw or more. Local-oscil
lator power is introduced into the crystal mixer through a directional 
coupler of 7 db coupling and is adjusted to the proper value by the power-
set attenuator. The directional coupler prevents coupling between the 
local oscillator and the r-f input line, and makes the local oscillator rela
tively independent of impedance changes such as those occurring when 
the analyzer is being operated with zero r-f attenuation. 
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The frequency meter is of the reaction type and is connected between 
the directional coupler and the crystal mixer. In this location it can 
cause a dip in either the local-oscillator power or the signal power. The 
dip in the local-oscillator power amounting to perhaps 25 per cent causes 
a transient in the crystal current as the local oscillator sweeps through 
the cavity frequency. This transient when differentiated and introduced 
on the screen along with the spectrum provides a convenient frequency 
marker. The frequency has been zero-set at midband and reads directly 
in megacycles per second on a compound dial. For highest accuracy a 
correction should be applied to the reading. The bandwidth of the 
marker pips is about 3 Mc/sec. For frequency-difference measurements, 
the intermediate frequency may be used as a standard and it is more 
accurate than the frequency meter. Any two corresponding images 
will be separated by twice the intermediate frequency or 90 Mc/sec. 
This frequency difference may be used to calibrate part of the frequency-
meter dial. To increase the accuracy of measurements of small fre
quency differences the sweep-expansion feature was developed. This 
feature permits calibration of the sweep by means of a large frequency 
difference and allows measurements to be made with a sweep expanded by 
a definite multiple of the original length. 

Operating Controls of the TSK-3RL Analyzer.—Only the controls 
necessary for actual operation appear on the front panel. Other preset 
controls are mounted below the chassis. The analyzer is designed in such 
a manner that frequency increases from left to right on the screen and 
clockwise rotation of oscillator-frequency or spectrum-center control 
causes the spectrum to move to the right. Clockwise rotation of the 
frequency-meter dial moves the marker to higher frequency. Clockwise 
rotation of the variable attenuator and the i-f gain control increases the 
sensitivity. However, the OFF position of the switch attenuator is in 
the counterclockwise direction. 

The front panel controls are the following: (1) oscillator frequency 
(bias on the tuner section of the 2K50), (2) spectrum center (reflector 
voltage), (3) spectrum width (sawtooth amplitude), (4) i-f gain, (5) crystal-
current—spectrum-normal—spectrum-expanded switch, (6) attenuator 
(variable), (7) + 0 db to + 3 5 db (switch attenuator), (8) frequency 
meter, (9) focus and power. The preset controls are vertical-centering, 
horizontal-centering, intensity, 300-volt adjustment, and power-set 
(local-oscillator attenuator). 

7-7. The TS-148/UP 3-cm-band Spectrum Analyzer.—The TS-
148/UP (Army-Navy designation) was chosen as a representative 3-cm-
band spectrum analyzer because more of these sets have been produced 
than any other 3-cm-band spectrum analyzer. In addition the TS-148/UP 
is smaller, more compact, and gives a better spectrum than the TSX-4SE 
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(Radiation Laboratory designation), the other 3-cm-band analyzer which 
is in extensive use. The TS-148/UP, however, does not supersede the 
TSX-4SE as the latter has somewhat greater sensitivity, is provided with 
a calibrated cutoff attenuator, and is much better shielded against leak
age. The TS-148/UP was designed and produced by Westinghouse 

F I G . 713.—Photograph of front view of TS-148/DP. 

Electric and Mfg. Co. with Radiation Laboratory as advisor. The TSX-
4SE was designed by Radiation Laboratory and built by Sylvania 
Electric Products Co. 

General Description.—The TS-148/UP spectrum analyzer is designed 
for use with radar and beacon equipments within the range of frequencies 
8460 to 9630 Mc/sec. It is intended to permit the observation of pulsed 
or c-w signals in this range and the accurate measurement of their fre
quencies. The operation and the method of presentation of the spectrum 
are the same for the TS-148/UP as for the TSK-3RL. The TS-148/UP 
analyzer operates from a power supply of 105 to 125 volts, 50 to 1200 cps; 
the power consumption is 125 watts. The intermediate frequency is 
22.5 Mc/sec and the bandwidth is 50 kc/sec; the i-f amplifier is of the 
double-frequency type, the second intermediate frequency being 3 Mc/sec. 
The sen-itivity, which is —60 dbm for a minimum discernible c-w signal, 
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is sufficient to pick up a magnetron spectrum at a distance from the 
antenna. For stable coupling, however, the recommended method is to 
use a directional coupler. In addition to the usual functions, the analyzer 
may be used as a frequency-modulated signal generator to set the resonant 
frequency of cavities such as TR switches, wavemeters, and echo boxes. 
In addition to the ordinary spare parts and cables, the analyzer is pro
vided with a pickup horn, a 6-ft horn cable, and a 15-in. length of flexible 

R-f osc. 2K25 -

Spectrum 

F I G . 7-14.--Block diagram of TS-148/UP spectrum analyzer. 

waveguide. A front view of the TS-148/UP spectrum analyzer is given 
in Fig. 7-13. The spectrum analyzer proper has over-all dimensions of 
9 by 13 by 14 in. and weighs 38 lb. Together with all spare parts and 
mounted in its carrying case the weight is about 70 lb. The dimensions 
of the carrying case are 25T

9e- by 18 by 13^ in. 
Components of the TS-148/UP Analyzer.—A block diagram of the 

components of TS-148/UP analyzer is shown in Fig. 7-14, and the circuit 
diagram is given in Fig. 7-15. The analyzer uses a mechanically tuned 
local oscillator, type 2K25, which has some advantage over a thermally 
tuned tube in that the frequency change is instantaneous when the oscil
lator-frequency control is turned. A photograph and a diagram of the 
internal construction of the 2K25 will be found in Figs. 2-11 and 2-10. 
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The oscillator can be frequency-modulated over a range up to 40 or 
50 Mc/sec. The modulating voltage is derived from a sweep generator 
through an amplifier. The amplifier with a phase inverter provides 
push-pull horizontal deflection for the cathode-ray tube. The sweep 
frequency is continuously variable from 10 to 20 cps and can be syn
chronized with the line frequency. 

The i-f amplifier operates at a frequency of 22.5 Mc/sec, which was 
chosen so that with ^-^isec pulses the image spectra would be adequately 
separated and so that with either 30- or 60-Mc/sec radar intermediate 
frequencies a local-oscillator image would be 15 Mc/sec distant from a 
spectrum image. The output of the 22.5-Mc/sec amplifier is applied 
to an oscillator-converter stage that mixes the signal with a 19.5 Mc/sec 
locally generated signal to produce a 3-Mc/sec difference frequency. 
The sharply tuned bandpass characteristic of the oscillator-converter 
output-coupling circuit produces the narrow filter characteristic that is 
required. The 50-kc/sec bandwidth allows adequate resolution of pulses 
up to 2-/xsec duration. The i-f output signal is applied to an infinite-
input-impedance detector which is in turn directly connected to the 
video amplifier. The advantage gained by direct coupling is that, in the 
presence of large signals, the baseline remains fixed. The high-frequency 
response of the video amplifier is such that the i-f bandwidth is the limit
ing factor in the shape of a transient signal. 

A separate high-gain direct-coupled amplifier is employed to amplify 
the crystal-current pattern; thus the crystal-current pattern also has a 
fixed baseline. A double-triode circuit is incorporated to blank the return 
trace and to intensify the transient signals. 

The block diagram, Fig. 7-14, also shows the r-f circuit, which differs 
from that used in TSK-3RL. The r-f circuit of TS-148/UP is adapted for 
use both as a signal generator and as a spectrum analyzer. The crystal 
mixer does not terminate the r-f line but has local-oscillator power incident 
upon it from one direction and signal power from the other, through a 
variable attenuator with a range of 3 to 70 db. The frequency meter is 
connected between local oscillator and crystal mixer with a fixed attenu
ator between to prevent reaction on the local oscillator. A frequency-
meter marker pip is generated in the usual manner and is introduced on 
the screen along with the spectrum. The bandwidth of the frequency 
meter used in TS-148/UP is much narrower than that of the frequency 
meter in TSK-3RL, being less than 0.5 Mc/sec. There is therefore no 
reason for an expanded-sweep switch. The frequency meters are indi
vidually calibrated and read directly in megacycles per second on a spiral 
dial. 

The front-panel controls of TS-148/UP are similar to those of TSK-
3RL except for the absence of an i-f-gain control and a switch attenuator. 
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Figure 7-16 is a photograph of the spectrum of -j-Msec pulse from a 
TS-13 pulsed-signal generator as seen on the screen of a TS-148/UP 
spectrum analyzer. The sweep frequency has been synchronized with 
the repetition frequency. This photograph is typical of spectrum 
presentation on the TS-148/UP and shows the effectiveness of the intensi-
fier in making the spectrum as bright as the baseline. The kink in the 
baseline at the center of the spectrum is the frequency-meter marker pip. 
A marker as sharp as this permits rather accurate frequency measure
ment. Note that the minima of the spectrum do not go to zero indicating 
frequency modulation on the pulse; also, the asymmetry of the spectrum, 
indicative of amplitude modulation, may be noted. 

F I G . 716.—Spectrum of a }-jusec r-f pulse as F I G . 7-17.—Front panel of TSS-4SE. 
seen on a TS-148/UP spectrum analyzer. 

7-8. The TSS-4SE 10-cm-band Spectrum Analyzer.—The 10-cm-
band spectrum analyzer that has been chosen for description is the 
TSS-4SE (Radiation Laboratory designation). I t was selected because 
it is the most recently designed 10-cm-band analyzer and is most likely 
to be available (approximately 200 have been made to date), and also 
because it contains a frequency-marker oscillator and double r-f input 
circuit. These features are lacking in the other analyzers discussed. 
The TSS-4SE spectrum analyzer was designed by Radiation Laboratory 
and produced at Sylvania Electric Products, Inc. 

General Description.—The TSS-4SE analyzer was designed primarily 
for laboratory use. There was no need therefore for it to be small and 
compact. The TSS-4SE analyzer is mounted in a steel cabinet that has 
the following over-all dimensions: 19^ in. high, 22 in. wide, and 17 in. deep. 
The weight is 105 lb. A photograph of the instrument is given in Fig. 
717. 

The TSS-4SE spectrum analyzer is intended for observation of the 
spectra of microwave signals in the frequency range 3650 Mc/sec (8.2 cm) 
to 2400 Mc/sec (12.5 cm). The bandwidth of the i-f amplifier is 50 kc/sec, 
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enabling the analyzer to give an accurate presentation of the spectra 
of rectangular pulses up to 2-/isec duration. The intermediate frequency 
is 20 Mc/sec, which is adequate to give good separation of the image 
spectra of pulses as short as 0.2 jusec. The gain of the i-f amplifier is 
125 db and gives adequate sensitivity for all ordinary measurements. 

Besides the frequency-marker circuit, this analyzer differs from others 
in the use of double input terminals, each with a separate attenuator, in 
the addition of a milliammeter to read either crystal-mixer current or 
local-oscillator-tube cathode current, and in the omission of a built-in 

F I G . 7-19.—Circuit of the i-f amplifier used in spectrum analyzers T S S ^ S E and TSX-4SE. 

cavity frequency meter. The TSS-4SE analyzer has no provision for 
intensification of the spectrum, which makes the photographing of 
spectra rather difficult. 

Figure 7-18 is the circuit diagram of the main chassis of the TSS-4SE 
and Fig. 719 is the circuit diagram of the i-f amplifier. These same 
circuits are used in the TSX-4SE analyzers. The TSS-4SE analyzer will 
operate from a power supply of either 115 volts or 230 volts and over a 
frequency range from 50 cps to 1200 cps. 

The Local Oscillator.—The local-oscillator tube used in the TSS-4SE 
analyzer is the 707B reflex klystron. The large frequency range is 
attained by the use of a tunable cavity external to the tube envelope. 
To achieve better shielding this cavity completely encloses the tube and 
the power leads are brought through r-f filters. A range in wavelength 
of about 2 cm can be covered by the micrometer screw which is mounted 
on the front panel. This range may be centered by adjusting the band-
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setting control at the rear of the cavity assembly. The maximum tuning 
range of the local oscillator is about 40 Mc/sec by reflector tuning. 

The Frequency-marker Oscillator.—The TSS-4SE spectrum analyzer 
has no frequency meter for direct frequency measurements and for such 
measurements an external oscillator, either calibrated in frequency or 
provided with a frequency meter, must be employed. This is one reason 
for the two input terminals to the analyzer. For frequency-difference 

To tuner and spectrum analyzer mixer 

All resistors Vi watt unless otherwise noted 

F I G . 7-20.—Circuit of the frequency-marker oscillator used in TSS-4SE. 

measurements, however, the TSS-4SE analyzer has a frequency-marker 
oscillator that produces a series of pips on the oscilloscope screen having 
a frequency separation of I Mc/sec. With these, frequency-difference 
measurements on a spectrum can be made with ease. These marker pips 
are produced by a tunable high-frequency oscillator with a range from 
75 to 150 Mc/sec heavily modulated by a second oscillator operating 
at 1 Mc/sec to produce both frequency and amplitude modulation. The 
circuit diagram is shown in Fig. 7-20. The output signal of the modulated 
oscillator is applied to a crystal multiplier (type 1N21A) to produce 
harmonics in the tuning range of the spectrum analyzer. The amplitude 
of the marker pips decays on either side of the center frequency but this is 
desirable, since it avoids confusion produced by the images of the pips. 
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The marker pips can be made to fall in any part of the band by adjusting 
the MARKER-FREQUENCY control, and their amplitude can be controlled 
by the double-stub tuners labeled MARKER AMPLITUDE. The plate voltage 
to the marker oscillator is controlled by a push-button switch. The pips 
may either be used directly for frequency-difference measurement or they 
can be used for calibrating the frequency scale. 
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F I G . 7-21.—Block diagram of the TSS-4SE spectrum analyzer including r-f circuit. 

The R-f Circuit.—The block diagram of the complete analyzer, Fig. 
7-21 shows the interconnection of the components of the analyzer that 
have been described and shows the r-f circuit as well. The two coaxial 
input terminals to the spectrum analyzer lead to a waveguide-beyond-
cutoff attenuator and from the attenuator to the crystal mixer where 
the two input signals and the harmonics of the marker oscillator are all 
mixed with the signal from the local oscillator, the difference frequencies 
being applied to the i-f amplifier. The mixer crystal and the frequency-
multiplier crystal, both type 1N21A, are separate crystals. Coaxial lines 
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and flexible coaxial cables are used to interconnect the parts of the r-f cir
cuit resulting in a maze of cables in the interior of the cabinet. 

The two cutoff attenuators have dials which read from 0 to 100. 
Beyond the reading 20, the scale is linear in decibels, the attenuation 
being 1 db per division. At the reading 20, the insertion loss .of the 
attenuator is about 38 db. In spite of the high minimum attenuation, 
the linear calibration is a convenience, and the analyzer is still sufficiently 
sensitive for all ordinary measurements. 

F I G . 7-22.—R-f circuit of TSX^tSE spectrum analyzer. 

7-9. The TSX-4SE Spectrum Analyzer.—This 3-cm-band spectrum 
analyzer deserves a brief comment because it has been made in consider
able quantities (over 450 have been made to date by Sylvania Electric 
Products, Inc.) and because the circuits and i-f amplifier are identical to 
those of the TSS-4SE analyzer. The difference is in the r-f circuit, which 
has one input terminal and no marker oscillator, but has, instead, a 
high-Q frequency meter which may be used to produce frequency-meter 
marker pips in the manner described for the TS-148/UP analyzer. The 
r-f circuit is simply a section of waveguide to which are connected in order 
the coaxial input terminal, the cutoff attenuator, the frequency-modulated 
local oscillator, the crystal mixer, and the frequency meter terminating 
the line. The improved shielding and the linearly calibrated waveguide-
beyond-cutoff attenuator make the TSX-4SE analyzer superior to the 
TS-148/UP analyzer for many laboratory measurements. The attenu
ator calibration is 1 db per division beyond 15 on the dial. The range 
of the frequency meter and of the analyzer when a 2K25 tube is used as 
a local oscillator is 8500 Mc/sec (3.53 cm) to 9600 Mc/sec (3.13 cm). A 
diagram of the r-f circuit which is mounted on the front panel is given in 
Fig. 7-22. The circuit diagram is given in Figs. 718 and 719. 
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7-10. The TSK-2SE Spectrum Analyzer.—The TSK-2SE Spectrum 
analyzer (Radiation Laboratory designation) is of considerable interest 
because of the special principle that it employs. This analyzer has the 
same circuits as TSX-4SE but is adapted to 1-cm-band operation by the 
addition of a special r-f circuit and the substitution of a 40-Mc/sec i-f 
amplifier. The unusual feature of this analyzer is the use of a local 
oscillator at 3-cm band for the reception of signals at 1-cm band. This 
principle allows one to build spectrum analyzers for frequencies for which 
local-oscillator tubes are not available. 

The R-f Circuit.—The local oscillator used is a WE 169618 reflex 
klystron, which has a tuning range of 7690 to 8330 Mc/sec. The output 
power of this tube is applied to a 1N26 crystal in the 1-cm-band wave
guide. This crystal performs both the function of a frequency tripler 
and of a 1-cm-band mixer. The effective frequency range of the analyzer 
is then the range of the third harmonic of the local oscillator, or 25,000 to 
23,070 Mc/sec. 

Figure 7-23 is a drawing of the r-f circuit showing the essential parts. 
At the left is the 3-cm-band local oscillator in its shield can. The oscil
lator output voltage is applied to the transformer past the 3-cm-band 
frequency meter, which is tunable over the range 7833 to 8167 Mc/sec, 
but is calibrated in terms of the third harmonic or from 23,500 
to 24,500 Mc/sec. This frequency meter is essentially the same as the 
one used in the TSK-3RL, scaled up by a factor of three. At resonance 
the frequency meter behaves as a high impedance in series with the line 
and thus decreases the power being transmitted to the transformer and 
the crystal. The dip in the crystal current is amplified and used as 
a frequency-meter marker in the same manner as in other analyzers. 
Up to this point a large-size 3-cm-band waveguide has been used; how
ever, the multiplier and mixer crystal are mounted in the 1-cm-band guide. 
A transformer section of coaxial line is used to introduce the 3-cm-band 
power to the crystal. The input attenuator is in the 1-cm-band wave
guide and is a dissipative-flap attenuator. It is well shielded and has a 
range from 0 to about 30 db. 

The operation of this analyzer, except for tuning procedures, is the 
same as if it were an ordinary 1-cm-band analyzer. The plunger in the 
3-cm-band guide is normally tuned to maximize crystal current, and 
the plunger in the 1-cm-band guide is tuned to maximize the deflection 
caused by the incoming signal. 

In order to use the analyzer with pulses as short as 0.1 /*sec, the inter
mediate frequency must be 40 Mc/sec. The i-f bandwidth is 160 kc/sec, 
limiting its use to pulse lengths less than 1 ^sec. The circuit diagram of 
the i-f amplifier is given in Fig. 7-24. 

The TSK-2SE was developed at a time when it was doubtful whether 
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the low-voltage 1-cm-band oscillator (type 2K50) would be available or 
could be used for analyzers. The principle, however, is of interest to 
those desiring an analyzer for measurements in a frequency range for 
which no local oscillator is available. 

7-11. Low-frequency Spectrum Analyzers Using Microwave Oscilla
tors.—The TSK-2SE is an example of an analyzer used at a frequency 
higher than the local-oscillator frequency. In a similar manner, a 

Input connectorJ 

F I G . 7-23.—lt-f circuit of the TSK-2SE spectrum analyzer. 

spectrum analyzer can be built for use with frequencies lower than the 
local-oscillator frequency by beating the frequency-modulated local 
oscillator with a c-w oscillator to produce a frequency-modulated dif
ference signal. This low frequency can serve as the local-oscillator signal 
for the reception of low-frequency signals. The TSS-4SE analyzer has, 
in fact, been used at frequencies of about 1000 Mc/sec without change, 
simply by introducing into one output attenuator a c-w signal of such 
frequency as to produce a beat frequency of about 1000 Mc/sec with the 
local oscillator of the analyzer. There is, of course, a loss of sensitivity 



Output 

Fro. 7-24.—Circuit diagram of i-f amplifier used in the TSK-2SE spectrum analyzer. 
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in this arrangement and the insertion loss of the input attenuator is 
higher at the lower frequency. 

The iJP-347 Spectrum Analyzer.—A spectrum analyzer using this 
principle has been designed by the General Electric Company Research 
Laboratory on an NDRC contract, and is known as Project RP-347. 
Using two 2K25 3-cm local-oscillator tubes, it can be used for the analysis 
of spectra having a carrier frequency of from 100 to 1500 Mc/sec. By 
frequency-modulating both local oscillators, out-of-phase spectra as 
wide as 70 Mc/sec may be observed. The sensitivity is such that signals 
having greater than 250 /JV across a 50-ohm line ( — 89 dbw) may be 
analyzed. 

The operation is as follows: The two local-oscillator signals and the 
incoming low-frequency signal are mixed together in a single crystal. 
If the difference frequency of the two local oscillators differs from the 
signal frequency by the intermediate frequency or 40 Mc/sec, that signal is 
amplified and presented on the cathode-ray-tube screen after the manner 
of the other analyzers. The i-f amplifier operates at two frequencies as 
does that of the TSK-3RL and has a bandwidth of 80 kc/sec, which is 
sufficiently narrow to provide adequate resolution of spectra broader than 
2 Mc/sec. 

The operation of this analyzer is essentially the same as that of any 
other, and this analyzer is sensitive to image frequencies in the same 
manner. If the signal frequency / , = 500 Mc/sec, and if the difference 
frequency |/i — /2 | is swept about the point fs — 40 Mc/sec, then the 
image frequency that could give an equal response at the same position 
on the screen would have a frequency /„ — 80 Mc/sec. Similarly, higher-
order images can occur such as /„ — 20 Mc/sec, /„ — 60 Mc/sec, / , — 13 
Mc/sec, / , — 53 Mc/sec, and so forth, if their amplitude is great enough. 
If the tuning is such that |/i — /2 | = 40, 20, 13 Mc/sec, and so forth, a 
large signal will be passed through the i-f amplifier. By using the low-
frequency image, however, ideally, signals down to zero frequency could 
be viewed. 

This analyzer and the one to be described next have been developed 
for observation of the spectra of sources covering a broad region of fre
quency such as electrical equipment generating r-f interference or noise. 
Their relative lack of stability and poor resolution precludes their use for 
precise measurements on low-frequency signals. 

The RP-392-K Spectrum Analyzer.—An alternative way of making a 
low-frequency spectrum analyzer using microwave oscillators and micro
wave techniques is to amplitude-modulate the output voltage of a micro
wave oscillator at a low frequency to produce a microwave sideband, the 
spectrum of which can be analyzed in the same manner as any other 
microwave spectrum. 
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The Research Laboratory of General Electric Company has designed 
a low-frequency spectrum analyzer, type RP-392-K, which uses this 
principle and thus corrects several disadvantages of the RP-347 analyzer. 
The RP-392-K analyzer uses two 1-cm oscillators and covers a range of 
10 to 3000 Mc/sec with a frequency spread variable from 10 to 60 Mc/sec. 
The sensitivity achieved is such that a signal of 100 MV across a 50-ohm 
line ( — 97 dbw) gives a response twice noise on the cathode-ray-tube 
screen. The design is such that no images or spurious signals occur inside 
a range of 30 db from the desired signal. In spite of its relative compli
cation the first model was built in a standard 19-in. panel cabinet 20 in. 
high, a size comparable to the TSS-4SE analyzer. The weight is 135 lb. 

The operation of the analyzer can be understood from the block 
diagram, Fig. 7-25. The first local oscillator which is frequency-modu
lated and tunable over the range 24,600 to 21,600 Mc/sec is combined 
with the low-frequency input signal in the first crystal to give an ampli
tude-modulated output signal. This local oscillator is a type 1462, the 
developmental version of the 2K50 thermally tuned tube described in 
connection with TSK-3RL. The component of the high-frequency side
band, which has a frequency of 24,600 Mc/sec, passes through a frequency 
filter to the mixer or demodulator crystal which is supplied with c-w local-
oscillator power by a second 2K50 oscillator operating at 24,715 Mc/sec. 
This oscillator is automatically stabilized to the frequency of a cavity 
tuned to 24,715 Mc/sec. The difference frequency between the c-w local 
oscillator at 24,715 Mc/sec and the signal frequency applied to the second 
crystal is amplified by a 115-Mc/sec i-f amplifier, which has a bandwidth 
of 200 kc/sec. After amplification the signal is presented as a vertical 
deflection on the 5-in. cathode-ray-tube screen. To the horizontal plates 
is applied a sweep signal proportional to the frequency modulating the 
first local oscillator. The crystal-current pattern from the first crystal is 
amplified by a separate amplifier and provision is made for presenting it 
on the oscilloscope screen. I t is a considerable aid in tuning the system. 

For measuring the frequency of the first local oscillator and as an aid 
in aligning the system, a tunable cavity frequency meter is provided. A 
frequency-marker pip is presented on the oscilloscope which may be 
calibrated directly in signal frequency. The positioning of the cavities 
making up the bandpass filter is such that they behave as coupled circuits 
with critical coupling. For frequencies other than the desired band the 
filter behaves as a short circuit at the first crystal, thus the image 
230 Mc/sec away from the signal frequency is eliminated as well as the 
higher-order images. The positioning of the local-oscillator tubes is such 
that at 24,600 Mc/sec the energy will be directed to the proper channels 
and not be dissipated in the local-oscillator tubes. 

The second local oscillator is stabilized to the resonant frequency of a 
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cavity tuned to 24,715 Mc/sec. The stabilization is obtained in the fol
lowing manner: The oscillator is frequency-modulated by + 1 Mc/sec at a 
60-cps rate and the output power passed through the transmission AFC 
cavity to a crystal detector. The output power of the crystal is com
pared in phase and amplitude with the original source of 60-cps voltage 
by the phase detector and the d-c bias produced is applied to the reflector 
to correct the frequency. When the oscillator is centered at the resonant 
frequency, no 60-cps signal is produced by the AFC crystals, whereas, on 
one side of resonance a 60-cps signal of one phase is produced and on the 
other side a 60-cps signal of opposite phase. After detection no bias is 
produced at resonance, and off resonance a d-c bias is produced whose sign 
depends on the direction of detuning. 

Instead of a square-law scale as most analyzers have, this analyzer has 
a logarithmic scale which is accurate over a range of 25 db; hence signals 
anywhere in this range appear on the screen. 

An earlier model used a frequency marker which is a very interesting 
device. An open-end coaxial wavemeter was shock-excited by a spark 
gap operating at a repetition frequency of about 10 kc/sec, and produced 
a series of pips on the screen, the envelope of which would be the cavity 
response. In this manner, a marker tunable from 500 to 3,500 Mc/sec 
was produced. 

If this analyzer were built using microwave stabilized oscillators such 
as those described by R. V. Pound in Chap. 2 and if a receiver with higher 
resolution were employed, such a spectrum analyzer might be sufficiently 
stable to be useful for accurate measurement work over the whole range 
of microwave frequencies. 

7-12. Other Instruments Using the Spectrum-analyzer Principle.—An 
instrument that is based on a spectrum analyzer is the TBX-1BR micro
wave impedance bridge. The basic part of this instrument is the sym
metrical magic T. Simultaneous measurements can be made at three 
widely separated frequencies by using three frequency-modulated source 
oscillators and three c-w local oscillators tuned to the proper frequencies. 
The presentation on the oscilloscope is in the form of three c-w signals, the 
amplitudes of which are a function of the voltage standing-wave ratios. 
The impedance bridge is described in Chap. 9. 

Another instrument that is similar in operation to a spectrum analyzer 
is the cavity-comparator type TFU-1RL, a unit for the comparison 
of resonant frequencies of transmission cavities or frequency meters. 
The cavity comparator resembles an analyzer in having a frequency-
modulated oscillator and a presentation on a cathode-ray-tube screen with 
frequency plotted horizontally. I t lacks an i-f amplifier, however, and 
has instead a vertical deflection representing the transmission of the 
cavity. On successive sweeps the transmission of first one cavity and 
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then the other is presented giving a double trace with two pips which can 
be accurately superimposed. This instrument is discussed in Sec. 6-30. 

Another instrument that is a true spectrum analyzer but which has 
a unique presentation is the cavity Q-meter intended for measuring cavity 
frequency and the frequency difference between half-power points. The 
presentation is a cavity-transmission curve like that in the cavity com
parator with the following modification. It has been mentioned in a 
number of places in this chapter that the intermediate frequency of the 
receiver provides a calibration for frequency-difference measurements 
since two image spectra are separated by twice the intermediate fre
quency. In the cavity Q-meter a tunable calibrated low-frequency 
receiver is used as the i-f amplifier and a tunable calibrated microwave 
oscillator is used for the signal source. The receiver output signal is used 
to intensity-modulate the oscilloscope producing two bright spots on the 
screen centered about the c-w signal frequency and with a separation 
twice the intermediate frequency. These spots can be moved to coincide 
with the half-power points of the cavity transmission characteristic 
and the resonant frequency and Q of the cavity are easily determined 
from the intermediate frequency and the frequency of the c-w signal. 
The cavity Q-meter is described in Sec. 6-29. 

7-13. Echo Boxes.—Another method to measure the spectrum of an 
r-f pulse employs an echo box. An echo box is a tunable, high-Q, trans
mission cavity with a crystal rectifier and microammeter coupled to it. 
When the echo box is connected by a directional coupler to the pulsed 
oscillator of a radar set, tuning the echo box will give an indication on the 
microammeter of power as a function of frequency. Until rather recently 
echo boxes were not suitable for spectrum analysis because the Q's of the 
echo boxes available were too low to present spectra in sufficient detail. 
Now, however, echo boxes with bandwidths of about 100 kc/sec are 
available at both 10-cm and 3-cm bands. In terms of resolution these 
boxes are comparable to electronic spectrum analyzers. The advantage 
of the echo box as a spectrum analyzer for field use is its portability and 
the fact that it requires no power to operate. Since a radar set often 
contains a permanently installed echo box, it is used widely for spectrum 
analysis. 

An echo box for spectrum analysis should be strongly built, should 
possess a smooth driving mechanism, and should have a tuning rate of less 
than 10 Mc/sec per dial revolution. The type TS-218A echo box, having 
a tuning range of 8990 to 9170 Mc/sec, is an example of a good echo box 
for this region. For the band 2700 to 2900 Mc/sec the type TS-270 box 
is available and is described in Sec. 5-17 and shown in Fig. 5-43. The' 
deflection of the meter of the echo box is proportional to peak power, 
to repetition rate, and to the square of the pulse length. The sensitivity 
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is then expressible in milliwatt-microseconds, a figure of 200 being repre
sentative. The meter deflection is approximately linear in power but 
must be calibrated for accurate measurement work. 

I t is usually more difficult to interpret a spectrum when using an echo 
box than when using a spectrum analyzer, since it is necessary to plot the 
spectrum from individual observations. With the spectrum analyzer, 
on the other hand, the spectrum may be seen at a glance and a judgment 
made as to whether it is good or poor. Furthermore, an analyzer does not 
require direct connection to the radar set. Most service personnel who 
have both instruments available prefer to use the spectrum analyzer. 
For laboratory use the much greater sensitivity of the analyzer, its 
versatility, and the fact that one analyzer will cover a frequency range 
for which many echo boxes would be needed, all dictate the use of the 
electronic spectrum analyzer. However, for the analysis of extremely 
short pulses, such as the spike in the leakage energy from a T R switch, 
the width of the spectrum may exceed the tuning range of an electronic 
analyzer, and an echo box, or a wavemeter cavity, can be employed. 

MEASUREMENTS WITH THE SPECTRUM ANALYZER 

7-14. Interpretation of Spectra.—A voltage that is a function of 
time may be expressed by Fourier's integral theorem as a summation of 
frequencies in the form 

F(t) = I o(w)e'»'dw, 

where 

a(co) = i / F{t)e-'"' dt. 

The spectrum function a(u) is in general a complex function of the form 
a(u) = Oi(ci)) + ja2(u>); it may also be expressed as an amplitude spectrum 
and a phase spectrum as follows 

|a(«)| = [ai(o>y + a2(u)2]H, «(«) = tan- 1 ^ f 

A spectrum analyzer performs in effect the above integration to obtain 
the amplitude spectrum |a(u)|, and gives a plot of |a(o>)|2, the power 
spectrum. Since a spectrum analyzer responds only to the amplitude 
spectrum of an r-f transient, information as to the phase spectrum is lost 
and the question arises whether the transient F(t) is uniquely determined 
by the amplitude spectrum. Actually, more than one phase function 
can be associated with an amplitude spectrum to produce a real function 
F(t). A simple example is the obvious fact that the amplitude spectrum 
does not depend on the time of occurrence of the pulse. Introducing a 
time delay to amounts to multiplying a(ai) by e~'°'°, but |o(u)| is unchanged 
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since \e~f"''\ —_ 1. Another example is the case of a pulse with no fre
quency modulation but linear amplitude modulation. The spectrum is 
symmetrical and is unchanged whether the slope of the pulse is positive 
or negative. A third example is the case of a pulse with no amplitude 
modulation but with linear frequency modulation. The spectrum is 
likewise unchanged when the slope of the frequency modulation is 
reversed. Other examples could be mentioned but these will illustrate 
the point. Even though the amplitude spectrum does not determine 
the form of the r-f pulse, it gives very useful information and, when 
correlated with other information such as the amplitude modulation 
measured with an r-f envelope viewer or r-f oscilloscope and the charac
teristics of the pulsed oscillator, may serve adequately to explain the 
nature of the r-f pulse. 

When considering the response of a receiver to an r-f pulse it is clear 
that the power spectrum as seen on the analyzer screen does not deter
mine the response of the receiver, but a knowledge of the spectrum will 
indicate the required bandwidth of the receiver in order that considerable 
loss of energy will not occur. If a considerable amount of frequency 
modulation is present the energy of the pulse may be spread over such 
a wide frequency band that a receiver designed to receive such a pulse 
without frequency modulation will respond to only a small portion of the 
power received. 

One of the principal uses of spectrum analyzers is to check the spectra 
of radar transmitters to see that no excessive frequency modulation exists 
and that the magnetron is operating stably. Magnetrons are usually 
modulated by a flat-topped current pulse having short times of rise and 
fall. A flat-topped current pulse is desirable because the frequency of a 
magnetron varies with the current and if the current pulse is not rea
sonably constant, frequency modulation will be introduced. Moreover, 
some regions of the voltage-current characteristic are associated with 
instability or a change in the mode of oscillation, and to avoid these 
regions the current pulse should rise rapidly to its maximum and remain 
constant. It has been found, however, that with some magnetrons the 
operation is unstable if the rate of rise is larger than a certain amount. 
Most magnetrons operating properly will produce a spectrum very 
similar to that of the rectangular pulse with no frequency modulation. 
A spectrum of this sort is considered good. If the spectrum differs from 
this form it may be the result of amplitude modulation, frequency modu
lation, or a combination of the two. 

7-15. Examples of Spectra of Pulses.—The section following is a 
detailed consideration of the spectra in Fig. 7-26. The spectra are power 
spectra; that is, ]o(u)|2 is plotted against frequency difference from the 
carrier frequency. The spectra are shown for specific values of pulse 
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length and frequency modulation but they may be interpreted for differ
ent pulse lengths in the following way. Multiplying the pulse length by a 
factor o is equivalent to multiplying the frequency scale by 1/a and 
multiplying the frequency modulation A/ by 1/a. 

Figure 7-26a.—This is the spectrum of a rectangular pulse with 
neither amplitude modulation nor frequency modulation during the pulse. 
The form of the spectrum is sin2 irx/(W)2 and it is obviously symmetrical. 
Minima in the spectrum occur at ± 1 Mc/sec, ± 2 Mc/sec, ± 3 Mc/sec, 
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and so forth. This is representative of the spectrum of a properly oper
ating magnetron or of a good pulsed test oscillator. 

Figure 7-266.—The spectrum of a symmetrical trapezoidal voltage 
pulse with no frequency modulation. The pulse is 1 ^sec wide at the 
base and 0.6 /usec at the top and hence is effectively shorter than a l-nsec 
rectangular pulse and accordingly the first minima occur at frequencies 
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which differ by somewhat more than 2 Mc/sec. The most notable 
change in the shape of the spectrum is a reduction of amplitude of the 
side lobes relative to the center lobe. 

Figure 726c.—The spectrum of a symmetrical triangular voltage 
pulse with no frequency modulation. The pulse being 1 /isec wide at 
the base is effectively shorter than a l-^isec rectangular pulse, and hence 
the first minima are at frequencies differing by more than 2 Mc/sec. 
The minima occur at + 2 Mc/sec, ± 4 Mc/sec, and so forth. In this case 
the side lobes are practically negligible. 

Figure 7-26d.—An error-function voltage pulse (e~x') with no 
frequency modulation. A transient of this type is unique in the fact the 
spectrum has the same form as the transient. Accordingly, the spectrum 
has no side lobes although it extends to + °o. Actually the portion of the 
spectrum beyond / — /o = ±1.5 Mc/sec is negligible. The pulse 
illustrated is the one that has a spectrum of the same amplitude and half-
power width as the l-^sec rectangular pulse shown by the dotted lines a. 
The shape of the center region of the spectrum is almost identical with 
that of the rectangular pulse spectrum Fig. 7-26a. Since the pass band 
of a series of single-tuned circuits approximates the error function, this 
was chosen for the discussion in Sec. 7-2 on the theory of operation. 

Figure 7-26e,f,g.—A rectangular pulse with no amplitude modula
tion during the pulse but with varying amounts of linear frequency modu
lation. The first effect of increasing the frequency modulation is to 
raise the minima and they are no longer zero. This means that less 
energy is present in the center lobe. As the modulation is increased, 
the secondary maxima rise until they engulf the center, creating two 
peaks rather than one. With higher modulation three or more pairs of 
prominent peaks may exist with the result that very little energy is 
located in the central region. All these spectra are symmetrical and 
would be unchanged if the frequency modulation were reversed in sign. 
Spectra of this sort are rather commonly seen. Spectrum e would be 
classed as good, / as fair, and g as poor. 

Figure 7-26h.—A linearly sloping pulse with amplitude modulation 
of 73 per cent and no frequency modulation. This spectrum is very 
similar to that of the rectangular pulse a, the only difference being that 
the minima are not quite zero. The shape of the spectrum is not greatly 
altered even when the modulation is 200 per cent (sawtooth waveform). 
Since there is no frequency modulation the spectrum is symmetrical; 
if the slope of the pulse were reversed the spectrum would be unchanged. 

Figure 7-26i,j.—A linearly sloping pulse linearly frequency-modu
lated. In the case of linear frequency modulation with no amplitude 
modulation the spectrum was symmetrical, that is, qualitatively, fre
quencies ft, + / i were not preferred to freauencies U — /,.. Here, how-
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ever, frequencies at which the pulse has higher amplitude are preferred 
to frequencies at which the amplitude is low and the effect is to move 
the maximum in the direction of the preferred frequency and to give an 
unsymmetrical spectrum. The amplitude modulation is the same as 
in h and the spectra are shown for two values of frequency modulation, 
2 and 6 Mc/sec per /isec. At the higher modulation there is a resemblance 
to g but the spectrum is still distorted in the direction of the preferred 
frequency. In the case shown, the frequency is lowest where the ampli
tude is highest with the result that the spectrum is pushed in the direc
tion of lower frequency. I t is obvious that the same spectrum would 
occur if the amplitude and frequency modulations were both reversed 
in sign. If one only were reversed the spectrum resulting would be a 
mirror image of that shown. 

Figure 7-26A;.—A trapezoidal pulse trapezoidally frequency-modu
lated. The same sort of qualitative argument that applied in i and j 
can be used here. A large part of the pulse is rectangular so that a main 
lobe resembling that of a rectangular pulse is obtained. The frequency 
modulation causes a shift of the spectrum in the low-frequency direction 
but the effect is not so pronounced as it would be if the amplitude were 
unmodulated. The effective width of the pulse is between 0.5 and 1.0 
Msec as indicated by the position of the zeros. This is a form of spectrum 
which is very commonly observed from magnetrons and pulsed low-
power oscillators. The almost complete absence of side lobes on one 
side and side lobes larger than usual on the other is typical. An example 
of such a spectrum is shown in Fig. 7-16 of Sec. 7-7. 

In correlating spectra with the r-f pulses that produce them a few 
generalizations may be made. When the frequency modulation is zero, 
changing the shape of the amplitude modulation while keeping the 
effective pulse width constant alters the relative sideband amplitudes 
but has little effect on the main lobe. This may be seen from spectra 
o, 6, c, d, and h of Fig. 7-26. I t will be observed also that each of the 
spectra is symmetrical. In fact, it is true in general that in the absence 
of frequency modulation any r-f pulse will produce a symmetrical 
spectrum. From spectra e, f, and g of Fig. 7-26 it is evident that in the 
case of no amplitude modulation a linear frequency modulation will 
result in a symmetrical spectrum. In general, with no amplitude modu
lation, a frequency modulation that is an odd function about the center 
of the pulse will produce a symmetrical spectrum. Frequency modula
tion has the effect of broadening the spectrum and is usually more 
serious than amplitude modulation. Most magnetron spectra observed 
can be explained qualitatively in terms of frequency modulation alone. 

7-16. Frequency and Frequency-difference Measurements.—One of 
the measurement applications for which the analyzer is well adapted is 
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the comparison in frequency of two oscillators of slightly different 
frequencies. The coincidence of frequency of two c-w signals is very 
precisely indicated by the coincidence of the two patterns on the analyzer 
screen. If the two signals are stable and of comparable amplitude, a 
comparison can be made with frequency error small compared to the 
bandwidth of the i-f amplifier. For example, if the bandwidth is 100 
kc/sec the comparison of two 3,000-Mc/sec signals can be made with a 
precision of three parts per million. 

If one signal is from a calibrated signal generator with an attenuator, 
then measurements may be made of the frequency of any signal within 
the tuning range of both the calibrated signal and the spectrum analyzer. 
An example of the use of this method of frequency comparison is the 
microwave frequency standard discussed in Sec. 6-28. In this case, the 
calibrated signal source is a very-high-order harmonic of a very stable 
low-frequency oscillator. I t is clear that the method of frequency 
measurement by comparison with a calibrated c-w signal is applicable 
to the measurement of modulated signals as well as c-w signals and could, 
for example, be used to make frequency measurements on the spectrum 
of the pulsed oscillator. In making frequency measurements by this 
method special care must be exercised in selecting the correct image for 
comparison, otherwise the results will be in error by twice the intermediate 
frequency. If the frequencies being compared are identical, only one 
other image will be found, and if the two signals are not quite coincident, 
the frequency difference will be the same on the other image. If, 
however, the incorrect image has been chosen, tuning the spectrum 
analyzer will disclose two additional images spaced twice the intermediate 
frequency, from the central images. If one oscillator is slightly detuned 
the center image will be double while the others will remain single. 
Care must also be exercised that a higher-order image is not chosen for 
comparison. Another way of detecting true coincidence of two c-w 
signals is to observe carefully the pattern produced when the two signals 
are superimposed. If the two frequencies are nearly identical, the 
pattern will appear as a modulation of the difference frequency if the 
difference frequency is low enough; if the two signal frequencies are 
separated by twice the intermediate frequency, the beat frequency is a 
function of the analyzer tuning. In the first case, the pattern produced 
will show a definite modulation filling the area; in the second case, the 
pattern will be blurred. 

The frequency of oscillators may be measured by the frequency meter 
contained in most spectrum analyzers. A frequency-meter marker pip 
when set to coincidence with a signal on the screen of the analyzer does 
not read the signal frequency, but instead the frequency of the local 
oscillator when the signal is being received. The cavity frequency is then 
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different by the intermediate frequency from the desired signal frequency. 
The best method of measuring the signal frequency is to set the frequency-
meter marker pip first at one image and then at the other, adding the 
readings and dividing by two. This procedure does not depend on 
knowledge of the intermediate frequency or on the linearity of calibration 
of the frequency meter. 

7-17. The Use of a Spectrum Analyzer as a Sensitive Receiver.— 
Another measurement application of the spectrum analyzer is as a sensi
tive c-w detector in bench test work. Most bench test work is done with 
a square-wave-modulated oscillator, a crystal or bolometer detector, 
and a high-gain sharply tuned audio amplifier. Much of this work 
can be done also with a spectrum analyzer which has the advantages of a 
wider range of sensitivity and much lower noise. Bolometer bridges, 
measuring i-f power directly, may be built into analyzers, and they give 
an easily measurable output indication accurately linear in power. 
The analyzer has the disadvantage that a calibrated i-f gain control is 
more difficult to construct than an a-f gain control. In consequence, 
r-f attenuators are used which are usually either of the resistive type or 
of the waveguide-beyond-cutoff type. The resistive type is usually 
calibrated using a bolometer and audio amplifier, whereas the calibration 
of a cutoff attenuator is linear and determined by the dimensions. 
Because of its sensitivity and wide range, an analyzer is a good instru
ment for measuring high standing-wave ratios. For the same reason 
the analyzer is very useful as an attenuator comparator. Standard 
attenuators calibrated by other means can be used in conjunction with 
an analyzer to calibrate other attenuators. In all accurate measurements 
of attenuation very great precautions must be taken to avoid leakage 
from the source around the attenuator and into the analyzer mixer. 
An analyzer specifically designed for use as a sensitive detector in the 
manner described has somewhat different requirements than an analyzer 
for use with pulsed signals. The leakage attenuation into the analyzer 
must be very high, and, as explained in Sec. 7-5, more stable operation 
can be obtained by the use of a wide i-f bandwidth. The intermediate 
frequency is relatively unimportant in this case. 

The spectrum analyzer will probably be of considerable use in demon
stration lectures to illustrate the methods of Fourier analysis of transient 
phenomena. I t is well adapted to the study of modulation, both in 
amplitude and in frequency. The modulation sidebands can be seen 
directly and their amplitudes determined. 

THE R-F ENVELOPE VIEWERS AND OSCILLOSCOPES 

An r-f envelope viewer is a device that presents on an oscilloscope 
screen a plot of the amplitude modulation of an r-f pulse or transient 
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as a function of time. In its usual form it consists of a diode or crystal 
to rectify the r-f signal and, where the signal amplitude is small, an 
amplifier to bring the amplitude to such a value as will give a reasonable 
deflection on a cathode-ray tube. The cathode-ray oscilloscope must 
have a triggered sweep that can be started before the occurrence of the 
transient being observed, in order that the whole of the transient may be 
seen. 

In the study of r-f pulsed oscillators, the spectrum analyzer and the 
r-f envelope viewer are two very useful instruments which complement 
each other in the information they give about the pulse. The r-f envelope 
viewer shows the exact shape of the pulse, that is, its amplitude modula
tion, whereas the spectrum analyzer gives a visual plot of the power 
distribution of the pulse in frequency. Frequency modulation during 
the pulse is not indicated by the r-f envelope viewer, whereas it is very 
sensitively indicated by the spectrum analyzer. The form of the ampli
tude modulation of a pulse affects the r-f spectrum, but it is not possible 
to interpret the spectrum to find the exact shape of the pulse producing 
it. In investigating the behavior of a pulsed oscillator, such as a mag
netron, the current pulse, the r-f envelope, and the r-f spectrum must all 
be studied. The shape of the rising edge of the pulse is important in 
the explanation of the magnetron's operation and in applications where 
precise timing is required. Oscillations, or a slope on the top of the pulse, 
which may be caused by improper operation of the modulator and which 
may result in frequency modulation, are clearly indicated by the r-f 
envelope viewer. By correlating the information given by the r-f 
spectrum, the current pulse, and the r-f envelope with data on the 
voltage, current, and frequency relations of a pulsed oscillator such as a 
magnetron, an adequate explanation of its operation may be given. 

An instrument very similar in function to the r-f envelope viewer but 
possessing certain advantages is the r-f oscilloscope. Whereas the r-f 
envelope viewer rectifies the signal and presents a video pulse on the 
cathode-ray tube, the r-f oscilloscope uses the r-f voltage to deflect 
the electron beam directly. If the time resolution is sufficiently high, the 
waveform of the r-f voltage is obtained. If the resolution is not high 
enough the picture obtained is a solid image, brighter on the edges where 
the trace is slower, the envelope of which indicates the amplitude modula
tion. Since the use of amplifiers and the RC time constants associated 
with diode circuits are avoided, the r-f oscilloscope can give a superior 
presentation of very short transients. For a cathode-ray tube to be useful 
as an r-f oscilloscope, the deflecting system must be designed so that the 
electrons pass by the deflecting plates before the r-f voltage on the plates 
has changed appreciably. 

7-18. The Components of an R-f Envelope Viewer.—The basic parts 
of an r-f envelope viewer are the r-f detector, the cathode-ray tube and 
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its associated power-supply circuits, the sweep circuits for producing 
and synchronizing the linear sawtooth waveform and for intensifying 
the sweep for its duration, and the video amplifier. 

An r-f envelope viewer is usually made by incorporating the r-f 
detector in an oscilloscope unit designed for the viewing of rapid tran
sients. Such an oscilloscope is the synchroscope of which two models, 
the P4 and the Model 5, have been used extensively at the Radiation 
Laboratory. Both perform essentially the same functions. A synchro
scope generates one trigger pulse, which starts the equipment producing 
the transient, and a second trigger pulse, which is so timed that it may 
be made either to precede or to follow the first pulse. This second pulse 
starts the linear sweep generator, which produces the horizontal sweep 
on the oscilloscope. In this manner, the beginning and any portion 
of the transient may be observed. A synchroscope may also be triggered 
externally by the transient to be observed. Because of the delay in 
starting the sweep and intensifier circuits, the very beginning of the 
transient cannot be observed. Since it is the beginning of the r-f pulse 
that is frequently of the most interest, an r-f envelope viewer is seldom 
used in this manner. To avoid excessive light on the screen the beam 
is cut off except during the sweep. A synchroscope will operate without 
external triggers at repetition frequencies of 500, 1000, 2000, and 4000 cps, 
or it will operate at any frequency from 50 to 5000 cps by using either an 
external sine-wave generator or an external trigger. Both the P4 and 
the Model 5 synchroscopes produce a horizontal sweep of about 4 in. 
on a 5-in. cathode-ray tube. The P4 synchroscope has available sweep 
speeds up to about 1.7 in. per jusec and the Model 5 up to 5 in. per jusec. 
The Model 5 has push-pull horizontal deflection whereas the P4 has 
single-end deflection and, therefore, a poorer image. In addition, the 
Model 5 synchroscope has a more precise delay circuit and a faster-
rising output trigger pulse. Because of its higher resolution the Model 5 
synchroscope is to be preferred for studies of fast transients. The 
operation of the circuits of the P4 and Model 5 synchroscopes is described 
in Chap. 6 of Vol. 22 in this series, and will not be discussed in detail here. 
Emphasis will be. placed on the associated r-f circuits. 

R-f envelope viewers may be divided into three classes, those using 
a crystal detector and video amplifier, those using a vacuum-tube 
detector and video amplifier, and those using a diode detector at high 
level where a video amplifier is not needed. These will be taken up 
in turn. 

7-19. Crystal Detector with Video Amplifier.—A very simple sort of 
r-f envelope viewer may be made by adding a video amplifier to a P4 
synchroscope and using an ordinary crystal as an r-f detector. Such 
<w r-f envelope viewer is very sensitive, is approximately linear with 
power if the amplifier has sufficiently high gain, and can be made to 
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operate at any band where a crystal detector is available. The crystal-
detector mount usually does not need to be tuned over the band of fre
quencies for which it was designed. 

A video amplifier for use with crystals has been designed and is 
frequently incorporated in a P4 synchroscope. The combination is 
intended for viewing the r-f pulses from test oscillators and signal gener
ators. The video amplifier has a voltage gain variable from 200 to 
2000. At minimum gain the bandwidth is from 160 cps to 8.2 Mc/sec, 
and at maximum gain the upper limit is reduced to 5.4 Mc/sec. The 
amplifier is designed for use with a negative input signal. The input 

Input power, mw (maximum gain about 2000) 
0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 

0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.0 3.2 
Input power, mw (minimum gain about 200) 

FIG. 7-27.—Calibration of a crystal r-f-envelope viewer with video amplifier. 
impedance consists of a 1000-ohm resistor shunted by about 18 ^i. 
The undistorted output signal of the amplifier is 140 volts. Figure 
7-27 shows the linearity and sensitivity of this amplifier used with a 
10-cm-band crystal. If the cable connecting the crystal detector to 
the video amplifier is 12 in. long or less, the response will be essentially 
unaltered. 

7-20. Vacuum-tube Detector with Video Amplifier.—An r-f envelope 
viewer for 10-cm band, which will also function at 3-cm band, can be 
made using a type 954 acorn pentode as a detector and amplifying the 
output signal by a video amplifier. Such a detector and video amplifier 
are easily installed in a P4 synchroscope. The r-f power is applied to 
the grid of the detector by means of a 50-ohm coaxial line. At the end 
of the inner conductor there is a set of spring jaws that grip the grid 
lead of the tube. The jaws are fastened to the inner conductor through 
a semiflexible coupling to allow for variations in individual tube dimen
sions. Since the tube does not properly terminate the line, a 50-ohm 
resistive disk is placed across the line ahead of the tube. The voltage 
standing-wave ratio is usually less than 1.7 over most of the 10-cm band 
and about 1.2 at the band center. The amplitude control is a bias 
potentiometer in the detector circuit. The video amplifier following 
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the detector consists of a 6AC7 and a 6AG7 tube. The bandwidth is 
about 5 Mc/sec. 

This r-f envelope viewer is not so sensitive as the type using a crystal 
but this is not an important disadvantage if a source of adequate power 
is available, for example, a pulsed magnetron oscillator. The coupling 
to the r-f envelope detector may be effected by a pick-up antenna, by a 
probe in the r-f line with an attenuating cable, or by a directional coupler. 
A vacuum-tube detector has an advantage over a crystal detector in 
that it is not easily damaged by overload. 

,0.01 0.01 
To vertical 
deflecting 
plate of P-4 

;synchroscope 
:"»1250 

2w 

+■ Resistors are 1/2 w unless 
otherwise indicated 

F I G . 7-28.—Detector and video amplifier for P4-E synchroscope and r-f envelope viewer. 

Under some operating conditions the output voltage is approximately 
linear with input power. If the r-f envelope viewer is to be used to 
measure power accurately, however, an individual calibration is desirable. 
Because of differences in tubes a new calibration should be made if the 
detector is replaced. A circuit diagram of the detector and video ampli
fier used in the P4-E synchroscope is shown in Fig. 7-28. 

The P4-E synchroscope and r-f envelope viewer are not satisfactory, 
as they stand, for making accurate measurements on r-f pulsed signals 
from magnetrons. The relatively long leads from the amplifier to 
the deflecting plates introduce stray inductance that distorts the image 
and may be a source of extraneous signals picked up from high electric 
fields near by. The amplifier must be shielded carefully and r-f and 
video-frequency grounds must all be short and made with heavy wire. 
I t is desirable that the horizontal deflection leads be shielded. When all 
this is done, very acceptable pictures of r-f pulse envelopes may be 
obtained. Some typical results are shown in Fig. 7-29. Included 
are spectra, current pulses, and r-f envelopes for a 3-cm-band magnetron 
operated at three different pulse lengths. Current and r-f envelope 
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pulses have the same scale in time, the pairs of exposures being made 
successively with the same operating conditions. The r-f envelope pulse 
is seen to follow the current pulse quite exactly and to reproduce its 
oscillations. Since during the time of the r-f pulse the voltage is prac
tically constant, the current pulse is a representation of the input power 
to the magnetron, and if the magnetron efficiency were constant, the 
r-f output would be expected to be similar in form. The fact that the 

R-f spectrum Current pulse R-f envelope 

0.5 M sec 
0 db attn, 

0.99 u sec 
7.6 db attn 

2.04 ix sec 
14.8 db attn. 1TP 

F I G . 7-29.—Representative spectra, current pulses, and r-f envelopes for a WE-725A 
magnetron using an aircraft modulator and pulse transformers. The r-f envelope viewer 
is a modified P4-E synchroscope. 

r-f envelope follows the current pulse faithfully is an indication that 
the r-f envelope viewer gives a deflection roughly proportional to power. 
As the pulse length is increased the spectrum width between minima 
is decreased, and the spectrum amplitude is increased as indicated by 
the additional attenuation required to equalize the peak deflection. 
Equation (10), Sec. 7-2 shows that the amplitude of the transient on the 
spectrum-analyzer screen (deflection proportional to power) is propor
tional to the square of the pulse width. If this peak deflection were held 
constant as the pulse width was doubled, an attenuation of 6 db would 
have to be introduced. Figure 7-29 shows that this is, in fact, the case 
The somewhat distorted shape of the spectrum of the 2-Msec pulse is 
probably the result of a slight amount of frequency modulation. This is 
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not definite, however, as the spectrum analyzer bandwidth might have 
been broader than 50 kc/sec and this could cause a similar effect. 

7-21. Diode Detectors Used at High Level.—Crystal and vacuum-
tube detectors which must be used with a video amplifier are capable of 
showing the general form of r-f pulses of about 1 /usec. Because of the 
limited bandwidths that can be attained consistent with a reasonable 
gain, a video amplifier may seriously modify the form of a pulse. An 
amplifier with a 5-Mc/sec bandwidth and no overshoot will considerably 
modify the shape of a l-psec pulse and will completely distort a 0.1-/*sec 
pulse. Amplifiers may be built having bandwidths of 15 Mc/sec or 
more, but even these are frequently not adequate for a detailed study 
of the pulse shape. 

A typical problem that arises is the study of the starting behavior 
of pulsed magnetron oscillators. A magnetron does not start instan
taneously when the applied voltage reaches the operating value. This 
delay is called the starting time, and for the 10-cm-band magnetrons 
it varies from 0.01 to 0.08 psec. To measure accurately the starting 
time of a magnetron of 0.01 ^sec, the resolving power of the r-f envelope 
viewer must be 0.01 ^sec or less. A time of rise of 0.01 /xsec requires a 
video amplifier having a bandwidth about 30 Mc/sec with good phase 
response. Since this is difficult to achieve, the video amplifier is omitted 
and a diode detector is used at a high enough power level to give a direct 
indication. A 10-cm-band detector that uses a type 2B22 lighthouse 
diode at high level is satisfactory. If such a detector is connected to a 
Model 5 synchroscope having a sweep speed of 5 in. per ^sec, the shape and 
timing of the r-f pulse are not observably distorted. The r-f pulse 
has a shape similar to the current pulse and starts at the same time 
except for the delay in the attenuating cable connected to the r-f detector. 
Figure 7-30 shows three examples of typical voltage, current, and r-f 
pulses. The voltage and current pulses are shown above and voltage 
and r-f pulses are shown below in proper time relationship. The normal 
starting voltage Vo and the starting time are indicated. 

The r-f envelope detector with which the waveforms of Fig. 7-30 were 
observed uses the type 2B22 lighthouse diode in a low-Q tunable cavity. 
The power is coupled in by a capacitive probe. In this manner an output 
signal of several hundred volts could be obtained which is sufficient 
for deflecting a cathode-ray tube directly. The lighthouse diode and 
the cavity used are shown in Figs. 7-31 and 7-32. The object of the design 
is to provide a reasonably low-Q r-f circuit having an output connection 
with the lowest practicable capacitance. Connection is made from the 
end of the inner plate cylinder to one of the deflecting plates and from 
the outside cylinder to the other plate and ground. Since it is of utmost 
importance to minimize capacitance and strav inductance, the connec-
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tions to the deflection plates are made as short as possible, and the cavity 
is mounted in the synchroscope box. The total capacitance is about 

Starting time 

f — 0 . 5 5 m 0.2 it sec 

— f—R.f cable delay 

W <&) (c) 
F I G . 7-30.—Voltage, current, and r-f pulses of 10-cm magnetrons. R-f envelope viewer 

using a 2B22 diode at high level was used in conjunction with a Model 5 synchroscope. 

20 nni. 

Anode disk 

Exhausting 
stem 

The cavity operates in the -fX-mode and has ample tuning range 
for the entire 10-cm band. Since 
the Q is low, the plunger and push 
rods provide fine enough control. 
Modification of the cavity for 
longer wave-lengths would be very 
simple. 

A requirement for good sensitiv
ity is that the diode have adequate 
cathode emission. I t was found 
that those tubes with highest con
ductance gave the greatest output 
signal. The major compromise in 
the design which had to be made 
was the choice of the diode load 
resistor. For resistances below 600 
ohms, the sensitivity rises rapidly 
as the resistance is increased, indi-Fia. 7-31.—Type 2B22 lighthouse diode. 

eating an improvement in rectification efficiency. The rise time, however, 
also increases and a compromise value of 300 ohms was chosen. A typ-
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ical calibration under these conditions is given in Fig. 7-33. The approxi
mate relation between input power and output voltage is given by 
V = KPo™. 

The intrinsic rise time of the envelope viewer is determined by a 
combination of the r-f-circuit Q and the bandwidth of the video circuit. 
The Q of the r-f circuit is about 25, which at 3000 Mc/sec represents an 

F I G . 7-32.—Cavity for use with lighthouse diode. 

r-f bandwidth of 120 Mc/sec or an equivalent video bandwidth of 60 
Mc/sec. The bandwidth of the video circuit consisting of a resistance 
of 300 ohms shunted by 20 jû f is 26.5 Mc/sec. This bandwidth could 
be improved somewhat by a peaking circuit, but a good phase response 
must be preserved. The bandwidth is thus limited by the video response. 
The rise time associated with a bandwidth of 26.5 Mc/sec is about 0.013 
Msec, which is considerably shorter than the rise time of the r-f envelope 
viewer using a 954 tube with an amplifier. 
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In making measurements of very short time intervals with a fast 
oscilloscope and r-f envelope viewer, it is necessary to consider the length 
of the transmission lines connecting the pulse source to the oscilloscope 
and r-f envelope viewer. For example, in the measurement of the 
starting time of the r-f and current pulses of a magnetron, care must 
be taken to make all the cable lengths equal, or to correct for a difference 
in length. An extra 5-ft length of video or r-f cable will introduce a 
delay of 0.008 Msec. 

1000 | 1 1 1 — i 1 —, 

0.10 I I I I I I ! 
0.001 0.01 0.1 1.0 10.0 100 1000 

Input power in watts (peak) 
Voltage output of diode working into 300 ohms 

F I G . 7-33.—Typical calibration for the lighthouse-tube r-f envelope viewer. 

7-22. Diode Detectors for Frequencies Higher than 3000 Mc/sec.— 
The lighthouse-tube r-f envelope detector was designed for 10-cm-band 
operation or, with modification, for use at lower frequencies. Operating 
on the same principle but with a different tube, r-f envelope viewers 
have been built for the 3-cm and the 1-cm bands. Basic to the operation 
of these detectors is a very small diode with cylindrical cathode and 
anode having a spacing of 0.002 in. The shunt capacitance of the tube is 
4 ppf. The tube, which is still developmental, is the size of a standard 
crystal cartridge and is mounted across the waveguide in the manner 
of a crystal mixer. The tube is manufactured by RCA and has the 
type number R6271. Illustrations of the size and construction of 
the tube will be found in Figs. 7-34 and 735. The waveguide mounts 
for the tube at 3-cm band and 1-cm band are shown in Figs. 7-36 and 7-37, 
respectively. These mounts are similar to crystal mounts, except that 
provision must be made for the longer exhausting seal on the lower end 
of the tube and the structure and seals at the upper end. A plunger 
behind the tube and two tuning screws ahead of it serve to match the 
tube to the waveguide. The Q of either the 3-cm- or 1-cm-band mount 
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Heater leads 

is such as to be equivalent to a video bandwidth of 150 Mc/sec. An 
output voltage of about 100 volts may be obtained on either band, 
although the sensitivity is different. This diode may of course be used 
at the 10-cm band as well. For the conditions of a 300-ohm load resist

ance and an output voltage of 100 
volts, the sensitivities at the three 
bands are: one watt per volt at 10 
cm (comparable to the 2B22), 12.5 
watts per volt at 3 cm, and 75 watts 
per volt at 1 cm. In spite of the low 

Solder seal 

Glass seal 
^ 

Cylindrical cathode 

Hollow anode 

Exhausting seal 

F I G . 7-34.—Type R6271 diode. F I G . 7-35. — T y p e 
R6271 diode. 

efficiency at 1-cm caused by transit-time effects, the tube is still of use if 
adequate power is available. The maximum power that may be applied 
to the diode is determined by the plate dissipation. At high frequencies 
the efficiency is so low that it may be assumed that the input power is dis
sipated in the tube itself. Although the maximum ratings have not 
been determined, if the anode is cooled adequately by the spring fingers 
that grip it in the mount, two watts is probably a safe value. The peak 
power is limited by the value at which sparking between the electrodes 
occurs. As with the 2B22 diode and cavity, the video bandwidth is 
determined by the total shunt capacitance of the circuit and the load 
resistor since the r-f bandwidth is not a limiting factor. The total 
capacitance including the cathode-ray-tube deflecting plates may be 
about 15 n/ii with careful design. Where high resolution is important and 
sensitivity and deflection amplitude are secondary, the load resistance 
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- Video output 
FIG. 7-36.—R-f envelope detector for 3-cm wavelengths using an R6271 diode. 

- Video output 
Fia . 7-37.— R-f envelope detector for wavelengths near 1 cm using an R6271 diode. 
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FIG. 7-38.—Diagram of high-speed oscillograph. 

Diffusion pump 
low pressure 

may be decreased to 100 ohms which would result in a video bandwidth 
of about 100 Mc/sec. 

When measurements of rapid transients are to be made with extreme 
precision, it is necessary to ensure that the resolution of the image is not 
affected by the transit time of the electrons through the deflecting plates 
of the cathode-ray tube. The accelerating potential (cathode to second 
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anode) used in the Model 5 synchroscope is about 1300 volts, whereas the 
deflecting plates are about 3 cm long. The transit time of an electron 
is then 0.002 /isec, somewhat shorter than the limit of resolution of that 
synchroscope. If it were important to reduce the transit time, this 
could be done by raising the accelerating potential or by using a different 
cathode-ray tube. 

7-23. Microwave Oscilloscopes.1—The fundamental limiting factor 
in the use of oscilloscopes to observe microwave oscillations or very fast 
transients is the distortion resulting from the finite length of time required 
for the electrons to traverse the deflecting field. It may be easily seen2 

FIG. 7-39.—Oscillogram of 3000-Mc/sec wave. 

that the ratio s(f) of the deflection sensitivity at the frequency/to the d-c 
sensitivity is given by 

«a» - ^ d o 
where I is the transit time of the electrons through the deflecting plates. 
Fpr good sensitivity the transit time must be reduced by using electrons 
with a high velocity and short deflecting plates. Two such oscilloscopes 
have been recently built which merit description. 

The first3 of these employs a very fine electron beam at high velocity 
that impinges directly on a photographic plate and the oscillogram is 
viewed with a microscope after exposure. The beam diameter is about 
10 -2 mm and the accelerating potential 50 kv. The length of the 
deflecting plates is 0.5 mm. Hence the transit time is about 4 X 1 0 _ u 

sec. The sensitivity s(f) therefore has its first zero at a frequency of 
25,000 Mc/sec. For a 3000-Mc/sec signal, the sensitivity is nearly 
97 per cent of the d-c sensitivity. 

A very rapid sweep is produced by a simple fiC-network discharging 
through a spark gap. A reasonably linear writing speed of 5 X 108 cm/sec 
can be obtained. A cross-sectional view of the oscilloscope is shown in 

1 By C. G. Montgomery. 
2 H. E. Hollman, Uochfrequenztechn Elektroakust. 40, 97 (1932). 
3 Gordon M. Lee, "Development of a High-speed Oscillograph," Doctor of Science 

thesis, Massachusetts Institute of Technology, 1944. 
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Fig. 7-38. An oscillogram of a 3000-Mc/sec wave is shown in Fig. 739. 
The second oscilloscope1 uses a tube of the more conventional type. 

I t was developed jointly by the Radiation Laboratory and Allen B. 
Du Mont Laboratories, Inc.5 An electron beam of about 1-mm diameter 
is accelerated to 5000 volts before it passes through the deflecting plates 

FIG. 7-40.—Du Mont K1017 high-speed oscilloscope. 
and then falls through an additional potential difference of 20,000 volts 
before it strikes a fluorescent screen of the conventional variety. The 
deflecting plates are 8 mm long and separated by 0.050 in. The transit 
time is about 3 X 10_1° sec and the first zero of the relative sensitivity 
occurs at 5000 Mc/sec. At 1000 Mc/sec the sensitivity is 95 per cent 
of the d-c value. The deflection sensitivity is about 175 volts/in. 
Figure 7-40 shows a photograph of the cathode-ray tube. This instru
ment has not been used much up to the present time, but it seems likely 
that the oscilloscope tube may soon be commercially available. 

1 cf. Vol. 22, Sec. 6-7 of this series. 
! Tube type K1017. 
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CHAPTER 8 

MEASUREMENTS OF STANDING WAVES 

B Y E. M. PURCELL 

If a uniform transmission line is excited by a generator at h frequency 
that is not too high, the steady state can be described by saying that 
there are two waves on the line, one running in each direction. The 
amplitude of each of these waves can be associated with some quantity 
characteristic of the electromagnetic field, such as the electric field 
strength at some arbitrarily selected location on a cross section of the 
transmission line. With this understanding, the amplitude of the waves 
may be formally described, at any point along the line and at any time, by 
complex numbers A and B, which refer to the wave running from the 
generator and the wave running toward the generator, respectively. 
If the positive x direction is pointed away from the generator, 

A = A0e''"->x, 
B = Boe'"1^1. *" ' 

The instantaneous magnitude of the electromagnetic field quantity 
to which the amplitude refers is understood to be the real part of A, 
or of B. The numbers A0 and B0 depend on choice of the zero points for 
the measurement of time and distance. The quantity y is called the 
propagation constant of the wave; it depends upon the properties of the 
transmission line, and upon the frequency. I t is customary to denote 
the real and imaginary parts of 7 by a and /3, that is, 

7 = a + J/3. (2) 

If the transmission line is lossless, a = 0, and /3 = 2nf/v, where v is 
the phase velocity of a wave on the line at frequency /. If attenuation 
along the line must be reckoned with, a > 0; there is then an exponential 
decrease of the absolute magnitude of A, and a corresponding increase of 
the absolute magnitude of B, as x increases. 

The total amplitude, A + B, at some point along the line, is the 
quantity of interest and more particularly the time average of some 
function of \A + B\, for the instruments are not, as a rule, capable of 
following the rapid variations at frequency / . Suppose for definiteness 
that something proportional to the time average of |A + B|2 can be 
measured, the result of one such measurement being a single real number 
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which will be called P. and which will be a function of x, although not, of 
course, a function of t. Then, 

P, cc \A0e-" + B0e+->*\\ (3) 

In general, P, will display maxima and minima as x is varied; it may be 
said that there are standing waves on the line. From the variation of P. 
with x it is possible to deduce the ratio of A 0 to Bo, which is a complex 
number, and also y, if necessary. This is the object of all standing-wave 
measurements. Such measurements are useful because knowledge of 
Ao/Bo, together with y, suffices to determine completely the properties 
of the termination of the transmission line at the prevailing frequency. 

In most microwave measurements it is permissible to neglect the 
attenuation in the transmission line itself and to assume that 

7 = i/3 = j2irf/v. 

This may seem at first rather surprising if one is accustomed to associate 
high losses with high frequencies, in consequence of the decrease of skin 
depth with increasing frequency. The significant quantity, however, 
is the attenuation per wavelength and for transmission lines of a given 
size this decreases, with increasing frequency, as 1 /V j . Microwave 
transmission lines are not much smaller in cross section than lines used 
at much lower frequencies, as a rule, and hence the approximation made 
by neglecting the attenuation is much better than it would be at low 
frequencies. As the high-frequency end of the microwave spectrum 
is approached, however, transmission lines (which in most cases take 
the form of hollow waveguides) must be made smaller to avoid the possi
bility of propagation in higher modes, and the attenuation per wave
length increases, approximately as V j . But even at 30,000 Mc/sec the 
ratio of a to /S is usually less than 10~3. The effect of line attenuation 
upon standing-wave measurements will be considered briefly later; in 
most of what follows it will be neglected. 

I t has already been suggested that, if the frequency is too high or the 
transmission line too large in cross section, propagation of energy in more 
than one mode may be possible. In that case the two waves of Eq. 
(1) do not suffice to describe conditions within the line, and other waves 
must be included. For an introduction to this special problem which 
will not be treated here, the reader is referred to Chap. 10 of Vol. 8. 

I t will be assumed throughout the chapter that the electromagnetic 
fields under examination correspond to a steady state, which is equivalent 
to the assumption that a single sharply defined frequency is involved. 
Nevertheless, the results can be applied, in many cases, to a modulated 
signal. This is allowable when the modulation frequencies concerned 
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are much lower than the carrier frequency, as is almost always true in the 
microwave region. 

8-1. Fundamental Relations.—If y is known in advance, the result of 
a measurement of the standing-wave pattern on a line at a fixed frequency 
with a given load can be expressed by a single complex number, the ratio 
of B to A, the amplitudes appearing in Eq. (1), at some selected point 
on the line. From this number 
the ratio of B to A at any other 
point can be computed from Eq. 
(1). In particular, the value of 
B/A at the load can be found, 
which is, by definition, the com
plex reflection coefficient TL of the 
load, 

( ! ) . (4) 

Y"=1'° /\ 
\ \ _ 0 . 8 / A \ 

vOu-o.6 / /7 \v \ 
\\AK0 '4 / / / / \ \ \ 

_\ \ | .0 .2 ///V^--0\\l 
^ N S V T /o m//^ ^ ^ i 

V \ 
y2 

3X/4 

F I G . 8-1.—Variation of probe power P» with 
position of probe. The parameter is To. 

More generally B/A at any point x 
on the line can be called the reflec
tion coefficient of the remainder of 
the line terminating in the load. 

The form of the standing-wave pattern, that is, the curve of P, as a 
function of distance x along the line, can be derived at once from Eq. (2). 
For simplicity let the origin of x be taken at a point where B/A is the 
positive real number r0. Then, 

P. = constant X [(1 + r„)2 cos2 0x + (1 - To)2 sin2 0x] 
= constant X (1 + T0 + 2r 0 cos 2/3x). (5) 

The curves in Fig. 8-1 show how P, varies with x for certain values of 
IV No significance is ordinarily attached to the absolute magnitude 
of P. in a standing wave, but the relative magnitudes of the waves of 
Fig. 8-1 are correct for the case of a matched generator. That is to 
say, the "constant" in Eq. (5) is the same for all the curves of Fig. 8-1, 
corresponding to constant amplitude of the wave running from the 
generator. 

I t must be remembered that the form of the standing-wave pattern 
actually observed will resemble a P s curve only if the indication is propor
tional to the square of the total amplitude of the waves. The discussion 
in this chapter will be based on this special case, for the most part, both 
because the analysis is simpler, and because the detectors that are 
actually used can, with certain precautions, be made to approximate 
this response law very closely. 

The features of the standing-wave pattern which are most easily 
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measured are the ratio of the maximum to the minimum reading, 
PftnlI/P,mln, and the position of a maximum or a minimum along the line. 
The ratio, P«„„/Ptab„ is called the power standing-wave ratio, whereas 
V̂ P«m»./-P«min is called the voltage standing-wave ratio, sometimes 
abbreviated VSWR, and denoted by the letter r, 

W + 1*1 (6) 
\A\ - IBJ- W 

The connection between r and Irl is particularly simple; it is at once 
evident from Eq. (5) that 

r = 1 + |X|- Irl = r ~ 1. (7) 
T 1 - |r| ' ^ r + 1 {) 

The phase angle of the reflection coefficient of the load can be deter
mined by observing the distance between the load and the nearest mini
mum in P.. If this distance is denoted by l y . and if the reflection 
coefficient of the load is written r = |r|e'9, then 

6 = 2/3xmin + *-. (8) 
It is often convenient to describe the load by its impedance ZL or its 
admittance YL measured, respectively, in units of the characteristic 
impedance or the characteristic admittance of the line. The relation 
between these dimensionless quantities and r is 

r - ^L ~ * - * ~ YL (a\ 
1 Zx + 1 1 + YL W 

If the dimensions of the transmission Une and the load are small 
compared to a wavelength, the quantity ZL appearing in Eq. (9) is the 
ratio of two impedances, that of the load and that of the line, which are 
uniquely defined in terms of voltage and current. Equation (9) can 
be derived by applying the boundary conditions on voltage and current 
which the load imposes. In a waveguide transmission line or circuit, 
voltage and current cannot be given a unique and universally useful 
definition. Equation (9) is to be regarded as defining Y and Z in terms 
of T. The introduction of the impedance concept does not increase the 
amount of information made available by a standing-wave measurement, 
but it does facilitate the comparison of the system under investigation 
with equivalent circuits composed of transmission lines and lumped 
impedances, the analysis of which, in turn, is readily carried out by famil
iar methods. 

It is helpful to adopt a method of plotting the results of a series of 
standing-wave measurements which displays all of the information 
obtained. A natural way to do this is to plot the quantity T — |r|e'* in 
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the complex plane, with Y the reflection coefficient at some selected 
reference point on the line. Often it is convenient to choose as this 
reference point the termination of the line. All values of T will fall on or 
within the unit circle, at least for passive terminations, and the diagrams 
take the form of Fig. 8-2a. Through the relations between |T| and r, 

F I G . 8-2.—Representation of properties of the load by points in the complex plane; 
(a) reflection coefficient, (b) standing-wave ratio and minimum position, (c) impedance, 
(rf) admittance. 

and between 8 and xmi„, another set of lines and circles can be drawn 
in the same complex plane from which r and xmin can be read directly. 
This new grid is shown in Fig. 8-2b. The quantity x„u„ is understood 
to be positive when it represents the distance between the reference point 
on the line and a minimum in P, located between the reference point 
and the generator. The location of a point in the T-plane can also be 
described in terms of the impedance Z, or the admittance Y, seen at the 
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reference point in the line, by imposing on the T-plane the curves of Fig. 
8-2c or Fig. 8-2d. 

For example, the points D, E, and F which appear in each of the plots 
may be considered. The point D, in each plot, corresponds to a short 
circuit, T = — 1, at the reference position, hence to a zero in P, at that 
point, with r = » . The same point in Figs. 8-2c and d is to be inter
preted as zero impedance and infinite admittance, respectively. The 
point E represents an open circuit at the reference position, giving 
r = oo, with xm = X/4, Z = °°, Y = 0. For the point F, for which 

T = 0.6e 8 , the minimum in P, occurs -ĵ X from the reference position, 
measured toward the generator, r = 4, Z = 0.35 — jO.61 and 

Y = 0.76 + J l .31. 

The diagrams of Fig. 8-2c and d are the so-called "Smith charts"1 

for impedance and admittance, respectively. They have proved to be 
very useful in microwave work because, being based on a plot in the 
T-plane, they permit line-length transformations to be effected by simply 
rotating the whole diagram. The reader may have noted that one 
additional convention has been introduced without warning, which is 
that the quantity P, refers to the transverse electric field in the line. 
This convention is established when it is stated that P, = 0 at a short 
circuit. I t is consistent with the use of electric antennas, or probes, 
projecting in through the wall of the guide to pick up the signal eventually 
indicated as P . . As will be seen in the following sections, a probe of this 
type is almost universally favored in microwave measurements, and 
therefore the convention adopted is natural and convenient. 

8'2. The Slotted Section and Traveling Probe.—The instrument that 
has been most widely used for the measurement of standing waves con
sists of a section of transmission line or waveguide into which a small 
antenna, or probe, can be introduced through a slot. The probe extracts 
a small fraction of the power flowing in the transmission line, and is 
connected to an external circuit containing a rectifier, sometimes an 
amplifier, and a meter. By moving the probe along the slot, which is 
parallel to the axis of the line, the field in the interior of the line is explored 
and a curve similar to those of Fig. 8-1 is obtained. The simplified 
diagrams in Fig. 8-3 show the arrangement of the probe and the slot in a 
coaxial-line standing-wave instrument and in a waveguide instrument. 

The slot is cut so that it runs parallel to the lines of surface current 
flow associated with the electromagnetic field in an unslotted line or 
guide, and its presence modifies the original field configuration only to a 
minor extent. The current flow in a coaxial line in the principal mode is, 

1 Philiip H Smith, Electronics, January, 1939, and January, 1944. 
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of course, directed exclusively parallel to the axis, and a longitudinal 
slot anywhere on the periphery is allowable. In a rectangular wave
guide carrying the dominant mode {TEia) the slot must be located at the 
center of either of the two broad walls of the guide, as is at once evident 
from a consideration of the electromagnetic field configuration for this 
mode. 

The slot should be long enough to permit observation of at least one 
maximum and one minimum in P, regardless of the position of the 
standing-wave pattern relative to the slot. Reference to Fig. 8-1 shows 
that the minimum probe travel thus required is half a wavelength. In 

FIG. 8-3.—Slotted section with probe (a) coaxial line, (b) waveguide. 

practice, a considerably longer probe travel is advantageous, for the 
observation of several maxima and minima affords a useful check on the 
instrument and allows a more accurate determination of the wavelength 
in the slotted section. I t is usually easy to provide this additional length, 
and most microwave slotted sections permit a probe travel of l£ to 3 
wavelengths. 

The probes shown in Fig. 8 3 are called electric probes because the 
power that is withdrawn to the indicating circuit depends on the intensity 
of the electric field at the probe. A magnetic probe, consisting of a 
small loop antenna could be used instead, and has occasionally been used. 
The construction of a very small loop that responds only to the magnetic 
component of the field within the transmission line is difficult, however, 
if the line leading from the probe out to the detector is a coaxial line. 
There are practical reasons for preferring the coaxial line (rather than a 
shielded pair, for example) for this function, and the magnetic probe is 
thereby ruled out in most cases. 

Little has been said about the indicating circuit itself, the function 
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of which is to detect the power picked up by the probe, perhaps to amplify 
it, and to provide a meter indication proportional to \A + B|2 or to some 
other known function of \A + B\. This part of the instrument will be 
considered in a later section. For the present, the probe will be regarded 
simply as a load on the main transmission line, and it will be assumed 
that the ultimate meter reading is proportional to the power absorbed by 
this load. 

The slotted-section technique is based on two assumptions: first, 
that the slotted line itself can be treated as a uniform lossless trans
mission line; second, that the presence of the probe does not seriously 
modify the electromagnetic field in the line. The validity of these 
assumptions is restricted by several factors which must be carefully 
examined if the best use is to be made of such an instrument, and which 
must be taken into account in the design of slotted sections and probes. 
The disturbing influences to be reckoned with are of two kinds: those 
which cannot be avoided so long as the probe and slot are of finite size 
and a finite amount of power is required to actuate the indicator, and 
those which can be blamed on accidental mechanical irregularities, 
departures from perfect symmetry, and so on. In the following sections 
effects of the first sort will be examined. 

8-3. The Properties of the Slotted Line.—The effect of a longitudinal 
slot in the outer conductor of a coaxial line is to change the charac
teristic impedance of the line slightly, and to introduce a finite, but 
usually negligible, loss. The change in impedance can be understood 
by recalling that the characteristic impedance of a line consisting of two 
parallel cylinders, which need be neither circular in cross section nor 
coaxial, is uniquely determined by the capacitance of the line per unit 
length.1 The creation of the slot reduces slightly the capacitance per unit 
length. The magnitude of the effect is given approximately by the follow
ing formula which was derived for the case of an infinitely thick outer con
ductor as in Fig. 8-4o. 

*g.»,_L. ^ . (10) 
Zo 4TT2 Rl - R{ ( l u ) 

Here AZ0 is the change in characteristic impedance, Ri and R2 are the 
radii of the inner and outer conductors, respectively, and w is the width 
of the slot. For a wall of finite thickness the effect will be only slightly 
larger. The only significant consequence of a change in characteristic 
impedance is that a small reflection of the waves in the line will occur 
where the slot begins and again where it ends. The reflection coefficient 
will be, in absolute value, TAZO/ZO from Eq. (10). For very precise 
work the effect might prove troublesome. It can be avoided, if neces-

1 It is assumed that the magnetic permeability of the intervening medium is fixed. 
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sary, by compensating the change in impedance caused by the slot by an 
increase in the diameter of the inner conductor. 

In a waveguide slotted section, the presence of the slot affects the 
propagation constant of the line, as well as the characteristic impedance. 
The guide wavelength \'g in a slotted guide differs slightly from the guide 

FIG. 8*4.—Cross section of slotted coaxial line and slotted guide. 

wavelength X„ in a guide of the same cross section but without a slot. 
The magnitude of the effect for a rectangular guide of width a, height 6, 
and slot of width w, (see Fig. 8-4) is given approximately by 

^ ( 1 + ^ ) (11) 

(a - Ss) 

Expressed in another way, the slotted guide of width a acts like an ordi
nary guide of width 

2irbJ 

Equation (II) was derived for a guide of infinite wall thickness, but can 
be used without significant error when the thickness is of the order of 
magnitude of the slot width, as is usually the case. The change in X, 
for most slotted sections amounts to less than 1 per cent. I t causes 
no difficulty because the guide wavelength in a slotted section can and 
should be determined by direct measurement, where high accuracy is 
required. The wave-impedance of the guide will be increased by the 
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same factor I 1 + !>iY 

F I G . 8-5.—Electric field in a 

jv_r 3 ■, as a consequence a small reflection may be 

expected at the beginning and at the end of the slot, as in the case of the 
coaxial slotted section. 

The electric field will penetrate the slot to some extent and unless 
the wall is infinitely thick the field will extend into the exterior region 

with consequent loss of power by 
radiation. This effect, however, 
is ordinarily immeasurably small, 
for when the wall thickness is 
comparable with the slot width, 
the slot acts as a waveguide far 
beyond cutoff for the penetrating 
field, which may be thought of as 
a TM-wave in the parallel-plate 
transmission line formed by the 
sides of the slot. The attenuation 
of this wave in a direction nor
mal to the axis of the line or guide 

is so rapid that the coupling to the exterior region is of no practical impor
tance. The actual field configuration must resemble that sketched in 
Fig. 8-4d. 

The slotted waveguide has another property that occasionally makes 
itself evident. A new mode of propagation is made possible by the 
presence of the slot. The field configuration of this mode is sketched 
in Fig. 8-5. I t will be noted that the symmetry of the field is such that 
it cannot be excited by a wave incident in the TMoi-mode unless the 
cross section of the guide departs in some way from perfect symmetry, 
as, for example, if the slot is slightly off center. The possibility of 
departures from symmetry cannot be ignored in practice. Even weak 
excitation of the mode of Fig. 8 5 may have a disturbing effect upon 
the standing-wave measurement through a resonance effect like that 
which can occur in a waveguide section carrying several modes, one of 
which cannot be propagated in the sections immediately preceding and 
following. That is to say, the slot waves, as the oscillations in this mode 
will be called, are totally reflected at each end of the slot, and although 
energy is lost by radiation, to some extent, a pronounced resonance 
reaction upon the primary TiJio-wave is sometimes observed when 
the length of the slot is an integral multiple of half the guide wavelength 
for this mode. Moreover, the slot is divided into two sections by the 
probe and carriage (see Fig. 8-3). As the probe travels, the lengths of 
these sections vary, allowing full opportunity for a slot-wave resonance 
if the slot wave is excited. 
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The cutoff wavelength for the slot wave can be calculated by an 
application of formulas derived for the series waveguide T. If the 
thickness of the waveguide wall is t, and if w denotes the slot width with 
a and b as the waveguide dimensions, the cutoff wavelength Xc for the 
slot wave is given implicitly by the relation 

x /ira\ 26 
cotVxJ=x; 

For typical guide and slot dimensions, Eq. (12) is satisfied by a value of 
Xc which is considerably larger than 2a. That is, the guide wavelength 
of the slot mode is shorter than the guide wavelength of the 77?io-mode 
in the guide. For example, the dimensions a = 0.84X0, b = 0.34X0, 
t = w = O.O8X0 lead to Xc = 6.0X0. The slot-wave resonance, in this 
case of a relatively wide slot, is damped by radiation to the extent that 
the associated Q is about 7.1 

Slot-wave resonances are not excluded from coaxial-line slotted 
sections even though, in the absence of the slot, only the principal mode 
is allowed. The Formula (12) applies approximately in this case, if a 
represents the mean circumference and b the distance between inner and 
outer conductors. 

In all cases, of course, perfect geometrical symmetry of the slotted 
section and the probe will prevent excitation of the slot mode and will 
ensure that the slotted section behaves as a uniform, nearly lossless trans
mission line supporting only one mode of propagation. 

8-4. The Properties of the Probe.—An ideal probe would be one 
whose presence in no way altered the fields within the transmission line 
and which, nevertheless, provided an indication of the intensity of the 
electric field within the line. The ideal is unattainable, and in fact for 
rough measurements only is it permissible to neglect the effect of the 
probe upon the line. Fortunately it is not difficult to analyze the action 
of the probe if two assumptions are made: (1) The probe and any asso
ciated high-frequency circuit components can be included in the complete 
microwave circuit of generator, transmission line, and load without 
introducing nonlinear circuit elements. This means that the line which 
connects the probe antenna to the external detecting circuit presents, as 
seen from the probe, an impedance which is independent of the amplitude 

1 The formulas used in deriving the properties of the slot wave were taken from 
The Waveguide Handbook, Vol. 10 of the Series, Sec. 10-4a. The slot is treated as the 
perpendicular branch of an l?-plane T terminating in a transition to an infinite guide of 
infinite height. The loading referred to is also derived from this model and is given 
approximately by Q = \\/2iriab. 

2 In ( *— ) + , + — • (12) 
/0.372&XA 
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of excitation. (2) The dimensions of the probe in a direction parallel 
to the slot are small compared with a wavelength. 

The first assumption is not, as might at first be supposed, incompatible 
with the use of a crystal detector to rectify the signal picked up by the 
probe. The signal is required to be very weak for other reasons, and 
the detector then appears to the microwave line as a linear load. The 

second assumption is very well fulfilled 
also in most instruments. 

As a direct consequence of assump
tions (1) and (2), the probe can be rep
resented as a simple shunt admittance 
connected across the transmission line 
or waveguide, and the complete equiv
alent circuit takes the form shown in 
Fig. 8-6a. Had assumption (2) not 
been made, it would have been neces
sary to adopt a more complicated 
equivalent circuit for the probe, such 
as the T-network of Fig. 86b. 

In Fig. 8-6c, the probe admittance 
F p is separated into a conductance Gp 
and a susceptance Bp. The power 
extracted by the probe is that dissi
pated in Gp and although this power, 
in the actual probe, may not all reach 
the detector because of ohmic loss in 
the probe circuit, it may still be as
sumed that the final indication P, is 
proportional to e\Gv where ep is the 
voltage across the line at the probe 

position. The representation of the probe as a shunt element is not the 
only possibility, but it is convenient because of the convention already 
adopted that the probe reading refers to the transverse electric field, that 
is, that the probe is actually an electric antenna. 

The influence of the probe upon the observed standing-wave pattern 
can now be analyzed by expressing the power dissipated in the con
ductance Gp as a function of the position of the probe on the line, the 
load admittance YL, and the generator admittance YL. The case 
YL = 1, that of a matched generator, will be considered first. The 
distance between generator and probe will be denoted by xa and the 
distance between probe and load by xL. I t will suffice to consider Y L 
as real, writing it as GL, since any load of complex admittance will give 
rise to the same standing-wave pattern as some real load, except for a 

^ Constant-current generator 

(c) 
F I G . 8-6.—Equivalent circuit for the 

probe; in (a) and (c) the probe is repre
sented aa a simple shunt admittance 
Yp = Gp + jBp. 
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shift of the pattern along the line. Alternatively, it may be said that 
xL is measured between the probe and a point on the line at which the 
admittance of the remainder of the line, terminating in the load, is real 
and of magnitude GL. 

A straightforward application of the transmission-line relations now 
leads to an expression for the power absorbed in Gp, which apart from 
an irrelevant constant factor involving the generator current, the effi
ciency of the detector, and so forth can be identified with P,, the probe 
reading. 
p g P ( l + Gjtan i !fl)2 

' " [1 + GL + Gp + GL{\ +GL+ GPGL) tan2 0]2 

+ [Bp + (1 - G\) tan 8 + BVG\ tan2 8\\ 
(13) 

The angle 6 has been written in place of 2TXL/\. That P, does not 
depend on xa is the result of assuming a matched generator. 

Consider first the case GL = 0. Eq. (13) becomes 

P. « 
GP 

(1 + Gp)2 + (Bp + tan 0)2 

The standing-wave pattern displays zeros for tan 6 
does not involve Bp and Gp. In 
other words, the zeros in the stand
ing-wave pattern appear just where 
they would if the probe were idea ly 
infinitesimal. The maxima, how
ever, are shifted, since they are lo
cated by the condition tan 6 = 
— Bp, rather than tan 8 = 0, and 
the pattern as a whole is distorted 
compared to that which would be 
o b s e r v e d with an infinitesimal 
probe. Figure 8-7 displays a rather 

(14) 

oo, a condition that 
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FIG. 8-7.—Observed standing-wave pat

tern showing distortion by probe suscept-
ance. Circles are experimental points. 

extreme case of such distortion, observed with a probe for which Bp was 
about 0.5. The circles are experimental points. 

The shift in the maximum affords a direct measure of Bv. The 
maxima will be shifted toward the load if Bv is positive. The degree of 
asymmetry can also be specified by comparing values of P, measured at 
two points X/8 to either side of a minimum, where tan 8 — + 1 and — 1, 
respectively. The ratio p of the two readings will be 

_ (i + Gvy + (Bp - \y 
p (1 + GpY + (Bp + l ) 2 ' 
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or approximately, if Gp and Bv are small, 

p = 1 - 2BP. 

If GL is not zero, the probe admittance may be expected to affect 
the measured standing-wave ratio rm, as well as the positions of maxima 
and minima. The shifts in maxima and minima can be computed from 
Eq. (13). The shift of the minimum from the " t r u e " position, that is, 
from the position where a minimum would be found with an infinitesimal 
probe, may be denoted by 5„i„ and the shift of the maximum by {„„. 

1.00 

0.98 r 

0.020 

J 
.0.96 

0.94 

0.92 -

0.90 

F I G . 8-8.—Solid curves show effect of probe conductance Gp on measured standing-wave 
ratio rm as a function of GL, with Bp = 0. Curves (a), (6), (c) are for Gp = 0 . 1 , 0.05, and 
0.01, respectively. Dashed curves show effect of Bp in shifting maximum and minimum. 
Curves (d) and (e) are for B = 0 . 1 ; curves (/) and (g) for B = 0.05. 

If Bp and Gp are both small, by differentiation of Eq. (13) the following 
formulas for the case GL ^ 1 are obtained, 

G\BP 

(1 + GL)2 

BP 
(1 + GL)2' 

(15) 

(16) 

These relations are plotted in Fig. 8-8. For GL ^ 1 the subscripts min 
and max need only be interchanged, or, what amounts to the same thing, 
GL be replaced by \/GL. Thus, the shift of the minimum is in general 
less than the shift of the maximum, and when the standing-wave ratio 
is large (GL <3C 1 or GL ~2> 1), the shift of the minimum is very small indeed. 
Moreover, to the first order, the minimum shift and the maximum shift 
depend only on Bp. I t is in fact readily shown from Eq. (13) that if 
Bp = 0, both shifts are zero, no matter how large Gp. I t is obvious from 
these results that a large value of Bp is undesirable and that in any case the 
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location of the minimum, rather than the maximum, should be used to 
establish the phase of the reflection coefficient of the load in a standing-
wave measurement. 

I t must also be expected that the measured standing-wave ratio rm 
will differ somewhat from the value r which would be observed with an 
infinitesimal probe. This effect is due both to GP and Bp, and if Gp and 
Bp are of the same order of magnitude, the analysis is tedious and the 
result rather complicated. Only the case of Bp = 0 will be discussed. 
I t has been pointed out that it is desirable to reduce Bp and in most cases 
this can be done by a tuning adjustment in the probe circuit. If Bp = 0, 
Eq. (13) yields immediately 

Tm 1 + GL + GPGL ,._,. 
r 1 + GL + GP

 u ' ; 

for GL ^ 1. Since r = 1/GL when GL 7s 1, the result can also be written 

rj, 1 + r + Gv 
T 1 + r + rGp

 U 8 J 

The observed standing-wave ratio is always less than the true standing-
wave ratio if Bp = 0. The solid curve in Fig. 8-8 is a plot of the formula 
just given. 

The quantity Gp is a particularly significant parameter, for it deter
mines the amount of power extracted by the probe. For example, if the 
load is matched (Gi = 1) and if Gp « 1, Gp is identical with the fraction 
of the power flowing toward the load which is diverted by the probe to 
the measuring circuit. I t is therefore appropriate to call Gp the coupling 
coefficient of the probe. Every standing-wave measurement poses the 
problem of a compromise between a very small coupling coefficient, which 
would make severe demands on the sensitivity of the indicating circuit 
or upon the output power of the generator, and a larger coupling coeffi
cient necessarily accompanied by larger discrepancies between the meas
ured and the true standing-wave ratio. Where the compromise is to be 
struck depends, of course, on the circumstances—the degree of accuracy 
sought, the power available, and so forth. The point that must be 
emphasized here is that a compromise cannot be avoided; both the power 
extracted and the error in rm depend directly on Gp. I t is not possible to 
construct a probe that has a coupling coefficient of 0.05 without introduc
ing across the line a conductance Gp = 0.05. 

Two probes that are adjusted to have the same Gp can differ only in the 
value of Bp, no matter how dissimilar their physical appearance; if Bp can 
be tuned to zero for each, the probes will be electrically identical. These 
conclusions, of course, hold only if the probe can be considered a simple 
shunt circuit; this is allowable in nearly all practical cases because the 
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dimensions of the probe, in a direction parallel to the slot, are small com
pared to a wavelength. 

If the generator is not matched (Go 5̂  1), the formula for the power 
dissipated in the probe conductance necessarily becomes very compli
cated, involving Go, B0, Gp, Bp, GL, and both x0 and xL. B0 could of 
course be eliminated by a suitable choice of the point to which x0 is 
measured. Only a special case will be considered, that of a matched load 
GL = 1, and a probe of zero susceptance Bp = 0. As the probe is moved, 
maxima and minima will be observed in P,, despite the fact that GL = 1, 
because a change in xa changes the load on the generator. The apparent 
standing-wave ratio r„ is 

r ° = i + G G : + G % f ° r ° ° < L < i9> 
Thus, for Gp = 0.1, Go = 0.5, an apparent standing-wave ratio of 1.03 
would be observed. The error due to a mismatched generator decreases 
as GT, the probe coupling, is decreased. The example just discussed 
shows how the degree of mismatch might be found, if Gp were known, or 
conversely how Gp might be measured if Go were known; in both cases a 
matched load is utilized. 

An exhaustive analysis of more general cases which cannot be treated 
here, together with abundant experimental data, has been given by Red-
heffer and Dowker.1 

8-5. The Design of Slotted Sections and Probes.—The most impor
tant requirements that must be satisfied in designing a slotted section and 
traveling probe can be stated in this way: (1) A cross section of the guide 
and probe assembly, at the plane containing the probe, should display 
perfect symmetry about the axis of the probe over all regions accessible to 
the electromagnetic field associated with the guide. (2) The cross-section 
view must not be altered in any way as the probe travels along the slot. 
A cross section of a typical instrument is shown in Fig. 8-9, with certain 
details omitted which are of no concern in this discussion. The require
ments stated apply to the region below line A-A including the gap between 
the guide and probe carriage. 

The effect of any specified departure from symmetry and uniformity is 
easily understood in a qualitative way. In general, lack of symmetry 
causes excitation of the slot wave described in Sec. 8-3. A change in the 
depth of penetration of the probe, or of the dimensions of the guide near 
the probe, as the probe moves, results in a variation in the probe admit
tance Yp. I t is not unusual to discover a small systematic effect of this 
sort, a gradual and uniform increase or decrease of Gv with distance along 

1 Y. Dowker and R. M. Redheffer, "An Investigation of RF Probes," RL Report 
483-14, Feb. 6, 1946. 
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the slot, for which faulty alignment of the ways upon which the probe 
carriage moves is often to blame. In a coaxial slotted section such a 
"slope effect" may be observed if the axes of the inner and outer conduc
tor and the path of the probe are not everywhere parallel.1 

Thus good mechanical design is extremely important. The method of 
construction should be one which lends itself to the maintenance of close 
tolerances on all critical dimensions not easily adjustable. 

F I G . 8-9.—Shielded probe in slot. 

The means for guiding and moving the probe require more careful 
attention than might at first be supposed. I t should be possible to move 
the probe easily and rapidly over the whole length of the slot, and imme
diately thereafter to set the probe very precisely at some position. The 
position of the probe, in accurate work, should be indicated directly and 
legibly with an error of not more than a few thousandths of a wavelength. 
The way in which this problem is solved varies widely with the accuracy 
sought, the wavelength range for which the instrument is intended, and 
with the inclination and ingenuity of the designer. Only a few general 
remarks can be made here on the subject. 

1 If the probe penetration is not too small, it has been found empirically that it is 
more important to maintain a uniform distance between the end of the probe and the 
inner conductor than to maintain uniform penetration in the event that inner and 
outer conductor are not parallel. It is difficult, however, to make general statements 
about a problem in which so many parameters are involved. 
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At wavelengths of 10 cm or greater, no elaborate driving mechanism is 
required, as a rule. The probe carriage can be moved by hand, directly, 
and its position read with sufficient accuracy on a vernier scale. Likewise 
the tolerances on dimensions are not beyond normal machining practice 
wiih the possible exception of the dimension that controls the depth of 
penetration of the probe in a coaxial instrument. Instruments designed 
for shorter wavelengths usually embody a reduction in the driving mecha

n i c . 8*10.—Standing-wave detector for 1.25 cm. The detector which connects to the 
square flange is not shown. 

nism, and for wavelengths shorter than 3 or 4 cm, amplification of the 
position reading is almost necessary. A simple screw reduction is not 
suitable for it does not allow rapid traversal of the entire slot. In several 
instances a rack and pinion drive, with separate means for registering the 
probe position, has been satisfactory. In the standing-wave detector for 
use at 1.25-cm wavelength, shown in Fig. 8-10, a setting and reading 
accuracy of 0.001 in. is attained without sacrificing the possibility of rapid 
motion. A friction drive kinematically equivalent to a rack and pinion, 
but free from backlash,1 is used; the position of the carriage is indicated 
by a commercial dial gauge permitting a travel of one inch and reading 
directly in thousandths of an inch. 

1 Backlash in the drive would not affect the accuracy of position measurement, but 
it could be a minor annoyance in setting the probe on a sharp minimum. 
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Instruments of recent design are provided with accurate ways that 
define the path of the probe carriage. In general, the tendency has been 
toward a more massive construction, similar to that of other precision 
instruments. This tendency reflects the increasing interest in, and useful
ness of accurate impedance measurements, as well as the progress to higher 
frequencies. 

The requirement of symmetry can be made less stringent by certain 
modifications in the design of the probe and probe carriage. Indeed 
experience has shown that these modifications are necessary at short 
wavelengths in order to achieve a reliable instrument at reasonable cost. 
Of the features referred to, all of which are visible in Fig. 8-9, the most 
important is the probe shield. The probe shield is the tongue of metal, 
integral with the probe carriage, which projects into the slot; its lower 
surface is level with the inner wall of the waveguide. The probe wire 
runs through a small hole in this shield. The presence of the shield 
greatly reduces the chance of exciting slot waves through lack of sym
metry in the probe. The length of slot filled by the tongue is usually 
made half a wavelength to minimize the effect of reflections at the ends of 
the tongue. 

It will be noted that no part of the probe carriage in Fig. 8-9 touches 
the slot or the top of the guide. A positive clearance is maintained on 
both sides of the shielding tongue and beneath the carriage. It is 
easier to maintain this clearance with a tolerance of a few thousandths of 
an inch than to assure intimate but freely sliding contact everywhere 
between the carriage and shield, and the guide. If such an attempt were 
made, the location of the actual point of bearing, and hence of electrical 
contact, would depend on minute irregularities, and the electrical sym
metry of the system would be jeopardized. 

If the two modifications mentioned are introduced, the narrow gap on 
either side of the probe shield will be excited to a slight extent by the 
primary wave in the guide. The excitation can be thought of as arising 
from the current which tends to flow across the narrow gap between the 
guide and the probe shield. If the probe wire were withdrawn, the cur
rent would be merely that required to charge the lower surface of the 
probe shield. To this must be added, when the probe is inserted, the 
input current to the probe line. The effect of this current ordinarily 
predominates. A rough calculation indicates that the probe current 
exceeds the shield current in a typical 'case if Gp > 0.005. Thus, two 
impedance elements, corresponding to the impedance of the two gaps, 
one on either side of the probe shield, are in effect connected in series 
with the probe; if these impedances vary, the probe power will change. 
To avoid any such effect, the "transmission line" represented by the 
continuation of the gap into the space beneath the probe carriage is 
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Fia . 8-11.—Cross section of standing-wave detector for 3.2-cm wavelength 
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Fro. 8-12.—Attachment for stand
ing-wave detector shown in Fig. 8-11 
to allow r-f power from the probe to be 
sent through a cable. 

terminated in an open circuit approximately i \ from the gap, which 
results in a very low impedance at the gap itself. The open-circuit 
termination is provided by a quarter-wave trap consisting of a longi
tudinal groove in the bottom of the probe carriage. In the instrument 
shown in Fig. 8-11 the groove is filled with dielectric to save space; the 
depth is (X/4)(l/-\/^v). The distance between the mouth of the groove 
and the lower edge of the shield, which is nominally A/4, is not critical, as 
the characteristic impedance of the transmission line is very small.1 

The probe is ordinarily adjustable in its penetration; this is the easiest 
way to vary the probe coupling, or probe conductance G> In general, 
Bp will be found to change as the probe 
penetration is varied, and provision 
must be made for an additional adjust
ment which will allow Bp to be made 
small at any setting of the probe depth. 
The cross section of a 3-cm standing-
wave instrument, Fig. 8-11, shows such 
a tuning device, in this case a coaxial 
stub on the probe line with a movable 
plunger. The probe itself is the pro
jecting end of a thin central rod which 
can be extended or withdrawn by the 
screw adjustment at the top of the coaxial stub. I t should be clear from 
the discussion in Sec. 8-4 that any further adjustments would be 
redundant; the characteristics of the probe are entirely determined by Gp 
and Bp. 

Certain other features of the instrument of Fig. 8-11 are worth noting. 
The carriage moves on dovetail ways and is driven by a rack and pinion 
with an intermediate idler gear whose chief function is to make the sense 
of the motion the natural one. The short auxiliary guide to which the 
probe couples is provided with a mount for a cartridge crystal rectifier; 
an interchangeable fitting allows r-f power to be led off through a suitable 
cable to a remote rectifier or mixer, if desired. The attachment for this 
purpose is shown in Fig. 8-12. Finally, the slotted guide itself is made 
of two blocks joined together; these blocks can be cut from the same milled 
section, which ensures a highly symmetrical guide and slot. A photo
graph of the complete instrument is shown in Fig. 8-13. 

Figure 8-14 shows in cross section the probe assembly belonging to a 
10-cm coaxial slotted section. The probe was designed for the measure-

1 The basic wavelength is the free-space wavelength, where excitation of t h e gap 
by the probe current is concerned, because the mode excited in the gap transmission 
line corresponds nearly t o the dominan t mode in a parallel-plate transmission line 
with open sides. 
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ment of very small reflections in a line of unusually small diameter 
(YS in.); it therefore had to meet exacting requirements. 

The internal dimensions of the guide in a waveguide slotted section are 
usually determined in advance by the existence of standard guide dimen
sions for the frequency range to be covered. In any case the limitations 
are identical with those which apply to waveguide in general, namely, the 
dimensions must be small enough to exclude the possibility of propaga
tion by higher modes at the short-wavelength end of the range, and yet 

F I G . 8-1U.— £tiiu<iiug-vt a\ u deluotor for 3.2-cm wavelength. 

large enough to be comfortably far from cutoff for the longest wavelength. 
In coaxial slotted sections the upper limit of size is set by the occurrence 
of the lowest mode other than the principal coaxial mode. This next 
higher mode must be guarded against more carefully in slotted coaxial line 
than in an ordinary unslotted line, for the presence of the slot represents a 
departure from axial symmetry favorable for the excitation of the mode in 
question. The cutoff wavelength for the mode is approximately equal 
to the mean circumference of the line, ir(Ri + R2), where Ri and R2 are 
the radii of the inner and outer conductor. The true value of \ c differs 
from w(Ri + R2) by less than 3 per cent for 1 f£ R2/R1 ^ 15. 

The support of the inner conductor in a coaxial slotted section poses a 
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problem which is already familiar to the microwave engineer but which is 
particularly acute here since, as has been seen, the accuracy of the stand
ing-wave measurements depends to a large degree on the uniformity of the 
cross section. Three methods of support for the inner conductor should 
be mentioned: (a) support by low-reflection beads, or insulators at either 
end of the section; (b) support by X/4 stubs; (c) support by the device 
under test, or "cantilever" sup-

Probe depth adjustment port. In every case the require
ments of low reflection are most 
severe at the load end of the line; 
as has been shown in Sec. 8-4, the 
effect of a mismatched generator, 
which would be equivalent to a 
reflecting support at the generator 
end, is small. 

Method (c) is a rough-and-
ready method suitable for meas
u r e m e n t of low p r e c i s i o n . 
Quarter-wave stubs provide rigid 
support if the line diameter is not 
too small compared to the stub 
length. Broadband stubs (see 
Vol. 9 Sec. 4-4) are used in most 
cases; the frequency sensitivity of 
an uncompensated X/4 line would 
be objectionable. The 10-cm in
strument in Fig. 8-15 has a stub-
supported center conductor, and 
is provided in addition with an ad
justable two-stub transformer by 
means of which residual reflections 
between slotted section and load 
can be matched out. Less use 
has been made of reflectionless 
insulators, which, beginning with 
a simple half-wave bead, can be 
frequency compensation. 

Finally, attention must be paid to the junction between the slotted 
section and the device under test. The limit of accuracy in the measure
ment of standing-wave ratios near unity is often set by the small reflection 
from an imperfect junction. For extremely precise work in waveguides, a 
tightly clamped butt joint between ground flat surfaces, with some posi
tive means for alignment, is probably the best solution. For most 

F I G . 8-14.-

_ Probe shield 
"Probe 
-Cross section of 10-cm probe. 

elaborated, with varying degrees of 
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measurements the standard guide coupling, whatever it may be, is of 
course preferred, for convenience. 

8-6. Detectors and Amplifiers.—The power that is diverted from the 
slotted line by the probe ultimately causes deflection of a meter or an 
oscilloscope trace. The important characteristics of the apparatus by 
which the conversion from r-f power to meter deflection is accomplished 
are (1) the over-all sensitivity of the detecting system, and (2) the response 
law, that is, the nature of the function that connects probe power with 
meter reading. The problem is not the same as that of r-f power measure-

F I G . 8-15.—Coaxial standing-wave detector for 10-cm wavelength. 

ment although in principle any of the methods for absolute power measure- ', 
ment described in Chap. 3 are applicable. The difference is that relative 
power measurements only are required and these must be made rapidly 
and conveniently. 

High sensitivity is an advantage that can be utilized in several ways. 
Obviously, the output power required of the generator depends inversely 
on the sensitivity of the detecting system. But even if the output power 
of the generator seems adequate, it may be desirable to isolate the gener
ator from the line by attenuating pads in order to avoid frequency changes (. 
caused by a changing load, or to satisfy the condition Go = 1, or both. 
Also, the errors attributable to the presence of the probe in the line rapidly , 
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become smaller as Gp, and hence the power available from the probe, 
are reduced. Finally, the measurement of large standing-wave ratios 
taxes the sensitivity of the system because the amplitude of the field in the 
line near a voltage minimum is very small compared to the amplitude 
observed with the same generator power when the load is matched. 

Whatever the form of the function connecting the probe power with 
the meter indication, the standing-wave patterns obtained with the system 
can be interpreted if the system has been calibrated over the range of 
probe power covered by the measurements. A calibration can be 
obtained, for example, by terminating the slotted section in a short cir
cuit and recording the meter reading as a function of probe position. The 
variation of probe power with distance is especially simple in this case; it 
is described by sin2 (2irzp/XB), if Gp can be neglected, or, in the next higher 
approximation by 

P. » sin* ^ ( l - 2C, sin2 ^ Y (20) 

In each case Bp has been assumed to be zero. I t is then a straight
forward procedure to construct a calibration curve by which subsequent 
measurements can be reduced to some selected basis. 

The question of the response law is thus one of convenience only. 
Nevertheless, the inconvenience of the procedure just outlined is formida
ble, particularly if the calibration has to be repeated for different ranges 
of probe power, and repeated again after any significant alteration in the 
detecting and amplifying system such as replacement of a crystal detector. 
Most workers have therefore preferred detectors, or detector-amplifier 
combinations, for which the response, if not accurately proportional to the 
probe power, is at least a simple function of the probe power over a wide 
range. For example, it may be possible to represent the final meter 
deflection D fairly accurately over some range by a simple power law, 
such as 

D = k\A + BY, (21) 

where A and B represent the amplitudes of the waves in the line, as in 
Sec. 8-1, and y. is a constant. If y. is very nearly 2, the response is said to 
be approximately square law in the range in question. Even if the square 
law is only approximately obeyed, it may be permissible to assume n = 2 
when dealing with standing-wave ratios near unity. I t is easy to see that 
the error made in supposing that /* = 2 when the response, in fact, should 
be represented by y. = 2.3, for example, increases rapidly as the standing-
wave ratio r increases. 

Detector and amplifier systems that have found general use in micro
wave standing-wave measurements can be grouped in three categories, 
more or less in order of increasing sensitivity and complexity. 
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1. Unmodulated source; crystal detector followed by d-c meter or d-c 
amplifier and meter. 

2. Modulated source; crystal detector or bolometer, followed by a 
narrow-band amplifier at the modulation frequency. 

3. Unmodulated source; superheterodyne receiver employing crystal 
mixer, local oscillator, and second detector. 
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F I G . 8-16.—The rectification properties of a silicon crystal at 3300 Mc/sec. 

A crystal rectifier connected to a suitable meter is perhaps the simplest 
indicating device. The sensitivity that can be achieved with standard 
microwave crystals is of the order of 1 jta of rectified current (into a low-
impedance load) for 1 jiw of r-f power absorbed in the crystal. The 
rectified current is in most cases very nearly proportional to the power 
absorbed for powers not greater than a few microwatts, but the response 
law of a new crystal should be checked before accurate measurements are 
undertaken. The r-f impedance of the crystal is substantially inde
pendent of the power level below a few microwatts, and it may be assumed 
that the response law is not affected by tuning the r-f parts of the probe 
circuit. 



SEC. 8-6] DETECTORS AND AMPLIFIERS 499 

Figure 8-16 is a graph of the characteristics of a silicon crystal rectifier 
at 3300 Mc/sec. It will be observed that the response is nearly square-
law below 10 iiw. The sensitivity of this particular sample is however not 
typical of the best obtainable since it is considerably less than 1 amp/watt . 
The crystal types which are preferable as detectors are those selected for 
this property: types 1N27 and 1N32 for 10 cm, types 1N30 and 1N31 for 
3 cm. 

The meter that measures the rectified current should have a sensitivity 
of 10 >ia for full-scale deflection, or better, not more than a few hundred 

F I G . 8*17.—A galvanometer-amplifier; in effect, a microammeter of very low input resist
ance. 

ohms resistance, and a reasonably short period. Galvanometers of the 
taut-suspension type which satisfy these requirements are available com
mercially. A sensitivity of 1 n& full scale, with a period of about 3 sec, 
can be obtained in an instrument rugged enough for general laboratory 
use. 

Much higher current sensitivity could be provided by a conventional 
d-c amplifier, but the crystal is not a constant-current source. Reference 
to Fig. 8-16 shows that the maximum open-circuit voltage obtainable 
under the power limitation imposed is only a few millivolts. Little is to 
be gained therefore by using a direct-coupled d-c amplifier. 

A device that avoids the well-known limitations of the conventional 
amplifier is the galvanometer-amplifier, the circuit of which is shown in 
Fig. 8-17. The input current, in this case the rectified current from the 
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crystal, tends to deflect the mirror of the galvanometer that is connected 
across the input terminals. Deflection of the mirror alters the light 
distribution on the double photo-cell, which displaces the grid potential 
of the amplifier tube. The output current of the tube is connected back 
in such a way as to restore the galvanometer to its zero position. The 
negative feedback is so strong that the current through the galvanometer 
remains negligibly small at all times. Very nearly all of the input cur
rent, therefore, flows through the tapped resistance at the left; the poten
tial difference between the input terminals is practically zero, and the 
input and output currents are related by a constant factor depending 
only on fixed resistances. An additional capacitive feedback path of 
higher gain is provided to eliminate hunting in the servo system. The 
device is, in effect, a microammeter of high sensitivity and zero resistance. 
The response time is that of the output meter; the natural period of the 
galvanometer plays no role whatever. A discussion of the galvanometer-
amplifier, and modifications thereof, can be found in Vol. 18 Sec. 1216. 

Modulation of the r-f source makes it possible to use a-c amplification 
of the signal from the probe. How modulation can be applied to a micro
wave oscillator has already been explained in Chap. 2. For standing-
wave measurements the percentage of amplitude modulation should be 
large, but frequency modulation is to be avoided, for a frequency change 
displaces the standing-wave pattern along the line. Therefore "on-off" 
modulation, with a square modulation envelope, is preferred. The 
modulation frequencies ordinarily used are in the audio-frequency range. 
The difference in frequency between the resulting modulation sidebands 
and the carrier is entirely negligible, in contrast to frequency differences 
of many megacycles per second which may arise from changes in the 
applied potentials of the oscillator during operation. 

Demodulation of the signal picked up by the probe can be effected in 
various ways. A crystal detector can be used, connected directly to a 
tuned audio-frequency amplifier. A bolometer can also be used if the 
response time is not too long compared to the modulation period. A 
suitable type is the fine-wire barretter described at length in Chap. 3. A 
voltage is applied to the barretter from a d-c source; the temperature 
changes caused by the absorption of r-f power in the barretter wire are 
manifested as periodic changes in resistance, and consequently the cur
rent through the wire has a component at the modulation frequency. If 
the temperature change during each cycle is small, the response is accu
rately square-law, which is one of the principal advantages of the barretter 
over the crystal. In addition to this advantage, the barretter is less 
vulnerable to burnout by high pulse power, and is therefore always to be 
preferred to the crystal when the modulation has the form of short, widely 
spaced pulses. 
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A tuned amplifier that has been used successfully in conjunction with 
both crystals and bolometers is shown in Fig. 8-18. The tuning has two 
advantages; it not only eliminates much extraneous interference, but 
reduces the effect of any frequency modulation that may occur during the 
rise and fall of the modulating square wave. If neither the rise nor the 
fall of the modulating voltage that is applied to the source occurs instan
taneously, a brief period of oscillation at a frequency other than that pre
vailing during the main portion of the on period may sometimes be 
observed during the rise, and again during the fall. This spurious signal, 
after demodulation, will have its strongest component at twice the modula
tion frequency, if the on and off periods have equal length, and will be 
suppressed, relative to the fundamental, in the tuned amplifier. The fre
quency selectivity of the amplifier of Fig. 8-17 is provided by a twin-T 
feedback network applied to the second stage. For a discussion of the 
principles governing the design of twin-T feedback amplifiers, the reader 
is referred to Vol. 18, Chap. 11. The circuit of Fig. 8-18 has been carefully 
designed to avoid ground currents that might result from indiscriminate 
grounding of points nominally at ground potential. 

Sensitivity far exceeding that of the methods so far discussed can be 
achieved with a "double detection" system, that is, a microwave super
heterodyne receiver consisting of a crystal mixer, local oscillator, i-f 
amplifier, second detector, and some form of indication. The spectrum 
analyzer described in Chap. 7, which is basically just such a receiver, is 
ideal for the purpose. At least up to the second detector the response of 
the system is accurately proportional to the input signal power. The 
excellent power sensitivity, however, (of the order of 10 -13 watt ultimate 
sensitivity) allows the problem of the response law to be avoided, or, 
more precisely, to be transferred to an r-f attenuator. The power picked 
up by the probe is transmitted through an adjustable attenuator to the 
input terminals of the spectrum analyzer. A reading is taken by adjust
ing the attenuator to bring the final output indication to some chosen 
reference level. A standing-wave ratio is thus determined directly by the 
difference between two Bettings of the attenuator. A wide range, in 
decibels, is available, and consequently high standing-wave ratios can be 
measured reliably. The attenuator is usually of the waveguide-beyond-
cutoff type (see Chap. 11) and requires no calibration. It is the rather 
high minimum attenuation of such absolute attenuators which restricts 
the application of the method to systems of high sensitivity. 

I t is characteristic of the spectrum analyzer that the frequency of the 
local oscillator is continually swept over a range of many megacycles per 
second. In the application under discussion, this feature makes accurate 
tuning of source to receiver, or vice versa, unnecessary, and provides 
incidentally a continual check on the spectral purity of the source. 
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The methods so far described are not the only ones which have been 
or could be used, for, as mentioned at the beginning of this section, the 
only essential requirement is the measurement of relative power at micro
wave frequencies. For example, the thermistor bridge discussed in Chap. 
3 is well suited for standing-wave measurement in some circumstances. 
The task of reviewing each of the power-measurement methods discussed 
in Chap. 3, with a view toward their application in standing-wave 
measurement is, however, left to the reader. 

F I G . 819.—Assembled apparatus for standing-wave measurement at 10-cm wavelength. 
The amplifier is the twin-T amplifier whose circuit diagram appears in Fig. 8-18. 

A typical assembly of equipment for standing-wave measurement in 
coaxial line is shown in Fig. 8-19. The unit at the upper left provides 
square-wave-modulated r-f power from a 10-cm klystron. The power is 
transmitted by cable to a coaxial wavemeter and thence to the slotted 
section. The tuning stubs in the slotted section are used here to match 
the generator to the line. The device under test appears at the right. 
The rectified crystal current is led to the twin-T amplifier at the upper 
right. 

8-7. Matched Loads and Other Accessories.—As in many other 
experiments it is helpful and sometimes necessary to check the standing-
wave instrument, and the technique, against a standard. The calibration 
of a crystal by means of a short-circuit termination has been mentioned 
in the preceding section. A somewhat similar procedure was suggested 
in Sec. 8-4 as a means by which the magnitude of the probe susceptance 
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FIG. 8-20.—A short-circuiting plunger 
with a choke trap consisting of an anti-
resonant box. 

Bp could be found. In each case a short-circuit termination, ideally one 
without loss, is required. If, as in those two cases, the termination need 
not be movable, a short length of guide or coaxial line closed by a soldered 
end-cap is adequate. In other cases a movable short circuit, that is, a 
plunger, is needed. For example, the generator admittance YQ can be 

m e a s u r e d by determining the 
height of the maximum in P, for 
several positions of a terminating 
plunger. 

The design of a plunger that 
is easily movable and yet produces 
a practically total reflection is not 
a simple matter. The problem of 
the design of a plunger is discussed 
at length elsewhere (Vol. 9 Chap. 
8). The most successful wave
guide plungers have been those in 
which actual mechanical contact 

between plunger and guide walls, where r-f currents are to flow, is avoided 
by the use of chokes, or traps. In other words, there are no sliding 
electrical contacts. A plunger of this type is shown in Fig. 8-20. Many 
other designs have been tried and it is not easy to select the best. 

A calibrated plunger provides a short circuit whose position is accu
rately measurable and which can be used to establish a reference position 
with respect to which the equivalent line length between the probe and 
some other unknown load can be determined. The reflection from a 
noncontact plunger may occur as if it were from a conducting plane 
slightly displaced from the actual plunger face. For very accurate work 
the difference must be taken into account. 

A matched load is the standard of reference when standing-wave ratios 
near unity are being measured. At microwavelengths, fortunately, a 
tapered absorber is not inconveniently long. A tapered load that has a 
very small reflection coefficient can be fashioned from almost any lossy 
material, such as wood, hard rubber, or any of the special materials devel
oped for microwave absorbers if the taper is made several wavelengths 
long and the onset of the absorption at the input end of the absorber is 
very gradual. If somewhat more care is taken the over-all length of the 
absorber can be reduced (see Chap. 12). 

The reflection coefficient of the absorbing load is easily measured if the 
absorber can slide along within a uniform guide or line. This is easily 
arranged in the case of the tapered loads mentioned. With a fixed probe, 
and constant generator power, variations in probe power which are 
observed as the load alone is moved can only be caused by a reflection 
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from the load. Thus, small reflections from connections, from the end of 
the slot, or other irregularities cannot mask the small reflection from the 
load itself, and it is possible by repeating this test after judicious altera
tions in the shape of the tapered load to arrive at a very well-matched 
condition with the reflection coefficient of the load less than 0.01. Such 
a load can then be used to check the uniformity of probe coupling along 
the slot, the reflection from connectors, and other disturbances which may 
interfere with the measurement of very small reflection coefficients. 

8-8. Measurement of High Standing-wave Ratios.—The standing-
wave ratio r increases rapidly as the reflection coefficient of the load 
approaches one. If | r | = 0.9, 
r = 19 and r2, the ratio of maxi
mum to minimum probe power, is 
almost 400. To measure r2 di
rectly by any of the methods 
previously described, other than 
the one that makes use of a spec
trum analyzer and an r-f attenu
ator, is almost out of the question. 
The range over which the detector 
would be required to respond ac
cording to an accurately deter
mined law is too great. There is, 
however, another procedure by 
which r2 can be determined from 
measurements in a restricted pow
er range. The procedure, in short, consists in examining the standing-
wave pattern in the immediate neighborhood of a voltage minimum. 

In the neighborhood of a minimum, if GL < 1, tan 8 in Eq. (13) can be 
replaced by l/(ir/2) — 6. If the angle (ir/2) — 0 is denoted by <t>, P, after 
substitution is 
p a GP(Gj + 4>2)2 

' [*2(1+ GL+GP) + GL(1 + GL+ GPGL)]2+[<j>2B^+ ( 1 - G2
L)<fi+ BPG\Y 

(22) 

To consider the simplest case first, suppose that Bp = 0, GL « 1, Gv <3C 1, 
and take only terms of the lowest order in GL, GP, and <j>. Equation (22) 
then becomes simply 

P, ex G\ + <t>2. (23) 

The curve of P„ versus probe displacement (measured by <f>) is a parabola, 
the solid curve in Fig. 8-21. Measurement of P, at three positions suffices 
to determine the parabola. A method that is often used is to measure 
P, at the minimum, that is, Pi in Fig. 8-21, then to determine the width 

F I G . 8-21.—Variation of probe power in the 
neighborhood of a minimum. 
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of the curves A<f> between points of twice the minimum height. In this 
case, Eq. (23) yields directly 

In terms of the directly measured probe displacement Axp between points 
of twice minimum value 

GL = i = I f ^ . (25) 

For example, if the separation so measured is 0.01X„, r = 32 is obtained. 
The inclusion of higher-order terms modifies Eq. (23) only slightly, as 

does the effect of finite probe susceptance, which will be considered first. 
If Bp is no longer neglected, the following is derived from Eq. (22), instead 
of Eq. (23); 

P. « (Gl + *2) ( l - | f f ^ ) - (26) 
For the range of <t> involved in the twice-minimum procedure, \<f>\ ^ GL. 
The correction term 2BPG\<$>/{G\ + <j>2), therefore, does not exceed BPGL. 
Moreover, this correction term is an odd function of <#> and the effect is 
merely to distort the pattern as indicated by the dotted curve in Fig. 8-21, 
without changing (except in a still higher approximation) the separation of 
the twice-minimum points. Thus, the effect of probe susceptance upon 
the measurement of r by this method is, in practice, negligible, even 
though Bp may be as large as unity. 

The correction for terms of higher order in GL and Gv is also small. A 
calculation based on Eq. (22) shows that a determination of GL by the 
twice-minimum procedure using Eq. (24) leads to a result which is too 
large by the factor [1 + G2

L(i + Gp)]. The error in GL, or in r, is, there
fore, less than 1 per cent for GL < 0.14 (r > 7) if Gv <K 1. It may be 
noted at this point that the error made in replacing tan 0 by 1/0 is also 
less than 1 per cent for r > 7 and is in the direction to make the measured 
value of GL too small. 

Since the correction term G\{1 + GP) is not significantly larger if Gv 
is made fairly large, strong 'probe coupling is permissible. This makes the 
demands on the sensitivity of the detector less severe. In fact, a 
condition as extreme as Gp = 1, Bp = 1 is not objectionable. 

By the procedure just outlined, the necessity of measuring the probe 
power at widely different power levels is avoided. On the other hand, the 
method requires accurate measurement of small probe displacements. If 
many measurements of this type are contemplated, it may be worth while 
to construct a special slotted section equipped with a micrometer drive 
operating over a short distance. 
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In the measurement of high standing-wave ratios it is not always per
missible to neglect, as has been done so far in this chapter, the attenuation 
in the guide or line between the probe and the load. The effect is easily 
taken into account. Suppose that a wave traveling from the probe to the 
load is attenuated in amplitude by the factor /, which can be computed 
readily if the properties of the line are known. If r^ is the measured 
reflection coefficient of the load, the true reflection coefficient of the load Y 
is clearly 

r = ~ (27) 

Similarly, the measured standing-wave ratio rm is related to the standing-
wave ratio r, which would be observed if the line were lossless, by 

_ r + l + f ( r - l ) 
r™ ~ r + 1 - f(r - 1) {^> 

A totally reflecting termination (r = =o) at the end of a line causing 
attenuation will give rise to a standing-wave ratio 

1 + f2 
rm = j ^ i - (29) 

Thus the attenuation in a line or guide can be found by measuring 
the standing-wave ratio at the entrance to a section of the line which is 
terminated in a short circuit. The method described in this section is well 
suited to this particular problem. Similar problems arise in the investiga
tion of dielectrics at microwave frequencies (see Chap. 10). 

8-9. The Squeeze Section.—If the generator is matched [Y0 = 1), 
the probe power depends not upon X0, the distance between generator and 
probe, but only upon XL, the distance between probe and load (Sec. 8-1). 
For that reason, it is possible to ignore the change in Xa which accom
panies the change in XL as the probe is moved. Obviously, then, the 
same variation in probe power would be obseived if XL were changed 
without changing XB, that is, if the length of line between the load and a 
fixed probe were varied. A coaxial transmission line of variable length is 
a rather cumbersome affair involving telescoping joints. In waveguide, 
however, the dependence of phase velocity upon the width of the guide 
makes it possible to achieve an equivalent result by very simple means. 
A small change in the width of the guide changes also the electrical 
length. 

A guide of variable width can be made by cutting a long narrow slot in 
each of the broad sides of an ordinary rectangular waveguide. The width 
is varied by squeezing the split guide, and the device is usually called a 
squeeze section. The change in width is not the same at all points of 
course, but is greatest at the midpoint of the section where the squeezing 

H N M M f i 9 > M a M W 
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constraint is applied and decreases toward either end of the slot. This 
effects a very gradually tapered transition, and is just what is needed to 
avoid reflections. In every cross section taken through the squeezed guide 
the slots will be centrally located, if they were so originally; hence the 
loss of power through the slot will be negligibly small as explained in Sec. 
8-3. Thus the squeeze section, simple as it is, fulfills the requirements of 
an ideal line stretcher in all respects but one—the relation between the 
squeezing displacement and the resulting change in electrical length is 
only approximately linear, and cannot be easily computed with great 
accuracy as it depends on the shape assumed by the stressed guide. 

F I G . 8-22.—Squeeze section for 1.25-cm wavelength. The scale marks are inches. 

A squeeze section designed for 1.25-cm wavelength is shown in Fig. 
8-22. The squeezing is accomplished by links through which passes an 
eccentric shaft with a knob. The mechanism ensures that the guide will 
neither be squeezed nor dilated beyond fixed limits, but of course intro
duces further nonlinearity in the connection between the motion intro
duced by the operator and the change in electrical length thereby effected. 
Other examples use a screw drive, which is better adapted to calibration; 
in the simplest of these the elasticity of the guide itself is relied upon to 
expand the guide as the screw pressure is relaxed. 

Standard 1.25-cm guide (0.420 in. inside width) is so wide that a 
relatively large change in width is needed to produce a considerable 
change in \g. For this reason, the section shown in Fig. 8-22, although 
made from standard guide, is actually reduced in width, even in its 
relaxed condition, over most of the slot length. This is accomplished 
in manufacture by cutting preliminary slots, then annealing the guide 
near the ends of the slots and squeezing the slots shut irreversibly by forces 
applied near the ends. The slots are then milled out to a final width of 
Ye in. If it is important to conserve length, as in this case, the internal 
width of the squeeze section, in its relaxed condition, should be 0.70 to 
0.75X0, as a general rule. 

For the purpose of preliminary design the electrical length of a 
squeezed guide can be estimated roughly by assuming that over the length 
of the slot it is equivalent to a uniform guide whose width is the arithmetic 
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average of the actual widths at the center and at the end of the slot, 
respectively. A squeeze section made from standard 1.25-cm guide (not 
" pre-squeezed " as was the one in Fig. 8-22) with 0.0625-in. slots 10 in. in 
length changed in electrical length by 5.24 radians when squeezed shut at 
the center. This figure is the result of a direct measurement at 
Xo = 1.25 cm. The approximate method of calculation recommended 
above predicts a change of 4.65 radians. 

For the use of the squeeze section in standing-wave measurements, the 
section is connected between the load and the probe shown in the diagram 
of Fig. 8-23. The probe is fixed and usually consists merely of a small 
hole coupling to a branch guide that is soldered to the main guide and 
terminated in the detector. The admittance of a probe of this type is 
adjustable only by tuning the 
branch guide; usually no provision ( Det.) 
is made for such tuning. More N f 
elaborate coupling circuits could f \ |_U i / ~ N 
be used instead; the hole has the \ ^ i j — i —\™y 
advantage of simplicity and of a, * xs *̂ * *;—*i 
p r e d i c t a b l e admi t t ance . W i t h FIG- 8-23.—A diagram illustrating the [use of 
the generator matched the ratio of a s q u e e z e sec lon-
maximum to minimum probe power, observed as the electrical length of 
the squeeze section is varied, is the standing-wave ratio r. 

The "phase angle of the reflection coefficient of the load is not so easy to 
find. Perhaps the most direct method is the following: Adjust the squeeze 
section to minimize the probe power. Then replace the load with a 
plunger, and move the plunger to reduce the probe power to zero. The 
plunger is now an integral number of half wavelengths from the probe, 
and the distance between the plunger face and the former position of the 
load is equivalent to Xmiu in the traveling-probe type of measurement. 

I t must be emphasized that the requirement of a matched generator is 
much more stringent here than in the traveling-probe method. There 
the load in the generator changed as the probe moved only because of a 
finite probe admittance Yv. Here the distance between the generator 
and the load YL is changing and the error caused by a mismatched gener
ator vanishes only as YL —* 1 • The method is for that reason best suited 
to the examination of nearly matched loads, as in routine testing of 
components that must satisfy some specification of maximum allowable 
standing-wave ratio. 

The squeeze-section method has been highly refined by N. I. Korman1 

and applied to the measurement of very small reflection coefficients. 
The reader is referred to his report for further analysis of the method and 

1 N. I. Korman, "A Precision Standing-wave Detector for Waveguides," RCA 
Report TR-12-C, Nov. 27, 1942. 
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for important variations in the method, including the use of a squeeze 
section on either side of the probe. 

8-10. Standing-wave Measurements at High Power.—In testing 
pulsed microwave transmitters and also in testing many microwave 
transmission systems during actual operation, or under conditions resem
bling actual operation, it becomes necessary to measure the standing-wave 
ratio in a line in which the pulse power is very high. Certain problems 
which arise deserve mention in this chapter. 

F I G . 8-24.—High-power standing-wave detector. 

In the first place it is clear that the requirements on the detecting 
system are now rather different. Extreme sensitivity is not needed. 
Instead a detector is required which will withstand relatively high pulse 
power but will show adequate response to much lower average power. A 
bolometer or a thermistor bridge may be used, for example, coupled in 
either case very loosely to the line (Gp « 1) and perhaps protected addi
tionally by an attenuating pad in the probe circuit. 

The purpose of the test usually forbids the use of an attenuating pad 
at the generator end of the line. Therefore, the errors which may be 
caused by a mismatched generator must be guarded against. 

The chief difficulty, however, is voltage breakdown, or sparking, at 
the probe or slot. The conventional probe is a fine wire projecting slightly 
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into the guide at a point where the electric field is most intense; there is 
also a concentration of the field at the inner corners of the slot and at the 
ends of the probe shield. The usual slotted section, in other words, is not 
designed to transmit high power, and will break down electrically at a 
power level considerably lower than that which regular transmission-
line components will withstand. 

The only steps which can be taken to raise the breakdown limit, as long 
as the conventional design is adhered to, are the obvious ones of enlarging 
the dimensions and rounding the corners of any necessary projections, 
rounding the edges of the slot, and so on. If these precautions are not 
enough it may be necessary to devise a traveling probe of different type. 

F I G . 8-25.—Cross section of high-power standing-wave detector. 

One such design has been worked out with notable success by A. Nord-
sieck of the Columbia Radiation Laboratory. 

Nordsieck's instrument, shown in Fig. 8-24, is a radical departure from 
previous methods in this respect: the part that travels includes the whole 
top surface of the waveguide. The probe is merely a small hole in this 
surface connecting to a branch guide and thence to a detector. In order 
to bring the inner surface of the guide up to a level accessible to this 
"cover pla te" (see Fig. 8-25) the guide makes two jogs. Each jog is 
designed to be reflectionless, or nearly so, by spacing successive bends 
X0/4 apart. 

The crucial problem raised in this design is that of electrical contact, 
for now the sliding part makes contact with the main body of the guide 
at a point where the current flow is large. This problem was solved by 
providing hard, smooth, extremely flat surfaces on the contact members. 
The surfaces were ground, chromium plated, and lapped, to a tolerance of 
0.0002 in. in flatness. It was found possible to obtain a smoothly sliding 
joint that displayed no sparking at powers up to 100 kw and behaved in 
other respects as a perfect electrical contact. 

8-11. Continuously Indicating Standing-wave Detectors.—It would 
often be helpful to the experimenter if he could see the entire standing-
wave pattern at a glance, without the necessity of successive measure
ments of probe power. If, for instance, he is trying to match the 
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terminating device by means of tuning adjustments, after each adjustment 
a new measurement of r must be made. I t does not suffice merely to set 
the probe at a minimum and then maximize the meter reading by tuning 
adjustments (although an adjustment in that direction is a good first 
step) because the adjustments will in general alter the phase as well as the 
magnitude of the reflection coefficient of the load. There is, therefore, 
some reason to desire what mi^lit be called an automatic, or perhaps better, 
a continuously indicating otanding-wave detector. There are several 
more or less obvious ways to build such a device, which will be briefly 
described. 

A standing-wave detector employing a continuously and rapidly 
movable probe was designed at the Telecommunications Research 
Establishment. The slotted portion of the main guide followed a semi
circular arc, the plane of the circle lying in the plane of the electric field in 
the guide. The slot was in the inner face and continued a short way 
beyond the ends of the semicircular arc. This allowed a probe mounted 
on an arm extending from the center of the arc to move into the slot at one 
end, travel around the semicircular arc, and emerge from the slot at the 
other. The probe arm revolved continuously and the rectified crystal 
current was led to an ordinary oscilloscope upon which the standing-wave 
pattern was displayed. 

A device designed by G. E. Mueller, of the Bell Telephone Labora
tories employed a long squeeze section bent into a hairpin shape and 
vibrated rapidly by a cam arrangement. Again the detector output volt
age could be displayed on an oscilloscope. 

H. E. Kallmann of the Radiation Laboratory has described an auto
matic standing-wave detector1 in which rapid "line stretching" was 
accomplished by a rotating dielectric disk which dipped into the wave
guide through a slot. The waveguide was bent into a circular arc, 
permitting a considerable length of the periphery of the disk to be used. 
This instrument included a special peak-voltmeter circuit, the output 
voltage of which depended on the difference between maximum and 
minimum probe power. A single meter was calibrated to read r directly 
after a preliminary normalizing procedure. 

8-12. Measurements on Lossless Devices.—Many microwave circuit 
elements can be treated as lossless devices that serve to connect together 
two or more uniform waveguides or transmission lines. A junction 
of waveguides, for example a waveguide T, is such a device. A tran
sition between a waveguide and a coaxial line, a tuning post, an inductive 
iris, the series-parallel T described in Chap. 9, are other examples. Each 
of these is equivalent to an electrical network having n pairs of terminals 

1 H. E. Kallmann, "Matchmeter," RL Report 705, Apr. 9, 1945. 
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when n is the number of transmission lines or waveguides connected 
together by the device.1 It has been found possible, and convenient, to 
describe the electrical properties of such a device at a single frequency by 
an equivalent circuit, an n-terminal-pair network made up of lumped 
impedance elements. The representation of a lossless device will of 
course contain reactive elements only. In many cases the form of an 
appropriate equivalent circuit can be deduced from general theoreti
cal considerations but the magnitude of the elements usually cannot be 
found without solving a complicated electromagnetic boundary-value 

' problem. Then arises the problem of determining the value of the 
equivalent-circuit parameters experimentally by suitable measurements. 
It is the purpose of this section to call attention to a method which is 
especially well suited to the purpose. 

A representation of some given device will contain a limited number of 
parameters. A lossless two-terminal-pair device (sometimes called a 
jour-terminal device) requires for its description three parameters, which 
might be the elements of an equivalent T-, or those of an equivalent 
ir-network; other representations are possible, also, but in every case three 
quantities have to be determined by measurement. A way in which this 
might be done is to find the input impedance at one terminal pair by 
means of a standing-wave measurement for each of three arbitrarily 
selected terminating impedances. The information obtained would 
suffice to fix the circuit parameters with an accuracy which would depend 
on the accuracy of the standing-wave measurement, and upon the way in 
which the various values of the terminating impedance were chosen. 

Now the device itself is lossless, and advantage can be taken of this 
circumstance by making the terminating impedance a pure reactance in 
each case. The input impedance is necessarily a pure reactance also, 
the standing-wave ratio is infinite, and the standing-wave measurement 
consists merely in locating the minimum position. When the standing-
wave ratio is high, it is easy to locate the minimum with precision, and the 
true minimum position coincides with the apparent minimum position 

' even for strong probe coupling (Sec. 8-8). The response law of the 
detector, which is the chief source of uncertainty in the measurement of 
finite standing-wave ratios, has no influence on the measurement. Also 
it should be noted that the reactive termination of the circuit under test is 
the easiest sort of known, variable termination to provide. All that is 
needed is a calibrated plunger (Sec. 8-7). 

When the circuit possesses more than two terminal pairs, the procedure 
is to terminate all but two of these in plungers which for the time being are 

i left fixed. The resulting two-terminal-pair device is then examined by 
1 It is assumed here that in each of the lines or guides only one propagating mode 

can exist. A guide carrying two modes must be counted as two terminal pairs. 
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the method already described, and from these measurements three num
bers, in general, are derived. The process is repeated for other settings 
of the plungers that terminate the remaining pipes until enough infor
mation has been acquired to fix the values of all equivalent-circuit 
parameters. 

The deduction of the circuit parameters from the measurements of 
minimum position vs plunger setting deserves more attention than can be 
allotted to it in this chapter, which is concerned only with standing-wave 
measurements. Of the numerous procedures that might be followed, one 
or two are superior in affording not only maximum accuracy and con
venience, but a thorough check on the internal consistency of the data. 



CHAPTER 9 

IMPEDANCE BRIDGES 

BY LOUIS B. YOUNG1 

A multifrequency impedance bridge provides simultaneous indications 
of the power reflected from some test piece at three or more frequencies. 
Such a device is extremely useful in the development of r-f components 
which must be well matched over a wide range of frequencies. For exam
ple, power detectors such as thermistors are not exactly reproducible in 
their r-f characteristics and so are mounted in holders that have two or 
three tuning adjustments. When a slotted section is used in the matching 
procedure, the mount is tuned for an optimum midband match, and then 
is checked at the band extremes. If the match is not acceptable at one 
extreme, it is difficult to make an improvement without adversely affect
ing the match at the opposite extreme. Another measurement is neces
sary to check this effect, and the procedure becomes one of successive 
approximations. On the other hand, when an impedance bridge is used, 
an optimum match across the band is readily achieved since the 
effects of tuning may be visualized simultaneously at three or more 
frequencies. 

An impedance bridge consists of three groups of components: r-f 
sources, the bridge element, and the detector-indicator. Of these, the 
bridge element is the most interesting since it must couple to the detector 
only that power which is reflected from the test piece. Although both 
side-outlet T's and directional couplers can satisfy this requirement, the 
T is preferred because its selective properties result from symmetry and 
hence are not frequency-sensitive, an important consideration for multi-
frequency bridges. In addition to the discrimination requirement, the 
bridge element must be matched looking back from the test piece, and the 
coupling to the detector must be independent of the phase of the wave 
reflected from the test piece. In the case of the side-outlet T, techniques 
that match it over a wide frequency range also tend to introduce asym
metry and hence impair discrimination. Accordingly, the design of prac
tical impedance bridges often effects a compromise between the errors 
resulting from asymmetry and mismatch. 

1 The author is indebted to W. E. Waller for assistance in preparing the material 
that describes bridge elements and basic measuring techniques. 
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BRIDGE ELEMENTS 
9-1. The Side-outlet T.—The waveguide side-outlet T consists of an 

.E-plane T and an //-plane T arranged as shown in Fig. 9-1. By virtue of 
the symmetrical construction, a wave coupled into arm 3 will divide 
between arms 1 and 2, but will not cross-couple into arm 3 if all arms are 
coupled to matched generators or matched loads. This property may be 
shown qualitatively by coupling coherent generators of arbitary phase to 
arms 1 and 2. The waves that they excite in the waveguide are indicated 

by the solid and dashed vectors, 
respectively. The orientation of 
the vectors is unchanged in the 
process of coupling into the //-arm, 
and the resultant wave amplitude 
is \ / 2 times the original amplitude 
of the input waves (since even 
power split at a T-junction cor
responds to a voltage split by a 
factor v ' 2 /2 ) . When the input 
waves are coupled from the side 
arms into the E'-arm, the vectors 
swing around the corners to pro
duce two waves of equal amplitude 
but opposite phase. Hence, there 

Now, by reciprocity, if a wave of rel
ative amplitude equal to y/2 is coupled into the //-arm, equal waves of 
unit amplitude and equal phase will be propagated in the side arms, but 
no wave will be propagated in the E-axm. 

By reversing the phase of the generator coupled to arm 2, a similar 
argument will show that when power is coupled into the 2?-arm, it divides 
between the side arms with no cross-coupling to the //-arm. It should be 
noted that the waves propagated in the side arms are of opposite phase. 

By coupling arbitrary generators to the E- and //-arms, the same 
method of argument can be employed to show that there is no cross-
coupling between the two side arms. This is an important property 
since it means the impedance seen looking into either side arm is a 
function of the E- and //-arms and is independent of the load on the 
opposite side arm. 

In a bridge element, power is coupled into arm 3 or 4 from the r-f 
sources, and out of arm 4 or 3 to the detector. A matched termination 
is placed on arm 2 and it becomes the reference arm. The test piece is 
coupled to arm 1 and it becomes the test arm. Since there is no cross-
coupling between arms 3 and 4, and since no power is reflected from the 

FIG. 9-1.-
(arm 3) 

-Side-outlet T. 

is no resultant wave in the .E-arm. 
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reference termination, the only power coupled to the detector is that 
reflected from the test piece. When the test piece is matched, the bridge 
is balanced and no power reaches the detector. 

However, the simple side-outlet T fails in one respect. Even with 
matched loads on all arms, the impedance seen looking into the test arm 
is not a match. Consequently, when the test piece is not matched, inter
action between the T and test piece makes the power delivered to the 
detector dependent on the phase of the test-piece reflection coefficient. 
This trouble can be alleviated by tuning the E- and H-arms so that a 
match is seen looking into the test arm. Unfortunately, this procedure 
does not necessarily result in matches looking into the E- and .H-arms, 
a highly desirable property when the T is used with variable attenuators 
that are calibrated for use in a matched line. 

Consequently, it is wise to tune the E- and //-arms for matches 
looking into them. It is a property of the T that such a matching proce
dure automatically results in matches seen looking into the side arms. 
If the resultant T is matched looking into all arms, it is referred to as a 
magic T. 

9-2. Analysis of the Operation and Properties of Side-outlet T's.— 
The side-outlet T may be regarded as an eight-terminal network in which 
the four terminal pairs represent the four waveguide arms. The ampli
tude of the wave out of any terminal pair may be related to the amplitudes 
of the waves coupled into all pairs by a simple linear combination of these 
input amplitudes, each being multiplied by an appropriate propor
tionality constant. For example, 

Ed = SiiEn + <Si2-E;2 + Si3Ei3 + SnEa, 

where Eoi is proportional to the amplitude of the wave out of the test 
arm, En is proportional to the amplitude of the wave incident on the 
test arm (reflected from the test piece), Sn is the complex reflection 
coefficient seen looking into the test arm, Ei2 is proportional to the 
amplitude of the wave incident on the reference arm (reflected from an 
imperfect reference termination), Si2 is the complex amplitude transfer 
coefficient between the test and reference arms, and so on for the other 
coefficients. The E'a are proportional to wave amplitudes by a constant 
which is chosen so that \E\2 is equal to the incident or reflected power. 
Similar equations can be written for the other three arms, and the like-
numbered AS'S are reflection coefficients whereas the unlike-numbered 
<S's indicate coupling between two arms. Again it is assumed that all 
arms are coupled to matched generators or loads when the proportionality 
constants are defined. The constants from the output amplitude equa
tions may be arranged to form the so-called scattering matrix. Before 
writing the matrix, however, it is useful to examine the effects of sym-
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metry and reciprocity. From symmetry, 

Si i = S22, 
Sn — — 023, 

and 
Sn — Sn. 

From reciprocity, if all lines have the same characteristic impedance, 

and 

sring 

Sn 
S12 

<Sl3 

1S14 

1S12 

S13 
o n 
S23 

6*24 

$ 3 4 

matrix 

S12 

Sn 
— 0 1 3 

<Sl4 

= 
= 
= 
= 
= 

= 
is 

S21, 
Sn, 
Su, 
S32, 

Sa, 

Sf3-

written 

S13 

"<Sl3 

S33 
0 3 4 

<Sl4 

S14 

O34 

(S44 

0) 

This is a unitary matrix of which two theorems are true: 
Theorem I. The sum of the squares of the absolute magnitudes of 

any row or column is equal to unity. 
Theorem II. For any pair of rows (or columns), the sum of the 

products of each S in one row (or column) with the conjugate of the 
corresponding S in the other row (or column) is equal to zero. 

These two theorems may be applied to the scattering matrix to prove 
six statements that are important for impedance-bridge design. 

Statement I : If a T is matched looking into arms 3 and 4, there is an 
equal power split between arms 3 and 4 for power reflected toward the 
T from a test piece on arm 1. That is, if 

then 
S33 — 0 3 4 — 0 , 

| S l 4 | = |<Sl3| . 

This statement is proved by applying Theorem I to columns 3 and 4 of 
Matrix (1). 

Statement I I : Even if the E- and //-arms do not appear matched 
looking into the T, there is no cross-coupling between the E- and //-arms. 
That is, even if 

S33 ^ 0 
and 

S44 ^ 0, 
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still 
S3i = 0. 

This statement is proved by applying Theorem II to columns 3 and 4 of 
Matrix (1). 

Statement I I I : If the E- and //-arms appear matched looking into 
the T, there is no cross-coupling between the side arms, and the side arms 
appear matched looking into the T. That is, if 

S33 = S44 = 0, 
then 

S12 = 0, 
-S11 = 0, 

and 
SM = 0. 

This statement is proved by applying Statement II to Matrix (1) to give 

<JH O12 <Si3 O14 

OlB O22 — S 1 3 <J14 

0 1 3 — 0 1 3 0 3 3 0 

b\4 O14 0 O44 

Application of Statement I and Theorem I to columns 1 and 4 will prove 
that (S12 = 0 and Su = 0. Application of Theorem I to rows 1 and 2 
will prove that |<Sn| = |<S22[ so that Si2 = 0. 

Statement IV: If a T is matched looking into the side arms, the 
VSWR's looking into the E- and //-arms are equal, but not necessarily 
unity. That is, if 

Su = £22 = 0, 
then 

|-S„| = \S«\. 

This statement is proved by applying Theorem I to columns 3 and 4 
of Matrix (2). 

Statement V: If a T is matched looking into the side arms, there is an 
even power split between arms 3 and 4 for power reflected toward the 
T from a test piece on arm 1. That is, if 

On = £22 = 0, 
then 

l-Sul = |-Si4|. 

This statement is proved by applying Theorem I to columns 1 and 2 
of Matrix (2). 

Statement VI: If the T is matched looking into the side arms, but not 
matched looking into the E- and //-arms, there can be cross-coupling 
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between the side arms. That is, if 

On = O22 = 0, 

but 
S33 * 0 

and 
S„ ^ 0, 

then 
0*12 * 0 . 

This statement is proved by applying Theorem I and Statement V to 
Matrix (2) and |S12 | = \S33\. 

When a T is used as a bridge element, it is convenient to assume 
that a matched generator supplies a wave of unit amplitude incident on 
arm 3, that is, Ea = 1, and that a matched detector is coupled to arm 
4, that is, En = 0. If the reference match has a reflection coefficient 
rm and is coupled to arm 2, then 

Ei2 = TmE02. 

If the test piece has a reflection coefficient r , and is coupled to arm 1, then 

En = TtE0i. 

When these values are substituted in the equations defined by Matrix 
(2), the solution of the equations gives the wave amplitude delivered to 
the detector as 

p _ >Si30i4(rm — <8nrmrt -\- <Si2rmrt — Tt) ,„, 
04 ~ (i - s»r«)(i - 6\ir,) - s?2r„r, ' w 

If the reference match is perfect, rm = 0, and Eq. (3) becomes 

1 £ ° 4 ' - | i - s „ r , | ■ ( 4 ) 

Application of Theorem I to columns 3 and 4 of Matrix (2) gives 

and 

|Sl4,. (L^J 
Substitution in Eq. (4) gives the maximum and minimum values for 
the power delivered to the detector, that is, 

P = \ (i - |s,.l')(i - |s»|2) l ±
l [ j i

2
i r ( | 2 - (5) 
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The terms involving £33 and S44 are not important since they merely 
represent inefficient power transfer if the T is not matched to the genei<-
ator and detector. The power delivered to the detector is seen to be 
proportional to the fractional power reflection, |r,|2, from the test piece. 
If the T is not matched looking into the test arm, however, there will be 
interaction between the T and test piece so that the power to the detector 
is not independent of the phase of the reflection from the test piece. 
This "phase error" is represented by the term involving |jSnr,| and is 
illustrated by Fig. 9-2. 

-0.200 I I I I I I I I I I 
1.00 1.10 1.20 1.30 1.40 1.50 1.60 1.70 1.80 1.90 2.00 

n 
FIG. 9-2.—Effect of T-mismatch on the measurement of r<. 

If the reference match is imperfect (Tm ^ 0), matters are not so 
simple. The effect of the imperfect reference match can be seen by 
considering a magic T for which Sn, <S22, £33, Sa and Su are zero. In 
this case Eq. (3) becomes 

Eol = i ( r „ - F,), 

and the maximum and minimum values of power to the detector are 
given by 

P = i(|r«| ± |r„|)». 
If the reference-match VSWR is less than 1.02, and if the VSWR of 
the test piece does not exceed 2, then |r, | • | r „ | « 1. Accordingly, the 
apparent standing-wave ratio of the test piece lies between rtrm and 
rt/rm. 

If the T is not magic, this is still a good approximation for the apparent 
VSWR since the cross-coupling between the side arms and secondary 
reflections from the reference match are small if rm is less than 1.02. 
I t should be noted that, since the phase error results from the mismatch 
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seen looking into the side arms, in practice this error may be increased 
if the generator and detector are not matched to the line. 

9-3. Analysis of the Directional Coupler as a Bridge Element.—A 
directional coupler may be represented as an eight-terminal network as 
shown in Fig. 9-3. The amplitude transfer coefficient between the two 
lines is defined as 

TT _ EQa _ E„t 
En Ei2 

with all lines coupled to matched generators or loads. The directive 
property of the coupler is denned as 

, _ E„t 
E03 

when the generator is coupled to pair 1. The reflection coefficient of 

Secondary line 
A 

Detector 

Generator 

Pair 4 

Pair 1 

Coupling 
holes 

or 
slots 

Pair 3 

Pair 2 

Reference 
match 

Test 
piece 

y 

Primary line 
F I G . 9-3.—Directional coupler aa a bridge element. 

the slots is Tc; that of the reference match, Tm; and that of the test piece, 
T(. If the generator and detector are matched to the line, 

Eo3 = K(En + dEi2). 
Since 

Ei3 = TmEo3, 

substitution for Eo3 gives 

Ei3 = rmK(Etl + dEit). 
This wave is incident in the direction of the detector, but is reduced by 
coupling to the primary line and reflection by the slots. If small second
ary reflections and couplings are ignored, 

Eol = 8Ei3 + KEi2 + KdEilt 
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where 
W = i - \KV - |rc[2 

for conservation of energy. Also, 

E02 = /S-Ea + TcEa. 
Since 

Eii = TtEoi, 
substitution for Eoi gives 

VfiEn Eii ' l - r.r/ 
Substitution for Ei2 gives 

Eoi = f*rJCEa + ^ . ( i - * ) * , + K T ^ + ^ 

Since the second term is smaller than all others by factors Y,d, Ymd or 
r m r t , the equation for Eoi may be approximated by 

Eoi = KEn ( r„|S + T ~ j i + d 

Accordingly, the maximum and minimum values of the voltage to the 
detector are given by 

\Eoi\ = \K\ ■ \Ea\ (KYTTJt + n ■ lr"l + lrfl)-

Since |/3| is very nearly unity, the phase error and imperfect-reference-
match error enter in the same way as in the case of the T. Although 
r c is much smaller than <Su for an unmatched (not magic) T, a T can 
usually be matched so that the phase error is as small as in the case of a 
coupler. The important factor is the term d, which makes the coupler 
undesirable as a bridge element. 

A good directional coupler has a directivity that is 30 to 35 db over a 
narrow band. Over a wide band, however, the directivity often is as 
low as 15 or 20 db for part of the band. This corresponds to |d| > 0.1, 
and the maximum error in measuring rt can be a factor of 1.22. Even 
if the directivity is 35 db, the error can be as large as a factor of 1.04. 
That the error is frequency-sensitive is an intrinsic property of the 
directional coupler. This error in the case of a coupler results from 
direct-coupling between the generator and the detector. In a T, an 
analagous error enters if the T is asymmetrical and there is cross-coupling 
between the E- and H-arms. Since the effect results only from asym
metry, however, it is not frequency sensitive, and T's can be constructed 
commercially so that the error from asymmetry does not exceed a factor 
of 1.01. This corresponds to a directivity of 52 db for a directional 
coupler. 
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9-4. T-construction.—Four fundamental processes have been used to 
manufacture waveguide T's. They are (1) fabrication from rectangular 
tubing, (2) electroforming, (3) die-casting, and (4) milling channels 
in a block of metal split into two halves. 

Figure 9-4 shows a T fabricated from 1- by | - in. rectangular tubing. 
Since the characteristic impedance of the lines depends on the dimensions, 
6-in. lengths of tubing are broached to tolerances of +0.002 and —0.000 
in. The positive tolerance results from the outward bowing of the tubing 
after broaching. The three pieces are jigged and soldered, and extreme 

FIG. 9*4.—T fabricated from broached tubing. 

care is taken not to warp the tubing during soldering. In order to 
avoid introducing asymmetry no matching irises or posts are used. This 
type of construction is well suited for large waveguide, \\ by 3 in., 
for example, but is not precise enough for i - by i-in. waveguide. 

It was hoped that electroforming would facilitate the manufacture 
of small waveguide T's, but this was not the case. If a removable matrix 
is used, it must be made from three pieces whose assembly is subject 
to asymmetry. If the matrix is made as one piece and is dissolved after 
electroforming, a new matrix is necessary for each T and production costs 
are increased. Also, it is difficult to ' ' throw' ' metal into the sharp corners 
of the T, and the resultant structure is mechanically weak. 

Die-casting is a satisfactory solution for quantity production. The 
finished product is as good as the die, and slots may be cast into which 
matching irises may be driven. Irises are usually placed so close to the 
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T-junction that they introduce some asymmetry, which varies from T 
to T. Measurements indicate, however, that the error in measuring r, 
can be as small as a factor of 1.005. 

In small quantities, satisfactory T's can be made by milling channels 
in a block as shown in Fig. 9-5. It is difficult to insert matching irises, 
and r-f leakage and alignment are additional problems. Nevertheless, 
T's have been made whose r rerror from asymmetry did not exceed a 
factor of 1.01. 

F I G . 9*5.—T made by milling channels in a block. 

9-5. Matching Techniques for T's.—A T that appears matched look
ing into all arms is called a "magic" T. I t is desirable to make a magic T 
in order to avoid three sources of error in measuring the voltage standing-
wave ratio of a test piece. There is cross-coupling between the side arms 
of an unmatched T and interaction between the T and the test piece. 
Also, if a variable, calibrated attenuator is coupled to the E- or .H-arms, 
interaction with the T will change the effective attenuation. Although 
it is desirable to match a T, the problem is not simple. To match a T 
over a wide band requires that the matching elements be placed as close 
as possible to the T-junction. If elements are placed in or near the 
junction, asymmetry is often introduced and this new source of error 
may overshadow those eliminated by matching the T. 

Figure 9-6 indicates the success with which a post and iris may be used 
to match a T made from I5- by 3-in. waveguide. The dimensions and 
positions of the matching elements are shown in Fig. 9-7. The post is 
0.375 in. in diameter and 1.750 in. high. The iris is made from 0.032-in. 
stock. 

Figures 9-8 and 9-9 indicate the post-and-iris scheme as applied to a 
\- by 1-in. waveguide T. The post is 0.125 in. in diameter and 0.650 in. 
high. The iris is made from 0.032-in. stock. 
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T's made of %- by £-in. waveguide have been matched by using two 
irises. Figures 9-10 and 911 indicate the dimensions and success of 
matching. The irises are made from 0.020-in. stock. 
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FIG. 9-6.—Effects of a post and iris for matching a 1^- by 3-in. waveguide T. 

FIG. 9-7.—Positions of post and iris for matching a l j - by 3-in. waveguide T. 

A British scheme for matching T's is shown in Fig. 9-12. Both side 
arms and the ff-arm have the narrow dimension reduced by a factor of 
two through one-quarter-wavelength transformers. A circular block 
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-Effects of a post and iris for matching a l j - by 1-in. waveguide T. 

and post are mounted so that the post projects into the E-sum. All 
arms have VSWR's not exceeding 1.07 from 3.1 to 3.3 cm when the 
terminals are £- by 1-in. waveguide. Although no additional data are 
available, the technique would seem 
to be equally applicable to other 
sizes of waveguide. 

When a post is employed as a 
matching element, it can also be 
used to correct asymmetry. If the 
post is fastened to the waveguide by 
means of a pin which allows it to ro
tate eccentrically, this movement 
may be used to compensate asym
metry and to eliminate cross-coup
ling without appreciably affecting 
the impedance match. 

9-6. Ring Networks and Coaxial 
T's.—Figure 9-13 illustrates both waveguide and coaxial ring networks 
that are analogous to T's and may be used as bridge elements. Their 
selective properties result from the spacings of the arms and hence are 
frequency sensitive. However, it is easy to match the devices over a wide 
range of frequencies. 

F I G . 9*9.—Positions of post and iris for 
matching a ^- by 1-in. waveguide T. 
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For example, the waveguide ring network consists of .E-plane T's, 
with the result that the impedance looking into a junction from a side 
arm is the sum of the impedances seen looking both ways into the ring 
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F I G . 9-11.—Positions of matching irises for F I G . 9-12.—British method for matching 
i- by 2-in. waveguide T. waveguide T's. 

from the junction. If power is coupled into arm 1, no power is coupled 
out of arm 3 since wave interference effectively short-circuits junction 3. 
Consequently, junctions 2 and 4 see an open circuit when looking toward 
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junction 3, and only the side arms determine the impedances of junctions 
2 and 4. Looking into junction 1 from its side arm, there appear, in 
series, the characteristic impedances of arms 2 and 4 transformed through 

Arm 2 - I r - 6 , 

Waveguide ring network 

Arm 3 (waveguide) 

Arm 2 

Coaxial ring network 
FIG. 9-13.—Waveguide and coaxial ring networks. 

the ring to junction 1. If the characteristic impedance of the ring is 
smaller than that of the side arms by a factor \/2, the transformations 
through the ring will result in matches 
looking into the side arms. Thus, 
matching is accomplished simply by 
choosing the proper characteristic 
impedance for the ring. In the case 
of the coaxial ring network, an anal
ogous argument shows that the di
ameter of the inner conductor should 
be smaller for the ring than for the 
side arm. 

Waveguide ring networks have 
been made so that the side arms were 
of i- by 1-in. waveguide1 and the 
impedance ratio was exactly yjl 
Fortunately, over a wide frequency range the VSWR's looking into the 
side arms did not exceed 1.20. 

While the ring network is one solution to the coaxial-T problem, 
Fig. 9-14 illustrates another possibility. Unfortunately, no data are 
available to describe its properties. 

1 This ring network resulted from duplexer developments which are described in 
Vol. 14, Chap. 8. 

Arm 1 

Fia. 9-14.—Coaxial T. 



530 IMPEDANCE BRIDGES [SEC. 9-7 

BASIC MEASURING TECHNIQUES / 

Ordinary bench test equipment, such as that indicated by Fig. 9-15, 
is used for single-frequency operations. The components are essentially 
those used for slotted-section measurements. If a greater power range 
is desired, the r-f source may be a c-w oscillator and the detector may 
be a receiver or spectrum analyzer. The calibrated r-f attenuator is 
important for many basic measurements since the output power from a T 
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F I G . 9*15.—Typical equipment for basic measurements. 

is related to the test-piece standing-wave ratio in a very definite manner. 
If a bolometer or crystal detector of known law is employed, the r-f 
attenuator may be replaced by an i-f or a-f attenuator although the range 
of attenuation measurement may not be large enough to permit the ' 
measurement of very small standing-wave ratios. 

9-7. The Single-frequency Bridge.—At a single frequency it is possi- * 
ble to match a T so that it is truly "magic," that is, matched looking 
into all arms. If unit power is incident on the bridge from a matched 
generator, the power to a matched detector is, from Eq. (5) Sec. 9-2, 

where Tt is the reflection coefficient of the test piece. This expression 
requires a symmetrical T and perfect reference match. Although neither 
requirement can be realized in practice, the cross-coupling that results 
from asymmetry can be cancelled by tuning the reference match so that 



SEC. 97] THE SINGLE-FREQUENCY BRIDGE 531 

it introduces a compensating reflection. If asymmetry does not affect 
power division, the attenuation between the input and output powers is 

n = 20 logio |r, | - 6.0 db. (7) 
However, asymmetry does affect the power splits and so alters the 6-db 
term in Eq. (7). If the T is well matched and only slightly asymmetrical, 
the coupling between the E-a,rm and the test arm will be proportional 
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Fia. 9*16.—ri vs. equivalent line attenuation. 
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to (y + &), and that between the //-arm and the test arm will be propor
tional to Or + «)• If the test arm appears matched looking into the 
T and if the cross-coupling between the side arms is negligible, conserva
tion of energy requires a power division between the E- and //-arms so that 

l = (i + «) + (i + «) 
when unit power is coupled into the test arm. Accordingly, e = — 5, 
and the 6-db term will be in error by an amount proportioned to S2, which 
is negligible for small amounts of asymmetry. 

Since the voltage standing-wave ratio of the test piece is 

r, = 
i + |r.| 
l - ir.l 

a graph of rt vs. equivalent line attenuation may be plotted as in Fig. 
9'16. The measurement of rt simply amounts to measuring attenuation 
through the T and reading the corresponding rt from the graph. 
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The attenuation measurement may be made in several ways depending 
on the range of the voltage standing-wave ratio to be measured. A 
matched bolometer detector followed by a selective amplifier and audio 
attenuator or logarithmic voltmeter will provide a range of about 45 db 
with an accuracy of ±0.2 db. This allows the measurement of standing-
wave ratios exceeding 1.02 and means, for example, that an rt of 1.500 
will appear to be between 1.485 and 1.515. If smaller standing-wave 
ratios are to be measured, an r-f attenuator can be calibrated in two 
steps by the bolometer method. With this higher-range attenuator, a 
more sensitive detector such as a heterodyne receiver or spectrum 
analyzer should be coupled to the bridge. 

The bridge-attenuation measurement necessitates disassembly of 
the components in the process, and this is usually an undesirable opera
tion. The measurement can be broken effectively into two steps by 
using a reference mismatch. An iris is placed ahead of a well-matched 
termination in broached waveguide, and the standing-wave ratio of the 
combination is measured by attenuation through the T or by means of a 
slotted section. If the reference-mismatch VSWR is 1.30, the attenua
tion is 23.7 db; if the VSWR is 1.50, the attenuation is 20.0 db. Conse
quently, the attenuation measurement is not difficult. 

The reference mismatch and the test piece are alternately coupled to 
the bridge, and the relative output powers from the bridge are compared 
by means of an r-f or a-f attenuator. The amplifier or spectrum analyzer 
is used merely as a reference indicator, and the r, is determined from 
Fig. 916. If the reference-mismatch VSWR is 1.20, an rt range from 
1.06 to 1.90 may be covered by measuring relative attenuation of + 10 db. 

For this small range, a crystal may be assumed to be a square-law 
detector without excessive error for production testing of line components. 
An r, of 1.06 may appear to be between 1.05 and 1.07, and an rt of 1.70 
may appear to be between 1.60 and 1.80. A good audio attenuator may 
be installed in the selective amplifier that follows the crystal detector, 
and its dial may be calibrated directly in r,. 

These techniques are accurate only when the T is well matched and 
asymmetric cross-coupling is eliminated. Although this can be accom
plished at a single frequency, over a wide frequency range errors result 
from the T-mismatch, an imperfect reference match, the asymmetric 
cross-coupling, and the frequency sensitivity of the r-f attenuator; 
and these errors can combine to produce a large over-all error. Conse
quently, the wideband bridge is recommended for production testing and 
impedance-matching, and the single-frequency bridge is recommended 
for precision laboratory measurements, especially those involving small 
reflections. 

9-8. T-asymmetry.—Cross-coupling between the E- and //-arms is 
caused by T-asymmetry, and the effect may be measured or eliminated 
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by using a termination that is tunable about the characteristic impedance 
' of the line. For example, this termination is coupled to arm 2 and a well-

matched load (VSWR < 1.01) is coupled to arm 1; power is coupled into 
the //-arm, and the termination is tuned until there is no resultant 
wave out of the 2?-arm. This effect is shown in Fig. 9-17 where the 
wave-amplitude subscripts T, A, and M refer to signals produced 
by the termination, asymmetry, and the imperfect reference match, 
respectively. 

Now if the side arms have equal electrical lengths, interchanging the 
•» tunable termination and reference match will simply reverse the phases 

of eT and eM. In this case, the resultant wave amplitude in the £-arm 

^r 

««/ 

<U 

Resultant-( 

Cancellation Reinforcement 
FIG. 9-17.—Cancellation and reinforcement of asymmetric cross-coupling by reflections 

from the side-arm terminations. 

is twice that from asymmetry as shown in Fig. 9-17. This output wave 
is equivalent to that produced by some test piece that is coupled to a 
perfect bridge. The equivalent r, can be determined from attenuation 
through the T or by using a reference mismatch in conjunction with a 
calibrated attenuator. However, since the output voltage is twice that 
resulting from asymmetry, 6 db must be added to the measured amount 
of attenuation in order to obtain the rt equivalent to the signal caused by 
asymmetry. 

Although asymmetry affects the power division within the T, no 
appreciable error is introduced in the measurement of the equivalent r,. 
The side arms must have equal electrical lengths, however, or appreciable 
error may be introduced. The electrical length of a side arm is dependent 
on not only the physical length, but the average width of the waveguide as 
well. If the T is made of £- by 1-in. waveguide, and if the side arms differ 
in length by 0.005 in., the error in measuring an asymmetric VSWR of 
1.01 will not exceed ±0.0001. If the asymmetric VSWR is 1.02, the 
error will not exceed ± 0.0002. If the T is made of i - by Wn. waveguide, 
and if the side arms differ in length by 0.002 in., the error in measuring an 
asymmetric VSWR of 1.02 will not exceed ±0.0004 and will be less if the 
equivalent r, is smaller. If one side arm of a i - by 1-in. waveguide T 
has an average deviation of 0.001 in. from the correct width, the error in 
measuring an asymmetric VSWR of 1.02 will not exceed ±0.0004 and 
will be less if the equivalent r, is smaller. If one side arm of a i- by 1-in. 
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waveguide T has an average deviation of 0.001 in. from the correct width, 
the error in measuring an asymmetric VSWR of 1.02 would probably be 
too small to detect. If one side arm of a i- by £-in. waveguide T has an 
average deviation of 0.007 in. from the correct width, the error will not 
exceed ±0.0004. Thus, if close mechanical tolerances are observed, 
no appreciable error is caused by the unequal lengths of the side arms. 
The effect of unequal arms may be detected by beginning the asymmetry 
measurement with the tunable termination first on one side arm, and 
then on the other. 

The major error in the measurement of asymmetry is caused by 
incorrect waveguide dimensions at the output-terminal planes of the 
side arms. Since asymmetry is defined as a function of the output wave 
when perfect terminations in correct-size waveguide are coupled to the 
side arms, the definition includes reflections from discontinuities at the 
output terminal of the side arms. Since these reflections do not result 
from asymmetry within the junction, however, their effect must be small 
for the measurement to be indicative of the junction asymmetry. If the T 
is made of ?- by 1-in. waveguide, and if the narrow dimensions of the 
side-arm output terminals differ by 0.0004 in., the error in measuring the 
asymmetric VSWR will be about +0.001. For T- by £-in. waveguide 
T's, the error will be + 0.0023. If the T is made of £- by 1-in. waveguide, 
and if the wide dimensions of the side arms differ by 0.0004 in. at the 
output terminals, the error will be +0.001. If the wide dimensions 
differ by 0.0003 in. for a i- by i-in. waveguide T, the error is again 
+0.001. If the output terminals differ from the correct dimensions by 
equal amounts, no error will be incurred in the measurement of asym
metry, but error may be introduced when the T is used to measure this 
standing-wave ratio of a test piece. In summary, if the tolerances given 
in the preceding paragraphs are observed, an asymmetric VSWR of 1.01 
can be measured to ±0.002 for £- by 1-in. waveguide T's, and to ±0.004 
for i- by £-in. T's. If similar tolerances are observed for l£- by 3-in. 
waveguide T's, the error will not be appreciable. 

9-9. Bridge Balance and the Sliding Match.—Because of the cross-
coupling that results from an asymmetrical T-junction, a bridge will 
appear unbalanced even if all arms are coupled to perfectly matched 
generators or loads. The bridge may be balanced by tuning the reference 
match, which is slightly imperfect anyhow, so that it produces a reflection 
that cancels the cross-coupling. Balancing should result in no output 
signal from the bridge when a perfect match is coupled to the test arm. 
Since a completely reflectionless termination is not realizable in practice, 
a "sliding match" is used instead. 

The sliding match consists of a well-matched termination which may 
be moved lengthwise in a waveguide casing. The termination may be 
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a tapered piece of polyiron which is machined for a sliding fit. If the 
casing is made from broached or precision-drawn waveguide, and if 
the termination is a close fit, only the phase of the reflection varies 
when the termination is moved. A good termination should produce 
a VSWR less than 1.02, and the casing should allow a motion of at least 
one-half the wavelength in the line. As the termination is moved over 
this range, its impedance will describe a circle whose center is the charac
teristic impedance of the line. 

If the bridge is unbalanced when the termination is moved, the 
reflection from the sliding match will add to, or subtract from, the unbal
ance signal, and the output power from the bridge will vary. If the 
bridge is balanced, the output signal will not vary since it results only 
from the sliding-match reflection, which is variable in phase but constant 
in amplitude. 

The sliding match can be used not only to facilitate bridge balance 
but to measure unbalance as well. The maximum and minimum output 
powers are measured as the sliding match is moved, and these values are 
converted to equivalent r( 's by means of Fig. 9-16. If the signal caused 
by bridge unbalance is less than that resulting from the sliding-match 
reflection, the equivalent rt for bridge unbalance is 

"v 'max/ ' minr 

and the sliding-match standing-wave ratio is 

*V ' [ D u ' ' m j n • 

If the bridge unbalance produces the larger output signal, the relations 
are reversed. 

9-10. Magic-T Alignment.—Although the matching techniques 
described in Sec. 9-5 provide reasonably good operation over a wide 
range of frequencies, a single-frequency bridge can be matched almost 
perfectly by means of tuning screws. Since frequency sensitivity is 
unimportant, the screws may be placed sufficiently far from the T-junc
tion so that no asymmetry is introduced. The screws should be placed 
in the E- and .ff-arms, and matching these arms automatically results 
in matches looking into the side arms. The easiest method of align
ment is to couple the E- and .ff-arms alternately to another impedance 
bridge and to adjust them independently for minimum power reflection. 
Although the side arms should be coupled to well-matched terminations 
during this procedure, the unused E- or ff-arm need not be terminated. 
If the radiation from the unused arm interferes with the detector by 
means of coupling through the intervening space, this arm may be short-
circuited with a metal plate without affecting the matching procedure 
for the other arm. 
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It should be remembered that even though the T is matched according 
to this procedure, it will not appear matched looking into the side arms 
unless the E- and i/-arms are coupled to a matched generator and a 
matched detector. For single-frequency bridges, the detectors can be 
matched by means of tuning screws. Although a matched generator 
could be achieved also by reactive tuning elements, these elements might 
impair the operation of those low-voltage oscillators (types 2K25 and 
2K50), for example) that are purposely mismatched to the line for 
stability as well as power considerations. Even when tuners are used to 
obtain the optimum operation of high-voltage tubes, such as the 2K39, 
the oscillator is not necessarily matched to the line. Therefore, a 
matched generator is best achieved by inserting resistive attenuation 
between the oscillators and the T. 

9-11. The Measurement of Large Reflections.—Both the amplitude 
and phase of large reflection coefficients can be measured if the reference 
match is replaced by a short circuit whose position is adjustable relative 
to the T-junction. The test piece is coupled to one side-arm of a magic 
T, and the position of the short circuit on the opposite arm is varied until 
the output wave is minimized. Accordingly, the attenuation through the 
T i s 

20 1og,0( |r . | - |r, |) - 6.0 db, 

where r , and r ( are the reflection coefficients of the short circuit and the 
test piece. If the short circuit provides total reflection (r , = 1), then 
the attenuation is a measure of 1 — |r,|. If the side arms of the T 
have equal or known electrical lengths, the position of the short circuit is 
indicative of the phase of Tt. 

Since this technique involves large reflections, the T, the generator, 
and the detector must all be very well matched. Also, asymmetric 
cross-coupling must be compensated since the output signal will be 
small for large values of T,. Compensation is achieved in several steps. 
First, the bridge is matched and balanced as described in the preceding 
sections; the matching screws are placed in the E- and //-arms, and the 
balancing screws, in the reference arm. Second, the sliding match on 
the test arm is replaced by a load which is tuned until the output signal 
is zero, thus indicating a perfect match. Third, the termination on the 
reference arm is replaced by the sliding match, and the resultant output 
signal is caused only by asymmetry, reference-arm screw reflections, and 
the sliding-match reflection. If the screws are adjusted until the 
amplitude of the output signal is unaffected by moving the sliding 
match, this signal results only from the sliding-match reflection, and 
asymmetry is compensated. The important fact is that the T is still 
compensated when the reference arm is short-circuited. 
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If high accuracy is desired in the measurement of I\, the loss in the 
sliding short circuit must be considered. A good short circuit employs 
chokes, rather than contact fingers, and will produce a standing-wave 
ratio of about 50 db. Consequently, | r , | will be about 0.994. This can 
be measured with a T whose reference arm is short-circuited by a plate 
soldered to the waveguide. 

DESIGN CONSIDERATIONS FOR MULTIFREQUENCY IMPEDANCE BRIDGES 
The first design consideration for multifrequency impedance bridges 

is usually the selection of the process that provides simultaneous indica
tions at several frequencies. The detector-indicator circuits, are therefore 
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Fia. 9>18.—Simple multifrequency bridge that utilizes mechanical switching. 

often predetermined, and the selection of the r-f oscillators, the coupling 
networks, and the other line components usually effects a compromise 
between accuracy and range of measurement. Although complexity, 
cost, and application are important, they are commonly the results of, 
rather than the prerequisites for, the preliminary design considerations. 

9-12. Methods Which Provide Simultaneous Indications at Several 
Frequencies.—The simplest method for providing multifrequency opera
tion is a slight elaboration of the single-frequency bridge. Figure 9-18 
illustrates the method in which three oscillators are coupled to the 
bridge by directional couplers or magic T's. By means of a motor-driven 
mechanical switch, the oscillators are turned on and off in sequence, and 
the amplifier is coupled, in turn, to each of the three output meters. 

This effect may be achieved electronically as shown in Fig. 9-19. 
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Three oscillators are square-wave modulated at audio rates which are 
not multiples of one another, and the amplifier uses three selective output 
channels to discriminate between the different modulation frequencies. 
Because of the good sensitivity afforded by a crystal detector and selec
tive amplifier, low-voltage oscillators will deliver sufficient r-f power, 
and a common power supply can be used for all circuit components. 
If the crystal is operated as a square-law detector, an audio attenuator 
may be used as a calibrating device, and the number of r-f line compo-
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Fia. 9-19.—Multifrequency bridge that employs modulation-frequency discrimination. 

nents may be held to a minimum. Both the microwave and the circuit 
techniques are extremely simple, and consequently, this type of bridge is 
recommended for applications where the investment in test equipment 
and its maintenance must be minimized. 

A better visual presentation is obtained with a cathode-ray tube since 
the indications can be spaced more closely than in the case of meters. 
Figure 9-20 illustrates a pulse-modulated impedance bridge in which the 
oscillators are pulsed sequentially to provide a time separation of the 
corresponding pips that appear on the cathode-ray tube. Unfortunately, 
high-voltage oscillators are necessary to compensate for the inherent low 
sensitivity of the wide-band pulse amplifier, and the circuits associated 
with these oscillators and the cathode-ray tube make the cost and the 
complexity relatively high. On the other hand, these disadvantages are 
somewhat offset by the desirable presentation and the ease of operation; 
and the pulse-modulated bridge is well suited for commercial applications. 
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FIG. 9-20.—Multifrequency bridge that employa pulse modulation. 
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FIQ. 9>21.—Multifrequency bridge that utilizes a panoramic receiver. 
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A similar CRT presentation is obtained with impedance bridges that 
employ panoramic receivers. Figure 9-21 illustrates this method in 
which three frequency-modulated local oscillators are coupled to a 
common mixer. I t is also possible to use f-m sources instead of f-m 
local oscillators, thus minimizing spurious responses. The principle of 
operation is the same in both cases. Corresponding pairs of c-w and f-m 
oscillators are tuned so that the frequency difference between each pair 
is equal to the intermediate frequency at some point in the modulation 
cycle. Since these difference frequencies vary with time, i-f pulses are 
generated, and hence video output pulses result. Although the high _» 
sensitivity of the heterodyne receiver provides a large range of measure
ment, the use of local oscillators and their coupling networks results is a 
considerable increase in cost. Also, the current capacity of the power 
supply must be increased because of the additional oscillators. If a 
wide-band i-f amplifier is used for stability considerations, the current 
drain from the power supply will be still greater. 

From an operational viewpoint, the panoramic impedance bridge is 
also the most complex. Commercial models provide hinged covers for 
the oscillator-voltage controls, and these covers are closed following 
alignment by an engineer. However, sometimes the oscillators drift in 
frequency, and their harmonics cross-modulate in the mixer and block 
the receiver, thus confusing the test-line operator. In general, panoramic 
impedance bridges are best suited for use by persons of engineering caliber 
who willingly tolerate the greater complexity for the increased accuracy 
and the greater sensitivity. 

9-13. Line Components.—Coupling networks should introduce mini
mum insertion loss in order to allow the measurement of very small 
test-piece reflections, but should provide maximum isolation between 
oscillators. Both magic T's and directional couplers can be used. 
Directional couplers usually introduce an attenuation of at least 10 db, 
whereas T's introduce only 3 db. However, T's must be provided with 
matching elements and do not always lend themselves to mechanical 
arrangements in which oscillator tuning shafts must be brought out 
through a front panel. Directional couplers can provide 40 db of isola
tion between oscillators—a value that is also easily realized by T's, 
even those that have considerable asymmetry. 

Although any number of directional couplers may be inserted in a 
common line, each magic T is used to couple two sources to a common 
line. If four oscillators are used, they may be coupled in pairs to two 
T's, and these T's may be coupled to a third T in order to obtain all 
signals in a common line. In this case, the attenuation between each I 
oscillator and the main line is 6 db, only 4 db less than that for direc
tional-coupler networks. If several directional couplers are inserted 
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in a common line, however, their individual reflections may combine so 
that, at some frequencies, the whole assembly, when viewed from the 
bridge, may appear as a very poorly matched generator. In practice, 
it is often possible to space the couplers so that their reflections tend 
to cancel rather than to reinforce. In general, matched T's provide less 
insertion loss than directional couplers, but a less desirable mechanical 
arrangement; directional couplers provide a desirable mechanical arrange
ment, but introduce more loss than matched T's and require judicious 
spacing. 

Included among the line components are several attenuators, both 
fixed and variable. Since a crystal detector may produce a VSWR as 
large as 4.0 over part of a wide frequency range, it is usually padded by 
about 10 db of resistive attenuation in order that the VSWR, as seen 
from the bridge, shall not exceed 1.1. If the output powers from the 
oscillators are not controlled electronically, a variable attenuator can 
be inserted between each oscillator and the coupling network. At 
minimum attenuation, these attenuators should have negligible insertion 
loss in order to allow the measurement of small test-piece reflections. 
Under these conditions there is little attenuation between the oscillators 
and the T, and the line appears badly mismatched looking back from the 
T. Although the phase error tends to increase because of this mismatch, 
it also tends to be reduced because under these conditions a small reflec
tion is being measured. When a larger reflection is being measured the 
phase error tends to increase, but sometimes the power-level attenuators 
can be adjusted to provide more isolation between the oscillators and 
the T. This increased isolation reduces the mismatch as seen looking 
back from the T, and consequently tends to reduce the phase error. 

For example, consider a T that is matched so that the VSWR looking 
into all arms does not exceed 1.10 when all arms are coupled to matched 
generators or matched loads. The detector is isolated from the T by 10 
db of attenuation so that the VSWR, as seen from the T, does not exceed 
1.10. If the power-level attenuators are adjusted for the measurement 
of small reflections, the attenuation between each oscillator and the T 
may not exceed 10 db. If the coupling network alone produces a VSWR 
of 1.10, the VSWR, looking back from the T, can be as large as 2.20 
but probably will not exceed 1.80. With E- and .ff-arms coupled to 
impedances that produce VSWR's of 1.10 and 1.80, the VSWR that is 
seen looking into the test arm can be increased from 1.10 to 1.65. Conse
quently, if an rt of 1.02 is measured, the phase error will cause the test-
piece reflection coefficient to be measured in error by a factor of 1.003, 
and the error in the measurement of rt is unimportant. 

Now suppose that when the bridge is used to measure an rt of 1.6, 
the power-level attenuators can be adjusted to provide at least 20 db 
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of attenuation between each oscillator and the T. The VSWR seen 
looking back from the T will probably not exceed 1.15, and the VSWR 
looking into the test arm of the T will not exceed 1.30. Consequently, 
the phase error will cause the apparent rt to fall between 1.57 and 1.62. 
Unfortunately, other design factors, such as the method of calibration 
and the over-all sensitivity, often restrict the isolating attenuation to 
values much less than 20 db. 

If an r-f attenuator is incorporated in the bridge as a calibration 
device, it should be placed between the T and the detector. In this 
position it will be coupled to more nearly matched lines than if it were 
placed on the generator side of the T. Accordingly, its calibration 
will be much more reliable. However, if rt is 1.60, the VSWR looking 
back into the T can be as large as 1.50. In bridge designs that can 
tolerate more line attenuation, a 5-db fixed attenuator is placed between 
the T and the variable attenuator so that the VSWR of 1.50 is reduced to 
1.14. 

All line components must furnish good protection against r-f leakage. 
Even if the coherent leakage is 10 db below the signal level at the detector, 
the signal can be changed about ± 3db by the leakage. If this condition 
exists when r, is 1.02, the measured value will be between 1.01 and 1.03. 
Since the total line attenuation is not less than 65 db between the oscil
lators and the detector for an rt of 1.02, the leakage protection for this 
example is at least 75 db. If the calibration device is an audio attenuator 
or logarithmic voltmeter, the signal level at the detector increases 25 db 
when rt is 1.60. Although the effect of the leakage is less prominent, the 
measurement of large test-piece reflections is more sensitive to attenuation 
error. Hence, the apparent rt will be between 1.59 and 1.61, and 75 
db of leakage protection may be adequate for some applications. 

If an r-f attenuator, is used as a calibration device, however, the 
detector is used merely to indicate a reference level, and hence operates 
at the same signal level regardless of the test-piece reflection. Conse
quently, the effect of leakage is always the same, and the leakage protec
tion must be increased to about 100 db if an rt of 1.60 is to fall between 
1.59 and 1.61. 

Optimum leakage protection is achieved by carefully shielding the 
oscillators and by providing good electrical contacts at all junctions. 
All electrical leads to the oscillators should enter the shield cans through 
coaxial fittings that have polyiron bushings between the conductors. I t 
is usually advisable to wrap the polyiron bushings with two or three 
layers of varnished cambric in order to obtain greater protection against 
voltage breakdown. All oscillator tuning shafts and attenuator drive 
pins should pass through bearings that have polyiron bushings. Wave
guide choke joints may be sealed by inserting a metal-textile (woven 
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metal strands) gasket in the choke groove. Larger gaskets can be used 
to seal the oscillator shield cans. Flat gaskets of metal shim-stock 
should be avoided since they are easily burred, scarred, and spoiled. 

IMPEDANCE BRIDGES UTILIZING 
MODULATION-FREQUENCY DISCRIMINATION 

The principle of operation for bridges that utilize modulation-
frequency discrimination is described in Sec. 9-12 with reference to 
Fig. 9-19. The circuit components of this bridge can be essentially 
those used in bench test equipment for the measurement of standing 
waves by means of slotted sections. Many of the design features apply 
equally well to bridges that employ a mechanical switch to operate, in 
sequence, the oscillators and their corresponding output meters. In this 
bridge, however, a single amplifier channel is used since all oscillators 
can use the same modulation. 

9-14. Microwave Sources.—Reflex oscillators that deliver about 25 
mw of microwave power are commonly used because they are economical 
from the standpoint of power-supply and modulator requirements, and 
from the standpoint of replacement. In order to use a common power 
supply for all circuit components, it is desirable to operate the oscillator 
cathodes at ground potential and their cavities at +300 volts. The 
2K25 and 2K50 tubes can be used for the 9000- and 24,500-Mc/sec regions, 
respectively, since the cavity (tube shell) is easily insulated from the line 
components. The selection of a tube for the 3000-Mc/sec region is more 
difficult since the 2K28 (707B) tube requires an external cavity that is 
usually large and difficult to insulate, especially when equipped with a 
micrometer-driven tuning mechanism. Although the 726 tube has its 
cavity as an integral part, the coaxial output fitting requires that insula
ting devices be provided for the coaxial line. The alternate solution is 
the common one: A negative-voltage power supply is used, and the oscil
lator cavity is operated at ground potential. 

Reflex tubes are usually modulated by applying a square-wave signal 
to the oscillator reflector. In order to avoid frequency modulation, the 
square wave should have sufficient amplitude so that the oscillator drops 
out of oscillation for alternate half cycles. However, the amplitude 
also must be limited so that the tube will not be driven into the next 
lower mode of oscillation. When adjusting the amplitude of the modulat
ing signal, the output signal from the detector of the bridge should be 
coupled to an oscilloscope in order to detect overmodulation. A diode 
may be connected between the reflector and the cathode of the tube in 
such a way that the reflector cannot be driven positive with respect to 
the cathode. Simple, but adequate, modulators consist of unsyn-
chronized multivibrators which are designed so that their recurrence 
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frequencies are slightly adjustable in order to achieve correspondence 
with the selective-amplifier channels. The adjustment, however, should 
be limited so that the recurrence frequencies cannot be multiples of one 
another. 

9-15. Line Components.—Since individual gain controls can be 
inserted in each channel of the selective amplifier, the r-f attenuators 
that are commonly used to adjust the power level may be eliminated. 
However, if the calibration technique is dependent on the law of the 
detector, error may be incurred when the different signals at the detector 
are not comparable in amplitude. If the power-level attenuators are 
omitted, and if magic T's are used for coupling networks, the bridge 
T may be isolated from the oscillators by only 3 or 6 db. In this case 
it is advisable to provide 5 to 10 db of matched attenuation in the main 
input line to the bridge. Correspondingly, 10 db of attenuation should 
be placed between the T and the detector in order that the VSWR should 
not exceed 1.10 looking from the T toward the detector. 

Either a crystal or a bolometer may be used as a detector. Although 
bolometers are less sensitive than crystals and may be more difficult 
to procure, they have the advantage of a truly square-law behavior 
over a wide range of power. This fact is useful for calibration methods 
which utilize the law of the detector, but in many cases, the slight error 
that results from the uncertain law of the crystal detector will be tolerated 
to realize the greater sensitivity. If a calibrated r-f attenuator is used, 
the law of the detector need not be known, and the crystal is preferred. 

Although waveguide line components are used with waveguide T's, 
coaxial line components will save considerable space for bridges that 
operate in the region of 3000 Mc/sec. Directional couplers have been 
designed with terminals that mate with standard 50-ohm cable plugs. 
If the components are connected with short cables, a good mechanical 
arrangement usually can be attained. Fixed attenuation may be in 
the form of lossy cables or coaxial metalized-glass pads. Coaxial 
crystal holders and double-stub tuners are also standard components 
for 50-ohm line. 

Reaction frequency meters or wavemeters are preferable to trans
mission types and should be coupled to the line just ahead of the detector. 
In this way, any mismatch that is introduced is isolated from the T by 
the 10-db pad. 

Leakage protection is not difficult since the sensitivity of the crystal 
detector and conventional amplifier produces full-scale meter deflection 
for an input power of.about —80 dbw. This level is about 35 db above 
the sensitivity of a heterodyne receiver, and is comparable to that used 
for slotted-section measurements. As in the case of slotted-section 
measurements, no appreciable leakage error results when only a simple 
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shield can (no gaskets or polyiron bushings) is placed over the oscillator. 
i The input power leads to the oscillator run through a shield which is 

soldered to the tube mount, so that r-f leakage power must pass through 
the cable where much of it is dissipated in the insulating material. 
If moving a sheet of metal in close proximity to the various line compo
nents does not produce any noticeable output-meter fluctuation, the 
leakage protection usually meets the requirement of 100 db as specified 
in Sec. 9-13. 

Although ordinary mixer crystals (types 1N21, 1N23, and 1N26) are 
, often used as detectors, better results are obtained when special video 

crystals can be employed. Types 1N27 and 1N32 are used for the 
3000-Mc/sec region; the type 1N31, for the 9000-Mc/sec region. Unfor
tunately, no video crystals have been produced for the 24,500-Mc/sec 
region. 

9-16. Selective Amplifier.—The ordinary selective amplifier that is 
used for slotted-section measurements consists of a well-shielded input 
transformer, a pentode amplifier, a second pentode amplifier that 
includes a twin-T feedback network, a beam-tetrode power amplifier, 
a full-wave diode rectifier, and a d-c meter. This conventional design 
is commonly used with a 1N21, 1N23, or 1N26 crystal detector, and 
provides full-scale meter deflection when the average power incident 
on the detector is about — 80 dbw. Although this standard and proved 

* design can be modified for impedance bridges, a much-improved design is 
feasible. In the audio range of frequencies, sensitivity is usually limited 
by microphonics, flicker effect, and harmonics of the power-line frequency 
rather than thermal noise. These effects are considerably reduced if 
the recurrence frequencies are increased, from the usual 500 to 1000 cps, 
to 15 to 20 kc/sec, and the multivibrator requirements are not increased 
appreciably. If the input transformer is replaced by a shielded pre
amplifier, less pickup and several other advantages result. 

If the crystal detector is direct-coupled to the grid of the first ampli
fier, the open-circuit output voltage from the crystal is realized. Since 
conventional input transformers present a load impedance of about 
400 ohms to the crystal whose video impedance is between about 2000 
and 20,000 ohms, the input voltage will be increased by at least a factor 6. 
If a video crystal (1N27, 1N31, or 1N32) is used, the sensitivity will be 
increased by between 4 and 8 db. The first stage should use a tube, 
possibly a 6F5 triode, that has low microphonics, little hum modulation, 
and a low equivalent-noise resistance. The preamplifier should provide 
one or two stages of amplification, and a cathode-follower output stage 

t is recommended. The effects of the power-line frequency and its 
harmonics are minimized if a 60-cps filter is inserted in the supply-
voltage input lead, and if the heaters are operated from a selenium 
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rectifier. Small bridge rectifiers will deliver 12 volts and will operate 
both preamplifier stages if the heaters are connected in series. The 
effects of ground currents can be minimized by isolating the input 
stage from ground by means of a small resistance. Naturally the tubes 
should be shielded and shock-mounted, and the entire unit should be 
mounted close to the crystal detector. 

The audio attenuator should precede the selective channels, and 
should be matched or calibrated for a particular load impedance. If a 
high-impedance network is used, the low output impedance of the 
preceding cathode follower need not be considered in the attenuator 
design. Each selective channel may consist of a buffer amplifier, a 

Amplifier < 
output 
signal 

Reference signal 
FIG. 9*22.—Coherent-signal detector. 

selective amplifier, and a coherent-signal detector. If the twin-T net
works are aligned carefully with the aid of standard audio test equipment, 
Q's of 50 may be realized. 

The greatest improvement over the conventional amplifier may be 
achieved through the use of a coherent-signal detector. In fact, the use 
of a coherent-signal detector even with conventional circuits is strongly 
recommended since it will reduce the pass band to about 1 cps. The 
twin-T selective stages should not be omitted since they remove a great 
deal of noise and interference prior to the detector. The principle of 
operation of the coherent-signal detector is illustrated by the simple 
diode circuit of Fig. 9-22 which is the equivalent of a hybrid coil or a 
low-frequency magic T. The output signal from the amplifier is coupled 
into Ti, and the resultant voltages between A and C and between B and 
C are equal and cancel unless a reference signal is coupled into TV 
If the reference signal is coherent with some component of the amplifier 
output signal, and if the two signals have the proper relative phase, the 
reference signal will reinforce the coherent component of the amplifier 
signal for one diode, but will reduce the component presented to the other 
diode. Consequently, coherent signals produce a net voltage between 
A and B, and if the signals have the proper relative amplitudes, the 
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meter deflection will be proportional to the coherent component of the 
1 amplifier output signal. 

In practice, the reference signal is obtained by filtering the output 
signal from a multivibrator. The resultant signal is passed through a 
variable phase-shift network which is adjusted for maximum meter 
deflection. The simple circuit of Fig. 9-22 may have many variations. 
The transformers may be replaced by vacuum-tube circuits, and the 
diodes may be replaced by triodes, pentodes, or pentagrid tubes. The 
use of two tubes is recommended since the zero set of the meter will, in 

i that case, be less subject to power-line variations. 

Linear meter Non-linear meter whose 
sensitivity decreases with 

-j increasing deflection 
F I G . 9*23.—Meter scales for use with a square-law detector. 

If the selective amplifier is constructed in accord with the previous 
design considerations, it should be possible to realize a stable full-scale 
meter deflection for r-f power levels as low as —90 to —100 dbw. 

Since the detector is very nearly a square-law device, and since this 
amplifier is very linear, the output meters can be calibrated in terms of r,. 
A cramped scale results, as shown in Fig. 9-23, but it may be expanded 
by altering the shape of the pole pieces. 

9-17. Range of Measurement.—Since each r-f oscillator delivers 
square-wave-modulated power at an average power level of —20 dbw, 
and since the crystal detector and conventional amplifier provide full-
scale meter deflection when the received power level is —80 dbw, a 
line attenuation of 60 db can be tolerated. If the attenuation between 
each oscillator and the T is 15 db, and if the attenuation between the T 
and the detector is 10 db, an attenuation through the T of 37 db cor
responds to full-scale deflection. However, since y-scale deflection can 
be used as a reference level, the attenuation through the T can be 44 db. 

i If calibration is made relative to a reference mismatch whose VSWR 
is 1.20, the corresponding attenuation through the T is 27 db. If the 
reference deflection is \ scale, the calibrating attenuator can have an 
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insertion loss that is equivalent to a line attenuation of 17 db. Since 
this effective attenuation is reduced in order to regain reference deflec
tion when the test-piece reflections are small, rt's down to 1.025 can be 
measured. If the calibrating attenuator can increase the effective line 
attenuation 11 db (relative to that when the VSWR is 1.20), then a 
maximum rt of 2.00 can be measured. 

Although the calibrating attenuator is useful for accurate measure
ments, the meter is used to judge the success of test-piece matching 
procedures. If the meter is modified so that its sensitivity decreases 
with increasing deflection, and if the reference deflection is still $ scale, 
then the scale can be nearly linear in rt from 1.0 to 2.0. 

Since a bridge T cannot be balanced perfectly over a wide range of 
frequencies, the sensitivity of the system is not always the limiting factor 
in the measurement of small reflections. In many cases the bridge 
unbalance is equivalent to an rt of 1.02, and consequently it is hardly 
worth while to extend the calibration below an rt of 1.05. If the lower 
limit is set at 1.05, the calibrating attenuator need introduce only 11 db 
of loss at the reference VSWR of 1.20, and an additional safety margin 
of 6 db is realized. However, in order to maintain the signal level in 
the range of square-law detection, it may be advisable to insert a variable 
level-set attenuator between each oscillator and the coupling network. 
If the amplifier provides a stable full-scale indication at — 90 dbw instead 
of — 80 dbw, the isolating attenuations between the T and the oscillators 
and detector can be increased, for example, 6 and 4 db, respectively, and 
the phase error will be reduced. 

IMPEDANCE BRIDGES THAT EMPLOY PULSE MODULATION 

The principle of operation for pulse-modulated impedance bridges 
is discussed in Sec. 9-12 with reference to Fig. 9-20. Several r-f oscillators 
are pulsed in sequence, and their output signals are coupled through the 
bridge T to a crystal detector. The detector is followed by a pulse 
amplifier which provides vertical deflection for a cathode-ray tube. 
The amplitudes of the resultant pips that appear on the cathode-ray 
tube indicate the amount of power reflected from the test piece at several 
corresponding frequencies. 

9-18. Microwave Sources.—Because a pulse amplifier has a wider 
pass band and hence less sensitivity than a selective audio amplifier, 
the pulse method and the modulation-frequency method will provide 
comparable over-all sensitivities only if the pulsed oscillators deliver 
relatively higher powers. When a reflex oscillator is employed, the 
available pulse power is usually no greater than the available c-w power 
since the modes of oscillation, as well as the dissipation, determine the 
maximum voltages that may be applied to the tube. Whereas low-
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voltage local-oscillator tubes can be used for the modulation-frequency 
.1 method, the pulse method employs tubes that require voltages in the 

range of 1000 to 2000 volts. Since these tubes have beam currents 
between 50 and 100 ma, a large power supply is necessary unless the 
tubes are turned off, as well as driven out of oscillation, between pulses. 
Consequently, anode or grid modulation is preferred to reflector modula
tion, and the recurrence frequency should be as low as possible. 

j In order that a single power-supply design can serve equally well for 
different sets of r-f components, it is wise to choose tubes that have similar 

, d-c characteristics. Over the frequency range from 3300 to 10,300 
Mc/sec, the 2K12, 2K43, 2K44, and 2K39 tubes are a good choice since 

. they will deliver about 250 mw. They operate with about 1250 volts 
applied to the anode, draw a beam current of about 45 ma, and have a 
focus electrode whose bias may be varied to control beam current. Since 
this bias may be slightly negative, pulsing may be accomplished with a 
high-impedance modulator; that is, no driving power is required. 

The 2K33 tube, which operates in the 24,500-Mc/sec region, may be 
pulsed in a similar manner, but requires 1800 volts. Tha beam current 
is only about 8 ma, and the output power does not often exceed 25 mw. 
Although the output power is no greater than that which can be obtained 
from a low-voltage tube, a high-voltage power supply that employs an 
oscillator can be equipped with plug-in coils in order to allow the use of 

1 this tube.1 

The 2K41 tube, the present design for an output power of 250 mw 
from 2650 to 3320 Mc/sec, has a mesh grid instead of a focusing ring. 
This grid is operated at a positive bias of between 0 and 50 volts. Since 
considerable grid current is drawn, a modulator must be capable of 
supplying an 80-volt pulse at about 17 ma. Since the average power 
consumption is very low, these drivers can be operated from the common 
low-voltage power supply in the bridge without increasing its capacity. 

\ The drivers can be coupled to the multivibrators which serve as modu
lators for the oscillators of other types, and can be mounted beside the 
2K41 tubes so that they are part of the r-f package for the 3000-Mc/sec 
region. 

If a conventional regulated supply is used, it is probably more 
economical to design it for 1250 volts, and use 2K50 tubes instead of 
2K33's. Accordingly, the low-voltage supply is designed to withstand 
the current drain of the 2K50's, and modulation is applied to the reflector 
electrodes. 

9-19. Line Components.—With a few exceptions, the line components 
for pulse-modulated bridges are the same as those discussed in Sec. 9-15 
for the modulation-frequency method. The high-voltage reflex oscil-

1 A power supply of this type is described in Chap. 2. 
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lators are not designed to operate with a matched load, and hence double-
stub tuners should be inserted between each oscillator and the line. 
Also, these tubes have coaxial output fittings so that waveguide-to-
coaxial-line adapters are necessary in many cases. 

Since the oscillators are coupled to the other line components by 
means of cables, they may be mounted on the front panel and enclosed 
by a common shield. Good shielding is necessary because these tubes 
do not have all-metal shells and there is considerable r-f leakage from the i 
glass portions. 

Many of the high-voltage oscillators are still being improved and 
redesigned, and hence the available output power may vary considerably 
from tube to tube. Consequently, level-set attenuators should be 
installed between each oscillator and the coupling network. For this 
purpose, frequency sensitivity and gradual changes in attenuation are 
unimportant, and satisfactory attenuators can be made in which the 
absorbing elements are tapered strips of resistance-card material. For 
coaxial-line components, a cam-driven flap of this material may be 
inserted through slots in the outer and inner conductors. 

9-20. Pulse Amplifier.—In order to provide reasonable reproduction 
of the pulse, arbitrary limits place the lower cutoff frequency at five times 
the recurrence frequency, and place the upper cutoff frequency at about 
1.5 times the reciprocal of the pulse duration. The pulse will rise rather 
slowly, and the trailing edge will have considerable overshoot. This * 
overshoot is not troublesome since it can be removed by a diode which 
also clamps the CRT baseline against the effects of varying pulse 
amplitudes. 

If the duty ratio is limited to X3U by the power-supply requirements, 
then for a given quality of pulse reproduction the narrowest pass band 
is realized at the lowest possible recurrence frequency. Although this 
consideration produces a narrow pass band, optimum sensitivity may not 
be realized because considerable instability is introduced in the lower r 
audio-frequency range by the power-line frequency and its harmonics, 
by microphonics, and by flicker effect. On the other hand, above 25 
kc/sec, sensitivity is determined primarily by statistical noise, and 
increasing bandwidth results in decreasing sensitivity. 

Consequently, optimum sensitivity can be realized if the lower cutoff 
frequency is about 10 kc/sec. This means that a recurrence frequency of 
2000 cps and a pulse duration of 33 ^sec can be used, and the upper cutoff 
frequency for the amplifier will be 45 kc/sec. If the detector is a video 
crystal with a figure of merit of at least 50, a sensitivity of —91 dbw 
can be realized. However, the minimum usable signal is about 10 db 
above the noise level, so that a useful sensitivity of —80 dbw is achieved. 
Figure 9-24 shows a pulse amplifier that is slightly less sensitive because 
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it is designed for a recurrence frequency of 60 cps and a 100-Msec pulse. 
The cutoff frequencies are 300 and 15,000 cps. 

In Sec. 9-16 the "full-scale sensitivity of an ordinary selective amplifier 
was given as —80 dbw, and it is mentioned later that this sensitivity is 
greater than that of a pulse amplifier. This statement is still true since 
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F I G . 9*24.—Typica l pulse ampl i f ier . 

a power level of —80 dbw produces the minimum usable pip for a pulse-
modulated bridge, not a stable full-scale indication as for the modulation-
frequency bridge. 

9-21. Range of Measurement.—Since each r-f oscillator will deliver 
a pulse power of —6 dbw, and since a power level of —80 dbw produces 
the minimum usable pip, a total line attenuation of 74 db can be tolerated. 
If the attenuation between each oscillator and the bridge T is 15 db, and 
if that between the T and the detector is 10 db, an attenuation of 49 db 
through the T can be measured. Since an attenuation of 46 db cor
responds to an rt of 1.02, the range of measurement is limited by other 
factors, such as bridge unbalance. 

If a minimum rt of 1.02 is to be measured, 3 db of line attenuation are 
available as a margin of safety. If the minimum rt is 1.05, the attenua
tion through the T is 38 db, and the isolating attenuation may be 
increased about 10 db in order to reduce the phase error. 

Calibration may be achieved in a manner similar to that described 
in Sec. 9-17 for the modulation-frequency bridge. Accurate measure
ments are made by using an a-f or r-f attenuator in conjunction with a 
reference mismatch. The face of the cathode-ray tube may be calibrated 
to judge the success of test-piece matching procedures, but, as in the case 
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of the linear meter, the calibration will be nonlinear. This problem 
may be alleviated somewhat by providing a double scale as shown in 
Fig. 9-25. The left-hand scale is used with a reference mismatch that 
produces a VSWR of 1.20, and calibration is made at maximum deflection. 

In order to use the right-hand scale, 
without the necessity of recalibra-
tk>n, a switch can be employed to 
reduce the amplifier gain by a factor 

'1.18 1.70 \ of 10. 

IMPEDANCE BRIDGES UTILIZING 
PANORAMIC RECEIVERS 

Chronologically, p a n o r a m i c 
bridges were developed first be
cause receiver components were 
available and because adequate 
sensitivity is assured even with low-
power oscillators as microwave 

FIQ. 9-25.—CRT calibration for pulse- sources. T h e principle of opera-
modulated impedance bridges. .• • j ' l - J ' C i r\tn "j.T_ 

tion is described in oec. 9-12 with 
reference to Fig. 9-21. Although pulse-modulated bridges have been engi
neered in view of production, the TBX-1BR bridge shown in Figs. 9-26 
and 9-27 is the only type that has been produced commercially. I t 
operates in the frequency range from 8500 to 9600 Mc/sec, and was pro
duced by the Boonton Radio Corporation for the Radiation Laboratory. 

9-22. Microwave Sources and Local Oscillators.—Low-voltage reflex 
oscillator tubes such as the 2K28, 726, 2K25, or 2K50 may be used as 
microwave sources and local oscillators for the heterodyne receiver. By 
operating the oscillator cathodes at ground potential, a common power 
supply may be used for the receiver and other low-voltage circuits. 
Since the tube shells will be 300 volts above ground, good insulation must 
be provided between the mechanical tuning shafts and the tubes. Also, 
because of the high sensitivity of the receiver, the oscillators should 
be provided with all the leakage-protection devices described in Sec. 9-13. 

A total of six oscillators, three of which are frequency-modulated, is 
required to produce indications at three microwave frequencies, and it is 
not surprising that spurious signals result because of cross-modulation 
in the crystal mixer. Since no spurious signal can exceed the funda
mental components introduced by the r-f oscillators, and since the 
frequency-modulated oscillators are more likely to produce spurious 
responses, there is a definite advantage to modulating the microwave 
sources because their signals are attenuated about 85 db before reaching 
the detector. Consequently, the main problem is the c-w local-oscillator 
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signals and their harmonics that can cross-modulate at a level high enough 
to block the receiver. This difficulty was removed from the TBX-1BR 
bridge by using a motor-driven switch that operated the local oscillators 
sequentially instead of simultaneously. 

Fia. 9-26.—Front view of TBX-1BR impedance bridge. 

The microwave sources are frequency-modulated by applying saw
tooth signals to the reflector electrodes. The total frequency deviation 
is about 10 Mc/sec in order to generate pips each of which occupies 
about 10 per cent of the CRT horizontal trace. The horizontal position 
of each pip is controlled by adjusting the d-c reflector voltage for the 
corresponding microwave source. Reflector-voltage variations shift 
the pip with respect to the sweep since they shift the operating frequency 
with respect to the modulation. 



554 IMPEDANCE BRIDGES [SEC. 9-23 

9-23. Line Components.—Since the heterodyne receiver provides 
more than adequate sensitivity, the line components may include suffi
cient attenuation so that the impedance mismatches of the oscillators 
and the detector do not increase the phase error excessively over that 
which results from the T itself. This may be achieved on the input side 

Fia. 9-27.—Rear view of TBX-1BR impedance bridge. 

of the T by coupling the oscillators to the input line by 12-db directional 
couplers, and by inserting 10 db of matched attenuation between the 
couplers and the T. If the couplers are so spaced that their individual 
reflections do not combine adversely, the VSWR looking back from the 
T will not exceed 1.05. If the detector is preceded by 13 db of matched 
attenuation, the VSWR seen by the output arm of the T will not exceed 
1.05. Although the coupling networks and the isolating attenuators have 
introduced 35 db of the line attenuation, the high sensitivity of the 
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system will still allow the use of level-set attenuators which normally 
I are adjusted for 5 db of attenuation in order to compensate for decreases 

in the output powers from the oscillators. 
The r-f components of the TBX-1BR impedance bridge exemplify 

the good mechanical arrangements that can be achieved with direc
tional couplers. Since this bridge uses an unmatched side-outlet T, 
the isolating attenuation is particularly important in order to prevent 
an already large phase error from increasing. As shown in Fig. 9-27, 
the microwave sources deliver power through their level-set attenuators 

l| to the 11-db directional couplers on the right-hand side of the photograph. 
I Power from the couplers is attenuated approximately 4 db by a metalized-
1 glass pad, and then enters the £-arms of the T. Output power from the 
i /7-arm is attenuated about 4 db by another pad and is coupled through a 
j 10-db directional coupler to the crystal mixer. The isolating pads 
j are adjustable from nearly 0 to 6 db. Since they introduce small reflec-
j tions themselves, and since the mismatches that they isolate vary slightly 

from one unit to another, the pads are adjusted for an optimum match 
! looking into the test arm of the T. This adjustment is made with the 
{ aid of another impedance bridge. Between the isolating coupler and 

the mixer are the directional couplers by which the local oscillators are 
f coupled to the mixer. These couplers and tube mounts are identical 
~ with those used for the microwave sources, and production costs are 
* minimized by using a common design for the two similar functions. 
j Note that the reaction frequency meter is placed between the isolating 
! coupler and the local oscillators, and, accordingly, the reaction on a pip 
I indicates the frequency of the signal transmitted through the T. If the 
j meter were placed next to the mixer, it would cause confusion by pro-
i ducing reactions when tuned to the local-oscillator frequency. 
1 The T is oriented so that the test arm protrudes through the front 
| panel, and the reference match is coupled to the open junction which 
3j appears in Fig. 9-27. No r-f attenuator is included as a calibrating 
>; device, but it could be installed by removing the 4-db pad that follows 
j the T. When used with a reference mismatch whose VSWR is 1.20 the 
I attenuator must provide 11 db of attenuation at the reference level in 
I order to measure an rt as small as 1.05. In addition to serving as a 
! calibrating device, this attenuator would provide increased isolation 
j when the phase error tends to be large, and less isolation, but more 

sensitivity, when the phase error tends to be small. 
j 9-24. Receiver.—Although the TBX-1BR impedance bridge 
| employed a standard W-5 i-f amplifier and preamplifier in order to 
i expedite production, a more suitable receiver could be designed for this 

application. The W-5 receiver strip and preamplifier provide 7 i-f 
stages, a diode detector, and two video stages. The intermediate fre-
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quency is 30 Mc/sec, and the bandwidth is about 2 Mc/sec. Since a 
recurrence frequency of 60 cps is used in order to synchronize hum 
modulation, it is necessary to modify the video amplifiers designed for 
radar applications. This receiver provides a reliable sensitivity of about 
—120 dbw, and very stable operation at a microwave power level of —100 
dbw. A more suitable receiver would provide a narrower pass band 
and hence could achieve greater sensitivity. The limit to which the 
pass band may be narrowed is determined by the duration of the i-f 
pulse that is generated. If the recurrence frequency is 60 cps, the pulses 
can have long durations, and the instability that tends to result from 
hum modulation is eliminated by synchronization. In addition, a more 
selective receiver is more economical since a high gain per stage can be 
realized with low current drain from the power supply. 

9-25. Range of Measurement.—Since the microwave sources deliver 
power at a level of —16 dbw, and 
since the receiver has a sensitivity 
of —120 dbw, a line attenuation of 
104 db will result in a signal equal 
to noise. If the line components 
introduce 38 db of attenuation, and 
if a signal level 20 db above noise 
is chosen from stable operation, the 
test-piece reflection must be large 
enough so that the attenuation 
through the T does not exceed 46 
db. This corresponds to a mini
mum rt of 1.02. If an r-f calibrat
ing attenuator precedes the mixer, 

FIQ. 9-28.—CRT calibration for pane- 6 db of isolating attenuation can be 
ramie impedance bridge. ° . 

removed on the output side of the 
T, and the lower limit for r, is 1.01. Over a wide range of frequencies, 
bridge unbalance usually will not justify extending the calibration to this 
low limit. 

If the receiver is linear, the CRT deflection is proportional to the 
magnitude of the test-piece reflection coefficient. Accordingly, a screen 
calibrated for r, would appear as shown in Fig. 9-28. 

CALIBRATING DEVICES AND SOURCES OF ERROR 
There are three methods by which an impedance bridge can be 

calibrated in terms of rt. An adjustable load can be calibrated and 
coupled to the bridge to produce an indication equal to that produced by 
the test piece. Although this is not a desirable method for measuring 
r<, it is a convenient way of establishing an acceptance level for produc-
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tion testing. A more desirable method uses a reference mismatch and a 
variable calibrated attenuator. The attenuator introduces or removes 
an amount of line attenuation equivalent to the ratio of the reference-
mismatch and test-piece power reflections. However, this calibrating 
method necessitates coupling an accessory to the bridge. The ideal 
method is one in which a calibrating signal is produced by merely turning 
a switch while the test piece can remain coupled to the bridge. Since 
r, is related to attenuation through the T, this method is achieved by using 
an r-f switch to direct the power around the bridge element and to the 
detector through an attenuation equivalent to some reference standing-
wave ratio. 

9-26. Adjustable Reference Mismatches.—The adjustable reference 
mismatch that was developed for use with the TBX-1BR impedance 
bridge consists of a micrometer-driven steel rod that protrudes from a 
well-matched polyiron termination. The combined reflections of the 
rod and the termination produce a voltage standing-wave ratio that is 
very nearly proportional to the micrometer adjustment from 1.20 to 
1.50. The reflecting elements slide within the waveguide casing, and 
the effects of phase error and bridge unbalance may be averaged by 
"phasing" the reflection to produce maximum and minimum indications. 

Since the device is frequency-sensitive, individual calibration charts 
were prepared. Each chart was a family of constant-VSWR contours 
for corresponding frequencies and micrometer settings. Although 
single-frequency plots of VSWR versus micrometer setting produced 
smooth, reproducible curves, the final charts were very erratic. The 
cause of these variations has not been determined completely, but their 
existence makes the device of dubious value. In addition, although 
the data were reproducible on the same day, the hygroscopic nature of 
the polyiron made the calibration subject to humidity conditions. 

9-27. Fixed Mismatches and Calibrated Attenuators.—The simplest 
fixed mismatch can be made by placing an iris just ahead of a well-
matched termination. The iris is soldered in place and then filed until 
the desired reflection is produced. Although the device will be fre
quency-sensitive, this variation can be minimized by making the reflection 
from the termination very small, by placing the iris very close to the 
termination, and by keeping the iris flat. Another type of mismatch 
can be made from a purposely mismatched resistive attenuator. Some of 
the absorbing material is removed from the leading edge of the strip, 
and the position of the strip in the waveguide is adjusted to produce 
the desired reflection. If the line is short-circuited at some point aftei 
the strip, the position of the terminating plate may be adjusted so 
that its reflection, reduced by the attenuating strip, is of the proper 
phase to minimize the over-all frequency sensitivity. 
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If an audio or video attenuator is used with the reference mismatch, 
the law of the detector must be known accurately. The attenuator can 
be made sufficiently accurate so that the detector law is the important 
factor. Measurements indicate that at low power levels, a crystal is 
very nearly a square-law detector. If the power level is increased 20 db 
from about —80 dbw, a crystal detector and audio attenuator will 
measure the increase as about 18 db, an error of about 2 db. Although 
this error in attenuation may seem large, the error in measuring rt will 
not be excessive for production-testing applications.1 

If a calibrated r-f attenuator is employed, the law of the detector is 
unimportant, but the problem of frequency sensitivity arises. Actually, 

Reference -
adjustment 
attenuator 

Calibrated, 
variable 

attenuator 
t_ 

Rotary 
switch 

Output 
power 

Input 
power 

FIG. 9*29.—Built-in calibrator that employs a single directional coupler. 
the frequency sensitivity of total attenuation is not important if a range 
of about 20 db can be obtained for which the slope of the calibration 
curve is frequency-insensitive. This procedure requires that some addi
tional loss can be tolerated and that the power levels at each frequency 
can be adjusted to compensate for the frequency sensitivity of total 
attenuation. Metalized-glass attenuators are somewhat frequency-
sensitive as to both total and incremental attenuation, and the calibration 
curves at different frequencies cross over one another. Consequently, 
it is desirable to plan a crossover region that corresponds to the attenu
ation at the reference level. 

If the calibration is to cover a range of rt from 1.05 to 1.90, a logical 
choice for the reference-mismatch VSWR is 1.20. In this case the 
calibrated attenuator must provide deviations of ±11 db, and the drive 
mechanism can employ a special cam so that the scale is linear in rt. 
This scale can be made sufficiently expanded so that the error in reading 
is negligible. 

9-28. Built-in Calibrators.—A directional coupler and r-f switch 
may be used as shown in Fig. 9-29 to bypass the T and to provide a 
signal equivalent to that produced by, for example, an r, of 1.20. The 

1 The magnitude of the error in r, is mentioned in Sec. 9-7. 
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line attenuation equivalent to an rt of 1.20 is 26.8 db, and the small 
trimming attenuator is adjusted accordingly. The coupler should 
be designed to provide an attenuation of about 25 db. There are other 
arrangements of the components, such as interchanging the coupler 
and switch, that will work almost as well. For most cases, considering 
the usual mismatches in the various line components, the arrangement 
shown will minimize the error caused by reflection losses. R-f leakage 
must be minimized in all cases, and a coupler design, such as the 
Schwinger type, should be chosen in order to avoid the necessity of a 
correction curve for the frequency sensitivity of coupling. 

Reference -
adjustment -, 
attenuator/ 

Directional 
coupler 

Input 
power 

Output 
power 

F I G . 9-30.—Built-in calibrator that employs two directional couplers. 

A similar method is shown in Fig. 9-30. Two directional couplers 
are employed, and switching is accomplished by two attenuators which 
are operated by a single cam drive so that attenuation is introduced 
in one line as it is removed from the other line. The attenuators should 
be variable from about 0 to 40 db. This method may prove more 
expensive from the standpoint of components, but different designs can 
be chosen for the two couplers so that their frequency sensitivities tend 
to cancel. 

Since the errors resulting from the calibrated attenuator are the same 
for this as for other methods of calibration, the error of interest is that 
incurred in the reference-level determination. If it is assumed that a 
VSWR of 1.20 can be measured to ±0.01 by, for example, slotted-
section techniques, then the built-in calibrator must have its insertion 
loss of 27 db known to +0.40 db for comparable accuracy. This accu
racy applies to matched line components, and since reflection losses can 
be between 0 and 0.15 db in practice, the attenuation should be measured 
to ±0.25 db. I t was shown in Sec. 9-7 that a slightly asymmetrical T 
does not introduce appreciable power-split error, and hence this error 
is not considered here. 

9-29. Sources of Error.—Although the sources of error can be enumer
ated, it is difficult to estimate the over-all error unless a specific bridge 
design is considered. In general, the output signal from bridge unbalance 
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will be equivalent to an r, of between 1.01 and 1.02. If a rotating post 
within the T, or an adjustable reference match, is employed, a sliding 
match can be used on the test arm to facilitate optimum bridge balance 
at several frequencies simultaneously. By following this procedure and 
by checking it over the entire operating range of frequencies, bridge 
unbalance should not exceed 1.01. 

Phase error is given by Fig. 9-2 and amounts to ±0.01 when rt 
is 1.60 and the VSWR looking into the test arm is 1.10. This is a very 
well-matched T, and does not include the reflections from a mismatched 
generator and mismatched detector. In practice the VSWR looking 
into the side arm may be 1.50 and the corresponding phase error is 
±0.036 for an r, of 1.60. For small test-piece reflections, the phase error 
is usually unimportant. 

The other main source of error is the method of calibration. For 
accurate measurements, the detector is used as a reference indicator whose 
level can be reproduced to approximately 1 per cent. A reference mis
match, or built-in calibrator, is used with a calibrated attenuator to 
measure rt. If the reference level corresponds to a VSWR of 1.20, it 
can be determined to ±0.01. If the attenuation relative to this level 
is known to ±0.1 db, an rt of 1.60 will be in error by ±0.008. For small 
r,'s the attenuation error is unimportant. If a reference mismatch is 
used which is not of the sliding type, the phase error can enter into the 
calibration procedure. In estimating over-all error, however, this 
factor will not be included since a sliding mismatch or built-in calibrator 
could be employed. 

Over-all error for a multifrequency impedance bridge is shown by 
Table 9-1. Errors that might arise from r-f leakage, incorrect side-arm 
dimensions, instability, and an illegible attenuator dial are not con
sidered. Also, it must be remembered that the errors in the table apply 
only to the hypothetical bridge considered in this section. 

TABLE 91.—PROBABLE ERROR FOR TTPICAL IMPEDANCE BRIDGE 

Source of error 

Bridge unbalance equivalent to an r, of 1.01 
Phase error for teat-arm VSWR = 1.50 
Reference-level reproducibility of 1 per cent 
Reference VSWR = 1.20 ± 0.01, or equivalent attenuation 
Calibrated attenuator error of ± 0.1 db 
Maximum error 
Probable error 

Error in n 

r, = 1.05 

±0.011 
0.000 
0.000 
0.002 
0.000 

±0.013 
±0.011 

r, = 1.60 

±0.017 
0.036 
0.004 
0.035 
0.008 

±0.100 
±0.054 



CHAPTER 10 

THE MEASUREMENT OF DIELECTRIC CONSTANTS 

B Y R. M. REDHEFFER 

INTRODUCTION 

In an ordinary material, which is the only type to be considered here, 
the electromagnetic field equations are linear, and the properties of 
the material that are relevant to a study of these equations may be com
pletely specified by two complex constants. These constants, called 
the complex dielectric constant and the complex permeability, are designated 
respectively by e0 and no (real) for free space and by c and n (complex) 
for the material; t and ^ are usually separated into real and imaginary 
parts, with the notation 

t = t' - jt" = t'{l - j t a n 5) = e0fc«(l - j t a n &), (1) 
H = y! — jn" = no-

The equation for ix is true for most nonmetallic materials, including all 
those with which the present discussion will be concerned. The dimen-
sionless quantity tan 8 in Eq. (1) is called the loss tangent; it is equal to 
the power dissipated divided by the power stored per cycle (Refs. 2b 
to 5b)1 and is thus a measure of the energy lost in the form of heat 
when a wave is propagated through the material. The quantity ke, 
likewise dimensionless, is properly called the specific inductile capacity; 
in the present text, however, A: will be written in place of ke and referred 
to simply as the dielectric constant. Since the parameters <o and no for 
free space are known, being in fact determined by the choice of measuring 
units, it is clear that the two constants k and tan S, rather than t' and e", 
may be used to specify any given material, and these quantities will be 
taken as fundamental throughout the ensuing discussion. 

For reasons which are too well known to require enumeration here 
the values of k and tan 5 are frequently required in both industrial and 
laboratory work. With especial regard to experimental procedures 
as well as theoretical principles, and with emphasis on results rather than 
on derivations, it is the purpose of the present chapter to describe the 
chief means by which these parameters are evaluated at microwave 
frequencies. Certain of the methods of measurement in the microwave 

1 All references in text are to the Bibliography at the end of chapter. 
561 
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region are similar, as far as principles are concerned, to the standard 
techniques used in other frequency ranges. For various reasons, how
ever, there is little in common besides this similarity of principle, the 
details of equipment and procedure being different from those of either 
the ordinary electrical or the optical frequencies. The necessity of 
preventing radiation requires rather extensive modification of the low-
frequency techniques. The optical methods, on the other hand, are 
not directly applicable because of the reduced sample dimensions, as 
measured in terms of wavelengths, and, until recently, because of the 
difficulty of obtaining a constant frequency from a microwave generator. 
The method of detection is unlike those customarily used in either the 
low- or high-frequency ranges, moreover, as are the procedures for 
determining impedance or wavelength; and for microwaves, resonant-
cavity techniques may be used which would be impractical in other cases. 
Because of these differences, microwave measurement of k and tan S 
should be approached as a field of study in its own right, even though 
the same problem has been extensively investigated for neighboring 
ranges of the spectrum. 

10-1. Derivation of Relations for Proceeding from Data to Results.— 
Since the electromagnetic behavior of the material is completely specified 
by the parameters in question, it is possible to find their values by many 
different methods; in principle, practically any measurable effect the 
material may have on an electromagnetic field can be used for such a 
determination. If a wave of known wavelength X is incident upon a 
plane sheet of known thickness d, for example, there will be a certain 
transmission coefficient te~>'' and a certain reflection coefficient re - " ' , 
all quantities permitting direct measurement. In principle, any two of 
the four values t, r, t', and r' usually suffice to determine both k and 
tan S, whereas if tan S is known to be negligible, only one measurement 
is needed for k. There is, to be sure, an ambiguity in that an infinite 
set of values of k and tan S will reproduce the observed data; but this 
difficulty, which is often encountered when the minimum possible number 
of measurements are used, may be avoided in practice by making a 
suitable estimate of the true value, or by repeating the measurement with 
slightly different initial conditions as will be described. I t is clear that 
the experiment can be performed at a known angle of incidence 0O 
or in a waveguide of known properties; and, instead of a direct measure
ment of I, t', r, and r', a determination of related quantities, such as 
the angle of incidence for minimum reflection, the thickness for minimum 
reflection, or the cutoff wavelength of the filled guide, can be made. 
Further variation may be obtained by changing the so-called "termina
t ion" of the sheet which, instead of being backed by free space or by a 
matched load, may be backed by any suitable source of reflection; for 
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example, it may be backed by a second sheet similar to the first, by a metal 
plate, or by a termination that eliminates the reflection at the second 
air-sample interface. In all such cases two electrical measurements 
usually suffice to determine both k and tan S, whereas with negligible 
loss only one measurement is required for k. 

Because of this great variety of methods which, in principle, make 
possible the evaluation of k and tan S, it is inexpedient to derive the 
necessary theoretical expressions afresh for each case. Such an approach 
not only leads to an exposition of excessive length, but also obscures 
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the underlying unity of the methods, giving an impression of complete 
independence that does not correspond to the facts. Instead of this 
procedure of obtaining each equation from first principles as it is required, 
the following four results are presented, which are found to include 
every relation for the transition from measured to desired quantities 
which will be needed in twenty-eight of the thirty methods here 
considered. 

A Basic Configuration.—If the complex transmitted and reflected 
amplitudes in Fig. 10-1 are proportional to the incident amplitudes, and 
if the fields in the indicated regions of Fig. 10-lc can be resolved into 
one or two waves as there shown, then the complex amplitude of the 
resultant wave moving from left to right at point P0 of that figure will 
be given by 

C = 1 - p"R"e-W W 
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where 

" 2 

and \t is the wavelength in region No. 2, which is assumed to be lossless. 
The complex coefficients t", T", r", p" are defined in Figs. 10-lo and b, 
and R" and T" are to be similarly interpreted; the propagation constant 
for general media is defined in the next section. 

Because of the importance of this result in the sequel, two derivations 
of it are given. Thus, the wave in question is equal to the sum of waves 
(1), (2), (3), • • ■ in Fig. 10-ld provided the sum is evaluated with due 
regard to phase; thus (cf. Ref. 7b), 

C = At" + At"(R"P"e-™*') + At"(R"p"e-w>y + . . . + , 

which is equivalent to Eq. (2), since the series is obviously convergent. 
For the second derivation, it should be noted that the amplitudes A, 
B, • ■ • satisfy the relations (Ref. 6c) 

D = R"e-^'C, 
C = At" + Dp", (4) 
B = Ar" + DT", 
E = r'e-W'C, 

by virtue of the superposition principle and the definition of t", T", • ■ • . 
The solution of this system for C/A again gives Eq. (2). 

If the wave in region 2 is allowed to travel to the second source of 
reflection, and through it, 

A 1 - p"R"e-^d' ( 5 ) 

is obtained for the transmission coefficient of the whole arrangement; 
and similarly, 

A ^ 1 - p"R"e-^' W 

for the over-all reflection. Analagous procedure gives D, the amplitude 
of the wave moving from right to left at point P 0 of the figure. If 
this is added to the amplitude C, with due regard to phase, the field 
at the arbitrary point P i between the two objects, Fig. 10-lc is 

At"e-*>d'[l + R"e-wd'-™] 
1 - p"R"e-2'^ ' ^ ' 

These equations, which are immediate corollaries of the fundamental 
Eq. (2), may also be derived from the system of Eq. (4); their relevance 
to the theory of dielectric measurement will become apparent in the 
ensuing discussion. 
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Interface Reflection.—Like Eq. (2), the following result also will be 
used repeatedly for relating k and tan S to measured quantities: If a plane 
wave is incident normally on the interface between two lossless dielectrics 
ki, hi, then the complex reflection coefficient will be given by 

uer 
y/k[ — -y/kj 
Vk~\ + y/ki 

(8) 

and the complex transmission coefficient by 

Ue~ = 1 + Tie-*' = —= 
2Vk[ 

\/ki + AAJ 
(9) 

The wave is assumed to be traveling from the medium with constant 
ki to that with constant fc2. The variation of n, or U — 1, with kx/k% is 
shown in Fig. 10-2a. A special case of the Fresnel equations, this result 
may be found in any text on optics; it is rigorously derived in Ref. 16. 

Arbitrary Incidence or Waveguide.—There will frequently be occasion 
to analyze measurements made in waveguide or at arbitrary incidence, 
as well as those for free space at normal incidence. On the other hand, 
a separate derivation of the results appropriate to these modified situa
tions is undesirable for reasons already stated. It is easily shown, 
however, that any relation of the type under consideration here may be 
used in these more general circumstances, if /3 of Eq. (2) and its corol
laries, and k of Eqs. (8) and (9), be replaced by appropriate quantities 
as indicated in Table 10-1 (cf. also Fig. 10-2b). 

TABLE 10-1 .—EQUIVALENCE R E L A T I O N S FOR OBTAINING EQUATIONS AT ARBITRART 
INCIDENCE OR IN G U I D E FROM T H O S E FOR F R E E S P A C E AT N O R M A L I N C I D E N C E 

Situat ion 

Free space, normal incidence; or coax
ial line, fundamental mode 

Waveguide propagat ing a T-E-wave 
with cutoff wavelength X„ for the 
mode in question; or free space, 
incidence 0, E-vector polarized per
pendicular to plane of incidence 

Same, propagat ing a TM-wave ; or 
parallel polarization in free space 

To obtain the correct 
expression for the 

given situation, k in 
the free-space normal-

incidence equat ion 
must be replaced by 

k 

k — p 
1 - p 

k — p 

The propagat ion con
s tan t /3 mus t be t aken 
as the following, if k 
is the dielectric con
s tan t of region No. 2 

in Fig. lc 

2ir \/k 
X 

2TT \/k - p 
X 

2TT \/k — p 
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The symbol p of the table stands for the squared ratio of free-space to 
cutoff wavelength, 

P = ( £ ) ' . (10) 

whenever the equations are concerned with waveguide (Ref. 27b). 
When the result is for free space, on the other hand, p is defined as 

p = sin2 8, (11) 
where 6 is the angle of incidence. This abbreviated representation, 
which will be used throughout the present chapter, is possible because 
the condition sin 8 = X/X„ leads to an exact equivalence between the 
results for free space and waveguide without further complication; 
perpendicular polarization corresponds to a Tfi-wave, parallel polariza
tion to a TM-wave. Like the equivalence relations of Table 10-1, this 
one is actually of considerable generality, applying to any series of 
parallel plates with arbitrary thicknesses and dielectric constants (cf. 
Refs. 66, 7b, and 86). Since TE-v/a,vea have apparently been most often 
used in practice, all waveguide results in the present text are presented 
for TE-waves alone, unless the contrary is expressly stated; the extension 
to TM-waves is readily made by means of Table 10-1 if it should become 
necessary. The waveguides customarily used in dielectric measurement 
are coaxial, circular, or rectangular; and the cutoff wavelengths for the 
lowest (or most commonly used) mode in these three cases are respec
tively infinity, 1.706 times the inside diameter, and 2.000 times the 
larger of the two inside widths. The quantity p for waveguide is thus 
determined whenever X is known, since these dimensions of the guide 
are readily measured. An alternative procedure which is sometimes 
more accurate is to determine the guide wavelength X„, for example as 
twice the difference between successive minima, and then to evaluate p 
by the relation 

— f e y -
Equipment and methods for finding the free-space wavelength are 
described in Chap. 5. 

Loss.—Although the general expression Eq. (2) assumes nothing 
about loss, those of the foregoing relations which involve k explicitly 
are valid only when tan 5 = 0 . To the three fundamental results, 
Eq. (2), Eq. (8), and Table 10-1, must therefore be added a fourth 
which will allow the case tan 5 > 0 to be taken into account. The 
equivalence relation here is even simpler than those for arbitrary inci
dence or waveguide, namely, 

k(l - j tan 5) = (k sec S)e~'i (12) 
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replaces k wherever it appears. This procedure, which follows easily 
from relations derived in Ref. 16, applies without error to any result 
based on Maxwell's equations, provided only that the original equation 
for zero loss be written in complex form; specifically, no separation of real 
and imaginary parts or taking of absolute values can have occurred at 
any point in the derivation. When Eq. (12) is used in conjunction with 
Table 10-1, the operations must be carried out in the proper order. 
Thus, starting with the equation in complex form the relations of Table 
10-1 should be used to obtain the complete result for zero loss, and then 
k is replaced in this expression by its complex analogue. The reverse 
order of substitution will not in general give the correct result. 

10-2. General Considerations Influencing Choice of Method.—In the 
foregoing discussion a number and variety of methods were noted by 
which k and tan S may be determined. Five or ten different possibili
ties were specifically mentioned, each of which may in turn be carried 
out by a number of experimental techniques. These methods them
selves are only representative of the many which may be used. Besides 
affecting the general treatment of derivation, this diversity of method 
also shows that some criterion for selection is much to be desired. 

Practical Considerations.—In a consideration of requirements, it 
should be noted that the choice of method will depend to a large extent 
upon the type of work contemplated; a method which is satisfactory in 
research is sometimes undesirable for routine measurement, and con
versely. Further subdivision is found when the preparation of the sample 
is considered, an operation which often takes more time than the actual 
process of measurement. Thus, a method requiring rod-shaped samples 
is almost impossible to use with certain types of laminates, which are 
ordinarily supplied in sheet form; but on the other hand, free-space 
methods, which require fairly large sheets, are inconvenient when the 
temperature and humidity are to be controlled or when the material is 
not available in quantity. The choice of method is likewise influenced 
by the properties of the material itself, apart from its form or availability; 
for example, those with high losses are not always conveniently treated 
by the methods used for low-loss materials, and similarly, materials 
of low dielectric constant (k < 2), which are often inhomogeneous, are 
most accurately measured by methods utilizing a large sample, with 
the consequence that an average result is obtained. Still another item 
influencing the utility of a given method is the type of equipment avail
able; for example, it may or may not be easy to change the oscillator 
wavelength, the use of a traveling probe may be recommended or pro
hibited for various reasons, or the transmitter output power may be 
sufficient for some methods but not for others. The evaluation of the 
methods described in the ensuing discussion is based on considerations 
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of this type, which have been found of considerable practical importance 
in certain cases. 

Theoretical Requirements.—Before these methods are discussed in 
detail it is perhaps worth while to consider the respective roles played 
by the two parameters being measured, as this question too has con
siderable influence on the choice of procedure. First, it is found, in 
general, that the effect of k cannot be separated rigorously from that of 
tan 8, since any electrical phenomenon that depends upon the one will 
likewise depend to some extent upon the other. Quantitative con
sideration of the relations given in Ref. 16 or Eq. (12) easily leads to 

«-(|)v« y« 
sec S e 2, (13) 

A (14) 1 - j tan t 2 

where X is the wavelength in free space, X„ in the material, and K is 
the propagation constant as usually defined. In other words, multi
plication by e-'"* gives the change in amplitude and phase experienced 
by a plane electromagnetic wave when propagated a distance d through 
the material. The wavelength X„ is inversely proportional to the real 
part of K, 

= ( ; »"tfi) •\/cos S 

c o s l ^ 
(15) e 

whereas the imaginary part gives a measure of the attenuation. Briefly, 
if the wave is propagated a distance X», 

the phase increases by 2ir radians; (16) 
the amplitude is multiplied by e

_ 2 l t *° ( S / 2 ) . (17) 

These two effects, phase and attenuation, depend upon X„, which involves ^ 
both fc and tan S; and hence k cannot be determined from a single meas- i 
urement of phase alone nor tan S from a measurement of amplitude aToneT* 
a simultaneous solution is necessary for the general case. 

Although separation of k and tan S in this sense is impracticable with 
the exact equations, it is feasible if certain approximations are allowed. 
In most cases of practical interest tan S is small compared with unity, 
and the expansion of Xm (Ref. 16) may be written 

^=M1-t^A+0(uni5)] (18) 

for the wavelength in the material, where, as elsewhere in this chapter, 
the symbol 0(x) means "terms of the order of x." To the extent that 
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tan2 5 may be neglected, X„ depends on k alone, and many equations 
giving k from measured quantities will in fact be the same as they are 
when tan 5 = 0 (cf. Fig. 10-2c). This approximation is the basis of a 
procedure often used in optics, where the effect of loss is considered for 
questions involving attenuation but is ignored for both measurement and 
computation of the index of refraction. In microwave work the approxi
mation tan2 8 « 0 is equally useful; not only does it facilitate computa
tion, but it allows the proper choice of the general type of measurement 
to be made for determining each of the two parameters. I t should be 
noted from Eqs. (17) and (18) that any effect depending primarily on 
wavelength may lead to an accurate method of finding k; and once k 
has been determined, any effect depending primarily on power absorption 
may be expected to give tan 5. Although derived here only for plane 
waves in an infinite medium, considerations of this sort are shown by 
Table 10-1 to be qualitatively valid for the majority of configurations 
encountered in the actual process of microwave measurement, and they 
will be frequently used in the following sections. 

METHODS DEPENDING ON TRANSMISSION IN GUIDE 
When tan S = 0 it is readily shown that k can be determined by 

measurement of either the amplitude transmission t or the phase shift t'. 
Upon more detailed examination, however, it is found that determination 
from t is, in general, considerably less accurate than determination from 
t', even in the assumed situation tan 5 = 0; and when this condition 
is only approximately satisfied, which is always the case in practice, the 
errors are found to be much increased, being of the order of tan S in 
the first case, tan2 & in the second. For the determination of loss, on 
the other hand, the situation is reversed, measurement of t giving an 
accurate, measurement of t' an inaccurate, result. Because of these 
considerations, which, incidentally, agree with the discussion of the 
relative effect of the two parameters, it will be assumed throughout 
the present section that k is to be determined from t', whereas tan S 
is to be found from t. 

10-3. Techniques for Phase Measurement.—Measurement of t may 
be made with the equipment of Fig. 10-3a. The procedure as described 
in Ref. 6a is to adjust the phase shifter for minimum voltmeter reading 
(1) when the sample is not present, and (2) when it is present; the setting 
of the phase shifter should be noted in each case. With the arrangement 
of Fig. 10-36, the phase difference corresponding to these two settings 
is then determined or, when many measurements are to be made, the 
equipment may be completely calibrated. If A denotes the difference 
in probe position for the two settings in the equipment of Fig. 10-36, 
then Eq. (16) combined with Table 10-1 gives the relation plotted in 
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Fig. 104, 

1 + ©H) (1 - p), (19) 

for waveguide propagating a TE-wa,ve (Ref. 6a). There is a certain 
ambiguity in the value of A, as anticipated in the introduction, for the 
addition of nX„ has no apparent effect on the relative phases of the two 
waves, so that A may be increased or decreased by this quantity at 
discretion. The ambiguity may be resolved by estimating the dielectric 
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circuit 
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Fia. 10-3.—Measurement of k by phase shift in guide. 

constant, or by repeating the measurement with a different sample 
thickness. 

R-j Errors.—The foregoing discussion is intended to illustrate prin
ciples only, and it includes a number of tacit assumptions that are not 
necessarily satisfied in practice. In deriving Eq. (19) it is assumed, 
for example, that the phase shift on transmission through a sheet of 
thickness d is exactly equal to 2vd/\m, that is, to the phase shift obtained 
for propagation a distance d through an infinitely long medium. This 
relation, which is physically equivalent to neglecting the reflection T\ at 
the two air-sample interfaces, may be shown to be true without error if 
and only if the thickness is an integral number of quarter wavelengths, 

d = nX 
4 y/k — p 

(n = 0, 1, 2, ), (20) 
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or the dielectric constant is unity, k = 1. In other cases, the error 
may be exactly compensated by a procedure similar to that to be described 
for the same error in free-space measurement; or it may be reduced to 
negligible proportions by the use of a sufficiently long sample. If the 
use of a long sample is impracticable, A may be taken as the average 
of the two values found for two values of d differing by approximately 
Xm/4. With this procedure (Ref. 6a), it is not difficult to show that the 

A/d = (change in apparent length of line to restore minimum)/ 
(thickness of sample) 

F I G . 10*4.—Dielectric constant vs. phase shift in guide. 

deviation in, the final value of A will be of the order of r\, if r; is the reflec
tion at the interface between material and air. The deviation as found 
from a single measurement is of the order of r\. 

Closely analogous to the above error is the error due to reflection from 
the Y-joints of the equipment, which is shown by Eq. (5) to be of the 
second degree in the three variables: reflection of sample, combined 
reflection of first Y-joint and attenuator, and reflection of second Y-joint. 
The error is therefore small when these joints are moderately well 
matched, and all terms that involve the sample reflection r become of the 
fourth degree (Ref. 4a) when two measurements are taken with a quarter-
wave displacement of the sample and the results are averaged. The use 
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of a magic T for these Y-jointe will also decrease the error in certain cases. 
Tf still further accuracy is desired, at least for the shorter wavelengths, 
it is a simple matter to design attenuators giving a standing-wave ratio 
not much over 1.01 in power, although the design of well-matched joints 
and indeed of most other r-f components is difficult. In such cases it is 
sometimes helpful to precede each 
source of unwanted reflection by Overall 
an attenuator, as suggested by ^ + 7 ™ Attenuator AT ^ 
Fig. 10-5. Except for terms of the V~^ ^ '^Z^/' jjy^ \ 
order of T*AJ, it follows from Eq. 
/c \ +V, xia. 10-5.—Use of an attenuator to re-
(u) t h a t duce reflection. 

Over-all reflection g i + T2J, (21) 

for such an arrangement, if T is the transmission coefficient of the 
attenuator and A and J are respectively the reflection coefficients of the 
attenuator and termination. To apply this principle to the case at hand 
two attenuators are added to the right-hand Y-joint of Fig. 10-3a, located 
more or less symmetrically with respect to those already present, which 
are necessary in any case to prevent interaction between the two branches 
of the circuit.' 

Additional r-f error is contained in the assumption of a constant 
generator frequency. Clearly, if this frequency is not the same when the 
readings are taken with and without the sample, or when the phase shifter 
is calibrated, than A will be in error by a corresponding amount. The 
error of calibration due to this difficulty is usually negligible in practice, 
and if necessary, it may be compensated by using appropriate values 
of the wavelength. Error due to frequency drift occurring in the actual 
process of measurement, on the other hand, may become serious if no 
precautions are taken in the design of the equipment. With A and B 
as the lengths of the two branches of the circuit (Fig. 10-3a), it is not 
difficult to show that the error in A is given by 

^ f > + 0[(AX)>], (22) 

where AX represents the difference in transmitter wavelength with and 
without sample. The effect of the sample has been neglected, a proce
dure that is usually justified in calculations of this sort; it is discussed 
briefly in connection with Eq. (43). Since the error is proportional to 
(B — A), it may become large when the equipment is used for measuring 

1 In Ref. 6a a set of values of k versus d was obtained without isolation of this type 
and the measured values varied from 2.4 to 3.1. When a single attenuator was i ,dded 
to the equipment, however, all values fell between 2.59 and 2.65. Except for this 
one change, the addition of an attenuator, identical equipment was used in both cases. 
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gases, and on the other hand the error is practically zero, independently of 
the total lengths A and B of either guide, when these lengths are equal. 
I t is evident, then, that equipment of this type should be designed to 
be symmetrical; the two branches should not only use guides with the 
same internal dimensions (as here assumed) but also have substantially 
the same length. Of course such considerations are relevant only when 
the transmitter is moderately unstable, permitting a frequency drift of 
perhaps one part in five or ten thousand; instability of this or higher order 
was often encountered when the work here presented was first carried 
out. Recently, however, methods have been found by which the 
frequency of a klystron transmitter can be stabilized to within one part 
in 10s, and if such equipment is used for dielectric measurement the 
expedients here described are unnecessary. In the present chapter 
this remark applies whenever questions of frequency stability are 
discussed. 

Other Errors.—If the error due to loss, which is of the order of tan2 d 
and negligible for our present purposes, is omitted, the above discussion 
summarizes the significant r-f errors in the derivation of Eq. (19) from 
measured quantities. Besides these errors, some inaccuracy due to the 
equipment and the experimental procedure is inevitable; much of this 
may be avoided by the use of precision instruments and sufficient 
care in taking the readings. The standing-wave detector used to 
calibrate the phase shifter, for example, must have the same internal 
width as the guide containing the sample; or, if not, the measured value 
of A, as determined from Fig. 10-36, should be corrected by the relation 

Atnie ~ (Ameaaured) I T~~ V (23) 

where X, is the wavelength in the standing-wave detector, and \„ that 
in the portion of guide which is to contain the sample. The remaining 
details of the proposed method of calibration are similar to those of the 
short-circuited-line method for measuring dielectric constants, which 
will be discussed subsequently. Other procedures are possible; for 
example, the meter reading may be taken as a function of the position 
of the phase shifter with the guide empty, and the resulting sine curve may 
be used to determine the relative phases of the two waves. Partly 
because the attenuation depends to some extent on phase-shifter setting, 
however, this method is usually less accurate than that of Fig. 10-36. 
A third procedure, of course, is to use a phase shifter that is known to be 
linear and hence to require no calibration. Such a device is described 
in connection with free-space measurement. 

Throughout the foregoing analysis it was assumed that the physical 
lengths of all waveguides remained unchanged while the experiment 



SEC. 10-3] TECHNIQUES FOR PHASE MEASUREMENT 575 

was being carried out. In normal circumstances such an assumption 
is justified whenever the r-f paths are sufficiently short, since the actual 
(as well as the percentage) expansion due to temperature variation will 
then be very small. As in the case of frequency instability, however, 
to which the present effect has a certain formal resemblance, it is found 
that variation due to temperature changes may become serious whenever 
the path differences are large. Such large differences are likely to occur 
in the measurement of gases. Thus, the error results from the magnitude 
of the change in length and may be considerable for moderate temperature 
variation when the original length is large. I t must be noted too that 
the cutoff wavelength Xc depends on the temperature. The result of 
this variation, which happens to enhance the effect of the change in 
length, is to alter the guide wavelength in accordance with Table 10-1. 
It has already been shown that the error resulting from a change of wave
length is proportional to path difference [Eq. (22)]. A precise expression 
for the particular effect in question, may be obtained by replacing 
AX/X in Eq. (22) by dAT, with the result 

Error in A = a(B - A) ,}AT) . + 0(«2), (1 - p) 
where a is the coefficient of expansion for the metal of which the guide is 
made, AT is the temperature change in units appropriate to the value 
of a chosen, and (B — A) represents the difference in geometrical path 
lengths as shown in Fig. 10-3a. This result, which does not assume a 
rectangular guide, takes account of the change in Xc as well as of that 
in {B — A); the effect of the sample itself is neglected as in the derivation 
of Eq. (22), however, and a is assumed independent of temperature over 
the range AT. 

Since the error is proportional to (B — A), the equality of paths 
should be retained regardless of the over-all length required, and since 
the error is proportional to AT, compensation may be necessary, even 
with small path differences, when the dependence of k and tan S on tem
perature is being investigated (cf. Ref. 16a). Since the value of AT is 
usually known, in order to compensate the error the measured value 
of A may be corrected, and either the computed or the measured values of 
d and X„ appropriate to the new temperature may be used in all calcula
tions. For such a procedure only approximate values for a of the sample 
and the guide are required; in fact the value for the guide may be evalu
ated in terms of the shift in A with temperature. Any error from 
clearance, produced by the difference of expansion of the guide and the 
sample, may be compensated as described subsequently, if necessary, 
although the effect due to temperature alone is completely negligible in 
ordinary practice. If a complete curve of k vs.. temperature is taken, 
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1 w w w 
Sample 

such a condition requires merely that the setting be repeated without 
the sample and that d and \e be evaluated from time to time as the experi 
ment progresses. When practicable, this procedure is usually preferred. 
The same or substantially equivalent methods are valid for estimating or 

compensating the effect of temperature in 

*' A third source of error is the clear-
^ ance between the sample and the guide, 

which is necessarily present to some ex
tent in all methods not carried out with 
the sample in free space. Although the 

Fio. 10-6.-Clearance in a rec- e x a c t t h e o r e t i c a l r e s u l t s a r e avai lable 
tangular waveguide. 

for the situation illustrated in Fig. 10-6, 
it suffices here to give the empirical equation 

which has been experimentally verified in a number of cases (Ref. 4a). 
The stated dependence on V is suggested by the uniformity of the i?-neld 
in the vertical direction; that the result is substantially independent of 
a' for small clearance, follows from the fact that the field is zero at the 
sides of the guide. Corrections for clearance may be given in other 
cases, for example, for round or coaxial waveguides, although it is usually 
necessary to assume that the sample is centered for an exact theoretical 
derivation. It must be mentioned that errors from clearance can be 
greatly reduced by use of a mode in which the .E-field is tangential to 
the inner surface of the guide at ill points. The field must then be nearly 
zero at the edges of the sample, and hence, for all dimensions, a reduction 
of error is obtained which is similar to that noted in connected with dimen
sion a! of Fig. 10-6. An example of such a mode is the !Ti?oi-mode in 
circular waveguide, which was suggested and actually used in Ref. 13a 
as a means of eliminating this source of error. 

A final error is found in the actual process of determining A, as the 
phase shifter evidently cannot be adjusted exactly to give minimum 
power. This error is reduced to a small value, however, if the waves in 
the two branches of the equipment have amplitudes so nearly equal 
that the minimum meter reading is practically zero. The result may 
be magnified by an increase of over-all gain or, what is essentially the 
same thing, by the use of a logarithmic meter, and hence a small change 
in setting of the phase shifter suffices to produce a large change in meter 
reading. Because the minimum can be made very small by appropriate 
adjustment of the variable attenuator in Fig. 10-3a, the only obvious 
limitation to the accuracy that may be obtained (with constant generator 



SEC. 10-4] TECHNIQUES FOR AMPLITUDE MEASUREMENT 577 

frequency) is set by the transmitter power and the signal-to-noise ratio 
of the receiver. In practice, however, it is not usually possible to obtain 
zero both with and without the sample, as the transmission coefficient 
t is less than unity. Since the phase shift of an attenuator depends upon 
its setting, moreover, this difficulty cannot be completely overcome by 
any simple procedure. I t may be partially obviated by adjusting the 
attenuator initially to give somewhat too little power in one branch when 
the sample is not present, and somewhat too much when it is. This 
adjustment, which is made by observing meter reading vs. attenuator 
position, depends for its efficacy upon the fact that t is usually close, even 
though not exactly equal, to unity. The error in A is thus made negligible 
compared with the other errors, for most applications, especially if the 
sample is reasonably long. The increase in accuracy here described 
is, of course, obtained only when the phase shifter is set for minimum 
or near-minimum meter reading; in particular, the whole method of 
measurement is inaccurate if the attempt is made to set on a maximum. 
It is perhaps worth noting that transmission errors have much in common 
with errors encountered in the other procedures to be investigated; 
these other errors may often be treated by the same methods or even by 
the same equations that are presented in detail here. 

10.4. Techniques for Amplitude Measurement.—The general proce
dure used and the chief difficulties encountered when k is found by 
measurement of transmission in guide have been indicated. With regard 
to the question of loss, from Eqs. (12), (13) and Table 10-1, 

tan S = - X V k
M

P ^ * + ^(tan2 5) (25) 

may be obtained for tan S in terms of the amplitude transmission coeffi
cient t, if it is assumed for the moment that no power is reflected at the 
interface between air and medium. 

Direct Measurement of Transmission.—To measure t directly the 
procedure suggested in Fig. 10-7a, may be used, which leads to 

, _ T receiver reading with sample ] 
[receiver reading without samplej 

I monitor reading without sample I 
(_ monitor reading with sample J 

whenever second-order terms in the generator reflection, the sample 
reflection, and the reflection of the termination may be neglected. As 
previously, all terms except the product of the generator reflection and 
the reflection of the termination are reduced to the fourth degree if the 
experiment is repeated with a quarter-wavelength displacement of the 
sample. When the isolating attenuator is properly designed and placed 
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in the position shown, rather than in the fixed part of the line as might 
perhaps seem more natural, then it is seen from Eq. (21) that this product 
term will be negligible irrespectively of slight inaccuracies in the joints. 
Quantitative evaluation of the maximum error in this and similar 
methods of transmission measurement may be made by means of Table 
10-2 if A is is taken to mean the reflection from the sample. The effect 
of detector nonlinearity is the same for measurement of transmission 

Matched load. 

A T 

Gen. 

(<0 

Monitor -o 
Attenuator Sample 

Meter 

I t ) 

Probe'*2-
Probe * ! - , 

Generator 

-^ Attenuator 11 Sample 

F I G . 10»7.—Direct measurement of transmission. 

by this method as for measurement of a power standing-wave ratio by 
the maximum-to-minimum technique. The ratio of transmissions for 
different sample lengths is often required rather than the actual value 
of the transmission, and a modified procedure that eliminates error from 
the terminating reflection may then be employed. Thus, instead of 
reducing this reflection to a zero or near-zero value, the phase may be 
adjusted in such a way as to maximize the receiver reading; or, what is 
nearly the same thing, the bolometer may be matched to generator plus 
sample rather than to the line. For the validity of either procedure, it 
is necessary and sufficient that the reflection of generator plus sample 
be constant, a condition that will usually be realized only when the sample 
transmission is so low that the over-all reflection r nearly equals the inter
face reflection r* Thus, the method should not be used for short low-loss 
samples. Another property of this method which makes it unsuitable 
for such samples is that the transmission of the phase shifter itself 
will depend to some extent upon the setting; the change in transmission 
so introduced must be compensated by previous calibration unless it is 
negligible in comparison with the change in transmission being measured. 
The error from generator reflection persists in general even with this 
modified procedure, but if the sample has low transmission—which is 
a desirable property with this method in any case—then the error is 
eliminated whenever the distance from the generator to the nearest 
sample interface is held constant. I t must be mentioned again, however, 
that the ratio of two transmissions only is considered here. The proce
dures outlined in this paragraph are incorrect when the value is desired 
in an absolute sense. An illustration of the correct application of the 
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method is given in Ref. 8a, where the loss tangent of water is evaluated. 
Still a third method of finding t directly is suggested in Fig. 10-76, for 

which a relation is given in Ref. 17a, 

t 
+ \ / m i n for probe #2' 

'min for probe #1 
[same, without sample], (27) 

with an apparent error of the order of the sample reflection times the 
reflection of the termination independently of generator mismatch. 
Unlike the procedures hitherto described, however, this one involves the 
use of a traveling probe, which is shown in Ref. ha to lead to large inaccur
acy in certain cases. The fractional error is of the second degree in the 
five quantities: reflection of generator, reflection of first probe, reflection 
of sample, reflection of second probe, reflection of load; several of the 
terms involving probe reflection remain of the second degree, in general, 
even if an average with quarter-wavelength displacement is taken. 
The need for reducing this source of reflection is thus apparent. 

Measurement of the Difference between Transmission and Unity.— 
Although the foregoing methods of finding t are simple and direct, they 
are not entirely satisfactory when the loss is low. Thus, it is seen from 
Eq. (25) that it is essentially 1 — t rather than t which is desired, with 
the result that the fractional error in tan 8 greatly exceeds that in t 
when i « 1. To overcome this difficulty the bridge method previously 
described may be used, which gives 1 — t, essentially, rather than t. 
Thus, 

1 _ t = 2™ (28) 
M + m v ' 

where M2 is the maximum, m2 the minimum meter reading observed as 
the setting of the line stretcher is changed with the sample in place, 
if the variable attenuator has been adjusted to give a minimum of zero 
with the sample removed. To avoid overloading the detector, the 
maximum M2 is taken with the fixed attenuator present, the minimum 
m2 with it absent; the true maximum for substitution in Eq. (28) is then 
equal to the measured maximum divided by the transmission coefficient 
of the attenuator. 

Such a procedure reduces errors due to nonlinearity, as may be easily 
shown, but its indiscriminate use is likely to lead to errors of another kind. 
Thus if the insertion of an attenuator reduces the power by a given 
amount in Fig. 10-8a, it causes, in general, a different reduction in Fig. 
10-86; the ratio of power with and without the attenuator is, however, 
independent of probe position in both cases. For quantitative treatment 
T2 is defined as the ratio of powers with and without attenuator in Fig. 
10-8a, T2 as the ratio in Fig. 10-86, R as the amplitude reflection coefficient 
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Probe -
Attenuator 

for the load, G for the generator, and A for the attenuator. If the attenu
ator is not symmetrical, A is the reflection coefficient from the right for 
the first situation, from the left for the others in Table 10-2. With the 
aid of this table, in which only the last two entries are approximate, the 

attenuation is found to be inde
pendent of the position of the atten
uator, of the position of the load, 
and of the magnitude of the reflec
tion from the load if, and only if, 
two of the three quantities A, R, 
and G are equal to zero (Ref. 2a). 
In particular, the generator must be 
matched to the line rather than to 
the load if the errors for high stand

ing-wave ratios are not to be prohibitively large; the corresponding reduc
tion in available power leads to complications in certain cases. 

TABLE 10-2.—THEORETICAL EHRORS INTRODUCED BY IMPROPER USE OF AN 
ATTENUATOR 

FIG. 10*8.—Typical application 
attenuator. 

Situation Least possible 
value of T/T 

Greatest possible 
value of T/T 

Extremes 
possible in 
ordinary 

cases 

G — 0, R and A finite 
R = 0, G and A finite 
A = 0, G and R finite 

A = 0, G and R finite, 
phase shift through 
attenuator same as 
for empty line 

G, R, A, finite T « 1 

T « 1, generator in
itially matched to 
load 
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a +RG) u 
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Yes 
Yes 

No 
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Yes, for cer-
t a i n a t 
t e n u a t o r 
lengths. 

Yes 

If the calibration of the variable attenuator is known, an alternative 
procedure is to adjust the attenuator for zero minimum with and without 
the sample, whereupon the ratio of the attenuator transmissions for the 
two cases is easily seen to be equal to the transmission desired; that is, 

T1 

77 t (29) 
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if t is the transmission coefficient of the sample, as usual, and J\ , Ti 
are those of the attenuator when adjusted to give a minimum meter 
reading of zero with and without the sample, respectively. The chief 
advantage of this procedure over those discussed hitherto is that the 
result is now independent of the linearity of the receiver. This inde
pendence of linearity is characteristic of all procedures that merely 
require two readings to be equalized, and, although not explicitly men
tioned in all cases, it is of frequent application in the present discussion. 
Error from reflection is again given in Table 10-2. 

G 
Attenuator 

Isolating \ i being 
attenuator calibrated 

Generator 7 Short circuit-
FlG. 10*9.—Calibration of a low-loss nonreflecting attenuator. 

Because the range of attenuation is small for most applications, the 
calibration may be carried out by the method suggested in Fig. 10-9; 
from Eq. (6) with r" = p" = 0 

[(SWR) - 1] 
[(SWR) + 1] (6V> 

is obtained for the attenuator transmission T in terms of the measured 
standing-wave ratio. The error in the method of Fig. 10-9 due to 
attenuator reflection, which must be small anyway for the application 
suggested, is shown by Eq. (6) to be of the first degree when a single 
measurement is made, of the second if two measurements are averaged 
with a quarter-wavelength displacement. When the attenuation exceeds 
1 db, the measurement of the standing-wave ratio must be carried out by 
taking maximum and minimum meter readings, as usual, whereas for 
lower attenuation, the procedure is preferably that described in con
nection with the short-circuited-line method. In the first case probe 
errors are of the order of the product of the reflection bekig measured 
and the probe reflection; in the second they are negligible (Ref. 5a). 
From this and other considerations it is concluded, finally, that the 
attenuator should be calibrated by one of the methods of Fig. 10-7 
for moderate or large attenuation, and by the method of Fig. 109 for 
small attenuation. 

Thus far it has been assumed that the transmission coefficient of the 
phase shifter is independent of setting, which is actually not the case in 
normal practice. The error due to this variation may be shown to be 
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negligible when t' is being considered, but when t is to be found by 
the method just described the error must be considered in somewhat 
greater detail. By application of Eq. (28) to the situation illustrated 
in Fig. 10-3b it is a simple matter to calibrate the phase shifter, and the 
transmission, although not constant, is then known as a function of 
the setting. With this information available the error due to the effect 
in question is readily corrected by the relation 

(Mti — mta) 
t (Mt2 + mh 

which replaces Eq. (28), and by 

t 

(31) 

(32) 

instead of Eq. (29). In these equations, which are valid without appre
ciable error if the reflection from the phase shifter may be neglected, 

From cold 
thermocouple 

junctions 

thermocouple 
junctions 

Dielectric 
plug 

Liquid 
sample 

F I G . 10* 10.—A calorimeter for measuring loss. 

U is the transmission of the phase shifter when it is set for minimum read
ing with no sample, and £3 and ti are the transmissions when it is adjusted 
for maximum and minimum readings, respectively, with the sample in 
place. 

A Calorimeter Method.—Attention hitherto has been confined to the 
standard methods of r-f power measurement. Partly because of its 
novelty one other procedure is considered which requires none of the 
r-f components that have played an essential role in the foregoing 
discussion. With the procedure in question, developed in Ref. 15a, 
the temperature change caused by the r-f power absorbed is measured, 
and from this temperature change the loss tangent of the material is 
obtained (see Fig. 10-10). If (A71), denotes the difference between input 
and output temperatures at time t after the r-f power is turned on, a 
plot of (AT)., — (AT)t vs. t is a straight line on semilogarithmic paper 
with slope s given by 

s = -2a 4' A 
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where A is the cross-sectional area of the coaxial line, q the rate of flow 
of liquid, and a the attenuation constant, denned by the relation 

E(x) = E(0)e-", 

which gives the amplitude E[x) at point x inside the liquid. The fore
going result was obtained for the period of temperature rise. After the 
steady state has been reached the transmitter may be turned off. The 
temperature difference will now decrease exponentially, in such a way 
that (AT), vs. t will be a straight line with the same slope as that 
formerly obtained for (AT), — (AT).,. As a check for experimental 
accuracy, the slope s is evaluated in practice by both methods. The 
method appears to be most feasible in coaxial line, since the center con
ductor supplies a convenient return path; in this case Eq. (17) of the 
introduction, together with the above equation, gives the simple result 

, , 1 1 /\sAY s e c 5 = 1 + 8fcU7 
for sec S in terms of the measured quantities s, A, q, and k, provided the 
first three are expressed in a consistent system of units. 

The experimental procedure is to measure the temperature difference at 
regular intervals from the time at which the transmitter was turned on, 
with due care to keep the input power and rate of flow constant. From a 
logarithmic plot of temperature difference vs. time, the slope s is obtained. 
The quantities A and q, and with them the ratio A/q, giving the velocity 
of the liquid, are determined by standard methods, whereas A- is found 
by a separate r-f measurement of the type considered elsewhere in this 
chapter. 

The foregoing discussion gives only the essentials of the method, and 
it remains to consider the conditions for its validity. In the first place, 
the power was assumed to be traveling in a direction opposite to that of 
the liquid flow, as illustrated in Fig. 10-10. I t was shown in Ref. 15a 
that this condition is the most satisfactory experimentally; it leads to a 
time constant that is smaller than that obtained in other circumstances, 
and that is, moreover, independent of the length of the liquid column. 
The limitation on this last statement is that the length must be sufficient 
to absorb practically all the r-f power, that is, a traveling wave must exist 
in the sample rather than a standing wave, and only negligible power must 
reach the termination. This condition, which requires either very long 
or very lossy samples, seriously restricts the utility of the method, apart 
from the fact that it is applicable to liquids only. The use of a short-
circuit for the termination, if accompanied by a suitable modification 
of the theory, could be expected to allow lengths half as great as those 
otherwise permitted; but the restriction on length would still be incon-
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venient for most materials. Another assumption was that the flow is 
laminar, a condition which need be only approximately satisfied in prac
tice and which is sufficiently assured by the proper design of the end 
plates. Local velocity variations with time must be avoided, however, 
and precautions must be taken to prevent heat interchange between the 
input and output pipes. In conclusion, the method has the disadvan
tages of giving loss alone, and of applying only to a very special type of 
sample. Its accuracy is apparently not sufficient, moreover, to permit 
measurement of small losses. On the other hand it is advantageous in 
that it requires no r-f equipment besides the generators, and it has a cer
tain theoretical interest in that it can be used for absolute power measure
ment. Henceforth, however, only the more familiar r-f techniques will 
be described. The following discussion is not intended to apply to the 
calorimeter method. 

10.5. Details of Computation.—It is possible to determine transmis
sion with considerable accuracy. Most causes of error noted above in 
connection with t', such as clearance or generator instability, are rela
tively less serious for /, and may be corrected when necessary in the 
same way as before. For the computation of tan 5 from the accurate 
value so obtained, however, it may be observed that the simple equation 
given for this purpose is actually incorrect in many cases. By analogy 
to the procedure used in deriving Eq. (19), the interface reflection r; 
was neglected and the attenuation was computed as though the wave were 
simply traveling a distance d through a continuous medium. In the 
equation for k, Eq. (19), the error due to this neglect of r\ was found to 
be of the second order and to be, moreover, rigorously equal to zero 
for many values of the thickness. In the present case, on the contrary, 
not only does the error persist for all values of d, but the change in t due 
to interface reflection—far from being negligible—is often fifty or a 
hundred times greater than the change due to a nonzero tan 8. In 
other words the terms neglected in the derivation of Eq. (25) are usually 
more significant than the terms retained, and the need for further investi
gation is clear. 

Exact Solution.—In the first place, the problem may be solved 
exactly by the relations given in the Introduction. Thus, if ri,e~'ri' and 
Ue~'r'', as given by Eqs. (8) and (9), are substituted for the quantities 
t", T" and p", r" of Eq. (5), 

(y/k + l)2 - (Vk - lye-** 
is found to be the complex transmission coefficient of a single lossless 
sheet of thickness d, when a plane wave is incident normally upon it in 
free space (Ref. lb). The corresponding equation for guide is obtained 
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from Table 10-1, and finally application of Eq. (12) to the resulting 
expression gives the general relation for arbitrary loss. The two non-
complex equations eventually obtained in this way are unfortunately 
transcendental as well as simultaneous; they may, however, be solved 
graphically or by successive substitution. In this latter case use is made 
of the fact that the computation of k is practically independent of tan &, 
and an accurate value may be found directly by Eq. (19). This pre
liminary value for k is then substituted in the final form of Eq. (33), 
which thereupon becomes quadratic and may be solved by elementary 
methods. With tan 5 equal to the value thus obtained instead of zero, 
Eq. (33) is used to find a more accurate k, and so on. The process 
converges rapidly in most cases; in fact, as was observed in connection 
with Eq. (19), the first value of k, computed for tan 5 = 0, will ordinarily 
be correct within the experimental error. 

Although numerical solution of Eq. (33) is not convenient, the values 
of both fc and tan 8 are obtained in principle from the measured quantities 
t, I', d, X. If conductor losses be dealt with as suggested, no theoretical 
error is introduced in the transition from data to results. Of course the 
experimental errors remain, however, and upon more detailed investiga
tion it is found that those in tan S will be excessive for all but certain 
limited ranges of the parameters. Thus, the percentage change in t 
or 1 — t caused by a positive rather than a zero value of tan S is usually 
small; conversely, a small change in the measured transmission will often 
lead to a large, or even infinite, percentage error in tan 5. In this situa
tion, which is the usual case for arbitrary values of d and moderate loss, 
the present method of loss measurement is relatively useless whether or 
not the exact equation be employed. 

Low Transmission.—To obtain a large percentage change in a meas
ured quantity, as tan 5 increases from zero to a finite value, two proce
dures may be used, namely, a large value of d, or a lossy sample may be 
taken so that the change will actually be great in magnitude; or a sample 
that will have almost complete transmission for zero loss may be used, 
so that the percentage change in 1 — t caused by tan <5 will be large 
whether or not the actual magnitude is large. The first situation is 
expressed by the inequality 

-[(^OO-i)]*1 <"> 
for which Eq. (5) leads to 

fe-*' « (1 - ^ e - ^ ) e ( " ^ ) ^ ^ ^ ( 3 5 ) 

instead of the exact equation corresponding to Eq. (33). Equation (35), 
which is valid whether the wave be TE or TM, suggests that the measure-
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ments be repeated with two different values of d, as such a procedure 
will eliminate n or rj and lead to a nontranscendental solution for both 
k and tan 8 without further approximation of any kind. Thus, 

' -> + ($)(» + §)<'-rt-psS?]* w 

where d now stands for the difference between the two values of d, A 
for the difference in the two values of A, and t for the ratio of the two 
values of t. For its validity this equation requires only that interaction 
between the two faces of the sample be negligible; in particular, it is not , 
even assumed that tan 8 is less than unity. To compute k and tan 5 
the result for zero loss is obtained, Eq. (19), to which Eq. (34) evidently 
reduces whenever tan2 5 = 0; and from this the term indicated in Eq. (36) 
is subtracted. Having thus found k, tan 8 may be computed from Eq. 
(37), which is equal to the square root of the correction term already 
found, multiplied by an easily computed factor. As may be seen from 
Eq. (5), the theoretical error in Eqs. (36) and (37) is of the order of 

, / 47i-d, s\ r ? e X PV -^ t a n2> 
or somewhat less if the two values of d differ by nXm/2. The experi
mental errors will be relatively small for the assumed situation, as the 
effect being measured is large in both percentage and magnitude. 

The method just described was used in Ref. 8a to evaluate the loss 
tangent of water, for which the transmission is low enough to satisfy 
all the requirements noted above. I t was verified that p can be neglected 
when k is sufficiently large, a result which is evident from Eq. (35) or 
from Table 10-1 of the present text. The equations appropriate to 
free space were used accordingly in Ref. 8a even though the measure
ment was carried out in guide. Such a procedure, it is perhaps worth 
mentioning, is usually valid for the propagation constant alone; the l 

effective k used for interface reflection involves (1 — p) as a factor, and 
hence the dependence must be retained regardless of its magnitude 
(Table 10-1). 

With the propriety of the simplified equations for p = 0 verified, 
the presence of negligible interaction between the sample faces, which 
follows theoretically from Eq. (34), was checked experimentally. To this j 
end a complete curve of transmission vs. thickness, rather than only 
two points as hitherto described, was obtained (see Fig. 10-lla), and j 
log t was plotted as shown in Fig. 10-1 lb. The thickness itself, which was 
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too small to measure directly, was obtained as the quotient of the volume 
of the water and its surface area. If Eq. (35) of the present text is valid, 
then a curve of the type given in Fig. 10-116 should be a straight line. 
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F I Q . 10-lla.—Use of transmission in coaxial line to determine the loss tangent of water 
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It may be shown, conversely, that if this curve is a straight line, then 
Eq. (35) is valid. With axes chosen to give such a linear relation, the 
best-fitting curve is particularly easy to find by least-square methods. 
The slope of this best-fitting curve (that is, straight Une) gives the proper 
values for substitution in Eq. (35). No error is introduced by the mica 
partition, for Eq. (5), which leads immediately to Eq. (35), assumes 
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nothing about the origin of t", r", T", R". Thus, Eq. (35) and the 
cancellation attendant upon taking the ratio of t's, remain valid for the 
present situation if Ue~'u be interpreted as the transmission coefficient 
of the three-medium transition from air to mica to water. Similarly, 
the error term r\ exp [ —(4ird/X„) tan 5/2] remains valid if r< be taken 
as the over-all reflection of the same three-medium transition. 

This investigation described in Ref. 8o, which has been here dis
cussed in some detail, was carried out with regard to water alone, but 
many of the principles employed have a general validity that is relevant 
to less specialized problems and may well be given a place in the present 
discussion. Such a principle is embodied in the use of a complete curve 
of k or tan 5 vs. some easily varied parameter (Fig. 10-116); not only does 
it give a check for certain inaccuracies but it often leads to an increase 
in accuracy by virtue of the well-known behavior of probable error in 
such circumstances. Similarly, cancellation of the effect of the mica 
separator, which is shown by Eq. (5) to be obtained regardless of the 
transmission or loss, is often found for extraneous effects of this sort 
if a ratio is taken as here described. A third principle, which is like
wise of general utility, is the modification of procedure and theory to 
suit the special problem at hand. Thus, the fact that k was large in this 
particular case permitted use of the somewhat simpler free-space equa
tions; similarly, the fact that the interface reflection is large with k 
large suggested that the maximizing procedure described, rather than 
some other method, be used for finding the transmission. And finally, 
the fact that the sample was a liquid permitted use of a novel and accurate 
method of measuring the thickness. Although they are not specifically 

mentioned here with every method 
. . . . , , , | A , . treated, it is clear that such proce-

> ^ f < C \ \ \ \ \ > ^ ^ 1 dures, and similar ones which will 
suggest themselves to the reader, 
are sometimes of considerable util
ity in dielectric measurement. 

Moderate or High Transmission.—It frequently happens that the 
loss is too low for Eq. (34) to be satisfied with conveniently small values 
of d. In this case a large magnitude for the measured effect of tan 5 
cannot be obtained, but it is still possible to obtain a large percentage 
effect by the procedure outlined above. Specifically, a sample is used 
that would have high transmission for zero loss, whereupon the value 
of 1 — t, which can be measured directly, will depend critically on tan 5. 
Thus, instead of measuring a large quantity with high accuracy a small 
quantity is measured with moderate accuracy, an operation which is 
considerably more practicable. To achieve the desired characteristics 
of the sample the technique suggested in Fig. 10-12 may be used, where 

Generator 

F I G . 10-12.—Use of tapered ends to 
eliminate interface reflection. 
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reflection at the air-sample interfaces is practically eliminated by the 
taper.1 Higher modes are obviated when the inner dimension A of the 
guide satisfies the condition 

A < — ^ = , (38) 

and in other particulars the equipment remains as described above. 
There is an error in t caused by the less-than-unity transmission of the 
taper, which is eliminated by the following procedure: two measurements 
with different values of d are taken and the difference between these 
values, the difference between corresponding A's, and the ratio of the t's 
are used rather than the quantities themselves in Eqs. (36) and (37). 
The conditions for validity and errors are the same as before but where 
the accuracy was formerly attained by making d tan 5 large, it is now 
attained by making r,- small. I t should be observed that Eq. (37) 
reduces to Eq. (25) whenever tan2 5 « 0, although the symbols must be 
given their present significance of differences or ratios. Despite the 
fact that complete neglect of rt is inadmissible, it is thus apparent that 
appropriate experimental conditions allow the treatment of the theory 
as if it were indeed a valid approximation. I t is in this sense that Eq. 
(25) may be considered correct. 

Half ^wavelength Sample.—Although the foregoing techniques arose 
from experimental necessity rather than from theoretical convenience, 
they actually led to much more manageable relations than those obtained 
for the general case. The need for having 1 — t depend critically on tan S 
suggests one other specialization of this type, which likewise gives simple 
theoretical relations, namely, a sample with d = n \ „ / 2 may be used. 
The necessary preliminary estimate of X„ causes no difficulty, as it 
depends primarily on k, which may be determined with an arbitrary 
value of d. Thus a simplified form of the exact expression for Eq. (33) 
is obtained, which reduces to 

' = (a + l ) 2 - (a - l ) ^ - 2 4 ' ( 3 9 ) 

Ik — p . fcxn 
a = Vr^y b = 2(k^T)tanS' 

when tan2 S = 0, as may be seen from Refs. 66 and 86. The two results 
are compared in Fig. 10-13, where the elementary quadratic Eq. (39) 
is shown to be valid in all cases not covered by Eq. (34). Although 

1 This method of measurement, with an i?-plane taper to eliminate interfaco 
reflection, was suggested and used by E. L. Younker (Ref. 6a). Waveguide trans
mission was apparently used to determine tan S for solid low-loss materials in Refs. 
17c, 18c, though no description of procedure is given. 
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the thickness for maximum transmission is an exact half-wavelength 
only when tan 5 = 0, the deviation is negligible for the present applica
tion; hence the value of t for substitution in Eq. (39) may be most 
accurately determined by measuring transmission vs. thickness near 
d = n\m/2. 
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F I G . 10*13.—Exact and approximate curves for tan 8 from the transmission of a half-
wavelength sample. If the approximate equation is valid, these curves may be used for a 
sample of thickness n\m/2 provided tan 5 is replaced by n tan 5. 

Wall Losses.—The loss introduced by the waveguide itself has 
hitherto been neglected, although it is frequently comparable with that 
of the sample. This loss is not the same with the filled as with the empty 
guide, for not only are the energy relations changed by the presence of a 
dielectric, but the field in the sample is often a standing-wave field rather 
than the traveling-wave field formerly obtained. The error is accord
ingly not canceled by the bridge procedure as would perhaps be expected, 
and special compensation is necessary. 

If the empty guide were completely lossless, 

(tan ome„ured) = (tan oMmpie) + (tan 5wan) (40) 

would be obtained1 when measuring the transmission of the sample con-
1 This method of t rea t ing wall losses, which will be repeatedly used in the present 

text , is due to A. R. von Hippel (Ref. l a ) . 

k = di >le rtr ic con- tan t_ 

\ 
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/ 
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tained in a piece of the actual lossy guide. The condition of zero loss for 
the empty guide may be simulated if the substitution is made 

" ^measured C A JJ [(" T) (tan a-l) Vl - (41) 

and hence wall losses may be readily corrected whenever tan 5w«ji is 
known. To determine this parameter, I is measured for two widely 
differing lengths of empty guide, whereupon the appropriate form of 
Eq. (25), with k = 1 and t = ratio of transmissions, gives the desired 
result. Since the loss is of concern here rather than k, the large path 
difference used for finding tan 5w.n, with consequent magnification of the 
effect of frequency drift, causes no undue error in normal practice. 

10-6. Uses.—The utility of the present method lies chiefly in two 
characteristics, namely, it does not require a probe of any sort and 
sharpness of resolution may be attained even with great path lengths. 
The first characteristic is relevant because of the demonstrated superiority 
of the short-circuited-line method presently to be described which, 
however, requires a traveling probe. Although standard at the longer 
wavelengths, equipment of this type is not easily designed for wavelengths 
much below one centimeter. On the other hand, it is precisely in this 
range of very short wavelengths, for which d may be much greater than 
Xi that the present method appears to best advantage. 

The second property, independence of path length, is particularly 
useful for the study of gases, in which the necessarily long guides, with 
their attendant high losses, give such a broad minimum with the short-
circuited-line method as to render it practically useless. Transmission 
techniques are open to no such objection, the sharpness of the minimum 
depending on waveguide attenuation only to the extent that this attenua
tion reduces the available power. For measurement of gases, inci
dentally, not only is the advantage just described obtained, but also 
most of the sources of error, including all those involving ?\, are negligible 
since fc « 1. 

MEASUREMENT BY TRANSMISSION IN FREE SPACE 
In all methods requiring the use of a guide, the preparation of the 

sample usually takes much more time than the actual process of measure
ment. If the methods are modified as suggested in Fig. 10-14 this pre
liminary step is eliminated for most production materials that are 
normally supplied in sheet form, and the resulting saving of time is 
considerable. Besides this increase in speed and simplicity, the experi
mental procedure, which is evident from the preceding discussion 
and from Fig. 10-14, has the additional advantages that there are no 
errors from clearance and that systematic error from other causes may be 
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F I G . 10*14a.—Equipment for measurement of phase in froe space. 
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F I G . 10-146.—Equipment for measurement of transmission in free space. 

conveniently investigated by the use of several angles of incidence. 
If p is set equal to zero in Eq. (19), or by direct calculation from Eq. 
(15) with 5 = 0, the relation 

k 
- ( " ♦ * ) ' 

= 0, (42) 

results as an approximate equation for the dielectric constant k in terms 
of the sample thickness d and the phase difference A obtained for the air 
gap with and without sample (Ref. 6a). The details for more rigorous 
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calculation will be given; it suffices here to observe simply that k can be 
determined once A is known. 

10-7. Experimental Procedure for Normal Incidence.—Although 
much of the discussion given in Sees. 10-3 to 10-5, including almost all 
results on amplitude measurement, applies without change to the present 
situation, there are a few differences for phase measurement which are 
of sufficient importance to be mentioned explicitly. With regard to the 
equipment itself (cf. Ref. 6a), a sufficiently long guide must be used in 
Fig. 10-14a to avoid undue strain as the micrometer setting is altered; 
the horn must be constrained to move in a straight line without nodding; 
and the micrometer itself must be aligned parallel to the direction of this 
motion. With these precautions, the first important difference between 
this and the previous techniques is that 
the present equipment need not be cali
brated and A may be read directly from 
the micrometer. Unlike those custom
arily used in waveguide work, moreover, 
a phase shifter of this type gives an ac
curately symmetrical minimum; hence 
the position may be computed as the av
erage of two values for equal meter read
ings, (see Fig. 10-15). This process 
leads to a significant increase in accuracy 
by virtue of the nonzero derivative (cf. Sec. 10 13). With drift elimi
nated as described later, absolute accuracies of the order of 0.0005X 
are found to be attainable with relatively crude equipment, and the 
sensitivity is such that a single sheet of paper inserted in the air gap 
may increase the meter reading by a factor of ten. 

Inconstant Frequency.—With such precision the effect of drift becomes 
increasingly important; on the other hand, the expedient of using equal 
paths no longer avails for the equipment of Fig. 10-14. Upon calculation 
of the derivative, the equation 
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F I G . 10-15.—The location of the 
minimum of a symmetrical curve by 
using points of nonzero slope; 
m = (p + « ) / 2 . 

a 2b + c V l - V 
should be satisfied for minimum sensitivity to drift (Ref. 6a) 
case 

° ' = c [ W + V ( i " p ) ( i ~ p , ) } 

(43) 

in which 

(44) 

for the change c to c' in micrometer setting produced by a change of X 
to V in transmitter frequency when the sample is not present. An exact 
criterion of this kind of course depends to some slight extent on the 
material between the horns, and is moreover impossible to satisfy exactly 
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for two different materials, for example, for air alone and at the same 
time for air plus dielectric. As a compromise adjustment for this 
effect, which is of secondary importance, a value may be given to a 
slightly higher than that indicated by Eq. (43). A similar method is 
applicable to the waveguide equipment already treated, although for all 
ordinary work it is unnecessary in either case. 

If the equipment is designed with paths of equal geometrical or 
electrical lengths, rather than with paths satisfying Eq. (43), the equa
tions corresponding to Eq. (44) indicate considerably greater sensitivity 
to drift, as would be anticipated from the nonzero derivative. By 
Table 10-3, which gives a comparison of such equations with that just 
obtained, it is seen that the optimum condition Eq. (43) is satisfactory 
even with rather unstable oscillators, and that these other conditions 
may on the contrary lead to large errors in practical work (cf. Ref. 6a). 
Unlike the result for waveguide measurement, the present relations sug-

TABLE 10-3.—THEORETICAL EFFECT OF FREQUENCY DRIFT IN FREE-SPACE EQUIPMENT 

Transmitter 
wavelength, in. 

0.5000 
0.5001 
0.5005 
0.5010 
0.5100 

Change in micrometer setting for minimum, c = 22 in., 
Xc = 0.84 in. 

Equal geometrical 
lengths, o = 26 + c, 

in. 

0 000000 
0.001100 
0.005412 
0.010736 
0.110638 

Equal electrical 
lengths, in. 

0.000000 
0.002442 
0.012100 
0.024112 
0.245256 

Correct 
adjustment, in. 

0.000000 
0.000000 
0.000002 
0.000013 
0.002442 

gest that complete insensitivity to drift is unattainable even when the 
effect of the sample is neglected. From more detailed analysis it is 
indeed found that such insensitivity may be achieved if, and only if, 
every guide with a given dielectric and Xc in one branch of the circuit be 
balanced by a similar guide of the same length in the other. For the 
present case, a second air gap would be required, which would be incon
venient in normal practice. 

Errors Similar to Those in Guide.—Except for inaccuracy specifically 
caused by the use of a guide, which is not found in the free-space measure
ment, the errors are essentially the same as those described in Sees. 
10-3 to 10-5. Analogous to the clearance error, for example, is the error 
produced by diffraction around the edge of the sample, which is discussed 
quantitatively in what follows. For our present purposes, the error 
analogous to clearance may be eliminated altogether if the sample is 
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sufficiently large. Besides this error, which is corrected without the use 
of accurately prepared samples, additional inaccuracy occurs as before 
from interaction between various parts of the equipment. In Ref. 6a 
it is shown theoretically and experimentally that the effect of interaction 
between the two antennas is practically negligible. By the methods of 
Refs. 6a and la it is also possible to eliminate error from the interaction 
between antenna and sample. Thus, a graph of measured A vs. the 
distance from sample to antenna should theoretically1 be a sine curve, 
nearly, with period X/2, as is seen from Ref. 7a. Hence the procedure 
previously advocated for compensating Y-joint reflection likewise applies 
in the present instance, that is, A may be taken as the average of the 
two values found for a quarter-wavelength motion of the sample (Ref. 
6a). Other details of this sort need not be reiterated here; in particular 
the comments of Sec. 10-5 relative to the measurement of tan 5 remain 
valid for free space. 

Spherical Wavefront.—A source of error which is unlike interaction 
in that it has no analogue for waveguide work is the fact that the wave-
front incident on the sample is essentially spherical rather than plane. 
As is seen from Fig. 10-16, the effect is qualitatively similar to that 
obtained by taking a number of readings for various angles of incidence 
near normal and averaging the results in some suitable way. To the 
extent that this simple mechanism represents the true effect it can be 
said, by virtue of Eqs. (47) and (52) and the accompanying remarks, 
that the error in practice will usually be very small. It may be investi
gated experimentally by taking measured k or tan S vs. the distance from 
transmitter to sample, a procedure which was suggested and used in 
Ref. 14a. 

Besides thus changing the "effective angle of incidence" (if one may 
be permitted such a term for waves which are not plane), the spherical 
phase-front has the added effect of producing inverse-distance attenua
tion; hence the amplitude distribution through the sample will not havs 
the uniformity hitherto assumed, even along the axis. Points off the 
axis are illuminated nonuniformly in accordance with the antenna pat
tern, an effect commented on in Ref. 7a. Whether significant error from 
this attenuation would be encountered in practice is a matter not easy 
to determine with assurance, although the similarity of propagation 
constants for plane and spherical waves would indicate that no appre
ciable error should be observed when interface effects are negligible. For 
moderately thin samples the effect in question would likewise be expected 
to be small, a conclusion which has been verified experimentally in that 
the results are independent of both thickness and angle of incidence 
(cf. Refs. 6a, 7a, and Sec. 1018). It is worth noting, incidentally, that 

1 That such behavior is found in practice is verified by the curves of Fig. 19c. 
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this inverse-distance attenuation gives a simple and accurate method of 
investigating the receiver characteristics. Thus, if the antennas are 
sufficiently far apart for the application of Fraunhofer theory, if they are 
kept oriented for maximum pickup, and if care is taken to avoid inter
ference between the antennas themselves (Ref. 7a) or from surrounding 
objects, then a log-log plot of receiver reading vs. the distance between 
antennas should be a straight line with slope equal to the law of the 
detector. Such a curve was actually obtained in Ref. 14a, and used as a 
check on the linearity of the receiving system. 

In connection with error from the spherical wavefront it is natural 
to inquire whether more accurate results will be obtained, for given 
antenna separation, with the sample near the receiver than with the 

SAMPLE SAMPLE' 

RECEIVER 

Fio. 10-16.—Spherical wavefront obtained in free-space measurement. The sample 
is shown as curved to indicate the generality of the result in the text, which is valid for 
such samples or for arbitrary incidence, and to illustrate the nature of the symmetry 
required. 

sample near the transmitter. Intuitively an affirmative answer would 
perhaps be expected to this question, since the incident wave certainly 
becomes more nearly plane, both in phase and in amplitude, as the dis
tance from sample to transmitter increases (Fig. 10-16). Despite this 
intuitive reasoning, however, the two positions are found to be essentially 
equivalent whenever the antennas are alike: for the situation of Fig. 
10-16b can then be obtained from that of Fig. 10-16a by merely reversing 
the direction of power flow. If the general reciprocity theorem is 
applied to the system when the sample is not present, and then when 
it is, the ratio of complex transmission with sample to that without, 
which is the measured transmission coefficient, will be the same in 
Fig. 10-16o as in Fig. 10-166. I t follows that A and t are both unchanged, 
and hence the error due to the curved wavefront is presumably the same 
in both cases. Some slight error in this argument is to be anticipated in 
that one of the antennas is moved during the measurement, though the 
qualitative conclusion is not thereby invalidated. In practice, never
theless, the sample should be placed nearer to the receiver, though for an 
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entirely different reason (Ref. 6a), namely, to prevent the so-called 
' 'pulling" of the microwave generator. 

10-8. Computations for Normal Incidence.—The calculation of k 
from A may be made, in principle, by setting p = 0 in the waveguide 
equations, which then become equally valid for free space. Because of 
the restrictions introduced by having the sample in sheet form, however, 
these relations are for the most part rather inappropriate and therefore 
may be supplemented with equations specifically derived for the case 
at hand. The restrictions in question chiefly involve the sample thick
ness d, which can be given fairly large values and changed at will in 
guide, but which is usually small and difficult to change for free space. 
With the choice of d thus circumscribed, the analogue of Eq. (19), 
Eq. (42), is quite inaccurate theoretically, a situation that is the more 
serious in view of the high precision possible experimentally. For 
quantitative consideration Eq. (42) actually represents the exact limiting 
value (always neglecting tan2 &) which would be approached as d 
approaches infinity; and when d approaches zero, on the other hand, this 
exact limiting value is given by 

as can be seen by Ref. 6a or by Eq. (45). In intermediate cases Eq. 
(33) gives the transcendental but real equation 

(Vfc + - L ) tan ( M ^ j = 2 tan t', (45) 

which is likewise exact for tan2 8 = 0 and which may be solved by 
graphical means (Fig. 10-17). With a direct solution of this kind, how
ever, the plot required for accurate work is of almost prohibitive size, 
and therefore another procedure is sought. 

Method Permitting Accurate Graphical Computation.—If Eq. (42) and 
Eq. (45) are combined (Ref. 6a), 

A„.„ - A ^ = I - d Vk - ( ^ ) t a n - [ ^ | cot ( M ^ ^ ( 4 6 ) 

is obtained for the difference between the A's which would lead to Eq. (42) 
and the true value of A as actually measured. From this equation, 
which is plotted in Fig. 10/18, the value of the error in question cannot 
only be estimated but can also be corrected. Thus, the value of k is 
found from Eq. (42), which usually gives a value accurate enough 
for negligible error in Eq. (46). From Eq. (46) or from Fig. 10-18 the 
desired value of A may be obtained and substituted in Eq. (42) to find 
the true value of k. Although essentially a process of successive sub-
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stitution which may be indefinitely continued, the values converge so 
rapidly that a single operation suffices for practically all cases. By virtue 
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Via. 10-17.-

0.50 0.45 0.40 0.35 0.30 0.25 

0.01 0.02 0.04 0.06 0.10 0.2 0.4 0.6 0.8 1.0 
d A -(thickness of sample)/(free space wavelength) 

-Exact relation between k and A for free space, normal incidence, and negligible 
t an ' S. 

of the equivalence relations of Table 10-1, this method of compensation 
may also be applied to measurements in guide, although the use of samples 

thin enough to make such a pro
cedure necessary is not particu
larly to be recommended. 

Loss.—It has so far been as
sumed that tan2 5 ~ 0. In the 
few cases for which this assump
tion is not valid certain of the 
waveguide equations may be used, 
although the expedients suggested 
for eliminating the effect] of rt in 
guide are usually no longer practi
cable here. Similarly, it is not 
usually possible to obtain a large 
effect from tan S in free space, un
less the sample happens to be such 
that d = nXn/2. For this case 
Eq. (33) gives the required result 

implicitly, Eq. (39) explicitly, and in other cases the free-space method 
should not be used at normal incidence for finding loss. If tan S is already 

w ^> 0.02 
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Fio. 10-18.—Error in appr6ximate equa

tion as a function of thickness and dielectric 
constant. The quantity Am is equal to the 
measured value of A and A<j represents the 
desired value, tha t is, the value of A for 
which A; = (1 + A/<2)». 
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known, however, its effect on the measured value of k may be compen
sated, the procedure being to use (1 + r\)2/(l — r;)2 in place of k in Fig. 
10-18, d/Xm in place of d -\/k/\ and from the value of k thus obtained to 
subtract the correction term of Eq. (36) with p = 0. Such complications 
seldom arise, however, in ordinary practice. 

I t must be mentioned that there is one notable exception to these 
inconveniences that are usually attendant upon free-space measurement 
of tan 5. The exception in question concerns the sample itself, which 
may be readily and accurately measured provided it is sufficiently lossy 
for the validity of Eq. (34) with manageable values of d, and of such a 
form (almost necessarily liquid) that d may be easily changed, and 
available in sufficient quantity to permit use of a sample large enough 
to obviate diffraction. With such samples the procedure suggested for 
c o m p a r a b l e circumstances in 

-<~^ >- —<J >— 

(a) m 

guide is valid for free space as well; 
in particular the calculations may 
be made by Eqs. (36) and (37) 
with the symbols as there defined 
and with p = 0. Of course the 
number of materials fulfilling the 
above requirements is somewhat 
limited, although the require
ments are admirably met by 
water, which was successfully 
investigated (Ref. 14a) by the 
free-space method as described 
here. For reasons already men
tioned, however, free-space meas
urement of tan 5 is not to be 
recommended as a procedure of 
general utility. 

10-9. Arbitrary Incidence.—Although error due to interaction may 
be canceled with the foregoing procedures, the labor of experiment and 
computation is considerably increased. The possibilities of the free-space 
method are not exhausted by the foregoing discussion, however, since 
the process of measurement is often more convenient and accurate at 
arbitrary than at normal incidence. In this case the errors due to inter
action are automatically eliminated. Thus, instead of returning to the 
antenna, as in Fig. 10-19o, the wave reflected from the sample is directed 
away from the equipment as shown in Fig. 10-19b, and thus the measured 
value of A should be substantially independent of sample position. 
That such is the case in practice is shown in Fig. 10-19c; it is therefore 
unnecessary to duplicate the measurement with a quarter-wavelength 

Distance from antenna to sample 

fc) 
Fia. 10-19,—Interaction between sample 

and antenna at arbitrary incidence, (a) 
Normal incidence. (6) Not normal inci
dence. (c) Micrometer setting vs. sample 
position at X = 1.25 cm. Points are experi
mental, curve is best-fitting sine curve with 
period A/2. 
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displacement when the incidence is far from normal. The appropriate 
form of Eq. (42) with either polarization may be written 

for incidence 8 and negligible interaction between the sample faces 
(see Fig. 10-20). The equation may be obtained by setting p = sin2 0 
in Eq. (19), or directly by Eq. (42) and the /3-equivalence of Table 10-1, 
since the phase is measured perpendicular to the wavefront in free space 

and perpendicular to the sample in guide. Thus, the value of A in the 
earlier result or in the table corresponds to A cos 8 in the present case, a 
substitution which is frequently necessary in progressing from normal 
incidence or guide equations to those of the type in question here. 

Interface Reflection.—Like interaction between sample and antenna, 
the interaction between the two faces of the sample, which necessitated 
the correction associated with Fig. 10-18, may be eliminated automatically 
by the use of arbitrary incidence in many cases. For quantitative 
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investigation (cf. Refs. 7b, 6a), 

^ sin-* r\ « ^ [r\ + Otf)] (48) 

is found to be the maximum error in A due to rt as the thickness is changed. 
This expression follows directly from Eq. (5) and is correct without 
approximation in guide as well as for arbitrary incidence at either polariza
tion in free space, if the appropriate value of r; be used in each case. 
From the curves of Fig. 10-21 it is seen that the error is much larger for 

Perpendicular polarization Parallel polarization 

0 30 60 90 0 30 60 90 
Angle of incidence in degrees 6! 

F I G . 10-21.—Maximum error in A due to interface reflection for polarization perpendicular 
or parallel to the plane of incidence. 

perpendicular than for parallel polarization, in agreement with the well-
known behavior of interface reflection; with parallel polarization the error 
is zero, as it should be, when 6 equals the polarizing or Brewster angle, 

6b = tan"1 \/l. (49) 

In practice it is inconvenient to set 6 to this value exactly, particularly 
when k is unknown; however, the error is so small that the exact deter
mination of the proper 6 is unnecessary in any case. For example, 
if 6 = 60° is taken independently of A, the maximum possible error is 
shown by Fig. 10-216 to be less than 0.001X whenever 1 ^ n ±= 4.5, an 
error which is negligible for all but the most exacting work. If for any 
reason 8 must be very far from 0b, however, the correction of Fig. 10-18 
may also be used at arbitrary incidence by means of the substitutions 
of Table 101. Such a situation arises when the sample is unusually thick, 
as the beam shift, due to refraction, will then lead to erroneous results 
whenever 0 deviates appreciably from zero (cf. Ref. 6a). I t is worth 
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remarking that a similar reduction of interface reflection is obtained 
when a TM-wave is used in a guide giving an appropriate value of p, 
though such a procedure has apparently not yet been used in practice. 

Loss.—The reduction of r{ obtained with incidence other than normal 
may also be applied to measurement of loss, which satisfies 

tan 5 = — 
X In t %/k — p 
irkd k 

vd Vk + 1 

+ 0 (tan2 5), (8 « di), 

+ 0(tan2 &), (8 = 8b), (50) 

whenever 8 is sufficiently near to 06. 

F I G . 10-22.- -Determination of the true angle 
of incidence. 

In the few cases for which neglect 
of tan2 S is inadmissible the ap
propriate relation may be ob
tained by Eqs. (12) and (33) and 
Table 10-1, with due regard to the 
mode of measuring A [cf. Eq. (47) 
and accompanying remarks]. In 
both Eqs. (47) and (50) it is worth 
noting that change of polarization 
affects only the error term j \ , not 
the value of the main expression; 

hence the presence of slight cross-polarization may be justifiably neglected. 
Measurement of Angle of Incidence.—With the above procedure it is 

necessary to know the true value of 8, which cannot be found by geo
metrical measurements alone. For this reason it is advisable to modify 
the normal-incidence technique, taking 8 rather than the micrometer 
setting as the variable used to minimize the received power. Thus, 
8 is set at about 60°, or at any other desired value, and the micrometer 
is adjusted for minimum. With this fixed micrometer setting, 8 is 
adjusted for minimum reading on the original and on the other side of 
P = 0, as suggested in Fig. 10-22, the fixed attenuator being inserted 
during the transition. The average of the two values so obtained is 
the true angle of incidence (Ref. 6a), and A is found, as usual, from the 
fixed micrometer setting as compared with that obtained without the 
sample. Because cos 8 varies so slowly when 8 is near zero, this 
difficulty does not arise with the normal-incidence method, that is, 
Eq. (42) remains valid over a range of perhaps +10° in most cases, and 
hence the adjustment may be made by inspection (cf. Eq; (52)). 

Sample Size.—Besides this extra difficulty in determining 0O, the use 
of arbitrary incidence has the disadvantage of leading to large errors 
from diffraction in certain cases. Although the error can still be elimi
nated when the sample is sufficiently large, the size required is often 
prohibitive for materials not in industrial production. At the shorter 
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wavelengths this diffraction effect should theoretically depend chiefly 
upon the projected width of the sample, the minimum permissible size 
being accordingly given by an equation of the form 

Minimum permissible width = A sec 6, (51) 

with the constant A depending only on the sample position and type of 
equipment. That such intuitive results are valid in practice is verified 

14 12 10 8 6 4 2 0 
Projected width of sample in inches 
equals half actual width (9=60°), 
equals actual width (9 = 0°) 

(a) 

2.8 
2.7 
2.6 
2.5 
2.4 
2.3 
2.2 
2.1 

14 12 10 8 6 4 2 0 
V>) 

F I G . 10-23.—Effect of diffraction on apparent value of k, as measured by the phase 
shift for transmission in free space. In a the distance from the center of the sample to the 
receiver is 4.5 in.; the circles are for 6 = 0°, the triangles are for 0 = 60°. In b the center 
of the sample is 0.5 in. from the receiver, and 6 = 0°. 

by Fig. 10-23a, where a curve of measured k vs. projected width is seen 
to be nearly the same at B = 0 as at 8 = 60°. For this particular case 
the constant A of Eq. (51) happens to be about 7 in. when the axis of 
rotation is 4.5 in. from the antenna, and about 4 in. when the distance 
is 0.5 in. (Fig. 10-23b). This decrease of A with the distance to the 
nearest antenna is likewise to be expected intuitively; obviously the 
axis and antenna should in practice be as close as the construction of 
the system will permit. Although no reliable method of compensation 
has been found, curves of the type shown in Fig. 10-23 permit estimation 
of the error in question or, alternatively, of the sample size required to 
reduce this error to negligible proportions, and only one or two curves 
are required for any given equipment. If it is desired merely to verify 
that the particular sample used is sufficiently large, without determining 

A 
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the minimum size, a nontransmitting sample of the same size may be 
substituted. If the receiver reading is zero, independently of the microm
eter setting, the size is ample. Such a procedure is described for checking 
the amplitude measurement in Ref. 14a. 

10-10. Comparison with Optical Methods.—Before the subject of 
transmission as a means of determining k is left, a brief comparison of 
the microwave techniques described here with the closely analogous 
interferometer procedures of optics will be given. In optics the phase is 
usually measured by counting interference fringes, whereas in microwave 
techniques the micrometer setting is adjusted for minimum received 
power. The results obtained in the optical region are evidently con
siderably less accurate; phase errors of many degrees are possible. With 
microwave techniques, accuracies of the order of 0.1° are regularly 
obtained. In optical work, moreover, the effects of interaction are 
neglected, all results being computed from Eq. (42) or similar equations 
without correction of any kind; but this source of error has been con
sidered in detail and compensated for in the microwave procedures just 
outlined. 

From this superficial examination it might perhaps be concluded 
that optical methods usually lead to less precise values for k than those 
obtained with microwaves. Actually, however, such is far from the 
case. In fact, optical methods usually give two or three more significant 
figures than are at present attainable in the microwave region, quite 
irrespective of the inaccuracies noted. The approximate relations for 
k', the numerical error in k, may be written 

and (52) 

*' " (?~ar) [A' ~ d'{Vl' 1)L e = °« 
in terms of A', d', 8', the numerical errors in A, d, 6 respectively. From 
this equation it is seen, among other things, that the error depends on 
the ratios A'/d, d'/d; it does not depend on the angular errors A'/X, d'/\. 
Thus, although A' can be measured with only moderate angular accuracy 
at optical frequencies, it can be measured with high accuracy in length; 
it is in this sense that accuracy is required by Eq. (52). Looking at the 
question from a different point of view it may be said that the actual 
phase change A, in degrees, is extremely large for optical work, and 
hence an error A' of ten or twenty degrees is a negligible fraction of the 
total. From still a third point of view it may be found that A is really 
its measured value, which is less than a wavelength, plus a term nX; 
although n is usually zero or a small integer in microwave work, it may 
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be as high as 10,000 in optics. By far the greater contribution to the A 
substituted in Eq. (47) accordingly comes from nX, which is accurately 
known because X is; and a given percentage error in the measured quantity 
A will therefore lead to a smaller percentage error in A + nX. Such 
considerations all depend on the fact that d » X, and it is this condition 
that gives to optical methods their superior accuracy. Such a condition 
is unattainable to anything like the same extent with microwaves. The 
advantage of greater accuracy in phase measurement and in computa
tion, then, is more than offset by the decreased sample thickness as 
measured in terms of wavelengths; whereas the refinements here men
tioned would perhaps affect the eighth significant figure in optics, and 
could be ignored, they will usually affect the second or third figure in 
microwave work, and must be retained. 

10-11. Uses.—The experimental and theoretical procedures for deter
mining k by measurement of transmission in free space having been 
indicated, the applications will be discussed briefly. There are two char
acteristics of especial interest, namely, the method entails no preparation 
of the sample, and the phase shifter can be designed in such a way as to 
require no calibration. Because of this first property the method is 
particularly suitable for routine testing, in which a large number of 
determinations are to be made in a short time. Although many applica
tions are of this type, it is often desirable to achieve great accuracy in a 
few determinations. The free-space method offers certain advantages 
here also, as the errors all decrease with increasing sample thickness 
and there are no serious systematic errors. In particular, there are no 
errors from clearance if the sample is sufficiently large. Accuracies of 
the order of a few tenths of one per cent are readily achieved for thick 
low-loss samples, and variation of 8, which is quite convenient in practice, 
leads to independent values of h as a check for consistent error. These 
advantages of having the sample in free space and unprepared are 
especially noteworthy for the measurement of certain materials. For 
those such as glass, which cannot be machined, the method is often 
convenient, and similarly for materials which are not strictly uniform, 
where the use of a large area automatically gives an average determina
tion, which is often desirable. Examples of such materials are low-
density materials, certain laminates, plain or conducting cloth, and 
wood. In particular for oriented materials, such as wood, it is possible 
to take a complete curve of k vs. the direction of polarization, although 
this presents considerable difficulty with any waveguide or cavity 
method. 

The foregoing advantages follow from the fact that the sample need 
not be accurately machined to fit a cavity or guide. When combined 
with the fact that no calibration is required, this property shows the 
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method to be particularly applicable at the shorter wavelengths; with 
negligible error in d, 6, X and with a given angular error in A, the error 
in k is directly proportional to X. Moreover, difficulties from diffraction 
decrease rapidly as the frequency increases. Apart from this increase 
in accuracy, the equipment is suitable for use at the shorter wavelengths 
because of the simplicity of the r-f components required. Given a 
suitable generator, it is sufficient to have unmatched T-joints, simple 
horns, variable attenuators, and some means of measuring power, all of 
which are relatively easy to make in small sizes. In particular, no slotted 
section, probes, or phase shifters are required either for calibration or for 
measurement. 

To these advantages must be added the corresponding disadvantages. 
For example, the use of large samples in sheet form is not only possible, 
but necessary; hence small samples or materials available only in the form 
of rods cannot be tested. Similarly, the increase in accuracy found 
with thick samples, which is easily attained in guide, is usually imprac
ticable in free space. Even though the higher precision of A compensates 
this difficulty to some extent, it is nevertheless found that accurate results 
cannot be achieved with very thin sheets. Such considerations are 
particularly true of tan S, in which the only compensating feature 
analogous to this higher accuracy of A is the slight advantage of having 
zero wall losses. And finally, instead of saying that the method improves 
with decreasing wavelength it may be said that it deteriorates with 
increasing wavelength; not only is the precise measurement of A more 
difficult, but errors from diffraction and stray radiation may become 
prohibitively large. At the same time the alternative waveguide and 
cavity methods become more accurate. It may be concluded that the 
present method is suitable for measurement at short wavelengths only. 

GENERAL METHODS DEPENDING ON REFLECTION 
10-12. Interface Reflection.—The discussion has hitherto been con

cerned solely with transmission. As noted, however, both k and tan 5, 
in principle at least, can be likewise determined from reflection. This 
procedure may well be considered in greater detail. 

Sample-j Matched load-, 

Probe-

Generator 

G attenuator 

F I G . 10*24.—Experimental procedure for measuring interface reflection. 

Waveguide.—With the arrangement of Fig. 10-24 it is clear that the 
complex interface reflection u exp ( — iVJ) is obtained, which gives k 
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and tan S by the exact Eqs. (54) and (55) for coaxial line. The cor
responding result for waveguide in general is somewhat complicated, 
and therefore terms of the order of tan2 5 are neglected to obtain the 
approximate forms (cf. Fig. 10-27) 

k 

tan 5 

(1 + r<) 4r,-p 

k 

(1 - r,)2 (53) 

- p 
tan r[, 

which follow easily from Eqs. (8), (12) and Table 10-2. Like Eqs. (54) 
and (55), these relations lead to simple numerical calculations. They 

0.6 0.81 4 6 8 10 20 40 S3 80 100 
7*= true value of power standing wave ratio 

Fro. 10*25o.—Effect of probe reflection on apparent power standing-wave ratio; 
theoretical true vs. measured power standing-wave ratio with generator matched to 
line. 

show that loss is determined from the phase shift r[, essentially, whereas 
k is found from the absolute magnitude of r,-. To cancel the small reflec
tion from the taper, the measurement is repeated with d replaced by 
d — Xm/4, and to cancel the error due to load reflection the measure
ment is repeated with a quarter-wavelength motion of the sample as a 
whole. As an alternative procedure, which is especially useful when the 
measured reflection is small, the probe may be kept stationary, with 
the generator matched to the line, and the ratio of the maximum to the 
minimum probe reading may be taken as the sample is moved. A rather 
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detailed account of this and other methods of measuring small reflections 
or the associated phase shifts is given in Ref. 4a. Similarly, errors due 
to the measuring probe are discussed at length in Ref. 5a; if Pe-"" is 
the probe reflection, it is sufficient here to observe that the fractional 
error in r< is of the order of nP cos P', when the generator is matched to 
the line, whereas that in r\ is negligible in comparison with the other 
errors. If the generator is matched to the load and if the probe is tuned 
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F I Q . 10-256.—Effect of probe reflection on apparent power standing-wave ratio; comparison 
of theory and experiment, generator matched to line. 

for maximum pickup, which conditions should both be satisfied in good 
practice, then the error in reflection may be corrected by the curves of 
Fig. 10-25a. Experimental illustrations showing the general behavior are 
given in Figs. 10-256, c. Wall losses are compensated by extrapolating 
the measured reflection to the sample interface, as described in Sec. 10-18, 
and subtracting (tan 6Wi) from (tan Sm,^„^). 

Interface reflection in guide was used in Ref. 11a to evaluate the dielec
tric constant and loss tangent of water, which is one of the few materials 
giving a sufficiently high reflection for accurate results. Precautions 
were taken to avoid error from probe reflection, and other r-f errors were 
investigated by the use of several depths for the water column. Because 
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of the high attenuation it was unnecessary to use a tapered sample. 
Loss was determined by the phase shift, as here described, and k was 
found from n. The size of waveguide used, combined with the large 
value of k, permitted substitution of the free-space equations, Eqs. (54) 
and (55), for the guide equation, Eq. (53). The method seemed to be 
satisfactory in this case. It was similarly used in Ref. 16a to determine 
k for water, although tan S was found by a procedure presently to be 
described rather than by the phase shift r\. The general utility of this 
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Fia. 10-25c.—Effect of probe reflection on apparent power standing-wave ratio; comparison 
of theory and experiment, generator matched to load. 

interface method will be commented upon; the examples here cited show, 
for certain circumstances at least, that it can be successfully used in 
practical work. 

Free Space.—In the course of the foregoing discussion it was noted 
that the methods depending on transmission in guide could be readily 
extended to free space—the process being regarded as an extension, 
despite the slight simplification of theory, because of the nonstandard 
experimental techniques required. A similar extension may be made for 
the methods just described; as before, it is found to lead to certain 
advantages, as well as disadvantages, not offered by the waveguide 
procedure. If Eq. (12) is substituted in Eq. (8), the following equations 
are obtained (cf. Fig. 10-26): 

k sec S = 
1 — 2u cos r'i + r\ 
1 + 2r; cos r'i + r\ (54) 
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s i n dH( \^k sec S ~ 
1 > 

\/fc sec b, 
tan 7-J (55) 

for tan S in terms of r\e_jVi', the interface reflection when the incidence 
is normal in free space. Since the right-hand side of Eq. (54) involves 
measured quantities only, the need for simultaneous solution is obviated 
when the results are presented in the form here given. Thus, k sec S 
is obtained from Eq. (54), and is substituted in Eq. (55) to find sin (S/2) 
which in turn gives 5, the loss tangent tan S, and the term sec 5 required 
to complete the computation of k. 

With arbitrary incidence the corresponding equations are somewhat 
involved, and, as in the derivation of Eq. (53), terms of the order of tan2 5 
are neglected to obtain 

A(l + V l - 4p(l - p)/A 
2(1 - p) (56a) 

where 

and 

A = 

Similarly, when 

(1 + nY 
(1 - n)> 

\k — pk ■ p\ s> tan &. 

|(fc - l)(fc - 2p)(k - pk — p)\ » tan 5, 
\/k — p (k — l)(k — pk — p) 

tan S = 
V i 

0.2 0.3 0.4 0.5 
Interface reflection ^ 

F I G . 10* 26.—Dielectric constant vs. inter
face reflection for arbitrary loss in free space 
at normal incidence. 

tan r[ (56b) 
p{k){k-2p) 

is found for polarization parallel 
to the plane of incidence. The re
sult for perpendicular polarization 
is given, to the same approxima
tion, by Eq. (53). Both equa
tions, plotted in Fig. 10-27, follow 
from Eqs. (8) and (12) and Table 
10-1. Parallel polarization ad
mits a possibility not presented by 
any of the other conditions in that 
the effective dielectric constant 
for zero loss would be unity at the 
polarizing angle dt,, which is found 
when p satisfies 

k 
""* + !' (57) 

as is seen by setting the effective 
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value equal to unity in Table 10-1, or by Eq. (49). With this angle of 
incidence (which may be found with sufficient accuracy by taking reflec
tion vs. angle over a small range and noting the minimum value) the 
approximations used in the derivation are incorrect; instead of Eq. (56), 
the equations obtained are 

tan i 4ATJ 

1 P = 
k 

k + 1 
(58) 

if again terms of the order of tan2 & are neglected. Thus, the amplitude 
of the interface reflection cannot be used to determine loss, in general, 
as it involves only the small quantity tan2 8; but if parallel polarization' 
is used and the angle of incidence is adjusted in accord with Eq. (49), then 
on the contrary, the amplitude reflection not only depends on the first 
power, but is directly proportional to it. The situation is unique in 
that it represents perhaps the only case in which small loss may be accu
rately determined from measurement of amplitude reflection without 
the use of a short circuit or its equivalent. Of course these results con
cerning parallel polarization are equally valid for waveguide propagating 
a TM-wave, although TM-waves have apparently not been used in 
experimental work. 

10-13. Reflection Measurement in Free Space.—Turning now to the 
question of free-space measurement, three different methods are available 
from current practice. 

Transmitter 

Sample or 
metal sheet 

Receiver-; 

FIG. 10*28.—Equipment for reflection measurement in free space: (a) normal incidence, 
(b) incidence far from normal, and (c) general case. 

Normal Incidence.—The first of these methods is to measure the 
reflection in the line from the sample, then from a metal sheet, as shown 
in Fig. 10-28a. If the antenna is matched to free space, the ratio of the 
two measured reflections gives the reflection coefficient desired (Refs. la, 
20a). The dependence on sample size is investigated in some detail 
elsewhere (Ref. la). The sample may be considerably smaller than is 
permissible with transmission; a safe criterion is to have it cover the 
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antenna aperture if in the Fresnel region, and a larger area if in the 
Fraunhofer region. The effect of sample curvature is likewise investi
gated theoretically and experimentally in Ref. la, where the error is 
found to be theoretically negligible whenever the product of the radius 
of curvature of the surface and the wavelength is greater than one hundred 
times the square of the radius of the antenna for a paraboloidal antenna. 
Error from interaction between antenna and sample is canceled in the 
usual way by repeating the measurement with a quarter-wavelength 
displacement and using the average of the two values so obtained, rather 
than either value alone, as the measured reflection. Additional error is 
noted when the angle of incidence is not the same for the metal sheet as for 
the sample; thus, (Refs. la; 20a) 

(Measured reflection in amplitude) = (constant) (reflection 
coefficient of sample) P{B), (59) 

where P(6) is the one-way secondary power pattern of the antenna and 
6 is the (small) angle between the electrical axis and the normal to 
the sheet. Essentially the same result is obtained for the methods 
considered below, if 6 is suitably interpreted. Because erratic values 
with a metal sheet are obtained at the shorter wavelengths, this method 
is suitable only when the microwave frequency is relatively low; even 
then a certain amount of care must be exercised since the measured 
power standing-wave ratio is usually small. 

Incidence Far from Normal.—The foregoing procedure is operable 
only when the incidence is normal. With the arrangement of Fig. 
10-286, however, reflections in more general circumstances may be deter
mined; the procedure as described in Ref. 14a is to compare the reflected 
power (solid path in the figure) with that received directly (dotted path). 
To check for cross-polarization, which is of moment whenever the 
incidence is far from normal, the ratio of maximum to minimum received 
power is noted as one of the antennas is rotated about its axis (Refs. 
14a, 22a); with suitable antennas the ratio so obtained should be of 
the order of 103 or higher. The experiments of Ref. 14a were all carried 
out with perpendicular polarization; if the polarization is parallel, as 
required, for example, by Eq. (58), it is clear that error from cross-
polarization becomes considerably more serious. Thus, the interface 
reflection is now higher for the unwanted component, whereas previously 
the reverse was the case. 

A second source of error is the simultaneous presence of both direct 
and reflected waves, an effect which is unavoidable in that any real 
antenna has but limited directivity. This difficulty was considered in 
Ref. 14a, the procedure being to take reflection vs. angle and to draw a 
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smooth curve through the mean of the points so obtained. I t was 
expected that the error in question would be sometimes positive, some
times negative, and would thus be averaged out by the procedure 
described. An alternative—or rather a supplementary—method of 
cancelation is to change the distance from the receiver to the transmitter 
or the metal sheet, as the case may be, and to use the average of the maxi
mum and minimum received amplitudes so obtained in all equations. 
Such a procedure, which is closely analagous to that to be treated in detail, 
will lead to slightly different values for the average path length with the 
direct and reflected waves—a difference which is present to some extent 
in any case. The attendant error may be corrected by the relation 

(Receiver reading with path length D) 
/D'Y 

= (receiver reading with length D') I -=r j » (60) 

which is valid whenever the antennas are sufficiently far apart for inverse-
distance attenuation (Refs. la, 14a). A square-law detector is assumed, 
and the receiver reading is taken as proportional to the received r-f 
power. As was the case for direct measurement of transmission, here 
too the error is the same as that in the power standing-wave ratio, and 
hence the discussion may again be deferred. Strictly speaking, the path 
length D must be measured from the effective center of the antenna 
(Ref. 7a), though for our present purposes it suffices to measure D from 
the antenna aperture. 

Incidence Not Normal but Otherwise Unrestricted.—When the incidence 
is near normal, it is impracticable to send the power directly from the 
transmitter to the receiver along the dotted path in Fig. 10-286. Thus, 
although error from interference between the two antennas may be 
canceled out by the usual quarter-wavelength motion (cf. Ref. la), error 
caused by the now great difference in path lengths cannot be compensated 
for by Eq. (60), which is valid only in the Fraunhofer region. To 
obviate this difficulty a metal plate may be used as before, the reflection 
coefficient being again obtained as a ratio of two measured values (Refs. 
la, 14a, 20a). The sources of error are for the most part similar to those 
already described, and, with one exception, they need not be reconsidered 
here. The exception concerns the problem of direct pickup between 
antennas, which is made more serious than before by their increased 
proximity in spite of the large angle in the secondary pattern at which 
it must occur (Ref. 14a). If A or A' denotes the amplitude of this 
directly transmitted wave, after it has entered the r-f line of the receiver, 
and if B or B' is proportional to the amplitude of the reflected wave, the 
unprimed quantities referring to the metal sheet, the primed ones to 
the dielectric, then the received power will be given approximately by 
(Ref. 14a) 
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I D 2TJJ>|2 

A + •=« x 

(61) 

where D again stands for the total length, between suitably chosen end 
points, of the r-f path. The constant C is necessary because the phase 
shift on reflection from the sample need not be the same as that for the 
metal. The ratio B'/B may be determined from Eq. (61), since this is 
easily seen to be equal to the reflection coefficient of the material. Such 
a determination was made in Ref. 14a by adjusting D for maximum 
receiver reading ilf2, M'2 in each case, whereupon second-order terms 
may be neglected (Ref. 14a), and 

is the desired ratio B'/B in terms of the variables of Eq. (61), if D now 
stands for the particular value of D which gave a maximum with the 
metal sheet. With regard to inverse-distance attenuation, the unknown 
quantities AD/B, A'(D + C)/B' are then determined from the ratio 
of maximum to minimum received power with the metal sheet or sample, 
as the case may be, and substituted in Eq. (62). 

Although this method has been used with success it is somewhat 
complicated in practice. The following procedure, which is simpler and 
more consistent with the experimental techniques developed in this 
chapter, is presented. For compensating error from extraneous r-f power, 
it is required that an average of two readings be obtained, with the error 
positive for one reading and negative for the other. I t is instructive to 
investigate the same operation as applied to Eq. (61). Since it may be 
assumed that A < B/D and A' < B'/D, Eq. (61) gives 

M 

M ' +m' = B' yD + c + x/g + D + c _ x/8}> 
(63) 

if D stands for the average of the two lengths noted for M and m and if 
M and M' are the maximum, m and m! the minimum receiver readings 
obtained by changing the distance to the metal sheet and to the sample, 
respectively. Thus both of the unknown amplitudes A and A' have been 
eliminated. From Eq. (63) 

r(>+£) B' M' +m' , , , - , , l(... 
-B =wr^[l + ^) + e (64) 
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is obtained for the desired ratio B'/B, with the error-term e easily shown 
to be g WsO(V-D)3 since \C\ may be assumed J= A/8. Besides having 
the small coefficient -fa, this error term is of the third degree in a quantity 
whose square was neglected throughout the previous calculation; hence 
it may be justifiably ignored. Equations (62) and (64) are, of course, 
valid whether the antennas or the sample be moved to change D; they 
may also be used when only one antenna is moved, provided the ampli
tudes A, A' remain substantially constant. 

Phase.—Phase may be determined in principle by comparing the 
minimum positions for metal and dielectric in Fig. 10-28a, as described 
in Ref. 7a, or by the free-space bridge method applied to the systems 
of Figs. 10-286 and c. Because of the low standing-wave ratio, the first 
method is very inaccurate, however, and both methods present certain 
difficulties in that the metal surface, if employed, must be placed pre
cisely at the position formerly occupied by the sample. In using free-
space reflection, therefore, the amplitude alone is usually measured, 
and the transmission or some other easily measured property is relied 
upon for the information that would normally be obtained from rj. 
This is the procedure followed in Ref. 14a, where the free-space methods 
here outlined were used to evaluate the dielectric constant and loss 
tangent of water. Because of the high loss the equations were too 
complicated for convenient simultaneous solution, and instead a graphical 
method was adopted, which is of sufficiently general application to be 
given a place here. The slope of the transmission curve was determined 
experimentally, whereupon Eq. (35) of the present text became an 
implicit relation between k and tan 6, and the locus of values could 
be plotted as a single curve. Next, the interface reflection u was obtained 
experimentally, and a similar locus derived therefrom. The computa
tions are relatively convenient in each case; the intersection of the two 
loci gives the true values of both k and tan <5. 

10-14. Change of Termination.—In transmission measurement noth
ing is usually gained by use of an unmatched termination for the sample; 
indeed, whether it be part of the sample itself or of the r-f measuring 
equipment, such a termination was found in the foregoing pages to be a 
serious source of error, and much of the experimental procedure was 
accordingly designed to simulate the condition of zero reflection for 
both sample and load. With reflection, on the other hand, quite the 
opposite behavior is found to prevail. Not only is it permissible to use 
an unmatched termination (with suitable changes in the theory, of 
course) but it is often necessary for the attainment of high accuracy. 
Such questions perhaps merit further consideration. 

Terminations Not Containing a Short Circuit.—One of the simplest 
unmatched terminations is the second interface of the sample itself, 
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which need not be tapered as shown in Fig. 10-24. Instead of interface 
reflection, it is the over-all reflection re~'y for an entire sheet of mate
rial that is obtained here. This reflection in turn may be evaluated 

nx 

0.50 

= (thickness for nth minimum)/(n times free space wavelength) 

or - 2 = (wavelength in the material in guifle)/(twice free space wavelength) 

Fio. 10-29.—Dielectric constant va. thickness for minimum reflection or vs. wavelength 
in the material. 

by substituting Ue~'u', Tie~'r' as obtained from Eqs. (8) and (9) for t", 
T", T" and r", R", p" in Eq. (6). Thus (Ref. 16) 

~lr
 = — (k - 1)(1 - e-"*") 

(Vk + l) 2 - {\/k - l)2e" ■Hfd 
(65) 

is found for zero loss and normal incidence, with the result in more 
general circumstances to be derived as usual from Eq. (12) and Table 
10-1. Equation (65) easily leads to 

(v*->.(?^)- + 
2r 

vT^T 2 

* * 1 + -, 
■KCL 

d « X , (66) 
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for the amplitude, and the corresponding result for phase is given by 
Eq. (45) with t' = r' + ir/2 (cf. Refs. 20a, 8b). In particular, the 
thickness dm for minimum reflection gives a relation plotted in Fig. 10-29, 

(2dmy + p, 

and the maximum reflection rM gives the relation 

, _ 1 + r„(l - p) 
1 — rM 

(67) 

(68) 

In Fig. 10-30 are plotted curves showing this function, for the general 
case of waveguide. Besides being nontranscendental, Eq. (67) is superior 
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F I G . 10*30.—Dielectric constant vs. maximum reflection in waveguide. 

to Eq. (60) because a large reflection can be measured with greater 
percentage accuracy than a smaller one, as may be easily shown (Ref. 2a), 
and because the derivative of the final result with respect to d is zero, 
the error due to inaccuracy in measuring the thickness is minimized. 
This process of maximizing the reflection while minimizing the derivative 
may be extended to several samples. Thus, if each of n sheets has its 
thickness adjusted for maximum reflection, then the reflection for the 
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whole series in free space will be maximum when the sheets are uni
formly spaced exactly a quarter-wavelength apart. The over-all reflec
tion so obtained equals the maximum reflection attainable with a single 
sheet of dielectric constant kn (Ref. 8b). 

A Digression Concerning Merit—The use of various terminations in 
reflection procedure has been briefly considered; first a termination 
which matched out the reflection, of the second interface was assumed, 
then one which consisted of this second interface itself, and finally a 
special case of a termination consisting of extra samples similar to the 
original one. Each of these terminations, as it happens, has actually 
been used in practice. Thus, the first occurred in sources already quoted; 
the second [Eqs. (66) to (68)] was studied in Refs. 6a, 216, the approxi
mate form of Eq. (60) being given in Refs. 66, 216; and the third has been 
used in unpublished laboratory work. There is apparently but one other 
termination, namely, a short circuit at some point behind the sample, 
which has been used in the measurement of dielectrics by reflection 
methods, and this termination is discussed in detail in Sec. 10-15. 

Before proceeding to this final method, however, the merit of those 
just described will be considered. In the first place, the use of inter
face reflection has led to accuracy of the order of ± i per cent in prac
tical work (Ref. 14a), and measurement of the over-all reflection of 
an entire sheet can likewise give precision of this order (cf. Refs. 4a, 7a). 
Such accuracy compares favorably with that obtained by the best 
methods at present available. Hence, inquiry should be made to deter
mine whether it is a general property of these reflection techniques, or 
whether it is caused by an unusually favorable set of special circum
stances. That the accuracy is caused by special circumstances is easily 
seen for the interface method; the material used was water, for which 
the interface reflection and loss are both high. Large reflection is desira
ble, although perhaps not absolutely necessary (Ref. 4a) for accurate 
measurement in guide. With ordinary precautions in evaluating the 
reflections usually encountered, k could hardly be determined to more 
than two figures, and because of the difficulty of measuring the minimum 
position associated with a moderate power standing-wave ratio, the loss 
tan S will usually fare even worse. Similarly, the use of interface 
reflection in free space is not only inaccurate, in general, but impossible 
to use, for the effect of the second interface cannot be eliminated when 
the sample is of ordinary thickness and moderate loss. Free-space 
measurement, in particular, permits no matching device analogous to 
the taper shown in Fig. 10-24. Hence for the high values of k or tan 8 
obtained in the special investigations cited above, the interface method 
presents many advantages, but when regarded as an over-all procedure 
of general utility, it is nevertheless inferior to the methods presently to 
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be described. Similar considerations apply to the other methods, for 
example, to measurement of reflection for the complete sample and use of 
the approximate Eqs. (66) to (68), or their precise analogues for finite loss. 

Probe- Short circuit-

Gen. £3 
>■ ' Icnl 

Sample 

Isolation I - . -D~A 

(a) General case 

Probe Incident wave 
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Reflected wave 
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(c) Interpretation by the method of images. (d) Probe moving within the sample 
Zero reflection at the interface is 
assumed here. 
F I G . 10-31.—The general short-circuited-line method; and two special forms of it which 

illustrate principles and lead to simple calculations, (a) General case, (b) Tapered 
sample, (c) Interpretation by the method of images, (d) Probe moving within the 
sample. 

Since the emphasis here is upon techniques that are applicable in general, 
the discussion may proceed forthwith to methods using a short circuit. 

10-15. Short Circuit, Zero Reflection at Interface.—By the equipment 
of Fig. 10-31a the reflection coefficient and minimum position may be 
obtained for the short-circuited line with and without the dielectric 
sample, whereupon from Eq. (18) and the accompanying remarks it is 

file:///-d-t
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seen that the change in minimum position gives k, essentially, whereas 
the change in reflection coefficient gives tan S. The general arrange
ment of Fig. 10-31a, for which the interface reflection »\ has not been 
eliminated, is discussed at length in the following sections. For our 
present purposes a qualitative description of the type just given is 
sufficient. 

From this so-called " short-circuited-line method," which was devel
oped by A. R. von Hippel and his associates (Refs. la, 2b, 3b, 56), many 
advantages are obtained over the mere measurement of r\ or r. Not 
only do given errors in measurement usually lead to smaller errors in 
the result, but these measurements themselves may be carried out with 
far greater accuracy. Instead of being perhaps 3 or 4, the power stand
ing-wave ratios are now anywhere from 103 to 107, with a corresponding 
increase in the accuracy with which minimum position, and hence k, 
may be determined. For tan S the situation is analogous to that noted 
in connection with Fig. 10-12, where it was found desirable to have t = 1 
when tan 5 = 0. Here R — 1 for zero loss, if R is the amplitude reflec
tion of sample and short circuit; hence the error in tan S is comparable 
with that in 1 — R, which may be measured directly. Thus, instead 
of measuring a minute variation in a large quantity, as is necessary for 
finding tan S from r or r\, the actual value of a small quantity is measured, 
a procedure which here too. as with t above, is more accurate. 

Methods Using a Probe.—There is indeed more than a superficial 
similarity between this procedure and the transmission procedures 
hitherto described, although the wave now traverses the sample twice 
instead of once. This equivalence, intuitively evident in any case, 
becomes formally exact when rt is negligible, for the solution is then given, 
without further approximation, by Eqs. (36) and (37), with 2d written 
in place of d and with R, the over-all reflection of sample and short 
circuit, in place of t. The quantity A represents twice the difference 
in minimum positions with and without the sample (cf. Fig. 10-31c)-
These results, which follow by setting r" = p" = 0, t" = 1/T", R" = - 1 
in Eq. (6), may be used for actual measurement if the effect of t\ be 
properly eliminated. Thus, when k » 1, the usual quarter-wavelength 
change is made in d. For general values of k the same effect is achieved 
by the use of two measurements with a tapered sample (Fig. 10-31b). 
When the quarter-wavelength change is made, the average of the two 
computed values is used; when the tapered sample is used, the difference 
of the two d's and the ratio of the two R'& are substituted, rather than 
the quantities themselves, into the equation. Wall losses are com
pensated, mutatis mutandis, by the procedure of Sees. 10-5 or 10-18. 
This is true of all the methods of this section. 

A second method of achieving much the same result is given in Fig. 
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10-3 Id, where the measuring probe is so located that the measured 
reflection must be completely independent of rt. This property, which 
is easily proved by Eq. (7) of the introduction, also follows from the well-
known fact that the impedance of a termination depends only on the 
termination, not on the items that may have preceded it in the line. 
In terms of the measured reflection at the point A, which is a distance d 
from the short circuit (Fig. 10-3Id), the transmission equations of the 
foregoing pages, with the substitutions described in the above para
graph, will again give fc and tan S. The result involves no theoretical 
approximation. 

As far as the present theory is concerned, the choice of point A is 
arbitrary; in particular, it need not be at a voltage node as shown in 
Fig. 10-31d. But when measurement instead of theory is considered, 
the advantage of this choice becomes at once apparent, for the reflec
tion, as well as the phase, cannot be readily determined at any other 
points of the line. In connection with measurement procedure it is 
worth noting also that, for measurement of reflection at a point within 
the sample as here required, it will not do to take the ratio of maximum 
to minimum power in the conventional manner, since the attenuation 
produced by the sample may become appreciable over the region thus 
traversed by the probe. Instead the procedure to be discussed is used 
noting that Eq. (79) for reflection in terms of the width at twice minimum 
is valid here if \„ be replaced by X™, the wavelength in the material in 
guide. The dielectric constant k may usually be determined first from 
the minimum position alone. After k has been thus determined, X„ is 
computed without difficulty, and with X„ known the reflection is obtained 
from Eq. (79), which in turn gives tan 5 by the procedure outlined. If 
the loss is so high that it appreciably affects the value of \„—which is 
almost never the case in practice—then the equations are transcendental; 
they may, however, be solved by successive substitution in the manner 
suggested for Eq. (33). 

The foregoing method neglects loss in the short circuit itself, which is 
not compensated even when tan 5w„n is subtracted from tan 6mea„ur<rf as 
prescribed. To obviate this difficulty the reflection may be measured at 
two points, for example, A and B of Fig. 10-31d; d is taken now as the 
distance dm between the points, and the reflection as the ratio of the two 
measured values. Because of the need for a slot in the sample, the 
method of Fig. 10-3 Id is not well suited for measurement at very short 
wavelengths, although the same or a similar procedure appears to have 
been employed successfully (Ref. 17c) for measurement of k in the 3-cm 
range. Since the slot is in a region of maximum field, the error is prob
ably somewhat larger than that for an equivalent area spread over 
the top of the sample. In other words, the present failure of the sample 
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to fill the guide completely is more serious than the ordinary clearance 
problem. I t must be mentioned, however, that this method has an 
outstanding advantage over all the others involving a short circuit in 
that the character of the load does not change while the measurements 
are being made. The results for different sample lengths or for sample 
and guide need not be compared. The necessity for generator isolation 
is thus materially reduced, since the free-space wavelength can be 
measured while the sample is in place. 

The use of a probe and a short circuit for dielectric measurement as 
described permits a physical interpretation somewhat different from the 
one here given. Thus, the problem has been regarded as analogous to 
transmission, a procedure which was made plausible by Figs. 10Slb,c,d 
and which was proved by Eq. (6). If the dielectric constant is considered, 
however, the method of Fig. 10-31d may be interpreted as a means of 
measuring the wavelength in the material, without regard either to 
transmission or to reflection as such. For negligible tan2 S the distance 
between the ith and (i + n)th node is equal to nXm/2, and hence k is 
given by the relation plotted in Fig. 10-29 and Eq. (67), with dm = d. 
This point of view, which is the one adopted for such methods in Ref. 
6a, may be used here and in the following paragraphs to supplement the 
transmission analogy noted. The wavelength presentation is in some 
respects the simpler when loss is not in question, whereas the trans
mission analogy is to be preferred for the general case. 

Methods Not Using a Probe.—At short wavelengths the design of 
traveling probes becomes difficult, and methods have accordingly been 
devised for obtaining the necessary information by other means. Several 
of these methods have already been described in the foregoing sections 
of the present text, with regard to measurement of both transmission 
and reflection. For the present situation, in which the sample is followed 
by a short circuit, the procedure suggested in Fig. 10 -32a may be used. 
As the plunger and with it the sample are moved along the line, the 
receiver reading will take on maximum or minimum values; the difference 
between plunger positions for corresponding values will be equal to Xm/2, 
and k is thus to be found from Eq. (67). In other respects too the method 
is equivalent, as far as principles are concerned, to that of Fig. 10 -3 Id. 
Thus, it is possible to imagine the sample and plunger positions held con
stant while the generator and receiving system are moved; all theoretical 
relations or procedures for the previous case are therefore applicable here. 
With regard to actual operation in practice, however, there are several 
differences in addition to the valuable property of not requiring a travel
ing probe. The line leading to the load is of variable length, for example, 
with the result that the usual measures must be taken to prevent inter
action between the two components of the system—in the present 
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case, between generator and load. Added to this requirement, which is 
essentially that the generator reflection must be small, is a second 
requirement that the sample be tapered, for the sidearm, corresponding 
to the probe in Fig. 10-31d, has a relatively high reflection of its own. 
Partly because of this reflection the method is found not to be satis
factory for evaluation of loss; its originator, E. L. Younker, has used it 
successfully, however, for measurement of k (cf. Ref. 60). 

In Ref. 16a the foregoing procedure was modified as illustrated in 
Fig. 10-31d and used for measurement of the delectric constant of ice. 
The plunger is now moved by melting the sample, which thus changes 
in length while the interface position remains constant; but in all respects 
relevant to the present discussion the method is equivalent to that of 
Fig. 10-32o. A second modification, developed by E. L. Younker and 
E. M. Purcell (cf. Ref. 6a) is represented in Fig. 10-32c, where the use 
of a mercury well eliminates error due to clearance. The samples, which 
must be in the form of rods, should be of a diameter D satisfying 

0.765X ^ D y/k ^ 0.585X 

to permit propagation at one and only one mode; but in other respects 
the theory and equations remain the same as for Fig. 10-31a. A final 
modification (Ref. 16a), which gives information on tan S rather than 
on k, is that shown in Fig. 10-32d. The ratio of maximum to minimum 
power is taken, first in one side arm and then in the other, as the plunger 
is moved. From this the ratio of the reflection coefficients at the two 
points is computed and the procedure thenceforward is the same as that 
described in connection with Fig. 10-3 Id. 

THE SHORT-CIRCUITED-LINE METHOD 

10-16. Theory.—Although sufficiently exact for numerical computa
tion when u = 0, the precise analogy to transmission is no longer obtained 
when rt > 0. The following relation, however, which is suggested by 
Fig. 10-3 lc, may be proved by direct substitution from Eqs. (33), (65), 
and (69): 

, , , a ,. , , . -v /Complex reflection minus corn-Complex reflection for a sheet of 1 I , . , . . . . r . , , , , j , . , I 1 plex transmission for a similar thickness a backed by a metal > = < , , . , , . , ~ , . , , 
1 t (T) = ni I / s n e e * °* thickness 2d backed 

' \ by a matched load. 

A special case of a similar result which has been proved from the relations 
of the Introduction, this equation is easily shown, by the methods here 
adapted for such extension, to be valid without error for lossy materials 
in waveguide or at arbitrary incidence. This affords another proof 
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of the unity so often observed in the present text, in that the relations for 
the short-circuited-line method are contained in those for a single sheet. 
Of course the details of actual computation require further study, which 
will be given in the present section; as far as principles are concerned, 
however, the equivalence has been completely established. 

General Considerations.—From the result just stated, it may be shown 
that one of the most significant practical differences between the short-
circuited-line method and transmission methods is the behavior of errors. 
Thus, when dealing with transmission, it was found necessary to have 
1 — t small, so that the measured effect would be due to tan 5 alone. 
This condition, which arose through experimental requirements, immedi
ately led to the theoretically simple situations r{ « 0 (tapered sample) or 
r « 0 (half-wavelength thickness). I t was therefore unnecessary to 
give a detailed consideration of rectangular samples for general values of 
d. When dealing with reflection, on the contrary, no such artifices are 
required to achieve experimental accuracy; the quantity 1 — R will 
automatically approach zero with tan S, irrespective of the value of d 
or r<. Physically, this behavior follows from the fact that all power 
not measured must now be absorbed, since none is transmitted through 
the termination; but in the'transmission measurement the power not 
measured could be either reflected or absorbed. The use of tapered 
samples, samples an integral number of half wavelengths long, or the 
other modifications heretofore described, is therefore unnecessary with 
the short-circuited-line method, and an investigation of the theory for 
the general case (Fig. 10-31) is well worth while. 

If a lossless sheet is backed immediately by a metal plate in free 
space, the normal-incidence reflection Re~'R' for the whole is given by 

RrVt = _ (Vj - i) + (Vk + !)«-«* 
(Vk + 1) + (Vfc - V)e-^ 

as is seen if values from Eqs. (8) and (9) are substituted for t", T"',"r" and 
p" ; and R" is set equal to —1 in Eq. (6). By reference to Eq. (12) 
and Table 10-1, the exact solution is obtained for the general case repre
sented with D = 0 in Fig. 10-31o. The equation so obtained can be put 
into strikingly simple form without approximation of any kind; whether 
in free space or guide, the entire problem reduces to the transcendental 
equation (Refs. 2b, 5b) 

tenh^) = Q ) 

ae"" 

where c and d are known and a and b are required. Since it involves 
but two variables, the left-hand side of Eq. (70) may be plotted or tabu-
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lated without difficulty (Ref. 56) and thus, in principle at least, a general 
solution of the problem with arbitrary thickness, interface reflection, and 
loss is obtained. I t is worth noting that the short-circuited-line method, 
or modifications of it, are apparently the only ones for which the general 
equation simplifies in this way. Although simple results can be found 
for the other methods, they depend upon neglect of tan2 S, elimination 
of u, or some similar artifice. 

0-7 

J.U -

"05 -

0 
/ 
/ 

s^ 
/ 

= » 

0.0628 0.1 14 100 628 10 
\a/d tan 2 ir U 

F I G . 10-33.—A plot of 2JT tan xjx giving the general solution of Eq. (71); x — 2irV. 

In spite of this increased simplicity (as compared with the correspond
ing result for other methods) actual computation from Eq. (70) leads to 
a certain amount of difficulty in practice. The mathematical methods 
whereby such difficulty is circumvented are not relevant in a discussion 
of measurement procedure, and are moreover described at length else
where (Refs. la , 26, 56). I t therefore suffices here to point out the 
existence and theoretical advantages of Eq. (70). Attention is hence
forward confined to the case tan2 5 = 0, which leads to simple relations, 
and actually includes most situations of practical interest. The results, 
to this approximation, are given in Refs. 266, 96, and, together with 
correction terms for more accurate approximation, in Ref. 226: 

tan 2-KV \ TT y— = -~r tan 2TCU, 

tan S = W M 4T CBC 4LTTU 
4xV csc 4irF — 

(71) 

(72) 

The quantities U, V, W are given by 
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Fio. 10-34.—Explicit curves of k vs. measured quantities, valid for p = 0.345. 

in terms of the amplitude reflection coefficient R and the shift in minimum 
position A produced by insertion of the sample. Although transcen
dental, Eq. (71) is readily solved by graphical means; indeed, a plot 
of (tan x)/x is all that is required (Fig. 10-33). When much work 
is to be done for a given value of p, however, it is expedient to give a less 
general presentation such as that shown in Fig. 10-34. The equation for 
tan 5 is likewise solved conveniently by means of graphs; because of 
periodicity, a single set of curves covering a limited range suffices for all 
cases (Fig. 10-35). When the thickness is an integral number of quarter 
wavelengths, this graph cannot be accurately read; but its equation then 
takes the simpler forms 

WV-
kd\Q 

(74) 
tan 5 

tan 6 ~ W ( ^ > 
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and graphical computation is less convenient than direct computation 
for this case. The error is less 1,0 
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than 5 per cent in the first equation 
when 0.73 < V < 0.77, in the sec
ond when 0.48 < V < 0.52. Wall 
losses are compensated as described 
in Sec. 10-18. 

Thickness for Maximum Accura
cy.—In the transmission method, 
the accuracy of k, for given experi
mental errors, increases steadily as 
d increases, although of course err
ors due to clearance are not thus re
duced. In the present case, no 
such steady decrease of errors is ob
tained. As is seen from Fig. 10-34, 
regions of high accuracy alternate 
with those of lower accuracy; only 
the general trend is p r e s e r v e d . 
Closer scrutiny of this effect, which 
is caused by the nonzero value of r,, 
shows that the errors in k caused by 
errors in A are minimized if the 

thickness is an odd number of quarter wavelengths (Ref. 5b). Thus, Eq. 

1 2 3 4 
Estimated value of dielectric constant is 

F I G . 10»36a.—Value of sample thickness 
for maximum accuracy with short-circuited-
line method. Condition for minimum 
slope in Fig. 10*34. The slope is greater 
than 60° in the shaded region, less than 
60° elsewhere. 
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(20) with n odd is the condition for minimizing the slope of the curves in 
Fig. 10-34. To estimate the permissible deviation, a point on the 
curve may be found where the slope has some preassigned constant 
value; although highly arbitrary, such a procedure does give an indi
cation of the general behavior (Fig. 10-36o). The same condition max
imizes the value of 1 — R and thus minimizes the error in tan S (cf. Ref. 
56 and Fig. 1036b). On account of these considerations, which are shown 
by Fig. 10-36c to be important in 
practice as well as in theory, the l | 2 7 5 
original data should fall in a re- | [J2.70 
stricted region of the curves. For f|2-65 

purposes of computation this re- - i 005 010 015 020 025 030 035 
s t r ic ted region m a y be p lo t ted on <f-sample thickness in inches 
an expanded Scale, as shown in Fig. F l ° - 10-36c—Measured dielectric constant 
, _ „ _ . , . , . . . vs. sample thickness at X = 1.25 cm. 
10-37, the remainder ot the curves 
being omitted. Alternatively, a preliminary value of k may be obtained 
with any thickness, this preliminary value may be used to satisfy Eq. 
(20), and the final values of k and tan o may be computed from the 
resulting simplified form of Eq. (70). The merit of this procedure 
(cf. Refs. 5b, 24b) is most evident when tan2 5 ^ 0 , as the compu
tations are then greatly facilitated. For low-loss materials of the type 
here considered, however, the equations are sufficiently simple in the first 
place without this experimental complication; and in most cases k can 
be estimated well enough beforehand to come within the range required 
by Figs. 10-36a and 10-37. 

Before this question of the optimum value for d is left, it should be 
noted that another consideration will lead to the opposite conclusion 
from the one just obtained. Thus, an error is produced by irregularity 
in the air—sample interface or by a failure to have it perpendicular to 
the waveguide axis; this error will presumably be minimum when the 
interface is in a region of minimum field (Ref. 13a). The "opt imum" 
thickness on this basis is an integral number of half wavelengths, 
d = ri\m/2, a value that is also obtained for k by maximizing the slope 
in Fig. 10-38 rather than in Fig. 10-34 (cf. Ref. 18b). Thus, the previous 
argument is to be regarded with a certain diffidence in some cases. 

Gap between Sample and Short Circuit.—The foregoing results assume 
that the sample is immediately followed by the short circuit, which is 
perhaps the most convenient situation in practice. There may, how
ever, be a gap between sample and termination, as shown in Fig. 10-31<z, 
and it is of interest briefly to consider this new arrangement. I t is clear 
that the necessary theoretical relations are contained in the introduc
tion for that case also; it suffices in fact to substitute r" = p" = r 
as determined by Eq. (65), t" = r" = t as found from Eq. (33), and 
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guide wavelength 
F I Q . 10-37.—Expanded chart for computation of k when p = 0.343, giving region of high 

accuracy only. 

R" = e~ x , for the variables of Eq. (6), which then gives B/A, the 
over-all reflection of sample and short circuit in the free-space analogue 
of Fig. 1031a. The extension to guide is made in the usual way; specif
ically t and r are taken appropriate to that case and X is replaced by X„ 
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in the relation for R". Since it illustrates no new principles, and is more
over rarely used in practice, the somewhat complicated relation so 
obtained is omitted (see Ref. 5b). The exact solution, however, leads 
to an equation of the form of Eq. (70). Perhaps the most significant 
change, from a practical point of view, is in the behavior of errors. Thus, 
the optimum thickness is found to be an odd number of quarter wave
lengths when D = 0; but if on the other hand D = (2n + l)X„/4, then 
the optimum thickness for both k and tan S is an even number of quarter 
wavelengths (Ref. 5b) (cf. Ref. 56 and Fig. 10-366). For a thin sample, 
near-optimum accuracy is obtained if the location of the sample is sym
metrically disposed about an antinode (cf. Ref. 12b), but for practical 

F I G . 10-38.—Measurement of reflection by taking probe positions at which the power 
equals twice its minimum value. 

work the two values D = 0 or D — X0/4 are usually sufficient. It must 
be noted, in this connection, that the reflection for several values of D 
may be taken (Refs. 19a, 236) and that k and tan S may be computed by 
relations somewhat different from those given here. It is not apparent, 
however, that any appreciable advantage is obtained thereby, and the 
duplication of effort, the need for moving the sample, and the difficulty 
of compensating for wall losses between sample and short circuit are 
undesirable in practical work. 

10-17. Measurement Procedure.—Hitherto theoretical methods of 
finding k and tan & from the measured quantities R and A have been 
considered. The experimental techniques merely concern the problem 
of impedance measurement, for which a number of different methods 
are available from current practice. Free-space methods have been 
considered in detail, and no new problems are presented by the short-
circuited-line procedure. In fact the experimental operations are some
what easier to perform than in other methods, since the metal plate 
can remain stationary at all times, while the sample is placed on it or 
removed as required. The problem of locating sample and metal at 
precisely the same distance from the antennas, which is one of the chief 
difficulties of measuring phase in free space, accordingly does not arise in 
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the short-circuited-line method. A similar advantage is that the 
reflection of the combination of sample and metal is usually about the 
same as that from metal alone, and thus a sharp minimum for phase 
measurement can be obtained in both cases. 

Direct Measurement of Standing-wave Ratio.—Perhaps the most widely 
known of the waveguide methods is that in which the maximum and 
minimum received powers, M2 and rrc2, are measured as the probe is 
moved along the line, whereupon the reflection is computed from 

(M + m) v ' 
and A is determined by setting the probe on a minimum. Despite 
its general acceptance, this method has certain shortcomings for the 
case at hand. In the first place, r-f detectors obey the square law only 
approximately, and often the voltage V from the detector is 

V cc E", (76) 
where E is the electric field in the r-f line. If a j± 2, such a relation 
never gives true proportionality of r-f power and receiver reading, 
and it is apparent that both the magnitude and the percentage error 
approach infinity with power standing-wave ratio, no matter how small 
the deviation of a from the ideal value 2 may be. Nor is it easy to correct 
the error by evaluation of a and by use of Fig. 10-39, for a is likely to 
depend on field strength over the wide ranges encountered in the present 
application, since a detector sufficiently sensitive to respond to the 
minimum is usually overloaded at the maximum. For the measurement 
of high-power standing-wave ratios by the proposed method a calibrated 
attenuator must be used in somewhat the same manner as that previously 
described for transmission; specifically, the maximum when the attenuator 
is present and the minimum when it is absent are measured—a procedure 
which introduces new errors, however, in accordance with Table 10-2. 

From the foregoing it appears, first, that errors due to nonlinearity 
become excessive when high standing-wave ratios are measured by the 
maximum-to-minimum technique; and second, that these errors can be 
reduced by the use of an attenuator, although a certain amount of care 
must be exercised in this operation. Direct measurement of high 
standing-wave ratios in the manner described is open, however, to still 
another objection, namely, in the derivation of Eq. (75) not only is the 
voltmeter reading assumed to be proportional to the r-f power at the 
probe but also it is assumed that this r-f power itself remains unchanged 
when the probe enters the line. For quantitative investigation, the 
generator may be regarded as matched to the line, (7 = 0, which condi
tion has just been shown to be desirable in any case. The true value 
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of the reflection R may be assumed to differ but slightly from unity. 
By the methods of Ref. 5a, or directly from Eq. (7) of the present text, 
the relation plotted in Fig. 10-40 is obtained, 

fractional error in (1 — B) = —2 1 _,_ o p n^ p , _,_ P2> (77) 

or, for P' = v, 
fractional error = 

1 + 2P cos P' + P 2 ' 

2P 
1 - P ' (78) 

for the fractional error in 1 — R produced by a thin probe with reflection 
coefficient Pe~iP'. Equation (78) is usually valid if the probe is tuned 
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F I G . 10-40.—Fractional error in (1 — R) produced by a probe reflection P exp (,P') 

when a high reflection R is measured by the maximum-minimum technique and the gener
ator is matched to the line. 

for maximum pickup, as was shown in Ref. 5a, where it was also found 
that the dependence of P on the probe depth 5 is essentially exponential: 

P = AeBS. (79) 
The error in minimum position is also given in Ref. 5a; it is of the order 
of P sin P' (1 — RY and is entirely negligible here. 

When added to those just obtained, this result on probe reflection 
permits numerical estimates of the over-all error to be anticipated in 
ordinary practice. Suppose, for example, that a power standing-wave 
ratio of 106 is to be measured directly as the quotient of maximum and 
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minimum. If no attenuator is used it is seen that a detector law of 2.02 
(instead of 2.00) leads to an error of 26 per cent in the final result, exclu
sive of inaccuracy caused by the probe. To avoid this error, an attenua
tor known to have exactly 40 db attenuation and a reflection coefficient, 
from either side, of 0.01 per cent in power is used. Error due to non-
linearity is now reduced to about 5 per cent. Since an attempt to match 
generator to load, if successful, might lead to an error of over 105 per 
cent upon insertion of the attenuator, the generator is isolated by an 
attenuator whose reflection is likewise 0.01 per cent in power. The 
maximum error due to reflection is then about ± 8 per cent, as seen by 
Table 10-2; thus the over-all error is now 12 per cent instead of 26 per 
cent. To either figure must be added the inaccuracy due to the probe, 
however, which is shown by Eq. (78) to be about 30 per cent in power 
standing-wave ratio if the probe reflects as much as 0.5 per cent in 
power. With these rather conservative estimates for detector law and 
reflection coefficients, errors as high as 40 to 50 per cent may be expected 
in the final power standing-wave ratio if it is measured by the pro
cedures here described. 

Computation from Width at Twice Minimum.—The foregoing method 
has been considered in some detail, partly because it is standard practice 
for most types of reflection measurement, and partly because the excellent 
alternative method developed by A. R. von Hippel (Refs. 26 to 5b) can 
be properly appreciated only after a discussion of the sort just given. 
In this alternative method the probe positions u and v at which the power 
has twice its minimum value are measured as illustrated in Fig. 10-38. 
If a lossless line, exact linearity of all receiver components, and zero 
probe reflection may be assumed, then the expression 

(SWRy = 1 + csc° [ ^ = ^ 1 

« l 

[T{V - u)/\Y 
(80) 

is obtained for the standing-wave ratio produced by the termination. 
The approximate Eq. (80) is valid with an error less than 1 per cent 
whenever the standing-wave ratio is greater than 133, and it will hence
forward be treated as a strict equality. In terms of the measured posi
tions u and v without the sample, w and x with the sample (Fig. 10-38) 
the quantities U and W of Eq. (73) take the form 

U = [(u + v) - (w + x) + 2d] ~ , (81) 

W = < * f " > , ' (82) 
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and preliminary computation of the reflection coefficient R is unneces
sary in practice. I t must be mentioned, incidentally, that the three 
quantities 1/(SWR), (1 — R), and (x — w) all vary in approximately 
the same way. As is seen from Eqs. (75) and (80) they are in fact almost 
proportional whenever R ~ 1. Hence the fractional error of any one 
is nearly equal to that of any other; and the three quantities shall there
fore be regarded as interchangeable. Whichever one happens to give 

the simplest result for the problem 
at hand should be used. 

In a consideration of experi
mental errors, it is found that those 
discussed in the preceding para
graphs are practically eliminated 
by the method in question. The 
effect of nonlinearity is represented 
by 

fractional error in (SWR)2 

= 2 - 22<"», (83) 
for example, which is shown in Fig. 
10-396. In view of the low fields 
and small variations here encoun
tered, moreover, the parameter a 
may be expected to be constant and 
to deviate but slightly from its ideal 
value 2, whereas in the former situ
ation the reverse was the case. 
There is no occasion to use an at
tenuator in the manner previously 
described, and this source of error 

is eliminated. From the fact that the probe is in a region of low 
field it may be concluded (Ref. 5b) that these errors too, although 
not obviated entirely, are greatly reduced. Intuitive reasoning of 
this sort is indeed verified by quantitative calculation. Probe 
errors with a matched generator are completely negligible in the sense 
that the approximations made in the derivation of Eq. (80) are equally 
valid whether P be zero or positive (Ref. 5a). In other words, irrespec
tive of the value of P', the only terms in 1 — R which are affected by 
probe reflection are terms of the order of l/(SWR)3 or higher, and are 
of no significance here. That this relative insensitivity to probe reflec
tion is found in practice is verified by Fig. 10-41. 

Power Level for Optimum Accuracy.—This superiority of the alternative 
method is not confined to measurement of standing-wave ratios, but is 

400 r 

0.05 0.10 0.15 
Probe depth in inches 

0.20 

F I G . 10*41.—Experimental comparison 
of the effects of probe penetration on 
(SWR)2 as measured by the maximum-
minimum and twice-minimum techniques 
in guide a t X = 3.2 cms. The points O, D 
represent values taken by the twice-
minimum method with the generator 
matched to the line and load, respectively, 
while the points # , A represent correspond
ing results as measured by the maximum 
technique. The curves are theoretical 
with the constants A, B of Eq. (79) ad
justed for optimum fit, the same values be
ing used for each curve; data from Ref. 6o. 
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found for the minimum position as well. Thus, instead of a setting on a 
point of zero slope being attempted, two points for which the slope is posi
tive are averaged, a procedure that is feasible by virtue of the symmetrical 
curve shape (cf. Fig. 10-15 and accompanying remarks). If the deter
mination of minimum position is considered in more detail, the error in 
position is found to be about equal to that in the two measurements of 
distance v and u. These errors will be least if the power level at which 
they are made is such that the slope of the curve of meter-needle dis
placement vs. distance is a maximum. If the meter is linear, the maxi-

(a) ft) W 
F I G . 10*42.—Conditions on receiver gain and portion of curve selected, to obtain 

optimum accuracy, (a) Effect of gain on slope with a linear meter, (b) Same, logarith
mic meter, (c) Measurement of width at twice minimum from tha t at K times minimum. 

mum of the curve will be far off scale in normal practice, and the points 
of greatest slope occur at full-scale deflection. As the gain is increased, 
this maximum slope will likewise increase up to a certain point, then 
decrease to zero when the minimum itself causes a full-scale deflection. 
Quantitative investigation shows this point of maximum slope to occur 
at the harmonic mean of maximum and minimum as illustrated in 
Fig. 10-42a. To determine phase with optimum accuracy when a linear 
meter is used for large standing-wave ratios the gain should be adjusted 
until the minimum leads to half-scale deflection, and the two probe posi
tions that are then found to lead to full-scale deflection should be aver
aged. If the meter is logarithmic rather than linear, all properties 
relevant to the present discussion are independent of receiver gain (Fig. 
1042b), in contrast to the results noted. When the derivative is maxi
mized, however, the harmonic mean of maximum and minimum repre
sents the condition for maximum slope and hence, as before, the optimum 
points for high standing-wave ratios are the ones actually used. The 
methods and results of this paragraph are valid for any curve which 
approximates a parabola near the minimum. 
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The question of slope is somewhat more complicated when the width 
of the curve rather than minimum position is considered. Thus, if 
the length of a segment is measured at a power level K times the mini
mum, as shown in Fig. 10-42c, then the desired twice-minimum segment 
is given by (Ref. 2a) 

X„ . ir(i/ — u') (v' — u') . . ,. „^ . . . . 

and the error in v — u is thus less than that in v' — u' by a factor y/K — 1, 
approximately. For this reason greater accuracy is sometimes achieved 
by taking one-third the width at ten times the minimum, for example, 
rather than by direct measurement of the width at twice the minimum. 
Despite the fact that the end points of such a segment are determined 
with less accuracy than is the case for v — u, the additional error is often 
more than compensated by Eq. (84). No such desirable behavior is 
found for errors from nonlinearity, however; instead of Eq. (83), 

K — KV" 
fractional error in (SWR)* = _ — (85) 

The expedient of Fig. 10-42c is to be recommended, then, only for unusu
ally low-loss samples that give a minimum too narrow to be measured 
■with precision, and only when the detector is accurately linear. In 
other cases the increase in accuracy, if obtained at all, would scarcely 
warrent the added complications. 

10-18. A Few Sources of Error. Impurity of Generator Output Power. 
I t has been assumed throughout the foregoing discussion that only a 
single frequency is generated by the source of r-f power. The output 
power of a modulated klystron does not always satisfy this condition, 
however, but sometimes has components at frequencies different from 
the fundamental. This behavior is the result of improper modulation 
of the generator (Ref. la); it is quite different from the normal presence 
of harmonics in the frequency spectrum of a pulse. Since they deal 
chiefly with generator adjustment or design rather than with measuring 
techniques, methods of correction are not included here (cf. Ref. la) . 
I t is of interest, however, to investigate the effect as to order of magnitude, 
an investigation that is readily made by Eq. (7) of the Introduction. 
As described in Ref. la, the r-f power is not present simultaneously 
at two different frequencies, but rather one frequency exists for alternate 
pulses of the modulator, or one frequency at one point of each pulse, a 
different frequency at a later point of the same pulse. For approximate 
quantitative computation, therefore, powers are added instead of 
amplitudes, and the meter reading is assumed to be the sum of the values 
for the two individual frequencies. With such an approach neither equal 
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resonance of the cavity nor equal sensitivity of the receiving system 
need be assumed, and in addition, the power need not be equally divided 
between the two frequencies. If the load reflection is independent of 
frequency over the small variation in question, then 

1 ' + OSTTflJL— (SWR)l hmirhm <*> 
gives the measured standing-wave ratio at a distance X from the interface 
in terms of its true value, and the ratio p2 of received powers at frequencies 
/ , / + A/. The error in minimum position is of the order of A/; but when 
the results for sample and short circuit are compared, the error is found 
to be nearly the same in both cases and thus to cancel out. 

The result of Eq. (86) was obtained for direct measurement of the 
power standing-wave ratio as the ratio of maximum to minimum. If 
the power is set equal to twice its minimum value, however, and the above 
assumptions are retained, an identical expression is found for the error, 
except that the power standing-wave ratios are replaced by the squares 
of the twice-minimum widths as given by Eq. (80). Thus, direct meas
urement of the standing-wave ratio and computation from the width of 
the curve are equivalent as far as sensitivity to impurity of the frequency 
is concerned (Ref. 2a). The error in width, which has been seen to be 
essentially equivalent to that in 1/(SWR), is proportional to the right-
hand term of Eq. (86) if the error is small compared with the actual width; 
but if the reverse is the case then the error is proportional to the square 
root of this term. In particular, for a perfect short circuit, which gives 
a true width of zero, 

measured width = ( j - § - ) ( y - J ^ ) ( j ) (87) 

The first factor shows that the error increases as the average frequency 
approaches the cutoff wavelength of the guide, and that it is proportional 
to the distance from the minimum to the sample; the second indicates that 
the error is proportional to the geometric mean of powers at / and / + A/ 
divided by the arithmetic mean; from the last factor it is seen that the 
error is proportional to the percentage change in frequency, A///. These 
remarks apply to the general case of nonzero width, if the error in width 
and each factor mentioned are squared. For example, if the frequency is 
3000 Mc/sec and p = -j, the measured width at the second minimum for 
a perfect short circuit [Eq. (87)] is found to be about 0.0019 in. when the 
power ratio p2 is unity and the frequency difference is i Mc/sec, whereas 
it is 0.001 in. when this difference is -J- Mc/sec. If the true width is 
0.002 in., however, then the error becomes 0.0007 or 0.0002 in., respec
tively. These computed values are consistent with the experimental 
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results of Ref. la, where a transmitter bandwidth of i Mc/sec was found 
to be satisfactory and a bandwidth of i Mc/sec caused a noticeable 
increase in the measured width of the curve. 

Wall Losses.—The foregoing errors occur in the actual process of 
finding U and V. When the quantities h and tan 5, are computed from 
these measured quantities, an additional error is found to be introduced 
by the neglect of wall losses. To correct this error much the same proce
dure is used as for transmission. The data are manipulated to obtain the 
values for lossy guide surrounding the sample, lossless guide elsewhere, 
and the computed result is interpreted by Eq. (40). With the short-

Position of minimum measured 
F I G . 10-43.—Detailed behavior of width at twice minimum. 

circuited-line method the calculation (Ref. la) is particularly simple. 
As illustrated in Fig. 10-43, the width at twice minimum increases almost 
linearly with distance from the short circuit (Ref. 5b), and the curves for 
different terminations are all parallel to one another. Both results 
have been verified by experiment; theoretically they follow from the fact 
that tan &wM is small enough to give exp (tan Sw.n) s» 1 — (tan 5„»n). 
With such linear dependence it is a simple matter to extrapolate the 
minimum width from the point at which it actually occurred to the air— 
dielectric interface / of the figure. Although appropriate only to point 
/ for lossy guide, this same extrapolated width would be appropriate 
to any point when the guide leading to the sample is lossless. With this 
procedure, which neglects the small loss in the short circuit, it is found 
(Ref .< la) that tan S equals the value of tan 5 as obtained from Eq. (72) 
with extrapolated width, minus tan 6V.ii. The quantity tan 5„.u is 
obtained from 

tan «„,, = D(l - p) (88) 

if D represents the difference in the W's obtained, either with or without 
the sample, for the kth and (k + n)th minima. Losses in the (v — u) 
length of guide over which the probe moves are neglected, as well as all 
wall losses, in computing phase. These approximations were also used 
in the transmission methods already described; that they are justified is 
easily proved theoretically. Additional verification is given in Fig. 10-44, 
where neglect of loss is actually permissible over a portion, pf line much 
larger than the length (v — u) in question here. 

http://6V.ii
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Insufficient Power.—A third source of error sometimes encountered is 
the frequency shift produced by the changing character of the load, or, 
with adequate isolation, the increase in apparent signal due to receiver 
noise. Thus, the short-circuited-line method differs from the others 
mentioned in that it leads to high mismatches that are of variable phase. 
Hence, whereas isolation of the generator was formerly of only secondary 
importance, it is now necessary to provide the requisite stability, for 

10.0 

1.0 

1 
0.1 

Mo 

Short 
circuit 

^ - ^ „ 
0.01 
-0.030 -0.020 -0.010 0 ~~"+0.010 +0.020 +0.030 
-0.12 -0.08 -0.04 Plexiglass-* +0.04 +0.08 +0.12 

Distance in inches from minimum to probe d 
F I G . 10*44.—Experimental verification that neglect of loss is permissible in the region 

traversed by the probe. The points are experimental at X = 3.2 cm; the curve is theo
retical, matched at two points. The triangles are for the probe near the short circuit, the 
squares are for the probe a half wavelength farther from the short circuit, and the circles 
are for plexiglas plus short circuit. 

despite the high and variable mismatch, the generator frequency must 
be the same when the two measurements are taken with and without 
sample. Even if the receiving systems were of equal sensitivity in both 
cases, the short-circuited-line method would require more power, for a 
given signal-to-noise ratio, than methods depending on transmission. 
In actual practice, however, this difference in available transmitter power 
caused by the need for isolation is enhanced by a similar difference in the 
receiving equipment. Thus, for transmission, a bolometer or similar 
device is used, placed in the line at the antinode of a short circuit, with 
the result that most of the r-f power actually contributes to receiver 
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reading. In the short-circuited-line method, on the other hand, the 
role taken by the bolometer is now taken by a traveling probe, which 
responds to only a small fraction of the total power available. Indeed 
it has been shown (Ref. 5a) that a thin probe cannot remove more than 
one-fourth of the power from the line, irrespective of its depth, and that the 
figure in ordinary practice is considerably less than this. Because of this 
combined loss of transmitter power and receiver efficiency it is found, 
at the higher frequencies, that klystron oscillators usually provide insuffi
cient power1 for the short-circuited-line method to be successfully used. 
A magnetron transmitter leads to no improvement, as the use of a 
bolometer instead of a crystal, necessitated by the short pulse, offsets 
the gain in transmitter power by a corresponding decrease in detector 
sensitivity (Ref. 6b). In principle the power standing-wave ratio may 
be increased by artificial means, and thus the need for readings at low 
power is avoided; for example, a poor short circuit may be used or a 
quarter-wave sheet of lossy material may be placed between the sample 
and the termination (Refs. 23b, 24b). Such expedients, however, are 
easily seen to destroy the inherent accuracy of the method. Thus, the 
value of tan S depends essentially on the difference of the two widths 
when the sample is present or removed (Ref. 23b). Not only will 
this difference be small when the sample has loss low enough to require 
an artificial increase, but the original measurement of the width loses 
accuracy because of the decreased slope.i These considerations are not 
to be confused with those of the foregoing discussion, where it was found 
preferable to adjust d for a large value of (1 — R). The increase in 
(1 — -R) there obtained was entirely due to the desired quantity tan d, 
whereas it is now the result of the introduction of an extraneous loss that 
must be later subtracted. In view of these problems, then, there is need 
for a modified procedure that will give essentially the same information 
as that obtained from the points u, v, w, x, of Fig. 10-38, but which will 
nevertheless presuppose no knowledge of the minimum. 

10-19. Modified Procedure for Low Power.—Determination of the 
minimum position (u + v)/2 presents no difficulties. If the attenuation 
is neglected in the part of the line in which the measurement is made 
(not in the load, nor in the line leading to it) it may be shown that the 
average of any two suitable probe settings for which the voltmeter 
readings are equal will give the minimum position. This is true inde
pendently of the law of the detector. Although the condition of maxi-

1 This problem has been recently attacked by electronic methods that are quite 
different from the r-f methods to be considered here. Besides being at present incom
plete, however, such procedures are concerned chiefly with the means of power detec
tion or with receiver design. As far as r-f dielectric measurement itself is concerned 
they suggest no new principles, and are therefore omitted from the present discussion. 
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mum slope is no longer obtained, the curve is steep enough to give 
accuracy adequate for most purposes, and there is some compensation 
too in that fluctuations from noise are reduced. That such considera
tions are valid in practice was verified in Ref. 2a, where accuracies of 
the order of +0.0002X for a short circuit and ±0.0004X for a sample 
were consistently obtained at power levels 20 to 25 db above the 
minimum. 

Derivation.—From the ease with which the minimum position 
(u + v)/2 may be found at low power it might be expected that equally 
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Flo. 10'45.—Comparison of probe power vs. position when maximum is constant (a) and 
when input power is constant (6). 

simple methods would give the width of the curve (v — u). Thus, since 
the general equation for probe power vs. position is known, the entire 
curve may be determined—and with it the twice-minimum points—by 
making any two independent measurements; for example, the width at a 
known fraction of the maximum power may be measured, or the two 
widths for any known power ratio. Despite the simplicity and similarity 
to the procedure for minimum position, however, such expedients are 
unsuccessful in practice; as was shown in Ref. 2a, the experimental 
errors are multiplied by 100 or 1000 in typical cases. Upon closer 
investigation it is found that there is nothing surprising in this behavior 
of errors, since the shape of the power-vs.-distance curve near the maxi
mum is practically the same for all large values of the standing-wave 
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ratio (Fig. 10-45a). It is therefore impossible to measure high reflections 
at low power by any method depending on shape alone. 

If the net input power were kept constant, however, the height of 
the curve (not its shape) would show a marked dependence upon standing-
wave ratio even near the maximum, as is seen by Fig. 10-456, and the use 
of some sort of matching device is at once suggested. I t is found, in 
principle, tha t only approximate matching suffices for measurement of 

the net input power, and hence for 
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accurate determination of 1 — R 
(Ref. 2a); but in practice there are 
large errors from tuner loss, and 
the necessary adjustments are 
somewhat inconvenient (Ref. 3a). 
Without changing the essential 
features of the method, however, 
these difficulties may be obviated 
by the procedure suggested in Fig. 
10-46a, in which a curve of 
power vs. phase of generator mis
match with constant probe posi
tion is measured. By inspection 
of Eq. (7) a relation for the r-f 
power at the probe is obtained, 
and from this is found the theo
retical equation of the curve just 
described, if the receiver reading 
is assumed to be proportional to 
r-f power. The curve of power 
vs. phase of the generator mis
match is thus shown to be in

versely proportional to a curve of power vs. probe position with a load 
reflection RG, if G is the coefficient for the moving mismatch (Ref. 2a). 
From this property, which is illustrated in Fig. 10-46a, it follows that the 
behavior of the one curve near the maximum is essentially the same as the 
behavior of the other near the minimum. Thus, 

(x — w) = (x' — w') — (xa — wo), (89) 
after making the same approximation as that used for Eq. (80). In 
Eq. (89) the quantities (x — w), (xa — w0) are the widths at twice 
minimum which would be found in a curve of power vs. probe position 
with load reflections of R and G, respectively, and (x' — w') is the meas
ured width at half maximum found in a curve of probe power vs. the 
position of G (Fig. 10-46a). The equations for the unmodified short-

<0 R G i 
Generator Different 

sample 
F I G . 10-46.—Modified short-circuited-line 

method. Diagram illustrating principles. 
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circuited-line method, Eqs. (71), (72) and all others, are valid here. 
If u' and v' denote the two positions at half maximum without the sample, 
and w', x' the positions with the sample, then 

TT _ \{u' + v') - (w' + x') + 2d] 
U (2x7) ' 
W = [(X' - W') - (!/ - U')] 

(90) 

(91) 

instead of Eq. (81). Equation (91) follows directly from Eq. (89), and 
Eq. (90), which is evident by inspection of Fig. 10-46o, maybe proved by 
Eq. (7). 
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F I G . KM66.—Modified short-circuited-line method. Diagram showing details of equip
ment. 

Power Gain.—Up to this point it has been shown that the alternative 
procedure of Fig. 10-46a gives all data needed for computation of k and 
tan & by the unmodified short-circuited-line method. The errors are 
not excessive, being essentially the same as those in the unmodified 
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method with R replaced by RG. I t remains to investigate the power 
requirement, which is determined by the equation 

Power at minimum = (1 — R)2, (92) 

with the generator matched to the line, and 

Power at minimum = 7̂ —;—=£> (93) 
(1 + K) 

with the generator matched to the load. The latter condition may be 
approximated in practice by use of a plunger similar to that of Fig. 10-466 
(cf. Refs. 2b, 25b). With a lossless source of reflection G, on the other 

io2 103 104 105 106 

(SWR) = Power standing-wave ratio for termination 
F I G . 10-47.—Comparison of power requirements in modified and unmodified methods. 



SEC. 10-19] MODIFIED PROCEDURE FOR LOW POWER 649 

hand, the modified method gives 

Power at half maximum = -—_. _ un\^ ( ' 

for the power at half maximum which, like Eq. (93), represents the 
smallest power level required for measurement. In Eqs. (92), (93) and 

\ Input 
| power' 1 cG /p 

yA 

* - c - * l 

-0.15 -0.10 -0.05 0 +0.05 +0.10 +0.15 
C in inches = (position of 0 (or maximum received power minus 

actual position) 
F I G . 10-48.—Detailed comparison of experiment and theory for modified short-circuited-

line methods. The points are experimental, the curves are theoretical from independent 
measurements of R and G. 

(94) the received power for the isolated generator connected directly 
to a matched load has been taken as unity. These results are compared 
in Fig. 10-47, where the modified method is seen to be operable at rela
tively low power; there is in fact a power gain, so that if the power be 
sufficient to give a reading with a matched load it will usually be more 
than sufficient to permit measurement of high power standing-wave 
ratios. In contrast to the behavior of most other methods for reflection 
measurement, moreover, the available power is found to increase rather 
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than to decrease as the load reflection approaches unity. With very 
large G, Eq. (94) can be used for measurement of R, if the value of G is 
known and the generator is supplied with a suitable monitor (cf. Ref. 2o 
and Table 10-4). 

Accuracy in Practice.—In regard to the question of error it may be 
observed that the foregoing results are correct without theoretical 
approximation, irrespective of probe position and of the loss associated 
with G, if line losses may be neglected and if power is propagated in only 
one mode. Thus, in practice, a low-loss source of reflection G is used with 
the probe set on or near the maximum to increase the available power; 
no theoretical error is incurred by a failure to satisfy these conditions. 
Experimental verification is given in Fig. 10-48, where the values of G 

TABLE 10-4.—COMPARISON OF FOUR METHODS FOR MEASURING HIGH REFLECTIONS 

Termination 

(u — v) as computed 
from maximum/ 
minimum. 

(u — v) as computed 
from o v e r - a l l 
maximum, Eq. 
(83). 

(« — v) as obtained 
b y m o d i f i e d 
method, Eq. (78). 

(u — v) as measured 
directly by un
modified method. 

Value of G used 

0.897 

Without 
sample 

0.0020 in. 

0.0020 

0.0016 

0.0013 

With 
sample 

0.0180 in, 
0,0171 

0.0198 
0.0151 

0.0168 

0.0168 
0.0178 

0.9490 

Without 
sample 

0.0023 in. 

0.0011 

0.0017 

0.0016 

With 
sample 

0.0166 in. 

0.0154 

0.0169 

0.0171 

0.9793 

Without 
sample 

0.0020 in. 

0.0014 
0.0014 

0.0017 

0.0015 

With 
sample 

0.0175 in. 

0.0174 

0,0168 

0.0170 

and R used for the theoretical curve were independently measured by 
the twice-minimum procedure. An additional check on the theory is 
given in Table 10-4, which compares the twice-minimum widths as 
obtained by direct measurement, by the standard maximum or minimum 
technique, by Eq. (94) and by the modified method, Eq. (84). 

The theoretical and experimental accuracy of the method naturally 
presupposes that the conditions for its use are satisfied in practice. The 
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probe reflection must be negligible, the value of G must remain con
stant, and the slopes must be such that the true points at half maximum 
can be accurately determined. The true points can be determined 
whenever RG is sufficiently large, the slope on a logarithmic meter being 
in fact equal to that obtained in the twice-minimum method for a reflec
tion of this magnitude. The discussion of Fig. 10-42 is therefore essen
tially valid for this case also; in particular, the points of optimum accuracy 
for determining minimum positions are the half-maximum points actually 
used. The value of the maximum slope so obtained increases steadily 
with G, and for this reason it is desirable to give G as large a value as is 
convenient. Such a condition not only gives greater accuracy but also 
leads to a higher output power, as the attendant loss in the transmission 
of G is usually more than compensated by the increased resonance 
effect of the cavity (Fig. 10-47). I t is worth noting too that Eq. (84) 
involves the same approximation applied to RG as was applied to R in 
the derivation of Eq. (81). Hence RG must be greater than 0.84 if 
the error is not to exceed 1 per cent. With sufficiently large G (0.95 
to 0.98), but not otherwise, the inequality is usually satisfied. When 
R is so small that this is not the case, the exact equation analogous to 
Eq. (79) may be used or the comparatively small standing-wave ratio 
may be measured directly. 

Probe Errors.—Since the measurement is carried out in a region of 
high field, the impurity of the frequency might be expected to be less 
important and probe errors more important than in other cases. This 
latter conclusion was quantitatively verified in Refs. 2a, 5a, 6a. Thus, 
when the probe is at the maximum, the equation 

(j? \-p I1 + 6 P cos p' + ^ pn m ~ o (w\ 
(«m.»»r.d) - it yl i _ 2p Cos P' + P*' ^ ~ ' *■ ' 

(1 — P) 2 

give the measured reflection coefficient in terms of its true value R and 
the probe reflection Pe~'F'. This result may be derived from the rela
tions of the Introduction; the measured reflection is in fact equal to that 
for the probe and termination together, which is given by Eq. (6) with 
t" = T" = 1 - Pe-'F', r" = p" = Pe->p', R" = R, d = 0—the last two 
substitutions being valid because the probe position is that for maximum 
power. In the course of dielectric measurement, the difference of the 
two determinations with and without sample is measured, a procedure 
that is found to cancel out the first-order terms in probe reflection (Ref. 
5a). The probe insertion must still be less than that permitted by the 
unmodified method; but so great is the power gain that an improvement 
of 20 to 30 db is obtained even with the probe sufficiently retracted to 
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lead to negligible error. Experimental examples are given in Fig. 10-49; 
the curves are computed from an equation analogous to Eq. (84). 

Errors from Moving Plunger.—As was observed, the reflection G 
must be both high and constant, because a low value leads to small 
slopes and invalidates the approximation made in Eq. (89), and a value 
that varies with position will introduce errors in accordance with the 
same equation. To obtain a large value a choke-plunger short circuit 
may be used as shown in Fig. 1046b. For constancy, accurately machined 
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F I G . 10*49.—Effect of probe depth on measured -width of curve at half maximum 
power (modified method). The points O, • are measured directly and the points □ A 
are determined from the width at one-tenth maximum. The curves are theoretical, com
puted as in Fig. 10-41. 

parts and a generator matched to the line are used. With regard to 
constancy, the error in G is found to be approximately 

Error = ±Gri7Tg, (96) 

if Tl is the power transmission coefficient of G, and <?i is the reflection 
looking into the generator as shown in Fig. 10-50. The use of a large 

Generator 

G attenuator 

F I G . 10-50.—Generator reflection Gi. 

G is thus recommended to reduce Tl, as well as for the reasons just 
mentioned. For further reduction a small attenuator may be added 
as shown in Fig. 10-46b. If this small attenuator has a one-way power 
transmission of 0.2, for example, then the error from Gi is reduced by a 
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factor of five; a power standing-wave ratio of 1.05 for G\ is now no more 
serious than one of 1.01 was before. The power requirement is not 
increased, since the need for generator insolation is obviated in proportion 
as the attenuation associated with G becomes large. 

Radiation.—Even with these two requirements of accurate machining 
and low GiT% both satisfied, however, there may still be a slight error 
from radiation. Thus, the current lines are strictly parallel to the slot 
only when it is infinitely narrow; in actual practice there is always a 
certain amount of leakage. To avoid the consequent interference of G 
with the performance, the dimensions are adjusted in such a way as to 
have the choke plunger entirely enclosed at all times; that is, it is never 
allowed to extend to either of the two slots as G is moved (Ref. 2a). 
Error from radiation is further decreased by the use of a narrow slot 
and by arranging the probe carriage in such a way as to cover it com
pletely for all probe positions. This expedient is of value only when 
error from variable contact is less ^ 
serious than that from radiation, o2.7(- / Line through point (0,1) 
which appears to be the case at least •§ 
for the shorter wavelengths (Ref. 2a). -g 2 6 

Radiation from slots causes difficulty 3 
in maintaining G constant and in & ' 0.160 0.165 0.170 
measuring high standing-wave ratios. ^" sample height in inches 
Radiation is present whenever slotted FlG- 10-51-—Experimental effect of 

, . j - i . i clearance on measured value of k in 
equipment is used, tor example, the rectangular guide at x = 1.25 cm. 
p h a s e s h i f t e r s i l l u s t r a t e d i n COnnec- Points are experimental, curve empirical 
. . . . . , . . , , as given by Eq. (24). 
tion with the transmission method. 
It may be eliminated by similar procedures in these other cases, of course, 
although the effect is usually negligible for all work not involving high 
reflection. 

Errors Analogous to Those Previously Discussed.—Most of the errors 
discussed heretofore are peculiar to reflection measurement. Because 
of the above-mentioned analogy between reflection and transmission 
procedure, other errors are similar to those previously discussed and 
need not be considered in detail. From clearance, for example, the 
behavior shown in Fig. 10-51 is obtained. Although presented only 
for the modified method, the same result would evidently have been 
obtained with the maximum/minimum or twice-minimum techniques, 
as is seen by Table 10-4 and the accompanying remarks. Similarly, the 
treatment of wall losses, although slightly complicated by the term 
(xa — w0) of Eq. (89), is still analogous to the procedures heretofore 
described. If linear variation like that of Fig. 10-43 is assumed, the half-
maximum width is extrapolated without sample to the position at which 
the maximum occurred with sample, whereupon the term in question 
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is canceled by subtracting the two widths. To this difference must be 
added the change in width due to loss in the portion of line containing 
the sample, which is given by 

Change in width = -^—, (97) 

if D represents the difference in the two widths found, either with or 
without sample, for any two positions of G differing by nX„/2. The modi
fied width so obtained is then substituted in Eq. (72) and finally the 
computed value of tan 5 is corrected by Eq. (40), where tan 8^ is found 
from Eq. (88) with D defined as in Eq. (97). As before, the loss in 
computing phase and in the portion of line over which G moves in a single 
measurement has been neglected, and the error is entirely negligible 
(cf Fig. 10-48). Strictly speaking, the present procedure is also incorrect 
in that it assumes the loss in the short circuit to be the same with and 
without sample, but the error so introduced usually does not exceed 
that in the unmodified method, where loss due to the short circuit was 
neglected altogether. In fact, the former assumption is sometimes the 
more accurate, especially when y/k =s 1. In such circumstances the 
method of compensation suggested for the modified method may be 
profitably applied to the unmodified method as well, the procedure being 
in all respects the same as that just described. 

10-20. Uses.—One of the more important characteristics of the short-
circuited-line method is that it requires only a relatively small sample for 
precise measurement—a length of Xm/4 or, at the higher frequencies, of 
3Xm/4, being sufficient for high accuracy. This property of the method 
is due partly to the fact that the wave traverses the sample twice and 
partly to the increase of the standing-wave ratio usually found with 
decreasing sample length. Thus, although the measured effects, width 
and shift of minimum position, are smaller with a short sample, these 
measurements themselves may be made with correspondingly higher 
accuracy. Since the method requires only small samples, it is thus 
especially satisfactory for research and other work involving materials 
not available in quantity. 

A related advantage is found in the location of the sample, which is 
placed at the end of the line rather than at some intermediate point 
as in the other methods discussed hitherto. The method is accordingly 
adapted to experiments in which the temperature is to be controlled, 
and is to be recommended especially for measurement of liquids. For 
such measurement the transmission methods can usually be used, if at 
all, only with clumsy expedients that are inconvenient and in general 
introduce considerable error. With the short-circuited-line method 
it suffices merely to have the equipment vertical (Refs. la, 5b). Because 
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of surface tension there is difficulty in deciding on a precise value for d, 
but this is a magnitude rather than a percentage error and may therefore 
be reduced by the use of a long sample, since the error in both k and 
tan S, due to a given magnitude error in d, approaches zero as d increases 
indefinitely. A second expedient, by which the error is eliminated 
altogether, is the use of a window of mica or some other suitable material, 
a procedure that also prevents condensation of the liquid in the upper 
part of the guide. A detailed account of equipment for such measure
ments and of means for compensating the electrical effect of the window 
is given in Ref. la. 

The short-circuited-line method, besides using a small and easily 
accessible sample, gives high accuracy both theoretically and practically, 
particularly at wavelengths not much below 10 cm. Thus, the sources 
of error are few and well defined. Instead of a host of extraneous reflec
tions, as in the transmission methods, only the probe reflection exists, 
and this has been shown, for the unmodified method at least, to be com
pletely negligible in practice. Similarly, no calibration is required for 
the r-f components, and the detector itself may deviate widely from 
linearity with but slight effect on the measured results. Because of the 
relatively short sample permissible, errors from clearance are readily 
minimized, and because of the high standing-wave ratios, the necessary 
measurements of field can be carried out with considerable accuracy. If 
care is taken in the machining of the equipment and the sample, this 
method is found to be about as accurate as any other for the measurement 
of k, and perhaps more accurate than any other for tan S. With regard to 
this last, in particular, not only is the general behavior of the errors 
favorable, but the theoretical compensation of the effects of r,- and wall 
losses is found to be both possible and relatively convenient without 
approximation of any kind, provided that the short circuit itself pro
duces negligible loss. In other words, the exact equation, with all 
parameters arbitrary, assumes the simple and manageable form of 
Eq. (70). 

Only the unmodified method is clearly superior in regard to loss 
measurement; errors in the modified method are no longer eliminated 
with the same simplicity, and those remaining after compensation are 
usually somewhat higher because of the inconstancy of G and the 
decreased slope of the curve. The modified method, nevertheless, 
offers an advantage not possessed by any of the other methods dis
cussed so far in that it is operable even when the power is insufficient 
to give a receiver reading when the line is matched. Although found 
only in the modified method, this characteristic of low power requirement 
is perhaps of sufficient importance to be set down as a fourth advantage 
peculiar to the short-circuited-line procedure. 
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In a consideration of the unfavorable properties of the method, it is 
observed that it has a failing common to all procedures not carried 
out in free space inasmuch as it presupposes an accurately prepared 
sample. At best a tedious process, this preparation becomes exacting for 
short wavelengths, and it is at these short wavelengths that the alterna
tive free-space methods appear to best advantage. A second disadvan
tage, which again is especially noteworthy at the short wavelengths, 
is that a considerable supply of accurately machined equipment is 
required; in particular, a traveling probe of some sort is required for 
either method, and an accurately constructed reflector G is required 
as well for the modified procedure. A third disadvantage is the high 
power requirement of the unmodified method, which is surmounted by 
the suggested modification only with an attendant loss in accuracy for 
tan h. And finally, the method is unsuitable for measurement of gases: 
the use of a short sample is not only permissible but imperative if the 
standing-wave ratio is not to become too small, and the path lengths of 
500 to 2000Xm required for even moderate accuracy in measurement of 
gases would lead to prohibitively low values from the effect of line losses 
alone. 

CONCLUSION 

Retrospect.—In the course of the foregoing pages the great variety 
of experimental techniques by which dielectric measurement can be made 
in the microwave region was noted; and at the same time an equally 
great uniformity in the theoretical principles required was observed. 
The equations for every method were, in fact, deduced from Eq. (2) of 
the Introduction with its corollary Eqs. (5), (6), and (7), and from Eq. (8) 
with the supplementary results, Eqs. (9), (12), and Table 10-1. Not 
only did these few relations suffice for the transition from data to results 
in ideal circumstances, but they also allowed an investigation of many 
of the sources of r-f error. An illustration of this repeated application 
of a few simple equations is found in the modified short-circuited-line 
method just considered; and the deviations for this method, which is of 
importance in the sequel, may be summarized in the following manner. 
The first step was the computation of r,- from Eq. (8); with n known, the 
corollaries of Eq. (2) gave both reflection and transmission for a lossless 
sheet of arbitrary thickness in free space. In the situation in which 
the sheet is followed at a distance D by a metal plate, it was found that 
this more difficult configuration also depended for its solution upon Eq. 
(2), the extension to lossy materials in guide being made by Eq. (12) and 
Table 10-1. The fact that the measuring probe has, in general, a non
zero reflection led to the investigation of the consequent error—a com
putation which required only that the over-all reflection of probe and 



SEC. 10-21] RESONANT-CAVITY METHODS 657 

termination be computed, which could accordingly be done by the same 
methods. The next step was to relate receiver reading to plunger posi
tion, a problem that was likewise solved by a corollary of Eq. (2); and 
finally the error due to generator reflection was investigated by the same 
means. This uniformity of theory has been noted for each of the other 
methods, the derivations from Eqs. (2) and (8) being, in fact, more 
immediate than in the case described. 

To the mathematical equivalence just observed must be added a 
similar correspondence in the physical principles required. Thus, the 
last procedure was proved essentially equivalent to the short-circuited-
line method; the only change was in the actual manner of obtaining the 
data since all relations between measured quantities, k and tan 5, were the 
same in the two cases. The short-circuited-line method, in turn, was 
seen to be closely related to the transmission procedures with which the 
present discussion was begun; as far as principles are concerned, the 
equivalence was established on both intuitive and mathematical grounds, 
the chief difference again consisting in the method of obtaining the data. 
Moreover, the two transmission methods, free space and waveguide, 
are evidently equivalent to each other in all essentials; and, with the 
exception as before of measurement technique, they are likewise equiva
lent to the standard interferometer methods of physical optics. If the 
relatively unimportant procedures discussed in Sees. 10-12 to 1014 are 
omitted the methods hitherto considered may be regarded as forming a 
sort of sequence: from the familiar technique of optics to its microwave 
analogue, transmission in waveguide or free space; from this to the short-
circuited-line method, where the " transmit ted" and incident waves are 
compared on the generator side, rather than on the load side, of the 
sample; and from the short-circuited-line method to the modified pro
cedure last described. 

10-21. Resonant-cavity Methods.—This modified procedure, which 
requires a high mismatch on both sides of the sample, permits continua
tion of the sequence mentioned, making a simple and natural transition 
from the elementary methods first discussed to the apparently more 
difficult ones forming the topic of this section. 

Methods Iiicluded in Preceding.—In the resonant-cavity method of 
Fig. 10-52o the plunger position is adjusted for resonance with and 
without the sample; the change in position gives k, essentially, and 
tan 8 is found from the change in resonant current (cf. Eq. (94)) or from 
the width of the resonance curve (cf. Eq. (92)). This procedure, dis
cussed at length in Ref. 18b, is evidently equivalent to that of Fig. 10-46a; 
the only change is to introduce the generator power by a second probe or 
coupling loop rather than by the transmission of the plunger. The 
entire discussion of Sec. 10-19 is therefore valid almost word for word 
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in the present case, and Eqs. (71) and (72) again give k and tan 6 (Ref. 
18b), whenever terms of the order of tan2 S may be neglected. The 
same remarks apply to the method of Fig. 10-52b developed in Ref. 13a; 
and because of the complete equivalence to what has gone before it is 
unnecessary to present more than the most cursory discussion of either 
method. I t is observed, however, that these methods are superior to 
the former insofar as the equipment is considerably easier to construct. 
Instead of a traveling probe, for example, there is a simple coupling 
loop; and the sliding plunger, which need not be adjusted to have a 
constant nonzero transmission, may have a reflection coefficient of unity. 
For this reason the plunger is more easily designed and its reflection more 
easily maintained constant. There is, on the other hand, some slight 
disadvantage in that the received power is not usually the maximum 
possible. Thus, neither the penetration of the coupling loops nor their 
position is adjustable, and, since the position of the minimum will 
depend on the sample, it is clear that the two loops will not generally 
be on an antinode. Moreover, when the loops are near a node, 
an increase in coupling, which is then permissible, cannot be obtained. 
In other words, the coupling coefficient must be sufficiently small to 
permit operation at an antinode even when the loops are actually located 
near the minimum. In the previous method no such difficulty was found, 
and there was also a possible advantage in that only one source of 
extraneous reflection (the probe) was required, rather than two. 

Difficulty due to variation of the minimum position may be obviated, 
in principle, by using two traveling probes in place of the coupling loops 
of Fig. 10-52a. A better method, however, is that suggested in Fig. 
10-52c (Refs. l ib , 12b, 15b, 16b, 17b, 12c, 18c) where the two loops are 
located at the short circuit and hence are always at a node. The length 
of the line is changed, but the distance from the sample to one end 
remains constant. Whether this constant distance happens to be meas
ured to the generator end or the load end is unimportant in this discus
sion, for in either case the opposite end of the line may be replaced by a 
short circuit shifted a distance zero or X0/4 according to whether this 
opposite end was itself a short or open circuit. The method is thus 
seen again to be equivalent to that of Sec. 11-19; if the fixed distance 
from the sample to the end of the line is represented by 0 or X/4 plus the 
distance D of Fig. 10-31o, as shown in Fig. 10-52c, then the whole of the 
foregoing theory applies without approximation to the present case. 
I t is observed in passing that the methods of Fig. 10-52 may be used 
with variable frequency rather than variable length—a remark which 
applies to almost all the methods here considered. In principle, the 
free-space wavelength X is adjusted for resonance with and without the 
sample. At the same time the resonant current or the width at half 
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maximum is noted. For the empty guide of resonant length nX„/2 the 
width Al, when the length I is variable, is related to that found when X is 
variable by the approximate equation (Ref. 12a) 

Al for half power = X AX half ] (98) 

This is seen by differentiating the relation of Table 10-1 for waveguide 
in terms of free-space wavelength. In a similar manner the change 
AX„ in guide wavelength needed to restore resonance after insertion of 
the sample is related to the change in length Al by 

n(AX„) 
(AZ) (99) 

where Al is measured at the wavelength that gave resonance when 
the sample was in place, and n, as before, represents the number of 
antinodes in the resonating empty guide. This last equation is valid 

Cavity, inside diameter 

I 

Wavemeter 
- Cylindrical dielectric sample 

F I G . 10«53a.—A resonant-cavity method using cylindrical samples and variable frequency, 
Ref. 9o. 

without approximation, whereas Eq. (98) is to be used only when terms 
containing the square of the width may be neglected—a situation which 
is, as will be shown, the only one that should be allowed to occur. Equa
tion (98) may be regarded as correct, to a first approximation, when 
the sample is in place, although a rigorous treatment is made difficult 
by the fact that the total electrical length, which is involved in the 
constant n of the equation, then depends in a complicated way on the 
frequency. The maximum power, however, is the same for variable 
frequency as for variable length (cf. Ref. 12a); hence Eq. (94) may be 
used without change in either case. The merit of using a variable fre
quency will be commented upon; it is sufficient to note that the foregoing 
results may be used in this case also, provided that the resonant width is 
suitably determined, the equivalent change in length is computed from 
Eq. (99), and the parameter X in all equations is taken as equal to 
its value for resonance when the sample is in place. 
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A Method Not Included.—The summary dismissal of the resonant-
cavity methods shown in Fig. 10-52 was possible because of their close 
similarity to procedures already discussed. In the method of Fig. 10-53 
it is found that the general form 
cannot readily be subsumed in this 
way; there is, however, a special 
case that has considerable practical 
importance and is at the same time 
amenable to treatment by the ele
mentary methods hitherto em
ployed. This special case, which 
forms a convenient introduction to 
the general method, is found when 
the resonator is entirely filled with 
the material being tested so that, 
with the notation of Fig. 10-53, 
D = Do. Although its attainment 
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Fro. 10*536.—Example of resonance 
curves, received power vs. X, for the empty 
cavity (triangles) and for the cavity con
taining a dielectric sample (circles). The 
points are experimental, the curves theo
retical fitted at the half-maximum points. 

with solid samples is somewhat inconvenient, such a condition is easily 
obtained in practice whenever the sample happens to be in liquid or gas
eous form. With all air-dielectric boundaries perpendicular to the axis 
of the system, this special configuration is now included among those 
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F I G . 10«53C.—Experimental verification. 
of Eq. (105a) for two dielectric materials. 
The points are experimental and the curves 
are calculated from Eq. (105a). 

Sis 
■s I i 2 m 
V 

S a m p i e y / s a m p i e ' 3 

jA/ .^--^Sample ' 2 

0.02 0.04 0.06 0.08 0.10 0.12 
jy diameter of sample 

DQ diameter of resonator 
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hitherto treated; and the condition for resonance is thus seen to be (cf. 
Ref. 12a) 

(length of resonator) -G) (wavelength in material in guide), (100) 
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whence is obtained 

-©'fe)'4-(~)W' <-> 
h = (A J , m = n, (102) 

for the dielectric constant k in terms of the resonant (free-space) wave
lengths X, X0, with or without the sample, and the ratio m/n of the number 
of antinodes in the filled or empty guide. The normal situation is 
represented by the case m = n, for which the equation takes the simple 
form Eq. (102) given in Refs. 10a, 10b, 176. Equations (101), (102) are 
valid only for negligible tan2 S; the general result is obtained by sub
stituting an appropriate value for guide wavelength in Eq. (100), as 
computed from Eq. (12) and Table 10-1. I t must be noted, however, 
that Eq. (100) itself ceases to be valid for very lossy samples; the condi
tion of resonance, as determined by maximum power, gives a length 
somewhat smaller than the length there indicated. 

For the loss tangent (Refs. 10b, 13b, 146, 176), 

where the first term stands for the width of the resonance curve at half 
power divided by the resonance wavelength for the actual sample (Fig. 
10-396), while the second is the corresponding quantity for a hypothetical 
sample with the same dielectric constant but zero loss. With negligible 
tan2 & this second quantity is equal to the corresponding result for the 
empty resonator multiplied by -\/k (Ref. 176). Instead of taking the 
width of the resonance curve, the following relation (Ref. 10a) may 
sometimes be used, 

Width for first sample _ power at resonance for second cin*\ 
Width for second power at resonance for first 

This equation gives the ratio of widths in terms of the received power at 
resonance. Besides requiring use of a monitor, the procedure has the 
disadvantage of being relative only, with the result that one of the widths 
must be directly measured in any case. After such a determination is 
made, however, the evaluation of the other is sometimes facilitated. 

The foregoing discussion has been devoted to the special case for 
which the sample entirely fills the resonating chamber, and the rela
tions obtained were both convenient and elementary. In the general 
situation of Fig. 10-53a, on the other hand, the corresponding results 
become considerably more complex than any hitherto encountered. Not 
only are the equations for both k and tan & transcendental even when 
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tan2 5 = 0 (see Refs. 146,196, 206), but they involve too many parameters 
to be readily solved by graphical methods. Moreover, the functions 
themselves are not elementary; instead of the exponential or circular 
functions that have hitherto sufficed in all cases, Bessel functions must be 
used. These difficulties, noted when tan2 S is set equal to zero, are natur
ally enhanced when a truly general computation is attempted; for not only 
will the equations be transcendental involving functions which are 
not elementary, but the arguments of these functions will be complex 
as well. I t is clear, then, that any theoretical investigation aiming at 
completeness will necessarily be somewhat involved. Before embarking 
on such an enterprise, it is perhaps worth while to consider the experi
mental conditions imposed on the method in question. Thus, with some 
of the transmission procedures considered above it was found that the 
quantity r.e - d t a n ' should be small for experimental convenience. Hence 
the theory could justifiably be confined to the simple relations obtained 
when this condition is satisfied. A similar approach is found valid 
for the present method too, in that the general situation is somewhat 
impracticable from an experimental standpoint irrespective of its theo
retical difficulty. Before extending the theory, therefore, the question of 
experimental procedures is to be considered. 

In the first place it is noted that variation of frequency presents con
siderable difficulty when the range of variation is large. With the 
microwave generators available at present a change of much over twenty 
per cent is hardly feasible, and for convenience the figure should be con
siderably less than this. Even the small variation required to measure 
the width presents certain problems, in that due care must be taken to 
ensure constant output of the generator and constant sensitivity of the 
receiving equipment, or of the monitor if one is used, over this range. 
There is, moreover, a theoretical objection in that both k and tan 8 
depend on frequency, although this objection is somewhat academic in 
ordinary practice (cf. Ref. 9a). A more serious problem occurs, however, 
when the empty resonator rather than the filled is considered, for the 
frequency shift so required will, in general, be far beyond the capacity 
of most microwave generators to achieve, apart from incidental difficulty 
due to frequency sensitivity of the r-f components. To obviate this 
difficulty the resonant wavelength for the empty guide may be computed, 
instead of measured, easily and accurately from Eq. (100) whenever the 
resonator length is known. This length is so chosen that resonance is 
obtained, with the sample in place, at a frequency that is within the range 
of the generator and that is also sufficiently close to the frequency at 
which the values of k and tan S are desired. In this way the measure
ment of k is carried out with but slight change of frequency, even when 
the difference as given by Eq. (102) is large. Such a procedure, which 
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was used with success in Refs. 106 and 146, requires knowledge of the 
approximate value of k and demands that the resonator length be 
adjusted accordingly, since different lengths are necessary for different 
samples. 

The foregoing limitations were concerned chiefly with the dielectric 
constant, as it is this parameter rather than loss that is primarily deter
mined from the frequency shift [cf. Sees. 10-3 to 10-6 and Eq. (102)]. 
For measurement of tan S, however, another difficulty is encountered in 
that Eq. (103) presupposes knowledge of the width for a hypothetical 
sample with the same dielectric constant as that of the original sample, 
but of zero loss. Of course, no such sample can be actually produced 
and measured, and the question must be considered in more detail. 
Theoretically this hypothetical loss may be computed from the dimen
sions of the resonator and the conductivity (or more particularly, the 
so-called "skin depth") of the walls (Refs. 106, 136, and 146), but such a 
computation neglects all extraneous losses, including those from the 
junctions and coupling loops. For this reason it is found that the values 
computed differ perhaps by a factor of two from the ones actually 
measured (Refs. 106 and 146). In Ref. 146 it was assumed, therefore, 
that the ratio of computed to measured width would be the same for 
the empty cavity as for the cavity filled with the hypothetical lossless 
dielectric; but, as was there observed, no proof has been obtained, nor is 
it to be supposed that such a procedure is of general validity. Even 
if it be permissible, however, there is still difficulty because the determina
tion of width for the empty cavity itself must be made at a frequency 
that is too far from that with the sample to be readily attained in practice. 
To obviate this added difficulty a new and larger cavity that will resonate 
at a convenient wavelength when empty, may be constructed and from 
measurement on this new cavity the width that would have been obtained 
for the original one can be estimated. Although such a procedure has 
been actually used (Refs. 106 and 146), the inconvenience as a matter 
of general practice is evident. 

From this discussion, much of which applies to all methods using 
a variable wavelength, it is seen that considerable experimental difficulty 
is often to be anticipated in the method of Fig. 10-53; and although such 
difficulty can be circumvented by various devices, these devices are suffi
ciently inconvenient to be of but limited utility. Instead of seeking a 
general theory, therefore, the problem is to find the particular circum
stances in which the method appears to best practical advantage. Once 
this has been decided, the special theory appropriate to that case may 
be exhibited in simple form. The complications noted consisted chiefly 
in the large frequency change for proceeding from the filled to the empty 
guide, and in the difficulty of computing a sort of ' 'comparison loss" 
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corresponding to the empty-guide loss. Both difficulties would be 
obviated if, and apparently only if, the character of the resonator were 
not appreciably changed by insertion of the sample. In other words, 
the resonant wavelength should remain nearly the same, and the loss 
when empty should be nearly the same as the loss when filled by a 
lossless sample of the same dielectric constant. These conditions are 
met whenever k « 1; in particular for a gas the method is most con
venient and was used for such measurement in Refs. 10a and 12a. The 
length rather than the frequency, however, is varied in Ref. 12a. After 
it was verified that no undue absorption was to be anticipated from dry 
air at the frequency used, the width for the empty resonator was taken 
as equal to the value for the air-filled resonator, and this value was 
substituted for the second term of Eq. (103). Because of the low 
dielectric constant, such a procedure was entirely justified in that case. 
The remainder of the measurement too could be carried out with ease, 
since all frequency shifts were very small; and k was readily computed 
from Eq. (102). In Ref. 12a the accuracy was increased by use of a large 
cavity, and due precautions were taken to prevent oscillation at unwanted 
modes (cf. Ref. 136). The method is in many respects the best for meas
urement of gases; not only is the cavity airtight whenever the coupling 
loops are suitably sealed off, but also the method allows accuracies that 
are scarcely attainable by other procedures. The power requirement is 
not excessive, and the equipment itself, which requires no moving 
plunger, is perhaps as simple as any hitherto discussed. 

I t is not necessary to use materials of low dielectric constant; a 
sample of such small diameter may be used that the resonant frequency 
is only slightly affected. There is, to be sure, a limit to the reduction 
that is permissible in good practice, since both the frequency shift and 
the rod diameter must be known within a small percentage error, rather 
than a small absolute error, if accurate results are to be obtained; for 
diameters D ~ 0.05Z)0 this effect is still of secondary importance when 
the sample is accurately machined. For a TM-wa.ve the general equation 
takes the simple form (Refs. 9a and 14b) 

A; « 1 + 0.538 O^j (± - A D«D0, (105a) 

Equations (105) indicate that the effect of the sample is proportional 
to its volume (see Fig. 1053c). Because of the similarity to the equations 
previously discussed, the sources of experimental error need not be further 
investigated. 
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10-22. Summary. Methods Tabulated.—The great variety of experi
mental methods, which has been so often observed in the discussion, 
suggests that a brief summary will be of use, and such a summary is 
accordingly presented in Table 10-5. The descriptions given, which are 
suggestive only, are intended to aid recollection and are in no sense an 
adequate presentation of the method described. Because the emphasis 
has been on measurement procedure, a fine subdivision in Table 10-5 is 
used, despite the theoretical homogeneity. Thus, two methods are 
classified separately when they differ appreciably in experimental 
technique, even though they may be, in principle, entirely equivalent. 

Consistency of Results.—Before the subject of dielectric measurement 
can be dropped, the order of accuracy that may be expected in typical 
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Method 
number 

Quan
tity de

termined 
when 
loss is 

low 

Procedure Equipment 

Dis
cussed 

in 
section 

References 

a b c 

Measurement from transmission in guide 

Set phase shifter 
for minimum with 
and without sam
ple. 

Take receiver read
ing with and with
out sample using 
tapered, nXff/2 or 
high-loss sample. 

Gen 

Attenuator 

Sample 

Phase shifter 

Gen 

o 
Sample Rec 

-o 

10-3, 
10-5, 
10-6 

10-4, 
10-5, 
10-6 

Take max. and min. 
with each probe, 
sample as in No. 2. 

o-
Probe Probe 

Match a 
10-4, 
10-5, 
10-6. 

Take max. and min. 
power as phase 
shifter is varied, 
sample as in No. 2. 

10-4, 
10-5, 
10-6 

Set calibrated at
tenuator to mini
mize the minimum 
with and without 
sample, sample as 
in No. 2. 

Same as No. 1 10-4, 
10-5, 
10-6 

Measure rate of 
temperature rise 
with power on, fall 
with power off. 

Outlet 

Gen \ ^ 

Calorimeter^ 

O 
^ 

- D 
Match 

Water inlet Sample 

Measurement from transmission in free space 

Adjust micrometer 
for minimum with 
and without sam
ple. 

r< 
Sample 

Gen 

o Attenuator 

Micrometer 

Rec 

o 

10-7, 
10-8 
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TABLE 10-5.—SUMMARY OF METHODS.—(Continued) 

Method 
number 

8 

10 

Quan
tity de

termined 
when 
loss is 

low 

k 

tan 6 

tan S 

Procedure 

Adjust angle of in
cidence for mini
mum on each side 
of e - o. 

Take receiver read
ing with and with
out h a l f - w a v e 
l e n g t h or l o s s y 
sample. 

S a m e , o r d i n a r y 
sample at Brew-
ster 's angle. 

Equipment 

Same as No. 7 

Gen A ; Rec 

o — < I D > — 9 
Same as No. 9 

Dis
cussed 

in 
section 

10-9 

10-7 
10-8 

10-9 

References 

a 

6 

14 

6 c 

6 

General methods depending on reflection 

Measure interface 
r e f l e c t i o n a n d 
phase shift with a 
traveling probe. 

Compare (SWR) a 

for sample and 
metal sheet. Sam
ple should be an 
interface, or a 
q u a r t e r w a v e 
length thick. 

Compare reflected 
with directly re
c e i v e d p o w e r . 
Sample as in No. 
12 

Compare received 
power from sam
ple and metal 
sheet in same posi
tion. Sample as 
in No. 12 

Adjust antenna po
sition for mini
mum with sample 
and metal sheet in 
same position. 

Probe 
Gen 

o ■42^ 
Taper if necessary^1 

Match 

-n 

Sample 

Same as No. 13 

O ^ Gen Micrometer 

Sample Rec 
<t/V////Y///////A 
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Method 
number 

16 

17 

18 

19 

Quan
tity de

termined 
when 
loss is 

low 

k 

k 

k 

k, tan 5 

Procedure 

Measure reflection 
of a sheet, prefer
ably a quarter 
wavelength thick. 

Take thickness for 
minimum reflec
tion. 

Take maximum re
flection of two or 
more samples. 

Measure reflection 
and minimum po
sition for two sam
ple lengths. 

Equipment 

Same as No. 11 

Same as No. 11 

Same as No. 11 

Gen P r ° b e | Tapered sample 

O * 2 ^ 
Short circuit —*H 

Dis
cussed 

in 
section 

1014 

1014 

1014 

10-15 

References 

a 

6 

6 

b 

21 

8 

c 

General methods depending on reflection 

Measure distance 
between minima, 
and take width at 
twice minimum, 
probe being in 
sample. 

Take distance be
tween minima, as 
sample moves past 
side arm. 

Take difference of 
sample positions 
for resonance 

Take ratio of max. 
to min. power in 
each side a rm as 
plunger is moved. 

Gen a- Slotted sample 

Probe 

Short circuit 

Side arm 

Gen t 0 c r * s t a l 

o 
Tapered sample 

Micrometer 

Short circuit 

Rod-shaped 
Gen sample-

o — 
Mercury well 

Micrometer 
Rec 

<? 

Tapered sample 

Gen 

o 
Side arms 
to crystals 

\Z2ZZZZZZZZZZ2ZZ>-
Movable short circuit it i 

16 
6 

6 

10 
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TABLE 10-5.—SUMMARY OF METHODS.—(Continued) 

Method 
number 

Quan
t i ty de

termined 
when 
loss is 

Procedure Equipment 

Dis
cussed 

The ahort-circuited-line method 
k, tan 5 Measure minimum 

position and width 
at twice minimum 
with and without 
sample. 

Take plunger posi
tion for maximum 
and width cf curve 
at half-maximum, 
or maximum pow
er, with and with
out sample. 

Gen 

O-
Probe 

Sample . 

Short circuit 

Probe 
^Micrometer i Sample; 

o 
Gen 

Movable 
reflector 

Short 
circuit 

1017 
10-18 

26 2 
22 1 
23 3 
24 4 
25 5 
9 

Resonant-cavity methods 

k, tan & 

k, tan 5 

k, tan 5 

Same as No. 25 

Same aa No. 25 

Adjust line length 
for resonance with 
and without sam
ple. Take width 
or max. power. 

Same as No. 28 

Same, frequency 
varied instead of 
length. 

Gen 

Short circuit-v y//y 

•*—Plunger 

F 

■•-Sample 

Rec 

9 

o Gen i£> 
Sample - Micrometer 

Micrometer r-iviicr 

G e n ( > f 

Rec(^>4 m. 
Sample moves with 

c»nter conductor 

,-Micrometer 

RecQ-1 4(// C 9 ^ ixed sample 

12 

13 

9 
10 

16 
17 
15 
11 
12 

16 
17 
18 

14 
10 
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TO INTERNAL CONSISTENCY 

Method 
number 

1 

7 

7 

7 

8 

8 

8 

8 

12 

21 
21 

22 
22 

24 

25 

25 

25 

25 

25 

X 
cm 

1.25 

1.25 

1.25 

1.25 

1.25 

1.25 

1.25 

1.25 

9.1 

1.25 
1.25 

1.25 
1.25 

1 25 

1.25 

1.25 

1.25 

1 25 

1 25 

Param
eter 

varied 

Sample 
thickness 

Sample 
thickness 
Sample 

thickness 
Sample 

thickness 

Angle of 
incidence 
Angle of 
incidence 
Angle of 
incidence 
Angle of 
incidence 

Antenna 
size 

Sample 
thickness 

Sample 
thickness 
Sample 

thickness 
Sample 

thickness 
Sample 

thickness 
Sample 

thickness 

Number 
of meas
urements 

10 

4 

2 

3 

8 

9 

3 

13 

5 

4 
2 

4 
2 

14 

2 

5 

6 

5 

6 

Greatest 
value 

obtained 

2.65 

2.65 

2.54 

3.47 

2.659 

2.550 

3.41 

3.456 

2.72 

2.65 
2.50 

2.66 
2.53 

2.68 

2.65 

2.66 

2.67 

2.53 

3.45 

Least 
value 

obtained 

2.59 

2.64 

2.53 

3.41 

2.648 

2.542 

3.40 

3.441 

2.63 

2.59 
2.50 

2.64 
2.53 

2.64 

2.64 

2.65 

2.65 

2.52 

3 42 

Average 
devia

tion for 
all values 

0.02 

0.00 

0.00 

0.02 

0.002 

0.002 

0.00 

0.003 

0.03 

0.02 
0.00 

0.01 
0.00 

0.02 

0.01 

0.01 

0.01 

0.00 

0.01 

Material 
used 

Plexiglas 

Plexiglas 

Polysty
rene 

Dielectene 

Plexiglas 

Polysty
rene 

Dielectene 

Dielectene 

Plexiglas 

Plexiglas 
Polysty

rene 
Plexiglas 
Polysty

rene 

Plexiglas 

Plexiglas 

Plexiglas 

Plexiglas 

Polysty
rene 

Dielectene 

From 
Ref. 

6a 

6a 

6a 

6a 

6a 

6a 

6a 

6a 

7a 

6a 
6a 

6a 
6a 

6a 

6a 

6a 

6a 

6a 

6a 
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circumstances is to be considered. A precise investigation of this ques
tion presents considerable difficulty in that the accuracy of a given method 
depends on the nature of the sample. Thus, a method that is suitable 
for thick samples may be inaccurate for thin ones, and a method satis
factory for high loss may be almost useless when the loss is low. Added 
to the theoretical complication is the fact that experimental precision 
depends on the care with which the measurement is conducted. I t is 
therefore clear at the outset that results only of the most qualitative 
kind will be presented. Because of the novelty of microwave procedures, 
however, it is believed that even such results have a certain value, in that 
they prevent serious misconceptions. With these preliminaries, it is 
noted that error appears in two forms: the results obtained with a given 
method disagree among themselves, to some extent, as the conditions are 
varied; on the other hand, the average results obtained for different 
methods are not exactly equal to each other. The error of the first type, 
which is concerned with reproducibility of the results in a given method, 
is illustrated in Table 10-6, where the variation of values is noted as 
various parameters are changed. The second error is considered in 
Fig. 10-54 where values as measured by the different techniques sum
marized in Table 10-5 are compared. The results for methods 21 and 22 
were obtained with different samples from that used in the others and 
hence the agreement, or lack of it, has only doubtful significance. The 
materials used, plexiglas and more especially polystyrene, are known to 
be fairly uniform; but the evidence of this uniformity depends in no 
small measure on data of the type shown in Fig. 10-54, and it cannot 
validly be urged in the present case. With this reservation, however, 
the agreement is within the experimental error as estimated from Table 
10-6 and from a priori considerations. Because of the lack of extensive 
data on tan S with uniform samples, no result such as that of Table 10-6 
or Fig. 10-54 is presented for loss. I t is observed, however, that typical 
values for error would be perhaps ± 5 per cent or ±0.0001, whichever is 
the larger. In exceptional cases, accuracies as great as ±0.00001 may 
be achieved, although the techniques then become somewhat exacting. 
The accuracy with which k can be measured is of the order of ± 2 per 
cent to ±0.2 per cent in typical cases, where only a high grade of engi
neering precision in the design and operation of the equipment is assumed. 
With the refinements that are to be expected in research work, this 
accuracy can no doubt be greatly exceeded. 
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CHAPTER 11 

MICROWAVE ATTENUATORS. CUTOFF ATTENUATORS 

B Y RUDOLPH N. GRIESHEIMER 

Microwave attenuators fall naturally into two groups which differ 
in the means by which the power is attenuated. The first group utilizes 
a waveguide operated at a frequency which is below the cutoff frequency 
characteristic of the size and shape of the waveguide. Electromagnetic 
fields excited at one end of the waveguide couple weakly to a receiving 
element at the other end of the waveguide, the amount of coupling 
depending on the length and size of the waveguide. This technique is 
particularly suitable for application in the microwave region, although 
it has been employed at frequencies as low as a few megacycles per 
second. In the second group of attenuators, power is absorbed in poorly 
conducting materials and transformed into heat as in a resistor used 
at low frequencies. In this chapter, cutoff attenuators are discussed. 
In the following chapter, resistive attenuators that are suitable for 
microwaves are described. In Chap. 13 the techniques by which attenu
ation may be measured are presented. 

INTRODUCTION 

11-1. Definitions of Attenuation.—The concept of attenuation is that 
of a reduction in the amplitude and a change in the phase of the voltage 
or current at the load impedance caused by the introduction of some 
circuit element, the attenuator, between the generator and the load. 
In most microwave transmission-line problems one is interested only 
in the amplitude reduction effected by the attenuator and can disregard 
the accompanying phase shift. On the other hand, when the attenuator 
causes no amplitude change but only a phase shift, it serves as a dis-
sipationless "line stretcher." 

Although the concept of attenuation is direct and elementary, there 
exists considerable confusion with regard to what constitutes a proper, 
quantitative definition of attenuation. Various authors have defined 
such quantities as insertion loss, transmission loss, attenuation, attenua
tion factor, attenuation constant, complex attenuation constant, transfer 
constant—all of which are rooted in the fundamental concept of an ampli
tude reduction and a phase shift of the wave. I t is, therefore, necessary 
to establish the definitions and concepts on which subsequent discussion 
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within this chapter will be based. Despite the fact that microwave 
transmission is commonly discussed in terms of distributed-parameter 
transmission lines, it is sometimes advantageous to revert to concepts 
familiar in the lower frequency ranges, and to treat a relatively short, 
high-loss length of microwave transmission line as a dissipative, two-
terminal-pair network. The term "attenuator" as used below may be 
considered to apply equally well to a distributed-parameter line or to a 
lumped-constant, dissipative, two-terminal-pair network. 

The first quantity to be defined is insertion loss. If a generator of 
arbitrary impedance delivers an amount of power P i to a load of arbitrary 
impedance, and if the power to this same load is reduced from Px to P 2 
when the attenuator is inserted in the line, the insertion loss L in decibels 
is given by 

L = 10 log10 ~- (1) 

As so denned, insertion loss is not a quantity exclusively characteristic 
of the attenuator and will depend on the generator and load impedances. 
If the generator and load impedances are not equal, the insertion loss 
of the attenuator will, in general, be different, depending on which 
terminal-pair of the attenuator is considered as the input pair. If 
we further specify that the attenuator is to be installed in a transmission 
line of known, real characteristic impedance, which is terminated at both 
the generator and load ends in matched impedances, then we have a 
specific quantity which is characteristic of the attenuator. Insertion 
loss with these additional specifications will be defined as the attenua
tion A. 

An equivalent way to define attenuation is 

A = 10 logio J-S (2) 

where P i is the maximum available power from the generator, and P 2 
is the power delivered to a matched terminal load, with the attenuator 
inserted. Such a definition does not preclude the possibility of having 
the matched generator in a line of one characteristic impedance and the 
matched load in a line of different characteristic impedance. The 
equation can then specify, for example, the attenuation of a dissipative 
adaptor from waveguide to coaxial line. 

There are several facts implicit in this definition of attenuation 
which deserve careful comment. I t is important to note that a trans
mission-line element may produce attenuation, yet have no internal 
dissipation of power. For example, a dissipationless metal obstruction 
placed in a transmission line will cause a change in the power delivered 
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from generator to load. If the generator or load is not matched, this 
change can be such as to either increase or decrease the power to the 
load so that insertion loss L may be either a positive or negative quantity. 
However, the attenuation A of the metal obstruction can only be positive 
since a matched generator delivers maximum power to a matched load. 
In terms of waves traveling along the transmission line, it can be said that 
the metal obstruction introduces a reflected wave in the line, thereby 
reducing the amplitude of the wave which continues in the direction 
of the load. We shall speak of such attenuation as reflective attenuation 
in contrast to dissipative attenuation. Often the attenuator is mismatched 
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F I G . 11-1.—Four-terminal network. F I G . 11-2.—Example of attenuator network. 

10 logi (3) 

to the line, and may have different input impedances at the two pairs of 
terminals, that is, it is unsymmetrical. In such a case the attenuation 
it introduces is in part dissipative and in part reflective. 

A rather common definition of attenuation is given by the expression 
Re(7iJf) 

'10 Re(V2J2*)' 
where Vu 72 , h, and 72 are indicated on Fig. 11-1. Attenuation defined 
in this way is wholly dissipative as contrasted to our chosen definition of A 
which has both dissipative and reflective components. A simple example 
will serve to demonstrate this important difference. Consider the 
network shown in Fig. 11-2. The input impedance at terminal (1) is 
2Z0, and the input power is | E^/Zo. The output power is E2/36Z0, 
and the attenuation given by Eq. (3) is 

A' = 10 logio 8 = 9.03 db. 
Using our chosen definition of A, Eq. (2), we have 

A = 10 log10 9 = 9.54 db. 
The reflective component of attenuation is therefore 9.54 — 9.03 = 0.51 
db. The reflective component can be calculated alternatively from 
the voltage standing-wave ratio r in the line connecting the matched 
generator and the attenuator. Here r = 2. The power drawn from the 
generator will be 

8 
9 -feO"-
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of that which would be delivered to a matched load. The reflective 
component of attenuation is therefore equal to 

10 log1 01 = 0.51 db. 

In a distributed-parameter transmission line there is defined a 
quantity y which is called the propagation constant or complex attenua
tion constant of the line. The amplitude of the voltage wave is propor
tional to er*1', where z is measured along the line and 

7 = a + J/3, 0 = — 
Kg 

The real part a is called the attenuation constant of the line and is measured 
in nepers per unit length of line. The imaginary part /3 is called the 
wavelength constant and is a measure of the phase shift along the line. 
I t is expressed in radians per unit length of line. The attenuation con
stant is a measure of the dissipative attenuation per unit length of line, 
and is a quantity which is a function solely of the dissipative line. 

The attenuation constant is not to be confused with the quantity we 
have chosen to define as attenuation. Both quantities are commonly 
used in the province of microwaves, and each has its place of importance. 
A dissipative line is often used as an attenuator. If a is small, the 
characteristic impedance of the dissipative line has only a small reactive 
component. If the resistive component of the characteristic impedance 
is nearly equal to the characteristic impedance of the line in which it is 
to be used as an attenuator, the reflective component of attenuation is 
then small. The attenuation is closely equivalent to the product of the 
attenuation constant and electrical line length of the attenuator. Cables 
and other relatively long lines with a low attenuation constant are 
commonly characterized by a value of the attenuation constant. This 
is often expressed in decibels per meter. 

11-2. General Design Considerations.—One of the important requi
sites of a good attenuator is that the input impedance at both terminals 
shall be matched to the characteristic impedance of the transmission line 
in which it is to be used. It is not possible to match an attenuator per
fectly over a band of frequencies, although it is relatively simple to 
accomplish this at any specific frequency through the use of reactive 
tuning elements. However, it is not uncommon to require that an 
attenuator be well matched over a band of frequencies, for example, 
that it have a voltage standing-wave ratio of less than 1.20. For the 
purposes of this chapter we shall speak either of a perfectly matched 
attenuator, that is, VSWR equal to unity within the limits of experi
mental error, or of an attenuator which is matched to a VSWR of 1.10, 
or less, over the band in question. 
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Our definitions of insertion loss and attenuation have shown that 
regardless of which quantity we consider, the measured magnitude of 
the quantity will be influenced by the extent to which the attenuator 
has been matched to the transmission line. If, in calibrating an attenua
tor, one is very careful to match the generator and load to the trans
mission line, the attenuation can be measured with good accuracy. 
However, when the carefully calibrated attenuator is placed in the 
transmission line in which it is to be used, it is often difficult to provide 
an equally well-matched generator and load, particularly over a broad 
band. I t therefore follows that calibration of the attenuator is no longer 
meaningful since the reduction in power received by the load is directly 
related to the insertion loss of the attenuator, and not to the quantity 
we have defined and measured as its attenuation. One calibrates the 
attenuator in terms of attenuation, and attempts when using it to meet 
the conditions of matched generator and matched load as closely as 
possible. Recognizing that one cannot meet these conditions exactly, 
the next best procedure is to minimize the mismatch contributed by the 
attenuator itself. The better matched the attenuator, the less error 
can result from failure to match the generator and load perfectly. Also, 
this error will be less sensitive to small variations (with frequency, for 
example) of the generator and load impedances. Therein lies the 
importance of impedance matching of the attenuator. 

In a majority of cases the attenuator is used over a band of frequencies, 
and one must inquire into the frequency sensitivity of both its impedance 
match and its attenuation. When the utmost in accuracy is required, 
it is necessary to prepare a calibration curve showing the variation of 
attenuation with frequency. However, one is usually asked to design 
an attenuator which has an attenuation of X db, constant to + Y db 
over the band. In general, the quantity Y has three components: 
(1) the inherent calibration error, (2) the frequency sensitivity of attenua
tion, and (3) the error that can arise from having a mismatched generator 
and mismatched load in the line in which the attenuator is to be used. 
In evaluating this third error, one usually calculates the greatest possible 
error from the known characteristics of the attenuator and an assumed 
set of maximum values for the voltage standing-wave ratios of generator 
and load. I t is obvious that for a given allowable value of Y, the 
attenuator with greater frequency sensitivity of attenuation must be 
better matched. The problem of designing an attenuator with very 
small frequency sensitivity of attenuation is considerably more difficult 
(particularly for variable, resistive attenuators) than that of designing 
an attenuator matched over a broad band. The latter problem becomes 
serious only when dimensional limitations of the sort that preclude the 
use of long matching tapers are imposed. 
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Another factor of importance in the design of many attenuators is 
the maximum power capacity. Excessively high power levels can burn 
out an attenuator, or can change its calibration temporarily, or perma
nently. I t is important to note that burnout may result either from 
arcing, when operating under pulsed-power conditions, or from the high 
temperatures associated with large average power. Consequently, it is 
essential in many cases to determine maximum values for both pulse 
and average power. Partial or complete burnout may lead to either 
increased or decreased attenuation. For example, a coaxial-line attenu
ator with a resistive center conductor will show increased attenuation for 
partial burnout, and nearly infinite attenuation for complete burnout. 
In contrast, a waveguide attenuator which uses a resistive film lying 
parallel to the narrow side of the guide will show decreased attenuation 
with partial burnout, and almost no attenuation with complete burnout. 
Some types of attenuators, particularly the resistive-film types, will 
change calibration with power level or temperature. Films with low 
temperature coefficients of resistance are chosen to circumvent this 
difficulty. 

A practical consideration oi occasional importance is the matter 
of deciding whether to use a single attenuator, or two in cascade. If the 
total attenuation required is as large as 70 or 80 db, it may be desirable 
to use a pair of attenuators. The sum of the calibration errors for two 
40-db attenuators may easily be less than the calibration error associated 
with a single 80-db attenuator. Further, it is sometimes possible to 
use two cascaded attenuators of opposite frequency sensitivity so that the 
resultant combination is more accurate over a wide band than is a single 
attenuator. 

Unfortunately, if there is a stringent restriction on the length of the 
attenuating element, the design problem, particularly for resistive-film 
attenuators, may become very difficult. Short lengths of film will 
necessarily have a high resistivity, and consequently a low power capacity. 
Further, so long as the r-f skin depth exceeds the film thickness, it is 
usually true that greater frequency sensitivity of attenuation and poorer 
matching result from decreasing the length of the attenuating element. 
The reasons for this will be made apparent in the subsequent discussion 
of specific attenuator designs. 

In the design of a variable attenuator there are additional considera
tions of importance. For example, the shape of the calibration curve 
(db vs. displacement) is very often of interest. In a majority of problems 
one is asked to provide an attenuator with an approximately linear 
calibration curve. In some instances it has been possible to meet this 
requirement by a proper choice of the shape and resistivity gradients of 
the attenuating element; more frequently, it is accomplished by mechani-
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cal means such as proper shaping of the cam which drives the movable 
element. If one is interested in greater accuracy at small attenuation 
levels, the calibration curve should have a slope which increases with the 
attenuation level. On the other hand, the calibration curve for attenu
ators used in microwave impedance bridges (see Chap. 9) should have a 
slope which decreases with increasing attenuation. The design of the 
drive mechanism for a variable attenuator is an important factor, and 
it is usually necessary to take great precautions against backlash, mechan
ical play, wear on moving parts, and r-f leakage. 

CUTOFF ATTENUATORS 

11-3. Principles of Cutoff Attenuators.—One of the most common 
types of microwave attenuator is that which utilizes a waveguide beyond 
cutoff. It is well known that, for a given frequency of oscillation, one 
can reduce the dimensions of either circular or rectangular waveguide to a 
point where energy of this frequency can no longer be propagated in 
the waveguide. Below the cutoff frequency, the fields decay expo
nentially along the waveguide, and the phase is changed a negligible 
amount by losses in the walls. I t is possible to excite fields in a wave
guide beyond cutoff in several ways, and to couple selectively to a mode 
of transmission whose attenuating characteristics can be calculated. 
For example, a simple means of constructing a cutoff attenuator is to 
terminate the inner conductor of a coaxial line by folding it back in a 
loop to the outer conductor. The 
outer conductor is continued as a 
length of waveguide beyond cutoff 
outer conductor is continued as a T KWffl t f^ssv.w,^ 
length of waveguide beyond cutoff, L- ■> , ' -|^ 
and the receiving element consists J \\ U/ JT 
of a similar loop-terminated coax- aw///i///////w////h')')'}')'}W'w^^^'<^ 
ial line which slides in t he cutoff F lG- 11-3.—Simplest cutoff attenuator; 
tube. This construction is shown 
in Fig. 11-3. Circular waveguide is commonly used because simple 
mechanical arrangements can be provided to adjust the separation of the 
coupling elements. 

A cutoff attenuator may be designed for either a TM- or a TB-mode 
of transmission. In the TM-mode designs the coaxial lines are usually 
terminated in circular metal disks, the coupling between the two disks 
being capacitive. In TE-mode designs the coaxial lines are usually 
terminated by metal loops, and the coupling is inductive. 

In circular waveguide the cutoff wavelength (the free-space wave
length corresponding to the cutoff frequency) is given by 

Xe = WE (4) 



686 CUTOFF ATTENUATORS [SEC. 11-3 

where r is the inside radius of the circular waveguide, smn is a dimen-
sionless quantity characteristic of the specific mode (see Table 11-1), 
and k, is the relative dielectric constant of the medium filling the wave
guide. {h, — 1 for free space.) 

TABLE 111.—VALUES OF THE CUTOFF PARAMETER, sm„, IN EQ. (4) 

« i = 2 .405 
sn = 3 . 8 3 2 
«ji = 5.136 
si , = 6 .38 

TM„„-modes 

802 = 5 . 5 2 0 
Su = 7 016 
822 = 8 . 4 2 
8,2 = 9 . 7 6 

80, = 8 . 6 5 4 
s13 = 10.17 
s23 = 11.62 
S33 = 1 3 . 0 2 

s„. = 11 .79 
s, . = 13.32 
82. = 1 4 . 8 0 
s31 = 16.22 

r£J„„-modea 

s0l = 3.832 
s n = 1 8 4 1 
82, = 3 . 0 5 
s „ = 4 . 2 0 

S02 = 7 . 0 1 6 
Sn = 5 .33 
S22 = 6 . 7 1 
s32 = 8.02 

s03 = 10.17 
s,3 = 8.54 
S23 = 9 97 
S33 = 1 1 3 5 

In rectangular waveguide the cutoff wavelength for either the TE, 
or TMm„-modes is given by 

2 Vke x„ = 

#)"+©■ 
(5) 

where a and b are, respectively, the wide and narrow inside dimensions 
of the waveguide. In the T-E-mode series, m and n have integral values 
and either m or n may be zero. In the TAf-mode series w and n have 
integral values equal to or greater than unity.1 

When the frequency is varied from a value greater than the cutoff 
frequency to one less than the cutoff frequency, there is a continuous 
transition through the cutoff point from a slightly attenuated sinusoidal 
field to a highfy attenuated exponential field. Expressions for the 
attenuation of either the traveling wave or the highly attenuated field 
are simple. The expression for the attenuation in the case in which X 
is very slightly greater than Xc is rather complicated, and is seldom used. 
For X/Xc ^ 1.05, however, it is sufficiently accurate to write the following 
expression for the attenuation constant a 

a = — ^ / i — I — I nepers per unit length. (6) 

This equation is valid for TE- or TM-modes, and for circular or rec-
1 In this numbering system the TE.o-mode is the dominant mode in rectangular 

waveguide. 
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tangular waveguide, if the proper value of X,, is used. Moreover, the 
value of a is independent of the material from which the waveguide is 
made if the material has a high conductivity. 

I t is interesting to note from Eq. (6) that a increases rapidly with 
X for small values of X/Xc, but increases slowly with X as X/Xc becomes 
large. In order to reduce the frequency dependence of a, it is customary 
to select a tube diameter such that X/X„ is large over the range of wave
lengths in which the attenuator is to be used. For example, if the attenu
ator is to be used over a range of wavelengths from Xt to 1.5Xi, and if 
it is desired that a be constant to within one per cent over this wave
length range, then the tube diameter must be chosen so that 

\ c ^ 0.19XL 

It is important to recognize that the dimensions of the waveguide 
must be known precisely if a is to be known with the accuracy cus
tomarily required. For example, for circular waveguide, 

1 Idr 

>-(-t)r 
Or, for Xc « X 

da _ dr 
a T 

Consequently, electroformed or carefully broached tubing is commonly 
used for these attenuators in order to avoid variations in a that may 
be caused by dimensional variations along the length of the tube. 

11-4. Purity of Useful Mode.—The two major problems in the design 
of a cutoff attenuator are r-f impedance-matching of the antenna ele
ments and mode purity. The importance of impedance-matching in 
any type of attenuator has been discussed in Sec. 11-2. The problem 
of mode purity, however, is peculiar to the cutoff attenuator. 

One of the most attractive features of the cutoff attenuator is the 
fact that its attenuation constant can be predicted exactly by theory, 
and with certain limitations the attenuator may, therefore, be considered 
a primary standard. If only one mode exists in the cutoff tube, the 
attenuation constant is given exactly by Eq. (6), and is independent of 
the total attenuation. However, if more than one mode is excited in 
the cutoff tube, Eq. (6) is no longer sufficient to specify the attenuation 
constant. In this case a will vary with x, the separation of the antenna 
elements, and will approach a constant value only at large values of x. 
The variation of a with x is'determined by the relative amplitudes and 
phases of the specific modes excited in the cutoff tube. Since the various 
modes have different values for a, their relative intensities vary with x. 

da 
a 
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As x increases, one mode after another decays into insignificance, until 
a becomes essentially independent of x when only the single mode with 
the smallest value of smn remains. 

In most applications of cutoff attenuators it is desired to effect a 
known change in attenuation. Seldom is it necessary to know accurately 
the total attenuation introduced by the device. Consequently, greatest 
accuracy results from using the attenuator in the linear region—at large 
values of x where a is independent of x. Although it may not be neces
sary to know accurately the total attenuation under such circumstances, 

it is often desirable to keep it 
reasonably small. In order to ob
tain linearity in the calibration 
without having to accept ob
jectionably large values of total 
attenuation, it is necessary to 
design at least one of the anten
nas so that it excites a single mode, 
the mode with the smallest value 
Of Smn-

In Fig. 11-4 three quantities 
are indicated which are commonly 
used to characterize a cutoff at
tenuator. 

The quantity A i represents the minimum attenuation that is available 
from the cutoff attenuator. The attenuation is minimized by bringing 
the antenna elements into contact, but, in general, cannot be made zero. 
Discontinuities in the transmission line at the antennas account for some 
reflective attenuation, and the impedance-matching devices commonly 
incorporated in a cutoff attenuator add a dissipative component to A i. 

A 2 is the attenuation value determined by extrapolating the linear 
part of the calibration curve to the x axis. The total attenuation at large 
values of x may be calculated from the simple linear equation 

A = A2 + ax, 

where a is the slope of the linear region of the curve. 
A 3 is the smallest value of attenuation where the calibration curve 

ie linear. Unfortunately, this definition is not specific, and there is lack 
of agreement with regard to how it should be further qualified. One 
may say either that the slope of the curve at this point is within a given 
percentage (for example, 1 per cent) of that of the linear portion of the 
curve, or that the attenuation at this point is within a given fraction 
of a decibel (for example, 0.5 db) of that associated with the extrapolated 
linear region of the curve. Any reference to A 3 in the following material 

Antenna displacement x 
Fia. 11-4.—Representative calibration curve 

for a cutoff attenuator. 
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will be specifically qualified to avoid confusion. For most applications 
of cutoff attenuators it is important to have A3 as small as possible. 
To meet this condition it is necessary to strive for high mode purity, and 
to design the impedance-matching networks in such a manner that 
satisfactorily low reflection can be obtained with networks having 
relatively small attenuation. 

11-5. Separation of Undesirable Modes.—As previously mentioned, 
the nonlinearity of the calibration curve of a cutoff attenuator in the 
region of relatively close coupling between the antennas is largely a result 
of multimode coupling between the two antennas. Both antennas must 
be capable of exciting (or coupling to) more than a single mode in order 
for this nonlinearity to occur. Much of interest can be learned about 
cutoff attenuators by examining the mechanism of this multimode 
coupling. 

Consider, for example, the case of a loop-coupled TEn-mode attenu
ator. This mode is commonly used in cutoff-attenuator design because 
it has the smallest attenuation constant of all modes. The modes with 
larger a or smn values decay more rapidly, and the calibration curve for 
the attenuator must necessarily approach linearity at large values of loop 
displacement. By reference to Table 111 we note that the Tilfoi-mode 
is likely to be the most troublesome mode from a point of view of linearity 
since its smn value is closest to that of the T2?n-mode. Experience 
substantiates this prediction, particularly if the metal coupling-loop wires 
have diameters that are large enough for ruggedness. Referring now to 
Fig. 11-4, let us arbitrarily divide the curve into three regions: (1) the 
linear region where only the TEu-mode exists, (2) an intermediate region 
where the curvature results from a combination of TEu- and TMoi-modes, 
and (3) the region near x = 0 where the curvature is influenced by many 
modes and by other factors not yet mentioned. Let us concentrate 
on the intermediate region where only two modes need be considered. 
The TMoi-mode has a field intensity which is independent of the angle 
of rotation 6 between the two loops; the intensity of the T^n-mode 
(see Fig. 11-5) varies with cos 0, however, if both loops are grounded 
on the same generator of the cylinder where 0 = 0. 

Let Vi and V2 represent, respectively, the voltages induced in the 
receiving loop by the TEn- and TMoi-modes; then 

Vi = Btf-'f cos 6, (7) 
V2 = Bie-'f, (8) 

where a\ and ai are the corresponding attenuation constants. 
In combining the vectors Vi and F 2 it is necessary to take into con

sideration the fact that, in general, the two modes are separated in time 
phase by an angle \j/. Therefore, the resultant vector voltage V induced 



690 CUTOFF ATTENUATORS 

in the receiving loop is given by 

V2 = v\ + VI + 2 7 1 y 2 cos $, 

[SEC. 11-5 

V2 = (Bier^xy(l + r^e-2" + 2re-" cos 6 cos t - sin2 6), (9) 

P = <*2 — a i , 

r = B J / B L 

If 7§ is defined as the value of V2 for x = 0 and cos 9 = 1 , and if the 
attenuation in decibels is arbitrarily taken as zero for this case, then it 

where 

and 

Fia. 11-5.—Field configurations of the TEn- and M/cu-modes in circular waveguide. 

follows from E'q. (9) that 

A = 8.686aix + 10 logio ( T- 1 + r2 + 2r cos ip 
+ r2e-2 '* + 2re-"x cos B cos t 1 (10) 

Equation (10) is the general equation for the attenuation of the 
cutoff attenuator, except for an additive constant, resulting from a 
combination of the two modes. The equation includes the effects of 
both linear and angular displacement of the loops. The first term of 
Eq. (10) is the attenuation resulting from the desired T^u-mode, and 
the second term is of the nature of a correction term which arises because 
of the existence of the TMoi-mode. Implicit in Eq. (10) are the assump
tions that (1) the cutoff tube has a circular cross section with no elliptical 
eccentricity, (2) the plane of each of the two loops includes the center 
line of the cutoff tube, and (3) the transfer impedance effects, to be dis
cussed later, are negligible. 

For further considerations it is convenient to rewrite Eq. (10) for 
the special case, x = 0. The angular dependency of attenuation is thus 

1 + r2 + 2r cos f 10 log! 1 + r2 + 2r cos 6 cos ̂  — sin2 6 (11) 
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Values for r and cos ^ may be calculated from measurements of A as a 
function of 0, taken at the arbitrarily chosen, x = 0 plane. As one loop 
is rotated with respect to the other, the power coupled from one loop 
to the other varies. I t will have a maximum value at 0 = 0, by previous 
definition. As 6 is increased, the power transferred will decrease, pass 
through a minimum, and will then increase again to a second maximum 
at 8 = 180°. This second maximum will be smaller than the first since 
in this case the electric-field vectors of the two modes oppose each 
other, whereas they reinforce each other in the case of larger maximum 
at 8 = 0. By differentiating the right-hand side of Eq. (11) with respect 
to 8 and equating to zero, one obtains the condition that 

sin 8 (cos 8 + r cos ^) = 0. (12) 
The maxima in power transfer occur for sin 8 = 0, or 8 = 0 and 180°, 
respectively. The minimum power transfer exists when 

cos 8m = —r cos <j/. (13) 
Therefore, if we define A,m as the attenuation when 8 = 180°, Ami as the 
attenuation when 8 = 8m, we may rewrite Eq. (11) in the forms 

* m i 1 + r2 + 2r cos ^ . , , . 
A,m = 10 lOg10 T-T—= o 7> (14) 

1 + r2 — 2r cos ^ ' 
A , n i 1 + r2 + 2r cos ^ .,_. 

Ami = 10 logio i—:—j-r-o ; z - 1 ^-T-H- (15) 
1 + r2 + 2r cos \f> cos 8m — sin2 8m

 v ' 
Equations (13), (14), and (15) may be solved simultaneously to determine 
r, 41 and 8„ in terms of A,m and Am<. Thus 

cos em = + (rqrj)> (18) 
vhere 

-4 
Ami = 20 logic f-Y (19) 

A.m = 20 log10 (j\ 

The calculation of 8m from Eq. (18) may be checked by an experi
mental measurement of 0n, provided that the assumed conditions are 
satisfied. An indication of the presence of other modes is asymmetry 
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of the angle calibration curve. For example, if the two minima (one 
between 0 and ir and the other between w and 2ir) are not symmetrically 
located or differ in the value of Ami, at least one other mode is present. 
The choice of sign in Eq. (18) is dictated by whether the experimentally 
determined 8m is in the first or second quadrant. The choice of sign in 
Eq. (17) is dictated by the fact that $ is a second-quadrant angle if 
8m is in the first quadrant, and vice versa. This is apparent from Eq. 
(13). 

If r and ^ have been found, Eq. (10) can be used to predict the attenu
ation as a function of 8 and x. In particular, the value of x and the 
attenuation corresponding to the point A* of Fig. 11-4 may be deter
mined. If we let Y equal the logarithmic correction term of Eq. (10), 
then the slope of the calibration curve is 

fx " 8 6 8 6- + W <»> 
By setting the ratio of dA/dx to 8.686c*! equal to 1.01, for example, 

one can determine the value of x at which the slope is within 1 per cent 
of the pure 71 .En-mode slope; or one may calculate the value of x at which 
the attenuation is 0.5 db lower than that of the extrapolated linear portion 
of the curve. I t will be remembered that these are the two alternatives 
for specifying the quantity A3. 

Several other bits of useful information may be extracted from the 
above equations. For example, referring to Eq. (20), the slope correction 
term dY/dx should be made as small as possible for best linearity. By 
differentiation, 

— = 8686 ->*( re-"1 + cos 6 cos \fr \ 
dX 8 - D 0 D P r e ^ r 2 e - 2 , * + 2re-,* COS 8 COS t + COS2 8/ K ' 

For cos ^ = 0 or unity, the value of dY/dx is minimized with respect 
to variations in 8 by setting cos 8 = unity. Moreover, this condition 
on cos 8 holds, regardless of the value of x. To obtain the smallest 
possible A 3 value, the attenuator should be operated with the loops 
adjusted to meet the 0 = 0 condition. 

If the cross section of the cutoff tube is not accurately circular, it is 
possible to get into peculiar difficulties. For example, in a slightly 
elliptical tube it is possible for the TSn-mode to be excited as two modes, 
polarized at right angles with respect to each other. Since they have 
the same attenuation constant, the variation with x is not affected, 
but the variation with 8 suffers a marked change. I t is essential to guard 
against any twist along the length of a slightly elliptical tube. Such a 
twist rotates the plane of polarization of all modes that do not have 
circular symmetry, and this affects the coupling to these modes. Thus 
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it is possible to have a cutoff tube in which only the !F.Eu-mode exists, 
but which nevertheless has a nonlinear calibration curve because of the 
fact that the coupling to the mode varies with the twist angle of the tube. 
It is apparent that twist can be even more harmful in distorting the 
calibration curve if more than one mode is being coupled. 

Loop displacement x Loop displacement x 
F I G . 11-6.—Calibration curve of a cutoff F I G . 11-7.—Calibration curve illustrating 

attenuator with TE\i- and TMai-modes in the crossover phenomenon. 
opposite time phase. 

The correction term Y may be either positive or negative; if it is 
positive, the general shape of the calibration curve is that shown in Fig. 
11-4; if it is negative, the calibration curve approaches linearity by a 
decreasing slope, rather than by an increasing slope as in Fig. 11 -6. The 
sign of the correction term Y changes from plus to minus for a value of ^ 
somewhat greater than 90°. If 8 — 0, then the sign of Y depends on 
whether the argument of the logarithm is greater or less than unity. 
Therefore, if Y = 0, 

1 + r2 + 2r cos ^ = 1 + r 2 e- 2 " + 2 n r ' 1 cos i/'., 
and 

cos i = - ir(l + e-"1). (22) 
This equation states that it is possible to have Y = 0 at x — 0, an 
important observation. In other words, it permits the calibration curve 
to have a "crossover point" of the kind shown in Fig. 11-7. 

The parenthetical quantity in Eq. (22) varies from 2 to 1 as x varies 
from 0 to oo. Therefore, the crossover point occurs when cos ip lies within 
the range between — r/2 and —r. As the value of cos \f/ varies from 
— r /2 to — r, the crossover point moves out along the straight line toward 
infinity. Crossover from the opposite direction (that is, the mirror image 
of the calibration curve shown) is not possible if r is less than unity. 

11-6. Principle of Mode Filtering.—A potentially powerful tool in the 
design of cutoff attenuators, and one which unfortunately has not been 
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utilized as often as it might have been, is the principle of mode filtering. 
One may select a waveguide such that, at the frequency of interest, 
propagation is possible only in the lowest, or dominant, mode. Modes 
of higher order will be beyond cutoff and will therefore be attenuated. 
A sufficient length of such a line can be used as an effective mode filter, 
maintaining unattenuated propagation of the fundamental mode while 
the higher modes decay into insignificance. After passing through the 
filter, the fundamental mode is used to excite a length of waveguide which 
is beyond cutoff for this mode. I t is essential, of course, to design the 
junction between the filter and cutoff sections so that higher modes are 
not excited again. The principle is quite simple, but there are practical 
problems involved which are not always simple. 

If the cutoff region for the dominant mode is to be in circular wave
guide, the filter section is customarily designed for circular waveguide; 
similarly, rectangular filter sections are used with rectangular wave
guides beyond cutoff. Consider, for example, the design of a circular-
waveguide filter section for operation at a wavelength of 9.5 cm. From 
Eq. (4), it can be calculated that an air-filled tube of 2.93 cm radius will 
propagate the fundamental TEn-mode at wavelengths of 10.0 cm or 
less and will propagate the next higher mode, the TM0i, at wavelengths 
of 7.6 cm or less. This tube radius would therefore be an acceptable one 
for use at 9.5 cm. There is no danger of cutoff attenuation in the funda
mental mode, and the mode of the next higher order is sufficiently far 
beyond cutoff so that its attenuation constant is not too frequency-
sensitive at this wavelength. The length of filter section used would 
depend on the time phases and intensities of the higher modes relative to 
those of the fundamental mode at the input end of the filter section. A 
waveguide diameter of 5.86 cm is apt to be objectionably large for some 
applications, so that it is desirable to fill the waveguide with a dis-
sipationless material of relatively high permittivity. The reduction in 
tube radius, according to Eq. (4), is governed by the relation 

a -\/k, = constant. 

Since it is possible to obtain a usable, easily machined Ti02-impregnated 
polystyrene for which ke = 10, the use of this dielectric permits reduction 
in radius of the tube by a factor of three or more. 

The use of a dielectric-filled waveguide for the filtering section 
affords another advantage ovf-.r an air-filled filter section. In using a 
filter with no dielectric, it is necessary to constrict the waveguide section 
following the filter in order to bring: the fundamental mode beyond 
cutoff. This constriction might, for example, take the form of an 
abrupt decrease in the diameter of a circular waveguide, or an abrupt 
decrease in both the a and b dimensions of a rectangular waveguide. 
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Such a discontinuity in the waveguide will excite higher modes in the 
cutoff section, and much if not all of the usefulness of the mode filter 
will be lost. However, if a dielectric of high permittivity is used in the 
mode filter, there need be no discontinuity between the filter and cutoff 
sections aside from the simple dielectric-air interface which lies normal 
to the axis of the waveguide. The field boundary conditions at such an 
interface guarantee that if only the fundamental mode exists in the 
dielectric, adjacent to the interface, then only the fundamental mode 
can exist in the air region beyond. I t is advantageous to use a material 
with a large dielectric constant in the filter section. In this case the 
fundamental mode will be far beyond cutoff in the air-filled cutoff section, 
and the attenuation constant for the mode will be relatively insensitive to 
frequency. 

The use of a mode filter restricts the wavelength range in which the 
cutoff attenuator may be used. This range can at the most be the differ
ence between the cutoff wavelengths for the fundamental and next higher 
mode. In practice it is necessary to sacrifice part of this range. For 
example, since there are small variations in the permittivity of the 
dielectric from one attenuator to the next, it is unwise to operate at 
wavelengths close to the cutoff wavelength of the fundamental mode. 
In working very close to the short-wavelength limit of the allowable 
range, variations in permittivity may allow the next higher mode to be 
propagated together with the fundamental. Also, the attenuation of 
this second mode will be slight in this wavelength region, and the filter 
section to be effective must be made objectionably long. It should be 
noted that the use of a dielectric-filled line in place of an air-filled line 
does not change the wavelength spread between the fundamental and 
next higher mode, provided that both arrangements have the same cutoff 
wavelength for the dominant mode. 

Rectangular waveguide has an advantage over circular waveguide 
for mode filtering because the cutoff wavelengths (and cutoff attenuation 
constants) for the various modes are more widely separated when 
rectangular waveguide is used. Consequently, the rectangular mode-
filtered cutoff attenuator is operable over a much broader wavelength 
range than is the circular mode-filtered attenuator. Reference to Table 
11-2 should clarify this point. The data apply strictly for X<$CXe, 
but are indicative of the situation when X approaches Xc closely. 

In studying Table 11-2 note particularly the additional advantage 
gained from using a very flat waveguide. In such waveguide only the 
series of riJmo-modes is of importance; all other modes have relatively 
large attenuation constants. However, regardless of the value of a/b, a 
considerably greater usable wavelength range is obtained with rectangular 
waveguide than with circular. 
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Because of the larger mode separation in rectangular waveguide, 
the input impedance for the filter section is less frequency-dependent 
and hence more susceptible to matching over a broad band. The higher 
modes that are attenuated in the filter section store power that is reflected 
back into the transmission line toward the generator. By no means all 
of the power associated with the main mode is coupled through the 
attenuator, and much of the total power reflection is from this mode. In 
the rectangular waveguide the phase shift in the dominant mode and 
the attenuation constants of the higher modes are less frequency-sensi
tive than in circular waveguide, and consequently the input impedance 
is less frequency-sensitive. 

T A B L E 11-2 .—SPREAD IN C U T O F F W A V E L E N G T H S AND R A T I O OF A T T E N U A T I O N 
C O N S T A N T S FOR V A R I O U S W A V E G U I D E M O D E S 

Circular Waveguide 

Pa rame te r 
(see notes) 

X 
Y 

TEu 

1.00 

TEai 

0 .23 
1.31 

TE2l 

0 .40 
1.66 

TMn, TEal 

0 .52 
2 .08 

TE„ 

0 .56 
2 .28 

Rectangular Waveguide 

P a r a m 
eter (see 
notes) 

a 9 
b ~ 4 

X 
Y 

a 9 
6 1 

X 
Y 

TEio 

1.00 

1.00 

TE20 

0 .50 
2 .00 

0 .50 
2 .00 

TEIB.O 

0 .94 
18.0 

0 .94 
18.0 

TEQI 

0 .56 
2 .25 

0 . 89 
9 .00 

TElh TMU 

0 .59 
2 .46 

0 .89 
9 .05 

TE21, TM21 

0 .67 
3 .01 

0 .89 
9 .22 

1 EQ2 

0 . 7 8 
4 .50 

0 .94 
18.0 

TE12, TMlt 

0 .78 
4 . 6 1 

0 .94 
18.0 

X represents the expression I - ' -j.-^ — I. 

Y represents the expression | — 1. 

(Xe)/ is the cutoff wavelength for the fundamental mode. 
(Xe)9 is the cutoff wavelength for the specific, tabulated mode. 
a/ is the at tenuat ion constant for the fundamental mode. 
aq is the at tenuat ion constant for the specific, tabulated mode. 

11-7. Variation of Input Impedance with Close Coupling.—Multimode 
coupling is not the only cause of nonlinearity in the calibration curve of a 
cutoff attenuator. A second source of nonlinearity is the variation in 
the input impedance of the attenuator, for a given load impedance, with 
a displacement of the coupling elements. For large separations of the 
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coupling elements the input impedance is wholly reactive, whereas for 
tight coupling the input impedance approaches the load impedance. 
The change in input impedance with antenna displacement is rapid 
for small separations, and very slight at large separations. This change 
in input impedance affects the power drawn from the generator, and 
consequently has an influence on the shape of the calibration curve. In 
many cutoff-attenuator designs the multimode coupling extends over 
such a large range of attenuation that the coupled-impedance effect is 
almost completely masked and can be ignored. However, in one or 
two of the specific designs to be discussed the mode purity is so good 
that impedance coupling becomes the limiting factor on linearity at the 
lower end of the calibration curve. Impedance coupling is also an 

(1) (2) 

Generator 

U— I—-J 
1 1 

z0 Load 

F I G . 11-8.—Diagrammatic representation of a transmission line. 

important consideration in calculating the impedance-matching net
works that are frequently built into cutoff attenuators. 

The input impedance can easily be calculated as a function of the 
load impedance and the cutoff attenuation, either by formula or by 
reference to impedance-circle diagrams. In fact, the procedures are 
analogous to those used for a propagating waveguide. In the case of a 
propagating waveguide the magnitude of the voltage reflection coefficient 
T is not changed as the plane of reference is moved along the waveguide, 
but the phase angje of r varies twice as fast as the angle 2irl/\ through 
which the reference plane is moved. In contrast, the phase angle of r 
does not change with I in cutoff waveguides, but the magnitude of r does 
change with /. 

In any transmission line, represented diagrammatically in Fig. 11-8, 
we can apply two fundamental formulas 

Tj = r 2 e - % 
r _ Z - go 

z + z0' 
For propagating waveguides, where the magnitude of V does not change 
with I, 

•a - 2 T 

r, = iv-2*". 
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The characteristic impedance of the line is real, and we may write 

Zo = /to. 

The transformation along the line may be represented graphically by 
the impedance-circle diagrams of Fig. 11-9. Here lines of constant | r | 
are shown as solid lines, while lines of constant phase are dotted. To 
transform an impedance along the transmission line, moving 6 degrees 
toward the generator, one moves 26 degrees in a clockwise direction 
across the dashed constant-angle lines. Limiting the impedance to 
the right half of the Z-plane restricts the reflection coefficient to within 
the unit circle on the T-plane. 

In the case of cutoff waveguides y = a and Z0 is pure imaginary. Let 
us write 

Zo = jXo, 
Tj = r2e-2»!. 

The impedance diagrams for this case are shown in Fig. 11-9. Here also 
lines of constant T are solid, and the phase lines dotted. The charac
teristic impedances of the lines, whether or not they are operated at 
frequencies below cutoff, may be taken as proportional to the wave 
impedances in the line. For TE-modes the wave impedance is 

Z„ = ^. 
7 

If 7 is imaginary, and we have propagation, 

If 7 is real, 

Zo=jX0=j^. 

a 

For TM-modes, the wave impedance is 7/jwe, and 

cot 

For cutoff waveguides having TM-modes, Xo is negative, and the 
equation of transformation from the Z- to the T-plane becomes 

r_Z+j\Xo\ 
z-j\x0\ 

This corresponds to a geometrical reflection on the resistance axis of the 
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diagram in the impedance plane so that going toward the generator 
now corresponds to a clockwise rotation on the diagram. The diagrams 
can also be used for admittances. In this case there is a geometrical 

~Z+RQ 

F -plane Z-p\ane 

Z -plane 
F I G . 11-9.—T- and ^-planes for a TE-mode beyond cutoff. 

reflection on the resistance axis, and the angles are changed to their 
negative complements. 

These calculations are applicable only for single-mode excitation 
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in the cutoff waveguide. In the event of multimode coupling, the situa
tion is much more complicated, and we shall not discuss it here. 

The junction between a propagating waveguide and one beyond 
cutoff may be represented as a four-terminal network whose parameters 
depend on the geometrical configuration of the junction as well as the 
characteristic impedances of the lines connected to the junction.. Thus 
a complete cutoff attenuator has the equivalent circuit shown in Fig. 
11-10. If the characteristics of the input and output junctions are 
known, the complete behavior of the attenuator can be calculated as 
outlined above. In Sec. 11-11 an attenuator is described for which 
this calculation has been carried out. 

Input line Input Cutoff Output Output lirte 
junction waveguide junction 

F I G . 11-10.—Equivalent circuit of a cutoff attenuator. 

11-8. Impedance-matching Techniques.—In Sec. 11-2 an attempt 
was made to justify the importance of matching an attenuator. The cut
off attenuator particularly demands impedance-matching since its 
input impedance is wholly reactive for large separations of the coupling 
elements. The voltage standing-wave ratios are very high, around 
40 or 50, and a small change in frequency can markedly affect the power 
drawn from the generator and delivered to the load which terminates the 
transmission line. There are several factors to be considered in the 
design of a matching network, and the choice of matching section depends 
on how one wishes to weight the various design factors. In general, the 
important factors are (1) maximum allowable input voltage standing-
wave ratio, and the wavelength band over which the attenuator is to 
meet this maximum VSWR specification; (2) maximum reflections from 
the generator and load in the transmission line in which the attenuator 
is to be used; (3) magnitude of the dissipative attenuation introduced 
by the matching section; (4) relative importance of good matching at 
tight coupling and at loose coupling; (5) power-handling capacity of 
the matching section; (6) physical size of the matching section; (7) 
availability arid ease of construction of the matching section; and, (8) 
reproducibility of the matching section. 

The maximum allowable VSWR is, as previously explained, important 
from the viewpoint of ascertaining reflection errors when the generator 
and load are not perfectly matched. In attenuators which use matching 
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sections consisting of a lumped resistive element, the mismatched 
generator and load take on added significance. There is a power split 
between the matching element and the terminal load, this split being 
determined by the impedances of the two, and the effective dissipative 
attenuation of the matching element is therefore dependent on the load 
impedance. Consequently, a small change in load impedance can, under 
certain circumstances, exert a big influence on the over-all attenuation of 
the cutoff attenuator. More will be said about this in following para
graphs. Often one wishes to have good impedance-matching at the least 
possible cost in attenuation from losses in the matching section. The 
need for reducing this attenuation to a bare minimum will greatly influ
ence the choice of the matching section. If the need for good impedance-
matching is greatest under the condition of tight coupling, the design 
of a matching section is a much more severe problem than if the matching 
is to be made optimum at loose-coupling conditions. This follows from 
the fact that, at tight coupling, the impedance which is to be matched is 
varying much faster with antenna separation. The fact that the power 
level will be very low when the attenuator is in use does not allow one to 
neglect the power capacity of the matching section; relatively high-
power levels must be used in calibrating the attenuator at large values 
of attenuation. The last three items in the above list are of relatively 
minor importance within the laboratory but can be quite troublesome 
if large-scale production of attenuators for field use is contemplated. 

Most of the information available on resistive matching sections 
pertains to attenuators employing circular waveguide. In these designs 
the coupling elements terminate coaxial lines so that the matching 
sections are also in coaxial line. Matching sections of three types have 
been used in such attenuators: distributed-parameter resistive attenu
ators, i.e., microwave T-pads; resistive coupling loops; and a single, 
lumped-constant, series or shunt resistive element which is properly 
located with respect to the coupling element. 

TABLE 11-3.—DATA ON CABLE ATTENUATION AND CHARACTERISTIC IMPEDANCE 

Cable 

RG-21/U 
RG-21/U 
RG-9/U 

X, cm 

10.0 
3.3 
3.3 

Zo, ohms 

52 
52 
52 

A, db/ft 

0.83 
1.6 
0.33 

Undoubtedly the most commonly used matching device with dis
tributed parameters is a long length of lossy cable. Typical data on 
cable attenuation and characteristic impedance are given in Table 11-3. 
In determining how much attenuation should be used, it is convenient to 
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refer to Fig. 11-11. This is a graph of the voltage standing-wave ratio 
of a short-circuited line which is "padded" with n db of matched attenua
tion. Thus, if the voltage standing-wave ratio looking into the attenu
ator is not to exceed 1.05, it is necessary to use at least 16 db of 
matched-cable attenuation. Actually, however, it is almost impossible 
to reduce the input VSWR to a value as small as 1.05 because of the 
reflections introduced by the cable fittings. If the cable attenuation 
reduces the VSWR of the short-circuited line to a value ri, and if the 

cable fitting has a VSWR = r2 
when followed by a Za load, then 
the actual or effective VSWR r' 
may lie anywhere within the range 
bounded by the product and quo
tient of r\ and r2. Thus the re
flections from the connec to r s 
impose a limit on the goodness of 
matching. 

It should be noted that r' need 
not be particularly small if the 
cutoff attenuator is used only to 
effect a known change in attenu
ation, and if it is operated in the 
range of relatively loose coupling 
where the previously discussed 
coupled-impedance effect is negli
gible. It is, nevertheless, safe 
practice to minimise r1 since the 
attenuation error associated with 

a small and often unavoidable frequency drift will be less if r' is small. 
Lossy cable has the advantage of being readily obtainable, but it is 

very bulky. Its attenuation constant is somewhat sensitive to changes 
of temperature and frequency, although if enough cable is used these 
variations are not disturbing. Flexion of the cable adjacent.to the 
connectors can be very bothersome because it moves the center conductor 
pin of the plug (male) connector and changes the reflection. It is help
ful to install a six-inch length of metal tube at the back end of the con
nector to prevent the cable from bending in this critical region. Lossy 
cable is capable of greater power dissipation than are most other types of 
matching sections. 

There are many kinds of coaxial attenuators using metalized glass, 
polyiron, Bakelite, and other dissipative materials, that can be con
sidered for use as cutoff-attenuator matching sections. In principle they 
do not differ from lossy cable but are often preferable because of their 
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compactness. Such designs will be discussed in detail in Chap. 12. 
In general, they are not well matched over as broad a wavelength band 
as is lossy cable. 

The idea of using a resistive coupling loop which itself provides a 
satisfactorily matched termination for the coaxial line is an interesting 
one. This has been accomplished, in 0.5-in. 10-cm cutoff tubes, in two 
ways. The Carborundum Co. manufactures a midget carborundum 
resistor of 50-ohm nominal value in a 0.1-watt size. It is only -rV in. in 
diameter and -J in. in length and has metalized ends for soldering. Figure 
11-12 shows how such a resistor might be installed. 

-Textolite 
dinner silver ring 

^Vv.s'svwg / ^ ^ ^ ^ \ (vVr§^Q*-^ '0 l J t e r silver r i n8 
50-ohm 
resistor—| ̂

V A ^ ^ '*$>&&££/ ~Carbon resistance 
1///////YJ2 ^ZfggZs film 

Fia. 11-12.—Coupling loop for a FIG. 11-13.—Resistive-stripe 
Ti?n-mode cutoff attenuator with midg- coupling loop for a TEn-mode 
et 50-ohm resistor. circular cutoff attenuator. 

While rated for only 0.1 watt, the resistor will apparently carry 
several times this amount without harm. The standing-wave ratios 
obtained in the 10-cm band were considerably larger than those obtained 
using a "carbon stripe," so that the use of these resistors was abandoned 
except for a few instances where power capacity was of greater importance 
than low reflection. However, this method of matching would probably 
be very successful for application at longer wavelengths and would seem 
to deserve further investigation. 

The carbon stripe is a coating of carbon on a thin ^*-in. textolite disk. 
The carbon material used is the same as that used in making the common 
carbon-strip potentiometers. The disk has a hole in its center through 
which the inner conductor of the coaxial line may protrude and silver-
paste rings baked onto the disk to facilitate soldering or good pressure 
contact to the inner and outer conductors of the Une. The hole diameter 
and disk diameter are chosen to be compatible with the coaxial-line size 
used. The construction is shown in Fig. 11-13. 

The VSWR data in Table 11-4 indicate what can be expected in the 
impedance-matching of a resistive-stripe coupling loop. The cutoff tube 
is a 0.5-in. diameter tube; the sliding insert is a 50-ohm coaxial line 
terminated in the resistive stripe. The VSWR data were taken with 
the sliding insert installed in the cutoff tube but with no second loop to 
couple power from it. The resistivity of the carbon film was varied so 
that the d-c resistance of the stripe was 50 ohms in all cases. 



704 CUTOFF ATTENUATORS [SEC. 11-8 

TABLE 11-4.—IMPEDANCE-MATCHING DATA FOB A CARBON-STRIPE COUPLING LOOP 

Stripe width, in. 

A 
A 
A 
A 

VSWR less than 

1.08 
1.10 
1.4 
1.6 

Over the band, cm 

8.5 to 12.2 
8.6 to 12.2 
8.6 to 12.3 
8 . 6 t o l l . 8 

It will be noted from the data tabulated above that the wide stripes 
are preferable to the narrow ones from the viewpoint of broadband 
matching. The simplest explanation is that the wider stripes have less 
inductance, and thus contribute a smaller reactive component to the load 
impedance. An alternative, but perhaps less likely, explanation is that 
the inductance associated with the wide stripe, together with the induc
tive reactance which is reflected into the loop from the cutoff tube, is 
enough to resonate the capacitance of the high-permittivity textolite 
disk. Such a resonant circuit, heavily loaded by the resistance of the 
stripe, may be expected to have a very low Q and hence an impedance 
which is relatively insensitive to changes of frequency. 

The carbon stripe unfortunately has a low power-handling capacity. 
Because of variations in the thickness of the resistive film, it is unwise to 
use such a stripe at power levels in excess of 0.1 watt. There seems to be 
no reason why the metalized-glass techniques used in making resistive 
attenuators could not be utilized in applying a metal-film stripe to a glass 
or a nonflaking synthetic-mica disk. Such techniques should produce a 
uniform, reproducible resistive coupling loop. The resistive stripe has 
two fundamental disadvantages: the appreciable width of the stripe 
enables it to couple well to the undesired TM-modes, and extremely 
tight coupling in the desired mode is impossible because of the difficulty 
of bringing two such stripes into intimate contact. 

The third general procedure for matching the coaxial-line coupling 
element involves the use of a small, lumped-constant resistor in series or 
in shunt with the line. To idealize the situation, assume that the metal 
coupling loop in a design for the Tfin-mode is exactly equivalent to a 
short circuit at the loop, and that the metal disk used in the designs for 
the TEoi-mode is exactly equivalent to an open circuit at the metal disk. 
In the case of the short circuit at the loop, a tiny resistor of Z0 ohms in 
series with the center conductor, at a distance of a half wavelength 
from the loop, would effect a matched termination. In other words, the 
load impedance is zero at this half-wavelength point, and a Z0 series 
resistor installed at this point should provide a match. Similarly, if a 
shunt resistance is to be used, it would be installed at the quarter-wave
length point where its resistance would be in parallel with an open circuit 
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and would therefore present a match. Similar reasoning, applied to the 
design for the TMoi-mode, suggests that the series resistor should be 
inserted at the quarter-wavelength point and the shunt resistor at the 
half-wavelength point. Normally one would prefer the element placed 
at the quarter-wavelength point, as this obviously leads to a less frequency-
sensitive load than would a half-wavelength spacing of the resistor. In 
any case, this third type of matching cannot be expected to be good over 
as broad a band as either of the first two mentioned. 

Actually, conditions are not quite as we have assumed them to be. 
The reactive impedance of the cutoff tube must be considered and this 
may be inductive or reactive depending on whether the coupling is to 
TE- or TM-modes. In TE-mode designs the coupling loop has an 
appreciable inductance. In TM-mode designs there is a heavy capacitive 
loading from the fringing of the i?-lines in the neighborhood of the 
periphery of the metal disk. Because of these factors, it is usually 
found that the resistors must be properly placed through trial and error 
to obtain the best results. The line distances are for this reason often 
far different from the simple quarter- and half-wavelength values. How
ever, good impedance-matching is possible over limited wavelength 
bands. 

In the above discussion of matching sections it is tacitly assumed 
that the optimum standing-wave ratio is required under loose-coupling 
conditions. As previously indicated, multimode coupling, in cutoff 
attenuators of most designs, discourages the use of these attenuators at 
small values of total attenuation. Since the attenuators are usually 
used in a loosely coupled condition, it is customary to match the imped
ances for this condition. 

Series-matching resistors have been made from Erie1 £-watt and 
1-watt carbon resistors by cracking away the protective covering from 
the resistor material beneath it. The kernel of the -j-watt resistor is 
approximately 0.11 in. by 0.5 in.; that of the 1-watt resistor is approxi
mately 0.19 in. by 0.7 in. By use of a 0.500-in. OD, 0.217-in. ID coaxial 
line and a properly placed 50-ohm, 1-watt series resistor of this type, it 
was found possible to match a loosely coupled oscillator cavity to a 
VSWR of 2, or less, over the 8.9- to 11.1-cm band. Tolerances of ± 5 
ohms on d-c resistance were found to affect the maximum standing-wave 
ratio very little. It is occasionally desirable to do most of the impedance-
matching with such a lumped-resistor element and to reduce the VSWR 
further by using lossy cable. 

The shunt resistor commonly used is a thin resistive disk since a 
disk presents a less serious discontinuity in the coaxial line than would a 

1 Erie Resistor Corp., Erie, Pa. 
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0.076" dia 
O026VJ 

midget resistor installed across the line. The plane of the disk is normal 
to the axis of the coaxial line. Figure 11-14 shows the construction of a 
50-ohm disk.1 The disk is the correct size for installation in the coaxial 
3liding insert used with most 0.5-in. 10-cm cutoff attenuators. The 

Silver plate construction is similar to that of 
the carbon stripe shown in Fig. 
11-13, but, instead of a stripe, the 
entire annular region between the 
two silver rings is coated with 
carbon material. The resistance 
measured between the inner and 
outer rings is 50 + 2.5 ohms with 
the dimensions as shown. The 
power capacity of such a disk 
is somewhat greater than 0.5 
watt. 

Some idea of the effectiveness of the resistive disk as an impedance-
matching device may be attained from the following data which apply 
to the use of the disk in a TAfoi-mode circular cutoff design. Figure 
11-15 shows the installation of the resistive disk behind the metal disk 

Fia. 11-14.-

0.174" 

-Resistive disk 
attenuators. 

matching 

^ ^ \ \ \ \ \ ^ ^ ^ \ V \ \ V ^ ^ ^ W 

^^^\\\^^\\\^^W^ 
^Resistive disk 

B=0.125" 
D=0.025" 

F I G . 11-15.—Installation of a resistive matching disk in a Til/oi-mode cutoff attenuator. 

which acts as the coupling element. The two most pertinent dimensions 
are the diameter C of the metal disk and the length A of the coaxial line 
between the metal disk and the resistive matching disk. The carbon 
side of the resistive disk is the side toward the right in the figure. 

Impedance measurements were made by directing power from left 
to right. The VSWR-vs.-X curves were found to be consistently para
bolic. Holding the value of C constant at 0.400 in., a graph of A vs. the 
wavelength for minimum VSWR (\b) was plotted. The curve was found 
to be accurately a straight line for the entire range of A (0.85 in. to 

1 Manufactured by the In te rna t iona l Resistance Company of Philadelphia (Cata
logue number VC 14204). 
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1.60 in.) investigated. The value of dA/d\b was found to be 0.178 in. 
per cm with X& being 10.0 cm for A = 1.20 in. Holding the value of A 
constant at 1.33 in., a graph of C vs. the wavelength for minimum VSWR 
(X6) was plotted. This curve was also found to be linear for the entire 
range of C (0.250 in. to 0.400 in.) investigated. The value of dC/d\b 
was found to be 0.096 in. per cm. with X& being 10.0 cm for C = 0.330 in. 
The optimum VSWR (at X6) was, in almost all instances, between 1.05 
and 1.10. The VSWR rose from its lowest value to a value of 1.20 at 
approximately X = (1 + 0.08)X6. Ten different matching disks with 
d-c resistances in the range of 50 + 8 ohms were used in taking these 
data. Disk variations appeared to be relatively unimportant. 

Since a reasonably good impedance match can be obtained at a given 
wavelength by any one of a number of combinations of the A and C 
dimensions, an additional criterion is needed to specify the best combina
tion. This criterion is concerned with mode purity of excitation in the 
cutoff region and will be discussed subsequently in Sec. 11-12. Assuming 
that the carbon disk is a pure 50-ohm shunt resistance, and having 
experimental data on X& for a given line length A, it is possible to calculate 
the value of capacitance which, representing the metal coupling disk 
in an equivalent circuit, produces an infinite impedance in shunt with the 
50-ohm disk. The input VSWR of the over-all combination may then 
be calculated as a function of X, and the calculated curve compares very 
well with the experimentally determined one. This is another way of 
saying that the disks have a small reactance, and that it is insensitive to 
frequency. Separate experiments involving impedance measurements 
on disks installed in short-circuited coaxial lines verify this conclusion. 

11-9. Examples of Waveguide Attenuators for 3000 Mc/sec.—Having 
discussed most of the basic principles of cutoff-attenuator design, we may 
now consider the details of some specific designs that have been devel
oped. First to be considered is a series of 10-cm circular TEn-mode 
cutoff attenuators. These will be discussed in approximately the 
chronological order of their development so that the improvements 
effected can more easily be followed and understood. All attenuators in 
this series use a -J-in. diameter cutoff tube. 

The TPS-15 Attenuator.—The first 10-cm attenuator produced in 
quantity for use within the Radiation Laboratory was the TPS-15. An 
assembly sketch of the TPS-15 is shown in Fig. 11-16, and a photograph 
of the attenuator is shown in Fig. 11-17. The two coupling loops in this 
design are shown in contact in the figure. Thd rigidly mounted loop at 
the left terminates a short length of 50-ohm coaxial line. The loop at the 
right terminates the 50-ohm coaxial line in the sliding insert. Eight to 
ten fingers are cut into the left end of the sliding insert in the vicinity of 
its coupling loop, and the loop is grounded to one of these fingers. The 
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fingers are given sufficient spring to provide good electrical contact 
between the end of the slider and the wall of the cutoff tube. The slider 
is driven by a rack and pinion, and a dial is mounted on the shaft of the 
pinion gear. The spacing of teeth on the rack, the diameter of the 

IWWM Kv^WWOsH IWVXW 

Fio. 11-16.—Assembly sketch of the TPS-15 cutoff attenuator. 

pinion gear, and the dial engraving are so chosen that one dial division 
corresponds to one decibel of attenuation. Wobble of the insert is 
avoided by the use of a steel guide rod of large diameter which slides 
through oiled bearing holes in two brass blocks rigidly fastened to the 
cutoff tube. Note that no impedance-matching devices are designed 

[ ■ ■ > „ ■ . * . — ■ *«m ■■■■» ■»■ ■ . . . i 1. 1 1 'i. 

F I G . 11-17.—Photograph of the TPS-15 cutoff attenuator. 

into this model; consequently, long lengths of lossy cable are required on 
each side of the attenuator. 

Whereas the attenuator is simple to construct, it leaves much to be 
desired electrically. The coupling is by no means pure T^n-mode 
coupling and the attenuation (exclusive of that in the cable) at a point 
within 0.5 db of linearity is approximately 30 db. When properly padded 
with lossy cable, the minimum attenuation that permits operation on the 
linear part of the calibration curve is, therefore, objectionably high for 
many purposes. The cutoff tube gradually becomes scored through wear 
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from the fingers and the finger contacts are not perfect enough to prevent 
r-f leakage between the sliding insert and the wall of the cutoff tube. 
R-f leakage either into or out of the attenuator can under certain circum
stances (see Sec. 13-5) cause appreciable errors in measurements made 
with the attenuator. 

A number of attempts to improve the purity of mode in this attenuator 
by radical changes in loop shape or by the use of solid silver contact 
fingertips on the slider were fruitless. Changes in the variation of 
attenuation with both distance and angle of loop orientation were 
effected in this manner, but none 
seemed to offer a sufficiently great 
improvement to suggest that the 
problem of nonlinearity could be 
solved in this way. Subsequently, 
there was conceived the idea of ex
citing the TiJii-mode by means of an 
iris instead of a loop, and later de
velopments proved the merits of this 
suggestion. 

The Model O Attenuator.—The 
first attenuator design making use 
of such an iris was called the Model 
O. The novel features of the design 
are shown in Fig. IT 18. The cutoff 
tube is joined at right angles to a 
coaxial line of comparable diameter, 
using a 180° circumferential slot in 
the outer coaxial conductor to couple the two lines electrically. The 
slot acts as a nonplanar iris which can excite or couple to a T^En-mode 
in the cutoff tube, but discriminates against TM-modes. The coupling 
loop of the slider (not shown in the figure) lies in the plane which includes 
the axis of the coaxial line. The coaxial line is short-circuited a distance 
X/2 from the coupling slot so that a current maximum exists at the slot. 
This facilitates tightest coupling. Because of the frequency sensitivity 
of the half wavelength of coaxial line, the attenuator has an obvious 
bandwidth limitation in so far as tight coupling is concerned. Also, 
higher-mode coupling still exists, although to a lesser degree than in the 
TPS-15 design. The calibration curve for the Model O reaches linearity 
to within 0.5 db at an attenuation (exclusive of lossy cable) of approxi
mately 25 db. 

The Model T Attenuator.—A further improvement in linearity was 
made in the Model T design shown in Fig. 11-19. A coaxial line of much 
larger diameter is used so that the cutoff tube can easily be projected 

Fio. 11-18.—Iris-coupling mechanism 
used in the Model 0 attenuator. 

MttHBMOB 
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Cutoff tube 

through its outer conductor. This permits the use of a planar iris at the 
end of the cutoff tube and also permits tighter coupling, since the iris is 
brought nearer the center conductor of the coaxial line where the field 
is more concentrated. The calibration curve reaches linearity within 
0.5 db at an attenuation of approximately 20 db. 

The Model S Attenuator.—The minimum attenuation of an iris 
attenuator can be reduced several decibels by coupling to the iris through 
a highly resonant cavity. The cavity has the function of building up the 
electric potential across the edges of the gap to a high value, and thereby 
tightens the coupling. The Model S attenuator makes use of this 

principle. I t has proved to be a 
quite satisfactory design, and has 
served faithfully as a primary 
standard attenuator. 

Figure 11-20 shows a sketch of 
the pertinent features of the Mod
el S attenuator. The cavity used 
is a round pillbox type with metal 
walls and an axial tuning rod. I t 
normally resonates in a TMour 
m o d e a l t h o u g h , possibly, the 
heavy capacitive loading associ
ated with a small gap between 
the end of the tuning rod and the 
cavity bottom plate can make 
the cavity resonate in a coaxial 
mode a t the long-wavelength end 
of its tuning range. I t is good 
practice to keep the height of 
the cavity a little less than a 

half wavelength and the diameter somewhat greater than a half wave
length. The tuning rod may be either metal or a relatively high-
permittivity (for example, glass) dielectric; the effect of either material 
is to concentrate the fields in the vicinity of the tuning rod. The 
dielectric tuning rod is preferable from the viewpoint of coherent-
leakage protection since its diameter may be chosen so that the metal 
tube through which it slides is beyond cutoff. In contrast, one must 
depend on good electrical contact in the screw threads of the tuning 
mechanism to prevent leakage when a metal tuning rod is used. The 
cavity commonly used in this design will tune over a minimum wave
length band of 9 to 11 cm. Irregularities in the walls of the cavity show 
no appreciable effect oh the shape of the calibration curve. Likewise, 
because of the relatively low loaded Q of the cavity, highly polished plat
ing is unessential. 

FIG. 11-19.—Iris-coupling meohanism used in 
the Model T attenuator. 
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The input coupling loop is rigidly fixed with respect to the cavity 
and has dimensions which make it nearly resonant so that it couples 
tightly to the cavity. In contrast, the coupling through the planar iris 
to the loop of the slider in the cut-off tube is relatively weak. The large 
input coupling loop is approximately square, and oriented in a plane 
parallel to the tuning rod. I t is grounded next to the flat bottom end 
of the cavity. The loaded Q of the cavity used in this design is of the 
order of 100 to 150, and decreases with the resonant frequency of the 
cavity. It was found preferable to locate the capacitive tuning gap 
at the bottom of the cavity, instead of at the center. 

F I G . 11-20.—Sketch of the pertinent features of the Model S attenuator. 

I t is occasionally advantageous to install in the cavity another cou
pling loop which couples to a short length of coaxial line terminated by a 
crystal. The current induced in the loop is rectified by the crystal 
and measured by a d-c microammeter. For a given cavity, the crystal 
monitor provides a measure of the electric potential across the iris. Thus 
frequency-drift or output-power variations in the oscillator, either of 
which will affect the field intensity in the cavity, can easily be followed. 
The coaxial line should be extended a short distance beyond the crystal 
and filled with a tube of high-loss polyiron material. By bringing the 
d-c leads to the microammeter through such an attenuating line, one can 
avoid r-f leakage into or out of the cavity at this point. 

The design of the planar iris terminating the cutoff tube is based on 
the necessity of a compromise between the purity of mode excitation 
and small cavity insertion loss. For a 0.5-in. cutoff tube, an iris width 
of i in. to i in. was found to provide good linearity. If the planar iris is 
approximately flush with the cylindrical wall of the cavity, the insertion 
loss is rather high, but the calibration curve reaches linearity almost 
immediately. On the other hand, if the cutoff tube and terminating 
iris are projected into the cavity a short distance, it is found that the 
insertion loss drops while the nonlinear part of the calibration curve is 
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extended. Consequently, the over-all attenuation level at which the 
calibration curve of the attenuator becomes linear to within a specified 
fraction of a decibel is not appreciably affected by the extent of projection 
of the iris. The best compromise is a projection into the cavity of 
approximately ^ in. The iris is made -̂ 2 in. thick, and the slot is carried 
all the way across the cutoff tube. Although, as indicated above, there 
is some latitude in choice of slot width, a 1-in. width is commonly used. 

FIG. 11-21.—Photograph of the Model S attenuator. 

The length of the slot lies in a direction normal to the plane of the coupling 
loop of the sliding insert. 

The design of the sliding insert has likewise been given careful atten
tion. The coupling loop (see Fig. 11-20) is a rather large one, and is 
formed from a thin metal strap of rectangular cross section. The 
50-ohm IRC resistive disk used for impedance-matching is located at the 
base of the loop where it is easily installed. It is convenient for optimum 
impedance match that the sizable inductance associated with this large 
loop demands that the disk be placed at this point. Over the 9- to 
11-cm band, the VSWR of the matched loop does not exceed 1.15. The 
cutoff tube in which the slider operates need not be built diametrically 
opposite the input coupling loop to the cavity, as shown in Fig. 11-20. 
Figure 11-21. a photograph of the Model S attenuator, shows the cutoff 
tube 90° from the input coupling loop. 

It is not so easy to match the cavity loop because the position of the 
voltage maximum in the standing-wave pattern looking into the cavity 
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loop is critically dependent on tuning. To compensate for this two 
disks may be inserted. The first is in the normal position of the voltage 
minimum, and is inoperative when the cavity is tuned. The second disk 
is placed a quarter wavelength down the coaxial line from the first. 
When the cavity is detuned, the decreased effectiveness of the second disk 
is partially compensated for by the action of the first disk which is no 
longer located at the voltage minimum. With this arrangement the 
VSWR was reduced to 1.35 for a tuned cavity, and to 1.80 for a badly 
detuned cavity. The pair of disks introduced an additional attenuation 
of 4 to 6 db depending on the tuning. This represents a distinct improve
ment over the use of lossy cable, but the mechanical complication of 
installing the pair of disks may be too costly. 

Sliding contacts which are electrically good are always difficult to 
obtain in the microwave region. The slider in the Model S offers no 
exception. The split-tubing finger construction, mentioned in connec
tion with the TPS-15 attenuator, has many disadvantages. The finger 
to which the center conductor is grounded by the loop appears to be the 
important one, but unfortunately it is the least dependable because of the 
restraint put on it by the mechanical tie to the center conductor. The 
difficulty may be alleviated by stiffening the loop finger and bending it 
back so that it must be compressed slightly when inserted into the cutoff 
tube. Unless the insert is very tightly fitted in the cutoff tube (which 
is bad from other points of view), forces exerted on the slider can cause 
troublesome contact variations. Helical-spring contacts were designed 
for use in the Model S attenuator. Figure 11-22 shows in detail the 
method of constructing the helical springs and the method of installing 
them on the slider. 

The wearing qualities of unoiled sliders are very poor, in general. No 
combination of brass, steel, solid silver, silver plate, or nickel plate 
evidenced good wearing qualities when operated dry. However, a good 
grade of low-viscosity motor oil used for slider lubrication effected a 
marked improvement. An attenuator design in which the slider must 
depend on pressure contact with the inside of the cutoff tube for mechan
ical support is particularly bad; rather severe gouging develops in time. 
It is desirable to use external guide rods to support the slider, although 
this procedure usually demands a larger tolerance between the slider 
and the cutoff tube. In turn, this larger tolerance invites greater r-f-
leakage difficulties. However, the helical springs are not handicapped 
by this larger tolerance, as are the conventional split-finger contacts, and 
can serve simultaneously as effective leakage inhibitors and good elec
trical contactors. Optimum leakage protection is gained by using a pair 
of the springs, spaced X/4 apart along the length of the slider. The 
springs have been shown to provide from 80 to 100 db of leakage pro-
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Materials Method of assembly 

1. Sample of tubing (preferably silver) 

No. 75 (.021) drill_ 
tin hole sides V t [ 

A-0.110" 

■'///////////Att^-

2. Slider 0M0"-\ h 
A-0.100" 

t.0005" 
\0.O625" dia. drill rod 

3. Spring 

20 turns/inch 
X0002" 

0.010" dia. piano wire 

H h-0.250" 

0.025" drill-
4. Center strip (phosphor bronze) 

±.oor 
0.100'^ K 0.040" 

5. Roller tor flattening 

._t 

£.001" 
"0.007" piano wire 

6. Drawstring 

Step No. 1 
Flatten spring No. 3 with 

roller No. 5 

*r Both cut ends on top -y 

\> KA «-| 
Step, N A 2 

Cut to required length 

Keep both ends on top of strip . 
Drawstring must trap at-
least one coil of spring 

Step No. 3 
Insert strip No. 4 and draw 
String No. 6 

Thread drawstring in hole 
in groove and draw tight 

Keep cut ends 
on inside of bend 

Step No. 4 
Install in place on slider 

Bend and cut 
off short 

Step No. 5 
Insert in tubing No. 1 and raise 

to soldering temperature 
F I G . 11-22.—Method of constructing helical-spring r-f contacts. 

tection when used in pairs. If desired, further leakage protection can 
be obtained by using a thin-walled tube of polyiron around the slider, 
locating it between the second helical spring and the r-f connector at the 
end of the slider. The polyiron should not touch the wall of the cutoff 
tube. 

file:///0.O625
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A spring-loaded rack with pinion gear is a commonly used drive 
mechanism for the slider. The dial attached to the pinion gearshaft 
may have an accurate vernier scale associated with it, or a dial indicator 
(Ames Gauge) may be used to indicate the position of the slider. The 
latter method escapes backlash troubles with the drive mechanism, 
and provides a least count of 0.001, or even 0.0001 in., of slider 
movement. 

The Model S attenuator has a calibration curve which is within 0.5 
db of linearity when the over-all attenuation (including loss in the slider 
matching disk) is 6 db, and is within 0.1 db of linearity at 14 db. The 
attenuators have been quite reproducible. The calibration curve includ-

Mextolite 
F I G . 11-23.—Sketch of a 3-cm-band TEu~mode cutoff attenuator. 

ing the nonlinear region is almost wholly independent of wavelength from 
9 to 11 cm except for the slope change specified by Eq. (6). This is small: 
the slope is 0.975 db per dial division at 9 cm, and 0.985 db per dial 
division at 11 cm. Calibration curves taken with the cavity detuned by 
as much as 75 Mc/sec have shown that detuning to this degree has no 
appreciable effect on the extent of the nonlinear region. Of course, the 
insertion loss of the cavity is increased by such detuning. 

11-10. A Waveguide Attenuator for 9000 Mc/sec.—The sketch of a 
design for frequencies near 9000 Mc/sec is shown in Fig. 11-23. It is 
somewhat dimensionally distorted to make possible the inclusion of all 
pertinent features in the single sketch. Figure 11-24 shows a photograph 
of the assembled attenuator. 

The circular cutoff tube is approximately -j in. in diameter, and is 
coupled to the 0.400- by 0.900-inch rectangular waveguide by a planar 
iris similar to that used in the Model S designed for the 10-cm band. 
The circular and rectangular waveguides have a common axis. Experi
ments were conducted with a variety of iris shapes and the one finally 
selected as optimum for use over the band from 3.13 to 3.53 cm has a 
width approximately equal to the radius of the cutoff tube. The iris 
extends entirely across the cutoff tube, with its length parallel to the wide 
side of the rectangular waveguide. 

The slider has a large rectangular loop of approximately resonant 
dimensions, and the loop is given rigidity at its base by a glass bead which 
mechanically supports the inner conductor of the coaxial line. No 
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impedance-matching network is built into the slider. A pair of stagger-
tuned half-wavelength choke cups are installed on the slider immediately 
behind the coupling loop. Then follows a hard, smooth-surfaced textolite 
bushing which makes sliding contact with the cutoff tube. Behind the 
bushing is a polyiron sleeve of slightly smaller diameter to assist the tuned 
choke cups in providing adequate leakage protection. The minimum 
attenuation (with loop touching the iris) is 7 to 10 db over the above-
mentioned wavelength band. The calibration curves require an addi
tional 8 to 10 db to reach linearity within 0.5 db. 

F I G . 11-24.—Photograph of the 3-cm-band cutoff attenuator. 

11-11. An Attenuator for 24,000 Mc/sec.—Figure 11-25 shows the 
design of an attenuator for frequencies near 24,000 Mc/sec which utilizes 
a dielectric rod as the sliding member. 

The ^-in. by i-in. rectangular guide carries power from a generator to a 
power-monitoring termination (for example, a thermistor) or a matched 
load. A round waveguide beyond cutoff extends to the right, normal to 
the broad side of the rectangular waveguide. A polystyrene rod of 
approximately X„/2 in length is seated in the end of the cutoff tube. 
Its exact length is chosen such that, for loose coupling in the attenuator, 
the reactive impedance of the cutoff tube referred to the junction of the 
rectangular and cutoff waveguides is zero and no reflection is produced in 
the rectangular waveguide. A polystyrene rod is driven along the cutoff 
tube by a micrometer, thus varying the length of the air region which is 
beyond cutoff for the TBn-mode. The TZJu-wavc which is propagated 
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Choke 

then couples into the rectangular waveguide and passes out of the attenu
ator. A tuned 1-cm-band choke facilitates coupling into the rectangular 
waveguide by preventing propagation further in the dielectric rod. A 
resistive matching disk is installed in the polystyrene rod, so that the wave 
moving through the dielectric rod proceeds from a matched generator. 
The extension of the rectangular waveguide and the location of its short-
circuited end are carefully chosen so that the circular-to-rectangular-
waveguide transition is reflection-
less. 

Resistive matching disks of 
several types have been tried, but 
none has been entirely satisfac
tory. Cloth soaked in Aquadag 
(a carbon suspension) has been 
used , for e x a m p l e . For the 
proper disk resistivity, a match 
can be obtained with a thin, uni
form disk. Correction for an un
favorable resistivity can be made 
by cutting a hole of the proper size 
in the center of the disk. Since 
the disk is spliced between two di
electric rods, the adhesive presents 
a problem which has not been 
solved with entire satisfaction. 

The position of the matching 
disk with reference to the dielec
tric-air interface is important. The disk should be placed at a current 
node in the polystyrene rod. Since the reflected inductive reactance of the 
cutoff tube is approximately j , the polystyrene cap placed over the resistive 
disk should be approximately X„/8 in length. 

A desirable feature of this variable attenuator is that it employs 
no sliding metal contacts. The diameter of the cutoff tube is so chosen 
that when it is filled with the dielectric it propagates the IT^n-mode but 
it is still below cutoff for the rilf01-mode. The short length of poly
styrene, therefore, acts as a mode filter for energy coupled out of the 
main waveguide by the electric field. If the ends of the dielectric rods are 
accurately perpendicular to the cutoff tube, no higher modes are excited. 

One of the big advantages inherent in the dielectric cutoff attenuator 
is that its calibration curve can be accurately predicted, including 
the nonlinear part that arises from interaction or reflection effects at the 
dielectric-air interfaces. The effect has been discussed in Sec. 11-7. 
The expression derived1 for the attenuation (that is, ratio of power trans-

F I G . 11-25.- -Attenuator with polystrene rod 
for 1-cm band. 

1 N . H . Frank , pr iva te communicat ion. 



718 CUTOFF ATTENUATORS [SEC. 11-11 

mitted through the air cutoff region to the power incident on the input 
dielectric-air interface) is 

(ke ~ l ) 2 
lOlogio 1 + 

*-(«)*-'] sinh: 2irZ m 1 

(23) 
where Xc is the cutoff wavelength in the T.E\i-mode for the tube when 
no dielectric is present. This equation can be simplified considerably 
if we choose the diameter of the waveguide beyond cutoff so that 

(ft. - D 2 

W b-mm-i 
= i. 

This condition is met when 

xc = x ^ 

In this case the simplified equation becomes 

_2 

A = \0 logm cosh2 

Since, for large x, 

we can write Eq. (23), for I » X, as 

"2irZ l(\Y yvy -

(24) 

(25) 

(26) 

sinh2 x = ■—-! 4 

10 And 
; ) ' -

W 1 + 10 log10 j - (27) 
In 10 X 

Thus the attenuation becomes a linear function of I with the slope 

40TT 

In 10 i)"-©' 
The term independent of I in Eq. (27) can be made independent of wave
length, if we impose the condition that 

dW 
dX 0. (28) 

This leads again to Eqs. (25) and (26), while Eq. (27) becomes 

40x 
ln 10 m-® I - 20 logio 2. (29) 

These relations have been verified to within the experimental error. 
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11-12. The Design of Cutoff Attenuators Using the TAf0i-mode.— 
Until recently little attention has been given to the design of cutoff 
attenuators using the 7\l/oi-mode. It was felt that the slightest amount 
of plate ellipticity or eccentricity in the centering of the plate in the cutoff 
tube would lead to excitation of modes in the TE-mode series. Even if 
the 7\En-mode is excited very weakly, it will cause trouble at large 
attenuations because it decays in intensity less rapidly than does the 
TMoi-mode. For example, if the TEn-mode is excited with an intensity 
40 db down from that of the TAToi, it will be only 20 db down after the 
TMoi-mode has been attenuated 80 db. It is, therefore, necessary to 
check calibration of such an attenuator over the entire range of attenua
tion for which it is to be used. If this range is 70 db or greater, such a 
procedure imposes severe experimental difficulties. 

It has been pointed out that one should be able to circumvent the 
effects of T .En-modes by properly orienting the two antenna plates. Two 
antenna plates which are slightly elliptical may be oriented in such a way 
that their major axes are at right angles to each other so that, if the first 
plate excites the TE u-raode, the second one will not couple to it. This 
alignment cannot be based on mechanical measurements since the 
eccentricity is extremely small. However, an experimental determina
tion of the proper alignment can be made. It is not unreasonable to 
suppose that proper orientation will reduce by 30 to 50 db the coupling 
to the TEu-mode. Consequently, if the plates are turned down on a 
lathe after installation on their respective coaxial lines, and carefully 
oriented by means of an angle calibration, satisfactory freedom from 
TE-mode coupling can probably be achieved. 

A brief investigation was made of a 10-cm-band 7,Af0i-mode cutoff 
attenuator using 0.400-in.-diameter metal plates in a 0.5-in. cutoff tube. 
The inner conductors of the coaxial lines were supported by polystyrene 
beads located a short distance behind the plates. The minimum attenua
tion, plates touching, was less than 1 db in the wavelength range from 
10 to 12 cm, and the calibration curve reached linearity within 0.5 db 
after 10 db of decoupling. The linearity was checked up to an attenua
tion of 50 db, and was found to be exact within the limits of experimental 
error. 

In order to improve further the linearity of a rAfoi-mode cutoff 
attenuator in the low-attenuation range, it would be necessary to suppress 
the excitation of the higher T Af-modes. A means of accomplishing this 
has been suggested, but unfortunately has not been verified experi
mentally. The principle is to select different diameters for the two 
metal-disk antennas such that one disk cannot excite the TMoz-mode, and 
the other disk cannot excite or couple to the TAf 03-mode. 



CHAPTER 12 

MICROWAVE ATTENUATORS. RESISTIVE ATTENUATORS 

B Y E. WEBEB AND R. N. GRIESHEIMER 

For general laboratory use, many devices are available which give 
fixed or variable attenuation of the main power flow, or which permit 
power sampling for power-monitoring purposes without reacting per
ceptibly upon the main power flow. For low power ranges it is usually 
permissible to insert in the main power path elements of dielectric base 
materials which have thin coatings of power-absorbing materials such as 
carbon or Aquadag. For larger powers, in order to provide for efficient 
heat transfer to the ambient air, power-absorbing materials in greater bulk 
and with proper metal casings are inserted. Finally, in order to separate 
the directly transmitted power from that absorbed in a properly designed 
terminal load, the principle of power division can be used. 

The design of dissipative attenuators involves two problems of 
paramount importance: the choice of the material in which the power is 
to be lost, and the impedance-matching of the attenuator to the trans
mission line. These problems must also be solved in the design of a 
termination for a transmission line which will absorb without reflection 
all the power incident upon it. The design of a termination or load is 
often simpler than that of an attenuator because the impedance-matching 
need be done at one end only. The first part of this chapter is, therefore, 
devoted to a discussion of terminations. 

Most of the general-purpose laboratory attenuators admit of calibra
tion in a limited sense only, over narrow frequency ranges, either because 
of the frequency dependence of the loss characteristics of the materials, 
or because of the influences of temperature and humidity. For this rea
son, a separation is made between the general-purpose attenuators and 
the attenuators which by the use of precision metalized glass, justify 
higher accuracy in calibration and are therefore even useful as standards. 

MATCHED TRANSMISSION-LINE TERMINATIONS 

B Y R. X. GRIESHEIMER 

There are innumerable applications in microwave work for matched-
impedance transmission-line terminations, or " loads" as they are more 
commonly called, and the number of materials and designs employed in 

720 
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their construction has been as great as the number of applications. 
Terminations are commonly classed as either high-power or low-power 
terminations. High-power terminations are designed to take the full 
output power of a transmitter tube; that is, power ranging from a few 
watts to several hundred watts. They are used to replace the trans
mitting antenna under conditions where radiated power would violate 
secrecy or would interfere with neighboring receivers. In addition, 
the high-power load sidesteps the objection that within the confines of a 
laboratory an antenna offers a varying load impedance as objects move 
in its immediate vicinity. High-power loads are usually required to 
have a VSWR not greater than 1.05 to 1.10. 

Low-power loads may be grouped into two classes. Some applications 
demand that the loads be almost perfectly matched; that is, their VSWR 
should be no greater than 1.01 or 1.02. The reference match in a magic T 
that is used for impedance measurement is such an application. Imped
ance measurements on lossless or low-loss line components are often 
conducted with a matched line termination placed after the component 
under test, and such a termination should also have a VSWR which is 
as small as 1.01. In contrast, the terminations used in the secondary 
lines of directional couplers, for example, can often be allowed a maxi
mum VSWR as great as 1.1 or 1.2. In these applications a compromise 
is usually necessary between the allowable voltage standing-wave ratio 
and the allowable physical dimensions of the termination, with the 
directivity of the directional device being the determining factor in 
setting the maximum allowable voltage standing-wave ratio. Low-power 
loads are seldom designed to dissipate more than 0.5 watt. 

In the design of a line termination there are a number of factors which 
must be taken into consideration. The most important electrical 
specifications are the maximum allowable voltage standing-wave ratio 
and the bandwidth over which the voltage-standing-wave ratio specifica
tion is to be met. The maximum safe power capacity of the load is also 
of considerable importance. For high-power loads it is necessary to 
consider both average power dissipation and pulse-power breakdown, 
or "arc-over." The impedance match should be independent of tem
perature within the stated safe average-power limit, and should not be 
affected by humidity variations or by aging. Many applications, for 
example the reference match for the magic T, demand that the loads be 
very carefully protected against r-f leakage. The impedance match 
of the load should be quite insensitive to shock and vibration, and, in 
the event that large-scale production is anticipated, it should also be 
reproducible from unit to unit. As previously suggested in the com
ments on directional couplers, the size, primarily the length, of the 
termination is important in some applications. In constructing very-
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well-matched loads with VSWR less than 1.02, it is of particular impor
tance to obtain precision waveguide or coaxial line for their construction. 
The reflection fiom a small discontinuity at the junction of the load 
and the line which it terminates can easily account for a VSWR of 1.01 
or 1.02. 

The metal housing for the load is customarily terminated by an r-f 
short circuit in order to avoid r-f leakage from the load. This imposes 
a lower limit on the attenuation of the termination if a broadband 
impedance match is to be obtained. Figure 11-11 shows that the VSWR 
of a short circuit, measured through 23 db of matched attenuation, is 
1.01. Since the termination is not likely to be exactly matched, it is 
essential to have a minimum of 30 db of attenuation in the load if there 
is to be any hope of obtaining a load VSWR less than 1.01 over a sizable 
wavelength band. 

The most difficult problem in load design is, of course, the impedance-
matching problem. A number of techniques have been employed for 
impedance-matching; most of these techniques are also applicable to 
the matching of resistive attenuators. The most commonly used 
matching devices are long tapers, or one or more quarter-wavelength 
transformers. However, examples of other techniques will also be cited. 

12-1. Low-power Coaxial-line Terminations.—Two coaxial-line ter
minations have been developed which meet a maximum VSWR specifica
tion of 1.02 to 1.04 over an 8 to 10 per cent band. One design utilizes 
a thermosetting plastic, Durez 7421, which is cast in a section of the line 
to be terminated. Then, because the temperature coefficient of expansion 
of Durez is greater than that of brass, it can be removed from the center 
conductor by heating and from the outer conductor by cooling. I t is a 
relatively easy material to machine, and a conical matching taper of the 
correct length can be cut on a lathe. The taper is carried all the way 
to a knife edge at the center conductor, with the experimentally deter
mined optimum taper length being approximately two wavelengths. 
The solid plastic provides a good support for the center conductor and 
consequently the load is a rugged one. A second well-matched load has 
been made from a resistive cloth, Uskon.1 The cloth used has a resis
tivity of approximately 440 ohms per square. A long trapezoidal piece 
of the cloth is tightly wrapped around the inner conductor of the coaxial 
line in such a way that a conical matching taper, followed by acompletely 
filled length of line, is formed. This is a less durable load than the one 
made from Durez, particularly since the cloth has a tendency to fray 
at the tip of the taper, and thereby produces a reflection. These loads 
may be made for a variety of sizes of coaxial lines but may become 
objectionably long at wavelengths longer than microwaves. 

1 Manufactured by the U. S. Rubber Co., Rockefeller Center, New York. 
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Various polyiron materials have been used effectively in making 
10-cm-band and 3-cm-band step terminations in coaxial lines. Figure 
12-la shows a cross section of a polyiron cylinder commonly used for a 
i-in. coaxial line; Fig. 12-lb shows a preferable shape for a fV or -j-in. 
line. In the smaller size the step shown 
in Fig. 12-la is so thin that it is too easi
ly _broken. Polyiron has the advantage 
of having a very large attenuation con
stant for microwaves; consequently, 
polyiron terminations can be made rela
tively short. M o r e o v e r , p o l y i r o n 
terminations can be made for use at 
wavelengths considerably longer than 
microwaves. This material has the disadvantage, up to the present, that 
its microwave properties vary considerably from batch to batch, and the 
dimensions often need to be corrected when units are made from a new 
batch. Typical data on two coaxial polyiron terminations are] given in 
Table 124. 

(*) (.a) 

I ' IG. 12-1.— Cross section of poly
iron cylinder for (a) large and (6) 
small coaxial lines. 

T A B L E 12-1 .—DATA ON T W O COAXIAL P O L Y I R O N T E R M I N A T I O N S 
Crow-ley* mater ia l MP-1826 

50-ohm, i-in. coaxial line 50-ohm, ^ - i n . coaxial line 
A = 0.511 in. C = 0.188 in. 
B = 0.295 in. D = 0.228 in. 
V S W R < 1.10 from 9 to 11 cm VSWR < 1.10 from 3.1 to 3.5 cm 

* Henry L. Crowley Co., West Orange, N. J. 
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1.4 

1.3 
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1.1 
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1.1 

1.0 

\ o 

e^S 

\ 6 

d -

c 

9.5 10.0 10.5 11.0 11.5 9.0 9,5 10.0 10.5 11.0 11.5 
X in cms X in cms 

(a) lb) 
F I G . 12-2.—Tolerance study on a J-in. coaxial-line polyiron load of Fig. 12-la. For curves 

a, dimension A = 0.511 in., dimension B for the various curves as follows (a) 0.220 in., (6) 
0.260 in., (c) 0.295 in., (d) 0.350 in., (e) 0.400 in. For curves b, B = 0.295 in., A equals 
the following: (a) 0.570 in., (6) 0.530 in., (c) 0.511 in., (d) 0.500 in., (e) 0.480 in. 
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The tolerances on the step dimensions must be very small, even for 
loads made from a given batch of material. The graphs shown in Fig. 
12-2 offer an indication of the criticalness of the dimensions. Such 
families of tolerance curves have proved to be very helpful in establishing 
dimensional corrections for a new batch of the material. Unfortunately 
poiyiron is not an easy material to machine. Diamond-dust grinders and 
Carboloy-tipped drill bits and lathe tools are needed to cut it. An 
effective ventilating system is required to protect the machinist from the 
iron dust. Attempts have been made to match coaxial-line poiyiron 
loads by machining conical tapers at the front ends of the pieces, but low 
standing-wave ratios with acceptably short taper lengths have not 
been obtainable. 

Impedance data for cylinders of poiyiron in 50-ohm, i-in. coaxial 
line (see Table 12-2) show that the impedance of the various materials is 

remarkably independent of wave-
Polyiron , . . . 

length. Although a termination of 
this design has not been built and 
tested, the tabulated data suggest 
that a broadband device could be 
made according to the construction 
shown in Fig. 12-3. The conical 
taper should be at least one-half 
wavelength long. There is a very 
good correlation between the degree 

of mismatch of the materials and the loss per unit length of the materials. 
For example, the attenuation constants for MP-1548, MP-1826, and MP-
1822 are 20, 60, and 110 db/in. respectively. 

—Proposed broadband poiyiron 
coaxial termination. 

T A B L E 12 2. - I M P E D A N C E D A T A FOR C Y L I N D E R O F P O L Y I R O N IN 5 0 - O H M , 
COAXIAL L I N E 

Crowley mater ia l 

MP-1826 
MP-1822 
MP-2884D 
MP-1529B 
MP-1548 
MP-2875D 

Z/Za a t 11.5 cm 

0 .39 - j O . 1 6 
0 .14 - j O . 0 9 
0 .42 - j ' 0 . 1 8 
0 .42 - j O . 0 8 
0 . 5 3 - J O 16 
0.47 - jO.04 

Z/Z„ a t 10.1 cm 

0 .38 - jQ.15 
0 .13 - j 0 . 0 9 

T0.39 - j ' 0 . 2 0 
0 .41 - J ' O . I O 
0.52 - j O . 1 9 
0 .45 - j '0 .09 

Z/Z„ a t 8.9 cm 

0 .39 - J 0 . 2 1 
0 .13 - y o . 1 6 
0 .39 - jO.25 
0 . 4 3 - jO.10 
0 .49 - j '0 .16 
0 .40 - j '0 .09 

A design for |-in. coaxial-line termination which shows promise of 
extreme bandwidth employs a short length of metalized-glass center 
conductor in a line with appropriately stepped or tapered outer con
ductor. Thus far it has been found possible to cover a bandwidth of 
7.5 to 30 cm with a maximum VSWR well below 1.20. Such a design is 
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based on the following considerations. The impedance Z of a coaxial 
line with shunt conductance and series resistance losses is given as a 
function of distance along the line x by 

g = {GZ> -R) + MCZ* - L), (1) 

where R, G, L, and C are respectively the resistance, the conductance, the 
inductance, and the capacitance per unit length of line, and u is the 
angular frequency. If it is desired to select a line taper such that Z 
will have no reactive component, Eq. (1) demands that 

t = GZ2 - R' z = yjc1- <2> 
Equation (2) dictates the spacing of the conductors as a function of .r. 
If an inner conductor which is a dielectric rod coated with an extremely 
thin resistive film is considered, it may be said that G = 0, and R, 
because of the thinness of the film, is essentially frequency-independent. 
If the line is tapered by changing the diameter of the outer conductor b, 
while keeping the diameter of the inner conductor a constant, then 

Zix) = -Rx = 60 1 n ^ , 

where x = 0 when b = a and z = 0, 
or 

_Rx 

b(x) = ae 60. 

Therefore, if the outer conductor is tapered to make contact with the 
inner conductor at the end of the termination, and if the taper length I 
is chosen to be 

I = § • (3) 

the termination should absorb all incident power without reflection at 
all frequencies. Also, the power dissipation will be constant along the 
length of taper. I t should be noted that, according to Eq. (3), the 
total resistance of the film should be equal to the characteristic impedance 
of the lossless coaxial line. 

If, for constructional reasons, it is impossible to continue the taper 
until the outer and inner conductors meet, other means to terminate the 
tapered line may be used. For example, if the line is terminated in a 
short circuit, the impedance of the termination is given by1 

1 E. Feenberg, "Resistance Attenuators and Terminations," Sperry Report 117, 
Apr. 10, 1943. 
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ZM V>e 

-$"■{:?« 
(4) 

where 

ijo = 
4-irXo 

v = 
4rx 
IT' 

and the short circuit is placed at x = x0. The real and imaginary parts 
of Eq. (4) for various values of rj0 may be plotted, and that point at which 
the short circuit should be placed in order to make Z real and equal to Za 
may be observed. This construction is not as inherently broadband as 
the first construction mentioned, nor is the power dissipation constant 
along the length of taper. 

12-2. Low-power Waveguide Terminations with Polyiron.—The 
variety of low-power waveguide terminations exceeds that of coaxial 
loads. Those to be discussed are grouped according to the materials 
used in their fabrication. 

Fia. 12-4.—A well-matched polyiron termination for \- by 1-in. waveguide. 

An excellent polyiron termination has been made for \-by 1 in. wave
guide, using Crowley material MP-2884D, or Chromet 4. I t has been 
found that the double-slant taper used in this construction (see Fig. 12-4) 
is better than a single taper to either the narrow or the wide side of the 
waveguide. I t has a VSWR less than 1.01 over the 3.13-to 3.53-cm band. 
A similar termination, made from the same material, has an equally good 
impedance match in 1.25-cm-band waveguide. Polyiron waveguide 
terminations are capable of greater power dissipation than most of the 
terminations of other types that are to be considered, but the size and 
weight of a polyiron termination make it impractical for waveguides 
as large as those used at 10-cm band. 

The step-matched polyiron piece shown in Fig. 12-5 may be used 
either as a load or as a bilaterally matched 40-db attenuator in i - b y 1-in. 
waveguide. It is made from Crowley material MP-2312 (D-l). I ts 



S E C . 12-2] POLYIRON WAVEGUIDE TERMINATIONS 727 

^ 1 

VSWR specifications are 1.02 or less at 3.3 cm, and 1.06 or less at the 
edges of a ± 6 per cent wavelength band centered at 3.3 cm. As was 
shown to be true in the case of coaxial-line polyiron matching steps, the 
waveguide matching steps are also dimensionally critical. Furthermore, 
small dimensional corrections are usually necessary when loads are 
machined from a new batch of polyiron material. This must be taken into 
account when designing dies to be used in pressing the polyiron pieces 
into approximately the correct __ . 
shape. A matching step which is 
centered in the waveguide has 
been found to be considerably 
more broadband than an unsym-
metrically located step which rests 
on the broad side of the waveguide. 

A compact polyiron termina
tion for use in a 3-cm-band direc
tional coupler has been made from 
a rectangular block of MP-1826 
polyiron, 0.458 in. in width, 0.183 in. in height, and 0.895 in. in length. 
The block is laid across the waveguide, and rests on a broad side of the 
waveguide. The waveguide is short-circuited by a metal plate soldered 
across its end, and touches the polyiron block which has been cemented in 
place. In this design, reflections from the front face of the block are 
canceled by those from the short circuit, and therefore, broadband match
ing cannot be expected. The VSWR of the termination is less than 1.15 
over the 3.16- to-3.33-cm band. Such a load is to be recommended only 
when the space limitation is as severe as the impedance-matching 
requirement. 

l r ia. 12-5.—A step-matched polyiron termi
nation for 5- by 1-in. waveguide. 

T A B L E 12-3 .—IMPEDANCE AND A T T E N U A T I O N D A T A FOR BLOCKS OF P O L Y I R O N IN 
■J- BY 1-IN. W A V E G U I D E 

Cro wley * 
material 

MP-2875D 
MP-2325 
MP-1529B 
MP-1548 
MP-2312 
MP-2884D 
MP-1826 
MP-1842 

X = 3.13 

Z 

0,32 - JO .03 
0.31 - J 0 . 0 3 
0.27 - JO.02 
0.29 - JO.07 
0.23 - JO.12 
0.20 - . /0 .12 
0.21 - . /0 .12 
0.08 - . /0 .11 

cm 

db/in. 

30 
40 
60 
80 

180 
180 
210 
220 

X = 3.33 

Z 

0.29 - JO.03 
0.28 - JO.06 
0.23 - J 0 . 0 2 
0.27 - JO.08 
0.22 + JO.02 
0.19 - J.01 
0.20 + JO 
0.07 + J0.06 

cm 

db/in. 

30 
30 
60 
80 

160 
170 
190 
220 

X = 3.53 

Z 

0.28 - JO.04 
0.26 - JO.04 
0.22 - JO.04 
0.26 - JO .08 
0.20 + J0 
0.19 - J0.02 
0.19 - JO.02 
0.07 + J 0 . 0 3 

db/in. 

30 
30 
50 
70 

140 
150 
180 
220 

* Henry L. Crowley Co., West Orange, N. J. 
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Table 12-3 has been included to show the microwave differences 
among various polyiron materials that can be considered for attenuator 
or load design in -£- by 1-in. waveguide. The impedance data were 
more carefully taken than the attenuation data. I t is to be noted that, 
in general, the materials with larger conductance values have larger 
attenuation constants. The impedances have small reactive components, 
and while the reactances apparently vary somewhat more with wave
length than in the case of coaxial lines (see Table 12-2), the polyiron 
impedances are nevertheless surprisingly independent of wavelength. 

Only scattered and incomplete data are available, but there is evi
dence for believing that the voltage standing-wave ratio of a well-
matched polyiron load is subject to variation with humidity. The higher 
the frequency, the more likely this is to be true. Therefore, it is good 
practice to dry carefully the polyiron pieces in an oven after machining, 
and to impregnate them immediately with a moisture-resisting lacquer. 

12-3. Low-power Waveguide Terminations Which Use Other Lossy 
Materials.—A well-matched termination for a circular E0- or Z/i-mode 
waveguide can easily be made by machining a long, sharp-pointed conical 
taper on a Durez or soft-pine rod of appropriate diameter. The taper 
length and the rod length for optimum broad-band matching are deter
mined experimentally. For example, a Durez 7421 load for an Z/Vmode 
waveguide of 0.350 in. ID, using a 2.5-in. taper length and a 4-in. over-all 
length, has a VSWR less than 1.01 over the 1.20- to 1.30-crn band. A 
soft-pine Z?o-Ioad for a tube of 1.150 in. ID, using a taper length of 14 in. 
and an over-all length of 28 in., has a VSWR less than 1.02 over the 
3.13- to 3.53-cm band. An appreciable saving in length can be made 
by using a 400-ohms-per-square IRC resistance strip for the load element. 
If this strip is used, a symmetrical V is cut into the end of a rectangular 
strip of the material, so that the taper is toward the wall of the tube 
instead of toward its axis. If a taper length of 6 in. and an over-all 
length of 15 in. are used, the load VSWR can be held under 1.01 over 
the entire 3.13- to 3.53-cm band. The taper tips must touch the wall 
of the tube. 

Well-matched terminations for rectangular waveguide may also be 
made from tapered IRC resistance strip. The strip is placed in the 
center of the waveguide, aligned in the direction of the electric field, and 
except for the tapered section, touches the two broad walls of the wave
guide. The taper may be a single taper which touches one wall at the 
tip of the taper, or a double taper which tapers from both broad walls to 
the axis of the waveguide. A single taper is usually used except in 
flexible waveguide, but terminations of either type can be made which are 
well matched over a broad band. In order to combat the flexibility of 
the strips and to shorten the length required to provide the attenuation 
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necessary for low voltage standing-wave ratios, it is advisable to use a 
combination of two strips side by side, glued together, one shifted with 
respect to the other. Figure 12-6 illustrates these designs. The strips 
are supported mechanically by the short-circuiting block at the end of 
the waveguide. 

If loads are made from IRC strip, care must be taken to obtain smooth 
edges, and to avoid chipping off the resistive coating. This can be done 
by using a shearing cutter similar to those used for cutting paper and 
sheet metals. I t may be necessary to remove rough edges and chips by 
hand-smoothing the taper on emery cloth or sandpaper. The taper 

(1) 
^>////M . 

(a) Single tapers (2) 

^m///M, 
(i) 

- — i i — - i 
L0 

' 

~L, H *-J 
(6) Double tapers 

F I G . 12-6.—Various designs of IRC resistance loads for rectangular waveguide. 

length is not critical except at wavelengths which are near the cutoff 
wavelength of the waveguide. Typical tolerances call for + £° in the 
taper angle, and + i in. in taper length, at 3-cm band. In general, the 
tolerances become larger as the taper length is increased. In all single-
taper designs the end of the taper must rest flat against the waveguide 
wall. A small clearance, a few thousandths of an inch, is allowable 
between the other edge of the strip and the Avail. The vertical position of 
the tip in the double-taper designs is not critical. 

A taper length of one-half guide wavelength or slightly longer is 
satisfactory for single-taper designs. The attenuation per unit length 
A of an IRC strip in rectangular waveguide decreases linearly with 
increasing resistivity fl measured in ohms per square. The following 
formulas have been determined empirically, and have been checked 
experimentally for the range of 100 to 800 ohms per square. For 
X0 = 3.3 cm, 1- by i-in. waveguide, 0.050-in. wall, 

15.7 - 1.5 100 db/in. 

For X0 = 10.0 cm, 3- by H-in. waveguide, 0.080-in. wall, 
11 

5.0 - 0.38 100 db/in. 
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The over-all lengths of single-taper loads can be estimated by using 
these formulas and assuming that the attenuation contributed by the 
taper is one-half that of an equivalent length of strip which completely 
fills the waveguide. This assumption has been verified experimentally. 
It is advisable to allow a small additional length to compensate for the 
change of attenuation with wavelength. Table 12-4 summarizes the 
designs involving these strips. Reference should be made to Fig. 12-6 
for the significance of the various dimensions. 

A very compact termination from IRC strip material can be made 
by completely blocking off the waveguide with a strip placed normal to 
the axis of the waveguide. The waveguide is short-circuited at an 
experimentally determined position which is effectively one-quarter 
guide wavelength behind the resistive strip. If a 600 ohms per square 
strip in 1- by -J-in. waveguide is used, it is possible to obtain a load VSWR 
less than 1.2 over a + 6 per cent band. At the design wavelength, the 
VSWR can be brought below 1.05. The strip is introduced through a 
slot in the narrow side of the waveguide, and cemented in position. 

TABLE 12-4.—SUMMARY OF IRC STRIP LOADS IN RECTANGULAR WAVEGUIDE 

Line size 

U-in. by 3-in. OD 
0.080-in. wall 

Same 
Same 
Same 
Same 

Same 

i-in. by 1-in. OD 
0.050-in. wall 

|-in. by li-in. OD 
0.062-in. wall 

Strip material 

400 ohms 

400 ohms 
400 ohms 
400 ohms 

600-ohms long strip 
400-ohms short strip 
600-ohms long strip 
400-ohms short strip 

100 ohms 

100 ohms 

Band, cm 

8 to 10.5 

8 to 11.1 
8 to 11.1 
8 to 12 

9 to 11.1 

8 to 12 

3.13 to 3.53 

3.13 to 3.53 

VSWR 
over 
band 

<1.01 

<1.02 
<1.01 
<1.02 
<1.01 

<1.03 

<1.01 

<1.01 

Dimensions* 

t i 

ii in. 

4J in. 
\\ in. 
\\ in. 
4-| in. 

41 in. 

3} in. 

2J in. 

U 

H in. 

4 i i n . 

U 

10 in. 

10 in. 
10 in. 
10 in. 
8 in. 

8 in. 

5 in. 

5 in. 

X 

21 in. 

2i in. 

* Refer to Fig. 12 0. 

The IRC strip material can be easily damaged by the high tempera
tures associated with excessive average-power dissipation or soldering 
operations on the metal casing. It is usually easy to recognize an over
heated strip by the small welts that rise on the resistive film. Because 
of this limitation it has been necessary in certain load designs for direc
tional couplers to use other materials such as Uskon cloth, and Synthane. 
Uskon cloth of 6-ply lamination can be cut into a single-taper load 
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resembling the IRC strip loads shown in Fig. 12-G. In this application 
the material has an attenuation constant of approximately 30 db/in. at 
3-cm band and 10 db/in. at 10-cm. band. Reasonably short taper lengths 
provide VSWR's less than 1.10 over a + 5 per cent band. In addition 
to its ability to withstand higher temperatures than the IRC strip 
material, Uskon is more durable with respect to shock and vibration. 
However, the electrical properties of the material appear to vary con-

Top 

0.420" J7 0.062" 

0.170" 

^ 
— Film side 

T 
0.170" 

Side 

0.160" 

S* 
F I G . 12-7.—A metalized-glass load for 1.25-em waveguide. 

siderably from batch to batch. At high relative humidities the 6-ply 
cloth tends to split apart. The application of a silicone lacquer coating 
to the cloth would probably prevent this, but it has not yet been tried. 
Synthane is a material similar to Uskon, but it is mechanically stiffer 
than Uskon cloth of the same thickness and resistivity. 

12-4. Low-power Terminations Using Metalized Glass.—A thin, 
evaporated Nichrome film sandwiched between a glass-plate support and 
a thin protective magnesium fluoride film can be used in place of the IRC 
strip material. It is more expensive than the IRC material although a 
preferable substitute since it has good mechanical rigidity and is unaf
fected by moisture, and aging. Figure 12-7 shows a 1.25-cm-band load 
of this type whieh has a VSWR less than 1.01 over the 1.215- to 1.285-cm 
band. 

In developing this termination, tests were made first with a No. 774 
Pyrex glass plate of 0.038 in. thickness. A film resistivity of approxi
mately 300 ohms per square was found to be optimum according to 
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impedance-matching data taken with an untapered film. However, the 
taper length and over-all length required to meet a VSWR < 1.01 specifi
cation were found to be excessive, and not at all compatible with the 
mechanical strength of such a thin glass plate. In order to increase the 
mechanical strength, a thicker, soft-glass plate was tried. The thicker 
plate has a second advantage in that the guide wavelength is reduced 
because of the larger permittivity of soft glass as compared with Pyrex. 
If no detrimental field distortion is incurred, a reduction in the necessary 
taper length can be expected. Similar reasoning may be applied to the 
film resistivity. Although a film resistivity close to the characteristic 
impedance of the waveguide will, in general, match better than a smaller 
resistivity, its rate of attenuation will be much smaller. It may there
fore have to be made objectionably long in order to provide sufficient 
attenuation to eliminate effectively reflections from the short circuit of 
the mechanical holder. The final soft-plate design is that shown in Fig. 
12-7. The film resistivity is 110 ohms per square. Note that the strip 
is not centered with respect to the waveguide, but is displaced to the side 
where it has been found experimentally that lower voltage standing-wave 
ratios can be obtained. 

12-5. High-power Coaxial-line Loads.—The first high-power 10-cm 
load made in -g-in., 50-ohm coaxial line used Aquadag-coated sand as a 
dissipative medium. Two quarts of 20 to 30 testing sand1 are stirred 
thoroughly in a fluid suspension consisting of \ pt. of Aquadag in \ 
gal. of water. The heavily-coated sand is then drained and allowed 
to dry in shallow trays at an elevated temperature. A 50-50 mixture 
of coated and uncoated sand is used as a filling material for the load. 
It is necessary to prepare a reflectionless, temperature-resisting bead to 
hold the sand within the line. Of the several bead designs investigated, 
the best appeared to be a iV-in.-thick steatite washer which is held in 
place by Insalute Cement applied around its edges. After installation 
of the steatite bead, the sand is poured in from the rear end of the line 
and compacted by gentle tamping. A metal end plug is then soldered 
in place to terminate the line. In order to preserve the characteristic 
impedance of the line in the region of the sand which has a relatively high 
permittivity, the inner conductor of the line is undercut throughout the 
entire 9-in. length occupied by the bead and sand mixture. If a dozen 
3-in.-diameter radiating fins equally spaced along the sand-filled section 
of line are used, it is possible to dissipate GO watts average power and 
50 kw pulse power. Unfortunately, the load was difficult to reproduce 
and the reject percentage was high even for a lenient maximum VSWR 
specification of 1.10 or less over the 8.5- to 11.5-cm band. 

The sand load just described suffers in two respects because it does 
1 Ottawa Silica Co., Ottawa, 111. 
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not make use of steps or of a continuous taper at its input end. Steps or 
a smooth taper facilitate impedance-matching and tend to allow a more 
uniform power dissipation along its length. In contrast, the sand load 
gets very hot at its input end where half of the power is dissipated in the 
first 3 db of attenuation. It may easily be shown that if the power dissipa
tion is to be uniform along the length of the load, the attenuation constant 
must vary with position along the line according to the following 
formula 

a = 10 log,0 2-±-^» (5) 

where y = 0 at the short-circuited end of the load, and where the total 
length of the load is large compared with the unit length. The formula 
may be applied either to steps or to a smooth taper. For example, if 
matching steps are used, the attenuation for successive steps of equal 
length, counting backwards from the shPrt-circuited end of the load, 
should be co, 3 db, 1.8 db, 1.25 db, 1.0 db, and so forth, for as many 
steps as are to be used. The inclusion of additional steps does not alter 
the attenuation per step of the rear steps. Equation (9) offers an 
alternative expression for the attenuation constant of a line continuously 
tapered for uniform power dissipation along its length. This equation, 
unlike Eq. (5), had no restriction on the magnitude of a "unit length" 
as compared with the total length of the load. This equation is useful 
principally in step-matched constructions. I t is customary to step or 
taper toward the outer rather than toward the inner conductor, since 
the outer conductor can more effectively carry away the heat developed 
in the load. Furthermore, a rough lip on the taper edge has less effect 
on the voltage standing-wave ratio of the load if the taper is carried to 
the outer conductor where the fields are weak rather than to the center 
conductor. 

Figure 12-8 shows a 1-in. coaxial-line load which makes use of a 
straight, conical taper to the outer conductor. The load material first 
used with this design was polyiron made resistant to high temperatures 
by a ceramic binder. However, it was impossible to mold the taper lip 
properly, and the machining of such a taper into polyiron was objection
ably difficult in production. Consequently, it became necessary to 
choose another load material, and the final choice was a mixture of 
powdered flake graphite (Dixon's No. 2 grade) and X-Pandotite cement.1 

A mixture of 40 per cent graphite and 60 per cent cement by weight is ball-
milled for two hours, care being taken to keep the cement dry to ensure 
satisfactory milling. Water is then added to the mixture—two parts 

1 X-Pando Corporation, Long Island City, N.Y. 
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of water to five parts of powder, by weight—and the whole is mixed 
thoroughly. The mixture is poured into a coaxial mold and allowed to 
set, partially before the tapered center mold is withdrawn to permit 
hard setting over a 24-hr period. The outer cylinder of this mold 
is the outer conductor of the load line. Then follows a 6-hr oven-
drying treatment at 200°C. After the center conductor of the line is 
installed, the load material is impregnated with a fluid Dow-Corning 
resin No. 2102, allowed to air-dry for a few hours, and then oven-baked 
at 200° to 250°C for a period of 8 hr. At the end of this baking treat-

U U U U U U U U U U L 
F I G . 12-8.—Sketch of a graphite-cement high-power coaxial-line load. 

ment, all toluene from the resin should have evaporated. Benzene 
may be used to clean any resin from the coaxial-line coupling. The 
brass casing is painted with a dull black finish which is capable of with
standing a temperature of 200°C. The cement adheres well to the brass 
casing, and does not crack at temperatures of approximately 200°C. 
The load is rated at 100 watts average and 200 kw pulse power. The 
production VSWR specification is less than 1.10 over the 8-to-12-cm 
wavelength band. Laboratory-built models were all well within this 
specification. The high-temperature drying and the resin impregnation 
of the cement are essential, since absorbed water in the load has been 
found to affect appreciably the attenuation constant and to alter the 
impedance match. 

Some helpful hints can be offered to facilitate the design of matching 
tapers for lines (coaxial or waveguide) which are filled with an attenuating 
dielectric. If the experimentally determined wavelength for smallest 
voltage standing-wave ratio for a given taper is longer than the wave
length at which optimum match is desired, a shorter taper and a material 
of higher conductivity (therefore larger attenuation constant) should be 
used in the line. Conversely, if the taper matches best at a wavelength 
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shorter than the design wavelength, a longer taper and a material of 
smaller attenuation constant should be used. 

12-6. High-power Waveguide Loads.—In the microwave region more 
work has been done on high-power waveguide loads than on coaxial 
loads. There are several reasons for this. Waveguide has a greater 
pulse-power capacity than coaxial line, the skin loss in the metal walls 
of the line is smaller in waveguide than in a coaxial line, and the shortest 
wavelengths in the microwave region demand an unmanageably small 
coaxial line which is much more difficult to build than an appropriate 
rectangular waveguide. For these reasons there has been a growing 
trend, particularly for high powers and short wavelengths, to use wave
guide loads. 

A sand load for the 10-cm band in waveguide 1^ by 3 in. by 0.080-in. 
wall has been made from the same sand mixture used in the previously 
described coaxial-line high-power load. Impedance-matching is obtained 
by tapering the input end of the sand load, holding the sand in the 
tapered position by a |-in. Transite plate which is made fast by Insalute 
cement. The taper is from narrow wall to narrow wall of the wave
guide; the taper length, measured in the direction of the waveguide, is 
12 cm. The load has a VSWR less than 1.1 over the 8.5- to 11.5-cm 
band, and is rated for 300 watts average and 300 kw pulse power. The 
power limitation of the load is the inability of the Transite material 
to withstand high temperature. The waveguide tapered sand loads 
have more reproducible impedance characteristics than do the coaxial 
sand loads, but all of them suffer from varying impedance as the moisture 
absorption of the sand changes. Moreover, their construction permits 
shock and vibration to break the sand seal, or even to change the match 
of the load because of a change in the compactness of the sand. A 
similarly constructed load for 3 cm with a thick sheet of mica replacing 
the Transite plate, has a VSWR less than 1.1 over a ± 5 per cent band. 
It is rated for 70 watts average and 150 kilowatts pulse power. 

The Bell Telephone Laboratories have produced a satisfactory 
porcelain-silicon load1 for use in f-in.-by-1-jr-in. waveguide. A com
bination of 30 per cent silicon in porcelain provides an attenuation of 
50 db for a 6-in. length of load, 4^ in. of which is a continuous linear 
taper from one broad side of the waveguide to the other. Silicon 
is not readily obtainable, but 220-mesh silicon carbide has been found 
to be a good substitute. This material withstands high temperatures 
without oxidation, and has good thermal shock and thermal conduc
tivity characteristics. Because of the relatively large (10 per cent) 
shrinkage when the mixture is fired at 1250°C, the fired ceramic 

1 S. O. Morgan, "Ceramic Attenuators for Dummy Loads," BTL MM 44-120-36, 
Mar. 1, 1944, p. 2. 
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pieces must be ground to exact dimensions. The grinding operation is a 
rather tedious one, *particularly in the vicinity of the taper tip. If the 
taper is sufficiently long, the standing-wave ratio depends primarily 
on the thickness of the tapered edge. Although it is desirable to make 
this edge as thin as possible, it is not feasible to grind it to a feather 
edge because of excessive breakage in manufacture and use. As a 
compromise, an edge thickness of ^V in. was chosen. The VSWR of 
such a load can be less than 1.05 over an appreciable bandwidth. It is 
capable of dissipating 200 watts average and 200 kw pulse power. The 
ground ceramic pieces may be cemented into the waveguide with Insalute 
cement or Pliobond. 

The most novel, and probably the most satisfactory, method of 
constructing a waveguide high-power load is to use waveguide walls 
which are poor conductors instead of using attenuating material which 
fills the waveguide. Such a construction facilitates a more effective 
removal of the heat generated in the load, and is not as subject to pulse-
power breakdown (arcing) as are the designs which use filling materials 
in the waveguide. It has been shown experimentally that satisfactory 
impedance-matching can be obtained with this construction. Also, 
the waveguide walls may be tapered in order to effect a reasonably 
uniform power dissipation along the length of the load. The conditions 
under which a good impedance match in waveguide may be expected can 
be determined by comparison of the waveguide with a low-frequency 
transmission line. 

The characteristic impedance of a dissipative transmission line is in 
general a complex quantity given by 

However, Z0 is real and equal to y/L/C, the characteristic impedance 
of a nondissipative line of the same size, if 

The series resistance losses are proportional to the square of the current, 
and hence are proportional to the square of the magnetic field strength. 
The shunt conductance losses are proportional to the square of the voltage 
in the line and hence proportional to the square of the electric field 
strength. From these facts it can easily be shown that the condition 
expressed by Eq. (6) is equivalent to the statement that the series resist
ance losses are exactly equal to the shunt conductance losses in the dis
sipative medium. 
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The L and C of a line depend to a certain extent on R because of 
the skin effect which changes the dimensions of the line. Equation (6) 
is easily applied to the matching of a dissipative to a nondissipative 
line at low frequencies, since the dimensional adjustments necessary to 
make the ratio y/L/C of the dissipative line equal to that of the non
dissipative line do not produce appreciable reflections. When the line 
dimensions are comparable with the wavelength, however, geometric 
discontinuities have an appreciable effect. Although it has not been 
possible to derive the condition for impedance match from theoretical 
considerations, it is likely that this relation is given by 

X„ 2a L . 26 
T = T = V1 + T' <7) 

Table 12-5 shows values of the parameters calculated from this equation. 

TABLE 12-5.—APPLICATION OF EQ. 12-7 TO SEVERAL STANDARD WAVEGUIDES 

Waveguide, 
in. 

l i X 3 
1 X 1 
1 x l 

b, in. 

1.340 
0.400 
0.170 

a, in. 

2.840 
0.900 
0.420 

Xc, cm 

14.4 
4.57 
2.13 

Xc/X 

1.40 
1.38 
1.35 

Calculated X, 
cm 

10.3 
3.32 
1.58 

Data taken on loads of this type have verified the usefulness of Eq. 
(7) as a design formula. A typical 10-cm laboratory-made load gave 
VSWR's of 1.015 at 10 cm, 1.04 at 8 cm, and 1.06 at 12 cm. A typical 
3-cm laboratory-made load gave VSWR's of 1.01 at 3.3 cm, and 1.025 
at 3.1 and 3.5 cm. A load in \- by-£ in. waveguide gave a VSWR of 
approximately 1.07 at 1.25 cm, and progressively lower values as the 
wavelength was increased toward 1.58 cm. No oscillator was available 
that would operate in the wavelength range for which the voltage stand
ing-wave ratio was a minimum. I t has been observed that the input 
impedance of the lossy waveguide at the calculated wavelength is very 
nearly resistive, but slightly greater than unity. This can be accounted 
for by the effective increase of the b/a ratio caused by an appreciable 
skin depth in the dissipative walls of the load. 

Figure 12-9 shows the broad-side and narrow-side views of the 3-cm-
band load with dissipative walls. The 10-cm-band load has a similar 
construction. The dissipative material used in this design is a mixture 
of 35 per cent Portland cement and 65 per cent Dixon's No. 2 powdered 
flake graphite. I t should be noted, however, that Eq. (7) assumed no 
specific dissipative material. The choice of Portland cement and graphite 
is dictated not so much by an impedance-matching consideration as by 
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considerations of thermal shock, durability of the load, the adhesive 
bond of the material to the metal walls of the waveguide, and ease of 
casting the mixture. Excessive graphite results in a crumbly material; 
too little graphite makes the attenuation constant too high. 

Center to center of fins-

1 ? 

r S 3 
t a i *■ t : ' J_̂  

1 - . l - , ' > . . ' ■ ' ■ . ' » ' . ' ■ 

0.320" 

*sa 

■4"-

3! ' . . 

4"-

X 
■ 2 -

Fiu. 12-9.—Construction of a 3-cm-band waveguide high-powei load that Ubcs attenuating 
walls. 

The graphite-cement mixture is ball-milled for at least two hours and 
is then thoroughly mixed with water in the proportions of three parts 
water to four parts of dry mixture, by weight. A properly shaped center 
mold is inserted into the load casing, and the graphite-cement-water 
mixture is poured into the back end of the casing so as to fill the space 
between the waveguide walls and the center mold. The load should 
be shaken during the casting process to facilitate the removal of air 
bubbles. After the cement has set for approximately 4 hr, the center 
mold may be removed. After an additional 48-hr setting period, 
the load is allowed to dry for 6 hr in an oven at 200°C. This is followed 
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by impregnation with Dow-Corning Resin No. 2102. The baking of 
the impregnated load to remove the toluene, and the associated steps in 
this process are conducted according to the procedure outlined for the 
coaxial high-power load. It is extremely important that the transition 
between metal wall and graphite-cement wall inside the load should be 
smooth. No gap can be tolerated and small steps at the junction 
should be filed off. 

If the transition has been made smoothly, as has been emphasized, 
the load accomodates, without breakdown, pulse-power levels almost as 

F I G . 1210.—Photograph of the 10-cm-band and 3-cm-band dissipative-wall high-power 
loads. 

great as those which the nondissipative waveguide accepts. Production 
specifications, however, have been made more lenient. The 10-cm-band 
load is rated for 2 Mw pulse power and 1 kw average. The 3-cm-band 
load is rated for 0.5 Mw pulse power and 0.2 kw average. As may 
be seen from Fig. 12-10, ample radiating fins are used to dissipate the 
heat generated in the load. Production voltage-standing-wave-ratio 
specifications have also been made rather lenient. The 10-cm-band 
load must have a VSWR less than 1.1 from 8 to 12 cms. The 3-cm-band 
load has a similar specification of 1.1 or less for the 3.13- to 3.53-cm band. 
The laboratory-made models were considerably better matched than 
these specifications require. The attenuation constant of the material 
is approximately 2 db/in. at 3-cm band, and 1 db/in. at 10-cm band. 
Experiments indicate that it is unaffected by the input-power level. 

The dimensions of the load should be adjusted, in so far as it is possible. 
to obtain a uniform power dissipation on all four walls of the waveguide 
and throughout the length of the dissipative section. It may be shown 
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that the density of power dissipation is constant over the four walls of the 
waveguide when 

~ = V2. (8) 

When this condition is satisfied, the proper b/a ratio becomes equal to 
one-half, which is a very convenient value. It should be noted from 
Table 12-5 that Xc/X for standard waveguide sizes does not differ greatly 
from the preferred value given by Eq. (8). 

In order to effect uniform power dissipation along the line, it is neces
sary to vary, in a prescribed manner, the attenuation constant with x, 
the distance along the waveguide. This can be done more easily by 
tapering the walls of the waveguide than by varying the composition 
of the material as a function of x. It is possible to derive an expression 
for the attenuation constant a as a function of x by starting with the 
well-known equation 

where Px represents the power in the dissipative line at the point x. 
The equation is integrated from x = 0 to x = x, and the constant of 
integration is determined by setting Px = P 0 when x = 0. Thus 

Pd = 2aPx = 2aP0 exp {-2J\dx), 
where Pd represents the power dissipated per unit length of line. But 

Pi 
2F0

 = """ 
where a0 must be a constant if Pd is to be a constant, and is equal to the 
value of a at x = 0. This leads to the simplified form 

The solution to this equation is 

1 — 2aax 
Equation (9) specifies how a should vary with x, but it is also neces

sary to have an expression for a as a function of a and b, the waveguide 
dimensions, if Eq. (9) is to be used effectively. This form is 

a 

- + 
k 2b + _ , ( 1 0 ) 

where A; is a constant that need not be evaluated. 
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At this point, it is wise to summarize the conditions which dictate 
the design of the load. Equation (7) specifies the impedance-matching 
condition. Equation (9) specifies a as a function of x for uniform power 
dissipation along the length of the load, and Eq. (10) dictates the tapering 
of the dimensions a and b in order to meet the condition stated by Eq. (9). 
Equation (8) specifies the condition necessary for all four walls of the 
dissipative waveguide to have the same density of power dissipation. 
There is also the additional consideration that the internal shape of the 
load must be such that the center mold used in the casting process can 
easily be withdrawn from the waveguide. 

Since there are essentially only three variables with which to work, 
a, b, and x, all of the desired conditions cannot be met simultaneously. 
The compromises made in the design of the 3-cm-nand 10-cm-band loads 
are the following. Since a low voltage standing-wave ratio is usually 
more essential than uniformity of power dissipation, the linear tapering 
of the dimensions a and b for the first 5 to 8 db of attenuation is made to 
conform with the condition expressed by Eq. (7). The tapering must 
be slight in order to avoid bringing the waveguide too near cutoff by 
making the a dimension too small. By taking differentials in Eq. (7) 
it may be shown that, to a first-order approximation, a linear tapering 
of the dimension a demands a linear tapering of the dimension b. If Eq. 
(7) is obeyed throughout the first few decibels of attenuation, no serious 
effect on the input voltage standing-wave ratio will be noticed if, for 
the remainder of the load, emphasis is given to distributing the losses 
more evenly along the length of the waveguide. In other words, Eq. (7) 
is discarded in favor of Eq. (9) for the remainder of the length. It should 
be noted from Eq. (10) that either a or b or both may be varied to get 
the vklue of a demanded by Eq. (9). Most of the variation is taken 
in the b dimension. In the final load design the a dimension is given a 
slight linear taper throughout the entire length of the load, whereas the 
taper on the b dimension changes abruptly after several decibels, when 
making the transition from an impedance-matching to a uniform-power-
dissipation condition. 

The same material used in constructing the dissipative-wall waveguide 
load can also be used for making a filled waveguide load. If the wave
guide is properly tilted when the cement-graphite mixture is allowed to 
dry, the desired taper can be automatically cast. As previously men
tioned, the filled waveguide load has less desirable electrical charac
teristics than the dissipative-wall load; however, it is more easily made. 

A variation on the above theme was introduced in the design of a 
1.25-cm-band waveguide load. It was felt that additional mechanical 
strength and a more gradual power dissipation could be achieved by 
introducing loss only in the narrow sides of the waveguide. Further
more, lower voltage standing-wave ratios are possible in this design 
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because, as has been shown, the dimensions of standard 1.25-cm-band 
waveguide are not correct for impedance-matching at 1.25 cm if all 
walls of the waveguide are made to attenuate. To increase the mechani
cal strength of the load, the use of a continuous lossy wall was abandoned 
for a lattice structure in which sections of dissipative material xy in. 
long are separated by sections of conductor TV in. long. The attenuation 

F I G . 12-11.— 1.25-cm-band waveguide high-power load. 

of a load 5 in. long was approximately 20 db. Figure 12-11, with a broad 
side of the waveguide removed, explains this construction. 

The dissipative material consists of a mixture of a metal powder and 
a cement. Iron powder gave lower voltage standing-wave ratios than 
either nickel or nickel-copper mixtures. Consequently, a mixture of 
iron powder and X-pandotite was chosen as the attenuating material 
for the load. The iron powder is very fine, and presumably has grain 
dimensions which are less than the skin depth in iron at 1.25 cm. To a 
4-to-l mixture by weight of X-pandotite and iron powder (Cenco hydrogen-
reduced iron) is added enough water to make a workable paste. After 
the load lattice is filled by the cement, the cement is allowed to harden 
for a few hours at 200°C. To protect the load material against moisture 
absorption it is coated with a 2 per cent solution of silicone (Dow-Corning 
Fluid No. 200) in carbon tetrachloride. 
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Production models of the load have a VSWR less than 1.1 over a 
band of ± 2 per cent centered at 1.25 cm. The load absorbed, without 
breakdown or other ill effects, the highest pulse power, 115 kw, and the 
highest average power, 35 watts, available at the time of test. At these 
power levels no radiating fins need to be used. 

GENERAL LABORATORY ATTENUATORS 
B Y E. W E B E R 

At microwave frequencies, practically all dielectric materials that 
are mechanically satisfactory absorb a considerable amount of electro
magnetic power, and therefore, can be used as attenuating materials in 
either coaxial or waveguide transmission systems. 

12-7. Cables as Coaxial Attenuators.—One of the most common, 
and also one of the most practical, dissipative attenuators is a piece of 
high-frequency coaxial flexible cable, usually constructed with a high-
resistance inner conductor of nichrome wire. A description of cables 
of various types and their general characteristics as transmission lines 
is given in Vol. 9, Chap. 5. The old cables, with solid rubber dielectrics, 
had rather high power factors and the losses varied appreciably with 
changes in temperature. The recent cables have solid polyethylene 
insulation, a low-loss dielectric developed in England, which is much 
more stable and varies less with temperature. 

Theoretically, attenuation should vary with wavelength in accordance 
with the form 

where p and q are constants; p indicates essentially the conductor losses 
which are proportional to the square root of frequency, whereas q indicates 
essentially the dielectric losses, which are directly proportional to 
frequency. Thus, for the low-loss cable RG-9/U, the coefficients are 
numerically p = 0.392, q = 0.360, for the wavelength X in cm, which 
lead to values of a in db per foot.1 For the high-loss cable RG-21/U, the 
coefficients are p = 2.4, q = 0.81, and indicate the larger contribution 
of the high-resistance inner conductor. The attenuation values were 
obtained at the Radiation Laboratory from measurements made at room 
temperature at two wavelengths, as shown in Table 12-6. The values 
of the coefficients can be used for approximate determination of a at other 
wavelengths down to wavelengths corresponding to several hundred 
megacycles per second. 

1 F. E. Ehlers, "Attenuation of RG-9/U Cable as a Function of Temperature and 
Frequency in the X-Band," RL Report 754, June 18, 1945. 
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T A B L E 12-6 .—CABLE A T T E N U A T I O N AS F U N C T I O N OF W A V E L E N G T H 

Kind of cable 

Low-loss cable 
High-Voss cable 

T y p e 

R G - 9 / U 
R G - 2 1 / U 

Measured a t t enua t ion in db/ f t 

a t X = 
10 cm 

0 .16 
0 . 8 3 

a t X = 3.30 cm 

0.326 
1.60 

Coefficients 
of Eq. (11) 

V 

0.392 
2.40 

1 

0.360 
0 .81 

T A B L E 1 2 - 7 . — M E A S U R E D A T T E N U A T I O N V A L U E S OF M I C R O W A V E CABLES 

Cable type 

D163296 
(obsolete) 

R G - 2 1 / U 

E C - 2 1 / U 

R G - 9 / U 

Manufac
turer 

BTL 

B T L 

BTL 

Federal Tel. 
and Radio 
Co. 

Characteristic 
impedance ZQ 

(ohms) 

50 (nominal) 

52 (approx.) 

52 (approx.) 

52 (approx.) 

At tenua t ion in db / f t as function of 

wavelength 

9.55/X 
8 . 5 c m <X < 1 1 . 5 c m 

a t T = 26°C 
2 . 6 4 / V X 

8 . 7 c m < X < 1 2 . 6 c m 
at T = 26°C 

5.3/X 
3.12 cm < X < 3 .53 

cm a t T = 26°C 

1.08/X 
3.14 cm < X < 3.56 

cm a t T = 26°C 

tempera tu re 

0 .74 + 0 . 0 0 8 2 T 
25°C < T < 85°C 
at X = 10 cm 

0 .834 = 0 . 0 5 4 X 
(T - dhr)* 
- 40°C < T < 
+ 6 0 ° C a t X = 10cm 

1.677 - 0 . 0 9 X 
{T + T'TTO)" 
- 4 6 ° C < T < 

89°CatX = 3 . 2 3 cm 
See text 

However, as the empirical formulas in Table 12-7 indicate, the varia
tion over narrower wavelength ranges can be simplified with closer 
approximation to measured values. This is particularly true for the 
shorter wavelengths where the braid of the outer conductor apparently 
influences the attenuation values rather markedly. For this reason, the 
cables must be securely anchored during measurements to avoid flexing. 
I t was found that the attenuation could easily be varied from 5 to 10 
per cent by moving the cable; it was also observed that if the cable were 
disturbed at all, a period of several minutes was required to allow the 
attenuation to stabilize. Flexure near the fittings can be particularly 
troublesome and can cause much larger errors in measurement. 

The variation of attenuation with temperature is also indicated in 
Table 12-7 nsofar as reliable results could be obtained. At the shorter 
wavelengths, temperature cycling produces hysteresis effects with 
permanent increases in the attenuation values. Thus, RG-9/U cable 
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showed, after about nine temperature cycles from room temperature to 
65°C, a permanent increase of the losses of about 0.06 db per foot to a 
final value of about 0.40 db per foot. Similarly, a hysteresis effect occurs 
at low temperatures. Moving and shaking the cable after or during 
temperature cycling usually causes a sudden increase in the attenuation 
of about 0.01 db per foot. Such erratic values in the attenuation have 
been attributed to variation in the contact resistance between the braid 
wires, and have been observed only at the highest range of frequencies 
at which these cables can be used, namely at or near 9000 Mc/sec. 

The input impedance of cables was originally chosen to be close to 
the standard characteristic-impedance values of coaxial transmission 
lines. However, the actual value of cable impedance varies from 52 to 
48 ohms for cables with a nominal characteristic impedance of 50 ohms. 
If a cable of 52-ohm impedance is connected to a A-in. coaxial line of 
49.6 ohms it leads to an unavoidable VSWR of 1.047. Careful measure
ments have also shown, particularly in low-loss cables, a periodicity 

r- Aquadeg coaling 
' ' ''i.J ' ' ' ' ' ' ' ' ' ' ' ' ' ' \ ' • ' ■ ' • • • • • • > • i • • •] 

•^=Z=L * > ^ f I 1 1 1 1 I I i i r / / / / i i > , , i . , i , , , >>> I , ■ ■ 

F I G . 12-12.—Carbon-coated coaxial attenuator. 

effect introduced by the production method which causes large and rather 
sharp VSWR maxima of 1.4 or higher at some wavelengths between 
8.4 cm and 10.6 cm. Lesser maxima occur at the harmonic multiples 
of the corresponding frequency. Finally, the input impedance can vary 
appreciably as a function of frequency since the connectors have to be 
considered an integral part of the cable assembly for testing and use. 
The characteristics of cable connectors are described in Vol. 9, Chap. 5. 

Thus, while cable has the unquestioned advantage of simplicity for 
providing attenuation, care has to be exercised in any assumption of its 
attenuation or input-impedance value. It has the added advantage of 
large power capacity, but becomes bulky if large values of total attenua
tion are required. 

12-8. Fixed Coaxial Pads.—One of the earliest attenuating materials 
used in the microwave region was Aquadag, a colloidal suspension of fine 
carbon powder. For use in coaxial lines, it is painted on a glass or ceramic 
rod of the same diameter as the inner conductor of a coaxial system and 
then dried in a baking oven at about 100°C. If the rod is furnished with 
standard end bullets and the outer casing with standard couplings for 
the particular line size, a fixed-value coaxial attenuator is obtained as 
shown in Fig. 1212. The values of attenuation obtainable vary with the 
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thickness of the coating, but it is difficult to control the uniformity of 
the coating as well as its thickness. For attenuations up to about 8 db, 
the voltage standing-wave ratio is generally tolerable, and increases with 
attenuation for a fixed film length. The higher the value of attenuation 

' the more dependent it is on frequency; it also depends on humidity and, 
to a slighter extent, on temperature. Although these attenuators, as 
laboratory instruments, are simple and convenient, they are restricted 
to low values of attenuation because of the difficulty of proper impedance-

„. . . .. matching, and they are not suitable as 
Circular brass tubing , 

1"0D x '̂wall = standards because ot possible changes 
1 ' i6 o . . . 

0.750" J5 with moisture. 
Attenuators with higher values of 

attenuation in coaxial systems have 
been designed with good matching 
characteristics by combining carbonized 

„ . shunt disks with series rods in II- or T-
\ network fashion. The very close toler-

r, . , ances required in order to a c h i e v e 
iia. 12-13.—Coaxial attenuator. . 

desirable wideband performance have 
militated against more widespread use of these attenuators. Designs up 
to 500 and possibly 1000 Mc/sec are available at Bell Telephone Lab
oratories, and a few models have been built. 

Fixed coaxial attenuators have also been produced by filling the space 
between inner and outer conductor with a lossy dielectric material or 
with a dispersion of conductive particles in a neutral binder. Practically 
all of these materials are described in greater detail in Sees. 1 to 6, 
inclusive, as illustrations of well-matched transmission-line terminal 
loads. For values of attenuation of 20 db of more, the matching shapes 
which have been described can be directly copied, since the reflection 
from the far end of the attenuator will be insignificant and without effect 
at the input end. For values of attenuation below 20 db, the matching 
sections must be modified in order to minimize or eliminate this reflection. 
As in the original design, only procedure by trial and error will lead to a 
satisfactory solution. 

One illustration, Fig. 12-13 shows the construction of a fixed attenua
tor pad for a 75-ohm transmission system with linen Bakelite as the lossy 
dielectric.1 The matching section is designed for a wavelength of 10 cm 
and a relative dielectric constant of approximately ke = 4. Instead 
of Bakelite, either mahogany wood or Transite could be used. Both 
the wood and the Transite have about the same loss factor as Bakelite, 
but are even more subject to the influence of humidity than is Bakelite. 

1 Used by Sperry Gyroscope Co., Garden City, Long Island, N. Y. 
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Of course, a coating of a sealing, moisture-proof varnish can be used to 
reduce the effect of humidity, although usually its effect cannot be elimi
nated entirely. 

Other materials that have been used are Durez 7421, which is a 
thermosetting plastic, and various polyiron materials. 

12-9. Fixed Waveguide Attenuators.—A material of a somewhat 
different type is the IRC resistance card, a phenol fiber, approximately 
■yj in. thick, on which is sprayed a mixture consisting of graphite and 
a binder; the latter volatilizes when heated to about 100°C and leaves 
a carbon coating of reasonable uniformity and adequate resistance values 
depending upon the length of baking. It is easy to cut this card material 
into different shapes and to use it, particularly in waveguides, as a power-

_ ̂  Rectangular brass tubing 
o \ j'x l"x0.050"wall 

s?3 o , 

H / 0 . 2 8 7 ' A J 
^ Linen bakelite 

Flo. 12-14.— Waveguide attenu- F I G . 12-15.—Polyiron wave-
ator. guide pad for 1.25 cm. 

absorbing element. In the form of a tapered vane, it can be placed 
in the center plane of the waveguide parallel to the small dimension and 
used for small power levels as a fixed attenuator. Data on the measured 
attenuation rates, voltage-standing-wave-ratio values for different 
waveguide sizes, and resistance values of the strips have been collected 
in Table 12-4; therefore, the design of simple waveguide pads is relatively 
easy. As has been indicated, the IRC strip might be replaced by a strip 
of Uskon cloth that has better mechanical strength. 

For large power levels it is necessary to use material of greater bulk 
in order to provide proper heat exchange with the ambient air. A fixed 
waveguide pad of approximately 10 db attenuation at a wavelength of 
3.2 cm, in which linen Bakelite is used as the lossy dielectric,1 is shown 
in Fig. 1214. 

Polyiron materials have also been used very effectively in waveguides 
with stepped cross sections to provide proper matching. The charac
teristics of polyiron of several types have been determined (see Table 12-3) 
and therefore, the design of attenuator pads for the wavelength range 
from 3.13 cm to 3.53 cm in a waveguide of inner dimensions 0.400 by 
0.900 in. is relatively simple. For other frequency ranges and other 
waveguide sizes, new designs would have to be made, although the 
values given can serve as a guide. 

1 Used by Sperry Gyroscope Co., Garden City, Long Island, N. Y. 
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The design of a waveguide pad for the wavelength range of 1.25 cm 
+ 1 per cent, with a nominal attenuation of 22 db, is shown in Fig. 12-15. 
The waveguide has inner dimensions of 0.169 by 0.419 in. and the polyiron 
used is material No. 1725. As a bilaterally matched pad, the VSWR 
was held to less than 1.2, but the dimensions had to be met very closely 
in order to stay within these specifications. 

Of course, any lossy material can be used for the design of fixed pads 
as long as provision can be made for matching sections and machining, 

or if other suitable forming proc
esses are applicable. 

12-10. V a r i a b l e Waveguide 
Attenuators.—The simplest type 
of variable attenuator for wave
guides is the so-called flap attenu
ator, shown schematically in Fig. 
12-16. The dissipative element is 
again an IRC resistance card, cut 
along a circle in order to achieve 
good voltage standing-wave ratio. 
A single strip, of resistivity 200 
ohms per square, with the dimen
sions shown will give about 10 to 
15 db attenuation in a waveguide 
whose inner dimensions are 0.400 
by 0.900 in. In order to provide 
mechanical rigidity, two resist
ance cards of 200 ohms per square 
can be glued together back to 

This results in a combined film resistivity of 100 ohms per 
square and in a somewhat higher value of attenuation. Insertion 
into the guide is made through the broad top side of the guide 
and the vane swings about a hingelike holder. Because of the sim
plicity of its construction, an attenuator of this type is probably the 
most frequently used attenuator in test setups where the obvious 
leakage from the slot in the guide is of no particular concern. It is used 
near the oscillator as a buffer attenuator to avoid reaction of the load 
changes upon the oscillator; it is used as a variable buffer in the detector 
section of attenuation-measuring arrangements, but only if it cannot 
influence the input power to the detector through leakage coupling; 
it is also used to adjust power to predetermined levels where the amount 
of attenuation needed is of no interest. Building a casing over the central 
part of the waveguide and driving the resistive-strip holder suitably 
by means of a shaft extendiog through the casing, has produced calibrated 

10.400" 
FiQ. 12-16.—Variable waveguide attenuator 

of the flap type. 

back. 
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flap attenuators for about 24,000 Mc/sec and with maximum attenuation 
values of 90 db. These flap attenuators, however, were found to be very 
sensitive with respect to exact centering in the guide, parallelism to 
the guide walls, and exact shape of the resistive vane. 

A variation of a flap attenuator of this type is shown in Fig. 12-17 
where the resistance card is cut in spiral shape and is attached to a 
circular metal disk. This disk is centered on a shaft which penetrates a 
leakage-proof casing. The rotation of the shaft might also move a 
pointer or a dial calibrated directly in decibels of attenuation as measured 
against a comparison, standard. By properly shaping the resistance 
card, a scale of attenuation which is almost linear can be attained with 

F I G . 12-17.—Attenuating strip moving vertically in guide. 

rather good voltage standing-wave ratio. Although the construction is-
again simple, lack of mechanical rigidity and the possibility of a slight 
deformation under the influence of temperature and humidity would 
militate against the use of this card as a precision attenuator. Values 
of attenuation up to about 40 db are obtained easily, whereas higher 
values present considerable difficulties. These difficulties result from 
the coupling of the guide with the casing above, which permits much 
of the electromagnetic power to flow through the less attenuating path 
through the casing. 

Instead of insertion through a slot in the guide, a vane can be fitted 
into the guide parallel to the small waveguide dimension as shown in Fig. 
12-18. For mechanical reasons, two resistance cards can be used, cut 
either with tapered matching sections as shown in Fig. 12-18a or with 
notches as in Fig. 12186 and glued back to back. Depending on the 
type of drive chosen, considerable accuracy of setting can be achieved.1 

However, temperature and humidity occasionally cause deformations 
of the strip which make reproducibility and reliability somewhat 
questionable particularly at the high values of attenuation where varia
tion with position is very rapid. An illustration of this performance, Fig. 
1219, shows the attenuation versus position of a vane, as in Fig. 1218a, at 

1 E. I. Green, H. J. Fisher, and J. F. Ferguson, "Techniques and Facilities for 
Microwave Radar Testing," AIEE Technical Paper No. 46-40, January, 1946, p. 22 

i 
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the three wavelengths 3.1, 3.32 and 3.5 cm and in a waveguide of inner 
dimensions 0.400 by 0.900 in. It can be observed from this figure, that 
the variation of attenuation with wavelength is large and not very 
systematic and therefore interpolation is very difficult. Another 

(<0 
F I G . 12-18.—Variable waveguide attenuator of the vane type, (a) tapered vane, (b) 

notched vane, (c) perspective of assembly. 

illustration of performance, Fig. 12-20, shows the calibration curves for 
the notched-end plate of Fig. 12-18 for different widths of the vane and 
for a fixed wavelength of 3.20 cm in a waveguide whose inner dimensions 
are 0.400 by 0.900 in. I t is important to observe the critical influence 
of the width of the vane upon the attenuation curve which leads to a 
resonance peak for a width of 0.355 in. at a distance of A in. from the 
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side wall. T h e design of t h e resistive s t r ips is still an ar t , and from new 
appl icat ions unexpected results can be an t ic ipa ted . 

I t is possible to obta in improved performance wi th respect to var ia t ion 
of a t t e n u a t i o n wi th frequency if two vanes moving s imul taneously from 

45 
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10 

x=: 
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.5 cm / 

.32 cm. 

/ ( = ■ .10 cm 

FIG. 12-ig 

1 2 3 4 
Insertion into waveguide in 32nd of inch 

-Calibration of tapered-end IRC resistive-vane attenuator. 

t h e opposi te small sides of t he waveguide toward the center a re used. 
T h e complicat ion in cons t ruc t ion is, however, considerable, and the 
increase in to ta l a t t e n u a t i o n is no t uniform. 

PRECISION METALIZED-GLASS ATTENUATORS 
B Y E. W E B E R 

T h e d e p t h of t he pene t ra t ion of e lec t romagnet ic fields in to meta l s 
can be derived by means of Maxwel l ' s field equat ions as 1 

\ blfJLO 

where u> = 2irf and / is t he frequency of t he oscillation in cycles pei 
1 J. A. Stratton, Electromagnetic Theory, McGraw-Hill, New York, 1941, p. 504. 
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second, n is the absolute permeability of the metal, and a is its con
ductivity. For copper, at microwave frequencies of about 10,000 Mc/sec, 
a depth of penetration of 7 X 10~5 cm is obtained. Very thin metal 
films, appropriately applied to dielectric carriers, can be made of thick
nesses of 10 - 6 to 10~6 cm; they will then exhibit essentially uniform 
current distribution even at the highest practical microwave frequencies. 

70 

60 

50 

a 

I . 
20 

10 

0 1 2 3 4 5 6 7 
Position in ̂ s inches 

F I G . 12-20.—Calibration of notched-end IRC resistive-vane attenuator for varying widtha 
of the vane. 

Moreover, these metallic films, with glass as a foundation, can be made 
stable, unaffected by humidity, controllable as to resistance, and 
reproducible. 

If these metal films on glass tubing are used as the inner conductor 
of a coaxial system, precision attenuators of fixed values can be obtained 
if suitable casings are provided which permit insertion in a standard 
coaxial line. With a variable metallic shunt path to the film, variable 
attenuators can be obtained which are of particular use as laboratory 
instruments. 

12-11. Electrical Design of Coaxial-pad Inserts.—In the electrical 
design of the coaxial attenuator insert, dimensions and resistances of 
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film sections on insulators must be specified so that the over-all unit 
matches and has the required attenuation. In order to design units of 
various types, it is necessary to refer to the basic principles of transmission 
lines with series loss. 

A section of uniform transmission line, in which the center conductor 
is a thin metallic film on a dielec
tric carrier, has a complex charac
teristic impedance with a real part 
greater than the characteristic re
sistance corresponding to the di
mensions of the lossless line, and 
a capacitive reactive component; 
thus, 

R + juL z<=4 
= ^V i + j^ = z ° ( w _ > ) ' 

(12) 
where R, L, and C are the resist
ance, the inductance, and the ca
pacitance, all per unit length 
(neglecting radiation resistance). 
The quantities u and v then are, 
respectively, the resistive com
ponent and the reactive compo
nent of the impedance normalized 
with respect to the geometric char
acteristic resistance, Z0 = WL/C. 

If the quantities u and v are considered as functions of the resistance 
per unit length, they are related and define a curve on the impedance 
chart. For convenience, let 

= R_ = R\p 
OIL 2irZo 

F I G . 12*21.—Normalized impedance chart for 
a line with series resistance. 

(13) 

where X0 is the wavelength for the lossless line in which R 
substitution 

x = sinh 20 

is used, there is obtained from Eq. (12) 

u = cosh 6 and sinh 9. 

0. If the 

(14) 

(15) 

From this, it is seen that the real part of the characteristic impedance is 
always greater than the lossless (R = 0) characteristic resistance. The 
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locus of the normalized complex characteristic impedance, for a portion 
of the impedance chart, is shown in Fig. 12-21, with values of the param
eter x indicated along the curve. For greater accuracy, special tables1 

of the functions in Eqs. (14) and (15), or conventional tables of the 
hyperbolic functions, may be used. 

Similarly, the general expression for the propagation constant of a 
uniform transmission line can be reduced to functions of u and v, 

y = \/ju>C(R + juL) = ju VLC yj . . R 
1 - J-f- = 

2*- (v+ju). (16) 

With the general form y = a + j@, the attenuation constant becomes 
2T 

and the phase constant becomes 

nepers/meter, 

2x 
= Yu 

2,r 

(17) 

(18) 

FIG. 12-22.—Schematic diagram of single 
metal-film section. 

where X„ = X0/u is the actual wavelength in the resistive line, which is 
thus always shorter than the free-space wavelength. 

Therefore, if any one of the three quantities, x, u, or v, and the 
lossless wavelength X0 are known, 
the calculation of the normalized 
line characteristics—characteris
tic impedance Zc, attenuation 
constant a, and phase constant 
/3—necessary for the design of the 
attenuator, can proceed. In fact, 

from Eq. (17) an expression for the attenuation per wavelength (meas
ured in the lossless line) can be obtained 

a = X„a = 2m. (19) 
This expression can be considered as a measure of all the design param
eters, and it determines the performance that may be expected of an 
attenuator. 

Let us assume first a single coaxial-line section of length s with metal 
film as shown schematically in Fig. 12-22, and with the same diameter 
ratio of conductor surfaces as the lossless line, so that the same geometric 
impedance holds for all three sections. From transmission-line theory, 
the expression for the input impedance to the film section is found to be 

„ 1 - Rtlf-*T v 4 — ^—;—is—^rr. "C (20) 1 + R^e-ty' 
1 R. W. P. King, Electromagnetic Engineering, Vol. I, Appendix II, McGraw-Hill, 

New York. 1945 
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where the reflection coefficient at the junction of lines (2) and (3) is 
defined by 

R" = ZSTT!" (21) 

The over-all reflection coefficient at the beginning of the film section 
becomes 

_ Zo ~ ZL _ Rl2 + R13e-*y 
KL " Z0 + ZL ~ 1 + RltRt*e--*y' (^> 

where Ri2 is the (fictitious) reflection coefficient at the junction of lines 
(1) and (2), if line (2) is assumed of infinite length (or properly termi
nated) ; namely, 

R» = zT+X" (23) 

By symmetry, Ru = Rw- Very frequently, especially in the design 
of attenuators, 

1^12^23 • e-2^| < 0.01, 

and therefore, the approximate and very much simpler form 

RL « R12 + B2 3 ■ e~*-» (24) 

can be used without appreciable loss in accuracy. 
The design of the single metal-film section, which has a given attenua

tion A = as and an ideal match RL = 0, can now be attempted. From 
Eq. (24) together with Eqs. (21) and (23), there results, for RL = 0, 

e2T» = i ; 2ys = ;2jr; 

and with Eqs. (17) and (18) 

4TT — • v + J4TT — ■ u = J2TT, 

which leads to v = 0, u = -jXo/s. The exact solution is trivial, namely, 
A = as = 0. However, if the condition on the match is relaxed to 
permit an input VSWR of 1.02, \RL\ = 0.01, and therefore 

Z° ~ Zc i _ g-*,. 
Zo + Zc = 0.01. (25) 

If the value of Zc from Eq. (12) and of y from Eq. (16) are introduced, 
there is obtained, for the condition for match, 

h^ai1 - ""**«- (*£•)+•"*] - °-01' (26) 
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while for the total attenuation Eq. (17) gives 

A as = 2,-w — • v. s (27) 

By trial and error a combination of s/X0 and a proper pair (u,v) from 
Fig. 12-21 can be found, which satisfies simultaneously Eqs. (26) and 
27). With this solution, it is possible to evaluate x according to Eq. (14)" 

x = sinh (2 cosh -1 u). 

Since s/\o is now known, Eq. (13) is best rewritten as 

(28) 

2x s 
Rs 

To 

z,y* 

from which the value of the resistance R,/Z0 can be determined. For 
small values of attenuation A, 
satisfactory film sections can be 
designed. 

With proper modifications, the 
same relations can be used for the 
design of a metal-film transformer 
section interposed between the 

i Matching 
t " - section 

FIG. 12-23.—Schematic diagram of single 
matching section. 

lossless line Zx = Z0 and a main attenuating film of total attenuation 
large enough to make it appear of infinite electrical length, as shown in 
Fig. 12-23. The condition for match is again given, with slight modifica
tions, by Eq. (24), namely, 

Ri 

RL = Rn + R23e-2T°*° = 0, 
7 7 7. 

R\i = Z, + Z3 ZQ + Zi 

(29) 

(30) 

whereas the total attenuation of line section (2) is, in accordance with 
Eq. (27), 

As = 012S2 2ir — ■ !>2-
s2 

(31) 

By trial and error the complex equation (29) may be readily solved for 
the possible combinations of the pairs (1*2,̂ 2), (v3,Ui), and s2/\0- The 
solutions are unique if the restriction of shortest possible length, s2/X0, 
is imposed. For this condition the results are plotted in Fig. 12-24 
and the over-all attenuation A?, follows from Eq. (31). It is observed 
that the length of the compensator approaches a quarter wavelength, 
and that v2 approaches iv3 as the resistances of both sections approach 
zero; these conditions are identical with those for the quarter-wave 
geometric-mean impedance transformer, and are to be expected. For 
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films of higher resistances, the length of the matching section increases 
beyond a quarter wavelength, and the ratio v3/vt increases rapidly, and 
becomes 6.5 in the range covered by the curve. The ratio of the resist
ance value per unit length in line section (3) to the value in section (2) 
increases at a rate even more rapid than (va/v^). This holds approxi
mately for all attenuators with single matching sections. 

An appropriate extension to n sections of metal film of different 
individual characteristics makes possible the design of more complex 
attenuator inserts for good matching conditions over broader frequency 
bands. In all cases, the trial-and-error method, if applied from the 
background of experience, yields the quickest results. 

Zi~ZQ, 

"2 ' 

ZZ =Z0 {S2-i«J zi*za W3-Jv
3

) 

2 " 

1 -

oL— i i 
0 0.1 0.2 0.3 0 0.1 0.2 0.3 

FIG. 12-24.—Attenuator design with single matching section. 

12-12. Construction of Coaxial Fixed Pads.—A complete, fixed-value 
attenuator pad consists of the metalized-glass insert with metal bullets 
soldered to its ends for insertion into the metallic center conductor of 
the coaxial-line system; a support structure of the inner conductor; and a 
coaxial outer conductor or casing with suitable coupling elements with 
which to connect the pad rigidly to the adjoining line sections. 

Metalized-glass Inserts.—Although several different methods have 
been developed for deposition of thin metallic films1 on glass or similar 
nonmetallic carriers—for example, the Brashear and the Rochelle Salt 
methods of chemical deposition, cathode sputtering, spraying, and other 
methods—there are only two methods which by effective control provide 
the requisite precision for electrical applications: the burning-on method, 
and the evaporation method. Because of the broad range of its applica
tion, the burning-on method will be described in some detail here; the 
evaporation method will be discussed in Sec. 12-15. 

The burning-on method of metal deposition has been known to china 
1 Strong, Procedures in Experimental Physics, Prentice-Hall, New York, 1943. 
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decorators and other artisans for a very long time; it is applicable only 
to noble metals, those metals that are reduced by heating. To form a 
resistive film on the glass, an oily solution of one of the metallic salts is 
painted, sprayed, brushed, or wiped on the glass. When heat is applied, 
the oil burns off and reduction of the salt occurs, leaving a metallic 
deposit on the glass. The glass is then heated to the softening point. 
This causes the deposit to form a compact adherent film on the glass. 
These films are mechanically sound; if they are formed on a clean glass 
surface they withstand considerable abrasion, are little affected by humid
ity changes, and retain good electrical characteristics. The ease with 
which such films are formed expedites production methods. The control 
of the resistance, however, is dependent on the metals used and upon their 
concentration in the original liquid coating, while the uniformity of the 
films is dependent on the method of application. 

The most useful types of metallic solutions are those which contain 
mixtures of platinum and palladium with some rhodium. These are 
particularly useful for fairly high resistance values. For medium resist
ance values, platinum-gold solutions have been used, and for low resist
ances, pure platinum, gold, silver, or palladium solutions are available. 
Where it is necessary to make provisions for solderable connections, a 
paste of platinum- gold has been found most satisfactory. It is, however, 
not a thin film, and its resistance is negligible. 

There are several ways in which the metallic solutions may be applied 
to the glass. In the case of tubing, four procedures have been tried: 
painting with a soft camel's-hair brush; spraying with an atomizer; 
drawing of the tubing through a cup filled with solution; and finally, 
applying by means of a saturated felt washer. Only the last-named 
method proved suitable for close and not too critical control of uniform 
film thickness. In this method, a felt washer is clamped between two 
metal washers. The diameter of the hole cut in the felt is about T J in. 
less than the diameter of the glass tubing to be coated. The metal 
washers used are approximately 2 in. in diameter, with f-in. holes, and 
are clamped together with four machine screws which pass through one 
washer and are threaded into the other. The washers and screws are 
made of brass. The felt is saturated with the solution used, and the glass 
tube to be coated, after thorough cleaning of the glass surface, is forced 
through the hole in the felt. The tube is run up and down through the 
hole two or three times and is rotated slightly while the washer is held 
in a horizontal position and the tube is held in a vertical position. On the 
final passage, as the tube is being withdrawn from the washer, the speed 
of withdrawal is held as constant as possible. The rotation of the tube 
and the constant speed of withdrawal tend to cause a uniform coating 
on the tube. This method of coating is affected by many variables; for 
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example, the concentration of the solution, the degree of saturation of the 
felt, the number of times the tube is passed through the felt, the speed 
of passage, and, particularly, the speed of the final withdrawal. How
ever, this method for experimental work has proved to be the most suc
cessful of the methods tried. 

After the glass tube has been coated with the metallic solution, it is 
placed immediately on a rotating spindle in a drying oven maintained at a 
temperature of approximately 100°C. During this drying period, which 
lasts about 5 min., the volatile oils in the solution evaporate and leave 
the surface film dry to the touch. The tube is then placed on a 
rotating spindle and inserted into a firing oven where it is kept from 5 
to 7 min. at a temperature of 650°-680°C; the length of time and the 
temperature depend upon whether a metallic solution or a paste has 
been used. The rotating spindles in this step ensure uniform heating 
and maintain the alignment of the tube. The rods which form the 
spindles must be of some material that can withstand these temperatures 
for the time required without appreciable softening and consequent 
bending. During this period in the oven, the metallic salts are reduced, 
and the metal is deposited and then bonded onto the semiplastic surface 
of the glass. 

After proper cooling, the resistance of the film is measured. If it 
is too high, another coating may be applied to form a second metallic 
layer on the first, and bonded with it. If the resistance is too low, it is 
advisable to vary the concentration of the solution by the addition of 
thinning agents. If it is necessary to produce resistive films on glass 
tubing in sections with different resistance values, then the higher 
resistance film is formed first over the entire tube. The section which 
now has the final desired resistance is covered with masking,tape, and 
the sections that are to have a lower resistance are coated with additional 
solution. The unit is dried again, the tape removed, and the film cleaned 
with carbon tetrachloride. 

After a film or complex films of correct resistance have been attained, 
collars of platinum-gold paste are burned on at the ends of the glass tube, 
which has previously been ground to the correct over-all length. The 
collars formed by this paste can be soldered readily; thus, they serve as a 
means by which the resistive film can be soldered to metal connectors, 
and thereby form a complete unit which may be inserted in, or removed 
from, a section of a coaxial line. 

It is apparent that the attainment of exact resistance values by 
this "hand method" is almost an art. For better economy, an adapta
tion of the evaporation method has been developed. This consists of 
placing a special mechanical drive into the bell jar which revolves the 
individual spindles carrying the glass tubes. Since the process of 
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evaporation and the vacuum system with the bell jar will be described in 
Sec. 12-15, the discussion here will be restricted to the mechanical 
setup for evaporation on glass tubing. The machine consists of a cage 
which supports twenty spindles, and which turns in a horizontal plane 
about a center line drawn vertically through the center of the base 
plate and, therefore, through the center of the filaments. The spindles 
have small gears at their inner ends which are meshed with a fixed bevel 

Q> This part rotates 

1 Drive shaft 4 Rods 6 Power supply 
2 Wire springs 5 Gears that rotate rods 7 Master bevel gear 
3 Movable part holding rods 

F I G . 12-25.—Mount for attenuator inserts in evaporation chamber. 

gear. The supporting shaft of this bevel gear serves as the axis for the 
cage and spindles. The cage is turned by means of a chain drive which 
runs over a large sprocket wheel mounted over the cage and fastened 
rigidily to it, and also over a small sprocket wheel mounted vertically 
on a shaft offset to one side of the machine. To this small sprocket 
wheel is pinned a drive shaft that extends down, through a Wilson seal 
in the base plate, to a geared electric motoi which drives it through a 
flexible coupling. When the cage is turned by the chain and sprocket 
drive, the spindles rotate on their axes and also revolve about their 
common center. The glass tubes, mounted on the spindles, are rotated 
on their axes and revolved, in a horizontal plane, about the central 



SEC. 12-12] CONSTRUCTION OF COAXIAL FIXED PADS 761 

The 

vertical axis, and thus expose all of their outer surfaces to the molecular 
rays of the evaporating metal. 

The assembly of this machine is shown in Fig. 12-25. In order to 
produce, in a single cycle of evaporation, a resistive film consisting of 
three sections—the end sections having a specified low resistance, and 
the center section a specified, relatively high resistance—a fixed mask 
made of curved sheet metal is mounted just beneath the spindles. 
radial dimension of the mask is equal to 
that of the center section of the desired 
element, and its angular extent is about 
the same fraction of 2ir as the ratio of 
the resistances per unit length of the 
center and end sections. 

Assembly with End Connectors.—As 
an example of the brass end connectors 
directly soldered to the metalized-glass 
insert, Fig. 12-26 shows the bullet for 
|-in.-diameter tubing and a midband 
frequency of 3000 Mc/sec. The cylin
drical cup at the left end is the recep
tacle into which the collars at the ends 
of the metalized-glass tube are soldered. 
The outside wall of this cup is made 
very thin in order to minimize electrical 
reflections and to prevent an excessive 
strain on the glass as a result of the 
soldering process. To reduce still fur
ther the electrical effect of this increase 
in diameter, an adjacent corresponding 
decrease in diameter is provided. By this procedure, the voltage standing-
wave ratio is reduced to less than 1.02 over a +10 per cent frequency band. 
The remainder of the bullet is so constructed as to connect into a 
standard-line inner conductor. A hole is provided in the bullet to permit 
the escape of gas which is formed during the soldering of the glass tubing. 

In order that the metalized-glass inserts may be mechanically strong 
and may fit interchangeably into various coaxial-line systems, the solder
ing technique must meet three requirements; the bullets must form a 
strong bond with the glass insert to which they are soldered, the bullets 
must be axially aligned, and the length between the bullet shoulders 
at the ends of the inserts must be maintained to the correct tolerance. 
The last two requirements are best met by the use of special jigs. 

Protective Coating of Metalized-glass Inserts.—Although the metallic 
films, as produced by the burning-on method, are quite rugged, they can 

h«-0.28l-H 
-— 0.381 -
•— 0.391 

F I G . 12-26.—End bullet for metalized-
glass insert of f-in. diameter. 
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be damaged by abrasion. To protect them during assembly in the 
casing that forms the outer conductor of the coaxial line, and to protect 
them from rough or thoughtless handling, a coat of wire varnish is 
usually painted on the completed element. This includes the glass tube 
with its metallic film and the soldered end connectors. This varnish is 
baked at 150°C for one hour, which causes it to set as a hard film that 
withstands all abrasion except that caused by sharp-pointed tools. 
It also serves as a protection against the effects of prolonged exposure 
to high humidity which might cause oxidation or corrosion of the metallic 
film. To prevent fungus growth which might occur in wire varnish if 
the units are to be used in tropical climates, a plastic, fungus-resistant 
varnish has been used. This also requires baking at 150°C. 

FIG. 12-27.—A J-in. coaxial-line attenuator and insert. 

If the metal films have been formed with proper attention to the 
cleanliness of the glass surface and if care has been taken in all operations 
of coating, baking, and firing, these films are mechanically strong and 
can withstand considerable abrasion; they cannot be rubbed off the glass. 
Dirt, or contamination of the glass surface or of the solution, is always 
evidenced in poorly bonded films that are easily removed from the glass. 
A well-formed, well-bonded metal film resists removal by any means 
except forcible removal by a sharp-edged instrument. The metallic 
films are not permanently affected, either mechanically or electrically, 
by thermal changes between —50° and 150°C, the baking temperature 
of the varnish. The temperature coefficient of resistance of the films 
has an average value of 0.0007 per degree C; slight variations probably 
result from differences in the composition of the solutions used. 

Complete Assembly of Coaxial Pads.—The over-all length of the 
casing is short enough to be convenient and still ensure broadband 
operation. In the case of the f-in.-line and the ^-in.-line units, casings 
of two types have been designed. One type has only one broadband 
(Pound) T-support as shown in Fig. 12-27; this casing is particularly 
convenient when frequent interchange of the attenuator elements is 
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desired. The other type of casing uses two broadband T-supports as 
shown in Fig. 12-28; this casing is recommended for standard attenuators 
which have been carefully calibrated and are to be used as reference 
attenuators. The small -rg-in.-line casing is made only as a complete 
unit, with the insert already bead-supported inside the casing. The 
construction is mechanically very rugged, and is shown in Fig. 12-29. 

0 in. 1 

F I G . 12-28.—Standard coaxial attenuator. 

Fia. 12-29.—A ^ - i n . coaxial-line attenuator. 

1.32 
27 db insert 

V" 

/ / 
/ ^ 4 db 

' / 
y 

* * i i i 8.5 9.0 9.5 10.0 10.5 11.0 11.5 12.012.5 
Wavelength in cm 

8.5 9.0 9.5 10.0 10.5 11.0 11.5 12.0 12.5 
Wavelength in cm 

(o) (6) 
F I G . 12-30.—Voltage standing-wave ratio vs. wavelength of attenuator inserts for \-\n. 

coaxial line. 

All casings are provided with the proper coupling elements and they 
can be inserted easily in transmission systems of standard size. 

12-13. Performance Characteristics of Fixed Coaxial Pads.—The 
most important characteristics of attenuators for broadband use are 
the variations of the voltage standing-wave ratio and of the attenuation 
with frequency. Their power capacity is also of considerable interest. 
The attenuator pads for 1-in. coaxial line, which are used principally as 
laboratory units for precise measurements, have been studied in con-
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siderable detail. As illustration of the results, Fig. 12-30, shows the 
variation, with wavelength, of the voltage standing-wave ratio for pad 
inserts designed for different values of attenuation. Each insert has a 
total film length of one wavelength at a center frequency of 3000 Mc/sec. 
Each curve represents an average of four measurements of voltage stand
ing-wave ratio taken on a pair of attenuators; the voltage standing-wave 
ratio is measured at each end of the attenuator with a matched terminal 
at the output. Single-stub casings with especially low standing-wave 
ratios were used with each insert. The inaccuracy of the measurements is 
probably less than ±0.03 in VSWR. The shape of the curves approxi
mates that which is predicted theoretically. Since these attenuator 
inserts originally were designed for a ± 10 per cent frequency band, the 
performance is quite satisfactory. The inserts for higher values of 
attenuation have a center film of rather high specific resistance, and 
therefore nonuniformities in production tend to have a greater effect upon 
the resultant standing-wave ratio than at lower values of attenuation. 

For these laboratory attenuators the variation of attenuation with 
frequency is very nearly linear. For the pads mentioned above, attenua
tion was very accurately measured at nine different wavelengths, ranging 
from 8.5 to 12.3 cm (3530 to 2440 Mc/sec). Straight lines could be 
drawn through the experimental points with less than ±0.1 db deviation 
for any one point. The data at 8.5 cm and 12.3 cm are given in Table 
12-8 with the measured slope and the theoretical slope calculated from 
the design theory. 

TABLE 12-8.—ATTENUATION VS. WAVELENGTH FOR J-IN. COAXIAL-LINE ATTENUATORS 

Nominal 
attenuation 

value, db 

10 
10 

17 
17 

20 
20 

27 
27 

34 
34 

Measured attenuation in db 

At 8.5 cm 
(3530 Mc/sec) 

9.9 
11.0 

16.6 
17.1 

20.0 
21.5 

28.0 
29.5 

35.4 
36.0 

At 12.3 cm 
(2440 Mc/sec) 

9.7 
10.6 

15.7 
16.1 

18.6 
20.3 

25.8 
27.2 

32.4 
33.0 

Measured slope, 
db per cm 
change of 

wavelength 

0.05 
0.10 

0.20 
0.20 

0.30 
0.40 

0.60 
0.60 

0.80 
0.80 

Calculated 
slope, db per cm 

change of 
wavelength 

0.05 
0.05 

0.20 
0.20 

0.33 
0.33 

0.65 
0.65 

0.95 
0.95 
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The measured values are in good agreement with the calculated values. 
I t can be observed that the frequency sensitivity increases with the 
attenuation value. This effect can be noted by comparing two 17-db 
units, connected in tandem so as to give 34 db, with a 34-db unit. The 
frequency sensitivity of the two 17-db units is 0.40 db/cm, whereas for 
the 34-db unit it becomes 0.80 db/cm, or twice that for the tandem 
connection. 

1.20 

1.16 

1.12 

1.20 

s 
1.08 

1.04 

1.00 

\ 
\ \ 
\ \ 

\ N 

\ 

\ \ 

Theoretical 
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/ 

/ / 

/ 

/ / 
/ / / / 

/ 

9 10 11 
Wavelength in cm 

(a) 10 db pad 

12 8 

Fm. 12-31. 

9 10 11 
Wavelength in cm 

(6) 16 db pad 

-Wavelength vs. voltage standing-wave ratio for-a f^-in. coaxial line pad. 

12 

The attenuator pads for -fVin. coaxial line, which are used principally 
in field instruments, have end-connectors in the form of cable fittings of 
essentially narrow-band design. To study the frequency sensitivity of 
these attenuators, the effects produced by the inserts must be dis
tinguished from those produced by the casing. Fig. 12-31 shows the 
voltage standing-wave ratio vs. wavelength for the metalized-glass inserts 
of attenuation values of 10 and 16 db. These inserts were tested in 
special casings which permitted the evaluation of the performance of 
the inserts alone, and excluded the reflections of the cable fittings and 
the associated bead structures. Here, also, two inserts of each type were 
tested, which permitted four voltage standing-wave-ratio measurements 
per type to be averaged. The inaccuracy of measurement is considered to 
be less than ±0.03 in VSWR. In addition to the experimental data, 
calculated curves are drawn according to the design theory of Sec. 12-11. 
Since the design is based on film length of one wavelength at a center 
wavelength of 10 cm, the agreement between theory and measurement 
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18 

16 

.= 14 

!12 
Temperature 25°C 

can be considered satisfactory. However, the cable fittings add reflec
tions, particularly at the ends of the wavelength band, and consequently 
the over-all voltage standing-wave ratio of the completed pad may show 

values up to 1.34 either at the 
short or at the long wavelength 
end, depending on the type of 
cable fitting used. This demon
strates the frequency limitation 
of the existing cable fittings, which 
with proper redesign will eventu
ally be removed. 

For the same attenuator pads, 
Fig. 12-32 shows the attenuation 
as a function of frequency, ob
tained by very careful measure
ments. Within e x p e r i m e n t a l 
error, these curves can also be 
approximated by straight lines. 
The data on the rate of variation 

of attenuation with wavelength are given in Table 12-9. For use over 
rather broad frequency bands, a smaller frequency sensitivity would be 
required, and a better voltage standing-wave ratio would be needed. 
This indicates a need for a design which is basically new and on such a 
design work has already been begun. 

13 10 11 12 
Wavelength in cm 

F I G . 12-32.—Attenuation vs. "wavelength of 
inserts for i^-in. coaxial line. 

TABLE 12-9.—ATTENUATION VS. WAVELENGTH FOB A-IN. COAXIAL-LINE ATTENUATORS 

Nominal attenuation 
value, db 

10 
10 
16 
16 

Measured slope, db per cm 
change of wavelength 

0.15 
0.10 
0.25 
0.20 

Calculated slope, db per cm 
change of wavelength 

0.1 
0.1 
0.3 
0.3 

With a film length of about two and one-quarter wavelengths, attenua
tion inserts for use at a center frequency of 9091 Mc/sec have been 
designed and built. An insert of this type has a considerably lower 
atteimation value per wavelength, which, according to Sec. 12-11, is a 
basic quantity for the electrical design. As a result, a lower voltage 
standing-wave ratio can be expected for the insert. However, for this 
insert also, the end connectors are of the cable-fitting type and, there
fore, are inherently frequency-sensitive. Special improved end-fittings 
have been designed to reduce this frequency sensitivity, but the principal 
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requirement that they should mate with the existing cable connectors 
so restricted the freedom of design that only limited gain could be 
achieved. Thus, for ten samples of the 20-db unit, and six samples of 
the 10-db unit, the average voltage standing-wave ratio for the complete 
units with the improved casing was measured with the results given in 
Table 12-10. 

TABLE 12-10.—VSWR vs. WAVELENGTH FOR ATTENUATORS FOR TVLN. COAXIAL LINE 

Nominal a t tenuat ion 
value, db 

10 
20 

V S W R values a t 

wavelength 3.5 cm 
(8570 Mc/sec) 

1.21 
1.10 

wavelength 3.3 cm 
(9091 Mc/sec) 

1.17 
1.10 

wavelength 3.1 cm 
(9680 Mc/sec) 

1.20 
1.14 

The insert for the 10-db unit has no impedance-matching sections 
(compensators), and consequently has a VSWR of approximately 1.08 
at the longest wavelength. For this reason, the 10-db units exhibit, 
on the average, a somewhat higher voltage standing-wave ratio than 
the 20-db units which do have compensators. From the design theory 
it is also predicted that only a slight variation in the voltage standing-
wave ratio should occur over the frequency band and this contention 
is supported by the results of measurements. 

For these same attenuators, the variation of attenuation over the 
frequency band of + 6 per cent is theoretically predictable as about 
+ 0.02 db for the 20-db unit; measurements indicate practically unob-
servable variation of attenuation. This excellent result stems from the 
choice of the length of the attenuator inserts and suggests the possibility 
of further improvements. 

Effect of Ambient Temperature.—If coaxial attenuators are used 
as standards in the laboratory, or if they are used over widely varying 
temperatures in the field, consideration must be given to the attenuation 
of the unit as a function of temperature. Although the temperature 
coefficient of resistance of the metal film is small, it is appreciable. 
The temperature coefficient of the film material of the main section is 
measured as 0.0006 per °C, while that of the compensator is 0.0008 per 
°C, for the majority of attenuators. With these values, the performance 
may be calculated as summarized in Table 1211. The performance is 
substantially independent of line size and of the frequency at which the 
attenuators are used. 

Attenuator inserts produced by means of the evaporation process 
(see Sec. 12-12) should be insensitive indeed to large variations in tern-
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perature, since the nichrome film obtained by this process has a very 
low temperature coefficient, about TG of that of the burned-on films 
for which the above data are valid. 

The effect of ambient-temperature changes upon the match charac
teristics of all coaxial attenuators is negligible. 

TABLE 12-11.—EFFECT OF AMBIENT TEMPEBATUBE 
Nominal attenuation Change in attenuation, db per 10°C 

value of units, db rise in ambient temperature 
10 +0.080 
17 +0.124 
20 +0.136 
27 +0.167 
30 +0.180 
34 +0.196 

Power Capacity.—In order to check the power capacity of the 
matalized-glass attenuators, tests of two types were made. In the first 
test, the power was increased slowly to the point of failure; this is a slow, 
tedious, and costly test, and invariably ends in the destruction of the 
unit. From the results of tests of this type it can be concluded that 
inserts of proper uniformity for rw-in. coaxial lines at a center frequency 
of 3000 Mc/sec will withstand one watt of average power under any 
condition of pulsed operation; and attenuators for large line sizes will 
withstand larger amounts of average power, at least in the ratio of the 
insert diameters. In the second test, units were subjected to specified 
values of power and the number of failures were recorded. The results 
of tests on units for Tff-in coaxial line and center frequency 3000 Mc/sec 
are summarized in Table 12-12: 

TABLE 1212.—POWEB TEST OF ATTENDATOES 

Attenuation value, 
db 

20 
16 
10 

Number of 
units tested 

4 
5 
5 

Number of failures 
with 1.5 watts con
tinuous r-f power 

0 
0 
0 

Number of failures 
with pulse power 

1 
0 
1 

In the 14 units tested by applying 1.5 watts of c-w power, no failures 
occurred. These 14 units were then tested at 1.0 watt average power with 
a pulse length of 1.0 j<sec, and a repetition rate of 1000 cps. Two failures 
occurred. The fact that two units failed on 1 watt average power at a 
thousand-cycle repetition rate, after withstanding 1.5 watts of average 
continuous power, indicates that the pulse-power application is the more 
critical test. 
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Because of the reflections at the intersection of the first impedance-
matching section (compensator) and the main film section, the current 
is not exponentially distributed along the metallic film. In the case of 
the 20-db insert one wavelength long, the theoretical distribution of the 
current was determined. The calculations show that in the first centi
meter of the compensator the current remains virtually constant. This 
corresponds to the experimental fact that a large majority of the failures 
occur in the first centimeter of the leading end of the attenuator. 

The actual failure of an insert is initiated by an arc which forms along 
its surface, travels at a rapid rate completely around the insert, and burns 
off an insulating ring. A d-c continuity test quickly indicates the failure 
which is always complete. The failure also causes bad mismatch and 
consequently the attenuation becomes appreciably higher. 

All power tests so far described were restricted to attenuators which 
were not artificially cooled. With water cooling, sufficient to keep 
the temperature of the film to within several degrees of room temperature, 
1 kw of continuous power has been dissipated in a film of 50-ohm resist
ance and of 3-in. length. This might indicate that the temperature rise 
of the film has an effect on the breakdown power. 

Power Attenuators.—Under proper conditions the metallic films 
used in these attenuators can withstand considerable power. Special 
attenuators have been designed for powers ranging up to 30 watts average. 
This has been done by extending the length as far as convenient, and by 
arranging a low-attenuation section in front of a high-attenuation section. 
As a result, a large fraction of the power, about one-half, is absorbed in 
the first section. Such a design is necessary since the exponential 
decrease in voltage in a section of film causes most of the power to be 
dissipated in the leading parts of the film. For a special application at 
7000 Mc/sec, an attenuator was designed in which the first section of 
6-in. length had an attenuation of 6.67 db, whereas the second section, 
also of 6-in. length, had an attenuation of 13.33 db. 

If air cooling can be arranged, the conventional 20-db unit in £-in. 
coaxial line, one wavelength long, at 3000 Mc/sec, can withstand con
tinuous power up to 20 watts. For this high-power application, rather 
thick, low-resistance films are used. If an accurate knowledge of the 
attenuation is desired the attenuator must be calibrated against power. 

12-14. Variable Metalized-glass Coaxial Attenuators.—The principle 
of very thin metal films on glass tubing as inner conductor of a coaxial 
system is also applicable to variable attenuators if a mechanism is 
arranged for effectively short-circuiting a part of the metal film. Two 
possible solutions have been suggested. In the first solution, a metal 
rod is inserted into the metalized-glass tubing from the far end of the 
attenuator, and coupling takes place through the glass wall to the metal 
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film; the attenuation is varied by varying the position of the metal rod. 
In the second solution, the short-circuiting member is a close-fitting 
metal tube which slides over the metalized-glass element and which is 
insulated from the metal film by a layer of varnish in order to avoid 
uncertain metallic contact. 

The chief advantage of a metalized-glass variable attenuator lies in 
the possibility of a very low minimum attenuation of from 2 to 5 db, 
attained by permitting the movable element to short-circuit the entire 
attenuating metal film. In order to achieve this low loss and yet main
tain a low input voltage standing-wave ratio to the attenuator at all 
positions of the movable metallic element over a reasonably broad fre
quency band, special types of matching were developed. 

The input impedance to a long section of the main attenuating 
metal film was given by Eq. (12) and was seen to be complex. Broad
band matching of the main film to a lossless line can, therefore, be 
obtained only by lossy matching elements, and again, two solutions have 
been found. In one case, there is interposed a short section of line 
which has a center conductor, the resistance of which varies gradually 
from zero to the resistance of the attenuating film. Such a transition 
film, or resistance-tapered transformer, provides a very good match 
in both directions over a wavelength band of ± 5 per cent, the VSWR 
being generally less than 1.05. In the other film of uniform 
thickness is used, but applied in longitudinal stripes varying in width 
and number according to the required resistance. A resistance-tapered 
transformer of this type gives as good results as the first one, and is 
considerably simpler to apply. I t is evident that these transformers 
absorb considerable power, but this is desirable in an attenuator. 

A \-in.-line Variable Attenuator.—For application in a range near 
3000 Mc/sec, a laboratory attenuator has been developed for rather 
coarse measurement work in i-in. coaxial line as shown in Fig. 12-33. 
Designed for use with type N connectors, its casing is made of standard 
f-in. line. The tubular element is made of glass coated with metal 
resistive film and is terminated at both ends by brass bullets whereby 
it is supported between a solid T-joint and a hollow joint. Through 
the center of the hollow joint and into the interior of the element is 
inserted the short-circuiting rod the motion of which is controlled 
by a rack and pinion. A central coupling unit is provided to facilitate 
installation of the element. The end shown on the left side of Fig. 
12-33 is called the input end of the instrument. The tapered adap
tor and the T-support are of proved design, therefore the first source 
of possible reflection is met at the input end of the element. A proper 
metal-film transformer is therefore inserted at tha t end. Reflections 
from the back end of the attenuator are generated both at the end of 

file:///-in.-line
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the element and at the end of the sliding rod. The shape of the tip of 
the rod that gives the best results is that of an inverted cone as shown. 
A tip of this shape causes reflections which partially neutralize the 

F I G . 12-33.—Schematic section of f-in. coaxial variable attenuator. 

reflections at the end of the element. The compensation, however, is 
more or less imperfect according to the position of the slider, leading to 
variations in VSWR between 1.0 and 1.45. The total attenuation can be 
made to vary between 5 and 50 db, in a nearly linear manner over a 
considerable range. 

F I G . 12-34.—Schematic section of |- in. variable attenuator. 

A ^-in.-line Variable Attenuator.—For precise laboratory measure
ments, an attenuator in a -g-in. coaxial line has been developed and 
has served both as a standard attenuator and as a general laboratory 
instrument. A schematic section is shown in Fig. 12-34. The element 
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consists of a metalized-glass tube equipped with brass-bullet te rminal 
by which it is supported between two T-joints at the ends of a length 
of standard size ^-in. line. Fitting over the element is a thin-walled 
metal tube or slider which serves to short-circuit the required length 
of the film on the element. This slider is controlled from the outside 
by a rack-and-pinion mechanism attached to it by an insulating handle 
which passes through a longitudinal slot in the outer conductor. The 
mechanism is concealed and protected by suitable metal covers and 
the only exposed moving parts are the control knob and the pointer by 
which the setting is indicated on an engraved scale. 

Tapered 
trans- Main 

-\ former 

1 1 
— film —(— Solid conductor —| 

1 ] r 
Tapered transformer 

1—i—1 
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\— Solid conductor H 
1 

R 
r— Slider 

vv / y«— Element 

J^>- L 
Fio. 12-35.—Diagrams to illustrate the matching of a variable coaxial-line attenuator. 

The curve at the upper right shows the combined resistance of element and slider at the 
position of maximum attenuation. On the lower left are the resistance characteristics of 
the slider (curve a) and the element (curve o). The curve at the lower right is the com
bined resistance at the position of minimum attenuation. 

In this attenuator, the element is coated with metal film so as to 
produce the resistance distribution shown in Fig. 12-35. To the slider 
Fig. 12-34, is attached a short glass tube with stripes of film to form 
a tapered transformer as shown in the photograph, Fig. 12-36, and 
therefore the resistance distribution of the sliding system becomes as 
shown in Fig. 12-35. The slider transformer lies directly over the film 
of the element and the two films are separated only by a layer of baked 
enamel; consequently, at the frequencies employed the capacitance 
between them is very great. Therefore, the resistances of the two films 
may be added in parallel combination. If this be done, it is found that 
the effective resistance characteristic of the element and the slider com
bined is as shown in Fig. 12-35. But the characteristic there shown is 
simply that of a section of attenuating line joined at both ends by 

/ " ^ 
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tapered resistance transformers to normal lossless lines. The combina
tion is therefore well matched in both directions even though the slider 
be moved, for this motion only varies the length of the central flat portion 
of the curve. When the slider system is moved all the way forward and 
the whole length of the uniform portion of the element film is covered by 
the metal slider, then the two tapered transformers are together, but 

F I G . 12-36.—Slider assembly for j - in . variable attenuator. 

face in opposite directions. Their added characteristic is as shown in 
Fig. 12-35 and is equivalent to two tapered transformers back-to-back 
with no intermediate attenuating line. A distinct advantage of the 
design is here evident, for the added characteristic, in this setting of 
minimum attenuation, shows that a very low insertion loss may be 
expected. 

Fio. 12-37.—Side-outlet J-in. variable attenuator. 

In Fig. 12-37 is shown a photographic view of the assembled attenu
ator with end sections that permit power flow into, and out of, the 
attenuating element at right angles to the element. The performance 
of an average standard unit is summarized by the following data: maxi
mum attenuation, 40 db; minimum attenuation, about 3 db; VSWR less 
than 1.25 in both directions, at all settings and throughout a wavelength 
range of +10 per cent; power capacity, 10 watts continuous. A typical 
calibration curve shown in Fig. 12-38 indicates a parabolic variation of 
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attenuation with position of the slider, which is convenient if uniform 
relative accuracy of attenuation measurement is desired. 
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FIG. 12-38.—Calibration of typical f-in. coaxial variable attenuator. 

12-15. Design of Elements for Waveguide Attenuators.—The use of 
metalized glass as a dissipative element in waveguide transmission 
systems is most convenient in the form of thin glass plates; usually, 
these plates carry metal film only on one side, and are suspended in the 
waveguide with the film parallel to the electric field lines. In the 
simplest construction, the glass plate has one or two holes drilled along 
its long center line and is cemented to one or two metal struts. These 
struts penetrate the guide wall, preferably at right angles to the electric 
field lines. These struts can, in turn, be made to move and carry the 
glass plate across the waveguide, as in the variable waveguide attenuators. 

The most reliable cement to use in this construction is Sauereisen1 

Insalute Cement No. 1. It shows strong cohesion and permanence, 
easy applicability, and cold-drying qualities. Although this cement 
is not waterproof, a thick coating of Glyptol cement will minimize any 
detrimental effects from moisture. Humidity tests on cement-held 
plates of this type without the Glyptol coating have shown a "breathing" 
effect as large as +0.002 in. within several hours, during which time 

1 Made by Sauereisen Cements Co., Pittsburgh, Pennsylvania. 



SEC. 12-15] DESIGN OF WAVEGUIDE ATTENUATORS 775 

the relative humidity varied from 20 to 80 per cent. Although this effect 
apparently cannot be completely eliminated, the Glyptol-coated cement 
showed not only less but greatly retarded action. Figure 12-39 shows, 
schematically, the glass as it is cemented directly to continuous struts 
going completely across the wave
guide. 

A much more satisfactory 
method of fastening the glass plate 
to the waveguide struts was de
veloped by the Corning Glass 
Works. First, instead of drilling 
holes, which always causes slight 
chipping and thus weakens the 
glass section, Corning used a very 
fine gas flame to burn out or melt 
out the holes; the sides of these 
holes are perfectly smooth and 
fire-polished, and have a small 
crater of glass which actually 
strengthens the glass locally. Second, Corning designed German-silver 
eyelets as shown in Fig. 12-40 which are crimped onto the glass by special 
jigs; these eyelets permit soldering to the struts, which now have to be 
of solderable material. Shock and vibration tests on plates mounted 

Cement 
Glass plate-

Fio. 12-39.- Cement mounting of glass plate 
in waveguide. 

Solder 

Glass 

i 0.003 
0.119 

io.ooi 
065 

-Brass or silver 
driving struts 

Film on this 
side only 

(a) Assembly ( 6 ) E y e , e t 

FIG. 12-40.—Eyelet mounting of glass plate on waveguide struts. 

by this method have given completely satisfactory results; the effects oi 
temperature and humidity are also eliminated. 

Metalization of Glass Plates.—The metalization of the glass plates can 
be done by different chemical or mechanical processes of metal deposition. 
Utmost uniformity, together with the close control of thickness for the 
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proper rate of attenuation, can, however, be attained only with the 
evaporation process.1 

In the evaporation process, the pieces to be coated with film are 
placed in an airtight chamber. In this chamber, and at a considerable 
distance from the pieces, is a heating element to which is attached a 
sufficient quantity of the material desired for the film. The chamber is 
evacuated to a low pressure during which time the filament is heated, 
which in turn melts and volatilizes the material to be evaporated. 
Molecular particles of the material deposit on relatively cool surfaces, 
and form a thin film. The amount of material required to produce a 
film of known resistance, and the rapidity at which it is formed, can be 
easily controlled by varying the temperature of the filament. The 
resistance of the film formed can be measured continually throughout 
the process by means of clips fastened to a glass plate placed in the 
chamber. Leads from the clips, brought out from the chamber through 
insulated and vacuum-tight seals, can be connected to an ohmmeter 
or other resistance-measuring device. By this means, the resistance of 
the film formed can be continually followed throughout the process, 
and the process can be stopped when the exact value of resistance is 
attained. The films formed on glass by this process are very adherent, 
are of considerable uniformity, and have excellent electrical properties 
for microwave work. 

The equipment needed for evaporation of metals or nonmetals has 
already been described in detail in available literature.2 The first, 
and most obvious, unit of equipment is a large, high bell jar with an 
accompanying oil diffusion pump and forepump. The pumps must have 
sufficient capacity to exhaust the bell jar fairly rapidly to an ultimate 
pressure of 10.~4 to 10 - 5 mm Hg and they must have an ionization gauge 
for measurement of low pressures. To heat the filaments, a controllable 
power source, either d-c or a-c, of low voltage and high current is 
needed. This source is most conveniently provided by a low-voltage 
power transformer controlled by means of a Variac in the primary 
circuit. The glass plates should be supported from 10 to 15 inches 
above the filaments. As the distance between the filaments and the 
plates increases the degree of uniformity of deposition of the metal 
evaporated increases. The base plate of the vacuum system should be 
equipped with as many insulated and vacuum-sealed binding posts 
as are required to satisfy the demands for electrical connections within 
the bell jar. 

It appears reasonable, at first, to use the noble metals, gold, platinum, 
•A. A. S. Moore, "Production of Semi-reflecting Films of Chromium on Plane 

Mirrors," J. Sci. Instrum., Vol. 22, June 1945. 
i J. Strong, Procedures in Experimental Physics, Prentice-Hall, New York, 1943. 
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and silver, for evaporation because of their immunity to oxidation and 
corrosion. However, in order to obtain a reasonable amount of electrical 
resistance of the film, the thickness of the film needs to be only a few 
times greater than the molecular diameter. For example, consider a 
film of platinum having a resistivity of 100 ohms per square and evapo
rated onto a glass plate 5 cm long and 1 cm wide. The resistance from 
end to end is then 500 ohms. Since 

R = T = -,' (32) 
A wt 

in which R is the resistance in ohms, p the resistivity in ohm cm, I the 
length of film, w the width of film, and t the thickness of film, then, 
under the assumed conditions 

pi 9.83 X 10-6 X 5 _ „_ _ l n _ . . 0 . t = - ^ = ■ 1 ^ -_- = 9.83 X 10 8 cm = 9.83A. wR 1 X 500 

This is an extremely thin film, approximately 5 molecules in thickness. 
Films of this thickness are difficult to obtain and are usually unstable. 
Of various metals and alloys which were tested, the most useful was 
found to be the resistive alloy nichrome. Films prepared by evaporation 
of nichrome exhibit the high resistivity and also the low temperature 
coefficient of resistivity which are characteristic of nichrome in bulk. 
The thickness of a nichrome film of the same type and value as that 
chosen in the above example is, however, 

pi 10.0 X IP"6 X 5 . t = —£ = FT^ = 100 X 10 8 cm = 100A. wR 500 
This film is approximately 50 molecules in thickness and is very stable. 
The only difficulty in producing uniform films of such resistance alloys 
arises from the large amounts of nickel that they contain. Nickel, 
when melted, dissolves most other metals, particularly the high-melting-
point metals, such as tungsten, molybdenum, and others, which are 
suitable for use as heater elements in the evaporation process. This 
might cause a disintegration of the heater before a film of sufficient 
thickness is deposited, and furthermore, the dissolved heater material 
is also evaporated and has an adverse effect on the electrical properties 
of the film. I t is, therefore, necessary to use tungsten wire of excessive 
thickness as a heater and a larger quantity of nichrome than is actually 
required for the film, so that, when it melts, the tungsten is coated with a 
nichrome layer so thick that a- satisfactory film can be formed before 
tungsten has time to diffuse through the nichrome layer to the surface. 

Because of the extreme thinness of the film, even the slightest deterio
ration of the surface seriously alters the resistance of the film. It is 
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therefore necessary to apply by evaporation a protective coating to 
the metal film before removing it from the vacuum. Magnesium fluoride 
was found to be the most convenient material for this purpose because 
of its low temperature of volatilization. A very thin coating of magne
sium fluoride not only protects the metal film completely from chemical 
deterioration but, because of the great hardness and strength, it also 
prevents accidental mechanical injury of the film. 

Window glass $ thick Window glass £th ick 

(a) Taper match (6) Blank glass matching sections 

*744pyrex glass 0.038"thick *744 pyrex glass 0.038"thick 
(c) Complex film matching sections (d) "Tongue" type matching sections 

F I G . 12-41.—Types of matching of metalized-glass plates. 

If all precautions have been taken in cleaning the surface of the 
plates, or tubes, the film deposit has considerable adherent strength. 
The combination of the film and the protective coating of magnesium 
fluoride which covers it has such great strength that ordinary abrasion 
from rubbing does not scratch the film; indeed, only a very sharp instru
ment pressed hard against the film, can penetrate the coating and 
damage the film. Further, since the fluoride coating completely covers 
the metallic film, the films are unaffected by change of humidity. The 
films also after having been subjected to temperature changes between 
— 50°C and 150°C show no permanent change in their resistance. Within 
this temperature range the temperature coefficient of resistance has been 
repeatedly checked and has an average value of 6 X 10 - 6 per degree C. 

Matching Characteristics of Glass Plates.—Most attenuators require, 
in addition to stability, that the input impedance to the unit be almost 
equal to the characteristic impedance of the line or waveguide used. 
Unless the metallic-film resistance is very high and the supporting glass 
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dielectric is very thin, resistive plates will not match well without a 
transition or matching section preceding the active attenuating element. 
Four separate types of transitions, or matching sections, have been 
developed for use on the glass plates which are shown in Fig. 12-41. Two 
kinds of glass, either window glass iV in. thick or 0.038-in. No. 774 Pyrex 
glass, are used for all plates. Some of the matching arrangements prove 
more satisfactory with one of the glass types. 

The possibilities of the taper match are perhaps most apparent. The 
taper section in Fig. 12-41 is actually a transition section and depends 
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F I G . 12-42.—Variation of voltage standing-wave ratio with length of taper. 

for match upon a small rate of transition, or change in characteristic 
impedance, per wavelength. The response curve shown in Fig. 12-42 
is common for most taper transition sections and shows the variation of 
match as the taper is increased to several wavelengths in length. Film 
resistance, the dielectric constant of glass, and the thickness of the glass 
determine for a given wavelength the length of taper required for best 
match. Window-glass plates, with the relatively high dielectric constant 
ke = 7, usually require a shorter taper than the Pyrex-glass plates. As an 
example of the results that can be expected with soft glass, plates 0.375 in. 
wide with a film resistance of 80 ohms per square and a taper length of 
1-J in. can be made to have VSWR's of less than 1.1 in a waveguide of 
0.400 by 0.900 in. ID and over a frequency band of + 6 per cent cen
tered near 9000 Mc/sec. In fact, the VSWR can be below 1.1 for all 
positions of the plate in the guide, a very desirable characteristic for 
application in variable attenuators. 

In order to reduce the length of the matching sections, the trans
former shown in Fig. 12-416 has been developed for window-glass plates. 
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The theoretical details for this type of match have not been fully explored; 
it is known, however, that the blank glass present in the guide changes 
locally the characteristic impedance, which, together with the effective 
reactance provided by the shunt field distortion at the front edge of the 
glass, is apparently capable of matching window-glass plates with metal 
films which have a resistance of 100 ohms per square. This matching 
arrangement is most useful in narrow-band, variable attenuators. The 
dimensions have to be specifically determined for each frequency. 
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F I G . 12-43.—Impedance data for tongue-matched Pyrex plate. 

The "complex film" transforming section shown in Fig. 12-41c is 
most useful for very thin Pyrex plates. The length and the resistance 
of the film transformer sections are determined experimentally. As an 
example, a main-film resistance of approximately 140 ohms per square 
could be matched by a transformer length of 0.330 in. with a matching-
film resistance of approximately 400 ohms per square over a frequency 
range of about ± 6 per cent centered at 9000 Mc/sec if used in a waveguide 
of 0.400 by 0.900 in. ID. The need of different film resistances on the 
same plate makes the use of the evaporation technique imperative. In 
order to metalize the element, the transforming sections are shielded, 
and the main section is evaporated first. When metalization has been 
completed, the shields are removed and the transformer section coated to 
the proper resistance. Since, for the second evaporation, the main 
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' F I G . 12-44.—TMX-18PB film specifications. 

section is not shielded, two parallel coatings of resistive film exist in the 
main section, separated by a film of magnesium fluoride. 

For broadband match on thin Pyrex plates a matching section of the 
type shown in Fig. 12-41d has proved to be the most satisfactory. The 
tongue section is made by suitable masking during evaporation. I t 
provides a transforming section 
with a complex characteristic im
pedance similar to the com-
plexfilm match. Film resistance 
is uniform, however, and the 
tongue width determines the dif
ference in characteristic imped
ance between the matching and 
the main sections. The critical 
transformer dimensions have to be 
determined experimentally and 
differ for different film resistances of the main section. The broadband 
input impedance data for a typical plate using a match of this type are 
shown in Fig. 12-43 for a rectangular waveguide of 0.400 by 0.900 in. ID and 
used over a band of + 6 per cent with a center frequency of 9000 Mc/sec. 

12-16. Waveguide Pads of Fixed Values.—In the study of the depend
ence of attenuation at various frequencies on the position of a metalized-
glass plate within the waveguide, it has been found by careful measurements 

that there exists a region of mini
mum frequency dependence of 
attenuation over a broad fre
quency band at a distance of about 
a/8 from the side wall of the guide. 
Usually, the glass plate carries the 
metal film facing the nearer side 
wall and the distance is measured 
from the film surface to the wall. 
If a properly designed glass plate is 

located in this region of minimum variation of attenuation with frequency, 
particularly desirable fixed waveguide pads are obtained, which can be 
used as calibrated attenuation "gauge blocks" to extend the range of 
power meters without appreciable loss of accuracy. 

Figure 12-44 shows the dimensions of a metalized-glass plate which 
gives an attenuation of 3 db in a waveguide of 0.400 by 0.900 in. ID 
when spaced 0.1 in. from the side wall and supported by a strut which, 
for mechanical reasons, extends completely across the waveguide. The 
design of the matching sections of this plate must take into account 
not only the match to the main attenuating film itself, but also the fact 

0.181"-

F I G . 12-45.—TMX-16PB film details. 
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that the main-film section is very short, has low attenuation, and there
fore has an input impedance which depends on the termination of the pad. 
In addition, the supporting strut presents a local capacitive susceptance 
of appreciable value (see Sec. 12-18). Under these conditions, the 
accurate measurement of attenuation becomes an important problem 

F I G . 12-46.—TMX-81PB fixed attenuator in 

and is discussed further in Chap. 13. Variation of attenuation with 
frequency over a 6 per cent band, centered at 9000 Mc/sec, is less than 
0.2 db, and thus this pad makes a very accurate gauge block to establish 
the half-power point for measurements of Q. To demonstrate the influ
ence of the positioning of the plate upon the variation oi attenuation 
with frequency, a special casing was constructed with a fine micrometer 
drive and the same plate moved successively to positions giving 3, 4 5 

TABLE 1213.—VARIATION OF ATTENUATION WITH FREQUENCY FOR DIFFERENT 
POSITIONS OF THE SAME PLATE 

Position 
of plate 

3 d b 
4 d b 
5 d b 
6db 

X = 3.13 cm 

3 03 db 
4.0 
4.90 
6 1 

X = 3.33 cm 

2.97 db 
4.0 
5.01 
6.0 

X = 3.40 cm 

5.67 db 

X = 3.53 cm 

2.86 db 
3.7 
4.50 
5.55 

Spread of 
attenuation 

0.17 db 
0 30 
0.51 
0 55 
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and 6 db of attenuation at 9000 Mc/sec. 
with frequency is shown in Table 12-13, 
and the variation of the voltage stand
ing-wave ratio is given in Table 12-14. 
For accurate measurements of voltage 
standing-wave ratio, it is also important 
to observe the effect of the coupling 
flanges, which cause additional fre
quency sensitivity beyond that of the 
metalized-glass plate itself. This effect 
is evident from the results given in 
Table 12-14. 

Another example of the advanta
geous use of the frequency-insensitive 
region is the design of the metalized-
glass plate shown in Fig. 12-45. This 
design is for a fixed waveguide pad of 
attenuation values between 25 and 30 
db. In this case, the matching section 
can be designed to match the main film. 
To improve the voltage standing-wave 
ratio, the two struts used to support the 
plate do not continue beyond the glass 
plate, as shown in Fig. 12-46. The per
formance of this attenuator over the 
frequency band from 9000 to 9470 
Mc/sec is given in Fig. 12-47 and shows 
particularly low voltage-standing-wave-
above 20 db. 

The variation of attenuation 

1.06 

0.080" 0.100" 0.120" 0.140" 
Insertion 

30 

28 

:26 

5 24 S 

22 

20 

X=3.33 

i 

cm // X = 3.17 cm 

0.080" 0.100" 0.120" 0.140" 
Insertion 

F I G . 12-47.—TMX-16 attenuator char
acteristics vs. insertion. 

ratio values for attenuations 

TABLE 12-14.- -VARIATION OF VOLTAGE STANDING-WAVE RATIO WITH FREQUENCY 
FOR DIFFERENT POSITIONS OF THE SAME PLATE 

Position 
of Plate 

3 d b 

4 d b 

5 d b 

6 d b 

Direction of 
measurement* 

Choke end 
Flange end 
Choke end 
Flange end 
Choke end 
Flange end 
Choke end 
Flange end 

X = 3.13 cm 

1.065 
1.03 
1.082 
1.065 
1.09 
1.07 
1.11 
1.10 

X — 3.33 cm 

1.041 
1.062 
1.064 
1.065 
1.10 
1.105 
1.10 
1.145 

X = 3.53 cm 

1.055 
1.079 
1.042 
1.082 
1.045 
1.09 
1.08 
1.12 

* Casing was furnished with one choke and one flange coupling. For " c h o k e " reading, a t tenuator 
is coupled in through flange-choke combination. For " f lange" reading, the coupling ia through a 
flange-flange joint. 
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12-17. Construction of Variable Waveguide Attenuators.—In princi
ple, the construction is of the same type for variable waveguide attenu
ators with metalized-glass inserts as for laboratory attenuators which 
use carbon paints or deposits on dielectric carrier plates (see Sec. 12-10). 
However, the driving mechanism for variable attenuators incorporating 
metalized-glass plates must be of considerable precision in order to avoid 
the imposition of undue mechanical stresses upon the glass. The result-

F I G . 12-48.—Cam drive for variable attenuator. 

ing accuracy of positioning the dissipative metal film, together with the 
stability of the film itself, make these variable attenuators almost 
necessarily of the precision type suitable for permanent calibration. 

The distinguishing features of the variation of attenuation have 
resulted in the development of three principal methods for the construct
ing of attenuators. These methods are incorporated in the single-vane 
type shown in Fig. 12-48, the double-vane type shown in Fig. 12-49, and 
the guillotine type, with either one plate in the center as shown in Fig. 
12-50, or two plates symmetrically located, as shown in Fig. 12-51. 

Single-vane Attenuators.—In attenuators of the single-vane type, two 
struts, accurately aligned, carry the single metalized-glass plate across a 
part of the guide. Special bosses on the side walls of the waveguide 
casing provide bearings as seen at 6 in Fig. 12-48. The actual driving 
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pin a is carefully aligned with the two struts and is attached to a heavy 
plate c which carries these struts. The driving pin in this model1 is 
driven by a cam d against a restoring spring located within the super
structure. For accurate setting, the camshaft carries an engraved dial 

FIG. 12-49.—Double-vane attenuator. 

while a gear-set vernier is usually attached directly to the casing. The 
cam drive has the advantages that the driving pin can be located in the 
center plane between the struts and that the cam can be designed to 
linearize the attenuation curve. It has the disadvantage, however, that 
any noticeable play of the camshaft makes resetting difficult. As an 
example, a metalized-glass insert designed for a maximum attenuation 
of 75 db in a waveguide of 0.400 by 0.900 in. ID has a change of attenua-

1 This cam drive was designed by Philharmonic Radio Corporation, New York, 
N. Y. 
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tion of 0.8 db for each mil of displacement which occurs near a position 
corresponding to 66 db total attenuation. Obviously, the construction 
must be sufficiently sound to permit the resetting of the plate to small 

F I G . 12-50.—Precision 1-cm-band variable attenuator, T P K 35/PB/40. 

50 100 
Dial reading in mils 

FIG. 12-51.—Effect of polyiron on attenuator loss. The ordinate scale is in decibels above 
the minimum insertion loss. 

fractions of one mil. Frequently, a cam follower is built into the main 
pin a to avoid friction and wear; however, this follower must be accurately 
round in order to avoid errors in case of slippage. Furthermore, the 
restoring spring action must be strong enough to prevent the main pin 
from sticking when the cam is turned from higher to lower attenuation. 
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The cam drive can be replaced by a multithread screw drive.1 The 
driving pin carries a very heavy plate, and the plate carries the struts 
supporting the glass plate. A guide pin keeps the plate from rotating 
or becoming misaligned. This casing is simple to construct, has direct
ness of drive, and is easily reset. Hence, it has been widely used for 
attenuators where careful calibration is needed. 

Instead of a dial and vernier, a micrometer drive can be installed 
and the position of the plate can be read on the micrometer head. Or, a 
counter device can be connected to the driving pin which has a fine screw 
thread so that each revolution corresponds to one mil advancement of 
the plate into the guide. 

Another important consideration in the design of casings of the vane 
type is the exact spacing of the supporting struts. The strut-spacing 
tolerance and glass-hole-spacing tolerance must be kept small to permit 
ease of plate mounting. The struts should at no time exert undue pres
sure on the glass plate because pressure may cause breakage. This 
entails equal and exact strut spacing for all plate positions in the guide. 
I t is important that no r-f power leak from the drive openings in the 
waveguide walls. Tests have shown little power leakage from the small 
iVin- driving holes in attenuators of the vane type. Although it is 
possible to provide small polyiron bushings to absorb the small leakage 
power, in most cases this is not necessary. 

Double-vane Attenuator.—From theoretical considerations of the field 
distribution in the waveguide it can be shown that a symmetrical arrange
ment of two glass plates in the waveguide leads to a smaller voltage 
standing-wave ratio than is possible with a single glass plate, and it also 
results in a decreased frequency sensitivity of attenuation. Figure 12-49 
gives a schematic view of the construction needed if two metalized-glass 
plates are driven simultaneously from opposite sides of the waveguide 
towards the center. The supporting struts cannot in this case extend 
across the waveguide. Although this construction affords an electrical 
advantage the mechanical construction is considerably weaker than the 
construction when one plate is used. For large plates, advanced far 
into the guide, the danger of mechanical resonance with impressed 
vibrations exists. This construction, therefore, has not been used for 
field-test attenuators. 

Guillotine Attenuators.—An entirely different principle of variation 
of attenuation is the insertion of a metalized-glass plate through a slot 
in the broad side of the waveguide. Figure 12-50 shows the construction 
of a single-plate attenuator, for a center frequency of 24,000 Mc/sec, 
with a shape resembling that of a guillotine blade. On the broad side 
of the waveguide a frame c is built. From this frame the carrier a is 

1 Designed by F and R Machine Works, Long Island City, New York. 
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suspended by links d which are held in the bearing surfaces of the frame 
by a pair of strong springs. As a special feature of this construction, 
the glass plate / mounted on the carriage block a moves in the arc of a 
circle as the drive screw b is turned. During a constant turning of the 
drive screw, the vertical insertion of the glass in the guide is at first rapid, 
but its speed gradually tapers off as the glass swings to the lower extrem
ity of the arc. If the dial indicator e is used, horizontal rather than 
vertical movement is measured. The form of variation of attenuation 
with plate insertion, combined with the nonlinear characteristic of the 
precision drive, results in an attenuation calibration which is nearly 
linear and which affords accurate setting. 

Since the slot through which the glass plate is inserted is located in a 
region of strong electric field, the inserted glass acts as an antenna, and 
causes power to leak into the cavity formed by the attenuator casing. 
Thus energy is shunted from the main waveguide path, and the maximum 
attenuation obtainable is limited to the attenuation of this shunt path. 
In order to prevent this leakage, a frame of polyiron g is mounted on a 
metallic reinforcement of the top wall of the waveguide. Figure 12-51 
demonstrates the effectiveness of the polyiron choking. Without poly
iron, the maximum attenuation is about 40 db. The variation of the 
attenuation of the leakage path with glass insertion alters the shape of 
the calibration curve. 

This single-plate guillotine attenuator can be contrasted with a 
double-plate guillotine attenuator of the symmetrical or balanced type.1 

Two plates are mounted on a common carrier as shown in Fig. 12-52. 
The carrier is driven by a cam which is mounted on a fixed frame of the 
casing, while the cam follower is affixed to a vertical structure of 
the carrier. Guidance is provided by a pin to avoid rotation about 
the vertical axis. Precise construction of this attenuator casing is 
necessary in order to avoid rocking of the carrier and to maintain strong 
contact between cam and cam follower. In order to avoid the shunt 
leakage provided by the metalized-glass plates, a polyiron frame closely 
surrounds the slots. Without this polyiron frame, the maximum 
attenuation obtainable is about 50 db, while with this frame, attenuation 
values up to 80 db can be obtained with very small variation of attenua
tion over a frequency band of ± 6 per cent centered at 9000 Mc/sec. 

Mechanical Tests on Attenuators.—In many practical applications 
of attenuators, it is necessary that the complete attenuators withstand 
not only mechanical shock and vibration tests, but also corrosion tests 
under salt sprays. The cement mounting of the glass plates is satis
factory under dry conditions, but will not withstand salt spray. The 

1 Designed by Sperry Gyroscope Company, Garden City, N. Y. 
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eyelet mounting as described in Sec. 12-15 is completely satisfactory under 
all test conditions. 

The mechanical strength of the glass plates might be a matter of 
concern under severe test conditions, particularly for long plates such 
as shown in Fig. 12-41d. For calculations on the strength of the cross 
section about the TB-in. mounting hole, it was assumed that the plate was 
rigidly clamped at the point of strut support with a 4.8-cm length of 

F I G . 12-52.—Double-plate guillotine attenuator. 

glass extending out from the support. These calculations show that 
glass is strong enough to withstand the stress imparted by a sinusoidal 
vibration of the glass and the mounting with a maximum acceleration 
of 430<7. The impressed vibration must have a frequency well below 
the natural frequency of 281 cps of the 4.8-cm length of extending glass. 
Static tests made on eleven plates with holes showed them to break 
when the stress applied corresponded to an acceleration of 200(7. This 
reduction from the theoretical strength is probably caused by small 
fractures and strains in the glass. 
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Dynamic shake tests have been made on plates supported outside of 
casings, as well as on plates mounted in commercial casings of the type 
shown in Fig. 12-48 which use both cement and eyelet mounting. The 
shake tests were made by securely fastening the samples to the table 
of a vibration fatigue-testing machine.1 In operation, the table had a 
sinusoidal vibration with a periodic change of frequency of from 10 to 
60 cps over one-minute periods. Each sample was tested for vibration, 
in the plane of the glass and perpendicular to the plane of the glass, for 

ten minutes in each position. 
Four tests were made on each 
sample with different maximum 
accelerations ranging from 7.5 
to 30<7. In addition, all plates 
mounted in casings were tested 
with the plate close to the side 
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Fla. 12-53.—Coordinate system for circuit 

representation of attenuator. 
F I G . 12-54.—Simplified lumped-circuit 
representation of metal film in waveguide. 

wall and with the plate out in the center of the guide. There was no 
glass breakage nor did the joint between the glass and strut become 
loose. Several of the casings, however, were shaken so violently that 
the set screws on the drive mechanism were loosened, and indicated the 
necessity for cementing the set screws securely. Shock tests were 
conducted by directing severe hammer blows against a table on which the 
complete test set was mounted. No harm was done to the glass plates. 
Thus, with proper methods of mounting, the metalized-glass attenuators 
can be used as field instruments as well as for laboratory instruments. 

12-18. Performance Characteristics of Variable Waveguide Attenua
tors.—It is possible to devise a simple equivalent circuit for the dissipative 
action of an attenuator vane in a waveguide, and to explain, in a nearly 
quantitative manner, the variations of attenuation with the resistance 
of the metallic film, the position of the film in the guide, and the relative 
width of the glass plate carrying the film. Thus, if a transverse electric 
field is assumed, the designations in Fig. 12-53 used, and the current 
per unit length in the metallic film in the direction of the electric field 

1 Model 10-HA, manufactured by All-American Tool and Mfg. Company, Chicago, 
111. 
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defined as / , a shunt impedance to the local effective voltage V can be 
supposed as in Fig. 12-54. The resistance R and the inductance L are 
parameters per unit length of the resistive film, and the value of L varies 
with the plate position in the magnetic field of the guide. The con
densers Ci and C2 represent the effective gap capacitances between the 
metalized-glass plate and the metal guide and depend inversely upon the 
gap values <7i and Qi and the resistance R of the film, since they represent 
the fringing effect of the electric field. This lumped-circuit representa
tion is far from complete, but does allow for the possibility of the occur
rence of resonance, which explains, at least partially, some of the 
attenuation characteristics experimentally observed. 

Defining the effective voltage as 

V = 7o sin —, (33) 
a 

and assuming, as a rough approximation, 

r T . irx L = Lo sin —> a 
rt n RoQa ■ irx .„ . C = Co -FT sin —J (34) R g a 

where L0, Ro, go and Co are quantities either empirically determined from 
tests or semiempirically determined from qualitative considerations, 
the current through the metallic film is 

, „ , Ko sin — 
i/i = IZ! = t 

and the dissipated power per unit length is 

(sin ? ) 
\Wo) + \W~o g~o)\S~ s) 

where 

I'!2*! = § ■ TTTx T ^ ^ - 7 rvV (35) 

= uVUCo^^Sm^. (36) 
R g a 

It is readily recognized that resonance occurs at the position Xo for which 
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and that this resonance point is dependent on the width of the plate, 
on the resistance R, and on the frequency U/2TT. No resonance exists 
if the right-hand term in Eq. (37) is larger than unity. 

11 

0 2 4 6 8 10 12 13 
Distance of plate from guide wall in 32nds of an inch 

F I G . 12-55.—Attenuation characteristics of soft-glass vane coated with metallic film. 

Figure 12-55 shows the measured values of specific attenuation of a 
metalized plate of soft glass in a waveguide the inner dimensions of which 
are 0.4 by 0.9 in. The match characteristics, over all tested values of 
width and for both frequencies, were good, with a VSWR of less than 
1.15 even at the point of resonance, and therefore no possibility of a 
reflective resonance effect need be considered. The curves illustrate 
shift of resonance with increasing gap values g; they show the proper 
variation with frequency, and indicate that, in choosing a glass width 
for a certain film resistance, combinations close to resonance must be 
avoided. The change of attenuation with frequency usually becomes 
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large for plate widths near resonance. However, for some applications 
with the plate fixed in position, the attenuation-frequency crossover 
points caused by resonance can be used to reduce the variation of 
attenuation with frequency. 

The curves in Fig. 12-56 illustrate the effect on attenuation, for various 
positions in the guide, as the film resistance is varied. The resistance 

16 , 1 —, 1 1 1 1 

0 2 4 6 8 10 12 
Distance of plate from guide wall in 32nds of an inch 

F I G . 12-56.—Attenuation characteristics of soft-glass vane coated with metallic film. 

values shown are only approximate, since the metal films were not com
pletely uniform. The shape and frequency characteristics of the curves 
justify the tentative acceptance of the equivalent series-resonant circuit. 
Thus, for a resistance of 135 ohms per square at a wavelength of 3.2 cm, 
the attenuation of the plate approaches the value for cutoff waveguide 
at the position corresponding to the cutoff width of the guide formed by 
the metal film and the larger section of the guide. As the plate moves 
out into the guide, the value of the attenuation decreases. However, a 
more complete equivalent circuit would be necessary to explain the 
shape of the attenuation curves of wide plates with a resistance of 80 
ohms per square, particularly the hump in the curve at lower attenuation. 
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As an example of the over-all performance of a particular metalized-
glass-plate design, Fig. 12-57 gives the voltage standing-wave ratio and 
the attenuation characteristics of the plate shown in Fig. 12-58. The 
design is for a frequency of 9000 Mc/sec, or a wavelength of 3.33 cm, 
and the inner dimensions of the waveguide are 0.4 by 0.9 in. The 

0 I — = ^ J 1 1 1 1 1 1 
0 1 2 3 4 5 6 7 

Glass position from side wall in 4y of an inch 
F I G . 12-57.—Attenuation characteristics of typical window-glass plate. 

VSWR for this wavelength is less than 1.075 for all positions in the wave
guide; and the attenuation curve, although not linear, is nearly so for high 
values of attenuation. The minimum value of attenuation, with the 
metal film very close to the side wall, is normally about 0.1 to 0.2 db. 
Although the match characteristics of the long taper are good over a 
rather broad band, the frequency dependence of attenuation is unde
sirably large. This is characteristic of vanes made of window glass. 

The voltage standing-wave ratio of Fig. 12-57 shows the rise of the 
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voltage standing-wave ratio for small insertions of the metalized-glass 
plate into the guide, when only 
small effects from the plate itself 
might be expected. H o w e v e r , 
the glass plates in an attenuator 
of this type are usually supported 
by A-in. brass rods that extend 
across the guide in the plane 
normal to the electric lines of 
force (see Sec. 12-17). Since the 
supporting struts also reflect a small amount of power, the transforming 
section is designed to compensate for these reflections. If there is 

F I G . 12-58.—Metalized-glass plate dimen
sions for characteristics shown in Fig. 12-57. 
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F I G . 12-59.—Attenuation characteristics of Pyrex glass with metallic film. 

sufficient attenuation between the struts and the matching section to 
absorb this reflected power, then the strut problem is of no concern. 
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However, as the glass plate is also used in zero position or in positions 
of small attenuation, it is necessary to space the two struts an approxi
mate distance apart of nX/4, where n is an odd integer, in order to cancel 
the two strut reflections. Such cancellation can be perfect at only one 
wavelength, and in applications over a broad band of frequencies the 
strut effect becomes noticeable at the edges of the band, as seen in Fig. 

; 12-57. 
( For the same waveguide size (0.4 by 0.9 in. ID), the thin pyrex plates 

with metal films should have a width of about 0.372 in. and a thickness 
80 
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F I G . 12-60.—Attenuation characteristics for typical Pyrex plate with metallic film. 
of about 0.038 in. in order to obtain a large range of attenuations, and 
at the same time to avoid the resonance characteristics shown in Figs. 
12-55 and 12-56. The effect of the resistance is shown in Fig. 12-59, 
which indicates a resonance peak for a film of about 135 ohms per square 
at a position -rs in. from the wall. It has been found that a film resist
ance of about 140 ohms per square gives best results with the above plate 
dimensions. 

Figure 12-60 shows the over-all performance of the plate of Fig. 12-41d. 
The match characteristics are given in Fig. 12-43. This plate demon
strates very slight variations of attenuation with frequency up to values 
of 45 db and is therefore exceptionally well suited for broadband attenu
ators in low ranges of attenuation. In fact, if space permits, two of 
these can easily be placed in tandem in order to provide values of attenua
tion up to 90 db with a maximum variation of attenuation of about 2 db 
over the + 6 per cent frequency band centered at 9000 Mc/sec. The 
minimum attenuation obtained with the metalized-glass plate close to 
the side wall of the guide and the metal film facing the wall, is practically 
negligible, in most instances less than 0.1 db. 

For very small sizes of waveguide used for frequencies of about 24,000 
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radius 

Mc/sec, the use of metalized-glass vanes moving across the waveguide 
imposes extremely rigorous tolerances on the 
mechanical construction, and therefore, the 
d e s i r a b l e characteristics of the tongue-
matched pyrex plate cannot be utilized. The 
most suitable attenuator construction is that 
of the guillotine, described in Sec. 12-17, with 
a metalized-glass plate, as shown in Fig. 12-61, 
whose matching characteristics depend on the 
gradual transition provided by its circular 
shape. 

An attenuator with a maximum attenu
ation of 40 db was designed for use over a band 
of ± 2 per cent, centered at 24,000 Mc/sec, or 
for wavelengths from 1.225 to 1.275 cm, with a guide of inner dimensions 
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F I G . 12-61.—Metalized-
glass plate dimensions for 
characteristics shown in Fig. 
12-62. 
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F I G . 12-62.—Performance characteristics of single-plate guillotine attenuator. 
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0.17 by 0.42 in. The minimum insertion loss of the complete unit was not 
more than 0.3 db and Fig. 12-62 shows the typical variation of attenua-

50 100 150 200 250 300 350 
Glass insertion in guide in 0.001 inch 

Fia. 12-63.—Attenuation characteristics of experimental model of 75-db balanced guillotine 
attenuator. 

tion and voltage standing-wave ratio at three different frequencies. 
The maximum variation of attenuation between the edge frequencies 

is below ±0.75 db. 
- An attempt to reduce the fre

quency sensitivity of attenuation 
for high values of attenuation in 
the range of 9000 Mc/sec resulted 
in the construction of the guillo
tine attenuator with two metal-
ized-glass plates inserted into the 
guide as described in Sec. 12-17. 

F I G . 

Window glass yg thick 

12-64.—Metalized-glass plate dimen
sions for characteristics shown in Fig. 12-63. 

Figure 12-63 shows the attenuation characteristics of this attenuator, and 
also indicates the schematic arrangement. Figure 12-64 shows the glass-
plate dimensions with the clear glass matching sections used in this attenu
ator. The match characteristics are considerably poorer than those of the 
tongue-matched pyrex plate. They give VSWR values up to 1.24, but 
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the variation of attenuation with frequency over the band of + 6 per 
cent centered at 9000 Mc/sec is less than 3.5 db for all depths of insertion 
into the guide. This is the result of the interaction between the 
metalized-glass plates within the guide and the cavitylike casing which 
encloses the driving mechanism and superstructure as shown in Fig. 
12-52. The attenuation curves in Fig. 12-63 show a second crossover 
region near 60-db attenuation values, which obviously tends to reduce 
the divergence found in the other regions. Such interaction is neces
sarily critical, however, in mechanical precision, metal film resistance, 
polyiron framing, and possibly other factors, and consequently, repro-
ducibility under normal production processes is difficult to achieve. 

POWER DIVIDERS AS ATTENUATORS 
B Y E. W E B E R 

In power measurements it is often convenient to use a sensitive power 
indicator because of its greater individual accuracy and also because of 
its quicker response. If a power indicator is used it is necessary to 
interpose between the input terminal of the power indicator and the main 
power flow an accurately known amount of attenuation. This attenua
tion is usually provided by radiation coupling either through appropriate 
holes or through pickup antennas. Power dividers of several types are 
used successfully; among those used are calibrated pickup probes, 
directional couplers, bifurcated lines, and branched lines. 

12-19. Calibrated Pickup Probe.—A power-monitoring device of the 
very simplest type is a common slotted section with an adjustable 
bolometer-probe pickup, provided that this probe can be calibrated by 

*- Detector 

\ Probe 
Slotted 
section 

Calibrated 
attenuator 

Detector 
indicator 

FIG. 12-65.—Use of calibrated bolometer probe with terminal load as attenuator. 

an independent power measurement. Figure 12-65 shows an arrange
ment whereby the power into the terminal load L is to be measured by a 
sensitive power detector coupled through the probe to the main power 
flow. The calibration of the bolometer probe can be accomplished by 
substituting for the terminal load a well-matched calibrated attenuator 
and detector. For a certain fixed probe depth and for a fixed setting 
of the calibrated attenuator, the absolute probe indications over a selected 
frequency range can then be defined as the equivalent attenuation values. 

tuning Tuning 
stubs 

a\ b Terminal 
load L 
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By variation of the probe depth, different values of attenuation can be 
attained; but the probe depth must be so chosen that no appreciable 
reflection of power occurs since this reflection detracts from the accuracy 
of the power indication. Furthermore, in order to assure general validity 
of the calibration, the terminal load must be well matched; this can be 
achieved with the tuning stubs, and the bolometer probe in the slotted 
section can also be used to indicate proper match. If no matching stubs 
are available, then the forward power delivered into the terminal load can 
be computed from maximum and minimum values of power by 

P = [i (VKZ + VK*)]2. (38) 
If the bolometer-probe indications have been calibrated in terms 

of a well-matched calibrated attenuator, the assembly of the slotted 
section with the probe, the tuning stubs, and the terminal load represents 
an attenuator of adjustable values. These values of attenuation are 
usually large, above 30 db. This method is particularly useful for large 

powers, since the dissipation of the 

~£1 

L-

■ terminal load can be increased to 
t absorb practically all the main 

Z£ power. If the terminal load is 
very well matched over the entire 

FIG. i2-66.-Principle of directional coupler. u s e f u l frequency band, then the 
probe can be kept in a fixed loca

tion and can be made an integral part of the load; for calibration purposes, 
however, it still has to be detachable. This method is, of course, equally 
applicable to waveguide and to coaxial transmission systems. 

12-20. Directional Couplers.—In Chap. 14, it is observed that direc
tional couplers can be designed for broadband applications to measure 
voltage standing-wave ratio or to act as power monitors. In principle, 
two coupling holes between parallel transmission systems are spaced 
one-quarter wavelength apart as in Fig. 12-66, which shows a sketch for a 
waveguide system. The incident wave radiates through the holes A and 
B into the neighboring system; both forward waves are in time phase at B 
(having traveled the same distance) and support each other to form the 
outgoing wave 0. The backward waves which issue from A and B 
travel to the left, but the phase difference between the waves from A 
and those from B at the point A is exactly 180°, and therefore cancellation 
results and no' resultant wave issues to the left. For an incident wave 
i', the results are opposite, and therefore, the forward and the reflected 
wave intensities can be measured separately. 

On the other hand, this simple directional coupler can be used as a 
fixed attenuator pad if the remaining incident wave i' is absorbed in the 
main system and the remaining reflected wave r' is absorbed in the other 
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system as shown in Fig. 12-67. In this way, it is easy to obtain attenu
ator pads for large power and for high attenuation values. Coaxial 
systems at approximately 3000 Mc/sec have been built for 30-db attenua
tion or more with small variations with frequency over a frequency band 
of 30 per cent.1 For waveguide systems, such attenuator pads have 

F I G . 12-67.—Use of directional coupler as attenuator. 

been built for about 3000 Mc/sec down to values of 15 db, and at 9000 
Mc/sec for values of 10- and 20-db attenuation. The variation in cou
pling was less than 0.3 db for a frequency band of 12 per cent. With 
well-matched terminations, the problem of the directivity of the coupler, 
that is, the fact that incomplete cancellation of the backward-traveling 
waves occurs, is of less importance. Of course, it is necessary to deter
mine the attenuation values by accurate calibration, and it does not seem 
possible to control mechanical and material factors in such a way as to 
obviate this necessity. 

12-21. Bifurcated Lines.—A very convenient power divider of fixed 
ratio is obtained by the introduction of a very thin partition into a 
transmission-line system, as shown in Fig. 12-68 for a waveguide. The 

T 

li z" 

F I G . 12-1 -Bifurcation of a waveguide. 

guide of small dimension b is divided into two guides of small dimensions 
V and b". If the characteristic impedances are chosen as 

z0 
v 
V 

6" 
V 

and 
Zo — Zr> + Z'a', 

(39) 

(40) 

the three guides can then be considered in series combination and no 
power reflection takes place if the two smaller guides are individually 
terminated in their characteristic impedances. For use of this arrange
ment as an attenuator, one of the smaller guides would be terminated 
in a well-matched power-absorbing section and the other used as the 

1 R. S. Julian, " Directional Transmission Line T a p s , " B T L MM-44-170-6, Jan. 26, 
1944. 
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output guide, connected to the transmission system with the reduced 
power. By the use of a proper taper transition section this output guide 
can, of course, be brought back to the characteristic impedance Z0 of 
the input system. The actual value of attenuation can be determined 
from the power split. If the guide with impedance Z " is the output 
guide, then the output power P" is, in terms of the input power Pa, 

-fr * o, (41) 

and therefore, the attenuation becomes 

10 1og10p^ 10 log l l Z'o 
10 log! (-1) db. (42) 

This attenuation is defined directly in terms of the impedance ratio. 
If the termination in the guide Z'0 can be made frequency-insensitive and 
if the characteristic impedances are reasonably constant, the attenuation 
can be made substantially constant over a considerable range of fre
quencies. The termination must, of course, be able to absorb the power 
P' and this determines the material that can be used. 

F I G . 12-69.—Attenuator using the bifurcation of a coaxial transmission line. 

Figure 12-69 indicates a power split in a coaxial transmission system 
whereby the impedance must now be related according to 

Z± 
Zo 

In 

In z0 

In-

l n ^ 
(43) 

and where 
Zo — Z0 + Z0 (44) 

in order to lead to the three lines in electrical series combination. To 
bring the output system to the same impedance as the input system a 
taper transition section is shown. This section, if made somewhat longer 
than the longest wavelength in the selected wavelength range, usually 
results in a satisfactorily low voltage standing-wave ratio over a con
siderable range. 

The simple concept of direct series connection holds strictly for 
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infinitesimally thin partitions' and also for any chosen reference plane 
in the main guide, but practically, little disturbance is observed with thin 
but finitely thick partitions. 

12-22. Branched Lines.—As an alternative to the series combination 
of transmission lines, two transmission lines in parallel to a main system 
can be connected as illustrated in Fig. 12-70 for a coaxial line. Since 

I'n 

i i * * i i \ i v - ^ 

3 

I 
FIG. 12-70.—Attenuator using parallel power split. 

the two branch lines are in parallel, they are best represented in terms of 
their characteristic admittances Y'a and Y'0', and again satisfy the condi
tion that 

F'0 + Y'0' = Yo. (45) 

If one of the branches, Y'0, is terminated in a well-matched power absorber 
of proper characteristic impedance, and if the other branch Y'0' is used 
as the power output system, the over-all attenuation is given as in Eq. 
(42) by 

A = 10 logio - ^ = 10 logio ^r" 10 log ■ • ( I + T D db. (46) 

In order to bring the output admittances again to standard coaxial-
line values, impedance transformers can be added in the output section. 
The transformers may be either the quarter-wavelength type or the 
tapered type. From the point of view of frequency sensitivity, the bifur
cated line has numerous advantages, while mechanically, both the 
bifurcated line and the branched line present moderate design difficulties. 

1 See Waveguide Handbook, Vol. 10. 



CHAPTER 13 

THE MEASUREMENT OF ATTENUATION 

B Y ERNST WEBER 

To be meaningful the term "at tenuat ion" must be associated with a 
measurable physical quantity, such as voltage, current, or power, which 
can be uniquely established at two terminal pairs of an otherwise unre
stricted network (see Sec. 11-1). At microwave frequencies, the most 
readily measured quantity is power, whereas terms like voltage and 
current would in many cases require explanatory definitions. Attenua
tion has become associated principally with power and, furthermore, is, 
as demonstrated in Sec. 11-1, denned in terms of a measurement under 
ideally normalized conditions; namely, by inserting the pertinent micro-

Uniform lossless 
i transmission line —v 

Detector 
section 

i zo ' zo i 
zo" *~zo ZS~~ ~~za 

F I G . 13-1.—Schematic arrangement for measurement of attenuation at a microwave 
frequency. 

wave component into a lossless transmission line of defined characteristic 
impedance Z0 (see Fig. 13-1) terminated at one end by an ideally matched 
generator section, and at the other end by an ideally matched detector 
section. Maintaining these conditions, two principal methods of meas
urement can be devised; one in which the unknown microwave component 
is actually removed and the power ratio measured as "insertion loss," 
another, in which the unknown microwave component, together with a 
standard of comparison, establishes a fixed over-all power ratio by mutual 
substitution; both these methods will be described in detail. Other 
methods of attenuation measurement have been proposed and used; 
these, however, deviate from the above concept of attenuation and need 
qualifying elucidation. 
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13-1. Direct Measurement of Power Ratio.—The simplest arrange
ment for the direct measurement of the power ratio as insertion loss 
under normalized conditions involves the use of two slotted sections with 
probe detectors of identical characteristics. Figure 13-2 indicates 
schematically the arrangement of the equipment, and clearly indicates 
to the left of a the generator section, and to the right of b the detector 
section. In order to establish proper matching conditions in both direc
tions, two complete modulated-oscillator assemblies with power supply 
and square-wave modulator are needed. With the oscillator unit A 
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-Schematic arrangement for measurement of attenuation with two slotted 

sections. 

connected to the closed assembly joined at ab, the tuning stubs F 2 are 
adjusted to a VSWR < 1.02 as read in either slotted section Ei or E2. 
With the oscillator unit B connected to the left section of the assembly 
at b and with oscillator unit A inactive, the tuning stubs F\ are adjusted 
to a VSWR < 1.05 as read in slotted section Ex. To assure no noticeable 
subsequent disturbance of the match looking back into the active oscil
lator unit A, the buffer attenuator H must have a minimum value of 
10 db for most oscillators. 

The measurement of attenuation proceeds by first normalizing the 
probes in slotted sections Z?i and Et to the same power level with a and 6 
directly joined. Inserting then the unknown microwave component 
between a and b, and maintaining the same power level in the probe of 
slotted section Eh the needed gain in the amplifier C2 will be a direct 
measure of the power loss or attenuation caused by the unknown compo
nent. Obviously, the gain in the amplifier Ca can be directly marked in 
decibel values and thus permit direct reading of attenuation as long as 
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the detector characteristic follows the square law, that is, is linearly 
related to the absorbed power. This is usually assured with Wollaston-
wire bolometers which are therefore preferred to crystal detectors for 
attenuation measurements. If crystal detectors are used, it is best to 
determine their detection characteristics by calibration with a standard 
signal generator. In order to assure greater accuracy, the arrangement 
in Fig. 13-2 can be made perfectly symmetrical by placing the second 
modulated oscillator B behind the terminal load G, which can then take 
the form of a buffer attenuator similar to H, and which performs the 
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F I G . 13-3.—Schematic arrangement for measurement Of attenuation with Ballantine 

voltmeter. 

attenuation measurement alternately with source A active and B inac
tive, and vice versa. This requires complete identity of the probe-
detector characteristics. This method can be used conveniently for 
attenuations up to 15 db and for frequency ranges for which the micro
wave accessories have been designed, since the ultimate indicator, namely, 
the amplifier, responds only to the modulating frequency of the oscillator 
which is usually chosen in the audio range. 

This method will, however, not measure the value of attenuation as 
insertion loss according to the definition in Sec. 11-1 if the unknown 
component is badly mismatched. In this case, the reflective attenuation 
is disregarded by trying to keep the input power level constant; but even 
this becomes difficult to assure because the power level is actually deter
mined from the VSWR of slotted section Ex. 

Ballantine-voltmeter Method.—Another very convenient method of 
attenuation measurement replaces the detector section in Fig. 13-2 
by a bolometer terminal in conjunction with a Ballantine voltmeter as 
shown schematically in Fig. 13-3. Here, detection of the modulated 
r-f power by the bolometer develops a voltage across the input terminals 
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of the special, tuned audio peaked amplifier which is amplified and 
indicated on the voltmeter. The basic assumption1 is made that with 
the proper amount of d-c bias power in the bolometer, the a-c voltage 
developed across the amplifier input terminals is proportional to the 
r-f input power to the bolometer which therefore acts as a square-law 
detector. If the amplifier is strictly linear, a change on the voltmeter 
of n db indicates a change in attenuation in the transmission line of n /2 
db. Since the calibrated voltmeter is actuated by the audio component 
of the bolometer output voltage, this method is not limited to a specific 
range of microwave frequencies unless difficulties are encountered in 
matching the bolometer at some frequencies. 

The range on the voltmeter that may be used in practice is limited 
on the low-power end by noise and on the high-power end by noniinearity 
of the bolometer. By checking the various scales of the voltmeter as 
well as the linearity of the amplifier, it has been found that the maximum 
safe range usually extends from 0.01 to 10 volts, permitting, together with 
the tuned amplifier, the measurement of power ratios up to 30 db. Larger 
ranges of attenuation may be measured in two steps by subdivision into 
two ranges, each of which is smaller than 30 db and by establishing the 
terminal point of the lower range as a new fixed reference point for the 
upper range. Of course, the error of measurement in such a procedure is 
doubled and the limit is probably set by the power capacity of the source 
as well as all the microwave components in the assembly. For greater 
accuracy, the voltmeter should be calibrated. The calibration may be 
made with an audio attenuator of negligible reactance which has in 
turn been calibrated with a potentiometer (see Sec. 13-7). 

In order to establish proper matching conditions in both directions 
the same procedure should be followed as above. With source A inactive, 
source B connected at 6, adjust the tuning stubs F for good match as read 
in the slotted section E; then, with source A active, the system closed at 
db, adjust tuning stubs G for good match as again read in slotted section 
E. If the bolometer mount is tunable, it should be matched independ
ently by using a slotted section with the proper d-c bias current circulat
ing through the bolometer. 

The actual measurement of attenuation then proceeds in the following 
manner: With the components assembled as in Fig. 13-3 and matched, 
the r-f power level is adjusted by means of the buffer H so that no more 
than the maximum permissible power enters the bolometer. The 
amount of buffering may be increased' when necessary in order to fulfill 
this condition; however, a buffer of at least 10 db must be used, as 

1 The validity of this assumption is discussed in R. L. Report No. 55.1—10/16/45, 
"Notes on the Use of Bolometers for Pulsed R-f Power Measurements," by 
George Guthrie. 
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explained above. After the frequency of the oscillator is checked, the 
modulation frequency is set at 1000 cps to correspond with the frequency 
at which the preamplifier is peaked. This setting gives maximum 
deflection on the Ballantine voltmeter. The gain control on the pre
amplifier ir> adjusted so that the Ballantine voltmeter reads 20 on any 
range other than the 100-volt range. Switched to the next higher range, 
the meter should then read exactly 0. If it fails to do this, mechanical 
adjustment of the voltmeter must be made until this condition is met. 
By setting the gain control on the preamplifier, a reference level on the 
voltmeter is established, the system disconnected at points a and b and 
the unknown microwave component inserted and the new reading taken. 
One half of the difference between the reference and final readings gives 
the power attenuation of the unknown component. For better accuracy, 
repeated checks should be made on all initial adjustments, such as oscil
lator frequency, modulator frequency, reference power level, and match
ing conditions. 

For various frequency ranges, different types of bolometers are 
available, which are described in Chap. 3. For frequencies in the range 
of 3000 Mc/sec or above, Littelfuse elements for -5-5-̂  amp can be used as 
bolometers; they require a d-c bias current of about 5.5 ma. Most 
Wollaston-wire bolometers can carry a permissible maximum power 
between 1 and 30 mw. Bolometers have been made with metalized-glass 
fibers which can carry up to 0.1 and 0.2 watt of maximum power. Fur
ther extension of the power range is possible by insertion of carefully 
calibrated precision attenuators between the bolometer and the tuning 
stubs G in Fig. 133. The accuracy of the attenuation measurement 
will then be influenced by the accuracy of the additional attenuator. 

Water Calorimeter.—For still higher power capacities the bolometer-
detector section in Fig. 13-3 is replaced by a water calorimeter, described 
in Sees. 3-32 to 3-36. The power-detecting medium is the circulating 
water absorbing the heat generated. With proper calibration and well-
controlled water-pump speeds, the accuracy can be made satisfactory for 
most practical purposes. 

13-2. Substitution Methods.—A different method of attenuation 
measurement particularly suitable for high values of attenuation is the 
substitution method, in which, at some point in the detector system, the 
power level is maintained constant upon insertion of the unknown micro
wave component by adjusting the attenuation of an appropriate standard 
attenuator, which can be a part of either the generator section or the 
detector section. Several schemes are possible based on the same prin
ciple and differing only with respect to the choice of the section in the 
detector system in which the power level is maintained constant. Thus, 
in the microwave substitution method, the microwave power at the 
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detector is maintained at a constant level with the aid of a microwave 
standard attenuator, located in series with the unknown attenuator, 
either in the generator section or in the detector section. In the inter
mediate-frequency substitution method, the power level is maintained 
constant at the i-f detector by adjusting an i-f standard attenuator to 
compensate for the insertion of the unknown microwave component. 
Finally, in the d-c substitution method, the power level in one arm of a 
d-c bridge circuit is maintained constant, as with the use of a bolometer 
bridge detector. 

Microwave Substitution Methods.—The specific arrangement of equip
ment will in most cases depend on the power range of the microwave 
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FIG. 13-4.—Schematic arrangement for measurement of attenuation at 3000 Mc/sec with 
microwave standard attenuator in generator section. 

source, on the sensitivity of the detector, on the availability of a suitable 
standard, and on the over-all characteristics of the equipment. As will 
be pointed out in Sec. 13-6, the waveguide-beyond-cutoff standards 
can be considered primary standards, but they usually have a rather 
large minimum attenuation value necessitating very sensitive detectors 
to permit the measurement of large ranges of attenuation. Although 
the resistive precision attenuators have nearly zero minimum attenua
tion, they must be calibrated absolutely. Of the three principal types 
of power detectors that are commonly used; namely, the crystal, the 
bolometer, and the spectrum analyzer, only the spectrum analyzer has a 
sensitivity sufficiently high to permit attenuation measurements up to 
70 or 80 db. The maximum sensitivity of the crystal or of the bolometer 
limits the range to about 30 db. In view of the fact that the substitution 
methods are particularly suitable for wide ranges of attenuation measure
ments, the spectrum analyzer primarily will be considered here. 

As an illustration of an arrangement with the standard attenuator 
in the generator section, Fig. 13-4 shows the system used for frequencies 
of about 3000 Mc/sec, for which a special primary-standard attenuator 
has been developed with a tunable transmission cavity on one end that 
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must be tuned for maximum power transfer (see Sec. 11-9). It is 
advisable to use the cavity at the input end of the standard attenuator. 
The standard attenuator should be located near the oscillator since the 
effective load impedance at this point is constant and the frequency of 
the cavity will not be pulled. Power is coupled into the cavity with a 
loop and out of the cavity through an iris to the cutoff tube. If the 
attenuator is held in a position so that the rotating drive shaft is hori
zontal, the planes of both loops will be vertical and a line passing through 
the long dimension of the iris will be horizontal. The standard attenuator 
is isolated from the rest of the system by means of pieces of lossy cable 
so that the maintenance of a good match, looking towards the generator 
from point a after it has once been matched by means of the tuning 
stub F, is assured. 

Similarly, the spectrum analyzer is isolated from the output end b 
of the unknown microwave component by a lossy cable of at least 10-db 
attenuation in order to maintain a match once a match has been estab
lished by the tuning stub G. The spectrum analyzer consists of a well-
shielded superheterodyne receiver employing a crystal mixer and having 
a local oscillator that is frequency modulated in sawtooth fashion. A 
frequency spread of + 20 Mc/sec about the frequency setting of the local 
oscillator is available. The sawtooth voltage that produces the frequency 
modulation of the local oscillator is also applied as the horizontal deflec
tion voltage to a cathode-ray oscilloscope. The video output voltage 
of the receiver is connected to the vertical plates of the oscilloscope. 
Thus, when a signal is applied to the input terminals of the receiver, a 
pip appears on the screen. The receiver bandwidth is about 50 kc/sec. 
The magnitude of the pip is a measure of the input power to the receiver. 
To measure attenuation, the standard attenuator is set for a value that 
is a few decibels higher than the attenuation to be measured. By means 
of the gain control, the pip of the spectrum analyzer is set at a convenient 
level on the screen of the oscilloscope. The unknown microwave compo
nent is inserted at ab and the attenuation of the reference standard is 
reduced until the pip returns to the level previously set. As a check, 
removing the unknown component and returning the dial setting of the 
reference standard to the value initially selected should bring the pip 
to the same level again. If the level has changed, the measurement is to 
be discarded as erroneous. The error may be caused by instability either 
in the source or in the spectrum analyzer. The maximum usable range 
of this system for measuring attenuation is limited to about 54 db. 
The range of the power ratios that the spectrum analyzer can detect is 
of the order of 95 db. The various buffer-cable sections consume at 
least 26 db and the nonlinear region in the standard cutoff attenuator 
extends to 15 db resulting in an actual minimum attenuation in the 
system, exclusive of the unknown component, of 41 db. 
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Figure 13-5 shows the schematic arrangement of a system for the 
measurement of attenuation in the range of 9000 Mc/sec with the stand
ard attenuator in the detector section. For better accuracy, rectangular 
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waveguide is used for the power-transmission system, necessitating an 
appropriate adaptor to permit insertion of the reference standard. The 
movable end of the cutoff attenuator is 
joined to the line by means of a flexible 
cable employing cable connectors. Since 
no cutoff standard has been designed for 
this frequency range which incorporates 
a frequency-sensitive cavity, it can be 
placed close to the receiver-type detector. 
As above, the over-all attenuation needed 
in the system, exclusive of the unknown 
component, is about 41 db so that the 
same range of attenuation measurements 
can be covered. 

A considerable extension of the range 
of attenuation measurements can be 
achieved by the use of a resistive variable 
attenuator standard such as is described 
in Sees. 12-18 and 13-6. The arrange
ment of the components is shown in Fig. 13-6. Essentially, the cutoff 
standard attenuator with the adaptor is replaced by the resistive precision 
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attenuator. The minimum attenuation of the resistive attenuator is 
almost zero, in any case less than 0.5 db. Since resistive attenuators are 
usually well matched, the buffer attenuator / can have very low attenua
tion. Therefore the minimum attenuation in the system, exclusive of the 
unknown component, can, in this case, be made about 20 db and the 
range of attenuation measurements can be extended to 75 db. With a 
proper r-f source or with reduced buffering and acceptance of loss of 
accuracy, this extension can possibly be carried even further. 
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/ - / Substitution Method.—Instead of compensating for the attenua
tion of the unknown component in the microwave system itself, a receiver 
can be used as a detector and compensation can be made in the i-f part 
of the detector section. Figure 13-7 indicates one possible arrange
ment1 whereby the i-f amplifier-indicator is designed for 20 Mc/sec and 
is used principally as a power-level indicator. The measurement 
of attenuation proceeds by first adjusting the gain control on the i-f 
amplifier to a convenient level for reception from the microwave line. 
The i-f amplifier-indicator is then connected to the i-f standard attenu
ator, which in turn is adjusted to give the same indication on the amplifier. 
The receiver is switched back to the microwave line, and the unknown 
microwave component inserted, the gain control on the i-f amplifier 
is adjusted to give a convenient reading; then the i-f amplifier is again 
switched over to the i-f standard attenuator and this is adjusted to 
bring the i-f amplifier to the new reading set by the microwave signal. 
The change in setting in decibels of the i-f standard attenuator is thus 
identical with the attenuation of the inserted microwave component at 
the microwave frequencies. In using the i-f standard attenuator, the 
frequency and power level of the i-f source should be carefully checked. 
I t is advisable to use a special i-f amplifier with humped frequency 

1 See F. G. Gainsborough, " N o t e s on the Calibration of High-frequency At tenua
tors a t the Nat ional Physical Labora tory " B.C.S.O. Report No. 343, Jan . 24, 1945. 
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response to make the tuning unambiguous. Likewise, the i-f standard 
attenuator should be very carefully constructed, preferably so that it 
can be calibrated with direct current to avoid additional sources of error. 

The accuracy of the method depends on the linear relationship exist
ing between the i-f beat-frequency amplitude and the power level of the 
microwave signal, which in turn depends on the mixer characteristics. 
If the local-oscillator input signal into the mixer can be kept at least 10 
times stronger than the microwave signal, this linearity will be maintained 
with sufficient accuracy in diode mixers and even in crystals, as has been 
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F I G . 13-8.—Schematic arrangement for measurement of attenuation with the thermistor 
bridge. 

shown experimentally at the National Physical Laboratory.1 The 
advantage of the method is, however, that the i-f attenuator standard can 
be the same for practically any microwave frequency if proper changes 
are made in the local oscillator of the receiver. 

Thermistor-bridge Methods.—The use of thermistors as high-frequency 
power-measuring elements has been discussed in Chap 3. In almost all 
applications the basic assumption is made that equal amounts of d-c 
and microwave power have the same effect on the temperature rise of 
the element and therefore cause the same resistance change. This 
principle can be used to extend the substitution method to include d-c 
substitution by employing the thermistor as a power detector and a 
properly designed bridge circuit as a power-level indicator as shown 
schematically in Fig. 13-8. 

The thermistor bridge itself consists of three 600-ohm resistors 
connected to a thermistor element to form a Wheatstone-bridge circuit 

1 See also L. C. Peterson and F. B. Llewellyn, "The Performance and Measure
ment of Mixers in Terms of Linear Network Theory," Proc. I.R.E., 1, 33, 458 (1945). 
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as shown in Fig. 13-9. The d-c voltage source supplies the bridge through 
several attenuators Ri, 722, ^3 , and Ri. Three of these attenuators are 
T-pads having a characteristic impedance equal to the input impedance of 
the bridge and calibrated in decibels. The resistor R i is an uncalibrated 
voltage divider that permits the effective input voltage of the bridge to be 
varied. The thermistor should preferably be mounted in a constant-
temperature oven to minimize the effect of ambient-temperature changes. 
In order to measure microwave attenuation, first, with only direct cur
rent supplied to the bridge and the microwave source inactive, adjust the 
voltage divider Ri until the bridge is balanced. The calibrated attenu-

■*>^w&^y>v^y^ 

<R2 ! %R. ZR. 

Thermistor element 
FIG. 13-9.—Thermistor-bridge circuit. 

ators Rit R3, and Rt should read zero during this adjustment of Ri. 
The d-c calibrated attenuators should then be set at least 4 db higher 
than the attenuation to be measured, for example, to A i db, thus reducing 
the d-c current through the thermistor to ii. Turning on the microwave 
power and adjusting it by means of buffer H to such a value that the 
bridge will again be balanced establishes the reference microwave power 
Pi . The unknown microwave component is inserted into the line 
between points a and b, maintaining the established input power P i at the 
transmission line. The unknown component decreases the microwave 
power in the thermistor bead to P2 , so that the bridge must be rebalanced 
by adjusting the d-c calibrated attenuators R%, R3, and Rt. The new 
setting of these attenuators should be A2 < Alt whereas the d-c current 
should be increased to it > t'i. Since direct substitution of d-c power 
for microwave power necessitates constant resistance values in all four 
arms of the bridge (precluding any heating effects in the three fixed arms), 
the attenuation of the unknown component can be defined as 

where 
A = 10 log10 J-1 = 10 log10 ] - , 

1 +., Ax — = antl log1 0 jrri ui 1U 
1 ... A* 

— = a n t l l o g i o zrpr-
U2 1U 

(1) 

(2) 

Since the minimum power measurable to any degree of accuracy is 
about 50 MW, and the maximum power of the thermistor is in the neighbor-
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hood of 4 mw, the largest attenuation range that can be measured is 
just under 20 db. To extend this range, standard attenuators can be 
used as gauge blocks. The power P\ can be established with the standard 
attenuator in the microwave line and A can be set on the d-c attenuators. 
The unknown component can be substituted for the standard attenuator, 
and Pi can be measured with the A2 setting. The total attenuation of 
the unknown component is then the sum of the differential attenuation 
computed by Eq. (1) and the value of the standard attenuator. Although 
this method seems simple, it requires a powerful microwave source. The 
practical limit of measurements using this method and thermistor ele
ments with no refinements is about 40 db with good accuracy, and 50 db 
with reasonable accuracy. 

Instead of using accurately calibrated d-c attenuators, the d-c 
current measurements as indicated can be used and the measured 
attenuation can be denned 

A = 20 log,, V1- (3) 
*i 

In order to preserve accuracy, however, the meter has to be of very high 
accuracy itself, although the d-c attenuating network can now be uncali-
brated. Finally, if the low-resistance d-c attenuators are accurately 
calibrated, lower values of attenuated power P 2 can be measured and 
the range of measurement can be further increased. The practical limit 
in the measurement of very small powers lies in the necessity of using a 
sensitive galvanometer in the bridge circuit. If the thermistor element 
can be considered to be a linear detector of microwave power over a 
reasonably small resistance change, then the deflection of the galvanom
eter will be proportional to the input microwave power and an unbalanced 
bridge reading can be taken. The proportionality constant for this 
deflection can be obtained by calibration with a directly measurable small 
power. With a sensitive galvanometer of ljia full-scale deflection and 
50 ohms internal resistance, sizable deflections can be obtained with an 
input power of a microwatt or less. However, bridge-balance drifts 
make such measurements difficult and time consuming, and this method 
will usually be used only if microwave substitution methods cannot be 
applied. 

Wire-bolometer-bridge Methods.—Instead of using the thermistor 
bead as a power detector, a hot-wire bolometer that employs a very thin 
Wollaston wire of a length that is small compared with a wavelength can 
be used. With a properly designed bridge circuit, attenuation measure
ments can be made in exactly the same manner as with the thermistor 
bridges, balanced or unbalanced. These bridges are described in detail 
in Chap. 3. 
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Similarly, thin metalized-glass fibers have been used as power-
detector elements. Again with properly designed bridge circuits, these 
elements have been used for attenuation measurements.1 Metalized-
glass fibers have a higher power capacity than thermistor elements, their 
larger diameters permit better broadband matching than the hot-wire 
elements. They are, however, somewhat more difficult to produce.2 

13-3. Measurement of Attenuation by Standing-wave Effects.—For 
measurement of small values of attenuation, neither substitution methods 
nor direct measurement of the power ratio with or without the unknown 
component are adequate if accuracies of 0.1 db or less are required. 
From basic transmission-line theory, however, it can be shown that the 
attenuation of any lossy four-terminal network may be determined from 
the knowledge of either of the following quantities: (1) the effect of the 
insertion of such a network on the voltage distribution and the phase shift 
in a short-circuited section of a lossless line following the unknown 
component, (2) the magnitude of the voltage standing-wave ratio of 
the unknown component terminated in a short circuit. Either effect 
can be made the basis for measurement of attenuation.3 

Measurement of Power Ratios Referred to Line-voltage Distribution.— 
The methods of measuring attenuation discussed so far use either a 
defined standard attenuator, or square-law response of a detector, or 
correspondence between a-c and d-c voltage as a basis. Most of these 
assumptions are reasonably justified, but they have nevertheless been 
questioned from time to time. I t seems desirable, therefore, to have 
still another method available which involves none of the previous 
assumptions, but rather measures attenuation in terms of a theoretically 
defined voltage distribution. Figure 13-10 shows the schematic arrange
ment for such a system in which the slotted section G2, next to the short 
circuit, is the attenuation-measuring instrument. This apparatus must 
be particularly well constructed. Relative movement of its probe must 
be measurable to fractions of a mil; a 1-in. precision dial indicator with 
scale divisions of 1 mil, which is directly attached to the drive mechanism 
of the probe, is usually satisfactory. 

In order to measure attenuation of an unknown component, both the 
detector and generator sections are first matched as well as possible by 
means of the slotted section GV The unknown component is then 
inserted between a and 6. Maximum indication in the slotted section 
Gt is determined and noted as a reference level. After removal of the 

1 J. Ebert, " Notes on the Use of Bolo-meters for Ultrahigh Frequency Attenuation 
Measurements," NDRC 14-219; PIB-7, June 2, 1943. 

! S . A. Johnson, "Metalized-glass Bolometers," NDRC 14-524, Oct. 31, 1945. 
* J. Ebert, "Notes on the Accurate Measurement of Small Attenuations," NDRC 

14-439; PIB-43, Apr. 5, 1945. 
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unknown component, the distance is measured between two successive 
points about a voltage minimum in Ge which give the same indication 
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F I G . 13-10.- -Schematic arrangement for measurement of attenuation by reference to line 
voltage distribution. 

as the reference level previously noted. Knowing this distance, the 
frequency of the generator, and the voltage distribution, the power 
ratio or attenuation can be calcu
lated in a simple manner. Assum
ing the entire detector section to 
be nearly lossless, the voltage dis
tribution in the slotted section <72 
will be sinusoidal. Let Ex repre
sent the maximum voltage and 
reference level when the unknown 
component is inserted between o 
and b, and let JEJ2 be the maximum 
voltage when the unknown com
ponent is removed, as indicated in Fig. 13-11 
the unknown component is by definition 

Short 
circuit 

F I G . 13-11.—Voltage distribution in the 
slotted section Gi of Fig. 1310. The 
dotted line is the absolute value of the 
voltage "with the unknown component 
present, the solid line is the voltage without 
the unknown. 

Then the attenuation of 

A = 20 log10 
Ej. 
E, 

db. (4) 

Since the voltage distribution is sinusoidal, however, 

„ . ird „ 
E2 sin Y = -Ei, 

where X is the wavelength in the slotted section Gz. Thus, Eq. (4) 
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becomes 

A = 201ogio \sin ird/\/ db. (5) 

Figure 13-12 gives the graphical representation of Eq. (5) for small 
values of attenuation. 

The expression in Eq. (5) is an approximation since the short circuit 
and the transmission line are not lossless; the actual voltage distribution 

will therefore deviate appreciably 
from the assumed sinusoidal dis
tribution. In the simple form 
given the method does not apply 
for attenuations much above 4 or 
5 db. I t is necessary, even at 
lower values of attenuation, to 
keep to a minimum the extension 
of the exploring probe into the 
active field in order to minimize 
its field-distorting effects and to 
maintain the voltage distribution 
close to sinusoidal. The main 

advantage of the method, however, is that the crystal or detector law 
of the exploring probe need not be known, because the same power level 
is used throughout. 

0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 

X 
F I G . 13-12.—Attenuation values as measured 

by voltage distribution. 
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F I G . 13-13.—Schematic arrangement for measurement of power reflection ratio. 

Measurement of Power-reflection Ratio.—If the unknown unit is 
terminated by a short circuit and if the ratio of incident to reflected 
power is known, the attenuation of the unknown unit can be computed. 
This power ratio may also be measured by determining the input stand
ing-wave ratio in the arrangement shown in Fig. 13-13. The unknown 
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unit remains connected in the line system, making this method inde
pendent of the generator impedance. 

Assuming a perfectly matched device to be measured, the relationship 
between voltage standing-wave ratio and attenuation can be found in 
the following way. Referring to Fig. 13-14, let P i represent the power 
incident on the unknown unit. Let the power transmitted by the unit be 
denoted by P2 . The power P2 , after being totally reflected from the short 

«iO— — 0 2 

6,0 ' 0*2 
FIG. 13-14.—Power reflection from the terminals of short-circuited four-terminal network. 

circuit, is again attenuated in passing through the unknown unit. If 
the power then emerging from the unit is represented by P3, the attenua
tion of the unit can be written as 

A = 10 logio ^ 
- 1 2 

10 logio H2 = 5 log10 H1 

"3 "3 
db. 

The quantity P3/P1 is, however, the ratio of incident to reflected power 
and is independent of generator impedance. If r is the input voltage 
standing-wave ratio, then 

Pi (r + l ) 2 ' 
Introducing this into the expression for A above, 

r + 1 A = 10 log! r - 1 db. (6) 

This relationship is represented graphically in Fig. 13-15. 
Most of the devices to be measured will not be perfectly matched, 

but will have reflections of their own, which will make the input standing 
wave dependent upon the phase of the reflection from the short circuit 
and will make it vary from a maximum rM to a minimum rm. In this 
more general case, the relation 

A-,„„.[(£±i)(;t±{)]" * 
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can be derived, or 

S) db. (8) 

If rM as well as rm is measured with an adjustable short circuit, Fig. 
13-15 can be used to determine the attenuation. Equation (8) is an 
expression for dissipative attenuation alone (see Sec. 11-1), and does 
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FIG. 13-15.—Plot of relation between attenuation and voltage standing-wave ratio. 

not include the apparent increase of attenuation caused by power 
reflection from mismatches. Such reflection effects are included in all 
other measuring systems discussed above. 

If the short circuit is imperfect, it can be regarded as a series combina
tion of a perfect short circuit terminating a small fixed attenuating pad. 
The attenuation measured is the sum of the unknown unit and the 
attenuation of the imperfect short circuit. The attenuation value of 
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the hypothetical short-circuit pad can itself be measured by the method 
as outlined above. 

In using this short-circuit method, it is necessary to measure input 
standing-wave ratios accurately. This can be done either with a hot
wire bolometer serving as a detector and as a standard in the slotted-
section probe circuit, or by using some other sensitive microwave detector 
with a calibrated variable attenuator preceding it. When using the 
bolometer method, the powers at maximum- and minimum-voltage 
positions are measured and the ratio of the powers is the power standing-
wave ratio r2. When using the calibrated variable attenuator and 
detector in the probe circuit much larger standing-wave ratios can be 
measured. The change in attenuation necessary to equalize maximum 
and minimum indications is a measure of the reflection. Frequently 
a spectrum analyzer is used as the detector and a cutoff waveguide attenu
ator as the standard. 

The advantage of using bolometers or standard attenuators in this 
method is the increase in sensitivity and accuracy of the measurements. 
Thus, measuring an unknown unit of 3-db attenuation, a change of 
approximately 0.3 db in power standing-wave ratio will correspond 
to a change of 0.1 db in the value of the unit. Measuring 1 db, the 
attenuation-sensitivity factor is roughly 8.4 and increases as the attenua
tion of the unknown unit decreases. However, since very large stand
ing-wave ratios are difficult to measure accurately, some of this theoretical 
accuracy is usually lost, although the short-circuit method of measuring 
attenuation is the only convenient means available for measurements 
of attenuation below 0.1 db. Contrary to the power-measuring and 
substitution methods, the short-circuit method is independent of the 
generator impedance, thereby eliminating any mismatch error. Also, 
input power monitoring becomes unnecessary because of the ease and 
speed with which measurements may be checked. 

13-4. Measurement of Very Small Attenuation Values.—An alterna
tive method for the measurement of very small values of attenuation 
utilizes the resonance characteristics of metallically bounded field spaces 
as expressed in the definition of Q by 

where / i s the resonance frequency at which maximum power is absorbed, 
and where A/ is defined as the interval between the upper and lower fre
quencies near / at which the magnitude of the admittance has fallen to 
one-half its peak value. The A/// can also be taken as the ratio of dis
sipated to stored field energy analogous to the condition at lowe*-
frequencies. 
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Direct Measurement of Attenuation Constant of Transmission Lines.— 
Since the measurement of the Q of cavities is discussed in Chap. 5 
only the modification of the method for measurement of conductive 
attenuation in transmission lines (coaxial or waveguide) will be given 
here. As shown in Slater,1 the input admittance of a uniform, short-
circuited, coaxial transmission line has periodic maxima and zeros. 
Near the maxima, it can be expressed in the first approximation as 

z o V(as ) + & 

In this form, Z0 is the characteristic impedance of the line, assumed as 
real in this simplified case, a is the attenuation constant of the line, s is 
the length of the line to the short circuit, and S is defined by 

jSs = nx + 6, (11) 

where /3 = 2ir/\ = 2irf/v is the phase constant. Thus |K| regarded as 
a function of 6 varies in the same way as a familiar resonance curve, as 
it should, since /9 is proportional to frequency. The spatial half-power 
points are indicated by the distances 5' for which the square of the 
admittance is reduced to one-half the maximum value for S = 0, since 
small attenuation has been assumed. This leads to 

1 1 1 1 1 
Z\ (as)' + («')2 2 Z\ (as)*' 

from which 
S' = ±as. (12) 

The measurement of the distance &' gives directly, therefore, the total 
attenuation (as) of length of the transmission line. 

Because of the obvious symmetry, the interval between the two half-
power points is 25'. Using Eqs. (9) and (12), 

l__Af_2W\_2a 
Q f Ps * /3" l " J 

Therefore the conventional methods of measuring Q will, if the phase 
constant is known, give the value of the attenuation constant of the 
transmission line. 

A practical arrangement for this measurement is shown in Fig. 1316. 
The slotted section G should preferably be of the same transmission-line 
size as the line to be measured in order to avoid spurious reflections. By 
means of the cutoff attenuator, the indication for maximum power in 
the probe is adjusted on the final detector (preferably a spectrum ana-

1 J. C. Slater, Microwave Transmission McGraw-Hill, New York, 1942, p. 35. 
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lyzer) to a convenient magnitude; the distances 5' through which the 
probe has to be moved in either direction from the maximum in order 
to obtain half-power indication, are then recorded. 

Although the derivation of Eq. (12) was based on the theory of the 
coaxial transmission line with real characteristic impedance, it can be 
shown that for small values of attenuation, such as encountered in trans
mission systems and low-loss cables, the same result is obtained with a 
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F I G . 13-16.—Schematic arrangement for measurement of attenuation constant of trans

mission lines. 

complex characteristic impedance as is normally associated with a 
complex propagation constant. It is also irrelevant whether the losses 
are caused by series resistance, such as the losses in the conductors 
themselves, or whether they are caused by transverse conductance, such 
as the losses in dielectric materials filling the space between the con
ductors; the total attenuation a becomes the sum of these two separate 
contributions. Finally, the same analysis is directly applicable to wave
guide transmission systems in which only one mode is utilized for power 
transmission. 

Direct Measurement of Standing-wave Ratio.—The previous method 
requires a precision measurement of a very small distance if the attenua
tion is very slight. In order to improve the accuracy, the same physical 
arrangement may be used as is shown in Fig. 1316 to measure directly 
the large VSWR by means of the cutoff attenuator. The VSWR is 
defined in terms of maximum and minimum values of the voltage dis
tribution on the line by 

(14) 

and can, of course, be converted into decibels of power ratio by taking 
20 logio r; this value is then directly read on the attenuator indicator. 

Since the voltage distribution along a short-circuited transmission 
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line as referred to the short-circuit terminal is given by 

V = VQ sinh yx 
with the absolute value 

] V| = | Vol (sinh2 ax + sin2 fix)*, (15) 

the maximum and minimum values may be easily found and the VSWR 
of Eq. (14) may be deduced for the approximation of slight attenuation, 

or also 

neper/m, (17) 

where n(X0/2) is the distance of the voltage minimum utilized in Eq. 
(14). It is irrelevant whether the VSWR is measured to the preceding 
or to the succeeding voltage maximum as long as the attenuation is 
small enough to justify the simplified derivation. This method is equally 
applicable to coaxial transmission lines and waveguides that utilize 
only one mode for the transmission of power. Of course, a will refer 
to this particular mode only. 

For the measurement of the large VSWR, other suitable detector 
arrangements may be substituted, such as a crystal detector with galvanom
eter. A calibrated d-c attenuator would be placed between the crystal 
detector and the galvanometer in order to operate the galvanometer at 
optimum accuracy. 

13-5. Common Sources of Error in Attenuation Measurements.—The 
most prominent sources of error in almost all methods of attenuation 
measurement are directly related to the physical arrangements. The 
attenuation of a microwave component has been defined in Sec. 11-1 in 
terms of normalized terminal conditions in either direction from the 
unknown component. Seldom, however, will these conditions be met 
exactly in practical measurements. The deviations constitute some of 
the most important sources of error. Other important sources are: 
leakage at the junctions of the microwave transmission system, which 
becomes particularly important in the measurement of large values of 
attenuation; reaction of the input impedance of the unknown component 
upon the generator power level or frequency if this impedance deviates 
from the standardized line impedance; and finally, instability in the 
detector section which usually contains an amplifier or heterodyne 
receiver. 

Errors Caused by Reflection Interactions.—For a consideration of the 
effects caused by mismatches in the generator and detector sections, it is 

/S0 / X„ \ 
rntr \ 2 / 
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most convenient to replace the unknown microwave component by a 
{A B) general, passive, linear four-terminal network of matrix [C D 

C -e-
Source 

The general equivalent network ar
rangement of Fig. 13-1 then becomes 
that of Fig. 13 17. Performing the 
measurement according to the defini
tion of attenuation, first, the power 
in load Zh would be measured when 
it is directly connected to the gen
erator section, then with the net
work inserted. The power ratio is 
given by conventional network theory as 

(AZL + B) + (CZL + D)ZG* 

} - f nttfh 
i Generator 

section 

FIG. 

{Detector 
i section 

13.17.—Equivalent network for 
attenuation measurement. 

v = Zh + Za 

Since attenuation is defined in terms of the power ratio with 

Zh = Za = Za, 

the characteristic impedance of the transmission-line system, 

(18) 

Po 
(AZ0 + B) + (CZ0 + D)Za 

2Z0 

2 = \ \A + <B + e + D\ 

if the convenient normalized parameters are used, 

Z0 
-yr> e = CZ0 

(19) 

(20) 

The error of measurement can now be expressed in terms of Eqs. (18) 
and (19) as a correction factor, 

Po 
(AqL + (B) + (QqL + D)qa 

A + (B + C + D qL + qc 

where the further abbreviations have been introduced 

qL Zo q0 = -j-

(21) 

(22) 

It is most convenient to reduce all terms in Eq. (21) to directly measurable 
reflection factors, as for example: 

Ra = 
1 + ?, 
1 -q 
i +g. 

-> reflection factor of generator section, 

i reflection factor of detector section, 
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R' = 1 ~ with q' = „ ,—fy reflection factor at the left ter-

R 

1 -1- q' * e? i + D 
minals of a four-terminal network if its right terminals are 
connected to load impedance ZL, 

R'0 = °) with q'a = n i reflection factor at the left terminals 

of a four-terminal network if its right terminals are connected 
to a matched load ZL = Z0, 
1 77 with q" = ;—'—j—JI reflection factor at the right 
1 + q" * 6g0 + A 
terminals of a four-terminal network if its left terminals are 
connected to generator impedance Za, 
i 0 " D A- (St 

R" = r.—r-^T,' with q'a' = -——JI reflection factor at the right ter-
minals of a four-terminal network if its left terminals are con
nected to a matched impedance ZG — Z0. 

With these designations, the correction factor in Eq. (21) can be shown 
to take the alternative forms 

(1 - R'0'RL)(1 - R'Ra) 
1 — RLRO 

( 1 - Rffi0)(l - R"RL) 
1 RORL 

(23) 

From an exact knowledge of the i?-values, which are in general complex, 
the deviation in any particular measurement may be computed as 

AA = 20 logi (1 - R'0'RL)(1 - R'Ro) 
1 — RLRQ 

db. (24) 

In most practical cases, however, the exact determination of the .ffi-values 
is too cumbersome, if at all feasible, whereas the values of the voltage 
standing-wave ratio can be readily obtained. It is then possible to 
deduce only maximum errors in values obtained by accepting the meas
ured power ratio as indicative of the attenuation of the tested component. 
The voltage standing-wave ratio is directly related to the absolute value 
of the reflection coefficient \R\ by the monotonic relations 

1 + 1A1 
\R\' l IBI = r + l ' (25) 

By choosing the worst phase combinations for the reflection factors R, 
the maximum error, either positive or negative, follows from Eq. (24) as 

(AA)ra„ = 20 [log.o (1 ± \R'0'\\RL\) + log.o (1 + \R']\Ro}) 
- Iog l 0 (1 ± \RL\\RO\)]. (26) 

From given values of the various standing-wave ratios, the absolute 
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values of the corresponding reflection coefficients are first calculated from 
Eq. (25); these values are then inserted in Eq. (26). The upper signs 
lead to the maximum positive error, the lower signs to the maximum 
negative error. I t is not obvious which maximum will usually be the 
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Fio. 13-18.—Values 

1.04 1.06 1.1 1.2 
VSWR 

1.4 1.6 2 4 6 

of + 20 login [ 1 ± • I ■ The solid lines refer to the plufl 
V n + 1 rs + 1/ 

sign, the dotted lines to the negative sign. 

larger one. To aid in the application to practical cases a chart of the 
general function 

i - l r2 ±20 1og10 (1 ± \Ri\\Rt\) = ±20 1og10("l 10 U r-i + 1 r2 -0 
is given in Fig. 13-18, whereby the solid diagonals refer to the upper 
sign and the dotted diagonals to the lower sign. 

As a numerical example, assume that the VSWR values in the 
various combinations have been measured as 

1.15, 1.1, r0 rL = 1.4. 
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From Fig. 13-18, the values are found 

+20 1og10 (1 ± \K\\RL\) = +0.20, - 0 . 2 1 
+20 1og10 (1 ± \R'\\Ra\) = +0.07, -0 .07 
- 2 0 1og10 (1 + \RL\\Ro\) = +0.51, - 0 . 4 8 

(4A)„„ = +0.78, - 0 . 76 db. 

The measured insertion loss can therefore be anywhere from 0.78 db 
higher to 0.76 db lower than the desired (matched) attenuation value. 

From the general form of the correction factor in Eq. (21), it is 
obvious that reversal of the microwave component will lead to a different 
value of measured insertion loss, since, upon reversal, the parameters A 
and D interchange. If, on the other hand, ZL = Za, but not matched, 
then reversal of the microwave component leaves the measured insertion 
loss unchanged because of the symmetrical form of Eq. (21). 

A different and considerably simplified treatment1 of the reflection 
effects on the input power level of attenuators is possible which permits 
the evaluation of deviations in the power level with fixed values, but 
varying phase relations, at any particular junction in a microwave system. 
It may be shown that the actual power level might differ in two 
separate measurements involving given VSWR values by a maximum 
amount of 

APm„ = ± 10 

where 

log10 7 r — ^ - log10 — (i - qiy -&1U (i + giy 
db, (27) 

APm„ = ± 10 log (28) 

qi is the smaller of r'/r0 or r"/ra, 
52 is the larger of r'/ra or r"/rG, 

and where rG is the VSWR at the junction towards the generator section, 
and r' and r" are the VSWR values at the same junction in two successive 
measurements towards the detector section. An alternative expression 
is 

(l + \R'\\RQ\Y 1 - \R"V 
110 (1 - \R"\\RG\)2 1 - \R'\2' 

in which the reflection factors correspond to the VSWR values defined 
above. 

Measurement of the VSWR of the Generator Section.—The actual 
evaluation of the VSWR of the generator section with the oscillator in 
operation is generally rather difficult. A simple scheme, which avoids 
substantial reaction on the output voltage of the oscillator (if proper 
buffering is used), is the following. A sliding reactance, such as a 
deeply penetrating probe of a slotted section, is introduced and the 

1 E. Weber, "Errors in Attenuation Measurements Caused by Reflection Losses," 
NDRC 14-365, PIB-39, Mar 16, 1945. 
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maximum and minimum indications on the detector are observed. If 
RL and Ra are the reflection factors already defined, and if the detector 
measures voltage, then the ratio of maximum to minimum indication is 

' max _ 1 + \RL\\RG\ 
Vmm 1 — \Rh \\RG\ 

(29) 

If the value \RL\ is known, it is easy to compute the value \Ra\ or to find 
it from Fig. 1319. 

F I G . 1319.—Values of a = 2 0 logio p and 

1 + (1^) ( ^ ) 
\r. + \) \r2 + 1/ 

v T T I / \T2 +1) 

_0_ 
Source 

ea 
Generator 
section 

Detector 
section 

F I G . 13-20.—Schematic arrangement for the measurement of the VSWR of the generator 
section. 

To demonstrate the validity of Eq. (29), assume as indicated in Fig. 
13-20 that the probe forms part of the detector section, and that the 
transmission line of length I is a four-terminal network of variable insertion 
loss (caused by the phase of the probe reflection). The four-terminal-
network parameters of the lossless transmission line of characteristic 
impedance Za and propagation constant y = j/3 are 
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[i 3 -
cos PI jZB sin pi ' 

j -jj- sin pi cos pi (30) 

Using the previous definitions, 

R' = RLe-™>, R" = 0, 

and therefore the correction factor of the insertion loss from Eq. (23) is 
1 - RLRae-W! 

Po (31) 

The maximum and 
their ratio leads to 

1 — RLRO 

minimum values, respectively, can be found, and 

\ 1 - \RL\\RG\) 

from which Eq. (29) is obtained. 
Error Caused by Leakage.—The second important source of error is 

leakage at junctions in the microwave transmission system. Suppose 
the microwave power level in a transmission line at a particular point is 
Po, and there exists, at that point, a source of power PL as leakage from 
the generator or from other parts of the line. The extreme values of the 
resulting power level must, however, be computed from the superposition 
of the signal voltage E0 and leakage voltage EL- When attenuation is 
being measured, either by insertion of a microwave attenuator in the line 
or by changing a variable attenuator, the relative phase of the voltages 
Eo and EL may take any value whatsoever, so that the error in the final 
power measurement becomes 

AP = 10 l o g 1 0 ( ^ | - ^ y = 20 1 0 ^ ( ^ 1 ^ ) db. (32) 

Assume that in the measurement of large attenuation, the final power is 
70 dbm, and that the leakage power radiating back into the transmission 
line is 90 dbm, then the relative leakage power i s P L = 0.01P0, and, there
fore, the relative voltage EL = 0.1EV The error in power measurement 
thus becomes 

'+0.827 
-0.915 AP = 20 log10 (1.1) or 20 log10 (0.9) = db, 

a rather appreciable error affecting the accuracy of attenuation measure
ments. In order to make sure that the error is less than 0.1 db, the 
entering leakage power must be about 40 db below the main transmission-
line power. Assuming a buffer attenuation of 10 db in the generator 
section, and another buffer of 10 db before the detector, then for the 
measurement of 75 db, the leakage path between generator and detector 
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must have at least 135 db attenuation. This indicates the seriousness 
of the problem. The following table gives the maximum errors in 
attenuation measurements with L = 10 logio (PL/PO), a measure of the 
leakage power in decibels relative to P0. 

TABLE 131. -MAXIMUM ERROR IN ATTENUATION MEASUREMENT CAUSED BY LEAKAGE 
EFFECTS 

L, db 

+ 6.0 
+ 3.0 

0 .0 
- 3.0 
- 6.0 
- 1 0 . 0 
- 1 5 . 0 
- 2 0 . 0 
- 2 5 . 0 
- 3 0 . 0 
- 4 0 . 0 

Maximum 

If leakage adds 

- 1 0 . 7 
- 6.0 
- 3.3 
- 1.7 
- 0.9 
- 0.5 
- 0.2 
- 0.09 

error, in db 

If leakage subtracts 

+ 9 . 6 
+ 7 . 6 
+ 6 . 0 
+ 4 . 7 
+ 3 . 5 
+ 2 . 4 
+ 1.4 
+ 0 . 8 
+ 0 . 4 
+ 0 . 2 
+0.09 

Leakage may be detected by changing the relative phase and noting 
the variation of the signal. This may be done with a line stretcher or by 
moving a large sheet of metal in the vicinity of the transmission line. 
Leakage can usually be reduced sufficiently by putting the generator in a 
shield can, by using polyiron chokes on all d-c leads with access to the 
transmission line, by making all connections tight, and by covering joints 
with steel wool or conducting paint. 

Errors Caused by Instability of Power Level.—Since most methods 
of attenuation measurement compare absolute power levels with and 
without the unknown microwave component, the measurements are very 
sensitive to variations in the power level of both the microwave power 
source and the local oscillator in the detector section, whether the detector 
is of microwave, intermediate, or audio frequency. 

In order to minimize power-level fluctuations in the main oscillator, 
thermal stability, stability to supply-voltage variations, and stability 
of the cavity resonator are required. A number of schemes of automatic 
supply-voltage regulation, of cavity-resonator control, and of thermal 
compensations have been developed individually for the various types of 
oscillator tubes. 

The importance of minimizing reflection interactions has already 
been stressed. The value and phase of the load impedance presented 
at the oscillator terminals greatly influences its output power, and 
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variations during attenuation measurement will cause errors of unpre
dictable magnitude. It is for this reason that the buffer H in Sec. 13-1 
assumes considerable importance. Its value must be so chosen that 
variations of the impedance in its output plane are sufficiently reduced 
to cause only insignificant variations in its input plane. Usually about 
10 db of attenuation proves sufficient. The allowable variations in the 
impedance of the input plane can best be gauged by the pertinent per
formance diagrams of the oscillator tube. 

In a similar manner, power-level fluctuations of the local oscillator 
of the detector section will cause errors in attenuation measurements, 
and similar precautions must be taken. In addition, instability might 
occur in the amplifier, or in other associated circuits of the detector section 
with detrimental effects upon the accuracy of the indicator. Some of 
these effects will be treated more fully in connection with the calibration 
of attenuator standards, where they are, obviously, of greater concern. 

13-6. Calibration of Attenuation Standards.—Even though absolute 
measurement of power ratios is possible, it is convenient to have available 
devices that may be calibrated for use as attenuation standards. The 
cutoff attenuator might be useful as a primary standard if freedom 
from higher modes could be assured. It seems safer, though, to verify by 
careful attenuation measurements or "absolute calibration," that it is 
usable as a primary standard; reliance on the accuracy of mechanical 
construction alone is not advisable. For most purposes of laboratory 
or field measurements, secondary standards of the dissipative type are 
preferable and are satisfactory if they have been calibrated either by 
absolute power measurements or by comparison with a cutoff attenuator 
certified as a primary standard. 

In general, the suitability of an attenuating device as a standard is 
characterized by the accuracy, permanency, and range of validity of its 
calibration. In turn, the accuracy of calibration relies upon the method 
of measuring attenuation; the permanency of the calibration is subject 
to the stability of the attenuating element as affected by aging, by 
atmospheric influences, and by the precision of the mechanical movement 
to ensure extreme reliability in setting; whereas the range of validity 
refers to the variation of calibration values with ambient temperature, 
with frequency, with air pressure, or with other influencing factors. 

Primary Standards.—The waveguide-beyond-cutoff attenuator with 
only one mode of electromagnetic-field distribution could well be used 
as a primary standard since its attenuation rate (exclusive of conductor 
losses) is theoretically defined (see also Sec. 11-3) by 
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with 
2 Vke 

m+® 
(34) 

for rectangular waveguides of large inside dimension a and small inside 
dimension b; or with 

K — -r a (35) 

for circular waveguide of inside radius a. In both cases k„ is the relative 
dielectric constant referred to that of free space. As discussed in Sees. 
11-4 to 11-6 it is difficult to ensure the presence of only one mode of field 
distribution. In fact, the theoretical values of the rate of attenuation a 
can be only approximately achieved by special selective microwave 
filter sections such as the iris coupling in the standard attenuators 
described in Sees. 11-10 and 11-11, or by special design of the coupling 
elements as described in Sec. 11-12, or, finally, by the most promising 
method of dielectric mode filters1 as described briefly in Sec. 11-6. The 
most commonly encountered cutoff attenuators employ iris coupling, 
and only this type will be considered further. 

Since the iris-coupled cutoff attenuator uses the dominant mode 
(TEu) in the circular waveguide with ku = 1.841, the effect of the other 
modes, if present, upon linearity will necessarily be limited to the region of 
lower attenuation. I t is advisable, in fact necessary, to check the begin
ning of the linear region in each individual cutoff attenuator with a fixed 
position of the receiving loop, since the absolute value of a can be used 
only within the linear region. This requires a very accurate measurement 
of attenuation such as described in Sec. 13.7. Unfortunately, the large 
value of initial attenuation caused by the impedance-matching devices 
might cause the nonlinearity to extend as high as 40 or 50 db which makes 
it rather difficult in certain cases to verify the onset of the usable region. 

Moreover, the accuracy of the value of a used depends on the mechani
cal measurement of the diameter of the tube and of its true circular 
cylindrical shape. It is best, then, to verify the exact value of a by 
accurate attenuation measurements, since according to Sec. 11.3. 

^ = - ^ (36) 

for \l « X2, the variations of the diameter have a directly proportional 
effect upon the attenuation rate a. 

■A. B. Giordano, ''Microwave Attenuation Standards," NDRC 14-531, Oct. 
31, 1945. 
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Permanency of calibration is dependent only on mechanical features, 
particularly the exact angular position of the receiving loop. As to 
the range of validity of the calibration, variation of the calibration value 
of a is possible with frequency, temperature, humidity, and air pressure. 
From Eq. (35), assuming X2, <K X2, one finds 

da 1 dkt 

^ = ~ 2 i r (37) 

the effect of relative changes in the dielectric constant with temperature, 
humidity, or air pressure. Adequate corrections for these effects, how
ever, can readily be made. 

The variation of attenuation with wavelength can be obtained from 
Eq. (33) as 

*-'&)"£ » 
The variation is small for (Xc/X)2 « 1, but has to be taken into account 
for wideband use of the cutoff attenuator (see Sec. 12-3). Equation 
(38) indicates a decreasing rate of change of a with increasing wavelength 
so that the design wavelength should be chosen closer to the short-wave
length end of the band considered. Assuming that \i and X2 are the 
shortest and longest wavelengths, respectively, in the design wavelength 
band, and that (Xc/Xi)2 « 1 to ensure minimum attenuation change 
over the band, then the design wavelength \d should be chosen in accord
ance with 

\l 2 \X? + X2/ (39) 

in order to give symmetry with respect to attenuation variations. This 
total variation of attenuation is given by 

referred to the attenuation at the design wavelength. To illustrate, 
let Xi = 8 cm, X2 = 12 em, and have X,, = 2 cm so that 

w = 00625 <<: *» 
then X,j = 9.42 cm, and Set = ±0.027 neper/cm = +0.237 db/cm, an 
appreciable value well above the accuracy of calibration. 

Because of the exacting mechanical accuracies required, satisfactory 
primary standards have been developed principally for the longer 
wavelengths; none is available yet for wavelengths shorter than 3 cm. 
For accurate setting of a selected attenuation value or for recording 
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attenuation values in substitution measurements, the position of the 
receiver loop is read on a precision dial indicator with divisions of 0.001 in. 
In most measurements, only relative attenuation readings need be taken, 
namely, differences of indicator readings, which can be made very 
accurately. The knowledge of the theoretical attenuation rate makes 
the cutoff attenuator as accurate as the indicator reading can be made— 
makes it truly a primary standard for the linear range of attenuation. 

Secondary Standards.—Any standard which requires calibration 
either by independent power measurement or by comparison with a 
primary standard is usually considered a secondary standard since 
its accuracy must be lower than that of a theoretically defined standard 
value. Thus, all cutoff attenuators in their nonlinear region are second
ary standards. Because of their high minimum attenuation, these cutoff 
attenuators are not very useful as secondary standards, except that they 
can be built quite ruggedly and can be enclosed in a comparatively 
small space. 

Dissipative attenuators have the advantage of practically vanishing 
minimum attenuation; the metalized-glass precision attenuators have, 
furthermore, the advantage of permanency and considerable range of 
validity of calibration, and, if variable, they can also be made very 
accurate by suitable precision drives. These metalized-glass attenuators 
have, therefore, gained considerable prominence as secondary standards 
in laboratories and for portable microwave test sets. 

Fixed coaxial attenuators of the metalized-glass type in -g-in. line 
size are particularly suitable as gauge blocks or fixed attenuation stand
ards (see Sec. 12-13); they can also be used to extend the range of precise 
power measurements. The performance of these units has been 
extremely reliable. Similarly, broadband fixed waveguide attenuators 
with metalized-glass plates in the various standard sizes can be carefully 
calibrated for use as gauge blocks to verify linearity of cutoff attenuators, 
or for extending the range of precise power measurements (see Sec. 12-16). 
In order to ensure permanency of calibration, it is necessary to use 
metalized-glass plates with German-silver eyelets and to solder these to 
the supporting struts; the use of cements cannot be recommended because 
atmospheric conditions sooner or later cause deterioration with attendant 
drift of calibration. 

Variable coaxial attenuators with metalized glass as power absorbing 
inserts have been used as secondary laboratory standards (see Sec. 12-14); 
the permanence of the calibration of well-made assemblies has been 
demonstrated, although moderate fragility prevents their use outside 
of laboratories. The internal mechanical structure makes the unit in 
the present form suitable only for narrow frequency bands that can be 
accommodated in the |-in. coaxial-line size. 
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Several very satisfactory designs of variable waveguide secondary 
attenuator standards have been developed using metalized-glass plates. 
One example suitable for the wavelength range from 3.1 to 3.6 cm is 
shown in Fig. 13-21. The waveguide casing of this precision attenuator 
is made of cast brass, accurately milled in two halves to attain a high 
degree of uniformity. The two halves are soldered together. The casing 
is pinned and screwed to a cast steel base. The struts supporting the 

Dial indicator D i a | indicator rod 

F I G . 13*21.—Waveguide metalized-glass attenuator standard. 

glass plate are short and move freely through the side wall of the wave
guide casing without contact bearing, the motion being supplied by a 
precision mechanical drive. This drive is kinematically designed and 
the carriage is supported on precision ball bearings. The movement 
of the plate in 1/10,000-in. steps is recorded on a dial indicator fastened 
securely to the waveguide casing. The front plane of the boss driving 
the rod of the indicator dial is also the driving plane of the struts so 
that only the differential expansion of the rod and strut materials can 
cause uncompensated temperature effects on the mechanical alignment. 
A typical calibration curve is shown in Fig. 12-60 indicating an over-all 
spread of attenuation with freauency of the same order as would be 
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expected from a corresponding cutoff attenuator; the VSWR over most of 
the frequency range is less than 1.1 because of the short supporting struts 
for the metalized-glass plate. 

In order to check temperature sensitivity, special tests were per
formed with one sample attenuator. At room temperature, with the 
plate in its minimum position close to the guide wall, the movable dial 
of the gauge was set so that the indicating hand pointed to the zero 
of the dial. This will be referred to as the zero setting. By attenuation 
measurements, the dial reading for a 30-db change in attenuation at 
3.2 cm was determined at room temperature. The attenuator was heated 
by using incandescent light bulbs distributed around and above the unit. 
The temperature was observed at various parts of the attenuator, and 
when a temperature equilibrium was reached, measurements were 
repeated to ascertain the dial reading corresponding to 30 db at the new 
temperature and the zero setting. The results of these tests are shown 
in Table 13-2. 
T A B L E 13 -2 .—CHECK OF T E M P E R A T U R E SENSITIVITY OF SECONDARY A T T E N U A T I O N 

STANDARD 

Temp., 
°C 

25 
30 
35 
40 
45 
25 

Average dial 
reading of 

4 tests, mils 

108.59 
108.37 
108.25 
108.08 
107.92 
108.59 

Zero 
setting, 

mils 

0 
- 0 . 2 2 
- 0 . 3 7 
- 0 . 5 3 
- 0 . 7 0 

0 

Temp. 
change, 

°C 

0 
5 

10 
15 
20 

0 

Dial reading 
minus zero 

setting, mils 

108.59 
108.59 
108.62 
108.61 
108.62 
108.59 

Deviation with 
reference to 

dial reading of 
108.59 mils, db 

0 
0.00 
0.015 
0.01 
0.015 
0 

The negative value of the zero setting signifies that the indicating hand 
read less than the zero value of the dial when the metalized-glass plate 
was returned to its minimum position. The average dial reading of the 
30-db value is with respect to the zero of the dial. However, if the change 
in the zero setting is taken into account, the dial reading of the 30-db 
value of the attenuator remains practically constant with temperature. 
This leads to the conclusion that the change of zero setting with tem
perature is caused only by the temperature coefficient of the gauge 
and that temperature changes do not affect the attenuation calibration 
of this precision attenuator if the minimum position of the indicating 
hand is made to correspond to the zero of the dial when the unit is being 
used. 

Another example suitable for frequencies near 24,000 Mc/sec has 
been described in Sec. 12-17 by the calibration curve shown in Fig. 12-62. 
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The special drive mechanism for this guillotine attenuator is accurate 
enough to permit resetting to better than ±0.1 db. 

13-7. Calibration with Absolute Power Measurement.—For the 
calibration of secondary standards as well as for the verification of 
linearity of a primary standard, very accurate methods of attenuation 
measurement must be chosen. The most reliable method based on 
direct measurement of the power ratio is the Ballantine-voltmeter 
method. Although the common errors in attenuation measurements 
have been described in Sec. 13-5, a more extensive and quantitative 
discussion of the specific errors in this particular method will be given 
in order to demonstrate possible improvements in accuracy as needed 
for careful calibration. 

The circuit arrangement of the method is as shown in Fig. 13-3. 
The effects of instability of the generator and of variable contacts in the 
connectors of the transmission-line equipment, can with care be kept to 
less than ±0.05 db. Particular care must be taken to establish proper 
and repeatable contacts at all junctions. To realize this condition, all 
contact surfaces should be cleaned with alcohol. In the case of |-in. 
coaxial lines, all male pins should be sprung. Coaxial fittings with 
type N couplings should be fastened securely to the table, so that no 
relative motion can occur between the components; the type N fittings 
themselves should also be thoroughly cleaned with alcohol and mechan
ically adjusted to afford the best possible contact. The importance of 
cleanliness is emphasized by the fact that dirty contact faces on f-in. 
couplings can increase the above error to 0.15 or 0.2 db. If the compo
nents of the setup are loosely connected, additional errors may result. 
These errors depend on the location of the loose connections and are 
erratic; errors as large as 1 db have been observed when loose connections 
are present and components are out of line. They may be attributed to 
leakage as well as the large reflections created at the discontinuities. 
It is, therefore, necessary to make all connections reasonably tight. 

Specifically associated with the Ballantine-voltmeter arrangement is 
the error produced by the nonlinearity of the Wollaston-wire bolometer, 
and the total residual error of the Ballantine voltmeter after all known 
corrections have been made. 

Nonlinearity of Bolometer Characteristic.—The nonlinearity of the 
static (d-c) characteristic of the bolometer element can easily be demon
strated as in Sec. 3-24. For practical evaluation of the bolometer charac
teristics it is more convenient to use an approximate empirical relation 

R - Ro = KP", (41) 
where R is the bolometer resistance in ohms at a specific d-c power level 
P in milliwatts, R0 the bolometer resistance at P = 0, n the exponent 
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to be determined experimentally, and K a proportionality factor. The 
1 unknown parameters n and K of this expression may be determined by 

means of the method of least squares from experimental data of P and R 
for any particular bolometer element. With the actual units typical 
values for Sperry barretters are n = 0.9, K = 7.57. 

Measuring attenuation, the bolometer will first carry the larger 
r-f power without the unknown attenuator inserted. Using symmetrical 

! square-wave modulation the peak r-f power (P2 — Pi) superimposed on 
the bias d-c power Pi is twice the average r-f power which defines the 
average over-all resistance. Inserting the unknown attenuator, the r-f 
power in the bolometer element is reduced considerably so that the 
total resistance will be close to the value Ri corresponding to the power Pi . 
Since the audio amplifier utilizes only the a-c component of the voltage 
established across the bolometer resistance, the nonlinearity will cause 
an error in the power ratio. Figure 3-49 is a graph of the percentage 
deviation from square-law response as a function of the power increment 
P 2 - Pi . 

Accuracy of Ballantine Voltmeter and Preamplifier.—In the analysis 
of the over-all error introduced by the Ballantine voltmeter and pre-

, amplifier, the problem can be divided into two parts: (1) the combined 
error caused by the nonlinearity of the preamplifier and voltmeter 
amplifier, by inaccurate meter graduations, by discrepancies introduced 
by the meter movement, and by personal error in the meter reading, and 
(2) the error introduced by the inaccuracy of the range switches on the 
Ballantine voltmeter. 

The accuracy of the complete Ballantine-voltmeter circuit together 
with the preamplifier is best determined by measuring it with a well-
calibrated Daven decade attenuator as a reference standard. 

As an example, a Ballantine voltmeter Model No. 300 with a battery-
operated preamplifier was selected. The combination has an over-all 
gain of 120 db. The preamplifier employs a highly selective feedback 
circuit such that only the modulation frequency is amplified; thus the 

1 noise level at the input terminals of the Ballantine voltmeter is reduced. 
The scale of the voltmeter is linear in decibels and is of such dimensions 
that it can be read accurately to 0.1 db. For its calibration a Daven 
decade attenuator box, Model T-692, with a range from 0 to 111 db 
was chosen. 

The calibration of the Daven attenuator box was carried through 
with a Leeds and Northrup type K precision potentiometer using the 

; circuit arrangement shown in Fig. 13-22. The input voltage to the 
decade attenuator is given by 

r>. 
Cin = p ' înj (42) 
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the attenuation for each step is found by 

a„.p = 20 logio 
"out 

(43) 

As indicated, the values of the resistor RL, Rm, R,td were determined 
with good accuracy, the repeata
bility of the type K potentiometer 
for two successive runs being with
in ±0.01 per cent on the 10-db and 
1-db step dials, and ±0.1 per cent 
on the 0.1-db step dial. 

The calibration of the Ballan-
tine voltmeter and preamplifier 

was carried out with the calibrated Daven attenuator box connected to 
the unit under test, as shown in Fig. 13-23. With the 10-db step dial, 
the insertion loss of the decade attenuator was adjusted for 20 db, 
and the audio level set to full-scale reading on the Ballantine voltmeter. 
The decade attenuator was adjusted so that the voltmeter read the 

. To type K 
potentiometer 

RL= 500.000±0.1% ohms 
R5l(1 = 50.06410.1* ohms 
Rm measured at each step±0.1* ohms 

FIG. 13-22.—Calibration of Daven decade 
attenuator box. 

Hewlett 
Packard Q 
oscillator | 
*200 A 

ftt=500 = R, /?, 

— 1 — —'— RaMantim _ -=±r Ballantine 
voltmeter 

FIG. 13-23.—Calibration of the Ballantine voltmeter and preamplifier. 

F I G . 13-24.—Correction curve for Ballantine voltmeter. 

exact scale markings from 20 to 0 db in one-half-decibel steps. The 
corrected reading was taken at each scale graduation from the calibration 
data of the Daven attenuator box, T-692, and the correction plotted in 
Fig. 13-24. 

The personal error was reduced to a minimum value, for each reading 
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was repeated by two different observers for three successive runs. From 
' the figure, it can be seen that when this instrument is used with a square-

law detector, the resulting error Av will be +0.15 db. Interpolation 
of the curve in Fig. 13-24 will reduce this error to +0.05 db. 

The range switches on the Ballantine voltmeter can be checked by a 
procedure similar to that described for the amplifier-linearity test. In 
the same example, the range-switch error was not detectable for any one 
step. It was estimated that the sum of the four range positions would not 
introduce an error greater than +0.05 db. 

Total Accuracy of the Method.—If all the precautions enumerated 
above are properly taken, the over-all error can at worst be the sum of 
all the individual contributions. The errors are summarized in Table 
13 3. 

TABLE 13-3.—ACCURACY OF BALLANTINE-VOLTMETER METHOD 

Individual error 

Generator instability and contact effects 
Nonlinearity of bolometers 
Ballantine voltmeter and preamplifier 
Range switches of Ballantine voltmeter 

Total 

Without calibra
tion correction, db 

±0.05 
- 0 . 0 7 
+ 0.15 
+ 0 05 
+0.25 
- 0 . 3 2 

With calibration 
correction, db 

±0.05 

±0.05 
±0.05 
±0.15 

The importance of the calibration of the individual components is 
therefore emphasized for precision calibrations. By exercising great 
care, it is possible to achieve an over-all accuracy of +0.15 db in indi
vidual measurements, whereas for repeated measurements the probable 
accuracy should be not worse than ±0.05 V 3 = +0.087 db if the 
individual errors given in the table are assumed to be independent. 
This indicates that the above method is a most suitable calibration 
method. 

With the introduction of a gauge block or precision fixed attenuator 
as discussed in Sec. 13-6, and with sufficient power available in the 
oscillator, the over-all attenuation range can be extended; the accuracy 
of the range is however, influenced by the accuracy of the gauge block 
itself. 

13-8. Calibration of Secondary Standards by the Substitution 
Method.—The calibration of secondary standards is most conveniently 
done by comparison with a primary standard by means of the sub
stitution method described in Sec. 13-2. The accuracy that can be 
achieved will be discussed in detail here, together with the sources of 
error peculiar to this method, and not already covered in Sec. 13-5. 

■a „K7TJ 
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An important point to observe is that the substitution method normally 
gives only relative values of attenuation referred to the minimum attenua
tion of the unknown component. For small values, the minimum 
attenuation certainly cannot be accurately determined by removing 
the unknown component and compensating the removed attenuation 
with adjustment of the standard; rather, this minimum attenuation 
must be determined by absolute measurement of the power ratio with 
and without the unknown component. This measurement has to be 
made very carefully since its value is additive to the relative values of 
the entire calibration curve. 

Choice of the Buffer Sections.—The general test arrangement for 
the substitution calibration is that shown in Fig. 13-5 which indicates 
a waveguide setup such as used at about 9000 Mc/sec. The same 
block diagram applies with possible slight modifications for other fre
quency ranges and transmission-line systems. Buffer H, in the generator 
section, prevents reaction of load impedance changes upon the frequency 
and output power of the oscillator. The value of attenuation needed to 
keep the VSWR at a desired value close to unity can be ascertained from 
Fig. 11-11. Thus, if the maximum VSWR expected from the unknown 
attenuator is 1.30, the buffer H must be chosen as 10.15 db in order to 
keep the VSWR at the oscillator side to 1.025. Usually, if a value of 
10 db or 12 db is chosen, the input impedance to the load system at the 
oscillator terminals will remain substantially constant. 

Through the matching-stub section G, buffer I presents a matched 
termination to the attenuator undergoing calibration. In Fig. 13-5, 
this buffer is set for 10 db so that the power reflected from the cutoff 
attenuator and adapter section is completely absorbed. The matching 
stubs are employed to create a matched termination of VSWR equal to 
1.03 or less, since the calibration is reliable only if the attenuator is 
terminated by a matched load. The VSWR must remain substantially 
constant throughout the process of calibration; it has been observed 
that with a variation from 1.03 to 1.1, only a negligible error is introduced 
into the calibration. However, if the VSWR is above 1.1, an appreciable 
error may be produced depending on the phase change introduced by 
the matching stubs and on the wavelength. For the worst phases, the 
conditions are depicted for a particular wavelength by the experimental 
curve shown in Fig. 13-25 where r1 is the VSWR looking into the detector 
section, and r2 is the VSWR looking into the unknown attenuator at an 
attenuation setting of 30 db so that r2 is independent of rj. As r iincreases 
beyond 1.1, the error in attenuation rises rapidly above 0.1 db so that 
the calibration becomes meaningless. 

Buffer M prevents power feedback from the local oscillator of the 
spectrum analyzer into the calibration line. It also serves to terminate 
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the reference cutoff standard by the characteristic impedance of the line 
Its value was chosen at 4 db and variation up to 15 db did not indicate 
any noticeable error. This is because the cutoff attenuator possesses 
an inherent termination that is highly reactive. The calibration of the 
cutoff attenuator is not, therefore, critically dependent on the setting 
of buffer M. 

The total safe minimum insertion loss of the calibration system is, 
therefore, 12 + 10 + 4 = 26 db in the three buffers alone, whereas the 
cutoff-attenuator standard has a minimum attenuation value of about 
15 db. A total power loss of 41 db occurs and calibration can be con-

0.6 
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VSWR rL 
F I G . 13-25.—Influence of mismatch at input terminals of the detector upon measured 

attenuation. Attenuation level was 30 db and ra = 1.07. 

ducted effectively only up to about a 90-db power-level difference between 
source and detector, hence a useful and accurate calibration range of 49 db 
remains. 

The large minimum insertion loss with the cutoff-attenuator standard 
has led frequently to the use of a very well calibrated secondary dissipa-
tive standard as a reference standard. In this case, the arrangement 
of the detector section is shown in Fig. 13-6. Buffer H is chosen in the 
same manner as above, but buffer I need have a value of only 3 db since 
the input VSWR of the precision attenuator usually is less than 1.1 over 
the frequency range for which it is designed; otherwise it would be difficult 
to obtain an accurate calibration in accordance with the discussions of 
Sec. 13-5. 

Buffer M terminates the dissipative-attenuator standard by a matched 
load. To ascertain the error caused by an improper termination, buffer 
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H and buffer M were both set at 15 db and two precision attenuators were 
chosen as reference values. These attenuators were calibrated at 30 db, 
one against the other. The 30-db value of the first standard was recali
brated for different attenuation values of buffer M and the deviation in 
decibels determined. The procedure was repeated at several wave
lengths. The results are given in Table 13-4. Table 13-5 shows the 
deviation in decibels when the experiment was repeated for the 2-db 
setting of the same standards These data show that it is necessary to 
choose buffer M with a minimum value of 12 db of attenuation. 

Following the same procedure as outlined above, the deviation in 
decibels can also be determined when both buffer H and buffer M are 
varied. This yields the effect of two sources of error. The resulting 
maximum errors were +0.03 db and —0.04 db with variations of each 
buffer between 15 db and 9 db. This clearly indicates that utmost 
attention must be paid to proper buffering in order to keep the calibration 
errors within tolerable limits. 

TABLE 13-4.—INFLUENCE OF ATTENUATION VALUE OF BUFFER M UPON THE 
CALIBRATION WITH A DISMPATTVE STANDARD AT THE 30-DB ATTENUATION LEVEL 

Setting of 
buffer M, db 

15 
9 
0.4 
0 

X = 3.13 cm 
db deviation 

0 
+0.02 
+0.02 
+0.01 

X = 3.20 cm 
db deviation 

0 
- 0 . 0 1 
- 0 . 0 1 
- 0 . 0 0 

X = 3.30 cm 
db deviation 

0 
+0.01 
+0.08 
+0.05 

X = 3.53 cm 
db deviation 

0 
- 0 . 0 1 
- 0 . 0 1 
+0.02 

TABLE 13-5.—INFLUENCE OF ATTENUATION VALUE OF BUFFER M UPON THE 
CALIBRATION WITH A DISSIPATIVE STANDARD AT THE 2-DB ATTENUATION LEVEL 

Setting of 
buffer M, db 

15 
9 
0.2 
0 

X = 3.13 cm 
db deviation 

0 
- 0 . 0 2 
- 0 . 0 5 
- 0 . 0 5 

X = 3.20 cm 
db deviation 

0 
+0.03 
+0.03 
+0.01 

X = 3.30 cm 
db deviation 

0 
- 0 . 0 2 
- 0 . 0 2 
- 0 . 0 7 

X = 3.53 cm 
db deviation 

0 
- 0 . 0 3 
- 0 . 0 0 
- 0 . 0 4 

The total safe minimum insertion loss of the calibration system is, 
in this case, 12 + 3 + 12 = 27 db, or 14 db less than when the cutoff-
attenuator standard is used. 

Accuracy in Setting the Reference Standard.—The mechanical accuracy 
in setting the cutoff-attenuator standard can be made as good as +0.1 mil, 
which corresponds at 9000 Mc/sec to +0.01 db, approximately. For 
the dissipative-attenuator standard at 9000 Mc/sec described in Sec. 13-6 
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the setting accuracy is +0.01 mil. Since the slope of the attenuation 
curve of this precision attenuator varies from 0.15 to 0.80 db/mil, the 
setting accuracy is from +0.002 to +0.008 db. It is, of course, desirable 
to make this mechanical adjustment as accurate as possible, since it can 
be most easily controlled. 

Effects of temperature and humidity usually cause additional errors, 
which can be kept small with proper design particularly by utilizing 
inherent compensation features. The attenuation rate (db/cm) of 
the cutoff attenuator standard depends on the diameter of the cylindrical 
bore. Since the material is usually solid silver, the diameter change with 
temperature is about 0.00126 per cent/°C. For ordinary laboratory 
uses, this change is entirely negligible. A diameter variation of +0.063 
per cent causes an equal change in the attenuation rate a according 
to Eq. (36). For values of 15 db/cm this change results in &a = +0.0095 
db/cm. Therefore, in 60 db, the total error is +0.038 db, an error 
comparable with some of the other errors to be considered. Humidity 
will affect the dielectric constant of air; this effect is negligible unless 
condensation of water vapor takes place. 

The effect of temperature and humidity on metalized-glass-attenuator 
standards is negligible if the metalized-glass plate is soldered on to the 
struts as pointed out in Sec. 13-6. 

Effect of Detector Noise.—In the calibration of higher values of 
attenuation, about 40 db with the cutoff-attenuator standard-and about 
55 db with the dissipative standard, the total attenuation between the 
oscillator and the spectrum analyzer is 90 db or more, and the gain of 
the receiver must be set high. The noise of the receiver is amplified 
to such an extent that the signal or " p i p " appearing on the screen of the 
cathode-ray oscilloscope fluctuates widely. Inherently, this fluctuation 
tends to introduce a calibration error. In order to determine the magni
tude of this error, a series of test's was performed at about 9400 Mc/sec 
in which the attenuation at a constant dial setting of a calibrated attenu
ator was recalibrated as a function of the amplitude of the fluctuation, 
the average height of the pip being kept constant. The results indicate 
that attenuation measured with a fluctuating pip is always higher than 
attenuation measured with a steady pip. The deviation in decibels as a 
function of the height of the fluctuation has been plotted in Fig. 13-26; 
the values represent the averages of three independent tests. 

In these tests, the amplitude of the fluctuation was varied by decreas
ing the input power to the spectrum analyzer and increasing the gain. 
This power decrease was accomplished by increasing the attenuation 
in buffer T and rematching the termination. Within the fluctuation 
range of 0 to 0.05 in. as shown in Fig. 13-26, an approximate error of 
+0.04 db can be made in measuring high values of attenuation. AcUi-
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ally, the calibration should not be carried into ranges of larger amplitudes 
of fluctuations because of the larger inaccuracies obtained. 

Accuracy of Readings of the Unknown Component.—Individual 
observations of the setting of the unknown component will vary because 
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Average height of fluctuation in inches 

Calibration error contributed by signal fluctuation at high attenuation value. 

of needed interpolation, parallax of indicator and scale, mechanical 
inaccuracies, and so forth. In order to minimize these influences, it is 
recommended to proceed as follows (refer to Figs. 13-5 or 13-6): 

1. For the operating wavelength, match the buffer I (as termination 
of the unknown attenuator) to a VSWR of 1.03 or less by means 
of matching stubs G. 

2. Set the reference standard for a value that is a few decibels higher 
than the attenuation to be measured. 

3. By means of the receiver gain control, set the pip of the spectrum 
analyzer at a convenient level on the screen of the oscilloscope. 

4. Reduce the attenuation of the reference standard by a known 
amount. 

5. Insert attenuation of the unknown attenuator until the pip returns 
to the level set according to Step (3). 

6. Return the dial setting of the reference standard to the value 
selected in Step (2). 

7. Return the dial setting of the unknown attenuator to its original 
value. 

8. View the pip level. If the pip returns to the same level as in Step 
(3), the dial reading obtained in Step (5) is accepted. If the level 
has changed, the dial reading is discarded. 

9. This procedure is repeated for four acceptable dial readings ana 
the average is taken to be the correct reading. 



SEC. 13-8] CALIBRATION OF SECONDARY STANDARDS 847 

The dispersion of the four acceptable values will depend on all 
the factors enumerated above and particularly on the mechanical drive 
of the unknown attenuator. In the case of secondary standards of the 
metalized-glass type this accuracy can be made rather high. In the 
region of the maximum slope of this secondary standard at 9000 Mc/sec 
(see Sec. 14-6), the maximum spread has been found to be ±0.04 db for 
careful calibration procedure. 

TABLE 13-6.—COMPARISON OF MAXIMUM CALIBRATION ERRORS AT 9000 MC/SEC 

Individual contributions Calibration with 
cutoff standard, db 

Calibration with 
metalized-glass 

standard, db 

Combination of buffers H and M 
Buffer / 
Mechanical resettability of reference 

standard 
Calibration error of reference standard 
Effect of detector noise 
Reading of the unknown component 

Total 

+0.02 to - 0 . 0 2 
+0.02 to - 0 . 0 2 

+0.01 to - 0 . 0 1 

+0.04 
+0.04 to - 0 . 0 4 
+0 .13 to - 0 . 0 9 

+0 .03 to - 0 . 0 4 
+0.02 to - 0 . 0 2 

+0.008 to -0 .008 
+0.064 to -0 .064 
+0.04 
+0.04 to - 0 . 0 4 
+0.202 to -0 .172 

Total Error of Calibration Method.—The maximum total error incurred 
in the calibration of secondary standards is summarized in Table 13-6. 
With calibration against a cutoff standard, which has been certified 
to be truly linear, the error in the calibration can be anywhere between 
+0.13 and —0.09 db. However, the most probable measure of the 
reliability of the final result depends on the square root of the sum of the 
individual errors squared. This value is + 0.064 db, approximately. 

On the other hand, if the calibration is made against a secondary 
standard, the over-all calibration of this standard itself must be included 
and the maximum total error becomes +0.202 to —0.172 db. Again, 
the most probable error depends on the square root of the sum of the 
squares of the individual errors. This value, selecting the maximum 
deviations in each contribution, is ±0.10 db, approximately. 

These errors exist, of course, only under the conditions outlined, 
apply to the method of calibration, and presuppose good care in avoiding 
the more obvious general sources of error discussed in Sec. 13-5. The 
absolute values of attenuation may have still larger errors if the actual 
measurement of attenuation is not made under the proper conditions 
of termination. With the precautions indicated, however, and with the 
range of calibration restricted to the regions of small individual errors, 
the maximum deviation of absolute attenuation values should be small. 
As an illustration, take Eq. (26) and use the following values: 
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r' = 1.10, r" = 1.10, assuming the maximum VSWR of a secondary 
standard, 

r0 = 1.03, because of careful match of input buffer H, 
rL = 1.03, because of careful match of the detector section. 

Then (Ayl)m„. = +0.014 db, a very small value indeed. The most 
probable error of a careful calibration measurement also gives the error 
in the value of the absolute attenuation. 

13-9. Production Calibration.—Microwave test equipment frequently 
contains among its components attenuators of fixed or variable attenua
tion values. The calibration of these attenuators in a rapid and accurate 
manner is an important production problem. 

Calibration of Fixed Attenuators.—Fixed-value attenuator pads are 
usually used to extend the range of power meters or other instruments 
in a manner similar to the equivalent range selectors at lower frequencies. 
The attenuation values, therefore, must be calibrated, yet they need not 
be calibrated as accurately as secondary standards. Because of the 
special need for rapid measurement of similar pieces, convenient modifica
tions can be made in the substitution method of calibration. Figure 
13-27 indicates a particularly useful arrangement whereby the unknown 
attenuators are inserted between the generator and detector section at 
ab. The microwave oscillator is modulated at audio frequency, and the 
output voltage of the first detector 7 can be either directly connected 
to the final audio amplifier and detector at C or connected to it at D over 
a carefully calibrated audio-frequency attenuator. With the unknown 
attenuator connected between a and 6, and the audio selector switch 
at C, a convenient indication is obtained on the final detector-indicator 
by adjusting the gain of the audio amplifier. Leaving this gain adjust
ment fixed, and moving the audio selector switch to neutral position 0, 
the unknown component is removed and the detector section directly 
connected to the generator section. The audio selector switch is moved 
to D, and the a-f attenuator pad adjusted to restore the same indication 
on the final detector as previously selected. The dial reading of the 
audio pad gives directly the attenuation value of the unknown attenuator. 
For calibration of many attenuators of the same nominal value, this 
method is extremely rapid, since the audio pad can stay adjusted to 
the nominal value and only a fine adjustment is needed to the exact 
value of the particular unknown attenuator. If a tolerance range has 
been defined, this range can be marked on the fine-adjustment dial of 
the audio attenuator and any unknown attenuator outside this range can 
be rejected. Inasmuch as the first detector must carry the microwave 
power with and without the unknown attenuator inserted, the method is 
practically limited to about 20 to 30 db if good accuracy is desired. 
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Rather careful buffering of the oscillator is required in order to maintain 
output power and frequency setting; from time to time it is necessary to 
check these settings. A power monitor can easily be added for this 
purpose. One of the principal advantages of this method is that the 
audio pad can be calibrated at direct current with a precision potentiom
eter. By exercising care with all the other factors, this method can 
be made as accurate as the Ballantine-voltmeter method of absolute 
calibration. With proper modifications of the first detector I, the 
method can also be used for any microwave frequency desired. 

Adjustment of Fixed Attenuators.—In many instances, particularly 
in the case of fixed waveguide attenuators, it is desired to set the insertion 
loss of each of a large number of similar pieces at a single value. A very 
suitable arrangement is that shown1 in Fig. 13-27 where the output power 
of the side arm of a directional coupler K in the generator section is 
compared with the final power from buffer M. With the detector section 
connected directly to the generator section at the output terminal of 
the standard attenuator as shown, conditions are adjusted so that the 
input signals to the amplifier are equal. A push-button switch may be 
installed to facilitate comparisons between the two signals. If the 
standard attenuator is reduced by the desired amount, and if the unknown 
attenuator is inserted between o and b in Fig. 13-27 and adjusted so that 
the signals become equal, the proper setting has been obtained. The 
advantage of the method is that small changes in amplifier gain or oscil
lator output power do not necesitate recalibration. Both signals 
go through the same amplifier channel, and changes in gain affect both 
signals equally. If both crystals follow approximately the same law, 
small changes in the output power of the oscillator affect both signals 
about equally. 

Because there is a small amount of coupling between the two input 
terminals of the amplifier, it is desirable that both input signals be of 
the same order of magnitude. To accomplish this, it may be necessary 
to insert an additional attenuator between the side arm of the directional 
coupler K and the monitoring crystal detector P. 

Comparison of Directional Couplers.—It is often desired to measure the 
coupling of a large number of directional couplers of the same type. 
This may be done conveniently by comparison with one of the directional 
couplers which previously has been carefully calibrated as a standard. 
This standard coupler may again be K in Fig. 13-27, and the coupler to be 
measured is inserted in the detector section as shown in Fig. 13-28. 
The difference between the powers out of the two side arms is measured 
by means of bolometers and amplifiers with an audio attenuator. The 

1 W. E. Waller, "Microwave Attenuation Measurements," RL Report No. 55.5— 
11/12/45, p. 14. 



SEC. 13-9] PRODUCTION CALIBRATION 851 

bolometers replace the crystal detectors to ensure the same dependence 
on power in both detectors and the audio attenuator is used to bring 
the signal in the amplifier without gain adjustment to the same level 
in both cases. The difference in the audio-attenuator reading gives the 
difference in coupling of the two directional couplers. 

If the couplers sample anything but a negligible portion of the power 
in the main line, compensation must be made for the reduction in the 
amount of power that enters the coupler under test, which can be done 
best by means of the audio attenuator. 
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of directional couplers with standard. 

Calibration of Variable Attenuators for Signal Generators.—Attenuators 
for signal generators for testing receivers and transmitters usually require 
wide ranges of adjustment, in most cases up to 75 or 85 db. As indicated 
in Sec. 13-2, such a range of attenuation calibration is difficult to achieve. 
It is not possible at present with a waveguide-beyond-cutoff primary 
standard because of its very high minimum insertion loss. The most 
common calibration procedure is, therefore, the substitution method with 
resistive precision attenuators as secondary standards, preferably of 
the metalized-glass type as described in Sec. 13-6. Calibration of these 
resistive standards over the entire range of 80 db must be done in pairs. 
One member of the pair is calibrated by a primary method, such as is 
described in Sec. 13-7, the other member of the pair is then calibrated by 
comparison with the first using the substitution procedure. As a 
detector, either a spectrum analyzer or a standard radar receiver with a 
frequency band of 2 Mc/sec and an intermediate frequency of 30 Mc/sec, 
may be used. The output signal of this receiver may be indicated either 
as a pip if the local oscillator'is sawtooth-modulated, or as a deflection 
of a voltmeter connected to the second detector if the local oscillator is 
operated without modulation. Despite its wider pass band, such a 
receiver has at least as great a sensitivity and has more stability than 
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a spectrum analyzer. The high sensitivity expected from the narrow
band receiver in the analyzer is seldom realized, and a tendency for 
regeneration usually hampers stability. The optical advantage caused 
by the manner in which noise adds to the signal from the wider bandpass 
receiver when an oscilloscope is used, permits operation closer to noise. 
A signal that is equal to noise is about —125 dbw, and this is therefore 
the final limit of sensitivity. 

The accuracy of the upper range of secondary standards is con
siderably lower than the accuracy of the lower range (see Sec. 138). 
Consequently, the absolute accuracy of calibration of the signal-generator 
attenuators is still lower, probably not better than +0.45 db at about 
70 db total attenuation, since the mechanical drive is also less accurate 
than that of the standards. In the comparison of attenuators, possible 
deviations of twice this value must be expected. 

13 14 15 16 17 18 19 20 21 22 
Gap width in mils 

F I G . 13-29.—Shift of crossover of attenuation curves with variations in glass widths from 
X = 3.13 and 3.53 cm. 

In view of the unavoidable inaccuracies of individual calibrations 
the possibility of eliminating the calibration by careful quality control 
of the production of attenuators should be considered. This cannot 
be done, at least in the case of waveguide attenuators, as has been 
demonstrated clearly in experiments on metalized-glass attenuators by 
studying the influence of mechanical tolerances upon the variation of 
attenuation with frequency. It has been shown in Sec. 12-18 that the 
capacitances produced by the electric field fringing between the metalized-
glass plate and the waveguide walls exert a strong influence on the 
attenuation characteristics. The metalized-glass plate shown in Fig. 
12-58 was used with slightly varying widths in the same specially selected 
waveguide casing of 0.399 in. small dimension and of exceptional uni
formity. The attenuation curves for the wavelengths 3.13 and 3.53 cm 
intersect with normal tolerances in the neighborhood of 40 db total 
attenuation. For glass plates of widths varying between 0.356 and 
0.371 in., Fig. 13-29 indicates how the crossing point of these two 
attenuation curves shifts from about 28 db to 55 db. As this crossover 
shifts, the spread between the attenuation curves at a fixed medium value 
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of 40 db varies according to Fig. 13'30. Thus only a very small variation 
in the gap is allowed if an over-all spread of attenuation of 1 db or less 
between the wavelengths chosen is desired. 

In order to reduce variations from attenuator to attenuator in produc
tion, the tolerances on waveguide dimensions as well as on glass width 
and thickness must be set close. If the glass plate shown in Fig. 12-58 
with a width of 0.363 + 0.001 in. is selected and if the inner dimension 
of the waveguide is set at 0.400 ± 0.002 in., a total maximum variation 

4 

3 

•° 9 

1 
0 

13 14 15 16 17 18 19 20 21 22 
Gap width in mils 

Fio. 13-30.—Total attenuation change at 40 db from X = 3 . 1 3 to 3.53 cm. 

of ±0.0015 in. in gap width will result centered about 18.5 mils as indi
cated in Fig. 13-29. This causes a variation of total attenuation change 
with frequency at 40 db from approximately 0.6 db at one tolerance 
extreme to 1.5 db at the other. A glass width of 0.3635 + 0.001 in. 
reduces this to about 1 db. Other mechanical factors are also important, 
such as slight bowing of the glass plate, curvature in the waveguide 
casing, nonparallelism of the struts supporting the glass plates, and 
many others. Consequently any attempt to produce waveguide signal-
generator attenuators of identical attenuation curves that would obviate 
calibration procedures seems utterly hopeless with present-day means. 

«< >> 
■q \ 
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CHAPTER 14 

DIRECTIONAL COUPLERS 

B Y R. L. KYHL 

14-1. Introduction.—In microwave systems it is often necessary to 
monitor the power which is being transferred through a transmission line, 
the line from a transmitter to an antenna, for example. Usually the 
monitoring must be accomplished by a simple device which does not add 
weight or complexity to the system. Such a device will employ a 
detector or detectors and some means of coupling power out of the 
transmission line in question. The simplest way of accomplishing the 
coupling is by means of a small probe such as that which is used in 
slotted-section measurements. Serious objections to this become evident 
at once. The voltage generated in such a probe is proportional to the 
electric intensity at the position of the probe; this intensity varies from 
point to point along the transmission line to give the familiar standing-
wave pattern. The voltage generated in the probe is then by no means a 
unique measure of power transfer. The same objection may be made to a 
probe consisting of a small loop projecting into the line. In this case 
it is the magnetic intensity that is picked up; the standing-wave pattern, 
although displaced, will be of the same magnitude. 

I t is possible, of course, by means of a slotted section and sliding 
probe, or by means of a sufficient number of fixed probes, to determine 
completely the configuration of the electromagnetic waves in the trans
mission line, and in this way to determine, among other things, the net 
power transfer. This is far too complicated to be a satisfactory solution 
of the problem. What is desired is a type of coupling which will deliver, 
to a single detector, power which is proportional to the power transfer 
in the transmission line. 

An attempt to answer this problem is the directional coupler, which 
measures the forward-going wave. Although this does not give exactly 
the power transfer, since there may be a reflected wave, it represents a 
much better approximation when the reflected power is small than does 
the simple probe. Equation (1) gives the dependence of power transfer 
on the amplitude of the forward wave, 

P = ^ ( 1 - | I ? ) , (1) 
854 
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where P is the power delivered to the load, E is the complex voltage 
amplitude of the wave in the forward direction, Z0 is the characteristic 
impedance of the transmission line, and r is the complex voltage reflec
tion coefficient of the terminating load. Since the directional coupler is 
sensitive only to the forward wave, the power reaching a detector con
nected to the coupler is proportional to the power transfer in the line, 
independently of the value of r , except for second-order terms in T. 

Pd " T=W ~ P(1 + |r|2)' (2) 

where Pd is the power extracted by a directional coupler. A simple 
probe, on the other hand, is sensitive to the total field strength \E(1 + r ) | , 
so that 

^d * r 1 _ j r | 2 , (3) 

where P'd is the power extracted by a simple probe. The probe power is 
then independent of T only if first-order terms in r are neglected. Since, 
in practical transmission lines, values of | r | = 0.2 corresponding to a 
standing-wave ratio in voltage of 1.5 are common, these effects are by no 
means trivial. 

It is often desired to monitor or to measure the available power of a 
matched generator which is driving a transmission line. In this case 
power carried by the forward wave is proportional to the available power, 
and the directional coupler gives the correct value independent of the 
standing-wave ratio in the line. If the generator is not matched, the 
forward wave will depend upon load and generator impedances, but in all 
cases the simple probe gives a coupling which is more dependent on load 
and generator impedances than does the directional coupler. 

The above considerations also apply when the role of generator and 
detector are reversed, as can be seen from a consideration of reciprocity 
relations. This means that the directional coupler offers the same 
advantages when the problem is, for example, to put into a receiver a 
test signal which will be independent of the impedance of the antenna and 
of the other components in the transmission line. Then, too, there are 
many cases in which it is desirable to know the magnitude of a traveling 
wave for its own sake, as in the case of the reflectometer for measuring 
reflection coefficients. It has been assumed that the transmission line 
in question must remain operative. If it is possible to break the trans
mission line to insert detectors or generators, then the particular proper
ties of the directional coupler are of no special value. 

14-2. Equivalent Circuit of a Directional Coupler.—The problem of 
designing a device which is sensitive only to the wave in one direction 
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is equivalent to that of designing a device to excite a wave traveling in the 
reverse direction. From reciprocity considerations, a solution to one 
of the problems is automatically a solution of the other. This can 
be seen as follows: if a generator sends a wave down the transmission 
line in the rejected direction, that is, the direction in which the coupler 
is not sensitive, no power reaches the detector. Therefore, by reciprocity, 
if the detector and the generator are reversed and the probe generates, 
no power reaches the end of the transmission line containing the detector; 
therefore any wave generated must travel toward the other end of the 
transmission line. The same argument of course can also be applied in 
the opposite direction. This indicates that a simple probe cannot be 
used since it would radiate power into the line in both directions. I t 
suggests the use of two or more probes driven in the appropriate phases 
to cancel the radiated waves in one direction in a manner analogous to 
that employed in certain directional antennas. Thus, since most direc
tional couplers consist of a section of the main transmission line coupled 
to an auxiliary transmission line, the problem of sensitivity to power 

flowing in one direction in the main line is 
equivalent to the problem of exciting the 
transmission of power in a single direction 
in the auxiliary line. 

^ ^ ^ ^ Consider, then, the generation of waves 
by a generator driving a probe or other de-

^2=0 vice forming a weak coupling to the line. 
Such a generator can be represented in sev-

Fio. 14-1.-Electric probe cou- ^ e q u i v a l e n t w a y g A g i n g l e e l e c t r i c 

probe may be represented by a shunt gen
erator, Fig. 14-1. The waves excited will be of the form 

e = +E&-(oil+is) 

(I)" 

z > 0, 

(4) 

z < 0. 

A probe may be generalized to include any device which couples to the 
transverse electric field of the waves in the transmission line. For this 
type of excitation the voltages at symmetrical points on the two sides 
of the probe have the same phase. 

A simple loop may be represented by a series generator, Fig. 14-2. 
The waves excited will be of the form 
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e' = - E'0e'("l+k'} 1 

1 + Z0
e 

z > 0, 

z < 0. 

(5) 

[^A^-Q—| 

A loop may be generalized to include any device which couples to the 
transverse magnetic field of the waves in the transmission line. For this 
type of excitation the voltages at symmet
rical points on the two sides of the probe are 
out of phase. 

Next consider the problem of a trans
mission line excited by two probes. Both 
probes must be driven by the same gener
ator, of course, so that the waves will be 
coherent. The resulting waves will be 
linear combinations of the individual waves. 

Case 1. 
Here, 

e = (#„ + E'0)e^< 

I-
2=0 

Fio. 14-2.- Magnetic loop cou
pling. 

We shall consider two cases. 
A shunt and a series probe excite the line at the same point. 

e = + (E0 - E'0)e^>+^ \ 

i = - i (E9 - E'0)e^'+™ [ Z < °-

(6) 

If now the relative magnitudes and phases of the coupling are adjusted 
so that Eo = Eo, then e = 0 for z < 0, and the wave excited to the left 
will vanish. 
Conversely, from reciprocity considerations, a wave falling on the probe 

combination from the left would 
• —r^L 

z»0 

not be detected at the terminal 
pair which drives the two probes. 
In other words, the probe combi
nation is sensitive only to an inci
dent wave traveling from the right 

Fio. 14-3. -Probes spaced A/4 apart. t o th(j j ^ a n d h a g t h f l p r o p e r t i e s 

of a directional coupler. On the other hand, if we had made E0 = — E'0, 
the wave excited to the right would have vanished and the directional 
coupler would have been sensitive to waves traveling in the opposite 
direction. 
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Case 2. Two series probes drive the line at points separated by a 
quarter wavelength; Fig. 14.3. Here, 

Zo Zo ) 

-Elf,'<"'+*'> _ £, e ' [" ' + *(' i)J 
(7) 

giving 
Zo Zo / 

(8) 

If the relative magnitudes and phases of the couplings are adjusted so that 
Ei = jEi, the wave excited to the left will vanish, and by a similar 
argument, when a detector is used instead of a generator, the device is a 
directional coupler sensitive to a wave coming from the right. Notice 
that in this case the two probes must be connected so that there is a 

phase difference of 90° between 
Absorber , , them. 

These two examples will suffice 
to illustrate the general methods of 
o b t a i n i n g directional properties. 

To detector Mainline _ , . , , . . 
, , . „ , , „ , . , , , I he various ways of obtaining the 

F I G . 14-4.—The Bethe-hole coupler. . J a 

desired shunt and series excitation 
will be described subsequently. Actually any microwave junction can be 
represented either as a series or as a shunt circuit; however, the corre
sponding reference planes will be displaced one-quarter wavelength from 
one case to the other. Usually one of the choices has greater physical 
significance. 

14-3. The Bethe-hole Coupler.—We shall now consider a particular 
example of a directional coupler. A typical Bethe-hole coupler is the 
design shown in Fig. 14-4 for rectangular waveguide. I t consists of two 
waveguides with their broad sides adjoining and a single hole furnishing 
coupling between them. The lower guide is the main transmission line. 
The upper guide is terminated at one end to absorb unwanted power, and 
the other end is connected to the detector. 
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To describe the characteristics of a directional coupler, use is made 
of the terms "coupling," "directivity," and also standing-wave ratio in 
the main transmission line. These are defined in terms of the quantities 

Coupled power 
auxiliary line 

^—Y=^ 
"ir 

^ ^ 
d ^ 

Backward 
power 

? ^ * ^ 

Main incident power P 

FIG. 14-5.-

1 Incident power JJ 
-Definition of coupling and directivity. 

shown schematically in Fig. 14-5. A coupler is designed so that ideally 
Pb = 0, but actually it may have some value which is small compared to 
Pf. Coupling is defined by 

C = 10 logl„ (py (9) 

Directivity is a measure of the quality of the coupler and is defined by 

D = 10 logw (jA (10) 

The standing-wave ratio which is measured in the main line looking in 
the direction of the wave to which the coupler is sensitive, with the other 
end matched, is often used to specify one characteristic of a coupler. 
Usually the standing-wave ratio in the main line is the same looking 
in either direction with the main line terminated in a match. 

I lilt 
Corresponding electric dipole 

F I G . 14-6.—Electric coupling through a small hole. 

In the Bethe-hole coupler, it can be seen that the hole provides 
coupling to both the electric and the transverse magnetic field compo
nents. This is illustrated in Figs. 14-6 and 14-7. The electric fields in 
the auxiliary guide in the neighborhood of the hole are similar to those 
generated by an oscillating electric dipole with its dipole moment parallel 
to the electric field of the incident wave in the main guide. Propagating 
waves will be set up in the auxiliary guide similar to those caused by 
such a dipole. In a like manner, the magnetic fields will behave as 
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though the hole contained a magnetic dipole moment which, however, 
is parallel to the transverse magnetic field in the main guide but in the 
direction opposite from it. In a pure traveling wave in the main line, 
the transverse electric and magnetic fields will be in phase. The electric 
dipole moment of the hole will also be in phase, while the magnetic dipole 
will be opposite in phase. Because of this reversal of sign of one type of 
coupling with respect to the other, the waves in the auxiliary line will 
cancel in the forward direction relative to the direction of propagation 
in the main line, and will reinforce in the backward direction. It is a 
general property of Bethe-hole couplers that the wave in the auxiliary 
line travels in the opposite direction from the wave in the main line. 

Corresponding magnetic dipole 
FIG. 14-7.—Magnetic coupling through a small hole. 

As indicated in Sec. 14-2, the waves generated by the two types of 
coupling must be of equal amplitude in order to have complete cancella
tion and perfect directivity. The magnitude of the coupling through 
small holes has been calculated by Bethe,1 and his results can be used for 
design purposes. Bethe assumes that the radius of the hole is small 
compared to a wavelength, and the hole is far from corners or other dis
continuities in the plane containing the hole. The strength of the electric 
or magnetic dipole formed in the hole is proportional to the strength of the 
incident field and the polarizability of the hole. The polarizability 
depends on the shape of the hole and the direction of the incident field 
with respect to a line in the plane of the hole. 

The voltage coupling is given by (TTJ/X0<S) (E^HP) ; Ei and Et are the 
electric-field intensities corresponding to waves of unit amplitude in the 
primary and secondary guides respectively, which would have existed at 
the position of the hole if the hole had been absent. P is the electric 
polarizability of the hole, and <S is a normalizing factor. Similarly, the 
magnetic coupling is given by (irj/\oS)(HiH^M), where M is the magnetic 
polarizability of the hole. The polarizabilities for a small round hole 
are given by M = %r3 for the magnetic coupling, and P = §ra for the 
electric coupling, where r is the radius of the hole. I t is seen that the 
ratio of the two kinds of coupling is independent of the size of the hole. 

1 H. A. Bethe, "Lumped Constant for Small Holes," RL Report No. 194, Mar. 24, 
1943; "Theory of Side Windows in Waveguide," RL Report No. 199, Apr. 4, 1943. 
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The voltage coupling varies as the cube of r, so the coupled power varies 
as the sixth power of the hole radius. 

To equalize the couplings, the axis of one guide is rotated with respect 
to the other as illustrated in Fig. 14-4. The magnetic dipole in the hole 
must now be resolved into a transverse and a longitudinal component 
in the auxiliary guide. Since only the transverse components couple, 
the magnetic coupling is reduced by a factor equal to a cosine function. 
The electric coupling is unchanged. This scheme is effective only if the 
magnetic coupling is stronger than the electric coupling when the guides 
are parallel. Fortunately, this is often the case. When the couplings are 
equal, the phase relations of the two components are such as to produce a 
wave in the auxiliary guide traveling in only one direction from the hole. 

The wall thickness of the hole has the effect of reducing the coupling 
by a considerable amount. Moreover, it attenuates the two types of 
coupling by different factors. The hole may be regarded as a very short 
section of circular waveguide beyond cutoff. The electric coupling 
fields correspond to the TAfoi-mode, and the magnetic coupling cor
responds to the TiJii-mode in the round guide. Since the TMoi-mode 
is farther from cutoff, it is attenuated more rapidly than the TZ?n-mode. 
Thus the effect of the wall thickness is always to increase the proportion 
of magnetic coupling. 

If we let j4ino refer to the voltage amplitude of the wave incident 
in the main line, and AE refer to the wave coupled into the auxiliary guide, 
then for the electric case 

^ = g(£:1£B)^nW, (ID 
where FE(t) represents the attenuation in the hole of thickness t. 

If the two guides are alike, E\ = Es, and if the hole is in the center 
of the broad side of the waveguide of dimensions a and 6, 

S = ^ H\ = ^ E\ N\\ (12) 
2X0 

giving 

A 
Similarly, for the magnetic case 

A' -$&(£)'*«>. (13) 

E-S-'-W <»> 
The total coupled wave is then 

AE + AH _ 8rjr» , c o s f l Fii(t) + - ! £ . ) FE(t) I. (15) 
Amc 3ab\a

 w 2 iGD"H-
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c " 20 >*» (a£ [ cos 8 + i G O ' S H <16> 
where d is the diameter of the hole. The condition for equality of cou
plings becomes 

. 1 /x„Y FE C0S6 = 2 W F~H 

For this adjustment of the angle the coupling reduces to 

(17) 

(18) 

The directivity is given by 

D = 20 logio 
cos 8 + i (\Y El 

2 \ X „ / FH 

_ 1 (h\ El 
2 \ X „ / F„ 

(19) 
cos 8 

The attenuation factors for the effect of the thickness of the hole are 

Fa 
and 

F H ..--[(rfe)'-^' 
(20) 

(21) 

for a hole of thickness t and diameter d. If the thickness is very small, so 
that FE/FH can be set equal to unity, then 

cos 8 -m (22) 

cos 8 is unity and the two waveguides are parallel when (X„/X)2 = 2 or 
when X = \/2 a. This is very nearly the case for the standard 1-in. 
by 3-in. waveguide at a wavelength of 3.2 cm. 

The frequency sensitivity of the various properties of the directional 
coupler is usually of some concern. From the formula for directivity, 
it can be seen that frequency sensitivity appears in a term 

i (\X (FA 
2\X0 / / \FBf 

For thin walls the term FE/FH is relatively insensitive to frequency so that 
the frequency sensitivity is largely determined by the (X„/X0)2 term. 
The directivity falls off rapidly in both directions with frequency, from 
an infinite value at the design frequency. I t is simple to calculate the 
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bandwidth for a minimum directivity of 20 db. If a coupler is assumed 
for which FE/FH = 1, cos 8 = 1 , and X„/X0 = \ / 2 , the range of X0 for 
which D > 20 db is _ 

Vn > £ > 4' (23) 
where X0o is the design wavelength. The total bandwidth is thus approxi
mately 20 per cent. 

A coupling factor of 20 db in a Bethe-hole coupler requires'a hole so 
large that the approximations of Bethe's theory do not hold. Rotation 

0.23 

0.21 

0.19 

0.17 

» 0.15 a> 
jz u _c 
Q 

0.13 

0.11 

0.09 

0.07 

0.05 
10 20 30 40 50 60 70 80 

Coupling in db 
F I G . 14-8.—Design curve for Bethe-hole couplers in \- by \- by 0.040-in. wall waveguide, 

Xo = 1.25 cm. 

of the guides from the angle predicted by the theory is necessary to 
obtain good directivity. The large hole in the guide wall sets up a 
reflection in the main transmission line. This is commonly matched out 
with a suitable iris. This problem becomes of importance for extremely 
tight coupling, 10 db or less. 

I t is readily seen that the directivity of a practical coupler is a function 
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not only of the coupling mechanism but also of the reflection from the 
termination in the auxiliary line, since energy from the backward direc
tion can reach the detector by being reflected from this termination. An 
analysis of the effect of termination standing-wave ratio upon directivity 
is given in Sec. 14-10. The directivity of the actual coupler can be either 
better or worse than the directivity of the coupler with a perfect termina-

It 
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F I G . 14-9.—Design curve for Bethe-hole 
couplers in \- by \- by 0.040-in. wall wave
guide, Xo = 1.25 cm. 
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F I G . 14-10.—Design curves for Bethe-
hole couplers in 3- by \\~ by 0.081-in. -wall 
waveguide. 
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tion. I t is not practical to compensate for an imperfect directivity by 
using a mismatched termination. This would be a critical procedure at 
best and in any case a narrow-band solution. A coupler is designed to 
give as good directivity as possible and the termination is matched 
within the tolerances of the over-all directivity required. 

Figures 14-8, 14-9, 14-10, 14-11 give pairs of curves for designing 
Bethe-hole couplers in several sizes of waveguide which have been 
investigated. The hole size is first determined to give the desired cou
pling, and then the angle of rotation of the second guide is chosen to peak 
the directivity. The curves were obtained from theoretical calculations. 
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8.0 cm 

0 10 20 30 40 50 60 70 80 
Coupling in db 

F I G . 14-11.—Design curves for Bethe-hole coupler in 3- by 1J- by 0.081-in. wall waveguide. 

T A B L E 1 4 1 . — C O U P L I N G AND D I R E C T I V I T Y FOR B E T H E - H O L E C O U P L E R S IN T H E 10-CM 
B A N D 

Dimensions 

Small 
hole, 
in. 

0.740 
0.740 
0.740 
0.828 
1.105 
1.3 
0.406 

Large 
hole, 
in. 

1.375 
1.375 
1.5 
1.375 
1.5 
1.5 
1.5 

Angle, 
cleg. 

52 
25 
38.5 
30 
30 
34.5 
35 

Wave
length, 

cm 

8.5 
10.7 
10.0 
10.7 
10.7 
10.0 
10.7 

Coupling 

Theory, 
db 

34.13 
34.73 
34.6 
31.54 
22.84 
17.8 
54.2 

Experi
ment, 

db 

35.7 
36.1 
35.7 
32.6 
24.4 
10.5 
54.7 

Theory 
minus 
experi

ment, db 

- 1 . 6 
- 1 . 4 
- 1 . 1 
- 1 . 1 
- 1 . 6 

1.7 
- 0 . 5 

Directivity, db 

Theory 

50.1 
50.9 

30.2 
26.9 

Experi
ment, 

15 
24 
21 
23 
20 
15 
19 

For mechanical purposes, the hole for the 3- by 1^-in. waveguide is 
in a large recess in the second thickness of wall as is shown in Fig. 14-12. 
I t is found empirically that it is necessary to design for a slightly larger 
value, by about 1 db, of coupling than is actually desired. Figure 
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14-12 shows the construction of this size of coupler. Table 141 gives a 
comparison of some of the experimental and theoretical values for the 
3- by l i-in. guide. 

t-0.725" /L500" 

* ■ 

— 2 ^ 
ST" 

-r Iris designed according-
to impedance measur- f = | f 
ment 

\=3 

\ 

0.081"wall 

Jt 
EX 

0.081" 
i_ ZH5 

-To transmitter 

Probe coupling 

Soft solder "A" and "B" together 

-Termination 

Fia. 14-12.- -Bethe-hole couplers in 3- by 1J- by 0.081-in. wall waveguide. Choose d and 0 
according to design curves in Figs. 14-10 and 14-11. 

14-4. Branched-guide Couplers.—The branched-guide coupler is a 
two-hole coupler which is particularly susceptible to exact analysis. 
Other types of two-hole couplers will be discussed in somewhat less 
detail in a later section. Figure 14-13 shows a branched-guide coupler 
in its usual form. 

A qualitative idea of the operation of this coupler is obtained from 
the discussion of the two series probes in Sec. 14-2. If a pure traveling 
wave exists in one line, the relative phases of the waves in the small 
guides are exactly right to generate a pure traveling wave in the second 
guide in the same direction. In this respect, all two-hole couplers are 
different from the Bethe-hole coupler previously described. 

In the following remarks the type of branched-guide coupler shown 
in Fig. 14-13 will be considered. The same analysis with only minor 
modifications can be applied as well to coaxial lines, or combinations of 
waveguide and coaxial lines; or indeed, to any type of transmission lines 
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arranged in this way. The representation of transmission lines as 
lumped circuits for purposes of analysis presents no difficulties. T-junc
tions present a more difficult problem, but it may be shown1 that any 
symmetrical T-junction can be represented in the manner shown in Fig. 
14-14. Four parameters are necessary to describe the symmetrical 

/ 
?o~K 

\ L̂ - / 

2 = 1 

<» 
Branched guide coupler 

Fia. 1413.-
Schematic branched guide coupler 

-Branched-guide coupler. 

junction: two to locate the three reference planes, and two to denote the 
values of the circuit elements. Similar circuits can be given for other 
types of T-junctions. The positions of these reference planes are not 
arbitrary. Only for certain positions is the simple equivalent circuit 
valid. For an i?-plane T-junction, however, the change in the position 

IfiAiJ 
_fBTST|_ 

Ideal transformer 
turn ratio n 

• K • 
F I G . 14-14.—Equivalent circuit of T-junction. 

of these reference planes with frequency is very small. As a first approxi
mation, we shall assume that the positions of the reference planes at the 
junction are independent of frequency. In addition, we shall assume 
that jX = 0 and that the turns ratio of the ideal transformer is inde
pendent of frequency. This turns ratio will, in practice, be of the order 
of unity. 

With these assumptions, the branched-guide coupler has the equiva
lent circuit of Fig. 14-15, where the quarter-wave branches have a charac-

1 Principles of Microwave Circuits, Vol. 8, Chap. 8, Radiation Laboratory Series. 
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teristic impedance Z'a relative to that of the main transmission line. 
Since all the transformers are alike, they serve only to change the imped-

-o-f t-o o—J t_c— 

F I G . 1415.- -Equivalent circuit of branched-
guide coupler. 

F I G . 14-16.—Modified equivalent circuit. 

ance level of the stub lines so that we lose no generality in drawing the 
circuit as in Fig. 14-16, if we let 3 3 

■ A A / V - H W V 
Z = Z' (24) 

F I G . 14-17.—Equivalent circuit 
lumped elements. 

The equivalent circuit of a quarter-
wavelength line of characteristic 
impedance Z0 may be chosen to be 
a T-network with the series ele
ments equal to jZ0, and the shunt 
e l e m e n t e q u a l to — jZ0. The 
equivalent circuit of the coupler is 
then reduced to that in Fig. 14-17. 
The impedance matrix may be 
written down immediately by in

spection, remembering that Zmn is the voltage appearing at terminals m 
caused by a unit current at terminals n with all other terminals open-
circuited. 

(25) 

We now assume matched generators of voltages eh e2, e3, et connected to 
guides 1, 2, 3, 4 respectively. Then, since Vj = e, — ij, 

y . 
7 2 
73 w 

0 j jZ 0 
3 0 0 jZ 

jZ 0 0 j 
1 0 jZ j Oj 

l l 

is 
13 

{ii\ 

ei 1 
3 

JZ 
[o 

3 
1 
0 

JZ 

JZ 
0 
1 
3 

0 
jz 

3 
1 

12 

iz 
it 

(26) 
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If W is the determinant of the above matrix, and W'1 is the cofactor 
of the ij-element in the matrix, we may solve for ij as 

4 

fc-i 

We may now compute all the quantities of interest. I t is sufficient to 
put 

e2 = e3 = e4 = 0 (28) 

to compute the effect of an incident wave at terminals 1. The currents 
produced by the other generators follow from symmetry considerations. 
We find the following expressions for the input impedance Z&, the cou
pling C, and the directivity D: 

& - £ - £ - l - l ? l - l - l - W ^ L (29) 

C = 10 logu (§=S=M = 10 log10 i ^ , 
\ r courted / | (It) 

j - l O l o g , , ^ 

D = 10 log10 ( ( f - " " ' - - A = io logl0 |^4J 

V coupled backward/ | \ ^ 3 / 

= 10 logl„ (^0J = 20 Iogl„ ( j ) (31) 
I t is seen that neither the voltage standing-wave ratio nor the directivity 
is perfect at the design frequency, but that both improve as the value of 
Z decreases. 

The frequency sensitivity of the branched-guide couplers is the result 
of several factors of which only the change in the electrical length of the 
line sections can be readily analyzed. This is the principal cause of 
frequency sensitivity. Other causes are the change of the position of 
the reference planes of the junction with frequency (cf. Fig. 14-14) 
and the change in the turns ratio of the ideal transformer in the junction 
representation. Also, there is the reactive term jX shown in the equiva
lent circuit which has been ignored in the analysis. In practice this term 
is quite small. 
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To perform the analysis of change in line length we must replace the 
representation for a quarter-wave line by that of a line of length I shown 
in Fig. 14-18, where /S = 2ir/\t. The frequency sensitivity arises from the 
change in p. The same analysis can be used to predict effects caused by 

changes in line length I at a single fre
quency since these variables always oc
cur as the product, pi. For I ~ X„/4 
we approximate 

—jZ0 csc pi ~ —jZo 

j'Z0tan-f-
-AAAr 

jZ0tan-f 

-jZa csc 01 

and 

Fia. 14-18.—Equivalent circuit of 
transmission line. Pi jZo tan ^ « jZ0(l + API), (32) 

where Apl represents the deviation of pi from ir/2, its value when I is a 
quarter wavelength. The impedance matrix becomes 

(33) 

K j jZ 0 
j K 0 jZ 

jZ 0 K j 
{ 0 jZ j K\ 

where K = j(l + Z)Apl. Proceeding as before with m 
we have 

6l 

• 

1+K j jZ 0 
j 1+K 0 jZ 

jZ 0 1 + K j 
{ o JZ • 1+K 

(34) 

the only changes being in the diagonal elements. We may, as before, 
put e2 = e3 = e4 = 0 corresponding to sending a wave into one arm of 
the coupler, and solve for the i'a. We neglect all terms with higher 
powers of K than the first. The parameters of the coupler are then 

Zio = Xi = si _ i w 
Wn 

1 - Z2 + (35) 

neglecting terms of order Z*, K2, KZ2 and higher orders. Thus Zln, 
to this order of approximation, is independent of frequency. The expres
sion, of course, agrees with the exact expression previously derived, to 
the same order of approximation. The coupling is 

(36) 

(37) 
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Remembering that K = —K 

- 4K2 

10 log W\_W\ (1 + X2) 
10 l0gl° U»(l + 3K* + • ■ ■ ) (38) 

so that the coupling also varies only with K2, and is frequency-inde
pendent to the first order. Similarly, the directivity is 

D 

= 10 logio 

= 10 log! 

(39) 

K2) 

-».*.[* (>-$)"]■ 

fK 

It should be pointed out that since K is imaginary, K* is negative, so 
the directivity given by the above formula is never perfect. The other 
causes of frequency sensitivity—changes in the parameters and in the 
reference planes of the junction—are important only for tight coupling 
and large Z. 

Values of the Circuit Parameters.—If the height of the branched guide 
is small compared with the height of the main guide, several good approxi
mations may be made. First, as before, the series reactance jX may 
be neglected. Second, the spacing of the reference planes in the main 
waveguide may be taken as zero, (see Fig. 14-14). The approximate 
reference planes are shown in Fig. 1419. The parameter d may not 
be neglected, however. Relative to 
the small branched waveguide, the 
main guide appears as an open circuit 
at a distance d beyond the plane of 
junction. At the junction plane, the 
open circuit appears as a shunt capac
itance on the branched line. Third, 
the turns ratio of the transformer may 
be taken equal to unity, so that the branch-line impedance Z is the 
ratio of the height of the branched guide b' to the height of the main guide b. 

The value of the shunt capacitive susceptance on the branched line is 

This corresponds to a value of d given by 

i i t i i n k k . . kk it uv 

Fia. 
k. k n k k k k k ' k k n k k k k k k k k k k k k \ 

14-19.—Approximate reference 
planes when b' <5C fr. 

(40) 

(41) 
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The design procedure in this simple case is straightforward. The 
height of the branched guide is chosen for the desired value of the coupling 
given by Eq. (30). To sufficient accuracy Eq. (30) reduces to 

C = 20 log10 p - (42) 

The two branched guides are spaced a quarter of a wavelength apart 
along the main transmission line. The lengths of the branched guides 

are chosen to be smaller than a 
q u a r t e r w a v e l e n g t h by the 
amount 2d. 

If a close coupling is desired, 
so that b' approaches b, the above 
approximations are no l o n g e r 
valid. The correct values of the 
circuit parameters, n, d, jX, and 
the separation of the reference 

planes in the main waveguide may be found in the Waveguide Handbook 
for the .E-plane T-junction. 

Fia. 
ix 

14-20.- -Alternative representation 
T-junctions. 

of 

iX iX 
W / V | ( -

•AAA^ A / W ' 

IfVVW—AA/V|(-
ix iX 

Fia. 14-21.—Lumped circuit for coupler with junction reactance. 

Effect of Junction Reactance.—In addition to the method employed 
earlier in this section, the general representation of a T-junction can be 
made in another form as indicated in Fig. 14-20. If jX or jX' cannot 
be neglected, the lumped-circuit representation for the entire coupler 
can be of the form shown in Fig. 14-21. Since any lossless symmetrical 
T-network can be realized as a length of transmission line of real length 
and real characteristic impedance, correction for the effect of junction 
reactance can be accomplished by changing the length of one set of arms 
or even by changing both sets. There will be a corresponding change in 
coupling. If only the stub lines are changed, the coupler will still be of 
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Zn: •IT 

Z<T7=. 

F I G . 14-22.- -Modified branched-guide 
rectional coupler. 

the simple form treated above. The values of the parameter X are given 
in the Waveguide Handbook. 

Modified Branched-guide Coupler.—It is useful at tight couplings to 
use a variation which has three different guide sizes instead of two. 
The ordinary type has a directivity of only 26 db at a coupling of 10 db, 
whereas the modification which is shown in Fig. 14-22 is perfect at the 
design wavelength. Unfortunately 
for the design of this type of cou
pler the parameters for unsymmet-
rical j u n c t i o n s have not been 
tabulated. 

Branched-guide couplers can be 
designed which have perfect direc
tivity although none of the lines are 
a quarter wavelength long and all 
the branches are of different char
acteristic impedances. The inves
tigation of these possibilities is too 
involved1 to present here, and has not yet produced any forms of practical 
value. 

14-6. Two-hole Couplers.—Two-hole couplers are included among 
those types which have a main transmission line, an auxiliary line, and 
two identical coupling devices spaced an odd number of quarter wave
lengths apart. The branched-guide coupler treated in the previous sec
tion is one member of this class. Others are the two-hole coupler shown 
in Fig. 14-23 and the "inside-out" coaxial coupler shown in Fig. 14-24. 
The individual coupling devices should be nondirectional, or if direc
tional, should favor the same direction as the complete coupler so that 
the directivity will be high. Two rectangular guides connected by holes 
in their broad sides would not operate satisfactorily since each hole 
is a Bethe-hole coupler transmitting primarily a backward wave and the 
cancellation of the backward waves would be imperfect. The frequency 
sensitivity of directivity is similar for all two-hole couplers. If the 
amplitude of the forward wave is unity, the amplitude of the wave in the 
backward direction is, to a first approximation, i(l + e2'"!), where I is 
the distance between the holes, assuming that the elements are non-
directional. The power in the backward wave is 

|*(1 + e » " ) l 2 = cos2/3Z. (43) 
If we write 

01 = (2n + 1) (2 + *«) (44) 
1 B. A. Lippmann, "Theory of Directional Couplers," RL Report No. 860, Dec. 28, 

1945; also Principles of Morewave Circuits, Vol. 8, Chap. 8, Radiation Laboratory-
Series. 
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F I G . 14-23.—Two-hole directional coupler. 

F I G . 14-24.—"Inside-out" coaxial coupler. 
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then the backward power is 

sin2 [(A0Z)(2n + 1)], 

875 

(45) 

where (A/3J) is the departure of the hole spacing from an integral number of 
quarter wavelengths. Making the approximation sin 8 « 6, we have 

D = 101og10 
1 

(A/SQ*(2n + l ) 2 (46) 

30 

1 25 K 
■D 

1 15 
S 
10 

-0 .20 -0.10 0 
£ 0 1 

0.10 0.20 

F I G . 14-25.—Frequency variation of directivity for two-hole couplers. 
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F I G . 14-26.—Design curves for two-hole F I G . 14-27.—Design curve for two-hole 
couplers using round holes in the side of couplers using round holes in the side of 
1- by J-in. waveguide with 0.050»in. wall. i- by i-in. waveguide with 0.040-in. wall. 

for Xo = 1.25 cm. 
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This approximate formula gives 

1.3 

i . i 
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F I G . 14-28.—Design curves for two-
hole couplers using round holes in the side 
of 3- by l j- in. waveguide with 0.080-in. 
wall. 

an infinite directivity at the design 
wavelength which is generally not 
realized in practice because of re
flections, inaccuracies, or interac
tions between coupling elements. 
Far from the design wavelength, 
where the directivity is determined 
primarily by the spacing of the 
coupling elements, this formula is 
a good approximation. A plot of 
D against A/3Z is shown in Fig. 14-25 
for n = 0. 

The frequency sensitivity of 
coupling is almost wholly depend
ent upon that of the individual 
coupling elements since the addi
tion of waves in the forward direc
tion depends only upon the equality 
of the two paths and thus does not 
depend upon frequency. 

Design curves for an ordinary 
two-hole coupler such as that shown 
in Fig. 14-23 are given in Figs. 

T A B L E 1 4 - 2 . — D I R E C T I O N A L C O U P L E R S U S I N G T W O SLOTS 
D a t a to accompany Fig. 14.30 

Waveguide size 

11 by f by 0.064 in. 

1 by i by 0.050 in. 

i b y 1 by 0.040 in. 

Slot 
length 

t, in. 

0.350 

0.328 
0.400 

0.290 
0.325 
0.350 
0.350 

0.070 
0.100 
0.135 
0.166 

Slot 
spac
ing 

s, in. 

0.385 

0.400 
0.400 

0.430 
0.486 
0.430 
0.430 

0.152 
0.152 
0.152 
0.152 

Slot 
height 
d, in. 

0.094 

0.156 
0.094 

0.200 
0.187 
0.187 
0.200 

0.062 
0.062 
0.062 
0.062 

Wall 
thick
ness 
I, in. 

0.187 

0.187 
0.187 

0.150 
0.144 
0.144 
0.150 

0.080 
0.080 
0.080 
0.080 

Curve 
in 

Fig. 
14-30 

A 
B 

C 
D 
E 
F 

Coupling 

24 .6 a t X0 = 
26.7 at Xo = 

34.3 at X„ = 
29.0 
19.0 
8.5 

db 

3.1 cm 
3.5 cm 

1.25 cm 
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14-26, 14-27, 14-28 for various sizes of waveguide. The curves show the
oretical coupling from the formula given by Bethe, 

*-»■».(£■)-•" [>-(!£)■ (47) 

The coupling can be increased and at the same time broadbanded by 
using slots instead of holes. The slots, which are about a quarter wave
length long, are staggered in the side wall of the guide to prevent over-

Main line 

Auxiliary line 
Termination -

Fia. 14-29.—Coupler employing two slots. 

20 

18 

16 

14 

° / 
/A 

IB 

? 

3.1 3.3 3.5 
^o cm 

1 -̂in. by fin. by 0.064 in. wall waveguide 

3.1 3.3 3.5 
^o cm 

1 in. by-yin. by 0.050 in. wall waveguide 

Fia. 14-30.—Experimental results on two-element couplers using slots in the side of guide. 
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lapping. Such a coupler is shown in Fig. 14-29. Figure 14-30 character
istics some of the couplers which have been made with this type of con
struction. The results are empirical. The theory of coupling through 
slots of this type has not been worked out. Table 14-2 gives the dimen
sions of the couplers whose characteristics are shown in Fig. 14-30 together 
with some additional observations. 

FIG. 14-31.—Slotted-block directional coupler for coaxial Hne. 

Two-hole couplers have also been constructed in coaxial line. One 
method employs two coaxial lines side by side with slots joining them,1 

as shown in Fig. 14-31. I t is difficult by this method to obtain sufficient 
coupling without introducing large reflections in the transmission lines. 

1 R. S. Julian, "Directional Transmission Line Taps," BTL MM-44-170-6, Jan. 26, 
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Experimental results for such a coupler are shown in Figs. 14-32 and 
14-33. 

A more satisfactory method is to place one coaxial line inside the 
center conductor of the second coaxial line. Coupling apertures are cut 
out between them. The inner line can be brought out to terminals 
through stub supports. Figure 14-24 shows an "inside-out" coaxial-
line coupler of this type. In this way it is possible to obtain close cou
plings as is shown in the design curves of Figs. 14-34 and 14-35. In 
Fig. 14-35 the points represent experimental determinations; the curve 
is drawn on the assumption that the coupled power varies as 06. An 
approximate formula has been derived for the coupling of inside-out 
couplers by making the assumption that the coupling aperture is an 
elliptical hole in a plane conducting wall. This gives 

C « 20 log, 5irr03 

2 Z „ x ( l n ^ - l ) 

27t 
W (48) 

where 6 is the angular aperture of the slot in radians; r is the radius of the 
cylindrical surface between the two 
transmission lines; Za is the line 
impedance; X is the wavelength; t is 
the wall thickness; and W is the width 
of the aperture. The second term 
gives the attenuation through the 
aperture. The dashed line in Fig. 
14-35 shows the results of applying 
this formula. The circled points are 
experimental. 

Broadband coupling can be ob
tained by using a composite coupler 
composed of two units in cascade. If 
the frequency sensitivities of the two 
couplers are of opposite sign, it is 
possible to obtain an over-all coupling 
which is frequency-insensitive. For 
example, a coupler with two round 
holes and a slot coupler could be used together. This method is of course 
applicable only where weak coupling is desired. 

14-6. Multiple-path Couplers.—An extension of the principle of the 
two-hole coupler is the multiple-path coupler. Waves add in the forward 
direction and cancel in the backward direction, but cancellation is 
obtained between waves excited by three or more ^jjytffnr elements, 
usually spaced a quarter wavelength apart. A coupleiTJSWs type may 

0.050 0.100 0.150 0700 0.300 
Slot depth a in inches 

Fio. 14-32.—Design data on slotted. 
block coaxial couplers in {-in. line. 
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be used to increase the coupling in the forward direction or to improve the 
frequency sensitivity of the directivity. For this purpose a set of 
coupling elements for which the coupled voltages vary as the coefficients 
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F I G . 14-33.—Experimental results on slotted-block directional coupler in j-in. coaxial 
line. Upper curves give the measured coupling for two-slot couplers with a nominal slot 
depth of 0.145 in. for different spacings between slots. The lower curves show the meas
ured directivity. 

in a binomial expansion may be used. This improves frequency sen
sitivity in much the same manner as the use of binomial tapers in imped
ance matching!' 

'i 
1 J . C. Slater, Microwave Transmission, McGraw-Hill , New York, 1942, p . 60. 
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Suppose we have two two-hole couplers spaced along a transmission 
line. If they do not have perfect directivity, each will produce a wave 
in the backward direction. If we space the couplers by an odd number of 

100 200 300 
Angular dimension ot slot 6 in degrees 

Fio. 14-34.—Design data for concentric coaxial coupler between |- in. OD and f-in. OD 
coaxial lines for Xo = 10 cm. 

0.020 0.030 0.050 0.100 0.200 
Slot width w in inches 

F I G . 14-35.—-Design data for concentric coaxial coupler between J4n. OD and f-in. OlJ 
coaxial lines. 

quarter wavelengths, the two backward waves will cancel. If we attempt 
to space them by one-quarter wavelength, the second hole of the first 
coupler will coincide with the first hole of the second coupler. We have a 



882 DIRECTIONAL COUPLERS [SEC. 14-6 

three-hole coupler, with the center hole producing coupled waves of 
twice the amplitude of the waves produced by the outer holes. By 
repeating this process, we arrive at an (n + l)-hole coupler with binomial 
coupling. We can calculate the relative couplings by this same argu
ment as indicated schematically below. 

1 1 
+ 1 1 

1 2 1 
+ 1 2 1 

1 3 3 1 
+ 1 3 3 1 

1 4 6 4 1 
+ 

Let (n + 1) be the number of such holes. Then let the voltage 
coupling through these holes be proportional to the coefficients of the 
binomial expansion 

n{n - 1) n(n - l)(ra - 2) n(n - 1) • • • (1) 
' n' 1-2 ' 1 - 2 - 3 ' ' ' ' ' i - 2 - 3 ■ • • n 

In the forward direction these will add in phase to give a coupling pro
portional to 2". This does not mean that the coupling can be increased 
indefinitely since it is limited by the maximum coupling possible for 
the largest hole, and in order to materially increase the coupling the 
number of holes must be enormous. 

In the backward direction the waves add with alternating signs so 
that at the design frequency the backward wave vanishes 

1 „ , n(n-l) _ , n . » ( n - 1) - • • ■ ( 0 
1 ""•" 2 K ] 1 - 2 - 3 • • ■ w 

= (1 - 1)» = 0. (49) 

To determine the frequency sensitivity of directivity we introduce a 
small deviation from quarter-wave spacing. The expression for the 
backward wave is then 

+ ( _ 1}" "lV-^-'-'-n1 e"'4 = (1 " e'A)"' (50) 

For small values of A, the backward wave is (— jA)", so that the back
ward wave vanishes to the n' th order of the frequency deviation. Some 
improvements over this method of broadbanding might be expected if 
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the spacings were staggered slightly so as to get the broadest bandwidth. 
However, interactions have been neglected in the analysis, and a more 
laborious calculation would be necessary to predict the optimum design. 
In addition, the frequency sensitivities of the coupling elements would 
have to be taken into consideration. Branched-guide couplers with 
many branches are also possible and form a type of multiple-path coupler. 

14-7. Reverse-coupling Types.—An important variation of the 
two-hole coupler is the reverse-coupling type. This differs from the 
ordinary two-hole coupler in having a reversal of phase in one coupling 
element as compared to the other. This is accomplished by using the 
symmetry properties of the coupling and can be done only in certain 

Flo. 14-36.—Reverse-coupling directional coupler. 

cases. The advantage of a coupler of this kind is that the waves rein
force in the backward direction and cancel in the forward direction so 
that the cancellation is not so frequency-sensitive as in the simpler 
coupler. Because of the addition of the two waves in the backward 
direction, the coupling will have increased frequency sensitivity, but 
this is a slowly varying effect compared to the change in directivity of 
the usual variety of coupler. The individual coupling elements may have 
frequency sensitivity which can perhaps be used to balance out the other 
effect. 

One method of obtaining the phase reversal is shown in Fig. 14-36. 
The action of this coupler may be easily understood from the cross 

sections shown in Fig. 14-37. Here identical currents are produced in 
the secondary line by fields which are opposite in phase in the primary 
line for the two -elements. 

Another method is shown in Fig. 14-38. The direction. Oi the current 
lines across the slot, and hence the phase of coupling will depend upon 
the side of the slot into which the screw is inserted. The strength of the 
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current and therefore the coupling will depend on the depth of insertion. 
This scheme has often been employed in antenna arrays.' 

A third method which has proved useful in practice is known as the 
Schwinger reversed-phase coupler. This coupler is shown in Fig. 14-39. 

Secondary line Secondary line 

Primary 
line 

F I G . 14-37.—Action of RCA coupler. 

1 
■' 

i 

Primary 
line 

///:-

i 
'/ 

-// V///M 
- f 

\ 
^ fc-

''/?/////////. I / , 
F I G . 14-38.—Second variety of reverse-phase coupling element. 

The reversal of phase between the two elements is indicated in Fig. 
14-40. The coupling is between the longitudinal magnetic field in one 
guide and the transverse magnetic field in the other. The use of a slot 
about a quarter-wavelength long results in broadband coupling (cf. 
Sec. 14-5). Experimental measurements on couplers of this type are 
shown in Fig. 14-41. Table 14-3 gives some results on a 10-cm-band 
model, built in 3-"fey li-in. waveguide. 

1 Mcrowave A n t e n n a Theory and Design, Vol. 12 Radia t ion Labora to ry Series. 
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TABLE 14-3.—10-CM-BAND SCHWINGER COUPLER 

885 

X, cm 

8.9 
9.24 

10.0 
10.55 
11.1 
11.55 

Coupling, db 

+ 19.6 
+20.8 
+22.1 
+22.7 
+22.9 
+22.7 

Directivity, db 

22 
24 
30 
30 
26 
22 

Fio. 14-39.—Schwinger directional coupler. 
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F I G . 14-40.—Reversal of phase in Schwinger coupler showing current lines. 

Figure 14-42 shows the slot dimensions for the coupler whose charac
teristics are shown in the table. 

14-8. Long-slot Couplers.—As the name implies, the long-slot coupler 
is formed of two transmission lines joined by a slot in the direction of 
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propagation. The slot is presumed to radiate or " leak" energy from 
one guide to the other at each point along its length. In the forward 
direction these incremental waves reinforce in phase. In the reverse 
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F I G . 14-41.—Schwinger directional coupler in 1- by $- by 0.050-in. wall waveguide. 
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F I G . 14-42.—Slot dimensions of 10-cm-band Schwinger coupler. 

direction the incremental waves are of all phases and tend to cancel. 
According to this simple picture, when the slot is an integral number of 
half wavelengths long, all phases are equally represented in the reverse 
direction so that there is no net wave and the directivity is perfect-
In any ease, the longer the slot, the greater the ratio of forward-to-back
ward coupling. 

More sophisticated analysis shows that if the slot is carefully tapered 
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to prevent reflection from the ends, the directivity should be perfect even 
for very wide short slots. Further, it is possible to get all the energy into 
the auxiliary guide for any slot width by making the slot long enough. 
Making the slot still longer decreases the coupling. This limitation, 
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guide milled off-
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"T 

Main guide 
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« 
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Guide dimensions l-j-'x l"x 0.050 wall" 

FIG. 14-43.—Construction of long-slot directional coupler. 
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however, is never reached in practice. For small coupling, the coupled 
power is proportional to the square of the slot length and to the sixth 
power of the slot width. I t is possible to obtain high directivities in 
practice with this type of coupler so that it is suitable for reflectometer 
purposes (cf. Sec. 14-12). Its length, however, makes it unsuitable for 
most applications. The construction of a long-slot directional coupler 
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is shown in Fig. 14-43. The frequency sensitivity of coupling is large 
as shown in Fig. 14-44. The coupling obtained as a function of slot 
width is plotted in Fig. 14-45. 

In order to demonstrate some of the properties of the long-slot coupler 
it may prove instructive to consider the problem from two widely differ
ent approaches. First, we shall consider infinitesimal sections of the 
length of the slot as separate radiators. As was shown in Sec. 14-3, 

fringing fields in the auxiliary guide 
0riginal wave will behave as if there were electric 

and magnetic dipoles in the slot in 
phase with the incident wave. 

Coupled wave T h e g e w i u r a d i a t e w a v e le t s which 
will reinforce in the forward direc
tion and tend to cancel in the 
reverse direction. We ignore any 

Wave recoupled into main guide P o s s i b l e directional properties of 
P I G . 14-46.-Operaticm oflong-slot coupler. t h e individual slot Segments. 

Once a wave is set up in the 
auxiliary guide it will, in turn, radiate into the primary guide. I t 
might be supposed that once half the power had entered the auxiliary 
guide a sort of equilibrium would be set up and further lengthening of the 
slot would produce no change. This is not the case, however. If the 
expression for dipole radiation into free space is recalled, it will be noticed 
that there is a 90° phase difference between the radiated field and the 
exciting field. The same holds for waveguides. The imaginary factor 
j in Eq. (11) represents the same phenomenon. The wave traveling 
in the auxiliary guide will hence be 90° behind the exciting wave. This is, 
shown in Fig. 14-46. Figure 14-46 also shows that the wave reradiated 
into the primary guide is of such phase as to decrease the total intensity 
in the primary guide. One might almost say that the wave in the auxil
iary guide "sucks" power out of the main guide. This process continues 
until all of the power has been transferred to the auxiliary guide, at 
which point the process reverses and power is transferred from the 
auxiliary guide back into the main guide. This action is exactly analo
gous to the behavior of two loosely coupled tuned circuits. 

For fairly short slot lengths, when the power transfer from the auxil
iary guide to the main line can be neglected, the coupled voltage is 
proportional to slot length and hence coupled power varies as the square 
of slot length. As with coupling holes, the coupled power varies as the 
sixth power of the slot width (cf. Sec. 14-3). The directivity for short 
slot lengths is by this analysis 

D = 1 0 I o ^ ( « ) 2 ' ( 5 1 ) 
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if the possible directional effect of an incremental section of slot is ignored. 
Since, however, most long-slot couplers have tapered ends on the slots, 
this formula, as will be seen, is not particularly significant. 

The second method of approach to these problems stems from a 
consideration of the two lines joined by the slot as a single transmission 
line of somewhat peculiar cross section. Figure 14-47 shows the types 
of modes which can be propagated in such a transmission line. Mode C n ¥■ 1 JJ i 

I f "il 

mm 
Mode A 

F I G . 14-47.-
ModeB 

-Normal modes in slotted guides. 
ModeC 

cannot be excited except by irregularities, but it can cause the troublesome 
"slot resonance" in long-slot couplers, or in slotted sections, (cf. Sec. 
8-3). It is totally reflected from the ends of the slot so that the slot 
behaves as a resonant section of line coupled to the rest of the system 
only by asymmetries. It is probably worth while to try to damp out 
this resonance, although this has not yet been investigated. 

At the ends of the slots, modes A and B couple to the two guides only 
in certain symmetrical ways which we shall refer to as modes A' and B, 

f t t l t .... 

I t t i I t l l t 
Mode A' Modefi' 

FIG. 14-48.—Normal modes in two guides. 

respectively. These modes represent the two possible symmetries of the 
configuration and are shown in Fig. 14-48. There may also be reflec
tions of these modes at the ends of the slot. We shall assume in this 
analysis that the ends of the slot have been carefully tapered to prevent 
reflections. Hence, if we simultaneously send waves down two guides to 
produce mode A', there will be a smooth transition to mode A along the 
slot and back to mode A' at the other end of the slot, without any reflec
tions. Similarly with modes B and B'. This is illustrated in Fig. 14-49. 

I t can be seen from the figure that sending a wave down the primary 
guide from terminal 1, is equivalent to sending mode (A' + B') in at 
terminals 1 and 3. The fields in arm 3 will cancel. Waves will come 
out at arms 2 and 4 only; and there will be no reflected waves. In other 
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words, the coupler will have perfect directivity and be perfectly matched, 
independently of everything except the quality of the tapering of the 
slot. The coupling comes about by virtue of the fact that modes A and 
B will have slightly different propagation velocities with the result that 

Secondary guide 

Arm 3 ( - ^ A — _ A — Z S A r m 4 

V " " - 1 \ ' = - =-^s 
Arm 1 J_—■*-&_ ALT^L _ lol A'~~\ Am 2 

Primary guide 

Arm 3 

Arm 1 

-B' 

B- -X Slot B- 3 
Arm 4 » 

Arm 2 

F I G . 14-49.—Modes in long-slot coupler. 

modes A' and B' will no longer be in phase in arms 2 and 4. In arm 4 
the amplitude will be 

E, = e->M 

In arm 2 similarly 

-iM 

m 

\Et 

-iWB + fi.^l , Hfit-B^ 

2 sin (0B - pA) 1 

2 cos (/3B - /3„) 

-JI3B-M-, 

(52) 

(53) 

where j3A and /3B are the wave numbers of the corresponding modes and 
I is the length of the slot. The effect of slot width comes in by way of its 
effect on /3A — PB-

Since /3 is dependent only on the cutoff wavelength, the behavior of 
such a long-slot coupler over a frequency range is given by two parameters 
in addition to length. Usually both cutoff wavelengths are near the 
cutoff wavelength for the unperturbed guide so that the only quantities 
necessary to specify the coupler are the length and the difference between 
the two cutoff wavelengths. Further analysis shows that care must be 
taken to ensure that the waves in the two guides have the same propaga
tion velocity. Otherwise the running waves will get out of phase with 
each other, and it will not be possible to obtain maximum coupling. This 
is more critical for long slots than for short ones; the condition is that the 
difference in path lengths for the length of the slot should be negligible 
compared with a wavelength. 



SEC. 1410] GENERAL THEORETICAL CONSIDERATIONS 891 

14-9. Resistive-loop Couplers.—It is well known that coupling loops 
have a tendency to couple to the electric as well as the magnetic field. 
This is exploited in the resistive-loop type of coupler shown in Fig. 14-50.' 

Without the resistance the device could not have directive properties, 
since it would then be a three-terminal-pair lossless device, which can be 
rigorously represented as a pure shunt (or series) junction. This theorem 
is prove in Vol. 8, Chap. 9. 

The relative strengths of magnetic and electric coupling can be 
adjusted by rotation of the loop. In addition, the value of resistance 
controls not only the relative magnitudes of the couplings but also their 
phases. This type of coupler can be inserted in either waveguide or 
coaxial transmission line. 

Fia. 14-50.—Resistive-loop coupler. Fio. 14-51.—Resistive-loop coupler with 
fourth line brought out. 

An unusual feature of the resistive-loop coupler is that the absorbing 
material is placed within the coupling region rather than in the end of a 
transmission line as is the case in the other couplers described. A 
variation which is more like the conventional design is shown in Fig. 
14-51. 

Little is known about the design of resistive-loop couplers. Since 
it is difficult to construct loops to close tolerances, it is probable that 
this design will find its most suitable applications at frequencies lower 
than 3000 Mc/sec. 

14-10. General Theoretical Considerations.—For most purposes it is 
sufficient to describe a directional coupler in terms of directivity, cou
pling, and possibly its reflection coefficient in the main line. For some 
purposes, however, it may be necessary to describe the coupler more 
completely and exactly. I t is sufficient to specify the impedance or 
admittance matrix of the coupler considered as a three-terminal-pair 
linear network containing loss. It will be more convenient to specify 
instead the scattering matrix, since the directional properties are more 

1 G. B. Myers and B. P. Charles, "The Reflectometer," Navy Report 521, Aug. 25, 
1944. 
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evident in this form. Only the method of approach to the general prob
lem will be indicated here. 

The scattering matrix gives the relationship between the waves leaving 
the network and the waves entering the network. We write 

(54) 

where the a's are the complex voltage amplitudes of the incident waves 
and the b's are the complex voltage amplitudes of the scattered waves. 
For a three-terminal-pair network, the scattering matrix (which is 
always symmetrical) has six complex parameters. The phases of the 
complex Sa elements are functions of the positions of the arbitrarily 
selected reference planes. 

The magnitudes of the scattering coefficients are immediately inter-
pretable in terms of the previously defined quantities. If in Eq. (54), 
we call terminals 1 and 2 the terminals of the main transmission line 
with power going from 1 to 2 in the forward direction, and call 3 the 
probe terminal, then the various elements in the matrix have the follow
ing physical significance. The coefficients Su, £22, $33 represent reflection 
coefficients in the various arms, 1, 2, and 3, with the other arms matched, 
and in a good directional coupler they are all small. For the usual 

symmetrical coupler construction Sn = $22-
Ordinarily, only Sn is specified. The coefficient 
Sn represents the transfer of power in the main 
line past the coupling mechanism. The value of 
[1S12I is slightly less than unity. The coefficient 
S13 represents the voltage coupled to the detector 
from a wave in the forward direction incident at 
terminal 1. It is a measure of the coupling C. 

The voltage coupled in the backward direction is represented by £23. If 
Ahe directivity is perfect, <S23 = 0. More exactly 

C = - 2 0 1ogl„|Si2 | , 
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F I G . 14-52.—Four-termi
nal-pair representation. 

D = 20 logio 
s2 

(55) 

A more fruitful method of general approach is to consider the direc
tional coupler as a four-terminal-pair nondissipative network with an 
external load (see Fig. 14-52). This representation is permissible since 
usually the resistive material is actually placed in an external line. 
This does not hold for the resistive-loop type of coupler, but here the 
resistance may be considered a single lumped element to a good approxi-
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f 

mation and as such can always be represented in this manner. This 
approach is valuable since it allows use of the theorems concerning 
nondissipative networks. Besides, there are a few applications in which 
directional couplers are used without the terminating resistance and all 
four terminal pairs are connected to other networks or components. 

In this representation an ideal directional coupler is represented by 
the scattering matrix 

Main line 

Auxiliary line 

where 

(l)f 
(2)] 
(3)( 
(4) 
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BO that by a suitable choice of reference planes we may write the scattering 

(57) 

where 7 is a real quantity. The ideal coupler then has these properties: 
it is matched in all directions; the directivity is perfect both ways; and 
the coupling coefficient is the same both ways. Such ideal couplers are 
realizable in practice only at a single frequency. 

The influence of the built-in termination upon the directivity of the 
coupler considered as a three-terminal-pair network can be determined 
in the following manner. In Sec. 14-3 directivity was defined as 

D = 10 log 10 (K) (58) 

where P/ is the power coupled through the guide in the preferred direction. 
Since the amount of power reaching the termination from a forward wave 
is much smaller than this, the voltage standing-wave ratio of the termina
tion cannot appreciably affect P;. For Pb the situation is much dif
ferent. The directional element alone contributes an amount P0, 
caused by a unit backward wave. At the same time the termination 
receives an amount of power which is approximately equal to Pf since the 
directional element is symmetrically constructed. The amount of 
power to the termination is, in the case of a backward wave, large com-
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pared to Po. Any reflection from the termination will go largely to the 
output terminals and will contribute to Pt, in which it may indeed 
be the primary factor. If r< is the reflection coefficient of the termina
tion, then the output voltage will be a vector sum of the voltages from 
these two sources or 

Pb = ]Po54 + rffWW (59) 

where e'* takes care of the possible phase relationship between the two 
waves. The extreme values of the directivity will be given by 

D„,r«n, = 10 logio (,—rFr i ~ 7W\i\ 

B i o i o g i ° ^ ( i 1 + r\W* (6o) 
' ) 

10 log,, Pjf - 20 log,0 1 ± r , ^ J • 
^o I VPo 

Letting D0 = 10 logio (P/ /P0) , we obtain 

D = Do - 20 logio 
\VPOJ\ 

(61) 

The second term may be larger than the first. The magnitude and 
phase of Tt may always be chosen so as to make the directivity infinite. 
This is not feasible in practice. I t is usually more convenient to design 
couplers with a satisfactory value of D0 and to keep the effect of Tt small. 
This means in effect keeping 

r« J 5 « 1. (62) 
V-i o 

I t is often convenient, instead of speaking of directivities, to define 
unbalance reflection coefficients as 

IF* 

IFo ( 6 3 ) 

r ° " \ F / 
Equation (59) then becomes 

TD = |r„ + r,e*|. (64) 
Also 

D = - 2 0 log10 TD. (65) 

14-11. Measurements of the Properties of Directional Couplers.—The 
measurement of the various properties of directional couplers is not 
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appreciably different from other r-f attenuation and impedance measure
ments. Certain techniques, are, however, especially applicable. Dis
tinction can be made between the measurement of a completed coupler 
including termination and adapters to particular types of fittings or line 
connections, and the measurement of the coupling element itself; that is, 
the hole, or slots, or other means of providing the directional property. 
Measurement of the coupling element would be, of course, primarily for 
purposes of research or design of new coupler types. This discussion will 
confine itself to the measurement of directivity, coupling, and VSWR. 

Measurement of Sn does not need to be mentioned further. Obvi
ously, in measuring VSWR in the main line, a termination should be used 
that is better than the desired accuracy of the measurement. The 
technique of a sliding termination described in Sec. 8-7 is useful here. 

The measurement of coupling is a standard attenuation measurement. 
Since most couplers are designed to couple more closely than 40 db, no 
great difficulty should be met. Often the coupling must be measured 
between two different types of transmission lines which fact introduces a 
slight complication. Methods of making such measurements are 
described in detail in Chap. 13. Incidentally it should be pointed out 
that a directional coupler with well-matched terminations on two arms 
forms an excellent fixed-attenua
tion standard, especially for the 
higher attenuation ranges. Since 
the absorbing material appears 
only in the form of terminations, 
the device is completely stable and 
independent of power level, tem
perature, or humidity. 

^ E 

Detector 

Generator 

Accurate 
match 

FIG. 14-53.—Measurement of directivity. 
Directivity is somewhat more difficult to measure. In the first 

place, the attenuation is greater. If a 40-db coupler has a directivity 
of 30 db, to take an extreme case, the total attenuation from the main 
line is 70 db in the backward direction. This offers serious problems. 
In addition, for measuring completed couplers the termination which 
is connected to the far end of the main line must be very accurately 
matched. The effect on measured directivity is the same as that of 
the matched termination incorporated in the coupler. The experimental 
arrangement for measuring directivity is shown in Fig. 14-53. 

The voltage reaching the output load from the forward wave as a 
result of the imperfect directivity of the coupler is 

VK = yjpf VF, = TD VP~f. (66) 

If the termination used in the measurement has a reflection coefficient 
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T, then a portion of the reflected wave given approximately by r \/P~f 
in voltage will reach the output terminals. The [resulting wave \/P'b 

will be the vector sum of the two. If we define the measured unbalance 
reflection coefficient 

IV = ^ = -j= ( rD VPS + e«T VP~i), (67) 

then 
IV = \TD + Teis\, (68) 

but this has exactly the same form as Eq. (64) describing the effect 
of the built-in termination on directivity. Another method of deter
mining directivity is to use a tunable impedance to terminate the main 
line. This can now be tuned until no power reaches the detector. The 
reflection coefficient T of the variable impedance is now equal to the 
unbalance reflection coefficient TD and can be measured with an ordinary 
slotted section. This method has the advantages of being a null method 
and of being independent of generator and detector impedances. I t 
is suitable for the ordinary range of directivities. A directivity of 40 db 
corresponds to an unbalance voltage standing-wave ratio of 1.02, which 
is about as low a value of voltage standing-wave ratio as can be con
veniently measured with a slotted section. Care must be taken to 
measure the tunable load at exactly the same frequency as was used in 
balancing the coupler. 

14-12. The Refiectometer.—The application of directional couplers to 
the measurement of reflection coefficients of transmission-line components 
by measuring the magnitude of the reflected wave is an obvious one;1 

but the accuracy needed and the techniques used are sufficiently different 
from those used in measuring power transfer that a separate discussion is 
advisable. Directional couplers used for the measurement of reflected 
waves have commonly been called "reflectometers." Normally, two 
directional couplers are needed, one to measure the incident power, and 
the other the reflected power. A single directional coupler with a 
second detector substituted for the termination can perform both func
tions, but this places very stringent requirements on the match of both 
detectors so that it is usually more convenient to use two couplers. 

The most critical requirement of a refiectometer is good directivity 
of the coupler used to measure reflected power. As was pointed out in 
Sec. 14-11 there is a relation between directivity and V. We interpret 
P\, as being caused by the reflected wave from the unknown impedance. 
Actually, however, there is a contribution from the imperfect directivity. 

1 R. S. Julian, "A Precision Impedance Comparator," BTL MM-44-170-18, Mar. 
10, 1944. 
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By a method analogous to that used in the previous section we can obtain 
the result 

r'x = rx ± r„e», (69) 
where T'x is the observed reflection coefficient, Yx is the true unknown 
reflection coefficient, and a takes care of possible phase differences 
between the waves. An ordinary good coupler will have a directivity of 
20 db which corresponds to a VSWR of 1.22, which is an intolerable 
error for a laboratory VSWR measurement. One might, set up the 
requirement that the error caused by imperfect directivity should be 
of the order of 1.01 in VSWR which means a directivity of 46 db. The 
error caused by an imperfect termination in the coupler is given by the 
Vt of the termination itself, so that the termination would be required 
to have a VSWR of less than 1.01. For many field uses, these accuracy 
requirements can be relaxed to more reasonable values. 

The long-slot type of coupler is preferred for reflectometers because 
of the high directivity obtainable, although the length is a disadvantage. 
The techniques used in conjunction with reflectometers are similar to 
those described in Chap. 9 for use with magic-T impedance bridges. 
Rather than to rely on calibrations of detector sensitivity to determine 
the reflected-wave amplitude with the reflectometer, it is convenient to 
have some "gauge blocks" in the form of standard mismatches which can 
be used to check the readings. 

Since directivities of reflectometers must be high, the problem of 
directivity measurement becomes more difficult. Here again methods 
for measuring "balance" described in Chap. 9 will be found effective. 



CHAPTER 15 

R-F PHASE AND PATTERN MEASUREMENTS 

By HAHVEY R. WOBTHINGTON 

The measurement of r-f phase and intensity in free space requires 
experimental procedures and circuits different from those used for 
analogous measurements in transmission lines. In order for the measure
ments to provide accurate and useful information it is necessary to 
observe certain optical requirements. The first purpose of this chapter 
is to show how the ideal optical conditions may be approximated in the 
experimental setup and to discuss the effect of these approximations 
on the various measurements. The second purpose is to describe the 
general procedures and circuits used for r-f intensity, gain, and phase 
measurements. The specialized applications of these techniques to such 
problems as antenna design will not be discussed.1 

16-1. Terminology and Definitions.—In this chapter it will be neces
sary to use some new terms and to treat antenna properties not previously 
defined in this book. These are described briefly below to facilitate the 
subsequent discussion. 

Near and Far Fields.—These fields are, respectively, the regions of 
Fresnel and Fraunhofer diffraction. The two regions are distinguished 
by the manner in which contributions from elements of the aperture 
surface add together at a distant point on the normal axis of the aperture. 
The Fraunhofer region is characterized by the condition that such con
tributions to the intensity at the distant point on the axis arrive with 
effectively their initial phase relationships. Since the transition between 
regions is gradual an arbitrary limit is defined. The limit between regions 
is given in terms of aperture diameter and wavelength by the equation 

Pattern Parameters.—The principal parameters affecting the charac
teristics of the radiation pattern are the dimensions of the aperture and 
the functions that describe the distribution of illumination and phase 
over the aperture. For an aperture uniformly illuminated by a plane 

1 Volume 12 of this series discusses microwave antenna design and contains a 
chapter on antenna measurements. 

898 
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wave the amplitude pattern in the far field is of the form 

sin x 
g(x) = go ' 

where x is a function of the aperture size, wavelength, and the angle 
of orientation with respect to the normal axis, 

irD sin 8 

When the illumination function is "tapered," the pattern is described 
by a different function having similar qualitative characteristics. 

Gain.—The gain of an antenna expresses its effectiveness in con
centrating power in a given direction. I t is the ratio of the peak intensity 
of the pattern to the intensity of an isotropic radiator emitting the same 
amount of power. The maximum gain for an aperture of given area is 
obtained by uniform illumination with a plane wave, 

_ 4x4 
Go - - y j -

In practical antennas the gain is usually lower than this. 
Efficiency can, therefore, be expressed conveniently as a ratio of the 

actual gain to the gain of a uniformly illuminated aperture of the same 
area. This ratio is called the "gain factor" 

; Go 

Absorption Cross Section is a useful term describing an effective aper
ture area such that the gain calculated on the basis of uniform illumina
tion of this area is equal to the actual gain of the full aperture, 

r _ MM) 

Scattering by an Antenna.-—When radiation is intercepted by an 
antenna aperture only a part is absorbed. The remainder is reradiated 
or scattered. The fraction so scattered cannot be stated concisely in 
terms of simple antenna parameters, nor is it practical to undertake an 
accurate calculation. Roughly speaking it will be of the order of (1 — / ) , 
where / is again the gain factor. The pattern of such scattered radiation 
is not capable of even a rough evaluation for general purposes. There
fore in anticipating the effect of scattering on intensity measurements it 
may be advisable to assume the unlikely possibility that the scattering 
gain factor is as large as (1 — / ) . 
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Center of Phase.—For sources emitting spherical or cylindrical waves 
there is a geometric center point or line from which the rays appear to 
emanate. This is called the center of phase. Its location within the 
radiating element is of particular interest when this element is to be 
placed at the focus of some optical system. 

15-2. Pattern Intensity Measurements.-'-To determine the intensity 
pattern of an antenna, the relative power received by a second antenna 
in the field is measured at the various positions of interest. The second 
antenna is maintained at a fixed range and is directed toward the center of 
the test antenna so as to subtend a constant solid angle at all orienta
tions. The relative power received is then directly proportional to the 
intensity. A polar plot of the pattern in any given plane can be obtained 
by rotating either antenna about the proper axis through the center of 
the aperture of the test antenna. For short-range measurements in the 
laboratory it is usually most convenient to move the r-f pickup probe in a 
circular path while the test antenna remains fixed at the center. In 
the case of large antennas where long ranges are required it is necessary 
to rotate the test antenna about its own center keeping the second antenna 
stationary. Usually the fixed antenna is used as a transmitter so that 
the moving element need carry only the relatively small detecting 
apparatus. 

The range of separation required for a given pair of antennas is an 
important factor in determining the physical features of the apparatus 
as well as the requirements of power and receiver sensitivity. Therefore 
it will be necessary, before proceeding, to establish some relationships 
between the range and the antenna diameters on the basis of optical 
requirements. 

In most intensity measurements it is the far-field pattern that is of 
interest. This must be measured under far-field conditions because 
proper correction of the near-field pattern would require more informa
tion than is obtained by a single pattern measurement. On the other 
hand, the long ranges required for large antennas frequently make it 
necessary to work at the minimum range that will yield a satisfactory 
approximation of the far-field pattern. A convenient rule for determin
ing the minimum range R for a given pair of antennas is 

R = i°±+M-\ (l) 
where Z>i and D2 are the aperture diameters and X is the wavelength. 
This rule represents an approximation suitable for most developmental 
antenna measurements and for pattern testing of operational antennas. 
The basis for the relationship and the approximations involved in it may 
be shown by a brief analysis of the optical problem. 
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Since there is no single criterion on which to base a minimum range, 
several reasonable requirements may belsatisfied. (1) The measured 
gain should not be more than 5 per cent lower than that which would 
be obtained under true far-field conditions. With the possibility of a 
calculated correction this is tolerable in most cases. (2) Relative inten
sity values should be maintained within 5 per cent. (3) The probe 
antenna must subtend a small enough angle to render good resolution 
of the pattern. (4) Errors in phase should not exceed ir/4, in order to 
approximate Fraunhofer conditions. To facilitate the discussion it will 
be assumed that the antennas involved are circular and that they have 
the characteristics of uniformly illuminated apertures. 

Dipole u 1 
. Receiving 

aperture 
F I G . 15-1.—Dimensions for determining minimum range for pattern measurement. 

A simple case in which only phase errors are significant is shown in 
Fig. 15-1. A small transmitter, such as a dipole, is shown illuminating 
the large circular aperture of a receiving antenna. The curved dashed 
line represents a spherical phase contour of the transmitted wave. Con
struction lines are also included to indicate the magnitude of the resultant 
phase errors in terms of the system parameters. The phase error <t> will 
be a function of the angle off axis, 0, 

-¥<■ sec 8). 

For small values of 8, 

♦ 2 ̂ r 1 _ 1 + l f i Y . . . l _ i ! r ! . 
The phase error at the edge of the aperture is 

0 B _ 4 X f l " 

(2) 

(3) 

(4) 

One effect of a spherical wave front can be seen from the ratio of the 
power received to that expected in the absence of phase errors, 
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|2 p \jr cos 4> dr\ + / r sin <j> dr\ 

•P« \( r dr\ 1/ 
P, 12\4Xfi/ W 

The relationship can be interpreted more easily if the range is expressed 
in terms of a multiple n of the Fresnel-Fraunhofer boundary range, 

R •(?> 
If this value is substituted in Eq. (6), 

P , 12 • 16 \n) 

= 1 - 0.05 

^ = 0.95, l o r n = 1. (7) 

This reduction in received power is just within the arbitrary 5 per cent 
tolerance so that the minimum range for this case may be taken as 

B - f (8) 

The corresponding phase error at the edge of the aperture is found to be 

+D ~ 4XB " V ( 9 ) 

which corresponds to a distance of X/8. This degree of deviation from a 
plane phase front is the maximum which can safely be neglected. 

The expression for the reduction in received power can be inter
preted reciprocally to mean that the intensity at a point on the axis of a 
transmitter of aperture Z)2 at a range D\/\ would be down 5 per cent as a 
result of phase errors caused by the varying path length between different 
elements of the transmitter aperture and the point on the axis. 

Where antennas of comparable size are used at inadequate range, 
errors would be expected from nonuniform intensity of illumination as 
well as phase. An expression for the power reduction in such a case is 
given below, neglecting higher-order terms, 

p j « 1 - 0.05 ( i j (D\ + 6D\Dl + D\), (10) 

where Dx and Dt are the aperture diameters. This is an approximate 
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relationship which applies only where P,/Pe > 0.9. If the ratio Pr/Pe 

is set equal to 0.95, corresponding to a 5 per cent reduction in received 
power, 

R* = ± (Di + GD\D\ + D$. (11) 

For the case of equal antenna diameters, 

D, = Z>2 = D, 
8D4 

R2 = K x 2 

(?) # = 2 . 8 3 ( y | (12) 

This value for R indicates that the sum of the minimum ranges 
(D2/X) for the two separate antennas is not great enough for the com
bination, as might have been supposed. In fact even this range is not 
adequate to satisfy the other requirements that were initially stated. 
The full angular width Pi of the main lobe for a uniformly illuminated 
aperture is 2X/D, whereas the angle /32 subtended by the probe antenna 
is approximately D/R. From Eq. (12) 

§i = 5.66. 

Such a ratio of angles results in an additional reduction in peak intensity 
of about 3 per cent whereas side lobes are reduced about 9 per cent. 
Moreover, at this range a phase difference of approximately 7r/3 can 
exist between components of the signal from different portions of the 
transmitter aperture because of path-length differences. 

Accordingly, a longer range is necessary and the range given by 
Eq. (1) is a satisfactory minimum value. The limitations of this rule 
in two special cases are the following: 

Case I. When the maximum antenna diameter for a given range is 
to be used, the second antenna must be very small and the expression 
reduces to Eq. (8), R = D2/X. This condition represents a maximum 
phase error of TT/4 or X/8 and a loss of 5 per cent in received power. The 
effect of the loss can be compensated to some extent by a calculated 
correction. The same relationship applies for noncircular apertures if 
D is the greatest linear dimension of the aperture. Although the errors 
arising from the reduction in power are less, the phase error is the same 
and determines the limit. 

Case II . When Z)i = D s = D the minimum range has its greatest 
value for a given D, 

Di 
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This range results in a reduction of about 2.5 per cent in received power 
caused by near-field effects. The angle subtended by the probe antenna 
is about i of the full width of the main lobe. Discrepancies in phase 
among the various contributions from the transmitter aperture do not 
exceed ir/4. 

These approximations based upon uniformly illuminated circular 
apertures are not greatly changed when practical antennas with tapered 
illumination patterns are used. The reduction in received power is 
not so large because the contributions from the extreme edges of the 
aperture are less important. However, the loss is decreased only by a 
factor roughly equal to the gain factor. I t may be repeated, also, that 
the expressions derived for power reduction caused by near-field effects 
are only approximations. They do not apply for reductions exceeding 
10 per cent and do not hold where both antennas are small compared 
to the wavelength. 

Having established the requirements upon range it is possible to 
determine the power and receiver-sensitivity requirements. For a 
pair of antennas having gains Gi and G2 the ratio of power rece'ved to 
power transmitted is given by the expression 

P , = P A X 2 

P„ (4TTP)2 ' 

This expression in terms of antenna area involves the gain factor / 
since for each antenna 

Therefore 

Po X2P2 

Again, for the purposes of illustration, assume that the antennas are of 
equal diameter D with an average value of / equal to f and apply Eq. (1) 
for the minimum range, 

fiAi = f2Ai irD* 

R 

Pr 
Po 

4D2 

- ~ X ~ ' 
7T2 

36.16 
In decibels this is 

© " 
0.0172. 

17.6. 

It is of interest to note that this expression is independent of D and X 
under the minimum-range conditions. In practice, however, having 

- W * 
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chosen the range for a certain measurement path on the basis of the 
maximum antenna diameter, it is likely that this range will be used with 
antennas of smaller area as well. For example, a line source with a 
length equal to the maximum permissable diameter, but with a width 
equal only to TFB- of the length would have an area equal to *V °f the 
circular-aperture area. This would cause an additional power drop of 
—19 db. Since these figures apply to the peak sensitivity of the 

i antennas, an additional 30 db would be required to render proper side-
lobe detail. Thus a system for general use in testing antenna patterns 
should have power and receiver sensitivity enough for a 20-db drop in 
power plus a working range of 50 db, a total of 70 db. 

The probe antennas may be of any design suited to the optical require
ments. Where small apertures are desired, microwave horns are fre
quently used. These have the advantage that they are simple in 
construction and that their characteristics can be calculated without diffi
culty from their shape. Accurate formulas for such calculations are 
available. In cases where the length of the tapered section of the horn 
is made large with respect to the aperture dimensions, a simplified formula 
may be used for the gain,1 

' where fA is the effective area of the aperture. The quantity / may be 
treated as a constant fraction of the actual aperture area A for long horns 

J 7T2 

When coaxial line is used, a dipole or a coaxial probe may be employed 
as a small probe. A gain of about 3 db is obtained with such probes. 

The characteristics of r-f power sources and detectors have been 
, discussed elsewhere in this volume, so that it is possible to choose a suit

able combination knowing the length of the transmitter-receiver path and 
the range of antenna gains to be used. Account must be taken of the 
additional power reduction which will be caused by padding attenuators. 
I t is apparent that, in general, the sensitivity requirements are great 
enough to necessitate the use of a modulated source and an a-c receiver 
amplifier. A bolometer is indicated as the detecting element best suited 
for general application because of its linear behavior over a wide range 
of power levels. The response of a bolometer to pulsed power makes the 
use of an a-c amplifier simpler, whereas a crystal is easily saturated and 
great care must be taken. Superheterodyne receivers with calibrated 

1 attenuators in the r-f circuit are also suitable for these measurements. 
1 S. A. Schelkunoff, Electromagnetic Waves, McGraw-Hill, New York, 1943, p. 365. 

MMfe 
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The mechanical details of antenna mounts for pattern measurements 
will not be discussed here since this is a special problem depending upon 
the particular type of measurements to be made. Information about 
mounts as well as automatic pattern-recording equipment is presented in 
Vol. 12 dealing with antenna design. The problem of siting an antenna-
measurement course is also treated. 

F I G . 15-2.—Radiation pattern of .E-plane horn Bhowing power pattern, phase front, and 
center of phase. 

The general problem of interference from surrounding objects is 
met in practice by removing such objects as far as possible and by 
avoiding illumination of them. The use of poorly reflecting materials 
in the vicinity of antennas i3 necessary in some cases and this is best 
determined by experiment. The need for care in this matter is readily 
seen. When a receiving antenna is rotated during a pattern measure
ment, the main lobe may at times be pointed directly at some reflecting 
object. If the power received is from a —20-db side lobe of the trans
mitter and is reduced by another 20 db by scattering from the obstacle, 
it could still produce a serious effect on the measurements, because the 
directly received power would also be small. If a —20-db side lobe of 
the receiver were being measured under these conditions the ratio of 
amplitudes of the direct signal and the scattered signal would be 10. 
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This would produce a power variation of from (1.0 + 0.1)2 to (1.0 — 0.1)2 

or +20 per cent. I t is apparent, therefore, that particular care must 
be taken to avoid reflecting obstacles in the plane of rotation of the main 
lobe. 

An example of a pattern measurement is shown in Fig. 15-2. The 
observations refer to a horn flared in the E-plane with aperture dimen
sions of 2.49 by 16.42 cm. The horn had a half angle of 30° and was used 
with waveguide 1-J by 3 inches OD. The observations were made at a 
wavelength of 10 cm. The pattern is plotted in decibels down from the 
power at 0°. The oscillations in the pattern arise from the fact that the 
phase is not uniform over the mouth of the horn. The phase pattern is 
also shown on the figure, and the center of phase is indicated by the shape 
of the horn sketched in. The manner of observing the phase is described 
in Sec. 15-8. 

16-3. The Measurement of Antenna Gain.—The gain of an antenna 
is a quantity of great practical interest. I t is determined by methods 

} l 
A 
* 

Receiver 

Flo. 15*3.—Measurement of gain by the three-antenna method. 

which are essentially applications of power-measuring techniques, 
but these methods are sufficiently specialized as to merit some discus
sion. In practice, gain is usually measured with reference to a standard 
horn or to a parabolic antenna. A simple measurement of the ratio of 
the power received by the experimental antenna to that received by the 
standard gives the ratio of their respective gains. I t is in the calibration 
of such gain standards and the measurement of other special antennas 
that the following techniques are employed. 

The gain of an antenna may be measured by determining the fraction 
of power it receives from a transmitter at a known distance, provided the 
gain of the transmitting antenna is taken into account. In effect this is 
done by substituting a third antenna for each of the original pair in turn. 
Repetition of the experiment for each combination yields three expres
sions from which the three unknown gains can be evaluated. 

The experimental setup is illustrated in Fig. 15-3. The transmitter 
consists of a stable c-w source, sauare-wa^e-modulated at an audio 
frequency. This source is loosely coupled to the line through a padding 
attenuator. In the waveguide line is a coupling for a power monitor and 
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for a matching device, if one is needed to match the particular antenna in 
use. Behind the receiving antenna is another matching device and the 
receiver consisting of a bolometer and an a-f amplifier. Three combina
tions of horns are represented according to their gains: (?i — G2, <?i — G3, 
and Gi — G3. Conditions governing the range of separation r have 
already been discussed. 

The measurements of transmitted and received power are most 
conveniently made with the same bolometer. The transmitter power 
may be measured by attaching the bolometer to the transmitter line in 
place of the antenna. Sufficient padding attenuation must be used to 
prevent reaction on the oscillator because of the change of load. 

In examining the optics of the system it will be convenient to refer to 
an effective absorbing cross section A' of the antenna, which is the area 
of a uniformly illuminated aperture having the same gain. Thus 

0 - *£-■ (13) 

If the transmitted power is Po, the power received with the first combina
tion of horns 

/ A ' \ 
(14) 

But 

and hence 

P u 

Pn = 

" ™ \&) 
_ G^ 

P^G>Q^) 
Accordingly, for the three combinations, 

From these equations 
as for example, 

G1G2 

GiG3 

G2P3 

/ 4 i r A 2 P I 2 l 
V X ) Po , 
AwV Pn { 

\ x ; p„ 1 
/4*rV Pn 
\ x ; p„ i 

the value of gain for e 

d ■ 
4xr lPltPlt 

X \ P „ P . " 

(15) 

(16) 

(17) 

I t has been assumed above that the value of PQ was the same throughout 
the experiment. 
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For some purposes adequate results can be obtained by a simplified 
form of the three-antenna method. If two horns or parabolic antennas 
of identical mechanical construction are used, it may be assumed that 
their gains are equal, 

Gi = Gz = G. 

In this case the expression for received power is given by the expression 

'.-'.(£)"■ 
whence, 

°-(x)$ 
If the two antennas are checked for equal gain by the use of a third 
transmitting antenna, the experiment becomes practically the same 
as the three-antenna method. 

15-4. Effect of Antenna Scattering in Gain Measurements.—Thus 
far the effect of antenna scattering has not been considered. The 
amount of scattered power reaching the receiver in the above experiments 
is, in fact, almost negligible at a reasonable distance of separation. This 
might be expected since the radiation involved has been scattered twice, 
transversing the course r three times before reaching the receiver. An 
approximate evaluation of the effect is easily made. 

To aid in the analysis it will be convenient to assign to the antenna 
an effective scattering cross section A". This area is a fraction of the 
total area A corresponding to that fraction of the intercepted power that 
is scattered. Considering that the gain factor of an average antenna is 
approximately f, or A'/A = G/Go = %, it is reasonable to assume 

A' 
A" — 

This value has been experimentally corroborated by measurements 
using the mirror method to be described in the next section. With 
this scattered radiation, a certain pattern and a certain gain must be 
associated. No definite relationship between receiving gain and scatter
ing gain can be stated, but for purposes of illustration a value of 

rut G 
G = 2 

will be assumed. Accordingly, the power initially scattered is 
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Some of this radiation reaches the transmitter to be scattered a second 
time, 

P'. = P-G" , _ r 2 
A" 
4xr2 

Final',/ a portion of the power reaches the receiver, 

P>' = P'fi" £,. 

The ratio of scattered power received to direct power received may be 
expressed in terms of G, 

F--F-e(&)e"(£-)o"(£)-
*-'•(£)'(£)'■ 

But 

therefore, 
1 P* 

P" = _— _-
16 Pi' 

PI 
P, -m' 

To reduce this expression to definite terms another condition may be 
assumed. If a fixed relationship between the antenna diameter D and 
the separation r be maintained, it can be seen that the above ratio 
depends principally upon this relationship for a given type of antenna. 
For example let us try 

nD* 

The received power is 
r = x 

A' 

Pr 
Po 

Since 

Po \ 6 X r / \QnJ 

A' ~3A ~ 3 
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and 

PT \i Pj \l2nj' 
In terms of the corresponding signal amplitudes, 

Er \\2nJ 
For n = 4, 

^ = 0.004. 

This corresponds to a negligible error of +0.04 db in the gain determina
tion. With some antenna designs, however, the scattering may be 
appreciable. Moreover this error can be eliminated if necessary by 
measuring the maximum value of power, as r is varied. Since scattered 
power travels a distance 1r farther than the directly received power, the 
in-phase and out-of-phase conditions of E'J and ET will occur at quarter-
wavelength intervals of r. 

16-5. The Mirror Method of Gain Determination.—A technique for 
gain determination involving more convenient measurements is the mirror 
method.1 By reflecting the transmitted power from a large, plane mirror 
it is possible to use a single antenna as transmitter and receiver. The 
ratio of transmitted to received power can then be determined by means 
of standing-wave measurements in the waveguide. The antenna and 
its image in the mirror form a system analogous to that in the two-
antenna method. 

S-w probe 

FIG. 15-4.—Mirror method for gain determination. 

Figure 15-4 illustrates the apparatus required. The oscillator may 
provide either straight c-w power or square-wave-modulated power 
depending upon the power level available. A padding attenuator pro
viding considerable decoupling (15 db) is used to prevent reaction of the 
reflected wave upon the oscillator. Included in the line also are a cou
pling for a wavemeter, a standing-wave probe, and a matching device 
for the antenna. The mirror is a first-surface reflector, flat in terms of 
the wavelength involved and placed normal to the axis of the disk or 

1 E. M. Purcell, "A Method for Measuring the Absolute Gain of Microwave 
Antennas," RL Report 168, No. Jan. 3, 1943. 

file:///l2nj'
file:////2nJ
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horn. The size of the mirror should be sufficient to subtend an angle 
at the antenna which will include all side lobes of appreciable magnitude. 
Ideally the mirror need only include the main lobe, but to avoid appre
ciable currents at the boundary of the surface and to permit diversified 
use of the system it is preferable to have a mirror about ten times the 
antenna diameter. The requirement of flatness is of importance only in 
the region of the main lobe. The use of separations beyond the minimum 
value is limited by the sensitivity of standing-wave measurements. 

The expression for power received by direct reflection is of familiar 
form, 

A' 

Pi 
If it is assumed again that 

'-'•(£)'• 
. , _ 2 _ 2 TTD2 

and 
nD2 

the power ratio may be written 

p- - f-Y-
Po \ 1 2 n / 

For » = 2, p~ - (-Y-
The corresponding amplitude ratio is 

o W 0.13. 

The voltage standing-wave ratio is 

Eg + Ei 
Eo — Ei = 1.3, 

which is easily measured accurately. 
Scattered power in this experiment is much more serious than in the 

previous ones. In this case the scattering takes place only once, return
ing to the mirror and back again into the receiver. With the same 
assumptions as before, this effect may be examined. The power scattered 
after the first reflection is given by the expression 

A" 
P a = P o G M27T2' 
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The portion of this radiation reaching the receiver is 

A' P»G" 
47r(2r) 

= -AGPi A' 

Thus 

or, if r = 2Z>2/\, 

4 14ir(2r)2 

= 1̂ 1 
~ 4P a" 

Pi 4 P0' 
Ei _ 1 Ei ir 
E[ ~ 2 T0 ~~ 24n 

f-3 = 0.065. 

Since this amount of scattered radiation is not negligible, it is neces
sary to eliminate its effect by suitable experimental procedure. It is 
desirable to match the antenna into space as well as possible. 

Since the path traversed by E3 is greater than that traversed by E\ by 
a distance of 2r, it is possible to change the relative phase of the two signals 
by varying r. Therefore a position is sought which produces an in-phase 
relationship between Ei and E3, corresponding to a maximum VSWR. 

D 1 + Ei + E3 
Rl ~ 1 - E i - E3' 

where the transmitter amplitude is taken as unity. A change of X/4 
in the length of r will give an out-of-phase condition of Ei and E3 and 
a minimum VSWR, 

p _ 1 + Ei — Ej 
K* ~ 1 - Ei + Ei 

The value of Ei can then be found in terms of Ri and R2, 

But 

therefore 

F - 1 (Rl ~ ^ l 1 (R> ~ lN\ 1 2 ^ + 1 / 2 \R2 + 1 / 

G = ^Ei, 

r 4irr (Ri - 1 Rt- l \ 

This is the expression for the gain in terms of measured quantities under 
the condition that antenna mismatch is negligibly small. If for any 
reason the mismatch is not tuned out to a sufficient degree, it will be 
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necessary to make use of the information given by the minimum positions 
of each of the above standing-wave ratios, Ri and i?2, to eliminate the 
mismatch amplitude from the calculations. 

16-6. Gain Determination by Pattern Integration.—For practical 
purposes the definition of gain is somewhat loosely interpreted. Opti
cally it is the ratio of the peak intensity of the pattern to the average 
or isotropic intensity of all the power radiated. In an actual antenna it is 
usually taken as the ratio of the peak intensity to the intensity that 
would exist if all power incident in the transmission line to the antenna 
were isotropically distributed. This effective gain is the quantity of 
practical interest in calculations of system performance and is the 
quantity determined in any method of direct measurement. 

To determine the gain in the optical sense it is necessary to resort 
to integration of the radiation pattern. The accuracy of integration 
methods is not particularly high because of the inadequacy of detailed 
information concerning the pattern and the inaccuracy of techniques for 
graphical integration. For a rectangular aperture illuminated by a 
line source, reasonably good results can be obtained from only two 
patterns, one in the E-plane and the other in the H-plane, through the 
peak of the main lobe. This requires that it be possible to express the 
complete pattern as a product of two independent functions involving 
the two spherical angular coordinates. 

7(9,0) =p(0) • / (* ) . 

For each plane the unidimensional gain of the pattern can be determined 

G0 = / - > 

G, 

(jf = 

/ ( * = 0) f^ g{6) dd 

27r/max 

H)/: / ( * ) d<t> 

The value of the integrals may be obtained by graphical integration of 
the pattern plotted in rectangular coordinates as intensity vs. angle. The 
combination of these values to give the two-dimensional gain requires 
that the pattern be narrow in one plane so that all the power is con
centrated within an angular range such that 

sin 6 ~ 1. 
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In this case the gain becomes 

tr»,9 = 
7T 

The usefulness of a gain value of this kind is limited. It is of some 
interest in studies of the optical characteristics of various types ot 
aperture illumination. It also affords a means of evaluating losses in 
the antenna system caused by dissipation and leakage. The ratio of the 
measured gain to the integrated gain would ideally show the degree of 
attenuation of power. 

15-7. R-f Phase Measurements.—The measurement of phase in 
microwave radiation fields is of principal importance in the development 
of microwave antenna components. Since certain phase conditions must 
be maintained for efficient performance, it is desirable in many cases to 
determine directly that the various elements of an antenna system have 
the proper characteristics. The measurements are, therefore, chiefly 
concerned with the determination of contours of constant phase, the 
location of centers of phase, and the examination of effects due to objects 
in the field. 

In the several methods to be discussed the basic principle is the same. 
A sample of radiation picked up in the antenna field is compared in phase 
with a reference signal which comes directly from the source. Some 
means is provided for varying the phase of one signal "with respect to 
the other so as to produce a recognizable interference condition between 
them, such as a minimum or maximum. The various types of apparatus 
differ in the means employed for this purpose, in their applicability to 
particular problems, and in ease of operation. A simple, versatile form 
of phase apparatus is one in which the pickup probe is connected by 
means of a coaxial cable to a mixer wherein the reference signal from 
the source is also present. The flexible cable permits the probe to be 
moved freely about in the antenna field, and allows the tracing of con
tours and the adjustment of the relative phase of the two signals to the 
reference condition. 

Such an apparatus is shown in Fig. 15-5. Power from a square-wave-
modulated oscillator is introduced into a waveguide section and radiated 
from the experimental antenna, shown as a horn. A sample of this 
radiation picked up by the probe is led back by cable to the mixer guide. 
In this same guide is a signal which is tapped off by a directional coupler 
from the transmitter line. The two signals interfere at the crystal 
detector terminating the section. The crystal output signal is amplified 
and indicated on a meter. By moving the probe back and forth along the 
line of propagation it is possible to find the position of an interference 
minimum. 
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The pickup probe is represented as a dipole terminating the coaxial 
line. It is supported by a mount attached well back from the dipole 
and made of a poorly reflecting material. To the base of the mount 
a marker may be attached directly below the dipole to permit direct 
plotting of the minimum position. A series of such points made by 
following a chosen minimum will give a detailed plot of the constant-phase 
contour. The location of the center of phase with respect to the horn 
aperture can then be found from the plot. The dipole is mounted so as 
to permit orientation about the longitudinal axis according to the 
polarization employed. 

Directional coupler 

Square-wave-
modulated 
oscillator 

A-c 
amplifier 

w -> 
^ 

Crystal 

Antenna Dipole probe 

r O = ^ 

v//////////////////}/////>Wv??/\ 
X= JJ 

Coaxial cable 
Fia. 15-5.—Simple phase apparatus. 

Directional 
coupler. 

Rotary joint 
S-w probe 

FIG. 15-6.—Phase apparatus in a waveguide system for circular phase contours. 

16-8. Phase Apparatus for Point Sources.—If waveguide is used 
instead of coaxial cable, a different system is preferred in which it is not 
necessary to move the pickup itself in order to establish the reference 
condition of interference between the two signals. Instead, provision is 
made for adjusting the phase of the reference signal. This is con
veniently done by using a standing-wave probe to introduce the reference 
signal into the mixer line. An arrangement of this type for studying 
circular phase contours is shown in Fig. 15-6. The pickup probe in this 
case is a small waveguide horn attached to a rotary joint so that it can be 
moved freely in a circular path. I t is centered so that the experimental 
horn is approximately on the axis of rotation and the circular path cor
responds fairly well with the circular contours to be studied. 

In this apparatus the source is shown as a c-w oscillator modulated 
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by a square wave of audio frequency. Sufficient padding attenuation 
is used to eliminate the need for careful matching of experimental 
antennas. The reference signal is tapped off by means of a directional 
coupler with good directivity in order to prevent reflections from the 
antenna line from entering the reference line to disturb the phase and 
amplitude of that signal. A loop of waveguide leads from the coupler to 
the sliding probe. Its length and design are chosen to permit uninhibited 
movement of the probe through a distance of \ , or greater. With the 
sliding probe the reference signal is introduced into the mixer line. The 
coupling is nondirective with the ordinary probe and power is sent 
toward the field probe as well as toward the mixer. Consequently, it 
is necessary that the pickup probe and the rotary joint be well matched. 
The mixer itself may be either a crystal or bolometer connected to an 
a-c amplifier. 

The matching required in the mixer line is not difficult to achieve 
and can be readily checked in the following way. With only the refer
ence signal present in the mixer line, any reflected power from the pickup 
probe or rotary joint will produce an interference with the portion of 
the signal reaching the mixer directly. The interference will pass through 
a cycle with a displacement of the sliding probe equal to i \ . To avoid 
such mismatches, a properly designed horn and rotary joint should be 
used or a tuner should be incorporated in the line. The rotary joint in 
addition to being well matched should have a phase length that is inde
pendent of rotational angle. A well-designed joint employing a circu
larly symmetrical mode affords this characteristic. 

In operation, the procedure with this apparatus is to measure the 
deviations of the minimum from the fixed circle described by the probe. 
At the initial point the position of the sliding probe is indicated on a 
scale or dial indicator. Variations in the phase <t> of the probe signal 
are compensated by a measured displacement S of the sliding probe. In 
terms of the shift the phase change is 

Atf> = ~ AS. 
K 

The results of these measurements may be plotted to give a constant-
phase contour for the antenna. An example of such measurements is 
illustrated in Fig. 15-2 of Sec. 15-2. 

16-9. Frequency Sensitivity of Phase.—Frequency sensitivity affect
ing phase is a problem to be dealt with in all two-channel systems of this 
type. It is desirable that the change in phase with frequency be identical 
in the two paths between their common points regardless of the variety of 
conductors making up the circuit. Usually the reference path will be 
corrected to suit the length of the probe signal path. The wavelength 
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in the air-gap is X0; the wavelength in the coaxial cable is \o/\/Tce, where 
ke is the relative dielectric constant of the cable. Thus if the two lines 
have lengths of waveguide, coaxial cable, and air gap corresponding to 
l„, lc, and l0 and l'g, l'„ l'Q, respectively, it is desired to choose the value of 
lg to satisfy the condition of equal phase shift with a change in frequency. 
The required length is given by the expression 

i. = K + r&v^ + *° - *« V£ - h) 
where X0 and X0 are respectively the free-space wavelength and guide 
wavelength for the design frequency. 

The compensating length of waveguide may conveniently be used 
as the flexible loop leading to the sliding probe. The accuracy of the 
correction can, of course, be checked directly by changing the frequency 
and noting whether a corresponding shift in the minimum position 
occurs. 

15-10. Phase Apparatus for Line Sources.—The type of phase appara
tus used for line sources may be the same in principle as that used for 
point sources. When waveguide is used, it is merely necessary to provide 
an additional rotary joint to permit straight-line motion of the probe. 
Two rotary joints suffice if the field probe is of a coaxial type with circular 

F I G . 15-7.—Phase apparatus suitable for linear phase contours. 
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phase symmetry. If a waveguide horn is used as a probe, a third rotary 
joint is required to permit orientation of the probe with respect to the 
wavefront. 

An arrangement of components for use with the coaxial probe is shown 
in Fig. 15-7. The antenna is shown as a parabolic pillbox which is used 
as a line source for a reflector. The probe is located a short distance 
from the mouth of the pillbox and is articulated so as to move in a 
straight line parallel with it. To facilitate manipulation of the apparatus 
the probe is mounted on a track such as an optical bench. The track 
itself is well below the plane of the pillbox to minimize the disturbance 
of the field. The phase-measuring part of the system is identical with 
the previous model and is subject to the same conditions. 

The plotting of wavefronts is also done in a similar manner, except 
that the variations in phase are measured with respect to the straight line. 
It should be remarked that for a center-fed parabola the phase contours 
will not be straight lines. The diffraction pattern due to the presence 
of the antenna feed, the superimposed pattern of the back wave from the 
feed and the fact that the probe is in the near field of the parabola com
bine to cause a wavy contour. The irregularities may be of the order of 
+ \\ and are largest at the center. With other types of line sources 
more nearly linear phase fronts would be observed. 

15-11. Phase-modulation Method.—By employing phase modulation1 

of the reference signal it is possible to provide direct indication of phase 
on an oscilloscope. Either the position of a sinusoidal trace on the screen 
or the shape of a Lissajous figure serves to show instantaneously the phase 
of the field-probe signal at any point in the field. To determine the 
existence of a geometrically regular contour of constant phase it is simply 
necessary to traverse the desired curve with the probe. Deviations of 
the phase front from this line are indicated at once by a shift in the 
oscilloscope figure and without the need of detailed measurements. The 
centering of the antenna may readily be adjusted until the phase contour 
corresponds with the probe path. 

In this method continuous phase modulation of the reference signal 
replaces the manual phase shift employed in the previous methods 
described. Instead of being adjusted to give an interference minimum 
or maximum, the phase is swept through the full cycle of interference, 
producing a sinusoidal interference signal of audio frequency. The posi
tion at which the minimum occurs within the modulation cycle indicates 
the relative phases of the two signals. 

Linear modulation of phase at a suitable frequency for a-c amplifica
tion is the essential requirement of this method and it may be produced 

1 H. R. Worthington, " Measurements of Phase in Microwave Antenna Fields by 
Phase Modulation Methods," RL Report, No. 966, Mar. 14, 1946. 
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by many different means. The means thus far used has been the one 
requiring no special components. It involves frequency modulation in 
conjunction with a very long waveguide line in the reference-signal 
channel. A small change of frequency with a correspondingly small 
change in \„ becomes sufficient to produce a full cycle of phase change 
when one line is many hundreds of wavelengths longer than the other. 

To illustrate the principle, the simplest form of this apparatus is 
shown in bare outline in Fig. 15-8. Practical features such as rotary 
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FIG. 15-8.—Phase-modulation system for phase determination. 

joints have been omitted. The oscillator tube on the left is modulated 
by a sawtooth voltage from the oscilloscope sweep. The output power 
is frequency-modulated but of effectively constant amplitude. The 
power is divided into two channels at point A. One of these paths 
contains the antenna and pickup probe, the other the long waveguide 
line. The two channels rejoin at point B delivering both signals to 
the mixer. From the mixer an a-c voltage is obtained which is amplified 
and applied to the vertical plates of the cathode-ray tube. 

The relative phase shift of the two signals is determined by the differ
ence in length of the two paths. In previous systems the requirements 
for zero relative phase shift with frequency have been discussed. By tak
ing the derivative of the phase change through the long line with respect 
to frequency a relationship is obtained for the change in phase for a given 
fractional change in frequency, 

A<t> = 2irl m 
where \0 and Xo are the guide wavelength and free-space wavelength 
of the nominal frequency. The ratio is treated as a constant for standard 
guide within a particular frequency band. 

Thus for a phase shift of 2ir and a frequency change of 0.1 per cent 
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at 1.25 cm, the required length becomes 

1000 

660X, 
fey 

This is a considerable length but at 1.25 cm it is practical. The range 
of frequency modulation is easily obtained without causing appreciable 
amplitude modulation of the signal. It is important to avoid amplitude 
modulation since all alternating current at the crystal should be caused 
by interference only. 

With an effectively continuous phase modulation taking place, the 
two signals arriving at the detector vary constantly and linearly in 
relative phase. The resultant power level is of the form 

p = e\ + el + 2e,er cos 4>, 
where es and er are the probe-signal and reference-signal amplitudes, 
respectively. Thus with a square-law detector the a-c component of 
output voltage is sinusoidal, 

V « COS <f>. 

The phase angle is a function of the initial phase at the start of the 
modulation cycle and of A</> as previously defined, 

<t> = <t>0 + A<j> 
= 0o + 2*ft. 

The choice of the modulation frequency / is governed by the requirements 
of sawtooth modulation and a-c amplification. 
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FiQ. 15-9.—Phase-modulation system with frequency-drift compensation. 

I t will be noted that the system as it stands is sensitive to frequency 
drift. This can be taken into account in the measuring procedure by 
monitoring with a wavemeter. If the power passing through a high-Q 
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transmission wavemeter is applied to the vertical CRT plates through a 
second pair of input terminals to the amplifier, a sharp pip is obtained 
which can be used as a reference point on the sweep. The position of the 
phase signal with respect to this pip does not depend upon frequency. 

A refinement of the above system can be made whereby inherent 
insensitivity to frequency is obtained and a Lissajous figure is provided 
as a very sensitive indicator of the "in-phase" condition for the two 
signals. Figure 15-9 shows the modifications involved. A standing-
wave probe is inserted at the beginning of the long line and a diaphragm 
producing a partial reflection of power is introduced half-way down the 
line, a distance of 1/2 beyond the probe. This arrangement gives rise 
to two signals at the probe which have the same path difference as the 
original interfering signals. Their frequency behavior will be identical 
with that of the other pair so that an a-c reference signal is obtained. The 
relative phase of the two signals is independent of frequency and varies 
directly as the phase of the r-f field signal. By moving the standing-wave 
probe it is possible to compensate for a shift in the field-signal phase 
quickly and accurately. The phase shift so compensated is measured 
in terms of the probe displacement. 

A<t>o = -r—> 

where As is the probe displacement. 
This type of oscilloscope figure does not indicate directly the magni

tude of phase shift as does the sine-wave figure, but it is extremely 
sensitive when a straight line is used for the reference condition. Accu
racy of about ± 1.5° is provided in the measurement of phase over several 
cycles. Small deviations can be measured even more accurately. 
The sensitive, instantaneous indication is particularly useful in examin
ing the effects of objects placed in the antenna field, for example, in 
locating flanges or baffles to take care of the back lobe from a feed horn. 

For greater convenience in operation and electrical alignment of the 
apparatus itself a mechanical phase-modulating device can profitably 
be used to replace the frequency modulation and long-line system. At 
microwave frequencies lower than 24,000 Mc/sec this is particularly 
true. 
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MANUFACTURERS OF MICROWAVE EQUIPMENT 

The sources of supply of most of the microwave equipment that was 
developed and used during the war are not well known to the public at 
large; nearly all of the equipment was made under military security 
regulations. In an effort to facilitate the procurement of measuring 
equipment the following list of manufacturers is presented. No attempt 
has been made to make the listing complete, and the omission of a com
pany or item is not intended to imply anything concerning the nature 
of the product. The listing comprises some of the companies who 
supplied microwave equipment to the Radiation Laboratory during the 
war. I t is not known whether this equipment will be manufactured or 
can be obtained from these sources in the future. The numbers in the 
right-hand column refer to the manufacturers' names listed on pages 925, 
926, and 927. 

R-f Cables and Connectors 
RG-5/U 

RG-9/U 

RG-21/U 
UG-18/U 

UG-19/U 

UG-24/U 
UG-25/U 

Nonlossy, small-diameter 
cable 

Nonlossy, large-diameter 
cable 

Lossy cable 
Type N plug for RG-5/U and 

RG-21/U 
Type N jack for RG-5/U and 

RG-21/U 
Type N plug for RG-9/U 
Type N jack for RG-9/U 

Manufactui 
18 to 24 

18 to 22, 24 

18 to 20, 24 
34 to 38 

34 to 38 

34 to 38 
34 to 38 

2. Waveguide and Rigid Coaxial Line and Connectors 
RG-44/U 10-cm-band stub-supported \" 36 

OD coaxial line 
RG-48/U \\- by 3- by 0.080-in. 10-cm- 31 to 33 

band waveguide 
RG-52/U i- by 1- by 0.050-in. 3-cm-band 31 to 33 

waveguide 
RG-53/U i- by i- by 0.040-in. 1-cm- 31 to 33 

band waveguide 
923 
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CG-163/U 1-cm-band flexible waveguide 17 
CG-164/U 3-cm-band flexible waveguide 17 
CG-170/U 10-cm-band flexible waveguide 17 

J S I f m T a l e , 1 Connectors for RG-44/U 28, 29 
UG-46/U female J 

U G ^ / u X I e ) C o n n e c t , o r EG-48/U « 

SG^US',! « — ■ ■ » * " « 
UG-116/U cover ) Pressurized connectors for 41 
UG-117/U choke) RG-53/U 
Nonpressurized connectors for RG-53/U 30 
Electroformed bends for 1-cm-band waveguide 46 
Electroformed bends for 3-cm-band waveguide 46 
Adaptor from waveguide coaxial line 45 

3. Amplifiers and Power Supplies 
Audio-frequency, narrow band 1, 5 
20 and 40 Mc/sec, narrow band 9 
30 Mc/sec, 2 to 3 Mc/sec wide 11 
Power supplies with square-wave modulators for 4 

low power oscillators 
Klystron power supplies 27 
Signal generators 14 

4. Crystal Rectifiers 

9, 25 
9, 25 
9, 25 

25, 26 
9, 25, 
26 
27 
27 
27 
27 

1N21 
1N23 
1N26 

5. Oscillator Tubes 
2K25 (type 723) 
2K28 (type 707) 
2K33 

' 419B 
411 
410R 
417 and 2K41 

6. Power Measurements 
Thermistor bridges 
Bead Thermistors 

D-l 68527 
D-163903 

10-cm band 
3-cm band 
1-cm band 

3-cm band 
10-cm band 
1-cm band 
3-cm band 
10-cm band 
10-cm band 
10-cm band 

3-cm band 
10-cm band 

16 

25 
25 
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7. 

8. 

9. 

0. 

1. 
2. 

D-170575 1-cm band 
Thermistor Mounts 

1-cm band 
3-cm band 
10-cm band 

Attenuators 
1-cm band 
3-cm band 
10-cm band 

Spectrum Analyzers 

R-f Components 
1-cm components 

Crystal holder 
Directional coupler 
Termination 
Slotted section 
Squeeze section 
Supports for waveguide 

3-cm components 
Slotted section 
Crystal mount 
Tuner 
2K25 tube mount 
Termination 
Plunger 
Impedance bridges 

10-cm components* 
Slotted section and probe 
Wavemeter coupler 
Termination 
Mixer 
2K28 oscillator-tube cavity 

Wavemeters 
1-cm band 
3-cm band 
10-cm band 

MANUFACTURERS 
Humble Oil and Refining Co., Houston 5, Tex. 
PIB Products Inc., 66 Court St., Brooklyn 2, N. Y. 

25 

4 
8, 15 

16 

1,2 
2, 10, 6 
2 ,3 
9, 47 

1 
1 

46 
1 
1 

40 

8, 10, 13 
10 
10 
10 
10 
10 
14 

3, 7, 8, 4 
3 ,7 
2, 3, 28* 

44 
3 

1, 15, 43 
12, 6, 39 

6 

42* 

* The items marked with an asterisk are in waveguide, the other 10-cm components 
are in coexial line. 
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3. Diamond Instrument Co., Wakefield, Mass. 
4. Browning Laboratories, Winchester, Mass. 
5. Electronics Corp. of America, 45 West 18th St., N. Y. C , N. Y. 
6. Maguire Industries, 342 W. Putnam Ave., Greenwich, Conn. 
7. Nat'l . Silver Deposit Ware Co., 44 W. 18th St., N. Y. C , N. Y. 
8. F-R Machine Works, 44-26 Purvis St., Long Island City, N. Y. 
9. Sylvania Electric Co., 1221 W. 3rd St., P.O. Box 750, Williamsport, 

Pa. 
10. Graham Mfg. Co., East Greenwich, R. I. 
11. Harvey Radio, Cambridge, Mass. 
12. Electric Corp., 150 Middle St., Pawtucket, R. I. 
13. Yale and Towne Mfg. Co., Stamford Div., Stamford, Conn. 
14. Boonton Radio Corp., Boonton, N. J. 
15. Kannenstine Laboratories, 1922 W. Grey St., Houston, Tex. 
16. Cover Dual Signal Systems, Inc., Div. of Electra Voice Corp., 

5215 N. Ravenswood Ave., Chicago, 111. 
17. American Hose Branch of American Brass Co., Waterbury, Conn. 
18. American Phenolic Corp., 1830 South 54th Ave., Chicago, 111. 
19. Anaconda Wire and Cable Co., 49 Federal St., Boston, Mass. 
20. Federal Tel. and Radio Corp., 320 Orange St., Newark, N. J. 
21. General Electric Co., 1 River Rd., Schenectady, N. Y. 
22. Okonite Co., 1100 Statler Office Bldg., Boston, Mass. 
23. Phelps Dodge Co., 143 Sidney St., Cambridge, Mass. 
24. Simplex Wire and Cable Co., 79 Sidney St., Cambridge, Mass. 
25. Western Electric Co., 120 Broadway, N. Y. C , N. Y. 
26. Raytheon Mfg. Co., Foundry Ave., Waltham, Mass. 
27. Sperry Gyroscope Co., Garden City, L. I., N. Y. 
28. Lambert Meter Co., 715 W. Front St., Plainfield, N. J. 
29. J. C. Rhodes Co., New Bedford, Mass. 
30. Henry L. Crowley Co., 1 Central Ave., West Orange, N. J. 
31. Chase Brass Co., Waterbury, Conn. 
32. American Brass Co., Waterbury, Conn. 
33. Revere Brass and Copper Co., 140 Federal St., Boston, Mass. 
34. Mendelsohn Speedgun Co., 457-461 Bloomfield Ave., Bloomfield, 

N. J. 
35. Astatic Co., 830 Market St., Youngstown, Ohio. 
36. Selectar Mfg. Co., 21-10 49th Ave, Long Island, N. Y. 
37. Ucinite Corp., 458 Watertown St., Newtonville, Mass. 
38. M. Joseph Sewing Co., 5287 Washington St., West Roxbury, Mass. 
39. Texas Co., Houston, Tex. 
40. Central Scientific Co., 79 Amherst St., Cambridge, Mass. 
41. Walworth Co., 60 E. 42nd St., N. Y. C , N. Y. 
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42. Gerstein and Copper, 1 West Third St., South Boston, Mass. 
43. Chauncy Wing Co., 78 Pierce St., Greenfield, Mass. 
44. Cundy-Bettoney, 96 Bradlee St., Hyde Park, Mass. 
45. Wm S. Haynes Co., 108 Mass. Ave., Boston, Mass. 
46. Bernard Rice's Sons, Inc., 325 Fifth Ave., N. Y. C. 16, N. Y. 
47. Westinghouse Electric Manufacturing Co., East Pittsburgh, Pa. 
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Admittance, 476 
AFC, 58 
Alpert, D., 307 
Altar, W., 674 
Amplifier, 924 

i-f, W-5, 555 
pulse, 550 
for standing wave measurements, 496-

503 
twin-T, 501 

Amplitude transmission measurement, 
577-584 

Angular frequency, 3 
ANRFCCC, 9 
Antenna, gain of, 899 

scattering by, 899 
Apker, L., 675 
Attenuation, 680 

angular dependency of, 690 
cable, 701 
definitions of, 679-682 
dissipative, 681 
frequency sensitivity of, 683 
as function of wavelength in coaxial-

line attenuators, 764, 766 
in line, change in standing-wave volt

age ratio resulting from, 702 
measurement of, 804-853 
of microwave cables, 744 
reflective, 681 
very small, measurement of, 821-824 
and voltage standing-wave ratio, 820 

Attenuation calibration with absolute 
power measurement, 838-841 

Attenuation constant, 3, 682, 686 
measurement of, 822 

Attenuation measurement, with Bal-
lantine voltmeter, 806 

with i-f standard attenuator, 812 
sources of error in, 824-832 
by standing waves, 816-821 

Attenuation measurement, substitution 
method of, 808-816 

with thermistor bridge, 813 
with two slotted sections, 805 

Attenuation standards, calibration of, 
832-838 

secondary, calibration of, 841-848 
Attenuator, coaxial, cable as, 743-745 

carbon-coated, 745-747 
variable metalized-glass, 769-774 

coaxial-line, ^-in., 762 
|-in., 762 

cutoff, 685-719 
equivalent circuit of, 700 
input impedance of, 696—700 
mode purity of, 687-689 
principles of, 685-687 
3-cm-band TE n-mode, 715 
with TM„-mode, 719 

design considerations for, 682-685 
dissipative, 720 
double-vane, 785 
fixed, adjustment of, 850 

TMX-81 PB, 782 
flap, 748 
helical-spring r-f contacts for, 714 
impedance matching in, 700-707 
iris coupling in, 709 
loop-coupled TEu-mode, 689 
metalized-glass, precision, 751—799 
microwave, 679-803 
model O, 709 
model S, 710 
model T, 709 
1-cm-band, 925 
power dividers as, 799-803 
production calibration of, 848-853 
for reflection reduction, 573 
resistive, 720-799 

general laboratory, 743-751 
separation of undesirable modes in, 

689-693 
standard coaxial, 763 
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Attenuator, 3-cm-band, 925 
10-cm-band, 925 
TPK 35/PB/40, 786 
TPS-15, 707 
for 24,000 Mc/sec, 716-718 
vane, 749 
variable, calibration of, for signal 

generators, 851 
cam drive for, 784 
1-cm-band, 786 
f-in.-line, 770 
J-in.-line, 771 

variable coaxial-line, matching of, 772 
waveguide, fixed, 747 

for 3000 Mc/sec, 707-715 
for 9000 Mc/sec, 715 
variable, 748-751 

construction of, 784-790 
performance of, 790-799 

Attenuator inserts, evaporation chamber 
for, 760 

Attenuator pads (see Pads) 
Attenuator standard, waveguide metal-

ized glass, 836 
Automatic frequency control (see AFC) 

B 
Bandwidth of cavity (see Cavity, band

width of) 
Barretter, 81 156-171 

direct-reading bridges for, 169-171 
theory of operation of, 161-169 
type 821, 160 

Barretter-amplifier combinations, 171-
175 

Barretter demodulation, 166 
Barretter mount, 175-179 

type 82X, 178 
Barrow, W. L., 297, 303, 307, 329 
Beads, dielectric, 11 
Becker, J. A., 141, 188 
Beers, Y., 273 
Beggs, H, E., 180 
Bell Telephone Laboratories, 188, 201, 

212, 512, 735 
Beringer, R., 273 
Bessel functions, roots of, 299 
Bethe, H. A., 860 
Bethe-hole coupler, 858-866 
Bibliography of dielectric constant meas

urements, 673—676 
Birks, J. B., 676 
Bleaney, B., 168 

Bode, H. W., 61 
Bodtman, W. F., 198, 212 
Bolometer, 81 

a-f response of, 100-103 
metalized-glass, 184-187 

Bolometer bridges, temperature com
pensation of, 103—105 

Boonton liadio Corporation, 552 
Borgnis, F., 294, 297, 303, 307, 673 
Breazeale, W. M., 273 
Breckenridge, R., 674, 675 
Bridge, self-balancing, 127-130 

(See also type of bridge, Impedance; 
W-; etc.) 

Bridge circuit, 84—89 
operation of thermistor in, 97—100 

(<See also type of bridge) 
Bridge sensitivity, 86 
Brownlow, J. M., 675 
Bunching, 24, 25 
Burrows, C. R., 675 

C 

Cable attenuation, 701 
Cables, 9 

flexible, 8, 244 
Calbick, C. J., 195, 202, 673 
Calorimeter for measuring loss, 582 
Cavity, bandwidth of, 291 

beacon-reference, 377 
as circuit element, 286-293 
containing dielectric materials, 307 
filter, 377 
normal-mode fields in, 293—308 
partial-coaxial, 377-379 
resonant, 285-342, 375-384 
standard, external temperature com

pensation for, 386-390 
humidity effects for, 384, 390-392 
temperature-compensated, 384 
temperature effects, for, 384-390 
for 24,000 Mc/sec, 383 

standard measurement conditions for, 
393 

r^on-mode, 325, 379-382 
hybrid, 382-384 

Cavity comparator, 403-407, 446 
TFU-1RL, 406 

Cavity-coupling system, 286, 330-342 
single-line, equivalent circuit of, 286 
two-line, equivalent circuit of, 289 

transmission through, 289 
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Cavi ty oscillator, 707B, 250 
Cavi ty Q-meter, 396-403, 447 
Cavi ty systems, very-high-Q, 340 

very-low-Q, 339 
Chaloff, R. S., 175 
Charles, B. P. , 891 
Chesley, F . G., 675 
Clamping circuit, diode, 238 
Coaxial resonator, 303 
Coaxial T's , 527 
Coaxial wavemeter , 320-322 
Cole, P . A., 193 
Collie, C. H., 673 
Columbia Radia t ion Laboratory, 511 
Condon, E . U., 294 
Connector, 923 

for coaxial line, 13 
type N , 9 
U H F , 10 

Coupler, Bethe-hole, 858-866 
branched-guide, 866-873 

equivalent circuit of, 868 
coaxial, inside-out, 874 
directional (see Directional Coupler) 
long-slot, 885-890 
mul t ip le-path , 879-883 
resistive-loop, 891 
two-hole, 873-879 

Coupling, definition of, 859 
measurement of, 895 

(See also Line, coaxial; Waveguide; 
etc.) 

Coupling coefficient, 487 
Coupling loop, resistive-stripe, for cutoff 

a t t enua tor , 703 
for Tf in-mode cutoff a t tenuator , 703 

Coupling parameters , 288 
Crossover phenomenon, 693 
Cross section, absorpt ion, 899 
Crystal , r-f impedance of, 498 

silicon, rectification of, 498 
Crystal barrier, equivalent circuit of, 

279 
Crystal boundary layer, 279 
Crystal holder, 7, 925 
Crystal oscillator (see Oscillator, crystal) 
Crystal rectifier, 4, 924 

harmonic generation by, 373 
Crystal uni ts , cartridge, properties of, 

7 
Cutoff a t t enua to r (see Attenuator , cutoff) 
Cutoff parameter , 686 
Cutoff wavelength, 685 

D 

Dakin, T. W., 675 
Davidson, C. F., 675 
De Bretteville, A. P. , Jr., 675 
Decrement measurements , 340—342 
Detector, coherent-signal, 546 

for s tanding-wave measurements , 496 -
503 

Detector nonlinearity, effects of, 635 
Dicke, R. H., 271, 273 
Dielectric constant , 3, 561 

complex, 561 
relations for analysis of da ta , 562-568 
relative (see Specific inductive capaci ty) 

Dielectric constant measurement , 5 6 1 -
676 

bibliography of, 673-676 
choice of method for, 568-570 
comparison of, with optical methods , 

604 
comparison of methods for, 671 
consistency of results in, 666 
corrections for clearance of, 576 
details of computa t ion for, 584 
by phase shift in guide, 571 
by reflection, 606-625 
by resonant-cavi ty methods , 657-665 
by short-circuited-line method, 621, 

625-656 
gap between sample and short cir

cuit, 631 
measurement procedure, 633—640 
method of, 646 
modifications for low power, 644 -

654 
sample thickness for, 630 
sources of error in, 640-644 
theory of, 625-633 
uses of, 654-657 

s u m m a r y of methods for, 666—672 
by transmission in free space, 5 9 1 -

606 
by transmission in guide, 570-591 

Diffraction, 898 
Diode rectifiers, 193 

•Direct-reading bridge, 84 
for barret ter , 169-171 

Directional coupler, 522, 800, 854-897, 
925 

branched-guide, modified, 873 
comparison of types of, 850 
equivalent circuit of, 855-858 
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Directional coupler, properties of, meas
urements of, 894 

reverse-coupling, 883 
Schwinger, 885 
slotted block, for coaxial line, 878 
theoretical considerations for, 891-894 
two-hole, 873-879 
with two slots, 876 

(See also Coupler) 
Directivity, definition of, 859 

measurement of, 895 
Discriminator, microwave, 63—67 

employing two magic T's, 66 
Double-probe coupling, 213 
Dowker, Y., 488, 673-675 
Du Mont K1017 oscilloscope, 469 
Du Mont Laboratories, Allen B., 469 
Dunsmuir, R., 675 

E 

.E-plane horn, center of phase of, 906 
phase front of, 906 
power pattern of, 906 
radiation pattern of, 906 

£-plane T, wavemeter on, 314-316 
Ebert, J., 816 
Echo boxes, 192, 303, 325 

OBU-3, 327 
TS-218A, 447 

Ehlers, F. E., 743 
Electric field, 3 
Electroforming, 524 
Electronic-tuning hysteresis, 30 
Englund, C. R., 674 
Equivalence relations for free space and 

waveguide, 565 
Equivalent circuit of lossless devices, 513 
Everhart, E. M., 675, 676 

F 

Feenberg, E., 166, 374, 675, 725 
Ferguson, J. F., 749 
Fisher, H. J., 749 
Frank, N. H., 718 
Frequency, 3 

standard, broadcasts of, 353 
Frequency-difference measurements, 453 
Frequency dividers, 354-357 

regenerative-modulator, 356 
Frequency measurements, 343—407, 453 

spectrum-analyzer for, 393-395 

Frequency measuring equipment and 
techniques, 392-407 

Frequency multiplication, 33 
Frequency multiplier, push-pull, 368 

push-push, 368 
vacuum-tube, 365—373 
velocity-modulated, 373 

Frequency-pulling, 291-293 
Frequency stabilization (see Stabiliza

tion, frequency) 
Frequency stabilizer, 67 
Frequency standard, accuracy of, 375 

microwave, 344 
design considerations of, 345-347 
Radiation Laboratory, 347-375 

primary, 343-347 
secondary, 375-384 

Friis, H. T., 223 

G 

Gain, antenna, 899 
measurement of, 907—909 

Gain determination, mirror method of, 
911-914 

by pattern integration, 914 
Gain factor, 899 
Gain measurements, scattering in, effect 

of 909-911 
Gainsborough, G. F., 136, 812 
Galvanometer-amplifier, 499 
General Electric Company, 180, 193, 

443 
Gent, A. W., 674 
Ginzton, E., 374 
Giordano, A. B., 833 
GL-559, 193 
GL-582 diode, 193 
Grant, A. S., 674 
Green, E. I., 749 
Guillemin, E. A., 341 
Guillotine attenuator, 787 
Guthrie, G. B., 175, 807 

H 

Hansen, W. W., 272, 294, 307, 674 
Harmonic generation, by crystal recti

fiers, 373 
frequency range covered by, 374 

Harrison A., 374 
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Harrison, R. J., 175 
Hatch, R., 374 
Haugen, M., 673 
Hegarty, M., 675 
Helical-spring r-f contact for attenua

tor, 714 
Hersberger, W. D., 214 
Hollman, H. E., 468 
Horner, F., 674-676 
Hower, P. A., 350 
Hughes, Rita, 212 
Humidity-effect nomograph for cavities, 

391 
Hunt, L. E., 676 
Hybrid coil, 546 
Hysteresis, electronic-tuning, 30 

I 
Image, higher-order, 416 
Imaginary unit, 3 
Impedance, 476 

of polyiron, in coaxial line, 724 
in waveguide, 727 

Impedance bridge, 446, 515-560 
basic measuring techniques with, 530-

537 
built-in calibrator for, 558 
calibration of, 556-559 
error for, 560 
with f-m discrimination, 543-548 
line components for, 540-545, 549, 554 
multifrequency, 537-543 

with panoramic receiver, 539 
with panoramic receiver, 552-556 
pulse-modulated, 538, 548-552 
single-frequency, 530 
sources of error for, 559 

Impedance-bridge elements, 516-530 
Impedance-circle diagrams, 476, 697 
Incidence, angle of, measurement of, 602 

arbitrary, measurements at, 599-604 
far from normal, 613 
normal, measurements at, 593—599 

Inductive capacity, specific, 561 
Insertion loss, 680 
Interface reflection, 600 
Irjs-coupling in attenuators, 709 

J 
Jackson, W., 674-676 
Jamieson, H. W., 180 
Jelatis, D., 673, 674 

Johnson, M. H., 216 
Johnson, S. A., 184, 816 
Johnson meter, 216 
Julian, R. S., 801, 878, 896 

K 

Kallman, H. E., 512 
Katz, S., 228 
King, R. W. P., 754 
Kinzer, J. P., 294, 297, 302, 303 
Kircher, R. J., 198 
Klystron, double-cavity, 374 

reflex, 21 
characteristics of, 35 
1-cm, 47-51 
oscillator, 23-33 
power supplies, 51-58 
tube types, 34-51 
2K28, 41 

723A/B, 31 
2K25, 37 
type 417, 43 

Klystron power supplies, 924 
Konig, H., 308 
Korman, N. I., 509 
Krock, R., 109 
Kuper, J. B. H., 193, 274 
Kyhl, R. L., 273 

L 

L4PD load lamp, 180 
Lane, J. A., 673 
Leakage, r-f, 240-243 

techniques to minimize, 242 
Lee, Gordon M., 468 
Leiter, H. A., 673 
Letter symbols, 3 
Lighthouse diode, 2B22, 461 
Lighthouse tube, 2C40, 22 
Lighthouse-tube cavity, 256 
Line, bifurcated, 801 

coaxial, 11-13 
connector for, 13 
rigid, 923 

Lippmann, B. A., 873 
Littelfuse mount, tunable, 176 
Llewellyn, F. B., 813 
Load, coaxial-line, high-power, 732-735 

gas, for power measurement, 214 
high-power, 721 



934 TECHNIQUE OF MICROWAVE MEASUREMENTS 

Load, high-power, dissipative-wall, 739 
1.25-cm-band, 742 
3-cm-band, 738 

hot transmission-line, 271 
IRC resistance, for rectangular wave

guide, 729 
low-power, 721 
matched, 503-505 
water, 194-213 

closed-flow system for, 209 
for coaxial line, 195-199 
flow systems for, 204-211 
for 1-cm-band, 203 
for 3-cm-band, 202 
thermopiles for, 211 
for waveguide, 199-204 

waveguide, high-power, 735-743 
Load lamps, 180-183 
Loaded Q, 289 
Loss tangent, 561 

calculation of, 629 
for distilled water, 195 
of water, 587 

Loughlin, R., 675 

M 
Magic T, 63, 237, 331, 517, 525, 546 
Magic-T alignment, 535 
Magnetic field, 3 
Magnetic permeability, 3 
Mann, L., 127 
Manufacturers of microwave equipment, 

923-927 
Match, sliding, 534 
Matching techniques for T's, 525 
Mathison, W. W., 175 
Meahl, H. R., 676 
Measurement (see quantity to be meas

ured) 
Merchant, R., 675 
Metalization of glass plates, 775 
Metalized glass, coaxial-line termination 

of, 724 
use of, with low-power terminations, 

731 
Metalized-glass plates, matching of, 778 
Microwave attenuator (see Attenuator, 

microwave) 
Microwave current, heating effects of, 

166 
Microwave equipment, manufacturers of, 

923-927 

Microwave oscilloscopes, 468 
Microwave region, 1 
Microwave wavemeters, 319-330 
Microwaves, detection of, 4-8 
Mie, G., 307 
Mieher, W. W., 297, 303, 307, 329 
Mismatches, adjustable reference, 557 
Mode chart, 298 

for coaxial cylinder, 304 
for right circular cylinder, 298 
for TFX-30 wavemeter, 324 

Mode filtering, 693-696 
Mode patterns, reflector, 26 
Mode shapes, universal, 28 
Model O attenuator, 709 
Model S attenuator, 710 
Model T attenuator, 709 
Modes, in circular waveguide, 690 

normal, of cavity, 285, 293 
in coaxial resonator, 303-307 
in rectangular parallelopiped cavity, 

294-296 
of right-circular cylinder, 297-303 
in slotted guides, 889 

Modulation, amplitude, 24 
frequency, 24 
velocity, 24 

Modulator, single-sideband, 331 
Moore, A. A. S., 776 
More, K. R., 193 
Moreno, T., 177 
Morgan, S. O., 735 
Mueller, G. E., 512 
Multivibrator, pulse, 239 
Myers, G. B., 891 

N 

National Bureau of Standards, 344, 347, 
355, 393 

National Physical Laboratory, 813 
Neon tubes as power indicators, 218 
Networks, ring, 527 
Niemann, F. L., 149 
Noise figure, receiver, 222-226 
Noise-figure measurement, 224 

with microwave noise source, 225 
Noise generators, 222 
Noise klystron, 274 
Noise source, crystal, 278-281 

microwave, 270-281 
723A/B Klystron, 277 
shot, 273-278 
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Noise source, Sperry 419, 277 

sun as, 272 
thermal, 271-273 

Noise temperature, 225 
of Sperry 417-A Klystron, 276 

Nordsieck, A., 511 
Normal incidence, 612 

O 
OBU-3 Echo Box, 327 
Optical methods, comparison of, with 

other dielectric constant measure* 
ment, 604 

Oscillator, audio interpolation, 359-361 
crystal, for frequency standard, 352 
crystal-controlled, for frequency stand

ard, 350-353 
frequency-marker, 437 
microwave, 21-58 
pulse modulation of, 237-240 
stabilized, 331 
tunable, 357-359 

Oscillator tubes, 924 
Oscilloscope, comparison, 361—365 
Oscilloscope, Du Mont K1017, 469 

r-f (see R-f oscilloscope) 
Oster, G., 675 

P 
Pad inserts, coaxial, electrical design of, 

752-757 
Pads, coaxial, fixed, 745-747 

construction of, 757-763 
performance characteristics of, 

763-769 
polyiron waveguide, 747 
waveguide, fixed, 781-784 

Painter, N., 109 
Pattern, radiation, of E-plane horn, 906 
Pattern integration, gain determination 

by, 914 
Pattern intensity measurements, 900-

907 
Pattern measurement, 898-915 

minimum range for, 901 
Pattern parameters, 898 
Payne-Scott, Ruby, 272 
Penrose, R. P., 673, 676 
Permeability, complex, 561 

magnetic, 3 
Peskin, E., 161 
Peterson, L. C , 813 

Pfister, 674 
Phase, center of, 900 

of i?-plane horn, 906 
frequency sensitivity of, 917 

Phase apparatus, for line sources, 918 
for point sources, 916 

Phase constant, 3 
Phase front, of i?-plane horn, 906 
Phase measurement, in free space, 592 

by phase-modulation method, 919-922 
of Q, 336-340 

Phase-shift measurement, 570-577 
Phase shifter, 570 
Plunger, 925 

short-circuiting, 504 
Polyiron, impedance of, in coaxial line, 

724 
in waveguide, 727 

low-power waveguide termination 
with, 726-728 

Polytechnic Institute of Brooklyn, 184 
Pound, R. V., 331 
Power, 3 

average, 80 
pulse, 80 

Power divider, 799-803 
adjustable, 214 
for high-power measurements, 213— 

215 
Power measurements, 924 

at high level, 194-220 
at low and medium levels, 84-194 
microwave, 79-220 

Power pattern, of £-plane horn, 906 
Power ratio, measurement of, 805—808 
Power supply for klystron, 51-58 

Mark SX-12, 55 
Probe, calibrated pickup, 799 

design of, 488-196 
distortion of standing-wave pattern by, 

485 
electric, 479 
magnetic, 479 
shielded, 489 
10-cm, 495 
traveling, 478-480, 483-488 

Propagation constant, 3, 569 
Pulse-forming circuits, 237 
Pulse response, of receiver, 227 
Pulsed modulation of oscillator, 237-240 
Pulses, synchronization of, 239 
Purcell, E. M., 911 



936 TECHNIQUE OF MICROWAVE MEASUREMENTS 

Q 

Q, loaded, 289 
phase measurements of, 336-340 
unloaded, 289 

Q-factors, 288, 293 
Q-meter, cavity, 396-103, 447 

R 

R6271 diode, 464 
Radiation Q, 289 
Radio Corporation of America, 214, 464 
Radio Research Laboratory, 198 
Rambo, W. R., 198 
Receiver, comparison, 353 

pulse, measurements on, 226-234 
response of, to frequency-modulated 

signals, 230 
testing of, 222-234 
ultimate sensitivity of, 222 

Recovery time of receiving system, 233 
Rectifiers for power indication, 191-194 
Reddish, W., 676 
Redheffer, R. M., 488, 673-675 
Reflection, interface, 565, 606-612 

large, measurement of, 536 
probe, 607-609 

Reflection coefficient, 3, 475 
complex, 565 

Reflection measurement in free space, 
612-616 

Reflectometer, 896 
Reflector-mode pattern (see Mode pat

tern, reflector) 
Resistive disk, 705 
Resistivity, d-c, of common metals and 

alloys, 296 
Resonant cavities, 285-342, 5-384 
R-f cables, 8, 923 
R-f envelope viewer, 193, 408, 455-468 

crystal, 458 
detector for, 459 
diode detectors for, 461 

R-f oscilloscope, 408, 455, 467-469 
R-f phase measurements, 898-900, 915-

922 
R-f source, modulation of, 500 
Richtmeyer, R. D., 307 
Rieke diagram, 31 
Roberts, S., 223, 674 
Robertson, S. D., 676 

Roth, 674 
RP-347 spectrum analyzer, 443 
RP-392-K spectrum analyzer, 443 

S 

Saxton, J. A., 673, 676 
Scaling theorems, 308 
Scattering matrix, 517, 892 
Schelkunoff, S. A., 905 
Schneeberger, R. J., 203, 220 
Seaman, E. C. H., 675 
707B cavity oscillator, 250 
707B characteristics, 35 
723A/B characteristics, 35 
723A/B klystron, 31 
Shaw, R. C , 198, 212 
Shive, J. N., 188 
Short-circuited-line method, dielectric 

constant measurement by (see Di
electric constant measurement, by 
short-circuited-line method) 

Shot noise, 270 
Shot-noise sources, 273-278 
Side-outlet T, 516-522 
Signal generator, 221-281 

with magic T, 236 
microwave, design of, 234-270 
pulsed, 228 
pulsed-lighthouse-tube, 253-259 
pulsed-off, 229 
simple, 235 
TGS-5BL, 247-253 
for 3000-Mc/sec region, 247-253 
TS-147, 259-264 
for 24,000-Mc/sec region, 265-270 

Signal generator calibration, 245 
Similitude, principle of, 308 
Simmonds, J. C , 675 
Skin depth, 296 
Slater, J. C , 822, 880 
Slot waves, 482 
Slotted guide, wavelength in, 481 
Slotted line, characteristic impedance of, 

480 
Slotted section, 478-483, 925 

design of, 488-496 
Smith, P. H., 478 
Southworth, G. C , 273 
Specific inductive capacity, 3 



INDEX 937 

Spectrum, interpretation of, 448 
power, 412 
of pulse, 409 

examples of, 449 
Spectrum analyzer, 408, 925 

beat-frequency indications of, 395 
design considerations of, 416-423 
for frequency measurement, 393-395 
low-frequency, using microwave oscil

lators, 441-446 
measurements with, 448-455 
operation of, theory of, 411—416 
principles and design of, 409-423 
representative, 423-448 
RP-347, 443 
RP-347-K, 443 
sensitivity of, 420 
stability of, 422 
TS-148/UP, 409, 429-434 
TSK-2SE, 435, 440 
TSK-3RL, 411, 423-429 
TSS-4SE, 434-439 
TSS-4SF, 411 
TSX-4SE, 416, 429, 435, 439 

Spectrum-analyzer principle, other in
struments using, 446 

Spectrum image, 415, 419 
Sperry Gyroscope Company, 157, 162, 

169, 177, 182, 307, 675, 788 
Squeeze section, 507-510, 925 
Stabilization, frequency, of microwave 

oscillator, 58-78 
Stabilization factor, 62 
Stabilization, frequency, i-f system, 69—75 

results and limitations of, 75-78 
Stabilizer, electronic frequency, 67 

frequency, 67 
Standing-wave detector, coaxial, 496 

continuously indicating, 511 
high-power, 510 
for 1.25 cm, 490 
for 3.2-cm wavelength, 492, 494 

Standing-wave measurement, on cavities, 
333-336 

apparatus for, 503 
detector for, 496-503 
at high power, 510 
on lossless devices, 512-514 

Standing-wave minimum, shift in, 338 
Standing-wave pattern, 475 
Standing-wave ratio, direct measurement 

of, 634 

Standing-wave ratio, high, measurement 
of, 505-507 

voltage, VSWR, 3 
Standing-wave voltage ratio, 3, 476 

and attenuation, 820 
of cavity, 335 
change in, with line attenuation, 702 
of TFX-30EC cavity, 335 

Standing waves, fundamental relations 
of, 475-478 

measurements of, 473-514 
Strachey, C , 676 
Stratton, J. A., 674 
Strickland, A. C , 391 
Strong, } . , 776 
Stub support, broadband, 13 
Sturtevant, J. M., 218 
Suen, T. J., 675 
Sun, as noise source, 272 
Superheating, 195 
Sylvania Electric Products Co., 430, 434 
Symbols, letter, 3 
Synchroscope, 457 

T 

T (see type of T, e.g. Magic; Waveguide; 
etc.) 

T-asymmetry, 532 
T-junction, equivalent circuit of, 867 

monitoring, 257 
Tangential signal, 228 
Taylor, T. A., 674, 676 
TBX-IBR microwave impedance bridge, 

446, 552 
TEn-mode in circular waveguide, 690 
Telecommunications Research Estab

lishment, 200, 218, 512 
Temperature compensation, of bolometer 

bridges, 103-105 
with two thermistor disks, 108-118 

Terminations, 720, 925 
coaxial-line, low-power, 722-726 

of metalized glass, 724 
coaxial poly iron, 723 
low-power, with metalized glass, 731 
transmission-line, matched, 720-743 
waveguide, low-power, 726-731 

with polyiron, 726-728 
TFK-2 wavemeter, 327 
TFS-5 coaxial wavemeter, 320 
TFS-10, 377 
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TFU-1RL cavity comparator, 406 
TFX-30 wavemeter, 323 
TGS-5BL signal generator, 247-253 
Thermistor, 81 

bead, 89, 924 
d-c characteristics of, 96 

disk, 90 
equivalent circuit for, 149 
operation of, in bridge circuit, 97-100 
V-519, 90 

Thermistor bridge, 924 
self-balancing, 128 
two-disk, 117 

Thermistor mount, 130-155, 925 
broadband coaxial-line, 136 
coaxial-line, 132 
double, 136 
fishtail, 150 
impedance variations of, 147 
1-cm-band, 151 
O-O, 140 
S-S, 140 
tri-tuner, 146 
waveguide, 139 

Thermistor parameters, 89-97 
Thermistor power monitors, 155 
Thermocouple dipole, 190 
Thermocouple power detectors, 187-191 

sensitivity of, 187 
Tisza, L., 675 
7W0i-mode in circular waveguide, 690 
TMX-81 PB fixed attenuator, 782 
Tonks, L., 675 
TPK 35/PB/40 attenuator, 786 
TPS-15 attenuator, 707 
Transmission, measurement of, 577 
Transmission coefficient, complex, 565 
Transmission loss, 333 
Transmission measurement, 332 

in free space, 592 
TRE, (see Telecommunications Research 

Establishment) 
Trigger pulses, 239 
TS-218A echo box, 447 
TS-148/UP spectrum analyzer, 409, 429-

434 
TS-155, 253-259 
TS-270, 325-327 
TSK-2SE spectrum analyzer, 435, 440 
TSK-3RL spectrum analyzer, 411, 423-

429 
TSS-4SE spectrum analyzer, 411, 434-439 

TSX-4SE spectrum analyzer, 416, 429, 
435, 439 

2B22 lighthouse diode, 193, 461 
2C40 lighthouse tube, 22 
2K25 klystron, 35, 37 
2K25 mount, 39 
2K28 reflex klystron, 35, 41 
2K33, 47 

characteristics of, 36 
2K45, 45 
2K50, 47 
Tung-Sol Lamp Works, 165 
Tuning, electronic, 23, 29 

hysteresis, 30 
thermal, 46 

Turner, L. B., 673 
TVN-7BL, 52 

U 

Unitary matrix, 518 
Units, system of, 2 
Unloaded Q, 289 

V 

Van Vleck, J. H., 273 
Vane, A. B., 273 
V-bridge, 105-108 
V-519 thermistor, 90 
von Hippel, A. R., 590, 621, 673-675 
VSWR (see Standing-wave voltage ratio) 

W 

Walker, R. M., 203 
Waller, W. E., 515, 850 
Waltz, M. C , 274 
Water load (see Load, water) 
Wattmeter, coaxial, for field use, 215 
Wave number, 3 
Waveguide, 923 

flexible, 244 
standard rectangular, 15 
wall losses in, 590 

Waveguide coupling, 15 
choke-flange, 14 

Waveguide T's, manufacture of, 524 
Waveguide transmission lines, 13—16 
Wavelength, 3 

measurement of, 285-342 
in waveguide, 3 
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Wavemeter, 925 
cavity, transmission, 309-311 
coaxial, TFS-5, 320 
on coaxial stub, 318 
on £-plane T, 314-316 
microwave, 319-330 
mode, TE„n, 322-325, 328-330 

7%,„, 327 
reaction, 311-314 
TFK-2, 327 
TFX-30, 323 
on top of waveguide, 316-318 
for 24,000-Mc/sec region, 327 

Wavemeter circuits, practical, 308-319 
Wax, N., 202 
W-bridge, 118-123 
Webber, H. E., 166 
Weber, E., 828 
Wesson, L. G., 675 

Westinghouse Electric Corporation, 176, 
202, 220 

Westinghouse Electric and Mfg. Co., 
430 

Westphal, W., 673-675 
Whitcher, S. L., 675 
Wiesner, J. B., 100 
Winkler, E. D., 673, 675 
Wollaston wire, 157 
Wood, R. F., 676 
Worthington, H. R., 919 
WWV, Radio Station, 344, 353 

X 

X-bridge, 123-127 

Y 

Younker, E. L., 589, 673 
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Foreword 

THE tremendous research and development effort that went into the 
development of radar and related techniques during World War II 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. Because this 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super
vision of the National Defense Research Committee, undertook the great 
task of preparing these volumes. The work described herein, however, is 
the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 
and other Dominions. 

The Radiation Laboratory, once its proposals were approved and 
finances provided by the Office of Scientific Research and Development, 
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 
project. An editorial staff was then selected of those best qualified for 
this type of task. Finally the authors for the various volumes or chapters 
or sections were chosen from among those experts who were intimately 
familiar with the various fields, and who were able and willing to write 
the summaries of them. This entire staff agreed to remain at work a t 
MIT for six months or more after the work of the Radiation Laboratory 
was complete. These volumes stand as a monument to this group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of other scientists, engineers, and others who actually carried 
on the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and they 
worked so closely together even though often in widely separated labora
tories that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote reports 

•*s- or articles have even been mentioned. But to all those who contributed 
CO 
en in any way to this great cooperative development enterprise, both in this 

country and in England, these volumes are dedicated. 
ct 
__ L. A. DUBRIDGE. 
an **J i ; ,' 





Preface 

THE need that arose during the war for utilizing the microwave region 
of the radio frequency spectrum for communications and radar stimu

lated the development of new types of antennas. The problems and 
design techniques, lying as they do in the domain of both applied electro
magnetic theory and optics, are quite distinct from those of long-wave 
antennas. It is the aim of the present volume to make available to the 
antenna engineer a systematic treatment of the basic principles and the 
fundamental microwave antenna types and techniques. The elements 
of electromagnetic theory and physical optics that are needed as a basis 
for design techniques are developed quite fully. Critical attention is 
paid to the assumptions and approximations that are commonly made 
in the theoretical developments to emphasize the domain of applicability 
of the results. The subject of geometrical optics has been treated only 
to the extent necessary to formulate its basic principles and to show its 
relation as a short wavelength approximation to the more exact methods 
of field theory. The brevity of treatment should not be taken as an 
index of the relative importance of geometrical optics to that of electro
magnetic theory and physical optics. I t is in fact true that the former 
is generally the starting point in the design of the optical elements 
(reflectors and lenses) of an antenna. However, the use of ray theory 
for microwave systems presents no new problems over those encountered 
in optics—on which there are a number of excellent treatises—except 
that perhaps the law of the optical path appears more prominently in 
microwave applications. 

In the original planning of the book it was the intention of the editors 
to integrate all of the major wqrk done in this country and in Great 
Britain and Canada. This proved, however, to be too ambitious an 
undertaking. Many subjects have regrettably been omitted completely, 
and others have had to be treated in a purely cursory manner. I t was 
unfortunately necessary to omit two chapters on rapid scanning antennas 
prepared by Dr. C. V. Robinson. The time required to revise the 
material to conform with the requirements of military security and yet 
to represent an adequate exposition of the subject would have unduly 
delayed the publication of the book. Certain sections of Dr. Robinson's 
material have been incorporated into Chaps. 6 and 12. 

ix 



X PREFACE 

I take pleasure in expressing here my appreciation to Prof. Hubert 
M. James who, as Technical Editor, shared with me much of the 
editorial work and the attendant responsibilities. The scope of the book, 
the order of presentation of the material, and the sectional division within 
chapters were arrived at by us jointly in consultation with the authors. 
I am personally indebted to Professor James for his editorial work on 
my own chapters. 

The responsibility for the final form of the book, the errors of omission 
and commission, is mine. A word of explanation to the authors of the 
various chapters is in order. After the close of the Office of Publications 
and the dispersal of the group, I have on occasions made use of my 
editorial prerogative to revise their presentations. I hope that the results 
meet with their approval. The policy of assignment of credit also needs 
explanation. The interpretation of both Professor James and myself of 
the policy on credit assignment formulated by the Editorial Board for 
the Technical Series has been to the effect that no piece of work discussed 
in the text would be associated with an individual or individuals. Radi
ation Laboratory reports are referred to in the sense that they represent 
source material for the chapter rather than individual acknowledgements. 
References to unpublished material of the Radiation Laboratory note
books have been assiduously avoided, although such material has been 
drawn upon extensively by all of us. In defense of this policy it may be 
stated that the work at the Radiation Laboratory was truly a cooperative 
effort, and in only a few instances would it have been possible to assign 
individual credit unequivocally. 

The completion of the book was made possible through the efforts of 
a number of people; in behalf of the editorial staff and the authors I wish 
to acknowledge their assistance and contributions. Mrs. Barbara Vogel 
and Mrs. Ellen Fine of the Radiation Laboratory served as technical 
assistants; the production of figures and photographs was expedited by 
Mrs. Frances Bourget and Mrs. Mary Sheats. It proved impossible' to 
finish the work by the closing date of the Office of Publications; the Naval 
Research Laboratory accepted the work as one of the projects of the 
newly formed Antenna Research Section and contributed generously in 
personnel and facilities. Special thanks are due to A. S. Dunbar, 
I. Katz, and Dr. I. Maddaus for their editorial assistance; to Queenie 
Parigian and Louise Beltramini for preparation of the manuscript; 
and to Betty Hodgkins who prepared almost all of the figures. 
The editors are indebted to Dr. G. G. Macfarlane of the Tele
communications Research Establishment, Great Britain, for his 
critical review of several of the theoretical chapters and his contribution 
on the theory of slot radiators in Chap. 9. John Powell of the 
Radiation Laboratory prepared material on lenses that was used in 
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Chap. 11. The National Research Council of Canada and the British 
Central Radio Bureau have graciously granted us permission to take 
material from Canadian and British reports in accordance with current 
security regulations. The Bell Telephone Laboratory supplied the 
photographs of metal lens antennas. 

SAMUEL iSlLVEK. 
N.WATJ RUSKAHCH I.ABOKATOKY, 
WASIII.NCTON', 1). ('., 

April, 1947. 
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CHAPTKR 1 

SURVEY OF MICROWAVE ANTENNA DESIGN PROBLEMS 

BY S. SILVKK 

1-1. The Wavelength Region.—The designation of the boundaries of 
the microwave region of the electromagnetic spectrum is purely arbitrary. 
The long-wavelength limit has been set variously at 25 or 40 cm, even 
at 100 cm. From the point of view of antenna theory and design tech
niques, the 25-cm value is the most appropriate choice. The short-
wavelength limit to which it is possible to extend the present techniques 
has not yet been reached; it is in the neighborhood of 1 mm. Accordingly 
we shall consider the microwave region to extend in wavelength from 0.1 
to 25 cm, in frequency from 3 X 105 to 1200 Me/sec. 

This is the transition region between the ordinary radio region, in 
which the wavelength is very large compared with the dimensions of all 
the components of the system (except perhaps for the large and cumber
some antennas), and the optical region, in which the wavelengths are 
excessively small. Long-wave concepts and techniques continue to be 
useful in the microwave region, and at the same time certain devices 
used in the optical region such as lenses and mirrors are employed. From 
the point of view of the antenna designer the most important character
istic of this frequency region is that the wavelengths are of the order of 
magnitude of the dimensions of conventional and easily handled mechan
ical devices. This leads to radical modification of earlier antenna 
techniques and to the appearance of new and striking possibilities, 
especially in the construction and use of complex antenna structures. 

It follows from elementary diffraction theory that if D is the maximum 
dimension of an antenna in a given plane and X the wavelength of the 
radiation, then the minimum angle within which the radiation can be 
concentrated in that plane is 

e~± 0) 
With microwaves one can thus produce highly directive antennas such 
as have no parallel in long-wave practice; if a given directivity is desired, 
it can be obtained with a microwave antenna which is smaller than the 
equivalent long-wave antenna. The ease with which these small antennas 
can be installed and manipulated in a restricted space contributes greatly 
to the potential uses of microwaves. In addition, the convenient size of 

] 



2 SURVEY OF MICROWAVE ANTENNA DESIGN PROBLEMS [SEC. 1-2 

microwave antenna elements and of the complete antenna structure makes 
it feasible to construct and use antennas of elaborate structure for special 
purposes; in particular, it is possible to introduce mechanical motions of 
parts of the antenna with respect to other parts, with consequent rapid 
motion of the antenna beam. 

The microwave region is a transition region also as regards theoretical 
methods. The techniques required range from lumped-constant circuit 
theory, on the low-frequency side, through transmission-line theory, field 
theory, and diffraction theory to geometrical optics, on the high-fre
quency side. There is frequent need for using several of these theories 
in parallel—combining field theory and transmission-line theory, sup
plementing geometrical optics by diffraction theory, and so on. Optical 
problems in the microwave antenna field are relatively complex, and 
some are of quite novel character: For instance, the optics of a curved 
two-dimensional domain finds practical application in the design of 
rapid-scanning antennas. 

1-2. Antenna Patterns.—Before undertaking a survey of the more 
important types of microwave antenna, it will be necessary to state 
precisely the terms in which the performance of an antenna will be 
described. 

The Antenna as a Radiating Device: The Gain Function.—The field 
set up by any radiating system can be divided into two components: 
the induction field and the radiation field. The induction field is impor
tant only in the immediate vicinity of the radiating S3rstem; the energy 
associated with it pulsates back and forth between the radiator and 
near-by space. At large distances the radiation field is dominant; it 
represents a continual flow of energy directly outward from the radiator, 
with a density that varies inversely with the square of the distance and, 
in general, depends on the direction from the source. 

In evaluating the performance of an antenna as a radiating system 
one considers only the field at a large distance, where the induction field 
can be neglected. The antenna is then treated as an effective point 
source, radiating power that, per unit solid angle, is a function of direc
tion only. The directive properties of an antenna are most conveniently 
expressed in terms of the "gain function" G(8,<j>). Let 6 and <j> be respec
tively the colatitude and azimuth angles in a set of polar coordinates 
centered at the antenna. Let P(9,<p) be the power radiated per unit 
solid angle in direction 9, 4> and Pt the total power radiated. The gain 
function is defined as the ratio of the power radiated in a given direction 
per unit solid angle to the average power radiated per unit solid angle: 

<?(*,*) = P~^-- (2) 

4TT 
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Thus G(6,<j>) expresses the increase in power radiated in a given direction 
by the antenna over that from an isotropic radiator emitting the same 
total power; it is independent of the actual power level. The gain 
function is conveniently visualized as the surface 

r = <?(9,«) (3) 

distant from origin in each direction by an amount equal to the gain 
function for that direction. Typical gain-function surfaces for micro
wave antennas are illustrated in Fig. 1-1. 

The maximum value of the gain function is called the "ga in" ; it 
will be denoted by GM- The gain of an antenna is the greatest factor 
by which the power transmitted in a given direction can be increased 
by using that antenna instead of an isotropic radiator. 

The "transmitting pat tern" of an antenna is the surface 

it is thus the gain-function surface normalized to unit maximum radius. 
A cross section of this surface in any plane that includes the origin is 
called the "polar diagram" of the antenna in this plane. The polar 
diagram is sometimes renormalized to unit maximum radius. 

When the pattern of an antenna has a single principal lobe, this is 
usually referred to as the "antenna beam." This beam may have a 
wide variety of forms, as is shown in Fig. 1-1. 

The Antenna as a Receiving Device: The Receiving Cross Section.—The 
performance of an antenna as a receiving device can be described in 
terms of a receiving cross section or receiving pattern. 

A receiving antenna will pick up energy from an incident plane wave 
and will feed it into a transmission line which terminates in an absorbing 
load, the detector. The amount of energy absorbed in the load will 
depend on the orientation of the antenna, the polarization of the wave, 
and the impedance match in the receiving system. In specifying the 
performance of the antenna, we shall suppose that the polarization of 
the wave and the impedance characteristics of the detector are such that 
maximum power is absorbed. The absorbed power can then be expressed 
as the power incident on an effective absorbing area, called the "receiving 
cross section," or "absorption cross section" Ar of the antenna. If S i s 
the power flux density in the incident wave, the absorbed power is 

Pr = SAr (5) 

The receiving cross section will depend on the direction in which the 
plane wave is incident on the antenna. We shall write it as Ar = A,(d,<t>), 
where 8 and <f> are the spherical angles, already defined, of the direction 
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of incidence of the wave. This function, like the gain function, is repre
sented conveniently as the surface 

r = Ar(0,0). (fi. 
The "receiving pat tern" of an antenna is defined, analogously tc 

the transmitting pattern, as the above surface normalized to unit maxi
mum radius: 

. _ Me,*) 
Ar,r 

(7) 

It is a consequence of the reciprocity theorem to be discussed in 
Chap. 2 that the receiving and transmitting patterns of an antenna are 
identical: 

0(9,*) _ Ar(6,4) 
~G7~ - ~A^~' (8) 

It will also be shown that the ratio ATM/GM is a constant for all matched 
antennas: 

(9) A r„ = V_ 
GM 4?r 

Thus for any matched receiving system 

Ar(9,4>) = ^ G{6,4). (10) 

Coverage Pattern, One Way.—The characteristics of an antenna may 
also be described in terms of the performance of a radio or radar system 
of which it is a part. It is necessary to distinguish between the case of 
one-way transmission, in which a given antenna serves for transmission 
or for reception only, and the case of radar or two-way transmission, in 
which a single antenna performs both functions. 

We consider first a transmitting antenna and a receiving antenna 
separated by a large distance R. Let Gt and Gr be the respective gain 
functions of the two antennas for the direction of transmission. If the 
total power transmitted is P, the power radiated in the direction of the 
receiver, per unit solid angle, will be (1/4TT)P(JJ. The receiving antenna 
will present a receiving cross section (l/4ir)G>\2 to the incident wave; it 
will, in effect, subtend a solid angle G^/iwR2 at the transmitter. The 
power absorbed at the receiver will thus be 

Vr 1 16x=«2 {il} 

The maximum operating range is determined by the signal-to-noise 
ratio of the detector system. If Prm is the minimum detectable signal 
for the receiver, the maximum operating range is 

R-= (£) I(w?r)H <i2-



SEC. 1-2] ANTENNA PATTERNS 5 

Thus, if it is possible to ignore the effect of the earth on the propagation 
of the wave and if G> is constant, it will be possible to operate the receiving 
system satisfactorily everywhere within the surface 

vw ±Gr»[Gt(e,4>Jl», (13) 

where the transmitter is taken to be at the origin. This surface will be 
called the "free-space coverage pattern for one-way transmission." 

Coverage Pattern, Two Ways.- -In most radar applications the same 
antenna is used for transmission and reception. One is here interested 
in detecting a target, which may be characterized by its "scattering 
cross section" a. This is the actual cross section of a sphere that in the 
same position as the target would scatter back to the receiver the same 
amount of energy as is returned by the target. For this fictitious iso-
tropic scatterer, the effective angle subtended at the transmitter is a/R2 

and the total power intercepted is 

Scattered isotropically, this power would appear back at the transmitter 
as a power flux, per unit area, 

o Pi PG,<r 
4xfl2 (4*-)2fl4 (15) 

Actually, the scattering of most targets is not uniform. The scattering 
cross section of the target will in any case"be defined by Eq. (15), but it 
will usually be a function of the orientation of the target. 

The power absorbed by the receiver from the scattered wave will be 

PT ~ ArS ~ (4^ f t« <16) 

since here Gt = GT. If the effect of the earth on transmission of the 
waves can be neglected, it will be possible to detect the target only when 
it lies within the surface 

= \ P ^ [<?,(«,*)]* (17) 

about the transmitter as an origin. This surface will be called the "free-
space coverage pattern for two-way transmission." 

The extent of the coverage patterns is determined by characteristics 
of the system and target—output power, receiver sensitivity, target size 
—that are not under the control of the antenna designer. The form of 
the coverage patterns is determined by but is not the same as the form 
of the antenna transmitting and receiving patterns; in the coverage 
patterns, r is proportional to [G,(0,0)]w rather than to Gt(8:<f>). The 
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desired form of the coverage pattern is largely determined by the use to 
be made of the system. From it, one can derive the required form of the 
transmitting or receiving pattern of the antenna; it is usually in terms of 
this type of pattern that antenna performance is measured and specified. 

It is to be emphasized that the discussion of coverage patterns given 

(c) (d) 
F I G . 1-1.—Typical gain-function surfaces for microwave antennas, (a) Toroidal (omni

directional) pattern; (6) pencil-beam pattern; (c) flat-top flared beam; (d) asymmetrically 
flared beam. 

here assumes free-space conditions. In many important applications. 
coverage is affected by interference and diffraction phenomena due to 
the earth, by meteorological conditions, and by other factors. A detailed 
account of these factors, which may be of considerable importance in 
determining the antenna transmitting pattern required for a given appli
cation, will be found in Vol. 13 of the Radiation Laboratory Series. 

1-3. Types of Microwave Beams.—The most important types of 
microwave beams are illustrated in Fig. 1-1. 

The least directive beam is the "toroidal beam,"1 which is uniform in 
■Such a beam is also referred to as "omnidi rec t ional . " ( I R E S tandards and 

Definitions, 1946.) 
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azimuth but directive in elevation. Such a beam is desirable as a marker 
for an airfield because it can be detected from all directions. 

The most directive type of antenna gives a "pencil beam," in which 
the major portion of the energy is confined to a small cone of nearly 
circular cross section. With the high directivity of this beam goes a 
very high gain, often as great as 1000. In radar applications such a 
beam may be used like a searchlight beam in determining the angular 
position of a target. 

Although the pencil beam is useful for precise determination of radar 
target positions, it is difficult to use in locating random targets. For 
the latter purpose it is better to use a "fanned beam," which extends 
through a greater angle in one plane than it does in a plane perpendicular 
to that plane. The greater part of the energy is then directed into a cone 
of roughly elliptical cross section, with the long axis, for example, ver
tical. By sweeping this beam in azimuth, one can scan the sky more 
rapidly than with a pencil beam, decreasing the time during which a 
target may go undetected. Such a fanned beam still permits precise 
location of targets in azimuth, at the expense of loss of information 
concerning target elevation. 

Other applications of microwave beams require the use of beams with 
carefully shaped polar diagrams. These include one-sided flares, such 
as is illustrated in Fig. 1-ld, in which the polar diagram in the flare 
plane is roughly an obtuse triangle, whereas in transverse planes the beam 
remains narrow. In radar use, such a beam at the same time permits 
precise location of targets in azimuth and assures most effective distribu
tion of radiation within the vertical plane of the beam. Toroidal beams 
with a one-sided flare in elevation have also been developed. 

No theoretical factors limit any of the above beam types to the micro
wave region, but many practical limitations are imposed on long-wave 
antennas by the necessary relationship between the dimensions of the 
antenna elements and the wavelengths. 

1-4. Microwave Transmission Lines.—The form of microwave 
antennas depends upon the nature of the available radiating elements, 
and this in turn depends upon the nature of the transmission lines that 
feed energy to these elements. We therefore preface a survey of the 
main types of microwave antennas with a brief description of microwave 
transmission lines; a detailed discussion of these lines will be found in 
Chap. 7. 

Unshielded parallel-wire transmission lines are not suitable for micro
wave use; if they are not to radiate excessively, the spacing of the wires 
must be so small that the power-carrying capacity of the line is severely 
limited. 

Use of the self-shielding coaxial line is possible in the microwau) 
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region but is generally restrictei 
or more. For proper action as 

(e) 
Kit;. \-2. -T ransmiss ion linos a m i 

r a d i a t i n g e l e m e n t s . (it) ( ' en l e r -d r ive i l 
ha l f -wave d ipo le ; (M r h o m b i c a n t e n n a 
t e r m i n a t i n g :L two-wi re l ine ; (r) micro
wave dipole t e r m i n a l injz a coaxial l ine; 
(i!) conical ho rn fed liy a c i rcular 
w a v e g u i d e ; (c) slot r a d i a t o r in the wall 
of a r e c t a n g u l a r (j;uide. 

antennas, such as the rhomb 
given in Fig. \-2a and l>. It 

i to wavelengths of approximately 10 cm 
a transmission line, a coaxial line should 

transmit electromagnetic waves in onlv 
a single mode; otherwise the generator 
looks into an indeterminate impedance 
and tends to be erratic in operation. 
On this account it is necessary to keep 
the average circumference of inner and 
outer conductors less than the free-
space wavelength of the transmitted 
waves. At wavelengths shorter than 
10 cm this limitation on the dimensions 
of coaxial lines begins to limit their 
power-carrying capacity to a degree 
that makes them unsatisfactory for 
most purposes. 

The most useful transmission line 
in the microwave region is the hollow 
pipe. Such pipes will support the 
propagation of an electromagnetic wave 
only when they are sufficiently large 
compared with its free-space wave
length. As guides for l o n g - w a v e 
radiation, intolerably large pipes are 
required, but in the microwave region 
it becomes possible to use pipes of con
venient size. Like the coaxial guide, 
there is also .an upper limit imposed on 
the cross-sectional dimension of the pipe 
if it is to transmit the wave in only a 
single mode. However, in the absence 
of an inner conductor, this size limita
tion does not affect the power capacity 
so seriously as it does in the coaxial line. 

1-5. R a d i a t i n g Elements.—The 
nature of the radiating elements 
terminating a transmission line is to 
a considerable extent determined by 
the nature of the line itself. Typical 
long-wave radiating elements are the 
"dipole" antennas, such as the center-
driven half-wave dipole, and loop 

ie antenna, illustrations of which are 
is eviden! thai, the parallel-wire and 
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coaxial lines lend themselves to such terminations. Many long-wave 
antenna ideas have been carried over into the microwave region, par
ticularly those connected with the half-wave dipole; the transition, how
ever, is not merely a matter of wavelength scaling. In a microwave 
antenna the cross-sectional dimensions of the transmission line are com
parable to the dimensions of the half-wave dipole, and consequently, the 
coupling between the radiator and the line becomes a more significant 
problem than in a corresponding long-wave system. The cross-sectional 
dimensions of the dipole element are also comparable to its length. A 
typical microwave dipole is shown in Fig. l-2c; the analysis and under
standing of such microwave dipoles is at best still in a qualitative stage. 

The use of hollow waveguide lines leads to the employment of entirely 
different radiating systems. The simplest radiating termination for such 
a line is just the open end of the guide, through which the energy passes 
into space. The dimensions of the mouth aperture are then comparable 
to the wavelength; as a result of diffraction, the energy does not continue 
in a beam corresponding to the cross section of the pipe but spreads out 
considerably about the direction of propagation defined by the guide. 
The degree of spreading depends on the ratio of aperture dimensions to 
wavelength. On flaring or constricting the terminal region of the guide 
in order to control the directivity of the radiated energy, one arrives at 
electromagnetic horns based on the same fundamental principles as 
acoustic horns (Fig. I-2d). 

Another type of element that appears in microwave antennas is the 
radiating slot (Fig. l-2e). There is a distribution of current over the 
inside wall of a waveguide associated with the wave that is propagated 
in the interior. If a slot is milled in the wall of the guide so as to cut 
across the lines of current flow, the interior of the guide is coupled to 
space and energy is radiated through the slot. (If the slot is milled along 
the line of current flow, the space coupling and radiation are negligible.) 
A slot will radiate most effectively if it is resonant at the frequency in 
question. The long dimension of a resonant slot is nearly a half wave
length, and the transverse dimension a small fraction of this; the perim
eter of the slot is thus closely a wavelength. 

1-6. A Survey of Microwave Antenna Types.—We are now in a posi
tion to mention briefly the principal types of antennas to be considered 
in this book. 

Antennas for Toroidal Beams.—A toroidal beam may be produced 
by an isolated half-wave antenna. This is a useful antenna over a large 
frequency range, the limit being set by the mechanical problems of sup
porting the antenna and achieving the required isolation. The beam 
thus produced, however, is too broad in elevation for many purposes. 

A simple system that maintains azimuthal symmetry but permits 
control of directivity in elevation is the biconical horn, illustrated in 
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Fig. 1-3. The primary driving element between the apexes of the cones 
is a stub fed from a coaxial line. The spread of the energy is determined 
by the flare angle and the ratio of mouth dimension to wavelength. 

Although this antenna is useful over a 
large frequency range, maximum di
rectivity for given antenna weight and 
size is obtainable in the microwave 
region, where the largest ratio of 
aperture to wavelength can be 
realized. 

Increased directivity in a toroidal 
beam can also be obtained with an 
array of radiating elements such as 
dipoles, slots, or biconieal horns built 
up along the symmetry axis of the 
beam. The directivity of the array is 
determined by its length measured in 
wavelengths; high directivities are 

conveniently obtained by this method only in the microwave region. A 
typical microwave array of this type is shown in Fig. 1-4. 

Pencil-beam Antennas.—Beams that have directivity both in eleva
tion and azimuth may be produced by a pair of dipole elements or by a 
dipole with a reflecting plate. The major portion of the energy is con
tained in a cone with apex angle somewhat less than 180°. 

FIG. 1-3.—The biconieal horn. 

FIG. 1-4.—A microwave beacon array. 

Similar beams are produced by horn antennas that permit control 
of the directivity through choice of the flare angle and the mouth dimen
sions. Horns are useful at lower frequencies as well as in the microwave 
region; indeed, the early work on horns was done for wavelengths ranging 
from 50 to 100 cm. 

More directive beams—true pencil beams—can be produced by 
building up space arrays of the above systems. Two-dimensional arrays 
(mattress arrays) and multiunit horn systems are used at lower frequen
cies. Their directivity is severely limited, however, by the mechanical 
problems occasioned by the required ratio of dimensions to « iuc -
lengths. Such arrays have not been employed in the microwave region. 
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At these wavelengths it becomes feasible, and indeed very convenient, 
to replace the two-dimensional array technique by the use of reflectors 
and lenses. 

FIG. 1-5.—Pencil-beam antennas, (a) Paraboloidal mirror; (b) metal-plate lens. (Metal-
plate lens photograph courtesy of the Bell Telephone Laboratories.) 

Highly directive pencil beams are produced by placing a partially 
directive system such as the double-dipole unit, dipole-refiector unit, or 
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liorn at the focus of a paraboloidal reflector or a centrosymmetric lens. 
The use of these devices is based on the concepts of ray optics, according 
to which the reflector or lens takes the divergent rays from the point 
source at the focus and converts them into a beam of parallel rays. 
Despite the diffraction effects which limit the application of ray optics 
and are very important in the microwave region, it is practicable to 
make the apertures so large that extremely sharp beams can be produced. 
Conversely, it is possible to obtain good directivity with an antenna so 
small that aircraft installations are practical. Paraboloidal and para
bolic reflectors are used at lower frequencies in some special cases, but 
in the required large sizes they tend to be less satisfactory than mattress 
arrays. 

Plastic lenses are used in the microwave region in precisely the same 
way as glass lenses in the optical region. In addition, a new device, 
the metal lens, has been developed for microwaves. The wavelength 
of an electromagnetic wave in an air-filled waveguide is greater than that 
in free space; from the optical point of view the waveguide is a region 
of index of refraction less than unity. A stack of waveguides thus con
stitutes a refractive medium analogous to dielectric material, from which 
a metal lens can be fashioned. Figure I-5 shows microwave pencil-
beam antennas employing, respectively, a paraboloidal mirror and a 
metal lens as directive devices. 

Antennas for Flared Beams.—Simple flared beams and one-sided 
flares are likewise produced by means of reflectors and lenses and by 
arrays of dipole-reflector units or radiating slots. Such arrays by them
selves give beams that are highly directive in planes containing the array 
axis but are fairly broad in the transverse plane. In order to gain greater 
directivity in the transverse plane the array may be used as a line source 
along the focal line of a parabolic cylindrical reflector; this focuses radia
tion from a line source in the same way that a reflector in the form of a 
paraboloid of revolution focuses radiation from a point source. By 
suitable shaping of the cross section of the cylinder, one can produce 
beams with carefully controlled one-sided flares and other useful special 
characteristics. Typical microwave antennas of this type are shown in 
Fig. 1-6. 

Except for a few types of linear array, all microwave antennas use 
primary sources of radiation together with reflectors and lenses. The 
radiating element, which extracts power directly from the transmission 
line, is spoken of as the "primary feed," the "antenna feed," or simply 
the "feed"; its radiation pattern as an isolated unit is known as the 
"primary pat tern" of the antenna. In combination with the optical 
elements of the antenna, the feed produces the over-all pattern < *' the 
antenna, often referred to as the "secondary pat tern" of the antenna. 



SEC. 1-7] IMPEDANCE SPECIFICATIONS 13 

One of our major problems will be to establish the relationships among the 
primary pattern of the antenna feed, the properties of the optical ele
ments, and the secondary pattern. 

(a) 

(b) 
FIG. 1-6.—Antennas for producing flared beams, (a) Simple flared-beam antenna; {b) 

one-sided flared-beam system. 

1-7. Impedance Specifications.—The achievement of a satisfactory 
antenna pattern is by no means the only problem to be considered by the 
antenna designer. It is important that the antenna pick up maximum 
power from an incident wave and that it radiate the power delivered to 
it by a transmission line without reflecting an appreciable portion of it 
back into the transmitter. In other words, it is important that the 
antenna have satisfactory impedance characteristics. 
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The impedance problem in microwave antenna design takes on a 
somewhat special character because of the characteristics of other ele
ments of the system, particularly the transmitting tubes. Conventional 
triode-tube oscillators are not generally useful in the microwave region. 
This is due to inherent limitations in the tube itself and to the fact that 
elements in the tank circuit no longer behave like lumped impedances. 
The self-resonant frequency of the ordinary tube is considerably below 
the microwave range, and it is therefore impossible to design a practical 
circuit that will oscillate at the required high frequency. A modified 
triode has been designed for use down to 10 cm. It has limited power 
capacity and is used where low power is acceptable. More generally, 
magnetrons and klystrons are used, the former for very high power levels. 
The operating characteristics of these tubes are very sensitive to the 
impedance into which they are required to operate, the frequency varying 
rapidly with changes in this impedance. More serious than this "fre
quency pulling" is the fact that the magnetron will cease to oscillale 
without too much provocation. Closer tolerances are, therefore, imposed 
on the impedance of a microwave antenna than those which would be 
dictated by power considerations. Many tubes can be tuned over a fre
quency band, but at any frequency setting they must operate into the 
proper impedance. Thus it is customary to specify that a microwave 
antenna be satisfactorily matched to the transmission line within close 
tolerances, not simply at an intended operating frequency, but over a 
band of frequencies. 

In rapid-scanning antennas the impedance problem is even more 
complex. The arrangement of the mechanical parts varies during a 
scan; it is necessary to make sure that the impedance properties of the 
antenna remain satisfactory in all parts of the scan, as well as for a given 
range of wavelengths. This element of the problem has an important 
bearing on the choice of schemes for rapid-scanning antennas. 

Throughout this volume the impedance characteristics of antennas 
will be considered in parallel with their radiation patterns. 

1-8. Program of the Present Volume.—This book falls into four main 
divisions: basic theory, theory and design of feeds, theory and design of 
complete antenna systems, and antenna-measuring techniques and 
equipment. 

The following chapter summarizes certain parts of conventional cir
cuit theory that are pertinent to antenna problems. In particular, it is 
shown that the antenna designer need make no distinction between trans
mitting and receiving antennas. Chapter 3 states the basic principles 
of field theory and applies them to the discussion of current distributions 
as sources of radiation fields. Chapters 4 to 0 then discuss electromag
netic waves without regard to their sources. Chapter 4 gives a brief 
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treatment of wavefronts and rays. Chapter 5 deals with the interaction 
between electromagnetic waves and obstacles; the general theory of 
reflectors is here developed as a boundary-condition problem, and a 
discussion is given of the relation between this theory and conventional 
diffraction theory, which also finds application to microwave antenna 
problems. Finally, Chap. 6 applies this theory in treating one of the 
fundamental problems of antenna design—the relation between the field 
distribution over the aperture of an antenna (such as a lens or reflector) 
and its secondary pattern. 

Chapter 7, on microwave transmission lines, serves as introduction 
to the chapters on antenna feeds: dipole feeds, linear arrays, and horns. 
Of these types all but the first have found applications also as complete 
antennas; these applications will be indicated in these chapters. 

A chapter on lenses precedes the treatment of more complex antenna 
systems which is organized according to the type of beam to be produced: 
pencil beams, simple fanned beams, and more complexly shaped beams. 
When an antenna is installed on ground or a ship or airplane—generally, 
enclosed in a housing—its performance is modified from that in free 
space by its enclosure and neighboring objects. The subject of antenna-
installation problems is discussed briefly to acquaint the engineer with 
the phenomena that may be expected to occur and some of the currently 
known solutions of the problems. 

The concluding chapters provide a statement of the basic techniques 
of antenna measurements and a description of certain types of measur
ing equipment that have given satisfactory service in the Radiation 
Laboratory. 



CHAPTER 2 

CIRCUIT RELATIONS, RECIPROCITY THEOREMS 

BY S. SILVER 

2-1. Introduction.—The circuit theory considerations and techniques 
characteristic of low-frequency radio work do not carry over in a simple 
manner to the microwave region. Thus, for example, in treating a cir
cuit element as a lumped impedance, it is assumed that the current 
(and voltage) at any given instant has the same value at every point in 
the element. This assumption is valid if the dimensions of the circuit 
element are small compared with the wavelength, with the result that 
the phase differences between separated points in the element are negligi
ble. If, however, the wavelength becomes comparable to the dimensions 
of the element, these phase differences become significant; at a given 
instant the current at one point in the element may be passing through 
its maximum value, while at another point it is zero. In such cases the 
circuit element must be regarded as a system of distributed impedances. 

The extension of conventional circuit theory to microwave systems 
is further complicated by the use of circuit elements such as waveguides, 
in which voltages and currents are not uniquely defined. The analysis 
of these elements must be approached from the point of view that they 
serve to guide electromagnetic waves; attention is centered on electric 
and magnetic fields rather than on voltage and current. The final result 
of the field theory analysis is that under suitable conditions—which are 
generally encountered in practice—a waveguide can be set into equiva
lence with a two-wire transmission line in which the fundamental quan
tities are voltage and current. The latter are directly related to the 
waveguide's electric and magnetic fields, respectively.1 By means of 
this equivalence the concepts of impedance, impedance matching, and 
loaded lines are carried over to waveguides. 

A waveguide can itself be treated as a system of distributed imped
ances. Distributed impedances are treated in the same way as lumped 
impedances, by use of Kirchhoff's current and voltage laws for networks. 
A system of distributed impedance can, in fact, be replaced by a network 
of lumped-impedance elements. The latter differ from the conventional 
radio-circuit elements in that their impedance is a transcendental func-

1 The subject is t reated in Chap. 7. A full t rea tment of the extension of circuit 
theory to waveguides will be found in Vol. S of th is series. 
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tion of frequency rattier than an algebraic function. By means of these 
equivalent lumped-element networks, the network theorems that are 
applicable to low-frequency lumped-element networks are carried over 
to systems with distributed impedance. The first part of this chapter 
will review several network theorems and the two-wire transmission-line 
theory that are used in microwave circuit theory. The subjects will be 
treated briefly, the reader being referred to standard texts' for more 
complete discussions and proofs of the results quoted here. 

The relation between a transmitting and a receiving antenna also 
can be expressed in terms of an equivalent network. In this way one 
can arrive at a reciprocity theorem which relates the transmission char
acteristics of an antenna to its receiving characteristics. Of particular 
importance to antenna design is the fact, proved by use ef the reciprocity 
theorem, that the transmitting pattern of an antenna is the same as its 
receiving pattern.- The reciprocity theorem will be discussed in the 
latter part of this chapter. 

2-2. The Four-terminal Network.—Let us consider an arbitrary net
work, free from generators, made up of linear bilateral elements. A 
linear bilateral element is one for 
which the relation between voltage 
and current is linear: 

V = IZ, (1) 
where the value of the impedance Z _ 

J I G . 2-1.—lHour-termiiuil network. 
is independent of the direction of the 
voltage drop across the element.3 For convenience the network will be 
pictured as enclosed in a box and presenting to the outside only a pair 
of input and a pair of output terminals. This is illustrated schematically 
in Fig. 2T. A boxed network of this type is referred to as a four-terminal 
or two-terminal-pair network. 

The network as a unit involves four quantities: the current t\, the 
voltage drop Vi from A to B, the current i2, and the voltage drop V2 
from C to D. In consequence of the linear property [Kq. (1)] of each 
component element of the network, the relations between the, voltages 
Vi, Vi and the currents ih i2 are linear: 

Vi = Zni\ — Zizii, 1 ,„. 
V2 = Z21ir - Z22i2. I W 

1 W. L. Ever i t t , Communication Engineering, McGraw-Hill , New York, 1937; 
E. A. Guillemin, Communication Networks, Vols. 1,11, Wiley, New York, 1031; T . E. 
Shea, Transmission Networks and Wave Filters, Van No.strand, New York, 1929. 

2 See Chap. 1 for the definitions of these pat terns . 
3 I t is assumed t h a t we are dealing with a single frequency, t h a t both the voltage 

and current depend on t ime through the same factor eiut. 
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The impedance coefficient Zn is the input impedance at AB when CD 
is open-circuited (i2 = 0); similarly Z22 is the input impedance at CD 
when AB is open-circuited. The quantities Z1S and Z2i are known as 
the transfer impedance coefficients of the network. As a result of the 
bilateral property of the component elements of the network, the transfer 
impedance coefficients satisfy the reciprocity relation1 

Z12 — Zi (3) 

As an alternative to the relations expressed by Eq. (2), the currents 
may be expressed as linear functions of the voltage: 

YnV, 
YnVi 

* 12 V2, 

l 22 V 2-
(4) 

The admittance coefficient Yn is the input admittance at AB when the 
terminals CD are short-circuited; F22 is the admittance at CD when AB 
is short-circuited; and F ] 2 , F21 are the transfer admittance coefficients. 
The latter coefficients satisfy a reciprocity relation 

F12 = F2 1 (5) 
in the case of bilateral elements. The impedance and admittance coeffi
cients of the network are related: 

F„ (6) Z22 v _ Zn v _ v _ ^ 1 2 

X' 22 " ' A ' y" ~ Yn ~ X ' 
where 

A = Z11Z22 — Z12Z21. (7) 

By virtue of the reciprocity relations, [Eqs. (3) and (5)], the network 
has only three independent parameters. Consequently it can be replaced 

by a network of three lumped-im
pedance elements arranged in the 
form of either a T- or IT-section as 
shown in Fig. 2-2. The imped
ance elements of the T-section'are 
designated by Z,, Z2, Z3. In the 
case of the IT-section it is more con
venient to use admittances; the 

elements are designated by YA = 1/ZA, YB = 1/ZB, F c = 1/ZC. The 
relations between the elements of the reduced networks and the coefficients 
of Eqs. (2) and (4) are 

T- section jr- section 
F I G . 2 - 2 . — T - a n d ir-section e q u i v a l e n t s (A 

f o u r - t e r m i n a l n e t w o r k . 

a. T-section: 

1 K. A. Guillemin, op. 
Vol. I, Cha.D. IV. 

Zi — Z n — Z12, I 
Z 2 = Z22 - Z12 , J (8) 
Z3 = Zi2, J 

cit., Vols. I, II, Wiley, New York, 1931, particularly 
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b. Il-section: 
YA = F„ ~ 
yc — I 2 2 ~ 
yB ~ i i2-

- Ylt 
- Y12 

19 

(9) 

The relations between the T- and IT-section elements for one and the 
same four-terminal network are given by 

A 
'771 

A A (10) 

(a) 

where the quantity A is that denned in Eq. (7). 
The network can also be characterized by any three of the following 

measurable quantities: the input impedance at AB when CD is short-
circuited, the input impedance at AB when CD is open-circuited, the 
input impedances at CD when AB 
is open-circuited or short-circuited. 
The relations between these quan
tities and the impedance coeffi
cients or the T- and IT-section 
elements can easily be derived from 
Eqs. (2) and (8) or (9); they are 
given explicitly by Everitt.1 

2-3. The Rayleigh Reciprocity 
Theorem.—The reciprocity relation 
between the transfer impedance co
efficients given in Eq. (3) is funda
mental to the various reciprocity 
theorems pertaining to networks. 
All of these theorems are variants 
of the general theorem derived by 
Rayleigh.2 The particular form of 
the theorem as it applies to a four-terminal network will be discussed here. 

In Fig. 2-3, ii and i2 are the currents in the network terminals when a 
generator of emf VG is applied to the terminals AB through an impedance 
Zr to feed a load ZL across the terminals CD; i[ and i'2 are the correspond
ing currents at the terminals when a generator of emf V'G is applied to the 
terminals CD through an impedance Zh to feed a load ZT across AB. 
The generator in each case is assumed to have zero internal impedance. 
The reciprocity theorem states that 

Reciprocity theorem for the four-
terminal network. 

V0i[ = V'u (11) 
1 W. L. Ever i t t , op. cit., Chap. I I . 
2 Uayleigh, Theory of Sound, Vol. I, Sees. 105-111, Macmillan, New York, reprinted 

by Dover Publications, New York, 1945. 
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Using Eqs. (2), we find for Case a of Fig. 2-3 

ZtlV0 

\Z\l + Zj-)(/022 + Z h) — Z\zZi\ 

For Case b, remembering that the role of input and output terminals 
must be interchanged in Eqs. (2), we have 

-, = ZnVJ; 
h (Z„ + ZT){Zn + Z,.) - ZltZtl 

Multiplying the first of these by V'G and the second by VG, one finds that 
the reciprocity theorem in Eq. (11) holds provided that Z]2 = Z21. 
Conversely, if a four-terminal network is linear in the sense of Eq. (2) 

i - ^ V W -

E D D 
FIG. 2-4.—Thevenin's theorem and the maximum-power transfer condition. 

and if the reciprocity theorem [Eq. (11)] holds for the network, then the 
transfer impedance coefficients satisfy the reciprocity relation of Eq. (3). 

2-4. Thevenin's Theorem and the Maximum-power Theorem.—Con
sider a network made up of linear bilateral elements and containing a 
system of generators. Thevenin's theorem states that the current 
through any impedance ZL across a pair of terminals C, D of the network 
is the same as the current in an impedance ZL connected across a generator 
whose emf is the open-circuit voltage across CD (the voltage with ZL 
removed) and whose internal impedance is the input impedance meas
ured at CD looking into the passive network (the network with generators 
replaced by their respective internal impedances).1 The theorem is illus
trated diagrammatically in Fig. 2-4. 

Thevenin's theorem is useful in discussing the conditions for maxi
mum-power transfer from a generator through a network to a load 
impedance ZL. As is well known, when a load impedance is connected 
directly to a generator of internal impedance Ze, maximum-power trans
fer is effected with a load impedance that is the complex conjugate of the 
generator impedance: 

ZL = Z*. 
1 W. L. Everitt, op. cit., p. 47. 



SEC. 2-5] THE TWO-WIRE TRANSMISSION LINE 21 

Consider then the case in which the load ZL is fed by the generator through 
a four-terminal network, the generator emf being VG and ts internal 
impedance Z c (Fig. 2-4). The four-terminal network may be replaced 
by its T-section equivalent as shown. By Thevenin's theorem the sys
tem is equivalent to a generator of emf VeZu/iZu + Zn) and internal 
i m p e d a n c e Z22 — Z\J(Z^ + Z0) 
feeding the load impedance ZL di
rectly. It follows then that maxi- — » — r T f 
mum-power transfer will be achieved 

V(z) V(z + dz) 
Hz) i(z + dz) 

I 

I 
jugate of the internal impedance of -i(z+dz) 
the effective generator: I 

with a load that is the complex con- I 1 ?,z) | 
,1 imp 
i r : 

(Z*,)2 

ZL = Z2 2 — -y*—^~~yh' C-2) 

2-6. The Two-wire Transmission 
Line.—One of the most important 
distributed-impedance systems from 
the point of view of antenna theory 
is the two-wire transmission line.1 

For the present the line will be con
sidered in its conventional form, as a ,. , . „, . ,. 

I'lu. l-o.— lwo-wue line. 
pair of linear conductors in a plane, 
which support the propagation of a wave of wavelength small compared 
with the length of the lines The problem of interest is the distribution 
of voltage and current along the line for a wave of single frequency, in 
which the voltage and current vary with e'"'. 

The line is shown schematically in Fig. 2-5 as a pair of parallel wires. 
In general, however, the spacing between the wires may vary along the 
line; the only restriction imposed is that the line have an axis of sym
metry. Position along the line is specified by the coordinate z along 
the symmetry axis. I t is further assumed that the line is isolated from 
perturbing objects, so that at any position along the line the currents 
at every instant may be equal and opposite in the two component lines. 
The properties of the line are specified by its distributed parameters: 
(1) the series impedance per unit length, 

,3(z) = R(z) + M ( z ) , (13a) 

where R(z) is the series resistance and L(z) the series inductance per 
unit length, taking both component lines together, and (2) the shunt 

1 W. L. Evcr i t t , op. cit. For a ve ry complete t r e a tmen t the reader is referred 
to It. W. King, H. It . Mimno, A. H. Wing, Transmission Lines, Antennas, and Move 
Guides, McGraw-Hill, New York, 1945, Chap. 1. 
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admittance per unit length, 

9t(z) = G(z) + juC(z), (136) 

where G(z) is the transverse conductance and C(z) the capacitance per 
unit length between the component members of the line. These param
eters may be functions of position because of variations in the conductors, 
in the spacing between the latter, or in the structure of the surrounding 
dielectric medium. 

Taking either conductor for reference, let i{z) be the current at the 
point z and V(z) the voltage drop from the reference conductor to the 
other member at the same point. To obtain the space dependence of 
i{z) and V(z), consider a section of line of length dz about the point z. 
Applying Ohm's law, we have 

V(z + dz) - V{z) = -i(z)g{z) dz 
and 

i(z + dz) - i(z) = -V(z)Vl(z) dz 

for, respectively, the series and shunt relations across the element of 
line. The terms on the left-hand side, by use of Taylor's theorem, 
become (dV/dz) dz and (di/dz) dz respectively. Thus the differential 
equations of the line are found to be 

J = -g(z)i(z), (14a) 

* = -<Sl(z)V(z). (lib) 

Second-order differential equations for voltage and current alone are 
obtained by eliminating voltage or current from one or the other of 
these equations: 

d2V 
dz2 i^s) J - LWW = 0, (15a) 

dH 
dz2 i (ln *> ~ - (3W = o. (15b) 

From a generalized point of view, Eqs. (14) can be regarded as the 
definition of a "two-wire" transmission line. That is, given a physical 
system supporting a wave with time dependence eat, the propagation 
of which is expressible in terms of a single coordinate z and two quan
tities (i,V) related by equations of the form of Eqs. (14), it is possible to 
set up a two-wire line representation for the system. The voltage and 
current of the equivalent line are directly proportional to the wave quan
tities entering the differential equations, and the series impedance and 
shunt admittance per unit length of the equivalent line are proportional 
to the coefficients of the wave quantities in the differential equations. 
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The generalized concept of a transmission line will be made use of in the 
discussion of waveguides in Chap. 7, where it will be seen that the elec
tric and magnetic field vectors satisfy transmission-line equations. 

2-6. The Homogeneous Transmission Line.—Equations (15) are the 
general equations for a line whose parameters 3 a n d 9t are functions of 
position. We shall be concerned mainly with lines for which the param
eters are independent of position, and the subsequent discussion will be 
confined to the so-called homogeneous line. For such a line the coeffi
cients of dV/dz and di/dz in Eqs. (15) vanish; consequently, voltage and 
current satisfy the same differential equation. The voltage equation 
becomes 

5 " (-391)r = o. (io) 
Defining the complex number y by 

7 = a + JP = (3W> (17) 

with the square root taken to be such that both a and j3 are positive 
quantities, we find the solution of Eq. (10) to be 

V(z) = Axe-" + A2e^ (18) 
or 

V(z) = Aie-a*e-jf>' + A 2(""VZ. (18a) 

The current i{z) has the same form but is not independent of the voltage. 
The relation between them is established by Eq. (14a). On inserting 
Eq. (18) into this equation, it is found that 

i(z) = ~ (A,e-»« - Atpy). (19) 

The constant Zo is known as the characteristic impedance of the line; it 
is given by 

z o = ( f y4- (20 
If Eq. (18a) is multiplied through by the time factor e1'"', it will be seen 
that the right-hand side is the sum of two waves: The term e~i0z represents 
a wave traveling in the positive 2-direction, whereas e'0! represents a 
wave traveling in the negative z-direction. The wavelength of propaga
tion is related to the phase constant /3 by 

X = | - (21) 

The amplitude of each component wave undergoes attenuation along the 
direction of propagation as represented by the factors c"" and eaz respec
tively; a is known as the voltage attenuation constant. I t is seen from 
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Eq. (17) that a may be different from zero, that is, the line may be lossy 
if one or both of the distributed parameters £ and 91 are complex, and 
that the line is nonlossy, a = 0, if the distributed parameters are both 
pure imaginary quantities of the same sign. In the case of the two-wire 
line for which the distributed parameters are given by Eqs. (13) this 
means that the line is nonlossy if the series resistance and shunt conduc
tance are zero, that is, if the distributed impedance along the line is 
purely reactive. 

The amplitudes A i and A 2 of the component Waves are determined by 
the excitation conditions at the input end of the line and the nature of 
the termination of the line. Consider a line of total length L, fed by a 
generator of emf Va and internal impedance ZG, and terminated in a load 
impedance ZL as shown in Fig. 2 5 . In this case the component waves 
are interpreted simply as a wave of amplitude i i incident on the load 
ZL and a wave of amplitude A2 reflected by it. Let the origin z = 0 be 
taken at the termination; the generator is thus located at z = —L. 
The impedance at any point z along the line looking toward the termina
tion is the ratio Z(z) = V{z)/i(z), which is, by Eqs. (18) and (19), 

Z(z) = ZJA*-y* + A
d^\ (22) 

At the terminal point, z = 0, this must be equal to the terminating 
impedance ZL; we have then 

AI + A_2_ZL 
A, - A~t ~ Z„ {l6) 

Thus the ratio of the amplitudes A^/Ai is determined solely by the 
termination. This shows also the significance of the characteristic 
impedance: If ZL — Z0, then At = 0; there is no reflected wave. A line 
terminated in an impedance equal to its characteristic impedance thus 
behaves as though it extended to infinity. 

A second relation between the amplitudes is obtained from the con
ditions at the input end of the line. The input impedance Z,„ to the 
line is obtained from Eq. (22) by setting z = —L, and the current at 
the point is obtained from Eq. (19) by the same substitution. We have 
then 

Va = i^-v(Za + Zin), 
whence we obtain 

( l + ! )^ + ( l -£)^- = F0. (24) 

From Eqs. (23) and (24) we finally get 

• Vr:Zo(Zi. -\- Zo) . . 
1 ~ (z0 + z„)(z,. ^z0)^'~i;z~--~zd(z;.~~Zo)^- [ ' 
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and 
A VgZo(Zr, — Z0) C2Kh\ 

A2 (Za +'Z0)(ZL + Z0)e^ - (Za - 'Zo)(Zr. - Z^<: K °"> 

It should be noted that these expressions give the amplitudes of the inci
dent and reflected waves at the termination, or more specifically at 
2 = 0. The respective amplitudes A[(z) and A'2{z) at an arbitrary point 
z are given in terms of the above by 

A\{z) = Aie-y-, A'2(z) = A#T. (26) 

The ratio of the amplitudes of the waves at any given point is known as 
the voltage reflection coefficient T(z) at that point. We have 

or 
F(z) = r(0)e2^, (27a) 

where T(0) is the reflection coefficient at the point z = 0. On making 
use of Eqs. (26) and (27) together with (22), we find that the relation 
between V(z) and the impedance Z(z) is 

r« = mrr.- (28) 

It is convenient for many purposes to introduce the normalized impedance 
f(z): 

f (z) = Zj$- (29) 

The relations between the reflection coefficient and the normalized 
impedance are then 

r(,\ - *MSL±. J- l + T ron\ 
r(*)-f£f+T f = r - T (30) 

Equation (27a) expresses the transformation property of a transmis
sion line. It is readily seen that Eq. (27a) can be generalized to the 
form 

T(z ± I) = r(z)e±2?< = r(z)c±2<"'p±',<". (31) 
The phase of the reflection coefficient has a space periodicity of X/2. 
The amplitude of the reflection coefficient is independent of position 
in a nonlossy line. In a lossy line it decreases as we move along the line 
toward the generator from the load, corresponding to the increase in the 
amplitude of the incident wave and the attenuation of the reflected 
wave. The transformation property of the line applies to the impedance 
likewise. From Eqs. (28) and (31) it follows that the impedance at a 
point z — I is related to the impedance at the point z by 
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or, in terms ol the normalized impedance, 

>■(, l\ - f(z) + tanh (yl) 
r ( z ~ l ) - 1 + f tanh (70 ( 3 2 a ) 

A section of line of length I thus serves as an impedance-transformation 
device, converting an impedance Z(z) at the output end into an imped
ance Z(z — I) at the input end. The impedance transformation is asso
ciated with the reflected wave; if the terminal impedance is equal to the 
characteristic impedance, the reflection coefficient vanishes and the input 
impedance at any point on the line (looking toward the termination) 
is equal to Z0. If the reflection coefficient is zero, the termination is said 
to be matched to the line; otherwise, it is said to be mismatched. 

The properties of the line can be discussed in terms of admittance as 
well as impedance. The corresponding relations are obtained by replac
ing Z by 1/Y. The admittance transformation effected by a section of 
line is 

_ \Y(z) + y„ t anh ( 7 Q~ 
1{Z ' °IY0+ Y(z) tanh (yl) _' 

where the characteristic admittance is defined to be 

(33) 

Ya = I- (34) 

A normalized admittance ij(z) is defined in a similar manner as the 
normalized impedance 

viz) = Y^- (35) 

and the relations between it and the reflection coefficient are 

r - I-TV ' = v+r (36) 

2-7. The Lossless Line.—The further discussion of the transmission 
line will be particularized to the case of a lossless line. The microwave 
lines to be treated in Chap. 7 can be considered to be lossless over the 
length of line that enters into the problem of the design of an antenna. 
If the line is lossless, a = 0 and the propagation constant 7 is a pure 
imaginary, 

7 = i/3. 
The voltage and current relations in this case are 

V(z) = As-v* + A2e*>, (37a) 
i(z) =1 ( 4 ,<"-'■*' - A *»<>•), (37b) 

^ 0 
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and the impedance and admittance transformation formulas become 

t(, _ n - r ( z ) + j t a n ^ rqsi 
f (Z ° " T + jf tan /SZ ' ( 3 8 ) 

C, A _ ^(2) + ■?' t a n # com 
7/(2 — t) = -Tj : ^ — —r- (39) 

1 + JJ; tan @l 

The transformations have a space periodicity of a half wavelength: 

■(-3 viz); 

the impedance and admittance take on the same values at intervals of a 
half wavelength. The reflection coefficient is likewise periodic; if in 
Eq. (31) a is set equal to zero, we get 

r(z + 0 = r(z)c±2''<". (40) 

Since T passes through a complete cycle of phase over a half-wavelength 
section of line, there are two points within every such interval at which 
r is a real number. It follows from Eq. (30) that at these points the 
impedance and admittance are real numbers. The magnitude of r does 
not vary along the line. Consequently, at every point the reflection 
coefficient is a measure of the power loss arising from the impedance 
mismatch at the termination. The power carried by the incident wave 
is proportional to \Ai\2, and that carried by the reflected wave is propor
tional to \A2\2- The magnitude of r , is given by 

ft <«) 
hence ]F[2 is the fraction of the incident power reflected by the termina
tion, and 1 — [ r I - is the fraction of the incident power extracted by the 
termination. 

In measurements on a transmission line the significant quantity is 
the square of the magnitude of the voltage averaged over a time cycle, 
given directly by ijl'r(z)|2. In computing this from Eq. (37a) it must be 
remembered that the amplitudes Ai and A2 are in general complex. 
Writing 

Al = \A.\e'*', A2 = \A2\e''*--, (42) 

in Eq. (37a), we obtain 

i\V(z)\2 = iVV* = * [|X,!! + |.42|2 + 2 | ^ M , | cos (20z - ,h + 4>2)]. (43) 

Thus the time average \V\2 takes the form of a standing-wave pattern 

file:///A./e'*'
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along the line. The maxima and minima occur at those points for which 

2/3z - 4>\ + 4>i = ±2tiT 
and 

2/3z - 4>i + <t>2 = ± (2n + l)x, n = 0, 1, 2, ■ • ■ . 

respectively, the distance between a maximum and adjacent minimum 
being a quarter wavelength. The maximum and minimum values are 

1*7™, = (1^1 + 1.4,1)', 
|F|;lin = (1.4,1 - \A,\y. 

The ratio of the maximum to minimum value is known as the power 
standing-wave ratio, designated here by r2: 

(\Ai\ + \At\\ 
\\M ~ \A\l) ' 

The square root of power standing-wave ratio r is known as the voltage 
standing-wave ratio. It follows from Eq. (41) that 

with the inverse relation 

[r| = r^-\. (44b) 

The magnitude of T may be determined from the measured standing-
wave ratio by means of Eq. (446). The phase of V can be deduced from 
the positions of the maxima and minima. On inserting Eq. (42) into 
Eq. (27a) and replacing 7 by j/3, we have 

r(z) = jrie«2^-*'+*'). (45) 

Thus T takes on real values at the points where the standing-wave pat
tern takes on maximum and minimum values. The phase of r may be 
taken to be zero at a maximum point, with 

r = lrl = r^\; <46«) 
then at a minimum point the phase of T will correspondingly be w, and 

r = | r | e* = - j - ^ " - (46b) 
1 1 1 + r 

The phase of T at any other point, taking a maximum or minimum posi
tion as a reference point, is then readily deduced by means of Eq. (40). 

The impedance at any point can likewise be deduced from measured 
values of the standing-wave ratio and the positions of maxima or minima. 
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It was noted previously that the impedance and admittance is real at the 
points where T is a real number; hence the impedance is real at the 
maximum and minimum points of the standing-wave pattern. Making 
use of Eq. (30) together with Eqs. (46), we find in fact that the impedance 
takes on the following values at those points: 

i - | r | 
i - in 
i 

(max); 

(min). 

(47a) 

(47b) 

Given the value of f at any one such point, the value at any other point 
is obtained by means of the transformation formula [Eq. (38)]. Similar 
considerations apply to the admittance values. At the points of maxima 
and minima the admittance is a pure conductance with the values 

V = - (max), (48a) 

T; = r (min). (486) 
2-8. Transformation Charts.—The impedance and reflection coeffi

cient transformations along a line can be presented graphically in forms 
that are very useful in experi
mental work. There are many 
types of charts, of which two, the 
so-called circle diagrams, will be 
discussed here. They are especi
ally suited to lossless lines. 

The Reflection Coefficient 
(Smith) Charts.1—Consider first 
the reflection coefficient transfor
mation along a lossless line as ex
pressed by Eq. (45): 

F(z) = |T|e''<2^-*.++!'. (2-45) 

Let us set up a complex plane, as 
shown in Fig. 2-6, with the real 
and imaginary axes associated 
with corresponding components of T, designated by IV and r,,„. r is 
then represented by a vector from the origin. The magnitvide of r can 
never exceed unity because the amplitude of the reflected wave must be 
less than that of the incident wave; consequently we are confined 
to the portion of the complex plane circumscribed by the unit circle. 
It is evident that polar coordinates in the complex plane are more 
appropriate than the cartesian coordinates IV, Ti,,, for discussing 

1 P. H. Smith, Electronics, January , 11)44. 

FIG. 2-6.—On the reflection coefficient chart 
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the line transformation of Eq. (45). The family of circles centered about 
the origin correspond to curves \T\ = constant or, by virtue of Eq. (44a), 
to curves of constant voltage standing-wave ratio. The curves of con
stant phase of V are the family of radial lines from the origin. The line 
transformation given by Eq. (45) corresponds to a rotation of T about the 
origin without change in length: displacement along the line in the direc
tion of increasing z, that is, away from the generator, produces an increase 
in the phase of r , thus rotating Y in the positive sense (counterclockwise), 
whereas a displacement along the line toward the generator rotates V 
in the negative sense. 

The polar coordinate curves are of such simple form that usually they 
are not drawn in explicitly on the chart. Instead, another pair of families 
of curves are introduced, the circles of constant resistive and reactive 
components of the impedance, R and X respectively. Writing 

and r = rEo + j \ \ m , in Eq. (30), 

r-rrr? 
and separating real and imaginary parts, one finds 

These can be written as 

R 
Z, 
X 
"z~0 

i - (rL + r u 
(i - rR.)s + Ti 

2Vlm 

(I --f„.)* + rL 

R V 
Z » | | F 2 -

'+#J 

(2-30) 

(49) 

z«) 
(50a) 

+0v.-f0"-®" (iv - l)2 + ^rIm - ^°j = [^j , (50b) 
respectively. It is seen from Eq. (50a) that the curve R/Z0 = constant 
is a circle with its center on the positive real axis at (it/Zo)/(l + R/Z0) 
and radius 1/(1 + R/Z0). Every such circle is tangent to the line 
rH, = 1 at its point of intersection with the real axis. The circle cor
responding to R/Za = 1 passes through the origin and encloses all the 
circles for which R/Zo > 1. 

Similarly P]q. (506) shows that the curves X/Zo = constant are a 
family of circles. For a given value of X/Z0, the center of the circle is 
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at the point (1, Z0/X) and its radius is \Zo/X\. Every such circle is 
tangent to the real axis at the point rRe = 1. The curves lying in the 
upper half of the plane correspond to positive (inductive) reactance, and 
those in the lower half plane to negative (capacitive) reactance. It 
can be shown that the circles X/Z0 = constant are orthogonal to the 
circles R/Za = constant. 

Fio. 2-7.—The Smith chart. 

The Smith chart consists of the circles just described. A typical 
chart is shown in Fig. 2-7, the circles being labeled with the corresponding 
values of the parameters R/Za, X/Z0. These curves serve as a system 
of coordinate lines. The terminal point of the vector r associated with 
the complex number f = (R/Z0) + j(X/Z0) is located at the intersection 
of the circles R/Za and X/Z0. The distance from the origin to the inter
section of the circle R/Z0 with the real axis is equal to the magnitude of 
the vector T that corresponds to a standing-wave ratio 

R .? 
r = H if 

r = R l f 
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This follows from the fact that T is real when f is real and from the rela
tions of Eq. (47) between the value of f when it is a real number and the 
standing-wave ratio. 

To illustrate these relationships let us suppose that the standing-wave 
ratio r has been measured on a given line, together with the position of 
a voltage minimum; the reflection coefficient and impedance are desired 
at a point a distance I from the minimum position away from the gen
erator. I t will be recalled [Eq. (466)] that at a maximum position the 
phase of T is equal to ir; T is then directed along the negative real axis. 
The impedance at this point is real, being R/Za = 1/r. The vector F 
thus extends from the origin to the circle corresponding to R/Z0 = 1/r. 
Counterclockwise rotation of this vector through an angle 2/31 carries us 
to the desired point on the chart; the components of f at that point are 
read off from the pair of intersecting circles. I t will be noted on Fig. 
2-7 that the periphery of the chart carries a phase angle scale with the 
phase designated by the ratio of line length to wavelength. 

The Smith chart can also be used to study the admittance transforma
tion. First it should be noted that there are two conventions for the 
definition of admittance. The convention adopted in this book defines 
the normalized admittance i\ = (G/Y0) -\-j(B/Yo) to be the reciprocal 
of the normalized impedance f = (R/Zo) + j(X/Zo); positive susceptance 
B thvis corresponds to negative (capacitive) reactance. The other 
convention defines the admittance to be the conjugate of thu reciprocal 
impedance, in order that positive susceptance (like positive reactance) 
should be inductive. The use of the latter convention changes the use 
of the chart in ways which the reader can easily develop. 

Equation (36) gives the relation between the admittance and the 
voltage reflection coeiacient: 

1 - r 
" ^ 1 + r" 

Let us define a new coefficient 
T = - T (51) 

and associate with it a complex plane with axes TR,e and Tim. (Actually 
the same complex plane serves for both V and T, the two vectors making 
an angle of 180° with each other.) The vector T is, in fact, the current 
reflection coefficient, expressing the ratio of the amplitude of the reflected 
current wave to the amplitude of the incident current wave. The law 
of transformation of T along the line is precisely the same as that given 
for r by Eq. (49). On substituting Eq. (51) into the relation between 77 
and T, we obtain 

1 + T run 

This is the same as the relation between f and T; it follows that the curves 
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G/Yo = constant are a family of circles that coincide with the constant 
R/Zo family in the f-F transformation and that the curvesB/Yo = con
stant coincide with the X/Z0 circles. V\'ith respect to the latter it 
should be noted (in using the chart for admittance) that the curves lying 
in the upper half plane represent capacitive suseeptance. The dis
tinction that need be made between the use of the chart for impedance 
and admittance can be made clear by considering the problem of finding 
the admittance at a point distant / from a voltage minimum in the direc
tion away from the generator, the standing-wave ratio again being r. 
At a voltage minimum F lies along the negative real axis; hence T extends 
along the positive real axis to the circle 

G 
J 0 

The starting point thus lies on the positive real axis, instead of on the 
negative axis. Moving along the line away from the generator again 
rotates T in the positive sense (counterclockwise) through an angle 2,d/. 
The admittance at the new point is determined from the pair of inter
secting coordinate curves, just as in the case of the impedance. It 
should be clear that the admit
tance and impedance points on the 
Smith chart for one and the same 
point on the line are diametri
cally opposite to one another. 

The Smith chart is particularly 
suited to the study of an imped
ance mismatch that arises from 
the superposition of reflections. 
For example, there may be a series 
of discontinuities on a transmis
sion line; the overall reflection co
efficient at a given point is, to a 
good approximation, the vector 
sum of the reflection coefficients 
that would be produced at the 
point by the individual discontinuities acting separately in the absence of 
all the others. The vector addition of the component coefficients yields 
good results if the components are small. The subject will be considered 
further in later chapters in connection with specific problems. 

The Bipolar Clients.—A complex plane can be set up of which the 
real and imaginary axes are associated with corresponding components 
of the normalized impedance f (or normalized admittance rj) just as in 
the case of the reflection coefficients. Since the real parts /' Z.„ of the 
impedance and G/Y0 of the admittance can never be negative, only flu: 
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half plane containing the positive real axis comes under consideration. 
The impedance (admittance) is represented in this plane by a vector 
from the origin. With reference to the admittance we note again that it 
is taken here to be the reciprocal of the impedance. One and the same 
plane serves for both impedance and admittance; Fig. 2-8 shows the 
relation between the impedance and admittance points in the plane 
for a given point on a transmission line. 

The impedance transformation 
, _ n = f (z) + j tan pi 

^ l) 1 + jf tan pi U M) 

does not take so simple a form in the f-plane as did the reflection coeffi
cient transformation in the T-plane. Displacement along the line pro
duces a change in both the magnitude and phase of the impedance. 
The geometrical transformation is simplified by introducing two 
families of circles: the curves |T| = constant and the curves r-phase = 
constant. These curves are obtained from the r-f transformation 
r = (f - l ) / ( f + 1) of Eq. (30). Writing r = |r|e'*, we find that 

and 

tan $ 

These can be rewritten as 
(0+(0-> 

a-T^)'+©'-(r^y- <-> 
(YJ +vk~cot *) = csc2 *- (54) 

respectively. I t will be seen that the curves | r | = constant and <£ = con
stant are circles. The circle for a given | r | has its center on the real 
axis at a distance (1 + | r | 2 ) / ( l — |r |2) from the origin; its radius is 
2|T|/(1 — | r | 2 ) . Curves of constant | r | are also curves of constant 
standing-wave ratio. By Eq. (436), we find that the center of the circle 
is at (r2 + l)/2r and that its radius is (r2 — l) /2r . The circle intersects 
the real axis at the points 1/r and r, corresponding to the values that we 
obtained previously [Eq. (47)] for the impedance at these points on the 
line where it is real. These two points on the chart thus correspond to 
points on the line at which the voltage minima and voltage maxima, 
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respectively, occur. The family of circles |T| = constant is shown in 
Fig. 2-9, where they are labeled according to the power standing-wave ratio 

A circle of constant phase, $ = constant, has its center on the imagi
nary axis at the point (0, cot $), and has a radius |csc 4>|. This second 
family of circles is orthogonal to the first, just as in the T-plane the curves 
of constant | r | and constant phase are orthogonal. In the f-plane all 

Real component 
FIG. 2-0.—The bipolar impedance chart. 

the constant-phase circles intersect in a point (1, 0), corresponding to 
the intersection of all the constant phase lines at the origin in the T-plane. 
The two families of curves in the f-plane, taken together with their 
image families in the left-hand portion of the plane, constitute a system 
of curvilinear coordinates known as the bipolar coordinates; hence the 
name of the chart. 

The constant-phase curves are labeled in Fig. 2-9 so as to give directly 
the change in the phase of r corresponding to a displacement along the 
line from a voltage-minimum point. All voltage-minimum points must 
be on the segment of the real axis between zero and unity; this is there
fore taken as the zero-phase line. The separation between a voltage 
minimum and the adjacent maximum on a line is I = X/4, which cor
responds to a phase shift 2/3Z = 180°. All voltage-maximum points must 
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lie on the real axis between 1 to °c ; hence this segment of the real axis 
is taken as the phase line $ = 180°. 

By means of the bipolar curves the line transformation can be fol
lowed easily. It is clear that displacement along a given transmission 
line causes the impedance point in the f-plane to move around a circle 
of constant standing-wave ratio. Displacement in the counterclockwise 
sense corresponds to the same sense of rotation in the T-plane. A half 
wavelength of line produces a phase shift of 2(31 = 360° and hence a 
complete revolution around the r = constant circle. This periodic 
property of the impedance transformation was noted previously (Sec. 
2-7). To illustrate the use of the chart, consider again a line in which a 
standing-wave ratio r has been measured and a voltage minimum point 
has been located. I t is desired to find the impedance at a distance 
I from the minimum point away from the generator. The starting point 
is the intersection between the r2-circle and the real axis on the segment 
(0, 1). We then move counterclockwise on the r2-circle until it inter
sects the constant phase circle * = — 2/31; this is the desired impedance 
point. 

The same families of bipolar curves serve for the admittance diagram 
likewise. In using the chart for admittance it must be noted that volt
age minimum points are on the segment of the real axis (1, °e) while 
voltage maximum points lie on the segment (0, 1). If the voltage mini
mum is retained as a zero-phase reference point, the real axis segment 
(1, °°) must be taken as the zero-phase line and the segment (0, 1) as 
the 180° line. The sense of rotation about a circle r = constant remains 
the same. 

It should be kept in mind that the normalized impedance is dis
continuous across a junction between lines of different characteristic 
impedances; the impedance itself is continuous. On moving across such 
a junction the point in both the reflection coefficient and the bipolar-
charts in general will move from one circle r = constant to another. If 
we pass from a line of characteristic impedance Zo, to a line of charac
teristic impedance Zo2, the normalized impedance undergoes a change 
given by 

i- - Z°i r 
i 2 — ~n- f 1. 

2-9. The Four-terminal Network Equivalent of a Section of Trans
mission Line.—For many purposes, in the analysis of systems involving 
transmission lines it is convenient to replace a section of line by its 
equivalent four-terminal network. The elements of the network will 
be derived here for the case of the lossy homogeneous line. Consider 
a section of line of length I, and take the origin z = 0 at the input end; 
let Vi, i\ be the voltage and current at this end, and let F2 , ii be the volt-
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age and current a t the o u t p u t end z = 1. F r o m the line equat ions |Kqs-
(18) and (19)] we have then 

2 = 0: 7 1 = A 1 + A2 , 

ii = ■ - (Ai - Ai); 

z = I: Vi = Aif-T' + A2CT ! , 

Using the two current equat ions to solve for ( 4i and At in t e rms of ii 
and ii and subs t i tu t ing into the vol tage equat ions , we obta in 

Vi = Znii — Z12I2, I 
\ 2 ~ Zz\l\ — Zllll, I 

with 
Z n = Z2 2 = Z„ coth (yl), 
Z12 = Z21 = Za csch (yl). 

We thus find directly t h a t the ne twork is linear and t h a t the transfer 
impedance coefficients satisfy the reciprocity relat ions. Since the line 
is homogeneous, the network is symmetr ica l with respect to its two ends ; 
hence Zn = Z22. Fo r a nonlossy line 7 = j /3 ; on subs t i tu t ion in to the 
above, the ne twork pa rame te r s are found to be 

Z n = Z22 = - j Z o cot 131, (57a) 
Z1 2 = Z 2 I = - j Z 0 csc (3L (57b) 

TRANSMITTING AND RECEIVING ANTENNAS 

2-10. The Antenna as a Terminating Impedance .—The impedance 
relations between a t r ansmi t t i ng or receiving a n t e n n a and i ts t r ansmis 
sion line are of par t icu lar interest . In the following sections several 
general ideas t h a t are associated wi th the analysis of these relat ions will 
be discussed. Le t us consider first the case of a line feeding a t r ansmi t 
ting an t enna . I t will be assumed for the present t h a t the a n t e n n a is 
isolated—in par t icular , t h a t it is removed from all o ther an tennas—so 
tha t in teract ions wi th other sys tems need no t be considered. T h e 
an tenna functions like a dissipative load on the line in t h a t it ex t rac t s 
power from i t ; pa r t of this ene rgy ' i s rad ia ted into space, and pa r t is 
dissipated into hea t in the a n t e n n a s t ruc ture . In general, the a n t e n n a 
does not absorb all of the power incident on it from the line b u t gives rise 
to a reflected wave in the line; in effect the line is t e rmina ted by an 
impedance different from its characteris t ic impedance. However, the 
definition of the terminal impedance represent ing the a n t e n n a is not free 
from ambigui ty and requires some consideration. 

I t is to be noted first tha t the definition of a terminal impedance 

(55) 

(56a) 
(56b) 
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implies the identification of a driving point, or set of input terminals, for 
the antenna. In some cases, such as the half-wave dipole or rhombic 
loop antennas fed from a two-wire line as illustrated in Fig. 1-2, the 
structural discontinuity between the line and the radiator suggests a 
driving point. This, however, is not enough; it is necessary that the 
current distribution in the line be that characteristic of a transmission 
line up to the assigned driving point. At long wavelengths this condi
tion is realized with the antennas cited above: the interaction between 
the antenna and line can be represented by a lumped reactive impedance 
across the driving terminals in parallel with the impedance charac
teristic of the antenna itself. At short wavelengths, however, the inter
action between the radiating system and the line causes a perturbation 
of the current distribution on the latter that may extend back over an 
appreciable distance; electrically there is no point of transition from trans
mission-line currents to antenna currents. This is a particularly cogent 
point in the case of microwave systems that make use of waveguide 
lines, in which the electromagnetic fields exist in the form of a number of 
modes.1 A waveguide is equivalent to a two-wire line only when it is 
supporting propagation of a wave in a single mode. Microwave lines 
are, in fact, generally so designed that they can support free propagation 
of only one mode. Nevertheless, though a single mode is incident on the 
antenna, the antenna itself excites other modes, in addition to giving rise 
to a reflected wave in the incident mode. It is only at points so far 
from the antenna that the other modes have been attenuated to negligible 
amplitudes that a waveguide is equivalent to a two-wire line. Attention 
should also be called to the absence of a unique driving point in cases 
where the transition from the line to the radiator is effected by a con
tinuous structural transition. An example of this is a waveguide flaring 
gradually into a horn without structural discontinuities in the walls. 
In these cases, again, the transition from transmission-line currents to 
antenna currents cannot be localized to a point. 

The action of an arbitrary antenna as a terminal load on the line can 
be specified in terms of the reflection coefficient Y measured in the trans
mission line, at a point so far from the antenna that its only effect is the 
production of the reflected transmission-line wave. At any point in the 
transmission-line region an impedance (or admittance) can be determined 
from the measured r , by means of Eq. (30); this can be taken as the load 
impedance terminating the line at that point. Furthermore, any such 
point may be regarded as the junction between the line and the input 
terminals to the antenna in so far as the practical analysis of the system 
is concerned. 

This raises the question of the representation of an antenna by an 
equivalent network. There is no unique network associated with a 

1 See Chap. 7. 



SEC. 2-10] THE ANTENNA AS A TERMINATING IMPEDANCE 39 

given value of r . The load to be associated with r at a point taken 
arbitrarily as the input to the antenna may be represented by an imped
ance in the form of a series combination of a resistance and reactance or 
equally well by an admittance made up of a resistance and reactance in 
parallel. In either case the resistance measures the power dissipated in 
the region beyond the input terminals to the antenna; this, if the line is 
lossless, is the power dissipated by the antenna in radiation and ohmic 
losses. If P is the total power (averaged over a cycle) dissipated by 
the antenna and i and V are respectively the effective current and voltage 
at the input terminals, the resistance of the impedance representation is 
given bv 

P = i2R (58a) 
and that of the admittance representation is given by 

P = ~ (586) 

It is tempting to carry over the concept of radiation resistance, used 
so extensively in the long-wavelength region. The total power dissipated 
by the antenna is the sum of the radiated power Pr and the power PQ 
dissipated in ohmic losses in the antenna structure. Correspondingly, 
the resistive component of the impedance representing the antenna would 
be taken as the sum of two elements: an ohmic resistance Ra and a radia
tion resistance Rr. Each element would be given in terms of the power 
component by a defining relation such as Eq. (58), for example, the radia
tion resistance by 

Pr = l-Rr- (59) 
In the long-wavelength region this resolution is possible because one can 
define uniquely a driving point at which the antenna network can be 
dissociated from the line and because it is possible, on the basis of field 
theory, to set up an unambiguous network that is characteristic of the 
antenna itself. In the case of the dipole and loop antennas referred to 
earlier the network is a series combination of a resistance and reactance. 
However, in the general case, where the driving point is merely an arbi
trary reference point on the line, the antenna network cannot be dissociated 
from the line, and either an impedance or an admittance representation 
can be used. In the admittance representation the resolution of R into 
an ohmic component R0 and a radiation component Rr (if it is to be 
made at all) must place the two components in parallel. In view of the 
transformation properties of the line, it is evident that these resistances 
will be functions of the position of toe reference point. 

The practical significance of the reference point and of the "antenna 
impedance" ZA determined from the measured value of T at that point 
may be illustrated by reference to the matching problem. Let I be the 
length of line from the reference point (regarded now as the terminal 
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point of the line) to the generator. It follows from Sees. 2 4 and 2-9, 
the line will transfer maximum power from the generator to a terminal 
load of impedance 

^ = * •cot * + zjff^br <«» 
where Za is the internal impedance of the generator and Z0 is the char
acteristic impedance of the line. If the "antenna impedance" ZA is 
different from ZL, it is possible to introduce a reactive network between 
the input terminals of ZA and the line, which (at one frequency at least) 
transforms ZA into ZL) this network will effect maximum-power transfer 
to the antenna. 

I t is to be noted that in microwave systems another matching prob
lem exists: The characteristics of the generator are such that the reflected 
wave in the line must be eliminated. This requires that the antenna 
impedance ZA be transformed into Z0—in general a different transforma
tion from that required by the maximum-power-transfer condition. In 
these systems the generator must be independently matched to the line; 
the generator internal impedance Za is transformed into Z0 with the 
result [cf. Eq. (60)] that the maximum-power condition then coincides 
with the condition for eliminating the reflected wave in the line. 

2-11. The Receiving Antenna System.—The equivalent circuit repre
sentations used in discussing receiving antennas also need examination. 
Consider an arbitrary antenna—it may be a center7driven dipole, a horn, 
or a combination of such elements with reflectors and lenses—feeding 
into one end of a transmission line that at the other end is terminated 
in a passive load impedance. (That is, the receiving circuit is free from 
generators.) When an external electromagnetic field falls on the receiv
ing-antenna system, the interaction between the antenna and the field 
gives rise to a wave in the line. The antenna may be regarded as a 
device that transforms energy carried by a free wave in space into energy 
carried by a guided wave on the transmission line. From the point of 
view of the terminal load, however, the antenna functions as a generator, 
and it is customary to replace it by a generator in discussing the efficiency 
of the receiving system as it depends on the antenna, line, and load 
impedances. I t is our purpose to discuss the nature of the equivalent 
generator. In this connection the problem of modes in microwave sys
tems again arises. The field excited in the line by the antenna always 
consists of a number of the modes that are possible in the given line. 
I t will be assumed that the line is designed to support free propagation 
of a single mode and that the length of line between the antenna and 
load is more than sufficient to attenuate the other modes to negligible 
amplitudes; there will then be an appreciable region over which the guide 
is equivalent to a two-wire line. 
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Before discussing the equivalent generator representation, it will be 
well tc consider briefly the physical processes of the interaction between 
the receiving system and the external field. For this purpose it will be 
assumed that an essentially plane wave from a very distant source is 
falling on the receiving antenna. In the neighborhood of the receiving 
antenna the incident wavefront may be regarded as a plane surface, 
over which the electric and magnetic field intensities are sensibly con
stant in magnitude; furthermore, the electric and magnetic field vectors 
lie in the plane, normal to the direction of propagation of the wavefront.1 

We shall assume for the moment that the load impedance terminating the 
line is equal to the characteristic impedance of the line. Under the action 
of the incident wave a distribution of currents and charges is excited in 
the antenna structure; the currents are communicated to the transmission 
line and give rise to a wave in this which proceeds toward the load. 
Since the load is matched to the line, this wave is completely absorbed by 
the load. The current and charge distribution existing on the antenna 
under this matched-load condition will be designated as the primary 
induced distribution. 

Consider now an arbitrary load impedance. This will absorb only 
part of the wave excited by the primary induced distribution and will 
give rise to a reflected wave, which will proceed to the antenna and excite 
there a charge and current distribution, as if the system were a trans
mitting system. This new distribution of charges and currents will be 
termed a secondary induced distribution. The reaction of the antenna 
to the reflected wave depends on the impedance of the antenna relative 
to the line, as discussed in the preceding section. If the antenna imped
ance is equal to the line characteristic impedance, there will exist in the 
line only the two component waves already mentioned. On the other 
hand, if the antenna is mismatched, there will occur a process of multiple 
reflection between the antenna and the load. The resultant secondary 
induced distribution on the antenna is the sum of the component distribu
tions arising from the multiple reflections between the antenna and load; 
its magnitude and phase relative to the primary distribution are deter
mined by the antenna and load impedances and the length of line between 
them. I t will be recognized that since the component waves are all of 
the same frequency, the net result inside the line is two waves, one—the 
resultant incident wave—traveling toward the load, and the second— 
the resultant reflected wave—traveling away from it. Their relative 
j.mplitudes are given by the reflection coefficient corresponding to the 
impedance mismatch between the load and the line. 

Since the primary and secondary induced distributions on the antenna 
both vary with time (with a frequency equal to that of the incident 
wave), they radiate and set up an electromagnetic wave in space. This 

1 A general t r ea tmen t of electromagnetic fields is given in Chap. 3. 
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wave is known as the scattered wave. The interaction between the 
receiving system and the incident wave is completely expressed in the 
relation between the scattered wave and the incident wave fields. There 
are two interaction effects: (1) energy is taken from the incident wave and 
dissipated in heat in the antenna, the line and the load, being thus com
pletely lost to the field in space, and (2) energy is taken from the incident 
wave and reradiated into all directions about the antenna. The first 
effect is known as absorption; the second as scattering. If the dimensions 
of the antenna are large compared with the wavelength, the interaction 
between the scattered wave field and the incident wave is such as to 
give rise to a rather sharply defined shadow region behind the antenna, 
that is, on the side of the antenna away from the source of the incident 
wave. In this direction the scattered wave set up by the induced dis
tribution on the antenna is out of phase with the incident wave; the 
destructive interference between the two fields results in the removal of 
energy from the incident wave. This energy includes both the absorbed 
and scattered energy.1 If the dimensions of the antenna are of the order 
of magnitude of the wavelength or are small compared with it, there is 
no sharply defined shadow region. The fundamental process is the same, 
however, in that destructive interference between the scattered wave and 
the incident wave in various directions removes energy from the latter 
wave; this energy is in part absorbed and in part scattered by the antenna. 

The interaction between the antenna and the incident wave may be 
visualized by thinking of the antenna as presenting a certain interception 
area or cross section to the incident wave and removing from it all the 
energy incident on the cross section. The total interception area is 
resolved into two parts: the absorption cross section and the scattering 
cross section. Reference was made to cross sections in Sec. 1-2. To 
repeat: Let S be the power intensity, that is, power flow per unit area 
of the incident wave, Pab, and Pscat the absorbed and scattered powers, 
and Ar and A, the corresponding cross sections; then 

Pab, = ATS, (61a) 
P.,-*, = ASS. (61b) 

The cross sections are functions of the aspect presented by the antenna 
to the incident wave. The reader is referred to Sec. 1-2 for the definition 
of the receiving pattern. 

The definition and measurement of the absorbed power is unambiguous 
in principle. In microwave systems the power dissipation in the antenna 
and line is generally small compared with that in the load; hence the 

1 The significance of the shadow has been discussed in great detail for the case of a 
plane wave incident on a sphere by L. Brillouin, " O n Light Scattering bv rip;, —PS," 
Applied Math. Panel Reports, N D K O , Columbia University, 87.1, December 1943, and 
87.2, April 1944. 
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absorption cross section—or receiving cross section—can be evaluated 
with small error from the power absorbed by the load. The scattered 
power, however, is not directly measurable, and its theoretical evaluation 
is subject to ambiguities. Although electromagnetic fields are additive, 
their energies are not additive, the resultant energy being modified by 
the interaction between the fields. Consequently the energy flow com
puted for the scattered wave field, regarded as isolated from the incident 
wave field, does not necessarily 
represent the energy removed ^^Z?^n~*~ ^ZS La"^~ 
from the latter and reradiated in 
all other directions. This is par
ticularly true when the antenna 
dimensions are comparable to the 
wavelength and the interaction 
between the scattered and inci
dent waves, which results in re
moval of energy from the latter, 
cannot be localized to a well-defined shadow region. 

The equivalent circuit representation of the receiving system is based 
on the fact that the antenna functions like a generator in so far as the 
load is concerned. In replacing the antenna by an equivalent generator 
it is generally assumed (1) that for a given aspect of the antenna toward 
the incident wave, the emf of the generator is proportional to the field 
intensity of the wave and (2) that the generator has an internal impedance 
equal to the input impedance which the antenna presents to the line when 
used as a transmitter. The complete circuit is shown in Fig. 2-10, where 
the line, assumed to be nonlossy, is replaced by its equivalent T-section; 
Zx and ZL are the antenna and the load impedance respectively. It is 
evident that this circuit representation involves the same difficulties as 
the representation of the antenna by a load impedance—the definition of 
ZA and of the input terminals to the antenna. When a driving point can 
be localized in the transmission problem, the same point also serves for 
the output terminals of the generator feeding the line in the receiver 
problem. More generally, when the input terminals to the antenna 
can be defined only as an arbitrary reference point on the line, the gen
erator voltage must be a function of the position of that point; it is not 
o 'priori evident that the power relations between the antenna and load 
calculated on the basis of the equivalent circuit are independent of the 
choice of antenna terminals. It will be shown in a later section that the 
results for the absorption cross section are independent of that choice. 

It will be noted that in Fig. 2-10 power is dissipated both in the load 
impedance ZL and in the internal impedance of the generator. The 
power dissipated in Z;. is interpreted as the power absorbed from the 
incident wave by the antenna and delivered to the load. The power 
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dissipated in ZA is frequently interpreted as the scattered power—the 
power absorbed by the antenna (dissipated in its ohmic resistance) plus 
the power reradiated. Neglecting the ohmic losses, the power dissipated 
in ZA would thus measure the scattering cross section. I t will, however, 
be seen in Sec. 2-12 that the power dissipated in the internal impedance 
of the equivalent generator has no direct relation to the energy reradiated 
by the antenna and in general cannot be used in discussing the scattering 
cross section. Two important cases in which the above interpretation 
is valid are that of the dipole antenna and the small (compared with 
wavelength) loop antenna. In these antennas, the current distributions 
induced by the incident wave under conditions of matched load termina
tions are the same as the currents excited on the antennas when they 
are driven by the line in transmission. 

The equivalent circuit representation can thus in general be used only 
for the treatment of absorption. It is readily found that the power 
delivered to the load by the generator is given by 

1 | F e | 2 „ ) . „ . # 
Pab. = 2 -QT R e OZotan _ 

/3Z> jZ0 csc pllzL + jZ0 tan . 

ZL + jZ0 tan ■_- — jZa csc fil 

where 

£>2 ZA + jZQ tan A jZ0 csc (31 (zL 4- jZo tan #> 

ZL + jZ0 tan -^ — jZ0 csc fil 

(62) 

(62a) 

The condition for maximuiu-power transfer from the generator to the 
load in the equivalent circuit gives the impedance relations required for 
maximum absorption cross section: the load impedance ZL must be 
such that its impedance, transformed through the T-network of Fig. 2-10, 
is equal to the complex conjugate of ZA. It was noted before that if a con
jugate impedance relationship exists across any point in the line, it 
exists at all points on the line; consequently the load impedance deter
mined by the conjugate condition is independent of the arbitrary point 
taken to be the input terminals of the antenna. 

It follows from Eq. (62) that the absorption cross section is zero when 
the line is terminated in either a short circuit [ZL = 0) or an open cir
cuit (ZL = °°). In each case the reflection coefficient of the termination 
has the magnitude unity, and all power incident on the termination is 
reflected. It is of interest for these cases to compute the power dissipated 
in ZA on the basis of the circuit representation. We find 

1 op 
\VG\ 

2\ZA jZ0 cot $l\2 ReZ A (ZL = 0 0 ) , (63a) 



SEC. 2-12] THE TRANSMITTER AND RECEIVER 45 

In both cases there are certain lengths of line 

nX (f) - G) „ for ZL = » , ( -pj- ) — ( - ) for ZL = 0, n being an integer 

for which the power given by these equations is equal to zero. For 
cases in which the dissipation in ZA may be interpreted as scattered 
power, this means that the scattering cross section vanishes for the 
stated terminations and associated line lengths. This can be under
stood readily from physical considerations. Since the reflection coeffi
cient of the load is unity, the voltage impressed across the driving point 
of the antenna by the reflected wave in the line is equal in magnitude 
to that impressed by the external incident wave. The current distribu
tions excited on the antenna by the two waves are the same except for 
phase; hence, by suitable adjustment of the line length, the primary 
and secondary induced distributions on the antenna can be put 180° out 
of phase, with the result that they give rise to no resultant scattered 
wave. The absorption and scattering cross sections are then both equal 
to zero. Similar phenomena can be observed with more general types 
of antennas. The phase between the primary and secondary induced 
antenna distributions is determined by the load impedance and the line 
length. If the load reflection coefficient is unity, the component dis
tributions on the antenna will be comparable in magnitude, and by suit
able adjustment of the line length their relative phase can be adjusted 
to give a minimum scattering cross section. 

2-12. The Transmitter and Receiver as a Coupled System.—The 
preceding sections treat the transmitting and receiving antennas as iso
lated systems and neglect the significant feature of the interaction between 
them. Any discussion of a transmitting pattern implies the presence 
of a receiving antenna to explore the field; conversely, a discussion of a 
receiving antenna assumes the existence of a radiating system. The 
interaction between the transmitter and receiver is a result of scattering. 
Consider a transmitting antenna that, when completely isolated, is 
matched to its line. When a receiving antenna is introduced into the 
field of this transmitting antenna, it gives rise to a scattered wave. 
This, when intercepted by the transmitting antenna, in turn gives rise 
to a wave transmitted down the feed line of that antenna. The net effect 
is that the transmitting antenna no longer presents a matched impedance 
to its line. The transmitting antenna also in turn gives rise to a scat
tered wave that is partly absorbed by the receiving system and partly 
rescattered. The interaction between the two antennas is thus due to 
multiple scattering and absorption. 
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From the point of view of the transmission lines, the antennas and 
the external space form a network that couples the lines together. In 
Fig. 2-11, A and B represent the transmitter and receiver respectively, 
and 0 and 0' are arbitrary but fixed reference points on the respective 
lines. I t will be assumed that there is no activated generator other 
than the one feeding the transmitter A; the network between 0 and 0' 

1'iG. 2 11.—l-'our-termiiial network representation of the coupled transmitter-receiver. 

is passive. It will also be assumed that the network is a four-terminal 
network in the sense of Sec. 2-2. Thus the voltages and currents Vi, 
ii at 0 and Vi, U at O', are linearly related: 

Vi = Zuii — Zivii", 
V 2 — Z<L\L\ — ^22^2j 

and the transfer impedance coefficients obey the reciprocity condition 
Zi2 = Z2i. The transfer impedance expresses the coupling between the 
antennas. The basis for these assumptions concerning the properties 
of the network is discussed in Sees. 2-16 to 2-18. 

The network may be replaced by an equivalent T-section in the 
manner discussed in Sec. 2-2. This has been indicated in Fig. 2-11. 
The impedance coefficients are functions of the antennas, their relative 
configurations, the properties of the external medium and of the trans
mission lines, and the distance between the antennas. In the case of 
waveguide lines, the reference points 0 and 0' defining the network 
terminals must be at such distances from the antennas that all modes 
other than that for which the line is designed have negligible amplitudes. 

As the distance RAB between the antennas increases, the importance of 
multiple scattering diminishes. The amplitude of the wave returning 
to a given antenna as a result of a single scattering process is attenuated 
by a distance factor (RAB)~2; that due to stage multiple scattering process 
is attenuated by a factor (RAB)~4. In the limit RAB = °° the coupling 
between the two antennas vanishes—the terminals 0 and 0' are isolated 
from each other. In this limit the impedance arm Z i 2 of the T-section 
becomes a short circuit: 

lim Z12 = 0. (64) 
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Also, in this limiting case, Zi and Zi reduce to the input impedances 
Z\ and Z\ (referred to 0 and 0' respectively) of antennas A and B in 
their isolated states. When RAB is large but not infinite and A is trans
mitting, the scattered wave from B has a small amplitude when it reaches 
A; the input impedance of A is but slightly different from Z\. If the 
impedance at 0 is sensibly independent of the position and orientation 
of antenna B, wye have one of the requisite conditions under which B, 
acting as a receiver, may be considered to be measuring the transmission 
pattern of A. In this situation the antennas are weakly coupled; the 
transfer impedance is negligible in its effect on the transmitting antenna. 
A.s concerns the receiver, however, the transfer impedance is not negligible, 
for it represents the transfer of energy from the transmitting antenna to 
the receiving system. The same considerations apply when B is trans-

Z\ 
■<>~\/\N-
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F I G . 2-12.—On the receiving system circuit. 

mitting and A is the receiver. For the weakly coupled case we may then 
set Zi and Z2 equal to the respective values at RAB = » and to a first 
approximation write 

Zn 
Z22 

Z\ + ZI2, 
Z2 + Z12. 

(65o) 
(656) 

This coupled network representation provides the correct approach 
to the equivalent circuit of the receiving system discussed in Sec. 2-11. 
That case was actually one of a weakly coupled transmitter-receiver 
system. Without loss of generality we may consider a generator of emf 
Va and internal impedance Za to be applied directly to the terminals at 
0 and a load impedance ZL to be applied directly at 0' (Fig. 2-12). By 
Thevenin's theorem (Sec. 2-4) the system is equivalent to one in which 
the load is connected to a generator producing an emf 

( 1 a) eqi 

and having an internal impedance 

VaZy 

ZG + Z\ + Z12 

(7 \ = 70 4- ZjA^i + ^») 

(66) 

(67) 

In obtaining these results the weak-coupling approximations for Zn and 
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Z22 given by Eqs. (65) have been used. The receiving antenna is thus 
represented by an equivalent generator; the emf of the generator is 
proportional to the amplitude of the incident wave (which is propor
tional to Va) ■ The effect of the orientation of the antenna with respect 
to the wave is contained in the functional dependence of the transfer 
coefficient Zu on orientation. The internal impedance differs from Z\ 
by the small quantity Z ] 2 ; neglecting the latter, we have the result 
(assumed previously) that the equivalent generator impedance is equal 
to the input impedance of the antenna when it is transmitting. The 
present analysis shows explicitly that the equivalent circuit applies only 
to absorption, for Thevenin's theorem is applicable only to the treatment 
of the power transferred to ZL- In general the power dissipation com
puted for the equivalent generator impedance is not equal to the power 
dissipated in the network between Va and the load; hence it cannot be 
interpreted as scattered power. 

2-13. Reciprocity between the Transmitting and Receiving Patterns 
of an Antenna.—The four-terminal network analysis lea is to the very 
important theorem that the transmitting and receiving patterns of an 
antenna are the same. In this connection the meaning of a pattern must 
be understood from the practical standpoint of the coupled system. 
One condition has already been stated: In the case of the transmission 
pattern, the distance from the transmitter to the receiver must be so 
large that the former is not affected (within the limits of measurements) 
by the wave scattered from the latter. In addition, however, one must 
consider the interactions between the receiving antenna and objects in 
its immediate neighborhood. Multiple reflection and scattering will take 
place between the receiver and such objects; the receiving antenna con
sists, in fact, of the antenna proper together with all neighboring objects 
with which its interactions are significant. If the receiving antenna is to 
measure the field at a point, its directive properties must be such that all 
such interactions are negligible. These interactions at the receiving 
antenna are similar to but are to be distinguished from the interactions 
between the transmitter and surrounding objects such as ground. The 
receiver measures the resultant of the field produced by the transmitter 
and any neighboring objects that interact with it; these together form, 
in fact, an extended radiating system. 

In Fig. 2-13, A represents the antenna under consideration. In taking 
a transmitting pattern a receiver B is, in principle, moved over a large 
sphere about A, and the relative amounts of power absorbed by the load 
terminating the line B in successive positions give the transmitting 
pattern of A. Conversely, the receiving pattern of A is obtained as the 
relative amounts of power absorbed by a load terminating A when it is 
receiving from the antenna B at successive positions on the sphere. In 
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accordance with the usual experimental conditions, no restrictions are 
made as to the generator impedance or load impedance; the only require
ment is that they remain constant in the course of taking a given pattern. 
The load in the receiving system will again be taken to be applied directly 
to the reference point 0 or 0'. 

There is an equivalent four-terminal network between 0 and 0' for 
every position of B. Consider the 
transmitting pattern. If ZL is the 
load impedance at 0', the network 

0' \ 

equations give (without approxi
mations) 

IIZL = ~V i = Z\ii\ — Zwii 

or 

1-1 ~ ry , y ll- (68) 
Z/22 "T ^L 
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id. 
The currents have the usual sig
nificance, indicated in Fig. 2-11. 
The power absorbed in the load is 

P aba == rt 1̂1 

2-13.—On the pattern 
theorem. 

Z i2 Re ZL. 

I 
reciprocity 

(69) 

Since the coupling is weak, the dependence of the input current i\ on the 
position of antenna B is negligible. In the denominator of Eq. (69), 
the coefficient Z22 may be replaced by Z\, for it follows from the weak-
coupling approximation of Eq. (65) that this introduces an error of the 
magnitude (Re Zi2)3. For two successive positions of B the ratio of the 
absorbed powers is given by 

(Pabs) I 

(Pabsh 7 |2' 
" 1 2 2 

(70) 

The transmitting pattern is thus determined by the transfer impedance 
coefficient alone. 

If now B is transmitting and the power absorbed by a fixed load 
terminating A at the point 0 is measured, the result should be the same 
as in Eq. (69) except that ii is replaced by the input current i2 at 0' 
and Z22 is replaced by Zu- The variation in power with the position of 
B (assuming again weak-coupling conditions) is then likewise given by 
the transfer impedance alone—in fact, by Eq. (70). Hence, subject to 
the condition that the transfer impedance coefficients obey the reciprocity 
relation, it is found that the transmitting and receiving patterns of an antenna 
are the same. If then G{6,<j>) is the gain function of the antenna as a 
transmitter in the direction 6, 4>, the absorption cross section Ar(6,<t>) 
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presented by the antenna to a plane wave incident from the direction 8, 
4> is 

AT{8,4>) = G{8,<t>)AT, (71) 
where 

AT = j - / / AT{8,4>) s in 8 dB d<f> (72) 

is the average cross section over all aspects. The practical result of the 
reciprocity theorem is that no distinction need be made between the 
transmitting and receiving functions of an antenna in the analysis of 
design problems. 

2-14. The Average Cross Section for a Matched System.—In conse
quence of the reciprocal relation between the transfer impedance coeffi
cients Zi2 = Z21, the four-terminal network representation of the 
transmitter-receiver system obeys the Rayleigh theorem of Eq. (11). 
This, taken together with the pattern reciprocity theorem established in the 
preceding section, leads to a further important result: The average absorp
tion cross section of receiving system in which the load is matched to the 
antenna impedance is a universal constant. The demonstration given here 
applies strictly to the case in which the ohmic losses in the antenna and 
line are negligible. 

Consider again a weakly coupled transmitter-receiver system made 
up of antennas A and B, with input terminals at assigned reference 
points 0 and 0' as in Fig. 2-11. Let the input impedances of the respec
tive antennas be 

Z\ = RA + jXA, 
Z2 — RB "T" JXB-

For a weakly coupled system these are but negligibly different from the 
input impedances at 0 and 0' when the respective antennas are trans
mitting. Let us apply a generator of emf Va and internal impedance 
Z\*, equal to the conjugate of the impedance of antenna A, across the 
terminals at 0- The receiving system is assumed to be so matched that 
the load impedance across 0' is Z\*. If J2 is the current at 0', the power 
absorbed by the receiver is 

PAB = i|i'2|2 Re Z%* = VM2RB. (73) 

This power can be computed in another way. Let PA be the total 
power radiated by the antenna A ; the power radiated per unit solid angle 
in the direction of B is {PA/^)GAB, GAB being the gain function of A 
in the direction AB. The absorption cross section presented by B to 
the wave from A is by Eq. (71) equal to GHAAT«, GBA being the gain func
tion of B in the direction of A. The solid angle subtended by the cross 
section at A is GBAATB/R\B, whence the power absorbed by B is 
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p " - ^ - * > — ■ ( 7 4 ) 

However, PA is equal to the power supplied to antenna A by the generator: 

8RA 
(75) 

Collecting these results, we obtain 

{lARl-'BA-ArB — p . , ,., --■ ( / ( ) ) 

If the situation is reversed so that B transmits and A receives, with a 
generator of emf Va and internal impedance Z\* applied across 0' and 
a load impedance Z\* across 0, we obtain by the same calculation as 
before: 

r r - _ l<JK\i'1\*RlBR*RB r 7 „ 

In this case i[ is the current at the terminals at 0. By the Rayleigh 
theorem we have 

i[ = i*; (78) 

hence, on comparing Eqs. (76) and (77), we find 

ArA = ATB; (79) 

The average cross sections of the two antennas are equal. Since the 
antennas are purely arbitrary, this means that the average cross section 
of a matched system is a universal constant. 

The evaluation of the constant requires at least one detailed analysis 
of the interaction between an antenna and a plane wave on the basis of 
electromagnetic field theory. The reader is referred to Slater1 for such 
a treatment of the electric dipole antenna. It is shown there that the 
value of the constant is 

Ar = £• (80) 

The cross section Ar(8,4>) presented by an antenna to a plane wave inci
dent from the direction 6, <f> is therefore 

AT{6,4,) = G{8,4>) ~ (81) 

2-16. Dependence of the Cross Section on Antenna Mismatch.—The 
matched-impedance condition between the antenna and the load—that 
the load impedance be the conjugate of that of the antenna—is the same 

1 J. C: Slater, Microwave Transmission, McGraw-Hill, Now York, 1942. Chap. VI. 
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as the condition for maximum-power transfer from a generator to a load. 
This condition can be realized by separately matching the antenna and 
load to the characteristic impedance of the transmission line if the char
acteristic impedance is real, as it is for a nonlossy line. The line-matched 
system is of particular interest in the study of microwave antennas and 
is generally taken as a reference system, since transmitting antennas are 
required to be matched to the line. Consequently, it is of interest to 

determine the effect of a mismatch 
between the antenna and the line 
on the absorption cross section. 

The functional dependence of 
the cross section on line mismatch 
is of considerable importance in 
the measurement of the gain of 
microwave antennas. It may be 
desired, for example, to study the 
dependence of the gain on configu-
rational parameters, such as the 
relative positions of a radiator and 
a reflector in a scanning antenna. 
It is impractical in such investiga
tions to match the antenna to the 

line in each configuration; rather, a line-matched detector is used through
out, and the results are corrected for the antenna mismatch of the given 
configurations. 

Consider the receiving system in Fig. 2T4, composed of an antenna 
A feeding a line terminated in a load equal to the characteristic impedance 
Za of line. Let T be the reflection coefficient of the antenna (in trans
mission) at a given reference point 0 and ZA = RA + jXA the associated 
impedance. We may replace the antenna by an equivalent generator 
of internal impedance ZA; the emf of the generator will be designated by 
Vc. Consider now two cases: (1) Fig. 2-14o, in which the antenna is 
mismatched and feeds directly to the line at 0, and (2) Fig. 2-14&—the 
line-matched system—in which a lossless network has been introduced 
between the antenna terminals at 0 and the line to transform the antenna 
impedance into Z0 at the output terminals O'. It is readily verified that 
such a network which transforms the impedance ZA at 0 into Z0 at O' trans
forms the impedance Z0 at 0' into the complex conjugate ZJ at 0. Case 6 
therefore meets the conditions of Sec. 2-14. The power absorbed in the 
load in the two cases is 

Case a: 

(a) (b) 
l'i(i. 2-14.—On the dependence of the 

absorption crows section on mismatch: (a) the 
mismatched system; (b) the line-matched 
system in which a network transforms ZA 
into Z\u 

(Pabsja 2 
zn \Zo (82) 
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Case b: 

\*abs)b n \<?" \ 7*\-> ^ ^ 'JA 

_ |F f | 2 1 
~~2~'WA' ( 8 3 ) 

The ratio of the power absorbed in the two cases is the ratio of the respec
tive absorption cross sections: 

UrU: = 4Z«RA 
(Ar)0 \z0 + zA'r' {m> 

Here {Ar)o designates the cross section of the matched system. 
The antenna impedance can be evaluated in terms of the reflection 

coefficient T. Thus 

ZA — Zi 

and 
m> 

R - l ( 7 + 7*) - Z » d - l r '2) KA - 2 (AA -f- 6A) - " "I j-~-pTi—■ 

Substituting into Eq. (83), we obtain the desired result: 

{AT)mi, = (.4r)0(l - |r|'-). (85) 

The decrease in cross section—or reception efficiency—is precisely the 
same as the reflection loss introduced by the mismatch on transmission. 
Also it will be noted that the mismatch depends only on |r |2; hence the 
result is independent of the choice of the reference point 0 taken as the 
input terminals to the antenna. 

2-16. The Four-terminal Network Representation.—This and the 
following sections summarize the considerations underlying the postulate 
(Sec. 2-12) that the transmitter-receiver system is equivalent to a four-
terminal network between the respective transmission lines. Use will 
be made of results proved later in Chaps. 3 and 7. The treatment is 
formulated primarily for microwave systems in which the transmission 
lines are waveguides. The systems are assumed to be ideal, in the sense 
that ohmic losses in the lines and the antennas are negligible. 

Consider a pair of antennas A and B, each of which is fed from a 
waveguide, as shown in Fig. 2-15. I t is assumed that the guides are 
designed to support free propagation of a single mode only. The refer
ence planes 0 and 0' which serve as the input terminals to the antennas 
are perpendicular to the respective guide axes and are taken in the trans
mission-line region of the guides, where only the freely propagated mode 
has an amplitude significantly different from zero. We shall consider 
the closed surface S made up of the surface O inside the guide A, the 
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interior surface of the guide, the surfaces of the conductors comprising 
the antenna, and finally the exterior surface of guide .1 ; this encloses the 
A-system completely. A similar surface <S' encloses the U-system. We 
shall be concerned with the electromagnetic field in the region V bounded 
by a sphere of infinite radius and by the surfaces S and S'. 

(6) 
FIG. 2-15.—On the four-terminal network analysis of the transmitter-receiver .system. 

It will be assumed that there are no generators in the region V. As 
regards antennas A and B, either we may have the one transmitting and 
the other receiving or generators may be applied to both antennas simul
taneously. However, the particular case involved is of no concern, since 
we are interested in the general nature of the relation between the 
tangential components E,, Hi of the field over the plane O in guide A 
and the tangential components E2, H2 over the plane 0 ' in R. 

The magnitudes of the tangential electric and magnetic fields are 
determined by voltage a.nd current parameters V and i, respectively, 
which are analogous to the voltage and current in a balanced two-wire 
line. In order to set up a four-terminal network representation, we must 
show that the relation between the voltage and current parameters V\, 
i'i at the plane 0 and the parameters F2, i2 at 0' is linear: 

1 1 — 7J\\1\ A l 2 2 2 ; 

\ 2 ~ ^ 2 1 ^ 1 — ^>22^2. 
(8(5) 

To validate the various reciprocity theorems developed in Sees. 2-13 to 
2-15 we must then show that the transfer impedance coefficients satisfy 
the reciprocity relation 

Z l 2 = /^2i. (87) 

The remainder of this section will concern itself with the definition 
of the- voltage and current parameters and an exposition of certain of 
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their properties that are needed in developing the proof of the four-
terminal network representation. The latter subject proper will be 
treated in the following section, and in Sec. 2-18 the reciprocity relation 
between the transfer impedance coefficients will be established. 

The fields in a waveguide are functions of position both over the 
cross section of the guide and along its axis. I t will be shown in Chap. 7 
that the tangential components of the field over any cross section of a 
guide, for a given mode, have the form 

?r= lgf{x'^' I • (88) 
Htang = ih(x,y), } 

where the coordinates x, y refer to position on the cross-section plane. 
The functions g(x,y) and h(x,y) are characteristic of the given mode and 
satisfy the relation 

/ i» • ]&{x,y) x h(x,y)] dS = 1. (88a) 
J cross section 

The quantities V and i—the voltage and current parameters, respectively 
—are functions of position along the guide axis. If position along the 
latter is designated by z, the voltage and current parameters for a general 
field of a given mode take the form 

V = V+e-''i>* + V-e+'t", (89a) 
i = To(F+e-tfa - F_e+>'*); (896) 

that is, the general field is made up of two waves traveling in opposite 
directions along the guide axis, the subscript ± in Eqs. (89) referring to 
the direction of propagation of the component wave with respect to the 
positive 2-direction. The quantity T0 is a constant, characteristic of the 
given mode. Thus the voltage and current parameters obey the same 
equations as do the voltage and current in a two-wire line, of charac
teristic admittance To. As in the case of the two-wire line the amplitudes 
V+ and V- are determined by the boundary conditions at the input and 
terminal points in the guide. 

If Va and V;s are the voltagH pm-ameters of two fields of the same 
mode, for different boundary conditions on the line, and ia and ig are 
the respective current parameters, it follows from Eqs. (89) that the 
field with a voltage parameter 

Vy = maVa + mpVp (90a) 
has a current parameter 

i., = maia + mfip. (906) 

This leads at once, by virtue of Eqs. (88), to the corresponding property 
of the electric and magnetic fields: Let E„, H„ and E3, Hp be two linearly 
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independent fields, of the same mode; then, if we construct the field 

E7 = maEa + mpEfs, (91a) 

where m„ and mB are both different from zero, ths magnetic field H, 
associated with E7 is correspondingly 

HT = mJ3.a + maK3. (916) 

This relation between the fields is of fundamental importance to the 
discussion in the following section. 

217. Development of the Network Equations.—We may now pass to 
th^ details of the four-terminal network problem. The procedure is to 
consider the relation between the fields within the respective guides 
and the fields in the external space, thereby arriving at a relation between 
the fields in the two guides A and B. For this purpose the interior regions 
of the guides are thought of as connected with external space to form a 
composite region V bounded by the surfaces 5 and S', as was outlined 
in the previous section and illustrated schematically in Fig. 2-15. 

Every set of values of electric and magnetic fields Ei, Hj over 0 and 
E2, H2 over 0' (and hence voltage and current parameters Vh i\, V2, i2) 
is associated with a field E, H in the region V. Consider three such fields 
that are not simple multiples of one another: 

(E l t t, Hj<»; E2a, H2„; E a ) H a ) , 
(E13, Hip; Esg, H2/s; E/j, H0), 
(Ei7, H i 7 ; E27, H 2 7 ; E7, H 7) . 

I t follows from Eq. (88) that over the planes 0 and 0' the successive 
fields differ from each other only in their voltage parameters. (Only 
a single mode exists in each guide in the regions of the reference planes.) 
Any one of the three fields can be obtained as a linear combination of the 
other two, with coefficients ma and mB which satisfy the relations 

Viy - maV2a + mpVzp. j v 

By virtue of Eq. (88) the voltage parameters can be replaced by the elec
tric fields E l a . . . E27. By Eqs. (91), the associated magnetic fields 
follow the same law of resolution: 

Hi 7 = m„Hi« + wi,jHW) 1 
H2 7 = TO„H2t> + m^H2^. ] 

This resolution can be effected regardless of the behavior of the fields 
throughout the region V. However, it is meaningful only if the field 
ET, H y is the same linear combination of the fields E„, H„ and Efl, Us 

throughout V as it is over the reference planes, that is, if 
Ey = m„E0 + muEjj. (92c) 
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Proof of Eq. (92c) follows from the uniqueness theorem of the elec
tromagnetic field.1 The application of the theorem, however, involves 
restrictions on the fields. The medium in the region V is characterized 
by three constitutive parameters: the conductivity a, the electric induc
tive capacity «, and the magnetic permeability M-2 These in general vary 
from point to point and are functions of frequencies. In special cases 
(such as ferromagnetic media) they are functions of the field intensities; 
such nonlinear regions are excluded in the formulation of the uniqueness 
theorem. Since the region V includes virtually all space, ferromagnetic 
media cannot be simply excluded; we must instead impose the restric
tion that the fields set up by the antennas be such that their amplitudes 
are negligible in the neighborhood of such media. Subject to this 
condition, the uniqueness theorem states that in a region V which is free 
from generators the field is determined completely by the values of 
n x E over the boundary surfaces S and S'. The reader is referred to 
Stratton for the proof. The same technique that is employed in the 
development of the uniqueness theorem leads to the following superposi
tion principle: If E„ is the field in V corresponding to the boundary condi
tion n x E = F„ over S and S' and Eb the field with the boundary 
condition n x E = F6, then the field Ec associated with the boundary 
conditions 

n x E = maF„ + rnbEb, 

ma and mb being constants, is 

Ec = m„E0 + mbEb. 

It will be noted that since the waveguides and antennas are all ideal 
conductors, all fields E, H, with which we are concerned in the region V, 
satisfy the same boundary conditions 

n x E = 0 
over the surfaces <S and S' exclusive of the cross sections 0 and 0''. Over 
the regions 0 and 0' the tangential component of E assumes prescribed 
values Ei and E2 respectively. Hence the resolution of Ei7 and E 2 T in 
Eq. (92) becomes, in fact, a resolution of the tangential components of 
the field Ey over S and S' in terms of a pair of linearly independent fields: 

n x ET = ma{n x E„) + m^(a x E<j). 

From the superposition theorem we have then that everywhere in V 
ET = maEa + wjfjE/s, 

which was the desired result stated in Eq. (92c). Thus given any pair 
1 See for example, J. A. Stratton, Electromagnetic Theory, McGraw-Hill, Xew York, 

1941, Sec. 9-2. 
2 Cf. Chap. 3, Sec. 3-2. 
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of linearly independent fields over the reference planes 0 and 0', all other 
fields may be expressed as a linear combination of the two, the law of 
combination holding for all points in the region V. 

I t is convenient to take as the basic set of linearly independent fields 
the two fields corresponding to short-circuit terminations over the plane 
0' and the plane 0 respectively. Consider first the short-circuit termina
tion over 0', and let the fields over 0 be designated by Ei„, Hi a , the fields 
over 0' by E2„, H 2 a ; let V\a . . . i2a be the corresponding voltage and 
current parameters. Since the short-circuit means that 0' is the surface 
of the perfect conductor, we must have E2a = 0, and hence V2a = 0. 
Of the three remaining quantities, one may be regarded as an independent 
variable, being adjustable, for example, by a generator applied over the 
surface 0. Let V\a be the independent variable. From Eqs. (89) it 
follows that for fixed conditions in V, that is, a prescribed termination in 
antenna B and hence a fixed terminal condition in guide A, the current 
parameter i\a varies directly with the voltage parameter Via: 

Vla = auiia, (93) 

where an is a constant independent of the field amplitude. Furthermore 
since 0' is short-circuited, the field in V must satisfy the condition 
n. x E = 0 over all of S', for all values of Ei„. From the superposition 
principle it follows then that the field at all points in V is proportional 
to the magnitude of Ei„; in particular, then, the current i2a is proportional 
to Vla: 

Iia = baVla = battnUa, (94) 

with ba also a constant independent of the field amplitude. 
Similar relations are obtained for the case of a short-circuit termina

tion over 0. Letting Fy , iig, Vi$, i20 be the voltages and currents over 
0 and 0' respectively, we have in this case 

Vlfl = 0, (95a) 
Via = a22;2(i, (95b) 
ti/i = bpVw = 6/ja22i2(3. (95c) 

The general field can be written as a linear combination of this basic set: 

Vi = maVia + ingVig = maV\a = an(mjia), 
V2 = m,aV2a + mpVw = m^V^ = a22(m3t2(j), 

and 
ix = mj,i„ + m-iiifj = (mjla) + b^a-nim^), 
ii = mJia + irifiifj = banu(mjla) + (m^p). 

Solution of Eqs. (97) for mj,a and m^i2g and substitution into Kq. (96) 
give the linear relation between the voltages and currents in the two 

(96) 

(97) 
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guides: 

where 

Z u 

Vi = Znii — Zi2 i2 , 
1 2 ~ %1\l\ — ^ 2 2 ? 2 , 

d\\ r, _ 0-22 

(98) 

_ a„rt226|9 7 _ ana22&<< > ( 9 8 a ) 
/ n . I - ' / s l - AT 
A = 1 — babpanaw. 

I t is necessary to observe sign convent ions in using E q s . (98) to relate 
the fields over ()' to the fields over 0. T h e convent ion will be adop ted 
here to correspond to t h a t used in' Sec. 2-2: regard ing O as the i n p u t 
terminals to the four- terminal network, the posit ive 2-direction in guide A 
is toward the an t enna , and i\ is the posi t ive cur ren t en te r ing t he n e t w o rk ; 
a t the i npu t te rmina ls 0', the posit ive cur ren t leaves t he ne twork , t he 
positive «-direetion in the second guide being a w a y from the a n t e n n a . 

2-18. The Reciprocity Relation between the Transfer Impedance 
Coefficients.—Equations (98) establish a four- terminal ne twork repre
senta t ion for t he coupled t ransmi t te r - rece iver sys tem. T h e final p r o b 
lem to be considered is t he justif ication of the assumpt ion t h a t t he 
transfer impedance coefficients satisfy the reciproci ty relat ion 

7->\2 — 7J2\-

We shall m a k e use of the Lorentz reciproci ty theorem: 1 Let EQ, H a and 
Ejj, Hp be two linearly independen t fields in the region T ; then 

s, (n x E„) • H 3 dS = <ps+^, (n x E3) • H a dS. (99) 

The condi t ions for the val id i ty of the Lorentz theorem are the same as 
those s t ipula ted for the uniciuencss theorem and superposi t ion principle 
in the preceding section. 

Let us app ly the theorem to the two basic fields employed in t he 
preceding section. T h e relat ion (99) in this case reduces to 

(n x E„) • KedS = (n x E3) • H a dS. (100) 
O JO' 

Making use of Eq . (88) and t ak ing into account the sign convent ions on 
the cur ren t pa ramete r s , we ob ta in 

1 Sac the article by A. Sommerfeld in Frank and V. Mises, Die Differential- und 
Integralglcichiingen der Mechanic und Physik, Vol. II, p. 953, reprinted by Mary S. 
Rosenberg, New York, 1943. 
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— ViJw \ U-[gi{x,y) y.hy{x,y)]dS 

= Vy>iia I'U- lg2(x,y) x h2(x,y)] dS. (101) 

By virtue of the property of the functions g, h of Eq. (88a) it follows that 

— Vial,? = V2fit2a. (101a) 

If now the currents are expressed in terms of the voltages by means of 
Eqs. (94) and (95c), it is seen that the coefficients ba and bg of the pre
vious section are related: 

ba = —bp. 

It then follows from Eqs. (98a) that the transfer impedance coefficients 
obey the reciprocity relation 

Z12 = Z21. 



CHAPTER 3 

RADIATION FROM CURRENT DISTRIBUTIONS 

B Y S. SILVER 

The fundamental approach to an understanding of microwave 
antennas is necessarily based on electromagnetic theory. This chapter 
therefore begins with a discussion of the field equations and the general 
properties of an electromagnetic field; the treatment is necessarily cursory, 
being intended as a summary of material that is familiar to the reader.1 

This theory is then applied to the simplest problem of antenna theory, 
the calculation of the radiation fields due to known current distributions. 
A discussion of certain idealized current distributions illustrates the 
principles of superposition and interference and furnishes a theoretical 
guide to the design of various antenna feeds. 

3-1. The Field Equations.—The field equations relate the electric 
field vectors E and D and the magnetic field vectors B and H to each 
other and to the sources of the field, the electric charges and currents. 

Sources of the Field.—The sources will be specified in terms of density 
functions. 

The excess of positive over negative charge in a volume V is 

Q = fyP dv, (1) 

where p is the charge density per unit volume. 
The rate of transport of charge across a surface S, that is, the net 

current passing through S, is 

I = fs J • n dS, (2) 

where J is the current density and n is the unit normal to the surface S 
in the direction defined as positive. The current J has the direction of 
flow of positive charge, a negative charge moving in one direction being 
equivalent to a positive charge moving in the opposite direction. 

In the rationalized meter-kilogram-second (mks) system of units,2 

1 The reader is referred to J. A. Stratton, Electromagnetic Theory, McGraw-Hill, 
New York, 1941, for a more detailed treatment of many of the subjects covered in this 
chapter. 

2 Stratton, op. cit., pp. 16, 602. 
61 
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which is used in this book, the charge density is measured in coulomb1; 
per cubic meter and the current density in amperes per square meter. 

As a consequence of the conservation of charge, the charge density 
and current density are subject to an important relation. The total 
current passing out of a closed surface S must equal the rate of decrease 
of positive charge in the enclosed volume. That is, 

where n is the unit vector normal to the surface and directed out f^om 
the region V. By the divergence theorem' 

s ■ J • n dS = / V • J dv. (4) 

Substitution of this into Eq. (3) gives 

/ F (v . J + g)^0. (5) 
This must hold for any arbitrary volume, no matter how small; conse
quently the integrand itself must be zero: 

V . J + g = 0. (6) 

This is the so-called "equation of continuity." 
Finite charges and currents are sometimes limited to surfaces of dis

continuity. In such cases the excess of positive over negative charge 
on a surface S is 

Q = Js v dS, (7) 

where 17 is the charge density per unit area. Similarly if we let C be a 
curve on the surface of discontinuity and ni a unit vector normal to C 
in the tangent plane, then the total current crossing C, that is, the rate 
of transport of charge across C, is 

K • ni ds, (8) 
c 

where K is the surface-current density. The surface-current density K 
and the charge distribution rj on the boundary of an infinitely conducting 
medium must satisfy an equation of continuity analogous to the volume 

1 A treatment of the divergence theorem and Stokes's and Green's theorems, \vhi(-h 
are used subsequently, may be found in any text on vector analysis. See for example, 
H. B Phillips, Vector Analysis, Wiley, New York, 1933. 
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distributions. This equation of continuity, in integral form, is 

.K-iuds = - IJjtdS, (9) 

where C is any closed curve enclosing an area S. 
Another form of this relation is 

V* . K + ^ = 0, (10) 

where the "surface divergence" of K, V.5 • K, is defined by 

K = lim-.- (fc K • ni ds, (11) 

A being the area circumscribed by the curve C. 
Definitions of the Field Quantities.—The field vectors E and B measure 

the forces exerted on charges and currents respectively. The force on a 
stationary charge q at any point in the field is 

F = Eg. (12) 

The total force on a current distribution through a volume V of space is 

J x B dv, (13) 
v 

the integrand being the vector product of J and B. The vector E is meas
ured in volts per meter and B in webers per square meter. 

The field vectors D and H are determined by the field sources and 
are independent of the medium. The net outward flux of D through a 
closed surface S is a direct measure of the enclosed charge Q: 

sT>-adS = Q, (14) 

where n is the unit vector normal outward from the enclosed region. The 
magnetic held H is related to the current. If I is the net current passing 
through a surface S bounded by a curve C, then 

H • ds = I. (15) 

The integral on the left is the line integral of the tangential component 
of H along the curve C; the direction of integration is such that an observer 
traversing the curve in that direction will have on his left the positive 
normal n used in defining the current I. 

The Field Equations.—The field equations expressing the relations 
between the field vectors and the sources may be set up either in differ
ential or integral form. 
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The differential relationships, Maxwell's equations, are 

V X E + — = 0, (16a) 

V x H = J + d~, (lfift) 

V - B = 0 , (16c) 
V - D = p. (Ukl) 

Equation (16c) may be derived from Eq. (16a) by taking the divergence 
of the latter. Similarly, Eq. (10rf) may be derived by taking the diver
gence of Eq. (16ft) and comparing the result with the equation of continuity 

V - J + g = 0. (Hie) 

Equations (16a) to (16e) must be obeyed simultaneously by the field 
components and sources of any electromagnetic field. 

The corresponding integral relations are 1 lie following. Eet C be a 
closed curve spanned by an arbitrary surface S; then 

E-tfs = - ~ \ B-n (IS, (17a) 

&*•<*=fXj+%)-nd8> (176) 

the positive direction of integration around the curve C being that 
defined previously. The first of these relations is Faraday's law of elec
tromagnetic induction, and the second is the generalization of Ampere's 
law in which the current density J due to charge is supplemented by the 
"displacement-current density" dD/df. These equations can be derived 
from Eqs. (16a) and (16ft) by the use of Stokes's theorem. By applica
tion of the divergence theorem to Eqs. (16c) and (16d) one obtains two 
more integral relations: 

B-ndS --= 0, (17c) 

D ■ n dS = pdv = Q, (17d) 

where the integrals extend over the closed surface S of a volume V. 
Equivalent Magnetic Charge and Current.—Equations (16c) and (17c) 

express the fact that there exist no free magnetic charges and correspond
ing magnetic currents. However, it is at times convenient to introduce 
equivalent distributions of such charges and currents. A simple example 
is provided by the infinitesimal current loop. This is equivalent to a 
magnetic dipolc normal to the plane of the loop. If the current in the 
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loop varies with time, the dipole strength varies likewise; the effect is 
that of a magnetic-current element. 

In diffraction theory, equivalent magnetic-charge and magnetic-cur
rent distributions are introduced in a more general way. In the presence 
of a magnetic-charge distribution of density p,„ and a magnetic-current 
distribution of density Jm, Maxwell's equations assume the more sym
metrical form 

T x E = - J „ - J (18a) 

V x H = J + ~ , (18b) 
at 

V • B = pm, (18c) 
V • D = p, (18d) 

with two equations of continuity 

V • J + | = 0, (18e) 

V • Jm + ^ = 0. (18/) 

It is to be emphasized that the magnetic-source densities are mere 
formalisms. We introduce them here to avoid later repetition of certain 
mathematical developments. They will be different from zero only under 
very special circumstances. 

3-2. The Constitutive Parameters; Linearity and Superposition.— 
There exist between the various field vectors further relations that depend 
on the medium. 

In isotropic media the vectors D and E have the same direction 
at any given point, as do the vectors B and H. The ratios of their 
magnitudes are constitutive parameters of the medium: 

e = ~, (19a) 

the electric inductive capacity, and 

M = \ (19b) 

the magnetic inductive capacity. These quantities may be functions of 
the field intensities and the frequencies. They depend on the field 
intensities only for a small group of substances which we shall exclude 
from our discussion. The frequency dependence is a very general prop
erty. In vacuo these parameters are constants and have the values 

60 = 8.85 X 10-12 farad/meter, 
Mo = 4ir X 10~7 henry/meter 
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T h e const i tu t ive pa rame te r s are more commonly specified in t e rms 
of the specific induct ive capacit ies 

ke = - , (20a) 
to 

km = ■?-■ (206) 
Mo 

T h e q u a n t i t y ke is known as the dielectric cons tan t ; km as the magnet ic 
permeabi l i ty . These ra t ios are dimensionless and independen t of the 
uni ts . Fo r pract ical ly all mater ia ls o" interest in a n t e n n a work km is 
b u t negligibly different from un i ty and will be t a k e n equal to un i ty unless 
otherwise indicated. 

I t is impor t an t to note t h a t a l though D a n d E are in t he same direc
tion, t hey are no t necessarily in phase. Such phase differences depend 
on the molecular s t ruc ture of the medium and are connected with dis
s ipat ion of e lec t romagnet ic energy in the medium. T h e y are convenient ly 
t aken in to account by expressing t as a complex number , 

e = « r - J 6 i . (21) 

T h e energy losses associated wi th the imaginary p a r t of e are to be dis
t inguished from the conduct ion loss associated with conduct ion currents . 

T w o types of cur ren ts m a y con t r ibu te to t he source function J : con
vection cur ren t s and conduct ion cur ren ts . I n the present vo lume we 
shall be concerned only wi th conduct ion currents , for which the cur rent 
dens i ty is propor t ional to the electric held vector E : 

J = <rE. (22) 

T h e cons tan t a is the conduct iv i ty of the medium, l i k e the o the r con
s t i tu t ive pa rame te r s it m a y be frequency dependent . A conduc t ing 
med ium cannot suppor t a free volume-charge dens i ty p; if the conduc
t iv i ty is a t all appreciable , p m a y be t aken to be zero a t all t imes. 

If the cons t i tu t ive p a r a m e t e r s are independen t of t he held s t reng th , 
all re lat ions be tween the field vec tors—Maxwel l ' s equa t ions and the 
cons t i tu t ive relat ions [Eqs. (19a), (196), and (22)]—are linear. I 'nder 
such c i rcumstances the superposi t ion principle applies. This s ta tes t h a t 
if a set of field vectors Ei , . . . , H l and source funct ions pi and J i 
satisfies the field equa t ions and a second set of field vectors E2 , . . . , H 2 

a n d source functions p2 and J 2 does so also, t hen the sum of these two 
solut ions E i + E 2 , . . . , p\ + p2. J i + J 2 also satisfies the field and 
cons t i tu t ive equa t ions and describes a possible e lec t romagnet ic field. 

3'3. Boundary Conditions.—In addi t ion t o the field equat ions , which 
give the relat ions between the elements of the field in a medium with 
cont inuously va ry ing propert ies , we must know the relat ions tha t exist 
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at a boundary where the properties of the medium change discontinu-
ously. The derivation of fhese boundary conditions starts from the 
integral forms of the field equations; the procedure is standard and will 
be found in any text on electromagnetic theory; we shall simply state 
the results. 

Let us consider the boundary surface between two media with 
constitutive parameters th MI, CI, and «2, M2, "1, respectively. Let the 
positive unit vector n normal to the boundary surface be directed from 
medium 1 into medium 2. If En E2, . . . , Hi, H2 are the field vectors 
at contiguous points on either side of the boundary, the boundary con
ditions are the following: 

1. The tangential component of the electric field intensity is con
tinuous across the boundary: 

n x (E2 - E,) = 0. (23) 
It can be shown that a field penetrates into a conducting medium 
a distance inversely proportional to the square root of the con
ductivity.1 Thus if o"! = 00, Ej must be zero; this boundary con
dition then reduces to 

n x E , = 0 (o-i = 00). (24) 

2. There is a discontinuity in the normal component of D at the 
boundary if there exists a surface layer of charge: 

n ■ (D2 - DO = n • (*2E2 - t l E 0 = v, (25) 

the charge density per unit area being r). Such layers of charge 
occur, in general, only when one of the media has infinite 
conductivity. 

3. The normal component of B varies continuously across a boundary: 

n • (B2 - B,) = n • (M2H2 - ^,H,) = 0. (26) 

4. A discontinuity in the tangential component of H occurs only 
when there is a surface-current sheet on the boundary 

n x (H2 - H,) = K, (27a) 

K being the surface-current density. Such current sheets exist 
only if one of the media, say the first, is infinitely conducting. 
In this case, however, the field cannot penetrate the medium; Hi 
must be zero. We have then 

n x H 2 = K ( a i = 00) (276) 
and likewise 

n - B 2 = 0 (<n = oc). (28) 
1 J. A. St rut ton, Kln-tromngiirtic Theory, McGraw-Hill , New York, 11I41, p . 504. 
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Under all other conditions K is zero, and the tangential component 
of H as well as the normal component of B is continuous. 

These boundary conditions apply to fields that satisfy Maxwell's 
equations [Eqs. (11)] everywhere. We shall have occasion in diffraction 
problems to consider a boundary surface between two regions of the 
same medium. From solutions of Maxwell's equations in these two 
regions we shall form functions that are solutions of Maxwell's equations 
everywhere except on this surface, where they are discontinuous. These 
discontinuities can be formally associated with distributions of magnetic 
charges and currents on the boundary surface by equations that can be 
obtained from the .Maxwell equations [Eqs. (13)] in which magnetic 
sources have been introduced: 

and 
n x (E2 - E,) = - K m , (29) 

n • (B2 - BO = ,,„, (30) 

respectively, where Km is the density of the fictitious magnetic-current 
sheet over the boundary and -qm is the density of the fictitious surface 
layer of magnetic charge. As in the case of electric current and charge, the 
magnetic-source functions must satisfy a surface equation of continuity, 

Vs • K,„ + d£ = 0, (31) 

where as before TV is the surface-divergence operator. 
3-4. The Field Equations for Harmonic Time Dependence.—It will 

be sufficient for most of our purposes to consider fields having a harmonic 
time dependence. In such cases we shall take all field and source dis
tributions to depend on time through the same factor c'"'. The real 
and imaginary parts of these complex solutions of the field equations 
will themselves be solutions of the field equations and will describe real 
fields. The assumption of harmonic' time dependence will not greatly 
affect the generality of our results because an arbitrary field and source 
distribution can be resolved into harmonic components. 

With the restriction of the time dependence to the time factor (■'-"', 
the field equations may be written as 

T x E + jcopH = - J , „ , (32a) 
T x H = (<r + ja>e)E, (326) 

V • (MH) = p„„ (32c) 
V • ((E) = p, (32d) 

T - J + juP = 0, (32c) 
V • J,„ + juPm = 0. (32/) 
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These equations apply equally to the field quantities and their space-
dependent factors. Equations (19<z), (196), and (22) have been applied 
in this formulation. Equations (32c) and (32d) have been written in 
the general form, for inhomogeneous media in which t and M are func
tions of position. I t should be noted that the equation of continuity 
determines the charge density directly from the current. 

3-5. Poynting's Theorem.—Discussions of the energy relations in an 
electromagnetic field are usually based on Poynting's theorem. From 
the first two of Maxwell's equations, (16a) and (16b), we obtain 

H - V x E - E - V x H = - H • ^ - E • ̂  - E ■ J. (33) 
at at 

The quantity on the left is equal to V ■ (E x H). On use of the con
stitutive relations [Equations. (19a) and 196)], Eq. (33) becomes 

V . ( E X H ) + E . J - - ! ( « - § ! + ! f ) . (34) 

This is Poynting's theorem. Formally, Poynting's theorem resembles the 
equations of continuity previously considered; it expresses the conserva
tion of energy, rather than that of charge. The Poynting vector 

S = E x H (35) 

is interpreted as the intensity of flow of energy, that is, the rate of flow 
of energy per unit area normal to the direction of S. The quantities 
eE2/2 and vH2/2 represent the densities of electric and magnetic energy, 
respectively. The term E • J measures the rate of dissipation or produc
tion of electromagnetic energy per unit volume. If E ■ J is positive, it 
is a dissipation term; if it is negative, it represents production of electro
magnetic energy. 

The analogy of Poynting's theorem to the equation of continuity 
is brought out more clearly in the corresponding integral form. Let us 
integrate Eq. (34) over a volume V enclosed by a surface S: 

fr*-V*Wd» + fr*-Jd» = -±fY(^ + ^ ) * , . (36) 
Making use of the divergence theorem, we can transform the first integral 
into a surface integral over the boundary, obtaining 

& S . n , S + / K E . J d v = - f J F ( f + !%)*,. (37) 

With the interpretations of the integrands given above, Eq. (37) states 
that the net rate of flow of energy out through the boundary surface 
plus the rate of dissipation of electromagnetic energy within the volume 
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(or minus the rate of production) is equal to the rate of decrease of elec
tromagnetic energy stored in the volume V. 

Equation (34) is quite general in its applications. We have now to 
express Poynting's theorem in a form applicable to fields varying peri
odically with time. In this connection it must be noted that the complex 
exponential representation of periodic fields can be carried through all 
linear operations but that in nonlinear operations (such as formation of 
the products occurring in the Poynting theorem) the real expressions 
for the field quantities must be used. The complex field vectors may be 
expressed as 

E = (EP'-O =' (ET + jE,-) <"'"', (38a) 

H = (He""') = (Hr + jS.dc'"'. (386) 
The corresponding real fields are 

Re E = (Er cos ut - E< sin oit), (39a) 

Re H = (Hr cos ut - Hi sin ul). (396) 

The Poynting vector is thus 

S = Re E x Re H (40) 
= [Er x H r cos2 ut + Ev x H, sin2 ul - (Er x H ; + E, x Hr) sin ut cos ut] 
In general we are not interested in the instantaneous flow but in the 

energy flow averaged over a cycle. That is, we wish to know 

the overline denoting the time-average value. Xow the time average 
of sin ut cos ut vanishes, and the time average of both cos2 ut and sin2 ut 
is i- Hence 

S = P , x H r + E ,xH, ) . (42) 

I t will be observed that except for the factor \, the right-hand side of 
Eq. (42) is the real part of E x H * , where H* represents the complex 
conjugate of H. We have then 

S = ^Re (E x H*). (43) 

We shall seldom be concerned with the instantaneous Poynting vector. 
Unless explicitly stated otherwise, all future reference to the Poynting 
vector will be to the time-average value given by Eq. (43); the overline 
will be omitted hereafter except where a distinction must be made. 

It is of interest to formulate Poynting's theorem in terms of time-
averaged quantities. Since the divergence is a linear operator, involving 
space derivatives only, 

v T s = V • S = V • Re l(E x H*) = $ Re V • (E x H*). (44) 

http://jS.dc'%22'
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In the absence of magnetic charges or currents one has, for a field with 
harmonic time dependence, 

i v . ( E x H ' ) = i (H* • V x E - E • V x H*) 

= - \ { c - jc t*)E • E* - tf H • H*. (45) 

Taking the real part of Eq. (45), with due regard for the complex form 
of t* [Eq. (21)], we obtain the modified Poynting's theorem 

V - S = -i(<7 + u>e,)E-E,* (46) 

or, in integral form, 

sS-ndS = / i (a + a*,)E • E* dv. (47) 

Since the unit normal n is directed outward from the region enclosed by 
the surface S, the term on the left of Eq. (47) is the net average power 
flow across S into the region V. In view of the harmonic time depend
ence of the field, there can be no average increase in the energy stored; 
the terms on the right must be interpreted as electromagnetic energy 
dissipated within the region V. Thus, the imaginary component of the 
electric inductive capacity, like conductivity of the material, results 
in energy dissipation. A material with a complex dielectric constant is 
called a "lossy dielectric." By Eq. (47), if a medium is neither a con
ductor nor a lossy dielectric, the net power flow across a closed surface 
S into the region enclosed by it is zero. 

3-6. The Wave Equations.—We turn now to a consideration of the 
wave equations satisfied by electromagnetic fields. We begin with 
Maxwell's equations in the form [Eqs. (18)] that includes magnetic 
sources but confine our discussion to linear homogeneous media; t and 
H are constants independent of position. 

Taking the curl of Eq. (18a), eliminating the magnetic vector B by 
means of Eqs. (186) and (196), we obtain 

V x V x E + Me -df = - M ^ - V x J„. (48) 

Similarly, interchanging the roles of Eqs. (18a) and (186), we get 

V x T x H | ^ y J ! = - f | + T x J . (49) 
ot' dt 

We now make use of the vector identity 

V x V x P = V(V • P) - V-P. (50) 
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On application of this to both the previous equations and replacement 
of V • E and V • H by p/t and pm/p. respectively, Eqs. (48) and (49) become 

V*E - i* ™ = M § + V x Jm + J- VP, (51a) 

VW-p.e^ = t % - V x J + - V P m . (51b) 
of of p. 

On the left sides of these equations are the familiar differential terms of 
the wave equation; the terms on the right represent the effects of dis
tributions of sources. In a source-free medium these equations reduce 
to the homogeneous wave equations 

V*E - Me ^ = 0, (52a) 

d2H V2H - M6 - ^ = 0, (52b) 

with the speed of propagation of the wave given by 
1 

v = — = ' (53) 
Vp.e 

The speed of propagation in free space is a constant, independent of 
frequency: 

= 1 
VMo«o 

The index of refraction of a medium is defined as 
c n = -v 

For most media the magnetic permeability km is unity, and 

n = VK- (55b) 
The wave equations simplify for fields with time dependence e'al, in 

that the time can be totally eliminated from the equations. There result 
the so-called "vector Helmholtz" equations for the space dependence 
of the fields: 

V x V x E - k°-E = -jurf - V x J„„ (56a) 
V x V x H - A2H = -jtcejm + V x J, (56b) 

where 
k2 = a>V- (57) 

The constant k is known as the propagation constant. In nonlossy 
media it is real and is related to the wavelength by 

k = £• (58) 

3 X 108 meters/sec. (54) 

is defined as 

-\Zkmke. (55a) 

file://-/Zkmke
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If e is complex, both the speed of propagation defined by Eq. (53) and 
the propagation constant are complex. The attenuation of a wave as 
it propagates in a lossy medium is directly connected with the imaginary 
part of the propagation constant. 

Applying Eq. (50) to Eqs. (56) yields 

V2E + /c2E = jWJ + V x Jm + - VP, (59a) 

V2H + km = jweJ„, - V x J + - Vp,„. (59ft) 

In a source-free medium these reduce to the homogeneous equations 

V2E + A'2E = 0, (60a) 
V2H + km = 0. (60b) 

It should be emphasized that Eqs. (60) imply that each rectangular 
component of the field vectors Ex, Ey, . . . , Hz satisfies the scalar Helm-
holtz equation 

V2v!< + k^ = 0. (61) 

Though all fields that satisfy Maxwell's equations necessarily satisfy 
the wave equations, the converse is not true. A set of field vectors E 
and H that satisfy the wave equations constitute an admissible electro
magnetic field only if at the same time they satisfy Maxwell's equations. 
Furthermore, the fields must behave properly at the boundaries of the 
region concerned in accordance with the boundary conditions formulated 
in Sec. 3-3. If the region is infinite in extent, separate attention must be 
paid to the behavior at infinity. 

3-7. Simple Wave Solutions.—General considerations relative to 
wave propagation will be developed in the next chapter. We shall con
sider here several simple waveforms, solutions of Eqs. (60), that recur 
frequently in general antenna theory. These are (1) the homogeneous 
plane wave, (2) the circularly symmetrical cylindrical waves, and (3) 
the isotropic spherical wave. In each case the medium is assumed to be 
homogeneous, nonconducting, and free from sources. 

Plane Waves.—The plane wave is mathematically the simplest type 
of electromagnetic wave; its propagation is essentially one-dimensional. 
Let us attempt to find a field such that the directions and magnitudes of 
the field vectors are constant over any plane normal to the direction of a 
vector s (Fig. 3-1) but vary periodically along lines parallel to s. In the 
case of the electric field vector E, the conditions stated above will be 
satisfied if the field has the form 

E(x,«/,2,0 = Eof''"'-*'-", (02) 

when r is the position vector from the origin to the field point (x,y,z) 
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and k is the propagation constant defined by Eq. (57); the amplitude E0 
is independent of position and time. Since the planes normal to the 
unit vector s are defined by t • s = constant, this field must be uniform 

over every such plane. These 
planes are equiphase surfaces for 
the wave, and its propagation can be 
visualized as a continuous progres
sion of one equiphase surface into 
the contiguous one. I t is seen 
further that at any instant the field 
has the same magnitude over each 
of the family of parallel planes 

r- s 
F I G . 3-1.—The plane wave. 

c ± 
= 0, 1, 2, 

2irn 
-y - = C ± nh, 

(63) 

It is readily verified that the electric field vector defined by Eq. (62) 
satisfies the wave equation [Eq. (52a)]. Obviously a similar expression 
for the magnetic field vector H(x,y,z,l) is a solution of Eq. (526). How
ever, if these field vectors are to describe an electromagnetic field, they 
must be so related as to satisfy Maxwell's equations. The required 
relation is Eq. (32a): 

3 H 
CJ/i 

V X E . 

On introduction of Eq. (62) this becomes 

H ^ ( s x E ) = ^ ( s x E „ V ■ ( » ( - * • * ) 

(64) 

(65) 

The space-time dependence of H is the same as that of E, but the direc
tion of H is normal to that of both s and E0. Equation (32d) requires 
V • E to be zero in a source-free medium. Thus 

V • E = -jks-E 0: (66) 

that is, E is normal to s. To satisfy Maxwell's equations, the electric 
and magnetic field vectors must thus lie in the plane normal to s. It 
follows at once that the energy flow, that is, the Poynting vector, 

1 S = ^ Re (E x H*) = 2 m fiol'S, (67) 

is in the direction of propagation of the wave, normal to the equiphase 
surfaces. 

It is of interest to determine whether or not there can exist a plane 
wave of the form of that in Eq. (62) if the magnitude of E0 is an arbitrary 
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function of position over an equiphase plane. Without loss of generality 
we can take the direction of propagation along the z-axis and the direc
tion of Eo along the z-axis. We are thus considering the field 

Ex = E0(x,y)e-'k', Ey = Et = 0 (68) 

(omitting the time factor e'"1). If this is to be a possible field, Ex must 
satisfy the scalar Helmholtz equation [Eq. (61)]. This will be true only 
if E0{x,y) is a solution of the two-dimensional Laplace equation: 

d2E0 ,d^Eo 
dx2 dy > + iJ' = °- ^ 

Since there are no sources, Ea(x,y) must be finite and continuous over the 
infinite £,2/-domain. However, being a solution to Laplace's equation, 
Eo can have no maxima or minima in this infinite region. Consequently, 
E0(x,y) must be a constant; arbitrary amplitude distributions and infinite 
plane equiphase surfaces are incompatible. 

I t should be noted that the infinite plane wave is impossible physically 
because the total energy transported across an equiphase surface is 
infinite. The practical importance of the plane wave lies in its use in the 
analysis of other waves. There are two parameters characterizing the 
plane wave: its angular frequency o and the direction of propagation s. 
By superposing time-periodic plane waves, all traveling in the same 
direction but with various values of u and amplitudes E0{u), it is pos
sible to build up a plane wave of more general time dependence—a pulse-
modulated or otherwise modulated wave. By superposing plane waves 
with the same frequency u but with various directions of propagation 
and amplitudes E0(s), it is possible to synthesize a time-periodic wave 
with a more general type of equiphase surface. Because each component 
wave satisfies Maxwell's equations, the resultant obtained by superposi
tion likewise satisfies the field equations. 

Cylindrical Waves.—Circularly symmetrical cylindrical waves are the 
kmentary forms of two-dimensional propagation. The equiphase sur

faces r>f these waves are coaxial circular cylinders; the wave is propagated 
along the radii of the phase surfaces. 

Cylindrical coordinates, as defined in Fig. 3-2, are appropriate for the 
analysis. The z-axis is taken as the axis of symmetry, and r and 6 are 
polar coordinates in a plane normal to the z-axis. At each point we 
define unit vectors ir, i», u in the direction of increasing r, d, and z, 
respectively; the field vectors may, on occasion, be resolved into com
ponents in these directions. 

We shall now seek solutions of the field equations in which the field 
vectors are everywhere tangential to the cylindrical equiphase surfaces 
and have constant amplitude over each such surface (that is, the ampli-
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tudes are functions of r only). We shall seek solutions of two different 
types, distinguished with reference to the 
directions of the field vectors: 

k 

I 

Case a: 
Hz = 0, 

Case b: 
Ez = 0, 

Ez(r) ^ 0. 

H.(T) * 0. 

In each solution, -of course, H, = Er = 0. 
We begin by determining the form of 

the z-component of the field as a solution 
of the wave equation; later we shall deter
mine the remaining field components by 
means of the field equations. 

Since Ez(r) and Hz(r) are components 
of the respective field vectors in a rectan

gular coordinate system, they must satisfy the scalar Helmholtz equation 
[Eq. (61)]. In cylindrical coordinates this becomes 

■y 

3-2.-—Cylindrical coordinates. 

~r dr V ~dr) 
1 <3V s+« 

where i/- may represent either Ez or Hz 

z. this reduces to 

0, (70) 

Since 4> is independent of 6 and 

On introduction of 

this becomes 
dhp 
rff2 

\_dty 
r dr + A'¥ 0. 

i, = kr, 

Id* + i = 0 

(71) 

(72) 

(73) 

This is the differential equation satisfied by the Bessel functions or, more 
generally speaking, by the cylinder functions or order zero.1 Of the 
many solutions of this equation which we might identify with the func
tions Ez or Hz, those of immediate interest here are the Hankel functions 
H(

0
l)(!-) and H(

0
2)(i)- The nature of these functions is most evident in 

their asymptotic behavior for large values of £ = kr: 

( / - v » l ; . 
Hi," (*»■) 

i W T ) ~ A , T A T . 
1 G. X. Watson, Theory of Hexsel Functions, M;icmillan, 1944. 

2-«'("-*) , 
■kr 

(74a) 

(74b) 

file:///_dty
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The second of these functions, multiplied by the time factor c'"\ repre
sents a wave traveling in the positive r-direction; the phase quantity 
cot — kr is the analogue of the quantity col — kx for a plane wave traveling 
in the positive x-direction. Thus H[v(kr) represents a cylindrical wave 
diverging from a line source on the z-axis. Similarly, II'0])(kr) represents 
a wave traveling in the negative r-direction, that is, a wave from infinity 
converging to a line focus along the z-axis. 

Restricting attention to the diverging wave function H'02)(kr), we 
consider first Case a. We assume 

E = Hg>(kr)e*"it (75) 

and use the field equations to determine the associated magnetic field. 
The curl of a vector P , expressed in cylindrical coordinates, is 

\r d6 dz ) l r + \ dz dr ) le 
d dPr i.. (76) 

Taking the curl of the vector E and making use of Eq. (32a), we obtain 

"i.. (77) H = -J-\^-H™(kr) coy. |_rfr 

It is left to the reader to verify that the field vectors E and H defined 
by Eqs. (75) and (77) satisfy the other field equations. Over the cylin
drical surfaces of constant r, E and H are perpendicular to each other 
at every point and lie in the tangent plane to the surface; as in the case 
of a plane wave, E and H are normal to the direction of propagation, and 
the Poynting vector is normal to the equiphase surface. As the radius 
of the equiphase surface becomes large, it becomes sensibly plane in 
the neighborhood of any point. We must, therefore, expect that as 
r —» =o, the relationship between E and H approaches that existing in a 
plane wave. The asymptotic form for H may be obtained by introduc
ing Eq. (746) into Eq. (77). Neglecting terms of higher order in Mr, 
we find 

d 

whence 
\irkr drH2\kr) « -jkxj~e JV" *J, ( 7 8 ) 

U'fl 

Thus, in the limit as r —* °o, 

H « - — H^(kr)e^ie (kr» 1). (79) 

= NTA<'' H = J - ( U E ) (80) 

as was to be expected. 

file:///irkr
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The derivation of the field for Case b proceeds in a similar manner. 
We assume 

H = H$\kr)e**%; (81) 

the associated electric field follows by application of Eq. (326), which, in 
the case at hand, becomes 

E = J - V x H. (82) 
jut 

It follows that 
E = i [s H?H ̂  (83) 

The general remarks concerning Case a apply to the present case also. 
I t is easily verified that here too the relationships approach those in a 
plane wave as the radius of the cylindrical phase surface becomes very 
large; that is, 

lim H = J- (ir x E). (84) 
r-.« \M 

We have thus obtained two independent field distributions with 
cylindrical equiphase surfaces. We shall refer to these as cylindrical 
modes of free-space propagation. The first field, Case a, can arise from 
a linear distribution of electric current along the z-axis and will be spoken 
of as a field of the electric type; Case b can be associated with a linear 
distribution of magnetic current along the z-axis and is correspondingly 
referred to as a field of the magnetic type. These are the simplest cylin
drical modes of free-space propagation. A treatment of the general 
theory of cylindrical waves will be found in Stratton.1 

Isotropic Spherical Waves.—Next we shall consider the isotropic 
spherical wave with equiphase surfaces that are concentric spheres and 
field amplitudes that are constant in magnitude over each equiphase 
surface. 

The spherical coordinates r, 8, and <f>, illustrated in Fig. 3-3, are 
appropriate for this discussion. With the spherical coordinates are 
associated a set of orthogonal unit vectors ir, i», i$ at each point in space, 
in the directions of increasing r, 8, and <t> respectively. 

Let the center of the family of equiphase spheres be at the origin i,f 
the coordinate system. An attempt to construct a field that is a func
tion of r alone, as in the case of cylind ical waves, will fail. For example, 
suppose that we try to construct a field in which the field vectors have 
only the components 

E = E(r)U, (85) 
H = J/(r)i,. J 

1 J. A. Stratton. Electromagnetic Theory, McGraw-Hill, Now York, 1941, Chap VI. 
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I t will be seen that there is an essential ambiguity in the directions of these 
vectors at all points for which 6 = 0 or ■*. The ambiguity can be ren
dered trivial only by making the magnitudes of the fields vanish for 
e = 0 and w; the field can then be independent of 6 only if it vanishes 
identically. 

The isotropic spherical wave is, in general, a possible waveform only 
for scalar fields such as are encountered in acoustics. However, it is 
often useful for reference and comparison with electromagnetic waves. 

F I G . 3-3.—Spherical coordinates. 

Accordingly we shall note briefly the spherically symmetrical solutions 
of the scalar Helmholtz equation [Eq. (61)]. In spherical coordinates, 
the Laplacian V2 is 

r1 dr V dr) ^ r2 sin 8 d6 \ dd) 
1 

r2 sin 8 de V"" " dd/ ' r- sin2 0 dtf>2 

When ^ is a function of r only, the Helmholtz equation becomes 

l l / , tf A 
r2 dr \ dr ) fcty = 0. 

(86) 

(87) 

It is readily verified that 

g-ikr 
if'- = -—~ 

(88) 

are solutions of this equation. The solution i/^, multiplied by the time 
factor e'"', represents a wave diverging from a source at the origin, while 
t//+e'"' represents a spherical wave converging to a point focus at the 
origin. 
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3-8. General Solution of the Field Equations in Terms of the Sources, 
for a Time-periodic Field.—The plane and cylindrical waves discussed in 
the preceding section are solutions of the homogeneous field equations 
which apply in regions of space free from charge and current distributions. 
In deriving the form of these fields, no attention was paid to their ulti
mate sources, which lay outside the domain of validity of the solution. 
Our present task is the more exacting one of determining what fields 

will arise from a prescribed set of 
sources in a homogeneous medium. 

For reference the complete set of 
field equations is repeated here. 
Magnetic charge and current distri
butions are included for later use. 

V x H - jweE 

V - H 

V - E 

V ■ J + jup 
V • Jm + jwpm 

— Jml 

= J. 
_ Pm 

_ P 
6 

= o, 
= 0, 

(3-32a) 
(3-326) 

(3-32c) 

(3-32rf) 

(3-32e) 
(3-32/) FTG. 3-4.—Notation for Green's theorem. 

also the pair of vector Helmholtz equations, 

V x V x E - fc2E = -JCOMJ - V X J . , (89) 
V x V x H - km = -jufJm + V x J. (90) 

The integration of these equations is based on a vector Green's 
theorem:1 Consider the region V, illustrated in Fig. 3-4, bounded by the 
surfaces Si, . . . , S„. Let F and G be two vector functions of position 
in this region, each continuous and having continuous first and second 
derivatives everywhere within V and on the boundary surfaces. Then, 
if n is the unit vector normal to a bounding surface, directed into the 
region V, 

L ( F - V x V x G - G - V x V x F ) d i ) 

~ / . S, + S;.+ • ■ +S„ 
(G x V x F - F x V x G ) -ndS. (91) 

As indicated, the surface integral extends over all boundary surfaces. 
Let us suppose that there exists in a volume V, such as that consid

ered above, an electromagnetic field such that E and H meet the condi-
1 The procedure adopted here is due to J. A. Stratton and L. J. Chu, Phys. Rev., 

66, 99 (1939). A proof of the Green's theorem is given in this paper. 
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t ions of con t inu i ty required of the vector function F of the Green ' s 
theorem. We shall now see, wi th t he aid of th is theorem, how one can 
express the field a t an a rb i t r a ry point P in the volume V in t e rms of the 
field sources within this vo lume and the values of t he field itself over the 
boundar ies of the region. 

We define the vector function of posit ion 

p—jkr 
G = a = i/-a, (92) 

where r is the dis tance from /•* to any other point in the region and a is 
an a rb i t r a ry b u t otherwise cons tan t vector. This will satisfy the con
t inu i ty condit ions required of the function G in the Green ' s theorem 
everywhere, except a t P, where it has a s ingulari ty. Accordingly, we 
sur round P by a sphere 2 of rad ius r0 and consider t h a t por t ion V of V 
which is bounded by the surfaces Sh . . . , Sn and 2 ; in this restr icted 
region, G as defined by Eq. (92) and F = E of the e lect romagnet ic field 
satisfy t he condi t ions required for appl icat ion of the Green ' s theorem. 
We have then 

/ (^a - V x V x E — E - V x V x fa.) dv 

= - / (E x V x i/<a - 4>& x V x E) • n dS. (93) 
Js,-\— +s„+i-

As the first s tep in the manipu la t ion of this equat ion , we shall t r ans 
form the volume integral involving the electric field in to an equivalent 
integral involving only the field sources. In t roduc t ion of the vector fa 
in to the vector iden t i ty [Eq. (50)] and use of the facts t h a t f satisfies 
the scalar He lmhol tz equat ion and a is a cons tant vector will suffice to 
show t h a t 

V x V x fa. = V(a • Vf) + lc-fa. (94) 

Tak ing this in conjunction with Eq. (89), we obta in 

i ^ a - V x V x E - E - V x V x i / ' a = a - (—junjf — ^V X J,„) 

- E ■ V(a ■ Xf). (95) 

A few addi t ional t ransformat ions are necessary: 

E • V(a • Xf) = V • lE(a ■ Xf)] - (a • Xf)X • E (9(>) 
= X • [E(a • V*)] - ? a • Xf, 

and 

i^V x J,„ = V x J,,^ + J,„ x Xf. (97) 
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By use of these, Eq. (93) can be given the desired form: 

a • / (janN + J„XVi --(vAdv + a- I V x * Jm dv 

+ / V • [E(a • V+)} dv Jv 
= / [(E x V x M) ■ n - (M x V x E) • n] dS. (98) 

Js,+ --- +z 
We can now bring each term in Eq. (98) into the form of a scalar 

product with the vector a and then completely eliminate this vector 
from the problem. The second and third volume integrals can be trans
formed into surface integrals: 

a- / V *fjmdv = - a - / fn*JmdS, (99) 
Jv js,+ .--+z 

/ V • [E(a • V^)] dv = - / ( n - E ) ( a - Vf) dS 
Jv Jsi+---+x 

= - a - / ( n - E ) V^dS. (100) 

To the surface integrals on the right-hand side of Eq. (98) we apply the 
following transformations: 

[E x (V x ia.)} • n = [E x (V^ x a)] ■ n = [(n x E) x V^] • a, (101) 
^(a x V x E) • n = - j w ^ K a x H) ■ n - ^(a x J„) • n 

= jurf& • (n x H) + tfa • (n x Jm). (102) 

Collecting these results, we obtain finally 

a • / f > W J + Jm x Vi/- — - V^ j dv 

J Si-\ 
[-jart(n x H) + (n x E) x Vf + (n • E) V+] dS. (103) 

Since Eq. (103) must hold for every vector a, the integrals themselves 
must be equal. That is, 

-jUjmKn x H) + (n x E) x V^ + (n • E) v^] dS 

= / (jooM^J + Jm X Vi£ - - Vyfr ) dv - I [ - j*u^(n X H) 
y v \ « / J s,+ ...+s„ 

+ (n x E) x V^ + (n • E) V+] dS, (104) 
where for convenience we have split off the integral over the sphere X. 
In the limit as 2 shrinks down on P, this integral will depend only on the 
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field at P. Thus we have a relation between the field at P and a volume 
integral over the sources of the field, plus surface integrals involving the 
field itself. 

Next let us consider the integral over 2. On the surface of this 
sphere we have 

W) (rf)L„n^-(^+i)^n- (io5) 

The normal n is directed along the radius out from P. Let dXl be the 
solid angle subtended at P by an element of surface dS on 2; the surface 
integral can then be written 

/ , 
[ ] dS = - jr0e-^« / {ajM(n x H) + k[(a x E) x n + (n • E)n]) rffi 

- e->kr° / [(n x E) x n + (n • E)n] dU 

= - j47rr„e->'Ar° (o^n x H + kE) - 4«->'tr»E, (106) 

where the overline denotes the mean value of the function over the sur
face of the sphere. If now we let the sphere shrink to zero, the term 
containing r0 vanishes because by hypothesis the fieid vectors are finite 
in the neighborhood of P. At the same time E approaches EP, the value 
of the field vector at P. Thus 

lim / 
r„->0 J i 
lim / \]dS = -4 i rE P . (107) 
-„->0 J i 

In this limit the region V comes to include the whole of the region V, 
and Eq. (104) becomes 

EP = - ^ / (jco^J + In x V4> - P- vA dv 

+ ~ / [ - JaW(n x H) + (n x E) x V^ + (n • E) V$] dS. 
4 T J S, + S-.+ ...+S„ 

(108) 

The analysis follows the same course for the magnetic vector H, with 
the corresponding result: 

HF = - ^ / hWJ„ -JxW-jvAdv 

+ -^ / [jue(n x E)^ + (n x H) x V^ + (n • H) V+] dS. (109) 
4ir 7 S H _ ,Sll 

The fields at the observation point P have thus been expressed as the 
sum of contributions from the sources distributed through the region V 
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and from fields existing on the bounding surfaces. These latter surface 
integrals represent contributions to the field from sources lying outside V; 
specifically, the surface integral over a surface Si enclosing an exterior 
volume Vi represents the effect of sources within Vi. 

Each of the three terms in the surface integral can be correlated with 
a corresponding term in the volume integral according to the way in 
which the function 

p—jkr 

* = — (no) 

is involved. In Eq. (108), for example, (n x H), (n x E), and (n • E) 
enter the surface integral exactly as the electric-current density J, mag
netic-current density J„, and the charge density p, respectively, enter the 
volume integral; a similar correspondence will be observed in Eq. (109). 
Thus the effects of sources lying in an exterior region Vi, bounded by 
the surface Si, are represented formally as arising from a surface distribu
tion of charges and currents on the boundary Si, with surface densities 

K = (n x H), \ 
K m = - ( n x E ) , 

r, = «(n • E), I 
7)m = M ( n - H ) , / 

E and H being the fields existing over that surface. 
3-9. Field Due to Sources in an Unbounded Region.—We have now to 

consider the case in which the region V is unbounded and the sources 
of the field are confined to a region of finite extent. There is then only 
one boundary surface S„, which we shall at first take to be a sphere of 
large radius R about the point P, enclosing all sources of the field. Equa
tions (108) and (109) then reduce to a single surface integral over this 
large sphere S(R). 

Let Ri be a unit vector directed out along the radius of this sphere; 
that is, let Ri = — n. On introduction of this vector and the explicit 
form of )p, the surface integral of Eq. (108) becomes 

} - / [ - > w K n x H) + (n x E) x V4> + (n • E) V $ dS 
'1 r J S(ft) 

f j;a>M(Rt x H) - (jk + i ) [Ri x (Rx x E) 

(Rl. E)R !]} <qR
 dS = A f ^ j i u M [ ( R l x H) + ( i ) M 

4TT 

4lr 

E p~'kR 

l \ - R d S - <112> 
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If we now let the radius R become infinite, the surface of the sphere 
increases as R2. The surface integral will vanish as R —> °° if the fields 
satisfy the conditions 

lim RE is finite, 

lim R (Ri x H) + ©' 0. 

In the case of Eq. (109), the surface integral will vanish if 
lim BH is finite, 

lim R 
R^ oo [(;)"<*■ xE) - H = 0. 

(113a) 

(113b) 

(113c) 

(113d) 

Conditions (113a) and (113c) require that at large distances from the 
sources, the magnitudes of the field vectors decrease at least as rapidly 
as R~l. Conditions (113&) and (113d), the so-called "radiation condi
tions," ensure that all radiation across the bounding sphere consist of 
waves diverging to infinity. This may be seen as follows: Taking the 
scalar product of Eq. (1136) with Ri, we obtain 

lim (RE) • Rx = 0. 
R-

(114) 

The component of E in the direction Ri thus diminishes more rapidly 
than R~lm, we may say that E is perpendicular to Ri, to terms of the order 
of R~1. On the other hand, Eq. (113d) states that 

lim RH = 
R-^x, ■or (Ri x ER). (115) 

It follows that to terms of the order of R-1, H is perpendicular to both 
E and Ri and E and H are related in the same manner as in a plane wave 
progressing away from the center of the sphere S(R). 

If (as will be shown in Sec. 3-11 to be the case) the fields arising from 
sources confined to a finite region of space satisfy Eqs. (113) at infinity, 
then the surface integrals over the infinite spheres vanish and the field 
vectors in the unbounded region are given by 

EP = 

HP = i/F[«.^-j„»(^)-^(r=)] dv. 

(116a) 

(1166) 

The fields are expressed here entirely in terms of the sources. 
These fields can be expressed in terms of the current distributions 

alone by use of the equations of continuity [Eqs. (32e) and (32/)], which 
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relate the charge densities to the current distributions. Thus Eq. (116a) 
becomes 

i f T p~ ikr p—ikr (p— jkr\ 
dv. (117) 

Let i„, a = 1, 2, 3 be unit vectors in the x-, y-, and 2-directions, respec
tively. Then 

Now 

v - J ) v ^ = £ ( v . j ) A ( ? ^ ) i a (118a) 
a 

-D i-V-(J^^)- ( J-V ) v(£r) {ngb) 
a 

f V-(jf— )*>--[ n.jA£!'L = 0 (119) 77(B) \ dxa r ) JS(R)
 J dxa r I 

as soon as R is taken so large that S(R) lies outside the region to which the 
current distribution is confined. It follows that the first terms on the 
right of Eq. (118b) contribute nothing to the integral in Eq. (117). Thus 
we obtain 

•7 I IYT . T7\-rr I 7-2T _ „\ . ,T . . TTl e 

Similarly, for the magnetic field we obtain 

-jkr 
E , = - ^ - Jv [(J • V)V + k*J - juejm x V] ^ - dv. (120) 

U UP = - T ^ - / [ ( !„ • V)V + fc2J„ + j u M J x V] — dv. (121) 
4TTWM J v r 

3-10. Field in a Region Bounded by Surfaces of Infinitely Conductive 
Media.—A second case of importance is that in which the region V is 
bounded by surfaces St which are the surfaces of bodies of infinite con
ductivity and by the surface >S„ at infinity. We again assume that the 
fields at infinity satisfy the condition of Eq. (113). The integrals over 
<S„ in Eqs. (108) and (109) then vanish, and we have to consider only the 
integrals over the surfaces of the conductors. At the surface of an 
infinitely conducting body the boundary conditions of Sec. 3-3 are 

n x E = 0 , n • H = 0, | 

n . E = ? , n x H = K , j <122) 

■q and K being the surface distributions of electric charge and current 
Thus Eqs. (108) and (109) become 
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- c / a O ^ - ^ ) ^ (123) 

H ' — s / , ( ^ - - 7 V - J x V ) ? T : * ' 
iLKxV(rr)dS- (124) + 

I t will be observed that the expressions for the fields due to surface 
currents and charges could have been obtained from the volume integrals 

■ as limiting forms, on considering that the volume distribution passes 
into a surface-layer distribution. 

The results of this section will form the basis for the general theory 
of reflectors to be developed in Chap. 5. 

3-11. The Far-zone Fields.—Let us now return to the case of the 
unbounded region and examine in more detail the relations between the 
field solutions 

47TU6 J V 
[(J • V)V + F J - juejm X V] — do, (3-120) 

H>" = - A ^ : . / [(J- • v ) v + k*J~ + i<^J * v l ^y~ dv ( 3 1 2 1 ) 47TWJi 

and the radiation conditions developed in Sec. 3-9. 
These solutions are based on the assumption that the sources are 

confined to a finite region of space. Let us choose an origin in the neigh
borhood of these sources, and let p be the vector from the origin to the 
source element at the point x, y, z (Fig. 3-5). The vector from the origin 
to the field point P we shall write as BRi, Ri being a unit vector; similarly, 
rri will be the vector from the source element to the point P. 

In the integrands of Eqs. (120) and (121), the operator V acts on the 
coordinates of the source element, whereas the point P is treated as a 
fixed origin. For example, 

C^M^+O?11' (i25) 
and 

(J • ▼)▼ ( ~ ) = [ -fc2(J • rOri + ? (jk + -^ (J • rOf! 

- F ( * + 9]nr (126) 

Thus the integrands in these equations are power series in r~l; for the 
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first-degree terms in Eq. (120) we have 

iirut a< Jv 
[fc'J - k>(J ■ r , ) r i + W J m x r j ' 

-jkT 
dv. 

In evaluating these integrals we must take into account the variation of 
r and of the unit vector ri with the position of the source element. 

In general this offers serious diffi
culties, but simplifications can be 
effected if the field point is at a 
very great distance from the cur
rent distribution and the origin. 
First, the angle between the vec- -
tors Ti and Ri, which decreases 
with R~l, can be neglected; rj can 
be replaced by Ri in the integrals. 
Next, the factor r_ 1 in the inte
grand can be replaced by the con
stant R~i, from which it differs by 
the terms of the second order in 
R~1. The variation of r cannot 
be neglected wholly in the phase 
factor. Here, making use of the 
fact that ri and Ri are effectively 
parallel, we write 

r = R - g ■ R L (127) 

F I G . 3-5.—On the faT-zone field: (a) arbi
trary field point P; (6) simplifying relation
ships for a point in the far zone. 

With these approximations, Eqs. (120) and (121) take on forms valid 
for the far-zone fields: 

4TTR 

and 

H , = 

* /'\ I J - (J • RORi + (f) J™ x R , l e - W ' dv 

+ °(RK)' (128) 

4TT/? 
Afi / 

Jr ( J . • R,)R, ( ^ Y J x Ri e*e R' dv 

+ °{h} (129) 

The calculation of the terms of order R~* is tedious but straightforward 
and will be left to the reader. 

The integrals in Eqs. (128) and (129) are independent of r. Thus it 
is evident that KEp and RHP remain finite as R —» » , a s required by 



SEC. 311] THE FAR-ZONE FIELDS 89 

the boundary conditions [Eqs. (113a) and (113c)]. I t is further evident 
that the field vectors are transverse to the unit vector R i ; the J term in 
the integrand has a component in the direction of Ri, but this is always 
canceled by subtraction of the second term (J • Ri)Ri. A simple cal
culation shows that the radiation conditions [Eqs. (1136) and (113d)] 
are satisfied; for example, 

R1xH + Q)'2E = 
-Mm)H [J -

e—jklt 

Ml jr 
(J • RORi 

{ - . M R ! x J„) + M M ^ R I x (J x RO 

, M J m x RO} e+'*ff-R' dv = 0. (130) 

Thus, E and H are related as in a plane wave, being mutually perpendicular 
and in a plane normal to Ri. 

We must now examine the integrals of Eqs. (128) and (129) in a little 
more detail. We introduce the system of spherical coordinates R, 8, 
tf>, defined in Fig. 3-5, with polar axis along the z-axis. Let i9 andi^ 
be unit vectors having the directions of increasing 8 and <f> at the point 
P ; Ri is, of course, the unit vector in the radial direction. In terms of 
Cartesian components 

thus 

p = xiz + yiy + ziz, (131) 
Ri = sin d cos <j>ix + sin 6 sin <£i„ + cos 0i2; (132) 

g • Ri = (x cos <j> + y sin<£) sin 8 + z cos 8. (133) 

The components of the electric field vector along i<? and î  are easily 
found to be 

E$ — 

and 

Et = 

4 i r # ' 

4*R' 

i* I e>ke*' dv 

ivR e-WF^e,*) (134a) 

gjArff-R, dp 

4TTR 
*RFt{8,<}>). (1346) 

As indicated, the integrals are functions of only the angular coordinates 
8 and <j>. The components of the electric field and the resultant far-
field vector have the form to be expected for a source located at the 
origin. However, the far field is only a quasi-point-source field; the 
equiphase surfaces are not the family of spheres of constant R because 
the space factors Fi and F2 are in general complex. This is to be expected 
because the choice of origin was purely arbitrary. 
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The point-source character of the far field becomes more evident on 
considering the power flow in the far zone. The Poynting vector is 

S = I Re (E x H*) = i M-J Re [E x (Ri x E*)] 

' * (|£8[° + 1^1*)^ (135) 

2 

or 

where 

s = »?F»^)M*^* ) R l' (136) 

*(«,#) = |F i (e^) | 2 + \F,(0,4>)\*. (137) 
The power flow is radially outward from the origin, with an intensity of 
flow that falls off with the square of R and depends also upon 8 and<£; 
with respect to power flow the current distribution is, in effect, a directive 
point source at the origin. 

In discussing the power flow it is convenient to use, instead of the 
Poynting vector, the power P{d,<f) radiated per unit solid angle in the 
direction 6, <t>. This is given by 

P{6,4>) = B2 |S| = J L (tj' ¥ C 9 | 0 ) f ( 1 3 8 ) 

whiph is independent of the radial distance R. The angular distribution 
of the power flow may be represented graphically by a three-dimensional 
plot in spherical coordinates, in which the angular coordinates 6 and <j> 
are those of the direction of observation and the radial coordinate is 
proportional to P{6,<j>). I t is customary to normalize the maximum of 
the power pattern to unity. The resulting figure is spoken of as the 
"polar diagram" or "radiation pat tern" of the current distribution. 

The power distribution is also specified in terms of a gain function 
G(8,4>) with respect to an isotropic radiator, as defined in Chap. 1-; in 
terms of P{9,<t>) we have 

G{d,4>) = 

4ir Jo Jo P(6,<t>) sin 6ded<f> 

/ ; / ; 

±*m (139) 
*(6,<t>) sin 6ded<t> 

The maximum value of the gain function is termed the "absolute gain." 
In design specifications this is generally quoted in decibels above the gain 
of an isotropic radiator (which is unity): 

Gain in db = 10 logi„ [G(0,4>)], (140) 
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3-12. Polarization.—In the preceding section we have considered the 
separate components Es and E^, of the electric field vector in the far zone; 
we have now to note some properties of the resultant field vector. 

The factors Fi(6,<t>) and F2(8,<t>) in the expressions for Ee and E+ are 
in general complex quantities, which we may write thus: 

Fi(8,4,) (141a) 
(141b) 

Here the A's and 7's are real, and 71 and 72 are in general not equal. 
The vector EP is thus the resultant of a pair of time-periodic vectors 
E&e and E^ at right angles to each other, with relative amplitude and 

iV-—o„cosa 
a . cos & O 

(b) (0 
(a) 

F I G . 3-6.—Elliptical polarization: (a) orientation of the ellipse; (fr) right-handed polariza
tion; (c) left-handed polarization, with direction of propagation toward the reader. 

phase which vary with 6 and <f>. This resultant vector EP simultane
ously rotates in space and varies in magnitude in such a way that its 
terminal point describes an ellipse; the radiation field is elliptically 
polarized. To show this we note that the real parts of Ege+i"' and 
E^e'"1, as given by Eq. (134), are the real Ee- and ^-components of the 
electric field. These become, on use of Eqs. (141), 

Ee = U ' M ^ ' 0 ) sin {wt -kR - 71) = ae sin (wt - kR - 71), (142a) 

E* = " M
4 p' s i n (">< ~ kR ~ T2) = «* sin (U - k R - i i - S), (1426) 

where 5 = 72 — 71 is the phase of E^ with respect to Ee. Expanding 
the sine term in E+ and eliminating the terms involving wt — kR — 71, 
we obtain a relation between E& and Ee that holds at all times: 

E\ E% „ Ee Et . —f-\ f — 2 cos 5 = sin2 0. (143) 

This is the equation of an ellipse traced out by the terminus of the 
vector Ej=. The relation of the ellipse to the component vectors is shown 
in Fig. 3-6. The sense of polarization is defined for an observer watching 
the oncoming wave: The polarization is termed "right-handed" or "left-
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handed" according as the terminus of the vector EP traces out the ellipse 
in the clockwise or counterclockwise sense, respectively. 

If the phase difference <5 is an odd multiple of T / 2 and the amplitudes 
are equal, the ellipse becomes a circle; right-handed and left-handed 
circular polarization are defined in the same manner as for elliptical 
polarization. If the phase 5 is an integral multiple of ir, the ellipse degen
erates into a straight line traced out by a linearly polarized resultant. 

As 0 and <t> are varied, both 8(6,<j>) and En/Ef, will vary; the polariza
tion of the radiation from an extended source may change from linear 
to elliptical to circular and back again as one changes the direction of the 
observation. 

3-13. The Electric Dipole.—In the preceding sections we have seen 
2 how a radiation field arises from a 

distribution of time-varying currents. 

J We now turn to a discu'ssion of some 
T special idealized current distribu-

o i ry . i tions and their associated electromag-
i - / i - q I I netic fields, leaving aside the question 
/ of their physical readabil i ty. 

x . ... The most elementary form of 
, n TL , x ■ A- i is idealized radiator is the oscillating 

F I G . 3-7.—The electric dipole: (a) . t " 
mathematical dipole; (b) antenna repre- electric dipole (Fig. 37) . A dipole 
sentation of a dipole, I < < x. consists mathematically of a pair of 
equal and opposite charges, each of magnitude q, separated by an infi
nitesimal distance <5. If the vector 8 is directed from — q to +q, the 
dipole moment of the dipole is defined to be the vector 

p = qh. (144) 

An antenna equivalent to a dipole is shown in Fig. 3-7. I t consists 
of thin wires terminated in small spheres, the over-all dimensions of the 
structure being very small compared with a wavelength. The spheres 
form the capacitive element of the structure, and the charge at any 
instant can be considered to be localized on them. If the antenna is 
energized by a harmonic emf applied across the gap at the center, the 
charges on the spheres are given by 

q = q«ej"'; ' (145) 

the magnitude of the dipole moment of the antenna is 

p = gale'"' = p0e>»', (140) 
with amplitude 

Pa = qd-

Since I « X, the current at any instant may be taken to be the same at 
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all points along the wings of the antenna. The current / is related to 
the charge q by I = dq/dt = juq and to the magnitude of the dipole 
moment by 

V = | - (147) 

The electromagnetic field set up by a dipole is best described in 
spherical coordinates with the origin at the center and the polar axis 
along the axis of the dipole (Fig. 38) . The derivation of the field will 
be found in any text on electromagnetic theory;1 we shall simply state 
the results: 

ET 

Et 

H& 

2w<i\r 

- ( -

4ir \r2 

cosfl poe'(at 

I sinfl p0e'{a'-k,\ 

0-sin0 p0e'(' 

(148a) 

(1486) 

(148c) 

As a consequence of the axial symmetry of the radiator, the field is inde
pendent of <j>. I t can be resolved into three partial fields according to 
the dependence on r: (1) the 
"static field" varying inversely 
with r3, (2) the "induction field" 
varying inversely with r2, and (3) 
the "radiation field" varying in
versely with r. The static field 
is, in fact, that which would be 
computed for a static dipole with 
fixed moment poei("l~kr). The in
duction field is the quasi-station
ary-state field commonly observed 
in the neighborhood of circuit ele
ments at low frequencies; the 
magnetic component of the induc
tion field is that which would be 
calculated on the basis of the Biot-Savart law for stationary currents. 
At small distances from the dipole the static and induction fields predom
inate. At a distance, 

1 = A 
k 2*-' 

3-8.—Field of an electric dipole oriented 
along the 2-axis. 

r > 

the radiation field becomes the leading term, and at sufficiently large 
distances the static and induction fields become negligible relative to 

1 For example, .1. 
1941, Chap. VIII. 

A. Stratton, Electromagnetic Theory, McGraw-Hill, New York, 
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the radiation field. However, It is only at distances much greater than 
r = X/27T that one can entirely neglect the static and induction fields. 

The radiation field represents a flow of energy away from the dipole. 
There is no corresponding energy loss in the static and induction fields; 
the energy associated with these fields pulsates periodically back and forth 
between space and the antenna and its associated circuit just as do the 
energies in capacitances and inductances at low frequencies. The far-
field Poynting vector computed by Eq. (43) arises entirely from the r~l 

terms in the fields. I t is 

120° 

S=§^M sin2 6 ir, (149) 

0° 
Fio, 3-9.—Meridional polar diagram of the 

power pattern of an electric dipole. 

where ir is the unit vector in the 
outward radial direction. 

The dipole is a true point 
source because the equiphase sur
faces are spheres with centers at 
the origin; it is directive because 
the intensity of the field varies 
with the direction of observation. 
The power pattern of the dipole is 
independent of azimuth <j> and is 
sufficiently represented by a cut 
in any one meridian plane, like 
that shown in Fig. 3-9. In design 
characterize such cuts in the specifications it is customary to 

three-dimensional polar diagram by two widths if they exist: (1) the 
"half-power width" ©, which is the full angle in that cut between 
the two directions in which the power radiated is one-half the maximum 
value, and (2) the "tenth-power width" @ (TV), the angle between the 
directions in which the power radiated is one-tenth of the maximum. 
These widths for the meridional polar diagram of an electric dipole are 

0 = 90°, 
6 ( A ) = 146°. 

Since the pattern is uniform in azimuth, the polar diagram in a cut taken 
normally to the dipole axis is a circle. The gain function of the dipole 
[Eq. (139)] is 

G(B,4>) = I sin2 6, (150) 

and the absolute gain is 

Gm= (1) = 1.76 db. (151) 
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The impedance presented by the dipole to its feed line consists of a 
resistive component and a reactive component. We shall here consider 
only the resistive component, which corresponds to the power dissi
pated by the dipole. There are two elements in the power dissipation: (1) 
ohmic losses in the conductors of the dipole structure and (2) power 
radiated to space. In the idealized case, to which we restrict ourselves, 
the dipole consists of perfectly conducting elements. There is then only 
radiation loss to consider; the resistive component of the impedance is its 
radiation resistance. Let P be the average power radiated per unit time. 
The radiation resistance Rr is denned by 

P = i|/o|2fir, (152) 

where Io is the maximum value of the current. The radiated power P 
is computed by integrating the Poynting vector [Eq. (149)] over a com
plete sphere. By use of Eqs. (147) and (152) the radiation resistance is 
then found to be 

*-£(?)"• 
3-14. The Magnetic Dipole.—The magnetic counterpart of the electric 

dipole antenna is a current loop with radius 
small compared with the wavelength (Fig. 
3-10). Such a current loop is equivalent to a 
magnetic dipole along the axis normal to the 
plane of the loop; this axis has been taken to 
be the z-axis in the figure. If I is the current 
in the loop and A is a vector normal to the 
loop, with magnitude equal to its area, the 
magnetic moment at any instant is 

_ j . . . . . F I G . 3-10.—Magnetic di-
™ . /A. (vlD'±J pole antenna: current loop and 

equivalent magnetic dipole. 
If 70 is the amplitude of the time-periodic cur
rent and mo the corresponding amplitude of the magnetic moment, the 
magnitude of the magnetic moment is given by 

m = IoAe'"' = m0e'"'. (155) 

The direction of the dipole in relation to the direction of the current is 
shown in Fig. 3-10. 

The field of the magnetic d ~>ole, like that of the electric dipole, is 
most conveniently described in spherical coordinates. The field com
ponents are 

E* = £ (£f (I - kri) sin e m°e^'-kr)> (156a) 
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HT 

He 
1 0-

-,+ 
+ 

jk\ 

# 

cosfl mQe' 

sinB nioe' (.ut-kr) 

(1566) 

(156c) 

As with the electric dipole, the field is independent of the azimuth 
angle 4>. Comparison of Eqs. (156) with the electric dipole field [Eqs. 
(148)1 will show that the roles of E and H are interchanged. With minor 
revisions required by this interchange, the discussion of the electric 
dipole as a directive point source can be carried over to the magnetic 
dipole. The power patterns are identical, and the absolute gain of the 
magnetic dipole, like that of the electric dipole, is 1.76 db. The radiation 
resistance of the loop is found to be 

Rr ftrW 
k'AK (157) 

The reader should note that the far-zone fields of the electric and 
magnetic dipoles show the general properties mentioned in Sec. 311 . 
In particular, he should note that in the far zone (and there only) 

H G)' (ir x E ) ; (158) 

E and H are mutually perpendicular and lie in a plane transverse to the 
direction of propagation. 

3-15. The Far-zone Fields of Line-
current Distributions.— We shall next 
compute the far-zone fields due to a time-
periodic current in a thin straight wire 
extending along the z-axis from z = —1/2 
to z = +Z/2, that is, along the polar axis 
of the r, 8, <f> coordinate system. We 
shall allow the length of the wire to be 
comparable to a wavelength or even equal 
to a number of wavelengths. The phase 
differences between the currents at sepa
rated points on the wire will then lie sig
nificant, and we shall need to consider the 

current to be a function of position along the wire: 

I = I(z)e''"% (159) 

Since the properties of the field in the far zone arc those of a plane 
wave, it will be sufficient to calculate the electric field intensity. In 
Eqs. (134) we can first of all discard the magnetic-current density J,„. 

F I G . 3-11.—Far-zone field of a 1 
current distribution. 
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We note further that J • i* is zero; consequently, 

#+ = 0. (160) 

By Eq. (133), with x = y = 0, p ■ Ri is simply z cos 0, and the volume 
integral for Eg degenerates into a line integral: 

fl/2 
Eo=-ir^>e~m\ I{z)i,-iee''"°''6dz, (161a) 

47rtt / _ ; / 2 

#« = + .%e-'tK / 7(s) sinfle'"*2™"1^ 
47T« J -1/2 

= | ^ | e-**F(6). (1616) 

(As usual, the time factor e'at is understood implicitly.) 
Again, because of the axial symmetry of the radiator, the field is 

independent of the azimuth angle 4>. As with an electric dipole, the 
electric-field vector lies in the meridian plane; the magnetic-field vector 
is at right angles to this, parallel to î ,. The function F(8), known as the 
"form factor" of the field pattern, will in general be complex; the equi-
phase surfaces are not spheres of constant R. 

The integral expression in Eq. (161&) admits of an interesting inter
pretation. On comparing the integrand with the far field of an electric 
dipole [Eq. (148)] it will be noted that the integral can be interpreted 
as a sum of the fields of a distribution of dipoles along the wire, the dipole 
moment dp associated with the element of conductor dz at the point z 
(Fig. 311) being given by 

dp = l-I{z)dzil. (162) 

In superposing the component fields at the field point one must, of course, 
take account of the phase differences between the contributions from 
different dipole elements, due to the differences in path length to the 
field point. If A is the path difference between two elements, the phase 
difference is 2wA/\ — kA. Taking the origin as a reference point for 
path length, the path difference corresponding to a point z on the wire 
is A(z) = z cos 8; hence the phase factor e'*'00*6 in the integrand. It will 
be noted that Eq. (162) is essentially the relation between the current 
and dipole moment set down in Eq. (147). 

The precise form of the current function I(z) can be controlled by 
changing the point at which the driving voltage is applied to the wire 
and the way in which the wire is terminated. We shall now consider 
the case in which the wire is driven at the center, for example, by a 
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parallel-wire line feeding across a small gap a t the origin, and there is 
no load a t t he ends of the wire. I n th i s case the cur rent is necessarily 
zero a t t he ends of t he wire; i ts d is t r ibut ion along the wire can a lways 
be expressed as a sum of s t and ing waves , each of which vanishes a t the 
ends. Such s tand ing waves have the form 

Im(z) — Io(m) cos • m = 1, 3, 5, 
(163) 

Im(z) — Io(m) sin —=—, m = 2, 4, 6, 

where Io(m) is t he va lue of the cur rent a t a cur ren t an t inode . In general 
t h e cur ren t will consist of a superposi t ion of s t and ing waves. I t will, 
however, consist of a single s t and ing wave if I = mX/2; this is the case 
which we shall t rea t . Subs t i tu t ing the corresponding I(z) in to E q . (1616), 
one finds with l i t t le difficulty 

. M Zo(m) sin - s~ 

E$ 

(0 2TTR 

(m i A 

T~ cos 7 sin B 

i Io(m) cos ; 

~2TTRT 
-jkh 

m = 1, 3 , 5, 

( raw „ \ 
-~ cos 6 I 

sin 6 
m = 2, 4, 

(164a) 

. (1646) 

The t e rm " fo rm f a c t o r " is here applied to the t e rms in bracke ts . T h e 
surfaces of cons tan t R a re equiphase surfaces; the far-zone field of a 
s tanding-wave cur ren t is t h a t of a t rue point source a t the center of the 
current d is t r ibut ion . T h e field in tens i ty in the equator ia l plane 6 = 7r/2 
is zero when m is an even integer because t he cur rent d is t r ibut ion is 
an t i symmet r i ca l wi th respect to the origin; the cont r ibut ions to the field 
from current e lements a t -\-z and — z are 180° ou t of phase a t po in t s in the 
equator ia l p lane a n d the re annu l each other . 

3-16. The "Half-wave Dipole ."—The most i m p o r t a n t l ine-current 
d is t r ibut ion in microwave a n t e n n a theory is t h a t with I = X/2. This is 
usually called the "ha l f -wave d ipo le"—a misnomer due, perhaps , to its 
d iminut ive s t ruc ture a t microwave frequencies and here re ta ined because 
of i ts convenience. On se t t ing m = 1 in Eq. (164a) we obta in the field 
pa t t e rn of this r ad ia to r : 

E, 4) h 
2*7? ' 

- G cos e 
s in d 

(165) 
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The corresponding power pattern is 

P(e,4>) \ej 8TT2 

(lcos °) 
sin 8 
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(166) 

The pattern differs only slightly from that of the electric dipole; it is 
uniform in azimuth and has its single maximum in the equatorial plane. 

I/(*) = /„ cos <-^) 

(a) 

180° 

F I G . 3*12.—The half-wave dipole: (a) current distribution along the wire; (o) meridional 
polar diagram compared with that of the electric dipole: — - dipole, — infinitesimal 
dipole. 

Figure 3-12 shows the meridional polar diagram in comparison with that 
of the dipole. The gain of the half-wave dipole is 

Gm = (1.65) = 2.17 db. (167) 

The slight increase in directivity over that of the electric dipole arises 
from the fact that at points off the equatorial plane there is partial 
destructive interference between contributions from different portions 
of the wire, which lie at different distances from the point of observation; 
this leaves the radiation in the equatorial plane relatively stronger. 

3-17. Superposition of Fields.—We shall often have occasion to deal 
with sources that consist of a number of separate current distributions. 
As long as the total system is confined to a finite region of space—the 
only practical case—this problem is in principle covered adequately by 
the general theory of Sees. 3-9 to 3-11. I t will, however, be useful to 
reconsider it from the point of view of the superposition principle stated 
<n Sec. 3-2. The total field is the sum of the component fields due to 
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each component current system. We shall confine our attention to the 
far-zone fields, existing at field points far removed from every source in 
the total system. 

The notation to be employed is illustrated in Fig. 3-13. We choose 
an origin 0 within the neighborhood of the sources; a primary system 
of rectangular coordinates x, y, and 2; and an associated spherical system 
r, 6, and <j>. The distance from the origin to the field point will, as before, 
be R; R0 is a unit vector in that direction. In connection with any of the 
component radiating systems, say the ith, we use a secondary coordinate 

IrJG. 343.—Superposition of fields. 

system, with axes parallel to those of the primary system and origin 0; 
within that source distribution at the vector position R, with respect to 
0. The polar coordinates of the field point P in this secondary coordi
nate system will be denoted by r,-, 6it <£;. 

As in the general discussion of far-zone fields, we may consider all 
the OiP to be parallel to OP and all the #,, 4>i to be equal to 6 and <t> respec
tively. Furthermore, the field due to the ith radiating system can be 
expressed in terms of an equivalent quasi-point source at 0,. That is, 
the component fields are, by Eqs. (134), 

Eg, = 
471-7-; J V j 

47T7\ 

; ) " 
gjie-Ro ,jv 

e-^.Fu(d,&, (168a) 
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and 

B« = - ^ ; W J J < ' ** - CO* u •'■] e"'R" * 
= _ > ^ e - ; ^ F 2 i ( 0 , 0 ) . (1686) 

45rt\ 
The total field is obtained by summing the component fields. We 

note, however, as in the discussion in Sec. 3-11, that we can replace r"1 by 
R~x, with an error of the order of R~-; in the phase factors we can simi
larly write 

U = R - Ro • R;. (169) 

The total field is, therefore, given by 

4*R E6 = V E,t = - ££e-*»ffi(fl,*), (170a) 

where 

and 

where 

5,(0,0) = V fii(8,*)e»"-»'f (1706) 
i 

E* = V tf* = - g | e-*»ff,(fl,*), (171a) 
t 

fft(«,«) = V W + ) « * M ' . (171b) 
i 

The space factors tfi and ^2 are complex, and the discussion of polariza
tion in Sec. 3-12 applies without change. 

The problem is thus reduced to the superposition of quasi-point-
source fields arising from sources Oi and described by the space factors Fu 
and F2i. The composition of the over-all space factors ffi and EF2 in 
terms of these and the phase differences arising from the relative positions 
of the sources is a procedure useful in many other fields—for example, 
the theory of X-ray diffraction. 

3-18. The Double-dipole System.—The radiation patterns of com
pound systems are usually more directive than the patterns of the 
component systems; destructive interference between the fields of the com
ponent systems takes place in certain directions, constructive interference 
in others, with the consequence that the total power density changes 
more rapidly with angle and reaches more extreme values than does the 
power density for any component system. 

An important compound system with wide application to microwave 

E. G. & ft • ^ D B o v ,■—''' : : -
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antennas is obtained by superposing two half-wave dipoles. We shall 
here restrict ourselves to the case in which the dipole axes are parallel 
and the currents are of equal strength, though of arbitrary relative phase. 
We consider, then, two half-wave dipoles with centers at (0, —a/2, 0) 
and (0, a/2, 0) and axes parallel to the z-axis, carrying currents of ampli
tudes 7o and 1&~>* (Fig- 3-14). Since neither source gives rise to an 

F I G . 3-14.—The double-dipole system. 

^-component in the far field, the total field can have no such component. 
The space factors of the dipoles are alike, except for the current phase 
term e-1'^. Combining Eqs. (165) and (1706), we find the resultant field: 

Eg W 2x. 7T 
cos 

g/tRo-Ri - j_ g/ttR.-R.-*)]. ( 1 7 2 ) 

On making the substitutions 

Ro • Ri = — 0 sin 6 sin <j>, 

Ro ■ R2 = s s m 9 sin 4>, 

we obtain finally 

E, -ffl- -j[ifl+(*/2)l 

TR 

cos {l"»°) 
sin 6 

(tea 
cos I — sin 6 sin <£ 2) 

(173) 

(174) 

This is a dipole field modified by the presence of the last factor. The 
spheres of constant R are the equiphase surfaces; at large R the field is 
that of a directive point source at the origin midway between the dipoles. 
The pattern is symmetrical in <t> about 0 = tr/2 and in 0 about 6 = 7r/2; 
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that is, it is symmetrical with respect to the yz-plsme, which contains the 
dipoles, and the zy-plane, to which they are perpendicular. These 
planes of symmetry are known, respectively, as the principal 2?-plane 
and the principal //-plane of the radiation pattern. Since the pattern 
is a function of both 6 and <t>, a three-dimensional polar diagram is required 

+90° +80° 

0.8 

+70° +60° +70° +80° +90° 

0.6 

0.4 

0.2 
V 

>l§sLI?L-^ 

/ +50' 

+40° 

+30°+40° 

-90° -70° 

+20° 

+10° 

-50° -40° -30° -40° -50° -70° 
#=plane E=plane 

F I G . 3-15.—E- and /7-plane polar diagrams in the power pattern of the double-dipole 
system. 

for a complete presentation of its properties. However, in practice it is 
usually sufficient to consider the principal E- and //-plane cuts. 

The details of the pattern depend on the precise values of a and \f/. 
We shall here consider one special case, in which a = X/4, and ip = 7r/2. 
The form factor is then (except for constant terms) 

5(0,0) 
1 \2 COS V 

sin 8 
(1 — sin 8 sin 0) (175) 

The principal E- and //-plane cuts of the power pattern (proportional to 
the square of the form factor) are shown in Fig. 3-15. Only a small 
fraction of the power is radiated in the hemisphere to the left of the 
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zz-plane; no power is radiated in the negative {/-direction; maximum 
power in the positive {/-direction. In the negative {/-direction the radia
tion from the dipole at y = +a/2 must travel a distance greater by a 
quarter wavelength than the radiation from y = —a/2 with resulting 
phase retardation of 90°. Since the current in the first dipole is 90° 
behind that in the other dipole, the fields from the two dipoles are 180° 
out of phase and annul each other. In the positive {/-direction, the phase 
retardation in the field from the dipole at y = — a/2, due to the additional 
path length traversed, is just compensated by the 90° phase lead of the 
radiating current; the fields from the two dipoles are in phase and rein
force each other. Since each dipole has maximum field intensity in the 
a:j/-plane, this has the consequence that the maximum in the total field 
intensity lies in the +i/-direction. 

As a measure of the directivity of the power pattern, we may take the 
half- and tenth-power widths of the polar diagram in each of the principal 
planes. These are designated by 0 E and Qn(rn) for the £'-plane half- and 
tenth-power widths respectively; corresponding notation applies in the 
//-plane. For the system under consideration 

0* = 76°, 0 * = 180°,} 
e*(A) = 130°, 0 „ ( A ) = 252°. j {Ut)) 

3-19. Regular Space Arrays.—The double-dipole system is the sim
plest possible example of an important class of directive systems: regular 
space arrays of similar radiators. Let us consider a system of current 
distributions, identical in structure but perhaps differing from one another 
in over-all amplitude and phase. The radiating units need not be simple 
dipoles; they may be double-dipole systems or more complex current 
systems, but all must have the same orientation in space and be described 
by similar space factors Fi{B,<f>) and F2(6,4>), with respect to similarly 
situated origins O,-. Now let these radiating units and their origins O, 
be arranged into a space array at the intersection points of a three-
dimensional rectangular lattice (see Fig. 3-16). Let ai, &i, and a3 be 
the basis vectors of the lattice in the x-, y-, and j-directions, respectively, 
and let the extents of the lattice in these directions be Niah N2a2, and 
N3CI3. Choosing one of the corner elements of this lattice as a reference 
point, we can specify the position of an arbitrary lattice point O, by the 
relative-position vector 

R; = n,ai + n2&2 + n3a3, (177) 

where nlt n2, and n3 are integers less than or equal to JVi, N2, and Ar
3, 

respectively. We shall let the amplitude of the ith system be -4nin,ni 
and shall admit the possibility of a progressive phase delay in each of 
the three basis directions of the lattice: the phase of the z'th radiating 
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system, relative to the reference system, shall be 

ikimMii = » l ^ l + «2^2 + W3^3-

105 

(178) 

We need consider only the space factors CFi and $2 defined in Eqs. (1706) 
and (1716). The space factors Fu and F2i are independent of i except for 

* — - b f — 1 * 
i / 

J4---J*r—Hrf / 1 I .-t I y. i 

F I G . 3*16.—The space array. 

the constant multipliers A^lT.mfi~'*'v»K Accordingly, the space factors 
for the system as a whole are given by 

5,(9,*) = F1(d,4>)\(e,4>), 
ff,(fl,0) = F2(e,4>)A(e,<t>), 

where 
AT, N, AT, 

A.(0,4>) = ) ) ) AB1«„, exp j } n;(fcR0 • a ; - ^ ) 

Here 

ni = 0 ns = 0 nt = 0 

Ro • a i = a i sin 0 cos <t> = aiWi, 
Ro ■ B.2 = a2 sin 0 sin <j> = anti, 
Ro • &3 = a* cos 6 = aaua. 

(179) 

. (180) 

(181a) 
(1816) 
(181c) 

The total space factor is thus a product of the space factor for a radiating 
unit by a lattice factor. The lattice factor, it will be noted, is itself the 
space factor of a lattice array of isotropic radiators with relative ampli
tudes Aninm, and relative phases ^„,nB>1. 

If the radiating units all have the same amplitude, say equal to unity, 
the sums in Eq. (180) can be evaluated. The term on the right becomes 
a product of three factors: 

A(O,0) = AiAtAi, (182) 
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where 

gjni(kaiui-ti) 

This geometric series is easily summed. One finds 

A; 
gl(Wi+l/2K*aiUi-#i> 

Ni+ 1 {kaflii — yf/i) 

sin i(/cOiMi — \j/i) 
The power pattern of the space array is proportional to 

N2 + N2 

and is consequently given by 
P{e,4>) = P0(e,4>)\A(e,<ti\> 

(183) 

(184) 

(185) 

except for the multiplicative constants. 
of three factors, 

The second factor is the product 

|A*|! 
sin (Ni + 1) V X 2/ 

Sm (IT ~ 2) 

(i = 1, 2, 3), (186) 

each of the form sin 7Vz/sin x. Such a function has principal maxima 
at x = hr, h being an integer; if N is large, the maxima are very sharp, 
the function being only slightly different from zero between successive 
peaks. The composite lattice factor will then have its principal maxima 
only for those values of u, for which the three factors simultaneously 
achieve their maximum values, that is, when 

Ui = sin 6 cos <j> -(»■+£) £ 
\ 2 2 i r / 0,2 

- ( * • + £ ) * 

(187a) 

(187k) 

(187c) 

M2 = sin 8 sin 4> 

«3 = cos 8 

hi, hi, h3 being positive or negative integers. These conditions cannot 
be satisfied simultaneously by any choice of 8 and <j> for arbitrarily chosen 
hi, hi, h3; the possibility of simultaneously satisfying the three conditions 
is determined by the values of the phases fa and the lattice dimensions 
a;/X. Except when P0(8,<f>) has a zero in direction 8, <t> determined by 
the above conditions, the lattice space factor of a very large lattice deter
mines, essentially completely, the direction of the principal maxima in the 
total radiation pattern. 



CHAPTER 4 

WAVEFRONTS AND RAYS 

B Y S. SILVER 

The preceding chapter dealt with radiation fields in their direct rela
tion to the sources. It was found that the field represents a flow of 
energy outward from the region of the sources; also it was demonstrated 
separately that the energy flow in a time-varying field is a wave phe
nomenon. We now turn our attention to the study of wave propagation 
and the associated energy flow, without direct reference to the sources. 
Several simple waveforms have already been discussed: plane, cylin
drical, and spherical waves. In each case the wave was described by a 
family of equiphase surfaces or wavefronts, and the propagation of the 
wave was visualized as a progression of each wavefront into a contiguous 
one; furthermore, the energy flow at every point was in a direction normal 
to the wavefront. The main subject of this chapter is the extension of 
these ideas to general waveforms. 

4-1. The Huygens-Green Formula for the Electromagnetic Field.— 
We have now to consider the following problem: Given the values of the 
electric and magnetic field vectors 
over an equiphase surface, how can 
we determine the field vectors at a 
specified field point? 

The solution to this problem is, 
in fact, contained in the general 
integral of the field equations ob
tained in Sec. 3-8. Let the fields be 
specified over an equiphase surface S 
(Fig. 4-1) which encloses all sources 
of the field, and let P be the field point at which the vectors E and H are 
to be determined. We now apply the general relations of Eqs. (3108) 
and (3-109) to the region bounded by S and the sphere at infinity. Since 
the sources of the field lie outside this region, the volume integrals vanish 
and we have 

EP = ~ / [->M(n x H)* + (n x E) x V* + (n • E) Vtf dS (la) 

107 

F I G . 4-1.—On the Huygens-Green relation. 
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and 

HP = ]- / [ja>e(n x E)+ + (n x H) x V+ + (n • H) V^] dS, (lb) 
4TT _ / S 

where î  = e~ikr/r and n is the unit vector normal to S indicated in Fig. 
4 1 . These equations provide the solution of the stated problem. 

Equations (1) may be regarded as an analytical formulation of the 
Huygens-Fresnel principle, which serves generally as a basis for the study 
of wave propagation. The Huygens-Fresnel principle states that each 
point on a given wavefront can be regarded as a secondary source which 
gives rise to a spherical wavelet; the wave at a field point is to be obtained 
by superposition of these elementary wavelets, with due regard to their 
phase differences when they reach the point in question. Equations (1) 
specify the nature of the wavelets arising at the various points on the 
equiphase surface;1 as was pointed out in connection with Eq. (3-111), 
the sources of the wavelets can be regarded as surface layers of electric 
and magnetic currents and charges. 

For the further purposes of this chapter it is desirable to write the 
surface integrals in somewhat different form. By means of a rather 
laborious calculation they can be transformed into 

jtp = __L [LM-zfljs 
4x J S \ dn dn/ 

and 

4T J s \ dn dn/ 

respectively.2 Relations of the same form must, of course, hold for the 
1 A comprehensive treatment of Huygens' principle and its application to scalar 

and vector waves has been given by Baker and Copson, The Mathematical Theory of 
Huygens' Principle, Oxford, New York, 1939. It should be noted that the integral 
expression for the fields, and hence the interpretation of the sources, is not unique; 
it is possible to add xo Eqs. (1J any surface integral that is equal to zero. This is 
actually done in making the transformation from Eqs. (1) to Eqs. (2) in this chapter. 

2 This transformation can be effected only if the surface S is completely closed; 
otherwise additional terms appear. The results can be obtained by a simpler and for 
our purposes more useful procedure than by direct transformation of Eqs. (1). It was 
shown in Sec. 3-6'that in a source-free region each rectangular component of a field 
vector satisfies the scalar Helmholtz equation 

V2« + k2u = 0. 

The integration of this equation can be performed by means of Green's theorem in a 
manner analogous to that by which we integrated the field equations. The scalar 
Green's theorem states that given two continuous scalar functions F and G l iving 
continuous first and second derivatives in a region V such as was illustrated in Fig. 34, 
then 

(2a) 

(2b) 
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components of E and H in any rectangular coordinate system. We can 
therefore develop most of our considerations in terms of the scalar 
relation 

~--c/.(*£-S)* <»> 
where u will stand for any one of the rectangular components of E or H. 

Equation (3) can be regarded as the mathematical expression of 
Huygens' principle for a scalar wave; the resultant wave amplitude at P 
is again expressed as a sum of contributions for the elements of surface 
dS. The first part of the integral is a summation of terms of the form 
(e-'kr/r)(du/dn) dS—a summation of the amplitudes of isotropic spherical 
wavelets arising from sources of strength proportional to (du/dn) dS on 
the surface elements dS. The second part of the integral can be inter
preted similarly. We note that 

( e~'kr\ ( l \ e~'kT 

—) cos (n,r) = -\jk+-rj — cos (n,r), 
tn = TA ~— ) C0S (n'f) = - U* + I ) — cos (n>r)> W 

because the field point P is the origin in the integral formulation. The 
second part of the integral is thus a summation of anisotropic wavelets 
from sources of strength proportional to u dS on the surface elements dS. 
The directivity of the sources is expressed by the factor cos (n,r); each 
wavelet includes a term for which the amplitude falls off with r - 2 , like 
the induction field of a dipole source. Substituting this result into Eq. 
(3), we obtain 

Up = - £ 
1 f e-'kr [ / l \ 
^js~r\jk + r-)cos{n'r) 

du 
dn dS. (5) 

Despite the arbitrary feature of the integral formulations pointed out 
in the footnote on page 108, we shall consider the Huygens-Green rela
tions [Eqs. (1) and (5)] as the analytical formulations of the Huygens-
Fresnel principle for electromagnetic and scalar waves respectively. I t 

f (FVG - GV*F) dv = - f (F— - G s« 
The co vention as to the direction of n is the same as shown in the figure. Let F be 
the spherical wav* function •/• = e-'k'/r and G the function u satisfying the Helmholtz 
equation for the same value of k. The field point P is again surrounded by a sphere 2, 
the radius of which later is allowed to approach zero. In the region bounded by 
«S, . . . .S„ and 2 the volume integral vanishes. The details of the limiting process 
that is then applied to 2 follow very closely those for the vector case; the result gives 
the value of u at the field point P, namely, 

= ~ik...a. (*is-tti9dS-
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should be emphasized that according to the Huygens-Fresnel principle, 
there is no one-to-one correspondence between the field at the point P 
and the field at any point on the wave surface; the field at P is an inte
grated effect of contributions from every point on the wave surface. 

4-2. Geometrical Optics: Wavefronts and Rays.—The Huygens-
Fresnel principle, as expressed by the Green's theorem integrals, gives a 
rigorous solution of the wave equation. It is frequently convenient, 
however, to approach the subject of wave propagation from the less 
rigorous point of view of geometrical optics, in which attention is focused 
on the successive positions of equiphase surfaces, or wavefronts, and an 

associated system of rays. 
L(x,y,z)=LQ + SL L e t t n e wavefront at time h 

be the surfaceL{x,y,z) =L 0 ofF ig . 
4-2 and the new wavefront after 
passage of a very short time St be 
the surface L{x,y,z) = L0 + SL. 
Geometrical optics is then con
cerned not only with the form of 
these surfaces but also with a 
point-to-point t r a n s f o r m a t i o n 
from one wavefront into the suc
ceeding one. This is, of course, in 
fundamental contrast to the point 
of view of the Huygens-Fresnel 
pr inciple . 1 The point-to-point 
correlation of the wavefronts is 

established by the "rays," a family of curves having at each point the 
direction of the energy flow in the field. In the case of electromagnetic 
waves, a ray can be traced out by proceeding at each point in the direc
tion of the Poynting vector at that point. The rays are nearly normal to 
the wavefront—exactly normal in the wave systems to be discussed in this 
volume—and pass through corresponding points in successive wavefronts. 

In an arbitrary medium the wave field is characterized by a ray 
velocity and a wave velocity at every point. The ray velocity is the 
velocity of energy propagation; it is represented at each point by a vector 
that is tangent to the ray passing through that point. The wave velocity, 
on the other hand, is always normal to the wavefront; it is the rate of 
displacement of the wavefront in the direction normal to that surface. 
Thus if v(x,y,z) is the wave velocity at a point (x,y,z) of the first wave-

1 T rea tmen t s of geometrical optics as a self-contained theory are given by J. I.. 
Synge, Geometrical Optics, Cambridge, London, 1937, and by Ph. F rank and V. Mises, 
Differential-gleichungen der Physik, Vol. I I , Chap. 1, reprinted by Mary S. Rosenberg, 
New York. 1943. 

F I G . 4-2.- -On the propagation of a wavefront 
in geometrical optics. 
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front in Fig. 4-2, tne vector v St will extend from that point to the cor
responding point on the second wavefront. The case illustrated is that 
of an inhomogeneous medium in which v(x,y,z) is a function of position. 

In an anisotropic medium the ray velocity and wave velocity differ, 
in general, both in magnitude and direction; in isotropic media the 
ray velocity and wave velocity are identical. We shall here restrict our 
attention to isotropic but possibly inhomogeneous media; more gen
eral discussions will be found in the references of the footnote on page 110. 
As a result of the identity of the ray velocity and wave velocity, the rays 
in an isotropic medium make up a family of curves orthogonal to the 
family of wavefronts; the energy flow at any point is normal to the wave-
front passing through that point. 

The form of the wavefronts and rays can be determined as soon as the 
function L{x,y,z) is given. This function is not uniquely determined by 
the foregoing remarks. We shall, in addition, require that it be chosen so 
that the wavefront L(x,y,z) = La shall be one of constant phase (u/c)L0 
relative to the phase at some chosen point. The function L(x,y,z) thus 
defined is of basic importance in the analytic theory of geometrical optics. 
I t satisfies a differential equation which we shall now derive. 

The phase increment between the two successive surfaces of Fig. 4-2 
is (OJ/C) SL. Moreover, since the wave proceeds from one surface to the 
next in time St while the phase at any fixed position changes at the rate 
oi, this phase difference must be uSt. Finally if 5s„ is the distance between 
the surfaces at (x,y,z) and v is the wave velocity at that point, we have 

- SL = u St = a (6) 

However, we must also have 

SL = \VL\ Ss„. (7) 
I t follows that 

\TL\ =C- = n, (8) 

where n is the index of refraction—in general a function of position in the 
medium. The function L must therefore satisfy the differential equation 

w-(£)■+&)■+(§)'-* 
4-3. Curvature of the Rays in an Inhomogeneous Medium.—In a 

homogeneous medium the rays are straight lines; in an inhomogeneous 
medium they have a curvature that we shall now compute. Let s be a 
unit vector in the direction of the ray at a chosen point. This is normal 
to the wavefront and must have the direction of VL; so by Eq. (8) we 
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have then 

8 = ^ - (10) 
n 

Let N be a unit vector in the direction of the radius of curvature of the 
ray at the same point and p the radius of curvature; the vector curvature 
of the ray is then N/p. This curvature, however, is also given by ds/ds, 
where s is distance measured along the ray. By the vector identity 

d<i 
7- = (s- v)s = - s x (V x s ) (11) 
as 

we have then 

- = - s x (V x s ) . (12) 
P 

On taking the scalar product with N, Eq. (12) becomes 

- = - N • (s x V x s) = - ( N x s) • (V x s). (13) 

P 

Using Eq. (10) to compute V x s, and replacing v( 1 by — (l/n)V(ln n) 

we obtain finally 

- = N - V(ln n). (14) 
P 

Since the radius of curvature is an essentially positive quantity, it 
follows from Eq. (14) that the rate of change of the refractive index in 
the direction of the radius of curvature is positive; that is, the ray bends 
toward the region of higher index of refraction. In a homogeneous 
medium where n is independent of position, the right-hand side of Eq. 
(14) is zero, the radius of curvature is infinite, and the rays are straight 
lines. From Eq. (12) it follows also that in a homogeneous medium the 
vector field of the rays satisfies the condition 

V x s = 0. (15) 

This is a sufficient condition for the existence of a family of surfaces 
orthogonal to the field of vectors s. 

4.4. Energy Flow in Geometrical Optics.—Consideration of the rays 
leads to a simple hydrodynamic picture of the energy flow. It was 
pointed out previously that the rays are lines of flow of energy. Let us 
consider the two wave surfaces L\ and L2 of Fig. 4-3 and a tube of rays 
that cuts out elements dA i and dAi on the respective surfaces. No power 
will flow across the sides of the tube; the flow across any section normal to 
the tubes will be constant. If S is the rate of flow per unit area, the con
dition of constant power flow through the tube is 

Si dAt = S2dA2. (16) 
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In the case of electromagnetic waves the quantity S is the magnitude of 
the Poynting vector; we shall assume that as in the case of plane and 
cylindrical waves (Sec. 3-7) 

8 - \ ( j ) ' 2 \E\K (17) 

If the permeability M is independent of position, the relation between the 
electric amplitudes at dAi and dA2 is 

t^E^dAt = t2v>\E2\2 dA2. (18) 

In terms of the refractive index n = (t/eo)}i we have 

n1\El\2dAl = n^E^dAi. (19) 

Unlike the Huygens-Fresnel principle, geometrical optics sets up a one-
to-one correspondence between the amplitude at one field point and the 
amplitude at another. 

F I G . 4-3.—Energy relations in geometric optics: (a) tube of rays in an inhomogeneous 
medium; (b) relations between wavefronts in a homogeneous medium. 

It will be of interest to apply Eq. (19) to the case of a homogeneous 
medium in which the rays consist of straight lines. The segments of 
rays between the wavefronts L\ and L2, as shown in Fig. 4-36, will have 
equal lengths p. Let the ray through the point A on surface Li be the 
z-axis, and let the xz- and yz-pl&nes coincide with the principal planes 
of L i at A. A ray through an adj acent point B lying in L i and the xz-plane 
will intersect the ray through A at the point 0X, at a distance Ri which is 
one of the principal radii of curvature of Lt at point A; a ray through an 
adjacent point C in the j/z-plane will similarly intersect the ray through 
A at the point Ov, at a distance R2 which is the second principal radius 
of curvature of Li at A. The radii of curvature will be considered to be 
positive if the centers of curvature lie on the negative z-axis, as shown. 
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The point A' on the surface L2 lies on the ray through A. I t can be 
shown that the principal planes of L2 at A' are coincident with those of 
Li) through A' we can pass coordinate axes x', y' which correspond to the 
axes of x, y, respectively. It is obvious that the principal radii of 
curvature of the surface L2 at the point A' are Ri + p and R? + p. 

Let us now consider an element of area dA 1 which includes A and is 
bounded by the curve r . The rays through the curve intersect L2 in 
the curve r", which bounds an element of area dA2 around the point A'. 
These areas are given by 

dA, 

dA* 

J , . {xdy - ydx), 

9) , (x' dy' — y' dx'). 
(20) 

It is evident from the figure that the coordinates of corresponding points 
(x,y) a.nd (x',y'), near A and A' respectively, are thus related: 

' = Kl +_£ X ~Rl X 

, Ri + p 
y = —RT y-

Substitution of these relations into Eq. (20) gives the relation between 
the cross sections of the tube of rays at Li and L2: 

\(p + fl,)(p + R,) 

(21a) 

(216) 

dA2 = dA,. (22) RiR2 

Inserting this result into Eq. (19) and recalling that in the present case 
»i = nj, we obtain the relation 

\Et\ = !£•, JliRi 
■ P ) ( « » J)"- (23) 

KR< +p)(R2 + p)\. 

When ffi and R2 are both finite and the surface L2 is so far from L\ that 
p » R\ and R%, this reduces to 

\Ej\ 
P 

I P 1 \R\R7. (24) 

This last relation will be of use to us in the discussion of scattering of 
radiation by curved surfaces. 

4-5. Geometrical Optics as a Zero-wavelength Limit.—We shall now 
investigate the relation between geometrical optics and the field equa
tions,1 taking up in the succeeding section its connection with the 

1 The subject is treated from the point of view of the1 scalar wave equation by I*. 
Debye, Polar Molecules, Chap. 8, reprint by Dover Publications, New York, 1945; 
also in the article by A. Sommerfeld in Ph. Frank and V. Mises, ] )iffeieidialgleichungeiL 
der Physik, Chap. 20, reprint by Mary Hosenherg, New York, 1943. 

file:///R/R7
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Huygens-Fresnel principle; the analysis will be confined to homogeneous 
media. 

A careful review of the ideas of the preceding sections will make it 
evident that geometrical optics is based on the idea that a wavefront 
behaves locally like a plane wave. The corresponding solution to the 
scalar wave equation is 

u = A(x,y,z)e^l-k»Li-z*-zS>\ (25) 

where k0 = 27r/X0, A (x,y,z) is the amplitude of the wave (usually a func
tion of position) and L(x,y,z) is the characteristic function defining sur
faces of equal phase. We are here concerned with a linearly polarized 
electromagnetic field and must consider the vector counterparts of this 
solution. Let us then investigate the possibility of satisfying the field 
equations by electric- and magetic-field vectors having the form 

E = a(x,y,z)e-''k«L^"''\ (26a) 
H = ^(x,y,z)e-'k°L<-'-v-c\ (26b) 

The amplitude vectors a and (3 may be complex, but their phases in that 
case must be independent of position. 

On substituting these expressions into the homogeneous forms of the 
field equations [Eqs. (3-32)], it will be found that the amplitude and 
phase functions must satisfy the relations 

5 = ~ ( T L x « ) - i - ( V x a), (27a) 

„ = _ *2 (VL x ?) + -1 (V x &). (27b) 

On eliminating (J from Eq. (276) by means of Eq. (27a) and replacing 
ko by u(ntjto)y: it will be found that a must satisfy the equation 

a = - —, [VL(« • VL) - a\VL\*-] + ^Xr IVL x (V x a) 

+ V x (VL x a)] + -~ 2 - [V x (V x «)]; (28) n-Ka 

n is again the index of refraction. Similarly, on eliminating « from Eq. 
(27a) we find that (? must also satisfy Eq. (28). 

If VL and the derivatives of o and (3 are finite, the last two terms on 
the right are of the orders l/ko and l/k\, respectively, as compared with 
the first. As X goes to zero, ka approaches infinity and the last two terms 
approach zero. For Eq. (28) and the analogous equation in [? to be 
satisfied under these conditions we must have 

a • VL = 0, (29a) 
? ■ VL = 0, (29b) 

|VL!2 = n\ (29c) 
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The last of these conditions is the differential equation for the charac
teristic function that was developed in Sec. 4-2. The first two conditions 
state that a and (5 must be transverse to VL; it follows that a and (3 lie 
in a plane transverse to the direction of propagation. Furthermore, 
Eq. (27a) can be written as 

»-G)"(?-)-^G)""">- (30) 

the second term being of order l/kB compared with the first. In the 
limit X —> 0 the second term vanishes. Since VL/n is a unit vector in 
the direction of propagation, we see that in the limit X —> 0, (J must be 
perpendicular to a as well as to the direction of propagation. It follows 
that the Poynting vector is normal to the wavefront and that its magni
tude is 

'*' - ( ; ) ' (31) 

to terms of the order of l/ka. 
We have thus seen that the field vectors of geometrical optics [Eqs. 

(26)] possess the properties which were shown in Sec. 3-11 to be possessed 
by the far-zone fields. In this region, at least, we may expect geometrical 
optics to serve as a reasonable approximation to the exact theory. 

I t should be emphasized that the terms of order l/k0 and l/k\ in 
Eqs. (28) and (30) may be considered negligible for short wavelengths 
only if the derivatives entering into these terms are finite. In the 
neighborhood of a geometrical focal point the function L varies rapidly 
and its derivatives assume large values; at the boundary of a geometrical 
shadow the amplitude varies rapidly. In these regions the geometrical-
optics approximation fails, and phenomena are observed that are not 
covered by the simple theory of wavefronts and rays. 

4-6. The Huygens-Fresnel Principle and Geometrical Optics: The 
Far-zone Approximation.—It will be instructive to investigate the rela
tion between the Huygens-Fresnel principle and geometrical optics to 
see under what conditions the point-to-point amplitude relation [Eq. (23)] 
that was obtained in Sec. 4-4 on the basis of the geometrical-optics con
cept of the flow of energy in tubes of rays can be derived from the 
Huygens-Fresnel principle in the limit of zero wavelength. The discus
sion will be restricted again to homogeneous media. 

For our present purposes it is sufficient to consider any one scalar 
component of a field vector; we therefore take as our starting point the 
scalar integral formula [Eq. (5)]: 

-s / / -rK i f c + r) c o s ( n , r ) + dS, (4-5) 
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where the surface S encloses all the sources of the field. In view of the 
results obtained in the previous section we confine our attention to 
the field far from the sources; the present section is directed toward the 
development of an approximation to Eq. (5) suitable for equiphase sur
faces in this region. 

In the far zone the field is a quasi-point-source field (Sec. 3-11); that 
is, the amplitude function takes the form 

u = — F{6,4>) + 0 [j2), (32) 

where p, 9, <f> are the spherical coordinates of a point in the far zone with 
respect to an arbitrary origin in the neighborhood of the sources. If n 
is the unit normal to S directed out from the region containing the sources 
(Fig. 4-1) and pi, 6i, <j>i are unit vectors in the directions of increasing p, 
6 and 4>, respectively, a t a point on S, the normal derivative of u on this 
surface is 

= n • Vu = n • I — pi + - -^ » H ^ a -r- <>i )■ (33) 
dn \dp p d6 p sin 8 d<t> / 

By use of Eq. (32) we obtain 

Vu = -jku9i + ^-ei+y£,l + F±-e
d£^ + 0 ( !) (34) 

In the far zone p » X; consequently 

Vu ~ —jkuQi, (35) 
and 

^ ~ -jku cos (n,pi), (36) 

providing also that the variation of the amplitude in the 8 and <p direc
tions is small compared to that in the radial direction. The integral 
relation thus becomes 

1 f e~'kT I u 1 
Up ~ j - U'A;M[COS (n,eO — cos (n,r)] cos (n,r) dS. (37) 

Finally, if we consider only field points P such that r ^> X for all points 
on iS, the last term in the integrand is negligible with respect to the first. 
We then have, as an approximation valid in the far zone, 

7 / e~ ikT 

Up « +- I M[COS (n,pi) - cos (n,r)] dS, r » X. (38) 
*\ J S T 

In the limit X —> 0 this equation can be applied with virtually no restric
tion as to the location of the field point P. 
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Equation (38) applies to any surface in the far-zone region that 
encloses the sources of the field. Let us now consider the surface S to 
be an equiphase surface and assume on the basis of the preceding section 
that the field can be expressed in the form of Eq. (25), 

u = A{x,y,z)e-'k«L{T'"''\ (4-25) 

I t was seen that in the limit X —> 0 this leads to a solution of the field 
equations such that the Poynting vector is normal to the equiphase sur
face. On the other hand, in the investigation of the far-zone fields in 
Sec. 3-11 it was found that neglecting terms of order 1/p3 the Poynting 
vector is in the direction of pi independent of the choice of the origin in 
the neighborhood of the sources. Consequently, if S is an equiphase sur
face, we have as an approximation valid for short wavelengths 

cos (n)Pl) ~ 1. (39) 

The integral relation [Eq. (38)] in this case reduces to 

UP = J - / M[1 - cos (n,r)] -'-'-dS. (40) 
£h J s T 

It will be recognized that Eq. (39) is tantamount to assuming that the 
equiphase surfaces do not differ widely from spheres about the source 
distribution. Also in view of the condition associated with Eq. (35) 
that p » X, the assumption is implied that the radii of curvature of the 
equiphase surfaces are large compared with the wavelength. 

A consideration of the normal derivative du/dn in terms of field 
expression of Eq. (25) shows an additional assumption, concerning the 
amplitude A(x,y,z), which underlies the use of the far-zone integral [Eq. 
(40)]. Taking Eq. (25), we have for the normal derivative of u on an 
equiphase surface 

£-(-* +it;} <"> 
In obtaining this result use is made of Eq. (29c). Substituting Eq. (41) 
into Eq. (5) shows that we pass from the latter to Eq. (40) under the 
condition that 

T ~^~ « "T-- (42; 
A dn X 

This is satisfied, of course, in the limit X —»0 provided that (1/A) (dA/dn) 
is finite everywhere. In the practical case, where the wavelength is 
small but not equal to zero, the contribution of (l/A)(dA/dn) can be 
neglected to a good approximation if the fractional change in amplitude 
over a distance equal to the wavelength is small compared with unity. 
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4-7. The Principle of Stationary Phase.—Equation (40) still expresses 
the field at point P as a superposition of spherical wavelets arising from 
every point on the equiphase surface. The transition to the geometrical 
optics result of Sec. 4-4 is carried through on the basis of the principle of 
stationary phase which we shall discuss in this section. 

Let the surface S of Fig. 4-4 be the equiphase surface and P be the 
field point. There are at least two points on S at which the normal to 
the surface lies along the line passing through P. Let N be the nearest 
of such points to the latter, and let NP be the z-axis of our coordinate 
system; the x- and y-axes are taken in the principal planes of curvature 

P(o, o, P) 

On the principle of stationary phase. 

of the surface at the point N. The surface is divided into segments Si 
and <S2 by the curve T along which the tangent planes to the surface are 
parallel to the z-axis. We shall assume that in each segment there is only 
one point at which the line of the normal passes through P. This condi
tion implies that P is not a focal point of the rays associated with the 
surface S. 

Denoting the distance NP by p, the integral of Eq. (40) can be 
rewritten as 

Up = L e-*, [ f ^ ~ c o s iM) l e-*c^> dx dy, (43) 
2X J Jsi+s* r cos (n,z) " v ' 

The integral is a sum of vector elements and can be treated graphically 
by the customary procedures of vector addition. The magnitude of the 
vector element contributed by an arbitrary element of surface dS is 
(w/r)[l — cos (n,r)] dS, and the angle between it and the vector from the 
element of area at the point Ar is (27r/X)(r — p). Consider now the con
tribution from an arbitrary portion of the surface as a function of the 
wavelength. If the wavelength is large, the angle between vectors 
from adjacent surface elements is small; the vector diagram in this case 
takes the form of a gradual curve, as is illustrated in Fig. 45a, and we 
may in general expect a resultant vector uR significantly different from 
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zero. On the other hand, if the wavelength is small, the angle between 
adjacent elements is large and the vector diagram takes the form of a 
tightly wound curve as is shown in Fig. 4-56. In the latter case the result
ant vector MB may in general be expected to be virtually zero, the more 
so as X —> 0. Thus, as a result of the rapid variation in the phase of the 

integrand of Eq. (43), we have de
structive interference and virtually 
complete cancellation between the 
spherical wavelets from an arbitrary 
portion of the phase surface. 

„,, The situation is different, how-
F I G . 4-5.—The vector representation 

of the Huygens-Fresnel integral: (o) the e v e r , fo r t h o s e p o r t i o n s of t h e s u r f a c e 
long-wavelength case; (b) the short- ; n t h e neighborhood of the point N 
wavelength case. 

on the segment <Si and the correspond
ing point on St. I t is observed that the phase function 

<t>(x,y) = r — p = [x2 + y2 + (p — z)2]'A — V (44) 
is stationary in the neighborhood of these points; at these points 

Consequently, in the neighborhood of these points the phase varies 
slowly, despite the short wavelength, and the vector diagrams represent
ing the contributions of the areas around these points take the form of 
Fig. 4-5a rather than that of Fig. 4-56. The stationary phase areas yield 
contributions to the integral [Eq. (43)] compared with which the con
tributions of other portions of the surface are negligible. We are thus 
led to the principle of stationary phase: For short wavelengths, the 
integral of Eq. (43) representing the effect of the whole surface S is 
negligibly different from the sum of the contributions of the areas about 
those points on S at which the phase has a stationary value. 

I t will be observed further that at the stationary point on the seg
ment 52, cos (n,r) = 1 and that the cos (n,r) will not be very different 
from unity over the area in the neighborhood of the stationary point in 
view of our earlier assumptions (Sec. 4-6) as to the nature of the surface. 
The contribution from this area is again zero, since 1 — cos (n,r) vanishes, 
and we are left then solely with the contribution of the area around the 
point N. The amplitude of the integrand of Eq. (43) may be considered 
constant—equal to its value at the point N— over this area, and Eq. (43) 
then reduces to 

«--i g—ftp f f 
w.v / / e-'k*dx dy, (461 

V J J sv 
where SN is a small area around the point N. 
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The equation of the surface in the neighborhood of N is 

Ri and Ri being the principal radii of curvature. Inserting this into Eq. 
(44), we find that to second-order terms the phase function over the 
area SK is 

*-X*&) " + *(?&)'■■ <"> 
this is to be inserted into Eq. (46). We may now, however, reverse the 
application of the stationary phase principle and argue that the integral 
of Eq. (46) may be extended over the infinite (x,i/)-domain with negligible 
error. We thus obtain 

».r I I P. 

with 

uP ~ f « » / / e 2 ax ay, (49) 
V J J -•> 

The integral of Eq. (49) can be transformed to Fresnel integrals, 

with the final result1 

1 The argument may be applied in general to integrals 

u = I I F(u,»)e-'*+<"■''> du dv 

over a region R in which F(u,v) has bounded variation in each, variable. If (uo,t>0) is 
a stationary point of the function <f> in the region R, and if the coefficients a and /3 
of the canonical form of d24> at that point, 

d*<t> = \(<*e + /V) , 
are both different from zero, the asymptotic value of the integral for large k is 

CO 00 

or, 

If <t> has more than one stationary point in the region, the total value of the integral is 
Obtained by summing the latter expression over the stationary points. 

The principle was formulated by Lord Kelvin, Math. Phys. Papers IV, 303-306 
(1910), for one-dimensional integrals; the latter has been discussed recently in a 
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p p |U 
Up « us , p , ' ' . . e-'*". (51) 

(fli + p)(Ri + p)\ v ; 

The amplitude relation is seen to be identical with that obtained on 
the energy flow basis. The factor e~'kp simply represents the phase 
change corresponding to the displacement of the wavefront $ along the 
optical rays to the wavefront containing the point P. 

4-8. Fermat's Principle.—We shall now return to the discussion of the 
methods of geometrical optics and shall consider several principles that 
underlie the design of reflectors and lenses. The first of these is Fermat's 
principle, which is often taken as the basic postulate in the development 
of the general theory.1 

Before stating Fermat's principle we must introduce the idea of 
"optical path length." The optical path length AL along a curve V 
between points Pi and Pi is defined by a line integral along this curve: 

AL = / n\ds\, (52) 

where n is the refractive index at the line element ds. 
This concept is intimately connected with the ideas discussed in 

Sec. 4-2. Between two adjacent phase surfaces L(x,y,z) = L0 and 
L(x,y,z) = Lo + 5L, there is an increment in the value of the character
istic function L which is, by Eq. (6), 

8L = - 5s„ = n &sn. (53) 

The distance Ssn between the two surfaces is a function of position, but 
the quantity SL = n Ssn is a constant; this, it will be noted, is the optical 
path length along any ray between the two surfaces. It follows imme
diately that the optical path length, as given by Eq. (51), is the same for 
every ray between any two wavefronts L(x,y,a) = L0 and L(x,y,z) = L\\ 
it is, in fact, 

AL = \U - U\. (54) 

Thus the characteristic function L(x,y,z) can be interpreted as the optical 
path length along a ray from the wavefront L(x,y,z) = 0 to the wave-
front in which the point (x,y,z) lies. 

rigorous manner by A. Wintner, J, Math. Phys., 24, 127 (1945). As yet, rigorous 
extension, to the two-dimensional case has not been made. The convergence of the 
integrals that is required for the process outlined here to be valid is assured in the 
case that a and 8 are both positive and k has a small negative imaginary com
ponent kt; the final result is then tp be interpreted as the limit (after integration) as 

1 Cf. J. L. Synge, Geometrical Ov/ics, Cambridge, London, 1937. 
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The idea of optical path length is not restricted in its application to 
rays. One can determine the optical path length between two points 
Pi and P 2 along any curve V whatever; its value will in general vary with 
the choice of r . Fermat's principle provides a method for using these 
values in selecting possible ray paths from Pi to P 2 from all other paths. 
It may be stated thus: 

Fermat's principle: The optical ray or rays from a source at a point 
Pi to a point of observation P 2 is the curve along which the optical path length 
is stationary with respect to infinitesimal variations in path. 

Usually the optical path along a ray has a maximum or minimum 
value with respect to neighboring paths. The inclusion of the plural 
possibility " r ays" in the above formulation of Fermat's principle is 

(a) (6) 
F I G . 4-6.—Notation for the derivation of Snell's laws: (a) reflection; (6) refraction. 

required to cover situations in which the point P 2 may be reached by 
rays from P i by a direct path or by reflection from surfaces at which 
there are discontinuities in the index of refraction. 

It follows directly from Fermat's principle that in a homogeneous 
medium (n = constant) the rays are straight lines. The optical path 
length is in this case proportional to the geometrical path length, and a 
straight line gives a minimum value for both. 

Fermat's principle can also be used in deriving Snell's laws of reflec
tion and refraction at the interface between two homogeneous media. 
Let us consider first the laws of reflection. Let the point 0 of Fig. 4-6a 
be the point on the reflecting surface M for which the optical path length 
from Pi to 0 to P 2 has a stationary value. The optical path must con
sist of straight line segments from P i to 0 and 0 to P2 , since these paths 
are in a homogeneous medium. The optical path length is then certainly 
stationary with respect to neighboring curved paths from P i to P 2 by 
way of M which leave the point 0 unchanged; but by our postulate it is 
stationary also with respect to straight-line paths with near-by reflection 
points 0'. Let us then consider a neighboring point 0', displaced with 
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respect to 0 by t Si, T being a unit vector in the tangent plane. We shall 
now compute the variation in optical path length as 0' is changed. 
Let Si and s2 (Fig. 4-6) be unit vectors in the direction PiO and OP2, 
respectively, and m the unit vector normal to the surface at O. Then we 
may write the vector PY0 as piSi and the vector OPz as p2s2. Similarly 
let Si + 5si and s2 + £s2 be unit vectors along the lines PiO' and O'Pi, 
respectively, and pi + Spi and p2 + 5p2 the lengths of these lines. The 
variation in optical path by way of 0' with respect to the path by way 
of the point O is 

SL = n(SPl + 5P2); (55) 

by our postulate this must vanish to terms of the first order in Si. From 
Fig. 4-6 it is clear that 

(pi + 3pi)(Si + Ssi) = piSi + -c SI, (56a) 
(p2 + 5p2)(s2 + 5s2) = p2s2 — * SI. (566) 

To terms of the first order we have then 

SpiSi + pi 5si = t Si, (57a) 
«p2s2 + p2 £s2 = - T SI, (57b) 

whence 
Spi = Si • x SI, (58a) 
Sp2 = - s s -tSl, (586) 

since Si • Ssi = 0. By Fermat's principle, then, 

SL = n(si - Si) • T 6̂  = 0 (59) 

for all variations Si; hence 

(S! - s2) ■ T = 0 (60) 

for every unit vector * in the tangent plane. This gives immediately 
the two laws of reflection: 

1. The incident ray, the reflected ray, and the normal to the reflecting 
surface all lie in the same plane. (The plane denned by Si and 
s2 is normal to the tangent plane.) 

2. The incident and reflected rays make equal angles with the normal. 
[cos (SI,T) = cos (s2 , t ) ; that is, the angles (Si,t) and (S3,T) are 
equal.] 

The law of refraction is derived in a similar manner in Fig. 4-66. The 
variations in actual length of the paths PiO' and O'Pi are given again by 
Eqs. (58); the optical path variation is, however, 

SL = «[ Spi + n2 Spi = (wiSj — n2s2)-1 SI. (61) 
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By Fermat's principle this again vanishes for every SI, whence 

(riiSi — n2s2) ■ t = 0 (62) 

for every vector T in the tangent plane. This implies the two laws of 
refraction: 

1. The incident ray, reflected ray, and the normal lie in a plane. 

2. »i cos (SI,T) = n2 cos (S2 )T), (63a) 

or in terms of the angles between the rays and the normal 
ni sin (m,Si) = n2 sin (m,s2). (636) 

Snell's laws of reflection and refraction are again an expression of the 
fundamental assumption of geometrical optics that the wavefront 
behaves locally like a plane wave; in addition, they assume that the 
boundary surface can be treated locally like its tangent plane. In field 
theory Snell's laws derive rigorously from application.of the boundary 
conditions of Sec. 3-3 only for the case of an infinite plane wave incident 
upon an infinite plane boundary.1 They follow in a good approximation 
from these boundary relations if the radii of curvature of the two wave-
fronts (incident and reflected or refracted) and of the boundary are large 
compared with the wavelength. 

4-9. The Law of the Optical Path.—Fermat's principle provides an 
independent formulation of optical rays from the method of the charac
teristic function L(x,y,z) and equiphase surfaces developed in Sec. 4-2. 
It was shown in the latter section that the rays are orthogonal to the 
equiphase surfaces, and it was observed further in the preceding section 
that the optical path along the rays between a pair of equiphase surfaces 
is a constant. The treatment of Sec. 4-2 applies, however, only to 
media in which the index of refraction is a continuous function of 
position. We shall now show that the system of rays arising by refrac
tion or reflection (in accordance with Snell's laws) at a boundary of 
discontinuity in the refractive index have associated with them a family 
of equiphase surfaces, so that the law of constant optical path holds for 
any pair of wavefronts, one a member of the incident system and one 
of the refracted (reflected) system. 

It was seen that in a homogeneous medium the rays are straight lines. 
A family of straight lines for which there exists a family of orthogonal 
surfaces is said to constitute a normal congruence. Thus, the rays 
defined in Sec. 4-2—the normals to the surfaces L(x,y,z) = constant— 
constitute a normal congruence. Let us now consider the problem of 
refraction or reflection, it being given that the incident system of rays 
form a normal congruence associated with a family of equiphase surfaces 

1 See M. Born, Optik, p. 15, reprint by Edwards Bros., Ann Arbor, Mich., 1943. 
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L(x,y,z) = constant. The first question is whether the refracted (or 
reflected) system of rays is likewise a normal congruence. This is 
answered in the affirmative by the theorem of Malus which we state with
out proof:1 

Theorem of Malus: A normal congruence after any number of reflections 
and refractions is again a normal congruence. The system of refracted 
rays thus has associated therewith a family of orthogonal surfaces. 

We shall now investigate the optical path along the rays between a 
member of the incident wavefronts and a member of the surfaces ortho
gonal to the refracted system of rays. Let Li of Fig. 4-7 be a wavefront 

FIG. 4-7.—On the law of the optical path. 

in the incident system and L-i one of the orthogonal surfaces of the 
refracted system of rays and consider an incident tube of rays passing 
through the closed curve Y\ o n i , ; let Tm be the curve of intersection 
of the tube with the refracting surface M and r 2 the curve of intersection 
of the refracted tube of rays with the surface L2. 

We shall evaluate the optical path from Li to L2 along any pair of 
rays, say the paths ABC and A'B'C shown in Fig. 4-7. Let us consider 
first the integrals 

I-B rB' rA> 
&> niSi ■ dl = / niSi • d\ + / rust • dl + I riiSi 
J (0 JA JB J B' 

(r») 
rfl 

+ / niSi • dl, 
<r.) 

(64) 

1 See for example R. K. Luneberg, Mathematical Theory of Optics, Lectures in 
Applied Mathematics, Brown University, 1944. 
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and 
re re rB-

(b n2s2 • dl = / n2s2 • dl + / w2s2 ■ dl + / n2s2 ■ dl 
-'(H) 7 B ye J c 

(ro 
+ / w2s2 • dl, (65) 

J B' 
(r.) 

where s : and S2 are unit vectors along the incident and refracted rays, 
respectively. Since Si and s2 are both normal congruences, they each 
satisfy the equation [see Eq. (15)] 

V xs = 0; 

therefore, the line integrals around the closed paths 9) and if) are 
zero. Furthermore the integrals over r t and T2 are zero, since Si and 
s2 are normal to these respective curves. Adding the above integrals 
(I) and (II) and transposing suitable terms, we then obtain 

/•B re r B' re 
I niSi • dl + / n2s2 • dl = / niSi • dl + / n2s2 ■ dl 

J A J B J A' J B' 

+ / (riiSi - ra2s2) • dl. (66) 
1 B' 

The last integral of Eq. (66) vanishes as a result of Snell's law of 
refraction. The left-hand side is the optical path ABC, while the first 
two integrals on the right-hand side constitute the optical path A'B'C. 
We have, therefore, 

/ n ds = I n 
J ABC J A'B'C 

ds. (67) 

The optical path and hence the phase increment are constant along all 
rays from the equiphase surface Li in the incident system to the surface 
Li in the refracted region. The family of surfaces orthogonal to the 
refracted rays thus constitutes the refracted system of equiphase surfaces. 

The law of the optical path often provides a simpler approach to 
the determination of reflecting or refracting surfaces than do Snell's 
laws. As an example, let us design a reflector that transforms a spherical 
wave into a plane wave. I t is evident that the surface is a surface of 
revolution and that it is sufficient to consider a plane section containing 
the axis of revolution. In Fig. 4-8 let F be a point source, the center of 
curvature of the spherical wave; M the reflecting surface; and L0 any one 
of the family of plane wavefronts into which the spherical waves are to 
be transformed. The optical path from F to the wavefront L0 is 

FP + AP = const, = / + d. (68) 
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The constant may be evaluated by considering the path along the axis; 
if the distance OF = /, the optical path is equal to / + d. When FP 
and AP are evaluated in terms of p and \p, Eq. (68) becomes the equation 

/ 
PL- A 

F I G . 4-8.—Application of the law of the optical path. 

of the surface in polar form 

1 + cos \p (69) 

This is the equation of a parabola of focal length /. 
In contrast to the above calculation, application of Snell's laws would 

lead to the setting up of the differential equation of the surface; it would 
then be necessary to integrate this equation. Further examples of the 
application of the law of the optical path will be discussed in later chap
ters in the design of mirrors and lenses. 



CHAPTER 5 

SCATTERING AND DIFFRACTION 

BY S. SILVER 

The introduction of an obstacle into the path of a wave gives rise to 
phenomena that are not covered by the geometrical theory of wave-
fronts and rays developed in the preceding chapter. These phenomena 
—scattering and diffraction—are of fundamental importance in micro
wave antennas, for they underlie the formation of antenna patterns by 
reflectors and lenses. In the present chapter the theory of scattering 
and diffraction is developed with reference to general techniques; the 
specific problems associated with antenna patterns will be taken up in 
Chap. 6. 

5-1. General Considerations.—The discussion of the scattering 
problem will be restricted to the case of an obstacle of infinite conduc
tivity. The problem with which we are concerned is the following: 
Given a primary system of sources that produces an electromagnetic 
field E0, H 0 ; an infinitely conducting body is introduced into the field, 
and it is required to find the new field E, H. 

In practice the primary sources are distributions of currents and 
charges over a system of conductors activated by generators. We shall 
refer to the latter system of conductors and generators as the source 
system, in distinction to the currents and charges over the obstacles. 

The solution to our problem is based on the superposition principle 
of Sec. 3-2. On introducing the body into the field of the sources a dis
tribution of current and charge is induced over its surface. We then 
have two component fields: one arising from the induced distribution 
over the body and the second arising from the currents and charges in 
the source system. The total field E, H results from the superposition 
of the component fields. I t should be noted, however, that the field of 
the body reacts on the source system with a resulting perturbation of its 
current distribution, so that the component field of the latter differs 
from the original field E0, Ho. 

The interaction between the body and the source system—and the 
total field E, H—can be analyzed as a superposition of multiple scattering 
processes. First we consider the interaction of the body with the original 
field E0, Ho, assuming no change in the source currents. The body sets 
up a scattered wave E£, H£, arising from an induced distribution over its 
surface. The scattered wave falling on the source-system conductors 

129 
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induces a current distribution in the latter that gives rise to a secondary 
scattered wave EJ, H'0. The interaction of the secondary wave with the 
body is again a scattering process leading to an induced distribution over 
the body and a scattered wave E',', H" , and so on. The total induced 
distribution over the body is the sum of the distributions associated with 
the component scattered waves E^, E", . . . , and the resultant distribu
tion in the source system is the sum of the distributions associated with 
E0) Ed, . . . , respectively. 

If the distance R between the source system and the body is large 
compared with the dimensions of either, the scattering processes of order 

higher than the first can generally be neglected; for 
example, in general the ratio E'0/E0 evaluated at the 
body is of order 1/R2 and the ratio E'^/Ea is of the 
order 1/R4. Also, in special cases, where, although 
the distance R is not large, the geometry of the body 
is such that the amplitude of the scatterea wave E„ 
H, at the source system is small, multiple scattering 
may be neglected in the analysis of the total field E, H. 

These conditions are usually met in microwave antennas, and the multiple 
scattering will be neglected in the study of the antenna pattern. 

5.2. Boundary Conditions.—With attention restricted to a single 
scattering process, our problem is that of finding the scattered field Ei, 
Hi set up by an infinitely conducting body when it is introduced into an 
initial field E0, H 0 ; the total field is then 

E = E0 + E L (la) 
H = Ho + H„ (lb) 

I t is assumed that the initial field is prescribed for all space. 
Let V in Fig. 5-1 be the region occupied by the body; n is a unit vector 

normal to the boundary surface >S of V, directed outward into the sur
rounding space. Since the conductivity of the body is infinite, the total 
field E, H is zero everywhere inside the region V; according to the bound
ary conditions of Sec. 3-3 there is a distribution of charge and current 
over the surface S: 

T; = e(n • E), (2a) 
K = n x H, (26) 

respectively. E and H are the total fields just outside V, and t and ;J 
are the constitutive parameters of the surrounding medium at the bound
ary surface. These charge and current distributions are the sources 
of the scattered wave Ei, Hi. 

From Fqs. (1) it is seen immediately that at all points in the interior 
of the body the scattered wave is out of phase with the original field: 

Ei = —Eo, Hi = —Ho, (3) 

€? 



SEC. 5-2] BOUNDARY CONDITIONS 131 

since the total field is zero. Accordingly we need concern ourselves only 
with the region exterior to V. Here the scattered field must be deter
mined as a solution of Maxwell's equations that satisfies appropriate 
boundary conditions at infinity and over the surface S. The boundary 
conditions to be imposed at infinity are the radiation conditions [Eqs. 
(3-113)], since the field arises from a current distribution confined to a 
finite region of space. Over the surface S, the scattered field must be 
such that the total field satisfies the boundary conditions [Eqs. (3-24) 
and (3-28)]: 

n x E = 0, (4a) 
n ■ H = 0. (46) 

From Eqs. (1) we have that the corresponding boundary conditions on 
Ei and Hi are 

n x Ei = —n x E„, (5a) 
n - H i = - n - H 0 . (56) 

Since the field E0, H 0 is known, Eqs. (5) prescribe the tangential compo
nent of Ei and the normal component of Hi as known functions over S. 

The boundary conditions [Eqs. (4a) and (46) or (5)] are not independ
ent. If the field satisfies Maxwell's equations and one of the boundary 
conditions, it necessarily satisfies the other. Let us assume, for example, 
that condition (4a) is satisfied by the total field. Applying the integral 
relation between the field vectors [Eq. (3-17a)] to any area on <S bounded 
by an arbitrary curve T, we have 

4 E • ds = - ~ I B • n dS = 0, (6) 

since E • ds = 0 by virtue of the boundary condition (4a). The result 
holds for an arbitrary area, no matter how small; consequently n • B = 0 
over the surface. Therefore only one of the boundary conditions need be 
considered in selecting the appropriate solutions of Maxwell's equations. 

The problem can be approached from another point of view. We 
shall restrict ourselves at this point to an e'"' time dependence and to 
homogeneous media. I t is evident that if the surface distributions 
[Eqs. (2)] are known, the scattered field is obtained directly by the meth
ods of Sees. 3-9 and 3-10. It can be verified readily that the surface 
distributions [Eqs. (2)], satisfy the equation of continuity [Eq. (3-9)], 
over the surface (E, H being required to satisfy Maxwell's equations); 
as a result the field vectors Ei, Hi can be expressed in terms of the current 
distribution alone, as was done in Sec. 3-9. In fact, the appropriate 
expressions are obtained from Eqs. (3120) and (3-121) by passing from 
volume to surface integrals. The scattered wave is then 
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H! = ± j s (K x V ) e ^ - dS, (8) 

where r is the distance from the field point to the element of surface dS. 
The fields given by Eqs. (7) and (8) necessarily satisfy Maxwell's 

equations and the radiation conditions at infinity. To determine the 
current density K on the boundary surface S we must use condition (5a) 
or (56). Letting n' denote the unit vector normal to S at the point of 
observation, we have 

n ' x E „ = ^ f n' x [(K • V)V + fc2K] — dS. (9) 

The left-hand side is a known function, and Eq. (9) is an integral equa
tion for the determination of the unknown current distribution K. The 
scattering problem is thus transformed to the problem of solving the 
integral equation rather than Maxwell's equations. 

I t will be observed that the current distribution which satisfies the 
integral equation leads through Eq. (7) to an electric field that satisfies 
the requisite boundary conditions over S and at infinity. I t was pointed 
out earlier that the electric and magnetic fields [Eqs. (7) and (8)] satisfy 
Maxwell's equations. Solution of the integral equation (9) thus yields 
the unique solution of the problem. l 

6-3. Reflection by an Infinite Plane Surface: the Principle of Images. 
The simplest obstacle problem is that of an infinite plane conductor. 
Here the solution can be obtained on the basis of geometrical considera
tions. Two cases will be discussed: (1) the initial field is a plane wave, 
and (2) the initial field arises from a dipole source. 

Reflection of a Plane Wave.—Although the reflection of a plane wave 
by a plane surface has been treated frequently elsewhere, it will be of 
interest to treat the problem here in terms of the general ideas set forth 
in the preceding section. 

Let us consider a plane wave, of the type discussed in Sec. 3-7, travel
ing in the direction defined by the unit vector So. The initial field is 
then [Eq. (3-62)] 

Ei = Eoe*'"-*"'-". (10) 

An infinite plane conducting sheet is now introduced into the field. For 
convenience the conductor will be taken to lie in the zy-plane (Fig. 52) . 
The unit vector n, normal to the sheet, is taken to be in the positive 

J For a discussion of the uniqueness theorem see J Stratton, Electromagnetic 
Theory, McGraw-Hill, New York, 1941, Chap. 9, Sec. 2. 
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z-direction, and the angle of incidence, which is the acute angle between 
the lines of direction of So and n, is designated as 8. 

The field set up by the current and charge distribution over the sur
face of the conductor must be such as to produce zero resultant field in 
the negative z-region. The scattered field in this region is therefore a 

F I G . 5-2.—Reflection of a plane wave. 

plane wave traveling in the same direction as E ; but 180° out of phase 
with it; denoting the former by E,, we have then 

E, = -E0e''<» (ID 
I t is evident, however, that the infinite plane current sheet sets up in 
the positive z-region a field that is the mirror image of that in the nega
tive z-region. Hence the scattered field in the region of interest is a 
plane wave 

Er = Eie'f"'-*"'-", (12) 

traveling in the direction Si which is the mirror image of s0, with an ampli
tude Ei bearing the following relations to the amplitude of E, and thereby 
to the incident wave amplitude E 0 : (1) Their magnitudes are equal, 

m = |£o|; (13) 
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(2) their respective components parallel to the :r?/-plane are equal in 
magnitude and direction 

n x E , = a x ( - E 0 ) = - n x E„; (14) 

(3) their components normal to the sy-plane are equal in magnitude but 
opposite in direction, 

n • Ei = - n • ( -Eo) = n • E0. (15) 

It is seen that as a result of Eq. (14) the boundary conditions [Eqs. (5)] 
are satisfied. 

I t follows from the image relation between So and Si that the vectors 
So, n, and Si all lie in the same plane and that 

So ■ n = —Si • n. (16) 

The relations between these vectors can also be expressed as 

Si = So — 2(n • So)n, (17a) 
So = Si - 2(n • Si)n. (176) 

From the point of view of geometrical optics the unit vectors s0 and Si 
define the directions of the rays in the waves E; and Er) respectively. 
It will be recognized that the relations among sn, n, and Si are just the 
laws of reflection derived in Chap. 4. It is thus seen that in this case 
the scattering reduces to geometrical reflection of the initial wave. 

The magnetic-field vectors are obtained from the respective electric-
field vectors by the plane wave relation of Eq. (3-65). Letting H, and 
H r be the magnetic vectors of the incident and reflected waves, respec
tively, we have 

H i = (M) ( S O X E , ) ' ( 1 8 a ) 

Hr = (-J" (s, x E,). (186) 

The total magnetic field is H = H, + H r, whence by Eq. (2b) the surface 
current density on the reflector is 

K = n x (H; + KT). (19) 

Either by symmetry considerations or by direct calculation, it can be 
shown that 

n x H, = n x H r ; (20) 

consequently, Eq. (19) becomes 

K = 2(n x H,-) = 2 ( j j ' [n x (s„ x E,)], (21) 
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or, alternatively, 

K = 2(n x Hr) = 2 M j * [n x (si x E,)]. (22) 

In the case of a linearly polarized wave it is convenient for some pur
poses to express the field amplitudes in another way. Let S be the ampli
tude of E ; in magnitude and phase at any given point on the surface. 
The vector amplitude is 

E0 = ee„, (23) 

where e0 is a unit vector that is constant over the reflecting surface. 
Similarly the vector amplitude of E r at the same given point on the sur
face is 

Er = Sd, (24) 

with ex likewise a unit vector. The unit vectors e0 and d are related 
by Eqs. (14) and (15): 

n x (e0 + d ) = 0, (25a) 
n • e0 = n • ei. (256) 

In terms of these the current density expressions [Eqs. (21) and (22)] 
become 

K = 2 (-X [s0(n • e0) - e„(n • s„)] £ (26) 

and 

W K = 2 ( ' ) [ s^n -eO - d ( n • Sl)l S, (27) 

respectively. 
Dipole Sources.—Let us now consider the case where the initial field 

is due to an infinitesimal electric dipole. The infinite plane reflector will 
again be taken to be the xj/-plane, and the dipole is located on the z-axis 
at a distance a from the reflector as shown in Fig. 5-3. The orientation 
of the dipole axis with respect to the reflector is arbitrary. 

The current on the dipole is, of course, changed by the presence of 
the reflector. In this case, however, the reaction of the reflector merely 
produces a new dipole moment M in the source. This is due to the fact 
that the current induced in the source by the reflector is necessarily that 
of an infinitesimal dipole of, say, moment Mx. The latter is along the 
same line as the original dipole moment M0, and the superposition of these 
two is, therefore, again a simple dipole. The resultant moment of the 
source will be designated by M; the field of the dipole is given in Sec. 
313 . 

As in the case of the plane wave, the current distribution over the 
surface of the conductor must be such that the total field is zero in the 
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hemisphere of space of the negative 2-axis. In so far as this region is 
concerned, the reflector is, therefore, equivalent to a dipole — M coinci
dent with the source. By symmetry, however, the reflector produces 
a field in the region of the positive 3-axis that is the mirror image of its 
field in the negative z-region; with respect to the positive a-region the 
reflector is equivalent to a dipole located at a distance a on the negative 

W > -M 

(a) 

F I G . 5-3.—Dipolo images: (a) arbitrary orientation; (b) dipole parallel to the reflector; (c) 
dipole normal to the reflector. 

z-axis. The sense of the dipole with respect to the source is easily deter
mined from the requirement that the fields of the image and the source 
must combine to give a zero resultant tangential electric field over the 
reflector. This leads at once to the result that the image dipole is 
obtained by reflection of — M in the plane. The total field in the positive 
z-region is that of a double-dipole system made up of the source and the 
image dipole; the field is obtained by the methods discussed in Sees. 
3-18 and 3-19. 

The arbitrarily oriented dipole can always be resolved into a com
ponent parallel to the plane (Fig. 5-3/)) and a component normal to the 
plane (Fig. 5-3c). The images for these two cases with respect to the 
source M are an antiphase dipole and a synphase dipole, respectively. 
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By considering the fields for these two cases, the reader can verify that 
the image sources correspond to geometrical reflection of the spherical 
wave from the source by the conducting plane; at each point on the 
latter the reflection takes place as though the incident wave were an 
infinite plane wave. 

The image sources for magnetic dipoles are easily arrived at either 
by direct consideration of magnetic dipole fields (Sec. 3-14) or by con
sidering the image of a small rectangular current loop, which is equivalent 
to a magnetic dipole normal to its plane. The image of a current loop 
can be obtained by regarding it as an array of electric dipoles. It is 
then found that the image of a magnetic dipole is obtained by direct 
reflection of the source in the plane: images for dipoles parallel and normal 
to the plane are synphase and antiphase, respectively. 

The method of images can be applied to any source distribution. If 
only the radiation field is desired, the source distribution can be consid
ered as a system of electric dipoles, the dipole moment distribution being 
given in terms of the current density J by 

dM = i J dv, (28) 

dv being an element of volume in the source distribution [cf. Eq. (3-162)]. 
Every dipole moment is resolved into a parallel and a normal component 
with respect to the reflector, and the total field is the sum of the com
ponent fields of the dipole elements and their images. With arbitrary 
current distributions, however, it must be kept in mind that the reflector 
plays an important part in determining the distribution. Only in special 
cases, such as a half-wave dipole radiator of negligible thickness, does 
the reaction of the reflector produce a change in the magnitude and phase 
of the amplitude of the distribution as a whole without affecting the 
relative magnitude and phase throughout the entire distribution. The 
half-wave dipole can be treated on the same basis as the infinitesimal 
dipole, substituting for the field of the latter the field of the half-wave 
radiator given in Sec. 316. 

APPROXIMATE METHODS FOR REFLECTORS OF ARBITRARY SHAPE 

Exact solutions of the scattering problem have been obtained for only 
a limited number of cases involving simple primary fields and reflectors 
of simple geometry, such as spheres and cylinders. These problems are 
treated in standard works on electromagnetic theory, to which the reader 
is referred for the results.1 In treating reflectors of arbitrary shape it is 
necessary to resort to approximation techniques. Several such methods, 

1 See, for example, J. A. Stratton, Electromagnetic Theory, McGraw-Hill, New 
York, 1941, Chap. 9. 
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which yield very good results at high frequencies, are discussed in the 
following sections. 

6-4. The Geometrical-optics Method.—The first method to be con
sidered belongs more properly to the field of geometrical optics than to 
that of electromagnetic theory. It is applicable to the case of a point 
source, which has a broad radiation pattern in the absence of a reflector, 
together with a defocusing reflector. A reflector of this type renders 
every divergent pencil of rays incident on it more divergent on reflection, 
as is illustrated below in Fig. 5-4. The scattering pattern of the reflector 
is, therefore, very broad, energy being scattered in almost every direction 
in space. In such a system the salient features of the total field, such 

to) (b) 
F I G . 5-4.—On the geometrical-optics method. 

as the directions of zero and maximum amplitude, arise from the inter
action between the scattered field and the primary source field. The 
finer details of the structure of the scattered field are of secondary interest, 
and therefore an analysis of the scattering on the basis of geometrical 
optics suffices. 

Illustrative of the type of problem to which the method can be applied 
successfully is the analysis of the effects of the fuselage or wing structure 
of an airplane on the radiation pattern of a microwave beacon antenna 
mounted on it. The primary interest is in the lobe structure introduced 
into the beacon pattern by interaction with the scattered field from the 
aircraft structure, whereas the fine structure of the scattered field arising 
from deviations from geometrical optics is of negligible significance. 

Let the primary source be located at the point 0 in Fig. 54a. The 
assumption that the source is a point radiator is justified in the practical 
case of a more general source system if the reflector is in the far-zone 
field of the former. It was shown in Sec. 3-11 that in so far as the far-
zone field is concerned any current distribution reduces to a directive 
point source, and in Chap. 4 it was found that the far-zone field can be 
described adequately in terms of wavefronts and rays. We shall assume 
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further that the wavefronts from the source differ negligibly from spheres 
about the point 0. 

The geometrical-optics analysis of the scattering assumes that at each 
point on the reflector the incident ray fron the source is reflected by the 
tangent plane according to the laws of reflection developed in Sec. 4-7. 
The intensity of the scattered radiation in a given direction is obtained 
by applying the principle of conservation of energy to the total power 
contained in an incident cone of rays and the total power contained in 
the associated reflected pencil of rays. The use of the laws of reflection 
assumes that the reflector can be regarded locally as a plane surface and 
the incident wavefront can be regarded locally as a plane wave. I t is, 
therefore, necessary to require that the radii of curvature of the reflector 
and of the incident wavefront be large compared with the wavelength. 
The latter condition, however, has already been assured by the fact that 
the reflector is in the far-zone field of the sources. 

5-5. Calculation of the Scattered Field.—The procedure followed 
here1 to determine the scattered power in a given direction is to consider 
the local transformation from the incident to the reflected wavefront at 
every point on the surface of the reflector. This determines the principal 
radii of curvature Ri and Rz of the reflected wavefront, together with the 
value of the field amplitude 8r at the point of reflection. The magnitude 
of the field amplitude 8P at a distance p along the reflected ray from a 
given point on the reflector is then obtained by means of Eq. (4-23): 

= |e r | ,„ , R,RZ , , M - (4-23) (fli + p)(fl, + p) 

We shall first investigate the amplitude transformation from the inci
dent to the reflected wavefront. Let us consider an infinitesimal cone 
of rays from 0 incident on the reflector as shown in Fig. 5-4a; the cone 
intersects the reflector in an element of surface dS. The cone will be 
taken to have a circular cross section; the ray along the axis of symmetry 
is referred to as the central or principal ray. The vector n is a unit 
vector normal to dS at the point of incidence of the central ray; let i be 
the angle of incidence between the central ray and the normal. If 8; 
and Sr are the magnitudes at the surface of the reflector of the field ampli
tudes in the incident and reflected tubes of rays, respectively, and dSi 
and dS2 are the cross-sectional areas of the respective tubes at the same 
point, the relation 

8? dSi = 8? dSi (29) 
expresses the conservation of power in passing from the incident to the 

1 Alternative techniques have been developed by R. C. Spencer, "Reflections from 
Smooth Curved Surfaces," RL Report No. 661, January 1945; C. B. Barker and 
H. J. Riblet, "Reflections from Curved Surfaces," RL Report No. 976, February 1946. 
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reflected tubes of rays. From the law of reflection we have that the 
angle between the reflected principal ray and the normal is likewise i, so 
that 

dSi = dS2 = dS cos i, (30) 
whence 

N = |s,|. (3i) 
The transformation of the polarization on reflection is obtained 

directly from the results of the plane wave problem of Sec. 5-3. Let 
E, be the incident electric-field vector at the surface and E, the reflected-
field vector; we have then from Eqs. (14) and (15) 

n x (Er + E.) = 0, (32a) 
n • E r = n • E;, (32b) 

or, 
Er = (n • EJn - (n x EJ x n. (32c) 

The determination of the radii of curvature of the reflected wavefront 
is a somewhat more difficult task. I t will be necessary to make slight 
changes in notation: The point of incidence of the central ray on the 
reflector, at which the transformation of the wavefront is desired, will 
be designated by P, and the unit vector normal to the surface at that point 
by n f ; the unit vector normal to the surface at any other point is n 
The point P is taken as the origin of the coordinate system (Fig. 5-4b) 
with the z-axis along nP and the xy-p\a,ne tangent to the surface; the 
j/z-plane is the plane of incidence (containing the central ray and nP). 
The axes £, r\ are the lines of intersection of the principal planes of curva
ture of the surface with zy-plane; the principal radii of curvature of the 
reflector at P will be designated by R { and Rn, respectively. The plane 
of incidence makes an angle oi with one of the principal planes, say the 
plane containing the ?;-axis. Let r0 be the distance OP; the distance from 
0 to an arbitrary point x, y, z on the reflector is 

r = [x2 + y1 + z2 + ?\ — 2r0(y sin i + z cos i)]w . (33) 

Consider now the member of the family of reflected wavefronts that 
intersects the reflected central ray at a distance p from the reflector. 
Let u, v, w be the coordinates of a point on the wavefront, and let x, y, z 
be the coordinates of the point on the reflector for which the reflected 
ray passes through a given point (u,v,w) on the wavefront. By the 
law of the optical path (Sec. 4-8) the equation of the reflected wavefront 
is then 

r + [(u~ xY + (v - yY + (w - z)2P = r„ + p. (34) 

Now let So be a unit vector in the direction of an arbitrary inciuent 
ray and s a unit vector along the associated reflected ray. From the 
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law of reflection [Eq. (5-17a)] we have 

Si = So — 2(s0 • n)n. 

141 

(35) 

If u,v,w are the coordinates of any point on the reflected ray, the unit 
vector Si is given in component form by 

" (36) 11 [(M - x)2 + (v - yy + (w - zY)* 
with corresponding expressions for siy, si,. Similarly, the components 
of So are 

x y — r0 sin i _ 
soi = SOy r0 cos % 

Let 
z = F{x,y) 

(37) 

(38) 

denote the equation of the reflector surface. The components of the 
normal n at an arbitrary point on the surface are then 

ldF. 
A dx' 

1 dF 
Ady' nz 

1 
A' 

1 + (0+(lT 
Substitution of Eqs. (36), (37), and (39) into Eq. (35) gives 

u = x + Gi(x,y)U(u,v,w; x,y,z), 
v = y + Gi(x,y)U(u,v,w; c,y,z), 
w = z + G3(x,y)U(u,v,w; x,y,z), 

(39) 

(40) 

U = [{u- xY + {v - yY + (w - zy]'i 
where 

and 

So • n 

G^x,y) 

Gi{x,y) = 

G3(x,y) = 

aF 
dx 

- + 2(s0 • n) - —, r A dx 
r0 sin i 

r0 cos i 

+ 2 (s 0 •n) 

- 2(s0 • n) 

ldF 
A dy 
1 

(41) 

(y — r0 sin i) - — h (z — r0 cos (42) 

Equations (40) give the coordinates of arbitrary points on the system 
of reflected rays. If, in particular, we consider the family of points 
lying on the reflected wavefront that is defined by Eq. (34), the coordinates 
u, v, w of the system of Eqs. (40) must satisfy Eq. (34); in particular 
TI(u,v,w; x,y,z) must satisfy the latter equation. Substitution for U 
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into Eq. (40) then leads to 

u = x + Gi(x,y)(r0 — r + p), \ 
v = v+Gl(x,y)(r0-r + p),\ (43) 

w = z + G3(x,y)(rB - r + p). ) 

The coordinate z is eliminated from these equations by means of the 
equation z = F(x,y) for the surface of the reflector. Equations (43) 
then become a set of parametric equations (x,y being the parameters) 
for the reflected wavefront that intersects the central reflected ray at a 
distance p from the reflector. On setting p = 0, we obtain 

u = x + C?i(x,)/)(/-o — r), I 
v = y + Gi{x,y){r0 - r),\ (44) 

w = z + G,(x,y)(r0 - r), ) 

the parametric equations for a surface that intersects the reflector at the 
point P and there represents the reflected wavefront arising from the 
segment of the incident wavefront defined by a small cone of rays about 
the central ray. 

The procedure for finding the principal radii of curvature of a surface 
from its parametric equations is straightforward and can be found in any 
book on differential geometry;1 the details of the calculation will not 
be reproduced here. We are interested in the radii of curvature of the 
wave surface at the point u = v = w = 0; i.e., x = y = 0. In elimi
nating g from Eqs. (44) it is, therefore, necessary to use only the equation 
for the reflector surface in the neighborhood of the point P. Referred 
to the principal axes £, r\, the equation of the surface of the reflector is 

z = - (wt
 + w) • •' • (45) 

By a simple transformation, the equation of the surface with respect to 
the x, y-a,xes is then found to be 

1 
Z = 2 

sin2 co\ /sin2 u cos2 aA 
+ -RT) x + \TRT + ~RT); Re 

- 2 sin u cos u I ^ - - ~ ) xy I + • • ■ ; (46) 

radii of curvature R(, Rv are considered to be positive if the surface is 
convex with respect to the positive «-axis. 

We are chiefly concerned with the over-all pattern produced by the 
reflector and the source system; hence we are interested in the scattered 
field at large distances from the reflector. Provided that neither one 

1 For example, L. P. Eisenhart, A Treatise on the Differential Geometry of Curves and 
Surfaces, Ginn, Boston, 1909. 
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of t he radii of cu rva tu re Ri, Ri of the reflected wavefront is infinite, i t is 
physical ly possible to consider d is tances p so large t h a t p » R\, p » K2. 
I n t h a t case the calculat ion of the scat tered field in tens i ty is somewhat 
simplified; ins tead of Eq . (4-23) we can use E q . (4.24), 

K\ | f l i f i« |" 
v 

T h e p roduc t of t he radii of cu rva tu re of t he reflected wave surface a t 
t h e poin t P is 

R1R2 
4 cos i cos 2 2 
R(Ri r\ ru 

sin1* u cos2 

~~RT ~R _- + (; 
Rt Rv 

(47) 

T h e resul t can be p u t in to a more symmetr ica l form b y in t roduc ing the 
angles 0i a n d 02 be tween the incident r ay a n d the principal axes of t he 
reflector £ a n d it, respect ively. T h e sca t te red field a t a dis tance p from 
the reflector in t he direct ion defined by the reflected ray is then given by 

V e, 
R(R„ cos■ 

(4r2 + R(R,) cos i + 2r0(R( sin2 Bi + R, sin2 02) 

T h e b racke ted t e rm is known as t he divergence factor of t he surface 

R(RV cos i 

(48) 

D = 
(4r2 + R(RV) cos i + 2r„(/J{ sin2 0i + ft, sin2 0 2) ' (49) 

it is the ra t io of sca t te red power per un i t solid angle in the direct ion of 
the reflected ray to t he incident power per un i t solid angle. By use of 
Eqs . (31) and (32c), toge ther with E q . (48), the scat tered field can be 
ob ta ined in magn i tude , phase, and di rec t ion: 

EP = - ! (n • E,)n (n x E i ) x n }D^e~ (50) 

6-6. Superposition of the Source Field and the Scattered Field.— 
T h e method of superposing the sca t te red field on the original field of the 
sources is fundamenta l ly the same as t h a t used in C h a p . 3 in t r ea t ing the 
far-zone fields of cur ren t d is t r ibut ions . I t will be assumed t h a t t he 
source field is l inearly polarized. T h e fundamen ta l e lements are illus
t r a t ed in Fig. 5-5. Let P, be t he to ta l power rad ia ted by the source, 
and let (?(s) be the gain function in t he direct ion defined by the un i t 
vector s. T h e field of the source alone over a sphere of rad ius R is 

K")' 4-n-
G(s) e"_/r' (51) 
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The unit vector e0 describes the polarization of the field over a sphere 
with radius such that kR = 2wr, n = 0, 1, 2, . . . . The total field 
in a given direction s is the sum of the scattered field produced in that 
direction by the reflector and the source field. In the far-zone treatment 
the ray from the source to the given field point is taken to be parallel 
to the ray from the reflector. 

-̂ K 

0 
F I G . 5-5.—Superposition of the scattered field on the source field. 

The field intensity incident on the reflector is 

E ' = Kd w £ G ( 8 o ) r e o ( 8 u ) ^?' (52) 
The scattered field is then, by Eq. (50\ 

iKO"^ [(n • e0)n - (n x e0) x n]e-'k("+"); (53) 

the distance p has been set equal to R in the expression for the amplitude. 
In so far as the phase is concerned, it is seen from the figure that 

Rsi = r0So + psi, (54) 
whence 

r-o + p = R + r„(l + cos 2i). (55) 

The total field in the direction Si is, therefore, 

E(si) = [ 2 ^ J g J / 2 ^ j [ G ( s 1 ) ] ^ e „ ( s 1 ) + [ i )G(so)]we r e-^(1+-«)) , (56) 

where 
er = [n • e0(s0)]n - [n x e0(s0)] x n . (56a) 

6-7. The Current-distribution Method.—The geometrical-optics 
method discussed in the preceding sections can furnish no information 
on the structure of the scattered field that results from deviations from 
geometrical propagation of the reflected wavefront. By geometrical 
optics this wave is discontinuous (geometrical shadow behind the reflec-
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tor), and it was pointed out in Sec. 4-5 that in the presence of a discon
tinuity geometrical optics does not give accurate results. The deviations 
decrease in significance as the wavelength goes to zero; the geometrical-
optics method is to be regarded as a zero-wave'ength approximation to 
the scattered field. 

The current-distribution method which will be formulated in this 
section leads to a better approximation for the scattered field and also 
makes possible the analysis of secondary effects such as the reaction of 
the reflector on the sources. The cardinal feature of the method is that 
it attempts to approximate the current distribution over the surface of 
the reflector; the scattered field is obtained from the current distribution 
by Eqs. (7) and (8) and is thus an electromagnetic field that satisfies 
Maxwell's equations. We shall be interested primarily in the far-zone 
field of the current distribution in obtain
ing the composite pattern of the reflector 
and the sources. 

The current distribution over the re
flector is obtained on the basis of geomet
rical optics, which can be expected to 
yield good results only if the reflector is 
far enough from the sources for the field 
of these to be described adequately in 
terms of wavefronts and rays. On the ,. .,. .. lU , ,. A ., 

^ TIG. o-o.—On the rurrent-distribu-
basis of ray optics there is a sharply de- tion method. 
fined shadow region behind the reflector 
in which the total field is equal to zero. In Fig. 5-6, S is the reflecting 
surface and V is the boundary curve between the geometrically illumi
nated area and the shadow area. According to the boundary condition 
[Eq. (2b)], since the total field is zero, the current distribution over the 
shadow area is zero. It is a matter of experience that the shadow region 
is more sharply defined the smaller the wavelength and the larger the 
ratio of the reflector dimensions to the wavelength. The first assumption 
of our approximation technique, then, is that there is no current over the 
shadow area of the reflector. The current distribution over the illumi
nated region of S is obtained on the assumption that at every point the 
incident field is reflected as though an infinite plane wave were incident 
on the infinite tangent plane. Let E;, H, again be the initial field; let 
So be a unit vector in the direction of the Poynting vector, that is, along 
the incident ray. If n is the unit vector normal to the surface at the 
point of incidence and Si a unit vector in the direction of the reflected 
ray, the surface current density, according to Eqs. (21) and (22), is 

G)"<-K = 2(n x H,-) = 2 I - 1 [n x (s„ x E,)], (57a) 
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or, in terms of the reflected field Er, H r at the surface, 

K = 2(n x Hr) = 2 (J) [n x (Sl x E)]. (57b) 

The surface charge density is obtained from the total field E< + Er by 
means of Eq. (2a); making use of the plane wave relations [Eq. (15)], 
we then find that the charge density is 

77 = 2e(n • E.) = 2e(n • E r). (58) 

From the discussion of Sec. 5-4 it is seen that the procedure for obtain
ing the current and charge distributions is based on the assumption that 
the radii of curvature of the incident wavefront are large compared with 
the wavelength as are also the radii of curvature of the reflector. On the 
other hand, in the present case there are no conditions imposed on t: ■ 
focusing or defocusing characteristics of the reflector. I t is clear thai 
Eqs. (57) and (58) represent high-frequency approximations to the actual 
currents and charges and may be expected to approach the latter in the 
limit of zero wavelength. The current method differs from the previous 
wavefront procedure in that a frequency dependence of the scattered field 
is introduced into the subsequent calculation of the field arising from the 
current and charge distributions. Also, the field at a given point in 
space is the resultant of contributions from all points on the illuminated 
area »So rather than from the point of geometrical reflection alone. 

5-8. Calculation of the Scattered Field.—The expressions for the 
electric and magnetic fields in terms of the currents and charges were 
derived in Sees. 3-9 and 3-10. It will be recalled that the fields thus 
obtained satisfy Maxwell's equations only if the source-density functions 
satisfy the equation of continuity [Eqs. (3-6) and (3-9)]. The reader can 
readily verify that if the initial field E;, Hi satisfies Maxwell's equations, 
the current and charge distributions given by Eqs. (57a) and (58) do, 
in fact, satisfy the surface equation of continuity given in integral form 
by Eq. (3-9). The situation is different, however, at the boundary line 
r between the illuminated and shadow regions. The current distribu
tion is discontinuous across the boundary, being zero over the shadow 
area; compatibility with the equation of continuity can be achieved only 
by introducing a line distribution of charge along the curve r . 1 

In Fig. 5-7 t is a unit vector along the boundary curve T; ni is a unit 
vector in the tangent plane normal to T. The linear charge density along 
r will be denoted by a. Considering a small area of sides ds and il 
(the latter normal to T) and expressing the condition that the net current 

1 The discussion that follows parallels that given by Stratton and Clm in their 
treatment of diffraction; see J. A. Stratton, Electromagnetic Theory, McGraw-Hill, 
New York, 1941, Sec. 8-15. 
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flow from the area is equal to the rate of decrease of the charge enclosed, 
we obtain 

do-— TLi-K-ds dt ds: (59) 

the contributions from the sides SI vanish as 5Z —> 0 while ds remains 
fixed. We have then 

da 
dt m - K (59a) 

Substituting from Kqs. (57a) and (57b) for the current distribution, we 
find 

^ = 2 m - ( n x H . ) = - 2 T - H 4 

ot 
and 

do 
dt - 2 T - H r . 

(60a) 

(60b) 

For time periodic fields these give the charge distribution directly; for 
we have do/dt = jwa, whence 

-Shadow region 
2 2 

a = — -r- i • H; = — — t • H r . 
(61) 

-Illuminated region The scattered field is thus the 
sum of the contributions of three 
source distributions: (1) the surface 
currents over the illuminated area, 
(2) the surface charges over the 
same area, and (3) t he line d is t r ibu- l--,0. 5.7.—Calculation of the electric charge 
tion of charge along the boundary °» t h e shadow boundary curve r. 
curve T. We shall now restrict our analysis to time-periodic fields. Ap
plying the results of Sees. 3-9 and 310, we find the scattered field to be 

2T 
[jw(n x H,)^ - (n ■ E.) V+] dS 

- 0 ^ $ V*(* -H0ds , (62a) 

H s = ~ I ( n x H i ) x Vi dS, (62b) 
2ir J ,<;„ 

where \p = e ', with r the distance from the field point to the element 
of area dS on the reflector; So designates the geometrically illuminated 
area; the sense of the line integral around T is such that the outward 
normal to So is on the left. The fields can also be expressed in the same 
way in terms of the reflected fields E r ) H r at the surface So. 
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I t was shown in Sec. 3-9 that if the current and charge distributions 
satisfy the equation of continuity, the fields can be expressed in terms of 
integrals involving the currents alone. In view of the introduction of 
the boundary line distribution it will be well to carry through the details 
of the transformation for this special case. It will be recalled (c/. Sec. 
3-8) that the gradient operations in the integrands of Eqs. (62a) and 
(62&) are referred to the field point as an origin. Taking a rectangular 
system of coordinates with the origin at the field point, let the coordinates 
of a point on So be xa (xi = x, xi = y, x3 = z), and let i„ be unit vectors 
along the xa-axes. The line integral of Eq. (62a) is then 

3 

&*,(,.*)* =2i.£,.(H,|£) ds. (63) 

By Stokes' theorem each integral on the right-hand side transforms into 
a surface integral: 

But 

and 

( T g „H.).„_-<„,H, 

axa dxa 

d$ 

(64) 

(65) 

(66) 

(67) 

In the last of these use has been made of the field equation [Eq. (3-23b)]. 
Collecting these together, we have 

s^£**<-Ho* = i2i./& 
n - E ; dxa 

2TTJ, ■JutJ r 
Hi) ds = 

2ir 
(n • Ei) VxJ, 

1_ 
j<M 

Substituting into Eq. (62a), we then obtain 

1 
2irjwe j s„ 

X (n x Hi) • V | * \dS, 

(n x Hi) • VVxP dS. (68) 

E,- = (n x Hi) • V(V^) + k*(n x H,)^ dS. (69) 
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I t will be recognized that this is obtainable directly from Eq. (5-7) by 
inserting the value for the surface current density given by Eq. (57a). 
I t was shown in Sec. 3-11 that the field integral, taking the form of Eq. 
(69), leads to a far-zone field in which the field vectors are transverse 
to the direction of propagation. The effect of the boundary line distri
bution is therefore to cancel the longitudinal field component introduced 
by the surface charge and current 
distributions. Subsequent calcula
tions can be made on the basis of 
Eq. (69); the contributions of the 
charge distributions need not be 
evaluated explicitly. 

Let p be the vector from a given 
origin (see Fig. 5-8) to the element 
of surface dS; let Ri be a unit vec
tor from the origin to the field 
point, the distance between them 
being R. The scattered field inten
sity in the far-zone is then, according to Eq. (3-128), 

F I G . 5-8.—Calculation of the total field. 

Es = 
2TR 

kR / |n 
J So 

x Hi - [(n x Hi) ■ RijRile'^-R' dS. (70) 

The magnetic field need not be calculated separately but is given by the 
far-zone relation 

H, = (-«)* ( R l x E s ) . (71) 

5-9. Application to Point-source and Line-source Feeds.—Two cases 
of major interest are those in which the initial field E;, Hi arises from a 
point-source system and a line-source system, respectively. Where the 
reflector enters into the problem by intention as a component of the 
antenna, the source system will be referred to as the feed; this term is 
used extensively in later chapters. 

The Point-source Feed.—It was noted previously that at sufficiently 
large distances from any radiating system, the latter is equivalent to a 
directive point source. Microwave point-source feeds are specially 
designed so that the required distances are within practical ranges for 
use with a reflector. 

Let the point 0 in Fig. 5-8 be the point-source equivalent of the feed; 
it will be assumed again that within the cone of illumination falling on 
the reflector the incident wavefronts differ negligibly from spheres about 
the point 0. The reference system of coordinates will be taken with the 
origin at the source system. Spherical coordinates will be designated 
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generally by p, 8, <t>; the coordinates of a field point in the far-zone region 
of the system as a whole—reflector and feed—will be R, 0 , *. If Gf(8,<j>) 
is the gain function of the feed and P is the total radiated power, the 
primary radiation field—of the feed alone—is 

E;(pA<#>) e,(0,0)e-->*', (72a) 

(72b) 

where pi is a unit vector along p and ei(8,<j>) is a unit vector defining the 
polarization of the electric field intensity. The current density K at a 
point p, 8, 4> on the reflector is then 

K = 2(n x H<) : Gf(e,4>) [n x (pi x ei)]e-''*'. (73) 

Substitution of the expression for n x H, from Eq. (73) into Eq. (70) 
gives the scattered field in the far-zone. Equation (70) shows explicitly 
that there is no field component in the Ri-direction. Let i@ and i* 
be unit vectors in the direction of increasing 0 and $, respectively. The 
transverse components of the scattered field are then 

E 5 G _ 

E a # = 

jupi e >kR 

jup. e~,kR 

~ 27 ~RT 

W 2T 

v.y p-
_ W 2TT 

ie ' 1 ' 

i* ■ I , 

f [Gf(6,4>)VA
 [ n x ( x ^ ^ ( . - ( . . R , , d S . ( 7 4 i 

Js, P 

(74a) 

(74b) 

c) 

the vector p = ppi is the radius vector from 0 to the element of surface 
dS. The total field at the point R, 0 , $ is 

E 0 = E,@ + ES Q 
e—jkR 

~lt~ (r Fi(0,*) , 

F,(0,#) = [Gf(.Q,*me • e.(©,*) - ( i e ■ I ! 

E* — E i 4 + Es4 — —j<— 

Fi(©,*) = [G/(0,*)Pi* • e< 

; ( " ) " F*(e,*), 

3 : i* • I 

(75) 

(76) 

The magnetic field is obtained by means of Eq. (71). The Poynting 
vector of the total field is S = 1 Re (E x H*), and the power per unit 
solid angle P (0 ,* ) , radiated by the system as a whole in the direction 
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(©,*), is Z22|JS|; hence, the gain function of the composite system is 

<?(©,*) = 47rP(0,*) 
2 T T | IE« «+ |£*mfl2 

(77a) 

or 
G(0,*) = |F,|» + |F2 |2. (776) 

77ie Line-source Feed.—Line-source feeds are generally used with 
a cylindrical reflector, the generating element of which is parallel to the 
line source. The following analysis will be confined to such systems. 

V 

---z 

F I G . 5-9.—The cylindrical reflector with a line-source feed. 

The line source may be a system of point-source radiators distributed 
along a line, such as the linear-array antennas discussed in Chap. 9, 
or it may take the form of a long, narrow, rectangular aperture through 
which energy is being radiated into space. I t will be assumed that the 
length I of the source is large compared with the wavelength. 

The reflector and source system are illustrated in Fig. 5-9, with the 
source along the z-axis. We shall assume that the maximum distance 
from the latter to the reflector does not exceed P/\ and that the minimum 
distance is large compared with the wavelength. Within such distances 
from the source its field is essentially in the form of a cylindrical wave 
(cf. Sec. 3-7). The wave incident on the reflector is, therefore, best dis
cussed in terms of cylindrical coordinates. The z-axis in Fig. 5-9 serves 
as the axis for the cylindrical coordinate system, the polar coordinates 
of which, in the planes normal to the z-axis, are denoted by p and \j/. 

The cylindrical-wave zone can be divided into two general regions: 
(1) a near-zone region in the immediate vicinity of the source and (2) 
a quasi-radiation zone at distances large compared with the wavelength 
but less than l-/\. In the latter region the predominant components of 
the field lie in the tangent plane of the cylindtical wavefront and are 
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mutually perpendicular as in the case of the isotropic cylindrical wave 
discussed in Sec. 3-7. With a general line source, the field intensity is not 
uniform over the wavefront but varies both along the ^-direction and 
about the cylinder axis. The radiation-zone field can be written 

E ( P , * , I ) = A(i,x) ~ (78a) 
p ' 

and 

H = (£)* (e , x E), (78b) 

where pi is a unit vector in the direction of increasing p. The radiation 
zone of the cylindrical wave field is to be distinguished from the general 
far-zone field with respect to which the line source behaves like a point 
source. 

We shall confine our attention to fields in which the polarization is 
uniform over the wavefront. Two fundamental cases are to be consid
ered : (1) longitudinal polarization in which the £J-vector is parallel to 
the x-axis, so that 

AfcM) = A(#,x)in (79a) 
and (2) transverse polarization in which the electric vector lies in the 
planes transverse to the a>axis, that is, 

A(vM) = A(+,x)i+; (7%) 

the vectors ix and î  are the basis vectors of the cylindrical coordinate 
system. In most cases of interest the amplitude function A (\l/,x) is sepa
rable in its dependence on the two coordinates. Referring to the power 
flow rather than the amplitude, we shall introduce a two-dimensional 
gain function G{\j/). Let P be the total power radiated by the source; 
let (P/l)F(x) dx be the total power in the cylindrical wave field between 
the planes x = constant and x + dx = constant. The power radiated 
per radian between tf^se planes in the direction ^ :s then 

P(x,yf) dx df = J - y F(x) dx G{+) d* (80) 

The gain function G(^) must obviously satisfy the condition 

J <?(*) di = 2*. (81) 

The function F(x) expresses the distribution of intensity along the y-direc-
tion; it must satisfy the condition 

fl/2 
/ F(x) dx = I, (82) 
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it being assumed that the origin of the coordinate system is at the center 
of the line source. The amplitude A (x,^-) may be evaluated in terms of 
the power-distribution functions as in the case of the point-source feed. 
The magnitude of the Poynting vector is 

\S\ 
1 Re (E X H * ) | i (ty IAL2 

2\J P 
We have then 

or 
m- \A\ 

i p. dt dx = ~ j F(x) dx G(+) # 

\A(xM (?)M£*(*><W)f-
(83a) 

(836) 

The current densities, or rather n x H,., for the two types of polariza
tion are the following: 

1. Longitudinal polarization: 

n x H i = ( - 1 rf-F{x) -yr' h 

n x Hi = ix 

2. Transverse polarization: 

n x H , 

W fcr 

p 

F(x) 

n x (gi x ix)e~'k", 

(yp
rF(X)m 

\M/ "r p 
n x (pi x \+)e->k*, 

n x H ; = 
V / tir p R-'k". 

(84a) 

(846) 

(85a) 

(856) 

The angle i is the angle of incidence, and T is a unit vector tangent to 
the cylinder in the cross-section plane. The positive directions of the 
angles and vectors are shown in Fig. 5-9. 

The far-zone field is expressed in terms of spherical coordinates. 
Because of the geometry of the system it is convenient to use a set of 
spherical coordinates somewhat different from that used in the treatment 
of the point-source field, the x-axis being taken as the polar axis; the 
definition of the coordinates is given in Fig. 5-9. Let i@ and i* again be 
unit vectors in the increasing 0 - and ^-directions. For the case of the 
longitudinally -polarized source, the scattered field is 

E - = 2*R r- cos <J> 

J s, I p 
cos i r?-W» - (9+rf-) -R>] ds dx]; (86) 
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ds is the element of arc length along the cross section, or 

ds ■+(#)T'* 
The scattered field has no ©-component, the electric vector lying entirely 
in the meridional plane passing through the x-axis. The scattered field 
for the transversely polarized source is 

r»'\(±\"£\* [ 
p 

X e-i*iP-(e+rf.)-».i ds dx. (88) 

In this case there is also a ^-component proportional to sin <i> in 
magnitude. However, if I y> X, the beam is confined to the neighborhood 
of <J> = 0 and the cross-polarization component is small. 

On expressing the vectors p and Ri in rectangular components, one 
finds the phase factor of the integrands of Eqs. (86) and (88) to be 

p — (p + xix) ■ Ri = p[l + cos * cosOA + ©)] - x sin *. (89) 

I t is apparent that the integrands are factorable into a function of x 
and a function of \p. Considering the central plane $ = 0, we see that 
the ©-dependence of the field arises entirely from the integral over $7 
the field distribution is determined by the angular characteristic G(\p) 
of the source and the cross-section contour of the reflector. As regards 
the planes 0 = constant, both aspects of the reflector contribute to 
some degree. However, it will be shown in Chap. 6 that if the length 
I is large compared with the wavelength, the major portion of the field 
is confined within a small angular region <£ about the central plane. Over 
this region the variation of cos * in Eq. (89) is of second order compared 
with sin <J>; on setting cos <£ = 1, separability is obtained, the field dis
tribution in the planes © = constant being determined entirely by the 
linear characteristic of the source F(x). The transverse distribution of 
the field is thus virtually the same for all transverse planes. 

The primary field of the source alone must be added, of course, to 
the scattered field to obtain the total field. Here the far-zone field 
of the source (for which it is effectively a point source) must be used 
instead of the cylindrical wave field of the radiation zone. It will be 
assumed that this is known and expressed in a form similar to Eq. (72a), 
in terms, of course, of the spherical coordinates shown in Fig. 5-9. It is 
also assumed that the equivalent point source is located at the origin 
of the coordinate system, since the phase terms entering into the reflector 
field have been referred to that origin. The procedure for superposing 
the fields is exactly the same as that delineated in the previous case and 
need not be discussed further here. 
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Attention should be called to one point in the procedures discussed in 
this section that has been the cause of some concern in the past. It will 
be found in general that the radiation field of a current distribution— 
such as is given by Eqs. (72) and (78)—does not satisfy Maxwell's 
equations exactly. Consequently, except in special cases, the current 
and charge distributions on the surface of the reflector, as found by the 
methods already outlined, do not satisfy the equation of continuity 
exactly. However, the terms that are neglected, which would result in 
satisfying the required conditions exactly, are smaller in order of magni
tude than the radiation field components and are in general in time 
quadrature with the latter; they therefore introduce a nonessential con
tribution to the scattered field and the scattered power pattern. 

6-10. Reaction of a Reflector on a Point-source Feed.—One of the 
fundamental problems in the design of an antenna employing a reflector 
is the effect of the latter on the impedance characteristics of the antenna. 
The problem can be treated on the basis of re-radiation from the current 
distribution on the reflector;1 the analysis will be carried out here for 
the case of a point-source feed. 

The radiating system that constitutes the feed must be considered 
in its relation to a transmission line. The basic idea of the following 
analysis is that the interaction between the feed and the field of the cur
rent distribution on the reflector gives rise to a "reflected" wave in the 
transmission line and thus an impedance mismatch from the point of 
view of the line. Our object is to calculate the reflection coefficient— 
ratio of the reflected to incident wave amplitudes—in the transmission 
line due to the reflector. The field of the reflector, which is given in 
general by Eq. (69), is regarded as a superposition of spherical wavelets 
arising from every element of surface dS. The total reflected wave in 
the transmission line is then considered to be the sum of component 
waves arising from the interaction between the feed and the separate 
wavelets. The current element K dS is regarded as a dipole source, and 
only the radiation terms are retained for the individual wavelets. The 
interaction between one of these and the feed is evaluated on the assump
tion that the distance from the reflector to the feed is so large that the 
wavelet can be regarded as a plane wave over the effective area of the 
feed. This assumption is consistent with our previous condition that 
the reflector be in the far-zone of the feed system. Multiple scattering 
between the feed and the reflector is neglected; this is likewise consis
tent with the previous assumptions. 

I t will be assumed that in the absence of the reflector the feed is 
matched to the transmission line; there is then only an incident wave 
within the line. Let F, be the voltage at some reference cross section 

1 S. Silver, "Analysis and Correction of the Impedance Mismatch Due to a 
Reflector," HL Report No. 810, September 1945. 
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of the line. The total power transported across the reference cross sec
tion is 

P = a\Vt\\ (90) 

where a is a constant characteristic of the line and the field distribution 
over the cross section of the line. If the dielectric and ohmic losses in 
the line and the radiating system are negligible, P is the total power 
radiated by the feed. By Eq. (73), the current density at a point p, 
8, <j> on the reflector, with its phase referred to that of the voltage at the 
reference cross section in the line, is 

K = 2 ( n x H ; ) = ? p | £ ( I ) G,(8,<t>) rW™< 
'A 

n x (pi x e^tr"*. (91) 

Expanding the vector term, we have 

n x (pi x eO = (n • e{)pi + ê  cos i, (92) 

where i is the angle of incidence. The current is here resolved into one 
component along the incident ray and one component parallel to the 
polarization of the primary field. 

The field of the wavelet arising from the current element K dS is the 
integrand of Eq. (69): 

1 [(n x HO • V(V^) + /c2(n x H{)^] dS. 
2irjue 

Applying the results of Eqs. (3-125) and (3-126), one sees that the radia
tion field components arise only from the component of the current that 
is transverse to the direction of propagation of the wavelet. Conse
quently, to the order of approximation that all the other terms are 
neglected, the component of the current in the direction pi contributes 
nothing to the reaction on the feed. As regards the component in the 
direction ei it is observed that this coincides with the polarization of the 
feed and therefore no polarization obliquity factor enters into the inter
action with the feed. The field intensity of the spherical wavelet with 
which we are concerned is then 

dEr = P^- (n x Hi) • ei dS 

or 
VA 

cos i e-w dS. (93) Mr-^V'iifflw,*) 2TT P
2 

The magnitude of the Poynting vector of the spherical wavelet is 

W-5$W 
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If the wavelet may be considered plane over the receiving cross section 
of the feed [see Eq. (2-80)], the power that would be extracted from the 
wavelet acting alone is 

dPr = \Sr\Gt{6,4,) £■ (94) 

The voltage dVr of the reflected wave set up thereby in the line, at the 
given reference point, is 

',<£) d£re-''*(2'+s>. (95) dVr = (dJ^Y e-.*c»P+» = I" *L (*SAGj{fi, 
\ a / |_»7ra \/i/ 

The phase term 6 is a constant determined by the feed and the choice 
of the reference point; we need not be concerned with its precise value. 
Substituting Eq. (93) into (95), we obtain the reflection coefficient con
tributed by the element of surface dS of the reflector: 

dV. 1 dT = ̂ Y = ^Gf(e,<t,) cosi e-wow dS. (96) 

The phase term 5' absorbs the —j of Eq. (93). The reflection coefficient 
due to the entire reflector is, therefore, 

°Ae-ifl cos ie-^'dS. (97) 

Use will be made of this result in Chap. 12 to devise a method for elimi
nating the mismatch. 

The, principle of stationary phase (Sec. 4-7) may be applied to the 
integral of Eq. (97) to obtain an estimate of the mismatch for the case 
of short wavelengths. I t will be recognized that the phase is stationary 
at those points on the reflector at which the rays from the feed strike at 
normal incidence. The essential contribution to r arises from the area 
in the immediate neighborhood of the stationary point. The calculation 
is hardly different from that used for Eqs. (4-46) to (4-51) and will not 
be given here. If Gn is the gain of the feed in the direction of normal 
incidence, p„ the feed-to-reflector distance, R^ and R, the principal radii 
of curvature of the reflector at the stationary point, we have 

8irp„ 
RiR« j ' e-«2*p.+!-). (98) 

( f l{+p . ) ( f l , + p.) 

If there is more than one point of normal incidence, the total effect is 
obtained by summing the separate values of r„. 

The same result [Eq. (98)] can be obtained directly on the basis of 
geometrical optics.1 The reflected field intensity at the feed is deter-

1 S. Silver, "Contribution of the Dish to the Impedance of an Antenna," RL 
Report No. 442, September 1943. 
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mined by considering the dispersion of a small incident cone of rays by 
the reflector, making use of the techniques of Sec. 5-5. 

5-11. The Aperture-field Method.—It was shown in Sec. 3-8 that the 
field at a point in space lying outside a surface that encloses all the sources 
of the field can be expressed in terms of integrals of the field vectors over 
the surface. Thus, if the scattered field Es, Hs is known over any surface 
2 that surrounds the reflector completely, the scattered field at an 
external point P in space is given by Eqs. (3-108) and (3-109): 

E.(P) = £ : / . [-i«M(n x H s)^ 

+ (n x E.) x V^ + (n • E,)Vfl dS; (99a) 

H.(P) =^fz b'<»«(n x E.)* 
+ (n x H.) x V^ + (n • H.) V*] dS. (99b) 

In applications to antenna problems, the field over 2 may not be 
known. The aperture-field method formulates a high-frequency approxi
mation to the field. The surface 2 is taken in the immediate vicinity 
of the reflector, and it is assumed that energy passes to 2 from the 
reflector by propagation along the reflected rays. The field over 2 is 
then calculated by the methods of Sec. 5-5 in conjunction with Eq. (4-23); 
the same conditions must therefore be imposed on the radii of curvature 
of the incident wavefront and the reflecting surface. 

The present method has no special advantages over the current-dis
tribution method for the treatment of an arbitrary reflector. However, 
there is one class of reflectors for which it has decided advantages, both 
in ease of application and in establishing relations with other phe
nomena. The reflectors to which the method is particularly suited— 
and to which the subsequent discussion is restricted—have the property 
that the entire family of rays reflected from the illuminated area So lie 
in one hemisphere of space, as shown in Fig. 5-10; also, in the neighbor
hood of the reflector it is possible in general to draw a finite curve TA 
circumscribing the entire family of reflected rays. The shadow boundary 
r on the reflector then defines an aperture and serves as an exit pupil for 
the reflected rays, which can be regarded as arising from a distribution of 
image sources behind the reflector. 

On the basis of the ray diagram it is to be expected that the scattered 
field will be concentrated largely in the hemisphere of space containing 
the reflected rays. Our discussion will pertain to points in this region, 
and the surface 2 will, therefore, be taken to be made up of an infinite 
plane containing a curve such as TA, plus the hemispherical cap of infinite 
radius. The aperture of the system may be defined as the area A on 
the infinite plane circumscribed by the curve TA obtained by projection 
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of the shadow boundary T along the reflected rays. It may be noted at 
this point that since the scattered field must satisfy the radiation condi
tions [Eqs. (3-113) and (3114)] at infinity, the hemispherical cap will 
make no contribution to the field integrals in Eqs. (99a) and (996). 

It is evident that the determination of the scattered field over the 
plane 2 by reference to the reflected rays leads to a discontinuous dis
tribution, with a nonzero field over the area circumscribed by TA and 
zero field over the area of 2 outside TA- This introduces into the problem 
a feature that is equivalent to the discontinuity in the current distribu
tion over the reflector at the shadow boundary in the previous method. 

1'lG. 5-10.—On the aperture-field method. 

It was pointed out at the close of Sec. 3 8 that the terms entering into the 
integrands of Eqs. (99a) and (996) can be set into correspondence with 
surface distributions of electric currents and charges and magnetic cur
rents and charges. The electric and magnetic fields over the surface 
cannot be assigned arbitrarily; they must be assigned in such a way that 
the equivalent current and charge distributions satisfy the surface equa
tion of continuity [Eq. (3-9)] if the integrals are to give field components 
that satisfy Maxwell's equations. In order to make the distributions 
over 2 compatible with the equation of continuity it is necessary to 
introduce line distributions of electric and magnetic charges along the 
boundary curve TA. 

The computation of the boundary charge distributions proceeds along 
exactly the same lines as in the case of the current-distribution methods.1 

With E r, H r denoting components of the scattered field over 2, the 
density ae of the boundary line distribution of electric charge and the 

1 See also J. A. S t ra t ton , Electromagnetic Theory, McGraw-Hil l , New York, 1941, 
Sec. 8 1 5 . 
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density am of the magnetic charge are 

<re = - i (T • H r ) ; cm = i (, • E r). (100) 

The unit vector v and the positive normal n to the surface 2 are defined 
in Fig. 5-10. The amended expressions for the fields are then 

+ ~L / t - ^ ^ * H ' ) * + (n x Er) x vlA + (« ■ Er) Vfl dS (101a) 
and 

H.(P) = 3-4— (£ V ^ ( T • Er) ds 

+ i t A [^C<;n X Er)^ + (n * Hr) x ^ + (n ■ H>-) ^ 1 dS, (1016) 
where A is the area enclosed by TA-

The integrals over the boundary l\ can be transformed into surface 
integrals by the same process used in transforming Fq. (5-62o). It is 
then found that the field expressions are 

E,(P) = -j-U- / [P(n x H,)f + (n x Hr) • V(Vf) 
4xjue 

+ io)£(n x Er) x V^] rf£, (102a) 

H.(P) = - ^ 4 ^ J ^ [F-(n x E r)^ + (n x Er) • V(V*) 

- j'a)M(n x Hr) x Vf] dS. (102b) 

The boundary line charges have the same effect here as in the case of 
the current distribution: They cancel the longitudinal field component 
of the far-zone field that arises from the surface current and charge 
distributions. 

The discussion has been developed with reference to a plane area. 
This is not necessary for the application of Eqs. (99a) and (996); the 
surface S may be any curved surface of infinite extent that divides the 
space into two regions—one of the reflector and one of the scattered field. 
The aperture area in that case will be a curved surface bounded by a 
curve TA that is the projection of the shadow boundary along the reflected 
rays. There is no change in the final result; the integrals (102a) and 
(1026) apply to the curved aperture surface A. 

5-12. The Fraunhofer Region.—We shall now carry through the 
reduction of the integrals for the far-zone field. The latter will be referred 
to henceforth as the Fraunhofer region because of the relation of the 



SEC. 5-12] THE FRAUNHOFER REGION 161 

problem to optical diffraction problems. The latter will be discussed in 
a later section. 

Let p again be the vector from the origin of the coordinate system to 
the element dS of the aperture area and Ri a unit vector from the origin 
to the field point in the direction 8, 0. Applying the results of Sec. 
3-11 and inserting therein the expressions for the electric and magnetic 
currents given in terms of the fields by Eqs. (3-111), we find that Eq. 
(102a) reduces to 

B . ( P ) = ^ ^ 
R R l X A n x E r 

- (^Y Ri x (n x Hr) e>*e-R' dS. (103) 

Let s be a unit vsctor along a ray through the aperture. In the geomet
rical-optics approx :mation, the electric and magnetic fields over the 
aperture are related by 

H = a(s x E). (104) 

[In free space a = (t/y)Vl. However, as we shall see later, the reflector 
is only one special case of an aperture problem; the theory can be applied 
to problems such as the radiation from horns in which a will have some 
other value.] Substituting for H r in Eq. (103), we obtain 

E.(P) = =Jj | <r-'** R i x f n x E , - a Q " [Ri • (s x Er)n 

- (s x Er)(n • R,)] e*e-R' dS. (105) 

For some purposes it may prove convenient to take as the aperture 
area A the wavefront of the system of rays. In that case the unit 
vectors s and n are identical, since the rays are normal to the wavefront. 
More generally, however, it is convenient to use a plane aperture; the 
vector n is then constant over the surface and in the direction of the polar 
axis of the spherical coordinate system. The field Er over the aperture 
is generally specified in terms of the polarization, magnitude, and phase 
distribution ^(.r,?/). If the wavcfronts associated with the rays through 
the aperture are the surfaces L(x,y,z) = constant (cf. Sec. 4-2), the phase 
distribution is 

*(x,y) = koL(x,y,0), (10G) 

where k0 = 2x/X0 is the free-space propagation constant. From Eq. 
(4-10) it follows that the components of the vector s over the aperture 
plane are 
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— ; s, = (1 - sj - slY' (107) _ i a t _ l d* 
Sx ~ k dx ' S" ~ kdy' 

The total power passing through the aperture is the integral of the normal 
component of the Poynting vector: 

Re (Er x H*) • n dS ]Er\'s,dS. 

The gain function for the aperture is therefore 

8T R*\E.(P)\* G 
L \Er\*szdS 

(108) 

(109) 

I t is overlooked in many treatments of aperture problems that if 
there is a phase distribution over the aperture other than a constant 
phase, the field vectors ET, H r do not lie in the aperture plane and the 
Poynting vector is not normal to the plane. In cases where the phase 
distribution ty(x,y) represents small deviations from constant phase, 
these factors can be neglected without too serious an error. Subject 
to this approximation, Eq. (105) simplifies to 

E.(P) = -

where the vector N is 

■jke~'j 
R I n + » ( : ) Ri N (110) 

N Ere'' » + I / s i i , 0 » m * ) ,Jg (110a) 

The expression for p • Ri for the plane aperture has been inserted. In 
using these relations it must be kept in mind that the field vectors are 
assumed to lie in the aperture plane. The 9- and ^-components of Eq. 
(110) are 

j_ke~>™ 
: "4irS 

-jke~>' 

1 + ■(0,: cos 8 (Xr cos <j> + Xy sin <j>), (11 lo) 

(XT sin (j> - .Vj,. cos <f>). (lilfe) 

DIFFRACTION 
5-13. General Considerations on the Approximate Methods.—Both 

the current-distribution and aperture-field methods led to a calculation 
of the scattered field as arising from a distribution of sources over an 
open surface, the boundary of which is defined by the system of reflected 
rays. In contrast to the geometrical-optics method, the field at any 
point was found as the superposition of contributions from all elements of 
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the source distribution. In general, therefore, the last two methods will 
lead to nonzero field intensities in the region of space not covered by 
the system of rays; also, in the region of the rays, the fields will differ from 
those obtained on the basis of geometrical scattering. These deviations 
from geometrical propagation of the scattered field are known as diffrac
tion phenomena. 

The diffraction effects are due fundamentally to the fact that the 
sources are distributed over an open surface; that is, the reflected wave-
front is not a closed surface. The same effects will arise no matter by 
what process a field distribution is generated over a finite open area in 
space. Thus a lens illuminated by a point-source or line-source feed 
likewise defines an exit pupil for the system of rays incident in it and 
produces a segment of a wavefront in its aperture plane. Lenses and 
reflectors that have aperture areas of the same size and shape and produce 
the same field distributions over the apertures have field patterns that 
differ in no essential detail. The same phenomena are observed when a 
wave passes through an aperture in an infinite opaque screen or through 
the mouth of a horn into free space. 

Experiment shows that whenever the dimensions of the aperture are 
large compared with the wavelength, the diffraction effects are small and 
the major portion of the field pattern is concentrated in the region covered 
by the rays from the aperture. On the basis of this fact a common high-
frequency approximation technique is used for all problems of the type 
mentioned above. The mathematical details have already been devel
oped in Sees. 5'11 to 5-12, and we need only summarize here the general 
ideas in the application of the results to the various types of problems. In 
each case the aperture area is associated with a surface 2 of infinite extent 
which divides all space into two separate regions. The problem is then 
equivalent to that of an aperture in an infinite screen on the surface 2. It 
is assumed that the field over 2 is zero everywhere except over the aper
ture area; in effect, it is assumed that diffraction effects at wide angles 
with respect to the aperture-ray system are negligible. In the case of the 
reflector and lens it is assumed that the aperture field is produced by geo
metrical reflection or refraction of the rays from the primary feed. In the 
case of a horn the aperture field is taken to be that which would exist over 
the aperture area in a horn of infinite extent—possibly after correction is 
made for reflection from the opening. In the infinite screen problem, 
the aperture field is taken to be that which exists over the area in the 
unperturbed wave in the absence of the screen. 

As was pointed out in Sec. o i l , the calculation of the diffraction field 
is based on the integrals of the field equations obtained in Sec. 3-8 by 
means of Green's theorem. However, the application of Green's theorem 
was predicated on certain assumptions concerning the continuity of the 
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distribution over the surface—assumptions that are not fulfilled by the 
distribution over 2 in the approximation technique. The method should 
rather be considered to be based on the Huygens-Fresnel principle which 
postulates that each point on a wave surface is a source of elementary 
fields (cf. Sec. 4-1), and the results of the Green's theorem integration 
are to be regarded as furnishing the appropriate identification for the 
sources as stated in Eqs. (3-111). The requirement that the source 
distribution must satisfy the equation of continuity then leads to the 
addition of a line distribution of electric and magnetic charge along the 
boundary of the aperture surface. Thus Eqs. (101a) and (1016) and 
hence Eqs. (102a) and (1026) derived from them apply to all diffraction 
problems in the high-frequency approximation method; the fields E r, H r are 
to be interpreted quite generally as the fields over the aperture surface. 

5-14. Reduction to a Scalar Diffraction Problem.—In many antennas 
the field over the aperture is almost completely linearly polarized, only 
a small fraction of the energy being in the cross-polarization component 
of the field. If the latter is neglected, the calculation of the diffraction 
field is simplified; by a further approximation, consistent with the 
high-frequency approximations made already, the problem can be reduced 
to a scalar diffraction problem. 

The analysis will be restricted to a plane aperture; the aperture will 
be taken in the xy-plane as in Fig. 5-10, and the electric field will be taken 
to be polarized in the x-direction. 

It was pointed out in Sec. 4.1 that the integrals of Eqs. (99a) and 
(996) can be transformed into 

E.(P) = 

H.(P) = 

-if 
47T Jz 

~ £ r j s 

/ dn 

_ dn 

On 

dn 

dS, 

dS, 

(112a) 

(1126) 

provided that 2 is a closed surface over the whole of which E and H 
are continuous. Equations (112a) and (1126) are each a set of three 
equations for the three cartesian components of the field vectors; the 
normal derivative d/dn is applied component by component. If 2 is an 
open surface, as in the case of the diffraction problem, a similar trans
formation can be effected; additional terms appear that vanish in the 
former case of integration over a closed surface. The reader can verify 
that for the aperture the integrals transform as follows: 

h L [~jufl(n x H)i/< + (n x E) x V^ + (n • E) v^] dS 

*T]A 
<9E 
dn dn 

dS + 7- ^ r ^ E **ds; (113) 
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a similar expression holds for Eq. (996). The line integral around the 
boundary is different from that of the line distribution of charge but 
arises from the transformation of the surface integrals into one another. 
The diffraction field is the sum of the contribution of the surface integral 
and the line distribution of charges on the boundary. The complete 
expression is then 

1 E^ = ~ 5 *£-*%)* dn dn I 47r 
1 

i(E x T) ds 

Vf(z • H) ds. (114) 

If the field over the aperture is linearly polarized with, say, 
Ev = Ez = 0, 

the surface integral contributes only to ES(P). As is seen in Fig. 5-11, 
this leads to a component of the field in the direction of propagation. 

,5s <« 

F I G . Reduction to a scalar diffraction problem. 

For a given angle 8, the order of magnitude of this longitudinal component 
is at most EX(P) sin 9. The vector E x t is normal to ihe aperture. 
It therefore gives rise only to a component EZ(P); the contribution of the 
latter to the transverse field is again proportional to sin 0. Now the 
high-frequency approximation method is based on the assumption that 
the diffraction field is contained almost entirely in the region of small 
values of 9; therefore in the significant region of the field the longi
tudinal and transverse components arising from the surface integral and 
E x T respectively are negligible, and the surface integral may be taken 
alone to calculate the transverse field. As regards the longitudinal com
ponent introduced by E x *, it will be recalled that the third integral 
of Eq. (110) was such as just to cancel the longitudinal component of the 
field introduced by the first two terms. Therefore, the last two integrals 
of Eqs. (110) virtually cancel each other for small angles 9. 

The diffraction field is thus given by the scalar integral formula 
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where u stands for the particular component of the field involved. I t 
will be recognized that this is the Kirchhoff diffraction formula used in 
physical optics.1 

In the geometrical-optics approximation the field in the region of 
the aperture has the form (Sec. 4-5) 

u = A (x,y,z)e-'t°L<-* ■"■*>, (116) 

where A(x,y,z) is the amplitude and L(x,y,z) = constant are the equiphase 
surfaces. Then 

— = n • VJJ = -jk0un • VL + u ~r — ■ (117) 
dn A dn K 

If the wavelength is short, k0 is large and the second term may be neg
lected in comparison with the first: 

-^ ~ -jkoua- VL. (118) 

The field over the aperture is usually given in terms of the amplitude 
A(x,y,z) and the phase distribution ^(x,y) = koL(x,y,0). If s is the unit 
vector in the direction of ray at a given point on the aperture, we have 
by Eq. (4-10)2 

h0VL = ks\ (119) 
then 

du 
^ « -jkun ■ s. (120) 

The components of s in terms of the phase distribution ^{x,y) have been 
given previously in Eq. (5-107). 

With regard to d<J//dn it is observed that 

W d 

dn dr (? ) -
dn 

I 1 \ e-'kr 

( j H - J n . r , ^ , (121) 

where ri is a unit vector from the point on the aperture to the field point. 
Collecting the terms in Eq. (115), we obtain 

1 f e~'kT \( l \ 
dS. (12?) 

1 See, for example, M. Born, Oplik, reprint bv Edwards Bros., Ann Arbor, Mich 
1943. 

2 This covers the general case in which the wavelength in the region of the aperture 
differs from that in free space. 



SEC. 515] BABINET'S PRINCIPLE FOR ELECTROMAGNETIC FIELD 167 

For the far-zone field the cus tomary approximat ions are m a d e with 
regard to e~'kT/r. In addi t ion, n • r i = n • R i = cos 6 is cons tan t over 
t he aper tu re , and l/r is negligible compared with jk. T h e far-zone fiold 
is, therefore, 

u, « -iK, <rikR / ue'*e-R' (n • s + cos 6) dS, (123) 
iwli J A 

where j> is t he vector from the origin to the surface element dS. A t t en 
tion should be directed t<> the n ■ s t e rm. Only if the phase dis t r ibut ion 
over the aper tu re represents a small deviat ion from cons tant phase can 
n • s be set equal to un i ty wi th litt le error. In t h a t case, we have 

Up « JKs e~'kR (1 + cos B) / we'*e-R' dS. (124) 
iirtC J A 

5-15. Babinet's Principle for the Electromagnetic Field.—Consider
able progress has been made dur ing the past few years in obta in ing rigor
ous solutions of diffraction problems. Discussion of these would carry 
us beyond the scope of this work. At ten t ion mus t be called, however , to 
the relation of Bab ine t ' s principle to the electromagnetic field t h a t resul ts 
from the solution of the problem of the diffraction of a wave b y a plane 
meta l screen of infinite conduct iv i ty . 1 

I t will be well to recall the form of Bab ine t ' s principle as it applies 
to a scalar wave field.2 Suppose t h a t we have a plane opaque screen in 
the zy-plane; Am is the area covered by the screen and A0 is t he ape r tu re 
area. T h e complementa ry screen is defined to be t h a t covering the area 
A0 and having aper tu re area Am. In bo th cases let there be an initial 
field Ui arising from sources in the negat ive 2-region of space, and let 
Mi and Ui be the diffraction field produced in the posit ive z-region by the 
respective screens. T h e optical Bab ine t ' s principle s ta tes t h a t the sum 
of the two complementa ry fields a t any point is equal to the initial wave 
ampl i tude a t the point in the absence of any screen: 

W; — Mi + M2. (125) 

This relates the problem of diffraction a round a meta l sheet of finite 
area to the diffraction of a wave th rough an ape r tu re of the same size 
and shape in an infinite plane sheet. 

The principle for the e lect romagnet ic field is fundamenta l ly different 
in t h a t the initial fields are complementa ry as well as the screens. Let 
Ei = F , H ; = G be the initial field arising from sources in the negat ive 
z-region in the case of one of t he screens, and let E , , H i be the diffraction 

1 H. G. Booker, "Babinet's Prinriple and the Theory of Resonant Slots," THE 
(Great Britain) Report No. 29, December 1941; E. T. Copson, Proc. Roy. Soc, A, 
186, 100 (1946). 

2 M. Born, Op. cit. 
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field in the positive z-region. Let E; = — G, H, = F be the initial field 
in the case of the complementary screen and E2, H 2 its diffraction field. 
Then 

Ei + H2 = F, (126) 
H t - H2 = G. (127) 

The incident field for the complementary screen is rotated 90° with 
respect to the first field, and the complementary relation exists between 

7/777772 

fa) ft) 
F I G . 5-12.—Relation between a slot and a dipole radiator. 

the electric and magnetic field vector of the respective diffraction fields. 
This principle leads to a useful relation between the radiation field 

of a slot and that of a dipole. Let 5 be a slot in an infinite plane con
ducting sheet, excited by a generator across its center as shown in Fig. 
512a. The complementary dipole is a similar thin metal strip (Fig. 5-126) 
energized by a generator across an infinitesimal gap at its center. The 
field vectors over the slot are perpendicular to the corresponding field 
vectors in the case of the dipole. It then follows from the Babinet's 
principle that the radiation field of the slot is the same as that for the 
dipole, but with the electric and magnetic field vectors interchanged; full 
details of the proof will be found in the paper by Booker. 



CHAPTER 6 

APERTURE ILLUMINATION AND ANTENNA PATTERNS 

By S. SILVER 

6-1. Primary and Secondary Patterns.—The discussion of aperture 
systems will be continued in the present chapter with the object of 
developing in more detail the relations between the aperture field and the 
diffraction field. The results will furnish a basis for the design of the 
reflectors and lenses used in directive microwave antennas. The design 
considerations for such systems fall into two major groups: (1) trans
formation of the specifications that the radiation pattern of the antenna 
as a whole is required to meet into requirements on the aperture-field 
distribution, and (2) the design of the primary feed and reflector or lens to 
produce the required aperture field. The radiation pattern of the com
posite antenna will be referred to as the secondary 'pattern in distinction 
to the primary pattern of the feed system. 

I t must be kept in mind that strictly speaking the secondary pattern 
is a superposition of the diffraction field from the aperture and the field 
of the primary feed (cf. Sec. 5-1). Microwave feeds, however, are 
designed to have such directivity that the major portion of their energy 
is directed into illuminating the optical device. The overlapping of the 
field of the primary feed and the diffraction field gives rise, therefore, only 
to second-order effects; these will be treated in later chapters in the 
discussion of specific antennas. The secondary pattern can thus be 
resolved into two parts: (1) the diffraction field of the aperture and (2) 
the portion of the primary feed field that is not intercepted by the optical 
system. Specifications imposed on the secondary pattern (intensity level 
relative to peak intensity) in the second region are therefore require
ments imposed on the primary feed pattern in addition to the require
ments pertaining to the production of a desired aperture field. 

6-2. The Diffraction Field.—The discussion will be restricted to a 
plane aperture and will be based on the scalar field approximation devel
oped in Sec. 5-14. I t is therefore being assumed that the field over the 
aperture is uniformly polarized in one direction, which, to fix our ideas, is, 
say, the ^-direction, the aperture being taken in the zy-plane (Fig. 6T). 

Let the coordinates of a point in the aperture be £, n and those of a 
field point P be x, y, z. It will prove convenient to change the notation 
somewhat from that used in the preceding chapter. The field over the 

169 
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aperture will be designated by F(£,ri); -A (£,»/) will be the amplitude distribu
tion, and tyfay) the phase distribution, so that 

F{S,v) = AU-,r,)e-w>. (1) 

The method of determining the system of optical rays through the aper
ture associated with the phase distribution ^(f,!?) was discussed in Sec. 

Pix,y,z) 

FIG. 6-1.—On the diffraction field. 

5-12; the explicit relations between the components of a unit vector s 
along a ray and the phase function are given in Eq. (5-107). If ri is a 
unit vector in the direction from the aperture point (£,TJ) to the field point 
P, then according to Eq. (5-122) the diffraction field Up is given by 

u' = irfA
 F^v) eIr [ (jk + F) s- ■ri + jki>' df dv. (2) 

The diffraction field may be divided into three general zones which 
are determined mathematically by the nature of the approximations 
that may be made in the integral [Eq. (2)]. The three zones are also 
differentiated by the structure of the field, but it should be noted that the 
boundaries of these regions are not sharply defined. 

First there is the near-zone region of points in the immediate neighbor
hood of the aperture for which no simplifying approximations can be 
made in Eq. (2). Although the dimensions of the aperture are large 
compared with the wavelength—an assumption that underlies the use of 
Eq. (2)—there is in general, for a given field point in this region, an 
appreciable area of the aperture for the points on which the 1/r term in 
the brackets of the integral is not negligible compared with k = 2ir/X. 
The region extends several wavelengths outward from the aperture, and 
it will be readily appreciated that this is not exactly infinitesimal for the 
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wavelengths of the orders of magnitude of the microwave region. Also, 
for the near-zone region, the variation of iz ■ Ti over the aperture for a 
given field point must be taken into account. The integrations are in 
general difficult to carry out, and a detailed study of the integral for this 
region is beyond the scope and purpose of our present discussion. In 
such cases where the field has been worked out in detail it has been found 
that the near-zone field is determined essentially by geometrical propaga
tion along the aperture-ray system with fluctuations in intensity over the 
phase surface due to interference effects; the mean value of the intensity, 
however, differs little from that of the geometrically propagated field. 
The shadow region boundary is quite sharply defined. 

Attention should be called to the fact that the scalar diffraction 
integral [Eq. (2)] can at best yield only qualitative results for the near 
field zone. In this region the contributions of the line integrals along the 
aperture boundary in Eq. (5-114) will make significant contributions to 
the field and must be taken into account if the results are to have a 
quantitative value. 

From the near zone we pass into the region of the diffraction field 
which we shall call the optical-Fresnel field by virtue of its correspond
ence to the Fresnel region of optical diffraction problems. Several 
simplifying approximations are introduced; the orders of magnitudes of 
the errors involved must necessarily be evaluated for each case separately, 
To start with, the term 1/r in the brackets of Eq. (2) is considered to be 
negligible with respect to k; at a distance of several wavelengths from the 
aperture this approximation is reasonable. Second, the variation of 
(iz • ri) over the aperture is neglected, and the term is replaced by the 
constant iz • Ri = cos d, where Ri is a unit vector directed from the origin 
to the field point. A third approximation in the same category is to 
neglect the variation of the 1/r term outside the brackets; it is set equal 
to the reciprocal distance 1/R from the origin to the field point. 

The variation of r over the aperture must be treated more carefully 
in the phase term e~'tr. We have in general 

r = [{x- l)2 + ( 2 / - ^ ) 2 + 22]^. (3) 
If the field is concentrated in the region around the z-axis, a distance z 
from the aperture will be reached at which for the points in the significant 
region of the field z » \x — | | , \y — TJ\. Equation (3) can then be 
expanded as follows: 

r ~ * + ( ^ + ijL^+--- =« + r.+ - - - . (4) 
Terms higher than the second order are neglected in the Fresnel field 
approximation. An alternative form of expansion is obtained by express
ing the coordinates of the field point in spherical coordinates: 
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x = R sin 8 cos 4> = Ra, | 
y = R sin 6 sin <£ = fl/3, } (5) 
z = R cos 9. J 

Introducing these into Eq. (3), we obtain 

r « # - (a£ + /3TJ) H ^ = " + n,, (o) 

neglecting terms of order higher than the second. It is seen that this 
assumes a£/R « 1, Qn/R « 1- The expansion in the form of Eq. (4) 
is suited for discussing the field over planes z = constant, whereas Eq. (6) 
is best for discussing the field over a sphere of radius R about the origin. 
Since both expansions actually assume that the field is concentrated in 
the neighborhood of the z-axis, there is no significant difference between 
the results obtained with one or the other. The diffraction integral for 
the optical-Fresnel region thus becomes 

U' = i T T I A F(^)«~'4 r°(cos 6 + i, • s) df dr, (7a) 

or 

U' = 'ke~W \A
 F^'^e'ih'<cos « + >. ■ s) df dr,. (76) 

Eqs. (7a) and (76) differ from the expressions for the Fresnel field 
generally found in the literature in the presence of the term i, • s which 
arises from a nonuniform phase distribution over the aperture. It is to 
be noted that a phase distribution which represents wide deviations from 
constant phase has associated with it a highly dispersed system of rays. 
Under such conditions the assumption that the energy in the diffraction 
field is concentrated around the 2-axis is not valid and the approximations 
entering into Eqs. (4) and (6) may not be justified. If, however, the 
phase distribution represents only small deviations from uniform phase, 
the deviation of the rays from a system of parallel rays that are normal 
to the aperture is small; the term u • s may then be treated as constant 
and equal to unity over the aperture. 

The Fresnel region is characterized by the onset of diffusion of the 
field and the wavefront outside the boundaries defined by the extension 
of the rays through the aperture. The latter, however, still define the 
propagation of the major portion of the field; further details of the Fresnel 
region will be developed in later sections. 

With increasing distance from the aperture we finally pass into the 
Fraunhofer or far-zone region of the field. This is the region with which 
the secondary pattern is concerned. The far-zone approximations have 
been discussed a number of times before. In the present connection it 
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will be noted that the Fraunhofer region is differentiated from the 
Fresnel region by further approximations that are made in the phase term 
e"'kr: the Fraunhofer field approximation neglects all terms in Eq. (6) 
above the first order in the aperture coordinates thereby considering in 
Fig. 6-1 that the unit vector ri is 
parallel to Ri. We have then 

±1 
2X R 

+ iz • s)e*™8<* 
■-L F(Z,r,)(cose 

«*+i™*> d£dv. (8) 

Like all other far-zone fields en
countered previously, the Fraun
hofer field is a quasi-point source 
field. The field distribution is the 
same over all spheres about the 
origin; in a given direction 6, <j> 
the amplitude varies monotonically 
as \/R and the intensity as 1/R-. 

Again if the phase error over the 
aperture—deviations from constant 
phase—are small, the i* • s term may 
be replaced by unity. Equation 
(8) then becomes 

2\R 

t\k,n)e>k"-' 

(1 + cos 

' rf£ di). 

FIG. 6-2.—Transition from Fresnel to 
Fraunhofer diffraction for a slit; (a) . . . 
( / ) depict the field distribution across planes 
in the Fresnel region at increasing distances 
from the slit, showing progressive diffusion 
of the field into the shadow region; (g) is the 
F'raunhofer pattern. {Reproduced from- .1. 
C. Slater and .V. H. Frank, Introduction to 
Theoretical Physics, McGraw-Hill, New 
York, by courtesy of the authors.) It will be found that with nearly uni

form phase over the aperture, al 
most all of the energy in the field is contained in a small angular region 
about the 2)-axis (corresponding to the geometrical property that the aper
ture rays are all parallel to the z-axis). The variation of cos 6 over the im
portant region of the secondary pattern may then be neglected, and we have 
as our final approximation 

U^^Re' F(i,v)e'k- t{co»*-Hls d | di]. (9) 

Equation (9) is frequently used indiscriminately for both small and large 
phase errors over the aperture. This will Vie done in the present chapter 
and it should be remembered that for the latter cases the results have only 
qualitative value. 
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I t was pointed out earlier that the boundaries of the three regions 
of the field cannot be sharply defined. It is clear that the passage from 
the Fresnel approximations to the Fraunhofer approximations is a gradual 
one and is determined to a large extent by the criteria of the acceptable 
error in the approximations that are made. In later sections we shall 
attempt to define an inner boundary for the Fraunhofer region on prac
tical considerations for special types of apertures. The gradual transi
tion of the physical characteristics of the field from one region to the next 
is illvistrated very nicely in Fig. 6-2 taken from Slater and Frank.1 The 
figures pertain to a slit over which the field is uniform in amplitude and 
phase. The near-zone pattern (Fig. 6-2b) is seen to consist essentially 
of the column of radiation propagated geometrically from the aperture. 
With increasing distance from the aperture the field diffuses into the 
shadow region, the system of parallel aperture rays finally passing over 
into a cone of rays in the Fraunhofer region. 

6.3. Fourier Integral Representation of the Fraunhofer Region.—The 
final approximate expression that was obtained for the Fraunhofer region 
[Eq. (9)] has an interesting interpretation. Let us define 

kx = k sin 6 cos $, (10a) 
ky = k s in 6 s in <$>; (106) 

Eq. (9) then becomes 

U, = j^e-iMg^ky) (11a) 

with 

}(t,y = / F^^e'^i+^d^dr,. (l ib) 

Consider the plane z = 0. The aperture field can be regarded as the 
function u(x,y) over the entire plane: 

u(x,y) = F(x,y) inside A, (12) u(x,y) = 0 outside A. ) 
The function u(x,y) is stepwise continuous over the entire plane and can, 
therefore, be expressed as a Fourier expansion in the form of the Fourier 
integral: 

u(x,y) = -—^ / / / / w(£,7,)e^ (f- IV^'-' ' ) di, dr, dkx dky, (13) 

u{x,y) = ̂  / / 9(kt,ky)e-^'r+k"v)dkxdky> (13a) 

1 Introduction to Theoretical Physic?, McGraw-Hill, Xcw York, 11)33, Chap. 27. 
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with 

»(*.*») = ^ ] f utt,T,)e»«'i+*^ di dr,, 

F(£,V)ei<k-t+k"» d£ dr,. (136) 

It will be observed that except for the factor of 1/27T Eq. (136) is identical 
with Eq. (116). 

Let us now examine Eq. (13a). If we define a vector k, 

k : kx; ky;kz ~ + I —̂  kx *i j (14) 

the function e~'kT satisfies the wave equation and represents a plane wave 
of unit amplitude traveling in the direction of the vector k. Over the 
plane z = 0, the wave produces a distribution 

-ik-T 
= 0 

g—)(k,x+k,y)_ (15) 

The integrand of Eq. (13a) is thus the distribution over the plane z = 0 
produced by a plane wave in the direction k with an amplitude g(kx,ky), 
and the arbitrary distribution u{x,y) is given by Eq. (13a) as a super
position of plane waves traveling in all directions. Referring to Eq. (1 la) 
it is then seen that the amplitude of the field in the Fraunhofer region 
in the direction defined by kx and ky [Eqs. (10)] is the amplitude of the 
plane wave component in that direction which enters into the synthesis 
of the arbitrary distribution over the aperture. 

Equations (13a) and (13b) are referred to as the pair of mates of a 
Fourier transform. If the function g(kx,ky) is given, that is, the Fraun
hofer field is prescribed completely both as regards to amplitude and 
phase, Eq. (13a) serves to determine the field distribution over the plane 
2 = 0 that is required to produce the prescribed secondary field pattern. 
In practice the use of the transform is limited by the fact that the second
ary pattern is prescribed only in power; the phase oig(kx,ky) can be assigned 
at will, and therefore the aperture distribution is not determined uniquely. 
Two different choices of the phase of g(kx,k„) lead to two different 
aperture fields, one of which it may be physically possible to produce, 
whereas the other may not be realizable physically at all. 

6-4. General Features of the Secondary Pattern.—The results of 
later sections will be anticipated here with a general summary of the 
relation between the secondary pattern and the aperture field. Consid
ering Eq. (8) or (9) again from the point of view of the superposition of 
contributions from each element of surface on the aperture, the field 
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at a given point is visualized as the resultant of a system of vector 
elements. The magnitude of the vector from the element of surface 
at a point £, r; is \F(^,rj)\ dt; drj; the angle that it makes with the element 
from the origin (which is taken as a reference) is determined by the 
intrinsic phase difference between them over the aperture and the phase 
difference arising from different path lengths to the field point. The 
absolute maximum value that the resultant of the system of vectors can 
have is equal to the sum of their magnitudes, obtained when the contribu
tions are all in phase. If the phase over the aperture is constant, the 
absolute maximum is attained in the direction normal to the aperture, for 
in that direction the path length is the same from all aperture points 
to the field point. Since the path-length phase factor 

k sin 0(£ cos 0 + 77 sin 4>) 

is a linear function of the coordinates on the aperture, the absolute 
maximum cannot be obtained in any direction in the case of arbitrary 
phase distributions over the aperture unless the distribution is a linear 
function of the aperture coordinates. In general, however, there will 
always exist directions in space for which the path phase factor makes the 
optimum compensation for the aperture phase differences between the 
elements as compared with neighboring directions. The secondary 
pattern thus has series of maxima and minima. If the phase distribution 
does not deviate too widely from constant phase over the aperture, there 
will in general be one maximum that is considerably greater in value 
than the others. The portion of the secondary pattern possessing this 
maximum and contained within the angular region bounded by the 
directions of the adjacent minima is known as the main lobe or sometimes 
as the main beam. The subsidiary maxima are referred to as side lobes. 
The line through the origin and the peak of the main beam is referred to 
as the beam axis. 

From the practical point of view the pattern is specified by certain 
beam characteristics: the direction of the peak intensity; the gain, half-
power, and tenth-power widths of the main lobe; and the magnitudes and 
positions of the side lobes. To define the beam widths consider any 
plane containing the axis of the beam; the half-power width fc) in that 
plane is the angular distance between the two directions about the axis 
in which the power radiated per unit solid angle is one-half the peak 
value; the tenth-power width 0 ( T T ) is defined correspondingly. If the 
aperture is symmetrical in shape and the field distribution over the 
aperture has certain symmetry elements in common with the aperture, 
the main lobe will reflect the symmetry of the field distribution. The 
symmetry elements are generally planes of symmetry; these are referred 
to as the principal planes of the pattern. 
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Gain.—Let us consider first the relation between the gain and the 
aperture field. The power radiated per unit solid angle in a given direc
tion is [cf. Eq. (5-77a)l 

P{e,4>) 
- & ) " 

R2\UP\*. (16) 

The total power Pa radiated by the aperture is equal to the power flow 
across the aperture, which is the integral of the normal component of the 
Poynting vector. The total power is then 

1 It 
2 v |F(f, ,) |»(i. .B)d£du, 

and the gain function in the direction (B,<j>) is 

G{e,o>) = £ 
\ jAF{i,n) (cos B + s,)e*'>°su<™<-+i'<°^ dt, d-X 

(17) 

(18) 

The more exact form [Eq. (8)] has been used in Eq. (18) for the field 
intensity Up in the Fraunhofer region. 

It was seen that if the phase is constant over the aperture, the second
ary pattern attains the absolute maximum in the direction of the 2-axis, 
6 = 0. The aperture rays are parallel to the z-axis so that s2 = 1; the 
maximum value of the gain function, or simply the gain, is, therefore, 

4x | j A 

Y2~ 
Ftt,r,)dljdV\ 

jA\F{k,ri)\2didn 
(19) 

A case of especial interest is that of uniform illumination over the aper
ture. F(£,ri) is a constant; from Eq. (19) the gain Go for that case is 
found to be 

G0 = X2 (20) 

Consider now any other intensity distribution. Making use of the 
Schwartz inequality, 

fg d£ dv < f f2d£dv J g2 
di. drj, (21) 

where / and g are any two functions; by taking / = F(£,ri) and g = 1, 
we find 

2 

ff&v)dndv
2 < A f \F(a,nyr-dt*,. (22) 
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Hence, 
brA 

GM < -^- (23) 

Thus, the uniform field distribution over the aperture gives the highest 
gain of all constant-phase distributions over the aperture. The ratio 
g = GM/GO, known as the gain factor, may be regarded as the efficiency 
of the aperture in concentrating the available energy into the peak 
intensity of the beam. 

The proof given above that uniform illumination gives maximum gain 
is valid strictly for constant-phase distributions only, since Eq. (19) 
applies only to such distributions. A proof for the more general case 
must be based on Eq. (18); so far, to the author's knowledge, no such 
proof has been established. If the phase distribution represents a small 
deviation from constant phase, however, and is such that the peak 
intensity lies in the direction 0 = 0, it is certain that the gain is less than 
that of the uniform field. The value of the peak intensity is more 
sensitive to the interference effects between the vector elements from 
the aperture than is the value of the total power to the slight deviations 
of the aperture rays from the normal to the latter. The effect of such 
phase errors is, therefore, a reduction in the aperture efficiency. 

The aperture efficiency can be given more pictorial significance by 
considering the performance of the antenna system on reception. Let 
us suppose for the moment that the primary feed is designed to illuminate 
the reflector or the lens but to have no radiation in other directions. In 
that case the secondary pattern arises entirely from the aperture, and the 
gain of the antenna is equal to the aperture gain GM. If now a plane 
wave is incident on a matched antenna along the beam axis, by Eq. 
(2-80), the absorption cross section presented by the antenna to the plane 
wave is 

Ar„ = ^G„. (24) 

From Eq. (20), it is then seen that if the aperture is uniformly illuminated, 
the absorption cross section is equal to the physical cross section presented 
by the antenna to the incident wave. In the ctise of any other type of 
constant-phase illumination we have 

A,M=%A. (25) 

The effective area is reduced by the gain factor. The aperture efficiency 
may thus be regarded as measuring the effective aperture area presented 
by the antenna to the incident wave. 

In the practical case the primary feed radiates in directions other 
than that required to illuminate the optical device. The energy not 
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intercepted by the latter is referred to as the spill-over energy. Except 
for secondary effects the total power in the secondary pattern can be 
considered as consisting additively of the power in the Fraunhofer region 
of the aperture diffraction field and the spill-over energy of the feed. 
The over-all gain of the antenna must be referred to the total energy 
radiated in all directions. If Pm is the peak intensity in the secondary 
pattern and P is the total power radiated by the feed, the over-all gain is 

G = ~ ™ (26) 

If the aperture intercepts a fraction a of the total power from the feed, 
the power radiated by the aperture is Pa = aP, whence 

G = a ^ p = = aGM. (27) 

Taking again the uniformly illuminated aperture with an idealized feed 
as the reference, the over-all efficiency of the system is 

9 = £ = «£-■ (28) 

The efficiency of the antenna is thus seen to be a product of two factors: 
(1) the fraction of the total power intercepted by the optical device and 
(2) the efficiency of the aperture in concentrating the available energy 
into the peak of the main lobe. 

Beamwidihs and Side Lobes.—The beam width and side-lobe character
istics are, of course, intimately related to the dependence of gain on 
the aperture field distributions. The following remarks are based on the 
results of the investigation of a number of special cases. Taking the 
constant-phase distribution first, we have seen that maximum gain is 
realized with uniform illumination. If the illumination over the aperture 
is modified so that the intensity is peaked in the central area of the 
aperture and tapered down in magnitude toward the aperture boundary, 
the diminution in gain is accompanied by an increase in beamwidth and a 
decrease in side-lobe intensity relative to the peak intensity of the main 
lobe. The prominence of the side lobes can be traced to the discontinuity 
at the edge of the aperture, considering the field distribution with regard 
to the plane z = 0 as a whole. 

The effect of phase errors over the aperture, with the types of aperture 
fields that are commonly encountered, is in general to reduce the gain 
and broaden the main lobe. Side-lobe levels may be either raised or 
depressed depending on both the type of phase distortion and the inten
sity distribution over the aperture. Quite generally the sharpness of the 
minima is reduced and their levels are raised. Severe phase errors ovei 
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the aperture may result in splitting of the main lobe and enhancement 
of the side lobes to such an extent that it is no longer possible to identify 
a major lobe. 

6.5. The Rectangular Aperture.—A number of special problems 
associated with rectangular and circular apertures will be investigated 
to illustrate the general ideas formulated in the preceding section. The 
rectangular aperture will be treated first. Let the dimensions of the 
aperture be designated by a and b, the orientation of the aperture in 
the x?/-plane being shown in Fig. 6-3. The secondary pattern depends 
only on the relative distribution over the aperture, and in the following 
discussion it will be assumed that the distribution F(£,r;) is normalized 
to have a maximum value of unity. For the present purposes the com
pletely simplified expression for the Fraunhofer region [Eq. (9)] will 
be used; in so far as the pattern is concerned we need consider only the 
factor 

/

a/2 Z-6/2 

/ F(J,,)e'A"»»(J~-*+'"-*>d^d7,. (29) 
- a / 2 J -b/2 

Uniform Amplitude and Phase.—F(£,?;) = 1 for a uniformly illumi
nated aperture; the integral of Eq. (29) is easily evaluated, and one 
finds that the secondary amplitude pattern is 

9(9,<t>) 

lira . . \ 
I -T- sin 8 cos i> I 

sin 8 cos <t> 

. (TO 
sin 9 sin 4> 

*b . „ . 
— sin 8 sin <f> 

(30) 

The patterns in the principal planes (the xz- and ?/z-planes) are of par
ticular interest. For the xz-plane </> = 0, Eq. (30) simplifies to 

ff(9,«) 

. fva . \ 
S;Q I — sin 0 1 

(31) 
sin 9 

For the ^2-plane <#> = JT/2; the pattern in this plane is likewise given 
by Eq. (31) with a replaced by b. Both patterns are of the same form, 
sin u/u, but are scaled in the angle 9 according to the aperture dimensions 
in the respective planes. The secondary power pattern, normalized to 
a peak value of unity, is plotted in Fig. 6-3 on a logarithmic scale as a 

function of the reduced variable (r/X) sin 9. The minima in 

this case are equal to zero and occur at the points u„ = mr, n = + 1 , 
+ 2, ■ • ■ . The full widths of the main lobe measured from null point 
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FlG. 6-3.—Secondary pattern of a uniformly illuminated rectangular aperture. 

to null point on either side of the axis are 

zz-plane: 2 sin 

2/z-plane: 2 sin 

\a/ a 
2X 
b ' 

The half-power point on the main lobe is very closely at w = 1.39; hence 
the half widths in the principal planes are 

xz-plane: 0 = 2 sin"1 ( 1 ^ ) « 0.88 - , (32a) 
\ ira / a 

2/z-plane: 0 = 2 sin^1 \ - ^ j « 0.88 ~- (326) 
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These illustrate two fundamental points: (1) In a plane of symmetry the 
width of the beam is determined by the aperture dimension in that plane, 
and (2) the diffraction pattern is confined to a smaller angular region the 
larger the dimensions of the aperture as measured in wavelengths. 

The side lobes (peaks) are located at the points um that satisfy the 
relation u = tan u. The first of these comes at U\ = 4.51; the second at 
tti = 7.73. The side-lobe intensities relative to the peak intensities are 
readily found to be 1/(1 + uj,), which, from the values of U\ and M2, is 
seen to be very nearly equal to 1/ttJ,. Referring to the amplitude 
expression [Eq. (31)], it is seen that g{6) is positive over the entire main 
lobe, changing sign in passing through the first zero, returning to a 
positive value on passing through the second zero, and so on. The 
odd-numbered side lobes are, therefore, out of phase with the main lobe, 
and the even-numbered ones are in phase. Such phase reversals are 
characteristic of all power patterns in which the minima are equal to zero. 

Separable Aperture-field Distributions.—A common type of aperture-
field distribution is that which arises with a cylindrical reflector or lens 
and a line source (cf. Sec. 5-9) where the distribution over the aperture is 
separable into a product of two functions: 

F&ti) = F i ( ^ « . (33) 

Substituting into Eq. (29), we find that the integral is likewise separable: 

/•a/2 fb/2 
g(8,<t>) = / Fi({)e'' t«»°s '*»+d£ / F*{r,)e*"™<1™* dy. (34) 

J-'/2 J-b/2 

If we consider again the principal plane patterns, we see that the pattern 
in a given plane is determined entirely by the field distribution along the 
corresponding aspect of the aperture. The principal plane patterns are 

zz-plane: g{6) = 

yz-plane: g(d) = 

I b/2 
F,(n) dn 

-b/2 
(■a/2 
/ Fi({) d{ 

J -a. a/2 

fa/2 
/ FiWif'dt; (35a) 

J -a/2 
fb/2 
/ F*(?,)e*'>f>» dt,. (356) 

-b/2 

The effects of tapered illumination and phase errors on the principal 
plane patterns can thus be studied as two-dimensional problems, provid
ing, of course, that the aperture field is separable in the form of Eq. (33.) 
both in amplitude and in phase. 

6-6. Two-dimensional Problems.—The remaining analysis of the 
secondary pattern of a rectangular aperture will be restricted to a separ
able distribution in which the field is uniform along, say, the ^--direction; 
that is, Ft(ii) = 1. The pattern in the plane x = 0 is just the sin u/u 
pattern, 
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sin I — sin 8 I 
gW - -VV...._.A x6 . a ' — sin 9 

and we are left with only the pattern in the plane y = 0, 

g(B) = f " F1(S)*>i<-dt, (36) 
. / - a / 2 

to consider. Multiplicative constants are being ignored in Eq. (36). 
I t is convenient to introduce new variables 

x = —, u = — sin B; (37) 
(I A 

the function Fi(f) goes over into a function /(a;), and g{B) becomes a 
function of u which to avoid difficulties of notation will be designated 
as g(u). Equation (36) then becomes 

< « > - « / - . 9(u) = 5 j_J(x)e**dx. (38) 

It is seen at once that if the same relative distribution, for example, 
f(x) = [1 — (4£2/a2)] = (1 — x2), is produced over two apertures of 
different size, the two apertures will produce the same secondary patterns 
when regarded as functions of u. The side-lobe intensities relative to the 
peak intensity will be the same in the two cases. However, since 
sin 6 = XM/JTO, the angular distributions will differ; the diffraction field 
of the larger aperture will be contained in a smaller angular region than 
that of the smaller aperture, and in particular the main lobe will have a 
smaller beamwidth. The larger aperture will yield higher gain, cor
responding to the fact that the pattern is confined to a smaller angular 
region in space. This can be seen directly from the expression for the 
gain [Eq. (19)]. For the present we shall consider only constant-phase 
distributions. Equation (19) reduces to 

4.6 | /:>(MJ 
GM = -v-j- -rA (39a) 

for the separable type of distribution. On introducing the variable x, 
this becomes 

0 w|i>*fl {m 
X" j_i\f{x)\*dx 

showing explicitly that the gain is proportional to the area of the aperture. 
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The distribution over the aperture can be characterized completely 
by its moments Mm, 

/ : 
xmf(x) dx (m = 0, 1, 2, ■ • •)• (40) 

These are very useful in relating the properties of the secondary oattern 
to those of the aperture distribution.1 Expanding the exponential in 
Eq. (38) we obtain 

'M- iX^/ - !^* 
or 

ff(") 
MO<Z 

2 / ( m\un 
m = 0 

The power pattern p(u) = \g(u)\2 is then 

*»- ffib -fe-!)"+(" 

(41) 

(42) 

12M0 M 4M? ) « ' -
(43) 

It is seen from Eq. (42) that an asymmetrical distribution over the aper
ture results in a g(u) that is complex so that the equiphase surfaces in 
the Fraunhofer region are not spheres centered at the origin. If, how
ever, the aperture distribution is symmetrical, that is, f{x) is an even 
function, its odd moments vanish and g(u) is real: 

g(u)=f ( i M 2 ■> i U2 + 
2/xi 

M4 , 

5 T o ' 4', 
(44) 

For the latter case, convenient expressions for the beamwidth can be 
obtained by simple approximations. In the neighborhood of the beam 
axis, we shall approximate the pattern by neglecting all terms in Eq. (44) 
beyond the second: 

•«-¥ ('-£"*)• (45) 

The half-power point in the power pattern corresponds to point u at 
which the amplitude has 'alien to 1 / \ / 2 of its peak value. Hence 

w . 0 
X a n - 2 ~ ( 2 - \/2) Mo 

l"2 

1 R. C. Spencer, "Fourier Integral Methods of Pattern Analysis," RL Report No. 
762-1, Jan. 21, 1946. 
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and the half-power widthJs 

0 ~2 sin"1 ( [ ( 2 - V 2 ) - T 2 -
{ L M2j «Z 

or 

e - 0 . « ^ ) ^ - (46) 

The effect of tapering the illumination down toward the edges of the 
aperture can be seen directly from this expression. Since the moment 
fit is the average of the distribution function weighted by the factor x2, 
peaking the function in the neighborhood of x = 0 decreases the second 
moment more rapidly than MO which is the average of the function itself. 
The effect of such tapering is to increase the ratio M0/V2 and hence to 
increase the beamwidth. 

A more accurate expression for the beamwidth has been obtained,1 

which can be used to construct the main lobe down to its tenth-power 
width. The results are applicable only to the cases of symmetrical 
aperture distributions. For the latter the expansion of the power 
pattern [Eq. (43)] reduces to 

p(v) = 1 feWHfe) + ^ 
3MO. 

(47) 

The factor 0n>a/2)2 has been dropped to normalize the pattern to a 
peak value of unity. The power drop in the pattern relative to the peak 
expressed in napiers is N = — In p(u). Considering Eq. (47) to be of 
the form 1 — z, the expansion for In (1 — z) is used to obtain 

N~^u* + \(ti-±)u*. (48) 
Mo 4 \nl 3MO/ 

Solving for u, we then get 

u = AN^l - BN), (49) 
vhere 

/,,.V» 1 / \ 
(49a) 

A _ l ^ \ \ r, 1 / , M»MA 

Since In p(u) = 2.303 iofi v(v), the corresponding expression in terms of 
the decibel drop D is 

u = A'DHl ~ B'D), (50) 
where 

A' = 1.5184; B' = 2.303B. (50a) 
1 It. C. Sponcer, op. cit. 
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The full angular width of the main lobe at a given decibel level is, there
fore, 

&D = 2 sin - ^ (1 - B>D) * 
T a (51) 

The aperture-field-secondary-pattern relationships are further illus
trated by the results in Table 6-1, in which the major secondary-pattern 
characteristics are given for several typical aperture distributions. The 
integration of Eq. (38) is easy to perform for each of these distributions, 
and the details need not be given here. The effect of reducing the 
discontinuity at the edge of the aperture is shown by the series of para
bolic distributions 1 — (1 — A)x2. I t is seen that the gain decreases 
rapidly as A gets in the neighborhood of zero; and the beam width increases. 
The series cos" (xx/2) shows the effect of a higher-order taper of illumina
tion. All members of the series (n = 1, 2, . . .) reduce to zero at the 
edge of the aperture, but in addition the nth member has n — 1 deriva
tives equal to zero at the edge of the aperture. The gain decreases and 
the beamwidth increases with increasing n; the side lobes appear at 
increasingly larger angles and with reduced intensity relative to the main 
lobe. 

6.7. Phase-error Effects.—A phase-error distribution may arise over 
the aperture of an optical system from various causes such as a displace
ment of the primary feed from the focus or distortion of the reflector or 
lens, or it may be caused by phase error in the field of the primary feed; 
that is, the wavefront is not spherical or cylindrical as is presupposed in 
the design of the optical system. 

I t will again be assumed in the following that the aperture field is 
separable, the field being uniform in the y-direction and the phase error 
existing in the x-direction only. If * (2f/a) = ^(x) denotes the phase-
error distribution, the expression for the secondary pattern [Eq. (38)] 
becomes 

i/: g(u) = ^ / /(x)e*»-*wi dx, (52) 

where f(x) now denotes the amplitude of the aperture field. As in the 
preceding section, /(x) is assumed to be normalized to unity. 

The discussion will be limited to a consideration of special forms of 
¥(x), specifically to the following:1 

l inear error: 'i'(x) = /3x. 
Quadratic error: St^x) = fix2. 

Cubic error: *(x) = /3x.3 

1 The results presented here are taken largely from R. C. Spencer and P. M. 
Austin, "Tables and Methods of Calculation for Line Sources," RL Report No. 762-2, 
Mar. 30, 1946. 
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Linear Error.—Inserting the appropriate expression for ^(x) into 
Eq. (52) we obtain 

g(u) = | I f(x)eH»-»*dx. (53) 

I t is directly evident that this is of the same form as Eq. (38) with u 
replaced by (u — 0). The pattern is, therefore, the same as that of the 
constant-phase distribution but displaced by an amount /3. The peak 
intensity comes at u = /J, that is, in the direction 

8o = sin-1 ^ - (54) 
(Mr 

The pattern is thus the secondary pattern of a constant-phase aperture 
field rotated through the angle B0. The physical basis for this is very 
simple. On expressing the phase distribution in terms of the original 
aperture variable £ = ax/2 and making use of Eq. (5-107), it will be 
found that the aperture rays form a system of parallel rays traveling in 
the direction 60 given by Eq. (54). The aperture field can be considered 
to have arisen from a plane wave incident on the aperture in the direction 
do. 

If the aperture is projected onto a plane normal to the aperture rays, 
a new aperture is obtained over which the field distribution has constant 
phase. The projected aperture dimension a' is 

a' — a cos Bo, 

and therefore the gain G'M in the case of linear-phase error will be related 
to the gain GM of the constant-phase distribution by 

G'M = GM cos 0o. (55) 

This can be verified by a direct calculation on the basis of Eq. (18). 
Quadratic Error.—The secondary amplitude pattern for this case is 

j / : g(u) = o / / ( x ) ^ " - " 1 ' ' dx. (56) 

The evaluation of such integrals is generally laborious. For small 
phase errors, however, a convenient approximate method can be used. 
Expanding the exponential factor e~'^'% we obtain 

9(u) = 1 X H^T"" / - i *""/(x)eI'"1 dx- (57) 
m - 0 

The integrals of Eq. (57) can be expressed as derivatives of the pattern 
go(u) obtained in the absence of phase error (0 = 0 ) , for 
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S-k / f(x)e>UI dx = {j)k I xkf{x)e>^ dx. (58) 

Hence 

^ ^ Z / ^ r ^ 1 ^ 1 - (59) 
m-0 

Retaining only the first two terms, we have 

g{u)~\\g*(u)+3ffl(u)]. (60) 

If the amplitude distribution F(x) is symmetrical, go(u) is real; the power 
pattern p(u) is then 

P(u) « ^ { [ ? O ( M ) P + /3 2 [^ ' (M)] 2 }. (61) 

The effect of quadratic phase errors is illustrated in Fig. 6-4 for two 
types of illumination: uniform amplitude, f(x) = 1, and tapered illumina
tion, f(x) = cos2 (TTX/2). In both cases 0 = T / 2 , representing a path 
length deviation of X/4 from constant phase at the edges of the aperture. 
The value of /3 is ratner large for the use of Eq. (61) to be valid, but the 
qualitative features are not seriously affected by the errors involved. 
It is seen that the peak intensity still appears in the direction 0 = 0. 
Since the phase error is symmetrical with respect to the center of the 
aperture, the secondary pattern will always be symmetrical about the 
0 = 0 axis. However, it will be found that when /3 gets sufficiently large 
the main lobe becomes bifurcated, with maxima appearing on either side 
of the 6 = 0 axis. The general effect of the phase error is to raise both 
the side-lobe level and the level of the minima. In the case of the tapered 
illumination these effects are so large that the first side lobe is almost 
completely absorbed into an extremely broadened main lobe. The effect 
of phase error on gain is exemplified by Fig. 6-5 which shows the gain 
relative to the constant-phase distribution for a uniformly illuminated 
aperture. The phase error is expressed in terms of path length deviation 
from constant phase. The loss in gain that can be tolerated in practice 
depends, of course, on the operational requirements on the antenna and 
the associated system. 

Cubic Phase Errors.—The cubic phase errors can be treated by the 
same approximation technique as was employed in Eq. (60). The 
corresponding expression for the amplitude pattern is 

9 W ^ [ ! , , M + « ' ( u ) ] . (62) 
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In the case of a symmetrical distribution f(x) over the aperture <?o(w) is 
real and the power pattern is 

P(«) = j l9o(u) + /3</„"(w)]2. (63) 

If f(x) is an even function, go(u) is likewise even and hence g'0"(u) is odd. 
In the neighborhood of u = 0 g'0"(u) is positive for u > 0 and negative 
for u < 0. I t is then directly evident from the form of p(w) that the 
peak will occur at some value u > 0. The effect of the phase error is to 

o jr 2ir 3ir o jr 2ir 3 T 
(a) w — * (6) u ^ 

F I G . 6-4.—Effect of quadratic phase error; maximum phase error of TT/2 at the edge of the 
aperture: (a) constant amplitude; (b) tapered illumination, fix) = cos2 (7rx/2). 

tilt the beam as in the case of a linear error. In addition, however, the 
main lobe becomes asymmetrical and the side lobes increase on the side 
of the main lobe nearer 8 = 0 and decrease on the other side of the main 
lobe. The shift in the main lobe is also accompanied by a loss in gain. 

Aperture Blocking.—The problem of an obstacle in the aperture is of 
interest in connection with the use of reflectors, for the primary feed is 
located in the path of the reflected rays, thus blocking out a portion of the 
aperture. The obstacle may be considered as a particular type of phase 
error. Assuming that over the exposed area the presence of the obstacle 
does not alter the distribution }(x) which would exist in its absence, the 
obstacle can be regarded as producing a field 180° out of phase with f(x) 
over the area that it covers. 
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Let us consider the particular case1 illustrated in Fig. 6-6a of an 
obstacle located in the center of the aperture. The width w of the 
obstacle will be taken to be small compared with the total aperture width 
a. To express the pattern in ,^ 
terms of the variables of Eq. (37), 
we define the normalized width 
26 = w/a. Equation (38) for the 
pattern then becomes 

<K«) 

+ 

f(x)e>u* dx 

}{x)e'ux dx (64) 

which can be rewritten as 

g(u) f(x)e'ux dx 

fix) '■ dx (65) 
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FIG. 
It is seen explicitly that the ob
stacle can be regarded as an out-
of-phase field superimposed on the 
original distribution. Over the region of the obstacle f(x) may be con
sidered constant and equal to unity; hence 

• i 
g(u) = \ f(x)e'ux dx 2&' (uS) (66) - i (ui) J 

Since the width of the obstacle is small compared with the aperture width, 
the pattern produced by the former will be very broad compared with 
that of the aperture. For qualitative results the obstacle pattern may be 
regarded as constant over the region of the main lobe and near in side 
lobes of the aperture pattern. The effect of the obstacle is then simply 
that illustrated in Fig. 6-6& of subtracting a constant 26 from the original 
amplitude pattern. If the peak amplitude of the original pattern is 

a0 / : 
f(x) dx 

and the amplitude of the first side lobe is pa0, the intensity of the first 
side lobe relative to the peak in the modified pattern is 

, On — 25 a 0 , „ _ . 
P = ^a0 + 25 = -2& ( 6 7 ) 

p + — a0 
1 R. C. Spencer, "Four ier Integral Methods of Pa t t e rn Analysis ," R L Repor t No. 

761-1, Jan . 21, 1946. 
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The effect of the obstacle is to increase the magnitude of the first side 
lobe. 

6.8. The Circular Aperture.—The fundamental considerations and 
results developed for the rectangular aperture pertaining to the relation 
between the aperture field and the secondary pattern apply in general 
to the circular aperture, but the quantitative details differ because of the 
difference in aperture geometry. In treating circular aperture problems 

(a) 
F I G . 6-6.—The effect of aperture blocking: (a) modified aperture distribution; (6) second

ary pattern. 

it is usually convenient to use polar coordinates p, *' (Fig. 6-/), which are 
related to £, i\ by 

£ = p cos <t>', v = P sin 0'. (68) 

Denoting the aperture field distribution by F(p,<f>'), the expression for 
the secondary pattern [Eq. (9)] becomes 

g(8,<t>) = / / Fiprf'je'^^o^^-f'pdpdt', (69) 

where a is the radius of the aperture. Introducing the variables 

p 2ira . „ irD . „ ._,, , 
r = - ; u = ^— sin 6 = — sin 6, (70) 

the function F{p,4>') goes over into a function f(r,<£'), and g{6,<p) goes 
over into a new function which we shall denote simply as g(u,4>). It will 
be assumed, as before, that/(r,<£') is normalized to unity. The pattern 
is then 

g(u,<t>) « • / ; / : / ( r > V " ' ~ « ^ ' V ( l i - ^ ' . (71) 
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It is observed that as in the case of the rectangular aperture, all apertures 
having the same relative distributions produce the same secondary 
patterns regarded as functions of u. The angular distribution in <j> is 
the same for all, reflecting the symmetry of the distribution over the 
aperture; as seen from Eq. (70), the distribution in 6 again scales by the 
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FIG. 6-7.—Secondary pattern from s uniformly illuminated circular aperture. 

factor X/Z); the larger the diameter the smaller is the angular spread 
of the pattern about the {6 = 0)-axis. 

Uniform Phase and Amplitude.—Setting f(r,<j>') = 1 in Eq. (71) and 
carrying out the integration over <j>', we obtain 

g{u) = 2-jra' 
/ : 

rJo(ur) dr, (72) 
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where Jo{ur) is the Bessel function of order zero.1 The integration over 
r leads to 

g(u) = 1-xa? J-^- (73) 

The power pattern p(u) normalized to unity is shown in Fig. 6-7, plotted 
on a logarithmic scale, as a function of u. The half width of the main 
lobe is 

© = 2 sin-1 (fJ.51 ^ j = 1.02 ^ , (74) 

and the first side lobe is 17.5 db down from the peak. These are to be 
compared with the half width of 0.88\/a and the 14-db side lobe of the 
secondary pattern of a rectangular aperture. 

Tapered Illumination.—The effect of tapering the illumination down 
toward the edge is the same as with a rectangular aperture: reduction 
in gain, increase in beamwidth, and reduction in side lobes. The effects 
can be illustrated by considering the series of aperture field distributions 
(1 — r2)p, p = 1, 2, ■ • ■ .2 The secondary patterns are given by 

/ > 
gT{u) = 2ira2 / (1 - r2yj0(ur)r dr (75) 

g„(u) = wa- r J+l = — - Ap+,(w). (75a) 

The functions A, are available in tabular form.3 The major character
istics of the patterns are summarized in Table 6-2 and will not be dis
cussed further. 

The circular symmetry of the secondary pattern is associated of 
course with the corresponding symmetry of the field distribution. It is 
of interest to consider a distribution of the form 

f(r,<t>') = 1 - r2 cos2 0' (76) 

which is tapered in the plane <j>' = 0 and uniform in the plane <f>' = ir/2. 
Substituting Eq. (76) into Eq. (71), we obtain 

g(u,<t>) = 2xa2 

u Jo Jo 
J 

"■■*' ' ' r2 cos2 0 'e '" ' c°' (*_*' ,r dr d<t>' (77) 

1 G. N. Watson, Theory of Bessel Functions, 2d ed., Macmillan, New York, 1945. 
2 R. C. Spencer, "Paraboloid Diffraction Patterns from the Standpoint of Physical 

Optics," RL Report T-7, Oct. 21, 1942. 
3 E. Jahnke and F. Emde, Tables of Functions, reprint by Dover Publications, 

New York, 1943. 
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T A B L E 6-2 .—SECONDARY P A T T E R N CHARACTERISTICS PRODUCED BY A D I S T R I B U T I O N 
(1 — r2)» OVER A CIRCULAR A P E R T U R E 

V 

0 

1 

2 

3 

4 

9, gain factor 

1.00 

0 .75 

0 .56 

0 .44 

0.36 

0 , half-power 
width 

1.02 I 
1 2 7 5 
1.47 £ 
1 6 5 s 
1.81 £ 

d, position 
of first zero 

. , 1.22X 
sin~> D 

, 1.63X 
sin D 

. , 2 .03X 
sin i D 

. , 2 .42X 
sin D 

. . 2 .79X 
sin D 

First side lobe, 
db below peak 

intensi ty 

17.6 

24 .6 

30 .6 

This can be evaluated by means of the expansion1 

ciur c„ (♦-♦') = V (j)»/„(w?-)e'"(*-+'>. (78) 

Of particular interest are the patterns in the planes of symmetry, <j> = 0 
and <t> = 7r/2. We find that these are 

* = 0, 

g(u) = 2ira2 

3-ira2 

A 2 ( u ) . (79) 

<t> = 

g(u) = 2ira2 

Ai(M) 

' — - i f r>[J0(ur) + J2(ur)]r dr 
u z j o 

A 2 ( u ) 
(80) 

The two patterns are shown in Fig. 6-8. I t is seen that the beamwidth 
is greater in the plane 0 = 0 than in the plane <f> = ir/2, corresponding 
to the fact that in the first principal plane the illumination over the 
aperture is tapered whereas in the second the aperture illumination is 
uniform. 

1 Watson, op. at., Sec. 2-22. 
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6-9. The Field on the Axis in the Fresnel Region.—An important 
consideration in making measurements of secondary patterns is the 
minimum distance from the aperture at which the field may be regarded 
as being in the Fraunhofer region. To aid in arriving at a criterion it 
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FIG. 6-8.—Principal plane patterns for the aperture distribution f(r,4>') = 1 — r2 cos2 <£'. 

will be well to discuss briefly the field on the axis in the Fresnel region 
and the transition to the Fraunhofer region. The aperture field will be 
taken to be uniform in amplitude and phase. 

The method of Fresnel zones used extensively in optics affords a 
simple physical basis for understanding the effects that are observed 
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in the Fresnel region. In Fig. 6-9 let the point P at distance R on the 
axis be the field point under consideration. Taking the point P as a 
center, we shall describe a family of spheres of radii R + X/2, R + 2(X/2) 
. . . . Their intersections with the aperture divide the latter into annu
lar regions; these are known as the Fresnel zones. The zones will be 
numbered as shown in the figure. Taking any two adjacent zones n and 
n + 1, it is seen from the method of construction that for every contribu
tion to the field at P arising from an element of surface in the first zone 

FIG. 6-9.—Division of the aperture into Fresnel zones. 

there is a contribution from an element in the second zone 180° out of 
phase therewith, and the integrated contributions of the two zones are, 
therefore, very nearly 180° out of phase with one another. Denoting 
the magnitude of the contribution of the nth zone by Sn, the effect of the 
entire aperture is 

S = Si - Si + S3 - Si + - • ■ • . (81) 

The contributions <Sn decrease slowly with increasing n; the resultant 
effect of pairs of adjacent zones is therefore virtually equal to zero. A 
careful analysis1 shows that if the aperture contains a full number of 
zones N, the resultant is very closely equal to 

S = i(Si ± S„) (82) 
depending upon whether N is odd or even. As R increases, N decreases 
and S fluctuates between the values 

S = i(Si ~ Sx) « 0 for N even (83a) 
and 

S = USi + Sx) « Sj for N odd. (836) 
The amplitude of the field along the axis, therefore, passes through 

maxima and minima, the maxima coming at the points that subtend an 
odd number of Fresnel zones, the minima at the points subtending an 

1 See, for example, M. Born, O-piik, p. 145, reprint by Edwards Bros., Ann Arbor, 
Mich., 1943. 
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even number. There will be no further fluctuations beyond the point 
on the axis for which the entire aperture consists of a single Fresnel zone; 
this distance is 

1)2 - X ! °2 (84) Rf = 4X 4X' 
D being the diameter of the aperture. However, the distance Rf cannot 
be taken as the beginning point of the Fraunhofer region, for at that point 
the contribution from the edge of the aperture is still 180° out of phase 
with that from the center; whereas the calculation of the Fraunhofer 

(a) (6) (c) (d) 
F I G . 6-10.—The transition region between the Fresnel and the Fraunhofer regions: (a) 

R = R, « £>74\; (b) R « D'/2X; (c) R = D«/X; (d) R = a>. 

region, on axis, assumes that the path differences between points on the 
aperture to the field point are negligible. Considering the aperture to be 
subdivided into small annular zones and resolving the resultant effect 
of the aperture into the superposition of the vector elements of these 
zones, one finds that the vector diagrams take the forms shown in Fig. 6-10 
for distances greater than Rf.1 The slope angle of the vector diagram 
at the terminal point is equal to the phase difference between the edge 
of the aperture and the center, corresponding to the difference in path 
length to the field point. At a distance greater than D2/2\ (Fig. 6-106) 
there is no longer any cancellation between horizontal components of the 
vector elements; at a distance D2/X the resultant is a good approximation 
to the value for R = °°. 

To make a more quantitative evaluation we must consider the actual 
values of the field intensity and the gain. For this purpose we will 
start from the Fresnel approximation [Eq. (7a)], which in the present case 
takes the form 

p-ikR 
U„ = f—rr-l I F(p,<t>')e-*>''™Pdpd<j>'. (85) X R / ; / : 

I t will be recognized that this is equivalent to the expression for the 
on-axis field intensity in the Fraunhofer region of an aperture having a 
quadratic phase error p2/2R. Equation (78) is easily integrated for 
uniform illumination giving 

2j sin //taA -jhS (86) 
1 T h e vector d iagrams depict the variat ion of only the form factors of the field— 

tha t is, the integrals of Eqs. (7)—-with increasing distance R. 
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This corresponds to radiated power per unit solid angle 

'-i^MS)]* 
or 

' - J t ) " 4 ( ^ '-£• 
The total power radiated by the aperture is simply ^(C/M)^A, whence the 
gain is 

r, far A /sin x 

The factor (sin x/x)2 expresses the ratio of the gain measured at a distance 
R to the gain Go of the true Fraunhofer field at infinity. The accepted 
values of the minimum distance at which pattern measurements may 
properly be made vary between R = D2/\ and R = 2D2/\. The 
values of the gain ratio of Eq. (89) for the two cases are 

0.94; (89) 

0.99; (90) 

There is a little difference between them; for the cases most commonly 
encountered the 2D2/\ criterion is to be favored. Other considerations 
which are discussed in Chap. 15 also point in that direction. 

(88) 
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CHAPTER 7 

MICROWAVE TRANSMISSION LINES 

BY S. SILVER 

We have dwelt at considerable length on general theoretical consider
ations underlying the design and operation of microwave antennas as a 
whole. We now enter upon a program of studying the components of an 
antenna, starting with an investigation of microwave transmission lines. 

Usually about a foot, or perhaps two, of the line immediately preced
ing the radiating system is at the disposal of the engineer for the insertion 
of matching devices to compensate for the impedance mismatch of his 
antenna; this section will be referred to as the feed line. The following 
discussion of feed lines will be confined to elementary transmission-line 
theory and problems; for more extensive treatments, in particular for the 
analysis of matching devnes, the reader is referred to the sources indi
cated below.1 

7-1. Microwave and Long-wave Transmission Lines.—A brief com
parison of long-wave and microwave lines was made in Sec. 1-4. It was 
pointed out that the use of unshielded parallel wire lines becomes imprac
tical at microwave frequencies largely because the power-carrying 
capacity is so sharply limited by the small interline spacing required 
if the line is not to radiate. The relation between the interline spacing 
and radiation follows from the ideas developed in Chap. 3. We may 
consider the alternating current in a wire as a line distribution of oscillat
ing dipoles; corresponding points on a pair of wires carrying equal and 
opposite currents are occupied by similar dipoles in opposite phase. If 
the spacing between the dipoles is small compared with a wavelength, 
their radiation fields will be out of phase at all points in space and annul 
each other. On the other hand, if the spacing is comparable to the wave
length, the double-dipole system can radiate, there being directions in 
space for which path-length differences will compensate for the intrinsic 
phase difference of the members of the pair. In addition, it should be 
noted that large interline spacings can be used at long wavelengths, since 
the radiation-field intensity of a dipole varies inversely as the square 
of the wavelength [cf. Eqs. (3-148)]. 

1 J. C. Slater, Microwave Transmission, McGraw-Hill, New York, 1941, Chaps. 3, 4; 
R. L. Lamont, Wave Guides, Methuen, London, 1942; Montgomery, Purcell, and 
Dickie, The Principles of Microwave Circuits, Vol. 8; and N. Marcuvitz, The Waveguide 
Handbook, Vol. 10, of this series. 
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Another hindrance in the-use of unshielded lines is their susceptibility 
to interference, which would cause serious installation difficulties. If 
the line is not to radiate, its elements must be symmetrically disposed 
with respect to near-by conductors, in order that equal and opposite 
currents be maintained at all paired points on the line. Perturbation 
of the line balance would also give rise to impedance difficulties. 

It accordingly becomes clear that shielded lines are required for 
transmission at microwave frequencies. Two types are in use: (1) two-
conductor lines consisting of one conductor surrounded by a second, 
separated by dielectric, and (2) hollow metal tubes. These lines are 
to be considered as waveguides for electromagnetic waves in the enclosed 
dielectric rather than as transmission lines carrying current and voltage 
waves. In fact, in the hollow waveguide it is not possible to establish 
definitions of line current and line voltage that are comparable to the 
quantities defined in a parallel wire line; under special conditions current 
and voltage can be defined for the two-conductor line. However, while 
a new approach must be taken in the fundamental analysis, it is found 
that under suitable conditions transmission-line analogues of voltage and 
current can be defined and use can be made of the line theory summarized 
in Chap. 2. 

7-2. Propagation in Waveguides of Uniform Cross Section.—We shall 
confine our discussion to lines of arbitrary but uniform cross section. 
that is, waveguides with cylindrical 
walls. The guide walls will be taken 
to have infinite conductivity; the di
electric in the interior will be assumed 
to be homogeneous, with dielectric 
constant e, permeability y., and zero 
conductivity; the dielectric will also 
be assumed to be free of charge. 
We shall consider electromagnetic 
fields in these waveguides which have FlG 7 . L _ 0 n waveguide propagation. 
a harmonic time dependence; they 
will satisfy the homogeneous field equations obtained from Eqs. (332) by 
setting the source functions and the conductivity equal to zero. 

WTe shall take the z-axis of the coordinate system to be parallel to the 
generator of the cylindrical walls of the waveguide. Since the guide is 
homogeneous in structure along the z-direction, a wave of a single fre
quency will depend on z only through a phase factor and possibly a 
damping factor corresponding to progressive attenuation of the wave. 
That is, the z-dependence of all field components is of the form e+yz, where 
7 is possibly complex: 

7 = a + tf. (1) 

-m-Z 
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With the convention that a and /3 are both to be positive quantities, the 
upper sign in the exponential corresponds to propagation in the positive 
z-direction, the lower sign to propagation in the negative 2-direction. 
Writing out the field equations in component form and taking into 
account the postulated form of the z-dependence, we obtain for a wave 
traveling in the positive z-direction 

jwnff, - - ^ - yEy, (2a) 

j*wH, = ^ + yEx, ' (26) 

and 

j<*Ev = ~ ~ - yHt, (36) 

_ dHu dtix / 0 -. 
JatE. = 1£--W- (3C) 

For most purposes an alternative set of equations is more convenient 
To use. Taking Eqs. (2a), (26), (3a), and (36) we find, on substitution. 
and rearrangement, 

■>ET • &H, dEz , . . 

K'E, = -J«M - ^ - 7 - ^ (4a) 

» ^ = ^ M _ - 7 — , (46) 

and 
, „ . dE, dH, i- s KiHI = jcoe — 7 — > (5a) dy dx 

, . / / „ = _ . , „ « _ _ 7 _ _ . (56) 

On substitution of these into Eqs. (2c) and (3c), we obtain 

+ ^ + K*E. = 0, (6a) d2& d^E, 

with 
K2 = « V + T2 = *2 + 72- (7) 

The structure of this second set of equations shows that there are 
two independent field components E,, H, from which the others can be 
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derived by Eqs. (4) and (5). We can consequently classify waves in 
uniform guides into three fundamental types: 

1. TEM-waves (transverse electromagnetic waves) with Et = H, = 0. 
2. TE-waves (transverse electric waves) with Ez = 0, Ht ^ 0. 
3. TM-waves (transverse magnetic waves) with Hz = 0, Et ^ 0. 
T'.EM-waves.—These are also known as the principal waves. The 

electric and magnetic field vectors lie in a plane transverse to the direc
tion of propagation as they do in a plane wave. From Eqs. (4) and (5) 
it is evident that the principal wave will vanish identically unless K2 = 0. 
With this condition on K, we find from Eq. (7) 

7 = (a + 30) = jk = i«0«€)M (8) 

If such a wave can exist, it will propagate without attenuation and 
with a phase constant /3 = &>0«)^ = 2ir/X which is the same as that 
for a plane wave in an unbounded medium. 

To obtain information about the field vectors we must return to 
Eqs. (2) and (3). I t is directly evident from Eqs. (2a) and (26) that 

H = (^ (i, x E). (9) 

Thus E and H are related as in a plane wave; they are mutually perpen
dicular and transverse to the direction of propagation. Equation (2c) 
becomes 

dEv _ dEt _ 
dx dy 

whereas substitution of Eqs. (2a) and (26) into Eq. (3c) yields 

dx ^ dy 

The first of these states that in the dependence on x and y the field is 
derivable from a potential function U(x,y); that is, we can write 

E = e~"W{x,y). (10) 

It then follows from the second of the above equations that U(x,y) must 
be a solution of the two-dimensional Laplace equation: 

d2U d2U 
dx2 dy 

The electric vector of Eq. (10) is everywhere normal to the equipoten-
tial surfaces U = constant. Since the conductivity of the guide walls 
is infinite, E must be normal to the walls by the boundary conditions 
formulated in Sec. 3 3 ; consequently, the walls of the guide must cor
respond to equipotential lines of U. This, however, raises an important 

2 + - ^ = 0 . (11) 
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distinction between single-conductor and two-conductor lines. In the 
case of a single-conductor line we are concerned with a solution of 
Laplace's equation in a simply connected region—a solution that assumes 
a constant value over the boundary. The only such solution is that 
for which U is a constant over the entire region; hence the gradient and 
the field vectors are zero. There is no TEM-wave possible in a hollow 
waveguide. In the two-conductor line we seek solutions of Laplace's 
equation in a multiply connected region. The required solution assumes 
one constant value over one boundary and another constant value over 
the second boundary, as in the electrostatic problem of two conductors 
at different potentials. Such solutions exist; consequently a TEM-wave 
is possible in any two-conductor line. Furthermore since 7 is a pure 
imaginary for all frequencies, the lossless two-conductor line supports free 
propagation of this wave type at all frequencies. 

TE-waves.—These are known also as //-waves. The electric field is 
wholly transverse to the direction of propagation, while the magnetic 
field has a longitudinal component Hz in the direction of propagation. 
It is clear from Eqs. (4) and (5) that all the other components can be 
derived from Hz. If we write 

Hz = >Kx,y)e-y; (12) 
yj/ must satisfy Eq. (6b): 

W + KN, = 0. (7.66) 
We must find solutions of Eq. (66) that lead to field components satisfy
ing appropriate boundary conditions at the guide walls. By Eqs. (3-24) 
and (3-28), these conditions are 

(n x E) = (nxEv - nyEx)u = 0, (I) 
(n • H) = nxHx + nvHv = 0, (II) 

where n is a unit normal to the boundary, directed into the interior of the 
guide. From Eqs. (5a) and (56) it follows that (II) is equivalent to 
requiring 

¥ - ■ = ? = 0 (13) 
dn dn K 

over the boundary. On inserting the values of Ex, E„ from Eqs. (4a) 
and (46) into (I), one finds that condition (I) likewise reduces to Eq. (13). 
Thus, the boundary condition (13) is the only one that need be imposed 
on the solution. 

Solutions to Eq. (66) which satisfy Eq. (13) are possible only for 
definite values of K. These are known as the characteristic values; we 
shall designate them by Kmn. To each characteristic value there corre
sponds a set of wave types which are spoken of as modes of propagation; 
in most cases of interest there is only one mode for each value of K. Any 
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one mode is completely specified by giving the field configuration over a 
cross section of the line. The propagation constant ymn for a given mode 
is 

7 - = (*L " &)*. (14) 

It is immediately evident that if «£,„ < k2, then ymn is a pure imaginary 
and the wave is propagated without attenuation. Conversely, if 
K;L > k2, then ymn is real and the wave is attenuated. A wave of fre
quency v = 2ir/u will, therefore, be freely propagated only in those 
modes for which U)(MOW = 2x/X > « „ . The phase constant for a given 
mode in which free propagation takes place is 

2TT 
(*2 - «L)'-4. 

If we define the cutoff wavelength X£'n by the equation 

2ir 

(15) 

(16) 

then the wavelength in the guide is 

U>) 
(17) 

When the wavelength in unbounded dielectric exceeds the cutoff wave
length, the wave cannot propagate in that particular mode. A hollow 
waveguide thus behaves like a high-pass filter, for there is a definite 
upper limit to the cutoff wavelength, corresponding to the smallest 
characteristic value Kmn. In terms of the free-space wavelength Xo and 
the specific inductive capacity ke = e/to, the guide wavelength is given by 

Xo-V (17a) 

the permeability M of the medium is assumed to be negligibly different 
from that of free space, MO. 

The wave type, or mode, corresponding to a characteristic value 
K„„ is designated as TEmn. It follows from Eqs. (5) and (12) that the 
transverse magnetic field is given by 

H, = - -L e~y> V+. 
KL 

The complete magnetic field is, therefore, 
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H = <r»l- l v * + # . V (18) 

The electric field is given by E = (1/jue) V x H or 

E « = - ^ ( H x i2). (19) 

TM-waves.—The magnetic field is wholly transverse to the direction 
of propagation, whereas the electric field has a component Ez in the 
direction of propagation. These waves are known also as 2J-waves. If 
we write 

E. = <t>(x,y)erv, (20) 

<j>{x,y) must satisfy Eq. (6a): 

V2<£ + K2* = 0, (7.6a) 
which is the same equation as that for $(x,y) in the case of 77?-waves. 
The essential difference between the problems arises from the boundary 
conditions. The boundary condition (I) is a statement that at the walls 
the tangential electric field must be zero. We thus require 

nxE„ - nvEx = 0, (21a) 
Ez = 0; i.e., <j>(x,y) = 0, (216) 

over the walls. Substituting from Eqs. (4a) and (46), we find that 
condition (21a) is equivalent to 

(n x V<j>) = 0. (21c) 

If condition (216) is satisfied, the boundary corresponds to a curve of 
constant <p; hence V<f> is normal to the boundary, and condition (21c) is 
automatically satisfied. Further, from Eqs. (5a) and (56) it follows that 
for TM-w&ves Eq. (21a) is equivalent to the boundary condition (II) 
on the magnetic field, stated previously. Again, therefore, we have a 
single boundary condition, namely, Eq. (216), to impose on the solutions 
of Eq. (6a). 

As in the case .of TE-waves, it is found that solutions 4>{x,y) of Eq. (6a) 
which satisfy the boundary condition exist only for certain character
istic values K„„; these are, of course, different from the T-E-values. To 
each characteristic value there corresponds at least one wave type or 
TM-mode. The general remarks concerning the propagation constant 
7„„ and the conditions for free propagation are equally applicable to the 
TM-mode; the guide wavelength is given again by Eqs. (17) and (17a). 
It follows from Eqs. (4a) and (46) that the complete electric field, for a 
single mode, is given by 
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E = 6~y ' ( - S V * + * i') ; (22) 
the magnetic field obtained therefrom by H = — (l/jw|ii)(V x E) is 

H( = £ (E x i.). (23) 

7-3. Orthogonality Relations and Power Flow.—Examination of Eqs. 
(18), (19), (22), and (23) shows that in a freely propagated mode, for 
which 7 = j'/j is a pure imaginary, the transverse electric and magnetic 
fields are in phase with each other and are in time quadrature with the 
longitudinal field component associated with the given mode. The func
tions <p and <t> are arbitrary to within a multiplicative constant; by a 
simple readjustment of constants which does not affect the relative 
magnitudes and phases of the field components, the latter can be put in 
the following form: 

TE^waves: 

H, = jHale~^>; Hat = -^ +a, (24a) 
UlfJ. 

TM-waves: 

E, = Erfe-'tt*; E„, = V ^ i i „ (246) 

H, = Hole-'0-; H„« = ^ V&,. (24c) 

E. = jEa,e-*°°; Ea, = Kf <t>a, (25a) 
Pa 

E, = Ea(e-'"-'; E * = V<f>a, (25b) 

H, = H o i e-*S Hol = ^ i, x V*„. (25c) 
Pa 

where the functions Ha„ Eal, Eat, and H„( are all real. The subscript a 
represents the pair of mode indices m, n. Equations (24) and (25) are, 
of course, still to be multiplied by arbitrary constants determining the 
amplitudes of the waves. From these expressions it is seen that the 
Poynting vector S = \ Re (E x H*) arises entirely from the transverse 
field components; the power flow is, therefore, entirely along the axis 
of the waveguide, no power flowing into the walls of the guide. 

The same expressions [Eqs. (24) and (25)] with $a replaced by jya, ya 
being real, serve also for the modes that are beyond cutoff for the given 
operating wavelength. I t is seen that in these modes the transverse 
electric and magnetic fields are in time quadrature; consequently, there 
is no energy flow along the axis of the guide. In fact, the Poynting 
vector S = i Re (E x H*) vanishes completely; the energy associated 
with these modes is stored in the waveguide in the neighborhood of the 
point of their excitation. 
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The modes possess important orthogonality properties.1 The total 
power transported through any cross section of a guide that is supporting 
free propagation of several modes is the sum of the powers transported 
by the separate modes; there is no energy coupling between modes. 
For example, let us consider the power transport Pab of the mixed Poyn-
ting vector Sab = i(Eat x H6() of a pair of modes TEa and TEb; we have 

i/ (E„, x Hw) • i, dS 

= £- f [(V*. x i.) x v W • UdS = A . J v^„ • Vfo dS. (26) 

The last integral transforms as follows: 

f Vta -VfrdS = I V ■ (*„ Vft) dSf - J ^„VVi dS. (27) 

By means of Green's theorem, the first integral on the right-hand side 
transforms into a line integral over the boundary: 

/ 
V ■ (*„ Vfc) dS = - (p ta | J ds, (28) 

the positive normal to the boundary being taken as shown in Fig. 7 1 . 
Since the function \j/b satisfies the boundary condition [Eq. (13)] for the 
TE-modes, the integral (28) is equal to zero. Making use of Eq. (6t>) 
we have then 

/ 
V^„ • vfc dS = 4 J M„ dS. (29) 

Interchanging the role of ^„ and \]/b in Eq. (28), we arrive in a similar 
manner to 

j V&, ■ Vfc, dS = KI j $a+b dS. (29a) 

It is evident that if a ^ b, Eqs. (29) and (29a) can both be satisfied 
only if 

/ V$a • Vfb dS = / fafa dS = 0. (30) 

We have thus found that 

Pab = 0, a^b 

1 H. A. Bethe, "Formal Theory of Waveguides of Arbitrary Cross Section," RL 
Report No. 43-26, March 1943. 
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It is readily seen that the proof applies without change to the case 
where one or both of the modes are beyond cutoff. Similar techniques 
lead to the result that there is no energy coupling between pairs of 
TM-modes or between a TE- and TM-mode. The power relation is 
only one of a number of orthogonality properties. The others are given 
without proof: if a 9^ 6, 

/ Ea,Eb, dS = Ha.Hb, dS = 0, 

I Eat • EM dS = J H„, • HM dS = 0. 

7-4. Transmission-line Considerations in Waveguides.—We have 
concerned ourselves in the foregoing with a wave propagated in the 
positive z-direction; this is the physical situation which would exist in a 
waveguide extending to z = -f- 00 with a generator at some remote point 
along the negative 2-axis. I t was found for every wave type that in a 
single mode there is a simple linear relationship between the transverse 
components of the electric and magnetic fields: 

TEM-mode: H = -\^ (i, x E), 

TE-mode:E = Z<« (H x i,), 

TM-mode: H = ^ o y (i, x E), 

These are analogous to the current-voltage relationships in a single wave 
on an infinite two-wire transmission line. The quantity Z™, is known 
as the transverse wave impedance. 

The general field for a single mode in a waveguide that does not 
extend to infinity consists of two waves, one propagating in the positive 
z-direction, the other in the negative s-direction. The field expressions 
for the latter are fundamentally the same as those given by the sets of 
Eqs. (24) and (25), but with e'P'z replacing e~>^', and with the magnetic 
field components reversed in sign to give the proper direction to the 
Poynting vector of the wave. Consider, for example, the 77?,,-mode. 
Let Aa and Ba be the amplitudes of the electric field in the waves propagat
ing in the positive and negative z-directions, respectively; from Eqs. 
(246) and (24c) we have then that the transverse fields are 

E, = (Aae-*" + Bae*«)(V$a x i 2) , (34a) 

H, = ± (Aae->*> - £„<**■«)**- (346) 

(32a) 

(326) 

G" Z<°> = ( " ) ' (33a) 

Z2\ = ^ ' (33b) 

Z™ = ?=■ (33c) 
7a>e 
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On considering the scalar factors that express the dependence of the 
fields on position along the waveguide axis, it is seen that the mode 
can be set into equivalence with a two-wire transmission line of character
istic impedance Z™>; the electric and magnetic fields are the analogues 
of the voltage and current, respectively. It must be noted that the 
characteristic impedance of the eciuivalent line differs from mode to 
mode; and consequently, a waveguide supporting free propagation 
of a number of modes cannot be set into correspondence with any one 
two-wire line. 

The definition of the equivalent two-wire line for a. given mode is 
arbitrary to a considerable extent. Given a function \pa(x,y), we may 
define a pair of vector functions 

ga(x,y) = ci Vi/v x i*, (35a) 
K(x,y) = c2 Vfa, (356) 

where the constants ci and c2 are required to be such that 

/ (gaxK) -udS = Clc2 \X^-dS = 1. (35c) 
J cross section J 

The constants ci and c2 are arbitrary. In terms of the new vector func
tions, Eqs. (34a) and (346) can then be written 

E, = Y„ga(x,y) = [V^e-** + V<a->c'^]ga{x,y), (36a) 

H« = IjLa(x,y) = ^ y [ K W r " - - V^c-^]ha(x,y). (366) 

The quantities Va and 7„ will be named the voltage and current param
eters of the mode, respectively. The voltage parameter is the sum 
of two "voltage" waves traveling in opposite directions, of amplitudes 
V<+' and V{~\ respectively. 

Equations (36a) and (366) serve to emphasize the arbitrary feature 
of the two-wire line equivalent of a waveguide mode. The ratio ci/Ci 
can be chosen at will; given any ratio, the characteristic impedance of 
the equivalent line is 

Zo = Z'S> '-2; (37) 
C l 

the voltage and current parameters represent directly the voltage and 
current on the equivalent line. The voltage and current parameters 
possess one property that is unique, independent of the arbitrary choice 
of the constants Ci and c2, provided Eq. (35c) is satisfied. The net power 
passing through the cross section of the guide in the positive z-direction 
is 

P = i / [Re (E, x H*)] ■ i, dS = i Re VJ*. (38) 
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Thus, any choice of definition of the voltage and current parameters 
leads to a two-wire line representation in which the power flow computed 
on the basis of the equivalent voltage and current is equal to the power 
transport along the waveguide of the given mode. 

One possible choice of the definition of the equivalent transmission 
line is to take Ci = c« = 1. The function ipa(x,y) is itself arbitrary to 
within a multiplicative constant; it can, therefore, be chosen so that it 
satisfies the normalization condition 

/ |V*a|*dS = l. (39) 
J cross secfion 

The characteristic impedance of the line in this case is equal to the trans
verse wave impedance. This definition has one shortcoming: It is 
possible to change the dimensions of the waveguide, other than by a 
scale factor, without changing the characteristic impedance of the 
equivalent line. Consider, for example, a pair of two-conductor lines, 
having different cross-sectional dimensions and configurations, joined 
together to form an infinite line. The wave impedance of the T'.E'M-mode 
is independent of the cross-sectional dimensions, and on that basis alone 
the hybrid line is equivalent to an infinite homogeneous two-wire line. 
The treatment of the junction effect can be simplified considerably by a 
different choice of the definition of the characteristic impedance of the 
line, obtained by multiplying the wave impedance by a factor c2/ci that 
is a function of the cross-section geometry. In Sec. 7-G it will be shown 
that there is a natural physical definition of the voltage and current 
parameters for a TEM-mode which leads to a characteristic impedance 
having the desired properties. Similar considerations apply to the other 
modes; it is possible to choose the ratio c2/ci in Eq. (37) to be a function 
of the cross-sectional dimensions of the waveguide in such a way as to 
simplify the analysis of problems involving junctions between wave
guides of different cross section.1 

The transmission-line analogy develops more fully if we consider the 
waveguide to undergo sudden changes in structure. Such changes may 
be produced by obstacles inserted at some point in the guide, a sharp 
transition in the properties of the dielectric medium, or a sudden transi
tion to a waveguide of different cross section—to mention but a few. 
We shall consider in detail the simplest of these cases—a sharp transition 
in the dielectric in a guide of uniform cross section. For convenience 
the boundary between the two media will be taken to be in the plane 
z = 0, as shown in Fig. 7-2. Let the constants of the medium to the 
left of z = 0 be ei, MI and those of the medium to the right of z = 0 be 

1 For further details see J . C. Slater, Microwave Transmission, McGraw-Hil l , 
New York, 1942, Chap. 4. 
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«2, fi2. As a typical case consider a TE-wa,ve of a single mode to be 
incident on the boundary from the left. To the right of z = 0 we will 

have a transmitted wave and to the 
left a reflected wave, in addition 

t u WM e u. 1 to the incident wave. No other 
waves will occur, since the con
tours of the cross section are uni-

z ° ., form and there is no necessary 
FIG. 7-2.—Discontinuity in waveguide struc

ture. dis tor t ion or the field configuration 
at the boundary; these three waves 

will suffice to satisfy the boundary conditions on the fields at the discon
tinuity. 

The field vectors of each of the three waves are derived from a scalar 
function ^(x,y) according to Eqs. (24a) to (24c). Furthermore, the 
scalar functions for the three waves all satisfy the same differential 
equation [Eq. (66)], and the same boundary conditions at the walls of the 
waveguide; hence, all three fields derive from the same scalar function. 
The ratio c2/ci in Eq. (37) is of no immediate consequence in this case, 
because the cross section is uniform and may be chosen equal to unity; 
the function ${x,y) may also be required to satisfy the normalization 
condition [Eq. (39)]. The only significant differences between the waves 
are the amplitudes and the transverse wave impedance. The field in 
region 1 is then1 

E(l = [y<+>e->'*V + Vfe^']g(.x,y), (40a) 

H„ = ^55 [ r i + W - Vl-WMx,y); (40b) 

and in region 2, 
E„ = [V^e-'^]g(x,y), (41a) 

H„ = -~[V^e-^]h(x,y). (41b) 

According to the boundary conditions (Sec. 3-3) the transverse 
electric and magnetic fields must be continuous across the plane z = 0; 
we have then 

I T ' + F'r ' = Vp\ (42a) 
_ L [F<+ , _ yc-,] = J _ F<+>. (42b) 

As in the case of a two-wire line, these equations express the continuity 
of voltage and current at the junction of two lines of different character
istic impedance. We can also define an electric-field reflection coefficient 
rCO, 

1 The mode subscript a will be dropped to simplify the notation. 
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r(a) = ^ eW- = r(0)e2'A>, (43) 

which corresponds to the voltage reflection coefficient of Eq. (2-27). 
From Eqs. (42a) and (42b) the value of the reflection coefficient r(0) at 
2 = 0 is found to be 

7(0) _ 7(0) 

It is evident that this is equivalent to the reflection coefficient of a line 
of characteristic impedance Z'f terminated in an impedance Z(£". With 
respect to the terminal impedance, it will be noted that the line to the 
right, extending to infinity, is equivalent to a line terminated in its own 
characteristic impedance and hence presents an input impedance Z(

2
0) at 

the plane 3 = 0. 
The reflection coefficient T(z) is to be regarded as the fundamental 

transmission-line quantity for a waveguide. Evidently it is free from 
the arbitrary factors entering into the definition of the voltage and current 
parameters and the characteristic impedance of the equivalent trans
mission line. I t is apparent from Eq. (43) that it transforms along the 
line just like a voltage reflection coefficient. Also, on computing the 
Poynting vectors of the incident and reflected waves, it will be seen that 
the electric-field reflection coefficient bears the same relation to the inci
dent and reflected power as the voltage reflection coefficient (Sec. 2-7). 
At any point along the line we can regard the section to the right as 
presenting an input impedance, normalized to the characteristic imped
ance of the mode, 

«.) - f ^ j f <* 
The normalized impedance is also independent of the choice of the 
definition of the equivalent transmission line. Making use of the 
transformation property of T(z) expressed by Eq. (43) it is found that 
the normalized impedance transforms along the waveguide according to 

>/,-4. n _ f (?) + j tan pi 
^ ±l)~ r+#(*)tanfl' (46) 

just as it does on a two-wire line. The normalized admittance can also 
be defined in the same manner as was done in Sec. 2-6, 

"(2) = WY 
and it is evident that it also transforms along the waveguide according 
to Eq. (46). Thus, the entire discussion in Chap. 2 on impedance mis-
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match, standing-wave ratios, and line transformations can be carried 
over to the fields on any one mode in a waveguide. 

7-5. Network Equivalents of Junctions and Obstacles.—The develop
ment of the problem considered above proceeds in a similar manner for 
TEM- and TAf-modes and leads to equivalent two-wire line analogies 
for any single mode. The discontinuity that we have considered in that 
problem is equivalent to a junction between a pair of two-wire lines of 
different characteristic impedances, such that the capacitative and 
inductive effects due to the junction are negligible. At such a junction 
both the current and voltage are continuous, corresponding to the 
continuity in the transverse magnetic and electric fields, respectively, in 
the waveguide problem. As a second step in developing the transmis
sion-line analysis we shall consider junction effects and the problem of 
obstacles inserted into a waveguide. The general theory of these prob
lems is treated extensively in other volumes of this series.1 We shall 
restrict ourselves here to several qualitative remarks. 

As a specific problem let us consider a junction between two wave
guides of the same cross-sectional shape but different dimensions, joined 

in the plane z = 0 (see Fig. 7-3). 
\ ^ The dimensions of both guides are 

^ -v assumed to be such that they can 
j support free propagation at the given 
' frequency in one mode only; we shall 

FIG. 7-3.-Junction effects in wave- r e f e r t o t h e l a t t e r a S t h e dominant-
guides. mode wave. We shall assume the 

dominant-mode wave, set up by a 
generator at a remote point on the negative 3-axis, to be incident on the 
junction. Since there is a change in cross section at the junction, we 
should certainly expect to find a reflected wave of the dominant mode on 
the left and a transmitted wave of that mode in the waveguide on the 
right. The fields must join in the plane z = 0 so as to satisfy tne appro
priate boundary conditions. Over the opening in the junction the trans
verse fields must be continuous; over the metal surface of the junction 
the transverse electric field and the normal component of the magnetic 
field must vanish. The latter conditions cannot be satisfied by the three 
dominant-mode waves alone; higher modes must be excited in both 
waveguides at the junction. 

The generation of the higher modes arises from the necessary distor
tion of the electric and magnetic fields due to the edge of the junction 
and its metal surface. The electric-field lines must be normal to the 
latter—a condition that cannot be met by the dominant mode alone in 
the waveguide to the right. However, according to our assumptions as 

1 Principles of Microwave Circuits, Vol. 8, and The Waveguide Handbook, Vol. 10. 

^ 
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to the waveguide dimensions, the higher modes cannot propagate; except 
within a short distance of the junction (of the order of a wavelength) 
the fields consist essentially of dominant-mode waves. The higher modes 
represent electric and magnetic energy stored at the junction. I t is 
possible to represent these energies as energies stored in a reactive network 
equivalent for the junction.1 In the general case the network takes the 
form of a T- or II-section (see Sec. 2-2). The effect of the junction on 
the dominant-mode wave thus arises from two factors: (1) a discontinuity 
in characteristic impedance and (2) a reactive four-terminal network 
inserted between the lines. The precise values of the elements of the 
latter network again depend on the definition of the characteristic imped
ance of the equivalent line for the dominant mode. A number of junc
tion networks are given in the Waveguide Handbook, Vol. 10 of this 
series; in each case, the definition of the characteristic impedance (or its 
reciprocal, the characteristic admittance) is given. The elements of the 
network can, of course, be expressed as normalized values with respect 
to the characteristic impedance of either guide. 

In the waveguide to the left, at a short distance from the junction, 
we have only the incident and reflected dominant-mode waves. Here 
we can apply transmission-line concepts to the dominant mode and 
define the corresponding electric-field reflection coefficient. This reflec
tion coefficient can be related to an effective impedance terminating the 
line at the junction. This impedance, in turn, may be expressed as due 
to a junction network across the output terminals of which there has been 
connected the characteristic impedance of the guide to the right. These 
procedures lead to consistent definitions of the junction impedance. 
The junction network necessary to represent the stored energies, when 
inserted between the transmission-line representations of the two wave
guides, gives rise to a reflection coefficient in the region on the left cor
responding to the electric-field reflection coefficient obtained on the basis 
of field-theory analysis. 

The theory of obstacles develops along similar lines. I t is found, as 
in the case of junctions, that an obstacle has the same effects on impedance 
and energy stored as a four-terminal network inserted between a pair of 
transmission lines whose characteristic impedances are the wave imped
ances of the dominant mode. I t must be emphasized that each mode 
which can propagate has its own transmission-line analogue and that 
simple transmission-line theory applies to a waveguide only when it can 
support but one mode. Transmission theory alone can give no informa
tion as to the network equivalents of junctions and obstacles; these 
must be obtained by field-theory analysis. The equivalent network also 
depends on the particular dominant mode being considered. Once the 
equivalent network has been established, it can be expressed as a T-sec-

1 See Principles of Microwave Circuits, Vol. 8 of th is series. 
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tion, and the impedance transformation properties of such networks can 
be used in the conventional manner. 

7-6. TEM-mode Transmission Lines.—We have pointed out earlier 
that in general it is not possible to set up unique definitions of voltage 
and current in waveguides, and we have therefore set up transmission-
line analogues in terms of wave impedances and field-reflection coefficients. 
In the case of TEM-modes, however, it is possible to set up transmission-
line quantities that are directly related to the two-wire line quantities 
discussed in Chap. 2. 

It was found in Sec. 7-2 that the electric field over any cross section 
is derivable from a potential. Hence, over a cross section, the line integral 
of the electric field from the inner conductor Ci to the outer conductor 
d is independent of the path and indeed is equal to the difference between 
the values of the potential over the conductors. This defines the voltage: 

re, rc-i 
Ve-" = E • dr = e~r \ VU ■ dt = ( [ / s - t /Oe-". (47) 

JCi JCi 

There exists also a relation between surface integrals over any closed 
region in a cross section: 

&> (V x H) • u dS = jut j> E • i, dS = 0. (47a) 

I t follows that the line integral of H over a closed curve surrounding C\ 
is independent of the choice of the curve. In particular, let us take a 
path along the boundary of Ci. H is tangential to C\ and by the bound
ary condition (Sec. 3-3) is equal in magnitude to the surface current 
density K. Hence the line integral of H gives the total current carried 
b y C i : 

<£ H • ds = I en". (48) 

The line integral of H along the boundary of d gives the total current 
carried by the latter; by virtue of the equality of the line integrals the 
two currents are equal. On carrying through the details of the vector 
calculation, it will be found that the current on C2 is opposite in direction 
to that on C\. There is thus a direct two-wire line analogue with voltage 
V and current / . Corresponding to these we define a characteristic 
impedance, 

HO" j>Ci\VU\da 
(49) 

This is, of course, different from the wave impedance for the mode. 
The relationships between the Za defined in Eq. (49) and the two-wire

line impedance become more evident on calculating the equivalent series 
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inductance and shunt capacitance per unit length of the two-conductor 
system. The magnetic energy for unit volume is ^ix\H\2, and therefore 
the magnetic energy per unit length of line is 

Wm = l [ [ \VU\*dS. (50) 
^ J J cross section 

If L is the equivalent inductance per unit length, then 

Wm = W1; 
hence 

« f f \VU\*dS 
L = J J

 p (50a) 

Similarly the electric energy per unit volume is *e|2?|2, and the electric 
energy per unit length is 

W. = ±[[ \VU\*dS. (51) 
^ J J cross section 

The equivalent capacity C per unit length is then 

We = iCV2 

or 
<■ f f \VU\2dS 

C = J J
 F 2 • (51a) 

According to Eq. (2-20) the characteristic impedance of a lossless two-
wire line is 

4 
Combining this with Eqs. (50a) and (51a), we obtain the quantity defined 
i n E q . (49). 

For most practical purposes a two-conductor guide supporting the 
TEM-mode as its dominant wave can be treated from the voltage-current 
point of view. Applications of this fact will be made in Sees. 7-9 and 
7-10 in discussing impedance transformations and matching devices for 
coaxial lines. 

7-7. Coaxial Lines: TEM-mode.—The only type of two-conductor 
guide of major importance is the coaxial line formed by a pair of concentric 
circular cylinders. Let a be the radius of the inner conductor, 6 the radius 
of the outer conductor. Cylindrical coordinates r, 6, z are suited for the 
discussion of this system, r and 8 being polar coordinates in a cross section 
of the line. We shall first consider the T"i?M-mode. The solution to the 
potential problem is well known from electrostatics: 
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U(x,y) = - -r^-r In / r 

H) v" 
(SEC. 7-7 

(52) 

where V is the voltage across the line. The electric-field intensity is, 

Line of zero field intensity-i 

to) (6) 
Fia. 7-4.—Coaxial-line modes: (a) TEM-mode (no cutoff wavelength); (b) TEu-mode 

[\n^> = (a + 6)TT]. — electric field; magnetic field. 

therefore, 

and the magnetic-field intensity 

H GT w1 

(53) 

(53a) 

where ir and i$ are unit vectors in the directions of increasing r and 8. 
Here y has been replaced by j/3, and the double sign indicates a wave 
traveling in either the positive or negative z-direction. The field con
figuration and the current distributions on the conductors are completely 
symmetrical about the 2-axis; the former is shown in Fig. 7-4. 

The current is given simply by 2irrH{r): 
M y 

2x a)" 
< 

It follows then directly that the characteristic impedance, in the sense 
of the previous section, is 

*-£ ©M3- (54) 

For most dielectrics of interest M differs negligibly from the free-space 
value MO- On introduction of the specific inductive capacity ke = t/to, 
the characteristic impedance becomes 



Siic. 7-81 COAXIAL LINES: TM- AND TE-MODES 219 

i-^-G) <««> 
The series inductance and shunt capacitance per unit length of the line, 
computed from Eqs. (50a) and (51a), are found to be 

L = £ l n g ) (55a) 

C = - ^ - - (55b) 

■■(0 
7-8. Coaxial Lines: TM- and TE-modes.—In the study of the TE-

and TM -modes we are concerned with the solutions of equations of the 
form 

d2F d2F 
dx2 dy2 

where F will stand for either of the functions \p{x,y) or <t>(x,y) of Eqs. (12) 
and (20) respectively. On introduction of the polar coordinates r, 8, 
the differential equation becomes 

d2F 1 dF 1 d2F , , 
IT. + - IT + 4 -A* + M = 0. (56) 
drl r dr rL ov-

The equation is separable in the variables r and 6; in particular we shall 
write 

cos m0 

, . a..t (7-6a) 

1 sin ?n0 

then 72 (r) satisfies the equation 

d2R 
W2 + ^ + « * ( l - ^ ) « - 0 . (57) 

This is the differential equation for the cylinder functions of order m, in 
the variable K>\ The pair of linearly independent solutions suited to 
the finite region with which we are concerned here consists of the Bessel 
function Jm(nr) and the Xeumann function Ar

m(/cr). The latter becomes 
infinite at r = 0; however, since the origin is excluded by the inner con
ductor, the Xeumann function is admissible as a solution. The general 
solutions of Eq. (56) are therefore 

t(x,y) \ _ [AJm(Kr) + BNm(icr)](C cos me + D sin mff). 
4>(x,y) 

The field must be single-valued in 6; as a consequence m can have only 
integral values. For any given value of m it is possible to eliminate one 
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of the trigonometric functions by proper orientation of the i,y-axes. 
Without loss of generality we can set D = 0, taking as the solutions 

t ^ l 1 = [AJUtr) + BNm(Kr)] cos mB. (58) 

a. TM-modes.—We must consider the TM- and J^E-modes sepa
rately. In the case of the TM-modes we are concerned with the function 
<t>(x,y) and the boundary condition of Eq. (216); we require 4> = 0 for 
all values of 8 at r = a a n d r = 6. This gives two homogeneous equations. 

AJm(Ka) + BNm(ica) = 0, 1 . . . 
AJm(«b) + BNm(*b) = 0, J K ' 

for the determination of the ratio B/A. Solutions other than A = B = 0 
exist only if the determinant of the coefficients vanishes: 

(na) Nm(na)\ 

This in turn is satisfied only for a discrete set of values of K; the latter are 
the characteristic values which, arranged in order of increasing magnitude, 
we shall designate by /c„n. If we write u = tea, a = b/a, the equation 
appears in the standard form 

Jm(u)Nm(au) - Nm(u)Jm(au) = 0. (60a) 

Roots of this equation are given in Jahnke and Emde.1 For a given value 
of a the smallest value of umn occurs for m = 0; this gives the longest 
cutoff wavelength for these modes. Examination of the roots shows that 
for 1 < a < 7, 

ra 3a 
■r > M01 = aKoi > 

Jm(Ka)Nm(*b) - Jm(Kb)Nm(,ca) = 0. (60) 

b — a 
Therefore the cutoff wavelength XjfJ for the mode is given approximately 
by 

Xtf « 2 ( 6 - a ) . (61) 

We recall that propagation in a given mode can take place only if the 
wavelength in unbounded dielectric is shorter than X(c). In all practical 
cases the spacing between the conductors is much smaller than the 
wavelength, and there is no need to be concerned about the simultaneous 
excitation of TM- and I'EM-modes. 

b. TE-waves.—Here we are concerned with the function ^/(x,y) and 
the boundary condition of Eq. (13); for the case at hand the latter 
becomes d\p/dr = 0 for r = a and r = b. This leads to the conditions 

1 E. Jahnke and F. P^mde, Tables of Functions, Fig. 204, Dover Publications 
Reprint, New York, 1943. 
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AJ'm(m) + BN'Jta) = 0, 1 
AJ'm{*b) + BN'm(Kb) = 0, ) ^ ' 

on the constants A and B. Nontrivial solutions for the latter exist 
again only for the characteristic values xm„ that satisfy 

J'jKa)N'm(Kb) - J'm(Kb)N'm(Ka) = 0. (63) 

For m = 0 we have the relation J'0(z) = — J\(z), and similarly for the 
Neumann function; the characteristic values of the T^on-modes are there
fore given by the roots of 

Jii^N^au) - J^a^N^u) = 0, (63a) 

where u, a have the same meanings as previously. 
From what has been said about the roots of Eq. (60a), it is evident 

that the cutoff wavelength of the TE0„-modes is shorter than that of 
the TAfoi-mode and that the former are of no consequence as propa
gating modes in a practical case. The roots of Eq. (63) for m > 0 have 
been discussed by Truell.1 For our immediate purposes we need con
cern ourselves only with the lowest mode of the series, the T'.E'n-mode. 
The field configuration for this mode is illustrated in Fig. 7-4. For this 
case it is found that the characteristic value is given very closely by 

thus the cutoff wavelength is 

Xff = *(a + b). (64a) 

This is the mean circumference of the inner and outer conductors. To 
prevent propagation of the TEn-mode the mean circumference must be smaller 
than the operating wavelength. This imposes limitations on the dimen
sions of the line and in particular on the spacing between the conductors; 
the latter in turn limits the power-carrying capacity of the line. 

7-9. Cascade Transformers: TEM-mode.—The termination of the 
line in a radiating system in general gives rise to a reflected TEM-w&ve 
and to excitation of TM- and T^-modes. We shall assume that the 
line dimensions are such that the latter modes cannot propagate and 
confine our attention to the region of the line where only the incident 
and reflected TEM-w&ves exist. The reflected wave represents an 
impedance mismatch, and it is necessary to consider a correction for it. 
Perhaps the most useful device is a cascade transformer, a section of 
coaxial line of characteristic impedance different from that of the main 
line. Two such transformers are illustrated in Fig. 7-5: (a) the sleeve 

1 R. Truell, Jour. Applied Phys., 14, 350 (1943). 
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type with characteristic impedance smaller than the line impedance and 
(b) the undercut type with characteristic impedance larger than that of 
the line. As has been pointed out before, the junctions give rise to other 
modes; however, if the change in radius is small, the junction effect is 
small. Data on the latter will be given below. 

A , B 

Generator Load 
(a) 

A B 
'" 1 " 

(b) 
FIG. 7-5.—Cascade impedance transformers: (a) sleeve section; (b) undercut section. 

The dimensions desired in a transformer can be determined as fol
lows: Except for junction effects, the voltage and current and the input 
impedance looking toward the right have the same values at adjacent 
points on either side of the junction. Let Z'0 be the characteristic imped
ance of the transformer, Za that of the line, and Zi the input impedance 
at B. Then, from Eq. (2-32), Sec. 2-6, the input impedance at A is 

71 A \ - 7' (Z + JZ'« t a n &l\ fR*„\ 
Z(A) - Z0 ^z,+ j^^J- (65a) 

Impedance matching requires Z(A) = Z0; that is, 

Separation of real and imaginary parts gives two equations from which, 
for a given value of X, one can obtain ZQ and the length of the transformer 
that matches Z into Z0; the dimensions of the transformers are obtained 
from Z'0 by means of Eq. (54a). 

There are points along the line at which Z is real. These points are 
X/4 apart, and the impedance is alternately rZn and Zo/r, where r is the 
voltage standing-wave ratio. If either of these is taken as the junction 
point B, it is found from Eq. (656) that I = X/4. The characteristic 
impedance of the quarter-wave section is found to be related to Z0 as 
follows: 
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Z'0 < Za if Z = —, 
r 

Z'0> Z„ if Z = rZo. 
The first of these corresponds to a sleeve section; the second to an under
cut section. In so far as matching is concerned, either can be used. 
The sleeve section has the advantage of simplicity of insertion, since 
it is necessary only to slip a piece of tubing over the inner conductor 
and to solder the seam to ensure good contact; it also has the advantage 
of strengthening the line mechanically. An undercut section requires 
machining and weakens the line. On the other hand, the sleeve section 
reduces the clearance between the conductors and consequently the power 
capacity. In both cases the edges of the junction increase the break
down tendency; this difficulty can be minimized by rounding the edges 
of the junction without impairing the matching relations. 

I t must be emphasized that a single transformer matches properly 
at only one wavelength. In general the load impedance is a function of 
frequency. Matching over a frequency band, such that the standing-
wave ratio remains less than a prescribed value, can often be achieved 
by a series of transformer sections of different lengths and characteristic 
impedances. It is difficult to carry the analysis through analytically for 
an arbitrary load Z{\). A method of rather limited applicability employ
ing a tandem of quarter-wave sections has been developed by Fubini, 
Sutro, and Lewis.1 

While the matching condition of Eq. (656) always leads to a solution 
of the mathematical problem, it is not necessarily true that the trans
former will be satisfactory. If a large change in radius is required at the 
junction, the junction effect becomes significant, and we must add to the 
equivalent transmission-line reactive networks at A and B corresponding 
to the junction effects. It is found2 that the network consists of a 
capacity across the transmission line at the junction points. The junc
tion effect can be studied experimentally by means of a half-wave section. 
From Eq. (65a) it is seen from transmisson-line considerations alone 
that if I = X/2, then Z(A) = Z regardless of the value of Z'0; this means 
that the standing-wave ratio should be the same on either side of the 
transformer. Figure 7-6 shows experimental results obtained with a half-
wavelength sleeve section on a 50-ohm coaxial line with inner diameter 
0.375 in. It is seen that the deviation from simple transmission-line 
behavior increases rapidly with increasing diameter of the sleeve section. 

7-10. Parallel Stubs and Series Reactances.—Another useful device in 
coaxial-line design is the parallel stub consisting of a section of coaxial 

1 "Frequency Characteristics of Wide-band Matching Sections," Radio Research 
Laboratory (Harvard University) Report Xo. 23, April 1143. 

2 Waveguide Handbook, Vol. 10 of this series. 
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line at right angles to the main line. The arrangement is shown sche
matically in Fig. 7-7o. The stub is terminated by a metal cap to prevent 
radiation. Electrically the stub is a shorted section of transmission line. 
If Z'Q is the characteristic impedance of the stub and I its length, then 
its input impedance, obtained from Eq. (65a) by setting Z = 0, is 

1.9 

1.8 

1.7 

1.6 

I 1 5 
00 

fu 
1.3 

1.2 

1.1 

1.0 

o / 

o / 

/° 

o / 

/ ° 

G 

© / 

/° 

0.30" 0.10" 0.20" 
Transformer dia.D-0.375" 

FIG. 7-6.—Junction effects with cascade transformers; mismatch of a X/2 transformer as a 
function of diameter in a coaxial line of dimensions OD = 0.811, ID = 0.375 in. 

Z, = jZ'0 tan /3Z. It is thus a reactive element. Consideration of the 
current division at A shows that, neglecting junction networks, the stub 
is to be regarded as a reactance shunted across the main line. If I = X/4, 
then Z = » , and the stub introduces no change in impedance at A; 
such a quarter-wave stub is useful as a mechanical support for the inner 
conductor. We shall not consider here the refinements required to 
eliminate the frequency sensitivity. 

The stub can also serve as a matching device. In this connection it 
is more convenient to speak in terms of admittances. Let Y0 = 1/Za be 
the characteristic admittance of the main line, Y the admittance seen 
to the right of A, and Y, = —jY'a cot (31 the admittance of the stub. I t is 
possible to locate the point A so that the admittance Y is Y = Y0 + jB. 
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Insertion of the stub gives an admittance at the left of A equal to 
Y + F , = YQ + j(B — Y'a cot /SO- For matching we require simply 
that 

Y'0 cot pi = B. (66) 

The structure illustrated in Fig. 7-76 is less widely used but is worth 
consideration. The region between AB and the outer conductor C2 acts 

^ 4 
Zo 

to) 
as ^0 ^0 »-

A. 1 

z0 

B 

(6) 
F I G . 7-7.— (a) Parallel stub reactance; (b) series reactance element. 

as a cascade transformer. If Z is the impedance at B, the impedance 
just to the right of A in the transformer space is 

„ _ „ (Z + jZ'0' tan 0l\ 
6AC* ~ ^ U ' o ' + j Z t a n # / 

where Z" is the characteristic impedance of the transformer space. The 
region AB within the inner conductor acts as a shorted section of line 
which presents an impedance at A equal to ZCIA = jZ'0 tan 01, where Z'0 
is the characteristic impedance of the inner region. At A we have the 
voltage relation Vc,c, = VCIA + VAC,; the impedance just to the left of A 
is given by 

Z(A) = Zcu + ZAC: 

= jZ'a tan jSZ + Z\ „ (Z + jZ'0' tan 0l\ 
0 \Z'0' + jZ tan ftl)' t b 7 J + jZ tan $1) 

The structure thus introduces a series impedance at A. I t is of interest 
to note that the length of the inner region can be made shorter than the 
length of the outer region. If the latter is made equal to an integral 
number of half wavelengths, the effect of the transformer region is 
eliminated and at A we have simply an impedance ZC,A in series with Z. 
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It is found in practice that stubs and series reactance transformers 
with dimensions calculated on the basis of the transmission-line formulas 
given above do not quite meet the simple theoretical expectations. This 
is due to the junction effects neglected in the transmission-line arguments. 
The errors, however, are generally small and can be eliminated by small 
adjustments of the lengths of the structures. In the case of stubs, the 

shorting cap can be replaced by a sliding 
plunger in the experimental model to allow 
easy adjustment of the length. The use of 
series reactance transformers limits the 
power capacity of the line; the standing 
waves in the inner region produce intense 
fields at the open end and increase the 
tendency toward electrical breakdown and 
sparking. An alternative form, which 
mounts the transformer on the outer con
ductor where the electric field is weaker, is 
more satisfactory with respect to breakdown 
characteristic but is less desirable from 
assembly considerations. 

7-11. Rectangular Waveguides : TE- and 
TM-modes.—The hollow guide of rectangu
lar cross section is the most widely used 

line in microwave antennas. We shall take the x, y-a,xes to be oriented 
as shown in Fig. 7-8; a is the broad dimension of the guide; b the narrow 
dimension. The Helmholtz equation 

A / y / / 
/ / / / k / / i r / / / / / / / 

/ / / / 
/ J ' / 

/ / / / 
/ 

i 
« a ► 

/ / t 
Fio. 7-8.- - Rectangular 

guide. 

2— 4- — 4- K2F = 0 
to2 + dy1 + ' 

is in this case separable in the form 

F = 
•t>(x,y) 

(7-6a) 

F = X(x)Y(],). 

Substitution into Eq. (6a) leads to the two equations 
W2Y" rJIV 

with 

(68) 

4 + «£ = K\ (68a) 
The solutions have the same form for both members of Eq. (68); for 
example, 

X(x) = A cos («*£) + B sin (KXX). 

The general solution of Eq. (6a) is 
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t(x,y) = [ A c o s ( K I X ) + B s i n (KxX)][C cos (^y) + D sin (i^y)]. (69) 
*(z,2/) J 

a. TE-waves.—The solution \p(x,y) mus t satisfy t he b o u n d a r y con
di t ion d\p/dn = 0 over t he walls. Fo r t he walls x = 0 and x = a, 
d\p/dn = d\p/dx; we t h u s require t h a t for all values of y 

dx 

dx 

KxBY(y) = 0, (70a) 

-KX[A sin (KXO) - B cos (Kxa)]Y(y) = 0. (70&) 

This requires t h a t Z? = 0 a n d t h a t KX have the character is t ic values 

m = 0, 1, 2, • • • . (71) 
a 

Over the walls y = 0 and y = b, d\p/dn = d^/dy. Th i s b o u n d a r y con
di t ion requires t h a t D = 0 and t h a t K„ have the character is t ic va lues 

nir 

T 
n = 0, 1, 2, ■ ■ • . (72) 

The character is t ic values nmn for the TEmn-\\a.ve a re therefore 

(73) , / m i r V , / W \ 2 

By use of E q s . (18) and (19), the complete set of field componen t s for 
the wave in t he posit ive 2-direction is found to be 

„ mirx n-wy „ „ 
H, = cos cos - r ^ e-^-!, E, = 0, 

a o 
miry , , . I rmrx\ 

, sin I cos 

Hy = 4— Ex = - j " , - COS 

# ; ■ £ v VT-J' 
Irmrx\ . (niry\ 

(74) 

T h e significance of t he integers m, n, is directly a p p a r e n t : T h e y represent 
the number of sinusoids in t he in tens i ty of the field components Eu and 
Ex, respectively, over the cross section of the guide. 

T h e cutoff wavelength , the guide wavelength , a n d the t ransverse 
wave impedance for a TEmn-mode are respectively 

M2 = F" 

(a)' + (S)" 
(75) 
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KsW 
(jy K0+(sy 

(76) 

(77) 

The Tfiio-mode (m = 1, n = 0) has the longest cutoff wavelength. I t 
is by far the most important mode for antenna work. The electric field 
has but one component, Ey, which is uniform in the ^/-direction and varies 
sinusoidally along the z-direction with symmetry about the central sec
tion of the guide. The field configurations for this and several other 
77?-modes are shown in Fig. 7 9 . It will be seen from Eq. (75) that to 

Alumni i in in iin 

III 1I1 m n inn/' 
(c) 

1 

F I G . 7-9.—rig-modes in rectangular waveguides: (a) TEio-mode [Aw
w =2o] ; (6 ) TEn-

mode [\n(c> = 2afc /Va ! + i>2]; (c) TEM-mode [\1QM = a]; (d) TEai-mode (Xoi(c> = 26). 
electric field; magnetic field. 

ensure propagation of the TjEio-mode alone the dimensions of the guide 
must be such that 

a <\ < 2a; 26 < X. 
b. TM-waves.—The solution <t>(x,y) must satisfy the boundary con

dition <f> = 0 over the walls. It is evident from Eq. (69) that we must 
set A = O — 0 to satisfy the condition over the surface x = 0 and y — 0. 
Over the walls x = a, y = b the conditions are satisfied only for the 
characteristic values 

«TI = 

rmr 
a ' 

nw 
T' 

m = 0, 1, 2, 

n = 0, 1, 2, 

(7-71) 

(7-72) 
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Thus the characteristic value /cm„ for the TAf^-mode line, like that of a 
T.Emn-wave, is given by 

_ /mirV (nir\ 
-\T) +\T) 

(7-73) 

The cutoff and guide wavelengths are given by Eqs. (75) and (76); the 
characteristic wave impedance, however, differs from that of the TE-wa,ve. 
It is 

*-(f)" (-[(£)"+(£) (78) 

111!1 I 1 t I 11 I!1TTT 

(a) (b) 
Fia. 7-10.—T Af-modes in rectangular waveguides: (a) TAfn-mode [Xnw = 2a6/ - \ / a I + &*]; 

(h) rA/21-mode [X2i(e» = 2 a 6 / v ' a ! + b']. electric field; magnetic field. 

The complete set of field components obtained by means of Eqs. (22) 
and (23) is 

£ , = s i n ( ^ ) s i n ( ^ ) e - - * ; Hl=0, 

E x = ^ H ¥ = - ^ - " cos (™) sin ( ^ ) 

ym„ . fmirx\ fniry\ 

jrsmtir)cos(-r) 

e-T--«, (79) 

Ey = -J^ Hx = 
jut 

mrym 

There is no mode for which either m or n is zero; the lowest is the TMU-
mode.- I t follows accordingly that a guide designed to cut off the TE-
modes other than the TEn will likewise not support free propagation 
of any of the TM-modes. The field configurations for several of the 
latter are shown in Fig. 7 10. 

7-12. Impedance Transformers for Rectangular Guides.—Equivalent 
networks have been established for a number of types of obstacles in 
waveguides; these can serve to match out the reflected dominant mode 
wave set up by the line termination. We shall present here the pertinent 
data on elements designed for the TTJio-mode in rectangular guide and 
shall indicate their applicability. The simplest, from the point of view 
of the equivalent networks, are the windows: metal diaphragms inserted 
in the cross section of the guide. Typical forms are illustrated in Fig. 
7-11. In the idealized case of infinite conductivity these elements behave 
like capacities or inductances shunted across the two-wire transmission-
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line representation of the T-Eio-mode. Accordingly, in using these ele
ments it is convenient to treat the line in terms of admittance rather than 
impedance. Let Y $> = 1/Z{1> be the characteristic wave admittance of 
the TEw-mode line.1 With any arbitrary termination, there exist points 
along the line, at quarter-wavelength intervals, at which the input admit
tance looking towrard the load is alternately (1) Y = Y0 — jB and (2) 
Y = YD -f- jB. At the points 1 the load susceptance is inductive and a 
parallel capacity is required for matching. Points (2), where the load 
susceptance is capacitative, require a parallel inductance. For the 

1 
^ * - ^ 

*T p\\\\\w 
t « i t -

> h 

(0 
- a -
id) 

FIG. 7-11.—Windows for rectangular guides; (a) symmetrical capacitative; (6) symmetrical 
inductive; (c) asymmetrical inductive; id) resonant. 

former case the capacitative window (Fig. 7-1 la), is suited, while for 
points 2 the inductive windows (Fig. 7-116 and c) are appropriate. For
mulas and graphs for the susceptance of these and other windows, 
referred to the characteristic wave admittance of the T^io-mode, are 
available in the literature.2 

In practice the inductive windows are to be preferred, because the 
capacitative window, in presenting an edge across the electric-field lines, 
is more susceptible to electrical breakdown. Asymmetrical windows 
have experimental and design advantages in that only one side of the 
guide need be milled for an insertion.3 This reduces the amount of 
machining required in making test runs on impedance and eliminates the 

1 We shall drop the mode nota t ion hereafter and write simply Za and Ya for the 
characterist ic impedance and admi t t ance respectively. 

2 Microwave Transmission Design Data, Sperry Gyroscope Company, 1944; 
"Wavegu ide Handbook , " R L Group Repor t No. 43, Feb. 7, 1944; " W a v e g u i d e 
Handbook Supplement ," RL Group Report Xo. 41 , J an . 23, 1945; Waveguide Hand
book, Vol. 10 of this series. 

3 W. Sichak, "One-sided Induct ive Irises and Quarter-wave Capaci ta t ive Trans
formers in Waveguide," RL Repor t No. 426, Nov. 17, 1943 
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problem of alignment of two halves of a symmetrical window. On the 
other hand, symmetrical windows lend themselves to use as pressuriza-
tion devices; the two metal borders can serve as supports for a thin 
dielectric sheet. Such a sheet introduces an additional capacity in 
parallel with the window, the magnitude of which depends on the thick
ness and dielectric constant. No systematic design information seems 
to be available on this point at present, and the design of the pressurized 
window must be developed experimentally. 

The circuit equivalents of the windows immediately suggest the pos
sibility of combining a capacitative and inductive window to make the 
net susceptance zero, that is, to produce a resonant device that introduces 
no reflection in the guide. Such a resonant window is illustrated in Fig. 

\\\\\\\\\\\m 
' a 1 

t 
b 
\ 

ia\ Generator Load 

ft) 
F I G . 7-12.—Step transformer in rectangular waveguide: (a) transverse cross section; (b) 

longitudinal cross section. 

7-lid. To a first approximation, the dimensions 5C, SL can be so chosen 
that the capacitative and inductive susceptances are equal in magnitude. 
The resonant window transmits all the incident power and, therefore, 
cannot be used as a matching device. It is useful as a pressurizing ele
ment to seal the waveguide; either the window frame serves as a support 
for a thin dielectric sheet, or the open area of the window is filled with a 
dielectric block. The dimensions of the window must be adjusted to 
compensate for the dielectric; this again must be determined empirically. 
It is obvious that true resonance behavior can be achieved at only one 
wavelength with a given window. 

The use of windows at wavelengths shorter than 3 cm is rather limited. 
Several difficulties arise due to the decrease in the dimensions of the 
waveguide with decreasing wavelength. The most striking of these are 
(1) the increased liability to electrical breakdown in the neighborhood 
of a window, (2) errors in determining the position of the element, and 
(3) the machining and insertion of small parts. For wavelengths shorter 
than 3 cm the step transformer, illustrated in Fig. 7-12, is recommended. 
This is analogous to the cascade section discussed for coaxial lines. The 
characteristics of the step transformer can be expressed in terms of the 
input admittance presented at the generator side when the guide is 
terminated beyond the section in a matched load:1 

1 Sichak, op. cit., p. 3. 
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b\2
 LWF .2*1 / 2 6 \ ' . . . . + ^ T cot — " [ij F* + JA 

Y \dj ' X„d """ X7 ~ ~ 
Fo U + j M ) } (80) 

2bF _ & 2rZ 

The parameters Z, b, d are defined in the figure; X„ is the wavelength 
in the waveguide; and F is a function of d/b alone, a few values of which 
are given in Table 7 1 . When I = X„/4, Eq. (81) reduces to 

TABLE 71.—F-FUNCTION FOR STEP TRANSFORMER 

1 — r> % F-function 
0 0 

10 0.020 
20 0.063 
30 0.130 
40 0.235 
50 0.395 
60 0.598 
70 0.820 

b* . 2bF I 
Y d-*+JxV 
Ya , , 4&2F2 (80a) 

To design a transformer from either Eq. (80) or (80a) it is necessary to 
construct a graph, based on Table 7-1, from which the required values 
of F may be obtained. Over the range of useful values of b/d the section 
can be regarded as a quarter-wave transformer with a phase correction 
due to the capacitative effects at the junction. The phase correction 
makes itself felt in that the load end of the transformer is not placed at 
the point of a "voltage" minimum (the point of maximum load admit
tance) but is displaced slightly from that point toward the generator. 
To a first approximation the matching condition is that the conductance 
in Eq. (80a) be equal to the maximum normalized load admittance, 

hl 
d2 

9' - JhTm (81) 1 + 
4b2F: 

X3. 

The latter directly equals the voltage standing-wave ratio due to the 
load. Accordingly it is suggested that the designer prepare for himself 
a set of charts of r or gt against d/b over the range of X„ with which he 
will be chiefly concerned. For a given case the transformer with dimen
sions determined in the indicated manner can be prepared to slide in t h j 
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guide, the bottom of the transformer being tinned before insertion. The 
transformer is moved along the guide until the best matching position 
is located and then soldered into place by heating the outside of the guide. 

7-13. Circular Waveguide: TM- and TE-Modes.—Let us consider 
next a hollow guide of circular cross section of radius a. As in the case 
of the coaxial line we are here concerned with solutions of the scalar 
Helmholtz equation in a circular region. The general solutions are the 
same as for the coaxial line: 

J * ' y ) = [A / , («■) + BNm(<r)] cos m8. (7-58) 

Here again r, 8 are polar coordinates over the cross section, and m is an 
integer. In the present case, since there is no inner conductor, there are 
no sources in the interior and the fields must be finite at all points. The 
Neumann function, however, becomes infinite at r = 0; accordingly it 
must be removed from the solution: B must be equal to zero. The funda
mental solutions are, therefore, 

*}*'V\ = AJm(*r) cos mO. (82) 

a. TM-modes.—By the boundary condition of Eq. (21&) we require 
<t> = 0 at r = a for all values of 8. This leads to characteristic values 
Km„ which satisfy the relation1 

Jm(Kmna) = 0. 

The complete set of field components for the TAfm„-mode, obtained from 
Eqs. (22) and (23), are 

E, = K2
mn cos m W » ( K . , r ) r ' " i ; H2 = 0, 

Er = -?^H9 = —ym„Kmn cos m6J'm(Kmnr)fi-^ , , ,_„. 
jue / (ao) 

Ea = — -V- Hr = mymn sin mo —^ e y—z. 
jwe r 

The field configurations for several of these modes, together with the 
cutoff wavelengths, are shown in Fig. 7-13. 

b. TE-modes.—The function 4/{x,y) is subject to the boundary con
dition of Eq. (13): <9i^/clr]r_a = 0 for all 8. The characteristic values «,„ 
satisfy the relation2 

J'm(Kmna) = 0. (84) 
1 For lower roots 2m„ = Kmna of this equation see E. Jahnke and F. Emde, Tables of 

Functions, Dover Publications Reprint, New York, 1943, p. 168. 
* For the lower roots zmn — nmna of this equation see ibid. 
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The field components for the general TEmn-mode are found to be 

Hz = K2
m„ cos mW„(«™r)e-'»'; Ez = 0, 

Hr = — T ^ £« = —Kmnymn cos m8J'm(Kmnr)e-*""°% 

H) = \— Er = mymn sin md — r'™!. 
jijifi r 

These modes are illustrated in Fig. 7-14. On examination of the roots 
of the Bessel functions and their derivatives it will be seen that the lowest 
mode, that is, the mode with the longest cutoff wavelength, is the TEU-

(a) (b) 

F I G . 7-13.—TM-mode in circular waveguide: (a) r.l/m-mode [\oi<c) = 1.31d]; (6) 
TMai-mode [Xo3

(c) = 1.07d];(c) rJVfu-mode [Xn(c> = 0.82d]. electric field; 
magnetic field. 

mode. This is the mode generally utilized in antenna systems. It is the 
circular guide analogue of the T"i?io-mode in rectangular waveguide. 

The use of circular waveguide is limited by several factors, of which 
perhaps the most significant is instability in orientation of the field con
figurations. Since the guide has rotational symmetry, the field configura
tion can be rotated about the z-axis without violating boundary conditions; 
there is no preferred direction 0 = 0. Small irregularities in the wall 
of the guide or matching windows can cause such rotation of the fields 
giving rise to subsequent difficulties in designing the radiating system. 
In rectangular guide, on the other hand, the orientation of the field 
configuration is uniquely determined by the orientation of the cross sec
tion. Another difficulty in round guide is mode control over an appre
ciable frequency band. The radius is the only parameter available to 
determine the cutoff wavelength; in rectangular guide, both the dimen
sions a and b enter into the characteristic values of the higher modes. 

(85) 
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Other comparative factors will be pointed out in the discussion of wave
guide and horn feeds. 

7-14. Windows for Use in Circular Guides.—As with rectangular 
guides, metal diaphragms can be inserted into circular guides to serve as 
matching devices for the T^n-mode. The circuit equivalents of these 
windows are again reactive elements shunted across the two-wire line 
representation of the dominant mode. Capacitative windows cut across 
the 2?-lines, while inductive windows cut across the transverse magnetic 
field in the cross section. The admittance characteristics of such windows 

(a) (6) 

FIG. 7-14. y&'-modt's in circular waveguides: (a) Y'.ftci-mode [Xoi(c) = 0.82d]; (6) 
/ 'En-mode [Xu1" = 1.71c/]; (c) TEn-mode [\„^> = 1.03d]. electric field; 
magnetic field. 

may be found in the literature on the subject.1 There is also available 
a resonant window which can be used as a frame to support a thin dielec
tric sheet to seal the waveguide. 

7-16. Parallel-plate Waveguide.—Another type of waveguide that is 
used in microwave antennas is that formed by a pair of parallel plates. 
The modes can be derived, as in the previous sections, by a direct solu
tion of the field equations, in the present case for a region bounded by a 
pair of parallel perfectly conducting surfaces of infinite extent. I t will 
be instructive, however, to treat the parallel-plate system as a limiting 
case of the coaxial line and the rectangular waveguide. 

The parallel-plate waveguide can be derived from the coaxial line 
1 Microwave Transmission Design Data, Sperry Gyroscope Company, 1944; "Wave

guide Handbook," HI. Group Report Xo. 43, Feb. 7, 1945; "Waveguide Handbook 
Supplement," RL Group Report Xo.41, Jan. 23, 1945; Waveguide Handbook, Vol. 10 
ot this series. 



236 MICROWAVE TRANSMISSION LINES [SEC. 7-15 

by allowing the radii o and 6 of the inner and outer conductors to become 
infinite in such a way that the spacing b — a between the conductors 
remains constant: 

b - a = s. (86) 
I t will be recalled that the TEM-mode is independent of the radii of the 
conductors and is supported by the line for all frequencies with a wave
length equal to that in free space. We thus arrive directly at the result 
that the parallel-plate guide supports free propagation of a TEM-mode 
at all frequencies. The electric vector is perpendicular to the plates, 

y* 

y=s 

0 ^ 
F I G . 7-15.—The parallel-plate waveguide as a limiting case of a coaxial line. 

and the magnetic vector is parallel to the plates; neither field vector has 
a component in the direction of propagation. Taking Eq. (53) for the 
electric vector of the TEM-mode and writing r = a -\- y, b = a + s (cf. 
Fig. 7-15), we find that the magnitude of the electric field is 

E=-± . V . = r^r^ 1 - ^ (87) 

a 2o2 "*" 

Letting a become infinite we obtain 

lim \E\ = - • (88) 

The magnitude of the electric-field vector is independent of position 
between the plates; the same result is obtained for the magnetic field. 
It will be recognized that Eq. (88) is the same expression as for the static 
electric field between a pair of plates at a difference of potential V. 

Considering next the TE- and TAf-modes of the coaxial line we note 
that as the radii become infinite, the periodicity condition disappears; 
that is, we need concern ourselves only with the modes of order m = 0 
[Eq. (58)]. 

TM-modes.—The longitudinal component of the electric field [the 
function <j>(x,y) in Eq. (58)] is 

Et = AJ0(Kr) + BN0(Kr). (89) 
Making use of the asymptotic forms of the Bessel functions1 for large 
(KT), w e g e t 

1 G. N. Watson, Bessel Functions, 2d ed., Macmillan, New York, 1945, Chap. 7. 
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'" ~ \^a) A C°S \KV + K<1 ~ I) + B Sin \Ky + Ka~ l ) j ' 
We have here in t roduced again r = a + y. In the l imit a = °°, t h e 
solution takes t he form 

£ , = A' cos (K!/ + T) (90) 

Applying the bounda ry condi t ions £ z = 0 a t i/ = 0 and y = s, we find 
t h a t T = (-71-/2) + Irrw and t h a t the character is t ic values of t he modes are 

K» = — ; n = !, 2, 

E q u a t i o n (90) can t hus be rewr i t ten as 

Ez = A' ' ' - (=?} 
The cutoff wavelength for the TMn-mode is [Eq. (16)] 

(91) 

(92) 

(93) 

and the guide wavelength for the freely p ropaga ted mode [Eq. (17)] is 

X 
Xpn — (94) 

T h e t ransverse components of the field are obta ined from Ez b y m e a n s 
of the set of E q s . (4) and (5): 

E„ 

H, 

Kn \ S 
) ; EX = o, 

^ ' c o s ( ^ ) ; ff, = 0 ; 

(95o) 

(956) 

the cons tan t y„ is denned by Eq . (14). 
TE-modes.—The der ivat ion of t he 7 '£-modes proceeds in a similar 

manner . E q u a t i o n (90) in th is case represents t he longi tudinal com
ponent of the magnet ic field; t h a t is, 

Hz = A' cos (ay + T). (96) 

T h e b o u n d a r y condit ions dHJdy = 0 a t y = 0 and y = s lead to t he 
result t h a t T = + 2rmr and 

n = 1, 2, (97/ 
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The cutoff wavelength for the T.En-mode is given by Eq. (93), and the 
guide wavelength by Eq. (94). The complete set of field components is 

Hz = A'coS(^y 

It will be recognized that the field distributions and guide wave
lengths correspond to TM- and T"i?-modes of the rectangular guide. 
The TAfn-modes of the parallel-plate system are the analogues of the 
TM i,„-modea, and the r£ n-modes are the analogues of the TiJo.n-modes. 
As the broadside dimension a of the rectangular guide becomes infinite, 
the modes of the latter pass into parallel plate modes. 

7-16. Design Notes.—Several remarks on design practice may prove 
of interest to the reader. These are particularly concerned with coaxial 
lines and circular waveguides. Unless an antenna is being developed as 
a single experimental model or for production in very limited numbers, 
some attention should be given to the production problem or the avail
ability of parts. With respect to the coaxial lines and circular guides, 
dimensions should be chosen as near as possible to those of commercially 
standardized tubing. The primary considerations in the choice of 
dimensions are, of course, the characteristic impedance of the line and 
the control of higher modes; these, however, allow some latitude in 
design. 

Special care should be taken in the inspection of tubing. Erratic 
results in standing-wave measurements on lines have frequently been 
traced to irregularities in the cross section of the line. Ridges and waves 
are found in the tube wall if the die through which the tubing was 
extruded is worn or if the driving unit is faulty. Such ridges and waves 
can be detected only by cutting the tube in half. I t is recommended that 
a sample length of tubing from each new lot be cut down the middle 
for inspection before using the material. It is often useful to force a steel 
ball of proper diameter through the tubing under pressure, thus sizing 
and polishing the inside surface. 

(97a) 

Ev = 0, (97t) 

Hz = 0. (97c) 



CHAPTER 8 

MICROWAVE DIPOLE ANTENNAS AND FEEDS 

B Y S. SILVER 

The early trends in microwave antenna design grew out of the prac
tice of using dipole systems at longer wavelengths. Nevertheless, little 
systematic information has been obtained about microwave dipole sys
tems. This is partly due to the greater difficulty in applying theory to 
practically useful microwave dipoles and partly to the urgent military 
needs which prevented systematic research during the early development 
in this field. More recently, attention has been concentrated on wave
guide and horn radiators, which are more amenable to quantitative 
analysis. Consequently, the design of microwave dipole antennas is 
still in the empirical stage; quantitative data are available only with 
reference to particular systems. 

8-1. Characteristics of Antenna Feeds.—The dipole systems that we 
shall consider in this chapter are, with a few exceptions, designed to 
serve as primary feeds to illuminate reflectors; it will be assumed through
out, unless the contrary is noted, that this is the end in view. The 
general design requirements and specifications imposed on primary feeds 
are the following: 

Radiation Pattern.—It is evident that a primary feed radiation pat
tern must be directive, with the major fraction of the energy radiated 
toward the reflector. We have studied in Chap. 6 the relation between 
the radiation pattern of the antenna as a whole and the intensity and 
phase distribution over the aperture. The relation between the latter 
and the primary pattern will be developed in later chapters on the design 
problems of special types of antennas. It may be noted here, however, 
that the design of a reflector—or a lens—is generally based on the assump
tion that the feed is a point source. Deviations of the feed from a point-
source radiator result in phase errors over the aperture of the antenna. 

Particular attention must be paid to the phase. I t was shown in 
Chap. 3 that many idealized radiating systems are effectively point 
sources in the sense that the equiphase surfaces constitute a family of 
concentric spheres. This situation is realized only approximately in the 
case of an actual feed. The pattern of the latter is usually specified in 
terms of the principal E- and //-plane patterns (Sec. 318) . In each of 
these planes it should be possible to find an equivalent center of feed, 

239 
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with respect to which the equiphase lines are circular (to within a pre
scribed limit of error) over the region to be covered by the reflector. 
To minimize the problems of reflector design it is essential that the centers 
of feed for the principal planes be coincident. In general, it is desirable 
that on a sphere about the center of feed the phase shall be constant to 
within +ir/8, corresponding to path differences of +X/16; for some 
purposes, path differences of +X/8 can be tolerated. The cone within 
which the feed is a point source in the sense of these criteria will be referred 
to as the point-source cone. 

Impedance.—Impedance match is required over as broad a frequency 
band as possible. An antenna is generally considered to be usable 
throughout the frequency band in which the voltage standing-wave ratio 
is less than 1.4. Since interactions with the reflector tend to increase 
the total mismatch, it is "desirable to keep the feed mismatch below the 
figure given above. 

Power-carrying Capacity.—This is limited by electrical breakdown 
which may occur within the feed line and around the feed components 
under the peak voltage of a transmitted signal. The effect of matching 
devices on breakdown characteristics was noted in Sec. 7-9. The break
down problem is particularly significant in antennas intended for air
craft, because the breakdown potential decreases with increasing altitude, 
due to the decrease in atmospheric pressure and the increase of free ion 
content. Feeds for high-altitude airborne systems must therefore be so 
designed that air can be held in the r-f line under pressure. The average 
requirement is 10 to 15-lb gauge pressure relative to sea level atmospheric 
pressure. 

Weather Protection.—Antennas must be protected from the weather 
to prevent corrosion and consequent power dissipation in the antenna 
structure. Weatherization is an important consideration in shipborne 
antennas, which are exposed to sea-water sprays. 

Mechanical Strength, Light Weight.—Antennas installed in aircraft 
and ships are subject to high stresses due to rapid changes in the motion 
of the airplane or oscillations of masts of the ship in a high wind. In 
aircraft systems, mechanical strength must be attained with economy of 
weight. 

Reasonable Tolerances.—Tolerances should not be so close that pro
duction methods cannot be used effectively. 

8-2. Coaxial Line Terminations: The Skirt Dipole.—The theoretical 
prototype of the dipole radiators is the half-wave dipole fed at the center 
from a balanced two-wire transmission line. The significant features of 
this system are the following: 

1. The two wings of the dipole carry equal currents. 
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2. The current distribution is determined by the dipole structure, 
interaction between the dipole and the transmission line being 
negligible. 

3. The dipole termination does not upset the balanced condition of the 
line. 

While it is true that a coaxial line propagating the TEM-mode is equiva
lent to a balanced two-wire line, it is virtually impossible to make a 

I 

1 
Die

lectric 
bead 

support 

r~\ 

G 

-c, 

(a) (b) (c) 
F I G . 8-1.—Skirt dipole: (a) simple form; (b) tapered gap to improve the impedance 
characteristics; (c) decoupling choke Ci to prevent current leakage along the outer wall. 

microwave dipole termination that behaves like the theoretical prototype. 
The skirt dipole illustrated in Fig. 8-1 is an example of a coaxial-line 

termination that is used extensively at longer wavelengths and to a lesser 
extent in the microwave region. The two wings of the dipole consist of 
the unshielded section of the inner conductor and the folded-back section 
of the outer conductor (iS in Fig. 8-1); we shall refer to the latter as the 
skirt. If the lengths h, U, of the respective elements are each about 
X/4, the system approximates a center-driven half-wave dipole. This 
termination maintains the radial symmetry of the line; the current dis
tribution over the wings is radially symmetric, and the radiation pattern 
has the axial symmetry of the idealized system. 

I t is to be expected, however, that the meridional pattern will differ 
from that of the line radiator. One reason for this is the fact that the 
current distribution is spread over a finite area instead of being confined 
to a line. The currents at different points on a circumference of the 
skirt are consequently at different distances from a field point and give 
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contributions to the field that have correspondingly different phases. 
These phase differences are more significant with microwaves than with 
long waves, since they depend on the ratio of the skirt diameter to the 
wavelength. The'pattern is also affected by the finite dimension of the 
gap at the driving point; this causes the current distribution along 
the length of the dipole to deviate from the sinusoidal distribution of the 
line dipole with an infinitesimal gap. 

A further major factor is the coupling between the field of the dipole 
and the outside wall of the line, which produces a current distribution 
down the line beyond the skirt. This current distribution also radiates; 
the total pattern arises from superposition of this field and the dipole 
field. The pattern rapidly becomes less satisfactory as the current on the 
line increases; so the line current must therefore be kept as small as 
possible. It can be controlled in part byr changing the cavity C\ formed 
by the skirt and the outside wall of the line. This region constitutes a 
shorted section of line and as such presents at the open end of the skirt 
a reactive impedance in series with the dipole and the outer wall of the 
line; by making the depth X/4, the reactive impedance can be made 
infinite. In practice it is found that best results are obtained with a skirt 
of length somewhat less than X/4. Proper operation is obtained only 
at the design frequency, since the impedance of the choke Ci varies rapidly 
with frequency. Improved over-all impedance characteristics have been 
obtained by shortening the skirt and compensating for the reduced 
physical length of C\ by filling it with dielectric to bring the electrical 
length up to X/4. It has also been found that more efficient decoupling 
between the dipole and the outer line can be effected by means of a second 
choke C2 mounted as shown in Fig. 8Tc. The electrical depth of Ci 
should again be a quarter wravelength, so that the choke presents an 
infinite impedance at the open end. Experimentally it is found that the 
decoupling is most complete when the separation of C\ and Ci is 0.15X. 

The structure of the gap G plays a significant part in determining the 
over-all impedance characteristics of the antenna. Because an abrupt 
discontinuity in structure gives rise to a reflected wave in the line, it is 
natural to replace the region G in Fig. 8- la by the tapered structure shown 
in Fig. 8T6. The increased diameter of the dipole stub also contributes 
to maintaining uniform impedance over a larger frequency band (c/. 
Sec. 8.5). Further methods of controlling the impedance characteristics, 
such as decreasing the length U and loading the stub with a sphere (capaci-
tative loading), will occur to the reader; we shall not dwell upon them 
here. 

8-3. Asymmetrical Dipole Termination.—The asymmetric dipole 
terminations shown in Fig. 8-2 are designed to give a radiation pattern 
with peak intensity along the axis of the feed line. The dipole in Fig. 
82a is center-fed from a two-wire line. The asymmetry of the termina-
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tion unbalances the current distributions on the inner and outer conduc
tors of the line, with the result that the two wings of the dipole are not 
equally excited. Also, strong coupling exists between the dipole system 
and the outer wall of the line, giving rise to radiating currents on the 
latter, just as in the case of the skirt dipole. The choke C remedies the 
situation to some extent; with a depth I. of about X/4 the choke presents 
at its open end an infinite impedance, in series between the outer wall of 

(a) 

; = x 

F I G . 8-2.—Asymmetric dipole terminations: (a) open-end termination; (Jj) stub-support 
termination. 

the line to the left of the choke and the region of the line to the right. 
This serves to confine most of the outer-wall currents to the region between 
the dipole and the choke. 

The open-ended termination has poor structural properties. In order 
to maintain alignment of the dipole wings it is necessary to fill the termi
nal region of the line with a dielectric plug. The latter gives rise to 
further problems of impedance mismatch and to poor contact between 
the dielectric and the conductors, which may lead to electrical breakdown; 
the seals generally deteriorate under exposure to moisture and thermal 
and mechanical stresses. In addition, radiation from the open-ended 
coaxial line distorts the dipole pattern. These defects are absent in the 
stub-support termination shown in Fig. 8'2fe. The coaxial line is con
tinued for a distance I, ~ X/4 beyond the dipole system and terminated 
there in a metal plate. The latter region, known as the terminating 
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stub, is again a shorted section of line, presenting a reactive impedance 
at the input end. Consideration of the current division at the driving 
point of the dipole shows that the stub is equivalent to an impedance 
shunted across the gap between the dipole wings. With ls ~ X/4, this 
impedance is practically infinite; electrically the system is equivalent 
to an open-ended termination. 

The disparity in the currents on the two wings of a stub termination 
is even greater than that in the open-ended termination. The dead 
wing (or stub) D is excited only by leakage currents which make their 

10 15 20 25 30 
Distance from center of the dipole, cm 

Fia. 8-3.—Leakage currents along the line; stub-supported dipole-disk feed without choke. 
way through the opening in the outer wall and by coupling with the field 
of the live stub L. As in the case of the open-ended termination, coupling 
exists between the dipole system and the center wall of the line. A 
measure of the relative excitation of the dipole stubs is afforded by the 
intensity of the outer-wall line currents along lines in a plane containing 
the dipole axis. Figure 8-3 shows results of line-current studies made on a 
dipole system carrying a reflecting plate on the terminal stub. The 
standing-wave structure in the current is due to some obstruction on the 
outside surface at the input end of the coaxial line. 

Control of the outer wall currents is achieved by means of the choke 
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C (Fig. 8-2b), as in the systems discussed previously. To present an 
infinite impedance at its open end the choke should, nominally, have a 
depth of X/4. However, because of junction effects at the open end and 
coupling with the dipole system, 
the optimum value is somewhat 
less than X/4. Figure 8-4 shows 
the line-current strength at a fixed 
point on the outer wall as a func
tion of choke depth for the system 
studied in Fig. 8-3; the optimum 
depth is 0.23X. Although this 
value is strictly significant only 
for the system illustrated, it has 
been found to give good results in 
other dipole systems employing 
chokes; it is a suitable value for the 
depth of the choke Ci of the skirt 
dipole considered earlier. 

I t has been noted that the 
effect of the choke is to confine the 
outerwall current to the region be
tween the choke and the end of the 
line. This current distribution 
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serves as a linear radiator along the axis of the feed line. From the 
general considerations of Sec. 3-15 it will be evident that this radiates no 
energy in,the direction of the line axis; it will, in general, give rise to a 
pattern with peak intensity on a cone having its axis coincident with the 
line axis. The phase of the line current with respect to the dipole cur
rent is determined by the position of the choke with respect to the dipole 
system. In combination with a paraboloidal mirror, in which the feed 
line lies on the axis of the mirror, the interaction between the dipole and 
line-current system produces a phenomenon known as squint, in which 
the over-all antenna beam is pointed, not along the axis of symmetry of 
the system, but in a direction making a small angle with that axis. Use 
is made of this phenomenon for scanning. 

In closing the discussion of the asymmetric terminations, it should be 
noted that the input impedances of both the choke and the terminating 
stub vary rapidly with frequency. As a result, these structures are 
strong contributing factors in the frequency sensitivity of the impedance 
of these antennas. In addition, the cut-away region of the line introduces 
distributed capacities and inductances. These factors restrict the 
usability of the antenna to a narrow frequency band. 

8-4. Symmetrically Energized Dipoles: Slot-fed Systems.—The 
shortcoming of unequal excitation of tlie dipole stubs, which charac-

file:///---h
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terizes the terminations discussed above, is eliminated in the slot-fed 
systems shown in Fig. 8-5. Both wings of the dipole are mounted on the 
outer conductor, in which a pair of slots S is milled in a plane normal to 
the dipole axis. The inner conductor is short-circuited to the outer 
conductor on one side by the post P, which usually is in the line of the 
dipole axis but may be inserted at any point along the line in the slotted 
region. Both open-ended and stub-terminated systems are used, ana

s'' ( ) u s 

(a) 

■U-

(6) 
Flo. 8-5.—Slot-fed dipole terminations on coaxial line: (a) open-ended termination; (b) 

stub termination. 

logous to the systems discussed in the preceding section. The open-
ended type is used as a radiating element in linear arrays (cf. Sec. 9-8). 

The operation of the dipole can be interpreted from various points of 
view. Perhaps the simplest picture is that the radiating system is 
energized by a voltage impressed across the slot. The origin of the 
voltage becomes evident on consideration of mode relationships in the 
slotted region. In the absence of the short-circuiting post P we would 
have the TEM-iaode and possibly higher modes generated in the open-
ended termination or, in the case of a wide slot, generated by the slot 
itself. All these modes, however, would be symmetric with respect to 
the plane containing the axes of the slots and give rise to no impressed 
field across the slot; under these conditions the dipole is not excited. 
With the insertion of the post, modes are generated that are symmetric 
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with respect to the plane determined by the axis of the post and the axis 
of the inner conductor. These modes, when superposed on the preceding 
set, must give rise to a field such that the tangential electric field is 
zero over the surface of the post. In the case of a narrow slot we can 
ignore (for the qualitative picture) the modes generated by the slot itself; 
the prime effect of these modes is to relax the cutoff conditions and allow 
propagation within the slotted region of some of the modes generated 
by the post. The most significant of the latter is the T-En-mode; Fig. 
8 6 shows how superposition of the TEu-mode on the TEM-mode leads 

P E=0 

-f 

TEM TEn fc-fima, 

Fio. 8-6.—Superposition of the TEM- and T\£u-modes in the slotted region of the slot-fed 
dipole. 

to a field configuration that satisfies the requisite boundary condition 
on the electric field in the case of a thin post. The resultant configura
tion gives a field that is zero along the post and increases with angle to a 
maximum value directly opposite to the post. It is readily seen that 
this impresses a voltage across the slot, with resulting excitation of the 
dipole structure. 

The slotted dipole can also be analyzed from the transmission-line 
point of view.1 The slotted region is conceived as a three-wire trans
mission line; this is the appropriate representation of a waveguide sup
porting simultaneous propagation of two modes, just as the two-wire 
line represents single-mode propagation. It will carry us too far afield 
to discuss the general theory of three-wire lines.2 The equivalent cir
cuit representations for the open-ended and stub-terminated systems are 
shown in Fig. 8-7a and b respectively, for the case in which the post 
lies along the dipole axis. Here Z,, is the impedance across the pair of 
lines connected by the post; Z,: the impedance at the gap opposite to the 
post; ZA is the input impedance of a dipole having the same wing struc
ture as in the given system, but center-fed from a balanced two-wire line; 
/,- is the length of the slot; and /,- the length of the terminating stub. 
,Vt the end of the slot the outer lines are short-circuited, the three-wire 
line passing into the two-wire line. 

1 H. Uiblot, "Slo t ted Dipole Impodiince Theory , " I!L l iepor t No. 772, Nov. 21 , 
1945. 

2 See S. O. Kice, "S t eady Slate Solutions of Transmission Line Equa t ions , " 
Hell System Tech. Jour., 20, 131 (1<1-I11. 
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In the case of the open-ended termination with a narrow slot it is 
possible to reduce the system to a two-wire line with appropriate loading, 
as shown in Fig. 8-7c. The impedance ZP has been taken to be zero; 
Z, is the characteristic impedance of the three-wire line under the con
dition that no current is flowing in the central line. It will be seen that 

in this particular case the slot con-
is' 

cl* 
(a) 

-ls\\-

J 4 X 

tributes only a susceptance, like a 
short-circuited section of two-wire 
line. This circuit representation 
indicates that the length of the slot 
can be so chosen as to match out 
the other reactive impedance ele
ments involved in the termination. 

The slot not only equalizes the 
excitation of the wings but also 
serves as a choke element to de
couple the dipole system from the 
outer wall of the line. The result
ing system is completely free from 
the squint phenomenon associated 
with the asymmetric termination. 
In the case of open-ended termina
tions it is possible to design units 
with high power capacity; these 
have found application in linear-
array antennas. The stub-termin
ated units, on the other hand, are 
more limited in their power capacity 
than the corresponding asymmetri
cal terminations and have been 
used in place of the latter only where 
it is imperative to have a squint-free 
system and relatively lower power 
levels are acceptable. 

8-6. Shape and Size of the Dipole.—The impedance problem has been 
a troublesome one with dipole feeds, largely because of the frequency-
sensitive elements—such as the choke, terminating stub, and slot--
needed in making various types of terminations. A certain measure of 
adjustment is available in the size and shape of the dipole. The depend
ence of the impedance of a center-fed dipole on its size and shape has 
been the subject of considerable theoretical work.' All of the work 

1 S . A. Schelkunoff, Electromagnetic Waves, Van Nostrand, New York, 1943, 
Chap. 11; L. J. Chu and J. A. S t ra t ton , Jour. Applied Phys., 12, 241 (1941); R. W. P. 
King and D . D . King, Jour. Applied Phys., 16, 445 (1945). 

ii] Rsl I 7 
4 4 

fc) 
FIG. 8-7.—Three-wire line representa

tion of the slot-fed dipole: (a) open-ended 
termination; (b) stub-terminated line; (c) 
reduced equivalent loading for Case a. 
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applies to an idealized system in which the dipole is driven from a balanced 
system across an infinitesimal gap; it is assumed that the coupling 
between the dipole and line plays no part in determining the current 
distribution of the wings. As we have noted above, this condition is 
never realized in microwave systems where the dimensions of the feed-
line cross section are comparable to those of the dipole structure. 

The theoretical results, however, are helpful in a qualitative way. 
The various theories differ in quantitative details concerning the values 
of the impedance, but all show the same general qualitative features. 

LA LA 
(a) [b) 

F I G . 8-8.—Input impedance of spheroidal dipoles with major axis L and minor axia D: 
(a) real component or radiation resistance; (ft) imaginary component or reactance. (From 
L. J. Chu and J. A. Stratton, J. Appl. Physics, by courtesy of the authors arid the American 
Institute of Physics.) 

The curves shown in Fig. 8-8 are taken from the work of Chu and 
Stratton. They apply to spheroidal dipoles, the major axis of which is 
designated by L and the minor axis by D. 

The curves show the dependence of the real and imaginary compo
nents of the impedance on wavelength for various values of the ratio 
L/D. It is observed that in the neighborhood of the resonant point, 
which corresponds closely to a length equal to X/2, the resistive compo
nent is virtually independent of the value of L/D and is equal to about 
70 ohms. The dependence of the resistance on wavelength does not 
become marked until the length is considerably larger than the resonant 
value. The reactive component, however, is seen to be a decided func
tion of the frequency. The larger the ratio L/D, that is, the thinner the 
dipole, the more rapidly does the reactance vary and the sharper is the 
resonant point. Thus, a thin dipole is more frequency-sensitive than a 
fat dipole. The dipole dimensions can be chosen such that its reactive 
component balances the reactance which is associated with the termina
tion; this in general will lead to better over-all impedance characteristics 
for the antenna than the choice of a dipole that alone has a flat reactance 
characteristic. The impedance characteristics of the dipole can also be 
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controlled by such processes as top loading with a sphere or other struc
ture in the same manner as is done at longer wavelengths. Here again 
the procedure is entirely empirical, and we shall not dwell upon it any 
further. 

8-6. Waveguide-line-fed Dipoles.—It is much simpler to feed a dipole 
irom a waveguide line than from a coaxial line. Trie technique of termi
nation is shown in Fig. 8-9. The dipole is mounted on a web that fits 

into the mouth of the guide, parallel 
to the broad face of the guide and 
transverse to the electric vector in 
the dominant T'i?io-mode. The E-

F I G . 8-9.—Dipole termination on wave- , ■ .. n i , ,i T i 
g u i d e vector is thus parallel to the dipole, 

which is driven by the radiation 
incident on it from the mouth of the guide. It is obvious that if the 
web is inserted symmetrically, the two wings of the dipole are excited 
equally. The taper shown in the diagram serves as an impedance-
matching device; it also improves the radiation pattern in that it decouples 
the outer wall of the line from the dipole. The impedance of the system 
is also determined by the depth of insertion of the web and the position 
of the dipole with respect to the mouth. 

8-7. Directive Dipole Feeds.—The design of directive feeds is based 
on the principle of interference between dipoles properly spaced and 
phased (Sec. 3-17) and on the principle of images (Sec. 5-3). Early 
designs utilized the skirt dipole with a reflecting plate and the open-ended 
asymmetric termination followed by a second dipole or a reflecting plate. 
These designs have very poor structural characteristics; they will not be 
discussed here. Stub-terminated coaxial systems and waveguide systems 
lend themselves admirably to the construction of directive feeds, the 
stub or web providing mechanical support for the system of dipoles 
involved or for the reflecting plate. These directive systems are designed 
to radiate maximum power back along the feed line; the reflector that is 
to be illuminated by the feed is then also mounted on the feed line. 
This rear-feed type of installation (examples of which are to be seen in 
Sec. 12-11) minimizes the length of line and the series of bends and joints 
required (factors of considerable importance for generator stability) and 
forms a compact and rugged system. 

The directive system employing a reflecting plate, which may be 
termed a dipole-plate or dipole-disk feed, is based on the principle of 
images. In accordance with the general theory, to produce peak intensity 
along the feed line the reflecting plate is mounted a distance X/4 behind 
the dipole. The principle of images assumes, of course, a reflecting 
plate of infinite extent. In the case of the feed system the plate must be 
kept as small as possible. Otherwise the feed will present too extended 
an obstruction in the path of the energy reflected from the large mirror; 
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the effects of such aperture blocking on the over-all antenna pattern 
are discussed in Sec. 6-7. I t is thus necessary to saciifice a certain 
measure of directivity, with the result that the primary feed has a back 
lobe, that is, radiation behind the reflector plate; this, too, has a sig
nificant effect on the over-all antenna pattern (c/. Sec. 12-5). 

The coaxial-line-fed multidipole systems are usually designed so that 
only one dipole is excited directly from the line. The other members 
(dummy or parasitic dipoles), arranged in a linear array, are fed by 
coupling with the directly excited element. Microwave feeds have 
usually included a single dummy element to complete a double-dipole 
system such as that discussed in Sec. 3-18. In that section the case of 
X/4 spacing and relative phase \p = T / 2 was considered in detail. How
ever, by reference to Eq. (3-174) of Sec. 3-18, it may be seen that anj 
pair of values of spacing a and phase which satisfy the relation 

y - g = mw' rr = 0, 1,2, ■■ ■ 

will give peak intensity along the direction normal to both dipole axes, 
that is, along the feed line in the practical case. These other systems, 
however, unlike the (X/4, 7r/2) system, in general also give rise to a back 
lobe in the direction 180° away from the peak. In practice, the phase of 
the dummy relative to the driven element is controlled by the relative 
dimensions of the dipoles as well as by their spacing; from Sec. 8-5 we 
see that it is possible to make one dipole capacitative or inductive relative 
to the other, by proper choice of dimensions. 

Directive feeds will be further discussed with reference to particular 
systems. In the following sections design data are presented on a num
ber of feeds that have been developed in the Radiation Laboratory and 
used extensively. It is not to be assumed that the results given here 
represent the ultimate that can be achieved with these systems. 

8-8. Dipole-disk Feeds.—Two dipole-disk systems have been devel
oped, employing respectively the stub-terminated asymmetric dipole 
and the stub-terminated slot-fed dipole. 

a. Asymmetric Dipole Termination.—Three such feeds have been 
designed1 to illuminate paraboloidai mirrors, of focal length 10.6 in. and 
30-in. aperture, at wavelengths of 9.1, 10.0, and 10.7 cm respectively. 
Details of the feed assembly are given in Fig. 8-10. The line has a 
characteristic impedance of 46 ohms; its dimensions are outer conductor, 
OD = 0.875 in. with wall thickness of 0.032 to 0.035 in.; inner conductor, 
OD = 0.375 in. Reasonable directivity was obtained with a reflector 
plate with diameter about 0.8X. The principal E- and //-plane feed 
patterns are shown in Fig. 8-11. The peak intensity of the pattern is 

1 R. Hre.cn and It. Hiatt, R L Report \ 'o. 54-23, .Juno 21, 1943. 

http://Hre.cn
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Transparent sphere 
Effective center 

of feed 

Dim. 

G 
F 
D 
C 
B 
A 
E 

Type, cm 
* = 9.1 
0.177 
0.852 
2.875 
0 681 
0875 
1.693 
0.594 

10.0 
0.394 
0.934 
3.250 
0.740 
0.984 
1.860 
0.657 

10.7 
0.571 
1.000 
3.500 
0.771 
1.061 
1.990 
0.705 

Seam 

F I G . 8*10.—Dipole-disk feed assembly. 

40° 

100° 

120° 140° 160° 180' 

(a) 
Fra. 8-11.—Primary pattern of dipole-disk feed: (a) / /-plane; (b) i?-plane. 

120° 140° 160° 180° 200° 220° 240° 
(6) 

dipole-disk feed of Fig. 8-10; theoretical pattern of a dipole at a distance X/4 from 
an infinite plane. 
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directed along the feed line, and the data in this region are, therefore, 
somewhat uncertain. The dotted portion of the curves have been 
obtained by extrapolation. It is observed that the i?-plane pattern is 
not symmetrical. This is due to the fact that one wing of the dipole is 
excited more strongly than the other in the asymmetric dipole termina
tion, as was pointed out in Sec. 8-3. The peak appears on that side of 
the axis which corresponds to the dipole wing carrying the major portion 
of the current. The fl-plane pattern, on the other hand, was found to 
be accurately symmetrical corresponding to the symmetry of the dipole 
structure in the plane. For comparison, there are plotted the theoretical 
patterns for the ideal system of a dipole placed X/4 in front of an infinite 
reflecting plane. I t is seen that the feed pattern is considerably more 
directive; the gain of the feed is found to be equal to 7. 

The E- and //-plane centers of feed are coincident, lying between the 
dipole and the disk, somewhat nearer to the latter. The point-source 
cone is more than adequate to cover a mirror with dimensions given 
above. The unpressurized feed has a peak power capacity of 350 ± 35 
kw. With suitable matching transformers it has been possible to realize 
an impedance characteristic for the composite system (feed and para
boloid) such that the standing-wave ratio r did not exceed 1.23 over a 
band of + 3 per cent about the matching frequency. 

b. Slot-fed Termination.—A unit designed to operate at a wavelength 
of 9.1 cm with a paraboloidal mirror of 3.6-in. focal length and 12-in. 
aperture is illustrated in Fig. 812.1 The line has a characteristic imped
ance of 45 ohms, with an inner conductor of TV in. diameter. The smaller 
line was used here to reduce weight, the power requirements on the feed 
having been smaller than in the preceding case. I t will be noted that 
the disk diameter here is about 0.5X. The system has a single center of 
feed for both principal planes and is completely free from squint. The 
composite antenna made up of the feed and the mirror indicated above 
has an impedance band of +1.25 per cent about the design frequency 
over which r < 1.23. 

8-9. Double-dipole, Feeds. a. Coaxial-line-fed System.—Such a feed2 

is illustrated in Fig. 8-13; it is a lightweight unit employing a A-in. line 
like that discussed in Sec. 8-86. The spacing between the dipoles is very 
nearly X/8; correspondingly, the parasite element is longer than the driven 
element in order to produce the proper phase relationships. This sys
tem, like those discussed above, has a unique center of feed. An antenna 
consisting of this feed and a paraboloidal reflector of 3.6-in. focal length 
and 12-in. aperture ha:; a standing-wave ratio r < 1.23 in a band of + 1 
per cent about the design frequency. 

1 \V. R. Nowak, RL Report No. 54-26, Julv 5, 1943. 
2 Ibid. 
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Slot length 

[SEC. 8-9 

Fit;. 8-13.—Dnuble-ilipole fped on coaxial line 
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b. Waveguide Systems.—A doubie-dipole feed built up on a waveguide 
termination for use at a wavelength of 3.2 cm is shown in Fig. 814.1 

The two dipoles are mounted on the web so that their axes lie on the 
plane of symmetry of the guide. The spacing between the dipoles is 

rectangular tubing Cut out V to dimensions as 
/given, bend, and hard solder. 

Bevel end to make it square. 

£ =nr^ 
- 0.652 

FIG. 8-14.-
0.576 

-Waveguide doubie-dipole feed; X = 3.2 cm. 

about X/2.5; again the coupling (and hence the relative phase) of the 
elements is adjusted by the suitable choice of their relative dimensions. 
The radiation pattern has an appreciable back lobe which is ;n some 
measure due to the guide itself; this is reduced by tapering the terminal 
region as shown in the figure. The E- and / / - plane centers of feed are 
not concident; however, their separation is negligible for most purposes, 
and the equivalent center of feed can be taken to be located just behind 
the first dipole. 

We have previously pointed out the dependence of the impedance on 
the taper, depth of insertion of the web, and the dipole factors. To 
obtain reproducible results, special care must be taken to remove excess 

1 W. Sichak, "Double Dipole Rectangular Wave Guide Antennas," RL Report 
No. 54-25. June 26. 1943 
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solder at the base of the dipole and at the seams between web and wave
guide. Antennas made up of this feed and paraboloidal mirrors of 
18-in. aperture and focal length either 4.5 or 5.67 in. have a bandwidth 
of +1.5 per cent over which r < 1.23 if the antenna is matched by an 
inductive window at X = 3.2 cm. The unpressurized antenna has a peak 
power capacity of 375 kw, corresponding to 50 kw at 50,000-ft altitude. 

8-10. Multidipole Systems.—The web termination on a waveguide 
provides a convenient base on which to build multidipole systems in the 
form of two-dimensional arrays. Two such arrays have been designed 

Fia. 8-15.—Four-dipole feed. 

for the 3-cm band, one a triangular array of three dipoles, the other a 
rectangular array of four dipoles. Only the latter has been used in final 
antenna design. The four-dipole array shown schematically in Fig. 
8-15 can be regarded as a pair of the double dipole units discussed in Sec. 
8-96, separated by a distance of approximately X/2. Each double-
dipole unit can be replaced by its equivalent point source, reducing the 
system to two directive sources in phase, spaced X/2 apart. I t is evident 
that no appreciable change is to be expected in the .E-plane pattern. 
The //-plane pattern, however, must be multiplied by the directivity 
factor of two isotropic sources in phase and with X/2 separation. This 
factor is readily found to be [cos (x/2 cos 4>)]2 where 4> is the angle with 
respect to the axis in the //-plane. Hence if P?{4>) is the //-plane pattern 
of the double-dipole system, the pattern Pi(<j>) of the four-dipole system 
is given closely by 

P«(*) = P,(«) cos fe cos «J • 



CHAPTER 9 

LINEAR-ARRAY ANTENNAS AND FEEDS 

B Y J. E. EATON, L. J. EYGES, AND G. G. MACFARLANE 

9-1. General Considerations.—The technique of producing directive 
beams by means of arrays of radiators that are suitably spaced and driven 
with appropriate relative amplitudes and phases has been used widely 
at the longer wavelengths. These arrays have generally been in the 
form of two-dimensional lattices with the possible addition of a reflecting 
surface to confine the radiation to a single hemisphere in space. In the 
microwave region, attention has been confined almost exclusively to the 
one-dimensional, that is, linear, arrays. The wavelength advantage 
becomes evident at once, for with economy in physical size it is still pos
sible to have an array that is long measured in wavelengths and hence 
highly directive. 

The arrays that have been designed to date can be grouped into two 
general classes: (1) end-fire arrays producing a beam directed along the 
axis of the array and (2) broadside arrays producing beams the peak 
intensity of which is in a direction normal to or nearly normal to the 
axis. End-fire arrays have proved to be particularly useful where it is 
necessary to mount an antenna close to an object; for example, such arrays 
have been mounted along a gun barrel in airplanes to furnish gunfire 
range information and to serve as gunfire directors. Axially symmetrical 
broadside arrays which produce beams symmetrical about the axis have 
been designed for use as beacons; installed both in ground or ship and 
on aircraft they provide a communication system between ground (or 
ship) and aircraft. The patterns of these arrays are axially symmetricnl 
like the dipole patterns but have increased directivity in the meridional 
plane to give increased range. Other types of broadside arrays have been 
developed whose beams have a fair measure of directivity also in the 
plane perpendicular to the array axis. In a few cases, arrays of this type 
have been used as the terminal antenna system; more frequently these 
arrays have been used as line sources for illuminating cylindrical reflectors, 
in which case the reflector is placed sufficiently close to the array so as 
to be in its cylindrical wave zone. 

While there is no fundamental difference in principle between long
wave and microwave arrays, the microwave arrays present problems of 

257 
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their own which are due to the wavelength region involved. In long
wave arrays it is possible to isolate to a large degree the feeding of one 
element of the array from another. Microwave arrays must be built 
on coaxial line or waveguides with the result that the feeding of the 
element becomes a mutual interaction problem. This type of feeding 
also requires special designs in the radiating elements of which there is 
quite a variety, at microwave frequencies. The physical size of the 
radiating elements is generally small, and tolerance problems are asso
ciated with microwave arrays that are generally uncommon at longer 
wavelengths. 

The problems and techniques of linear-array design have been divided 
in this chapter into three general parts. The first concerns itself with 
general pattern theory, that is, the relation between the far-zone pattern 
of an array and the amplitude and phase distribution among the elements 
and their spacing; in this section no attention is paid to the problem of 
realizing a given amplitude and phase distribution. The second part is 
a survey of the radiating elements that have been developed for micro
wave arrays. The final division treats the problems associated with 
combination of the elements into linear arrays and the techniques avail
able to produce the desired amplitude and phase distributions. 

PATTERN THEORY 

9-2. General Array Formula.—A linear array is a specialization of the 
general space array discussed in Sec. 3-19. The space factor of the system 

can be obtained immediately from 

/ 

/ 
/ 

/ Eqs. (3-179) and (3-180) by impos
ing on those equations the simpli-

/ fications gained in working with 
a one-dimensional rather than a 
three-dimensional complex. It 

N^ may be instructive, however, to 
N / derive the space factor directly 

sx^ / from the superposition of fields; 
we shall be concerned only with 
the far-zone field of the array. . . ^ 

Fio. 91-Difference in distance from the Suppose that there are n ele-
tth element and fro.,, the pole to a distant m e n t . s in the array under consider -
point in the direction d, 4>. . * 

ation, and let the reference line of 
the array be taken as the polar axis. The ordering of the elements P0 , Pi, 
■ ■ ■ , Pn-i is shown in Fig. 9-1 with the element P 0 taken at the origin; 
the distance between two adjacent elements is s. Let us consider the field 
at a point (R, 8, <j>) in the far zone. According to Eqs. (3-168a) and 
(3-1686) the field due to the ith element at a distance r; from the element is 
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■iirTi 

4-irrv 

e-'^Fu(B,<t>), 

If the customary far-zone field approximations are made, n can be set 
equal to R in the denominator, while in the phase term we have 

r, = R — is cos 6 (1) 

as shown in Fig. 9-1. The component fields are then 

JC/A. = 

iirR e-**Fu(.e,4>)ei*', 

e-' t"f ,
2 i(e,0)e*, 

(2a) 

(26) 

where \p, is the phase difference between the ith element and the origin 
due to the difference in path length to the field point: 

fc = 
2-n-is cos 9 

(3) 

The elements of the array are identical in structure and carry similar 
current distributions. They differ only in the amplitude and phase. 
We can, therefore, write 

Flt{6,<t>) = oiF1(9,0), 
Fx(0,<t>) = aiF2{6,<t>). 

(4a) 
(4b) 

The complex coefficients d express the amplitude and phase of the fth 
element with respect, say, to the zeroth element; they will be called the 
"feeding coefficients." 

By the superposition principle, the field of the array is 

E, AirR 

n - l 

e-*RFi(e,<t>) ^ (ne-.j(2iris cos B)/\ 

£^"^,*)X« 
(5a) 

(56) 

The last two factors in each instance represent the corresponding space 
factor of the array. The power pattern is proportional to the sum 
of the squares of the absolute value of the two space factors; that is, 

P(e,<t>) = 
n - l n-l 
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Since the absolute value of a product is the product of the absolute values, 
- I 

r.g/(2irl3 cosdJ/X 

n - 1 

or 
n— i 

P(9,4>) = P0(e,<t>) Y a, 
n - l 

(6) 

The first factor is the power pattern of an individual element of the 
array. The second factor depends on the number of elements in the 
array, their amplitudes and phases, and their spacing. It is formally 
independent of the type of element used, although in practice the value 
of the feeding coefficients a< is intimately connected with the character
istics of the elements of the array. We shall call this function the 
"array factor" and denote it by *(<?)• 

n - l 

i = 0 

This factor is the power pattern of a similar array of isotropic radiators, 
for which Po(8,<t>) = 1. Moreover, it is independent of <p as was to be 
expected. 

If the feeding coefficient a; is written as 
at = \ai\e"", 

the array factor is seen to be the square of the magnitude of the resultant 
of n vectors; the magnitude of the ith element vector is (a,| and the angle 
between it and the zeroth-element vector is x; + ^;- The angles between 
the vectors vary with the angular position 8 of the field point, with cor
responding variation in the resultant vector. In general as 6 covers the 
entire range from 9 = 0 to 9 = TC, the magnitude of the resultant passes 
through maximum and minimum values. The absolute maximum value 
that could be attained by the resultant is the sum of the vectors when they 
are colinear and in the same direction. With arbitrary xt, however, 
there may be no angle 9 for which this condition is realized and the 
maxima are less than the absolute maximum. Similarly, there may be 
no value of 6 for which the minimum value of the resultant takes on the 
absolute minimum value of zero. However, with special relations 
between the Xi it is possible to have directions 8 for which the path-length 
phases & compensate for the intrinsic phase differences Xi between the 
elements to bring all the component field vectors in phase; in this case, 
the absolute maximum resultant is attained. 

file:///ai/e
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A particularly simple and useful case is that in which the coefficients 
di are all real. This implies that the angle between any two vectors 
associated with adjacent elements is (2TS cos 8)/\. 

If the coefficients a; are equal, it is readily apparent that the resultant 
vector is 0 whenever the vectors constituting the sum permute among 
themselves under a rotation of less than 2ir. For then the resultant 
vector both rotates and remains unchanged and hence is 0. This occurs 
whenever (2rs cos 8)/\ is any integral multiple of 2w/n less than n. 
When (2TS cos 8)/\ = 2ir, the vectors obviously reinforce one another 
and an absolute maximum results. 

Whenever *(8) = 0, then Ee = E* = P(0,0) = 0 [Eqs. (5a), (5b), 
and (6)] for all values of 4>. The surface in spherical coordinates for 
which 8 is constant is a right circular cone. The cones on which'¥(6) = 0 
are commonly called cones of silence. 

9-3. The Associated Polynomial.—The vector representation of the 
array factor provides a method of rapidly analyzing the simple arrays 
frequently encountered in practice. Vector language is not, however, 
well suited to a more general study of arrays. An alternate method has 
been developed1 that associates a polynomial with any linear array. 
The array factor may be completely analyzed in terms of properties of 
this polynomial. 

Let z be the complex number z = x + jy- The polynomial associ
ated with the linear array of elements having feeding coefficients a* is 

f(z) = a0 + aiz + ■ ■ ■ + cin-iz"-1. 

The value of the polynomial for the complex number 
% — f — g)(2x»cos MA 

is the sum entering into Eqs. (6) and (7); the array factor is thus the 
norm2 of the associated polynomial for z = f, 

*W = l/(f)l2- (8) 
The complex number f is a vector from the origin in the complex plane, 
of magnitude unity, making an angle ^ = (2ws cos 0 ) / \ with the real 
axis. As 8 varies z = f describes a circle of unit radius about the origin. 
In the future we shall not distinguish between z and f; it is to be under
stood that z lies on the unit circle whenever ^(8) is to be computed from 
the associated polynomial. When 8 = 0, 4> = 2irs/\. As 8 moves 
toward IT, z moves along the unit circle clockwise toward the point where 
its angle \j/ = —2irs/X. In that interval z may traverse but a portion of 

1 S. A. Schelkunoff, "A Mathematical Theory of Linear Arrays," Bell System Tech. 
Jour., 22, 80 (1943). 

2 The norm of a complex number as used here is the square of its absolute value. 
It may have a more general meaning. 
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the unit circle or may complete several circuits of it depending on the 
value of s. Its path will be referred to as the range of t. In Fig. 9-2 
the range of z is shown for three values of s. Since the angular distance 
traversed by z is 4TS/X, the range of z is exactly one circuit of the unit 
circle when s = X/2, is less than one circuit when s < X/2, and is more 
than one circuit when s > X/2. 

0.33 JT 

0.33JT, 

0.27*ri 
0.50* 

0.677T 

0.50 IT 

0.67JT 

Flo. 9-2.—The portion of the unit circle in the complex plane that is the range of z. 
The real axis is horizontal. The figUTes on the perimeter show the corresponding values of 
6 for certain values of z. 

Any polynomial can be expressed as a product of linear factors. 
particular the associated polynomial may be written in the form 

In 

/ 0 ) = 0„_ i ( z - Zi) (z - Z2) (Z - Z n _ l ) . (9) 

Since the feeding coefficients give only the relative phases and amplitudes 
of the elements of the array, o„_i can be taken to be any convenient non
zero number. The complex numbers z< (known as the "zeros" of the 
polynomial) are unaffected. Their values depend only op the set of 
ratios a;/a«_i. The factorization of/(z) in Eq. (9) lends itself to a simple 
geometric interpretation of the array factor. Since the norm of a product 
is the product of the norms, Eq. (9) may be written 

*(«) 2k 2 . - 1 ■ 

for z on the unit circle. The zeros of /(z) are well-defined points in the 
complex plane but do not necessarily lie on the unit circle. For any value 
of z, \z — 2U|2 is the square of the distance between the point z and the 
point Zi. The array factor is then the square of the product of the dis
tances of n — 1 fixed points to a variable point moving on the unit circle. 
It is immediately obvious that ^(8) = 0 if and only if some Z; lies on the 
unit circle within the prescribed range of z. Shown in Fig. 9 3 is the range 
of z when s = X/4. The zeros of /(z) are shown for the case n = 9 and 
a0 = Oi = • ■ • = a„_i = 1. The array factor then vanishes for four 
values of 8 and attains a maximum vaiue at three points, each lying 
between an adjacent pair of nulls. The predominating influence on 
the value of ^{8) is the distance from the corresponding value of z to the 
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0.50 ir 

nearest zero of f(z). In this connection it should be noted that the 
zeros of f(z) lying outside the range of z have for the most part but small 
effect on the relative value of *(0). For the case illustrated, the point 
z = 1 (corresponding to 8 = TT/2) 
is farthest from a zero of /(z), and 
one would expect, as is the case, 
that *(0) has an absolute maxi
mum at 6 = TT/2. This is directly 
evident from the vector view
point of the previous section. The 
elements themselves are all in 
phase, and in the direction 8 = T / 2 
the distance is the same from all 
the elements to the field point. 
The contributions from the ele
ments in that direction are, there
fore, in phase, and the vectors are 
all in the same direction. 

It is frequently advantageous 
to separate from the relative phase 
Xi of each element as expressed in the coefficients di a constant-phase 
delay ^0 between each pair of adjacent elements. This is equivalent to 
writing 

F I G . 9-3.—The location of the zeros of 
f(z) = 1 + z + z2 + ■ ■ • + 2». The range 
of z for s = X/4 is also shown together with a 
few of the corresponding values of d. 

a; = â e" -;'(•*<>) 

where now the angle of &i is the deviation from — ii//0 of the difference in 
phase between the ith element and the element with index 0. Let 

z = e-'+'z; 

then /(z) transforms into the polynomial 

/(*) 
n - l 

(10) 

(ID 

When z lies on the unit circle, z given by Eq. (10) does likewise, and we 
have/(z) = /(z). Since Eq. (10) is equivalent to a rotation of the com
plex plane through an angle \j/a in the clockwise direction, the array factor 
may be computed from the zeros of /(z) in the same manner as before 
save that the range of z is the original range of z rotated clockwise through 
the angle ^0 (Fig- 9-4). Symbolically 

where 
*(») = \M\\ 

2 = ej'[(2*»«» » ) / \ - # , ] 
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The association of a polynomial with any linear array of prescribed 
spacing provides a simple and elegant method for compounding array 
factors. Suppose *i(0) and ^2(6) are the respective array factors of two 

arrays with the same spacing. 
If /i(z) and /2(z) are the asso
ciated polynomials of the arrays, 
then the array whose associated 
polynomial is 

will have as its array factor 

¥(0) = *i(0)*2(9), (12) 

for, as has already been observed, 
the norm of a product is the prod
uct of the norms. Explicit 
values of the feeding coefficients 
of an array whose array factor is 
given by Eq. (12) can thus be ob
tained by simply multiplying to
gether the polynomials /i(z) and 

/ » ( « ) ■ 

9-4. Uniform Arrays.—A linear array that is made up of elements 
having equal amplitude's and a constant-phase difference between adja
cent ones is of considerable importance. Such an array is called a "uni
form array." Its feeding coefficients are 

0.50T 
FIG. 9-4.—The range of z due to the con

stant phase delay ypn = 71 /2 for s = X/4. 
The dotted curve indicates the range of z 
associated with that of z. The figures on the 
perimeter indicate the corresponding values 
of 6 for certain values of z and z. 

Although the associated polynomial of a uniform array will in general 
have complex coefficients, the related polynomial /(z) may, as was shown 
in the previous section, be used with equal effectiveness. Then 

/(z) = 1 + 2 + z2 + • • ■ + I""1, 
where 

z = e~'*"z. (9-10) 
But 

The array factor is then 

*(*) = 
with 

z" - 1 
z - 1 z« - zr» 

e'+ 

• 2TTS ^ = — cos 0 — 4>0. A (13) 
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However, \e'*\ = 1 and |e,>* - er'r*\2 = 4 sin2 rif/. Thus the array factor 
of a uniform array is given by 

sin2 - f 
*(<?) = —^TTi (14) 

n2 sin2 *^ 
together with Eq. (13). The number n2 has been inserted in the denomi
nator as a normalizing factor. 

When ii = 2kir and k = 0, + 1, ± 2 , ■ • • , *(0) is indeterminate. 
It can be readily shown, however, that it approaches the value unity at 
those points. The corresponding values of 0 are given by 

cos 8 = — (2/CTT + *„) (fc = 0, ± 1 , ±2 , • • ■ ). (15) 

For every real value of 0 satisfying Eq. (15) ^(0) has an absolute maxi
mum. In these directions the differences in phase between the vector 
contributions of successive elements that are due to differences in path 
to the field point just compensate for the intrinsic phase difference between 
the elements. The contributions are then all in phase, and we have, 
therefore, an absolute maximum equal to the sum of the lengths of the n 
vectors. For values of s < X/2, however, there will be values of \(>o for 
which Eq. (15) has no real solution. 

Since ^(0) is never negative, its absolute minima will occur when 
*(0) = 0, that is, for any value of 0 satisfying 

C 0 S ' = 2̂ s ( lT + *°) (* - 0, ± 1 , ± 2 ■ ■ • ) (16) 

other than those satisfying Eq. (15); for at those points the numerator 
in Eq. (14) vanishes while the denominator does not. The points 0 = 0 
and 8 = v may also be minimum points. Certainly ^(0) is an extremum 
at each of these values because it has the period 2ir and is symmetrical 
with respect to the line 0 = 0. 

No other minima of ^>(0) exist.1 The maxima, other than those given 
by Eq. (15), will occur close to the point where the numerator in Eq. (14) 
reaches its maximum value of unity; for the numerator is changing much 

1 Differentiate *(9) with respect to 0. 

, „ „ S m 2 * [ n - 1 . / n + 1 A n + l . / n - l A l / 2*8 . A 

The points at which sin ni^/2, and sin 0 vanish have already been examined. The 
only other critical values can arise from the factor 
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more rapidly than the denominator. An excellent approximation then 
for the remaining maximum points of *(6) is 

cos 0 = 2irs 
(2k + 1) 

T + ^0 (k = +1, ±2, ) 

in which values of k divisible by n are excluded. 
Figure 9 5 shows * as a function of \j/ [Eq. (14)] for n = 12. For this 

functional dependence * has the period 2ir and is symmetrical with respect 
0 

FIG. 9-5.—The function (n! sin2 if) 

IS. 
2 

for n = 12. 

2;r 

to the line \f/ — 0. An idea of the shape of the array factor for various 
values of s/X and <//0 may be obtained from the graph. Because 

2TTS COS 9 
f = 7 Wa, (9.13) 

This function, however, is monotone in any region between adjacent solutions of 
Eq. (16) because its derivative is 

n1 - 1 . n , . 1 , 
2— sin 2 V- «n ^ *. 

Thus it can vanish no more than once in the region whose end points are successive 
roots of Eq. (16). 
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the portion of * that represents the array factor lies in the region for 
which 

r Va < V < - j - to-

Thus the values of \[/ that determine the array factor extend over an inter
val of length 4irs/X; this may be less than the period of ^ or several of its 
periods.- In the language of Sec. 9-3 the range of z (whose angle is yf) 
may be less than one circuit of the unit circle or several circuits. 

9-6. Broadside Beams.—A linear array whose form factor has its 
absolute maxima only in directions normal to the axis of the array is 
known as a "broadside array." The array factor of such an array should 
then have a single absolute maximum in the direction 6 = ir/2. The 
power pattern of the radiating element employed will, of course, deter
mine whether, among other possibilities, the array will have a single 
direction of maximum intensity in the plane 6 = ir/2 or its intensity will 
be maximum in every direction in that plane. Both of these types of 
arrays have widespread application; the latter is sometimes called an 
omnidirectional antenna.1 In the microwave region the principal use 
of these antennas is as beacons, and in the following sections all such 
antennas will be referred to as beacons. 

We have seen that the array factor for a uniform array has absolute 
maxima for the values 0 satisfying the relation [Eq. (15)] 

C0Se = T + 2S (*-0, ±1, ±2, ■- . ) -
This will have the solution 0 = TT/2 if ^0 = 0, and it will be the only such 
solution if s < X. Arrays in which the elements all have the same ampli
tude and phase (^0 = 6) are commonly referred to as uniformly illumi
nated arrays. For the moment let attention be restricted to the case 
s = X/2. It will be shown later that this restriction is desirable. The 
array factor is then, from Eq. (14), 

■ , fn-r „\ s i n I-9" cos 0 1 

^ = Ar T (17) 

n2 sin2 ( = cos 0 1 
Equation (17) is plotted in Fig. 9-6 on a decibel scale for n = 6 and n = 12. 

I t will be observed that the side lobes (secondary maxima) on either 
side of the main beam decrease. Moreover, on the decibel scale used in 
Fig. 9-6, a straight line joining any two peaks on the same side of the main 
beam lies entirely above any intervening peak. That this is always true 

1 It should be remembered, however, should this usage be encountered, that 
"omnidirectional" means all directions in a plane. 
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may be verified by noting that the peaks of the side lobes lie approxi
mately on the curve 

n2 sin2 (■= cos 8 J 

The second derivative of In * 0 with respect to 8 is 

~ csc2 ( f. cos 8 ) sin2 8 + cot (-= cos 8 I cos 8 • 

0 10 

F I Q . 9-6.—Graphs of 
sin2 ( ^ cos 9 1 

n ! sin ! ( ^ cos e ) 
for n = 6 (full curve) and n = 12 (dotted 

curve). 

This is positive in the interval on either side of the main beam; hence the 
peaks of the lobes on each side of the main beam lie on curves that are 
concave upward. 

Direct computation shows that the height of the first side lobe, that 
is, the one nearest the main beam, varies from 0.056 for n = 6 to 0.047 
for n = 12 and 0.045 for all sufficiently large n. The height of the last 
side lobe is 1/n2 for odd n and approximately that for even n. 

If the sine appearing in the denominator of Eq. (17) is replaced by i ts 
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argument, an approximation for the half-power width of the array factor 
may be obtained namely, 

e = 101.8°. 
n 

An indication of the magnitude of the error is contained in Table 9 1 in 
which both the actual half-power widths and those computed by the 
approximate formula are given. 

TABLE 9-1.—MAGNITUDE OF ERHOR RESULTING PROM THE USE OF THE APPROXIMATION 
FOR THE HALF-POWER WIDTH 

n 

101.8 
n 
0 

2 

50.9 
60.0 

3 

33.9 
36.3 

4 

25.4 
26.3 

5 

20.4 
20.8 

6 

16.97 
17.19 

12 

8.48 
8.50 

50 

2.036 
2.039 

The relatively large height of the first side lobe is characteristic of a 
uniform array and at times may be annoying. Broadside arrays may 
readily be formulated, at least in theory, that have side lobes as small as 
desired. For example, consider an array whose associated polynomial is 

f(z) = (1 + Z + Z> + ■ ■ ■ + Z"-1)2 

or 
fit) = 1 + 2z + • • • + OT^™-1 + • • ■ + 2z2™-3 + z2m"2. 

The elements are all in phase, but their amplitudes decrease uniformly 
from the central element. This is a special case of what is commonly 
called a gabled illumination. Its array factor is the square of the array 
factor of a uniform array; hence its first side lobe will have a height of 
but i per cent of the height of the main beam instead of the 5 per cent 
height of the uniform array. All of the other side lobes will be reduced 
in a similar fashion, but the main beam will be somewhat broader than 
the main beam of a uniform array with the same number of elements. 
The half-power widths of the gabled and uniform arrays are approxi
mately 146°/n and '102°/n, respectively, where n is the number of ele
ments. Successively higher powers of the polynomial may be computed; 
the reduction in side lobes is accompanied by a rapid growth in beam width. 

A general discussion of the problem of constructing high-gain broad
side arrays with side lobes below a prescribed value will be given in 
Sec. 97 . Attention may be called here to an array that eliminates side 
lobes completely. The feeding coefficients are equal to the binomial 
coefficients 

r\ 
Crk = T^r^Wi (18) 
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The array is derived from the two-element half-wavelength-spaced uni
form array. The latter has an array factor 

F I G . 9-7.—Array factors for three 11-element A/2-spaced arrays: (a) the uniform array 

Sill ( — TZ COS V I 

( j c o s * ) 
(h) the gabled array sin (37i cos 6 

3 sin I - cos 8 \ 
; (c) the "binomial" array 

[ cos Q cos 6 ) J . 

this has no side lobes and has nulls at 6 = 0 and 8 = T. Its associated 
polynomial is 

m = 1 + 2. 
From Eq. (12) it follows then that the array whose polynomial is 

f(z) = (1 + zY = G\,o + CrAz + Cri2«2 + ■ ■ ■ + CT.# 

has an array factor 

^ cos 9 I-* = cos2' 

An inspection of the three space factors given in Fig. 9-7 shows that, of 
the three, the uniform broadside array concentrates the greatest per
centage of the radiated energy in the direction normal to the array. I t 
can be readily shown that of all arrays in which the elements have the 

same phase and the spacing is = the uniformly illuminated array has 

the maximum gain. Let 
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Y arzr 

r = 0 

be the polynomial associated with an arbitrary array of n elements, 
normalized so t h a t / ( l ) = 1. 

Since the elements are spaced a half wavelength apart, z = e'r™e. 
The gain G in the direction $ = ir/2 (which corresponds to z = 1) is 
given by 

4ir 

/ 0
2 ' / 0 ' l/W 12 sin 6df)d4> 

z = e'" 

I 
where 

G = l (19) 

I !/(z)|2sin 8d8. (20) 

To maximize G, I must be minimized. In Sec. 9-7 it is shown that there 
is no loss in generality by assuming that f(z) has real coefficients. If we 
let \p = cos 6, then Eq. (20) becomes, after expansion, 

n - l v-l 

1 = i ^ Y /-i (X a -+XC r cos r^)d*' 
\ ) arj r=0 r = l 

where the numbers Cr are combinations of the polynomial coefficients a,. 
Hence 

71 — 1 

2 V a* 
T - r = 0 (21) 

(2-)* 
and 

n — 1 n — 1 n — ] 

ak ( } aT) - V ar > a? 

5T - 4 n-\ (k = 0, 1, • • • , n - 1). 

(2 -) ' 
r = 0 

We then have for a minimum the system of equations 
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n — 1 n — 1 

°* X °" ~ A a ' = ° (fc = 0, 1, • ■ • , n - 1). (22) 

The difference between any two of Eqs. (22) is 

(ak 

n — l 

— at) y aT = 0. 

Thus <!& = cu for all i and ft. That these conditions actually yield a 
minimum may be shown by examining the second derivatives. Equa
tions (19) and (21) show that the gain of such a uniform array is n, 
the number of elements. 

The situation becomes more complicated if the restriction to half-
wavelength spacing is removed. We shall attempt an answer only for 
broadside arrays having a total length (the distance between the first and 
last elements) of X/2. In that event, the half-wavelength-spaced uniform 
array has the largest gain of all uniform arrays of the prescribed length. 
However, the uniform array does not yield maximum gain of all arrays of a 
given length. 

The array factor of an n-element uniform broadside array X/2 long is, 
from Eq. (14), 

sin 
* = (^iIC0S7 , 

\n^rilcose) n2 sin 

When n = 2, we have 

V * = cos I ^ cos 6 )■ 

The two-element array will have maximum gain if 

n sin I = ■= cos 9 I 
\n - 1 2 / 

in the interval 0 | 9 < T/2. This inequality, however, is equivalent to 
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Because (sin x)/x is a decreasing function in the first two quadrants, the 
inequality is established and the two-element array has the largest gain 
of all uniform arrays whose total length is X/2. 

To show that the uniform broadside array has not, however, the 
largest gain of all broadside arrays of the same length, we shall consider 
as a specific example the maximum gain of three-element quarter-wave
length-spaced arrays. Let 

,, . a + bz + cz2 

/(*) = 7 + M T 
be the polynomial associated with any such array. As before, a, b, and 
c are assumed to be real. Then from Eq. (20) 

--f 
T JO 

12 (a2 + b2 + e2) + 2(ab + be) cos ^ + 2ac cos 2^ 
(a + b + c)2 d* 

7T 
A 

I = 
4 £ (a2 + b2 + c») + 2(ab + be) 

(a + b + cY 
The equations for minimizing I are 

(a + b + c)2(ra + 2b) - 2(a + b + c)N = 0, 
(a + b + c)2(x& + 2a + 2c) - 2(a + b + c)N = 0, 

(a + b + c)2(wc + 2b) - 2(a + b + c)N = 0, 
where 

Thus 

JV = | (a2 + b2 + c2) + 2(ob + be). 

a = c, 
b = ? L : = - | a = -0.7519a. 

Hence G = 2.4 as contrasted to G = 2.0 for the two-element half-wave
length-spaced uniform array. In Fig. 9 8 are drawn the array factors 
of the uniform array and the array whose gain was just computed. Also 
shown is the array factor for the uniform continuous array, that is, one 
in which n has been allowed to increase without limit, subject only to the 
restriction (n — l)s = X/2. 

In practice it is frequently desirable to avoid half-wavelength spacing 
because of the resonance that may occur at that spacing. As far as gain 
is concerned this is quite feasible; for the gain of a uniform array suffi
ciently long is nearly independent of the number of elements, provided 
only that the spacing does not greatly exceed a half wavelength. How
ever, it is only at resonance that the requirement that the radiating ele-
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ments be in phase can be readily met.1 Nonetheless, if the spacing does 
not differ by much from a half wavelength, the progressive phase delay 
thereby introduced [̂ 0 in Eq. (13)] causes but a small deflection of the main 
beam from the normal to the array; the exact amount is given by 

2ws sm~ (23) 

db 
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F I G . 9-8.—Array factors of four broadside arrays whose lengths are A/2: (a) the two-

element A/2-spaced uniform array cos2 ( - cos 9 ) ; (6) the four-element A/6-spaced uni-

/ 2 7 7 \ . „ 71 
sin2 I — cos $ I sin- - cos d 

form array -; (c) the continuous uniform array 
16 sin1 ( ^ cos d\ 

+,hree-element A/4-spaced array with maximum gain. 
gcoS ( ,y 

and (d) the 

9-6. End-fire Beams.—The feeding coefficients of a linear array may 
be chosen so that the array factor has an absolute maximum along the 
axis of the array. If an element of the array produces a pattern having 
an absolute maximum in the same direction and if the product of the 
array factor and the element pattern has no other absolute maximum, 
the array is called an "end-fire'' array. 

If the elements of the array are not directive, the radiation pattern 
of the array is determined entirely by the array factor ^(6). The pattern 
is the surface in spherical coordinates given by 

r = *(0) 

and is therefore a surface of revolution symmetric with respect to the 
axis of the array. It is only by considering the three-dimensional picture 
that the great difference between end-fire and broadside arrays becomes 
apparent. The major lobe of an end-fire array is a pencil beam; thus a 

' S e e Sec. 9-17. 
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one-dimensional configuration of sources produces radiation directive in 
two planes and does so without relying on any directivity of the individual 
sources. A broadside array on the other hand is directive in only one 
plane; it is omnidirectional in the plane perpendicular to the axis of the 
array. 

Pencil beams whose half-power widths are in the region from about 
15° to 35° can be produced quite readily by end-fire arrays that have 
lengths ranging from 3 to 18 wavelengths. The length of the array, 
however, varies inversely with the square of the beamwidth; narrow 
beams would require very long arrays. By properly choosing the feeding 
coefficients, end-fire arrays can be designed whose gains are almost double 
those of broadside arrays with the same length. This increase in gain 
has the greatest practical significance for arrays about 5 wavelengths 
long. 

In order to eliminate from the array factor large lobes in any direction 
except 8 = 0, it is necessary to restrict the spacing of the elements. The 
necessary relations can be obtained 
from a study of the associated poly
nomial and an examination of the 
range of z on the unit circle in the 
complex plane. Since the angle <p 
of z is given by 

0.33ir 

0.23* 

* = 
2ws 10.50 v 

0.67JT 
FIG. 9-9.—The range of ip, the angle of z, 

as 6 varies from 0 to JI. The outer ring of 
figures shows corresponding values of 6 at 
various points on the unit circle in the z-plane 
for s = A/2. The inner set of figures shows 
values of 8 for s = X/4. 

4/ assumes all values from 2ws/\ 
to — 2irs/X as 8 ranges from 0 to ir. 

Because the array factor has a 
period 2ir as a function of 4>, the 
spacing s/X must be such that 
over the range of 6 the total varia
tion of ^ is less than 2ir; that is, 
the range of z in the unit circle 
is less than one revolution. In 
that case a principal maximum, which in the case of an end-fire occurs 
at \f/ = 2irs/\, will not be repeated. In Fig. 9-9 the mapping of 8 on 
^ is shown schematically. On the exterior of the unit circle in the 
2-plane are shown values of 8, corresponding to the indicated points on 
the circle for the spacing s = X/2. The values shown on the interior 
are for the spacing s = X/4. The array factor of a half-wavelength-
spaced end-fire array will duplicate its value for 8 = 0 again at 8 = ir. 
To suppress such an undesirable back lobe it is necessary to separate the 
end points of the range of z. The quarter-wavelength-spaced array will 
be examined as a typical array that satisfies this condition. Figure 9-9 
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shows that the range of \fr for the quarter-wavelength spacing of elements 
is from ir/2 to — ir/2. From the discussion in the previous sections it is 
seen that if such an array has equal feeding coefficients, it will have its 
principal maximum at 8 = TT/2, that is, at ^ = 0. 

We have seen, however (Sec. 9-3, Fig. 94) , that if a given array is 
altered by having superimposed on it a constant-phase difference from 
element to element, the effect on the array factor is to rotate the range 
of z through an angle equal to that phase difference. If, in particular, 
a quarter-wavelength-spaced uniform array is adjusted to introduce 

a phase difference of between each pair of adjacent elements, the 

principal maximum that occurs when 
■fy = 0 corresponds to 8 = 0, and an end-
fire antenna results (Fig. 9-10). The 
array factor of such an array is obtained 
immediately from Eq. (14) and is 

*(0) = 
smz — (cos 8 4 1) 

(cos 8-1) 

the 
0.50JT 

F I G . 9-10.—The effect of intro
ducing a constant-phase difference 
— TT/2 on the elements of a quarter-
wavelength-spaced uniform array. 
The inner semicircle shows the 
original range of z and the correspond
ing values of 8. The outer semicircle 
is the range of z due to the phase dif
ference; the corresponding values of 
6 are indicated. 

The factor n2 has been inserted 
denominator so that ^(0) = 1. 

The gain is more easily computed 
from the polynomial associated with the 
array 

/(*) 
n—i 

n Lj 
„;■*(. oo. 9 - D / 2 

Equation (20) becomes, after substituting and making the change of 
variable ^ = ir(cos 8 — l ) /2 , 

/ n + 2 y (n — k) cos k<p dip. 

Thus from Eq. (19) G = n, the same gain as the longer half-wavelength-
spaced uniform broadside array. 

A uniform array with constant-phase difference between adjacent 
elements is one readily realized in practice. I t is then well to inquire 
if the choice —TT/2 for the phase difference is optimum for an end-fire 
array. If this difference is slightly less than —ir/2, then the range of z 
is displaced slightly more than ir/2. The direction 8 = 0 no longer repre
sents the principal maximum of 
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sin 

sin 

n\l/ 
J2| 

2 

(24) 

but is displaced slightly from it (Fig. 9-11). However, the principal 
maximum of Expression (24) is not contained in the range of z. The 
end point of that range corresponds to 6 = 0 which then is a maximum 
of Expression (24) considered as a function of 8. The net effect is two-

V VE^^Ax/Ajxi' 
- 2 i r 

F I G . 9*11.—The portion (cross-hatched) of the function -

Zir 

, 5 ^ 

included in the range of 
25 sin2 -

z due to a displacement slightly more than TT/2. 

fold: Because the value of Expression (24) at 6 = 0 has been reduced, 
the relative heights of the side lobes are increased and the gain tends to 
be reduced. On the other hand, the width of the main beam has been 
diminished, which has an opposite influence on the gain. 

An estimate of the displacement yielding maximum gain may be made 
by approximate methods valid for large n. Suppose the phase difference 
between any two elements is —(TT/2) — \p0', that is, 

^ = 2 ( c o s 8- 1) 

Then the array factor is 

*(») = 
sin2 -j sin2 I — (cos 8 - 1) - -^ -1 

sin - £ - sin2 U (cos 8 - 1) - ij-J 

The first factor has been inserted so that ^(0) = 1. An approximation 
of the gain may be obtained. If y = — (n/2)^, Eq. (20) becomes 
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7l(ir + M / 2 

S m ' - (25) 

If n is large, the distant side lobes have little effect on the gain. We 
may replace sin2 y/n by its argument, thus reducing the height of the 
distant side lobes. The range of integration may then be extended to 
« and sin2 \j/B/2 may be replaced by its argument with but a negligible 
effect on the value of I. Then Eq. (25) becomes 

sin2 u , 
-dy. 

By graphical methods1 it has been shown that 7 is a minimum when 
I/'O = 2.94/n. Then the direction 0 = 0 corresponds to the point where 
the function given in Expression (24) is 46 per cent of its maximum value. 
The main beam is about half as broad as that of a uniform array with a 
phase shift of — JT/2. On the other hand the heights of the side lobes 
have been more than doubled. The gain of such an array is 

G = 1.82w. 

Its half-power width is approximated by 

v» 
For a more general spacing s between adjacent elements, maximum 

gain occurs when 
2.94X 

+o = -*£-' 
Here ^0 still refers to the additional displacement of the range of z beyond 
TT/2. The phase difference between adjacent elements is —27rs/X — î 0. 
The gain for the general case is-

G= 1 . 8 2 ^ -
A 

However, s is not completely arbitrary. We still must conform to our 
assumption that the distant side lobes have small effect on the gain. It 
has been suggested2 that the approximations are valid for s < X/3. 

1 W. W. Hansen and J. R. Woodyard, "A New Principle in Directional Antennn. 
Design," Proc. IRE, 26, 333 (1938). 

2 Hansen and Woodyard, op. cit. 
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An entirely different technique for increasing the gain of an end-fire 
array has been given.' Again we start with a quarter-wavelength-spaced 
uniform array with a phase delay —w/2 between adjacent elements. 
The polynomial associated with such an array is 

m 
7 1 - 1 

- X (- jz)* = ( - J ) - ■n (z - >>* (26) 

where w is the nth root of unity with the smallest positive angle. The 
array factor is then 

*(*) n JU 

The numbers ju* lie on the unit circle, and, it will be recalled, the array 
factor is formed by computing the square of the product of the distances 
from these numbers to the variable point z. 
I t is apparent (Fig. 9-12) that the zeros of 
/(z) lying outside the range of z add little 
to the directivity of the arrajr. Thus, an 
array whose polynomial is 

/(*) = n (z — jot 

] 

Fio. 9-12.—The location or 
the zeros of Eq. (26) with relation 
to the range of z for n = 8. 

retaining as it does only those zeros which 
lie on the range of z, will have the same 
nulls as formerly and at the same location. 
Its gain will have been reduced but little, 
while its number of elements has been almost halved. 

9-7. Beam Synthesis.—The preceding sections have dealt principally 
with the problem of analyzing the properties of the array factors of given 
linear arrays. The inverse problem, that of finding an array which will 
yield an array factor having prescribed characteristics, is far more diffi
cult. The present section will treat some aspects of the synthesis problem. 

The nature of the synthesis problem depends on the manner in which 
the desired pattern is specified. The latter may be prescribed as a 
complete function of d over the physical range 0 g 8 5 i . In general a 
solution is sought that gives an acceptable approximation to the desired 
pattern. There can be no unique solution to such a problem, since the 
pattern is prescribed only as regards intensity distribution of the radia-

1 S. A. Schelkunoff, " A Mathemat ica l Theory of Linear Arrays ," Bell System 
Tech. Jour., 22, 80 (1943). 
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tion field; the phase distribution is arbitrary, and each choice of such a 
distribution will lead to a different array. Only a partial solution to the 
problem will be given. I t will be based on the general characterization 
of the array factor of an n-element array and the formulation of the prop
erties that a pattern must possess in order to be the array factor of a 
linear array. All n-element arrays will be found that have a given array 
factor. The problem of finding the best approximation to a given pattern 
by a realizable array factor is beyond the scope of the present discussion. 

The desired pattern may be specified with regard to general proper
ties rather than as a complete function of 6. Examples of such synthesis 
problems are the design of a broadside array having minimum beamwidth 
for a given side-lobe level and the design of one having a minimum side-
lobe level for a given beamwidth. These problems have exact solutions 
when the spacing of the elements of the array is X/2 or greater; they will 
be discussed later in this section. 

We shall consider first the characterization of the array factor of an 
n-element array. The array factor can be obtained from Eq. (8) by 
replacing f by e>c*« «»•>/* and expanding. If the real numbers Ak and Bk 
are defined by 

n-l-k 

Ak+jBk = V ara*+k, (27) 
r - 0 

Eq. (8) becomes 
m - l 

*(<>) = 4 , + 2 Y L l t c o s ( i y cos e) + Bk sin (k ~ cos dj . (28) 
* = i 

Thus the array factor of any n-element linear array with spacing s is a 
trigonometric sum of order n — 1 in the angle ^ = (2x5 cos 0)/X. The 
trigonometric sum is nonnegative for all real values of ^. Conversely, 
every nonnegative trigonometric sum can be realized as the array factor 
of a linear array. I t follows then that the necessary and sufficient con
dition that there exists a linear array having the prescribed pattern as its 
array factor is that the prescribed pattern can be expressed as a nonnega
tive trigonometric sum of a finite number of terms. Expressing the 
prescribed pattern as such a sum determines the coefficients Ak and Bk, 
and in principle the feeding coefficients ar of the array can be determined 
from Eq. (27). 

To find an n-element array that will approximate the prescribed 
pattern, the latter may be approximated1 by the terms of order less than 

1 The method of approximation selected will depend on how the prescribed pattern 
is specified and what deviation from it is acceptable. For a general discussion of this 
problem see C. de la Vallee Poussin, Lemons BUT V Approximation des Fonctions d' une 
Variable relU, Paris, 1919. 
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n in its Fourier series expansion in the angle ^ = (2irs cos 0)/X. When 
s > A/2, the periodicity of the Fourier series may present difficulty. If 
these terms form a trigonometric sum that is nonnegative for all 1̂ , the 
coefficients Ak and Bj, may be used to determine the feeding coefficients 
of the n-element array. 

A direct solution of Eq. (27) is, however, difficult, Instead, define 
an auxiliary polynomial F(z) by 

n — 1 n — 1 

F(z) = V (Ak - jB*)*- 1 4* + ^oz"-1 + V (A, + jB^z"-1-*. (29) 
* - i * = i 

Then Eq. (28) becomes 

*(0) = |F(e>'«"°°,'8>/x)|. (30) 

If zt is a zero of F(z), so also is its conjugate reciprocal 1/z*. The assump
tion that the trigonometric sum is nonnegative thus implies that the zeros 
lying on the unit circle, which are their own conjugate reciprocals, occur 
with even multiplicities. Hence the zeros of F(z) may be grouped in 
pairs; and aside from a constant multiplier, 

n - l 

One zero in each pair may be selected as a zero of a new polynomial 

n - l 

/(«) = [ | (z - «*)• (32) 
* = 1 

For values of z on the unit circle 

|/0O|» = |F(*)| = *(»), 

where again a constant multiplier has been dropped. Equation (30) 
then implies that *(#) is the array factor of the array whose associated 
polynomial is given by Eq. (32). The separation of the zeros of F(t) 
into two sets can in general be done in many ways. Each such partition 
will usually lead to two different arrays; all arrays will have the same 
array factor. When all the zeros lie on the unit circle (as, for example, 
in the uniform array), only one method of division is possible and the 
two sets obtained are the same. I t should not be assumed that finding 
an array having a given array factor is an easy computational problem, 
even when n is as small as 5. I t is necessary to find the zeros of a poly
nomial of degree 2n — 2 and then perform the multiplications indicated 
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in Eq. (32) to find the feeding coefficients. Simpler but less general 
methods have been devised.1 

I t is now possible to verify the assumption made in Sec. 9-5 that as 
far as the gain of broadside arrays is concerned, attention may be restricted 
to arrays whose elements are either in phase or out of phase by 180°, 
that is, to arrays whose feeding coefficients are real. The array factor 
of an arbitrary array is given by Eq. (28). If the sine terms are dropped, 
the resulting ^(0) is still the array factor of some array. Moreover the 
gain in the direction 6 = w/2 is unchanged, since both the field intensity 
in the direction 9 = x /2 and the integral in Eq. (20) are unchanged by 
eliminating the sine terms. The corresponding polynomial F(z) in Eq. 
(29) will have real coefficients, and its nonreal zeros occur in conjugate 
pairs. Hence in forming the associated polynomial f(z), the pairing of 
conjugate zeros may be maintained and f(z) will have real coefficients. 

Let us consider next the problem of minimizing the side-lobe level of 
broadside arrays with a fixed beamwidth or maximizing the beamwidth 
for a given side-lobe level. The problem has received an exact solution2 

when the spacing between elements is at least X/2 and sufficiently less 
than X to eliminate any large end-fire lobe. For the present purposes 
a convenient definition of beamwidth is the angular difference between the 
position of the two nulls enclosing the main beam. Only those arrays 
will be considered whose main-beam nulls are symmetrically located with 
respect to the direction 8 = ir/2. 

The array factor having either the minimum beamwidth or the lowest 
side-lobe level may be expressed in terms of the Tchebyscheff polynomial 
Tin{x) = cos (2n cos - 1 x). This polynomial falls between —1 and + 1 
in the interval - 1 5 i 5 1, assumes the value + 1 at the end points of 
the interval, increases steadily outside the interval, and is symmetric 
with respect to the line x = 0. The actual array factor is given by 

*W = \ [1 + T2„(ax)], x = cos (^^j. (33) 

Figure 9-13 is a graph of £[1 + T2n{ax)} for n = 4 and a = 1. In Eq. 
(33) the direction 6 = v '2 corresponds to x = 1. If 

i [ l + TUa)} = r, (34) 
the relative height of each side lobe is 1/r. The array factor with this 

1 S. A. Schelkunoff, "A Mathematical Theory of Linear Arrays," Bell System Tech. 
Jour., 22, 80 (1943); and Irving Wolff, "Determination of the Radiating System 
Which Will Produce a Specified Directional Characteristic," Proc. IRE, 26, 630 (1937,1. 

2 C. L. Dolph, "A Current Distribution for Broadside Arrays Which Optimizes the 
Relationship between Ream Width and Side Lobe Level," Proc. IRE, 34, 335 (1946). 
The results of Dolph have been generalized by Henry J. Riblet, Proc. IRE, 36, 489 
(1947). 
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side-lobe level and having the smallest beamwidth is given by Eq. (33) 
with a a solution of Eq. (34). The null nearest x = 1 occurs for 

Xl = - COS;^-- (35) 
o 2n 

This, together with x = cos [(ITS COS 0)/X], gives the beamwidth. If the 
side-lobe level is to be minimized for a prescribed beam width, Eq. (35) 
is used to determine a and Eq. (34) to find the height of the side lobe. 

The substitution x = i(z^ + z"H) transforms £[1 + T2n(ax)] into 
z~nF{z), where F(z) is a polynomial of the form of Eq. (29) with Bk = 0 
for all k. The symmetry of Tin{ax) ensures that the fractional powers 
of z in F(z) are missing. The same substitution transforms 

[ (ITS cos 0) I 

into z = e'(2"<»»«/\ Hence this substitution transforms Eq. (33) into 
Eq. (30), and thus Eq. (33) represents an array factor of some linear 
array. The feeding coefficients are obtained most easily from the zeros 
of ^[1 + Tin{ax)], for these transform into the zeros of /(z), the associated 
polynomial of the array. 

The optimum properties of the Tchebyscheff array are readily estab
lished. An argument similar to one used earlier in this section is sufficient 
to show that attention may be restricted to arrays whose associated 
polynomials have real coefficients. The array factor can be represented 
in the form of Eq. (30). The polynomial F(z) denned in Eq. (29) has 
only real coefficients. Hence the substitution x = i (zw + z~w) trans
forms z~"F(z) into a polynomial G(x) symmetric with respect to the line 
x = 0. Equation (30) is transformed into 
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T //,\ sir \ /ITS COS d\ *(0 ) = G{x), X = COS ( - I-

Suppose G(x) is normalized so that (?(1) = r with r as in Eq. (34). I t is 
impossible for G(x) to have a zero for x ^ xi [Eq. (35)] and at the same 
time lie between 0 and 1 for 0 ^ x ^ zi. Any such polynomial would 
then have in + 1) points in common with ^[1 + 2,

2„(x)], double points 
being counted as such. The symmetry then shows that the two poly
nomials, each of degree In, have 2n + 2 points of intersection and so 
must coincide. If s ^ X/2, there are real values of 8 corresponding to 
any x in the interval 0 ^ x 5= 1. Hence if the side-lobe level of the 
array is 1/r, the requirement that 0 g G(x) £j 1 for 0 ^ x ^ xi must be 
met, and the only array possible is the Tchebyscheff array. 

RADIATING ELEMENTS 

9-8. Dipole Radiators.—The various forms of coaxial line-fed dipoles 
discussed in Chap. 8 can be adapted for use as a linear-array element to 
be mounted on either coaxial line or waveguide. Design and perform
ance are discussed here in terms of a rectangular guide; however, the 
fundamental ideas apply to all types of lines. The general properties 
desired of a dipole element are (1) a balanced excitation of the wings to 
give a symmetrical pattern, (2) a resistive load presented by the dipole 
because a reactive component means large reflections in the line, (3) an 
easily adjustable resistance with minimum frequency dependence, and 
(4) high power capacity. 

The requirement for balanced excitation of the wings favors the use 
of the slot-fed dipole (cf. Sec. 8-4). The open-end termination has been 
used almost exclusively; the stub-terminated units are more frequency 
sensitive and are also limited in power capacity by the standing waves 
in the stub section. The general arrangement of a slotrfed dipole adapted 
to a rectangular guide is illustrated in Fig. 9-14. The inner conductor 
of the coaxial line serves as a coupling probe to the waveguide; it is evi
dent that the probe should be parallel to the electric field in the guide for 
efficient coupling. 

The important parameters of the dipole are slot depth, wing length, 
and outer-conductor diameter. The properties of the element are com
plicated functions of these parameters, and little is available in the form 
of systematic data. Breakdown tends to occur between the conductors 
of the coaxial section. The breakdown potential can be increased by 
increasing the slot width and the outer-conductor diameter; the extent 
to which this can be pursued is limited, however, by the unbalancing of 
the wing excitation. The unbalancing is due to higher modes becoming 
prominent and producing an asj mmetrical field across the line; the simple 
mode picture drawn in Fig. 8-6 is applicable only for slot widths and 
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coaxial-line dimensions that suppress the higher modes. The element 
illustrated in Fig. 9-14 designed for use in the 10.7-cm region has a high 
power capacity.1 With the values of the parameters indicated in the 
figure the balanced condition is maintained, as evidenced by a symmetrical 
radiation pattern; furthermore, studies of the phase fronts indicate that 
the unit has a center of feed located in the inner conductor. The wave
guide serves as a reflector so that the unit mounted in guide forms 'issen-
tially a dipole-plate system. 

F I G . 9-14.—Cross section of a dipole on rectangular waveguide. 

In the arrangement shown in the figure, the dipole behaves like a 
load shunted across the line. This is proved experimentally by measur
ing the input admittance of the dipole when it is followed by a variable 
reactance, which is provided by a movable plunger in the end of the guide; 
it is found that the conductance of the system is independent of the ter
minating reactance. The admittance of the dipole is a function of probe 
depth. With no probe the element presents an inductive susceptance 
component; the probe, like a tuning screw, is a capacitative susceptance 

? (except for extreme depths of insertion); accordingly it is possible to 
find a probe depth at which the susceptance of the element as a whole 

1 J . Whelpton, " A d m i t t a n c e Characterist ics of Some S-band Waveguide Fed 
Dipoles ," RL Repor t No. 1082, January , 1946. 
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vanishes. These relations are illustrated in Fig. 9-15, a plot of the dipole 
admittance as a function of probe depth. The depth to which the probe 
may be inserted is limited by breakdown, which can occur between the 
end of the probe and the bottom of the guide. This difficulty can be 
obviated in some measure by terminating the probe in a small sphere. 

F I G . 9-15.-r-Dipole admittance as a function of probe depth in inches (A = 10.7 cm). 

For a given depth of insertion, the sphere causes a slight increase in the 
capacitative effect of the probe. 

The impedances of these dipoles as single elements are practically 
independent of the orientation with respect to the axis of the line. In 
an assemblage of elements there are mutual interactions which are 
decided functions of orientation. 

For assemblages of elements the question of reproducibility of an 
element in production is of considerable importance: it has been found 
that characteristics can be reproduced quite accurately by centrifugal 
or die-casting production methods. 

9-9. Slots in Waveguide Walls.—It was noted in Chap. 7 that the 
electromagnetic field in the interior of a waveguide has associated with 
it a distribution of current over the boundary surfaces of the guide. 
This current sheet may be regarded properly as that required to prevent 
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penetration of the field into the region exterior to the boundaries; it is 
indeed true that the metallic structure can be removed, providing the 
current sheet is maintained, without leakage of energy across the bound
aries. If a narrow slot is cut in the wall of a waveguide such that the 
long dimension of the slot runs along a current line or along the region 
of the wall where the current is zero, it produces only a minor perturba
tion of the current distribution and correspondingly very little coupling 
of the internal field to space. Examples of such slots are elements cut 
in a coaxial line with the long dimension parallel to the axis of the line 
or elements of the type c and e cut in a rectangular guide as illustrated in 
Fig. 9-16; the slot c lying along the central line of the guide is in a region 
of zero current density. Nonradiating slots offer a means of entry into 
the guide for studying the internal field and are used for this purpose in 
impedance measurements (cf. Chap. 15). 

On the other hand, a slot cut in a guide wall in a direction transverse 
to the current lines produces a significant perturbation of the current 
sheet, with the result that the in
ternal field is coupled to space. 
A slot of this type constitutes a 
radiating element. The degree of 
coupling depends on the current 
density intercepted by the slot and 
the component of the length of the 
slot transverse to the current lines. 
Thus the coupling at a given posi
tion on the guide can be adjusted 
by the orientation of the slot as is 
indicated for the elements d and / 
in Fig. 9-1G, or the coupling can be adjusted by position like the radiating 
slot b and non-radiating slot c in the figure. The type of circuit element 
that the radiating slot presents to the transmission-line representation of 
the wave-guide is again a function of position and orientation. Under 
certain conditions the slot is in effect a shunt element; in others a series 
element; under very general conditions the slot can be represented ade
quately only by a T- or Tl-scction inserted in the line. The general circuit 
relations and the fundamental properties of slots will be developed in the 
following section. 

9-10. Theory of Slot Radiators.—Let us consider a cylindrical wave
guide of arbitrary cross section with its axis the z-axis. I t was found in 
Chap. 7 that the normal modes of such a guide fall into two classes: 
TE-mwlv.a having an IIZ- but no /^-component and TM-modes having 
an Kt- but no //'.-component. Each mode is characterized by its char
acteristic admittance F^J, and propagation constant /3mn; the latter is 
real for a freely propagated mode but is to be taken equal to —jymn for a 

-Slots in the wall of rectangular 
waveguide. 
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mode beyond cutoff. From the general discussion in Sec. 7-3 it is seen 
that the field components of a T'.fi'-mode of order a = mn can be written 

Hz = jH„ exp (TjPaZ), 1 
E, = E„<exp (+i/3a«), \ (36) 
H, = ±H0» exp (TjPaZ), J 

where E, and H, represent the transverse electric and magnetic field vec
tors and the upper or lower signs are taken according as the wave is 
going in the positive or the negative z-direction. The general form of the 
TM-mode field components is the same as in Eq. (36) with Ez replaced 
by 

Ez=jEalexp(+jpaz). (37) 

If /3a is real, the functions Eal, Haz, Ea,, and H0< are all real and depend 
only on a, x, and y. We have also seen (cf. Sec. 7.3) that the component 
vector functions Ea, and Ha , have the orthogonality property 

/ (Eai X Hi,,) ' i« dS — 0, u, T~ u, I ram 

= Sa, 

where <S„ is twice the Poynting energy flux for a freely propagated mode 
and U is a unit vector in the direction Oz. The normal modes of the guide 
form a complete set in terms of which an arbitrary field distribution over 
the wall of the guide can be expressed in the form of a Fourier expansion. 

Now consider a slot from Z\ to z2 in the wall of the infinite guide. 
We assume that the guide is to be excited by a known field distribution 
along the slot. Then the field in the guide, which is denoted by subscript 
1, will consist of outgoing waves on either side of the slot; that is, it will 
contain only waves going to the right for z > z2 and only waves going to 
the left for z < zu 

Ei< = \ AJ&at exp {-jpaz), z > z2, 
a 

Ei, = \ BJLal exp 0'/3„z), z < zh ; 

Hi, = \ AaH„, exp (—j@az), z > z2, 
a 

Hi, = — \ BoH.at exp (j0az), z < Zi 
a 

The amplitudes of waves going to the right and left are not necessarily 
equal and are denoted by Aa and Ba respective!}'; they must be such 

(39) 
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that on superposing the two sets of waves a field is produced which 
matches the field over the slot according to the general boundary condi
tions formulated in Chap. 3. 

In order to evaluate the amplitudes Aa and Ra an auxiliary relation 
must first be derived. Consider two fields Ei, Hi and E2, H2 of the same 
frequency and both satisfying the homogeneous field equations. By 
virtue of these equations we find 

V • (E, x H2) = V • (E2 x H,) = - > ( * E , • E2 + MH, • H2)2 

Hence 
V • [(E, x H2) - (E2 x H,)] = 0. 

If V is any closed region bounded by a surface S, it follows by the diver
gence theorem that 

/ (E, x H 2 - E2 x H , ) -n'dS = 0, (40) 

where n' is the unit vector normal to dS and directed outward from V. 
First, we shall evaluate Ba. Let the field Ei, Hi be the field set up in 
the guide by the slot as formulated in Eqs. (39). For the field E2, H2 let 
us take a normal mode, free propagation of which is supported by the 
guide, traveling toward the right, and let o be the index of this mode. 
Furthermore, take as the region V the section of the guide containing the 
slot, bounded on the left by the plane z = «3 < z, and on the right by the 
plane z = z4 > «2. The surface S to which Eq. (40) is to be applied 
consists then of these two planes and the wall of the guide. Over the 
plane z = Zt the fields 1 and 2 consist of systems of waves traveling in 
the same direction. When the indicated substitutions are made and the 
orthogonality property of Eq. 38 is used, the integral vanishes. On 
the plane z = z3 the fields 1 and 2 are composed of waves traveling in 
opposite directions. Making use of the orthogonality relation again 
and noting that for this surface n' = — iz, the integral over this surface 
is —2BaSa- Considering the integral over the wall, the second term in 
the integrand is zero everywhere, for it can be written as Hi • (n' x E2), 
and n' x E2 is zero over the wall, since E2 is a normal mode. Similarly 
the field Ei must satisfy the condition n' x Ei = 0 over the metal wall 
boundary. The only nonvanishing contribution from the wall area arises 
from the first term of the integrand over the region of the slot. One 
thus finds 

2BaSa = - / (E, x H2) • n dS, (41) 
y»i . . t 

where n is a unit vector normal to the wall and directed into the interior 
of the guide. If t is a unit vector perpendicular to the axis of the guide 
and tangent to the surface of the guide, then 
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n = i x i , . (42) 

Substituting this last relation into Eq. (41), we obtain finally 

2BaSa = / {-jEiTHal + ElzHar)exv {-j0az)dS. (43) 
J slot 

Second, we shall evaluate Aa. The field Ei, Hi is again taken to be that 
set up in the guide by the slot, and the field E2, H2 is taken to be the 
normal mode of index a traveling to the left. In this case the plane 
z = z3 does not contribute to the integral in Eq. (40), and the plane 
z = Zt contributes — 2AaSa; over the wall of the guide the only non-
vanishing contribution arises again from the first term of the integrand 
over the area of the slot. I t is thus found that 

2AaSa = - / (Ei x H2) • n dS 
I slot 

(jEiTHaz + EUH„) exp (j/3az) dS. (44) 
slot 

The interpretation of Eqs. (43) and (44) for the amplitudes becomes 
clearer if the magnetic field components Har and Haz are replaced by 
surface current densities Kal and — KaT respectively. These are the com
ponents of the surface current, in the direction of the axis of the guide 
and in the direction transverse to it, that exists over the area of the slot 
in the nonslotted guide supporting the ath mode. In terms of these 
currents the amplitudes become 

2BJSa = / (jElTKar + EuKat) exp ( - j&z) dS, (45) 
. / s lo t 

2AaSa = / (jElTK„ - EuKal) exp (tfaz) dS. (4G) 
Jf lot 

I t is evident from these equations that in general the slot does not radiate 
equally in both directions within the guide. The formulas also show that 
the slot will couple the ath mode to space only if it cuts across current 
lines corresponding to that mode. There are various special conditions 
under which a small slot is symmetrical with respect to the ath mode. 
If all the dimensions of a slot are small compared with the wavelength, 
the variation of a phase factor exp (+ jfiaz) across t he slot can be neglected; 
without loss of generality the slot can be located at z = 0, in which case 
the phase factors are replaced by unity. We then observe that 

1. Aa = Ba if Eu or Kaz is zero. Reference to Eqs. (39) shows that 
as far as the ath-mode contribution is concerned, E1( is continuous 
at the plane z = 0 while the magnetic field is discontinuous; in 
fact, H^ is in opposite phase to Hf,. With respect to the ath 
mode the slot acts like a shunt element in a transmission line. 
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2. Aa = —Ba if Eir or Ka7 is zero. In this case E» is discontinuous 
and Hi, is continuous at the plane z = 0 as far as the oth mode is 
concerned; the slot behaves like a series element in the ath-mode 
transmission line. 

The slots of more general interest are narrow ones having a length of 
about X/2 and a width small compared with the length. The electric-
field distribution in such a slot is nearly sinusoidal along the length and 
independent of the feeding system; the direction of the field is transverse 
to the long dimension. There are also special conditions under which 
such slots reduce to series or shunt elements: 

1. Axis of the slot perpendicular to the guide axis. In this case the 
phase factor exp (±j/3az) can again be replaced by unity. Further
more EiT = 0; hence if Kaz ^ 0, Aa = — Ba and the slot behaves 
like a series element in the ath-mode transmission line. 

2. Axis of the slot parallel to the guide axis. In this case E\z = 0 and 
the second members of the integrands of Eqs. (45) and (46) 
vanish. The variation of the phase factors exp (+j/30«) cannot 
be neglected; however, Kar is constant, and E\r is an even function 
along the slot; therefore only the real parts of the phase factors 
contribute to nonvanishing integrals, and one has Aa = Ba. The 
slot oriented in this manner behaves like a shunt element. 

Except when special conditions of symmetry are imposed on the field 
and on the currents in the slot, for orientations more general than (1) 
and (2) above, Ba ^ + Aa, and the slot behaves like a more complicated 
combination of shunt and series element. In this case the slot is repre
sented by a T- or IT-section equivalent in the ath-mode transmission line. 

9-11. Slots in Rectangular Waveguide; TEi0-mode.—The theory of 
slots in rectangular guide that supports only the T'E'io-mode will be devel
oped in detail. The discussion will be based on the following assumptions: 

1. The slot is narrow; i.e., 2 log™ (length/width) » 1. 
2. The slot is cut so that it is to be near the first resonance (length 

of the slot « X/2). 
3. The field in the slot is transverse to the long dimension and varies 

sinusoidally along the slot, independent of the exciting system. 
4. The guide walls are perfectly conducting and infinitely thin. 
5. The field in the region behind the face containing the slot is 

negligible with respect to the field outside the guide; this is tanta
mount to extending the face containing the slot into an infinite 
perfectly conducting plane. 

The third assumption concerning the field distribution is closely in 
accord with experimental conditions. The fifth assumption is probably 
the most radical in its departure from the actual conditions. 
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First the equivalent circuits are given for the common types of slot, 
and then the method is given for calculating the values of the elements 
by means of Eqs. (45) and (46) 
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and the electromagnetic formula
tion of Babinet's principle (Sec. 
5-15), provided the reactive field 
of the slot is zero.1 The rectan
gular guide has the dimensions 
shown in Fig. 9-17. The shunt 
conductance of a slot normalized 
to the characteristic admittance 
of the TEio-mode line is g, and the 
series resistance normalized with 
respect to the line characteristic 
impedance is r. We have then 
(1) for a longitudinal slot in the 
broad face (shunt element b in 
Fig. 9-17) 

= (7i s in' 
r + jx 

where 

Sfi = 2.09 
X„a 
X b 

(irx\ 

-(£■}■ 

(47a) 

(476) 

'9+jb 

' ' (e) u * ° 
F I G . 9-17.—Parameters and equivalent 

circuits of slots in rectangular waveguide 
(reference point for circuit elements is the 
center of the slot), (a) waveguide dimen
sions; (b) longitudinal slot in broad face, 
shunt element; (c) transverse slot in broad 
face, series element; (d) centered inclined slot 
in broad face, series element; (e) inclined slot 
in narrow face, shunt element. 

(2) for a transverse slot in the 
broad face (series element c in 
Fig. 9-17) 

r0 cosz 

where 

TQ 0.523 (7?)"a-(£) 

(48a) 

(48b) 
(3) for a centered inclined slot in the broad face (series element d in Fig. 
9-17) 

°Hmi 
where 

m\ 

1(6) sin 6 + ^ J ( 0 ) c o s 0 

(D + «!l(!) 
j{6)\ i - e - i 

(49a) 

(49b) 

1 The results to be quoted are due to A. F. Stevenson, "Series of Slots in Rec tan
gular Waveguides ," Pa r t s I and I I , Special Commit tee on Applied Mathemat ics , 
National Research Council of Canada, Radio Repor ts 12 and 13, 1944. 
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} = r - COS 
v) K 

+ Lsin9' (49c) 

and (4) for an inclined slot in the narrow face (shunt element e in Fig. 
917) 

73TT \\J a3b 
sin 0 cos (£-•) 

I fe)"-sin2 9 
(50) 

As an illustration of the method of deriving the above relations we 
shall conclude this section with a summary of the procedure for the 
longitudinal slot in the broad face of the guide, Case (1) above. Choose 
dimensions as indicated in Fig. 9-176. Suppose a !T.Eio-wave of ampli
tude unity to be incident on the slot from the left; this field induces a 
field across the slot so that the slot radiates waves in both directions in 
the guide and into space outside the guide. The amplitudes Bio and Aio 
(the mode index a is here replaced by 10) of the waves radiated in the 
interior are given by Eqs. (45) and (46) in terms of the field in the slot; 
the field, according to the third of our initial assumptions, is 

Elr 

Eu 

E0 cos (kz), 
0, 

where E0 is the field at the center of the slot. 
quantities entering into Eqs. (45) and (46) 

(51a) 

We have also for the other 

(tf,o)T = - >T0> Ta sin 

C- _ 1/(0) 

= k* 

in U> 
ab //JioY (51ft) 

where F$> is the characteristic wave admittance of the TSio-mode.1 On 
inserting these quantities into the expressions for the amplitudes it is 
seen at once that A,0 = Bw', that is, the slot is a shunt element, in agree
ment with the previous conclusions relative to slots parallel to the guide 
axis. The amplitudes are given explicitly by 

1 The constants of (/v lo)r find *S'iU correspond to the mode being so normalized tha t 

the electric field across the guide is given by —^sin --■ 
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where w is the width of the slot. It is useful to express the slot excita
tion in terms of a "voltage" transformation ratio. The "voltage" 
across the slot is defined to be the line integral of the field across the slot 
at its center, i.e., 

Vo = wE0, 

while the voltage in the guide corresponding to any one of the dominant-
mode waves is defined as the line integral of the field across the center of 
the guide, i.e., 

7 , = bAl0 = bB10. 

The voltage transformation ratio is then 

Vi _ . 2 
GSO"°(T)~(T} ™ 

It is recognized further that the amplitude A10 measures directly the 
reflection coefficient r (at z = 0) in the transmission-line equivalent of 
the dominant-mode wave. If the slot is resonant, the value of V at z = 0 
must be real, because the impedance looking to the right is real at that 
point at resonance. Then if the slot is a shunt element of normalized 
conductance g, the total admittance at z = 0 is 1 + g; while if the slot 
is a series element of resistance r, the input impedance at z = 0 is 1 + r. 
From Eqs. (2-30) and (2-36) g and r may be expressed in terms of T by 

2 2 
9 = y r = ■ (54) 

The value of T can be evaluated for a resonant slot by energy-balance 
relations. The total energy incident on the slot is equal to the sum of 
the reflected, transmitted, and radiated energy. The incident power is 
Sa/2 for an incident wave of unit amplitude; the reflected power is 

2<S0 (Aio)-<f- The total amplitude of the dominant-mode wave to the right 

of the slot is 1 + Bio; hence, the transmitted power is 

(f) Re (I + B10)2 

In compuung the power radiated by the slot use is made of a result 
obtained, by means of an electromagnetic Babinet's principle,1 for the 
radiation resistance of a center-driven narrow slot in an infinite perfectly 
conducting plane sheet of zero thickness. In this case the input resistance 
is 

1 H. Booker, "Babinet's Principle and the Theory of Resonant Slots," TRE Report 
No. T-1028. 
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p _ 1 Mo 
' 4 X 7 3 6 „ ' 

In the infinite sheet problem the slot radiates to both sides of the sheet; 
in our case the slot radiates to one side so that the radiation resistance 
is assumed to be simply twice the above value. The power radiated 
by the slot is then given by 

1 V2 e 
7)~ = 73 V\ — watts 

Writing the energy balance equation and remembering that A i 0 = Bio, 
we have 

§ = § |A10|2 + f [1 + \Al0\2 + 2Re (A,,)] + 73V\ *±. 

Finally, since Aio = r is real, we obtain from the above 

1 + 1 = _73^ T 7 5* T 2 (55) 

Making use of Eqs. (51a) and (516) and substituting this last result into 
Eq. (54), the conductance of the resonant shunt slot is 

0 = -7Tb\T) hi" (56) 

We already have the voltage transformation ratio in Eq. (53); substituting 
this into Eq. (56) gives the final expression for the normalized shunt 
conductance, 

•-St*-'(£)""(?} (67) 

9-12. Experimental Data on Slot Radiators.—Confirmation of the 
theory developed in the last section has been obtained by experiment 
for the longitudinal slot in the broad face of the guide (Case b, Fig. 9-17) 
and for the inclined slot in the narrow face (Case e, Fig. 9-17).' The 
resistance of a longitudinal slot as a function of its position with respect 
to the center of the guide is shown in Fig. 9-18; the points are in good 
agreement with the formula 

1 A. L. Cullen, "The Characteristics of Some Slot Radiators in Rectangular 
Waveguides," Royal Aircraft Establishment, Great Britain, Tech. Note No. Rad. 200; 
Dodds and Watson, "Frequency Characteristics of Slots," McGill University, PRA-
i08; Dodds, Guptill, and Watson, "Further Data on Resonant Slots," McGill Univer
sity, PRA-109; E. W. Guptill and W. H. Watson, "Longitudinally Polarized Arrays 
of Slots," McGill University, PRA-104. 
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9 = 9i sin 
/ i rxA (9.47a) 

b u t the numerical cons tan t gi is 1.73 whereas the theoret ical value given 
by E q . (47b) is 1.63. T h e discrepancy is probably due to the assumpt ions 
under lying the theory. T h e frequency character is t ics of longitudinal 
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F I G . 9-18.—Resistance offered by a longitudinal slot as a function of its displacement 
from the center. The slot dimensions are ^ by 2 in., the waveguide is \\ by 3 in., X = 10.7 
cm. The data fit the relation G = Zo/R = 1.73 sin' [(ira/o)l]. (From J. W. Dodds, E W. 
GuptUl, and W. H. Watson by permission of the National Research Council of Canada.) 

slots as a function of slot width are presented in Fig. 9-19, which shows 
that the wider the slot the flatter the frequency response. The maxi
mum of conductance does not coincide with the vanishing of susceptance. 

For practical convenience dumbbell-shaped slots such as the one illus
trated in Fig. 9-20 have been used in arrays in place of rectangular slots. 
The perimeter of a resonant slot is generally equal to a wavelength. The 
length of a resonant dumbbell slot is therefore less than that of rectangular 
ones; they can be used with less sacrifice of mechanical strength, since 
less guide is cut away. The dumbbell slot is also simpler to machine 
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2.9 3.0 3.1 
Frequency x 109cps 

3.3 

Fla 9-19.—Admittance of longitudinal slot as a function of frequency (center of slot 
is 1.98 cm from the center of the waveguide). (From the work of J. W. Dodda and W. H. 
Watson by permission of the National Research Council of Canada.) 

*E=S* 
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because the dumbbell areas are drilled rather than cut by a milling 
machine. Another technique for shortening the resonant length is to 
place a thin sheet of dielectric over the slot; a sheet of polystyrene of 
0.007-in. thickness reduces the resonant length by 1.13 per cent at 10.7 
cm. The dielectric sheet also serves as a pressurizing device. 

If the conductance and frequency characteristics of each element of a 
slotted linear array are known, it is possible to place a given number of 
longitudinal slots X„/2 apart so that they are effectively in parallel and 
_ _ _ _ _ ^ _ _ _ _ _ ^ to short-circuit the far end of the guide X„/4 from 

S ^ the last slot so that the admittance in parallel 
C O } with the last slot is zero. Then if there are n 

I elements, the relative conductance of each slot 
FIG. 9-20.—Dumbbell-shaped must (by suitably choosing Xi) be made to equal 

s lo t ' to 1/n in order to provide a good match. 
Because the slots are placed in the same way as a set of dipoles, end to 
end, the mutual impedance of the slots is negligible. 

The conductance of a longitudinal slot cut in the broad face of the 
guide can be readily determined by measuring the input impedance of 
n slots in parallel because the mutual impedance between slots is negligi
ble. This is not so when the slots are cut in the narrow face. The effec
tive conductance of this slot may be found by measuring the additional 
conductance produced when one slot is added to an array. In practice 
a number of slots, for example 10, are cut and the input admittance 
determined. The input admittance is then again determined when addi
tional slots are cut in sets of, say, 3. Eventually the total susceptance 
becomes constant and the conductance linearly proportional to n (if the 
susceptance is also proportional to n, the slot depth is adjusted for 
resonance). The incremental and ordinary conductances are plotted 
in Fig. 9-21 as functions of the angle 6. Both obey very well the law 

g = g0 sin2 6 

over the measured range. This is in good agreement with Eq. (50) for 
small angles 8. 

Slots cut in the narrow face have the very useful feature that the 
variation of susceptance with frequency is very small compared with 
that for slots in other positions in the guide. The variation of admittance 
with slot depth is also small as is shown by Fig. 9-22. Thus a change of 
± 1 mm in depth from the resonant point produces a change of only 4 per 
cent in conductance and only a small change in susceptance. Because 
the depth of cut can always be accurately controlled in a milling 
operation, this represents a tolerance which can easily be attained. 
Since the angle of the slot to the guide axis can also be accurately held, 
the system represents a satisfactory array from the constructional point 
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of view. A possible objection is that there is an appreciable degree of 
unwanted polarization in these beams. The field over the slot has a 
longitudinal component proportional to cos 6; the transverse component 
of the field does not reverse direction with reversal of the direction of 
inclination of the slot and gives rise to an unwanted side lobe at about 
40° to the main beam. For tilt angles up to 15°, however, the unwanted 
polarization is less than 1 per cent of the radiated power.1 
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Flo. 9-21.—Incremental and ordinary conductance as a function of ylot inclination. 

(From the work of E. W. Guptill and W. H. Watson by permission of the National Research 
Council of Canada.) 

9-13. Probe-fed Slots.—It was pointed out in Sec. 9-9 that there are 
various positions in a guide and various orientations of the slot axis for 
which no radiation takes place. I t is possible, however, to make any 
slot of this type radiate by inserting a suitable probe into the guide adja
cent to the slot.2 The probe introduces the necessary asymmetry in the 
field and current distributions for excitation of a field across the slot. 
The probe-fed unit has many advantages. In particular the direction 
of the field across the slot depends on the side in which the probe is 

1 Dodds , Guptill , and Watson, op. cit. 
2 R. E. Clapp, "Probe-fed Slots as Radiat ing Elements in Linear Ar rays , " RL 

Report No. 455, J an . 25, 1944. 
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inserted; the phase of a given slot can be shifted 180° by switching the 
probe position. An example of this phase reversal is afforded by the 
array of slots on rectangular guide illustrated in Fig. 9-23; here the phase 
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F I G . 9-22.—Admittance of a 1£° inclined slot on narrow edge of rectangular waveguide. 
The waveguide dimensions are If by 2J in., X = 10.7 cm., and the width of the slot is £ 
in. (From the work of J. W. Dodds, E. W. GuptUl, and W. H. Watson by permission of 
the National Research Council of Canada.) 

reversal of the probe is used to compensate for the 180° phase difference 
corresponding to the X„/2 spacing of the slots; the result is an array of 
equiphased slot radiators. 

Another advantage of the probe-fed unit is that the amount of energy 
radiated by the slot is controlled by the probe insertion. For the ease 
illustrated in Fig. 9-23 where the probe is parallel to the field, the coupling 
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is adjusted by the probe depth. To excite a slot in the narrow side of a 
rectangular guide a bent probe is used, as shown in Fig. 9-24; here the 
coupling can be varied by the angle between the hook of the probe and 
the electric field. In some cases the screw head of the probe introduces 
undesirable impedance characteristics; the head of the screw can be 

F I G . 9-23.—Probe-fed slots on rectangular waveguide. The arrcws show lines of current 
flow. 

ground off after the desired coupling has been obtained, or the unit can 
be balanced externally by a dummy screw head. Many variants of the 
probe can be developed for various types of guides and modes; the reader 
is referred to Clapp's report for details. 

9-14. Waveguide Radiators.—The impedance of a radiating element 
has been seen to consist in general of a resistive and a reactive component. 
The reactive component is gener
ally undesirable, since it enhances 
the frequency sensitivity. The 
reactance vanishes under special 
conditions, but these are not 
always optimum operating con
ditions; for example, in the case 
of the dipole element discussed in 
Sec. 9-8 resonance occurs at a probe depth that is generally too small 
to meet power-extraction requirements. Slots and dipoles suffer another 
severe disadvantage at short wavelengths as in the 1-cm region where 
they become so small that they have an insufficient power-handling capac
ity and the tolerances on the dimensions become impractically restrictive. 

The waveguide radiators illustrated in Fig. 9-25 are less subject to 
the above limitations.' The element consists of a waveguide coupled to 
the main guide by a T-junction. As shown in the figure, two arrange-

1 W. Sichak and E. M. Piireell, "Cosee 2 Antennas with a Line Source and Shaped 
Cvlindrical Reflector," R L Report No. 624, Nov. 3, 1944, pp . 7-13. 

FIG. 9-24.—Probe-fed transverse slots on the 
narrow face of rectangular waveguide. 
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ments are possible corresponding to longitudinal and transverse polariza
tions. The longitudinally polarized element, just like a slot with axis 
transverse to the guide axis, presents an impedance in series with the 
main line; the transversely polarized element, like a slot with axis parallel 
to the guide axis, is equivalent to a shunt element across the transmission 
line, inserted in the plane of symmetry of the radiator that is perpendicu
lar to the guide axis. I t has been found experimentally (c/. Sec. 10-11) 
that the open end of a waveguide can be represented by a load admittance 
consisting of the radiation resistance in parallel with a capacitive react-

F I G . 925.—Waveguide radiators: (a) longitudinally polarized; (b) transversely polarized. 

ance. The network equivalent of the T-junction consists in a similar 
manner of a capacitative reactance in parallel with the input impedance 
of the branched guide. Both the input and termination capacities are 
junction effects and may be expected to be of the same order of magnitude. 
If the length of the branch guide is X'B/4 where X'ff is the guide wavelength 
in the branch, the terminal capacitative reactance is transformed into an 
inductive component at the input end; and since the inductive component 
is in parallel with the T-junction capacitance, a near-resonant condition 
should result. In actual practice, however, the length of the section is 
different from X'0/4. The correct length has been found to be given 
closely by the result of an analysis of a branched waveguide which takes 
the junction effects into account, namely, 

I = 4 ?(• + -£} (58) 

The dimensions b and b' are defined in Fig. 9-25. With the above length 
the element has been found to be very closely a pure resistance. 

The coupling of the element to the line, i.e., its resistance or conduc
tance, is a function only of the relative dimensions of the branch guide and 
the main guide. It is the particular advantage of the waveguide element 
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that the coupling factor can be adjusted independently of the resonance 
condition. On the assumption that the impedance presented to the 
main guide when the branched guide radiates into free space is not very 
different from that when the branched guide couples to a second guide 
parallel to the main guide, the resistance of the longitudinally polarized 
element has been calculated to be 

The quadratic dependence on b'/b is in accord with the experimental 
results; these results indicate, however, that the numerical factor is not \. 
No systematic study of a single element has been made as yet. The 
coupling factor for the transversely polarized element has meaning only 
in terms of a complete array because with these elements mutual inter
actions become very significant. The results will be given later in the 
discussion of nonresonant arrays which make use of these elements. 

The length of the element given in Eq. (58) can be increased by any 
integral multiple of X^/2 without affecting either the resonance or the 
coupling factor. This is advantageous in that it provides a method for 
shifting the phase of the radiator 180°. For the same power extraction 
the b' dimension of the transversely polarized element must be larger 
than that of the longitudinally polarized element because the former cuts 
across transverse currents that are smaller than the longitudinal currents 
on the broad face of the guide. Consequently, the tolerances are less 
restrictive for the transversely polarized element, and it therefore is 
preferred if all other considerations are equal. At short wavelengths, 
e.g., at 1 cm, the length of the radiator is so small that the wall of the 
main guide can be constructed of that thickness, and the radiating ele
ment then takes the form of a slot in this wall. This produces a sturdy 
mechanical system. 

9-15. Axially Symmetrical Radiators.—For general communication 
purposes it is desired to have a stationary antenna with an axially sym
metrical pattern covering a large region of space. The simplest antenna 
of this type is a half-wave dipole. The gain of the dipole, however, is 
too low to meet the usual requirements on range, and it is therefore 
necessary to design an antenna having the axial symmetry of the dipole 
but with a more directive meridional pattern. The latter can be achieved 
by means of a linear array of axially symmetrical radiating elements, 
an example of which is illustrated schematically in Fig. 9-26. The ele
ments to be discussed fall into two groups distinguished by the polariza
tion of the field: (1) transversely polarized radiators producing a field in 
which the electric vector lies in planes normal to the axis of the array, 
(2) longitudinally polarized radiators producing a field in which the elec-
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trie vectors lie in meridional planes having the axis of the array as a 
common line of intersection; the transverse element is analogous to a 
magnetic dipole, and the longitudinal element to an electric dipole. 
The transverse element in its ideal form should consist of a circular ring 

of uniform current, while the idealized 
longitudinal radiator should consist 
of a short circular cylindrical current 
sheet of uniform density running 
parallel to the axis of the cylinder. 
In practice these elements can best 
be approximated by an array of ele
ments located at points disposed 
symmetrically about the array axis in 
a plane normal to it. Thus the an
tenna as a whole is, in fact, a three-
dimensional array; however, design 
problems for the azimuthal and merid
ional patterns are completely separ
able. The meridional pattern is a 
straightforward linear-array problem. 
The azimuth pattern reflects the 

symmetry of the arrangement of the radiators about the array axis and 
consequently deviates from a uniform pattern, showing maxima and 
minima. The ratio of maximum power to minimum is referred to as the 
azimuth ratio; it is generally required that this ratio be less than 2. 

Power 

F I G . 9-26.- - Array of axially symmetrical 
radiators. 

F I G . 9-27.—Dipole fed by three-wire line. 

The Tridipole Transverse Element.—First the elements designed for 
transverse polarization will be considered. A simple approximation to 
the circular current ring is obtained by arranging three half-wave dipoles 
on the circumference of a circle. The basic unit illustrated in Fig. 9-27 
is a three-wire-line-fed dipole analogous to the slotted dipole discussed 
earlier. The central line serves as a probe to couple the dipole to the 
interior of a waveguide. The axially symmetrical tridipole array shown 
in Fig. 9-28 is designed for use with a coaxial line. The element is made 
so as to slide over the outer conductor and is soldered to the latter at the 
appropriate location. In order to maintain the azimuth pattern sym
metry it is essential that the three probes be inserted to equal depths. 



SEC. 015] AX1ALLY SYMMETRICAL RADIATORS 305 

The line coupling can be achieved either by inserting the probes so as to 
make contact with the inner conductor of the line or by capacitive 
coupling in which the probes do not make contact with the inner conduc
tor. In the former case the probes are soldered to the inner line; a more 
reliable procedure is to have threaded holes in the inner conductor into 
which the probes can be screwed and then soldered to ensure good contact. 
For capacitative coupling, probe settings can 
be made by slipping a shim of suitable thick
ness over the inner conductor; the shim is 
subsequently removed. 

Satisfactory results have been obtained 
with tridipole elements over the 10-cm band1 

and at various longer wavelengths. The im
pedance characteristics of a single unit can be 
adjusted in the course of design by the choice 
of the dimensions of the dipole wings; the 
impedance characteristics of an array of units 
are adjustable by means of the probe depth. 
Figure 9-29 shows the frequency sensitivity of 
the pattern of a tridipole unit designed for the 
10-cm band, the unit being fed from a 50-ohm FIQ 9 . 2 8 ._T r i d i p o l e r a d i a t o r . 
line with a i in. OD. The pattern exhibits a 
high degree of stability. The same element with its probes 0.5 mm from 
the inner conductor handles 10-kw peak power without breakdown. I t 
was found that at 10 cm the dimensions of the unit are not critical and 
the elements can be produced in quantity by die-casting techniques with 
good reproduction of performance. A 3-cm version, however, requires 
manufacturing tolerances too close for practical use. 

Axially Symmetrical Slot Array.—Another type of unit for transverse 
polarization is provided by an array of slots along the circumference in the 
wall of a circular guide or coaxial line, the long dimension of the slots 
being parallel to the axis of the guide. A number of factors enter into the 
design of the unit. 

The most important is that the line must carry a radially symmetrical 
mode so that the slots are excited equally. This condition is fulfilled by 
a coaxial line supporting only the T^M-mode and by a circular wave
guide propagating the TAfoi-mode as indicated in Fig. 9-30. However, 
for both cases a slot cut parallel to the guide axis does not radiate. I t 
is therefore necessary to excite the slots by means of probes as shown in 
the figure, and to ensure symmetrical excitation the probe depths must 
be uniform. 

1 H. Riblet, "Horizontally Polarized Nondirectional Antennas," RL Report No. 
517, Feb. 14, 1944. 
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F I G . 9-29.—Patterns of a tridipole unit in the plane of the unit. 
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A second factor is the minimum number of slots required to produce 
a pattern having a satisfactory azimuth ratio. This is found to depend 
on the size of the line; the larger the guide diameter the greater the num
ber of elements. For a 1-in. OD coaxial line operating in the 3-cm band 

210° 200° 190° 180° 170° 160° 150° 

330° 340° 350° 0° 10° 20° 30° 
F I G . 9-31.—Patterns of circular arrays of four and six slots on coaxial line of 1 in. OD. 

the minimum number is six; Fig. 9-31 shows the patterns obtained from 
four and six elements; the former reflects strongly the fourfold symmetry 
of the array. Figure 9-32 illustrates the pattern resulting from a seven-
element array on li-in. circular guide, again for the 3-cm band. 

The minimum number of elements is also related to a problem of 
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mode control. The conventional coaxial line in the 3-cm band, for which 
all modes other than the TEM-iaode are beyond cutoff, is too limited in 
its breakdown properties and mechanical strength, the latter being an 
important factor in long arrays. Line of a larger size is therefore used 
which can support other modes. Considerable care must be taken at 
the input end of the line to ensure 
radially symmetrical e x c i t a t i o n . 
The probe inserts for exciting the 
slots likewise excite higher modes. 
No mode will be excited, however, if 
its planes of symmetry do not con
tain the symmetries of the geomet
rical configuration. There is thus 
a minimum number of probes for 
which the higher modes excited will 
attenuate. 

270° 

F I G . 9-32.—Pattern of circular array of 
seven slots on circular waveguide with l j in. 
OD. 

F I G . 9-33.—TEi )- to TMoi-mode con
verter. 

A similar mode-control problem exists in the circular guide, for a 
circular guide that can support propagation of the TM01-mode neces
sarily supports the TEu-mode. It is therefore necessary to feed the guide 
in such a manner that the ^ n - m o d e is not excited, and again there is a 
minimum number of slots required. The proper feeding of the circular 
guide is achieved by transition from the TEirmode in rectangular guide 
through a TEi0- to TMoi-mode converter, which is illustrated in Fig. 
9-33. Briefly the principle of its operation is as follows: The distance I 
is equal to Xu /4 or 3Xn/4 where An is the guide wavelength for the TEu-
mode; this puts a large series reactance for this mode at P between the 
rectangular and circular guide so that the mode is not fed into the latter 
guide. The diameter d is chosen to be X0i/2 where Xoi is the TMm-
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F I G . 9-34.—Longitudinally polarized 
axially symmetrical radiating unit. 

mode guide wavelength; for I = 3Xn/4, this gives a good match for the 
TMoi-mode. 

Longitudinally Polarized Elements.—Satisfactory elements of this type 
in the microwave region have thus far been developed only for the 10-cm 
band. A longitudinal element analogous 
to the tridipole unit can be produced by 
a circular array of dipoles with axes 
parallel to the guide axis. I t is found, 
however, that a longitudinally polarized 
tridipole array gives rise to a pattern 
having a decided threefold symmetry 
while a larger number of dipoles results 
in a unit whose design is very critical. A 
cylindrical element with three-point ex
citation provides a simple solution; the 
element is shown in Fig. 9-34. I t can 
be thought of as being derived from a 
system of three longitudinal dipoles of 
the type illustrated in Fig. 9-27 in which 
the wings have been extended laterally 
and joined into a cylinder. The currents 
tend to spread out uniformly over the sur
face giving a uniform azimuth pattern. The unit is made in two parts, 
one consisting of a die-cast spider carrying the two outer lines of the 
three-wire line-feeding system and the other the pair of cylinders that 
correspond to the dipole wings. As with the transverse unit the system 

is fed by probes which couple the cylinders to 
the line; the general remarks made previously 
concerning the insertion and alignment of the 
probes likew-ise apply here. 

Attention should be called to a longitudi
nally polarized slot radiator which can be design
ed with a coaxial line. The element illustrated 
in Fig. 9-35 consists of a slot running completely 
around the wall. Mechanical support is pro
vided by filling the line with dielectric. The 
element obviously gives a uniform pattern but 
suffers from a number of disadvantages. I t is 
very frequency-sensitive; mechanical properties, 

particularly of long arrays, are poor; satisfactory contact between the 
dielectric and metal is difficult to maintain particularly under mechanical 
and thermal stresses with the result that the system becomes susceptible to 
electrical breakdown. Development of arrays with these units was 
finally given up because of these limitations and difficulties. 

Dielectric 
plug 

FIG. 9-35.—Longitudi
nally polarized slot radiator 
for coaxial line. 
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9-16. Streamlined Radiators.—Arrays of axially symmetrical radia
tors have been developed for airborne, ground, and ship installations. 
With the development of high-speed planes, however, aerodynamic con

siderations have become in-
330° creasingly significant in antenna 

installations. Arrays of elements 
of the types already discussed 
produce sufficient aerodynamic 
drag to present a serious installa
tion problem. It has therefore 
been necessary to make some com
promise between pattern and aero
dynamic requirements and to 
design elements whose geometry 
has a less deleterious effect on the 
aircraft. For this purpose various 
types of streamlined elements have 
been developed which, though 
lacking the uniform coverage of 
the axially symmetrical units, still 
produce patterns with not too 
large an azimuth ratio. 

Two types have been devel
oped, one for transverse, the other 
for longitudinal polarization. Let 

us consider the transverse radiator first. It has been found that two slots 
cut opposite each other on a coaxial line and excited 180° out of phase 
produce a pattern with an azimuth ratio not exceeding 5 or 6; this is shown 

110° 

130° 

150° 
i. 9-S6.-

180° 
-Pattern produced 

antiphased slots. 

310° 

290° 

270° 

250° 

230° 

210° 
pair of 

F I G . 9-37.—Array of three pairs of slots on streamlined elliptical waveguide. 

in Fig. 9-36. The currents tend to run completely around the cylinder, 
giving a continuous, if not completely symmetrical, current distribution. 
Starting from this observation, one can proceed in several directions to the 
design of streamlined elements. First, the outer conductor instead of 
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F I G . 9-38.—Transversely polarized streamlined radiator. 

being cylindrical can be made elliptical or streamlined, or the inner con
ductor can be omitted entirely and a streamlined section of sufficient 
size used instead as a waveguide. Figure 9-37 for example, shows an 
array of three slots on streamlined 
elliptical guide for the 3-cm band. 
Transition to the elliptical guide 
from rectangular guide is effected 
by a tapered section. It has been 
found that if the ratio of major to 
the minor axis of the ellipse is at 
least 4 and if the minor axis is 
approximately A/4, the azimuth 
ratio is in the neighborhood of 2; 
this figure has been obtained with 
the three-unit array referred to 
above. 

A method of introducing the r-f 
that provides a good impedance 
match is shown in Fig. 9-38 for a 
10-cm band system. Here the two 
slots are cut at the point of maxi
mum width of the guide. A slotted 
dipole on the end of small coaxial line is used to excite the slots. The 
wings of the dipole are cut to fit, and each wing acts as an exciting antenna 
for one slot. The YSWR obtained with a single element is less than 1.2 
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—Radiation pattern of a trans-
polarized streamlined radiator. 
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over a 16 per cent band. The pattern shown in Fig. 9-39 is likewise satisfac
tory. The only longitudinally polarized unit that has been built is for 
the 10-cm region. It consists essentially of two vertical dipoles about a 
quarter wavelength apart supported on opposite sides of coaxial line. 
Two such dipoles in free space would have an oval pattern which, how
ever, does not have too large an azimuth ratio. This, of course, is modi
fied by the coaxial line; but if the line is small enougn (ordinarily 1 in. 

F I G . 9-40. — Longitudinally polarized FIG. 9-41.—Radiation pattern of a Ion-
streamlined radiator (//-element). gitudinally polarized streamlined radiator 

(//-element). 

OD), the effect is small and does not seriously impair the pattern. The 
unit, generally referred to as an //-element, is shown in Fig. 9-40. The 
two dipole wings are supported by elliptical straps, and the whole unit is 
placed over the coaxial line and excited by the probes projecting into it. 
The elliptical straps serve also as a wave trap, to prevent currents running 
along the coaxial line. The pattern produced by the unit is shown in 
Fig. 9-41. An array of such elements is ordinarily enclosed in a close 
fitting elliptical housing. 

ARRAYS 

It is shown in the sections on general pattern theory that the pattern 
of a linear array is determined essentially by three factors: (1) the rela
tive amplitude and phase of the current distributions on the elements of 
the array, (2) the spacing of elements along the axis, and (3) the form 
factor of the pattern of a single element. In practice those factors are 
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not independent variables; the amplitude and phase of the elements are 
determined in part by interactions between the elements, which in turn 
are functions of their spacing. At longer wavelengths feeding techniques 
are available whereby the amplitude and phase, except for external field 
coupling between the radiators, are independent of spacing. In micro
wave antennas the elements must be fed in cascade from a transmission 
line; the phase of the radiator thus depends on the phase velocity in the 
line and the position of the element along the line; phase and spacing are 
thereby most intimately related. The relation becomes complicated 
further because the feeding arrangement results in a loaded transmission 
line with propagation constant and characteristic impedance different 
from those of the unloaded line. Finally mutual interactions between 
the elements because of their external fields must be considered. The 
result of these interrelations is that the transition from the properties 
of a single element to a composite array is not a calculable design pro
cedure but must be determined to a large extent on an empirical basis. 

9-17. Loaded-line Analysis.—The relation between the parameters of 
loaded and unloaded lines will be investigated first. Consider a line, 
whose unloaded parameters are the characteristic impedance Z0 and the 
complex propagation constant y = a + j(3, loaded at regular intervals I 
with identical radiating elements. Taking a fixed reference point in a 
radiator, the radiator in general can be regarded as a bilateral passive 
four-terminal network inserted at the reference point between two seg
ments of line. I t was shown in Sec. 2-2 that such a network can be 
replaced by a T- or Il-section equivalent; in the notation of Sec. 2-2 the 
three impedance elements of the T-section will be designated by Z\, Z2, 
and Z3 and the elements of the Il-section by ZA, ZB, and Zc- The rela
tion between the T- and Il-section elements is given in Eq. (2.10). 
The radiating elements that have been discussed in the earlier sections 
all have at least one plane of symmetry; if the reference point is taken in 
this plane, the T- or Il-section equivalent of the radiator is symmetrical; 
i.e., Zi = Zi and ZA = Zc. It was shown further in Sec. 2-9 that a sec
tion of homogeneous transmission line of length I has a symmetrical 
T- and Il-section equivalent; from Eqs. (2-8), (2-56o), and (2-566) the 
elements of the T-equivalent are found to be 

3 . = 3 , = Z . t a n h ( $ ) ; 3 a = ^ ^ y (59) 

By means of Eqs. (2-7), (2-8), and (2-10) the elements of the equivalent 
n-sections are obtained from these. The II-elements are 

3A = 3c = Zo coth I i j ; 3» = Z„ sinh (yl). (60) 
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On replacing both the radiators and the line segments by their equivalent 
T-sectior.s, the loaded line is reduced to a cascade of networks as shown 
in Fig. 9-42a; the points A and A' are the reference points in the radiating 
elements. By splitting the shunt element Z3 into a pair of impedances 
2Z3 in parallel, the line is further reduced to a chain of symmetrical net
works, a single unit of which is shown in Fig. 942i>. 
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(c) 
FIG. 9-42.—Network system equivalent to a loaded transmission line: (a) T-section 

replacements of radiators and line segments; (b) reduction to symmetrical networks; (c) 
Il-section equivalent of the network in (b). 

The characteristic impedance Z'0 and propagation constant y' of the 
loaded line are obtained by reduction of the network in Fig. 9-42E> to its 
equivalent T- or Il-section and subsequently determining the parameters 
of a homogeneous line having a length I for which the above T-section 
(or Il-section) constitutes an equivalent representation. In the present 
case the simplest procedure is to reduce the network to a Il-section by 
replacing the T-network of elements Zt + >ji and $ 3 by its IT-equivalent. 
The completely reduced network is shown in Fig. 9-42c. If S'A a r )d 3« 
are the elements of the reduced network, the loaded-line parameters are 
given by 
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Z'a coth ® &. Z'0 sinh (y'l) = S'.. 

315 

(61) 

If the values of £'A and £'B given in Fig. 9-42c together with the values 
of Si a n d -83 given in Eq. (59) are inserted in Eq. (61), the half-argument 
identities for hyperbolic functions may be used to obtain Campbell's 
formulas: 

cosh (y'l) = 

Z'0 sinh (y'l) = 

-("£) I cosh (yl) 

Zi + Z0 tanh m 2z3 
2 

^ Z0 2Z 0Z3/ sinh (yl); (62) 

sinh (7Z) 

+ 2 Zi + Z0 tanh m (63) 

For the present purposes the attenuation in unloaded waveguides due to 
conduction losses in the walls may be neglected; under these conditions 
7 = jfl and the propagation constant of the loaded line is given by 

cosh (y'l) = ( l + | y cos pi + j y ^ + | l + - J L j sin 01. (64) 

It is seen at once that the loaded line has a complex propagation con
stant 7' = a' + i/3' in which both the attenuation and phase constants 
are functions of the loading and the spacing of the elements. Equation 
(64) shows, however, that if the spacing is equal to half the wavelength in 
the unloaded line, the relation reduces to 

cosh (y'l) - 1 ('+£> 1 = (65) 

If the radiating element is a pure shunt 
found directly from Eq. (05) that 

. 2 T T 

element so that Z\ = 0, it 

7-

Similarly if the element is a pure series element, in which case Z3 = °o, it 
is found that 7' = 7. Thus there is no attenuation in a line loaded with 
pure series or pure shunt elements at half-wavelength intervals. The same 
is true of a line loaded at wavelength intervals. For arbitrary spacings 
the propagation constant of the shunt-loaded line is given by 

cosh (77) = cosh (yl) + ^ - sinh (yl) (66) 
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and for the series-loaded line 

cosh (y'l) = cosh {yl) + ~ sinh (yl), (67) 

where Zi is the impedance of a single element. 
The pure series- and shunt-loaded lines with half-wavelength spacing 

have the additional property of producing a uniformly illuminated array 
when the line is suitably terminated in a short circuit. For the series-
loaded line the short circuit is made an integral number of half wave
lengths beyond the final element; by virtue of the half-wavelength spacing 
the array is equivalent to a simple series circuit of equal impedances; all 
the elements therefore dissipate equal amounts of power. The shunt-
loaded line is terminated X„/4 + wX„/2 beyond the final element, n being 
an integer; this array is equivalent to a system of equal impedances all 
in parallel, and again all the elements dissipate equal amounts of power. 

The loaded-line analysis takes no account of coupling between the 
elements by means of the external fields. Campbell's formulas do show, 
however, the interrelation between the amplitude and phase of the ele
ments and the spacing and also the relation between the amplitude of 
the element and its phase, for the phase velocity is a function of the 
coupling between the radiator and the guide. 

9-18. End-fire Array.—The only important examples of end-fire 
arrays for the microwave region were two very similar antennas for opera
tion at wavelengths of 10.7 and 11.7 cm.1 They consist of 18 individual 
radiators a quarter wavelength apart and fed from a coaxial line. The 
antenna shown in Fig. 9-43 is a 14-element experimental model. An 
antenna of this type must be terminated in a dummy load to absorb 
the unradiated power in the line thereby eliminating a reflected wave; 
otherwise the reflected wave would give rise to an end-fire pattern in its 
direction of propagation, that is, in a direction 180° away from the prin
cipal beam. 

The elements are built up from the fundamental dipole shown in 
Fig. 9-27. Each consists of two such dipoles having their wings bent into 
arcs of circles and joined to form a unit. Like the axially symmetrical 
tridipole units these elements are simply slipped over the outer conductor 
of a coaxial line, and they also can be represented by a shunt impedance. 

Two conditions must be satisfied if an end-fire array of this type is to 

• H. J. Riblet and B. L. Birchard, "End-fire Array Antenna," RL Report No. 577, 
July 11, 1944. Dielectric-rod antennas may be designed to have end-fire patterns 
with gain, beamwidth, and side-lobe properties as good as those of linear arrays. 
Cf. C. E. Mueller, "The Dielectric Antenna or Polyrod," BTL Report No. 251, Jan. 26, 
1942; J. E. Eaton, "Dielectric Rod End-fire Antennas Close to Metal Surfaces," RL 
Report No. 969, Jan. 23, 1946; R. E. Dillon and L. J. Eyges, "Compact Horns Inter
mediate between Polyrods and Reflectors," RL Report No. 961, Jan. 31, 1946. 
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have maximum gain. (1) There is an optimum value for the wavelength 
X„ of the coaxial line. It was shown in Sec. 9-9 that maximum gain for 
quarter-wavelength-spaced end-fire arrays with a constant phase delay 
occurred when the phase delay between adjacent elements was 

+ 
2.94 

The total phase delay between the first and last elements is then approxi
mately 

(! + >> (68) 

.m^s^^mmmm'mmmiM^^^wmr 

F I G . 9-43.—An experimental model of the 11.7-cm end-fire array. 

If L = nX/4 is taken as the length of the array, Eq. (68) becomes 

^ = *(H 
or 

L_ 
X„ 

k + \. 
X ^ 2 

( ) 
( ) 

9) 

(2) The attenuation has a definite optimum value; it must be neithe'f so' 
large that most of the power is radiated from the first few elements ppr 
so small that an excessive amount of power is lost in the dummy l^ad. 
This optimum attenuation is ordinarily assumed to be that which alleWsj 
from 5 to 10 per cent of the total power to be absorbed in the dummy 
load. v 

The desired attenuation and phase shift can be obtained in princ&plei 
in a very simple way. From Sec. 917 we have seen that periodic loading 
of a transmission line changes the propagation constant of the line. 
Hence it should be possible to choose the impedance of individual radi
ators so that they cause just the right change in attenuation and phase 
velocity. In fact, if the impedances of the elements are known as a func
tion of several parameters, the propagation constant can be calculated 
from Eq. (62) as a function of the parameters and the best value chosen. 

In the design of the particular arrays described above, the impedances 
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of the individual elements were not known in enough detail to allow this. 
Hence a different approach was used. The gain was measured as a func
tion of probe depth for various lengths of the dipole wings. This gave 
the two parameters necessary to adjust for the correct phase velocity and 
attenuation. The gain of the 11.7-cm array finally obtained in this 
manner was around 15.4 db, slightly greater than the theoretical value of 
15.2 db for such an array; the theoretical value, however, is based on 
isotropic radiators. The gain of the 10.7-em array, which used 
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1'iu. 9-44.—.E-plane pattern of an 18-olement end-fire array, X = 11.7. A is the pat
tern in the direction of tile main lobe, and B is the pattern in the direction of the back 
lobe. 

11.7-cm elements, was 14.8 db. The £-plane pattern of the 11.7-cm 
antenna is shown in Fig. 9'44; the //-plane pattern differs from it only in 
minor details. 

BROADSIDE ARRAYS 

9-19. Suppression of Extraneous Major Lobes.—The majority of the 
applications of microwave arrays have called for a beam having the 
principal maximum in a direction normal to or nearly normal to the axis 
of the array. Arrays of this type will be referred to as broadside arrays 
with the arbitrary limit on the classification that the principal maximum 
lies within 25° of the normal to the array. In general there must be no 
principal maximum other than that of the broadside lobe, that is, all 
other maxima must be in the form of side lobes at considerably lower 
levels. This requirement gives rise to a spacing and phase problem 
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common to all arrays of this type. It was seen in Sec. 9-5 that the ele
ments of a uniform array must all be in phase for an accurately normal 
main lobe while to produce an off-normal lobe [cf. Eq. (23)] there must be 
a small progressive phase delay. If there are to be no other major lobes, 
the spacing between isotropic radiators must be somewhat less than X, 
the free-space wavelength. The exact amount depends on n and the 
acceptable side-lobe level; no portion of an accurately normal main beam 
will be repeated in the direction 8 = 0 if s = (1 — l / n ) \ . To produce 
uniform phase, the radiators must be spaced at intervals of X„, the guide 
wavelength. However, for all the air-filled microwave lines discussed 
in Chap. 7, it was found that X„ Si X with the result that the spacing 
exceeds the limit stated above. 

There are various techniques for circumventing the difficulty. The 
less-than-wavelength spacing limit applies strictly to an array of isotropic 
radiators. However, in Sec. 9-2 it 
was shown that the pattern of an array 
is a product of an array factor corre
sponding to the pattern of an array 
of isotropic radiators and the pattern 
of an individual radiator. If the 
latter pattern is made sufficiently dire-
tive with a maximum in the direc
tion normal to the array, a principal FlG- 9-45—Array of transverse slots 

... , . , , with horns to eliminate end-fire lobes. 
maximum will occur only in the 
region where the array factor and the radiator pattern simultaneously 
have appreciable values. In this case the spacing can exceed X without 
the appearance of extraneous major lobes. Illustrative of such a direc
tive device is a horn fed by a slot; an array of this type is shown sche
matically in Fig. 945. 

A procedure that suggests itself immediately is to shorten the guide 
wavelength to a value below the allowed spacing limit. The methods that 
have been used to do this are described here because they have been gener
ally unsatisfactory. The simplest technique is to fill the guide with 
dielectric and thus reduce the guide wavelength. However, the use of 
dielectrics gives rise to a number of problems: the loss, particularly in long 
arrays, results in diminution of the gain; it is difficult to maintain proper 
contact between the guide walls and the dielectric, with the result that 
electrical breakdown tends to occur and with it reduction in the power-
handling capacity of the array; and also of no small significance is the 
increase in the weight of the antenna. Another method that has been 
tried is that of using a corrugated line. With coaxial line the inner 
conductor is corrugated as shown in Fig. 9'4(ia, while with rectangular 
guide one of the broad faces is replaced by a corrugated wall as shown in 
Fig. 9-466. The systems can be thought of as a transmission line loaded 
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periodically with reactances. The wavelength in the loaded line1 has been 
found to be given approximately for coaxial line by 

In 
1 + © 
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x' x' ~ 
r3 « 1 

*h(s) 

F I G . 9-46.—Corrugated lines for shortening X :̂ (a) coaxial line; (b) waveguide. 

and for rectangular guide by 

1 

where \x is a solution of 

A + \ X„ X„ 
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These lines have proved impractical for the same general reasons as the 
dielectric-filled line: There is a significant increase in weight and great 
reduction in power-handling capacity, and in addition the corrugated 
sections are difficult to manufacture. Some of the difficulties, however, 
are due to the high percentage reduction in wavelength that is being 

1 H. Goldstein, "The Theory of Corrugated Transmission Lines and Waveguides," 
RL Report No. 494, Apr. 3, 1944. 
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effected. The corrugated line has been used with more success in other 
antenna designs where only a small wavelength reduction was attempted. 

The most successful technique that has been developed is in the design 
of radiators whose phase can be shifted 180° by simple structural 
changes; the elements can then be spaced at intervals of X„/2 and brought 
into phase by the structural phase reversal. Since the guide wavelength 
is generally in the range X 5j X„ ĵ 1.5X, this spacing is acceptable. The 
procedure is also satisfactory from the point of view of the loaded-line 
analysis. If the elements are pure series or shunt elements, the propaga
tion constant is unaffected by the loading and a uniformly illuminated 
array results. The phase reversal does not alter the impedance presented 
by the radiator to the line. A brief summary of the phase-reversal tech
niques for the various types of elements discussed previously is given 
below: 

1. Slotted dipole, Fig. 9-47a, the dipole is rotated through 180° about 
the coupling probe. 

2. Tridipole radiator, same as for the slotted dipole. 
3. Shunt slots in broad face of rectangular guide, Fig. 9-476, the slots 

are placed on alternate sides of the axis of the guide. 
4. Shunt inclined slots on the narrow face, Fig. 9-47e, the inclination of 

alternate slots is reversed. 
5. Probe-fed slots, coupling probe is placed on opposite sides in alter

nate slots, or the orientation of the probe in the guide is reversed 
(see Figs. 9-23 and 9-24). 

6. Longitudinally polarized waveguide radiator, the length of alternate 
slots differs by X'„/2. 

7. Transversely polarized waveguide radiator, elements are staggered 
with respect to the guide axis just like the shunt slots in Fig. 9-476. 

9-20. Resonant Arrays.—Broadside arrays can be divided into two 
general classes: resonant and nonresonant arrays. The resonant type 
yields an accurately normal beam and is well matched at the design fre
quency; the impedance match, however, deteriorates rapidly with depar
ture from the design frequency, and the array can be used only over a 
very narrow frequency band. An array of this type consists of a number 
of single series or shunt elements, spaced a guide half-wavelength apart 
on waveguide or coaxial line, with successive elements mechanically 
reversed in their feeding to give the phase reversal discussed in the 
preceding section. The resonant array is uniformly illuminated, since, 
as Eqs. (66) and (67) show, there is no attenuation in a line loaded with 
half-wavelength-spaced single series or shunt elements. The fact that 
uniform illumination is produced has been verified experimentally by 
measurements of the radiation directly in front of the array with a small 
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exploring horn. Furthermore, the secondary patterns of these arrays 
are in agreement with the patterns of an array of uniformly excited ele
ments. The uniform illumination is an advantageous feature where the 

F I G . Q.-47.—Phase-reversal technique: (a) phase reversal of dipoles; (6) phase reversal 
of longitudinal slots in the broad face of rectangular waveguide; (c) phase reversal of inclined 
slots in the narrow face of rectangular waveguide. 

prime requirement is high gain; on the other hand the array is unsatis
factory when side lobes are the major consideration, since the first side 
lobe is over 4 per cent of the peak intensity. 

The impedance match of the array is obtained by choosing the imped
ances of the elements properly and by adjusting a short-circuiting plunger 
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at the end of the array. The short-circuit termination is a characteristic 
feature of broadside arrays; the reflected wave causes no difficulties such 
as would arise in end-fire arrays; for since the elements are half wave
lengths apart, the radiation pattern due to the reflected wave is again a 
normal beam. The well-matched condition on the design frequency and 
the narrow bandwidth property of the array will be discussed for n series 
elements; the argument, phrased in terms of admittances, is similar for 
shunt elements. We assume that the impedance of each element has 
been adjusted to Zo/n, where Z0 is the characteristic impedance of the 
line. The line is terminated in a short circuit at a distance X0/2 from the 
last element. Since the spacing is X„/2, the entire array is equivalent 
to n elements in series. The input impedance is therefore n(Z0/n) = Z0', 
that is, the array is matched. 

When the exciting frequency is not the design frequency, the elements 
are no longer exactly a half wavelength apart. Then the impedances 
do not add up to Z0, and the array is not matched. The mismatch for 
frequencies off resonance cannot be calculated unless the frequency varia
tion of the impedances of the elements is known. Their variation can often 
be neglected over the bands in which one is interested. A simple 
graphical analysis can then be carried out on an impedance chart. Let 
us take for example a 10-element X„/2-spaced array of series elements, 
each of resistance 0.1 Z0, and plot on an impedance chart, starting from 
the terminal short circuit, the input impedance seen looking to the right 
from a point just to the left of each successive element. At the design 
frequency these points fall along the R/Z0-axis as indicated on the line 5 
in Fig. 9-48. 

Suppose, for example, that the wavelength decreases by 1 per cent. 
The spacing between elements is now greater than \/2. The short 
circuit now presents a small positive reactance in series with the tenth 
element. As one proceeds from element 10 to 9, the path traversed is 
greater than \„/2 so that the reactive component increases more than for 
the resonant wavelength. With each transformation to the next element 
there is an increase in reactive component due to the excess of the path 
over X0/2, with the result that the input impedance to the array as a whole 
has an appreciable reactive element. The transformation is shown as 
line S' in Fig. 948. The frequency sensitivity is evidently greater the 
longer the line. Common practice has been to limit the length of the 
array to 15 wavelengths, because longer arrays have been found to be 
too frequency-sensitive. 

There are additional frequency-sensitive characteristics that should 
be noted. (1) Because the spacing is no longer equal to X„/2 for fre
quencies off resonance, attenuation sets in [of. Eq. (67)] and the array is 
not uniformly illuminated. (2) The beam is no longer accurately normal 
to the arrav. These effects are generally less important than the imped-
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ance sensitivity because they are relatively insignificant for the narrow 
band over which the impedance match is acceptable. 

F I G . 9-48.— Input impedance of 10-element resonant array. 

a matching transformer must be used. 'However, the combination of 
overloaded elements and transformer will generally have a broader band 
than the array matched by itself. The theory is best shown by example. 
Let us take again a 10-element X0/2-spaced array with series elements. 
Suppose now that the resistances of the elements are 0.2Z0 and, for 
definiteness, that the array is matched by a tuning screw. As before, 
the line 10, 9, 8, . . . in Fig. 9-49 represents the input impedances to 
successive elements for the frequency at which the spacing is A5/2, and 
1 represents the input impedance to the array as a whole. 

The array is matched at the design frequency by traveling clockwise 
on a constant VSWR circle to point P on the unity R/Z0 line and by 
inserting a tuning screw there to transform to the point Q where Z = Z0. 
If the wavelength is again assumed to decrease by 1 per cent, the imped
ance to the array is given by 1'. This is quite close to point 1. If this 
impedance is transformed to the screw, it falls on the point P' and 
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the input impedance to the array is then Q', which is quite close to Z0. 
Thus the array is still fairly well matched. In practice this method is 
quite successful, sometimes to the extent of doubli/ig or tripling the 
bandwidth. 

FIG. 9-49.—Input impedance of overloaded resonant array. 

As an example of the performance of resonant arrays one antenna of 
this type will be discussed in detail.1 Figure 9-50 shows an axially sym
metrical array for transverse polarization designed for the 3-cm band. 

F I G . 9-50.—An axially symmetrical array for transverse polarization. 

The elements consist of the axially symmetrical units of slot radiators 
shown in Fig. 9-30. The line is a circular waveguide having an outer 
diameter of 1 | in. and supporting the TM01-mode. It is fed by the con
verter shown in Fig. 9-33. The distance from slot to slot along the axis 
of the guide is X„/2. Phase reversal of the slots is achieved by putting 

1 H. ,1. Riblet, "Hor izonta l ly Polarized Non-directional An tennas , " R L Repor t 
Mo. 489, Apr. 22, 1944. 
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F I G . 9-51.—Frequency sensitivity of axially symmetrical transversely polarized array. 
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Flu. 9-52.—Meridional patterns of an axially symmetrical transversely polarized array 
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Receiving 
antenna 

the exciting screws on one side of a given slot and on the opposite side 
of the next slot. Between each bay of slots there is shown another set 
of screws. I t was found that an array without these screws was exces
sively frequency-sensitive. The screws partially cancel the reflected 
waves from each bay of slots and hence increase the bandwidth of the 
array. The input VSWR to this 
array is shown in Figs. 9-51 and 
9-52 shows the meridional pattern. 
The beam width is about 4.5°; the 
theoretical width calculated from 
Eq. (14) with s = .870X is 4.9°. 
The first side lobes are about 4^ per 
cent, a value expected for uniform 
illumination. The asymmetry in the 
pattern is due to spurious reflections 
from objects surrounding the pat
tern-measuring equipment. 

9-21. Beacon Antenna Systems. 
In beacon systems the responder 
(receiver) and transponder (trans
mitter) are ordinarily on two differ
ent frequencies. This necessitates 
two different antennas, one for trans
mitting and one for receiving. 
These two antennas must be so 
arranged that there is no "cross
ta lk" between them; i.e., very little 
energy from the transmitter is pick
ed up directly by the receiver. 
Actually a little is always picked 
up, but in satisfactory antennas it 
is at least 40 db down. 

The ordinary way of arranging a transmitter and receiver is to place 
one directly above and on the same axis as the other. The major prob
lem is then to feed the upper antenna. This has been solved in two 
different ways. First, an external feed line can be used. Such an arrange
ment is shown in Fig. 953 . The transmitter and receiver of this beacon 
antenna are resonant arrays of slot-type axially symmetrical radiators. 
The external feed naturally has an effect on the azimuth pattern of the 
bottom antenna. This effect is relatively small and not intolerable. 
It usually takes the form of superimposing a series of sharp maxima and 
minima on the ordinary azimuth pattern. 

For some uses, particularly for airborne beacons, an external feed is 
so bulky and clumsy that an alternative design is used. It is applicable 

F I G . 9-53.-

Waveguide 

-Beacon antenna with an exter
nal feed line. 
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only when the antennas are built on coaxial line. In this design the 
inner conductor for the bottom antenna is made hollow and another 
conductor runs inside it, forming a coaxial feed line for the upper antenna. 
This " inner" inner conductor is then tapered to normal size as it enters 
the upper antenna. 

Such double antenna systems have been built at both 3 and 10 cm, 
and almost all the coaxially-fed axially symmetrical radiators previously 
discussed have been used. Figure 9-54 shows such an antenna for 3 

FIG. 9-54.—Double antenna system, X = 3 cm. 
cm.1 The elements are axially symmetrical radiators consisting of slots 
on a coaxial line having a 1 in. OD. The rectangular waveguides, A and 
B feed the coaxial lines for the top and bottom antennas respectively. 
C is the hollow tube that serves as inner conductor for the bottom antenna 
and as the outer conductor for the coaxial line feeding the upper antenna. 
D is the inner conductor of the latter coaxial line. E is a tapered section 
of coaxial line. 

9-22. Nonresonant Arrays.—The nonresonant broadside array may 
consist of a number of elements spaced a little more or a little less than 
A„/2 apart. Consequently the beam is not normal to the array but at an 
angle given by Eq. (23). This may be a disadvantage in some applica
tions. The advantage of this type of array is that its impedance match 
is generally good. Because the elements are not A„/2 apart, reflections 
from later elements tend to cancel reflections from earlier ones so that the 
array remains matched over a much wider band than the resonant array 
of the same length. 

Although the nonresonant array eliminates the matching problem 
inherent in the resonant array, it presents an illumination problem that 
the resonant array does not have. The elements of the nonresonant 
array are not equally excited as in the resonant array; less power reaches 
the later elements; and if the elements are all alike, an exponential illu
mination results. Such illumination is undesirable because it reduces 

1 L. J. Eyges, "Omnidirectional Antennas for BUPX," RL Report No. 996, Jan. 17, 
1946. 
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the gain. There are a number of ways to control the illumination and in 
particular to make the last elements radiate as much as the first. One 
method is to vary the elements themselves so that the first elements take 
out small fractions of the power incident on them while the later ele
ments couple out larger and larger fractions. Thus if the elements are 
dipoles, successive dipoles can have deeper probes; if they are inclined 
slots on the narrow side of the guide, the inclination can be increased 
with distance along the array. Another useful and advantageous 
method permits the elements to be all identical. This consists in taper-

Fia. 9-55.—Transversely polarized array of waveguide radiators. 

ing the guide in its narrow dimension so that it is smaller toward the end 
of the array. If there were no radiating elements, this would mean that 
the energy density would become larger toward the end of the array 
because a given amount of energy would be flowing through a smaller and 
smaller area. When there are radiating elements, the taper can be made 
to compensate for the loss of energy, thus maintaining a constant energy 
density in the guide. 

In such an array there must be no appreciable wave reflected from 
the end. If the original wave radiates a beam at an angle 8 to the normal, 
the reflected wave will radiate an undesirable lobe at an angle — 0. To 
avoid this lobe the array is usually terminated in a matched load. This 
may be a dissipative load, and ordinarily arrays are designed so that about 
5 per cent of the total power gets beyond the last element and is dissi
pated as heat. To avoid this waste of power, a matched load can be 
made of one of the radiators backed by a short circuit and matched with 
an iris. With this on the end of the array there is no reflected wave and 
all the energy is radiated. 

Shown in Fig. 9-55 is a section of a nonresonant array, built for the 
1-cm region. The elements are the transversely polarized waveguide 
radiators shown in Fig. 9256. The wall of the guide in which they are 
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cut is a quarter wavelength thick. The elements are spaced nearly -£ 

apart; and for phase reversal, alternate elements are staggered with 
respect to the center line. The whole array feeds into parallel plates that 
flare out to the proper size for beam shaping in the other plane. The 
guide is tapered for uniform illumination. The coupling formula for the 
fraction of incident power abstracted by each element1 is 

<NX\ 

b i 
1 _̂ _ JJ 
1^ 

— J — 

^ N > ^ 

^ 

^ 

— 6 — 

S$§§ ̂
 

8 
1 $^M 

a 

F I G . 9-56.—Geometrical parameters in Eq. (70). 
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where P/P0 is the average fraction of power abstracted per radiator and 
X„, X„, and X0 are respectively the guide wavelengths in the main guide, 
the branching guide, and the parallel plates. The geometrical parameters 
are denned in Fig. 9-56. The physical length I of the branching guides 
must be chosen so that its effective electrical length is X^/4. An approxi
mate formula for I is 

-*-?(' + "£} 
Equation (70) has not been checked directly, but arrays based on it 
have been built, and their performance was almost that expected. 

Another type of nonresonant array has been designed that has a 
normal or closely normal beam, like the resonant array, but is much more 
broadband in impedance. Like the resonant array it has its element 
spaced at half-wavelength intervals. In order that the array be matched, 

1 For a derivation of this formula see W. Sichak and E. M. Purcell, "Cosec2 

Antennas with a Line Source and Shaped Cylindrical Reflector," RL Report No. 624, 
Nov. 3, 1944, pp. 7-13. 
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each element is matched to the guide; i.e., it is nonreflecting when termi
nated in the characteristic impedance of the guide. 

There are a number of different ways to realize such a matched ele
ment. One obvious method is to match each element individually by a 
tuning screw or iris in front of it. This is always theoretically possible, 
but in practice it may be difficult; because the transmission-line equations 
are not valid close to the radiating elements, it is not always easy to find the 
proper size and position of the iris or screw to match the elements. This 
difficulty is avoided by the use of inclined displaced slots. It is possible 
to choose the length, displacement, and inclination of these slots so that 
they present an input conductance of unity, shunted by a susceptance. 

-0.615H 

F I G . 9-57.—Section of nonresonant array with spacing (X0/2) (X = 1.25 cm). 

A tuning screw placed at the center of the slot will match it. Another 
type of element that is matched without tuning screws or irises has been 
built for the 1-cm band. I t combines features of the waveguide radiators 
and inclined displaced slots in that it consists of asymmetrical inclined 
slots cut through the quarter-wavelength thickness of the broad wall of 
the waveguide. Successive slots are set on opposite sides of the center 
of the guide, and succeeding slots run together. The exact dimensions 
of these slots had to be determined experimentally. Figure 9-57 shows 
a sketch of these slots.1 

It is obvious that an element which has an input impedance of Z0 
when terminated in Z0 cannot be either a simple series or a simple shunt 
element; it must be represented by some T- or II-network. Thus the 
waveguide is equivalent to a line loaded with T- or Il-networks, and (see 
Sec. 9-17) there is attenuation in such a line. For uniform illumination 
some device must be used to enable the later elements to abstract as 
much power as the first. This can be done by increasing the coupling 
of later elements or by tapering the guide. 

9-23. Broadband Systems with Normal Beams.—The various arrays 
we have discussed thus far have one feature in common: The direction of 
the beam is a function of frequency. Whether the beam is normal for 
the design frequency as in the resonant and second type of nonresonant 
arrays or is not normal as in the first type of nonresonant array, the beam 

1 J . Steinbergcr and F.. Ii . Ohisholm, "L inea r Ar ray , " R L Repor t No. 771, Jan 31, 
1946. 
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angle shifts when the frequency changes. This feature is disadvantageous 
for many applications. This section treats systems of arrays that have 
the two properties of constant beam angle and broadband impedance 
match. 

The one feature common to all the array systems discussed in this 
section that causes the beam to remain normal over a band is that they 
are excited in the center. Such a system can be considered as two end-
fed component arrays. These two arrays are arranged so that at the 
design frequency their component patterns add up exactly to give a result
ant normal pattern. When the frequency changes, the beams from the 
individual arrays move in opposite directions; the resultant beam is 
still normal to the array. Of course, the resultant beam broadens some
what and, if the frequency changes excessively, begins to split, but it 
remains normal to the array system. Three different arrays of this type 
have been built; the differences among them lie in the methods of obtain
ing a broadband impedance match. 

One consists of two nonresonant arrays each with a beam at an angle 
8 to the array.1 The two arrays are arranged in a V of angle 180° — 20, 
and the power is applied at the vertex of the V. Generally a parallel-
plate waveguide is placed in front of the array to give a satisfactory pat
tern in the other plane. The impedance properties of such an array are 
very similar to those for a single nonresonant array, and it remains 
matched over a broad frequency band. The main disadvantage of this 
array is that it is not linear. The V-shape and the flaps on the parallel-
plate section make it clumsy and heavy. 

The disadvantages of size and weight are eliminated in the second 
example of broadband array with a normal beam. This array consists 
also of two component arrays excited in the center, but these are of the 
second type of nonresonant array.2 Since the beam of each component 
array is normal to it, the two arrays can be placed in a straight line. 
Thus, the major disadvantage of the clumsiness of the V-shape is over
come, but there is a new disadvantage in that the component arrays are 
more complicated. 

The third example of array, like the other two, consists of two com
ponents excited in the center. In this array, each component is a 
resonant array.3 The broadband impedance match is obtained by dis
placing one array with respect to the other until the reflections from the 
components cancel each other. Such a system is illustrated in Fig. 9-58 
and is made of two arrays, I and II , with identical spacing and phasing; 

1 J. R. Risser et al., "Linear Array for Use in the AN/APS-23 Antenna," RL Report 
No. 973, Mar. 19, 1946, pp. 1-7. 

2 J. Steinberger and E. B. Chisholm, "Linear Array," RL Report No. 771, Jan. 31, 
1946. 

3 Risser et al., op. cil., pp. 7-13. 
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but array I is placed a distance A ahead of the other, and the distance x 
to the first element of array I is different from d, the corresponding 
distance for array II. There are two requirements for a satisfactory 
pattern and a broadband impedance match. First, for complete can
cellation of the reflected waves at any point P in the main guide, the length 
from P to the first element of array I must be X„/4 longer than the cor
responding distance for array I I ; then the reflected waves from the two 

1 tt -m 
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F I G . 9-58.— Schematic of broadband normal-firing resonant array system. 

arrays will be just a half wavelength out of phase and will cancel. The 
condition for this X0/4 path difference is 

x - d + A = -?• 4 (71) 

For a satisfactory radiation pattern there is another condition. The line 
AB must be a line of constant phase. For generality suppose that array 
II feeds into some sort of parallel-plate system in which the wavelength 
X' is not necessarily the free-space wavelength. The condition for equi-
phase along AB is then 

x + A = _rf , A 
Xff Ag X 

A simultaneous solution of Eqs. (71) and (72) is A = X'/4 and 

(72) 

If X' = X„, then x = d. 



CHAPTER 10 

WAVEGUIDE AND HORN FEEDS 
B Y J. R. RISSEH 

10-1. Radiation from Waveguide of Arbitrary Cross Section.—The 
problem of radiation from the open end of a waveguide could be dis
cussed in principle from several points of view. Rigorously, the radiation 
can be considered to arise from the current distribution on the inside 
walls of the guide, which is just the current distribution associated with 
the fields propagated in the interior of the guide, together with the cur
rents flowing from the open end out upon the exterior guide surface. 
Were it not for difficulties in the analysis, this current distribution and the 
radiation field at an external point could be calculated. This has, how
ever, not yet been accomplished. On the other hand, the approximate 
methods of diffraction theory developed in Sees. 5-11 and 5-12 have been 
applied to the problem with some degree of success.l The guide opening 
is presumed to act like a hole or aperture in an infinite screen, the trans
verse fields in the aperture being assumed to be identical with those in a 
parallel cross section inside the guide. The vector Huygens principle is 
applied to obtain the radiation field from the aperture field distribution 
as discussed in Sees. 5-11 and 5-12. 

In all important practical cases the guide allows propagation of only 
one mode, called the dominant mode. Over a cross section inside the 
guide sufficiently far from the aperture, any component of the field is 
the vector sum of the components associated with incident and reflected 
waves of the dominant mode. In the aperture, however, additional 
higher-mode fields exist locally, excited by the discontinuity in the guide. 
It is not possible to determine the details of the higher-mode field distri
bution empirically; they can be obtained only from a rigorous solution of 
the boundary problem. The contribution of the higher-mode fields are 
neglected in the approximate diffraction theory used in this chapter. 
This is one source of inaccuracy in the method. 

The effects of the reflected dominant mode wave can, however, be 
taken into account. They are expressible in terms of a reflection coeffi
cient r which can be determined empirically by standing-wave measure
ments in the guide. The reflection coefficient T is the ratio {Et)T/{Et)i 
of the transverse components of the reflected and inrident electric field 

1 L. J. Chu, "Calculation of the Radiation Properties of Hollow Pipes and Horns," 
Jour. Applied Phys., 11, 603-610 (1940). 

334 
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vectors; it varies in phase but not in magnitude along the guide. When 
extrapolated to the plane of the aperture, T can be interpreted in terms of 
an equivalent circuit admittance ij for the aperture by the relation 

r = ^ ; (i) 
1 + 7 ) 

the admittance -q is normalized to the characteristic wave admittance of 
the guide. The characteristics of -q and T will be discussed later (Sec. 
10-11). It is assumed here that V is a known quantity. The total trans
verse electric field E( of the dominant mode in the aperture is then given 
by 

E, = (1 + r)(E,)„ (2) 

where (E,). is the transverse electric field of the incident dominant-mode 
wave. The transverse magnetic field H, can be obtained from E< using 
Eqs. (7-336) and (733c): 

where 

(H,), = t[i, x (E,)J, 
(H,)r = - / [ i ,X(E,)r] , 

t = — for TE-modes 
CO/J 

(3) 

= — for 2nil/-modes. 

Therefore H, can be written 

H, = t(l - r)[i sx(E«)J 

^ ( r + i ) 1 U E ' ] - (4) 

The relation between the electric and magnetic fields over the aperture 
is thus of the form of Eq. (5-104) with the constant a = t(l — Y)/(\ + T). 
It should be kept in mind that the value of T is not altered by the inser
tion of a matching transformer in the guide because the reflected wave 
still exists in the region between the transformer and the aperture. 

To calculate the radiation field at a point P outside the pipe, we sur
round P by a closed surface containing the aperture. This surface con
sists of the aperture, the exterior surface of the guide and the sphere at 
infinity. The vector Huygens principle is applied to this surface. As 
in other diffraction problems the sphere at infinity contributes nothing. 
Over the exterior surface of the guide the electric field is necessarily normal 
to the surface, and therefore E, is zero. There is, however, a tangential 
component of the magnetic field associated with currents originating at 
the aperture. As in the case of the higher modes in the aperture, inability 
to solve the boundary problem at the end of the waveguide means that 
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these currents are unknown, and H ( is assumed to be zero on the guide 
surface. This is a second source of error in the method. 

The effect of neglecting the higher-mode fields in the aperture and the 
tangential component of the magnetic field on the outside surface of the 
guide depends on the dimensions of the aperture as measured in wave
lengths. It is reasonable to assume that both factors contribute a smaller 
fraction of the total radiation field as the aperture dimensions increase. 
I t is, in fact, the case that the calculated radiation field is in increasingly 
better agreement with experiment as the aperture dimensions increase, 
so that the limitations of the theory are apparent principally for small 
apertures. Unfortunately the dimensions of waveguide actually used are 
fractions of a wavelength. A more rigorous treatment of the problem 
would be desirable. 

By neglecting the higher modes and the current distribution over the 
exterior surface of the waveguide, the problem is reduced to a simple 
aperture problem. The radiation field is calculated by means of Eqs. 

(5-110) and (5-110a). The trans
verse electric field E r appearing in 
the latter is replaced in the pres
ent case by the resultant electric 
field E t of the dominant mode over 
the aperture. The latter, in turn, 
is expressed in terms of the inci
dent electric field by means of Eq. 
(2). 

The c o o r d i n a t e s y s t e m is 
shown in Fig. 10-1. Rectangular 

coordinates (x,y) are used in the aperture, taken to be the plane 2 = 0, 
and spherical coordinates R, 6 and <t> are used to locate the point P. From 
Eqs. (5-11 la) and (5-1116) the components of Ep become 

E„ = 0, 
jke~'kR 

y 
F I G . 10-1.—Coordinate system used in dis

cussing radiation from open waveguide. 

E, 4irft 1 + t O^XO'H (Nx cos 0 + Ny sin <£), 

E* = ' HR I cos e + l 

where N is the vector 

cos 8 + t (-) (Nx sin <j> - Ny cos <t>) 

vector 

N = / E,e'« 

(5) 

k (X sin 9 coH * + y Bin 6 hin * ) ([$ 

= (1 + T) / (E,)ie>'t<I"°9<~*+""°*"»'*>dS. (6) 

10-2. Radiation from Circular Waveguide.—The radiation vector 
N of Eq. (6) can be computed for waveguide of circular cross section using 
the exoression for the transverse field vector of the dominant mode given 
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in Sec. 7-13. In compu t ing N it is convenient t o express (E,);, the 
incident wave field in t he ape r tu re , in rec tangula r componen ts . 

Case 1. TE-wcjves.—In this case t he rec tangula r componen t s of (E(),-

a re 1 

■■ J ~ - n [ . / ^ ( w ) sin (TO - 1 ) * + Jm+1(KmnP) sin (TO + 1)*], 
(7) 

[Jm-l{Hm„p) COS (m, — l)l// — Jm+i(nmnp) COS (TO + l)l/<]. 

Wri t ing x = p cos tp, y = p sin ^, the expressions t o be eva lua ted become 

Arx = 

As, 

jo)p.Kmn(\ + r ) 
2 

jW«m„(i + r) 

/ : 

r 
r Jo 

r 
cikP,inBco,(*-*'[,/■„_!(K„„p) sin (m — l)i/< 

+ Jm+,{Kmnp) sin (TO + \)\p]-pd\p dp; 

e7ke.mBm <*-*)[Jm_1(iCmnp) cos (w— l)iA ' 

- Jm+l^mnP) COS (TO + l)^]Pd\j/dp. 

(8) 

These are eva lua ted wi th t he help of the Bessel-Fourier series 

e ' '> '« ( *- ' ) = JO(XP) + 2 , 2JnJ»(xP) cos n ( 0 - $) 
7 1 - . 1 

a n d the Lommel integral formula 

xjn(ax)J'„(J3x) dx = 

(9) 

~ [ J „ ( a x ) ^ J.OSx) - JnCSl) i Max) dx dx 
(10) 

Using these toge ther wi th t he recurrence re la t ions and recalling t h a t 
J'm(iimna) = 0, t he field componen t s are ob ta ined as follows: 

' J 2R 

* J 2R 

cos e + r ( i - ^pcos e) 
, , N Jm(ka sin 8) . , ..„ 

JmUm«a) -J^--—-n sin m<t> e-'kR, 
sin 6 

\—r C 0 S 0 ) 

Jm(Kmna)J'm(ha sin d) 
_ /k sin OV 

(11) 

cos m<t>e ik 

1 The following recurrence relations are needed for this section: 

J'„(z) =™Jm(z) - Jm+l(z) = \ [Jm-i{z) - J„+i(z)] 

= -^Jm(z) + / „ _ , ( z ) , 

7J„(z) ~-2[Jm+t(z) +Jm.1(z)}. 
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Case 2. TM-waves.—Following the same procedure as above, the 
integrals to be evaluated are found to be the same. Specifically the 
integrals in the two cases are related as follows: 

(NZ)T„ = - £ = {Ny)TE; 

{NV)TM = P—(Ny)TE. 

It will be recalled that the characteristic values of «„„ for TM-waves are 
obtained from the roots of / „ («„« ) = 0. On evaluating the field com
ponents, it is found that due to this condition, E^, is zero and there is but 
one component: 

7T *m_l_1 h(llCmn + cos 6 + r \^Y ~ cos B) 
Jm(ka sin 8)J'm(nmna) 

1 
/ V 

~~ \k sin BJ 

jkR (13) 

The Y'-En-mode which has the lowest cutoff frequency is the one most 
commonly used in circular-guide antenna feeds. The remainder of the 
discussion will be confined to this mode. On setting m = 1 into Eq. (7) 
it can be seen that the electric field over the aperture is symmetrical with 
respect to the 2/2-plane, which is thus the /?-plane of the system. Figure 
10-2 taken from Chu's paper shows the calculated E- and //-plane pat
terns as a function of aperture. The effect of the reflected wave in the 
pipe on the aperture distribution has been neglected1 (i.e., r has been set 
equal to zero) in computing these patterns. Figure 10-3 shows a com
parison between an observed pattern and the corresponding theoretical 
pattern. The agreement is quite good considering the factors neglected 
in the theory. 

There are various measures of the sharpness of the beam. One cri
terion that has been used in the literature is the angle from zero to zero 
including the main beam. In the //-plane (<p = x/2), EB is zero when 
ka sin 8 = 3.83. The beam angles in the E- and //-planes are then 

/3.83X\ 
\ 27TO / ' 

/5.33X\ 
\ 2wa ) ' 

j}E = 2 s i n 
(14) 

#H = 2 sin"1 

The beam is thus sharper in the £"-plane than in the //-plane. Equation 
(14) is, of course, meaningless for the Z?-plane when 2o/X < 1.22 and for 

1 This is a good approximation for circular guide. For s tandard Radiat ion Labora
tory waveguide (2a = 0.75X) T is found to be small. 
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the F-plane when 2a/\ < 1.7. From a practical standpoint, more useful 
measures of the beam sharpness are the full angular widths between half-
power points and tenth-power points. For values of X/a < 1, the half-
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(6) 
F I G . 10-3.—Theoretical and observed radiation patterns from waveguide of circular cross 

section; ~h = 3.2 cm. (a) E-plane; (b) ff-plane. 

power and tenth-power widths in the principal planes are given in degrees 
by 

0 B = 14.7° - ; a e„ = 18.6°-; 

*»(*) ) -^H- »'(w) = ™°Z 
(15) 

Another characteristic of interest is the gain relative to an isotropic 
source. I t is given by 

where P , is the total power radiated and P(0,0) is the maximum power 
radiated per unit solid angle, which is in the direction 8 = <f> = 0. This 
power is 

P(0,0) = ^ (£f fcVcoV 1 + I + T (l - 0 | 2 J?(«„o). (16) 
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To find the total power radiated, the Poynting vector ^ Re (E( x H,*) is 
integrated over the aperture. This is evaluated as follows: 

P , = ^ ■jP^- j l f*\\Ex\* + \E¥\*)pd+dP; 2OJ^ 

inserting the values of Ex and Ev from Eq. (7), we have for the 77?ii-mode, 

_gu,M«f1(l - \T\2) f" P ' . , „ . , 
P< - g / I MOUHP) + J2U11P) 

— 2J0{K-I\P)JI(KUP) cos 2<p]p dip dp 
_Tfr?lMM(i - [r|') f" 

4 / MO(KHP) + Jl(KnP)lpdp. 

The last integral is evaluated by means of a Lommel formula1 resulting in 

p - *-/3«Jia;W(i - |r |2) 
-f< = g [Jt{Kna) + Jf(KnO) + J | (KIIO) 

— Ji(Kud)J3(Kna)]. 

Making use of the recurrence relations and the boundary condition 
i/Kino) = 0, we obtain finally 

P i = *fiMi- i m {KW __ l)Jl{Knay (17) 

The gain is, therefore, 

0-i) G = 
i + ^ + rl 
4.775/3(1 - jr|2) (18) 

where the value of KUa = 1.841 has been inserted. For the region far 
enough away from cutoff, T « 0, 0/k « 1, the gain is approximately 

G ^ 1 0 . 5 ( a r e a o f
x

a
2 P e r t u r e ) . (19) 

10-3. Radiation from Rectangular Guide.2—The tangential field com
ponents of the dominant mode in the aperture of rectangular guide are 
obtained from Eq. (7-74) or (7-79) by placing 2 equal to zero. Then, 
in the same manner as for circular guide, the radiation vector N is calcu
lated from Eq. (6). 

1 G. N. Watson, Bessel Functions, 2d ed., Macmillan, New York, 1945, p. 135, 
Eq. (11). 

' L . J. Chu, Jmtr. Applied Phijx., 11, 603-610 (1940). 
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N: 

Case 1. TE-modes.—The components Nx and Ny are 
. niro)^(l + r ) 

•b 
Jo C0SW) eikx 5in 0 „„ + fix 

[b n-mEM ,&*>•*.* dv - wV2c/x(l + r)fc sin 0 cos <*> 
Jo b V ~ «Lb2 

tf, = - J 

X 

m7rooji(l + r ) 

1 f,?(ha sin tf cos ( H ^ T ) 

A2 sin2 5 cos2 tp r 

/.'»(?) 

/ ° . (mirx\ 
i o S m W 

^ g? (A6 sin 9 sin <>+»*■) 

A2 sin2 5 sin2 <£ rv 

ijky sin & sio ^ /7?» ^ dy 

gjfcx sin 9 cos ^ y^T* 

mWun(l + T)fc sin 0 sin <j> 

^ gj'(fco sin 8 cos ^ + m i r ) 

77i27T2 

A2 sin2 0 cos2 <6 5-
o2 

J-2 n 2 

^ — gj (fcb sin 9 sio * + » i r ) 

fc2 sin2 8 sin2 <£ rs 

The electric-field components of the radiation field are then 

„ //iY* (rob)2 sin fll".. , /3„„ . , _, / , j3„„ \ 

^ " G J 
f ~ sin 0 j - ( y cos <j> J *™,(e,</>), 

v4 (irab)2 sin 0 sin 0 cos <t> 
2\SR ' 

[cos 6 + 2jp + r (cos 0 - ^ - n j l *M(f l ,*) , 

sin I - ^ sin 5 cos 4> + 0 
/Va . V (mw\2 

\Ysin^C0S*J -^TJ 
—j 

(i sin I — sin 6 sin 4> + 
"2"/ 

A?sind sin*) ~ ( T ) . 

(20) 

fcft — ^ s i n fi(aco8 <£ + &s in 0) — ( m + n + l W / 

Cose 2. TM-modes.—The components Nx and Ny are related to those 
of the jTfi-modes by 

(NX)TM = - ^ " " ( # . ) „ , 
nafia 

(JV.)rjf = (#,) 

As in the case of the TM-modes in a circular guide, the radiation field is 
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found to have only one component: 

mn0mnir3ab . 
l + — cos e 

+ r l (X " £ c o s 9). *m„(0,0), (21) 

while Z?̂ , = 0. 
The T-E-mode, m = 1, n = 0, is of special interest. In this case the 

radiation field reduces to 

-0' ira-h 
2A*7r 

0 i 

(Tra . \ 

— sin 9 cos 0 I 

(rsin e cos *)" " @ 
A J Y * 7ra25 I" 

= - t J 2X^ COS * L 
(T8 . „ \ 

— sin 0 cos 0 I 

2 ^ cos 0 cos 0 + -j- + I 

(x s i n e c o s *)"-©" 

> + r ( i - * - % « , , ) ' 

/ ^ ■ „ • M 
n i — sm 8 sin 0 I 7^, . „ . \ ~ I — sin 8 sin 0 I 

— j \ kR — - s i n 0(a cos 0 + b sin <£) 
e L x J 

. (■Kb . n . \ 
sin I — sm 6 sm 0 I 

(22) 

irb 

— j \ kR — - sin 6(a cos 0 -fbsin <p) 

where KIO has been replaced by w/a. Tlie phase factor 

kR 6)" 8 (a cos 0 + 6 sin 0) 

can be simplified. It will be recalled that in deriving the field expressions 
the origin was taken at a corner of the guide. It is easily found that if 
the origin is shifted to the center of the aperture, the phase factor trans
forms into kR, R now being measured from the new origin. In the case 
of large apertures V ~ 0, so that the space factor is, therefore, real and 
the guide is a directive point-source feed, the center of feed being the 
center of the aperture. In small apertures where T is complex, there is no 
exact center of feed; the guide is only approximately a point source from 
the point of view of the equiphase surfaces of the radiation pattern. 

The electric field over the aperture is polarized in the F-direction 
so that the ;/z-plane is the A'-plane of the system while the re-plane is 
the //-plane. The patterns in these two principal planes are 
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a. E-plane, <t> = w/2 

+ r (1 - 0-f oo. »)] ""U "°V „ . 

b. //-plane, 0 = 0 

- 0 ) 

sin I 
' e-'*B. (23a) 

— sin a 
A 

cos 6 + -r-

T s m f lJ + r (cos e - £ ) ; - ; , e - . (23b) 

It is observed that the predominant factors in the patterns 

. (irb . \ /rb . . , (ra . \ iXUa . A2 TTH 
sin I — s i n 0 1 / -r- sin 6 and cos (—sin 0 1 / I—sin 0 1 — - j 

are determined by the dimensions of the apertures in the respective planes. 
It will be further observed that the .E-plane pattern is essentially the pat
tern due to uniformly illuminated slit of width b. The pattern in the 
H plane is essentially that due to a slit of width a over which the illumina
tion is distributed sinusoidally as it is across the guide in the ^-direction. 
This is illustrative of a fairly general characteristic that the patterns in 
the two principal planes are independent and are determined by the 
aperture dimension and the distribution of illumination across the aper
ture in the respective planes. The angular distances between the first 
zeros on either side of the peak are given by 

t?E = 2 sin - 1 r' I 

3X ( 2 4 ) 

Figure 10-4 is a plot of Z?-plane and //-plane patterns of 3.2-cm wave
guide calculated from Eqs. (23a) and (23b), together with experimentally 
observed values. Since the guide dimensions are appreciably smaller 
than a wavelength (a/X = 0.71; b/\ = 0.32), agreement would not be 
expected to be particularly good in view of the approximations in the 
theory. Better agreement would be expected with larger aperture 
dimensions, although from a practical standpoint limitations on size of 
aperture are imposed by the necessity of suppressing higher modes. 
The predictions of Eqs. (23a) and (23b) for large apertures are, hewever, 
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of interest as a convenient means of predicting the radiation patterns of 
sectoral horns, with small flare angles. Figure 10-5 is a graph of the 
3- and 10-db-widths of the E- and .H-plane patterns as a function of the 
respective aperture dimensions. In computing the latter, T was taken 
equal to zero. 
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FIG. 10-5.—Relation between the aperture dimension and the 3-db and 10-db widths of the 
radiation pattern of rectangular waveguide; i?-plane; H-plane. 

Finally the gain relative to an isotropic point source can be-calculated. 
The power radiated per unit solid angle in the peak direction, 8 = <j> = 0, 
is 

/ \M /^>>i\2 I 
3l0 P(0,0) <0"&y I1 + T + r 0-T) 

The total power radiated is obtained as in the case of circular guide by 
integrating the Poynting vector -£ Re (E( x Hf) over the aperture. This 
integration is easy to carry through in the present case. We obtain 

(1 - |r[>Ma36,3io Pt = 
4TT2 

(25) 
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The gain is, therefore, 

4„^h 
pt TT(I - |r|')/Sio 

T + r 0-T) =f (26) 

For large apertures, 0/k ~ 1, T « 0, the gain is approximately 

(7 ~ 10 2 ^ a r e a o f t n c aperture\ . _ 

10-4. Waveguide Antenna Feeds.—Waveguide can be used satis
factorily as an antenna feed, but only for very restricted applications. 
It will be shown in a later chapter that the power radiated by the feed 
should be down approximately 10 db in the direction of the reflector 
edge (c/. Chap. 12). This requirement determines the reflector shape 
that can be used efficiently with waveguide feeds. For rectangular wave
guide with 6/X = 0.32 and a/X = 0.71, the reflector aperture should 
subtend an angle at the feed of approximately 180° in the electric plane 
and 120° in the magnetic plane (see Fig. 10-4). For circular waveguide 
with 2a/X = 0.75, these angles should be approximately 150° for the 
electric plane and 140° for the magnetic plane. While these figures are 
necessarily approximate because the 10-db specification has some arbi
trariness, reflectors of markedly different shape cannot be used without 
sacrifice in gain or side lobes. In general, the reflector dimensions are 
determined by the application, and the feed aperture dimensions must be 
selected accordingly. Flaring the terminal region of the guide to form 
a simple rectangular or conical horn and placing beam-shaping obstacles 
in the aperture of the feed constitute the usual solutions to the problem. 

Circular waveguide has found a more restricted application than rec
tangular guide as an antenna feed; in fact its use has been confined to 
conically scanning antennas. Since long lengths of circular guide are 
found unsatisfactory, a circular-guide feed is generally excited from rec
tangular guide through an intermediate tapered section. The feature 
of circular guide that makes it suitable for conically scanning antennas is 
that the terminal section can be rotated without distortion of the mode 
of propagation or rotation of the polarization of the radiated beam. If 
a circular-guide feed is placed a small distance from the axis of a para-
boloidal reflector and is rotated about this axis, the peak of the beam from 
the paraboloid will describe a cone whose axis coincides with the para
boloid axis. The direction of polarization remains fixed in the course of 
the rotation. The greatest care must be taken not to deform the guide 
in bending, because deformations act as transformers converting plane to 
elliptical polarization. 

A number of structures have been developed to enable waveguide to 
be used in rear feed systems. A "rear feed" is one that enters the para
boloid at or near the vertex from behind and provides a means of deflect-
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ing the direction of propagation of the radiation so as to illuminate the 
paraboloid. With circular guide this is done by a reflecting disk (Fig. 

10-6). However, a study of the 

<f 

KIG. 10-0.- -Circular waveguide and re
flecting disk showing position of ring source 
of radiation. 

Ring source of rad.at.on equiphase surfaces shows that 
such a feed does not have a point 
center of feed but behaves rather 
like a ring source. I t is, there
fore, not suited for use with a re
flector having a point focus. 

In the case of rectangular 
guide, a rear feed system can be 
obtained by making a U-shaped 
bend in the guide; this is feasible 
at short wavelengths where bend
ing the guide is mechanically feas
ible and the added weight and feed 
shadow are not important factors. 
When a more compact rear feed on 
rectangular guide was needed, 

modifications such as the two- and four-dipole feeds (Sees. 8-10 and 8-11) 
or the double-slot feed were been used. The latter feed will be described 
in the next section. 

10-5. The Double-slot Feed.— 
One form of this type of feed is 
shown in Fig. 10-7. Essentially 
the waveguide splits into two 
waveguide-like branches which 
turn back and have their open 
ends directed toward the parabo
loid- One opening is above and 
the other is below the input wave
guide, which is tapered to less than 
normal height to decrease the 
separation of the slots and con
sequently the directivity of the 
feed in the electric plane. As 
shown in the figure, the two 
branch paths are contained in a 
compact cylindrical head designed 
for ease of manufacture. Each 
branch consists of half the cylindrical cavity C and the waveguide-like slot 
S. The slots are pressurized by mica windows. The dimensions of the 
feed were worked out empirically to obtain good match and pattern over a 
6 per cent band (AA/Xo = ± 3 per cent) centered at 3.2 cm. Over this 

^ 

pJJ 

'"A 

Section A A 
F I G . 10-7.—A double-slot feed. 
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band the VSWR is less than 1.3. The pattern is somewhat narrower in 
the electric plane than in the magnetic plane. This feed is useful where 
a compact straight rear feed is needed. 

10-6. Electromagnetic Horns.—It appears at first sight that a radia
tion pattern of any desired directivity can be obtained from a waveguide 
by a suitable choice of its dimensions. However, if the dimensions are 
sufficiently large to allow free propagation of more than one mode, the 
serious problem of controlling the modes arises. It is difficult to excite 
a large-sized waveguide so that only a single mode is generated; if several 
modes are present, their relative phases at the aperture and hence the 
resultant field over the latter are a function of the length of the guide. 
The required large aperture with a single-mode-field excitation can be 
achieved by a gradual transition produced by flaring the terminal section 
of the waveguide to form an electromagnetic horn. Of course, a number 
of modes are excited in the throat of the horn at the junction between the 
latter and the waveguide. However, the throat serves as a filter device, 
allowing only a single mode to be propagated freely to the aperture. 
Each mode in the horn can be set into correspondence with a mode in 
the waveguide into which it passes as the flare angle of the horn is reduced 
to zero. The horn will not support free propagation of a particular mode 
until roughly the transverse dimensions of the horn exceed those of a 
waveguide which would support the given mode. Thus, unless the flare 
angle is too large, all but the dominant mode will be attenuated to a 
negligible amplitude in the throat region before free propagation in the 
horn space is possible. 

The discussion in the following sections will be restricted to horns 
that are derived from a rectangular waveguide. Comparatively little is 
known about conical horns1 derived from a circular waveguide, and they 
have found comparatively few applications in microwave antennas. 
Rectangular horns are treated in considerable detail in the literature.2 

The reader is referred to the original papers for a complete treatment of 
the modes in a rectangular horn and the analysis of the filter properties 
of the throat. If the horn is to serve as the terminal antenna element, 
there exist optimum relations between the horn length and flare angle 
for achieving maximum directivity; these relations are given in the sources 
referred to previously. Horns are used in microwave antennas primarily 
as a feed to illuminate a reflector or lens. In this case the important 
design considerations are the impedance characteristics and the efficient 

1 G. O. Southworth and A. P. King, Proc. IRE, 27, 95 (1939); A. P . King, Bell 
Laboratories Record, 18, 247 (1940). 

2 W. L. Barrow and L. .1. ( 'hu, Proc. IRE, 27, 51 (1939); W. L. Barrow and F . D . 
Lewis, Proc. IRE, 27, 41 (1939): L. J. ( 'hu and W. L. Barrow, Trans. AIEE, 68, 333 
(1939). The design data are summarized by F. K. Terman, Radio Engineers' Hand-
Ijook, McGraw-Hill . New- York, 1943, pp. 824-837. 
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Throat 

illumination of the optical system rather than maximum gain from the 
horn. Only the material not readily available in the literature will be 
presented in the following sections, with attention being centered on the 
microwave design problems. 

Various types of horns are illustrated in Fig. 10-8. The horns shown 
in Fig. 10-8o and b are known as sectoral horns; they are flared in one 

plane only. The fields in the sec
toral horns consist of cylindrical 
waves the axes of which coincide with 
the line of intersection of the planes 
containing the flared sides. The 
compound horn (Fig. 10-8c), allows 
variation of both aperture dimen
sions. An alternative procedure to 
that shown in the figure is to flare 
both sides of the horn directly from 
the junction with the waveguide to 
form a quasi-pyramidal structure. 
From the point of view of the im
pedance characteristics the former 
procedure is preferable. 

10-7. Modes in E-plane Sectoral 
Horns.—The sectoral horns to be 
considered first are those in which 
the flare increases the aperture in the 
direction of the electric vector (Fig. 
10-8o). They will be referred to as 
.E-plane sectoral horns. The sec
toral character of the space inside the 
flare and the cylindrical coordinate 
system (x,r,8) appropriate to this 
space can be seen in Fig. 10-9a. 
The x-axis coincides with the line of 

intersection of the planes containing the flared sides; the planes of con
stant x are thus parallel to the unflared sides of the horn. The polar 
coordinates r and d locate points in these planes. The unflared sides of 
the horns are in the planes x = ± a/2. Propagation in the flare is along 
the radius vector, the wavefronts being coaxial cylindrical surfaces of 
constant r. The portion of the flare included between any two of these 
surfaces can be thought of as a length of sectoral guide. In particular, 
the horn flare is a section of sectoral guide whose length is (r2 — rC), 
w-here the surfaces r = n and r = r, locate the " th roa t " and "mou th" 
of the horn respectively. Maxwell's equations for the sectoral guide 
space may be written 

Electric plane throat 

F I G . 10-8.— Horn feed types 
electric plane horn; (h) magnetic 
horn; (c) compound horn. 

: (a) 
plane 
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Fields 

(6) 
F I G . 10 U - -Coordinate svstem and lowest-mode field configuration in sertoral guide. 



352 WAVEGUIDE AND HORN FEEDS [SEC. 10-7 

where t and n are the inductive capacities of the medium filling the sec
toral guide. 

The Dominant-mode Fields.—The waveguide feeding the horn is 
assumed to support free propagation of only the T^io-mode which is then 
the exciting field impressed on the horn. The lowest sectoral guide 
mode, which is the analogue of the TjBio-mode in the uniform guide, will 
predominate, all the other modes being attenuated in the region of the 
throat. This mode is characterized by vanishing of all field components 
except Es, HT, and Hx. Maps of the field lines in the cylindrical wave-
fronts are qualitatively the same as those in the plane wavefronts of the 
uniform guide. The electric lines are arcs normal to the flared sides of 
the guide. The electric field Eg varies sinusoidally in the x-direction, 
vanishing at the parallel walls of the guide. 

To derive expressions for the dominant-mode field components, the 
simplifications ET = Ez = II9 — 0 are introduced into Maxwell's equations 
(28a) to (28/i), which then become 

0, (29a) 

(29b) 

dE, _ 
de 

juitEe = 

juflHr = 

janHx = 

1 d 
r dr 

dHT 

de 
dHT 

dx 
_ dEe 

dx 
1 d 
r dr 

(rllr) + 

dHx 

de 
dHx 

IT 

(rEe) 

dHx 

dx ' 

(29c) 

(29d) 

0. (29e) 

Equations (29c) and (29rf) serve to express Hr and Hx in terms of the 
derivatives of Ee. Substituting the expressions so obtained in Eq. (29fc), 
the following equation is obtained for Ee: 

d2Ee +idEj d*E, 
dr1 r dr dx + W + ("V - 7) E« - °- (3°) 

As was pointed out previously the electric field Eg varies sinusoidally 
along the ^-direction as in the case of the 7TA'i0-mode of the uniform 
guide. We have then 

< " ) Sir), (31; 

where f(r) is a function of r only. The expression for Ee satisfies the 
boundary condition that Es = 0 at x = +a/2. Substituting Eq. (31) 
into Eq. (30), we obtain the following differential equation for/(r) : 

rf2/ L 1 df 
d(0r)2 Prd{&r) 

1 _ _L 
(Pr)\ 

/ = 0, (32) 
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where 
~2TT 

/8 1 = fc1 - - , 

k2 = u2pe. 
X AFW (33) 

Equation (32) is the Bessel equation of order unity in the argument 
(i8r). The solutions to the equation take a number of different forms; 
any linearly independent pair of solutions may be taken to construct the 
general solution. Denoting by Zi(/3r) any solution, we have 

E, = cos \ j \ Z,(/3r), (34a) 

and the corresponding components of the magnetic field are 

tfx=^cos(^)Zo(/3r). (34c) 

In obtaining Hx use is made of the recurrence relation:1 

^ [P-Z.(p)] = p»Z,_!(p). (35) 

The linearly independent solutions to Eq. (32) which are particularly 
suited to the present problem are the Bessel functions of the second kind— 
the Hankel functions H[v(f3r), #i2)(/3r). Z^fSr) in Eqs. (34a) and (346) 
is to be taken as representing either one of the two functions; similarly 
Z0(l3r) denotes either of the Hankel functions Hl

0
l)((3r), H^>(fir) of order 

zero. These solutions represent traveling waves as is evident from the 
asymptotic forms of the functions of order n for large fir: 

■ ^ 0 

I t is seen that the first of these represents a wave traveling in the negative 
r direction, i.e., a wave converging on the cylinder axis r = 0, and the 
second a wave traveling in the direction of increasing r. The solutions 
correspond to em* and e"'fiz in the uniform guide. For large fir the phase 
fronts are spaced radially in the sectoral guide exactly as they are in 
the z-direction in the uniform guide. The amplitude is proportional to 
r~w because the energy density associated with a traveling cylinder wave 

1 G. N. Watson, Bessel Functions, 2d ed., Macmillan, New York, 1945. 
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is proportional to r_1, that is, to the reciprocal of the area of the wave-
front. It will be noted that the wavelength of propagation X„ = 2x//9 
is the same as in the uniform guide. The cutoff condition for the mode 
is the same as that of the T'.Eio-mode in the uniform guide. In fact, the 
cutoff conditions for the r£„0-modes in the horn are all the same as for 
corresponding modes in the uniform guide; this explains the attenuation 
of the higher modes generated at the throat. For small fir values, the 
interpretation of H^ (fir) and H™ (fir) is not so simple because there are 
quadrature terms in the function that represent energy stored in the 
electromagnetic fields. These terms become more important as fir 
becomes smaller. For numerical tables of H^(fir) and H^>(fir) for small 
(fir) the reader is referred to Watson.' 

Having selected the Hankel functions as particular solutions of Eq. 
(32), the general solution for the dominant-mode field components in the 
sectoral guide can be written down as follows: 

E„ = A cos (~J [H™((3r) + aH™(fir)]?"'; (37a) 

Hr = ^ sin (^) [II'? (fir) + *H«>(fir)]e^; (37b) 
00fJ.il \ (1 / 

Hx= +rtA c o s HE5 J [H<t>(fir) + aHV>tfr)]e*", (37c) 

where the constants of integration A and a are in general complex. The 
general field of the dominant mode consists of the incident wave gener
ated at the throat and the wave reflected by the mouth of the horn. The 
magnitude of a is less than unity because it represents the ratio of the 
amplitude of the field components in the reflected and incident waves. 

Higher-mode Fields.—In addition to the dominant-mode fields which 
have been considered in detail, fields of other modes exist locally in the 
sectoral guide. The mouth and throat discontinuities give rise to these 
modes because the boundary conditions at these points cannot be set up 
in terms of dominant-mode fields alone. At the throat the amplitudes 
of the higher-mode fields are small compared with those of the dominant 
mode unless the flare angle 60 is large, and they exist only in the immediate 
neighborhood of r = r± because the sectoral guide dimensions are below 
cutoff. I t will be shown (Sec. 10-11) that £"-plane sectoral guide admit
tances can be calculated from the dominant-mode fields alone without 
appreciable error. At the horn mouth the effect of higher modes is prob
ably not negligible, especially for smal lapertures. The boundary problem 
is a difficult one, and no rigorous solution has been obtained. Experi
mental values of the mouth admittance contain higher-mode contribu
tions but in an unknown proportion. In calculating the radiation field 

J Watson, op. cil., Table I, Appendix. 

http://fJ.il


SEC. 10-8] MODES IN H-I'LANE SECTORAL HUHNS 355 

from sectoral horns neglect of higher-mode fields in the aperture probably 
introduces an appreciable error. 

10-8. Modes in H-plane Sectoral Horns.—A horn will be referred to 
as an //-plane sectoral horn when flaring increases the aperture in a plane 
perpendicular to the electric vector (Fig. 10-86). The sectoral character 
of the space in the flare dictates the choice of cylindrical coordinates 
as in the Z?-plane case. In this case, the coordinates r, 9, and y will be 
used (Fig. 10-96) because the axis of the cylindrical waves in the horn is 
parallel to the y-axis in the uniform guide. The portion of the flare 
between any two surfaces of constant r can be considered as a length of 
//-plane sectoral guide, the flare as a whole being of length (r2 — n ) , 
where r2 and r\ are chosen as shown in Fig. 10-8. Maxwell's equations 
for the //-plane sectoral guide are the same as for the Z7-plane guide 
[Eqs. (28a) to (28h)] except that x is replaced by y. 

The Dominant-mode Fields.—As in the electric-plane case, energy is 
propagated in only one mode because of the dimensions of the //-plane 
sectoral guide at the horn throat and the nature of the excitation by TE10-
mode in the uniform guide. The dominant mode is characterized by 
vanishing of all field components except Ey, IIV, and //«. The cylindrical 
character of the space requires that the wavefronts of this mode be sur
faces of constant r. To satisfy the boundary conditions Ey must vanish 
at the walls 9 = +90. 

The expressions for the dominant-mode field components are derived 
from Maxwell's equations for the //-plane sectoral guide after introducing 
the simplifications Er = Ee = IIV = 0. Substituting y for x in Eqs. 
(28a) to (28/i) and dropping terms involving Er, Ee, and Hy, Maxwell's 
equations for the dominant mode become 

dEy _ dIIT __ dlle _ 
dy dy dy ~ ' 

■ „ U „ , 1 dHr juthy = -— (rile) r—» r dr r d9 
.. 1 3Ey 

Junlle = -T—J dr 
d . , dllg 

(38a) 

(386) 

(38c) 

(38rf) 

(38e) 

Equations (38c) and (38rf) serve to express IIT and //» in terms of the 
derivatives of E„. Substituting the expressions so obtained in Eq. (386), 
the following equation for Ey is obtained: 

d*E„ 1 dE 1 d*E ., 
-d^ + r^7+7>dei+ w"Me/- = °- l 3 9 ) 



356 WAVEGUIDE AND HORN FEEDS [SEC. 10-8 

Since the boundary conditions require that E„ vanish on the walls 
8 = ± 80, E„ is of the form 

Ey = cos p8 F(r) 
where 

P = 2T„ 

(40) 

(41) 

and F(r) is a function of r only. 
equation for F(r) is obtained: 

Substituting in Eq. (39), the following 

d2F + 1- dF 
d(kr)2 kr d(kr) + (kr)* 

F = 0, (42) 

where 

k2 = o!2jue ® 
Equation (42) is the form of Bessel's differential equation whose solu

tions are cylinder functions of order p. The Hankel functions Hflkr) 
and H(^(kr) are chosen as particular solutions of this equation again 
because they represent traveling waves (Sec. 10-7). The general solu
tion for the electric field E„ is therefore 

Ev = A cos p6[Hf{kr) + aH™(kr)]. 

From Eqs. (38c) and (38d) 

p A s i n ^ 
jw/i r p + aH«\kr)], 

He kA_ 
cos pB [Hf'{kr) + a/ /"" (AT)], 

(43a) 

(436) 

(43c) 

where the primes indicate differentiation with respect to kr. 
The solutions for the field components in the //-plane sectoral guide 

[Eqs. (43)] are of the same form as those for the £-plane sectoral guide, 
but they differ in two noteworthy respects. In the //-plane guide the 
order p of the functions depends on flare angle 80. It is high for small flare 
angles and is in general not an integer. Thus, for a flare angle of 20°, 
which is often used in practice, the order is f. In the //-plane guide the 
argument of the Hankel functions is kr(= 2irr/\). From the asymp
totic expressions [Eqs. (36)] it is seen that at large kr the equiphase sur
faces are separated by a free-space wavelength in contrast to the guide 
wavelength of the .E-plane horn. This is reasonable because the //-plane 
flare increases the separation of the walls that determine the guide wave
length in the uniform guide. For small B0 and high-order p, the asymp
totic expressions of the Hankel functions are good approximations only 
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at very large kr, corresponding to the fact that this wall separation 
becomes large only at very large kr. 

Higher-mode Fields.—As in £-plane sectoral guide higher-mode fields 
are necessarily present at throat and mouth discontinuities. The effect 
on impedance and radiation patterns of the higher-mode fields at the 
mouth is not negligible, although it is at present impossible to take them 
into account in sectoral guide theory. 

10-9. Vector Diffraction Theory Applied to Sectoral Horns.—The 
same considerations discussed in connection with radiation from open 
waveguide (Sees. 10-1 to 10-3) apply to radiation from horns. If the 
current distribution on the inside and outside walls of the horn were 
known, it would be possible to calculate the radiation field at a point 
outside the guide from this distribution. In the absence of this knowledge, 
the aperture diffraction method is used as in the case of the waveguides.1 

In the present case the aperture surface is taken to coincide with the 
cylindrical wavefront of the dominant mode at the mouth of the horn. 
The aperture field is assumed to be that of the incident wave, the effect 
of the reflected wave being neglected. The radiation field is computed by 
means of Eq. (5-103). As usual the radiation field is expressed in terms 
of spherical coordinates, the origin of which is here taken to coincide with 
that of the coordinate systems shown in Fig. 10-9. The z-axis of the 
latter forms the polar axis of the spherical coordinate system, azimuth 
being measured with respect to the zz-plane in each case. The results 
are written down in the following paragraphs for the cases in which the 
medium is the same inside and outside the horn. 

Radiation from E-plane Sectoral Horns.—For the E-pl&ne the radia
tion field at an external point P, as derived from Eq. (5-103), can be shown 
to be 

j ^ _ —jkr2e I e,-i(a..in©o„,t+,s„i„(Mi„p),in*+rira»,»„o.0) 
4*R A 

(?)"> (U x Re,)/-:, + I - I [ie - Ro(i»-Ro)]//x d6 dx. (44) 

The quantities R, 0, and <J> are the spherical coordinates of the point P; 
r2, 6, and x are the coordinates on the surface of integration, which is 
taken to coincide with a wavefront (r = r2) at the mouth of the horn; 
ix, i9) and R0 are unit vectors in the directions x, 6, and R increasing. 

For the plane $ = 90° (electric plane): 

Ee - hj Hzcos(® -8) 
l L . J. Chu, Jour. Applied Phys., 11, 603 (1940). 

d6. (45a) 
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For the plane $ 

jkr2e 

0 (magnetic plane) 

l * 4.irR Jo X J - e „ 
ol'k ( i sin 0 +T2 cos 8 cos 0 ) 

EB cos 0 ( " ) " - cos 6 de. (456) 

Sec. Expressions for Ee and Hx over the aperture are given by Eq. (37), 
10-8, when r is replaced by r2. 

Radiation from H-plane Sectoral Horns.—For the //-plane sectoral 
horn 

-jkR 
E„ = 

4TR 
piHr: sin 9 sin 0 co, *+» sir, 0 .in *+ri cos » cos 0 ) 

[jA-(R0 x \e)Ev + jajM(Ro(iB • Ro) - h)He\r2 (16 dy. 

For the plane <J> = 90° (electric plane): 

jkr2e~'kR 

(46) 

i Q 4wR - dy 
Jo J -e„ 

,,lt(»«in0+r: .0) 

/?„ COS 9 (0" / /» COS 0 d6, (47a) 

For the plane <£ = 0 (magnetic plane): 

E,, i * 
jkr2e -jkR 

4wR dy „)<■>•■; ; , i„»„i„0+„ ™0) 

£"„ cos (0 (*)'-] de. (47b) 

Expressions for Ey and //» are given by Eq. (43) when r is replaced by r2. 
10-10. Characteristics of Observed Radiation Patterns from Horns 

of Rectangular Cross Section.—When radiation patterns from sectoral 
horns are observed and compared with the patterns obtained from Eqs. 
(45) and (47) by numerical integration, in general it is found that they 
do not agree in detail. In view of the fact that the theory neglects the 
current on the outside walls of the sectoral guide and the higher-mode 
fields in the aperture, this is not particularly surprising. Only a brief 
summary of the experimental data will be attempted here. 

Figures 10-10 to 10-13 are compilations of patterns from a number of 
E- and //-plane sectoral horns of large aperture; the apertures were plane 
surfaces perpendicular to the axis of the guide. They are classified by 
flare angle and radial length measured in wavelengths (r2/X of Fig. 
10-9). It will be observed that for a horn of constant flare angle the 
main lobe undergoes wide changes in width and structure as the horn 
length increases. This can be correlated qualitatively with the changes 
in the field over the mouth of the horn. For a given flare angle the aper
ture area increases directly with the horn length; this alone would tend to 
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nar row the beam as the length increases. However , the effect of in
creasing ape r tu re is overshadowed by the phase-error effects. Let <5 
represent the m a x i m u m d e p a r t u r e of the wavefront r2 from the ape r tu re 
plane (Fig. 10-14). T h e n 2wS/'Ka, where X„ is t he wave leng th in the 
sectoral guide a t the mou th , is the phase difference be tween the cen te r of 

10 db 

15 db 

20 db 

£-20°-^ =6.65 E-20°-£ =11.6 

l i t : . 10-10.—Radiation patterns of #-plane sectoral horns of various lengths and tiare 
ancles: (a) flare angle of 10°; (b) flare angle of 20°. 



360 WAVEGUIDE AND HORN FEEDS [SEC. 10-10 

the aperture and the edge. I t can easily be seen that 
8 = r j ( 1 - cos 0o). ( 4 g ) 

Under certain conditions of length and flare angle a phase error is pro-
0° 10° 20° 

10 db 

£-30° -£ = 177 £-30° -£=2.7 £-30° -£ = 3.78 £ -30°-£ = 5.24 
(a) 

0° 10° 20° 

5db 

10 db 

15 db 

20 db 

180°1600140°130° 120° 
£-40° f = 1.21 

1 lilsc i 1111? 1 llk^ 
£ - 4 0 ° ^ = 1.53 £-40°-£ = 2.4 £-40°-£ = 3 

(6) 
F I G . 10- l l .^Kadia t ion patterns of E-p\ane sectoral horns: (a) flare angle of 30°; (b) flare 

angle of 40°. 
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duced over the aperture that leads to a minimum in the main lobe in the 
forward direction such as may be seen in Fig. 10-11a. 

When the aperture or flare angle of a horn is small, S/\g is small and 
the wavefront at the aperture approximates a plane. Horns are charac-

0° 10° 20° 

ff-10° y=10.0 /M0° x = 1 4 - 8 tf-W0 T = 24-3 

(a) 

0° 10° 20° 

F I G . 10-12.—Radiation patterns of //-plane sectoral horn.s: (a) flare angle of 10°; (6) flare 
angle of 20°. 
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0° 10° 20° 

FIG. 10-13.— Radiation patterns of H-plane sectoral 

terized by uniform amplitude distribution across the aperture in the 
.E-plane and sinusoidal distribution in the //-plane [Eqs. (37a) and (43a) 
and Fig. 10-9]. In the case of approximately uniform phase, therefore, 
the gain and main lobe width should be functions of aperture correspond
ing to uniform illumination in the //-plane and sinusoidal illumination 
in the //-plane. At present these functions can be determined only from 
experimental data. In Fig. 10-15 the observed 10-db widths of a num
ber of horn patterns are graphed against the reciprocal of the aperture 
in wavelengths. For all the horns b/\g was less than \. Results have 
been obtained for both the sectoral horns and compound horns of the 
type illustrated in Fig. 10-8; in the latter case the flare again was such that 
the phase over the aperture was substantially uniform. The A'-plane 
10-db width (tenth-power width) for all horns lies on the same curve, 
showing that the //-plane pattern is a function only of the A'-plane aper
ture. The //-plane patterns, on the other hand, depend on both aperture 
dimensions. Thus, the values obtained from //-plane sectoral horns on 
standard guide (//-plane aperture approximately X/3) fall on Curve I I ; 
whereas in the case of the compound horns with an //-plane aperture of a 
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horns; (a) flare angle of 30°; (b) flare angle of 40°. 

wavelength or greater, the //-plane 10-db widths fall on Curve I. Points 
for intermediate £-plane apertures which fall between Curves I and II 
are not shown. At first glance this is some
what surprising if one assumes that the pat
terns depend only on amplitude and phase 
distribution of dominant-mode fields in the 
aperture. I t means, however, that the other 
factors, namely, higher-mode fields in the 
aperture and currents on the outside walls 
of the horn, contribute in the case of small E-
plane apertures and are relatively unimportant 
for £"-plane apertures greater than a wave
length. These factors are apparently not 
dependent on //-plane aperture, at least when this aperture is 0.7X or more, 
as in horns on standard rectangular guide, because the observed £"-plane 
widths do not depend on //-plane aperture. 

The phase variation across the aperture of a horn is small, for a given 
aperture dimension A in the plane of the flare, only if the flare angle is 

FIG. 1014.—Origin of 
phase variation across the 
aperture of a sectoral horn 
(A0 = 2JT5/X„). 
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less than a maximum value (or the length r2 greater than a minimum 
value) which depends on aperture and can be obtained from the condi-
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tion that S/\a shall be small. Using the relation for the separation of an 
arc and its chord, it is easily shown that 

(49) 

(50) 

i n g i as the allowable 

0 

X, 
upper 

(r2)min 

A1 

8r2X„ 

A sin do 
4X„ 

imit for 5/X„, 
A2 

= x7 
(Bo), it) (51) 
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For many applications the aperture is small and Eq. (51) is satisfied by 
convenient values of 60 and r2. For large apertures a horn satisfying 
condition (51) is long and possibly too bulky or heavy for practical appli
cations. In this case the horn designer is forced to compromise on flare 
angle and aperture. If he is to use a horn feed, he must increase the flare 
angle and allow for broadening due to phase variation in the aperture 
by choosing a larger aperture than that predicted by the curves of Fig. 
1015. 

In horns of small flare angle (or large ri/\„) the dominant-mode fields 
near the aperture are described by the asymptotic forms of the Hankel 
functions [Eqs. (36)], which are exponential functions with slowly varying 
amplitude. Moreover the departure of the wavefronts from plane sur
faces is small. Consequently the dominant-mode fields in the horn 
closely resemble those in uniform guide. The problem of radiation from 
horns of small flare angle is therefore approximately the same as that 
from uniform waveguide, and the predictions [Eqs. (23)] of the vector 
diffraction theory; for waveguide can be applied without serious error to 
horns satisfying condition (51). It is therefore interesting to compare the 
curves of Fig. 10-15 with the corresponding theoretical curves for wave
guide in Fig. 10-5. Agreement is good for apertures greater than about 
2X/3 in the electric plane and 5X/4 in the magnetic plane, indicating 
the probable lower limits at which the factors neglected in the theory are 
really negligible. It is believed that the predictions of Eq. (23) for wave
guide patterns can be useful when properly applied to horns because gain, 
main-lobe widths at various power levels, side-lobe amplitudes, etc., can 
be determined for different apertures with relative ease. 

Several empirical formulas have been worked out for the 10-db width 
as a function of aperture for the average horn feed. 

1. For the electric plane: 

@E fe) = I T (deKrees)> B
x < 2-5- (52) 

2. For the magnetic plane: 

©« ( ^ ) = 31 + 79 j ~< 3. (53) 

The symbol TO represents the 10-db width, and B and A are the apertures 
in the electric and magnetic planes respectively. These formulas were 
obtained from a large number of 10-db widths measured at the Radiation 
Laboratory over a period of several years The flare angle of the average 
horn is probably about 20°. Since phase variation is not taken into 
account, the formulas cannot be expected to predict the 10-db widths of 
individual horns accurately, but they have proved very useful as a first 
approximation in designing horns. 
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10-11. Admittance of Waveguide and Horns. Admittance of Open 
Waveguide.—It is observed experimentally that rectangular waveguide of 
ordinary dimensions when open to space is terminated at the plane of 
the opening by a capacitive admittance. This type of admittance is 
to be expected in view of the close spacing between the waveguide walls 
that are perpendicular to the electric vector (about X/3). It is of inter
est to note that a rigorous treatment of the radiation from the open end 
of a semi-infinite parallel-plate line carrying the T'.EAf-mode leads to the 
result that the line is terminated by a capacitive admittance.1 This 
property of the waveguide will be useful in analyzing the admittance 
characteristics of horns. 

Admittance of Sectoral Horns.—From the transmission-line point of 
view a sectoral horn consists of a length of sectoral guide terminated by 
a mouth admittance at one end and joined to uniform guide at the other. 
The discussion of its admittance characteristics will be based on sectoral 
guide transmission-line arguments. The input horn admittance observed 
in the uniform guide depends on the aperture admittance terminating the 
sectoral guide, the guide length, and the transformation associated with 
the junction to uniform guide at the horn throat.2 In the following dis
cussion sectoral guide characteristics will be summarized. The sum
mary will be followed by a discussion of mouth admittances, junction 
effects at the throat, and the influence of both factors on horn admittances. 
Particular attention will be given to £-plane sectoral horns. In what 
follows, when the term "horn admittance" is used, it will be understood 
to refer to the admittance measured in the uniform guide and referred to 
the plane of the junction between the guide and the horn. 

Characteristics of E-plane Sectoral Guide.—In Sec. 10-7 expressions 
were developed for the lowest-mode field components in i?-plane sectoral 
guides [Eqs. (37)]. As in uniform guide, one can define and use a wave 
admittance, consisting of the ratio of the transverse magnetic to trans
verse electric fields. If the admittance is expressed in units that make 
the characteristic admittance of the T'E'io-mode in the uniform guide 
equal to unity, the admittance for the i?-plane guide becomes 

By inspection of the expressions for the field components [Eqs. (37)] it 
can be seen that this ratio is a function of /3r only: 

1 The results of the analysis are given in " Waveguide Handbook Supplement," 
RL Group Report No. 41, Jan. 23, 1945, Sec. 60c. 

2 J. R. Risser, "Characteristics of Horn Feeds on Rectangular Waveguide," RL 
Report No. 656, December 1945. 



SEC. 1011] ADMITTANCE OF WAVEGUIDE AXD HORXS 367 

The complex constant a is determined in magnitude and phase from the 
ratio of incident and reflected waves in the sectoral guide. I t can be 
expressed in terms of the output admittance Y2 evaluated at the aperture 
end of the guide where r = r2: 

_ jYtH<?Q3rt) + ffj,"Q8r,) 

Substituting this value of a in Eq. (54) an expression is obtained for 
the admittance at a general point r in terms of Y2 and line parameters. 

Via \ ■ ^-°° ~^~ 3* 2^10 inc\ 
Y(Pr) =3-%r ~v^v^~' ( 5 6 ) 

■K-01 t j ' 2>>W1 
where the symbol UCiy is used to represent combinations of Hankel func
tions as follows: 

3C,-,- = H[»tfr2)IIW(fir) - H':-\pr2)H?\fir) (57) 

A degree of simplification of Eq. (56) is obtained by expressing the Hankel 
functions in terms of amplitude and phase, using the property that for 
real values of (3r, H£'((3r) is the complex conjugate of H\}\0r). Let 

W0»((3r) = Fe», 1 
H["(pr) = Ge», J l ° 8 j 

where F, G, ip, and 4> are real functions of fir. Xumerical values of these 
functions are listed in tables of Bessel functions1 for small values of fir; 
for large fir the asymptotic values can be used.- Substituting in Eq. 
(56) and using subscripts 2 for the functions evaluated at the aperture 
where r = r2, 

Y\Gn 
sin (f 2 - 4>) + j - ~ 2 sin (4>, - i) 

Y(f3r) = - Q Y:G'- ( 5 9 ) 

j sin (^2 - <p) -p'-- sin (</>, - </>) 

The characteristic admittance Yc(fir) of Ti-plane sectoral guide can 
be written down from Eq. (54) by making a equal to zero, 

y (8r) - y i / i ' 2 ) W 

F 
= J g e"-f~*\ (60) 

1 Watson, "A Treatise on the Theory of Bessel Functions," Cambridge, London, 
1944, Table I. The relation to Watson's notation is as follows: F{]ir) = \H") (z),, 
G(0r) = \H(»(x)\; i{0r) = arg #<„" (x); <pWr) = a r g / / \ " U'>: iii = x. 

'F(0r) = G(lir) = ( J ; ) ^ : + (Ur) = H>- ~ ]: 4>(iir) = tir - ^ ' • 
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For large fir, Yc approaches unity, since F/G —> 1 and (0 — <//) —> —ir/2. 
For small fir, Yc(fir) is complex. It is graphed in Fig. 10-16. The com
plex character of Yc for small fir is due to the fact that the fields in the 
region of the horn apex store as well as transmit energy. 

1.2 

1.0 

a o.8 

ro.e 

■ 0.4 

0.2 

Real part 

Imaginary part 

1 
1.0 2.0 3.0 7.0 8.0 9.0 4.0 5.0 6.0 

(Pr) 
FIG. 10-16.— Characteristic wave admittance Yc(0r) of a sectoral guide. 

10.0 

I t is often useful to speak in terms of a reflection coefficient r , in 
the sectoral guide and to use its transformation properties along the 
guide; it is defined as the ratio of the electric vector in the reflected wave 
to that in the incident wave. Then 

r. = r.O) 
HT(fir) 

U H^(fir) 
= aem. (61)' 

Since rse~'2* is equal to the complex constant a, Ts transforms down the 
sectoral guide according to the relation 

r;e-'2*' = r.e->'2*, (62) 

where r „ 0 are evaluated at the point r and T'„ <f>' at / . It can then be 
shown that 

Y 
1 -

r. 

Conversely 

Y_ 
Yc 

Y_ = l + iy2 '*-*' 
Ye ~~ i + r . 

(63) 

(64) 
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For large (3r, 2(^ — <j>) is equal to v, so that Eq. (63) becomes identical 
with the corresponding expression for T in uniform guide. 

Mouth Admittance of E-plane Sectoral Horns.—The admittance of an 
open sectoral guide has not been successfully treated theoretically. 
Qualitative arguments can be applied from the theory of open parallel-
plate transmission lines. As long as the electric plane aperture is small, 
the mouth admittance should be capacitive as in the case of the wave
guide. As the electric plane aperture is increased, the capacitive term 
in the admittance should decrease. In the limit of large electric-plane 
aperture the admittance is probably determined by the separation of the 
guide walls in the magnetic plane. 

Experimentally, the determination of the mouth admittance of an 
i?-plane sectoral horn is compar
atively easy. I t has been ob
tained in a number of cases by 
using Eq. (59) to extrapolate down 
the sectoral guide from the throat 
where the admittance is deter
mined from measurements in the 
uniform guide.1 The capacitive 
susceptance term, which decreases 
with increasing aperture, is seen to 
be present. For large apertures 
the admittance is independent of 
aperture to a first approximation. 
The magnitude of rs2, the reflec
tion coefficient in the sectoral 
guide referred to the aperture, 

0.15 

-0.10 

0.05 

f 

\ 
\ 
( 

A 
\ ^ — _ 

• e0=i5° 

B/X,=0.72 B/X 

0.5 1.5 2.0 1.0 

FIG. 10-17.—Reflection coefficient in 
sectoral guide referred to the aperture B, 
where B is the aperture dimension in the 
-E-plane. 

decreases rapidly with increasing aperture, being small and approximately 
independent of aperture for apertures above 3X/4 (Fig. 10-17). 

Except in the region near cutoff the mouth admittance and reflection 
coefficient r s 2 are not sensitive to wavelength changes of the order of 
10 per cent. This is due to the fact that at large apertures for which 
the aperture-to-wavelength ratio changes rapidly with wavelength, the 
admittance is practically independent of B, where B is the aperture 
dimension in the i?-plane. 

10-12. Transformation of the E-plane Horn Admittance from the 
Throat to the Uniform Guide. The E-plane Throat Transition.—The 
effect on admittance of the transition from sectoral to uniform guide at 
the horn throat depends primarily on fir\, where ri is the inner radius of 
the sectoral guide (Fig. 10-8). It is informative to consider first the case 
where there is no reflected wave in the sectoral guide, so that the char-

1 Risser, op. cit., p . 19. 
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acteristic admittance of sectoral guide at r = rx is Ycd3r-i). As can be 
seen by inspection of Fig. 10-16 for values of fir > 5, Fc(/3ri) approaches 
unity, that is, it becomes equal to the characteristic admittance of the 
waveguide. The throat mismatch becomes negligible as /3ri increases or 
as the flare angle decreases; /3ri depends on waveguide height b, flare 
angle 0O, and guide wavelength, as follows: 

/Sn = j - ^ h r (65) 
A,, s in 0o 

To show the effect of t)0 on the throat admittance, a plot of calculated 
admittances for a series of do values at 10.0 cm for horns built on stand-

Conductance component £- Conductance component K-
'o ro 

(a) (6) 
F I G . 10-18.—Throat admittance aw a function of flare angle and frequency: (a) X = 10 cm, 

60 varied; (b) \ varied for flare angles of 15° and 30°. 

ard guide (b = 0.34X; X„/X = 1.39) is shown in Fig. 10-18. The throat 
mismatch is small for flare angles less than 10° and increases with increas
ing 60. For the 15° and 30° cases the admittances are plotted in Fig. 
10-186 for wavelengths from 9 to 11 cm. From this the mismatch can 
be seen to increase in the direction of the long wavelength end of the band, 
becoming very large when the wavelength approaches cutoff. In choos
ing b values for applications involving nonstandard guide, it is necessary 
to be careful because small values of b are equivalent to large values of 
0o or X„. 

When the sectoral guide is not matched, the admittance F(/3ri) in 
the sectoral guide at the throat is given by Eq. (59) with r = n . In 
either case, when computing the admittance in the uniform guide at the 
throat, the admittance in the sectoral guide at r = ?-i must be multiplied 
by a factor that ensures continuity of voltage and current at the junction. 
The continuity of current is ensured by continuity in IIx. However, 
voltage is proportional to the product of the length of the electric-field 
lines and the field strength. Thus, in the uniform guide the voltage is 
bEy(= 2ri sin 9oEa) and in the sectoral guide 2rid0Ee. Therefore, the 
current-voltage ratio is proportional to Hx/(2ridoEe) in the sectoral guide 
and to IIx/(2ri sin doEy) in the uniform guide, so that 
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YH = 5 | 1 » Y{fin), (66) 

where Y„ is the horn admittance in the uniform guide referred to the 
plane of the junction with the throat of the horn. For values of 6a up to 
30° the ratio (sin 0O)/0o differs only slightly from unity, and the correction 
is not important. In general, when guides of different geometry are 
joined, account must be taken of the contribution of higher-mode fields 
to the admittance. However, in sectoral horns with values of do up to 
30° this effect can be neglected. 

Admittances of E-plane Sectoral Horns.—A discussion of the relation 
between the parameters of an E-plane horn and its admittance can best 
be carried out in terms of reflection coefficients. If TH is the reflection 
coefficient in the uniform guide referred to the junction with horn throat, 
where according to the usual definition of reflection coefficient 

_ 1 - YH 
1" - r^77 

it can be shown from Eqs. (54), (60), (61), and (66) that if the reflection 
coefficients are small, in particular |FiTa11 « 1, 

r„ = r, + r2, (67) 
where 

i - ^ y.csro 
r , = 3 ^ (68) 

1 + ^ YM 

4sin_?oF1_(/fr1) 

r, = , . r^-^^i r.1(r*. (69) 
/sin 0o/ ' i \ , 0 sin do Ft 

r , i is the reflection coefficient in the sectoral guide at the horn throat, 
[Kq. (61)], and t is a small angle given by 

sin BoFiiQri) . . 

« = 2 t a n - -1»—Gl{^ (70) 
. , sin d0F1 . 
1 H 2— n" s m W*1 _ *0 

Equation (67) states that r H is the sum of two components I \ and 
T2; Ti is the reflection coefficient in the uniform guide at the throat when 
the sectoral guide is matched, i.e., when r s l = 0, and the admittance of 
the sectoral guide at r = r, is its characteristic admittance. For any 
of the 10-cm horns whose throat admittances (sin 5(>/0o) Kr(/8ri) are plotted 
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in Fig. 10-18, I \ is the vector drawn from F/Fo = 1 on the chart to the 
admittance point. From Eqs. (62) and (69) 

. sin 0O FiOSri) 

r, = 
GiOSrO 

1 + 
where 

ZsinJo^iV 
V 9o G1) 

. „ sin 0O Fi . , , + 2 - y — g- sin ( ^ 

+ 2[«(/9r,) - *(|8ri)]. 

r,2e- (71) 
* i ) 

For reasonable flare angles (sin 60)/80 ~ 1 and Fi(f)ri)/Gi(f)ri) ~ 1 so 
that r 2 differs essentially only in phase from rs2, the reflection coefficient 
at the horn mouth. The phase angle A consists of the sum of a term 

<?^ . Open waveguide 

Conductance component (&■) 
6„=20° ° 

Conductance component (^-) 

F I G . 10-19.—Admittances of 15°, 20° and 30° electric plane horns for different flare lengths 
(ri - ri) A„. 

depending on the horn length, 2[4>(/fr2) — 4>(f}ri)], and e, a small phase 
shift at the throat. For the 10-cm horns of Figs. 10-18, e varies from 3° 
when 0o = 5° to 15° when 60 = 30°. 

The manner in which the admittance YH of a sectoral horn and its 
reflection coefficient VH depend on the vector sum of I \ and r 2 is illus
trated in Fig. 10-19, where the admittances at 10 cm of a series of horns 
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with different lengths are plotted on a reflection coefficient chart for 
three different values of do. These admittances were determined experi
mentally. The admittance of all horns with the same 60 lie on a spiral 
whose center is determined by T, and whose periphery is determined by 
Ti -f T2. The decrease in the radius of the spiral with increasing horn 
length (and aperture) is due to the decrease in the magnitude of r s 2 with 

1.8 

1.6 1.8 2.0 0.6 0.8 1.0 1.2 1.4 
Flare length, {r2-r1)\g 

Vm. 10-20.--Standing-wave ratio vs. flare length for typical electric plane horns. 

increasing aperture (Fig. 10-17). Moreover, since the aperture height B 
increases more rapidly with increasing length for larger flare angles, the 
inner portion of the spiral is reached for smaller values of (3(r2 — n) for 
larger flare angles. The relation between B and (r2 — ri) is 

B = 2(r2 - r,) sin 0O + b. (72) 

Since the inner radii of the spirals are independent of aperture for long 
horns of large aperture, rs2 must have a small constant value independent 
of .B/X for large values of B. 

For a given 60 a series of horn lengths exist for which I \ and T2 are 
180° out of phase and the match is optimum. An empirical formula for 
these optimum lengths is 

f N - n i 7 * -UJV X » AT = 0,1,2, • • • for e = 25°, 30° 
(r2 - n)„ - U.17A,, + A 2 N = l j 2 3 . . . f ( ) r g = ^ ^ ^ 2(y, W ) 
From Eqs. (72) and (73) horns can be designed to be matched at any 
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aperture and wavelength, since the value of 80 is not critical. The degree 
of match attainable is indicated in Fig. 10-20. 

The mouth and throat admittances and consequently rs2 and I \ are 
not sensitive to wavelength changes of the order of 10 per cent (Fig. 
10-186). The principal frequency sensitivity of an ii'-plane sectoral horn 
therefore arises from variation of the effective sectoral guide length 
2[<p(/3ro) — <£(0r,)]. This is clearly shown by the admittance-frequency 
curves for several typical horns shown in Fig. 10-21. For the long horns 

(a) 

Conductance component 

(b) (c) 
I'll;. 1021.- - Admittances of throe 15° electric plane horns of different lengths as a func

tion of wavelength: (a) n — ri ~ 10.0 cm, X varied from 9.0 to 11.5 cm with best match at 
11.4 cm; (/>) 7-2 ~ n = 22.S cm, X varied from 9.1 to 11.5 em with best match at 10.1 cm; 
(c) r? — T] = 20.3 cm, X varied from 8.1 to 11.5 cm with best match at 10.9 cm. 

the frequency variation causes the admittance to traverse more than a 
complete loop, corresponding to a change in A [Eq. (71)] of more than 
300°. As discussed previously in this section (see Fig. 10-18) increasing 
wavelength results in increasing mismatch at the mouth and throat, so 
that rs2 and 1\ both increase in magnitude as the long-wavelength end 
of the band is approached. To obtain a low SWR over a very wide 
band, it is advisable to choose the horn length for optimum match at 
the long-wavelength end of the band; a comparison of curves b and c 
of Fig. 10-21 indicates that improvement is obtained by so doing. 

10-13. Admittance Characteristics of H-plane Sectoral Horns.—The 
wave admittance for //-plane sectoral guide is (k/0)(ti/e)y-{He/Ev), using 
units in which the characteristic admittance of the T .Em-mode in uniform 
guide is unity. Then 

Y(kr) (74) k IlfXkr) + aH'»\kr) 
JHHf(kr)+aH\rikr)_ 

where the prime indicates the derivative of the function with respect to 
(AT). Noting that Eq. (74) for the //-plane differs from Eq. (54) for the 
£-plane in having H'f(kr) in place of H'^(^r), H(f(kr) in place of 
//'"'(/Jr), and (—jk(3) in place of j , equations for the //-plane analogous 
to each of A'-plane equations [Eqs. (54) to (04)] can be written down. 
There are practical limitations to the usefulness of the //-plane sectoral 
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guide equations, since the order p (- 7.) is not the same for all horns, 

The order is in general high, horns for most 
flare 

(o) 

as it is in the E-plune case. 
applications having small 
angles. 

While mouth admittances of 
//-plane sectoral horns are some
what difficult to calculate because 
of the high p, it is not difficult to 
predict them approximately from 
/2-plane horn measurements and 
parallel-plate theory. Since the 
aperture B in the electric plane 
is small compared with the mag
netic plane aperture and is equal 
to the height b of the uniform 
guide on which the horn is built, 
the mouth admittances of all H-
plane sectoral horns would be ex
pected to be approximately equal 
to the mouth admittance of open 
uniform waveguide and to exhibit 
the same degree of frequency sen
sitivity. 

The throat transition in mag
netic plane horns of small angle 
has a minor effect on the horn ad
mittance, and the throat reflection 
is very small compared with the 
reflection at the mouth. This has 
been shown experimentally by 
making standing-wave measure
ment on magnetic plane horns 
over a band of frequencies and 
again at a constant frequency 
while the horn length was cut 
down (decreasing the aperture simultaneously with the length). In both 
cases the shift in phase in the standing-wave pattern indicated that the 
large reflection occurred at the mouth. 

The admittances measured at 10.0 cm of a series of //-plane sectoral 
horns are shown in Fig. 10-22. The admittance values correspond to 
different lengths (and apertures). The form of the plot can be explained 
by postulating two components of the reflection coefficient: a small fixed 

(6) 
FIG. 10-22.—Admittances of 15° 

30° magnetic plane horns for different 
lengths: («) 9 = 5 ° ; (b) S = 30°. 

and 
flare 
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component representing the throat reflection and a large component due 
to the mouth which has a magnitude independent of aperture and a phase 
dependent on sectoral guide length. Experiments indicate that the 
frequency sensitivity of the horn admittance arises primarily because the 
effective sectoral guide length varies. 

10-14. Compound Horns.—Doubly flared horns must be used to 
enlarge both the E- and //-plane dimensions. The admittance charac
teristics of the sectoral horns provide the basis for the design of a broad
band compound horn of the type illustrated in Fig. 10-8c. The principle 
is to use the frequency characteristics of an S-plane flare to compensate 
those of an //-plane flare. Consider, for example, the problem of pro
ducing an aperture having an //-plane dimension larger than the S-plane 
dimension. The desired aperture is obtained by first flaring in the 
//-plane to the required dimension and subsequently flaring in the £J-plane. 
Since the //-plane flare introduces a negligible mismatch at the throat, 
the mismatch arises entirely in the E-plane horn, one component at the 
junction with the //-plane sectoral guide and the second component at 
the mouth. The /?-plane flare in this case does not differ much from that 
on uniform guide, and the data obtained for £-plane sectoral horns can 
be used to determine the Z?-plane flare angle and horn length so that the 
mouth reflection cancels the junction reflection (reflection at the throat 
of the /?-plane flare). The shortest possible length is chosen for the 
Z?-plane flare consistent with the matching conditions. This is to 
eliminate the "long-line effect" which would cause the phase of the 
mouth reflection transformed to the throat to vary rapidly with respect 
to the throat reflection as the frequency changed. In actual practice, the 
mouth reflection is chosen to cancel only partially the throat reflection, 
because it is necessary to close the mouth of the horn by a pressuriz
ing device which likewise gives rise to a reflection. The reflection coeffi
cient of the pressurizing device can be designed to be equal to the residual 
mismatch of the mouth and throat and phased properly relative thereto 
by positioning the device with respect to the mouth to give an over-all 
reflection-free system (see Sec. 10-17). 

The technique is essentially the same in the case where the .E-plane 
aperture dimension is larger than the //-plane dimension. The Z?-plane 
flare is introduced first followed by the //-plane flare. In this case, the 
major sources of the mismatch are widely separated—one at the junction 
between the uniform guide and the /J-plane sectoral guide and the second 
at the mouth. Although the latter reflection can be chosen to counteract 
the first at some one frequency, the bandwidth is small because of the 
long-line effect. I t is preferable to cancel the mouth reflection by means 
of the pressurizing device and to cancel the throat reflection by matching 
window in the uniform guide. In this way the sources between any pair 
of compensating reflections can be put close together so that rapid phase 
variations due to long electrical paths are eliminated. 
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10-15. The Box Horn.—The box horn is a special horn type devised 
to have greater directivity in the //-plane than a flared horn of the same 
aperture. It is so constructed as to introduce a third harmonic 180° 
out of phase with the fundamental mode in the aperture plane. This 
alters the amplitude distribution across the aperture from the cosine 
type associated with the funda
mental mode to one more nearly 
uniform.1 

The box horn is not a true horn 
in that there is no throat that is used 
to filter out higher modes. Its es
sential features are sketched in Fig. 
1023a. The horn consists prima
rily of a piece of waveguide of length 
L, frequently referred to as a "box," 
whose magnetic plane dimension A 
is large enough to support TEn,o-
modes with values of n up to 4. I t 
is open to space at one end and fed 
at the other by a waveguide or H-
plane sectoral horn of aperture A' 
located centrally so as to excite only 
the modes having nonzero ampli
tude at the center, i.e., the TEi0-
and T^o-modes. The ratio of the 
amplitudes of the TE30- and TEltt-
modes depends on the ratio A'/A. 
Since the velocity of propagation 
of the two modes is not the same, 
the length L of the box determines 
their relative phase at the aperture. 
The horn may be made as directive 
as desired in the .E-plane by intro
ducing an /?-plane flare. 

I t is easy to show approximately how the ratio of the amplitudes of 
the TEi0- and TE10-modes depends on the ratio A'/A of the dimensions 
of the two guides. The fields Ev{x,z) in the box can be represented 
as a superposition of the modes excited at the junction. Neglecting 
the effect of the nonpropagating modes, we have 

(6) 
Fio. 10-23.—Box horn : (a) direct junction 

type; (b) sectoral guide junction type. 

Ey{x,z) ~ a : cos ( ^ - j < (T)«-"-- (75) 

The junction between the two guides is taken to be in the plane z = 0. 
1 S. J. Mason, "F l a r ed Box Horn , " R L Repor t No. 653, July 1945. 
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It is assumed that the field over the common area between the guides is 
that of the dominant mode in the smaller guide; that is, 

Ey(x,G) 

Ey(X,0) 

'A" 

0, 

w 
A' 
2 

< 

< 

A' 
2 

\x\ 

1 

< 
A 
2 

(76) 

On setting z 
1.0 

0 in Eq. (75) and making use of Eq. (76) for the field, we 
can obtain the coefficients Oi and a 
by the usual procedure for determin
ing Fourier coefficients. The ratio 
of the harmonic components is found 
to be 

a, 
ffli 

[A'/2 / , s \ /3«A dx 

\l)dx 

(77) 
1.0 

FIG. 10-24. 
of the TEm- and 
horn vs. A'/A 

0.5 
A/A 

Ratio of the amplitudes 
r^io-modes in a box 

Figure 10-24 is a plot of a3/ai vs. 
A' I A. The ratio 03/01 decreases 
with increasing A '/A, reaching zero 
when A' IA is unity. If it were pos

sible to make A'/A very small, values of a3/ai approximately equal to 1 
could be obtained. The lower limit of A'/A is 0.20, corresponding to 
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F I G . 10-25.—-Aperture illumination (amplitude) of a box horn for a series of values of the ratio 
a 3/ay. 
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A' — 0.5X the cutoff in the input guide, so that the maximum a3/ai is 0.93. 
Actually much smaller values of a3/ai are desirable. Figure 10-25 is a plot 
of amplitude illumination across the aperture for a3/oi values from 0 to 0.5, 
calculated on the assumption that the horn length is correctly chosen to 

1.06 

<*1.04 

1.02 

1.00 

V'ui. 10-26 

-10 

5 - 2 0 

-30 

A 
/ 

A 
X = 2 : 

] 2.5 

2.25^ 

A _ 

~ \ 
1 75 

1.5 

0.1 0.2 0.3 0.4 0.5 
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vs. as/ai. 
F I G . 10-27.—Magnitude of the first side 

lobe in the power pattern of a box horn vs. 
ai/ai. 

make the two propagating modes 180° out of phase at z = L with respect 
to their relative phase at z = 0. The curve for ai:'ax equal to 0.3 is a 
fairly good approximation to uniform illumination. 

The //-plane radiation patterns in the Fraunhofer region have been 
calculated from scalar diffraction 
theory (Chap. 6) for the amplitude 
distributions of Fig. 10-25. The 
results are summarized in Figs. 
10-26 to 10-28, where Fig. 10-26 
shows relative gain, Fig. 10-27 the 
magnitude of the first side lobe in 
the power pattern in decibels 
down from peak, and Fig. 10-28 
the full angular width of the pat
tern at tenth power. Gain is seen 
to be maximum in the neighbor
hood of a3 /ai equal to 0.35, where 
the amplitude distribution across 
the aperture approximates uni
formity. In this region also the 
first side lobes are approximately 13 db down, the theoretical value for 
uniform illumination. Illuminating the edges of the aperture more 
strongly increases side lobes and cuts down gain, although it somewhat 
increases the directivity. 

The length L of the box is obtained from the relation 

80 

£ 6 0 ' 

40" 
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Va, 
10-28.—Full width at tenth power of , 

box horn pattern vs. a$/a\. 

= (/3, - /33)L, (78) 



380 WAVEGUIDE AND HORN FEEDS [SEC. 1010 

where 

2*-

The ratio A' /A can be varied over wider limits than that set by the 
uniform guides by means of a sectoral guide transition as shown in Fig. 
10.236. In this case, however, because of the cylindrical waves in the 
sectoral guide, a phase error is introduced into the field over the plane 
of the junction with the box horn. This error is not taken into account 
in Eq. (77); it is usually neglected in designing the horn. From existing 
measurements1 it is difficult to evaluate the influence of this factor on box 
horn performance. I t is found true in general that the effect of replacing 
a plane wave front by a cylindrical one is barely detectable experimentally 
where %ri/\a is ir/4 or less. The same criterion would be expected to be 
valid for box horns. In terms of A' and 60, it is written [Eq. (49)] 

A' sin 0o < 7f (80) 

The use of a box horn is, of course, limited to applications requiring 
//-plane tenth-power widths from about 36° to 70°. Its principal advan
tage is compactness. The contrast in size between a box horn and flared 
horn of the same tenth-power width is greatest in the region of small 
apertures. Here, near cutoff for the T^o-mode, L is small because 
03i — 0a) is approximately equal to j3i. A box horn with A = 1.6X, 
(13/0,1 = 0.5, and ®(TS) = 67° is 1.3X long, while the flared horn of the 
same tenth-power width is twice as long. However, for A from 2.0X to 
2.5X, a box horn is only about 20 per cent shorter than the corresponding 
flared horn. The box horn is especially useful therefore for applications 
requiring tenth-power widths from about 55° to 65°, with apertures from 
1.6X to 1.7X. A flared horn has an advantage over the box horn in hav
ing side lobes 5 to 10 db lower, although this is of no concern in many 
applications. 

10-16. Beam Shaping by Means of Obstacles in Horn and Waveguide 
Apertures.—There are antenna applications requiring very broad or 
very narrow feed patterns for which waveguide and horn feeds are not 
strictly suitable. Thus, to obtain primary patterns in the //-plane with 
10-db widths greater than about 120°, the 10-db width obtained from 
ordinary waveguide, special beam-shaping techniques are required. At 
the other extreme of very narrow 10-db widths, horns become too bulky 
for many applications. To solve these problems beam shaping by means 

1 Mason, op. cit., p. 18, Fig. 13. 

-Or) (79) 
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of obstacles in horn and waveguide apertures has been investigated and 
techniques developed.1 

a. Beam Broadening: H-plane. l ' 
To obtain a broader pattern than 
that of ordinary waveguide, the 
device shown in Fig. 10-29 is used. 
A metallic post is inserted across 
the waveguide just inside the aper
ture at the center, and the wave
guide corners are removed by 
symmetrical cuts A A. F i g u r e 
10-30 shows the 10-db widths ob
served with this arrangement on 
3.2 cm guide for a series of values 
of C and <j>, where C is the dis
tance from the waveguide edge at 
which the diagonal cut begins and 
4> is the angle of cut. Figure 
10-31 shows a comparison of a waveguide pattern with a broadened 
pattern. 

F I G . 10-29.—Device for broadening 
pattern in the H-p\ane. 
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Fit;. 10-30.—10-db widths of the pattern obtained with the device of Fig. 10-29 as a function 
of C/X and <K\ = 3.2 cm, a =0.900 cm, b = 0.400 cm, d = 0.063 cm). 

The wavefronts, or surfaces of constant phase, from any device yield
ing a very broad pattern must receive critical examination by the antenna 

1 C. S. Pao, " S h a p i n g the Pr imary PattRrn of a Horn Feed," R L Repor t No . 655, 
J anua ry 1945. 
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designer. The gain obtainable from a properly illuminated secondary 
reflector may not be realized if phase irregularities exist over its aperture. 
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Fiu. 10-31.- -Primaryjjat terns of (1) an open waveguide and (2) a cut corner waveguide 
-■ *^~ "' " ((/> =~63.4° and C = -J). 

The tendency to irregularities on the phase fronts of wide-angle devices 
arises from the fact that they usually consist of several radiating elements 

with noncoincident directive pat
terns located an appreciable frac
tion of a wavelength apart. An 
analysis of a simple case (Fig. 
10-32) will illustrate this. Con
sider two identical radiating ele
ments, 1 and 2, separated by a 
distance 2d which have pattern 
maxima in the Fraunhofer region 
at angles 0i and 02 with the for
ward z direction, respectively. 
Then letting / , = (l/r)/(0 - 0i) 

and / 2 = (l/r)/(0 — 82) equal the amplitude functions of the two sources, 
the amplitude and phase on a circle of radius R about 0 is given by 

£" _ f ei<o)t-kK+k,tain 8) I C ei(ul-kK-kd,ia 8) 

\f\ +11 + 2/1/2 cos (2/cd sin 0)pv<"'-*"> e\ (81) 

10-32.—Phase distortion in the fields of 
primary feeds of low directivity. 

where 

tan \p 
7 i 

tan (kd sin (81a) 

If /] = /2, the phase is constant on a circle of radius R. However, if 
/i ^ ft, the phase at- angle 8 departs from its value at 8 = 0 by an angle 
A where 

7i - H A = tan I/. + h 
tan (kd sin 6) (82) 
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For large values of kd, A may exceed the allowable deviation from con
stant phase, particularly if / i is appreciably greater or smaller than /2. 
Usually the beam shaping need not be carried to the point where the 
phase departure A has to be reckoned with. 

6. Narrowing the Primary Pattern: H-plane.—The pattern in the 
//-plane is narrowed when several metallic pins are placed in the aperture 
of an //-plane horn. For example, the 10-db width of a 3.2-cm horn with 
a flare angle 30° and magnetic plane aperture 2X decreases from 78° to 
56° when two iVin.-diameter pins are placed just inside the aperture 
at a distance 0.44X on either side of the center. The impedance match 
is improved rather than impaired by the presence of the pins. A number 
of other arrangements also have been found to be effective.1 

F I G . 10-33.—Flange for #-pIane beam F I G . 10-34.—Strip for narrowing of the 
shaping. beam in the .E-plane. 

Beam Shaping: E-plane.—Since ordinary waveguide has an S-plane 
aperture of about X/3, there is rarely a need for special techniques for 
beam broadening. However, the form of the £a^e_rn_can_be_ improved^ 
by adding a flange approximately 0755X wide in the /?-plane _as shown in 
Fig. 10-33. With the flange, the power drops off more rapidly at small 
angles from the forward direction and less rapidly at large angles, thereby 
yielding a more nearly uniform illumination across the secondary aperture. 

Narrowing of the .E-plane pattern has been accomplished by inserting 
a metallic strip with a considerable //-plane width, as shown in Fig. 
10-34. This strip, however, causes a troublesome mismatch,1 and. it 
seems questionable from the data if it is more effective than straightening 
the phase fronts in the horn by making the horn longer (Sec. 10-10). 

10-17. Pressurizing and Matching.—In most applications waveguide 
and horn feeds must be at least weatherproof and preferably capable of 
holding pressure. Several techniques have been evolved to utilize the 

1 Pao, op. cii. 
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pressurizing or weatherizing enclosure as a matching device. One of the 
most successful is illustrated in Fig. 10-35. The enclosure, roughly 
cylindrical in form, is placed over the end of the waveguide or horn with 
the axis of the cylinder approximately in the aperture plane. Matching 
is accomplished by adjusting the thickness t and position d so that the 
reflections from enclosure and feed are equal in magnitude and 180° 
out of phase in the direction of the generator. While t and d can be 

FIG. 10-35.— Pressurizing and matching enclosure. 

calculated to a rough approximation for a feed with a given mismatch, 
the matching procedure is actually empirical. Cylinders are formed with 
thicknesses and radii ranging in value about the calculated t and d. 
Each cylinder is placed over the mouth of the feed, and impedance 
measurements are made for a series of d values. From these measure
ments the final choice of enclosure parameters is made. Figure 10-36 
is a typical impedance plot obtained during this procedure. It will be 
observed that the best impedance match for this example is obtained with 
an enclosure of thickness 0.030 in. and mounted at a distance d = 1.2 cm 
(Curve III) . It is desirable, although not essential, that the enclosure 
rai'.ius be approximately equal to d. The mounting flange is positioned 
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behind the aperture plane and a position can be found that improves the 
feed SWR; it should be in place during the determination of enclosure 
parameters and the pattern of the horn. 

FIG. 10-36.— Impedance of a typical horn as a function of the position of the pressurizing 
enclosure for different wall thicknesses. 

The materials used for pressurizing enclosures have been low-loss or 
glass thermoplastics: plexiglas or lucite 

index of refraction n = I — ) = 1.60 
Vo/ 

for wavelengths above about 6 cm, polystyrene (n = 1.60) and styraloy 
(n = 1.60) at 3 cm and above. Laminates can be used, but because of 
the high dielectric constants of these materials the enclosure walls are 
thin. At 1.25 cm Corning 707 glass has been used for two-dimensional 
pressurizing enclosures, but it presents obvious, although possibly not 
insuperable, difficulties in three dimensions. It also necessitates building 
the feed of metals with low coefficients of thermal expansion, such as 
invar and covar. Plastic enclosures are sealed by means of gaskets; 
glass by platinizing or bonding metal to the edges and soft soldering. 

For a given material the wall thickness t and position d of an enclosure 
can be estimated from the measured reflection coefficient 

TV(= Iryle'*') (83) 
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of the feed referred to the aperture. The assumption is made that the 
reflection coefficient r E from the enclosure is the same as that of an 
infinite sheet of the same material for plane waves. The latter is given 
by 

n2 - 1 
(2rrni\ 
\ X / 

2n , , (n2 - l ) 2 . 2 /27mA 
1 + ~ i ^ - f f l n VT-/ 

'{^^'[JT-M^)]}. 

(84) 

On this assumption the feed will be matched when the thickness /. is 
such that 

Uvl = 
n 2 - 1 V > 

2m 
') 

and the distance d satisfies the relation 

-7— i t an 
2w 

r?2 + 1 cot 
/2TT-WA 

\ ^ / 
<£*• — 2mir 

(85) 

(86) 

where m is an integer. If the enclosure were in the Fraunhofer region and 
were designed so that its surfaces coincide with equiphase surfaces from 
the feed, the assumption involved in using Eqs. (84) to (86) would be 
justified. Because the enclosure is actually close to the feed aperture 
and cuts across equiphase surfaces, a given thickness t corresponds to 
smaller \YF\ than is indicated by Eq. (85). For this reason also, the 
average path from the aperture to the inner surface of the enclosure is 
less than d, so that the experimental optimum d is larger than the value 
indicated by Eq. (86). In fact, for feeds with small £"-plane apertures 
(B < 3X/4), where there is a capacitive mismatch localized at the aperture 
(<t>r is approximately 270°),1 the value of d calculated from Eq. (85) is 
X/4; experimentally d is about 0.35X for a number of typical cases. 
Where the feed mismatch is small or the wavelength very short, it may 
not be practical to use the smallest thickness U calculated from Eq. (85). 
For these cases, as inspection of Eq. (85) will show, a reflection of the 
same magnitude can be obtained by using thicknesses [h + (X/2n)]; 
the spacing is unaffected. 

The use of an external pressurizing enclosure has a number of advan
tages to recommend it. The possibility of breakdown at high power is 
minimized because the pressurized region extends beyond the feed aper
ture and the dielectric housing is located in a region of low field strengths. 
The impedance match is reproducible in the sense that it is independent 

1 "Waveguide Handbook Supplement," RL Group Report. No. 41, Jan. 23, 1945 
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of small fluctuations in enclosure dimensions and positioning. This is 
in distinct contrast to the properties of pressurizing diaphragms with 
flanges in the plane of the aperture, where the geometry of the flange and 
even the tightness of the retaining bolts have an effect on pattern and 
match. As a matching device the pressurizing enclosure is especially 
effective when the mismatch of the feed arises at the aperture. This is 
true for open waveguide and properly designed horns whose electric plane 
aperture is less than about 3A/4. Then, since enclosure and aperture 
are closely spaced (d ~ A/3), the impedance match is insensitive to i're-

FlG. 10-.'i7.- Impedance vs. frequency for a typical horn with properly designed pressurizing 
enclosure. 

quency changes in which AX/X is of the order of 10 per cent. The imped
ance-wavelength curve of a properly designed pressurized horn is shown 
in Fig. 10-37 to illustrate the bandwidth of the device. 

Another successful pressurization technique which lias received only 
preliminary trial1 consists in soldering a diaphragm of Corning 707 glass 
with a bonded metal rim inside the feed near the aperture. The glass 
window is somewhat smaller than the inside dimensions of the feed. 
The thickness of the glass and the dimensions of the opening can be 
chosen to make the effect of the diaphragm resonant, inductive, or capaci-
tive so that any feed can be matched by this technique. 

1 M. D. Fiske, " R e s o n a n t Windows for Vacuum Seals in Rectangular Wave
guides," Rev. Set. Instruments, 17, 478 (1946). 



CHAPTER 11 

DIELECTRIC AND METAL-PLATE LENSES 
B Y J. R. RISSER 

11-1. Use of Lenses in Microwave Antennas.—The utilization of 
optical methods is an outstanding feature of microwave antenna design. 
It is natural, therefore, to consider a much-used optical device, the lens. 
Dielectric lenses of conventional optical design are, in general, too cum
bersome for use in microwave antenna systems, but when they are zoned 
so that the dielectric is nowhere more than several wavelengths thick, 
their use is a distinct possibility. At wavelengths in the microwave 
region, a practical lens can also be constructed using parallel metal plates 
spaced a fraction of a wavelength apart, because for radiation with the 
electric vector parallel to the plate surfaces, the space between the plates 
is characterized by a longer wavelength than the free-space wavelength 
and consequently has the properties of a refracting medium with an 
index of refraction less than unity. 

Lenses and reflectors are interchangeable in microwave antennas, 
because both perform the same basic function—modification of phase. 
Thus, for example, lenses can be substituted for reflectors to produce 
pencil beams; cylindrical lenses of suitable contour can be used with line 
sources to obtain asymmetrically flared beams; and line sources can be 
formed by the use of two-dimensional lenses between parallel plates. 
Reflectors have many advantageous features: mechanical simplicity, 
lightness, and freedom from chromatic aberration. Lenses, in turn, have 
characteristics that render them invaluable for many applications. Thus, 
in a lens system, the feed is out of the path of the main beam, a considera
tion of particular importance in parallel-plate line sources. Lenses are 
also particularly suited for insertion into optical systems to perform special 
corrective functions; for example, correcting lenses of the Schmidt type 
can be used in conjunction with a reflector to obtain a wide field in 
antennas for rapid scanning, and metal-plate lenses are used for phase-
front correction in sectoral horns. 

Because of the difference in wavelengths, microwave lens techniques 
are free of certain restrictions which obtain in optics. Surface tolerances 
are large. Dielectric lenses can be made of relatively soft thermoplastics, 
such as lucite or polystyrene, instead of glass, and the lens surfaces can 
be turned on a lathe or molded. Consequently, the surfaces need not 
be spherical but can be cut to contours appropriate to the function of 

388 
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the lens. Metal-plate lenses, likewise, can be produced by ordinary 
machine-shop methods. Since the fundamental function of a lens is to 
modify the phase fronts from a radiating source, the lens surfaces are 
designed using the laws of geometrical optics. However, the radiation 
pattern of the antenna as a whole—lens and primary source—must be 
considered from the standpoint of diffraction theory. The far zone field 
produced by the lens is obtained from the amplitude and phase distribu
tion over its aperture by the methods of Chaps. 5 and 6. 

It is the aim of this chapter to point out the methods of design, types 
of structure, and general problems involved in the use of lenses. Cor
recting lenses and other lenses designed for special purposes will not be 
considered. Discussion will be confined to those lenses whose function is 
to convert the spherical (or cylindrical) phase front from a point (or 
line) source at the focus of the lens into a plane phase front across the 
aperture. This is the most frequently recurrent problem in microwave 
antenna design, because, by diffraction theory, a plane phase front results 
in the most directive pattern for an aperture of a given size with a given 
amplitude distribution across it. 

DIELECTRIC LENSES 
11-2. Principles of Design.—The general principles of geometrical 

optics were formulated in Chap. 4. Lens design is based on two of these 
principles (Sees. 4-8 and 4-9): (1) the principle of equality of optical paths 
along rays between pairs of wavefronts and (2) Snell's law of refraction. 
The procedure of lens design is commonly referred to as " ray tracing" 
because it deals exclusively with the optical paths or rays, that is, the 
normals to the equiphase surfaces or wavefronts. In a homogeneous 
medium the rays are straight-line segments. In empty space the optical 
path length is just the length of the ray segment; in a dielectric medium, 
it is the length times the index 
of refraction n (equal to \ /F e ) . 
The rays are refracted at the 
lens surfaces in the way described 
by Snell's law. The ray-tracing 
method consists in determining 
the lens surfaces, so that the 

l • j ,• i i ,i / , i F IG. 11-1.—Optical paths 
combined optical length (h + " surfaces. 
nli + h) (see Fig. 11-1) along 
any one ray between two equiphase surfaces Si and *S2 on opposite sides 
of the lens is the same as the length (l[ + nl'% + f3) along any other ray 
between Si and S2. The reciprocity theorem can be invoked to show 
that it is immaterial whether the direction of propagation is from Si 
toward S2 or the reverse; a lens designed to convert a spherical equiphase 
surface from a point source F, located to the left of the lens, into a plane 
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equiphase surface to the right, will function equally well in bringing to a 
focus at F the energy in a plane wave incident from the right. 

11-3. Simple Lenses without Zoning.—Simple lenses will be divided 
into two categories according to the number of refracting surfaces. If 
one lens surface is an equiphase surface of the incident or emergent wave 
with the result that the rays are normal to the surface and pass through 
undeviated, the term "one-surface lens" will be applied. A "two-surface 
lens" is one in which refraction occurs at both lens surfaces. The design 
of a one-surface lens is a relatively simple problem and will accordingly be 
treated first. 

The first to be considered is shown in Fig. 11-2. The boundary 77" 
between air on the left and the dielectric of index of refraction n on the 
right is to be determined so that the phase front Si from a source at F 
is converted into the plane phase front S2 in the dielectric. The dielectric 
is terminated on the right in a plane parallel to S2. The problem is 
essentially two-dimensional, whether the lens is cylindrical and F is a 
line source—in which case the line source and cylinder axis are perpen
dicular to the plane of the diagram—or the source at F is a point source 
and the lens is spherical,1 that is, has rotational symmetry about the 
optical axis FQ2, the line through F perpendicular to S2. The equation 
of the lens surface is obtained from the condition that the optical path 
length [(-Pi-P) + n(PP2)} through an arbitrary point P shall be equal to 
the optical path length [(QiQ) + n(QQ2)] on the axis or, more simply, 
that 

(FP) = (FQ) + n(QQ2). (1) 

In terms of FQ (= /) and the polar coordinates (r,d) of the point P, 
Eq. (1) can be written 

r = f + n(r cos 6 — / ) . (2) 

Solving for r, the equation for TT', the generating curve of the lens 
surface, is given by 

n cos 0 - 1 (6> 

Since n > 1, this is the equation of a hyperbola of eccentricity n with 
the origin at one focus. The asymptotes make an angle da with the lens 
axis given by 

9a = cos-1 — (4) 
n 

The angle 6a is 51° for polystyrene and plexiglas for each of which n = 1.6. 
It may be noted that the law of refraction is not used in deriving Eq. 

' F o r convenience, a Ions will bo designated as "spher ica l ' ' if its surfaces are 
generated by a rotation about the axis and "cy l indr ica l" if the generating inotkm is a 
translation parallel to the line source /*'. 
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(3); it is easy to show, however, that the law of refraction is satisfied 
at this boundary for the ray construction of Fig. If-2, and it is, in fact, 
known from general considerations (Sec. 4-9) that it must be satisfied. 
It is likewise easily seen that the right-hand boundary of the dielectric 
has no effect on the optical paths because it coincides with an equiphase 
surface and, consequently, is normal 
to the rays PP2, QQ2, etc. 

In evaluating the usefulness of 
the lens, its effect on the amplitude 
distribution over the aperture must 
be ascertained, because this as well 
as the phase determines the diffrac
tion pattern. The effect differs in 
spherical and cylindrical lenses. For 
a spherical lens with a point source 
at F that has an axially symmetric 
pattern, if P{6) is the power radiated 
per unit solid angle by the point 
source in the fl-direction and P(p) 
the corresponding power per unit 
area in the aperture at a distance from the axis p( 
geometrical considerations, 

P(P) 
P(B) 

bolic contour. 

r sin 9) then from 

sin 8 dd 
pdp 

Reflection at 1hc lens surface is being neglected. 
surface generated by the curve of Eq. (3) 

(5) 

For the hyperbolic 

P(P) 
P(B) 

(n cos I ) 3 

P(n ~ l ) 2 ( i 

whereas the corresponding amplitude ratio is 

cos 9) 

MP) 
A(8) ^ 

(n cos e - \y 
\n - \)\n - cos 9) 

(6) 

(7) 

For a cylindrical lens with a line source at F, P(6) dd is the power radi
ated per unit length by the line source between the angles 8 and 9 + dd. 
Then if P(y) dy is the power per unit length in the corresponding aperture 
interval between y and y + dy, where y is again the distance r sin 9 
from the axis, 

P(y) = d9 
P{e) ~ dy (8) 

For the hyperbolic surface, 

P(!l) 
P(9) {» 

(it cos 9 I ) 2 

cos 9) (9) 
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and 
My) 
Aifi) V ( n -

cos e - i ) 2 

l)/(w - cos 8) 
(10) 

1.0 

C.5 

The amplitude ratios for spherical and cylindrical lenses normalized 
at 8 = 0 are plotted in Fig. 11-3. They drop off rapidly with increasing 

8, an effect that impairs the usefulness of 
the lens. For the spherical lens of poly
styrene or plexiglas, the aperture ampli
tude has dropped off 50 per cent relative 
to the feed amplitude at an angle of 30° 
with the axis, with the result that it is 
scarcely feasible to use a lens aperture 
extending beyond this point because of the 
high degree of taper in the illumination. 
This results in a serious reduction in the 
gain and an increased width of the main 
lobe of the antenna pattern (cf. Sec. 6-6). 

Another design for a one-surface lens 
can be obtained by considering the source 
F (see Fig. 11-4) to be immersed in a di
electric medium of index of refraction n 
bounded on the right by a dielectric-air 
surface. In this case the equation for the 

0.0 

: \ 
^ 

" A(p) 
_ A(9) 

-

vT A(y) 
A(6) 

V 

\ 
60 20 40 

8, deg. 
Km. 11-3.—A(p)/A(g) for a 

spherical lens and A(y) /A(9) for a 
cylindrical lens with hyperbolic 
contours; n = 1.6. 

generating curve TiT2 is found to be 

n — cos 8 
where / is the distance along the axis from the focus to 7'i?1

2. 
the equation of an ellipse of eccen
tricity 1/n with the origin at the 
focus farther from Q. An actual 
lens would be constructed, as shown 
in Fig. 11-4, where the source F is 
outside the dielectric and the inci
dent dielectric surface T[T'2 is 
spherical or cylindrical, as the case 
may be, and normal to the rays FP 
and FQ. For a given focal length, 
the aperture of the lens cannot be 
larger than 2b, where b is the semi-
minor axis of the ellipse: 

(11) 

This is 

yjn 
- 1 
+1 

Fio. 11-4.-

/ ■ (12) 
-One-surface lens with elliptical 

contour. 
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The semiminor axis b subtends an angle 6m at the feed given by 

e> 
The minimum ratio of the focal length to the diameter is 

L 
26 

In 
yjn 

+1 
1 

(13) 

(14) 

which is 1.04 for plexiglas or polystyrene. 
elliptical contour, A(p)/A(6) is given by 

For a spherical lens with an 

A(B) 
o 

•\(n - 1 )
2P(n cos 1) 

(15) 

V(n 
(n — cos 6)2 

l)/(n cos 0 - 1 ) 
(16) 

3.0 

and for a cylindrical lens by 

My) 
(Ad) 

Plots of these amplitude ratios normalized to unity at 9 = 0 are given in 
Fig. 11-5. The amplitude in the aperture increases relative to the feed 
amplitude with increasing 6. This property of the elliptical contours is 
desirable for microwave work, because the lens compensates for the 
directivity of the feed pattern, producing 
a more efficient illumination over the 
aperture from the standpoint of antenna 
gain. On the other hand, the more uni
form illumination enhances the side-lobe 
structure of the pattern, and the lens is not 
suited for use with an antenna feed of too 
low a directivity. 

Practical considerations of bulk and 
efficiency place a limit on the useful aper
ture of this lens. For polystyrene or plexi
glas, the maximum diameter 5b is 0.96/, 
and the half angle 6m subtended at the feed 
F is 51°. For a 30° half angle, on the 
other hand, the lens diameter is 85 per 
cent of maximum; and in the case of the 
spherical lens, the volume of dielectric is 
approximately one-fourth of the volume 
with maximum diameter. For a spherical lens cut at 6 = 30°, A(p)/A (0) 
is 1.7, with the result that the feed pattern must be down 14.5 db from 
8 = 0 in order to make the power at the edge of the aperture 10 db down 
from center. 

2.0 

1.0 

MP) 
A{8) 

I 

*// A(y) 

60 20 40 
O.deg. 

Fm. n-5.— A(p)/A(6) for a 
spherical leTis and A(y)/A(8) for a 
cylindrical lens with elliptical con
tours; n = 1.6. 



394 DIELECTRIC AND METAL-PLATE LENSES [SEC. 11-3 

A "two-surface lens" is one in which neither of the lens surfaces 
coincides with a surface of equal phase and the rays undergo refraction 
upon entering and leaving the lens. The use of a second refracting sur
face is one way of increasing the versatility of the lens. The optics of a 
two-surface lens will be outlined briefly, although there will be no detailed 
discussion of an example. Figure 11-6 is a sketch of the geometry. As 
y before, F is a point or line source to 

the left of the first surface whose con
tour is denoted by T\T\. Since re
fraction occurs at both surfaces, there 
is no unique form for the equiphase 
surfaces in the dielectric. It is con
venient in this case to discuss the 
problem in terms of the angle 8' (Fig. 
11-6) which a ray entering the di
electric at the point (r, 8) makes with 
the axis of the lens. The angle 8' is 

determined from the form of the contour 1\T[, or vice versa, in accordance 
with Snell's law. In terms of 6' the differential equation for the contour 
TiT[ can be shown to be 

1 dr _ n sin (8 - 8') 
r dd~ n cos (8 - 8') - 1 ( ' 

The coordinates x, y of the point where the ray from (r, 8) intersects 
the second surface T{V'^ are determined by the geometrical relationship 

y — r sin 8 , „, ,„ _. 
tan 8' (18) 

1 
1 
1 ol --
F 

FIG. 

r^ 
-r» 

110.—C 

V \ r 2 
7 \ x, 'Tn 

\ n 1 

y\ 
1 
l i 
1 ■ ' • ' 
1 
1 
1 
1 

oordinate system for a two 
surface lens. 

x — r cos 9 

and by the condition for the equality of optical paths. Since the equi
phase surfaces to the right of T2T'2 are required to be planes, the condition 
on the optical paths is given by 

r + n \/{y — r sin 8)2 + (x — r cos 8)2 — x = constant. (19) 

As is easily seen, Eqs. (17) to (19) are not sufficient to determine uniquely 
the coordinates of both surfaces. Another condition, essentially equiva
lent to a condition on 8', may be imposed. For example, it may be 
required that the lens be free of coma (to render it suitable for use in a 
scanning antenna) or that the amplitude ratio A(y)/A(8) of Eq. (5) or 
(8) be specified as a function of y or 8. For a general-purpose microwave 
antenna it would be desirable that the amplitude ratio be constant or at 
least a slowly varying function of y or 8, with the result that the taper in 
the angular pattern of the feed is reproduced in the aperture. As far as is 
known, a practical solution of this problem has not yet been obtained. 
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When the contour TiT[ is determined by arbitrarily setting $' equal to 
0/2, it is found that A(y)/A(d) is very nearly constant for a cylin
drical lens of moderate aperture and only very slowly varying for a 
spherical lens. This lens is thick, however, for reasonable apertures. 
In general, with the large apertures used in microwave applications, con
siderations of weight and bulk make zoned construction a practical 
necessity. Consequently, the design of lenses without zoning is of some
what academic interest, and the conditions on the lens surfaces are not 
complete without provision for the zone steps. This will be treated in 
the next section. 

Before leaving the subject of unzoned lenses, however, we may take 
note of an expression for the thickness of a simple converging lens on 
the axis. This expression is useful in estimating lens proportions. 
It can easily be seen from the principle of equality of optical paths that 
if R and B„ are the coordinates of the apex of the lens where the dielectric 
reaches zero thickness, the thickness t on the axis is given by 

72(1 - cos 0„) = (n - l)t. (20) 
For example, a polystyrene lens with R equal to 20 wavelengths and d0 
equal to 30° is 4.5 wavelengths (free-space) thick. 

11-4. Zoned Dielectric Lenses.—A simple Incite cr polystyrene lens 
of the type described in the preceding section is many wavelengths thick 
if its focal length and aperture are large 
compared with a wavelength. For a 
simple lens the optical path length along 
the axis is the same as the length by way 
of the edge. This condition is unneces
sarily restrictive, however, at microwave 
frequencies where the wavelength is large 
compared with ordinary manufacturing 
tolerances. The surfaces of microwave 
lenses can be divided into zones with the 
optical paths differing by integral multi
ples of a wavelength from one zone to (a) (&) 
another. A lens may accordingly be Flu- n-7.—Zoning of nonrefrartiiiK 
l • ] - , i •, ,• -i , lens sur faces . 

designed with its cross section similar to 
those shown in Fig. 11-7. Starting with zero thickness at the edge of the 
lens the thickness of dielectric may be progressively increased toward the 
lens axis, as required by the phase condition, until the path difference intro
duced by the presence of the dielectric is equal to a wavelength. At this 
point the path in the dielectric can be reduced to zero without altering 
the wavefronts from the lens. This is then the outer boundary of another 
zone, through which the optical path lengths are one wavelength less 
than those through the outermost zone. This zone likewise increases 

'm"M 
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in thickness in the direction of the axis until the point is reached where 
reduction of the dielectric thickness to zero results in an optical path 
length smaller by another wavelength, and so on. The resulting lens is 
similar to a conventional zone plate except that the path difference 
between zones is equal to a single wavelength. When the lens has K 
zones, the optical paths through the outermost zone are (K — 1)\ longer 
than those passing through the zone on the lens axis. 

The maximum thickness of a zoned lens is approximately equal to 
X/(n — 1), because the maximum path difference (n — l)f introduced in 
a path of length t by the presence of the dielectric is approximately a 
wavelength. In actual practice a small thickness tm (Figs. 11-7 and 11 -8) 
must be left at the thinnest points for reasons of mechanical strength, 
so that the maximum thickness is greater than \/(n — 1) by this amount. 

A good example of a zoned two-surface lens which has been tested 
and used1 is shown in Fig. 11-8. This is a plexiglas lens, 13.5 in. in diam
eter, for use at 3.3 cm. The surface toward the feed is chosen somewhat 
arbitrarily to be a plane. This choice has much to recommend it, how
ever, because a plane surface should have somewhat less back reflection 
to the feed than a concave surface and better illumination characteristics 
than a convex surface. Except for the inclusion of zones, the lens is 
designed in the manner described for two-surface lenses in Sec. 11-3. 
Once a plane for the first surface and the distance from this plane to the 
focus (6 in. in this case) are chosen, the lens structure is completely deter
mined by the requirement that the equiphase surfaces to the right of the 
lens shall be planes: Snell's law determines the directions of the rays in 
the dielectric of the lens; then the second surface is determined from the 
principle of equality of optical paths with the provision that the paths 
differ by a wavelength from one zone to another. The following equa
tions describe the zoned surface: 

d = (K - 1)X + (n - 1)D + / - Vf + r ' 1 r 
; r2 V 

n*(r2 + f) 
and 

d 

n2(f + r2) 

R = r 1 + 
V n 2 ( f + r2) - r2 

(21) 

(22) 

The notation is that of Fig. 11-8. The zone number K is unity for the 
central portion of the lens. This zone is carried out from the axis to a 
point where the thickness of material U, is considered a minimum for 
mechanical strength. There the step is made to the surface determined 
by K = 2, and so on to the edge of the lens. 

1 A. M. Sk-ellett, "Plexiglas Lens Antenna for Microwaves," BTL Report MM-43-
170-15, September 1943. 
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In designing a zoned lens care must be taken to avoid excessive shadow 
a rea between zones in the lens aperture. ' Shadow invariably occurs when 
zone steps are cut in a refracting surface of the lens because the ray 

Fits. 11-8.—Zoned two-surface lens. 

FIG. 11-9.—Shadow introduced by zoning. 

adjacent to a step inside the dielectric has a different direction from that 
of the adjacent ray outside. This is shown in Fig. 11-9 where the rays 
FPP' and FQQ', which are together on entering the lens, have undergone 
considerable separation at the step. In transmission the aperture illu
mination is zero between P and Q; in reception the energy incident 
between P and Q does not reach F and is therefore lost. Shadow does 

i a ■ j « m i 4 j i i W 
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not occur where the step is cut in an equiphase lens surface because the 
directions of the rays are not altered at the surface and hence undergo 
no separation. The effect of shadow regions, of course, shows up in the 
secondary pattern of the lens as a decrease in gain and increase in side 
lobes. Data are lacking at present on the relation between these effects 
and the size and position of the shadow regions. 

Frequency Sensitivity.—Since dielectric constants are independent of 
frequency in the microwave region, an unzoned dielectric lens performs 
its function regardless of frequency. With zoning, however, frequency 
sensitivity is introduced. Let Pi be the length of optical path from the 
focus F along the axis to any plane perpendicular to the axis on the far 
side of the lens. If K is the total number of zones, the optical path P 2 
through the Kth zone is Pi + (K — I)X0 where X0 is the design wave
length. At wavelength X0, the radiation from the first and Kth. zones 
will be in phase in any plane perpendicular to the optical axis. However, 
at a near-by wavelength X0 + AX, the wavefront from the A'th zone will 
be displaced a distance 5 along the axis relative to the wavefront from the 
first zone. When the changes in wavelength are small, 5 in wavelengths 
is given by 

X 
whence 

( ' ■ : * ) : AX, (23) 

s - - < * - ' > £ 
The usual criterion for microwave work is that the displacement S shall 
not exceed 0.125X.1 Using this criterion and defining the bandwidth as 
twice the maximum allowable fractional change in wavelength expressed 
in per cent, 

25 Bandwidth ~ 1" P e r cent. (24) 

A lens of 4 per cent bandwidth can have seven zones with X0 steps between 
zones. The formula is approximate because AX is assumed small in the 
derivation. It should be noted that [K — 1) is actually the number of 
wavelength steps introduced by zoning; if there are steps of two or more 
wavelengths, this must be taken into account. It is believed that Eq. 
(24) gives a conservative estimate of bandwidth, because with tapered 
aperture illumination, higher values of 5/X might be tolerated for certain 
applications. 

11-5. Use of Materials with High Refractive Indexes.—Recently 
materials with high refractive indexes and low losses have been developed. 
The use of these materials would greatly reduce the bulk of microwave 

1 flip relation between the. gain of a pencil beam an tenna and the phase error 
over the aperture is discussed in Sec. 12.5. 
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lenses. Two distinct types exist. Polyglas1 mixtures with titanium 
dioxide or titanate fillers have refractive indexes from 1.7 to 4.9, depend
ing on composition. Power factors are 0.002 to 0.00.3 at 1010 cps. These 
materials have the advantage of possessing coefficients of thermal expan
sion near those of copper and brass. Very high refractive indexes (about 
10) are obtained from titanium dioxide and titanate ceramics.2 The 
titanium dioxide ceramics have power factors below 10~3 at 3 X 109 cps. 
There is no fundamental obstacle preventing the use of these materials 
for microwave lenses. At present lack of development of manufacturing 
techniques for heat treating and molding of large samples is the principal 
difficulty. The degree of control necessary for successful manufacture 
is indicated in the reports on the materials. Ik-cause tolerances against 
warpage and twisting are large for lens surfaces (Sec. ll-(>), a lens could 
be made as an assemblage of small sections, in order to decrease the size 
of furnaces and molds. 

In addition to techniques of manufacture, materials with high refrac
tive indexes present several problems to the lens designer. The toler
ances on lens thickness become important (Sec. 11-6), and reflections 
from lens surfaces result in prohibitively high transmission losses (Sec. 
11-7) unless surface-matching sections are added. 

11-6. Dielectric Losses and Tolerances on Lens Parameters.—In 
evaluating the usefulness of microwave lenses, it is necessary to consider 
the practical problems arising from properties of lens materials and pos
sible limitations in methods of manufacture. Attenuation in the dielec
tric must be reasonably small. It must be possible to fabricate the lens 
to satisfactory tolerances on the contours of both surfaces and on the 
thickness. Many materials with suitable refractive indexes are lossy at 
microwave frequencies. The attenuation in decibels per (free-space) 
wavelength in an unbounded dielectric medium is given by 

A = 27.3n % (25) 
e 

where n is the index of refraction and t and t" are the real and imaginary 
parts of the complex dielectric constant (t — jt") characteristic of lossy 
materials. (The index of refraction is the square root of e'/£o, which is 
the inductive capacity k, ordinarily quoted.) The ratio e"/V is equal to 
the power factor of the material when it is small compared with unity 
Since the maximum thickness times (n — 1) is about a wavelength for s 
zoned microwave lens, the upper limit to the attenuation in a zoned lens 

1 A. von Hippel, S. M. Kin^sbury, and L. G. Wesson, ' 'Low Thermal Kxpansion 
Plastics," X n i l C 14-539, October 11M5. 

2 A. von Hippel, l i . G. Brcckenridp;e, A. I'. de Bretteville, Jr., ,J. M. Brownknv, 
F. Ci. Chesley, G. Oster, L. Tisza, and \Y. B. Westplial, "Hi^ l i Dielectric Constant 
Ceramics," K D K C '.4-300, August 1!M4. 
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is approximated by 

AM « 27.3 ( C ) —^-, (26) 

which is about 70e"/V for polystyrene or lueite and about 35t"/e' for a 
dielectric with n equal to 4.5. Thus, power factors up to 0.003 can be 
used without introducing more than a few tenths of a decibel attenuation. 
For polystyrene (e"/e' ~ 0.0003) the attenuation is negligible. 

The tolerance to be placed on any lens parameter is proportional to 
the maximum allowable irregularity in the wavefronts, or equiphase 
surfaces, formed by the lens. This is again taken to be A/8. The toler
ances on thickness and index of refraction are interrelated because the 
compensation in optical path introduced by the presence of dielectric 
of thickness t is (n — Y)t. Setting X/16 as the upper limit on wave-
front irregularities arising from variation in either t or n to allow for 
variations in both quantities, we have, approximately, 

and 

A£ g T r . , , (27) 
16(n — 1) 

An S ^ - (28) 

Since (n — \)t is of the order of a wavelength for zoned microwave lenses, 
Eq. (28) becomes 

An < i (29) n - 1 16 

The tolerance on thickness becomes important only for materials with 
high index of refraction. For polystyrene at a wavelength of 3.2 cm, 
Eq. (27) gives a thickness tolerance of \ in., whereas for a substance 
with a refractive index of 4.5, it is 0.020 in. at the same wavelength. 
As regards the dielectric constant, a variation greater than 3 per cent is 
not likely to occur when reasonable care is taken in manufacture, even 
in materials of high dielectric constants. This variation is well within 
the limits prescribed by Eq. (29). If variation in thickness alone or 
dielectric constant alone is considered, the tolerances given by Eqs. (27) 
and (28) may be increased by a factor of 2. 

Some restriction on the surface contours of a lens arises from the 
tolerance on the thickness t. The two surfaces can be deformed simul
taneously by warping, however, without affecting the thickness appre
ciably. From Fermat's principle, the length of optical path through 
any portion of a lens has an extremum value and consequently, small 
displacements of any section of the lens result in changes in optical 
path that are small compared with the displacements, The tolerance 
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on a surface contour, except when it affects thickness, is therefore at 
least as large as the maximum allowable irregularity in the wavefronts. 

11-7. Reflections from Dielectric Surfaces.—Reflections from dielec
tric surfaces can cause feed mismatch and power loss. Feed mismatch 
is most likely to occur when a lens surface coincides with an equiphase 
surface because the reflection from the entire surface is then in phase at 
the feed. In this case the surface reflection coefficient is given by the 
well-known expression for normal 
incidence 

R = - 1 
n + 1 

(30) 0.50 

Equation (30) yields a value of 0.23 
for plexiglas or polystyrene and, of 
course, larger values for higher di
electric constants. A reflection of 
this magnitude is too large if picked 
up by the feed, and so the use of an 
equiphase surface as a lens surface 
is to be avoided whenever possible. 

For high indexes of refraction 
and large angles of incidence, power 
loss itself becomes important. For 
a refractive index of 4.5 the loss is 
40 per cent at normal incidence, so 
that surface-matching sections are 
n e c e s s a r y . The reflection coeffi
cient R depends not only on n but 
also on the angle of incidence. 
This is shown in Fig. 11-10, where 
| R j is plotted for a plane wave inci
dent on the plane surface of an infinite dielectric slab (n = 1.6) at angles 
up to 90°. The curve for polarization with the electric vector perpendicu
lar to the plane of incidence is a plot of the well-known relation 
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F I G . 11-10.—Fraction of incident power 
reflected from the surface of an infinite 
dielectric slab vs. angle of incidence: (a) 
electric vector perpendicular to the plane 
of incidence; (6) electric vector in the plane 
of incidence; n = 1.6. 

(i - r) 

ith 
sin (i -f- r) 

= sin - 11 - sin i ]• \n ) 

(31) 

In this case \R\ increases with angle of incidence from its value at normal 
incidence, slowly at small angles and rapidly in the neighborhood of 90°. 
The power loss reaches a value of 10 per cent at about 40° for n = 1.6. 
Account must be taken of this effect in the design of lenses. For polariza-
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tion with the electric vector in the plane of incidence, 

R = taM. 
tan (i + r) 

In this case |.ff| decreases with angle of incidence until it reaches zero at 
the Brewster angle, t an - 1 n; beyond this angle it again increases. Match
ing devices can be used to cut down surface reflections, as, for example, 
a quarter-wavelength-thick surface layer of material whose refractive 
index is the geometric mean of the refractive index of the lens dielectric 
and that of air. Such a matching section is, of course, an additional 
complication in the design and manufacture of the lens. 

METAL-PLATE LENSES 
11-8. Parallel-plate Lenses.—A lens structure using spaced conduct

ing planes instead of a dielectric has been developed1 for use at microwave 
frequencies. A common form consists of parallel strips of sheet metal 
held apart by accurate nonreflecting spacers. Where the electric vector 
is parallel to the plate surfaces and the plate spacing a is less than X, 

but greater than ^ (cf. Sec. 7-15), the wavelength between the plates is 2 
given by 

(,2a/ 

(33) 

Since this wavelength is greater than the free-space wavelength, the 
parallel-plate space has the properties of a refracting medium with index 
of refraction less than unity. When a thickness of this medium is intro
duced into the paths of the rays, optical path lengths are reduced from 
their free-space values instead of increased as iji the case of dielectrics. 
Thus a converging parallel-plate lens is thinner on the axis than at the 
edge of the lens, and a diverging lens is thicker. This is in contrast 
to dielectric-lens structure. A parallel-plate lens can be designed to 
have variable thickness, like a dielectric lens, or it can have a uniform 
thickness and variable plate spacing. The former, a more common 
design, will be considered here. 

The refractive index of the parallel-plate space is given by 

_X_ ^ - (£)" (34) 

1 W. E. Kock, "Experiments with Metal Plate Lenses for Microwaves," BTL 
Ueport MM-44-160-67, March 1944; "Wire Lens Antennas," MM-44-160-100, April 
1941; "Metal Plate Lens Design ''Considerations," MM-44-160-195, August 1944; 
"Metal Plate Lenses for Microwaves," MM-45-160-23, March 1945; "Metal-Lens 
Antennas," Proc. IRE, 34, 828-836, November 1946. 
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with X/2 < a < X. Values of n lie between 0 and about 0.86. Naturally 
the smallest practical value of n should be used in order to minimize the 
thickness of the lens. Owing to difficulties arising from the use of plate 
separations near cutoff, namely, 
frequency sensitivity, mismatch at 
the lens surface, and difficulty in 
maintaining the tolerances on 
plate spacing, 0.5 is generally con
sidered the minimum practical 
value of n. One important differ
ence between dielectric and paral
lel-plate lenses consists in the 
constraints placed on the rays in 
the lens by the presence of the par
allel plates. The direction of 
propagation in the lens must be 
parallel to the plate surfaces. 
Thus Snell's law does not, in general, describe the change in direction of 
a ray at the lens surface. In the case of cylindrical lenses this fact does 
not essentially change the lens design. Here two cases may be distin-

g u i s h e d . W h e n the electric 

•l/sini\ sin"1 (ag-
F I G . 11-11.— Cylindrical parallel-plate 

lens in which change of angle at the surface 
is determined by Snell's law. 

Actual direction of 
ray inside lens 

vector and lens plates are perpen
dicular to the cylinder axis, Snell's 
law is valid and the constraints do 
not enter (Fig. 11-11). When the 
electric vector and plate edges lie in 
planes parallel to the cylinder axis, 
Snell's law is replaced by the con
dition of the constraint (Fig. 
11-12). However, the design of a 
spherical lens consisting only of 
plates parallel to the .E-plane of 
the feed becomes a three-dimen
sional problem instead of the two-
dimensional one discussed for 
dielectrics. The constraint exists 

in the magnetic but not in the electric plane, and the lens surface is not 
symmetrical with respect to a rotation about the axis. The design can, of 
course, be reduced to a two-dimensional problem by use of a cellular con
struction to introduce identical constraint in the electric plane. 

There is one useful example in which the constraint does not enter 
explicitly, and most spherical parallel-plate lenses used hitherto have 
been of this type. This is the one-surface lens in which the refracting 
surface is on the side of the feed with the second surface a plane per-

FIG. 11-12.—Cylindrical parallel-plate 
lens in which change of angle at the lens 
surface is determined by the condition that 
the ray is constrained to pass between the 
plates. 
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pendicular to the lens axis. The rays are then parallel to the axis, and 
the constraints are automatically satisfied. As discussed in Sec. 11-3, 
the contour of this lens may be designed solely from the condition of 
equality of optical paths. Referring to Sec. 11-3, to the case where the 
refracting medium is to the right of the contour TT' (Fig. 11-2), the 
coordinates of TT' are given again by Eq. (3): 

r - (1 ~ " ) / 
1 — n cos 8 (3) 

In the present case, however, with n < 1, this is the equation of an ellipse; 
the hyperbolic face of the dielectric lens is replaced by an elliptical face 
in the metal-plate lens. Since little use is made of unzoned lenses, it is 
desirable to rewrite this equation to apply to a zoned lens. If the zone on 

the lens axis is taken as the first, the equation 
for the surface of the Kth zone is given by 

(1 - n)jK . . 
rK = i zr^—a (35) 

with 

/*=/.+ (K - 1)X 
1 — n (36) 

In this equation the assumption is made that 
there are steps of one wavelength between 
adjacent zones; otherwise (K — 1) in Eq. (36) 

2.0 

MP) 

1.5 

40° 

Without 
zoning ^ 

/ 
/ 

0° 20° 
6 

30° 

Fiu. 1 
tour with 
/ = 4U\. 

1-13. - Elliptical coii-
five zones; n = 0.5; 

11-14. -Ratio A(p)/A(e) for zoned 
contour of Fig. 11-13. 

must be replaced by the total number of wavelengths in the steps between 
the axis and the Kth zone. Figure 11-13 shows a five-zone arrangement 
of this contour using 0.5 for n and 40X for / i . The ratio of / i to aperture 
is 0.86. The unzoned contour is shown for comparison. The ampli
tude-illumination ratio (Sec. 11-3) which relates the amplitude across 
the aperture to the amplitude pattern of the feed is given for a "spherical" 
lens by 

A(P) __ 
A(8) 

(1 — n cos 
( F - n)2/!.(crJs^ n) 

(37) 
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and for a cylindrical lens by 

A(y) _ I (1 - n cos d)2 

A(6) ~ \ ( 1 - n)/K(cos 6 - n) 

The ratio A(p)/A(9) of Eq. (37) for the spherical case is plotted in Fig. 
11-14 for the five-zoned elliptical contour of Fig. 11-13. The ratio 
exhibits a slow stepwise increase from the center to the edge of the lens 

FIG. 11-15.—Rear view of a 1.25-cm parallel-plate lens. (.Courtesy of the Bell Telephone 
Laboratory.) 

in a fashion favorable for microwave use. The improvement introduced 
by zoning is seen by comparing with the dotted curve for an unzoned 
contour. Figure 11-15 is a photograph of the rear view of a spherical 
lens;1 it is 48 in. in diameter and designed for use in the 1-cm range. It 
is a zoned single-surface lens with elliptical contours. This lens is 
constructed of thin, equally spaced metal plates parallel to the i?-plane of 
the feed. The time involved in cutting the plates for lenses of this type 
is a factor, because the plates differ in contour except for corresponding 
pairs on opposite sides of the optical axis. Since surface tolerances are 
large (Sec. 11-10), the contours can be cut by sawing or filing to a scribe 
line or by stacking the plates with temporary wooden spacers and cutting 
on a lathe. 

1 W. E. Kook, " M e t a l Plate Lenses for Microwaves," B T L Repor t MM-44-160-
100, April 1944. 
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11-9. Other Metal-lens Structures.—Several other methods of lens 
construction have been tried with success.' One procedure that leads to 
good structural characteristics makes use of polystyrene foam (e = 1.018 
and weight 1 to 2 lb/ft3) as a dielectric medium between the plates. 

The plates are actually sheets of 
metal foil bonded to the polysty
rene. The slabs of polystyrene foam 
with the metal foil sidings may be 
molded into a block, and the lens 
contour can then be cut out on a 
lathe. 

Another method is to replace the 
lens plates by a system of parallel 
wires. Lenses of this type are inter
esting principally because they point 
to the possibility of using lenses at 
long wavelengths where metal plates 
are out of question but curtains of 
wire suspended from poles are feas
ible. The lens structure is based on 
the fact that slots in the wall of a 
waveguide which are parallel to the 
The system of parallel wires may be 

thought of as a limiting condition arrived at by cutting slots in the parallel 
plates constituting the lens. The primary problem in the design is the 

F I G . 11-16.—Polystyrene-foam lens. 
(Courtesy of the Bell Telephone Labora
tory.) 

electric-field vector do not radiate. 

F I G . 11-17.- -Wire lenses: (a) parallel-wire lens; (b) wire mesh lens. 
Telephone Laboratory.) 

{Courtesy of the Bell 

determination of the practical ratio of slot width to conductor width. 
It has been found2 that at a wavelength of 3.2 cm wires of diameter 0.049 
in. and spaced 0.3 in. center to center have a loss of 0.1 db per inch or 
about i db per wavelength. Since the lens is only a few wavelengths 

1 W. E. Kock, " Metal P la te Lenses for Microwaves," B T L Repor t MM-45-160-23, 
March 1945. 

2 W. K. Kock, " W i r e Lens An tennas , " B T L Repor t MM-44-160-100, April 1944. 
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thick, this is not prohibitive. The over-all performance of a lens of this 
type has been found to compare favorably with an equivalent lens mak
ing use of solid plates. 

Several of these types of lenses are illustrated in Figs. 11-16 and 
] 1-17. The former shows a lens making use of a polystyrene-foam base. 
Figure ll-17a shows a parallel wire lens, and Fig. 11-176 shows a wire 
mesh lens. The latter takes as its starting point the use of rectangular 
waveguides as the lens medium. The waveguide walls are replaced by 
wire mesh, again making use of the fact that slots in a waveguide wall, 
when suitably oriented, do not radiate. 

11-10. Metal-plate Lens Tolerances.—Tolerances on the lens surface 
are large with respect to deformation by warping and twisting, as they 
are for dielectric lenses. Extreme rigidity in the cellular structure is 
consequently not necessa/y. Tolerances on the lens thickness and plate 
spacing are interrelated. Using the same criteria as for the dielectric 
lenses (allowing an error either in thickness or refractive index alone 
to cause more than half the allowable phase error X/8), 

and 

M * mr=^) ™ 

An 5; 4 , (40) 

where An depends both on plate spacing and wavelength. Reserving 
discussion of changes with wavelength until later (Sec. 11-11), the varia
tion of ft with plate spacing a is given by 

A n = 0 ^ f t ! ) A a . 
n a v ' 

If in addition (1 — n)t is assumed to be approximately a wavelength, 
as it is for zoned lenses, Eq. (40) becomes 

*? < 5 (42) 
a = 16 (n + 1) K ' 

When ft is equal to 0.5, Aa must be less than 0.024X, which is 0.030 in. 
at 3.2 cm. At this wavelength the tolerance on a would place a lower 
practical limit of about 0.3 on n, because this would lead to a tolerance 
of about 0.014 in. From Eq. (39) a value of 0.5 for n leads to an exceed
ingly liberal tolerance on t, i.e., At :g X/8. This is about twice the 
tolerance on a reflector contour for the same over-all phase error of X/8; 
a discrepancy of X/16 in a reflector contour leads to a phase error of 
approximately X/8. The tolerances given here are conservative, based on 
the assumption that both thickness and plate spacing are in error. If 
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the process of fabrication is such as to hold one or the other to better 
than the stated values, the alternate tolerance may be increased. 

11-11. Bandwidth of Metal-plate Lenses; Achromatic Doublets.— 
Since the index of refraction of a metal-plate medium depends on the 
ratio of plate spacing to wavelength, metal-plate lenses are frequency-
sensitive devices. The relation between small changes in X and corre
sponding changes in n is obtained by differentiating Eq. (34): 

An ~ (43) 

The effect on the wavefronts from an unzoned lens will be considered 
first. Let L2 represent the total length of the line segments FP and 
PP' (Fig. 11-18) passing through the edge of the lens and Li the length 

FQQ' on the axis. If P 2 and Pi are 
the optical lengths of L2 and L\ 
respectively and t is the difference 
between the thickness of the lens at 
the edge and at the center, the op
tical path difference (P2 — Pi) is 
given by 

FIG. 11-18.—Effect on a wavefront of 
change in wavelength from the design 
wavelength. 

Pi = (L2 - / + nt) - Li. 
(44) 

The path difference (P2 — Pi) is a 
function of wavelength because n depends on wavelength. At the design 
wavelength X0, (P2 — Pi) must be zero in order that P'Q' may represent a 
wavefront. Hence 

U - {I - n0)t = LL (45) 

At a near-by wavelength Xo + AX, the wavefront at P' ' is displaced a dis
tance 5 along the axis with respect to the wavefront at Q', where 6/X 
is given by 

r A (p* - p>\ 
[d\\ X ) 

AX. (23) 

The approximation is good only for very small AX. Substituting from 
Eqs. (43) and (45), 

I *. _ l + n° C1 ~ no)t AX 
Xo-Wo Xo 

(46) 

If the limits of bandwidth are defined by | 6 | / \ equal in magnitude to 
0.125, the bandwidth is given by 

Bandwidth » 25n0 Xo 
1 + n0 (1 — n0)t per cent. (47) 
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In the special case n0 equal to 0.5, 

Xo Bandwidth « 8.3 jz per cent. (48) 
(1 - n0)t 

Since (1 — n0)i is at least several times X0, bandwidths are of the order 
of a few per cent. It is believed that Eq. (48) gives a conservative esti
mate of the bandwidth, because, with considerable taper in the aperture 
illumination, values of (|6|/X)nu» up to 0.25 might be tolerated for certain 
applications. 

In determining the bandwidth of zoned lenses, the same type of 
procedure is followed. The frequency sensitivity of zoned lenses is due 
not only to the variation in n but also to the steps. As for unzoned 
lenses the maximum deviation in the wavefront can be calculated by 
comparing the optical path along the lens axis with the path by way of 
the edge. Using the same notation as before, we have 

Pi - Pi = (U - t + nt) - Lh (44) 

with the somewhat different condition at X0 introduced by the zoning: 

P2 - Pi - (K - 1) Xo = 0 . (49) 

Here K is the number of zones, counting the zone on the axis as the 
first. In this case 

[ K ^ Z A ! A X = - ( g - i ) f _(i + «.)Q_ 
\_d\ \ X / Jx-xo Xo n 0 

1T*T (50) 

Ao Ao 
and the bandwidth is approximately given by 

Bandwidth « 25 — per cent. (51) 
(K — 1 "1 4- ~ ' 

no Xo 
For zoned lenses (1 — n0)t is approximately one wavelength at the 
thickest portions. For practical purposes, therefore, 

Bandwidth ~ 25 t ,w° per cent. (52) 
1 + Kn0 

For the special case n0 = 0.5, 
25 Bandwidth ~ ^ per cent. (53) 

Zoning increases the bandwidth of a lens. For example, the use of 
Eqs. (48) and (53) to compare equivalent zoned and unzoned lenses 
which introduce compensation of five wavelengths in the longest optical 
path [(1 — n0)t = 5X0 for the unzoned lens; (1 — na)t = X0, K = 5, for 
the zoned lens] shows that the zoned lens has slightly more than twice 
the bandwidth of the unzoned lens, 3.57 per cent as compared with 1.67 
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per cent. For large values of K the zoned lens with n0 equal to 0.5 has 
approximately three times the bandwidth of the equivalent unzoned lens 
since a lens with K zones is equivalent to an unzoned lens with (1 — n0)t 
equal to i£X0. This indicates the advisability of zoning on the basis of 
bandwidth alone. Moreover it suggests the possibility1 of using a 
doublet consisting of zoned and unzoned lenses with opposite frequency 
characteristics to obtain increased bandwidth. A zoned converging lens, 
for example, is stronger than an unzoned diverging lens of opposite fre
quency sensitivity, and the combination is a converging lens. I t must 
be remembered, however, that the focal length of the doublet is much 
longer than that of the uncorrected converging lens unless the compensat-

1.0 

8 S 
1 + 0 . 5 

0 
0 0.5 1.0 

n 
FIG. 11-19.—Power reflection at normal incidence as a function of n. 

ing lens can be made optically thin and given the requisite frequency sen
sitivity by spacing the plates closely to yield small n. 

For any lens the first-order effect of change in frequency is to alter the 
effective focal length of the lens. For frequencies close to the design 
frequency the deformed wavefronts are so nearly spherical that moving 
the feed along the axis effectively removes the deformation. The effec
tive bandwidth of a lens is consequently increased by a provision in the 
antenna system for feed motion. 

11-12. Reflections from Surfaces of Parallel-plate Lenses.—While the 
general problem of reflection from the surfaces of a parallel-plate lens 
has not been solved, some indication of magnitude can be obtained from 
a study of the reflection of a plane wave from the edges of an array of 
parallel, equally spaced plates when the edges lie in a plane. This 
problem has received rigorous theoretical treatment.2 It seems reason
able to expect that the values of R derived for this case at various angles 
of incidence should be a good approximation to local values of R on a 

1 W. E. Kock, "Experiments with Metal Plate Lenses for Microwaves," BTL 
Ueport MM-160-67, March 1944. 

2 J. F. Carlson and Albert E. Heins, "The Reflection of an Electromagnetic Plane 
Wave by an Infinite Set of Plates, I," Quart. Applied Math., 4, 313-329, January 1947. 
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lens surface, providing that lens surfaces and wavefronts do not appre
ciably depart from a plane over distances comparable to a wavelength. 

For normal incidence R is given by 

R = 
1 + n 

e'*. (54) 

This expression differs from the expression for normal incidence on a 
dielectric surface only by the presence of the phase angle $. Because 
n is less than unity, the magnitude of R is larger, however, than that 
from a dielectric surface with the same value of |1 — n\. The magnitude 

Fia. 11*20.—Planes of incidence at the plane face of an infinite set of parallel plates. 

of \R\2 at normal incidence is plotted in Fig. 11-19. Its value for small n 
obviously puts a lower practical limit on n, especially for equiphase lens 
surfaces where the reflected wave is in phase at the feed. For n equal 
to 0.5, the reflection is already quite large (11 per cent power reflection). 
Surface-matching devices are, of course, a possibility. 

The average reflection over a lens surface is probably less than the 
value derived for normal incidence, because the magnitude of the reflected 
wav% probably decreases with the angle of incidence in both planes. 
For the magnetic plane (hh'F in Fig. 11-20) where the change in angle 
at the surface is determined by the constraint and not by SnelPs law, 
an expression has been derived for \R\ as follows: 

\R\ = 
cos i -+- n 

This expression is valid for a restricted range of angles: 

(55) 
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with 

1 < - < 2. 
o 

The restriction on i arises from the fact that grating lobes become possible 

for angles of incidence larger than sin -1 ( 11. Inspection of Fig. 

11-20 and a plot of \R\2 in Fig. 11-21 shows that \R\ decreases with increas
ing i, reaches zero for i equal to cos - 1 n, and increases beyond that angle. 

0.5 

— - ^ sinl(£-l) / 
30° 60° 90° 

Angle 
P I G . 11*21.—Power reflection at the plane fare of an infinite set of parallel plates as a 

function of angle of incidence. 

For the electric plane (ee'F of Fig. 11-20) the expression for the varia
tion of R with angle of incidence has not been derived. In this plane 
the change of angle upon refraction is described by Snell's law. One 
might expect some similarity to the dielectric case where the magnitude 
of the reflected wave decreases from its value at normal incidence with 
increasing i until it reaches zero at the Brewster angle, t an - 1 n, and then 
increases. It is hoped that a solution for this plane will become available 
in the future-



CHAPTER 12 

PENCIL-BEAM AND SIMPLE FANNED-BEAM ANTENNAS 

B Y S. SILVER 

PENCIL-BEAM ANTENNAS 

12-1. Pencil-beam Requirements and Techniques.—The term " pencil 
beam" is applied to a highly directive antenna pattern consisting of a 
single major lobe contained within a cone of small solid angle and almost 
circularly symmetrical about the direction of peak intensity. As used 
here, it will apply to beams with half-power width less than 15°. These 
beams are analogous to searchlight beams, and, as with an optical search
light, the elevation and azimuth coordinates of a target in space can be 
simply correlated with the similar coordinates that define the orientations 
of the antenna. In connection with the technique of using radar echoes 
for obtaining range information, the pencil-beam antenna serves to define 
the position of a target completely. 

There are several possible techniques for producing pencil beams. 
The simplest in conception and from the point of view of practical 
design is that of placing a point source at the focus of an "optical" 
system, such as a reflector or lens, to produce a beam of parallel rays. 
It is evident that to produce a circularly symmetrical beam, the optcial 
system should have rotational symmetry with the feed located on the 
axis of rotation (optical axis). This presupposes that the primary feed 
pattern likewise has rotational symmetry about the same axis; in prac
tice this is approximated by a feed pattern having a pair of orthogonal 
principal planes (symmetry planes) that intersect along the optical axis, 
with nearly equal half-power widths in the two planes. In many calcu
lations this actual feed pattern can be replaced by an equivalent cir
cularly symmetric pattern that is the average of the patterns in the two 
principal planes. If the simple geometrical picture—that the beam 
produced by the optical system consists of a family of parallel rays— 
were strictly valid, the beam would have "zero" width as plotted in a 
polar diagram. However, this simple picture is markedly modified by 
diffraction phenomena due to the limited aperture of the optical system. 
The aperture is the projected area of the reflector or lens on a plane 
normal to the optical axis, and for a rotationally symmetrical system it 
is circular in shape. As a result of diffraction the antenna pattern has 
a major lobe of finite width and characteristic side-lobe structure. 

413 
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The general theory of apertures and diffraction has been developed 
in Chap. 6. I t was shown there that of all the phase and amplitude dis
tributions over a plane aperture that give rise to a beam with maximum 
Intensity in the direction normal to the aperture, a uniform amplitude 
and phase distribution gives rise to maximum gain; in general, minimum 
beamwidth is concomitant with maximum gain. 

The relation between antenna gain and range in radar systems has 
been noted in Sec. 1-2 [Eq. (1-12)]. The beamwidth is also an important 
factor in the precision with which target location can be effected. The 
considerations here are partly optical (of exactly the same nature as 
those which determine the resolving power of a telescope1) and in part 
involve system factors such as pulse width; a rather complete discussion 
of resolving power of a radar set and its bearing on beamwidth require
ments is given in Vol. 1 of this series.2 On the basis of gain and beam-
width considerations a fundamental design requirement for radar antennas 
is that the phase distribution over the aperture be uniform—in terms of 
geometrical optics, that the optical system produce a beam of parallel rays. 
It should be noted that in addition to the gain and beamwidth require
ments, the greatest possible suppression of all secondary lobes is desir
able; for if a target is sufficiently close to be detected by the side lobe, 
it becomes indistinguishable from a target detected by the main lobe 
at the same range. However, as was found in the treatment of general 
diffraction theory, requirements of maximum gain and minimum side-
lobe level are generally incompatible. The necessary compromise 
between them in antenna design is made in optical systems by adjusting 
the illumination, that is, the amplitude distribution, over the aperture. 

The advantages of microwaves become strongly evident in the design 
of the pencil-beam antennas. Within reasonable limits on the over-all 
size of the antenna, the distance from the reflector (or lens) to the antenna 
feed can be made so large that the optical device is in the radiation zone 
of the feed. Thus the difficulties associated with the phase quadrature 
of the induction field are avoided; that is, it is possible to operate in 
that region of the feed pattern where the feed is essentially a point 
source. Because the dimensions of the reflectors and lenses are fairly 
large compared with the wavelength, it is possible to simplify the theo
retical considerations by suitable approximations. As a result the design 
of a pencil-beam antenna becomes to a large extent a calculable procedure. 

Inasmuch as lenses have been discussed in detail in Chap. 11, the 
treatment of design problems in the present chapter will be confined 
almost entirely to reflectors. Many problems are common to both: The 
secondary pattern is determined essentially by the field over the aper
ture, and the requirements to be imposed on the latter, which will be 

1 M. Born, Optik, Edwards Bros., Inc., Ann Arbor, Mich., Chap. 4. 
' Ridenour, Radar System Engineering, Vol. 1, RL Technical Series, Chap. 14. 
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arrived at from the discussion of reflectors, can be transferred directly 
to lenses. The latter just began to commond serious attention at the 
close of the war period, and their study and use are still in the initial 
stages. 

PARABOLOIDAL REFLECTORS1 

12-2. Geometrical Parameters.—The nature of a reflector that trans
forms a spherical wave, arising from a point source, into a plane wave-
front was discussed in Sec. 4-9, where it was found to be a paraboloid 
of revolution with the source at the focus. In discussing these systems 
it is convenient to use several different coordinate systems simultane
ously; these are defined in Fig. 12-1. A rectangular coordinate system 
x, y, 2 will be used, with the origin at the vertex of the paraboloid and 
the 2-axis the axis of revolution. In these coordinates the equation of 
the paraboloidal surface is 

x2 + y2 = 4fz, (1) 

where / = OF is the focal length. We shall also use cylindrical coordi
nates r, £, z, where r and £ are polar coordinates in the planes z = constant, 
{ being measured from the x2-plane. In these coordinates the equation 
of the surface is 

r2 = 4/z. (2) 

In expressing the relation of the primary feed pattern to the reflector, 
there is employed a spherical coordinate system p, \p, £, with the origin 
at the focus F and the polar axis directed in the negative 2-direction; 
the aximuth angle £ is the same as that defined in the cylindrical system, 
and ip is the polar angle. The equation of the surface referred to these 
spherical coordinates was obtained in Sec. 4-9 [Eq. (4-69)]; it is 

^rr^r / sec!(l (3) 

Lastly, t o discuss t he final a n t e n n a p a t t e r n we use a spherical coordina te 
system with polar axis in the vositive 2-direction and origin again a t t he 

1 The material to be presented in the following sections represents a summary of 
British and American work done during the war period; the following is a partial bibli
ography of reports on paraboloidal reflectors: L. J. Chu, "Theory of Radiation from 
Paraboloidal Reflectors," RL Report No. V-18, Feb. 12, 1941; E. U. Condon, "Theory 
of Radiation from Paraboloid Reflectors," Westinghouse Report No. 15, Sept. 24,1941; 
G. F. Hull, Jr., "Application of Principles of Physical Optics to Design of UHF 
Paraboloid Antennas," BTL Report MM-43-110-2, Feb. 8, 1943; and F. R. N. 
Nabarro, "Theoretical Work on the Paraboloid Mirror," British Report, Ministry 
of Supply, A. C. 1435, RDF 103, Com. 72, Nov. 27, 1941. References to earlier 
French and German work are given by F. E. Terman, Radio Engineers' Handbook 
McGraw-Hill, New York, 1943, p. 837. 
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focus; the coordinates are R, 8, <j>, with 8 the polar angle and <j> the 
azimuth angle, the latter being measured from the zz-plane. 

The reflector is cut off by the "aperture plane" A at z = za. The 
diameter of the aperture will be designated by D, and its area by A. 
The "shape" of the reflector is specified by the ratio of focal length to 

F I G . 12-1.—Geometrical parameters for the paraboloidal reflector. 

diameter, f/D, or alternatively by the angular aperture ^, that is, the 
angle subtended at the focus by a radius of the aperture. The relation 
between the f/D ratio and the angular aperture is given by 

sin ^ 

tan ^ 

(4a) 

(46) 

One of the most important design problems is the determination of the 
shape that gives maximum antenna gain for a given aperture diameter 
and a given primary feed pattern. 

The geometrical properties of paraboloids are well known. Any sec
tion of the surface containing the z-axis is, of course, a parabola with 
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focus at F. In addition, however, the curve of intersection of the surface 
with any plane parallel to the «-axis (normal to the x2/-plane) is also a 
parabola of the same focal length / as the paraboloid. As a consequence 
of the property, only a single parabolic template is needed in the con
struction of the reflector to test the accuracy of all parts of the surface. 
The normal to the surface at a point p, £, \j/ lies in the plane containing 
this point and the z-axis and makes an angle \^/2 with the incident ray 
from F. 

12-3. The Surface-current and Aperture-field Distributions.—In the 
treatment of the general theory of reflectors developed in Chap. 5 it 
is shown that the over-all pattern of the antenna, that is, the secondary 
pattern, arises by the superposition upon the radiation field of the antenna 
feed of the radiation field of the distribution of current generated on the 
surface of the reflector in the presence of the feed. It was shown further 
that the reflector field can be determined either from the surface-current 
distribution directly or in the form of a diffraction pattern from the field 
distribution over the aperture of the mirror. Before proceeding with 
the calculation of the surface-current and aperture-field distributions, 
some fundamental ideas and assumptions which underlie all of the sub
sequent discussions should be noted. The feed pattern in the presence 
of a reflector, in general, differs from its free-space pattern, because the 
reaction of the reflector on the antenna feed modifies its current system. 
If, however, the focal length of the paraboloid is at least several wave
lengths in magnitude and the mirror is in the radiation zone of the free-
space pattern of the feed, the interaction between the mirror and the 
antenna feed is a second-order effect as far as the primary pattern is 
concerned. These conditions are usually realized in microwave antennas; 
and subject to their realization, it will be assumed that the feed pattern 
in the presence of the reflector is the same as under free-space conditions. 

To avoid the complex problem of interference between the fields 
of the reflector and the antenna feed in the formation of the main struc
ture of the antenna pattern [cf Eqs. (5-75) and (5-76)], the directivity 
of the feed pattern should be such that the major portion of the energy 
lies within the cone defined by the feed and the reflector. Referring 
to Fig. 12-1, if—taking an ideal case—the primary pattern is zero for 
angles \p > 90°, the main structure of the beam is determined by the 
reflector currents alone. The directive feeds discussed in Chaps. 8 and 
10 approximate this condition rather closely; their back lobes, however, 
are not completely negligible and have significant effects not only on 
the wide-angle side lobes where the back-lobe field is comparable to the 
weak reflector field but also on the peak intensity, that is, on the antenna 
gain. The effect of the back lobe on gain will be investigated in Sec. 
12-5. 

The general approximation procedure based on geometrical optics 
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and plane-wave boundary conditions, which is discussed in Chap. 5, will 
be used to evaluate the surface-current and aperture-field distributions. 
Let the principal E- and ff-planes of the primary feed pattern coincide 
with the xz- and t/z-planes, respectively, in Fig. 121 . If PT is the total 
power radiated by the feed and Gf(i,\p) its gain function, the power P(4j,^) 
radiated per unit solid angle in the direction £, \f/ is 

P(W) = £<?,({,*)• 
The electric-field-intensity primary pattern, reduced to the unit sphere 
about the center of feed, is then given by 

[E(*,*)1P -=K01£ <?/(£,*) eo«,*), (5) 

where e0 is a unit vector defining the polarization in the primary pattern.1 

The field intensity in the incident wave at a point p, £, \f/ on the reflector 
is therefore given by 

-Kd"£ "BMtflff «-*„.. 

The field intensity Ei in the reflected wave at the same point : 

Ei ['(?) 4 T 
* [G/aw e'*'ei, 

(6) 

(7) 

where ei defines the polarization in the reflected wave; according to the 
plane-wave boundary condition [Eq. (5-25)] the vectors e0 and ex are 
connected by the relation 

n x (e0 + ei) = 0, (8) 

in which n is the unit vector normal to the reflector at the point of inci
dence. The vector n will be taken to be directed outward from the 
reflector into free space. Following Eq. (5-57o), the surface-current 
density K is given in terms of the incident wave by 

4ir L W ^ J — ~ p — [ x (eo x o)1, (9) 

where p0 is a unit vector in the direction of the incident ray. Expanding 
the vector product, we obtain 

KO" £]"'«-[ e0 cos + (e0 ■ n)p0 (9a) 

The current can be expressed in a similar manner in terms of the reflected 
1 It is being assumed that the radiation field of the primary feed is linearly polarized 

at every point but that e0 is a function of £, 4>. 
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field by making use of Eq. (5-57b), noting that the reflected ray is parallel 
to the z-axis; we have then 

-[•GT 4TT 
" [<?/(*,*)]* e-'k" [n x (i. x ei)] (10) 

-K^ysr^^-" — d cos | + i,(n • d ) . (10a) 

To obtain the field over the aperture we note that since the reflected 
rays are all parallel, the field intensity remains constant in magnitude 

H-plane 

F I G . 12-2.—Typical aperture-field distribution; the field is resolved into principal and 
cross-polarization components. 

along the reflected ray (cf. Sec. 4-4). The electric-field intensity E(r,£) 
at a point (r,£) on the aperture is thus given directly by E! at the cor
responding point (p,£,^), except for the phase retardation corresponding 
to the path from the reflector to the aperture plane. The relation is 

E(r,£) = E1(p,^)e- j i (*°-2 ) 

a 

-[•©' 
4 P , 

4TT 
t^MlV*^-,,). , (H) 

p 
The distance p + Zo — z is the total optical path from F to the aperture 
plane; it is therefore independent of the point (r,{), and more specifically 
it is equal to / + z0. Comparing the surface-current distribution as 
given by Eq. (10a) with the aperture-field distribution [Eq. (11)], it is 
seen that except for constants, the aperture field is the projection of the 
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surface-current distribution into the aperture plane. In this connection 
it should be noted that the longitudinal component of the current given 
by the term (ei • n)iz in Eq. (10) finds no counterpart in the aperture 
distribution because the field over the aperture is wholly transverse to 
the z-axis. This longitudinal component of the current has generally 
been neglected in paraboloid theory. I t contributes nothing to the field 
in the forward direction and therefore does not enter into the computa
tion of the peak intensity, but it does modify the side-lobe structure of 
the beam. The general character of the aperture distribution (and the 
transverse component of the current distribution) is illustrated in Fig. 
12-2. It is seen that the polarization reflects the symmetry of the pri
mary feed pattern. The component elx of the aperture polarization 
which is parallel to the principal iJ-plane of the feed is known as the 
principal polarization component, and the component ei„, which is 
transverse thereto, is known as the cross-polarization component. By 
virtue of the symmetry conditions the cross-polarization components 
at any pair of points that are symmetrical with respect to the principal 
planes are effectively 180° out of phase with one another. 

12-4. The Radiation Field of the Reflector.—The secondary pattern 
produced by the reflector may now be calculated from either the current 
distribution or the aperture field, using the methods of Sees. 5-9 and 5-12, 
respectively. The two calculations do not lead to completely concordant 
results; the differences between them vanish, however, in the limit of 
zero wavelength. The discrepancy lies in the fact that the aperture 
field which would be calculated as produced by the surface currents is 
equal to that calculated on the basis of the reflected rays only under 
the limiting condition of zero wavelength. To exhibit the relationships 
we shall set up the expressions for the radiation field as obtained from 
the current distribution. Letting Ri, iB, i^ be unit vectors associated 
with the spherical coordinates R, d, <j> (Tig. 12-1), we have, by Eqs. 
(5-74o) to (5-74c), that the radiation field of the reflector is 

Ee I _ jW _ 
Et, 2TTR e 2TT 

\S ' I (12) 
where the vector I, expressed in terms of the incident field on the reflector 

n; n x (po x e„)e-'k +»"*" 

and, in terms of the reflected field, 
X p2 sin f sec | aty df (12a) 

= / ; / : ' -

X p2 sin 4, sec | rty rf£. (125) 
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Comparing with Eqs. (10) and (10a) it is seen that in the form of Eq. 
(126), the vector I is resolved into a transverse component parallel to 
the zy-plane, 

I( = / / WM'W'2 ( - e i cos I j e-'M 'p2 sin ^ sec | # dg, (13a) 

and a longitudinal component 

h = U / t g / ( * ' ^ ' n • e,)e-'*'l V sin f sec £ <ty d£. (136) 
Jo Jo P t 

As regards the longitudinal component it is observed that I, makes no 
contribution to the ^-component of the field because i0 is always in a 
plane normal to iz. Furthermore, since iz • ie = sin 6, the longitudinal 
component makes no contribution to the field in the direction 0 = 0— 
the physical basis for this being that a current element is equivalent to 
a dipole and does not radiate in the direction along its axis. The con
tribution of Iz is significant only at wide angles. For the systems with 
which we are concerned that produce narrow beams, the contribution 
of Iz is a second-order effect; it vanishes in the limit of zero wavelength. 
There is no counterpart of the Iz contribution in the calculation of the 
pattern from the aperture-field distribution. 

Considering the transverse component I(, it will be observed that if 
the radiation field is confined to a small angular region about the 0 = 0 
axis, the variation of cos 0in the phase term of Eq. (13a) can be neglected; 
we have then p(l + cos \p cos 6) ~ 2/. Also it will be noted on com
paring with Eq. (11) that except for a multiplicative constant—which is 
contained in the field expressions [Eq. (12)]—the factor [ (? / (£ ,^ l^ i /p 
is the field in the aperture plane at the point (r,£) which corresponds to 
the point (p,?,^) on the reflector. Equation (13a) is, therefore, given 
approximately by the integral 

I, « -e/lk' / / I-^l^I-e,^-'--iM«,-m(i-*vrfjrfr (U) 
Jo Jo P 

over the aperture plane. On setting up the radiation field on the basis 
of the aperture field by the methods of Sec. 512 it will be found that the 
same result is obtained for the pattern as that from the use of Eq. (14) 
in conjunction with Eqs. (12). Thus, the current-distribution method 
passes into the aperture-field method as the angular spread of the pat
tern decreases, that is, as the ratio of the wavelength to aperture diam
eter, \/D, approaches zero. The significant difference between the 
results of the two methods is the dependence of the pattern on the ratio 
\/D. It was shown in Sec. 6-8 that on the basis of the aperture-field 
calculation, the angular distribution of the secondary pattern is propor
tional to \/'D for a given relative distribution over the aperture and the 
side-lobe intensities are independent of X ■'/). On the other hand, it has 
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been found in a s t u d y of special forms of £?/(£,^) by the current -d is t r ibu
t ion method , using the complete expressions Eqs . (12a) and (12b), t h a t 
t he side-lobe in tens i ty is also a function of \/D, which asympto t ica l ly 
approaches t he va lue given by the aper tu re me thod as \/D approaches 
zero. 

Principal E- and H-plane Patterns.—In an a rb i t r a ry direction t he 
field has bo th t he Eg- and the / ^ - c o m p o n e n t . T h e y are generally out of 
phase wi th the result t h a t the field is elliptically polarized (cf. Sec. 3-12). 
However , in t he principal p lanes—the planes 0 = 0 and <j> = i r /2—the 
field is l inearly polarized in the direction de te rmined essentially by the 
principal polar izat ion componen t of t he ape r tu re field. Considering 
the .E-plane, <t> = 0, we see t h a t the y-component of I< which arises from 
the cross-polarization componen t of the cur rent d is t r ibut ion (or aper tu re 
field) vanishes because cont r ibu t ions from poin ts in the reflector t h a t 
are symmetr ica l ly located wi th respect to t he zz-plane are 180° out of 
phase. T h e field is p roduced by the /„ - and / ^ - c o m p o n e n t s and, 
therefore, has only an .Eo-component which lies in the Z?-plane. 
Similarly i t is found t h a t in t he / / - p l ane t he field has only an / ^ - c o m p o 
nen t and is, therefore, everywhere normal to t he / / - p l a n e and parallel 
to t he principal component of t he aper tu re field. Again, since t he 
cross-polarization components of t he cur rent a t a pair of points on the 
reflector t h a t are symmetr ica l ly located wi th respect to the ya-plane are 
180° out of phase, their r esu l tan t cont r ibu t ion to t he / / - p l a n e vanishes. 
I t was no ted earlier t h a t t he longi tudinal cur ren t e lement cont r ibutes 
no th ing to t he / ^ - c o m p o n e n t ; therefore t he / / - p l a n e field is produced 
ent i rely by the principal componen t of t he aper tu re field. Using the 
aperture-field approximat ion [Eq. (14)], we find t h a t the principal plane 
p a t t e r n s are 

a. Z7-plane: 

cos BIU, (15a) 

wi th 

It, = e-'"w> / / e i I
[ g / ( g ' * ) ] % * ' - ' " » « » t ? - d g < f r ; (15b) 

Jo Jo p 
b. / / - p l a n e : 

I't« (16a) 

with 

I[t = e-«»'> / / e , , ^ * ^ . ! . " " ^ ^ * . ( i 6 6 ) 
J o J o P 

T h e two p a t t e r n s have the same value, of course, along the axis (in the 
direction 8 = 0). 

Ee Jo>M 
2TR' 0 Pr 

2TT 

EA. 2irR' ; 
»Pr 

M/ 2 T 
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Cross Polarization.—The polarization of the field in a pencil beam is 
generally expressed with reference to the x- and i/-axes rather than 
the spherical coordinate directions as we have done above. The use 
of the cartesian components has associated with it an error in that the 
field is transverse to the radial direction from the origin and not to the 
z-axis; but if the beam is narrow, the error is small. The latter mode of 
description has the advantage that the fi^-component is associated directly 
with principal polarization component of the aperture field and the 
^-component with the cross-polarization component. The Ex- and 
^-components are designated correspondingly as the principal polariza
tion and cross-polarization components of the secondary pattern. They 
are given by relations equivalent to Eqs. (12) with i« • I and î , • I replaced 
by Iix and Ity, respectively. 

By using the cartesian components, the secondary pattern is resolved 
into a principal polarization pattern and a cross-polarization pattern. 
The E- and //-plane patterns given by Eqs. (15a) and (16a) belong to 
the former. I t is obvious that the symmetry properties of the aperture 
field with respect to the principal planes, which lead to zero cross polari
zation in those planes, do not hold for other directions in space. The 
cross-polarization pattern must, therefore, have maxima in the four 
quadrants between the principal planes. A detailed analysis1 shows 
that the cross-polarization pattern takes the form of four lobes whose 
maxima lie in the 45° planes between the principal planes. Any 
two lobes related by reflection in a given principal plane are out of 
phase by 180°. The maxima of one set of lobes occur at angular dis
tances from the paraboloid axis equal to the position of the first minimum 
of the principal polarization pattern, which is very closely equal to 
the half-power width of the main lobe. A second set of cross-polarization 
lobes appears at much wider angles; the peaks are quite low, but the 
lobes are very broad and therefore represent a not completely negligible 
fraction of the total energy. 

Cross-polarization studies should be made on all antennas on which 
the side-lobe specifications are very stringent. Although the principal 
polarization lobes may meet the operational requirements, the cross-
polarization lobes may not. Furthermore, since they lie close into the 
main beam, they effectively increase its width. 

12-6. The Antenna Gain.—The gain is generally the primary con
sideration in the design of the antenna. The factors affecting the gain 
are treated conveniently in three parts: (1) the dependence of the opti
mum angular aperture ^ on the feed pattern, for a fixed diameter D in 
the aperture plane, assuming that Gy(£,^) = 0 for \p ^ 90°; (2) the back-
lobe interference effect; and (3) phase-error considerations. In this 

1 E. U. Condon, "Theory of Radiation from Paraboloid Reflectors," Weatinghouse 
Report No. 15, Sept. 24, 1941. 
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discussion the primary pattern will be taken to be circularly symmetrical, 
independent of £; as was noted in Sec. 12-1 this means that in practice 
the feed pattern is replaced by the arithmetic mean of its principal 
E- and //-plane patterns. I t is immaterial for the calculation of gain 
whether the surface-current or aperture-field distribution is taken as 
the starting point, because as was pointed out above, the longitudinal 
component of the current is ineffective in determining the peak intensity. 

Optimum. Angular Aperture Relations.—The field intensity in the 
secondary pattern on the axis at a distance Ro from the focus is given by 
either Eq. (15a) or (16a) for 0 = 0. For the present purpose, it is more 
convenient to express llx in the form of Eq. (13a) as an integral over the 
surface of the reflector rather than in the form of Eq. (15fo); we have 
then 

E(fl,0,0) " ' 3<"f ( 

lirR o 
tPr 

2ir 

jo jo ^ (*)] KWMi+c p sin f aV dl (17) 

The polarization component eix is in general a function of £ and \p because 
of the presence of cross polarization. However, in most cases of interest 
the cross polarization eiy is a very small fraction of the total field and the 
variation of eix over the aperture may then be neglected. Introducing 
the equation of the paraboloid [Eq. (3)] and performing the integration 
over £, we get 

E #['G)" e-jt(Ko+2/> 
/ : 

[<?,(*)]* tan | # . (18) 

The power per unit solid angle P(0,0) radiated in the forward direction 
is given by 

1 
P(0,0) = t /?; ^ 

\E(RB,0,0)\* 

and the antenna gain is obtained from it as 

P(0,0) G = 
Pr 

(19) 

(20) 

because the total power radiated by the antenna as a whole equals that 
radiated by the feed. The gain is thus found to be 

G = 16TT 2 / 2 

X2 / : [GtWV tan ^ d\fr (21) 

The focal length is related to the angular aperture and the aperture diani 
eter D by 

D . -i' 
f cot, (22:, 
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Substituting into the preceding relation, we obtain finally the working 
formula 

G (£)'-! [G/(*)]W tan \ d+ 
o & 

(23) 

The factor (TTD/X)2 is the gain for a uniformly illuminated constant-
phase aperture; the rest is the gain factor or efficiency 

I 2 

8 = cot2 2 (*)]W tan * rf^ (23a) 

Thus the efficiency is a function only of the feed pattern and the angular 
aperture; that is, for a given feed pattern, the efficiency is the same for 
all paraboloids having the same f/D ratio. 

It is instructive to consider the class of feed patterns defined by 

G,m = Gg*> cos" *, 0 g * g 5 

= 0 v = 2 (24) 

Many feed patterns can be represented by some one member of this class 
over a sizable portion of the main lobe. The gain Gj,"' is determined by 
the condition that 

/ 
Gf{+) dQ, = 4TT, 

dfi being the element of solid angle; this gives 

GT = 2(n + 1). 

Substituting Eqs. (24) and (24a) into Eq. (23a), we obtain 

8 = 2(n + 1) cot — / cos"/2 \p tan I 2 ) ^ 

(24a) 

(25) 

with the following explicit expressions for the even values of n between 
n = 2 and n = 8: 

, 2 

sin2-2 + In cos ^ ) cot2 ^-j 

/ \p \]>\2 \p 
g4 = 40 (sin4 -^ + In cos -^ ) cot2 ^ j 

8e = 14 

Ss = 18 

0 1 ^ , ( 1 - COS * ) 3 1 . , 
2 In cos -q + o + o S l n * 
1 — cos4 M> _ . V (1 — cos _ 2 In cos ^ r 

c o t 2 2 ; 

*)3 i • ! , r i2* 
— ^ sin2 * cot2 K--

These results are shown graphically in Fig. 12-3, where 8» i s plotted as 
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a function of the angular aperture ¥ . For each primary pattern there 
is an optimum aperture for which the maximum gain factor is attained. 
The more directive the feed pattern the smaller is the optimum aper
ture and, since the diameter of the aperture plane is constant, the longer 
is the optimum focal length. The general course of the curves and the 

0° 10° 20° 30° 40° 50° 60° 70° 80° 90° 
Angular aperture \£ 

FIG. 12*3.—Dependence of the gain factor on angular aperture and primary feed pattern. , 

G/W0 = 2(n + 1) cos" f, 0 < <P< | 

= 0, * > I . 

existence of a maximum are readily understood when it is recognized 
that the gain factor arises essentially as a product of two factors: (1) 
the fraction of the total power radiated by the antenna feed that is 
intercepted by the reflector and is thus made available to its aperture 
for the main beam and (2) the efficiency with which the aperture 
concentrates the available energy in the forward direction. The first 
factor obviously increases with increasing angular aperture. The 
second factor, determined by the field distribution over the aperture, 
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decreases with increasing * ; for as ^ increases, the illumination over the 
aperture becomes more and more tapered toward the edge relative to 
the center. This tapering is accentuated by the superposition of the 
space attenuation factor 1/p on the already directive feed pattern 
[GyW]w> as was shown in Chap. 6, such tapering of the illumination 
results in a decrease in aperture efficiency. The optimum angular 
aperture represents the proper compromise between spillover of the 
feed energy and aperture efficiency. For an arbitrary Gy(^), the optimum 
angular aperture is obtained as a solution of 

(s in ' j ) [<?,(*)]» = \ f* [(?,(*)]* tan | # , (26) 

a relation obtained by setting the derivative of Eq. (23a), d*3/d¥, equal 
to zero. 

The values of the gain factor at the maxima in Fig. 12-3 are consid
erably higher than the values realized in practice. This is because ideal
ized feed patterns have been assumed in which no feed energy is radiated 
beyond ^ = 90°. As a result the gain Gf,n) of the idealized pattern is 
much greater than the gain G70 of an actual feed whose main lobe can 
be represented closely by G/o cos" ^ but which in addition radiates 
beyond 90°. The gain factor Q re
alized with the actual feed is re
lated to 9„ by E 11.0 

<u 

r 
= 9.0 

t 8.0 

7.0 

6.0 

—? 

10 

a - 2(n + 1) 8n- ( 2 ? ) 

The value of the optimum angular 
aperture is unaffected by this scal
ing in the primary feed gain. I t 
will be observed that the value of 
the maximum varies but slowly 
with the illumination function. 
The broader the primary feed 
pattern the broader is the maxi
mum in the Q-curve and the less 
critical is the choice of angular 
aperture. I t is convenient to 
designate the optimum angular aperture in terms of the decibel level 
of the primary pattern at the edge of the aperture relative to its maxi
mum. Thus for a cosine-squared pattern the optimum value of ^ cor
responds to that angle in the primary feed pattern at which the power 
is 8 db down from the peak intensity. The decibel-cutoff point in the 
primary pattern is plotted as a function of the directivity in Fig. 12-4. 
The decibel-cutoff point again is not a sensitive function of the directivity. 
7or most feeds the average ootimum figure is from 9 to 10 db. 

FIG. 12.4—Cutoff point in primary feed 
pattern for maximum gain as a function of the 
sharpness of the feed pattern. 
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The optimum angular aperture can also be expressed in terms of the 
intensity of illumination at the edge of the reflector relative to that at 
the vertex. This is obtained by multiplying the ratio of the primary 
pattern intensities Gfo/Gf(\l/) by the ratio of the space attenuation 
factors p2/p. I t is found in the case of each of the distributions studied 
above that the optimum angular aperture corresponds to an edge illu
mination 11 db below the vertex illumination. 

Back-lobe Interference.—The above results may be modified signifi
cantly by the effect of interference between the back lobe of the primary 
feed pattern and the reflector field. Let Gr be the gain of the antenna 
feed in the direction \j/ = 180°. The back-lobe field intensity at the field 
point (Ko,0,0) along the axis is then 

+ i K?)" PT 
4x Gw (28) 

The choice of positive or negative sign is made according to whether the 
field of the feed in the direction \j/ = ir is parallel (in phase) or antiparallel 
(180° out of phase) to that in the direction \p = 0. Superposition of the 
back-lobe field on the reflector field [Eq. (18)] yields the total field 
intensity 

E = I. Ro w 4x 

- , * * „ *!/,-'■(¥-;-) 
/ : {<?/(*)]> tan = d\p Gr (29) 

By the procedure followed previously the gain factor is found to be 

(t/„cot|y i ± 
2AG'« * . 
^ L ^ t a n 2 S m \XCot2) + 

X2G„ 
(rDUo) ;tan2 

where 

U0 / : 
[<?/(*)]» tan-1 df. 

In most cases of interest G> is so small that the last term in Eq. 
negligible; under this condition the gain factor becomes 

= I Uo COt rr 1 1 ± 
2\G ^ TT tan JJ- sin D L o Z 

/TTZ) 
cot * 

(30) 

(30a) 

(30) is 

(31) 

The term in brackets is the modification of the previous result introduced 
by the back-lobe interference. This modification introduces an addi
tional \/D dependence; the interference effect depends on the ratio of 
the back-lobe field intensity to the reflector field intensity, and the latter 
is proportional to D/\. For a given primary pattern S is no longer a 
function of the paraboloid shape alone. 
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The back-lobe effect is illustrated graphically in Fig. 12-5. The 
curves pertain to an actual feed—the |-in. stub-supported dipole-disk 
feed of Sec. 8-8—and a reflector with a 30-in. aperture diameter; the 
wavelength is 10 cm. The main lobe of this particular feed is fitted 
closely by the function 

G(f) = 7.0 cos4 f. 

It will be noted that the gain is 7, as compared with fff,4' = 10 for the 
idealized cos4 \p pattern used previously. The back-lobe gain Gr is 
0.142. Curve A is the relation between the gain factor and aperture, 

**** ==*, ̂
1 

\ ^ 
^ 

0° 10° 20° 30° 40° 50° 60° 70° 80° 90° 
Angular aperture \J> 

F I G . 12-5.—Effect of back lobe on gain. 

neglecting the back lobe, while Curve B includes the interference effect. 
The gain falls above or below Curve A according to whether the back 
lobe is in phase or out of phase with the reflector field. The two fields 
add when the focal distance is such that, together with the 180° phase 
change at the reflector, the field of the latter is brought into phase with 
the back lobe. The points of maximum deviation from Curve A corre
spond to differences in focal length very nearly equal to X/2. The 
optimum aperture is not altered noticeably, but the maximum realizable 
gain factor increases by 2.5 per cent. The effect is small for this par
ticular feed because the back-lobe level is so low relative to the main lobe. 
With feeds such as the 3-cm-band double-dipole feed discussed in Sec. 
(8-9), having a comparatively high back-lobe level, the back-lobe inter
ference effect is much more significant. 
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Phase-error Effects.—It was pointed out earlier that a diminution of 
gain results from any departure from uniform phase over the aperture 
that, however, leaves the peak intensity on the axis of the paraboloid. 
The direction of peak intensity remains unchanged if the phase-error 
distribution over the aperture is independent of £; this discussion is con
fined to such distributions. The phase deviation can arise from a 
number of sources: (1) deviation of the reflector from a paraboloidal 
shape, (2) defocusing (displacement of the feed center from the focus), or 
(3) deviation of the antenna-feed wavefronts from spherical wavefronts. 
From the point of view of the aperture it is immaterial which of the three 
factors is operative. To tie in with the preceding discussion of the rela
tion between the reflector and the feed pattern, the phase-error source will 
be taken to be the third of the above, that is, the absence of a true center 
of feed. Back-lobe interference will be neglected. The final results can 
easily be interpreted in terms of equivalent errors arising from surface 
distortion or defocusing. Let us then assume that the field-intensity 
pattern of the antenna feed has the form 

K?)" £<w> e-iuu) e o ( f ^ ) , (32) 

where S(\//) represents the phase error in the feed pattern. A review 
of the steps leading to the field intensity E(R0,0,0) of the secondary 
pattern on the axis, given in Eq. (18), will show that the only change 
introduced in Eq. (18) is the replacement of [G/{})]* by [Gf(^)]^e->W*K 
By precisely the same development as before, the gain factor is given by 

-■id/: IG,(*)]K cos Thl* 
0 , ( « » « n ( ? ^ ) t a n * * ) ' ) - (33) 

By way of illustration, the effect of a quadratic phase error has been 
computed for the primary pattern of the dipole-disk feed considered 
above in connection with back-lobe interference. The phase function 
is taken to be 

«W0 ,2 
X y 

The optimum angular aperture in the absence of phase error is taken as a 
base for comparison and a is adjusted to produce a preassigned phase 
error at the edge of the aperture for that case. The curves given in Fig. 
12-6 are for values of a that result in phase errors of X/24, X/16, X/8, and 
X/4 at the edge of an aperture of angle M* = 61°. The loss in gain is 2 per 
cent for an error of X/16 at the edge, 6 per cent for X/8, and 20 per cent for 
X/4. The efWt of a highlv tapered illumination is shown in Fig. 126 by 
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the values of the gain factor for the aperture of angle ^ = 90°. For this 
value of St the a\ curve represents a phase error of approximately X/11 at 
the edge, while the a2 curve represents an error of approximately X/6; the 
corresponding losses in gain relative to the a = 0 curve are 2.7 and 3.6 
per cent respectively. Since the gain curves are not very sensitive to 
the illumination, the results obtained here for the cos4 f distribution 
may be taken as characteristic; a conservative evaluation sets X/8 as 
the maximum allowable phase deviation over the aperture. 

0° 10° 20° 30° 40° 50° 60° 70° 80° 90° 
Angular aperture ^ 

F I G . 12-6.—Phase-error effects on gain. 

There is another aspect of the feed pattern that should be noted in 
connection with phase-error effects. The discussion above is based on 
the assumption that the reflector is illuminated by the main lobe of the 
feed. For some purposes it may be desirable to accept the loss in gain 
associated with a large angular aperture in order to suppress the side 
lobes. The angular aperture, however, must not extend beyond the 
first minimum of the feed pattern. Generally, in passing through a 
minimum (more exactly a null) in the feed pattern there is a discontinuity 
of 180° in the phase. Inclusion of any portion of the pattern beyond 
the minimum thus introduces completely out-of-phase illumination at 
the periphery of the aperture, with a very serious reduction in gain. 

Results similar to those obtained above are obtained when the phase 
error arises from defocusing. As shown in Fig. 12-7, if the center of feed 
is displaced a distance 5() from the focus along the axis, the phase-error 
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function is 

cos \p. (34) 

F I G . 12-7.—Defocusing phase errors. 

The A/8 criterion indicates a focusing tolerance related to the angular 
aperture by 

&o = g sec * . 

I = e0 cos $ In practice, the focusing condi
tion is not adhered to rigidly. I t 
is not practicable to tailor every 
reflector to the feed, because fre
quently it is necessary to inter
change feed systems. In these 
cases the back-lobe interference 

effect may be a decided asset; by defocusing to bring the back lobe in 
phase with the main beam it may be possible to achieve an increase in 
gain that far exceeds the loss due to defocusing phase errors. This is 
particularly true with feeds such as the 3-cm-band double-dipole feed 
which has a very large back lobe. 

Design Procedures.—The theoretical analysis may be summed up in 
terms of design procedures for realizing a maximum gain factor: 

1. The shape factor f/D is to be chosen so that the full angle sub
tended by the reflector.at the feed is in the range between the 9- and 
10-db widths of the primary feed pattern. A more exact value for 
a given primary pattern is obtained by solving Eq. (26). 

2. The focal length of the paraboloid should be an integral number of 
half wavelengths / „ = mA/2 if the back lobe of the primary pat
tern is 180° out of phase with the main lobe; if the back lobe and 
main lobe of the primary pattern are in phase, the focal length 
should be /„ = (2m + l)A/4 where m again is an integer. Under 
these conditions the back lobe will be in phase with the paraboloid 
beam and add to the gain. If it is not possible to satisfy these 
requirements exactly, the feed should be placed at the point, 
nearest the focus, at which the distance to the vertex satisfies the 
half- or quarter-wavelength requirement. 

3. Deviations from constant phase of the aperture should be kept 
within A/8 and certainly should not exceed A/4. Two factors 
contribute to phase error: distortion of the paraboloid surface and 
deviation of the primary wavefronts from spherical waves. With 
reference to the first of these the phase-error criterion can readily 
be converted to tolerances that may be allowed in constructing the 
reflector. As concerns the feed, the phase-error criterion serves 
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to define the point-source cone (cf. Sec. 8-1). The angular aperture 
of the paraboloid should lie within the point-source cone. 

12-6. Primary Pattern Designs for Maximizing Gain.—Mention 
should be made of the technique of shaping the primary feed pattern 
so as to produce uniform illumination over the aperture and thereby to 
maximize the gain. The required primary pattern is obtained directly 
from the expression for the aperture field in Eq. (11). For E(r,£) to be 
constant, the primary pattern must be such that within the cone sub
tended by the reflector at the feed 

[G>M)]" = const, (35) 

G/tt,f) = Gfo sec41- (35a) 

In addition, the feed must radiate no energy outside the angular aperture 
* in order to realize the gain of 4ir^4/A2. The value of G/0 is obtained 
from the condition 

/ ; / : G/(£,^) sin i<tydt = 4TT, 
JO j o 

whence 

Go = - ^ \ = cot2 ( | \ (36) 
I sec4 jr sin \p d\fr Jo * 

It is, of course, impossible to produce a pattern having a sharp cut
off, but the required pattern can be approximated quite closely. Tech
niques of shaping the primary patterns of horn feeds are discussed in 
Sec. 10-16. It will be noted that the pattern [Eq. (35a)] has a minimum 
in the direction \p = 0. In order to produce such a minimum consid
erable phase distortion must be introduced over the mouth of the horn. 
Such feeds must be used with caution, for a concomitant effect of the phase 
distortion to that of producing the desired intensity distribution may be 
that of eliminating the center of feed. This will result in phase errors in 
the field over the aperture of the reflector that may well cancel the gains 
which might have been made by the uniform illumination. 

12-7. Experimental Results on Secondary Patterns.—The relation 
between the secondary pattern and the aperture-field distribution can 
be studied by evaluating the expressions in Sec. 12-4 for the secondary 
pattern for a number of different types of gain functions (?/(£,i/0. The 
essential results of such calculations have been summarized in Sec. 6.8. 
In this section the relation between the principal-plane patterns and the 
aperture will be discussed by refeience to experimental data. The 
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material will also serve as a presentation of the performance of several 
of the more important types of feeds described in earlier chapters. 
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(6) 
F I G . 12-8.—Principal plane patterns as a function of diameter for a series of paraboloids of 

f/D = 0.25; \ = 4.00 in.: (a) E-plane; (b) //-plane. 

The dependence of the pattern on the diameter for a given relative 
distribution over the aperture is exemplified by the series of patterns,1 

shown in Fig. 12-8, for a set of 
paraboloidal antennas all of the 
same shape, f/D = 0.25, and il
luminated by the same antenna 
feed. The latter is a coaxial-line-
fed double-dipole feed of the same 
general type as was discussed in 
Sec. 8-9. The installations are 
the rear-feed type in which the 
feed line lies along the axis of the 
reflector, passing through its ver
tex (cf. Sec. 12-11). The focal 
length in each case is an integral 
multiple of a half wavelength so 
that the interaction between the 
aperture beam and back lobe of 
the feed along the axis is the 
same for all members of the 
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side lobes on aperture diameter. series. 
It is observed that with increasing diameter the beam width decreases 

1L. O. Van Atta, "Effect of Paraboloid Size and Shape on Beam Patterns," 
RL Report No. 54-9, Aug. 5, 1942. 
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and the side lobes move in toward the axis. The intensities of the side 
lobes are diameter dependent, contrary to the results of the aperture 
theory. However, as was noted in Sec. 12-4, such deviations are to be 
expected for large values of X/D. Figure 12-9 shows the variation of 
side-lobe intensity with diameter. The intensity approaches an asymp
totic value as \/D decreases, becoming independent of the diameter as 
the latter becomes large compared with the wavelength; the asymptotic 
limit agrees with aperture theory predictions. The diameter dependence 
of the side lobes may be accounted for only in part by the corrections 
to the aperture theory that are contained in the current-distribution 
method for calculating the pattern (cf. Sec. 12-4). Another significant 
factor is the overlapping between the primary feed pattern and the 
aperture pattern. The overlapping also has the effect of filling in the 
minima. It is seen that in some cases the side lobes have been fused 
into the main lobe and appear only as shoulders. The same effect is 
produced by phase errors in the aperture field (cf. Sec. 6-7). 

The beamwidth also shows an anomalous behavior from the point 
of view of aperture theory. According to the latter the product of the 
beamwidth and D/\ is a constant for a given distribution over the 
aperture. The products for each of the principal plane patterns of 

TABLE 121.—BEAMWIDTH AND GAIN FACTOR AS A FUNCTION OF DIAMETERS. 
0 is in radians 

Diam., in. 

8 
16 
24 
32 
48 

?•• 
1.22 
1.44 
1.42 
1.46 
1.47 

?e« 
1.07 
1.15 
1.25 
1.28 
1.38 

S 

0.66 
0.63 
0.62 
0.59 
0 50 

Fig. 12-8 are listed in Table 12-1; it is seen that the product, for each of 
the principal planes, varies with the diameter. The fi-plane half width 
appears to be approaching an asymptotic value that is proportional to 
X/D. The difference between the E- and //-plane beamwidths can be 
correlated with the directivity of the feed. Because of the directivity 
of a single dipole in the £"-plane, the pattern of the double-dipole system 
is likewise more directive in the E'-plane than in the //-plane. Conse
quently, the aperture field is more tapered in the Z?-plane than the 
//-plane, and the former has a broader secondary pattern. 

The variation of the gain factor g with diameter, as shown by Table 
12-1, arises from the back-lobe interference effect. Along the axis in 
each case, the back lobe of the feed adds to the field produced by the 
reflector. Since the latter is proportional to D/\, the addition of the 
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back-lobe intensity produces a greater fractional increase in the total 
intensity and peak power for smaller diameters than for large diameters 
and correspondingly larger gain factors. 

I t will be of interest to record the data on the performance of the 
waveguide double-dipole feed shown in Fig. 8-14 and of the stub-ter
minated dipole-disk feed shown in Fig. 8-10 because of their extensive 
use. The beam characteristics obtained with the double-dipole feed1 

TABLE 12-2.—PERFORMANCE OF THE DOUBLE-DIPOLE FEED IN VARIOU SPARABOLOIDS. 
V is the distance from the vertex of the paraboloid to the front edge of the waveguide 

Paraboloid 

Diam, 
in. 

18 
18 
18 
24 
30 

Focal 
length, 

in. 

4.5 
5.67 
6.0 
8.0 

10.0 

V, 
cm 

10.8 
13.9 
14.2 
19.5 
24.0 

S 
( + 3%) 

0.61 
0.61 
0.64 
0.63 
0.60 

Beamwidths 

?«» 
1.2 
1.25 
1.15 
1.13 
1.25 

?•■ 
1.27 
1.2 
1.15 
1.20 
1.16 

Side lobes, db down 

Hx 

27 
24 
26 
22 
22 

H, 

30 
29 
27 
28 
28 

El 

25 
25 
26 
23 
25 

E, 

30 
29 
30 
28 
28 

at a wavelength of 3.2 cm are summarized in Table 12-2. Hi and H2 
are the first and second side lobes in the //-plane; Ei and E% designate 
the corresponding lobes in the -E-plane. 

The data for the three 18-in. diameter paraboloids can be compared 
for the effect of tapered illumination; the longer the focal length the 
less tapered is the aperture illumination with a given primary pattern. 
The effects are quite evident in the decrease in the //-plane beamwidth 
and the rise in the //-plane side-lobe intensity levels; the Hi lobe of the 
paraboloid of 5.67-in. focal length is an exception to the general behavior. 
The .E-plane characteristics are also anomalous. The discrepancies are 
caused by the peculiar properties of the feed. As was pointed out in 
Sec. 8-9, the centers of feed are different in the E- and //-planes; this 
gives rise to small defocusing phase errors. In addition, the back-lobe 
intensity is large, and the position of the feed on the axis is determined 
primarily by the optimum interaction between the back lobe and main 
lobe rather than by the focal point of the reflector. The last three rows 
form a sequence of paraboloids of the same shape; here too it is seen that 
the behavior is not in accord with the more systematic characteristics 
observed in the set of patterns considered in Fig. 12-8. While the char
acteristics of the feed leave much to be desired from the standpoint of 
theoretical analysis of the patterns, the pattern characteristics given in 
Table 12-2 are highly satisfactory for operational purposes. 

1 W. Sichak, "Double-dipole Rectangular Wave Guide Antennas," RL Report No. 
54-25, June 26, 1943. 
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The stub-supported dipole-disk feed is the one to which the gain 
factor curves in Fig. 12-5 apply. The patterns obtained1 with a reflector 
of 30-in. diameter and 10.6-in. focal length, at a wavelength of 10 cm, 
are shown in Fig. 12-10. The angular aperture of the paraboloid is 
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F I G . 12-10.—Principal plane patterns of 30-in.-diameter paraboloid (f/D = 0.354' 

illuminated by the dipole-disk feed; X = 10 cm; £-plane; H-plane; © E = 10.2°; 
©« = 9.5°. 

^ = 70.5°, larger than the theoretical value of 60° for a maximum gain 
factor. Whereas this represents a small loss in gain, the larger angular 
aperture results in a more tapered illumination over the aperture plane 
and better side-lobe characteristics. The half-power widths (in radians) 
are 

@E 1.40 4 l ©H = 1-26 X 
D , -<« '■ D 

1 S. Breen and Ti. Hiat t , "An tenna Feeds for -j-in. Stub-supported Coaxial Line," 
UL Report No. 54-23, .tune 21. 1943. 
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Attention was called in Sec. 8-3 to the fact that with a feed of this 
type the axis of the beam does not coincide with the axis of the reflector. 
The deviation is not shown in Fig. 12-10 because of its small magnitude; 
it is less than half a degree. The squint phenomenon has great opera
tional value; by rotating the feed about its axis, the antenna beam 
is made to describe a cone, thus creating an effective cusp-shaped mini-

/ 
/ 
/ 
/ 
j\ 
/Phase 

/ front 

(b) 
F I G . 12-11.—Production of squint by the asymmetric dipole: (a) current on the feed; (6) 

distortion of the phase front. 

mum along the axis of the paraboloid. The intensity differentiation in 
the cusp is more sensitive than on the peak of the beam, and by this 
technique the accuracy of pointing the antenna at a target is increased. 

The production of the squint may be understood by reference to 
Fig. 12-11. It will be recalled (Sec. 8-3) that the asymmetric dipole 
termination gives rise to currents along the outer conductor of the coaxial 
line, and the effect of the choke is to confine the line current to the 
terminal region as shown in Fig. 12-lla. The feed can be regarded as 
two radiating elements: A the transverse dipole current and B the axial 
current. The relative magnitudes and phases are determined by the 
position of the choke. The primary pattern of A is the normal type 
of pattern shown in Fig. 12-116 and gives rise to the field distribution in 
the aperture that we have discussed previously (cf. Fig. 12-2). The 
pattern of the element B has a null along the axis; it produces a 
field distribution over the aperture in which the electric vector along 
an)' diameter undergoes a reversal in direction through the center, 
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which is equivalent to a 180° reversal in phase. The space relationship 
between the aperture fields of A and B in the E'-plane are shown in Fig. 
12-116. If the current elements A and B are in phase, the fields at two 
diametrically opposite points in the Z?-plane, such as x\ and Xi in the 
figure, are a — b and a + b, respectively; there is no distortion of the 
phase front, providing b is always less than a. If, however, there is a 
phase difference * between the currents, the resultant fields at the same 
two points are a — be''* and a + 6e_)*, respectively; the resultant phases 
are 

. 6 sin * Xi] t a n - 1 r - , a — b cos <P 
b sin * x2; - tan" 1 —— - r - • a + o cos <P 

The aperture is no longer an equiphase surface; the phase front is tipped 
with respect to the aperture as shown in the figure. 

For a given position of the choke, the beam deviation varies with 
frequency. In the case of the antenna whose patterns are shown in Fig. 
12-10, the observed variation is as follows: X = 9.7 cm, deviation = 0.3°; 
X = 10.0 cm, deviation = 0.19°; X = 10.3 cm, deviation = 0.38°. 

Finally, it should be mentioned that the current element B produces 
cross polarization in the //-plane. This, however, does not affect the 
accuracy of pointing, since the cross polarization is zero along the axis. 

12-8. Impedance Characteristics.—Another consideration of major 
importance in the design of an antenna is the impedance bandwidth. 
The impedance characteristics are the resultant effects of the impedance 
characteristics of the antenna feed in free space and the mismatch pro
duced by the interaction between the reflector and the antenna feed. 
The latter problem was treated quite generally in Sec. 5-10. I t was 
shown that if the feed in free space is itself matched to the line, the 
reflector gives rise to a reflection coefficient 

Tr = e-'*!- / °4^~ cos ie-'2"" dS (5.97) 
Js, ivp2 

in the transmission line. G/(^,£) is the gain function of the feed; i is 
the angle of incidence at the point (p,^,£) on the reflector. If the feed 
in free space is mismatched, with a reflection coefficient Tf, measured 
at the same point in the line to which r r is referred, the total mismatch 
of the antenna is to a good approximation the sum 

r = r, + rr; (37) 
that is, the reflection coefficients add vectorially on the reflection 
coefficient chart (Sec. 2-8). 
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If the wavelength is small compared with the focal length and aper
ture diameter, the asymptotic value of Eq. (5-97), given by Eq. (5-98), 
may be used. For the present case of the feed at the focus of the parab
oloid, the radii of curvature R^ and Rv at the point of normal incidence, 
which is the vertex, are both equal to — 2/, and p„ is equal t o / . We have 
then 

G/o\ Tr = W 
-H2k/+n (38) 

More generally, if the feed is on the axis near the focus, but at a distance 
p from the vertex, the reflection coefficient of the reflector is 

rr 
GftX 
1*7 

g-j(2fc ]>+«)_ 

The magnitude of the reflection coefficient 

4 T / |r,| 

(38a) 

(39) 

F I G . 12*12.—Variation of the reflection coefficient with position of the feed along the axis; 
experimental, theoretical curve as obtained from Eq. (38a). 

can be determined by measuring the total reflection coefficient T as a 
function of position of the feed along the axis. The feed reflection coeffi
cient Tf remains fixed, whereas Tr undergoes a cyclic variation by virtue of 
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the changing distance to the reflector. Over small distances about the 
focal point | r r | is essentially constant. As the feed is moved along the axis, 
the total reflection coefficient therefore describes a circle in the reflection 
coefficient plane corresponding to the rotation of Tr about the terminal 
point of the vector Tt; this is illustrated in Fig. 12-12. The magnitude of 
Tr is determined directly from the radius of the circle.1 The measure
ments can, in fact, be used to obtain the gain Go/ of the feed pattern by use 
of Eq. (39). 

Magnitude of r vs. j 
Feed:^ in. stub-supported-
di pole-disk. 
Wavelength: 9.1 cm 

Theoretical 
Experimental 

FIG. 12-13.—Contribution of the paraboloid to the reflection coefficient as a function of 
focal length. 

The data presented in Fig. 12-12 were obtained with the stub-sup
ported dipole-disk feed shown in Fig. 8-10 and a paraboloidal reflector 
of 10.6 in focal length and having an aperture diameter of 30 in. The 
gain of the feed was evaluated by graphical integration of its primary 
pattern, and the theoretical curve of Fig. 12-12 was then obtained from 
Eq. (38a), the constant & being adjusted to make the theoretical and 
experimental values agree at the focal point. Similar studies with the 
same feed in a series of reflectors of different focal lengths gave the results 
shown in Fig. 12-13, demonstrating the applicability of Eq. (39).2 

It is seen from Eq. (37) that the process of matching the antenna— 
1 S. Silver, "Cont r ibu t ion of the Dish to the Impedance Mismatch of an An tenna , " 

RL Report No. 442. Sept. 17, 1943. 
2 Ibid. 
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reducing r to zero—by means of a transformer in the line can be regarded 
as that of transforming the mismatch 17 of the feed in free space into 
— Tr. Therefore, if an antenna is matched with the feed at a position 
Pi, it will also be matched with the feed at positions pi ± n \ / 2 , where n 
is an integer, for r r has the same value at all these points [cf. Eq. (38o)]. 
Furthermore, the feed can be placed in an entirely different paraboloid; 
and providing the distance from the vertex is p2 = Pi + nX/2, a good 
impedance match will be obtained. A small difference will be observed 
from the value obtained with the original reflector because of the different 
magnitude of Tr, but the phase relations between 17 and r r in each case 
are the optimum for minimizing the total reflection coefficient. If the 
distance pi is chosen to be the closest to the focal length that is equal to 
an integral number of half wavelengths, the feed may be placed at the 
corresponding half-wave points in other paraboloids with both the proper 
conditions for impedance match and the constructive superposition of 
the back lobe and main lobe being maintained.1 

The seriousness of the mismatch caused by the reflector lies in its 
frequency sensitivity. Since the focal length is large compared with X, 
a small change in the latter produces a large change in the phase of I \ . 
The antenna can easily be matched at one wavelength X0 by a conven
tional type of matching transformer (cf. Chap. 7). However, the char
acteristics of the transformer do not vary rapidly enough with frequency 
to follow the rapid change in the phase of r r and in any case do not 
necessarily vary in the proper direction. The total reflection coefficient, 
therefore, varies rapidly with frequency. For this reason it is necessary 
to eliminate the mismatch caused by the reflector by other methods in 
order to realize satisfactory impedance characteristics over a wide fre
quency band. 

There are two obvious solutions to the problem. One is to reduce the 
reflection coefficient of the reflector to zero.2 For this purpose we must 
return to Eq. (5-97), which formulates the reflection coefficient as a 
superposition of contributions from the entire reflector surface. The 
matching technique that suggests itself immediately is to divide the 
reflector into two areas, which give integrated effects of equal mag
nitude, and then by a small displacement of one of the areas with 
respect to the other to make their contributions 180° out of phase. 
Since only a small displacement of one area with respect to the other is 

1 H. Krutter, R. Hiatt, J. Bohncrt, "Some Matching Properties of Antenna 
Feeds," RL Report No. 54-13, Nov. 17, 1942. 

2 N. Elson and A. B. Pippard, "Wide Band Matching of Waveguide Radiators and 
Paraboloids," ADRDE (British) Report No. 220; W. Kock, "Method for Reducing 
Reflection Effects in Antenna Feeds," BTL Report MM-42-160-92; S. Silver, "Analy
sis and Correction cf the Impedance Mismatch Due to a Reflector," RL Report No. 
810. 
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involved, the matching process is not very frequency sensitive. The 
bandwidth of the antenna is then largely determined by the impedance 
characteristics of the feed in free space. A second solution is to render 
the feed insensitive to the reflected radiation. This will be accomplished 
if the polarization of the latter is rotated through 90° by the reflecting 
surface. Such a rotation can be effected by introducing a suitable grating 
over the surface of the reflector. The details of the two methods will 
be developed in the following two sections. 

12-9. The Vertex-plate Matching Technique.—A complete evalua
tion of Eq. (5-97) involves considerable numerical work. For the present 
purposes the computation can be simplified by replacing G(\p,£) by a 
circularly symmetrical function G(\j/) which is the mean value of the gain 
functions in the E- and //"-planes of the feed pattern. By virtue of the 
symmetry we can take as the element of area dS the circular zone sub
tending the angle d$ at the focus. It is more convenient to base the 
integral upon the projection of dS on the aperture plane: 

dS = *Z*L. (40) 

(0 
The gain function Gty) can be expressed as a function of r through the 
relation 

r 

s i n ^ = — - f - j . (41) 

Since i = ^ / 2 , we have for the reflection coefficient contributed by the 
portion of the reflector of aperture radius r, 

c(?) „-'¥&: ' r dr, (42) 

h P 

constant terms in the phase being discarded. Changing variables to 

we get 

v = j-2, (43) 

r W - K ' ^ ^ " * * - (44) 
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If we take the real and imaginary parts of T(v), 

(45) 

and plot I(v) against R(v), we obtain a reflection coefficient spiral for the 
paraboloid as shown in Fig. 1214a. The vector r„ from the origin to any 
point on the spiral is the reflection coefficient due to the portion of the 

I(v) 
. 

1 1 
\ v ' V /-~ 

/ / 
/ /*• / / V 

// s^ s*^*^ 
J ^ ^ a 

~\ 

V 

'% 

\ \ 
\ \ 

V 
x[i 

R(v) 
(a) 

(0 
F I G . 12-14.—Elimination of the mismatch caused by the reflector: (a) reflection coefficient 

spiral; (fc) effect of infinitely thin zone plate; (c) final position of zone plate. 

paraboloid whose aperture radius r corresponds to that point v on the 
spiral. The reflection coefficient due to the entire paraboloid is given by 
the vector to the terminal point corresponding to 

v, = ^ (46) 

For any particular case R(v) and I(v) can be evaluated numerically once 
the gain function of the feed has been measured, and the spiral con
structed accordingly. It has been found that in many cases the function 
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0+g 
can be fitted satisfactorily by an exponential 

G0e 

Go being the gain of the feed. 
R(v), I(v) analytically: 

* ^Goe-"", (47) 

Assuming this form we can evaluate 

R(v) 

m 

Go 

e+f) + 
G„ 

■(- + £ ) 
X 

'f. 

| a sin 
L 

(?') 
(?•) ' / -

(48) 

The limit point of the spiral, corresponding to v = °c, 

aGo , T IT/GO 

comes at 

«-
(- + £)' - *(" + ̂ ) 

(49) 

This is to be contrasted on the one hand with the Cornu spiral in which 
R*> = ^» a r )d on the other hand with the circular aperture diffraction 
spiral in which R^ = 0 and / „ is the radius of curvature of the initial 
portion of the spiral. The magnitude of the vector to the limit point is 

(50) 
GoX/ W\-'A 

4TT/V x 2 / 2 / 

If the aperture of the paraboloid is large, the difference between |r ( | , the 
reflection coefficient due to the entire paraboloid, and | r j is small. 
We observe further that if / » X, | r j becomes GoX/47r/, independent of 
the illumination function. This is the result obtained previously from 
Eq. (38). 

It is further of interest to note that the radius of curvature of the 
spiral is 

In the limit of a very large aperture and / » X, the center of curvature of 
the spiral in the neighborhood of ;' = 0 coincides with the limit point. 
Under these conditions we obtain the result that the spiral has the 
form of the diffraction spiral for a point on the axis of a circular aperture, 
independent of the feed illumination function. 
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The method of impedance correction is as follows: The perpendicular 
bisector of r(, the reflection coefficient due to the reflector, is erected, 
and its intersection point vc on the spiral is determined (refer back to 
Fig. 1214a). This divides the surface into two zones, one within the 
radius rc = f(vr)''2 contributing the vector l\, the other the region outside 
re contributing IV The magnitudes of Fa and 1\ are equal. Now sup
pose that an infinitely thin plate of radius rc is placed against the 
surface (Fig. 12T4c). The path from F to the edge i s / + z.-; the path to 
the center is / — zc; the average path length is /. The plate thus 
rotates r„ onto the 7?-axis to coincide in phase with the contribution 
from the vertex area of the paraboloid (Fig. 12-146). It is desired to 
bring Ta 180° out of phase with IV This is achieved by rotating r a 
by moving the plate forward a distance t (or making the plate of that 
thickness), 

t = (2n + 1 ) T - Xfr. " = 0, 1, 2, ■ ■ ■ , (52) 
4 Air 

\pc being the angle between Tb and the K-axis. It is evident that only 
a small portion of the spiral in the neighborhood of v = 0 and the terminal 
vector F( are required to determine the parameters of the correction 
plate. In most cases F, can be replaced for this purpose by r„ , and the 
final position of the plate is adjusted empirically to compensate for the 
error. 

In the limit A// = 0 and large apertures, the parameters of the correc
tion plate become practically independent of the aperture and primary 
feed illumination, providing the latter is not too sharply peaked. We 
have noted above that in the limit indicated the resultant Tt differs 
negligibly from r „ which (in this case) lies on the /-axis. Also from 
Eq. (51) it is seen that if the primary feed illumination is not too sharp, 
i.e., magnitude of a is not too large, the initial portion of the spiral can 
be regarded with small error as a circle of constant radius |TJ and center 
on the /-axis. When the procedure outlined in the preceding paragraph 
is applied to this case, it is found that the diameter of the correction 
plate is 

*- = (?r (53) 
and its thickness 

t=(2n + V)\-'f4- (54) 

We have assumed that the current distribution over the correction 
plate is, except for phase, the same as that over the corresponding area 
of the paraboloid. In general the area of the correction plate is small, and 
when a small obstacle is irradiated, there is an appreciable current dis-
i ribution over the shadow area of the obstacle as well as on the illuminated 
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region. To eliminate the former it is preferable to use a plate of the 
thickness specified by Eq. (52), making good electrical contact with the 
paraboloid, rather than a thin plate set at the specified distance. 

The one major objection to the vertex plate is the deleterious effect 
on the secondary pattern. The displacement of the vertex area produces 
a phase error in the field over a corresponding area of the aperture, with 
a resulting loss in gain, increase in beamwidth and side-lobe intensity. 
If the specifications on the side lobes are very stringent, the vertex-plate 
technique cannot be used. 

Fit;. 12-15.—Quarter-wave grating to rotate the polarization of the electric vector and 
eliminate the mismatch. 

12-10. Rotation of Polarization Technique.—The electric vector of 
the wave reflected by the paraboloid can be rotated through 90° with 
respect to the incident wave by means of a quarter-wave grating. The 
system is illustrated in Fig. 12-15. The grating is made up of parallel 
plates cut to the contour of the reflector; the plates are oriented to make 
an angle of 45° with the .E-plane of the feed. 

The grating makes use of the property of parallel plates (Sec. 7-15) 
that they will not support free propagation of a wave having the electric 
vector parallel to the plates unless the spacing s between them is greater 
than X/2. If s < X/2, the wave is attenuated; if s < X/8, the parallel 
plates reflect almost completely an incident wave with the electric vector 
parallel to the plates. With the grating oriented at angle of 45° with 
respect to the .E-plane, the incident electric vector can be resolved into 
two equal components, one parallel to the plates and one perpendicular 
to them. The plate spacing is such that the parallel component is 
reflected, with a change in phase of 180°. The perpendicular component, 
on the other hand, propagates between the plates with free-space velocity. 
If the depth of the plates d is X/4, the latter component after reflection 
from the paraboloid emerges from the plates in the same direction as it 
had on entry. Combination with the reversed parallel component then 
results in a resultant vector perpendicular to the .E-plane. 
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Preliminary experiments conducted at the Radiation Laboratory to 
test the effectiveness of the technique gave promising results in so far 
as the impedance characteristics were concerned. The effects on the 
secondary pattern were not determined. It is to be expected that the 
grating does not function properly at the edges because of the oblique 
incidence of the primary radiation, thus introducing phase distortion. 
Further study of the subject is needed in order to evaluate the relative 
values of the grating and vertex-plate techniques. 

12-11. Structural Design Problems.—An antenna must generally 
meet certain mechanical specifications such as a minimum weight strength 
factor, low wind resistance, and visual transparency in addition to ful
filling the requirements on the secondary pattern. 

(«) ('<> (c) 
F I G . 12-10.- Hear-feed and front-feed installations: (a) rear-feed technique for a dipole-di.sk 

feed; (b) rear-feed technique for a horn; (c) front-feed technique for a horn. 

Rear-feed and Front-feed Systems.—The first factor to be considered 
is the typo of feed installation. Two general methods—rear-feed and 
front-feed installation—are illustrated in Fig. 12-10. The rear-feed 
installations (Fig. ]2T(><7 and b) have the advantages of compactness 
and requiring a minimum length of transmission line. The latter has 
important bearing on the impedance piesented by the system at the 
generator terminals. If the focal length is short, a simple flange con
nection between the transmission line and reflector is sufficient to 
support the feed system. If the focal length is large, a more extended 
collar such as is shown diagrammatically in Fig. 12-Kio is necessary to 
prevent free play of the feed. The rear-feed installation of a horn, such 
as illustrated in Fig. 12-1 lib, is feasible only at short wavelengths (3 cm 
or less), liven for the latter it is not to be recommended because of the 
asymmetry and possible phase distortion introduced into the primary 
pattern. 

The front-feed installation (Fig. 12-Kir) is recommended for all horn 
feeds. It suffers from one serious defect of obstructing too much of the 
aperture. The interference is reduced somewhat if the waveguide is 
placed in the //-plane. This may make it necessary to put a twist in 

http://dipole-di.sk
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the waveguide in order to orient the horn properly with respect to the 
horizontal plane. 

Grating and Screen Reflectors.—The weight and wind resistance of 
the paraboloid can be reduced considerably by replacing the continuous 
reflector surface by a perforated surface or a grating structure. An 
example of an antenna using a perforated paraboloid is shown in Fig. 
1-5; examples of grating reflectors will be found in Fig. 12-23 and in 
several photographs in Chap. 13. 

The reflectivity of the perforated surface is insensitive to polarization. 
The perforations can be regarded as short waveguides designed to Jpe-. 
far beyond cutoff for the frequency band over which the antenna is to 
used. For example, if the reflector is a wire screen with square openings. 
the edge length a of the openings must be such that 

t 
a < V2 

This is the condition for cutoff in a square waveguide. 
The gratings are sensitive to polarization. The space between the 

grating elements may be thought of as waveguides beyond cutoff for 
the electric vector parallel to grating element. The grating elements 

-Axis 

FIG. 12-17.—Grating reflectors: (a) 
(6) 

broadside strips; 
(c) 

(b) round bars; (c) edgewise strips. 

.11 

may be divided into three groups: (1) broadside strips, (2) bars, and (3) 
edgewise strips; these are illustrated in Fig. 12-17. The various types 
of gratings have been studied experimentally1 to determine the relation
ships between the grating dimensions and wind resistance and transmis-
sivity. There are two major restrictions that apply to all gratings: 

1. The electric vector of the incident wave must be in the plane 
determined by the incident ray and the axis of the grating element. 

2. The center to center spacing of the elements must be less than 
X/(l + sin 6), where d is the angle between the incident ray and 

1 W. D. Hayes , " G r a t i n g and Screens as Microwave Reflectors," RL Repor t No. 
54-20, Apr. 1, 1943. 
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the normal to the axis of the grating element. Larger spacings 
cause the appearance of undesirable higher-order lobes in the 
secondary pattern. 

The edgewise strips are generally to be preferred. Their transmission 
characteristics are summarized in Fig. 12-18, which gives the relation 
between the strip depth and the spacing for fixed values of transmissivity. 
The properties vary, of course, with the width of the strips; the reader 
is referred to the report by Hayes for more extensive data. The variation 
of the depth of the strips to control the r-f transmission has a negligible 
effect on wind resistance; both can be made quite low. Mechanical 
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F I G . 12-18.— Grating of edgewise strips: Relation between strip depth and spacing for 

constant transmission. 

rigidity can be obtained by proper bracing. The strips also have the 
advantage that the reflector shape can be obtained by a cutting oper
ation; in making up a paraboloid all the strips can be identical punchings 
of flat sheet metal. 

SIMPLE FANNED-BEAM ANTENNAS 
12-12. Applications of Fanned Beams and Methods of Production.— 

The singular advantage of a pencil beam for locating a target with accu
racy is offset by the difficult}- of intercepting a target in the course of a 
random search because the beam covers only a narrow cone of space at a 
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given instant. Further difficulties are encountered in the case of 
antennas on ships; in the course of the roll and pitch of the ship the beam 
swings into the water where it serves no purpose or up above the horizon 
losing its effectiveness in locating surface vessels. To counter these 
various difficulties it is necessary to sacrifice the directivity by flaring 
the beam in one of its principal planes—generally the vertical plane. 
By retaining the narrow width in azimuth, resolution is maintained in 
this aspect and the radar echo technique supplies information on range. 

The present chapter concerns itself only with simple fanned beams 
which may be thought of as being developed by distorting the almost 
circularly symmetrical beam into a symmetrical elliptical beam. The 
more complex fanned beams which are designed for highly specialized 
operational functions will be treated in the next chapter. From the 
general relations developed in Chap. 0, between the symmetry of the 
aperture and aperture field and the symmetry of the beam, two basic 
techniques suggest themselves: (1) to use an aperture with two highly 
different dimensions in the principal planes, the beamwidths in the prin
cipal planes being inversely proportional to the aperture dimensions, and 
(2) to taper the illumination differently in the two principal planes. 
The second of these may be dismissed as an isolated technique because 
the beam width is not sufficiently sensitive to the illumination. The 
only practical technique, therefore, is the first, of using an aperture with 
suitable dimensions in the principal planes. The illumination technique 
may be used as auxiliary to the other method. 

The fanned-beam antennas take the following forms: (1) an ovoid 
section of a paraboloidal reflector with a point-source feed at the focus, 
(2) a parabolic cylinder with a line source producing a rectangular 
aperture, and (3) a parallel-plate antenna consisting of a parabolic cylin
drical reflector illuminated by a simple feed at the focus and located 
between parallel plates that are perpendicular to the generator of the 
cylinder; this likewise produces a rectangular aperture. Design tech
niques will be presented for each of these types of antennas. 

12-13. Symmetrically Cut Paraboloids.—The simplest procedure 
is to cut a paraboloid symmetrically by a pair of parallel planes as shown 
in Fig. 1219a. The long dimension will be denoted by dh and the nar
row dimension by d2. The results obtained from a circular aperture with 
many types of feeds and paraboloid shapes show that the beamwidth 
is in the range (1.2 ± 0.2)X/Z). These results have been extrapolated 
to the cut paraboloid, and the relations between the dimensions of the 
latter and the principal-plane beam widths are generally taken to be 

0 1 = 1.2~; 0 , = 1.2^- (56) 

It is quite evident thai a circularly symmetrical primary feed pattern 
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is unsuited to illuminate the reflector; a large fraction of the energy would 
be wasted in spillover. The primary feed pattern must be shaped to 
the same symmetry as the reflector. Taking the results for optimum 
performance of a circular aperture again as a criterion, we may require 
that the 10-db width of the feed pattern in a given principal plane be 
equal to the angle subtended by the reflector at the feed in the given 
principal plane. 

Horns with rectangular apertures lend themselves particularly well 
to the design of suitable feeds, since the beamwidths in the two principal 

\ 

d2 

(a) (I,) 

FIG. 12-19.— Symmetrically cut paraboloids; (a) .simple lino cut; (b) equi-intensity contour 

planes can be controlled virtually independently of one another by choice 
of the principal plane dimensions. The relation bctweens the primary 
pattern 10-db beam width and the horn dimensions are given by Eqs. 
(10.52) and (10.53). The primary pattern beain widths that are required 
are determined by the dimensions <h and <!■> of the reflector aperture and 
the focal length. The latter should be chosen as small as possible to keep 
the primary pattern 10-db width large; otherwise the design of a practical 
horn becomes very difficult. Difficulties are encountered if the ratio 
di/(U is too large; since the dimension of the horn in the di-plane must be 
so much smaller than that in the rf2-plane that the resulting horn has 
widely different centers of feed in the two planes. This will give rise to 
serious phase errors and loss in gain. 

The primary pattern of the horn designed to meet the principal plane 
requirements has an elliptical cross section. Consequently, the equi-
intensity illumination contours on the reflector are also elliptical in shape. 
There are several reasons for cutting the reflector along such a contour 
as shown in Fig. 12196. It is found in general that the gain factor 
increases and the gervral features of the pattern are improved by a reduc
tion in side lobes in the principal planes. The basis for this lies in the 
fact that the effective illumination for say the (<o-principal plane at a 
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given point on the d2-a,xis is the integrated intensity across the aperture 
parallel to the di-plane. With the aperture of the type shown in Fig. 
12-196 the integrated area tapers along the aVaxis, and the effective 
illumination is, therefore, more tapered than in the corresponding case 
of Fig. 12-19a, hence the improved side-lobe characteristics. The ovoid 
shape of Fig. 12-19b also has advantages of low wind resistance and 
smaller moments of area and inertia which are of considerable importance 
in connection with the mechanical problems of support and rotation of 
the antenna. 
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FIG. 12-20.—E- and H-plane patterns of the beavertail antenna, shown in Fig. 13-12o. 

An antenna using the symmetrical ovoid-shaped reflector1 is shown in 
the following chapter in Fig. 13-12a. The dimensions of the reflector 
are rfi = 20 ft, d2 = 5 ft, and the focal length / = 5 ft. The 
feed that was finally adopted for this antenna is a flared box horn2 

designed to meet the illumination requirements in the principal planes. 
The secondary patterns of the antenna are shown in Fig. 12-20. The 
ratio of the half-power widths ®E/@H is 0.29, and the ratio of the aperture 
dimensions d2/di = 0.25. The //-plane side-lobe levels are all down 
below 17 db with no prominent wide-angles lobes; the .E'-plane side 
lobes are all below 23 db, showing that the illumination is properly dis
tributed over the reflector. 

12-14. Feed Offset and Contour Cutting of Reflectors.—The symmet
rically cut paraboloids have the drawback that the feed must be located 

1 C. S. Pao, "The Beavertail Antenna," RL Report No. 1027, Apr. 9, 1946. 
2 S. J. Mason, "Flared Box Horn," RL Report No. 653, July 9, 1945; see also 

Chap. 10. 



454 PENCIL-BEAM AN D SIMPLE FAN N ED-BE AM ANTENNAS [Sue. 12-14 

in the center of the aperture. In this position it is in the path of the 
reflected rays from the most intensely illuminated area, and hence the 
mismatch introduced by the reflector is quite significant. Furthermore, 
the use of a horn feed introduces a large section of waveguide, which in 
large reflectors necessitates additional supporting structures; these 
together with the feed block out aperture area, causing a loss in gain and 
increase in side lobes (cf. Sec. 6-7). 

Both of these defects are eliminated by the offset feeding technique 
which is illustrated schematically in Fig. 12-21. The center of feed is 
placed at focus of the paraboloid as in the previous case, but the horn is 

tipped so that the peak of the primary pat
tern makes some angle ipo with the para
boloid axis. The major portion of the 
lower section of the paraboloid is discarded. 
The dimension di is again determined from 
the secondary pattern beamwidth by Eq. 
(56). The offset feeding removes the horn 
and its supporting structure out of the way 
of the most intensely illuminated area of 
the aperture with resulting improvement 
in gain and in side-lobe characteristics. 

The reduction of the mismatch can be understood in terms of the geomet
rical-optics picture that the radiation returning to the feed comes from the 
area around the vertex of the paraboloid. The magnitude of the mismatch 
is given by a relation equivalent to Eq. (39): 

;£-
12-21.—Offset feeding tech

nique. 

(57) 

where Gy(^o) is now the gain of the feed in the direction along the axis. 
By offsetting the feed the reflection coefficient is reduced by the ratio 
C'/(V'o)/G/„, -where G/„ is the peak gain. 

The design procedure is essentially the following: The dimensions di 
and di are chosen in accordance with the beamwidth relations [Eq. (56)]. 
The focal length and the dimensions of the horn aperture are chosen as 
though the reflector is to be cut symmetrically; the angle subtended by 
d\ at the focus should not exceed 160°. The horn is constructed, pres
surized, and matched by the methods discussed in Chap. 10. Let Tf be 
the residual mismatch of the feed and T the allowable total mismatch 
of the antenna; the allowable reflector mismatch is then 

r, L/i- (58) 

Using a circular paraboloid of the focal length of the final antenna, the 
paraboloid reflection coefficient is determined as a function of the feed 
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offset 1̂0 by the circle diagram method referred to previously (cf. Fig. 
12-12), or the peak gain Gfts is determined from the mismatch at the 
angle ^o = 0, and the mismatch at any other angle is computed by means 
of Eq. (57) from the knowledge of the primary pattern. 

For the chosen value of V'o the primary feed pattern is transformed 
into equi-intensity illumination contours on the surface of the paraboloid 
by taking into account space attenuation according to the inverse square 

FIG. 12-22.—Constant intensity contours in paraboloid aperture (horn feed axis tilted 20° 
relative to paraboloid axis). 

law. An example of such an equi-intensity contour plot is shown in 
Fig. 12-22. The paraboloid is then cut to follow an equi-intensity con
tour, generally chosen as the 14-db contour. 

A number of antennas have been designed according to this procedure 
with very successful results.1 Figure 12-23 is a photograph of the 
antenna2 to which the constant intensity contours (Fig. 12-22) apply. 
The reflector dimensions are di = 54 in., d2 = 24 in., / = 14.5 in. The 
horn aperture dimensions are 2 cm in the ZJ-plane, 6.0 cm in the //-plane 
with flare angles of 10° and 40° in the respective planes. The offset 
angle is 20°; this was chosen so that r r < 0.04 in order that the resultant 
mismatch of the feed and paraboloid over the entire band of 8000 to 

1 T. J . Keary and J . I . Bohner t , R L Repor t No. 659, Mar . 7, 1945; III, Repor t No. 
660, Feb. 19, 1945; R L Repor t No. 779, Aug. 30, 1945; J . I . Bohner t and H. K n i t t e r , 
III, Repor t No. 665, Feb. 7, 1945. 

2 T. J. Keary and J. I. Bohnert , R L Report No. 659, Mar. 7, 1945. 
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F I G . 12-23.—Fanned-beam antenna using the offset feed technique. 
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FIG. 12-24.—Principal E- and H-plane polar diagrams of the antenna shown in Fig. 12-23 
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9700 Mc per sec should represent a reflection coefficient less than 0.091. 
The performance of the antenna is demonstrated by the E- and //-plane 
patterns shown in Fig. 12-24. The ratio of the beamwidths &E/&H 
again is very closely equal to the ratio d2/di. The low level of the side 
lobes attest further to the validity of the design procedure. 

The elimination of one of the planes of symmetry by the offset feeding 
technique produces one serious effect. The process destroys the sym
metry of the cross-polarization component of the aperture field leading 
to cross polarization in the plane of the large dimension of the aperture. 
The cross-polarization pattern has lobes on either side of the main lobe 
in the plane of the narrower beamwidth, which may seriously affect the 

F I G . 12-25.- - Parabolic cylinder and line source. 

performance of the system. Cross-polarization studies should be made 
in the narrow-width plane for all antennas of this type. 

12-15. The Parabolic Cylinder and Line Source.—In principle a sim
ple fanned beam is most easily produced by using a rectangular aperture 
with a separable type of aperture field such as was discussed in Sees. 6 5 
and 6-6. The principal plane patterns are then determined completely 
by the aperture dimension in the given plane and the field distribution in 
that aspect. There is no interaction between the distributions in the 
principal planes. A second advantage is the reduction of cross 
polarization. 

The required aperture configuration and field distribution are readily 
obtained by illuminating a parabolic cylinder by a line source located 
along its focal line. An antenna of this type is shown in Chap. 1, Fig. 
1-6. The general theory of such systems has been developed from the 
standpoint of the reflector currents in Sec. 5-9 and from the aperture 
field standpoint in Sees. 6-8 and 6-9. We shall here simply state the 
results which are particular to the parabolic cylinder. In Fig. 12-25, 
the line source is taken along the x-axis which is also the focal line of the 
parabolic cylinder. Let I be the length of the source and * be the angular 
aperture of the reflector. The performance of the system depends on the 
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fact that the reflector is in the cylindrical wave cone of the source. It is, 
therefore, necessary that 

P 
Z » X , < (59) 

where pm«i is the maximum radial distance from the source to the reflector. 
For wavelengths greater than about 10 cm conditions (59) imply that 
the length of the cylinder is greater than the height of the aperture. 

I t is clear that all rays from the source incident on the reflector in a 
plane parallel to the 1/2-plane are reflected in that plane into a family 
of rays parallel to the z-axis. The reflector thus produces a uniform 
phase distribution over the aperture. Also, since the reflected rays are 
parallel, the field intensity at a given point on the aperture is the same 
in magnitude as that of the reflected field (or incident field) at the corre
sponding point on the reflector. The intensity distribution, F(x), in the 
x-direction over the aperture is, therefore, the same as that of the line 
source, and the aperture distribution in the transverse direction is deter
mined entirely by the two-dimensional gain function G{\p) of the cylin
drical wave zone of the line source (cf. Sec. 5-9). Evaluating the field in 
the forward direction by means of Eqs. (5-86) and (5-88), we find that 
for both the longitudinally and transversely polarized systems the gain 
is given by 

(jM 
A * 

2X2 C O t 2 U. 
1/2 

[F(x)]K dx 
J J -1/2 

The gain factor g = GM\2/4TTA is, therefore, 

[GO) w sec ^ 

1 . * 
S = 8 ^ C O t 2 

1/2 

-1/2 
[F(x)]H dx 

/ : [(?(*)]* sec I # 

(00) 

(61) 

The term involving F(x) gives the effect of the deviation from uniform 
illumination along the ^-direction. The second term gives the depend
ence on the angular distribution of the primary pattern. As in the case 
of the paraboloid of revolution there is an optimum angular aperture 
for a given feed pattern that represents the compromise between spill
over and tapered illumination over the aperture in the ^-direction. The 
optimum angular aperture can be found by graphical methods as was 
done in Sec. 12-5 for the paraboloid of revolution. 

For maximum gain, the distribution F(x) should be equal to unity. 
This, however, gives maximum side lobes in the longitudinal pattern— 
that is, in the planes containing the line source—as compared with 
tapered distributions. The longitudinal pattern can be studied as a two-
dimensional problem, independently of the transverse pattern. All of 
the results of Sec. G-6, other than the actual values of the gain, can be 
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applied here without modification. The gain is affected by the trans
verse distribution as is shown by Eq. (60). 

The essential difficulty with antennas of this type is in producing an 
efficient line source. Linear arrays such as are discussed in Chap. 9 are 
frequently used. The impedance characteristics are generally poor due 
to strong interaction between the reflector and the source. 

12-16. Parallel-plate Systems. Cheese and Pillbox Antennas.—The 
limitations imposed on the antenna design by conditions (59) can be 
eliminated by placing the parabolic cylinder between parallel plates as 
shown in Fig. 12-26. The feed may then be a waveguide or a horn with 
one of its aperture dimensions equal to the distance h between the plates. 

(a) (b) 
F I G . 12-2G.—Parallel-plate systems: (b) pillbox antenna; (a) cheese antenna. 

From the point of view of the rays between the plates, the system is 
equivalent to a segment of an extended line source and parabolic cylinder. 

The antennas differ from the open system of the preceding section 
in that propagation can take place between the plates in various modes 
(c/. Sec. 7-15). The parallel plates support free propagation of a principal 
wave—the TEM-mode—in which the electric vector is normal to the 
plates; the velocity of propagation and the wavelength is the same as in 
free space. TE- and 77il/-modes are also possible, which are equivalent 
to the modes in a rectangular waveguide. We need concern ourselves 
only with the lowest TE-modc in which the electric vector is parallel to 
the plates and varies in magnitude along the line normal to the plates 
according to sin (x/h), where h is the distance between them. The plates 
will support propagation in this mode only for free-space wavelengths that 
satisfy the condition 

X < 2h. (62) 
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The wavelength of propagation is 

['"(a)] 
The cutoff condition for the next higher mode is 

h < X. (64) 

The parallel-plate systems may be classed into two groups: (1) those 
with spacing h < X which support free propagation in the T^Af-mode 
and possibly the r ^ - m o d e if h > X/2, (2) those with spacing h > X 
which support additional modes. The two groups are labeled pictorially, 
the former being called the pillbox antennas, the latter cheese antennas. 

The cheese antennas can be designed to meet any length-to-height 
ratio desired. If only the TEM-mode is desired, the feed must be 
designed with great care in order to avoid the excitation of other modes. 
The difficulty of eliminating other modes is the major objection to the 
T'.Eilf-cheese antenna. On the other hand, the feed can be designed to 
excite various TE- and TM-modes purposefully. Each mode travels with 
a characteristic phase velocity, and the superposition of the modes is 
used to synthesize various types of phase distributions over the aperture.1 

The limitations imposed on the secondary pattern of a pillbox in the 
plane containing the /i-dimension, because of the restrictions on the latter, 
can be obviated to some extent by flaring the mouth of the pillbox into 
a two-dimensional horn. This has a further advantage of reducing the 
reflection by the aperture of the wave between the plates. Another 
method of controlling the pattern is by means of flaps such as are shown 
in the half-beacon antenna2 in Fig. 12-27. Half a pillbox is used in this 
particular case; it is fed by an //-plane sectoral horn. The /i-dimension 
is equal to X/3 so that the plates can support only the TEM-mode. 
Attention should be called to the curled edge of the flap; the curl follows 
an exponential spiral in order to reduce the impedance mismatch arising 
from the discontinuity at the edge of the flap. The pattern obtained 
in the plane of the /i-dimension is shown in Fig. 12-28. 

12-17. Pillbox Design Problems.—There are three major problems to 
be considered in the design of the pillbox: (1) the f/d ratio for maximum 
gain factor, (2) impedance mismatch, (3) structural problems. 

1 The cheese antenna received more attention in Britain than in the United States. 
Information pertaining to British reports may be obtained from the British Scientific 
Commission office in Washington, D.C. or the British Central Radio Bureau in 
London. Much of the British work is appearing in the new section Part Ilia, "Radio
location," of the journal of the Institute of Klectrical Engineers. 

2 A. Braunlich, "Half Beacon Antenna," RL Report No. 419, Sept. 6, 1943. 
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Optimum Shape.—The analysis of the gain factor1 proceeds along the 
same lines as for the parabolic cylinder in Sec. 12-15. The result is 
essentially that of Eq. (61) except for multiplicative constants. The 

13.4 X 

^90° 
—3.13 X—^ 

I I 2 V° 3"xlg" waveguide 

Via. 12-27.—Half-beacon antenna. 

optimum angular aperture * (c/. Fig. 12-29) is the value for which the 
expression 

c o t(!)[ /„* I 0 ' (* ) 1 M sec -jr dip (65) 

has its maximum value. The gain function (?/(^) is that of the feed 
radiating between parallel plates, not in free space; like that of the cylin
drical wave zone of a line source it is two-dimensional. 

The optimum angular aperture is generally less than 90°. The pill
box is then constructed as shown in Fig. 12-29 with the parallel plates 

1 T. J. Keary, A. R. Poole, J. R. Risser, H. Wolfe, "Airborne Navigational Radar 
Antennas," RL Report No. 808, Mar. 15, 1946. 
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F I G . 12-29.—A pillbox of angular aperture *!', 
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extending a little beyond the focal point. The gain factors realized by 
pillboxes are considerably higher than that of paraboloidal antennas, 
ranging in value upward from 0.8. 

Impedance Mismatch.—The mismatch produced by the parallel-plate 
system arises from the parabolic strip and from reflection at the aperture. 
The latter can be reduced, as was noted before, by flaring the mouth of 
the pillbox into a two-dimensional horn. The reflection coefficient pro
duced by the parabolic strip can be developed along lines similar to 
that followed in the case of the paraboloid.1 The essential difference is 
that the field between the parallel plates is in the form of a cylindrical 
wave rather than a spherical wave. The reflection coefficient is found 
to be 

1 /"* e~ '"<• \b Tr = - G(+) cos I ds, (66) 
7T Jo P A 

where ds is the element of length along the reflecting strip. Let x measure 
position along a line parallel to the aperture; on introducing the variable 

v = j = 2 tan % (67) 

the reflection coefficient becomes 

TT(v) =- / - ^ - . e * dv, (68) 
* Jo v* 

^ 4 
disregarding all constant-phase terms. If //A » 1, the integral of Eq. 
(68) is very closely equal to 

r" = £(-J' C69) 
where Go is the peak gain of the feed. This is the two-dimensional 
analogue of Eq. (39). 

The mismatch can be eliminated by means of a vertex plate as in 
the case of the circular paraboloid. The technique of determining the 
dimensions of the plate is the same as that described in Sec. 12-9. It 
should be noted that the intersection point vc on the spiral gives xc which 
is only half the length of the plate. The vertex plate has the same unde
sirable effects on the secondary pattern as in the paraboloid: reduction in 
gain, increase in side-lobe intensity. 

Structural Problems.—Special attention must be paid to the structure 
and assembly of the pillbox. The feed must make good electrical con
tact with the parallel plates. The contact can be established by solder-

1 Details are given by S. Silver, "Analysis and Correction of the Impedance Mis
match Due to a Reflector," RL Report No. 810, Sept. 25, 1945. 
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ing; a better technique, however, is to make a choke joint between the 
feed and the pillbox.1 Good electrical contact must also be maintained 
between the reflecting strip and the parallel plates. This is a more 
important consideration for the TEM-mode, in which the electric-field 
vector is normal to the plates, than the ri?-mode, in which it is parallel 
to the plates, and zero at the surface of the plates. The space between 
the reflecting strip and the parallel plate, in the case of poor contact, is 
too small to propagate a T^E-mode. 

It is recommended that the parabolic strip be cut out of a metal 
plate and cut to a sizable thickness so that the plates can be bolted to 
the strip without warping the parabolic curve. 

12-30.- Structural design of a pillbox. 

Maintaining a uniform spacing between the plates poses a number 
of difficult problems. The spacing problem is not too serious for the 
TEM-mo&e. If the spacing h is well below X/2, there is no significant 
mode control problem. In this case, proper reinforcement of the parallel 
plates2 as shown in Fig. 12-30 together with the spacing support pro
vided by the feed is sufficient. Additional support is necessary only in 
extremely large structures. 

The tolerances on the spacing are more restrictive in the case of the 
7'Z?-mode. The phase velocity varies with the spacing [Eq. (63)]; a 
nonuniform spacing produces phase distortion over the aperture. The 
spacing can be maintained by a distribution of metal or dielectric posts. 
These scatter the energy, however, producing both a mismatch and dis
tortion of the field over the aperture. The pins should be kept out of 
the high intensity region of the primary pattern of the feed. 

1 T. J. Keary et <:l., "Airborne Navigational Radar Antennas," RL Report No. 
808, Mar. 15, 1046. 

2 W. Siehiik and E. Purcell, "Cosec2 Antennas with a Line Source and Shaped 
Cylindrical Reflector," RL Report No. 624, Nov. 3, 1944. 



CHAPTER 13 

SHAPED-BEAM ANTENNAS 

B Y L. C. VAN ATTA AND T. J. KEARY 

The highly directive beams attainable with microwave antennas have 
been utilized to achieve large antenna gain, precision direction finding, 
and a high degree of resolution of complex targets. The exploration 
of a wide angular region with such sharp beams requires an involved 
scanning operation in which the scanning time becomes a limiting factor. 
This problem is much simplified if the required scanning can be reduced 
to only one direction, the coverage of the angular region being completed 
by fanning the beam broadly. The characteristics of simple fanned-
beam antennas have been discussed in Chap. 12. For many applica
tions, however, the characteristic shape of the fanned beam obtained 

Flu. 13-1. — Beam from ground-based or shipborne antenna providing coverage on aircraft. 

by simply reducing the corresponding dimension of the aperture is unsat
isfactory; it may be wasteful of the limited microwave power, or it may 
result in a very unequal illumination of targets in different directions. 
To overcome these limitations it is necessary to impose on the beam 
by special design techniques some shape not characteristic of the normal 
diffraction lobe. These beams are referred to as shaped beams, and the 
antennas that produce them as shaped-beam antennas. 

The purpose of this chapter is to describe several applications for 
shaped beams, to discuss requirements imposed on the beam by these 
applications, and to present a number of design techniques for producing 
shaped-beam antennas. 

13-1. Shaped-beam Applications and Requirements.—There are a 
number of radar applications for microwave systems that impose more 
or less severe beam-shaping requirements upon the antenna. The 
applications and requirements will be considered here; the means for 
realizing the shaped beams will be deferred to later sections. 

Surface Antenna for Air Search.—For use in search for aircraft, an 
antenna on the ground or on a ship is required to produce a beam sharp 
in azimuth but shaped in elevation; the azimuth coverage is obtained 

465 
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by scanning. The elevation shape of the beam must provide coverage 
on aircraft up to a certain altitude and angle of elevation and out to the 
maximum range of the system. This is to be accomplished without 
wasteful use of available power. Figure 13-1 indicates the general shape 
of the coverage required in the vertical plane. The antenna beam need 
not meet the coverage requirement very accurately, since conservation 
of power and a relatively constant signal on a plane at a fixed altitude 
are the only objectives. 

In order to maintain a fixed minimum of illumination on the aircraft 
at various points along the upper contour of the coverage diagram, it is 
necessary that the amplitude of the antenna pattern be proportional to 

I 'H;. 13-2.—Beam from antenna of airborne radar for surface search. 

the distance r from the antenna to the aircraft on that contour. In 
other words, the coverage contour of Fig. 13-1 can be taken to be the 
amplitude pattern of the antenna (cf. Sec. 1-2). Since r = h csc 6, the 
amplitude pattern must be proportional to csc 8, or the power pattern 
must be proportional to csc2 8. The proportionality must hold over the 
region from a minimum angle arc sin A/rm«i, to the maximum elevation 
angle for which coverage is required. 

Airborne Antenna for Surface Search.—An airborne antenna is required 
to produce a beam sharp in azimuth but so shaped in elevation as to 
provide uniform illumination on the ground; azimuthal coverage again 
is achieved by scanning. Figure 13-2 illustrates the vertical coverage 
requirement; this was shown in the previous paragraph to be identical 
with the vertical amplitude pattern. Both this and the previous pattern 
assume isotropic scattering by target objects. Deviations from this 
assumption for various target objects will be discussed in the next section. 

When an airborne antenna is used primarily for surface search over 
s?n against such point targets as ships and buoys, the purpose of beam 
shaping is to conserve power, to maintain a relatively constant signal as 
the target is approached, and to avoid overloading the indicator scope 
with sea return. None of these objectives impose exacting require
ments on the beam shape. However, for successful surface search over 
land it is necessary to illuminate the ground very uniformly in order to 
obtain "solid painting" on the indicator scope and a fully intelligible 
picture. The results from the operator's viewpoint of satisfactory and 
unsatisfactory elevation patterns are described in Sec. 14 4 and its accom
panying figures. 



SEC. 131] SHAPED-BEAM APPLICATIONS AND REQUIREMENTS 407 

Shipborne Antenna for Surface Search.—A shipborne antenna for use 
in surface search must scan in azimuth with a sharp azimuth pattern. 
To accommodate roll and pitch the beam of an unstabilized antenna must 
be broad in elevation. This broadening will be more conservative of 
power and will provide a more constant illumination of the target if it is 
accomplished with a shaped beam (Fig. 13-3) rather than a simple fanned 

Shaped -
beam 

antenna 

Ship Sea surface 

FIG. 13-3.—Sector shaped beam for surface search by shipborne antenna. 

Antenna 

Elevation pattern 
Horizontal 

Elevation scan angle 

(a) 

Antenna Axis of beam 

Shaped azimuth pattern 

(6) 
FIG. 13-4.- -Beavertail beam for height-finding antenna: (a) elevation pattern; (b) .shaped 

azimuth pattern. 

beam. The ideal beam shape for this purpose would be given by I = 7m„ 
for angles in the region +0i to — 0i and 7 = 0 for angles outside that 
region. This sector shape can be approximated more closely as the 
vertical aperture of the antenna is increased, but a close approximation is 
not justified. 

Surface Antenna for Height Finding.—A ground or ship antenna 
designed for height finding must have a sharp elevation beam for obtain
ing precise elevation information and a rapid elevation scan. Provision 
must also be made for scanning the antenna slowly in azimuth or for 
turning the antenna to an assigned azimuth. The beam must be rela
tively broad in azimuth in order that the target will be held in the beam 
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long enough to obtain height information. If the beam is assumed to 
be stationary in azimuth, an airplane flying across the beam will be illu
minated for a period proportional to its distance away. To increase 
the time of illumination on near-by crossing targets, a low-intensity 
broadening of the azimuth beam is required. If a fixed minimum of 
illumination is to be achieved at a given linear distance on both sides 
of the center line of the azimuth beam, the amplitude pattern must have 
the so-called "double csc 9" or "beavertail" shape illustrated in Fig. 13-4. 

13-2. Effect of a Directional Target Response.—In the previous sec
tion it was assumed that the target response is isotropic. The effect of a 
directional target response is to alter the beam shape required of the 
antenna from that predicted by simple "inverse-square" considerations. 
The power received by a radar system from a target in a given direction 
is proportional to the "radar cross section" of the target; the radar 
cross section1 may be defined as the interception cross section multiplied 
by the scattering gain for that direction. Since the radar cross section 
of some targets varies widely with direction, this effect must be taken into 
consideration in establishing the required beam shape for the antenna. 
The power transmitted in a communication system from a shaped-beam 
antenna to a receiving antenna in a given direction is proportional to the 
product of the gains of the two antennas along the line joining them. 
A directional receiving antenna will modify, therefore, the beam shape 
required of the transmitting antenna. 

Let us consider in greater detail the case of a radar antenna located 
a perpendicular distance h from a plane (Fig. 13-2) and required to 
obtain equal signals from identical targets located arbitrarily in that 
plane. Let us assume that the antenna is to scan with a sharp beam in 
azimuth, as in the case of the first two shaped-beam applications described 
in the previous section. Then the specifications for the vertical polar 
diagram may be derived if quantities are defined as follows: 

P = power emitted by the antenna 
(7(0) = power gain of the antenna at depression angle 8 

r = slant range to the target 
<r(0) = interception cross section of the target for a plane wave from 

the direction of the antenna2 

1 Also known as the back-scattering coefficient. 
2 The definition of the scattering cross section is being set up here in more detailed 

form than was done in Sec. 1-2. It is based on the physical picture that the target 
presents an interception area such that it removes from the plane wave all the energy 
incident thereon and redistributes it in space in a scattering pattern. Both the 
interception area and the scattering pattern vary with the aspect presented by the 
target to the incident wave. The back-scattering cross section is the product of the 
interception area and the gain of the scattering pattern in the direction of the trans
mitter. It is the cross section of the equivalent sphere that would produce the same 
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7(0) = power gain of the scattering object in the direction of the 
antenna 

p = power received by the antenna from the target 

Flu. 13-5.- Effective ground target area and its interception cross section for airborne 
pulsed radar. 

The fraction of the transmitted power received by the antenna is given 
by 

p = G(8) <r(9h(fl) G(0)X2 

P 4rr2 47T 4*T2 

-j- <7{6)y{d). (1) (4 i r )3 r4 

To impose the condition that equal signals be received from identical 
targets in the plane, let us note that r = h csc 0 and write p/P = C2, 
a constant. Then 

; h2 csc2 0 
G(6) = C(4TT)« 

X W(e)y(BW (2) 

If [u(6)y(6)] is independent of angle, we obtain the earlier result that 
(7(0) for the shaped-beam antenna is proportional to csc2 0. This should 
be recognized as only a crude approximation in the majority of cases of 
actual interest. 

In the particular case of reflections from ground targets, serious con
sideration has been given to the angular dependence of the quantity 
[a(0)7(0)].: The effective area of the target on the ground depends upon 
beamwidth (©«), range (r), pulse length (T), and depression angle (0). 
By reference to Fig. 13-5, it is evident that the effective target area A,,i 
on the ground as determined by the pulse length is related to depression 
angle by the proportionality 

.4eff cc r sec 0 oc csc 0 sec 0 

return signal a t the t ransmi t te r as does the t a rge t ; thus , the product <r(0)-y(0) used 
here is equal to the scattering cross section a of Sec. 1-2. 

1 R. K. Clapp, " A Theoretical and Exper imenta l S tudy of Rada r Ground R e t u r n , " 
RL Report Xo. 1024, Apr. 10, 1946. 
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and that the projection of this area in the direction of incident radiation is 

a{8) = AM sin 8 cc sec 6. (3) 

The angular distribution y(B) of the radiation scattered by the area a(d) 
will depend upon the nature of the target or terrain. A mathematical 
expression derived for y(9) will depend upon the simplified target model 
assumed. Best agreement with experience is obtained by assuming a 
flat plane made up of closely spaced components which scatter isotrop-
ically. The radiation will then be equal in all directions for any given 
condition of illumination; i.e., 

7(0) = 1. (4) 

Combining Eqs. (3) and (4) gives the angular dependence 

[<r(8)y{9)} cc sec 9. (5) 

Introducing this dependence into Eq. 2 gives the proportion 

G(8) cc csc2 9 Vcos 9 (6) 

for the assumed ground target model. 
An antenna with a vertical pattern shaped according to Eq. (6) would 

produce, within the limits of the assumptions, a range trace of uniform 
brightness on an indicator scope for any given azimuth setting of the 
antenna. A succession of range traces from an antenna scanning in 
azimuth would still be displayed with uniform brightness on a 5-scope 
presentation which makes a rectangular plot of range vs. azimuth. On 
a plan position indicator (PPI), however, the range traces are presented 
radially and the azimuth angle, as polar angle. The spacing between 
range traces therefore varies in direct proportion to the range "with the 
result that the scope is brightened toward the center. This effect can 
be compensated if the vertical pattern of the antenna is used to modify 
the received power by a factor of 1/r; i.e., the gain function G(B) of the 
antenna should be modified by a factor r cc csc 6. For the case of PPI 
presentation then, Eq. (6) becomes 

(7(0) a csc2-5 e Veos e = csc2 e VcoTe. (7) 

The several " ideal" curves for G{8) discussed above are presented 
in Fig. 13-6: 

Curve A. csc2 9 dependence for a uniform range trace with isolated 
isotropic targets. 

Curve B. csc2 9 \ / c o s 9 dependence for a uniform range trace with 
closely packed isotropic targets. 

Curve C. csc2 9 \ / c o t 6 dependence for uniform PPI presentation 
with closely packed isotropic targets. 
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Curve D. csc2 0 • cos 6 dependence which approximates the experi
mental optimum pattern shape obtained from considerable flight 
experience with a number of antenna designs at wavelengths 
between 10 and 1.0 cm. 

These curves are all plotted for a minimum depression angle of 10°; this 
corresponds to the case of an airborne radar system with a maximum 
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13-6.—Ideal curves for dependence of vertical pattern on depression angle. 

range about six times the altitude of the aircraft. Several curves of 
csc2 6 ■ cos 6 for different values of minimum depression angle are pre
sented in Fig. 13-7. 

13-3. Survey of Beam-shaping Techniques.—In the preceding sec
tions we considered various applications for shaped-beam antennas and 
the requirements that they impose on the beam shape. In this section 
we will discuss the physical principles involved in various beam-shaping 
techniques and survey a number of antenna designs that have been used 
for producing beams of various shapes. 

Physical Principles.—In Chap. 12, the characteristics of pencil beams 
and simple fanned beams were described. Such beams were shown to 
have a common shape, characteristic of the main lobe in the diffraction 
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pattern of a constant-phase aperture. This is true independent of the 
shape or size of the aperture—for apertures larger than about 2X—and 
independent of the intensity of illumination across the aperture. The 
effect of these variables is to change only the scale factor for the angular 
coordinate of the pattern. The only means available for altering this 
characteristic shape is to vary the phase of the illumination across the 
aperture. 

2|°5° 10° 15° 20" 

0° 10° 20° 30" 40° 50° 60° 70° 80° 90° 
FIG. 13-7.—A family of curves, csc2 6 cos#, for different values of mini mum depression angle. 

The elementary principles of beam shaping can be understood in 
terms of geometrical optics. From Huygens' principle of propagation 
normal to the phase front, it is evident that a curved phase front will 
produce a more dispersed beam than a plane phase front. For a fixed 
aperture size, beam shaping can be accomplished only at the expense of 
antenna gain, since the curved portion of the phase front subtracts from 
the total aperture available for contribution in the direction of maximum 
gain. The radiation intensity for a given direction in a shaped beam will 
depend upon the radius of curvature of the phase front normal to the 
given direction and upon the intensity of illumination in that region; the 
exact relations involved will be derived in Sec. 13-0. Any shaped-beam 
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antenna can be considered to be a device for obtaining the proper phase 
and intensity of illumination across an aperture to realize a specified 
beam shape.' 

In the language of ray optics, a constant phase front across an aper
ture produces a collimated beam of rays from that aperture. This col-
limated beam is obtained usually by focusing the diverging rays from 
an antenna feed either with a parabolic reflector or with a lens. The 
process of forming a shaped beam can then be visualized as a defocusing 

I'IG. 13-8.—Formation of a shaped beam by means of a feed array in a paraboloid reflector-

process; the rays emerging from the aperture will not all be collimated 
but will be distributed through a range of angles with a variable density 
dependent, upon the pattern required. Defocusing in one plane can be 
accomplished either by extending the point source into a line source in 
that plane or by modifying the reflector or lens in that plane. 

The extension of a point source into a line source can be accomplished 
by disposing an array of dipoles or horn feeds in a line in or near the focal 
plane and by exciting them in the proper intensity and phase. The for
mation of a shaped beam by such a feed array in a paraboloid reflector 
is illustrated in Fig. 13-8. Each of the elements in the array can be 
visualized as a point source that forms its own sharp beam in the parab
oloid. The intensity of this beam will depend upon the intensity of 
excitation of its feed; the angular displacement of the beam from the 
axis will be proportional to the angular displacement of the feed point 
about the vertex on the opposite side of the axis. The overlapping 
beams formed by an array of point sources will synthesize by amplitude 
addition into a shaped beam, as illustrated in Fig. 13-8. The resulting 
beam can be quite smooth if the component beams are properly spaced 
and phased. 

1 R. C. Spencer, "Synthesis of Microwave Diffraction Patterns with Application to 
Csc2 6 Patterns," RL Report No. 54-24, June 23, 1943. 
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It has been assumed above that a feed moved off axis from the focal 
point will form in a paraboloid a sharp beam on the other side of the 
axis. This is true for small displacements from the axis; for large dis
placements of a point source, its individual beam is broadened in the 
plane of displacement, which is not serious, since the beam is being broad

ened intentionally in that plane, 
but it is also broadened in the per
pendicular plane, which is serious, 
since it reduces resolution and gain 
(Sec. 134). The extended feed 
method of beam shaping is there
fore not recommended as a means 
for forming wide-angle patterns. 
It is recommended for forming 
shaped beams confined to small 
angles, since it accomplishes the 
beam shaping by increasing the size 
of the small feed rather than by in
creasing—for equal gains—the size 
of the relatively large reflector or 
lens. 

A sharp beam formed by a point 
source and paraboloid reflector or 
by a line source and parabolic cyl
inder can be dispersed in a con
trolled way by modifying the shape 
of the reflector. The process can 
be thought of as one of dispersing 
collimated rays into new directions 
dictated by the shaped-beam pat
tern, or it can be visualized as one 
of controlling the phase and intens
ity of illumination across the aper
ture. In the latter case, the next 
step to the far-field pattern can be 
made by use of Huygens' principle 

in some cases and by a Fourier transform process in other cases (c/. Chap. 
6). Figure 13-9 shows two reflector modifications for obtaining an asym
metrical flared beam. It has been shown that one aperture illumination 
which gives an asymmetrical beam consists of a sharply peaked ampli
tude distribution with a sudden 180° phase reversal in the region of maxi
mum amplitude. One means of realizing this is to use a point source feed 
with two paraboloid reflectors of focal lengths / i and /2 = / i + X/4 for 
the top and bottom halves of the aperture respectively. Other methods 

FIG. 13-9.—Reflector modifications for 
producing an asymmetrical flared beam: 
(a) by shaping the reflector on the op
posite side from the flare; (b) by shaping 
the reflector on the adjacent side to the 
flare. 
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of beam shaping will be described in connection with specific beam-shap
ing problems. 

Symmetrical Shaped Beams.—A sector shaped beam with sharp sides 
and a square end, approximating the requirement illustrated in Fig. 13-3, 

Reflector 
Aperture 

illumination 

Overlapping 
beams 

Two-horn 
feed 

(fc) to 
l'"lo. 13-10.—Two-element array and paraboloid for produr-ing sector shaped beam: (a) 

antenna; (M overlapping beams; (c) aperture illumination. 
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can be produced by means of either an extended feed or a shaped reflector. 
If an array of radiating elements in the focal plane are equally excited, 
so spaced that their individual patterns cross over at the half-amplitude 
point and so phased that the patterns add in amplitude, the result will 
be a beam with sharp sides—determined by the size of the aperture— 
and a square end. Figure 13- 10a shows two elements combined in this 
way. The design procedure can be interpreted as above and illustrated 
in Fig. 1310b, or the following. The two feeds excited equally and in 
phase will form a symmetrical interference pattern. If each feed is so 
dimensioned that its individual pattern properly illuminates the reflector, 

Composite 
reflector 

/ Aperture 
/ illumination 

fa) (6) 
F I G . 13-11.—Cut paraboloid method for obtaining sector shaped beam: (a) antenna; (b) 

aperture illumination. 

and if the two feeds are correctly spaced, their interference pattern will 
result in the (sin u)/u aperture illumination shown in Fig. 13-10c. The 
Fourier transform of this illumination curve will be approximately the 
sector shaped pattern required (Chap. 6). The antenna shown in Fig. 
13-10 produces its sector shaped beam in the horizontal plane. The 
reflector is cut with a slight asymmetry to bring the null in the illumina
tion pattern opposite the feed for improved impedance performance. 

The sector shaped beam can also be obtained with a point-source and 
modified paraboloid reflector. Let the aperture be divided into three 
parts along the lines corresponding to the nulls of Fig. 13-10c. Let the 
two outer portions of the aperture be illuminated with segments of a 
paraboloid having a focal length X/4 longer than that of the central parab
oloid. This situation is illustrated in Fig. 131 la. Then the phase of 
the illumination over the outer portions of the aperture will be delayed 
by X/2. If the antenna feed provides a normal primary pattern, the 
aperture illumination shown in Fig. 13116 will then be obtained. This 
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will be a crude approximation to the (sin \i) u aperture illumination 
required for a sector shaped beam. 

The beavertail beam illustrated in Fig 13-4 is not obtained conven
iently by means of an extended feed; the angle of coverage in actual 
applications is too large, and the taper in two directions from the center 
complicates the feed. It is obtained very easily, however, with a reflector 
modification. The simplest arrangement is a narrow vertical strip down 
the middle of the reflector set out from the surface of the main reflector 
by a fraction of a wavelength. The factors affecting the width and 
offset of the strip can be appreciated by reference to Fig. 13-12 which 
illustrates the design and the mechanism of beam shaping for an actual 
case. The width of the strip affects the total power that it intercepts 
and the directivity of its pattern. Its offset from the main reflector 
establishes the phase relationship for amplitude addition which is impor
tant in the region where the two amplitudes are of the same order of 
magnitude. In the actual case1 at A = 10 cm, a reflector with a 20- by 
5-ft aperture and a 5-ft focal length was fitted with a strip running the 
long way of the reflector. The optimum width of the strip proved to 
be 8 in., and the offset, \ in. It is evident that the presence of a strip 
of this width will introduce interference side lobes in the pattern of the 
remainder of the reflector, which will impair the quality of the final 
beavertail pattern. An improved pattern would be obtained if the 
flaring of the beam were accomplished by modification at the two edges 
of the reflector rather than at the center, in which case the interference 
lobes would be less prominent. 

Asymmetrical Shaped Beams.—Extended feed and modified reflector 
designs have both been used successfully to obtain asymmetrical shaped 
beams. Extended feed designs have been used in general for ground and 
ship antennas for which the required elevation coverage was limited 
usually to small angles and for which the reflectors were too large for 
convenient modification. Extended feeds are readily adapted also to 
the use of multiple transmitters when the prescribed coverage requires 
high power. Modified reflector designs have been used almost exclu
sively in airborne antennas which are required to provide wide-angle ele
vation coverage and to possess smooth and stable pattern characteristics. 

Both dipoles and horns have been used in linear-array feeds for 
shaped-beam antennas; in some cases both have been used in the same 
array. The choice between a dipole and a horn as the radiating element 
in a given situation depends upon the power to be handled, the required 
impedance characteristics, and convenience in construction. The design 
and performance of three extended feed antennas will be described in 
order of increasing complexity. A cut paraboloid reflector with a two-

1 fl. S. Pan, "The IVavcrtail Antenna," lit, Ticport No. 1027, Apr. 9, l()4(i. 
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F I G . 13-12.— Centra] strip in reflertor for producing beavertail beam: (a) antenna wittl-

dipole array feed1 for operation at X = 10 cm is illustrated in Fig. 13-13. 
The aperture dimensions are 8 by 1 ft, and the focal length, 27.5 in. 
The elevation pattern is shown in Fig. 1310a. This pattern and the 
impedance match (VSWR < 1.2) were maintained satisfactorily over a 
2 per cent bandwidth. A cut paraboloid reflector with the long dimen
sion horizontal and with a four-horn array feed2 for X = 10 em is shown 
in Fig. 13-14. The aperture dimensions are 5 by 14 ft, and the focal 
length, 00 in. The feed design will be discussed in the next section. 
The elevation pattern is shown in Fig. 13-10?;. In impedance match, the 
feed showed a VSWR < 1.12 for a 0 per cent band when tested in free 
space and a VSWR < 1.25 for a 3 per cent band when tested in the 

1 C. F. PortrrfieM and I.. J . Chu, "A Simplified Searrh A n t e n n a , " R L Repor t No . 
486, Jan . 1, 1945. 

2 W. J. West, " A Four-Horn Feed to Give f'sc2 B Antenna Pa t t e rn s , " HI, Repor t 
No. 896, Mar. 15, 1946. 
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Reflector 

(b) 

Contribution 
from strip 

Resultant pattern 

Contribution from 
paraboloid 

£- Parallel 
contours 

(c) 
out strip; (b) central horizontal .section showing strip; (c) mechanism of beam shaping. 

reflector. A large and complicated antenna1 for X = 10 cm is shown in 
Fig. 13-15. The reflector is a cut paraboloid 10 by 25 ft with a 78-in. 
focal length. Of the eleven elements in the feed array, one element is 
fed from a first transmitter, two elements from a second transmitter, 
and eight elements from a third transmitter. Horn radiators are used 
with the first two transmitters because of the concentration of power, 
and dipoles with the third transmitter. The three-lobe pattern is shown 
in Fig. 13T6e. This elevation coverage represents the limit practicable 
with this antenna, since the azimuth beamwidth of a point feed 30 in. 
off axis (or 21° referred to the vertex) is increased by about 70 per 
cent. The impedance match presented to all three transmitters was 
VSWR < 1.12 over at least a 4 per cent band. 

A variety of reflector shapes have been used for beam shaping in 
airborne antenna designs. Of these the most common and successful 

1 0. (',. Stcrgiououlos, RL Report No. 951, Feb. 12, 1<)46. 
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was the so-called barrel reflector an tenna . 1 The shape of this reflector is 
obta ined by replacing the top half of a pai'aboloid reflector wi th a figure 
of revolut ion produced bj r ro ta t ing the genera t ing parabo la of the pa rab -

CO 
Inc.. 13-1:1. — Cut p:iniboloid rc-hVclor with tvo-dipok- array fcpd: («) assembly; (M feed. 

oloid abou t a horizontal line through I he focal point . The central 
vertical section th rough this reflector is of (he type shown in Fig. 13-17b. 
The complete a n t e n n a is i l lustrated in Fig. 13-17 and will be discussed 

1 A. S. Dunbar, HI. Hi-port No. HI. An-. 3, 1<I13. 
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further in Sec. 13-8. Its elevation pattern, shown in Fig. 13-20o, is 
best suited to high-altitude use. Elevation patterns suitable for low 
altitude can be obtained with several reflector shapes. The shovel 
reflector1 belongs to the family defined in Fig. 13-96. It is obtained by 

I ' IG. 13-14.—Cut paraboloid reflector with four-horn array feed: (a) antenna; (b) central 
vertical section. 

1 J . H. Gardner, "Low Alt i tude Navigat ion Antennas , " RL Repor t No. 615, 
Oct. 3, 1944. 
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(b) ~ (c) 
F I G . 13-15.—Cut paraboloid reflector with 11-elemcnt array feed: (a) antenna; (6) feed; 

(c) central vertical section. 
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replacing the lower third or so of a paraboloid reflector with a parabolic 
cylinder. The shovel-reflector antenna is illustrated in Fig. 13-18; its 
elevation pattern is given in Fig. 13-206. The general shape and smooth
ness of the pattern depend upon the point of attachment of the shovel, 
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FIG. 13-16.—Elevation patterns obtained with cut paraboloid reflectors and linear-

array feeds: (a) two-element array of Fig. 13-13; (b) four-element array of Fig. 13-14; (c) 
e'even-element, three-transmitter array of Fig. 13-15. 
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its displacement normal to the surface of attachment, and its tilt with 
respect to the tangential direction. A low-altitude beam can be obtained 
also by inserting a narrow horizontal strip just above the center of a 

Flu. 13-17.—Barrel-reflector antenna for high-altitude beam shaping: (a) photograph; 
(b) drawing. 

paraboloid reflector with the proper width, offset, and tilt.1 A strip-
reflector antenna is illustrated in Fig. 13-19, and its elevation pattern is 
given in Fig. 13-20c. The basic limitation with this strip-reflector design, 
as pointed out earlier in connection with the beavertail-shaped beam, 
is that the strip divides the aperture into two parts between which inter-

1 C. G. Cutler, "Notes on the Design of Asymmetrical (Cosecant) Antennas," 
BTL Report MM-43-100-192, Nov. 12, 1943; J. H. Gardner, "Low Altitude Naviga
tion Antennas," RL Report No. 615, Oct. 3, 1944. 



SEC. 13-3] SURVEY OF BEAM-SHAPING TECHNIQUES 485 

ference occurs. Even with the relatively narrow strips required for low-
altitude beams, the interference lobe that appears on the opposite side of 
the peak from the flared portion is only 10 db down from the peak gain. 
In many aircraft installations this upward-directed interference lobe would 

(a) 
FIG. 13-18.—Shovel-refleeto 

\ /Shovel 
v /attachment 

(b) 
antenna for low-altitude beam: (ft) antenna; (b) contra! 
vortical section of reflector. 

Strip 
attachment 

Paraboloid 
reflector 

(a) (6) 
I 'm. 13-19.—Strip-reflector antenna for low-altitude beam: (u) antenna; (/>) central 

vertical section of reflector. 

be reflected from the under side of the fuselage and wings and produce 
an interference ripple in the pattern on the ground. The best simple 
design for a low-altitude shaped-beam antenna has been one that uses 
a cut-down barrel reflector. This antenna1 consists of a 29-in. diameter 
by 10.0-in. focal length paraboloid with a bairel insert cut down in 

1 J. H. Gardner, "Low Altitude Cse2 9 Antenna," HL lieport No. 1073, Fob. 21, 
19-16. 
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the vertical to 19 in. (7-f in. above the axis, 11-J in. below) in order to 
eliminate that part of the barrel which contributes to the steep angle 
portion of the pattern. This reflector is then fed with a horn so directed 
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F I G . 13-20.—Elevation patterns obtained with airborne shaped-reflector antennas: (a) 
barrel-reflector antenna of P'ig. 13-17; (b) shovel-reflector antenna of Fig. 1318; (c) strip-
reflector antenna of Fig. 13-19; (d) cut-down barrel-reflector antenna. 

as to obtain proper illumination. The antenna can be visualized by 
reference to the uncut antenna shown in Fig. 13-17. Its vertical pattern 
is shown in Fig. 13-20d. 
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A number of shaped-beam antennas obtained by reflector modifica
tions were described in the previous paragraph. These were truly 
reflector modifications in the sense that the design started with an existing 
paraboloid reflector and proceeded on the basis of obtaining the required 
beam shape with a minimum of remodeling. Time-consuming cut-and-
try processes were involved, and the ultimate result was frequently less 
than satisfactory. A satisfactory design is obtainable more rapidly 
and reliably if the reflector is visualized as a device for transforming the 
primary pattern of the feed into the required secondary pattern. In this 
sense the reflector shape is dictated by specifying the two patterns; the 
problem is one for computation rather than cut-and-try. The computa
tion of shaped cylindrical reflectors is a straightforward problem and 
has received experimental confirmation in a number of antenna designs. 
These results will be described in detail in Sec. 13-0. The line source 
used with a cylindrical reflector could be used equally well with a shaped 
cylindrical lens1 to obtain an antenna with certain advantages over the 
reflector antenna. The calculation of the complete shape of a double 
curvature reflector for beam shaping is more involved and subject to 
further study, but experimental confirmation of present design procedures 
has been obtained in a limited number of cases. 

13-4. Design of Extended Feeds.—In the previous section, several 
shaped-beam antennas utilizing extended feeds were described as to 
over-all design and performance. In actual fact the principal r-f design 
problem is concentrated in the extended feed itself. It has been pointed 
out that both dipoles and horns have been used as the radiating elements 
in linear-array extended feeds and that the choice between them depends 
upon power-handling, impedance, and mechanical considerations. These 
questions and others involved in the design of these arrays will be con
sidered in this section. We will consider first, however, some optical 
focusing problems common to all extended feeds used in paraboloids 
(cf. Sec! 6-7). 

Optical Focusing Properties of Paraboloid Reflectors.—Let us begin with 
a single radiating element at the focal point of a circular (uncut) parab
oloid reflector. The resulting diffraction pattern will depend upon the 
directivity of the feed and upon the shape (focal length to diameter ratio, 
F/D) of the paraboloid. As the feed is moved off axis2 by a rotation 
about the vertex, the beam will move off axis on the side opposite the 
feed and in direct proportion to the feed displacement. This propor
tionality factor would be unity for a flat plate according to Snell's law; 
it is slightly loss than unit}' for paraboloids in the useful range of shapes, 

- A. S. Phmbar, " M e t a l Plate Lens for Csc2 Antenna.," P L l ioport No. 1070, Feb. 
15, 1946. 

2 S. Silver and ('.. S. Pao, "Parabolo id Antenna Characterist ics as a Function of 
Peed Ti l t , " HP Hoport Xo. 471), Feb. lfi, 1044. 
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as shown in Fig. 13-21. As the beam moves off axis, it deteriorates, at 
first slowly and then more rapidly as the angle increases. The gain 
decreases; the beam widths increase; and a series of side lobes (the so-called 

coma lobes) appear on the axis side 
of the displaced beam. These 
effects can be described uniquely 
in terms of the angular displace
ment expressed in beamwidths, 
but only if the reflector shape and 
feed directivity are held constant. 
The variation of gain with feed tilt 

"" o 0.2 0.4 0.6 o.8 I.O for reflectors of different shapes 
%> with a relatively directive feed is 

I'IO. is 2i.—Beam deviation propor- plotted in Fig. 13-22. In addition 
tionality factor as a function of reflector ,T . , 
shape. to these pattern changes, an an

tenna initially matched in imped
ance with the feed on axis will undergo a series of impedance changes with 
feed tilt. These effects are illustrated by the measured data plotted in 
Fig. 13-23, which are susceptible of quite accurate theoretical verification. 
The curves have been rotated into separate quadrants of the Smith Chart 
lor clarity in presentation. 
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FIG. 13-22.— Dependence of antenna gain on feed tilt and paraboloid shape. F/D is the 
focal length to diameter ratio. 

When the paraboloid is cut to reduce the aperture in one dimension 
or the other, its off-axis focusing properties are modified considerably. 
These effects can be understood qualitatively by reference to Fig. 1324. 
The circle represents the aperture of a paraboloid reflector. When the 
feed is moved off axis in the vertical plane to some position in the rec-
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tangle shown at the center of the circle, rays reflected from various por
tions of the paraboloid will deviate from parallelism with the ray reflected 
from the vertex. The equal deviation contours plotted in the figure 
are purely schematic, since actual contours would depend upon reflector 
shape and feed displacement. However, they serve to illustrate the 
fact that the outer portions of the reflector lying between the principal 
planes are responsible for the most serious deviations. From Fig. 13-24a 

180° 

I ' IG. 13-2.3.—Impedance changes at X = 10 cm in 30-in. paraboloid reflectors of different 
shapes (F/D) as the feed is tilted off axis. 

it is evident that cutting down the aperture along lines BB' will eliminate 
regions of high deviation and increase the allowable angle of feed dis
placement. It is misleading now to express this angle in beamwidths, 
since there are two different beamwidths in the two planes. 

In actual practice the reflector of a carefully designed antenna is not 
cut along the straight lines shown in Fig. 13-24a, but rather along one 
of the equal illumination curves of the feed (cf. Chap. 12), e.g., the equal 
illumination curve 14 db down from the point of maximum illumination. 
Three such curves are shown in Fig. 13-246 superimposed on the equai 
deviation contours: Curve A is appropriate to a feed on axis and pointed 
at the vertex of the paraboloid; Curve B, to a feed on axis but pointed 
into the top half of the reflector; and Curve C, to a feed below the axis 
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but pointed at the vertex. Whereas a reflector shape that follows Curve 
B is satisfactory for a point-source feed on axis, it would introduce serious 
defocusing when used with an extended feed because of the high devia
tion contours that it includes. For this reason symmetrically cut reflec
tors are always used with extended feeds. In the case of a feed array 
extending downward from the axis, the top element would favor the 
reflector shape given by Curve A while the bottom element would favor 
the shape given by Curve C. The actual reflector shape will therefore 
be a compromise between these. 

to) (b) 
F I G . 13-24.—Aperture of paraboloid reflector showing contours of equal deviation of rays 

from direction of central ray as feed is moved off focus in vertical plane: (a) Lines BB' 
represent straight cuts to narrow the aperture in one plane; (6) Curves A, B, and C repre
sent equal illumination contours for different feed positions and orientations. 

In the preceding discussion the feed displacement has been described 
as a simple rotation about the vertex. It is not necessarily true that this 
places the feed at the distance from the vertex corresponding to maximum 
gain. Measurements made under a variety of conditions have shown 
that the feed must then be moved away from the vertex to or slightly 
beyond the vertical plane through the focal point. This optimum dis
tance for a given displacement angle will depend upon how the reflector 
has been cut. 

To obtain optimum performance of a cut paraboloid with an extended 
feed, it is necessary to carry out an experimental design procedure. This 
procedure with its results will be described for the 10 by 25-ft reflector 
shown in Fig. 1315 at X = 10 cm.1 A dipole feed was moved transversely 
over a range of 30 in. off axis (21° referred to the vertex). At each 
displacement the feed was then moved parallel with the axis to find the 
point of maximum gain. The optimum feed point proved to be 5 in. 
farther out along the axis for the maximum feed displacement than for 
the feed on axis. For these optimum feed points, the variation with 

1 0 . O. Sterniopoulos, HI, Import X<>. 051, Feb. 12, 194f>. 
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displacement of gain and azimuth beamwidth (perpendicular to the dis
placement plane) were measured with the results shown in Fig. 13-25. 
The reduction in gain is not so serious as it appears, since a major part 
of the reduction is due to beam spreading in the vertical plane in which 
a flared beam is required. The increase in azimuth beamwidth is 
serious and sets the limit for this reflector on the angular range over which 
;-t is practicable to flare the beam. 

1.6° 

1.4° 

- I 
1.0° 

0.8° 

0.6° 
0 10 20 30 

Dipole position, in. below focus 
F I G . 13-25.—Variation of gain and azimuth beamwidth with dipole feed displacement for the 

reflector of Fig. 13.15. 

Dipole-array Extended Feeds.—Several problems arise in the design 
of a dipole array to be placed near the focal plane of a paraboloid for 
the purpose of obtaining a flared beam. First the array should be 
located with reference to the focal plane so that the individual overlapping 
lobes comprising the flared beam have maximum gain. The dipoles 
along the waveguide must be so spaced that the individual lobes are all 
in phase with each other. The input impedance of the dipole array 
must be such as to terminate the transmission line properly. Finally, 
the available power must be divided among the several dipoles in such 
proportions as to obtain the desired beam shape. 

The array is oriented with respect to the paraboloid axis and focal 
plane on the basis of gain and beamwidth information of the type pre
sented earlier in this section. The individual lobes will combine in phase 
if the radiations from successive dipoles arrive at the vertex in phase. 
With the waveguide oriented for maximum gain of the individual lobes, 
the relative phases are controlled by the spacing between dipoles along 
the waveguide. In terms of the quantities shown in Fig. 13-2G, the 
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spacing for reversed dipoles is given by the relation 

d. -L — _ rJl±} = I . 
X„ X X 2' 

The dipole array is usually fed from a traveling wave which is realized 
by terminating the array in a dummy load or preferably by using the 
last dipole in the array as a load. If the latter technique is used, the 
last dipole in the array must have its impedance such that it absorbs 
all the power transmitted down the waveguide to it. This condition 
is attained by proper adjustments of the depth of the probe feeding the 

l<iu. 13-20.—Array of dipoles on waveguide in paraboloid reflector, showing dipole spacing 
and orientation of array with respect to vertex. 

last dipole and of the distance from the probe to the shorting plug at the, 
end of the waveguide. The probes of the other dipoles are next inserted 
into the waveguide in succession starting from the last dipole in the array 
and proceeding to the first dipole. The depths to which the successive 
dipole probes are inserted are determined by the power division among the 
dipoles necessary to produce the required flared beam. Once the desired 
antenna pattern is obtained, the final impedance match of the array may 
be accomplished by inserting an inductive iris of appropriate dimensions 
at the proper location in the waveguide. 

The principal advantage of the dipole array is its simplicity in design 
and construction. The disadvantage of this array is the interdependence 
of spacing and phasing of the individual elements. Each element of the 
array independently should provide proper illumination of the reflector. 
The dipole elements suffer from the disadvantage that their radiation 
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patterns are dependent upon the polarization required and are relatively 
inflexible. 

Horn-array Extended Feeds.—The problems in the design of a horn 
array are similar to those arising in the design of a dipole array. Opti
mum gain locations for the horns near the focal plane of the paraboloid 
are determined in the same manner as for the dipole elements. The 
radiation from the several horns of the array is made to arrive at the 

E vector E vector 
(O) (W 

Flo. 13-27.—Multiple horn feeds for illuminating a cut paraboloid: (a) multiple F-junction ; 
ib) successive 7'-junctions. 

paraboloid vertex in phase by a proper choice of the lengths of wave
guide extending to the individual horns. 

Various methods of dividing the power in multiple horn feeds exist; 
two methods are illustrated in Fig. 13-27. In the multiple Y-junction, 
the power is proportioned among the several horns by septums extending 
into the main waveguide. The impedance match of this multiple feed 
may be accomplished by a single iris in the main waveguide. In the 
array employing successive T-junctions (Fig. 13-276), the division of 
power between the upper horn and the middle horn is determined by an 
iris in the section of waveguide feeding the middle horn. The impedance 
match of the combination of upper and middle horns to the waveguide 
is accomplished by an iris just below the junction. The division of 
power between the combination of top and middle horns and the lower 
horn is determined by the iris in the section of waveguide feeding the 
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lower horn. The over-all impedance match of the multiple feed is accom
plished by the iris in the main waveguide. A four-horn array of the 
latter type is used in the antenna shown in Fig. 13-14. 

The advantage of the horn array lies in the fact that the phasing 
between successive elements and the radiation pattern of each element 
are completely at the disposal of the designer and are susceptible of 
calculation. The disadvantages of this type of array are the extreme 
complexity of the design and the bulk and weight of the resulting feed. 

Fit;. 13-28.—Shaped cylindrical reflector illuminated by a pillbox line source. 

13-5. Cylindrical Reflector Antennas.—The technique of obtaining an 
asymmetrical beam by a shaped cylindrical reflector and line source has 
been used extensively in airborne navigational radar antenna design 
where sharp azimuth beams and wide-angle vertical coverages are 
required. Figure 13-28 illustrates a shaped cylindrical reflector illu
minated by a pillbox which serves as a line source parallel to the gener
ating line of the reflector. 

The general theory of cylindrical reflectors and line sources is treated 
in Sec. 5-9. It was shown there that the pattern in the plane perpen
dicular to the generator of the cylinder—the vertical plane in the present 
discussion—is determined by the energy distribution of the source in 
that plane and the cross-section contour of the reflector, and that the 
pattern in the transverse planes is determined by the energy distribution 
along the axis of the source. The cross-section contour of the reflector 
is so shaped and oriented with respect to the line source that its lower 
section concentrates the rays from the source into approximately parallel 
directions, thereby concentrating the energy into the peak of the beam. 
The upper part of the reflector is bent forward with increasing curvature 
to disperse its rays into a broad flare. The net result is an asymmetrical 
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beam, the exact vertical diffraction pattern of which depends upon the 
shape of the cylinder and the distribution of illumination from the line 
source on the reflector surface. 

General Requirements.—The specifications on the vertical polar dia
gram are determined by the operational requirements. For example, 
if a navigational radar is to be designed for an aircraft flying at an alti
tude of about 1 mile and is to be capable of covering a radius of about 
20 miles, then the peak of the antenna beam should be depressed about 
3° from the horizontal and the beam should be asymmetrical so as to 
produce approximately constant illumination of the terrain. Whereas 
the beam specifications depend on operational requirements, the over
all size of the reflector usually depends on the available installation space. 
If the antenna is part of an airborne radar, the allowable over-all height 
of the reflector is limited; the antenna is installed with the sharply curved 
upper portion of the reflector retracted into the fuselage, so that the 
protuberance below the fuselage for housing the antenna need not be 
large (cf. Sec. 14-3). 

In order that the power reflected from the cylinder back into the line 
source be negligible and that the line source have no destructive effect 
on the vertical polar diagram of the reflector, it is necessary that the 
reflector be so shaped that the complete system of reflected rays clears 
the line source. To achieve this condition the radiation from the latter 
is directed down into the reflector and the major part of the reflector is 
below the line source. I t is also important that the radiation reflected 
optically from the top of the reflector should not strike the bottom of the 
reflector. A profile view of a typical reflector and line source is shown in 
Fig. 13-29. The orientation of the top of the reflector is such that the 
radiation reflected there passes clear of the line source and the bottom 
of the reflector. 

Line Sources.—With the reflector height limited, it is necessary so to 
design the reflector contour and feed aperture that the angle subtended 
by the reflector at the feed includes most of its radiation; the illumination 
should taper to a low value at the top and bottom of the reflector. This 
precaution is necessary if the amplitude of radiation from the line source 
going past the edge of the reflector is to be maintained low and if the 
side lobes in the vertical diffraction pattern of the reflected radiation are 
to be kept down. In addition, the feed must be designed and oriented 
in the reflector with a view to minimizing the amount of feed back-lobe 
radiation in the angular region of the flared beam. The azimuth diffrac
tion pattern of the antenna is determined by the design of the line source. 
Since the beamwidth should be as narrow as possible in azimuth to secure 
good resolution on objects, and since relatively high side lobes in the 
azimuth pattern are allowable, the line source is required to have as 
sharp an azimuth beam as can be obtained with the length of line source 
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used. This means that the intensity of the source should be uniform 
along its axis. 

The various designs of line-source feeds used in this connection can 
be classified according to two general types: (1) arrays of radiating ele
ments arranged in a line on a waveguide and radiating approximately 
broadside and (2) parallel-plate linear focusing systems that have rec-

Line source 

Reflected ray 
passing clear 
of line source 
and bottom 
of reflector 

F I G . 13-29.—Vertical section through shaped cylindrical reflector and line source. 

tangular apertures with a large length-to-breadth ratio. In the terms 
used in the treatment of linear arrays in Chap. 9, either resonant or 
nonresonant arrays may be used;1 design procedures and performance 
characteristics are treated in detail in Chap. 9. The advantages of 
linear arrays for this application are their compactness and light weight. 
The disadvantages of the nonresonant array are (1) that the beam scans 
through a small conical angle as the result of frequency fluctuations and 

1 J. R. Risser, A. M. Stconliind, J. Steinberger, L. J . Eyges, R L Repor t No. 973, 
Mar . 19, 1946. 
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(2) that the beam must be kept off normal to avoid cumulative impedance 
mismatch; this results in a conical beam that illuminates a hyperbolic 
trace on the ground. The resonant array suffers from the disadvantages 
of frequency sensitivity in impedance match and pattern. 

A variety of parallel-plate focusing systems have been examined for 
their usefulness in this connection. One type consists of a rapidly flaring 
sectoral horn with either a dielectric1 or metallic lens2 in the horn so 
designed that radiation across the horn aperture is all in phase. 

Another type of parallel-plate line source is the pillbox antenna dis
cussed in Sec. 12-16. The pillbox line source is simple to design and 
relatively simple to construct but suffers from certain basic disadvantages. 
The center of the aperture is necessarily obstructed by the feed at the 
focus of the parabola; this results not only in side lobes in the azimuth 
pattern but also in an impedance frequency sensitivity as the result 
of radiation reflected back down the feed line. Efforts to correct one 
or both of these effects, have taken various forms: the design of a matching 
plate to be put at the vertex of the parabola,3 the design of new pillbox 
feeds,4 and the design of double pillboxes to obtain canceling reflections.5 

13-6. Reflector Design on the Basis of Ray Theory.—A successful 
procedure has been developed for designing the shape of the reflector 
that is required to produce a specified vertical-plane pattern. The latter 
is usually specified in idealized form: the power distribution is to be a 
prescribed function P(8) between the depression (or elevation) angles 0i 
and 02, and zero for all other angles. It must be recognized, however, 
that it is impossible to realize a discontinuous power distribution of this 
type accurately with a reflector of finite extent. Diffraction phenomena 
are unavoidable, and the best that one can hope to achieve is to approach 
the idealized pattern within acceptable limits of deviation from the pre
scribed P(8) in the range (81,82) and with an acceptable low level of inten
sity outside the given range. 

A good first approximation to the cross-section curve can be arrived 
at on the basis of geometrical optics.6 If it then proves to be necessary, 

1 C. C. Cutler, "Line Sources of Microwave Knergy for Feeding Cylindrical Reflec
to rs , " BTL Repor t MM-45-160-3, Jan . 5, 1045. 

2 M. A. Taggar t , " H o r n with Metal Lens ," RL Repor t No. 8fi3, Nov. 13, 1945. 
3 S. Silver, "Analysis and Correction of the Impedance Mismatch Due to a Reflec

to r , " R L Repor t No. 810, Sept. 25, 1945. 
1 M. A. Taggar t , " A New Pillbox Feed," R L Repor t No. 862, Nov. 7, 1945; L. J. 

Kyges, " L e n s Feed for Pillboxes," KL Report No. 869, Jan . 23, 1946. 
8 W. O. Smith, " A Broad-band TEM Pillbox," RL Report No. 901, Jan . 11, 1946. 
6 It. C. Spencer, "Synthesis of Microwave Diffraction Pa t te rns with Application 

to Csc2 8 Pa t t e rn s , " R L Repor t No. 54-24, June 23, 1943, describes L. J. Chu 's method 
for calculating the reflector shape. See also C. C. Cutler, B T L Repor ts MM-44-160-
37, Feb. 14, 1944; MM-45-160-4, Jan . 5, 1945. 
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the curve is modified by means of the more exact analysis given in the 
following section. We shall consider here the geometrical-optics tech
nique. The cross-section configuration of the reflector, the line source, 
and the rays is shown in Fig. 13-30. The z-axis is taken in the horizontal 
direction; F is the trace of the line source. Positive angles are measured 
in the clockwise sense as shown. The reflector subtends a total angle 
^2 — ^i at the source F. Let p be the radius vector from F to an arbi-

Direction of 
peak intensity 

of the line source' 

F I G . 13-30.—Geometry of ray reflection at surface of reflector. 

trary point on the curve. From the law of reflection it follows that the 
angle between the normal to the curve and the incident or reflected ray 
is (8 — ̂ ) / 2 ; the differential equation of the curve is then readily found 
to be 

I dp * -- -TJ = tan — 6 -p df 2 (8) 

The functional relation between 8 and \p must be determined to pro
duce the proper dispersion of the primary feed energy into the secondary 
pattern distribution. To this end consider the wedge of incident rays 
between ip and \p + dip; on reflection this becomes a wedge of rays between 
8 and 8 + dd. By the energy balance principle of geometrical optics the 



Sue. 13-0] REFLECTOR DESIGN ON THE BASIS OF RAY THEORY 199 

power in the incident wedge is equal to the power in the reflected wedge. 
Let 7(i/<) be the distribution in the primary pattern about the line source 
F. The incident power is then proportional to I{\p) d\p. Similarly the 
reflected power is proportional to P(B) d.8. We have then 

I($) # = KP{6) dB. (9) 

The constant K is determined from the condition that the total primary 
feed energy intercepted by the reflector must appear in the secondary 
pattern in the required range (8182), whence 

K = % (10) 

Similarly the total primary feed energy in an arbitrary range {\p\,4<) must 
appear in a corresponding range (0i,0) of the secondary pattern. This 
leads to the integral relation 

1 
K 

* P(8)d8 = j - / Iffld* (11) 
+1 

which serves to determine 8 as a function of \j/ for prescribed distributions 
Ify) and P(6). For example, if P{8) is csc2 8, Eq. (11) gives 

i n i n I C O t e? ~ C O t S> f* 1( l \ Jl / i n , 

cot 8 = cot 61 -\ yj; / 7(i//) d4>. (12) 
l ' l ( + ) d f J*> 

The primary pattern function I(\j/) is generally known only in numerical 
form from experimental data. The integrations over \p must therefore 
be carried out numerically or graphically. 

The functional relation 8(\j/) determined from Eq. (11) is then sub
stituted into Eq. (8) to obtain the equation of the curve. The* integral 
of Eq. (8) is 

lnJL = (\anfc-^A 
Po Jo \ I } 

# . (13) 

This integration must also be performed graphically or numerically. 
It is seen that this leads only to the shape and not the absolute scale of 
the reflector. The distance p0 from F to the reflector along the axis is 
determined so that the required height of the reflector conforms to the 
total angle <pi — ^2 subtended at F. 

There are a number of arbitrary variables in the procedure, the choice 
of which can be determined only by experience. It will be observed 
that the line source is oriented so that its peak intensity is in a direction 
Î O. This takes cognizance of the fact that the lower portion of the 
reflector is required to produce the high-intensity region of the secondary 
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pattern. The choice is not critical, and \p0 may be as low as 0° and as 
much as —25°. The angle i/-2 — î i subtended by the reflector should be 
sufficiently large to make efficient use of the primary feed energy. As a 
general guide \p2 — \pi should correspond closely to the 10-db width of 
the primary pattern I{ip)-

It is interesting to observe that the lower section of the reflector in 
general turns out to be very nearly a parabola with focus at F and axis 
FV parallel to the reflected ray in the direction 6X. The physical basis 
for this property is readily evident, for this portion of the reflector must 
converge the divergent rays from the feed into a narrow beam to produce 
the required peak intensity. The total flared pattern may be regarded 
as a superposition of a narrow beam produced by the parabolic segment 
and a broad beam produced by the dispersive section of the reflector. 

13-7. Radiation Pattern Analysis.—The secondary pattern that will 
actually be obtained with the reflector determined on the basis of geo
metrical optics can be calculated to a high degree of accuracy by the 
methods of Sec. 5-9. Such a calculation serves a several-fold purpose. 
The extent of the deviations from the idealized pattern can be determined 
prior to construction and test of an experimental model. The diffrac
tion effects are quite sensitive to the scale factor p0 in Eq. (13). If there 
is some latitude allowed in choice of the reflector dimensions, the radiation 
pattern can be calculated for several values of pb for a given shape to 
determine the best dimensions within the allowed range. For a given 
choice of dimensions, the effect of small alterations in the cross-section 
contour from the geometrical-optics curve can be studied to arrive at a 
curve that yields an acceptable pattern. These results also serve as a 
basis for setting the tolerances that are to be required on the reflector 
shape in the production of the antenna. 

The reader is referred to Sees. 5-7 to 5-9 for the theoretical details. 
The calculation is based on the assumptions that; the reflector is in the 
cylindrical wave zone of the source, that the minimum value of p is 
large compared with the wavelength, and that the maximum value of 

p is less than - j where I is the length of the source. The primary pattern 
A 

of the source is specified by the distribution function F(x) along the length 
of the source and the angular distribution G(\(/) around the source. Thus, 
if P is the total power radiated, the power radiated in a segment of angular 
width d^i and length dx is 

dP = ^FUYlWdxd*. (14) 

The properties of the distribution functions are given in more detail in 
Eqs. (5-81) and (5-82). 

The procedure is to calculate the current distribution induced on the 
reflector by the primary held and then to calculate the radiation pattern 
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of the surface-current distribution. Two cases are to be distinguished: 
(1) longitudinal polarization—horizontal polarization in the present dis
cussion—in which the electric vector of the primary field is parallel to the 
line source and (2) transverse—vertical—polarization in which the electric 
vector is parallel to the planes perpendicular to the line source. The 
coordinate system is described in detail in Fig. 5-9 and will not be repro
duced here. Only one change need be noted: In the present section the 
positive direction of the angle © is reversed with respect to that chosen 
in Sec. 5-9. The complete expressions for the patterns are given for 
the two types of polarization by Eqs. (5-86) and (5-87), respectively. 
For the vertical plane pattern, that is, the plane <i> = 0 in Fig. 5-9, these 
reduce to 

1. Horizontal polarization: 

E(0) -JA [pG^W1 cos i 1 + PU/J e-,*„!!+-...(*-e)]<ty,_ ( 1 5 ) 

2. Vertical polarization: 

A'(0) = -jA 

where 

* i 

[PG(+)]» cos (n,R0 P W J 

A OJ/i 

\M/ x/J J ~i/2 [F(x)]Hdx. 

-)t,[l+<a.(*-0)] (M 

(16) 

(17) 

The angle i is the angle between p and the normal n to the surface; the 
angle (n,Ri) is between the normal and the unit vector Ri in the given 
direction of observation in the secondary pattern. We note also that 
from the preceding section 

1 + (18) 

The reflector curve being given, p, cos i, and cos (n,Ri) are known func
tions of position on the reflector. The integrals are then evaluated 
numerically for successive values of 0 . The power pattern is then 
obtained by the usual methods which are discussed in Chap. 5: 

P(©) it)" Fulfil2, 

and the gain in a given direction is 

0(9) = **£->• 

(19a) 

(196) 

The calculations are laborious but straightforward. The reliability 
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of the method may be judged by the comparison between the calculated 
and measured patterns shown in Fig. 13-31.l The positions of the 
maxima and minima are predicted accurately, and the maximum devia
tion from the measured values is 2 db. The performance of the reflector 
could have been improved by the procedure, outlined at the beginning 
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F I G . 13-31.—Calculated and observed vertical patterns of cylindrical reflector antenna with 
horizontal polarization. 

of the section, of modifying the reflector curve until the amplitude fluc
tuations in the calculated pattern are reduced to an acceptable value. 

13-8. Double-curvature Reflector Antennas.—The line-source feeds 
required to illuminate the cylindrical reflectors discussed in the preceding 
section have a number of disadvantages as compared with point-source 
feeds. They are in general bulkier, heavier, less satisfactory as to imped
ance properties, and more complicated to design, build, and pressurize. 
When a reflector is used with a point-source feed to form a shaped beam, 
it is required to provide a pattern of the specified shape in one plane and 
to focus in transverse planes. A number of cut-and-try improvisations 
for accomplishing this end were described in Sec. 133 under Asymmetrical 
Shaped Beams. 

' T a k e n f rom-T. J. Kearv, "Calcula t ion of Vertical Polar Diagrams and Power 
Gains of Antennas for Airborne Navigat ional R a d a r s , " HL Repor t No. T50, Sept. 10, 
1945. 



SEC. 13-8] DOUBLE-CURVATURE REFLECTOR ANTENNAS 503 

t 
l > 

■ o 
3 

Q . 

£ 
< 

—̂  Ar g 

/ 
/ 

J J 
~- "' 

e ►. 

\ 
\ 

i^-^r-^ 

\ " 
"—" 

FIG. 1332.—Superposition of barrel and 
paraboloidal amplitude patterns. 

Barrel Reflector Antenna.—The barrel reflector antenna shown in Fig. 
13-17 was the most successful of these improvisations but is subject to 
some serious limitations. A consideration of these limitations will pro
vide helpful guide lines in the design of double-curvature reflectors. In 
the first place, the shape of the central vertical section of the reflector 
was determined, not as the proper transformation from primary to 
secondary pattern, but by the simplest geometry which provides a focus 
in transverse planes. The bottom 
half of the reflector focuses half 
of the radiation from the feed 
into a pencil beam. The barrel-
shaped top half of the reflector 
focuses the primary pattern in 
transverse planes but reflects it 
unchanged in the vertical plane. 
The superposition of the two 
portions of the secondary pattern, 
shown schematically in Fig. 13-32, 
inevitably results in a depression in the pattern near the peak of the 
beam, as can be seen in the pattern of Fig. 13-20o. Second, since the 
feed is at the center of curvature of the barrel section in the plane of 
symmetry, all the reflected rays in that plane pass through the feed. 
This causes an excessive amount of power to be returned to the transmission 
line resulting in a frequency-sensitive impedance mismatch. A third 
difficulty is that the right and left upper portions of the barrel reflector 
are set at such angles as to give rise to strong cross-polarized components 
in the wide-angle portion of the flared beam. These cancel in the median 
plane but add to the sides of the normal polarization lobe to give a con
siderably broader effective transverse pattern. These several difficulties 
with the barrel reflector antenna can be avoided by proper design1 of the 
generalized surfaces to be discussed below. 

General Considerations.—The primary feed pattern and the reflector 
are to have as a common plane of symmetry the plane in which the beam 
is flared—plane XFZ of Fig. 13-33. Two considerations enter the design: 
The central vertical section of the reflector is to be adjusted on the basis 
of the central vertical pattern of the feed to give the specified secondary 
pattern; the remainder of the surface is to be so shaped as to obtain 
pencil-beam characteristics in the transverse planes. The second con
sideration requires that all rays from the point source after reflection 

1 R. C. Spencer, "Synthesis of Microwave Diffraction Patterns with Applications 
to Csc2 6 Patterns," RL Report No. 54-24, June 23, 1943; J. F. Hill, G. G. Macfarlane, 
W. Walkinshaw, TRE Report Xo. 1878, May 17, 1945; S. Silver, "Double Curvature 
Surfaces for Beam Shaping with Point Source Feeds," RL Report No. 691, June 15, 
1945. 
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from the surface emerge parallel to the central plane; the reflected wave-
front is thus a cylinder -whose generator is normal to the central plane. 

Transverse Sections of the Reflector.—The transverse sections of the 
surface are determined by the requirement that the reflector is to convert 

a spherical wave into a cylindrical 
wave. The condition is easier to 
formulate from the point of view 
of reception. Referring to Fig. 
13-34, consider the sheet of rays, 
all parallel to the central plane, 
incident on the reflector in the 
plane OANP. The latter is per
pendicular to the central plane. 
We require all these rays to be 
brought to a focus at F. If then 
we take any line in the plane 
OANP perpendicular to the rays, 

the optical path from that line to F is the same for all rays in the sheet. 
Let p be the radius vector from F to the central section curve, <j> its angle 

X 

13-33.—Double curvature surface and 
spherical coordinate -system. 

F I G . 13-34.—Surfaces of parabolic section. 

of elevation, and <x the angle between the incident and reflected ray in 
the central section. Through F draw Ox normal to the plane 0.4XP. 
In the plane OANP set up the orthogonal axes Oy, Oz, with Oy normal 
to the central plane. Writing the condition of the optical path (cf. Sec. 
4-9) we have 

AN + NF = OP + P 
or 

(p2 sin2 <y + y2 + z2)^ p(l + cos a). (20) 
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This gives 

y2 = 4p cos2 » (z + p cos a). (21) 

The section of the surface in the plane OANP is, therefore, a parabola 
with vertex at P and focal length 

2 /(*) = P(4>) cos2 (22) 

Given the central section curve, p(<f>), f(4>) and the associated reflec
tion plane are determined. It is readily seen that the whole family of 
reflection planes corresponds to a cylindrical wavefront. The barrel 
section reflector is obtained by setting p = constant, a(4>) = 0. 

Central Section Curve.—The central sectior curve is to be determined 
so that the system will radiate a desired Fraunhofer pattern. There is 
no simple decisive procedure for relating the central curve to this pattern, 
which takes diffraction effects into account properly. The method dis
cussed here is based on geometri-

of energy balance 
primary feed and 

cal concepts 
between the 
Fraunhofer patterns. The latter 
is a three dimensional pattern for 
whose specification we shall use 
spherical coordinates such as are 
shown in Fig. 13-33. The angle 
of elevation with respect to the 
XF-plane will be denoted by 9 
(<t> being used for the primary feed 
pattern). \p is the azimuth angle in the planes 8 = constant. The pat
tern is specified in the form P(8, \p), the power radiated per unit solid angle 
in direction (8,<p). The central plane pattern P(0,O), hereafter designated 
as P{6), is assumed to be specified. 

Referring to Fig. 13-35 it is seen that the differential equation of the 
central curve is given by 

F I G . 13-35.—Geometry of central curve. 

p d4> — tan^» 

being the 
= 6- <f, 

angle between the incident and reflected ray. Or since 

1 dp 
p d<j> -r- = tan CV> (23) 

The positive directions of 6 and <j> are shown in the figure. The relation 
between $ and 4>, which is necessary for integrating the above equation, 
is obtained from energy balance considerations. 

This method is based strictly on geometrical optics. The assumptions 
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involved are that the beam is narrow in the transverse (^) directions 
and that the transverse aspect of the beam is virtually independent of 8. 
The effect of diffraction is assumed to be the same in all such planes. 
Accordingly we assume that we have a cylindrical wavefront in the far 
field corresponding to geometrical optics and that the energy flow through 
the cylindrical wavefront between the planes 8 and 8 + dd per unit length 
along the generating element is of the form 

P(8)d8F(y), 

where F(y) represents the distribution in the transverse aspect of the 
beam. 

Let us take a small cone of rays from the source F in the central section 
defined by the planes 4> and 4> + d<t> and azimuth extent dip. The energy 
in this cone is 

I{<t>)d4> di, 

where I{4>) is the power radiated per unit solid angle in direction (</>,0).' 
On reflection this energy appears in a wedge defined by the planes 8 
and 8 + dd, since the reflected rays are parallel.2 The width of the wedge 
is p d\p, so that in terms of P(6) the energy contained therein is 

P{8) d8p d}. 

Equating this to the incident energy gives 

PP{8) dd = I(<j>) d<b (24) 
or 

Because of the factor p occurring in Eq. (24), the latter cannot be inte
grated as in the case of the cylindrical reflector to give the relation between 
8 and <j>. Taking logarithmic derivatives with respect to <j> of Eq. (24a) 
and substituting from Eq. (23), we get instead the differential equation 

which is to be integrated numerically. Here 

/'(</>) = dl/d*, P'(8) .= d~ 

The general arrangement of the central curve and feed is shown in 
1 The solid angle in the spherical coordinates list d lo re is cos \p d<f> d^. For the 

central section cos \p — 1. 
2 The correspondence is not strictly true, since rays in an incident sheet do not lie 

in a plane on reflection. We are assuming t h a t the error is negligible in the neighbor
hood of the central section. 

d*8 
d<t>2 
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Fig. 13-36. The angular limits 4>h <j>2 of the reflector are arbitrary. 
A satisfactory choice is to take these to correspond to the 10-db points 
in the primary pattern. The angular aperture <t>2 — 4>\ must be taken 
fairly large, or the surface will be found to curl in too rapidly in 
the transverse aspects. By setting up the reflected rays as shown in the 
figure the feed is kept out of their paths and the mismatch due to the 
reflector is kept at a low level. Since the region 0i < 0 < 0 contributes 
to the high energy region of the Fraunhofer pattern, the primary feed 

Peak illumination 
of the primary 
feed pattern 

FIG. 1336.—General arrangement of central curve and feed. 

pattern is tipped to illuminate that area more strongly. The angle of 
tip is arbitrary. For cylindrical reflectors with a line source this is 
usually taken in the neighborhood of 15°. This should be satisfactory 
here. With the choice of these various factors decided upon, the integra
tion problem is defined. 

Integration for the csc2 9 Pattern.—We shall discuss the integration 
of the central curve equations with particular reference to the csc2 8 pat
tern used in airborne navigational antennas. P(6) is required to be a 
csc2 6 distribution between the angular limits 0i and 02. That is, 

P{6) = K2 csc2 d, 
= 0 

< e < 0i > 0 

outside this range. Using Eq. (25), we first find 0(0) so that 

For the csc2 6 pattern we get 

r/0'2 + tan 
(<t> - e\ _ v_ 
\ 2 ) n 

when 
when 

/ (0 )J 

0 — 01, 
0 = 02-

f - 2 c c t 0 0. (26) 

'̂i-Mf numerical integration of this equation subject to the end-point con-
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ditions at 4>\ and 4>i requires a guess as to the value of the slope d8/d<t> 
at the starting point. The integration is carried through for the trial 
value of initial slope, and the resulting end value 02 is determined. On 
the basis of this result a second assumption is made for the initial slope, 
and the integration is repeated. The second or, at most, a third guess 
is sufficient, especially since the end value 02 is not critical. The initial 
slope may be expected to be small, since this region of the reflector con
tributes to the peak of the beam and the reflected rays are very nearly 
parallel. Throughout the course of the curve d6/d<j> must be positive. 

13-9. Variable Beam Shape.—It is frequently specified for an airborne 
navigational radar antenna that the shaped elevation pattern be con
trollable, either continuously or in a limited number of steps. This 
requirement is imposed because of the need to operate the aircraft at a 
range of altitudes, whereas the csc2 6 pattern is designed for a single alti
tude. Several means have been employed to exercise control over the 
elevation beam shape. In one cylindrical reflector antenna the direc
tivity of the feed was altered by means of a flap1 to direct more of the 
radiation onto the sharply curved portion of the reflectcr and thus put 
more power into the wide-angle part of the elevation pattern for high-
altitude operation. In the case of the cylindrical reflector—pillbox 
antenna, measurements have been made on the change in shape of the 
secondary pattern of the antenna as the pillbox is rotated about the 
long axis of its aperture. Similar measurements have been made with 
encouraging results by rotating a directive horn feed in the barrel reflec
tor.2 In all such cases, after the altered pattern shape has been obtained 
by a change in feed, it is then necessary to rotate the entire antenna to 
obtain the correct minimum depression angle. Rotation of the reflector 
about a horizontal axis near the vertex changes the illumination and 
depression angle together in such a way as to give satisfactory patterns 
in an actual case3 for depression angles from 3° to 13°. 

It is sometimes necessary to compensate for roll and pitch of the air
craft by line-of-sight stabilization which maintains a fixed elevation angle 
of the beam with respect to the horizon. For simplified mechanical 
control and to eliminate mechanical interferences, there are advantages 
in obtaining stabilization in the beam by rotating the reflector alone in 
the vertical plane. In this case, it is desirable to change the position 
of the beam without changing its shape. This is difficult because dis
placement of the feed causes changes in the illumination over the reflector. 

Both of these problems would be much simplified if the reflector were 
1 C. C. Cutler, BTL Report MM-45-160-4. 
2 J. H. Gardner, "Low Alti tude Csc2 6 An tenna , " R L Report Xo. 1073, Feb. 21, 

1946. 
3 T. J. Keary, A. R. Poole, J. R. Risser, H. Wolfe, "Airborne Xavi^ i t ionnl Kiuliir 

Antennas , " R L Report No. 808, Mar. 15, 1946. 
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not asked to perform the dual function of focusing and shaping the beam. 
In one antenna design1 a point source and cut paraboloid produced a 
collimated beam which was then shaped in the vertical plane by a second 
reflector. In this case an excellent elevation pattern was obtained. By 
control of the second reflector alone it was possible to change the shape 
and direction of the beam for depression angles ranging from 1° to 9° 
and to accomplish line-of-sight stabilization over a range of + 15°. The 
serious disadvantage of the double-reflector antenna is (he space that 
it requires. 

>E. B. Chisholm and B. R. Vogol, "Double Reflector Antenna," RL Report 
No. 775, July 16, 1945. 



CHAPTER 14 

ANTENNA INSTALLATION PROBLEMS 
B Y L. C. VAN ATTA AND R. \ [ . REDHEFFER 

GENERAL SURVEY OF INSTALLATION PROBLEMS 

The customary procedure in microwave radar antenna development 
has been to design the antenna and to carry out the early experimental 
tests on the assumption of free-space conditions surrounding the antenna. 
Whereas this represents a good approximation in general, it is necessary 
eventually to consider the effect upon the antenna performance of the 
supporting structure on which it must be mounted. Also, it is generally 
necessary to place the antenna in a dielectric housing—the radome— 
which likewise affects its performance. It is sometimes possible so to 
choose the antenna location on the structure and to design the radome 
that the original performance of the antenna is unimpaired. The final 
result can be predicted with greater certainty, however, if the electrical 
design of the antenna is considered from the beginning in conjunction 
with that of the radome and with a view to the structure and location 
that the antenna-radome system must occupy. 

The purpose of this chapter is to present the problems imposed by 
installation requirements and the practices that have been adopted for 
dealing with them. These considerations are intended to serve merely 
as background for one engaged in antenna design. 

14-1. Ground Antennas.—The mechanical design of an antenna for 
ground use must effect a compromise between the factors of electrical 
reliability, mechanical ruggedness, and portability. An antenna in a 
permanent site has moderate weight and portability requirements, is 
not required to survive repeated rough handling, but should be ideally 
sited and should be designed to operate reliably over an extended period 
in the face of local conditions of weather and wind. 

The antenna of a high-performance radar set which must be moved 
quickly from time to time over considerable distance to a new site is 
still not seriously restricted in weight but must disassemble into rela
tively lightweight components of limited dimensions for transportation 
by air or truck. Its construction must permit precision reassembly after 
repeated handling. Components must be susceptible to repair or replace
ment under field conditions. 

The antenna of a somewhat lighter radar set may be truck-mounted 
with Ihe rest of the set. This eliminate-; the necessity for disassembly 
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and facilitates ground transport when relocation of the set is required. 
At the same time it rules out the desirable features of air transportability. 
Very lightweight sets have been designed for transport by mule or pack 
for use in inaccessible regions. So much is sacrificed in reliability and per
formance, however, by this severe portability requirement that such 
sets have not been demonstrated to be practicable. 

Some ground antennas, particularly truck-mounted units, are pro
vided with radomes. More often the antenna is exposed. I t proves to 
be more practicable in these cases to design the antenna for operation in 
the open than to provide a satisfactory housing. The antenna feed 
must then be weatherized by means of a dielectric cup or plate. The 
reflector is generally of mesh, perforated, or grating construction to 
reduce windage effects. Mechanical and electrical components must 
be enclosed in a metal housing. 

14-2. Ship Antennas.—The distinctive features of a ship as an antenna 
location are the small number of suitable sites and the large amount of 
other gear that invariably interferes with the placement and performance 
of an antenna. The top of a mast is obviously the ideal location either 
for an antenna with an omnidirectional pattern or for one with a com
plete azimuth scan. Any other location will involve obstruction of the 
beam by the mast or by other parts of the superstructure. Such obstruc
tion will result in blind regions, false signals, or transmitter pulling. 
In addition to competing for favorable sites, antennas obstruct each 
other's view and jam each other when frequency relations permit. 
Furthermore, mechanical and electrical considerations are frequently 
at cross purposes. A consideration of each antenna's performance 
argues for placing it at the top of the mast, whereas a consideration of 
ship stability would place it below deck. An antenna mounted alongside 
a mast on a bracket should be far out from the mast for electrical reasons 
but close in for mechanical reasons The electrical performance is seldom 
improved by the modifications introduced to provide resistance to shock 
and vibration. 

A structure of limited extent equipped with a large number of antennas 
is referred to as an antenna system. The antenna system problem then 
is to obtain satisfactory performance from the several antennas by relo
cating them, by combining their functions or otherwise reducing their 
number, by redesigning them, or by redesigning the supporting structure. 
The ship antenna system problem is still far from solution, and each new 
ship type and new equipment serve to increase the over-all problem. 
Extensive measurements, including model measurements, are required to 
assess the performance of existing antennas in present locations and to 
predict their performance in other locations. Ship superstructures and 
antennas must be more closely integrated in the design stages. One 
approach to the problem that is commanding considerable attention is 
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the design of series or parallel coupling circuits to permit the multiple use 
of antennas of certain types. Rejection filters can be designed to 
eliminate jamming between antennas and to reduce background noise. 

Special arrangements have been employed for improving the per
formance of individual equipments in the presence of screening structures. 
Radars with scanning antennas may be duplicated fore and aft so that 
their regions of effectiveness supplement one another. An antenna with 
an omnidirectional pattern may be replaced by two antennas on opposite 
sides of the superstructure with 180° azimuth patterns. 

Another coverage problem is introduced by interference nulls in the 
elevation pattern when sufficient radiation from the antenna is reflected 
from the deck or sea. One solution to this problem which has been 
employed in the case of nonscanning antennas is to replace the antenna 
by several properly distributed in height. Such a set of nonscanning 
antennas may be connected to different receivers or may be connected 
to a single receiver with a "diversi ty" hookup which leaves the antenna 
receiving the strongest signal actually connected to the receiver. 

In designing an antenna for shipboard use, the effects of dampness, 
salt spray, condensation, temperature extremes, high wind velocities, 
and icing conditions must be considered. Some small nondirectional 
antennas and scanning antennas are enclosed in radomes. The larger 
scanning antennas are weatherized at the feed and are provided with 
openwork reflectors of perforated plate or grating construction to reduce 
windage effects. 

14-3. Aircraft Antennas.—An aircraft with its many antennas for 
communication, navigation, instrument landing, radar, identification, 
and radar countermeasures provides an antenna system problem of great 
complexity. To the problems of siting, avoiding interference between 
antennas, and obtaining a proper pattern with the antenna on the struc
ture is added the problem of meeting serious aerodynamic requirements. 
In the faster aircraft it is desirable to have the antenna totally contained 
within the airframe. When this is not possible, the extension should 
present minimum frontal area and should be streamlined with a housing 
that must have a greater elongation in the direction of motion for a 
higher design speed of the aircraft. Any changes in airframe imposed 
by antenna requirements must be incorporated in the very early stages 
of the aircraft design. To reduce drag, to protect the antenna from 
wind forces and weather, and in some cases to provide for pressurization, 
every scanning antenna must be provided with a radome. This is true 
whether the antenna is totally included within the airframe or is exposed 
in a streamlined housing, often referred to as a blister or nacelle. The 
electrical and mechanical design requirements imposed on such radomes 
have become increasingly severe because of the trend toward shorter 
wavelengths, larger antennas, and more complete streamlining; the satis-
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factory solution of the radome design problem has required increasingly 
more sophisticated engineering. 

Improper siting of the antenna on the aircraft or unsatisfactory design 
of the radome may result in a variety of performance defects in the 
system. The radiation pattern of the antenna may be seriously altered 
by near-by conducting edges or surfaces. Excessive absorption or reflec
tion by the dielectric wall of the radome may introduce a number of 
undesirable pattern and impedance effects. Such defects have been 
tolerated to a certain extent in the recent past as unavoidable in the face 
of the rapid development in aircraft design and in the variety of antenna 
installations. However, with a better understanding of the design prob
lems involved and with the possibility of accommodating antennas more 
satisfactorily in new aircraft designs, performance defects in aircraft radio 
systems can be drastically reduced. It will be necessary, however, to 
accomplish this improvement in electrical performance with antenna 
designs that are at the same time more satisfactory aerodynamically. 

14-4. Scanning Antennas on Aircraft.—A scanning antenna employed 
in air-to-air search is required to have a narrow pencil beam and to scan 
a forward angular region only. Such an antenna can be located in the 
nose of a multiengine plane or in a wing nacelle in a single-engine plane. 
The wing nacelle can be located in the leading edge or at the tip of the 
wing without introducing serious drag. The performance of a narrow 
pencil-beam antenna is not appreciably affected by metal parts of the 
aircraft. I t need not be affected seriously by the radome wall except in 
cases of poor radome design. The effect of the latter will be discussed 
later and is illustrated in Fig. 14-8. Difficulty is also encountered with 
streamlined radomes designed to meet the aerodynamic requirements of 
very high mach numbers, since this necessitates near-grazing angles of 
incidence of radiation upon the walls. 

An antenna scanning in azimuth for air-to-ground search is required 
to have a beam that is sharp in azimuth and achieves with high accuracy 
a prescribed shape in elevation such as was described in Chap. 13. If an 
intelligible picture of the ground is to be presented on the cathode-ray 
screen of the radar set, the elevation pattern must follow the csc2 8 shape 
over a wide range of angles with an accuracy of 1 db for closely spaced 
variations. If a maximum range of 50 miles is to be covered from an 
altitude of 5 miles, the steep-angle portion of the pattern is at least 20 
db down from the near-horizontal portion. Surfaces or edges near the 
antenna can reflect or diffract a small amount of power from near-
horizontal portions of the beam into directions corresponding to steep 
angle portions of the beam. If such an unwanted contribution at steep 
angles is present even in power intensities 40 db down from the peak or 20 
db down from steep-angle portions of the beam, the resulting interference 
effect will produce a 1-db ripple in this portion of the elevation pattern 
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The most serious installation problem is encountered when an antenna 
that is employed in air-to-ground search is required to scan through 360° 
in azimuth. The ideal location for this antenna is at the lowest point 
in the fuselage. Since obstructions on this portion of the airframe intro
duce serious drag, the antenna and radome must be so designed as to 
minimize the transverse area exposed and to realize streamlined flow. 
The problem is aggravated by the fact that these antennas are generally 
large. Certain design features may be incorporated to meet this situa
tion. The antenna may be so shaped (Sec. 13-4) that the upper por
tions of the reflector contribute to the steep-angle pattern and only the 
lower portion of the reflector protrudes from the fuselage. The well 
into which the antenna is recessed may be made large so that metal 
edges are further removed from the antenna and are more completely 
cleared by the slightly depressed beam. However, we still have a situa
tion in which an antenna that is required to produce very accurately a 
prescribed pattern is closely surrounded by a metal surface into which it 
is partially recessed. Furthermore the beam is required to pass through 
a radome wall at near-grazing incidence. This combination of conditions 
makes these antennas particularly subject to the performance defects 
mentioned in the previous section. Experience with scanning antennas 
will serve therefore to illustrate some of the major defects encountered 
in airborne microwave radar performance due to faulty design or siting 
of the antenna-radome component. 

Performance defects from the operator's viewpoint are best illustrated 
by actual photographs of the cathode-ray tube that supplies him with 
visual information. A PPI photograph substantially free of defects is 
first presented for the sake of comparison. PPI stands for plan-position-
indicator in which slant range is displayed radially and azimuth angle is 
represented by polar angle. Figure 14-1 is a PPI photograph of fairly 
flat wooded terrain taken with 3.2-cm radiation. The antenna employed 
a 29-in. paraboloid reflector with a barrel-shaped insert in the upper half 
to obtain a shaped beam. The uniform illumination of the ground and 
especially the absence of lobes in the elevation pattern allow such details 
as the small lakes and the river with its islands and bridges to be clearly 
recognized. The black disk in the center is a measure of the distance 
of the aircraft above the ground; the bright circle surrounding the disk 
is caused by perpendicular reflection from the earth and is called the 
altitude circle. This photograph is to be compared with some less satis
factory ones which follow. 

There are certain defects in performance that can be traced to the 
presence of conducting edges or surfaces near the antenna and can be 
interpreted in terms of such physical phenomena as reflection, refraction, 
and interference. Microwave radiation shows a sufficiently optical type 
of behavior that antenna sites which would involve total obstruction 
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of the beam by portions of the aircraft in important directions arc recog
nized and generally avoided. Two examples of excusable obstruction 
are shown, however, to illustrate the effect. Figure 14-2 is a PPI photo
graph taken with 1.25-cm radiation in a shaped beam produced by a 
42-in. shaped cylindrical reflector. In addition to hills, a river, and three 

F I G . 14-1.—PPI photograph of wooded terrain. This photograph is essentially free of 
defects due to antenna pattern. 

airfield runways, the photograph shows two black sectors extending in 
to steep angles and caused by the lowered landing wheels. In this 
PPI the altitude circle had been subtracted out. In Fig. 14-3 the 
shaped beam of 3.2-cm radiation from a 30-in. paraboloidal reflector 
with a barrel insert has been obstructed by a second aircraft below the 
antenna. The effect of this obstruction is to block off a portion of the 
radiation and to create a radar "shadow" against the illuminated 
background. 

The two elevation patterns shown in Fig. 14-4 illustrate an effect that 
can result from mounting the antenna <>n an aircraft. This antenna, 
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designed to give a shaped beam of 3.2-cm radiation, employs a pillbox 
line-source feed and a GO-in. shaped cylindrical reflector. The reflector 
is 12-in. high but extends only 4 in. below the center line of the fuselage 
for the pattern shown in Fig. 14-4a. The beam is directed forward along 
the line of flight with the peak tilted down 6° below horizontal; as the 
tilt angle is decreased from 6°, the pattern becomes rapidly worse. The 
interference effect which is evident in this pattern results from a combina
tion of the direct radiation from the antenna with a small amount of 
radiation scattered by the straight rim of the rectangular hole into which 

F I G . 14-2.—PPI photograph showing blank sectors produced by landing wheels. 

the antenna is recessed. This scattered radiation is spread broadly in 
elevation but is essentially confined in azimuth to the sector of the 
original beam when the antenna is pointed forward. Reflection from 
the underside of the fuselage can be shown by geometrical arguments not 
to be a contributing factor. Figure 14-5 shows the appearance of this 
interference effect in the central portion of a PPI photograph. This 
photograph was taken from an altitude of 25,700 ft over Lake Okeechobee, 
Florida, with a 50-mile maximum range setting. 

Whereas flat surface reflections did not contribute to the effects 
described above, there were a number of cases observed in which inter
ference effects were due to reflections from the undersurfaces of fuselage 
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or wings. Some PPI photographs show small regions of interference 
fringes at right angles to the direction of flight. These fringes occur with 
very close spacing in angle and can be shown to result from interference 
between the direct beam and radiation reflected from the undersurfaces 
of the wings. The fringe pattern observable in Fig. 14-fi, on the other 
hand, is quite extensive fore and aft with a wider angular spacing between 
fringes which also varies with azimuth angle. Calculations confirm the 
assumption that this interference pattern is due to reflections from the 
curved undersurface of the fuselage. 

IT-;. 14-3.—PPI photograph showing blank area due to obstruction by another aircraft. 

There are other defects in the performance of a radar set which can 
be traced to electrical effects upon the beam caused by the dielectric 
walls of the radome housing the antenna. These defects may be listed 
as complete blanking out of all signals in certain azimuth sectors, reduc
tion in range, obscuring of the screen, false signals, and displacement of 
the target. Severe blanking in certain sectors, as shown in Fig. 1 1-7, is 
due to reflections at the radome wall. These reflections direct radiation 
back down the r-f line to the transmitter which is thereby pulled in 
frequency off the pass band of the receiver. A smaller reduction in range 
which is at the same time more uniform in azimuth results from excessive 
absorption of radiation in the wall of the radome. 
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90° 80° 70° 60° 55° 50° 45° 40c 35' 20° 18° 

F I G . 14-4.—Elevation patterns obtained with a shaped-beam antenna: (o) mounted on the 
underside of a fuselage; (/;) mounted in free space. 

F I G . 14-5.—PPI photograph showing interference fringe due to edge reflection. 
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FIG. 14-6.—PPI photograph showing interference due to reflections from fuselage surface, 

FI<J. 14-7.—PPI photograpli showing sector blanking due to radome wall reflections. 
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Other effects than transmitter pulling can result from radome wall 
reflections. Figure 14-8 presents four photographs of a B-scope (range 
vs. azimuth angle) taken with 10-cm radiation and a 29-in. paraboloid 
antenna located in the streamlined dielectric nose of a two-engine air-

F I G . 14-8.—B-scope photographs illustrating various degrees of obscuration of target 
signal by altitude signal: (a) thick radome and horizontal polarization; (b) thick radome 
and vertical polarization; (c) thin radome and horizontal polarization; (d) thin radome and 
vertical polarization. 

craft. In each case the altitude of the aircraft is 3000 ft, the range sweep is 
15,000 ft, the electronic range marker is at 10,000 ft, and the target air
craft is at 3000 ft so that its indication coincides with the altitude signal. 
Trouble experienced in following the target aircraft through the altitude 
signal was traced to reflections from the upper half of the radome. These 
reflections directed a small fraction of the radiation downward toward the 
ground which then returned a signal by the same path. Two methods 
of reducing this ground signal were proposed: the use of vertical polariza-
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tion and the use of a radome with a thinner wall. Figure 14-8a shows 
the partial obscuration of the target signal by the altitude signal even 
with optimum gain setting, when the thick radome and horizontal polari
zation are used. The reduction in altitude signal accomplished by 
changing to vortical polarization is shown in Fig. 14-8l>. The improve
ment resulting from the use of a radome with the wall thickness reduced 
by one-third is shown in Fig. 14-8c. The improvement realized when 
both vertical polarization and the thin radome are employed is evident 
in Fig. 14-8d, since it has been possible to bring the target signal out 
quite strongly without bringing out the altitude signal. Effects of the 
radome on system performance will be discussed more fully later in the 
chapter. 

14-5. Beacon Antennas on Aircraft.—The majority of long-wave 
antennas on aircraft are required to have omnidirectional patterns. 
Because of the strong and unavoidable influence of the aircraft on the 
antenna pattern at these wavelengths, the omnidirectional requirement 
is usually not well satisfied. In the case of microwave beacon antennas, 
which are also required to have omnidirectional patterns, the influence 
of the aircraft on the pattern is still strong but is more predictable and 
also more nearly avoidable. There are a limited number of sites on an 
aircraft suitable for a microwave beacon antenna; the top of the vertical 
stabilizer, the highest point on the upper side of the fuselage, and the 
lowest point on the underside of the fuselage are three favored locations. 
In selecting such a site the influence of the supporting structure on the 
pattern must be considered, not only with the aircraft in level flight but 
also under conditions of roll and pitch. The ideal elevation pattern 
would have uniform intensity for 10° about the horizontal plane to allow 
for roll and pitch of the aircraft and would have an approximately 
cosecant-squared decrease in intensity on the lower side of the beam to 
provide uniform illumination of the ground in to steep angles. The 
lowest point on the underside of the fuselage is the only location from 
which an unobstructed view of the ground at steep angles can be obtained. 
Even with this location the view in near-horizontal directions may be 
obstructed by roll of the aircraft if the bottom of the fuselage is flat. 

Let us consider the elevation patterns that are obtained with a beacon 
antenna mounted on the underside of a fuselage. The various factors 
that must be considered are the polarization of the radiation, the vertical 
directivity of the antenna, the distance between the radiating elements 
and the fuselage, and the extent and curvature of the fuselage. A radi
ating element located below the fuselage will send some radiation directly 
toward the ground and some indirectly toward the ground by reflection 
in the fuselage. The over-all effect can be simply described by postulat
ing an image of the radiating element in the fuselage. Because of the 
nature of the reflection process, the image of a vertically polarized element 
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will be in phase, while the image of a horizontally polarized element will 
be 180° out of phase with the radiating element. If for the moment 
we consider the underside of the fuselage to be an infinite horizontal 
plane, it is evident that the over-all elevation pattern from a radiating 
element and its image will have a maximum in the horizontal plane in the 
case of vertical polarization and a minimum in the horizontal plane in 
the case of horizontal polarization. 

Let us now assume a requirement of continuous elevation coverage for 
an angular range from 2° to 30° below horizontal. For vertical polariza
tion the coverage requirement in the horizontal plane is automatically 
met except for the effects of roll and pitch. The steep-angle requirement 
can be met by limiting the combined length of the array and its image 
in accordance with the relation d = X/sin 8 where 8 is chosen somewhat 
greater than 30°. For horizontal polarization it is more difficult to 
obtain coverage in directions near the horizontal. Under the assumption 
of an infinite plane fuselage it would be necessary to make the linear 
array long and to accept an interference pattern in the region to be 
covered. Since the fuselage is actually curved and of limited extent, it 
is possible to obtain the required coverage by the use of a relatively 
directive array either located near the fuselage or set off at some dis
tance from it, depending upon the shape of the fuselage. I t is evident 
that this amounts to solving the electrical problem by creating an aero
dynamic problem. 

Microwave beacon antennas have regularly been enclosed in radomes. 
Many of the smaller arrays originally were provided with cylindrical 
radomes, but later it was recognized that no antenna protrusion is small 
enough to justify the omission of streamlining. In the case of vertical 
polarization the streamlined radome can have serious effects on the azi
muth pattern. This situation favors large reflections, since it involves 
wide angles of incidence for radiation polarized perpendicular to the plane 
of incidence. A solid radome of low-density material affects the azimuth 
pattern also because of the focusing effect due to path-length variation 
in the material with azimuth direction. Vertical wires properly spaced 
in the dielectric offer a possible means to maintain unity dielectric 
constant. 

RADOME DESIGN PROBLEMS AND PROCEDURES 
The relation of the dielectric housing, or radome, to the general 

installation problem has been considered in the previous sections. The 
principal purpose of this part of the chapter is to analyze the problems 
and to describe the procedures associated with radome design.1'2 It 

1 This subject has been treated more fully in Radar Scanners and Radomes, Vol. 26, 
Radiation Laboratory Series. 

1 This material is a severe condensation of the subject matter in a series of RL 
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will be necessary to consider several wall designs and two general radome 
types in terms of the mechanical and aerodynamic, as wrell as the r-f 
requirements that are involved. These considerations will be assisted 
by a preliminary examination of the nature and magnitude of the effects 
that radomes can have on system performance. An appreciation of these 
effects establishes the need for further investigation and indicates the 
difficulties that must be avoided in order to achieve good radome design. 

14-6. Relation of the Radome to System Performance.—In Sec. 14-4 
radar system performance defects caused by faulty radome design were 
presented from the operator's viewpoint. In the present section various 
reactions of the radome on the radar system will be presented from the 
radome designer's viewpoint. 
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Range.—A radome does not transmit all the r-f energy incident upon 
it but reflects and absorbs certain fractions of that energy. If sufficient 
reflected r-f energy finds its way back down the feed line to the trans
mitter, frequency pulling of the transmitter can result in total blanking 
of the receiver or in the very severe range reduction illustrated in Fig. 
14-7. Independent of this effect, an appreciable reduction in range can 
result from attenuation of the transmitted signal, especially since attenua
tion in the outgoing signal is repeated on the return signal. Radar range 
is proportional to the fourth root of the transmitter power [cf. Eq. (1-17)], 
so that range reduction is related to radome transmission by Eq. (1): 

T, , ,. ,_,, one-way transmission loss (%) .,. 
Range reduction (%) = = \J1LL. ( I ) 

To pick large but not unusual values, if one-way attenuation due to 
radome wall reflection is 12 per cent and due to absorption is 8 per cent, 
then the range will be reduced by 10 per cent. 

Pattern.—Reflection and absorption at the radome wall can reduce 
the absolute value of the radiation pattern by the processes described 
above. Due to a variation in effectiveness of these processes with direc
tion and to related mechanisms, the shape of the pattern as well as its 
magnitude can be altered. Several mechanisms that have been guilty 
of pattern distortion will be described because of the seriousness of this 
effect in certain cases. Pattern distortion is especially objectionable in 
the case of a pencil beam that is being used in a conical scan for precision 
direction finding and in the case of a shaped beam that is being used for 
uniform illumination of the ground. 

Pattern distortions have been traced to a variety of causes. In some 
cases the effects were barely appreciable, but in most cases they were 
serious enough to require study and elimination. Some of the causative 
mechanisms are listed below with brief descriptions. 

1. In a streamlined radome the reduction in transmission due to 
absorption and reflection varies considerably with azimuth angle 
and can therefore produce a minor change in the shape of the 
main lobe. 

2. An antenna transmitting through a spherical portion of a radome 
can experience trouble owing to focusing of reflections from the 
radome wall. The focal point of these reflections may lie near 
the focal point of the antenna reflector and act as a secondary 
source. The beam produced by the focused rays from this 
secondary source can combine in various ways with the original 
beam to produce distorted patterns. This process is illustrated 
in Fig. 14-9a. 

file:///J1LL
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F I G . 14-9.—Mechanisms by which radome wall reflections can distort patterns: (a) 
secondary source produced by focused reflections; (6) wide-angle lobe produced by reflec
tion from the upper portion of a radome; (c) wide-angle lobe produced by a double reflec. 
tion involving the undersurface of the fuselage. 
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3. With the geometry illustrated in Fig. 14-96, excessive reflections 
from the upper portion of the radome can produce a broad down
ward lobe at a wide angle from the original beam. This lobe can 
produce a strong ground return capable of obscuring aircraft 
targets at the same range, as illustrated in Fig. 14-8. In case the 
antenna beam is shaped for surface search, a spurious downward 
lobe will produce a very objectionable interference ripple in the 
elevation pattern when combined with the original beam. 

Streamlined radome 

Antenna 

/ Phase front -
/ without radome 

'Phase front inside radome 
l'lii. 14-10.— Distortion of the phase front of ttic radiation from an antenna by variable 

phase delays in sharply curved portions of the radome. 

4. A streamlined radome mounted on the undersurface of an aircraft 
can produce a downward lobe by the process illustrated in Fig. 
14-9c. This lobe will have the objectionable features described 
in the preceding paragraph. 

5. Phase delays in the transmitted radiation caused by the dielectric of 
the radome wall vary appreciably over sharply curved portions 
of the wall. When the antenna aperture spans such a portion 
of the radome, the constant phase fronts in the near zone of the 
antenna are distorted upon transmission through the wall. The 
result upon the pattern is a distortion of the main lobe. This 
process is illustrated in Fig. 14-10. 

Apparent Pattern.—The discussion of the previous paragraphs referred 
to the radiation pattern which can be defined as the variation of radiation 
intensity or receiving sensitivity with angle for a fixed position of the 
antenna. In distinction to the radiation pattern, the apparent pattern 
from the radar observer's viewpoint can lie defined in terms of the return 
signal from an effective point-source target as presented on his radar 
scope while the antenna is scanning. In particular, the apparent pattern 
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can be defined as the extent along an angular coordinate in the radar 
scope of the return from a point target. Because of the limited range in 
spot intensity on the scope, the description of an apparent pattern con
sists simply of a statement of the angular region on the scope coordinate 
that is occupied by the target signal. 

The apparent pattern depends upon the beamwidth of the radiation 
pattern, but it depends on other factors as well. An important modifica
tion of apparent pattern is introduced by a transmitter frequency pulling 
which varies with the scan angle of the antenna. This variation in 
pulling arises from a variation in the phase or magnitude of the reflection 
back in the r-f line toward the transmitter. 

The modification in apparent pattern most pertinent to the subject 
matter of this section is that which arises as the result of an angular 
variation in the reflection from the radome wall. This pulling effect can 
be serious even in the case of a radome that has not appreciably attenu
ated or distorted the transmitted beam. An antenna mounted slightly 
off axis in a cylindrical radome and scanning in azimuth will be subject 
to a reflection of constant magnitude but slowly changing phase. A 
streamlined radome can introduce large variations of magnitude as well 
as more abrupt changes in phase of the reflected wave. The most 
abrupt changes in both magnitude and phase are encountered in the 
case of a relatively thin walled radome with internal reenforcing ribs. 

Serious operational effects can be traced to a variable frequency pulling 
by radome reflections. The resulting change in the apparent pattern, 
even though not accompanied by a noticeable reduction in range, can 
affect the apparent direction of the target in sufficient amount to ruin 
the performance of a radar employed in precision direction finding. This 
effect is especially serious, since it is not revealed by careful measurements 
of the radiation pattern. 

Automatic Frequency Control.—No discussion of radomes and system 
performance is complete without mention of automatic frequency con
trol (AFC), since its use profoundly modifies radome design requirements. 
AFC causes the local oscillator frequency to follow the transmitter fre
quency in such a way as to maintain between them a constant difference, 
the i-f frequency. AFC is strong enough in the case of a relatively 
stable magnetron to follow larger frequency changes than those ordinarily 
produced by radomes. However, the AFC circuit involves a time con
stant that may be considerably longer than the interval required for 
the change in the radome reflection. An extreme example of a rapid 
change in radome reflection is that which occurs as the antenna sweeps 
by an internal supporting rib in the radome wall. The AFC will not 
follow rapidly enough to correct for the changing reflection and, in addi
tion, will not return to the original frequency setting until long after 
the radome reflection has returned to its original value. In this case 



528 ANTENNA INSTALLATION PROBLEMS [SEC. 147 

the frequency shift has been extended in time rather than reduced by 
AFC. This is not to be interpreted as an argument against the use of 
AFC but rather against the use of localized supporting ribs in radome 
design. In general, AFC changes the radome design problem from one 
of reducing reflection to one of reducing rate of change of reflection. 

Classification of Radomes.—The system performance effects described 
in this section are not all present simultaneously for a given radome, 
but some are emphasized and some minimized according to the type of 
radome considered. For this reason it is convenient to classify radomes 
under several headings and to follow a different design procedure in each 
case. A natural classification on the basis of use provides three general 
groups: pressurizing seals for antenna feeds, beacon housings, and hous
ings for scanning antennas. The first group, pressurizing seals, will not 
be discussed here. For the other two it is convenient to make a further 
subdivision into cylindrical radomes and streamlined radomes, a dis
tinction that is of considerable importance in practical work. Not 
only are the equations for radome wall design different in the two 
cases, but the underlying objectives are altered. The objective in the 
case of cylindrical radomes (normal incidence) is to reduce the reflection, 
but in the case of streamlined radomes it is primarily to improve trans
mission. After presenting the quantitative considerations of the next 
section, it will be possible to state this distinction more precisely. 

14-7. Radome Wall Design.—An ideal radome wall would completely 
transmit an incident electromagnetic wave with neither reflection nor 
absorption, and for such a radome wall the deleterious effects associated 
with one or the other of these causes would be eliminated. Although this 
ideal situation cannot be attained in practice, the transmission can be 
maximized or the reflection minimized, depending upon the type of 
radome under consideration. 

The calculation of transmission and reflection by the radome wall is 
most conveniently carried out in terms of transmission and reflection 
coefficients. Whereas such coefficients cannot be defined suitably for a 
curved surface, a curved surface can be replaced by a plane sheet for 
approximate analysis if the radius of curvature is large. The complex 
field distribution of the antenna that provides the incident wave is also 
replaced by a plane wave of uniform amplitude. The investigation is 
thus based on the coefficients that exist and are easily defined for the 
simpler situation of plane sheets and uniform plane waves. 

Physical Principles.—Reflection of an electromagnetic wave occurs 
only at a discontinuity, that is, at the transition from one medium to 
another. Every radome wall without exception may be regarded as a 
set of pairs of such discontinuities. The over-all reflection will result 
from superposition of the individual reflections; its magnitude will be 
determined by their magnitudes and relative phases. Reflections can 



SEC. 14-7] RADOME WALL DESIGN 529 

be reduced or transmission increased either by reducing each of the 
individual reflections or by adjusting the spacing between the discon
tinuities to obtain partial or complete phase cancellation. 

In Fig. 14-11 a generalized radome wall is represented as a pair of 
discontinuities, or sheets. Individual transmission and reflection coeffi
cients for sheets 1 and 2 and over-all transmission and reflection coeffi
cients for the wall are defined in the figure. In terms of these coefficients, 
the advantage to be gained from minimizing the individual reflections 
and adjusting their phases for cancellation can be expressed by the 
relations 

| « | — = |ri| + \rt\, (2) 
and 

| t f | ™ = |r,| - |r,|; (3) 
these neglect higher-order interaction 
terms and absorption. 

A precise phase cancellation of the 
component reflections requires an ac
curate spacing between their sources. 
Since deviations from this optimum 
spacing must be allowed in manu
facture, the effect of such deviations 
on transmission and reflection must 
be investigated. The investigation 
can be carried out by dividing the wall 
configuration into two groups and by 
expressing the over-all transmission 
and reflection in terms of the indi
vidual transmission and reflection co
efficients of the two groups. In the 
case of a single, uniform sheet, the two 
groups would be the two air-dielectric 
interfaces of the sheet. In the case of a double-wall configuration each 
group would represent the total effect of one of the walls. The method 
can be extended to more complicated configurations. In any case the 
nomenclature of Fig. 14-11 applies. 

As the geometrical spacing s between the sheets of Fig. 14-11 is 
varied, the over-all transmission coefficient T will reach the maximum 
value 

' ^ = o^fel? (4) 

for the optimum spacing sa given by 

■s» = 'i - - r ( * i + **); « = o, i , 2 , ■ • • , (5) 
Z -47T 

Sheet 1 

'/"/Z/""/'/ 
////////////// 
/ / / / / / / / / / / / / / 
/ / / / / / / / / / / / / / 
/ < ■ / / / / / / / / / / 

Radome wall 
FIG. 1411.—Generalized r a d o m e 

wall showing division into two groups or 
sheets which are treated as separate 
sources of reflection. The figure serves 
to define symbols used in the text for 
reflection and transmission coefficients. 
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where X is the wavelength in t he region between the sheets and 4>i and 
02 are t he phases of n and r2 respectively. If S = s0 — s is t he deviat ion 
from o p t i m u m spacing, t he over-all t ransmission will be 

n 
'tit*. 

4 i 

1 — 2|rir2 | cos — + ]rir2|2 
(6) 

The corresponding over-all reflection, for the case of zero absorpt ion, is 

4TT5 

i«i' = 
2|rir2| c o s - ^ P + |r2|2 

A 

1 — 2|rir2 | cos 4ir5 (7) 
|rir2 |2 

From these equa t ions near ly all the results needed for radome wall design 
m a y be obta ined directly. 
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FIG. 14-12.—Over-all reflection coefficient (R) for a symmetrical configuration of zero 
absorption plotted as a function of the error in spacing (5) and the individual reflection 
coefficient (r). 

The symmetr ical r adome wall consisting of identical groups of approxi
mate ly zero absorpt ion spaced in accordance with Eq. (5) will be encoun
tered almost invar iably in pract ice . For the symmetr ica l configuration, 
t\ = U = t, n = ri = r, <j>, = r/>2 = </> and Eqs . (4), (5). (0), and (7) 
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assume simplified forms which will not be repeated here. The expression 
for the over-all reflection can be simplified further to 

47r|r|5 

\R\^ (8) 

for small S/\, or alternatively to 

| R\ ^ 2\r\ sin 2w5 
(9) 

when \r\ is small enough to be neglected. The exact value of \R\ from 
Eq. (7) is plotted in Fig. 14-12 for the symmetrical configuration. 

Single Wall.—The simplest radome wall design is a single, uniform 
sheet of dielectric material. In this case the two sources of reflection 
treated above and illustrated in Fig. 14-11 are the two air-dielectric 
interfaces. If the specific inductive capacity ke of the material is denoted 
by /3, the over-all reflection is given by Eq. (7) with 

N 
V$ 1 
Vu + i 

Equation (10) is plotted in Fig. 1413. The optimum spacing is 

~2 
n\0 0, 1,2, 

(10) 

(11) 

since 4>i = <p2 = 0; X0 is the free-
space wavelength. 

The two design procedures 
mentioned above—reduction of r 
or adjustment of phase—permit of 
simple interpretation for single-
w a l l e d r a d o m e s . T h e first 
method indicates the use of a low-
dielectric-constant material to re
duce r [Eq. (10)]. The second 
method requires the use of a thin 
sheet or in general one that satis
fies Eq. (11).' If a thin sheet is 
used, the tolerance S in the equa
tions above stands for the thick
ness itself. The single-wall con
s t r u c t i o n becomes increasingly 
attractive at longer wavelengths where a small value of 5/X can be realized 
with a wall thickness sufficient for mechanical strength. 

3 4 5 6 
Dielectric constant (0) 

F I G . 14-13.—The reflection coefficient (r) 
of an air-dielectric interface as a function ot 
the specific inductive capacity (0) 
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The assumption of zero absorption loss, even in the case of actual 
radome materials, does not invalidate the results for reflection and opti
mum spacing, but the results for transmission must be modified appro
priately. The general equation for a single sheet is quite complicated 
except when the thickness satisfies Eq. (11). For a half-wavelength 
thickness of relatively low-loss dielectric 

L is the loss tangent t"W for the material where i' and e" are the real 
and imaginary components of the complex dielectric constant (see Hec. 

00 0.1 0.2 0.3 0.4 0.5 0.6 0.7 
Thickness, wavelengths id/\) 

l-'lu. 14-14. - P o w e r t r a n s m i s s i o n 7'-| as a func t ion of t h i c k n e s s for v a r i o u s v a l u e s of loss 
t a n g e n t L — e " / V . 

3-2). The exact values of the power transmission \T\2 as a function of 
thickness for various values of L is given in Fig. 1-1-14 for the particular 
specific inductive capacity /3 = 4. 

The single-wall design is usually not practicable at microwave fre
quencies. The half-wavelength wall is frequently too heavy for airborne 
installations, whereas the wall thin enough to have good electrical prop
erties is not satisfactory mechanically. 

Sandwich Wall.—A major improvement both mechanically and elec
trically is realized by substituting sandwich-wall for single-wall design. 
The sandwich-wall design consists of a sheet of low-density core material 
faced on both sides with thin, high-density skins. Sandwich construction 
has seen considerable use in purely mechanical installations where the 
strength-to-weight ratio must be high. From the electrical point of 
view, the skins show low reflection because they are thin, and the core, 
because it has a low dielectric constant. Furthermore the core provides 
a means of accurately holding the skin separation to a value favorable 
for canceling reflections. 
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A double-wall construction which is obtained by omitting the core 
material from between the skins loses most of the advantages of the 
sandwich construction. I t has been used, however, since it provides 
means for deicing by circulating hot air between the skins of the radome 
wall. The optimum spacing of the skins for reducing reflection when 
separated by air is given in terms of their thickness d and specific induc
tive capacity a by the approximate re
lation 

s„ ^ (2n + 1) (13) 

\ \ 
W; _ Geometrical 

dimensions 

- Electrical 
dimensions 

The over-all reflection is nearly propor
tional to the spacing error and to the 
reflection from a single sheet when these 
are small and is given by Eqs. (7), (8), 
and (9). The power transmission is 
given by Eq. (6) in the general case and 
by 1 — .R2 when the loss is zero. 

The general sandwich wall is shown 
in Fig. 14-15 which serves to define some 
of the symbols to be used in the discus
sion. The electrical thicknesses are 
D = d \/a/\o and*S = s \//3Ao. The 
individual reflection coefficient is now 
that for the three-medium transition from the air through the skin to the 
core. I t is given by 

§ 
Skin Skin 

Core 

\ \ \ \ \ \ \ x \ 

\w\\\\^; 
x xx w \\\ 

Dielectric 
constants 

Sandwich wall 
FIG. 14-15.—Sandwich-wall design. 

The figure serves to define symbols 
used in the text. 

w 
A - 4a V/3 

where 
A + 4a V/3 

A = (a + /3)(a + 1) - (a - /3)(a - 1) cos (4TTD). 

(14) 

(14a) 

The value of r obtained from Eq. (14) can be used in Fig. 14-12 together 
with the appropriate value of the spacing tolerance to determine the 
over-all reflection coefficient. The optimum electrical spacing is similarly 
found to be 

1) sin (4TTD) „ _ n 1_ _, 
°° 2 2w '(|8 - a)(a + 1) + (a + /3)(a - 1) cos (4TTD) 

Under certain conditions this equation can be approximated by 

{a _ 1 } /*\H 
Oo 

2 - 2 % - l ) 

(15) 

(16) 

The range of validity of Eq. (16) is indicated in Fig. 14-16 which is a 
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typical family of curves calculated from Eq. (15) for a fixed value of a 
and a range of values of /3. 

In certain methods of sandwich-wall fabrication the skins are glued 
rather than molded to the core. The layer of glue introduced by this 
process effectively increases the skin thickness and introduces appreciable 
error into the calculations. This concept of an effective skin thickness 
which includes the effect of the glue is an approximation that ceases to 
be valid when the angle of incidence is variable or when both tolerance 

0.50 

F I G . 1416. 

0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 
Skin thickness, wavelengths (D) 

-Opt imum core thickness as a function of skin thickness for ct ~ 4 and 
ranging from 1.0 to 2.0. 

and spacing are involved. It has proved very useful and is entirely justi
fied when one is concerned with optimum spacing alone at a fixed angle 
of incidence. 

Arbitrary Incidence.—The results derived hitherto apply to normal 
incidence only. They may be used for arbitrary incidence at either 
polarization, however, if the quantities D, S, So, a, and /3 are replaced 
by appropriate quantities as given in Table 14-1. Similar equivalence 
relations for arbitrary loss will not be given here. Limiting values for 

T A B L E 1 4 1 . — E Q U I V A L E N C E R E L A T I O N S FOR CONVERTING FROM N O R M A L TO A R B I 
TRARY I N C I D E N C E V A L U E S 

p = sin20o: 0a = angle of incidence measured from normal 

Normal incidence quanti t ies 

Arbi t rary incidence values, 
perpendicular polarization 

Arbitrary incidence values, 
parallel polarization 

D 
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VT 
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grazing, incidence, simplified forms at Brewster's angle, and approximate 
relations for thin skins, though useful for computation, illustrate no new 
principles and will not be included in the present discussion. 

Considerations up to this point have been based upon the assumption 
of a single angle of incidence—whether normal or otherwise—and a single 
plane of polarization for the incident wave. It will be shown in Sec. 
14-9 that a given portion of the wall of a streamlined radome will be 
required to transmit for a range of angles of incidence and for a range of 
polarizations. If all portions of the radome wall are considered, the 
ranges involved will be correspondingly increased. In the interest of 
simplicity in fabrication it is very desirable to use the same wall structure 
throughout the radome. The resulting problem, therefore, is to find a 
wall design that will be satisfactory for a range of angles of incidence and 
for both polarizations. 

To this end the equations for arbitrary incidence are plotted as shown 
in Fig. 14-17 where contours of constant reflection for a sandwich wall 
are presented as a function of core thickness and angle of incidence. 
Similar charts can be used for single-wall construction. With such 
diagrams the optimum thickness is readily determined for a specified 
range of 8 and for a specified tolerance in thickness; the thickness referred 
to here is the total wall thickness of the single-wall design or the core 
thickness of the sandwich design. 

The representation for the single wall requires only three variables; 
the angle of incidence, the dielectric constant, and the thickness in wave
lengths. A single series of charts for various dielectric constants there
fore provides complete information for single-wall design work. In the 
case of the sandwich wall, five variables are required: skin dielectric 
constant and thickness in wavelengths, core dielectric constant and 
thickness in wavelengths, and angle of incidence. A very large number 
of charts are required; in practice percentage reflection contours are 
plotted against core thickness and angle of incidence, each chart being 
for specific values of skin thickness, skin t', and core e'. 

Mechanical Requirements.—Besides satisfying the electrical require
ments that form the main subject of the present chapter, a radome must 
satisfj' certain mechanical requirements as well. An airborne radome 
must withstand the distributed load produced by windage; it must not 
deform when a concentrated load is applied as is necessary in installation 
procedures; and it must often stand the impact of rocks and water in 
landings. To these mechanical requirements must be added certain 
requirements in physical properties; e.g., (he radome should not be 
soluble in gasoline or in any other solvent likely to be brought in contact 
with it; it should withstand high temperatures without softening, low 
temperatures without becoming brittle; it must not absorb moisture to 
any appreciable extent; and in certain cases it must be provided with 
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means for removing ice deposits as they are formed. Some of these 
requirements are clearly of the utmost importance; particularly in air
borne systems, failure of the radome can have very serious consequences 
and should be avoided even at the expense of electrical performance. 
It is this simultaneous presence of mechanical and electrical require
ments, which must be satisfied without excessive complication in 
manufacture, that constitutes the radome problem. These mechanical 
requirements are met by methods standard in the aircraft industry; the 
significant change introduced by electrical requirements is the restriction 
to suitable materials and to suitable relations, as determined above, for the 
linear dimensions. Without giving a detailed discussion of fabrication 
or mechanical design techniques, it is therefore sufficient here to observe 
their great importance. 

14-8. Normal Incidence Radomes.—There have been earlier allusions 
in Sees. 14-4, 14-5, and 14-0 to the fact that the most serious problem with 
normal incidence (cylindrical) radomes is the resulting impedance 
mismatch at the transmitter, while the most serious problem with stream
lined radomes is the resulting attenuation and distortion in the trans
mitted pattern. These problems and procedures for solving them will 
be considered further in this and the following section. First considera
tion will be given to the pattern and impedance effects encountered in 
normal incidence radomes. 

Pattern EJJccls.—The effect of a cylindrical radome on antenna gain 
can be minimized in a straightforward manner by use of the normal 
incidence relations of Sec. 14-7. In case the radome wall is uniform, this 
procedure also minimizes the effect on pattern, since it leads to small 
reflection as well as to large transmission. There is another source for 
pattern distortion, however, even in a radome having complete trans
mission. A radome wall having a structural rib, overlap, or buttstrap 
could be designed for complete transmission through both the thin part 
and the thick part of the wall. Whereas this would maintain the ampli
tude of the transmitted wave unchanged, it would not compensate for 
the change in phase. A double thickness section of wall would introduce 
twice the phase delay and so distort the transmitted phase front. This 
phase distortion can become so serious that the presence of a thick dielec
tric rib may be more harmful than a metal rib of the same dimensions. 
A similar effect introduced by sharply curved surfaces is illustrated in 
Fig. 14-10. If discontinuities are avoided and the reflection is minimized, 
then a cylindrical radome will not have an appreciable effect upon the 
antenna pattern. 

Impedance Effects.—The problem of antenna mismatch and trans
mitter pulling is much more serious for normal incidence radomes. For 
quantitative consideration of the case of a slightly tilted antenna in a 
cylindrical radome, the amplitude of the reflection back into the line may 
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be written 
= JRVKap e_ (4,B 2 ) W / 0 ) ! ( 1 7 ) 

where the symbols have the following definitions: 
R = over-all reflection coefficient for the radome wall flattened into a 

plane sheet 
Xo = free-space wavelength 
p — radius of the cylindrical radome 
a — radius of the antenna aperture 
<t> = angle between axis of the pencil beam and a line normal to the 

generator of the cylinder 
® = half-power width of the antenna beam 
Equation (17) is valid only for small values of <f>, but this is obviously 
the condition for maximum reflection into the line and therefore the 
condition of greatest interest. 

If the antenna has a sharp vertical beam fixed at zero elevation, pL 
can be greatly reduced by the use of a truncated cone instead of a cylinder 
for the radome shape. In general it must be assumed that the scanning 
range will cause the maximum reflection to be attained; furthermore it 
must be assumed that the phase of the reflection will vary by at least a 
half wavelength. Under these conditions the frequency pulling of the 
transmitter will be 

A/ = 5Pi(p./.), (18) 

where the symbols have the following definitions: 
A/ = frequency pulling of the transmitter in megacycles 
pL = value from Eq. (17) with the exponential factor set equal to unity 

p.f. = the pulling figure1 of the transmitter. 
A modified investigation is required if the radar system is equipped 

with AFC. The problem is then to estimate the rate of change of fre
quency due to transmitter pulling. This involves the use of the Ilieke 
diagram for the transmitter, results from Eq. (17), similar results for the 
phase of the reflection, and a time factor introduced by the scan rate.2 

These calculations become important in estimating the apparent shift in 
the direction of a pencil beam or in the crossover point of a lobe switching 
beam. 

Design Considerations.—The considerations bearing on the design of 
cylindrical radomes will be summarized in several quasi-chronological 
steps. For this purpose it is assumed that the designer is equipped with 

1 The pulling; figure of a magnetron has been defined as the maximum frequency 
shift in megacycles from the initial frequency, which can be induced by a (YSWR) 
1.5 of arbitrary phase. 

2 Radur Si/stem PJnyineen'ng, Vol. 1, and Radar Scaitners and Radomes, Vol. 2(i. 
Radiation Laboratory Series. 
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considerable information regarding the dielectric constants and loss tan
gents of materials known to be available commercially and to be suitable 
for fabrication purposes. It is assumed also that he is equipped with 
radome wall design charts showing the proper dimensional relationships 
for different wall designs, dielectric constants, losses, and incident angles 
and polarizations. 

1. A background of pertinent information must be obtained from 
several sources: tactical application of the system; r-f requirements 
of the system including allowable maximum mismatch and rate 
of change of mismatch; information regarding the antenna, such 
as size, angle and rate of scan, impedance match, far-field pattern, 
near-field ray diagram; mechanical requirements of the actual 
installation including method of mounting, windage, shock loading, 
chemical exposure, weather conditions. 

2. The most favorable wall design must be selected in the jight of 
available materials and on the basis of electrical and mechanical 
requirements from among the several possibilities: thin wall of 
arbitrary dielectric constant, low-dielectric-constant material (if 
arbitrary thickness, half-wave thick wall, double wall, sandwich 
construction. 

3. The specific materials to be used in the selected wall design must 
be determined. This involves using the dielectric constants and 
loss tangents of the several alternative materials and the design 
charts for the radome wall to calculate the transmission and reflec
tion that would result from the choice of each material. A com
parison can then be made between these r-f performance figures 
and the r-f requirements and between similar mechanical per
formance figures and mechanical requirements to arrive at the 
final choice of materials. 

4. A number of flat panels must be fabricated using the materials 
and dimensions selected. These dimensions and the method of 
fabrication may be varied somewhat to obtain optimum perform
ance. The panels are tested for all properties deemed relevant 
in the radome under design, e.g., structural strength, moisture 
absorption, temperature resistance, transmission, and reflection. 

5. A complete radome must be fabricated on the basis of results 
obtained in the panel tests. Final tests are made of those char
acteristics requiring the entire radome, e.g., strains due to con
tinuous loading and effects on the antenna pattern. 

In the sequence of operations outlined above the less expensive and 
time-consuming operations are carried out first, whereas the major under
taking of building the complete radome is delayed until all preliminary 
problems have been resolved. 
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14-9. Streamlined Radomes.—The cylindrical radomes discussed in 
the previous section are suitable for ground and ship installations and 
have been used in the past on slow aircraft. For modern airborne instal
lations, however, it is necessary for the radome to be severely streamlined, 
preferably to the extent of being completely incorporated into the original 
airframe. These streamlined radomes present problems quite different 
from those discussed above; antenna gain and pattern require detailed 
investigation, whereas the problem of transmitter pulling assumes 
secondary importance. Both favorable and unfavorable aspects stem 
from the wide angles of incidence usually encountered. A nonscanning 
antenna, such as a linear-array beacon antenna, is free of transmitter 
pulling because of the fixed relationship of antenna to radome. 

(a) (b) (C) 
l-'iu. 14-18. —Beacon radome designs: (a) uniform wall; (/>) solid wall; (c) perforated solid 

construction. 

Pattern Effects.—The pattern effects caused by streamlined radomes 
for beacon antennas can best be discussed in terms of the several beacon 
radome designs illustrated in Fig. 14-18. In transmission through 
sharply curved portions of the uniform radome wall shown in Fig. 14-18o, 
the cylindrical phase front is appreciably distorted by variable phase 
delays. This mechanism is similar to that illustrated for a plane phase 
front in Fig. 14-10. The pattern is further distorted in the case of vertical 
polarization by large reflections from the tapered portion of the radome 
wall. The use of high-density material in the streamlined shape can 
be confined to a single thin skin if a low-density filler is used. This 
design (Fig. 14-18&) reduces the reflections below those resulting from 
the uniform wall but increases the variations in phase delay. A system 
of perforations (Fig. 14-18c) determined partly by experiment reduces 
these variations in phase delay to such a degree that the azimuth pattern 
is not seriously affected by the radome. Amplitude reduction in the 
transmitted wave is present in sufficient amount to cause appreciable 
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distortion in the pattern but is not nearly so serious as the other effects 
just discussed. 

The pattern effects to be expected from a proposed streamlined 
radome design for a scanning antenna can be predicted qualitatively by 
drawing elevation and plan views of the antenna with its ray diagram 
and located in the radome. This type of drawing is illustrated schemat
ically in Fig. 14-19 of a streamlined belly radome and an antenna employ-

Antenna 

Direction 
of flight 

Radome wall 

Rays 

(a) 

Antenna 

Center line 
of fuselage 

t'l<i. 14-19.— Schematic drawing of a shaped-beam antenna with its ray diagram and 
located in a .streamlined radome: (a) plan view, antenna looking backward; (b) elevation, 
antenna looking backward; (c) elevation, antenna looking forward. 

ing a shaped cylindrical reflector. The rays from the antenna are incident 
upon the radome wall under a wide variety of conditions, as can be seen 
by a study of the figure. The angle of incidence varies from 0° for 
steeply deflected rays to almost 90° for near-horizontal rays looking 
backward. One polarization with respect to the plane of incidence will 
prevail over the bottom of the radome, the opposite over the sides, with 
intermediate polarizations in intermediate directions. A specific por
tion of the radome may be required to transmit rays having a wide range 
of angles of incidence at each of two opposite polarizations; this can be 
seen by studying parts (b) and (c) of the figure with the antenna sta
tionary as shown or by examining a portion of the side wall of the radome 
in part (a) of the figure with the antenna scanning. The procedures to 
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be followed in radome wall design to meet situations of this type were 
discussed in Sec. 14-7 under Arbitrary Incidence. 

Design Considerations.—It is possible now to outline in several steps 
the considerations involved in the procedure of designing a streamlined 
radome for a scanning antenna. In the early stages this procedure is 
similar to that described for normal incidence radomes in Sec. 14-8. 
The following description is based on the antenna-radome system shown 
in Fig. 14-19: 

1. The major dimensions of the radome must be determined. These 
depend upon the size of the antenna, the size of the hole in the 
fuselage, the amount of retraction of the antenna. These last 
two items are interrelated, since a larger fuselage hole will permit 
more retraction in the case of a slightly depressed beam. Amount 
of roll and pitch of the airplane and presence or absence of antenna 
stabilization are also involved. 

2. The shape of the radome must be established. The first approxi
mation is based strictly upon aerodynamic considerations. This 
shape is then used together with the antenna shape and ray diagram 
to construct an accurately dimensioned figure of the type indicated 
schematically in Fig. 14-19. The radome shape is modified to 
keep angles of incidence below some maximum figure, say 70°, 
but subject to approval from aerodynamic considerations. 

3. The radome wall design must be calculated. Further study of the 
antenna-radome diagram is necessary to fix the ranges of incidence 
angles at both polarizations. The wall must be designed to meet 
the system mismatch requirements by keeping down reflections 
at small angles of incidence and to meet pattern and gain require
ments by keeping down reflection and absorption at large angles 
of incidence. 

Further steps, as in the case of cylindrical radomes, are construction 
and testing of flat panels of the radome Avail and construction and testing 
of the complete radome. Mechanical as AVCII as electrical tests are made 
on the panels, while tests on the complete radome include aerodynamic 
performance and effect on antenna patterns. 



CHAPTER 15 

ANTENNA MEASUREMENTS—TECHNIQUES 
B Y H. KRUTTEE 

15-1. Introduction.—The principles and techniques of antenna design 
were developed in the preceding chapters without consideration of the 
methods for obtaining design data and for testing the performance of the 
completed antenna. This and the following chapter will be devoted to 
a discussion of measurement techniques and a survey of the equipment 
required for such measurements. 

The antenna characteristics to be measured fall into four groups: 
impedance, primary feed patterns, secondary patterns, and gain. The 
impedance measurement techniques differ little in detail from those for 
other r-f components of microwave systems; the problem is complicated 
to a small degree by the fact that the antenna is a radiating load. The 
importance of the primary feed pattern increases with the progress that 
is made in reducing antenna design from an empirical to a calculable 
procedure. The study of pencil beams and fanned beams has shown the 
need for a detailed knowledge of both the phase and intensity distribu
tion in the primary feed pattern. The over-all characteristics of the 
antenna are particularly sensitive to the phase characteristics of the feed. 
It is evident from Chap. 13 that the design of shaped-beam antennas 
would be decidedly limited in scope without a complete knowledge of 
this primary feed pattern. 

The pattern of the antenna as a whole, referred to as the secondary 
pattern, is taken partly in the course of the design and developmental 
research and finally, of course, as a test of the antenna performance. 
A particular advantage of the microwave region is that, on the one hand, 
the secondary pattern can be determined so as to be closely identical 
with that of the antenna in free space and, on the other, by use of full-
scale models, the distortion of the free-space pattern due to the installa
tion and housing can be studied. Secondary patterns of pencil-beam and 
fanned-beam antennas are generally confined to the principal E- and 
//-planes; however, the importance of complete space patterns is being 
recognized particularly in regard to the; effect of cross polarization in 
reducing the resolving power of the antenna beam. Complete space 
patterns are, of course, always necessary in the design of shaped-beam 
antennas; here again the polarization of the field must be determined 
completely in order to arrive at a correct evaluation of the antenna 
performance. 

543 
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The range of a system for a given amount of available power is limited 
by the gain of the antenna (Sec. 1-2). From the point of view of technique, 
the direct measurement of gain is perhaps more exacting than that of 
other antenna measurements. A necessary complement to the instru
mentation of an antenna laboratory is a set of primary and secondary 
gain standards. 

IMPEDANCE MEASUREMENTS 
15-2. Transmission-line Relations.—The subject of two-wire lines 

and the relation of waveguides thereto were treated in considerable 
detail in Chaps. 2 and 7, respectively. For the sake of continuity of the 
discussion in the present chapter the principal transmission-line relations 
will be reviewed here briefly. 

The voltage and current at a position z along the line are 

V{z) = A&-" + A,e-" (2-18) 

i{z) = ~{Aie-" - A ,<-■"), (2-19) 

where y is the propagation constant, in general a complex number 

y = a+j(3. (2-17) 

The constants a and (3 are respectively the attenuation and phase con
stants; the latter is related to the wavelength on the line by 

K-j 

The amplitudes of the component waves A i and A2 are evaluated in terms 
of the conditions at the two ends of the line. The origin z = 0 will be 
taken at the termination, and the input end of the line will be located 
at z — —L. If ZL is the terminating (load) impedance, we have by 
Eq. (2-23) 

A 2 _ ZL - Zo 
^ - z , ; + ^ - r ; - ( l) 

I \ is the load reflection coefficient delincd by Kq. (2-27) on setting z = 0. 
At the input end of the line z = —L, we have 

Va = V(-L) + Z.di-L), (2) 

where VG is the generator emf and Z,; is its internal impedance. A reflec
tion coefficient I\, may be defined corresponding to the mismatch between 
the generator impedance Za and the characteristic impedance of the line: 

r, = *" -■£-"■ (3) 
/Jt; -f- /Jt) 

Upon subst i tut ion of these relations into Kqs. (2-25d) and (2-25M we 
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obtain 

= / VoZa \ e-"-
1 \Z9 + Zo) 1 - Ta\\e^L ^ 

A2 ~ \z0 + za) i - r 

and 

The voltage and current at any point in the line are therefore expressed 
in terms of the source, the transmission line, and the load by 

v x / Va \ 1 - Tte'y . . . . 
i{z) = ^ 7 ^ r T—TTTT-^z ^ + w - (7) 

The line has impedance transformation properties that are described 
by Eq. (2-32), from which we may obtain the impedance at a point 
z = —I relative to the load impedance at z = 0 ; i.e., 

7T-! = z<-*> = z» ZL + Z„ tanh (7Z) 
Zo + ZL tanh (7/) (8) 

Similarly the reflection coefficient transforms along the line, and we have 
from Eq. (2-31) 

T(-l) = TLe^1. (9) 

It is evident that ZL or TL can be determined by these relations from 
measured values of Z( — l) or T( — l) at any point along the line a distance 
I from the load. 

For a lossless line Eqs. (8) and (9) simplify to 

z(-i) = zJ^±^^M) (io) 
\Zo + jZi. tan 131/ v ' 

and 
T(~l) = T,.e-^1. (11) 

The relations for admittance (Y = \/Z) are given by Eqs. (8) and (10) 
with Z everywhere replaced by Y. Also TL in terms of admittance is 
given by 

15-3. Standing-wave Ratios.—Instruments for voltage measurement 
used in impedance determinations indicate some function (not neces
sarily linear) of the time average of the square of the real voltage; this 
is given in terms of the complex voltage by %VV*, where F* is the complex 
conjugate of F. Carrying out the indicated operation on Eq. (6), we 
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obtain 

I VV* = ^Af- U~2" - 2 | r 4 cos (2pz + 6) + ll^l V « ] , (13) 

where 5 is the phase angle of TL(rL = | r i |e j i) . 
The attenuation constant in microwave transmission lines is small 

and may usually be neglected in impedance measurements of antennas. 
The simplified expressions that follow are strictly true only for a lossless 
line. Assuming that a = 0, Eq. (13) simplifies to 

I VV* = 1 ^ [1 + 2 | r t | cos (2/32 + S) + | r t | * ] . (14) 

%VV* is a periodic function of z with maxima occurring at 2ftz + 5 equal 
to even multiples of IT and minimaat 2j3z + S equal to odd multiples of ir. 
Voltage maxima occur, therefore, every half wavelength, and minima 
occur every half wavelength, with adjacent maxima and minima sepa
rated by a quarter wavelength. 

The ratio of maximum voltage squared to minimum voltage squared, 
obtained from Eq. (14), is called the power standing-wave ratio and is 

1 + \TL 
1 - \TL 

(15) 

The square root of r2 is referred to as the voltage standing-wave ratio and 
is given by 

r i - |r£ | U b ; 

Accordingly, the magnitude of the reflection coefficient of the load is 
given by 

| I \ | = L=_L (2-446) 

Following the argument of Sec. 2-7 it is observed that the reflection 
coefficient is equal to |r,z,| at a voltage maximum and to — \VL\ at a voltage 
minimum. Correspondingly at a voltage maximum the impedance is 
real and equal to rZa, and at a voltage minimum the impedance is real 
and equal to Z0/r. If I is the distance from a voltage minimum to the 
load terminals, the load impedance can be expressed in terms of r and 
I by replacing Z{ — 1) in Eq. (10) by Z0/r, thus obtaining 

„ „ 1 - jr tan pi 
r — j tan pi 

or, separating Zi into a resistive component JtL and reactive component 

Zh = R.L + jX, 
_ r sec2 pi .„ (r2 - 1) tan pi 
~ Z° r2 + tan2 pi ~ 3"° r2 + tan2 pF' {U) 
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The load impedance can thus be calculated by means of Eq. (17) 
from the measured values of the standing-wave ratio and the distance 
from a voltage minimum point to the load. The calculation may be 
performed graphically on the reflection coefficient or bipolar charts as 
was discussed in Sec. 2-8. 

15-4. Measurement of Voltage Standing-wave Ratio.—The most 
common method of determining VSWR is by means of the apparatus1 

Indicator 

R-f source 

t 
Tuner 

Wavemeter 

/ 
Attenuator 

/ 
Scale 

^0 , 
Slotted section 

Antenna 
j 

1 

\ 
F I G . 15-1.— Block diagram of impedance-measurement apparatus. 

shown schematically in Fig. 15-1. The first unit is an r-f power source 
which at microwaves is usually a velocity-modulated tube capable of 
being tuned over the wavelength band on which measurements are to 
be made. Since these tubes are sensitive to the impedance mismatch, 
an r-f tuner is generally connected close to the source and tuned for 
maximum stable output. The tuner is then followed by a variable 
attenuator which is preferably matched. The attenuator serves to 
control the r-f power level and to reduce the pulling effect of a variable 
load. A wavemeter should be in the set but should be detuned dur
ing standing-wave measurements. The attenuator is followed by a 
slotted section of line; the slot is narrow and cut in such a way that it 
does not interrupt the current lines in the waveguide wall appreciably. 
The latter is necessary in order that the coupling between the line and 
space be negligible; then the characteristic impedance of the slotted sec
tion does not differ significantly from that of the uncut line. The field 
inside the guide is explored by means of a probe mounted on the slotted 
section. The microwave instruments generally employ an electric-field 
probe—a wire or needle entering into the guide parallel to the electric 
vector of the field. Such a probe measures the voltage standing wave. 
Mounted in the probe is a detector that supplies direct current or audio 
frequency to an indicator. The response of the detector-indicator com
bination is a measure of the field intensity at the probe. The slotted 

1 The dctpils of various r-f components such as tuners, a t tenua tors , wavemeters , 
slotted sections, and probes together with the techniques of their use are given in Vol. 
] 1 of t h i s Kcriey. 



548 ANTENNA MEASUREMENTS—TECHNIQUES [SEC. 15-4 

section is placed as close to the antenna as possible in order to reduce 
errors in measurement of electrical length. 

The actual measurements consist of moving the probe along the line 
and determining the maximum response and minimum response which 
should be separated by a distance of X„/4. From the calibrated response 
the VSWR is obtained. The distance of a voltage minimum (the reason 
for choosing a voltage minimum rather than a voltage maximum is 
given later) from the load is noted. These two quantities together with 
knowledge of the wavelength in the transmission line suffice to determine 
the impedance of the load. 

Precautions in Standing-wa»e Measurements.—The procedure described 
above is exactly the same as that used in measuring any r-f component, 
except for one very important difference. The antenna is a radiating 
load and therefore precautions must be taken so that reflections from 
near-by walls or objects do not affect the measurements of VSWR or 
phase (position of minimum or maximum voltage). To avoid or diminish 
the effect of reflections the most intense portions of the radiation should 
be directed toward an open space with as much open space in all other 
directions as possible. Measurements may be taken inside the laboratory 
by directing the main beam at an angle of approximately 45° toward a 
wall, preferably of low reflection. To ensure that the space in which 
measurements are being made is satisfactory, the antenna should be 
moved to several positions (varying the distance to the wall and changing 
the angle of incidence plus or minus a few degrees from 45°) and the 
effect on phase as well as VSWR observed. If no changes occur, the site is 
satisfactory. Particular caution must be exercised when impedance 
measurements on low gain, nondirective antennas such as beacons are to 
be made. If such antennas are to be mounted on a metallic sheet in actual 
use, impedance measurements should be made in such a way as to simulate 
as closely as possible the actual final conditions. 

Several other precautions must be taken to ensure the accuracy of 
VSWR and phase measurements. The probe should be loosely coupled 
to the line in order to avoid alteration in the standing wave pattern which 
will occur if the probe has an appreciable reflection coefficient. The 
reflection coefficient of a probe is a function of the tuning of the probe 
as well as the probe insertion. The effects of this will be discussed in 
more detail in Sec. 15-7. For a matched generator this reflection results 
in apparent VSWR less than the true VSWR and asymmetry in the 
standing-wave pattern with the maxima and minima not separated by a 
quarter wavelength. The position of the minimum is not affected appre
ciably. If Yp is the reflection coefficient of a tuned probe when the 
line is terminated in its characteristic impedance, the measured VSWR 
corresponding to a load of reflection coefficient TL is less than the true 
value by the factor (1 - | rz , rP | ) / ( l + | r L r P | ) . Thus, for example, a 
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probe presenting a reflection coefficient Tp = 0.05 will measure a stand
ing-wave ratio r- = 4 as r2 = 3.75. If the internal impedance of the 
generator is different from the characteristic impedance of the line 
(mismatched generator), these effects will be even more aggravated. 

The probe mount should be tunable so as to obtain maximum output 
for various frequencies and for a given probe insertion. Tuning should 
be smooth and not subject to erratic contact; the probe is generally a 
fairly high Q device, and the response will be affected easily by instability. 
Furthermore, for a given probe insertion the reflection coefficient of the 
probe will be real when the probe is tuned; under the latter condition no 
asymmetry will result in the standing-wave pattern although the meas
ured VSWR will still be less than the true VSWR. 

The response of the probe and indicator must be calibrated. It is 
not safe to assume that the response is proportional to the square of the 
voltage. A crystal detector1 is accurately square law only for very 
low r-f power levels. The law of the crystal varies from crystal to crystal; 
for a given crystal it is a function of the power level and the load of the 
indicating system. A current-biased bolometer element, such as a Littel-
fuse, is very accurately square law over a very large range of power 
levels except in the neighborhood of burnout. A simple and convenient 
method for calibrating the detector will be given in Sec. 15-(i. 

Irregularities in the standing-wave pattern are frequently due to 
structural defects in the slotted section such as erratic contact between 
the probe carriage and the line. A common failing of coaxial-line sec
tions is that the inner conductor is not accurately concentric with the 
outer. The usual effect is a probe depth varying almost linearly along 
the section resulting in a standing-wave pattern that appears to be super
imposed on a monotonic voltage; this effect is known as slope. The 
effect of slope can be compensated for by calculating the VSWR from the 
ratio of the geometric mean of two maximum values of response separated 
by A/2 to the minimum value between them or by taking a maximum 
response divided by the geometric mean of the two minimum responses 
on both sides of the maximum. Both procedures should give the same 
result. Actually an arithmetic average is satisfactoiy. The average of 
two maxima divided by the average of two minima should not be used in 
correcting for slope. Maximum and minimum values should be taken 
near the center of the slotted section so as to avoid the edge effect at the 
ends of the slotted section. 

The impedance of the slotted section should be the same as that of 
the feed line of the antenna being investigated, and good electrical contact 
between the two lines should occur. For most accurate results the lines 
should also be geometrically the same. For example, if two 50-ohm 

1 A general discussion of detectors is ^iven in See. Hi-3. 
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coaxial lines with an appreciable difference in the radii of their respective 
conductors are connected together, the two lines will not be matched 
because of the capacitance introduced by the junction. 

15-5. Determination of Electrical Length.—In determining the 
proper position for insertion of impedance-matching devices, accurate 
knowledge of the position of a voltage minimum point close to the antenna 
terminals is required. For good impedance matching, this information 
frequently must be known to a higher degree of accuracy than the value 
of VSWR. To reduce the error in determining the position of the voltage 
minimum the standing-wave section is always put as close to the antenna 
as is physically possible. 

Voltage minima in the slotted section are first determined. Deter
mination of the position of a minimum by adjustment of the probe posi
tion so that the response is a minimum is inaccurate, since with normal 
VSWR the minima are broad and the position is hard to determine 
exactly. A more accurate method is to determine the position of the 
probe for equal response on both sides of the minimum; the average of 
these positions will then be the location of the minimum. For greater 
accuracy the average position for several different responses may be 
taken. Having located such a minimum position, it may be transferred 
up the line an integral number of half wavelengths to a point near the 
antenna terminals. In actual practice, except for certain simple cases, 
this is easier said than done. 

Perhaps the best method for transferring the position of the minimum 
is to short-circuit the transmission line at a point close to the antenna 
terminals and to use this as a reference point. This method, of course, 
assumes that such a short circuit can be made. This will usually be true 
for experimental antennas, but not usually with production antennas. 
Consider as an illustration Fig. 15-2 which shows the experimental setup 
for determining the voltage minimum near the terminals of a coaxial-
line-fed antenna. Let h be the position of a voltage minimum in the 
slotted section in Fig. 15-2a. The feed is now removed at the fitting, 
and a shorting plate is placed at the end of the coaxial line as in Fig. 15-26. 
A new voltage minimum (zero) is located at U on the load side of position 
l\. Transferred up the line, this new minimum is at the short circuit 
or an integral number of half wavelengths from the short circuit and 
therefore provides a convenient reference point to which the load voltage 
minimum may be referred. Measuring a distance |/i — U\ toward the 
generator from the shorting plate determines the load voltage minimum 
position relative to the short- circuit. 

For air-filled coaxial lines, the measured physical lengths and elec
trical lengths will show good agreement, because the wavelength is inde
pendent of variations in line impedance. However, in waveguides the 
guide wavelength defends on the dimensions of the guide; hence the use 
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of an incorrect guide wavelength will lead to an error in the location of a 
transferred voltage minimum. For example, suppose that X„ were 
actually 4.52 cm in the transmission line and a guide wavelength as 
determined in the slotted section were 4.50 cm. If one wished to find 
the position of the voltage minimum approximately 90 cm (about 20X„) 
from the minimum in the slotted section, then the error resulting from 
the use of the value 4.50 cm instead of 4.52 cm would be 20 X 0.02 = 0.4 
cm. The shorting method discussed in the previous section would almost 

lx /Fitting 

(a) 

I, l 2 

Padded 
generator 

(6) \ 

F I G . 15-2.—Short-circuited line technique for determining electrical length. 

completely cancel this error. It should bo emphasized that this proce
dure assumes that the connectors, bends, or small variations in impedance 
in the transmission line are reflectionless and therefore cause no phase 
shift. 

When the shorting method cannot be used, the problem becomes more 
difficult, and various tricks may be used with more or less accuracy to 
give the desired information. One method frequently used in waveguide 
matching problems is to have made a set of experimental inductive 
irises of various openings, similar to that in Fig. 15-3, so that the outside 
dimensions of the frame of the experimental iris are such as to ensure a 
snug fit inside the waveguide with just sufficient clearance to permit 
sliding. To a given percentage open area of the inductive iris there cor
responds a definite mismatch which will be eliminated by locating the 
iris in the proper position. Knowing the VSWR of the load from meas-

Padded 
generator 

Shorting 
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urement, an iris whose open area is most nearly that required to cancel 
the mismatch is chosen from the set and slid along inside the waveguide 
to a point in that portion of the waveguide where it is desired that the 

matching transformer should be. The position of 
the experimental iris is varied until a matched (or 
nearly matched) condition is obtained. The posi
tion of the iris so determined for a minimum VSWR 
then determines the proper point for actual inser
tion of an inductive iris. This method has been 
found to give the proper position to within a milli-

, r .. „ . , . . meter in 1 bv i-in. waveguide. The size of the 
I ' IG. 15-3.—Trial iris. . " 

actual iris to be inserted is obtained from the 
VSWR of the load and knowledge of the inductive susoeptance intro
duced by an iris as a function of the iris opening.1 

Another method that may be used in waveguides is to cut a small 
hole in the center of the broad side of the waveguide near the antenna 
terminals and to introduce a capacitive screw. The VSWR and position 
of the minima are obtained for several screw depths. A voltage mini
mum position is assumed to be at the screw position. Referring to this 
point, the admittance of each value of VSWR and phase are plotted on 
the admittance diagram.2 It will then be observed that the points do not 
fall along a vertical straight line corresponding to capacitance being added 
with increasing screw depth. The points will all be on a straight 
line when they have all been rotated the same phase angle on their 
respective r2 circles. In the example shown in Fig. 15-4, rotating each 
point 30° on its corresponding VSWR circle the points then fall on a 
vertical straight line with added screw insertion increasing the capacitance 
in parallel. This then means for this example that the true voltage 
minimum is located a distance I = 30X/720 toward the generator from the 
position of the center of the screw. In practice, this method is subject 
to error because there is, in addition to the capacitance of the screw, a 
small shunt conductance which increases with increasing diameter of 
the screw. For small screw diameters and small screw depths this 
method gives an approximate position for the minimum. 

15-6. Calibration of Detection System.—As has been stated pre
viously, the law of response of the detection system must be known for 
accurate measurement of VSWR. If an accurate attenuator is available 
and the power level is known, the response as a function of power input 
can easily be determined. Or a calibration is available if the response 
system can be compared with a known response system. Both of these 
methods have been used. However, the method discussed below is a 
simple one, utilizes the apparatus alreadv available for VSWR measure-

1 Waveguide Handbook. (Vol. 10 of this series.) 
2 See Sec. 2-8. 

}-~x<y2— 
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ments, and can be carried out easily from time to time if a variation in the 
law of the detection system is suspected (as may happen when a crystal 
is being used). 

FIG. 15-4.—Admittance diagram for capacitive screw. Increasing screw depths correspond 
to increasing capacitance in parallel. 

R-f source Wavemeter 

Tuner 
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F I G . 15-5.—Block diagram for calibration of detector. 

Figure 15-5 shows a schematic setup for this experiment showing a 
shorted standing-wave section being fed by a generator, the power level 
of which is adjusted by a variable matched attenuator. Since with a 
short circuit, the voltage is a sinusoidal function of position [Eq. (14) 
with I Til = 1, & = 7r] with period X„/2, the response / for the detection 



554 ANTENNA MEASUREMENTS—TECHNIQUES [SEC. 15-6 

system as read on a meter will be given by 

/ 2 T T A 
I = 70cos"( - ^ 1 . (18) 

where the exponent n is the so-called " l aw" of the system and I is the 
maximum response at I = 0 (note that 1 = 0 here refers to the position 
of maximum response). The law of the detector may be a function of 
power level, a not uncommon occurrence in the case of crystals. Equa
tion (18) can be written 

U (18a) 
2irl 

logio COS — 
An 

I t is advisable to plot the experimental values of logm I/Ia vs. logio 
cos 2wl/\a in order to smooth out experimental irregularities. The slope 
of the curve at any indicated level I is equal to n. 

If n = 2, the system is a square-law system and the meter readings 
are therefore proportional to the square of the voltage. The ratio of 
maximum response to minimum response for a load then gives directly the 
r2 of the load. If n ŷ  2, r2 is given by 

(maximum response)27"1 

(minimum response)2/"s 

if the law of the system is ni at the maximum reading and n2 at the mini
mum reading. For low (VSWR)2 the ratio of maximum to minimum 
response may be used uncorrected if n does not differ greatly from 2. 
For example, suppose that the meter reading were 15 and 10; then 
(VSWR)2 would be written as 1.5; but if the law of the system at both 
levels were 2.2, the true VSWR would be (1.5)2/2-2 = 1.45. 

It is much simpler, when n does not vary greatly for different power 
levels, to determine n experimentally over 3-db power intervals. If 
21 = d corresponds to the separation of half response, that is, when 
I = ilo, then Eq. (18a) may be approximated by 

° - 2 » 6 _ ( 1 9 ) 

^ - 0.1397 

The error in this approximation is less than 0.02 for the range 

1.8 < n < 2.4. 

Figure 15-6 is a plot of n as given by Eq. (18a) as a function of the full 
width d/X„ at half response. It should be noted that d/\„ must be deter
mined accurately because an error of 0.01 in d 'X„ results in an error in n 
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of 0.2. For small wavelengths a dial indicator calibrated in thousandths 
of an inch is mounted on the standing-wave section for accurate measure
ments of d. 
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FIG. 15-6.—Detector law vs. full width rf/X„ at half response. 

A possible procedure to be used is as follows: (1) Use the same 
microammeter or audio amplifier that will be used with the crystal or 
bolometer in practice. This is necessary, since the apparent law of the 
detector depends on the impedance of the metering arrangement as well 
as on the r-f power level. (2) Adjust the power level by varying the line 
power level or by varying the probe insertion. The probe insertion should 
be so small that the standing-wave pattern is not disturbed as it is moved 
along. This may be tested by monitoring with a second probe held at a 
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fixed position in a slotted section between the generator and the section 
carrying the detector being calibrated. If the fixed probe reading is 
independent of the position of the moving probe, the insertion depth of 
the latter is acceptable. (3) Measure the separation of the points 3 db 
down from the maximum for several maxima positions along the standing-
wave detector. Average these values of d. (4) The distance between 
alternate minima will be the wavelength \„ in the transmission line. 
In the case of coaxial lines the wavelength is best obtained by means of a 
precision wavemeter. (5) The average value of n for these conditions is 
then determined from Fig. 15-6. (6) Determine n at other power levels 
by a similar procedure. 

15-7. Probe Reflections.—The whole of the previous discussion in 
regard to making standing-wave measurements by means of a probe in 
a standing-wave detector is based on the assumption that the probe itself 
does not affect the field being measured. If the probe has a reflection 
coefficient different from zero, considerable error may result in the deter
mination of the law of a detector or in the measurement of standing-wave 
ratios, especially if the mismatch being measured is great.1 The most 
noticeable effect of probe reflections is a distortion of the observed stand
ing-wave pattern. 

For the most part, results that occur in standing-wave measurements 
may be accounted for by assuming that the probe is a shunt admittance. 
We may obtain the voltage V at any point of the line by Eq. (0) upon 
replacing TL by the combined reflection coefficient of the load and of the 
probe. For simplicity, assume that the generator is matched so that 
r c = 0. The voltage will be proportional to (1 + re[f), where r„ff is the 
total reflection coefficient at the probe. The latter can be shown to be 

_ r'L + r, + 2r',iv 
r-, r - T i i " " ' (20) 

in which IV is the reflection coefficient of the probe, given in terms of the 
probe admittance Yp bv 

and T'L is the reflection coefficient of the load referred to the probe 
position 

The voltage variation, therefore, in terms of TL and I"V is given as a 
function of 2 by 

V = const ^ - t ~ V e - j<*. (21) 
1 Y. Dowker and It. M. Redhcffer, "An Investigation of R-F Probes ," RL Report 

No. 483-14; W. Altar, F. 15. Marshall, L. P . Hunter , " P r o b e Errors in Standing-wave 
Deteetors ," Proc. IRE, 34, 1, 33-44. 
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The effect of a finite reflection coefficient as given by Eq. (21) in 
measuring VSWR and phase shows the following results for a matched 
generator (for a mismatched generator the state of affairs becomes even 
more complicated). For a tuned probe the measured VSWR will always 
be less than the true VSWR; however, the minima and maxima will occur 
in their proper positions. For an untuned probe the measured VSWR 
will also be less than the true VSWR; the standing-wave pattern, how
ever, becomes asymmetric with maxima and minima displaced from their 
correct positions and maxima and minima no longer separated by Xs/4, 
despite the fact that adjacent minima are still separated by A/2 as are 
also adjacent maxima. The position of the minimum is less affected 
than the position of the maximum; the higher the VSWR the less the 
minima are affected; and it is for this reason that minimum position has 
been recommended instead of maximum position for phase determina
tions. For example, for a load mismatch |rL | = 0.1 (r2 = 1.49), with 
Tp = —0.1e,,r/4 the minimum position is displaced only 0.0063X„ from its 
true position: and for TL = —1, the minimum is not displaced at all. 
In the calibration method of Sec. 15-6 a probe reflection as small as 
Tp = — .005 will lead to an apparent value of n = 1.97 where the correct 
value is n = 2. 

PRIMARY FEED PATTERN MEASUREMENTS 
15-8. Primary Pattern Apparatus for Point-source Feeds.—The 

dimensions of microwave radiating systems that are employed as point-
source feeds for reflectors and lenses are such that the physical distance 
from the feed at which the radiation zone sets in is within the dimensions 
of normal laboratory space. The distance is, of course, large compared 
with the feed dimensions in conformity with the requirements of the 
far-zone fields (Sec. 3-11). A complete primary pattern consists of the 
spatial distribution of radiated energy about the feed, the surfaces of 
constant phase, and the orientation of the electric vector (polarization) 
at all points on a sphere centered at the feed. The techniques for deter
mining each of these components of the pattern in the radiation zone will 
be considered in the following sections. 

The technique of measurement is, in general, the choice of the experi
menter. It has been found convenient, however, to take transmitting 
patterns of primary feeds; that is, the particular feed in question is made 
to transmit microwave energy of the required frequency, and a small 
horn or pickup is then used to measure the intensity of the radiated 
energy, phase, and polarization. Later, in discussing the measurement of 
secondary patterns—the pattern of the composite antenna—it will be 
convenient to consider receiving patterns. 

Transmitting patterns may be obtained in principle by receiving the 
radiated energy from the transmitting antenna in a polarized pickup 
antenna at all points on a large sphere centered about the transmitting 
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antenna. A suitable form of apparatus to accomplish this for an essen
tially point-source primary feed is sketched in Fig. 15-7. The r-f com
ponents illustrated are typical 9400-Mc equipment. The general layout 

ij-nd ideas, however, may be used throughout the microwave region. 
As an r-f source, a square wave modulated klystron has been utilized 
to give a steady output. The output from the generator is connected 
by means of coaxial cable to the waveguide that is terminated by the 
feed under study, which is shown here as a horn. A cavity wavemeter 
is included in the r-f line. The line and feed are clamped in an adjust
able mount so that the apparatus may be properly aligned. These 
adjustments include horizontal and vertical displacements as well as 
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means of rotating the feed about its axis (feed axis being here defined as 
the direction of peak radiation). The feed is mounted so that its approxi
mate center of phase is located on the aximuth axis of rotation of the 
pickup antenna. The pickup antenna is mounted on a turntable illus
trated here as a 30-in. gun mount, the upper ring of which is free to rotate 
on ball bearings between it and the lower ring. The pickup may be 
rotated about a horizontal axis, and its distance from the axis of the gun 
mount is adjustable. 

If only intensity and polarization measurements are of interest, the 
detecting element may be placed behind the pickup and the output 
delivered directly to the indicating system. Illustrated in Fig. 15-7, 
however, is a system suitable for the measurement of phase as well as 
of intensity and polarization. In order to eliminate cable flexing which 
may produce phase errors, the energy is delivered to the detecting system 
via a cable, fastened to the pickup mount, to a rotating joint mounted 
with its axis coinciding with the turntable axis, and from the joint to 
the detecting system by a fixed cable or a rigid waveguide. The detect
ing system consists of a tuner, a slotted section on which is mounted a 
movable tunable probe through which r-f energy from the source may be 
introduced for phase determinations,1 and finally the detecting element, 
crystal or Littelfuse. For intensity measurements the cable from the 
r-f source to the probe is disconnected. 

A detecting element, which has been found to be very satisfactory, 
is a current-biased Littelfuse or Wollaston wire. This is in series with the 
transformer input of a low-noise, narrow bandpass, 10,000-gain, linear 
amplifier. The change in the resistance of the element is proportional 
to the modulated r-f power input over a very wide range of power level, 
and the resultant readings on a model 300 Rallantine voltmeter or 
other suitable electronic voltmeter are very accurately proportional to the 
square of the field intensity. A crystal may be used as a detector with 
the above apparatus; but although the sensitivity is of the order of 10 db 
greater than the Littelfuse, the law of the crystal varies as a function of 
the r-f power level. Consequently, it is necessary to know the calibration 
or law of the crystal as a function of the power level before correct field 
intensities may be obtained. This objection to crystals holds only for 
intensity measurements and not for phase measurements. In addition, 
the law of the crystal has been known to change with time and handling. 
Crystals are preferable for both intensity and phase measurements if a 
c-w source and superheterodyne detection system are used instead of the 
modulated source and amplifier-voltmeter system, since the r-f power 
level required is greatly reduced and the crystal is square law for low-
power levels. 

As far as possible, all r-f components should be well matched to obtain 
1 An al ternat ive method for providing a phase reference is rliseussed in See. 15 12. 
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maximum-power transfer and to prevent possible interactions. Gen
erators should usually be loosely coupled to avoid a change in power 
output and frequency due to a variable load. The same techniques 
and cautions required in other r-f measurements are generally true lor 
antenna measurements. However, in some cases, mismatch in the var
ious elements does not result in incorrect measurements. Wherever good 
matching is required, this will be emphasized in the text. 

There are several requirements that the pickup antenna should 
satisfy. (1) It should be polarized and arranged so that reflections from 
its mount will be negligible. (2) The pickup should be mounted so that 
its feed axis is perpendicular to and intersects the turntable azimuth 
axis. (3) The pickup should have some directivity in order to minimize 
the effect of possible reflections. (4) The pickup should be capable of 
being rotated about its axis in order to determine the polarization of the 
antenna being studied as well as to measure intensity for various orienta
tions of the transmitting antenna. It is also desirable to be able to vary 
the distance of the pickup from the turntable axis so that the field 
may be measured at different distances from the feed when necessary. 
A simple and suitable pickup antenna consists of a rectangular waveguide 
horn of mouth dimensions such that the aperture in the electric plane is 
equal to the width of the waveguide in the magnetic plane. For exam
ple, in the 3-cm region a fairly well matched polarized pickup horn is 
obtained by flaring 1- by §-in. rectangular waveguide to an aperture 
1 by 1 in. 

The primary pattern apparatus should be located in as open a space 
as possible to eliminate undesirable reflections from surrounding objects. 
It is very difficult to establish a criterion for this because it is a function 
of the desired accuracy, the size and directivity of the food as well as 
of the pickup, and the scattering cross sections of the various objects in 
the neighborhood of the apparatus. In many cases it is difficult to 
ascertain the cause of unexpected peculiarities in the pattern. If there 
are objects near-by suspected of reflecting, the effects of their removal 
naturally should be observed. If a symmetrically constructed feed is 
being studied, the presence of a side lobe on one side and not on the other 
at the same angle denotes either an error in the alignment of apparatus 
or the presence of a reflecting object on one side. A useful precaution 
against the effect of reflections, in particular those of near-by walls, 
is to cover the scattering objects with microwave absorbing material. 
One must be certain that the material is actually an absorber in the 
wavelength region being considered, particularly if a lossy material 
backed up by a metal sheet is used as an absorber.1 In this case, the 
angle of incidence as well as the wavelength must be considered. 

1 An effective absorbing screen can bo constructed by backing a slab of wooii H 
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In general, the apparatus itself should be as free as possible of reflecting 
surfaces or objects. Patterns should be taken preferably in azimuth 
because reflections from a horizontal surface may be made symmetrical 
and -with the usual directivity of feed and pickup they will be negligible. 
The primary radiator and pickup should be located as far as possible 
from horizontal surfaces such as the table and ceiling in order to minimize 
the effect of these reflections. In most cases, if the distance between 
the table and the feed is of the order of 10 wavelengths or greater, very 
little trouble will be encountered. 

A number of other more elaborate primary pattern setups have been 
devised, primarily with a view to greater accuracy in phase measure
ments. One possibility is to use a vertical transmission path, thus 
eliminating reflections from either the floor or the ceiling which may 
conceivably cause errors in phase measurements made on the apparatus 
described above. However, a vertical-path device is considerably more 
complex mechanically and is warranted only where definitive measure
ments are required. 

15-9. Intensity Measurements.—The intensity patterns in the princi
pal electric and magnetic planes (hereafter to be denoted by E- and 
//-planes respectively) are usually sufficient for simple antenna designs; 
sometimes, however, a knowledge of a greater portion of the space pat
tern is recjuired in more careful antenna design. The method for deter
mining the field intensity as a function of direction will be discussed first 
for the principal E- and //-planes and then for other planes or cuts. 

The r-f components need not be well matched when only relative 
intensity measurements are required. Mismatch in the various com
ponents will affect only the power level at the detector and will not 
therefore affect the measurement unless the mismatch is variable. The 
separation of feed and pickup should be of the order of 2d2/X or greater, 
where d is the maximum aperture of the feed. For small d of the order 
of a wavelength, this requirement may be open to question, and one 
should in this case have a feed-to-pickup separation of at least several 
wavelengths. These criteria ensure that the feed is being examined in 
its Fraunhofer region. The distances suggested will minimize interaction 
between the transmitter and receiver. If the feed is to be used in com
bination with a reflector such as a paraboloid, it is desirable that the dis-

quartor wavelength i^liolec trie) thick with a metal sheet, and facing it with resistive 
cloth. The lat ter is an aquadug-i inpregnated fabric sold hy the U.S. Rubber Company. 
On the assumption that the thickness of the fabric is negligible the surface resistance 
of the cloth should be 377 ohms. It has been found, however, tha t the fabric thick
ness is not negligible and tha t a suriaeo resistance in the neighborhood of tiOO ohms 

. X . is more effective. The screen with -.- thickness is most effective at normal incidence. 
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tance from the pickup to the feed should be roughly equal to the distance 
from the feed to the contemplated reflector. 

A check on whether the Fraunhofer pattern is being measured may 
be obtained by moving the pickup away from the feed at a fixed angle, 
say the peak direction, and determining whether the power response, as 
measured on the electronic voltmeter, varies inversely with the square 
of the distance. Figure 15-8 illustrates the dependence of the measured 
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F I G . 15-8.—Tenth-power width 0 ^ as a function of the path distance R between test horn 
and pickup horn. 

10-db width of the intensity pattern upon the separation between a 
feed and the pickup. It will be seen that the beamwidth becomes prac
tically constant for path distances greater than 1.5<i2/X- This is in agree
ment with the choice of 2d2/A as a minimum separation (cf. also Sec. 69) . 

To measure the //-plane intensity distribution, the primary feed 
under study is mounted so that the estimated center of feed1 is located 
directly over the center of rotation of the turntable and the feed oriented 
so that the Z?-vector is vertical. The pickup horn with /.'-vector vertical 
is aligned with the feed so that the axes of the feed and of the pickup, if 
extended, become a common horizontal line. The //-plane intensity 
pattern is then determined by moving the pickup feed in azimuth at a 
fixed distance and taking readings from the voltmeter as a function of 

1 The. center of feed or center of phase is that point in the primary feed which is the 
center of the circle tha t most nearly approx imates the curve of equiphase (see Sec. 
1511). 

e = o -
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angle. With a square-law detection system the relative powrr per unit 
solid angle is thereby determined as a function of angle for the principal 
//-plane of the radiation field. By rotating the pickup and feed 90° 
about their own axes and carrying out the procedure described for the 
//-plane, the principal £-plane pattern is determined. 

Various methods of presenting this data have been used, each 
with its own merit. All too fre
quently in the literature and re
ports there is a failure to label 
properly the intensity axis as field 
intensity or square of field inten
sity (power pattern). A semi-
logarithmic plot of the power as a 
function of angle is commonly 
used and has the advantage of 
emphasizing the lobe structure. 
The relative field intensity (or 
simply the relative field intensity 
squared) as a function of angle on 
a polar plot is valuable for obtain
ing a good picture of the field dis
tribution; in particular for field 
intensity, this plot gives the rela
tive range as a function of angle at 
which a given receiver will receive a constant signal from the fixed trans
mitting antenna (cf. Sec. 1-2). 

We now have the principal E- and //-plane intensity patterns; 
let us consider the problem of obtaining the space distribution of intensity 
and the polarization. We define a coordinate system a and i/-, shown in 
Fig. 15-9. The z-axis is the axis of the primary feed; \p represents rotation 
of the pickup about the axis of the turntable; and a represents the orien
tation of the A'-vector at points on the feed axis relative to the plane 
defined by the y- and 2-axes. The apparatus is first lined up, as described 
before so as to obtain the principal //-plane pattern. To check the 
polarization in this plane, at each azimuth position of the pickup, the 
pickup is rotated about its axis until the maximum power is received. 
The angle of the pickup then determines the angle of polarization of the 
radiation at that point. After the polarization and intensity' have been 
determined for the principal //-plane pattern, the feed and pickup are 
returned to their initial condition of a — 0 and \p = 0. The feed is then 
rotated through an angle a (say 10°) about its axis, and the pickup is 
rotated through a similar angle so that their polarizations are parallel. 
The intensity reading should be exactly the same as the initial reading. 
Xote that this method has the desirable feature that as each cut is taken 

i i 
Turntable axis 

t i t ; . 15-9.—Coordinate system for primary 
patterns. 



5 0 4 AATh'XXA MKAKCRKMKXTS—TECHX1QV7-,',S' [SEC. 15-10 

the power level is checked at $ = 0, that is, for peak intensity. The 
pickup is again moved in azimuth; and at each angle \p, the maximum 
intensity and polarization are obtained as above. This procedure is 
repeated for successive values of a. If the field-in! ensity-squared data 
are plotted as a function of a and \[> on suitable coordinate paper, contours 
of constant intensity can be drawn. 

Direct polarization on a paraboloid is that component of the radiated 
primary field which, after reflection from the paraboloid, is parallel to 
the dominant polarization of the antenna pattern. Direct- and cross-
polarization components exist for each point on the paraboloid. If one 
is interested only in the direct-polarization component of this feed for 
use with a paraboloid, the procedure discussed above is considerably 
simplified. For example, the //-plane pattern is taken without rotating 
the pickup about its axis for polarization determination. Likewise, if the 
feed is rotated by an angle a for the a cut, then the pickup is rotated 
the same angle a and kept there while the intensity as a function of \p 
is observed by moving the pickup in azimuth. This procedure is correct 
as may be observed by considering the properties of a paraboloid of 
revolution. If for any reason the cross-polarization pattern of the feed 
is desired, it may be obtained exactly as above with the exception that 
when the feed is rotated a degrees, the pickup is rotated a + 90°. 

If we now desire to determine the contours of constant intensity on a 
paraboloidal reflector, in order to obtain optimum illumination of the 
reflector area,1 we may, by a suitable transformation of coordinates and 
remembering to account for space attenuation, project the contours of 
constant intensity already drawn on the sphere onto the paraboloid.2 

15-10. Phase Determinations.—In determining the phase front of a 
primary radiator it is usually considered sufficient to examine the phase 
in only the principal E- and //-planes, since, if the curves of constant 
phase in these two planes are circles with a common center, it is reasonable 
to expect that the phase front is spherical. However, if other planes are 
of interest, they may be examined in a manner similar to that employed 
for intensity measurements. The met hods for determining phase involve, 
the comparison of energy from the pickup horn with energy from the r-f 
source. The apparatus for the method described here is illustrated in 
Fig. 15-7. The power from the r-f source is divided between the pri-
rnary radiator and the tunable sliding probe inserted in the waveguide. 
Energy from the pickup and from the source will then add in or out of 
phase at the detector depending on the probe position. 

If the phase distribution in the //-plane is being investigated, then 
1 Sre Sec. 12-14. 
' . I . I. Bolmcrt and T. .1. Krary . HI. Report \ o . O ) . Marrli 111-15: .1. 1. Hnlmcrt, 

HI, Koport Xo. <i().S. I'Ybruary ltM.'i; S. .1. Mason, " H o r n I'Vcdx lor 1 >:ii-:il><>lic Ri'llcc-
to rs , " HL Hcport Xo. <>!'(), January HMO, pp. 21 22. 
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î  = 0 

the apparatus is lined up as before for 77-pIane intensity measurements 
with the axes of the pickup horn and primary radiator coinciding. 
Keeping the pickup fixed, the position of the probe is varied until a 
minimum signal is observed on the electronic voltmeter. For this situa
tion, the monitored power and the pickup power arc out of phase. This 
will be the reference value, and the position of the probe is recorded. It 
will be noted that a similar minimum will occur if the probe is moved a 
distance X„ (X if the detection components 
are coaxial), since this represents a 360° 
change in phase. For this setup, motion of 
ihe probe toward the bolometer is equivalent, 
so far as phase is concerned, to keeping the 
probe fixed and moving the pickup toward 
the primary radiator along a radius through 
the center of feed. Therefore, moving the 
pickup a distance d toward the radiator is 
equivalent to moving the probe a distance 
p = d(X„/X) toward the bolometer. The 
reference value for the probe position hav
ing been determined, additional points on 
the phase front are determined in he follow
ing manner. The pickup is moved in azi
muth through an angle tp', again the position 
of the minimum is noted; and the difference 
p from the reference minimum position is obtained 
through the required range in angle \p. 

If the position of minimum deflection is independent of î , then the 
phase front in that plane is a circle whose center is exactly the point on 
the feed directly over the turntable axis of rotation. This determines 
the center of feed in that plane. If the minima positions are different, the 
estimated center of feed, whose location is known to be on the z-axis as 
shown in Fig. 15-10, may be corrected by means of the equation 

Phase front 
FIG. 15'10.—Center of feed 

correction. Pickup moves on 
circle of radius ft. True wave-
front is circle of radius r. 
Keference point \p = 0. 

This is carried 

It = d-
_d_ 
2R 

1 COS \p R 

(22) 

where r — R is the correction to be added to the assumed center of feed 
located in this plane and on the axis of the turntable. Values of d at 
corresponding angles i// are obtained from d — +;;(X. X„) with due regard 
to the choice of sign, the plus sign corresponding to motion of probe away 
from bolometer. Since R is large and r — R is small, the correction term 
may be obtained with a high degi-ee of accuracy. The relation above may 
be obtained by considering Fig. 15-10. It will be noted that d or p(X Xc) 
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is measured along the radius r. By the law of cosines, 

(r - d)2 = R2 + (/■ - R)2 + 2R(r - R) cos t, 

or solving for r, 

r = * rr~~T_rfT: 
1 — COS lp — j : 

it 
when R is subtracted from both sides, the desired relation is obtained. 

Experimental Precautions.—Several practical precautions should be 
taken in order to ensure proper phase measurements. The power from 
the probe and from the pickup into the bolometer should be of approxi
mately the same level in order that well-defined minima should occur. 
I t is undesirable to change the power level from the generator or the 
probe tuning during the phase measurements, since not only is it a 
nuisance but there is also the possibility of a change in phase. A recom
mended procedure is to adjust the tunable probe at first so that the 
power which it delivers to the bolometer is 6 db below the power delivered 
by the pickup in peak position. This may be accomplished by first dis
connecting the probe and then rotating the pickup in azimuth until the 
power delivered to the bolometer is G db below peak value. The probe 
connection is then made; the probe moved to a minimum position; the 
probe tuning adjusted to deepen the minimum; and finally, the minimum 
may be sharpened by adjusting the probe depth. Slightly more tuning 
may be necessary after the probe depth is changed. The probe depth 
should not be so great as to have a large reflection coefficient. After the 
above adjustments have been made the probe tuning is not varied during 
the phase measurements. The least change between maxima and 
minima over a 12-db range of pickup power will then be that in which the 
powers from the pickup and the probe differ by a factor of 4 (0 db), and 
therefore the amplitudes will differ by a factor of 2. The resulting ratio 
of the maxima amplitude to the minima will be (2 + l ) / (2 — 1) = 3. and 
the ratio of maximum to minimum voltage as observed on the Ballantine 
voltmeter will be 9, which is sufficiently large for accurately determining 
minima. 

AVTith the system described above it is necessary that a good match be 
ensured looking from the bolometer to the pickup, since the power 
radiated by the probe into the line divides, part going to the bolometer, 
part going toward the pickup horn. To obtain a good match a tuner is 
placed between the probe section and the r-f line connected to the pickup 
horn, as in Fig. 15-7. If this section is mismatched, the power delivered 
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by the probe to the bolometer is a funetion of its position along the line, 
with a maximum to minimum ratio proportional to the (VSWR)2 (looking 
from bolometer to pickup), and a period of X„/2. As a result false minima 
may occur w ;th rough'ly X„/2 spacing instead of the expected X„ spacing. 
A good cheek on the phase-measuring equipment is to make sure that 
no maxima or miuima occur other than those exactly X„ apart. 

The effect of a mismatched pickup may be illustrated by the following 
example. Suppose that the voltage amplitude at the bolometer from a 
matched pukup is unit}- and that the amplitude from the probe at the 

| F | ' 

Mismatched pickup 

Matched pickup 

3 ^ I 
2=0.811 X„ 

Fl<;. 1 "r 1 I. P o w e r ;it. t h e 1 u d o m e t e r K'1 vs. d i s t ance z a long t h e line for b o t h a m a t c h e d a n d 
m i s m a t c h e d p i c k u p ; 4> — IT. 

bolometer is 2, its phase being dependent on its position; then the resultant 
field at the bolometer is 

E = 1 + 2<>>'"*+*', (23) 

where z is the distance of the probe from the pickup and <j> is a phase angle 
that represents the relative phase between the voltage at the probe and 
at the pickup. The power into the bolometer is proportional to EE* 
which is 

EE* = 5 + 4 cos (2/3z + <j>). (24) 

Illustrated in Fig. 15-11 is a plot of EE* as a funetion of z for the ease 
<j> = 7r. Here jE|2 has a minimum value of 1 at z = 0 and a maximum 
value of 9 at z = X„/2 and other minima at X„, 2X„ . . . and other maxima 
at 3X„/2, 5X„/2 . . . . This example shows the proper periodicity that is 
obtained with a well-matched pickup. 

If, however, the pickup is mismatched (for example VSWR = 3), the 
resultant field at the bolometer depends on the probe position and is 
given by 

E = 1 + 2c''^+*'1 + cw+*+a\ (25'i 

where the voltage amplitudes are (he same as in the above example; 
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a depends on the phase of the reflection coefficient of the pickup and 
will be chosen equal to zero in this example without affecting the qualita
tive nature of the illustration. The bolometer power, for <f> = ir, will be 

\E'* = 2 - 6 cos /3z + 8 cos2 0z. (26) 

The dashed curve in Fig. 15-11 shows the variation of |£"|2 vs. z. It will 
be noted that instead of a minimum at z = 0, there is actually a maxi
mum, and likewise minima do not occur at A„ spacing but at spacings of 
O.378X0 and 0.622X,, and are poorly defined. By variation of the ampli
tudes and phases other undesirable configurations may be obtained. 

Pickup 
horn Bolometer 

VaZ'p'z + Zs) 

z'z*zs a 
(6) 

F I G . 15-12.—Equivalent circuit of r-f probe. 

That the variation of power as determined by the probe position is a 
function of the mismatch of the pickup may be verified by the following 
analysis. If a generator of voltage Va and internal impedance Za is 
connected to a load ZL by means of a transmission line whose charac
teristic impedance is Za and length is L, and if Zh and Za are assumed to 
be real (this assumption will not affect the general result), the power 
delivered to the load is '/(())/*(())/2 as obtained from Fqs. (6) and (7); 
setting 7 = j0, we have 

Power to the load = .-J^V: - ~ T\ - (27) 
2(Z0 + ZGy ( 4*L 

I — l \ iA a COS ■; - - r 1 
A 

irA 
Note that the power delivered is a function of the line length. The inter
action between the generator and the load is contained in the expression 
(1 - 2 r t r G cos 4TTL/X„ + T\TD which varies between (1 + r, .rG)2 and 
(1 — T/TG)2 , depending upon the line length. 

The properties of the probe in the phase-measuring circuit, as repre
sented in the equivalent circuit of Fig. 15-12a, may be determined from 
Eq. (27). The impedance of the pickup arm is represented by Z2. The 



SEC. 15-10] PHASE DETERMINATIONS 569 

probe is to be considered as a source with very high impedance; motion of 
the probe will cause U and U to vary, but their sum will be fixed. By 
means of Thevenin's theorem (Sec. 2-4), the above circuit can be replaced 
by the circuit in Fig. 15-125 in which Z'2 is the impedance Z, transformed 
to the terminals aa. The replacement of Vain Eq. (27) by VaZ'2/{Z'2 + Zo) 
and of Zo by Z'2Zo/{Z'2 + ZB) gives as the power into the load 

ZjVl (1 - r?,)(l + 2 r 2 cos 20U + Tl) . . 
8Z2 (i - 2r2r iCos"2|3L+iir^) { ' 

for Za )>> ZL or Z2. The only factor that contains the position of the 
probe is (1 + 2F2 cos 201? + T|) which has a maximum value of 
(1 + r 2 ) 2 and a minimum value of (1 — T,)'-. Thus the ratio of maxi
mum to minimum power received by the bolometer by varying the probe 
position is (1 + r 2) 2 / ( l — T2)2 or the (VSWH)2 of the pickup arm. 

To remove this variable effect of position a tuner may be used effec
tively to make r 2 = 0. Another possibility is to use a well-matched 
attenuator pad. A 3-db matched pad or attenuator (looking both ways) 
reduces the reflection coefficient by one-half; a 6-db pad, by one-quarter. 
Suppose, for example, that the pickup (YSWR)2 is 9 (r2 = | ) and that a 
6-db pad is put between the pickup and the probe section; then the square 
of the resulting mismatch will be 

= 1.65, (29) 

thus appreciably reducing the effect of the pickup mismatch. The latter 
method can be used only if the loss in power level can be tolerated. 

Frequency Sensitivity.—In order to reduce frequency sensitivity in 
the primary pattern phase measurements, the path lengths from the 
r-f source to the mixer must be chosen so as to minimize the change in 
phase of the two paths as a function of the wavelength. Consider the 
path from tuner A (Fig. 15-7) to the mixer via the feed and pickup, and 
let there be a length La for which the wavelength is the free space wave
length X0 and a length L„ for which the wavelength is X„. If the path 
length La includes a section of dielectric-tilled coaxial line of length lc, 
then La = la + lcke'2, where la is the path length in free space or air-filled 
coaxial line and k, is the specific inductive capacity of the dielectric 
section. The corresponding distances from point A to bolometer via the 
probe will be Sa and Sg. The difference in phase between the two paths is 
this: 

* = 2-(l:+fe)-2^(£+t) m 

- f i x 
1 - X 
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For waveguide X0 = Xo/ \ / l — (X0/2o)2 so that dX„/rfX0 = (X„/Xo)3, whence, 
on differentiating <f> with respect to X0, we have 

a<t> 9 
ctXo 

^*a o a (31) 

For a minimum phase variation d<£/rfX0 = 0, and we see that the difference 
in path in waveguide for the two paths should be related to the difference 
in path lengths in coaxial line or free space by 

S„ - L, = £-° (/.„ - Sa). (32) 

It will be noted that this is not the same result which one would obtain 
by simply making the electrical path lengths equal, which gives the 
result S„ — Lg = (\„/\o)(La — Sa). Of course, if only transmission lines 
with wavelength X0 are used, equal path lengths in the two directions are 
necessary to minimize the frequency sensitivity. 

As an example of the decrease in frequency sensitivity, suppose 
that X„/Xo = 1.4 and that the frequency of the source changes by 0.2 per 
cent. Calculating from Eq. (30a) the change in phase that occars for 
this change in frequency when the proper distance given by Eq. (32) is 
used, one finds it to be TDVO of the phase change obtained by using equal 
path lengths. If La — Sa = 50X0, the change in phase is 0.034° using 
proper path lengths, whereas with equal electrical path lengths a phase 
error of the 34.6° results. The former is negligible in phase measure
ments. In actual practice the requirements of Eq. (32) need be met only 

■ approximately if the line lengths in terms of wavelength arc not large. 
15-11. Line-source Primary Pattern.—The measurement of the 

intensity and phase distribution along the length of a line source such 
as a linear array or pillbox is of interest. The measurement of the field 
close to the line source, which usually has a small effective vertical 
aperture and wide horizontal aperture, affords a valuable check on the 
design of the line source. The techniques involved in this measurement 
are exactly the same as those discussed above in connection with point 
sources, with the exception that motion of the pickup must be parallel 
to the line source as the intensity and phase measurements are taken. 
This does not represent any difficulty if intensity distribution alone is 
desired. For phase determinations, however, the apparatus becomes 
more complicated, since several rotating joints must be utilized in order 
to eliminate the flexing cables which may cause apparent changes in 
phase. Figure 15-13 is a sketch of a suitable apparatus, containing 
three rotating joints in order to make possible the required linear motion. 
These three are necessary if the line source being studied is horizontally 
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polarized. For vertical polarization the rotary joint attached to the 
optical bench can be eliminated by using a coaxial pickup mounted in a 
bearing. Care must be taken that the rotary joints are properly designed 
so as not to show a change in phase with rotation. They should be 
fastened in such a way that they will not go out of alignment. The 

I'lt;. 15-13.—Apparatus for primary pattern measurements on line-source foe<ls. 
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rotary joints are all mounted in a plane with the first joint fastened to 
the traveling arm of the optical bench, the second movable about a 
circle whose center is the third fixed rotary joint. The r-f output from 
the third rotary joint is shown here being fed into the phase detection 
system. The mixing system illustrated here utilizes the so-called Magic 
T that will be discussed below. The power coupled from the generator 
output for a phase reference is fed into a tunable sliding probe which 
excites the waveguide, one end of which is terminated in a matched load 
and the other end connected by cable to the Magic T. A dial indicator 
(calibrated in 0.001 in.) is shown mounted on the probe section so that 
the motion of the probe may be accurately measured. For intensity 
measurements the cable to the probe is disconnected. Usually the dis
tance between line source and pickup is only of the order of 2 to 4X in 
order to stay within the cylindrical wave zone of the source. The 
pickup should be as small as feasible in order to prevent any interactions 
of the pickup in the field of the line source. The sketch also indicates 
that the movable parts of the apparatus are removed from the intense 
portion of the radiated field so as to reduce extraneous reflections. The 
operator should likewise be out of the strong field. 

15-12. Magic T.—The "Magic T " 1 may be advantageously used in 
phase measurements to reduce interaction effects discussed in connection 
with the apparatus shown in Fig. 15-7. The waveguide form of this 
device is shown in Fig. 15T4. If power is fed into branch P (parallel 
arm) and A and B are terminated by matched loads, then the power 
divides equally between branches A and B, since a symmetric condition 

„ exists and there is no component of field 
/W available to excite arm S. If power is 

|j fed into arm S (series arm), the power 
' again divides equally between A and B 

A/) '-.y- ZZ\& but the fields in each arm are 180° out 
1/ /\ /\ v of phase and no power is delivered to 

// 7/ branch P. In order to prevent reflected 
// / / power in arms P and S respectively, it 
^ ^ is necessarv that a match exist looking 
Fio. 15-14.—The "Magic T." . , D J C i- l u 

into arms P and o respectively when arms 
A and B are terminated by matched loads. In this way interaction 
between the two sources delivering power from P and S to arms A and B 
is made negligible. 

In the Magic T as used in the primary pattern apparatus, arm A is 
terminated by a matched load and arm B is terminated by a matched 
bolometer. Power from the pickup is fed to P as shown in Fig. 15-13, 
and power from the source is fed to arm S (this order can, of course, be 

1 See Vol. 11 of this series. 
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reversed). The relative phase of the fields from the two effective sources 
is varied by means of the sliding probe. Motion of the probe a distance 
p = d(\g/\) toward the bolometer is exactly equivalent to motion of 
the pickup horn a distance d perpendicular to its path toward the 
source. 

15-13. Beacon Azimuth Patterns.—A microwave beacon antenna 
may be examined for uniformity of azimuth pattern by utilizing the 
apparatus described for point sources, with the simplification mentioned 
where intensity only is measured.1 The accuracy required for azimuth 
patterns is not very high because one is usually interested in uniformity 
to within 1 or 2 db. Because of the essentially uniform azimuth patterns, 
reflections from many sources may affect the results; therefore particu
lar care must be taken that reflections from surrounding walls and objects 
are negligible and the apparatus should be located in as open a space as 
possible, since a 360° pattern is desired. The pickup should be as small 
as possible if measurements close to the beacon are being made. How
ever, if sufficient r-f power is available so that a larger distance between 
pickup and beacon can be used, then the pickup may be larger and more 
directive. Since in the measurement of azimuth patterns only a few deci
bels variation are observed, greater sensitivity in the apparatus may be 
obtained by the use of crystal instead of a bolometer as a detecting 
element. Over a range of several decibels the law of the crystal will 
not appreciably affect the relative readings. For example, assuming a 
square-law crystal, the ratio of peak power to minimum power might 
be 100 to 50 or 2; if the exponent in the law of the crystal were 2.3; 
the corresponding readings would have a ratio of 2.2 which is within 
i db. For a little more accuracy, the ratio may be corrected to a suffi
cient degree if the approximate law of the crystal is known. 

There may be some question about the distance required for measure
ment; obviously a distance between pickup and beacon of 2L2/\, where 
L is the vertical length of the beacon, would certainly be safe. However, 
because the directivity in the azimuth plane is almost nonexistent, this 
distance could easily be reduced by a factor of 2 or 4 before an appre
ciable change in azimuth pattern is observed. 

Two schemes have been used for beacon measurements. In one of 
these the transmitting beacon is kept fixed and the pickup is rotated in 
azimuth about the vertical axis passing through the beacon. The other 
procedure is to rotate the beacon about its vertical axis, feeding power 
into the beacon by means of a rotary joint, while the pickup is kept 
fixed. In lining up the apparatus, the pickup is adjusted vertically so 
that a cut through the peak of the beam is taken. Usually the axis of 
the pickup will be in a horizontal plane bisecting the beacon. 

1 Sec. 15-8. 
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SECONDARY PATTERN MEASUREMENTS 

15-14. Siting Considerations.—In general, the term "secondary 
pattern" is associated with directive antennas that are large, measured 
in wavelengths, and with a large distance between the transmitter and 
receiver. A directive antenna will usually consist of a primary radiator 
together with a reflector or lens or combination of reflectors or lenses. 
The secondary pattern is the Fraunhofer pattern of the antenna in 
question. The techniques involved in measurement arc fairly simple and 
closely related to those in the discussion of primary feed patterns. The 
simplifying consideration here lies in the fact that only the relative field 
intensity or power per unit solid angle, and not the phase, is of interest. 

The discussion will center about the method of taking receiving pat
terns. In brief, a distant transmitter sends an essentially plane-polar
ized wave toward the receiving antenna. The power received by the 
receiving antenna as a function of its orientation with respect to the line 
of sight between the transmitting and receiving antennas is recorded 
either manually or by a recording device; the data thus obtained provide 
a pattern of relative field intensity or relative power per unit solid angle 
for the antenna under study. 

The distance between the transmitting and receiving antennas is dic
tated by the size of the antenna being investigated. The site should 

be chosen with the largest antenna 
to be investigated in mind. It is 

/r required by theory that a plane 
() _j_ wave be incident on the receiving 

-i antenna; actually, this requirement 
. - -— ' is met within a certain tolerance. 

——" Transmitter . 
-—"̂  A paraboloidal antenna as a trans-

I.'.,,. 15 -15 . -0 . . the path length for second- m i t t e r w i n t Q fee & • t 
dry DJitt6riis. 

source when viewed from a large 
distance. If the distance is sufficiently large, the wavefront over a small 
portion of the main beam will deviate from a plane wave by only a small 
amount. 

Referring to Fig. 15-15, let D be the aperture dimension over which 
a plane wave is desired for pattern measurements and R be the distance 
between the transmitter, of aperture d, and the antenna to be investi
gated; then the difference in path length between the outer edge of D 
and the center is given by 

AR = R' - R. 
Summing the squares of the sides of the right triangle OAB we have 

^ c 

©"-<" R* + ■„■ = (/? + SRV 
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If we require that Alt shall be a small fraction of a wavelength, (Aft)' 
is negligible, and there results 

R = £R <M> 
For a path difference Ali = A/16 we have 

R = -^- (34) 

which is a safe distance to use. The effect of such small deviation from 
a plane wave only slightly affects any gain deteiminations1 and causes 
very slight changes in the pattern obtained as compared with that which 
would be obtained if the wave were truly plane. This distance will also 
minimize any interaction between transmitter and receiver.2 Actually 
if space or power limitations do not allow such a great distance, then a 
distance of D2/\ may be tolerated. This will lead, in general, to an 
apparent decrease in measured gain, an apparent increase in the minima 
of the side-lobe structure, practically no effect on the maxima of the side 
lobes, and greater possibility of transmitter and receiver interaction. 
Calculations may be carried out for certain ideal cases illustrating the 
semiquantitative nature of the above remarks. 

In the foregoing discussion the distance R is determined by a con
sideration of the phase deviation of the incident wave. Another factor 
to be considered is the uniformity of the power distribution over the 
aperture D. If we require that the power at the edge of the aperture 
shall be a certain fraction of the power at the center, another criterion 
for R results. In the vicinity of the peak of the beam of the transmitter 
of aperture d, the power in direction 6 may be approximated by 

P ■m 1 - 2 , J , (35) 

where 8 = 1.2X/rf is the full width of the transmitting beam at. half 
power. Then if P = O.OPi, and 6 ^ 1), 2R radians at the edge of the 
aperture, there results by substitution 

R = ™>. (36) 
A 

Accordingly, if the transmitter aperture is equal to the receiving aper
ture, the criteria of distance for proper phase and for intensity over the 
receiving aperture are the same. The transmitting antenna is usually 
smaller than the receiving aperture; and therefore under the previous 
criterion [Kq. (34)], the power at the edge of the receiving aperture is 
the same within a few per cent as that at the center of the aperture. 

1 See Sec. 6-0. 
2 See Sec 15-22. 
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Other factors determining the separation of transmitter and receiver 
are the power available in the r-f source and the sensitivity of the receiv
ing system. Given two antennas separated by a distance R, the power 
received, PT, by the receiving antenna when power Pt is transmitted with 
gain GT is given by 

p — P$T ^ — ^I^TGRX-
r ~~ 4x R"- ~ Jiw^R1 { '' 

with the absorption cross section (Ar) given by Gp\'l/Aw. Here one is 
really concerned with the smallest antenna that can be investigated, 
since this will be the limiting factor on Pr. 

To illustrate the application of the criteria consider the problem of 
choosing a site for measurement of antennas at wavelengths varying from 
3 to 10 cm. Assume (1) that r-f (magnetron) sources of 50 watts average 
power are available, (2) that antennas to be studied vary from 1 to 
10 ft, and (3) that 1 mw of average power received in the bolometer 
detecting system corresponds to 100 volts on the electronic voltmeter. 
The limiting conditions are most stringent at the shortest wavelength; 
and if satisfactory for this wavelength, they will be more than suitable 
for the larger wavelengths as far as distances and power are concerned. 
Also, higher power sources are usually available at the longer wavelengths. 
For the above assumptions the following conditions result: 

1. Specifying that the phase variation over the aperture D, which is 
taken equal to 10 ft, shall not exceed X/1G for a wavelength of 
3 cm, the distance R required is found to be 2130 ft by Eq. (34). 

2. The maximum diameter d of the transmitting antenna can be as 
large as 10 ft and still satisfy the 90 per cent power requirement 
at the edge of D. 

3. To read 100 volts on the voltmeter for the smallest antenna being 
studied, namely, D — 1 ft, a conservative estimate for the gains of 
the receiving and transmitting antennas is given by GR = ^(irD/\)2 

and GT = i(wd/X)2. Setting R = 2000 ft in accordance with 
condition 1, we have by Kq. (37) that the minimum aperture of the 
transmitter is d = 2.5 ft. Thus all the conditions of the problem 
are satisfied. 

At a wavelength of 10 cm the transmitter aperture required 
would be approximately 7 ft in order to receive power of 1 mw at 
the detector of a 1 -ft antenna at the receiver, assuming the trans
mitter power is 50 watts as before. 

The next most important condition for choosing a site, when the 
power and distance requirements are satisfied, is the absence of reflecting 
objects, particularly buildings. If 300° patterns are desired, then clear 
surroundings for 360° must be available. For distances as great as those 
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required for studying large microwave antennas, one usually must 
choose a site between two high points, such as buildings or hills. The 
interference between the direct beam from, the transmitter and the 
reflected beam from the ground may result in a poor field distribution 
over the aperture that is being 
studied. To eliminate this inter- \ ~ "1 
ference, the transmitting antenna ft - . £ ~Z-^^fc 
should be as directive as possible A " - - ' ' ' 
so that its first minimum will be I " ^ ^^^^=\/d 
in such a direction t h a t even a Ground 
specular reflection will not affect 1''1<s- is-1"-- °» '"<■ conditions for the i,..iKi,t 

of the transmitter. 
the field. This is illustrated m 
Fig. 15-16. Since the first minimum in the transmitting beam will occur 
at approximately \/d radians from the peak, then 2h/R ^ \/d or 

h■ = ~ ; (38a) 

the larger the transmitting dish the lower the height required, and the 
longer the wavelength the greater the height for a given distance R. 
If R = 2L>2/\, then 

7)2 

h = -j- (38b) 

Tn the problem discussed before with D = 10 ft and d = 2.5 ft, Eq. 
(386) would mean a required height of 100/2.5 = 40 ft. However, since 
the criterion for the 10-cm wavelength is not fulfilled, bad reflections 
may occur at the longer wavelengths. This is one of the difficulties 
involved in having one site for a large spread in wavelengths. A pos
sible method to minimize the effect of the reflected beam is to place 
absorption screens or diffracting edges halfway between* the two sites. 
It might appear that a reflection of 1 per cent in power may be negligible; 
however, one must remember that if we have two waves of respective 
powers 100 and 1, and if they interfere constructively or destructively, 
the resulting variation in power received is not 101 to 99 but rather 
(10 + l)2 to (10 - I)2 orl21 to 81, since it is the amplitudes that add, not 
the powers. 

The various conditions have been stated, and a suitable compromise 
must be made between the various factors involved, such as heights 
and separation of sites, spread of wavelengths being considered, power 
available, sensitivity of the detection system, ami the accuracy desired 
in the radiation pattern. In the example discussed, it might be neces
sary to resolve the conflict between the various conditions by the use of 
several sites. 

After the site has been chosen, if should be checked for uniformity 
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of field. The procedure to be followed is to direct the transmitter beam 
so that the center of its peak is on the center of the receiving site. A 
pickup antenna, either a paraboloid or a horn, is then moved over the 
aperture of interest, and the field intensity is examined for uniformity. 
The field should also be examined in depth to be sure that the intensity 
does not fluctuate seriously for motions toward or away from the trans
mitter corresponding to the depth of the antenna system. If the distance 
requirement is satisfied and the field intensity is uniform over the aper
ture, it will not be necessary to check the phase. 

15-15. Pattern Measurements.—The mount on which the receiving 
antenna is to be placed should have at least two rotation axes: an azimuth 
axis and an elevation axis, so that complete space patterns may be 
obtained without too much difficulty. Although other axes may be more 
convenient for some purposes, the two stated are certainly sufficient. 
Whenever possible, patterns should be taken in azimuth, since reflections 
from the ground can usually be minimized. For mechanical reasons the 
azimuth patterns are likewise desirable, as it is easier to make an accurate 
mount.for azimuth rotations than for elevation. 

The transmitting antenna should be on a mount which permits motion 
through an angle sufficient to direct the peak of the beam at the receiving 
antenna, and there should be provision for locking the antenna in place. 
For convenience, the mount should also have the property that turning 
the antenna 90° for changing the polarization does not require shutting 
off the transmitter source and does not change the direction of the peak 
of the beam. If a paraboloid antenna is used as a transmitter, the unde
sirable cross-polarization component may be reduced by fastening to the 
aperture of the paraboloid a grating structure with spacing approxi
mately 3X/8 and depth approximately A/4, with polarization of the 
antenna perpendicular to the grating slats. Such a waveguide-beyond-
cutoff grating will decrease the cross polarization of the transmitting 
antenna about 10 db below its normal value. Magnetron sources have 
proved satisfactory as a fairly constant, high-level r-f source for the 
transmitting antenna. Modulated high-power klystrons may be used 
if the power requirements are satisfied, or an unmodulated c-w transmit
ter, if a superheterodyne detection system is used. 

The antenna under study is mounted, for example, with its dominant 
polarization vertical so that the //-plane pattern may be studied in azi
muth. The transmitter must have vertical polarization. The antenna 
is adjusted in azimuth and elevation to receive maximum power. The 
transmitter is then adjusted to be sure that its peak is directly pointed 
toward the receiving antenna. The antenna is then repeaked for maxi
mum power, and the mechanism controlling elevation is locked. These 
last two steps should be necessary only if the transmitter has been 
replaced or moved since the original siting measurements. A moni-
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toring receiving antenna roughly peaked on the transmitter should be 
available to check the transmitting power level at any time. The vertical 
axis of the antenna mount should be perpendicular to the line of sight 
between the transmitter and test antenna to ensure that the proper azi
muth cut is taken. This condition is particularly important when 
narrow-beam antennas are being investigated. The bolometer detection 
system need not be matched to the transmission line, since the mismatch 
of the bolometer does not affect relative response. The antenna is then 
rotated in azimuth, and the power received as a function of angle is 
recorded either manually or by means of a recorder. The value of a 
recorder lies mainly in its speed when the effects on the pattern caused by 
changing variables are being studied and in the continuity of data as 
well as in the permanent value as a record. For single patterns its value 
is questionable as far as time saved is concerned, since most of the time 
required for antenna measurements is used in setting up the antenna and 
preparing the electrical equipment for measurements. 

To obtain the .E-plane pattern, the antenna is returned to its peak 
direction and locked in azimuth. The antenna is then rotated in eleva
tion, and its .E-plane pattern taken. Data taken pointing into the ground 
may be questionable; to get the remaining 180° of the pattern it will be 
necessary to reverse the mounting of the antenna. A better procedure 
is to rotate the antenna 90° so that its polarization is horizontal (the 
transmitter must also be rotated 90°) and its .E-plaiie pattern taken in 
azimuth. 

The simplest procedure for obtaining complete space coverage pat
terns with a two-axis mount is to take the normal E- or //-plane pattern 
in azimuth and then to rotate the antenna d° in elevation and take an 
azimuth pattern, thus obtaining the 6° cut. This is repeated for all 
angles 8 of interest. Space patterns are usually taken only for fanned 
beams of the type used for navigation purposes. Certain precautions 
must be observed, however, in the choice of axes in the event that pattern 
cuts are required for a shaped-beam antenna such as described in Chap. 
13. The antenna should be mounted so that the plane containing the 
flare of the beam is vertical. The angular widths measured in the trans
verse cut patterns will then be true. If the antenna is mounted with the 
fanned beam in the horizontal plane, the angular widths, now measured 
in the vertical plane, are too large by a factor of sec 6, where 6 is the 
cut angle. These conditions are imposed by the mechanical aspects 
of the mount design. 

The cross-polarization pattern for any desired cut is obtained by 
simply rotating the transmitting antenna 90° and taking the pattern as 
usual. The grating in front of the transmitting paraboloid ensures that 
the cross polarization of the receiving antenna is measured and not that 
of the transmitter. Together with this precaution lies the additional 
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large factor of safety that if the transmitter is a symmetric paraboloidal 
antenna, the cross polarization along the peak of the beam is negligible. 
The maximum of the cross polarization occurs roughly at an angle of 
\/d radians from the peak and is usually at least 16 db down from peak 
power. 

15-16. Gain Measurements.—Thus far the procedures for determin
ing relative field intensity or relative power per unit solid angle in all 
directions have been discussed. However, for the calculation of the 
transmission or reception of radiated energy it is necessary to place the 
radiation pattern on an absolute basis. To do this a standard uniform 
radiator is assumed, and the directive gain of an antenna is then defined 
as the ratio of the peak radiated power per unit solid angle to the radi
ated power per unit solid angle from an isotropic radiator, assuming the 
same total radiated power in each case. Knowledge of the gain and the 
radiation pattern therefore fixes the radiation in any direction. 

For practical applications, one would like to have a quantity that 
expresses the power per unit solid angle in the direction of maximum 
radiated power in terms of the power delivered to the antenna terminals. 
Or conversely, if the antenna is used as a receiving antenna, one would 
like to know the maximum power delivered to a load matched to the 
antenna transmission line of assumed zero loss when the power per unit 
solid angle incident on the antenna is known. This effective gain, as 
defined above, will differ from the definition of directive gain that was 
used in previous chapters only in so far as it takes into account heating 
losses in the antenna and the loss of power due to reflection as a result of 
having a mismatched antenna. It is assumed that the same losses will 
result whether the antenna is used as a transmitter or a receiver, and 
therefore the receiving and transmitting gains of an antenna are identical. 

Typical procedures for determining directive gain and effective gain 
will be discussed, and procedures for determining effective gain standards 
will be outlined. 

15-17. Directive Gain.—The directive gain of a transmitting antenna 
referred to an ideal isotropic radiator is given by 

~ . . peak power radiated/unit solid angle 
Directive gain = , l . v. =-- 2—, 

total power radiated/47r 

or that of a receiving ^ntenna by 

peak power received 
Directive gain = average power received 

This definition does not take into account any heating losses or reflection 
losses. 

Experimentally the directive gain is obtained directly from the radia
tion pattern (either receiving or transmitting). If the relative power 
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per unit solid angle P(B,<t>) as a function of orientation 8 and <j> has been 
determined, then 

Directive gain = —r r2w > ,n0\ 
(J f2" P(d,4>) sin 6dBd<t> 

where 9 = 0 and <t> = 0 is the direction of peak radiation. For accuracy 
a complete space pattern is required. 

For an antenna with essentially a pencil-beam pattern, the assump
tion is frequently made that P(0,4>) may be replaced by the average of 
the radiation pattern in the principal E- and //-planes with no depend
ence on </>. If PE(&) and Pn(8) are the patterns in the principal E- and 
//-planes respectively, then 

TV .. • 4P(0,0) 
Directive gam = rir —- : f , _ —: ■ (40) fj PE{8) sin Bd6 + (* P«{6) sin 'd6 

For integration purposes (planimeter or Simpson's rule), it is convenient 
to write x = 1 cos B and plot Pa and Pu as a function of z, leading to 
the equation 

TV .. • 4P(010) 
Directive gam = - ^ ■ ^ ^ 

/ 0
2 [PE(X) + P»(*)} dx 

This approximate procedure has been found to be fairly accurate (within 
10 per cent) for pencil-beam antennas in which not too large a portion 
of the radiated energy is contained within the side-lobe structure). 

The experimental determination of directive gain is very tedious 
and is subject to many possible errors such as incompleteness of radiation 
pattern measurements, spurious lobes due to improper setting, inaccuracy 
of angle determinations, improper evaluation of noise, and errors in 
graphical integration. It also suffers from the fact that the time required 
for such a measurement is long and thus rapid gain determinations can
not be made. 

15-18. Gain Comparison.—The best method for determining effective 
gain, which is the quantity of most interest, is by comparison of the 
antenna under investigation with that of a gain standard, either on 
reception or on transmission. The procedure for determining such a 
gain standard is discussed later. 

The experimental setup for gain comparisons of a receiving antenna 
is the same as that utilized for receiving pattern measurements. Uni
formity of field across the pattern mount is essential for accurate gain 
comparisons. The antenna is first peaked in azimuth, and elevation for 
maximum received power and the received power P„ is noted. The 
antenna is then replaced by the standard antenna which is also peaked 
in azimuth and elevation for maximum received power Ps using the same 
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detection apparatus. The effective gain of the antenna is then 
pu 

G = ^ X gain of standard. 

If the field is uniform, the gain standard may be clamped to the mount 
near the antenna under study. The reciprocal procedure is utilized for 
measuring gain on transmission. 

Several precautions must be taken to ensure accurate gain com
parisons. (1) It is essential that the field distribution be uniform; other
wise the gain comparison will depend on the relative positions of the two 
antennas. (2) A monitoring antenna at the receiving station peaked 
on the transmitter should always be available to check the constancy of 
the transmitter output. If the output has varied during the measure
ments, the ratio Pu/Ps must be corrected for the change in power level. 
(3) The same detection system should be used for both the antenna and 
antenna gain standard. (4) The detection system should be matched 
to the transmission line. This may be accomplished either by means of 
a tuner or by a suitable matching transformer. In any case, the match
ing device should be considered as part of the detection system and not 
changed during the determination of P„ and Ps. (5) The readings Pu 
and P, must be corrected if the response of the detection system is not 
square law. (6) The matched gain standard should be directive and pref
erably have a gain comparable (within 10 db) to that of the antenna 
under study. 

Assuming that the gain standard is matched to the transmission line 
and that the detector is likewise matched to the line, the gain determined 
in the above procedure measures the efficiency of the test antenna com
pared with the gain standard. If the mismatch of the test antenna is 
known, the measured gain under matched conditions may be corrected 
by multiplying by 1/(1 — |r | 2) , where I \ is the reflection coefficient of 
the antenna.1 In principle the effective gain of the matched antenna can 
be obtained by inserting a tuner in the transmission line and adjusting 
the tuner for maximum received power. This serves to emphasize the 
fact that there is actually no difference between (1) matching both the 
detector and the antenna to the line and (2) matching the detector to 
the antenna, but owing to unavoidable losses in most tuning devices it is 
more satisfactory to match the detector to the transmission line by other 
methods and then make corrections for the mismatch of the antenna. 

15-19. Primary Gain Standard Determination.—Given two identical 
matched antennas separated by a large distance R with power P7 being 
delivered to the transmitting antenna, how much power will be received 
in the terminating load at the receiving antenna? It will be assumed that 
free-space propagation exists, that the transmission line between the 
receiving antenna terminals and the load is lossless, and that the load 

' Soo S:r. 2.15. 
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is matched to the transmission line. The two antennas are peaked so 
that maximum power is received in the receiving antenna. 

The maximum power transmitted per unit solid angle is given by 
PiG/Air, where G is the effective gain of the antenna. The solid angle 
subtended at the transmitter by the effective absorption area Ar of the 
receiving antenna is given by AT/R2. The power PR received by the latter 
is therefore 

= Pfi A, PjG*V_ 
" 4TT R* {±TYR\ K ' 

where Ar has been replaced by GX^/iw. 
I t will be noted that losses in the antenna have been combined into 

the factor G and that the receiving gain and transmission gain have been 
assumed equal. The factor G determined by means of this equation 
is what is meant by effective gain. If such an experiment is performed 
and a number G obtained, all other antennas at the same wavelength may 
be compared with this antenna and their effective gains may then be 
obtained. The effective gain defined in this manner may be expressed 
on transmission by 

„ _ peak power radiated/unit solid angle 
power delivered to antenna/47r 

The experimental determination of 

G = * ^ & (43) 

requires the determination of R, A, PR and Pr. Wavelength can be very 
accurately measured by means of a wavemeter. R, the separation 
between the two antennas, can be determined by measurement with good 
accuracy. The exact points between which R should be measured is a 
little doubtful; however, with R large {R & 2rf2/X, corresponding to a 
phase variation of less than A/16 over the aperture of width d) the use 
of the aperture to aperture distance is sufficiently exact. By utilizing a 
method that involves measuring the ratio P«/PT instead of PR and PT 
separately, G can be determined finite accurately. With suitable pre
cautions in experimental technique G can easily be measured to better 
than 5 per cent. 

The procedure for determining G is to first match two practically 
identical antennas and match the calibrated detection system to the 
transmission line. The antennas should be separated by a distance R 
greater than 2rf2/A and in a clear space so that reflections from the ground 
or near-by objects are negligible in comparison with the direct beam 
between the two antennas. The setup is shown schematically in Fig. 
15-17. The electrical apparatus used is the same as that used in pattern 
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measurements. The transmitting and receiving antennas are peaked for 
maximum received power. The procedure for this is first to line up the 
antennas roughly and, with the transmitting antenna fixed, to adjust 
the receiving antenna for maximum received power. The receiver is 
then fixed and the transmitter adjusted so as to make the received power 
a maximum. The transmitting antenna is again fixed, and the receiving 
antenna repeaked. This should be sufficient for accurately lining up 
the antennas. The r-f transmitter should be loosely coupled to the trans
mission line by means of a matched attenuator pad so that removing the 

Transmitter Bolometer 

Monitoring probe to 
amplifier and voltmeter 

FIG. 15-17.—On the method for the determination of the gain of identical antennas. 

antenna does not affect the power output of the r-f transmitter (this can 
be verified by using a monitoring probe in the line between transmitter 
and attenuator). Assuming the use of a bolometer-linear-amplifier-
detection system the electronic voltmeter reading is recorded at the 
receiving end and is proportional to PR. The bolometer system is then 
disconnected from the receiving antenna, and the transmitting antenna 
is disconnected. The bolometer detecting system is then brought over 
and attached to the transmitter, and a reading on the electronic voltmeter 
proportional to PT is obtained. The ratio of these readings is then 
PR/PT. The usual experimental procedure of repeating the experiment 
several times and with several distances R should be followed in order to 
obtain a good degree of accuracy. There is no technical reason for 
net being able to perform this experiment to an accuracy within 5 per 
cent. 

Actually in this experiment G = \/GiG2 is obtained where (?i and 
Gi, alihough supposedly identical, may differ by a few per cent due to 
inability to make two exactly duplicate antennas. In order to differ
entiate between the two, a comparison experiment, which has been 
described for determining the gain of an unknown antenna, is made. 
Antenna d is placed on the receiving mount for secondary pattern 
antenna measurements and set up in the usual fashion, and the power 
received is noted on the voltmeter as P,. It is then replaced by antenna 
G2, and the voltmeter reading P 2 is noted. The gain of antenna (?i will 
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be Gi = PiGi/Pt so that 

585 

Gi_ VK G and G; 
- & 

This experiment then produces two absolute gain standards at the oper
ating wavelength. 

Even if these two gain standards were lossy, the result of the experi
ment would be the determination of the desired value of G for practical 
application. With no heating losses the value G obtained in this fashion 
would be exactly that obtained on the basis of the definition of the 
directive gain. 

15-20. Reflection Method for Gain Determination.—A modification' 
of the preceding method for determining absolute gain utilizes a single 

r 
—r—i <t 

Mirror 

2 

FIG. 15-18.—On the reflection method for gain determination. 

matched antenna and a plane metallic reflecting surface as shown in 
Fig. 15-18. The second antenna used in the method discussed in the 
preceding section is replaced here by the image in the reflector. Energy 
incident on the latter is reflected and absorbed by antenna A gVing 
rise to a reflected wave in the transmission line. The ratio Pr/Pi is 
then found by measuring the standing-wave voltage ratio in the line: 

Pr 
Pi \r + l) 

G2\2 

(4ir)2S2 ' (44) 

where S is the distance from the antenna to its image in the reflector. 
Solving for (7, we obtain 

G 4wS (r - l \ 
x V + \y (45) 

The practicality of the method depends on the distance S/2 that is 
required from the antenna to the mirror and the required dimensions of 
the latter. The use of the image antenna is based on the ideal situation 
of an infinite reflector. The crite-ion for the distance S is the same as 
previously discussed, S ^ 2d2/\, although experimentally distances less 
than 2d2/\ have been tried without appreciable error. The mirror must 

1 E. M. Purcell, "A Method for Measuring the Absolute Gain of Microwave 
Antennas," RL Report No. 41-9. 
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be large enough to intercept most of the main beam whose width is cf 
the order 2X/d radians. For a square mirror of edge length h, we have 
then 

2X 
d 

2h h £ SX 
d' 

For S = 2d2/X, the dimension h required is equal to or greater than 2d. 
The mirror must be flat to a small 
fraction of a wavelength, at least 
X/16. 

The experimental procedure con
sists of setting up the matched an
tenna on a mount, peaking the 
antenna in azimuth and elevation so 
that the reflected power, as denoted 
by the maximum standing-wave 
ratio, is a maximum. The generator 
should be well padded so that it ap
pears as a matched load to the return
ing energy. The next step is to 
measure the VSWR at a distance 
8/2 from the mirror at the position 
chosen, and again at a position just 
X/4 nearer or farther from the mir
ror. The X/4 displacement reverses 
the phase of the returning signal, 
with negligible effect on its intensity; 
and by taking the arithmetic mean 
of the gains computed for the two 
positions, most of the error caused by 
any small residual mismatch in the 
antenna and line is eliminated. This 
procedure also compensates for mul
tiple reflections from the metallic 
surface. The experiment should be 
repeated at several distances. The 
difficulty in the method lies in deter
mining VSWR accurately, since the 
order of magnitude of VSWR will 

be small. The method is not so accurate as the two-antenna method. 
15-21. Secondary Gain Standards.—The theoretical gain has been 

calculated1 for a pyramidal horn with an aperture a in the //-plane, an 
1 S. A. SclielkmiofT, Elvctrnmaynelic Waves, Van Nostrand, New York. 1943, 

Chap. 0. 

FIG. 15-19.—Electromagnetic horns: 
(a) £-plane .sectoral horn; (/)) H-plane .sec
toral horn; {c) pyramidal horn. 
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aperture 6 in the .E-plane, and corresponding slant heights l„ and lb as 
shown in Fig. 15-19. A few pyramidal horns have been compared with 
gain standards at 1, 3, and 10 cm, and the calculated values have agreed 
with the comparison values to within 5 per cent. Accordingly, horns 
may be used as secondary gain standards having a high degree of accu
racy. This is particularly valuable when exploring a new wavelength 
region because the horns are easy to make and are fairly well matched. 

The pyramidal horn may be thought of as a superposition of an 
ZJ-plane sectoral horn and an //-plane sectoral horn. The gain is 
expressed in terms of the gains of the component horns. Defining the 
Fresnel integrals, 

C(x) = I* cos (if} dq; S{x) = J* sin (^j dq, (46) 

we have the following expressions for gain: 
S-plane sectoral horn: 

-=SK^)-(vfc)]-
//-plane sectoral horn: 

GH = ^ |[C(w) - C(v)f + [S(u) - S(v)n, (48) 

where 

Pyramidal horn: 

G = &&')&') W 
Curves of (\/a)GE as a function of b/\ are plotted in Fig. 15-20. Cor
responding curves for (\/b)GH as a function of o/X are plotted in Fig. 
15-21. These curves obviate the necessity of evaluating the Fresnel 
integrals of Eq. (46) for most horn sizes, since the ranges of o/X, l„/\, 
b/\, k/\ are within the limits that have been found convenient for horn 
design. 

15-22. Interaction between Antennas.—The interaction between 
antennas has been mentioned in the discussion of pattern and gain meas
urements without reference to the orders of magnitude involved. We 
shall now discuss the interaction between antennas such as may occur 
in the determination of gain. Consider, as shown in Fig. 15-22, two 
matched systems; one a transmitter, the antenna and generator of which 
are both matched to the transmission line; the other the receiver, in 
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which the antenna and load are also both matched to their line. The 
voltage across the load may be considered as the superposition of com
ponent voltages generated by a series of waves arising by multiple scat
tering between the antennas. Also, as a result of the interaction between 

F I G . 15-20.—Gain of -E-plane sectoral horns as a function of 6/X. 

the antennas, a reflected wave will be observed in the transmission line 
of the transmitter system that may likewise be analyzed in terms of 
multiple scattering. 

The scattering process of an antenna may be described, as in the 
case of absorption, in terms of an interception area, or scattering cross 
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section, presented to a plane wave.1 The scattered field set up by an 
antenna is directive and can be specified by a gain function analogous to 
the gain function of its transmission field. Let S be the magnitude of the 
Poynting vector in an incident plane wave, A, the scattering cross section 

= 6.4 

1'CG. 15-21.—Gain of //-plane sectoral horns as a function of a/A. 

of the antenna; then the amplitude of the scattered field at a distance R 
in a given direction may be written 

„ (SA.G.Y (51) 
1 Cf. Sees. 1-2 unit 211. 
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where G, is the scattering gain function in the given direction. The 
scattering cross section is a function of the aspect presented by the 
antenna to the incident wave; for a given direction in space Gs is likewise 
a function of the aspect of the antenna. It should be noted that the 

F I G . 15-22.—On the interaction of antennas. 

scattered field pattern differs in general from the transmission field pattern. 
Consider now the problem of the two antennas. Let A 0 be the absorp

tion cross section and Go the transmission gain of the transmitting system 
in the direction of the line of sight between the two antennas; let Aa 
and Gs be respectively its scattering cross section and scattering gain 
for the same direction. The corresponding quantities for the receiver 
are a0, go, as, gs, respectively. We shall compute the voltage in the 
transmission line of the receiving system in detail. Let Pt be the total 
power radiated by the transmitter in the absence of interacting systems. 
The transmitter radiates a primary wave to the receiver with power per 
unit solid angle in the direction of the latter given by GaPt/A-w. The 
receiver would extract from this wave alone the power 

P. 
4 

giving rise to a voltage 
1 

P i = G, aa (52) 

F i P^e" l /PAoA 
a \ 47rft2 / hr e?" (52a) 

at a fixed reference point in the line; a and 5 are constants of the receiv
ing system, the precise values of which are not needed here. The scat
tering cross section of the receivei intercepts the power (7oP,as/4-?r/?2 of 
the incident wave and sets up a scattered wave carrying power per unit 
solid angle 

GoPta, gs_ 
4irRr 4T P, = 

in the direction of the transmitter. The latter is rescattered by the 
transmitter; the scattering cross section of the transmitter intercepts the 
power PSAS/R- and reradiates in the direction of the receiver the power 
per unit solid angle 

P.A.G, 
Rr 4x' r. 

From this secondary wave alone the receiving antenna would abstract 
power 

GoPido i pi flo 
"ff2 47rft2 

, fa.g^A 3G\ 
V 16ir2"S"4" / 
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corresponding to a voltage 

where 
V2 = 7l/3e-J[<^«A)+i]j 

p = ~ S F — 

(53) 

(54) 

The factor e"i^rRm is introduced to express the phase delay introduced 
by the path 2ft traversed by the scattered wave from the receiver to 
the transmitter and back. The secondary wave is rescattered by the 
receiver; and following the process through as before, it is seen that the 
voltage excited in the receiver line as a result of the second scattering 
stage is 

F 3 =■ F20e-''1(4r'fA1+sl. (55) 

The total voltage, as a result of successive multiple-scattering processes, 
is then 

V = \\ + F 2 + V3 ■ ■ ■ 
= F i l l + pe-zic^K/xj+J] + pi(,-?,VA*K/>» + i\ _ ) _ . . . ( 

v = -(FJr -°Y2 ft* 1 

a\iw ° It1/ 1 - /3f-;!(4w</X)+i| 
The net power absorbed by the receiver is Pr = a 2 | F j 2 , or 

Pr 
Pi 

Gof/oX2 

16lT2ft2 
1 

1 2/3 cos C4M 

(56) 

(57) 

the absorption cross section of the receiving antenna has been replaced bv 
a0 = goK*/-iir. 

The reflected line wave voltage of the transmitter can be computed 
in the same way. The magnitude of the reflection coefficient in the line 
is then found to be 

lri = 4TTR2 
1 

20 cos 
(58) 

It is seen that the power absorbed by the receiver and (he standing-wave 
ratio observed in the transmitter are periodic functions of R with a period 
of X/4. 

Very little information is available on the subject of the scattering 
cross section and gain functions. To obtain an order of magnitude of 
the interaction effect we shall make the ad hoc assumption that, the 
scattering cross section and gain are related in the same way as the absorp
tion cross section and transmission gain: 

G. = 
4TT.4_. 

X- (59) 
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If the two antennas are identical, the introduction of Eq. (59) into Eqs. 
(57) and (58) expresses the latter in terms of only two parameters An 
and A,. The values of A0 and As both can then be found from studies 
of Pr/Pt or | r | as a function of R. In an experiment with a paraboloidal 
antenna by the mirror method it was found that As = ^A0. Taking this 
as a general estimate, the power received in the two-antenna experiment 
with identical antennas is seen to varv between limits 

Pr 
P, 

(60) 

for a displacement of A/4 in distance. If we wish to reduce this variation 
in power to less than \ db, we arrive at a distance of R = 2d2/X [assuming 
ao = 0.6(ird2/4) which is approximately correct for paraboloidal anten
nas]. For a distance d2/X there is almost a 1-db variation. This is, 
therefore, another reason for the choice of R = 2d2/\ rather than d2/\ 
in pattern and gain comparison measurements, and perhaps R = 3d2/\ 
is required for accurate gain standard measurements. The magnitude 
of the power reflected back into the transmitting antenna will be appre
ciable and results in a mismatch with respect to the generator of 
magnitude 

r - i = G„X / j n r / _ i _ _ = I /GOXV (ru 
r - 1 Mi \±T R2 "V/i ± /32 2 \4wRj ( ' 

In the case of two paraboloidal antennas, assuming again that o0 = 0.61 —— )> 
we find r = 1.25 for R = d2/\ and r = 1.04 for R = 2d2,. X. 

A similar argument for the mirror method leads to the relation that 
the power received is given by 

JPR = GJK I 1 1 
1 _ / " » ^ j -,-[(2„.syy,+*] I ^'*> 

I S \ l 4TT J 
It will be noted that in this case \^PS/PT is more sensitive to distance 
variations, since the correction term is proportional to the reciprocal 
of the distance rather than the square of the distance as in the two-antenna 
system. At a given distance S/2, taking the maximum and minimum 
VSWR separated by A/4 enables one to determine GSAS as well as Go', 
experimentally of course, several distances S/2 are chosen for accuracy. 

file:///4wRj


CHAPTER 16 

ANTENNA MEASUREMENTS—EQUIPMENT 
B Y O. A. TYSON 

16-1. Survey of Equipment Requirements.—Measurements on micro
wave antennas differ in character from those carried out on most other 
radar components. A high order of amplitude stability is required of 
measuring equipment for the study of antennas and associated compo
nents, whereas high accuracy in timing and frequency control are the 
main requisites in measurements on other radar components. These 
requirements make the design of special equipment for antenna measure
ments most desirable. 

The preceding chapter has mentioned briefly the chief items of equip
ment used in making antenna measurements. It has been pointed out 
that either a klystron or a magnetron is the most satisfactory source of 
power in the microwave region (2000 Mc/sec and higher). The reflex 
klystron has a definite advantage when the power requirement is 250 
mw or less. The multicavity klystron, if available at the desired fre
quency, is useful when the power requirement is 10 watts or less; if the 
power requirement is greater than 10 watts, magnetrons must be used. 

Mention has also been made of the demodulators or detectors com
monly used, that is, bolometers and crystals. Some work has been 
done with diodes, but as yet they are not generally accepted for use above 
1000 Mc/sec. Bolometers are especially useful because of their uniform 
square-law behavior. Crystals are approximately 15 db more sensitive 
than a bolometer but are not uniform in their behavior; they must be 
individually calibrated over the entire power range for which they are 
to be used. When a bolometer is used together with an amplitude-
modulated power source, it is best to employ a tuned audio amplifier 
and stable vacuum-tube voltmeter for a sensitive indicating system. 
If a crystal or a diode is used, the amplifier-voltmeter combination may 
be used with an amplitude-modulated source; or with a c-w source, the 
detector may be connected to a microammeter or galvanometer as an 
indicating device. Another c-w method is to use the crystal or diode 
as a mixer, to amplify its output at some suitable i-f frequency, and to 
use as an indicator the low-current meter in the second detector circuit. 

A very important instrument in antenna work is the automatic 
recorder, which can be used to record any r-f amplitude as a function of 
angle, position, or time. 

593 
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16-2. Sources of R-f Power.—The discussion is here confined to a 
relative evaluation of various types of sources for antenna measurements. 
For details on the operation of these tubes, the reader is referred to 
Microwave Magnetrons, Vol. 6, and Klystrons and Microwave Triodes, 
Vol. 7, of this series. 

Reflex Klystrons.—In measuring impedances, primary patterns of 
antennas, attenuations, etc., where the power required is between 25 
and 250 irnv, reflex-klystron sources may be conveniently used. This 
type of oscillator has several advantages, among which are 

1. Wide tuning range with a single adjustment. 
2. Electronic tuning for fine adjustments when precise frequency is 

sought. 
3. Relatively small power-supply-and-modulator combination. 
4. Ease of air cooling, accomplished with low-velocity quiet-operat

ing blowers. 

The circuit of a typical signal generator is shown schematically in 
Fig. 16-1. It consists generally of an electronically regulated anode 

Square wave 
generator 

0 0 
Amp. Freq. 

F I G . 16-1.—Diagram of a typical signal generator. 

power supply, readily adjustable over a 2-to-l voltage range, and a 
regulated reflector supply consisting of a string of VR tubes capable of 
producing the required maximum reflector voltage and a means (usually 
a potentiometer) for varying this reflector voltage continuously from the 
maximum to a very small minimum. The potentiometer in this circuit 
allows satisfactory adjustment because the reflector is always negative 
with respect to the cathode and draws no current; hence, no appreciable 
change of resistance as a function of applied voltage is encountered in 
the load element. Modulation is most suitably introduced in the 
reflector circuit by a square-wave voltage superimposed on the steady-
state reflector voltage, which keys (i.e., switches) the oscillator off and 
on at the modulation rate. A limiting tube, which consists of a shunting 
diode, is used in this arrangement to cut off the positive half cycle of the 
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modulation wave, thus preventing the reflector from being driven posi
tive. Any high-vacuum diode with a low voltage drop, capable of 
supporting a peak voltage of several hundred volts, can serve as a limit
ing tube. The 6X5 is frequently used for this purpose. 

This modulation and biasing procedure avoids the frequency modula
tion that would exist if a sinusoidal modulation wave were being used. 
The relation between the frequency 
modulation that results and the type £ 200 -
of modulation wave used is best dis- | 15° 
cussed with reference to Fig. 16-2. §• 
Figure 16-2a shows the r-f power out- j | A A , , i , h 
put of a klystron as a function of re- o o 100 200 300 400 
Sector voltage (the numerical values Reflector voltage 
indicated are merely illustrative of to) 
the order of magnitude). It is seen _ 
that power is obtained only over dis- ] I , y-
crete voltage ranges corresponding to -i° J | 0 0 y ^ "wo 
the "power modes" of the tube. » ' Reflector voltage 
The frequency of oscillation of the ((,) 
tube as a function of reflector volt- FIG. 10-2.—Operating characteristics 
age, Within anv power mode, is of the o f f "fcx klystron: (a) variation in out-

& ' . ' . . . Pu t r~f power with voltage; ('>) change 
general form illustrated in Fig. 16-2&. in output frequency with respect to the 
Since the frequency is a function of frequency >■... of the maximum power of 

1 " , the mode. 
reflector voltage, a sinusoidal modu
lation voltage would result in a wide frequency variation in the output. 
Further, since the r-f power is not a linear function of reflector voltage, 
a sinusoidal modulation -will not produce a sinusoidal power envelope 
but one that is considerably distorted. This is avoided with on-off 
square-wave modulation. 

It should be noted that the power output can be switched off and on 
with a square wave of amplitude considerably less than the maximum 
reflector voltage. This means that only a relatively small modulation 
amplitude need be superimposed on the steady-state reflector voltage to 
obtain complete modulation. For instance, as illustrated in Fig. 16-3, the 
steady-state voltage Vt> may be somewhat less than that required to 
activate any one of the possible modes, and the keyed voltage V added in 
series to this may be just'equal to the interval between the nonoscillating 
condition and the point of maximum power. The steady-state voltage V~o 
is generally so chosen that the amplitude of the keying voltage does not 
exceed 100 volts, axis to peak, for complete modulation. The keying is 
generally sustained at a regular rate of some 100 to 2000 cps. 

To illustrate the operating behavior of the signal generator let us 
take the Sperry 419B klystron. The anode voltage would then be 
adjusted for 1000 volts; the square-wave generator would be set for full 
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output of 100 volts, axis to peak, if modulation is desired. The reflector 
voltage can now be increased from the minimum of 25 volts until a mode 
of oscillation is found. At the instant the tube goes into oscillation the 
anode current suddenly begins to increase from its normal steady-state 
value of about 40 to 45 ma to a value of perhaps 43 to 48 ma at maximum 
power output. It will be noted that for any tuning adjustment of the 
tube cavity and for a fixed anode voltage, there will be from two to 
three modes of oscillation with the various possible reflector voltages in 
the range of 25 to 450 volts. 

A.kA 
0 80 100 120 

Reflector voltage 
F I G . 16-3.— On the klystron operating point. 

If, in coupling the klystron to the load, a rather large mismatch is 
unavoidable, then it is desirable to use a tuner between the klystron 
and load in order to obtain both maximum power and stability. 

Double-cavity Klystrons.—The measurement of antenna secondarv 
patterns, large attenuations, etc., usually requires somewhat higher 
power (approximately 10 watts) than is obtainable from the reflex kly
stron. Therefore, a different source is necessary: for example, a double-
cavity klystron, such as the Sperry 410-R klystron, for the range of 
approximately 7 cm upward. A magnetron also may be used in this 
range. 

A power-supply-and-modulator combination similar to that shown 
for the reflex tube (Fig. 10-1) may be used for the double-cavity klystron, 
with the elimination of 'the reflector supply and a modification of the 
method of modulation. A typical circuit for use with the 410-R klystron 
is shown schematically in Fig. 1G-4. 

The output power is a function of anode potential; if the output power 
is plotted as a function of applied voltage, it is found that there is a set 
of power modes similar to those shown in Fig. 16-2 for the reflex klystron. 
The double-cavity klystron differs from the reflex klystron in that there 
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is very litt le change in the frequency of oscillation with the var ia t ion 
of the anode voltage. 

Since power does exist in these discrete modes, it is again necessary 
only to add a square wave to a cons tant d-c vol tage when modula t ion is 
desired. This is accomplished by sett ing tlie cons tan t d-c vol tage to a 
value corresponding to a posit ion jus t out of the desired mode on the 
low side. T h e square-wave ampl i tude is then chosen such t h a t the sum 
of the constant d-c and the square-wave vol tages causes the anode poten
tial to rise to the o p t i m u m value for the power mode dur ing the peak 
position of the wave. I n a practical case the cons tant d-c potent ia l 

Square wave 
modulator 

['u,. Hr4.--- Schematic diagram of a signal ^iMierator employing a double-cavity klyMron. 

might he approximate ly 1700 volts, and the square wave about 200 to 
300 volts, axis to peak. T h e modula tor is required to deliver some 4 or 
0 wat ts . The klystron anode cur rent will be approximate ly 100 m a ; 
the ca thode bias voltage from 0 to 30 volts positive. 

The use of the 410-R klys t ron as an oscillator requires that an 
external feedback p a t h be provided, because this tube has been designed 
for use as an amplifier as well as an oscillator. This feedback p a t h may 
consist of (i in. or more of flexible coaxial cable of low loss and a coaxial-
line s t re tcher adjustable over possibly 3 in. of length. This line s t re tcher 
is used to adjust the phase of the feedback to the o p t i m u m point . This 
can be done readily by set t ing the anode and square-wave voltages to 
the values previously ment ioned and then moving the line s tretcher over 
its length while observing the relative power received from the klys t ron. 
If oscillations do not occur anywhere in the range of the feedback pa th , 
a new anode vol tage should be tried, approximate ly 200 volts higher or 
lower than the value originally suggested. The Sperry 410-H klystron 
is shown in Fig. I li.5 from two aspects . Any t wo of the coaxial-line out
put leads, one from tlie upper pair and one from the lower pair, may be 
connected to provide the feedback pa th . The remaining member of the 
upper pair is then used as a power output lead. 

Double-cavi ty tubes will function only if the two cavities are very 
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nearly resonant at the same frequency. Since it is often required that 
the tube be used at a frequency not obtainable with a narrow-range 
micrometer tuner, a few words pertaining to the adjustment of these 
cavities are in order. This adjustment can best be made by using each 
individual cavity as an absorption device; a reduction in power to a 
detector will then be noticed when the cavity is adjusted to exact reso-

F I G . 16-5.—Photograph of the Sperry 410-11 klystron. 

R-f 
generator 

Wavemeter 

r1 h 

Crystal 

(k 
410R-klystron 

F I G . 16-G.—Schematic diagram of a circuit for adjusting a cavity to resonance. 

nance. Figure 16-6 shows a suggested r-f circuit. The method is to set 
the generator to the exact desired wavelength as read on the wavemeter 
and indicated by the microammeter. The klystron cavity is connected 
to the circuit as shown, and the three adjustment screws are manipulated 
until resonance at the generated frequency is obtained (if this frequency 
is in the range of the klystron). I t is well to note that tightening the 
tuning screws (clockwise motion) will cause the frequency to increase; 
the screws should not be tightened to the point of causing excessive bulg
ing of the diaphragm. Also, in the tuning process care should be taken 
to keep the tuner frames substantially parallel. When this adjustment 
has been made on both cavities, they will be resonant at the same fre
quency and in a condition to be installed in the signal generator. It is 
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possible that final adjustments will be needed after installation; one of 
the top tuner screws can then be moved back and forth slightly until 
satisfactory oscillation is obtained. 

Magnetrons.—The investigation of the secondary pattern of large 
antennas requires that a long transmission path be used in order to ensure 
a uniform plane wave across the antenna aperture. In view of the rela
tive insensitivity of accurate measuring devices, this generally means 
that an average power in excess of 10 watts is necessary. The magnetron 
is the source of power usually employed for these power levels; at wave
lengths less than 7 cm the magnetron is the only oscillator capable of 
generating power high enough for the majority of secondary ^pattern 
measurements. This type of oscillator is available for most of the ranges 
throughout the explored microwave regions. They are constructed in 
three principal types: 

1. Spot frequency, pulsed operation. 
2. Tunable, pulsed operation. 
3. C-w, spot frequency, or tunable. 
For antenna work it is generally desirable to use pulsed magnetrons 

because of the fairly high efficiency and small dimensions of both the 
tube and the driving modulators required. There are several ways in 
which a magnetron can be pulse modulated, but for antenna work the 
so-called "soft-tube" line-type modulator is preferred, except for powers 
in excess of 200-kw pulse peaks. This method of modulation is shown 
schematically in Fig. 16-7. 

The modulator provides very short pulses of very large current to 
the magnetron, which is to have a duty ratio (v dt) of about 0.001 or less. 
(Here St is the duration of the pulse, and v is the repetition frequency, the 
number of pulses per unit of time.) The magnetrons used in this fashion 
are, of course, designed for radar use, where the short pulses of high 
power are needed for measurement of echo time. However, they serve 
very well for antenna work when a power-integrating demodulator, such 
as a bolometer, is used for the detecting element. 

The circuit functions in the following manner. A variable d-c voltage 
source charges a pulse-forming network (synthetic transmission line) 
through a 60-henry choke during the time that the thyratron is not con
ducting. At regular intervals a trigger circuit drives the thyratron grid 
sufficiently positive to render the thyratron conducting whereupon the 
pulse-forming network discharges through the primary of the pulse 
transformer. This causes a voltage four to five times greater to appear 
across the magnetron, connected to the secondary of this transformer. 
If the original d-c voltage is adjusted properly, the amplitude of the pulse 
to the magnetron will be correct for operation. In this system the pulse 
width and shape are controlled by the pulse-forming network. The 
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number of pulses per uni t of t ime is de te rmined by the repet i t ion r a t e 
of Lie trigger. 

In a typical case the d-c vol tage m a y be adjusted to provide a 12-kv 
pulse across the magnet ron for a period of 1 jusec, a t housand t imes each 
second. (The applied vol tage is approximate ly the p roduc t of the d-c 
supply vol tage and the pulse- transformer s t epup ratio.) T h e magne t ron 

60 A r -

i_ L-it—*—K i K — L _ K _ r r ^ 
Pulse forming network \ \ \ 

Pulse\\\ 
cable \ \ \ 

Magnetron 

Fio. 16-7. 
0-50 ma 

—Schematic diagram of a magnetron signal generator. 

will t hen pass an average current of about 10 to 12 ma. T h e approxi
ma te input power to the magne t ron , exclusive of filament power, is 
1.2 X 104 peak volts X 10~'2 a m p or 120 wat t s . T h e peak inpu t power 
is given by 

Average power inpu t _ P _ 120 wat t s _ , 

D u t y rat io v U 10~f ' 

and the peak current is 

1.2 X 105 wa t t s 
T.2 X 10 ' volts ' = 1 0 a m p -

The filament vol tage is measured by the ammet e r in the filament 
circuit, which has previously been cal ibrated for a measured poten t ia l 
difference a t the magne t ron filament of about 6 volts. This method is 
chosen because of the vol tage drop across the pulse t ransformer, which is 
dependen t on the current th rough i t ; a vol tage measured a t the filament 
t ransformer will no t be the t rue voltage at the filament. T h e magne t ron 
filament vol tage should be reduced to abou t 3 volts - - fo r a fl-volt tube 
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after oscillation starts in order to maintain the cathode at a safe operating 
temperature. This is necessary because of the large electron bombard
ment of the cathode under operating conditions. 

The load to which power is being supplied by the transmission line 
from the magnetron must be very well matched to the line if it is not to 
pull the magnetron frequency excessively.1 If the mismatch is sufficient 
to cause a power standing-wave ratio of several to 1 with a practical 
length of feed line, the tube will probably not oscillate at all; at least it 
will have poor stability. Poor stability must particularly be avoided in 
antenna work, where a high order of amplitude stability, of 1 or 2 per 
cent, is absolutely necessary. Any of the undesirable effects just men
tioned can usually be avoided by coupling the magnetron to the trans
mitting antenna by as short a transmission line as is mechanically feasible 
—2 ft or less—and maintaining 
the mismatch below 2 to 1 in 
power. 

16-3. Detectors.—Bolometers 
and crystals are most frequently 
used as detectors in microwave an
t e n n a measurements. The bo
lometer has the decided advantage 
that its resistance-power curve is 
linear over a wide range of power, 
whereas crystals, although much 
more sensitive than bolometers, 
have a nonlinear response. 

The crystal detector is a very 
small barrier layer rectifier com
posed of a chip of silicon in con
tact with a fine tungsten wire. 
When this element is properly in
troduced into an r-f circuit, a very 
sensitive and efficient rectification 
even at very high frequencies results. In spite of their sensitivity, how
ever, crystals find comparatively limited application in antenna measure
ments because of their nonlinear character. 

The graph (a) in Fig. 10-8 shows the static relation between resistance 
and applied power in a bolometer, and it may be noted that this relation 
is linear in the power range I', to7'2. A relation exists between the power 
P applied to the measuring device and the output voltage 1" developed 
across the load: 

P = K V~ \ 

1 2 - / 

I 
i 

pi \ Po k 
(W (c) 

J'TG. 108.- Characteristics of a bolometer 
and a silicon crystal: (a) resistance vs. power 
npplicrt to bolometer; (h) "law of behavior" 
tt vs. power above bias point; (c) "law of 
behavior" n vs. power for typical crystal. 

Micrntvuvv \1 mjiH't.ronx, Vol. fi, KL TVchnirnl Series. 
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— \ Y yy^\ Bolomete'' 

FIG. 1G-9.—Common bolometer circuits 

where K is a proportionality factor and n the law of behavior. In the 
range Pi to P2, n = 2 for the bolometer. In crystals for this same range 
of applied signal power, however, n varies considerably. This compari

son for a typical case is shown 
graphically in (b) and (c) of Fig. 
16-8. As a result of this nonlinear 
behavior, the crystal, while about 
15 db more sensitive than a bolom
eter, cannot be used for measure
ments without being previously 
calibrated and the measured data 
corrected accordingly. 

The bolometer element con
sists of a short platinum wire from 
30 to 70 microinches in diameter. 
This element has an extremely low 
thermal capacity and because of 
its very small diameter possesses a 
very favorable surface-to-volume 
ratio. 

It has been shown that the re
sistance of a platinum wire bolom

eter is linear with power above a certain minimum. Therefore, when a 
bolometer element is used in a circuit, it is necessary to provide a bias in 
order to work on the linear portion of the curve. Figure 16-9 shows the 
two most common circuit arrangements used with bolometers. 

In circuit o the proper bias is obtained by choosing the current in the 
bolometer branch of the bridge which yields an initial power dissipation 
in the bolometer equal at least to Pi of the curve a of Fig. 1(5-8. Then 
if the power dissipation of the bolometer is increased by coupling it to 
an r-f field, the consequent linear rise in resistance will cause the deflec
tion of the linear null meter to be directly proportional to the absorbed 
r-f power. 

Similarly in circuit 6 the bolometer current is controlled by adjusting 
the rheostat to a point where the uncoupled power dissipation is equal 
to or greater than Pi. When modulated r-f is coupled to the bolometer, 
a periodic resistance change will occur, causing a varying current, that 
is proportional to power to flow in the transformer primary. There is 
then induced in the secondary a voltage that is likewise proportional to 
power. 

The best workable range of modulation frequencies lies between 100 
and 2000 cps. In Fig. 1(5-10 is graphed bolometer sensitivity vs. fre
quency for a wire 70 microinches in diameter. It is clear from this curve 
that greatest sensitivity appears below 100 cps but on the other hand 
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difficulties in construction of a suitable amplifier eliminate the use of 
lower frequencies for this purpose. 

The particular bolometer used depends on the radio frequency 
involved. For frequencies of less than about 4000 Mc the standard 
8 AG meter fuse of J^-Q or -j-̂ o amp made by Littelfuse Company of 
Chicago is an excellent performer. For frequencies above 4000 Mc it 
becomes necessary to design the element for the particular application.1 

50-] 
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Frequency, cps 
F I G . 16-10.—Bolometer sensitivity vs. modulation frequency for platinum wire (70 micro-

inches in diameter). 

(a) (b) (c) 
FIG. 16-11.—Methods of coupling bolometer to r-f field: (a) coaxial termination; (b) 

bolometer wire stretched directly across small dimension of waveguide; (c) bolometer in 
housing across small dimension of waveguide. 

Figure 16-11 shows several methods of coupling the bolometer element to 
the r-f field. These methods of coupling along with the geometry and 
loss characteristics of the protective enclosure greatly influence the 
bolometer element design for use with microwaves. 

With frequencies below 4000 Mc coaxial bolometer terminations are 
most frequently used. It is generally quite satisfactory at such fre
quencies to use either a ^o"- or x^-amp Littelfuse as the r-f integrating 
element. The choice is dictated by the operating resistance of these 
units, since their reactive components are quite similar. The yJo-amp 
fuse has an operating resistance of about 200 ohms at 10 ma, while the 
•j-5-o-amp fuse operates at about 400 ohms at 5 ma. 

Matching a coaxial termination to the line may be achieved by varying 
the length of the stub, which is nominally X/4, and/or the distance 

1 A detailed description of the construction of Wallaston wire bolometers may be 
found in Vol. 11, Chap. 3, of this series. 
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between the center conductor and the point at which contact is made with 
the fuse. By adjusting these two parameters properly a reasonable 
match (VSWR ~ 2) may be achieved on s-in. (4(i-ohm) line for about 
a 10 per cent bandwidth. If a better match is desired (VSWR of 1.2), 
it may be effected by introducing a coaxial transformer1 of correct dimen
sion, but the bandwidth for which this improved match will hold is 
reduced to about 1 per cent. 

For frequencies above 4000 Mc waveguide bolometer terminations 
are most frequently employed. These are shown in Fig. 10-116 and c. 

When used directly in waveguide the bolometer element must have 
axial electrodes that are parallel to the .E-vector so as to achieve a rea
sonably large coupling. The material of the protective envelope, if used, 
must have a very low loss and in general should be no larger in diameter 
than absolutely necessary for mechanical support. It has been found 
that this envelope need not exceed j \ in. in diameter and can be suc
cessfully made of polystyrene with ^Vin- wall. 

The match in guide is influenced by the choice of the effective resistance 
of the wire and the distance d between the wire and the short circuit in 
Fig. 16-116 and c. With proper choice of variables very close matching 
(VSWR = 1.1) can be achieved for a bandwidth of 1 per cent or less. How
ever by using a window (Fig. 10-1 lc) that is resonant at one frequency, 
the impedance match may be held for a bandwidth of, say, 8 per cent; 
the reactance of the window varies with frequency in the opposite sense 
to the variation of the reactance of the bolometer element with the short-
circuited waveguide termination. 

16-4. Amplifiers.—The power available at the detecting element 
is very small (5 mw or less) in the majority of the methods used in 
antenna measurements. For this reason the available voltage at the 
detector output terminals will likewise be small. For instance, the volt
age at the terminals of a sensitive bolometer ranges from 10~7 to 10~2 

volt rms over the linear part of the detection curve. Crystals also have 
an upper useful terminal voltage of about the same order of magnitude, 
but the lower limit extends down to around 10~h volt for the audio 
region. It is evident, therefore, that some amplification is needed with 
these microwave detectors in order that a practical indicating meter be 
used for measurements. 

The required performance characteristics of such an amplifier are: 
1. Linearity over a range of at least 100 db. 
2. An inherent noise level at least 6 db below the minimum input 

signal. 
3. Good stability. 
4. Freedom from response to outside fields. 
' See Sec. 7-9. 
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Figure 16-12 shows the schemat ic d i ag ram of a tuned audio amplifier 
meet ing the above requi rements which was designed to opera te a Bal -
lant ine Model 300 vol tmeter as the indicat ing device. This un i t is 
linear from 0.001 to 100 vol ts rms ou tpu t , or in other words over a range 
of 100 db, which corresponds to the range of the Bal lant ine meter . 

Voltage gain 10,000. 
Output noise level with zero 
input approx. 0.0005v 

R lw 
■—vw uRC=l 

Value of R approx. 100 k 

Fl i i . !<">■ 12. Tuiiefl a u d i o ampl i f ier . 

The voltage gain is 10.000, which permi ts operat ion of tlie input from 
10 7 to W - volt. 

The tuned audio amplifier is based upon the use of a twin-T ZiY'-bridge 
as a feedback element to reduce the bandwid th . This reduced b a n d 
width has an appreciable effect on the signal-to-noise ra t io ; in fact, the 
average peak noise voltage at tin; ou tpu t terminal is about 5 X 10~4. 
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This is equivalent to an input voltage of 5 X 10-8, or 6 db below the 
minimum signal voltage. Typical performance curves are presented in 
Fig. 16-13. In (o) is plotted voltage gain against logarithm of the voltage 
output of the amplifier. This curve is clearly linear for practical pur
poses, over the range from 0.001 to 100 volts. The graph in (b) is a 
plot of relative voltage amplitude vs. frequency for the amplifier, showing 
the discrimination of the filter at 1000 cps. 

Considerable care must be taken in selecting the components for the 
amplifier, also in the layout of the parts and wiring. For instance, it 

200 400 600 800 1000 1200 1400 1600 1800 2000 
Frequency, cps 

(6) 
Flo. 16-13,—Performance curves for tuned audio amplifier: (a) output-gain curve; (6) 

curve showing discrimination of filter at 1000 cps. 

is imperative to assure excellent magnetic shielding for the input trans
former and the output choke; otherwise undesirable currents can be 
induced in the windings by surrounding fields. For a similar reason it is 
necessary that ground wires be short and connected to a common point. 
Tubes must have very low microphonic response, hence the use of the 
1620 tube in the first stage. Also, the first tube should be shock-mounted. 
The power transformer is best packaged separately; it is not included in 
the amplifier cabinet but housed in a separate container and connected to 
the amplifier by a flexible cable about 3 ft long. This permits the trans
former to be placed 2 or 3 ft away when in actual operation, a procedure 
that is not inconvenient, since the required transformer is quite small 
and light in weight. 

The filters are constructed as small fixed-tuned plug-in units which 
are arranged in the amplifier for easy replacement. The frequency range 
is normally about 100 to 5000 cps. 

There are many variations possible with this type of amplifier, most 
of which are just adaptations to special requirements. However, one 
modification is very desirable for impedance work. It consists essentially 
of the system already shown with the exception that the vacuum-
tube voltmeter is built as part of the amplifier with an indicating meter 
placed in the front panel. This meter is generally calibrated in voltage 
standing-wave ratio with full-scale deflection as unity. The cali-
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bration is based on a square-law detector regardless of the type of detector 
used. 

Another type receiver, based on a heterodyne principle, is used to 
some extent in antenna work, especially in the measurement of secondary 
patterns either where space attenuation is large or where for some reason 
the transmitted power is low. This method is capable of considerably 
greater sensitivity than is realizable with the audio method and also 
does not require the signal source to be modulated. The order of maxi
mum practical power sensitivity with the heterodyne system, when using 

R-f 

Synchronizing pulse 
to trigger transmitter 

Linear sweep to 
frequency modulate 
klystron 

Block diagram of heterodyne receiver. 

a crystal mixer, is about 10~12 watt, whereas the audio amplifier and 
crystal combination has a maximum power sensitivity of about 10~9 

watt.1 Figure 10-14 is a block diagram of a typical heterodyne receiver 
arranged for measurement work. 

This setup makes use of either an r-f or an i-f attenuator or both 
and depends largely upon the attenuator as the measuring element. 
The attenuator, which is previously calibrated, is adjusted to have a 
minimum insertion in the circuit when the received signal is a minimum, 
and the indication on either of the meters or the oscilloscope is noted. 
Then for any signal of greater amplitude the attenuator is adjusted to 
an insertion greater than the original setting until the output indicator 

1 See Vacuum Tube Amplifiers, Vol. tS of this scries. 
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re turns to the va lue observed for m i n i m u m signal. T h e change in signal 
ampl i tude then, of course, is the difference indicated by the cal ibra ted 
a t t enua to r . Actual ly either the c-w meter or the video mete r m a y be 
cal ibra ted for a range of, say, 5 or 10 db. Thus , signal differences can 
be measured by the indicat ing meter and the a t t e n u a t o r in combinat ion . 
This provides a simple means of measur ing the smaller var ia t ions t h a t 
may be within the l imits of the 'ndicat ing meter wi thou t readjust ing 
the a t t enua to r . 

The use of an i-f a t t e n u a t o r as the measur ing element is to be pre
ferred if the mixer can be shown to be linear over the desired range to 
be covered. Usually, for crystal mixers, th is is t rue to abou t 30 db 
above the min imum detectable signal and to about 20 db further with 
carefully selected crystals . This me thod does not require a different 
a t t e n u a t o r for widely different frequencies of received signal bu t , on t he 
cont rary , functions equally well a t any region for which a sui table mixer 
can be introduced. For very large power changes in the received signal 
(GO db or more) , it m a y be necessary to use an r-f a t t enua to r solely or 
in combinat ion wi th an i-f a t t e n u a t o r to main ta in the desired accuracy. 

T h e he te rodyne circuit contains three o u t p u t indicat ing devices. 
Choice will depend upon such condit ions as character of signal and flexi
bility of indicat ion: (1) If the signal is appreciably modula ted , ei ther 
the oscilloscope or meter may be used following the video amplifier. 
T h e scope has the advan tage of in terval- t iming, and therefore the desired 
signal and any spurious signal can usually be dist inguished when using 
synchronized shor t - t ime pulse modula t ion on the t r ansmi t t e r . T h e 
undesired components are usual ly reflections from surrounding objects 
which produce an echo of different t ime delay from the desired signal. 
However , the oscilloscope is difficult to cal ibrate accurate ly over even a 
few decibels of power range. Thus , the a t t e n u a t o r must be cont inual ly 
readjusted to main ta in a cons tant deflection on (lie scope when measur ing 
the power changes. T h e meter cannot distinguish be tween the desired 
signal and an interfering signal but is capable, as lias been previously 
pointed out, of being cal ibrated qui te accurate ly over a range of possibly 
10 db. A synchronized source is not used with the meter . (2) If the 
t r ansmi t t ed signal is a cont inuous wave, no a l te rna t ing componen t will be 
available a t the second detector . Therefore, a d-c amplifier and mete r 
combinat ion or a meter alone, if the detector signal level is high enough, 
is used. The oscilloscope is of lit t le advan tage in this a r rangement , since, 
with a c-w source, in terval- t iming cannot be used and therefore the 
desired signal cannot be dist inguished from (hose caused by reflections. 

T h e i-f amplifier for any of the ment ioned methods should be wide 
enough to allow for the instabil i ty of the source generator . I ' sua l ly 
an amplifier with a 5- to 10-Me bandwid th is used for microwave work. 

A slight, modification of the he te rodyne circuit results in a system 
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that is sometimes useful in c-w measurements. Here the i-f amplifier 
is designed to have a very narrow bandwidth, and the oscilloscope saw
tooth sweep is used to frequency modulate the local oscillator. Thus, 
there will be an output pulse from the second detector at the instant the 
local oscillator passes through a frequency that is equal to the inter
mediate frequency above or below the frequency of the received signal. 
This pulse is then amplified by the video circuit and applied as a deflec
tion voltage to the oscilloscope on which the signal appears as a sharp 
pip or vertical line. This pip can be controlled and measured by the 
attenuator as previously described. The advantage of this system for 
intensity measurements lies chiefly in the fact that the i-f amplifier has 
a quite narrow bandwidth and consequently a higher signal-to-noise 
ratio. In addition the video amplifier is used which is less complicated 
than a stable d-c amplifier. It is apparent that any number of separate 
pips can appear on the oscilloscope screen if a like number of slightly 
different signal frequencies are being produced by the signal source. 
Thus, a very accurate means is provided for measuring the frequency 
distribution and relative amplitude of the energy given off from the source. 
Units are built using this circuit and are known as spectrum analyzers 
and, as such, are frequently used for amplitude measurements with 
single-frequency sources. 

16-5. Recorders.—The use of an automatic antenna pattern recorder 
has been pointed out previously in the general discussion of secondary 
patterns. The following is a discussion of the various methods for auto
matically plotting receiving power patterns. 

The simplest recorder consists merely of a recording current meter. 
This meter is attached to the output of a linear peaked audio amplifier, 
the input of which is fed from the antenna under test through a square-
law detector. If the angular coordinate is synchronized with the angular 
displacement of the antenna, it is possible to obtain a very satisfactory 
linear plot of power. However, for any antenna of appreciable gain, 
much of the desired information involving the side lobes will be lost, 
because such a linear recorder will not visibly resolve powers that are 
from 20 to 10 db below the main peak power. Also, most recording 
meters of this type have the stylus attached to a central pivot about 
which it rotates as a function o' varying current. This does not yield 
a plot in rectangular coordinates, frequently giving rise to confusion 
regarding the picture po>'t:ayed. I t is evident, then, that in order 
to record side lobes and. /or reasons of clarity other methods must be 
contrived. 

Experience has -fhowii that the most desirable scale to use with an 
automatic system is a decibel scale extending over a range of about 
40 db. This may be accomplished in two distinct ways. (1) The linear 
recording current meter may be driven by a logarithmic amplifier which 
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is fed by the square-law detector, thus obtaining the desired result by 
the use of the nonlinear amplifier. (2) A system can be built around a 
nonlinear potentiometer or attenuator with servo follow-up for stylus 

^-Selsyn generator 
Antenna 

■ 1 : -'ir - " -..9 

l'i(>. 10-16a.—Photograph of the control :md recording console. 

displacement. The latter method is generally preferred, since it does 
not require a nonlinear amplifier; accuracy of such an amplifier is usually 
difficult to maintain. Systems based on this second method will be 
described. 
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Figure 16-15 shows a block diagram of a typical recorder designed to 
operate on the audio voltage developed by a bolometer or crystal used 
as the antenna feed termination. It should 
be understood, of course, that the trans
mitter is modulated at. the pass frequency 
of the audio system of the recorder. 

The system operates as follows: The 
angular displacement of the mount to 
which the antenna is affixed is trans
mitted to the recording drum by a Selsyn 
generator-and-motor combination which 
synchronizes the angular rotation of the 
drum with that of the antenna.' The input 
to the signal amplifier varies with the 
orientation of the antenna; since this ampli
fier is linear, the voltage appearing across 
the calibrated potentiometer is directly 
proportional to the power picked up by the 
antenna. The tap-off voltage from the 
potentiometer is fed into the potentiometer 
amplifier, the output of which is compared 
with a constant voltage. The difference 
between the latter two voltages is applied 
to the servo amplifier; the servomechanism 
then drives the potentiometer tap-off to 
a point such as to reduce the difference 
voltage to zero. Since the stylus is attached 
to the same mechanism that drives the 
potentiometer, it is displaced in a like 
manner; consequently, the stylus displace
ment is proportional to the amplitude of 
the signal. 

An instrument based essentially on the system just described has been 
built and used.' Photographs of the control and recording console and 
the electronic cabinet of this instrument are shown in Fig. 10-16. With 
this instrument it is possible to obtain side-lobe information in fine 

FIG. lG'Ki'i.— Photograph of 
the electronic cabinet of an audio 
recorder. 

1 Good accuracy may be achieved in this manner , since the Selsyn generator on the 
mount is geared to the motion through a precision gear train with a s tepup rat io of 
about 1 to 36 and the Selsyn motor driving the drum is geared down a like a m o u n t ; 
This means t ha t the electrical inaccuracies of the Selsyn system are divided by 3fi, 
and by the choice of good gearing, mechanical errors may be held quite small. 

2 0 . A. Tyson, ' 'Antenna Measuring iMjuipment," Kl, Report Xo. 001-4, J a n u a r y 
1945. 
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detail; a typical plot of power variation vs. displacement angle is shown 
in Fig. 16-17. 

Alternative methods of supplying the information to the servomecba-
nism make use of the r-f carrier wave rather than the audio-modulated 
output of a square-law detector. One method uses a calibrated i-f 
attenuator in a heterodyne circuit1 in place of the a-f attenuator. This 
setup is shown in block diagram in Fig. 10-18. Angular coordinates 
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F I G . 16-17.—Antenna pattern showing detail obtainable \vith audio recorder. 

are transmitted in a manner similar to that shown in Fig. lb'15. This 
consists of a Selsyn generator geared to the antenna mount and a Selsyn 
motor geared to the recording drum. If the antenna under test is illu
minated by either a modulated or a c-w wave, an i-f voltage is developed 
at the output of a small mixer and local oscillator which is used to ter
minate the antenna feed. The i-f voltage is passed through a calibrated 
logarithmic attenuator and amplified; it is then rectified and used to 
control a servomotor just.as is done in the audio system. The stylus, 
of course, is again geared to the servomotor, which drives the calibrated 
attenuator and traces a signal amplitude plot on the synchronized graph 
drum. 

The chief advantage of the heterodyne system is that it is very much 
more sensitive to weak signal input than bolometers or crystals used as 

' U. J. Symonds, " Microwave Antcnn.-i Pat tern l ieeorder," BTI , Report MM--M-
170-55, N'ov. 15, 1044. 
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rectifiers, as was indicated in Sec. 16-4. As a result it is possible tc 
reduce transmitter power by possibly 10 db or to extend the range of 
power coverage from 40 to approximately 60 db under ideal conditions. 
The limitations to this method arise in the mixer, which is often not 
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Fit;. 10-lft.— Antenna pattern recorder utilizing an r-f attenuator in a heterodyne circuit 

completely linear over the higher portions of the desired power range. 
Also, difficulty sometimes arises from the large bulk of the mixer-oscil
lator termination which must be attached to a relatively small antenna. 
Bolometers, on the other hand, are more adaptable because of their size. 
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crystal, 549, 554, 555, 601, 604 
Detector response, 601-603 
Dickie, H. H., 200 
Dillon, R. E,, 316 
Dipole, electric, 92-95 

half-wave, 98 
gain of, 9<J 

magnetic, 95 
slot-fed, 245-248 

as array element, 284-286 
spheroidal, 249 

impedance of, 249 
Dipole-disk feeds, 251-253 
Dipole feeds, directive, 250 
Divergence factor, 143 
Dodds, J. W., 295, 299 
Dolph, ('. I,., 282 
Double-dipolc system, on coaxial line, 

253-254 
coaxial-line-fed, 253 

Double-dipolc system, theory of, 101-104 
on waveguide, 255-256 

Doublet lens, 410 
Dowker, Y., 523, 556 
Dunbar , A. S., 480, 487 

E 

i?-plane, principal, 103 
.K-plane pa t te rns , principal, of pencil-

beam antennas , 422-423, 433-437 
A'-plane sectoral horns, admi t tance char

acteristics of, 369-374 
modes in, 350-354 
mouth admi t t ance of, 369 
radiation from, 357, 358-365 
tenth-power widths of, 364, 365 
throa t transition, 369-371 
transmission-line equations for, 366-

369 
Eaton, J. E., 316 
Edge diffraction, 516 
Edge reflection, 518 
Eisenhart , L. P. , 142 
Electrical length, 550-552 
Elson, X., 442 
Emde, F., 194, 220, 233 
I']rror, cubic phase, 189 

linear, 188 
quadrat ic , 188 

Everhar t , E., 523 
Everi t t , \V. L., 17, 19-21 
Eyges, I,. .1., 316, 328, 496 

F 

Far-zone fields, of current distributions, 
87-91 

of line-current distr ibutions, 96-98 
Far-zone region of apertures, 172 
Feed, center of (sec Center of feed) 

dipole-disk, 251-253 
double-dipole, 253-256, 434 
double-slot, 348-349 
extended, 473, 474, 177, 487--I94 

dipole-array, 491-493 
horn-array, 493-494 

four-dipole, 256 
point-source (.sec Point-source feed) 
primary, 12 

F e e d requirements, p r imary , 23^-240 
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Feed systems, front, 448 
rear, 347, 434, 448 

Feed tilt, impedance changes with, 488 
Feed-tilt effects, in cut paraboloids, 488, 

489 
in paraboloidal reflectors, 487, 488 

Feeding coefficients, 259 
Fermat ' s principle, 122-125 
Field equations for cylindrical waveguide, 

201-203 
Fields, dominant-mode, of sectoral horns, 

352, 355 
superposition of, 99-101 
time-periodic, Maxwell's equations for, 

68 
Fiske, M. D. , 387 
Fourier integral representation of Fraun-

hofer region, 174-175 
Frank, N . H., 173, 174 
Frank, P . , 110 
Fraunhofer region, 160-162, 172 

criteria for, 198, 199, 561, 574 
Fourier integral representation of, 

174-175 
Frequency control, automat ic (see AFC) 
Frequency pulling, 538 
Fresnel region, of circular aperture, 196-

199 
general characteristics of, 171-172 

Fresnel zones, 196 
Front-feed systems, 448 

G 

Gain, 3, 90, 177 
absolute, 90 
of broadside arrays, 271-274 

maximum, condition for, 271 
of circular waveguides, 340-341 
dependence of, on aper ture illumina

tion, 177-178 
directive, 580-581 
effective, 583 
of end-fire arrays, 277-278 
of half-wave dipole, 99 
of parabolic cylindrical antennas , 458 
of pencil-beam antennas, 423-432 
of pyramidal horns, 587 
of rectangular waveguides, 346 
of scattering pat tern , 468 
of sectoral horns, 587 

Gain comparison, 581 
Gain determination, reflection method 

for, 585-586 
Gain factor, 178, 425 

vs. aper ture i l lumination, 187, 195 
Gain function, 2, 90, 94 

for aper ture , 162 
scattering, 590 

Gain measurements , 580-586 
Gain s tandard determinat ion, 582-585 
Gain s tandards , secondary, 586 
Gardner, J . H., 481, 484, 485, 508 
Goldstein, H., 320 
Grating, quarter-wave, 447 
Grating reflectors, 449-450 
Green's theorem, scalar, 108 

vector, 80 
Ground antennas , 510 
Ground target area, effective, 469 
Guillemin, E. A., 17, 18 
Guptill, E. W., 295, 299 

H 

/ / -plane, principal, 103 
/ / -plane pa t te rns , principal, of pencil-

beam antennas , 422-423, 433-437 
/ / -p lane sectoral horns, admi t tance char

acteristics of, 374-376 
modes in, 355-357 
mouth admit tances of, 375 
radiation from, 358-365 
tenth-power widths of, 365 
th roa t t ransi t ion, 375 

Half-power width, 94, 104 
Hansen, W. W., 278 
Hayes, W. D. , 449 
Hegarty , M., 523 
Height finding, 467 
Hems, A. E., 410 
Hiat t , R., 251, 437, 442 
Hill, J. F . , 503 
Horn arrays, 319 

as extended feeds, 481, 493-494 
Horns, biconical, 9 

box, 377-380 
compound, 350, 376 
pyramidal , 587 
sectoral (see /?-plane sectoral horns; 

/ / -p lane sectoral horns) 
Hull, G. F . , Jr., 415 
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I l lumination, aperture, beamwidths vs., 
179, 183-187, 195 

dependence of gain on, 177-178 
gain factor vs., 187, 195 
side lobes vs., 179, 187, 195 

binomial, of broadside arrays, 269 
gabled, of broadside arrays, 269 

Images, of dipole radiators, 135-137 
principle of, 132-137 

for dipole-sources, 135-137 
Impedance, characteristic, 23, 216 

normalized, 25, 213 
of spheroidal dipoles, 249 
transverse wave, 209 

Impedance changes, with feed ti l t , 488 
Impedance correction, for pencil-beam 

antennas, 443-448 
for pillbox antennas, 463 

Impedance effects, in normal-incidence 
radome, 537 

Impedance-measurement appara tus , 547 
Impedance measurements , probe errors 

in, 548, 556 
Indicator , response of, 549 
In tens i ty measurements , pr imary pa t 

terns, 561-564 
Interference effects in aircraft installa

tions, 515-519 
Iris, trial, 552 
Isotropic spherical waves, 78 

J 

Jahnke , K., 194, 220, 233 
Junct ion effects, in waveguides, 214, 215 

K 

Keary, T. J., 455, 461, 464, 502, 508, 
564 

Kelvin, Lord, 121 
King, A. P. , 349 
King, D . D. , 248 
King, R. W. P. , 21, 248 
Kingsbury, S. M., 399 
Klystron, double-cavity, 596-599 

Klystron, reflex, 594-596 
Sperry 410-R, 596 
Sperry 419R, 595 

Kock, W. E., 402, 405, 406, 410, 442 
Krut te r , H., 442, 455 

L 

Lamont , R. L., 200 
Lattice factor, 105 
Lens, dielectric, 389-402 

a t tenuat ion in, 399-400 
bandwidth of, 398 
frequency sensitivity of, 398 
one surface, with elliptical contour, 

392-393 
with hyperbolie contour, 390-392 

reflections from surfaces of, 401 
tolerances on, 400 
two surface, 390, 394 
zoned, 395-398 

doublet, 410 
metal-plate, 402-412 

achromatic doublets, 410 
bandwidth of, 408-410 
one surface, with elliptical contour, 

403-405 
of parallel plates, 402-405 
of parallel wires, 406 
polystyrene-foam bonded, 406 
reflection from surfaces of, 410-412 
tolerances on, 407-408 • 

spherical, 390 
Lewis, F. D., 349 
Line, eorrvigated, 319 

lossless, 26-29 
Line-current distributions, far-zone fields 

of, 96-98 
Line-source pr imary pat tern, 570-572 
Line-source feed, and reflectors, 151-154 
l i n e sources for shaped-beam antennas, 

495-497 
l i t te l fuse, 549, 559 
Littelfuse Company, 603 
Loaded-line constants , 313-316 
Loaded-line formulas, Campbell 's, 313 -

316 
lossless line, 26—29 
Low-alti tude csc2 6 an tennas , 484-486 
Luneberg, R. K., 126 
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McMillan, E. B., 523 
Magic T, 572 
Magnetrons, 599-601 
Malus, theorem of, 126 
Marcuvitz, N., 200 
Marshall, F . B., 556 
Mason, S. J., 377, 380, 453, 564 
Matching of waveguide and horn feeds, 

383-387 
Maximum-power theorem, 20, 21 
Maxwell's equations, differential form, 64 

integral form, 64 
for time-periodic fields, 68 

Mimno, H. R., 21 
Mises, V., 110 
Mismatch, introduced by reflector, 155-

158, 439-443, 454 
Moments, of aperture-field distributions, 

184 
Montgomery, C. G., 200 
Mueller, C. E., 316 

N 

Nabarro, F . I t . N. , 415 
Nacelle, 512, 513 
Near-zone region of apertures, 170 
Network, four-terminal, 17-19 

two-terminal-pair, 17 
Network equivalent, four-terminal, of 

section of t iansmission line, 36 
Network parameters , four-terminal, 17 
Nowak, W. B., 253 

O 

Obscuration, of ta rget signal, 520 
Offset feeding technique, 453-457 
Optical-Fresnel field, 171 
Optical path length, 122 
Orthogonali ty of waveguide modes, 207-

209 
Oster, G., 399 

P 

Il-section, 19 
Pao, ('. S., 381, 383, 453, 477, 487 

Parameters , consti tutive, 65 
current, 210 
voltage, 210 

Pat tern , apparent , 526 
primary (see Pr imary pa t te rn) 
secondary (sec Secondary pa t te rn) 

Pa t te rn distortions by radomes, 524-526 
Pat tern synthesis by linear array, 279-

284 
Pencil beam, requirements for, 413, 414 
Pencil-beam antennas, using circular pa-

raboloidal reflector, aper ture field 
of, 419 

design procedures for, 432 
cross polarization of, 419, 423 
gain of, 423-432 
impedance correction for, 443-448 
paraboloidal, 415-450 
using paraboloidal reflectors, an tenna 

gain of, 423-433 
Perry, If. A., 523 
Phase constant , 23, 205 
Phase determinat ions on point-source; 

feeds, 564-570 
Phase-error effects, on pencil beam gain, 

430 
on secondary pat terns , 186-192 

Phase errors, defocusing, 432 
Phase measurement , line-length effect in, 

569 
Phase-reversal techniques, in arrays, 321 
Phillips, H. B., 62 
Pillbox design problems, 460-464 
Pippard, A. B., 442 
Point-source, (-one, 240 
Point-source feeds, primary pat tern for, 

557-570 
and reflectors, 149-151 

Polar diagram, 3, 90 
Polarization, circular, 92 

cross (sec Cross polarization; 
elliptical, 91 

Polynomial, associated with array, 2 6 1 -
264 

Poole, A. ]{,., 461, 508 
Porterfield, ('. P., 478 
Power modes, 595 
Poynting's theorem, 69-71 
Poynting vector, 69 

time-average, 70 
PPI , 514 
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Pressurizing, 383-387 
Pressurizing device, 376 
Primary feed, 12 
Primary pa t te rn , 12 

line-source, 570-572 
for point-source feeds, 557-570 

Pr imary-pat tern appara tus , siting of, 560 
Probe, response of, 549 
Probe errors, in impedance measure

ments , 556 
Propagation constant , 205 
Purcoll, 10. M., 200, 301, 330, 464, 585 

R 

Radar cross section, 468 
Radar shadow, 515 
Radiation, from A'-plane sectoral horns, 

357 
from / / -plane sectoral horns, 358 
from waveguide, aperture t rea tment of, 

334 
Radiat ion conditions, 85 
Radiation pat tern , 90 
Radiat ion resistance, 39, 95 
Radiators, axially symmetrical , 303-309 

dipole, 92-96 
images of, 135-137 

streamlined, 310-313 
waveguide, 301-303, 329 

Radio Research Laboratory, 223 
Radome, normal incidence, 537-530 

design considerations for, 538 
impedance effects on, 537 
pat tern effects of, 537 

pa t te rn distortions by, 524-526 
streamlined, 524, 535, 540-542 

design considerations for, 542 
pat tern effects of, 540 

Radome walls, reflection coefficients of, 
529-537 

transmission coefficients of, 52!)- 537 
Range reduction, 524 
Ray curvature , 111, 112 
Ray velocity, 110 
Rayleigh, Lord, 19 
Rayleigh reciprocity theorem, 19 
Rear-feed systems, 448 
Receiving pat tern, 4 
Reciprocity, between t ransmit t ing and 

receiving pat terns , 48-50 

Reciprocity relation between transfer co
efficients of network, 18 

Kedhoffer. R. M., 523, 556 
Reflection, from curved surfaces, 138-143 

from curved undersurface of fuselage, 
517 

edge, 518 
laws of, 124, 134 

Reflection coefficient, current , 32 
electric-field, 212 
of paraboloidal reflectors, 439-443 
of radome walls, 529-537 
voltage, 25 

Reflection coefficient chart , 29-33 
(.We a/.so Smith charts) 

Reflection method for gain determina
tion, 585 

Reflector antennas , double-curvature, 
502-508 

Reflector mismatch, 155-158 
Reflectors, aperture-field method for, 

158-160 
barrel, 480, 503 
contour cut t ing of, 453-457 
current distribution over, 144-149 
cut paraboloidal, 451- 457, 477 

symmetrical type, 451-453 
cylindrical, for shaped beams, 494-497 
grating, 449-450 
line-source feed and, 151-155 
mismatch introduced by, 155-158, 

439-443, 454 
modified, 474, 477, 479-495, 503 
paraboloidal, feed-tilt effects in, 487, 

488 
structural design problems. 448-450 

point-source feed and, 149 151 
screen. 449 
shovel-, 481, 483 

Refraction, laws of, 125 
Kosponder, 327 
Riblet, II., 139, 247, 282, 305, 316, 325 
Rice, S. ().. 247 
Ridcnour, L., 414 
King source. 348 
Hisser. .J. R., 332, 366, 369, 461, 496, 508 

S 

Scalar, (ircen's theorem, 108 
Scanning antennas , 513-521 
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Scat ter ing, mult iple, 588 
Scattering cross section, 5, 42, 468 

equivalent sphere. 5 
Scattering gain function, 590 
Scattering pa t te rn , gain of, 468 
Schelkimoff, S. A., 248, 261, 279, 282, 

586 
Schwartz inequality, 177 
Screen, absorbing, 560 
Screen reflectors, 449 
Secondary pa t te rn , 12, 169 

general features of, 175-180 
phase-error effects on, 186-192 

Sector blanking, 517 
Series reactances, on coaxial lines, 223 -

226 
Shaped beam, applications for, 465-468 

cut paraboloid for, 477-483, 487-491 
cylindrical reflectors for, 494-497 
requirements for, 465-468 

Ship antennas , 511 
Shipborne an tenna for surface search, 

467 
Sichak, W., 230, 231, 255, 301, 330, 436, 

464 
Side lobes, 176 

vs. i l lumination, 179, 187, 195 
Signal generator, 594 
Silver, S., 155, 157, 441, 442, 463, 487, 

497, 503 
Siting, of impedance-measurement appa

ratus , 548 
of p r imary-pa t te rn appara tus . 560 
of secondary-pat tern appara tus , 574-

578 
Skellett, A, M., 396 
Skin thickness, effective, 534 
Skirt-dipole an tenna , 240-242 
Slater, J. C , 51, 173, 174, 200, 211 
Slope, 549 
Slot array, axially symmetrical , 305 
Slot radiators, impedance in waveguide, 

287-299 
Slots, dumbbell-shaped, 296 

longitudinal, 291-297 
nonradiat ing, 287 
probe-fed, 299-301 
resonant, 291-299 
transverse, 291, 292 

Smith, P. H., 29 
Smith, W. O., 497 

Smith charts , 29 
SneU's laws, 123-125 
Sommerfeld, A., 59, 114 
Southworth, G. C, 349 
Space arrays, regular, 104-106 
Space factors, 89 
Spatial pa t te rn measurements , 563 
Spencer, R. C , 139, 184, 186, 191, 194. 

473, 497, 503 
Sperry 410-K klystron, 596 
Sperry 419B klystron, 595 
Spherical waves, isotropic, 78 
Squint, 245, 438 
Stabilization, 508 
Standing-wave measurements , 548-550 
Standing-wave ratio, 28, 545 

power, 28 
voltage, 28 

Standing-wave voltage ratio, measure
ment of, 547-549 

Sta t ionary phase, principle of, 119-122, 
157 

Steele, E. R., 523 
Steenland, A. M., 496 
Steinberger, J., 331, 332, 496 
Stergiopoulos, C. G., 479, 490 
Stevenson, A. F . , 292 
Stra t ton, J . A., 57, 61, 67, 78, 80, 93 

132, 146, 159, 248 
Stubs, parallel, 223-226 
Ruen, T, J., 523 
Superposition principle, 66 
Surface-to-air search, 465 
Surface an tenna for air search, 465 
Symonds, R. J., 612 
Synge, J. L., 110, 122 

T 

T-section, 18 
Taggart , M. A., 497 
Target response, directional, 468-471 
Target signal, obscuration of, 520 
Tchebyseheff arrays, 282-284 
TE-mode, of circular waveguide, 233 

of coaxial line, 220 
of cylindrical waveguide, 204-206 
of £-plane sectoral guide, 352-353 
of ff-plane sectoral guide, 355-356 
of parallel-plate waveguide, 237 
of rectangular waveguide, 226-229 
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J'K,o- to 7M/r, rino(lr converter, 308 
7'A'iW-mode, of coaxial lines, 217-219 

current of, 216 
of cylindrical waveguide, 203, 204 
of parallel-plate waveguides, 235-236 
voltage of, 216 

Tenth-power width, (14, 104 
Terman, F. K., 349, 415 
Thcvenin 's theorem, 20 
Tisza, L., 399 
TM-mode, of circular waveguide, 233 

of coaxial line, 220 
of cylindrical waveguide, 206 
of parallel-plate waveguide, 236 
of rectangular waveguide, 226-229 

Transfer admi t tance coefficients, 18 
Transfer coefficients of network, reci

procity relation between, 18 
Transfer impedance coefficients, 18 
Transformation charts , 29-36 
Transformers, cascade, in coaxial lines, 

221-223 
Transmission coefficients, of radoiue 

walls, 529-537 
Transmission line, homogeneous, 23-26, 

544-546 
three-wire, 247 
two-wire, 21-37 

Transmission-line equations, for A'-plane 
sectoral horns, 366-369 

Transmi t te r pulling, 517, 537 
Transmitter-receiver system, equivalent 

network of, 53-60 
Transmi t t ing pat tern, 3, 557 
Transponder , 327 
Tridipole transverse element, 304 
Truell, II., 221 
Tyson, O. A., 612 

V 

Vallec Poussin, C. de la, 280 
Values, characteristic, 204 
Van Atta, L. C , 434 
Variable beam shape, 508-509 
Vector. Green's theorem, 80 
Vertex plate, 443, 463 
Vogel, B. It., 509 
Voltage a t tenua t ion constant, 23 
Voltage parameters , 210 

Voltage reflection coefficient, 25 
Von Hippel, A., 399 

W 

Walkinshaw, W., 503 
Wall, sandwich, 532 

single, 531 
Watson, G. X., 76, 194, 195, 236, 341, 

353, 354, 367 
Watson, W. H., 295, 299 
Wave equations, 71-73 
Wave velocity, 110 
Waveguide, circular, TK-modi: of, 233 

7',W-mode of, 233 
cylindrical, field equations for, 201-203 

7'AM/-mode of, 203, 204 
junction effect in, 214, 215 
radiat ion from, aperture t rea tment of, 

334 
rectangular, TK-mode of, 226-229 

7'.W-mode of, 226-229 
terminal admit tance of, 366 

Waveguide modes, orthogonality of, 207-
209 

two-wire line representation of, 209-
216 

Waveguide radiat ion pat terns , circular, 
336-341 

rectangular, 341-347 
Waveguide radiators, as ar ray elements, 

301-303, 329 
Waves, cylindrical, 75 

plane, 73 
principal, 203 

Wesson, L. G., 399 
West, W. ,1., 478 
Westphal, W. B., 399 
Whelpton, .!., 285 
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inductive, 230 
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Foreword 

THE tremendous research and development effort that went into the 
development of radar and related techniques during World War II 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. Because this 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super
vision of the National Defense Research Committee, undertook the great 
task of preparing these volumes. The work described herein, however, 
is the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 
and other Dominions. 

The Radiation Laboratory, once its proposals were approved and 
finances provided by the Office of Scientific Research and Development, 
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 
project. An editorial staff was then selected of those best qualified for 
this type of task. Finally the authors for the various volumes or chap
ters or sections were chosen from among those experts who were inti
mately familiar with the various fields and who were able and willing 
to write the summaries of them. This entire staff agreed to remain at 
work at MIT for six months or more after the work of the Radiation 
Laboratory was complete. These volumes stand as a monument to this 
group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of scientists, engineers, and others who actually carried on 
the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and they 
worked so closely together, even though often in widely separated labora
tories, that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote re
ports or articles have even been mentioned. But to all those who con
tributed in any way to this great cooperative development enterprise, 
both in this country and in England, these volumes are dedicated. 

L. A. DUBRIDGE 





Preface 

Most of the volumes of the Radiation Laboratory Series are devoted 
to specific radar subjects such as components, systems and their applica
tions, or measurement techniques. This volume, however, treats the 
phenomena associated with the propagation of short radio waves between 
terminal points, whether they be the radar antenna serving a dual purpose 
or the antennas of a communications system. The intention is to present 
a summary of the state of knowledge in the microwave-propagation field 
at the close of the war. There has been no attempt to produce either a 
handbook or textbook, but only an interim report on a rapidly changing 
subject. An attempt has been made to survey all relevant information 
that was available, from whatever source, and to summarize as much of 
it as was feasible. 

The preparation of the book was undertaken primarily by the Pro
pagation Group (Group 42), and all of its thirty-odd members contributed 
either directly or indirectly to the material given here. In addition, sub
stantial contributions have been made by authors who were not members 
of this group but who worked closely with the group during the war. The 
division of authorship was to a certain extent arbitrary. The principal 
criterion was, of course, familiarity with the subject matter, and where 
possible the people who had made original contributions were favored. 
There were limiting factors, however, such as the degree of availability 
of possible authors and the fact that it was impractical to have a large 
number of writers. Unfortunately, it is impossible to give adequate 
recognition to all those who have contributed directly or indirectly or 
even to represent the correct proportion of the contributions of those 
whose names appear here. 

A vast amount of material was available for consideration—much 
more than could have been presented in one volume. Consequently, 
some topics have been omitted completely, as, for example, diffraction 
by trees, hills, and obstacles other than the earth or objects used as radar 
targets. In this case, as in some others, no significant original work on 
the subject was done at the Radiation Laboratory, and reviewing work 
done entirely by others did not appear desirable. Other subjects that 
have been omitted are the numerous attempts at application of radio-
meteorology to forecasting of radio and radar propagation performance 
and the climatological studies needed to make such knowledge useful on 

ix 
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a world-wide scale. In this case, authors were not available to undertake 
the work. In choosing the meteorological material that was to be pre
sented, it was decided that in the limited time available it was feasible to 
present only the material considered to have the soundest fundamental 
background and to eliminate material that involved an appreciable amount 
of speculation or that would require reworking or further research to put 
it into the desired form. In general, throughout the book when similar 
decisions were necessary, they were nearly always made in favor of an 
exposition of selected material rather than a sketchy, uncritical report of 
a large amount. We are aware that despite our attempts to include data 
from many sources our own work tends to predominate; knowing it most 
thoroughly, we have treated it in greatest detail. 

Much of the wartime work was necessarily done in haste without 
adequate preliminary planning, care in execution, or sufficient analysis of 
results. If we appear to be overly critical or pedantic here, the reader is 
asked to understand that this arises, at least in part, from the reaction of 
the authors to the nature of much of the source material from which the 
following chapters are formed. We have not hesitated to point out the 
need for critical examination of the data reviewed here, for such an exami
nation must certainly be one of the first steps in further research in the 
field. We have also made numerous suggestions for future investigations. 

The methods employed in recent propagation research are, we believe, 
rather important, and we have described them in some detail when it 
appeared that the description would aid others in future plans. Apparatus 
details involving radio-frequency techniques are omitted, as most of them 
are covered in other volumes of this series, but methods of planning experi
ments and of analyzing results are emphasized. The meteorological in
strumentation and new measurement techniques are also emphasized, as 
they are of utmost importance in investigations of the effects of atmospheric 
refraction on microwave transmission. 

Nomenclature and symbols were matters about which positive decisions 
were necessary if the book was to be readable. The present choice is the 
result of considerable deliberation and compromise among several well-
established but highly conflicting systems. I t embodies as much as 
possible of the best or of the most firmly established features of each system. 
A serious attempt has been made to avoid undue overlapping use of sym
bols but at the same time to adhere to uniform usage throughout the book; 
some inconsistencies appear inevitable, however. 

We have attempted to acknowledge the sources of all our information, 
even though, unfortunately, these sources are frequently in the form of 
reports that possibly will never be generally available. Some of the re
ports cited here are beginning to appear in the literature as this material 
goes to press, however, and the appropriate footnote references have been 
inserted wherever possible. When the source of experimental material is 
not specifically stated, it may be assumed to be the Radiation Laboratory, 
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but because of the high mobility of ideas, it is not always possible to be 
certain of their origin. Except for the measurements on oxygen and water-
vapor absorption, ship and aircraft cross sections, and a few miscellaneous 
items, almost all of the Radiation Laboratory material is the work of the 
Propagation Group or of its close associates. 

The information summarized here represents a large investment of 
effort by many persons and agencies, and it is impossible to acknowledge 
fully our indebtedness to all of them. Our principal indebtedness is to 
the remainder of the Propagation Group, whose work contributed so much 
to this volume. Second, we must acknowledge particular indebtedness to 
the several authors who at considerable inconvenience to themselves con
tributed their services long after the termination of the activities of the 
Radiation Laboratory Office of Publications. 

We should like to acknowledge specifically the very great assistance 
rendered by the several branches of the armed services, who contributed 
generously in both man power and in equipment such as boats, aircraft, 
housing facilities, and the many other items necessary to carry on field 
operations on a large scale. We should like to thank the members of the 
U.S. Weather Bureau and its several branch offices, whose personnel not 
only contributed information but in some cases participated in our research 
program. We are also greatly indebted to Dr. Charles Brooks of the Blue 
Hill Observatory of Harvard University for his meteorological advice. 
Most of the aircraft soundings in Chapter 3 were obtained by Robert H. 
Burgoyne and Earl G. Boardman, who contributed his aircraft and his 
services as skillful pilot. This work deserves special mention because of 
its hazardous and highly exacting nature. 

In an attempt to ensure accuracy in reporting the work of other groups, 
we have submitted portions of the manuscript for review to several indi
viduals and organizations. Particular thanks are due to the following 
people: Sir Edward Appleton, Dr. R. L. Smith-Rose, and the other mem
bers of the Tropospheric Wave Propagation Committee in England; 
Dr. John B. Smyth of the U.S. Navy Electronics Laboratory; A. B. Craw
ford of the Bell Telephone Laboratories; Professor Paul A. Anderson of 
Washington State College; Dr. H. H. Beverage of RCA Laboratories; 
K. A. Norton and Dr. T. J. Carroll of the Central Radio Propagation 
Laboratory, Bureau of Standards; and Professor C. R. Burrows of Cornell 
University. The corrections and suggestions offered by these men have 
been of great value in integrating the descriptions of the work with which 
they are most familiar. Thanks are also due Norma W. Donelan for her 
aid in final preparation of the manuscript. 

CAMBRIDGE, MASS. 
July, 1947 

DONALD E. KERR 
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CHAPTER I 

ELEMENTS OF THE PROBLEM 
B Y JOHN E. FHEEHAFER AND DONALD E. KERR 

This first chapter is intended to serve two purposes: (1) I t introduces 
a number of definitions and concepts that will be useful to orient the reader 
before he embarks upon the detail of the following chapters. (2) It pre
sents a thumbnail sketch of the type of information that is to follow, but 
free from the specialized terminology and methods that are frequently 
necessary in later chapters. We attempt only to indicate a few of the 
high lights rather than to give a complete outline, as the latter course 
would lead to undue repetition. 

EVOLUTION OF THE PRESENT PROBLEMS 

It is interesting to observe that the workers in the present microwave 
field have returned to the wavelength region in which major features of 
Maxwell's electromagnetic theory received confirmation through the re
searches of Hertz. The details of the trend from short to long waves and 
back again are of no interest here, but some features of the trend are suffi
ciently relevant to be considered briefly. In addition, the complete 
identity of many of the problems considered here with well-known prob
lems in optics is emphasized, as experience has shown that familiarity with 
concepts and methods of optics is of great utility in the microwave 
field. 

1-1. The Ionosphere and the Transmission of Long Waves.1—Interest 
in the propagation of electromagnetic waves over the surface of the earth 
first became active when Marconi demonstrated in December 1901 that 
signals could be transmitted across the Atlantic Ocean. During the next 
18 years the most eminent mathematicians and physicists of the time con
tributed to a lively discussion of the quantitative aspects of the four 
mechanisms that had been proposed to account for the reception of signals 
beyond the horizon. These were diffraction, reflection from an elevated 
layer of ionized gases, atmospheric refraction, and transmission by means 
of surface waves that follow the interface between media of different 
dielectric properties. 

Formulation of the diffraction theory by considering the field due to 
an oscillating dipolc near an imperfectly conducting sphere readily yields 
an infinite series that unfortunately converges at a hopelessly slow rate 

1 By John K. Frrehafer. 
1 
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when the radius of the sphere measured in wavelengths is large. The 
attempts of various investigators to approximate this series led to widely 
divergent results, none of which agreed with the empirically determined 
Austin-Cohen formula,1 which seemed adequate to summarize the experi
mental data available at the time. 

Meanwhile other possibilities were being examined. The presence of 
ionized gases at great heights in the atmosphere was inferred from obser
vations of the spectrum of light from the night sky. These showed the 
continuous presence of lines associated with the aurora. Furthermore the 
existence of a conducting layer aloft had been postulated to explain the 
observed variations of terrestrial magnetism. In 1902 both Kennelly and 
Heaviside2 published articles suggesting that long-range radio transmission 
might be accounted for by reflecting from an elevated conducting surface. 
Ten years later Eccles3 contributed an investigation of the mechanism of 
ionization by solar radiation and presented the fundamental theory of 
ionic refraction. 

The effect of the decrease of refractive index of the air because of the 
decrease in its density with height was also examined by several inves
tigators.4 On the assumption that the temperature is constant, it was 
shown that the radius of curvature of the rays would always be many times 
the radius of the earth. It was therefore concluded that bending by the 
atmosphere, although acting in the right direction, is unimportant. 

Finally the idea that radio waves could be guided along the surface of 
the earth much as electromagnetic energy can be conducted along wires 
was examined theoretically and experimentally. It was observed that 
high antennas were not necessary to receive signals and that ranges were 
usually longer over water than over land. Zenneck5 was able to explain 
some of the observations by applying to the radio problem the results of 
his demonstration that Maxwell's equations admit a solution that repre
sents a surface wave guided along the interface between two different 

1 According to the Austin-Cohen formula 

/ o; -■— exp( — ar\ 7i) 

where / is the current induced in a receiving antenna of height z2 per unit current in the 
transmit t ing antenna of height zi. The range and wavelength are denoted by r and X. 
The parameter a = 1.5 X 10~3 (ki lometers) - V l for transmission over sea water. For 
the da ta from which this formula was deduced see L. W. Austin, Nat. Bur. Standards 
Bull. 7, 315 (1911). 

2 A. E. Kennelly, Elec. World, 39, 473 (1902); O. Heaviside, Encyclopaedia Britannica, 
10th ed., Vol. 33. 

3 W. H. Eccles, Proc. Roy. Soc. A, 87, 79 (1912); Electrician, 79, 1015 (1912). 
4 J. A. Fleming, Principles of Electric Wave Telegraphy and Telephony, 1919, p. 660. 
S J . Zenneck, Ann. Physik, 23, 846 (1907); Lehrbuch der drahtlosen Telegraphie, 

218- Aufl., S tut tgar t , 1913. 
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media. Further work by Sommerfeld1 seemed to show that a surface 
wave of the type discussed by Zenneck would actually be excited by an 
oscillating dipole at the boundary between a dielectric and imperfectly 
conducting plane. Sommerfeld's results were later questioned by several 
investigators,2 and there is still disagreement concerning the proper nomen
clature for and interpretation of the surface wave. 

The initial exploratory period was brought to a close with the appear
ance of two important papers by Watson in 1919. In the first of these' 
he exposed the errors that were responsible for the confusion in the diffrac
tion theory and gave the correct solution. His results showed that dif
fraction failed completely to account for the long ranges observed. In the 
second paper4 he derived the Austin-Cohen formula on the assumption that 
transmission takes place in the space between two concentric conducting 
spheres. This was a clear-cut triumph for the reflecting layer hypothesis 
and directed future effort toward the fruitful field of ionospheric research. 

During the next 14 years5 most of the known phenomena concerned 
with the transmission of radiation at frequencies up to 30 Mc were observed 
and satisfactorily explained in terms of measured properties of the iono
sphere. Except under conditions of unusually dense ionization, ionic 
refraction cannot account for the reflection of energy at wavelength much 
below 9 m. Thus when new developments in experimental technique 
extended the usable spectrum from 10 down to 1 m and below, interest in 
the effects of diffraction and atmospheric refraction was revived. 

1-2. Optical Properties of Short Waves.6—The wavelength range of 
interest in this book is from about 3 m down to about 1 mm, but no attempt 
will be made to fix definite limits. The material presented here applies 
particularly to the region in which the wavelength is small enough that 
"surface waves" and reflections from the ionosphere are absent but where 
at the same time it is long enough that large numbers of atomic or mole
cular resonances in the gaseous components of the atmosphere do not 
occur in a small wavelength interval. The limitations imposed in this way 
are flexible and depend, for instance, upon whether the transmission path 
under consideration is long and near the earth's surface or is short and 
high in the atmosphere. Much of the material presented here is valid far 
outside this loosely defined wavelength range, but outside this range it 
must be applied with a full knowledge of other effects that may mask those 
under present discussion. 

'A . Sommerfeld, Jahrb. drahtlosen Telegraphie, 4, 157 (1911); Ann. Physik, 81, 
1135 (1926). 

2 See, for instance, F. Noether, E.N.T., 10, 160 (1933). 
3 G. N. Watson, Proc. Roy. Soc, 96, 83 (1919). 
4 Ibid., p. 546. 
s For a review of the activity in this field see H. R. Mimno, Rev. Mod. Phys., 9, 1 

(1937). 
s By Donald E. Kerr. 
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Within this wavelength region1 the relation of the wavelength to the 
size of material objects at the transmission terminals and along or near the 
transmission path is of primary importance to the properties of the trans
mission. In the microwave region most of these objects are comparable 
in size to the wavelength, and many aie much larger than the wavelength. 
As a consequence it is desirable to discard some of the concepts employed 
in radio engineering at longer wavelengths and to substitute some of the 
language and techniques of optics, which have been devised to handle pre
cisely this situation in a different part of the electromagnetic spectrum. 

I t is convenient to recall that for purposes of classification, optics is 
divided into the two broad fields of geometrical optics and physical optics. 
Geometrical optics is, in general, the simpler of the two, as it predicts 
propagation of waves along rays according to simple geometrical laws 
without regard to wavelength or phases. Physical optics, on the other 
hand, results from a solution of the wave equation and thus automatically 
introduces wavelength, phases, and penetration of waves into shadow 
regions in which geometrical optics gives no information. As Baker and 
Copson point out, "There is a general theorem due to Kirchhoff which 
states that geometrical optics is a limiting form of physical optics. More 
precisely, the diffuse boundary of the shadow in diffraction phenomena 
becomes the sharp shadow of geometrical optics as the wavelength of the 
light tends to zero."2 We shall find that both physical and geometrical 
optics are necessary in the study of microwave propagation and that 
important cases arise in connection with certain types of refraction in 
which the transition from one to the other may become poorly defined. 
In general, geometrical optics is used wherever possible because of its com
parative simplicity; unfortunately, however, it may easily yield highly 
erroneous or meaningless results where it is needed most, and in this same 
region physical optics is likely to be so difficult as to be useless. In such 
cases one resorts to numerous ad hoc artifices and special devices and often 
bold interpolation in an attempt to fill the gaps left by straightforward 
theory. 

There are many classical experiments of optics that have useful counter
parts in the microwave field. One of the best known of these experiments 
is that of Lloyd's mirror.3 I t is ordinarily performed with a smooth glass 
plate or a mirror illuminated by a point or line source of light. A screen 
or photographic plate is arranged to indicate the intensity of the light in 
the region illuminated both by the source and by reflection at nearly graz-

1 The range of wavelengths below about 1 m will also be referred to frequently as 
the microwave region. 

2 The Mathematical Theory of Huygens' Principle, Oxford, New York, 1939, pp. 79#.; 
also J. A. Stratton, Electromagnetic Theory, McGraw-Hill, New York, 1941, p. 343. For 
a very complete discussion see M. Born, Optik, Springer, Berlin, 1933, Chaps. 2, 3, and 4. 

3 Jenkins and White, Fundamentals of Physical Optics, McGraw-Hill, New York, 
1937, pp. 66 and 407. 
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Free-space 
intensity 

ing angles from the mirror. A sketch of the experiment is shown in 
Fig. 1-1. In the shaded region the light intensity results from a super
position of the light from the source and that reflected from the mirror. 
The light reflected from the mirror appears to come from an image of the 
source indicated by the broken lines, and the image appears to be out of 
phase with the source by the amount 
of the phase shift upon reflection. 
For grazing incidence this phase 
shift is just T, as shown by the fact 
that the intensity is always a mini
mum (zero for most practical pur
poses) at the surface of the mirror. 
It will be shown later that if absorp
tion losses in the mirror are neglected 
the intensity at a height h on the 
screen above the surface is given by 

I = 470 sin2 ah, 

Light 
source 

- V 
Reflecting 
surface 

0 
Intensity 

FIG. 1*1.—Interference of light waves as 
illustrated by the Lloyd's mirror experiment. 
The vertical scale on the right has been 
expanded for the sake of clarity. 

Interference 
region 

where 7o is the intensity from the source in the absence of the mirror 
(denoted hereafter as the free-space intensity) and a is a constant. This 
variation is indicated by the curve at the right of the figure. 

If the surface of the earth is sufficiently smooth, it produces essentially 
the effect shown above upon micro
wave radiation at distances for which 
the earth's curvature is unimportant. 
If the surface is so rough that the 
reflection is diffuse rather than spec
ular, however, the interference pattern 
disappears and the intensity is essen
tially To, with additional minor irregu
lar variations from point to point in 
space (for discussion of the details 
see Chap. 5). 

As the earth is spherical rather 
than plane, the Lloyd's mirror phe
nomenon is modified considerably at 
large distances. Figure 1*2 shows a 
cross section of the earth, above which 
a source of radiation at Pi sends 

energy along the direct and reflected-ray paths to the point P2. The 
horizon for the point Pi is at T, and the tangent ray is the ray through Pi 
and T, extended indefinitely.1 The region above bT and above the tan-

1 Earlier terminology designated PiT as the line of sight. This is not an appropriate 
term when both terminals are elevated. When line of sight is used in this volume, it 
applies to the direct-ray pa th P iP 2 . 

FIG. 1*2.—Cross section of the earth of 
radius a. A source of radiation is at Pi, 
and energy reaches Pi along the two in
dicated* ray paths when P2 is in the inter
ference region. When Pi is in the diffrac
tion region, energy reaches it by diffraction 
around the bulge of the earth. 
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gent ray beyond T is called the interference region, as the intensity can be 
described in terms of waves following the two paths and adding vectorially 
to produce a resultant intensity having periodic fluctuations roughly 
similar to those above the Lloyd's mirror.1 The region beyond T and 
below the tangent ray is called the diffraction region, as energy penetrates 
this region by diffraction, which is the process of principal interest in 
physical optics. The ease with which energy penetrates into this region 
depends upon numerous factors to be discussed in Chap. 2, but it is of 
interest here to observe that as the wavelength decreases, the "shadow" 
cast along the tangent ray by the bulge of the earth becomes more sharply 
defined. This is another way of saying that the rate of attenuation of 
intensity with distance or height increases with decreasing wavelength. 

As most transmission paths require propagation along a line very close 
to the tangent ray, where the diffraction shadow begins to be very pro
nounced, the exact position of the transmission terminals with respect to 
the tangent ray is important and is usually stated in describing a path. 
The unobstructed path PiP2 in Fig. 1-2 is called an "optical" path; whereas 
if Pi is on the tangent ray to the right of T, the common term is a "grazing" 
path. If Pi is in the diffraction region, one refers to an "extra-optical" 
path. An additional correction is almost always made in which an effective 
value of earth's radius of fa is used in calculating ray trajectories to allow 
for refraction effects to be described later. In this case a grazing path 
may also be referred to as "radio-optical." Both terms will be employed 
in this book, with an effective earth radius of f the true value always 
being implied. 

The effects of the index of refraction of the atmosphere n will receive 
considerable attention in this book. I t will be found that not the absolute 
value of n (which is roughly 1.0003) but rather its vertical gradient is very 
important in determining the intensity in the vicinity of the tangent ray 
and in the diffraction region. In the first steps of analysis of the effects 
of refractive index gradients it is convenient to resort to geometrical optics, 
invoking Fermat's principle and Snell's law of refraction derived from it, 
in order to trace the rays describing the wave paths in the atmosphere. 
In the interest of precise statement of the problem, we define the rays as 
the normals to the surfaces of constant phase of the wavefronts.2 When the 
transmission medium is homogeneous, the rays also give the direction of 
propagation of the energy of the waves. In the vicinity of sharp corners 
or in regions in which ray patterns exhibit certain peculiarities as a result 
of refraction, the energy no longer follows the rays and geometrical optics 
fails to give meaningful results. Physical optics is then required to con
tinue the analysis. The reader should bear in mind that although 

1 The true situation is considerably more complicated than suggested above. The 
details will be discussed fully in Chaps. 2 and 5. 

! See Sec. 2-3 for derivation of the equation for the rays. 
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raytracing procedures are very useful in the region in which they are 
valid, they are easily misused and numerical results based on them 
should be used with caution. This point will recur frequently in later 
sections.1 

In order to include the specific problems of radar in a study of the 
propagation process it is necessary to investigate the scattering of micro
wave radiation by objects ranging from raindrops to battleships. More 
specifically, the process of interest is the diffraction of plane waves by these 
objects. Here again the procedures of physical optics supply the results 
in the cases in which an exact solution is possible at all, but most practical 
cases are so complicated that analytical methods usually consist of a series 
of desperate artifices that lean heavily on geometrical optics where pos
sible. We shall consider here only two simple cases to illustrate the 
fundamental principles, leaving the details to Chap. 6. 

The simplest radar target (and the only one for which the scattering 
has been calculated with complete rigor) is a sphere. The radius of the 
sphere is denoted by a, and the wavelength of the incident radiation by X. 
The ratio a/X and the dielectric constant and conductivity of the sphere 
are sufficient to define the scattering problem. (The effect of the latter 
two quantities will not be considered here.) We begin with a very small 
sphere, that is, one for which a/X « 1. The wave incident upon the 
sphere excites currents in it which in turn act as the source of a new wave— 
the scattered wave that we are seeking. These currents radiate a wave 
that is identical with the field from a classical Hertzian dipole with a 
suitably chosen electric dipole moment; thus the scattered wave may be 
computed in a simple manner from, well-known formulas. The ratio of 
the apparent scattering cross section2 of the sphere to its geometrical cross 
section (as noted by an observer at the radar measuring the back-scattered 
wave) is proportional to (a/X)4. This fourth-power dependence is an 
example of the well-known Rayleigh scattering law, used by Lord Rayleigh 
to explain the blue color of the sky and in fact applying to any scattering 
object with dimensions sufficiently small in terms of wavelength. 

As a/X approaches unity, the situation becomes far more complex. 
The scattered wave no longer behaves like the radiation from a simple 
dipole, but rather from a group of electric and magnetic dipoles, quad-
rupoles, and more complicated charge and current distributions within 
the sphere. The ratio of apparent cross section to geometric cross section 
increases at a rate less than (a/X)4, finally reaches a maximum, and oscil
lates with a substantially constant period and with slowly decreasing 
amplitude of oscillation about the value unity, which it approaches in the 
limit as a/X approaches infinity (see Fig. 61) . This limiting case, for 
which the back-scattering cross section is precisely equal to ira?, is the 

1 In particular, see Sees. T-5, 2-5, and 4-24. 
8 A precise definition of scattering cross section is deferred to Sec. 2-2. 
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value predicted by geometrical optics, which can give only results inde
pendent of wavelength. Because of its simplicity and its resemblance to 
sections of practical radar targets the sphere has received a great deal 
of attention. 

As an example offering a sharp contrast to the sphere, we consider a 
flat plate, for convenience assumed to be made of metal and having a 
fairly simple shape. Whereas the scattering properties of the sphere are 
independent of orientation of the sphere because of its perfect symmetry, 
the cross section of the plate depends upon its orientation. If the plate is 
very small in terms of wavelength, the cross section again follows the 
(o/X)4 Rayleigh law, where a is now some suitably determined average 
dimension of the plate. As the plate becomes large, the scattering cross 
section continues to be a function of wavelength (instead of becoming 
independent of wavelength as does the sphere), and it also becomes criti
cally dependent upon orientation. For a wave normally incident upon 

the plate the ratio of back-scattering 
cross section to geometrical area A 
is just 4TT.4/X2. This expression 
will be recognized as the gain of an 
antenna of area A having a uniform 
field strength over its mouth; thus a 

'"wave"' l a r S e plate viewed at normal inci
dence behaves like an antenna 
excited by the currents across its 
mouth that are actually excited on 

Fio. 1-3.—Scattering from a flat metal plate t n e p j a t e b y t n e incident wave.1 As 
for which a,'\» 1 (not to scale). . . . . . . . 

the orientation is changed, the cross 
section fluctuates rapidly as a result of the multiple lobes of the diffrac
tion pattern of the plate, as shown in Fig. 1-3. The width of the main 
lobe is roughly X/a radians. Most of the energy of the incident wave 
is reflected specularly in the main lobe in a direction such that the angles 
of incidence and reflection are equal, and the remaining small amount 
of energy is distributed in the side lobes throughout the remaining 
solid angle. Similar diffraction phenomena are inherent in every 
optical instrument and must be considered in detail in design of the 
instrument. 

The preceding discussion sketches qualitatively some of the broad fea
tures of the behavior of microwaves in relation to their environment, with 
particular emphasis on the usefulness of concepts and techniques of optics. 
From here on we consider details of individual sections of the propagation 
field, borrowing these optical methods freely when it appears advantageous 
to do so. 

1 This statement is intended to convey a qualitative idea, not to state an exact 
equivalence (see Sec. 6-2). 
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TROPOSPHERIC REFRACTION 

"BY JOHN E. FREEHAFER 

1-3. The Effects of Variable Gradients of Refractive Index.—Although 
waves shorter than about 6 m are seldom and those in the centimeter 
range never reflected by the ionosphere, there were many observations prior 
to the opening of hostilities in 1939 to show that the horizon does not 
always limit the range of ultrahigh-frequency radio facilities. For instance, 
in 1932 Trevor and Carter reported reception of 69-cm signals over a path 
from New York to Rocky Point, Long Island, the path being 1.2 times 
radio-optical. In 1934 Hershberger reported transmission of 75-cm waves 
over a range of 87 miles, which was five times the sum of the horizon dis
tances from the antennas. During the war, many striking observations 
of "anomalous" ranges were made. A radar beacon on a frequency of 
approximately 200 Mc/sec at Bathurst, Gambia, West Africa, was seen on 
several occasions by aircraft flying below 6000 ft at ranges exceeding 500 
miles. Echoes from Nova Scotia were seen at Provincetown, Mass., bj ' a 
10-cm radar at a height of 50 ft above sea level. The range in this case 
was limited to 280 miles by the length of the sweep of the indicator. Per
haps the longest terrestrial ranges observed were obtained on a 200-Mc/sec 
radar at Bombay, India, which received echoes from points in Arabia 
1700 miles away. On the other hand propagation conditions can give rise 
to strictly limited ranges. For instance, there were occasions when for 
periods of several hours, centimeter radars in good operating condition on 
Fisher's Island, New York, were unable to see Block Island 22 miles away 
although it was optically visible. 

As the frequencies involved rule out the ionosphere, attention is directed 
to refraction by the atmosphere, and in fact, because of the limited vertical 
extent of the antenna patterns involved in many of the observations, to 
the lower portion of the atmosphere, the troposphere. I t is readily shown, 
as we shall see in Sec. 1-5, that when meteorological conditions are such 
that a layer of atmosphere exists in which the index of refraction decreases 
rapidly with height, radiation of sufficiently short wavelength may be 
trapped in the layer and guided around the curved surface of the earth 
by an action analogous to that of a waveguide. Conditions are especially 
favorable to the formation of such trapping layers or ducts in the first few 
hundred feet of air above the surface of the sea when the temperature of 
the air is greater than that of the water or aloft at the boundary between 
air masses of contrasting temperatures. 

Experimental evidence of the effect of a surface duct on radio trans
mission is shown in Fig. 1-4. (The experiment is described in detail in 
Sec. 4-20.) A 3-watt 10-cm c-w transmitter was located at a height of 
25 ft above the surface of the sea. The receiving antenna, a paraboloid 
with a beamwidth at 10 cm of about 25°, was carried in the nose of an 
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airplane. At a range of approximately 60 miles the vertical section of 
field strength shown in Fig. 1-4 was made by descending from several 
thousand feet to within 20 ft of the surface as rapidly as was consistent 
with keeping the axis of the paraboloid within a few degrees of horizontal. 
The total variation in range over the time the data shown in the figure 
were taken did not exceed 5 miles. The section is noteworthy because of 
the strong field at an altitude of about 125 ft. Instead of a height-gain 
effect there is actually a height-loss effect above 125 ft, although over the 
whole range shown in the figure the field is well above what one would 

_ + 2 0 

S +10 

100 200 300 400 500 600 700 800 900 1000 
Height in ft 

F I G . 1'4.—Vertical field-strength sounding 60 miles from a 10-cm transmitter at a height 
of 25 ft, June 9, 1943, off the New England coast. The dashed line indicates the expected 
field strength for standard refraction. 

expect under normal refraction conditions. At 100 ft the measured field 
is 186 db above the field calculated using an effective radius of the earth 
i times the actual radius, and at 800 ft it is still 14 db above. At 60 miles, 
the height of the tangent ray from the transmitter for a " 4 " earth is 1780 ft. 

Simultaneously with the radio measurements, low-level meteorological 
soundings were made by airplane showing that the index of refraction did, 
indeed, fall off rapidly enough in the surface layer to produce a duct some 
200 ft deep (Fig. 4-49). 

To support the one-way c-w transmission evidence, a 40-kw 10-cm 
radar sited near the c-w transmitter was obtaining echoes out to the end 
of its 110-mile sweep. 

Strong refraction effects are often not a transient condition responsible 
only for sporadic transmission anomalies, but at certain seasons of the 
year and in certain localities they are present most of the time. This 
assertion is supported by the following statistics for a 9-cm circuit between 
Provincetown and Gloucester, Mass, (see Sees. 4-1 to 4-6). The path was 
41 miles long with terminals 100 and 136 ft high. I t was thus 1.36 radio-
optical. For the period covering the months from July through October 
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1944, the signal averaged over periods of an hour was greater than the 
free-space level about 15 per cent of the time and greater than that cal
culated for a " | " earth 80 per cent of the time. During a particularly 
favorable week the signal was above the free-space level 25 per cent of the 
time and above that for a "-§-" earth 95 per cent of the time. I t must be 
pointed out that the 4 months from July through October represent the 
portion of the year when the meteorological conditions over Massachusetts 
Bay are exceptionally favorable to the formation of surface ducts. 

«j 130 r 
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F I G . lr5.—The effect of refraction over the ocean surface on the relation between echo 
intensity and range. The crosses and circles represent data taken on two successive days; 
one day was characterized by a strong surface duct, and the other was not. The wavelength 
was 10 cm, and the radar and target were at heights of 120 and 6 ft above the ocean surface, 
respectively. The solid line represents the echo to be expected in the absence of ducts (see 
text). 

The effects of surface ducts are noticed most often as an extension of 
operating range of both one-way and radar systems operating near the 
surface. An example is shown in Fig. 1-5, which compares the results of 
"tracking" a reflector mounted on a boat on two different days. On one 
day the effects of refraction were negligible, whereas on the second day a 
strong duct resulted in a large extension of the useful detection range.1 

The solid line indicates the echo strength to be expected in the absence 
of ducts and with the reflector perfectly aligned in the vertical plane. The 
reflector was 10 wavelengths high, however, resulting in a very narrow 
beam in the vertical plane. As it was impossible to preserve accurate 
vertical alignment, the discrepancy between absolute values indicated by 

1 The target was made of two square plane reflectors 1 m on a side, mounted at right 
angles along a vertical center line in such a way that four 90" corners were formed. 
This reflector (called a diplane) was mounted on a small boat with almost no super
structure and was rotated at a constant rate about the common vertical axis of the two 
planes. The resultant echo consisted of a characteristic sequence of "flashes" that 
were easily identified because of their timing and relative intensities. 
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the solid lines and the circles is not surprising. The significant feature of 
the data is the marked change in the dependence of echo intensity upon 
range brought about by a duct. This effect will be encountered many 
times later in our study of the effects of refraction. 

1*4. The Meteorological Elements and the Modified Index.—In a 
uniform atmosphere the rays are straight lines and the trace of the earth 
on a meridian plane through the transmitter is a circle. The situation is 
not changed essentially and the analysis is simplified if the earth is regarded 
as flat and the rays as curved, provided that the difference between the 
curvatures of the earth and the rays is the same in both cases. To account 
for the upward bending of the rays in the case of the flat earth, it is neces
sary to assume a fictitious distribution of refractive index in which the 
index increases with height. Because, as we shall see in Sec. 2-3, the 
curvature of the rays is equal to the derivative of the index, it is necessary, 
in order that the relative curvature of the rays with respect to the earth 
be the same under flat-earth as under curved-earth conditions, that the 
gradient of the fictitious index distribution equal the reciprocal of the 
earth's radius. Thus it seems reasonable that the problem of propaga
tion over a curved earth with uniform atmosphere can be reduced to that 
of propagation over a flat earth with an atmosphere whose index increases 
with height. This is in fact true, subject to certain limitations1 on the 
height interval in which the field is to be discussed, and the same artifice 
may be employed to arrive at a flat-earth problem even when the actual 
index is not constant but varies with height. 

The foregoing considerations lead to the concept of the modified index 
N by which the actual index n is replaced when the earth is treated as 
flat. The modified index N is related to n by 

N = n(l + Z)~n + Z, (1) 
\ a/ a 

where z is height above the surface and a is the radius of the earth. As 
AT is a number that differs from unity by about 3 parts in 10,000, it is con
venient for many purposes to introduce the refractive modulus M, which 
is related to N by 

M = (N - 1) X 106. (2) 

The quantity M has values in the neighborhood of 300. Throughout the 
following discussion it will be found that N is used in arguments based on 
electromagnetic theory whereas M is used whenever meteorology and 
measurements are concerned. 

1 See C. L. Pekeris, Phys.Rev., 70, 518 (1946). Pekeris concludes that the earth-
flattening approximation is valid to within 2 per cent up to ranges of about half the 
radius of the earth but for wavelengths in the centimeter region the approximation 
breaks down at altitudes of several thousand feet, the fractional error being propor
tional to the frequency. 
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In order to apply the results of meteorological investigations to the 
study of propagation effects it is necessary to relate the distribution of 
index of refraction to the distribution of temperature and moisture. For 
practical purposes at frequencies below 104 Mc/sec the index of refraction 
of a parcel of air at absolute temperature T and pressure p is given by 

(n-l)XlO> = ji(p + ^y (3) 

where e is the partial pressure of the water vapor present, A = 79°K/mb, 
and B = 4800°K. The form of this expression is based on theory,1 the 
first term on the right being due to the induced dipole moments of all the 
component molecules and the second being due to the permanent dipole 
moment of the water vapor molecules. The values of the constants are 
averages based on published experimental data.2 That there is no dis
persion is confirmed experimentally by the lack of observable amounts of 
absorption in this region of the spectrum.3 

From Eqs. (1), (2), and (3), we obtain 

M = i{p + ¥) + lw- (4) 

As the gradients of the meteorological elements have much larger vertical 
than horizontal components, some justification exists for the usual assump
tion required by analytic procedure that the refractive modulus and 
modified index are functions only of height. 

By differentiating Eq. (4) we find that 

^M. = d ^ _ fL / 4. 2Be\ &!_ 4. AR te _L A°! 
dz T dz T*\P+ T ) dz+ T2 dz + a' ( 5 ) 

All of the quantities A, B, T, p, e, and a in Eq. (5) are, of course, positive; 
hence, the first term on the right is always negative because pressure 
always decreases with height and the last term is always positive. The 
two center terms may be either positive or negative depending upon condi
tions. Thus if there is a temperature inversion, that is, an increase in 
temperature with height, dT/dz is positive and the term involving dT/dz 
is negative. Likewise if the water-vapor content decreases with height, 
the term involving de/dz is negative. Frequently the negative terms con
tribute more to the sum than the single positive term, and dM/dz becomes 
negative. For example, when warm dry air passes out over a cool ocean 
surface, the temperature of the layer of air in contact with the water 

1 Debye, Polar Molecules, Chemical Catalog Co., New York, 1929. The formula is 
discussed in Sec. 3-4. 

'Sanger, Steiger, and Gachter, Helvetica Phys. Ada, 6, 200 (1932); Stranathan, 
Phys. Rev., 48, 538 (1935). See also A. W. Friend, Jour. Aeronautical Sci., 7, 352 (1940) 

* This point is discussed in detail in Sec. 8-1. 
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increases rapidly with height. The resulting stability prevents mixing, 
and hence the water-vapor content decreases rapidly. Under these condi
tions dM/dz may be negative over a height interval of several hundred 
feet above the surface. This, as we shall see in the next section, consti
tutes a surface duct. 

A curve obtained by plotting M as abscissa and z as ordinate is called 
an M-profile. An N-profile is obtained in the same way by using N instead 
of M and differs from the M-profile only in scale. Measurements have 
shown that on the average M increases with height at the rate of about 

b b !>' 
Modified index N—*-

F I G . 1-6.—Idealized modified index profiles: (A) Substandard surface layer; (B) profile ior 
standard refraction; (C) superstandard surface layer; (D) superstandard surface layer with 
surface duct; (E) elevated superstandard layer with surface duct; (F) elevated superstandard 
layer with elevated duct; (G) surface and elevated superstandard layers with both surface and 
elevated ducts. In all cases the duct extends from a to b and from a' to b'. 

3.6 per 100 ft, and this value has been adopted as the standard M gradient. 
Likewise a linear M-profile having standard slope is called a standard 
M-profile, and the field strength calculated on the assumption that the 
M-profile is standard is defined as standard field strength. The latter 
agrees with values calculated by using an earth's radius equal to £ its 
geometrical radius. 

Because an M-profile seldom has the standard slope at all heights, it 
is convenient to divide the atmosphere at a given time into layers such 
that within each layer the gradient of M is substantially standard or 
entirely greater than or entirely less than the standard value. Layers in 
which the gradient is greater than standard are called substandard, as in 
the presence of such layers of sufficient depth the performance of radar and 
communication facilities is generally poorer than under standard condi
tions. Similarly, layers for which dM/dz is algebraically less than standard 
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are called superstandard because in their presence performance is generally 
enhanced. I t should be noticed that layers for which 0 < dM/dz < (3.6 
per 100 ft) as well as those for which dM/dz is negative are all classified as 
superstandard. The latter, however, are referred to as M or N inversions 
when it is desired to distinguish them from the former. Atmospheric 
ducts are associated with M inversions. Finally, layers in which the 
gradient is essentially standard are called standard layers. 

Figure 1*6 illustrates the definitions of the three classes of layers and 
shows in idealized form the types of M-profiles encountered in nature. 
Curve B represents a standard M-profile. Note that all profiles assume a 
standard gradient at sufficient height. Profile A shows a substandard 
surface layer, whereas profile C shows a superstandard surface layer that 
is not an M inversion. Curves D through G exhibit various kinds of M 
inversions, resulting, as we shall see in the next section, in both surface 
and elevated ducts. 

1-5. The Modified Index and Field-strength Distribution.—When the 
A'-profile, position of the transmitter, and the electrical characteristics of 
the earth are prescribed, the problem of determining the distribution of 
electromagnetic field is completely defined. I t is with this problem of in
terpreting the effect of a given A'-profile on the field distribution that we 
shall be concerned in the present section. 

From Snell's law, one can readily show that for rays having inclinations 
not exceeding a few degrees, 

0 = ± V2 yJN(z) -N{n)+.£, (6) 

where 0 is the inclination angle at height z, a is the inclination angle of 
the ray at the transmitter, and Z\ is the height of the transmitter.1 For 
simplicity let us consider first the case of pure diffraction for which n = 1. 
Then Eq. (1) becomes 

A = ( l+ | } (7) 
Equation (6) suggests a convenient way to visualize the ray family. Refer 
to Fig. 17a, which represents the A'-profile given by Eq. (7). Through 
the point on the A'-profile at transmitter height Zi draw a vertical reference 
Jine AB. To examine the behavior of a ray leaving the transmitter at 
angle a draw a line parallel to and at a distance equal to o?/2 to the left 
of AB. This line will be called the characteristic of the ray. In Fig. l-7o 
lines 1, 2, and 3 are the characteristics of various rays. Then Eq. (6) 
states that the inclination of the ray at any height is proportional to the 
square root of the separation between the characteristic and the A^-profile 

1 For a derivation of Eq. (6) refer to Sec. 2-3. Equation (6) is Eq. (2-83) with », the 
actual index, replaced by AT, the modified index, to allow for the curvature of the earth. 
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at that height. Thus, because the separation between the N-profile and 
characteristic 1 increases with height, the inclination of the associated ray 
labeled 1 in Fig. l-7fc becomes increasingly steep as the ray arises. On 
the other hand, the ray that starts downward with the same numerical 
value of the inclination angle as ray 1 becomes less steeply inclined, until 
at the height at which the characteristic intersects the N-profile the ray 
is horizontal and has a turning point. This ray is labeled 1' in Fig. 1 -7b. 

Modified index N -*■ Range r —-
(a) ('» 
FIG. 1-7.—Ray family associated with a linear JV-protile. 

Note that a single characteristic corresponds to two rays having slopes at 
the transmitter that are numerically equal but opposite in sign. In 
Fig. 1-76 the rays that start downward are denoted by primes. Line 2 is 
the characteristic of the tangent or horizon ray 2'. Line 3 is the char
acteristic of a ray 3 ' that is reflected from the earth's surface. It should 
be noted that although we have assumed that the index n is constant and 
equal to unity, the rays are curved. This is as it should be, as the earth 
has been assumed to be fiat. The region to the right of ray 2' is not 
reached by the ray family and is therefore the shadow or diffraction zone. 

Now let us consider the case shown in Fig. l-8o in which the N-profile 
has a surface N inversion and Zi, the height of the transmitter, is less than 
d, the height at which N assumes its minimum value. Let characteristic 2 
be drawn tangent to the A^-profile at its minimum, and let the distance 
between characteristic 2 and the vertical reference line AB drawn through 
the point on the AT-profile at the transmitter height be denoted by o£/2. 
Then any ray whose initial angle of inclination is less than ap has a char
acteristic that lies between characteristic 2 and line AB. Characteristic 1 
Ls a case in point. As the distance between characteristic 1 and the 
AT-profile decreases with increasing height, the inclination of the associated 
ray 1 of Fig. 1-86 decreases with height. At the height at which the 



SEC. 1-5] THE MODIFIED INDEX 17 

characteristic intersects the .TV-profile the ray has zero inclination and 
hence has a turning point. As the separation between the characteristic 
and .TV-profile increases as the height decreases below that of the turning 
point, the ray becomes more and more steeply inclined as it turns toward 
the surface. At the surface the ray turns once more and begins another 
"hop." Thus the ray proceeds by a series of hops and is confined to a 
layer near the surface. I t is easy to see that this same behavior char
acterizes all rays for which a < ap and that energy is trapped in the layer 
of air below height d. It is convenient to refer to such a layer as a duct. 

(a) (b) 
F I G . 1*8.—Modified index profile and ray pattern for a simple surface duct. 

Rays whose initial inclinations are greater than ap have characteristics 
that lie to the left of line 2, as, for example, characteristic 3. As char
acteristic 3 does not intersect the .TV-profile, the associated ray 3 has no 
turning point. As the ray rises from the transmitter its inclination at first 
decreases and reaches a minimum but not zero value at height d. From 
there on the inclination increases monotonically. The ray 3 therefore 
penetrates the duct. Thus we see that ray 2 whose initial inclination 
angle is ap, the so-called angle of penetration, divides the family of rays 
into two groups: those which are trapped and those which penetrate the 
TV-inversion. 

I t should be noted that in the case of the refraction represented by 
Fig. 1-8 there is theoretically no region that is not reached by the ray 
family. There is therefore no shadow region such as is found in Fig. 1 7 
and no horizon ray. Instead a region of relatively high energy density 
near the surface penetrates what is normally the diffraction region and 
gives rise to abnormally high signal strengths. This is the qualitative 
explanation of the action of surface ducts. 

The two examples just discussed serve to illustrate the general prin
ciples of qualitative ray tracing. These same principles may be used to 
appraise the refraction produced by other types of .TV-profiles. Thus, for 
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example, it is readily seen that an "overhanging" elevated inversion such 
as is shown in profile E of Fig. 1-6 gives rise to a surface duct. On the 
other hand the elevated inversion of profile F of the same figure produces 
an elevated duct whose geometrical boundaries extend from the top of the 
inversion to the height at which the tangent to the minimum intersects 
the iV-profile. Finally it is easy to see that profile G gives rise to both a 
surface and an elevated duct. 

Although ray tracing yields a convenient qualitative picture of the 
trapping phenomenon, it leads to error in two respects: (1) I t gives no hint 
of the way in which frequency enters into the effect, and (2) it suggests 
that appreciable effects can be obtained only when the receiver and trans
mitter are in the duct. 

Flo. 1*9.—The rays associated with a single mode of propagation in a waveguide. 

Let us consider the frequency dependency first. The physical situation 
in the presence of a duct is in many ways analogous to that in a waveguide. 
In both cases the field may be resolved into a sum of elementary waves or 
modes; but whereas in the case of a guide all of the modes are completely 
confined to the guide, in the case of a duct all of the modes to some extent 
penetrate the top of the duct. Those modes for which this penetration or 
leakage is small may be represented by rays that proceed by a series of 
hops just as in the case of the guide. To pursue this analogy further let 
us consider a waveguide filled with material of constant index N. Fig
ure T9 shows the mode whose rays are inclined at angle 0 to the sides of 
the guide. Let r be the coordinate measured along the axis of the guide 
and z be the coordinate perpendicular to the axis. Then the phase change 
due to a displacement da along a ray inclined at angle 0 is 

% N da = ^ N dr cos 0 + % N dz sin 0, (8) 
A A A 

where X is the wavelength in vacuo. Because the phase is the sum of a 
part that depends only on r and a part that depends only on z, it is possible 
to separate the mode into waves traveling in the r and z directions and to 
consider the two parts separately. The waves that travel in the z direc
tion bounce back and forth between the surfaces of the guide and interfere 
with each other. In order that this interference be not chaotic and the 
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reflections mutually destructive, it is evideirt that a wave starting upward 
at a certain height must upon returning to that height after reflection from 
the top and bottom surfaces have the same phase as it had initially. In 
this way the interference effects are repeated periodically in each cycle of 
reflections. Put briefly, this means that the part of the phase depending 
only on z must be a periodic function of z, and this leads us to write 

X Jo 
N sin |3 dz — ir — x = 2(m — 1), m = 1, 2, (9) 

where b is the width of the guide. The IT'S are inserted to represent the 
phase changes at the reflection points. Thus 

/ . 
N sin 0 dz = -=-; 

or as N and 0 are constant, 

Nb sin 0 = mX TO = 1, 2, 

(10) 

(11) 

This is the familiar relationship among the width of the guide, the angle 
of inclination of the allowed modes, and the wavelength. 

Earth's surface r ■■ 
FIG. 1*10.—The rays associated with a single mode of propagation in an atmospheric duct. 

In the case of propagation of a single mode in an atmospheric duct as 
represented by Fig. 1 10, one can use the same arguments with slight 
modifications. (1) N and /S are no longer constants but are functions of z. 
(2) There is no metal surface producing the reflection at the upper turning 
point. In fact, at this height the family of rays forms a caustic and there 
is a change of phase of 90°. This phase change is characteristic of points 
at which neighboring rays of a family intersect and is well known in optics 
in connection with rays that pass through a focus. 

With these changes we obtain 

/ iV sin /3 dz = I m — -z 1 ^, TO = 1, 2, (12) 

where 6 is the height of the turning point. Now Snell's law states that 
the product of the index and the cosine of the angle of inclination is con-
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stant along a ray.1 Thus 

Hence 

N(z) cos (8 = N(b). 

N(z) sin 0 = VN2(z) - N\b), 

and Eq. (12) becomes 

j VfP(z) - N\b) dz = (m- A ^ m 1,2, 

(13) 

(14) 

(15) 

Equation (15) is a condition on b and shows that there is a discrete set of 
allowed values of 6. This set may be denoted by 6i, b2, etc., corresponding 
to m = 1, 2, • • • and indicated on the iV-profile as shown in Fig. 1-11. 

FIG. 1*11.—The discrete set of turning points for the modes of propagation in an atmos
pheric duct. 

As N(z) and N(b) are both nearly equal to unity, Eq. (15) can be 
simplified to 

V2 j " \/N(z) - N{bm) dz = (m - \\ \ m = l , 2 , - - - . (16) 

But N(z) — N(bm) is just the spacing between the iV-profile and the char
acteristic through the point on the profile for which z = bm; hence, we 
see that bm increases both with m and also with X. Because bm in
creases with X, an upper limit is set to the wavelength of trapped radiation 
by the fact that the modified index decreases over only a finite height 
interval d, and 6i cannot exceed d. Using d for 6i in Eq. (16) yields the 
following condition for determining XmaJC, the longest wavelength trapped: 

"max I V2 / VN(z) - N(d) dz. (17) 

1 For a demonstrat ion see Sec. 2 3 . 
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If it is assumed that within the duct N(z) is a linear function decreas
ing at the rate of 4 X 10 - 8 per foot, an assumption that experience shows 
to be reasonable for low ducts, Eq. (17) leads to 

Xmal = 0.014dH, (18) 

where Xmax is in centimeters and d is in feet. Thus we arrive at the follow
ing suggestive values. 

TABLE 1-1.—MAXIMUM TRAPPED WAVELENGTH AS A FUNCTION OF DUCT HEIGHT 

Amix, cm d, ft 
1 20 
10 80 
100 400 
1000 2000 

Because atmospheric ducts are generally of the order of several tens of 
feet in depth and are perhaps never more than 500 or 600 ft, the duct 
phenomenon is important chiefly for microwave frequencies. As will 
be pointed out later, the values of Xmax given above do not represent cutoff 
conditions. Although radiation at these or shorter wavelengths is strongly 
guided, radiation at several times these wavelengths may also be affected 
strongly by the duct. 

The picture just presented is, of course, oversimplified. When the 
problem is examined in detail,1 it is found that the field E at a range r and 
height z from a dipole at height Z\ in the presence of the earth for which 
the free-space field is E0 is given by 

V x 7 HP e-*-' uif> (a,) t/i.1' CO 

where ui!' is a solution of 

dz' *~ + (l£N,~ K")M"' = °' 

(19) 

(20) 

representing upward traveling waves as z —» « , and the Km's are a set of 
characteristic values chosen so that u™ (0) = 0. The wm's are normalized 
so that 

/ . 
[ui? V dz = 1. 

0 

Equation (19) is subject to certain simplifying assumptions that need not, 
however, concern us here. 

1 See Chap. 2. 
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The expression for \E/E0\ is in the usual form for expressing the diffrac
tion field; and when iV2 is taken as a linear function of z with positive 
gradient it yields values in agreement with those of the classical treatment 
of Watson, van der Pol, and Bremmer. When N2 is not linear, the solution 
of Eq. (20) is difficult and requires extraordinary techniques involving in 
general a great deal of arithmetical labor. 

The important point here is that the K'S are in general complex with 
negative imaginary parts. The imaginary part represents attenuation 
with range and for standard refraction is comparable in size to the real 
part. The effect of a duct is to reduce the size of the imaginary part of K 
and thus to decrease the exponential attenuation with range. If the wave
length is sufficiently short for the depth of the duct, the K'S for the first 
few modes may be essentially real. In this case it can be shown that1 

Re(*m) = y #(&»), ( 2 1 ) 

where the bm's are calculated by Eqs. (15) or (16). Modes with small 
attenuation are said to be trapped, but the expression is meaningless unless 
the word "small" is defined. If we assume that an exponential attenua
tion of less than 5 db per 100 miles is "small," we arrive at essentially the 
same relationship between the maximum wavelength trapped and the duct 
height given in Table 1.1. 

As the degree of trapping increases, the character of the height-gain 
function M^1 varies as well as the attenuation. For standard refraction 
the height-gain function is complex with a magnitude that increases expo
nentially with height. As the trapping increases, the height-gain function 
of the mode assumes a constant phase throughout the duct and appreciable 
amplitude within the duct, but essentially zero amplitude without. Thus 
a strongly trapped mode cannot be excited by a transmitter far from the 
duct. There are, of course, all sorts of intermediate conditions, and fre
quently a mode exists that is much less attenuated than standard but 
nevertheless "leaks" sufficiently to be excited by transmitters above the 
duct. Transmission may then be considerably improved even though the 
terminals are not within the duct. 

ATMOSPHERIC SCATTERING AND ATTENUATION 

BY DONALD E. KERB 

1-6. Radar Echoes from Precipitation.—It was pointed out in Sec. 1-2 
that echoes from spherical particles much smaller than the wavelength 
scatter radio waves according to a simple law, but numerical magnitudes 
were not given. It will be shown in Chap. 7 that both theory and experi-

1 Equation (21) is readily obtained by comparing Eq. (15) with Eq. (240) of Chap. 2. 
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ment supply ample evidence that raindrops and other forms of precipita
tion very often are large enough and exist in sufficient concentration to 
produce strong radar echoes. Because of the Rayleigh law mentioned in 
Sec. 1.2 the echoing power of a given rainstorm increases rapidly as the 
wavelength is decreased. This trend does not continue indefinitely with 
decreasing wavelength, however. 

The mere fact that radar detection of precipitation is possible is of 
immediate practical value, for it permits advance warning of arrival of 
storms, often from distances exceeding 100 miles, and is an excellent means 
for guiding both aircraft and surface vessels around dangerous precipita
tion areas. The practical experience obtained during the war has built 
up a large fund of rule-of-thumb information concerning the relation of 
the characteristics of the precipitation echoes to their effects upon various 
contemplated activities in the vicinity of the storm. 

Of possibly greater long-range importance is the fact that radar storm 
detection offers the meteorologist a new tool for exploring such poorly 
understood matters as details of storm structure, turbulence, and the 
general physical processes connected with formation and growth of pre
cipitation. The subject is extremely complex and thus far has not pro
gressed far beyond the stage of correlation of various characteristic types 
of meteorological echo with the general types of meteorological structure 
associated with the precipitation causing the echo. Even these prelimi
nary correlations permit recognition of isolated thunderstorms, cold fronts 
accompanied by showers or thunderstorms, hurricanes and typhoons, and 
certain other characteristic meteorological phenomena. 

Although radar storm detection is at present only a qualitative research 
tool, it is reasonable to expect that this is not a permanent condition. A 
large amount of theoretical work has been done to calculate echoes from 
precipitation, and the point has been reached where much purely meteor
ological information on drop sizes, concentrations, and related quantities 
is needed before great progress is likely. The few wartime attempts at a 
quantitative experimental approach are discussed in Chaps. 6 and 7, and 
later work is described in a series of reports issued by the Department of 
Meteorology of Massachusetts Institute of Technology. 

1*7. Scattering and Absorption by Particles.—Precipitation scatters 
radiation in all directions from a passing wave; and if the particle size and 
concentration are sufficiently large, this scattering results in an appreciable 
rate of attenuation of the primary wave. In addition, as the precipitation 
particles comprise a lossy dielectric, they absorb energy from the wave 
and convert it into heat. Both phenomena are entirely negligible at 
wavelengths greater than about 10 cm; but as the wavelength decreases, 
the scattering and absorption become important, until at wavelengths 
around 1 cm they place a limitation on transmission over appreciable dis
tances through rain. 
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When water forms into droplets, as in fog or clouds, each drop acts as 
a small "blob" of absorbing and scattering material; if the drop is suffi
ciently small, the dielectric absorption is independent of drop size and is 
proportional to the total water content per unit volume. Thus, if M is 
the concentration of liquid water in grams per cubic meter, the absorption 
coefficient is 0.28 M db/km for a wavelength of 1.25 cm and a temperature 
of 18°C. As M seldom reaches 1 g/m3 in fog or clouds, except possibly in 
very heavy sea fogs, attenuation by fog and clouds is generally negligible. 

As the drop size increases, the dielectric absorption also increases, but 
it now depends upon drop size in a complicated way, increasing at a fairly 
rapid rate. Also the scattering begins to become important, until its con
tribution to the total attenuation is comparable to that from absorption 
when the drops are large and the wavelength is in the neighborhood of 1 cm. 

As very little is known of drop sizes and concentrations high above the 
earth, it is necessary to work with measurable meteorological quantities 
that are related to the desired quantities in a known manner. One gen
erally uses the rate of precipitation of rain (or snow, etc.) reaching the 
ground. The theory developed thus far is reduced to a form in which the 
attenuation is expressed in terms of wavelength and rate of precipitation. 
This procedure rests upon a number of questionable assumptions and 
empirical relations (meteorological, not electromagnetic, in nature), but 
they are probably less important in most cases than the natural inhomo-
geneity of a rainstorm. Tests have shown that even for path lengths as 
short as 2 or 3 miles the rainfall is usually so nonuniform in space and 
time that there is no possibility of obtaining a single value of rate of 
precipitation which will characterize the rain for our present purpose. 
Because of this fundamental limitation imposed by the inhomogeneity of 
the rain no satisfactory method is available for calculating attenuation 
by precipitation over distances of several miles.1 

Although attempts at direct calculation of attenuation for long paths 
is not a fruitful procedure, considerable practical radar experience supports 
the earlier statement that attenuation at wavelengths greater than about 
10 cm is entirely negligible. In the vicinity of 3 cm it begins to be notice
able but is still of little importance, except possibly in the heaviest cloud
bursts or tropical rains. At snorter wavelengths it becomes rapidly more 
important, however, until at wavelengths of 1 cm or less a heavy rainstorm 
verges on being opaque. For instance, for 1 cm, theory predicts an 
attenuation in a heavy rain of about 3 db/km and in a cloudburst about 
18 db/km. The attenuation increases monotonically with decreasing 
wavelength and probably reaches a maximum value at about 0.3 cm in 

1 As satisfactory agreement with theory has been obtained over path lengths of a 
few hundred meters in heavy rain, there is little reason to question the correctness of the 
existing theory. The difficulty seems to lie in lack of adequate meteorological informa
tion. See also Sec. 8-0. 
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very heavy rain, but the details at this and shorter wavelengths have not 
yet been explored because of the laborious calculations required. 

For frozen precipitation the dielectric loss is considerably smaller than 
for liquid water. If the particles, such as hailstones, are sufficiently 
large, the scattering loss can be appreciable at the shorter wavelengths, 
however. As these two types of loss are interconnected in a fairly com
plicated manner, we defer further discussion to Chap. 8, where attenua
tion from all causes is treated in detail. 

1-8. Absorption by Gases.—Not only particles but uncondensed gases 
in the atmosphere are capable of absorbing energy from a passing wave. 
The mechanism is different from that of the scattering and dielectric 
absorption described above, however. The reaction occurs in this case 
because the molecular structure of some gases is such that the individual 
molecules behave like dipoles; that is, they possess permanent dipole 
moments, which may be of either electric or magnetic type. These dipole 
moments furnish the mechanism by which the electric or magnetic field of 
a passing wave reacts with the molecules, causing them to rotate end over 
end or to oscillate in many other possible ways. According to quantum 
theory, to each of the possible modes of vibration there corresponds a 
possible energy level of the molecule.1 The important features of these 
energy levels are that in general they are numerous and are separated by 
very small energy differences. Let us assume that the energy difference 
between two of these levels is AE ergs and that the incident wave has 
precisely the frequency v and wavelength X corresponding to 

where h is Planck's constant. The result is that the wave delivers to the 
gas molecules discrete units of energy AE that are used to keep the mole
cules continually in a state of transition from one energy level to the other. 
They absorb energy from the wave each time the transition is made from 
the lower to the higher level and reradiate it during the reverse transition. 
The downward transition is a random process however and does not rein
force the exciting wave, hence the total effect of the continued absorption 
to reduce the amplitude of the wave. In addition to the pure resonance 
effect described, damping occurs, and it controls the width and height of 
the resonance curve just as in familiar mechanical or electrical oscillators.2 

1 We ignore degeneracies and other quantum-mechanical details. 
2 All of the effects described here have been investigated in the field of conventional 

apectroscopy, which because of the enormously higher frequencies involves correspond
ingly larger energy level spacings. The new field of microwave spectroscopy promises 
to be invaluable in exploring the closely spaced levels and in determining quantities 
such as the widths of the lines to a much higher degree of accuracy than has been 
obtainable previously. 



26 ELEMENTS OF THE PROBLEM [SEC. 1-8 

Investigation of the principal atmospheric gases reveals that only 
oxygen and water vapor have both permanent dipole moments and energy 
level spacings of the appropriate value to be of interest at wavelengths 
above 1 mm. Oxygen has a magnetic moment, as it is paramagnetic, and 
water vapor has an electric moment. Together they cause gaseous absorp
tion to become noticeable at a wavelength as small as 1.5 cm and very 
pronounced below 1 mm. 

The spacing of the oxygen energy levels results in resonance peaks at 
wavelengths of 0.50 and 0.25 cm. The attenuation by atmospheric oxygen 
at sea level and 20°C is given by theory and experiment as about 14 db/km 
at the 0.50-cm wavelength and is predicted theoretically to be about 
2 db/km at 0.25 cm. There are other resonance peaks at wavelengths 
less than 0.25 cm, but we shall not consider them here. On the long-
wavelength side of the 0.5-cm peak the attenuation drops to about 0.01 
db/km at 1.25 cm and 0.0066 db/km at 10 cm. 

In the case of water vapor there is a resonance peak at 1.33 cm,1 as 
determined by J. M. B. Kellogg and his collaborators at the Columbia 
Radiation Laboratory (see Sec. 8-5). I t was necessary to explore this 
region in detail, as ordinary spectroscopic data were not capable of pre
dicting the position of the resonance wavelength accurately. The attenua
tion at the resonance peak was found to be 0.03 db/km per g per m3 of 
water vapor. In temperate climates the vapor density on an average 
day is likely to be around 10 g/m3, resulting in an attenuation of 0.3 db/km. 
In the tropics it can be two or three times this value. This is sufficient 
to produce a noticeable effect on transmission over long distances, particu
larly in radar applications. 

Theory predicts other water-vapor and oxygen absorption peaks at 
shorter wavelengths with considerably higher values of attenuation. The 
total effect is to render the atmosphere nearly opaque for wavelengths 
between 1 mm and the visible region. There are, of course, "windows" in 
the infrared region, but on the whole this wavelength range is not likely to 
be useful for transmission over appreciable distances. 

1 More recent measurements place this peak at 1.3481 cm. See C. H. Townes and 
F. R. Merritt Phys. Rev., 70, 558 (1946). 



CHAPTER 2 

THEORY OF PROPAGATION IN A HORIZONTALLY 
STRATIFIED ATMOSPHERE 

BY JOHN E. FREEHAFER, WILLIAM T. FISHBACK, WENDELL H. FURRY, 
AND DONALD E. KERR 

This chapter presents a development of the theory of propagation of 
very short electromagnetic waves in free space, over a plane earth, and 
over a spherical earth, including the effects of the electromagnetic prop
erties of the earth and refraction by the atmosphere. In a sense it is two 
chapters, for it presents detailed specific results and methods for computa
tion of field strength in the absence of refraction or with a linear modified 
index profile, as well as theory and a few numerical examples for certain 
types of nonlinear profiles. In order to prevent duplication and to pre
serve generality as much as possible, however, the presentation has been 
designed to adhere closely to fundamental electromagnetic theory, from 
which specific results are developed as special cases. Because of the 
mathematical complexity of even the simplest cases of nonstandard refrac
tion of practical interest the numerical results for these cases are few. 

FUNDAMENTAL CONCEPTS 

BY DONALD E. KERR 

2*1. Transmission in Free Space.—In order to introduce fundamental 
concepts of propagation in a simple manner and to obtain formulas that 
will be required throughout the remainder of this volume we begin by 
considering the properties of transmission in "free space," that is, trans
mission in vacua between terminals so remote from all other objects that 
these objects exert no measurable influence on the transmission. 

We begin by considering an isolated antenna radiating into free space. 
In general an antenna radiates more strongly in one direction than in any 
other; this direction of maximum transmission will be taken as the polar 
axis of a spherical coordinate system with its origin at the antenna. Any 
direction from the antenna may be specified by the angles 8 and <t>, where 8 
is measured as a zenith angle from the polar axis and <t> is measured about 
the axis in a plane perpendicular to it. The radiating properties of the 
antenna are specified in terms of the antenna pattern function f (8,<j>), which 
is defined as the ratio of electric (or magnetic) field strength in the direction 
{8,<t>) to the field in the direction of maximum radiation, all fields being deter-

27 
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mined at a fixed distance much larger than the wavelength and the largest 
dimension of the antenna. In symbols, 

M«) - ^ O . (i) 

where E0 is the field in the direction of maximum transmission, for which 
0 = 0. In general/(9,0) is a complex function of the angles, although for 
most purposes in this volume only real forms for/ will be employed. The 
generalization of the present material for complex / is obvious. 

The Poynting vector of the radiated wave S(0,0) is directed radially 
outward from the antenna, and the time average of its magnitude 3(0,0) 
gives the rate of energy flow per unit area in the direction of transmission. 
It is well known that1 

S = \ Re(E x H*) = J (2) 

where TJ0 is \2Qiv ohms, the intrinsic impedance of free space and all field 
strengths are given in peak values.2 Combining Eqs. (1) and (2), we have 

S(6,<t>) = |/(0,0) | 'So, (3) 

where S0 is the value of S in the direction of maximum transmission, cor
responding to E0. 

Equation (3) may be used as the basis for a definition of antenna gain. 
We shall select as our reference antenna with respect to which all gains 
are defined as an isotropic antenna,3 a hypothetical antenna that radiates 
equally in all directions and for which consequently f(8,<j>) = 1. For such 
an antenna radiating an average power Pi watts, 

S'"° = 4WP' ( 4 ) 

where R is the distance from the antenna.4 Let us now find the power P2 
that must be radiated by the directional antenna in order that it may 
produce the same Poynting vector in its direction of maximum transmis-

1 The distance from the antenna is always large enough that any limited section of 
the wavefront may be considered plane. 

2 In all developments of electromagnetic theory in this volume the rationalized 
mks-coulomb system of units will be employed. The permeability and permittivity of 
free space are « = iw X 10~7 henry/m and <* = 10~V36T farad/m, respectively, and 
Vo = VMOAO =• 120TT ohms. 

3 See also S. A. Schelkunoff, Electromagnetic Waves, Van Nostrand, New York, 1943, 
Sec. 9-4. 

* Except where specifically stated otherwise (principally in Chap. 6) all expressions 
for power denoted by P with appropriate subscripts and all Poynting vectors denoted 
by 5 will refer to time averages of power (over the period of a single pulse for pulse 
transmission), whereas all field strengths will be in peak values. 

file:///2Qiv
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sion that the isotropic antenna produces in all directions at the same dis
tance. This power is obtained by integrating Eq. (3) over the surface of a 
large sphere of radius R, for which the element of area is R2dQ, where ft is 
the solid angle viewed from the antenna. 

= / S(6,4>) R2dSl = 4wR-S0 / |/(0,0)|2dfi. 
J (4x) J (4*1 

(5) 

We now define the absolute antenna gain for transmission G, as the ratio of 
the power radiated by an isotropic antenna necessary to produce a given 
field strength (or S) at a given distance to the power radiated by the 
directional antenna producing the same field strength at the same distance 
in the direction of maximum transmission. In terms of the quantities 
given above, 

/ 
■ / ( 4 T ) 

So ( |/(0,«)|2 da f |M*)|'dQ 
J (4») J (4,r) 

_ „ . da 
G' - p- - 7 = ~7 (6) 

Thus the antenna gain is uniquely specified by the absolute value of its 
pattern function.1 

By previous definition, if (Sm.x in Eq. (3) is equal to S„o of Eq. (4), then 
Pi = G,P2, and 

P, P*G, 
£*max 4nR2 4TTR2 

Employing this result in Eq. (3) yields the Poynting vector in the direc
tion (6,<f) from the antenna in terms of the radiated power P2 and the 
pattern function. Henceforth in this volume P2 will be called P, (trans
mitted power); then 

S«»,*)=g§IM*)|2. (7) 

Alternatively, the field strength in the direction (d,<f>) is, with the aid of 
Eq. (2), 

«(«,*) = V 6 % f ' G 7 ( g , 0 ) =Eof(8,4>) volts/m. (8) 

Earlier practice in radio engineering refers antenna gains either to a 
Hertzian dipole or to a half-wave doublet, for which gains relative to an 

1 The delicate question of the polarization of the radiated wave has been ignored 
above. There is no difficulty if we assume that all fields are linearly polarized at large 
distances from the antenna, and we shall tacitly make this assumption until reaching 
the end of Sec. 6-3; a further discussion is given in Appendix A in connection with 
scattering by radar targets. 
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isotropic radiator are $ and 1.64, respectively. If these antennas are to 
be used as gain standards, the gain G in all formulas in this volume should 
be divided by 1 or 1.64. In passing, we note that the field strength in the 
equatorial plane of a half-wave doublet, obtained from Eq. (8), is 

Era 
7VP, 

R volts/m, (9) 

where we have shifted temporarily to rms values to obtain the formula 
commonly used in radio engineering. 

Equations (7) and (8) are important relations that will be amplified 
considerably in later discussion of the coverage problem. It is frequently 
desired to obtain the locus of all points in space at which E (or S) has a 
specified magnitude, this magnitude being selected from requirements to be 
considered later. The locus, given by Eq (7) or (8), will in general be a 
three-dimensional surface having a shape determined by the antenna 
pattern and enclosing a volume determined by the specified value of E 
and the antenna pattern. This three-dimensional surface is called a free-
space contour diagram, although for most purposes we shall consider only 
a cross section in a plane passing through the polar axis, and the contour 
diagram becomes a polar plot in the coordinates R,d. 

It is usually most convenient for the present purpose to rewrite Eq. (8) 
in dimensionless form. If we denote by Es and S, the electric field and 
the attendant magnitude of the Poynting vector respectively at a refer
ence or standard distance Rs in the direction of maximum transmission, 
Eq. (8) becomes 

E{6,<t>) 
E, M«) (10) 

This equation can be rewritten to give the locus corresponding to a speci
fied attenuation of the field: 

R = R f \ f (e,<t,)\, 
where R, is defined by 

R, — Rs 

(11) 

(12) 

The quantity Rf is the numerical scale factor converting the antenna 
pattern into a free-space contour diagram. It is the greatest distance 
reached by a contour of the attenuation given by Eq. (12). For instance, 
if the contour corresponding to a field strength 100 db below the field at 
a distance 1 m from the transmitter is desired, Rs = 1 m, Es/E0 = 105, 
Rf = 105 m, and the contour detail is obtained from Eq. (11). Thus 
Eqs. (11) and (12) afford a means of describing the important features of 
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the propagat ion wi thout reference to any proper ty of the t ransmi t te r 
except the an tenna pa t te rn , which is of direct interest .1 

Thus far the only consideration has been the dis t r ibut ion of t he radia ted 
energy in free space. In order to be useful for communicat ions purposes 
pa r t of this energy mus t be absorbed by a receiving an tenna and delivered 
to the receiver. If the receiver is ma tched properly to the an t enna and is 
oriented for maximum reception, the received power PT is given by 

Pr = SAe, (13) 

where Ae is the effective cross section of the antenna , usually from 50 to 
85 per cent of the geometrical cross section. The gain of the receiving 
an tenna G, is related to A c by 

G, = ^ . (14) 

where X is the wavelength.2 If the receiving an tenna is oriented in such a 
way t h a t its direction of maximum reception makes angles of S',0' with t he 
direction of the incoming plane wave and it is polarized in the same direc
tion as the incoming wave, the expression for received power in Eq . (13) 
mus t be multiplied by the square of the an tenna pa t te rn function, jus t as in 
the case of t he t r ansmi t t ing an tenna . By combining the receiving an tenna 
pa t te rn with Eqs . (7), (13), and (14) we obtain the fundamental equat ion 
for transmission between two an tennas in free space: 

¥, = Ww° V^W'*^2' (15) 

where the subscripts t and r designate quant i t ies connected with the t r ans 
mi t te r and receiver, respectively. This nota t ion will be used th roughout 
this volume. I n part icular , if bo th an tennas are aligned for max imum 
transmission along the line joining them, Eq. (15) becomes 

i \ = G , q x 2 

P, (ATTRY 
(16) 

1 The present method of approach differs from most earlier radio engineering practice, 
in which contours of constant field strength (in microvolts per meter or a similar unit) 
are plotted for a specified radiated antenna power. From the point of view of propaga
tion the question of transmitter power and absolute field strength is often irrelevant and 
at times confusing. In this volume field attenuation will be emphasized; and when 
apparatus details are introduced, they will appear through the free-space range, to be 
defined presently. For the microwave region the present method is generally preferable 
to the older methods. Although the differences are formally little more than a matter 
of notation, there are numerous practical and conceptual advantages to the methods 
given here. The force of these remarks is best appreciated after reading Sec. 2-16. 

5 See S. A. Schelkunoff, op. cit., Chap. 9; a paper by H. T. Friis and W. D. I^ewis, 
"Radar Antennas," Bell System Tech. Jour., 26, 220 (1947), or Vol. 12 of this series. 



32 HORIZONTALLY STRATIFIED ATMOSPHERE THEORY [SEC. 21 

Fcr Hertzian dipoles Eq. (16) assumes the familiar form Pr/Pt = (S\/8irRy 
used commonly in radio engineering practice. 

It is highly desirable (and sometimes a vital necessity) in propagation 
investigations to preserve as clearly as possible a distinction between 
measured quantities that are properties of propagation alone and those 
which are properties of the associated equipment. To this end we intro
duce the free-space range Ro for one-way transmission, defined as the largest 
distance at which a useful signal is received. Henceforth the minimum 
useful received power will be designated as P,„i„. From Eq. (16), we 
obtain R0-

The free-space range is the most convenient standard of performance (it 
represents the best possible performance), and it will be used freely through
out the remainder of this book.1 

If Ro is now introduced into Eq. (15), we obtain an expression for the 
coverage diagram in terms of R0 and the patterns of the two antennas: 

fl = Bo |/,(fl,#)/,(«',0')|. (18) 

This equation may be recognized as an extension of Eq. (11), in which the 
receiving antenna pattern has been added and Rf has the special value 
of Ro connecting the system properties with the corresponding value of 
\E,/E0\. Usually the receiving antenna is aligned for maximum reception, 
and the coverage diagram is simply 

R = Ro |/(«,*)|. (18a) 

The distinction between a contour diagram and a coverage diagram is 
now clear. A contour diagram is a three-dimensional surface giving the 
locus of all points corresponding to an attenuation given by Eq. (12) and 
enclosing a volume inside which the field strength is always greater than 
that on the surface. A coverage diagram is a special case of a contour 
diagram, for which Rr = Ro, thus introducing the properties of a specific 
set of apparatus; the coverage diagram encloses a volume inside which 
the field is always greater than the minimum useful value. As mentioned 
earlier, in practice these diagrams are almost always used in two rather 
than three dimensions (in the vertical plane). 

1 Two reminders are appropriate here. (1) Pmm and consequently Ro are in general 
dependent upon the way in which the apparatus is used, and a single number for a given 
equipment may not be obtainable. (2) All values of transmitted and received power 
refer to power actually radiated and to power absorbed by a lossless receiving antenna; 
hence all the transmission equations given here must be corrected for losses from ohmic 
resistance or impedance mismatch. Such matters are omitted, as they are of no interest 
here. 
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The concepts developed above are easily applied to radar transmission 
after introducing a parameter describing the properties of the radar target. 
This parameter is called the radar cross section, or alternatively the back-
scattering cross section, to be denoted by a, and having the dimensions of 
area. For reasons that are explained in detail in Chap. 6, a is in reality 
only a convenient mathematical fiction, as for most practical targets it 
cannot be assigned a unique numerical value. Until reaching Chap. 6 we 
shall ignore difficulties of this kind, however, and we shall formulate the 
transmission equations on the assumption that somehow a meaningful 
value of a has been obtained. The definition of a is the area intercepting 
that amount of power which, when scattered isotropically, produces an echo 
equal to that observed from the target.1 

From this definition, we see that the back-scattered Poynting vector S' 
at a distance from the target R is related to a and the incident Poynting 
vector S' by 

s* = ££? <w> 
or in a form that is a useful analytic definition, 

a = 4*-K2£- (20) 
S* 

The power received by the radar antenna is, from the previous discussion, 

S'GT\2 _ AtS'a 
T ~~ 4,rfl2 A(«',*') /r(*',0') (21) (47Tfl)2 

The incident Poynting vector S' can now be obtained from Eq. (7); and 
when it is employed in Eq. (21) we have the free-space radar transmission 
equation, 

% = $mfre>*>\- (22) 

(For convenience we shall always assume identical transmitting and receiv
ing antennas for radar systems.) 

Henceforth in this volume in any discussion involving a, unless there 
are specific statements to the contrary, we intend it to be the quantity a 
appearing in the radar transmission equation in the form of Eq. (22). 

In a manner similar to that used for one-way transmission, we define 
the free-space radar range R0 as the maximum value of range that reduces Pr 

1 It is tacitly assumed in most applications that the wave incident on the target is 
linearly polarized and only that component of the back-scattered wave with similar 
polarization is considered in determining a. More general situations involve com
plications that will not be considered here. For further discussion see the end of 
Sec. 6-3 and Appendix A. 
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to its smallest useful value. From Eq. (22) we obtain 

This equation should be compared with its analogue for one-way transmis
sion [Eq. (17)]. If we assume for the sake of simplicity that for a given 
system the ratio P,/Pmin is comparable for both radar and one-way opera
tion (not an unreasonable assumption for some purposes), Eqs. (17) and 
(23) show that 

fto(radar) = i ' / - \/fto(one-way). (24) 

It is clear that increasing radar range by increasing system performance 
is considerably more expensive for radar than for one-way transmission. 

The free-space coverage diagram for radar may be employed by combin-
ingEq,(23)and(22): R _ ^ ^ ( 2 5 ) 

which is identical with Eq. (18a) after allowance is made for the difference 
in definition of Ro for the two cases. The significance of the coverage 
diagram for radar is identical with that discussed for one-way transmission 
if proper interpretation is made in terms of the properties of a (see Chap. 6). 

The results of this section apply only to free-space conditions, which 
in some applications may be approximated very satisfactorily, whereas in 
others the role of the surroundings may predominate in determining the 
properties of the transmission. We proceed now to this second case. 

2-2. The Transmission Medium and the Pattern-propagation Factor.— 
Insertion of reasonable numerical values into the equations of the pre
ceding section show that the free-space ranges predicted by the formulas 
given there are often several orders of magnitude greater than the values 
obtained in practice. The reason for this discrepancy is, of course, that 
operation of the equipment in the atmosphere and near the surface of the 
earth often does not correspond even remotely to operation in free space. 
We shall now discover that instead of discarding the concepts of the pre
ceding section, however, we shall continue to apply them with appropriate 
modifications; in fact, it is in obtaining these modifications that we are led 
naturally into the problems of the several branches of the propagation field. 

The presence of the earth complicates the situation in three ways: 
(1) The earth's surface reflects or scatters radiation and in certain regions 
produces an interference pattern; (2) the earth casts a shadow and gives 
rise to diffraction phenomena; and (3) the earth's atmosphere is inhomo-
geneous and can produce violent refraction effects. For purposes of 
formulation it is convenient to group all of these factors into a single 
quantity called the ■pattern-propagation factor.1 

1 D. E. Kerr and P. J. Rubenstein, "Introduction to Microwave Propagation," 
RL Report No. 406, Sept. 16, 1943. 
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The pattern propagation factor F is defined as the ratio of the amplitude 
of the electric field at a given point under specified conditions to the amplitude 
of the electric field under free-space conditions with the beam of the transmitter 
directed toward the point in question. In symbols, 

F » (26) 

where as before E0 is the magnitude of the free-space field at a given point 
with the transmitting antenna oriented directly toward the point and E is 
the field to be investigated at the same point. I t will be seen that F 
involves both the effects of the external features of the transmission path 
and the pattern function f{6,4>) of the transmitting antenna but is inde
pendent of other properties of the source. In accordance with earlier 
remarks, it is desirable to obtain as complete separation as possible of the 
source and the transmission medium, and experience has shown this 
method to be most convenient. Only the component of E having the same 
polarization as Eo is generally useful in computing F. 

For a given orientation of the transmitting antenna, F is a scalar func
tion of position. Furthermore, F2 is the ratio of the magnitude of the 
Poynting vector at the field point under the specified conditions to the 
magnitude of the Poynting vector at the same distance along the direction 
of maximum transmission under free-space conditions. In the special 
case of free-space transmission, F = \f(8,<p)\. In the presence of the earth, 
F involves interference, diffraction, and refraction effects and is not a 
function of angle alone (although cases will be shown at a later point in 
which for some purposes F is a function only of angle of elevation, to a 
good degree of approximation). 

I t follows directly from the definition of F that for one-way transmission 
the generalized transmission equation is 

PT _ G,Gr\2 „2 
Pt ~ (4TTK)2 fr(e',4>')\ ■ (27) 

In the radar case, the power of the isotropic source equivalent to the 
target is (P,Gr,<r/4xfl2) F2. Because of the reciprocity relationship it turns 
out that F2 is the factor to be applied to convert the free-space energy 
flow into the energy flow that, if it were incident on the antenna in the 
direction of the maximum of the antenna pattern, would produce the same 
signal as the target.1 Thus the generalized form of the radar transmission 
equation is 

Pr G2XV m 

P, (lirYR* 
(28) 

1 Consider a transmission path whose terminals consist of an arbitrary antenna 
having a gain G and an isotropic antenna whose gain is unity and whose cross section 
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Equations (27) and (28) serve to formulate the problem of field-strength 
calculation in the presence of the earth and the atmosphere. They are 
subject to the restriction that the waves incident upon either the antennas 
or the targets are essentially plane in spite of complications from the 
presence of the earth or atmosphere. Furthermore, Eqs. (27) and (28) 
follow from Eqs. (15) and (22) as a result of the definition of F, in which 
all of the difficulties of propagation theory are hidden. 

If the definitions of R0 given by Eqs. (17) and (23) are employed in 
Eqs. (27) and (28), respectively, the fundamental equation for the coverage 
diagram including the effects of earth and atmosphere is obtained: 

R = RoF. (29) 

This, however, is an implicit relation, as F is in general a pronounced 
function of R, and it may appear that no simplification has been obtained 
by employing the form of Eq. (29), but it will be seen in later sections that 
Eq. (29) and its companion equation 

\E\ = \E0\ F (30) 

are, in fact, extremely useful relations. 
The remainder of this chapter will, for the most part, be devoted to a 

discussion of the techniques for obtaining F. 
Simple Properties of the Pattern-

V^^^^ ni «t ray _J? propagation Factor.—In order to 
display the qualitative properties 
of the pattern-propagation factor 
in the interference region we shall 
assume that the earth is a 
smooth, plane, reflecting surface 

FIG. 21.—Geometry of reflection from a wi thou t a n a tmosphere . Le t a 
plane earth. The convention for signs of the transmitting antenna having a 
angles is explained in the text. ' . • i i 

pattern f(6) in the vertical plane 
be located at height Z\ above the earth as indicated in Fig. 2-1. 
by Eq. (14) is X*/4jr. Let power P, be radiated by the arbitrary antenna. Then the 
power Pri received by the isotropic antenna is 

Pn _ G „ X2 

P, 4irfl2 4ir 

If on the other hand the same amount of power is radiated by the isotropic radiator, 
the power Pr received by the arbitrary antenna can be written 

P, 4irft= ir ( ' ' 

where F' takes into account the presence of the earth and the fact that the antenna is 
not necessarily pointing at the isotropic source. From the reciprocity relationship 
(Appendix A) which holds even in the presence of the earth and attending complica
tions, Pri = Pr, and we see that F2 = (F')*. 
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The angles 0i and & are measured between the direction of maximum 

transmission of the antenna pattern (which makes an angle £ with the hori
zontal) and the direct and reflected rays, respectively. At a distance R, 
large compared with the dimensions of the antenna, the field in the direc
tion of maximum transmission under free-space conditions is denoted 
byE0. 

At a field point at distance R in the direction inclined at angle 1̂1 with 
the horizontal, the field will be the sum of Ej, the field due to a direct 
wave, and Er, that from a wave reflected from the earth and appearing to 
come from the image of the source at a height — Z\. From the definition 
of/, 

Ea = EofW. (31) 

From elementary geometry the length of the direct-ray path is 

Vr2 + fe - zif, 
and the length of the reflected-ray path is 

V r 2 + (z2 + zi)2. 

The path-length difference between the two paths AR is easily obtained by 
expanding each path length by the binomial theorem and subtracting; 
thus, 

AK = — V1 - ~2^~ + 8^ ) (32) 

This expression is cumbersome, but fortunately in almost all cases of prac
tical interest \j/i and ft> are very small. The customary approximation is 
to retain only the approximate value 

AR « ^ , (33) 

which will be used throughout the remainder of this volume for all plane-
earth cases (with r = R) and in a modified form for the spherical earth.1 

Because of AR the reflected ray is retarded in phase behind the direct ray 
by the angle k AR = 4.irZ\Zi/\R. 

For the present we assume that the presence of the plane earth can be 
represented by a quantity called the plane-wave reflection coefficient, V, 
which in general is a complex quantity represented in this volume by 

T m pe-'*, 0 ^ P ^ 1. (34) 

The quantity p is the magnitude of the reflection coefficient, the fraction 
1 An equally common form for AR is obtained by considering the direct and reflected 

rays to be parallel (ft = ft) and by dropping a perpendicular from the antenna position 
to the dotted line. For this construction Aft = 2zi sin ft 
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Q{ the incident field that is reflected, and 4> is the angle by which the 
reflected field is retarded in phase upon reflection.1 

The total excess phase retardation of the reflected wave is the sum of 
k Aff and 4>, and the amplitude of the reflected wave is Eopf(dt). Thus 
the total field strength at the second terminal is 

E = Er + Et = E» [ M ) + pM)e-«*+* *» ] . (35) 

An interference pattern is formed in space, the shape of which is given by 
the quantity in brackets. Referring to Eq. (26), however, we observe 
that the magnitude of the quantity in brackets is just F for the plane earth.2 

F = |/(0i) + p M ) e - * | = VP(6i) + p2/2(03) + 2pf(0l)M) cos a, (36) 

where for convenience we introduce 

a-=* + *Afi~* + ^ p - (37) 

To calculate F one must know the behavior of p and <t> (which are dis
cussed in Chap. 5) and 8i and 8% must be determined. I t is necessary to 
establish a convention for signs for the angles of Fig. 2-1. The angles ^i 
and { are measured positive upward from the horizontal, whereas 8i and 02 
are measured positive upward from the antenna beam maximum; ^2 is 
always considered positive.3 (In the example of Fig. 2-1, 0X and 02 are 
numerically negative, and ^i and $ are positive.) The defining equations 
are 

6x = ft - ?, 

tan ^i = *" ~ Z\ } (38) 

tan J<2 = 
r 

Returning to Eq. (36), it is instructive to investigate the range of 
variation of F for a plane earth. For the moment we shall assume p, <f>, 

1 See Chap. 5 for a detailed discussion of r . 
* No allowance has been made for the fact that the wavefronts at the second terminal 

are traveling in slightly different directions. This is of importance only when the wave 
is polarized in the plane of incidence ("vertical" polarization) and ^i differs appreciably 
from ipi, or when it is desired to know the field in a specified direction (the vertical 
component, for instance). Also the slight difference in spatial (t/fi) attenuation of the 
direct and reflected waves has been neglected. Such considerations are of negligible 
importance in most practical cases. 

3 The signs of $i and 9j are immaterial for a symmetrical antenna pattern, but for 
an unsymmetrical pattern, such as that of a cosecant-squared antenna, they may be 
important. The right-hand side of Eq. (36) has been written for a real antenna-pal tern 
function / . 
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ft, and & to be constant1 and observe that as k AR changes by ir, F varies 
from a maximum to a minimum through an average value: 

= M ) + ««*),) 
= / w - art*), 
= /(«.)■ J 

(39) 

Thus the field strength as a function of position in space varies (over 
sufficiently small intervals) between symmetrical limits above and below its 
arithmetic mean, which is the fraction of maximum free-space field radiated 
in the direction under investigation. Several special cases are of interest. 

As p approaches zero, the interference pattern disappears and free-space 
transmission conditions are reached. This is the case for microwave trans
mission over very rough land at large values of ^2. 

Free-space 
Locus of \coverage 
minima Locus of 

maxima 

Fia. 2-2.—Coverage diagram for a free-
space range of 25 miles over a plane earth 
with reflection coefficient of — 1 and beam-
width of 6° with the antenna pointed hori
zontally. The angular scale has been exag
gerated for the sake of clarity. The lobe 
spacing of 0.5° corresponds to zi /x = 57.3. 
AH drawn, the lobes are slightly too thick. 

Fro. 2'3. Qualitative appearance of 
coverage diagram over a plane earth for 
which p is unity for zero grazing angle but 
decreases as grazing angle increases. The 
angular scale has been exaggerated for the 
sake of clarity and is not directly com
parable to that of Fig. 2-2. 

The second and more interesting case occurs when p = 1 and 4> = ir, a 
condition well approximated for horizontally polarized waves over smooth 
sea water. For this case F is determined solely by the antenna pattern, 
varying between the limits /(ft) ± /(ft). Let us assume further that the 
antenna is pointed horizontally (£ = 0) and that the pattern is symme
trical, that is, /(0) = / ( —0). Equation (36) then becomes 

/(*.) (l _«-««)!_ 2 |/to) sin ( ? ^ ) | - (40) 

Usually \j/i is sufficiently small that except for very sharp beams f($\) is 
essentially unity, and we have the well-known plane-earth formula 

/2x2|£2\| 
\ \ R ) \ (41) 

The expression for F is converted into a coverage diagram by R0, as 
shown in Fig. 2-2. The "solid" coverage in free space, shown by the 

1 If zi/\ » 1 and fa is small, this condition may be approximately satisfied over 
several neighboring lobes of the interference pattern. 

file:///coverage
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dotted line, is now broken up into a series of lobes given by Eq. (40). As 
0 ^ F ^ 2 l/GMI, the detection range in some directions is reduced to 
zero, whereas in others it is twice the range in the same direction under 
free-space conditions. The lobes in the figure are drawn somewhat too 
thick; but even after allowance is made for this fact the gaps in coverage 
inside the range Ro are fairly small. In terms of total volume no coverage 
has been lost, for it can be shown that the area inside the lobes is equal 
to the area inside the total free-space antenna pattern, but it has been 
redistributed in space. This redistribution of field strength may be an 
advantage or not,, depending upon the problem at hand. 

An important feature of Eq. (40) is the fact that for small angles the 
first maximum of the interference pattern occurs at an elevation angle 
viewed from the base of the transmitter by 

* - 5 - £' (42) 

which predicts that for fixed transmitter height Zi the low-angle coverage 
improves as the wavelength X is decreased. On the other hand, because 
the spacing between consecutive maxima (or minima) is given by \/2zh 
the number of lobes in the interference pattern increases. 

The preceding ideal case is modified considerably if p and <t> are not 
constant but vary with the grazing angle ^2- For vertically polarized 
waves this dependence is pronounced (even for a smooth surface), and the 
effect is indicated qualitatively in Fig. 2-3. Instead of varying between 
zero and 2, F now varies as shown by Eq. (39) except that in this case 
p, 81, and d2 all vary between the maxima and minima. The result is that 
the coverage fluctuates less than in the preceding example but the extreme 
extension of range is not obtained. As the direct wave is not so strong as 
the reflected wave, interference is not complete in the minima nor is the 
field strength doubled in the maxima. 

The curvature of the earth introduces complications that are discussed 
in detail in Sees. 2-13 to 2-16, 5-2, and 5-3. It is sufficient at this point' 
to mention that because the reflection occurs at a spherical rather than at 
a plane surface, the wave diverges at an increased rate after reflection. 
This is taken into account by multiplying the reflection coefficient for a 
plane surface p by a divergence factor D which is unity at high angles and 
decreases toward zero as the angle decreases. This has the double effect of 
diminishing the range at low angles and of filling in the minima. 

Another matter that has not yet been mentioned is that in addition to 
the direct and reflected waves there is also a surface wave, which at short 
distances and low angles can become important.1 At frequencies above 

1 By surface wave we imply, not the well-known surface wave of Sommerfeld, but 
rather the wave complex given this name by K. A. Norton in Proc. IRE, 26, 1192 (1937). 
See also C. R. Burrows, Proc. IRE, 25, 219 (1937). 
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about 100 Mc/sec, however, the surface wave is so rapidly attenuated with 
range that for most applications it may be neglected at ranges of more 
than a very few miles. For an excellent discussion of transmission over a 
plane earth that gives much more detail than we have room for here see 
C. R. Burrows, "Radio Propagation over Plane Earth—Field Strength 
Curves," Bell System Tech. Jour., 16. 45 (1937). 

Other forms for F will be derived in later sections in connection with 
specific problems (see particularly Sees. 2-13 through 2-16). 

GEOMETRICAL OPTICS 

B Y JOHN E. FKEEHAFER 

2'3. Ray-tracing Formulas.—It happens many times that a solution of 
Maxwell's equations can be made to depend upon a suitable solution of 
the scalar wave equation. This is, in fact, the case when dealing with 
propagation through the atmosphere, as we shall see in Sec. 2-6. Accord
ingly we shall need to discuss means for dealing with the scalar wave 
equation 

VY + kWf = 0. (43) 

A time-honored way to find approximate solutions of Eq. (43) is to use 
the methods of geometrical optics. These methods yield in many cases 
useful graphical results which, however, may lead readily to false conclu
sions unless they are carefully interpreted. For this reason we shall 
review the method at some length. 

Let us seek solutions of Eq. (43) in the form 

i> = Qe~as, (44) 

where we assume that Q and S are real functions of position. Substituting 
Eq. (44) into Eq. (43) and equating the real and imaginary parts of the 
resulting equation to zero yield 

(VS)2 ~ w ~ni = 0> (45) 

VW + 2(VS
Q

VQ) = 0. (46) 

Equations (45) and (46) are exact. To obtain a tractable simplification, 
we assume that V^Q/Qfc2 <K n2 and write Eq. (45) as 

(VS)2 = n\ (47) 

Provided that v^Q/Q remains finite, this becomes a better and better 
approximation as k and therefore the frequency increase. We shall return 
to this point later. Equation (47) is frequently referred to as the equation 
of the eikonal. 
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(vn 

Let us now consider how to construct solutions of Eq. (47). The 
problem is to find a function the magnitude but not the direction of whose 
gradient is prescribed. Accordingly we may choose a surface 2 at each 
point of which we arbitrarily assign a constant value So to S. Just how 
this surface is chosen depends on the boundary conditions and the kind of 
wave that we are trying to represent. This choice need not concern us at 
present. The gradient of S is then perpendicular to 2 at each point; and 
hence through Eq. (47), VS is known completely. To find the surface 
along which S = S0 + AS, we erect at each point of 2 perpendiculars 
whose lengths are equal to AS/n, where n is the value of the index at the 
foot of each perpendicular. The tips of these perpendiculars form the 
desired surface. This process may, of course, be repeated to produce the 
whole family of surfaces along which S is constant. In the limit as 
AS —» 0, the scalar field obtained in this way satisfies Eq. (47). 

Instead of constructing the level 
surfaces of the field S, we may adopt 
the more usual alternate procedure, 
namely, to start at each point on the 
initial surface and draw a family of 
lines to which the surfaces of constant 
S are perpendicular. 1'hese lines are 
the rays, and the surfaces of constant 
S are the wavefronts of the solution 
of the wave equation with which we 
are dealing. 

The differential equation of the 
rays may be obtained in the following 
way. In Fig. 2-4, P is a point on 
the wavefront AB on which S has a 
constant value S. 

Here t is a unit vector normal to AB at P and is in the direction of 
the ray through P. With P as origin, the position vector of a point P' 
on the ray and also on the wavefront along which S equals S + dS is t da 
where da = dS/n. This follows from the fact that n is the magnitude of 
VS and da is measured in the direction of VS. The problem is to find 
t + dt, the direction of the ray at P'. To do this, it is necessary to con
struct a segment of the wavefront at P' and to draw t + dt as a unit vector 
perpendicular to this segment. Let u and v be unit vectors perpendicular 
to t, u lying in the plane of t and Vn and making an acute angle with Vn. 
By definition, v = t X u. If now we proceed for a short distance dp in the 
direction u to the point P" and then a distance equal to dS/(n + Vn-udp) 
in the direction of t we arrive at the point P'" which lies on the segment 
of the wavefront through P'. As the index does not change in the direc
tion of v, which is perpendicular to Vn, all points near P' on a line through 

FIG. 2'4.—Process for continuing a ray. 
This figure is drawn in the plane of t and 
Vn. 



SEC. 2-3] RAY-TRACING FORMULAS 43 

P ' in the v direction also lie on this segment. Therefore t + rft is per

pendicular to the plane determined by P' P'" and v. Thus 

dS/ 1 •(i-!£**). PJ»». *,« + - ! — ^ ^ 1 , . *,„ + * , ( ! - _ _ * , | t (48) 

and 

Fp7" = FP7" - P ? = dp (u - ^ p do- A (49) 

Making use of the fact that u X v = t and t x v = — u, we obtain to 
the first order in da 

t + d t = p : ^ , v = t + ^ ^ u , (so 
P ' P " ' n 

whence 
dt Vn-u , , , , 
T = ~T~ u (51) 

Equation (51) is one form of the differential equation of the ray. In 
principle a ray can be drawn piece by piece in the following way. At 
point P , n and Vn are given. If, in addition, the direction of the ray 
through P is specified, t and therefore u are both known. If we choose 
an element of length da, the position of a new point P' on the ray is given 
relative to P by 

PP' = t da (52) 

and the direction of the ray at P ' is given by 

t(P') = t(P) + ^(P)da, (53) 

where dt/da is calculated by Eq. (51). The process may now be repeated, 
and the ray continued. In the limit as da —* 0, the chain of line segments 
so obtained approaches the ray. This argument shows that given the 
scalar field n, a ray is determined when one point on it and its direction 
at that point are specified. 

When the rays have been determined, S is obtained by the relationship 

S(P) / " |VS| da + So = jnda + So, (54) 
Jo, J Pi 

where the integral is to be evaluated along the ray from the point with 
position vector pi on 2 to the point with position vector p at which it is 
desired to evaluate S. 
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A useful relationship can be obtained by equating the magnitudes of 
both members of Eq. (51). Thus 

\Vn\sinyt 

n 

where y is the angle between t and Vn. As t is a unit tangent and a is the 
arc length measured along the ray, [dt/do-| is the curvature of the ray. 
Thus if R denotes the radius of curvature, 

1 = \Vn\siny (56) 
R n 

In radio propagation problems Vn is nearly vertical and the rays are 
nearly horizontal. Hence y and sin y are approximately 90° and unity 
respectively. As n is also nearly unity, a convenient approximation to 
Eq. (56) is 

i = Ivnl. (57) 

If, therefore, the gradient is constant, the rays are approximately arcs 
of circles. In applying Eq. (55) or (56) it must be borne in mind that 
the position vector of the center of curvature relative to a point on the 
ray makes an acute angle with Vn. Thus, for instance, if in the atmos
phere n decreases with height, Vn points downward and the ray is concave 
downward. 

Equation (51) can be written in a different form which exhibits certain 
important geometrical properties of the rays. As t is a unit vector in the 
direction of the ray, we have 

? = Vn-t. (58) 
da 

Multiplying Eq. (58) by t and Eq. (51) by n and adding, we obtain 

» ? + * rr = (Vn-u)u + (Vn-t)t (59) 
da da 

£ ( n t ) = Vn. (60) 

f'' Let us consider now the integral / n da evaluated along a curve C 
J tx 

joining the two points whose position vectors are pi and P2. A funda
mental problem of the calculus of variations is to determine the necessary 
and sufficient conditions on C in order that the integral have a stationary 
value. I t turns out that these conditions may be expressed in terms of 

file:///Vn/siny
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Euler's equation which is just Eq. (60). Thus if the line integral of the 
index of refraction be evaluated along the ray joining two points, the 
integral has a stationary (usually minimum) value. Conversely, if a 
curve C be found connecting two points such that the line integral of the 
index of refraction evaluated along it has a stationary value, then C is a 
ray. This statement of the stationary properties of the rays is Fermat's 
principle and is frequently used as a starting point in developing the 
theory of geometric optics. 

There are two special cases in which Eq. (60) is readily interpreted. 
Suppose first that n is such that Vn is constant in direction. Let j be a 
unit vector in the direction of Vn. The vector product of j with both 
members of Eq. (60) yields 

^ (nj x t) = 0. (61) 

From this it follows that nj X t is a constant along the ray. Equation (51) 
shows, however, that dt always lies in the plane of t and Vn. Thus if Vn 
has a constant direction, the rays are plane curves. Hence j X t is per
pendicular to the plane of the ray and is therefore constant in direction. 
Equation (61) then reduces to 

j - (n sin 7) = 0, (62) 

where as before y is the angle between the ray and Vn. Equation (62) 
means that if Vn has a fixed direction, the product of the index by the sine 
of the angle between the ray and the gradient of the index is constant 
along the ray. This is Snell's law. 

Suppose next that Vn is always in a radial direction from a fixed center. 
An example of this is the case of the atmosphere in which Vn is ideally 
always vertical. Let p be the position vector of a point on the ray referred 
to the center as origin. As p and Vn are parallel, the vector product of 
Eq. (60) by p yields 

p X ^ (nt) = 0. (63) 

Now 

£ < p x » t ) - g x , r t + px£(Ht). (64) 

But dp/da is tangent to the ray and hence parallel to nt. Therefore 
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and Eq. (63) becomes 

-j- (p x nt) = 0. (66) 

As in the previous case, the rays are plane curves and indeed lie in planes 
containing the center. Thus for any ray p X t is constant in direction 
and Eq. (66) can be written 

^ ( | p | n s i n 7 ) = 0 , (67) 

where y is the angle between p (and therefore Vn) and the direction of the 
ray. Thus |p|n sin 7 is a constant along an3r ray. This is the generaliza
tion of Snell's law to the case of a radially directed index gradient. 

The Stratified Atmosphere.—In treating atmospheric refraction, it is 
convenient and indeed almost necessary to assume that the properties of 
the atmosphere vary only with height. Such an idealized atmosphere is 
said to be stratified, and it is with stratified atmospheres that we shall be 
concerned in the remainder of this chapter. 

To simplify the problem further and to derive equations that can later 
be generalized, we shall assume at first that the surface of the earth can 
be treated as a plane and its curvature neglected. Let us introduce a 
cylindrical coordinate system (r, <p} z) with the 2-axis in the vertical direc
tion and the plane z — 0 coincident with the surface of the earth. We 
shall treat the source of radiation as a point on the 2-axis at height zy above 
the earth and assume cylindrical symmetry so that all quantities are inde
pendent of <j>. Because Vn is everywhere in the 2-direction, it follows 
from Eq. (51) that the rays are curves lying in planes passing through the 
e-axis. I t is therefore necessary to examine only one of these planes. 

Consider now a ray that as shown in Fig. 2-5 is inclined at angle a to 
the r-axis at the transmitter height. By Snell's law 

n{z) cos j3 = C, (68) 

where 0 is the angle of inclination of the ray at any height z and C is a 
constant characteristic of the ray (C can be evaluated whenever the angle 
of inclination is known at a given height). 
Thus 

C = n(z0 cos a; (69) 

or because the angle of inclination at the turning point Po (r0, Zo) is zero, 

C = n(zo). (70) 
From Eq. (68) 

n(z) sin 0 = ± y/n*(z) - C . (71) 
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Dividing Eq. (71) by Eq. (68) yields 

± Vn2(z) - C2 dz 
tan /3 = C dr 

(72) 

where z and r are the coordinates of a point on the ray. As dr is always 
positive, the radical must be assigned the same sign as dz. 

Equation (72) is a convenient form of the differential equation of the 
ray. It may be separated, and the solution reduced to a quadrature. 
Thus 

dz 
C VnHz) 

(73) 

The absolute value signs are included to emphasize that dz and the radical 
z 

Fit;. 2-5.—Geometry of a ray for the case of a stratified atmosphere. T is the transmitter, 
and Po is the turning point. 

have like signs. Thus in case the point (r,z) lies to the right of P<> of 
Fig. 2-5, Eq. (73) becomes 

r = C 
( / ; 

dz 
+ y/n\z) - C2 Jz Vn2(z) 

f" dz \ 
Jz y/n\z) - C2) 

(74) 

When the ray family has been determined from Eq. (72), S, the optical 
length from the source to any point (r,z), is obtained by using Eq. (54). 
From Fig. 2-5, we see that 

da = cos & dr + sin /3 dz. 
Hence, from Eqs. (68) and (71), 

dS = ndo = C dr + | V n 2 - C2 dz\. 
Therefore 

= I nda = Cr+ i | V n 2 - C2 dz\. 

(75) 

(76) 

(77) 
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For a qualitative discussion of the ray family such as is given in Chap. 1, 
it is convenient to introduce a further simplification in Eq. (72). In many 
applications n and C are nearly unity, and then we can write 

n* - C2 = (n - C)(n + C) « 2(n - C), (78) 

and Eq. (72) becomes 

§." ± V2V^C. (79) 

This shows qualitatively how the inclination of the ray depends upon the 
difference between n and C. By making use of Eq. (69), Eq. (79) can be 
transformed into 

4- = ± V 2 Vn(z) - n(«0 cos a. (80) 

Now for rays inclined at small angles, 

dz 
dr (81) 

and 

( a2 \ a* 

1 - ~2 ) a n(zi) — ■??'> (82) 
2 ' 

consequently Eq. (80) may be written 

P" ±y/2 yjn(z) - n(«0 + f • (83) 

Squaring Eq. (83) yields the symmetrical relationship 

P - a2 --= 2[n(z) - n(Zl)]. (84) 

Up to this point, the surface of the earth has been treated as plane. 
Equations will now be developed that take the curvature into account. 
Let us set up a spherical coordinate system (p,<t>,d) with center at the 
center of the earth. A point source is located on the line for which 9 = 0 
at a height «i above the surface of the earth, the radius of which is denoted 
by o. For a stratified atmosphere, Vn is always parallel to the direction 
in which p varies, and the rays are therefore curves lying in the planes 
containing the source and the center of the earth. Figure 2-6 shows a 
typical plane of this kind; and since as before we shall assume cylindrical 
symmetry about the vertical line through the transmitter, all functions 
are independent of 4> and we can limit our attention to a single meridian 
plane. 
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Under these conditions Eq. (67) applies, and we can write 

pn cos /S = const, along a ray. 

By dividing both sides of Eq. (85) by a, we obtain 

pn cos/3 = C, 

49 

(85) 

(86) 

where C is a constant characteristic of the ray. 
Equation (86) can be made to resemble Eq. (68) by introducing the abbre
viation N = pn/a; whence 

N cos 0 = C. (87) 

FIG. 2*6.—Path of a ray in a vertical plane through the source. T represents the transmitter. 

Just as Eq. (68) leads to Eq. (72), Eq. (87) leads to 

tan (1 ± VN2 - C2 dp (88) 
c pde 

Now let us change variables from p aiid 8 to z and r where 

p = a + z, (89) 

(90) 

The coordinate r represents distance measured along the earth's surface 
Eq. (88) then becomes 

dz ± VN2 - c2 

c (91) 

(• + :> 
Equation (91) is exact; but because in problems concerning atmospheric 
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refraction z/a is small compared with unity, we arrive at the approxv 
mation 

dz ± VN2 - C2 

dr C (92) 

This equation is just Eq. (72) with n replaced by N. Thus, subject to 
the provision that z/a <<C 1, the effect of the curvature of the earth can be 
taken into account in computing ray paths by replacing the index of refrac
tion by the quantity N = pn/a and using the same differential equation 
that applies when the earth is treated as fiat. 

Next let us consider the expression for the optical length. From 
Fig. 2-6 

da = p dd cos ft + dp sin /3, (93) 

and from Eqs. (89) and (90) 

n da = — dr cos fi + n dz sin /3. (94) 

Application of Eq. (86) yields 

n da = C dr + >/(?)"- dz 

1+^ a 

(95) 

If as before we neglect z/a in comparison with unity, we obtain 

dS = Cdr+ \VN* - C1 dz\. (96) 

By comparing Eq. (96) with Eq. (76) it is evident that subject to the 
condition z/a « 1 the optical length can be calculated from the plane-
earth formula if n is replaced by N. 

Equations (92) and (96) suggest on the basis of geometrical optics that 
the discussion of propagation near the surface of the spherical earth may 
be reduced to a discussion of propagation over a plane earth by the artifice 
of replacing the index n by the modified index 

-?-('+:> 
This matter will be examined from a different point of view in the next 
section. 

2'4. The Modified Index.—If the earth had no atmosphere the rays 
would be straight lines which, with increasing distance from the source, 
would become separated farther and farther from the earth's surface. 
The rays would be straight, and the earth curved. Actually what is of 
importance is not the separate curvatures of the ray family and the earth 
but the relative curvature of the rays with respect to the earth. I t turns 
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out that it is sometimes convenient to regard the earth as flat and the 
rays as having sufficient curvature to maintain the same relative curva
ture as before. To account for the curvature of the rays we must assume 
that the refractive index instead of being constant increases with height, 
and indeed at such a rate that the derivative of the index with respect to 
height equals the reciprocal of the earth's radius. Thus the earth may be 
treated as flat if the index is taken equal to 1 + (z/a). In this way diffrac
tion is treated as a problem in refraction. 

The general idea of regarding the earth as flat and modifying the index 
distribution appropriately is a useful one, and we shall now examine the 
procedure more closely. The method is due to M. H. L. Pryce in an 
unpublished manuscript. Let r, 8, and <j> be the spherical coordinates of 
a point, the origin of the system being at the center of the earth, and let 
us introduce new coordinates xu x2, and z, defined by 

Xi = a sin 8 cos <f>, (98a) 

22 = a sin 8 sin <j>, (98b) 

z = r - o, (98c) 

where 8 is to be measured from the line connecting the transmitter to the 
center of the earth. 

The element of arc do- is given by 

(xi dxi + x2 dx-i)-HJ dx'{ + dxl + -—2 2 _ ,- + dz2. (99) 

In general, we are interested only in the region for which xs/a and x2/a 
are sufficiently small to justify neglecting their squares and higher powers, 
and we can therefore write 

d<r2 = i?{dxl + dxl) + dz\ (100) 

where 

V s 1 + ~ (101) 

Maxwell's equations for free space become, in the new coordinate system, 

~Es-~ (r,E2) + w ^ = 0, (102a) 
dX2 oz at 

f (VE0 - ~ E 3 + V ^ ^ = 0, (1026) 
dz aXi at 

dEz dEi dH3 , ,„„> \- rifi — - = 0, (102c) 
0X1 3x2 at 

£ * - £ < « * > - * IT = 0' (102f 
E.G.& G. LIBRARY U'-1 

LAS VEGAS BRANCH 
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I f r H O - ^ H . - i . f - 0 , (10*) 

kH*-kH>-*'-*-»• (102/) 

A - ( w ^ 0 + £2 (wHz) + A ( „ v / 3 ) = o, (102^) 

A - („£ , ) + ± (VeE2) + A ( , 2 ^ ) = 0 . ( 1 0 2 f c ) 

The terms (d/dz){t]Ei), (d/dz){?iEd, (d/dz){rmtEi) and similar terms 
involving H complicate the demonstration. They are all of the form 
(d/dz){vF). Now 

a W - ^ ( £ } (103) dz 5 z dz 

The field points in which we are interested are all at low angles as viewed 
from the transmitter, and in this region the field components vary much 
more rapidly in the horizontal than in the vertical direction. For this 
reason we are justified in neglecting (d/dz)(zF/a) in comparison with 
derivatives with respect to Xi and x^. With this simplification and the 
introduction of the notation n' = -qn and e' = ?;e, we obtain 

dE2 dEt , ,dH3 . ' , 
^ ~ d^ + " I T = °' (104c) 

dz (5xi di 

^-F-^-«'^-' = °. (104/) 
A- o,Wl) + A o,^,) + A (M^3) = 0> img) 

A. (€'£o + A. (,'£,) + A {(>Ez) = o. (io4A) 
OXi 022 OZ 

These equations, however, are just Maxwell's equations in rectangular 
coordinates in which the surface of the earth is given by z = 0 and the 
permeability and permittivity of the medium are n' and t'. We have 
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thus reduced the problem of propagation around a spherical earth to pro
pagation over a flat earth with an atmosphere whose electromagnetic 
properties are represented by y! and «'. 

The index of refraction of the atmosphere modified to account for the 
curvature of the earth is called the modified index of refraction and is 
denoted by N. From the preceding discussion, it follows that the rela
tionship between N and the true index n is given by 

N = rtn = [l+-\n~n-\ 
\ aj a 

(105) 

It should be noted that whereas n usually decreases with height, the 
modified index, except for limited regions, increases with height. In par
ticular when n decreases linearly with height, that is 

(dn\ 
71 = Wo + Ydzf' ^106^ 

where n0 and dn/dz are constants and (dn/dz)z is small compared with no, 
we can write 

J V = « o ( l + £ ) , (107) 

in which 

± = 1 ^ + 1. (108) 
ae n0 dz a 

When ae is a positive constant, it may be considered as an effective radius1 

of the earth. Measurements have shown that the average gradient of n 
over height intervals not including layers within several hundred feet of 
the surface of the earth is usually such that ae = fa. (This point will be 
considered in detail in the next chapter.) I t is customary, therefore, to 
refer to the condition in which ae = fa as standard refraction. For stand
ard refraction 

dN 
^ = 3.6 X lO"8 ft-1, 
dz 
^ = - 1.2 X 10-8 ft-1. 
dz 

I t is sometimes convenient in numerical work to take ae = 5280 miles. 
2-6. Limitations of Ray Methods.—The ray-tracing formulas of Sec. 2-3 

may be integrated analytically in simple cases and numerically or mechani
cally in more complicated cases so that it is possible to obtain the ray 
patterns for a large variety of index distributions. I t is necessary, how-

1 The concept of an equivalent or effective earth's radius was introduced in a some
what different way by Schelleng, Burrows, and Ferrell, Proc. IRE, 21, 427 (1933). 



54 HORIZONTALLY STRATIFIED ATMOSPHERE THEORY [SEC. 2-5 

ever, to examine each case to determine if the conditions are fulfilled upon 
which the validity of the technique depends. These conditions are to be 
examined in this section. 

The first condition to be satisfied is that the index must not change 
appreciably in a distance equal to a wavelength of the radiation. This 
requirement is expressed by the inequality 

r ^ « i . (io9) 
kn n ^ ' 

Insofar as inequality (109) is concerned, a given ray pattern becomes a 
better and better approximation as the frequency and therefore k is 
increased. On the other hand, inequality (109) certainly does not repre
sent a sufficient condition, for even in a homogeneous medium for which 
Vn = 0, ray methods fail to account for diffraction phenomena. As we 
shall see, the additional requirement is that the fractional change in the 
spacing between neighboring rays must be small in a wavelength. A ray 
pattern therefore leads to questionable results in regions where rays either 
diverge or converge rapidly and especially where neighboring rays cross to 
form foci or caustics. 

I t is to be noted that whereas the first condition depends alone upon 
the frequency of the radiation and the structure of the medium, the second 
condition depends upon what sort of wave the ray pattern is to represent. 
Whether or not the first condition is satisfied can be determined in advance 
once the structure of the medium and the frequency of the radiation are 
specified, but whether or not the second condition is satisfied can be deter
mined only after the ray pattern has actually been traced. In this con
nection, it is well to recall that a single ray has no significance by itself but 
has meaning only when related to the other members of the family to which 
it belongs. 

To develop the argument that supports the preceding assertions, it is 
first necessary to integrate Eq. (46): 

^ + 2(V|VQ) = a ( n o ) 

Now 

V- (Q2 VS) = 2Q VQ-VS + Q2 V S (111) 

so that Eq. 110 can be written 

l v - ( Q 2 V S ) = 0 (H2) 

or 

V- (Q*VS)=0 . (113) 
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Equation (113) states that the vector Q2 VS is solenoidal. Therefore a 
solution of Eq. (113) is obtained by writing 

Q! VS = V X U, (114) 

where U is any vector field whose curl is parallel to VS. 
Now let us suppose that Eq. (47) has been integrated by constructing 

the family of rays normal to the initial surface 2 at each point of which S 
has the value S0. The family of rays may then be given in parametric 
form 

x = Fi({,ii,S),} 
y = ft(f,n,S), I (H5) 
z = F.Cf.u.S),) 

where ? and t\ are the parameters that determine the point on 2 through 
which the ray passes. Thus if S is put equal to So, Eqs. (115) are the 
parametric equations of the surface 2 and x, y, and z are the coordinates 
of the intersection of the ray with the surface. Let the result of solving 
Eqs. (115) for £, 77, and S be represented by 

{ = / , ( w ) , (H6a) 

1, = h(x,y,z), (1166) 

S = / 3 ( w ) . (116c) 

Equations (116a) and (116b) are two families of surfaces whose intersec
tions are the rays. I t should be noted that these families are not uniquely 
determined by the ray pattern, as it is possible to set up an infinite variety 
of families having the same intersections. 

As the rays are perpendicular to the wavefronts, V/i and V/2 are per
pendicular to VS and V/i x V/2 is parallel to VS. Hence the identity 

V X (/, V/i) = V/i X V/i + fi V x V/2 (117) 

shows that V x (/, V/2) is parallel to VS. It follows therefore that a suit
able choice for U in Eq. (6) is 

U = /1 V/2. (118) 

Accordingly Eq. (114) becomes 

Q* VS = V x / , v/i = V/i X V/2. (119) 

Taking the scalar product of each member of Eq. (119) with VS and mak
ing use of Eq. (47), we obtain 

m v/, x v/^vs, 
n2 
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Even on the assumption that S is known, Eq. (120) does not deter
mine Q uniquely, for as was pointed out previously, /i and /2 are not de
termined uniquely by the ray family. The significance of / i and /2 may 
be established in the following way. We note first that 

v/, x v/v vs = 

dfrdfidfi 
dx dy dz 
df2 9/2 3/2 
dx dy dz 
S/s 3/3 3/3 
dx dy dz 

a(/i,/»,/») = Ir 
d(x,y,z) f 

(121) 

where J is the Jacobian of x, y, and z with respect to /1, ^2, and f3. If <2T 
denotes the volume element bounded 
by the surfaces /1 = £, /1 = £ + df, 
f2 = v, fi = V + dy, ft = S, fi = S 
-f d.S, then it is a property of the 
Jacobian that 

dr = J(fi,f,,ft) di dr, dS. (122) 

Let dA be the element of area 
bounded by the traces of the surfaces 
/1 = constant a n d ' / i = constant on 
the wavefront /3 = S as shown in 
Fig. 27 . 

As the rays are perpendicular to the 
wavefronts, it follows that 

FIG. 2 '7.—The v o l u m e e l e m e n t dr 
bounded by rays and surfaces of constant 
phase. The face abed lies in the surface 
fi = S and the face efgh lies in the surface. 
fi = Si -f- dS. Similarly abfe and degh 
are portions of the surfaces h = n and 
/s = n -\- drj, respectively. The remaining 
two faces adhe and begf lie in the surfaces 
/1 = I and /■ = { + d(, respectively. 

(122) and (123) yield 

dr = dA da, (123) 

where, as before, a is the arc length 
measured along the ray. Equations 

But 

Hence 

dS 
da 

dA da 
d£ drj dS 

= \VS\ = n. 

dA 
n r/£ dy 

(124) 

(125) 

(126) 

From Eq. (120) and (121) 

Q' = .In2 (127) 
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Eq. (126) and (127) yield 

d$. d-q = Q2 ndA = Q2 VS- — dA. (128) 

As VS/n is a unit vector normal to dA, we see that df dij = d/i d/2 is the 
element of flux through a wavefront of the vector field Q2 VS. In many 
applications of the wave equation Q2 V.S is either proportional to the power 
density or approximately so. Hence Eq. (128) shows that the functions/i 
and j% are determined by the radiation pattern of the source. 

As pointed out in Sec. 2 3, the development of ray-tracing formulas 
depends upon the assumption that 

V20 
¥^Q « L <1 2 9> 

It is now possible to examine this inequality more carefully. From the 
i den tit v 

<-(30-3+(^h-
it follows that 

V2Q = M ^ ) + r -T7> + *%■?% ^ 
kn \kml) kn n knQ knQ '"■"'' 

k2n2Q kn \kn(jj kn n knQ knQ knQ 

From Eq. (127) 
VQ_ 
knQ ~ \kn,J,i + kr, n)' ( 1 3 2 ) 

Equations (131) and (132) yield 

V2Q VJ« 
k2n2Q knJ» kn 

1 Vw / V J ^ y _ 1 /VJ*\ _ 1 V . / V w \ 
:n TO yknJ'^J kn \knj"i) kn \knn) (133) 

From Eq. (133) it is readily seen that inequality (129) is satisfied provided 
that the vector fields (l/fcn)(Vn/n), and VJ^/knJ^ have magnitudes small 
compared with unity and are smooth so that the divergence terms are 
likewise small. Thus we arrive at the two ray-tracing conditions 

kn n 

kn J* <-<1" 

The meaning of the first inequality is clear and has been discussed 
previously. To interpret the second condition we consider the pencil of 
rays bounded by the surfaces fx = £,/i = £ + d£, ji = y, and/2 = n + di). 
Equation (126) shows that J is proportional to dA, the cross section of 
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this pencil, and hence Jli is essentially the spacing between neighboring 
rays. Then condition (134) states that the fractional change in the spac
ing between neighboring rays in a wavelength must be small compared 
with unity. Obviously condition (134) is violated at those points where 
the cross section of the pencil vanishes as it does when the pencil comes 
to a focus or passes through a caustic. 

PHYSICAL OPTICS 
BY JOHN E. FREEHAFER 

2-6. The Field from a Dipole in a Stratified Atmosphere Near the 
Earth.—In this section we shall show that the calculation of the field from 
either a vertical electric or magnetic dipole near the earth can be reduced 
to finding a suitable solution of the scalar wave equation 

VV + fcWV = 0. (135) 

Here \f/ is the z-component of a Hertz vector n , whose Xi- and ^-components 
are zero. 

It will also be shown that a solution of Eq. (135) which satisfies the 
appropriate boundary conditions is given by 

KJo(i<r)v(z,K) da, (136) 
'o 

where r and z are the cylindrical coordinates of the field point and 

u'i(0) - pi t i(O) M,(ZX ) 
2 

V = W 

2 

«2(0) - pMO) ih{zi) 

Ml'(O) - pMi(O) _ Ui{z) 
i4(0) - pu2(0) Mz)_ 

1*2(21)1*2(2), z > Zi, ( 1 3 7 a ) 

uiizx)ut{z), z < Z[. (1376) 

The symbols used in the expressions for v have the following meanings: 
1. Zi is the height of the dipole. (The dipole is located at r = 0, 

2 = zi.) 
2. v, Mi, and ih are all solutions of the equation 

= J + (fcW2 - K2> = 0; (138) 

Mi and u%, however, are those solutions of Eq. (138) which for large z 
represent waves traveling in the direction of decreasing and increas
ing z respectively; W is the Wronskian of Mi and M2 and is inde
pendent of z. 

3. p is a function of K that depends upon the polarization. For a 
vertical electric dipole 

p(«») = i | V f c T r i ? , (139) 
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where fc0 is the propagation factor of the atmosphere at the surface 
and hi is the propagation factor of the earth. For a vertical mag
netic dipole 

p(K2) = i Vfc? - K\ (140) 

The radicals are to indicate the root with the negative imaginary 
part. 

Although the results stated above apply strictly to dipole sources, they 
may be used to discuss more elaborate sources. It is frequently a good 
approximation to assume that the ratio of the field strength to the free-
space field strength at a point is the same for an actual transmitter as it 
is for the dipole. When this is not permitted, we can in principle approxi
mate the source by a suitable array of dipoles. The field is then the sum 
of the fields from the dipole elements. 

From this point on we shall suppress the time factor e"*'. Let us 
consider the Hertz vector n = (0,0,^) which satisfies the equation 

v x v x n - v v - n - / ( V n = o (141) 
and derive a field of the electric type in the usual way: 

B = i/tVcoV X II; E = V x V x n . (142) 

Because n has only a z-component and // and d vary only in the 
2-direction, it follows that 

v(MV)-v x n = o, v(/zV) x n = o. (143) 
From Eqs. (141), (142), and (143), we find that 

V X E = - i « / H , (144a) 

V x H = iWE + ^ X H, (144b) 

e 

V D = Ve'-E, (144c) 

V B = 0. (144d) 
Equations (1446) and (144c) show that the fields obtained from 

Eq. (142) do not satisfy Maxwell's equations exactly. For the atmos
phere, however, the gradient of d is so small that the terms involving it 
can be neglected. Thus the ratio of the magnitude of the second to the 
first term on the right-hand side of Eq. (1446) can be written 

X [Ve'l Vw |H| 
2ir e' «' |E | ' 

Except quite close to the source, the field will be almost a plane wave for 
which [H|/|E| is approximately A / T / V . Furthermore, |Ve'|/e' is of the 
order of l /o , and therefore the ratio of the second to the first term is of 
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the order of X/a, which is always very small compared with unity. From 
Eqs. (144a) and (144c) it follows that 

V-E __ X [Vc'| V^o |E | 
|V x E| ~ 2T (' / |H|' 

and this again is of the order of X/a. I t follows that Eq. (144) differs 
from Maxwell's equations by a negligible amount, and we may regard 
Eq. (142) as a valid way to obtain the electromagnetic field. 

From a solution of Eq. (141), a field of the magnetic type can be con
structed by using the equations 

D = -in't'wv x n, H = v x v x n. (145) 
The D and H obtained in this way satisfy the equations 

V X E = -I'OJM'H + ~- x E, (146a) 

V X H = lue'E, (1466) 

V D = 0, (146c) 

V B = V - H . (146d) 

I t follows from the same arguments applied to Eq. (144) that the 
field given by Eq. (145) is an acceptable approximate solution of Maxwell's 
equations. 

Because ^ is the only component of n that differs from zero, and be
cause moreover \p is a rectangular component of n , Eq. (141) reduces to 
Eq. (135). We have thus shown that the solution of our problem depends 
upon finding a suitable solution of the scalar wave equation. 

We now seek a solution of Eq. (135) that satisfies the proper boundary 
conditions at the source, at the surface of the earth, and at great heights. 

If we introduce the variable r = -\/xl + x\, and make use of the 
cylindrical symmetry of the field, we can write Eq. (135) as 

Integration by the usual separation procedure leads to elementary solu
tions of Eq. (147) given by Za(nr) V{Z,K) where Za is any integral of the 
Bessel equation of zero order, K is the separation constant, and v is a 
solution of Eq. (138). From the elementary waves we can construct a 
solution independent of K by integration over K. Thus 

* = j D(K) Z 0 (W) V(Z,K) dK, (148) 

where D(K) is to be regarded as a function of K that is at present undetermined. 
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Our procedure is now guided by the fact that near the source, \p must 
behave like e~ikli/R. The expansion of a spherical wave in terms of cylin
drical waves is well known and is given by1 

R' 

1 
R< 

- / . " 
. , exp (VK2 - k2z) 

KJo(Kr) , OK, 
v V - k2 

exp(-VK2-k2z) 
KJQ(K1) , (IK, 

o VK2 - k2 

z $ 0, (149a) 

« ^ 0 , (1496) 

where R = V r2 + z2. The source is at z = 0 = r. When K > k, the 
radical stands for the positive root and when K < k, V K 2 — k2 is 
i\Vk2 - K2\. 

Comparison of Eq. (148) with Eq. (149) suggests integration from 
zero to infinity and choosing 

D(K) = K, 

Z0(icr) = Jo(K.r). 

Finally we note that 

dz 
exp ( — V K k2 z) 

VK2 - k2 
d_ 
dz 

exp ( V K 2 - k2 z) 
V K 2 - k2 = - 2 . 

Thus the part of the integral that depends upon z is continuous at the 
height of the source, but its derivative suffers a discontinuity equal to — 2 
at that height. It is important, as we shall see, that the discontinuity in 
derivative is independent of K. Accordingly we shall require that v satisfy 
the conditions 

dv 
dz J i + 0 

dv 
dz - 2 . 

(150) 

I t has now been established tentatively that Eq. (148) takes on the form 
of Eq. (136). To verify that ^ of Eq. (136) does indeed have the proper 
behavior, we need only to evaluate the volume integral I (V2 + k2N2)\f/ dr 
over a small region containing the source. This integral is essentially the 
moment of the dipole; and for a unit source such as is represented by 
e~itR/R, it should be equal to — 4ir. The verification follows: 

/ (V2 + k2N2)+ dr K(V2 + k2N2)J0 (KT)V dK dr 

-u: KJ0 (*r) dh 
dz2 + (k2N2 - K2)V dK dr. 

1 J. A. Stratton, Electromagnetic Theory, McGraw-Hill, New York, 1941, p. 575. 
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Now dr = 2irr dr dz, and from Eqs. (138) and (150) it follows that 
(jPv/dz2) + (k2N2 — K2)V is independent of K. Therefore 

/ (V2 + k2N2)+ dr = lim / 
J a^OJ' 

21 + a 

i — a 

~d2v 
dz2 + (k2N2 - K2)V dz 

• lim / 2irr / 
r->0 JO Jo 

But 

J 21 — a 

' d2v dz = dv 
dz + / (k2N2 -

2i — a J Z\ — a 

KJO(KT) d* dr 

K2)vdz = - 2 

lim / 2irr / xJ0(«") d« dr = 2ir lim 
r_»oJo Vo 

l / — / nrJoiicr) d(xr) 
■QJO « J o 

Hence 

/ 

= 2irlim / JI(KT) d(icr) = 2T J0(nr) 
T->OJO 

(V2 + fcW2)^dr = -4TT, 

and this confirms that i£ given by Eq. (136) and subject to conditions (150) 
has the proper behavior in the neighborhood of the source. 

We shall next examine the boundary conditions at z = 0. Consider 
first the case of the electric-type field given by Eq. (142). Using the 
cylindrical coordinates {r,<i>,z) and making use of the cylindrical symmetry 
of the field, we obtain 

\dzdr' ' dr2)' , 

(151) 

Let \f/ be used to denote the 2-component of the Hertz vector within the 
earth, then the boundary conditions for z = 0 are 

d di/t d d\f/\ 

dr dz dr dz 
2 d* _ 2 d^x 

dr dr 

where fci is the complex propagation factor of the earth. Integration 
with respect to r yields 

dz dz 
(152) 

Because of the conductivity of the earth, the field within the earth is 
rapidly attenuated with depth. For this reason it is not necessary to take 
into account the curvature, and we shall assume that the properties of the 

file:///dzdr'
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earth are independent of the coordinates. If now ^ is expressed as an 
integral 

* i = K Jo(i<r)vi(z, K) CLK, 

the boundary condition is satisfied if 

"i(0, K) = p v(0, K). 

(153) 

(154a) 

(154b) 

Equation (1546) is a condition on vi and is of interest only if the field 
within the earth is to be calculated; v\ must be a solution of the equation 

d% 
dz2 + (kl - «')», = 0. 

Therefore 

i exp (i \/k'f — K2Z), 

(155) 

(156) 

where, in order to ensure attenuation as z becomes larger negatively, the 
branch of the square root having a negative imaginary part must be taken. 
Then Eq. (154a) becomes 

= P(«2), (157) 

where p(*2) is given by Eq. (139). In a similar way one can show that 
the boundary condition for the case of the magnetic-type field represented 
by Eq. (145) leads to Eq. (157) where p(«2) is given by Eq. (140). 

Now n/k is essentially the cosine of the angle of inclination of the 
normal to the wavefront of the elementary wave characterized hy that 
value of K. For the field points in which we are interested, the values of K 
near k will contribute most strongly to the integral of Eq. (136), and there
fore for purposes of estimating the order of magnitude of p we may regard 
K » k. Thus for horizontal polarization 

IPI fkT~ 

As is shown in Sec. 5-1, |fci/fc|2 is much greater than unity except in the 
case of very dry ground; for example, at 3000 Mc/sec, (ki/k)2 = 70 — i40 
for sea water. Hence \p\ is of the order of ten times k, and | l / p | 
amounts to about 0.02X The same argument holds also for vertical 
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polarization. Equation (157), together with Fig. 2-8, tells us that | l / p | 
is essentially the distance by which a node fails to occur at the surface of 
the earth. Again for those values of K which contribute most to the inte
gral of Eq. (136), X is small compared with the vertical distance in which 
v varies significantly. Thus, for practical purposes, it is a convenient 
approximation to use as the boundary condition for both polarizations 
that v have a node at the surface of the earth, that is, 

K0,K) = 0. (158) 

It should be noted that the assumption that the earth is a perfect con-

FIG. 2'8.—The geometrical interpretation of | l / p | -

ductor leads to Eq. (158) for horizontal polarization. For vertical polar
ization, however, it leads to 

i((W -0; 

hence Eq. (158) is not equivalent to assuming infinite conductivity for 
the earth. 

The final step is to examine conditions for large z. Although it is true 
that at sufficiently great heights the unmodified index of refraction ap
proaches unity and N approaches 1 + z/a, it is an experimental fact that 
at the moderate heights to which our approximations limit us anyway, the 
unmodified index n has a small essentially constant gradient. Accordingly 
we shall assume that for large z, N approaches 1 -f- z/ae where ae is a con
stant that may be regarded as the effective radius of the earth. 

For any real value of K, the expression fcW2 — K2 eventually becomes 
and remains positive. Let Za denote the height at which the last zero of 
fcW2 — K2 occurs. Then Eq. (138) has two independent solutions that can 



(159) 

(160) 
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be represented asymptotically for z y> z0 by 

Ui = (fcW2 - K2)~M exp t / (A;W2 - K2)» dz , 

U2 = (fc22V2 - x2)->4 exp - i I (fcW2 - K2)W dz 

The fractional powers are to mean the positive roots. The functions ut 
and w2 represent waves traveling in the direction of decreasing and increas
ing z, respectively. Accordingly we shall require that for large z, v shall 
behave like u^. As the transmitter height is the only height at which it 
is possible to change from one linear combination of solutions to another, 
W e W r i t e A S / . f i l l 

v = Aui, 2 £ Zi, (lol) 
v = Bui + Cu2, (162) 

Equations (150) and (157) permit the determination of A, B, and C, and 
we obtain Eqs. (137a) and (137b). 

When Eq. (158) is substituted for Eq. (157), the expressions for v given 
in Eqs. (137a) and (1376) are replaced by 

2_ 
W K(o) 
2 U(0) v = w L ^ - " 

Ml(0) _ Ui(Zi) 
M2(Zl) 

Ui(z) 
(0) Mz) 

w2(z,)u»(z) Z > «1, 

M2(Zl)«2(z) Z < Zl-

(163a) 

(1636) 

2-7. The Fundamental Theorem.—In Sec. 2-6 it was shown that the 
field from a dipole near the earth can be expressed in the form of a gener
alized Sommerfeld integral. The next step is to devise means of evaluat
ing this integral. I t turns out that there are two ways of doing this, one 
way being appropriate to the diffraction region and the other to the inter
ference region. In this section we shall discuss the diffraction region and 
show that subject to certain restrictions the potential \j/ may be expressed 
in the form 

V / /^'MtfW'tfW J/i!,(fl')Hz,«)(l., (104) 

where (1) Km stands for the roots of 

«4(<V) - j)(<!)«,(0,«) = 0, 

(2) the "normalized" height-gain functions v\n(z) are defined by 

Mj (Z, K„) 
u'„\'(z) = 

(z,Km) dz + 
2K„ \(IK/K~-

(165) 

(166) 
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the integral being along a ray in the fourth quadrant of the z plane, 
(3) I denotes integration around the branch cuts in the K-plane of the 

function V(Z,K). 
The expansion represented by Eq. (164) is referred to as the funda

mental theorem. This theorem has been established only subject tc 
certain assumptions that must be justified along lines to be explained 
below for each special form of JV that it is desired to discuss. When the 
simplification given in Eq. (158) is used, v has no branch points and the 
integral is missing. In the general case, however, the presence of the 
double-valued function p in the expression for v produces branch points 
at K = +ki. The integral part of Eq. (164) is then present and 
represents a "surface wave," which at high frequencies is rapidly attenu
ated both with range and height. From a practical standpoint, however, 
in the region for which z/R and Zi/R are very small compared with unity, 
4/ is given by a few terms of the series of Eq. (164). 

To begin the demonstration we shall first transform the integral expres
sion for ^ into one that involves H'f'^r) instead of J0(nr). 

Because 
1 

Jo(w) 2 ztfV) + #?>(«■) 

Eq. (136) can be written 

v 2 
r TO f CD 

/ KH^(Kr)v(z,K.) d* + / KHg>{Kr)v(z,K) dK (167) 

I t is now convenient to introduce an assumption that is difficult to 
establish in complete generality but can be verified for all cases of prac
tical interest. This assumption is that V{Z,K) has no singularities in the 
first quadrant of the K-plane. 

That v has poles in the first quadrant is ruled out because it may be 
shown that the presence of such poles would lead to terms in the final 
expression for ^ that represent waves converging toward the source. This 
is physically impossible. 

The question of branch points is more difficult to decide. When N(z) 
is an integral single-valued function of z, it may be shown that MI(Z,K) and 
UZ(Z,K) are integral single-valued functions of K for all z. Likewise, when 
the real positive axis of z can be divided into a finite number of segments 
in each of which N(z) is free of singularities and is so defined that a funda
mental set of solutions of Eq. (138) exists, then for all real positive values 
of z, Ui and «2 are integral single-valued functions of K. In this case the 
solution having the proper behavior in the outer segment is continued 
inward by joining a linear combination of solutions in one segment to a 
linear combination in the next and requiring that the function and its first 
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derivative be continuous at the joints. The fundamental solutions and 
their coefficients are integral functions of K and also, therefore, are «i and 
ui. Accordingly, we shall assume that for the values of z with which we 
are concerned, «i and v^ have no singularities in the finite portion of the 
K-plane. Subject to this assumption, the branch points of p are the only 
branch points of v. These occur at K = ±k\. But k\ lies in the fourth 
quadrant, and therefore the branch points lie in the second and fourth 
quadrants. 

Because of this assumption concerning the singularities, we can deform 
the path of integration and write 

/ KH$\«r)v(z,K) (IK = KH^(Kr)v(z,<) d* 
Jo Jo 

I KH^{KT)V{Z,K) dx, (168) + 
/ . 

where / means integration over the quarter circle of infinite radius lying 

in the first quadrant. The path of integration of the first integral on the 
right is the positive axis of imaginaries. Set K = iu; then 

/ ; 
KH{o\Kr)v{z,K) d,K = — I uHOP(iur)v(z,iu) du. 

Jo Jo 
But 

m\iur) = - Fl^(-iur); 
and as the equations defining v contain K2 only, 

v(z,iu) = v(z,—iu). 
Therefore 

/ (tH^'Ocr)«(?,«) dK — j uli^)( — iur)v(z,—iu)du. 
Jo Jo 

Now if we put K = — iu, we obtain 

/ ' KH^{KT)V{Z,K) d<= \ KH^{KT)V{Z,K) dK. (169) 
Jo J - i ■» 

As i/o1' (xr) —> 0 as K —> °o along any ray in the first quadrant, we intro
duce another assumption that must be verified for each specific case, 
namely, . 

/ KHp(Kr)v{z,K)dK = 0. (170) 

Using Eqs. (169) and (170) in Eq. (168), we obtain 

/ KH^(Kr)v{z,K) dK = / KHf{Kr)v{z,K)dK. (171) 
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Finally, Eqs. (167) and (171) lead to 

* " \ f «#?'(*■)»(*,«) Ac, (172) 

where the path of integration L extends from —i<o to <*> along the negative 
imaginary axis and the positive real axis as shown in Fig. 2-9. 

F I G . Equivalent paths of integration in the K-plane. 

The next step is to reduce the integral to a sum by deforming L into 
a quarter circle of infinite radius in the fourth quadrant plus loops around 
the poles and branch points as indicated in Fig. 2-9. Now because of the 
same assumption involved in Eq. (170), the integral over the quarter 
circle is zero, and Eq. (172) becomes 

f = - « X i ? m + l A ^^'^ dK' 
where XRm means the sum of the residues at all the poles of v lying in the 
fourth quadrant. The integral is along the branch cut. 

Reference to Eqs. (137a) and (1376) shows that the poles of v are the 
roots of Eq. (165). The values of K that satisfy Eq. (165) are the char
acteristic values of the problem and will be designated by Km. They are 
the values of K for which the solution of Eq. (138) representing an out
going wave itself satisfies Eq. (157). On the assumption that the poles 
of v are simple poles, we obtain 

2 u[(0,Km) - POCJS.)MI(0,0 

I4(0,K) - pUi(fl,K) 

X Ut(z,Km)Ui(.2l,Km) + 2JB 
KHP(Kr)vdK. (173) 

We shall order the K„'S so that Im(«tm_i) > Im(/fJ > Im(/<m+i). Now the 
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Wronskian is given by 

W(K„) = Mi(0,K„)ui(0,icra) - Ui(Q,im)ui(P,Km). (174) 

Because for K = K„, Eq. (165) is satisfied 

W(Km) = - U , ( 0 , K J [ U I ( 0 , K J - p(Ki)«i(0,«»)]. (175) 

The use of Eq. (175) reduces Eq. (173) to 

0 = 2 « v - wi«r- ^ u2(z, *„)«»(*,«») ^ K » W 

1 

m = l «2(0,Km) j ^ 

+ | / KHp(,tr)vdK. (176) 

In the discrete sum only w2 appears; accordingly we shall adopt the shorter 
notation 

uv(z,Km) = um{z), (177) 

UV(Z,K) = u(z). (178) 

We shall next obtain an alternate form for the expression within the braces 
of Eq. (176). The procedure is the usual one for proving the orthogonality 
of solutions of the Sturm-type equation. Thus by multiplying the differ
ential equation for u„ by u and the equation for u by um, we obtain 

u^f+ ( £ W 2 - K2
n)umu = 0, 

dz (179) 

Um \%+ {k2N2 ~ K*)uum = a ( l 8 0 ) 

Subtracting Eq. (180) from Eq. (179) and integrating with respect to z 
from 0 to °° along a ray in the 2-plane, we have 

( M - ^ - U „ ^ J - (4, - K2) uumdz = 0. (181) 

It turns out that a ray can be chosen (one in the fourth quadrant is 
satisfactory) such that u(°°) and wm(°°) both vanish. Accordingly 

(«* - K2
m) j j uum dz = u(0) (^jo - um(0) {—)■ (182) 

But 

(^ ) 0 -PM)«- (0 ) ; 
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hence Eq. (182) can be written 

/ . 

w»(0) 
(K + K„) I uum dz = 

p( ̂ w°» - (s). 
(« — Km) 

uw(0) I P W ^ O ) ~ ( g ) 0 + "(0) [ P W ~ ?(«*)]}. (183) 

Now if we let a approach nm, we obtain 

/ ; 
u2

m dz = M„(0) p(*2)W(0) - w'(0) 

w»(0) \dK/K2
mj 

(184) 

and 

um(0)\ 
3K 

w'(0) - p(x2)u(0) 

= -2*m JO wm dz - «i(0) ( ^ ) K 2 . (185) 

Substitution of Eq. (185) in Eq. (176) yields 

* = - i r i V ^ ' C t ra) ') 
u a ( z , K m ) ;^(z i ,Ki») 

+ ~ JB KHVWvdK. (186) 

Equation (186) is equivalent to Eqs. (164) and (166). 
2-8. Phase-integral Methods.—In order to apply the fundamental 

theorem to a given case of atmospheric refraction, it is necessary to find 
the normalized characteristic functions «2' and the characteristic values 
Km. This is in general a difficult task, as the detailed behavior of solutions 
of Eq. (138) is known for only a very limited number of index distributions. 
Fortunately means exist for constructing quite general approximate solu
tions of this differential equation, because the same equation was encoun
tered early in the development of quantum mechanics. I t is from this 
field that the techniques discussed in this section are borrowed. 

The first step in obtaining approximate expressions for the character
istic functions is to find a pair of asymptotic representations of solutions 
of the differential equation. Next it is necessary to examine how the same 
exact solution is approximated by different linear combinations of the 
asymptotic expressions in different parts of the complex plane. This leads 
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to a discussion of the Stokes phenomenon and the derivation of the con
nection formulas of quantum mechanics. By means of the connection 
formulas it is possible to show how the function that satisfies the boundary 
condition at great heights can be represented at the surface. The bound
ary condition at the surface then determines the characteristic values. 
The final step is to normalize the functions so that the various terms or 
modes in the expansion given by the fundamental theorem have the cor
rect relative magnitudes. Two separate formulations result depending 
upon whether the characteristic value is nearly real and the mode is 
strongly "trapped" or the imaginary part of the characteristic value is 
comparable to the real part and the mode is "leaky." Trapped and 
leaky modes are sometimes referred to as Gamow and Eckersley modes 
respectively.1 

It is convenient for our present purpose to write Eq. (138) as 

d2u 

where 

-^ + k2su = 0, (187) 

and u, the dependent variable, is an abbreviation for U?(Z,K). We shall 
retain the notation adopted in Sec. 2-7 of attaching the subscript m to 
any function of K in which K is replaced by nm. Thus sm means N2 — n2

m/k2. 
Let us seek solutions of Eq. (187) in the form 

u = eip (189) 

and assume that P can be expanded in a series of descending powers of k. 
T h u S P = kw(z) + w0(z) + Ar' i^z) + ■■■, (190) 

where the w's are to be determined. Substitution of Eq. (189) into 
Eq. (187) yield, 

' I F - ( £ ) +fcI* = °- (191) 

When Eq. (190 is substituted into Eq. (191) and the coefficients of fc2 and 
k equated to zero, we obtain 

(ST - o ( 1 9 2 ) 

and 

1 This treatment of phase-integral methods follows closely that given by W. H. Furry 
in RL Report No. 680. 
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Integration of Eq. (192) and (193) leads to 

(194) / s* dz, 

w, = ^ In w' = ^ In s'K (195) 

Constants of integration are unimportant, as additive constants in the 
expression for P are equivalent to constant factors multiplying u. Thus 
neglecting all but the first two terms of Eq. (190), we obtain from 
Eqs. (189), (190), (194), and (195) 

[ik / s* 
J Zo 

u » s-K exp (iTc I s* dz). (196) 

To be definite we have chosen z0, a zero of s, as the lower limit of the 
integral. Obviously, a similar expression with the sign of the exponential 
changed is also an approximate solution of the differential equation so that 
the general solution can be written 

u = Af1 + Bft, (197) 

where for the sake of brevity we have put 

/ , = S-M e*» (198) 

h = tr* e-*», (199) 

s* dz. (200) 

Note that the zeros of s are singularities of / i and /2 but not of u; hence 
Eq. (197) fails in the vicinity of zeros of s. 

Equation (197) is the so-called Wentzel-Kramers-Brillouin, or WKB, 
approximation to the solution of Eq. (187). If functions /i and fz were 
exact solutions of the differential equation, A and B would be constants. 
independent of the value of z. Because of the asymptotic nature of the 
approximation, however, A and B take on different values in different 
regions of the complex plane and change abruptly at the boundaries 
between these regions. This is known as the Stokes phenomenon, and to 
this matter we must next give careful attention. 

In the following discussion it is assumed that s has a simple zero Zo 
which is sufficiently isolated that there exists a region around it free of 
other zeros in which the functions /i and /2 are good approximations to 
solutions of Eq. (187). In the neighborhood of z0 

\dz/la 
« ( z - Z o ) x • (201) 
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By Eq. (200) 

3 LU/J (2 " Zo)'! (202) 

Equation (202) shows that there are three directions at z0 separated 
by 120° along which w is real. Starting in any one of these directions we 
can construct a line along which w is real by choosing increments dz such 
that s"'dz is real. There are three lines of this nature which will be 
labeled arbitrarily I, II, and III as shown in Fig. 2-10. Similarly there 
are three lines, making angles of 120° with each other and 60° with the 
first set of lines at the point «o, 
along which w is pure imaginary. 
These are labeled Si, S2, and S3 in 
Fig. 2-10 and are referred to as the 
Stokes lines. 

It is now essential that the 
branches of w be carefully defined. 
We shall establish a cut along the 
line S3 and require that w be pos
itive on Line I. Then w will be 
positive imaginary on Si, negative 
on II, negative imaginary on S2, 
positive on III , and positive imag
inary on shaded side of S3. 

Along the anti-Stokes lines I, 
II, and III, the functions /i and /2 
are oscillatory and of equal abso
lute values. On the Stokes lines, 
however, the functions are real exponentials; and as w increases with 
increasing distance from z0, the positive exponential is very much larger 
than the negative. Thus /2 is dominant on Si; /i is dominant on S2; and 
/2 is again dominant on the shaded side of S3. 

Now although z0 is a branch point of the functions /i and /2, it is not a 
singular point of the differential equation. Exact solutions of the differ
ential equation are, in fact, single valued. Therefore, if an exact solution u 
is to be represented by a linear combination of the multiple-valued func
tions / i and/ 2 as in Eq. (197), it is necessary that the coefficients A and B 
change values as the independent variable z makes a circuit about z0. 
This takes place in the following way. In the neighborhood of the Stokes 
line the dominant term is so much larger than the subdominant that the 
coefficient of the latter may change without having any appreciable effect 
on the value of the linear combination. The coefficient of the dominant 
term may not change, however, nor may the coefficient of the subdominant 
term change if the dominant term is missing, because in either case the 

Flo. 2-10.—iS'i, Sz, and S3 are the Stokes 
lines associated with the point 20. I, II , and 
I I I are the anti-Stokes lines. Algebraic signs 
refer to w. Dominant terms are indicated on 
each Stokes line. 
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value of the linear combination would be obviously affected. Thus the 
Stokes lines divide the complex plane into three regions in each of which 
the coefficients A and B are constant except near the boundaries, where 
the coefficient of the subdominant term changes rapidly. These regions 
will be designated I, II, or III according to whether they contain the 
lines I, II, or I I I . The values of the coefficients A and B in Region I will 
be designated Ai and Bj, with similar designations in the other regions. 

As the differential equation is linear and any solution can be repre
sented as a linear combination of two independent solutions, it follows 
that the values of A and B in one region are linear combinations of their 
values in any other region. Thus, for instance, using a's to represent 
undetermined coefficients we can write 

An = an At + aa Bh (203) 

Bu = a21 Ai + a22 BL (204) 

Now A is the coefficient of/i, which is subdominant on Si. Accordingly A 
changes when z crosses the Stokes line from Region I into Region II and, 
unless Bj, the coefficient of the dominant term, is zero, Au differs from A\. 
Furthermore, under no circumstances may the coefficient of the dominant 
term change. Bu must equal B\. Thus an = a22 = 1 and a2i = 0. This 
leads to 

An = Ai + a B1} (205) 

Bu = Bu (206) 

where a has been written as an abbreviation for the undetermined coeffi
cient Oi2. 

By similar reasoning, we may justify writing the equations 

Am = An, (207) 

Bui = p An + Bu, (208) 
in which j3 is to be determined. Substitution of Eqs. (205 and (206) into 
Eqs. (207) and (208) yields 

Am = Ai + aBi, (209) 

Bin = 0 Ai + (1 + «f»Bi. (210) 

Now w has been given a single-valued definition by cutting the plane 
along the line S3. This same cut may serve to make s~Yi single-valued. 
Consider the expression for u on the unshaded edge of the cut: 

u = s-x (A i eikw + Bu e-ik"). (211) 

On the shaded edge 

u = a-* e- ("2 (Am e-"" + Bul e'*"). (212) 
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In both Eqs. (211) and (212), s and w stand for the values of the functions 
on the unshaded edge of the cut where w is negative imaginary. Hence 
eitw is the dominant term. As u is single-valued, the dominant terms in 
Eqs. (211) and (212) must be equal. Therefore 

Ai = -iBm. 

From Eqs. (210) and (213), 

Ai(l + J/3) + t"(l + a0)Bi 0. 

(213) 

(214) 

Equation (214) must hold for all values of A\ and B\, and this requires 
the coefficients to vanish. Inspection shows that the coefficients all vanish 
if a = /S = i. Thus Eqs. (205), (206), (207), and (208) become 

Au = Ai + iBi, 

Bu = Bi, 

Am = Ai 

Bu iAu + Bu. 

(215) 

(216) 

(217) 

(218) 

These are the fundamental connection formulas which show how an 
asymptotic representation in one 
Stokes region must be transformed 
to represent the same solution of 
Eq. (187) in another Stokes region. 

We are now ready to consider the 
case of a surface duct for which the 
TV-profile is as shown in Fig. 211 . 
By referring to the fundamental 
theorem and recalling that the 
asymptotic representation of H(

0
2> 

(xmr) contains a factor erUmr, we see 
that Im(/cm) determines the rate at 
which the mode is attenuated with 
distance. Thus, strongly "trapped" 
modes for which the attenuation is 
small have characteristic values that 
are almost entirely real, and it is with these modes that we shall be con
cerned for the present. 

Because N is very nearly unity, Eq. (188) can be approximated by 

z 

h 

* i 

JV-profile 

h 

( 

a 

/ / 

\ Height-gain 

N—*-
FIG. 2-11.—The height-gain function of 

a trapped mode. The region for which 
f i< z <fa serves as a barrier to confine the 
mode to the duct. 

s = 2 (N - a - ir), 

where 

+ *V = 2fc2 

(219) 

(220) 
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If, in accordance with our assumption that the mode is strongly 
trapped, we neglect T in comparison with a as a first approximation, s is 
real and has real zeros fi and f2, which are the heights at which Â  equals a. 
Then fi and f2 can be obtained graphically as shown in Fig. 2-11 by finding 
the heights at which the line ab drawn at a distance a from the 2-axis 
intersects the iV-profile. Under these conditions u is also real, and it 
follows from Eq. (187) that w is oscillatory or exponential according to 
whether s is positive or negative. This is shown in Fig. 2-11 where the 
line ab is used as the axis for which u = 0. Thus when 0 < g < fi, s > 0 
and u is oscillatory, the case illustrated being the first mode, which has 
only one loop. For fx < z < f2, s is negative and u behaves like an expo
nential. Finally, for f2 < 2, s is positive and u is again oscillatory. 

Although the differential equation permits of solutions that both in
crease and decrease exponentially with height in the region for which 
f 1 < 2 < f2, it turns out that the solution which satisfies the boundary 
conditions always decreases. For this reason the region fi < 2 < f2 is 
referred to as a barrier, a term borrowed from quantum mechanics. This 
barrier may be thought of as a lid that tends to confine the mode to the 
duct. 

Now T is never strictly zero, nor is u strictly real. I t is better there
fore to regard Fig. 2-11 as representing the real part of u rather than u 
itself. As we shall see, the imaginary part of u is essentially zero until z 
becomes greater than f2, after which it gradually increases in oscillatory 
fashion. Well above the barrier u spirals about the origin of the complex 
plane in a clockwise direction with increasing magnitude as 2 increases 
toward infinity. 

The qualitative description of the behavior of w may now be made 
quantitative by the application of the asymptotic approximations. Con
sider first the behavior of the asymptotic solutions in the neighborhood 
of f2. As the characteristic value is essentially real, s is real on the real 
axis and Line I becomes that portion of the real axis for which f2 < 2. 
Line »S2 is that portion of the real axis lying to the left of f2. Because the 
boundary condition at infinity requires a wave traveling upward, we must 
choose fi as the asymptotic representation of u on Line I. Accordingly 
we have 

A, = 0, (221) 

Bt = c, (222) 

where e is a factor independent of 2 to which a convenient value is to be 
assigned later. Hence from Eqs. (215) and (216) 

An = ic, (223) 

B „ = c. (224) 
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Along S2, /i is dominant, and except in the mmediate neighborhood of f2 

the subdominant term can be neglected. Thus we are led to 

u = cs-Y> exp ( - ik / s^ efe),f2 < z, (225) 

u = ic<rarlt)\s\-x exp (fc / \s\* dz),h < z < f2. (226) 

In Eqs. (225) and (226) s is written to represent s when the imaginary 
part of K has been neglected. Thus 

The reason that s and not s appears in the exponential of Eq. (225) is that 
for large values of z the imaginary part of the product of k times the inte
gral, though small compared with the real part, is nevertheless large com
pared with unity and hence affects the magnitude of u appreciably. 

Since 

f! Isl'4 dz = - / !i|l!l dz + / js|« dz, (227) 

Eq. (226) can be written 

u = ce""4) |s |-w (exp k \ |5|» dz) exp (-k / |s|« dz), f i < z < ft- (228) 

Next it is necessary to examine the behavior of the asymptotic approxi
mations in the neighborhood of £\. In this case Line I extends along the 
real axis to the left of fi and the Stokes line S2 extends to the right. If /i 
and /2 refer to the asymptotic expressions associated with the point fi, 
then along S2 

/ , = |I|-» e-«W4> e x p (jfe T |g|K rfz)j (229) 

/2 = |s|-l/< e-i(-'4) exp ( - k j |«|« dz). (230) 

Comparison of Eqs. (229) and (230) with Eq. (228) shows that 

An = 0, (231) 

B „ = ce«"2> exp k j \s\* dz. (232) 

From Eqs. (231), (215), and (216) 

At = -iBu, (233) 
Bi = Bu; (234) 
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and hence, along Line I 

u = fin s~>'« ( - ie""° + e-'*") (235) 

= <r»W4> Bu s~Vi [e
it!"-i(W4) + e-i*«H-((x/4>] (236) 

= 2e-""'« fi„ s - l i cos f fcw - | Y (237) 

Account is taken of the fact that w is positive along Line I by writing 

s'4 dz. (238) 

Equations (238), (237), and (232) yield 

u = 2CP""» f exp fc / " \s\'i dz) 5 ^ cos (k P ' s« dz - ^ \ 

0 < 2 < fi. (239) 
For trapped modes it is proper to use the simplified boundary condi

tion, which requires merely that the height-gain function vanish at the 
surface. Thus by equating the argument of the cosine to an odd multiple 
of 7r/2 we are led to the following relationship for determining the char
acteristic values Km: 

I ' A A ' W 2 -~Re"((4) dz = (m - -J-)T, m = 1,2, ■ • • , (240) 
Jo 

where fi'"1 is the smaller root of the equation 

RV2 - lie(Kl) = 0. (241) 

In terms of the simplification represented by Eqs. (219) and (220), the 
phase-integral condition given by Eq. (240) becomes 

\/2k I ' VN - <rm dz = (m - \)ir, m = 1,2, • • • , (242) 

where f S"" is the smaller root of the equation 

N - <rm = 0. (243) 

Analytic application of the phase-integral method is limited to those 
index distributions for which the integrations indicated in Eq. (240) or 
(242) can be carried out. I t is to be noted that the conditions just derived 
determine only the real parts of the characteristic values. Means for 
determining the imaginary parts will be discussed later. 

The unnormalized height-gain functions and the real part of the char
acteristic values have been obtained. Next, we shall normalize the height-
gain functions. The first step is to obtain the fundamental theorem for 
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the simplified boundary condition by letting p become infinite in Eq. (173). 
Thus 

2 
* = ~T'S>\lI"'(K"'r)u.^0'r i th(z,Km)th(zhKm) 

dK 
W2(0,K) 

+ I I KU\?{Kr)vdK. 
' li 

(244) 

To obtain Eq. (244) use is made of the fact that for the simplified boundary 
condition 

Wronskian W = u,(0,Km)u'2(0,Km). (245) 

By comparing Eqs. (244) and (164), we see that the normalized height-
gain functions are given by 

w!»:(z) = ih{z,Km) 

\ 
I „',(0,Km) 

dK 
112(0,*) 

(246) 

Examination of Eq. (246) shows that the right-hand side is unchanged 
when !/■• is multiplied by an arbitrary function of K. Thus if /(K) denotes 
an arbitrary function of K and use is made of the fact that w2(0, Km) = 0, 
we obtain 

dK 
J(K)U2(0,K) = /(O dK 

W 2 (0 ,K) (247) 

From this it is obvious that if M2 is replaced by /(«) t<2 in Eq. (246), the 
equation is unchanged. It is therefore proper and convenient to choose 
c so that 

(248) 

Then Eq. (239) becomes 

2re""4 ' exp (k / |s|'4 <fe J = 1. 

U- J s ^ d z - ^ , 0 < z < fi. (249) 

Now w given by Eq. (249) may be used for ?/2 in Eq. (246). Then neglect
ing the imaginary part of K completely, we obtain 

f u ( O ) = s ' < u ( 0 ) ~ * - H 0 ) 
dK OK 

But 

dK 

47>-i)£f 
/>-=5/;- i^f«w . 

s1'-' rfz. (250) 

(251) 
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Because fi is a zero of s, the second term on the right vanishes. 
From Eq. (188) 

as _ - 2 K 

6K ~ k* ' 

and Eq. (251) simplifies to 

d /' f' _ K f1, 

-j- / s* dz = —y- I s~* dz. 
When K = Km, u(0) = 0 and because of Eq. (240), the argument of the 
sine becomes an odd multiple of T/2. Thus from Eqs. (250) and (253) 

(252) 

(253) 

f u(0) 
OK 

^ « M ( 0 ) ( - 1)"- ' / *V5 dz, (254) 

where s„ is used to denote the value of s when K = nm. Similarly from 
Eq. (249) 

~ ( 0 , O = * i « ( 0 ) ( - l ) - ' . (255) 
az 

Hence from Eqs. (254) and (255), 

2K 2 

w2(0,Km) { ^ U 2 ( 0 , K ) 

(256) 

S ? 4 «fe 

Equation (256) may be used in Eq. (250) to obtain the normalized 
height-gain functions. 

The results so far obtained may be summarized as follows 

Mil'(*) = Um(z) 
s™1- dz 

where 

ujz) = SZ'* cos (k / ' «£ <fe - | Y 0 < z < fi">, 

«„,(«) = i |i„i-» exp ( - k j ^ \sm\» dz), <-r> < z < 

e x p ( - k j £ |5,.|»&) 
X exp { - ik / ta| s£ dz J, 

fi" 

r r < 2 

sm = 2V» - Be(«i) 
fc2 

" fc2 

(257) 

(258) 

(259) 

(260) 

(261) 

(262) 
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Here ft"" and ft"" are zeros of sm and ft"" < ft""; and Re(xm) is determined 
by Eq. (240). 

Equations (258) to (260) are good approximations to um except in the 
neighborhood of ft"" and ft"", where the expressions on the right have 
singularities. Although it is possible to find other analytic expressions 
that are good approximations in the neighborhood of ft"" and ft"", it is 
usually sufficient to bridge the gaps by graphical interpolation. 

In order to complete the phase-integral formulation for the strongly 
trapped modes, it is necessary that an expression be obtained for the 
imaginary parts of the characteristic values. This may be done in the 
following way. 

As mentioned above, u is essentially real for real z up to values some
what greater than ft, after which it acquires an imaginary part and spirals 
about the origin with increasing magnitude. Let H be a value of z greater 
than ft for which u is still essentially real. From Eq. (187), 

^ r + kh'u* = 0, . (263) 
dzl ' 

where the asterisk is used to denote the complex conjugate of any quantity 
to which it is affixed. Subtracting the result of multiplying Eq. (263) by 
M from the result of multiplying Eq. (187) by u* yields 

u * ^ - u— + fc2(s - s*)u'u = 0. (264) 
dz2 dz2 

By integrating from 0 to H by parts, we obtain 

/ ,du du'\» [" , [ u —. u —r- 1 + fc (s — s ) / u u dz = 0. \ dz dz Jo J0 

But from Eq. (188), 

(265) 

k*(s - s*) = - 2 i l m (K2). (266 

If the normalized characteristic function w^' be substituted for u in 
Eq. (265), the result is 

Im (KI) = -l~ 
u ( j , . ( / / ) qi^_ {H) _ M J ,1 ( / / ) au^_ {U) 

l " \ u i i Jo 

(267) 
1 dz 

Now H is in the region where Eq. (260) is valid even with sm replaced 
by sra in the exponential. Using Eq. (260) with this modification, we can 
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transform Eq. (267) into 

= ^ e x p ( - 2 f c [" \sm\»<k) 

Im M.) = ~#A ft '■ ^ 
/ ' SS»«feJo WXfdz 

For the simplified boundary condition, Eq. (166) becomes 

u£(z) = ^ ( Z 'K" ' ) (269) 

-J / ul{z,Km) dz 

From this it follows that 

" [ug> (*)]*& = 1, (270) / ; 
where the path of integration goes to infinity along a ray in the fourth 
quadrant. Now the path may extend along the real axis from 0 to H 
and then go to infinity in the fourth quadrant. Thus 

" \u%(Mdz + (" [««>(«)]J<fe = 1. (271) 
J H 

By careful examination of Eq. (260) it can be shown that u™ decreases 
rapidly as z departs from the real axis and moves into the fourth quadrant. 
I t is therefore a good approximation to neglect the second integral in 
Eq. (271) and write 

[" [ut?(z)]*dz = l. (272) 
Jo 

Because u{„ is essentially real for 0 < z < H, we have 

|wii'is<fe = f" K W < f e = 1. (273) 
n 7 o 

Then Eq. (268) becomes 

- / cexpf -2k / " \sju'dz ) 
Im (A) = -Y^2— ■ ( 2 7 4 ) 

2 / ' s^dz 
Jo 

This is the phase-integral expression for the imaginary part of the char
acteristic value and completes the set of formulas for the trapped modes. 

There is a close relationship between phase-integral and ray-tracing 
methods. To illustrate this point we shall show how a physical meaning 
can be attached to the denominator of the right-hand member of Eq. (274). 
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Let us define am by 

JV2(0) cos2 am = 5 ^ - (275) 

From Fig. 2-11 it is evident that for a Gamow mode, cos am is less than 
unity and am is, in fact, a real angle. We may therefore draw a ray using 
am as the initial angle of inclination at the earth's surface. The differ
ential equation for this ray is by Eq. (92) 

, y 2 _ Re(*2
m) 

* = X *L_. (276) 
rfr Re(xm) 

In writing Eq. (276) K*m is assumed to be so nearly real that Re(«m) is a 
good approximation to V R e ^ U - From Eq. (276) it follows that fim) is 
the height of the turning point of the ray. Accordingly, if rm be used to 
denote the distance from the starting point of the ray at the surface to 
the point at which the ray returns to the surface again, we can write 

rm = 2R^O|J'__,i(fa_ (27?a) 

Now Re(xra)/fc is very nearly unity so that to a good approximation 

rm = 2 P1 5£» dn. (2776) 
Jo 

Thus the denominator of the right-hand member of Eq. (274) is just the 
length of the "first hop" of the ray that has been associated with the 
mode. This is the physical meaning of the integral. 

Making use of Eq. (2776) and the fact that \K„\ ~ k, we find that for 
a Gamow mode 

expf -2k / ' |sm|'4d? 
Im ( O _ \ J t'r" L (278) 

K2 ~ kr 

The numerator of the right-hand member of Eq. (278) is never greater 
than unity, and the denominator, which is essentially the length of the 
"first hop" in wavelengths, is always much greater. In this connection 
it should be pointed out that the length of a first hop is often measured in 
miles. Accordingly Eq. (278) confirms that for a Gamow mode, the 
imaginary part is a very small fraction of the total characteristic value. 

It should be noticed that for a mode to be treated as a Gamow mode 
it is necessary that there be a barrier. This means that the coefficient of 
the term involving u in Eq. (187) must be essentially real and negative 
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over an interval of values of z. For an JV-profile such as is shown in 
Fig. 2-11, this condition may be stated in terms of the inequality 

Re04) (279) 

where JVmi„ is the minimum value of N. The inequality (279) is fre
quently used as a criterion for determining if a given mode is to be con
sidered trapped, a trapped mode being one that satisfies the inequality. 
It should be emphasized that this is an arbitrary criterion and that physi
cally there is no sharp demarcation between trapped and untrapped modes. 

The phase-integral method, which is now to be examined for dealing 
with strongly leaking or "Eckersley modes," is most readily introduced 
by discussing a simple example. Let us consider the case of a linear 
JV-profile for which , ,OBn* 

N = re0(l + \ qz) (280) 
or 

A" = ng(l + qz), (281) 

where n0 is the value of the index at the surface and q is twice the recip
rocal of the effective radius of the earth. Then 

s = w2
0(l -f qz) - | = niq{z - z„), (282) 

where z0, the zero of s, is related to K by 
— k2 

■ ^ 0 Zo k'iq 

In Eq. (283), k0 is an abbreviation for kn0- Then 

(283) 

g» dz = | n4"-(z - *,)*. (284) 

From Eq. (284) it is obvious that the anti-Stokes lines make angles of 0, 
2 T / 3 , and 4ir/3 with the positive axis of reals. We shall choose the line 
parallel to the axis of reals as Line I of the Stokes pattern. The solution 
representing a wave traveling outward for large real values of z must be 
given on the real axis by 

' ~3°* ....„, v~ -», • (285) 

Thus Ai = 0, Bi = 1 and from Eqs. (215), (216), (217), and (218) 

A ii = i, 
fiii = 1, 
Am = i, 
Bui = 0. 

[-2i u = / s = [nlq{z - z0)]-!'« exp —5- kn^z - z0)'4 
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Consider now the simplified boundary condition which requires u to 
vanish when z = 0. This can occur only if the asymptotic representation 
of u contains both /i and /2, as fr and f2 cannot vanish individually. Thus 
the origin of the z-plane must fall in Stokes region II because only in that 
region are both A and B different from zero. Making use of the values 
of An and Bu as given before we find that in region II 

2 [nlq(z - zo)]-V ("4 ' cos 2 *.)» + (286) 

The simplified boundary condition is satisfied if the argument of the 
cosine for z = 0 is an odd multiple of ir/2. Thus 

pn,*W[-zn* + ! 
whence 

3 (m - i)7r" 
2 knaq* 

- i r i / 3 

(287) 

(288) 

From the fact that the origin must fall near Line II , it is obvious that of 
the possible values T/S, T, and — ir/3 for arg z^\ —w/3 is the proper one 
to choose. 

The simple case just treated points the way to a generalized discussion 
of Eckersley modes. The procedure is to assume that for a characteristic 
value K2

m, a zero 2{,"" of sm exists for which the Stokes pattern is similar to 
that encountered in the example above; namely, Line I extends to the 
right roughly parallel to the real axis, and the origin of the z-plane falls 
near Line II. Then because um must represent a wave traveling outward 
for large z, 

„(z) = i e - i ( " « s ^ exp ( -ik / (m| s« dz\ z » zm (289) 

where z'm is the point at which the real axis crosses the Stokes line Si. The 
constant factor is simply for convenience. Making use of the connection 
formulas we can establish that in Region II 

„(z) = sm
v* cos f k / s%dz — | V z « z'm. (290) 

As before, it is only in Region II that um can possibly vanish, and hence 
z — 0 must lie in Region II. For the simplified boundary condition, it is 
necessary that the argument of the cosine be an odd multiple of x/2 when 
z = 0, and hence 

JO 
dz = (m — \)ir. (291) 



86 HORIZONTALLY STRATIFIED ATMOSPHERE THEORY [SEC. 2-8 

Equation (291) determines zf' from which K can be obtained from the 
relationship 

KI = fcWW)- (292) 

I t is possible to modify Eq. (291) to include the general boundary con
dition. From Eq. (290) 

uiCO = s^> sin (k f*° g& dz - j W . (293) 

In obtaining Eq. (293), s^M is treated as a constant according to the 
rule for differentiating asymptotic expressions. 

From Eqs. (290) and (293), it follows that 

pwm(0) - wj,(0) 

= «m*(0) v V ( 4 . ) + khm(0) cos[k j ° «J{ dz - J + <>raJ, (294) 

where 

c o s Sn = PW) ; s i n , „ =
 fc^(0) . ( 2 9 5 ) 

V p 2 ( 4 ) + fc2sm(0)' V p 2 « ) + fc2sm(0) 

The boundary condition is now 

fc / *JJ dz = (TO - l)ir - Bm- (296) 
o 

Equations (292) and (296) are a pair of simultaneous equations for the 
determination of K2, and zf„m>. It is evident that solving these equations 
in any given case is far from a trivial problem. 

The final step is to determine the normalized height-gain functions M* . 
By comparing Eqs. (164) and (176), it is evident that 

uff = « 2 ( z , 0 j - -^ , • (297) 
- y U ( 0 , O | ^ [pu,(0,«) - «i(0,«c)]j _ 

Let us use um(z) as given in Eq. (290) for M2(Z,K„) in Eq. (297). Making 
use of Eq. (294) and dropping the subscript m because K is not required 
to be a characteristic value, we obtain 

+ 

pw(0) - u'(0) 

d_ 
da 

(298) 

s-'4(0) 
J \ J o * / 

OK 

Vp2 + k*s(0) cos f k / s w d z — ^ + 8) 

-u(0) V p 2 + fc2s(0) sin ( k / s« dz - ^ 4- S J X 



SEC. 2-9) THE PROPERTIES OF SOLUTIONS 87 

Because of Eq. (296) when K is put equal to KM in Eq. (298), the term 
involving the cosine vanishes and the sine becomes ( —l)m+1 . Thus 

g [pu(0) - «'(0)] (299) 

= ( - D m + l ^ ( 0 ) v V ( 4 . ) + khm(0) Kf 

Now from Eq. (290) 

Mm(0) 

/ 0 K„\rf/C/(Km)J 

s^ (0 ) cos (k f" 4 <fe - j Y (300) 

But from Eq. (296), 

k f'° sj* d« - | = Cm - X\ - Sm, ' (301) 

and hence, 

cos (h r° si* dz - ^ J = ( - l)-+> sin <5ra. (302) 

Combining Eqs. (295), (297), (299), (300), and (302), we obtain finally 

V Jo " Km \<lK/Km 

To summarize, Eq. (303) gives the normalized height-gain functions for 
an Eckersley mode where um is given in turn by Eqs. (289) and (290). 
The characteristic values are determined by Eqs. (292) and (296). 

The validity'of the phase-integral method for the Eckersley modes has 
not been established in general. Each application must stand on its own 
merits. In particular, the method is based on the tacit assumption that 
4™' is an isolated zero. It is likely in the case of modes bordering on the 
Gamow type that the formulas developed for Eckersley modes fail because 
of another zero approaching too close to z'J"). 

THE LINEAR MODIFIED-INDEX PROFILE 

BY JOHN E. FHKEHAFEH 

2-9. The Properties of Solutions of d2y/d{'2 + (y = 0.—In the special 
cases that follow, use must be made of the solutions of the differential 
equation 

'% + ill = 0. <30-1) 
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The nature of the integrals of this equation must therefore be discussed 
briefly. 

The only singular point of Eq. (304) is an irregular singular point at 
infinity. Appropriate solutions will therefore be sought in the form of a 
Laplace integral 

r» 
e!'v(t) dt. (305) 

To determine v(t), Eq. (305) is substituted into Eq. (304), leading to 

dt a
 + KV = j [Wv(t) + Wv(t)} dt. 

But 

hence, 

i*'»-s <«")-«"& 

3 + « = / > - ! ) '■«+(""): 
Thus, Eq. (305) is a solution of Eq. (304) provided that v is any solution 
of 

pv - ^ = o, (306) 

and provided that the limits of integration are so chosen that 

vet'\ = 0. (307) 

A solution of Eq. (306) is 
v = e'3'3, (308) 

whence Eq. (307) becomes 

ef'+^rt I" = 0. (309) 

Equation (309) is evidently satisfied if /? and a are infinite in magnitude 
having arguments that are the arguments of the cube roots of — 1. Fig
ure 2-12 shows suitable contours in the i-plane along which the integral in 
Eq. (305) can be evaluated to obtain a solution of Eq. (304). 

Three functions are now defined which are solutions of Eq. (304), 

dt. (310) 
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The subscript j takes on the values 1, 2, and 3, and the corresponding j 
adjacent to the integral sign indicates which path of integration in Fig. 2-12 
is to be used. 

A simple additive property of the solutions follows immediately: 

2/i + 2/2 + 2/3 = 0. 

The following rotation properties may also be demonstrated readily by 
replacing f in Eq. (310) by fe2"73 and changing the variable of integration 
to te2*il3: 

j/,(fe l"«) = e-2""jft(r), 
j,,(fe>"/') = e-2""32/3(f), 
i/aCfe2*"3) = e-2'"3i/,(f).J 

(-plane g 

(311) 

FIG. 2-12.—Patha of integration in the (-plane. 

In addition, the symmetry of Fig. 2-12 gives rise to the reflection property 

ifc(r') = -2/2(f). (312) 

If in Eq. (310) ef' is expanded in a power series in ft and the integration 
is carried out term by term, one obtains 

y i = e - 5 ' i / 6 F 1 ( f ) + e ~ " / 6 F 2 ( f ) , 
j/i = e - ^ y . t f ) + e - 5 " / G F 2 ( f ) , 
2/3 = tTi(f) + i F2(f), 

(313) 

where 

Vx(3) 
r(i) 

^ F , = l + ^ ( - l ) -(3m-2)(3 ' TO - 5) • ■ ■ (1) 

f ^ p F2 - f + J) ( - l)-(3» - l)(8m - 4) ■ • ■ (2) .(3m + ^ 

(3m)! 
(314) 
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The expressions given in Eq. (314) are the basic fundamental set of 
solutions at the origin, and Eq. (313) enables us to evaluate the functions 
for small values of |f|. To obtain expressions that are convenient when 
|f| is large, the integrals will be evaluated by the method of steepest 
descent. This procedure will be presented in some detail because it con
tributes to a thorough understanding of the important properties of the 
functions. 

Let 

w = £ + ly = f< + K> 

and 
t = a + IT. 

Imagine a surface constructed by plotting £ against (<T,T), the coordinate £ 
being perpendicular to the J-plane. In the directions A, B, and C of 
Fig. 2-12, there are deep valleys in this surface that become deeper as \t\ 
increases. The structure for large \t\ is independent of f, but the detailed 
structure for ft comparable t o ' /3 depends in an important way on f. In 
particular at points where dw/dt = 0, it is also true that dti/da = d^/dr = 0; 
and because £ is a solution of Laplace's equation and can have neither 
maxima nor minima, the surface has saddle points. These saddle points 
may be thought of as passes that connect the three main valleys. If the 
paths of integration in Eq. (310) proceed from valley to valley along the 
lines of steepest descent through the passes, the region that contributes 
appreciably to the integral can be confined to an interval near the saddle 
points. This is the essence of the method of steepest descent. 

In the following discussion fractional powers of f will always denote 
the principal roots of f; that is, — ir < arg f ^ ir. Further restrictions 
will be imposed from time to time and will be specifically stated. As the 
roots of dw/dt = 0 are t = ± ?'f'-, there are, for each value of f, two saddle 
points symmetrically placed with respect to the origin. There is always, 
therefore, one pair of valleys not directly connected by a pass. Thus, for 
instance, when f is real, the saddle points are on the imaginary axis. It is 
then possible to pass directly from Valley C to Valley A and obtain y2 by 
evaluating the integral in the neighborhood of —if'4. There is, however, 
no pass that directly connects Valley A to Valley B, and the path of inte
gration for determining y3 must therefore first go through the pass from A 
to C and then through the pass from C to B. Hence the integral y% 
receives contributions from the neighborhood of two saddle points. If, 
on the other hand, 

^ < arg f < ir, 
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there is no direct pass between Valleys C and A, but y% may be evaluated 
by passing from C to B and then to A. I t is therefore given by the sum 
of two contributions near two saddle points. Thus, depending upon the 
argument of f, there are different approximations to t/2 or to any of the 
other solutions of the differential equation. This interchange of the con
nections between valleys and the attendant representation of the same 
exact solution by different approximate solutions for different ranges of 
the argument of the independent variable is known as Stokes' phenomenon.1 

Let/i(f) and/2(f) represent the approximations obtained by evaluating 
the integrals in the neighborhood of if!-4 and — if '4 respectively, and let us 
consider for the present only /i . Expanding w in a power series about 
if w yields 

v = i *J* + #*(* - it*)* + W - «f *)«, (315) 

and changing variables from t to 

leads to 

ri/4 t*(t - if») (316) 

g3i</4 

w = \ ip' - u2 + i —IJ- u3, (317) 

Then 

/i(f) = ~v^~ L exprM + 3-F" M V du. (318) 

Integration along the path of steepest descent is assured by requiring 
that u be real. By expanding exp [\{e?rili/tyt)ii3] in a series of powers 
of the exponent, integrating the individual terms by parts, and making 
use of the fact that 

/ : 
du = V ir. 

we obtain 

/.(r) i + 216 \2 i f 'V ^ 
1 1 - 9 - 7 - 5 / 3 \ ' 
(216)22! \2i^) + 

(319) 

(320) 

Equation (316) leads to 

dt — —TJ- du; (321) 

1 Trans. Cambridge Phil. Soc, 10, 106 (1864). 
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and as arg (du) = 0, it follows that 

arg (dt) = arg(f) (322) 

But arg (dt) gives the direction and sense of the path of integration in the 
neighborhood of the saddle point. The portion of Fig. 2-13 lying in the 
first and second quadrants indicates by means of arrows the direction, in 
accordance with Eq. (321), of the path of integration at the saddle point 
whose position is marked by the initial point of the arrow. Thus if the 

saddle point lies in the sector between 
the positive real axis and the line OB, 
the sense of integration is the same as 
the sense of Path 3 of Fig. 2-12; if it 
lies in the sector between OB and OC, 
the sense of integration is opposite that 
of Path 1. If now -v/3 S arg f g ir, 
a saddle point lies in the sector BOC; 
therefore, with reference to the sense 
indicated in Fig. 2-13, we have 

2/i " -fi, g arg f g T. (323) 

The symbol ~ is used in this section 
FIG. 2-13.—Directions at the saddle points to mean that the function on the left is 

of the path of steepest descent. , , , - 1 1 1 1 
represented asymptotically by the one 

on the right. The nature of this representation becomes clear when we 
consider how the expression in Eq. (320) was derived. For a given value 
of f there is a definite limit to the number of terms of the series that it 
is profitable to carry. For as u increases and requires the use of more 
terms, the path of integration deviates more and more from the straight 
line in the direction of steepest descent at the saddle point. No matter 
how many terms are carried, this deviation is not corrected, and the 
situation is improved only when |f| becomes larger and confines the 
portion of the path that contributes to the integral to a smaller interval 
about the saddle point. 

By expanding w about the point — if ̂  and using 
u = e^'VKt + if'4), 

we obtain the expansion 

■«(l"*+0 r _ 5-3 / _ 3 _ \ 11-9-7-5 / 3 V _ " 
f* [ 21&\2ipi)+ (216)22! \2i^) 

The direction of the path of steepest descent at the saddle points is given 
by the portions of Fig. 2-13 that lie in the third and fourth quadrants. 

fi(r) = (324) 
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When — 3r < arg f ^ — jr/3, a saddle point lies in the sector between 
the positive real axis and the direction OB and another one in the sec
tor AOC. To reach Valley C from Valley B, we must first go through the 
pass from B to A, which yields a contribution —/i; and then from A to C 
through a pass, which adds a further contribution —/2. Thus 

2/i ■ ( / i + / » ) , - 7r < arg f g (325) 

Equations (323) and (325) give the complete asymptotic representa
tions of y\. When arg (f) = — TT/3, there are two different expressions. This 
difficulty is not serious, however; for when arg (f) = — TT/3 and |f | is large, 
/i behaves like an exponential with large positive exponent and /2 like an 
exponential with large negative exponent. The function/2, therefore, con
tributes only a small amount to the sum in Eq. (325) and in fact contributes 
less than the uncertainty already inherent in the asymptotic representation. 

By the methods already described one can readily obtain asymptotic 
representations of yi (f) and of rfi/i/tff and dy2/d{. A summary of the 
results follows.1 

— IT < arg f < 

2/i 

yi « 2f^ 

■G'<*+l) I -
11-9 
(216) 

+ sin I T, r55 + i 

IT 

3' 

_3_Y 

216 

■ 7 - 5 / c 
022! \2f 

y L216 V2f'V 

- ( i **+i ( ! + ■ ■ ■ ) 

+ cos \ 3 J ^ 4 / L216 \ 2 f ' 7 + 

(326) 

(327) 

2/1 1 + 

argf 

5 - 3 / 3 
216 Uf* ) 

< T | 

+ 
1 1 - 9 - 7 - 5 / 3 V 
(216)22! \ 2 i r ' 7 + (328) 

2/1 - f S e 
j(->+ori_«.(r-3_>) 

L 216 \ 2 i f V + (329) 

-7T g argf < 

1 In the statement of the limits on arg (f), the equality signs have been inserted in 
such a way that when two expressions are equally valid, as pointed out in the discussion 
following Eq. (325), the simpler one is indicated. Thus when f is real and negative, it 
turns out that yi is given either by Eq. (330) with arg (f) = —r or by Eq. (332) with 

file:///2ifV
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2/2 
i * 

2/2 

_ 5-3 / _ 3 _ \ , 11-9-7-5 / 3 V 
2 1 6 \ 2 / f ? V + (216)22! \2 i f 'V 

<l'« + i) 21 
216 

(330) 

(331) 

< arg f < *-, 

2/2 

2/2 

l(cos^r- + -^i-T2i6y2TV2fs;+ ■•■. 

■2f,4h(if* + i)[1 + "-] 
-(l^+f)[^(^)+ 4- cos 

In passing it should be noted that 

2/1.V2 ~ 2/22/1 = Wronskian of y\ and j / 2 = 2i. 

(332) 

(333) 

(334) 

Two functions hi and fe are now introduced, which are related to t/i and 
2/2 by (1 2)« 

Mf) 

/12(f) ,32/2(f). 

The numerical factors are chosen so that 

fci(f)=(|fM)MHH,(|fM) 

(335) 

(336) 

(337) 

The fe's, unlike the y's, have been tabulated' for complex values of the 
argument and are used instead of the y's when numerical values are needed. 

The zeros of h2 are the zeros of j / 2 . Let them be denoted by f„. Then 
it can be shown that _ . , 2)ri/3 

arg (f) = 7r. Equation (330) is the simpler expression, for it does not contain the sub-
dominant function; hence the limits are stated so that Eq. (330) and not Eq. (332) is 
used to obtain j / 2 , although this is a slight departure from the convention concerning 
principal roots used in this chapter. 

1 "Tables of the Modified Hankel Functions of Order One-third and of Their Deriva
tives," Ann. Harvard Univ. Compulation Laboratory, 2, 1945. The functions /?i({"), 
A2(J"), and their derivatives are tabulated to eight decimal places at the points of a 
square lattice of spacing 0.1. The lattice covers roughly a semicircle of radius 6 in the 
upper half plane with center at the origin. 
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where the first three values of |f„| are Riven to five figures by 

If, | = 2.3381, |f,| = 4.0879, |f3| = 5.5206. 

By requiring the dominant term in Eq. (332) to vanish we are led to the 
approximate formula 

lf»l « KK« - })irY\ n = 1,2, ■ ■ • . (338) 

This expression is good to about 1 per cent when n = 1, and its accuracy 
improves with increasing n. 

In addition to /d(f) and A2(f), the Airy functions Ai(f) and Bi(f) have 
been tabulated.1 

These are related to the y's by 

A i ( - f ) = 1 ~ r.Vl(r) + ?/2(f)], (339) 

B i ( - f ) = - ~ - [//.CD ~ <Mf)l- (340) 
^ V IT 

For reference the following additional relationships among the various 
solutions of Eq. (1) are listed: 

/i,(f) = - i 2'>3l,> Ai(fe-"«) = - M f c - 2 " - 3 ) , (341) 

fe(f) = / 2,43« Ai(fe'"3) = -/ii(fe2"' /3), (342) 

A i ( - f ) = ^ (e""Mr) + e-""fe(f)], (343) 

B i ( - f ) = ^ H [«",6/l>(f) - e-"/6*2(f)], (344) 

Mf*) = AI(f). ' (345) 

2-10. The Field Integral.—Although the formulation of the theory of 
propagation in a stratified atmosphere can be outlined with considerable 
generality, the degree to which the details can be treated and numerical 
results obtained depends upon the specific index distribution assumed. 
The case that can be carried through most completely with regard to both 
mathematical detail and numerical results is the important one where the 
square of the modified index is a linear function of height. This corre
sponds physically to the situation where the unmodified index is either 
constant or falls off linearly with height; it therefore includes the special 
case of standard refraction. 

1 J. C. P. Miller, "The Airy Integral," British Association Mathematical Tables, 
Cambridge, London. These table? give values of Ai(f) and Ai'(f) to eight decimal 
places for —20 £ f g 2 at intervals of 0.01 in f and values of Bi(f) and Bi'(f) to eight 
decimal places for —10.0 S f £ 2.5 at intervals of 0.1. See also, P. M. and A. M. W. 
Woodward, "Four-figure Tables of the Airy Function in the Complex Plane," TRE 
Report No. T1800, Feb. 14, 1945. Ai(j-), Bi(f) and their derivatives are given to four 
figures for —2.4 g Re(f) g 2.4 and —2.4 g Im(f) £ 0 at the points of a square 
lattice of spacing 0.2. 
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Let us assume that 

JY = no(i T 

and 

AT = n 0 ( l + | z ) (346) 

JV2 = nl(\ + qz), (347) 

where n0 is the value of the index at the surface and q is twice the reciprocal 
of the effective radius of the earth. 

If Eq. (347) is inserted in Eq. (138) and the independent variable is 
changed from z to Z = (k2nl g)wz, we obtain 

^ + (Z + A)P = 0, (348) 

where A = w (349) 

and 
k0 = kn0. (350) 

The quantity (klq)~^ has the dimensions of a length and occurs with suffi
cient frequency to warrant introducing the abbreviation 

H=(^g)-\ (351) 

Numerical values of H, the natural unit of height, are given for standard 
refraction in Fig. 217. The dimensionless quantity Z = z/H is the height 
in natural units, and A is the dimensionless separation constant. 

The solutions of Eq. (348) that represent incoming and outgoing waves 
respectively are , ■. , „ . ,-. ,0~0\ 

y UI(Z,K) = yi(Z + A), (352) 

u,(«,ic) = y2(Z + A). (353) 

The r/'s are the functions defined by Eq. (310) and discussed in detail in 
Sec. 2-9. The substitution of Eqs. (352) and (353) in Eq. (1376) yields 

v = iH 

where 

Vl(A) | yi(Z + A) 
y,(A) ^ y2(Z + A) jft(Z, + A)y,(Z + A), (354) 

and 

7 _ * 
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It will appear later that T is the reflection coefficient. For the simplified 
boundary condition, p —-»°° and r = — 1. 

Only the case in which Zx is greater than Z need be considered, for by 
the reciprocity theorem it does not matter whether Zx refers to the posi
tion of the transmitter or to the position of the field point. For the sake 
of symmetry in the equations that follow, Z and z will be replaced by 
Zi and Zt. 

I t may be verified that assumptions (1) and (2) of Sec. 2-7 and Eq. 
(170) are satisfied, and we can start the present argument with Eq. (172), 

* = | f KH^{KT)V(Z,K) dK. 

By means of Eq. (349), the variable of integration can be changed from 
K to A. Thus making use of Eqs. (351 and (354), we obtain 

* = W /_ „ H»>ik'"' ^X " qHA) r OMI + vM* + A) 
1h(A) ~*~ ihiZ-i + A)} 

yi(Zl + A)yi(Z2 + A)dA, (356) 

where the integration is entirely along the real axis. The square root in 
the argument of the Hankel function is a positive real number when 
(1 — qHA) > 0, and is a negative imaginary number when (1 — qHA) < 0. 

Equation (356) is an exact solution of the wave equation (135) in which 
iV2 is given by Eq. (347) and the boundary conditions are appropriate to 
a dipole near a plane surface. The question of convergence will be ignored, 
and various methods for approximating this integral considered. 

A useful transformation of the integral of Eq. (356) is based on the 
assumption that over the region for which the integral is essentially differ
ent from zero, qHA is small compared with unity. Then when r is larger 
than a few wavelengths, the asymptotic expansion for the Hankel function 
may be used: 

"~2 W ( V v V - qHA) « J - £ - e-^--'V'«'w"'-A/ ' . (357) 

Now let us introduce a natural unit of range L which is analogous to // 
and is defined by 

The natural unit of range L is given as a function of X for standard refrac

tion in Fig. 2-18. The range in natural units will be denoted by X; that is 

X = y- (359) 
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Equation (356), by virtue of Eqs. (357) to (359), becomes 

— i t kr>r — -~ ) ) P. V 4/ 

where 

*(X,Z,Z2) = 

y 

■j*j: 

•" 2L v ^ *^ 1 , / ""' 

e " x [ yi(A) i/i (Z2 + A) ] 
L1 y,(A) ' y,(Z2 + A)_ 

(360) 

2/2(2! + A)j/2(Z2 + A) dA. (361) 

I t is |^| with which we are ultimately concerned. 
From Eq. (360), 

W « -—^ \HX,zhz2)\, 

or, as F = r\ij/\, 

P ~ A=I*(^,Z.,Z.)|. (362) 
2 V T 

Thus the ratio of the field in the presence of the earth to the free-space 
field can be expressed entirely as a function of the natural coordinates 
X, Zi, and Z2. In the case of the simplified boundary condition, when 
T = — 1, <J> does not depend explicitly upon frequency. Equation (362) 
then expresses the field without explicit mention of the frequency, and the 
use of natural coordinates serves to summarize all of the cases for which 
q, Zi, z2, r, and fc0 are so related that X, Zh and Z2 have the same values.1 

It is important to note that whereas, at frequencies of 100 Mc/sec and 
above, T = —1 is a good approximation for both polarizations in the 
diffraction region, it is not an acceptable approximation for vertical polar
ization in the interference region. 

2-11. The Interference Region.—To obtain the field in the interference 
region, the integral of Eq. (356) will be evaluated bv replacing the func
tions in the integrand with the appropriate asymptotic representations. 
The method of steepest descent will then be applied, and it will be found 
that each value of A for which the phase of the integrand is stationary 

1 For generalized coverage diagrams in the interference region, see B. K. Howard, 
H. Dodson, and .1. Gill, "Field Intensity Contours in Generalized Coordinates," RL 
Report No. 702, May 2, 1945. The coordinates and parameters used for cases where 
h/ht < 1 are related to X, Zh and Z2, by 

!i = h, £ = _A_ j - Z^ 
ht Zi d0 y/~Z\ 2 , r 

When h/h, > 1, subscripts 1 and 2 are interchanged. See also C. Domb and M. H. L. 
Pryce, "Interim Report on Propagation Within and Beyond the Optical Range," ASE 
Report No. M448, Sept, 1942, and Jour. IEE, 94, Part III, 325 (1947). 
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corresponds to a possible ray through the transmitter and field point. The 
fact that significant contributions to the integral occur only in the neigh
borhood of stationary values of the phase is just Fermat's principle. The 
resulting expression for ^ is given essentially by 

a, = i e - ' '* ' [ l + I\De-■'<*■-^l, (363) 
r 

where 4>i is the phase of the direct wave, fa is the phase of the reflected 
wave and D is the divergence factor that takes into account the fact that 
a pencil of parallel rays incident upon the convex side of a spherical surface 
diverges after reflection because of the curvature of the surface (see 
Sec. 5-2). 

Recalling that 
F = \4,\r = |1 + rZ)c-'<*>-*■> |, 

we need concern ourselves, in so far as numerical results are concerned, 
only with establishing that 

♦ ♦ 2 1 > - T ) M ) 
<P2 — 01 — ZA o ~ ~ ' 

D = , 1 » - - ^ J — , (365) 
1 4. 29rir= 1 4- ^ 

\ r s in 2<p-2 \ r\j/2 

k'j s in il>; — k„ \/l:l — k'o cos'2 i/>2 e , , ■ , , • j . - /oar\ 
r t = — — — _ for vertical polarization. (366) 

k'i sin if/-, + kn \/k\ — kl cos- >/<■> 
„ k0 sin \L; — v/i ' i — kl cos2i^2 . . . . ,„„. , 
Th = — — ==■-—= for horizontal polarization. (367) 

A'o sin \p2 + V A'i — k'o cos2 î 2 
In these equations n and r2 are the distances from the terminal points 

to the reflection point and fc is the grazing angle of incidence at the reflec
tion point (see Fig. 2-14). 

In the development of Eq. (363) from Eq. (356) the ray picture will 
be used as a guide. First to be obtained, therefore, are the equations of 
the rays and the expressions for the optical lengths. From Sec. 2-3 it 
follows that the equation for the rays in terms of r and Z2 is 

_ L _ . H( fZ' - . dZ + r . dZ )■ (368) 
.cos x \J z- VqHZ + sin1 x J z- VqHZ + sin2

 x / 

The symbols in Eq. (368) have the following meanings: 
1. The symbol x is defined by 

c o s x = l + ^ - ° > (369) 



100 HORIZONTALLY STRATIFIED ATMOSPHERE THEORY [SEC. 211 

where Z0 is the height at which the ray has its turning point. If 
the ray intersects the earth, Z0 is negative, cos x < 1> and x is a 
real angle. If the ray approaches the earth but turns around before 
reaching it, Z0 is positive, cos x > 1, and x is imaginary. In either 
case cos x and sin2 x have perfectly definite meanings, and the 
trigonometric notation is retained as a matter of convenience. 

t 
Z 

(0^) 

A / 
vv ^ i - t - V j l-— r —1 

■^Jo f f o^ - ^ 

T+-

F I G . 2-14.—The geometry of the ray pattern. P , and Pi represent Case a and Case b geom
etry respectively. Because of the scale factor involved in Z, <i*i is distorted. 

2. The coordinate of the lowest point reached by the ray between 
the terminal points is denoted by Z'. If the ray does not turn 
between the two terminal points, then Z' = Z2. If the turning point 
does occur between the terminal points, then, Z' = Z0. In the case 
of a reflected ray, Z' = 0. 

The optical length S is given by 

Nd<r n0 r cos x 

+ H ( / Vsin2
 x + qHZ dZ + V s i n 2

 x + qHZ dz\ (370) 

There are obviously always two, and only two, rays between any two 
terminal points above the horizon. Let us consider first the direct ray. 
There are two cases, as shown in Fig. 2-14, according to whether the far 
terminal is to the left of the turning point Po, as at Pu or to the right of 
Po, as at P2- They will be designated as Case a and Case b, respectively. 

The relationship among Z,, Z2, r, and x, obtained from Eq. (368) by 
taking Z' = Z2 for Case a and Z' = Z0 for Case b is 

cos x 
(qHZ, + sin2

 X ) H + (qHZ2 + sin2
 x ) w (371) 

Sx = no \r cos x + f- [(qHZ, + sin2
 X)H + {qHZ + sin2

 x ) * ] | . (372) 

The upper sign refers to Case a, and the lower to Case b. 

and the optical length Si, given by Eq. (370), is 

2 
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To be consistent with the notation commonly accepted, ^2 will be used 
to designate the angle of inclination of the reflected ray at the point of 
reflection. In contrast to the angle x for the direct ray, &> is always real. 
For the reflected ray, Eqs. (368) and (370) lead to 

r = - \{qHZx + sin2 W * + (qHZ* + sin2 ^2)« - 2 sin fc], (373) 
cos \f/2 q 

S, = n , r cos h + ^ [{qHZ, + sin2 *2)« 

+ (qHZ2 + sin2 ^2)« - 2 sin3 vM , (374) 

where £2 is the optical length along the reflected ray. 
Let us now return to a consideration of the field integral. To avoid 

unimportant complications that hide the essential parts of the discussion, 
no attempt to present a completely rigorous argument will be made; the 
purpose is rather to outline the procedure and make it plausible. 

To begin with, the Hankel function may be replaced by its asymptotic 
expression 

-r— -UkarVl-qHA-r/i) 
I e 

In calculating the roots of (1 — qHA) for use in Eq. (37.5) we must take 

arg (1 - qHA) = 0, qHA < 1 (376) 

arg (1 - qHA) = -ir, qHA > 1. (377) 

Equation (375) is then usable everywhere except in the neighborhood of 
qHA = 1. If r exceeds a few wavelengths, this region is small and can be 
dodged by means of a short detour in the complex plane. 

The next step is to replace the t/'s by their asymptotic expressions. In 
so doing, we must bear in mind that the asymptotic expressions break 
down when the arguments of the , , 
functions become too small. As the ~2\ ~zi ° 4 r 
arguments are A, Zy + A, and Z2 + FIG. 2'15.—Points on the real axis of 
A, the asymptotic expansions fail in t h e ^-piane in whose neighborhood the 

7 ^ i - 7 asymptotic expansions fail. 
the neighborhood of 0, —Z\, and —Z2. 
These points, together with the point in the vicinity of which the expan
sion of the Hankel function breaks down, are indicated in Fig. 215. 

Because the functions themselves are well behaved in the critical re
gions of the asymptotic approximations, these regions will be ignored; 
they are unimportant when they do not include saddle points, and our 
simple analysis does not apply when they do. 

By using the asymptotic expansions we can now make plausible 
the assertion that contributions to the integral outside of the region 

E. G. & G. LIBRARY , ' i-
U S VEGAS BRANCH " ' 
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— Z-L < A < 1/qH may usually be neglected. Let us consider first the 
region A < —Z2. To the accuracy to which the asymptotic expressions 
are valid 

yi(f) = -Ih(T), when f « 0; (378) 

hence, for A « 0 by Eq. (355), 

r = - 1 , (379) 
and Eq. (354) becomes 

iH yi(Z2 + A)y2(A) -y2{Z, + A)Vl(A) ife(Zi + A) 
VtW 

(380) 

Therefore when A « — Z2, we conclude from Eqs. (378) and (380) that v 
is zero. The accuracy of this approximation improves as Z2 increases. 
Now let us consider the region A > 1/qH. 

For A » 0, Eqs. (328) to (331) and (355) lead to 

_ iA» - Hp . 
T~iA» + Hp ( 3 8 1 ) 

From Eqs. (139), (140), (349), and (351), it follows that 

Pt = i 
KQ ■\Zk'i — fco(l — qHA) for vertical polarization, (382) 
*? 

ph = i y/k'i — k%{l — qHA) for horizontal polarization. (383) 

The square roots indicated above are to have negative imaginary parts. 
From Eqs. (381) to (383), we obtain 

k\ - hi \ (ZMa) 
1 » JU _L p I v ' 

\qHA > | — ^ 
ma-2 — vi\ \ '• ° 

r , «*L^_*i>J (3846) 
Making use of the fact that A > 1/qH implies that A is large compared 

with 0, Zu and Z2) we obtain from Eq. (354) and the asymptotic expansions 
for the y's 

" — (385) 

When the exponential behavior of the Hankel function is taken into 
account, it is obvious from Eqs. (384a), (3846), and (385) that the 
integrand of the field integral approaches zero rapidly when k0r is large 
compared with unity. Accordingly contributions to the integral for 
A > 1/qH will be neglected. 
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By virtue of the preceding discussion the range of integration will be 
limited to — Z2 < A < 1/qH. It should be noted that by so doing we 
are discarding the surface wave, which is unimportant for most applica
tions at frequencies above 100 Mc/sec. 

Now let us define three integrals 7i, I2, and I3 by 

w e - * r V l - , H A 
h = v i yi{Z* + A)y*(Z' + A)dA> (3 8 6) 

- z , V l - qHA 

7 , _ ' </l-qHA r ^ t f ' + i ) y i ( Z i + i ) r f i ' ( 3 8 7 ) 

C r ^ ^ j / ^ Z . + AJj/sCZj + ^ d i l . (388) 
Zl \/l - qHA V-i(A) 

In Eqs. (386) to (388), it is to be understood that integration is not to be 
carried all the way to the indicated limits but stopped at a sufficient 
distance from them to permit the use of the asymptotic expansions. 

Then Eqs. (356), (375), and (386) to (388) lead to 

* ~ 9^77 -7- '?= ( / l + h + h)- ( 3 8 9 ) 

Let us consider 7i first. If the expressions for y{ and y2 as given by 
the dominant terms of Eqs. (328) and (330) are inserted, then 

/, = - F 7 e-'-dA ( 3 9 0 ) 
_ZJ(\ - qIIA)(Z{ + A)(Z2 + A)\ 

where 

0, = Av V l - qHA - l(Z2 + A )>? + ? , ( £ , + A)«. (391) 

To obtain the values of A for which <$n is stationary we next equate the 
derivative to zero: 

' ^ = — " f e = - (Zt + A)" + (Z, + Ay = 0. (392) 
11A 2 V 1 - qJJA 

By recalling that l///2Af, = //</, we can rewrite Eq. (392) as 

, T
 t t t = - \(qIIZ, + qIIA)"> - {qlJZ, + qHA)*]. (393) 

V I — qHA q 

Comparison of Eqs. (371) and (393) shows that qHA for stationary phase 
is related to r, Zu and Z2 in the same way that sin2 x is related to them in 
Case a. Accordingly, when the geometry is that of Case a, A,, the value 
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of A for stationary phase [that is, the solution of Eq. (392)], is given by 

Ai = ~ sin2
 x = HH* sin2 

qtl (394) 

As Ax is a solution of Eq. (393), differentiation of Eq. (392) yields 

0 i \ —kgqHr 
4 7.4, = W(T::rqHAi)(Zl + A^{Z7+A^) 

qti V'{ZV+~A0iZ2 + Ax) 1 + 1 - qHA1 
(395) 

Thus (d2tjji/dA'i)Al is negative. 
Let <£i be expanded in a power series about A = A\, and let the terms 

involving higher powers of (A — Ai) than the second be discarded. Then 

I 

exp 
h „ g — i<t>i(A\) 

, (A - A,Y 
W'AJ dA 

. & [ ( ! - qHA)(Z1 + A)(Z2 + A)} 
(396) 

Now the chief contribution to the integral is in the neighborhood of 
A — Ai. Furthermore, except for the exponential, the functions in the 
integrand vary slowly. Accordingly, 

/. « 
_ g - i * i ( / ) 0 

[(1 -qHA^Z, + A0(Z2 + A,)] IWv\i (397) 

X e ! ds, 

where 

-«V4 A 

V2 \ 

As the integral equals yfi, Eq. (397) becomes 

r — V 2 i r e 

(1 - qllAMZi + A,)(Zt + A0 
(398) 

When Ai from Eq. (394) is substituted into Eq. (391), we find that 
<j>i(Ai)/k, the optical length, is given exactly by the right-hand member of 
Eq. (372) with the upper sign. Thus for the geometry of Case a, h is 
interpreted as representing the contribution to the field from the direct ray. 
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Let us next consider I2. When the asymptotic expansions for the 
y's as given by Eqs. (328) and (330) are inserted in Eq. (387), we obtain 

Jo 

where 

02 = k„r Vl - qHA + §[(Zi + A)* + (Z2 + A)* - 2A»\- (400) 

Proceeding as before to locate the values of A for which 02 is stationary 
by equating d<j>2/dA to zero, we obtain 

VT^qHA = q [(qHZl + q'!Ayi + (qHZ2 + qHAp ~ 2{'lUA)Lj|- (401) 

If At be used to designate the value of A for which <t>t is stationary, a 
comparison of Eqs. (373) and (401) shows that 

A'1 = S 'v7/" = kf'!p sini ^ (402j 

Expansion of 02 about A2 and application of the standard procedure of 
steepest descent yields 

(1 -qltAMZi + AMZt + Ai) 

We note that when Eq. (402) is used in Eqs. (381) to (383), we obtain 
Eqs. (366) and (367). The expressions on the right of Eqs. (366) and (367) 
are readily identified as the plane reflection coefficients for two media 
whose propagation factors are fc, and ka. The reflection coefficients are 
discussed further in Sec. 5-1. 

When Eq. (402) is substituted into Eq. (400) we obtain for fa(A2)/k 
just the right-hand member of Eq. (374). Thus 72 is interpreted as the 
contribution to the field from the reflected wave. 

Finally let us consider I3. Because of Eqs. (378) and (379), Eq. (388) 
becomes 

j ^ _.. f° e-^'dA 
lJ-z,'\{\ -qIIA)(Zl + A){Zt + A)]» (404) 

where 
03 = kar \/\~qHA + |[(Zi + A)* + (Z2 + A)*]. (405) 

The equation 
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leads to 

Vl - qHA 
[(qHZ, + qHA)* + (qHZ, + qHA)*] (406) 

Comparison of Eqs. (406) and (371) shows that if the geometry is such 
that we are dealing with Case b, fa has a stationary value at A = A\, 
where Ai is given by Eq. (394). Thus it appears that whereas in Case 
a, fa has a stationary value at A = A\ and fa does not, in Case b, fat has a 
stationary value at A = Ai and fa does not. Hence, either IL or I3 
represents the direct ray, depending upon whether the geometry cor
responds to Case a or Case b. 

By continuing the method of steepest descent and noting that in this 
case (Pfa/dA2 is positive, we obtain 

7, « 
-\/2Te-'MA'}-"/i] 

(1 -qHA,){Zl + A1){Zi + A,) (cPfa\ 
.WVA,. 

(407) 

The term fa(Ai)/k, as expected, is just the right-hand member of Eq. 
(372) with the positive sign. 

In Case a, Eq. (389) together with Eqs. (398) and (403) and the fact 
that I3 is negligible leads to 

+ = 1 (Ai) _|_ p£)g-i«i(A,) 

,2ff Vk0r 

where 

D 

(1 - qIIAl)(Zl + A,)(Z, + A,) (d*fa\ 
\dA*JAl 

(408) 

(1 - qHA1)(Z1 + A^Zt + AO 

(1 - qIIA2)(Zl + A2){Z2 + At) 

(d*fa\ 2 

\dA2)A, (409) 

By differentiating Eq. (400) twice with respect to A and making use of 
the fact that (dfa/dA)Al = 0, we find 

— qHkar (<Vfa\ = 

W A 4 V ( Z I 4- A2)(Z, + A,)(l - qHA2) 
qHiZi + AJHZz + A*)* , 2Hk0nr, 

X 1 + qHA2 + A&{1 - qHA^r, (410) 

In Eq. (410), n and r2 are the distances to the reflection point from the 
terminal points. 

2(1 - qHA2yi 

Tl qHko [(Zi At)» (411) 
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n = 2 ( 1 ~Hk0
A2)'' t(Z> + At)» - A?]; (412) 

r = n + r2 (413) 

By making use of Eqs. (395) and (410), we can write Eq. (408) as 

1 g - i * i U i ) J l _J_ p£) e - i |02( /M-iM/! i ) ]} 
r f i , qHV{Zx+ AQ(Z2 + A 1 ) \ ' : 

Eqs. (395) and (410) reduce Eq. (409) to 

(414) 

1 + 9 ^ V ( ^ i + A , ) (Z 2 +A, ) 

D = / -1 ~ g / M - _ _ _ _ _ _ . (415) 

+ A«(l - ?/7_l2)w. + 1 - qf!A2 

In practical cases, 

gH V(Zl + Al)(Z2 + At) . _ 

and1 when these terms are neglected, Eq. (414) becomes Eq. (363) and 
Eq. (415), by virtue of Eq. (402), becomes Eq. (365). 

In Case b, we obtain Eqs. (408) and (409) with 4>i replaced everywhere 
by <t>3. Now 

kaqllr 
4 V O - qHAOiZr+~A,)(Z, + A,) 

(416) 

\dA>)A 

. _ rjUViZi + A,)(Z, + .4,) 
1 - qHAl 

The difference in the distribution of negative signs in Eqs. (395) and (416) 
is such as to change the sign of a term that is neglected in the final result. 
We then arrive as before at Eqs. (363) and (366), where 4>\ is now to be 
interpreted as the phase of the direct ray obtained from the optical length 

1 The expression on the left of this inequality can be written 

ected wave — ^ LS^l I for the re flee 
1 -4,1 

- \ (Zi - Z0)(Zs - Za) 

and 

- \j(zi - z0)(zs - 2o; 
for the direct wave. 

1+?__ 
In practice 4"i usually does not exceed 0.1 and i.s generally much less. The other terms 
involved are at most of the order of the ratio of a few miles to the radius of the ear th . 
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given by Eq. (372) with the proper sign to suit the geometry, that is, 

0i = kSi. (417) 

Now let us obtain an expression for <j>2 ~ <t>i- For brevity, only Case a 
will be considered. If we solve Eq. (371) for cos x and discard the higher-
order terms, we obtain 

gV2 

16 
i J_ u (Zi + Z2) 9V2 IP cos- X = 1 + qtt ^ T̂ r - - j - {Zx - Z2y. (418) 

Equations (417), (372), and (418) lead to 

F„ = r + 27 (Zl ' A ) + 4 96" 
(419) 

By applying Eq. (419) separately to the two portions of the reflected 
ray between the terminals and reflection point, we obtain 

4>2 
/Co 

whence 

<fe> — 0i _ fP_ 
k0 2 

If we define1 

r + 
IP (Z\ Z\\ 
2 \n + rtJ + q~ (Z,n + Z2r?) 96 (rl + rl), (420) 

Z\ , Z\ (Z, - Z2)2 

+ : gff (Z,r1 + Z 1 r 2 ) + ^ - r . (421) 
32 

#Z , qn = Zi qn = 2l 2 a ; 

z2 = HZ, - T - z2 - T - z2 - 2 - , 

(422a) 

(422b) 

Eq. (421) becomes 

<h — 0i 
r] r2 r (423) 

From Eqs. (411) and (412), it can be shown that 

ZXH <p\ 

tan fc 4 cos2 ̂ 2 
Z«H - qr\ 

4 cos2 if/2 

As cos \f/2 is approximately unity, Eq. (424) yields 

n r2 

(424) 

(425) 

1 The quantities Z\ and Zi are the terminal heights above a plane tangent at the 
reflection point to an earth of radius ac. In the conventional treatments of the inter
ference region problem they are derived by a geometrical argument. 
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Equations (425) and (413) then reduce Eq. (423) to 

fc - & = * & fc0. (426) 
r 

from which Eq. (364) follows. 
2*12. The Diffraction Region.—In Sec. 2-11 there was outlined a means 

of evaluating the integral of Eq. (356) when the terminal points lie above 
the horizon. In this section it will be shown that when one terminal 
point is below the tangent ray drawn from the other, \p is given, for fre
quencies of 100 Mc/sec or above, by 

, „ V , e-.-r*r + ,/4, ^ J£^Um{Zl)UmiZj (427) 

or 

where 

F « 2VirA' ^eiA~xUm(Zi)Um(Zi) (427a) 

77 (7\ - i V*(Z + A " ) _ i h*(Z + A^ (428) 

For horizontal polarization the A„'s may be replaced by fm's, the zeros 
of 2/2(f). Numerical values for the first few fm's are listed in Sec. 2-9. 
The antenna pattern is neglected in Eq. (427a). 

In Eq. (427) it is tacitly assumed that the transmitter is at such a height 
that the distance to the horizon is several miles. At this range and at 
frequencies exceeding 100 Mc/sec, the surface wave may be neglected and 
Eq. (427) represents the essential part of the field. 

To obtain Eq. (427) from Eq. (356), the path of integration is deformed 
into an infinite semicircle lying in the upper half plane with its center at 
the origin; ^ is then expressed as the sum of three parts: 

1. An integral along the branch cut associated with the branch point 
at A = H2(kl — k]). Physically this represents the surface wave, 
which for the cases envisaged here can be neglected. 

2. An integral over the infinite semicircle. This can be written by 
reference to Eq. (356) as 

4 " , 
lim f H^(k0r V l - qHA) 
->°>Jc 

Vl{Z2 + A)y,(Z1 + A) 

f^--Z^"<^+A)'-(z'+A)h 
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where C is a semicircle of radius t\ lying in the upper half plane and 
centered on the origin. It can be shown by using the asymptotic 
representations of the functions together with Jordan's lemma that 
this integral is zero. 

3. The sum of the residues at the poles in the upper half plane. Obvi
ously, only the second term of the bracketed expression in the 
integrand displayed above has poles, and these are the roots of 

HfA = i- (429) 
y'2{Am) Hp 

The order of the A's, all of which are distinct, is to be such that 

Im(Am_0 < lm(Am) < lm(Am+1). 
By the usual procedure for determining the residues at the simple 

poles of a function, we obtain 

* = (2lr!') 577 J H°] ( ^ Vl-qHAM) 
m = l 

v y'i(Am) - Hp(Am)yi(Am) 

£rlvl(A) ~ Hp(A)yt(A)]\ 
a A )A = A„ 

The terms of the sum in Eq. (430) can be written in a more convenient 
form. From Eqs. (334) and (429), it follows that 

j/,(Z, + Am)y2(Z2 + Am). (430) 

y[{Am) - Hp(Am) = 2 J ^ m ) > '(431) 

whence 

. ^ w V H^jkpr Vl - qHAJy.jZ, + Am)y,(Z2 + A.) 

" "--■ Iroln^'-'^H^. * (432) 
As we shall see later, A m is nearly equal to fm, and hence for all values 

of m with which we are concerned, qHAm is small compared with unity. 
Equation (357) may therefore be used with Eqs. (358) and (432) to 
obtain Eq. (427), in which, however, Um(Z) is given by 

iyi{Z + Am) 
Um(Z) = 

vl(AJ [l + H2p2\Am) Urn + Hp'iAJ]^ (433) 

and not by Eq. (428). 
Now consider Eq. (429), from which we see that Am = fm when 

I /p = 0. I t is reasonable, however, to assume as a first approximation 
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that Am is still equal to {"„ when p is large though finite. Equations (382) 
and (383) then show that p is nearly independent of A. By neglecting 
the variation of p with A it is possible to estimate the correction required 
to take into account the finiteness of p. Expansion of the left-hand 
member of Eq. (429) about the points fOT yields 

But 

(An - f, 

from Eq. (304), 
approximation, 

») ' _ ?Z 2 _ 

y'/(U) 

A 

(U)(Am -
2y'MJ 

= -.'Mf™ 

m am V 

f m) | 

,) = o. 

l 
~H P 

l 
Hp 

Therefore, as a 

(434) 

second 

(435) 

By neglecting qUA in comparison with unity in Eqs. (382) and (383), 
we obtain 

1 

JL = VM__ (436) 

Hp° J ® - W Hph 
(437) 

Representative values are given in Sec. 5 1 for (fci/fro)2, which is there 
called sc. Inspection of Table 5-1 shows that (k1/ko)i — 1 is smallest and 
consequently \IHph takes on its greatest value for dry land. Using 
(fci/fco)2 — 2 — ?1.62 the J ^ P ^ P 1 ! ^ value for very dry sandy loam at 
9 cm we find that |-y/(fci/A-o)- - l | = 1-4. For dry ground at 1 m, 
(fci/fco)2 = 4 - 20.006, and | V ( V W - - l | = 1.7. As (g/fc„)w varies 
from 1.5 X 10~3 to 4.7 X 10-3 as X varies from 10 cm to 3 m, we conclude 
that \l/Hph\ is of the order of 10~3 in the region below 3 m. From a prac
tical standpoint \/Hph is thus a negligible correction to f„. ' 

The largest value of l/Hpv in the frequency range below 3 m is ob
tained for the constants appropriate to sea water at 3 m. Using 
(h/koY = 80 - ?774, and X = 3 m in Eq. (437), we obtain 1/Hp, 
» 0.13e~3*t/4; the corresponding value for horizontal polarization is 
l/Hph « 1.8 X 10-4 e" ' i / 4 . The departure of Am from fm is negligible for 
horizontal polarization but not for vertical. In both cases, the correc
tion term reduces the attenuation with range, the reduction in the case 
of vertical polarization being very much greater than in the case of hori-

' See also C. L. Pekeris, Jour. Applied Pkys., 19, 102 (1948). 
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zontal. On this basis, the field for vertical polarization tends to be some
what greater than for horizontal. To be sure that it actually is greater, 
we must examine the effect of the departure from the ideal boundary con
ditions on the height-gain functions. 

From Eqs. (382) and (383), it follows that 

'*--!(£)'?£r (438) 

^--hfe- (439) 
Equations (438) and (439), together with the estimates already made 

of \l/pH\, show that the denominator of Eq. (433) is given to within 1 
per cent for the first few modes by y2(-4m). Thus Eq. (433) becomes Eq. 
(428). In addition, we have already justified using fm for Am when the 
polarization is horizontal. 

By replacing Am by fm + {1/Hp) in Eq. (428) and expanding about 
f„ it is readily shown that for small Z 

Um(Z) - Z + ±r 

It follows, therefore, from the examples given that at least near the 
surface the height-gain function is greater for vertical than for horizontal 
polarization. As it has already been shown that the attenuation with 
range acts in the same direction, theory indicates that at wavelengths 
of 3 m and below the field close to the surface in the diffraction zone is 
greater for vertical than for horizontal polarization. The difference 
between the polarizations decreases with increasing frequency. 

METHODS FOR CALCULATING FIELD STRENGTH 
WITH STANDARD REFRACTION 

B Y WILLIAM T. FISHBACK 

Methods of calculating field strengths for an essentially linear modified-
index profile have been well established for some time.1 Unfortunately 
they are not amenable to easy calculation, and computing field strengths 
involves considerable labor. Recently simpler methods have been evolved 
for both the interference and diffraction regions.2 

1 C. R. Burrows and M. C. Gray, "The Effect of the Earth's Curvature on Ground-
wave Propagation," Proc. IRE, 29, 16 (1941); K. A. Norton, "The Calculation of 
Ground-wave Field Intensity over a Finitely Conducting Spherical Earth," Proc. IRE, 
29, 623 (1941). 

2 W. T. Fishback, "Simplified Methods of Field Intensity Calculations in the Inter
ference Region," RL Report No. 461, Dec. 8, 1943; P. J. Rubenstein and W. T. Fishback, 
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243. The Interference Region.—The determination of F for a point in 
space over a plane earth can be carried out in a perfectly straightforward 
manner using Eq. (36). The geometrical quantities required are the 
path difference AR and the grazing angle ^2 (to obtain the value of p 
for a given &.); both of these can be calculated directly from the two given 
heights and the distance between the terminals. When calculations of 
field strength for a spherical rather than a plane earth are desired, we 
find that we must introduce a new geometrical quantity, the divergence 
factor, and that to compute AR and ^2 we must know the reflection point, 
or how r is broken up1 into rx and r2. It is possible to find rL and r2 if r, 
Z\, and z2 are given, but to do so we must solve the cubic equation, 

2r? - '&rr\ + [r2 - 2ae(zi + Zi)Vi + 2atz1r = 0. 

This equation has the formal solution 

n = s + V c°s 

where 
2 

71 
* 

0,-(Zl + ' 

2ac(z2 - Zi) 

and it is assumed that zy ^ z% and thus r, ^ r2. The labor involved in 
determining )\ and r2 is excessive and can be avoided by using the tech
nique described below.'- The simplified method presented here consists 
of the use of a set of graphs with which AR, D, and ^2 can be determined 
from r, zu and z-> alone. The process of determining r, and r2 has been 
completely absorbed in the graphs. 

From Eq. (426) we find 

AR = '*&. (440) 
r 

If we let <{/■, ~ z',/ru we can write Eq. (305) as 

1) = (\+ - ^ V - (441) 

"Graphs for Computing the Diffraction Field with Standard and Superstandard He-
fraction," R L Report No. 71)9, Aug. 13, 11)45; ( ' . Doml) and M. H. I,. Pryce, "Inter im 
Report on Propagation within and beyond the Optical Range," ASF Report No. M448, 
September 1042; and Jour. IEE, 94, Par t I I I , 325 (1047). 

1 Figure 2 1 6 should be consulted for definitions of the quantit ies involved. 
- A graphical solution of the cubic equation is also given by R. A. Hutner, H. W. 

Dodson, J. R. Gill, F. D. Parker, and B. JO. Howard, "Field Intensity Formulas ," 
RL Report No. 23, Sept. 28, 1943. 
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Finally, by using Eqs. (424) and (425), we find 

tan fo = z±JLll. (442) 

These expressions can be calculated more easily if we introduce the di-
mensionless height and distance parameters 

S l i t = / ' • ' $ 1, (443) 
V2a e Zj , 2 

S = , T 7 - = $ 1, (444) 
V2a,2! -(- V2aez2 

$ 1. (445) 

The requirement that Su S2, and S be less than unity is fulfilled auto-
matirally if we stay within the total horizon range rL = v 2a,Z\ + y/2a&. 
As in Sec. 2-10 advantage is taken of the reciprocity theorem, and z-> is 
defined as the smaller of the two terminal heights in the remainder of this 
section in order to keep T less than unity. 

By means of these new parameters Eqs. (440) to (442) can be re
written in the form 

A/? = ~ (1 - Si)(I - SI) , (446) 

, , 2 , -1 -22 
tan fi = :— 

D 1 + 

(l - si) + r-g - sp 
1 + T2 

4S'iS2T SO - ,Sl)(l + T) 

(447) 

C4481 

From Eq. (448) it follows that the divergence factor can be expressed as 
a function of the family of S and T variables alone. The expressions 
for the path difference and grazing angle have been reduced to the product 
of two factors, of which one is just the expression for the desired quantity 
under flat-earth conditions and the other is a function of the S and T 
family of variables alone. The part of the expressions for AR and tan \f/-: 
that is a function only of the >S and T variables is thus a correction factor 
that converts the plane-earth expressions for Ali and tan \\/i into the 
correct values for a spherical earth with a linear jV-profile. For any point 
in space the plane-earth quantities may be easily calculated and the 
parameters <S and T determined; the quantities »S, and S2 cannot be de
termined directly, but it will be shown that they are functions of S and T 
alone. We know that 

5i = !? 
n r2 
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and 

r = T\ + r2. 

These expressions lead to the equations 

5,(1 - S?) = 5,7(1 - SI), 

5(1 + T) = S, + S,T, 
which can be solved for Si and Si in terms of S and T.' Thus it has been 
shown that any quantity which is a function of Si, S2, S, and T is actually 
a function of S and T alone. Let 

J(S,T) = (1 - Si) (1 - Sj) 
and 

RVO ™ (1 - Sf) + TH\ - Sj) 
H-K^,1 ) = mn ' 

so that Eqs. (446) to (448) become 

A/? = ^ J(S,T), (449) 

tan fr = ^-±^-2 X(S,T), (450) 
r 

£> = D(S,T). (451) 

Contours of constant J, K, and D are plotted as functions of S and T 
in Figs. A to Z), included in the envelope in the rear cover of this book. 

We can now determine the path difference, grazing angle, and di
vergence factor for any point in space, given Z\, z2, r, and a,. In practice 
we may use any positive value of ae, that is, any positive slope for a linear 
M-profile, but this model is usually of practical importance only for the 
standard case,2 where 

ae = 8.5 X 106 m = 5,280 statute miles. 

Having determined fa, we can make use of theoretical curves of p and 
<j> vs. ^2 to determine these quantities. Figures 5-4 to 5-6 are graphs of 
p and <j> for smooth sea water for several wavelengths. For a given wave
length and isotropic radiator we can now find F from 

F = |1 + Dpe-ia\ = |1 + Dpe~m AK+*'|. (452) 
1 In the construction of the graphs of / , K, and D, values of St and T were assumed 

and used to determine values of ;S2 and S. 
2 In this case the total horizon range conveniently becomes 

TL = V2zi + y/2n, 
where TL is in statute miles and 2i and zz are in feet. 
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If we know the antenna pattern function /(0) and the angle of tilt | of 
the beam maximum, we can find F from the general expression 

F = | M ) +f(di)Dpe-t« i R +*' | , (453) 

where 0i and 02 are the angles between the antenna beam maximum and 
the direct and reflected rays, respectively, given by 

$2 = — i^2 — r\ — £. 

The various angles are indicated in Fig. 216. The angles 0! and 02 are 
positive if measured upward from the beam maximum and negative if 
measured downward. Similarly y, \f/h and f are positive if measured 

FIG. 2*16.—Geometrical parameters for standard propagation in the interference region. See 
the text for explanation of the conventions for signs of the angles. 

upward from the horizontal at the transmitter and negative if measured 
downward. As they can never change sign, fo and i\ will always be con
sidered positive. In most practical cases, 

and 

i? = -~ « h, 

so that we can rewrite Eq. (453) in the simplified form of 

F = \m ~ Q + / ( - & - f)Ope-il* ifl+*>|. (454) 
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This expression for the pattern-propagation factor is not valid all the 
way to the total horizon range for reasons discussed in Sec. 2-11. No 
exact analytic expression is known for the limit of validity of Eq. (454), 
but it is believed that it will always be valid for 

For very low antenna heights at microwaves or for moderately low-
antenna heights at longer wavelengths, AR declines to X/4 at only a small 
fraction of the total horizon range.1 In this case Eq. (454) will remain 
valid well beyond this point and may on occasion be used until the phase 
k AR is less than 1°. If there is any doubt about the validity of the result 
obtained using Eq. (454), it is recommended that the result be checked 
by the methods described below for the intermediate region. 

As an example let us calculate F for a 10-cm radar system sited at a 
height of 100 ft and viewing a target at a range of 80 statute miles and 
height of 11,000 ft over sea water. The set uses vertical polarization and 
a paraboloidal antenna with a symmetrical beam 3° in width between 
half-power points2 tilted up 0.5°. We have 

rL = V200 + V227)00 
= 162 s t a t u t e miles, 

so tha t 

•ind 

Now from Figs. A, B, 

S = 

T = 

and D 

80 
162 

, / T 
we fi 

J 
K 
D 

= 0.494 

100 
1,000 

ind that 
= 0.713, 
= 0.72, 
= 0.990. 

0.095. 

These values of J and K can now be substituted along with the given 
zi, z2, and r in Eqs. (449) and (450) to get 

1 In the atmosphere the index of refraction n is slightly different from unity and has 
different values at different points in space. As a result, wavelength and wave number 
will vary throughout space and will nowhere be equal to the free-space value. The 
variation is so slight, however, that it may be ignored in the types of calculations being 
discussed here. Throughout this section subscripts will be discarded and the free-space 
wavelength and wave number referred to as X and k, respectively. 

2 In all cases the total width between the angles at which/2 = \ will be meant. 
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and 

t a n^ = 5 2 § ^ 0 X 0 - 7 2 = °-0189' 

h = 1.04°. 

The values of p and <t> for vertical polarization and X = 10 cm are, 
from Figs. 5-4 and 5-5, 

p = 0.722, 
<f> = 175°. 

Finally, we find 

cos [~(k Aff + <t>)] = cos (-4082° - 175°) = 0.454. 

We must now consider the antenna-pattern effects. We know that 
i = 0.5° and ^2 = 1°, and we must determine /(0.5°) and / ( -1 .5° ) for 
the direct and reflected rays, respectively. For a paraboloidal antenna 
the form 

f(B) = 1 - 0.293 ( | J , (455) 

where 0O is the beamwidth between half-power points, is a good approxi
mation for 20 < 60. From this expression we find that 

/(0.5) = 0.967, 
/ ( - 1 . 5 ) = 0.707. 

We know all the parameters involved in Eq. (454) and can substitute to get 

F = 1.28. 

I t is more convenient to express this in the logarithmic form 

20 log10 F = + 2 db. 

This indicates that the field strength incident on the target is 2 db greater 
than it would be under free-space conditions with the antenna pointing 
directly at the target. 

So far we have been concerned with finding the field strength at an 
arbitrary point in space. It is often desirable to find the point in space 
at which a given value of a occurs. We can solve this type of problem 
by using the S- and T-parameters provided 4> « w. This is always true 
for horizontal polarization and is a good approximation on vertical polari
zation for microwaves at small grazing angles. If this restriction is 
made, it is possible to find the height at which a given maximum or 
minimum occurs, given the transmitter height and range, or to find the 
distance at which a given maximum or minimum occurs, given the termi-
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nal heights. Because of its great utility in the construction of coverage 
diagrams, the latter procedure will be outlined here.1 

If 4> = TT, the phase between the direct and reflected waves is 

2TTAR . 
a = - ^ - + m 

The first maximum will occur when a = 2ir, and the nth maximum will 
occur when a = 2nw, so that 

„ 2-mAR . 2mr — 1- ir, 

or 
A f l = ( 2 n - l ) X . 

Similarly, the condition for the nth minimum is 

AR = riX. 

This technique can be extended for any arbitrary value of the phase 
difference a. It has been shown that when <t> = ir, the problem of finding 
a given point in the interference pattern is equivalent to finding the point 
at which a specific value of AR occurs. Because of this equivalence 
a direct solution of this type of problem is possible, using the S- and 
T'-parameters. Let us replace r by TLS in Eq. (449) and rewrite the 
equation as _ 

Q(S,T) = r-^, (456) 

where 

Q(S,T) = ( 1 ~ Sl)^ ~ Sl)- (457) 

We know the terminal heights and consequently the total horizon range; 
we also know the value of AR corresponding to the desired value of a; 
hence, Q can be determined. Knowing Q and T, we can determine S 
from the relation implicit in Eq. (457). Figures E to G, in the envelope 
in the rear cover, give contours of constant S as a function of Q and T,2 

' The former problem can be solved in an analogous manner by replacing -S by S', 
where S' = r/\/2a,Zi, and writing Eq. (449) in the form 

r A « _ J(S',T) 
2z> T* 

A statement of the technique employed and the graphs necessary for its use may be 
found in W. T. Fishback, "Simplified Methods of Field Intensity Calculations in the 
Interference Region," RL Report No. 461, Dec. 8, 1943. 

' For values of Q larger than those shown on Fig. G, the desired distance may be 
found with sufficient accuracy by using the flat-earth formula, 

2ziz; 
r Aft 



120 HORIZONTALLY STRATIFIED ATMOSPHERE THEORY [SEC. 213 

which may be used to find the S corresponding to the given Q and T. 
The unknown distance can then be determined from the total horizon 
range and the value of S previously determined. 

As an example, let us consider the case of a horizontally polarized 
3-cm radar set sited at an elevation of 20 ft and tracking an airplane 
flying over water at a height of 1500 ft. We want to find the range at 
which the plane will be in the maximum of the lowest lobe. For a wave
length of 3 cm and horizontal polarization, 4> = T, and we can use this 
method. We know that 

Za = 20 ft, 
21 = 1500 ft, 

so that 

rL = V i o + V3000 = 61.0 statute miles, 

To be at the first maximum, we must have 

We find 

AR = h = 0.0492 ft. 

„ 5280X61 .0X0 .0492 , 1 0 „ . 
(J zzz = (I ?fi4 
v 2 X 20 X 1500 

From Fig. F we find that for Q = 0.264 and T = 0.115, we have 
S = 0.817. Hence, 

r = rLS = 61.0 X 0.817 = 49.8 statute miles, 

which is the desired range. 
Although the examples have been presented using physical units, 

the methods previously developed are directly applicable to problems 
with either physical or natural units of height and distance. When only 
"spot" calculations for the interference region, such as the previous ex
amples, are desired, there is no need to convert to natural units. It is 
often necessary, however, to make plots of field strength that include 
both the interference and the diffraction region, particularly in the de
termination of coverage contours. The calculation of field strengths in 
the diffraction region requires the use of natural units, and in such cases 
it is often preferable to do all work, including the plotting of the coverage 
contours, in natural units. The conversion factors / / and L for changing 
from physical to natural units are plotted in Figs. 2-17 and 2-18 as a 
function of wavelength. They have been drawn for standard refraction, 
for which ac = 5280 statute miles. 
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In terms of natural units, the fundamental relations expressed in 
Eqs. (444), (445), (449), (450), and (457) can be written as 

S = A - = - j ^ - — ^ £ 1, (458) 

71 = A;f2 g I, (459) 

kAR = ?y-J(S,T) (460) 

tan fc = ^ ( j ) ' Z - ^ + ~ 2 7C(S,T), (461) 

QGS'.T") = ---£,--- , (462) 

fc Aft = (2n - 1)TT 

and 

where 

at the nth maximum and 
k All = 2m 

at the nth minimum. 
The problem of where it is necessary to use the spherical-earth formulas 

for interference region calculations and where it is possible to use the 
flat-earth formulas has not at present been answered precisely. Subject 
to certain limitations to be discussed presently, a rough criterion can 
be developed with the aid of Fig. A in the back of the book. The most 
critical difference between the spherical and the flat-earth formulas is 
probably contained in the expressions for the path difference Alt, for a 
change in the value of AR will have a profound effect upon the value of F. 
Figure A can be used essentially as a percentage error graph in the value 
of AR obtained from the flat-earth formula. Fortunately the values 
of the flat-earth correction factor J are only slightly dependent upon T 
and can be considered a function of S alone to a first approximation; thus 
the requirement that the value of AR calculated from the flat-earth formula 
differ from the spherical-earth quantity by less than a specified per
centage can be fulfilled by requiring that S remain less than some value 
determined from Fig. A. This is equivalent to saying that AR can be 
calculated to a given accuracy provided one stays within a certain fraction 
of the total horizon range. 

This procedure should prove helpful in determining the regions of 
validity of the flat-earth formula for F, particularly in the microwave 
region; the resulting limit of validity will probably be conservative. In 
many cases the flat-earth formulas can be used with impunity over a 
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much greater range of distances than would appear possible from an 
inspection of Fig. A. The extent to which this is possible is a function 
of the terminal heights in natural units. As the values of Zx and Z? are 
decreased, the Hat-earth formulas will give accurate values of F through
out an increasing proportion of the interference region; indeed, for suf
ficiently small values of Z the flat-earth formulas will be reliable out to 
the total horizon range.1 Calculations made with both Zi and Z2 equal 
to 0.01 have indicated that the flat-earth formulas gave reliable values 
of F for a short distance beyond the total horizon range into the diffrac
tion region. Such low values of the terminal heights in natural units will 
not often be encountered in the microwave region but will often be present 
for somewhat longer wavelengths. As Y is often very closely —1 for 
horizontal polarization on these longer wavelengths, the familiar flat-
earth approximations for small values of ATTZ^/XR will be valid. Thi.-
will often not be true, however, on microwaves, where the terminal 
heights in natural units are greater for a given physical height. In this 
case it will usually be necessary to use the spherical-earth formulas 
outlined in this section. 

2-14. The Diffraction Region.—At points sufficiently far below the 
tangent ray the diffraction field can be represented by one mode alone, 
and the expression for /'' is given by Eq. (427a). In the case of a standard 
A^-profile, C'i = 2.02, and Eq. (427a) becomes, for a dipole antenna with 
its direction of maximum transmission in the direction of the horizon, 

F = 2v^e->-«* |£ / 1 (Z 1 ) r , (Z ! ) l -

For convenience we shall let 

VdX) = 2y/^X e-2-02X, 
so that 

F = VAX^ll^WiiZ^. (463) 

In the regions where Eq. (463) is valid, it is very simple co determine F. 
Figures 2T7 and 2T8 are plots of H and L as functions of wavelength for 
standard refraction and may be used to convert the terminal heights and 
distance into natural units. Once these quantities are known in natural 
units, Figs. 2-19 and 220 can be used to find F or 20 logio F. Figure 2T9 
is a plot of the attenuation function, 20 logio [Fi(X)], as a function of X, 
the range in natural units, for the first mode with standard refraction. 
This figure also gives 20 logio [Vl(X)/X] as a function of X and should 
be used when it is desired to find 20 logio (F/X) rather than 20 logio F (as 
is usually the case in drawing coverage diagrams). Figure 2-20 is a plot 
of the corresponding height-gain function 20 logio | UX(Z) | as a function of 
Z. I t was computed by means of a series solution and the exact solution 
in terms of the tabulated values of hi(x) and hz(x) for small values of Z 

1 See footnote, Sec. 215, p. 125. 



THE DIFFRACTION REGION 

Wavelength in cm 
FIG. 2 1 7 , - N a t u r a l unit of height H as a function of wavelength for a, = 5280 statute miles. 
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and by means of the asymptotic expansions for these functions for large 
values of Z (see Sec. 2-9). These graphs have been computed for the 
simplified boundary condition r = - 1 , strictly satisfied only for hori
zontal polarization and a perfectly conducting earth but generally 
applicable at wavelengths below 3 m (see Sees. 2-12 and 5-1). 

Calculations in the diffraction region with the aid of these graphs may 
be made very rapidly; for example, suppose we wish to find how far 

40 

Wavelength in cm 
FIG. 2-18.—Natural unit of length L as a function of wavelength for a, = 5280 statute miles. 

below the free-space level the signal will be on a 10-cm, 80-statute-mile 
link between terminals at 200 and 300 ft. From Figs. 2-17 and 2-18, we 
see that for 10 cm 

L = 8.35 statute miles. 
In terms of natural units, the geometry of this path is given by 

200 
33.3 
300 
33.3 
80 

8.35 

Z2 = 

X = 

6.0, 

9.0, 

9.6. 
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Finally we find from Fig. 2-19 

201og1„[F1(9.6)] = - 1 4 8 

and from Fig. 220 

20 log,„|£/i(6.0)| = + 2 7 , 
20]og10|I/1(9.0)| = + 3 7 , 

and thus 

20 log,„ F = - 1 4 8 + 27 + 37 = - 8 4 db. 

At the total horizon range and for a slight distance beyond it, one 
mode is not sufficient to obtain a correct value of F. No simple condition 
is known for finding the distance beyond which the 1-mode representation 
is valid but for standard conditions the total horizon range needs to be 
increased by only a small fraction of itself to make the 1-mode repre
sentation valid. Care should be taken in determining field strengths 
near the horizon range, and it is suggested that in such cases the calcu
lations be checked by the method for finding field strengths in the inter
mediate region, to be discussed in the following section. 

2-15. The Intermediate Region.—We have seen that the ray-tracing 
methods by which the field strength is determined in the interference 
region break down before the total horizon range is reached. In a like 
mannpi-, we must start the use of a 1-mode expression for the diffraction 
field not at but beyond the total horizon range. As a result, there is a 
region known as the intermediate region near the horizon for which no 
generally applicable method of determining field strength is yet available,1 

1 A method of finding the field at the total horizon range XL is outlined by C. Domb 
and M. H. L. Pryce, "Interim P.eport on Propagation within and beyond the Optical 
Range," ASE Report No. 11448, Sept. 1942, and Jour. IEE, 94, Part III, 325 (1947). 
For large values of Z, and Z2 it was found that at this particular range the first few terms 
of the series \ e'AmXLU„(Zi)Um{Zi) were closely in geometric progression and rapidly 

decreasing. The ratio of the first two terms was taken as the ratio of a geometric series 
and was used in conjunction with the first term to sum the series. For very small 
heights (Z < 0.05), it was possible to find the field at the total horizon range by using 
flat-earth ray theory. The field for intermediate values of Z was found by interpolation. 
The resulting curves have been used frequently at the Radiation Laboratory as an aid 
to drawing field-strength curves in this region and have proved useful, although the 
possible error seems to be slightly greater than the 1-db maximum error claimed for 
the method. 

Burrows and Gray (C. R. Burrows and II . C. Gray, "The Effect of the Earth's 
Curvature on Ground-wave Propagation," Proc. IRE, 29, 16, (1941)1 have extended 
the diffraction formula so that it can be used at somewhat shorter ranges than can the 
1-mode solution for the special case where 

Z! > 20, 
Z2 < 0.5. 
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Fia. 2-19.—Attenutation functions for the first mode, 20 logiol'i and 20 \ogw(V\/X),as a func
tion of distance in natural units for (a) X ^ 15 and (6) X ^ 10. (Standard refraction.) 
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F I G . 2-20.—Height-gain function for the first mode, 20 logio |V,(Z)\, as a function of height 
in natural units for (a) Z $ 1 and (6) Z £ 1. 
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aside from summation of the series of Eq. (427). To determine the 
field strength in this region, it is in general necessary to prepare a plot 
of field strength as a function of distance for the given terminal heights, 
extending the plot from the region in which interference region methods 
are valid through the intermediate region into the region of validity for 
diffraction methods by bold interpolation. The value of the field strength 
at the desired distance can then be read on the plot. Because the inter
ference-region points needed to make such a graph will occur at very 
small grazing angles, it is usually true that <j> = w, hence Figs. E to G can 
be used. In most cases, the best procedure is to find the distance at 
which the first maximum1 (AR = X/2 and F = 1 + Dp) and the first 
point of quadrature (AR = X/4 and F = \/l + D2p2) occur. Once these 
distances are known, D, p, and consequently F can be determined. Next, 
about three ranges at a sufficient distance in the diffraction region should 
be chosen, and the value of F for these ranges and the given terminal 
heights should be determined. The points thus determined for the inter
ference and diffraction regions should be plotted and connected with a 
smooth curve. The value of F for the desired range in the intermediate 
region may then be determined from the curve. The procedure is shown 

In this case an asymptotic approximation to h%{Zi -f- £m) can be used in conjunction 
with the relation 

h(Zt + fm) _ „ 
*.'(r-) ~ * 

so that 
F = 2MX«ZrMZ,f L, 

where 

S e>U(-V-Zi ) M 

- T E R S 3 -
m 

The function FL is plotted as a function of L = 2^(X — Z^) in Fig. 10 of this paper 
(taking 5 « 1 for a perfectly conducting earth). The technique described is valid as 
long as the series for FL converges rapidly enough so that for all modes used 

\u\«zl 
and 

arg (Z, + f„) < \-

It will not be valid at the horizon (X = Zr-), for X fi'(fm)]_1 converges extremely 
slowly. m 

1 In calculations for the intermediate and diffraction regions, the effective radiation 
all comes from the same part of the beam, and the expressions given above have neglected 
the antenna pattern. Thus, when the beam maximum is pointed horizontally, the 
expression for F is as shown. When the beam is elevated so that |/( — {) | < 1, the 
transmission equations (27) and (28) require the additional factors on their right-hand 
sides of ! / , ( -{i) /r(-{ r) | and ]/( -£) |2 , respectively. 
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schematically in Fig. 2.21. Point A is the first maximum; Point B is the 
first point of quadrature; and Points C, D, and E were calculated for the 
diffraction region using one mode. This process is frequently used in 
determining coverage contours and will be illustrated in detail in the 

following section. 
2-16. Contours of Constant Field 

Strength.—Heretofore we have been con
cerned with methods for finding the field 
strength at any point in space, either 
above or below the tangent ray. In many 
cases the desired information is not the 
field strength at a given point but rather 
contours of constant field-strength values 
—in short, a contour or a coverage dia
gram. In general these loci cannot be 
determined directly; the methods pre
viously discussed must be employed in 
what is essentially a graphical solution for 

the desired contour. This method of determining coverage can be used 
anywhere in space and will give a complete picture of the detailed lobe 
structure. As the fine detail is often of no interest, one frequently uses 
this method to obtain the bottom of the first lobe, whereas above the 
maximum of the first lobe only the locus of maxima of the lobes is 
plotted. This is called a coarse coverage diagram. Both of these tech
niques will be discussed in detail. 

The fundamental equation upon which coverage calculations are 
based is (see Sees. 2-1 and 2-2), 

Range —*■ 
FIG. 2-21.—Example of technique 

for finding 20 logio F in the interme
diate region. 

R = R/F, 
where 

Rf 

(464) 

(465) 

for one-way transmission, and 
G\ ilP, a_ 
4TT \ / J

r 4 7 T 
(466) 

for radar. The quantity R, is the range in free space at which the received 
power is Pr with antennas aligned for maximum transmission; if Pr is 
the minimum detectable power of a system, R, is just Ra, the free-space 
detection range. Equation (464) then becomes R„lnI = R0F, where Rma 

is the maximum detection range at the given angle of elevation ^i. The 
quantity Rois useful when discussing a complete system, but Rfhens greater 
generality and will be used in discussing field-strength contours (see Sees. 
2-1 and 2-2). 
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Equations (464) to (466) may be related to the field strength in the 
following way. In free space, 

where E0 and E, are field strengths at ranges of R and Rs, respectively, in 
the direction of maximum transmission and Rs is a reference unit of length. 
Under actual physical conditions the field strength E is related to E0 

through the defining equation for the pattern-propagation factor 
F = \E/E0\. Making this substitution in the free-space equation above 
yields 

Rs 
R' 

Combining Eq. (467) with Eq. (464) gives the additional relation 

Rf = Rs 

(467) 

(468) 

which, in conjunction with Eqs. (465) and (466), gives the connection 
between transmitted and received power, system parameters, and field 
strength. A contour of constant field strength, chosen by fixing either 
\E/E,\ or the quantities in Eq. (466), determines Rf, and the contour is 
found by solving Eq. (464) or its equivalent [Eq. (467)]. Thus 

20 login -20 1 0 8 , 0 ^ = 2 0 1 0 8 . 0 ^ (469) 

from which it can be seen that the field is given directly in decibels rela
tive to the maximum free-space field at reference distance from the 
source. The term on the far right is the sum of the free-space attenua
tion1 20 logio (Rs/R) and the attenuation relative to the free-space field 
20 logio F. This method of expression allows separation of the system 
parameters from propagation phenomena to the greatest possible extent, 
the only implicit relation being the role of the antenna pattern function 
inF. 

The preceding sections have treated methods of finding F that permit 
direct calculation of 20 logio (FRS/R). Points on a contour for a chosen 

1 In the interference region the choice of R, is largely a matter of preference. For 
our present purposes, fi, = 1 m. In the diffraction region it is most convenient to use 
R, — L, the natural unit of length. Then 20 logio (FR./R) gives the field in decibels 
above the field at 1 m or at a distance L from the antenna. When R. = L, Eq. (469) 
can be written in the useful form 

I FI F 
20 log10 hj- = - 2 0 logio Xf = 20 logic -%■ 

It is convenient to remember that 

2 0 logio (fimeter.) = 2 0 logio (B.tatute mile.) + 6 4 . 1 3 . 
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value of \E/E,\ are obtained by finding values of R that satisfy Eq. (467) 
or (469). These values of R will be denoted by Rc; the locus of all values 
of Rc forms the desired contour. If \E/E,\ in Eqs. (467) and (469) is 
fixed, thus determining the contour to be investigated, the values of R 
must be found that satisfy these equations. These values, denoted by 
Rc or Xc, determine the form of the contour. 

For high-performance communications systems the desired contour 
may penetrate well into the diffraction region; hence for such systems the 
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FIG. 2'22.—The function 20 logiofL/^) as a function of wavelength, where H, is 1 m. 

difficulties peculiar to the intermediate region are not encountered. When 
this is true, the desired coverage contour may be obtained by a direct 
application of the relation 

20 log10 Y = 20 Iog10 Y + 2 0 logio I ^(Zi)f + 2 0 logio i UiiZi)]. (470) 

From X = R/L and knowledge of 20 log,„ (Rf/R,), 20 logio (FRS/Re) is 
known, and we can find 20 logio (F/Xc) from 

20 logio Y = 2 0 lo&° I T + 2 0 lo&° j r (471) 

A plot of 20 logio (L/Rs) as a function of wavelength is given in Fig. 
2-22. To find Xc one needs only to determine 20 logio |Ui(Zi)| and 
20 logio | C^i(22)| and to use these values along with the determined value of 
20 logio (F/Xc) to solve Eq. (470) for 20 logm (F./AV). Figure 2-19 may 
then be used to find Xc in natural units. By repeating this process for 
several receiver heights, one obtains sufficient points on the coverage 
contour to draw that part of the contour which is well within the diffrac
tion region. 

Unfortunately, for all radar systems and many one-way circuits the 
bottom of the lowest lobe lies very near the horizon in the intermediate 
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region, where in general no direct analytical solution is possible. The pro
cedure to be followed is very similar to that outlined in the previous 
discussion of the intermediate region. To find Xc for a given transmitter 
and target or receiver height, a graph of 20 logi0 (F/X) must be drawn as 
a function of distance X through the intermediate region. This can 
usually be accomplished by finding 20 logio (F/X) at the first maximum 
(Aft = X/2), at the first point of quadrature (Aft = X/4), and at several 
points in the diffraction region and drawing a smooth curve through the 
points so obtained. The range Xc at which Eq. (469) is satisfied is the 
maximum range for the given terminal heights. By repeating the pro
cedure for various target or receiver heights, enough points can be ob
tained to plot Xe as a function of target or receiver height. 

This technique can best be illustrated by means of an example. Con
sider a vertically polarized 9-cm radar whose free-space detection range 
fto on a certain type of airplane is 63 statute miles. Then, 

-201og1 0 | -° = - lOOdb. 
tin 

At what ranges will the plane be detected over smooth sea water for 
altitudes between 50 and 1000 ft if the radar is at a height of 100 ft? We 
must plot 20 logio (F/X) as a function of X for heights between 50 and 
1000 ft for a transmitter height of 100 ft. Let us choose heights of 50, 

TABLE 2-1.—INTERFERENCE-REGION CALCULATIONS FOR A SAMPLE COVERAGE PROBLEM 
(a) Determination of 20 logio (F/X) at the first maximum (k AK = x and 

F = 1 + Dp) for Zx = 3.23. 

z, 

1.62 
3.23 
9.69 

16.15 
24.2 
32.3 

XL 

3.06 
3.59 
4.90 
5.80 
6.70 
7.48 

T 

0.707 
1.000 
0.577 
0.447 
0.365 
0.316 

Q 
[Eq. 

(456)] 

1.84 
1.08 
0.492 
0.350 
0.269 
0.225 

-S 
(Figs. 

EtoG) 

0.394 
0.510 
0.667 
0.724 
0.763 
0.789 

X 

1.21 
1.83 
3.27 
4.20 
5.11 
5.90 

D 
(Figs. 
Cand 

D) 

0.867 
0.767 
0.650 
0.620 
0.600 
0.590 

K 
(Fig. 
B) 

0.83 
0.74 
0.53 
0.43 
0.36 
0.31 

^2° 
[Eq. 

(450)] 

0.14 
0.11 
0.09 
0.09 
0.08 
0.08 

p 
[Eq. 
(5-6)] 

0.96 
0.97 
0.97 
0.97 
0.98 
0.98 

201og10 
F 

+ 5 
+ 5 
+4 
+ 4 
+ 4 
+ 4 

201og,„ 
F 
X 

+ 3 
0 

- 6 
- 8 
- 1 0 
- 1 1 

(6) Determination of 20 logio (F/X) at the first point of quadrature (k AR = 7r/2 
and F = v T + f l V ) for Zi = 3.23. 

1.62 
3.23 
9.69 

16.15 
24.2 
32.3 

3.06 
3.59 
4.90 
5.80 
6.70 
7.48 

0.707 
1.000 
0.577 
0.447 
0.365 
0.316 

0.919 
0.540 
0.246 
0.175 
0.135 
0.113 

0.548 
0.643 
0.760 
0.802 
0.833 
0.854 

1.68 
2.31 
3.72 
4.65 
5.58 
6.39 

0.750 
0.643 
0.540 
0.513 
0.493 
0.480 

0.69 
0.59 
0.40 
0.32 
0.26 
0.22 

0.09 
0.07 
0.06 
0.06 
0.05 
0.05 

0.97 
0.98 
0.98 
0.98 
0.99 
0.99 

+2 
+ 1 
+ 1 
+ 1 
+ 1 
+ 1 

- 2 
- 6 
- 1 0 
- 1 2 
- 1 4 
- 1 5 
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100, 300, 500, 750, and 1000 ft. In natural units the transmitter height 
Zi is 3.23 and target heights Z2 are 1.62, 3.23, 9.69, 16.15, 24.2, and 32.3. 
The angles are low enough that 0 = ir. We can find the distance at 
which the first maximum and first quadrature points occur for each of 
these height combinations by determining Q and T and using Figs. E 
to G to find S and X. With S known we can use Figs. B to D to find D 
and K (and consequently fc). Finally we find the value of p for the 

TABLE 2-2.—DIFFRACTION-REGION CALCULATIONS FOR A SAMPLE COVERAGE PROBLEM 

z, 

3.23 

3.23 

3.23 

3.23 

3.23 

3.23 

Z, 

1.62 

3.23 

9.69 

16.15 

24.2 

32.3 

X 

4.0 
5.0 
6.0 

4.5 
6.0 
7.0 

6.0 
7.0 
8.0 

7.0 
8.0 
9.0 

8.0 
9.0 

10.0 

8.5 
9.0 

10.0 

201og,0|£/i(Z.)| 

+16 

+ 16 

+ 16 

+ 16 

+ 16 

+ 16 

201ogH,|CA(Z2)| 

+7 

+ 16 

+39 

201og,„(^) 

- 6 5 
- 8 3 

-102 

- 7 4 
-102 
-121 

-102 
-121 
-139 

+56 ' -121 
-139 
-157 

+71 -139 
-157 
-175 

+82 ' -148 
-157 
-175 

201og l 0 (^ ) 

- 4 2 
- 6 0 
- 7 9 

- 4 2 
- 7 0 
- 8 9 

- 4 7 
- 6 6 
- 8 4 

- 4 9 
- 6 7 
- 8 5 

- 5 2 
- 7 0 
- 8 8 

- 5 0 
- 5 9 
- 7 7 

given ^2 from Fig. 5-4, or more accurately from Eq. (5-6). The values of 
p listed in Table 2-1 were computed from Eq. (56) with sc = 69 — i'39, as 
given in Table 5-1 for X = 10 cm. It is then possible to find 20 logioF and 
20 logio (F/X) directly. The numerical work required in this process is 
given in Table 2-1. 

The calculations must now be made for the diffraction region. For 
each set of heights let us choose three points below the horizon separated 
by about one X unit and calculate 20 logio (F/X) by means of Figs. 2-19 
and 2-20. The calculations are shown in Table 2-2. 

We have now made all necessary field-strength calculations and can 
draw curves of 20 logio (F/X) as a function of X for each set of heights 
chosen. The resulting curves are shown in Fig. 2-23. Since we know 
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that for the given system and target —20 log™ (R0/R,) = —100 db, we 
use Eqs. (469) and (471) with Rt = R0, and then Fig. 2-22 to obtain a 
figure of merit in natural units. We find 

20log,„^- = - 1 8 db. 

The line corresponding to 20 logio (F/Xc) = —18 db is also drawn on 
Fig. 2-23. The range at which this line intersects a given field-strength 

+10 

Fia. 2-23. 

3 4 5 6 7 8 9 10 
Range X in natural units 

-Field-strength curves employed to determine the coverage contour shown in 
Fig. 224. 

curve is the maximum range for the target height for which the curve 
was drawn. By using all six such points of intersection we may con
struct the desired coverage diagram shown in Fig. 224 with the height 
and distance scales marked both in natural units and in physical units. 

On occasion it will be found that the given line of 20 logio {F/Xc) will 
lie above the first maximum for the highest or higher heights chosen. 
This indicates that the lowest lobe will have been closed before this height 
is reached; for example, if p 

201og10^- = - 9 db 

for the given system and target, this would mean that the first lobe would 
have been closed between 500 ft (Z2 = 16.15) and 750 ft (Z2 = 24.2). 

Figure 2-23 can actually be used for many more coverage problems 
than the one worked out here, particularly because it has been drawn in 
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1000 

■ 800 

600 Z 

terms of natural units. In the first place, we may choose as many different 
figures of merit as we wish for any circuit as long as Zx = 3.23; the desired 
contour diagram is obtained by drawing the appropriate 20 logio (F/Xc) 
line on the diagram and finding the points of intersection. I t is a cus
tomary procedure to draw many such contours on a coverage chart 
such as Fig. 2-23, thereby increasing its applicability. The second great 

advantage of this type of coverage 
diagram is the result of using nat
ural units throughout the computa
tions. Although we have worked 
a coverage problem for 2i = 100 ft 
and X = 9 cm, the resulting dia
gram shown in Fig. 2-24 is equally 
applicable to another wavelength if 
the proper physical unit coordinates 
are added and the transmitter 
height is changed consistent with 
the relation between physical units, 
wavelength, and natural units. 
Thus a coverage diagram for Zi = 
100 ft and X = 9 cm can equally 
well be a coverage diagram for Z\ 
= 48 ft and X = 3 cm, zx = 500 ft 
and X = 1 m, etc. In view of this 

fact, it can be seen that a set of coverage charts, each for a different Zi 
and each having many values of 20 logio (F/Xc) drawn, can be used to 
determine coverage for circuits with a wide range of system performance, 
operating wavelength, and transmitter height.' 

The method of determining coverage contours previously discussed 
can be extended as far into the interference region as desired by extending 
the graphs of 20 logio (F/Xc) vs. X back into the interference region. 
Although we used the method only to locate the bottom of the first lobe, 
by extending the plots we could have located the top of the first lobe, the 
bottom of the second lobe, and so on. For microwaves the lobe structure 
is usually so fine that there is no practical need for determining the detailed 
lobe structure, and it is sufficient to draw the locus of the lobe maxima. 
In the case of radar transmission, no moving target will be able to escape 
detection for a long period within this locus. For fixed point-to-point 
transmission, diversity reception may often be a sufficient safeguard 
against being caught in a minimum.2 

1 Cf. B. E. Howard, H. W. Dodson, and J. R. Gill, "Field Intensity Contours in 
Generalized Coordinates," RL Report No. 702, May 2, 1945. 

2 Diversity reception is accomplished by combining the output of two or more 
receivers separated by an appreciable distance. 

3 4 5 6 
Range X in natural units 

20 30 40 50 
True range in statute miles 

FIG. 2-24.—Coverage contour of a ver
tically polarized 9-cm radar at a height of 100 
ft viewing an elevated target over smooth sea 
water. The free-space range ia 63 statute 
miles. 
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If only the locus of maxima is desired, we can write 

fl™* = RrlKh - € ) + / ( - h - 1 - f) A M ) ] , (472) 

where the quantity in brackets will be recognized as the expression for F 
in a lobe maximum. For transmitter heights of less than 1000 ft a rapid 
construction of the coarse coverage can be made in terms of y, the elevation 
angle measured from the base of the transmitter. For ranges of more 
than 20 miles, it will almost always be true that y ~ ^ ~ fc and rj « y; 
hence Eq. (472) becomes 

A™* = IttUh - « + / ( - 7 - {) DP(y)\. (473) 

The maximum range can thus be found as a function of y if the divergence 
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FIG. 2*25.—Divergence factor D([) as a function of f, where f 
' 2a,zi 

factor can be expressed as a function of y. This can be done1 with Figs. 
2-25 and 2-26. 

If we let 
ae tan y f = \/2aeZi 

where Z\ is the transmitter height and ae = 5280 statute miles for standard 
refraction, then D is given approximately by 

™ = HhvFh)J (474) 

1 R. A. Hutner el al., "Field Intensity Formulas," RL Report No. 23, Sept. 28, 1943, 
pp. 31-33. 
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Equation (474) is plotted in Fig. 2-25. A better approximation is given by 

D(y) = D(f) ( l + YJQ). (475) 

where the percentile error factor e can be determined approximately from 
Fig. 2-26. The contours of e in Fig. 2-26 have been determined in terms 
of the quantity r\ = \ /z i /200, where Zi is in feet. The contours of Fig. 
2-26 are accurate only for Zi = 200 ft but are reasonably accurate for 
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FIG. 2-26.—Contours of per cent error t in D(() as a function of r and approximate range. 
These contours are correct for z\ = 200 ft and are approximate for other heights. 

heights of less than 1000 ft and f > 0. Calculations of D for f < 0 are 
apt to be appreciably in error. As the free^pace range of the set is known, 
it will usually be possible to estimate the range well enough to use Fig. 
2-26. Although subject to numerous limitations, this method of deter
mining the divergence factor approximately for transmitter heights of 
less than 1000 ft is in general very satisfactory. Coarse coverage diagrams 
can be prepared rapidly from Eq. (473) by this method. Such coverage 
diagrams are usually drawn on specially prepared coordinate paper' on 
which curves of constant 7 are straight lines. On this paper, height is 
measured vertically, whereas distance is measured along a parabola. 
The parabola representing the earth's surface falls off r2/2 ft at a range of 
r statute miles. Figure 2-27 is drawn on such a graph. 
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The reader is advised to be thoroughly familiar with Sees. 5 5 to 5-12 
before using Eq. (473). It is pointed out in these sections that for micro
waves over land, specular reflection may be very small. If reflections 
are neglected, Eq. (473) reduces to 

flma* = R,f(y - f). (476) 
For horizontally polarized microwave radiation over sea water, measured 
values of p are often considerably less than unity, and values of p used in 

20° 10° 7.5° 5.01 
4.0° 

FIG. 2-27.—Coarse coverage diagram for a 10-cm radar employing vertical polarization 
and sited 200 ft above a smooth sea. The free-space range is 50 miles, and the half-power 
beamwidth is 6°. The sloping dashed lines indicate elevation angle, and the curved dashed 
line shows the free-space coverage diagram. 

determining the coverage contour should be chosen with the material in 
Sec. 5-5 to 5 8 in mind. 

As an example the coarse coverage diagram will be found for a 10-cm 
radar system with a horizontally pointed, symmetrical paraboloidal 

T A B L E 2-3 .—CALCULATIONS FOB C O A R S E C O V E R A G E DIAGRAM OF VERTICALLY 
POLARIZED RADAR SYSTEM WITH X = 10 CM, ZI = 200 FT, AND 

Ro = 50 STATUTE M I L E S 

7 ° 
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(Fig. 2-25) 

0.58 
0.93 
0.98 
0.99 
1.00 

per cent 
(Fig. 2-26) 

7 
1 
0 
0 
0 

DM 
[Eq. (475)] 

0.62 
0.94 
0.98 
0.98 
1.00 
1.00 
1.00 
1.00 

PM 
(Fig. 5-4) 

1.00 
0.86 
0.73 
0.62 
0.53 
0.45 
0.37 
0.31 

/ ( T ) 
[Eq. (455)1 

1.00 
0.99 
0.97 
0.93 
0.87 
0.80 
0.71 
0.60 

F 

1.62 
1.79 
1.66 
1.49 
1.33 
1.16 
0.97 
0.79 

statute 
miles 

81 
90 
84 
74 
66 
58 
48 
40 
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antenna having a beamwidth of 6°. The system uses vertical polariza
tion and has a free-space range of 50 statute miles on a given type of air
craft target. I t is sited at an elevation of 200 ft and looks out over sea 
water. We can find D from Figs. 2-25 and 2-26 and p from Fig. 5-4. For 
such an antenna Eq. (173) reduces to 

fl.M = flo/W(l + Dp), (477) 

where j'(y) can be found from Eq. (455) by setting 80 = 6°. The necessary 
calculations are shown in Table 2-3 and the coarse coverage diagram may 
be found in Fig. 2-27. 

THE BILINEAR MODIFIED-INDEX PROFILE 
BY WENDELL H. FURRY 

2*17. Definition of the Problem and Preliminary Formulation.—In the 
treatment of modified-index profiles that are more complicated than the 
linear profile the following compensatory simplifications will be used: 

1. Only the diffraction region will be considered. No attempt will 
be made to accomplish a reduction of the field integral for the inter
ference region, as was done in Sec. 211 for the linear modified-index 
profile. 

2. The fundamental theorem of Sec. 2-7 will be applied immediately; 
the distributions to be considered are such that the necessary 
assumptions are certainly valid. 

3. Corresponding to the fact that only the diffraction region is to be 
considered, the boundary condition at the earth's surface will always 
be taken in the simplified form given in Eq. (158). The expression 
for \p [Eq. (164)] then reduces to the series term only. Also, there 
is no remaining dependence of the results on polarization. 

The formula for ^ will now be written in terms of the natural units 
defined in Sec. 210 and shown in Figs. 2-17 and 2-18. Substitution of 

r = XL = 2(koq2)-*X, (478) 

Km = k0 VT^WAn = fc0 yjl - (jj Am~k0- ^ 5 , (479) 

in the series of Eq. (164) and the use of the asymptotic expansion of the 
Hankel function [Eq. (357)] lead to the result 

^ = e-i»r + w4) ^ (j-J ^ e^u£\z0u«\z2). (480) 
all m 

The only approximations involved in this transformation are the use of 
the asymptotic expansion for the Hankel function, which is strongly 
justified, and the approximation indicated in Eq. (479). The latter 
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approximation depends on the smallness of (g//c0)54|^m|- For the first 
few terms of the series, the values of \Am\ are not large numbers, and 
k0/q is roughly the number of wavelengths in the earth's circumference; 
thus this approximation is strongly justified for the terms of the series 
that are of importance. 

Equation (480) still contains the heights zh 22 in ordinary units. 
Because the simplified boundary condition of Eq. (158) is to be used, 
Eq. (166) can be written 

/ ; 
[u»>(z)]'«fe=l, (481) 

the integral being along a ray in the fourth quadrant of the 2-plane. 
The definition ^ ( Z ) = H»<Kz) ( 4 8 2 ) 

gives a function of Z normalized; hence 

/." 
Ul(Z) dZ = 1, (483) 

the integral being along a ray in the fourth quadrant of the Z-plane. 
Since 

h - b <484> GO" 
Eq. (480) now becomes 

, 2Vx 
e-.-(fa, + ,/« - i = ^ jA.xu^zj Um(Z2). (485) 

This is the same as Eq. (427). The pattern-propagation factor F is 
equal to the magnitude of r\j/; accordingly, 

F = 2\^X / , eiA"x U^ZJUM (486a) 

If only one mode makes an appreciable contribution, 

F = 2V^X e-c-SW^iZ,)Umi(ZJ\. (486b) 

Here the index m,\ refers to the significant mode, and Cm\ is the attenuation 
constant, equal to Im(.Ami). The method of determining the numbers 
Am and the functions Um(Z) for a given distribution of the modified index 
has still to be specified. 

The numbers Am and functions Um(Z) are determined by the solution 
of a boundary-value problem. The problem in question is obtained by 
translating into natural units the boundary-value problem that deter
mines 4 and u«> (z). When Eqs. (479), (137), (482) and the expression 

z = HZ = (qkl)-»Z (487) 
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are substituted in Eq. (138), the resulting differential equation"for Um(Z) is 

(PUn 

dZ 

Here 

+ [Y(Z) + Am]Um = 0. (488) 

Y(Z) = ( | « ) " (JV - 1) = ^ i (489) 

and is a function of Z that expresses the distribution of modified index. 
Since 

it is seen that Y'(Z) = 1 wherever the curve N2(z) has the standard 
slope q. 

The boundary conditions on Um(Z) follow directly from those on 
Ui{z,Km): 

Um(Z) e*"' —> upward-moving wave, Z —> o° ; (491) 

f7m(0) = 0. (492) 

The condition of normalization has already been stated in Eq. (483). 
An alternative expression of the normalization condition, which is some
times more convenient, can be obtained from Eqs. (479), (482), (483), 
(165), and (185) by using stipulation 3, as a result of p(«2) —> oo. The 
condition so expressed is 

~dU(0) ■ V'm(0) 
dA 

= 1. (493) 
A = Am 

Here the function U(Z), whose partial derivative is taken, satisfies Eqs. 
(488) and (491) but does not satisfy Eq. (492) for A ^ Am. 

This formulation applies to all cases of modified-index profile, subject 
to stipulations 1 to 3. The remainder of this section and the three that 
follow treat the problem of a distribution given by a curve made up of 
portions of two straight lines; hence 

dN2 

—- = q = const., z > d, (494) 

dN2 

-j— = p = const., z < d, (495) 

This is called the bilinear distribution. For p < 0, a duct exists, and d is 
the duct height; in general, d is the depth of the nonstandard layer. By 
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using Eq. (490) a function Y{Z) can be determined for use in calculations 
made in natural units: 

Y(Z) =Z-g, Z>g; 
Y(Z) = sHZ -g), Z < g. 

Here 

9 = H 

is the depth of the nonstandard layer in natural units, and 

<? 

(497) 
(498) 

(499) 

(500) 

is the ratio of the slope of the curve of Â 2 in the nonstandard layer to the 
standard slope of the curve above the layer. Equations (497) and (498) 
contain the convention, adopted for the sake of convenience and definite-
ness, that Y = 0 for z = g. It is clear from Eq. (488) that if Y is changed 
by an additive constant, the quantities Am are simply changed by the 
negative of the same constant. 

The definition [Eq. (500)] gives meaning only to s3, but s and s2 occur 
often in the calculations. There is no loss in generality and a considerable 
gain in convenience in stipulating 
that s shall always be regarded t / z* 
as real. 

Figure 2-28o shows the curve 
of Y against Z for a case with a 
negative value of s; in such cases 
there is a duct, and g is the duct 
height in natural units. Figure 
2-286 shows a case in which s is 
positive and greater than unity; 
this gives a substandard layer. 
The curves shown are of course the same in shape as the M-profiles for 
such cases, with a particular choice of units and of the axis Y = 0. 

The formal solution of the boundary-value problem for the bilinear 
profile can be obtained in terms of the functions discussed in Sec. 2-9. 
In order to have the equations in a form that facilitates numerical cal
culation of the functions Um(Z), most of the equations are written in terms 
of the functions fti(f) and h2(£), which have been tabulated for complex 
arguments. 

When Eqs. (497) and (498) are substituted into Eq. (488), it is at once 
apparent that the solution has the general form 

Um(Z) = y„(Z - g + AJ, Z 5; g, (501) 

FIG. 2-28-—Examples of bilinear ^-profiles, 
drawn to scales expressed in natural units. 

Um(Z) = y$(*Z - sg + s^Am), Z <g. (502) 
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Here ya{$) and j/s(f) are solutions of Eq. (304). From Eq. (491) it follows 
that ya must be a multiple of h2: 

UJZ) = Kmh2{Z - g + Am), Z > (503) 

The factor Km must eventually be determined from Eq. (483) or (493). 
The function y$ must be a linear combination of hi and h2 and must be so 
chosen that Um(Z) and U'm(Z) are continuous at Z = g. Then, 

/*,(s-VU h2(Am) h2(s-*Am) 
shl(r*Am) h'2(Am) sti2{s~*An) 
h,(sZ - sg + S-*AJ 0 h(sZ - sg + s-*A„ 

UJZ) 

Here 

sW (504) 

W = hX - h,h[ = -1.457495/. (505) 

The boundary condition [Eq. (492)] must now be applied. This step 
gives a transcendental equation whose roots determine the characteristic 
values Am. For convenience in writing many formulas in the following 
section one can introduce the symbol 

s~2A„ (506) 

From Eqs. (492) and (504) there follows the transcendental equation 
for w 

hi(w) sh2(s2w) h2(w) 
h'i(w) h'^w) K{w) 
hi(w — sg) 0 h2(u> — sg) 

<t>(w) = = 0. (507) 

Methods of solving this equation are discussed in the following section. 
The simplest formula for the constant Km is obtained from Eq. (493). 

From Eqs. (504) and (507) it is seen that 

Cm(U) - sWdg-

Then from Eqs. (493), (504), (507), and (508), it follows that 

(EA2 (i± *±\ 
\sWj \dg 9A)A 

= 1. 

Since, by the rule for implicit differentiation, 

dAm ^ dg 
dg 

Eq. (509) can be written 

Km 

(3A 
\dAjA 

- ( sH-,.(i*y dAm 

rig 

(508) 

(509) 

(510) 

(511) 

file:///dAjA
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Then, by Eq. (508), 

WUO)? = - ^ - (512) 

In all these equations s is, of course, to be regarded as a given constant. 
Whenever values of Am have been determined for a sequence of values 

of g with fixed s and dAm/dg is not too small to be readily evaluated and 
used, Eq. (511) or (512) provides a convenient rule for normalizing Um(Z). 
Another formula is needed, however, for cases in which Am has been 
found for only one value of g or in which dAm/dg is very small. 

The required formula can be obtained from Eq. (483). For any 
function ?/(f) that satisfies Eq. (304), the formula of indefinite integration 

/ 
' [»«■)]» * = r l»(f)P + [</(f)]2 + const. 

can be verified by differentiation. Then from Eqs. (483), (501), and (502), 
it follows that 

(s-3 - l ) ( i , [Um(g)}> + [UUg)]2\ - s-3[tC(0)]2 = 1. (514) 

The first term can be evaluated from Eq. (503), and the second from 
Eqs. (504) and (507); the result is 

K^ = («-» - 1) {Am MAm)f + [fci(A J]»} - s->W-> (^J- (515) 

By comparing Eqs. (512) and (514), it is seen that when the condition 

^ « l«*l (516) 

is satisfied, the last term of Eq. (515) can be neglected. 
Most of the preceding equations cannot be used directly for the case 

s = 0. The simplest way to get the results for this case is to begin again 
with the differential equation [Eq. (488)]. Equation (503) still holds 
for Z > g, but for Z < g the differential equation is not of the type of 
Eq. (304); instead it is 

~P+AmUm = 0, Z<g, a = 0. (517) 

The solution that vanishes at Z = 0 and makes Um{Z) continuous at 
Z = g is 

U<»W = Km . y ^ L sin (A.HZ), s = 0. (518) 
sin \Amy) 

The requirement that U'm{Z) be continuous at Z = g gives the trans
cendental equation 

<t>o(AJ s j g f j y ~ A3* tan (Agg) = 0 , s = 0. (519) 
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The formula that replaces Eq. (511) for s = 0 is obtained by substituting 
Eq. (518) into Eq. (512): 

K2 _ sin2 (Amg) dAm _ 
Km ~ Am [h2(AJ? dg> S~°- ( 5 2 U ) 

A formula to replace Eq. (515) can be obtained by direct evaluation of 
the integral in Eq. (483): 

[h'2{Am)\\ (521). X-2 = - [ ( l - 2A~) sec2 (A*g) + \ A~» tan (A&) 

2-18. Methods for Calculating Characteristic Values.—In this section 
a number of formulas are obtained for the approximate calculation of 
characteristic values Am for various values of s and g. These formulas 
cover cases in which g is either small or large. When the value of g is 
neither small nor large, none of these formulas applies, and Am must be 
computed by direct numerical solution of the transcendental equation 
[Eq. (507) or (519)]. 

The numerical solution of the transcendental equation may be ac
complished in either of two ways: 

1. The method of mapping. Values of <j> are computed numerically 
for several complex values of w, and the results are plotted on the 
complex 0-plane. From the resulting pattern of points the value 
of w that makes <f> = 0 can be estimated approximately. 

2. The Newton-Raphson method. Successive estimates w0, Wi, ■ ■ ■ 
of the value of a root are connected by the formula 

<t>(wn-l) /-.->r>\ 
Wn = W„_i - -77 r- (022) 

The details of the application of these two methods need not be dis
cussed here.1 The attempt to reduce the amount, of numerical work re
quired has affected the choice of cases to be treated. Whenever values 
of any of the functions hh h2, h[, h'z have to be obtained for an argument 
not given directly in the existing tables, a rather laborious process of 
interpolation is necessary. For this reason the values of s that are chosen 
are usually such that s2 is a simple rational number, and values of g are 
chosen so that lOsgr is an integer. At least the earlier part of the com
putation can then be accomplished with values taken directly from the 
tables. 

The first approximate formula that will be discussed is the one for small 
values of g. For g = 0 the bilinear case reduces to the linear case; and 

1 They are discussed in W. H. Furry, "Methods of Calculating Characteristic Values 
for Bilinear Af-curves," RL Report No. 7<J5, Feb. 6, 1946. The appendices to this 
report contain further details of the derivation of the approximate formulas given in 
this section. 
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because of the use of the simplified boundary condition [Eq. (158) or 
(492)], the characteristic values Am are just the numbers fm that satisfy 

M f . ) = 0. (523) 

This may be seen by using Eqs. (492) and (503) for 0 = 0. The numbers 
f m all have the same phase, 

U = \Ueir"3. (524) 

Values of the first few fm and an asymptotic formula for large |fm| are 
given in Eq. (338). 

For s = 1, g j* 0, the distribution is still essentially the linear one; 
but as shown by Eqs. (497) and (498), Y has been decreased by the amount 
g; hence Am must exceed fm by g. For s # l , further corrections appear, 
all proportional to s3 — 1 and to higher powers of g. Am is thus expressed 
as a power series in g. 

In the derivation of this series, use is made of the Riccati equation 
corresponding to the linear differential equation [Eq. (304)]. If ?/(f) is 
a solution of Eq. (304), then the function 

'(f) = P§j <525) 
is a solution of the Riccati equation 

% = 1 + Sr\ (526) 

The zeros of r(f) are the same as those of t/(f), as y'(£) is an integral func
tion. We denote by f' the correction to be applied to fm to obtain Am, 

s*w = Am = f„ + f. (527) 

Then if ra(f) is a solution of Eq. (526), which also satisfies the requirement 

ra(s*w - f ) = 0, (528) 

it follows from Eqs. (523), (525), and (501) that 

ra{Z -g + AJ- y,{z _g + Am) - m - g + Am) (529> 
Um(Z) 

= uuzy z>g-
Similarly, if r3(f) satisfies Eq. (526) and the requirement 

rs{w - sg) = 0, (530) 
then, by Eqs. (525), (492), and (502), 

s-i rf(sZ -sg + w) = ^ | g , Z < g. (531) 
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The requirement that Um{Z) and U'm(Z) be continuous at Z = g reduces 
to the equation 

r„(s2w) = s-%(w). (532) 

Equations (526), (527), (528), (530), and (532) now define the problem of 
determining f' as a function of s, g, and $m. The symmetry of Eqs. 
(528), (530), and (532) greatly simplifies the calculation. The procedure 
used is first to find f' as a power series in g with coefficients involving s 
and s2w and then to use Eq. (527) to obtain from this series a series whose 
coefficients involve s and f m. The final series could be obtained in a single 
step but only with much greater effort. 

The series, 

n>(r) = 2 « . ( r ) ( r -» + «0)» (533) 
n = l 

obviously satisfies Eq. (530). By substituting it in Eq. (526) and equat
ing coefficients of successive powers of (f — w + sg), we can determine 
the quantities a„(f): 

«i(r) = 1, a4(f) = - A , 
«*(fl = 0, OBO-) = A f2, (534) 
«»(f) = 4f, • 

Then 

Similarly, 

r,(t») = X «.(«>) («?)"• (535) 

ra(s*w) = X " - ( s W - (536) 
n = l 

We can express f' formally as a power series in </, 

f =' % $ngn. (537) 
n = l 

The coefficients ft can be determined by using Eqs. (534) to (537) in 
Eq. (532) and equating coefficients of successive powers of g: 

ft = 1; ft = ft = 0; ft = ^ - ^ ; ft = 0; ft = ^ j j - 1 s*w; ■■■. (538) 

Use of Eqs. (537) and (538) in Eq. (527) gives the result 

Am = U + 9 + ^^gi + S^LAmf+---. (539) 

An algebraic process is now required to obtain a series in which the 
coefficients depend on f m, not on A m. For the calculation of terms to and 
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including g12 it suffices to replace Am, where it appears in the coefficients, 
by the approximate value 

Am~!m + g + ±^(f + ?-^±rwtf. (540) 

The final result is 

Am = U + g + ±Sg* - ±S?m9> + 1 3 ^ 2 ~ 5 S g 7 + ~ Sflg* 

7S - 47S2 

11,340 imy T \ 28,350 ' " ^ 90,720 J9 

ns2 - s . u 
+ 23,100 fmJ' 

4 . ( 1 CM j . - 15,709ffl + 10,826ff - 265S \ 
+ V935,550 d f S + 14,968,800 im)9 + ' ^ M 1 J 

W h e r e S - 1 - s*. (542) 

This series predicts the initial behavior of Am as a function of <? for 
given s, but it does not allow the behavior of Am to be followed very far. 
The power series in Eqs. (535) and (536) has a fairly small radius of con
vergence, and the same is presumably true of the series of Eq. (541). The 
labor of obtaining additional terms of this last series mounts very rapidly. 

For large values of g, separate formulas must be used for the three cases 
s < 0, s = 0, and s > 0. The first case s < 0 gives strongly trapped 
modes when g is large. The values of Am are very nearly purely real 
negative numbers. The functions in terms of which Eq. (507) is written 
cannot in such cases be reliably and unambiguously evaluated by means 
of the asymptotic expansions [Eqs. (326) to (333)], because the arguments 
in question fall very near the boundaries of the ranges stated for the use 
of the expansions. For this reason it is best to rewrite the equation in 
terms of the Airy integrals, which are defined by Eqs. (339) and (340). 
The Airy integral Ai( —f) is proportional to the integral y3 (r), described 
in Sec. 2-9. From Eqs. (311), (328), and (329) it is seen that for values 
of f near the negative real axis the functions Ai(—f) and A i ' ( - f ) have 
a uniquely defined asymptotic behavior: I t is a strong exponential decrease 
as |f | increases. When the asymptotic expansions given in Sec. 2-9 are 
applied to the functions Bi(—f) and Bi'( —f) for such values of f, am
biguities are found in connection with the exponentially decreasing terms. 
These terms can, however, be ignored in evaluating Bi( —f) and Bi'(—f), 
for the exponentially increasing terms are enormously larger and the use 
of Ai(—f) and Ai'( —f) as the other basic solutions takes proper account 
of the possibility of the negative exponential behavior for a solution.1 

1 This procedure gives formulas that agree with the asymptotic expansions given in 
the introduction to the British Association Tables of the Airy Integrals. 
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The first and third columns of the determinant in Eq. (507) can be 
rewritten by replacing the hi and A2 functions by the Airy integrals, since 
the function y& of Eq. (502) could equally well have been regarded as a 
linear combination of the latter. The middle column must be trans
lated by using Eqs. (343) and (344). The resulting transcendental equa
tion is 

Ai(— w) s[Bi( — s2w) — iAi( — s2w)] Bi( — w) 
Ai'(- io) - [ B i ' ( - s V > - iA\'(~s2w)] - B i ' ( - w ) = 0 . (543) 
Ai( — w+sg) 0 Bi( — w+sg) 

This equation can be rewritten in the form 

s[Bi( — s2w) — iAi( — s2w)] 
-Bi'(-s2w) + iAi'(-shv) 
s[Bi(-s2s) - iAi(-shv)} 
-Bi'(-s2w) + iA\'(-s2w) 

Ai( — w) I 
- A i ' ( - w ) | 

- B i ' ( - u ) ) | 

Ai( — w-\-sg) 
Bi( —w+s<;) (544) 

For strongly trapped modes, w and s2w are sizable negative numbers. 
Then in the left member of Eq. (544) the values of Bi and Bi' are very 
large compared with those of Ai and Ai'. Accordingly, the roots of the 
equation are values of w that make Ai(—w 4- sg) take very small values. 
From Eqs. (342), (523), and (524), it is seen that the zeros of Ai( —f) are 
the absolute values of the zeros of fe(f). Hence a zeroth approximation 
to the roots of Eq. (544) is 

wo = If m| + sg. (545) 

As s is negative, iv0 is negative for large values of g. 
When the value 

w = w0 + Aw (546) 

is substituted in the right-hand member of Eq. (544), this member becomes 

Ai(--u) + sg) _ Ai(- |fm | - Aw) Ai ' ( - ' f m | ) 
B i ( - w + s<7) Bi(- | fm | - Aw) Bi(- ; fmp Aw + 0[(AwY (547) 

For large g the correction Aw is exponentially small. In the left member 
of Eq. (544) we can replace w by w0 and use the asymptotic expansions 
of the Airy integrals. The asymptotic value of Aw can then be found. 
The resulting formula is 

2w0 + s-am 

^ V 24 

+ 2 ^ -

- - ^ e - * l < « l M ( l - s -

- i ) w - + ---
s-3)W"'5 + iii2 (1 

3 ) | W o | - « 1 

+ 7 e - » d -»")l«»l'4 

- s-3)2|i «o|"3 + ' 

1 

(548) 
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Here u>o is given by Eq. (545), and 

_ B i ( - lf.l) r M 9 , 
a - ~ A i ' ( - \U) ( ' 

The first few values of am are <*i = 0.6474, a2 = 0.4935, o» = 0.4252. 
The asymptotic formula 

« . « l t ( m - i ) r ] - » (550) 

gives the values of further «m's very well and gives even ai with an error 
of less than 1.5 per cent. 

If the first square bracket in Eq. (548) is neglected and the second ia 
replaced by unity, and if the approximate formulas of Eqs. (338) and (550) 
are used throughout, Eq. (548) becomes just the result given by the 
Gamow phase-integral method. This is the only case for the bilinear 
model in which a phase-integral method gives correctly the first term of a 
valid asymptotic series.1 

Equations (545), (548), and (549) provide a sequence of solutions for 
m = 1, 2, 3, • • • ; Eq. (548) can be used only when w0 is negative and not 
too small numerically; hence there is a limitation on the number of 
solutions that can be obtained in this way for given values of s and g. 
Attention must be called to the fact that use of the same value of m in Eqs. 
(541) and (548) does not necessarily give values of Am that actually corre
spond to each other in the sense that one goes over into the other contin
uously as g increases from small values for which Eq. (541) holds to large 
values for which Eq. (548) holds. Actually this is not the case in general, 
but there is good reason to believe that the correspondence does always 
hold for m = 1. The use of the subscript (m) instead of m is a reminder 
of this lack of general correspondence. 

Some of the values Am given by Eq. (541) for small g and negative s 
do not go over for large g into any of the values given by Eq. (548). In
stead they approach certain constant values, functions of s, as g —» =>. 
These modes should ordinarily make no important contribution to the 
field strength, as they are always more strongly attenuated than the first 
mode of standard propagation, whereas trapped modes have small attenu
ations. These cases will not be discussed at this point; formulas for these 
values of A m in the limit g —* °° can be stated more conveniently after the 
case of positive s has been treated. 

For s = 0, g —* <=, there are two possibilities: Either Am —»0, or Am 
remains finite. The case Am —* 0 is the important one in practice, for it 
gives modes with small attenuations. The first step in the solution of 

1 The Eckersley type of phase-integral method cannot be used because Y(Z) is not 
an analytic function. The failure of attempts to use asymptotic expansions to obtain 
solutions of this sort is discussed in Furry, op. cit., Appendix B. 
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Eq. (519) for g X> 1, \Am\ <SC 1 is to write one of its terms as a Maclaurin's 
expansion, 

J^44 = a + ki„ + cAi + ■ ■ ■ . (551) 

The coefficients are found to be 

« = TUTI = 1-3717 e2*"3 = -0.6859 + 1.1880*, (552) 

6 = 1, c = \a\ d = § a, • ■ • . (553) 

The differentiations required in obtaining the coefficients are most readily 
performed by means of Eqs. (525) and (526). The radius of convergence 
is equal to the magnitude of the first zero of h!,(t;), or 1.0188. 

When Eqs. (551) to (553) are substituted into Eq. (519), the resulting 
equation can be written 

tan (A';k) = a A* + A% + k a*A% + § aA£ + ■ • • . (554) 

For g » a it is clear that the zeroth approximation to the roots must be 

.14 WIT / „ ^ 

A£ « — (555) 

g 

if 
A'< = — + 7 , (556) 

then 

tan (A'Jjg) = tan (79) = 7? + \ yV + A lV + ■••■ (557) 

The quantity 7 can be assumed to have the form, 

7 ~ 7 + 7*+ " ' • (558) 

When Eqs. (556) to (558) are substituted in Eq. (554) and the coefficients 
of successive powers of g are equated separately, the constants 72, 73, • • • 
can be evaluated. The final formula for Am, found by squaring Eq. 
(556), is 

A (»'*•)2 I 2a 3a2 4a3 + 2(mw)2(l - % a3) 
g g2 <73 

+ 5a< + 10(m7r)2a(l - | a3) 

6a5 + 30( re T ) 2 a 2 ( l - \ a3) - (m T ) 4 a 2 ( l - j a3) 
S6 + " 

Here a is the complex number given in Eq. (552). 
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Use of the same value of m in Eq. (541) (with s = 0) and Eq. (559) 
does not necessarily give values of Am that actually correspond to each 
other; the situation is similar to that of Eqs. (541) and (548) for negative 
values of s. For m = 1, however, numerical calculation of values of A\ 
for intermediate values of g shows that it actually does go over into the 
function A(1) given by Eq. (559). 

If Am remains finite, with positive imaginary part, for g —♦ <», then 
tan (A%g) —> i. Equation (519) shows that finite limiting values of Am 

for s = 0, g —» oo must satisfy the equation 

h'2(Am) + i Alh,{Am) = 0 . (560) 
Roots of this equation will be denoted by ^ ^ ' ( O ) , to indicate that they 
are limiting values for g —> °° and for s = 0. The two smallest roots are 

^[,7'(0) = -0 .446 + 2.9622, n 

4<~>(0) = - 1 . 3 3 4 + 4.380i, K ' 

and an approximate formula for large m is 

AW(0) « ( | rnrj e ™ ( l - ^ g ^ ) (562) 

This equation gives the value of A[£](Q) correct within 1 per cent. 
I t would not be difficult to obtain an expression for large finite values 

of g to correspond to the foregoing results for g —* °= , but this has not been 
done. The imaginary part of ^.[,"'(0) is 1.46 times as large as that of fi, 
the smallest characteristic value for the standard case; hence all such 
modes are strongly attenuated and are of little actual importance. 

The case of positive values of s and large values of g can be discussed 
most readily by using the symmetrically defined functions j/i(f), 2/2 (f), 
2/3(f), introduced in Sec. 2-9, to express the solutions written in Eqs. (501) 
and (502). The transcendental equation [Eq. (507)] can then be written 

yi(u>) syzis^w) yi{w) 
y[(w) y^w) y'tiw) 
yi(w-sg) 0 yz(w-sg) 

The most natural assumption, on general principles, is that Re(w) —* + °° 
for g —» 00 ; the reasons why this is an attractive hypothesis will appear 
in the next section, where the consequences of its falsity are studied. On 
considering the elements of the first two rows in Eq. (563), one sees from 
Eqs. (311) and (320) to (325) that for Im(u>) > 0, Re(w>) » - l , these ele
ments in the first column become very small whereas these elements in 
the other two columns are very large. Then the last element of the first 
column must be very small; and as g —> <» and Re(t») —> <», w — sg must 
approach a zero of 2/1 (f). Because these zeros, namely, f||„ have negative 
imaginary parts and this would violate the general theorem that Im(^4.m) 
> 0, the hypothesis that Re(w) —» « for g —»"°a leads to a contradiction. 

= 0. (563) 
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I t is established, accordingly, that Ile(w — sg) —> — co as g —» co . Then 
y3(w — sg) —> 0, and \iji{w — sg)\ —> co. Thus the characteristic values 
approach certain finite values, determined by the roots of the equation 

\sij'i(s2w) 
\y'2(shv) 

y*(w) 0 (s > 0, <7-> co). (564) 

The limiting characteristic values will be denoted by Aj^'C?) or 4f^'(s) 
and are equal to s2 times the roots of Eq. (564). The use of subscripts 
(TO) and [m] will be adjusted so that the notation is consistent with that 
already used in Eqs. (559) and (562) for s = 0. 

The form of Eq. (564) makes it possible to establish a useful general 
relation between Am(s) and Am(l/s). From Eqs. (311) and (312) and 
the results of differentiating those equations with respect to Re(f), one 
readily obtains 

SfettV") = [-Wi(fe-"")J* = ler'"'!^"")]; 

3te(fV"») = [-yi(r<r"")]* = [eTl'Vi(fe"-")]*-

When the substitutions 

(565) 

(566) 

(567) 

are made in Eq. (564), the two columns are interchanged, the first row is 
multiplied by ue~Kin, and the second row by eril3, the resulting equation is 

'ue~HI3y3(u2z*eril3eHI3) 
'■e*ii'y'3(v?z'eril*e*il3) 

e~T"3yo(z"er"3e"i3) 
e ' ( , 3! /2(zV i"e ' i ' J) 0. 

The complex conjugate of this equation is just 
|MJ/ 2 (U 2Z) 2/3 (z) 

\y'i{uh) 2/3(2) 
0. 

(568) 

(569) 

Comparison of Eqs. (564) and 569) shows that z is the same function of u 
that w is of s. Then by Eq. (567) it follows that 

s2w(s) = e2*'11 

That is, 

(l) = **"" ? "(7) (ff - » - , * > 0). (570) 

Am(s) = s2e2"''3 
Am 0) (s > 0). (571) 

This relation holds whether the subscript is (TO) or [TO]. I t can be written 
in the form 

Am(s) = s2e""; e-"'l3Am m (s > 0). (572) 
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This shows that the complex point A(co)(s) can be obtained by reflecting 
the point A(co)(l/s) in the line making the angle 60° with the real axis and 
multiplying by s2. 

According to Eq. (559), A j ^ s ) approaches zero for s —>0. As j/2(0) 
is finite and neither j/3(0) nor 2/2(0) vanishes, it is clear from Eq. (564) that 
w must not vanish for g —> °°, s —> 0, s2w —> 0. Indeed, w must approach 
one of the zeros of y3(f), which are the numbers |fm|. Equation (564) 
can be written 

sy2(s2w) ?/3 (w) 
y^w) yi{w) (573) 

As j/2(f) is proportional to /i2(f), Eqs. (551) to (553) provide an expansion 
of the left member of Eq. (573); 

*y^w') = sa + s3w + I a2sW + \ asW + • • • . (574) 
y'2{s2w) - •" -r - - ' 2 " ° " ' 3 ' 

The right-hand member of Eq. (573) can be expressed by setting 

w= |f»| + « (575) 

and making use of Eqs. (525) and (526) to obtain the Taylor's series 

^ - * + \\t-\* + \* + ±\<J?* + ---. (576) 

The quantity S can be assumed to be a power series 

5 = Sis + S2s2 + Sss3 + • • • . (577) 

By the use of Eqs. (573) to (577), the coefficients Si, S2, ■ ■ ■ can be de
termined. The resulting formula for AJ",' (s), valid for small s, is 

A&\s) = \UW + as3 + (1 - $ a')|r-|«5 + o(l - i a')s* 
+ a2 ( - \ + i o»)|f«|V + (1 - i a3 + A a6)|fm|Ss + • • • . (578) 

The notation used is consistent with that of Eq. (559). The complex 
quantity a is defined in Eq. (552); a3 is real. By means of Eq. (571), 
one can at once obtain from Eq. (578) an expression valid for large s; in 
doing this we make use of the fact that 

arg(a) = a r g ( f j = -■ (579) 

The resulting formula for large s is 

A\% (s) =U + \a\s~l + (1 - i o»)fms~' + \a\(1 - i a')s^ 
+ \a\2(- \ + I a 3 ) ^ - 6 + (1 - i a3 + A a«)f„,S-« + • • • . (580) 

Expressions will now be obtained for Af^'f.s) for small s and for large s. 
For s —> 0, Affiis) remains finite, and w must become infinite. Equa-
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tions (561) and (562) show that arg(w) is nearly equal to but somewhat 
less than 2TT/3. From Eqs. (311), (328), and (329) we find that for w 
becoming extremely large with this phase angle, 

V0{ = ivr* + 0(w-2). (581) 
2/3 M 

When Eq. (581) is used in Eq. (573), Eq. (560) is again obtained as the 
equation satisfied by ^[^'(O). A more accurate asymptotic expression 
than Eq. (581) can be obtained either from the formalism of Sec. 2-9 or 
more simply from the Riccati equation [Eqs. (525) and (526)]. The 
result is 

(582) 

(583) 

2/s(«0 
2/3 (w) 

When the quantity e 

a Taylor's 

SW^2/2(S2M>) 

Z/zVw) 

= iw~Vl 1 
— -r V) 4 

is defined by 
A ( » ) . 

■fJ(m] ■ 

expansion gives 

= l + 2A[< 
i 
"i '(o)e 

+ i -

= s2w = 

1 
2|yi[m] 

- 2 _ 

- A(" 

(0)]'4 

kivr" 
i'(0) + 

8[A[ 

■ + ■•■ 

t, 

i 
»7(0)]2 t2 -i . (584) 
i] W M ; 

The quantity t can be assumed to have the form 

e = £ls3 + ejs6 + • ■ ■ . (585) 

The coefficients «i, «j • • • can be found from Eqs. (573) and (582) to (585). 
The final result, valid for small s, is 

AfmV(s) = A[m">(0) + ft [A£i>(0)]-»(s» + s6) - i[AfmV(0)]-V + • • ■. (586) 

The formula for large s, found by the use of Eq. (571), is 

AU'W = W'WiP)]' + i e""{[4UV(0)]-Mr(r' + <r«) 
- Jes 'w,[Af-1»(0)]'-»ff-»+--

(587) 

The formulas obtained show that the loci in the complex plane of the 
numbers Affi (s) start from the origin for s = 0 and reach the values fm 

for s—» °o, whereas the loci of A{^'(s) start from the values A^ ' (0 ) for 
s = 0 and recede to infinity, in the asymptotic directions given by rays 
from the origin through the points e""3[e-*"3Al™]

)(0)]*, for s—> oo. 
For values of s very nearly equal to unity, the limit points are given 

approximately by the roots of the equation 
W><W3 

*(w) = / i , M ^ i t ) + 2w{ [ti2{w)f + w[h(w)]2} = y ™ (588) 
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This equation is obtained from Eq. (564) by replacing yt{s2w) by ft2(s2w) 
and ysivo) by a linear combination of hi(w) and h2(w), by means of the 
formulas of Sec. 2-9, and expanding the functions of s2w in terms of those 
of w to first order in s — 1. I t should be noted that W is the Wronskian 
defined in Eq. (505). As hi(w) has no singularities for finite w, it is clear 
that * —> 1 means ^.'"'(s) —* <». From the formulas of Sec. 2-9, one finds 
that for large w, 

*(u>) « f Tre'"3ur^e-(4i /3)" ,4[l + 0 (itr*)], (589) 

for — TT < arg(iw) < ir/3; actually this result is valid beyond these limits, 
up to the vicinity of the line on which fm, the zeros of ^( f ) , are located. 
From Eq. (588) it is seen that loci of real s, with s very nearly equal to 
unity, are curves on which $(w) is large and has constant phase. By 
Eq. (589), these curves are asymptotic to one of the lines arg(w) = — T, 
arg(w) = ?r/3. The requirement that these lines shall be related as 
shown in Eq. (571) and shall all be in the upper half plane shows that 
the asymptote is arg A°°(s) = arg(w) = x/3 . From Eqs. (588) and (589) 
one finds that the branches for s > 1 and s < 1 that approach the asymp
tote most rapidly do so approximately symmetrically from the two sides 
and that for large \w\ the perpendicular distance between adjacent branches 
lying near the asymptote and corresponding to different signs of s — 1 
is approximately 

(arg w),>! - (arg w),. 
2\w\' 

(590) 

The approximate formulas that have been obtained for small s, large s, 
and s nearly equal to unity, together with a number of exact results 
obtained in connection with numerical calculations of characteristic 
values, make it possible to draw fairly accurately the loci of Aj^,'(s) and 
i ^ ' f s ) in the complex plane. The result is shown in the solid curves of 
Fig. 2-29. The labels on the curves are the subscripts (TO) and [TO]. The 
branches below the line arg A = w/3 correspond to s < 1 for (TO) and 
s > 1 for [TO]; the opposite is true for the upper branches. A few exactly 
calculated points are marked on the curves for future reference. 

No attempt has been made to map the location of values of s along the 
curves, apart from labeling end points and asymptotes. Considerable 
portions of Curve (1) will be presented in more detail in the next section. 
One important general feature of the distribution of values of « is that 
the part of the lower branch of any curve that lies fairly within the system 
of roughly parallel asymptotes to the ray arg A = ir/3 corresponds to the 
values of s very near to unity. This is exemplified by the points marked 
A' and A" for s = 1.02) and B" (for s = \ /0 .98) ; indeed, these points fall 
on parts of the curves that are scarcely within the system of asymptotic 
portions of the curves. 
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Equation (563) can be written 

Ij/aO) 

yi(w) 
2/i (w) 

sy^shv] 

sy2(s2w) 
y'i{s2w) 

= yi(w - sg) 
yiiw - sg) (591) 

If g is large but not infinite, the right member is small but not zero and 
w must depart slightly from its limiting value. This difference is im-

C 4 

FIG. 2'29.—l.oci of A'^'fs) and ^ ^ ' ( s ) in the complex plane. 

portant only for the numerator of the left member, which vanishes when 
w has its limiting value. The value ir, that w has when g is large but 
finite is accordingly given by the approximate formula 

w0 — w ~ d_ 
dw 

2/i M 
2/'(w) 

sy2(s2w) 
y'i(.s2w) 

2/3 (w) 
yiiw) 

syzis2w) 
y'2is2w) 

yiiw - sg) 
Viiw - sg) 

(592) 

When the differentiation is carried out and the expression is put into 
form for numerical computation by replacing the ^-functions by their 
equivalents in terms of the A-functions, the formula obtained for large 
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but finite values of g is 

it, — w « 
h{w) 
h[{w) 

sft2(*2w)| 

(s3 - 1) 
Ai(w) + e' 
h[{w) +e~ 

Ti/%{w) 
"/3K(w) 

I + e-*i/3 h(w — sg) 
hi(w - sg) (593) 

h'2(s2w) 
— WS^2(s2M')| 

Here w means the limiting value for <?—>«>; only the last factor depends 
on g; it is small because /i2(f)Ai(f) £* e~2"n for -Re ( f ) » 1. 

The case in which w approaches a constant value for large g and nega
tive s can be discussed by means of the sort of argument that has been 
given for positive s. For negative s the more important solutions are 
those for the trapped modes, whose characteristic values, denoted by Aim), 
are given by Eq. (548). The characteristic values for negative s that 
approach finite limits for g —* °° are, accordingly, denoted by A [m], 
and their limiting values by ^{^(s)- The equation for the A^^s) for 
negative s is obtained by applying to Eq. (507) the sort of argument 
that, for positive s, was applied to Eq. (563). Because lm(w) > 0, 
as g —+ <n for fixed w and negative s, h\{w — sg) becomes small and 
h2(w — sg) becomes large, by Eqs. (328) and (330). The equation for the 
limiting value of w is, accordingly, in the 2/-notation 

2/i (w) 
yi(v>) 

syi(s*w) 
2/2 (s2w) 

= 0 (s<0,g-+ « ) . (594) 

The symmetry condition analogous to Eq. (572) is readily proved; it 
involves reflection in the real axis and thus does not actually show a 
valid relationship between acceptable solutions, as Eq. (594) is derived by 
using the fact that Im(w) > 0. The fact that for negative s the sym
metry condition cannot be used to obtain a further solution for g —» °° 
from any given solution can be regarded as connected with the fact that 
one of the sets of characteristic values for negative s, the A(m), does not 
approach finite limits for large g. 

A formal connection between the solutions of Eq. (594) and those of 
Eq. (564) can be obtained by setting 

shv «»'/» (595) 

Equation (594) then becomes, on multiplying the first row by etT'13 and 
the first column by e2T'/3 and using Eq. (311), 

y3(v-*A) vy%{A) 
Vsiv-'A) y'2(A) 0. (596) 

On the other hand, Eq. (564) can be written 

(s-2A) 
y'3(s-*A) 

sy2(A) 
0. (597) 
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« / 3 
'wl/i that the 
in Eqs. (578) 

The solution of Eq. (596) is the same function of v = 
solution of Eq. (597) is of s. When x is replaced by — se 
and (587), the resulting quantities have negative imaginary parts and 
must be rejected. When this replacement is made in Eqs. (580) and (586), 
the resulting formulas, valid for negative s, are 

ii&'GO = r» + a V 1 + (1 - 4 a3)fms"3 + a* (1 
+ a*2(- § + J « 3 ) & - 5 + (1 - i a? + A a ' )^*" 6 + ■ • ■ , (598) 

A£,>(s) = A[^(0) + J/IA^'CO)]-14 (s3 + s6) - J[A<»>(0)]-^ + ■ • •. (599) 

Equation (599) is the same in form as Eq. (580) but applies for s < 0 in
stead of .s > 0. Thus the loci of A^^is) are continuous and smooth 
through s = 0. 

For s = — 1, g—> oo we have from Eq. (594), using the /i-notation 
for purposes of numerical calculation, 

hMWM) + h[(A)ht(A) = 0. 

A root of this equation, found by Newton's method, is 

Atfi-1) = -0 .591 +2.830;'. 

(600) 

(601) 

By the use of asymptotic formulas, an approximate formula for large m 
is found to be1 

Am-1) « e«»(U*Y(l ~ t J ^ \ (602) 3?»71 

Application of the standard procedure for implicit differentiation to Eq. 
(594) gives an approximate expression for values of s near — 1: 

A [",'(») = AW(.-l) 
h[(A)h,(A) 

+ (s + 1) ••t = -'Ci)(-i> + (603) \2h[(A)h'2(A) - 2Ahl(A)h2(A) 

Equations (598) to (603) make it possible to plot the loci of A^ ' ( s ) 
for negative ,s with reasonable accuracy. These loci are shown as dashed 
curves in Fig. 2-29. 

An argument like that used in the derivation of Eq. (593) gives a 
formula for large but finite g and negative s: 

hiiw) sh2(s2w) 

w0 — w ~ 
(s3 - 1) 

hi(w) 
h[(w) 

h'2(s2w) 
-ws/ij(s2m) 

h\(w — sg) 
h°(w - sg) (604) 

As in Eq. (593), w„ means the value for the given finite value of g, and 
w means the limiting value s - 2 A([°}(s). 

'The derivations of Eqs. (602) and (562) are given in Furry, op. cil., Appendices E 
and D. 
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2-19. Behavior of Characteristic Values and Characteristic Functions 
for the First Mode.—The characteristic value A i has been computed over 
a range of values of g for each of the following values of s: —3, — 2, — s/2, 
— 1,0, y/%, v f i \ / i . V ' A ' \ / 2 , 2. The quantity Ax is defined by using 
the series of Eq. (541) with TO = 1 for small values of g and continuing 
the calculation numerically for intermediate values of g until it becomes 
clear which formula holds for large g. In all of the cases in question it 
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was found that for large g the values were those given by the proper one 
of the various formulas for AY. 

The results are given in Fig. 2-30, which shows Ci = I m ^ O as a 
function of g for the various values of s, and in Fig. 2-31, which shows 
Bi = Re(Ai) in the same way.1 

In Fig. 2-32 the paths traversed by the characteristic value Ai are 
shown in the complex A-plane. All of the curves start from the value 
fi for g = 0, and at first they practically coincide, because only the first 
two terms of the series in Eq. (541) are important for small values of g. 
For negative s the curves have as asymptote the negative real axis, and for 
positive s they end at finite limiting values. Figure 2-32 also shows a 

1 Graphs of these functions on a larger scale are contained in W. H. Furry, R L Report 
No. 795. These graphs can be read to an accuracy of about 0.01, which is also about 
the accuracy of the computations. 
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number of other limit points which belong on Curve (1) of Fig. 2-29, 
labeled with the corresponding values of s. 

These three figures also include lines for s = 1. For this one value 
of s, which corresponds to the mere introduction of a new convention into 
the description of the case of the linear distribution of modified index, 
the characteristic values Am are given exactly by the series in Eq. (541), 
which reduces to its first two terms. I t is physically evident that for 
values of s very near unity the behavior of Ai should closely resemble that 
for s = 1, at least up to rather large values of g. For this reason com
putations of Ai were carried out for s = 1.02 and for s = \ /0 .98 . 

The results are shown in Fig. 2-33. For s = 1.02 the characteristic 
value A\, which starts at ft, for g = 0, does not approach the limiting 
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FIG. 2*33.-—Characteristic values for s nearly unity. Squares give points for g = 0, and 
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point A', which lies on Curve (1) of Fig. 2-29. Instead, it continues to lie 
closer to the straight line A = ft + g, which it would follow for s = 1, 
until it reaches the limiting point A", which lies on Curve [1] of Fig. 2-29. 
For s = -\/0.98 the point representing Ai follows a somewhat longer and 
straighter path than that for s = 1.02 and ends at the limiting point 
B", which lies on Curve (2). 

In order to learn the actual significance of the limiting point A' for 
s = 1.02, values of A were computed numerically, starting from the 
value A' for g infinite and continuing down to smaller values of g. The 
resulting locus is also shown in Fig. 2-33, and leads for g = 0 to the second 
standard value ft. 

Thus it is evident that for values of s very near unity the limiting values 
of Ai do not lie on Curve (1) of Fig. 229 as they do for other positive 
values of s. From Eqs. (588) and (589) it can be seen that for any given 
numerically very small value of s — 1 values of A(ro) (s) can be found 
such that their imaginary parts are not very different from Im(ft); more
over, the smaller \s — 1| is made the larger the real parts of such values 
will be. This fits in exactly with the idea of the behavior of Ai for 
|s — 1| <SC 1 which is suggested by the results for s = 1.02 and s = \ /b-93-

D 
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For \s — 1| <K 1, Ai is roughly equal to fi + g up to values of g, at which 
it approaches its limiting value; and as |s — 11 is made smaller, the approx
imate relation Ai » fi + g is more closely correct for given g and also the 
value of g at which it breaks down becomes larger. 

The behavior of the first mode's characteristic value Ai is, accordingly, 
acceptably stable against very small departures of the M-profile from the 

Height Z in natural units (upper curve) 
1 2 4 6 10 20 40 60 100 

Height Z in natural units (lower curve) 
FIG. 2'34.—Height-gain function of the first mode for a bilinear iV-profile with a = — 1, 

g = 1.37, and G = 1.3. 

standard form. This is not necessarily the case for the other modes, as is 
illustrated by the curve of A2 given in Fig. 2-33. The first mode here makes 
the dominant contribution to the field strength in the diffraction zone. 
The practical conclusion is that any observed M-profile which corresponds 
to a value of s nearly equal to unity should simply be treated as a case 
of standard refraction. 
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The characteristic value Ai being known, the height-gain function 
Ui(Z) can be computed etectly from the tables of Ai(f) and ^(f ) by 
means of Eqs. (503) and (504). The normalization can in most cases be 
accomplished by means of Eq. (512). For cases of positive s and fairly 
large g, however, Ai will be so close to its limiting value that Eq. (515), 
with the last term omitted, should be used. 

For negative s, both the attenuation constant d = Im(Ai) and the 
behavior of Ui(Z) depend essentially on the degree to which the mode is 
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FIG. 235.—Height-gain function of the first mode for a bilinear TV-profile with s = - I , 
g = 1.93, and C, 0.5. 

trapped. What this degree is can be learned at once from the value of 
Ci read from Fig. 2-30. The qualitative effect of trapping on the shape 
of the height-gain function has been discussed in Sec. 2-8. Figures 2-34 
through 2-37 show the actual curves of 20 logi0 |f/i(Z)| for four values 
of g with s = — 1. In two of these cases the mode is untrapped, and in 
the other two it is trapped, according to the criterion given by the phase-
integral method [Eq. (242)] which here becomes 

/ : 
Y*dZ K-* > f x = 2.356. 

The actual values of the integral for the three cases shown are 
Figure 2-34 
Figure 2-35 
Figure 2-36 
Figure 2-37 

g = 1.37, | ( - « j ) » = 1.07, 
g = 1.93, i(.-sg)» = 1.69, 
g = 2.68, f ( -80)» = 2.93, 
!7 = 4.34, l(-sg)* = 6.03. 

(605) 

(606) 
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In Fig. 2-35, even though there is no trapping according to Eq. (605), 
the value of 20 logio | <7i| has a flat minimum at the top of the duct. In 
Fig. 2-36, which represents a case of very weak trapping, the minimum 
has shifted to greater heights and becomes much broader; even at 
Z = 100, \Ui\ has not regained the value that it had at the top of the 
duct. Figure 2 37 shows a case of strong trapping; the decrease in \Ui\ 
above the duct is very pronounced and for practical purposes continues 
indefinitely, ending actually near Z = 3 X 107. For this case another 
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Fia. 2'38.—Height-gain function of the second mode for a bilinear JV-profile' with s = — 1, 

g = 4.34, and C, = 0.1. 

mode is trapped according to the phase-integral criterion, which requires 
f ( — S9)H > 5-50 for two modes to be trapped. The characteristic 
function of this second trapped mode is shown in Fig. 2-38. The sharp 
minimum at Z = 1.78 corresponds to the node of the curve of Re[£/(2)]; 
the small imaginary part, which does not vanish at this point, becomes 
extremely small when the mode is more strongly trapped. 

The general behavior of trapped modes illustrated here is not, of course, 
a special feature of this model but will appear in trapped modes for other 
shapes of the M-profile as well. 

For positive values of s, qualitative arguments such as those given 
in the explanation of the Gamow phase-integral method can be used to 
predict the general behavior of the function Ui. The most important 
factor affecting this behavior is the fact that Bi = Re(Ai) does not increase 
steadily with g but approaches a limiting value. The qualitative situa
tion in regard to the first modes of two substandard layers of different 
thicknesses, but the same value of s, is shown in Fig. 2-39. I t is sup
posed that in both cases Ai is very near its limiting value, — Bi therefore 



168 HORIZONTALLY STRATIFIED ATMOSPHERE THEORY [SEC. 2-20 

having about the same value in the two cases. I t is seen that the thick 
nonstandard layer acts as a formidable "barrier" between the upper 
region and the earth's surface. In both cases the solution in which 
\U\ decreases downward predominates throughout most of the thickness 
of the barrier; the term that increases as Z decreases becomes appreciable 
only near the earth's surface and makes possible the fulfillment of the 
boundary condition f/i(0) = 0. The solutions in the two cases differ 

practically only in the size of this 
term, and U\ has almost precisely 
the same values near and above 
the top of the barrier in both 
cases. The contribution to the 
normalization integral of Eq. (483) 
from the region near the earth's 
surface is negligible. 

An increase of the thickness of 
an already fairly deep substandard 
layer does not change the hori
zontal attenuation of the mode. 
I t transfers the region in which U 
has given values of order of mag
nitude unity or greater to a greater 
height, and it reduces the values of 

| U\ at small heights by a strong exponential factor. Because for given .5, 
and g larger than some modest value, the height-gain function always has 
the same value at the top of the anomaly and decreases strongly down
ward from a point somewhat below this, it seems appropriate to speak 
of a "depth-loss" effect. 

The same phenomenon occurs also, of course, in transitional cases for 
which 0 < s < 1. I t is seen from Fig. 2-30 or 2-32 that in substandard 
cases the range attenuation does not rise much above the standard value, 
but in transitional cases it can fall to much lower values. In both cases 
the depth-loss effect will often be very pronounced. 

2-20. The Problem of Calculating Field Strength for the Bilinear 
Profile.—The bilinear modified-index profile was chosen for study for two 
reasons. (1) In many cases the measured profiles are approximated more 
closely by this model than by any other that could readily be considered, 
as the gradient dM/dz is frequently roughly constant throughout most of 
the thickness of the nonstandard layer and changes markedly only in a 
small region near the top of the layer (except for a very thin layer at the 
surface). (2) With this model the solution of the boundary-value problem 
can be formulated explicitly in terms of a few functions having simple 
properties. This circumstance was regarded as offering the possibility 
that it might be possible to obtain a fairly complete account of propagation 

F I G . 2'39.—Substandard layers, (a) mod
erately thick and (6) thick with the same 
values of 8. Horizontal scale reduced. 
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into the diffraction zone for this model without excessive numerical 
labor.1 

In cases for which the possibility of trapping is the important feature, 
that is, for negative values of s, the bilinear model works reasonably well. 
It makes possible the fairly rapid determination of characteristic values 
and functions, both for trapped modes and for cases in which a mode is 
affected by the presence of the duct but cannot be said to be trapped. 

Figures 234 to 2-36 illustrate cases in which a single mode makes the 
dominant contribution to the field strength, and hence Eq. (486b) can be 
used for practically all heights and distances. The effect of the factor 
e~cix is to lower 20 logio F by 8.68C\ db for each natural unit of range. 
In these three cases the advantage of the value of this factor for the first 
mode over its value for any other mode will in general be decisive. 

A case in which no single mode is sufficient to determine the whole 
pattern is illustrated by Figs. 237 and 2-38. We may consider, for 
example, the case of a transmitter at a height of 1 natural unit. For 
receiver heights less than about 4 natural units and distances larger than 
20 or 30 natural units, and also for greater receiver heights and distances 
greater than perhaps 60 natural units, the first mode suffices because of 
its much smaller attenuation. At receiver heights greater than 6 natural 
units, however, 20 log10 | t /i | is less than 20 log10 |C/(2)| by 30 or 40 db, 
and in spite of its larger attenuation the second mode will be dominant 
for distances less than 20 or 30 natural units. If both transmitter and 
receiver are at considerable heights, the range for which the second mode 
is dominant extends to 60 or more natural units. There are, of course, 
considerable regions in which contributions from both of these modes 
must be taken into account; for this purpose, one needs to know the phases 
arg Ui and arg f/2, which are not shown in the figures but can readily be 
computed. In particular, when more than one mode is strongly trapped 
and both transmitter and receiver are at fairly small heights—"within 
the duct," as it is called—all of the trapped modes must be taken into 
account. 

The calculation of field strengths for general cases in which s is positive 
is much less simple, and the account given here of these cases of the 
bilinear model must be regarded as far from complete. The main obstacle 
that appears consists of the appearance of characteristic values that 
approach finite limiting values as the thickness of the anomalous layer 
increases. For deep layers, the phenomenon of depth-loss, associated 
with the existence of these limits which the characteristic values approach, 
introduces very serious complications. 

In discussing in a qualitative way the effects of depth-loss, one can use 
the rough rule that the square of the contribution of the mode in question 

1 The linear-exponential profile often represents the measured profiles considerably 
better, but the numerical calculations are more difficult (see Sec. 2-21). 
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to the field strength at a height of one natural unit, that is, for Z = 1, 
is affected by a depth-loss factor that is about equal to the distance 
|A — A(c°'| measured in the complex A-plane. This follows from Eq. 
(512) and the fact that the approach to the limiting value A(00) is roughly 
of exponential type.1 Application of this rule to Figs. 2-30 to 2-32 shows 
that for the first mode an anomaly of a few natural units in height pro
duces a depth-loss effect of 20 db or more; the height required is especially 
small for the more pronouncedly substandard cases. I t is accordingly 
clear that cases can easily occur in which the first mode can scarcely make 
the dominant contribution to the field strength. Some other mode, 
which may have greater horizontal attenuation but which does not suffer 
so strongly from depth-loss, will presumably make a larger contribution. 
This shift of the dominant role from one mode to another clearly compli
cates greatly the task of obtaining a complete account of the results to be 
expected with the bilinear model. 

How one mode replaces another as the dominant one can be discussed 
more readily for the transitional case than for the substandard. For 
values of s appreciably less than unity—let us say ,s < f—the important 
limiting points are the A{Z)(s), which lie on the lower branches (1), (2), 
(3) • • • of Fig. 2-29. It can be seen that these A\^(s) all have roughly 
equal imaginary parts; for as a3 is real, the first four terms of the right 
member of Eq. (578) give an imaginary part that is independent of m. 
Actually the imaginary part decreases slightly with increasing m. The 
real parts are fairly evenly spaced, with the intervals gradually decreasing 
along the sequence of points A[^(js). 

For g = 0, the propagation is standard and the first mode is the dom
inant one. For moderately small values of g, the attenuation falls con
siderably below standard and the contribution of this mode increases. For 
larger values of g, the depth-loss effect sharply reduces the contribution 
to the field strength at small or moderate heights. Meanwhile, however, 
as g increases, another characteristic value is approaching the limiting 
value Affiis) and thus is coming to have a rather small attenuation with
out, as yet, suffering as sharply from depth-loss as the first mode does. 
I t accordingly makes a sizable contribution to the field strength and 
replaces the first mode as the dominant one. For still larger values of 
g, this mode is in turn strongly affected by depth-loss, and the mode whose 
characteristic value has the limit A[^(s) replaces it as the dominant 
mode, and so on. I t is natural to assign the terms second mode, third 
mode, etc., on the basis of this succession, which goes according to the 
subscript (m). The question of the correlation of this subscript with the 
subscript m of the formula for small g [Eq. (541)] is difficult and unimpor
tant. 

1 Further discussion of this rule, which is admittedly very crude, is contained in 
W. H. Furry, RL Report No. 795, Appendix B. 
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When g has a value in a critical range such that the contributions of 
two modes to the field strength are of comparable magnitudes, interfer
ence between the two terms in the series of Eq. (486a) must, of course, 
be taken into account. 

Some evidence as to the way in which this replacing of one dominant 
mode by another takes place is provided by the computations sum
marized graphically in Fig. 2 40. The two curves are both for s = \ / i and 
show the approaches of the characteristic values of the first and second 
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FIG. 2-40.—Behavior of characteristic values for large values of ff and s = -f-\/|- The 
circles are for g = o°. 

modes to their limiting values A\^{-\/\) and A[")
)('s/\). By using 

\A — Av°)\ as an estimate of the depth-loss factor, one can discuss the 
general effects of attenuation and depth-loss for these two modes. From 
Curve I it is seen that for g — 2.5 the horizontal attenuation of the first 
mode has fallen to less than half the standard value and at g = 4 it is 
about one-fourth of standard. At g = 4, however, the depth loss is about 
10 db, and it grows stronger fairly rapidly, reaching 20 db at about g = 6. 
One sees also from Curve II that at g = 4.5 the second mode has less than 
half of standard attenuation and that the depth-loss does not amount to 
10 db until g is 6.5 or more. Thus as g increases, the second mode re
places the first as the dominant mode but will in its turn, upon a further 
increase in g, fall a victim to depth-loss and give way to the third mode. 
The nature of the minimum of field strength between the ranges of values 
of g in which the two modes dominate depends on the particular values 
of the heights and the horizontal distance. Certainly in many cases the 
minimum will be rather marked. 

In the case of substandard layers the situation is less clear. For s 
appreciably greater than unity—say s ^ j - ^ t h e limiting values Affiis), 
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■^(^'(s), ' ' ' , which lie on the upper branches of Curves (2), (3), • • ■ of 
Fig. 2-29, are probably approached about as rapidly as is the value v4<i"'(s). 
The modes whose characteristic values approach these limiting points may, 
accordingly, be supposed to have no great advantage over the first mode 
in regard to the onset of depth-loss. As they have much larger attenua
tions, it is reasonable to assume that in general they do not become domi
nant modes for any values of z. The modes that can become dominant 
and may be called "second mode," "third mode," and so on, presumably 
must have characteristic values that approach the points Affi^s), A$\s), 
• • • , which lie on the lower branches of Curves [1], [2], • • • of Fig. 2-29. 

The limiting values in question lie on the parts of these branches that 
extend toward the asymptotes of rather small inclination, for the parts 
that extend toward the asymptote arg A = ir/3 correspond to very small 
values of s — 1. For practical purposes one is concerned with values 
of s that are always smaller than 2. From Eqs. (587) and (562) and the 
appearance of Fig. 2-29, it is evident that the imaginary parts I m ^ ^ ^ s ) ] 
do not greatly exceed Im(fi) for small [m] and decrease very appreciably 
with increasing [m]. 

One source of complications affecting the propagation through thick 
substandard layers is the fact that the limiting values of the attenuation 
are not practically the same, as they are in transitional cases, but instead 
decrease markedly along the series of higher modes after perhaps showing 
an increase for the second mode as compared with the first. Another 
complicating feature of the situation is the fact that the real parts of the 
successive limits A{i",(s),A,(i1',(s),-A[2T)(s)i'' ■ differ by rather large amounts; 
the difference R e ^ f ^ s ) ] — Re |4 [,">(«)] is particularly large. If, as seems 
rather likely, the limiting points ^ ^ ' ( s ) are approached essentially from 
above, as is apparently the case with the limiting points A[£y(s), 
■A-la^is), • • • considered in discussing deep transitional layers, then these 
large differences between the real parts probably mean that the minima 
encountered, for values of g intermediate between those for which one mode 
is dominant and those for which the contribution of the next mode be
comes appreciable, will be extremely pronounced. It may be, however, 
that the limiting points Affi^s) are approached in the same way as A(

n"'(s), 
that is, essentially from the left. If this should be so, the transitions 
from one dominant mode to the next, as g increases, may not be ac
companied by pronounced minima. 

I t is obvious that reliable predictions of the sort of behavior to be 
expected in transmission through deep substandard layers cannot be 
made without much more numerical evidence than has now been obtained. 
For transitional layers the general situation seems to be clearer, but the 
bulk of the detailed information remains to be filled in. 

This rather distressing situation with the bilinear model may be due 
in part to the fact that for this model it has been possible to study analyt-
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ically the whole variety of possible solutions. The main difficulties, 
however, seem to come from the presence of the finite limits that char
acteristic values approach as g becomes infinite, and it does not seem 
likely that this phenomenon will appear for other models. Its occurrence 
is presumably to be attributed to the effects of waves reflected from the 
point at which Y'(Z) is discontinuous. The question thus arises as to 
whether or not the complications that are encountered may originate 
mainly in the use of an analytic formulation involving this discontinuity. 

The simplest model having the principal qualitative characteristic 
of the bilinear distribution—that the gradient Y'(Z) is constant through
out most of the anomalous layer, the change from nonstandard to standard 
gradient being localized in a small thickness at the top of the layer—is 
that in which the change of gradient occurs in an intermediate layer in 
which Y is a quadratic function of Z. This can be realized by setting 

Y(Z) = Z-g, Z> g + r, (607) 

Y(Z) =Z-g + ^ - ^ (Z-g- T)\ g - r < Z < g + r, (608) 

Y(Z) = &\Z -g), Z <g-T; (609) 

Y(Z) and Y'(Z) are then everywhere continuous, and the change of gra
dient takes place in a layer of thickness 2T. AS in Eqs. (501) to (503), 
the solutions of the differential equation for the regions above and below 
the transitional layer are 

Um(Z) = Kmh,(Z -g + Am), Z>g + r, (610) 

Um(Z) = yeisZ - sg + S-2Am), Z < g - r. (611) 

The solution in the transitional layer g — T < Z < g + T has been ob
tained in terms of power series1 in T. The requirements that Um(Z) and 
Vm{Z) be everywhere continuous and that f/m(0) = 0 suffice to determine 
the characteristic values Am. 

Because of the use of power series, the computations were feasible 
only for modest values of the transition thickness 2T and involved consid
erable labor. The method of mapping was used exclusively. The re
sults are shown in Table 2-4. They indicate that the results are not 
sensitive to changes in the precise shape of the joint. The bilinear model 
may accordingly be regarded as the appropriate one to use in obtaining 
theoretical information for application to the whole class of actual pro
files in which dN/dz is roughly constant throughout almost the whole 
thickness of the nonstandard layer. 

It appears that analytic features of the shape of the modified-index 
profile do not in themselves have any strong effect on the results, at least 

1 Details in Furry, op. at.. Appendix F. 
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TABLE 2-4.—EFFECT OF ROUNDING THE JOINT IN THE BILINEAR MODEL BY 
INSERTING A PARABOLIC SEGMENT 

s 

vT 
vT 
vT 

2 
2 

g 

CO 

CO 

as 
2 
2 
00 

CO 

2 T 

0 
0.283 
0.849 
0 
0.849 
0 
0.400 

A, 

0.96+0.48i 
0.96+0.48i 
0.96+0.5Oi 
0.84 + 1.28i 
0.79 + 1.26J 

-0.47+2.061 
-0.51+2.09i 

for the dominant mode. Although the analytic structure of the curve is 
all-important in determining the methods that must be used, the results 
depend essentially only on the numerical values of N for real z. This 
statement is confirmed by the evidence obtained by considering a mod
ification of the bilinear model. If it were not true, any theoretical ap
proach to the problem of propagation would be of little actual use, for in 
practice only approximate numerical values of JV can be known. 

NONLINEAR MODIFIED-INDEX PROFILES 

B Y JOHN E. FHEEHAFER 

2*21. The Linear-exponential and Power-law Profiles.—Although 
iV-profiles composed of one or more linear segments provide attractive 
idealizations because they lead to characteristic value problems that may 
be discussed in terms of the tabulated functions hi and h2, it is by no means 
necessary for analytical reasons to exclude from consideration models 
not having this property. Two such models have been extensively 
studied: the linear-exponential and power-law profiles. 

In the linear-exponential profile the modified index is given by 

^ - 1 = qz + a'err'', (612) 

where a' and y' are parameters that determine its detailed form. The 
second term on the right-hand side of Eq. (612) may be regarded as a 
perturbation term that represents the departure from a linear profile. If 
q has the standard value, as will be assumed throughout this section, then 
the surface layer is superstandard or substandard according to whether 
a' is positive or negative. As the parameter 7' is always taken as posi
tive, it follows that in either case the perturbation term approaches zero 
with increasing height and the JV-profile approaches the standard profile 
asymptotically. 
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The linear-exponential profile was introduced by T. Pearcey1 in con
nection with a ray-tracing investigation of surface ducts. The properties 
of the modes associated with this model of the atmosphere have been 
studied principally by Hartree,2 Pearcey, and Pekeris.3 

The power-law profile has an N-distribution defined by 

* ? _ ! _ „ _ £ ( « ) " . (613) 

The parameter d is always taken as positive, and the parameter n is limited 
to values between zero and unity. The iV-profile in this case is horizontal 
at the surface regardless of the values of the parameters and has a surface 
inversion extending to height d. It therefore always provides a surface 
duct. Although the ratio of the perturbation term to the linear term in the 
case of the power law approaches zero as 2 becomes infinite, the perturbation 
term itself, unlike that of the linear-exponential profile, becomes infinite. 

The power-law profile was proposed by H. G. Booker4 originally for 
the special case for which n = \, because for this form of index distribu
tion it is possible to evaluate analytically the integrals encountered in 
phase-integral methods. He later proposed the generalized form for 
reasons based on a special theory of the structure of the lower atmosphere.6 

The power law was the basis of an extensive cooperative program in the 
United Kingdom during the war involving groups at Telecommunications 
Research Establishment, Air Defense Research and Development Estab
lishment, the University of Manchester, and Cambridge University. 

When either the power-law or linear-exponential index distribution is 
substituted into the second-order propagation equation and the height in 
natural units is introduced, the resulting equation can be written: 

g + [Y(Z) + A]u = 0. (614) 

Here Y(Z) is a two-parameter function of Z given by 
Y(Z) = Z + ae-'i-z (615) 

1 "The Calculation of Field Strength near the Surface of the Earth under Particular 
Conditions of Anomalous Propagation," ADRDE Research Report No. 203, October 
1943. 

2 D. R. Hartree, P. Nicholson, N. Eyres, J. Howlett, and T. Pearcey, "Evaluation 
of the Solution of the Wave Equation for a Stratified Medium," (I), ADRDE, M.R. No. 
47, May 1944; (II), RRDE Research Report No. 279, March, 1945. See also the article 
by D. R. Hartree, et al., in Meteorological Factors in Radio-Wave Propagation, published 
by the Physical Society and the Royal Meteorological Society, London (1946). 

»C. L. Pekeris, Jour. Applied Phys., 17, 678 (1946); Proc. IRE, 36, 453 (1947). 
4 "The Theory of Anomalous Propagation in the Troposphere and its Relation to 

Wave-guides and Diffraction," Meteorological Factors in Radio-Wave Propagation. 
* "Elements of Radio Meteorological Forecasting," TRE Report No. T1621, 

February 1944; "Application of Diffusion Theory to Radio Refraction Caused by 
Advection," TRE Report No. T1647, April 1944. 
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for the linear-exponential profile and by 

Y(Z) = Z - eZ" (616) 

for the power law. The parameters are a and y in Eq. (615) and e and n 
in Eq. (616). 

Because in the case of the power law there is always a surface duct 
whose thickness is d, it is also possible to reduce the propagation equation 
to dimensionless form by using d as the unit of height. Thus if s = z/d 
be introduced as independent variable, the propagation equation becomes 

rfs2 + <-9 G s - - + A' u = 0, (617) 

where G and n are the parameters and A' denotes the dimensionless sep
aration constant. Equation (617) is of the same form as Eq. (614) with 

Y(Z) = G(Z - — \ (618) 

For some purposes, it is more convenient to discuss the power law by 
using Eq. (618) rather than Eq. (616). 

The problem is threefold: (1) the determination of the characteristic 
values of A as functions of the two parameters appearing in Y(Z) for 
which the solution of Eq. (614) which vanishes at Z = 0 represents an 
upward-traveling wave for large Z, (2) the evaluation of the integral neces
sary for normalizing the characteristic functions associated with the char
acteristic values, and (3) the calculation of the characteristic functions 
for real values of Z. 

The analytic expression of the condition that a solution represent an 
upward-traveling wave needs to be carefully examined. Because the 
characteristic values of leaking modes are complex and enter into the 
height-gain functions in such a way that the upward-traveling wave 
dominates the downward-traveling wave as Z becomes large, it is evident 
that any linear combination of the two waves becomes, at sufficient height, 
indistinguishable from the pure upward-traveling solution. Careful 
analysis shows that when Y{Z) is analytic, there exists an arc of the circle 
at infinity along which the condition u —> 0, together with the condition 
u(0) = 0, defines a set of discrete characteristic values of A. I t turns out 
that these are the values sought and that the solution for which u{Z) —> 0 
as Z —» oo along the arc mentioned above is in fact the solution that 
represents the pure upward-traveling wave. For the power law the arc 
of the circle along which u(Z) —» 0 extends from a distance Im(A)/G 
below the real axis to a point at about arg Z = — 2ir/3. The character
istic values of A are independent of which point on this arc the variable 
Z approaches. 
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Similarly, the integral upon which the normalization of the charac-
r «° efp is 

teristic functions depends can be expressed by / v?dz, where the 
Jo 

path of integration extends from the origin in such a direction 6 that the 
integral converges. The permissible values of 6 are such that u - + O a s 
Z —> oo along the arc previously mentioned. The value of the integral is 
independent of the precise point of the arc that Z approaches. 

The characteristic value problem of radio wave propagation, when 
expressed in terms of the vanishing of the functions at the origin and at 
infinity, is formally similar to problems encountered in quantum me
chanics, and the means used to solve it are similar. The only innovation 
necessary is to modify suitably the formal procedures in order that they 
may be applied when both Z and A are complex. The principal methods 
that have been used are 

1. Mechanical integration of the differential equation by means of the 
Manchester and Cambridge (England) differential analyzers.1 

2. Numerical integration of the associated Riccati equation.1 

3. Perturbation calculations starting with the standard iV-profile.2 

4. Phase-integral methods.3 

5. Variational methods.4 

The differential analyzer in the hands of Professor Hartree's group has 
proved to be a powerful tool for the solution of problems of this type. 
The exact method of using the analyzer depends upon the degree to which 
the mode leaks. In the case of strongly trapped modes, the analyzer is 
set up to plot the path of u in the complex plane as Z increases along the 
real axis, the initial condition being u(0) = 0. The value of A is adjusted 
by trial and error until the path of w in the complex plane becomes cir
cular as Z becomes large. If the path is elliptical, suitable adjustments 
must be made in both the real and imaginary parts of A and checked by 
running out another solution on the machine. The effective determina
tion of characteristic values by a trial-and-error method of this sort de
pends upon devising means for analyzing the behavior of solutions for 
values of A near the characteristic values in order that the magnitude of 
the correction to be applied to A may be reliably estimated from the 
behavior of u. In the case of strongly leaking modes the procedure is 
varied to permit integration along a path lying in the complex Z-plane. 

1 D. R. Hartree, el al, in Meteorological Factors in Radio-Wave Propagation. 
2 C. L. Pekeris, Jour. Applied Phys., 17, 678 (1946). 
3 Ibid., p. 1108. 
' G. MacFarlane, "Variational Method for Determining Eigenvalues of Wave 

Equation of Anomalous Propagation," TRE Report No. T1756, November 1944; also 
Proc. Cambridge Phil. Soc., 43, 213 (1947); C. L. Pekeris and S. Ament, "Characteristic 
Values of the First Normal Mode in the Problem of Propagation of Microwaves through 
an Atmosphere with a Linear-exponential Modified Index of Refraction," Phil. Mag., 
Ser. 7, 38, 801 (1947). 
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Two paths have been used. One path is a ray in the fourth quadrant, 
and the other is a step-type contour formed by three connected linear 
segments, the first starting at the origin and lying along the positive real 
axis, the second lying parallel to the negative axis of imaginaries, and the 
third lying below and parallel to the positive real axis. In this case the 
criterion for a characteristic value is that u(Z) - » 0 a s Z - » oo. 

The Riccati equation is the differential equation that expresses the 
dependency of u'/u on Z. For modes that are not strongly leaking, u'/u 

5 6 7 8 9 10 20 
Range X in natural units 

30 40 50 60 70 

FIG. 2.41.—Contours of constant field strength in the presence of a surface duct with the 
transmitter within the duct. The modified index is given by JV* — no = (q/k)o2/a(Z -f-
20<T°",5tz). The broken line is the tangent ray. (After Pearcey.) 

is known for large Z for the outward traveling wave. The Riccati equa
tion may then be integrated inward along the axis of reals by numerical 
means and at an intermediate point compared with the result of inte
grating Eq. (614) outward by an iteration process. The value of A is 
adjusted until the values of u'/u at the intermediate point obtained by 
both outward and inward integration agree. For the case of strongly 
leaking modes, the integration is carried out along a suitable ray in the 
complex plane. 

It is beyond the scope of this discussion to describe in detail the tech
niques available for solving the characteristic value problem by mechan
ical and numerical integration. The two procedures that have been men
tioned briefly are intended merely to indicate in a very general way the 
method of attack that has been used. 

Perturbation methods lead to an interesting formulation of the problem. 
From a practical standpoint, however, their use is limited to strongly 
leaking modes that differ only slightly from those of the standard at-
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mosphere. The application of the variational method is likewise some
what limited, as the method becomes unwieldy for other than the first mode. 

When the characteristic values and normalization factors have been 
obtained, it is still necessary to calculate the complex values of u for real 
values of Z unless these values have been obtained as by-products of the 
procedure used to solve the characteristic value problem. To present 
the data in the most useful form, it is desirable to draw contours of con
stant field strength in the vertical plane containing the transmitter. The 
first step in this process is to combine the various modes in proper phase 
for a fixed range and variable height. When a number of vertical sections 
have been obtained in this manner, a contour map may be constructed 
by interpolation. 

Three field patterns obtained by Pearcey for the linear exponential 
atmosphere defined by a = 20.0 and y = 0.6356 are reproduced in Figs. 
2.41 and 2.42. For this choice of parameters there is a duct extending 
to a height of 4 natural units. The range is measured in the natural 
units defined in Sec. 2-10. The contours A, B, C, D, E, and F are for 
values of F/X proportional respectively to 1, 2, 4, 6, 8, and 10. The set 
of three figures shows how the pattern varies as the transmitter height 
is increased. In Fig. 2-41 the transmitter is at a height of 2 natural units 
and is therefore at the center of the duct. Under these conditions contour 
A extends to a maximum range of 70 natural units. When the transmitter 
is placed at the top of the duct, the range of contour A is reduced to about 
32 natural units, as shown in Fig. (2-42b). Finally, when the transmitter 
is raised above the duct to a height of 6 natural units, contour A is shrunk 
to a maximum range of only 10 units, as shown in Fig. (2-42a). The closed 
contours representing peaks in the field-strength pattern of Fig. 2-41 
are produced by interference between the first two modes in the region 
within which they are of comparable magnitude. At ranges beyond 
about 25 units the first mode dominates and the pattern is free of inter
ference effects.1 

1 Further examples of this type of diagram are given by C. L. Pekeris, Proc. IRE, 
36, 453 (1947). 



CHAPTER 3 

METEOROLOGY OF THE REFRACTION PROBLEM 

B Y RICHARD A. CRAIG, ISADORE KATZ, R. B. MONTGOMERY, AND 
PEARL J. RUBENSTEIN 

The purpose of this chapter is to describe the types of distribution of 
refractive index in the atmosphere and to discuss them in terms of the 
processes producing them and of the circumstances in which they occur. 
The technical meteorological terms are explained as they are introduced, 
and the presentation is intended to be understandable to anyone concerned 
with microwave propagation. Because the subject of this chapter is 
essentially meteorological, however, the primary intention is to make 
the present knowledge of the subject available to persons having the 
meteorological training and experience necessary to apply it and to 
develop it further. 

Microwave propagation has focused attention on meteorological phe
nomena previously neglected. Although conditions at the surface of the 
earth have always been of direct concern, and although the wealth of upper-
air data of recent years has made common knowledge of the gross vertical 
structure of the atmosphere to heights of 8 to 10 miles, comparatively 
little attention has heretofore been devoted to the details of the vertical 
structure of the surface layer up to about 2000 ft—a layer that is of primary 
importance in microwave propagation. Knowledge of this layer, although 
it has increased during the war, remains scant and inadequate, and much 
promising investigation remains to be undertaken. 

This chapter begins with a discussion of certain meteorological vari
ables and processes and their relation to refractive index.1 A discussion 
of the vertical variation of refractive index follows. As secondary ma
terial the horizontal and time variations of this quantity are also considered. 
The chapter concludes with a discussion of new observational instruments 
and techniques. 

HUMIDITY AND REFRACTIVE INDEX 

The refractive index of air depends on pressure, temperature, and 
humidity in a manner that will be described presently. First of all, it is 

1 For further background in meteorology a useful book is H. R. Byers, General 
Meteorology, McGraw-Hill, New York, 1944. 
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suitable to discuss the subject of humidity because there are diverse quan
titative representations of it. 

3-1. Vapor Pressure and Saturated Vapor.1—The subject of humidity 
may suitably be introduced by mention of certain variables that depend 
on the amount of water vapor present and that lend themselves to direct 
measurement2 by common methods under conditions found in nature. 

1. The water-vapor density may be determined by measuring the change 
in weight of a hygroscopic material through which a known volume 
of air is passed; this method is not adapted to rapid use. 

2. The dimensions of some solid substances can be calibrated to indi
cate relative humidity; a strand of human hair is in common use. 
The hair hygrometer is an extremely simple and popular instru
ment, but it does not afford quick response or high accuracy. An
other method for measuring relative humidity is based on the elec
trical conductivity of a specially prepared surface; the conductivity 
usually depends not only on relative humidity but also to some 
extent on temperature. 

3. Wet-bulb temperature and air temperature are both indicated di
rectly by a ventilated psychrometer, an instrument consisting of 
two thermometers, one with its surface wet and the other with its 
surface dry. 

4. Dew point is indicated directly by a dew-point hygrometer, a ther
mometer that can be cooled just to the point where it begins to 
"sweat." 

Other humidity parameters in common meteorological use, although 
not directly measured, are vapor pressure and quantities giving the con
centration of water vapor. All these will be defined, and their relation
ship explained. 

Equation of State for Water Vapor.—The relation among pressure, 
density, and temperature of water vapor in the atmosphere is very nearly 
independent of the dry-air components present and conforms closely to 
the equation of state for a perfect gas. If e is the partial pressure of the 
water vapor or vapor pressure, if p„ is the water-vapor density (or, as it is 
frequently called, absolute humidity), and if T is the absolute temperature, 
the relation is 

«-£"r- (l) 

The symbol R is the universal gas constant, and mv is the molecular weight 
of water vapor. Their values are listed in Sec. 3-33. 

1 By R. B. Montgomery. 
2 A discussion of methods for measuring humidity is contained in W. E. K. Middleton, 

Meteorological Instruments, 2d ed., University of Toronto Press, 1943, Chap. 4, "The 
Measurement of Atmospheric Humidity." 
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Saturated Vapor.—A vapor in equilibrium with a plane surface of the 
liquid or solid phase of the same substance in pure form is defined as 
saturated. The pressure and density of the vapor depend on the temper
ature alone, and usually, as is the case in all common problems involving 
atmospheric water vapor, the influence of the other gases present may be 
neglected. Thus, for any substance there is a function of temperature 
alone called saturation vapor pressure which is equal to the pressure of 
saturated vapor at the same temperature. 

At temperatures below freezing, saturation with respect to the solid 
phase rather than the liquid phase is the natural choice. In the at
mosphere, however, droplets of supercooled water exist so frequently in 
clouds that for some meteorological purposes there is frequent use of 
saturation with respect to liquid water at all temperatures. 

There is a useful thermodynamic relation between the variation of 
saturation vapor pressure es with temperature and the latent heat L for 
the change from the solid or liquid phase to the vapor phase. If a, is the 
specific volume (reciprocal of density) of the vapor phase and at is the 
specific volume of the solid or liquid phase, the relation known as Clapey-
ron's equation is 

de, = L ,~ 
dT T(a, — at) 

As the specific volume of atmospheric water vapor is of the order of 105 

times the specific volume of ice or water, the latter may be neglected in 
comparison. Substituting from the equation of state [Eq. (1)] and using 
ap = 1 give 

de, _ jrt, Le, .„. 
dT " R T2' { ' 

which will be used later. 
A convenient tabulation of saturation vapor pressure over ice for 

temperatures below freezing and over water for temperatures above 
freezing is given in Tables 78 and 79 of the Smithsonian Meteorological 
Tables.1 Values with respect to supercooled water are given by Harrison.2 

In both cases the vapor pressure is tabulated for every 0.1°C and is given 
in millibars, the pressure unit in common meteorological usage; 

1 mb = 10~3 bar = 103 dyne/cm2 = 102 newton/m2. 

One atmosphere equals 1013.25 mb. 

1 Smithsonian Meteorological Tables, 5th rev. ed., Vol. 86, Smithsonian Miscellaneous 
Collections, Washington, D.C., 1939. 

1 L. P. Harrison, "Tables, (in Millibars) of the 'Pressure of Saturated Aqueous Vapor 
over Water' at Temperatures from 0° to -50°C," Monthly Weather Rev., 62, 247-248 
(1934). 
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32"F 

Vapor pressure -

The relation between saturation vapor pressure and temperature may 
be shown graphically by means of saturation curves drawn on a diagram 
that has vapor pressure as abscissa and temperature as ordinate. This 
diagram, which is called a characteristic diagram for reasons that will be 
explained in Sec. 3 8 , is illustrated schematically in Fig. 3-1. The sat
uration curve for water continues without break through the freezing 
point, below which the water is supercooled. The saturation curve for 

ice branches from it at a finite angle. 
From this basic arrangement has 

been developed the large-scale char
acteristic diagram, shown by two 
separate graphs in folded plates in 
the rear pocket, Figs. H and 7; each 
graph covers different ranges of the 
basic coordinates, vapor pressure 
and temperature. Above 28°F, the 
freezing point of most sea water, the 
large-scale diagram shows a vapor-
pressure curve for sea water. This 
curve is constructed for the salinity 
of 35 per thousand, and is 0.9812 of 
the saturation vapor pressure over 
fresh water. Other coordinates have 
been added, as will be pointed out 

upon introduction of the parameters that they represent in the following 
three sections. In Sec. 3 8 will be found a complete descriptive sum
mary of this information, together with a discussion of the consid
erations that make the characteristic diagram useful to the radio 
meteorologist. 

Relative Humidity.—This quantity is defined as the ratio of vapor 
density to saturation vapor density. Because the vapor may be regarded 
as a perfect gas, relative humidity equals the ratio of vapor pressure to 
saturation vapor pressure. The relative humidity is 

t = El - - ■ 
Pvs 6S 

it is commonly expressed in per cent. The relative humidity of saturated 
vapor is 100 per cent, whereas vapor in equilibrium with sea water has a 
relative humidity of 98 per cent. 

3-2. Water-vapor Concentration.1—The humidity variables discussed 
above, namely, vapor density and pressure and relative humidity, depend 
essentially on the water vapor only. In contrast, the amount of dry air 
present affects the water-vapor concentration, the dew point, and the 

1 By R- B. Montgomery. 

FIG. 3*1.—Schematic representation of char
acteristic diagram. 



SEC. 3-2] WATER-VAPOR CONCENTRATION 185 

wet-bulb temperature. The concentration is expressed by either of two 
quantities, specific humidity or mixing ratio. 

Specific humidity is the ratio of water-vapor density to total density 
and is usually designated by q. If p and p are the total density and 
pressure respectively and m is the mean molecular weight of the moist air, 

? = * = ^ i , (4) 
p m p 

which follows from the equations of state for the water vapor and for the 
moist air. In order to avoid use of a variable mean molecular weight, it 
is convenient to introduce the mean molecular weight of dry air md, the 
density of the dry components of the air pd, and the partial pressure of 
the dry air pd- Hence, because p = Pd H~ p5 and p = pd + e, 

m. 
Pd + Pi md . (m,\ ™d / m \ 

Pd + \ — )e p - I 1 je 
\rnd) \ md) 

(5) 

With this equation the specific humidity can be computed from vapor 
pressure and total pressure. The value of the constant m,/md is 0.622. 

Mixing ratio is the ratio of the water-vapor density to the density of 
the dry components of the air and is usually designated by w. Hence 

p„ mD e m, e ,e , w = — = = (o) 
pd md Pd mdp — e 

A solution of Eqs. (5) and (6) leads to the conversion equations 

* 1+w 1 - 9 
The results of upper-air soundings taken by radiosonde are customarily 
reported in terms of mixing ratio rather than in terms of specific humidity. 

The water-vapor concentration in the atmosphere is so small, of the 
order of 10~2 and only in exceptional cases exceeding 4 X 10-2, that spe
cific humidity and mixing ratio are always nearly the same, and for prac
tical purposes they are interchangeable in most cases. I t is convenient 
to express both of these quantities in "parts per thousand" or "per mille"; 
for example, an observed value might be 12.8 per mille = 12.8 X 10-3. 
The expression "grams per kilogram" also is frequently used. 

On the characteristic diagram shown in Figs. H and I in the rear 
pocket there is a secondary abscissa scale, giving the equivalent mixing 
ratio for the standard total pressure of 1000 mb. Saturation specific 
humidity and saturation mixing ratio are the values for which the vapor 
would be saturated at the given temperature and total pressure. For 
1000 mb the saturation mixing ratio is given by the curve on the char
acteristic diagram. 
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Water-vapor concentration is a conservative property of air to the ex
tent that it varies only when the composition is changed by evaporation 
(positive or negative) or diffusion (molecular or eddy). In contrast, the 
vapor pressure of an air parcel varies also with total pressure, although 
it is conservative for an isobaric heating without change in composition. 
Water-vapor density varies with air density. Relative humidity is greatly 
changed by adiabatic or isobaric changes, except in the special case where 
the vapor remains saturated. Although they are not directly observed, 
both mixing ratio and specific humidity are widely used quantities in 
meteorology because they are conservative. 

3-3. Saturation Temperatures on Isobaric Cooling.1—If moist air is 
cooled sufficiently at constant pressure, the water vapor in it becomes 
saturated. Two particular methods of cooling, both occurring naturally 
under common conditions, lead to definite temperatures for the occur
rence of saturation, namely, dew point and wet-bulb temperature. 

Dew point.—This is the temperature at which saturation would occur 
if the air were cooled without change of pressure or composition. The 
dew point is realized in nature by a dry surface which is cooled just to the 
point where moisture begins to condense on it from the air. Dry ground 
serves this purpose when cooled by nocturnal radiation until dew begins 
to form. The polished metal surface of the dew-point hygrometer be
comes clouded when cooled just below the dew point and clear again when 
warmed just above the dew point. This affords a simple means of de
termining dew point directly within narrow limits. Because vapor pres
sure is constant for an isobaric change with constant composition, dew 
point is the temperature for which the vapor pressure represents satura
tion. Hence, the relation between vapor pressure and dew point is identi
cal with that between temperature and saturation vapor pressure, so that 
conversion between vapor pressure and dew point is given directly by a 
table of saturation vapor pressure or by the saturation curve on the 
characteristic diagram. 

Wet-bulb Temperature.—This may be defined as the temperature at 
which saturation would occur if the air were cooled isobarically and adia-
batically by means of contact with a water surface. In addition to this 
decrease in temperature there is an increase in dew point because of evap
oration. The process is adiabatic in that the latent heat used in evapora
tion is specified as being supplied by the cooling of the air. This implies 
that the water surface itself, in order that the process may be achieved 
strictly as specified, must be at the wet-bulb temperature; otherwise, the 
final temperature of the air, after saturation is reached, would not be in 
equilibrium with the water—a physical impossibility. 

If the water temperature is different from the wet-bulb temperature, 
it is evident that an adiabatic process is impossible and the water body 
gains or loses heat from the air so that its temperature becomes more 

1 By R. B. Montgomery. 
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nearly equal to the wet-bulb temperature of the air. This leads to the 
important result that any body of water in contact with air tends to as
sume the wet-bulb temperature of the air, provided, of course, that (1) 
the water body is otherwise insulated and (2) the cooling of the air and its 
moistening are distributed to an equal degree. These processes occur 
naturally when rain falls through vertically isothermal air. The tempera
ture of the drops approaches the wet-bulb temperature of the air as they 
fall, and the air temperature and dew point also approach the wet-bulb 
temperature. By its definition, wet-bulb temperature is peculiar in that 
it is conservative during isobaric changes involving evaporation. 

Conditions (1) and (2) above are well fulfilled by a wetted thermometer 
bulb that is sufficiently ventilated. Without sufficient ventilation the heat 
conducted through the thermometer stem and the radiative heat exchange 
are not negligible compared with the heat exchange between the wet sur
face and the air; therefore condition (1) is not fulfilled. The ventilated 
psychrometer, either a sling psychrometer or one employing mechanical 
ventilation, is the commonest means of measuring humidity with high 
accuracy. 

Psychrometric Formula.—To obtain a relation between wet-bulb tem
perature and mixing ratio, consider the isobaric adiabatic transformation 
of air at pressure p from its actual temperature T to its wet-bulb tem
perature Tw. For unit mass of dry air with specific heat cpd mixed initially 
with a mass of water vapor equivalent to the mixing ratio w with specific 
heat cpt, the heat released by the cooling is (cpd + wcpv)(T — Tw). This 
heat is used to increase the mixing ratio to wm which represents satura
tion at Tw and p, by evaporation at the wet-bulb temperature, for which 
the latent heat is Lw, so that 

Lw {ww — w) = (cvd + wcv,)(T — Tw). 

If the small term containing c„„ is neglected, 

w = ww - C-f (T ~ T<°)- (7ffl) 

To the same degree of approximation the specific humidity is 

and the vapor pressure, on substitution from Eq. (5), is 

e = ew - cvd ^f- (T - Tw), (7c) 

where qa and e„ represent saturation at the wet-bulb temperature. For 
wet-bulb temperatures below freezing, because the wet bulb becomes ice-
covered, the saturation values refer to ice and L is the latent heat of 
sublimation. Any form of Eq. (7) is called the psychrometric formula, 
and the quantity T — Tw is called the wet-bulb depression. 
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There are definitions of wet-bulb temperature other than the one given 
here, but the numerical differences in the values derived from them are 
never large, and they approach zero as the wet-bulb depression T — Tw 
approaches zero. A similar statement applies to the approximations 
made in deriving the psychrometric formula, namely, that the errors in
troduced are never large and that they approach zero as the wet-bulb de
pression approaches zero. Because high precision is especially desirable 
when the vapor is nearly saturated, and because errors of the wet-bulb ther
mometer are normally greater with a large wet-bulb depression, it is evi
dent that errors in the psychrometric formula are greatest when they are 
least important. 

To find mixing ratio or specific humidity from the psychrometric 
formula it is necessary to know the saturation mixing ratio or saturation 
specific humidity. These may be computed from saturation vapor pressure 
and total pressure. Mixing ratio may be read approximately from any one 
of several meteorological diagrams (pseudoadiabatic chart, tephigram, 
emagram, and Rossby diagram). The coefficient of wet-bulb depression 
depends on the specific heat of dry air, cpd = 1.004 joule g_1 °C_1, and on 
the latent heat of vaporization of water L, which at the freezing point 
has the value L, = 2500 joule g-1. For atmospheric temperatures, ex
pressed in degrees centigrade, L may be represented by 

L = L,[\ - 0.00094(7' - T,)\, 

where Tf is the freezing point.1 The coefficient is therefore 

^ = 0.402 X 10"3[1 + 0.00094(71„, - T,)] 

for temperatures expressed in degrees centigrade, and 

'P = 0.223 X 10"3[1 + 0.00052(r„ - T,)], 

for temperatures expressed in degrees Fahrenheit. 
In use of the psychrometric formula to find vapor pressure the satura

tion value depends on wet-bulb temperature alone whereas the coefficient 
of wet-bulb depression depends on pressure. The coefficient has the value 

cvd — f- = 0.646 X 10"3p[l + 0.00094(r„ - T,)} 

for temperatures expressed in degrees centigrade, and 

c,d — ^- = 0.359 X 10-3p[l + 0.00052(7'B - T,)] 

1 The constant in this equation is determined from data of Osborne, Stimson, and 
('■innings, "Measurements of Heat Capacity and Heat of Vaporization of Water in t.h» 
Range 0° to 100°C," Jour. Research Nat. Bur. Standards, 23, 197-260 (19391. 
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for temperatures expressed in degrees Fahrenheit.1 For a standard pres
sure of 1000 mb and any common wet-bulb temperature the coefficient is 
therefore close to 0.36 mb/°F. 

This fixed value assumed for the coefficient, it follows from Eq. (7c) 
that for any constant wet-bulb temperature 

(de\ = - 0 . 3 6 m b / ° F . 
\dTjT. 

Dashed lines with this slope are drawn on the characteristic diagram shown 
in Figs. H and / in the rear pocket. These lines represent constant 
wet-bulb temperature at 1000 mb, the value for each being the same as 
the temperature at which it intersects the saturation curve. For 1000 
mb this family of broken lines together with the two sets of coordinate 
lines relates the temperature, vapor pressure, and wet-bulb tempera
ture at any point. The mixing ratio is shown by a supplementary hori
zontal scale; the dew point is the temperature at which the vertical line 
through the given point intersects the saturation curve. 

The deviation of sea-level pressure from 1000 mb does not usually 
exceed 5 per cent, and the vertical change in pressure from sea level to 
1500 ft is also about 5 per cent. To compute mixing ratio or specific 
humidity from psychrometric observations it is therefore always neces
sary to include pressure as a third observation in order to avoid errors 
as large as about 5 per cent. In finding vapor pressure, on the other hand, 
only the coefficient of wet-bulb depression depends on pressure. For a 
pressure change of 5 per cent this coefficient is changed 5 per cent, an 
amount comparable to the observational error in the wet-bulb depression. 
Unless extreme accuracy is desired, it is permissible to use, as on the 
characteristic diagram, a fixed psychrometric coefficient of 0.36 mb/°F 
for measurements made within 1500 ft of sea level. For greater heights 
than this, the variation with pressure should be considered. 

3-4. Refractive Index of Air at Radio Frequencies.2—The refractive 
index n of a gas obeys a relationship of the form3 

" - i ^ p U + j i l 

1 The empirical coefficient given in the Smithsonian Meteorological Tables is 
0.660 X lO-'pfl +0.00115(7\. - Tf)\ 

for temperatures expressed in degrees centigrade and 
0.367 X 10-»p[l + 0.00064(7\, - T,)\ 

for temperatures expressed in degrees Fahrenheit. These are probably more nearly 
correct than the values from the approximate theory, but in most cases the difference 
is not of practical importance. 

* By Pearl J. Rubenstein. 
3 P. Debye, Polar Molecules, Chemical Catalog Co., New York, 1929; Van Vleck, 

Theory of Electric and Magnetic Susceptibilities, Clarendon Press, Oxford, New York, 
1932. 
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where p is the gas density and T the absolute temperature. The term 
proportional to density alone arises from induced polarization of the gas 
molecules in an external field; the other term results from the permanent 
dipole moment of the molecules. The index of refraction of a mixture 
of gases is generally assumed to obey the additivity rule; that is, the 
total value of (n — 1) is equal to the sum of the contributions of the 
individual gases weighted in proportion to their partial pressures. 

I t is convenient to treat air as a mixture of dry gases and water vapor. 
Because none of the dry gases of air possesses a permanent dipole moment, 
only the water vapor contributes a term of the form p/T. The numerical 
value of the constant A thus depends on both the dry gases and the 
water vapor, whereas B is determined only by the permanent dipole mo
ment of the water molecules. 

There is a large amount of experimental information1 on the dielectric 
constant2 and refractive index of dry air taken over a wide wavelength 
range. The data show that some dispersion exists; the value in the 
visible region is approximately 

(n - 1) X 106 = 270 at 0°C and pressure of 1 atm. 

whereas, at static or radio frequencies the measurements give values from 
294 to 296. The lowest of the r-f values, given as an average in the 
Smithsonian Physical Tables, is adopted here. This value determines 
the constant c to be 79°K/mb in the equation for index of refraction of 
dry air 

(n - 1) X 10° = °-^, (8) 

where pj is the dry gas pressure. 
Experimental data on water vapor are less complete. In this case 

only values determined at radio frequencies are of interest because of the 
water absorption bands in the infrared region. Within the radio region 
dispersion may be neglected for wavelengths greater than about 2 cm.3 

The determination of both A and B for water vapor requires absolute 
measurements of the dielectric constant or index of refraction for a series 

>L. Boltzmann, Wien. Ber., 69, 795 (1874), and Pogg. Ann., 155, 403 (1875); 
K. Tangl, Ann. Physik, (4) 23, 559 (1907), and 26, 59 (1908); A. R. Jordan, J. W. 
Broxon, and F. C. Walz, Phys. Rev., 46, 66 (1934); L. G. Hector and H. L. Schultz, 
Physics, 7, 133 (1936); Landolt-Bdrnstein, Physikalisch-chemische Tabellen, 5te Auflage, 
Springer, Berlin, 1923-1936; Smithsonian Physical Tables, 8th rev. ed., Washington, 
D.C., 1933. 

* If « and <o are the permittivities of air and of free space, respectively, and the 
conductivity of the air is neglected, 

The ratio i/m is commonly called dielectric constant or specific inductive capacity. 
3 See Sec. 8 1 . 
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of temperatures. The value of B, determined from the temperature 
dependence of the results, is fairly well known. Absolute values are 
needed if A is to be obtained, and this constant is therefore much less 
accurately known. From a consideration of all the available measure
ments' and their errors a simplified expression has been adopted for 
numerical use :2 

(n - 1) X 10° = £ ( p , + e + y . ) = J ( p + | ) , (9) 

where n = the index of refraction of moist air, 
c = 79°K/mb, 
b = 4800°K, 
T = temperature in °K, 
p = total pressure in mb, 
e = the partial pressure of water vapor in mb. 

On the characteristic diagram shown in Figs. H and I in the rear 
pocket, isopleths (contours of constant value) of in — 1) X 106 are given 
for a total pressure of 1000 mb. They are the curves that slope to the 
right. It will be noted that for air in which the vapor is saturated with 
respect to fresh water, salt water, or ice (represented by the saturation 
curves as described heretofore), the quantity (n — 1) X 106 increases 
with increasing temperature. Despite the fact that the increase in tem
perature alone, according to Eq. (9), acts to decrease this quantity, the 
increase in saturation vapor pressure with increasing temperature is 
sufficient to cause the increase in (w — 1) X 106. 

In the solution of the wave equation in Chap. 2 a transformation of 
coordinates has been introduced that effectively flattens the earth. As a 
result a modified form of the refractive index becomes convenient. In 
Sec. 2 4 this modified index iV was defined to be 

N = n (l + - J « n + -, (2-105) 

where z is the height above the earth's surface and a is the earth's radius. 
For numerical convenience a new parameter M is adopted, called 

refractive modulus, which is defined by the following equation: 

M = (N - 1) X 106 « (n - 1 + -^ J X 106. (10) 

' C . P. Zahn, Phys. Rev., 27, 329 (1926); A. C. Tregidga, ibid., 67, 294 (1940); 
R. Sanger and O. Steiger, Helvetica Phys. Acta, 1, 369 (1928); R. Sanger, Physik. Z., 
31, 306 (1930); R. Sanger, O. Steiger, and K. Gachter, Helvetica Phys. Acta, 6, 200 
(1932); J. D. Stranathan, Phys. Rev., 48, 538 (1935). 

! Recent measurements at a frequency of 9340 Mc/s [C. M. Crain, Phys. Rev., 74, 691 
(1948)] give slightly different values for the constants in this equation. 
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Whereas the modified index N is used in the radio theory of Chap. 2, M 
is more convenient in other applications. For purposes of qualitative 
discussion M and N may be used interchangeably, as their profiles have 
the same shape. 

The radio-meteorologist is primarily concerned with the effects of 
atmospheric variations on the refractive modulus, particularly in the 
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case of vertical variations in an air column. I t follows from Eqs. (9) and 
(10) that in the absence of any vertical gradient of vapor pressure, a tem
perature inversion (temperature increasing with height) tends to cause M 
to increase less rapidly with height than in the standard case. If the 
temperature inversion is strong enough, it causes an actual decrease of M 
with height. In the absence of any vertical temperature gradient, the 
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vertical M-gradient varies directly with the vertical gradient of vapor 
pressure. It is desirable to have clearly in mind the amounts contributed 
by temperature and humidity gradients to the gradient of M. Figure 
3 2 shows how much each factor contributes to changes in M. The top 
curves indicate how much the temperature gradient alone contributes to 
the M-gradient, and the lower pair of curves does the same for vapor-
pressure gradients. These facts form the basis for meteorological refrac
tion studies, and enlargements upon them make up the subject matter 
of the meteorology of the refraction problem. 

VERTICALLY HOMOGENEOUS AIR AND ADIABATIC CHANGES 

A vertical column or layer of air that has been completely mixed or 
stirred will be called homogeneous.1 In such air the vertical variation of 
temperature is caused solely by changes in pressure; the water-vapor con
centration is independent of height, although other humidity parameters 
vary because of the pressure variation. The lapse rate2 of temperature 
in vertically homogeneous air will be discussed in Sec. 3-5, and the lapse 
rates of humidity variables in Sec. 3 6. In Sec. 37 the gradient of refrac
tive modulus in homogeneous air will be considered. 

The concept of homogeneity is important in the study of atmospheric 
refraction, for homogeneous air serves as a convenient reference for actual 
conditions. Soundings of the atmosphere in this chapter will be pre
sented with reference lines (broken lines) showing conditions that would 
occur in homogeneous air. The Af-gradient in homogeneous air is very 
nearly the gradient that is accepted as standard in its effect on the propaga
tion of radio waves, as was explained in Sec. 1-4. 

In addition to its function as a reference, vertical homogeneity is the 
only simple distribution that exists often in the atmosphere. It is par
ticularly frequent in the lowest part of the atmosphere, the part of pri
mary concern in the refraction problem. It occurs when the air is heated 
from below and stirred by convection (Sec. 3-14); hence homogeneous 
air often exists over land in the daytime when the air is warmed because 
of solar heating of the ground, and it is also found when an air mass 
moves over a warmer surface, whether ground or water. In these cases 
homogeneity may exist between some lower point that is about 50 ft 
above the earth's surface and some higher point that may vary widely 

1 The word "homogeneous" will be used in this chapter only as defined here. It 
should not be confused with the term "homogeneous atmosphere," which is used by 
some meteorologists to denote a theoretical atmosphere in which air density is inde
pendent of height. Homogeneous atmosphere as defined for this chapter is not homo
geneous in the electromagnetic sense, as its electrical properties (refractive index) vary 
with position. 

2 Lapse rate is the decrease per unit increase of height. Vertical gradient, as used 
in this book, is the increase per unit increase of height. 
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but is usually less than 10,000 ft. Homogeneity is also approximated in 
some cases when the air near the surface of the earth is mechanically 
stirred by the wind. 

3-6. Adiabatic Temperature Lapse Rate and Potential Temperature.1— 
The lapse rate of temperature that occurs in homogeneous air is called 
the adiabatic lapse rate because it represents the decrease of tempera
ture of an air parcel which rises and cools adiabatically. If the air is 
unsaturated, the temperature decrease with height is properly called 
the dry-adiabatic lapse rate but in practice is often referred to simply 
as "adiabatic lapse rate." However, if condensation or evaporation 
processes occur, latent heat is a factor; the lapse rate under this condition 
is called the moist-adiabatic lapse rate or saturation-adiabatic lapse rate and 
will be discussed in the next section in connection with wet-bulb tem
perature. 

The dry-adiabatic lapse rate follows from the first law of thermody
namics and the hydrostatic equation. The former, for an adiabatic 
process, can be written as 

cvdT = adp, (11) 

where c„ is the specific heat of air at constant pressure, T is the tempera
ture, a the specific volume, and p the pressure. 

According to the hydrostatic equation, which assumes no vertical 
acceleration of the air, the effect of gravity on a unit volume of air is 
balanced by the difference in pressure above and below the unit volume, 
or 

a dp = —gdz, (12) 

where g is the acceleration of gravity and z is the vertical coordinate. 
Strictly speaking, the a in Eq. (11) is somewhat different from the a in 
Eq. (12). In the former it means the specific volume of the displaced air 
parcel; in the latter it is the specific volume of the air through which the 
parcel is moving. The two may be different if the parcel is displaced 
very much from its original height. In general, however, the variation 
is small, and they may be considered equal to a good degree of approxi
mation. 

Combining Eqs. (11) and (12) gives 

- ^ = L = 0.98°C per 100 m = 0.54°F per 100 ft. (13) 
dz cp 

A quantity that is often convenient to use is the potential temperature 6. 
I t is defined as the temperature that an air parcel under any pressure would 
assume if its pressure were changed by a dry-adiabatic process to some 
standard pressure. The potential temperature, in terms of the original 

1 By Richard A. Craig. 
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temperature T, the original pressure p, and the standard pressure po, 
follows from Eq. (11). This equation becomes, upon substitution for a 
from the equation of state, 

dT = _R_ dp( ( 1 4 ) 

T mcp p 

where R is the universal gas constant, and m is the mean molecular weight 
of air. I t follows from integration between the limits p, p0 and T, 6 that 

e=T(^y^ = T{m (15) 

The standard pressure p0 is commonly chosen as 1000 mb in meteor
ology. In meteorology associated with the refraction problem, however, 
it has proved convenient to take as the standard pressure the surface pres
sure. In practice, the potential temperature at any height can be found 
by adding to the temperature the product obtained by multiplying the 
adiabatic lapse rate by the height. The potential temperature determined 
in this manner differs from that defined by Eq. (15) by a negligible amount. 

The practice of referring potential values to surface pressure rather 
than to some standard pressure will be followed in this and the next two 
sections. The primary reason for this practice is that in the refraction 
problem it is often desirable to compare temperature or humidity at some 
elevated point with values at the surface; reduction of the former to the 
surface pressure makes the comparison possible without any adjustment 
of the surface values. Moreover, the procedure is much simpler because 
in the refraction problem soundings are commonly plotted with height 
above the surface as ordinate. 

In any one sounding, all values are referred to one pressure, but 
absolute values of potential temperature (and other potential values) 
from different soundings are not strictly comparable unless the surface 
pressures corresponding to the different soundings are identical. This is 
an important point to keep in mind but it is not a serious consideration 
at the present stage of refraction work. Such comparisons of absolute 
value are commonly not made except over small intervals of time or 
horizontal distance when variations due to variations of surface pressure 
are negligible. One important exception may occur in the comparison of 
soundings made at points where the heights above mean sea level differ. 
In this case the two reference surface pressures may be quite different, 
and all should be referred to one height for purposes of meteorological 
comparisons. 

Certain considerations with respect to potential temperature may be 
stated. I t is a conservative property for dry-adiabatic changes. In homo
geneous air, the potential temperature is independent of height, and the 
air is said to be in neutral equilibrium. If in an air column the potential 
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temperature increases with height, the air is said to be in stable equilibrium; 
if it decreases with height, the air is said to be in unstable equilibrium. 
The importance of stability and instability will be discussed later in con
nection with heating from below (Sec. 3-14) and cooling from below (Sec. 
3-17). 

3-6. Humidity Lapse in Homogeneous Air.1—In homogeneous air, the 
water-vapor concentration is independent of height, but the vapor pressure, 
dew point, and wet-bulb temperature vary with height because of changes 
in total pressure of the air. The homogeneous lapse rates that will be 
derived for the parameters depending on pressure are analogous to the 
adiabatic lapse rate of temperature; they indicate the changes in the 
parameters caused by a change in height when no water vapor is gained 
or lost by the air parcel. 

Equation (4) gives the vapor pressure in terms of specific humidity and 
total pressure. If the specific humidity is constant, differentiation of 
this equation yields 

1 de _ 1 dp 
e dz p dz 

(16) 

Upon substitution from the hydrostatic equation [Eq. (12)] and the 
equation of state, this becomes 

te=_me (i7) 
dz RTe- u ' ; 

The lapse rate of vapor pressure thus depends inversely on the tem
perature and directly on the vapor pressure. For a temperature of 0CC, 

de - ~ = 0.0125e per 100 m dz 
= 0.0382e per 1000 ft. (18) 

The lapse rate of the dew point in homogeneous air can also be derived. 
Equation (3) can be rewritten as 

1 de _ m, L 
~e"dfl ~ ~RT: (19) 

where T, is the dew point. When de is written in terms of dz according 
to Eq. (17), this becomes 

_dT1=m_g_T\ 
dz m,L T y ' 

Hence the lapse rate of dew point in homogeneous air varies with the square 
of the dew point and inversely as the temperature. For the temperature 

1 By Richard A. Craig. 



SEC. 3-6] HUMIDITY LAPSE IN HOMOGENEOUS AIR 197 

and dew point both equal to 0°C, 

-^p = 0.17°C per 100 m dz 
= 0.94°F per 1000 ft. 

The lapse rate of wet^bulb temperature in homogeneous air is more 
complicated. I t follows from a differentiation of the psychrometric 
formula, the form given in Eq. (7a) being used here. In these equations, 
in accordance with the convention introduced in Sec. 3-3, the subscript 
w refers to conditions at the wet-bulb temperature. If the concentration 
of water vapor is constant and the coefficient of the wet-bulb depression 
is assumed to be independent of height, 

dww = Cgd /dT _ dTj\ , . 
dz La\dz dz ) 

From Eq. (6), if the small vapor-pressure term in the denominator is 
neglected, 

dww _ m, 1 (dew 1 dp\ 
dz md p \dz p dz) 

After substitution from Eq. (3) for dew/dz, from Eq. (12) for dp/dz, from 
Eq. (6) for e„ (again neglecting the ew in the denominator), and from the 
equation of state, the last equation becomes 

dww __ m, L„ dTw wwmg 
dz ~~ R Tl Ww dz + ~R~T" 

When this is inserted in Eq. (21), together with the adiabatic value 
for dT/dz from Eq. (13), the wet-bulb lapse rate in homogeneous air is 
seen to be 

L„m 
_d_T_„ _ g R T ^ ( 2 2 ) 

dz c„ , , m^_ L|_ 
1 "r riffl 

The lapse rate depends on the wet-bulb temperature, the temperature, 
and the mixing ratio at the wet-bulb temperature. It may, of course, 
be written in several other forms using other parameters such as specific 
humidity, vapor pressure, and pressure. The form used here has the 
advantage that it can be compared easily with the dry-adiabatic temper
ature lapse rate. Assuming a temperature and wet-bulb temperature 
both equal to 0°C, 

dTw = g 1 + 32w„ 
dz c„ 1 + ISOwy, 
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This equation shows that the lapse rate of wet-bulb temperature is always 
less than the dry-adiabatic lapse rate g/cp. For a mixing ratio of 10 per 
mille, its value is about one-half the dry-adiabatic value. 

The lapse rate of wet-bulb temperature in homogeneous air is to a 
good degree of approximation the same as the moist-adiabatic lapse rate 
mentioned in the previous section. Equation (22) holds for the moist-
adiabatic lapse rate if the T in the numerator and the T„ in the denom
inator are identical and all other parameters refer to that temperature.1 

Quantities called potential vapor pressure, potential dew point, and 
potential wet-bulb temperature may be defined as the values of the para
meters at some standard pressure. In refraction work, as in the case 
with potential temperature, it is more convenient to refer them always to 
surface pressure rather than to an invariant standard pressure. The 
potential values are found in practice by adding to the values at any 
height the product of the respective lapse rate and the height. Although 
the lapse rates of all three vary with height, it is sufficiently accurate to 
assume a mean lapse rate over the height range of 1000 to 2000 ft, the 
region that is usually considered when potential values are desired in 
refraction work. 

3-7. Gradient of Refractive Modulus in Homogeneous Air, Potential 
Modulus.2—Refractive modulus has been given in terms of pressure, tem
perature, vapor pressure, and height in Sec. 3-4. Its variation with height 
can be written in terms of the vertical gradients of potential temperature 
and specific humidity, these parameters being desirable here because of 
their constancy in homogeneous air. It follows from Eqs. (9) and (10) 
that 

AM dd dq 
■dT= -nTz + r*dz + n- ( 2 3 ) 

In this equation 

79 r-\) V + 155 x 1Q3f) per d e g r e e > n 

r2 = 61 X 10 I 2. 

r3 = 4.78 - 59 ^ M + 4.6 X 103 | j per 100 ft, 

where temperatures are in degrees Kelvin, pressures in millibars, and 
heights in hundreds of feet; p0 is the standard pressure, usually the surface 
pressure, to which the potential temperature is referred. 

1 A graph showing the saturation-adiabatic lapse rate and hence the wet-bulb 
temperature lapse rate as a function of temperature and pressure may be found in 
D. Brunt, Quart. Jour. Roy. Meteorol. Soc, 69, 351 (1933). 

2 By Isadore Katz. 
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In homogeneous air, the potential temperature and specific humidity 
are independent of height; therefore the vertical gradient of M is simply 
equal to r3. This value increases somewhat with increasing temperature 
and decreases with increasing pressure and specific humidity. However, 
within the range of variation of these quantities near the surface of the 
earth, the vertical gradient of M is affected very little and the value 4.0 
per 100 ft is accurate in nearly all cases. 

I t is often convenient, from the meteorologist's point of view, to deal 
with a parameter that represents the index of refraction and that is 
vertically constant in homogeneous air. Such a parameter is the potential 
refractive modulus *. I t may be referred to simply as potential 
modulus.1 

The potential refractive modulus is the value of refractive modulus 
that an air parcel would have at some standard pressure. If the standard 
pressure chosen is the surface pressure, so that z = 0, 

* = Mpotential = | (po + b ^ \ (24) 

The constants c and b are those that entered into Eq. (9), namely, 
c = 79cK/mb and b = 4800°K; 8 is the potential temperature and ep is 
the potential vapor pressure, both referred to surface pressure; and p0 
is the surface pressure. As the gradient of M in homogeneous air is 
approximately 4.0 per 100 ft, * can also be found by subtracting from M 
at any level the product of 4.0 and the height in hundreds of feet. 

In homogeneous air, all the factors on the right in Eq. (24) are inde
pendent of height; and accordingly $ is independent of height. If the 
temperature lapse rate is less than the dry-adiabatic rate, the potential 
temperature increases with height and $, because of this factor, decreases 
with height. If the lapse of vapor pressure with height is greater than 
the homogeneous rate, potential vapor pressure and 3> decrease with 
height; if it is less than the homogeneous rate, potential vapor pressure and 
$ increase with height. 

Definitions corresponding to those in Sec. 1-4 for M may be stated in 
terms of $. The vertical gradient of $ in a standard layer is nearly zero, 
having the value —0.4 per 100 ft. The difference between a standard 
and a homogeneous layer is therefore very small. The homogeneous 
vertical distribution of * may, for practical purposes, be regarded as the 
dividing line between substandard distributions sloping to its right and 
superstandard distributions sloping to its left. A decrease in * of more 
than 4.0 per 100 ft corresponds to an M-inversion. 

1 A concept quite similar.to this was introduced by George D. Lukes of the Camp 
Evans Signal Laboratory at a conference on wave propagation in Washington, D.C., 
November 1944. 
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3*8. Characteristic Curves and Mixing.1—It has been seen that a 
characteristic diagram is basically a graph which has vapor pressure as 
abscissa and temperature as ordinate, and on which the relationships 
between temperature and vapor pressure over water and ice are shown by 
saturation curves. I t has been found convenient to add to this simple 
graph certain other information needed for practical use in connection 
with the refraction problem. Figures H and I in the rear pocket represent 
the characteristic diagram as it may be used in such practical work. In 
addition to the saturation curves for ice and water, there is a curve for 
vapor pressure over sea water, as was explained in Sec. 3-1. There is also 
a supplementary abscissa scale for mixing ratio (Sec. 3-2), a family of 
broken straight lines showing the approximate wet-bulb temperature at a 
pressure of 1000 mb (Sec. 3-3), and a family of curves showing (n — 1) X 106 

for a pressure of 1000 mb (Sec. 3-4). 
In studying mixing, the coordinates of the characteristic diagram are 

better taken to be potential temperature and potential vapor pressure, 
which are constant during adiabatic ascent or descent of an air parcel not 
containing saturated vapor. As was mentioned in the previous sections, 
potential values here are referred to the surface pressure rather than to 1000 
mb. Then the saturation curve is correct for the air reduced to the surface, 
but not for the air at any other height. The scale for mixing ratio be
comes approximately correct for any height and exactly correct for any 
height if the surface pressure is 1000 mb. The lines sloping — 0.36 mb/°F 
become correct for potential wet-bulb temperature referred to the surface 
(the slope of these lines is strictly correct for certain conditions only, 
Sec. 3-3). A vertical line through any point intersects the saturation 
curve at the temperature that is the corresponding potential dew point. 
The fourth family of lines becomes potential modulus * according to the 
approximate formula in Sec. 3-9. 

With these coordinates the diagram becomes very like the Rossby (or 
equivalent potential temperature) diagram, in common use, on which the 
coordinates are logarithm of potential temperature and mixing ratio. • 
The characteristic diagram is intended to fill much the same purpose but 
is drawn on a larger scale and is especially designed for low-level soundings 
rather than for the common meteorological soundings that extend into 
the stratosphere. 

On either diagram a homogeneous mass of air is represented by a 
point, because potential temperature and mixing ratio or potential vapor 
pressure are constant throughout homogeneous air. These quantities are 
conservative; therefore the point remains fixed during vertical displace
ments of the air as long as there is no exchange of heat or water by radia
tion, diffusive processes, or evaporation. If the air is not homogeneous 
but has continuously varying properties, a sounding through the air 

1 By R. B. Montgomery. 



SEC. 3-8] CHARACTERISTIC CURVES AND MIXING 201 

forms a continuous curve on the diagram. This curve remains fixed 
during changes of the type described. Such a curve is called a charac
teristic curve, and from this the name characteristic diagram is derived. 

The characteristic diagram has particular advantages in the study 
of mixing. Consider two samples A 'and B of homogeneous air. If equal 
quantities of these are mixed together, the potential temperature of the 
resulting mixture is the average of the potential temperatures of A and 
B, and its specific humidity is the average of the specific humidities of 
A and B. Consequently the potential 
vapor pressure is very nearly the average 
of the potential vapor pressures of A and 
B, so that on the diagram the mixture is 
represented almost exactly by the mid
point of the straight line joining the points 
representing A and B, as shown in Fig. 3-3. 
If A and B are mixed in any other propor
tion, the mixture is represented by another 
point on the same straight line. If the two 
masses of air are separated by a zone of 
gradual transition, the characteristic curve 
for the transition zone is the straight line 
joining the points representing A and B.1 

The isopleths of potential refractive modulus on the characteristic 
diagram are nearly straight, parallel, and equally spaced lines; thus the 
mixture of A and B in equal quantities has a potential modulus nearly 
equal to the average of the potential moduli of A and B. A general 
statement of this approximate result is as follows. In the transition zone 
resulting from the mixing of two homogeneous masses of air A and B, at 
any point P the ratio of the change from A to P to the change from A to 
B is the same for potential temperature, for potential vapor pressure or 
mixing ratio, and for potential modulus. This property is designated as 
that of similarity in distribution of the quantities mentioned or of others 
like them. 

Mixing tends to shorten the portion of a characteristic curve where 
the mixing occurs, as shown schematically in Fig. 3'4. 

The air in immediate contact with a boundary has the same tempera
ture as the boundary. In addition, if the boundary is pure water, the 
vapor at the boundary is saturated; if the boundary is ocean water, the 

Potential vapor pressure —«-
Flo. 3-3.—Characteristic dia

gram. Point C represents mixture of 
air masses A and B in equal quantities. 

1 The statements of this paragraph are not strictly correct for the Rossby diagram 
because the ordinate is the logarithm of potential temperature. Arakawa ["A New 
Type of Rossby Diagram," Bull. Am. Meteorol. Soc., 21, 111, (1940)1 has modified the 
Rossby diagram by substituting a linear scale of potential temperature; for this modified 
version the statements are correct, because, as he says, "The potential temperature of the 
mixture is equal to the mean potential temperature." 
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vapor is 98 per cent saturated (Sec. 3 - l) . Thus the temperature and 
composition of a water surface fix on the characteristic diagram the point 
representing the air at the surface. If originally homogeneous air 
comes into contact with a water surface of constant temperature, and if 
the transition zone is produced by mixing only, the characteristic curve 
for the transition zone is the straight line joining the point representing 
the original air with the point representing the air at the boundary, as 
shown schematically in Fig. 3-5. It will be seen that this ideal case some-

POtential vapor pressure • - Potential vapor pressure —*■ 
F I G . 3'4.—Characteristic diagram showing FIG. 3-5.—Characteristic curve produced 

the shortening of original characteristic curve by mixing of air A in contact with salt water 
caused by mixing within the region P~P'. of temperature Tt. 

times occurs when air blows from a warm land surface to a cold sea surface. 
For air over water the characteristic curve in all cases, even when not 
straight, terminates at the point corresponding to the temperature and 
composition of the water surface.1 

An important result is that in many cases the characteristic curve 
of a measured sounding over water may be extrapolated to intersect 
the saturation curve, the point of intersection determining the water 
temperature. 

REPRESENTATION AND DESCRIPTION OF SOUNDINGS 
B Y ISADOEE KATZ 

The meteorological questions raised in connection with the propaga
tion of short radio waves in the troposphere have necessitated the develop-

1 The temperature of the water surface, however, is not always the same as the water 
temperature measured a short distance below the surface; therefore this rule mus t be 
applied with caution. 
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ment of new techniques for measuring the vertical structure of the at
mosphere in fine detail. Some of the new instruments and methods for 
using them will be discussed at the end of this chapter. At this point 
it is desirable to consider the methods by which these data may be con
veniently reduced and presented in a form useful to all concerned. 

The common ground between meteorology and the propagation 
problem is found by use of the refractive modulus M. An approximate 
formula whereby measurements of temperature and humidity can easily 
be converted to values of M will be presented in Sec. 3-9. In Sec. 3-10 
there will be a discussion of various parameters that may be used in pre
senting the data graphically. 

3-9. Approximate Formula for Refractive Modulus.—In order to 
facilitate the reduction of raw data, certain simplifications of the formula 
for M may often be made. This formula, which follows from Eqs. (9) 
and (10), is 

M = J (p + b fj + * 10*. (25a) 

An approximate expression for the pressure p follows from Eq. (12), 
integrated under the assumption of constant density. Making use of the 
equation of state, this becomes 

m Po p = p0 - gpoz = pa - g £ Y z> 

where the subscript 0 refers to values at the surface. On substitution of 
this expression, the formula for M takes the form 

M ^ ( P o + & |,) + ( ^ - C ^ ) , (256) 

If it is assumed that T and To in the final term are equal, the coefficient 
of z depends only on surface pressure and temperature. A further simpli
fication follows from the assumption that p0 = 1000 mb and T0 = 289°K. 
Then the approximate formula is 

M « Y (1000 + 4800 | ; J + 3.8z, (25c) 

where z is in hundreds of feet, T in degrees Kelvin, e in millibars. 
This approximation obviates the measurement of pressure and simpli

fies the computation of M from temperature, vapor pressure, and height. 
The characteristic diagram, described in Sec. 3-8, contains isopleths of M 
for zero height according to Eq. (256) and is easily used for computation 
purposes. 

The assumptions made in obtaining the approximate formula for 
refractive modulus lead to errors that will now be examined. The 



204 METEOROLOGY OF THE REFRACTION PROBLEM [SEC. 3 9 

difference between the true value of M and the approximate value given 
by Eq. (25c) is 

SM = ~{p- 1000) + z, (26) 

where the quantities are in the units indicated for Eq. (25c). 
The error at the surface (z = 0) for T = 273°K is given by 

79 
&M = Y (p0 - 1000) = 0.29(p„ - 1000). 

Sea-level pressure may vary between 950 and 1050 mb; thus the 
absolute error may be as much as +14.5 or 4 to 5 per cent of the usual 
value of M near the surface. Moreover, if the surface is far from sea 
level, so that the surface pressure varies even more from 1000 mb, corre
spondingly larger errors result. 

Errors slightly larger than those at the surface may occur at a point 
above the surface. For example, for z = 1000 ft, p = 914 mb, and 
T = 273°K the error would be about —15. These errors are large com
pared with the error introduced by instrumental inaccuracies, which is 
about 1 or 2 in M when careful measurements are made. 

However, for propagation work the shape of the Af-profile rather 
than the absolute values of M is of most importance. Therefore it is 
desirable to find the error in the gradient of M introduced by using the 
approximate formula. The gradient is obtained by differentiating the 
formula for M [Eq. (25a) ]: 

dM _ c a T / , v h e \ b c d e l & _ mjp_ 
1z~ ~ T* dz\P + " T/ + T*dz+ a Cg R 1*' 

If the gradient is obtained from Eq. (256), 

dM c dT ( , _, e\ . be de , 106 m p0 

Hz-" ~T*lTzV° + 2hT) + T>Tz + ^-cgRTi; 
the error in M-gradient S(dM/dz) is obtained by subtracting this approx
imate equation from the preceding one: 

(dM\ c dT . cgm p„ / pTl\ 

This equation reduces to a convenient numerical form if p0 = 1000 mb, 
To = 289°K, and z is measured in hundreds of feet. Then 

* P § - 1 Per 100 ft, 
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and 
JdM\ 79 dTMnnn , v /289V . , 1f.n ,, .„_. 
5 U V = r Tz (100° - p) - iroo^J + h per 1 0 ° f t (27) 

The error resulting from the approximation may be divided into two 
parts: 

1. An error depending on p, p0, T, Ta given by the last two terms. 
As an example, for T = 300°K and p = 900 mb, the error amounts 
to 0.16 per 100 ft. This is about 5 per cent of the standard gradient 
and for practical purposes is negligible. A negative departure of 
about the same magnitude would occur in very cold air at 1000 mb. 

2. Another error proportional to dT/dz and to (1000 — p). I t is 
greatest in a high temperature inversion. For an estimate of the error 
under rather extreme conditions of stability assume T = 273 °K, 
dT/dz = 20°C per 100 ft, p = 914 mb. Then, from Eq. (27), the error 

S(l[P) = P ^ ~ (100° ~ P) = L82 Per 10° ft 

This term is zero in an isothermal atmosphere and under average 
conditions is only about one-tenth the value computed above. I t 
should be clear that an error of even 2 per 100 ft in the M-gradient 
is not large under the extreme conditions stated; for under the 
influence of such stability, the actual M-gradient would be likely 
to be in the neighborhood of 20 per 100 ft, and the error would be 
only 10 per cent. Note in this case also that if the surface is not 
near sea level, the errors may be larger than stated. 

The approximate formula for the potential refractive modulus assumes 
also that the surface pressure is 1000 mb. Thus 

* « y ( 1000 + 4800 ^ \ (28) 

where 0 is potential temperature in degrees Kelvin and ep is potential 
vapor pressure in millibars. 

The absolute difference between the true value of * and the value 
computed from the formula above may be large. I t is given by 

5* = ™ (p. - 1000), (29) 

where p0 is the actual surface pressure, with units as above. 
The difference between the surface pressure and 1000 mb may be as 

much as 5 per cent, and the error in <t> may be as much as 14 (about 4 to 
5 per cent) or more if the surface is near sea level.1 With * as with M, 

1 For a station where the surface is not near mean sea level, a pressure near the 
average surface value should be chosen rather than 1000 mb. 
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the absolute value is unimportant and the slope of the curve is the impor
tant variable. The error in slope is given by 

* ( § ) = " J - f (Po - 1000) per 100 ft. (30) 

This error is very small in absolute magnitude. It is zero for homo
geneous air (d6/dz = 0) and increases with the stability of the air. For 
a rather extreme case where the potential temperature increases at the 
rate of 10°F per 100 ft and the surface pressure differs from 1000 mb by 
50 mb, the error in slope is only about 0.2 per 100 ft This may be com
pared with possible variations in gradient in the neighborhood of 100 per 
100 ft because of changing atmospheric conditions. 

In the remainder of this chapter M and <£> will be used as defined in 
Eqs. (256) and (28) respectively. 

3-10. Representation of Soundings.—In conventional meteorological 
work soundings are most frequently plotted on a temperature-pressure 
chart. Only the temperature curves are drawn; humidity values are 
merely written in at the proper height. This method of designating a 
vertical sampling of the atmosphere is totally inadequate for the low-level 
meteorology of microwave propagation. 

In plotting low-level soundings, it is customary to use a linear height 
scale as ordinate, instead of pressure. It is desirable to show at least 
three variables, one representing temperature, one representing humidity, 
and one representing some variant form of the index of refraction. 

There are two possible parameters that might be used to represent 
temperature, namely, potential temperature and temperature itself. 
The former has the advantage that it is conservative for adiabatic changes. 
Temperature, however, is in many cases simpler to use, as it is measured 
directly and is included in all standard weather reports. For this reason 
it has been chosen for use in the soundings in this chapter. The temper
atures are all plotted on a Fahrenheit scale. In many ways the centi
grade scale may be superior for scientific work. However, in refraction 
work it is frequently necessary to use standard weather reports, and 
because temperatures are customarily reported in degrees Fahrenheit in 
the United States and in the British Empire, experience has shown that 
considerable time is saved by conforming to this custom. 

Humidity could be represented by any one of several quantities. 
Of these, relative humidity and wet-bulb temperature are immediately 
seen to be undesirable because they do not specify the amount of water 
vapor in the air, except in conjunction with a value of temperature. 

Vapor pressure has much to recommend it because it enters simply 
into the equations for the various forms of refractive index and is directly 
proportional to the amount of water vapor in the air. Water-vapor con
centration (specific humidity .or. mixing ratio) is proportional to vapor 
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pressure and, in addition, is conservative for adiabatic changes. Any 
one of these parameters could well be used under certain conditions. 

Dew point, however, has been found to have many advantages that 
make it a desirable parameter and prompt its use in the soundings in this 
chapter: 

1. I t can be plotted on a single scale along with air temperature. 
2. Saturated layers are clearly visible from the curves of temperature 

and dew point. 
3. I t affords immediate comparison with the temperature of a water 

surface over which air may be traveling, to indicate the direction of 
the humidity gradient. 

4. All surface weather reports in the United States include dew point. 
As in the case of temperature, conformity to customary usage 
saves much labor if standard weather reports are to be used. 

5. I t is nearly conservative for height changes over an interval of a 
few thousand feet. 

A disadvantage of dew point is the fact that it does not vary linearly 
with vapor pressure and water-vapor concentration. 

Potential modulus * and the refractive modulus M are both presented 
as the product of meteorological soundings in this chapter. Each has 
its own advantages. Potential modulus * is superior to M in that a 
homogeneous air column is represented by a vertical line, deviations 
toward substandard or superstandard thus being immediately recog
nizable. It has the advantage also that its curve is ordinarily very similar 
to the dew-point curve. For these two reasons, * is more readily accept
able to the meteorologist. On the other hand, the numerical convenience 
of M and the fact that the il/-profile is identical in shape with that of the 
modified-index profile furnish sufficient reason to employ both * and M. 

One thing more may be said about the sounding presentation. The 
accuracy far exceeds that of the widely used radiosonde New instru
ments are in existence that are designed primarily for measuring, in 
minute detail, the lower 1000 ft of the atmosphere. These will be de
scribed in Sees. 3-27 to 3-31. Some of these instruments attain an accuracy 
of nearly ±0.2°F, better than the radiosonde by a factor of 5 or more. 
An expanded temperature scale on the graph is called for in view of the 
instrumental accuracy. 

The soundings in this chapter, then, will uniformly include tempera
ture, dew point, potential modulus, and refractive modulus plotted against 
height above the earth's surface. The height scale will be in feet; temper
ature in degrees Fahrenheit. Reference lines (dashed lines) will be given 
showing distributions in homogeneous air. Arrows will indicate values 
of temperature, humidity, and refractive modulus at the surface. Where-
ever practicable, one scale unit will represent 100 ft, 1.8°F, four units of 
* and M. With this scale, the M-profile in homogeneous air slopes 
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45° to the right of vertical, and the *-curve represents an M-inversion if 
it is inclined more than 45° to the left of vertical. 

EDDY DIFFUSION 

By R. B. MONTGOMERY 

The processes of diffusion in the lower part of the troposphere are 
intimately associated with boundary friction and wind distribution and 
fall within the general field of fluid mechanics. There is a large fund of 
information with bearing on atmospheric processes of diffusion, both from 
fluid mechanics in general and from meteorological studies in particular, 
although the latter have not progressed sufficiently to answer most prac
tical questions that arise. The material under this heading consists of 
some fundamental considerations and a review of the meteorological 
information available. 

There are two books that afford especially extensive additional material. 
The general one is Modern Developments in Fluid Dynamics* edited by 
S. Goldstein, and the one on meteorological aspects is H. Lettau's At-
mosphdrische Turbulent} 

3*11. Eddy Viscosity and Eddy Diffusivity.—Viscosity, conductivity, 
and diffusivity will precede the eddy counterparts. The simplest sort of 
fluid friction occurs when the direction of motion is everywhere the same 
and the speed u depends only on a coordinate z normal to this direction. In 
many problems the coordinate z is the distance from a solid wall, and in 
meteorological problems it is the vertical coordinate. Because of friction 
there is a tangential stress T on any plane normal to z. The dynamic 
viscosity /J. may be defined as the ratio of the stress to the shear, so that 

The positive sign in this equation conforms to the convention that a stress 
in the direction of positive u is positive if momentum in the direction of 
positive u is transported in the direction of decreasing z. The viscosity, 
except for unusual cases, is a physical property of the fluid and is inde
pendent of the fluid's motion. A gradient of stress, in the absence of 
other forces, produces an acceleration 

du _ d*u , . 
Tt=vW (32) 

where the ratio of dynamic viscosity (dimensions L~lMT~l) to density, 
v = ii/p, is by definition the kinematic viscosity (dimensions L?T~l). 

1 Clarendon Press, Oxford, New York, 1938. 
1 Akademische Verlagsgesellschaft, Leipzig, 1939; reprint, Edwards Brothers, Ann 

Arbor, 1944. 
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In the same way, suppose that temperature is constant over every plane 
normal to z but varies in the z-direction. Because of conduction, heat 
is transported in the direction of increasing z at the rate per unit area 

ff=-*^, (33) 

where k is the thermal conductivity, a quantity dimensionally equivalent 
to the product of dynamic viscosity and specific heat, cP)i. If radiation 
and production of heat are negligible, a nonuniform temperature gradient 
results in a rate of heating equal to 

dT d*T 
Tt ="<-&' (34) 

where vc = k/cpp is called thermometric conductivity and is dimensionally 
equivalent to kinematic viscosity. 

As the third case, suppose that specific humidity q is constant over 
any plane normal to z. Because of diffusion, water vapor is transported 
in the direction of decreasing concentration, the rate per unit area of mass 
transfer in the direction of increasing z being 

E = -Pvd% (35) 
az 

where vd is the diffusivity of water vapor in air. The resulting rate of 
change of specific humidity is 

~di-Vdd?- ( 3 6 ) 

Diffusivity also is dimensionally equivalent to kinematic viscosity. 
For a gas the magnitudes of the three dimensionally equivalent quan

tities are of the same order but are usually unequal. At 0°C and 1000 mb 
the kinematic viscosity and thermometric conductivity of air and the dif
fusivity of water vapor in air are, respectively, 

v = 0.1346 cm2/sec, vc = 0.189 cm2/sec, vd = 0.226 cm2/sec. 

The effects of friction, conduction, and diffusion are important where 
the fluid flow is comparatively steady. This is the case close to any solid 
in the region called the laminar sublayer. Steady flow in the atmosphere 
occurs in a laminar sublayer of the order of 1 mm in thickness next to the 
ground or water surface and in temperature inversions that are sufficiently 
intense in relation to the shear. Although the laminar sublayer is thin, it 
is by no means negligible, because a large part of the heat gained or lost 
by the atmosphere must be conducted through the layer, and the water 
vapor gained by the atmosphere must be diffused through it. 
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Most of the lower atmosphere, however, is in unsteady flow, and the 
mixing effect of turbulence accomplishes a vertical transfer of momentum, 
heat, and water vapor. In comparison with this eddy transfer, as it is 
called, the effect of true viscosity, conductivity, or diffusivity is of 
negligible magnitude. 

In this unsteady motion let u and w be the velocity components in the 
directions x (a horizontal coordinate) and z respectively. Let the mean 
value of u be u, and let u = u + u', and assume that the mean value 
of w is w = 0 so that w = w'. Because of the component w there is an 
instantaneous rate of mass transfer per unit area in the direction of 
decreasing z equal to — pw and a corresponding transfer of x-component 
of momentum ,,_ , ... 

—pwu = —pw'(u + u). 
In the mean the first term on the right vanishes, leaving only —pw'u'. 
This mean rate of momentum transfer per unit area in the direction of 
decreasing z is called a component of eddy stress on the imaginary surface 
normal to z. The ratio pKv of eddy stress to the appropriate shear of 
the mean motion is called dynamic eddy viscosity, and thus 

- P ^ V = PKC~ (37) 
az 

This equation is similar in form to Eq. (31). It expresses the eddy stress 
as the product of the shear of the mean motion and of an eddy viscosity 
depending in a specific way on the degree of turbulence or mixing. Un
like the true viscosity, eddy viscosity is not a property of the fluid but is 
a property of the unsteady flow. Eddy viscosity varies widely from case 
to case and spatially within any one case. 

Differentiating the last equation leads to the acceleration of the mean 
flow if forces other than the eddy stress are neglected: 

-dz\K°Tzf ft=iz[K^A- (38) 
This equation differs in form from Eq. (32) because of the inherent vari
ability of K„. The quantity Kv, dimensionally the same as kinematic 
viscosity, is commonly called simply eddy viscosity. It is customary to 
omit the bars in expressions like du/dt and du/dz when the context shows 
without ambiguity that u represents the mean velocity component. 

In the same way, the instantaneous transfer of water vapor in the 
direction of increasing z is, in mass per unit area and per unit time, 

pwq = pw'(q + q'). 

The mean rate of transfer is therefore pw'q'. Writing this as 
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defines the eddy diffusivity Kd, also of the same dimensions as kinematic 
viscosity. If water vapor is transferred by eddy diffusion alone, 

Eddy diffusivity is defined above in terms of the particular ratio of 
eddy diffusion of water vapor to the mean gradient of water vapor. 
However, it is physically clear that eddy diffusivity is a property of the 
unsteady flow and is essentially identical for water vapor and any other 
component of the air such as carbon dioxide or for the eddy transfer of heat. 
Consequently the eddy heat transfer is given by a relation similar to Eq. 
(39), 

cvPw'T' = -cpPKd y-, (41) 
oz 

and the resulting rate of temperature change is 

The value of the eddy diffusivity Kd in these two equations is essentially 
the same as its value in the preceding two equations for the same time 
and place. 

Equations (41) and (42), given in this form for simplicity, are correct 
when the absolute value of the lapse rate is large compared with the 
adiabatic lapse rate g/cv. In general, dT/dz in these equations is to be 
replaced by dT/dz + g/cP.1 

At first sight the same identity might be expected to exist between 
eddy viscosity and eddy diffusivity, but in some cases they differ consider
ably. A hypothetical example will clarify this statement. Suppose that 
the turbulence consists of random motion back and forth in the ?-direc-
tion of air parcels contained in balloons that have no mass, are impermeable 
to dry air, but are completely permeable to water vapor and are thermally 
conductive. If the motion back and forth is repeated at a sufficiently 
rapid rate in relation to the size of the parcels, the eddy transfer of heat 
and water vapor is inefficient because in each excursion there is time 
for only partial equalization of temperature and water-vapor concen
tration by conduction and diffusion within the parcels. No matter how 
rapid the rate, however, the equalization of momentum can be good be
cause it does not depend on diffusion within the parcels but is effected 
throughout each parcel by pressure gradients transmitted from the walls 
of the balloon. For rapidly repeated motion it is evident, therefore, 
that the ratio of eddy viscosity to eddy diffusivity, Kv/Kd, is greater than 

1 D. Brunt, Physical and Dynamical Meteorology, 2d ed., University Press, Cambridge, 
1939, p. 225. 
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unity, with no apparent limit on how large the ratio may be. Also, be
cause the eddy transfer of heat and that of water vapor depend on con
duction and diffusion within the parcels, the ratio of eddy diffusivity for 
water vapor in air to eddy diffusivity for heat can be somewhat greater 
than unity. The upper limit for this ratio is given by the ratio of dif
fusivity of water vapor in air to thermometric conductivity, vd/vc = 1.2, 
but highly idealized conditions are required for this upper limit to be 
reached and little error can be introduced by assuming the ratio always 
to be unity. 

Another hypothetical case is also of special interest. Suppose that 
the random motion of the parcel in each balloon is discontinuous in such 
a way that a relatively long period of constant z is followed by a rapid 
finite change of z, and so on. If these periods of changing z are sufficiently 
short, no exchange of heat or water vapor can occur during them, but 
complete equilibrium can be reached during the long periods of rest. 
The transfer of heat and water vapor accomplished in each change of z 
approaches complete efficiency because the parcel starts in a condition 
identical with its surroundings, moves without suffering any change, and 
delivers its entire excess or deficit of heat and water vapor at the end of 
its journey. In this process the eddy diffusivity of heat and water vapor 
are, of course, identical. But during any change of z the parcel experi
ences a pressure gradient that, at least on the average, reduces the differ
ence in ^-component of momentum between the parcel and the air through 
which it is traveling. The parcel therefore completes its journey after 
losing some of its excess or lack of momentum, with the result that the 
eddy transfer of momentum fails of complete efficiency. In this case 
the ratio of eddy viscosity to eddy diffusivity is less than unity, with no 
apparent limit on how small the ratio may be. 

Although these examples are hypothetical, their less idealized counter
parts, which lack the balloons to confine each parcel completely, appear 
realistic enough, and the examples serve to give some physical under
standing of the relation between eddy viscosity and eddy diffusivity. 

From observed conditions it appears permissible as a rough first ap
proximation to assume that the ratio of eddy viscosity to eddy diffusivity 
is unity if the hydrostatic stability is close to zero or is negative. Most 
of the evidence in support of this assumption is indirect, namely, the 
fact that use of the assumption in a number of problems has led to answers 
that are not unreasonable. There is also a little direct evidence1 that 
the ratio is unity in certain meteorological situations. 

'Especially the following: H. U. Sverdrup, "The Eddy Conductivity of the Air 
over a Smooth Snow Field," Geofysiske Publikasjoner, 11, No. 7 (1936); "On the Influ
ence of Stability and Instability on the Wind Profile and the Eddy Conductivity Near 
the Ground," Proc. Fifth Intern. Congr. Applied Mech., Wiley, New York, 1938, pp. 
369-372. 
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In case of great stability it is usually recognized that the ratio of 
eddy viscosity to eddy diffusivity is considerably greater than unity. 
This is reasonable in view of the first example above. In stable air a 
parcel displaced vertically from its origin experiences a hydrostatic force 
toward its origin; hence the average parcel returns quickly after trans
ferring only a small part of its excess or deficit of heat and water vapor, 
whereas the momentum transfer can be more efficient. 

Friction and diffusion are very different at a rough boundary, even 
though the ratio of eddy viscosity to eddy diffusivity may be unity within 
the outer part of the turbulent boundary layer. The momentum transfer 
between the boundary and the fluid is partly by means of a true shearing 
stress, but it is largely accomplished by normal stresses between the pro
tuberances of the boundary and the eddies in the fluid. Eddy viscosity 
is therefore effective right up to the boundary, despite the fact that 
the boundary itself is coated with a laminar sublayer. Heat transfer, 
however, occurs by true conduction through this layer, and water-vapor 
transfer occurs by true diffusion. Eddy diffusivity is therefore effective 
only up to the laminar layer. 

In spite of these two major exceptions, namely, stable layers and a 
region close to any rough boundary, there are important cases where 
eddy viscosity and eddy diffusivity are of approximately the same mag
nitude. As rather more basic information on velocity distribution and 
eddy viscosity is available, they too must be included in a consideration 
of the distribution of eddy diffusivity in the atmosphere. 

3-12. Layer of Frictional Influence in Neutral Equilibrium.—The layer 
of frictional influence is the part of the atmosphere in which the wind dis
tribution is influenced directly by ground friction, as revealed by a devia
tion in magnitude and direction from the free-air wind. Close to the 
ground the wind is usually weaker than the free-air wind and usually 
has a component of considerable magnitude in the horizontal direction of 
decreasing pressure. The height at which the deviation from free-air wind 
ceases is indistinct and varies between a few hundred and a few thousand 
feet. 

The simple theoretical approach in studying this layer is to assume 
steady flow and a uniform horizontal pressure gradient. Above the layer 
of frictional influence, geostrophic wind prevails, that is, the wind is normal 
to the horizontal pressure gradient and its speed is such that, for straight 
horizontal (geodesic) flow relative to the rotating earth, the necessary 
horizontal absolute acceleration is produced by the pressure gradient. 
Close to the ground, friction retards the wind, which consequently blows 
with a component in the horizontal direction of decreasing pressure; the 
horizontal pressure gradient is balanced partly by the absolute acceleration 
of the reduced wind, partly by friction. The hodograph of the complete 
wind distribution for steady flow, called the Ekman spiral, is pictured in 
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FIG. 36.—Ekman spiral in the northern 
hemisphere. Arrows represent wind at suc
cessive levels. 

Fig. 3-6. According to this theory, the height at which the wind becomes 
approximately geostrophic, or the thickness of the layer of frictional 
influence, is a few feet, in contrast with the observed height of a few 
hundreds or thousands of feet. Nevertheless, except for the absolute 
difference in height, the hodograph of the actual mean wind forms a spiral 
that appears somewhat similar to the Ekman spiral.1 

The Ekman spiral follows from 
the assumption of steady flow. For 
turbulent flow, if the eddy viscosity is 
assumed to be independent of height, 
the acceleration of the mean flow is 
given by an expression of the same 
form as that which appears in the 
case of steady flow [see Eqs. (32) 
and (38) ]. If the kinematic viscosity 
is replaced by a much larger eddy 

viscosity, the shape remains the same but the theoretical thickness of the 
layer of frictional influence can be increased to agree with actuality. The 
resulting spiral cannot, however, be regarded as a useful approximation 
to actual conditions, because the eddy viscosity has been assumed constant 
throughout the layer of frictional influence. 

The wind distributions that would accompany certain other mathe
matically simple distributions of eddy viscosity have been investigated 
theoretically. The one that best represents natural conditions is Rossby's.2 

For convenience the layer of frictional influence is divided into two parts: 
a turbulent boundary layer, which, according to the theory, constitutes 
about 10 per cent of the entire layer, and the remaining part, which has 
been called the outer layer of frictional influence. Eddy viscosity is 
maximum at the interface. Within the turbulent boundary layer it in
creases linearly with distance from the ground; and within the outer 
layer, according to Rossby's theory, it is proportional to the square of 
the distance below the top of the layer. An example is shown in 
Fig. 3-7. 

Within the turbulent boundary layer Rossby assumes the eddy stress 
to be constant, which is equivalent to assuming the horizontal pressure 
gradient and the earth's rotation to be negligible. As a consequence, the 
direction of the mean wind is constant within the layer and the speed, ac-

1 Two hodographs of average observed conditions may be found in H. Lettau, 
Atmosphdrische Turbulenz, Akademische Verlagsgesellschaft, Leipzig, 1939, reprint, 
Edwards Brothers, Ann Arbor, 1944, p. 106. 

2 C.-G. Rossby, "A Generalization of the Theory of the Mixing Length with Applica
tions to Atmospheric and Oceanic Turbulence," Meteorol. Papers, Mass. Inst. of 
Technol., 1, No. 4 (1932); C.-G. Rossby and R. B. Montgomery, "The Layer of Fric
tional Influence in Wind and Ocean Currents," Papers in Phys. Oceanog. and Meteorol., 
Mass. Inst. of Technol. and Woods Hole Oceanog. Inst., 3, No 3 (1935). 
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cording to Eq. (37), is proportional to the logarithm of height. In the 
outer layer of frictional influence the eddy stress veers and decreases with 
increasing height. The hodograph of the mean wind consists of a 
straight line representing the turbulent boundary layer and, without 
break, a spiral representing the outer layer. 

Rossby's distribution of eddy viscosity has the essential feature that 
it is maximum within the layer of frictional influence and small at its 
upper and lower boundaries. This 
agrees with the fact that turbulence 
is small in the free air and neces
sarily small close to a solid boundary. 
One supposition of the theory is 
that the air is in neutral hydrostatic 
equilibrium, so that the turbulence 
is purely mechanical (not affected 
by heating from below) and is not 
subject to restraint by stability. 
Because exact neutral equilibrium 
rarely occurs, the details of the solu
tion, especially in the higher levels, 
cannot be expected to be regularly 
reproduced in nature. As long as 
the equilibrium is not far from 
neutral, however, it is reasonable to 
assume that eddy viscosity and eddy 
diffusivity are of approximately the 
same magnitude throughout the layer of frictional influence. 

The turbulent boundary layer, which is separated from the ground 
or water surface by a very thin laminar sublayer, is the region of important 
vertical gradients and will be considered in further detail. The outer 
layer is of less direct concern. 

3 "13. Logarithmic Distributions in the Turbulent Boundary Layer.— 
The turbulent boundary layer of the atmosphere is similar to turbulent 
boundary layers in the ocean, in channels, in pipes, and along flat plates. 
The basic phenomena are common to all these problems, and the avail
able information stems from them all. The most precise information 
comes from controlled experiments on the flow of liquids through circular 
pipes, partly because of the simple boundary conditions. This informa
tion forms the foundation for much of what follows. 

The three basic assumptions in treating the atmospheric turbulent 
boundary layer have already been mentioned. One is that the eddy 
stress is vertically constant, which amounts to neglecting the horizontal 
pressure gradient within the layer as well as the earth's rotation. A 
consequence of this assumption is that the mean wind direction is inde-

Fio. 

2 4x10 s 

Eddy viscosity K„ in cmj/sec 

3-7.—Theoretical distribution of 
eddy viscosity in the layer of frictional influ
ence (geostrophic wind 20 m/sec, latitude 
43°, roughness length 3.2 cm). (After Rossby 
and Montgomery.) 
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pendent of height. I t results in a definite but small error and in great 
simplification. The second assumption is that over each horizontal sur
face the mean flow and eddy stress, as well as such quantities as the mean 
humidity, are constant. The third is that neutral hydrostatic equilibrium 
exists. Some effects of departures from neutral equilibrium will, how
ever, be discussed. 

I t is found quite generally, both in laboratory experiments on the flow 
of fluids through pipes and along flat plates and in observations of wind, 
that close to a boundary, with turbulent flow, the mean velocity increases 
linearly with the logarithm of distance z from the boundary. In other 
words, the mean velocity is proportional to ln(z/20), where z0 is a constant 
length. In order that the relation may hold right up to the boundary, 
the more general one 

u <* In 
zo 

is preferable. Because observations agree with the first form, it is seen 
that Zo « z for values of z within the observational range. I t is to be 
understood here and in what follows that u represents the magnitude of 
the mean velocity, not an instantaneous value. 

Controlled experiments on flow along a rough boundary show that the 
eddy stress, here written T, is proportional to density and to the square 
of the mean velocity at any chosen distance z; thus 

T = p72u2. (43) 

The nondimensional quantity y defined by this equation is the resistance 
coefficient;1 it depends on z and on the character of the boundary but is 
independent of the speed for turbulent flow past a rough boundary. 

The last equation can be written 
1 ? 
7 \ p 

The complete expression for mean velocity is therefore 

„ l £ l n L ± * . (44) 
K \ p ZO 

The nondimensional quantity K appears to be the same for a wide range 
of problems and is therefore called the universal turbulence constant. 
A recent analysis2 of experiments on water flowing through pipes yields 
the value K = 0.45. Solving the last two equations shows how the 

1 This particular definition is peculiar to meteorological usage. 
2 R. B. Montgomery, "Generalization for Cylinders of Prandtl's Linear Assumption 

for Mixing Length," Ann. New York Acad. Sci., 44, Art. 1, "Boundary-layer Problems 
in the Atmosphere and Ocean," pp. 89-104 (1943). 
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resistance coefficient y depends on z and z0: 

7 = , Z + Za 
In 

Zo 

(45) 

It follows from the preceding statements that the length z0, called the 
roughness length, depends on the nature of the boundary only. 

By differentiating Eq. (44) and substituting from Eq. (43), one finds 
that 

T = pnyu(z + Zo) — ■ az 

From its definition the eddy viscosity is therefore 

KT = Kjutz + zo), (46) 

or, according to Eq. (43), 

K, = Kyi- (z + zo). 

Except very close to the boundary z0 <5C z, and thus the eddy viscosity 
corresponding to the logarithmic velocity distribution is directly pro
portional to distance from the boundary. Furthermore it is directly 
proportional to the mean velocity and to the resistance coefficient. The 
latter is, in turn, a function of the roughness length and of the distance 
to the boundary from the point where the velocity is measured. 

The preceding discussion of the turbulent boundary layer is applicable 
when the boundary is hydrodynamically rough. The eddy stress is 
transmitted to such a boundary (as was described in Sec. 311) in part 
directly by normal stresses against the sides of the protuberances. A 
laminar sublayer exists, and some of the eddy stress is transmitted to the 
boundary by true shearing stress. However, the size of the protuberances 
is greater than the thickness of the laminar layer, so that the structure of 
the boundary is not changed by the laminar layer. In contrast, a hydro
dynamically smooth boundary is one with protuberances smaller than 
the thickness of the laminar layer. The protuberances are submerged 
in the laminar layer and the only tangential stress on the boundary is the 
one transmitted by true shearing stress. Just as with a rough boundary, 
the velocity distribution is logarithmic and the eddy viscosity is propor
tional to distance from the boundary. For a smooth boundary, how
ever, the resistance coefficient is not entirely independent of velocity, 
the roughness length takes on another significance, and there are other 
differences. The theoretical treatment depends on separate solutions 
for the laminar and turbulent layers.1 

1 For further details see R. B. Montgomery, "Observations of Vertical Humidity 
Distribution Above the Ocean Surface and Their Relation to Evaporation," Papers in 
Phys. Oceanog. and Metearol., Mass. Inst. of Technol. and Woods Hole Oceanog. Inst., 
7, No. 4 (1940). 
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According to Rossby's theory, the thickness of the atmospheric turbu
lent boundary layer is proportional to the wind speed and depends on the 
character of the surface.1 As a rough, round number, a thickness of 
100 ft is indicated for a wind speed of 10 mph. A good approximation 
to logarithmic wind distribution and linear eddy-viscosity distribution 
cannot be expected, however, throughout the entire layer. These dis
tributions and the vertically constant eddy stress are closely maintained 
in the bottom part of the layer, presumably in the lower half if the 
hydrostatic equilibrium is neutral. In the upper part, the eddy stress 
is relatively less constant, so that the deviations from theoretical distri
butions are more pronounced. With stable equilibrium, these distribu
tions are found in a surface layer having only a small fraction of the 
thickness for neutral equilibrium. It is, of course, important not to 
assume these simple distributions to extend higher than is permissible in 
any case under consideration. 

The vertical distribution of water vapor in the turbulent boundary 
layer is much like that of wind speed. The upward transport of water 
vapor was written [Eq. (39)] as 

E=-PKd
dl- oz 

In the turbulent boundary layer, if the hydrostatic equilibrium is not 
far from neutral, the eddy diffusivity and eddy viscosity may be assumed 
numerically equal; therefore Eq. (46) may be used for eddy diffusivity 
also. Furthermore, just as eddy stress is assumed constant in the layer, 
so may the eddy transport of water vapor E be assumed constant and 
equal to the rate of evaporation from the sea surface. In view of the 
comparatively small thickness of the turbulent boundary layer compared 
with the entire frictional layer throughout which water vapor from the 
surface is distributed, this assumption of constant transport is a good 
first approximation. 

From Eqs. (39) and (46), 
dq = E_ 
2 + 2o Pnu (47) 

d In 
2fl 

where y depends on the level chosen for measuring u [the product yu, 
furthermore, is independent of z, cf. Eq. (43)]. Integration from z = b to 
z = z gives 

E . z + zo , ,„. q = qb In —:—> (48) pKyu zb + Zo 

showing that specific humidity is a linear function of the logarithm of 
height within the turbulent boundary layer. 

Rossby and Montgomery, loc. cil. 
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Water evaporated from the surface diffuses through the laminar 
sublayer before reaching the turbulent boundary layer. Equation (47) 
cannot, therefore, be applied all the way down to the surface.1 However, 
the humidity gradient must clearly be proportional to the difference in 
specific humidity g0 — qb between the surface and any fixed level b. The 
quantity T defined by 

^—=-r(q0-qb) (49) 
d In 

Zo 

is therefore independent of qa — qb but, of course, depends on b and on 
the distribution of eddy diffusivity. Because r is defined in terms of 
the vertical humidity distribution, it is easily determined from meas
urements. From Eqs. (47) and (49) 

E = PKyTu{qa - qb). (50) 

Because of its importance in this equation for evaporation, Y is called 
the evaporation coefficient. 

The preceding discussion of water vapor applies equally well to the 
distribution of temperature and the vertical transport of heat by conduc
tion and eddy diffusion. Since the conductivity and diffusivity are some
what different in magnitude in the laminar sublayer (see Sec. 3-11), 
the value of r would, strictly, be slightly different for water vapor and 
for heat; however, to a first approximation, this difference may be 
neglected. 

Observations at sufficiently low levels to study the turbulent bound
ary layer over the ocean have been confined to various heights on ships, 
which cause some disturbing effects. In addition to this limitation, 
individual series of observations are very irregular, so that the logarith
mic distribution shows clearly only when the conditions are averaged. 

Humidity distributions analyzed by Montgomery2 yielded values of 
the evaporation coefficient largely in the range from 0.04 to 0.10. An 
analysis by Sverdrup3 of observations made by Black shows values within 
the same range for wind speeds up to about 15 mph. For greater wind 
speeds, ranging up to 30 mph, these observations give a value of about 
0.15. 

VERTICAL DISTRIBUTIONS IN NEUTRAL AND UNSTABLE EQUILIBRIUM 

The structure of the air near the ground or water depends on a num
ber of factors, such as wind speed, character of the surface, and past 

1 For a combined solution of the two layers see Montgomery, loc. cit. 
'Ibid. 
3 H. U. Sverdrup, "The Humidity Gradient over the Sea Surface." Jour. Meteorol., 

3, 1-8 (1946). 
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history of the air. A factor of special importance is the temperature 
difference between the surface and the air a short distance above. Types 
of vertical structure occurring when the air temperature is less than or 
the same as that of the surface are discussed in the following three sec
tions. This condition is also called negative temperature excess, unstable 
hydrostatic equilibrium, or heating from below. Types of vertical 
structure occurring when the air is warmer than the surface are discussed 
in Sees. 3-17 to 3-21. The latter condition is also referred to as positive 
temperature excess, stable hydrostatic equilibrium, or cooling from 
below. 

3-14. Heating from Below.1—To see the typical effect of heating from 
below, consider what may be expected to happen on a calm, clear morning 
as a result of the ground's being warmed by solar radiation. At daybreak 
the ground is cold as the result of nocturnal radiation, and the air tempera
ture increases with height up to an assumed height of 1000 ft. The air 

is initially in stable equilibrium and 
resistant to turbulence or mixing. 
When the ground surface becomes 
warmer than the air a few feet above, 
the structure becomes radically dif
ferent. Unstable equilibrium is pro
duced; air warmed in contact with 

40 50 60 70 the ground rises in patches through 
Temperature in °F t h e h e a v i e r 

air above it, and the 
FIG. 3-8—Successive temperature dis- heavier air sinks to be warmed in turn. 

tributions over land because of heating . . 
from below on a calm, clear morning. T h i s a t m o s p h e r i c p r o c e s s IS c a l l e d 

convection. The rising parcels tend to 
be accelerated upward as long as the surrounding air is colder, but they 
are decelerated as soon as they reach high enough to come into warmer 
air. Thus there is a definite top to the convection. Within the central 
part of the unstable layer the thermal turbulence is relatively intense, 
because there the ascending and descending parcels have their greatest 
speed. Close to the ground the turbulence is slight, because an ascending 
parcel can attain little speed in a short distance. Consequently, the 
central part of the unstable layer is well mixed, and the temperature lapse 
rate is large at the ground. The average temperature distribution there
fore changes in the manner shown schematically in Fig. 3-8. 

Heating from below in calm or light wind thus results in a type of 
distribution characterized by three layers: (1) a surface layer with a 
definitely superadiabatic (greater than adiabatic) lapse rate, which 
increases as the ground is approached; (2) a thick central layer in which 
the lapse rate is very nearly adiabatic; and (3) an upper layer that is 
stable. 

1 By Richard A. Craig and R. B. Montgomery. 
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If the heating from below stops, the superadiabatic surface layer 
disappears immediately, because its maintenance depends on the heating 
process. The central layer changes to stable equilibrium but may remain 
nearly homogeneous for some time before being destroyed by some other 
process. 

If there is wind, mechanical turbulence resulting from boundary 
friction is present in addition to the thermal turbulence or convection. 
The mechanical turbulence may 
predominate to such an extent that 
the central homogeneous layer does c 

not occur, especially if ground heat- Z 
ing is reduced by a cloud cover. ~ 
A schematic representation of the 
warming that takes place on a morn
ing when mechanical turbulence pre- 40 50 60 70 
dominates over thermal turbulence Temperature in F 
is g i v e n i n F i g . 3-9. T h e i n i t i a l F l a - 3-9.—Successive temperature dis-

. . tributions over land because of heating from 
i n v e r s i o n IS, 01 COUrse, leSS i n t e n s e below on a windy morning. 
than on a calm, clear morning. 

With respect to the three layers that are the typical result of heating 
from below, the central one is nearly homogeneous and is therefore 
characterized by an approximately standard M-profile. In the stable 
layer above it there is commonly a lapse of water-vapor concentration. 
The stable layer is therefore usually superstandard, but occasionally 
there may be a sufficiently intense inversion of vapor concentration to 
make the layer substandard. The superadiabatic surface layer is super-
standard if the surface is water or wet ground, for the refractive modulus 
of the air at the surface containing saturated vapor is always greater 
than the potential refractive modulus of the colder air above, regardless 
of the humidity of the colder air. If the surface is dry ground, there 
is no gradient of vapor concentration; therefore the superadiabatic 
layer is substandard. If the ground is damp, neither dry nor completely 
wet, the superadiabatic surface layer may be either substandard or 
superstandard. 

A common situation that gives heating from below occurs over the 
ocean when there is an offshore wind and the surface air on land is colder 
than the water as the result of nocturnal cooling. The nearly homogeneous 
layer grows higher as the air moves farther offshore in the same way that it 
does on land as the morning progresses. An example is shown by the 
sounding in Fig. 3-10. This sounding has the typical standard homo
geneous layer with the superstandard stable layer above it and the super-
standard unstable layer below it. The last does not appear in entirety in 
the sounding, which starts at 20 ft, but is known to exist from the measure
ment of water temperature. As has already been explained, this is the 
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common structure resulting from heating from below.1 However, the 
stable top layer may be substandard, and the unstable surface layer is 
substandard over dry ground. Furthermore, the structure may be very 
different if the wind is sufficiently strong. 

Heating from below is very widespread, especially over land in day
time and over tropical oceans. The essentially homogeneous layer is 
frequently several thousand feet in thickness. At the top of the layer 
the water vapor is often saturated in patches, giving cumulus or strato-
cumulus clouds. An example from tropical regions is shown in Fig. 3-11. 
The water temperature was not measured at the point above which the 
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August 26,1944 0932-0951 EST 
6 miles SE of Eastern Point, Mass. 

o First ascent Surface wind ENE 3B 
• Second ascent 

, Water surface 
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40 44 48 52 56 60 
Dew point Ts and temperature T in °F 

310 320 330 340 350 360 370 
Potential modulus * and refractive modulus M 

FIG. 3*10.—Heating from below; a sounding in air that has been cooled nocturnally over 
land and has then passed over warmer water. 

sounding was made, but the structure is clearly the result of the air's 
being warmed from below. 

The surface superadiabatic layer is characteristically shallow.2 If it 
is superstandard, the M-inversion is usually between 5 and 50 ft thick. 
Thus it may have either no effect or a very large effect on propagation, 
depending on the thickness of the M-inversion in relation to the wave 
length and on the antenna height. 

Certain terms may be used in describing how the properties of the 
essentially homogeneous layer differ from those of the surface. The 
potential temperature of the homogeneous layer less the temperature at 
the surface is the temperature excess, necessarily negative for heating from 
below. The humidity at the surface less the humidity in the homogene
ous layer is the humidity deficit, always positive for heating from below 
over water. The refractive modulus at the surface less the potential 
refractive modulus in the homogeneous layer is the modulus deficit, or 
M-deficit, always positive for heating from below over water. These 

1 Other similar soundings are presented by R. A. Craig, Ann. N.Y. Aead. Sci., 48, 
783 (1947). 

1 Measurements in the Irish Sea indicate that this layer may be only a few feet 
thick (see Sec. 417). 
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quantities are especially useful over water, because the temperature of 
the water surface can often be determined, and it in turn determines the 
humidity and M at the surface. 

The depth of the M-inversion occurring over water depends primarily 
on the Af-deficit, on the temperature excess, and on the wind speed. 
These relationships will be discussed in the next section. 

May 6, 1945 1417-1437 Local time o Ascent Surface wind E 4 B 
Near Sarigan Is., Marianas 

62 66 70 74 78 82 350 360 370 380 390 400 410 420 430 440 450 
Dew point 7", and Potential modulus $ and refractive modulus M 

temperature r in°F 

FIG. 3"11.—Heating from below over tropical oceans. 

3*15. Application of Logarithmic Distribution.1—The logarithmic distri
bution of temperature and water-vapor concentration near the surface, 
when the air is in or near neutral equilibrium, can be used to determine 
theoretically the shapes of M-profiles.2 

Air in neutral equilibrium relative to the surface, with a tempera
ture excess of exactly zero, rarely occurs in nature. For practical pur
poses, however, the air may be considered to be in neutral equilibrium 
when the temperature excess is small (absolute value less than 1°F for 
the purposes of this chapter). In exact neutral equilibrium the tem
perature lapse rate is adiabatic from the surface to the top of the layer 
which is in neutral equilibrium, and the 'I'-profile is similar to the humidity 
distribution. 

1 By Richard A. Craig. 
2 R. B. Montgomery and R. H. Burgoyne, "Modified Index Distribution Close to 

the Ocean Surface," RL Report No. 651, Feb. 16, 1945. 



224 METEOROLOGY OF THE REFRACTION PROBLEM [SEC. 315 

The case of air over water or saturated ground is the most interesting 
because of the simple boundary condition; that is, the humidity and 
M-values at the surface are determined by the temperature of the surface. 
This condition is also widespread, particularly over the open ocean. 
Because the vapor cannot be saturated in the lower part of a homogene
ous layer, this case is characterized by a lapse of humidity near the surface 
and a shallow M-inversion. 

I t has been seen in Sec. 3-13 that under these conditions the specific 
humidity is distributed logarithmically near the surface and can be 
expressed by Eq. (49), 

dq 
, , z + Zo d In 

— T(qa - qb). 

Zo 

It has also been shown (see Sec. 3-7) that 

dM d6 dq 
"57 = -riTz + Tidz + r3' 

where ri, r2, and r3 were given in Eq. (23). In this case d8/dz = 0, so 
that, if zo is neglected in comparison with the values of z that are of 
interest, , 

dM _ TAq 
- £ - - - * — + * ■ ( 5 1 ) 

The function Aq = (qa — g») is the humidity deficit if 6 is sufficiently 
high to be in the homogeneous layer. 

A convenient variable is the duel height d (the height of the M-inver
sion), at which dM/dz — 0. 

This value of d is given by 

d = - r Aq. (52) 
r3 

I t has been seen that T may vary widely (Sec. 3-13). Observational 
determinations of its value by Montgomery and Sverdrup vary between 
0.04 and 0.18. I t appears that an average value for neutral equilibrium 
from these observations is about 0.09. Reducing this to a height of 
b = 50 ft gives r = 0.08. Accordingly, 

4- = 16 X 10s ft. Aq 

If the humidity deficit is expressed in terms of vapor pressure, 

^ = 10 ft/mb. 

It is convenient to express d in terms of the modulus deficit AM. For 
constant potential temperature, integration of Eq. (23) yields 

AM = T2 Aq. 
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If this is substituted in Eq. (52), it follows that 

d 
AM 

r 
n 

2 ft. (53) 

I t should be borne in mind that this value may conceivably vary 
between 1 and 4 ft because of the variation of r with wind speed and 
character of the surface. With strong winds (greater than 15 mph) it is 
apt to be nearer the larger figure, according to Sverdrup. The ratios d/Aq 
and d/Ae may vary similarly. I t will also be observed that these ratios 
are independent of the length of time that the air has been over the water. 
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FIG. 3'12.—Some observed values of d/&M, in feet, for neutral and unstable equilibrium. 
The point associated with each number is plotted so that its coordinates indicate the wind 
speed and temperature excess appropriate to the observation. 

When the air is in unstable equilibrium, convective mixing is present 
in addition to purely mechanical turbulence. Qualitatively this increases 
the amount of mixing at all levels. However, because the convection is 
small near the boundary, the mixing is increased relatively more at some 
distance from the boundary than near it. Hence, large gradients of 
temperature, humidity, and M tend to be concentrated in an even more 
shallow layer than is the case in neutral equilibrium. The duct height 
is thus less in unstable equilibrium than in neutral equilibrium. 

Under conditions of unstable equilibrium logarithmic distributions 
do not occur in a sufficiently thick layer and the ratio d/AM may not be 
strictly independent of AM. The ratio, nevertheless, is a convenient 
variable in this case also. Some experimental determinations of its 
value are shown in Fig. 312, where d/AM in feet is given by numbers 
near points that are plotted as a function of temperature excess and 
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surface wind speed. Circled values were obtained during a measure
ment program conducted in Antigua,1 B. W. I. by the Naval Research 
Laboratory. Points enclosed by squares are derived from measurements 
made in the Southwest Pacific area by the Washington State College 
group,2 and the remainder were obtained in Massachusetts Bay by the 
Radiation Laboratory (see Sec. 4-2). 

These values do not disprove the expectation, based on theoretical 
considerations, that d/AM should have a value of about 2 ft for neutral 
equilibrium. They show quite definitely that it is less than -2 ft for 
unstable equilibrium. The dependence of the ratio on the temperature 
excess and wind speed is not entirely clear from the data available, but 
there is a well-marked tendency for the ratio to decrease with increasing 
instability. 

The scatter of the points may be due in part to the fact that the ratio 
for unstable equilibrium is not strictly independent of AM. Moreover, 
estimation of the duct height is difficult from a measured sounding; and 
in addition, it may vary rapidly with time because of random motion of 
the air (Sec. 3-26). 

3-16. Rate of Modification of Unstable Air.3—A useful estimate can be 
made of the rate at which the average humidity and refractive modulus 
change in a case where air in neutral equilibrium moves over the water 
without condensation within the layer.4 Because water vapor evaporated 
from the sea surface is rapidly diffused through the entire homogeneous 
layer, only the amount of evaporation and the thickness of the layer need be 
known. The latter can be found from a sounding. The mass of water 
evaporated from unit surface in unit time for air in neutral equilibrium 
has been written in Eq. (50) as 

E = pnyTuiqo — q), 
where 50 and q are the specific humidities at the water surface and in the 
air respectively. 

The mass of water vapor in any air column of unit area and height 2 
is pzq. The air travels a distance dx in time dx/u, during which time the 
mass of water vapor added to the column is pz dq. I t follows from 
Eq. (50) that 

E — = pz dq = pKyV dx(q0 — q). (54) 

1 M. Katzin, R. W. Bauehman, and W. Binnian, "Three-and nine-centimeter Prop
agation in Low Ocean Ducts," Proc. IRE, 36, 891 (1947). This report also discusses 
other empirical information on shallow surface A/-inversions. 

2 P. A. Anderson el al., "Results of Low-level Atmospheric Soundings in the South
west and Central Pacific Oceanic Areas," Washington State College Report No. 9, 
NDRC Project No. PDRC-647, Contract No. OEMsr-728, Feb. 27, 1945. 

s By Richard A. Craig. 
4 R. B. Montgomery and R. H. Burgoyne, "Modified Index Distribution Close to the 

Ocean Surface," RL Report No. 651, Feb. 16, 1945. 
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Upon integration of Eq. (54), the specific humidity after any trajec
tory x is seen to be 

g = go - (go - qt)e-"^'x/', (55a) 

where qt is the initial value of the specific humidity. The difference 
between the specific humidity at the surface and the specific humidity 
in the homogeneous column decreases exponentially with distance. 

After insertion of the values K = 0.45, y = 0.05, and T = 0.08, 
Eq. (55a) becomes 

q = 9o - (go - g,)e-a l t e /*, (556) 
or 

Ag = bqfi-o-10*/', 

where z is measured in units of 100 ft and x in miles. 
Because AM is directly proportional to Ag in neutral equilibrium, 

AM = A M , e - ° 1 0 ^ . (56) 

When air is being heated from below, these equations cannot be 
expected to serve as more than rough 
estimates. In the first place, the rate 
of evaporation is even more doubtful 
when the air is unstable than when 
it is in neutral equilibrium. In the 
second place, the height of the homo
geneous column changes with time, 
as is shown schematically in Fig. 3-13, 
its upper limit being that height at 
which the air has initially the same 
potential temperature as the water. 
If the initial lapse rate is known, this 
fact can be considered in the integra
tion, but so many initial distributions 
of temperature are possible that no 
general result can be given. In this 
case, it is best to determine the modi
fication graphically by using the 
following approximate rule that follows from Eq. (556): The temperature 
deficit (or the humidity deficit) is reduced 10 per cent after the air has 
traveled z miles, where z is the height of the homogeneous layer in hun
dreds of feet. After each successive application of the rule, a new value 
of z may be observed on the new temperature and humidity curves. As 

Adiabatic 
lapse rate. 

Temperature "-
F I Q . 3p 13.—Heating from below by 

water at temperature To. Curves 2 and 3 
represent conditions after the air has been 
partially heated; Curve 4 represents the 
final condition. 

AM -riA6 + r2 Ag, 

the same rule applies to the M-deficit. 
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I t is important to remember that because of the doubt attached to 
Eq. (50) in unstable conditions, this result should be relied upon for an 
approximate answer only. 

In a somewhat different approach to the problem, Burke1 has pre
pared graphs for determining the temperature over the ocean of an air 
column that is being heated from below. This method has been applied 
to several actual cases with trajectories of 350 to 1200 miles and temper
ature deficits of 10° to 35°F. The forecast temperatures were generally 
within 4°F of the observed temperatures. The "10 per cent rule" for 
temperature has been applied to several of these cases and appears to yield 
approximately the same results. 

VERTICAL DISTRIBUTIONS IN STABLE EQUILIBRIUM 

B Y RICHARD A. CRAIG 

The theory for eddy diffusion has not been developed to the point where 
it can be applied quantitatively when the air is in stable equilibrium. 
Consequently, the discussion of vertical distributions in stable equilibrium 
must be essentially qualitative or empirical. Some of the information 
that makes possible such a discussion is available in standard meteoro
logical texts, but a great part of it is based on low-level soundings of the 
atmosphere that were made during the war. 

3*17. Cooling from Below.—An air column is said to be cooled from 
below when the temperature of the air a short distance above the under
lying land or water surface is greater than that of the surface. Such air 
is in stable equilibrium because its potential temperature increases with 
height. Vertical motions are greatly inhibited in air in stable equilibrium, 
as can be seen from the following simplified argument. Consider an air 
parcel at any given level in the atmosphere, and let it rise to some higher 
level. Cooling adiabatically, the parcel retains its original potential 
temperature and finds itself among other parcels which have higher 
potential temperatures and are correspondingly lighter. Hence it tends 
to sink to its original level. Similarly if it descends to some lower level, 
it finds itself in cooler and heavier air and again tends to return to its 
original position. 

One essential difference between heating from below and cooling from 
below becomes apparent. In the former case the modification of the air 
may extend to great heights, limited only by the height at which the air 
is potentially warmer than the modifying surface. In the case of cooling 
from below, where convection is by definition impossible, the modification 
can be effected only by mechanical turbulence and does not extend above 

1 C. J. Burke, "Transformation of Polar Continental Air to Polar Maritime Air," 
Jour. MeteoroL, 2, 94 (1945). 
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the layer of frictional influence. Indeed, it is often confined to the lowest 
few hundreds of feet. 

A second consideration with respect to cooling from below is that large 
temperature, humidity, and Af-gradients can extend to relatively high 
levels. The previous section shows that under conditions of neutral or 
unstable equilibrium the mixing by eddy processes or convection increases 
in the lower part of the atmosphere from a value of zero at the surface, 
and large gradients of the meteorological elements such as superadiabatic 
lapse rates of temperature are confined to approximately the lowest 50 ft 
of the atmosphere. However, in stable equilibrium with cooling from 
below, the mixing is decreased at all levels to values approximating those 
near the surface, and large gradients comparable to ones existing in unstable 
equilibrium may exist as high as a few hundred feet above the ground. 

A third essential difference between the two cases is in the effect of the 
time element on the depth of the surface M-inversion over water. It was 
pointed out in Sec. 3 14 that this depth is primarily determined for heating 
from below by the wind speed, the temperature excess, and the M-deficit.1 

In the case of cooling from below a fourth variable must be added, namely, 
the length of time that the air has been subjected to the modification pro
cess. A discussion of the effect of this variable will be found in Sec. 3-19. 

The M-deficit is particularly important, as it determines whether the 
modification of the air by the underlying surface will produce a super-
standard, standard, or substandard surface layer. Over dry ground, it is 
necessarily positive for cooling from below; thus a superstandard layer is 
always formed. Over water or saturated ground, it may be positive, 
zero, or negative. These three possibilities are illustrated in Figs. 3-14, 
3-15, and 3-16, which show *- and M-profiles with superstandard, standard, 
and substandard2 surface layers. All three soundings were made in air 

1 The terms temperature excess, humidity deficit, and M-defieit in the case of heat
ing from below were defined in terms of the difference between the surface values and 
values in the homogeneous layer. They cannot be so rigidly defined for cooling from 
below if there is no homogeneous layer as a reference point. They are, however, con
venient terms to use. The reference point in stable air is usually taken above the 
layer to which modification has extended, sometimes immediately above and sometimes 
at some standard level such as 1000 ft. If the air being cooled was initially homoge
neous, potential values in this homogeneous layer are often used. 

2 No fog accompanies the substandard layer pictured in Fig. 3-16. It is frequently 
stated that fog, called advection fog, forms whenever warm, moist air is cooled by 
contact with the underlying water surface because its temperature falls to its dew 
point. According to available data this is a misleading statement. This question has 
been discussed by R. B. Montgomery and G. Emmons, Jour. Meteorol., 4, 206 (1947). 

Examples of warm, moist air are shown in Figs. 3-15 and 3-16. The air close to the 
water surface is losing not only heat but water vapor also. The water vapor is con
densing on the ocean surface, a process exactly opposite to that in Fig. 3'14, where the 
air is gaining water vapor through evaporation. If advection fog were to be produced 
by diffusion and mixing in warm, moist air, the examples in Figs. 315 and 316 would 
appear to be ideal situations. Actually no fog occurs at these times. 
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FIQ. 3*16.—Substandard surface layer produced by cooling from below over water with 
negative it/-dencit. 

In warm air, whether or not the humidi ty deficit is negative, the stability permits 
high relative humidi ty to be produced throughout a layer of appreciable thickness 
close to the cold water. The explanation of the formation of advection fog appears to 
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that had been heated over land and had then traveled 25 to 50 miles over 
the colder waters of Massachusetts Bay. 

Both temperature excess and wind speed affect the amount of mechan
ical mixing that can occur. Light winds a.nd a large temperature excess 
lead to a small amount of mixing; strong winds and a small temperature 
excess lead to a relatively large amount of mixing. In the former case, it 
may be expected that the effect of the modification will be confined to a 
very low layer of the atmosphere with a temperature inversion occurring 
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FIG. 3'17.—Cooling from below with light 
winds and large temperature excess. 
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Flo. 3' 18.—Cooling from below with 
strong winds and small temperature excess. 

in this layer. In the latter case the mixing is comparatively large and the 
height to which the air is affected is correspondingly greater, the ultimate 
limit being the height of the layer of frictional influence. With this large 
amount of mixing, conditions are more nearly like those which occur 
during heating from below. There is usually a shallow surface temper
ature inversion, a thick layer characterized by nearly homogeneous con
ditions because of the mechanical mixing, and above this another stable 
layer or temperature inversion. Such an elevated inversion is commonly 
referred to as a turbulence inversion. For moderate amounts of mixing 
there is ordinarily a temperature inversion at some intermediate height. 
Significant gradients of humidity and refractive modulus are generally 
found at the same heights as the large gradients of temperature. Figures 
3-17 and 3-18 indicate schematically the extreme cases above. The 

be tha t if a relatively small amount of further cooling by radiation, probably requiring 
12 to 36 hr, will bring the air to the dew point, then fog may be produced under favorable 
conditions. 

I t follows from the preceding reasoning, verified by many actual measurements , 
t ha t fog is neither a necessary nor a sufficient condition for the occurrence of a surface 
substandard layer over water. See R. B. Montgomery, "Modified Index Distr ibution 
Close to the Ocean Surface," R L Report 651, Feb. 16, 1945. 
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relative importance of wind speed and temperature excess is not yet known, 
but some observations with bearing on the subject will be presented in 
Sec. 3-19. 

There are two important cases in practice that involve cooling from 
below. The first occurs near the coasts of continents when air is warmed 
over land by a process of convection as a result of solar heating and is 
subsequently blown over cooler coastal waters. The second occurs over 
land at night because of the cooling of the land surface by nocturnal 
radiation. These may be discussed separately, as there are some con
siderations that are not common to the two problems. 

Cooling from Below over Water.—When a warm air column is blown 
over cooler water, there are three important processes that always act to 
change the initial vertical distributions of temperature, humidity, and 
refractive modulus. The first is radiation from the air column; the second 
is a shearing effect caused by the change of wind velocity with height; 
and the third is an eddy diffusive process transferring heat from the air to 
the cooler water and transferring water vapor in the direction of decreas
ing humidity. 

Radiation acts to decrease the temperature of the air column. The 
amount of radiation that occurs is variable, depending mainly on the 
amount of water vapor in the air; however, the effect on the temperature 
is of the order of magnitude of 0.2°F per hr.1 The order of magnitude of 
the changes because of contact with the cooler water is 2°F per hr. It is 
safe to neglect the effects of radiation when the interval of time involved 
is reckoned in hours; when the time interval is a matter of days, the effect 
becomes appreciable. 

Shear is a complicating factor that is different from the other two 
processes in that it involves no loss or gain of heat by the air. It is 
mentioned here because it has a very real effect on the types of vertical 
distribution found over water. It will be discussed more fully in the 
following section. 

The third process, that involving eddy diffusion, is the most important. 
There are two concepts that should be recalled in this connection. (1) The 
air at the common boundary between the air column and the water must 
assume the temperature of the water surface and must assume as well 
the vapor pressure and refractive modulus that are determined by the 
water temperature (Sec. 3-4). (2) The diffusive processes that are most 
important in affecting the modification are the same for the vertical 
transport of both heat and water vapor (Sec. 3-11). This leads to the 
principle of similarity, which, as was pointed out in Sec. 3 8, tends to 
produce a straight line when the values within the modified layer are 
plotted on a characteristic diagram. In particular, if the air was initially 
homogeneous, the straight line joins the point representing the unmodified 

1 B. Haurwitz, Dynamic Meteorology, McGraw-Hill, New York, 1941, pp. 105-107. 
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air and the point representing the water temperature. It is important, to 
remember that radiation, shearing processes, and changes in the water 
temperature act to destroy this straight line; hence the rule must be used 
with care. Figure 3-19 is a sounding made over water in air that had 
been cooled from below and illustrates the principle of similarity. Figure 
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FIG. 3-19.—Similarity in an over-water sounding. 
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Fia. 3'20.—Similarity in an overwater sounding; a characteristic diagram. 
curves represents * for a surface pressure of 1000 mb. 
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3-20 is the corresponding characteristic diagram. The indicated water 
temperatures were measured 3 hr after the sounding was made. 

Even if radiation and shearing effects are neglected, the problem of 
the progressive modification of warm air over cold water is very compli
cated. I t is convenient to consider first the simplest case, where the air 
is initially homogeneous and where the temperature of the water over 



234 METEOROLOGY OF THE REFRACTION PROBLEM [SEC. 318 

which the air moves remains constant. This problem has been studied 
rather extensively at the Radiation Laboratory for overwater trajectories 
of less than 35 miles, and some empirical data will be presented in Sec. 3-19. 

Cooling from Below over Land.—The cooling of air over land at night 
results from the cooling of the earth's surface caused by nocturnal radiation. 
Nocturnal radiation is the difference between the radiation emitted by the 
earth's surface and the radiation absorbed from the atmosphere. It is 
present during the day as well as the night, but the name "nocturnal" is 
given because at night, when solar radiation is absent, it represents the 
entire radiative transfer at the earth's surface. 

The transfer of heat from the air to the cooler surface is largely effected 
by the same physical process of turbulence as in the overwater case. 
Radiation and shearing effects are also present. The problem is compli
cated by the fact that the temperature of the ground does not fix the 
surface values of humidity and M as does the temperature of a water 
surface. If the modifying surface is saturated, a superstandard, standard, 
or substandard layer may result from the modification, as in the overwater 
case. If the ground is damp, the layer may again be superstandard, 
substandard, or standard, depending on the M-deficit. If the ground is 
dry, so that there is no gradient of vapor pressure, a superstandard layer 
always forms as a result of the temperature inversion. 

A further discussion of the problems involved in nocturnal cooling 
will be found in Sec. 3-21. 

3-18. Shear in Stable Equilibrium.—The variation with height of the 
horizontal component of the wind velocity, which will be referred to here 
as shear, is a process that involves no transfer of heat or water vapor 
from or to the atmosphere but which may affect the AZ-profile. It occurs 
regularly in the atmosphere under all conditions of stability; the present 
discussion is, however, limited to cases of stable equilibrium because only 
then can the effects of shear be detected and assessed in the analysis of 
low-level soundings. 

One cause of shear is the variation of horizontal pressure gradient 
with height. In the layer of frictional influence, however, this factor is 
usually outweighed by the more regular effect of friction. The effect of 
friction on the wind in this layer under conditions of neutral equilibrium 
has been discussed in Sec. 3-12. It may be recalled here that the wind 
ordinarily veers and increases with height between the surface and the 
top of the layer of frictional influence. The effect of thermal stability is 
not accurately known, but qualitatively it appears to increase the two 
effects described above; it is likely also that shear tends to be concentrated 
in any temperature inversions that may exist. 

Shear is particularly important in the study of the modification of 
warm air over cold water. If the wind speed and direction change with 
height, the air at different levels in any air column over the water must 
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have varying overwater trajectories and land origins. Thus the initial 
properties of the air may vary with height. 

An interesting and regular effect on overwater M-profiles arises from 
the differences in the time at which the air at various heights leaves the 
land. Consider a day when the air is being convectively heated over land 
in the manner described in Sec. 3'14. The potential temperature of the 
air in the homogeneous layer over land increases steadily throughout the 
morning, and usually the humidity decreases because of mixing with drier 
air aloft as the mixed layer grows in height. At any distance offshore the 
air at progressively higher levels will have left land later because of the 
increase of wind speed with height and will be correspondingly warmer 
and drier. This will increase the thermal stability of the air column, a 
process that may be referred to as shearing stratification. This process 
forms a superstandard refracting layer. Although this is the usual case, 
it is important to remember that the lower air may on occasion be drier 
than the air above, a condition that could result in a standard or sub
standard layer. 

If, on the other hand, the air is cooling over land during the late 
afternoon or evening, so that cooler air overruns warmer air offshore, 
unstable equilibrium may be set up, resulting in convection and a homo
geneous or nearly standard layer. The amount of shear in this case is 
more difficult to predict because of the various types of cooling that may 
occur over land. 

The variables that govern the amount and type of shearing stratifi
cation are complicated. The important ones include 

1. Variation of wind velocity with height, which probably varies with 
distance from the coast because of changes in stability. 

2. Orientation of wind directions with respect to the coast line. 
3. Variations in initial properties of the air at the various sources 

because of variations in time or distance. 
4. Distance from shore. 
Shearing stratification, aside from its effect on the <£- and M-profiles, 

greatly increases the difficulties involved in studying the eddy-diffusion 
processes that are effective in the cooling of warm air over cold water. 
(1) I t tends to increase the stability of the air and to lessen the mixing 
that may occur. (2) It makes difficult an estimate of the original prop
erties of the modified air and, hence, of the extent of the change that the 
air has undergone because of modification from below. Although shear is 
always present to some extent, the analyst needs to estimate its effect in 
any given case and, for quantitative results, to work with cases where that 
effect is a minimum. 

A method that may be used for detecting shearing stratification, aside 
from a detailed consideration of the wind structure and variations of 
temperature and humidity with time and space over land, involves the 
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use of the characteristic diagram. I t was pointed out in Sees. 3-8 and 3-17 
that for initially homogeneous air over colder water of uniform temper
ature, in the absence of radiation and shear, eddy-diffusion processes lead 
to a characteristic curve that is a straight line. Shear processes, except 
for rare coincidences, lead to a characteristic curve that is not a straight 
line. This criterion is helpful in analyzing a sounding made over water 
when the air is known to have been initially homogeneous and radiation 
is negligible. 

Shear may be expected to be an especially important factor when the 
temperature excess is large, causing greater stability, or when the trajectory 
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FIG. 3'21.—Shear in stable equilibrium producing a stable distribution of temperature 
above 100 ft. 

is long so that a small variation in wind speed or direction has a marked 
effect. Radiation Laboratory measurements at some distance from the 
coastline bear out this expectation.1 It was found in general that with 
temperature excesses greater than about 14°F, shear became noticeable for 
trajectories greater than about 5 miles. With trajectories greater than 
50 miles shear was usually found to be important for any positive tempera
ture excess. 

Some examples of soundings influenced by shear near coast lines are 
given in Figs. 3-21 and 3-22. In both cases the air is known to have been 
homogeneous before leaving land. Figure 3 21 is a case where the effect 
of shear is observed mainly in the temperature curve, the initial potential 
dew points of the air at various levels having been nearly identical. The 
effect of modification by the water extends to about 100 ft; the stability 
above that level is the result of shearing stratification. In Fig. 3-22 the 
effect of the water extends to about 150 ft, and the departure from homoge
neous distributions above that level is the result of shear. In this case, 

* Gardner Emmons, "Vertical Distribution of Temperature and Humidity over the 
Ocean between Nantucket and New Jersey," Papers in Phys. Oceanog. and Meteorol., 
Mass. Inst. of Technol. and Woods Hole Oceanog. Inst., 10, No. 3 (1947). 
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the combined effect on the temperature and dew-point distributions 
produces a noticeably superstandard layer between 150 and 400 ft. An 
example of the effect of shear after a considerably longer trajectory will 
be shown in Fig. 3-39. 

There are obviously times when shear is of importance in affecting 
M-profiles over land. In particular, it can play a considerable role ;"at 
night when the air is being cooled from below if the land surface has vary
ing characteristics leading to essentially different modifications from point 
to point. However, these variations seldom approach the distinct change 
in modifying surface that occurs at a coast line. 
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3-19. Initially Homogeneous Warm Air over Cold Water.—In order > 
to study empirically the rate and manner of modification of warm air fijLJ 
colder water as a result of eddy diffusion, it is convenient to consider simple 
meteorological conditions. The simplest case for this study is the one 
where initially homogeneous air blows over colder coastal waters of 
uniform temperature, where the wind remains constant during the modifi
cation, and where effects of radiation and shearing processes are small 
compared with those of diffusion. The resulting changes in temperature, 
humidity, and M-profiles are then caused solely by diffusive processes. 
Furthermore, because of the fixed initial distributions, the effect of the 
water is obvious and comparisons are possible among measurements made 
on different days. This ideal case is often approximated near the coasts 
of continents with an offshore wind on days when solar heating raises the 
air temperature above that of the water. 

Certain independent variables may be chosen for convenience to 
describe the meteorological conditions that affect the modification. Two 
of these are temperature excess and M-deficit, hereafter referred to as 
AT and AM (or A*). They are defined here in terms of values at the 
water surface and the potential values in the homogeneous layer that is 
being modified. A third variable is the wind speed, which influences the 
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amount of mechanical mixing. It may be measured at a level of 1000 ft, 
corresponding to the lowest level commonly reported by pilot-balloon 
stations, and is called Î iooo- The fourth important variable is the length 
of trajectory, designated by x. Other independent variables that might 
be chosen can be expressed essentially in terms of these four. For example, 
humidity deficit is indicated by AT1 and AM, surface wind speed by ITiooo 
and AT, and time over water by the product of x and Wim. 

There are many dependent variables that could be used to describe 
the modification. In the results that will be presented here, the following 
have been studied: 

1. The ratio of the actual change of parameters at any height to the 
initial difference between air and water, a function of AT", TPiooo, x, 
and height above the surface z. According to the principle of 
similarity, which applies in this case, the per cent change is the 
same for temperature, humidity, and $ and M. 

2. The height of the temperature inversion zt—a function of AT, 
WIOOO, and x. 

3. The height to which the air is affected by the modification zm—also a 
function of AT, Wvm, and x. 

4. The duct height1 d—a function of AT, JFiooo, x, and AM. 
In neutral equilibrium d is directly proportional to AM (Sec. 3 15), so 

that the ratio d/AM may be studied. In stable equilibrium the ratio is 
still convenient and will be used but is not strictly independent of AM. 

Application of Diffusion Theory.—It has been seen that diffusion theory 
at the present time is inadequate to handle the problems arising when 
the air is in stable equilibrium, the case under present discussion. The 
dependence of the eddy diffusivity on height, wind speed, wind shear, and 
stability is not known. Initially, when the air is homogeneous, the eddy 
diffusivity presumably increases approximately linearly with height in 
the turbulent boundary layer and then decreases with height throughout 
the rest of the layer of frictional influence. After the air passes over the 
colder water and stratifies in its lower layers, the turbulence decreases at 
all levels. This occurs in the stable layer because of the thermal stability 
and occurs more slowly above it because of the lack of supply of turbulent 
energy from ground friction. Moreover, as the modification progresses 
and the thermal structure of the air changes, the eddy diffusivity and wind 

1 For the study of eddy diffusion in the substandard case, there is a height analogous 
to the duct height, namely, the one at which the M-gradient is twice the value for 
homogeneous air. Consider two cases of initially homogeneous air, both with the 
same independent variables except that the two values of AM are equal in magnitude 
but opposite in sign. The eddy diffusivity will be identical in both, with the result 
that at each level M will deviate from its value in homogeneous air by an amount equal 
in magnitude but opposite in sign. At the level where the top of the Af-inversion occurs 
in the case of positive Af-deficit, the gradient of Af will be twice the homogeneous 
gradient in the case of a negative Af-deficit (substandard case). 
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shear change also. I t is apparent that there is a complex relationship 
among eddy diffusivity, wind shear, and thermal stability and that it is 
totally inadequate to assume that the eddy diffusivity has the same ver
tical distribution over land as it has during the entire trajectory over 
water. It is equally inadequate to assume that the eddy diffusivity is at 
any time a simple function of height such as a constant or a power law1 

throughout the modified layer. 
However, one deduction from eddy-diffusion theory is important and 

should be recalled: the identity of the eddy diffusivities for the vertical 
transport of heat and water vapor (discussed in Sec. 3-11), resulting in 
the principle of similarity in this case. 

Observations for Trajectories Less Than 50 Miles.—The modification 
problem for the ideal case could be solved if one could determine the per 
cent change at any height above the surface and distance from shore for 
any combination of AT and Wum. In principle this could be determined 
from a large number of soundings made at varying distances from shore 
for the same values of AT and Wiooo- In practice, however, this is difficult 
because of the large number of possible combinations of these parameters 
and the difficulty of obtaining measurements under ideal conditions. 

A limited number of such observations are, however, available from 
the Radiation Laboratory propagation program.2 From these measure
ments it has been possible to obtain only a partial and approximate answer 
to the problem. Figure 3-23, called a modification cross section, shows 
the per cent change for one combination of AT and Wimo- The ordinate is 
height above the surface z, and the abscissa is distance from shore x. The 
plotted figures are the observed per cent change of temperature and vapor 
pressure, the two changes (and the per cent change of M and *) being 

1 An extensive diffusion theory based on such an assumption has been developed 
at the Telecommunications Research Establishment, Malvern, England, where con
siderable work has been done attempting to simplify this highly complicated problem 
to the point where formulas can be used to forecast propagation conditions. See, for 
instance, "Elements of Radio Meteorological Forecasting," TRE Report No. T1621, 
Feb. 14, 1944; "Application of Diffusion Theory to Radio Refraction Caused by Advec-
tion," TRE Report No. T1647, Apr. 6, 1944; "Outline of Radio Climatology in India 
and Vicinity," TRE Report No. T1727, Sept. 12, 1944. The electromagnetic phase 
of this method is discussed in Sec. 2-21. 

2 In the summer of 1944 low-level soundings were made in Massachusetts Bay, 
generally within 50 miles of the coast (see Sec. 4-2). These soundings were made to a 
height of 1000 ft by aircraft according to the technique described in Sec. 3-27. See 
"Measurements of Temperature and Humidity in the Lowest 1000 Feet of the Atmos
phere over Massachusetts Bay," by Richard A. Craig, Papers in Phys. Oceanog. and 
Meteorol., Mass. Inst. of Technol. and Woods Hole Oceanog. Inst., 10, No. 1 Novem
ber, 1946. A more detailed analysis of the eddy diffusive effects revealed by these 
soundings has been published in Jour. Meteorol. 6, 123 (1949), under the title "Vertical 
Eddy Transfer of Heat and Water Vapor in Stable Air," by R. A. Craig. This analysis, 
completed too late to be included here, gives additional empirical information about 
the modification of air under the specified conditions. 
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theoretically identical according to the principle of similarity and nearly 
identical in the soundings used here. Each vertical column represents 
a "sounding" that consists of two measurements of temperature and 
humidity at each level. Each plotted figure is then the average of four 
values of per cent change, one each for temperature and humidity accord
ing to two different measurements. Isopleths are drawn approximately 
for every 10 per cent of change. 

The soundings used in this cross section were, in general, made on 
different days. The temperature excesses in the soundings used varied 
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F I G . 3 23.—Modification cross section for AT = 6.5 to 11.5°F, Wim = 21 to 25 mph. 
The numbers near the points are the observed changes in vapor pressure in per cent. The 
solid curves are the corresponding isopleths. 

between 6 5° and 11.5°F, the wind speed at 1000 ft varied between 21 
and 25 mph 

It is apparent from an inspection of Fig. 3-23 that the isopleths as 
drawn differ somewhat from the observed values through which they are 
drawn, the difference seldom exceeding 10 per cent. They are drawn, 
as far as possible, to indicate a reasonable average distribution of per 
cent change in accordance with the observations. The discrepancies 
occur partly because of uncertainties in observation and scarcity of gen
eral weather data. It is difficult, for example, to determine without an 
extremely close network of weather stations, the trajectory, wind, and 
temperature excess associated with a particular sounding, and some error 
must be expected. Moreover, the soundings, as has been stated, represent 
a finite spread in the variables AT and TFiooo, which variations, particularly 
those in temperature excess, would be expected to make them somewhat 
less comparable. 

However, there is no question but that Fig. 3-23 shows to a good 
degree of approximation the type of modification that occurs under these 
wind and temperature conditions and shows it more accurately than any 
other available meteorological knowledge. 
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It is desirable to make clear the variation with distance of the other 
dependent variables found from the same series of soundings. Figures 3-24 
to 3-26 show the changes with distance of the height to which modification 
extends zm, the height of the temperature inversion zu and the ratio d/AM. 
These graphs follow, of course, from Fig. 3-23, which is the best method 
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FIG. 3'24.—Variation of height 
of modification with trajectory for 
AT = 6.5° to 11.5°F. W,»o. = 21 to 
25 mph 

10 20 30 
1 Trajectory in miles 

FIG. 3-25.—Variation of height 
of temperature inversion with tra
jectory for AT = 0.5° to 11.5°F, 
H'icoo = 21 to 25 mph. 

of describing the modification, and they will prove useful later in this 
section. 

We next consider the effects of variations of wind speed and tempera
ture excess. For an adequate study of these pa
rameters, considerably more information would 
be required than is now available. A few cross 
sections similar to those of Fig. 3-23 but for 
different combinations of AT1 and IFiooo have 
been given by Craig (loc. cit.). Here we shall 
use data from the Radiation Laboratory pro
gram to discuss the problem from a somewhat 
different point of view. 

Figures 327 to 3-29 show the height of 
modification, height of temperature inversion, 
and ratio d/AM plotted on diagrams having AT 
as the abscissa and Wimo as the ordinate. In 
general, of course, these parameters are func
tions of the length of trajectory also. However, 
reference to Figs. 3-24 to 3-2(5 show that at least in the case where 
those graphs are applicable, zm, zu and d/AM become more or less 
independent of distance after about 15 miles of rapid increase. There 
are observational reasons to believe that this is also true for other values 
of AT" and Wiow, except that the rapid increase may take place in a 
shorter distance for larger AT and in a longer distance for smaller AT. 

10 20 30 
Trajectory in miles 

FIG. 326.—Variation of 
d/AM with trajectory for 
AT = 6.5° to 11.5°F, Wvm = 
21 to 25 mph. 
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Taking 15 miles as an average value, the dots in Figs. 3-27 to 3-29 rep
resent trajectories of less than 15 miles. They should in general be less 
than the other values, indicated by triangles, which are obtained for 
trajectories of 15 to 35 miles. 

The height of modification is seen to be less than 500 ft except for 
strong winds and small temperature excess; it is lowest with large AT 
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and with light wind. The wind appears to have a more important effect 
on zm when ATMs small than when it is large. 

The temperature inversion with the greatest height is found for some 
intermediate values of AT and Wvm- With less mixing the height of 
modification and hence the temperature inversion are lower. With more 
mixing, large gradients are confined near the surface, as the eddy diffusivity 
vanishes at the boundary. In some cases there is also an upper turbulence 
inversion (see Sec. 3-17 and Fig. 3-18), but the lower one is referred to here. 
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FIG. 3-29.—Some observed values of d, AM, in feet, for trajectories less than 35 miles. 

The height of the temperature inversion is generally less than 400 ft 
within 35 miles of the shore. 

The graph of d/AM is the most unreliable one. This is probably 
because of the fact that the ratio is to some extent dependent on AM as 
well as on length of trajectory. It was shown in Sec. 3-15 that the ratio 
is about 2 ft for neutral equilibrium, and it is undoubtedly larger for a 
positive temperature excess I t seems to increase with increasing AT up 
to about AT = 12°F. Its behavior beyond that point is not clear. 

Because duct height is an important variable that the radio-meteor
ologist is often called upon to predict, further discussion seems necessary. 
One important rule is that the duct height is usually less than the height 
of the temperature inversion zt. This is important, for the latter is easier 
to predict, because it depends on one less variable than does duct height. 

According to the principle of similarity, 

M„- M 
AM AT 
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where Mh and Th are the unmodified values at a given height and M and 
T are the modified values at the same height. The values AM and AT 
are M-deficit and temperature excess. When this expression is differ
entiated with respect to height and the substitutions dMh/dz = 4.0 per 
100 ft and dTJdz = -0 .54°F per 100 ft, which apply to initially homoge
neous air, are made, it becomes 

dT 
dz \ dz ) AM 0.54 °F per 100 ft. 

At the duct height z = d, dM/dz = 0. 

, AT 

Then 

dT 
dz AM 0.54 °F per 100 ft. 

For the substandard case (AM < 0) the same equation holds if d is defined 
as the height at which dM/dz — 8.0 per 100 ft, twice the M-gradient in 
homogeneous air. 

The comparative heights of the temperature inversion and duct follow 
from this equation. For the case where AM/AT < 7.4 per °F, tempera
ture increases with height at z = d; hence zf > d. Similarly for AM/AT = 
7.4 per °F, z4 = d; and for AM/AT > 7.4 per °F, zt < d. 
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Consider a diagram with A M / A T as the abscissa and zt as the ordinate , 
and let values of d be plot ted as points on this chart . T h e isopleth d = 0 
is a vertical line through AM/AT = 0, for here AM = 0. Moreover , a n y 
isopleth of d mus t cross the point where AM/AT = 7.4 per °F and z* has 
the same value as the isopleth of d. Fur the rmore , all the isopleths m u s t 
approach the horizontal line zt = 0 as AM/AT becomes large; for in t he 
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Fio. 3-32.—Ideal case with AT = 5.6°F, AAf = 28, IF.ooo = 25 mph, and x - 25 miles. 

limit when AT = 0, z, = 0 and d can have any value depending only on 
AM. Figure 3 -30 is such a diagram with values plotted from the same 
soundings that were used to plot Figs. 3-27 to 3-29. 

In Figs. 3-31 to 3-38 are presented a group of selected soundings that 
correspond closely to the ideal conditions mentioned at the beginning of 
this section. They are intended to illustrate the types of simple modifica
tion that can occur with some combinations of the parameters AT", Wnm, 
x, and AM. The difference between the distributions in the surface layer 
and the initial homogeneous distributions (indicated by the broken lines) 
is presumably due to modification by the eddy-diffusive processes. 
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Fia. 3-33.—Ideal case with AT = 7.0°F, AM = 44, W,«» = 25 mph, and x = 28 miles. 
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Fio. 3-34.—Ideal case with AT = 8.5°F, AM = 40, Wiwa = 15 mph, and x = 30 miles. 
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FIG. 335.—Ideal case with AT = 8.8°F, AM = 44, Wtm« = 21 mph, and x = 21 miles. 

The soundings are arranged in order of increasing temperature excess 
in order that the general effect of this very important variable may be 
apparent. However, the effect of other variables should not be over
looked. Figures 3-36 and 3-37 differ essentially only in trajectory. In 
Fig. 3-34 there is less modification than might be expected from a con-
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FIG. 3-37.—Ideal case with AT = 11.0-F, aU = 30, W.ooo = 35 mph, and x = 23 miles. 
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Fio. 3-38.—Ideal case with AT = 15.3°F, AJW = 12, W,tm = 40 mph, and x = 8 miles. 

sideration of A77 alone; this is presumably because of the rather light 
wind. The effect of AM on the *- and ilf-profiles has already been shown 
in Figs. 3-14 to 3-16. These cases furnish, of course, only a few examples 
of the many combinations of the various independent variables that 
can exist. 
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The modification problem for trajectories longer than 50 miles has 
been comparatively unstudied to date. Some airplane soundings were 
made by the Radiation Laboratory south of Long Island in the summer of 
1945 in air that had traveled 50 to 300 miles over cooler water. These 
data have been analyzed by Emmons.1 

First of all, it appears from these observations that the ideal case 
that was outlined at the beginning of this section is unlikely for trajectories 
greater than 100 miles. Even if the air is initially homogeneous, varia-
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FIG. 3"39.—Overwater sounding showing the effect of shear after a trajectory of about 
100 miles. 

tions of water temperature and wind speed along the trajectory, radiation, 
and shear must all be considered in addition to diffusion. Shear is particu
larly important. Of 29 soundings made in this program, only 3 may have 
been free of obvious shearing effects in the lowest 1000 ft; these had tra
jectories of 70 to 90 miles with a small temperature excess and fresh 
wind. The effect of shear in all cases was to produce shearing stratification 
and accompanying erratic and unpredictable superstandard or substandard 
layers above the level of modification. 

Figure 3-39 is an example2 of the effect of shear for an overwater tra
jectory of about 100 miles (for the air at 1000 ft). The overland distri
butions were homogeneous during the time when any of the air in this 
sounding began its travel over the water. The effect of modification by 
the water probably extends to about 250 ft and certainly no higher than 
400 ft. The stable temperature distribution above the level of water 
modification is the result of shearing stratification as is the substandard 
layer between 400 and 600 ft and the superstandard layer between 700 

1 Gardner Emmons, "Vertical Distribution of Temperature and Humidity over the 
Ocean between Nantucket and New Jersey," Papers in Phys. Oceanog. and Meteorol., 
Mass. Inst. of Tech. and Woods Hole Oceanog. Inst., 10, No. 3, December 1947. 

2 This sounding is Fig. 14 in Emmons' paper, and is also discussed in the paper. 
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and 900 ft. If the level of water modification is only 250 ft, which is 
likely, the structure of the M-inversion between 250 and 400 ft must also 
be influenced by shear. 

I t is possible to indicate the order of magnitude of zm, zit and d found 
in these long-trajectory soundings. The height of modification was be
tween 200 and 500 ft in all the soundings except three, where it was about 
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FIG. 3'40.—Schematic representation of probable stages in modification of initially 
homogeneous warm air over cold water. 

1000 ft. The temperature inversions were usually between 200 and 
1000 ft; the surface ducts below 500 ft. It must be remembered that 
because of the complicating factors these values are not strictly compar
able to those mentioned before in the study of the ideal case. It is to be 
expected that in the absence of shear and shearing stratification, zm would 
have been somewhat higher and zt somewhat lower than the values found. 
Moreover, not all these soundings were made in air that was initially 
homogeneous at all levels; the surface air in some cases, because of shear, 
left land before the beginning of convective mixing. 

Probable Stages in the Modification of Initially Homogeneous Warm 
Air over Cold Water.1—It is desirable to sum up this section by discussing 
qualitatively, in the light of theoretical reasoning and these data, the 
modification history of initially homogeneous warm air over cold water. 
Consider for the moment the ideal case where shear, radiation, and varia
tions in water temperature and wind may all be neglected. It is believed 
that during modification this air will go through the stages indicated in 
Fig. 3-40. 

1 See R. B. Montgomery and R. H. Burgoyne, "Modified Index Close to the Ocean 
Surface," RL Report No. 651, Feb. 16, 1945. 
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Initially homogeneous, as indicated by the lines A, the air is at first 
affected so that rather large gradients of temperature and moisture exist 
in the lowest few hundred feet, as shown by the curves B. Additional 
turbulent mixing leads to a nearly homogeneous layer with large gradients 
only near the surface and at the top of the layer, as indicated by the curves 
C. This layer continues to grow until it reaches the height of frictional 
influence as shown by the distributions D. In this final state, the potential 
temperature of the homogeneous layer is equal to the water temperature, 
whereas the humidity is somewhat less than the value at the water surface, 
since the humidity value in the layer is limited by the saturation value 
at the top of the layer. 

The empirical information given in this section relates primarily to 
Stage B. This stage is well developed shortly after the air leaves land 
and persists for some distance which must vary with temperature excess 
and wind speed. This distance according to available observations is 
usually greater than 50 miles and often even greater than 300 miles. No 
well-defined case of air in the state illustrated by C has been observed over 
water. However, such a development has been observed over land 
(turbulence inversions, Sec. 3-17). Another example in nature is the 
common occurrence of a surface layer of homogeneous water in the ocean 
overlying a sharp temperature gradient (thermocline), both produced by 
wind stirring. Stage C is probably not usually well developed until the 
overwater trajectory is a matter of hundreds of miles, but it must be 
emphasized that this distance depends on the amount of mechanical 
mixing that can occur and hence on the temperature excess and wind speed. 

Shear complicates this picture by producing shearing stratification 
when warm air overruns cold air or by producing convective mixing when 
cold air overruns warm air. The final state D is, however, not affected 
by shear, radiation, or other complicating factors, for at this time all the 
air in the modified layer, whatever its source, has been mixed by turbulence. 

3-20. Complex Overwater Modifications.—Certain factors affecting 
overwater modification associated with stable equilibrium must be con
sidered in addition to those entering into the ideal case discussed in the 
previous section. Two of these, shear and radiation, have already been 
mentioned, and their effects assessed. In this section the additional com
plications of lack of initial homogeneity, variations in wind speed, and 
variations in water temperature will be considered. 

If the air is not initially homogeneous, two important facts follow. 
(1) The air is more resistant to turbulent mixing because of the initial 
stability. This factor tends to keep the level of modification lower than in 
the case of initially homogeneous air. (2) The distribution over the water 
depends, above the level of water modification, on the initial distribution. 
This is, in general, not so simple as in the homogeneous case, where the 
M-profile is a straight line with nearly standard slope. A forecast of the 
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dis t r ibut ion requires either a sounding in the air before or after leaving 
land or a complete solution of the overland problem. Figures 3-41 and 3-42 
are soundings made in air t h a t was no t initially homogeneous. In bo th 
cases t h e air, as determined approximate ly with the aid of t he character
istic d iagram, has been modified by the water up to about 200 ft. T h e 
dis t r ibut ions above t h a t level depend on initial conditions t h a t have 
probably been complicated somewhat by shear. 
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F I G . 3"41.—Cooling of initially stratified air over water, Case 1. 
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FIG. 3*42.—Cooling of initially stratified air over water. Case 2. 

Variation in wind speed along the trajectory is a subject about which 
little is known. Its primary effect, of course, is to cause a variable amount 
of mechanical mixing along the trajectory. This effect, superimposed on 
the several other factors involved in cooling from below, must be small 
and is very difficult to separate from the others. 

Variations in water temperature during the trajectory may be of 
several types with varying effects. Consider first the case where the air 
is being heated from below. If the water temperature changes so that 
the air is still in unstable equilibrium but with a larger or smaller temper
ature excess, the temperature, humidity, and Af-profiles can be expected to 
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readjust themselves quickly to meet the new conditions. Subsequent 
soundings will show no obvious effect of the change in water temperature. 
If, however, the air passes over water that is sufficiently cooler so that 
the temperature excess becomes positive, cooling from below proceeds in 
the same manner as it does in the case where initially homogeneous air 
passes from warm land to cooler water. 

Another possibility is that the air is originally over colder water and 
therefore in stable equilibrium. It has been seen that in this case the 
temperature and humidity of the air at the boundary are determined by 
the water temperature and that the characteristic curve in the modified 
layer is a straight line, or nearly so. If the air then passes over still 
colder water, the air at the boundary assumes new temperature and 
humidity values corresponding to the new water temperature. Diffusion 
processes then act to modify the air above in accordance with these new 
values and the new temperature excess. The readjustment process is 
much slower in this case than in the case where the temperature excess is 

negative and, although it changes in 
value, still remains negative. Until 
all the air in the modified layer has 
been mechanically mixed with air at 
the new surface values, the distribu
tions of temperature and humidity are 
not similar. The air in the lower part 
of the modified layer is adjusted to 
the new water temperature, but some 
air above remains as it was when 
mixed at the former water temperature. 
Changes in the characteristic curve are 
shown schematically in Fig. 3-43. 
Figure 3 44 is the characteristic dia
gram of a sounding where this effect 
was actually observed. Starting from 
shore the trajectory for this sounding 

passed over water with a temperature of 54°F measured shortly after sun
rise the following morning (53° to 54°F measured in the afternoon two 
days before the sounding). Note that part of the characteristic curve 
still points toward this temperature. The temperature measured at the 
same time and place as the sounding is about 52°F, as shown by the 
arrows in the figure. 

Changes of this type in water temperature may be particularly im
portant when the dew point of the air is close to the water temperature. 
Figure 3-45 shows a sounding where the air is being cooled and moistened 
from below. The water temperature then decreases until it is less than 
the dew point of the air in the lowest 100 ft of the modified air so that the 

Potential vapor pressure 
Fla. 3'43.—The characteristic curve is 

originally A T\. When the water tem
perature changes to TV the characteristic 
curve gradually changes to the straight 
lineXT2. 



SEC. 3-21] NOCTURNAL COOLING AND DIURNAL CYCLES 253 

air proceeds to lose some moisture by condensation on the water. What 
must have been an M-inversion at 100 to 200 ft changes to the measured 
distribution when the water temperature changes. 

If air in stable equilibrium passes over warmer water, convection 
immediately sets in. This convection cannot be effective much above 
the height where the air as originally modified has a potential temperature 
equal to the new water temperature. If the new water temperature is 
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FIG. 3'44.—Characteristic curve of a measured sounding showing the bend caused by 
changing water temperature. The air has passed over water of 54°F, is now over water of 
52°F. The family of curves represents * for a surface pressure of 1000 mb. 
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Flo. 3"45.—Measured overwater sounding. The bend in the dew-point and modulus 
curves at 100 ft is the result of changing water temperature. 

not much warmer than the old, this may be only a few feet above the 
surface, but sometimes the change is sufficiently great that the effect is 
noted in an airplane sounding at 20 or 50 ft or higher. Figure 3-46 is an 
example of such a sounding. In the layer affected by the new tempera
ture, conditions are nearly homogeneous because of the convective stirring; 
the original surface M-inversion has become elevated. 

3-21. Nocturnal Cooling and Diurnal Cycles.—At night, in the absence 
of solar radiation, the temperature of a land surface ordinarily decreases 



254 METEOROLOGY OF THE REFRACTION PROBLEM [SEC. 3-21 

because of nocturnal radiation. The lower part of the atmosphere is 
cooled in turn by contact with the cool surface as heat is transferred 
downward by turbulence. The resulting thermal stratification and the 
accompanying humidity and Af-profiles are of considerable interest. 

The problem of forecasting the iW-profile under given conditions is 
twofold. I t is necessary to forecast (1) the rate at which the ground 
surface will cool and (2) the manner in which conditions at the surface 
will affect the air above. The first question is one that has been studied 
empirically and theoretically by meteorologists; the second has generally 
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FIG. 3-46.—Overwater sounding in air that was cooled from below and then passed over 
warmer water. 

been discussed only qualitatively and is dependent upon recently developed 
low-level sounding techniques. 

The rate and amount of cooling of the earth's surface at night is 
dependent upon the value of the nocturnal radiation. This was defined 
in Sec. 3-17 as the net outgoing long-wave radiation.1 The earth radiates 
approximately as a black body, but part of this radiation is absorbed and 
reradiated by certain atmospheric gases, principally water vapor. Be
cause water vapor absorbs only in certain spectral regions, much of the 
radiation emitted by the earth escapes through the atmosphere. Cloud 
surfaces, however, radiate approximately as black bodies; therefore 
when clouds are present, the nocturnal radiation is reduced considerably. 

The temperature of the earth's surface depends not only on the nocturnal 
radiation but also on the specific conductivity of the surface, which de
termines the amount of heat that is conducted to the surface from below. 
Surfaces with a high conductivity do not cool so much (or heat so much 
during the day) as surfaces with a low conductivity. This factor may 

1 The energy radiated by the earth or the atmosphere is contained mainly between 
wavelengths of 3 and 1(XV, with a maximum at about 1<V; the sun's radiation (after 
passing through the atmosphere) between 0.3*i and 4/i, with a maximum at 0.475*i. 
Hence the former is spoken of as 'long-wave" (terrestrial) radiation, whereas the latter 
is often called "short-wave" (solar) radiation. 
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vary considerably for different types of soil. For dry soil it has a value 
of 3.3 X 10~4 cal per sec per cm per °C. For dry sand it is about three 
times as large. Because water at 0°C has a value of 1.2 X 10-3, moist 
ground is a better conductor than dry ground.1 

The dependence of the amount of cooling on factors such as amount of 
water vapor in the air, amount and height of clouds, and type of surface 
has been studied extensively. Summaries of results are presented by 
Haurwitz and Byers.2 

Even if the temperature of the surface is known as a function of time, 
there remains the question as to how the air above is affected. This is 
essentially the same type of modification problem as that of warm air 
over cold water, but it is in many ways a more difficult one. (1) The 
temperature of the modifying land surface varies greatly, both with time 
as the radiative cooling proceeds during the night and with horizontal 
distance if there is a variation in the type of surface. Accordingly the 
air is subjected to a modification where the temperature excess varies 
over wider ranges than are generally found in the overwater problem. 
(2) The temperature of the land does not uniquely determine the bound
ary values of humidity and refractive modulus, except in the special case 
where the ground is wet. If the ground is perfectly dry, however, there 
is no humidity gradient and the M-profile near the surface varies according 
to changes in the temperature distribution. 

If it were not for those facts essentially the same independent variables 
could be used to describe the nocturnal cooling of the air over flat terrain 
as were employed in the overwater problem, namely, temperature excess, 
M-deficit, wind speed at 1000 ft, and the length of time that cooling has 
progressed.3 Because of the inherent variations and uncertainty in the 
first two, it may be desirable, when careful analysis of overland modifica
tion is undertaken, to substitute some other variables. For example, 
some parameter that takes into consideration cloud cover, amount of 
water vapor in the air, and specific conductivity of the soil could be used 
in place of temperature excess inasmuch as the time of cooling is another 
variable. Special consideration of whether the ground is dry, damp, or 
wet would be necessary in finding a variable analogous to M-deficit. 

Detailed soundings, as well as other types of meteorological data, will 
be necessary in any satisfactory study of nocturnal cooling. The ordinary 
meteorological soundings made by radiosonde are inadequate for a careful 
study because they do not report in fine detail the structure of the at-

1 These values are from the Handbook of Chemistry and Physics, Chemical Rubber 
Publishing Co., Cleveland, 1933, pp. 1192, 1193. 

2 B. Haurwitz, Dynamic Meteorology, McGraw-Hill, New York, 1941, pp. 106-110; 
H. R. Byers, General Meteorology, McGraw-Hill, New York, 1944, pp. 474-477. 

3 Over land the problem is complicated by trees, buildings, marshes, and other 
irregularities in the surface. 
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mosphere in as shallow a layer as the lowest 1000 ft. Special low-level 
soundings, made by instruments described in Sees. 3-27 to 3-31, are suffi
ciently accurate, and many such soundings have been made during the 
war, but no thorough analysis of them has been carried out. Despite 
the lack of analysis, some of these soundings will be presented here as 
illustrations of certain basic considerations.1 

Figures 3 47 and 3-48 contain soundings made at Leesburg, Fla. 
Figure 3-47a shows conditions in the lower atmosphere just before sunset 
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Flo. 3-47.—Soundings indicating effect of nocturnal cooling with clear sky. (a) Just before 
sunset; (6) midnight. 

on Mar. 5, 1945, and Fig. 3-476 shows the effect of nocturnal cooling on 
the air up to midnight. Figure 3-48o and 6 shows similar measurements 
made on the night of Feb. 19, 1945. 

Comparison between these two pairs of soundings is of interest. In 
both cases the air was nearly homogeneous when the cooling began. In 
the first case weather conditions at the time of the later sounding included 
clear skies and calm at the surface, whereas on the night of Feb. 19 
the second sounding was made with an overcast at a height of 2000 ft 
and a surface wind of 7 mph. In the first case a considerably greater 
amount of cooling occurred than in the other case; presumably this was 
to a great extent caused by the difference in cloud conditions. Note also 
that with the smaller amount of cooling and the surface wind of 7 mph in 
Fig. 3-486 the temperature lapse rate was nearly adiabatic, whereas with 

1 The particular soundings shown in this section were made either at Duxbury, 
Mass., by the Radiation Laboratory (unpublished) or at Leesburg, Fla., by the AAF 
Tactical Center, Orlando, Fla., under AAF Board Project No. 3767 B0O0.93. 
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a larger amount of cooling and no wind there was a sharp inversion with a 
nearly isothermal layer above. 

I t is also interesting to compare the humidity and Af-profiles of these 
figures. In Fig. 3-48 no gradient of moisture was in evidence on the 
soundings, indicating that the ground was dry. This fact, along with 
the adiabatic lapse rate of temperature, led to a homogeneous, or nearly 
standard, il/-profile. The profiles in Fig. 3-47 are significant because they 
illustrate a sequence that is common when air is over damp or wet ground 
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FIG. 3'48.—Soundings indicating effect of nocturnal cooling with overcast sky. (a) Mid-
afternoon; (6) late evening. 

such that there is a positive humidity deficit. Before sunset, if the air is 
heated from below, moisture evaporated from the ground is rapidly car
ried aloft by convection. However, after nocturnal cooling begins, the 
air becomes thermally stratified and the moisture evaporated from the 
ground tends to be confined to a low layer of the atmosphere. This leads 
to a relatively large humidity gradient near the ground and an accom
panying superstandard layer, either based at the surface or, as in this 
case, elevated. Later during the night the ground may cool below the 
dew point of the moistened air so that the moisture is condensed on the 
ground and a decrease of moisture with height occurs in the lowest layer. 
This was apparently beginning to occur when the sounding in Fig. 3-47t> 
was made, according to the observations made at 10 ft. This new humid
ity distribution tends to cause a substandard layer based at the ground, 
but on occasion the temperature inversion may be strong enough to keep 
the layer standard or superstandard. 
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Figure 3 49a is a sounding made at Duxbury, Mass., on the night of 
Nov. 2, 1944. I t is intended to illustrate that appreciable substandard 
layers may occur along with strong nocturnal temperature inversions 
when the humidity gradient near the ground is positive. In Fig. 3-49b, 
which shows a sounding made at Duxbury, Mass., on the night of Sept. 25, 
1944, there is no gradient of dew point and the temperature inversion has 
led to a superstandard layer that includes a slight iW-inversion. Finally, 
Fig. 3-49c represents a sounding made at Duxbury on Sept. 27, 1944 under 

5 0 0 -

November 2, 1944 
Duxbury, Mass. 

(a) 

■ 

0613-0647 EST 

0! \ 
TS *P \ 

= ? > r il i \ 

\ \ 
\ 
\ 

i \ i 

o Ascent 
• Descent 

r^ i 

* 

Surface wind calm 
High broken clouds 

-,] / ' ' 

H ' , I , I 

500 

32 36 40 44 48 52 56 320 330 340 350 

500 

September 25, 1944 0550-0619 EST o Ascent 
Duxbury, Mass. • Descent 

Surface wind NW 3 mph Clear, heavy frost 

(o) 

September 27, 1944 0557-0620 EST 
Duxbury. Mass. 0 A s c e n , 
Surface wind calm « Descent 
Overcast 

500 

36 40 44 
Dew point Ts, and 

temperature Tin °F 

48 310 320 330 52 54 340 350 360 
Modulus Temperature Modulus 

in°F 
F I G . 349.- -Examples of substandard, superstandard, and standard surface layers over 

land at night. 

conditions of temperature excess and humidity deficit such that the M-
profile was standard in the lowest 400 ft. 

These examples have been intended to show the type of data that 
has been obtained and the kind of information that is now available 
from such observations. A complete and careful study will have to be 
made of a large number of similar low-level soundings before the problem 
will be near a satisfactory solution. 

The information contained in this section and in that part of Sec. 3-14 
relating to heating from below over land may be used to form a picture 
of a normal diurnal cycle over land in the M-profile. At midday, when 
the air is being convectively mixed by contact with the warm surface, the 
Af-profile is homogeneous, or approximately standard. As sunset ap
proaches, the ground must cool to some extent, as the sun's rays become 
more nearly horizontal, so that the temperature excess becomes positive 
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and stratification begins at the surface. Whether or not this can produce 
any important changes in the Af-profile before sunset is uncertain, but it 
is obvious that any such changes must become progressively more pro
nounced during the night as the radiative cooling of the surface proceeds. 
It has been seen that a variety of M-profiles may occur during the night, 
superstandard or substandard anomalies being possible either at the 
surface or aloft. The important consideration in such a generalized 
discussion as this is the fact that these effects usually occur at night. In 
the morning, after sunrise, the ground is warmed by insolation and the 
air is heated by convective processes, as described in Sec. 3-14. Figure 3-8 
shows the mechanism by which anomalies at the surface are carried aloft, 
usually decreasing in intensity, as this heating proceeds. The Af-profile 
is nearly standard in the convectively mixed layer, the height of which 
gradually increases during the morning until the cycle is completed. 

The sequence discussed here must, in its general features, be a very 
common one, but it should be remembered that other factors, with no 
dependence on time of day, may operate to minimize or mask it entirely. 
Cloudiness and strong winds tend to decrease the amount of change; an 
extensive snow surface may cause the irregular M-profiles to persist 
during the day, particularly in high latitudes; and such large-scale meteoro
logical phenomena as frontal passages and wind shifts may alter the 
picture entirely. 

This diurnal cycle over land must be present to some degree at all 
seasons of the year. The transmission experiments described in Chap. 4 
indicate that it is more pronounced in summer than in winter. The 
reasons for this probably depend upon a great many factors, but a few 
simple points are worth mentioning. (1) In summer the ground is usually 
considerably drier than it is in winter. Because moist ground is a much 
better conductor than dry ground (see page 255), the surface of the ground 
may be expected to cool considerably more in summer than winter, inas
much as less heat can be brought from below the surface to replace that 
lost by radiation. Brunt1 concludes that this factor causes more intensive 
nocturnal temperature inversions in summer than in winter, despite the 
longer nights that occur in winter. (2) The water-vapor content of the 
air is generally considerably higher in summer than in winter; conse
quently stronger gradients of humidity are likely to develop at night to 
contribute to irregularities in the M-profile. Moreover, when the vapor 
pressure of the air is higher, a smaller temperature gradient is required to 
produce an M-inversion. This may be illustrated using the graphs in 
Fig. 3-2; for the extremes shown there, the temperature gradient necessary 
to produce an M-inversion (AM = —4.78 per 100 ft on the graphs) when 
the gradient of vapor pressure is zero varies between 6.8CF per 100 ft 

1 D . Brunt, Physical and Dynamical Meteorology, Cambridge, London, 2d ed., 
1939, p. 145. 
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(winter conditions) and 4.4°F per 100 ft (summer conditions). (3) I t 
can be said that in temperate latitudes, cloudiness and strong winds are 
more apt to occur in winter than in summer and consequently reduce the 
over-all effect of the diurnal cycle in winter. 

OTHER ATMOSPHERIC PROCESSES AND THEIR EFFECT 
ON AT-FROFaES 

Thus far, #- and Af-profiles have been discussed only in relation to 
interaction between air masses and the earth's surface and attendant 
phenomena such as shear. Under this heading will be discussed the 
effects of certain other common meteorological processes. 

3-22. Subsidence and Subsidence Inversions.'—Thus far, only 
small-scale vertical motions, such as those connected with eddy diffusion, 
have been considered, but there are also some large-scale processes of 
interest. One such type of vertical motion and shear of vertical motion 
familiar to meteorologists is known as subsidence. Subsidence is a sinking 
or lowering of large masses of air from high to low levels. The causes 
of its occurrence are essentially dynamic, such as the frictional outflow of 
air near the surface associated with high-pressure systems, the outflow of 
air near the centers of pressure rise, and the divergence of air due to change 
in latitude as an air mass moves from north to south. It is sufficient to 
say here that it generally is associated with high-pressure systems. 

Subsidence has an important effect on the temperature lapse rate in 
the subsiding air. In a layer of air that subsides without loss of mass, 
an originally stable lapse rate becomes more stable, a dry-adiabatic lapse 
rate remains unchanged, and an originally unstable lapse rate becomes 
more unstable. The first case is by far the most frequent one in the 
atmosphere. Moreover, if, as is frequently the case, the subsiding layer 
diverges or loses mass, it becomes even more stable. 

There is obviously a lower limit to which the air can descend before it 
spreads out horizontally. The ultimate limit is the surface of the earth, 
but for practical purposes the top of the layer of frictional influence usually 
serves as the base of subsidence. Below this, the air may be mixed by 
convection or turbulence. The base of the subsidence is usually charac
terized by a subsidence inversion. The original cause of the inversion may 
be subsidence itself or differential radiation from haze and moisture layers 
in the atmosphere. However, there are several factors that may intensify 
it, such as further subsidence, a shear in vertical motion at the subsidence 
surface such that the downward motion is greater above the inversion, 
and radiation from haze and smoke that may rise from the earth's surface 
up to the base of the stable layer.2 

1 By Richard A. Craig. 
2 For a more detailed discussion of these factors, the reader is referred to J. Naraias, 

Subsidence within the Atmosphere, Harvard Meteorological Studies No. 2, 1934, pp. 10-13. 
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In a subsidence inversion the humidity frequently decreases rapidly 
with height. The air above the inversion, having descended from higher 
levels, is usually very dry. Furthermore, if the surface is moist and the 
subsidence inversion is low enough, water vapor may be carried up to 
the base of the inversion by convection or turbulence, intensifying the 
humidity contrast. Thus, the specific humidity usually decreases with 
height through the inversion, and the relative humidity decreases even 
more because of the additional factor of temperature increase in the 
layer. 

Because of the temperature increase, which is always present, and 
because of the humidity decrease, which is frequently present, there is 
practically always a superstandard M-gradient in a subsidence inversion. 
There is often an M-inversion, particularly over the oceans. 

It has been mentioned that subsidence is usually associated with 
high-pressure systems. These include the migratory highs over land, the 
migratory highs over water, and the subtropical anticyclones over the 
oceans; they are listed in order or increasing probability that the 
superstandard layer will contain an Af-inversion. The semipermanent 
high-pressure systems over the oceans are known to exhibit the most 
marked subsidence in their eastward and equatorward portions. 

As a general indication of the frequency, strength, height, and thickness 
of M-inversions associated with subsidence, Tables 3 1 and 3-2 present 
statistical data based on aerological ascents. 

TABLE 3 1 - -RADIOSONDE ASCENTS AT SAN DIEGO AND OAKLAND DUKING 
JULY AND AUGUST 1943 

Station I San Diego I Oakland 

Number of observations . 

Fraction of all 8 P.M. PST observations which showed an 
M-inversion through a subsidence inversion 

Fraction of all 8 A.M. PST observations which showed an 
.M-inversion through a subsidence inversion 

Fraction of all observations with an M-inversion through a 
subsidence inversion 

Average elevation in ft of base of all subsidence inversions 
which showed M-inversions 

110 

55% 

53% 

no 

31% 

44% 

54% 37% 

c. 1800 

Average elevation in ft of top of all inversions which showed ! 
M-inversions c. 2700 

Average decrease of M through the M-inversion \ 12 
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TABLE 3 2.—KITE ASCENTS FROM METEOR EXPEDITION IN 
NORTH AND SOUTH ATLANTIC OCEAN, 1925 TO 1927 

The North Atlantic soundings were made between 6° and 20°N latitude. 
The South Atlantic soundings were made between 9° and 30°S latitude. 

North 
Atlantic 

South 
Atlantic 

Number of eases studied 

Fraction of all daytime observations which showed M-
inversions 

Average elevations in ft of base of M-inversions 

Average decrease of M through subsidence inversions... 

Average thickness in ft of M-inversions 

49 

57% 

3000 

6 

375 

Season during which observations were made | Winter and 
I spring 

46 

44% 

4500 

6 

400 

Fall and 
winter 

Table 3 1 contains an analysis of radiosonde data obtained at Oakland 
and San Diego, Calif.,1 in July and August 1943. 

These stations at this time of year are on the eastern edge of one cell 
of the Pacific anticyclone Table 3-2 contains a similar analysis of data 
obtained by kite on the Meteor expedition.2 A word of caution should 
accompany the presentation of these tables. Because of the lag of the 
thermometric and humidity elements, particularly the latter, regions of 
rapid change in the atmosphere are often not accurately measured by 
sounding equipment in common use. In the case of a subsidence inver
sion, the thickness of the layer may be overestimated and the changes 
in temperature and humidity are underestimated. Both factors make 
the decrease of M through the inversion appear to be less than it actually 
is. Accordingly, the figures giving percentage of times when an M-inver
sion is present and average decrease of M through the inversion should 
be considered as minimum values for the data analyzed. 

Because subsidence inversions are more persistent than most meteoro
logical phenomena, the forecasting problem is simplified Particularly 
over the ocean in the subtropical highs, changes are gradual and daily 
changes may often be extrapolated for predictions of future developments. 

1 A large amount of observational work has been done in connection with elevated 
M-inversion at San Diego by the Navy Electronics Laboratory. The program has 
included meteorological soundings and observations of associated radio phenomena. 
This work is discussed in Sec. 4 9, which includes a typical sounding made with the 
wired sonde (Sec. 3 28). 

2 Deutsche Atlantische Expedition Meteor, 1925-1927. 
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3*23. Fronts and Frontal Inversion.1—An air mass is a large body of 
air that has approximately uniform temperature and water-vapor con
centration horizontally. The boundary between two such air masses is 
called a frontal surface, and the line of intersection between the frontal 
surface and the earth's surface is called a front.2 The warmer air mass, 
being lighter, rises above the colder one. The frontal surface is, in gen
eral, not parallel to the surface of the earth because of forces other than 
gravity, especially the deflecting force caused by the earth's rotation. 

The slope of the frontal surface is dependent upon the temperature 
difference between the two air masses and the wind shear across the 
frontal surface. Although a frontal surface is always nearly horizontal, 
it tends to be more nearly horizontal for a small wind difference and a 
large temperature difference. The slope is also directly proportional to 
the sine of the geographical latitude at which the front is located. Frontal 
surfaces that occur in the atmosphere have slopes lying between 0 and ^y. 

When the front moves so that the cold air replaces the warm air over 
a portion of the earth's surface, it is called a cold front. When the warm 
air moves over regions previously covered by the cold air, the front is 
said to be a warm front. Cold fronts are usually more nearly vertical 
than warm fronts, the slope of the latter being generally between j-^o and 
s^o and of the former between ^ and T^Q. 

Frontal analysis is an important aspect of weather forecasting. The 
subject of fronts is dealt with much more fully in most standard meteoro
logical texts than is necessary here.3 

Fronts are important in a consideration of temperature, humidity, and 
M-profiles. At the frontal surface, because the overriding air mass is the 
warmer one, there is always a stable layer and there is often a temperature 
inversion.4 The water-vapor concentration in this layer ordinarily, but 
not always, increases with height because the warmer air mass is more 
moist. No general statement can be made concerning the shape of the 
M-profile; an M-inversion is probably rare because of the usual humidity 
increase with height, but it is a definite possibility, as are standard or 
substandard layers. This should be contrasted to subsidence inversions, 
where superstandard layers occur almost without exception. In the case 
of any particular front it is necessary to obtain accurate meteorological 
soundings to be sure of the M-profile, although a comparison of surface 
values of humidity in the two air masses may often give some indication. 

1 By Richard A. Craig. 
2 The entire frontal surface is often referred to as a front. 
3 For example, S. Petterssen, Weather Analysis and Forecasting, McGraw-Hill, 

New York, 1940. 
4 The frontal surface is not a sharp dividing line between the two air masses, but 

rather a zone of finite width where temperature, humidity, and wind change abruptly. 
"Abruptly" is used here in the meteorological sense; the layers are many wavelengths 
thick for microwaves. 
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The height of the frontal surface above the earth varies widely. I t can 
be found approximately either from a radiosonde observation or from a 
consideration of the position of the front and the slope of the frontal 
surface. 

A second and indirect consideration with respect to fronts is that 
weather conditions may change radically at a given place after a frontal 
passage. The accompanying change of air mass may cause large changes 
in temperature, humidity, and cloudiness and in the Af-profile. As an 
example, consider a cold-front passage at a point over water. Prior to the 
frontal passage, the air mass may be warm and moist with a deep sub
standard layer based at the surface. The new air mass may be cool 
enough to be heated from below with the attendant shallow duct. With 
a warm frontal passage the sequence of events would be reversed. These 
relatively abrupt changes in shape of the M-profile are caused by the 
change in air mass only, not by the frontal surface itself. Care should 
be taken to distinguish between these two factors. 

Close to fronts, it is known that vertical motions are particularly 
intense. Little is known about the effect of such vertical motions, but 
they are mentioned here by way of caution against any assumption of 
strictly horizontal advection in the vicinity of fronts. 

Fronts may vary widely in such characteristics as temperature and 
humidity contrast between the two air masses, slope, wind discontinuity, 
and width of the transition layer. Consequently, it is dangerous and 
misleading to make general statements about the effects of fronts on 
propagation. In some parts of the world and at some seasons of the year, 
certain types of front may recur often enough to make general statements 
appear applicable. However, it is always safer to consider first the effects 
of fronts on the ikf-profiles and attempt generalities in terms of the 
latter. 

3-24. Sea-breeze Circulations.1—Many radars are sited along coast 
lines, where the sea breeze is a frequent phenomenon, often causing striking 
nonstandard propagation effects. 

The sea breeze is a complex combination of horizontal and vertical 
motions caused by distinct differences in temperature between land and 
water. On clear, warm days the contrast is built up along the coast by 
unequal heating of land and the adjoining water body. The warm air 
over land rises, and there is a flow at the surface of denser oceanic air 
toward land. Although a sea-breeze tendency can exist regardless of the 
prevailing wind, the most marked effects occur when there is an offshore 
wind above the surface onshore flow. For this case, the sea breeze is 
that local circulation cell in which there is a rising mass of air over the land 

1 By Isadore Katz. 
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that is carried out to sea by the prevailing offshore wind, a subsiding 
motion at some distance from shore, and a returning cool mass of air that 
is again heated over land. Often the sea breeze is confined to within 10 
miles of the coast line, but cases are reported in which it extends as much 
as 100 miles from the coast. 

I t is difficult at present to describe the temperature, humidity, or 
Af-profiles in a general way because of the paucity of soundings in sea-
breezes.1 Most sea-breeze data are restricted to surface observations 
and a few visual observations of conditions aloft. Those soundings which 
do exist show considerable variation among themselves. Figure 3-50 is 
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FIG. 3*50.—Overwater sounding in a sea breeze. 

a sounding in a sea-breeze in Massachusetts Bay about 8 miles from the 
coast. Figure 3 51 is a sounding made over land in Kaikoura, New 
Zealand, in the presence of a sea-breeze.2 Possibly the difference between 
these two measurements illustrates the amount of variation in sea-breeze 
characteristics in various parts of the world. 

It is best to caution against assuming a unique type of propagation 
associated with a sea-breeze. Each case must be treated separately, with 
consideration being given to the properties of the original air mass and 
the temperature of the water. It should also be stressed that the sea-
breeze circulation is clearly local in character, being confined for the most 
part to a narrow coastal strip, and should not be confused with winds 
coming from the sea with long overwater trajectories. 

1 Some observations are presented in the form of vertical cross sections by R. A 
Craig, et al., "Sea-breeze Cross Sections from Psychrometric Measurements," Bull. 
Am. Meteorol. Soc, December 1945. 

2 F. E. S. Alexander, "Temperature and Humidity Measurements Made with the 
Washington State College Wired Sonde Equipment at Kaikoura, New Zealand, be
tween September 23, 1944, and October 19, 1944," Radio Development Laboratory, 
Wellington, New Zealand. 
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FIG. 3'51.—Overland sounding in a sea breeze. 

HORIZONTAL AND LOCAL VARIATIONS 

B Y RICHARD A. CRAIG 

Emphasis thus far has been placed on vertical gradients, as the present 
theoretical basis for study of the effects of these gradients requires the 
assumption of purely horizontal stratification. Moreover, variations with 
time at a given place have been generally neglected, both in the theoretical 
discussion and in the observational techniques. However, it is of impor
tance to consider possible deviations from these ideal conditions. 
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3-25. Horizontal Gradients.—It is apparent from the complexity of 
atmospheric phenomena and the nonuniformity of the earth's surface that 
horizontal gradients of temperature, humidity, and refractive modulus 
must occur frequently in the atmosphere. In the large-scale study of 
meteorology, it is known that these are minimum within well-defined air 
masses and maximum near frontal surfaces. In radio-meteorology this 
is correspondingly true for the parts of the atmosphere higher than a few 
hundreds of feet above the earth's surface. For the surface layers, how
ever, which assume more importance in the specialized study here con
sidered than in ordinary meteorological work, significant gradients may 
occur also within air masses because of the rapid reaction of these surface 
layers to changes in the modifying surface. A precise definition of what 
constitutes a significant variation of M-profile has not been attempted, 
but it would necessarily involve the wavelength, the geometry of the 
transmission path, and the heights at which the changes in the Af-profile 
occur. Large changes in the M-profile can occur frequently and fairly 
rapidly. These occur across frontal surfaces and also in surface layers in 
the absence of fronts. Changes across frontal surfaces tend to be abrupt, 
their amount depending on the air-mass contrast. Because a frontal 
surface has a small but finite slope, the boundary layer between the two 
air masses may vary in height by as much as 10,000 ft in 100 miles 
and usually varies at least 1000 ft in 100 miles perpendicular to the 
front. Moreover, the changes in temperature a/id humidity across a 
front are generally accompanied by changes in temperature excess and 
M-deficit. 

The vertical distribution of temperature and humidity in an air column 
follows to a great extent from the type of surface by which the air has been 
recently modified. When a large body of air is modified by a nearly 
uniform surface for a sufficiently long time, an air mass is formed. Of 
importance here is the fact that in the surface layers variations resulting 
from changes in the modifying surface may occur in the absence of such 
prolonged and uniform modification. 

In general, such variations occur most frequently at coast lines because 
of the abrupt change in modifying surface. The horizontal gradients 
may be of several types. For example, in the ideal case of warm air over 
cold water (Sec. 3-19) a nearly standard Af-profile over land may become 
substandard or superstandard in the surface layer as soon as it crosses 
the coast; and furthermore, the shape of the curve may vary considerably 
during its trajectory. Moreover, because of irregularities in the coast 
line and wind differences, other changes may occur. This was of impor
tance in the experiment in Massachusetts Bay where significant horizontal 
gradients were often found (Sec. 4 2). 

Horizontal gradients may occur to a lesser extent over continents 
away from the influence of coastal waters. Land surfaces may vary 
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considerably in humidity and in heating or cooling properties, and their 
effect on air columns may produce significant variations (Sec. 3-21). 

Probably the open ocean is the region where horizontal gradients are 
the least important in the absence of fronts. If all the air over a region 
has traveled hundreds of miles over water, such gradients are less likely 
to exist. Even here, however, one must be very careful to allow for 
variations in water temperature, which can produce significant differences. 

Obviously, no general rules can be given regarding horizontal gradients. 
I t is important that their existence be borne in mind in choosing any site 
for experimental purposes and in analyzing any data. In particular, if a 
measured M-profile is to be correlated with radio transmission phenomena, 
considerable thought should be given as to whether or not the meteoro
logical data are representative of the entire transmission path. 

3-26. Local Variations with Time.1—Previous discussions in this chapter 
relative to values of temperature, moisture concentration, and potential 
or refractive modulus at a point in the atmosphere have referred to average 
and not to instantaneous values. Theoretical considerations refer to 
averages; and furthermore, as will be described in the next section, the 
observational material was gathered according to a technique that tended 
to measure average conditions over a time interval of minutes. Neverthe
less, certain theoretical and observational material leads to the conclusion 
that variations about these averages may be considerable, particularly 
under conditions of instability. 

In the case of unstable equilibrium, vertical motions result from 
convection and mechanical turbulence. An air parcel displaced vertically 
may travel an appreciable distance before being mixed with its surround
ings; and if there are vertical gradients of potential temperature, specific 
humidity, or potential modulus, such displaced air parcels cause variations 
in the parameters in their new surroundings. In order to measure the 
resultant fluctuations in M, one would need simultaneous and rapid 
measurements of both temperature and humidity. These are difficult to 
obtain, but it is possible to estimate the fluctuation in M from measure
ments of temperature alone. Over dry ground, of course, there is no 
gradient of specific humidity, and the fluctuations in M depend on tem
perature variations alone. Over wet ground or water, if the temperature 
excess and Jkf-deficit are known, the estimate can be made on the basis 
of the. principle of similarity, namely, that the ratio of temperature fluctu
ations to temperature deficit is identical with the ratio of fluctuations in 
M to M-deficit. 

Some indication of the fluctuations encountered in unstable equilibrium 
may be obtained from the work of Gerdel,2 who measured temperature 

1 Part of the material in this section is based on an unpublished memorandum by 
R. B. Montgomery (1945). 

1R. W. Gerdel, "Temperature-gradient Observations," Nat. Research Council Am. 
Geophyts. Union Tram., Part I, 1943, pp. 182-189. 
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with thermocouples over land at heights up to 24 ft. He found the stand
ard deviation of temperature in unstable air to have a maximum value of 
3°F at 4 ft, decreasing to 0.9°F at 24 ft. Over dry ground, with no gradient 
of vapor pressure, this would correspond to standard deviations of about 
3 and 1 respectively in M. These represent deviations of less than 1 per 
cent of the usual value of M near the surface of the earth. 

Information concerning deviations over water is available from psy-
chrometer measurements made at the masthead of a ship by Woodcock.1 

One series made on Feb. 24, 1945, over the Gulf Stream represents a 
temperature excess of — 13.5°F, a humidity deficit of 17.2 mb, and an 

Potential vapor pressure in mb 
6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 

FIG. 3"52.—Fluctuations in unstable air. 

Af-deficit of 68. The first seven readings of this series, made at ^-min 
intervals with a wind of 14 knots, are plotted on the characteristic diagram 
in Fig. 3-52. Note that the points fall reasonably well along a straight 
line through the observed water temperature of 70°F. The maximum 
recorded deviation in M was 3, or about 4 to 5 per cent of the M-deficit. 

Further information comes from some soundings made in Florida by 
the Army Air Forces2 using an aerated wired sonde (Sec. 3-28). Meas
urements were made over water in the lowest 50 ft of the atmosphere. The 
instrument was exposed at each level for 2 to 3 min, and the maximum 
and minimum observed values of humidity were recorded. Because the 
deviations were small, only average values of temperature were recorded; 
this was unfortunate. Figure 3-53 is one such sounding made in a wind 
of about 8 knots. The sea temperature was 75.2°F, and the temperature 
excess, humidity deficit, and M-deficit were, respectively, about — 6°F, 
16 mb, and 64. The deviations above 25 ft were 5 to 8 per cent of the 
deficits, although fluctuations from the average of as much as 17 per cent 

1 Alfred H. Woodcock, Woods Hole Oceanographic Institution, during passage 
between the West Indies and an eastern United States port in February 1945. 

' AAF Board Project No. H4298. 
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of the deficit occurred nearer the surface. Note that with the irregular 
fluctuations at all levels the shape of the M-profile, including the duct 
height, must vary considerably in an irregular manner. 

It seems reasonable, on the basis of the foregoing information, to 
estimate the maximum possible deviation in M above 25 ft in unstable 
air. The Florida sounding indicated a value of about 8 per cent of the 
M-deficit. Woodcock's series showed a 4 to 5 per cent maximum devia
tion, a figure that must be somewhat low because of lag in the response of 
the sling psychrometer, which was exposed at f-min intervals. If Gerdel's 
value of 0.9°F for temperature is assumed to be more nearly correct for 
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FIQ. 3'53.—Fluctuations in dew point and resulting fluctuations in M in unstable air. 

this series, the deviation becomes nearly 7 per cent. Eight per cent ap
pears as an acceptable maximum figure. According to these figures 
deviations of M from the average value above 25 ft because of turbulence 
and convection could scarcely exceed ± 5 . 

Another series of Woodcock's measurements serves to throw light on 
variations in air near neutral equilibrium. Made on Feb. 20, 1945, in 
the Windward Passage, this series represents a temperature excess. of 
— 0.5°F, a humidity deficit of 11.3 mb, and an M-deficit of 51. If there 
is no vertical gradient of potential temperature, deviations in temperature 
cannot occur. This is the case for neutral equilibrium except near the 
top of the mixed layer. However, over water there are always vertical 
gradients of humidity and M near the surface (Sec. 3-14) so that fluctua
tions in these quantities can occur. In this case, maximum recorded 
deviations were about 8 per cent of the deficits. The fluctuations ob
served by Woodcock in the unstable case were less than those derived 
from other data. Accordingly, it is reasonable to expect that this figure 
of 8 per cent for neutral equilibrium may be exceeded at times. Thus it 
is possible that the variations may sometimes be as much as ± 8 in M. 

When the air is in stable equilibrium, vertical displacements can be 
only temporary (Sec. 3-17). The fluctuations then are associated with 
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wave motion in the stable fluid rather than with discrete turbulent eddies. 
Considerable theoretical work has been done by dynamic meteorologists 
concerning the physical characteristics of such wave motion; but unfor
tunately, most of it is not directly applicable to the immediate problem. 
Certain principles may, however, be stated. At temperature inversions 
in the atmosphere, which often correspond to large vertical M-gradients, 
wind shear may supply enough energy to set up wave motion in much the 
same way that waves are formed at the surface of the ocean. Gravitation 
acts as a stabilizing or restoring effect provided the wavelength of the 
motion is sufficiently large. The critical wavelength, above which stable 
wave motion can occur, increases with increasing wind shear and de
creasing stability.1 Observations of billow clouds have indicated that the 
wavelengths which occur in nature are near these critical values.2 The 
vertical velocities associated with such wave motions are negligible at a dis
tance above and below the inversion greater than 37 per cent of the wave
length. This may be assumed to be the same as the critical wavelength. 

The inferences that may be drawn from this meteorological knowl
edge are 

1. Fluctuations must be less in stable equilibrium than in neutral or 
unstable equilibrium, as vertical motions are inhibited. 

2. Deviations must decrease with increasing stability and decreasing 
wind shear in a stable layer, as critical wavelength decreases and 
the effective range of vertical motion decreases.3 

Gerdel's measurements included some cases of stable equilibrium and 
included no temperature deviations greater than 0.5°F over dry land. 
This would indicate maximum fluctuations in M of about half the value 
found for unstable equilibrium, about 4 per cent or 2 or 3 per cent in M. 
This is admittedly a rough figure and must vary somewhat with stability 
and wind shear. 

There is room for much additional research, both theoretical and 
observational, in the subject of local variations, particularly in stable 
equilibrium. One important aspect of wave motion, in addition to vari
ations at a point, is the attendant possibility that a duct may vary in 
height horizontally. It has been suggested that this phenomenon m"ay 
be of importance in causing the deep fades observed during the guided 
propagation of microwaves.4 

1 A table of critical wavelengths in terms of wind shear and temperature difference 
is given in B. Haurwitz, Dynamic Meteorology, McGraw-Hill, New York, 1941, 
p. 287. Note that these hold only if the height of the inversion above the ground is 
greater than 40 per cent of the wavelength. 

2 Ibid., p. 288. 
3 It should not be inferred that most stable radio transmission occurs under stable 

atmospheric conditions; in Chap. 4 it will be shown that the reverse is usually true. 
* W. M. Elsasser, "Comments on Duct Transmission and Fading," NDRC Propa

gation Memorandum, December 1945 (unpublished). 
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INSTRUMENTS TO MEASURE TEMPERATURE AND HUMIDITY 
IN THE LOWER ATMOSPHERE 

B Y ISADORE K A T Z 

T h e s tudy of microwave propagat ion places new emphasis on meteoro
logical ins t rumentat ion. 1 For the usual meteorological purposes tem
perature and humidi ty are measured with ins t ruments unsui ted to the 
fine detail necessary for low-level soundings. T h e development of several 
new ins t ruments and var ia t ions of some older types arose out of the needs 
of this novel sounding problem. In the following sections some of these 
devices, the sounding methods , and problems arising from their use 
are discussed.2 

3-27. Psychrograph.—The psychrograph is a wet- and dry-bulb 
recording electrical resistance thermometer . 3 I t employs two thermistors 
for measur ing wet- and dry-bulb tempera ture . T h e resistance of each 
thermis tor is measured with the aid of a Wheats tone bridge and amplifier, 
the ou tpu t current of which operates a recorder. T h e thermis tors are 
mounted in a housing designed for the part icular type of service desired. 
T h e psychrograph was designed originally for mak ing aircraft soundings 
and when used in this form is called an aeropsychrograph. I t has also been 
modified for use as a ground-based sounding ins t rument described in the 
following pages. 

Thermis tors used as t empera tu re elements for the psychrograph are 
made of a ceramic mater ia l t h a t has been fired a t a high t empera tu re , yielding 
a glasslike, hard semiconductor.4 T h e y are used in radiosondes for measur ing 
tempera ture . T h e y are shaped into cylindrical rods of various d iameters 
and lengths. Those used in t he psychrograph are 0.06 in. in d iameter and 
1.9 in. long. Figure 3-54 shows a typical temperature-res is tance curve.6 

1 For a text on standard instruments, see W. E. K. Middleton, Meteorological In
struments, University of Toronto Press, Toronto, Canada, 1941. 

s Further details on the instruments described here and some others may be found 
in W. M. Elsasser, "Meteorological Equipment for Short Wave Propagation Studies," 
Wave Propagation Group Report No. WPG-3 Columbia University, August 1944. 

3 This instrument was developed during the course of propagation research at the 
Radiation Laboratory and was used almost exclusively to obtain the RL data given 
in preceding sections. I t has also been used by several other groups. See I. Katz, 
"Instruments and Methods for Measuring Temperature and Humidity in the Lower 
Atmosphere," RL Report No. 487, Apr. 12, 1944; "An Airplane Psychrograph," Bull. 
Am. Meteor. Soc, 28, 363 (1947). 

1 The thermistors described here were obtained from the Washington Institute of 
Technology, College Park, Md., and from the Julien P. Friez Co., Baltimore, Md. 
There are several essentially similar types now available commercially. For a general 
description of thermistors see J. A. Becker, C. B. Green, and G. L. Pearson, Trans. 
AIEE, 66, 711 (1946); also Vol. 10 of the Radiation Laboratory Series. 

6 Compensating networks to correct the nonlinearity of the temperature-resistance 
curve are described in P. A. Seay and W. E. Gordon, "Temperature Recording with 
Thermistors," Electrical Engineering Research Laboratory Report No. 16, June 1, 1948, 
University of Texas, Austin, Tex. 
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FIG. 3"54.—Temperature-resistance curve for a typical thermistor. 

Fio. 3-55.—Aeropsychrograph thermistor rack. 

When used in the aeropsychrograph the thermistors are mounted 
on an open rectangular bakelite rack as shown in Fig. 3 55. This rack 
provides a rigid support for the thermistors, which are very brittle. The 
rack, thermistors, and leads are coated several times with polybutylmeth-
acrylate, an insulating plastic that renders them water-resistant and 
eliminates surface leakage. No uncoated surfaces remain other than 
those of the connector prongs. 
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One of the thermistors is tightly covered with a wick and acts as a wet-
bulb thermometer. Water is fed from both sides to assure adequate 
wetting. Large reservoirs, part of the housing to be described in the 
following paragraphs, provide the water supply for the wick. 

The thermometer housing is shown in Fig. 3-56. It consists of an inner 
aluminum cylinder, an outer radiation shield, and two reservoirs for 
distilled water. The inner shield has two open conical ends that reduce 
the airflow through the instrument. This reduction amounts to about 
60 per cent in the construction shown. A reduction in ventilation speed 

Front reduction cone -/-Outer shield Rear reduction COB* 

FIG. 3"56.—Thermometer housing of aeropsychrograph. 

is desirable in aircraft instruments in order to have the wick remain com
pletely wet at all times. This is not easily accomplished at the usual 
aircraft speeds. 

The outer radiation shield is a hexagonal cylinder made of aluminum. 
There are attached to the shield the water reservoirs, the rear cone, the 
connector for the leads to the bridge, a special extension that fits into 
the supporting strut, and a door with a flexible steel control cable. The 
two Plexiglas water tanks are fastened on the under side of the outer 
shield. Each tank has a wick-protecting Plexiglas tube running to within 
| in. of the wet-bulb resistor. These tubes act as shields for the wick to 
prevent excess evaporation. The wick is long, covering the wet thermistor 
and reaching into the two water tanks from the ends of the element. This, 
in effect, provides two wicks to feed the wet bulb, each wick having to 
wet only half the element. 

The door mounted on the front of the housing provides protection 
for the wick when the instrument is not in use. When the plane is in 
flight but measurements are not being made, the door can be closed to 
prevent evaporation of water from the wick. This preserves the water 
supply and also prevents dust and hygroscopic particles from accumulat
ing on the wick. The door is a thin brass disk that fits over the front 
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cone when closed and opens to a position parallel to the airflow. I t is 
opened and closed from inside the aircraft by means of the flexible steel 
cable. A rear view of the housing is shown in Fig. 3-57. The rear cone 
has been removed to show details of the inside. The thermistors are 
mounted perpendicular to the air stream, for reasons discussed later in this 
section. 

F I G . 3'57.—Aeropsychrograph housing, rear view, with rear cone removed and rack in 
operating position. 

It is desirable to have the housing mounted in the free air stream, 
well away from any turbulent flow close to the aircraft. Such a position 
can be found at a point above and forward of the nose. Figure 3-58 is a 
photograph of a mounting on a PBY aircraft in which a good approach 
to free-air conditions was obtained. 

A highly simplified circuit diagram of the pyschrograph is shown in 
Fig. 3-59. The wet and dry thermistors are switched alternately (auto
matically or manually, as desired) into one arm of a Wheatstone bridge. 
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This bridge operates off balance; the unbalance voltage is applied to the 
grids of a vacuum-tube voltmeter with high mutual conductance; and 
the resulting flow of current from one triode plate to the other operates 
the recording milliammeter M.1 The switch S2 selects the temperature 
range to be covered by the instrument. A range of about 45°F is generally 
covered by the full scale of the recorder, and sufficient overlapping of the 
temperature ranges is provided to ensure that both wet- and dry-bulb 

FIG. 3-58.—Aeropsychrograph mounted on a PBY aircraft. (Courtesy of ASDEVLANT.) 

temperatures can be recorded without resetting <S2, even for large wet-bulb 
depressions. Because the bridge is operated off balance, the power-supply 
voltages and tube characteristics must be held to close tolerances. In 
the present case simple voltage-regulation methods employing gaseous 
voltage-regulator tubes sufficed to limit the errors to at most one-half of 
1 per cent of full-scale deflection for + 12 per cent variation of line voltage. 
To provide a quick check on correct amplifier performance the calibrating 
resistors can be switched into the circuit at will. 

Speed Correction.—When an object is placed in a moving air stream, 
the air at the boundary is brought to rest. As a consequence, a velocity 
gradient occurs near the surface and there is local heating, resulting in an 

1 The recording milliammeter is the 0-1 ma Model AW Instrument of the Ester-
line-Angus Co. 
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increase of the temperature of the boundary above that of the passing 
air stream. Thus, when the resistor in the aeropsychrograph is exposed 
to a moving air stream, there is a masking increase in temperature, which 
varies with the speed of the aircraft. A correction must be applied to 
the indicated temperature to obtain the true air temperature. 

The correction may be estimated by assuming steady flow in an 
incompressible fluid and no friction. Let u be the velocity along a stream
line, s the distance along a streamline, and A the cross section of the tube 

4210 V 
regulated 

FIG. 3'59.—Simplified circuit diagram of the psychrograph. 

considered. Let p be the air density and p the pressure. Steady flow 
implies that u, p, p, and A may vary with s but not with time. Because 
steady flow is assumed, 

puA = const. 

The force from the pressure gradient on an infinitesimal volume A Ss in 
the direction of flow is — (dp/ds)A Ss. The mass of that volume is pA ds, 
and its acceleration is du/dt. From Newton's second law, 

dp 
ds A Ss = pA Ss du 

~dl' 
But 

du du ds du 
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hence 

This can be written as 

p as as 

[& + judu = 0, (57) 

which is a form of Bernoulli's equation. 
From the first law of thermodynamics, 

dQ = cpdT - ^2 . (58) 
P 

where Q is heat transferred and cv is the specific heat at constant pressure. 
For an adiabatic process, dQ = 0; hence Eq. (58) becomes 

cpdT = d*-
p 

this result is combined with Eq. (57), 
fT +AT 

lr C > d T = - J 

1 V2 

it follows that 

f° 
j u du, 

or 
1 , . 2 

(59a) 

The increase in temperature is, then, proportional to the square of the 
speed. If the speed u is given in miles per hour, 

AT = l0(m)2°c = l-8{my°F- (59fc) 

Equation (57) holds for a full adiabatic compression. Temperature rise 
may be caused by adiabatic compression or by friction, but the combined 
effect may be treated as one.1 The rise in temperature will usually be a 
fraction of the full adiabatic compression, the exact amount depending 
on the geometry of housing and thermistors. If this fraction is denoted by td, 

AT = 1.8 ed ( J g g J °F. (60) 

Table 3-3 gives values of AT in degrees Fahrenheit for various values of u 
and td- When id is found for a particular thermometer, the table gives 
the value to be subtracted from indicated temperature to obtain true 
temperature. 

1 This treatment follows closely that of A. F. Spilhaus, "Atmospheric Pressure, Tem
perature and Humidity, the Corrections for Aircraft Speed," August, 1943 (unpublished). 
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TABLE 33.—SPEED CORRECTION (AT IN °F) FOR VARIOUS VALUES 
or td AND AIR SPEEDS IN MPH 

True 
air speed, 
mph, u 

80 
90 
100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 

(d 

0.1 

0.1 
0.1 
0.2 
0.2 
0.3 
0.4 
0.4 
0.4 
0.5 
0.5 
0.6 
0.6 
0.7 
0.8 
0.9 
1.0 
1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 

0.2 

0.2 
0.3 
0.4 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
1.2 
1.3 
1.4 
1.6 
1.7 
1.9 
2.1 
2.2 
2.4 
2.6 
2.8 
3.0 
3.2 

0.3 

0.3 
0.4 
0.5 
0.7 
0.8 
0.9 
1.1 
1.2 
1.4 
1.6 
1.7 
1.9 
2 2 
2.4 
2.6 
2.9 
3.1 
3.4 
3.6 
3.9 
4.2 
4.5 
4.9 

0.4 

0.5 
0.6 
0.7 
0.9 
1.0 
1.2 
1.4 
1.6 
1.8 
2.1 
2.3 
2.6 
2.9 
3.2 
3.5 
3.8 
4.1 
4.5 
4.9 
5.3 
5.6 
6.1 
6.5 

0.5 

0.6 
0.7 
0.9 
1.1 
1.3 
1.5 
1.8 
2.0 
2.3 
2.6 
2.9 
3.2 
3.6 
4.0 
4.4 
4.8 
5.2 
5.6 
6.1 
6.6 
7.1 
7.6 
8.1 

0.6 

0.7 
0.9 
1.1 
1.3 
1.6 
1.8 
2.1 
2.4 
2.8 
3 1 
3.5 
3.9 
4 3 
4.8 
5.2 
5.7 
6.2 
6.8 
7 3 
7 9 
8.5 
9.1 
9.7 

0.7 

0.8 
1.0 
1.3 
1.5 
1.8 
2.1 
2.5 
2.8 ■ 
3.2 
3.6 
4.1 
4.5 
5.0 
5.6 
6.1 
6.7 
7.3 
7.9 
8.5 
9.2 
9.9 
10.6 
11.3 

0.8 

0.9 
1.2 
1.4 
1.7 
2.1 
2.4 
2.8 
3.2 
3.7 
4.2 
4.7 
5.2 
5.8 
6.3 
7.0 
7.6 
8.3 
9.0 
9.7 
10.5 
11.3 
12.1. 
13.0 

0.9 

1.0 
1.3 
1.6 
2.0 
2.3 
2.7 
3.2 
3.6 
4.1 
4.7 
5.2 
5.8 
6.5 
7.1 
7.8 
8.6 
9.3 
10.1 
10.9 
11.8 
12.7 
13.6 
14.6 

1.0 

1.2 
1.5 
1.8 
2.2 
2.6 
3.0 
3.5 
4.0 
4.6 
5.2 
5.8 
6.5 
7.2 
7.9 
8.7 
9.5 
10.4 
11.2 
12.2 
13.1 
14.1 
15.1 
16.2 

Because the air surrounding the wet bulb is saturated, it is assumed 
that the wet-bulb speed correction will bear the same ratio to a dry-bulb 
correction as the moist-adiabatic lapse rate of temperature bears to the 
dry-adiabatic rate. If a speed correction is obtained experimentally on 
the wet element with a dry wick, it will yield a value of «„ usually different 
from td- Then 

AT„ = 7 U . 8 ( T ^ ) °F, (61) w 
where y is the ratio of the moist-adiabatic lapse rate to the dry-adiabatic 
lapse rate. The equation for the moist-adiabatic lapse rate is1 

dT 
' dz 

. , m .c , Lm 
+ m p RT 

1 + m„ e. L
2m„ (62) 

m p RcpT2 

1 B. Haurwitz, Dynamic Meteorology, McGraw-Hill, New York, 1941, p. 55. 
Equation (62) has been obtained from Haurwitz' equation by use of the Clausius-
Clapeyron equation and the ideal gaa law. Haurwitz' R is R/m in our notation. 
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The dry-adiabatic lapse rate, from Eq. (13), is 

dz cp ' 

hence the ratio becomes 
. , «_c e, Lm 

= m pRT (63) 

i~ m p R^T1 

Table 3 4 gives values of y for several temperatures at p = 1000 mb. 

TABLE 3-4.—CORRECTION FACTOR y AS A FUNCTION OF TEMPERATURE 

T, °F y 
30 0.67 
50 0.54 
70 0.43 
90 0.36 

The factors t& and tw are determined experimentally for each instal
lation. The wet-bulb resistor is flown with a dry wick. A flight is made 
in a layer of the atmosphere free from strong convective currents or large 
temperature inversions, preferably on a day with complete cloud cover 
(except cumuliform). The pilot should select an easily navigable course 
for about a 2-min run. He then flies alternately back and forth over the 
course at several speeds between minimum and maximum aircraft speeds, 
keeping aspect constant. About six round trips are usually sufficient. 
The resulting curve of indicated temperature vs. (w/100)2 should be a 
straight line, the slope of which is a measure of t. 

Because air temperature rarely remains constant, it is best to use 
only two successive temperature-speed determinations for a single value 
of e; then all six values of e should be averaged. After the correct values 
of t are obtained for a thermometer, an accurate record of indicated air 
speed during a sounding must be kept in order to make the proper tem
perature correction. 

Response Time.—Time of response of a thermometer is usually stated 
in terms of its lag coefficient,1 X, which is the time required for that ther
mometer to indicate (1 — l/e) AT, or 0.63 AT, when it is subjected to a 
sudden change in temperature AT. Determination of X for a sounding 
instrument is useful in determining optimum ascent rates. 

One way of determining X for an aeropsychrograph thermistor in air is to 
insert the thermistor into an air stream whose speed is known, heat the 
thermistor by an alternating current (to, let us say, 10° higher than the air 
stream), switch the thermistor into the circuit while at the same instant 

1 See W. E. K. Middleton, Metearohgical Instruments, University of Toronto Press, 
Toronto, Canada, pp. 56-58. 
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20 40 60 80 
Ventilation speed in mph 

FIG. 3-60.—Lag coefficient as a function 
of air speed with tiie thermistor perpendicular 
to the air stream. The thermistor has a 
length of 1.9 in. and a diameter of 0.06 in. 

turning off the heating current, and record the temperature decrease as a 
function of time. 

A typical lag coefficient-ventilation curve obtained in this man
ner is shown in Fig. 3-60. Two 
curves are presented, the lower one 
for a thermistor as it arrived from 
the manufacturer, the upper one for 
the same thermistor with three appli
cations of polybutylmethacrylate. 
It can be seen that both curves rise 
sharply as the speed falls below 10 
mph. This indicates that caution 
is necessary when using unaerated 
thermometers of this type. 

The curves were obtained for a 
thermistor whose long axis was per
pendicular to the air stream. The 
angle between the thermistor axis 
and the direction of the air stream 
affects the response time materially; 
the slowest response occurs when 
the thermistor is parallel to the air stream. Figure 361 shows the rela
tion between lag coefficient and the angle between the axis of the ther

mistor and the direction of the air 
stream for an air speed of 11 mph. 
This relation was obtained for a 
thermistor with two coats of plastic 
and is somewhat larger than that 
used in obtaining the data in Fig. 
3-60. The curve clearly illustrates 
the superiority of perpendicular 
over parallel mountings. 

Finding the lag coefficient of a 
wet-bulb thermometer is difficult. 
As one factor in the response time 
of a wet bulb is the rate of evapora
tion of water from the wick, a rate 
that varies according to the moisture 
content of the air, any wet-bulb lag 
determinations require additional 
information on speed and humidity. 

Such determinations should not be made by the simple heating method 
described above because the entire mass of thermistor, wick, and water 
cannot be heated equally by supplying a current to the thermistor alone. 

30 60 90 
S in degrees 

FIG. 3-61.—Lag coefficient as a function 
of b, the angle between the axis of the ther
mistor and the direction of the air stream. 
Ventilation speed is 11 mph. The thermistor 
has a length of 2\ in. and a diameter 
of 0 .065 in. and has two d i p - c o a t s of 
polybutylmethacrylate. 
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Point of support 

No lag coefficients are available for the wet thermistors used in the 
aeropsychrograph. 

Sounding Methods.—The method of making an aircraft sounding usually 
followed by the Radiation Laboratory consisted of descending to as low an 
altitude as possible, 20 ft or less if over water, and then ascending in a 

tight spiral at a rate of approxi
mately 100 ft/min. The instrument 
automatically switches from dry- to 
wet-bulb temperature at intervals of 
about 7 sec, and at selected altitudes 
the operator records the altimeter 
indication. 

The sounding should be made to 
a sufficiently high level to ensure 
measurement of pertinent tempera
ture and humidity distributions. 
This height is dependent on the 
geometry and wavelength involved 
in the particular propagation prob
lem and on the meteorology of the 
region. A level of 1000 to 1500 ft 
is often high enough, but, as will 
be seen in the following chapter, 
the sounding must sometimes be 
extended to several thousand feet. 
Repeat soundings should be made 
through the layers showing marked 
deviation from standard conditions. 
Because wind velocities play such an 
important role in tracing trajectories 
and in helping to understand the 
physical basis of the modification 
of air, it is usually desirable to esti
mate surface winds and to measure 
winds at some higher level, using 
drift methods or their equivalent. 

Other flight techniques have been 
employed by various groups. Some

times the aircraft is flown back and forth over a fixed course while the 
altitude is varied in steps, or the aircraft may fly a straight course, descend
ing at an essentially constant rate. Blimps, which have also been used 
successfully, require special techniques that depend upon their operating 
characteristics. In general, the sounding procedure must be worked out in 
terms of so many different factors, involving the nature of the instruments 

Inner 
shield 

. Dry-bulb 
resistor 

Airflow 

FIG. 3'62.—Modification of the psychrograph 
housing for ground-base use. 
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employed, characteristics of the aircraft, the prevailing weather situation, 
and other quantities, that no general rules can be given for the "best" 
methods of making a sounding. 

Figure 3-62 shows a modification of the psychrograph housing for 
ground-based soundings. The blower provides more than adequate ventila
tion for the wet-bulb thermistor and assures that the thermistors come to 
equilibrium quickly with the surrounding air. The unit shown is carried 
aloft by captive balloons, and specially designed lightweight, mois
ture-proof cables connect the housing to the remainder of the equipment. 
In the present instance five wires are required in the cable: two to carry 
the 60-cps 110-volt power for the blower and three for the electrical 
connections to the thermistors. 

Balloons used for lifting the housing and cable are the 400- or 700-g 
Darex1 radiosonde types. In light winds heights of 400 ft or more may be 
reached with these balloons and the particular unit shown. In winds 
exceeding 15 mph barrage balloons or kites have been employed. At 
intermediate wind speeds two 400-g balloons provide satisfactory lift. The 
principal limitation is, of course, the weight of housing and cable, which 
must be kept at the lowest possible value. 

The psychrograph can be used to measure wet- and dry-bulb tempera
ture to +0.2°F as long as the wet-bulb temperature is above freezing.2 

(It is difficult to use as an ice-bulb thermometer below freezing without 
elaborate means for proper wetting of the wick.) The lag is sufficiently 
low to permit satisfactory operation at low rates of climb in aircraft and 
at fairly low ventilation speeds. The instrument can readily be adapted 
to either airborne or ground-based sounding techniques. It is capable of 
high accuracy in the hands of skilled operators, but its complexity and 
weight render it unsuitable for general field use in the form shown here. 

3*28. Wired Sonde.—The wired sonde3 is a modification of the radio
sonde in which the radio transmission circuit is replaced by metallic 
conductors carrying only direct currents. It employs the temperature 
and humidity elements of the radiosonde enclosed in a protective radiation 

1 Dewey and Almy Chemical Co., Cambridge, Mass. 
2 The accuracy of measurement (aside from the aerodynamic heating) can be increased 

by expanding the temperature scales and improving the stability of the associated 
electronic equipment, as the thermistor characteristics appear to be very stable. 

3 The wired sonde was developed in 1943 at Washington State College by P. A. 
Anderson, C. L. Barker, K. E. Fitzsimmons, and S. T. Stephenson, under NDRC 
Project No. PDRC-647, Contract OEMsr-728. It has been widely used by Washington 
State College and by several Army and Navy groups in various parts of the world. 
See "The Captive Radiosonde and Wired Sonde Techniques for Detailed Low-level 
Meteorological Sounding," Washington State College, Report No. 3, Oct. 4, 1943; 
"Notes on Operational Use of Low-level Meteorological Sounding Equipment," Wash
ington State College Report No. 7, June 15, 1944; "Operating Instructions for the 
WSC Low-level Atmospheric Sounding Equipment," Washington State College Report 
No. 8, July 10, 1944. 
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shield. A commutated direct voltage is applied simultaneously to the 
temperature and humidity elements, the resistance of which is indicated 
by the current through a microammeter. This instrument is usually 
operated as a ground-based sounding tool for which appropriate balloons, 
cables, and reels are necessary, but it has also been used for making air
craft soundings. Unlike the radiosonde or the aeropsychrograph, the 
wired sonde is, electrically, extremely simple. The temperature element 
is the thermistor described in the preceding section. The humidity 
element, an electrolytic hygrometer,1 measures relative humidity directly 
(after a correction for the effect of temperature) rather than wet-bulb 
temperature. I t consists of a plastic strip dipped in a solution of lithium 
chloride in polyvinyl alcohol. Electrical contact is provided by sheet 
metal strips that are molded over the edges of the plastic strips before the 
coating is applied. The conductivity of the lithium chloride coating 
increases with increasing relative humidity. 

A circuit diagram of the wired 
sonde used by Washington State 
College is shown in Fig. 3-63. A 
constant voltage is applied across 
the relative humidity and tempera
ture elements, whose resistances 
essentially control the flow of 
current through the microam-
meters; the meter scales may be 
calibrated directly in terms of tem
perature and humidity. Because 

the electrolytic strip is easily polarized, the direction of the applied voltage 
is automatically reversed every half second by the motor-driven reversing 
switches. The 1000-Mf condensers shunting the meters provide a suffi
ciently long time constant to render the meter deflections insensitive to 
the switching. The 10,000-ohm resistor in series with the elements 
protects the electrolytic strip and the meters; it is short-circuited during 
measurement. 

A radiation shield used with the wired sonde is shown in Fig. 3-64. I t 
consists of a double-walled aluminum cylinder, suspended vertically, inside 
of which are mounted the two measuring elements. A cone, mounted 
several inches above the vertical cylinder, shields the elements from radia
tion from above. With this arrangement, aeration of the elements must be 
accomplished by airflow through the radiation shield in a vertical direction. 
This is adequate down to wind speeds or towing speeds of about 2 mph.2 

For soundings carried out in a dead calm there is some uncertainty as to 
the degree of equilibrium between the elements and the surrounding air. 

»F. W. Dunmore, Nat. Bur. Standards Jour. Res., 23. 701 (1939). 
* Private communication from Dr. P. A. Anderson, Washington State College. 

1000 M 
Temperature meter 

0-50 na 
-Circuit diagram of wired sonde. 
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Rapid ascent or descent from one sounding altitude to the next or jerking 
the cable is sometimes employed to reduce the uncertainty, although 
perhaps the most satisfactory solution has been to provide forced ventila
tion is a manner equivalent to that shown in Fig. 3-62.l 

The temperature and humidity elements are connected to the meter by 
a light, waterproof cable, which is taken up on a reel. Development of a 
satisfactory cable for this instrument (as for all ground-based instruments) 
has been a major problem too involved to describe here. 

Flo. 3*64.—Housing for wired sonde. (Courtesy of Washington State College.) 

Figure 3-65 shows the latest version of the wired sonde ground unit, 
including the reel and meter box. 

Balloons to lift the housing and cable are similar to the 350-g radio
sonde type but are of neoprene and equipped with a reinforced neck to 
support the extra tension needed for tethered balloon work. Under ideal 
conditions altitudes as high as 4000 ft have been reached with the un-
aerated wired sonde, using three balloons. Each balloon has a free lift of 
3 lb when inflated with helium to a diameter of about 5 ft. 

1 L . J. Anderson, S. T. Stephenson, and A. P. D. Stokes, "Improvements in 
U.S.N.R.S.L. Meteorological Equipment," NRSL Report No. WP-21, San Diego, 
July 1945, and L. J. Anderson, "Captive-Balloon Equipment for Low-Level Meteoro
logical Soundings," BvU. Am. Meteor. Soc., 28, 356 (1947). 
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The wired sonde has the advantage of being very light (the unit shown 
in Fig. 3-64 weighs 6.5 oz, but provision of forced ventilation increases the 
weight to several times this value), and it is free from complicated electrical 
circuits. These features recommend it for field use by personnel with a 
minimum of training other than meteorological. The principal limitation 
of the accuracy of the instrument occurs in the electrolytic hygrometer, 

F I G . 3'66.—Ground unit of wired sonde showing level-wind winch, cable reel, and 
shock-mounted meter box. (Courtesy of Washington State College.) 

which has neither the stability nor the general reliability of the thermistor. 
Its useful life ranges from 24 hr in the tropics to several weeks in dry, 
temperate climates.1 In cases where high accuracy is not necessary it is 
found that the individual temperature-relative humidity curves of in
dividual elements in a given production lot are enough alike in shape that 
it is sufficient to adjust an external resistor-compensating network to 
indicate the correct relative humidity at one point. The technique of 
manufacture of electrolytic hygrometers is still being modified, and further 
improvements of the characteristics of the hygrometers for low-level 
sounding purposes are to be expected. 

1 Private communication from Dr. P. A. Anderson, Washington State College. 
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3-29. Aircraft Psychrometers.—Another instrument that can be used 

for low-level soundings is the aircraft wet- and dry-bulb psychrometer, as 
exemplified by the ML-313.1 It consists of a pair of matched thermom
eters, mounted in a streamlined ventilator, for use in measuring wet- and 
dry-bulb temperatures outside an airplane. Right-angle mercury-in-glass 
thermometers are mounted on a portable support as shown in Fig. 3-66. 
The thermometers are made with the 90° bend in order that they may be 
read from inside the cabin, while the bulbs are inserted into the ventilator, 

FIG. 3'66.—ML-313 thermometers and housing. (Courtesy of U.S. Army Signal Corps.) 

which has a current of outside air flowing through it. The cylindrical 
shield is provided to prevent breaking the thermometers when not in use. 

The ventilator is a polished, streamlined housing, which reduces the 
flow of air and supports the thermometers. It is designed to be clamped 
to the fuselage, through which a hole has been cut; it should be placed in 
a position from which observations can easily be made. A place as far 
forward in the airplane as possible should be selected to avoid heating by 
the motors or by the disturbed air behind the propellers. Dynamic 
corrections, which are included in the operating instructions, have been 
made for the ML-313. 

Because of the large lag coefficient of the ML-313, of the order of 45 sec 
at normal aircraft speeds, it is necessary to fly at a constant level for 2 min 
to obtain a reading. The ascent or descent therefore must be made in 
steps. The wick is wetted before each reading; the aircraft flies at con
stant altitude; and the thermometers are watched for 2 min; if there are 

1 Developed by Army Service Forces, Signal Corps Ground Signal Agency, Eatontown 
Signal Laboratory, Fort Monmouth, New Jersey. 
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F I Q . 3 07.- -British Mark VI aircraft psy-
chrometer. (Courteay of British Meteorological 
Office.) 

no horizontal gradients present, 
the mercury columns will have 
become nearly stationary in this 
time. The altimeter and temper
atures are then read simultane
ously, and the airplane thereafter 
ascends (or descends) to its next 
altitude, the same procedure being 
repeated. 

The major advantage of the 
aircraft psychrometer, as of the 
wired sonde, is its simplicity. The 
thermometers are calibrated and 
the dynamic correction is made 
prior to their being put into use. 
There are no electronic circuits; 
there is no possibility of electrical 
leakage; and little or no servicing 
is necessary, except for changing 
the wick. A second advantage is 
that observations can be made even 
though the wet-bulb temperature 
is below freezing, as the wick 
is wetted manually between 
readings. An accuracy of about 
+ 0.2°F may be expected with this 
instrument. 

The disadvantages (for this 
purpose) of the ML-313 are its 
high lag coefficient and the fact 
that it is nonrecording. Also, the 
reduction of data for the wet-bulb 
readings involves considerable 
labor. 

The aircraft psychrometer has 
not been used to any great extent 
as a sounding instrument for low-
level work but is included in this 
discussion because of its potenti
alities. For the most part, it 
has been used as a standard instru
ment for checking other aircraft 
thermometers. 

An instrument similar in princi
ple to the ML-313 is the Mark VI 
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aircraft thermometer designed by the British Meteorological Office and 
used in England. The entire unit is mounted outside the observer's 
window, through which direct readings of dry- and wet-bulb temperatures 
are made. Figure 3-67 shows the thermometer mounting. 

3-30. Resistance Thermometer and Humidiometer.—The Meteorolog
ical Office of the British Air Ministry operated for some time an experi
mental station at Rye, in southwest England, where high towers were 
available on very flat terrain.1 Measurements of atmospheric structure 
as a function of height and time were made by operating recording instru
ments distributed along the towers. Temperature and relative humidity 
were recorded continuously at heights of 4, 50, 155, and 350 ft, and other 
supplementary measurements were made at various times. 

Temperature was measured by nickel resistance thermometers, each of 
which formed one arm of a Wheatstone bridge operating off balance. A 
recording microammeter indicated the degree of unbalance of the bridge 
and, consequently, the temperature. Instead of measuring the absolute 
value of temperature at each height directly, it was found more convenient 
to measure temperature at one reference height and the difference between 
temperature at reference height and the other heights. The temperature 
differences were obtained by operating the thermometers at two different 
levels as adjacent bridge arms, thus making a differential bridge. Each 
thermometer element was encased in a projecting cylindrical cover that 
was housed, along with a humidity instrument, in a conventional meteoro
logical instrument shelter. Because of the high thermal capacity and 
lack of forced ventilation, the thermometer lag coefficient with low wind 
speeds was several minutes; consequently, only relatively long-period 
temperature changes could be measured. 

Relative humidity was measured by an instrument known as the 
Gregory humidiometer, which is similar in principle to the electrolytic 
hygrometer of the wired sonde. Instead of a thin film of hygroscopic 
material deposited on a strip, the humidiometer employs a piece of cloth 
impregnated with a hygroscopic salt and stretched tightly around a cylin
drical framework of metal rods that are wired alternately in parallel. The 
electrical resistance measured between the two sets of rods is a direct 
measure of relative humidity (after application of a temperature correc
tion). The resistance of a sample experimental element at 15°C was 
113,500 ohms at 30 per cent relative humidity and 68 ohms at 95 per cent, 
and the most rapid change of resistance occurred at low humidities. In 
this installation, an alternating voltage was applied to the element (to 
avoid polarization effects), and the resulting current was rectified and 
applied to a recording microammeter similar to those employed for tem
perature measurement. The lag of the humidiometer is considerably 

' "Meteorological Investigations at Rye, Part 1: Instrumental Layout for Recording 
Gradients of Temperature and Relative Humidity," Instruments Braneh, Meteorology 
Office, Air Ministry, May, 1944. 
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smaller than that of the thermometers at high temperatures, but it varies 
with both temperature and humidity in a manner not yet ascertained. 

A considerable quantity of data has been obtained and analyzed at 
the Rye station, although it is, at the present time, neither sufficiently 
complete nor available in sufficient detail to allow discussion of the 
results.1 

An advantage of the tower method of measurements is the fact that 
continuous recording, sometimes unattended, is possible. Also, measure
ments may be made simultaneously at the various levels. An inherent 
difficulty in the tower method is the limitation imposed by the height of 
the tower; frequently changes important to propagation occur above the 
top of even the highest tower and cannot, therefore, be measured in this 
way. Also, when data are obtained at fixed levels, there is the possibility 
that important information between those heights is omitted. 

3-31. Thermocouples.—Because of their extensive use in scientific 
work for accurate temperature measurements, thermocouples would appear 
to be a logical choice for low-level soundings, but relatively few research 
groups used them during the war. This is probably attributable in part 
to the fact that strong emphasis was laid on aircraft soundings, which 
placed mechanical limitations on the equipment, thus barring such sen
sitive instruments as the necessary galvanometers. For ground-based 
soundings, however, this limitation is absent, and it is reasonable to suppose 
that in the future, thermocouples may be employed to a considerably 
greater extent than in the early developments reported here. 

Two groups in England have reported using thermocouples as wet-
and dry-bulb thermometers. One type was designed specifically for use 
with a tethered balloon, and an early model operated at heights up to 
about 200 ft,2 but no report is available on the use of a modified 
version.3 

A large amount of meteorological data for propagation purposes has 
been gathered over the Irish Sea by specially designed thermocouples 
arranged to measure air temperature and wet-bulb depression.4 These 
thermocouples were made of copper and constantan, giving an emf of 
about 22 MV/°F, and had a very small mass, hence a relatively low lag 

1 During the war, the Meteorological Office issued a number of reports, including 
tables of values of temperature and humidity for limited periods, and several analyses 
of particularly interesting situations, such as marked radiation inversions. These re
ports had limited circulation under numbers issued by the Joint Meteorological Radio 
Propagation Sub-committee. Examples are JMRP Reports, Nos. 5, 6, 7, 18, 20, 23, 
and 31. 

! S. M. Doble, "Balloon Psychrometer for the Measurement of Relative Humidity of 
the Atmosphere at Various Heights," Imperial Chemical Industries, Ltd., Apr. 1, 1943. 

3 Addendum by S. M. Doble and S. Ingleficld, Sept, 25, 1943. 
4 These instruments were designed and built by the British Naval Meteorological 

Service. 
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coefficient of about 1 min at a ventilation speed of 10 knots (normally 
provided by motion of the ship). The cold junction was placed in a 
Dewar flask containing a mixture of melting paraldehyde, the temperature 
of which is constant at 50°F. Air temperature was indicated by a gal
vanometer driven by the difference in thermal emf between the cold junc
tion and the junction in free air, and wet-bulb depression was obtained 
by the difference in emf between the latter junction and a similar one 
covered by a wick and fed from a small reservoir by capillary action. 
Two junctions were placed in series to increase sensitivity for both dry- and 
wet-bulb measurements. The external junctions were enclosed in appro
priate radiation shields mounted at several heights on a ship, covering a 
height range from about 4 to 50 ft. 

A sounding was made by reading temperature and wet-bulb depression 
at one level, then switching to the next level and repeating the procedure. 
Sea temperature was also measured by another thermocouple which was 
switched in when desired. Readings up to 200 ft were obtained with a 
supplementary thermocouple psychrometer raised by a barrage balloon 
from the stern of the ship. 

This method of obtaining low-level soundings is simpler than most 
other methods. The instrument measures basic properties of the air; 
untrained observers may be employed; no source of power is required; no 
complex electronic circuits are used; and the sounding may be made quite 
rapidly or as slowly as desired. 

This psychrometer, however, in the form described is nonrecording, 
and measurements below wet-bulb freezing temperatures are impossible. 
The method suffers also from those disadvantages usually associated with 
making measurements on board ship. It is difficult to find instrument 
exposures that are not subject to radiation or convection from the ship, 
and the roll and pitch of the ship make heights above the water 
uncertain. 

3-32. General Problems Associated with Low-level Soundings.—In 
the preceding five sections there were discussed five of the methods most 
widely used in attempts to solve the complex problem of obtaining accurate 
and meaningful soundings in the lower atmosphere. Each instrument 
and method of use has certain advantages but is also limited in some 
manner. With an aircraft psychrometer, for instance, soundings can be 
made quickly over a large area, whereas with balloon-borne equipment 
soundings are usually limited to a very small area and each sounding 
requires considerable time to cover an appreciable height range. On the 
other hand, instruments carried by tethered balloons or towers may be 
used under conditions of visibility, weather, and terrain in which airplane 
flights are impossible, and they experience no complications from high-speed 
airflow over the thermometer. Some instruments are subject to difficulty 
from induced static charges in an air stream, however. As the science of 
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low-level soundings stands at present, no one sounding instrument fulfills 
all the requirements of propagation research. 

I t is apparent that further research is necessary on meteorological 
instruments suitable for use in propagation work. On the basis of ex
perience acquired thus far, we list tentatively some of the features that a 
sounding instrument of the future should possess. It should 

1. Have a lag coefficient less than 5 sec. 
2. Record all data. 
3. Be usable in the field by untrained observers. 
4. Have an accuracy in temperature of + 0 . 1 T and in humidity of 

±0.1 mb of vapor pressure. 
5. Be readily used either as an aircraft or a balloon-borne instrument. 
6. Measure a range of temperature from —60° to 120°F and a range 

of vapor pressures from near 0 to 55 mb. 
It is possible that none of the methods described above permits refine

ment to the point where these specifications can be met, and new methods 
of approach should be considered. A newly developed dew-point ther
mometer1 has recently come into use which may help solve some of the 
difficulties attached to measuring humidity, especially below freezing. 

Some success has been achieved to date with temperature-speed 
corrections on aircraft using the methods described in Sec. 3 27. This 
should be regarded more as a first step toward a solution, however. Further 
thought and experiment are needed on speed corrections before the problem 
can be considered solved. 

Fully as important as the instrument are the methods of using it and 
of analyzing the data obtained with it in the light of the characteristics of 
the instrument and of local meteorological conditions and their relation 
to the synoptic situation. It should be evident from this and the follow
ing chapters that any attempts to conduct meaningful meteorological 
measurements and analysis for propagation purposes without participation 
of highly skilled meteorologists are indeed pointless. 

METEOROLOGICAL CONSTANTS 

BY R. B. MONTGOMERY 

3-33 Useful Meteorological Constants: 
Absolute temperature of the ice point: 273.16°K. 
1 atmosphere = 1013.25 mb. 
Density of dry air at 0CC and 1 atmosphere: 1.293 X 10-3 g cm-3. 
Universal gas constant: R = 8.314 X 107 erg °C - 1 mole-1. 
Mean molecular weight of dry air: md = 28.982. 

1 D. N. Brissman, A Method for the Continuous Measurement of Dew Point Temper
atures, Univ. of Chicago, April 1945. 
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Molecular weight of water: m, = 18.016. 
mjmd = 0.622. 
Isopiestic specific heat of dry air: cvd = 1.004 X 107 erg g - 1 "C -1 . 
Latent heat of vaporization of water: at 0°C, Lf = 2500 X 10' erg g - 1 ; 

at any other temperature T, in °C, L = LfrY - 0.00094 T). 
Kinematic viscosity of air at 0°C and 1000 mb: v = 0.1346 cm2 sec-1. 
Thermometric conductivity of air at 0°C and 1000 mb: vc = 0.189 

cm'2 sec-1. 
Diffusivity of water vapor in air at 0°C and 1000 mb: vd = 0.226 

cm2 sec -1 



CHAPTER 4 

EXPERIMENTAL STUDIES OF REFRACTION 
BY PEARL J. RUBENSTEIN, DONALD E. KERR, AND 

WILLIAM T. FISHBACK 

This chapter summarizes the principal experiments that have been 
performed to investigate the effects of atmospheric refraction on micro
wave transmission. Many of these experiments (particularly the earlier 
ones) were highly varied in nature and were not performed or analyzed 
by methods now in general use. They often revealed transmission prop
erties that now appear to fit into a broad general pattern, although at the 
time this unity was not apparent. Consequently we do not follow a 
chronological approach, but instead we have arranged the material in a 
way that seems most appropriate in the light of present information. The 
point of view adopted here is that the modified-index distribution is the 
property of the transmission medium that is of major interest and usefulness. 

The marked dependence of the transmission phenomena on meteoro
logical conditions makes it imperative that radio and meteorological 
observations be made simultaneously and that the weather regime of the 
experimental location be considered. Because the radio results must be 
interpreted in terms of meteorological conditions, statistical studies of 
even large amounts of radio data have little general significance and will 
be treated only briefly in this chapter. Our main concern will be the 
qualitative aspects of transmission as influenced by tropospheric refraction. 

ONE-WAY TRANSMISSION OVER WATER 

Because of the relative simplicity of the surface boundary, the problem 
of propagation over water has received the major emphasis during the 
war years. After a period of preliminary trials an experimental procedure 
was evolved which was then followed in most essentials by all the groups 
concerned. 

As an aid to understanding the plan of operation, let us consider the 
requirements for an ideal propagation experiment. These may be enum
erated as follows: 

1. The circuit or path should have simple geometrical properties, so 
that it may be handled theoretically. In this case, for example, it 
should be completely over water, with no long stretches of land 
before the terminals or large islands obstructing the line of sight. 
In so far as possible, a location should be chosen where the meteoro-

294 
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logical conditions are uniform at least a large part of the time; a 
unique interpretation of the results is otherwise difficult. To 
facilitate the comparison of experiment and theory, the location 
should be sufficiently beyond the horizon that under standard con
ditions the field may be adequately represented by the first mode1 

alone. Calculations would otherwise not be feasible with super-
standard conditions. 

2. A continuous record of reception is desirable, on which absolute 
field-strength measurements can be made over the entire observed 
range. A wide range is generally best obtained by means of re
ceivers with logarithmic response. 

3. At least three frequencies should be transmitted simultaneously to 
provide a clear check with theory. 

4. Several terminal heights and if possible several path lengths should 
be used simultaneously to obtain height-gain relationships and 
range attenuation. Both horizontal and vertical field-strength 
sections by airborne receivers are highly desirable. 

5. Meteorological data must be collected along with the radio data. 
The type of data required varies with the general climatological 
features of the region, but detailed soundings over some height 
interval are generally necessary. Because no way has so far been 
found of making continuous records of the necessary meteorological 
quantities, one must be able to interpolate in space and time be
tween scattered measurements. Generally the fulfillment of this 
requirement necessitates a rather extensive network of meteoro
logical measurements and, especially, expert analysis. 

T R A N S M I S S I O N OVER M A S S A C H U S E T T S B A Y 

BY PEARL J. RUBENSTEIN 

A reasonably satisfactory approximation of these ideals was obtained 
in transmission tests made in Massachusetts Bay at intervals over a 
3-year period.2 The tests were intended mainly as a study of the refraction 
effects that result when air flowing from a large land mass is modified by a 
relatively short trajectory over water. The longest transmission path, 
from Race Point on Cape Cod to Eastern Point in Gloucester, Mass, (see 
Fig. 4-1), was 41 miles long and nearly parallel to the coast line, about 
15 miles from shore. 

1 See Sec. 2-7 "The Fundamental Theorem." The first mode is denned as that 
with the smallest attenuation. 

2 The detailed descriptions to follow apply to the work done in 1944. For a de
scription of the work of 1942 and 1943 see P. J. Rubenstein, I. Katz, L. J. Neelands, 
and R. M. Mitchell, "Microwave Transmission over Water and Land under Various 
Meteorological Conditions," RL Report No. 547, July 13, 1944. 
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FIG. 4*1.—Massachusetts Bay region. The squares represent radio and radar sites, and the 
circles represent meteorological stations. 

4-1. Radio Measurements Program.—Transmitting antennas were 
placed 100 ft above mean sea level on a tower close to the water's edge; 
on a tower at the receiving station, well below the horizon, duplicate in
stallations were made at heights of 28 and 136 ft. Three wavelengths— 
3, 9, and 256 cm—were used simultaneously. Only the high receiving 
location was operated at 256 cm. A 1.25-cm circuit was also operated, 
with a receiver at the 28-ft level only, but for too short a time to provide 
conclusive results. 
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At 2.5 m ample signal was obtained with a c-w transmitter and Yagi 
antenna arrays. At the shorter wavelengths, however, pulsed magnetrons 
and high-gain paraboloidal antennas were necessary. The powers and 
antenna gains were so chosen that under standard refractive conditions 
the received signal would with one exception be at or above the detection 
level of the receiver on each of the circuits. At 1.25 cm the minimum 
detectable signal was 20 db above standard level so that only super-
standard conditions could be studied. 

Carefully monitored radar sets operating at 3 and 9 cm were set up 
beside the radio transmitting station. Hourly records were kept of signal 
strengths on selected coastal targets and of the maximum ranges obtained, 
and PPI photographs were taken frequently. The radar program and 
its results will be discussed in Sec. 4-18. 

An additional one-way circuit at 10 cm was operated from Deer Island 
in Boston Harbor to Eastern Point. The terminals, 125 and 30 ft above 
mean sea level, were 22 miles apart, making the path nearly optical. 
Calculations could therefore be made for this path only under standard 
conditions; it was nevertheless useful as a check on the longer path and 
in the study of local meteorological effects. 

Horizontal polarizarion was used for the most part, but no difference 
was observed when a change to vertical polarization was made. 

4-2. Meteorological Measurements and Analysis.—It has been indi
cated previously that meteorological information adequate for microwave 
propagation research is not available through the normal weather chan
nels. Weather stations are ordinarily spaced too sparsely and lack the 
equipment needed for detailed soundings of the lower atmosphere. Their 
data can therefore be used only to supplement special measurements. 

For optimum results an especially planned program of accurate low-level 
soundings is necessary, in addition to closely spaced surface data. As it 
is impossible to make measurements continuously both in space and in 
time, a large percentage of time inevitably remains when the vertical 
structure of the atmosphere in the desired locations is not precisely known. 
Although much progress has been made toward the understanding of the 
meteorological processes concerned, the departures of actual conditions 
from the idealized postulates of the theory prevent the setting up of any 
fixed methods of interpolation and extrapolation of the data. Only a 
combination of careful measurements and detailed analysis by competent 
meteorologists can provide dependable results in any specific case at present. 

In the meteorological program carried out in the Massachusetts Bay 
region along with the radio transmission tests described in Sec. 4-1, low-level 
soundings measuring temperature and humidity were made in aircraft 
and with tethered balloons. Two aircraft, a Curtiss-Wright (small 
single-engine monoplane) and an AT-11 (Army twin-engine trainer), 
equipped with aeropsychrographs (see Sec. 3-27) sounded in tight spirals 
usually from a low point of about 20 ft to about 1000 ft above the water 
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surface. These soundings were made only in the daytime, usually from 
0900 to 1100 and 1300 to 1500 hours, Eastern Standard Time.1 Balloons 
or kites bearing modified versions of the aeropsychrograph (see Sec. 3-27) 
were flown at land stations at Duxbury and Race Point and from a 50-ft 
motor sailer. These soundings were carried to heights of about 300 ft, 
depending upon winds and visibility, and were usually made at 4-hr 
intervals at the land stations. The boat was also equipped to make 
detailed soundings in the lowest 50 ft from a side arm swung from 
the windward side of the boat; the psychrograph was raised to the top 
of the mast along the hypotenuse of the triangle formed by the side 
arm and the mast. Altogether, nearly 1000 soundings were made during 
the course of the investigation. 

Water temperatures were measured from the boat as it plied a course 
across the Bay. Whenever possible the boat was located so as to give 
water temperatures near the base of the aircraft soundings. 

Hourly surface observations of temperature, humidity, wind speed and 
direction, and sky conditions were obtained from special stations at 
Duxbury and Race Point, as well as from the regular weather channels. 
Most of the stations used are shown on the map of Fig. 4-1. In addition 
use was made of the observations obtained at Portland, Maine, Bedford 
and Nan tucket, Mass., and Providence, Quonset Point, and Point Judith, 
R.I. The purpose of the special stations was to sample the air just before 
it left the land at Duxbury and immediately after it passed over the Bay 
at Race Point; this sampling was possible only with westerly winds. 

Winds aloft were obtained from pilot balloon observations at Bedford, 
Boston, South Weymouth, Point Judith, Nantucket, and North Truro at 
0430, 1030, 1630, and 2230 Eastern Standard Time. For the most part 
only the winds up to 2000 ft were considered in tracing the air motion; 
almost invariably the major emphasis was placed on the 1000-ft wind. 

Radiosondes released twice daily from Boston and Portland and oc
casional airplane ascents with aerometeorographs at Quonset provided all 
the upper-air data available from regular channels. As the radiosonde 
ascents originated over land, they were used only to determine the structure 
of the unmodified air. 

Synoptic charts for use in the analysis were obtained from the district 
forecast center at the Weather Bureau Station at the East Boston Airport. 

The data were analyzed by meteorologists prior to any correlations 
with radio data, and the results presented to the radio analysts in the form 
of "synthetic soundings" for the mid-point of the path at 0430, 1030, 1630, 
and 2230 Eastern Standard Time, daily These synthetic soundings 
represented, to the best of the meteorologists' judgment, the vertical 
distributions of temperature, humidity, and refractive modulus at the 

1 All times in connection with this work will be given in Eastern Standard Time 
ising the 24-hr system. 
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given time and place. The presence of marked horizontal gradients and 
the time and nature of any significant change that might have occurred 
in the interval between synthetic soundings were also noted. 

How the meteorological data were coordinated to yield the synthetic 
distributions will now be outlined briefly. Although the analysis was 
carried out according to a general uniform pattern, the details of individual 
cases varied so greatly that no specific rules can be established. Rather, 
each case must be considered individually to determine the necessary 
modifications of the general procedure. 

Consideration of the Synoptic Situation.—Before the localized weather 
was studied, the synoptic maps for the day were surveyed to determine the 
general situation as well as to learn about fronts in the vicinity of the 
paths, cloud conditions and precipitation, the type of air mass, and 
significant wind shifts during the day. 

Winds.—Winds were next scrutinized in detail to determine the points 
on land where the air over the circuits had originated and to estimate the 
amount of mechanical mixing that might be expected. Winds at the 
surface and at 1000 ft were studied for variations in time and space, and 
representative 1000-ft winds were estimated for the mid-point of the path 
at the times of the desired synthetic soundings. 

Trajectories.—Trajectories based on the 1000-ft winds were constructed 
for all soundings, whether measured or synthetic. They were extra
polated from the sounding location back to the land origin, and the distance 
and time over water estimated as well as the point of land origin. The 
surface conditions at this point could then be found by interpolation of 
the hourly weather observations. 

Determination of Initial Vertical Distributions and Estimate of Water 
Temperatures.—Before the modification of the air in its trajectory over 
water can be investigated, both the initial vertical distributions of tem
perature and humidity and the water temperature must be known. The 
initial vertical distributions over land were deduced with the help of the 
radiosondes at Boston and Portland, the airplane observations at Quonset, 
and overland soundings at Duxbury. With conditions of surface heating 
a simple homogeneous distribution exists during the daytime; surface 
observations then give approximate1 values of the parameters in the con-
vectively mixed layer. At night, on the other hand, the lack of both 
adequate measured soundings over land and a thorough understanding of 
the low-level meteorology of nocturnal radiation prevents any but a very 
crude estimate of the vertical distribution. 

The modification of this initial distribution in its passage over the 
water depends strongly on the water temperature. Some measurements 
of water temperature were available from the boat and from the Graves 
Light and the Boston Lightship in Boston Harbor. Such measurements 

1 Approximate because of possible gradients in the lowest 50 ft. 
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however, were often unreliable, especially on calm sunny days when the 
water surface was strongly heated; furthermore the temperatures usually 
varied with both time and position. 

The observations therefore had to be supplemented with values ob
tained from the characteristic diagram (see Sec. 3-8) by extrapolation of 
the characteristic curves of the measured soundings to the saturation curve 
for salt water. 

Construction of Synthetic Soundings.—Whenever a measured sounding 
was found to be representative of conditions near the path mid-point at 
the required time, it was used as the synthetic sounding for that time. In 
all other cases the synthetic soundings had to be constructed from the 
initial vertical distribution over land, the temperature excess, and M-deficit. 
From these parameters it was immediately clear whether the resulting 
distribution would be superstandard or substandard near the surface and, 
in the former case, whether a shallow or deep surface Af-inversion would 
result. The height of the duct or substandard layer could then be 
determined approximately. 

In the case of heating from below (see Sec. 3-14) the amount of heating 
and moistening that the air would undergo was estimated on the basis of 
the 10 per cent rule (see Sec. 3-16). The height and strength of the 
superstandard layer which almost invariably occurred at the top of the 
convectively stirred layer followed from a knowledge of the initial 
distribution, after application of the 10 per cent rule. 

With cooling from below, the duct height was determined roughly 
from empirical data.1 The detailed effects of variable water temperatures, 
shearing stratification, and initial heterogeneity had to be taken into account 
on the basis of the analyst's experience in the study of measured soundings. 

Qualitative Discussion.—In addition to the synthetic soundings, which 
described conditions at the path mid-point four times daily, the mete
orologists provided discussions of the estimated accuracy of the synthetic 
soundings, the uniformity of conditions over the circuit at any time, and 
the time and nature of any significant change that occurred in the interval 
between synthetic soundings. These qualitative discussions were fully as 
important in the radio analysis as the synthetic soundings themselves. 

Of interest here are some special situations that occurred frequently. 
With SSW winds, for example, the air near Race Point would have come 
over the relatively warm water south of Long Island and across Cape Cod 
Bay. On many occasions this air had picked up so much moisture from 
the warm water that it produced a substandard layer close to the surface 
near Race Point. Near Eastern Point, on the other hand, the air would 
have come directly from the land and might thus give rise to a super-
standard surface layer. 

1 A d/AM chart similar to Fig. 329, constructed in a preliminary analysis, was used 
during the Trmin analysis. See R. B. Montgomery and R. H. Burgoyne, "Modified In
dex Distribution Close to the Ocean Surface," RL Report No. 651, Fig. 8, Feb. 16, 1945. 
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A second common situation was that of air temperature differing only 
slightly from the average water temperature. In that case it was possible 
to have a positive temperature excess over part of the bay and a negative 
temperature excess over the remainder, with the result that the surface 
layer might vary from substandard to weak superstandard along the 
radio circuit. 
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Finally, with NE winds the air over the entire path might be heated 
from below after a long trajectory over water; shallow surface ducts might 
then occur uniformly over the entire region, with only minor variations in 
duct height and Af-deficit caused by changes in water temperatures. 

4-3. General Characteristics of Transmission.—The study of the 
continuous records of radio reception obtained simultaneously at several 
wavelengths and several terminals can be carried out in many ways. 
Among these are, at one extreme, the statistical analysis of the entire period 
as a whole and, at the other, instantaneous comparisons of radio and mete-
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orological data. Some of the general characteristics of the transmission 
found by inspection of the radio records together with the meteorological 
data and analysis are described here. The results obtained by the other 
methods will be discussed in later sections. 

An interesting feature of the microwave records obtained on both the 
41- and 22-mile paths is their natural division into four separate types, as 
shown in Fig. 4-2. Each of them is associated with one or more distinctive 
Af-profiles, shown in the same figure beside the appropriate radio record 
sample. 

1. When the M-profile is substandard at the surface, the signal is below 
standard in average level and is characterized by rapid fading known 
as "scintillation." Occasionally slower variations are superposed 
on these rapid fades. This is the substandard type. 

2. With standard or nearly standard1 M-profiles, the average signal 
level is standard to within about ± 5 db. Scintillation is almost 
always present, commonly of amplitude 5 to 10 db but on rare 
occasions as great as 20 db. This is the standard type. 

3. With shallow surface M-inversions, or ducts, the signal level is above 
standard and increases with increasing duct height. I t never rises 
above the free-space value. Only minor short-period variations 
occur, and the signal is remarkable for its steadiness. This will be 
called the partial-trapping type. 

4. With deep surface M-inversions or with overhanging elevated 
M-inversions the signal is near the free-space value on the average 
and is unsteady, with "roller" fading of amplitudes as large as 40 db 
and periods ranging from a few minutes to an hour. The amplitude 
of the fading increases and its period decreases with increasing in
tensity of the duct. The fading is characterized by broad flat 
maxima and sharp deep minima. This will be called the strong-
trapping type. 

These microwave signal types are clear-cut and well separated from each 
other; transitions between types take place rather rapidly. At 2.5 m, on 
the other hand, a classification into types can be made only with consider
able difficulty, and some question remains as to its validity. A tentative 
form of these types is shown in Fig. 4-3. Here two different signal types 
may occur, apparently with a single M-profile. The situation will doubt
less be clarified when more and better experimental data are available. In 
comparing Figs. 4-2 and 4-3, the difference in the ordinate scales should 
be considered. In many cases what appears to be a highly variable signal 
record at 2.5 m would seem steady if replotted on the compressed scale of 

1 Within the accuracy of the experiment the standard and homogeneous distributions 
(see Sec. 3-9) may be used interchangeably. The question of what constitutes an 
appreciable departure from standard will be discussed in Sec. 4-4. It is a function of 
wavelength. 
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FIG. 4-3.—Signal types and associated M-profiles for X = 2.5 m. (a) Substandard; 
(b) standard; (c) surface ducts; (rf) elevated ducts. The arrows indicate standard signailevel. 

the microwave records. This difference in scale serves to emphasize the 
extreme variability of signal that occurs at microwavelengths. 

The following four cases have been considered in some detail: 
1. When a substandard layer exists at the surface, the average signal 

level at 2.5 m is below the standard value; variations in received 
power occur of about 5 to 10 db with periods of 5 to 15 min. Fairly 
intense substandard layers are required to affect the transmission. 
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2. When the Af-profile is standard or departs from standard only at the 
surface and below about 200 ft, the signal is near the standard level; 
it may be either steady or unsteady, with variations usually 10 db 
or less. 

3. With surface ducts more than 200 ft deep the signal is 5 to 15 db 
above the standard value and usually fairly steady or with slow 
roller fading. The same is true with overhanging elevated 
M-inversions. 

4. With elevated superstandard layers 500 to 2000 ft high that are not 
overhanging, the signal level is above standard, approaching but 
not reaching the free-space value. (This limitation of the upper 
value reached is probably caused by the particular meteorological 
situation.) Steady signal or roller fading occurs about equally often 
at such times. Fading periods of 10 min to 1 hr have been observed. 

Visual inspection of the signal records, besides establishing signal types 
and their association with distinct modified-index distributions, shows 
the dependence of transmission results on wavelength and position, the 
so-called space and frequency diversity. The data obtained in the 
Massachusetts Bay tests permit comparisons on a given path of wave
lengths from 2.5 m to 3 cm, with additional fragmentary information at 
1.25 cm. As for space variations, we can study the effect on three circuits 
at 9 and 10 cm; at 3 cm data are available on two circuits at a fixed range. 
We can thus obtain some information on height-gain effects at two wave
lengths. The comparison of 9- and 10-cm results on the 22- and 41-mile 
paths does not, however, provide information on range attenuation because 
of the meteorological differences between the two paths (see Sec. 4-5). 

The most striking feature of the transmission is the remarkable sim
ilarity, under nearly all conditions, of certain features on all microwave 
circuits. On most occasions all these circuits show the same signal types. 
Figure 4 4 illustrates the similarity of reception on various circuits. The 
average1 signal level is plotted hourly (solid line) for each of the circuits; 
the vertical lines indicate the extreme values of the signal during the hour. 
Not only changes in average level but also those in signal type (indicated 
by the range of variation) are seen to occur together. The magnitudes of 
these changes, however, increase with decreasing wavelength and with 
decreasing terminal height for constant range. 

The rather sudden changes from one type to another are practically 
simultaneous on all paths. In Fig. 4-5 this simultaneity is further illus
trated; samples of records obtained at the same time on three different 

1 The averages were obtained by visual estimation from the original recording 
meter trace; and as the response of the receivers is nearly logarithmic, they are essen
tially geometrical means of intensity. The visual estimation process was found to 
give results differing negligibly from those obtained by a more elaborate point-by-point 
averaging method. 
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pressed to show details (see, for example, Fig. 4-2a), but no apparent relation 
was noted among the variations on the different circuits. I t was not possible 
to compare fading ranges or periods of scintillation under these conditions. 

During periods of substandard surface layers the depressions, from 
standard, of the average signal levels on the upper 9- and 3-cm circuits 
are roughly equal. A comparison of the upper and lower 9-cm signals 
during the same periods shows that the lower the terminal the greater 
the decrease below standard. The behavior of the lower 3-cm circuit at 
such times is peculiar (see Sec. 4-5). 

Essentially all cases of substandard signal level at 2.5 m correspond to 
substandard reception on the microwave links, but the reverse is not 
true. The depth or intensity of the substandard layer required to pro
duce appreciable effects at 2.5 m is clearly greater than that for micro
waves, but no quantitative values are as yet available because of the 
extreme nonuniformity of the meteorological conditions common at such 
times (see Sec. 4-2). Irregular variability, with periods 5 to 15 min and 
amplitudes of 5 to 10 db, is characteristic at 2.5 m when the level is sub
standard. This variability appears to persist at times when the substand
ard layer is not strong enough to affect the average level appreciably. 

As is clear from the meteorological discussion in Chap. 3, a standard 
ilf-profile occurs only rarely over water. In transitions from sub- to 
superstandard conditions, however, there is frequently a short interval of 
standard conditions. The transition of signal strengths through the 
standard level is found to occur very nearly simultaneously on all micro
wave circuits. The 2.5-m signal strengths, on the other hand, generally 
become standard before the microwaves and usually become superstandard 
only after a very deep surface duct has built up. Similarly, the signal 
levels at 9 cm remain standard on some occasions, while the 3-cm levels 
rise under the influence of very shallow ducts. The infrequency of these 
occasions reflects the rarity of such shallow ducts in the region. 

As the duct height increases from 0 to about 50 ft, the 9-cm levels at 
first remain standard while the 3-cm levels rise; the scintillation amplitudes 
decrease. With values of duct height between 20 and 50 ft the signal on 
both 9- and 3-cm circuits is above the standard level and very steady; 
the 3-cm level is nearer the free-space value than that at 9 cm. The 
absolute signal level increases with terminal height, but the lower terminals 
may experience a greater increase above the standard. A further increase 
in duct height causes a change in the 3-cm record from the steady par
tial-trapping type to the roller fading typical of strong trapping of Fig. 
4-2<i, while the average signal level remains near the free-space value. The 
9-cm signal continues to be steady and to increase until the duct height 
reaches 60 or 70 ft. 

With deep ducts and the consequent strong trapping, both frequency 
and space diversity appear to decrease. All microwave circuits have 
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signals of average level close to the free-space value. At a given wave
length, the period and amplitude of the variations observed at any time on 
the upper and lower circuits are nearly equal. The fading is far from 
synchronous, however, as shown in Fig. 4-6. Usually the shorter the 
wavelength the shorter the fading period; the amplitude of the fading 
tends to increase with decreasing wavelength. The disappearance of a 
height-gain effect under these con
ditions, so clearly shown in the 
present data, must not be inter
preted as a general result; if one 
terminal were well above the duct, 
the situation might be completely 
different. 

4*4. Comparison with Theory. 
—The problem of propagation in 
an inhomogeneous medium has 
been discussed from the theoretical 
standpoint in Chap. 2. For con
venience the pertinent results of 
the solution are summarized here. 
The discussion is limited to the 
bilinear-index model. 

The bilinear model (see Fig. 
2-28) is described by two para
meters: d the duct height (g in 
natural units1), and s3, the ratio of 
the slopes of the lower and upper 
segments. The upper segment is 
assumed to have the standard 
slope, which in natural units is 
unity. 

Characteristic values of the 
first mode of the equation (cPy/df2) 
+ f V — Oj with appropriate bound
ary conditions, have been found 
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F I G . 4-6f—Comparison of microwave signal 
a s a f u n c t i o n of g fo r a s e r i e s of fading on three circuits, in the presence of deep 

ducts, (a) 9 cm, upper; (b) 9 cm, lower; (c) 
3 cm, upper. 

values of s less than + 1 , that is, 
for superstandard M-profiles. The 
measured or synthetic Af-profile, superstandard at the surface and standard 
above, is approximated by a bilinear curve, and field strengths are then 
calculated. Numerical work is in general feasible only for terminal sep
arations sufficiently great that at most a few terms of the series expansion 
are required. 

1 See Sec. 2-6 for the definition of natural units . 
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An arbitrary criterion must be established for fitting observed M-pro
files with a bilinear model, for it is not generally possible to draw a bilinear 
curve that appears to fit the true curve. The criterion adopted in the 
present work is the equality, for the true and the bilinear profiles, of the 
phase integrals (see Sec. 2 8) taken from the surface to the minimum of 
the curve. Thus, 

f VlY(z) - Y(g)U. dz = [' \/7J=H) dz, (1) 

a relation that serves to determine the value of s. 
For the shallow M-inversions that exist with heating from below, the 

true M-profile is logarithmic (Sec. 3-14). In this case the value s = — 1 
has been found to give an acceptable fit. On the other hand, a visual 
approximation can be made for the deeper ducts associated with tempera
ture inversions. In the Massachusetts Bay region values of s between 
— 1.0 and —1.5 have usually been found suitable. 

Let us suppose that s = — 1, and let g increase from zero. From 
Figs. 2-30 to 232 we see that two major effects occur: The attenuation of 
the first mode (imaginary part of the characterictie value) decreases from 
2.02 when g is zero to 0.1 when g is 2.7; at the same time the height-gain 
function decreases in absolute magnitude. These two effects tend to 
counteract each other, so that at any specified range a value of g may be 
determined below which no appreciable increases in field strength will 
occur. For the moderate range (40 miles) of interest in the Massachusetts 
Bay observations, this value of g is close to 1. Duct heights of less than 
one natural unit cause negligible effects at such distances. Similarly, for 
g between 1 and 2 the first mode alone is sufficient to represent the field. 
Field strength in this interval is a monotonic function of duct height, 
increasing from the standard to near the free-space value. Such ducts 
will be termed "shallow." When g is greater than 2, contributions of 
two or more modes must be summed vectorially, and the ducts are 
termed "deep." 

Although it is strictly true that whether a duct is shallow or deep 
depends on wavelength, it will be convenient in the following discussion 
to adopt a terminology appropriate for microwaves (9 and 3 cm). We 
can, thus, somewhat loosely call surface ducts of height less than 50 ft 
"shallow" and those more than 50 ft "deep."1 No ducts were observed 
that would be termed deep at 2.5 m. On the other hand, at 1.25 cm the 
value g = 2 corresponds to a duct height of only about 15 ft, so that for 
practical purposes any observed duct will be deep at this wavelength. 

1 This dividing line between shallow and deep ducts was chosen partly as a com
promise between 9- and 3-cm values and partly to represent the meteorological conditions 
of instability and stability (Sees. 3 '14 and 3-17) for which a 50-ft dividing line is a rough 
approximation, 
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When g is greater than 2, the numerical work increases so rapidly that 
general calculations become prohibitive. If both terminals are within the 
duct, it is frequently permissible to neglect all modes that are not strongly 
"locked," and in that case the calculations can be carried out by the 
Gamow procedure (see Sec. 2-17). From results of special cases carried 
through in this fashion some general conclusions may be drawn. 

A total of 18 cases was treated in which three or more modes were 
necessary. The resultant field strengths varied between 14 db above and 
7 db below the free-space field. In the following discussion the free-space 
field will be taken as the reference level. If the parameters g and s are 
changed by small amounts,1 the amplitudes of the individual modes change 
only slightly but the phases vary so greatly as in some cases to produce 
extreme variations in the resultant. 

Because the meteorological parameters are so variable and the adopted 
values of g and s are inexact as a result of both the meteorological uncer
tainties and the approximation of the bilinear model, the field-strength 
calculations for strong trapping may be subject to much greater inac
curacies than those for partial trapping. In place of specific values for 
each case, therefore, an arbitrary value of 0 db has been adopted as the 
nominal field strength for all cases of surface M-inversions with g greater 
than 2. 

Theoretical values of field strength on a given transmission circuit may 
now be determined for any case of surface Af-inversions, and the validity 
of the theory may be tested quantitatively. An examination of the 
synthetic soundings (see Sec. 4-2) and qualitative discussions for each 
day of the transmission period permitted the selection of those times 
when, with surface Af-inversions, the theoretical assumption of horizontal 
stratification was most closely realized. The synthetic M-profiles for 
these times are then fitted with the appropriate bilinear index models; 
field strengths are calculated and compared with the observed hourly 
average values of signal strength. 

To facilitate the test of the theory, for each of the 41-mile circuits 
across Massachusetts Bay graphs were prepared of field strength as a 
function of duct height for various values of the parameter s. Two such 
graphs are shown in Fig. 4-7 with s = — 1. In accordance with the con
vention described above, for all cases of g greater than 2 the theoretical 
value was taken as 0 db, although it was understood that variations of at 
least ± 10 db were to be expected. 

Figure 4-8 shows the comparison of theoretical and observed variations 
of signal strength with duct height for the lower of the two 9-cm circuits. 
Although the scatter is appreciable, the general theoretical trend is obeyed. 

1 A variation in g alone produces only a rotation of the vector diagram of the sum 
of modes and thus leaves the resultant unchanged unless there is a change in the number 
of modes trapped. 
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An error in the duct height of as little as 10 ft would in many cases suffice 
to account for the deviations. Not only are the probable errors of the 
synthetic values large, but the variations in duct height along the path 
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caused by changing water temperatures must frequently exceed 10 ft. 
Additional scatter should result from the approximation of the true 
M-profile by a bilinear distribution. 
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measurements, and the solid curve is calculated for a bilinear model with s = —1 ; 

Figure 4-9 is a similar graph of theoretical and observed field strengths 
for the 2.5-m transmission. Again the theoretical trend is followed 
roughly, though in this case the scatter is large. The lack of field strengths 
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as high as the free-space value results from the meteorological character
istics of the circuit; surface Af-inversions deeper than 300 ft occur only 
infrequently, and none was measured more than 400 ft deep. 

100 400 500 200 300 
Duct height in ft 

FIG. 4-9.—Field strength as a function of duct height at 2.5 m for surface JW-inversions. 
The dots represent measurements, and the solid curve is calculated for a bilinear model with 
s = —1. The arrow indicates standard signal level. 

As an additional test of the theory Figs. 4-10 and 4-11 were prepared. 
In Fig. 4-10 the observed field strengths on the two 9-cm circuits are com
pared. The solid line represents the theoretical variation of field strengths 
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on the two circuits calculated for a series of values of g, with s = — 1. 
The observed values (dots) fall closely along the line. A similar agreement 
is obtained at 3 cm. 

In Fig. 411 the 9- and 3-cm observations on the higher of the two cir
cuits are compared. Again the curve shows the calculated variation, and 
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the dots represent the observations. Here also, the calculations are based 
on a bilinear index model with s = — 1. In this case the observations fall 
systematically below the theoretical curve. If s is increased algebraically 
from the value — 1, the sharp "corner" on the calculated curve is some
what rounded but the curve remains a poor approximation to the observa
tions. A rounded curve is obtained also with a power-law model (Sec. 
2-21), but here the maximum field strength is found to be 15 to 20 db below 
the free-space value, in disagreement with observations.1 Better results 
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FIG. 411—Observed relation of field strengths at 3 and 9 cm (dots) compared with the 
theoretical relation (curve). 

would probably be obtained with the linear-exponential model (Sec. 2-21), 
which more closely approximates the true Af-profile. 

Any surface M-inversion more than 15 ft deep is effectively a deep duct 
for a wavelength of 1.25 cm, so that no shallow-duct effects should be ap
parent at this wavelength. We should therefore expect to find signal of 
average level near the free-space value whenever either shallow or deep 
ducts exist for 3 or 9 cm As only field strengths stronger than 20 db above 
the standard value could be detected, the 1.25-cm signal should have been 
detected only with superrefraction. Furthermore, from an extrapolation 
of the frequency effect observed in fading of the strong-trapping type, we 
expect to find violent fluctuations with periods of 2 min or less. This 
picture is modified by the presence of appreciable atmospheric absorption 
at this wavelength. The water-vapor absorption band with center at 
about 1.33 cm is strong enough to cause an attenuation in 41 miles of 
1.4 db for each gram per cubic meter of water-vapor in the air, or roughly 

1 Recent information from England indicates that this disagreement may not, be 
general. See B. J. Starnecki, Jour. IEE, 93, III A, 106 (1946). 



SEC. 4-4] COMPARISON WITH THEORY 313 

1.2db/mb vapor pressure (see Chap. 8). During the period of the trans
mission tests at 1.25 cm, vapor pressures of 5 to 15 mb were measured in 
the first 100 ft above the water surface, which would produce total at
tenuations of 6 to 18 db. Actually the average signal level practically 
never reached a value stronger than 20 db below the free-space value. Thus, 
it appears that the water-vapor attenuation is probably not sufficient to 
explain the entire discrepancy between the observations and the values 
calculated with surface ducts. This discrepancy is not surprising in view 
of the difficulty of making accurate absolute measurements on 1.25 cm at 
the time these experiments were performed. 

The 1.25-cm signal was detected on most occasions when the values on 
the other microwave circuits were superstandard, but the data are not con
clusive on this point because operating difficulties at this wavelength 
prevented continuous information. Except for the observation that 
strong rapid fluctuations were nearly always present, signal character 
could not be studied with the equipment available at 1.25 cm. 

In the preceding discussion only average values of field strength have 
been considered. A completely satisfactory theory must, however, account 
not only for large-scale variations in the field strength and the dependence 
of these changes on wavelength and circuit geometry but also for the 
character of the received signal, especially as regards short-period varia
tions, or fading. 

Let us consider what signal types are expected in terms of the variations 
of the modified-index distributions in time and space. Suppose there 
is a surface duct such that g = 1.5 at 9 cm. For such a shallow duct 
only the first transmission mode is important. Srrfall changes in the 
value of g cause small variations in the amplitude of this mode and 
therefore in the resulting field strength. Small changes in the parameter 
s have a similarly small effect. One may conclude then that relatively 
steady signal should be obtained as long as the given meteorological 
situation continues. 

For the same meteorological conditions, g for 3 cm would be 3. In 
this case consideration of the first mode alone is no longer sufficient. 
Instead, contributions of several modes must be summed vectorially. 
Small changes in the parameters s and g may now result in large variations 
of the resultant field, as has already been described. Thus unsteady 
signal may be expected, with periods that depend on both the nature of 
the atmospheric variability and the sensitivity of the electric field to such 
atmospheric variations. There is no reason to expect synchronous fading 
at two wavelengths or on two paths. 

Some insight into the kind of fluctuations in field strength that may 
result from interference among many modes can be obtained from a 
statistical analysis based on the theory of random processes (see Sec. 6-19). 
I t is assumed that the condition responsible for the interference effect 



314 EXPERIMENTAL STUDIES OF REFRACTION [SEC. 4-4 

(in our cases the existence of a uniform surface duct over the path) is 
stationary in time. 

For a stationary process it can be shown (see Sec. 619) that given AT 
vectors of arbitrary amplitudes and random phases, the probability W 
that the resultant power P is in the range P to P + dP is given by 

W(P) dP = ~e- <dP, (2) 

where Po is the mean power. This expression is valid and independent of 
N when N is greater than about 10. For smaller values of Ar the proba-
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F I G . 4*12.—First probability distribution of power received during periods of strong trapping 

and histograms of observations. Co) X = 9 cm; (b) X = 3 cm. 

bility depends on the distribution in time of the amplitudes of the indi
vidual terms. For a Gaussian distribution of the amplitudes, however, 
Eq. (2) holds even when A7 is 2. 

The results of an analysis of fading data obtained at both 3 and 9 cm 
on the 41-mile path are shown in Fig. 4-12 where the histograms represent 
the observations and the smooth curves the relation of Eq. (2). The 
analysis is open to question in two respects. (1) The phases of the various 
modes are not strictly independent, as each is as function of the wave
length, the modified-index distribution, and the path geometry. For 
practical purposes, however, the probability distribution of the resultant 
powers should be closely similar to that for purely random quantities, 
because a very large change in the phase of any one mode relative to 
the others results from a very small change in the Af-profile. (2) More 
important, a truly stationary situation probably never exists when air 
flows out from a large land mass over the sea. 

Because the individual amplitudes are assumed to be independent of 
each other, points must be chosen that are separated by a time interval 
at least not smaller than the periodicity of the variations observed. The 
results will be significant only if the number of values is large. Thus the 
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total period of the study must be long compared with the time interval 
selected. This imposes a serious limitation on the applicability of the 
method to our data, because stationary conditions seldom persisted for 
time intervals sufficiently long compared with the fading periods. 

Despite these difficulties, the histograms of Fig. 4-12 are in fair agree
ment with the theoretical curves. 

Thus the hypothesis is favored that fading results from the interfer
ence of many modes, whose contributions change rapidly because of minor 
changes in the modified-index distributions. The observed excess of high 
values might result either from a non-Gaussian distribution of individual 
amplitudes, if N is less than about 10, or from departures from stationary 
conditions. 

4-6. Transmission under Complex Conditions.—With a few minor 
exceptions our discussion to this point has been limited to the consideration 
of simple and idealized cases of surface M-inversions that are theoretically 
tractable and for which the theory appears to be qualitatively correct. 
This section will treat somewhat more fully the observational information 
pertaining to transmission with elevated jW-inversions, substandard 
layers, nonuniform meteorological conditions, and some further details 
concerning the effects of surface M-anomalies not covered in previous 
sections. 

No exact solution of the wave equation has yet been obtained for the 
case of an elevated anomaly of modified refractive index. The attempted 
approximate solutions expressed in terms of reflection from an elevated 
layer1 are not considered satisfactory (see Sec. 4-9). Furthermore, the 
idealized model of the refractive-index distribution used in these solutions, 
although it may be useful under certain meteorological conditions, has little 
resemblance to the distributions that actually occur in the Massachusetts 
Bay region. Thus, we shall record only empirical observations and leave 
to the future their integration into a conclusive theory. 

The observations of superstandard signal reception at 2.5 m shown in 
Fig. 4-9, which are limited to cases of surface Af-inversions, account for 
only 40 per cent of the total cases of strong signal at this wavelength. The 
theoretical curve of Fig. 4-76 indicates that with surface M-inversions 
duct heights 300 ft or greater are necessary to produce appreciable increases 
above standard in 2.5-m field strength whereas meteorological conditions 
in Massachusetts Bay are such that surface ducts 100 to 200 ft deep occur 
commonly, but greater depths are very rare. 

A qualitative correlation between strong signal at 2.5 m and the 
presence of elevated ducts was found that served to account for nearly 
all remaining hours of superstandard reception at this wavelength. Similar 

1 See J. B. Smyth, "Transmission of Plane Waves through a Single Stratum Separat
ing Two Media," NRSL Reports Nos. WP-9 and 13, Parts I and II, Dec. 22, 1943, 
and June 23, 1944. 
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observations made in the vicinity of San Diego1 showed a definite rela
tionship between the value of the field strength and the height of the 
base of the inversion. No such height-strength relationship is apparent 
in the Massachusetts Bay data. 

The approximate constancy of thickness and strength of the M-inver
sions in the San Diego region, which makes possible the description of 
the M-profiles there by a single parameter, that is, the height of the base 
of the inversion, results from the special meteorological conditions of that 
locality and is doubtless essential to the simple relation found experi
mentally between field strength and the Af-profile. 

No such simplicity of form of M-profiles is found in Massachusetts 
Bay. The elevated ducts that occur there originate mainly in the modifi
cation of initially inhomogeneous air, a phenomenon occurring most 
commonly when a nocturnal radiational inversion exists over land. As 
has been mentioned (see Sees. 3-21 and 4-2), the meteorological analysis 
of such cases is not yet well understood, and the results are therefore less 
reliable than in other instances. Thus it was frequently impossible for 
the meteorologists to specify more than the mere existence of an elevated 
duct, and it was only rarely that it was possible even to estimate the 
height of its base, the depth, or the strength because the initial distribu
tions of temperature and moisture were not known. 

The failure to secure measurements on elevated ducts is again inti
mately related to their frequent origin in radiational inversions over land. 
The elevated ducts usually occurred along the radio paths during the night 
and early morning and had generally been dissipated before the morning 
airplane soundings could be made. 

Except in the case of elevated layers that are overhanging and thus 
produce surface ducts, no evidence was found that such layers have an 
appreciable effect on transmission of the shorter wavelengths considered 
here (but see Sec. 4-18). 

Some additional discussion of transmission through substandard surface 
layers should also be included here, but solutions for the substandard case 
are not yet available.2 

We have seen in the bilinear index model that for surface M-inversions 
the slope of the inverted portion may be treated as a constant, the only 
variable being the duct height. For substandard surface layers we may, 
analogously, neglect variations in slope of the lower segment and plot 
average field strength on a given circuit as a function of the depth of the 

> See Sec. 4-9; also, L. J. Anderson, F. P. Dane, J. P. Day, et at, "Atmospheric 
Refraction—A Preliminary Quantitative Investigation," NRSL Report No. WP-17, 
Dec. 28, 1944. 

s Since the above material was written a report by T. Pearcey and M. Tomlin has 
come to our attention. See "The Effect of a Subrefracting Layer on the Propagation 
of Radio Waves," RRDE Memorandum No. 83, Feb. 12, 1945. 
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substandard layer. The results are shown in Fig. 4-13o and b for the upper 
3- and 9-cm circuits respectively. Only cases with approximate meteoro
logical uniformity have been included. The points cannot be said to 
define the variation of field strength with substandard layer depth, but 
they suggest a decrease in field with increasing layer depth. Values of d 
smaller than 100 ft do not occur because shallow substandard layers 
cannot form; substandard layers exist only under stable meteorological 
conditions (see Sec. 3-20). 
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A peculiar anomaly has been observed in the performance on the lower 
3-cm circuit under substandard conditions. The signal level on this 
circuit never dropped below the minimum detectable level, although the 
standard value was only a few decibels above the detection limit. When
ever the signal on the other microwave links became low and scintillating 
with peak values near or below standard level, scintillation also began on 
the lower 3-cm circuit; but even the minimum signal level reached was 
often not below standard. The average value was usually considerably 
above standard. On these occasions the absolute power levels on the 
upper and lower 3-cm circuits are roughly equal. The 9-cm data on the 
same circuit agree with those on the two upper circuits rather than with 
these anomalous results.1 

1 Editor's note added in proof. At the time these results were obtained they caused 
us considerable concern, for it was clear that other processes were occurring that were 
not included in the theory then available. On the basis of these results and those 
obtained by NRL in Antigua (Sec. 4-20), C. L. Pekeris and others suggested that the 
unexpected signal might arise from scattering by atmospheric irregularities not pre
viously considered. At the date of writing this note (1948) it appears, on the basis of 
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The 41-mile path across Massachusetts Bay was chosen, at least in part, 
with a view of obtaining uniformity of meteorological conditions in the 
region. Such uniformity would exist with westerly winds, provided the air 
was well mixed upon leaving the shore and was modified only by its pass
age over the water. Under most circumstances, the departures from this 
uniformity caused by the variation in water temperatures are not serious. 

Fairly uniform conditions were actually found on many occasions, but 
the deviation of the wind direction from west, the variation of water 
temperatures, and the heterogeneity of the air before passage over water, 
especially at night, all contributed to the development of strong non-
uniformity. In addition, on a few occasions a stationary front straddled 
the transmission path. 

Despite the complexity of the resulting situations and the consequent 
impossibility of coping with the problem theoretically, observations under 
these conditions have disclosed some interesting features that may have 
general significance. These observations cover combinations of shallow 
and deep surface ducts along the path and of substandard and super-
standard surface layers (usually deep ducts). The surface layer of the 
M-profile may, for example, be substandard at one end of the circuit and 
superstandard at the other or substandard at both ends and superstandard 
near the mid-point. 

The outstanding feature is the close similarity in all circumstances of 
the results on the four 41-mile microwave circuits. The strong wavelength 
dependence of the attenuation constants of the individual transmission 
modes and the accompanying sensitivity to change in wavelength of the 
height-gain functions might lead one to expect that the over-all field 
distributions in cases of nonuniformity should also show a wavelength 
effect. No such effect was observed. 

With conditions of variable surface duct height along the path, the 
values of d changing over an appreciable range, the resultant signal gen
erally exhibited the irregular variability characteristic of deep ducts. No 
general behavior was found in the average signal level at such times, 
however; the values varied from very high (at or slightly above the 
free-space value) to —15 or —20 db. 

With surface layers varying from substandard to superstandard along 
the path, results ranged from clearly substandard in both level and char
acter to the strong-trapping type, often with average level somewhat 
depressed from the free-space value. As has been stated, in each case 

growing evidence that cannot be reported here, that such scattering may indeed be an 
important factor in causing transmission beyond the horizon and between low terminal 
heights. See H. G. Booker and W. E. Gordon, Proc. I.R.E., 38, 401 (1950); and a 
series of reports by N. G. Parke entitled "Microwaves in an Irregular Atmosphere" 
issued by the Air Force Cambridge Research Laboratories, Cambridge, Mass., begin
ning Sept. 30, 1949. 
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the balance between the extremes of modified-index distributions ap
parently affected both 3- and 9-cm circuits similarly. The nonrepro-
ducibility of such conditions prevented the determination of the extent to 
which superstandard and substandard surface layers counteract each 
other. On several occasions substandard layers over the circuit were 
displaced through the passage of a cold (dry) front parallel to the trans
mission path, so that in the course of a few hours (the time of passage of 
the front over both terminals) the Af-profiles at the surface were succes
sively everywhere substandard, partially superstandard and partially sub
standard, and finally completely superstandard. Results obtained on 
these occasions indicate that the presence of a surface duct over only a 
small fraction of the path may suffice to produce transmission indistin
guishable from that with uniform ducts. Figure 4-5 illustrates such a 
situation. Meteorological data show that it took 2 hr for the front to pass 
from the northern to the southern end of the path. Yet the striking 
change in transmission shown in the figure occurred within ^ hr of the 
frontal passage over the northern terminals. 

We have seen that the results on the two paths (Deer Island to Eastern 
Point and Race Point to Eastern Point) were almost always similar. Any 
exceptions resulted mainly from meteorological nonuniformity. I t is 
obvious, for example, that reception on the two paths might differ radically 
if there were a superstandard surface layer throughout the northern part 
of Massachusetts Bay but an intense substandard surface layer over the 
southern part. Equally striking differences have been explained by the 
fact that the average water temperature close to the shore is lower than 
that out in the bay. When the air and water temperatures were nearly 
equal, a 2° or 3° water-temperature variation with position could cause a 
change from unstable to stable meteorological conditions (see Sees. 3-14 
and 3-17). Similarly, even when surface conditions were substandard 
throughout the bay, the substandard layer close to the shore was fre
quently more intense than that farther away. Thus, the occurrence of 
substandard signal was more pronounced on the 22-mile path than on the 
longer path. Finally, some cases of dissimilarity between the two paths 
occurred when with westerly winds the air leaving the coast was not homo
geneous. In that case, the original anomaly in the modified-index dis
tribution may in some cases have been only slightly changed in the first 
few miles of the air passage over the ocean but almost completely altered 
by the time it reached the 41-mile path. 

4-6. Some Statistical Results.—A statistical analysis of the reception 
has been made for the entire 4-month period (1944) of the transmission 
test from Race Point to Eastern Point. It must be emphasized that the 
results of this analysis give merely a convenient condensed description of 
the conditions on the specific circuit during the specific period. They 
should not be generalized to another circuit or another time period unless 
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the meteorological situations of the two are closely similar (and, of course, 
only if the circuits are similar from a radio point of view). 

The test period, covering the months July through October, provided a 
varied sample of weather conditions. The analysis was carried out by 
weeks (168 hourly values in each) and finally summed for the total period 
of more than 2500 operating hours. Figure 4-14 shows the results obtained 
on the 9-cm upper link for two extreme weeks and also the over-all aver-

. The ordinate is the fraction of time during which the average level 
1.0 K 1.0 I — 1.0 

-10-20-30-40-50+10 0-10-20-30-40-50+10 0-10-20-30-40-50 
(a) (b) (C) 

Signal strength in db above free-space level 
FIG. 4'14.—Statistical analysis of reception on the upper 9-cm circuit, (a) Average 

over entire period; (6) week of extremely poor transmission; (c) week of extremely good 
transmission. 

was weaker than the given value; the abscissa is the signal level itself, 
referred to the free-space level. The standard level, —36 db for this 
circuit, is indicated by an arrow. The graph shows that the field strength 
on this circuit was above standard more than 80 per cent of the total 
transmission time. Similar numerical results were obtained on the other 
microwave circuits, as would be expected in view of their parallel behavior. 
Even at 2.5 m the level was above standard 75 per cent of the time, whereas 
at 1.25 cm the signal was detected (and therefore at least 20 db above 
standard) 79 per cent of the total operating time.1 The comparison of 
times above standard implies a weaker wavelength dependence of trans
mission than actually exists. The difference is demonstrated by the fol
lowing figures: At 2.5 m, the average level was 10 db or more above the 
standard 18 per cent of the time; at 9 cm (upper circuit), 65 per cent of the 
time; at 1.25 cm, at least 79 per cent of the time. 

Some seasonal variation was found, although the effect is somewhat 
masked by the large day-to-day changes typical of New England. For 

1 This is not a good statistical sample, however, because of the irregular periods of 
the circuit's operation. 
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example, the incidence of substandard signal tended to drop with the 
change from summer to fall. Similarly, the incidence at 9 and 3 cm of 
partial trapping as compared with strong trapping increased as the weather 
became colder. These tendencies can easily be explained in terms of the 
average value of the difference between the water and air temperatures at 
different seasons and the resulting Af-deficits. Because the water tem
perature in Massachusetts Bay drops very slowly at the end of the summer 
while the average air temperature decreases rapidly, the average value of 
AT changes from positive to negative. With negative AT (see Sec. 3-15) 
the air is heated from below; neither deep surface ducts nor substandard 
surface layers form, but shallow ducts are almost always present. I t is 
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only because of the large deviations from the average conditions in this 
region that the seasonal effect is not more striking. If the tests had been 
continued into the winter, we should expect to have found a complete dis
appearance of substandard reception and only infrequent periods of strong 
trapping, all of short duration. This expectation was, in fact, borne out 
in some winter tests on the 22-mile path from Deer Island to Eastern Point 
(1942-1943), when on only 3 days out of a total of 54 a fairly deep duct 
could be said to exist. No substandard signal was observed. Indeed, the 
signal was almost always very steady and not far from standard, the major 
variation noticed being the change in standard level produced by the tidal 
variations in terminal height. 

A diurnal effect was noted by British observers in the transmission 
across the Irish Sea (see Sec. 4-7). Our records show no such effect upon 
visual inspection. A statistical study of the average field recorded at a 
given time of day in the total period results, however, in the curves shown 
in Fig. 4T5a and b for 9 cm and 2.5 m respectively, both of which indicate 
the existence of a diurnal variation. At 9 cm the spread in the average 
values is 8 db, the peak occurring near 1700 hours and the minimum near 
0800 hours Eastern Standard Time. Because at 9 cm variations in average 
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signal level of 30 to 60 db within an hour are not uncommon (see Fig. 4 4), 
it is not surprising that this small diurnal variation is not noticeable. At 
2.5 m the total spread of the averages is found to be 6 db, with a peak at 
0100 and a minimum at 1100. The curve is less symmetrical than that 
at 9 cm, and the difference in times of the maxima and minima at the two 
wavelengths is further evidence that the causes of the strong signal are 
different. Because at 2.5 m changes in average level of more than 15 db 
in a short interval are rather rare, the diurnal variation found at this 
wavelength is relatively more significant than that at 9 cm. 

TRANSMISSION EXPERIMENTS IN THE BRITISH ISLES 

BY DONALD E. KERB 

4-7. The Irish Sea Experiment.—One of the most extensive experi
mental overwater transmission investigations was carried out in England 
under the auspices of the Ultra Short Wave Propagation Panel of the 
Ministry of Supply in cooperation with several other government agencies. 
The major objectives and the plan of investigation were similar in many 

TABLE 41.—STATION AND PATH DESIGNATIONS 

Station 

A 
B 
C 
D 
E 
F 

Location 

South Wales 
South Wales 
North Wales 
North Wales 
Scotland 
Scotland 

Height, ft 

540 
90 

825 
95 

375 
95 

Path used 

3 cm 

AC 

AE* 
BD 
BF* 

9 cm 

AC 
AD 
AE* 
BE 
BF* 

.... | .... 
* These paths were operated for only part of the test period 

respects to those of the work described in the preceding sections and were 
part of a broader program of propagation research in England.1 

This experiment employed one-way transmission over the Irish Sea 
on several wavelengths, but only the results obtained on 3 and 9 cm have 
been reported in sufficient detail to discuss here. There were two trans
mission paths with two transmitting stations in South Wales, two receiving 
stations in North Wales, and two receiving stations in Scotland. The 
locations, heights, and letter designations of the stations are given in 
Table 4-1, and their locations are shown in Fig. 4-16. The transmission 
tests began in the summer of 1943 on a partial basis and operated nearly 

1 Descriptions of the various aspects of this program are distributed throughout a 
large number of British reports. A summary of the principal features of the program 
appears in a paper presented by K. ('. S. Megaw at the third conference on propagation, 



SEC. 4-7] THE IRISH SEA EXPERIMENT 323 

continuously (with the exceptions noted) from the latter part of 1943 
until the war came to an end. 

The path length from South Wales (AB) to North Wales (CD) was 57 
statute miles, and that to Scotland (EF) was 200 statute miles. The 
path AC was optical, but all others were nonoptical. 

Meteorological soundings were made by ships and aircraft on or near 
the transmission paths, employing instruments and techniques somewhat 
different from those used by workers in the United States (see Sec. 3-31). 
The soundings were either made 
from the ships by wet and dry 
thermocouples in radiation shields 
at fixed heights or carried by a 
captive balloon. Aircraft sound
ings were made by wet and dry 
thermocouples with flight tech
niques of several kinds. Vertical 
spirals at fixed locations were 
sometimes employed, but more 
often "shuttle" flights at a series 
of fixed levels and simultaneous 
horizontal flights of three or four 
aircraft spaced vertically by 
several hundred feet (see Sec. 
3-32). Each of these techniques 
may give a different kind of infor
mation, depending upon the degree 
of atmospheric homogeneity, and 
the data require careful analysis 
with this fact in mind. 

There were several pronounced 
qualitative features of the trans
mission over the 57-mile circuit, 
some of them similar to those 
of other paths, Massachusetts 
Bay in particular. These features were 

1. The maximum signal level maintained for any appreciable time on 
the nonoptical paths was of the order of the free-space value, but 
the maximum for short periods was higher by 10 to 15 db. 

2. The range of variation of signal level on the nonoptical paths was 
very large and increased with excess of path length over horizon 

Nov. 16-18, 1944, a t Washington, D.C. See Radio Wave Propagation, Academic Press, 
New York, 1949; also Jour. IEE, 93, I I I A, 79 (1946), Meteorological Factors in Radio-
Wave Propagation, The Physical Society, London, 1946, and J. S. McPetrie, B. Starnecki, 
H. Jarkowski, and L. Sicinski, Proc. IRE, 37, 243 (1949). 

20 40 60 

Statue miles 

FIG. 4-16.—Map of Irish Sea region show
ing location of British one-way and radar trans
mission experiments. 
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distance. I t was also greater for 3 cm than for 9 cm by about the 
difference between free-space and standard signal levels for the two 
wavelengths. The signal on the optical path AC was much steadier 
than on the other paths. 

3. The major changes in signal level on the two wavelengths and on 
the three nonoptical circuits AD, BC, and BD usually occurred 
simultaneously, although the fine details, that is, fading and scintil
lation, did not. 

4. Very high average signal level was accompanied by deep fading; 
intermediate levels had somewhat less deep fades. There were also 
periods (12 to 48 hr) when the signal varied steadily and slowly, 
and fading was not normally experienced. 

5. In general, both the rapidity and depth of fading were greater for 
the shorter wavelength. 

6. Pronounced diurnal variations of signal strength occurred on the 
nonoptical circuits when the signal level was low or moderate, with 
an increase of average signal level in the late afternoon or early 
evening and a decrease in the very early morning.1 

7. Periods of low signal strength were found to coincide, in some cases, 
with poor visibility from light fog at the terminals, and with passage 
of fronts across Cardigan Bay.2 Low signal strength did not ordi
narily coincide with reduction of visibility from fine-weather haze, 
however. 

8. In general, periods of high signal strength tended to coincide with 
anticyclonic periods. 

9. A seasonal trend was also found, with high signal level for a greater 
fraction of the time in summer than in spring or winter.3 

On the 200-mile circuits the standard signal levels were far below the 
free-space levels—about 305 db for path AE on 10 cm and 520 db for path 
BF on 3 cm—but when the signals on any of these circuits were detect
able, they tended to rise somewhat abruptly to the vicinity of the free-space 
level. The general character of the signal behavior was strikingly similar 

1 Similar diurnal variations were observed in Massachusetts Bay (see Fig. 4-15a), 
but in general they were so much outweighed by short-period variations as to require a 
statistical analysis to establish their presence. 

2 From the results in Massachusetts Bay one would suspect that fog and poor 
visibility might often be symptoms of meteorological conditions giving substandard 
refraction, although, as pointed out in Sec. 3-17, the presence of fog is neither a neces
sary nor sufficient condition for this to occur. Frontal passages over Massachusetts 
Bay produced no unique signal trend, but in each case the reaction of the water surface 
upon the new air brought in by the front produced a change in the Af-profile sufficient 
to explain the behavior of the signal. 

3 In Massachusetts Bay, measurements were not made over a sufficient time to 
establish this point definitely, but from Sec. 4-6 it will be seen that such a seasonal 
trend is not unlikely. 
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on the two paths and on the two wavelengths, but at times there were 
noticeable differences in details. In general, the signals were measurable 
for a greater fraction of the time on 9 cm at the high site E than on 3 cm 
at the low site F, and at a given site were stronger at 9 than at 3 cm. As 
the minimum detectable signal was roughly 30 db below the free-space 
level for all the receivers, this meant that the signals tended to be some
what nearer the free-space level on 9 cm at E than on 3 cm at F. During 
periods of very strong superrefraction, however, this situation was re
versed. I t was also found that, in general, signals were detected on the 
200-mile paths only when the 3-cm signals on the 57-mile BD circuit 

330 350 370 330 350 370 330 350 370 
(a) (6) (C) 

Retractive modulus M 
KIQ. 4*17.—Mean values and observed variations of M along the BC Irish Sea path, (a) at 

0600, Mar. 15, 1945; (6) at 1200, Mar. 16, 1945; (c) at 1800, Mar. 16, 1945. 

were stronger than about 12 db below the free-space level. Successful 
reception was obtained during warm weather, but 9- and 3-cm signals 
were never detected on the long paths during the winter. 

Analysis of the transmission records for the 57-mile path was made 
at the National Physical Laboratory.1 Correlations were first sought be
tween the M-profiles in the lowest 50 to 100 ft obtained from the ship 
soundings and the signal behavior on the transmission path. Such corre
lations were either lacking or were poorly defined, however, and attention 
was shifted from low-level soundings to gross phenomena such as fronts 

1 For further details, see R. L. Smith-Rose and A. C. Stickland, "Centimetre Wave 
Propagation over Sea. A Study of Signal Strength Records taken in Cardigan Bay, 
Wales, between February and September 1944," RRB/C114, Feb. 28, 1945; "Centi
metre Wave Propagation over Sea. Correlation of Radio Field Strength Transmitted 
Across Cardigan Bay, Wales, with Gradient of Refractive Index Obtained from Aircraft 
Observations," I, RRB/C121, May 10, 1945, and II, RRB/C127, Oct. 1, 1945; also a 
paper in Meteorological Factors in Radio-Wave Propagation, The Physical Society, 
London, 1946; and a similar paper by E. C. S. Megaw in Radio-Wave Propagation, 
Academic Press, New York 1949; and R. L. Smith-Rose, Jour. IEE, 93, III A, 98 
(1946). 



326 EXPERIMENTAL STUDIES OF REFRACTION [SEC. 4-7 

or fogs, and to aircraft soundings up to heights of several hundred feet. 
The profile used in each case was obtained by fitting a straight line through 
the measured points; the resulting slope was then used in calculation of 
the signal expected at the receivers, which was compared with the observed 
value.1 A sample set of linear profiles is shown in Fig. 4-17, where the 
dots represent the mean values of M obtained in a single horizontal flight 
along the 57-mile path and the lines represent the range of variation 
encountered during the flight. 
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Irish Sea path. 

A comparison of predicted and observed field strengths for the BC 
circuit on 9 cm is shown in Fig. 4-18, in which the gradient has been chosen 
as an average for the lowest 500 ft. Figures 419 and 4-20 show similar 
results for the BD circuit on 9 and 3 cm.2 This procedure for calculation 
of field strength gives results that agree reasonably well with experiment 
on the BC circuit, which has one high terminal, but the disagreement is 
pronounced for the BD circuit, for which both terminals are low. This 
disagreement is hardly surprising in view of the extreme oversimplication 
resulting from ignoring the irregularities of the Af-profile.3 

The fact that the signals on the BD circuit were so much stronger than 
calculated, together with the preponderance of evidence from other re-

1 For details of how the fitting may be done in particular cases, see E. C. S. Megaw 
and F. L Westwater, "Radio-meteorological Relationships," AC 8336/U.S.W. 141, 
Ministry of Supply; also E C. S. Megaw, Jour. IEE, 93, III A, 79 (1946). 

2 Similar graphs resulting from using the average gradient over the lowest 250 ft 
gave an appreciably greater scatter of points for both BC and BD circuits. 

3 It is interesting to note that if measurements at only a few heights had been obtained 
in the Massachusetts Bay soundings instead of a large number giving considerable 
detail, it would also have been possible to represent limited sections of these soundings 
by single straight lines of various slopes. This, however, would have seriously mis
represented the true nature of the profiles, a predominant characteristic of which was 
that deviations from standard slope usually occurred in well-defined layers, outside of 
which the slope quickly returned to a value very near standard (see also Sec. 4-9). But 
see also the footnote on p. 312 
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gions, suggests that these high signals must have resulted from M-inver
sions that were not apparent from the soundings.1 I t is interesting to 
note that the aircraft soundings of the vertical spiral type made for the 
KXS trials (Sec. 4-17) in a region not far from that under discussion showed 
strong surface inversions similar to those shown in Chap. 3. The be
havior of the circuits with low terminals is, as would be expected, a more 
critical test than with high terminals, and on the basis of available evidence 
it appears that the use of a linear M-profile with variable slope does not 
meet this test satisfactorily. __ 

I t is not clear, at present, whether 
the apparent differences between the 
Irish Sea and the Massachusetts Bay 
data result from greatly different 
meteorological situations in the two 
locations or whether the differences 
in methods of carrying out the 
experiments and analyzing the result
ing data have resulted in unwitting 
emphasis of some aspects of the 
problem and neglect of others. It 
is difficult to see how the issue can 
be clarified on a sound basis without 
the equivalent for the Irish Sea data of the detailed analysis described in 
Sees. 4-2 and 44 . 

It should be pointed out that at the present time there are some 
differences of interpretation and method of application of the technique 
of representing the whole M-profile by a single straight line approximating 
a section of the M-profile having appreciable curvature.2 This technique 
is usually easier to apply numerically than the wave-equation methods 
discussed previously; but in the opinion of the author it tends to obscure 
the true importance of M-profile curvature and is unsatisfactory as a 
theoretical basis for interpretation of experimental data with which we are 
familiar. It is hoped that future investigations will find a way of integrat-
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FIG. 4 20.—Correlation of observed field 
strengths with those predicted using M-
gradients of the lowest 500 ft on the 3-cm BD 
Irish Sea path. 

1 It should be noted that signal strengths up to 6 db above the free-space level can 
be explained by a linear M-profile, assuming unity reflection coefficient of the ocean 
surface, but in general the measured Af-profiles were not sufficiently steep to predict 
such high values. Stronger fields could be obtained by using a negative slope, which 
is equivalent to assuming a concave earth surface, but the physical interpretation of 
the resulting multiple ray paths and caustics requires investigation (see Sec. 2-5). The 
equivalent earth radius calculated by these methods is different for each wavelength 
and set of terminal heights, although it refers to the same atmospheric structure. 

2 In recent private communication Megaw has pointed out that our interpretation 
of his use of the linear-gradient technique goes somewhat beyond his original intentions. 
Further discussion of this matter may be found by consulting B. J. Starnecki, Jour. 1EE. 
93, III A, 106 (1946). 
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ing the two methods of approach into a procedure that retains the desirable 
features of both. 

4-8. South Wales to Mt. Snowdon.—An optical overwater transmission 
path was operated from June to October 1944, between transmitters 120 ft 
above sea level in Aberporth, South Wales, and receivers at 3600 ft on 
Mt. Snowdon, about 70 miles away (see Fig. 4-16). Transmission was 
carried out on 9 and 10 cm simultaneously. 

For about 80 per cent of the time the transmission on both wavelengths 
was characterized by a regular fading pattern, which, when plotted as a 
function of time, consisted of a succession of broad, flat maxima and deep, 
sharp minima, with maximum signal equal to approximately twice the 
free-space field. This is the kind of pattern which would be expected 
from interference of two signals nearly equal in amplitude but differing in 
phase; it was interpreted to be the result of interference between the 
direct ray and the specularly reflected ray from the surface of the bay.1 

The proposed explanation is that under these conditions the M-profile 
was essentially linear but varied slightly in slope, changing the path-length 
difference and consequently the phase difference between direct and re
flected rays. For standard refraction this phase difference was about 
4.5x on 10 cm and 5T on 9 cm, whereas for "flat-earth" conditions (vertical 
Af-profile) these phase differences were about 127r and 137r respectively. 
Thus a steepening of the Af-profile from the standard slope would tend to 
cause the two wavelengths to fade antisynchronously, as they were 
observed to do experimentally. 

During the remaining 20 per cent of the time the regular interference 
pattern was replaced by a different form of fading. The field strength 
in peaks of the fading cycle was 10 to 12 db above the free-space field; the 
peaks were sharp and the minima were broad. This is the type of signal 
to be expected from superposition of a large number of components with 
random phase relationships, as might be expected on an optical path over 
which the index distribution varies with time, changing the amplitude 
and phase relationships between the several important transmission modes. 

As no meteorological soundings were made over this path, further 
investigation into the actual mechanism is not promising. 

TRANSMISSION ALONG THE CALIFORNIA COAST 

BY DONALD E. KERR 

4-9. San Diego to San Pedro.2—Another highly interesting experiment 
is that carried out by the U.S. Navy Radio and Sound Laboratory (now 
U.S. Navy Electronics Laboratory), San Diego, Calif. I t is of particular 

1 F. Hoyle, "Fading in a Line of Sight Experiment in England," in Radio-Wave 
Propagation, Academic Press, New York, 1949. 

2 L. J. Anderson et ah, "Atmospheric Refraction—A Preliminary Quantitative 
Investigation," NRSL Report No. WP-17, December, 1944. 
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importance because of the striking difference between the meteorological 
situation (and consequently the M-profile) along this part of the California 
coast and the conditions in the situations so far described. A strong 
elevated M-inversion persists over great distances for months at a time, 
and there seem to be few departures from standard at very low levels 
except for a low evaporation duct.1 No attempt will be made here to 
discuss the meteorological origin of these elevated inversions, for there 
seems to be some difference of opinion in the matter; the experimental 
facts concerning the ^/-profile and radio signal behavior are sufficiently 
definite to merit discussion.2 

FIG. 4-21.—Southern California coast and location of the NEL (NRSL) propagation 
experiments. 

One-way transmission was carried out from June 1944 to July 1945 
between a transmitting terminal 100 ft above sea level at San Pedro and 
a receiving terminal 100 ft high at Point Loma, San Diego, a distance of 
92 statute miles. The path is shown in Fig. 4-21. Wavelengths of 6 m, 
3 m, and 55 cm were employed, and the combination of path geometry 
and equipment was such that standard signal level was well below minimum 
detectable signal on all three circuits. Meteorological soundings were 
made by captive balloons and aircraft carrying modified versions of the 
wired sonde.3 

1 S. T. Stephenson, "Some Measurements of Humidi ty , Tempera ture and Refractive 
Index Gradients Immediately Above the Ocean," N R S L Report No. WP-22, September 
r945. 

2 See Sec. 4-22 for further da t a from the same location, obtained with one airborne 
terminal. 

3 L. J. Anderson, "Wired Sonde Equipment for High-alt i tude Soundings," N R S L 
Report No. WP-16, Nov. 17, 1944; also L. J. Anderson, S. T. Stephenson, and A. P . D . 
Stokes, " Improvements in U.S. N R S L Meteorological Sounding Equ ipment , " N R S L 
Repor t No. WP-21 , Ju ly 3, 1945. 
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The meteorological situation in this location changes slowly in both 
time and space in comparison with that in Massachusetts Bay or the 
Irish Sea; hence relatively fewer soundings and less detailed meteorological 
analysis are necessary for study of the transmission phenomena. The 
relevant facts available to date are as follows: 

1. For several months (June through October 1944), an elevated 
temperature inversion persisted. The air below the inversion was 
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moist and well mixed; that above it was warmer and much drier. 
The rapid change in index of refraction in a thin stratum between 
these contrasting types of air caused a marked M-inversion, as 
illustrated in Figs. 4-22 and 4-23. The change in index n was 
about 50 to 60 X 10-6 on the average. The principal variation in 
this structure was that of height of the inversion, which varied from 
near the surface to around 4000 ft. There was a general tendency 
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toward a diurnal variation, with a maximum height in the morning 
at 0800 and a minimum at 1600 hours. Aircraft measurements on 
a path out to sea showed that surfaces of constant index were 
sometimes warped in shape, as shown in Fig. 4-24. 

2. The thickness of the inversion layer and the strength of the inversion 
also varied considerably, but the parameter most easily correlated 

i I i i I i i 1 1 
0 10 20 30 40 50 60 70 80 90 

Range in miles 

i i i 1 1 1 1 —i 1 
0 10 20 30 40 50 60 70 80 90 
Point Loma Range in miles San Pedro 

(b) 
F I G . 4-24.—Atmospheric cross section on the San Diego—San Pedro transmission path show

ing (a) lines of constant (n-1) X 106 and (b^ lines of constant potential temperature. 

with the radio transmission was the height of the base of the inver
sion, as shown in Fig. 4-25. The 55-cm signal fell below the min
imum detectable level as the inversion height increased above about 
3000 ft, but the 6- and 3-m signals were affected to a much smaller 
extent. All signals fell below minimum detectable level when 
frontal action destroyed the inversion, however, indicating that the 
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layer was responsible for the abnormally strong signal far below 
the horizon. 

3. When the M-inversion was high and did not "overhang," that is, 
when the minimum value of M in the inversion was greater than 
that at the transmitter, the average signal level on all these fre
quencies was above the standard level and the signal was unsteady. 
Figure 4 26 shows a section of signal record for this case. The 
signal on 55 cm was barely detectable at such times but was 
apparently somewhat above standard. 

^ 4000 -1 Base of temperature inversion 
2 2000J .■o'-- ' : ' - • ■'■.■'■••■■■ '■•'" " " " ■ , . .'"'*' • . 
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F I G . 4-25.—Correlation of the height of the base of the temperature inversion with signal 
levels and fading ranges on the San Diego-San Pedro transmission path, 

4. When the .l/-inversion was low, the average signal on all three 
circuits increased markedly, as shown in Fig. 4-27, the highest 
frequency rising by the greatest amount; the signal became much 
steadier on the two lower frequencies. 

5. Under all circumstances the signal levels on the two lower fre
quencies remained below the free-space value, but on the highest 
frequency it exceeded this value by 10 db or more. 

These facts have not yet been explained on a rigorous theoretical basis; 
presumably such an explanation would require, as a starting point, evalua
tion of the integral in Eq. (2-172) for Af-profiles with elevated irregularities. 
The ray theory cannot supply information on field strength below the 
horizon for this case any more than it can for a standard Af-profile. The 
oversimple criterion for existence or nonexistence of "trapping" depend
ing upon whether or not the M-inversion overhangs the transmitter is 
also completely inadequate. Instead, the concept of "trapping" requires 
precise definition; this can probably best be done by adoption of a con
vention regarding the amount of decrease in the attenuation of the trans
mission modes given by the factor exp(iAmX) of Eq. 2-486a. This 
factor is independent of height and expresses the effect of -M-profile and 
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wavelength, which the ray theory cannot do. Furthermore, the implica
tion is, when the simple concept of trapping based on ray tracing is applied, 
that the signal strength within the layer does not increase noticeably 
until rays begin to be turned downward. This is not true, of course, since 
leaking modes affect the signal strength in or near the nonstandard layer, 
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4-26.—Typical signal record on the San Diego-San Pedro path when the M-inversion 
was high. 
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4-27.—Typical signal record on the San Diego—San Pedro path when the M-inversion 

was low. 

and the increase in signal strength as the layer moves up from the surface 
is gradual rather than abrupt; the rate of increase is influenced by the 
magnitude of the irregularity, its height in natural units,1 and heights of 
transmitter and receiver expressed similarly. 

1 The italics are used to emphasize the wavelength-layer height dependence, which 
is responsible for the fact t h a t a change in layer height from, say, 100 to 200 ft can 
produce a very large change in the degree of t rapping of wavelengths in the centimeter 
region bu t relatively little in the meter region (see Sees. 4-4 and 2-19). 
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When the elevated layer in this case dropped to near the surface, it 
was strong enough to trap the 55-cm signal strongly, while the 3-m signal 
was probably in the region of incipient trapping, and the 6-m signal was 
affected relatively little. 

The wave equation has been applied to obtain exact expressions for 
the transmission and reflection coefficients of plane layers of finite thick
ness in which the index of refraction varies with position.1 The at
mosphere in vertical section is divided into three plane strata, the first 
with constant index of refraction, the second with the index changing 
continuously in a way permitting analysis with simple functions, and the 
third with constant index which may differ from that in the first region. 
The modified-index concept is discarded. A plane wave in the first med
ium is considered to be incident on the layer at a small grazing angle; and 
if this angle is sufficiently small, a substantial fraction of the incident 
energy will be reflected back into the first medium. The amount of 
reflection depends upon the grazing angle, the ratio of thickness of the 
transition layer to the wavelength, and the form of variation of index 
through the layer. 

The results of this analysis have been used to explain the characteristics 
of the signal at the receivers at San Pedro far below the horizon.2 Qualita
tive agreement is claimed between the predicted and observed variation of 
field strength as the height of the layer varies, although there is no check 
on absolute field strengths. 

The application of this solution for the plane layer to the actual physical 
situation cannot be considered entirely satisfactory, as several factors are 
ignored and no simple way of evaluating their importance has yet ap
peared. It is not clear that the assumptions of a plane source wave and 
plane reflecting layer are reasonably valid for a spherical system. The 
boundary conditions are ignored at the surface of the earth but are ful
filled at the reflecting layer and at infinity. For a qualitative explanation 
of why extra energy can be propagated below the horizon this method of 
approach is useful, but it should not be relied upon to explain the physical 
facts in detail. The formulation in terms of a series of transmission modes 
obtained from the fundamental theorem of Eq. (2-172) affords a mathe
matically difficult but nevertheless more trustworthy procedure.3 A 

1 J. B. Smyth, "Transmission of Plane Waves through a Single Stratum Separating 
Two Media," Part I, NRSL Report No. WP-9, Dec. 22, 1943; Part II, NRSL Report 
No. WP-13, June 23, 1944. 

5 L. J. Anderson el al., "Atmospheric Refraction, a Preliminary Quantitative In
vestigation," NRSL Report No. WP-17, Dec. 28, 1944; L. G. Trolese, "One-way 
Transmission Experiments over the Sea between Los Angeles and San Diego," in Radio 
Wave Propagation, Academic Press, New York, 1949. 

J T. Pearcey has suggested that evaluation of this integral or its equivalent might 
lead to a form of solution similar to that described above for the layer; but Until this 
is done, there is no direct way of testing the validity of the plane-wave-plane-layer 
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considerable number of modes may be important, each leaking out of the 
elevated duct at a rate depending on the characteristics of the inversion 
and each being excited more or less efficiently, depending upon the position 
of the transmitter with respect to the height-gain curve of the mode. 

TRANSMISSION OVER AN INLAND LAKE 

BY DONALD E. KERR 

4-10. Flathead Lake.—Some of the first overwater transmission meas
urements to be correlated in detail with low-level soundings were made 
from Sept. 9-19, 1943, over Flathead Lake, Montana, by Washington 
State College.1 The lake extends in a north-south direction, is 25 miles 
long and 6 to 14 miles wide. It is located in arid country about 2900 ft 
above sea level. A radio transmission circuit on 10 cm was set up from 
•a transmitting terminal 15 ft above lake level to receiving terminals 
approximately 20 miles distant across the length of the lake, at heights of 
16, 57, and 180 ft. The 180-ft location was used for 3 days; the 57-ft 
terminal for the remainder of the period; and the 16-ft terminal for the 
entire period. The 16- and 180-ft combination of terminal heights gave a 
just-optical path, while the lower terminals were slightly below the horizon. 

Low-level soundings were made up to heights of about 300 ft at intervals 
of 2 to 4 hr. The prevailing surface winds were southwest, and the 
soundings were made within 3 miles of the eastern shore, thus giving an 
overwater trajectory of several miles to the sounding point. 

The experiment revealed the following facts: 
1. The M-profiles ranged from near standard to strong surface ducts. 

The near-standard profiles tended to occur between 0200 and 1200 
hours when conditions were calm; the ducts occurred in the after
noon and evening not only under calm conditions but with surface 
wind speeds up to 12 or 15 mph. Considerable lack of uniformity 
was apparent under nonstandard conditions. 

2. When the M-profile was approximately standard, the signal varia
tions at the two receivers at 16 and 57 or 180 ft were in general 
similar, and the average level was not far from the standard level. 

3. When Af-inversions occurred, the average signal level at both 
receivers rose to near the free-space value, reaching a maximum of 
about 10 db above free space, with the signal changing to the 
"strong-trapping" type with scintillations of varying amplitude 
superposed on rollers up to 50 db in amplitude. 

method. There is some difference of opinion in this matter, and the statements given 
here represent the views held by the authors of this volume. 

1 P. A. Anderson, K. E. Fitzsimmons, and S. T. Stephenson, "The Propagation of 
10 cm Waves over an Inland Lake. Correlation with Meteorological Soundings," 
NDRC Report No. 14-212, Washington State College, Nov. 12, 1943. 



336 EXPERIMENTAL STUDIES OF REFRACTION [SEC. 4 11 

4. When the average signal was near free-space level, the fades at the 
two receivers occurred independently, at times fading out of phase. 
Short, deep fades occurred more frequently at the higher terminal, 
dropping to 30 db or more below free-space level. The total range 
of signal variation was 50 to 55 db. 

These results appear to be qualitatively in agreement with those 
obtained on other comparable overwater circuits, although detailed com
parisons cannot be made'. There is no disagreement with the general 
conclusions given in Sec. 4-3 concerning the correlation between Af-profile 
near the surface and signal behavior; the soundings support the plausi
bility of the expectation of that time that the dry, warm air from the 
land should be modified by cooling (or heating) and evaporation from the 
lake surface by processes similar to those occurring over the ocean. Pre
sumably there should at times have been an evaporation duct, but the 
data published thus far do not permit detailed analysis. These meas
urements were particularly interesting because they aided in the early 
development of the understanding of overwater transmission. All other 
experiments at that time had been done over the ocean.1 

ONE-WAY TRANSMISSION OVER LAND 

B Y DONALD E. KERR AND PEARL J. RUBENSTEIN 

In contrast to the situation in most of the overwater transmission 
experiments described in the preceding pages, meteorological soundings 
and related analysis have played a very small part in most of the overland 
experiments made thus far. Therefore no basis for satisfactory quan
titative explanation of the observed phenomena is available; instead, the 
observed facts must at present be considered largely empirical. Con
sequently, the overland experiments will not be described individually in 
detail, but rather the general features that appear to be common to all 
will be enumerated, and the distinguishing features of each discussed. 

4 - l l . Early Experiments.—Since about 1931 various aspects of ultra-
high-frequency propagation over land have been under investigation, the 
effects of tropospheric refraction being one of the principal features to 
receive attention. Much of this work has been carried out by the Bell 
Telephone Laboratories over the gently rolling terrain of New Jersey.2 

1 For example, see P. J. Rubenstein, I. Katz, L. J. Neelands, and R. M. Mitchell, 
"Microwave Transmission over Water and Land under Various Meteorological Con
ditions," RL Report No. 547, July 13, 1944. 

2 J. C. Schelleng, C. R. Burrows, and E. B. Ferrell, "Ultra-short-wave Propagation," 
Proc. IRE, 21, 427 (1933); C. R. Burrows, A. Decino, and L. E. Hunt, "Ultra-short-wave 
Propagation over Land," ibid., 33, 1507 (1935); and "Stability of Two-meter Waves," 
ibid., 26, 516 (1938); C. R. Englund, A. B. Crawford, and W. W. Mumford, "Ultra-
short-wave Transmission over a 39-mile Optical Path," ibid., 28, 360 (1940). 
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Over a period of 10 years tests were made at wavelengths from about 17 m 
to 30 cm on circuits varying in length from a few hundred feet to 60 miles. 
The first tests were designed to give information on the optical reflecting 
and diffracting properties of the terrain; the observation of fading led to 
further investigation and to the conclusion that tropospheric refraction 
is responsible for the fading. A series of measurements made throughout 
the year 1936 on a wavelength of 2 m over a 37-mile nonoptical path 
showed the presence of a diurnal effect, with fading and high average 
signal level at night as contrasted to steady signal near midday. This 
diurnal effect was more pronounced in summer than in winter. 

Attempts were made to correlate transmission characteristics with 
atmospheric stratification in a later 2-year study in which wavelengths of 
2 and 4 m were transmitted simultaneously on a 39-mile optical path. 
Recordings of temperature, relative humidity, and pressure at one trans
mission terminal, in combination with upper-air data from U.S. Weather 
Bureau aircraft soundings, revealed diurnal changes in refractive index 
at the surface and indicated the possible existence of appreciable variations 
in index gradient. The airplane meteorographs used for the soundings 
had too great a lag coefficient and were not sufficiently accurate to permit 
making soundings of the type now considered necessary. 

As the experiments progressed, certain qualitative features of the 
transmission became noticeable. In most of the later tests these features 
reappeared with some modifications, usually becoming more pronounced 
as the wavelength was decreased. These features were 

1. The occurrence of a diurnal cycle, usually including two distinct 
signal types. For several hours near the middle of the day the 
signal was relatively steady, but at night (on calm, clear nights 
particularly) it became disturbed, with marked fading; at the same 
time the average signal level increased. 

2. Much more pronounced diurnal effect in summer than in winter. 
Practically all of the very deep fades occurred during the summer. 

3. Almost entire disappearance of fading in rainy, stormy, or windy 
weather. 

4. Marked similarity between major variations in signal on the 2-
and 4-m wavelengths, with difference in fine details of fading on the 
two wavelengths. Deep fades did not occur simultaneously. 

5. Little difference between the behavior of vertically and horizontally 
polarized radiation. 

6. Increase of range of variation of signal strength and amount of 
scintillation or fading as one terminal was decreased in altitude 
and shifted slightly so as to be screened by a range of hills. 

7. Range of variation of field strength from about 13 db above free-space 
field to about 20 db below for the 2-m signal on the optical path 
and slightly less for the 4-m signal. The average midday levels 
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showed a slow seasonal drift of 4 or 5 db about the free-space level, 
being above in summer and below in fall and winter.1 

The plot of signal as a function of time in Fig. 4-28 illustrates the 
diurnal and seasonal effects and the similarity in gross aspects of the 
signals on the two wavelengths. 
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FIG. 4-28.—Diurnal and seasonal effects observed on wavelengths of 2 and 4 m on early BTL 
transmission path. 

Unpublished data for wavelengths of 2 m and 30 cm taken on this 
same optical path in autumn weather show that the diurnal effect noted 
in Item 1 occurred again, except that the 2-m average signal occasionally 
dropped to a low level during nocturnal fading. On the other hand, such 
a decrease in average signal level was usual rather than exceptional on 
30 cm during fading periods. The fading range on 30 cm was appreciably 

' Seasonal drift of midday levels has not been noticed by those few observers in a 
position to make such observations, except for RCA Laboratories on the paths described 
in the next section. 
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greater than on 2 m, and small scintillations sometimes occurred super
posed on the steady midday 30-cm signal. 

The observed signal variability was interpreted as being caused by one 
of the two following mechanisms.1 (1) Changes in the refractive-index 
gradient would produce shifts in the interference pattern of the direct and 
reflected rays. Calculations of this effect were carried out by introducing 
a variable effective earth radius (see Sec. 2-4). (2) In the presence of an 
elevated reflecting layer, or "air-mass boundary," a third ray reflected 
from this boundary might contribute to the interference. 

From 1934 to 1937 transmission tests in the wavelength region from 
5 to 8 m were carried out by Ross A. Hull,2 with the aid of other radio 
amateurs, the U.S. Weather Bureau, and Harvard University. The 
death of Mr. Hull prevented completion of the work, but the preliminary 
reports3 and a recent summary4 indicate that the tests yielded considerable 
valuable information of a qualitative nature. Hull appears to have 
appreciated early in the course of the work the importance of both at
mospheric water-vapor content and temperature inversions but lacked 
the means of expressing their effects quantitatively. He studied particu
larly the characteristics of transmission between Boston, Mass., and 
Hartford, Conn., a 100-mile nonoptical path with intervening ridges 1000 
ft high. Over this path the 5-m signals showed several of the same 
characteristics that now appear to be common to overland transmission 
at the shorter wavelengths. The signal at times approached free-space 
level; strong diurnal and seasonal variations were apparent, with strong 
signals prevalent at night and in the summer; a definite relationship was 
noticed between types of signal fading and the atmospheric structure. It 
was noticed in particular that strong signal with deep fades tended to occur 
just before the onset of precipitation resulting from overrunning tropical 
air. Aircraft soundings revealed gross departures from atmospheric 
homogeneity, such as pronounced nocturnal surface inversions or elevated 
inversions associated with overrunning tropical air, and provided the 
basis for correlations with signal strength variations. These correlations 
could not be made in detail, but it appears that very large effects were 
obtained from both types of inversions. 

Despite the lack of completeness and the qualitative nature of the 
results, Hull's work was remarkable, and it is indeed unfortunate that it 
could not be continued. Some of the questions raised by his results are 
beyond the scope of most of the other work described in this book and 
serve to emphasize that a satisfactory over-all understanding of refractive 

1 C. R. Englund, A. B. Crawford, and W. W. Mumford, Bell System Tech. Jour., 
18, 489 (1938) and Proc. IRE, 28, 360 (1940). 

2 Then editor of QST, the official publication of the American Radio Relay League 
»R. A. Hull, QST, 19, 3 (1935), and 21, 16 (1937). 
4 A. W. Friend, Proc. IRE, 33, 358 (1945). 
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effects certainly cannot be obtained until the gap has been bridged between 
wavelengths of several meters and a few centimeters and a satisfactory 
means obtained for estimating the effects of both surface and elevated 
M-inversions. 

4-12. Summary of General Characteristics.—In this section we shall 
discuss the characteristics that appear to be common to the overland trans
mission tests carried out from 1942 to 1945. These tests have in
cluded wavelengths from 3 cm to about 7 m and terrain ranging from 
extremely flat desert to mountains. The principal physical features of 
the transmission paths are shown in Table 42 . The terminal heights 
indicated are above mean sea level instead of above surrounding terrain 
(with the exceptions noted), for it is usually impossible to determine a 
meaningful terminal height above rough terrain. Probably the best 
simple way of describing the transmission path geometry is by means of a 
profile prepared from topographic maps, but it is not feasible to include 
the profile of each path here. 

Some transmission characteristics of the various circuits appear to 
recur consistently in all cases given here; others are contradictory or 
cannot be compared. Space limitations prevent discussion of results for 
each circuit individually, but the following list presents those character
istics which appear to be broadly representative of the experiments 
listed in the table. All of these characteristics did not appear on every 
circuit; usually on any circuit only a fraction of those listed were prev
alent (or were reported). The specific disagreements with this list and 
additional features that cannot be compared directly are discussed in the 
next section. 

The broad features common to all the circuits are the following: 
1. On optical and near-optical circuits the signal was steady at a level 

near the standard level in the early afternoon (see Fig. 4-29a). On 
the fully optical circuits this midday signal level for the microwave 
circuits was close to the free-space level (an indication of poor 
specular reflection from rough ground at the shorter wavelengths). 

2. Pronounced fading, accompanied by deviation of the average signal 
level from the daytime value, occurred on clear, calm nights. On 
optical paths the average level varied between — 12 and + 5 db,1 and 
a variety of fading types was observed (see Fig. 4-296, c, and d). 
On nonoptical circuits, on the other hand, the average level invariably 
increased, sometimes reaching the free-space value and occasion
ally higher, but the fading range varied greatly from one circuit to 
another. 

3. The time of day at which transitions from steady signal to variable 
or the reverse occurred was subject to large variations, but the only 
time when transmission was almost certain to be steady was in the 

1 The reference level is always the free-space level unless stated otherwise. 



TABLE 4*2.—OVERLAND TRANSMISSION CIBCUITS 

Terminal locations 

Vicinity of Mt. 
Spokane, Wash. 

Wembley, Haselmere, 
England 

New York City, 
Hauppauge, N.Y. 

New York City, 
Riverhead, N.Y. 

New York City, 
Neshanic, N.J. 

Great Blue Hill. 
Mt. Wachusett, Mass. 

Gila Bend, Datelan, 
Ariz. 

Blue Ridge Lookout, 
Mt. Hamilton, Calif. 

Blue Ridge Lookout, 
Mt. Frazier, Calif. 

Pa th 
length, 
miles 

13.5 
52 

92 

111 

111 

112 

38 

42.5 

70 

41 

45 

47 

170 

106 

X, cm 

10 
10 

10 

10 

10 

10 

9 

665 
63 
11 

663 
63 
11 

3 
6.5 

10 

10 

9 

6 

6 

Standard 
value of 
20 log F 

' 

30 

- 21 
- 4 
- 2 

- 35 
- 3 2 

- 50 to 
- 60 

0 

2 

< - 60 

• 
• 

Heights of 
terminals, ft t 

5250 
5250 

5250 

5250 

5250 

5250 

725 

1300 

1300 

500 

650 

53 

5860 

8000 

2400 
2630 

2550 

3450 

3650 

3950 

170 

280 
298 
288 

154 
145 
87 

600 

2000 

35 

4300 

5800 

Nature of terrain 

Mountainous 

Urban at one end; wooded 
and hilly at the other. 
Across Thames Valley. 

Gently rolling farm land 
and urban territory 

Gently rolling farm land 
and urban territory 

Wooded, industrial and 
urban, partly across 
and near water 

Wooded and urban, hilly 

Flat desert with general 
rise of 400 ft 

Across San Joaquin 
Valley 

Mountainous 

Degree of obstruction 

Optical 
Optical 

One terminal 300 ft 
below tangent ray 

One terminal 100 ft 
above tangent ray 

One terminal 300 ft 
above tangent ray 

Obstructed by mountain 

Obstructed near one 
terminal 

Optical 

Nonoptical 

Ray clearance of 50 to 
100 ft at hill near 
midpoint 

Ray 1° above horizontal; 
600 ft clearance 

Nonoptical 

Optical 

Optical 

Period of 
operation 

3 weeks, winter 
8 weeks, winter, 

spring, summer 
5 days, summer 

10 days, early 
spring 

9 days, early 
spring 

8 days, early spring 
All 1942-1943 

March 1943-
July 1946 

March 1943-
March 1944 

March 1943-
March 1944 

July 1943-
March 1945t 

Sept. 2 9 -
Oct. 16, 1943 

Dec. 13-20, 
1944 

Several weeks, 
summer 1945 

2 dayB, summer 
1945 

Organization 
and reference 

number 

WSC: 1, 2 

GEC (England) 
ASE, NPL: 3, 4 

RCA: 5 

RCA: 5 

B T L : 6 

R L : 7 

N E L 
(NRSL): 8 

OCSigO:9 

OCSigO:9 

41. - * I n ' ° r m a * l o n n o t known or not available. tTerminal heights are above mean sea level except for the Gila Bend—Datelan circuit, for which the heights are above 
the Hat terrain near the respective terminals. {Reference 6 covers the period Aug. 1, 1943, to Aug. 1, 1944. 1. P A . Anderson el nl., "The Propagation of 10-cm Waves 
on a 52-mile Optical Pa th over Land. The Correlation of Signal Patterns and Radiosonde Data ," NDRC Report No. 14-151, Washington State College, June 10, 1943 
S- , ?.■ ^ ? d ? r , * o n . •* "V,'T > T h e Propagation of 10-cm Waves over Land Paths of 14, 42, and 112 Miles," Report No. 14-202, Washington State CoUege, Oct. 26, 1943. 
i , v 5 o ? n < V , „ . ! ,K?„Jt . h Smith-Rose (NPL), "Centimetre Wave Propagation over Land. A Preliminary Study of the Field Strength Records between 
March and September 1943, D O I D ** xr_ n n T , , o n n__. I . m*.,. . . . . . K , .... . . . . « „ , . „ . . . . .„ . . . * - . - . , . . . . — ^ — — . 
Society, London, 1946. 4. A. 
Obtained during the Year 1943-__ _ 
6. A L. Durkee, Proc. 1KB, 36, 197 (1948). 7. P. J. Rubenstein el at.. "Microwave Transmission over Water and Land under VariouB Meteorological Conditions," 
KL Report No. 547, July 13, 1944. 8. L. J . Anderson el al., "Atmospheric Refraction under Conditions of a Radiation Inversion," NRSL Report No. WP-19, Apr. 21. 
IRE U 662 (19*6)*** Carroll, "Complementary Diversity Reception of Microwaves," OC Sig O Report No. RPS-4, Jan. 3, 1946; R. Bateman, Proc. 

CO 
rf4. 
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early afternoon for a very few hours (except for Item 4). The 
periods of transition between fading and steady signal were usually 
relatively short—sometimes 30 min but generally somewhat longer. 
In the afternoon the transition was likely to occur some hours before 
sunset, but in the morning it usually occurred long after sunrise.1 

+ 10 -

2 

■ & 

+ 10 

0 

-10 

-20 

j i\ 

fi 
(c) 

$hiAt V 1 wVf 

——1 hr 
F I G . 4-29.—Typical signal records in overland transmission on an optical or near-optical 

path. The abscissa is time: (a) early afternoon; (h,c,d) clear nights. (Blue Hill to Mt. 
Wachusett circuit.) 

4. In cloudy, stormy weather, microwave transmission, both day and 
night, was standard and steady, as mentioned in Item l.2 

1 The measurements on the Arizona desert showed a considerably greater degree of 
regularity than any others reported (see Fig. 4-33). On this circuit the fading tended 
to be fairly slow, as indicated in Fig. 4-296. For a more recent report see J. P. Day 
and L. G. Trolese, Proc. IRE, 38, 165 (1950). 

2 In the 5- to 8-m band, however, Hull 's da ta show cases of strong signal associated 
with the onset of precipitation. This phenomenon has also been reported on 9 cm. 
See E. C. S. Megaw, Jour. IEE, 93, III A, 79 (1946). 
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5. The diurnal change in average signal level and in fading range from 
day to night was more marked in summer than in winter. 

6. The fading range generally increased when one of the terminals was 
lowered or shifted behind an obstacle. 

7. Greatest variability in signal level was observed on the shortest 
wavelengths. 

8. The strongest signal observed was about + 1 5 db, but in most cases 
it was between 0 and + 1 0 db. The depth of fading varied greatly 
with the wavelength and the geometry of the circuit but was fre
quently as large as 40 db. 

9. Horizontally and vertically polarized radiation showed similar 
behavior. 

Meteorological soundings were available for only the Mt. Spokane and 
Arizona circuits.1 Detailed correlation of the radio transmission with 
meteorological parameters cannot, therefore, be made. 

Two general conclusions can be drawn from these investigations. 
1. Steady transmission occurs when the air along the transmission 

path is well mixed, as on sunny afternoons or in stormy, windy 
weather.2 The M-profile is then nearly standard, except that under 
strong insolation the temperature gradient very near the ground may 
be superadiabatic, causing a slightly substandard M-gradient. (It 
should be recalled that homogeneous air, as defined in Chap. 3, with 
an adiabalic lapse rate also gives a slightly substandard M-gradient.) 

2. Signal fading occurs in the presence of irregularities in the Af-profile. 
On nonoptical circuits a marked change in average signal level 
invariably accompanies these irregularities, but for optical circuits 
such a general rule does not appear to be justified. The irregularities 
in the M-profile may occur either at the.surface (frequently as a 
result of radiation cooling) or at some altitude that cannot be speci
fied on the basis of existing information. (This point is discussed 
further in Sec. 4-13. See also Sec. 3-21.) The humidity gradient 
can, of course, be very important, as well as the temperature gra
dient. In particular, a positive vapor-pressure gradient through 
the inversion can cause a substandard M-layer, as shown in 
Fig. 3-49. 

4*13. Additional Observations.—Because of the wide range of physical 
characteristics and of the periods of operation that mark the circuits 
described in Table 4-2, intercomparison of the data is often difficult or 
meaningless. This diversity of conditions, moreover, gives rise to some 

' See the following section for a description of the soundings. 
2 The accuracy of this statement appears to depend upon the degree of obstruction 

of the transmission path. It is apparently correct for optical and near-optical paths, 
but is not necessarily correct for highly nonoptical paths for which the standard diffrac
tion loss is very large. Sec the following sections for further discussion. 
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apparently unrelated or even inconsistent observations. These points 
which appear to be reasonably well defined are discussed below. 

A qualitative picture of the range of variation experienced on typical 
overland circuits can be obtained from Table 4-3, which shows the standard, 
the maximum, and the minimum field strengths observed on the two RCA 
circuits over Long Island on three wavelengths. The maximum signal 

TABLE 4-3.—SIGNAL LEVELS ON RCA CIRCUITS OVER LONG ISLAND 

Wavelength, cm 

665* 
63 
11 

665* 
63 
11 

Receiving 
terminal 
location 

Hauppauge 
Hauppauge 
Hauppauge 
Riverhead 
Riverhead 
Riverhead 

Field strengths, db above free-space value 

Standard 

— 21 
— 4 
- 2 
- 3 5 
— 31 to — 35 
— 50 to — 60 

Maximum 

— 13 
+ 10.5 
-t-12 

> - 1 8 
+ 10.5 
+ 13 

Minimum 

— 29 
< — 30 
< — 25 
< — 50 
< — 44 

* The 665-cm circuit was in operation only from 1400 to 2200 hours; consequently its value is limited. 

level for the shorter wavelengths was 10 to 15 db above the free-space 
values, but the level on the 6.6-m circuit never exceeded —13 db. The 
shorter wavelengths had the greater fading range, but the difference in 
this range between 63 and 11 cm was small. (A similar situation was 
found on the New York-Neshanic optical path, where the fading ranges 
on 3, 5.5, and 9 cm were only slightly different.) Table 4-3 also shows 
the relative conditions on optical and nonoptical paths. (The Hauppauge 
paths are optical, and the Riverhead paths nonoptical.) The fading 
range increases as the degree of obstruction of the circuit increases. 

On the Long Island circuits the average 11-cm signal level was higher 
in summer than in winter, both by day and night, as illustrated in Figs. 
4-30 and 4-31. 

Both the diurnal and seasonal effects are illustrated in Fig. 4-32, 
which shows the average diurnal variation of the fading range on the 
6.5-cm New York-Neshanic circuit in February and August. 

On the New York-Neshanic circuit the fading was reported generally 
to be synchronous at two 6.5-cm terminals spaced 25 ft apart vertically, 
as well as on 3, 6.5, and 10 cm at a single location. This is in contra
diction to the results of 6-cm tests in California, where vertical separation 
of two receiving antennas operating separate receivers by the calculated 
maximum-to-minimum spacing in the interference pattern resulted in 
complementary fading; that is, the signal was strong in one receiver when 
weak in the other. The difference probably arises from the fact that the 
reflected wave on the New York-Neshanic circuit was very weak, as it 
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originated primarily from a narrow ridge screening the region that might 
otherwise have provided stronger reflection, whereas on the California 
circuit both direct- and refiected-ray paths were unobstructed and the 
land reflection was much stronger than usual. The synchronism of the 
three wavelengths on the BTL circuits is somewhat surprising, as it is 

July 1943 July 1943 

+ 2 0 
Field strength in db above free-space level 

FIG. 4-30.—Seasonal effect on 11-cm New York-Riverhead path, as indicated by percent
age of time during which the signal was above the abscissa on the average, during July and 
during January, (a) When all times were considered; (6) when only darkness hours were 
considered. 

Feb. Apr. Jun. Aug. OcL Dec. Feb. 
1943 1944 

Feb. Apr. Jun. Aug. Oct. Dec. Feb. 
1943 1944 (a) — — (M 

Fia. 4-31.—Seasonal effect on the RCA 11-cm New York-Riverhead path, as indicated 
by (a) number of days and (b) number of hours during which the signal was more than 6 db 
above the free-space level each month. 

difficult to visualize a refraction mechanism capable of producing marked 
fading but insensitive to wavelength. 

In further tests of space diversity a comparison was made between 
the 41-mile New York-Neshanic circuit and the two 20-mile optical links 
obtained by the use of an additional terminal at the mid-point. The 
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6 8 10 12 14 16 18 20 22 24 
Eastern standard time 

(a) 

depth of fading on the long path was greater than that on either of the 
short ones, and no synchronism was observed. 

On several of the circuits, smoke and haze layers were observed to 
occur simultaneously with fluctuating signal. Such layers generally mark 
a region of atmospheric stability and, consequently, a tendency toward 
an ilf-inversion. The gradual destruction of a nocturnal inversion after 
sunrise can be followed visually as the bottom of the haze layer moves 

upward and is eventually dissi
pated. It has been frequently 
noticed that the final stages of 
this process, perhaps the last 
hour, are marked by extremely 
large and rapid signal fluctua
tions, terminating abruptly in the 
steady midday signal when the 
layer disappears. These layers 
also permit visual observation of 
the well-known "gravitational 
waves," which were suggested by 
Helmholtz and have been inves
tigated theoretically at some 
length.1 I t is frequently sug
gested that these atmospheric 
waves may be connected with 
signal fading,2 but no experiments 
have yet been performed to inves
tigate the matter. 

The only overland transmis
sion circuit on which consistent 
effects of fog have been reported 
is that in England, between 
Wembley and Haselmere. In 

genera], the increase of average signal on an initially clear night was 
arrested by the development of low cloud or fog. In the case of fog 
formation the signal level then usually dropped below the standard level, 
strong fading continuing. Although no soundings are available for this 
circuit, a reasonable qualitative explanation is that radiational cooling 

6 8 10 12 14 16 18 20 22 24 
Eastern standard time 

m 
Flo. 4*32.—Maximum and minimum signal 

levels during 1-hr intervals averaged over the 
month of (a) February 1944 and (b) August 
1943. These figures show the diurnal and sea
sonal effects observed on the BTL 6.5-cm New 
York-Neshanic path. 

1 H. Lamb, Hydrodynamics, Cambridge, London, 6th ed., 1932, p. 363; B. Haurwitz, 
Dynamic Meteorology, McGraw-Hill, New York, 1941. 

* For instance, W. M. Elsasser, "Comments on Duct Transmission and Fading," 
Dec. 5, 1944 (unpublished); J. B. Smyth and L. G. Trolese, "Atmospheric Waves— 
Fluctuations in High Frequency Radio Waves," NRSL Report No. WP-18, Feb. 1, 
1945; R. A. Craig, "Gravitational Waves Associated with Temperature Inversions," 
in Radio-Wave Propagation, Academic Press, New York, 1949. 
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early in the evening produces a surface temperature inversion with a 
possible consequent steepening of the base of the M-profile and increase 
of signal strength. At some stage of this process the surface temperature 
drops below the dew point, and the resulting positive humidity gradient 
tends to counteract the effect of the temperature inversion, producing 
a substandard layer if the humidity gradient is sufficiently steep, with a 
consequent decrease in average signal level. (See Sec. 3-21 for a more 
detailed discussion of the possible meteorological processes involved.) 

The data from the Wembley-Haselmere circuit have also been examined 
for the effects of fronts. A statistical summary was made of 40 cases1 for 
the period July through September 1944. Twelve warm-type fronts were 
found to cause a low signal, and one a rise and fall of 9 db in signal level. 
Of the remainder, 

Twenty-seven cold fronts or occlusions gave following results: four a low signal 
with no rise within five or six hours (but one of which had still warm air at the 
surface). Twenty-three gave either a rise in signal during passage or a rise within 
five or six hours after passage, including some very marked rises, associated with, 
in ten cases, a low signal during passage. 

From a forecasting point of view during that period the following rules emerge: 
1. Passage of warm fronts is invariably associated with a low signal, or if the 
signal is high immediately before, passage will cause it to lower. 
2. Passage of cold fronts and five or six hours afterwards. It can safely be 
said that sometime during that period a rise in signal can be expected in about 
nine cases out of ten, but from purely synoptic considerations it is unsafe to 
say whether actually during passage over the path or a few hours later. 
3. High wind conditions (winds of Beaufort F6 or above) normally give a low 
signal, but there was one exception to this on 24th September, the wind being 
N.W.F. 8 (fresh gale). 
4. Anticyclonic conditions give rise to a variable signal with a marked diurnal 
trend (but there are a few exceptions). Good signal strength is most likely 
during the afternoon with a gradual fade during the early hours of the morning. 
The effect would seem to be most marked with light or moderate off-shore winds. 

Because the meteorological information obtained by soundings coin
cident with overland transmission is limited, detailed correlations are 
impossible. Several investigators attempted to use conventional radio
sonde data and aircraft soundings made by aerometeorographs, which, 
for reasons discussed in Chap. 3, are usually unsatisfactory; nevertheless, 
the Washington State College group operating near Mt. Spokane found 
correlations between atmospheric stratification, as revealed by the radio
sonde ascents from the Spokane station of the Weather Bureau, and 
variations in transmission stability. During the later phases of the 
investigation the radiosonde data were supplemented by low-level sound-

1 This information was obtained in private communication, through the kindness 
I R. L. Smith-Rose and others of the Tropospheric Wave Propagation Committee 
i England. 
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ings made with early models of the wired sonde. The correlations, 
although few in number, appeared to indicate consistently that marked 
fading occurred on all but the 13.5-mile path when the soundings revealed 
either surface or elevated layers in which the gradient of index of refraction 
deviated markedly from the standard value.1 The elevated layers were 
usually found at heights comparable to the terminal heights and were not 
noticed to exhibit any diurnal variation, but the surface layers were caused 
by nocturnal inversions, as discussed in Chap. 3. Despite the very irreg
ular terrain, the effect of the surface inversion appeared to persist over 
distances of at least 100 miles. 

Transmission on the 13.5-mile path was extremely steady, showing 
only very slow variations of about \ db. This is not surprising in view 
of the short path length and the large inclination of the line of sight to 
the horizontal.2 

These early experiments by the Washington State College were the 
first to combine successfully microwave transmission measurements over 
land with intensive meteorological soundings, which were made first by 
radiosonde ascents and later by the wired sonde apparatus then under 
development. Most of the prevailing transmission characteristics 
described in Sec. 4-12 were found at this time to some degree. 

The most detailed program of meteorological measurements was carried 
out in connection with the transmission tests over the Arizona desert. 
The meteorological soundings were made with a modified wired sonde 
(see Sec. 3-28) at both terminals and near the path mid-point at frequent 
intervals throughout most of each night of the test. They showed that 
strong temperature and M-inversions formed at the surface at night, in
creasing in altitude through the night, which produced marked irregularities 
in the M-profile at heights of several hundred feet. 

The radio signal, which was not detected during the daytime on this 
path, began to rise around sunset. It remained strong throughout the 
night, reaching a maximum value of about 12 db below the free-space 
level. The signal again dropped below the detection limit (60 db below 
free-space level) 2 to 3 hr after sunrise, when the temperature and M-inver
sions were destroyed by solar heating. This marked diurnal cycle was 
repeated consistently throughout the course of the tests. Figure 4-33 

1 At the time this work was reported the quantity M was not in use, but the data 
published in terms of n indicate that strong M-inversions must have occurred in these 
layers. 

* Even such short paths are not necessarily free from atmospheric effects, however. 
Unpublished information from Bell Telephone Laboratories on 10-, 20-, and 30-cm 
transmission on a 10.5-mile optical path in the summer and fall of 1940 shows that 
strong fading may occur. In general the fading on 20 cm was slightly more noticeable 
than on 30 cm, but the fading on 10 cm was very much more noticeable than on 30 cm. 
The ma-rimnm fading range was 20 db on 30 cm and 30 db on 10 cm. 
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Fio. 4-33.—Typical nocturnal variation of signal strength and M-profiles on the NEL 10-cm Datelan-Gila Bend transmission circuit. The sound
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shows the variation of signal and the accompanying soundings throughout 
a night with a strong inversion. 

Attempts to correlate the measured signal strengths with such param
eters as the decrease in M between the transmitter height and top of 
the duct were unsuccessful.1 Additional difficulties were possibly intro
duced by the duration of the soundings (20 to 30 min) as well as departures 
from the assumed horizontal stratification over the sloping terrain of 
the circuit. 

An interesting and unexplained feature of the desert experiment is that 
the type of signal fading was noticeably different from that commonly 
observed on other nonoptical circuits. In the presence of ducts the fading 
was much slower than that commonly found. I t lacked the usual broad 
maxima and deep, sharp minima, and the fading range was not large.2 

4-14. Discussion.—Perhaps the most striking similarity among all of 
the observations for paths that are not too long is the diurnal change in 
signal behavior, in which the signal changes from a relatively steady type 
at midday to a type characterized by pronounced fading at night. As 
shown in Sec. 3-21, the M-profile varies, in general, from approximately 

1 Attempts to correlate signal strengths and such M-profile parameters on the 
overwater circuits in Massachusetts Bay were also negative. Only when the complete 
wave solution was used was reasonable agreement obtained between predicted and 
measured field strengths. 

2 Editor's note added in proof. Since the foregoing material was written, further tests 
have been made by the U.S. Navy Electronics Laboratory at the same location, using a 
number of wavelengths between 12 m and 1.25 cm. (Personal communication from 
J. B. Smyth.) The data show a remarkable difference between optical or nearly-optical 
circuits having small standard diffraction loss and those having large loss. By way of 
illustration, the first type would be represented by a wavelength of 30 cm and a trans
mitter height of 58 m, whereas the second would employ a wavelength of 3 cm and a 
transmitter height of 1 m. Under midday conditions, when the measured M-profile 
was essentially standard, except for a substandard foot because of intense soil heating, 
the two types of circuits showed a startling difference in performance. The signal on 
the lower-loss circuit was steady at about the standard level, and variation of the height 
of the receiving terminal showed a normal height-gain function. For the other type of 
circuit, however, the signal showed strong scintillation, continually fading rapidly both 
above and below the average level. Most surprising, the average level was many 
decibels above the level for standard refraction, and the height-gain effect was absent, 
the signal strength being essentially independent of height. [See J. P. Day and L. G. 
Trolese, Proc. IRE, 38, 165 (1950).] 

This scintillating midday signal, far above standard level, appears to be common on 
long paths with very low terminal heights. Recordings of signals in the frequency-
modulation and somewhat higher frequency bands have now been made for considerable 
periods over path lengths of over 100 miles by the Federal Communications Commission, 
the Central Radio Propagation Laboratory of the Bureau of Standards, and other 
groups. (See K. A. Norton's chapter in Advances in Electronics, Vol. 1 Academic Press, 
New York, 1949.) Presumably this phenomenon is similar to that found over water in 
Massachusetts Bay (Sec. 4-5) and at Antigua (Sec. 4-20), and is possibly to be explained, 
in part at least, by scattering from atmospheric irregularities. 
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standard around midday under the influence of solar heating to either sub
standard or superstandard near the surface at night as a result of radiation 
cooling. The irregularities in M-profile undoubtedly vary in height and 
shape along a transmission path over rough terrain during different parts 
of the diurnal cycle; hence the observed phenomena represent a combina
tion of "surface trapping" and "reflection from layers" (the quotation 
marks are used to emphasize that these terms are crudely descrip
tive in nature rather than significant from a mathematical point of 
view). 

In addition to the fading, the variation of the average signal level 
upon which the fading is superposed is of some interest. I t is usually 
observed that on nonoptical circuits the average signal level rises when 
fading occurs,1 as it does in the overwater case, but on optical circuits it 
may either rise or fall for considerable periods. At the longer wavelengths 
the reflection from the ground may be sufficiently strong to introduce a 
lobe structure that can be distorted by refraction, thus causing some 
fading, but this explanation is untenable for the shorter wavelengths, 
where the preference for free-space signal under standard refraction con
ditions on several wavelengths and direct measurements of reflection 
coefficient indicate that ground reflection must be essentially absent. 

All the experiments that were operated in a way to disclose seasonal 
variations show essential agreement in the conclusion that the diurnal 
signal variations are considerably more pronounced in summer than in 
winter. This is presumably attributable, in part at least, to the high 
water-vapor content of the air in the summer, which enhances the effective
ness of temperature gradients in producing strong index gradients; at the 
same time it increases the probability of occurrence of strong humidity 
gradients, which also affect the index gradients markedly, as pointed out 
in Sec. 3'21. In addition to the exaggeration of the diurnal fading, an 
increase in average signal level in the summer was found on the RCA 
circuits on Long Island, possibly another manifestation of the enhance
ment of the effects of temperature gradients. 

In all overland experiments in which comparisons have been made 
between vertical and horizontal polarization, no appreciable differences 
have been observed in transmission stability. This result is not surprising, 
as those measurements in which reflection from the earth might be expected 
to play a part (optical circuits on wavelengths of several meters) are 
usually made at such small grazing angles that the reflection coefficient 
should not be substantially different for the two polarizations. The 
theoretical treatment of Chap. 2 predicts no dependence on polarization 
in the diffraction region, as the second-order terms that were discarded in 

1 This statement is not always true, as may be seen from the transmission data 
from England, which indicate that substandard layers occur at times, decreasing the 
average signal level. 
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formulation of the theory contained the only vehicle for expressing 
polarization dependence. 

The tendency toward decreased stability of transmission as the degree 
of obstruction of a transmission path is increased is fairly well established. 
The variation of signal under nonstandard refraction conditions occurs 
between an upper limit, roughly 10 to 15 db above free-space level, and a 
lower limit that is often not measurable but is well below the standard 
signal level. 

If the nocturnal cooling first affects the refractive index gradient at 
the surface (and presumably this would usually be the case on clear nights), 
surface ducts may form. How their shapes, stability, and rate of growth 
are affected by hilly slopes and varying types of surface are open questions, 
as is also the mechanism by which they affect transmission stability. 

A general explanation of overland transmission in any but the crudest 
of theoretical terms is, for several reasons, impossible at present. The 
boundary conditions for most land surfaces have not been formulated 
satisfactorily for either the meteorological or the electromagnetic phase 
of the propagation problem. The usual streams, vegetation, bare earth, 
buildings, and other irregularities constitute sources (or sinks) of heat and 
moisture, and calculation of the exchange of these quantities with the 
atmosphere and the resulting modification of the atmosphere has not been 
reduced to a practical procedure. As can be seen from the discussion in 
Chap. 3, even for the vastly simpler case of a smooth sea at constant 
temperature this problem is amenable only to a crude estimation. The 
roughness of most land surfaces and lack of knowledge of their conductivity 
and permittivity preclude application of a reflection coefficient in the 
customary way (see Sec. 5-1), and no satisfactory procedure has been 
evolved as a substitute.1 Finally, the concept of modified index, which has 
performed valuable service in the analysis of overwater propagation, loses 
its precise meaning over land. It will be recalled that in the definition of 
modified index, purely horizontal stratification is assumed; that is, surfaces 
of constant index of refraction form spherical shells concentric with the 
earth. This condition is not fulfilled over water as well as one would wish 
and is even less satisfactorily met over rough land with varying surface 
properties. The overland problem thus lacks a single unifying parameter 
comparable to modified index. If the land is very flat and uniform in 
character, such as that in the Arizona desert, this difficulty may perhaps 
be somewhat less important. 

Further progress in understanding the stability of overland transmission 
requires emphasis on two main points: (1) an extensive program of detailed 

1 Under trapping conditions the guided waves strike the earth at extremely small 
angles with the horizontal, with the result that even a rather rough surface may give 
appreciable specular reflection. 
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meteorological sounding and analysis under conditions of varying degrees 
of complexity, designed to obtain basic information on the mechanism of 
duct formation, and (2) theoretical and experimental study of the electro
magnetic features of the problem, including the effects of irregular ground. 
The simpler corresponding problem for overwater transmission has yielded 
definitive results only in proportion to the application of such methods.1 

RADAR TRANSMISSION 

I t is clear from both theory and experimental data given thus far that 
nonstandard refraction can produce startling departures from the coverage 
diagrams discussed in Sees. 2-13 to 2-16. Because radar can explore large 
volumes in space in a very short time, by comparison with the limited 
information obtainable with fixed transmission terminals, it might appear 
at first glance that radar would be the more useful tool in the investigation 
of refraction. I t will become clear from the next five sections and from 
Chaps. 5 and 6, however, that this is a much too naive assumption. It is 
possible to use radar to considerable advantage in studying refraction, but 
quantitative information comparable to that obtained from one-way 
transmission is, except under special circumstances, essentially impossible 
to obtain; on the other hand, some useful information of a qualitative 
nature can be fairly easily obtained, particularly in conjunction with 
one-way transmission measurements and a program of meteorological 
investigation. 

To appreciate the reasons for the foregoing statements, let us recall 
the radar equation [Eq. (2-28)], 

Pr = GW_ <JF^_ 
P, ~ (4T) 3 R*' 

In this equation the target is considered to be concentrated at a point, and 
its radar cross section is given by a. The term F is also a point function. 
The value of a for a real target of finite extent depends upon the distri
bution of the incident field, that is, upon F, and upon the geometrical 
features of the target. Near the earth's surface the field incident on an 
extended target, even for standard refraction, is likely to vary appreciably 
with position; and if the shape of the target is complicated, it becomes 
impossible to specify a single value of u independent of range, radar height, 
etc. In addition, atmospheric refraction causes the incident field distri-

1 Editor's note added in proof. In view of the new results on the high midday fields on 
long paths, it appears that a still greater degree of complexity may prevail than has been 
visualized earlier, and that the M-profile may be only an intermediate step in the study 
of atmospheric refraction. The practical consequences of the later results may be very 
important for such applications as television, aircraft, traffic control, and other services 
in which cochannel interference is a serious problem. 
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bution to vary with timef resulting in large fluctuations of echo strength. 
Consequently, radar measurements on random surface targets are by 
nature rough and require adoption of some kind of arbitrary procedure 
to make possible comparisons between observations. As it is difficult to 
estimate "average" signal strengths on most radars with any accuracy, it 
is usually more useful to measure the peak value of the echo occurring in 
some chosen time interval, this interval depending upon conditions. In 
view of the arbitrary method of measurement and the wide variation of 
refraction effects, then, it is not possible to define a single meaningful value 
of (x for surface targets such as buildings, cliffs, or ships under conditions 
of nonstandard refraction.1 

Calculation of a for extended targets for nonstandard conditions is in 
general not feasible, because in addition to the complications introduced 
by the geometry of the target, the incident field distribution consists of the 
summation of field from several transmission modes. From Sees. 2-17 to 
2-23 it can be seen that this is not a promising prospect. 

Lacking the means of describing radar transmission by simple param
eters comparable to those of one-way transmission, we are left with only 
the ratio of P,/Pi as a phenomenological statement of echo from the target; 
and as this is devoid of functional relationships, there is no possibility of 
exploring the detailed nature of the transmission. Even without the 
detail, there is much to be learned from rough observations, as shown in 
the following sections.2 

445. New England Coast.3—As part of the program of overwater 
transmission described in Sec. 4-1, experimental 3- and 9-cm radars4 were 
set up beside the transmitting terminal tower at Race Point (see Fig. 4-1) 
with antennas about 50 ft above mean sea level. In addition to random 
shipping in Massachusetts Bay, coastal targets along the New England 
coast were available to these radars, the targets being hills, towers, build
ings, and a few islands. Local obstructions obscured most near-by land 
targets, so that except for occasional ships no echoes could be expected 
between 2 and 20 miles. 

The observational program had two parts. A general picture of 
transmission conditions was obtained from PPI photographs taken hourly; 
the range and azimuth of the most distant detectable echo were also 

1 The other factors affecting a in the absence of refraction make determination of a 
difficult but somewhat less ambiguous (see Chap. 6). 

2 It is not difficult to visualize an experiment in which the difficulties enumerated 
above are greatly minimized. If, for instance, measurements were made of echoes 
from a series of corner reflectors of known cross section, located at various ranges in 
such a way as to be free from interference from other targets, the results could possibly 
be interpreted as well as those obtained from one-way transmission measurements. 

3 By Pearl J. Rubenstein. 
4 These special experimental radars are described in Sec. 6-20. 
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recorded hourly.1 The echo strengths of four selected overwater targets 
at ranges of 22, 41, 62, and 73 miles were measured hourly. Only the 
first of these was visible under standard conditions. These targets were 
chosen for their isolation and the relative steadiness of their echoes.2 

Absolute measurements of the target echo strengths were made by match
ing to the echo the pulse on the A-scope from a pulsed signal generator 
connected to the receiver through a directional coupler. The peak echo 
value reached in an interval ranging from 30 sec to several minutes was 
recorded, the time interval being at the observer's discretion. 

Because no simple targets were available, standard values of maximum 
range and of the signal strengths of the selected targets were determined 
empirically from a preliminary series of measurements. 

The patterns of radar echoes observed on the PPI fell into several 
categories, each associated with a distinctive Af-profile; these patterns, 
shown in Fig. 4-34, are analogous to the signal types observed in one-way 
transmission. 

In Fig. 4-34a the PPI is practically devoid of echoes because of the 
absence of permanent targets between 2 and 20 miles. This is the pattern 
observed when Af-profiles were substandard at the surface and the micro
wave signal level in one-way transmission was below the standard level. 
During such periods small ships were occasionally tracked to 10 or 12 
miles. Both 3- and 9-cm radars showed symptoms of substandard 
conditions at the same time. 

The standard pattern, established empirically, is shown in Fig. 4-346. 
A few scattered echoes are seen at ranges near 20 miles. They appear 
as arcs because of the 6° width of the 9-cm antenna pattern; the cor
responding echoes at 3 cm (beamwidth 2°) are essentially dots. The 
standard patterns at 9 and 3 cm are very similar. 

Only a slight improvement over the standard condition is represented 
in the pattern of Fig. 4-34c, which occurred with shallow surface ducts. 
Maximum ranges on surface targets were extended 10 to 30 per cent; 
some additional targets appear within the standard maximum range; and 
the echo signal strengths increase over their standard values. The effects 
were more pronounced at 3 than at 9 cm. 

With deep surface ducts the pattern changes radically, as shown in 
Fig. 4-34d (note the change in range scale). Mapping of the coast line 
becomes fairly complete, and the echo strengths are high. The echoes 

1 Separate recording was necessary because delayed sweeps provided to obtain data 
at ranges greater than about 140 miles were available only with the A-scopes and not 
with the PPI's. 

2 They were in no sense point targets, but the complexity of their echoes was con
siderably less than for the rest of the coast line, and their physical separation from 
other prominent targets reduced the identification problem. 
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are characterized by more severe fluctuations than those normally 
observed. 

Under these conditions maximum detection ranges at 9 cm were 
generally greater than those observed simultaneously at 3 cm, as shown 
in Fig. 4 35. This observation, however, cannot be generally valid in 
view of the complexity of the transmission. Not only do the transmitted 

10-mile range marks. 
(a) Substandard. 

10-mile range marks 
(b) Standard. 

F I G . 4-34.—PPI patterns and associated Af-profilea. 

powers and minimum detectable levels of the two radars differ slightly, 
but the difference in beamwidths is also important in this connection 
because of the extended nature of the targets. The major factor that 
cannot be compared in the two cases is, of course, the variation with 
height and range of the factor F which covers the departures from free-space 
propagation. At the longest ranges water-vapor and oxygen absorption 
will, in addition, be noticeable at 3 cm. 
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An interesting feature of these patterns is the strict limitation of the 
targets to the coastal zone, although numerous hills and tall buildings a 
few miles inland form potential targets. This illustrates the delimitation 
to the water area of these surface ducts formed by cooling of the air from 
below. The field is apparently attenuated rapidly after it leaves the duct. 

Despite the complexity of the available targets and their nonuniform 

10-mile range marks. 
(c) Shallow ducts. 

20-mile range marks. 
(d) Deep ducts. 

FIG. 4-34.—PPI patterns and associated M-profiles.—(Continued) 

distribution in range, the maximum detection range varies smoothly with 
increasing duct strength. This is illustrated in Fig. 4-36, in which max
imum range is plotted as a function of duct height as obtained from 
synthetic soundings (see Sec. 4-2.) for cases of surface M-inversions. The 
maximum range observed during the tests was 280 miles, a value de
termined by the limitations of the available indicator sweeps rather than 
propagation conditions. The echoes were received from the coasts of 
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Nova Scotia. The indicated duct heights were determined only for the 
Massachusetts Bay region, and there is no way of knowing the atmospheric 
structure at large distances. 

Although Fig. 4-36 might be considered a rough means of predicting 
maximum range on coastal targets if the duct height is known, it should 
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FIG. 4 35.—Comparison of 3- and 9-cm maximum radar ranges observed under conditions 
of surface ducts. 
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FIG. 4*36.—Maximum observed radar ranges, at 9 cm, as a function of height of surface duct. 

be borne in mind that such an empirical calibration is valid only for the 
specific radar, in its specific site. Under less favorable conditions, such 
as a less uniform distribution of possible targets, even an extended series 
of observations may not provide a suitable coverage calibration. (Duct 
height alone is not, of course, sufficient to specify field distributions, and 
it is surprising that there is as much regularity as is shown in the figure.) 

Two additional patterns of radar echoes were occasionally observed. 
The first, shown in Fig. 4-37, resembles that obtained with deep ducts 
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(Fig. 4-34d), but the complete mapping of the coast line is interrupted by 
extensive blank regions. The apparent analogy of this phenomenon of 
"skip effect" with that produced at longer wavelengths by "reflection" 
from the ionosphere leads one to seek a possible explanation in terms of 
strongly refracting elevated layers, probably overhanging.1 What little 
meteorological data are available support this hypothesis, but the evidence 
is far from conclusive. The M-profile of Fig. 4-37 is therefore included 
tentatively. An alternative suggestion is that elevated M-inversions 
having appreciable slope may produce the skip effect. 
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Fia. 4-37.—PPI pattern illustrating (a) radar skip effect and (b) accompanying jtf-profile. 
Range marks are 20 miles apart. 

The pattern of Fig. 4-38a differs from all the others in that echoes are 
obtained from inland targets rather than those along the coast. An 
obvious interpretation is that this pattern results when ducts exist over 
land but not over water. From the meteorological discussion of Chap. 
3 we find that ducts over land occur mainly at night, whereas con
ditions over water are almost always nonstandard. Thus we should 
expect overland echoes to be obtained mainly during the night and gen
erally in combination with those from coastal targets. These expectations 
were completely fulfilled. The pattern of Fig. 4-38a was rare; in most 
cases the echoes over land occurred together with those from coastal 
regions, as shown in Fig. 4-386 and frequently were associated with skip 
effect on coastal targets. Because ducts over the water frequently 
become complex during the night, with the development of elevated 
M-inversions as the nocturnal radiational inversions travel from land out 
over the water, these observations form a consistent pattern. 

1 See Sec. 4-9, on the experiments near San Diego. 

320 
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In Sec. 4-5 the absence of any appreciable effect of elevated ducts on 
microwave one-way transmission was noted. The remarks of the 
preceding paragraphs are in apparent contradiction to this point. No 
convincing explanation of this paradox has been found, but a few sug
gestions may be made. During periods of strong superrefraction the 
radar patterns are extremely variable; hence although a skip effect may 
persist for a period of some hours, the specific region skipped is not con-

(a) Echoes froro inland targets only. 
Wavelength 9 cm. 

(b) Echoes from both inland and coastal targets. 
Wavelength 3 cm. 

Fro. 4'3S.—PPI patterns showing echoes from land targets; 20-mile range marks. 

stant. At a fixed point, then, such a condition might result in a general 
depression of the average signal level together with irregular variability 
of signal. Several such periods were observed in one-way microwave 
transmission, when with strong-trapping type signal the average level 
was 15 to 20 db below the free-space value for several hours at a time. 
Only a few of these periods have been accounted for by the presence of 
known nonuniform meteorological conditions over the path. Existing 
data do not permit the establishment of a conclusive correlation between 
these unexplained periods of low-level strong-trapping type signal and 
radar skip effects, but they do not refute such a correlation. 

More quantitative data on radar transmission were furnished by the 
comparison of echo strengths of radar targets with the one-way field 
strengths. The target used for this comparison was that at a range of 
41 miles, close to the receiving terminal of the one-way circuit, a choice 
that eliminates any possible ambiguity from variation of refractive con
ditions in azimuth. If the radar cross section of the target were inde
pendent of the incident field distribution, the ratio of target echo intensity 
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to one-way signal intensity at a constant range should be simply pro
portional to F2. The experimental variation is shown by the points in 
Fig. 4-39; the square-law line is included for comparison. It should be 
noted that the target did not become visible until the one-way signal 
strength had risen about 10 db above the standard value, an illustration 
of the requirement of strong fields for radar. 

Measured signal strengths on the remaining selected targets were 
closely related to those of the 41-mile target chosen for comparison with 
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level is baseline. Arrow denotes one-way standard signal level on 3 cm. 

the one-way results. In so far as could be determined, the variations 
increased with increasing target range from the radar and with decreasing 
wavelength. These large echo fluctuations serve to emphasize the fallacy 
of using echoes from natural targets as a measure of radar set performance. 

4-16. California Coast.1—Early in 1942, at the United States Navy 
Radio and Sound Laboratory (now United States Navy Electronics 
Laboratory) on Point Loma, near San Diego, Calif., observations were 
begun of the effects on radar operation of the elevated M-inversion 
described in Sec. 4-9.2 

The initial investigations were made with radar operating on 43 cm 
sited 425 ft above sea level in a location permitting an unobstructed view 
along the California coast line and out to sea. Figure 4-21 shows the 
location of the radar and the surrounding features of principal interest. 

The islands and prominent features of the coast line provided natural 
targets convenient for qualitative radar investigations which first demon-

1 By Donald E. Kerr. 
1 L. J. Anderson, J. B. Smyth, F. R. Abbott, and R. Revelle, "Radar Wave Propa

gation," NRSL Report No. WP-2, Nov. 30, 1942; L. J. Anderson and J. B. Smyth, 
"Atmospheric Refraction—A Qualitative Investigation," NRSL Report No WP-5, 
May 7, 1943; L. J. Anderson and L. G. Trolese, "Measurement of Radar Wave Refrac
tion and Associated Meteorological Conditions," NRSL Report No. WP-7, Dec. 10,1943. 
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strated the remarkable effects of the elevated M-inversions in this region 
in causing radar echoes from below the horizon. A detailed study of 
echoes from the islands and coastal regions indicated on the map made 
over several months during the winter of 1942 showed variations in echo 
strengths at times greater than 20 db in a few minutes, but neither ampli
tude nor rate of fading was comparable to those ordinarily encountered on 
shorter wavelengths under nonstandard refraction conditions. Echoes 
from adjacent localities were observed to fluctuate independently over 
short time intervals. 

Natural targets, consisting of cliffs, buildings, and the like, have the 
disadvantage that echoes from them cannot be calculated, and they are 
often inconveniently distributed in space. To obviate this difficulty a 
series of targets was set up at the locations indicated in Fig. 4-21 by the 
numbers 1, 2, 3, and 4, at heights of 85, 550, 1300, and 1700 ft, respectively, 
above sea level.1 For a period of a month in the fall of 1943 the strength of 
the echoes from these targets was observed on a radar operating on 1.5 m 
at the 430-ft Point Loma site. For standard refraction target No. 4 was 
at the maximum of the lowest lobe and No. 1 was just below the horizon; 
targets 2, 3, and 4 produced an echo well above noise. The predominant 
Jlf-profile was characterized by a strong elevated irregularity of variable 
characteristics. The sounding techniques then available were not capable 
of revealing the detail shown in Sec. 4-9, and it was possible to conclude 
only that elevated superstandard layers occurred frequently and produced 
the greatest effect on the radar echoes when below 2000 ft. The details 
of the layer found later are described in Sec. 4-9. 

The relative echo amplitudes varied from about 30 db above noise to 
values below the minimum detectable level. For about one-third of the 
time target No. 1 produced a strong echo, the other echoes being usually, 
but not always, detectable. This occurred when the soundings indicated 
strong M-gradients in the layer. There were a few occasions when the 
layer was very weak or was above 2000 ft and targets 2, 3, and 4 were 
visible, but during most of the time the combination of "visibilities" was 
highly erratic; not infrequently only targets 2 and 3; 1, 2, and 4; or 1, 2, 
and 3; and so on, were visible. On some occasions all four targets were 
invisible for several hours at a time.2 Early interpretation of these effects 
was that radar "blind zones" from these layers could be serious; but in 
the light of later findings on the lack of homogeneity of the index distri-

1 These targets were made of tightly strung wires, spaced so closely as to give 
essentially a plane reflector, and were oriented accurately to face the radar. The 
geometrical area of each was 1600 ft*. In siting the targets an effort was made to 
choose locations that would permit the echo from the target to overpower that from 
the surrounding terrain and at the same time be free of local diffraction effects. No 
check is available on the degree to which these undesirable effects were avoided. 

' The performance of the radar set was reported to be under careful check during 
the course of the tests. 
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bution in space and other observations on diversity reception and on the 
rapid and independent fading of echoes from adjacent targets, it seems 
that positive statements about blind zones are somewhat difficult to 
make. 

4-17. Welsh Coast.1—During the summer of 1944 a series of Inter-
service radar trials was carried out on the north coast of Wales. This 
section concerns those results which bear on atmospheric refraction.2 

Experimental radars on wavelengths of 1.25, 3.2, and 10 cm were 
located on Morfa Beach at heights above sea level ranging between 20 
and 30 ft (see Fig. 416). Measurements were made of echo strength at 
times of nonstandard propagation on ships and on such random fixed 
targets as the coast of Ireland, the Isle of Man, buoys, and lighthouses. 
Soundings were made simultaneously by aircraft and ships along the line 
indicated in Fig. 4-16, employing instruments similar to those described 
in Sees. 3-29 and 3-31. Considerably more detail is reported in these 
aircraft soundings than is given in those for the measurements in the Irish 
Sea (see Sec. 4-7); these soundings are strikingly similar to those illustrated 
in Chap. 3, as contrasted to those reported for the Irish Sea transmission 
path and described in Sec. 4-7. 

The effects of nonstandard M-profiles on 3- and 10-cm transmission 
were to extend markedly the detection ranges on ships and to cause 
echoes to appear from the Isle of Man and Irish coast, far below the 
horizon.3 A prominent feature of these echoes was that they consisted 
of a large group of signals, each usually fading independently of the others 
at a fairly rapid rate; hence no single echo could be used alone as a measure 
of the intensity of superrefraction. In the present instance it was neces
sary to deal with a "composite" signal strength, taking into account both 
the number and strength of echoes received on bearings a few degrees 
apart. Occasionally the echoes were steady enough to make direct com
parisons, however, and at these times the echo strengths from the Isle of 

1 By Donald E. Kerr. 
2 J. R. Atkinson, "General Summary Covering the Work of the Interservice Trials, 

Llandudno, 1944," TRE Report No. T1770, May 1945; W. A. Hayes, J. Ingham, and 
F. L. Westwater, "KXS Llandudno Interservice Trials Summer 1944. Correlation of 
Radar and Meteorological Conditions during Periods of Very Weak Superrefraction," 
TRE Report No. T1865, Aug. 27, 1945; W. A. Hayes, J. Ingham, and R. W. James, 
"KXS Interservice Trials Summer 1944. Investigation of Anomalous Propagation 
(Correlation of Meteorological Conditions and Radar Signals)," TRE Report No. T1803, 
Mar. 29, 1945. 

' The 1.25-cm radar was rarely able to detect long-range surface echoes, even 
when they came from only slightly beyond horizon range, and at no time did it detect 
the Isle of Man. This fact was attributed to absorption by water vapor, which for a 
1.25-cm echo from the Isle of Man would be somewhere between 20 and 30 db (see 
Chap. 8). This, in addition to the fact that the over-all set performances on X = 1.25 
cm was about 35 db lower than that on 10 cm, represents a serious handicap, even for 
very strong superrefraction. 



364 EXPERIMENTAL STUDIES OF REFRACTION [SEC. 417 

Man on the two wavelengths differed by about the difference in over-all 
set performance. 

The meteorological soundings revealed three principal deviations from 
standard Af-profiles: elevated ducts 200 or 300 ft thick with bases at 
roughly 500 ft, surface ducts 100 to 200 ft thick, and a semipermanent duct 
in the lowest 50 ft. The thick surface ducts were ascribed to modification 
by advection (see Sec. 3-17). Figure 4-40 shows a sounding illustrating 
this situation. The low evaporation duct results from a strong humidity 
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Flo. 4-40.—Sounding in the Irish Sea showing a deep surface duct ascribed to modification 

by advection. The arrows indicate values at the water surface. 

deficit that outweighs a superadiabetic temperature gradient resulting 
from heating from below, as discussed in Sees. 3-14 to 3-16. Figure 4-41 
shows a combination of an evaporation duct and an elevated duct. The 
meteorological origins of the elevated ducts were not determined in in
dividual cases, but the data available suggest that they were caused in a 
number of different ways. Occasionally they occurred at very low alti
tudes, overhanging the surface. 

Aircraft soundings made at a number of different locations indicated 
that in a homogeneous air mass a single sounding was broadly represent
ative of conditions over a wide area, although details of the profiles varied 
with location. Very near the surface, however, ship soundings showed 
such marked fluctuations in temperature and humidity that considerable 
difficulty was experienced in the interpretation of the soundings, partic
ularly when compared with simultaneous aircraft soundings at the same 
location; the principal emphasis was placed on the latter in correlation with 
the radar data. Despite the fluctuations shown by the ship soundings, 
one striking feature appeared. Under conditions of heating from below, 
practically the entire temperature, humidity, and M-deficits occurred 



SEC. 4-17] WELSH COAST 365 

between the sea surface and a height of about 5 ft.1 Between 5 and 50 ft 
the temperature and humidity profiles varied relatively little with height 
and the top of the duct was poorly defined. 

A study was made of 50 days' records of radar performance, variations 
of signal level on the one-way transmission circuit described in Sec. 4-7, 
and measured Af-profiles. The degree of superrefraction, as judged by 
strength of echoes from fixed targets and by maximum ranges on ships, 
could be correlated qualitatively with the irregularities of the M-profiles, 
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Fio. 4-41.- -Sounding in the Irish Sea showing a combination of an evaporation duct and an 
elevated duct. The arrows indicate values at the water aurface. 

but the variability of the latter very near the surface and the frequent 
occurrence of combinations of surface and elevated ducts precluded 
quantitative conclusions. 

The strongest superrefraction occurred with combinations of surface 
and elevated ducts, often of rather irregular form. Figure 4-42 shows a 
sounding2 made at a time of very strong superrefraction. At about the 
time this sounding was made, echoes were obtained from Scotland, Ireland, 
and the Isle of Man on the 3- and 10-cm sets on Morfa Beach, and a near-by 
1.5-m radar received echoes from Ireland—a rare phenomenon. Con
siderable superrefraction was also present in situations illustrated by 
Pig. 4-40. There were periods of apparent inconsistency, when the tem
perature excess was positive and the humidity deficit was zero or slightly 
positive, apparently accompanied by appreciable local fluctuations. At 

1 The process of eddy diffusion cannot operate efficiently very near the surface, 
and large gradients are necessary to accomplish the transfer of heat and moisture 
required by the temperature and humidity deficits (see Sec. 3 11 to 3'13 and 3 26). 

2 This sounding was made ic Cardigan Bay, but others made northwest of Morfa 
Beach showed roughly similar shapes. 
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these times the Af-deficit tended to change sign, resulting in a surface 
layer whose slope fluctuated between superstandard and substandard. 

Periods of noticeably weaker superrefraction occurred when the elevated 
ducts were weak or fairly high, as shown in Fig. 4-43, and least effect was 
observed when soundings and analysis of the synoptic situation indicated 
only a shallow evaporation duct at the surface and standard slope of the 
M-profile above. These conditions of weak superrefraction were particu
larly interesting because of the marked dependence of performance on 
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FIG. 4*42.—Sounding in the Irish Sea showing an 3f-profile associated with the strongest 
superrefraction. The arrows indicate values at the water surface. 

wavelength; the 3-cm performance on shipping and the nearer natural 
targets was noticeably better than on 10 cm (cf. Sec. 4-15), and decreasing 
the set height from about 30 to 20 ft further increased this advantage 
for 3 cm. 

In addition to these explorations of surface coverage variations, 
coverage up to a height of about 300 ft was investigated at short ranges 
(15,000 to 25,000 yd) by measurement of echoes from balloon-borne 
corner reflectors and from an autogyro. Well-defined lobes resulting 
from reflection from the water were found even on 1.25 cm. At times 
of weakest ducts the positions and shapes of the lobes near the maxima 
on 10 cm agreed with simple calculations from plane-earth theory, but 
the finer lobe structure on the shorter wavelengths made a close check 
impossible. At times of strong superrefraction, however, noticeable 
changes in lobe shape and position were evident. The lowest 10-cm lobe 
showed a tendency to split in two, with a somewhat weakened top section, 
a slight gap in the middle, and a low "finger" very near the surface. The 
changes in lobe structure were not so clearly denned on 3 and 1.25 cm, 
but there appeared to be a general lowering of the lowest two or three 
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lobes and irregular distortion of their shapes, rendering them individually 
unidentifiable.1 

The radar behavior and measured M-profiles were also compared with 
transmission data from the Irish Sea experiment described in Sec. 4 7. 
Good general agreement was found between periods of high signal strength 
on the BD circuit, long radar ranges, and Af-profiles with strong surface 
ducts alone or combined with elevated ducts. Detailed comparisons 
have not been made, but there is no evidence in the data thus far published 
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Fie. 4-43.- -Sounding in the Irish Sea showing a weak elevated duct. 
values at the water surface. 

The arrows indicate 

to suggest that there should be essential disagreements between these re
sults and those described in Sees. 4-1 to 4-6 and 4-15 for Massachusetts Bay. 

4-18. The English Channel Region.2—Because of the early use of radai 
along the south coast of England, propagation vagaries in and near the 
region of the English Channel were probably the first to be explored to 
an appreciable extent by radar means. Some of the first observations 
were made in 1941 with an early 10-cm radar on the south coast of England 
near the Isle of Wight.3 Echoes from the coast and from inland targets 
in France were observed at ranges up to 170 miles, and study of short-
period variations revealed the now familiar independent fading of echoes 
from targets fairly close together. 

Following installation of a microwave radar chain along the south and 
southeast coasts of England, procedures were initiated for systematic 

1 See also the article by J. A. Ramsay in Meteorological Factors in Radio-Wave 
Propagation, The Physical Society, London (1946). 

2 By Donald E. Kerr. 
3 A. E. Kempton, "Anomalous Echoes Observed with 10 cm C D . Set," ADRDE 

Report No. 119, Oct. 8, 1941. (Probably the first such observations were made at 
Christchurch in 1940 using a wavelength of 50 cm.) 
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study of the effects of refraction by observation of echoes from near-by 
objects such as buoys, from surface vessels, and from landscape targets 
across the Channel in France, Holland, and Belgium. During the early 
experiments' made by a high-power set (300 kw, 10-ft paraboloid) at a 
height of 780 ft it became clear that temperature inversions at low altitudes 
were important in producing superrefraction, and attempts were made to 
forecast periods of nonstandard propagation, using the occurrence of 
temperature inversions as a basis for the predictions. Although this 
procedure ignored the difference in dew point of the air and the water 
temperature, it proved to have some value in tactical applications of 
coast-watching radar. 

A statistical study was made of the echoes obtained on a number of 
10-cm and 1.5-m radar sets along the south and southeast English coasts 
from landscape targets across the Channel.2 Over very short time 
intervals individual installations were likely to experience different re
fraction effects in a manner indicating a considerable degree of meteoro
logical nonuniformity. Over periods of hours, however, the general 
features were usually rather similar. The echoes were divided into rough 
classifications according to "normal" (presumably occurring with standard 
refraction) or "anomalous."3 

An average of the performances during periods showing nonstandard 
conditions on four of the 10-cm and on the four 1.5-m stations for the 
period May to August 1944 revealed the diurnal variation4 shown in 
Fig. 4-44. The tendency toward greater superrefraction on the shorter 
wavelength is evident, suggesting predominantly surface-type ducts as the 
cause. In addition to the diurnal variation, there was a strong seasonal 
variation. Superrefraction was frequent and intense in warm weather 
but very much reduced during the winter months, as would be expected 
in view of the variations in air- and water-temperature contrasts. (One 
interesting exception occurred when strong superrefraction was observed 
for several hours at the climax of a winter gale.) Substandard perform
ance was also observed over a wide area on a number of occasions, at 

1 "Anomalous Propagation of 10 cm RDF Waves over the Sea," AORG Report 
No. 87, Feb., 1942; Supplement, July 26, 1943. 

2 D. Lack, "Anomalous Propagation at English Coastal Radar Stations, Oct. 1044 
to Mar. 1945," AORG Report No. 286, Oct. 1, 1945, and AORG Report No. 258, May 30, 
1945, of the same title. 

3 As radar heights from 170 to 780 ft and a wide range of target heights and horizon 
distances were involved, such a division necessarily involved a certain amount of 
arbitrary choice, but changes brought about by superrefraction were usually sufficiently 
large to make the procedure not too difficult. 

4 The 10-cm set at Ventnor at a height of 780 ft persistently experienced an opposite 
diurnal variation, with a peak between 0400 and 0800 hours. No explanation has been 
offered. Also there were occasions, usually in the early morning, when the 1.5-m set 
showed superrefraction but the 10-cm set did not. 
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18 24 

times when it would be expected from the temperature and humidity 
contrasts between air and water. 

One of the tasks of microwave radar in the Channel was to estimate 
the size of a surface vessel from the strength of the echo and the way in 
which it varied with range. This required for each radar height, set per
formance, and ship type preparation of theoretical curves of echo strength 
vs. range (see Sec. 6-5) and calibration procedures to ensure the required 
degree of accuracy. The principal effect of superrefraction was to distort 
the signal strength-vs.-range curve, beginning as the target was very near 
the horizon, extending the bottom 
of the curve out to several times 
the normal maximum detection 
range. (This behavior is illus
trated for a point target in Fig. 
1-5.) A series of tests was made 
with a 3-cm set at a height of 
50 ft and a 3-cm set at 780 ft, in 
which the theoretical curves were 
investigated in detail.1 Under 
standard conditions the high set 
tracked an "average" ship to 80,000 
yd and the low set to 35,000 
yd, but strong superrefraction in
creased both of these figures con
siderably; moreover, the low set 
produced three times as many 

plots beyond 80,000 yd as did the high set. During periods of weaker 
superrefraction (in September, whereas the more striking effects occurred 
in August) the low set often plotted ships at 40,000 to 59,000 yd, whereas 
the high set experienced no extension of ranges. It was also noticed that 
under synoptic conditions conducive to strong overwater temperature 
inversions, strong superrefraction was accompanied by deep fading of the 
echoes, although with conditions conducive to atmospheric instability over 
the water the weaker superrefraction produced noticeably steadier echoes. 
Unfortunately no soundings are available, but these results strongly 
suggest that the advantage of the low set over the high set is explained 
by the proximity of the low set to surface ducts, which became weaker 
and took on the characteristics of the "evaporation duct" type with the 
onset of fall weather (see Sec. 4-6). 

4-19. Other Regions.2—A list of the many occasions when nonstandard 
refraction is reported to have produced a marked effect on radar per-

1 ft. C. Varley, "Anomalous Propagation with High and Low Sited 3-cm Ship-
watching Radar Sets ," AORG Repor t No. 250, Mar. 20, 1945. 

2 By Donald E. Kerr. 

6 12 
Local time, hour of day 
Fraction of time long-range 

echoes occurred on four 10-cm and four 1.5-m 
radar stations on the Channel coast. 

FIG. 4-44.-
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formance would be very long indeed and would reveal that such effects 
have occurred at some time in substantially every region where radar 
has been used. The examples given in the previous sections were chosen 
because they were based for the most part on large numbers of observations 
made according to reasonably consistent procedures and in regions where 
the meteorological situation had been subjected to some degree of scrutiny. 
Unfortunately these conditions were not fulfilled in most of the remaining 
large number of cases, but some of them are interesting, although prac
tically no quantitative data are available that would permit an analysis 
like that of the foregoing sections. 

Detection ranges of several hundred miles have been obtained in the 
Mediterranean Sea on wavelengths from 1.5 m to 10 cm by shipborne 
and coast-watching radar at low heights. Tracking surface vessels out 
to 200 miles is not uncommon; and landscape targets near the coast have 
been detected at ranges up to 500 miles. Comparable ranges have also 
been reported in the Atlantic Ocean off the northwest coast of Africa. 

The western coast of Australia and the vicinity of New Zealand are 
the source of many reports that superrefraction on both meter and centi
meter wavelengths causes large extensions of surface-detection ranges and 
serious gaps in the coverage diagram, with consequent loss of reliability 
in aircraft detection. The available information is so incomplete that no 
assessment of the real magnitude of the difficulty is possible, however. 
The limited meteorological information available suggests that this region 
should furnish widely varied types of nonstandard propagation, for 
large-scale meteorological processes involving strong contrasts between 
continental air and the ocean are present, and intense local circulation 
giving the effect of a sea breeze is a predominant feature along the coasts.1 

The greatest effects from superrefraction have been found in the summer, 
and the least in late fall and early winter.2 

In the Strait of Hormuz, between the Gulf of Oman and the Persian 
Gulf, a 10-cm radar sited at a height of about 170 ft has observed interest
ing seasonal variations in superrefraction3 (see Fig. 4-45). From May to 
October 1943, strong superrefraction was encountered almost continuously 
on looking up into the Persian Gulf, and shipping was customarily tracked 
far beyond the horizon. Looking into the Gulf of Oman, however, a 
seasonal trend was observed. During May and June the performance 
was essentially similar to that in the Persian Gulf, but during July "skip" 

1 See Fig. 3-51 for an example of a sounding under sea-breeze conditions. See 
also. H. G. Booker, "A Qualitative Outline of the Radio Climatology of Australia," 
TRE Report No. T1820, Apr. 19, 1945. See also the article by F. E. S. Alexander in 
Meteorological Factors in Radio-Wave Propagation, The Physical Society, London (1946). 

2 For instance, see "Abnormal Radar Propagation in the South Pacific," RN AZAF 
Report No. 119, May 4, 1944; F. J. Kerr, Austral. Jour. Sci. Res., A, 1, 443 (1948). 

3 Naval Officer in Charge, "Anomalous Propagation in the Persian Gulf," Hormuz, 
A. C. 5975 USW. 
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effects became marked; inside the horizon coverage was undisturbed, but 
beyond the horizon was a "skip zone" in which shipping could not be 
detected, and then beyond the skip zone it was again possible to track 
shipping to fairly large ranges. The inner boundary of the skip zone 
moved out so far in August that detection was essentially limited to 
horizon range. In September the reverse trend occurred, and by the end 
of October conditions had returned to essentially the same as those ob
served in May and were again comparable to those in the Persian Gulf. 

An explanation has been offered for these phenomena, based on the 
general climatology of the region.1. During the spring, summer, and fall 
months the wind across the Persian Gulf comes predominantly from the 
northwest and is dry and warmer than the water; consequently ducts of 
some magnitude are formed. Presumably this condition also prevails over 
the Gulf of Oman in the spring and fall2 but is quite different in the sum
mer when the southwest monsoon from the Arabian sea thrusts a surface 
layer of cool moist air into the Gulf of Oman up to the vicinity of Hormuz 
and gradually forces the surface duct aloft, producing the skip effect and 
approach toward standard refraction in August as the duct moves aloft 
or is destroyed. The monsoon then recedes, and by October3 the warm 
dry air from the northwest again predominates. 

Perhaps the most phenomenal ranges yet reported are those from 
1.5-m radar sited 255 ft above the sea at Bombay, India.4 Figure 4-45 
shows the coastal regions from which echoes were received under conditions 
of very strong superrefraction. (Somewhat similar performance was 
noted on a radar set at Karachi, although the data are not so complete.) 
At any one time echoes were usually obtained from only a limited region 
of the Arabian coast, but at one time or another echoes were obtained 
from most of the Arabian and Persian coasts bordering on the Arabian 
Sea and Gulf of Oman, at distances up to about 1700 miles. These echoes 
sometimes persisted for hours and at the height of the hot season even 
for days, aside from the usual fading. Ships were not infrequently plotted 
at ranges from 100 to 300 miles and occasionally up to 700 miles. During 
the period for which detailed records are available (February to May 
1944), superrefraction increased very rapidly from February to April, 
when the peak appears to have been reached. Installations on the east 
coast of India also observed echoes from the coast of Burma and the 

1 H. G. Booker, "Radio Climatology of the Persian Gulf and Gulf of Oman with 
Radar Conarmation," TRE Report No. T1642, Mar. 15, 1944. 

2 In the winter months the air in both regions is somewhat cooler than the water, 
and presumably weak superrefraction results. 

3 In the light of the discussion in Chap. 3 it seems unlikely that the mechanism in 
either gulf is as simple as this explanation suggests, but more detailed explanations 
do not appear possible without soundings. 

4 H. G. Booker, "Outline of Radio Climatology in India and Vicinity," TRE Report 
No. T1727, Sept. 12, 1944. 
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Andaman Islands, up to 700 miles across the Bay of Bengal, but incomplete 
records preclude comparisons. Superrefraction of this order farther south 
apparently did not occur, since no such effects were observed by 1.5-m 
radars at Cochin and Ceylon. The small amount of 10-cm radar infor
mation available indicates no extreme ranges of this nature, although a 
10-cm radar near the 1.5-m radar at Bombay often plotted ships at 100 
to 200 miles.1 
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Flo. 4"45.—India and vicinity, showing long-range fixed echoes observed by 1.5-m radar at 
Bombay during February and March 1944. 

The mechanisms responsible for the phenomenal 1.5-m superrefraction 
can hardly even be surmised, in view of the lack of sufficient knowledge of 
the atmospheric structure in the vicinity of India.2 The very long ranges 
obtained on the long wavelength suggest elevated M-inversions acting as 
efficiently reflecting layers, but this alone does not furnish a very useful 
clue, as several meteorological processes may cause such inversions. One 
meteorological effect does seem clear, however: the southwest monsoon 
causes cool, damp air to invade the region in the summer, when extremely 
long ranges are not observed, presumably because the monsoon destroys 
whatever stratification is present. 

Strong superrefraction also occurs over land in India and has been 
noticed particularly by 1.5-m radars near Calcutta, on the alluvial plain 

1 Over these very great ranges the 10-cm radar suffers an additional handicap from 
atmospheric absorption, which, for radar ranges of about 1000 miles, might be as 
much as 40 db (see Chap. 8). 

* The explanation suggested in Booker, op. tit., postulates very thick ducts, whose 
ihapes are governed by a power law of height. It is based on a theory of diffusion 
ihown in Sec. 3 19 to be inapplicable to a large height range. 
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at the mouth of the Ganges River,1 where radar ground clutter from 
ranges up to 200 miles has been observed at night. Some effect was also 
noted on 7-m radar installations. 

An interesting example of the effects of an elevated duct was observed 
on a 10-cm early-warning radar located at a height of 1540 ft on Saipan 
Island in the Marianas group in the western Pacific.2 A series of sound
ings, a representative sample of which was shown in Fig. 3-11, revealed 
the presence of a weak elevated duct that persisted over distances of 
many miles. The characteristics of the duct varied with local weather 
conditions; in particular, the height of the duct coincided very closely 
with the base of the prevailing cumulus clouds. I t was observed that 
when this duct occurred at or very near the height of the radar, echoes 
from islands within the horizon3 increased greatly in strength and strong 
echoes appeared from below the horizon at ranges up to 250 miles (the 
greatest range permitted by the pulse recurrence frequency and indicator 
system), but usually only from those islands with peaks about 1500 ft or 
more high. This suggests the existence of a fairly well-defined elevated 
region of high field strength, resulting from some degree of trapping in 
the duct, causing strong illumination of island peaks. 

From the examples given so far in this chapter it can be seen that 
nonstandard propagation can produce remarkable and, at times, perhaps 
useful effects in both radar and point-to-point applications of very short 
waves. The question of possible harmful effects arising from sufficient 
distortion of the coverage diagram to reduce field strength excessively in 
important regions is still unanswered. I t is discussed further in the 
following section.4 

SPACE VARIATIONS IN FIELD STRENGTH 

B Y WILLIAM T. FISHBACK 

The transmission measurements previously discussed have been con
cerned primarily with time variations, whereas space variations were 
confined to measurements at different fixed heights or ranges. I t has 
been recognized for some time that measurements of space variations 
over a wide range of heights and distances are desirable for a thorough 
check on theory; indeed, the Bell Telephone Laboratories were studying 

1 Booker, op. cit. 
5 D. E. Ken- and .1. P. Nash, "Investigation of Performance of AN/CPS-1A (MEW) 

on Saipan," Operational Research Section, G-3, Headquarters U.S. Army Forces, 
Middle Pacific, APO 958, July 15, 1945. 

3 "Horizon" is the total horizon range resulting from the height of the radar and 
the height of the highest point on the island. 

1 See also E. C. S. Megaw, Jour. IEE, 93, III A, 79 (1946). 
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space variations with airborne receivers as early as 1932.' Unfortunately, 
experimental difficulties are extreme in this type of measurement, and 
few data have been obtained. We shall be concerned here with observa
tions made in the diffraction region under nonstandard refraction con
ditions. Measurements in the interference region with standard refraction 
are discussed in Sees. 5-5 and 5-9. 

4-20. Shallow Surface M-inversions.—Antigua, B.W.I.—The most 
comprehensive measurements of space variations of field strength were 
made by the Naval Research Laboratory at Antigua, British West Indies, 

in the spring of 1945.2 The path 
chosen was over water in a north
easterly direction from the island. 
Measurements of field strength as a 
function of distance were made at 3 
and 9 cm, with transmitters at 16 
and 46 ft and with receivers at vari
ous heights in the lowest hundred ft. 
The receivers were placed on a tower 
at the water's edge, and the trans
mitters installed in a small U.S. Navy 
patrol vessel which traveled on a 
radial course either toward or away 
from the shore installation. Meteor
ological soundings using the wired 

sonde (Sec. 3-28) were made aboard ship and at the water's edge. 
Antigua is in the region of the northeast trade winds and has no land 

northeast of it for many miles. The air on the transmission path had 
therefore had a long overwater trajectory, unmodified by any land mass. 
All soundings revealed the shallow evaporation duct expected under these 
conditions (see Sees. 3-14 to 3-16). On the avciage, duct heights were 
about 40 ft but tended to be lower with low winds and higher with high 
winds. As the M-deficit is a function of the air-mass properties and 
water temperature, which varied only slightly, it shows no dependence on 
wind speed. Figure 446 shows a typical M-profile measured at the edge 
of the water. Measured soundings showed no striking nonuniformity 
along the path, nor did they vary much from hour to hour; consequently, 
in spite of the fact that a boat run took as long as 30 hr, time variations 
should not be an important factor in the data obtained. The very rapid 
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FIG. 4 46.—M-proiWe measured off 
Antigua, B.W.I., on Mar. 20, 1945, showing 
a typical evaporation duct. 

1 J. C. Schelleng, C. R. Burrows, and E. B. Ferrell, "Ultra-short-wave Propagation," 
Proc. IRE, 21, 427 (1933); C. R. Englund, A. B. Crawford, and W. W. Mumford, 
"Further Results of a Study of Ultra-short-wave Transmission Phenomena," Bell 
System Tech. Jour, 14, 369 (1935). 

2 M. Katzin, R. W. Bauchman, and W. Binnian, Proc. IRE, 35, 891 (1947); C. L. 
Pekeris, Proc. IRE, 36, 453 (1947). 
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fluctuations typical of unstable air were pronounced, however (see Sec. 
3-26). The trade-wind inversion existed at Antigua throughout the period 
of observations but occurred at heights between 5000 and 10,000 ft and 
presumably did not affect the measurements. 

Considerable data were obtained on the signal levels associated with 
shallow ducts, but it was not possible to study signal types during this 
experiment. The roll and pitch of the ship was sufficient to preclude 
perfect alignment of the antennas, with the result that considerable non-
atmospheric variation was obtained in the record. The envelope of 
maximum field strength recorded was used in the analysis. Figure 4-47 
shows the results obtained for 9 cm on Mar. 2 and 3, 1945, with the 16-
and 46-ft transmitters. (The ordinate 20 logio (FRS/R) is the field strength 
in decibels above that at 1 in from the transmitting antenna.) Although 
the attenuation rates and height-gain effects varied noticeably from run 
to run, the data shown are typical. 

In general, for 9 cm it was found that the field was always above the 
standard level, that the highest terminal heights of those available gave 
the strongest signal, and that lowering a terminal gave a progressively 
weaker signal. This finding suggests that only one leaky mode was re
sponsible for the observed field. This height-gain effect was present only 
out to ranges of 65 to 90 miles. At greater ranges the field was essentially 
independent of height and the observed rate of attenuation was very 
small. The attenuation rate at ranges of less than 65 to 90 miles was on 
the average about 1 db/mile, although it varied slightly with the terminal 
combination used. 

Figure 4-48 shows a similar set of data for 3 cm taken from Feb. 27 to 
Mar. 1, 1945. At this shorter wavelength all height combinations gave 
superstandard field strengths; furthermore, the highest signal strength 
was obtained with the lowest possible combination of terminal heights, 
which for some runs was as low as 6 and 8 ft. The height-gain effect in 
this case was different from that obtained on 9 cm. It showed maxima 
at about 6 and 60 ft and a minimum at about 30 ft. The interpretation 
of the minimum in the height-gain curve is not entirely clear, as the 
measurements were made at a range so near the horizon range for the high 
terminals, but it is likely that several modes were present and happened 
to combine in this particular way. The difference between maxima and 
the minimum was 8 db or less. There was no division of the diffraction 
region into two sections with different attenuation rates as on 9 cm. The 
observed attenuations were about 0.4 db/mile for the lower height com
binations and from 0.4 to 0.8 db/mile for the higher height combinations. 

In general the observations seem compatible with current theoretical 
predictions of the effects of shallow ducts. A correlation worth noting is 
that obtained with wind speeds. As indicated earlier, somewhat higher 
ducts were formed with higher than average wind speeds. The radio 
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Flo 4-47.—Field strength observed as a function of distance for a X - 9 cm by NRL off 

Antigua, B.W.I., for indicated receiver heights, (a) With transmitter at 16 ft; (ft) with 
transmitter at 46 ft. 
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data confirm this observation in that lower attenuation rates prevail 
when the wind speeds and consequently the ducts are higher. Propagation 
on 9 cm seems to be accomplished by means of a single leaky mode, in view 
of the height-gain observed effects. The height-gain effect on 3 cm 
indicates that the first mode is either completely or almost completely 
trapped and that other modes may be of some importance. 

A reconciliation of the attenuation rates with existing theory is not so 
simple, however. The range attenuation at great ranges for 9 cm is lower 
than would be expected on the basis of the bilinear M-profile, and enough 
information is not at present available for the linear-exponential profile 
to make a satisfactory analysis.1 Finally, the observed attenuation on 
3 cm might be expected to be somewhat smaller, in view of the indication 
of complete or nearly complete trapping given by the height-gain effects. 

Measurements off the northwest Gulf Coast of Florida by the U.S. Army 
Signal Corps also show results in essential agreement with the observations 
made at Antigua.'2 Transmission on 6.6 cm was carried out over ranges 
of 19, 32, and 50 miles at heights in the lowest 50 ft. With a shallow 
duct 30 to 35 ft deep the observed attenuation was about 0.67 db/mile 
(standard attenuation would be 2.5 db/mile, a value between the 9- and 
3-cm attenuation rates observed at Antigua). The 50-ft terminals gave 
the highest signal, but there was little change until the terminals were 
placed lower than 20 ft, and in this case the signal level decreased. One 
might expect from the Antigua results that such an intermediate wave
length would be on the verge of complete trapping and would have an 
essentially constant height-gain curve, with range attenuation appreciably 
less than standard. The Florida observations bear out this prediction. 

4-21. Deep Surface M-inversions. New England Coast,— On June 8 
to 10, 1943, the Radiation Laboratory made a series of measurements on a 
path along the New England coast between Rockport, Mass., and Portland, 
Maine. A 10-cm transmitter using vertical polarization was placed 25 ft 
above sea level at Rockport, and a receiver carried in an airplane was 
used to explore the field distribution.3 During this time strong M-inver
sions were found offshore with duct heights of about 200 ft on the trans
mission path. Figure 4-49 shows a sample M-profile illustrating the type 
of profiles occurring during this period. 

Figure 4-50 shows a vertical section of the field-strength pattern made 
on June 9, 60 miles from the transmitter. To obtain this section, the 

1 For later analysis, see C. L. Pekeris, loc. cil. 
2J. A. Engstrom, J. R. Gerhardt, and G. D. Ramspeck, "Comparative Tests of 

Radio Relay Equipment, Phase II, Low-level Overwater Propagation, Northwestern 
Florida, August—October, 1945," SCEL Development Detachment, Ft. Monmouth, 
N.J., December 1945. 

3 See Sec. 5-5 for a more complete description of the experimental procedure followed 
in these tests. 
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1000 r 

plane descended rapidly from 800 to 25 ft and then climbed back to 800 ft; 
the horizontal travel during the descent and ascent was 7 miles. The 
measured vertical sounding agrees roughly with field-strength calculations 
based on a bilinear -M-profile and 
with observations on the Race Point-
to-Eastern Point path. Within the 
duct the field strength was within 12 
db of the free-space value.1 Several 
modes were completely trapped and 
were responsible for the high field 
within the duct. The field above the 
duct was superstandard and was pre
sumably caused by the first partially 
trapped mode, which had less range 
attenuation than that of the first 
standard mode. 

Figures 4-51 and 4-52 show hori
zontal sections made at heights of 20 
and 500 ft, respectively, on the same 
day over the same path. Although 
the measurements show a very strik
ing height advantage in favor of 20 ft, the flight at 500 ft does not in 
general indicate substandard fields at this height. On this occasion a 
detectable signal was found out to a range of at least 60 miles; in the 
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FIG. 4-49.—Typical JW-profile on the 
Rockport-Portland path, June 9, 1943. 
This Af-profile illustrates the type occur
ring during this period. 
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FIG. 4*50.—Vertical field-strength sounding 60 miles from a 10-cm transmitter at a height 
of 25 ft, June 9, 1943, off the New England coast. The dashed line indicates the expected 
field strength for standard refraction. 

1 The free-space level for these observations cannot be determined accurately from 
the equipment characteristics. The value chosen is in agreement with the measured 
value in the interference region and is 6 db lower than tha t calculated for the probable 
values of the equipment characteristics. 
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standard case signals should not have been detected at ranges greater 
than 42 miles. The field strength just inside the total horizon range 
was profoundly affected in the 500-ft flight. The first maximum was 
observed at 7 miles instead of at 19 miles for standard refractive con
ditions. Two lobes were lost or displaced in the region between 7 and 
19 miles. Although a moderate field strength was observed in this region, 

FIG. 4-51.—Field strength at a height of 20 ft over the ocean from a 10-cm transmitter at a 
lieight of 25 ft on the Rockport-Portland path, June 9, 1943. The dashed line indicates the 
free-space field. 

it would have been higher, on the average, under standard conditions. 
Within 7 miles the field strength at the maxima obeyed the inverse-first-
power law very well. 

The observed field strengths on the 20-ft flight were superstandard at 
all ranges. Although the field measured on the 500-ft flight beyond the 
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FIG. 4-52.—Field strength at a height of 500 ft over the ocean from a 10-cm transmitter 
at a height of 25 ft on the Rockport-Portland path, June 9, 1943. The dashed line indicates 
the free-space field. 

horizon was caused by leaking high-order modes, the 20-ft flight shows 
high field strengths caused by strongly trapped, strongly excited low-order 
modes. For this combination of terminal heights and standard refraction 
the first maximum should occur at 1.1 miles. 

It is difficult to say just how successful this experiment was in separat
ing time and space variations. Experience on the Race Point-to-Eastem 
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Point path indicates that there is considerable short-time variation present 
under this type of meteorological condition, and there is no doubt that 
considerable time variation was also present in these measurements. This 
should be especially true for the observations within the duct. It would 
probably have been impossible to reproduce exactly the lowest 300 ft of 
the vertical sounding on a repeat flight, although high field strengths 
would have been observed. The effects of short-time variations, as well 
as those of nonuniformity, were also rather pronounced in the 20-ft flight. 
The resulting erratic variations in the field strength below the horizon 
make it impossible to determine a rate of attenuation. In spite of their 
limitations, the data further confirm the prediction that with a deep 
surface duct ranges within the duct are greatly extended and that even 
above the duct extended ranges and superstandard fields prevail. 

Vertical soundings at short ranges were made at times when a deep 
surface duct was prevalent off the Welsh coast (see Sec. 4-17) and near 
Sydney, Australia.1 The former observations indicated that in the 1- to 
10-cm wavelength range, the presence of a duct tended to shift the bottom 
lobes toward the surface and to break up the lowest lobe into two parts, 
the lower of which remained very close to the surface and presumably 
represented trapping by the duct. The Australian observations consisted 
of vertical field-strength sections up to 10,000 ft at a range of 25 miles 
using a wavelength of 1.5 m. When a deep surface duct was presumably 
present,2 the lowest two lobes appeared to be shifted downward in height 
from 10 to 20 per cent. Higher lobes were unaffected. 

One of the most important practical questions arising from the existence 
of nonstandard refraction is whether or not it can produce serious gaps in 
the standard coverage diagram. When this question was first considered, 
it was treated by ray-tracing methods before the limitations of ray tracing 
described in Sec. 2-5 were generally known and before the wave solution 
was available. The existence of discrete values of critical angle of pene
tration of a superrefracting layer indicated that serious loss of coverage 
might occur at sufficiently low elevation angles. In the light of later 
developments it is clear that this simple ray concept is totally inadequate 
and that the field should be considered as the superposition of several 
transmission modes.3 Unfortunately the numerical labor involved in 

1 "Investigation of Propagation Characteristics of A. W. Stations," ORG (Australia) 
Report No. 17, Mar. 9, 1943. 

2 Temperature measurements alone were available to correlate with the radio data. 
The situation referred to corresponds to observations of strong temperature inversions. 
The experiment was carried out prior to the development of satisfactory sounding 
equipment. 

3 It should be remembered, however, that the region in which refraction can produce 
noticeable effects occurs at very small elevation angles; consequently only those parts 
of the coverage diagram in the bottom of the interference region and in the intermediate 
and diffraction regions are of interest. 
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applying the wave solution in this region is so great that it has not been 
explored. As the theory has not yet been applied numerically, the only 
information available consists of the experiments described in the preced
ing sections, which must certainly be considered fragmentary evidence. 

Both the British and Australian observations were made at very short 
ranges, and it is impossible to extrapolate the results to greater ranges 
with assurance. Although the measurements show displacement of the 
lowest lobes and the building up of an extra lobe near the surface, they do 
not reveal any conspicuous gaps in the interference pattern. The vertical 
section made off New England (Fig. 4-50) is at the other extreme from 
these short-range sections, having been made at so great a range that the 
entire section is below the horizon. Certainly leaky modes are important 
in this case; for strongly superstandard fields prevail to at least four or 
five times the duct height, and no "blind zone" is evident. On the other 
hand the 500-ft horizontal section (Fig. 4-52) shows lower than standard 
fields through the first two lobes. Extensive measurements remain to be 
made for gaining adequate knowledge of field-strength distributions in the 
presence of a deep duct, but in view of this (small) amount of information 
it does not seem probable that serious gaps occur in this situation. The
oretical coverage diagrams in the diffraction region for certain deep duct 
conditions are shown in Sec. 2-21. 

4-22. Elevated M-inversions. California Coast.—In conjunction with 
their investigation of propagation affected by an elevated M-inversion, 
the Navy Electronics Laboratory at San Diego made vertical soundings of 
field strength along the path indicated in Fig. 4-2.' The soundings were 
made over water at heights up to 5000 ft and at ranges up to 143 miles. 
The land terminals were 100 ft above the surface, and wavelengths of 
4.8 and 1.8 m, and 57 and 9 cm were used. Meteorological soundings, 
made immediately before or after each radio sounding, showed the 
elevated Af-inversion characteristic of this region, but in every case the 
M-profile was decidedly nonuniform along the path. 

When the subsidence inversion was low enough to cause a surface 
duct, the performance on the various wavelengths was similar to that 
predicted from a bilinear index model. The vertical sections are illus
trated in Fig. 4-53, which shows the field strength observed on the four 
wavelengths at 37, 69, 110, and 143 miles; the measured M-profiles are 
also indicated at the appropriate range along the path. The 4.8-m 
radiation was partially trapped; the signal level was independent of height 
above about 500 ft and was slightly below the free-space value. The 
signal level decreased below 500 ft. The high field strength above 500 ft 
persisted well below the horizon, out to at least 143 miles, indicating that 

1 L . J. Anderson et al., "Atmospheric Refraction, A Preliminary Quantitative 
Investigation," NRSL Report No. WP-17, Dec. 28, 1944. 
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Flo. 4-53.—Vertical field-strength soundings and associated jlf-profiles measured off San 
Diego, Calif., by NEL on Oct. 2, 1944. The ranges at which the soundings were made are 
indicated on the M-profiles and on the top field-strength sections. 
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FIG. 4'54.—Vertical field-strength soundings and associated M-profiles measured off San 

Diego, Calif., by NEL on Sept. 29, 1944. The ranges at which the soundings were made are 
indicated on the JW-profiles and on the field-strength sections. 
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the attenuation factor was small. I t is uncertain whether or not the 
1.8-m radiation was completely trapped. On the average the signal level 
was near the free-space level, but there was a tendency toward fading 
and variable signal below the horizon, particularly in the first 1000 ft. 
Complete trapping apparently occurred on 57 and 9 cm. The signal was 
in general near the free-space level on the average but was characterized 
by fading that could not be reproduced on repeat soundings. The highest 
signal levels were found close to the surface at great distances. 

Figure 4-54 shows the field strengths observed when the duct was 
aloft, between 2000 and 3000 ft. In this case the lowest frequency in 
general gave the greatest field strength below the horizon. The 4.8-m 
signal level remained 10 to 20 db below free-space level on the average, 
even well below the horizon, and was characterized by fading. The other 
circuits showed the signal level decreasing with decreasing height and 
often falling below minimum detectable level well above the surface at 
sufficient distance beyond the horizon. The signal was superstandard on 
the shorter wavelengths, however. On 57 cm, the signal was still detect
able at 142 miles below 3000 ft, and the lowest lobe of the interference 
pattern was depressed below the horizon at 9 cm. 

The data presented in Figs. 4-53 and 4-54 are consistent with the 
observations on the San Pedro-San Diego one-way path (see Sec. 4-9). In 
the case of a duct aloft, the lowest frequencies were affected most, and 
unsteady signal was present on all frequencies below the horizon. Sim
ilarly, the one-way data corroborate the observation of trapping on 
wavelengths up to about 3 m and steady signal on longer wavelengths 
when a surface duct is present.1 

ANGLE MEASUREMENTS ON SHORT OPTICAL PATHS 

B Y PEARL J. RTJBENSTEIN AND DONALD E. KEHR 

The experiments described thus far have dealt with the field strength 
at a specified position or series of positions and have considered only the 
amplitude and phase of the elementary waves that combine to give the 
total field. Additional information on the effects of refraction may be 
obtained by study of the apparent direction of arrival of these waves at 
a fixed receiving point. The angle of arrival is of interest because it may 
aid in interpretation of refractive effects in the region where wave theory 
is hopelessly complicated and ray theory is inadequate. I t also has a 
bearing on possible refraction errors in radar height measurements.2 

1 For an analysis of some later experiments see C. L. Pekeris, / . Applied Phys., 18, 
838 (1947). 

2 The work described here deals with angle of arrival in the vertical plane; for studies 
of horizontal angle of arrival see A. W. Straiton and J. R. Gerhardt, Proc. IRE, 36, 
916 (1948). 
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4*23. Measurements of Angle of Arrival.—Perhaps the most serious 
technical problem involved in measuring the very small angular differ
ences involved in this problem is that of building an antenna with the 
necessary resolving power. The first successful solution was obtained in 
1944 by Bell Telephone Laboratories.1 A series of measurements was 
made on wavelengths of 3.25 and 1.25 cm, with receiving antennas giving 
fan beams that were very narrow in the plane in which the angle of arrival 
was measured. The 3.25-cm antennas employed modified "pillbox" 
parabolic reflectors and had half-power beamwidths of 0.36° and 15° in 
the planes perpendicular to and parallel to the large and small dimensions, 
respectively. For the 3.25-cm measurements two of these antennas were 
mounted at right angles to each other, one being used to measure the 
elevation angle of arrival and the other the azimuthal angle. The antenna 
for 1.25 cm was of the "metal-lens" type,2 having principal beamwidths 
of 0.12° and 1.2°. The transmitted wave on both wavelengths was polar
ized at an angle of 45° and was radiated from antennas having beamwidths 
of 4° and 2.7° on 3.25 and 1.25 cm, respectively. 

The angle of arrival of incoming waves was measured by rocking each 
antenna through an arc of +0.75° and recording the signal output of an 
associated receiver as the antenna beam scanned the incoming wave pat
tern. The angle of arrival was determined from the position of the re
sulting signal peak on the record. The length of a complete scanning 
cycle was 20 sec. Differences in angle of arrival of about 0.02° could be 
measured on 3.25 cm, but absolute accuracy in angular position was 
limited to about 0.05°. On 1.25 cm the corresponding accuracies were 
slightly better. 

The 3-cm antennas were mounted on a rotating platform 350 ft above 
sea level at Beer's Hill, N.J., and could be directed toward transmitters 
in New York City, 24 miles distant, and in Deal, N.J., 12.6 miles distant. 
The New York circuit was principally over water, with the point of re
flection in Raritan Bay. For standard refraction the reflected ray cleared 
the top of Staten Island by less than the radius of the first Fresnel zone, 
a fact that was probably at least partly responsible for the small amplitude 
of the reflected wave. The direct ray from transmitter to receiver was well 
away from obstructions, however. The Deal circuit was free from obstruc
tions, over gently rolling land having an effective reflection coefficient on 
3 cm of about 0.18 (see Sec. 5-9). 

Signal was also received on 3.25 cm by a paraboloidal reference an
tenna with a beamwidth of 4°, allowing a comparison of the combined 

1 A detailed description of the equipment and the two series of measurements 
summarized here may be found in Proc. IRE, 34 (1946): W. M. Sharpless, "Measure
ment of the Angle of Arrival of Microwaves," p. 837, and A. B. Crawford and W. M. 
Sharpless, "Further Observations of the Angle of Arrival of Microwaves," p. 845. 

2 W. E. Kock, "Metal-lens Antennas," Proc. IRE, 34, 828 (1946). 
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waves received over a large angular range with those received by the 
narrow-beam antennas in a much smaller range. 

The 1.25 cm equipment was operated only over the 12.6-mile path 
from Beer's Hill to Deal. The receiving antenna was used to scan in 
either the vertical or horizontal plane, as it could be rotated through an 
angle of 90°. 

The first series of measurements (Sharpless, he. cit.) was made with 
the 3.25-cm equipment over both the 24- and 12.6-mile paths, primarily 
in the daytime in the summer and fall of 1944, The second series, in the 
summer and fall of 1945, was made with both the 3.25- and the 1.25-cm 
equipment but over only the 12.6-mile path. The periods of observation 
in the second case ranged from i to 8 hr in length on most of the days and 
on 20 clear, calm nights when it appeared that nonstandard propagation 
was likely to occur. 

No meteorological soundings were available in 1944, but during the 
1945 measurement period 220 soundings were made at Holmdel, N.J., 
near Beer's Hill. In addition, other meteorological data were obtained 
on a 400-ft tower at Oakhurst, N.J., near Holmdel.1 

The principal results were as follows: 
1. Under conditions of standard refraction (indicated by steadiness 

of signal from the reference antenna), the measured azimuth and 
elevation angles were steady and coincided with their predicted 
values.2 On both the New York and Deal circuits the ground-
reflected waves were weak in comparison with the direct waves, 
and their elevation angles were so near those of the direct waves 
that they could be only partially resolved. 

2. When measurable fluctuations in elevation angle of arrival occurred, 
they were usually much more persistent and much larger than 
those in azimuth. No correlation was found between deviations 
in the horizontal and vertical planes. 

3. Deviations from true azimuth occurred much less frequently than 
deviations from true elevation, and the magnitude of the devia
tions was much smaller. The greatest azimuth deviation observed 
was 0.1° in the 1944 tests. In the 1945 tests on the short path 
the largest deviation observed was 0.03°. 

4. Under conditions of nonstandard refraction the direct and reflected 
waves appeared to be affected differently, but there was no apparent 
correlation between the observed variations in their angles of 

1 The meteorological results and their relation to the measured angles of arrival 
are given in detail in W. E. Gordon and A. T. Waterman, Jr., "Angle-of-arrival Aspects 
of Radio-meteorology," Electrical Engineering Laboratory Report No. 1, University of 
Texas, Austin, Tex., Mar. 23, 1946. 

2 On the New York circuit the difference between the true elevation angle (for no 
refraction) and that for standard refraction was 0.04°, which was less than the probable 
accuracy of measurement for 3.25 cm, and it is therefore neglected. 
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arrival. On the New York circuit the reflected wave at times 
increased in strength to a value approximating that of the direct 
wave, and its angle of arrival decreased below its standard value. 
On one occasion this decrease was as much as 0.17°. At such 
times the phase between direct and reflected waves appeared to 
vary slowly from in phase to out of phase; on one such occasion 
the signal from the broad-beam reference antenna varied by as 
much as 20 db, but the output of the sharp-beam antenna varied 
less than 4 db when that antenna was pointed directly toward 
the incoming direct wave. 

5. In a second type of nonstandard behavior, observed on both New 
York and Deal circuits, the angular elevation of the direct wave 
usually increased markedly above its standard value but some
times decreased to a value slightly below standard. On two nights 
in 1945 the signal on the broad-beam antennas and the apparent 
angle of arrival given by the sharp antennas fluctuated violently, 
and the scanning record showed that the received signal resulted 
from several components arriving simultaneously at different ele
vation angles. The largest upward deviation, observed on the 
second of these nights, was 0.75° on 1.25 cm, and on several other 
occasions in 1944 deviations of half as much were observed on the 
New York path. On the first of the unusual nights there appeared 
to be two components of incoming signal; one had the amplitude 
and direction of the normal daytime signal, but the other fluctuated 
in strength by about 20 db, and its angle of arrival varied from 
0.21° to 0.46° above the normal component. Soundings at Holmdel 
revealed an elevated M-inversion near the line of sight. On the 
second night, "two, three, and, at times, four separate trans
mission paths were observed. All of these varied in angle of 
arrival and all had large, rapid variations in signal level; the 
normal or daytime path sometimes was missing." Soundings 
showed evidence of two elevated inversions near the line of 
sight. 

6. Except for the two nights of multipath transmission, the variation 
of vertical angle of arrival in 1945 was from —0.04° to +0.11°, 
occurring mostly during the nighttime hours. A rough correlation 
was found on both wavelengths between angle of arrival and slope 
of (presumably relevant) sections of the M-profiles occurring at 
or about the time of the observations.1 

7. There was good agreement between angles of arrival measured 
simultaneously on 1.25 and 3.25 cm, within the range —0.04° 
to +0.12°. 

1 See Crawford and Sharpless, op. cit., Fig. 2. The theoretical basis for this pro
cedure is considered in the next section. 
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8. "Fading ranges observed with the broad-beam antenna were 
usually less than 6 db, except on the nights of multiple-path 
transmission. Scintillation fading (rapid fluctuations of from \ 
to \\ db about a steady average signal level) was usually present 
during the daytime and on windy nights, and was more severe 
at 1.25 cm than at 3.25 cm. Observations made at 1.25 cm 
showed that the scintillation fading was generally less on the large 
narrow-beam scanning antenna (held in a fixed position for this 
test) than on the small broad-beam antenna; this observation is 
analogous, perhaps, to the optical one in which star scintillation 
is less when viewed through a large telescope than when seen by 
the unaided eye." 

9. On the New York path, for which there was an appreciable re
flected wave, when the reflected wave was strongly deviated but the 
direct wave was not affected, the very narrow antenna pattern 
resulted in a material improvement in stability of the received 
signal, as the antenna could be fixed in position to receive the rela
tively steady direct wave and discriminate against the fluctuating 
reflected wave. On the other hand, when the direct wave expe
rienced upward angular deviations, these deviations were so large 
that no single antenna position would allow reception free from 
marked signal fading. This behavior suggests that there is an 
upper limit to antenna directivity for one-way systems employing 
fixed antennas and also that a slight upward tilt of a sharp-beam 
antenna may be desirable to improve signal stability. 

10. Changing the polarization of the transmitted wave failed to 
reveal a measurable dependence of the fading on polarization, and 
rotating the reference receiving antenna polarization until it was 
at right angles to the transmitted polarization resulted in a de
crease in signal of more than 20 db even during periods of marked 
refraction, indicating that the wave suffers negligible depolariza
tion in the refraction process. 

These experiments suggest a new and powerful approach to the study 
of atmospheric refraction, and it is to be hoped that they will eventually 
yield information that will aid in filling the large gaps in existing knowledge 
of refraction effects. 

A different method of attacking the angle-of-arrival prob.em is now on 
trial by the University of Texas.1 The site for their experiments was the 

1 E. W. Hamlin, W. E. Gordon, and A. H. LaGrone, "X-band Phase Front Measure
ments in Arizona during April 1946," Electrical Engineering Research Laboratory 
Report No. 6, University of Texas, Austin, Tex., Feb. 1, 1947. This report was received 
just before the foregoing material was sent to press, and only a brief summary of the 
work is possible here. See also E. W. Hamlin and W. E. Gordon, Proc. I.R.E., 36, 
1218 (1948), and E. W. Hamlin and A. H. LaGrone, Jour. Applied Pkya., 21, 188 (1950). 
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Gila Bend terminal of the NEL transmission experiment listed in Table 
4-2 of Sec. 4-12. This site offered numerous advantages, such as good 
physical facilities for making the desired measurements, meteorological 
conditions favorable to formation of strong surface-temperature gradients, 
and sufficiently flat terrain that ground reflection could be studied without 
undue effort. 

Instead of using a single antenna with a very narrow beam, this second 
method employs two small 3-cm antennas spaced many wavelengths (10 ft) 
apart on a nearly vertical axis; the signals from the two antennas are 
combined in appropriate phasing networks and receiving and indicating 
systems. The antennas are oriented in the same direction, perpendicular 
to this axis, which can then be tilted in a plane perpendicular to the earth 
to place the antenna mouths in an equiphase plane. If the incident wave 
is strictly a plane wave, in this position a line perpendicular to the axis 
and in the direction of orientation of the antennas yields the direction of 
the normal to the incident wavefront and hence tilt of the wavefront or 
the angle of arrival. In practice this axis remains fixed in position, and 
variations in phase difference between the two antennas is interpreted in 
terms of variations of the angle of arrival. The two antennas are moved 
together in the vertical direction on a tower. 

This method assumes that the incident wavefront is indeed plane; if it 
is not, the angle of arrival of the wave loses its meaning. If the phase 
front is more complicated, as, for instance, in the case of a direct and an 
earth-reflected wave, this two-antenna method measures the phase differ
ence between two points separated by the antenna spacing in the total 
wavefront resulting from superposition of the two waves; this phase dif
ference may be very different from that of either the direct or reflected 
wave alone.1 Certain auxiliary measurements are necessary to yield the 
angle of arrival of the direct (or other) rays. If, moreover, refraction 
(or other processes) causes multiple-path transmission to occur, the two-
antenna method may yield results that are very difficult to interpret. On 
the other hand, with appropriate elaboration the method may serve as-
the foundation for the investigation of both amplitude and phase over an 
extended section of a complicated wavefront, from which the response of 
any desired antenna or antenna system may be predicted, in principle at 
least. The experiments described in the report cited were undertaken 
primarily to investigate the rapidity of variation of the phase front. They 
have not yet progressed to the point of obtaining direct information on 
angle of arrival, except by interim methods mentioned later. 

The results available at present, although preliminary, are interesting 
and suggestive. Briefly, they are as follows: 

1 A derivation of the field for this case (including phase) ia given in Sec. 6 5 in 
connection with scattering from a vertical plane sheet. See also E. W. Hamlin and 
A. W. Straiton, Proc. IRE, 36, 1538 (1948). 
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1. In the interference region at points not too close to the interference 
minima, the phase difference between the two antennas 10 ft apart 
vertically varied less than 15° on fair days with a period of several 
minutes. On fair nights a rapid oscillation of about 5° was super
posed on a drift of as much as 5° per min. During rain and near 
sunrise large and rapid variations occurred, and the data were 
often not reproducible because of the rapid fluctuations. 

2. When the M-profile was essentially linear, the measured phase 
difference in the interference region agreed satisfactorily with that 
computed by ray theory. 

3. When ducts occurred with depths of 100 ft or less and with 
M-gradients of — 3 to — 5 per hundred ft, fairly good agreement was 
obtained between the measured angle of arrival and that computed 
by tracing rays into the diffraction region. Estimations of the 
angle of arrival of the direct ray were made for four nights on which 
weak surface ducts occurred, using an approximate scheme for 
absolute phase calibration. The angles of arrival calculated in this 
way were between —0.08° to +0.08° relative to the direct ray for 
standard refraction.1 

4. The apparent reflection coefficient of the earth showed a marked 
diurnal variation between limits of 0.85 in the afternoon and 0.2 in 
the early morning. This variation showed a definite correlation 
with measured low-altitude M-gradients. It was attributed to a 
combination of the effects of extreme refraction (both super and 
subrefraction) in a very thin layer of air at the surface and a Fresnel 
pattern of reflection peculiar to the path profile. 

4-24. Theoretical Discussion.—As existing wave theory for the field 
in the interference region requires summation of an inordinately large 
number of terms, the alternative is to employ ray theory, with appropriate 
regard for the limitations discussed in Sec 2-5. Unfortunately these 
limitations are encountered in all but the simplest phases of the present 
problem because of the occurrence of foci and caustics, but it is nevertheless 
instructive to examine the ray-tracing equations. 

In Sec. 2-3, Snell's law expressed in spherical coordinates was shown 

(a + z)n cos 0 = const., (3a) 

where n is the index of refraction at the height z, and a, z, and /3 are as 
shown in Fig. 4-55. If the expression above is divided by a, one obtains 

iV cos jS = iVi cos ft, (36) 

where N is modified index and the subscript denotes values at a fixed 
1 For details the original report should be consulted. This procedure probably 

violates some of the restrictions on ray tracing, but the matter has not been investi
gated fully 
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reference point, which for convenience may be one transmission terminal. 
This expression can be rewritten as 

tan 0 m -cos' 

COS 0 i 

dz 
dr 

(3c) 

one possible form for calculation of ray paths through an atmosphere in 
which N is an arbitrary function of z. 

In Sec. 2-4 it was shown that a positive value 
of effective earth's radius ae can be used if N1 

varies linearly with z; specifically, in terms of the 
present problem, if 

(0 1 -f 
2(z - zi) 

a, 

Eq. (3) becomes 

tan /3 dz 
dr 

sin2 ft 2(z - zi) 
a. 

COS i 

FIG. 4-55.—Path of a 
ray at an angle & with the 
horizontal. 

which can be integrated directly to give 

r2 

z — Z\ 2a, cos2 -+- r tan ft. 

(4) 

(5) 

As the angles of interest here are very small, the usual small-angle 
approximations give, for Eq. (5), 

Z — Z] 
2a, + r, (&») 

r 
2^ ' 

(66) 

This value of /3i can be inserted into Eq. (4), which becomes 

r 2ae ae 
(7) 

If Zi is the height of one terminal, ft is the angle of arrival (or departure) 
of a ray from the other terminal at a height z and a distance r away, 
where 0 was the angle of departure (or arrival). 

Equations (4) through (7) constitute no more than a restatement of 
the ray-tracing equations for the assumed variation of N, which is equiv
alent to a linear N- or Af-profile. The relation between the equivalent 
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earth radius ae and the slope of the M-profile is 

L = l+dn = dN^dM 
a, a dz dz dz 

where dN/dz is independent of z (and of r, as horizontal stratification is 
assumed in any discussion involving N). These restrictions on dN/dz 
must be fulfilled if rays traced by Eqs. (4) through (7) are to give a com
plete description of the field in the interference region. If they are not 
fulfilled, rays may still be traced, but the resulting distortion of wavefronts 
and lack of strict coincidence of ray paths with the direction of energy 
flow pose theoretical problems in interpretation of the ray patterns that 
are as yet unsolved. Physical intuition suggests that if the M-profile is 
essentially linear over a layer roughly coinciding with the transmission 
terminals but with a slope differing from that outside the layer, Eq. (6) 
should give an estimate of apparent angle of arrival of rays traveling in 
the layer. In this calculation ae should be obtained from Eq. (8), using 
the M-gradient in the layer. This argument is undoubtedly correct in 
principle if the wavelength is sufficiently short that geometrical optics 
is valid, but no general quantitative tests are available to determine 
its accuracy in specific cases. (This point has also been discussed in 
Sec. 4-7.) 

I t has been emphasized that after rays pass through caustics, cusps, 
or foci, the ray paths and direction of energy flow in general do not coin
cide. In regions traversed only by rays that have not yet encountered 
these singularities in the ray pattern, however, the pattern is a reliable 
measure of field distribution, even with negative slope of the M-profile, if 
reflections from the earth's surface are negligible. In this case the angle 
of arrival may be calculated from Eq. (6). If the value of ae obtained 
from Eq. (8) is constant throughout the height range covered by the ray, 
Eq. (6) may be used directly; otherwise step-by-step integration of Eq. (3) 
is necessary. 

The angular deviations to be expected may be illustrated by considering 
a bilinear M-profile in which the slope of the bottom section varies from 
superstandard to substandard and the upper section has a positive slope. 
The critical height at which the slope changes will be z„ and the values of 
effective earth's radius [from Eq. (8)1 for the lower and upper sections will 
be a.\ and a2, respectively. Assuming that the receiver at which angle of 
arrival is to be determined is at a height Z\, less than zc, rays may be traced 
from the receiver into the refracting region. 

In the region below zc, the path of a ray departing at an angle /Si is, 
from Eq. (6), 

Z = i!
 + r^ + ^ (9) 
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When it reaches the height z„ it has traveled a horizontal distance n , 
which can be obtained from Eq. (9), 

n ■ ^ - ^ I S H S ) 
Upon reaching zc the slope of the ray is, from Eq. (6), 

+ ■ ai 

(10) 

(11) 

This value of 0 serves as the angle of departure ft for the ray as it pro
gresses above zc, where the path of the ray is given by 

Z — Zc 
(r - r,) ' 

2a2 
(r — n) (<■+£> (12) 

If n from Eq. (10) is inserted into Eq. (12), one finds, after some algebraic 
manipulation, that 

2a* ffli + 
2(zc - z.) 

(13) 

An alternative form is useful for the case in which the lower segment of the 
M-profile has negative slope and ai is negative. In this case trapping may 
occur at angles below a critical angle & given by 

2(zc - z,) 
<Zl 

and Eq. (13) becomes 

2o2 
- + ft + (* - i) Vfi - $ 2 (tf f) + Zc-

(14) 

Equations (13) and (14) are written in terms of the actual angle of 
arrival (or departure) ft, which differs from ft*, the angle of arrival of a 
ray traveling between the same terminals with no refraction. The path 
of the latter ray is given by 

« - * + *«'■ (15) 

The refraction error S = ft — ft' is most easily obtained by equating 
Eqs. (13) and (15) and solving for ft, which is then expressed in terms of 
the actual angle of arrival, terminal height, and properties of the M-profile. 

Figure 4-56 shows the angular error S caused by several types of 
M-profiles. 
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Two special cases are of interest. If a2 = ai, it is easily shown that 

^ ( f - 1 ) (16) 

For standard refraction this gives a value for 5 of 1.81 X 10~3 degrees 
per mile. The second special case is that for which 

01 » 
2(zc - z0 

O! 

-20 -10 0 +10 +20 
_ Q 3 L Refractive modulus M-Ml 

F I G . 4-56.—Angular error as a function of true elevation angle (for no refraction) for 
various M-profUes. The range is 15 miles, and Mi is value of M at the receiver, which is at 
zero height, 

corresponding to the nearly horizontal sections of the curves of Fig. 4 56. 
Then S becomes V 

r r l°2 (Hi+(^)fe-Oil- m 
2a2 la 

The relations developed above apply only to untrapped rays penetrat
ing regions above the critical heights of the simplified M-profiles of Fig. 
4-56. I t is probable that in practical situations the refraction conditions 
are more complicated than those pictured above and that observed in
creases in angle of arrival may arise from either untrapped rays or strongly 
trapped rays from surface or elevated layers. Trapped rays, with their 
attendant complex ray patterns, are a possible cause of the multiple-ray 
paths that have been observed occasionally. Further analysis of the 
angle of arrival problem without considerable extension of existing the
oretical methods and without more detailed meteorological information 
does not appear hopeful, however. 



CHAPTER 5 

REFLECTIONS FROM THE EARTH'S SURFACE 

B Y DONALD E. KERR, WILLIAM T. FISHBACK, AND HERBERT GOLDSTEIN 

The effects of reflection of waves from the earth's surface were discussed 
qualitatively in Sec. 2-2. In Sec. 2-11 formulas were given for the re
flection coefficient and divergence factor in terms of the earth's electro
magnetic properties and of the transmission-path geometry. In this 
chapter these quantities and their effect on the coverage diagram will be 
discussed further. Surface roughness will be shown to cause marked 
departures from the results predicted theoretically for a smooth surface; 
the extent of this departure is related to the size of the surface-roughness 
elements relative to wavelength and to the grazing angle. Reflections 
from the surface will be shown to limit accuracy of radar height measure
ments at angles of elevation so small that the antenna illuminates the 
surface strongly and specular reflection from the surface is large. 

THEORY OF SPECULAR REFLECTION 

B Y DONALD E. KERR 

6-1. Fresnel's Equations for a Smooth Plane Surface.—Equations 
(2-366) and (2-367) for the reflection coefficient T can be rewritten as 

Uo) 
r . = P*-*. = TTV; ,\ (. (i) 

sin î 2 - \ / ( JT ) - cos2 ̂ 2 

( I J a n f c + ^ i y - c c r f f c 

and 

sinfc — \(-r) ~ c o s 2 & 
i\ = p*-*. = Yk°{ (2) 

sin fa + J( £ J - cos2 fa 

These expressions are well enough known not to require derivation here; 
they may be found in any standard work on electromagnetic theory.1 

1 For instance, see J. A. Stratton, Electromagnetic Theory, McGraw-Hill, New York, 
1941, Sees. 9-4 and 9-9. Stratton's p is equivalent to the p used here, but he defines 
reflection coefficient as ps. 

396 
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This section will consider the dependence of r upon the electromagnetic 
properties of the earth, grazing angle ^2, and polarization.1 

For horizontal polarization rh is the ratio of reflected to incident 
electric field or the ratio of the vertical components of the magnetic field, 
but the ratio of reflected to incident horizontal components of the magnetic 
field is — 1 \ . Similarly, for vertical polarization r„ is the ratio of reflected 
to incident magnetic field, or the ratio of the vertical components of the 
electric field; but the ratio of the horizontal components of electric field is 
— r„. As long as ^2 is small, the field is practically vertical and r„ may 
be considered the ratio of electric fields, but for large ^2 the horizontal and 
vertical components of field must be considered separately in relation to Tv. 

The way in which the electromagnetic properties of the earth affect 
T are revealed through the propagation factor k% = coVe — iuiur. For 
the present purpose kl for the air at the surface differs negligibly from 
the value for free space, u>Vo£o, and M for both the air and the earth is 
essentially no- Then 

( xr ) = i — = ei — is2 = ee. (3) 
\/Co/ to co«o 

This quantity is tc called the complex dielectric constant, and e/«0 is the 
usual dielectric constant of the earth, denoted by ei. In mks units 
£2 = a/coeo becomes 60X<7 when X is expressed in meters and a in mhos 
per meter. Th^n 

ec = si - i'60X<7 = si 11 - i'.-Q J, (4) 

where Q = ei/ej, the ratio of displacement current to conduction current. 
(The factor Q is analogous to the "Q" of a parallel combination of a lossless 
capacitor and a loading resistor.) It is a useful index of the degree to 
which a transmission medium tends to behave as a high-quality dielectric: 
The higher Q the lower the loss of energy by heating. The reciprocal of 
Q is also the tangent of the argument of Eq. (4) and is frequently used in 
describing the properties of transmission media. 

For wavelengths greater than roughly 20 cm the properties of sea 
water are essentially independent of wavelength. Both st and <r vary 
noticeably with temperature, ei decreasing and a increasing as temperature 
increases. The value of ei for 20°C is commonly taken to be 80, but a is 
subject to considerable additional variation because of local variations in 
salinity. The value 4.3 mhos/m will be used here. Below about 20 cm, 
ei decreases with decreasing wavelength, and a increases roughly as shown 
in Table 5-1. 

1 The terminology of polarization is not precise but is adhered to because of usage 
in radio engineering. "Horizontal" and "vertical" polarization as used here mean 
that the electric vector is perpendicular to or lies in the plane of incidence. 
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For land surfaces both s\ and <r are in general much lower than for 
water. For dry soil si may fall as low as 2 but is more likely to lie in 
the range from 3 or 4 to 20. The conductivity of land may vary from 
roughly 10~6to 10-2 mhos/m, the smaller values tending to occur simultane
ously with low values of si for dry, rocky, or sandy soil, whereas the higher 
values of both a and ei occur with rich soils. This wide range of con
ductivity and dielectric constant results in a considerable variation in 
ec, which in turn produces a marked effect on the reflection coefficient, 
particularly for vertical polarization. 

The values shown in Table 5-1 are intended to serve only as a guide 
rather than as an accurate set of earth parameters. They represent a com
posite of values obtained from widely varying sources and reflect both the 
variability to be found in nature and the incomplete state of knowledge in 
the short-wavelength region. 

TABLE 51.—APPROXIMATE ELECTROMAGNETIC PROPERTIES 
OF SOIL AND WATER' 

Medium mho/m 

Sea water. 

20°-25°C 
28°C 

Distilled water, 23°C. 
Fresh-water lakes 

Very dry sandy loam 
Very wet sandy loam 
Very dry ground 
Moist ground 
Arizona soil 
Austin, Tex., soil, very dry. 

3 m-20 cm 

10 cm 
3.2 cm 
3.2 cm 
1 m 

9 cm 
9 cm 
1 m 
1 m 
3 2 cm 
3 2cm 

4.3 

6.5 
16 
12 

lO-'-lO"2 

0.03 
0 6 

10-" 
10"2 

0 10 
0 0074 

80 

69 
65 
67 
80 

2 
24 
4 

30 
3.: 
2. 

774 
52 
39 

, 30.7 
23 
0.06 
0.60 
1.62 

32.4 
0 006 
0 6 
0.19 
0.014 

2 
1330 

133 
1 
0 

670 
50 
17 

200 

0 10 
1.5 
1 8 
2.1 

9 

23 
74 

* L. H. Ford and R. Oliver, "An Experimental Investigation of the Reflection and Absorption of Radia
tion of 9-om Wavelength," DSIR, RRB/C107, Oct. 27, 1944, and Proc. Phys. Soc., 58, 265 (1946); C. R. 
Burrows, "Radio Propagation over Plane Earth-Field Strength Curves," Bell System Tech. Jour., 16, 
January 1937; F . E . Terman, Radio Engineering Handbook. McGraw-Hill, New York, 1943; Tables of 
Dielectric Materials. Laboratory for Insulation Research, Massachusetts Institute of Technology, Vol. 1, 
February 1944; Vol. 2, June 1945; A. W. Straiton and C. W. Tolbert, "Measurement of Dielectric Properties 
of Soils and Water a t 3.2-cm Wavelength," Electrical Engineering Research Laboratory, Report No. 4, 
University of Texas, July 10, 1947. The last report was received too late to quote in detaiL The 3.2-cm 
values in the table are taken from this report. 

I t can be seen that except for very dry ground, 

l*.l » 1. 
Introducing this approximation into Eqs. (1) and (2) yields 

V £<: sin & — 1 r t = p , e -* . 
•\/ec sin ^2 + 1 

(5) 

(6) 
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and 

r _ „ „-,*, „ sin fa - V7C ._. 
l ) i — Ptfi *» : ; 7==' v.',) 

a n ^2 + ve< 
As pointed out in Sec. 26 , the radicals in Eqs. (1) and (2) must have nega
tive imaginary parts; that is, the principal root must be taken in calculating 
~s/7c from Eq. (4). 

The behavior of the reflection coefficient near grazing incidence can be 
ascertained by inspection of Eqs. (1) and (2) or (6) and (7). At grazing 
incidence, ^2 = 0 and 

r, = T„ = - l , 
independent of the properties of the surface, that is, of ee, as long as ec 
remains finite. It is instructive, however, to investigate the behavior of r 
when sc is allowed to approach infinity. I t is clear from Eq. (7) that as ec 
increases without limit, I \ approaches — 1 for all values of fa. For vertical 
polarization the situation is not so simple, however. If we assume that 
tc is real (the earth is a perfect dielectric, thus s2 is zero), it will be seen from 
Eq. (6) that p„ = 0 when sin fa = l /V^i - (This is just the complement 
of Brewster's polarizing angle.) When fa is less than this critical value, 
<£„ = 7r, but at the critical angle it decreases abruptly to zero, where it re
mains for all larger values of fa. When sc is complex, however, p, can 
decrease only to a minimum value greater than zero, reaching the minimum 
at an angle smaller than sin - 1 (1 / A/SI) • At the same time <t>„ is no longer dis
continuous at this angle, but it decreases rapidly from somewhat less than x 
to a small value and decreases slowly thereafter. As ec becomes very large, 
the critical angle approaches zero, the minimum value of ps approaches 
unity, and r , —» + 1 for all values of fa. This is the basis of the familiar 
statement that for a perfect conductor r , = + 1 . In the presence of finite 
conductivity this condition can be approached only at grazing angles well 
above the critical angle, and it will be seen that in the wavelength region 
considered here it cannot be considered as a practical possibility. Usually 
only small values of fa are of interest for very short waves, for in general 
beamwidths are so narrow that the surface is not strongly illuminated at 
large angles of depression; but more important, the effects of surface 
roughness, discussed in later sections, are frequently severe enough to 
reduce markedly the effectiveness of the specular reflection at high angles 
discussed so far. 

The reflection coefficient at normal incidence can be obtained directly 
from either Eqs. (1) and (2) or (6) and (7). I t is 

r - - r - ^ ~ * 
VE. + 1 

It should be noted that at normal incidence a "vertically polarized" field 
becomes horizontally polarized; and, because the ratio of the horizontally 
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polarized electric field components is — r„, the difference between the two 
polarizations disappears, as it obviously must, and the ratio of reflected 
to incident field for both cases is 

r -.-1 ~ v^ 
1 + V7C 

The variation of T with ^2 can be visualized easily with the aid of 
Figs. 5-1 and 5-2, which portray the numerator and denominator of 

*v = *z_ *i Ve^sin ̂ 2 - 1 
(Numerator) 

(Denominator) 

V17-1 -fre vrc + i 
FIG. 6'1.—Behavior of the components of r 0 in the complex plane. 

sin ^ I ' . , 1— T2 sm^2+Vec 

(Denominator) 

F I G . 5*2.—Behavior of ttie components of 1\ in the complex plane. 

Eqs. (6) and (7) in the complex plane.1 These quantities, constructed from 
the appropriate combinations of sc and sin 1/% vary with \pi in such a way that 
the tips of their vectors follow the dotted lines. It is obvious that pv is unity 

1 The value of ee used here was chosen to make the diagrams readable rather than to 
conform to the approximations leading to Eqs. (6) and (7). This does not limit the 
usefulness of the information obtainable from the figures. 



SEC. 51] FRESNEL'S EQUATIONS FOR A SMOOTH PLANE SURFACE 401 

7T 

<P 

A 

for ^2 = 0 and that it passes through a minimum and rises to the value 
given by Eq. (8) at normal incidence. The phase lag <f>c, because of the 
sign in the definition in Eq. (1), is given by the argument of the denomina
tor minus that of the numerator. It can be seen to start at + x for ^2 = 0, 
to vary most rapidly near the minimum of p„, and to fall to the value given 
by Eq. (8) for normal incidence. The simpler diagram of Fig. 5-2 shows the 
corresponding information for horizontal polarization. The qualitative 
trend of these quantities is shown in Fig. 5-3. 

The details of the variation of 
p and <t> for \p2 up to 10° and for 
wavelength from 3 m to 3 cm are 
shown in Figs. 5-4 to 56 . The 
values of ei and a used for these 
figures were taken from Table 5-1, 
except for 3 cm, for which the 
information in the table was not 
available. (The phase for hori
zontal polarization is not given, as 
its total increase over 180° is less 
than 4°.) In these curves the pre
dominant features are the lack of 
sensitivity of Th to the grazing 
angle in contrast to the marked 
sensitivity of Tv. 

In Fig. 5-4 the arrows indicate 
the critical values of grazing angle 
sin_1(l-\/si) to be expected in 
the absence of conductivity. In 
Fig. 5-5 the dotted lines indicate 
the behavior of 4>, under the same 
assumptions. The contrast be
tween the dotted and solid curves and the displacement upward and 
to the left of the minimum in p„ show the trend in the behavior of 
the water, which is predominantly a dielectric at 3 cm and an indifferent 
conductor at 3 m. 

The discussion thus far has been confined to the properties of T as 
defined by Eqs. (1) and (2), which apply to a plane wave reflected from a 
plane surface, whereas the physical situation to which the equations are to 
be applied involves a spherical wave reflected from a spherical surface. 
It turns out that the spherical shape of the reflecting surface can be taken 
into account by the divergence factor, given by Eq (2-365) and discussed 
further in the next section. But the spherical nature of the wavefront 
begins to dominate the reflection phenomenon as the point of reflection 
approaches the horizon, that is, as the grazing angle \pi approaches zero. 

A 

FIG. 53. 
m 2 * 

—Variation of p and tf> with grazing 
angle \pi. 
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This matter has been discussed by van der Pol and Bremmer,' who derive 
a value for the true spherical reflection coefficient for the limiting case of 
grazing incidence.2 It will be recalled from Sec. 2-11, however, that the 

(See text) 

0 I I I I I I LiJ L_J 
0 1 2 3 4 5 6 7 8 9 10 

Grazing angle in degrees 
FIG. 54.—Magnitude of the reflection coefficient p. as a function of grazing angle for a 

smooth sea and vertical polarization. Parameters on curve refer to wavelength. See text 
for meaning of arrows. 

field integral of Eq. (2-346) has been evaluated by an asymptotic expansion 
that excludes values of ^2 near zero, and the simple formula 

F = |1 + PDe-'°\ 

is no longer valid very near the tangent ray. Without a complete explora
tion of the intermediate region there is no apparent justification for attempt
ing refinement of the expression for V alone. 

1 Phil. Mag., 27, No. 182, 261, (1939). 
2 Their formula may also be derived from Eq. (2-355) by setting A = 0 and using 

the properties of the y functions given in Eqs. (2-313 and 2-314). 
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I I G . 55.—Phase of the reflection coefficient <t>, as a function of grazing angle for a smooth 
sea and vertical polarization. 
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6-2. Geometrical Interpretation of the Divergence Factor.—The diver
gence factor D has been mentioned earlier as the quantity that in the inter
ference region represents the spherical shape of the earth in weakening the 
energy reflected from the surface. This meaning of D is not evident from 
the derivation of the field-strength formulas in Chap. 2, however. It is 
profitable to derive the formula for D from purely geometrical considera
tions and to show what degree of approximation is required to reduce it to 
the commonly used form given in Chap. 2. The demonstration given here 
was suggested by that of van der Pol and Bremmer, who derived the same 

result as part of an elaborate analysis 
of diffraction of waves by a conduct
ing sphere.1 

Figure 5-7 shows the cross section 
of the earth, with an isotropic source 
at a height Z\. It is desired to com
pare the density of the rays in a small 
cone reflected from the sphere near 
the principal point of reflection with 
the density that the rays of the same 
cone would have if they were reflected 
from a plane reflector at the same 
point. The field strength is propor
tional to the square root of the ray 
density. More specifically, we shall 
compare the cross section of the cone 

after reflection from a sphere with that after reflection by a plane. D is 
the square root of the ratio of the latter to the former cross section. 

The cross section of the bundle of rays leaving the source is 
R2 sin TI dri d<j>, where 4> is measured perpendicular to the plane of the paper 
and R is slant range. After reflection from a plane its cross section would 
be (Ri + R2)2 sin TX dri d<t>, as the rays appear to have traveled a distance 
Ri + Ri from the image of the source below the plane tangent at the point 
of reflection. After reflection from the sphere the cross section is Ai of 
Fig. 5 7. It is also equal to Ai cos T3, where A2 = (<r + z2)2 sin 6 dd d4>. 
The divergence factor is then given by 

FIG. 5"7.—Geometry for the divergence 
factor D. (After van der Pol.) 

D = 
(a + z2)2 sin 8 cos T3 dd d<t> a + z2 vsin 6 cos T3 dd 

(Ri + R2)2 sin TI dri d<j> _ R^ + R2 j sin T\ dri (8) 

In order to obtain d6, we require several relations that can be obtained from 
inspection of Fig. 5-7: 

1 Van der Pol and Bremmer, "Further Note on the Propagation of Radio Waves 
over a Finitely Conducting Spherical Earth," Phil. Mag., 27, Ser. 7, No. 182, March 
1939. 
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a sin T2 = (a + 2i) sin n = (a + 1%) sin T3; (9) 

Ri sin TI = a sin ft, i& sin T3 = a sin ft; (10) 

fli = (a + «i) cos n — a cos T2; (11) 

E» = {a + 22) cos T3 — a cos T2; (12) 

Ri = a? + (a + 2i)2 - 2a(a + zx) cos ft; (13) 

R% = a2 + (a + 2s)2 - 2a(a + 22) cos ft. (14) 

By manipulation of Eqs. (9) to (12) it is easy to show that 6 can be expressed 
in terms of a, zh 22, and n. As n is the only variable quantity, we can then 
write 

d0 , 
dB = — dn-

on 
Then 

D = R1±R1 I S l n n
 de, (15) 

a + 22 -v/ sin 0 cos r3 — 

where 30/dn must now be evaluated. Differentiation of Eqs. (13) and 
(14) with respect to n and use of Eq. (10) yields 

^ = 2Rl ^ = 2a(a + 2,) sin ft ^ = 2ft (a + 2.) sin n j 1 . dn dn dn cm 

^ = 2R2 ^ = 2a(a + 22) sin ft ^ = 2ft (a + *) sin r 3 1 ^ . cm dn on or, 

from which 

3ft dft _ d0 _ 1 dft , 1 dft 
o~ri 0T1 ~~ 3TI ~~ (a + 21) sin T: dn (a + 22) sin T3 dn 

From Eqs. (9) to (12) one can obtain 

-— = Ri tan T2, 
on 

—2 = ft cot TJ tan r2 tan T3. 

Combination of the last three equations yields 

d8 _ (a + 22)ft cos T3 + (a + 2i)ft cos TI 
3TI a(a + 22) cos T2 COS T3 
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which with the aid of Eqs. (15) and (9) gives van der Pol and Bremmer's 
expression for D: 
jy _ a(Ri + -̂ 2) Vs in T2 cos T2 . . 

V [(a + zdRi cos T3 + (a + Z\)Rz cos n] (a + zO(a + z?) sin 6 

Equation (16) is unwieldy and unnecessarily refined for most practical 
computation purposes. I t may be simplified to have the form of Eq. 
(2-365), which is commonly used. The angle T2 is the complement of the 
grazing angle ^2, which is always very small in the region in which D has 
an appreciable effect. Hence we write sin T2 = cos fa = 1 and cos T2 = 
sin ^2. If we also substitute (a + Zi) cos TI and (o + zi) cos T3 from 
Eqs. (11) and (12) and rearrange terms, Eq. (16) can be written 

1.0+iX1-^)"*' l 2R1Rt 1 (17) 
a(Ri + R*) sin ^2 } D2 Ri + Rt 

We restrict terminal heights to values very small by comparison with the 
earth's radius, thus permitting Zi/a and «2/a to be discarded. Also ranges 
are so small that a sin 6 « ad « fti + i?2. The coefficient of the quantity 
in brackets is then approximately unity. To a very satisfactory approxi
mation R\ and i?2, the slant ranges from the terminals to the point of reflec
tion, may be replaced by the corresponding ground ranges ri and r2. The 
final expression for D then becomes 

1 
D -

1 + 2rtr2 (18) 
a(ri + r2) sin t//2 

The geometrical interpretation of D given previously is thus justified, 
and the degree of approximation involved in the final expression is made 
clear without regard to the earth-flattening procedure of Chap. 2. The 
approximations of small angles, low terminal heights, and short ranges (in 
terms of earth radius) are consistent with those already imposed by the. 
simplified expressions for path-length difference AR given in Chap. 2.1 

The value of earth's radius given here is, of course, meant to be the 
effective earth's radius ae, obtained as described in Chap. 2. 

Further insight into the physical importance of D can be obtained from 
the examples of the next section. 

6-3. Effects of Reflections on Field Strength.—In Sees. 213 and 214 
methods were given to permit calculation of field strength in the interfer
ence and diffraction regions. The purpose of this section is to present a 
few further details of the way in which the earth's surface affects the cov-

1 Since the foregoing material was written a much more elaborate and complete 
divergence formula for surfaces of arbitrary (smooth) shapes has appeared. See H. J. 
Riblet and C. B. Barker, J. Applied Phys., 19, 63 (1948). 
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erage diagram, on the assumption that the surface is smooth and homo
geneous. 

As mentioned earlier, there are three common methods of presenting 
field-strength information. These are (1) plots of signal strength vs. 
range for fixed terminal heights; (2) plots of signal strength vs. height of 
one terminal, for fixed range and height of second terminal, (3) a map of 

60 80 100 

20 40 60 80 100 
Range in miles 

(b) Vertical polarization 
FIG. 5-8.—Variation of field strength relative to free-space field (20 logiof) from an isotropi( 
antenna for a wavelength of 10 cm and terminal heights of 90 and 1000 ft over a smooth sea 

the field, consisting of contours of constant field strength plotted on a 
graph whose coordinates are range and height (a contour diagram). Each 
of these methods has advantages in presenting information in certain 
regions, and examples of each will be given. 

Examples of the first type of diagram are shown in Fig. 5-8, which 
shows the field strength in decibels relative to the free-space field (20 logioF) 
as a function of range for 10-cm transmission over sea water, with terminal 
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heights of 90 and 1000 ft and an isotropic radiation pattern. These curves 
reveal an interesting property of the product Dp. The quantity D is unity 
high in the interference region and falls to zero rather abruptly along the 
tangent ray, whereas p is unity at grazing incidence and decreases with 
increasing grazing angle, as shown in Figs. 5 4 and 5-6. As a consequence 

-60 -50 -40 -30 -20 -10 0 +10 
20 log10 F 

Fio. 5*9.—Field strength relative to the free-space field (20 logioF) as a function of height 
at a range of 80 miles from a transmitter at a height of 110 ft. The broken curve indicates 
the intermediate region (Sec. 2-15). 

Dp reaches a maximum at a small grazing angle; for horizontal polarization 
the maximum value of Dp is larger and occurs at a larger angle than for ver
tical polarization. This fact is responsible for the deeper minima and 
stronger maxima in the interference pattern for horizontal polarization 
.(revealed by the shape of the envelope of maxima and minima) and for the 
fact that the minimum of the envelope occurs at a shorter range. This 
phenomenon will be noticed only for large terminal heights, because for 
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small heights the maximum in Dp occurs at ranges outside the first few 
minima.1 

The depths of the minima and heights of the maxima give an indication 
of the magnitude of Dp and, as will be shown in Sec. 56 , can be used in 
measurements of p. 

It is worth mentioning again that with standard refraction the field 
strength along the tangent ray (at the total horizon range) is always con
siderably less than the free-space field by an amount that depends on 
wavelength, heights, and range; moreover, the rate of decrease of field 
strength with range at and beyond the horizon is large.2 Thus, the horizon 
constitutes an upper range limit for radar detection under standard refrac
tive conditions, although point-to-point communication beyond the horizon 
is far less difficult because the transmission loss does not occur twice as it 
does in radar. 

The behavior of the field in the intermediate region and near the lowest 
lobe of the interference pattern portrays the superiority of very short waves 
in concentrating a large field near the surface, that is, of providing good 
low coverage. Such information can be presented on plots of either type 1 
or 2 described above. Fig. 5 9 shows an example3 of type 2 for wavelengths 
of 3 m and 75 and 9 4 cm. This trend for the interference region is obvious 
from the discussion of F given in Sec. 2-2 for a plane earth, but it is illus
trated in more detail here. This and the previous figure point clearly to 
the desirability of using short wavelengths in applications requiring detec
tion as near the surface as possible. 

The continuation of the trend of wavelength dependence into the inter
ference region is shown in Fig. 5-10, which shows only the two lowest lobes 
of the interference pattern for the same wavelengths and transmitter 
height used in the preceding figure. The marked increase in the fine struc
ture of the lobes results from the increase in effective transmitter height, 
measured by Zi/A*S as the wavelength is decreased.4 If, on the other hand, 
this ratio had been held constant by changing the transmitter height as the 

1 Surface roughness, discussed in later sections, is an even more important factor 
in destroying the shape of the bottom of the envelope in Fig. 5-8. 

2 The presence of surface ducts reduces this trend, as shown in Chaps. 1, 2, and 4. 
3 As these curves are plotted for r = — 1, they represent the behavior of a horizontally 

polarized field. If the earth constants are taken into account, the field in the dif
fraction region is slightly greater for vertical than for horizontal polarization on all 
wavelengths and is slightly less in the interference region at the maxima of the inter
ference lobes. The difference in the diffraction region decreases rapidly with decreasing 
wavelength because of the decrease in e„ (see Sec. 211). 

4 It will be recalled from Chap. 2 that once a choice is made of the contour to be 
plotted (R/ or \E/E,\) and the height of the transmitter in natural units is specified, 
the coverage diagram is uniquely determined (for r = — 1 and standard refraction). 
The transmitter height Zi is related to height in natural units by 

*-8-*>Ca)"-



410 REFLECTIONS FROM THE EARTH'S SURFACE [SEC. 5-3 

wavelength was changed, the lobes for all three cases would have coincided. 
[An increase in the height of the 3-m transmitter to 110(300/9.4)?* = 1100 
ft would be necessary to place its lobes in the position of the 9.4-cm lobes 
from the transmitter at 110 ft.] It is interesting to note that whereas the 
lobe positions are governed by the ratio z^X?4 for the spherical earth, they 

0 50 100 150 
Range in miles 

Fio. 5-10.—Contours of field strength 103 db below that at 1 m from an isotropic antenna 
110 ft above the surface (R/ = 88 miles). Only the two lowest lobes are shown for each 
wavelength. 

are governed by 2i/X for the plane earth. As shown in Sec. 2-2, for a plane 
earth the angular elevations of the successive lobe maxima are proportional 
to X/zi, but no such simple relation exists for the spherical earth. 

The dotted line in Fig. 5-10 is the envelope of maxima, which in the 
present case is just a contour of 1 + D, as we have assumed r = — 1. 
At high angles, D « i »nd F ^ « 2, as can be seen from the doubling of 
Rfat high angles. 

The assumption that Y = — 1 is, of course, an oversimplification. For 
wavelengths of the order of 1 m over the ocean it represents a good approxi-
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mation at small grazing angles even for vertical polarization; but as shown 
in the following sections, it may become very poor for ordinary terrain and 
wavelengths of a few centimeters. The idealized cases are worthy of 
detailed study, however, because of the insight that they give into the rela
tions between the various parameters and because they are approached 
reasonably well in many practical cases. 

5-4. Surface Roughness.—The discussion thus far has assumed that 
the earth's surface is smooth. We now consider qualitatively the way in 
which surface roughness modifies the results for a smooth surface. Per
haps the simplest experiment that one can perform to obtain an idea of the 
effects of roughness is to observe the light reflected from a sheet of paper 
having a rough surface. At large grazing angles the surface appears dull, 
but at sufficiently small angles it appears shiny and acts sufficiently like a 
mirror to produce a crude image of 
the light source. 

It seems reasonable from intu
ition that the efficiency of specular 
reflection from a rough surface 
should involve the ratio of the 
dimensions of the surface rough
ness elements to the wavelength as 
well as the grazing angle. Lord 
Rayleigh suggested a way of formulating the relation between these 
quantities. In Fig. 5-11 let h represent the height of an irregularity of the 
surface and fa the grazing angle. The path difference between the two 
rays shown is just AR = 2h sin fa, and the phase difference is 

k AR = - r - sin fa
ll this phase difference is very small, the effect of the roughness is small and 
the surface is effectively smooth. Increasing h/\ or fa increases the path 
difference and weakens the resultant reflected field; when kAR = r, the 
direct and reflected rays are in phase opposition. Between these two 
extremes it is desirable to establish a value of phase difference to divide 
"rough" from "smooth" surfaces. We shall arbitrarily choose ir/2 as the 
limiting value,1 which gives as a criterion 

FIG. 5"11.—Phase difference between 
reflected from two levels. 

h sin fa < (19) 

for the surface to be considered smooth. 
1 There appears to be no well-established practice in this matter, although Schuster 

and Nicholson (Theory of Optics, 1928, p. 166) make the definite suggestion given above. 
In view of the crudity of this method of approach there seems to be little point in being 
more precise. 
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I t should be clear from the nature of this argument that it cannot be 
considered a quantitative statement of the effects of roughness. The use 
of the simple ray picture automatically excludes from consideration the 
local diffraction effects that occur when the roughness elements are com
parable in size to the wavelength. If this simple concept is applied to the 
ocean surface, additional questions arise because of the irregular distribu
tion of size and shape of the waves, because of foam and bubbles, etc. A 
rigorous solution of the problem would require techniques as yet undevel
oped for satisfying electromagnetic boundary conditions over a surface 
with a statistical distribution of irregularities. Calculations have been 
made of effective reflection coefficients using simple models of the sea 
surface, such as sinusoidal1 or wedge-shaped2 waves. Because the surface 
in reality cannot be represented well by any simple geometrical configura
tion, it seems preferable to limit the present discussion to consideration of 
the effects of roughness in terms of simple Fresnel diffraction theory.3 

In the derivation in Chap. 2 of the expressions for field strength in 
the interference region, it was shown that the field could be described in 
terms of interference between two waves following the paths of a "direct" 
and "reflected" ray. The location of the point of reflection was deter
mined from simple image theory.4 The ray reflected from a single point is 
in reality a means of expressing the fact that the energy source illuminates 
a large region of the surface, inducing currents that radiate in all directions 
(Huygens' principle); at any point in space the "reflected" field is the sum 
of the radiation from these induced currents. 

As a first step in analyzing the reflected field from this point of view, 
we shall locate the areas on the earth's surface from which the secondary 
radiation has a specified phase relation to radiation proceeding directly 
from the primary source to the field point. 

Figure 5-12 shows the source and the field point over a reflecting plane 
surface. 

The dotted line indicates the path of the reflected ray and the point of 
reflection. The ground range between source and field point is r, and the 
slant range is Ri. Radiation traveling between the two points by any other 
path than Ri will travel a greater distance, which will be denoted by Ri. 
The difference between any other arbitrary path length and Ri will be 
denoted by 6, 

Ri — Ri = S. 

■F. Hoyle and M. H. L. Pryce, "The Limiting Ranges of R.D.F. Sets over the 
Sea," ASE Report No. M395; G. G. MacFarlane, "Sea Returns and the Detection of 
Schnorkel," TRE Report No. T1787, Feb. 13, 1945. 

»S. O. Rice, BTL Memorandum No. MM43-210-6, Oct. 13, 1943. 
* Section 6-7 represents a discussion of the nature of the sea surface. 
* This discussion will be confined to a plane earth, as all the essential facts can be 

obtained without recourse to the much more difficult theory for the spherical earth. 
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The locus of all points in space corresponding to a specified value of 5 will 
be an ellipsoid of revolution with the two terminals (0,0,?!), (̂ ,0,22) as foci 
and R\ as the axis of revolution. If now 6 is allowed to increase in steps, 
of, let us say, X/2, a family of ellipsoids results. The intersections of these 
ellipsoids with the xy-plane is a family of ellipses, each ellipse corresponding 
to a given value of S. The average phase of the radiation from each zone 
bounded by adjacent ellipses differs from that of the neighboring zone by 
just ir; that is, the elementary waves from successive zones are in phase 

FIG. 5-12.—Half-period zones in the ;n;-plane. 

opposition. [They do not quite cancel completely, as the amplitudes 
change very slowly from zone to zone, but the first zone (n = 1 in the 
figure) is the principal contributor. ] I t is of interest to calculate the dimen
sions of the zones in order to discover how large an area must be sensibly 
smooth if the smooth-earth phase formulas are to be applicable. The 
algebraic details of the following development are tedious and uninterest
ing; consequently the steps will only be outlined briefly. 

The equation for the ellipsoids is most conveniently written relative to 
a new set of axes that have the new a;'-axis tilted up at an angle 8 with 
the x-axis and falling along Ri. The y'-axis is parallel to the y-axis, 
but the origin of the new axes is shifted to the mid-point of Rt. From ana
lytic geometry one finds that 

x' = / x - ~ J cos 8 + (z - Z±^1) sin 8, 

y' = y, 

2' = - (x - y sin 8 + U- Z±\^) cos 8, 

and the equation of the ellipsoid corresponding to a given value of 8 is 

bV2 + a2(y'2 + z'2) = aW, (20) 
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r sec 8 + S 

b = \ y/& + 2rh sec 0, 

tan 8 = 

[SEC. 5-4 

(21) 

(22) 

(23) 

If the expressions for the primed coordinates are substituted into Eq. (20), 
the resulting equation gives the family of ellipsoids in terms of x, y, z. As 
only the ellipses in the xj/-plane are of interest here, we set z = 0 in the 
transformed equation and obtain, after some manipulation, 

(x 

where 

i r - pf (62 cos2 8 + a2 sin2 8) + o V = 

q2b2(b2 cos2 8 + a2 sin2 8 - c2) 
fc2 cos2 8 + a2 sin2 0 

_ c(a2 — £>2) sin 8 cos 0 
v ~ ~ 62 cos2 0 + a2 sin2 0 ' 

2i + Zj 

(24) 

Equation (24) represents an ellipse in the xj/-plane, with its center on the 
x-axis at the position x0, given bj 

Xo r , r 
2 + p - 2 

( ^ ) * 

W'+(^)'H 
(25) 

The x- and y-intercepts of the ellipse may be found from Eq. (24). 
The ^-intercepts (and length of semiminor axis) are found by setting 
x = x0, yielding 

(26a) Vi -± 6>F? cos2 8 + a2 sin2 0 
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Similarly, the ^-intercepts are found by setting y = 0 and then using 
Eq. (26). 

a 
V D2 cos2 9 + a2 sin2 0 

or 

Xi = Xo ± t/i 
1 + r [i + >/T^7-, (276) 

The length of the semimajor axis is the second term of Eq. (27). I t will 
be denoted by £„. Then zx = x0 + ^ . 

These equations are exact but are so complicated that they do not lend 
themselves to simple analysis. They can be greatly simplified by intro
ducing the approximations used in most practical cases, namely, that z-i, 
Zt, and 5 are all much smaller than r. This assumption leads to 

+ \ 1 + (H5)' 1 2b 
r (H*)x « i . 

We also make an additional substitution 

5 

where 

a - i - n X 

22,22 

(28) 

(29) 

(30) 

will be recognized as the approximate form for the path difference AiE 
between Rt and the length of the ray path via the point of reflection. This 
is done because it is the excess of path difference over that through the 
point of reflection which is of immediate interest rather than the total path 
length. Incorporating these approximations and the transformation of 5, 
we have finally 

2Zi(Z] + 22) 

Xo„ 
1 + rihr 

1 + (zi + z2)2 

rihr 

X\„ ~ Xo„ + n 
^ 

25o 
rih 

1 + (2, + 22)2 

rihr 

J/i» ~ ± 
rihr 1 + 

\ / l + 
(2. + 22)2 

rihr 

(31) 

(32) 

(33) 
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The subscript n refers to the particular ellipse being considered. The area 
of the ellipse for a given n is An = ir£„j/n. 

— 1+^-° 
Tr\/n\r n\ , , 

A'~ < \ { ( , + ^ ( 3 4 ) 

n\r 

Further simplification is possible for a special case of some practical 
importance. If we impose the additional restriction 

4z, 
~ « 1, (35) 

and if we consider only the first ellipse (n = 1) at the reflection point for 
the bottom lobe of the interference pattern (50 = X/2), we have 

12z2 

*oi « ~> (36) 
8-\/2z2 

i n « xoi ± - V - 1 « (1 ± 0.943)xo,, (37) 

2/n 2->/2z, £() 

3 V 2 2 l (38) 

These formulas are useful in cases of transmission between a very low 
terminal and a high terminal, such as an aircraft, and are useful for radar 
siting calculations.1 

A numerical example is helpful to illustrate the sizes of the zones 
involved. We shall compare two wavelengths in two types of problems. 
In the first case the path geometry (z,, «2, and r) will be fixed, and it is 
required to determine the position and dimensions of the first zone. In the 
second case Z\ and r will be fixed, and it will be required to find the position 
and dimensions of the first zone producing radiation reflected to form the 
lowest lobe of the interference pattern, for which <50 = X/2. The calcula
tions are summarized in the following table. The grazing angle 4"z at the 

1 Since the foregoing material was written, a paper entitled "Maximum Range of a 
Radar Set," by K. A. Norton and A. C. Omberg, has appeared in Proc. IRE, 36, 4 
(1947). Formulas corresponding to Eqs. (25) to (27) are derived, but the results are 
written in such a way that direct comparison is difficult. These formulas reduce to 
Eqs. (36) to (38) under the assumption stated. This paper gives some discussion of 
the siting problem. In discussing the Rayleigh criterion for roughness the value of 
k AiJ suggested to mark the limit between rough and smooth surfaces is ir/4, thus reduc
ing the allowable height of surface roughness elements to half the value given in Eq. 
(19). In a recent communication to the author, Norton states that he now believes 
the use of T / 8 provides a more realistic criterion for deciding when the smooth-earth 
theory may be used with confidence. 
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point of reflection and the maximum wave height from Eq. (19) are also 
given. 

TABLE 52.—ANALYSIS OF REFLECTION ZONES 
(Distances in meters) 

X 

Z\ 
r 
22 

So 

Xui 

Vn 
6 
A, 
l/,2 

"max 

Case 1 

0.1 

100 
10,000 

1000 

20 
910 

9.1 
83 

2,370 
6.3° 
0.11 

1.0 

100 
10,000 

1000 

20 
943 
29 

262 
23,900 

6.3° 
1.1 

Case 2 

0.1 

100 
10,000 

2.5 

0.05 = I 
9,350 

6.6 
615 

128,000 
0.59° 
1.22 

1.0 

100 
10,000 

25 

0.5 = I 
6,830 

44 
2,760 

382,000 
0.72° 
1.25 

The highly elongated shape of the ellipse, particularly for the lowest 
lobe, is very striking. [It is most exaggerated in cases covered by Eqs. (36) 
to (38), which apply to Case 2 for X = 0.1 m.] The large area of the first 
zone, particularly for the longer wavelength, illustrates the need for a large, 
smooth, elongated reflecting area if a well-developed lobe pattern is to be 
formed. For the first lobe considered in Case 2 a crest-to-trough wave 
height of about 1 m gives a surface that is effectively smooth for either 
wavelength, according to Eq. (19), but in Case 1 the same surface is far 
from smooth for the shorter wavelength. 

Thus far only the phase of the reflected radiation has been considered. 
We have derived formulas for the zones from which the average phase var
ies by units of w from one zone to the next. In this respect these zones are 
the Fresnel zones familiar in physical optics.1 But there is one essential 
difference. The usual Fresnel zones are constructed in such a way that 
they are concentric and that their amplitudes of excitation (whether through 
surface currents or fields in an advancing wave front) are symmetrical 
about the direction of propagation. The amplitude of excitation varies 
slowly from one zone to the next, with the result the contributions of suc
cessive zones almost completely cancel, leaving the radiation from approxi
mately half the area of the first zone as the end product. In the present 
instance, however, the zones are inclined at a large angle to the direction of 
propagation, and their eccentricity is so large, for small grazing angles, 

1 J. C. Slater and N. H. Frank, Introduction to Theoretical Physics, McGraw-Hill, 
1933; F. A. Jenkins and H. E. White, Fundamental's of Physical Optics, McGraw-Hill, 
1937. 
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that the amplitude of excitation varies markedly over the zone. The total 
contribution from each zone is given by integrating the excitation over the 
zone. I t is not evident, a priori, that the contribution of the first zone alone 
predominates in the present case. For example, it does not seem entirely 
reasonable in the numerical examples given above that there is not con
siderable contribution from the higher order zones from a direction along 
the minor axes of the ellipses near the reflection point; presumably at the 
same time the contributions from the ends of the ellipses would decrease in 
importance. If the antenna radiation pattern is sufficiently narrow, it can 
also enter into the problem. I t would still appear that the principal part 
of the reflected wave arises from an area near the point of reflection, but 
whether or not the relative importance of the series of half-period zones 
illustrated above is the same as for the usual Fresnel zones is not clear. 
To the author's knowledge this problem has not been carried beyond the 
qualitative arguments presented here. 

The problem of time variations in the effective reflection coefficient of a 
rough surface such as the ocean is particularly interesting. Explanation 
in terms of fluctuation of average altitude of the half-period zones, with 
resulting variable "zone-plate" effects, does not appear promising because 
of the large size and elongated shape of the zones. I t would appear more 
likely that the fluctuations arise from random superposition of reflections 
from areas smaller than these zones and depending for their effects upon 
details of shape and spacing of the roughness elements as well as upon their 
average height. Intuitively one suspects that there should be a close con
nection between the reflection coefficient of the ocean and sea echo. No 
simultaneous measurements of both quantities are available, but the 
sea-echo measurements described in the next chapter indicate that sea echo 
tends to be caused (for 10 and 3 cm at least) by very small elements, such 
as droplets. A parallel conclusion regarding reflection coefficient would 
not be reasonable, however. 

Although the effects of surface roughness have not been formulated in a 
quantitative manner, this qualitative approach probably indicates the 
trend of variation of some of the most important factors. The few experi
ments thus far made that are sufficiently clear-cut to give relevant informa
tion are discussed in following sections. The general problem of the effects 
of surface roughness merits serious study from both theoretical and experi
mental sides. Lacking much better information than is now available, 
prediction of microwave coverage rests on insecure ground. 

REFLECTION COEFFICIENT OF THE OCEAN 
In the preceding sections the theory of specular reflection and its effect 

upon field strength has been discussed, on the assumption that the ground 
constants of a perfectly smooth spherical earth are known, and an indica
tion has been given of possible effects of surface roughness. In the labora-
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tory the conductivity and dielectric constant for any type of surface at 
any given wavelength can be measured with some accuracy but for lack of 
adequate theory we must resort to experiment to investigate how surface 
roughness modifies the Fresnel laws. The reflection coefficient for both 
ocean and land have been measured by several different techniques, and 
about as many different sets of values as measurement techniques have 
been obtained. When the circumstances under which the measurements 
were made are properly weighed, the variation in values of p can be recon
ciled and some understanding obtained of the reflection phenomenon from 
a rough surface. The observations made to date have been limited in 
scope, but they are of considerable value in estimating field strengths and 
coverage patterns. 

5*6. Measurements of Short-time Variations.1—There are often large 
and rapid fluctuations in the energy reflected from the earth's surface. 

Time in seconds 
FIG. 5*13.—Variation with time of 10-cm horizontally polarized radiation reflected from 

a rough sea at a grazing angle of 11°. The white line indicates the amplitude of the direct 
wave. 

This is particularly true of a rough sea, where the continually changing 
position and size of the surface irregularities cause variations of the reflected 
field. Two experiments have been performed that demonstrate this phe
nomenon admirably. In the first,2 one-way transmission measurements 
were made on a wavelength of 9 cm between two cliffs separated by an inlet 
easily invaded by waves from the open sea. The path length was 231 yd. 
and the grazing angle was about 11°. The antenna patterns were suffi
ciently narrow to allow the transmitting and receiving antennas to be 
directed to measure either the direct or reflected waves separately. The 
transmitter was pulsed at a recurrence frequency of 1000 cps with a pulse 
length of 500 ^sec. The receiver output, roughly proportional to voltage, 
was displayed on an oscillograph without a sweep and recorded on a con
tinuously moving film. Except for slight line ripple the direct wave was 
very steady. Figure 5-13 shows the reflected wave on horizontal polariza
tion. During the interval shown the amplitude of the reflected wave varied 
by more than a factor of 3. It should be repeated that there is no question 

1 By Donald E. Kerr and Herbert Goldstein. 
2 H. Archer-Thomson, N. Brooke, T. Gold, and F. Hoyle, "Prel iminary Repor t on 

the Reflection of 9-om Radiat ion at the Surface of the Sea," ASE Repor t No. M542, 
September 1943. 
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here of motion of an interference pattern; the reflected wave was examined 
separately. I t is significant that for periods of about 0.5 sec occasionally 
the reflected wave was stronger than the direct wave. 

The average values of p over periods of several seconds were approxi
mately 0.5 for horizontal and 0.15 for vertical polarization. The estimated 
height of the water ripples was 20 cm, and the waves were traveling nearly 
at right angles to the transmission path. 

In the second experiment, also in England,1 airplane targets were simul
taneously viewed by a radar set having two antennas and receiving chan
nels ; one antenna had a narrow beam in the vertical plane and was used 
both to transmit and receive in the conventional fashion; the other antenna 
had a broad vertical beam and was used for receiving only. The sharp 
beam was sufficiently narrow that the sea surface was not illuminated 
appreciably at angles greater than 2° from the antenna axis. The wide 
beam received both direct and reflected waves. The output voltages of 
both receivers were photographed simultaneously, and the gains were so 
adjusted that respective deflections corresponded to the same r-f input 
intensity. The ratio of the two output voltages then eliminated effects due 
to the variation in target aspect. A complete report of the results has not 
yet been made, but with grazing angles less than 5° very deep fluctuations of 
the reflected wave were observed with periods in the neighborhood of 0.02 
sec. Above 5° the reflected wave was described as "sporadic in character." 
The experiment was performed off the coast of Scotland at a season when 
the sea was rough and hence probably represents fairly extreme conditions. 

If the surface is rough, in the sense of the Rayleigh criterion, one would 
expect large space-diversity effects. (Such effects have in fact been 
observed for points separated by only a few feet.) Hence with any sort of 
extended target the amplitude and phase of the incident field on the target 
should be a rapidly varying function of time and position. It is natural 
that under such conditions the radar echo would show violent fluctuations. 
Even when the sea was not quite so rough as required by the Rayleigh 
criterion, a 10-cm radar echo from a lighthouse at a range of 8000 yd in 
Boston Harbor has shown time fluctuations of 5 to 10 db. 

The effect of the varying reflection from the sea surface is most pro
nounced when a point target is in the minimum of an interference pattern 
that shifts in position with the tidal cycle, for then a relatively small change 
in the reflected field will cause a large percentile change in the total signal. 
The scatter of points at the minimum in the plot shown in Fig. 6-24 for the 
reflection from a corner reflector can be ascribed to this cause. I t has been 
reported2 that at the minimum of the tidal cycle, the echo from a corner 

1 "Reviews of Progress of TJ.S.W. Propagation," Ultra Short Wave Propagation 
Panel, No. 11, A.C. 7027, Oct. 14, 1944. 

2 Interservice KXS Radar Trials, "Overwater Performance against Surface Targets," 
ASE Report No. M688, February 1945. 
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reflector observed on 1.25 cm wavelength at a grazing angle of 0.3° suffered 
violent "beating" of 20 db even for a moderate swell. Figure 5-14 presents 
a series of photographs of an A-scope showing the echo from a lighthouse 
in Boston Harbor at the "tidal" minimum. The signal on the left is an 
artificial echo from a signal generator, and some outlying rocks show as 
echoes immediately surrounding the lighthouse signal. The photographs 
are separated in time by 0.25 sec. During a period of less than 2 sec the 
echo strength changed by more than 10 db. 

FIG. 5-14.—Photographs of A-scope, showing the echo from a lighthouse at a tidal minimum. 

5-6. Interference Measurements over Long Ranges.1—Measurements 
of the reflection coefficient of spa water at wavelengths of 3 and 10 cm were, 
made by the Radiation Laboratory on a one-way transmission path in 
Massachusetts Bay.2 One terminal of the path was fixed on land; the 
other was carried in an airplane that flew toward the fixed terminal with' 
as nearly constant bearing, altitude, and ground speed as possible. In 
this manner a horizontal cross section of the interference pattern was 
obtained, from which p was determined. Such a record is shown in 
Fig. 5-15. This type of measurement technique was employed to simulate 
the practical situations in which the data are to be applied; that is, to con
ditions over the ocean at considerable heights and distances. The heights 
and distances at which the observations were made are much greater than 
those frequently employed in reflection-coefficient measurements and are 

1 By William T. Fishback and Donald E. Kerr. 
2 W. T. Fishbaek and P. J. Rubenstein, "Further Measurements of 3- and 10-em 

Reflection Coefficients of Sea Water at Small Grazing Angles," RL Report No. 568, 
May 17, 1944. 
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the major distinguishing characteristics of the experiment. Flights were 
made at heights between 500 and 5000 ft, and useful data were obtained 
between 5 and 60 statute miles. 

In the interpretation of a record of the type shown in Fig. 5-15 a number 
of considerations are involved. The formula for the ratio of actual to 
free-space fields valid for isotropic radiation patterns and a smooth spherical 
earth is F = \E/E0\ = |1 + Dpe-,a\ [Eq. (2-452)], where a is the phase 
difference between direct and reflected rays, D is the divergence factor, and 

Range in miles 

F I G . 5'15.—Reflection-coefficient field-strength flight of Apr. 7, 1943, using vertically polarized 
10-cm radiation with terminal heights of 122 and 5000 ft over sea water. 

E and E0 are the actual field strength and free-space field strength at a point 
in space. In a region of fine lobe structure a changes rapidly with position; 
in particular, for the cases under consideration, the fractional change in 
range and the change in grazing angle between a minimum and an adjacent 
maximum of the field pattern in Fig- 5 15 are so small that Dp and E„ 
may be considered constant for this section of the pattern. If EmBI and 
#min are the field strengths at a maximum and an adjacent minimum, at 
which points a is 2ntr and (2n ■+- l)*-, respectively, the preceding equation 
yields 

T\ " m a x ] ^-Tuini * mux ' min / ' iO^ 

I + \E min j ' max + F min 

from which p can be determined by using the observed values of Em^, 
Em-,n, and D calculated from Eq. (2-441). This assumes D to have its theo
retical value for a smooth surface and requires all departures from theory 
to be represented by the behavior of p. This is necessary to compare 
results for a wide range of transmission-path geometry, as D and p depend 
in such different ways on the grazing angle ^2. 

This technique is not suitable for measurement of the phase shift on 
reflection, since extremely accurate determination of the positions of maxi
ma would be required and in addition the inherent fluctuations of the signal 
would probably make such determination impossible. 
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Figure 5-16 shows the values of p, measured by the technique outlined 
above, at 10 cm for horizontal and vertical polarizations; Fig. 5-17 shows 
the same results for 3 cm. Each dot represents a value of p determined by 
a measurement of field strengths at adjacent maxima and minima. At 
both wavelengths the agreement with theory for a smooth sea is good for 
vertical polarization, but the experimental values for horizontal polariza-
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FIG. 5-16.—Values of the magnitude of the reflection coefficient observed by the Radiation 

Laboratory at a wavelength of 10 cm over sea water, (a) On horizontal polarization; (b) on 
vertical polarization. 

tion are appreciably less than the theoretical values of almost unity and 
show a marked scatter. 

The departure of the results from theory is attributed to surface rough
ness, but a satisfactory quantitative explanation of the effects of roughness 
has not yet been found. Let us consider in a qualitative way the possible 
effects of roughness, however, particularly as it affects Eq. (39), which 
served as a means of translating the interference pattern measurements of 
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Fig. 5-15 to the indicated experimental values of p in Figs. 5-16 and 5-17. 
I t is desirable to seek a reason for the large scatter and the deviation from 
theoretical values of p for horizontal polarization, by contrast to the 
apparent better agreement with theory for vertical polarization. 
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FIG. 5*17.—Values of the magnitude of the reflection coefficient observed by the Radiation 

Laboratory at a wavelength of 3 cm over sea water, (a) On horizontal polarization; (b) on 
vertical polarization. 

From Eq. (39) it can be seen that when Dp is very nearly unity, 
l^minl <K |i?max|. Accurate measurement of Dp in this region requires 
very accurate determination of Emin. If the field is fluctuating at the 
time of measurement, Em^ in the vicinity of the interference minimum 
is subject to a relatively large random variation. Let us attempt to 
represent this effect crudely in the following way. Assume that Dp has 
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its theoretical value for a smooth surface at the average level of the sea 
surface. Superposed on the reflections predicted by this Dp are many 
reflections that, when added vectorially, can be represented by a small 
quantity T\6 ~ " which fluctuates randomly in both space and time. Then 
we can write 

F = |1 +Dpe-ta + ve-,T\. (40) 

Because Dp e~ia is nearly unity in a maximum and T\ is assumed small, 
F , , , , ~ 2. Near a minimum, T) becomes important, as Fmi„ ~ -q. Equa
tion (39) then becomes 

D p - l ^ - 1 - 1 (41) 

Thus we see that values of Dp obtained by the use of Eq. (39) and a rapidly 
moving receiving terminal are always at the mercy of the rapid time 
variations in reflecting properties of the sea and will give values oi Dp 
less than the theoretical values when these are very nearly unity, as they 
are for horizontal polarization. 

When Dp is somewhat less than unity, Eq. (39) can be rewritten to show 
the range of variation likely to be encountered,1 

n „ | 1 + 1 ? P ± i>l - II -Dp±v\ u v , 
DP~ \l + Dp±r,\+\l-Dp±V\' ^ ' 

This equation indicates that the measured values oi Dp should scatter 
about the average value oi Dp when Dp is not near unity; and as r\ is 
equally likely to have a given value in either a maximum or minimum, 
the scatter should be nearly symmetrical about the average value. The 
data in Figs. 5 16 and 5-17 are not sufficiently plentiful either to confirm 
or to refute this point, although no marked disagreement is apparent. 

This discussion makes no pretense of rigor or completeness, but it 
makes plausible a connection between time-varying surface-roughness 
effects and the values of reflection coefficient deduced from measurements 
of the interference pattern. During the course of these experiments 
attempts to correlate the minor day-to-day variations of measured re
flection coefficient for horizontal polarization with sea roughness and 
direction of wave travel were unsuccessful. A wide range of roughness 
could not be investigated in this case, because navigational difficulties 
limited flights to days when wind speeds were low, and measurements 
could be made only for a calm sea. 

1 This is not a true representation of Eq. (39), as F„,i is not necessarily 
|1 -)- Dp ± if | but rather, for the purpose of these measurements, the maximum value 
of Eq. (40) encountered as the receiving terminal traversed the region of a maximum; 
a similar statement is true for Fm-,a. Also note that ?j does not necessarily have the 
same value at any two positions or times. 
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I t is reasonable to expect that the observed value of p would depend 
upon the surface area illuminated if surface roughness and inhomogeneity 
are important in the reflection process. Thus the p appropriate for a 
transmitter height of 30 ft might not be appropriate for a height of 1000 ft. 
In the former case only a small surface area of approximately homogeneous 
surface roughness might be involved, but in the latter many such areas 
with different roughnesses might be involved. During the 10-cm measure
ments the fixed-terminal height was varied from 25 to 125 ft and the 
aircraft altitude from 500 to 5000 ft; at 3 cm the fixed terminal was at 
20 ft and flights were made at 500 to 1000 ft. No dependence of p upon 
the area illuminated was observed within the narrow limits allowed by 
this variation of terminal heights. 

This type of experiment is susceptible to several sources of experimental 
error, which may be divided roughly into three classes. The first consists 
of instrumental errors. At very short ranges and high angles the inter
ference pattern was traversed so rapidly that the recorder could not 
indicate the full depth of the minima, and it was possible to use only the 
measurements made at grazing angles less than about 5° on 10 cm and 
3° or 4° on 3 cm. 

The second possible source of error arises from impure polarization 
of the radiation from the antennas, but in the present instance this error 
is at most about 2 per cent in the product Dp and can be neglected.1 It 
is worth noting that measurements based on Eq. (39) are most subject to 
error when Dp is nearly unity, as weak stray fields tend to "fill up" the 
minima in the interference pattern and decrease the calculated value 
of Dp. 

The third and most important sources of experimental error arise 
from physical factors outside the equipment and constitute the principal 
limitations of the method. When one terminal is on the shore, the 
properties of that part of the ocean surface where most of the measured 
reflection occurs are likely not to be representative of the open sea, 
because of the effects of shore line, shallow bottom, underwater obstacles, 
and so forth, on the water-wave structure. To prevent extraneous "filling 
up" of the interference minima, care must be taken to ensure that no 
radiation strikes objects other than the sea surface; this precaution will 

1 The upper limit of this error may be estimated in the following manner. Assume 
that the ratio of amplitude of field radiated with the wrong polarization to that with 
correct polarization is i for both transmitting and receiving antennas. When the 
receiving antenna is in a minimum of the interference pattern and Dp is near unity, 
the received field is obtained primarily on the wrong polarization and is at most e2 times 
the correctly polarized free-space field. In the maximum of the interference pattern, 
however, the former is outweighed by the correctly polarized field, which is nearly 
twice the free-space value. Then the value for Dp obtained from Eq. (39) is approxi
mately (2 — «2)/(2 + e*), for Dp near unity. Thus impure polarization reduces the 
apparent value of Dp. 
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frequently require the use of narrow beams, a fact that complicates the 
aircraft-navigation problem. Nonstandard refraction may distort the 
interference pattern, rendering it useless as a quantitative measure of 
reflection from the surface (see Sec. 4-21).l Nevertheless the principal 
source of difficulty lies with navigation of the aircraft. Ideally one 
would use radar or, better still, radar-beacon navigational techniques, 
but these were not available; consequently excessive deviations from 
correct position and aircraft heading frequently necessitated discarding 
considerable sections of record. 

5-7. Interference Measurements at Short Ranges.2—The Sperry 
Gyroscope Company3 has measured reflection coefficients by varying the 
terminal heights on a transmission 
path of a few hundred feet in 
length. Over such a short path 
the effects of surface roughness 
may not be pronounced, and the 
observed values of o are frequently 
in better agreement with the 
theory for smooth surfaces. Meas
urements made over extremely 
calm sea water with ripples of 2 
in. or less are in good agreement 
with theory (using EI = 69 and 
or = 6.5 mhos/m) for grazing 
angles up to 20°. On occasion 
the observed values for vertical 
polarization are slightly below the 
theoretical values for grazing 
angles between 12° and 28°. 
Figure 5 18 shows the observed 
values of p for a tidal canal with ripples estimated to be about 1 in. high. 
Measured values of p for very calm fresh water are in good agreement 
with the theoretical values for a perfect dielectric with Ei = 80, for angles 
up to 18°. At greater grazing angles the values are somewhat below 
the theoretica. values for both polarizations. 

1 The measurements reported here were for the most part accompanied by meteor
ological soundings; except for possible shallow evaporation ducts (the effects of which 
were not determined), the M-profiles were required to be standard for the field-strength 
measurements to be used for measurement of p. For the measurements to be con
sidered reliable, the field strength at the maxima in the interference pattern was re
quired to vary inversely with range and the observed ranges of maxima and minima 
were required to check closely with the ranges calculated for standard refraction. 

1 By William T. Fishback and Donald E. Kerr. 
3 See E. M. Sherwood, "S-band (10-cm) Measurements of Reflection Coefficients 

for Various Types of Earth," Sperry Gyroscope Co. Report No. 5220-129, Oct. 29, 1943. 
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FIG. 5"18.—Values of the magnitude of the 
reflection coefficient observed by the Sperry 
Gyroscope Company at 10 cm over a tidal canal 
with 1-in. ripples. The circles give measured 
points and the curve represents the theoretical 
values for smooth water. 
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Measurements were made by the Navy Electronics Laboratory1 in 
sheltered harbor waters near San Diego at a fixed range of 4900 yd and 
grazing angle of approximately 1° 39', using radar systems and specially 
constructed targets instead of the customary one-way circuit.2 The 
height of the target was varied through the interference pattern and the 
resulting variation in echo strength was used to obtain p by a procedure 
that may be illustrated in principle in the following way: If <̂> is assumed 
to be 180°, the equation for F can be written 

F2 = 1 + (Dp)2 - 2DP cos (k AR); 

F2 varies between (1 — Dp)2 and (1 + Dp)2 as k AR varies between 2mr 
and (2n + 1) T (where n is an integer) and is a linear function of cos(fc AR). 
A plot of F2 as a function of cos (k AR), derived from the echo strength,3 

then gives a straight line of slope — 2Dp. If the slope rather than the value 
of F2 in a minimum is used as a measure of Dp, the difficulties from rapid 
fluctuations in the minimum are avoided, and the accuracy then depends 
upon fitting a straight line through a series of points that are also subject 
to fluctuation, although perhaps relatively less than those in the minimum. 

After corrections were made for finite vertical target extent, the effec
tive values of p for horizontal polarization were so near unity that the 
departure from unity could not be detected on wavelengths between 2 m 
and 44 cm. Similar measurements on vertical polarization gave values 
between 0.6 and 0.4, slightly lower than the theoretical values for a 
smooth surface. 

Well-defined specular reflection of vertically polarized 1.25-cm waves 
from the sea was observed by the Radiation Laboratory on a one-way 
transmission path across the harbor at Gloucester, Mass. The terminals 
were about 40 ft above mean sea level. The variations of tide level of 8 to 
10 ft changed AR by about three wavelengths, producing a periodic varia
tion of received field strength as the interference pattern moved past the 
receiving antenna. Because of the fluctuations of the signal caused by the 
rough surface the ratio of field strength at the maxima and minima of the 
interference pattern could not be determined accurately, but it appeared 
to be in the neighborhood of 3 or 4, corresponding to values for p, of 0.5 
to 0.6. The grazing angle ^2 was about 0.2°. I t is interesting to note 

1 L. Anderson, J. B. Smyth, F. R. Abbott, and R. Revelle, "Radar Wave Propaga
tion," NRSL Report No. WP-2, Nov. 30, 1942, pp. 10-12. Further results were pre
sented at a conference at the Radiation Laboratory in July 1943. 

2 This method is susceptible to error because of the finite vertical dimensions of the 
target. At short wavelengths it may intercept several lobes; even if this is not true, 
it is likely to have sufficient vertical extent to cover a very sharp minimum. In the 
present instance this effect was corrected approximately by integrating the field over 
the target to obtain the echo strength. The principle of this method is discussed in 
Sec. 6-5. 

3 The echo voltage output of a linear radar receiver is proportional to P1. 
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that in a maximum the signal fluctuated about 3 db but in a minimum 8 to 
10 db. This is in keeping with the discussion in Sec. 5 6. 

Some of the most interesting evidence of specular reflection from the 
sea has been obtained by the General Electric Company of England.1 

One-way transmission was carried out with vertical polarization on wave
lengths of 5.81 and 6.35 mm between a fixed shore transmitter at heights 
of 15 and 48 ft and a shipbornc receiving terminal at a height of 63 ft. 
The range varied between about 1 and 10 km, but the grazing angle was 
always less than 1°. The ship followed a radial course from the shore sta
tion, and the resulting signal trace, obtained on recording milliammeters 
operating from the receivers, showed well-developed and fairly regular 
interference patterns. The positions of the maxima and minima agreed 
well with theory, and there was no evidence of superrefraction or other 
extraneous effects.2 The reflection coefficient pv was calculated from 
relative field strengths at the maxima and minima of the interference pat
tern and was found to vary between 0.25 and 0.8 on different runs; theory 
for a smooth sea and the same range of grazing angles predicted p„ to van-
between 0.87 and 0.97. The sea was reported to be fairly calm in all 
cases, having ripples of less than 12 in. and low swell. On the basis of the 
Rayleigh criterion discussed in Sec. 5-4 the heights of the surface irregu
larities would be required to be much less than 12 in. (more nearly 1 in.) 
over most of the range if p were to approach the theoretical value. 
Further experiments of this type, with the addition of objective measure
ments of sea state, are very much needed. 

6-8. Interpretation of Measurements.3—The measurements described 
in Sees. 5 6 and 5'7 indicate that for wavelengths of about 10 cm or less 
the amount of specular reflection is markedly affected by surface rough
ness. When the effective part of the reflecting surface is very smooth, 
which is usually true only over short paths, the measured values of p are in 
good agreement with the theoretical values for a smooth surface cal
culated from the known values of conductivity and dielectric constant. 
When the surface is rough, there is enough scattering of the incident 
radiation, particularly if it is horizontally polarized, to diminish the 
average intensity of the reflected wave appreciably. This can be equally 
true either at short or long ranges, but it is particularly noticeable over 
long transmission paths, where it is improbable that the whole reflection 
area will be sufficiently smooth for efficient specular reflection. The 
effects of surface roughness are manifested not by lowering p to a fixed 

1 H. R. L. Lamont and A. G. D. Watson, Nature, 168, 943 (1946). 
2 The wavelengths were chosen to place the 5.81-mm signal in the oxygen absorp

tion band and the 6.35-mm signal in a region where absorption should be negligible 
(see Chap. 8). The 5.81-mm signal showed, in addition to the interference pattern, 
an exponential range attenuation, from which a value of attenuation coefficient of 
1.5 db/km was estimated, a value considerably larger than that given in Chap. 8. 

3 By Donald E. Kerr and William T. Fishback. 
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value but by causing it to vary over a wide range during short time 
intervals. 

Because of the uncertainty in the field strength resulting from these 
fluctuations there is no unique value of field strength above the ocean at a 
given point in the interference region; the field strength varies continually 
and rapidly. In terms of coverage, this means that a unique coverage 
pattern does not exist, even for the overidealized case of a point target and 
an isotropic antenna radiation pattern. Prediction of radar coverage is 
then a statistical problem involving the instantaneous value of p for the 
sea surface and orientation and position of the target, in addition to the 
transmitted power, antenna gain, receiver sensitivity, etc. In the absence 
of more detailed information than that presented in Fig. 5-16 we suggest 
that a reasonable procedure is to calculate an "average" coverage diagram, 
using the theoretical value of p for vertical polarization. No universally 
applicable average value of p for horizontal polarization can be determined 
from Figs. 5-16 and 5-17. It should be noted, however, that the observed 
values appear to be, on the average for any angle, slightly higher than 
those for vertical polarization, and a conservative procedure would be to 
use the values for vertical polarization. 

Very few measurements are available for wavelengths longer than 
10 cm, but practical evidence with meter-wave radar (using horizontal 
polarization almost without exception) indicates that p for the sea is very 
nearly unity for grazing angles up to several degrees. The Rayleigh 
criterion does not seem always to be reliable, as large roughness effects 
have occasionally been observed even when the critical roughness was 
not exceeded. This is probably to be expected, for, as mentioned earlier, 
the Rayleigh criterion cannot be considered adequate for the present 
problem. Much more experimental information is needed, therefore, on 
the prevalence and magnitude of the fluctuations, and a more compre
hensive theory of the scattering from rough surfaces is also required. The 
practical importance of these questions requires no underlining. The 
answers are needed to determine to what extent free-space coverage is 
modified in the interference region by reflection from the sea.1 

REFLECTION COEFFICIENT OF LAND 

5*9. Measurements over Long Ranges.2—Reflection-coefficient meas
urements over land were made by the Radiation Laboratory3 at a wave-

1 The reader should not forget that for very small grazing angles p is effectively 
unity even for fairly rough surfaces. This fact is undoubtedly of importance for long
distance transmission caused by surface ducts, in which the elementary waves strike 
the surface at very small grazing angles. 

2 By William T. Fishback. 
' P. J. Rubenstein and W. T. Fishback, "Preliminary Measurements of 10-cm Re

flection Coefficients of Land and Sea at Small Grazing Angles," RL Report No. 478, 
Dec. 11, 1943. 
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length of 10 em using a technique identical with that described in Sec. 5-6. 
Measurements were made over flat, sandy land, with little vegetation, 
near Orlando, Fla.; over very flat farm land with low vegetation on Long 
Island; and over hilly, rocky land, thickly settled or wooded, near Boston. 
Flights were made between 600 and 10,000 ft, with the ground station 
sited at heights of 100 ft or less above the immediately surrounding ter
rain. For all three locations the signal recordings showed minor varia
tions but no regular interference patterns up to grazing angles of about 5°. 

In general the received power followed the inverse-square law of atten
uation within the horizon, indicating that free-space propagation was 
occurring. Figure 5-19 shows the results of such a flight made at Boston 

Range in miles 
F I G . 5'19.—Reflection-coefficient field-strength flight of July 16, 1943, using horizontally 

polarized 10-cm radiation with terminal heights of 100 and 3000 ft over rough land. The 
dashed line indicates the free-space field. 

with horizontal polarization. The observed signal obeys the inverse-
square law well at ranges of less than 43 miles and has variations in strength 
of up to 5 db, but it does not exhibit any regular interference pattern. 

The results obtained at the Florida site were similar and were sub
stantiated by calibration flights on a near-by 10-cm radar system, which 
showed no extension of detection range and no observable lobe structure. 
Calibration flights for a 30-cm radar system at the same site did show-
noticeable lobe structure, however. 

The locales selected for these measurments represent a broad range of 
surface conditions, from the very rough terrain near Boston to as flat land 
as will ordinarily be encountered. The results indicate that specular 
reflection over long ranges at wavelengths of 10 em or less is negligible for 
most land surfaces. (Exceptional cases are cited below.) On the basis 
of the Rayleigh criterion, described in Sec. 5-4, for each degree of surface 
roughness and grazing angle there should be a wavelength region in which 
the reflection changes in character from specular to diffuse; longer wave
lengths undergo appreciable specular reflection, but the shorter do not. 
The experiments indicate that this transition wavelength is greater than 
10 cm for most land surfaces and grazing angles down to about j°. The 
radar evidence at the Florida site suggests that it is less than 30 cm for a 
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fairly smooth surface, although the measurements were not sufficiently 
detailed to determine the magnitude of specular reflection. 

That specular reflection of microwaves over land is possible, given a 
smooth enough surface, is evident from observations made by the U.S. 
Army Signal Corps in California.1 One-way transmission measurements 
were made on a wavelength of 6 cm on an overland path 170 miles in 
length between Blue Ridge (5860 ft) and Mt. Hamilton (4300 ft). The 
grazing angle for this path is 0.19°. Fading of as much as 30 db was ob
served at times when soundings made near the point of reflection in San 
Joaquin Valley revealed essentially standard M-profiles.2 Installation of 
a second receiver below the first by an amount equivalent to one-half lobe 
of the expected interference pattern revealed that fading on the two cir
cuits was complementary, that is, when the signal strength increased on 
one, it decreased on the other. The most obvious explanation of this 
phenomenon is that large specular reflection occurred, producing a lobe 
structure that shifted slightly in the vertical direction because of minor 
variations in the shape of the ^/-profile.3 The geometry of the region of 
reflection lends plausibility to this suggested mechanism, because for many 
miles about the reflection point the land is semiarid and extremely flat, 
with almost no vegetation and an average slope of less than 5 ft per mile. 
It is reasonable to expect specular reflection over land at 6-cm wavelengths 
with as smooth a reflecting surface as this and the small grazing angle 
involved. This path is probably not typical of those to be encountered 
in microwave communications or radar. 

A second interesting example of efficient reflection from very flat ground 
is offered by some results observed on the GCA (Ground-controlled Ap
proach) radar instrument landing system. This system employs a very 
narrow 3-cm beam that scans vertically to measure the altitude of an ap
proaching aircraft. It is a common occurrence for a strong and well-
defined mirror image of the aircraft to appear as a result of reflection from 
the near-by ground, usually a very flat section of an airport. 

Measurements of the reflection coefficient at 3 cm were made by the 
Bell Telephone Laboratories4 on a 12.6-mile transmission path between 
Beer's Hill and Deal, N.J. (This is the path used for the experiments 
described in Sec. 4-23). The profile of the path was irregular enough to 
preclude exact calculation of the grazing angle, but its maximum value 
was considerably less than 1°. The interference pattern was investigated 

1 T . J. Carroll. "Complementary Diversity Reception on Microwaves," OCSigO 
Report No. RPS-4, Jan. 3, 1946; R. Bateman, Proc. IRE. 34, 662 (1946). 

2 Ground-based equipment was used, and irregularities above the sounding height 
may have occurred. 

3 Note the similarity to the results obtained in a somewhat different manner over 
water, described in Sec. 4-8. 

4 W. M. Sharpless, "Ground Reflection Coefficient Ivxperimcnts at X-band (3 cm) ," 
B T L Memorandum No. MM-44-160 250, Dec. 15, 1944. 
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by varying the transmitter height at such times when obviously standard 
refractive conditions prevailed. Such conditions occurred on Sept. 22 
and Dec. 4, 1944. The results obtained on these two days show no marked 
difference in spite of the seasonal difference in foliage. The over-all space 
variation in signal was observed to be less than 4 db, but it was so regular 
and repeated so exactly throughout all the observations that undoubtedly 
a slight amount of specular reflection was taking place. The values of 
p determined from the experiment are 0.17 for horizontal and 0.20 for 
vertical polarization. Attempts to determine the height of the effective 
ground-reflection surface have been carried out for two different assumed 
reflection points. Both show the height to be above the true surface by 
an appreciable amount. This is not surprising in view of the irregular 
profile of the path, which undoubtedly renders indeterminate the area or 
areas at which specular reflection occurs. 

5*10. Measurements at Short Ranges.1—The Sperry Gyroscope Com
pany2 also made measurements at wavelengths of 10 cm over various types 
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of land. These were similar to their overwater measurements (see Sec. 
5-7). High values of p were observed over level, dry, or wet sand; a finely 
plowed clay-sand field; tidal flats; and an airport. Moderate values were 
found over a slightly rolling field with grass 4 to 18 in. tall. Virtually no 
reflection was found when more thickly vegetated areas were investigated. 
Figure 5-20 shows typical values of p observed. Although an experiment 
carried out at very short ranges might be expected to be less affected by 
surface roughness, even this experiment confirms the fact that a very 

1 By William T. Fishback. 
2 E. M. Sherwood, "S-band (10-cm) Measurements of Reflection Coefficients for 

Various Types of E a r t h , " Sperry Gyroscope Co. Report No. 5220-129, Oct. 29, 194.1!. 
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smooth surface is required to prevent diffuse reflection of microwave 
radiation. The types of surface over which this experiment reveals good 
reflection are usually limited in area and would be likely to affect only a 
small portion of a radar system coverage diagram or a very fortunately 
sited communications link, such as the one used in the U.S. Army's 
California test. 

As was mentioned in Sec. 5-1, measurements have been made1 of the 
reflecting and absorbing properties of various samples of earth at 9 cm to 
determine their permittivities and conductivities. The reflecting prop
erties were determined by measurements over a 50-ft path with terminal 
heights of 10, 18.5, and 26.5 ft (corresponding to grazing angles of 20°, 
365°, and 46^°). Narrow antenna beams were used, and separate measure
ments made of the direct and reflected radiation. The surface consisted 
of a plot 20 by 30 ft which was raked and leveled with a plank until it was 
"optically" smooth. The reflecting properties of this sample for different 
degrees of wetness were found to be consistent according to Fresnel reflec
tion theory for the various grazing angles available and were used to obtain 
the values of ground constants listed in Sec. 5-1. 

Measurements were made over this and some other natural samples to 
determine the effect of surface roughness on the value of p. The trend 
predicted by the Rayleigh criterion (Sec. 5-4) was verified; it was found 
that if the product of the depth of the irregularity and sin i£2 was equal to 
X/5, the values of p were reduced by one-half; if the product was X/2, the 
observed values of p were 0.1 or less. Even a growth of short grass on the 
very smooth sample of earth was sufficient to reduce the value of p for 
horizontal polarization at these high grazing angles; the decrease was not 
so pronounced on vertical polarization, and on occasion an increase in the 
value of p was observed. 

Attempts were made to simulate conditions over the sea by raking the 
sample into a series of ridges having wavelengths of 60 to 120 cm and 
amplitudes of 5 to 16 cm. The ridges were placed at angles of 0°, 45°, and 
90° with the direction of transmission. In all three cases the observed 
values of p were materially decreased, so much so that evaluation of the 
effect of the various angles of inclination was not possible. Considerable 
spatial variation was present in the reflected radiation. The signal level 
measured over the reflected path was observed to vary with small displace
ments of the antennas, and the observed value of p was found to vary as the 
geometrical point of reflection moved from a wave trough to a wave crest. 

6-11. Measurements of Time Variations.2—It has been shown that the 
reflection coefficient of even dry ground, as measured over short ranges on 

1 L. H. Ford and R. Oliver, "An Experimental Investigation of the Reflection and 
Absorption of Radiation of 9-cm Wavelength," RRB/C107, Oct. 27, 1944; also Proc. 
Phys. Soc, 68. 265 (1946). 

2 Bv Herbert Goldstein. 
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carefully leveled plots, can be high; it is the common experience, however, 
that specular ground reflection is rarely found on microwaves for long 
ranges and appreciable grazing angles. This is not surprising because the 
irregularity of most terrain is such that the Rayleigh roughness criterion is 
exceeded. As a result the intensity of the wave reflected from the ground 
surface is small compared with the direct wave. 

I t also seems reasonable that this small scattered wave would fluctuate 
strongly under certain circumstances. Thus, if the reflection area is 
heavily vegetated, one would expect that the nature of the surface would 
be constantly changing with time—because of the wind. Again, if the 
reflection takes place over city areas and includes roads and railroad yards, 
similar effects seem reasonable. 

The transmission over a number of short paths, about 10 miles long, 
across the city of Boston was briefly observed simultaneously on wave
lengths of 9.2 and 3.2 cm. At the longer wavelengths the fluctuations 
were about ± 0.2 db, with an average period of about 5 sec. On 3.2 cm 
the amplitude of fluctuation was about + 0.5 db, with a period nearer to 
2 sec. The dependence of the signal characteristics on wavelength is in 
agreement with the hypothesis that the fluctuation arises from the ground-
scattered wave, and not from atmospheric turbulences (see Sec. 6-14). 

Additional evidence for this view comes from the results of crossing the 
polarizations of transmitter and receiver. From the normal depolarization 
of the paraboloid antennas a decrease of 20 to 30 db is to be expected. 
Actually decreases of 10 to 25 db were observed, and the signal fluctuated 
violently between these limits. I t seems therefore that over these paths 
there is an appreciable component scattered in such a manner as to rotate 
the direction of polarization. 

As in the case of fluctuations in the reflection from water, the problem 
of ground reflection has been too little explored. 

5*12. Interpretation of Measurements.1—The experiments described in 
Sees. 5-9 to 5-11 indicate that wavelengths of about 10 cm or less suffer 
specular reflection according to the Fresnel equations if the surface is suf
ficiently smooth but that they are sufficiently scattered by most types of 
earth surface so that little or no specular reflection will be observed except 
at almost zero grazing angle. The critical factor in determining specular 
reflection is the roughness of the surface, not the conductivity and dielec
tric constant of the surface. Reflection can be observed at either long or 
short ranges, as indicated by the California and Sperry measurements, but 
it is probable that it will be observed oftener at short ranges. Terrain 
similar to that over which Sperry found high reflection coefficients is fairly 
common, but it is usually not extended in area (desert regions are a possible 
important exception). A microwave system operating over long ranges 
may illuminate a smooth plowed field, but it may also illuminate trees, 

1 By William T. Fishback. 
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fences, buildings, and other large objects in the first few Fresnel zones to 
such an extent that the reflection will become largely diffuse. The spec
ular reflection observed at long ranges on microwaves in California is 
understandable, in view of the small grazing angle and the presence of a 
very large and very flat area in the region of the point of reflection, but 
frequent occurrence of such a combination on overland microwave long-
range communications links seems improbable. It seems even less prob
able that reflections and lobe structure would be pronounced on a 10-cm 
search radar system, for in this case the flat reflecting surface is likely to 
be limited in azimuth. (Specular reflection over ground has been observed 
on microwave radar systems, but only when the system was at a low site 
near an airport runway or similar flat surface.) Such systems operating 
over land should not be expected a priori to provide other than free-space 
coverage. 

No quantitative data are available for long wavelengths; but judging 
from the meager qualitative information available for 30 cm and above, it 
would appear that specular reflection over ordinary terrain improves 
rapidly with increasing wavelength, but whether or not in accordance with 
the Rayleigh criterion one cannot say. Accurate determination of this 
trend is a problem for the future. 

ERRORS IN RADAR HEIGHT MEASUREMENTS 

BY WILLIAM T. FISHBACK 

Although the range and azimuth of a radar target can be easily deter
mined with considerable accuracy, the problem of measuring height is more 
involved and frequently susceptible to considerable error. To find the 
height of a radar target, it is convenient to measure the angular elevation 
of the target. Two common methods consist of varying the elevation 
angle of the radar antenna to find the direction from which maximum echo 
is received on single beam or varying the elevation angle to equalize the 
echo on two overlapping beams symmetrically displaced relative to the 
mechanical axis of the antenna.1 Once the elevation angle is determined, 
graphs, tables, or automatic computers may be used to determine the 
target height over a spherical earth as a function of elevation angle and 
range, assuming standard refraction. This assumption may lead to errors 
at very low angles under nonstandard refractive conditions; and although 
the magnitude of the angular error will be small, the resulting error in 
height may be excessive. Much greater errors will be introduced at low 
elevation angles when appreciable surface reflection occurs. When this is 
true, maximizing signal strength by varying tilt of the antenna will not 

1 The latter scheme has been referred to in the past as "pip-matching" or "lobe-
switching." 
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guarantee that the antenna is pointed directly at the target, nor do equal 
echo strengths on overlapping beams guarantee that the angle of elevation 
of the antenna is the true angle of elevation of the target. This phenom
enon has not been analyzed completely, but a qualitative summary is 
possible of the effects that surface reflection can have on radar height 
measurements. In the following discussion standard refraction will be 
assumed. 

5-13. Qualitative Discussion.—We shall first consider the case of height 
measurement by maximizing echo strength on a single beam. In terms 
of the transmission formulas, we must find the value of antenna elevation 
angles £ that makes the pattern-propagation factor F a maximum for a 
given fa. In the case of free-space propagation we have, from 
Eq. (2-453), 

F = f(fa - Q, 

which has a maximum value of unity when ^i = {. In other words, 
there will be no height-finding error introduced in this case, as one would 
expect. When surface reflection takes place, errors are introduced. When 
the target is in a lobe maximum, we must maximize 

F = \f(fa- & +DPf(-fa- r,- &\, 

but for a target in a minimum we must maximize 

F = \f(fa- & - Dpf(-fa-n- f)|, 

by variation of f alone. In the former case F has a maximum value 
for £ < fa; in the latter case the maximum occurs for £ > fa, where £ is a 
positive angle. There will also be negative maximum values of £ where 
£ > {—fa — 77) in a lobe maximum and £ < (—^2 — v) in a lobe minimum. 
As a result the indicated elevation angle will oscillate about the true 
elevation angle and its mirror image as the target moves through the 
interference pattern. We can see the physical reason for this variation 
of £ by considering a radar with its antenna pointed directly at a target 
in a lobe maximum. If the antenna is lowered, the return along the direct 
ray will not be greatly reduced, but the return along the reflected ray 
will be materially increased. Thus the total returned signal will be 
increased by decreasing the antenna elevation angle. In a like manner, 
if the target is in a minimum and the antenna is raised, there will be less 
destructive interference from the reflected ray and the signal return will 
be increased. A similar argument holds for oscillations about the mirror 
image of the true elevation angle. 

An example of the errors produced is shown in Fig. 521 in which F2 

(a measure of the received field at the radar or of the energy density 
incident on the target) has been plotted as a function of £ for targets at 
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elevation angles of 1°, 2°, and 3°. An "error-curve" antenna pattern 
with a 3° beam width was used, and it was assumed that ^i ~ ^2 + y, 
which is a good approximation for a radar at a very low altitude looking 
at an aircraft. An effective reflection Dp of 0.8 was used. The upper 
and lower solid curves give the value of F2 when the target is in a maximum 
and minimum respectively; the dotted curve shows the value of F2 that 
would be observed in free space, which is just /2 . It can be seen that for 
high enough angles accurate height measurements will be possible. This 

2.5 r * , 
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FIG. 5*2].—Relative intensity of illumination of a target at elevation angles of (a) 3°, (b) 2°, 
(c) 1°, as a function of tilt angle. Half-power beamwklth = 3°; Dp = 0.8. 

region is between 2° and 3° in this case. As the elevation angle of the 
target decreases, the field strength in a maximum will increase and that in 
a minimum will decrease. At the same time the indicated elevation angles 
in a maximum will approach zero; indeed as indicated in Fig. 5-21e the 
system will scarcely be able to resolve the target and its image. In 
a minimum, however, the value of |£j for maximum F2 will diverge more 
and more from zero as the true elevation of the target decreases. 

The figure would seem to indicate that at low elevation angles the 
indicated height would oscillate about the true height, varying in both 
directions. If the low elevation angle occurs at a great range, however, 
the value of F2, even when at its maximum, may be very small in an 
interference minimum (see Fig. 5-21). As a result, the indicated heights 
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may all be too small, as the echo may be strong enough to be detected 
and maximized only when the value of F2 is sufficiently large, near an 
interference maximum. It has been observed in practice that indicated 
heights for low elevation angles and great ranges are all too low because 
of this phenomenon.1 

In the "lobe-switching" scheme of 
height-finding, we do not maximize F 
but require that the F associated with 
the upper beam be equal to the /'' 
associated with the lower beam. Let 
£ be the elevation angle of the cross
over point of the two beams, and let 2f 
be the angular separation between the 
beam maxima, as illustrated in Fig. 5-22. 
Now when the target is in a lobe maxi
mum, we must have 

FIG. 522.—Fundamental ai.gles in prob
lem of height-finding by lobe-riwitching. 

= \f(h s + r) + Dpf(- " ^ 2 £ + f)l, (43) 

whereas in a lobe minimum we require 

F = |/(*i - f - f) - Dpf(-h - v - i - f)| 
= l/(*i - « + $■)- DPf(-h - „ - { + f)|. (44) 

Though for a single beam it seemed reasonable to expect two regions of 
oscillation, one about the true elevation and the other about the mirror 
image, in lobe-switching it would seem reasonable to expect a third region 
of oscillation at the point where the antenna was pointed horizontally. 
Because the return along the reflected ray is always less than along the 
direct ray (Dp < 1), this third branch should occur in the region of very 
slightly negative tilt angles. This hypothesis is confirmed in Fig. 5-23, 
which is a plot of indicated height against true height at a constant range 
where the dotted lines A and B are solutions of Eq. (43) and C, D, and E are 
solutions of Eq. (44). The solid lines are the graph of indicated height that 
the radar system could observe. The figure shows that two negative 
branches do indeed exist with a lobe-switching scheme but that in the 
region ED, these negative branches merge and accurate height measure
ment is possible only when the target is near an interference minimum. In 
this region the oscillations become discrete "islands," which are the only 
part of the negative branch of practical importance. Most errors will 
occur during the oscillations in AC with occasional excursions into DE. 

1 It should also be pointed out that side lobes have been neglected in Fig. 5-21. They 
will cause very small variations of indicated elevation angle in the region where good 
height measurement is to be expected (Fig. 5-21a). 
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At greater heights (and elevation angles) where the allowed regions are 
AC, BE, and BD, the system will remain in AC and will give fairly accurate 
height data. 

No precise quantitative analysis of the limiting angles for good height 
measurement has been carried out, but some plane-earth calculations for 
10 cm,1 assuming an error-curve antenna pattern and the theoretical values 
of p for a smooth sea, give an estimate of the limiting angle of elevation 

below which height measurements 
are likely to be seriously in error. 
The angular error will be 0.1° or 
less for horizontal polarization if the 
antenna is elevated by at least its 
half-power beamwidth and for ver
tical polarization by 75 per cent of 
its beamwidth. The calculations 
showed that the advantage of 
single-beam maximizing over lobe-
switching was negligible, eventually 
disappearing as beamwidths were 
narrowed. Operational evidence 
indicates that these values are some
what pessimistic, at least for conical 
scanning, and that height-finding 
can be made successfully at some
what lower angles. This is probably 
attributable primarily to the fact 
that the average reflection coefficient 
for horizontal polarization and sea 
water tends to be lower than the 
theoretical values for a smooth sea 
(see Sees. 5-5 to 5-8). 

Although this fact may indicate 
the reason for the increased region 
of good height measurements, it 

also shows that height cannot be measured down to zero elevation angle 
over water. As long as substantial specular reflection occurs, oscillations 
in the indicated elevation angle will occur with an amplitude depending 
upon p, the antenna beamwidth, and the elevation angle. Because reason
ably large values of p occur near grazing incidence over water for both 
polarizations down to wavelengths at least as low as 3 cm, the only 
obvious practical way to increase the region of accurate height measure-

1 R. A. Hutner et al, " R a d a r Height-finding," R L Report No. 21, April 6, 1943. 
The analysis referred to was essentially empirical: it is probably not suited to general 
application in a strictly quant i ta t ive manner 

FIG. 5-23.—Height indicated by a lobe-
switching radar a.s a function of true height 
at constant range. 
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ments using the present schemes is to decrease the vertical beamwidth 
of the antenna by increasing the vertical aperture or by shortening the 
wavelength. 

Overland specular reflection of microwaves is likely to be sufficiently 
small to permit accurate height measurements at small elevation angles, 
but care must be taken in siting a radar so that it will not illuminate any 
large area sufficiently flat to give appreciable specular reflection. 
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F I G . 5-24.—Theoretical values of indicated height of a target at 1000 ft viewed by a lobe-
switching, horizontally polarized 10-cm radar sited at 125 ft and having a beamwidth of 4.4°. 

5*14. Illustrative Examples.—An example of the oscillations in indi
cated height is shown in Fig. 5-24, in which indicated height is plotted as a 
function of range for a target height of 1000 ft. The curves are drawn for 
a horizontally polarized, conically scanning 10-cm radar system having a 
half-power beamwidth of 4.4° and sited at a height of 125 ft. Theo
retical values of p for a smooth sea have been used in computing the curves. 
At short ranges only the envelopes of maxima and minima are shown. It 
will be seen that accurate height measurement will be possible in this case 
only at ranges of about 2 miles or less. At greater ranges large oscillations 
will occur, and on occasion the system may even indicate negative heights 
if it becomes locked in one of the "islands" of the negative branch. Figure 
5-25 shows the envelopes of the oscillations for the geometry of Fig. 5-24 
with horizontal and vertical polarizations. The difference between 
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FIG. 5'25.—Effect of polarization on amplitudes of indicated height oscillations shown 

in Fig. 5-24. 
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F I G . 5-26.—Height-finding errors observed by a laboratory model of SCR 584 tracking 
a plane at 600 ft. (a) Height error as measured by telescope; (6) height of target as indicated 
by radar. 



SEC. 514] ILLUSTRATIVE EXAMPLES 443 

True target 
height 

+ 1200 

+ 1000 

+ 800 

+ 600 

^ +400 

is, + 2 0 0 

DO 

-c 

0 

-200 

-400 

-600 

- 8 0 0 

-1000 
FIG. 5-27.—Comparison of theoretical and observed indicated heights for a target at 600 ft 

tracked by a laboratory model of SCR 584 at 100 ft over the sea. 
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polarizations is slight in the positive branch and would be even less had 
experimental values of p been used (see Fig. 5-16). 

Experimental confirmation of height-finding errors is contained in 
some experiments carried out with an early laboratory model of the 
SCR-584 radar set in which the system was used to track an airplane 
flying a radial course at a constant height. During the flights the height 
indicated by the radar was recorded and checked by telescopic measure
ments of the angular displacement between the target and the antenna 
axis. Figure 5-26 shows the indicated height as observed by the radar 
and the height error as measured by the telescope as a function of range 
for a flight at 600 ft. In Fig. 5-27 points from several such flights are 
shown along with the appropriate theoretical curves. Figure 5-28 shows 
a similar plot for a target height of 450 ft and a radar height of 25 ft. 
In both cases the positions of maxima and minima check surprisingly 
well, although there is a tendency for the amplitude of the oscillations to 
exceed that predicted by the theoretical curves. This phenomenon is 
probably caused by variations in the instantaneous value of p and by 
mechanical overshoot of the tracking system. In all, about 30 sets of 
data were taken with this system for antenna heights of 25 and 100 ft and 
for target heights from 20 to 600 ft. On all flights large oscillations of 
indicated height were observed and frequent large "negative heights" 
were encountered. 



CHAPTER 6 

RADAR TARGETS AND ECHOES 
BY DONALD E. KERR AND HERBERT GOLDSTEIN 

In the earlier parts of this book it has been assumed that radar targets 
could be characterized by the radar cross section a, which has been treated 
primarily from the phenomenological point of view. In this chapter we 
shall examine the properties of a and its relation to the properties of the 
target. I t will be found that in only a negligible number of extremely 
simple cases is it feasible to calculate a from the geometry; the remaining 
cases, which for the most part are those of greatest practical interest, are 
beyond the scope of existing mathematical methods. 

THE RADAR CROSS SECTION OF ISOLATED TARGETS 

BY DONALD E. KERR 

If the target subtends a sufficiently small angle, as viewed from the 
energy source, the incident wavefronts may be considered plane. The 
problem of calculating a of such a target in free space is thus reduced to the 
problem of scattering of a plane wave. The problem can be solved exactly 
for a sphere and approximately for a few other simple shapes. The solution 
for the sphere will be given in some detail because the results are needed in 
later sections, and because the general method serves as a pattern that 
can be used in approximate form for other cases. In all cases the medium 
external to the target is assumed to be free space. 

6*1. Scattering from a Sphere.—The diffraction of a plane wave by a 
sphere was first given by Mie1 and has been elaborated upon by Stratton,2 

whose method of treatment will be outlined very briefly here. For details 
Stratton's analysis should be consulted. 

To describe the scattering of plane electromagnetic waves from a 
sphere, solutions of the vector wave equation must be found that add up to 
give a plane wave at large distances from the sphere but are of the proper 
form to satisfy boundary conditions at the surface of the sphere. As is 
well known, in a charge-free homogeneous and isotropic medium E, B, D, 
and H satisfy the vector wave equation 

V2C + &2C = 0. (1) 
1 Mie, Ann. Physik, 26. 377 (1908). 
! J. A. Stratton, Electromagnetic Theory, McGraw-Hill, 1941, p. 563jf. 
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In spherical coordinates R, 8, <t>, it is possible to construct solutions to 
Eq. (1) from the vectors M and N derived from the solutions of the scalar 
wave equation VV + k2\f/ = 0 in the following manner: 

M = Vi x R = i V x N, (2) 

N = i V x M, (3) 

where R, the position vector, is iTR. It is clear that M and N are proper 
functions to represent E and H, because each is proportional to the curl 
of the other, and it is also easily shown that V ■ M = V • N = 0. We shall 
express E and H in the form 

E = - ^ (anM„ + 6„N„), H = X ^ (a„N„ + 6„M„), (4) 
n n 

where the coefficients a„ and bn are to be determined.1 

The elementary solutions of the scalar wave equation are 

0 b i l l 

in which P?(cos 8) are the associated Legendre polynomials and z„{kR) 
are spherical Bessel functions appropriate to the range of R under considera
tion. The subscripts e and o describe solutions that are even or odd in <j>. 
Inside the sphere of radius a, where the field remains finite, we use the 
Bessel function of the first kind: 

zn(kR) = j„(kR) = yj^Jn + ii(kR), R^a. (6) 

Outside the sphere where the field is a traveling wave we use 

zJkR) = h™(kR) = ^J^HZ+HW), R^a, (7) 

where H"+ ii(kR) is the Hankel function of the second kind.2 

The incident and scattered waves and the field inside the sphere must 
now be expressed in terms of M and N. If Eq. (5) is inserted into Eqs. (2) 
and (3), and if the time factor is removed by writing 
M = me*"' and N = ne'"', we find 

— • m n T>\ T>mf o\ Sin , . n m <£P?(C0S 8) COS „ j . /Cs. 
m ' - " = + leshTe Z"( ^ f » ( c o s 0) c o s m * ~ l*z"{~kR> d8 sin m<t'' ^ 

1 The vectors M and N are assumed to form a complete set in the absence of space 
charge. 

2 The Hankel function of the second kind is required here because the time variation 
is assumed to be e+'"'. 
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n.. . = U n ( n
f c + 1] zn(kR) PZ(cos 8) V? m<j> 

, | 1 ^ , p . n.UM d PnjCOS 6) C O S . , . , 
+ lekRdR Wz^kRK Td sin w * 

TO d sin T !*kR^Teas [ f e » ™ «««"f l) cos«♦■ W 
If the positive direction of propagation is the 2-axis, the incident 

plane wave to be represented is of the form 

(S)-(£>"■ (z = R cos 0), 

where a is a unit vector with components along the x- and y-a,xes. It can 
be shown that a plane wave traveling in the z direction in free space and 
polarized on the x-axis can be expressed in terms of the vector functions by 

E< = i I tf0e«"'-M = E0e«" ] ? ( - i )» J ^ + *} (moln + meln) 

1 (10) 
v 2n + l 
> ( - i ' ) n (mPl„ - m„ ln); 

^ ^ ^ w(n + 1) 
r< = ,• l ! „ « . ' - « = _ ^ 2 e 

n = l 

where TJ0 is the intrinsic impedance of free space, 120TT ohms, and where 

^ = ±«• s ^ * * * Fi(cos « Z * - w.(*«) " ^ ^ Z *■ <"> 
„o = i, !^_+i) i n ( f c j B ) Pi (cos ,) ̂ n P J . P ) ] ' dP^osfl sin 

!" kR J c o s v Mi dd cos v 

. [^ . ( fcf l ) ] ' n ( c o s 6) cos , ( 1 2 ) 

± * kR sin 9 sin *• 

The primes indicate differentiation with respect to the argument. It is 
of interest to note that m in Eqs. (8) and (9) has become unity, because of 
the physical requirement that the field must depend upon 0 only as cos <f> or 
sin <f>. The subscript for m is dropped to simplify notation. Equations 
(10) to (12) express the unperturbed plane wave incident on the sphere. 

The induced secondary field consists of two parts, one scattered by the 
sphere and the other inside the sphere. They will be referred to as the 
scattered and transmitted fields, denoted by superscripts s and t. The 
transmitted field will involve the j n radial functions, but the scattered field 
behaves as a spherical wave for large R and requires the /i™ of Eq. (7) in 
place of j n . This modification in Eqs. (11) and (12) will be indicated by 
m^' and n^>. If the propagation constant of the sphere is kj, where 
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k\ = wVi'i — iwMio'i, we can now write the scattered and transmitted fields 

2n + 1 E« = Eve*"' > (-i)n ~r 4^1 n(n 

H« 

+ D 

2n + 1 

{aimS + ibfa%), 

■R > a, 

W 2 / j «(n + 1) {0nmen m^m>' 

Eve* 
2n + 1 

H' = 
&>Mi 

■Eoe" ! 2 ( - ^ 
i) 

2n + 1 

(o'nmon + ib'„ael 

(n + 1) 
(6^men — w'„non), 

• fi < o. 

(13) 

(14) 

(15) 

(16) 

The boundary conditions for continuity of tangential components of 
E and H at R = a are 

ir x (E' + E») = i, x E', 
i, x (H1 + Hs) = ir x H(, (IV) 

where the incident field is given by Eq. (10). Carrying through this opera
tion yields four equations for the coefficients a'n, bs

n, a'n, b'n, of which only 
the first two are of interest for the present purpose. If we assume that 
fii — no, and if we introduce the complex refractive index nc and a conven
ient measure of the size of the sphere p, 

fci nc = V s c = ~ = \ A i l<Tl/o)<0, 

ka — 2ira 

b% = 

j n ( p ) {ncpjn(ncp)]' — jn(ncp) [pjn(p)Y 
«"(p) [ncPjn(ncP)Y - jn(ncP) [ P « ? > ( P ) ] " 

n2cjn(ncp) [pjn(p)Y - JJp) [ncpj„(ncp)]' 
n?jn(ncp) [ptt'Kp)]' ~ h^ip) [ncpjn(ncp)]'' 

(18) 

The complexity of Eq. (18) and the lack of tables of j„ and hn for complex 
argument place severe limitations on calculations for spheres of arbitrary 
size and complex refractive index. The progress that has been made thus 
far will be described in Chap. 7; for the moment, however, we shall continue 
with the development of general expressions for the power scattered and 
absorbed by the sphere. 

The effect of the sphere on the incident wave may be most conveniently 
determined by integrating the Poynting vector over the surface of a 
spherical surface concentric with the scattering sphere. The time average 
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of the radial component of the Poynting vector is 

SK = JRe(E x H*) = §Re(2?»#; - E<,H]), 

where E and H are the sum of the incident and scattered fields. With 
appropriate grouping of terms, this becomes 

S* = § R e [ ( £ ^ r - EW) + (tfjfff - tfjfff) 

+ {E\H$ - EiHT + E\W; - EW)]. 

The integral of SR over the external spherical surface gives the net outflow 
of energy from the sphere. As the sphere is a sink rather than a source of 
energy, this quantity is negative; it will be denoted by — Pa, where Pa is 
the power loss in the dielectric of the sphere. The integral of the first term 
on the right of Eq. (19) is zero, as it gives the net outflow of energy in the 
incident plane wave. The second term, when integrated, yields the total 
power scattered out of the incident wave and will be denoted by Ps, a posi
tive quantity. If we denote the integral of the third term of Eq. (19) by 
— P,, we see that 

P, = P. + P.; 

that is, Pt gives the total power removed from the beam by scattering and 
dielectric loss. We must now evaluate n; (E$Hs; - E\Hf + EIH* - EIH?) W sin 6 dd d<t>. (20) 

The integration is performed at a very large value of R, and the asymp
totic expansions for zn(kR) are employed: 

MkR) « ™ cos (kR - ^ ± J ^ . (2i) 

W\kR) ~l-^-e-'tR. (22) 

The integration of Eq. (20) may now be performed, using Eqs. (21), (22), 
(8), and (9) and certain orthogonality relations of the Logendre functions. 
This is a lengthy and complicated task and will not be given here. The 
final result is 

- T J 5 3 
Vok" 

Re V ( 2 n + 1 ) K + b'n). 

The total scattering cross section of the sphere Q, is the ratio of the total 
scattered power P, to the incident Poynting vector SI = E%/2rio; 

Q, = - f j Re V (2n + l)(as„ + bs
n). (23) 
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We shall employ Q, in the following chapters in connection with attenuation 
by spherical raindrops. 

The radar cross section may be obtained from the radial component 
of the Poynting vector of the scattered wave, given by the second term of 
Eq. (19) and computed at a large distance for the backward direction 6 = T. 

S*H = i Re (EiH* - EiPf). (24) 

If Eq. (22) is employed in Eqs. (13) and (14), it is readily found that for 
very large R, 

El = *ff J = -Eoe-
ikR S in 

n(n 
In + 1 

+ 1) 

(cos B) , , (JPj(cos 6)\ 
1 "n Jo I sin 8 dd c o s <j>, 

(25) 

Es
t = — i)uH f 

E&-
ikR V 

Zj n(n 

2n + 1 
+ D 

/ , rfPj(cos 0) , j . PiCcos 0) 
I «n Ja -T "n de s i n 6 

1 s i n </>. 
(26) 

Then Eq. (24) becomes 

ra = 1 m = 1 

) rfP: rfP1 / \ P1 dP 1 

+ W^f V°a™ sin2 * + VnK cos2 V + £"e W (27) 

( o M cosJ * + a K sin2 « ) + ^ ^ f a',6S cos2 * + <4* 6s
n sin2 <t>j\. 

This equation gives the power scattered in the direction 9, 4>. For back 
scattering it must be evaluated for 9 = ir. For this purpose we employ 
the relations 

P i (cos 0) dPi(cos 6) 
sin 5 J , _ T [ d(? 

and after some manipulation obtain 

/ i 0 

= ( - 1 ) -
n(n + 1) 

S^-2^Rj\X{-1)n(n + ^){a"-K) (28) 
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Recalling the definition of <r, in the present notation, 

where 5} is the magnitude of the Poynting vector incident on the sphere, 
E%/2rio. It is particularly convenient to employ the ratio of a to the geo
metrical cross section of the sphere, 

-*|2> ■l)-(2n+ l ) ( < 4 - 6 i ) (29) 

Although Eq. (29) is simple in appearance, lumerical calculations for a 
wide range of sphere radii and dielectric properties present serious difficul
ties. We consider at first the case for p « 1. If we expand Eq. (18), dis
carding powers of p higher than the sixth and writing ec = n\, we have1 

a\ 

bl 

bl 

= 

= 

= 

1 i 
~ 4 5 f e 

3 ec 

15 2ec 

- 1)P5, 

^-i'l 
^ 

(30o) 

HSrl'-,"i^ip) (306) 
(30c) 

The physical interpretation of the a'n and bs
n coefficients aids in visualizing 

the mechanism of the scattering process. I t can be shown that b\ is the 
amplitude of a field distribution on the sphere corresponding to a simple 
electric dipole oriented along the x-axis. Also a\ is directly related to a 
magnetic dipole field distribution, and a% to a magnetic quadrupole. In 
general, the an's and 6„'s are proportional to the amplitudes of magnetic 
and electric multipoles, which are induced by the incident wave.2 

Returning to Eq. (30), we observe that for sufficiently small p and finite 
zc only the first term of Eq. (306) is important, 

bl ~ l 3 sc + 2 p ' 

that is, the sphere behaves like an electric dipole. Its dipole moment is 
easily shown to be 

p = 4fl-€0
 C , 0 a3E0. 

1 Values for b' and b'2 are taken from L. Goldstein, in Radio Wave Propagation, 
Academic Press. New York, 1949, p. 271//. Goldstein reports that 6! and 63 as given by 
Stratton are incorrect, that Eq. (35), p. 571, should have 2n + 1 rather than In + 2, 
and that the right side of Eq. (36) should be negative. 

2 For a detailed discussion of the multipole fields and their magnitudes, see M. 
Born, Optik, Springer, Berlin, 1933, pp. 274ff. 
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Equation (29) yields, for this case, 

- 1 
4 Ec + 2: 

This is precisely the well-known Rayleigh scattering law (for the backward 
direction), which occurs in all problems of scattering of electromagnetic 
radiation by very small dielectric spheres. Two cases that are of some 
interest in special applications are 

Finite |e„| » 1, ~ = 4p4 = 6.234 faj X 103, 
iraL 

\ec\ « 1, ^ = P* = 1.559 ( " ) X 103. 5 5 9 ( j ) ' 

The scattering coefficients for spheres with infinite tc (either infinite 
dielectric constant or conductivity or both) may best be obtained directly 
from Eq. (18): 

ns jn(p) M - _ [ « ? " W lonA\ 

If, as before, these expressions are evaluated for small p, we discover that 
both a\ and 6f now contain terms in p3 but t | begins with p5. If we retain 
only the p3 terms, 

a\ = - ^ P3, (30e) 

b{ = -i\p3- (30/) 

[Equation (30/) can be obtained directly from Eq. (306), but this is not so 
simple for Eqs. (30e) and (30o)J. We now observe the interesting fact that 
the magnetic dipole term is half as large as the electric dipole term and in 
phase with it. The effect is to increase a by a factor {■ over the value for 
large but finite sc: 

a 9p4 = 1.403 ( - ) X 10*. 
^2 (0' 

Figure 6-1 shows the radar cross section for a sphere with infinite con
ductivity. For small a/X the Rayleigh law is followed closely,1 but above 
about a/X = 0.1 the higher-order multipole moments become larger and 
fluctuate in phase and magnitude in a complicated way, causing the curve 
to exhibit marked oscillations. The oscillations dimmish slowly in ampli
tude,2 and a approaches asymptotically the geometrical cross section as a/X 

1 Unfortunately the dashed line labeled "Rayleigh Law" is displaced to the right 
of its correct position. It should follow a/ira1 = 1.403 (a/X)4 X 10*. 

2 Presently available tables permit calculations only up to p = 10. 
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becomes very large. It will be shown in Sec. 6-3 that this is just the value 
to be expected on the basis of geometrical optics. 

The analysis of scattering by a sphere has been sketched in sufficient 
detail to show the principles required for ah exact solution. It is clear that 
fulfillment of boundary conditions equivalent to Eq. (17), in order that 
coefficients of the scattered waves can be obtained, automatically limits 
the shape of the target to a handful of the simplest geometrical forms. 

a/A 
FIG. O'l.—Ratio of back-scattering cross section to geometrical cross section as a function 

of radius to wavelength for a sphere with infinite conductivity. The line labeled "Rayleigh< 
Law" is misplaced. Sec footnote on page 452. 

This geometry must correspond to a coordinate system in which the wave 
equation is separable, and which gives rise to ordinary differential equations 
with solutions of known properties. These properties must be sufficiently 
simple that the necessary manipulation of these functions does not require 
unreasonable effort. As an illustration of how difficult these operations 
can be with a seemingly simple target, the analysis of scattering from an 
ellipsoid has been completed only for limited range of shapes because the 
general solution offers such great practical computational difficulties.1 The 
remainder of this chapter will be devoted to approximate methods of calcu
lation of cross section and to measurements of cross section of targets that 

1 F. V. Schultz, "Scattering by a Prolate Spheroid," Aeronautical Research Center, 
University of Michigan, Mar. 1, 1950. 
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become progressively so complicated that the methods become essentially 
empirical in nature. 

6-2. Vector Form of Huygens' Principle.—As the rigorous method of 
the preceding section cannot be applied to most problems, we shall consider 
a second method that forms the basis for solution of essentially all diffrac
tion problems that can be solved. I t is the familiar Kirchhoff-Huygens 
principle, which states that if the value of a field quantity is known at every 
point on any closed surface surrounding a source-free region, each elemen
tary unit of surface can be considered as a radiating source, and the total 
field at any interior point is given by integrating the contributions of all 
the individual elements over the surface. This principle is generally given 

F I G . 6"2.—Plane wave incident upon a surface S of arbitrary shape. The direction of prop
agation is Ho, and the normal to the surface at any point is n. 

in a form appropriate for scalar fields, such as sound. It is frequently 
applied in this form to vector fields, such as those of electromagnetic waves, 
despite the fundamental differences between the two kinds of field. Such 
procedures cannot yield information on polarization, however, and conse
quently are not suitable for the present purpose. Recently Stratton and 
Chu have given a particularly elegant and compact statement of the Kirch
hoff-Huygens principle for electromagnetic waves,1 which will be used 
here to calculate scattering cross sections. (The same method could have 
been applied to the sphere.) 

If a plane wave falls on an object of arbitrary surface S, shown in 
Fig. 6-2, the object scatters the incident wave, and we may consider the CUT-
rents and charges within the object as the source of the scattered wave. 
We shall specialize the present analysis in two ways: (1) Only scattering 
back along the direction of the incident wave will be calculated and (2) 
the scattering object will be considered to have infinite conductivity. The 
second restriction requires all fields inside the object and the tangential 
component of E and the normal component of H on the surface to be zero. 
Then the scattered field is given by 

H* **JS 
(n x H,) x v - dS, (31) 

1 J. A. Strat ton, Electromagrtetic Theory, McGraw-Hill , New York, 1941, Sec. 8-14. 
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where the surface of integration is the surface of the object and a closed sur
face at infinity (the integral over this surface is zero), n is a unit normal to 
the surface, H, is the total magnetic field on the surface and is entirely tan
gential to the surface.1 

Because we consider only targets at distances large compared with 
dimensions of the target and only back scattering, 

v ( - r * ) ~ - n . ( « ^ } 

where r is the distance from any element of area dS to the point of observa
tion (in this case the source of the wave). The r in the denominator may 
be replaced by R, the distance to the center of the target. In the exponent, 
however, we must use better approximations. Then Eq. (31) becomes 

H" = - ^ / n„ x (n x H,)e - itr dS. (32) 

The term n x H, can be recognized as the surface current K on S, which 
sometimes aids in visualizing the scattering pattern. 

As the system is linear, H, will be proportional to the incident magnetic 
field, the magnitude of which is Ha. Then we may write 

H, = ijhi(x,y,z), (33) 

where £(x,y,z) is a complex function describing the variation of field over 
the surface and i, is a vector (not in general of unit length) tangent to the 
surface and giving the direction of the total surface field. 

The ratio of the scattered to the incident Poynting vector is proportional 
to the square of the ratio of scattered to incident fields; so the scattering 
cross section becomes 

<S* Iff*2 

a = 4TTK2 %-. = 4;rK2 § -
o j Ho 

or 

(34) 

Thus far the only approximation has been that for large distances. It 
has been assumed that H, is known, but H, will be known exactly only if 
the boundary value problem can be solved. It was pointed out in the pre-

1 Equation (31) is Stratton's Eq. (20), ibid., p. 466, adapted to the present case. 
It might be mentioned here that a method of approach more frequently used involves 
calculation of the surface currents, the resulting vector potential, and then the field 
from the vector potential. This method is equivalent to the one to be given here but 
involves more mathematical manipulation without increasing the clarity of the pro
cedure in the present case. The derivation of Eq. (31) requires that the fields and 
their first derivatives be continuous on S, but we shall apply it to cases in which this 
condition is not strictly fulfilled. Because we consider only objects larger than the 
wavelength, the necessary correction terms are small and will not be given here. 

no x (n x i,) i(x,y,z)e" 'dS 
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ceding section that exact solutions can be obtained in only a very few cases. 
We shall next consider applications of Eq. (34) to cases in which it is possi
ble to obtain approximate formulas for H, that will allow Eq. (34) to be 
integrated. The approximation to be used is stated formally in Eqs. (53) 
and (54); physically, it is that H, is twice the tangential component of the 
magnetic field of the incident wave. 

6-3. Scattering from Planes and Curved Surfaces. Large Planes.—A 
plane linearly polarized wave is incident upon a plane surface, as shown in 

Fia. 6'3.—Plane linearly polarized electromagnetic wave incident upon a plane surface S. 

Fig. 6-3. The plane of incidence is the xz-p\a.ne, and the incident mag
netic field is given by 

H ( = a/7oe-" ( / ?-" i n (", (35) 

where a is a unit vector in a plane perpendicular to n0. If a is the azimuth 
of a in this plane, measured from the plane of incidence, 

a = ix cos a cos 6 + iv sin a + i2 cos a sin 8. 

In order to determine H, we now introduce the assumption that the surface 
S is so large in terms of wavelength that H, has the same value that it would 
have if the surface were infinite in extent. On the back side the field is then 
zero, and on the front side H, is twice the tangential component of the inci
dent wave r1 

1 One occasionally encounters the incautious statement that the surface magnetic 
field is twice the incident field. Clearly this is true only if the incident magnetic 
vector is perpendicular to the plane of incidence and thus a = ?r/2. The correct state
ment of the boundary condition is given in more general terms in Eqs. (53) and (54) 
later in this section. 
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where 
H, = i,2Hae-mR-**i»»\ 

i, = ix cos a cos 9 + i„ sin a. 

(36) 

One then finds without difficulty that 

no x (n x i,) = a cos 9. 

Equation (32) then becomes 

H' ikHo cos 8 
2vR ' 

1 dS. (37) 

This equation shows, as might be expected, that maximum back scattering 
occurs for normal incidence (9 = 0) and that there is no depolarization of 
the scattered wave. The last conclusion is not strictly true because the 
surface fields near the edges are not actually as we have assumed them; but 
as long as the smallest dimension of the surface is several wavelengths long, 
the present procedure can be expected to give satisfactory accuracy.1 

The radar cross section a mav now be found from Eqs. (33), (34), and 
(36). 

4"- 2 
r r COSz s. dS (38) 

where the integration is performed over the front, or illuminated surface. 
For normal incidence Eq. (38) reduces to the important formula 

4TTA 2 

X2 * 
(39) 

where A is the area of the surface, which may have any shape as long as it is 
not so complicated that the initial assumptions regarding the surface fields 
are seriously in error. 

If the surface is rectangular, with total dimensions of a and 6 parallel to 
the x- and y-axes, respectively, Eq. (38) becomes 

<r(«) 
Air A2 

X2 
sin (ka sin 8) 

ka sin 6 
cos2 6. (40) 

If the incident wave had come from the direction 6, <j>, where <t> is the azi
muth angle measured from the x-axis, an analysis similar to that above 
would show that 

<r(0,0) AIT A2 

X2 
sin (ka sin 8 cos <t>) sin (kb sin 9 sin <t>) 

ka sin 9 cos 4> kb sin 9 sin <t> 
cos2 6. (41) 

1 For scattering from objects such as flat strips or ribbons having widths comparable 
to the wavelength see P. M. Morse and P. J. Rubenstein, Phys. Reo., 64, 895 (1938). 
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The factors in Eqs. (40) and (41) having the form (sin x)/x occur in all 
diffraction problems in which a uniform field distribution occurs across a 
slit or rectangular area. There is one difference between the expressions 
above and those ordinarily encountered, however; in Eq. (41), for instance, 
we have ka sin 6 cos 4>, whereas in cases in which the primary source of radi
ation is in the surface S one finds ^ ka sin 6 cos 4>. The difference occurs, of 
course, because in the radar case the phase differences governing the inter
ference between the elementary current elements are double those for the 
one-way case. The result is that the main lobe of the diffraction pattern 
of a given surface acting as a radar target is only approximately half as wide 
as that from an obstacle or opening of the same dimensions scattering in 
the forward direction. 

Comparison of Eqs. (39) and (40) or (41) shows that at normal incidence 
a is inversely proportional to X2, whereas for any appreciable value of 9, <r is 
a rapidly oscillating function of X and approaches zero for very small X. 
This is to be expected; for as ka becomes large, most of the incident energy 
experiences specular reflection and little is scattered backward. The dif
fraction pattern was indicated qualitatively in Fig. 1-3. 

If the surface S is a circular disk the integration in Eq. (34) must be per
formed in polar coordinates p, <j> in the xy-p\nne. Then 

2kx sin 6 = 2kp cos <f> sin 6 and dS = p dp d<t>. 

Using well-known integral definitions of Bessel functions1 Eq. (38) becomes 

.(*) - *f 
where J\ designates the first-order Bessel function and a is the radius of the 
disk. The factor in square brackets has the same general oscillatory nature 
as the corresponding (sin x)/x terms in Eq. (40). Its first three zeros are 
at 3.83, 7.02, and 10.17, and it is unity for 0 = 0. The factor 2 is included 
within the brackets because Ji{x)/x = \ when x = 0. 

Cylinders. Scattering from cylinders may also be calculated with the 
same kind of approximation that was used for plane surfaces. Two cases 
will be considered first: that of longitudinal polarization, in which the 
cylinder is oriented with its axis parallel to the electric field of the incident 
wave, and that of transverse polarization, in which the cylinder is perpen
dicular to the incident electric field and to the direction of propagation. 
The procedure will be to find the surface fields from a solution of the bound
ary value problem on the assumption that the fields on a finite length of 
cylinder do not differ from those on an infinitely conducting cylinder of 
infinite length and then to calculate the cross section by Eq. (40). 

For the case of longitudinal polarization let the cylinder be oriented 
1 Jahnke and Erode, Tables of Functions, Dover reprint, 1943, p. 149. 

Ji (2ka sin ( 
2ka sin 6 cos2 6, (42) 
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along the z-axis of the coordinate system, as shown in Fig. 6-4. The inci
dent wave traveling along the x-axis is obtained from the expansion of a 
plane wave in cylindrical coordinates: 

E< = i, EBe~ikz = i2 Ea Y ( 2 - S0n) (-i)n cos n<t>Jn{kr) 
n = 0 

EQ 

ikrjo 
71 i, - sin n<t>Jn(kr) r 

+ î , k cos n4>J'n(kr) 

where S0„ is the Kronecker delta, equal to unity for n = 0 and zero for all 
other values of n. If the cylinder is infinite in length, the scattered wave 

r^.—"—" 

R 

1 

,2 

f 

2a 

dS \ 
I 

X 

■ 

FIG. 6-4.—Geometry for calculation of scattering from a cylinder. 

will be given by a similar series, except that in order to represent outward 
traveling waves for large r the Bessel functions of the first kind must be 
replaced by the Hankel functions H(

n
2)(kr), each with a coefficient an, which 

must be determined from the boundary conditions. Recalling that the 
magnitude of the incident magnetic wave is H0 = JUo/io, w e m a v n o w 

write the total field as the sum of the incident and scattered fields: 

H = -iHB V (2 - 5o«)(-«')" (ir ^r sin n<*> [Jn(kr) + anH™(kr)] 

+ i« cos «<*> [J'n(kr) + a„Hl?'(kr)} • (43) 

At the cylinder surface, where r = a, the radial component of the magnetic 
field is zero, which requires that 

Jn(p) 
HS°(P)' 

ka. (44) 

t 
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Referring to Eq. (33), we see that H, is obtained from Eqs. (43) and (44) by 
setting r = a. We then have the longitudinal surface current K, given by 

ir x itHa${x,y,z) = 

jHo V (2 - So„)(-i)" cos n<p 
J'n(P)H™(p) - Jn(p)H™'(p) 

ffi2)(p) 
(45) 

The numerator of the expression in brackets is the Wronskian of J„ and 
H{*\ given by 2i/irp. The vector product of Eq. (45) with n<> = ix changes 
the direction to that of the y-a,xis, and Eq. (34) becomes 

TT_\ 2 

X2 
— / —Tmrn,— / e cos n<t>dS (46) 

If R is the distance from the point of observation to the center of the cylin
der, r » R + o cos <p. The surface element dS = a d<f> dz, and the inte
gration is performed over the angular range from zero to 2x and over the 
length I. The ends are omitted, as the currents and fields are assumed to 
be zero there. 

Integration of Eq. (46) requires the integral representation of Bessel 
functions mentioned earlier.1 After integration Eq. (46) becomes 

4P ^ ( - l ) " ( 2 - < 5 „ „ ) - ^ Jn(p) 
'(P) 

(47) 

which can be written in a form more convenient for numerical computa
tions as 

= — V (-1)"(2 - SoJe"-sin 5„ 
IT | L^ 

(47a) 

where 

tan hn = — Jn{p) 

Analysis of the transverse-polarization case proceeds in similar fashion 
and leads to 

4 P I V ( i W 9 a ) J'"U J'n(p)_ 
(P) 

(48) 

'Ibid. 
2 The angles 5„ (and the S'n for the case of transverse polarization) have been tabu

lated by P. M. Morse el al., in "Scattering and Radiation from Circular Cylinders and 
Spheres," MIT Underwater Sound Laboratory, Applied Mathematics Panel Report 
No. 62.1R, February, 1945. 
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which can be rewritten in a manner similar to Eq. (47a) as 

<r, = — V ( - D " ( 2 - So„ys" sin b'n (48a) 

where 

♦«„ ,« _ _ *M. 
tan a„ - N^p), 

the primes denoting differentiation with respect to the argument. 
The dependence of a on cylinder radius is important. For very small 

p, Eqs. (47) and (48) become 

<TJ '(li)' irP[~), (49) 

<r, « ^ IV- (50) 

The fourth-power law in <r, is reminiscent of the Rayleigh scattering law for 
the sphere discussed in Sec. 6-1; in fact, closer scrutiny reveals that there is 
a marked analogy between scattering by spheres and cylinders. The coeffi
cients as

n and b*n of Eq. (18) were identified with multipole moments from 
the surface currents induced by the wave incident on the sphere. The 
a„ of Eq. (44) is analogous to a'n representing magnetic multipoles for the 
sphere and similarly the analysis of the transverse-polarization case for the 
cylinder involves a scattering coefficient bn representing electric multipoles, 
which is analogous to a* for the sphere. In the spherical case both as

n 
and bs

n varied with p in the same manner for very small p but this is not true 
for the cylinder, with the result that the cross section shows a marked de
pendence on polarization. Eq. (49) shows that u, is considerably larger 
than a, for p less than about 0.2. For larger values of p the complete ex
pressions must be employed. They show that oi decreases monotonically 
with increasing p but that <jt departs markedly from the fourth-power law 
and oscillates in a manner very similar to that of the curve in Fig. 6 1. 
The square of the series in Eqs. (47) and (48) approaches the limiting value 
7rp/4 for p greater than about 6, and both cross sections approach the limit
ing value 

(T, « <T| p_^ „ pP = —J— ' (51) 

independent of polarization. This is also the value that would be predicted 
by geometrical optics. This point will be discussed further later in the 
section. 

Equations (47) and (48) were derived for the direction of propagation 
perpendicular to the axis of the cylinder. If the incident electric field lies 
in the 12-plane of Fig. 6-4 with the direction of propagation n0 forming an 
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factors V- and occurring in the preceding analysis. 

angle /3 with the z-axis, the induced currents along the cylinder cause a dif
fraction pattern similar to that from the plane reflector, and the effective 
value of p is multiplied by the factor cos /3. Consequently for this case the 
cross section becomes 

sin (to sin ft)]2 . , 
0- = <ri y-r—. (52) 

where <T\ is obtained from Eq. (47) after replacing p by p cos /S. For very 
small p cos £, <ri is given by Eq. (49) with the same substitution; and for 
large p cos /3, <ri is obtained by using Eq. (51) in the same way. 

The degree of approximation involved in neglecting the effect of finite 
length of the cylinder cannot be evaluated directly, but some useful qualita
tive statements can be made. If p is small, the assumption of constant-
current distribution is likely to be seriously in error because of resonance 
effects and standing waves unless the wire is very long. If the diam
eter of the cylinder is roughly X/4 or more, however, and if the cylinder is 
several wavelengths long, the current is probably near the predicted value 
a fraction of a wavelength from the end. The correct current distribution, 
if it were known, would produce a dependence on I different from the 

sin (kl cos /3) 
kl cos 0 

An important conclusion to be drawn from the difference in reflecting 
properties of a thin cylinder for the two polarizations is that a wave 
polarized linearly at an angle with the cylinder axis will be scattered with 
elliptical polarization. [The difference in amplitudes of the two com
ponents of the scattered wave is indicated by Eqs. (49) and (50), but 
the differences in phase must be obtained by performing the integration 
of Eq. (32).] If the radius of the cylinder is greater than about one 
wavelength, the depolarizing effect essentially disappears. This fact 
forms the basis for some important relations that will now be developed 
to extend the methods given above to other cases of practical interest 
and to illustrate the relation between these results and those of geometrical 
optics. 

Simplified Formula for Cross Section.—If a plane wave is incident 
upon a perfectly conducting surface having undulations or convolutions 
with radii of curvature greater than about one wavelength, the induced 
currents and the fields radiated from any infinitesimal unit of area are 
very nearly those which would be obtained from the same area if it were 
part of an infinite plane, tangent to the surface at the location of the 
element of area. The currents and fields on the surface are determined 
by the boundary condition that the surface magnetic field is entirely 
tangential and is twice the tangential component of the magnetic field 
of the incident wave. For convenience we assume the incident wave 
traveling along the s-axis, with its magnetic vector of amplitude H0 in the 
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direction a, perpendicular to the 2-axis. On the surface the magnetic field 
is given by 

H t = it2H0e-i**, (53) 

where i, is given by 

i, = a - (a ■ n)n (54) 

and a. is the outward normal to the surface.1 

To calculate the scattered field we must evaluate the triple vector prod
uct of Eq. (32), using Eq. (54). Using standard vector identities we find 

n0 x (n x i,) = — a2(n0 • n) • 

If dS is the element of area on the scattering surface, the projection of 
dS onto the xj/-plane will be denoted by dA. The relation between these 
areas is 

dA = — (no ■ n) dS 

The scattered field is, then, from Eq. (32), 

H' = a S ! / «~'2tRdA, (55) 

and the cross section given by Eq. (34) reduces to 

4ir 
e ' atz dA 

A 
(56) 

where the integration on dA is now to be performed in the xy-plane, 
using the known shape of the surface to express z as a function of the 
coordinates in the 2!/-plane. 

It is convenient to employ polar coordinates p, <j> in the rcy-plane. Then 

dA = p dp d<f> = ~r dz d<t>. dz 

and Eq. (56) becomes 

4TT P ' f!{*] do (57) 

Scattering by Quadric Surfaces. -— Integration of Eq. (57) is not 
difficult for quadric surfaces but becomes cumbersome for other shapes. 
We shall consider an elliptic paraboloid and an ellipsoid in order to obtain 
a scattering formula of some practical importance and in order to illustrate 
the relative importance of scattering from the "nose" and from the 
remaining parts of the surface. 

1 Equation (54) can be derived from the fact that the tangential component of a is 
obtained by subtracting from a its component normal to the surface, 
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From analytic geometry, the equation for an elliptic paraboloid 
opening outward along the positive z-axis is 

— _ j - » -
~ 6? + 61' (58) 

where 6i, 62, and c are constants. The quantities of interest in the present 
case are the radii of curvature of the surface in the xz- and yz-pl&nes at 
the origin. These radii are easily shown to be 

ai 2? a2 = 
6| 
2c 

Transforming to polar coordinates p, <£ in the M/-plane, Eq. (58) becomes1 

2a, (-D sin2 </> (59) 

If Eq . (59) is employed in Eq . (57) and the integrat ion on z is carried out 
to a height h, independent of <j>, 

a = irax<lz\e~ II iraia-i sin2 kh. (60) 

The — 1 of the complex expression represents the contribution of the tip of 
the paraboloid, whereas the exponential expresses the interference between 
successive Fresnel zones on the paraboloid.2 If the height of the parabo
loid were not well defined, that is, if the top edge were cut very irregularly, 
the contributions of the last zone (or zones) would tend to cancel, causing 
the exponential term to disappear, then 

a = ira.xa*_. (61) 

If the scattering surface is a closed surface, such as an ellipsoid, the 
contribution of the last Fresnel zone disappears, leaving Eq. (61). This 
point may be illustrated briefly by the same method used for the paraboloid. 
The equation for an ellipsoid with semiaxis h0 along the axis and with radii 
of curvature ai and a2 at the lower tip is, again in polar coordinates, 

hi I s i r <)> -0-S)' 
Substituting into Eq. (57) and again integrating to a height h < hh 

a = vaiWi .®X'-£)•» kh (62) 

where terms in (2M0)_1 have been dropped. In this case the successive 
Fresnel zones again cause a to depend upon the height of the section of 

1 For at = a2 the surface is a paraboloid of revolution. 
2 Each zone corresponds to an increment Ah = \/i rather than the X/2 used in 

optics because of the doubled path length in the present case. 
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the ellipsoid, but in a rather different manner from that found for the 
preceding case. If h = ha, or if h is very irregular around the periphery, 
the argument used above shows that again <r = waia?. In the important 
special case of a sphere a^ = Oi and a = ira2, in agreement with the results 
of Sec. 6-1 for a sphere with large a/X. 

In the present approximation the back half of the surface is omitted 
from the integration of Eq. (57), as the fields are assumed to be zero there. 
The cross section of the sphere is, of course, independent of aspect, but this 
is not true for the other surfaces. The scattering surface has been oriented 
tip foremost with its symmetry axis along the direction of propagation 
of the incident wave. We have seen that if the back edge is sufficiently 
irregular, or if the surface is closed,1 the scattering can be accounted for 
by the shape of the tip. The proof has been given for a surface that can 
be represented by an equation of the second degree. Surfaces of different 
shapes require other methods of integration of Eq. (57) than that given here. 

Small Objects. — Before proceeding to geometrical optics we quote 
without proof some useful values for a for targets that are comparable in 
dimensions to the wavelength. 

For a thin perfectly conducting prolate spheroid, X/2 long (essentially 
a "half-wave" dipole), the maximum value of <r is approximately 0.88X2, 
and the average value over all orientations and polarizations is approx
imately 0.1 IX2. 

A small perfectly conducting disk shows markedly a phenomenon 
discussed in Sec. 6-1 in connection with the sphere; the induced surface 
currents give rise to both electric and magnetic dipole moments of com
parable magnitude, and the disk acts like both a straight wire and a loop 
radiator.2 As a consequence the maximum echo is not obtained when 
the disk is oriented normal to the incident radiation, but rather when both 
the incident electric vector and the direction of incidence are parallel to 
the surface of the disk. The cross section at normal incidence and the 
average cross section over all orientations and directions of polarization are 

The fourth-power dependence is again an illustration of the Rayleigh 
scattering law. It is interesting to note that the numerical coefficient 
for the sphere is about 12.5 times that for the disk. 

Geometrical Optics. — Thus far the analysis of scattering has been 
carried out in terms of solutions of the wave equation, in which the ratio 

1 More correctly, for the purpose of the present approximation the surface needs 
only to be "half closed" in the forward direction, as only the illuminated portion is 
considered. 

2 H. A. Bethe, "Theory of Diffraction by Small Holes," RL Report No. 128, Jan. 
23, 1942; Phys. Rev., 66, 163 (1944). 
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of target dimensions to wavelength plays a prominent role. In the limit 
as the wavelength approaches zero, however, it is possible to make further 
approximations that lead to geometrical optics, where polarization and 
phases are neglected and energy flow follows straight-line ray paths deter
mined from the target and antenna geometry (in a homogeneous medium). 

I t is convenient to generalize temporarily the back-scattering cross 
section used up to this point by introducing the differential scattering 
cross section a', defined for arbitrary scattering angles 6, <t>, where 8 is the 
acute angle between the surface normal and the direction of propagation 
of the incident wave (assumed to be the z-axis) and <t> is the azimuth 
measured in the x^-plane.1 We denote a' as the cross section of an 
isotropic scatterer that would scatter the same amount of power in 
any given direction as the given target. This definition is expressed by 

dP' = S V ? 5 , (63) 

where dP' is the power scattered into the solid angle dQ in the direction 
(<?,<£) and Si is the magnitude of the incident Poynting vector. When 
8 = 0, a' is the back-scattering cross section <r used elsewhere in this volume. 

At the reflection point the angle of incidence is equal to the angle of 
reflection. The angle between the direction of incident and reflected 
waves is then 26. If we denote the solid angle enclosing the normal to 
the surface by dQ0, 

dfio = sin 8 dd d<j>. 

Similarly, the solid angle enclosing the direction of reflection is dQ; 

dQ = sin 20 d(20)d(j> = 4 cos 0 dQ0-

But the scattered power is 

dP> = S1 cos 8 dS, 

where dS is an element of area on the target and is not to be confused 
with the Poynting vector. Combining the foregoing expressions in 
Eq. (63), we have 

' - ' s l - (64) 

which is independent of 9 and is a function only of the shape of the surface 
at any point. As a' is independent of 8, we now drop the prime. The 
power scattered per unit solid angle is 

dQ 4 dQo' ( ' 
1 We use here the method of R. C. Spencer, "Reflections from Smooth Curved 

Surfaces," RL Report No. 661, Jan. 26, 1945. 
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Application of Eq. (64) to the case of a second-degree surface with 
principal radii of curvature ai and a^ gives dS = a ^ dQo, and Eq. (64) 
reduces to Eq. (61); 

a = jraiOi. (61) 

Marcus has analyzed this case in greater detail1 and reports that for a 
radar antenna of circular shape the correct result is 

IT / 

o- = 2 V 0102 (ai + Ch)- (66) 

Neither Eq. (61) nor (66) is valid if 02/01 » 1 or for flat or cylindrical 
surfaces.2 

The mean value of a averaged over all orientations of a smooth convex 
surface may be obtained from Eq. (64). 

_ J I i% d"° . , g . _ s 
" f , 4 T 4 ' 

/ diio 

thus, a is one-fourth of the total surface area. (The simplest example is a 
sphere.) The requirement for convexity of the surface can perhaps be 
well illustrated by the extreme case of the corner reflector, which gives an 
enormously greater value of a than <S/4. 

For a flat plate normal to the beam and large enough that the reflected 
cone of rays fills the entire receiving antenna area the effective cross 
section may be shown from Eq. (64) to be 

a = irR\ (67) 

where R, as customary, is the distance from radar to target. This odd-
appearing result causes the echo power in the radar transmission equation 
to vary as ft-2 rather than as R~4; this is the usual result when a target is 
very large instead of appearing essentially as a point as viewed from the 
radar. 

The absence of wavelength in Eq. (61) to (66) is characteristic of geo
metrical optics. These formulas are the limits approached by those of 
physical optics as the wavelength approaches zero. Few actual radar 
targets are so smooth or symmetrical that these formulas can be applied 
to a large fraction of the target. If, however, the formulas are used with 

1 P. M. Marcus, "Reflection of Radiation from Curved Surfaces," RL Report No. 
1029, Jan. 16, 1946. 

2 For these formulas to be valid the target must have sufficient curvature that at 
least the first Fresnel zone is included on the surface. For a sphere of radius a this 
requires the diameter d of the spherical segment to be 

d > \/2aX. 
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some care (in particular, with due regard for Fresnel zone effects), they 
can often explain the major characteristics of echoes from prominent 
structural features of targets such as ships, aircraft, water towers, and 
similar objects.1 

Polarization.—All of the discussion and formulas up to this point have 
assumed the incident radiation to be a linearly polarized plane wave, and 
the definition of <r has referred to the echo energy carried by that part of 
the scattered field which is polarized in the same direction as the field in
cident on the target. Most radar targets produce some depolarization of 
the scattered wave; and if the receiving antenna system is arranged to 
receive other types of polarization than that transmitted, the received 
echo may vary over a wide range as the characteristics of the receiving 
antenna are varied. Some very interesting preliminary experiments in
dicate that targets such as wooded hills or houses produce a large degree 
of depolarization of the radar echo whereas ships or water towers produce 
very much less depolarization.2 Insufficient data are given to draw any 
general conclusions, but the experiments are highly thought-provoking 
and suggest numerous other investigations in a field that has received 
practically no attention. Certainly the idealizations employed here of 
infinite conductivity and simple geometrical shapes do not begin to in
dicate the possibilities of interesting (and, we hope, useful) properties of 
radar echoes, and further research along these lines is urged. 

One further result is worthy of discussion. If the outgoing wave from 
the radar antenna is elliptically rather than linearly polarized, the effective 
back-scattering cross section of the target depends upon the degree of 
ellipticity of the incident radiation as well as upon the target geometry 
and wavelength. In particular, if the radiated wave is circularly polarized, 
and if the target produces no depolarization of the back-scattered wave, 
its effective cross section is zero!3 This peculiar result is demonstrated 
in Appendix A, along with an application of the powerful Lorentz 
reciprocity theorem to radar scattering. 

An interesting application of this property of the back scattering of 
circularly polarized waves was suggested by E. M. Purcell to reduce 
the intensity of echoes from rain.4 As individual raindrops do not de-

1 For further discussion of limitations and applications of the formulas from geo
metrical optics see J. F. Carlson and S. A. Goudsmit, "Microwave Radar Reflections," 
RL Report No. 195, Feb. 20, 1943; S. A. Goudsmit and P. R. Weiss, "Possible 
Measurement of Radar Echoes by Use of Model Targets," RL Report No. 196, Mar. 
4, 1943; also R. C. Spencer, op. cit., and P. M. Marcus, op. cit. 

2 M. Kessler, C. E. Mandeville, and E. L. Hudspeth, "The Depolarization of Micro
waves," RL Report No. 458, Nov. 1, 1943. 

3 This assumes the usual radar circuit arrangement in which the echo is measured 
in the transmission line (or waveguide) along which the radiated power flows to the 
antenna system. 

' See Sec. 3-10 of Vol. 1 of the Radiation Laboratory Series. 
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polarize the back-scattered wave, and as multiple scattering is too small 
to be important, a rainstorm fulfills the necessary conditions on the target. 
Tests revealed a reduction of rain echo of about 25 db. No effort was 
made to fabricate the antenna with great accuracy, and it seems not un
likely that further reduction could be obtained if it were desired. This 
scheme has the disadvantage that echoes from most other targets suffer 
some attenuation also. For some purposes, however, this fact might be of 
secondary importance. It appears that further generalization of the 
Lorentz reciprocity theorem given in Appendix A, coupled with further 
antenna developments, could lead to useful applications of the 
polarization properties of radar echoes. 

COMPLEX TARGETS 
B Y DONALD E. KERR 

Thus far we have considered only targets composed of single kinds of 
surfaces, isolated in free space. It was shown that subject to certain 
simplifying assumptions a could be determined uniquely in terms of target 
geometry, orientation, and wavelength. Such highly idealized situations 
occur rarely in practice, however. Most targets are complicated com
binations of surfaces of such irregular shape that the scattering pattern is 
a maze of lobes which may or may not have a well-defined peak in one 
general direction. 

An airplane is an example of a combination of fairly simple smooth sur
faces from which portions of characteristic scattering patterns can some
times be identified but which is still too complicated to permit accurate 
analysis. A ship presents an even more difficult problem, not only because 
of its geometry but because of the nonuniform illumination of its area 
resulting from the interference pattern formed by reflections from the sea 
surface. A hillside with trees moved by the wind presents a still different 
problem as the respective scattering elements move independently of each 
other. The echoes from such targets usually fluctuate rapidly over a wide 
intensity range. Because measurement of such echoes is very difficult) 
the concept of radar cross section encounters difficulties from the practical 
standpoint. 

We should distinguish between two aspects of the problem, however. 
It is still true that for every possible type of incident radiation and con
figuration of the elements of a complex target a unique scattering pattern 
exists, and from this pattern an effective value of a could in principle be 
determined uniquely for any particular direction. When the target (or 
some of its parts) is in motion, however, a varies so rapidly and over such 
a wide range that the final outcome of any measurement depends markedly 
on the observer and his instruments. In the present state of the radar art, 
the latter factors play a prominent role in determining the available data 
on a for aircraft and to a lesser degree for ships. 
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Because of the need for some means of describing complex targets 
certain desperate artifices have been evolved to preserve the concept of 
cross section for such targets. When used with proper precautions the 
results so obtained serve a useful purpose, although to be used effectively 
they must be supplemented by further detailed information on the nature 
of the scattering. The remainder of this chapter summarizes both types 
of information. 

6*4. Radar Cross Section of Aircraft.—Because of the multilobed scat
tering pattern of aircraft, definitions of cross section have meaning only in 
relation to the specific method employed to observe the echo. During the 
war many measurements of cross section over a wide wavelength range 
were made, but unfortunately almost none were made with sufficient ac
curacy or uniformity of measurement technique that they can be con
sidered meaningful.1 Probably the most definitive approach (at least in 
the wavelength range of 10 cm and below) is that of Linford and his col
laborators.2 Linford defines the cross section as that value of a obtained 
from the measured quantities and the radar equation 

(47r)3fl4 PT 

" G2X2 P,' 

which is exceeded during one-half of a series of measuring-time intervals. 
In this way the essential feature of the probability of detecting the echo is 
introduced into the definition of a. (Whether or not this degree of prob
ability is satisfactory for field operations depends upon the specific problem; 
if necessary the required degree of probability could be modified, and the 
resulting value of a would be changed accordingly.) 

In his measurements, Linford employed a measuring-time interval of 
5 sec, and the echo was considered as "seen" if the echo was distinguishable 
in the noise on an A-scope at least once during the interval. The strongest 
echo occurring during the interval was measured by a signal generator and 
was plotted as a function of range as shown in Fig. 6-5. The line is drawn 
through the points in such a way that half the measured points are above 
and half are below it (except for the closest ranges, where data were diffi-

1 Disagreement between different observers' results by a factor of 10 in cross section 
on a given type of aircraft have occurred not infrequently. This factor corresponds to 
a difference in signal level of 10 db, which at first glance seems very large. Further 
examination reveals, however, that there are numerous understandable reasons for dis
agreement, such as errors in determination of antenna gains, r-f system losses, absolute 
power levels, ground-reflection effects, and method and duration of echo display and 
observation and differences in criteria as to what type of averaging or peak measure
ments of echo amplitude are most appropriate. 

2 L. B. Linford, D. Williams, V. Josephson, and W. Woodcock, "A Definition of 
Maximum Range on Aircraft and Its Quantitative Determination," RL Report No. 
353, Nov. 12, 1942. 



S E C . 6-4] RADAR CROSS SECTION OF AIRCRAFT 4 7 1 

cult to obtain). The fact that the slope corresponds to the inverse fourth-
power range law indicates that ground reflections were negligible.1 The 
intercept on the horizontal axis gives the free-space range RQ, where we 
now mean Ro to be the range at which the echo is visible in the noise on 
an A-scope during 50 per cent of a series of 5-sec intervals.2 

Two more important factors must be specified before the figures above 
have a unique meaning. The measurements were made with the radar 
trained directly on the target and with the operator watching for the echo 
at a known spot on an A-scope. The measurement intervals were so long 
that the highest possible perform
ance was observed (variation of 
the interval from 2 to 32 sec pro
duced about 5 per cent variation 
in a). Extrapolation of these 
results to situations in which the 
observation time may be 0.01 sec 
or less because of rapid scanning 
and narrow beamwidths and to 
the use of an intensity-modulated 
indicator such as a PPI may lead 
to appreciable error in prediction 
of performance. In general, the 
effective values of a are likely to 
be noticeably lower than those 
obtained during observation times 
of the order of seconds. A dis
cussion of the many factors 
affecting detection of echoes near 
noise level is beyond the scope 
of this volume.3 The problem has been mentioned here only to point out 
the need for use of the concept of radar cross section with appropriate 
regard for its relation to the properties of the radar system. 

Some of the results obtained by Linford4 are given in Table 6-1. 
Simultaneous comparisons on 10 and 3 cm (and a few rough checks on 

1.25 cm) indicate that for most aircraft a is not noticeably dependent upon 
wavelength in this range of wavelengths. Polarization is also of negligible 
importance. (This result would be expected in view of the remarks of the 

1 Figure 5-19 shows measurements made over the same flight pa th to determine the 
amount of specular reflection present. Both one-way and radar measurements showed 
the propagation to correspond essentially to t ha t in free space. 

1 Because of screening by near-by hills the measurements could not be carried 
beyond 40,000 yd in the case illustrated. 

3 Consult Vols. 1 and 24 of the Radiat ion Laboratory Series. See also A. V. Haeff, 
Proc. IRE, 34, 857 (1946). 

4 Op. cit., also other unpublished data . 
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F I G . 6-5.—Echo strength from an aircraft 
as a function of range, as obtained by a 10-cm 
radar system. The target is viewed over rough. 
terrain, with head-on aspect. The heavy line, 
drawn as explained in the text, gives a free-space 
range R0 of 63,000 yd. 
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preceding section concerning targets with radii of curvature much greater 
than the wavelength.) All measurements were made with either head- or 
tail-on aspect. Some aircraft show noticeably larger cross sections 
head-on than tail-on, but many others show no difference. Usually an 
aircraft viewed from the side gives very strong echoes in a series of sharp 
lobes, but these can hardly be used as a basis for a useful definition of a. 

TABLE 6 1.—AIRCRAFT CROSS SECTIONS 

Aircraft type a, ft2 

OS2U 170 
Curtiss- Wright 15D 410 
J2F Grumraan amphibian 440 
B-17 800 
B-18 640 
AT-11 200 
PBY 560 
Taylorcraft 170 

For the longer radar wavelengths, greater than about 1 m, a large amount 
of work has been done to calculate a by treating sections of the aircraft as 
cylinders, ellipsoids, or various combinations of curved surfaces. Some of 
these methods have achieved a moderate degree of success, but we shall 
not discuss them here. For the longer wavelengths the scanning period is 
so long that it presents no difficulties, and in general the whole detection 
problem is less difficult than it is in the microwave range. It is important 
to observe that for the longer wavelengths the effective cross section is 
noticeably dependent upon both wavelength and polarization. Resonance 
effects in the various parts of the aircraft become important. Many 
model studies have been made, and they probably represent the most 
fruitful method for future study of both microwave and meter wave cross 
sections.1 A large amount of work remains to be done both in the field of 
measurements of scattering and in the application of the results to radar 
operating techniques in a way to minimize uncertainties and confusion. 

6'5. Radar Cross Section of Ships.—Most of the difficulties described 
in the preceding section and, in addition, others more serious are en
countered when one attempts to define and measure a for ships and other 
surface targets. Although an aircraft can usually be considered to in
tercept and scatter a plane wave,2 the wave incident on a ship is far from 
plane, and its characteristics are strongly dependent upon range, wave-

'For example, see the following report: R. B. Jacques, "B-17E Bomber at 100 Mc. 
Reflection Patterns," Ohio State University Research Foundation, NDRC Report 
No. 15-759-22, March 18, 1944; G. Sinclair, Proc. IRE, 36, 1364 (1948). 

2 Unless, of course, the vertical extent of the aircraft is comparable to the thickness 
of the lobes of the interference pattern. The scattering cross section of any target is 
independent of its position only if its dimensions are small compared with the space 
interference pattern. 
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length, radar height, and reflecting properties of the sea surface. Very 
often at the range of threshold detection the bulk of a ship lies below the 
lowest lobe in the interference pattern (in the intermediate region dis
cussed in Sec. 2-15), and the tops of the rigging or stacks may supply the 
echo first detected.1 If range is decreased or radar height increased, the 
deck structures and hull receive increasing illumination, until finally they 
usually supply the major part of the echo (although the orientation affects 
the contribution of the hull). 

Analysis of scattering under these circumstances requires two major 
simplifications. (1) The target must be replaced by a presumably equiv
alent model of simple shape and (2) assumptions must be made regarding 
the distribution of field over the target. All procedures adopted thus far 
for ships represent extreme oversimplification of the true situation but have 
the advantage of obtaining, with a reasonable amount of effort, results 
that bear sufficient resemblance to experimental facts to be useful. No 
attempt will be made here to analyze or compare in detail the various pro
posed methods. None rests on firm enough theoretical grounds or has 
enough unambiguous supporting experimental evidence that it can claim 
superiority over all the others. Here again, as in the case of aircraft, only 
certain major essentials of the scattering pattern can be obtained, and the 
mass of "fine structure" of the lobe patterns cannot be predicted. 

Once the incident field and geometry of the target model have been 
decided upon, surface currents can be estimated and the back-scattered 
field can be computed. The simplest analysis is that in which the effec
tive area of the ship is assumed to be concentrated at a single point above 
the surface and the incident wave is assumed to be that obtained over a 
flat, perfectly conducting surface. If the heights of the radar and target 
are Z\ and «2, respectively, and the ship cross section is <r, the pattern-prop
agation factor F is 2 ?\n{2wZiZi/\R), and the radar equation (Sec. 2-2) 
becomes 

Pr _ G2X2 [ . (2wz1z-\ 
p , ~ (iwyiv L s in \*R ) 

where the antenna pattern is omitted because of the small angles involved. 
This will be recognized as the equation for the plane-earth version of the 
curve of Fig. 5-8. It predicts large fluctuations in echo strength at ranges 
less than that of the most remote maximum of the interference pattern 
4zlz2/X; whereas for ranges sufficiently greater that the argument of the 
sine function is small, Eq. (68) becomes 

Fr^^-rjw (69) 
1 This situation tends to be reversed in the presence of surface ducts, which may 

illuminate the hull strongly; sufficiently deep ducts extend the detection range far 
beyond the horizon. 

(68) 
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Although these two equations are not correct in detail because of the 
crudity of the underlying assumptions, the second contains two important 
features that are qualitatively correct. If radar sets on two different 
wavelengths are to be compared and G2X2 and a are held constant, Eq. (69) 
predicts an advantage in low coverage for the shorter wavelength, the 
dependence having the form X-4. (If the effective antenna area is held 
constant instead of G2X2 the dependence has the form X-6.) A striking 
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F I G . 6"6.—Typical plot of ship echo as a function of range. Radar height is 125 ft; 
X = 30 cm. The straight lines correspond to variation of echo strength with R~4 and R~s. 
{NRL data.) 

advantage of the shorter wavelengths for detection of small surface objects 
and ships on a smooth ocean surface is actually found in practice. 

The second important feature of Eq. (69) is the R~s range dependence. 
The true dependence is actually more complicated than this, of course, but 
within the limits of possible measurement accuracy it represents many 
actual cases reasonably well.1 If the threshold signal is reached in the 
region in which Eq. (69) is valid, 

A plot of echo power from a medium-sized ship as a function of range 
usually contains a section for short ranges that varies as R~~* as predicted 
by Eq. (68), but the fluctuations of the sine factor are absent or are poorly 
defined because the echo comes from a large number of scattering regions 

1 I t is far from correct if superrefraction is present (c/. Fig. 1.5). 
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rather than from a single point. At a range that is sometimes fairly well 
defined, the R~* dependence changes to something approximating R"*. 
The latter variation may persist to the maximum detection range or may 
become even more rapid, depending upon how soon the earth's curvature 
begins to be effective. Figure 6-6 shows a plot of echo strength from a 
ship, illustrating the features just described. (Marked deviations from 
this example are not infrequent, however.) As in the aircraft case 
discussed in the preceding section, obtaining useful numerical data of the 
type shown in Fig. 6-6 requires a standardized technique for accurate 
signal measurement in order to minimize the ambiguities caused by the 
large and rapid echo fluctuations that invariably occur. Usually the 
information plotted is the maximum echo measured by a signal generator 
in a fixed time interval. (For the data in Fig. 6-6 the interval was 15 sec.) 

Although a ship is not a point target at a fixed height, there is sufficient 
similarity between curves like that of Fig. 6-6 and the trend predicted 
by Eqs. (68) and (69), omitting the sinusoidal fluctuations, that useful 
information can be obtained on this hypothesis. Assuming that the 
transition between the R~* and R~* sections of the echo-vs.-range curves 
occurs in the vicinity of the most remote maximum of the interference 
pattern, where R = 4ziZ2/X, the height z^ may be estimated. Having z?, 
a may be obtained from Eq. (69). Measurements made in this way 
show a wide range of values of a, depending on the type of vessel. Some 
of these measurements are summarized in Table 6-2. The radar height 
is 110 ft.1 

TABLE 6-2.—SHIP CROSS SECTIONS 

Ship 

Tanker 

Small freighter 
Medium freighter 

Small surfaced submarine 

a X 10~3 ft2 

X = 3 cm 

24 
150 

1.5 
80 

160 
1.5 

X = 10 cm 

24 
150 

1.5 
80 

160 
0.4 

As would be expected, there was no noticeable dependence of cross 
section on wavelength or polarization in this range (except for one case), 
as most of the reflecting portions are much larger than the wavelength. 
There is, however, a marked dependence on orientation of the vessel at 
any wavelength. Broadside aspect gives very strong echoes, presumably 
because of the large areas of hull with large radius of curvature. 

1 Balzer, Counter, Fairbank, Gordy, and Hudspeth, "Overwater Observations at 
X and S Frequencies," RL Report No. 401, July 26, 1943. 
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I t is clear at this juncture that we have departed very far from the 
original concept of cross section defined in Chap. 2. Cross section is no 
longer a function of the target properties alone but depends upon height 
of the radar, the range, wavelength, and the over-all performance of the 
radar set. Consequently, to be useful it must be stated in conjunction 
with all of the other quantities affecting it. This point will become even 
more apparent as other methods of approach are considered. 

Instead of representing a ship by a point target at a fixed height, 
some investigators choose for a model a flat, perfectly conducting plate 
projecting vertically from the ocean surface, viewed along the normal to 
the plate.1 The echo from the plate may be calculated by the methods 
given earlier if the effects of reflection at the surface are taken into account. 
We shall consider that the reflection coefficient at the ocean surface is — 1. 
The field incident upon the target is in effect the sum of two waves, one 
directly from the source and one from the image of the source. The 
wave from the image is 180° out of phase with the direct wave because 
of the phase reversal upon reflection at the surface.2 The surface current 
K on the surface of the sheet is then twice the sum of the direct and 
reflected magnetic field strengths. If Ri is the distance from the source 
at the height «i to the point & on the sheet, if Rz is the distance from the 
image to the point Z2, and if only small angles are considered, 

K = 2H0(e~ik^ - e-*«.) = 2Hae~'^ (1 - e-***"), 

where A R = R2 — Ri. Equation (32) in Sec. 6-3 gives a formula for the 
back-scattered field in terms of the surface current.3 We now have two 
fields to add at the source, however; one from the current sheet on the 
plate and one from its image. The integrand of Eq. (32) will then contain 
K(e-<kR'— e-ikR*) rather than Ke~ikR^ alone. The back-scattered field 
from a plate of width b and total height h is then 

H> = ^ s r f e~i2kRi (1 - e- '*-^)2 dzs, (71) 
\K J0 

1 M. V. Wilkes, J. A. Ramsay, and P. B. Blow, "Theory of the Performance of 
Radar on Ship Targets," ADRDE and CAEE Joint Report, CAEE Ref. 69/C/149, 
ARDE Ref. R04/2/CR252, July 1944. See also a series of reports from the Naval 
Research Laboratory entitled "Radar Cross Section of Ship Targets," Parts I-VI, by 
Katzin, Ament, McDonald, and Barr. These reports give measurements for the 
wavelength range from 1.5 m to 10 cm. See also M. V. WUkes and J. A. Ramsey, 
Proc. Camb. Phil. Soc., 43, 220 (1947). 

1 It will be recalled from Sec. 5 • 1 that this is a good approximation for either polariza
tion at very small grazing angles because of the finite conductivity of the water. 

5 The vector notation is omitted here because the scattering sheet is assumed much 
larger than the wavelength and there is no depolarization by the plate or by the ocean 
Surface. 
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where R is t he surface range of the ta rge t . In t roducing the cus tomary 
flat-earth approximat ions from Sec. 2 2 , 

Ri » R > + k M 4 B - T T 
and rewriting the factor (1 — e~ik ARy in terms of the exponential definition 
of the sine, we have for Eq. (71) 

H'~ ~l late",2km+*/2R1) fe ^ sin'~' ( i 3 r ) d z " {72) 
o 

An alternative way of writing the intergral in Eq. (72) is to retain the 
exponential form of Eq. (71) and to expand the square in the usual way. 
The integral then becomes the sum of three Fresnel integrals of the form 

'*" du, (73) 

where «i and Wj are different for each of the three integrals and one integral 
has an additional external phase factor.1 

In the work of the Naval Research Laboratory group (toe. cit.) the 
phase factor in the integrand of Eq. (72) has been ignored; that is, it is 
assumed that all parts of the surface are excited in phase and the total 
variation of the field on the surface of the target is expressed by the sin2 

term. This is hardly an acceptable approximation in a general analysis 
of the flat plate2, although from a practical point of view this fact is not 
likely to be important because of the inadequacy of the fiat-plate fiat-earth 
model in representing in detail an actual ship. 

If Eq. (72) is integrated omitting the phase factor in the integrand, 
one finds 

\R 

where 

A = -XT' (75) 

1 This procedure was followed in the analysis of echoes from a standpipe viewed 
over water (see Sec. 6 ■ 15). I t is particularly advantageous if the effects of the tilt of 
the target are to be considered. 

2 At the maximum of the lowest lobe of the interference pattern the exponent in 
the phase factor of the integrand is irXR/Szl, which not infrequently may be too large 
to neglect. 
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and irrelevant external phase factors have been omitted. The cross 
section is then 

a = iirR* H, (76) 

where cro is the cross section of the plate in free space at normal incidence, 
namely, 

«*-4»(x)'- <77> 

M. Katzin points out that the factor f 1 —-1 can be approxi
mated, without incurring an error of more than 2.6 db at any range, by 
A2/6 for A < 0.78ir and by unity for A > 0.78ir. This fact provides a 
convenient means of distinguishing between the behavior of a for small 
and large ranges, called the "near" and "far" zones, respectively.1 For 
the two zones we have 

Near zone, A < 0.78JT, a ~ 4<r0, (78) 

Far zone, A > 0.78*, a « ( | Y ( ^ - Y | - (78a) 

Katzin defines two kinds of cross section on the basis of these expressions, 
the second of which differs from our usage in this volume. The near-zone 
cross section is defined as 

<r„ = 4<r0, (79) 

and the far-zone cross section is 

1 (±irh\ 
" = 9lT-J 

co. (80) 

This method of defining oy splits off the (zi/R)* factor pertaining to a 
given set of measurement conditions in order that a quantity dependent 
only on the target properties may be obtained. Application of a numerical 
value of <sj measured for one geometry to a different geometry can be 
expected to give reliable results only in so far as the plane-reflector model 
represents the actual target and the earth curvature is unimportant. 

A further consequence of the definition of <sf is that its numerical 
value is likely to be extremely large (1012ft2 or larger for medium-sized 
vessels) but the reduction to a magnitude comparable with values deter
mined by other methods such as those of Table 6 • 2 is obtained when the 
factor (zi/R)* is applied to reduce as to our form of <r [Eq. (78)]. This 

1 The dividing line between the near and far zones, A = 0.78x, corresponds to a 
range K = bz\h/\ which is 25 per cent greater than the range to the most distant 
maximum of the interference pattern at the height h over a plane earth. 
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step also emphasizes that the effective value of cross section is in reality 
a function of range and radar height. 

The wavelength trend inherent in the definition of af has been verified 
roughly in a few cases in the wavelength range from 1.5 m to 10 cm but 
in general is not so simple as indicated.1 

The transmission equations for the two zones are2 

(Pr\ = G2 \2 *0 m ) 

\p«/n«, W B M ' 

(rlr^ifjik' (82) 
or 

(Pr\ <72\2 / z , Y /00, 
With these equations and the necessary absolute calibrations of the radar 
set <r„ and <s, may be determined from the type of data presented in 
Fig. 6-63. 

The relation of the actual dimensions of the ship to 6 and h or to <r0 is 
not clear, because of the artificiality of the flat-plate model. The fact 
that a0 is proportional to (bh)2 does not necessarily imply that a0 should be 
proportional to the square of the geometrical cross section of the ship.4 

On the other hand, the ADRDE-CAEE group, assuming incoherent 
superposition of the scattered energy, predicts that the effective cross 
section is proportional to bh and reports that its data are not inconsistent 
with the view that the effective area is proportional to the silhouette area 
of the ship and is independent of wavelength (presumably in the vicinity 
of 10 cm, as no data are reported for other wavelengths). 

1 The predicted wavelength dependence arises from the fact that the model is a 
flat plate viewed at normal incidence. If, on the other hand, the target were assumed 
to consist of a combination of plane and curved surfaces with random orientations, 
the wavelength dependence would be expected to be much less marked. This would 
appear to be a matter worthy of further investigation. 

2 Compare with Eqs. (68) and (69). 
3 In the past the lack of reliable means of absolute measurements of echo strength 

and radar set characteristics has often necessitated comparison with echoes from 
"standard targets," the free-space cross section and appropriate value of F for these 
targets supposedly being known accurately. This procedure is difficult in practice and 
is beset with numerous pitfalls. It is to be expected that technical advances will soon 
make possible absolute measurements of sufficient accuracy that calibration by external 
means will be unnecessary. 

* The British Army Operational Research Group, however, reports that the effective 
cross section for \ = 10 cm of ships, viewed at aspects other than broadside, is pro
portional to the square of the broadside silhouette area. See "The Performance of 
10 cm Radar on Surface Craft," AORG Report No. 155, Jan. 3, 1944. The approach 
is essentially empirical. 
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The ADRDE-CAEE approach also differs from that of the Naval 
Research Laboratory in that incoherent scattering is assumed from ele
mentary units of area. The received echo power is then assumed to be 
given by 

p'"-&r]0
 sm{-ijr)de>- (84) 

(A further correction is also made for the actual variation of the incident 
field strength at very low altitudes as the ship moves into the diffraction 
region.) An elaborate set of charts has been made, predicting echo 
strength on various types of ships as a function of radar performance, 
wavelength, and set height. The effect of earth curvature becomes fairly 
important for high-performance sets with high sites. 

Two other methods have been proposed that consider the ship as an 
array of isotropically scattering elements with random relative phases. 
Although expressed in slightly different ways, the two methods are essen
tially identical. The Radio Research Laboratory suggests that in the far 
zone the cross section be obtained by a formula of the type 

h{t)2«*> (85) 

where at is the free-space cross section of the iih horizontal strip of the ship 
and z( is its height above the surface.1 

The Telecommunications Research Establishment suggests2 instead an 
"echoing parameter" T, defined by 

T2 = \z\ dS, (86) 

where dS is an e'ement of area at the height z2. This parameter is derived 
from an analysis that assumes the elementary scattering elements to scatter 
isotropically with random phases. For a perfectly conducting plane earth, 
the back-scattered Poynting vector is then 

Restricting the analysis to the region well below the maximum of the first 
lobe in order that the sine function may be replaced by its argument, 
Eq. (87) becomes 

P,G /2JTZ,' 

1 Kuhn and Sutro, "Theory of Ship Echoes as Applied to Naval RCM Operations," 
RRL Report No. 411-93, July 14, 1944. 

2 W. Walkinshaw and J. E. Curran, "Screened and Unscreened Radar Coverage 
for Surface Targets," TRE Report No. T1666, 1944. 
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where T2 is given by Eq. (86). Although T has the dimensions of volume, 
there is no relation to the volume of the ship. Estimates of T have been 
made from ship silhouettes. In terms of cr as used in this volume, 

_(^)V. (88) 

The foregoing discussion has attempted to trace only the fundamental 
ideas underlying current methods of estimating ship cross sections the
oretically, without reviewing the experimental data that have been pre
sented in support of the several points of view. (Security regulations do 
not permit such a review.) In a detailed analysis of all the available 
evidence, the ADRDE-CAEE group remarks (loc. cit.), "In view of the 
uncertainties in the definition of <r and its dependence on the situation of 
the target we are of the opinion that far from simplifying the problem one 
adds to its difficulties by endeavoring to define and measure the radar 
cross section of ships." Even if one does not agree entirely with this point 
of view, it must be admitted that there is a large measure of truth jyn it. 
At the same time, however, it emphasizes the need for further development 
of a practical means of representing a ship in the radar transmission 
equation. 

SEA ECHO 

BY HERBEET GOLDSTEIN 

6*6. Nature of the Problem.—"Sea echo" is a term used to denote a 
type of radar reflection associated in some manner with the surface of the 
sea. This definition has been deliberately worded in a vague fashion be
cause the precise connection between the echo and the sea surface is not 
yet understood. The purpose of the next few7 sections is to present the 
existing information on the characteristics of sea echo and to discuss, in 
the light of this information, which phenomena of the sea surface may be 
responsible for the echo. 

The appearance of the echo is well illustrated in Fig. 67, which shows 
two PPI photographs taken with a high-power 10-cm airborne system on 
two occasions. The sweep lengths differ slightly but are about 100 miles 
in both cases. Figure 6-7a was taken with the system slightly inland, near 
Boston, Mass., on a day when sea echo was negligible. The distinctive 
geographical features of the region—Cape Cod, Nantucket, Martha's 
Vineyard, etc.—are clearly recognizable. Figure 6-76 was taken with the 
same system in roughly the same location but on a day when sea echo was 
present out to ranges of more than 50 miles. The practical importance of 
the sea-echo problem is strikingly demonstrated by this photograph (which 
is more representative of normal conditions during winter than is Fig. 6-7a), 
for the signal acts as a "built-in jammer," almost completely obscuring 
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Cape Cod and the Massachusetts Bay area. Sea echo may thus often 
constitute a serious limitation on the effectiveness of radar systems.1 

Whatever its nature may be, the target responsible for sea echo can 
always be resolved into a number of individual scatterers that can be treated 
as independent of each other. These scatterers may range in size from small 
spray droplets to large-scale surface waves or even a train of waves. Let 
us consider the radar echo received at one given instant, that is, at some 

(a) (b) 
FIG. 6"7.—Two photographs of the PPI display on a 10-cm airborne radar system. In 

both photographs the system was near Boston, Mass, (a) Sea echo was negligible on the 
day the photograph was taken, (b) Strong sea echo is present out to 50 miles. 

given range on the indicators. Then the contribution to this signal by the 
reflection from the jth scatterer is given by 

Pri = jSwtm <t>l)p{R;> "- (89) 

In this formula the j th scatterer is identified by a pair of coordinates 
4>j, Rj, where <t> is the azimuth measured from the electrical axis of the 
antenna and R is the slant range from the radar system. I t will be 
assumed in the following discussion that the depression angle 6 is suf
ficiently small so that slant range and ground range can be used inter
changeably.2 The function f(9, <j>) is the antenna pattern function. The 

1 Circuits have been devised t h a t considerably improve the appearance of the P P I 
for navigational purposes (see Vol. 24, Chap . 11, Radiat ion Laboratory Series); not, 
however, without some sacrifice of weaker signals. 

2 In Sees. 6-6 to 6 1 2 , 8 will be used interchangeably for depression angle and grazing 
angle. There is a slight difference between the two angles because of the curvature of 
the ear th , bu t it is completely negligible in the following discussions. 
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function p(R) is proportional to the magnitude of the Poynting vector of 
the incident wave at R at such a time that the echo reflected from the 
scatterer returns to the radar at the instant to under consideration and is 
related to the pulse shape in the following manner. If g(R-ct) gives the 
instantaneous distribution of the transmitted power in range, then 

p(R) = g(2R-ch) (90) 

The quantity at is the radar cross section of the scatterer, as defined in 
Chap. 2, except that it includes the pattern-propagation factor F*. Hence 
<TJ, as used here, may possibly depend on the height (if any) of the scatterer 
above the sea1 and on the depression angle 6. 

The total signal received will be the sum of the contributions from all 
scatterers. As the individual scatterers are considered independent, the 
received power,2 averaged over many pulse periods, is just the sum of the 
powers received from each scatterer separately, 

Pr-Wfh~RT~pil)" (91) 

where a, is the time average of the scatterers' cross sections. 
It will now be assumed that the sum involves so large a number of 

scatterers that the summation may be replaced by an integral. For this 
purpose a density function N(R, 4>, a)R dR d<f> dH is introduced, which 
gives the number of scatterers in an area element R dR d<f> for which the 
radar cross section lies between a and cr + da. I t will be further assumed 
that the scatterers are distributed uniformly and homogeneously over the 
surface of the sea, so that the function N depends only on <r. With these 
assumptions, Eq. (91) becomes 

Tr=Wf L" /-+ *m *} d(t> ^d R L ~° N(°] &~ (92) 

The integral over <r defines a dimensionless quanity, which for simplicity of 
reference will be denoted by a" and which will be called the average radar 
cross section of sea echo per unit area of the sea surface. Similarly, the in
tegral of /4 over the azimuth <j> defines a beamwidth *, a function of 0, 
given by 

fV, 4>) d<t> = */4(0,O). (93) 

1 It will not depend on the antenna gain because the height of the scatterers must 
be so low that there is no difference in angle between the direct and reflected waves. 

2 By received power is meant the power in the r-f received signal as obtained by aver
aging over a small interval of range, small compared with the pulse length but covering 
many cycles of the radio frequency. By average received power is meant the average 
of these values over many sweeps. 
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With these definitions Eq. (91) simplifies to 

P> = WY)O ^ ° ) ^ ) ^ - <94> 
The function p(R) is different from zero only over a distance given roughly 
by the pulse length. In that distance, under the geometrical conditions 
assumed, f4, a0, and R~" are essentially constant and may be taken out 
from under the integral sign. The resulting integral defines the product 
P,T in terms of the pulse shape from Eq. (90), 

p(R) dR = ^fc, (95) 

where Pt and T are closely proportional to the peak power and pulse dura
tion as conventionally defined. The final expression for the time average 
of the power received at one given range on an indicator is, therefore, 

Pr = P , j ^ ~ - 3 #/*(») T{ °° (*) (9 small), (96) 

where/4(fl, 0) has been abbreviated by/4(0). 
As has been noted, the quantity a" is dimensionless, being the ratio of 

a cross section to unit area. I t is entirely correct therefore to speak of 
log a", and in later discussions values of a" will almost always be given, 
for convenience in decibel notation, as 10 log[0 er°. I t is often not feasible 
to obtain er° in absolute measure, the values being indeterminate to the 
extent of an unknown multiplicative factor. When the decibel notation 
is used in such cases, the values will be labeled "referred to an arbitrary 
datum." At all other times it will be assumed that <T° is given in absolute 
measure. The value of a" need not necessarily be less than unity, for the 
radar cross section of a surface may be much greater than the geometrical 
area. 

The azimuthal beam width * used in Eq. (96) is not identical with 
the value as defined conventionally in terms of half-power points on the 
antenna pattern. For the usual antenna patterns conversion between 
the two values is obtained by a nearly constant multiplicative factor of 
the order of unity. The difference is of no significance in this work. 

Equation (96) is limited to small grazing angles only as a consequence 
of the geometrical conditions assumed. A more general expression can 
be derived which is not subject to these geometrical limitations and which 
therefore holds for all 6. The final result is 

T G * 
(4?r)3z: J*/2 fKd)m<r0(e) sin B V (-r~) dB, (97) 

where z is the height of the radar above the sea surface. In addition to 
the usual assumption of a large number of scatterers with uniform dis
tribution over the sea surface, Eq. (97) assumes only that the field over 
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any individual scatterer is uniform and that the azimuthal beam-width 
* is small compared with unity. 

A useful limiting case that can be obtained from Eq. (97) occurs with 
"pencil" beams at such high angles that the pulse packet covers a much 
larger region of the sea surface than is defined by the beamwidths. The 
function /4(0) then varies much more rapidly than the other quantities 
in the integral in Eq. (96), and they may therefore be taken outside the 
integral. The remaining integral defines a vertical beamwidth 9 in 
analogy to Eq. (93), and the formula for Pr reduces to 

T* - TlSI5 sin e°°W - {%!£2e «e) (e l a r g e ) > (98) 

where 6 is not the variable of Eq. (97), but is now the depression angle 
of the axis of the beam. Equation (98) is frequently referred to as the 
"large-angle" formula, in contradistinction to Eq. (96), although it holds 
only for pencil beams and therefore breaks down even at high angles if a 
"fan" beam, such as the cosecant-squared beam, is used. The transition 
between Eqs. (96) and (98) may be considered to occur at the angle for 
which the distance on the sea surface illuminated by the vertical section 
of the beam is equal to the pulse length on the sea surface, that is, an 
angle 6 such that 

tan 6 = — ■ (99) 
TC 
2 

Equation (97) and companion Eqs. (96) and (98) are essentially 
phenomenological. They require no assumptions about the specific 
nature of the scatterers responsible for the echo. As a consequence, the 
information that can be obtained from them is rather limited. Thus the 
important quantity <x° is independent of many of the characteristics of 
the radar set but is a function of at least five parameters: 

1. The angle that the incident ray makes with the horizontal (0). 
2. Wavelength. 
3. Direction of polarization. 
4. State of the sea. 
5. Azimuth relative to the wave pattern on the surface of the sea 

(that is, upwind or downwind, etc.). 
Equations (96) to (98) tell us nothing about the dependence of <r° on any 
of these parameters; this information can be obtained only by experiment 
or, by assuming a particular scattering mechanism, from theory. 

The succeeding sections are to a large extent devoted to the presenta
tion of the experimental and theoretical information about the properties 
of a". However, as sea echo is so intimately connected with the sea 
surface, the pertinent oceanographic knowledge of the characteristics of 
the sea surface is first summarized in Sec. 6-7 and the validity then con-
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sidered (Sec. 6-8) of the fundamental assumption that lies behind Eqs. 
(96) to (98), that is, that the distribution of the sea-echo scatterers is 
homogeneous. The conditions under which it is possible to speak of a 
quantity <r° having thus been established, experiments carried out at the 
Radiation Laboratory on the wavelength dependence of <r° are described 
in Sec. 6"9, which goes into some detail in order to introduce the peculiari
ties of, and the difficulties involved in, the experimental measurement of 
sea-echo characteristics. The results of all known and reliable measure
ments of the properties of <r° are then given briefly (see Sec. 6-10). The 
scattering cross section <r° naturally refers to the time average signal; 
however, the fluctuation of sea echo is one of its most striking character
istics. Although the mechanism of this fluctuation properly belongs in 
one of the later sections of this chapter, Sec. 6-11 tells what information 
about the scattering process may be obtained from a study of the fluc
tuations. Finally, in Sec. 6-12 the theories of sea echo that have been 
proposed are examined in the light of all the experimental evidence, 
and suggestions are made concerning the direction that future investiga
tions should take. 

6-7. Nature of the Sea Surface.—It is obvious that the phenomenon 
of sea echo is in some manner related to the surface of the sea. For a 
proper understanding of the phenomenon the present state of knowledge 
about the characteristics of the sea surface must be briefly reviewed. 
Most of this knowledge was gained in recent years, some of it from war
time research.1 

The outstanding feature of the sea's appearance is the presence of 
periodic or near-periodic waves on the surface. These waves are obviously 
caused by the action of the wind on the sea,2 but they may outlast, or 
outrun, the wind system responsible for their growth. Wave structures 
still driven by their generating winds are commonly referred to as "sea"; 

1 H. U. Sverdrup, Oceanography for Meteorologists, Prentice-Hall, New York, 1942. 
See pp. 133-137 for a summary of the information available before the war. For a 
longer treatment see H. B. Bigelow and W. T. Edmondson, Wind Waves at Sea Breakers' 
and Surf, U.S. Govt. Printing Office, 1947. V. Cornish, Ocean Waves and Kindred 
Geophysical Phenomena, Macmillan, London, 1934, is a classic, notable especially for 
its mathematical appendix by H. Jeffreys. American research during the war is to 
be found chiefly in three publications of the Hydrographic Office, prepared by the 
Scripps Institution of Oceanography: "Wind Waves and Swell, Principles in Forecast
ing," HO Misc. 11,275; "Breakers and Surf, Principles in Forecasting," HO 234, and 
"Wind, Sea and Swell, Theory of Relations in Forecasting," H. U. Sverdrup and W. H. 
Munk, HO 601. Two papers on the subject have also been published by H. U. Sverdrup 
and W. H. Munk: Trans. Am. Geophys. Union, 27, 823 and 828 (1947). Some of the 
similar British work is to be found in Trans. Roy. Soc. (London), A, 240, No. 824 (1948) 
by N. F. Barber and F. Ursell. A summary of the results of classical hydrodynamics 
is given in M. P. O'Brien,-"A Summary of the Theory of Oscillatory Waves," Beach 
Erosion Board, Corps of Engineers, U.S. Army, Technical Report No. 2, 1942. 

2 Isolated waves such as "tidal" waves are of no importance in the radar problem. 
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waves that are no longer driven by the wind but are in the process of 
decaying are termed "swell." 

When the wind is high the waves of a sea often exhibit little similarity 
to the conventional picture of a regular succession of sinusoidal waves 
whose crests and troughs extend indefinitely. The sea surface more 
often resembles heaps of water irregularly piled and of irregular dimen
sions, occasionally breaking, that is, showing "white water." Such a 
sea is called "short-crested," as the crest length is of the same order of 
magnitude as the distance between crests. 

"Swell" tends to be much more regular, with near-sinusoidal waves 
and long crests. As the waves of swell are decaying, their amplitudes 
are likely to be small, and they may often be completely obscured by a 
superimposed "sea" caused by local winds. 

Even the more regular "swell" is not characterized by a particular 
wavelength or amplitude; a whole range of values will be present in any 
given region. One can speak only in terms of "spectra" or probability 
distributions of these quantities. This variability, an essential charac
teristic of the sea surface, is even further emphasized in rough seas, where 
it is often doubtful whether "wavelength" or "wave height" can be 
defined. The shape of the waves differs radically from the sinusoid and 
resembles more a trochoid,' presenting a peaked appearance. Under the 
influence of the wind these peaks become still sharper until they break, 
forming whitecaps. Theoretically the limit of stability occurs for a peak 
angle of 120°, at which angle the ratio of wave height (from trough to crest) 
to wavelength, denoted by H/L, exceeds 1/7. These limiting values have 
been reasonably well verified experimentally. (In actual seas the steepness 
ratio H/L is found to vary from 1/7 to about 1/20. In swell, of course, 
the ratio may be much lower, of the order of 1/100.) The formation of 
whitecaps and spray by the peaking action of the wind (which can occur 
even when the wave height is small) is to be clearly distinguished from 
breakers on a beach. Here the action is caused not by the wind but by 
the modification of swell waves as they advance into shallow water. The 
wavelength decreases and the wave height increases until the peaks 
break over. 

The preceding description of the sea surface has been confined to the 
large-scale structure, that is, to dimensions of the order of feet. Super
imposed upon this structure there are always much smaller waves, or 
ripples, presumably caused by very local eddies in the wind. In fact, 
the wavelength spectrum probably exhibits a continuous range from 
waves of many feet down to ripples of only a few inches. These ripples 
are comparable in size to the microwave wavelengths, and there is no 
reason to believe they are not as pertinent, if not much more so, for the 

1 The trochoid is the wave shape of finite amplitude predicted by classical hydro-
dynamic theory; cf. M. P. O'Brien, op. eit., p. 24. 
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radar problem than are the large and obvious sea waves. Yet nothing 
is known about these ripples, and it is almost impossible to make observa
tions about their nature in an actual sea. In seeking some empirical 
correlation between sea-echo intensity and sea state it is therefore necessary 
to deal with the large-scale wave structure, keeping in mind that any such 
correlation may only be symptomatic of a more fundamental connection 
between sea echo and the small ripples. 

The great difficulties facing a theory that attempts to account for even 
the large-scale structure are obvious. By its neglect of viscosity and other 
dissipative processes, classical hydrodynamics can say nothing about the 
generation of waves and very little about the dimensions of waves. It 
does furnish a number of useful relations dealing with the propagation and 
shape of waves. Thus, for a sinusoidal wave of negligible amplitude the 
wavelength, period, and velocity are connected by the relations 

L = f r = — u\ (ioo) 
2TT g 

where U is the wave velocity and the other symbols have obvious meanings. 
These equations assume infinite depth, but they may be easily modified 
to include the effect of finite depth. Although they hold strictly only for 
very small wave amplitudes, the changes for finite waves (such as the 
trochoid) are not important. 

Jeffreys1 was the first to construct a satisfactory theory of the generation 
of waves by wind, involving the turbulent nature of the wind in the lee of 
an obstacle and the viscosity of the water. On the basis of this theory the 
Scripps group has been able to build up a more or less complete picture of 
the growth and decay of waves. A differential equation for the history of 
the waves has been constructed, essentially from consideration of the 
"energy budget," that is, all the processes whereby a wave can gain or 
lose energy. The constants in the solutions obtained from the differential 
equation are evaluated by means of an experimental graph of wave steep
ness H/L as a function of the "wave age," the ratio of wave velocity to 
wind velocity. The results of this theory may be summarized as follows. 

Any given wind structure is, of course, not uniform over an unlimited 
region of the sea. The length of the path to the observer over which a 
substantially constant wind blows is known as the "fetch." At any given 
fetch the wave amplitude increases with the length of time that the wind 
has been blowing. After a certain time a steady state is reached at which 
the wave height remains constant.' The time that it takes to reach this 
state of equilibrium, known as the "minimum duration," increases with 
the length of the fetch and the wind velocity. The characteristics of the 
waves in this equilibrium state are also a function of the fetch and wind 
velocity. If the wind blows for a time shorter than the minimum duration 
the wave height does not depend upon the fetch but only upon the time 

1 See V. Cornish, op. cit. 
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and wind velocity.1 For as long as the wind is building or maintaining the 
waves, the wave velocity is equal to or slightly less than the wind velocity. 

In a similar fashion the transition from a "sea" to "swell" has been 
worked out. Swell waves usually arise only from the highest, long-crested 
waves of the these waves have the most energy and therefore take 
the longest time to die down. 

It has been emphasized that at any given time a whole spectrum of wave 
heights and lengths will be found in the sea. The term wave height as 
used above must therefore refer only to some particular characteristic or 
moment of the spectrum. There is both theoretical and experimental 
evidence that the particular characteristic involved is the average of the 
highest third of the spectrum. This is stated by the Scripps group only as 
a tentative conclusion; a more definite statement must await more detailed 
experimental data. 

The preceding discussion makes obvious the futility of attempting to 
describe completely the sea state by a single number. Nevertheless, for 
lack of anything better, a number of scales of sea state have been described 
and widely used.2 The use of such scales, especially for the radar problem, 
can be characterized only as unfortunate. Even experienced seamen on 
shipboard will differ in their estimates by one or more numbers in the sea 
scale. Yet sea-scale numbers have often been assigned solely by visual 
observation from a high-flying airplane. Particularly pernicious is the 
practice of associating certain sea states with wind force in the Beaufort 
scale.3 This "scale" apparently arose from an attempt to give aviators 
flying over water a method of estimating wind speed, but it is often used 
in the reverse fashion. I t has already been emphasized that the wave 
structure depends not only on wind speed but also on the duration and 
fetch of the wind. The sea state cannot be determined simply from a 
statement of the wind speed. 

Admittedly, however, no convenient objective method of specifying 
sea state is yet available to replace the sea scales.4 Ideally, one should 

1 See HO Misc. 11,275 for graphs for wave height and period as a function of fetch, 
wind velocity, and duration. 

2 A summary of the more important of these scales will be found in HO Misc. 11,275, 
p. 35. 

3 A brief discussion of a scale of this sort is given in Bureau of Aeronautics, U.S. 
Navy, Aerology for Pilots, McGraw-Hill, New York, 1943, p. 49. 

4 Whenever terms are used in subsequent sections to denote sea states, reference is 
to the Douglas scale as given in "Instructions to Marine Meteorological Observers," 
U.S. Weather Bur. Circ. M, 7th ed., 1941. An abbreviated form of this scale is given 
here: 

No. 
0 
1 
2 
3 
4 
5 
6 

Term 
Calm 
Smooth 
Slight 
Moderate 
Rough 
Very rough 
High 

Wave height, ft 
0 

<1 
1-3 
3-5 
5-8 
8-12 

12-20 
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know the spectra of the various wave characteristics, such as wave height 
and wavelength, that could be obtained from records of the instantaneous 
sea height. During the war, pressure recorders were developed for this 
purpose,1 and they will probably be widely used in the future. Stereo-
photography from shipboard has been used in the past, but the analysis is 
extremely lengthy.2 The method of taking stereophotographs from low-
flying planes with special "strip" cameras shows considerable promise.3 

All the methods require considerable analysis, however, before the desired 
quantities are obtained. The radar problem is further complicated in that 
none of the methods so far proposed yield information about quantities 
likely to be of the most primary concern for sea echo, namely, small 
ripples or spray. 

6-8. Validity of the Fundamental Assumptions.—The form of the 
"phenomenological" Eqs. (96) to (98) for the average sea-echo in
tensity depends, aside from purely geometrical factors, upon the assump
tion that the scatterers are uniformly distributed over the surface of the 
sea. Before discussing the dependence <r° on the various parameters, it 
is well first to examine the conditions under which this assumption is 
valid, for only then can one truly speak of a "cross section per unit area." 
This examination can take two possible forms. One can try to verify 
those predictions of Eqs. (96) to (98) which are independent of the 
scattering mechanism, namely, that the echo is proportional to the 
beamwidth and pulse length and varies inversely as the cube of the range 
(or as 1/R2 for high angles) for constant angle of incidence. Or the 
distribution of the scatterers can be studied directly by examining the 
appearance of the echo on a high-resolution radar system. Both methods 
have been used to some extent. 

Measurement of the dependence on range at constant angle of incidence 
has obvious technical difficulties and has been attempted only once.4 

A 3-cm airborne system was used at several grazing angles from 5° to 90°. 
At normal incidence the expected 1/R2 relation was obtained. For the 
more interesting lower angles the results were interpreted as 1/R3 at 
large distances but 1/R2 for small distances. Such behavior is to be 
expected qualitatively (cf. Sec. 6-6), but the apparent "crossover" points 
all occur at ranges far greater than those calculated from Eq. (99). The 

1 Brief descriptions of these recorders are to be found in N. J. Holter, Electronics. 19, 
94 (1946), in a note in Nature, 167, 165 (1946), and in "Ocean Surface Waves," Ann. 
N.Y. Acad. Sci., 61, 343 (1949). 

2 See Bigelow and Edmondson, op. cit., for some contour maps obtained in this 
fashion by Schumacher. 

3 Recently a radio altimeter has been used at Telecommunications Research Estab
lishment in England to measure wave heights with an accuracy of ± 1 ft. See TRE 
Report No. T2044, "A Preliminary Report on an Airborne Sea Swell Recorder." 

' E. W. Cowan, "X-band Sea Return Measurements," RL Report No. 870, Jan. 
10, 1946. 
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accuracy of the measurements is believed not to be great enough to justify 
the interpretation put on them. One can say only that the results, to 
within experimental error, are not inconsistant with Eqs. (96) to (98). 

Measurement of the variation of echo intensity with beamwidth also 
involves many technical difficulties because it is almost impossible to 
change beamwidth without affecting other properties of the system, such 
as antenna gain. In the course of the experiments on the frequency 
dependence of o-° (Sec. 6-9), measurements were occasionally made on 
the 3-cm system with both 48- and 18-in. paraboloids, corresponding to a 
ratio of 2.5 in beamwidth. After correction for the change in antenna 
gains, the observed differences in received power were between 4 and 7 db, 
compared with the expected 4 db. The discrepancies are within ex
perimental error and are probably due to uncertainties in the vertical 
polar diagram of the antennas. 

The dependence of echo power 
on pulse length has been more fre
quently studied. In the experi
ments at 3 cm cited previously,1 

measurements were made with 
pulse duration of 2, 1, and 0.5 ^sec. 
As expected, the return at lower 
angles was roughly proportional to 
pulse length and became independ
ent of it at higher angles. Similar 
results were obtained at 10 cm for 
r = 1 and 0.5 jusec in the course 
of the experiments on frequency 
dependence. 

Measurements have also been made at the Telecommunications 
Research Establishment2 with a narrow-beam system operating on 1.25 cm 
with pulse lengths of 0.5 and 0.2 /isec. The average change obtained was 
4.7 db, compared with the 4 db expected. The use of such high-resolution 
systems, however, has at other times revealed striking examples of break
down of the "uniformity" assumptions. These deviations are best 
illustrated by means of the second method, i.e., study of the appearance 
of the echo. 

Figure 6-8 is a photograph of the delayed-sweep B-scope on a system 
operating at 1.25 cm with a pulse length of 0.15 /asec and 0.8° beamwidth. 
The dimensions of the picture are roughly 20° by 2000 yd, with the center 
of the pattern at 2500 yd. The picture was made toward the end of a 

' /b id . 
* A. L. Cockroft, H. Davies, and R. A. Smith, "A Quantitative Study of Sea Returns 

at Centimetre Wavelengths for Moderately Small Angles of Elevation," T R E Report 
No. T1933, September 1945; also Proc. Phys. Soc, 58, 717 (1946). 

FIG. 6*8.—Photograph of a delayed-sweep 
B-scope on a 1.25-cm radar, showing sea echo. 
Dimensions are roughly 20° by 2000 yd. The 
pulse length is 0.15 ^sec. 
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"northeast" storm, with the system looking out over Boston Bay. Instead 
of the customarily uniform grainy appearance, as in Fig. 676, the echo takes 
on the form of parallel straight rows. Figure 6.9 shows a photograph of 
the 2000-yd expanded-sweep A-scope taken at the same time. On this 
indicator the echo is concentrated in the form of "spikes" with intervening 

m 
Fro. 69.—Photograph of the expanded-sweep A-scope on the system of Fig. 6 8 , showing 

"spiky" appearance of sea echo. The sweep length was 2000 yd. The square-topped pulse 
is an artificial echo from a signal generator. 

regions of little or no signal.1 (This photograph may be contrasted with 
Fig. 6-10 which shows the more normal appearance of the echo on the 
A-scope.) 

The echo appearance in Figs. 6-8 and 6-9 is strongly suggestive of the 
pattern of the waves on the sea surface. This inference is supported by 

Fio. 610.—Normal appearance of sea echo on the A-scope; wavelength 3 cm, sweep length 
4000 yd, pulse length 1 >isec. 

the following measurements. Assuming that the radar is in effect "seeing" 
the waves, the distance between rows, or between "spikes," should cor
respond to the wavelength. The value obtained, when corrected for finite 

1 A " sp iky" appearance of the A-scope under similar circumstances has also been 
reported from Telecommunications Research Establ ishment (cf. T R E Report No. 
T1933). 
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depth of the bottom, is 250 ft, which is in itself not unreasonable and agrees 
fairly well with predictions based on HO Misc. 11,275. Furthermore, 
the wave velocity could be measured, for the "spikes" traveled along the 
A-scope and could be tracked in range for 10 to 15 sec. The result of this 
measurement, 25 mph, is again consonant with the wind speed at the time, 
viz., 32 mph. Furthermore, an internal check can be made on these 
measurements, because, as stated in Sec. 6-7, classical hydrodynamics 
furnishes relations between wavelength, wave velocity, and period. The 
wavelength calculated by Eq. (100) from the measured wave velocity is 
260 ft, in excellent and probably somewhat fortuitous agreement with the 
observed value. 

One must therefore conclude that in this case the scatterers are, in 
effect, not uniformly distributed but appear concentrated in definite 
regions of the waves.1 That this concentration may be only apparent is 
clear from a consideration of the length-to-height ratio of the waves. As 
stated in Sec. 6-7, this ratio varies between 7/1 and 20/1 for waves in a 
"sea." The crest of the wave will thus obscure the trough, diffraction 
being neglected, unless the grazing angle is greater than 6° even for the 
flatter waves. As the grazing angle was about 1°, it is obvious that even 
with diffraction a large portion of the possible scattering region must not 
have been illuminated by the incident beam. This "shadow" effect will 
obviously enter only at low angles and whenever the pulse length is less 
than the water wavelength and width of the beam is less than the crest 
length. These conditions are almost never to be expected when an air
borne system is being used, when the pulse length is 1 sec or more and the 
beamwidth several degrees, or when the sea is short-crested. For such 
cases the concept of a cross section per unit area is therefore meaningful 
and will be freely used. The cross section per unit area can, however, be 
a function of position over the sea surface because of local variations in 
winds and currents: A striking example of such variation is shown in 
Fig. 611 which is a portion of a photograph of a 5-mile PPI on a 1.25-cm 
system operating with a 0.75-yusec pulse. The system was located on 
Fishers Island, off the Connecticut coast, and the sea surface at the time 
was calm, with no more than slight chop. Almost all the signal is sea 
echo, expect for Fishers Island itself and near-by islands in the upper half 
of the oscilloscope. The striated appearance is fairly marked and is pos
sibly due to freak currents. It is definitely not due to a shadow effect, for 
there were no large waves present. The regions making up the striations 
were much larger than the pulse packet, and within each region one can 
still speak of a scattering cross section per unit area. Such marked local 
variations were found only for relatively calm sea states. 

1 It should be pointed out that the waves observed were too far out to be breaking. 
In fact these waves, which actually came from the storm center off shore, were not very 
obvious by visual observation from shore, being masked by a cross-wind "chop." 
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6*9. Frequency Dependence of Sea Echo.—Two possible mechanisms 
for sea echo have been frequently suggested. According to one view, back 
scattering by the droplets of spray present in whitecaps and other breaking 
water constitutes the major portion of the echo. The other view proposes 
that the observed signal is the result of diffraction from the corrugated 
surface of the sea or even specular reflection if a portion of a wave happens 
to be favorably oriented. These two hypotheses differ widely in their pre
dictions for the frequency dependence of the cross section. 

FIG. 6-11.—Photograph of the PPI on a 1.25-cm system, showing the striated appearance of 
the sea echo. Range markers are 1 mile apart. The bright line is the north heading. 

By the droplet theory, if the radii of the droplets are much less than 
\/2T, only the dipole terms in the back-scattering cross section are impor
tant, and the frequency dependence is given by the familiar Rayleigh law, 
namely, as X~4. Because of the interference lobes of the field above the 
sea surface, the frequency variation of the received echo should be even 
faster, possibly as much as X-8. The alternative mechanism predicts a 
much slower variation. If only a geometrical reflection is involved, then 
the cross section is, of course, independent of frequency. Even on the 
basis of a diffraction phenomenon, if the dimensions of the surfaces involved 
are comparable to or greater than X, the dependence should not be faster 
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than X-2. In either case the differences with the droplet theory should be 
sufficiently marked to be measurable experimentally. 

A series of measurements was carried out at the Radiation Laboratory to 
make just such a comparison.1 The experiment will be discussed in detail 
in order to show some of the difficulties involved in the study of sea echo 
and the precautions that must be taken to obtain significant results. 

Three truckborne systems were used, operating on wavelengths of 9.2, 
3.2, and 1.25 cm, respectively. The systems, whose characteristics are 
summarized in Table 6-3, were experimental ones, specifically designed for 
accurate measurements of signal strength. (The majority of the measure
ments were made with the 3- and 9-cm systems, as difficulties with the 
1.25-cm system prevented it from being used as often or with the same accu
racy as the other systems.) A few details of the systems are worthy of 

TABLE 6-3.—CHARACTERISTICS OF RADAR SYSTEMS 

System 
'No. 

XT-3 
XT-2 

T-14 

Wave
length, 

cm 

9.2 
3.2 

1.25 

Antenna dimensions, 
in. 

48 (paraboloid) 
(a) 48 (paraboloid) 
(b) 18 (paraboloid) 

48 X 6 (parabolic cylinder) 

Beamwidths, 
degrees 

i?-plane 

6.8 
1.9 
4.8 
0.8 

/ /-plane 

8.9 
1.9 
4.8 
6.1 

If! 

2,1,0.5 
1,0.33,0.15 
1,0.33,0.15 

0.75,0.35,0.15 

Peak 
power, 

kw. 

35 
20 
20 
10 

notice. The direction of the polarization in each system could be changed 
rapidly, in the particular case of the 1.25-cm set, the change was effected by 
inserting a metal-strip half-wave plate in front of the antenna. 

It is a desirable precautionary measure to have all systems measure the 
echo from the same area of the sea surface in case the assumption of homog
eneous distribution of scatterers is not satisfied. Most of the measure
ments on 3.2 cm were therefore made with an 18-in.-diameter antenna, 
whose beamwidth nearly matched that on 9.2 cm. In addition, the pulse 
length used was in all cases either 1.0 or 0.75 /xsec. It should be noted, 
however, that the pulse length need not be accurately known in practice, as 
Eq. (96) for the received power can be rewritten in the form 

* - ( J ^ * ' ™ I ••<•>• don 
where fl is the pulse recurrence frequency and p, is the average transmitted 
power. (It is just this average power, and not the peak power P,, that is 
measured directly by the usual test equipment.) The pulse-recurrence 
frequency was crystal-controlled and hence known very accurately. 

1 For a more comprehensive discussion see H. Goldstein, Phi/x. h'<i'., 70 938 (1946). 
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The instantaneous sea-echo intensity fluctuates rapidly and over wide 
limits. In order to meaure a0, the time average of the received echo must 
be obtained. A number of methods have been devised (see Sec. 6-10), but 
an electrical averaging technique was chosen as the most direct and objec
tive procedure. A narrow section of the video signal (shorter than the 
pulse length) is selected by a gate and passed through an amplifier having a 
long time constant. To smooth out all fluctuations it was found that the 
averaging time had to be as long as 30 sec. The reading of the output 
meter on the amplifier was converted to r-f input level by means of a cali
brated r-f signal generator.1 

The systems were set up at a number of locations on the New England 
coast at elevations of 70 and 120 ft above mean sea level. Because of the 
relatively low elevation the grazing angle of the beam with the horizontal 
was restricted to less than 2° and usually had to be below 1° to avoid shal
low water close to shore. Unfortunately sea echo at these elevations was 
not very extensive, never extending farther than 8000 yd. Therefore, for 
seas calmer than "moderate," measurements could often be made only at 
angles greater than 1° and may not be representative of open-sea conditions. 

Possible sources of error in the measurements are of two types. 
(1) There may be errors in the calibration and constants of the system. 
On the 9.2- and 3.2-cm systems, calibration was made frequently and by 
several well-known methods. The limits of error in the values of received 
power, transmitted power, and antenna gain were ±0.5 db for each. In 
addition there were a number of minor corrections to be applied in deter
mining o-0: loss in the radome, correction for the vertical polar diagram, 
TR switch recovery losses (at close ranges only), etc. The uncertainty in 
each of these corrections was small, but the cumulative effect is not neg
ligible. The probable systematic error in the absolute measurement of 
ff° on 3 or 9 cm is, therefore, estimated to be 2 db. Because of difficulties in 
obtaining consistent absolute measurements of received and transmitted 
power and owing to additional losses from water vapor attenuation, proba
ble systematic error on 1.25 cm is estimated to be 4 db. (2) In addition to 
such systematic errors there are random errors arising from the inherent 
scatter in the data. The value of the cross section is not strictly constant 
with time but fluctuates as the sea surface changes and the number and 
size of the scatterers varies. Some of this fluctuation is smoothed out in 
the electrical averaging process, but the slower variations (over periods of 
minutes) are not affected. Furthermore there is generally little correlation 

1 Strictly speaking, this procedure yields an average of the video signal, which 
differs from the average of the signal at the input because of the nonlinearity of the 
receiver. A correction can be calculated from the measured receiver law and the 
probability distribution of the instantaneous sea-echo amplitudes. Conditions were 
always so adjusted that this correction was never greater than 1 db and was roughly 
the same in all systems (see H. Goldstein, op. cit.). 
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between the scatter on different frequencies. These random errors were 
reduced somewhat by repeated measurements made in rapid succession. 
The scatter in the values of such a sequence was usually 1 to 2 db. 

The variation of the cross section from 9.2 to 3.2 cm is expressed by the 
ratio 

usually given in decibels, that is, 10 logiO0. Measured values of the ratio 
varied from —8 to + 18 db. A definite difference was found between the 
two polarizations, the ratio being consistently smaller on vertical polariza
tion. The results also show a correlation with the roughness of the sea. 
Unfortunately, it was not possible to measure the sea state beyond some 
rough and unsatisfactory visual observations (along with surface wind 
data). The cross section at any given angle, wavelength, and polarization, 
however, should be a function solely of the parameters lumped under the 
term sea roughness. This cross section can therefore serve as a dependent 
variable, or scale, to illustrate any correlation of the frequency dependence 
with sea roughness. 

The 110-odd observations made are spread rather thinly over a variety 
of sea states and grazing angles. The observed ratios were divided into 
three broad ranges of grazing angle and were then further separated into 
groups according to the measured value of the cross section on 9.2 cm for 
horizontal polarization. The average ratio for each group is shown in 
Table 6-4. For the middle group an attempt has been made to translate 
the cross-section scale into the conventional sea-state scale using visual 
observations and predictions based upon the observed winds and fetch. 
The very rough correspondence so obtained between the scales is shown in 
the table. This correspondence cannot necessarily be carried over to the 
other groups because the cross section varies with angle in a way that is 
not well known and that probably changes with sea state. 

The values of /3 listed in the table are to be compared with the figure of 
+ 18.5 db, corresponding to a variation as 1/X4, or with +37 db, corre
sponding to 1/X8. With the exception of two points, the experimental 
values are much smaller, well outside the expected error. The results 
thus do not support the spray-droplet theory. 

The data on the ratio cr°(1.25)/o-°(3.2) are too few to permit any detailed 
analysis. They cover angles from 0.45° to 0.90° and have been measured 
only for moderate seas on horizontal polarization. The average value of 
the ratio was found to be about + 5 db for these conditions, compared with 
+ 16.5 db predicted by a 1/X4 variation. 

An important by-product of this investigation is information on the 
dependence of the cross section on the polarization. This information is 
presented as the ratio of the cross section for vertical polarization to the 
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TABLE 6-4.—EXPERIMENTAL VALUES OF THE FHEQUENCY DEPENDENCE 
or SEA ECHO 

$ > 1.0° 

Interval of <r°(9.2), db 

- 4 0 to - 5 0 
- 5 0 to - 6 0 
- 6 0 to - 7 0 
- 7 0 to - 8 0 

No. in interval 

Hor. 

2 
0 
5 
1 

Vert. 

0 
0 
4 
2 

ft db 

Hor. 

+ 8.5 

+ 13 
+ 18 

Vert. 

+ 2 
+ 11 

0.65° £ e < 1.0' 

Interval of <(9.2), db 

- 3 0 to - 4 0 db 
- 4 0 to - 5 0 
- 5 0 to - 6 0 
- 6 0 to - 7 0 

No. in 

Hor. 

6 
15 
5 
2 

nterval 

Vert. 

4 
11 
7 
0 

ft 

Hor. 

- 2 
+ 3 
+ 9 
+ 18 

db 

Vert. 

- 5 
- 1 
+ 3 

Approx. 

state 

Rough 
Moderate 
Slight 
Smooth 

$ < 0.65° 

Interval of <rj(9.2), db 

- 3 0 to - 4 0 db 
- 4 0 to - 5 0 
- 5 0 to - 6 0 

No. in interval 

Hor. 

6 
11 
5 

Vert. 

6 
11 
4 

ft db 

Hor. 

0.0 
+4 
+6 

Vert. 

- 5 
0.0 

+3 

cross section for horizontal poIarization^/o-JX usually measured simul
taneously on 9.2 and 3.2 cm. The data should be almost completely free 
from systematic error, as the ratio is independent of the absolute calibra
tion of the system. Almost the only sources of systematic error are changes 
in the antenna characteristics and faulty calibration of the signal-generator 
attenuator, both of which are deemed negligible. There is still a random 
error, of course, arising from the fluctuations in the values of a". If any
thing, this random scatter tends to be larger than that for the frequency-
dependence data because of the unavoidable time difference between meas
urements on the two polarizations. 

The observed values of the ratio vary between —8 and + 2 2 db. A 
definite correlation exists between the values of the ratio on 9.2 and 3.2 
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cm, as illustrated by Fig. 622 in Sec. 6-12. There the ratio for X = 9.2 
cm is plotted as ordinate, and the ratio for X = 3.2 cm as abscissa. The 
circles represent experimental values for grazing angles between 0.65° and 
1.35°. Although the points show considerable scatter, the presence of a 
correlation is clearly indicated. High values of the ratio on 9.2 cm are 
almost always accompanied by high values on 3.2 cm. Similarly, low 
values on 9.2 cm are paired with low values on 3.2 cm. The ratio on 3.2 
cm, it will be noted, is almost always lower than the simultaneous ratio on 
9.2 cm. In fact, although vertical polarization almost always returns the 
stronger echo on 9.2 cm, the reverse is frequently the case on 3.2 cm. 

An analysis of the data also indicates a correlation of the "polarization 
ratio" with sea state. Large values of the ratio are found only when the 
sea is calm; in fact, it is then one of the most striking characteristics of the 
echo. As the sea becomes rougher, the ratio steadily decreases, there being 
little difference between the two polarizations for very rough seas on 9.2 cm. 
Under the same conditions the echo on 3.2 cm, however, is considerably 
stronger on horizontal polarization. 

Very few observations of polarization dependence are available on 1.25 
cm. The values obtained indicate that the echo is about the same for both 
polarizations, with a scatter of roughly + 3 db. 

A word might be said about the absolute magnitude of the cross section. 
From Table 6-4 the low-angle cross section on 9.2 cm for horizontal polari
zation is seen to vary between — 30 and — 70 db. These figures mean that 
the echo from each square foot of the sea's surface can be accounted for by a 
cross section of between 10-3 and 10 -7 sq ft. The values seem low, and 
this in itself mitigates against specular reflection playing an important role. 
The radar beam usually covers a considerable number of square feet, how
ever, and the total cross section can be rather large. Thus, in a system with 
a pulse length of 1 /xsec and a beamwidth of 3°, the beam covers an area of 
3X106 sq ft at a range of only 40,000 yd (23 miles). The total sea-echo 
cross section under these conditions then varies between 3000 and 0.3 sq ft. 
The larger figure is quite sufficient to mask the presence of a large aircraft 
or a surfaced submarine. 

6-10. Measurements of the Properties of Sea-echo Cross Section.— 
Section 6-8 has shown that except for certain rare conditions, the concept 
of a cross section per unit area for sea echo a" is meaningful. The present 
section attempts to summarize the available experimental information on 
the properties of <r° and its dependence on various parameters. Table 6-5 
lists the attendant circumstances for nine investigations on sea echo. No 
attempt is made to list all the known researches. A good many investiga
tions, especially older reports and those in the nature of system service 
trials, have been omitted. It is believed, however, that the table includes 
all reported investigations making a significant contribution to our knowl
edge concerning the sea-echo cross section. 
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The items listed in Columns 1 to 4 of Table 6-5 need no explanation. 
Column 5 indicates the parameters as a function of which <r° has been meas
ured, that is, grazing angle of incidence 6, wavelength X, polarization p, and 
state of the sea S. In Column 6 is stated the method of measuring Pr. All 
investigations except II, in which only the maximum range of sea echo was 
measured, used some kind of signal generator. The measurement of 
sea-echo intensity presents some peculiar difficulties because of the rapid 
fluctuations of the signal, and various procedures have been devised in order 
to obtain some definite quantity to measure. In one investigation the 
highest, or peak, signal occurring in a given time interval was observed. 
This is not believed to be a good choice; Sees. 6-11 and 6-18 will show the 
probability distribution for the instantaneous signal amplitude to be such 
that there is a finite probability for any amplitude, no matter how high. 
A more precisely defined level is the amplitude exceeded by a specified frac
tion of the pulses, usually in the neighborhood of 2 to 5 per cent. In prac
tice it is found that this leVel can be reproducibly estimated by visual 
observation of the A-scope. This method is denoted as "mean peak sig
nal." Sea-echo intensity has also been measured by finding the r-f level 
of a signal-generator pulse that can just be detected in the sea echo, 
analogous to the determination of minimum discernible signal in noise. 
The level so obtained is reproducible for one observer and system but, as is 
well known, depends upon pulse length, pulse-recurrence frequency, method 
and size of display and upon the observer. In addition, the level, unlike 
the "mean peak signal," is not connected in a known way with the average 
intensity. By far the best method of measurement, and the one that is 
least subjective, involves averaging by electrical means, as described in 
Sec. 6-9. This method has the additional advantage that it yields exactly 
the quantity most suited for theoretical discussion, viz, Pr. 

Most of the investigations indicate the state of the sea or the height of 
the waves. Column 7 indicates tho type of observation upon which such 
statements are based. 

Variation of Maximum Range with Height. The way in which the maxi
mum range of sea echo1 on the indicator varies with the height of the sys
tem is of obvious practical importance. The range enters into the basic 
formula [Eq. 96] for the received intensity at low angles in two places: in 
the Rs term in the denominator and as a parameter of <r° in the form 
z/R = e. Thus, Eq. (96) can be rewritten 

Until the specific function <r"{z/R) is known, the variation of maximum 
range with height cannot be predicted. For discussion purposes, it is con-

1 Defined as the range at which the sea echo is lost in noise. 



T A B L E 6-5.—A STJMMAHY OF THEJSIQNIFICANT INVESTIGATIONS ON S E A E C H O 

Number 
(1) 

I 

I I 

I I I 

IV 

V 

VI 

VII 

VII I 

ixt 

System 
height, ft 

(2) 

60 and 20 

250-13,000 
(airborne) 

Airborne 

70 and 120 

Airborne 

500 

3000-10,000 
(airborne) 

3500 
(Mt. Snowden) 

150 and less 

X 
(3) 

9,3 

10,3 

3 

9,3,1 

10 

10,3,1 

3 

10 

10,3.3 

6, deg. 
(4) 

< 2 

< 5 

5-90 

< 1.5 

< 5 

0 . 5 - 5 

10-90 

0 8-2 

< 1.2 

Properties of 
a" studied 

(5) 

e,P,s 

e 

e,p,s 

p,X,,S" 

e,S 

e,\S 

e,s 

e,s 

6,\,S 

Method of 
measurement 

(6) 

Signal generator, r-f; 
peak signal 

Maximum range 

Signal generator, r-f; 
mean peak signal 

Signal generator, r-f; 
electrical averaging 

Signal generator, r-f; 
minimum discern
ible 

Signal generator, i-f; 
mean peak signal 

Signal generator, i-f; 
(indirectly); mean 
peak signal 

Signal generator, r-f; 
electrical averaging 

Electrical averaging 

Type of observations 
on sea s tate 

(7) 

Wind speed, visual 
estimate 

W i n d s p e e d , v i s u a l 
estimate 

Visual estimate 

W i n d speed , v i s u a l 
estimate 

W i n d speed , v i s u a l 
est imate 

M e a s u r e m e n t s from 
s u b m a r i n e , w i n d 

speed 
Visual est imate 

Not stated, probably 
visual estimate 

N o t stated, probably 
visual estimate 

Organization and reference 
(8) 

R L : 0 . J. Baltzer, W. M. Fair-
bank, and J. D . Fairbank, R L 
Report No. 536, Mar . 14, 1944 

R L : Unpublished Memoranda 

R L : E. W. Cowan, R L Repor t 
No. 870, Jan. 10, 1946 

R L : H . Goldstein, Phys. Rev., 
70, 938 (1946); see also Sec. 6-9 

R L : Unpublished 

T R E : A. L. Cockroft, H . Davies, 
and R. A. Smith, T R E Report 
No. T1933, September 1945* 

T R E : G. S. R. Maclusky and H. 
Davies, T R E Repor t No. 
T1956, Nov. 20, 1945* 

ASE: H. Bondi, ASEE Witley, 
Interim Report No. Mk38/45 
Feb. 16, 1945 

ASE: T . Gold and W. Renwick, 
ASEE Witley, Report No . 
X R C , Sept. 8, 1946 

* Also see H. Davies and G. Ci. Mcfarlane, Proc. Phys. Soc, 56, 717 (1946). 
t Information on this investigation was unfortunately received too late for inclusion in the discussion in the text. 
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venient to assume that <r° has the form (z/R)". Equation (102) then can 
be solved for the range; 

Rm oc F + 1 . (103) 

As long as n is positive, the maximum range will increase more slowly than 
the height. 

This procedure can obviously be reversed; from measurements of the 
variation oi range with height the functional dependence of <r° on 6 can be 
deduced; it will, in fact, be proportional to the cube of the maximum range. 
As the measurements do not require any additional test equipment beyond 
the normal indicators, the method is tempting. Unfortunately, what con-

no. 

0.4 0.6 1.0 2 3 4 6 0.4 0.6 1.0 2 3 4 6 0.2 0.4 0.6 1.0 2 
e in degrees 0 in degrees 0 in degrees 

[a) (6) M 
6'12.—Three typical curves of maximum range of aea echo vs. grazing angle, replotted 
from Reference II , Table 6'5. The quantity Hm is in statute miles. 

stitutes maximum range is not clear, and the readings depend upon the 
observer and the type of indicator. Furthermore, since a"{6) <x R^,, small 
errors in Rm result in large errors in a0; or to put it another way, the varia
tion of maximum range with height is not a sensitive function of er°. 

Nevertheless, because of its simplicity, the method has been applied 
frequently, usually in the course of field trials of new systems. The results 
obtained in Reference II of Table 6'5 are typical and probably represent 
the most careful measurements made in this way.1 Two commercial 9- and 
3-cm systems, the ASE and ASD respectively, were used, mounted in 
separate light airplanes. The only modification of the systems consisted 
in adding a 5-in. A-scope. Unfortunately, almost all the measurements 
were made for relatively calm seas and all for horizontal polarization only 

Three typical curves are shown in Fig. 6-12 where the logarithm of R3
m 

is plotted against the logarithm of the angle 6. In all cases, cr°(6) rises very 
1 Other references are G. A. Garre t t and K. L. Mealey, "Photographic Polarization 

Tes t s , " R L Report No. 382, May 1943; "Tr ia ls of M k X I ASV (3 cm) , " R N A S Report 
No. 707/1/2, March 1945; '-'ASD in a Ventura ," T R E Report No. T1651, September 
1943. 



SEC. 6-10] PROPERTIES OF SEA-ECIIO CROSS SECTJOX 503 

rapidly at low angles, approximately as 0" where n is about 3 or 4. Occa
sionally, as in Fig. 6-12a, this rapid rise continues to the highest observed 
angles. More often, as in Fig. 6-12/), the initial rate of increase is not main
tained, and there appears a definite tendency for saturation; hence the 
cross section eventually becomes substantially independent of angle. This 
tendency is even more pronounced in the curves for X = 3 cm. 

The difficulties of this method are well illustrated in the curves of 
Fig. 6-12c for 3 cm, where the solid and open circles represent simultaneous 
measurements by two observers in the same airplane and the crosses repre
sent measurements made by a third observer from oscilloscope photographs 
taken at the same time. According to one observer, <r°(0) decreased by a 
factor of 2 in going from B = 1° to 5°, whereas, according to another, it 
increased by a factor of 1.4 in the same interval. 

Obviously, the method of maximum range can furnish only a general 
idea of the dependence of CT0 on 6; more painstaking procedures must be 
used to obtain accurate information. 

Variation of a" with 6. Eight of the nine investigations listed in Table 
6-5 give data on the variation of <r° with grazing angle. As has already 
been seen, however, all are not equally reliable, nor are many of them at all 
comparable. Thus, in none of the American work with airborne systems 
was attention paid to obtaining favorable oceanographic conditions. In 
most cases the winds were not high, and the fetch was almost always 50 
miles or less. On the other hand, because the prevailing winds are on-shore 
in Britain, the English work was probably done with sea states rougher 
than any encountered in the airborne work in this country; this may 
explain some of the apparent contradictions found. Again, the elevation of 
land-based systems is usually far less than those attained in airborne work, 
and the normal range is thus far smaller. Therefore, in order to obtain 
sufficient sea echo to work with, the land-based measurements are usually 
made in weather unsuited to aircraft operation. In any case, it is risky 
to try to find the variation of <r° with 8 from the land; too often one merely 
measures the change in the sea roughness as shore is approached. Trust
worthy data on the angle dependence of <r° can probably be obtained only 
from aircraft or from ships in rough seas, well away from shore.1 

The investigations are rather sharply divided into two classes: low 
angle, in which the grazing angle is less than about 5°, and high angle, 
where 8 varies from 5° up to normal incidence. These two classes will be 
treated separately, especially as it seems likely that two different mecha
nisms are involved. 

Two of the researches listed in Table 6 5, I I I and VII, fall into the latter 
class, both on 3-2 cm. In III , a night-fighter system (AIA) was used, to 

1 Difficulties arising from nonuniformity in the sea surface were 'also encountered in 
airborne measurements as a result of the airplane's ability to cover large distances 
rapidly, but with proper planning of flight procedure such difficulties can be eliminated. 
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which considerable calibrated r-f test equipment had been added so that 
absolute measurements could be made. Data were taken for both polari
zations, employing the "mean peak signal" criterion. A noteworthy fea
ture of this investigation was that the range was kept constant as the angle 
was varied. In Fig. 6-13 the data for the roughest sea measured (yet for 
which the wind speed was below 12 mph) have been replotted to show the 
cross section in absolute measure. The range of variation is extremely 
large, almost 60 db from 15° to normal incidence. 

In the corresponding English investigation a similar radar system and 
criterion for signal level were used, but only horizontal polarization was 
available. Also, the measurements were made by calibrating the gain con
trol with an i-f signal generator; thus absolute figures could not be obtained. 
The range of sea states covered was much greater, however, than in 
Reference III. Figure 6-14 is a replot of only two of the many curves 
given in the original report. Figure 6-14a was obtained for a slight sea 
(Douglas 2), while Fig. 6-146 is listed as very rough (Douglas 5). The 
rate of increase of a" with 8 and hence the total range of values are much 
less than in Reference III. The dotted lines show the function sin 8, 
which represents the 8 dependence of a-0 fairly well up to grazing angles 
of 40° to 60°. The general level of a" changes only slightly with sea state, 
in fact, the cross section at normal incidence is constant to within + 3 db. 
Below 45°, <r° increases by only 10 db from the calmest to the roughest seas. 
In comparing these two investigations it should be emphasized again that 
the description "calm seas" in Reference VII probably means a rougher sea 
than any in III. 

Of the five investigations at low angles (I, V, VI, VIII, and IX), the 
least trustworthy is probably I, because of the unsatisfactory criterion for 
signal level (peak signal in 10 sec) and because measurements were made 
very close to shore. The spread in the data is considerable, but the results 
can be roughly represented by a" = 8", for 8 < 1°, with the exponent n 
varying1 between 1.3 and 4.0. There is some indication that the exponent 
tends to be less on 3 cm than on 9 cm. No significant variation of the 
exponent with sea state is noticeable. 

Land-based systems were also used in Reference VI, but elevation was 
much higher, 500 ft, and the location (Llandudno in North Wales) such 
that the fetch was large. As a result, the sea-echo intensity was suf
ficiently high for measurements to be made at much greater distances from 
shore. Data were obtained from two systems, both on 1.25 cm, but with 
different beam widths and pulse lengths, and from two others on 3.2 and 
9 cm, respectively, all with horizontal polarization. Signal measurements 

1 Similar results were obtained at an almost identical location using the radar 
systems described in Sec. 6-9 but with the averaging of ~P, obtained by long-exposure 
photographs of the A-scope. 
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replotted from Reference III of Table 6.6. 
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FIG. 6-14.—Two typical curves of sea echo cross section, in arbitrary units, on 3.2 cm 
for high grazing angles as replotted from Reference VII of Table 6.5. The solid curve and 
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were made with an i-f signal generator and calibrated gain controls, but an 
absolute calibration for 1.25 and 3.2 cm was obtained by measuring the 
echo from metal spheres. Values of <r° on the two 1.25-cm systems differed 
consistently by 4 db, a fact that may reflect the errors involved in the cal
ibration. This is the only sea-echo investigation for which actual measure
ments of wave height were obtained. These were made on a submarine 
sufficiently submerged to be unaffected by the waves, with the wave height 
read through the periscope by reference to a scale lashed to the super
structure. 

All the data on 3 and 1 cm are very well represented by a linear de
pendence of <J° on 8. Figure 6-15 reproduces two of the graphs shown in 
the original report, in which Pr is plotted against the logarithm of the 
range. The straight line indicates the 1/R* variation that corresponds to 
a" °c 8. All the curves given in the report can be fitted by a power-law vari
ation of P, with R, in which the exponent lies between 3.5 and 4.5 at the 
extremes. The scatter of the points is much smaller than is usually en
countered in investigations of this nature. It may be noted here that the 
ratio a"/8 was remarkably independent of wave height for waves above 2 ft 
high. The absolute values of a" accord well with corresponding measure
ments of Reference IV. 

Because of poor functioning of the system, the data on 9 cm were much 
less reliable and no absolute calibration was obtained. The one curve re
produced in the report, at a wave height of 6 ft, definitely indicates, how
ever that <r° rises faster than 8 for small angles. 

An extreme case of land-based measurements is represented by Ref
erence VIII, as the radar was located atop Mt. Snowden, North Wales, at 
an elevation of 3500 ft, and the data should be free of some of the uncer
tainties characteristic of land-based work. Only one system, on 10 cm 
and with horizontal polarization, was used. Averaging of the signal was 
performed electrically as in Reference IV. 

It is stated in this report that the results are well fitted in all cases by 
the following form of a" 

_ e_ 
a0 oc e e°, 0.8° ^ 8 5$ 1.9°, (104) 

where 8a is a constant whose value is about 3.8° + 1°. Unfortunately, 
only an interim report has been issued, and actual curves are not shown. 
Too much emphasis should not be put on the various analytic forms in 
which the ^-dependence of aa is expressed. Thus, the above exponential 
dependence, over the limited range of angles, can be replaced by the 
power-law formula a" <* 0s 3 with an error of less than + 1 db, which is 
undoubtedly well within the experimental scatter. 

The most complete set of data for 10 cm is given by Reference V. The 
measurements were made in the course of design* flight trials for a high-
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FIG. 6*15.—-TWO typical plots of sea-echo intensity as a function of range. The circles 
are experimental points and the straight lines indicate 1/R4. Taken from Reference VI, 
Table 6.5. 
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F I G . 6-16.—Typical plots of o-0 (approximately in absolute measure) vs. grazing angle 9. Calculated from the data of Reference V, Table 6.5. 
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power 10-cm airborne system operating with horizontal polarization. In 
a typical run the sea-echo intensity was measured as a function of range by 
the "minimum-discernible-signal-generator" technique, usually for several 
altitudes. About ten such runs were obtained over a period of several 
months. 

The work is somewhat marred by the almost complete lack of attention 
to the proper oceanographic conditions (admittedly often enforced by the 
limited range of the aircraft) and by the large number of observers with 
varying degrees of training (with the result that separate runs are often 
not comparable). 

T A B L E 6 -6 .—FUOPEKTIKS OF THK C U U V E S OF a" vs . 0 AS O B T A I N E D FROM 
R E F E R E N C E V, T A B L E 6-5 

Run 
No. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

ff»(l°), db 

- 7 4 
- 6 3 
- 6 2 
- 6 0 
-5<) 
- 5 6 
- 5 4 
- 5 2 . 5 
- 5 2 . 5 
- 4 2 

Power-law exponent 

e < e0 

3.6 
2.4 
2.5 
2.8 
3.1 
2.0 
3.6 
2.1 
2.6 
3.8 

6 > 60 

0 
0 
0 
0.7 
1 0 
0 3 
1.3 
0 0 
0 2 
0.4 

ft>, 
degrees 

4 
4 
4 
2.1 
2 0 
2 0 
2.7 
2.0 
1.5 
1.1 

The results have been recalculated and plotted as a function of the 
grazing angle d. In this form the curves obtained at several altitudes 
should coincide, ideally. Figure 6-16 reproduces three of the plots. The 
condition of the sea surface cannot be determined from the information 
available, but it seems likely that Fig. 6-16a refers to a slight sea and 
Fig. 6-16b and c to a moderate sea (no sea state rougher than moderate was 
encountered.) The separate altitudes at which the measurements were 
made are indicated by different symbols. The scatter of the points is 
considerable, as might be expected, but the data for the various altitudes 
seem well intermingled, and the deviations appear random. Exceptions 
occur only at low altitudes and angles, and can probably be attributed to 
the low signal-to-noise ratio under these conditions. 

There is obviously considerable latitude in fitting the points with a 
smooth curve, but for convenience the general behavior may be represented 
by segments of two power laws, which in the coordinates used become 
straight lines and are shown by the dotted lines in Fig. 6-16. This type 
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of representation is also suggested by some theoretical considerations. 
All the ten plots have been fitted in the above manner,1 and the exponents 
of the two power laws are listed in Table 6-6. Also listed are the angles 
at which the two segments intersect and the value of the fitted curve at 
0 = 1.0°. This last is given in absolute measure and was obtained in a 
crude fashion from assumed noise figures and constants of the system. 
The values should therefore be depended on only for orders of magnitude. 
I t should also be remembered that the calculation did not include the 
unknown and variable difference between the minimum discernible and 
average signal level. The order of increasing values of <T°(1°) as given in 
the table should correspond approximately to the order of increasing ea 
roughness. All values of the cross section are considerably smaller than 
those measured for rough seas in the experiments discussed in Sec. 6-9. 
This fact is another indication that the waves did not exceed moderate 
heights.2 

Almost all the investigations described refer to somewhat different 
external conditions and cannot therefore be compared with each other. 
I t is tempting, though not altogether legitimate, to try to summarize 
the various results and build a composite picture of the curve of <r° as a 
function of 6. Certainly it seems clear that at 10 cm the curve rises very 
steeply at low angles, being approximated by a power law whose exponent 
lies between 2 and 4. At somewhat higher angles a0 increases much more 
slowly; the curve lies between a constant value and a linear dependence 
on 8. The angle corresponding to the "knee" of the curve decreases as 
the sea becomes rougher (cj. Table 6-6), ranging from 5° for calm seas to 
less than 1° at very rough seas. 

The initial rapid rise is presumably present at 3 cm also (as evidenced 
by Fig. 6-12c), but the angle at which the curve begins flattening off is 
apparently much smaller at 3 cm than at 9 cm for the same sea state. 
The guess might be hazarded that the trend is continued in the same 
direction at 1.25 cm, but the data for this wavelength are very 
fragmentary. 

The cross section does not continue to rise slowly indefinitely. At 
some higher angle a new scattering mechanism appears to become im
portant and a0 begins to rise rapidly again, reaching a maximum at normal 
incidence. The onset of this second rapid rise, at least for 3 cm, occurs 
at about 45° to 60° in rough seas and at 15° to 30° in calmer seas. The 
maximum values of cr° can become fairly large, greatly exceeding unity, 
indicating that some specular reflection is taking place. 

1 The fitting was at times more ambiguous than in the case of the three examples 
shown. 

2 Note added in proof: The data of Reference IX, limited to angles less than 1° 
and wave heights from 2 to 4 ft, are fitted well by a cross section a" varying as 
ff'e-*", where k is 0.02 radians for X = 10 cm and 0.01 for X = 3.3 cm. 



SEC. 6-10] PROPERTIES OF SEA-ECHO CROSS SECTION 511 

Variation of a0 with X. The manner in which the cross section changes 
with wavelength is of great importance for theoretical considerations, but 
measurements of this quantity have been rare because of the difficulties 
involved in making absolute measurements. 

Reference VI of Table 6-5 presents some data on the change of cross 
section between 3.2 and 1.25 cm for horizontal polarization. Two systems 
at 1.25 cm and one system at 3.2 cm were calibrated absolutely by means 
of a standard target consisting of a sphere suspended from a balloon. The 
ratio of the cross section at the two wavelengths (r°(1.25)/V(3.2) was 
independent of 6 in the range measured and independent of waveheight 
above 2 ft. The value obtained for the ratio under these conditions 
were + 3 db using one of the 1-cm systems and + 7 db using the other. 
As has been remarked, the difference of the values is an indication, perhaps, 
of the accuracy of the absolute calibration. The smaller value is stated 
to be the more reliable and is considered to be indicative of a variation 
as 1/X. Unfortunately, dependable absolute values on 9 cm could not be 
obtained, but there was some evidence that the ratio of the cross section 
on 9 cm to that on 3 cm decreased somewhat as the sea became rougher. 

The results obtained in Reference IV have been discussed in detail in 
Sec. 6 9 and need be summarized here only briefly. With horizontal 
polarization it was found that the increase in the cross section in going 
from 9.2 to 3.2 cm varied between + 1 8 db with relatively calm seas to 
— 2 db when the sea was rough. When the polarization was vertical, 
over the same wavelength region, the cross section increased by 11 db 
for calm sea and decreased slightly (5 db) for rough sea. A few rough 
measurements were also made at 1.25 cm, horizontal polarization, and 
the cross section was found to be approximately 5 db larger than that 
at 3.2 cm. 

The two investigations discussed barely overlap, but their results 
are not mutually inconsistent.1 

References in the literature to sea echo at wavelengths greater than 
10 cm are very meager. I t would appear that the echo is not very strong 
outside the microwave region, although it is risky to generalize from such 
qualitative information, or rather lack of information. But if the cross 
section does not vary much with wavelength, one might expect sea echo 
to be as prominent on the large CHL (low-frequency) radar installations 
on the English coast as on the near-by microwave sets. As this is not 
the case, it seems probable that <r° decreases very rapidly with wavelength 
above 10 cm, at least for horizontal polarization. 

1 Note added in 'proof: The results of Reference IV on horizontal polarization also 
bear on this question. Strictly interpreted, they would indicate a wavelength depend
ence between 10 and 3 cm that is a function of angle, varying from a dependence. 
as X1 around 1° to X4 at about 0.2° grazing angle. The range of sea states was too 
limited to indicate any variation with sea roughness, 
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Dependence of a0 on Polarization. The earlier qualitative studies of 
polarization effects all agreed that the cross section of sea echo on 10 cm 
was much greater for vertical polarization than for horizontal.1 In the 
investigation of Reference I it was similarly found that for 9.1 cm and 
calm seas, the echo could be as much as 20 to 30 db greater for vertical 
than for horizontal polarization. The difference steadily decreased, 
however, as the sea became rougher; thus even for moderate seas the 
echo was about the same on the two polarizations. With a wavelength of 
3.2 cm and for calm seas, the echo was greater for vertical polarization 
but the difference was not so great as for 9.1 cm. As the sea became 
rougher, the behavior on 3.2 cm paralleled that on 10 cm, and it was 
found that the ratio of intensities even reversed at moderate seas, with 
the echo becoming stronger on horizontal polarization. 

This general picture has been confirmed by the investigation described 
in Sec. 6-9 (Reference IV), and the correlation between the behaviors on 
9 and 3 cm has been worked out in greater detail (c/. Fig. 6-22 in Sec. 6-12). 
A few rough observations were also made on 1.25 cm, but no significant 
•difference between the polarizations could be found. The only other 
known quantitative study of polarization effects is contained in Reference 
III . I t is there stated that for 3.2 cm at high angles the echo was in
variably stronger on vertical than on horizontal polarization, the ratio 
at times exceeding 10 db. This result is not inconsistent with the obser
vations previously mentioned, as the sea condition during the investiga
tion was never rougher than "slight." 

Variation of o-0 with State of the Sea. It is clear that the intensity of 
sea echo increases as the sea becomes rougher. Because of the difficulties 
of measuring objectively the sea state, as discussed in Sec. 6-7, quantitative 
information is, however, extremely rare. Even many obvious questions 
of a qualitative nature still remain unanswered. Thus, it is of great 
importance for theoretical discussions to know how the presence or absence 
of whitecaps at a given wave height affects sea echo, but no clear answer 
has yet been given.2 In general it must be stated that very little progress 
has been made toward determining what parameters of the sea state, 
if any, are clearly correlated with sea-echo intensity. 

The most reliable measurements of sea echo as a function of wave 
height are contained in Reference VI of Table 6-5, as the wave 
heights were actually measured from a submerged submarine. It will be 
remembered that the cross section was observed to be a linear function 

1 Cf. G. A. Garrett and K. L. Mealey, op. cit., and E. M. Lyman and J. J. Hibbert, 
"Radar Target Contrast," RL Report No. 375, June 1942. 

2 In "Report on an Investigation into the Nature of Sea Echo," TRE Report No. 
T1497, May 1943, a single instance is cited in which the sea echo increased considerably 
when whitecaps developed because of a cross wind that did not influence the height of 
the waves. It would be highly desirable to determine if this fact is true in general. 
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of d between 0.5° and 5° on X = 3.2 and 1.25 cm. The ratio o°/6 is there
fore considered to be an empirical constant. Figure 6-17 reproduces 
from this reference the plot of <r°/'8 vs. wave height for the three systems 
used. Above wave heights of 2 ft the cross section is substantially con
stant or increases only slightly with frequency. Below 2 ft there is good 
evidence for a rapid variation of <r°/d with wave height. (The existence 
of a "saturation" effect at large wave heights is in accord with general 
qualitative impressions obtained in the course of the Radiation Laboratory 
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investigations.) I t is stated that the maximum value of <r°/0 depended 
on wavelength as 

Xo 

r a (105) 

where X0 ~ 0.08 cm. As the measurements were of the "mean peak 
signal" this value is two to three times larger than for the true <x°. 

The behavior at 10 cm is even less well known. It is believed on the 
basis of qualitative data that a saturation effect is still present but that it 
occurs for much larger wave heights, in the neighborhood of 10 ft. The 
only quantitative data are given in Reference VIII, where it is stated that 
the echo increases about 10 db for every foot of wave height up to 6 ft and 
at roughly 8 db per ft from then on to a height of 14 ft, which was the 
maximum observed. It is not certain how these measurements were 
obtained. 
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Mention should be made of the variation of sea echo with the azimuth 
of the beam relative to the wave structure. All the investigations that 
deal with this variation (II, III, VII, VIII, and others1) agree with rare una
nimity that the echo is strongest when the set is looking into the wind. 
The relative increase over the downwind value varies but is generally about 
5 db. The phenomenon can be marked and has at times been proposed 
as a means of determining wind direction from aircraft, though with ques
tionable reliability. Unfortunately, this universally observed phenomenon 
is amenable to explanation by almost all the theories of sea echo yet pro
posed and consequently sheds little light upon the nature of the scattering 
process. The lee side of a wave driven by the wind tends to be steeper 
than the windward side, and diffraction or specular reflection is expected 
to be greater when looking into the wind. Correspondingly, breaking 
waves will break over on the lee side, and the scattering from the increased 
quantities of spray and foam equally well account for the observations. 

There is not such complete agreement about the intensity in the cross-
wind direction. Generally it has been found to be intermediate between 
the values for upwind and downwind. Occasionally it is stated to be even 
smaller than for downwind. In Reference III both types of behavior are 
reported. 

6'11. The Fluctuation of Sea Echo.—One of the most striking char
acteristics of sea echo as viewed on the A-scope is its rapid and irregular 
fluctuation, which gives the signal a family resemblance to ordinary re
ceiver noise. This fluctuation is well illustrated in the photograph of the 
A-scope shown in Fig. 6-10 and in Fig. 6-18 which is a plot of the instan
taneous intensity of sea-echo signal on 9.2 cm for a period of about 1 sec. 
Later sections of this chapter discuss the fluctuations of sea echo in detail 
as an example of the general subject of fluctuations of clutter signals. This 
section, however, will be concerned primarily with that information about 
the nature of the sea-echo scatterers which is furnished by a study of 
the fluctuations. As will be seen, this information is disappointingly 
meager. 

The range or extent of the fluctuation is specified in detail by the prob
ability distribution for the instantaneous echo intensity, that is, the frac
tion of signals whose intensity lies within a given interval. Such a dis
tribution, which tells nothing about the frequency of fluctuation, is called 
the first probability distribution. The origin of the majority of sea-echo 
fluctuation is thought to be the varying interference between the echoes 
from scatters that lie within the region illuminated by the radar beam. As 
the scatterers move about, the relative phases of their echoes change and 
the total echo (which is the vector sum of the component echoes) varies 
correspondingly. It can then be shown (cf Sec. 6-19) that when the average 

1 See, also, RL Report No. 382, RNAS Report No. 707/1/2, TRE Report No. 
T1551. 
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intensity of the component echoes is constant in time and the number of 
independent scatterers is large, the probability of receiving an echo of 
intensity P in range dP is 

-^dP WAP) dP = e p° ^ - . (106) 

where Po is the average intensity. Strictly speaking, this distribution is 
only the limiting form approached as the number of scatterers becomes in-

0.4 0.5 
Time in seconds 

FIG. 6-18.—Plot of the r-f intensity of sea echo on 9.2 cm as obtained from pulse-to-pulse 
photographs of the A-scope. 

finite. It is conceivable, therefore, that the number of scatterers present 
could be found by studying the deviations of the actual distribution from 
the simple exponential law. Unfortunately, the limiting process is a rapid 
one. Although the difference between two and three scatterers is fairly 
large, with higher numbers the distinction decreases rapidly. If there are 
as few as five comparable scatterers present, then the experimental dis
tribution should be indistinguishable from the limiting form. 

Whenever the average intensity is constant in time, the distribution 
obtained experimentally agrees with the exponential form within the 
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limits of error. Figure 6-19 shows the distribution obtained from the 
analysis of 2000 pulses on X = 3.2 cm. The fraction of signals in unit power 
interval (that is, the smallest power interval used in the histogram) is 
plotted on a logarithmic scale against P/Po as the abscissa. With these 
coordinates, Eq. (106) becomes a straight line as shown. Equally good 
agreement with theory has been obtained even with the highest resolution 
available. The most that can be deduced from the first probability 

0 1 2 3 4 5 
Normalized signal power P/Pa 

FIG. 6'19.—Probability distribution of 
the instantaneous signal powers for sea echo. 
The histogram shows the analysis of 2000 
pulses, 0.002 sec apart, on 3.2 cm. The 
straight line is the theoretical prediction, as
suming random scatterers. 

0 5 10 15 20 25 
Normalized signal power P/PQ 

FIG. 6-20.—Probability distribution of 
instantaneous signal powers for sea echo. 
The histogram shows the analysis of 2000 
pulses. 0.024 sec apart, on 9.2 cm. The 
straight line is the theoretical prediction, as
suming random scatterers. 

distribution, therefore, is that within an area of the sea 100 by 20 yd there 
are at least four or five independent scatterers present. This conclusion 
seems reasonable on the basis of almost any theory of sea echo. It does 
exclude, however, the possibility that specular reflection from an occasional 
steep surface of a wave plays an important role. 

The fast fluctuations of sea echo may be described as the Doppler beats 
between the various scatterers. The rate of fluctuation, therefore, depends 
on the velocities of the scatterers relative to each other. Actually there is 
no single rate of fluctuation, but instead there is a continuous spectrum, as 
might be expected from the irregular nature of the fluctuation. Typical 
power spectra, which are proportional to the fraction of the energy of the 
incoming signal for which the fluctuation frequency lies between v and 
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v + dv, are shown in Figs. 6-55 and 6-56 in Sec. 6-21. The maximum of 
the spectrum is always at zero frequency; the curve decreases mono-
tonically with increasing frequency, roughly similar to a Gaussian 
curve. 

For sea echo on 9.2 cm the width of the spectrum, defined as the 
frequency at which the power spectrum reaches half of its maximum 
value, has been measured to be between 25 and 40 cps. The correspond
ing relative velocities of the scatterers are a few miles per hour. I t should 
be remembered that the fluctuation frequency depends, not upon their 
mass motion or average velocity, but rather upon the fluctuations of the 
individual velocities about the average. The scatter in velocities thus 
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FIG. 6'21.—The amplitude of sea echo as a function of time on 9.2 cm, averaged for a period 

slightly less than 0.5 sec. (This represents part of the data used in obtaining Fig. 6"20.) 

obtained from the frequency spectrum seems numerically reasonable, 
whether the fluctuation has its origin in the slightly different velocities 
of ripples driven by the wind or refers to the turbulences in clouds of 
spray drops. Very little information about the fundamental scattering 
mechanism can be obtained from the fast fluctuations of sea echo. 

It should be mentioned that if the fluctuations are principally Doppler 
beats, the width of the fluctuation spectrum should be proportional to 
the signal frequency. Experimental verification of this point has not 
been easy to obtain because of the difficulty of making measurements 
simultaneously in time and space. Satisfactory agreement, however, 
was obtained with the one pair of measured spectra that referred to sea 
echo from the same patch of sea (see Fig. 6-56). 

In addition to the fast fluctuations of sea echo, averaging about 30 cps 
at 9 cm, a slower fluctuation, measured in cycles per second or fractions 
of a cycle per second, is almost always present. Figure 6-21 is a graph 
of the amplitude of sea echo, averaged over intervals of about 0.5 sec, 
plotted as a function of time up to 10 sec. The fluctuations shown are 
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far too large to be only statistical fluctuations attributable to the finite 
averaging interval. No detailed statistical analysis of this slow fluctuation 
has been made, but the maximum of the spectrum is probably in the 
neighborhood of 1 to 2 cps. The spectrum, however, often has com
ponents with periods as long as 30 sec. The extent of this fluctuation 
spectrum points up the experimental difficulties in measuring the 
"average" intensity of sea echo. Because of these slow fluctuations such 
measurements must be expected to have an inherent scatter of 1 or 2 db 
with any reasonable averaging time. 

The origin of these slow fluctuations must clearly be sought in the 
constantly changing nature of the sea surface. Ripples and other possible 
scattering surfaces grow and decay. Waves become peaked and break 
over; clouds of spray are formed, remaining suspended for a short time 
before settling on the surface. All these changes occur in times not 
incompatible with the observed periods of the slow fluctuations. Once 
again, the phenomenon offers little help in distinguishing between the 
fundamental scattering processes. 

The presence of the slow fluctuations has a considerable influence on 
the first probability distributions obtained from an analysis of the echo 
in a finite time interval. During this interval the "average" intensity is 
not constant and the random process is no longer a stationary one. Devi
ations from the theoretical distributions are therefore to be expected. 
Figure 6-20 shows the first probability distribution obtained from 2000 
measurements covering a time interval of 48 sec. (Figure 6-21 was 
prepared from the same data.) At very high signal intensities the 
number of observed pulses is much higher than predicted by the ex
ponential law. It can in fact be shown (cf. Sec. 6-20) that in the first 
approximation the effect of the slow fluctuations is always to increase 
the standard deviation of the distribution above the theoretical value for 
a stationary process. 

6-12. Theories of Sea Echo.—In formulating any theory of sea echo 
care must be taken to distinguish between high and low grazing angles 
of incidence, for the origin of the phenomenon is likely to be different in' 
the two regions. From the fact that a" at normal incidence is considerably 
greater than unity, at least for calm seas, it seems quite clear that specular 
reflection plays the dominant role at high angles. The size of the reflecting 
surfaces can be estimated from values of the cross section at normal 
incidence. Suppose that in unit area of the sea surface there are n flat, 
horizontal reflecting surfaces. Then, at normal incidence, 

,0(900) = W_2
 = 4g! ( | ( 1 0 7 ) 

where e = nA, the fraction of the sea surface occupied by the flat reflecting 
surfaces. From Reference III, Sec. 6-10, it is found that o-°(90°) = - 25 db 
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on X = 3.2 cm for slight seas. Assuming arbitrarily a value for t of 0.1 
for the sake of discussion, we then find that A must be about 3 ft2, with 
appropriate changes for other values of e. 

The objection has been raised that the ocean surface would hardly be 
sufficiently smooth (X/4 being only 0.3 in.) to constitute a specular reflec
tor. Although there is considerable force to the objection, it is seen that 
the observed echo can be accounted for with only a small fraction of the 
total surface contributing, yet with surfaces of modest dimensions. It is 
to be expected, of course, that with rougher seas the extent of the reflection 
would decrease sharply, in accord with the decreased cross section at normal 
incidence found in Reference VII for rough seas. 

The phenomena at high angles are thus qualitatively explicable on the 
basis of specular reflection. As quantitative data at high angles are 
meager, the rest of the section will be devoted to discussion of the phe
nomena at low grazing angles, especially below 5°. 

The failure of the cross section to exhibit the characteristic 1/X4 fre
quency dependence, as shown in Sec. 6-9, is sufficient to eliminate small 
spray droplets, of circumference small compared with X, as the principal 
sea-echo scatterers. Attention is therefore turned to diffraction from the 
corrugated sea surface as the next most likely mechanism.1 

The scattering from a sinusoidal surface has often been calculated,2 

with varying degrees of rigor. Most of these attempts assume uniform 
wavelength and wave height and infinite crest lengths. Such a model of 
the sea is extremely artificial and leads to some phenomena that un
doubtedly have no reality, namely, scattering peaks at angles correspond
ing to discrete spectra. An attempt to take into account the intrinsic 
irregularity of the sea surface has been made by the Mathematics Group 
at the Telecommunications Research Establishment.3 The surface was 
still assumed to consist of sinusoidal waves, but successive waves were 
considered to have different amplitudes and wavelengths distributed ac
cording to a Gaussian law. I t was assumed also that the wave height was 
small compared with the wavelength. The calculation should, therefore, 
best apply to calm seas in the absence of steep and breaking waves. 

The computation of the scattered field was carried out by a modified 
Kirchhoff-principle method, essentially as used earlier in this chapter in 
obtaining the scattering from plates and cylinders. Currents flowing on 
the surface of the sinusoidal corrugations were calculated from the incident 

1 Specular reflection is very improbable, as the occurrence of sufficiently steep sur
faces is extremely unlikely. 

2 A partial list includes Lord Rayleigh, Theory of Sound, 2d ed., Vol. II, Macmillan, 
London, 1896, p. 89; T. L. Eckersley, BRL Report No. 506, January 1945, and un
published work by A. J. F. Siegert and by L. I. Schiff and H. Feshbach. 

3 G. G. Macfarlane, "Sea Returns and the Detection of Schnorkel," TRE Report 
No. T1787, February 1945. 
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field as if the scattering surface were not present, and the reradiated 
field in turn was calculated from these currents. Some difficulty was en
countered because of the sharp edges at the junctions between successive 
waves, but it is believed that "edge effects" have been eliminated from the 
final answer. As would be expected, the discrete spectra disappear in the 
averaging process. 

The final formula for the cross section per unit area is 

*o(8,X) =j±^)2e-*Im(z>), (108) 

where 

and 

z = - - - sin 8 « - v - (109) 
A A 

IT IT 
m = = p c o s 0 ~ = ^ > (110) 

A A 

for small 8. The wavelength of the sea waves is denoted by L; the wave 
amplitude by A (half the crest-to-trough height H); and Im represents the 
modified Bessel function of order m. 

This result can be simplified if 8 is restricted to certain ranges. If the 
argument of the modified Bessel function is small compared with the order, 
more particularly if 

e4 « 4m, (111) 

then the function is well approximated by the first term in its series expan
sion. Therefore, for angles much less than 

-®" X 
ATTA' 

(112) 

the cross section has the form 

°0(e) - (i^r. W Ti^+ry (113) 

where, as usual, T denotes the gamma function. If, furthermore, z is 
much less than 1, that is, 0<5CA/47TA, then the exponential term is un
important and the 8 dependence is determined by \ z2 and hence 

a\8) cc 6", (114) 

where 

n = 2m + 2 = ^ + 2. (114a) 
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At the other extreme, when the argument of the modified Bessel func
tion is greater than the order, that is, the angle is greater than 

* = 2^4 ' <115> 

then the asymptotic expansion for the Bessel function may be used. The 
formula for the cross section then reduces to 

a W = ( 4 ^ Z s i n e - ( 1 1 6 ) 

Thus, at large angles, the cross section increases only slowly with angle. 
For angles lying between 61 and 02 an intermediate behavior prevails. 

The qualitative agreement of the picture thus arrived at with the 
experimental results presented in Sec. 6-10 is striking. I t will be recalled 
that the cross section, especially in calm seas, was found to increase 
rapidly with angle at first, following a power law, and then to flatten off 
above some critical angle, with a linear or slower dependence on angle. 
However, if the accepted values for wavelengths and wave steepness 
are substituted in the formulas, a number of quantitative contradictions 
appear. 

Consider first the critical angle du If one assumes the steepest 
possible waves, with L = 14A, then the formula for the critical angle 
can be written 

0)" 0, = 0.26 {jj (117) 

At X = 10 cm, with a wave height of as much as 7 ft (beyond the limits 
of applicability of the theory), it is found that 8\ is about 2.5° and is larger 
for less steep waves. Hence at grazing angles of 1° the approximate forms 
for <r° given by Eqs. (113) and (114) should always hold. The value of a0 

depends upon the parameter m + 1 which is both the argument of the 
factorial function in the denominator and the exponent of a quantity 
less than unity in the numerator. This parameter in turn depends on 
the ratio of the sea wavelength to the radar wavelength. I t is seen that 
if ordinary waves are assumed, the value of m is quite large and a" is 
extremely small. In fact, if the steepest possible waves are assumed 
and A taken to be as small as X (and therefore L = 14X), then 
a" = —760 db at 1°! Furthermore, the cross section then varies as the 
angle raised to the fifty-eighth power! 

Approaching the matter from the other direction and taking the 
measured exponent of 8 (which is never larger than 4), then one finds 
that the maximum sea wavelength which contributes to the echo is only 
X/2 or about 2 in. at X = 10 cm. These waves can thus only be small 
irregularities on the surface of the larger waves. In fact, they correspond 



522 RADAR TARGETS AND ECHOES [SEC. 6-12 

to ripples smaller than have been as yet observed. Again assuming 
maximum possible steepness ratio, one finds that the computed cross 
section at 1° is still too small, about —100 db, but it is much closer to 
actual values. 

It may be objected that these quantitative contradictions result from 
stretching the applicability of the model too far and that the general 
picture is not thereby invalidated. Calculations for trochoidal waves 
have, in fact, been attempted by the same group at the Telecommunica
tions Research Establishment; and when they are published, it will be 
interesting to see whether or not this more realistic model furnishes closer 
agreement with experiment. But there are some fundamental difficulties 
with this mechanism which will not be affected by changes in the details 
of the model. 

For example, no provision has been made for the "shadow effect," 
that is, that much of the wave lies in the geometrical shadow of the wave 
crest at low angles. The importance of this effect is evident from the 
fact that with a steepness ratio of 1/20, the troughs of waves are visible 
only at angles of 6° or greater. The reality of the effect is also clearly 
demonstrated in the B-scope photograph in Fig. 6-8. Although there 
is some illumination in these shadowed portions by diffraction, never
theless at low angles of 1° or less it is expected that the shadow effect 
would greatly influence the calculations. 

More important is the total inability of this mechanism to account 
for the striking polarization changes that are observed. The TRE 
calculations assume perfect reflection and obtain the same back scattering 
for both polarizations. I t was shown in Sec. 6-3 that on the basis of this 
method of computing the induced currents, the back scattering is the same 
on both polarizations as long as the convolutions of the surface have radii 
of curvature greater than the radar wavelength. Even a more rigorous 
calculation, such as the Sommerfeld solution for a half plane or wedge, 
yields the same result for back scattering. The assumption of perfect 
reflection is not strictly valid, of course. The reflection coefficient on 
horizontal polarization is close to unity, but that for vertical polarization 
is somewhat smaller. Presumably this would have the effect of diminish
ing the scattering on vertical polarization, but only in proportion to the 
decrease of the reflection coefficient. Yet for calm seas (where this 
mechanism should be most applicable) the observed difference between 
the two polarizations is in the other direction and may be as great as 
a factor of 1000! 

In the light of these grave difficulties in the surface-scattering theory 
it does not seem pointless to examine once again in detail the droplet 
theory. For on this theory the polarization dependence admits at least 
of a qualitative explanation. The total field incident upon the spray 
droplets consists not only of the direct beam but also of the field reflected 
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from the sea surface. On horizontal polarization the reflection coefficient is 
very nearly unity and the phase change is IT. As a result, the total field 
is practically zero just above the water surface but then rises to a maxi
mum at the height corresponding to the first interference lobe, etc. On 
vertical polarization the phase shift is also T, but the magnitude of the 
reflection coefficient is sensibly different from unity even at low angles. 
Although the maxima of the lobes are not greatly affected, the minima of 
the pattern are not so deep as on horizontal polarization. On calm seas the 
conditions should be most favorable for setting up this interference pattern, 
and it would also be expected that the spray droplets, if present, would 
be close to the surface. Under these conditions, the incident field for 
horizontal polarization would be small and the back scattering should 
be far greater on vertical polarization. 

As the radar wavelength is shortened, the height of the first lobe de
creases. Hence, for the same height of spray droplets, the average incident 
field on horizontal polarization increases as the wavelength decreases. The 
advantage on vertical polarization should therefore decrease, as is actually 
observed. 

As the sea becomes rougher, the interference pattern, especially at the 
minima, tends to be destroyed. Furthermore, the spray droplets are 
thrown to greater heights and cover larger portions of the interference 
lobe. The polarization dependence should therefore decrease as the sea 
becomes rougher. For very rough seas, especially on the shorter radar 
wavelengths, the height of the spray is enough to cover several lobes of 
the interference pattern. The average incident field on horizontal polariza
tion is then the greater, because the magnitude of the reflection coefficient 
is larger, and the echo should then become slightly weaker on vertical 
polarization. 

In order to illustrate these changes more concretely the calculations 
have been carried through explicitly on the basis of a simple model. It is 
assumed that the sea surface is perfectly smooth and horizontal and that 
the reflection coefficient on both 9.2 and 3.2 cm is the same as that cal
culated from the constants of sea water at 10 cm (see Sec. 5-1). The cross 
section per unit area is then determined by the expression 

a«(0) = I I <r(r) n(r,h) F4(z,0,X) dz dr, (118) 

where F(z,8,\) is the pattern-propagation factor given at low angles by 

F = 1 + exp I t<t> h 

a (r) is the cross section of a single drop of radius r, and n (r, z) is the dis
tribution function of the number of drops per unit area according to radius 
and height z above the sea surface. 
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I t will also be assumed that the distribution of drops in height is in
dependent of their size. This is undoubtedly not true; the very small 
drops would presumably be found at greater heights. Only the largest 
drops, however, would contribute to the echo, and the range of drop sizes 
to be considered is therefore fairly limited. The distribution function can 
then be split into two functions 

(119) i(r, z) = n1(r)n2(z), 

and the cross section is given by 

a»(8) = Nv / TH{Z) F4(«,e,X) dz, (120) 

+25 

+20 

+15 

+10 

+ 5 

0 

_K 

-

_ 

-

-
-
-— -
l o 
_° 

-
' ' 

< 
o 

o 
o / 

o / 

°o 7 o 

a f>° 
1 6 

° 1 
1 , , , , 

f ° 

/ ° 

/ 0 

O 

1 t 1 t 1 1 1 1 1 1 

where ~5 is the average cross section 
per drop and N is the total number 
of drops per unit area of the sea. 

Finally, it is necessary to as
sume an explicit function for the 
distribution in height. The baro
metric law 

^ 1 ■ 

n^iz) = —e (121) 

- 5 + 5 t-10 

['•/•*L' in db 

must be qualitatively correct and 
will be used. The quantity z0 is 
an adjustable parameter which is 
a measure of the average drop 
height. 

With these assumptions, the 
ratio of O°/<T% has been calculated 
for 6 = 1° at X = 9.2 and 3.2 cm 
as a function of the parameter z0. 
The results are plotted on Fig. 6-22 
as the continuous line. The curve 
comes to a definite terminus in the 
lower left-hand corner at a value 
of — 4 db on both wavelengths. 

Also plotted are the experimental points, obtained as described in Sec. 6-9, 
for a range of B between 0.65° and 1.35°. Considering the artificiality of 
the model and the inherent scatter of the experimental points, the quali
tative agreement is satisfactory. 

The dependence of <r° on the grazing angle 6 is also in agreement with 
the drop theory, at least on horizontal polarization where most of the 
measurements have been made. The inital rapid rise of <r° with 6 occurs 
at angles for which the height of the first lobe is considerably greater than 

FIG. 6-22.—Correlation diagram for the 
polarization ratio of sea echo on 9.2 and 3.2 
cm. 
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the drop height, and therefore <r° °c d4. As the angle increases, the lobe 
height decreases until the drops cover several lobes and <r° should become 
independent of 6, except for the shadow effect. 

On the basis of the model used above, a simple explicit formula for 
<r°(0) can be obtained for horizontal polarization, where the reflection 
coefficient is practically unity and the phase shift almost ir: 

24 
A0) = Na(2p - 1) (¥)' 

1 + 5 | + 4 (¥)' 
(122) 
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FIG. 6-23.—Two experimental plots of a" as a function of 8 on 10 cm (taken from Fig. 6-16) 
and fitted by theoretical curves predicted by the drop theory. 

This formula has been fitted to the curves of tr° vs. 6 in Reference V of 
Table 6-5 by suitable choice of 20. Figure 6-23 reproduces two of the plots 
in which the fit was better than average. The values of z0 ranged from 
less than 1 in. up to slightly more than 1 ft. The scale of increasing z0 
agreed approximately with the scale of increasing sea roughness. Thus 
the predictions of the drop theory are not inconsistent with the present 
experimental knowledge about the dependence of cr0 on 6. 

The data on the frequency dependence of <r° show that the drops cannot 
be of circumference small compared with X, for then a" should vary as X-4 

in rough weather and as X-8 in calm weather. Actually, as seen from the 
results of Sec. 6-9, the dependence is more like X° in rough weather and X-4 
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in very calm weather. To explain this frequency dependence with the 
drop model it is necessary to assume that the drops are such that their 
individual cross sections are practically independent of X. This condition 
would be satisfied with drops of dimensions comparable to X, i.e., in the 
neighborhood of the first resonance maximum (Fig. 61) . The minimum 
diameter would be in the neighborhood of 1 cm and the cross section not 
far from irr2, or roughly 1 cm2. 

Under these assumptions the frequency dependence of a" stems entirely 
from the effects of the interference pattern. For calm seas the variation 
of cr° with X should, therefore, go as X-4. The observed decrease of the 
frequency dependence with increasing sea roughness can then be inter
preted as the result of two factors. (1) The height of the drops increases, 
covering greater portions of the interference lobes. (2) The increasing 
roughness tends to "wash out" the whole interference pattern. 

Some idea about the magnitude of Na required may be obtained from 
the values of <rft(9-2). The data of Table 6-4, Sec. 69 , require values of 
No ranging from —30 db in very rough weather to —50 db and possibly 
— 60 db in very calm weather. With the foregoing drop size, the cor
responding variation in N is 10 drops per square foot to one drop every 
10 or every 100 sq ft. 

The improbabilities of the drop theory in this form are fully recognized. 
The greatest polarization effects have been observed with seas so calm 
that no spray, not to speak of blobs of water % in. in diameter, could be 
perceived. Another strong objection is that the reflection coefficient for 
any actual sea, as is well known, is considerably less than the theoretical 
value for horizontal polarization. In rough seas the effect of the surface 
irregularities should almost completely destroy any interference pattern. 
Nevertheless the effect of surface roughness should be less marked here 
than in the usual setup for measuring reflection coefficient. Because 
the height of the drops is small, the size of the flat area necessary to ensure 
almost perfect reflection is correspondingly small (c/. Sec. 5-4). It might 
even be furnished by the surface of the crest of a wave. Finally, drops of 
this size are unstable and should break up. They would also be expected 
to fall to the surface rather rapidly. 

It is therefore not likely that the drop mechanism represents the actual 
state of affairs. However, it remains the only way at present to account 
for the polarization dependence. There is thus no really satisfactory 
explanation available at this time for the origin of sea echo. 

Any theoretical discussion of sea echo must at present be based on ex
perimental data that are, at best, inadequate and often contradictory. 
Future progress in the sea-echo problem requires a systematic and accurate 
study of the characteristics of the echo. As the polarization dependence 
appears to be the most distinguishing feature of the present theories, it is 
especially important to measure a" as a function of 8 for both polariza-
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tions. Both the form of the curve and the absolute level should be 
determined. These measurements are best made from the air. Especial 
attention should be paid to oceanographic factors, and a careful study 
made of the correlation of the radar data with the sea state. All possible 
means of obtaining quantitative information about the sea surface should 
be exploited, as, for example, submerged pressure recorders on expendable 
radio buoys and "strip" stereophotographic cameras.1 

On the theoretical side, a rigorous computation of the scattering from 
an irregular surface is the most pressing desideratum. In order to yield 
realistic results, the boundary conditions imposed should be "statistical" 
in nature; that is, the surface should be specified, not by an artificially 
simple model, but by probability functions for the height and slope of 
the surface at any given point. I t would also be necessary to use more 
rigorous methods than have hitherto been customary, as the surface 
irregularities of importance must be of the dimensions of the wavelength 
or less. The possibility of obtaining a polarization dependence through 
the interference between multiple reflections from the sea surface also 
deserves investigation. 

Some of the details of the drop theory also seem to warrant further 
development. The frequency dependence of single drops should be 
worked out in detail to beyond the first resonance maximum. Attention 
should be paid to attenuation and multiple scattering in dense layers of 
drops. It might be possible to account for the frequency dependence of 
a" in that fashion without postulating large drops. 

THE ORIGINS OF ECHO FLUCTUATIONS 

B Y H E R B E R T G O L D S T E I N 

A portion of this volume is devoted to a description of the effects of 
varying atmospheric refraction on the amplitude of radar echoes from 
targets near or beyond the horizon. It is a common observation, how
ever, that the echoes from less distant targets will often also show large 
fluctuations. It is not at all obvious that the same mechanism is re
sponsible in both cases, and the following sections discuss in detail the 
possible sources of the fluctuations of echoes from near-by targets. 

6-13. The Limitations of System Stability.—The radar system itself 
can be a source of variations in the amplitude of the received signal. 
Apparent fluctuations in the echo may be caused by changes in the 
amplitude of the transmitted signal or by variations in the transmitter 
and local-oscillator frequency and in the gain of the receiver and video 
amplifiers. It is outside the scope of this book to treat in detail the many 
sources of system instability and the methods by which such instability 

1 A program of this sort had been projected in the Radiation Laboratory bu t was 
abandoned at the cessation of hostilities. 
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may be reduced. A few typical figures will be presented, however, to 
give an idea of the magnitude of echo variations that can be ascribed 
to system fluctuations. These data were taken on an experimental 
9-cm mobile radar system.1 They are characteristic of the stability that 
may be obtained in the laboratory without too great an expenditure of 
effort but by no means represent the limits that can be achieved if sufficient 
care is taken. On the other hand, they are not applicable to field systems, 
especially airborne sets, which are designed for maximum sensitivity and 
compactness and in which such refinements as carefully regulated power 
supplies cannot often be included. 

Stability of a system or of its components cannot be specified without a 
statement of the time interval involved. The source responsible for 
fluctuations over fractions of a second may have no connection with the 
source that gives rise to variations over minutes or hours. Thus the 
pulse-to-pulse amplitude fluctuation of the magnetron pulse because of in
herent "jitter" could be easily reduced to less than ± 0.06 db, the limit of 
observation. But careful voltage regulation is necessary in order to keep 
the variation over minutes down to ± 0.10 db; otherwise even ordinary 
line voltage changes of 1 or 2 per cent will cause pulse variations several 
times as large. In general, the parameters of a radar system cannot be 
maintained constant over a period of days or longer without repeated ad
justments and the frequent use of test equipment. 

Ripple in the receiver and indicators is a common cause of apparent 
fluctuation. This is especially true in airborne sets where jitter arising 
from microphonic action will often make the indicators unusable. With 
adequate filtering the ripple can be greatly reduced. Thus the apparent 
fluctuation of a signal generator was reduced to a point where the standard 
deviation of the amplitude was 0.12 db, which is close to the limit of ob
servation. The high-gain i-f amplifiers in receivers are naturally difficult 
to stabilize over long periods of time, and they cannot be depended on to 
have a constant gain even for a few minutes. They are often especially 
sensitive to changes in heater voltage. These difficulties can be avoided 
by measuring echo amplitudes with reference to an r-f signal generator 
pulse that passes through the same receiver as the echo. 

Frequency stability of the system depends upon the type of transmitter 
used—magnetron, klystron, etc.—and even on the individual magnetron. 
No exact measurements of frequency flueutations have been made, but an 
examination of a properly operating 10-cm magnetron with a spectrum 
analyzer shows that the pulse-to-pulse changes must be less than 200 
kc/sec. Likewise, the frequency modulation within the pulse can be de
termined from the shape of the spectrum and is usually less than 200 
kc,'sec/V sec. These figures, expecially for frequency modulation, must be 
increased somewhat at higher frequencies. 

1 The system was of the ordinary type, not designed for MTI operation. 



SEC. 6-13] THE LIMITATIONS OF SYSTEM STABILITY 529 

In most radar systems fluctuations in the magnetron frequency are 
compensated by an AFC which keeps the local oscillator in tune with the 
magnetron. Some types of AFC, however, if not adjusted precisely, will 
"hunt" slightly and thus cause a certain amount of jitter in the final 
signal. In addition, frequency changes can cause variations in the echo 
amplitude if the cross section is a sensitive function of the frequency. Thus, 
let us consider a target consisting of two equal scatterers spaced so that 
they are barely unresolved, that is, a distance rc/2 apart, where T is the 
pulse duration and c the speed of light. The number of wavelengths in the 
round-trip distance between them is n = TV, where v is the frequency. If 
the number n changes by j , the interference between the echoes from the 
two scatterers can change from destructive to constructive. The frequency 
shift required is l /2r or, for a l-£isec pulse, 500 kc/sec. This is larger than 
the limits of pulse-to-pulse frequency instability, at least for 10 cm, but 
frequency shifts as large or larger are often caused by slight supply-volt
age changes. 

The question arises whether or not it is possible to find a complex target 
that is more "frequency sensitive" than just two equal scatterers. Al
though no general answer can yet be given to this question, it seems likely 
that two equal scatterers is in fact the most extreme case. Thus, let us 
suppose that instead of two targets, there are N targets, equally spaced, 
with the distance between the first and last equal to TC/2. Then it can 
be shown that the frequency shift necessary to go from maximum ampli
tude to minimum amplitude is the same as with just two targets.1 

It is instructive to consider a more general class of targets, namely, 
those consisting of a large number of uniformly dense scatterers, with 
randomly distributed phases. The individual scattered amplitudes do not 
necessarily have to be equal. As will be shown in the following sections, 
most types of "clutter" targets fall in this category, and even a ship may 
be well approximated by such a model. 

The instantaneous amplitude received by the radar is given by 

V = £ vfi(X})e2ikZi, (123) 
i 

where v, is the amplitude of the j th scatterer alone, s(xj) is a real function 
giving the variation of the incident field in space and depends solely on the 
pulse shape, k is the wave number 2ir/X, and x is the radial coordinate from 
the radar. The instantaneous signal power is given essentially by 

P cc VV* = £ vf>\ e2'*fe-*<> sixjafa)- (124) 
it 

1 Equivalent to this statement is the well-known fact that the apparent width of a 
monochromatic line in a diffraction grating spectrum depends solely on the width of 
the whole grating and not on the spacing between the slits. 
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Let us suppose that an imaginary experiment is now performed, in 
which two radar systems located at the same spot and looking at exactly 
the same target are identical except that one operates on a wavelength Xi 
and the other on X2 = Xi + AX. If Pi is the instantaneous signal power on 
one set and P2 the corresponding simultaneous value on the second set, 
then the quantity (P2 — Pi)2 (where the average is over all possible random 
configurations of the individual scatterers) will be a function of AX and is a 
measure of the frequency sensitivity of the target cross section. From 
Eq. (124), 

P2 - P, * 2) VjV] 8(xM*i) e***"-** *,i, (125) 
i.l 

where 
^ = eH*k.(x,-xi> _ L (126) 

Squaring Eq. (125), one obtains 

( P j - P ^ o c £ viv',v'pvqs(xMxi)s(xp)s(x,)e2^-*--*>+^tji>l'm- (127) 
i.Uv.n 

When the average over all possible configurations is computed, only those 
terms will remain for which the exponent vanishes, as the phases are 
assumed randomly distributed.1 The exponent vanishes only when 
j = I and p = q or when j = p and I = q. The average is therefore given 
by 

(TV^PTF « X ^ ' M ^ M ^ V ^ + 2 tW^Mzi)**- U28) 
i.p il 

From Eq. (125), -^a and \p'pv vanish identically and the average reduces to 

(Pz - P,)2 - £ tfsHx,) X i'M*.)#>. (129) 
i i 

To evaluate this quantity further it will be assumed that the number of 
scatterers is sufficiently large that the sums may be replaced by integrals. 
Let N be the number of scatterers in the beam per unit length and f(v2) the 
distribution function for v2, that is, f(v2) dv2 is the fraction of scatterers for 
which v2 lies between v2 and v2 + dv2. This distribution is assumed in
dependent of x. Then the average signal power is given by 

P <x V vfs2(Xj) = N r s2(x) dx j v%v2) dv2, (130) 

and Eq. (128) becomes 

(P2~P,)2c N2 j [v2f(v2)s2(x) j JvJ(v'2)s2(x')^(x,x')dx'dv'2dxdv2, (131) 

1 This operation is really a time averaging if the scatterers are moving about ran
domly, as in the case of storm echoes, etc. 



SEC. 6-14] ATMOSPHERIC VARIATIONS 531 

where ]f/2(x,x') = 4 sin2 [Ak(x-x')]. If there is now introduced a normalized 
function 

&(x) = -p. ' (132) 
/ s2(x) dx 

Jo 

then Eq. (131) can be simply written as 

(P, - Pi)2 = 4P2 / / S2(x) S2(x') sin2 [Ak(x - x')} dx' dx. (133) 
Jo Jo 

These integrals cannot be evaluated without a knowledge of the function, 
S2(x), which depends solely on the pulse shape. The rise and fall time 
of the pulse is usually small compared with the period of oscillation of 
sin2[Afc(x-x')], and there is therefore little error in assuming the pulse to 
be rectangular. The function S2(x) is then 

S2(x) = v R g, x ^ R + 5 
0 

= 0 elsewhere, 

where R is the range and S is the radar pulse length, equal to rc/2. With 
this choice for the pulse shape, Eq. (133) reduces to 

(P2 - Pi)2 = 2P2 1 /sin ITT Av\ 
\ VT Av / (134) 

The corresponding mean-square change can be easily computed for the 
case of two equal scatterers a distance S apart and turns out to be 

(P2 - Pi)2 = 2P2 sin2 (ITT AV). (135) 

The first maximum of Eq. (135) occurs at Av = 1/2T, in agreement with 
the rough conclusions given earlier. But in Eq. (134), the first maximum 
occurs at Av = 1/T. Hence this type of target, consisting of many ran
dom scatterers, is less frequency sensitive than the simple case of two equal 
scatterers. It should be remarked again that a large fraction of radar 
targets fall within this classification and that the assumptions made in the 
derivation for the sake of mathematical simplicity could be removed 
without materially affecting the results. 

It seems safe to conclude that with a carefully regulated system, 
fluctuations caused by frequency shifts of the transmitter will not be 
important. 

6-14. Atmospheric Variations.—It has been shown in the preceding 
chapters that varying atmospheric refraction may have a profound 
influence on the strength of signals coming from beyond the horizon. 
The question immediately occurs whether or not this same phenomenon 
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might not also be of importance in the variations of echoes from near-by 
targets. The problem is most simply attacked by considering one-way 
transmission paths rather than the actual radar situation. Unfortunately 
experimental data of this type are rather meager, most attention having 
been paid to the effects in the diffraction region. 

Anderson and others1 have measured transmission over a 13.5-mile 
land path in which the angle of the ray with the horizontal was 2.5°. 
The results obtained have already been discussed in Sees. 4-12 and 4-13; 
it will be recalled that the maximum variations were ± \ db and always 
of a long period. The signal strengths over longer nonoptical paths 
measured at the same time showed much larger fluctuations. 

Pertinent theoretical work is even more meager. Freehafer has 
studied the case of a rather pronounced S-shaped duct by means of ray 
theory calculated with the aid of the MIT differential analyzer. The 
transmitter was assumed located at a height of 150 ft, in the middle of 
the duct. At a distance of 7 miles the calculated field differed from the 
standard by not more than 2 db. At 12 miles the deviation was not much 
greater. 

Despite this paucity of information, it seems safe to conclude that 
near-by echoes may be somewhat affected by nonstandard refraction but 
that the effects are many orders of magnitude smaller than those com
monly observed in the diffraction region. Furthermore, the changes 
that may occur are of a fairly long period; hence one should speak of 
variations and not of fluctuations. It should be remarked that these 
conclusions are based solely on one-way transmission data. There is no 
known unambiguous case in which changes of radar echoes from clearly 
optical targets have been correlated with the presence of nonstandard 
atmospheric refraction. 

There might be other mechanisms whereby changes in refraction 
would cause echo fluctuations. Thus, the beam might actually be bent 
"off" the target. I t is easy to calculate, however, that even in the extreme 
case of grazing incidence on the boundary between two greatly dissimilar 
air masses, the beam deviation is not greater than a small fraction of a 
degree. Sharpless and Crawford2 have measured the deviations occurring 
over somewhat longer paths than are of interest here and found that they 
never exceeded 0.1° in azimuth or 0.70° vertically. Only with excep
tionally large antennas would this amount of bending be at all important. 
(See Sees. 4-23 and 4-24 for an account of these experiments.) 

Another interesting possibility is the existence of a phenomenon 
analogous to the familiar twinkling of stars. The image of stars close to 

1 F. A. Anderson el at., NDRC Project PDRC-647, Washington State College, 
Report No. 4, Oct. 26, 1943. 

2 A. B. Crawford and W. M. Sharpless, Froc. IRE, 34, 845 (1946). See also A. W. 
Straiton, Proc. IRE., 37, 808 (1949). 
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the horizon will often show large intensity fluctuations with standard 
deviations as high as 60 per cent. The rate of fluctuation varies from 25 
to 150 per second. Since the time of Kepler this twinkling has been known 
to be associated with atmospheric refraction. More recently it has been 
shown1 that the effect is produced by small inhomogeneities in the refrac
tive index which act as weak lenses focusing and defocusing the rays. The 
wavefront thus becomes somewhat corrugated. The light and dark 
shadow bands seen on the surface of the earth at the instant before a total 
eclipse of the sun are evidence of these corrugations. Similar shadow 
bands exist for stars except that they are too weak to be perceived directly; 
but as the bands pass across our vision, the apparent intensity of the star 
image fluctuates. The size of the inhomogeneities has been measured to 
be from 4 to 60 in. These striae have been found to move at speeds com
parable to that of the wind. 

It would seem, a priori, that similar effects should occur at microwave 
frequencies. There is no conclusive evidence, however, either theoretical 
or experimental, that they are of practical importance for transmissions 
over paths not extending into the diffraction region. 

Some calculations on the possible effect of these inhomogeneities have 
been made by Scott,2 but the most detailed theory so far is that of 
Bergmann.3 He has considered the problem solely as one in geometrical 
optics, neglecting diffraction effects and assuming that the variations of the 
refractive index are isotropic in space. The rms intensity fluctuation in 
9b on a one-way path is given by 

Vl7 = 0.0795fl« Valv2^)2, (136) 

where R is the range, a is the "patch" size defined in a certain manner, 
V2n is the Laplacian of the refractive index, and the averaging is to be 
taken over all space. 

Meteorological data that can furnish us with values for a and V n̂ are 
practically nonexistent. A. H. Woodcock, of the Woods Hole OceanO; 
graphic Institution, has made some measurements with wet- and dry-bulb 
thermometers in a situation of unstable cold air moving over water at a 
higher temperature.4 The meteorological conditions were thus favorable 
for the production of inhomogeneities. The maximum deviation of the 

1 For a description of the experimental investigations and further references see 
R. W. Wood, Physica. Optics, 3d ed., Macmillan, New York, 1934, p. 91; J. A. Anderson, 
Jour. Optical Soc. Am., 25, 152 (1935); and M. Minnaert and J. Hontgast, Z. Astro-
physih, 10, 86 (1935). 

2 J. M. C. Scott, ADRDE Memorandum No. 42, March 8, 1944. 
3 P. G. Bergmann, Phys. Rev., 70, 486 (1946). 
4 Unpublished data. These measurements are not the same as those referred to in 

Sec, 3 26 and have been analyzed in a different fashion, as the above section deals with 
the purely meteorological aspects of the situation. 
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index from the average was as high as 1 X 10 -5, but the rms deviation was 
about 2.5 X 10~6. These calculated fluctuations are probably too small, 
as a result of the large lag of the thermometers. The data have been 
analyzed statistically to furnish the quantities needed in Eq. (136). The 
patch size a was about 40 yd. At a range of 20,000 yd, an extreme case, 
the computed rms echo fluctuation is 0.15 db, which is entirely too small 
to be of importance. 

The maximum fluctuation of the index of refraction is probably higher 
than the data indicate, but not enough to affect the result greatly. If, 
however, the size of the inhomogeneities were much smaller, let us say 
comparable to those which are of importance for star twinkling, that is, 
much less than 1 yd, then for the same absolute deviation of the index the 
Laplacian would be much greater and hence the fluctuation would become 
large. But if the inhomogeneities are small in extent, then the corruga
tions in the wavefront are also small; hence the average antenna aperture 
would include many of the "shadow bands." Now it can be shown that 
the fluctuations in phase will always be small. Bergmann has derived the 
following expression for the rms fluctuation of the optical path length: 

s = VT(W - nfR, (137) 

where 7 is another patch size defined in a slightly different manner from a. 
Using the same data as for Eq. (137) with a range of 20,000 yd, s turns out 
to be 0.3 cm. If the patch size were only a few inches, the phase fluctua
tions would be even smaller. Hence the various shadow bands across the 
antenna aperture are in phase, and the total signal measured would tend 
to be an average over the several fluctuations. The corresponding 
phenomenon has been observed optically, that is, the intensity fluctuations 
of a star image decrease as the telescope aperture is increased. 

There is no experimental evidence of fluctuations on short paths that 
can be indisputably ascribed to atmospheric inhomogeneities. Whenever 
the data have been subjected to close examination, other mechanisms have 
always been found that fit the observations as well or better. Simul
taneous transmission of 9- and 3-cm waves was briefly studied on an 
overland path of about 10 miles, and fluctuations observed that were 
slightly larger than those due to purely instrumental causes. The rms 
fluctuation on 3 cm, 0.27 db, however, was roughly three times the fluctua
tion on 9 cm. A statistical analysis showed that the rates of fluctuation 
were also inversely proportional to the wavelength. Finally, the cross 
correlation between the simultaneous signal intensities on the two 
wavelengths was completely negligible. These facts agree perfectly with 
the assumption of a small amount.of ground reflected signal that is varia-
able, chiefly in phase. On the other hand it has been seen that only such 
inhomogeneities as are large compared with the wavelength are likely to 
have much effect practically. But in this case one would expect, in con-
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tradiction to the experimental data, that the fluctuations would be 
independent of wavelength. 

It seems likely, therefore, that inhomogeneities of the refractive index 
will have a negligible effect on microwave transmission over short dis
tances. On longer paths, extending into the diffraction region, the effects 
are greater. It is obvious, however, that here, as in the influence of 
nonstandard refraction on near-by echoes, the investigations have been 
initiated and much further work remains to be done. 

6-15. Fluctuations in the Space Interference Pattern.—If a microwave 
transmission path is over water and to a smaller extent if it is over land, 
the field incident on the target consists of both a direct and reflected 
component. Changes in the amplitude and phase of the reflected com
ponent relative to the direct one are a fruitful source of variations in the 
radar signal. Two types of phenomena are to be distinguished: 

1. The reflecting surface is smooth but moves up and down relative 
to transmitter and target. A space interference pattern is still 
present, but the positions of the maxima and minima relative to the 
target are changed. 

2. The reflecting surface is not smooth but irregular; hence there may 
be many reflecting and scattering points whose contributions will 
be changing in time. The whole nature of the interference pattern 
is changed and is often almost destroyed. 

A striking illustration of the first type of effect is the frequently ob
served variation of signal strength with height of the tide. As a simple 
case let us consider a point target, and assume a wide beam vertically 
and a reflection coefficient of — 1. The variation in echo power is con
tained in the factor F4 in the transmission formula. With the foregoing 
assumptions this factor can be written as 

[£* Fl = 16 sin4 \-£ (hi - h)Qh ~ ho) (138) 

where hi and hv are the transmitter and target heights above a given 
datum level and h0 is the tide height referred to the same level. Obviously 
if the tides are of sufficient range, F 4 can vary from a minimum of zero to 
its maximum value of 16. 

Figure 6-24 shows a plot of the received echo at 9 cm from a 40-in. 
square corner reflector at a range of 6000 yd. The transmitter was 
210 ft and the target height about 50 ft above mean sea level. The 
circles represent the echo power on horizontal polarization, as measured 
at half-hour intervals in a 72-hr period (covering some 12 tidal cycles), 
and show a range of more than 25 db. The continuous curve was cal
culated on the basis of Eq. (137) and was shifted vertically on the decibel 
scale to agree with the maximum values. Good agreement is obtained 
except in the neighborhood of the minimum. There are a number of 
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FIG. 6-25.—Tidal cycle in the echo from the Strawberry Hill 
standpipes on 9.2 cm. Transmitter height 120 ft; the targets extend 
in height from 100 to 160 ft. range 10,000 yd. The dots are experi
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reasons for this exception. The reflection coefficient, even for a smooth 
surface, is not exactly — 1 at the angles involved, and the water, of course, 
was not smooth. The fluctuations caused by surface roughness are 
greatest at the minimum where the direct and reflected rays are out of 
phase (cf. Sees. 5-6 and 5-8). In addition, the corner reflector is not 
exactly a point target but is sufficiently large to cover an appreciable 
portion of one of the interference lobes; this should have the effect of 
filling in the minimum without appreciably changing the signal at its 
maximum. 

In fact, if the vertical extent of the target is sufficient to cover several 
lobes of the interference pattern, it might be thought that the "tidal 
effect" would be small if not completely negligible. In practice, however, 
it is found that echoes from extended targets often do show a large varia
tion with tide. 

Figure 625 is a plot of the signal strength from Strawberry Hill on 
Nantasket, Mass., over a 4-day period. The radar, operating on 9 cm, 
horizontal polarization, was located about 10,000 yd away on a hill 120 ft 
above mean sea level. The target consists of a large steel standpipe 
57 ft tall on a hill 100 ft high, along with a much smaller neighboring 
water tank. As before, the circles represent experimental points measured 
at half-hour intervals over a period of 4 days. Although the scatter is 
large, there is a definite variation of some 18 db with tide. 

The standpipe covers one and one-half 
lobes of the interference pattern,1 including 
two minima, a maximum, and most of 
another maximum. Nevertheless the effect 
of these lobes is not "averaged out," 
essentially because the component parts of Fl°-6-26—iUustrating tidal varia-

^ ^ tions with extended targets. 
the target scatter coherently. The nature 
of the tidal variations of echoes from extended targets is best understood 
by examining the various components of the received signal. Referring 
to Fig. 6-26 one sees that the echo can be divided into three portions: 

1. The incident and reflected waves travel along path A. 
2. The incident wave travels along path A, but the received wave 

along path B; or equivalently, the field is incident on path B and 
reflected on path A. 

3. Both the incident and reflected waves travel along path BP. 
The first component is obviously uninfluenced by the tide, but for the 

other two the variation in the height of the sea causes a corresponding 
1 The water tank can probably be neglected as a target compared with the stand-

pipe. 
2 An equivalent analysis was given in Sec. 6-5 for the flat-plate model of a ship 

target. 
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change in the angle of incidence on the target or in the angle of scattering. 
The reradiation pattern of a geometrically simple object, such as the 

standpipe, as obtained from Fresnel diffraction theory, has a sharp peak in 
the direction corresponding to specular reflection. The width of the peak 
corresponds roughly to \/l, where I is the vertical extent of the target. 
Away from the peak the amplitude of the scattered signal is small and varies 
only slowly with angle. The phase of the diffracted wave, on the other 
hand, is almost stationary in the neighborhood of the specular reflection 
peak but varies rapidly outside this region. If now the angles are such 
that all "three components of the received signal correspond to diffraction 
angles away from the main peak, so that their amplitudes are of the same 
order of magnitude, then the change in the relative phases with tide may 
be great enough to cause large variations in the total signal. Obviously, 
it is possible that at one stage of the tide the amplitudes and phases may 
be such as to result in almost complete cancellation of the signal. 

In the case of the Strawberry Hill standpipe the first component (direct 
wave) comes almost exactly in the direction of specular reflection, pro
viding the target is exactly vertical; it would then be much larger than the 
other components. Little tidal variation is then to be expected. If the 
target is not exactly vertical, however, but leans at an angle of the order of 
X/Z, the specular reflection beam is thrown away from the receiver and 
destructive interference may easily take place. The angle involved is small, 
20' of arc or less. The continuous curve in Fig. 6'25 was calculated on 
the assumption of an angle of about 8', chosen to give the best fit with 
the experimental points. The corresponding deviation of the tower from 
the vertical would be not more than 1 in., which seems reasonable. 

The true state of affairs is probably much more complicated, because 
of the presence of the water tank and the hill itself. This simplified model 
has been considered in detail, however, in order to demonstrate that large 
tidal variations of signal strength may occur even with extended targets.1 

The phenomena resulting from the roughness of the sea have already 
been described in Sec. 5-5. Targets viewed over water often exhibit 
characteristically violent and rapid fluctuations because of the irregular 
nature of the reflection (especially in the minimum of a tidal cycle; cf. 
Figs. 6-24 and 6-25). Although the fundamental origin of these fluctua
tions seems clear, many questions about the magnitude of the effects and 
the conditions favorable for their occurrence remain to be answered by 
further investigations. 

The discussion has so far been restricted to reflection from water sur
faces. In Sec. 5-10 it has been shown that the reflection coefficient of even 

1 Similar effects for both point and extended targets have been reported by G. C. 
Southworth, A. P. King, and S. D. Robertson, "K-band Radar Transmission," BTL 
Memorandum No. MM44-160-115, May 1944. 
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dry ground, as measured at short ranges on carefully leveled plots, can be 
high. It is common experience, however, that ground reflection is rarely 
found for long ranges. This situation is quite understandable, since the 
irregularities of most terrain are such that the Rayleigh roughness cri
terion [Eq. (5 19)], is greatly exceeded. As a result, the intensity of the 
wave reflected from the ground surface is small compared with that of the 
direct ray. 

It also seems reasonable that this small scattered wave will fluctuate 
violently under certain circumstances. Thus, if the reflection area is 
heavily vegetated, one would expect that the nature of the surface would 
constantly change with time because of the wind. Again, if the reflection 
takes place over city areas including roads and railroad yards, similar 
effects seem reasonable. 

The transmission over a number of short paths, about 10 miles long, 
across the city of Boston, Mass., was briefly observed simultaneously on 
9.2 and 3.2 cm. At the longer wavelength the rms fluctuation was 0.1 db 
and the autocorrelation was down to 0.5 at 4 sec. On 3.2 cm, the rms 
fluctuation was about 0.27 db with the corresponding width of the correla
tion function near 1.6 sec. Vanishing cross correlation was found between 
the two records. As has already been pointed out in Sec. 6-14, the de
pendence of the signal characteristics on wavelength is in agreement with 
the hypothesis that the fluctuation arises from the ground-scattered wave 
and not from atmospheric turbulences. 

Additional evidence for this view comes from the behavior when the 
polarization of transmitter and receiver were crossed. From the normal 
depolarization of the paraboloid antennas a decrease of 20 to 30 db is to be 
expected. Actually decreases of 10 to 25 db were observed, and the signal 
fluctuated violently between these limits. It seems, therefore, that over 
these paths there is an appreciable component scattered in such a manner 
as to rotate the direction of polarization. 

As in the case of fluctuations in the reflection from water, the question 
with regard to ground reflections has been too little explored. Much more 
work must be done before the magnitude and importance of these fluctua
tions are known. 

6-16. Isolated Moving Targets.—On coherent types of radar systems 
the echo from a moving target will show a periodic fluctuation because 
of the target's radial velocity relative to the radar. With noncoherent 
systems this Doppler beat, so-called, is absent but echoes from moving-
planes or ships still show large fluctuations. 

The most striking characteristic of aircraft echoes is an almost periodic 
variation of the signal strength. It has been shown conclusively that this 
variation arises from a periodic modulation of the plane's radar cross 
section as the propellers rotate. The nature and properties of "propeller 
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modulation" have been studied intensively and are reported in detail 
elsewhere.1,2 

Figure 6-27 shows the signal from a B-26 bomber on a 10-cm system 
for an interval of about 0.1 sec. The periodicity is strikingly evident. 
The fundamental frequency is given, not by the shaft speed itself, but by 
the shaft speed times the number of blades per propeller and is about 
50 to 60 cps. It is obvious from the figure that the signal must be rich 
in harmonics of this fundamental frequency. Figure 6-28 shows the 

Time — " Modulation frequency — » -
FIQ. 6"27.—Modulation from pro- FIG, 6"28.—Frequency spectrum of the 

peller rotation on the 10-cm echo from modulation shown in Fig. 6-27. 
a B-26. 

frequency spectrum of the signal in Fig. 6-27. The peaks indicate the 
intensity of the individual harmonics in terms of per cent modulation. 
It is to be noted that the harmonic at three times the fundamental fre
quency is stronger than the fundamental. There is an appreciable con
tribution from as high as the tenth harmonic. 

As is to be expected, the propeller modulation percentage is a function 
of the plane's aspect. It is naturally greatest head-on, slightly less for the 
tail aspect, and considerably less broadside, where the reflection from the 
fuselage predominates. Figure 6-29, which is a record3 by Ashby and 
Martin of the propeller modulation of the signal from a B-26 as a function 
of aspect, illustrates these differences. The plot also shows that the pat
tern has a very detailed lobe structure. The same general dependence 

1 J. L. Lawson, Ed., "Detection of Propeller and Sambo Modulations," RL Report 
No. S10, May 16, 1944; R. M. Ashby and F. Martin, RL Report No. 914, March 28, 
1946. Also see Vol. 24, Chap. 10, of the Radiation Laboratory Series. 

2 British work in the same field is reported by G. H. Beeching and N. Corcoran, 
"The Characteristics of S-band Aircraft Echoes," ADRDE Research Report No. 253, 
May 8, 1944. 

8 Ashby and Martin, op. cit. 
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of propeller modulation on aspect is reported by Beeching and Corcoran1 

who also state that the greatest modulation, head-on, was found in a 
Mosquito plane (65 per cent) and the least for a B-17 bomber (25 per 
cent). 

If the propeller modulation is smoothed out by averaging the signal over 
a time long compared with the fundamental period, a much slower variation 

FIG. 6"29.—Per cent propeller modulation of the echo on 10 cm from a B-26 bomber, as a 
function of azimuth. 

in signal strength is found to be present in addition to the propeller modula
tion. Figure 6-30 shows the echo intensity from an AT-11 aircraft, 
head-on, averaged over intervals of 0.03 sec and plotted for 3.2 sec. These 
measurements were made from pulse-to-pulse A-scope photographs and 
show a fading exceeding 10 db. A frequency analysis of the data indicates 

1 Op. cit. 
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Time in seconds 

FIG. 6"30.—The echo from an AT-11 airplane on 9 cm as a function of time. Each point 
represents an average over a 30-msec period. 

35 db 

F I G . 6-31.—Echo on 10 cm from a B-26 bomber as function of azimuth. 
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a maximum in the spectrum of about 0.6 cps. Similar results have been 
obtained by recording the AGC voltage in the radar receiver.1 

This fluctuation, slow compared with propeller modulation, is almost 
entirely attributable to the fine lobe structure of the radar cross section as 
a function of aspect. One would expect the width of the lobes to be given 
roughly by \/2l, where I is some characteristic length of the airplane. 
Thus at 10 cm, with I = 30 ft, the width of the lobes should be of the order 
of magnitude of 0.3°. An airplane in flight will change aspect by many 
times this figure, yawing being the most important motion for these con
siderations. These small changes in aspect due to yaw give rise, therefore, 
to large changes in the echo. Figure 6-31 shows a record taken by Ashby 
and Martin of the signal strength from a B-26 bomber as a function of 
azimuth. The detailed lobe structure is evident, although quantitative 
conclusions are difficult to draw because the recorder could not follow the 
rapid changes satisfactorily. 

These results provide an adequate explanation for the "spotty" nature 
of aircraft echoes on microwave scanning systems. Normally the beam 
is on the target for a time long compared with the propeller modulation 
period but short compared with the slower fading due to aspect changes. 
Consequently it becomes a matter of chance whether the beam hits the 
target when it is oriented to give a large echo or a small echo. If the gen
eral signal level is not too high above noise, the echo will apparently dis
appear for one or more scans, as has been observed in many cases. The 
fluctuating nature of reflection from the rough surface of the sea also often 
contributes to the fading and "spotty" signals. 

Ship echoes, of course, do not have propeller-modulation effects but 
nevertheless show deep and often rapid fading.2 These fluctuations are 
the result of changing aspect or variable reflection from the sea surface. 
The reradiation pattern of a ship should have an even finer lobe structure 
than that of aircraft, as ship dimensions are usually much greater. 

Several attempts have been made to correlate the position of a ship 
with the instantaneous intensity of the echo. Cooper3 obtained simul
taneous measurements of a trawler's roll and slew along with the echo on a 
10-cm system but failed to find any correlation. From a battleship, 
Roller* searched on 10-cm radar for regular periods in the echo which might 
be attributed to roll, also without success. At these high frequencies, 

1 Lawson, op. cit. 
2 There are several reports, however, that echoes from PT-boats show a character

istic rapid flutter that, has been ascribed to vibration caused by the engines. See "Use 
of Shore Based 10 cm Radar for Watching Ships and Aircraft," AORG Publication 
N3, September 1944. 

3 R. I. B. Cooper, "The Fading of S-band Echoes from Ships in the Optical Zone," 
RRDE Report No. 265, December 1944. 

4 L. R. Koller, "Identification of Naval Spoofs," RRL Report No. 411-129, Nov. 
29, 1944. 
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however, the lobes of the diffraction pattern may be so extremely fine that 
the aspect would have to be measured with extreme precision before any 
significant correlation could be attempted. Also, the slight differences in 
the ship's position from one roll to the next would mask any regular period. 
[In confirmation, Koller was able to find a regular repetition of fluctuations 
corresponding to the roll period on a much lower frequency (700 Mc/sec).] 

0 0.6 1.2 
Time in seconds 

FIG. 6-32.—Echo from a battleship on 10 cm. (Taken from RRI. Report Xo. 411-129.) 

In addition, the varying nature of the sea reflection tends to mask any corre
lation with ship aspect. 

The rates of fluctuation of ship echoes cover an extremely wide range. 
Figure 6-32, taken from Roller's report, shows a slow fade of several seconds 
in the echo from a battleship on 10 cm. The ordinate is height of signal 
on the A-scope, and the abscissa is time, up to 2.4 sec.1 At the other ex-

0.4 0.5 0.6 
Time in seconds 

FIG. 6'33.—Plot of the r-f intensity of the echo from a battleship on 9.2 cm at a range of 
500(1 yd. 

treme, Fig. 6-33 is a plot taken from a pulse-to-pulse film of a battleship 
echo on a 9-cm system with a pulse-recurrence frequency of 333 pps. The 
signal intensity is given in decibels referred to an arbitrary datum, and the 
time scale extends to 1.0 sec. Frequencies up to 20 cps are present in the 

1 No receiver calibration is given in the original report, bu t apparently the bottom 
line corresponds to the A-scope baseline and the to]) line to the saturat ion level of the 
receiver. The dynamic range is probably around 20 db. 
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record. It seems likely that ship echoes show such high rates of fluctuation 
only when the ship is turning relative to the radius vector from the radar. 
The fine lobes of the reradiation pattern then pass rapidly over the receiving 
antenna. Such is the situation in Fig. 6-33. Coales and Hopkins1 have 
found fluctuations at rates of about 10 to 20 cps in the 10-cm echo from a 
destroyer turning at the rate of 0.8°/ sec. This is in rough agreement with 
the expected lobe structure from a target about 200 ft long. 

The rate of fluctuation would be expected to increase linearly with r-f 
frequency. The only data on this point are those given by Roller (op. at.), 
who found no significant difference between the rates at X = 10 cm and at 
X = 40 cm.2 The lack of agreement was interpreted as indicating that the 

FIG. 6"34.—Section of the pulse-to-pulse record of the echo from a battleship on 9.2 cm. 
Pulse-recurrence frequency 333 pps, pulse length 1 ,usec. 

effective reflecting surfaces are different at the two wavelengths, masts and 
rigging playing a proportionately larger role at 40 cm than at 10 cm. 

In general, ships are sufficiently large structures so that the various 
reflecting surfaces are at significantly different ranges. If the receiver 
bandwidth is wide for the pulse length (i.e. much greater than 1 V), then 
the echo pulse will have a complex shape, with different portions of the 
pulse often fluctuating independently of each other. This phenomenon is 
clearly illustrated in Fig. 6-34, which shows a strip of the pulse-to-pulse film 
from which Fig. 6-33 was obtained. The pulse length is 1 jusec, and the 
receiver bandwidth, about 3 Mc/sec. The complexity of the echo is one 
of the most convenient ways of identifying the signal as coming from ships. 

As the reflecting elements on a vessel are so numerous and diverse, it 
has often been suggested that a ship may be considered simply as a group 
of independent scatterers whose echoes have random phases (c/. Sec. 6-5). 
The theory of the return from such a group is presented in detail in Sec. 
6 19, where it is stated that the probability of obtaining an echo intensity 
between P and P + dP is given by 

-~dP Wi(P) dP = e J'"~, (139) 
/ o 

where P 0 is the average intensity. There are several a priori objections to 
this picture. As all reflecting objects are more or less rigidly connected, 

1 J. R. Coales and M. Hopkins, "Report on Trials to Determine the Variation of the 
Apparent Reflecting Point of Plane 10 cm Waves from a Destroyer ," ASE Report No. 
M627, July 1944. 

; The measurements, however, were not made simultaneously on the two frequencies. 
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the phases cannot change independently. Also there are likely to be a few 
surfaces whose contributions are far greater than the others. I t seems 
reasonable, however, that this model should be a fair approximation to the 
actual case. 

Cooper1, Koller2, and Wilkes, Ramsay, and Blow3, and others have 
tried to verify the probability distribution [Eq. 139] or rather its integral. 
The published reports in general show fairly large deviations from the 
exponential law. With the exception of Cooper, the investigators have 
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FIG, 635.—Probability distribution of the levels of 333 echoes from a battleship on 
9.2 cm. The dotted line indicates the exponential formula predicted theoretically for random 
scatterers. 

assumed linearity of the receivers and indicators, an assumption well known 
to be frequently erroneous. I t is therefore difficult to tell if the deviations 
are significant. Cooper, whose work is the most extensive, used a signal 
generator for calibration and in general found good agreement with Kq. 
(139), although occasionally he found an excess of high-intensity signals. 
This difference is in line with the idea that a few large surfaces predominate. 
Corroborative evidence is to be found in the probability distribution of a 
battleship echo obtained from the data shown in 6-33. The results are 
plotted in Fig. 6-35 in histogram form, showing the number of pulses whose 
intensities are in a given range. The probability is plotted on a logarith-

xOp. cit. 
2 Op. cit. 
3 M. V. Wilkes, J. A. Ramsay, and P. B. Blow, "The Theory of the Performance 

of Radar on Ship Targe ts . " Joint A D R D K and CAKK Report . July 27. 1!>44. CAKK 
Ref. 69 /C/149 , A D R D K Ref. R 0 4 / 2 / C R 2 5 2 . 
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mic scale, as this is the most sensitive method for detecting differences from 
the exponential law. The points for low intensities follow a straight line 
fairly well, but the excess at high levels is plainly evident. 

6-17. Interference Phenomena in Complex Targets.—The echo fluctua
tions predicted on the basis of the several mechanisms discussed in the pre
vious sections are almost always small, so much so that they are usually 
second-order effects. Only in the case of targets viewed over water or iso
lated moving targets such as ships and aircraft has it been possible so far 
to account for the observed large fluctuations. The echoes in the general 
class of "ground signals" should, according to the above discussions, be 
fairly steady, and occasionally they are. The Provincetown, Mass., 
standpipe, as viewed from Race Point on Cape Cod, returns a very 
steady echo. The standard deviation 
of the pulse-to-pulse fluctuation on 
9.2 cm was measured to be 0.27 db, 
which is only slightly larger than the 
fluctuation inherent in the signal-
generator pulse as given in Sec. 6-13. 
Such cases are the exception, however. 
Most ground targets at one time or 
another will show large and often rapid 
variations. 

The explanation lies in the realiza
tion that a radar echo is almost never 
the reflection from a single target but 
rather from all the objects within a 
"target area." This area is defined 
by the beamwidth and radar pulse length (see Fig. 6-36); its size is given 
roughly by 

R<t>rc 
2 ' 

FIG. 6'3<i. 

^ / 

Radar 
■—Illustration of the term 

get area." 

(140) 

where R is the range, 4> the azimuth beamwidth, and r the pulse duration. 
All objects in this region (and within the vertical extent of the beam) will 
contribute to the signal received at the radar at one given range on the 
indicators. Because the various portions of the beam are coherent, the 
contributions from each of the component targets must be added vectori-
ally, taking into account the phase of each echo. The total echo is thus 
the result of interference between echoes from a number of targets that 
may be independent and unconnected. The phase of these echoes pro
vides a sensitive means for changing the interference, for in the microwave 
region motions of only a few inches are sufficient to change the relative 
phase by ir or more radians. The swaying of trees in the ivind, the motion 
of vehicles on a road, even the spinning of rooftop ventilators all affect the 
phase pattern and cause the echo to fluctuate. 
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Let us examine in detail some simple examples of this interference 
mechanism. The Provincetown standpipe was mentioned above as a tar
get with an extremely steady echo. Figure 6-37 shows the profile of the 
path from the radar to the target. The series of hills (really sand dunes) 
along the path acts as a screen between the radar and all but the top portion 
of the standpipe.1 Effectively then, the target area contains only one tar-

Race point 

FIG. 6'37.—Profile of the path between Race Point and the Provincetown standpipe. 

get, this being a very rigid and solid structure. The echo consequently 
shows negligible fluctuation. Similar cases have been observed where 
intervening hills screen all but one isolated target, and the echo has invari

ably been steady. On the other 

Pulse 1 

Pulse 2 

hand, in cases where the target area 
contains many trees, houses, etc., in 
addition to a prominent object such 
as a standpipe or water tank, the 
echo will often fluctuate badly. 

The next most simple situation 
involves not one but two targets in 
the target area. Suppose the area 
contains two equal point scatterers 
separated d in range. Ideally, the 
echo from the nearer scatterer can 
be represented by the top pulse of 
Fig. 6-38a; the echo from the second 

FIG. 6-38.—Interference of two equal o n e j j u s t b e l o w i t , Would a r r i v e a t a 
point scatterers. (a) Constructive interfer- .. n -, , , , m , . . ■, . i 

Sum pulse L M 
(a) (« 

ence; (6) destructive interference. time 2d/c later. The total signal 
received would be the sum of these 

two, and its appearance would depend on the relative phase of the two 
echoes. If they were in phase, then the echoes would interfere construc
tively in the overlapping region to produce an echo as shown at the 
bottom of Fig. 6-38a. If they were out of phase by -w radians, there would 

1 The portion of the standpipe illuminated because of diffraction can be shown to 
be fnirlv «moll 
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«? 

§^_A 

f^u\ 

be destructive interference and the echoes would 
cancel as in Fig. 6-386. gj 

An actual target closely resembling this idealized 
picture has been found in the antenna towers of radio 
station WBZ at Hull, Mass., as viewed from Deer 
Island, 6 miles away (see Figure 4-1). The target ^ , 
consists of two 500-ft towers supported by guy wires j£> \ 
up to 400 ft and located about 60 yd apart in range, (flj ft 
A 100-ft hill in the line of sight and 2 miles away "of \ / \ 
ensures that only the towers are seen by the radar. 
The right-hand signal in the 16-frame-per-second strip _W 
reproduced in Fig. 6-39 shows the appearance of the V 
echo on a 9-cm system with a pulse length of 1 /usec. • V)f 
Both constructive and destructive interference are 
well illustrated, along with the evolution of the inter
mediate stages.1 The differences between these 
photographs and Fig. 6-38 are all attributable to the 
finite receiver bandwidth and to the fact that the ^JA A 
towers are not exactly equal scatterers. 3 \ ' \_ 

The phase between the two component echoes can 
be changed in several ways to produce the various 
degrees of interference observed. Thus the index of _» 
refraction in the region between the towers and, Af\ [\ 
he'nce, the optical path length might change. For a ~* *-
phase shift of T radians the index would be required CQ 
to vary by An = X/4rf. In this case, at X = 9 cm, O 
An would be 4 X 10~4, which is even larger than the '(S/ 
average value of (n — 1). A change in the trans
mitter frequency could also produce the necessary 
phase shift, but we have already seen in Sec. 6-13 !~» 
that the required frequency change is outside the 

ib 

H 
'6 

!f\ A. 
<5 

limits of the transmitter instability. The most ~*A 
plausible explanation, then, is that there is a physical 
motion of the towers relative to each other and a 
consequent variation of the phase. If the wave
length is 10 cm, the relative motion that would shift 

1 The left-hand signal was the output of a narrow-band Of \ F*^—. 
receiver on a separate antenna 25 ft. away from the radar. 
The striking diversity effect thus shown arises from the slightly *W ■ , 
different aspects of the towers a t the two locations. •«* 

"«« 
FIG. 6*39.—The right-hand signal is the echo from WBZ radio ~^j\ 

towers photographed at intervals of H? sec. (Left-hand echo is J Y.„ _ , M AJl_ ; 
from the same target on a separate diversity receiver 25 ft away.) " ~' 
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the phase by ir radians is only 1 in. I t is plausible that the tall towers 
would sway to an even greater extent even in fairly gentle winds. 

To test this conclusion, a 4-day continuous watch was kept on this tar
get with a 9-cm system. At half-hour intervals the maximum variation 
in signal strength within a 1-min period was noted. These measurements 
were compared with the surface wind speed at the time (as recorded at a 
spot 5 miles from the target). A definite correlation was found between the 
amount of fluctuation and the wind speed. By means of the chi-square 
test1 the probability of obtaining this distribution of measurements by 
chance, if the fluctuation were really independent of wind speed, was calcu
lated to be 1 X 10-7. 

The examples discussed so far have been simple ones and are rather 
artificial and met with infrequently. Of greater practical importance is the 
case where the target area contains a large number of scatterers, not merely 
one or two. The entire class of so-called "clutter" echoes—"chaff," sea 
echo, precipitation echoes, and ground clutter—falls within this group of 
targets. Because the area contains a large number of component targets, 
echoes of this type can be treated only statistically. The remaining sec
tions of this chapter are devoted to a discussion of theoretical and experi
mental investigations of these echoes. 

THE FLUCTUATIONS OF CLUTTER ECHOES 

B Y H E R B E R T G O L D S T E I N 

6-18. The Nature of Clutter Echoes.—"Clutter" is a term used to de
note the radar echo from an extended target covering a region much larger 
than the target area. The target consists of many individual targets more 
or less independent of each other and sufficiently numerous that any given 
target area usually contains a large number of them. This class of echoes 
includes chaff, sea, and precipitation echoes and ground clutter. 

"Chaff" is a code name for a confusion type of interference scheme that 
uses large numbers of resonant dipoles.2 The dipoles are usually narrow 
strips of tin foil, cut to resonate at the proper wavelength and dropped in 
huge quantities from aircraft. When properly distributed they return an 
echo covering a large volume of space. At microwave frequencies a single 
package may contain hundreds of thousands of dipoles. 

It is obvious that the target area will include a large number of the ele
mentary targets and that the echo phases, as determined by the radial dis
tance from the radar, will be random. That is to say, the number of dipoles 
with any given phase will be the same as those with any other phase. In 

1 See T. C. Fry, Probability and Its Engineering Uses, Van Nostrand, New York, 
1928. 

2 The term window, often used in the same connection, is a generic term of British 
origin. 
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general the chaff cloud will move with the wind, but in a noncoherent sys
tem such mass motion, which changes all phases alike, has no effect on the 
returned signal. In addition, the dipoles will move relative to each other 
because of the way they fall and because of local turbulences. This rela
tive motion will change the relative phases of the elementary echoes, caus
ing the resultant signal to fluctuate. The faster the motion, the more 
rapid the fluctuations. An alternative and very fruitful way of looking at 
the rates of fluctuation is to consider them as the differences between 
Doppler frequencies from the various targets. All targets having the same 
characteristics as a uniform cloud of chaff will be called here an assembly 
of independent random scatterers and often abbreviated to random scatterers. 

The nature of precipitation echo, or storm echo, is discussed in Chap. 7, 
where it is shown that the signal is caused by scattering either from water 
drops or from water in a solid form, that is, ice, snow, etc. Here, too, the 
target area contains a large number of elementary scatterers with randomly 
distributed phases. Furthermore, because of turbulences within a precipi
tation area there will be relative motion of the scatterers, causing fluctua
tions in the total signal. This type of target therefore also belongs in the 
class of assemblies of independent random scatterers. 

It has already been pointed out that there is still much debate over the 
specific mechanism responsible for sea echo. Present evidence supports the 
view that the echo is caused by scattering either from small ripples on the 
sea surface or from suspended spray drops. In either case the target area 
contains many such ripples or drops, and it is not implausible that the con
ditions for random scatterers would again be satisfied. This will be assumed 
to be true, and the consequences of the assumptions examined. Any devi
ations from the behavior expected on this basis will be used to obtain fur
ther information about the fundamental scattering mechanism involved. 

A bewildering variety of targets other than man-made objects—rocks, 
earth, tree trunks, branches, bushes, leaves, grass, for example—may give 
rise to ground clutter. Some of these targets return steady echoes, and 
some move in the wind, changing the interference between the component 
echoes and causing the total signal to fluctuate. It is a common observa
tion that the harder the wind blows the more rapid are the fluctuations of 
ground clutter. A quantitative demonstration of this phenomenon was 
obtained with the following experiment. 

At intervals in a 24-hr period, motion pictures at the rate of 16 frames 
per second were taken of the A-scope on a 9-cm system, showing the echo 
from a portion of the Blue Hills Reservation near Boston, Mass. The 
target area chosen is heavily wooded and almost free from man-made 
objects. During this 24-hr period the surface wind speed, as measured 
about 2 miles from the target, varied from over 30 mph to dead calm. Two 
hundred frames were chosen in each run, and the echo height in each 
frame measured and converted into relative r-f intensity in decibels. As a 
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measure of the fluctuation, the difference in the decibel values for two con
secutive frames was then found and averaged over the 200 frames. The 
values so obtained are plotted against wind speed in Fig. 6-40 indicated by 
the circles. 

At low wind speeds the fluctuation is only about 0.2 db, the same order 
of magnitude as for the steadiest targets. At the other extreme, with wind 
speeds of 30 mph or more, the fluctuation is fifteen times as great. It 
should be noticed that the change in the signal from one frame to the next 

_ o 

o 

30 35 10 15 20 25 
Wind speed in mph 

FIG. 6-40.—Average fluctuation of a ground clutter echo during 0.0G sec, plotted against 
wind speed. 

fails to be a good measure of the fluctuation when the period of fluctuation 
becomes comparable to the exposure time for a single frame (-fa sec). Such 
a failure occurs at the higher wind speeds, and the actual fluctuations are 
larger than indicated on the figure. 

The fluctuation seems to increase rapidly in the neighborhood of 20 
mph. I t may possibly be significant that this corresponds to the wind 
speed at which small trees and large branches begin to move as a whole, 
according to the Beaufort wind scale. The jump would then indicate that 
there is no substantial change in the phase relationships until this large 
motion takes place. 

There is no sharp dividing line, of course, between stationary and mov
ing targets. Almost all objects making up ground targets will move to 
some extent. Nevertheless it seems feasible to separate the targets into 
two classes, those which move less than X/4 and those which move in the 
wind by much more than X/4. The former class of targets gives rise to a 
steady echo; the latter fulfills fairly well the conditions for an assembly of 
independent random scatterers. The total signal is thus the sum of these 
two types of echo. The membership of the classes will depend on the wind 
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speed and the wavelength. At the high wind speeds only rocks and heavy 
tree trunks could be classified as stationary. A target that moves only ^ in. 
would be considered at rest for 9 cm but would certainly be in the assem
bly of random scatterers for a wavelength of 1 cm. While data at wave
lengths other than 9 cm are scarce, it has been noted that ground clutter at 
1.25 cm shows large and rapid fluctuations at wind speeds far smaller than 
those corresponding to the "jump" at 9 cm. 

6-19. The Theory of Clutter Fluctuations.—The preceding section has 
shown that the targets responsible for clutter echoes generally fall in one 
of two classes: either an assembly of independent random scatterers or such 
an assembly plus a number of stationary targets. The description of the 
echo from these types of targets forms a branch of the general theory of 
random processes dating back to Rayleigh1 and which has undergone con
siderable development in recent years. Here only the results of the theory 
will be given; derivations will be found in Chap. 6 of Vol. 24 of the Radia
tion Laboratory Series.2 The two types of targets will be treated sepa
rately. 

Assemblies of Independent Random Scatterers.—The received field 
strength will be of the form 

E = V(t) cos M + 4>(t)], (141) 

where co0 is the transmitter frequency. The functions V(t) and <t>(t) will 
depend on time chiefly because of the variation of the signal characteristics 
with range and will be roughly periodic with the pulse-recurrence frequency. 
Only the echo from a given target area, that is, at a given range, is of 
interest, however. If a small interval of time is chosen centered at a given 
range and short compared with the pulse duration but long compared with 
the r-f period, then within that interval V and <fr will be constant, but they 
will still vary from one sweep to the next. It is with this variation in time 
and not with the variation from the changes with range that this section 
will be concerned. Although the quantities V(t) and <j>(t) are thus defined 
only at discrete times that are multiples of the repetition period, they will 
still be considered as continuous functions of time. 

From Eq. (141) it is seen that the signal can be completely specified by 
a vector R(<) whose magnitude is equal to V and which makes an angle 
with some reference direction equal to the phase <j>. The Cartesian coordi
nates of this vector will be called X and Y. The term R(i) can be written 
as the vector sum 

R = %T„ (142) 
i 

1 Cf. the two-dimensional "random walk" problem in Lord Rayleigh, Theory of 
Sound, 2d ed., Vol. I, Macmillan, London, 1894, p. 35. 

2 See also, S. 0. Rice, Bell System Tech. Jour., 23, 282 (1944), and 24, 46 (1945); 
Ming Chen Wang and G. E. Uhlenbeck, Rev. Mod. Phya., 17, 323 (1945); and S. Ohan-
dreskhar, ibid., 16, 1 (1943). 
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where r, is the contribution to the total signal of one of the individual tar
gets making up the target area. The components of r, will be denoted by 
Xj and y,. 

It is now possible to describe in more mathematical terms the condi
tions that must be fulfilled by an assembly of independent random scat-
terers: 

1. There must be a large number of scatterers in the target area. What 
constitutes a large number will be discussed below. 

2. The phases of the component echoes must be random; that is, 

i j = ¥, = 0, (143) 

where the bar denotes averaging over time. 
3. The probability of receiving an echo x, from the j th target w,-(r,-) 

must be independent of the signal from the fcth target. That is, if 
w(ij, rk) is the probability of receiving echoes xt and xk from the Jth 
and fcth scatters respectively, then 

w(ij, ik) = Wjir^w^it). (144) 

Under these conditions the probability that any given measurement of 
R lies between R and R + dS. is given by1 

WiiR) dR = - ^ e p° dX dY, (145) 
7r.ro 

where P0 is the time average of R2. Following Uhlenbeck, Wi will be 
referred to as the first probability distribution because it deals with the value 
of R at only one time. The shape of this distribution is independent of the 
distribution of the component amplitudes, providing only that there are a 
large number of them, strictly speaking, an infinite number. Thus there is 
no requirement that the individual r's be equal or even that the amplitudes 
be constant with time but only that the distribution of r be stationary in 
time so that R2 (= 2r2) shall be constant. It is, in fact, a direct conse
quence of the central-limit theorem of probability theory that Wi approaches 
the form given in Eq. (144) as the number of scatterers increases toward 
infinity, independent of the distribution of the r's. 

The rate at which the limiting form is approached does depend on the 
distribution. Thus Eq. (145) holds exactly for a finite number of targets 
if the distribution for r is Gaussian. Goudsmit2 and Schiff3 have studied 
the case of finite number of scatterers for certain special distributions. 
If all the r's are equal, then Eq. (145) is a good approximation, even if 
n = 4 or 5. When the number is 10 or more, the differences are com
pletely negligible. 

1 Henceforth this type of expression will be shortened to "R in range dR." 
2 S. A. Goudsmit, RL Report No. 196, March 4, 1943. 
3L. 1. Schiff, unpublished memorandum, June 5, 1943. 

http://7r.ro
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Equation (145) defines a bivariate Gaussian distribution centered about 
X = 0, Y = 0. The most probable value of R is therefore zero. The first 
probability distribution in amplitude R is given by 

' p> R dR. Wi(R) dR = -H- e 2 - f . (146) 

"0 0.5 1.0 1.5 2.0 
R/JF0 

FIG. 6-41.—First probability distribution in amplitude for ramdon scatterers. 

Figure 6-41 is a plot of this distribution. The most probable value of the 
amplitude is equal to 0.707 of the rms value, V^FV The average value of 
R is V / T / 2 times the rms value. Let P denote R2, which is proportional to 
the signal energy. Then the dis
tribution in P is 

p °8 

- — dP 
WJP) dP = e p'^-

ro 
and is shown in Fig. 642. It 
should be noticed that the most 
probable value of P is zero.1 

From these distributions the 
fluctuations in the signal are seen 
to be fairly large. The signal 
power will be less than one-half the 
average level 29 per cent of the time but greater than twice the average 14 
per cent of the time and above five times the average 1 per cent of the 
time. In fact, although the most probable value of P is zero, there is a 
finite probability for any value of P, no matter how large. A commonly 
used measure of the amount of fluctuation is the standard deviation 

^ ^ = ^F*. (148) 

FIG. 6'42.—First probability distribution in 
power for random scatterers. 

1 A similar situation occurs in the kinetic theory of gases. With the Maxwellian 
distribution the most probable velocity is zero, but the most probable speed is different 
from zero. 
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From Eq. (146) one obtains 
F = 2P2

0, (149) 
and hence the standard deviation is 100 per cent. I t should be emphasized 
again that because of the randomness of the component vectors the ampli
tude of fluctuation does not depend at all upon the number of scatterers, 
provided that there are many of them. 

The first probability distribution tells us about the magnitude of the 
fluctuation. Information about the rate of fluctuation is obtained from 
the second probability distribution, which gives the probability of measur
ing Ri in range dRi at time h and measuring R2 in range dR2 at time h. As 
we are assuming stationary processes, time enters in only as the difference 
T = t2 — h. If the scatterers are moving independently, it can be shown1 

that the second probability distribution is 

n- I-D T> \ JD JO dXi dXi dY\ dYi 
n 2 (Ri, R2, T) rfR, dR2 = —„ rj2 ,. IT— X 

«■ Pa (1 - g2) -, (15°) 
e x D [ _ X\ + Y\ + X\ + Y\ - 2g(.Y1Z2 + \\\\) 

L A ( l - g1) 
where g is the correlation coefficient for the Cartesian coordinates of R and 
is defined by 

X1X2 Y1}2 „,,, 

' = ~W = ~W (151) 

The correlation coefficient is obviously a function of the time interval T 
and is 1 if T = 0 and approaches zero as T increases to infinity and Ri and 
R2 become independent of each other. 

It has already been pointed out that the rate of fluctuation depends 
upon the relative motion of the contributing scatterers or, more precisely, 
on the component of the relative velocities in the direction of the radar 
system. Siegert2 has derived the relation connecting the correlation func
tion g and the distribution of relative velocities 

g(r) 
r2 dr I w(r,vz) eilriv-T/x dv, 

(152) 
r2 dr I w(r,vz) dv, 

0 

where vz is the component of the velocity of the scatterer in the direction 
of the radar system and w(r,v2) dr dv2 is the probability of finding a scat
terer that returns a signal of amplitude r in range dr and with a velocity 
component vz in range dvz. In addition to the previous conditions Eq. 
(152) assumes (1) that the amplitudes of the individual echoes are constant 
in time, that is, the fluctuation is caused only by variations in phase and 
(2) that phase changes arise solely from shifts in positions of the scatterers. 

1 See Vol. 24, Chap. 6. 
2 A. J. F. Siegert, RL Report No. 773, January 1946. 
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Equation (152) can be written more simply as 

ff(T)=JZLL= L. (152a) 
r2 

The time interval T occurs only in the ratio T/X. Hence if simultaneous 
measurements are made on the same target but at different wavelengths, 
the correlation functions plotted as a function of T/X should be identical. 
Another way of saying it is that the rate of fluctuation should be propor
tional to the transmitter frequency, which is obvious from the interpreta
tion of the fluctuation as Doppler frequencies. The fluctuation frequency 
spectra on several wavelengths should coincide when plotted against cX. 

Equation (150) can be conveniently rewritten in terms of the ampli
tudes and phases of the two vectors 

T l ^ R ^ R ^ d R , rfR2 

**n(\ - f)exp « + ^ ~ W ' c ^ ] / M f t ft ift <*<**, (153) A ( l - g\ 

where 6 is the angle between Ri and R2. The second probability distribu
tion for Pi and P2 is obtained by integration over 6 and <t>i, 

P, + I; (2igy/PJ\\ dP,dP^ 

vw=7))wi-fy(154) TrVPi. iV) dPs dP, = e >'"^ -"'» J, 

where Jo is the zeroth-order Bessel function. From this distribution one 
can in turn calculate the correlation function for P, defined by 

(P, - pt)(Pt - p„) P,P, - PI p,pt - PS 
p(p'r) = -^PT^W— = I^PT = —PJ— ; (155) 

and it is found that 

P(P,T) = g2. (156) 

In a similar fashion the distributions and correlation functions of other 
functions of Ri and R2 may be calculated. Thus the correlation function 
for R has been found by Uhlenbeck1 to be 

2E(g) - (1 - f)K{g) - \ 
P(R,r) = , (157) 

2 - -2 

where E(g) and K(g) are the complete elliptic integrals of the first and 
second kind, respectively. SoUfrey and Barlow2 have calculated the 

1 G. E. Uhlenbeck, RL Report No. 454, Oct. 15, 1943. 
2 Unpublished memorandum by W. SoUfrey and E. Barlow. 
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correlation coefficient for In R: 

P(ln R,r) = J £ g . (158) 
*■= i 

A quantity that is often of practical interest is the ratio P2/Pi, denoted 
by q. The distribution of q can be found from 

W2(q,T) dq = / W2(9,P1,T)P1 rfP, rf9. (159) 

Using Eq. (153) and the integral 

xe~aZJo(bx) dx = 
/o v ' (a2 + &')* 

the distribution is found to be 

W2(q,r) dq = (l- f) j ^ J L J l ^ — . (160) 

I t is more convenient to use the distribution with q expressed in decibels. 
Let y = 10 logio q. Then 

_ 0.230 (1 - g2) c°-23°* (1 + f°-23°") rfy 
"•AyS) oy rp(p.4«o» _(_ 2(1 _ 2o2) f0-2™" -)- 11s- " V-to-U 

Equat ion (161) will be used as a convenient method of verifying the second 
probabili ty distribution experimentally. 

The first and second probabili ty distributions describe completely the 
fluctuations of the echo. The correlation function g by itself contains all 
needed information on the rates of fluctuation. I t is often desirable, how
ever, to present this information in the form of a frequency spectrum. A 
relation exists, known as the Wiener-Khintchine theorem1 , t ha t links the 
correlation function with a suitably defined frequency spectrum. 

Let z(t) be any continuous function arising from a s ta t ionary random 
process, and let /(&)) be its complex frequency spectrum as obtained from 
the Fourier integral theorem. Then the normalized power spectrum of 
z(t) is defined as 

^ W = ~p> ( 1 6 2 ) 

The correlation function of z{t) is given by 

P(Z,V = , ' , . s -f2 (163) 
[z(«0 - z]2 

1 See Ming Chen Wang and G. E. Uhlenbeck, op. cit., p. 326. 
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Then it can be shown that F(u) and p(z,r) are cosine transforms of each 
other, that is, 

F(w) = - / P(Z,T) cos UT dr, (164) 
* Jo 

and 

P(Z,T) = I F(u) cos UT da. (165) 
Jo 

Hence the frequency spectrum can always be obtained from the correlation 
function, and vice versa. 

In all practical situations the signal in the receivers is the sum of the 
radar echo and a certain amount of receiver noise. In such cases the total 
signal can be described by the sum 

R = X r,■ + N, 
j 

where N is a vector representing the noise envelope.1 It is well known 
that the noise distributions are identical with those already given2 for R. 
However, because the smallest time interval of interest here is the time 
between sweeps, the correlation function of the noise vector can be assumed 
to be zero. The first probability distribution for the combined vector is 
given by -

F'i(R) dR = / WiCN) Wi(R - N) dN dR. (166) 

Similarly, the second probability distribution may be found from 

W'2(R1,R2,r) dR! tf.Ro 

IF,(N,) H'i(N2) ir2(R, - N„ R2 - N2,r) dN, dN2 dRl dR,. (167) 

On carrying out the integrations it is found that the introduction of noise 
has not affected the shape of the distributions but that P« and £ are trans
formed as follows: 

a^--V—=S—, (168) 

p • o 

where A7
0 is the rms noise voltage and .s is the ratio of noise power to echo 

power. By means of these relations the measured values of g can be cor
rected for the presence of noise in order to obtain the true correlation func
tion of the echo alone. 

1 It is assumed that the noise is added in one of the linear slaves of the receiver, 
2 See S. O. liiec, o/i. cit. 

http://tf.Ro
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Random Scatterers plus a Steady Signal.—If the echo from an assembly 
of independent random scatterers is added to a constant echo, then the total 
signal will be represented by a vector 

R = S + £ Tj. (169) 
j 

The sum ^ r ; represents the contributions from the random scatterers, and 
S the signal that is assumed constant in time. The first and second prob
ability distributions for R obviously differ from those given above only 
in that they are now functions of R — S. Thus the analogue of Eq. (145) is 
now 

1 (.¥ - s>* +r* 
W^R) dR = ~ e p' dXdY, (170) 

7T. ■Pi 

where, without loss of generality, the x-axis has been taken in the direction 
of S. The quantity Pa is no longer the mean square value of R but only 
the mean square of the contribution from the random scatterers. Instead, 
we have 

Pi = T = P0 + S\ (171) 

The first probability distribution for P becomes1 

W^P) dP = e ft J0(2i ~ VP) ~ (172) 

If we denote by m? the ratio S2/Pa, which can be called the ratio of the 
steady to random average power, then the distribution can be rewritten as 

WdP) dP = (1 + m2) e-"e Pa + m* J.Uvm y/\ + m2 JE\ 
p- ■ - ' >™ dP 

i - (173) 
P 

In Fig. 6-43 this distribution is plotted against P/P for several values 
of m2. For m2 = 1 or less there is not much difference from the simple 
exponential that holds for random scatterers. The most probable value of 
P is still .zero, and the range of fluctuation still very large. As m2 is 
increased above 1, a maximum appears in the distribution and the frac
tional fluctuation decreases. When m2 becomes very much greater than 1, 
the curve has the form of a sharp peak about P = P and approaches 
asymptotically the Gaussian distribution 

- (\ + m-) 
F , ( P ) dP « (1 + »i2) '-—.--,^— —■ (174) 

w;V4ir P 
1 This equation is identical with the well-known formula for the distribution in power 

of noise plus signnl. 
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The standard deviation of Wi(P) for all values of m is 

. ^ Z Z l l 2 = ^ + 2m* (175) 
P I +m2 

and decreases as y/2/m when TO2 is much greater than unity. 
The second probability distribution in R can similarly be immediately 

written down: 
TT- ra -o \ J O J D dXi dX2 dYt dl 2 n 2 (Ri, Rs, T) dRi dR2 = —5^57^ -57— X 

' (̂ 1 - s)2 + 7? + (X, - sy + n - 2g[(x, - s)(\\ - s) + r, r»i ( 
Po(l - f) exp 

(176) 
The quantity g is now the correlation function for Y and for X-S. The 
relation between g and the velocity distribution of the random scatterers 
remains unchanged, of course. 

1.8 

,wi2 =30 

Fro. 6-43.—First probability distributions in power for a target consisting of random 
scatterers plus a fixed target, for several values of m2. 

It has not yet been possible to carry out the integrations needed to 
obtain W%(P\, Pi,r). Some of the moments of the distribution can be 
found, however. Thus the average value of PtP2 has been determined by 
Barlow to be 

JVPl = PI [1 + g* + 2m2(l + g2) + m*\ (177) 
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The correlation coefficient of P is therefore 

p ( P ' T ) - 1 + 2m' ' ( 1 7 8 ) 

Many of the relations derived for random scatterers remain valid, as for 
example, the Wiener-Khintchine theorem and the effect of noise on Pa 
and g. 

6*20. Experimental Techniques in the Study of Clutter Fluctuations.— 
The preceding sections have presented a theoretical picture of the nature 
of clutter fluctuations. This general picture has been confirmed and fur
ther details obtained in an extensive experimental investigation of clutter 
fluctuations. Measurements were made on three experimental truckborne 
systems, operating on wavelengths of 9.2, 3.2, and 1.25 cm, respectively. 
Special care was taken to reduce the intrinsic fluctuations of the radar sys
tems to negligible levels, as discussed in detail in Sec. 6-13. 

To cover the entire spectrum of echo fluctuations, measurements of the 
signal level must be made as of+en as possible, namely, each time an echo is 
received. Of the several techniques available for making such measure
ments,1 photography of the individual sweeps on the A-scope was chosen as 
furnishing the largest amount of information. The methods developed for 
this type of photography are described in detail elsewhere.2 A blue-screen 
short-persistence cathode-ray tube running at potentials slightly higher 
than customary was used in conjunction with a high-speed camera in which 
the film moved continuously to prevent overlapping of successive traces. 
I t was possible to record traces with writing speeds as high as 70 cm/7isec 
and at rates up to 4000 traces per second. 

The basic pulse-recurrence rate was about 1000 pps, accurately main
tained by a quartz-crystal-controlled oscillator. By "counting down" 
from this frequency the A-scope could be triggered at a number of rates 
down to 42 pps. If the echo fluctuation was slow enough to permit even 
more infrequent measurements, conventional motion-picture cameras were 
employed at various speeds down to four frames per second. 

Figure 6-44 reproduces a strip from a typical film, showing sea echo on 
the 9.2-cm system. The interval betweem traces is 3 msec, and the sweep 
length is 1500 yd, the most frequently used sweep. For convenience in 
reference, each frame area is provided with an identification number, 
obtained by photographing a synchronized counter prior to photographing 
the A-scope. The prominent pulse on the right is an artificial echo pulse, 

1 Specialized methods have been developed for obtaining specific types of informa
tion, such as the superheterodyne audio analyzer for frequency spectrum (cj. RL Report 
No. 914) and the "fading analyzer" discussed by R.I.B. Cooper, "The Fading of S-band 
Echoes from Ships in the Optical Zone," RRDE Report No. 265, December 1944. 

2 H. Goldstein and P. D. Bales, "High Speed Photography of the Cathode-ray Tube," 
Rev. Sci. Instruments, 17, 89 (1946). 
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FIG. 644 F I G . 6 4 5 

FIG. 644.—Section of a pulse-to-pulse film of sea echo on 9.2 cm. Pulse length 1 jisec, 
pulse-recurrence frequency 333 pps, sweep length 1500 yd. 

FIG. 6'45.—Section of a calibration film showing a signal generator pulse for two calibration 
levels 2 db apart. 
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1/isec wide, obtained from a signal generator. The r-f level of the pulse is 
deliberately made so high that it saturates the first video stages of the 
receiver.1 Such a saturated pulse performs several functions. It may 
serve as a range marker. More important, the top of the pulse provides a 
convenient reference level down from which the echo amplitude is measured. 
The baseline is not always suitable as a datum, especially as it tends to be 
obscured in any extended clutter signal. 

The negative film was projected in a microfilm reader and the deflection 
at some given range read off to the nearest 0.05 cm, with the maximum 
deflection about 8 cm.2 Between 2000 and 4000 sweeps were recorded on a 
single 100-ft roll of 16-mm film, depending upon the film speed. Of these, 
about 1000 consecutive sweeps were usually measured, although on occa
sion up to 3000 sweeps have been measured.3 

Up to this point the data are in the form of deflections on the A-scope 
and must first be converted into some unit proportional to r-f intensity 
before being analyzed statistically. The necessary curve of deflection vs. 
r-f level is known as the "receiver calibration curve." I t is obtained by 
photographing separately the pulse from an accurately calibrated r-f signal 
generator. The r-f level of the pulse is varied in steps of about 2 db until 
the entire dynamic range of the receiver is covered (usually about 20 to 30 
db). Figure 6-45 is a strip from such a calibration film taken at 16 frames 
per second and shows the pulses for two levels 2 db apart. 

Some typical calibration curves for various receiver gains are plotted in 
Fig. 6-46 in a normalized form, that is, deflection, as per cent of saturation, 
plotted against r-f level in decibels. (Necessary corrections have been 
made for the width of the trace.) The horizontal scale for each value of 
receiver gain has been shifted so as to make the points coincide at 60 per 
cent of saturation. I t will be noticed that for a range of gain of about 30 
db (as determined from the horizontal shifts) the calibration curve plotted 
in this form is substantially independent of receiver gain. Outside this 
range, significant changes in the shape of the curve begin to appear. 
Therefore when the receiver is being calibrated, an effort is made to set the 
receiver gain to approximately the same level as when the echo was origi
nally photographed, but obviously no great accuracy is required. 

The calibration curve cannot be represented by some simple law, as 
is often assumed. Below about half saturation, the deflection is usually a 
power-law function of r-f voltage, with the exponent varying between 1.0 
and 2.5 depending on the receiver. Above 60 per cent saturation, the 

1 The over-all bandwidth of the video stages was from 4 to 10 Mc/sec, depending on 
the system. 

2 The graininess of the negative determined the optimum magnification. 
3 Much of the success of these measurements was due to the efforts of Margaret 

Harwood, whose careful attention to detail and unflagging interest resulted in data of 
the necessary high degree of precision. 
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curve flattens off and approaches the saturation level asymptotically. A 
detailed discussion of the sources of the nonlinearities lies outside the scope 
of this section,1 but such nonlinearities appear to be present in all receivers 
commonly employed in microwave radar systems. 

From the calibration curve a conversion table is constructed, listing the 
r-f intensity corresponding to A-scope deflection in steps of 0.05 cm. With 
this table the measured deflections can be converted rapidly to r-f intensity. 
Depending upon the eventual use of the data, similar conversion tables 

- 1 7 - 1 6 - 1 5 - 1 4 - 1 3 - 1 2 - 1 1 - 1 0 - 9 - 8 -7 - 6 - 5 - 4 - 3 - 2 -1 0 +1 +2 +3 +4 +5 
R-f input in db above arbitary level 

FIG. 6*46.—Typical curve of the receiver law. The circles represent data for six gains 
covering a range of 30 db, each shifted horizontally to coincide {it (iO per cent saturation. 
The triangles show the data for a gain of 5 db below this range. 

may be constructed for r-f voltage, r-f level in decibels, or any other desired 
function of r-f intensity. 

The method of calibration described here has proved satisfactory if 
noise is not appreciable. No entirely adequate procedure for calibration 
has been found, however, when the gain is so high that the noise level 
is a sensible fraction of the maximum deflection. The noise modulates 
the calibration pulse with the result that its height varies randomly 
from sweep to sweep. In practice the average height of this modulated 
pulse is measured by averaging the lowest and highest amplitudes. It is 
then assumed that to a first approximation the deflection is linear in r-f 
power, so that the average height therefore corresponds to the signal-
generator r-f power plus noise power. The calibration curve is than plotted. 
adding a constant noise power to the signal-generator attenuator reading 
In principle the form of the calibration so found could be used to calculate 

1 The chief source appears to be the second detector and succeeding video stages; 
but , as evidenced by the' dependence on gain, some nonlinearity occurs in the early i-f 
stages. 
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a correction (due to noise) for various signal generator powers and the 
procedure repeated in a method of successive approximations, but this 
process is too tedious to be of much use. Hence an effort was made to 
work with high signal-to-noise ratios in order to avoid these difficulties. 

From the converted data the first probability distribution is obtained 
in the obvious fashion by dividing the intensity scale into a number of 
adjoining intervals and counting the number of measurements falling in 
each interval.1 The rates of fluctuation are first obtained in the form of 
correlation functions. This quantity has been defined for an infinite sample 
as 

,p T ) = [P(t) ~ ft] [P(t + r) - ft) _ Pjt) Pjt + r) -Ft ( m ) 

[P{t) - Po]2 Pit)2 - PI 

For a finite sample it is possible to give several definitions for p, all of which 
approach the limit [Eq. (178)] as the size of the sample becomes infinite. 
Solely on the basis of convenience in computing, the following definition 
has been used. Let T be the interval between successive measurements, 
and n = T/T. Then the correlation function is obtained from 

N 
PiP,r) = PiP,n) = - - i ^ j , ^ (180) 

i = i i - i 

The first sum in the numerator requires n measurements of P in addition 
to the sample of N values. The number of such "excess" measurements 
never exceeded 4 or 5 per cent of N and was usually much smaller. Under 
these conditions all definitions of p for finite samples yield substantially the 
same value. The sums required in Eq. (180) are most efficiently and rapid
ly obtained with punched-card computing machines. The correlation 
function was computed in this manner in integral steps of n usually up to • 
n = 20 or 40 or, in rare cases, up to n = 80. 

Figure 6-47 shows a typical correlation function plotted against T or, 
equivalently, against n. The correlation function should be, of course, 
identically equal to 1.0 for T = 0. If the curve in Fig. 6-47 is extrapolated 
back to T = 0, it approaches a value less than 1.0. As has been shown in 
Sec. 6-19 this discontinuity at the origin is caused by the presence of receiver 
noise, random from one sweep to the next, in addition to the echo under 
study. The magnitude of the discontinuity is determined by the signal-to-
noise ratio and may be calculated from Eq. (167). 

1 The counting may be done manually or by the use of punched-card machines. 
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When T is so large that successive values of P are uncorrelated, then 
P(P,T) approaches zero. In Fig. 6-47, however, it is seen that instead 
P(P,T) appears to approach asymptotically a curve above the axis, which 
in turn is only very slowly tending toward zero. This asymptotic behavior 
is indicative of a slow secular variation of the average power P0. Such a 
slow fluctuation might perhaps be explained by the change in orientation of 
chaff dipoles and the accompanying change in cross section, or, in the case 
of sea echo, it might be caused by the rise and fall of a sea wave, producing 
variation in the number and size of the scatterers. Whatever the source, 
this variation is always very slow compared with the fast "Doppler beat" 

8 12 28 32 36 40 

F I G . 647.-

16 20 24 
r in milliseconds 

Voltage correlation function for chaff on 3 cm. 

fluctuation. A rigorous treatment of this case would appear to be difficult, 
as we are no longer dealing with a stationary process. A first approxima
tion, however, may be obtained in the following way. The sample of N 
values is divided into I groups, each containing m measurements separated 
T in time. We assume that mr is long compared with the periods of "Dop
pler beat" fluctuation but small compared with the period of the variation of 
Po so that within each group Po can be assumed constant. The correlation 
function [Eq. (180)] can now be written (for random scatterers) as 

p(P,r) = 

!2«-(rS*0' 
(181) 

The sums can be written as averages 

(1 + g2) Pg - PI 
p{P,r) (182) 

2PI - PI 
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where the tilde denotes averaging over the distribution of the P0's. As 
g2—»0, P{P,T) then approaches a value different from zero, which can be 
written as 

Lim p(P,r) = g g ^ r r (183) 

where 8 is the standard deviation of the distribution for P0. It should 
be noted that the asympototic value of p is always positive. The first 
probability distribution will also be affected by the secular variation 
of P„. The standard deviation for P is no longer 1 but \/l + 252, in
dicating an excess of large values of P in the distribution. Values of 
<52 obtained separately from the measured standard deviation of the 
first probability distribution and from the measured asymptote of p 
agree satisfactorily. 

Equation (182) suggests that the intrinsic correlation function arising 
from "Doppler beat" fluctuation may be obtained by subtracting from 
the measured p the asymptotic curve, indicated by the dashed line in 
Fig. 6-47. All the measured correlation functions have been corrected 
in this way and then multiplied by a factor that brings the extrapolated 
value of p(0) up to unity, thus also correcting for the noise discontinuity. 

It will be noticed that p does not approach the asymptotic curve in 
Fig. 6-47 smoothly but oscillates about it. In the corrected correlation 
function this behavior appears as oscillation about the horizontal axis. 
It is believed that these oscillations are due entirely to statistical fluctua
tions arising from the finite size of the sample, since for infinite samples 
g2 is always positive. In practice, therefore, these oscillations have been 
smoothed out, and the curve is drawn to approach the axis monotonically. 

The power frequency spectrum is, as stated by the Wiener-Khintchine 
theorem, the cosine transform of the correlation function. Often the 
corrected correlation function can be accurately approximated by a 
function whose cosine transform is well known, for example, the Gaussian 
error curve. If not, then the integration is performed numerically, using 
Simpson's rule. By test with a known function, the numerical integra
tion has been found to be sufficiently accurate up to about half the pulse-
recurrence rate. 

The preceding discussion has been based on the implicit assumption 
that the data are given in the form of intensity or power, as is usually 
preferable. As a consequence, however, of the large range of values 
encountered in a given sample (often greater than 1000 to 1), the punched-
card computations often prove to be unduly lengthy. If the deflections 
are converted into r-f voltages or amplitudes instead of intensities, the 
range is greatly reduced; therefore this conversion was often made. 
Equation (157) supplies the theoretical relation between the correlation 
functions for amplitude and intensity, assuming random scatterers. 
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The correlation function p (R,T) is never very different from g2, the maxi
mum deviation being 0.027. Usually this small difference may be 
neglected, and the two correlation functions considered equivalent. 
Whenever it is desired to use Eq. (157) to obtain g2 from P(R,T), however, 
correction must first be made for any slow fluctuation present, and the 
statistical oscillations smoothed out, as described above. The correlation 
function shown in Fig. 6-47 is an example of an amplitude correlation 
function. In Fig. 6-48 the same curve is shown after the various cor
rections have been made and after it has been converted to an intensity 
correlation function. 

Significant deviations between 
experimental first probability distri
butions and theoretically predicted 
functions yield information about 
the size and number of scatterers 
contributing to the given clutter 
signal. To determine if observed 
deviations are significant, it is im
portant to know the magnitude of 
the experimental errors in the first 
probability distribution. Three 
types of errors may be distinguished: 

1. Statistical fluctuations be
cause of finite size of the sample. 

2. Errors in reading the film. 
3. Errors in the calibration. 
The fluctuations in the number of measurements falling within a given 

intensity range are distributed according to the well-known Poisson 
distribution. The rms fractional deviation is l/\/nt where n is the ex
pectation value of the number of measurements, provided n is small 
compared with the size of the sample N. It must be remembered that 
independent trials are assumed. Normally there is correlation between 
successive measurements, and n should be replaced by an n', which is 
the number of measurements out of n that may be considered independent 
(that is, that have little correlation between them). 

Errors in the reading of the film may be either systematic or random. 
If the trace had a large slope and was faint, the tendency was to read a 
value consistently too high. It is difficult to estimate the magnitude of 
such an error; fortunately, it occurred only infrequently. A source of 
random error was almost always present, however; depending upon the 
computer and the nature of the trace, there is a certain minimum measur
able difference in deflection, ranging from 0.05 cm to several millimeters, 
but usually about 1 mm. As stated above, the first probability distribution 
is obtained by dividing the range of intensities into several groups and count-

8 12 16 20 
T in milliseconds 

FIG. 6*48.—The correlation function for 
chaff on 3.2 cm, converted to an intensity 
basis and corrected as outlined in the text. 
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ing the number of measurements falling in each group. Let us consider now 
an interval equal to the minimum measurable difference, centered about 
the deflection corresponding to the boundary between two groups. Of 
the pulses in this interval zone, some will by chance be assigned to one 
group and some to the other. The rms fluctuations of the number in a 
group, causea by such an "uncertainty zone" at one boundary, is given 
by i \ A « , where m is the total number of measurements falling in the 
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FIG. 6'49.—Typical first probability distribution for chaff echo on 9.2 cm. The histo
gram shows the experimental distribution of 1000 pulses; the straight line is the theoretical 
formula, using the measured average power. 

uncertainty zone.1 I t should be noted that m includes all measurements 
falling in the interval, as all trials are independent. This type of error 
will be referred to as "boundary error." 

Errors caused by improper calibration are, of course, difficult to 
correct. They are best minimized by proper choice of receiver gain when 
the film is taken. An attempt was made always to set the gain in such 
a way that most of the pulses were well below the saturation level, as the 
errors would be greatest in the neighborhood of this level. Any effect 

1 The reasoning employed is as follows: I t is equally likely t h a t a measurement will 
be assigned to either group; the average number going to any one group is m / 2 ; the rms 
fluctuation in this number is y/(jn/2) (1 — J) = \y/m. 
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attributable to incorrect calibration should appear as a systematic de
viation from the theoretical distribution, whereas most of those discussed 
above would be random. 

6-21. Experimental Results.—The previous section has described the 
experimental techniques involved in recording the fluctuations of clutter 
echoes and in analyzing these records in accordance with the theory 
developed in the previous sections. This present section summarizes 
the results obtained in this manner at the Radiation Laboratory. 
Those targets which may considered as assemblies of random scatterers, 
that is, chaff, precipitation, and sea echo, are discussed first. Ground 
clutter, in which the target contains fixed as well as moving scatterers, 
is considered later. 

Chaff. I t has been pointed out in Sec. 6-18 that the large numbers 
of randomly moving dipoles which make up the chaff cloud should ideally 
satisfy the conditions for random scatterers prescribed in Sec. 6-16. In 
fact the experimental analysis of chaff echo is in full agreement with the 
theory. Thus Fig. 6-49 compares a typical experimental first probability 
distribution, on 9.2 cm, with the theoretical exponential curve. The 
histogram represents the analysis of 1000 pulses, and the straight line, 
corresponding to the theoretical curve, uses the value of the measured 
average intensity of the sample analyzed. The deviations between the 
two plots are random and do not indicate any significant differences. 
Table 6 7 compares the magnitude of the deviations in each interval 
with the expected rms fluctuations arising from both the finite size of 
the sample and the "boundary error" discussed in Sec. 6-20. In the 

T A B L E 6 - 7 . — D E V I A T I O N S B E T W E E N THEOR ETI C AL AND E X P E R I M E N T A L F I R S T P R O B A 
BILITY D I S T R I B U T I O N S FOR C H A F F E C H O ; X = 9.2 CM, 1000 P U L S E S ANALYZED 

p 
Interval of -=-

Po 

0 -0.34 
0.34-0.68 
0.68-1.01 
1.01-1.35 
1.35-1.69 
1.69-2.03 
2.03-2.36 
2.36-2.70 
2.70-3.38 
3.38-4.05 
4.05-5.40 
5.40-8.43 

No. of pulses in interval 

Experimental 

275 
205 
143 
136 
79 
47 
32 
21 
35 
14 
9 
4 

Theoretiral 

292 
202 
144 
102 

72 
52 
37 
26 
31 
16 
12 

4 

Difference 

- 1 7 
+ 3 
- 1 
+ 3 4 
+ 7 
- 5 
- 5 
- 5 
+ 4 
- 2 
+ 3 

0 

Expected rms fluctuation in 
number 

Due to finite 
sample 

17 
14 
12 
10 
8 
7 
6 
5 
5 
4 
3 
2 

Due to boundary 
error 

3 
4 
4 
3 
3 
3 
2 
2 
2 
1 
1 
1 
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fifth column it has been assumed that all the measured pulses are 
independent of each other. As there is actually considerable correlation 
between neighboring pulses, the figures in this column represent minimum 
values. The "boundary error" calculation assumes that differences in 
pulse height of less than 1 mm were not measurable, which is likewise a 
minimum figure. I t is seen that the actual deviations are, with one 
exception, well inside the expected statistical fluctuations. Equally good 
results have been ontained in all measurements on 9.2 and 3.2 cm of 
chaff cut to resonate at 10 cm. The first probability distribution of the 

•*• 0.4 

50 60 
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FIG. 6-50.—Power frequency spectrum for fluctuations of chaff echo, as measured on four 
occasions. 

echo on a frequency of 515 Mc/sec from chaff cut for the "Wurzburg" 
band (X«50 cm) has also been measured, and good agreement was like
wise obtained with theory.1 

All the measured frequency spectra of the fluctuations of chaff echo 
have had roughly the same shape, resembling error curves centered at 
the origin. The width of the spectra, however, is quite variable even 
at one wavelength. Thus Fig. 6-50 shows the spectra for the echo of 
chaff cut for 10 cm, as measured on 9.2 cm on four occasions. It is 
significant that the widest spectrum D was obtained with gusty winds up 
to 25 mph whereas the wind speed was 10 mph or less for the other cases. 
The width of the spectrum depends upon the relative velocity of the 
chaff dipoles, that is, the so-called "horizontal-dispersal rate," and it is 
to be expected that this rate will depend on the speed and gustiness of 
the wind. 

The narrowest spectrum, Curve A, was obtained with chaff of the 
same electrical properties as used for the other curves but having slightly 

■G. P. Kuiper, "A Study of Chaff Echoes at 515 Me," RRL Report No. 411-73, 
December 1943. 
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different mechanical and aerodynamical properties. In addition, the 
chaff was dispensed from a slowly moving blimp instead of being thrown 
out into the turbulent slip stream of an airplane. 

The measured spectra (including a few not shown in Fig. 6-50) do 
not show any significant dependence on the "age" of the chaff, that 
is, the length of time between the dropping and the measurement. The 
data are, however, too limited to allow a definite conclusion. As a 
matter of interest, the ages for the four curves A, B, C, and D of Fig. 
650 are 3 min, 20 sec, 6 min, and 10 min, respectively. 

v\ in cm-cps 
FIG. 6-51.—Power frequency spectrum for the fluctuations of chaff echo on 9.2 and 3.2 cm, 

plotted as a function of the product A . 

If the fluctuation arises solely from the Doppler beats of the moving 
chaff dipoles, then it is seen from Sec. 6-18 that the correlation function 
is a function of the product VZT/\. Hence the width of the frequency 
spectrum of the fluctuation should be proportional to the radar frequency 
for the same velocity distribution. More exactly, if simultaneous 
measurements of the spectra are made on several wavelengths, the curves 
should coincide when plotted as functions of the product of the fluctua
tion frequency and radar wavelength. Accordingly, in Fig. 6-51 the 
experimental spectra for chaff measured simultaneously on 3.2 and 9.2 cm 
are plotted against v\. The small discrepancy between the two curves 
is well within experimental error. 

The spectrum of chaff has also been measured1 at 515 Mc/sec, and the 
maximum frequency present to any appreciable extent was found to be 
4 cps on horizontal polarization. When "scaled" to 9 cm, this value 
roughly corresponds to Curve A of Fig. 6 50. Considering that the chaff 
size was different, the wavelength dependence is at least qualitatively 
verified. The frequency of fluctuation on vertical polarization was found 

1 G. P. Kuiper, op. cit. 
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to be somewhat slower, with a maximum of 3 cps. (All the microwave 
measurements were made with horizontal polarization.) 

Mention must also be made of some results on the frequency of 
fluctuation, obtained in England, that are not in agreement with the 
above conclusions.1 Pulse-to-pulse photographs of chaff echoes were 
made on 212 and 3000 Mc/sec. A statistical analysis was not carried 
out, but it is stated that there was qualitative evidence of fluctuation 
frequencies in the range 10 to 25 cps on both frequencies. 
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FIG. 6'52.—First probability distribution of the echo from a rainstorm on 3.2 cm. The 
histogram shows the analysis of 1000 pulses; the straight line represents the theoretical 
behavior for random scatterers. 

From the measured spectra one might expect to obtain information 
about the distribution of the relative velocities. A detailed analysis of 
this sort has not been carried out; indeed, there is no unique velocity dis
tribution corresponding to a given spectrum. If, however, the spectrum 
has a Gaussian shape, some information about average speeds can be 
easily obtained. Let v be defined such that one-half of the scatterers 
have relative velocities in the direction of the radar set lying between 
— v and +v. Then it has been shown by Siegert2 that with a Gaussian 

1 "Final Report on ADRDE Window Trials," ADRDE Report No. 250, April 1944. 
2 A. J. F. Siegert, RL Report No. 773, January 1946. 
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spectrum, v is given by 
v = 0.00650X^4 ft/sec, (184) 

where X is in centimeters and v^ is the frequency at which the power 
spectrum is down to one-half of its original value. Applying this formula 
to the curves of Fig. 6 50 (though they are not exactly Gaussian in shape) 
one finds values of v ranging between 0.6 and 2.0 ft/sec. These results 
are of the same order of magnitude as the horizontal-dispersal rate as 
actually measured from motion pictures of chaff dipoles. 

The correlation functions obtained for chaff show that in addition to 
the fast Doppler-beat flunctuations, a much slower variation is almost 
always present to some extent. (This slow variation has been subtracted 
out in obtaining the curves of Fig. 6-50. The origin of this type of 
fluctuation, which extends to a few cycles per second, is not yet clear. 
Possibly it may be due to the rotation of the dipoles (about an axis per
pendicular to their length, which would cause variations in the amplitude 
scattered by each dipole.) 

Precipitation Echo. The scatterers responsible for precipitation echoes 
are almost undoubtedly either raindrops or water particles in solid form. 
One would therefore expect that the conditions for treating the target as an 
assembly of random scatterers are as well satisfied as with chaff. This 
expectation is borne out by experiment. Figure 6-52 shows a typical 
experimental first probability distribution as obtained from the analysis 
of 1000 pulses on 3.2 cm of the echo from a rain shower. The deviations 
of the histogram from the theoretical curve (plotted as a straight line on 
this scale) are random. An analysis similar to that made for chaff echo 
shows that the deviations are within the expected statistical fluctuations. 

Unfortunately, only a small amount of data is available on the 
spectrum of the fluctuations of precipitation echo. Three films were 
measured on 9.2 cm, and one on 3.2 cm; the echo in each case came from 
a shower or thunderstorm. The fluctuations are always very rapid, being 
several times greater than those for chaff. Figure 6-53 is a plot of the 
power spectrum for the three films measured on 9.2 cm. The spectra 
have roughly Gaussian shapes except in one case where there is a pro
nounced tail above 80 cps. It is doubtful if this tail is significant, as it 
occurs at frequencies so close to the pulse-recurrence rate that the whole 
method may be expected to break down. The other curves were obtained 
with much higher recurrence rates. 

The width of the three spectra, given by vVl, varies by a factor of 2. 
As in the case of chaff, it is therefore not possible to speak of the fluctua
tion spectrum, but one must expect to find the spectrum depending on 
the particular storm, probably varying even within the storm region, and 
changing with time. Additional evidence for this variability was furnished 
by an attempted experiment on the wavelength dependence of the fluctua-
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tion. Two films were taken of the echo from a rain shower on 9.2 and 
3.2 cm, respectively, separated by a time interval of a few minutes and 
a range interval of a few thousand yards. The fluctuation spectra, 
instead of depending linearly on wavelength, were practically identical 
both in shape and width. As all other evidence points to the validity 
of the fundamental mechanism assumed for the fluctuations, it must be 
concluded that the rate of fluctuations can change by a factor of 3 even 
over short intervals of time and space. 

1.0 

120 160 
v in cps 

FIG. 6-53.—Power frequency spectrum of the fluctuations of precipitation echo on 
as measured on three occasions. 

.2 cm 

A few measurements of the frequency spectra for precipitation echoes 
have been made by an entirely different method, using a superheterodyne-
type audio analyzer.1 Although far quicker than the photographic 
analysis, the results obtained by this method are in a much cruder form 
and comparison is difficult. The frequency at which the spectrum is 
one-tenth of the value at the origin, v0.\, varied between 200 and 300 cps, 
which is somewhat higher than for the curves in Fig. 0-53. Some evidence 
was found for an increase of fluctuation frequency with range. This 
is attributed to the larger area illuminated by the beam at great distances, 
thus including regions of more diverse wind velocities. 

The foregoing method is capable of considerable development and, in 
a more perfected state, would be preferable to the photographic technique 

1 R L Repor t No. 773. See also R. M. Ashby, F. W. Mart in, and J. L. Lawson, 
"Modula t ion of Rada r Signals from Airplanes," R L Report No. 914, March 2?, 1946 
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because of the immense saving in time. It would be interesting to use 
the method for a detailed study of the variation of the fluctuation spectra 
from storm to storm and the variation with range, pulse length, and 
wavelength.1 

An average figure for the speeds of the drops relative to each other 
may be obtained from Eq. (184), but even greater caution must be 
exercised than for the case of chaff because of possible deviations from a 
Gaussian spectrum. Figure 653 yields values of v between 3 and 5 ft/sec. 
These relative velocities should be connected with the turbulence existing 
in the regions of precipitation, and in this light the values seem low. I t 
must be remembered, however, that, the turbulence in a storm is mostly 
vertical and the fluctuation depends on the horizontal velocities. Futher-
more, the velocity distribution is very broad and extends far beyond v. 
A detailed study of the connection between the fluctuation spectra and 
the degree of turbulence is of considerable practical importance. If some 
correlation exists it might be possible from a study of the radar signal to 
inform aviators of dangerous precipitation areas. 

It has been suggested that the fluctuation arises not so much from 
the interference between randomly moving drops as between blocks of 
drops, the members of which move as a whole. Although this is un
doubtedly true to some extent, if there are many such blocks moving 
randomly relative to each other, the spectrum is indistinguishable from 
that due to completely randomly moving drops. If there is such an 
"order" in the distribution of the velocities, it might be possible, how
ever, to make the illuminated area so small that only a few blocks are 
present, and then differences would appear. 

The correlation functions for precipitation echo are particularly 
marked by an almost complete absence of the secular variation found 
for chaff and sea echo. Actually there is a slow variation, from a change 
of the number and size of the drops as the character of the precipitation 
changes in space and time. The periods involved, seconds or minutes, 
are too long, however, to appear on the correlation functions. 

Measurement of the correlation function or the spectrum does not of 
itself constitute a verification of the form of the second probability dis
tribution obtained in Sec. 6-19. In fact, the previous discussion has 
implicitly assumed this distribution. It has already been pointed out 
that some degree of verification may be attained by an examination of 
distributions derived from the second probability distribution. Thus in 
Eq. (160), a distribution is given for the ratio of the echo intensities at 
two instants T apart. Figure 6-5-1 shows an experimental distribution of 
this sort (actually in terms of A(db) = 10 \ogio[P(t + r)/P(t)]) obtained 
from the analysis of 1000 pulses on 9.2 cm for the echo from a rain shower. 

1 Such a program is being carried out in the Weather Radar Project of the Depart
ment of Meteorology, Massachusetts Institute of Technology. 
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The smooth curve is the theoretical formula [Eq. (161)] using the measured 
correlation function for the time interval in question (0.003 sec). The 
differences between the theoretical curve and the experimental histogram 
are not completely random. However, this was one of the earliest films 
measured, and the technique was still so crude that the errors in measure
ment were large. 

Sea Echo. Unlike the previous targets, the nature of the scatterers 
responsible for sea echo is not well known and it is not possible to predict 

0.18 

+ 20 

F I G . 6*54.—Probability distribution of the logarithm of the intensity ratio of two pulses, 
3 milliseconds apart, for a typical precipitation echo on 9.2 cm. The histogram shows the 
analysis of 1000 pulses, and the continuous line is the theoretical curve based on the measured 
correlation function. 

with surety the properties of the fluctuation; rather, the experimental 
data are analyzed for what information can be inferred from them about 
the scattering mechanism. In Sec. 6-11 this question is discussed in 
detail in the light of current theories of sea echo. Here it may be stated 
that whether it is assumed the echo arises from spray droplets or from 
surface irregularities, there should be a sufficiently large number of 
independent scatterers present to satisfy the conditions for random 
scatterers. The interpretation of the spectrum in terms of the velocity 
distribution, however, would be open to question. 

A striking feature of the sea-echo signal is the presence of the slow or 
secular variation to a much more marked extent than with the other 
echoes of this class. The period of this variation, which must be associated 
with the lifetime of the scatterers, is of the order of seconds or fractions 
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of a second. Within a given record of the echo covering several seconds, 
the average intensity will not in general be truly constant. As has been 
pointed out in Sec. 6-20, this has the effect of increasing the standard 
deviation of the first probability distribution, and one would therefore 
expect to find an excess of high-intensity echoes. A rather extreme 
example of such behavior is shown in Fig. 6-20, Sec. 6-11, where there is 
plotted the experimental first probability distribution as obtained from an 
analysis of 2000 pulses on 9.2 cm covering a time interval of 48 sec. 
The straight line is the theoretical exponential curve for Wi(P) A P, 
using the intensity averaged over the entire time interval. As explained 
in Sec. 6-20, the standard deviation of the distribution of "average" 
intensities may be obtained both from the first probability distribution 
and from the finite asymptote of the correlation function. The values 
computed from the data of Fig. 6-20 and from the correlation function 
are large, as would be expected, S = 0.33 and 0.48 respectively and are 
in rough agreement with each other. 

If a time interval is chosen in which the "average" intensity is sensibly 
constant, then the first probability distribution has always been found 
to agree with the theoretical prediction. Figure 6-19 in Sec. 6-11 illus
trates such a situation. Here the first probability distribution was 
obtained from the analysis of 2000 pulses in a much shorter time interval, 
4 sec, during which there happened to be little variation of the average 
intensity. The deviations are well within statistical error.' Thus the 
rms fluctuation of the echo relative to the average intensity is 0.93, 
compared with the theoretical value 1.0 derived in Sec. 6T9. The 
asymptote of the correlation function is correspondingly low. Equally 
good agreement with theory has been obtained with the highest resolu
tion available, that is, 0.15 ,usec pulse and 0.8° beamwidth. It must 
be concluded that even in areas as small as 20 by 90 yd the number of 
sea-echo scatterers is at least greater than five. 

The power spectrum of the fluctuations of sea echo is again roughly 
Gaussian in shape and has about the same width as the spectra for chaff. 
The range of widths encountered is much smaller, however, the values for 
CIJ lying between 25 cps and 35 cps for 9.2 cm.2 

No dependence of the spectrum on pulse length was found in one 
comparison between 0.15 and 1 ^sec on 3.2 cm. Figure 6-55 presents 
the two spectra as measured about 1 min apart on the two pulse lengths 
and illustrates the close agreement. Although this is the only example 
measured, it is in accord with general qualitative observations. 

1 It should be pointed out that even in the extreme example of Fig. 6-20 the number 
of excess pulses is less than 2 per cent of the total. 

2 Somewhat larger values have been reported by T. Gold. See ASEE Witley Report 
No. XRD/46/3, July 10, 1946. The differences are perhaps attributable to rougher sea 
conditions than those encountered in our measurements. 
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Several attempts have been made to compare the fluctuation spectra 
on two wavelengths. Two such comparisons, between 3.2 and 9.2 cm, 
were made, but unfortunately not simultaneously either in time or in 
range. The ratio of the widths in these two cases was 2.0 and 2.5, re
spectively, compared with 2.88 for the ratio of wavelengths. One com
parison was made between 9.2 and 1.25 cm which was simultaneous in 
space, however, and only a few minutes apart in time. The two power 
frequency spectra are plotted in Fig. 6.56 as a function of c\. The 
widths of the spectra are seen to be in about the right proportion. The 
slight difference in shapes is not significant, especially in light of the 

60 80 100 
Frequency v in cps 

FIG. 6-55.—Power frequency spectrum of the fluctuations of sea echo on 3.2 cm for two 
pulse lengths. The continuous curve is for a pulse length of 1 ^sec; the dashed curve is for 
0.15 /Lisec. 

large corrections made on the correlation function because of the slow 
"secular" variation. On the basis of the wavelength dependence, it 
seems fair to conclude that the fast fluctuations of sea echo are attributable, 
at least in major part, to the Doppler beats between moving scatterers 
and that the median relative velocity v is of the order of 1 or 2 ft/sec. 
The growth and decay of the individual scatterers also gives rise to 
fluctuations in the echo; but as already noted, the frequency is much 
slower. 

The shape of the second probability distribution has been checked in 
the same manner as for precipitation echo, that is, by means of the 
distribution of the ratio of two intensities T apart in time. Figure 6-57 
shows the plot of the distribution of the ratio, expressed in decibels as 
usual, as obtained by analysis of 1000 pulses 0.003 sec apart on 9.2 cm. 
The smooth curve is the theoretical prediction calculated from the 
measured correlation function. It is seen that the deviations are random 
and the over-all agreement is very good. 
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J*IG. 6"56.—Power f requency s p e c t r u m for t he f luc tua t ions of sea echo on y.2 and 1.25 cm 
p l o t t e d as a funct ion of t he p r o d u c t v\. 

-12 -10 + 10 +12 0 +2 + 4 + 6 
Adb 

1<IU. <i-57.—I'lot of Ilio p robab i l i ty disl r ibul ion of t he loga r i thm of t h e intensi ty ra t io ol 
two pulses , A iniil isecoiuis a p a r t , for sea-echo. T h e h i s tog ram shows the ana lys i s of 1000 
pulses ; t h e c o n t i n u o u s curve js the theore t ica l predic t ion using the m e a s u r e d corre la t ion 
funct ion. 
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Ground Clutter. The previous targets could all be closely approximated 
by assemblies of random independently moving scatterers. In Sec. 6-18 
it was pointed out that the targets responsible for ground clutter also 
include assemblies, such as leaves, branches, etc., that move in the wind. 
In addition there are scatterers with random relative phases that are, 
however, fixed, for example, tree trunks, rocks, etc. The total echo is 
the sum of the echoes from both classes of targets. 

The first probability distribution for the echo has been derived in 
Eq. (173) as a function of »i2, the ratio of the intensity of the steady echo 
to the average power of the echo from the moving scatterers, that is, 
S2/Pt,. This ratio will be called the steady-to-random ratio for convenience 
in discussion. For m2 = 0, the distribution reduces to the familiar 
exponential for random scatterers alone. When m2 is small, that is, less 
than 1, there is little difference between Eq. (173) and the exponential. 
As TO2 increases, a maximum appears in the function. When m2 > > 1, 
the distribution can be approximated by a narrow Gaussian curve centered 
about the intensity of the steady echo. 

All the steps in this sequence in the development of Wt{P) dP can be 
illustrated with observed ground-clutter distributions. At very high 
wind speeds almost everything moves in the wind and there are very 
few "steady" targets. As the wind velocity decreases, for the same 
average intensity of ground clutter, the steady-to-random ratio would be 
expected to increase. 

The echo from a heavily wooded hill on 9.2 cm has been measured 
for gusty winds of about 50 mph, and the first probability distribution is 
indistinguishable from the simple exponential curve. A less extreme 
case is illustrated in Fig. 6-58a, which shows the first probability dis
tribution of the echo from a densely wooded section at a wind speed of 
25 mph. The flattening of the distribution for low values of signal 
intensity is evident, and the histogram has been fitted with a theoretical 
curve for m? = 0.8. In Figure 6 586 is shown the distribution of the 
echo from similar terrain but at a wind speed of 10 mph. There is now 
a maximum in the distribution at slightly less than the average value of 
the echo intensity, and the histogram is best fitted by a theoretical curve 
with m2 = 5.2. The final stage in the sequence is illustrated in Fig. 6-58c. 
The distribution shown there is likewise for a wind speed of 10 mph, 
but the target consisted chiefly of rocks with sparse vegetation. All the 
echoes are closely clustered around the average value, and the theo
retical curve best fitting the experimental distribution corresponds to 
m2 = 30. 

As demonstrated by the last two illustrations, the relative contribu
tion from the steady targets is greater when the vegetation is sparse than 
when it is dense. A detailed study of the variation of m? with type of 
vegetation has not yet been made, nor is much known about how the 
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F I G . 6"58.—Several curves of the first probability distribution for ground clutter on 9.2 
cm. Experimental data are shown by histograms; theoretical curves, fitted to the data, by 
continuous curves. 
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steady-to-random ratio varies with frequency. One would expect con
siderable change, as a target can be classified as "steady" only in relation 
to the wavelength. A tree branch moving back and forth 1 cm would 
be steady at 10 cm but would go through all possible phase angles at 
1.25 cm. The value of m2 should therefore decrease with wavelength, 
other factors being constant, and there is some qualitative evidence in 
support of this prediction. The question obviously depends on the 
relative contribution of leaves and grass to the echo, compared with that 
from branches and tree trunks. At 10 cm, at least, it would seem that 

0 
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59.—Plot of the echo intensity on 9.2 cm from heavily wooded terrain. 
speed of 22 mph. 
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wind 

the contribution of the latter can be considerable, as no striking variation 
of the average intensity with season has been observed. The situation 
may be different at the shorter wavelengths; there the foliage may play 
a more important role. Thus ground clutter on 1.25 cm always shows 
large and rapid fluctuations even when perfectly steady on 3.2 cm. 
Unfortunately, quantitative comparisons on several frequencies have so 
far been made at such high wind speeds that TO2 is very small at all micro
wave frequencies. 

The fluctuation frequencies of ground clutter are considerably smaller, 
by an order of magnitude, than the fluctuations of chaff or sea echo, with 
a correspondingly smaller median speed v. The relatively slow rate is 
illustrated in Fig. 6-59 which is a plot of the echo intensity on 9.2 cm of 
ground clutter at a wind speed of 22 mph. The time scale covers 1.5 sec, 
during which only a few oscillations of the signal occur, in comparison 
with the rapid fluctuations shown in the similar record of sea echo (Fig. 618). 
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The shape of the spectrum is again roughly similar to those of the 
other clutter echoes, though the differences from the Gaussian shape are 
more pronounced. A considerable number of spectra have been measured, 
mostly at 9.2 cm, for various terrains and at several wind speeds. Pulse-
to-pulse records of the signal intensity have been used most of the time, 
but occasionally the fluctuation is so slow that this procedure is no longer 
efficient, and A-scope motion pictures at 16 frames per second have been 
employed instead. 

The widths of the spectra naturally increase with wind speed and, in 
addition, depend on the terrain to some extent. It would be pointless to 
reproduce all the spectra in detail. Instead, three points of a number of 
representative spectra for wooded terrain at 9.2 cm are listed in Table 6-8 

T A B L E 6-8.—KXAMPLKS OF THE FLUCTUATION SPECTRA FOR 
WOODED GROUND C L U T T E R ; X = 9.2 CM 

Wind, mph 

17 
10 
23 
22 
23 
30 
50 

m2 

1.3 
5 2 
1.0 
1.0 
0.8 
0.2 
0 

»u.i, cps 

1 44 
0 65 
0.72 
1.9 
1.9 
3 3 
2.1 

I'll, s, cps 

0.77 
1 10 
1.27 
3.1 
3.3 
5.9 
3 9 

"o.i, cps 

1.67 
2.07 
2.7 
5.9 
8.6 
10.1 
14.8 

in order to furnish an estimate of the width and shape. The three points 
chosen are the frequencies at which the power frequency spectrum is down 
to 80 per cent ( - 1 db), 50 per cent ( - 3 db), and 10 per cent ( - 1 0 db), 
respectively, of its maximum value. In addition, the wind speed and the 
steady-to-random ratio m? are listed when available. 

Ground clutter most closely resembles the echo from randomly moving 
scatterers at high wind speeds, and it would therefore be expected that the 
widths of the spectra at these wind speeds would be proportional to the 
radar frequency. A comparison among several frequencies was made 
twice for heavily wooded terrain at gale winds or higher. One comparison, 
between 3.2 and 9.2 cm, gave a ratio of less than 2 for the widths of the spec
tra, compared with the wavelength ratio of 2.88. The second one, between 
wavelengths of 3.2 and 1.25 cm, gave a corresponding ratio of 2.3, compared 
with the wavelength ratio of 2.56. These last two spectra are plotted in 
Figure 6-60 as a function of i>\. It is difficult to know how to interpret 
the results, especially as there are the usual uncertainties about the 
simultaneity of the measurements in time. It would seem, however, that 
the width of the spectrum is not quite proportional to the radio frequency. 

The spectrum at 9.2 cm was measured at the same time as the spectra 
at 3.2 and 1.25 cm mentioned above. However, the shape of the spectrum 
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F I G . 6"60.—Power frequency spectra of the fluctuations for typical ground clutter m 
gale winds, plotted as a function of the product of fluctuation frequency and radar wave
length. The solid line is the curve for 3.2 cm, and the dashed line for 1.25 cm. 
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F I G . 6*61.—Correlation function for ground clutter on 9.2 cm at winds of whole gale force, 
showing anomalous appearance. 
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(listed in the last line of Table 68) was so markedly out of line with the 
others that no comparison was possible. The strange shape was the result 
of a kink in the correlation function, as shown1 in Fig. 6-61, perhaps indica
tive of two sources of fluctuation. No explanation is offered for this 
strange behavior, which was not found elsewhere. This instance is cited 
to emphasize that much is still unknown about the fluctuations of ground 
clutter. It is believed the general outlines of the picture have been estab
lished, but many of the details, especially with regard to frequency depend
ence, await further investigation. 

1 The correlation function in the figure is already corrected for a small positive 
asymptote because of a very slow "secular" variation. 
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METEOROLOGICAL ECHOES 
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AND ARTHUR E. BENT 

ORIGIN OF THE ECHO 

B Y HERBERT GOLDSTEIN 

Under certain meteorological conditions characteristic echoes will 
appear on microwave radar systems, often covering considerable area and 
characterized by irregular, diffuse boundaries and rapidly fluctuating 
intensity. A large body of evidence, presented in the following sections, 
supports the belief that all such echoes are caused by incoherent scattering 
from condensed water, either in the form of raindrops or in some solid form 
such as ice crystals or snow. Section 7-1 treats the phenomenon of inco
herent scattering from any type of scatterer randomly distributed in vol
ume. This section will provide a common language in terms of which one 
can express the results of the several theories and make comparison with 
experiment. In Sec. 7-2 it is shown that wherever careful investigations 
have been made, precipitation has with few exceptions been found at the 
points from which the echoes appear to arise. Section 7-3 presents some 
elementary and crude calculations of the magnitude of rain echoes to be 
expected on the basis of the raindrop theory and shows that the experi
mental values are not inconsistent with these results. Some of the alterna
tive theories not involving condensed water are discussed in Sec. 7-4, and it 
is shown that these theories cannot account for the observed magnitude of 
the echo. Various modifications of the hypothesis that rain echoes are pro
duced as a result of incoherent scattering from drops have been proposed at 
one time or another. Thus, it has been suggested that coherent scatter
ing may occur at times. In Sec. 7-5 reasons are given for believing 
these suggested modifications in the hypothesis to be without practical 
significance. 

The rapid fluctuation of meteorological echoes is so striking as to pro
vide one of the easiest ways to identify them. On the assumption that 
the echoes originate from precipitation, the fluctuation is naturally expected 
because of the changing interference effects among the randomly moving 
scatterers. A detailed discussion of the fluctuations, as an example of 
clutter-echo fluctuations in general, was presented in Chap. 6, especially 
Sees. 6-18 and 6-21, and need not be repeated here. 

588 
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7-1. The Echo from Incoherent Scatterers Distributed in Volume.— 
The amplitude of the r-f signal received by a radar is modulated by the 
range variation of the specific targets. The frequency of this modulation, 
however, is always very slow compared with the radio frequency. It is 
always possible, therefore, to set up a small interval of time, large com
pared with the r-f period, dining which the amplitude of the echo is 
constant. The echo r-f power during such an interval, whose center lies 
at a given time to after the transmitted pulse, will be called the instan
taneous echo poirrr at a range R0 = ctn/2. This instantaneous echo power 
will, of course, vary from one sweep to the nexl, producing the fluctuation 
of the echo. By areranc echo power at a given range will be meant the 
average of the instantaneous echo power over many pulses. 

Let Rjt 6j, <pj be the range, elevation, and azimuth coordinates of some 
particular (point) scatterer in ttie target. If p{R — ct) gives the instan
taneous r-f power of the transmitted pulse as a function of range, then the 
power incident on the scatterer at such an instant of time that the returned 
echo is received at a time t» is proportional to p(2Rj — cto). The contri
bution of this scatterer to the total received power (in free space) is then 

_ p{2R, - ctB) (7'\2 

FT) - TITTYI? ^ '' '' " ^ ' 

where a j is the radar cross section of the scatterer and/(#,</>) is the antenna 
pattern. In Sec. 7-5 it will be proved in detail that the total back scatter
ing can be treated as incoherent provided (1) the distribution of scatterers 
is random and (2) the rise and fall time of the pulse is long compared with 
the r-f period. The total average received power is, therefore, just the sum 
of the echo powers from each of the scatterers: 

Pr-X^y^ R) —/to.*;)*'- W 
all j 

It will now be assumed that the number of contributing scatterers is 
very large and that the}' are uniformly distributed,in space, completely 
filling the radar beam, and that the distribution of cross sections is inde
pendent of position in space. The sum in Eq. (2) can be then replaced by 
an integral by introducing a density function n(a)da, which gives the num
ber of scatterers per unit volume with cross section lying between a and 
a + da. If an element of volume in space is written as R2 dR dQ, where A 
represents the solid angle, then Eq. (2) reduces to 

When the range is large compared with the pulse length, R is essentially 
constant and equal to Ro throughout the region where p(2R — cto) is differ-
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ent from zero and hence may be taken outside the first integral. If the 
pulse were exactly rectangular in shape, this integral would be given by 

p(2R - clo) dR = P, ~, (4) 

where P , is the peak transmitted power and r the pulse duration. The 
pulse is never exactly rectangular, but it is obvious that Eq. (4) still holds 
to a good degree of approximation if the conventionally defined values are 
substituted for P , and T. 

It is clear that the second integral of Eq. (3) defines approximately the 
solid angle of the beam. If the beamwidths are not too large (1 radian), 
then the integral can be said to define two beamwidths 9, <f> such that 

j \ e , <t>) dn = e *. (5) 

It should be pointed out that although 6 and $ are proportional to the ver
tical and horizontal beamwidths defined in terms of the half-power points, 
they are not necessarily identical with them. Thus, if the antenna pattern 
is approximated by a Gaussian curve, 9 or <£ is about 80 per cent of the 
angle between half-power points. Usually this difference is of no impor
tance. 

The last integral is, of course, simply the definition for the average cross 
section and can be written 

on(cr) da = No, (6) 
o 

where N is the total number of scatterers per unit volume and a is the 
average cross section. It is convenient to replace the product Na by a 
single symbol r), which may be called the radar cross section per unit volume. 
The dimensions of ij are those of reciprocal length; and whenever numerical 
values are given in later sections, the units will be reciprocal meters. 
Occasionally TJ will be expressed in decibels referred to a level of 1 m"1, 
that is, 10 logio^/lm"1). 

By combining these results, we find the final phenomenological formula 
for the average received power to be 

P r = ( 4 ^ P ? e * 2 " " - ( 7 ) 

It should be noted that ffi^rcR1 is just the volume illuminated by the 
beam. In fact, Eq. (7) could have been derived, though not as rigorously 
as above, by the following brief argument. If the scattering is incoherent, 
the total echo power is proportional to the number of scatterers or, with 
uniform density, proportional to the volume. The total received power is 
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then given by the echo from a single scatterer of average cross section a 
times the number of scatterers per unit volume times the volume illumi
nated by the beam. Equation (7) then follows immediately, with r\ = Na. 

There are a number of instructive variant forms into which Eq. (7) can 
be put. Thus, the product Ptr is proportional to the average transmitted 
power pt, and one can write 

F ' - ( ^ e * 5 * (8) 

where u r is the pulse-recurrence frequency. Also, 9<S> is approximately 
equal to 4w/G, where G is the antenna gain. The antenna gain is given by 
47J-A/X2, where A is the effective area of the antenna; hence Eq. (7) can be 
rewritten as 

* = ££?' (9) 

or 

Thus at constant X the echo will be directly proportional to the area of the 
antenna, whereas for a point target the echo is proportional to the square 
of the area. 
. The preceding discussion has not specified the nature of the scatterers 
beyond requiring that they be distributed randomly with uniform density. 
The results therefore are equally applicable in a wide variety of theories 
about the origins of precipitation echoes. 

7-2. Evidence of Direct Correlation between Meteorological Echoes 
and Precipitation.—The most direct way of determining the origin of 
meteorological echoes is to have an observer with appropriate instruments 
present at the point where the scatterers appear to originate. This method 
has obvious technical difficulties and has rarely been attempted on a suffi
ciently large scale or with adequate precautions. Where it has been em
ployed, it has been found almost invariably that the echo is connected with 
precipitation of some form. In a few early experiments carried out at the 
Radiation Laboratory, an airplane was directed to the region of the echo 
and precipitation was invariably observed. During the summer, echoes 
were often observed to move in the direction of the radar system. The 
passage of these echoes directly over the station was always accompanied 
by rain from showers or thunderstorms. Occasionally it happened that 
echoes were received directly overhead from thunderstorm cumulus clouds 
several minutes before the onset of rain. It seems obvious thai in such 
cases rain was present but was kept aloft by updrafts. 
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The most extensive investigation of this sort to date has been reported 
by the Canadian Army Operational Research Group.1 During the summer 
months an almost continuous watch was kept for meteorological echoes on 
a high-power radar system operating on 10 cm. The recurrence frequency 
was sufficiently low that a sweep length of 160 miles was available on the 
PPI. The progress of the storm echoes was carefully watched visually 
and continuously recorded with a motion-picture camera. By these 
arrangements the possibility of confusion because of "second-sweep echoes," 
that is, echoes of range greater than what corresponded to the interpulse 
time, was eliminated. (Thunderstorm echoes have occasionally been 
received at ranges of 250 miles, and the presence of such second-sweep 
echoes on high-recurrence-frequency systems has often led to erroneous 
conclusions.) 

To provide the meteorological information a network of ground observ
ers was set up, the network covering the region visible to the radar. 
When an echo was observed near or directly over one of the observers, a 
telephonic report of the current weather was obtained. In the 48 cases in 
which an observer teas located in the echo area rain was invariably reported. 
Apparently, and somewhat unexpectedly, there was no instance of rain 
suspended aloft. The converse of this correlation was not found, that is, 
light to moderate rain was occasionally reported where no echo was found. 
This is not unexpected, as is shown by a calculation of the expected inten
sity carried out in the next section. 

A similar experiment was carried out in winter by the same group.2 

Some instances were reported of echoes obtained in the absence of rain, but 
these were definitely attributable to snowstorms. 

The experiments cited here are the only known investigations in which 
a deliberate and careful attempt was made to ascertain the meteorological 
nature of the target. But there is a very large body of observations of a 
more casual nature supporting the thesis that the echoes arise only from 
precipitation. Thus storm echoes were used extensively during the war in 
several theaters of operation for routing of airplane flights to avoid 
dangerous precipitation areas. Although admittedly not a scientific proof, 
this universal procedure for such practical purposes lends considerable 
support to the hypothesis that connects the echoes with precipitation 
areas. 

1 J. S. Marshall, U. C. Langille, VV. M. Palmer, 1!. A. l e d g e r s , Cl. P. Adamson, and 
F. F. Knovvies. "Summer Storm Echoes on l iadar M E W , " CAOIUI lieporl No. 18, 
November, 1944. Also ,1. S. Marshall, I.. ('.. Eon, and L. (1. Tibblor, "An Analysis 
of Storm Echoes in Height I 'sing M i l l ' , " CA()({('! Report No. oO, June 25, 1945; and 
J. S. Marshall, R. ('. Langille, and W. M. Palmer. "Measurement of Painfall by l i adar , " 
Jour. Meteor., 4, 186 (11147). 

U . S. Marshall, It. ('. Langille. \Y. M. Palmer, and P. G. Tibbler. "S-hand Kadar 
Echoes from Snow." CAOIKi Keport No. 2<>, .lime, 1915. 
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Mention must also be made of reports of meteorological echoes under 
circumstances that appear to exclude the presence of precipitation. Most 
of these are in the nature of casual observations, but a number have been 
reported in sufficient detail to merit attention. In general the echoes 
observed fall in two classes. Of the first type are extended echoes closely 
resembling normal precipitation echoes. One of the most authentic cases 
of this type appears to be an instance1 in which an airplane was directed 
to an area corresponding to an echo observed on a radar operating at 10 cm. 
Not only was an absence of precipitation noted, but no clouds were present. 
There were, however, several columns of smoke from brush fires, and the 
correlation of the echoes with the location of the smoke was said to be so 
positive as to exclude the possibility of second-sweep echoes. 

The second class of echoes has a distinctive appearance, different from 
the normal precipitation echo. Known as "angels," these echoes have 
been observed by an increasing number of investigators. The charac
teristic experimental arrangement apparently favored by most observers 
has been to point a radar set vertically upward, recording the echoes that 
appear on the A-scope. With such setups "angel" echoes have been 
observed in clear weather at ranges up to several thousand yards.2 They 
appear most frequently as isolated signals, lasting a fraction of a minute 
and lacking the usual rapid fluctuation of precipitation echoes. No definite 
connection with weather conditions has been found, but it is noted they 
are more numerous on summer nights under calm conditions. "Angels" 
have been detected on a number of wavelengths from 10 cm to 1 cm. 
It is worthy of mention that similar echoes have been observed with 
vertical-looking sonars, using sound wavelengths of the same order of 
magnitude as microwaves.3 

With a vertical radar no information is furnished about the horizontal 
extent of the echoes. Baldwin,1 however, has observed them with an 
automatic-tracking radar operating on 3 cm and has found that the echoes 
appear to be as sharply defined in space as the pulse length and beam 
width will allow. The "angels" were observed to move in space with 
speeds the order of magnitude of wind speeds, and Baldwin was able to 

1 Unpublished information from Major J. O. Fletcher, Signal Corps Ground Agency, 
1943. 

2 H. T. Friis, "Radar Reflections from the Lower Atmosphere," Proc. IRE 35, 494 
(1947); W. B. Gould, "Radar Reflections from the Lower Atmosphere," Proc. IRE, 
36, 1105L (1947); cf. also A. W. Friend, Proc. IRE, 37, 116 (1949). In addition there 
seems to be much work as yet unpublished. 

3 G. W. Gilman, A. 13. Coxhead, and F. H. Willis, "Reflection of Sound Signals in 
the Troposphere," Jour. Acoust. Soc, 18, 274 (1946). 

4 M. W. Baldwin, Jr., BTL Memoranda Nos. MM44-150-2, 3, and 4, July 18, 1944, 
to Aug. 11, 1944, paper presented at the joint URSI-IRE meeting, May, 1946. A 
summary will be found in the BTL Record, 26, 75 (1947). See also a recent letter in 
Proc. IRE, 36, 363 (1948). 
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track a single echo for a few minutes at a time. Ranges varied between 
800 and 2600 yards and heights from ground level to 2000 yards. Though 
weak, the echoes were clearly above noise, and from the characteristics 
of the system one can estimate that the radar cross section of the object 
responsible for the echo lay between 10~6 and 10~4 m2. 

Similar "angel" echoes have been seen in unpublished observations 
made at the Radiation Laboratory, and later at the Cambridge Field 
Station of the Watson Laboratories, using a high-power early-warning 
system on 10 cm. Confusing ground echo was eliminated by means of 
MTI. The observations tallied closely with those of Baldwin, the echoes 
appearing as isolated signals moving irregularly with speeds up to 20 mph. 
Occasionally such echoes were seen as far as 20 miles, indicating (from the 
constants of the set) that the cross section could be as large at 10~2 m2. 
The "angels" seemed especially prominent after sunset, and at times the 
echoes would almost completely cover the PPI in a stippled dot pattern 
out to a distance of 10 to 15 miles. 

By themselves the experimental data available are not sufficient to 
determine the source of the "angels" echo. We can exclude precipitation, 
for all the observations were made in clear weather. The tendency at 
first seemed to be to ascribe the echoes to inhomogeneities in the index of 
refraction. Thus, to quote one out of many, Baldwin states (loc. cit.): 
"The most attractive possibility is that the echoes are returned from 
clumps of water vapor." This possibility is analyzed quantitatively in 
Sec. 7-4, and it is there shown that the gradients of index of refraction 
believed to exist in the atmosphere are much too small to account for the 
observed echoes on microwaves. I t cannot be said by any means that 
this explanation is ruled out, for there may exist a microstructure in the 
atmosphere too fine to be detected by present instruments. It does serve, 
however, to make the possibility much less attractive. Much larger 
signal strength can be computed by assuming that the echo arises by 
reflection from a horizontal layer,1 but such an assumption seems unrealistic 
on two counts. From the theoretical side the notion of a horizontal 
reflecting layer assumes that the reflection from all parts of the layer is 
coherent, requiring the layer to be uniform horizontally to within a radar 
wavelength over the width of the beam. This seems highly unlikely 
even at 10 cm, much less at 3 or 1 cm. Experimentally, the idea of a 
horizontal layer seems to have been inspired by the prevalent use of 
vertical-looking radars to observe the "angels." The experiments of 
Baldwin and others indicate, however, that the volume of space giving 
rise to the echo is most likely smaller than can be resolved by the radar 
and hence cannot be in the form of horizontal layers. 

1 W. E. Gordon, "A Theory of Radar Reflections from the Lower Atmosphere," 
Proc. IRE, 37, 41 (1949), and A. W. Friend, loc. cit. 
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One is tempted, therefore, to look elsewhere for an explanation. I t 
is known that echoes can be observed even from small birds, and British 
investigators have paid considerable attention to such echoes.1 I t is 
stated that the cross section of a large sea bird on 10 cm can be as high 
as 0.2 m2. Some of the echoes may possibly be accounted for in this 
manner, although Baldwin failed to see any in a telescope mounted on his 
antenna. Recently, Crawford2 has produced convincing evidence that 
the "angels" seen on a vertical-looking radar were due to the presence of 
insects. Many of the observed properties of the "angels" fit in with 
such a source—their isolated nature, motion in space, and lack of rapid 
fluctuation—and it seems probable that a large proportion of the echoes 
arise in this fashion. Conceivably, too, such extraneous phenomena as 
"second-trip echoes" or antenna side lobes might contribute some of the 
apparent echoes. 

Many of the observed "angels," perhaps most of them, can be explained 
in one of these ways. However, there seems at the present time to be a 
residuum of observations that cannot be accounted for by such explana
tions. Thus "angels" have been seen in winter when the ground was 
below freezing and the presence of insect life highly unlikely.3 For these 
echoes one would have to fall back on the atmospheric-inhomogeneity 
theory. It deserves repeating, however, that to obtain anything like the 
right order of magnitude for the echo, the spatial dimensions of the inhomo-
geneities must be far smaller than any yet observed. It is a matter of 
inches, not of yards or hundreds of yards. Recent investigations have 
indeed revealed an atmospheric microstructure much finer than previously 
conceived,4 but even so the observations are too coarse for the inhomo-
geneities of interest. There is a great need for meteorological instruments 
capable of detecting and measuring the extremely fine microstructure 
that is needed to account for the echoes. 

On the radar side there is need for more controlled observations capable 
of producing quantitative data. Once we have a body of numerical in
formation on the magnitude of the echoes, their variation with range and 
radar frequency, and their fluctuation rates, it may be possible to progress 
beyond the field of speculation to more solidly established reasoning. 
It is conceivable that such radar research may provide a powerful tool 
for studying the structure of the lower atmosphere. 

1 D. Lack, "Radar Echoes from Hirds." British AORG Report No. 257, February, 
1945. 

- A. B. Crawford, "Radar Reflections in the Lower Atmosphere," Proc. IRE, 37, 
404 (1949!. 

3 Private communication from R. Wexler. 
4J . R. Gerhard! and W. K. Gordon, "Microtemperature Fluctuations."' Jour. 

Meteor ol, 6, 197 (1948). 
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7*3- The Approximate Magnitude of Rain Echoes on the Drop Theory. 
The cross section per unit volume i\ is denned in Sec. 7-1 in terms of the 
distribution of the scatterers in radar cross section. If the scatterers con
sist of spherical water drops, differences in cross section are due solely to 
differences in radii, and y may be given in terms of the distribution of the 
number of drops per unit volume according to their radii: 

V = I an(a) da. (11) 
Jo 

When the circumference of the drops is very small compared with X, 
then the scattering is entirely dipole in character; that is, only the first term 
in the multipole expansion for the scattered intensity need be retained (cf. 
Sec. 6-1). The dimensions of raindrops are usually small enough to satisfy 
this condition; but as will be seen in Sec. 7-6, the higher-order scattering 
cannot always be entirely neglected, especially at the shorter wavelengths. 
However, here it is desired only to establish the order of magnitude of the 
scattering, and for this purpose it seems sufficient to consider dipole 
scattering alone, at least for the longer wavelengths. 

Under these conditions the cross section for a drop of radius a is given by 

, ( a ) = w ( ^ ) 4 ( ^ i ) 2 , (12) 

where e is the dielectric constant. In the microwave region s is very large 
compared with unity; thus the last factor in Eq. (12) can be replaced by 1. 
The cross section per unit volume is then given by 

r, = 4TT I a 2 ( ^ ) Ma) da. (13) 

As only a rough value of rj is desired, it will also be assumed that only 
drops of a single radius a are present. Since the total number of drops per 
unit volume N times the volume of each drop,4 JT<I3/3, is numerically equal to 
the mass of water per unit volume W, the formula for i\ can now be written 

„ = 6 , r X 1 0 - * £ ( ^ y , (14) 

where W is expressed, as is conventional, in grams per cubic meter, X and 
a in centimeters. The radius a used in Eq. (14), it should be emphasized, 
corresponds to a much larger radius than the median of the drop-size distri
bution, as the cross section varies as the sixth power of the radius and the 
larger drops are proportionately more important.1 Actually no data 

1 Equation (14) follows rigorously from Eq. (13) if a3 is denned as the mean sixth 
power of the radius divided by the mean cubed of the radius. A more detailed discus
sion of drop-size distributions and the calculation of TJ from Eqs. (11) and (13) is given 
in Sees. 7-6 and 7-7. 
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for W and a are available for the precipitation from which echoes have 
been measured. The comparison of the experimentally determined 
intensities and the expected values will therefore be carried out by 
first assuming a reasonable value for W. Using the observed values 
of r) the corresponding magnitudes of 3 will then be calculated from 
Eq. (14). It will be shown that the drop radii thus arrived at are reason
able. 

The intensities of a number of precipitation echoes have been measured 
using the same radar systems and electrical technique for averaging the 
received power that have been described in Sec. 6-9. The cross sections 
per unit volume r\ of several summer thunderstorms and cloudbursts at a 
wavelength of 9.2 cm were found to he between —60 and —70 db, with 
— 65 db being an average figure. (It will be remembered that t\ expressed 
in db's is referred to a level of one reciprocal meter.) Because the indica
tions are that the rate of rainfall in all cases was in excess of 1 in./hr, it 
seems reasonable to assign W a value of 1 g/m3. With the figure of — 65 db 
for the calculated radius, a is 0.18 cm, which is not out of line with accepted 
values for very heavy rain. 

In one instance the cross section per unit volume for 9.2 cm for general 
precipitation accompanying a "northeaster" was about —85 db with a var
iation of ± 7 db. The rate of precipitation was a little less than 0.1 in./hr 
(light to moderate rain according to Humphreys' classification) for which 
a value of W about 0.1 g/m3 is usually quoted. The corresponding figure 
for a is 0.08 cm, a result that again seems quite reasonable, as drop radii up 
to 0.15 cm are reported in the literature for light rains. 

Some rough measurements of the intensity of echoes from tropical 
showers have been reported,1 using an airborne system on X = 3.2 cm, 
ASD-1. Thus, as a typical example, the "peak echo" from a shower 
5 miles away was measured to be 85 db below 1 watt. The fluctuations of 
precipitation echoes are such that there is a finite probability of receiving 
any echo no matter how high. Hence the term "peak echo" is somewhat 
ambiguous, and the relation between this figure and the average power 
Pr cannot be stated with any degree of certainty (c/. the similar discussion' 
for sea echo, Sec. 6-10). However, it is probable that the difference is 
about 5 db, plus or minus a few db's, so that the quoted figure for "peak 
echo" corresponds to Pr = —90 db. With the constants of the system 
usually quoted, the calculated value of TJ is —56 db. Assuming then that 
W = 1 g/m3, the drop radius found from Eq. (14) is then a — 0.08 cm. 
The result is certainly reasonable; in fact it looks somewhat smaller than 
might be expected. It should be remembered, however, that the absolute 
calibration of the system was extremely crude, and this could well account 
for the apparent discrepancy. 

1 A. E. Bent, "Echoes from Tropical Rain on X-band Airborne Radar," RL Report 
No. 728, June 15, 1945. 
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Direct attempts at verifying the wavelength dependence predicted by 
the Rayleigh law have been made by simultaneous measurements of y on 
9.2 and 3.2 cm using the radar systems described in Sec. 69 . (The abso
lute values of t\ quoted in the first part of the present section were obtained 
from this experiment.) The expected ratio of the cross section per unit 
volume for the two frequencies is +18 db. Actually, the measured ratio 
for thunderstorms and cloudbursts averaged between +12 and + 1 5 db. 
Of this difference several db's may be attributable to inaccurate calibration 
of the systems, but it is not believed that the entire difference could be 
accounted for in this manner. It had been thought that the remainder of 
the difference results from the beginning of the breakdown of the Rayleigh 
law at the larger drop sizes and the shorter wavelengths. Recent rigorous 
calculations show, however, that the cross section at 3 cm is actually 
above the Rayleigh law for drops smaller than 0.9 cm in diameter. We 
are therefore without an explanation for this discrepancy. 

In any case the differences between the experimental and predicted 
ratios should not be unduly stressed. Even at worst the figures correspond 
to a wavelength dependence of X-3. This is sufficiently close to X-4 as 
predicted by the Rayleigh law to favor decisively the drop theory over some 
other nonfrequency sensitive mechanism such as ions or refractive index 
fluctuations. These mechanisms were proposed at a time when accurate 
measurements of i\ were impossible and it was incorrectly believed that the 
drop theory was qualitatively inadequate to explain the magnitude of the 
echoes. Other consequences of these mechanisms are examined in detail 
in Sec. 74, where it is shown that their contributions to the echo are 
negligible. 

7-4. Possible Alternative Theories to Scattering by Drops.1—Several 
theories have been proposed to account for meteorological echoes that do 
not involve scattering from drops. Some of these theories will be analyzed 
in this section, and it will be shown that they predict echo intensities far 
below what is observed or computed from the drop theory/. 

I t has been pointed out that raindrops become electrically charged in 
the process of formation and that consequently there exists in space a 
neutralizing cloud of ions. Under the influence of the incident electric 
field these ions will oscillate and in so doing will reradiate energy in all 
directions, some of which will be received by the radar. A quantitative 
expression for this energy is easy to calculate by considering the ion as a 
dipole performing forced oscillations in the incident field. If E(,e+'"' 
represents the incident electric field at the ion, then the equation of motion 
of the ion is 

m^ = eEoe+«°>, (15) 

•This section is based on an unpublished memorandum by A. .7. F. Siegert. 
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neglecting damping forces (about which very little can be said quantita
tively). The amplitude of the forced oscillation of the ion is then given by 

Xo = -}—■ (16) 

The Poynting vector for the field radiated in the direction of the radar 
by an oscillating dipole of moment p = ex0e + i"' is given by1 

2(47r)Veo K2 2(4irm)V€1) R2' { ' 

where R is the distance between the ion and the radar. The power received 
by the radar is then 

£GX« (e>E0)*(;\* 
4*- 2(47T):!TO2C-V^' U j 

The amplitude of the incident field Ea is related to the incident Poynting 
vector and to the (peak) transmitted power by 

Si~Y\^- M? (19) 

By means of Eq. (19), E0 in Eq. (18) can be expressed in terms of the trans
mitted power, and after some simplification the formula for the received 
power reduces to 

r ' (4,r)3tf< 4*- \tamc*) (A)} 

By comparison with the standard formula for the power received by the 
radar it is clear that the radar cross section of each ion is 

° = h(^)' (2D 
That is, the cross section per ion is of the order of the classic electron radius 
squared (assuming one electronic charge per ion). If the ions radiate inco
herently, then the cross section per unit volume rj is just 

- - - 1 - ^ (22) 
" ~ 4* ^ ' ( 2 2 ) 

where Q is the total charge per unit volume. According to a figure quoted 
in Humphreys2 the charge per unit volume in a rainstorm rarely exceeds 

1 J. A. Stratton, Electromagnetic Theory, McGraw-Hill, New York, 1941, pp. 435 and 
284. 

2 W. J. Humphreys, Physics of the Air, McGraw-Hill, New York, 1940. More recent 
data by R. Gunn, Phys. Rev., 71, 181 (1947), would seem to indicate that the free-
charge density even in a thunderstorm is not much more than 10~9 coulomb/m3. 
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2 X 10"3 coulomb/m3. If the Ions are then assumed to be all electrons, 
the value of -q turns out to be —140 db above 1 meter. This figure is far 
below the experimentally measured values of —60 to —85 db quoted in 
the preceding section. 

It does not seem possible to introduce modifications into this theory that 
would increase the expected cross section substantially. On the contrary 
most of the factors neglected in the preceding discussion would tend to 
decrease the cross section, as, for example, the presence of damping forces. 
If the ions were of atomic mass rather than electrons, as would seem more 
plausible, the cross section would be reduced by a factor of at least 
4 X 106. Some increase in the cross section would be expected if all the 
ions released by one raindrop in its formation stayed sufficiently close 
together to radiate coherently. The total cross section per unit volume is 
then obtained by multiplying Eq. (21) by n-N, where n is the number of 
ions per raindrop and Ar is the number of drops per unit volume. As Q is 
nNe, this results in increasing rj by a factor of n, which would have to be 
excessively large in order to bring the cross section up to observable levels. 

Finally it should be pointed out that the predicted cross section of Eq. 
(22) is independent of wavelength, which is in violent contradiction with 
experiment. Scattering from atmospheric ions is thus completely inade
quate to explain meteorological echoes. (Scattering by ions does enter in 
such cases as the echo from an exploding shell, where the charge density is 
much greater.) 

As has been mentioned in Sec. 7-2, it has often been suggested that the 
meteorological echoes occasionally observed under conditions apparently 
excluding the presence of precipitation are caused by scattering from inho-
mogeneities in the atmospheric dielectric constant. There are two possible 
techniques that can be used to investigate the magnitude of the echoes 
arising from such inhomogeneities. One can obtain the appropriate solu
tions of the wave equation for a medium in which the velocity of propaga
tion varies with position in space and then calculate the Poynting vector 
back in the direction of the radar. Alternatively one can go back to the 
microscopic source of the index of refraction, the polarization of the gas 
molecules under the influence of the incident electric field. Each of these 
molecules will then radiate like a dipole, and the radiated energy received 
by the radar from the assembly of illuminated molecules can then be calcu
lated. It is this latter method which will be followed, as the framework for 
dealing with scattering from large aggregations of scatterers has already 
been set up. 

A strictly uniform and stationary distribution of molecules will not 
exhibit back scattering, for the distribution of the phases of the scatterers 
will be the same as for points uniformly distributed along the incident wave 
train, and the scattered radiation will therefore interfere destructively 
except in the forward direction. Thus a perfect crystal or a uniform 
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medium such as glass transmits light without scattering. Scattering will 
occur only when there are deviations from uniformity. Such deviations 
can arise in two ways. Even if the time average of the distribution is uni
form, at any given instant the density of scatterers will exhibit statistical 
fluctuations about the average. These statistical density fluctuations 
result in a net amount of energy being scattered which is proportional to the 
number of scatterers and which is therefore designated as the "incoherent" 
scattering. It is just this type of mechanism which has been discussed in 
connection with the scattering by raindrops and which in the case of visible 
light and air molecules gives rise to the blue of the sky. It is highly un
likely that the analogous molecular scattering at microwaves could be 
observed with detection sensitivities that can be visualized at present, as 
the scattering per molecule is so small. 

In addition scattering will also occur if the time-average distribution is 
not uniform,1 as in the case of atmospheric inhomogeneities. The 
scattering in this case is coherent; that is, it depends upon the square 
of the number of scatterers present. Now, the space variation of particle 
density giving rise to the scattering can be real or can be a fictitious varia
tion due to the pulsed nature of the incident field. Presumably this latter 
effect could result in a certain amount of coherent scattering from even a 
uniform distribution of raindrops. The calculation of the scattering by 
atmospheric inhomogeneities of the index of refraction and of the coherent 
scattering from raindrops therefore belongs to the same problem and can be 
treated together. Appendix B presents a treatment of the problem due to 
A. J. F. Siegert that is applicable to both cases. It is there shown [Eq. 
(B-17)] that the radar cross section for the coherent scattering is 

4irl7? 2 

n(R)e x dR , (23) 

where |p|2/4ir is the cross section per scatterer and n(R) is the time average 
of the number of scatterers per unit distance. In terms of the density of 
molecules p(R) this can be written 

TM 

p[R)e x dV (24) 

the volume integration to be carried over the volume illuminated by the 
radar beam. Under the influence of the incident field the gas molecule acts 
like a radiating dipole with p given by2 

>-(?)' -—-■ (25) 
V 4TT e0 

1 "Time average" means over a time long compared with the time between molecular 
collisions. 

2 Cf. Stratton, loc. cit. 
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The quantity a appearing in Eq. (25) is the molecular polarizability which 
in a gas is related to the index of refraction n by the formula 

pa = e0(re2 - 1) = 2e0(n - 1), (26) 

as n is very close to unity. Substituting Eqs. (25) and (26) into Eq. (24), 
the cross section can be written 

This expression may be put in a frequently useful form by performing an 
integration by parts: 

/ ( w - l ) e ~ d # = ^ A ( n - l ) e r " Jo 4« 

The first term here always vanishes, if for no other reason than that the 
pulsed nature of the radiation makes (n — 1) effectively zero at the origin 
and at infinity. Hence Eq. (27) can also be written as 

1 /2xV 

Perhaps the simplest type of inhomogeneity that might be considered is 
a uniform gradient of the index, starting at a distance R from the radar, 
ending at R + AR, and extending over an area A perpendicular to the 
direction of the radar beam. The resulting cross section is [cf. Eq. (A-19)] 

«*(^) (29) 

It is seen that the maximum cross section is independent of wavelength. 
Information on the magnitude of the inhomogeneities existing in the atmos
phere is very scanty, chiefly because sufficiently accurate and rapid meteor
ological instruments are not available. In the investigation mentioned in 
Sec. 6-14 the largest observed gradient of the index of refraction was 
2X10_ 7 /m. Such a gradient would provide a radar cross section of 
10-6m2 (sufficient to account for some of the "atmospheric" echoes men
tioned in Sec. 7-2) if it extended over an area 150 yd on a side. Although 
at first sight this figure may seem reasonable, it is actually entirely too 
large an area to be practicable. Our model requires that all portions of the 
volume of inhomogeneity start and stop at the same distance from the 
radar, as if we were dealing with the reflection from a plane sheet normal 
to the radar beam. This condition cannot be met in actuality with an area 
whose dimensions are so large compared with the wavelength. Instead it 
is likely that the area must be broken up into a number of small patches. 

(n - l)e" dV (27) 

+ 4TT!' 

'd(n - 1) 
dR ' dR. 

d{n - 1) 
dR dV (28) 

A_2 

4 T 
d(n - 1) 

dR 
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Within each patch the radiators scatter coherently, but the patches must 
be considered as radiating incoherently relative to each other for the 
time-average echo.1 From Eq. (29) the time-average cross section is then 

with A the normal area illuminated by the beam and Ap the projected area 
of a "coherent" patch. Clearly any reasonable guess for such a patch area 
would result in a cross section many powers of 10 smaller than would be 
apparently given by Eq. (29). 

Note added in proof: The recent work of J. R. Gerhardt and W. E. Gordon, "Micro-
temperature Fluctuations," Jour. Meleorol., 6, 197 (1948) has revealed an atmospheric 
microstructure finer than that used in the illustrations above, but the qualitative 
conclusions remain the same. 

A thoroughgoing treatment of the echo arising from atmospheric inho
mogeneities would require considering the index of refraction as a random 
function of space and time with characteristic frequency spectra and then 
applying the statistical methods of Sec. 6-19 to the evaluation from the 
cross section as given by Eq. (27) ? To consider a simpler method, let us 
suppose that the inhomogeneities consist of irregularly spaced "clouds" of 
molecules, such that in each cloud the distribution of the index of refrac
tion is 

(n - ru,) = ntf "' , (31) 

the origin being at the center of the inhomogeneity and a being a measure of 
the size of the cloud. The cross section per inhomogeneity may be easily 
evaluated from Eq. (27) and turns out to be 

l®'«* (32) 

The separate inhomogeneities scatter incoherently with respect to each 
other, and their contributions to the total cross section are therefore simply 
additive. Hence the cross section per unit volume is 

7 = '> = K T ) 4 ^ ^ 
where N is the number of inhomogeneities per unit volume. We are cer
tainly overestimating the magnitude of the scattering if we take the inho-

1 The time average now being over a time long compared with that required for the 
inhomogeneities to move X/2 with respect to each other. 

2 For recent applications of such techniques see a series of reports by N. G. Parke, 
"Microwaves in an Irregular Atmosphere," under Air Force Contract No. AF 19(122) 91; 
also H. G. Booker and W. E. Gordon, Proc. IRE, 38, 401 (1950). 
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mogeneities to be spaced a distance la apart, and on this basis the cross 
section per unit volume is 

From the data presented in Sec. 6-14 one can estimate a value for a around 
40 yd. At a wavelength of 10 cm the value of 77 would then be about 
n\ X 10_I-7X10°. It may well be argued, however, that the inhomogeneities 
present are much smaller in size than present meteorological instruments 
can detect. The maximum value of T\ [Eq. (33)] occurs for a value of o very 
close to X/4. Even then, for a wavelength of 10 cm, a value of 17 as large 
as 100 db below 1 m would require fluctuations in n of 10~5 within the space 
of 1 in. 

The conclusion one is led to by all these examples seems inescapable: 
Inhomogeneities in the index of refraction will not reflect an appreciable 
radar signal in the microwave region unless the fluctuations in the index 
are more fine grained and larger in magnitude than we have reason to 
expect at present. It cannot be too strongly emphasized that further prog
ress in this field depends vitally on investigations into the microstructure 
of the atmosphere, a field at present practically untouched. 

7*5 Modifications of the Drop Theory.—Early measurements of the 
intensities of precipitation echoes were of a semiquantitative nature and 
often quite inaccurate Many of them, however, seemed to indicate 
that the echo was much larger than could be accounted for by reasonable 
figures for drop size and concentration. The more accurate (though still 
relatively crude) measurements detailed in Sec. 7-2 have now dispelled 
such doubts. At the time, a number of modifications of the picture of 
incoherent scattering from drops were proposed, all tending to increase 
the magnitude of the echo. 

Some of them can be disposed of quickly. Thus it was suggested that 
there were aerodynamic forces present between two falling raindrops 
tending to draw them together. If the forces were sufficiently strong, 
the two drops might come close enough so that they radiated coherently. 
Without going into the magnitude of the forces involved, it is clear that 
at best such a violation of the statistical independence of the drop positions 
would increase the amplitude of scattering by a factor of 2 and the in
tensity by a factor of 4. With present techniques, such a factor lies 
within the uncertainties of measurement. Again, it was suggested that 
aerodynamic and electrical forces might distort the raindrop from a 
spherical shape. However, any reasonable distortion, that is, short of 
producing an ellipsoid whose major axis corresponds to the length of a 
resonant dipole, would change the scattering by only a small factor, and 
it is only orders of magnitude that would be significant practically. In 
any case, such distortions are negligible, as it has been shown to a high 
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degree of accuracy that the intensity of meteorological echoes is 
independent of the direction of polarization of the incident radar wave 
(cf. Vol. 1 of this series, Sec. 3-10). 

Requiring more attention is the suggestion that the scattering is 
not entirely incoherent, but that part is coherent. This is an especially 
attractive hypothesis, as incoherent scattering is proportional only to 
the number of scatterers, but coherent scattering is proportional to the 
square of the number, thus providing the possibility of an enormous 
increase in echo. The relative proportion of incoherent and coherent 
back scattering from an assembly of particles has already been discussed 
in Sec. 7-4 in connection with the echoes from index of refraction gradients 
and examined in detail in Appendix B. One has only to change the 
name of the scatterers from gas molecules to raindrops. It was pointed 
out in Sec. 7p4 that a perfectly uniform spatial distribution of like par
ticles would not scatter backward, for the distribution of phases of the 
individual scattered amplitudes would then be uniform, and the total 
sum would cancel to zero. An echo will be obtained only if there is 
some inhomogeneity in the distribution, some lack of uniformity. Thus 
even a distribution that in the average is uniform will deviate instan
taneously from the average if the scatterers are moving independently, 
resulting in a net scattered amplitude at any given instant. This in
stantaneous amplitude will vary with time over large limits and will 
average1 to zero. There will, however, be a time-average scattered 
intensity different from zero, proportional to the number of scatterers, 
hence representing the incoherent scattering. 

In addition to this source of nonuniformity the time-average dis
tribution itself might be nonuniform, either because of actual inhomo
geneities in the spatial distribution of the raindrops or because of the 
pulsed nature of the radar which causes the amplitude of the incident 
field to vary rapidly in space at any given instant. This latter source is 
likely to cause the larger effect, as a pulse rise time of 0.1 ^sec (16 yd) is 
not uncommon and much shorter rise times are technically possible.2 On 
the other hand it seems highly unlikely that the edges of a cloud of rain
drops would be as sharply defined. We therefore confine our attention 
to the apparent inhomogeneities caused by the rise and fall times of the 
radar pulse. 

The scattering from such time-average nonuniformities is propor
tional to the square of the number of scatterers involved and therefore 
represents a coherent contribution [cf. Appendix B, Eq. (B-7)]. Clearly 
the "sharper" the pulse the larger will be the magnitude of the effect. 

1 Time average here denotes averaging over a time long compared with that required 
for a scatterer to move X/4. 

2 It should be pointed out that it is the dimensions of the received pulse in the i-f 
section of the receiver that are important, not those of the transmitted pulse. 
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In fact, for a pulse with discontinuous sides the coherent scattering can 
be of the same order of magnitude as the incoherent scattering or larger. 
This is, however, an unrealistic picture of a pulse, and a less artificial 
model might be a trapezoidal pulse, i.e., one with a flat top and uniformly 
sloping sides. It is shown in Appendix B [Eq. (B-21)] that the ratio of 
the coherent to incoherent scattering with such a pulse is always less 
than 

s «*(£)'(?)'• i 3 4» 
where 6 is the pulse length between 50 per cent points in amplitude, 
a is the width of the sloping sides of the pulse, and N is the total number 
of scatterers in the beam, given by 

N « nRn-e<t>b (35) 

(a uniform cloud of like scatterers is assumed for simplicity). In Eq. (35) 
n is the density of scatterers, R the range and 9 and <J> the beamwidths 
of the radar. 

The factor (a/ft)2 in Eq. (34) arises simply from the proportion of 
scatterers in the sloping portions of the pulse length to the total number 
and is thus a geometrical factor. On the other hand the term involving 
\/2ira is of great physical importance; it tells us that the "unit" in terms 
of which we are to measure the dimensions of the inhomogeneity is 
\/2TT. Stated otherwise, coherent contribution will be the larger the 
sharper the pulse edges are in relation to X/2TT. Suppose one were 
deliberately to design a radar to obtain the maximum coherent scatter
ing. It would have a short, fast-rising pulse and at the same time operate 
on the longest wavelength feasible and have a broad beam so as to include 
a large number of scatterers. These last properties are not usually 
associated with short pulses and consequent high resolution in range. 
A practicable microwave system approaching these characteristics might 
have the following specifications: 

X = 10 cm, 
a/b = 1, 

a = 0.1 /usec = 16 m, 
6 = $ = 0.1 radians. 

A figure of 2000 drops per cubic meter is reasonable for a thunderstorm, 
and under these conditions and at a range of 50 miles the maximum 
possible ratio of coherent to incoherent scattering is about 

^ = 0.16, 

which is undetectable. For more normal radar specifications and 
especially at shorter wavelengths, the ratio would be even smaller. 
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Furthermore, a trapezoidal pulse is still not a good picture of an actual 
pulse, as it is discontinuous in slope. A real pulse will be continuous in 
all derivatives. One would expect therefore that a pulse made up of 
error integral curves, in which all derivatives are continuous, would be 
closer to actuality. The differentiated pulse would then consist of two 
Gauss error curves (with opposite signs). If these curves are written in 
the form of 

Ae "* 
where A is a constant determined by normalization, then the ratio of 
coherent to incoherent scattering [Eq. (B-23)] turns out to be always 
less than 

where b has the same significance as in Eq. (34). The quantity a is 
roughly the distance in which the pulse rises from 0.03 to 97 per cent 
of maximum power. Equation (36) depends upon the quantities in
volved in roughly the same fashion as in the previous case, but the mag
nitude clearly is much smaller. Using the foregoing figures, 2ira/\ ~ 103 

and the coherent scattering on this basis is completely negligible. 
With actual pulses the coherent scattering probably lies between the 

two models used, and it is likely to be closer to the second one. In any 
case it seems certain that the effect is completely unimportant with 
present and foreseeable techniques for short pulses and wideband receivers.1 

THE INTENSITY OF METEOROLOGICAL ECHOES 

B Y H E R B E R T G O L D S T E I N 

The preceding sections have presented the evidence upon which is 
based the belief that meteorological echoes arise as incoherent scattering 
from raindrops or other condensed forms of water. In the course of the 
discussion an approximate formula, valid for small drops, was given for 
the magnitude of the scattering cross section per unit volume to be 
expected on this hypothesis [Eq. (7-14)]. We have now to show how 
the accurate cross section for any drop size is to be calculated, a task 
requiring knowledge of both the radar cross section of a single drop as 
a function of radius and the drop-size distribution. Obtaining the first 
is almost entirely a problem in electromagnetic theory and can be carried 
out to any desired degree of accuracy. The second, however, requires 
purely meteorological measurements that are extremely difficult to make 
and for which no meaningful values are at present available. Hence, 
accurate calculation of the echo to be expected from a precipitation area. 

1 Note added in proof: This problem has also been considered by C. Donib [Proc. 
Camb, Phil. Soc, 43, 587 (1947; ], and similar conclusions were reached. 
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must at the present time remain an academic problem. We shall, how
ever, outline the procedure to be followed when more reliable drop-size 
distributions are obtained in the future. 

Section 7-6 reviews briefly the denning formulas for the cross section 
per unit volume and discusses the factors entering into it besides the 
drop-size distribution. In particular, methods of computing the cross 
section for a single drop are described in detail. In the following sec
tion (7-7) the difficulties attendant upon meaningful measurements of 
the drop-size distribution are discussed briefly. Finally, in Sec. 7 8 an 
indication is given of the method of calculating the echo from precipita
tion other than liquid water such as snow, ice crystals, and hailstones. 

7-6. The Radar Cross Section of Single Drops.—In Sec. 7*1 it was 
shown that the average echo, at a given range, from a "cloud" of water 
drops was proportional, among other things, to the volume of the cloud 
illuminated by the beam and to a cross section per unit volume T\ defined 
by Eq. (6): 

= / <ra(<r) da = / 
Jo Jo 

a(a)n(a) da. (37) 

Here a {a) is the radar cross section for a drop of radius o, and n{a) da 
gives the number of drops per unit volume with radius between a and 
a + da. The rigorous procedure for obtaining a{a) has already been 
outlined in Sec. 6-1. Briefly, one sets up approximate solutions of the 
wave equation to represent the incident field and the induced field inside 
and outside the spherical drop. The conditions that must then be met 
in order to satisfy the boundary conditions serve to fix the coefficients 
in the expansion of the scattered wave in spherical harmonics. One can 
then compute the Poynting vector of the wave scattered back in the 
direction of the radar and obtain the following cross section: 

(38) 

Here the quantities a'„ are coefficients of the terms in the expansion of 
the scattered field arising from the induced magnetic dipole, quadrupole, 
etc., and b'n refers to the corresponding electric multipole terms. Explicit 
formulas for these coefficients have been given in Sec. 6-1, Eq. (6-18): 

, = _ jn(p) [nepjn(ncp)]' - j„{ncp) [pjn(p)Y . 
W(p)[ncpjn{ncP)}' -jn(ncP)W?(p)\" 

, s _ n2
cjn{ncP) [pjn(p)Y - jn(.p) [n.cpj„(ncp)}' 

nlUncP) [ph™(p)Y - «"( P ) [ncPjn(ncP)Y' 

The quantity p is 2xa/X; nc is the complex index of refraction of the water; 
j„ and h™ are the spherical Bessel function and the spherical Hankel 
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function of the second kind, respectively. The primes indicate differen
tiation with respect to the argument. 

The complex index of refraction of water required in Eq. (39) has been 
measured accurately over a wide range of temperatures and in the wave
length region from 1.25 to 10 cm. A summary of these measurements, 
based on a critical survey by Saxton, is given in detail in Sec. 8-6. The 
results agree sufficiently well with the Debye theory of anomalous dis
persion of polar liquids1 that the theory may be used with confidence to 
extrapolate to shorter wavelengths. 

The complicated expressions [Eqs. (38) and (39)] can be simplified 
considerably if the approximation is made that p and \ncp\ are very much 
less than unity, that is, that we are dealing with drops small compared 
with the wavelength. The Bessel and Hankel functions in Eq. (39) can 
then be expanded in ascending powers of their arguments. It turns out 
that for finite conductivity, the first term in the expansion of the co
efficient b'n, corresponding to the electric 2n-pole, is of the order of 
p2 n + 1 whereas the first term for the magnetic 2n-pole is p2 n + 3 . Hence, if 
in expanding the coefficients a'n and bs

n we neglect all terms in p6 or higher, 
then the only nonvanishing terms in Eq. (38) correspond to electric dipole, 
quadrupole, and magnetic dipole oscillations. The expansions of these 
coefficients through terms in p6 are, from page 451, 

a{ = ~ («. - DP 5 , (40) 

«--!fcHM»+i&M)4 
'•-■S(ferTj>- <«) 

These formulas suffice to expand a correctly up to terms in p9, and such 
expansions have been given by Ryde2 and L. Goldstein3 in terms of the 
real and imaginary parts of the index of refraction or dielectric constant. 
The results will not be given here as they are very complicated, and may 

1 Cf. P. Debye, Polar Molecules, Chemical Catalog Co., New York, 1929, Sec. 8-1 
and Chap. V. 

2 J. W. Ryde, "Echo Intensities and Attenuation Due to Clouds, Rain, Hail, Sand 
and Dust Storms at Centimetre Wavelengths," GEC Report No. 7831, October 1941. 
There are a number of algebraic mistakes in Appendix 1 of this paper which are corrected 
in GEC Report No. 8516, Aug. 3, 1944, by J. W. Ryde and D. Ryde. 

3 L. Goldstein, "Absorption and Scattering of Microwaves by the Atmosphere," 
Columbia University Division of War Research Propagation Group, Report No. WPG-11, 
New York, May 1945; also, a chapter in Radio Wave Propagation, Academic Press, 
New York, 1949. 
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be obtained from Eqs. (38) and (40) to (42) by straightforward, albeit 
tedious, algebra. 

A further approximation of the coefficients a'n and b„ yields a simple 
result having an important physical interpretation. Suppose the drops 
are so small that only the first nonvanishing power in p can be neglected. 
In this approximation only the electric dipole term is retained: 

M 1i (tc - l\ , 

and the cross section becomes, from page 452, 

( ^ ) " f c - 1 a (a) = 4ira2 

+ 2 

(43) 

(44) 

This is the famous Rayleigh scattering formula, used previously in 
Sec. 7-3, and is the dominant term in the scattering from raindrops 
throughout most of the microwave region. It is completely adequate for 
computing the echo from very small drops such as those encountered in 
clouds and fog. 

Rigorously speaking, the cross section, as given by the Rayleigh 
approximation, depends upon wavelength not only because of the 1/X4 

factor but also because of the wavelength dependence of sc. Practically, 
however, this latter effect is very small. Thus at 18°C, ec varies from 
78.5 - i 12.3 for X = 10 cm to 34.2 - i 35.9 at X = 1.24 cm. The 

£ — 1 2 

corresponding variation " , n is from 0.9286 to 0.9206! Clearly as 
long as the magnitude of sc is large we may safely replace the quantity 
in absolute signs in Eq. (44) by unity. 

The procedure for obtaining the rigorous cross section is straight
forward, though it rapidly becomes involved. The first step is to put 
the coefficients an and bs

n in a slightly different form by introducing 
variations of the spherical Bessel functions defined by 

<S„(Z) = Zjn(z), 
C„(z) = znjz), 
EJz) = zhn

2\z). 
The coefficients [Eq. (39)] can then be written 

•SJp) __ _1_ Sn(nep) 
s = _ Snip) Snip) nc S'ninrp) 

E'M EJp) 
E'nip) 

Snip) 

K= - S„(p) Snip 

]_ S„(ncp) 
nc S„incp) 

SnincP) 
S'nillcp) nc 

E'nip) EM 
E'J.P) 

S„jncP) 
S'nincp) 
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where the prime denotes differentiation with respect to the argument. 
The advantage of this formulation is that the arguments of the functions 
are complex only in the combination 

n Sn(ncp) 

and all the other functions may be obtained from well-known tables. 
Unfortunately tables of the spherical Bessel functions of complex argument 
involved are not available, and in effect one must construct them for the 
region of interest. The remainder of the calculation then consists in 
separating the real and imaginary parts of the coefficients, a process without 
complications though extremely tedious. 

Calculations of this nature have been carried out both in England and 
in this country. In England J. W. Ryde and his collaborators have made 
extensive computations, but unfortunately only a preliminary report is 
available at present.1 The coefficients a*„ and b'a have also been calculated 
by the Applied Mathematics Group at the National Bureau of Standards2 

using Saxton's data for index of refraction. From these results F. T. 
Haddock has computed the radar cross section as a function of drop 
size and wavelength from 3.0 cm to 0.3 cm. Some of the values for the 
cross section obtained in this manner are reproduced in Table 7-1 by the 
kind permission of Mr. Haddock. The cross sections are presented 
in the form of the ratio o/ira2 for the three wavelengths 3.0 cm, 1.25 cm, 
and 0.3 cm, and for a range of the parameter p from 0.15 to 3.0. 

An examination of these results for values of p equal to 1.0 and smaller 
reveals an unexpected phenomenon. With the example of the infinitely 
conducting sphere in mind (cf. Fig. 6-1), it might be thought that the 
first deviations from the Rayleigh law would be to lower the values of 
the cross section. Indeed, the three-term expansion represented by Eqs. 
(40^42) predicts that at 3.0 cm the cross section should be 0.8 db below 
the Rayleigh value at p = 0.20, and 6.2 db smaller at p = 0.52. The 
rigorously calculated cross sections given in Table 7-1 show that on the 
contrary the deviations are such as to increase the value of a above that 
given by the Rayleigh law for p < 0.90 at the wavelengths of 3.0 cm and 
1.25 cm. This behavior is strikingly illustrated in Fig. 7-1, where the 
ratio of the correct cross section to that predicted by the Rayleigh law is 
plotted against p for X = 3.0 and 1.25 cm. It is seen that the cross sec
tion at 3 cm is at times more than twice as large as that predicted by the 
Rayleigh law! The physics underlying this phenomenon is not very 

1Jour. IEE, IIA, 93, 101 (1946), and also a chapter in Meteorological Factors in 
Radio-Wave Propagation, The Physical Society, London, 1946. 

2 Cf. Tables of Scattering Functions for Spherical Particles, Applied Mathematics 
Series, No. 4, National Bureau of Standards, February, 1949. 
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TABLE 7-1.—CROSS SECTIONS FOR RAINDHOPS OF VARIOUS SIZES AND WAVELENGTHS 

p 

0.150 
0.200 
0.250 
0.300 
0.350 
0 400 
0.450 
0.500 
0.550 
0.600 
0.650 
0.700 
0.750 
0.800 
0.850 
0.900 
0.950 
1.00 
1.10 
1.20 

a/ira' 

X = 3.0 cm 

1.6 X 10-' 
4 8 X 10"3 
0 0114 
0 0251 
0.0801 
0 205 
0 357 
0 512 
0 6635 
0.8417 
1 077 
1 383 
1.748 
2 103 
2 367 
2 507 
2.545 
2 524 

X = 1.25 cm 

1.8 X 10"3 
5.7 X 10-J 
0 0137 
0.0298 
0 0620 
0 126 
0.237 
0.395 
0.6017 
0.8458 
1.123 
1.417 
1.716 
1.994 
2.229 
2.394 
2.482 
2.486 

X = 0.3 cm 

1.6 X 10-' 
5.3 X 10-J 
0.013 
0.0275 
0.0509 
0.0874 
0.143 
0.223 
0.3364 
0.4902 
0.6911 
0.9348 
1.208 
1.523 
1.710 
1.875 
1.957 
1.956 
1.755 
1.398 

0 

p 

1.30 
1.4 
1.5 
1.6 
1.7 
1.8 
19 
2 0 
2 1 
2.2 
2.3 
2 4 
2 5 
2 6 
2.7 
2 8 
2.9 
3 0 

/ W 

X = 0.3 cm 

0 9830 
0.5820 
0 2669 
0 09360 
0 08659 
0.2227 
0.4426 
0.6705 
0 8444 
0 9219 
0.8876 
0 7575 
0 5713 
0 3803 
0.2388 
0 1792 
0 2082 
0.3098 

2.5 

2.0 

1.5 

1.0 

0.5 

X = 3cm. 

\ = 1.25 cm. 

0.25 0.50 0.75 1.0 1.25 

FIG. 7'1.—The ratio of the back scattering cross section of a raindrop to the cross section 
predicted by Eq. (44), with p = 2ira/\ and with the expression involving sc equal to 0.93. 
(Adapted from calculations by F. T. Haddock.) 
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clear.1 Presumably the values of the index of refraction are such that 
the series expansion converges very slowly even for values of p around 
0.5 or less, and the behavior is the result of contributions from many 
orders of multipoles. 

A drop diameter of 0.5 cm, the largest usually encountered, corre
sponds to p = 0.52 at a wavelength of 3.0 cm. Since a deviation of a 
few db is not greatly significant in the present stage of the radar art, 
the data of Fig. 7 1 show that the Rayleigh law is a good approximation 
for all raindrops at X = 3.0 cm. It can certainly be used with safety at 
larger wavelengths. Even for a wavelength of 1.25 cm the Rayleigh law 
remains valid for all but the largest drops, and should be sufficient for 
order-of-magnitude calculations. 

Eventually, as p increases, the cross sections do drop below the Ray
leigh prediction, exhibiting oscillations characteristic of the various 
resonances of the spherical drop, as would be expected. The qualitative 
picture is therefore closely similar to that for the infinitely conducting 
sphere, as depicted in Fig. 6 1 . One would not expect complete quan
titative agreement, of course. For one thing, the slopes of the Rayleigh 
law portions are different because of the presence of the added magnetic 
dipole term when the conductivity is infinite. Also, the resonance maxima 
and minima for the waterdrop tend to oscillate about lower average 
values as compared to the metal sphere. Nevertheless, the agreement 
between the two sets of curves is remarkably good. The positions of the 
maxima and minima agree almost exactly, as might be expected since 
these positions are dictated mainly by the geometrical conditions for 
resonance. If the wavelengths and drop sizes are such that the Rayleigh 
law is no longer valid, and if errors of a few db may be tolerated, then 
the results for the infinitely conducting sphere provide a satisfactory 
"universal curve" on which to base calculations for the return from rain
drops. Such a curve, joined on properly to the Rayleigh law for large X 
and small p, should be quite adequate for the task of predicting rj meas
ured experimentally for drop-size distributions. 

It should be pointed out at this time that there are other factors 
affecting the echo magnitude, besides drop cross section and size dis
tributions, which may introduce appreciable uncertainties. Thus, at 
wavelengths around 1.25 cm the echo will be attenuated appreciably by 
water vapor and by rain areas in the atmospheric region between the 
the radar and the target. These, of course, affect the echo from all 
targets at this wavelength. More peculiar to precipitation echoes is an 
effect that may be termed "self-absorption" (in analogy to the correspond
ing spectroscopic phenomenon)—attenuation by the target itself. 

1 There is little question about the accuracy of the calculations; Ryde's graphs, 
obtained quite independently, appear to present the same phenomenon. 
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Following Ryde,1 we may consider this effect by first treating a some
what indealized example. Let the radar set transmit a square pulse 
starting at the time t = 0 and ending at the time t = T. The radar 
pulse length in space is then b = TC/2. Suppose the target be a uniform 
precipitation area starting at a range i?o- The radar echo measured at 
a range R, that is, at a time 2R/c, will include contributions from a strip 
R — b to R in range. For the case of zero attenuation the received 
power at time 2R/c is proportional to 

fB 
Pr cc / JJ(Z) dx, 

JR-b 
where 

n(x) = 0 , x < Ro 
= jj, a constant x > Ro. 

Hence the variation with range will be 
Pr a V(R - Ro), R < Ro + b, 
Pr cc i,b, R> R0 + b. 

The radar echo from a sharp-edged cloud (neglecting coherent radiation) 
thus would appear to have a sloping edge on the radar indicator, for a 
distance of a pulse length. If now we introduce a uniform attenuation, 
the received power would be proportional to 

J R-b 
With the same uniform drop distribution in the cloud the power received 
by the radar varies in range as 

Pr a „ « - < * - * i «jnMa(f lz i«o) l , R < R o + b> 
a 

D -2a(ft-flo-;) sinh ab PT cc rje K 2' . R > Ro + b. a 

The echo will still appear to have a sloping front edge, rising to a maximum 
of (rib e~ab sinh ab)/ab and then decreasing uniformly with a logarithmic 
attenuation of 2a. The point to be observed is that the echo is attenuated 
in even the first pulse length, so that choosing only the closest parts of a 
precipitation echo may not be sufficient to eliminate the effects 
of attenuation. 

Consideration of some reasonable figures, however, shows that the 
effect is not likely to be troublesome. The maximum reduction within 
the first pulse length is by a factor {e'"" sinh ab)/ab. At X = 3 cm, the 
longest wavelength at which attenuation is likely to be significant, 

1 Loc. dt. 
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measured values of a range up to 2.5 db/km for a rainfall of 4 in./hr 
(heaviest tropical shower). With a pulse length of 1 jusec the reduction 
in the first pulse length is 0.4 db, which is negligible. In practice the 
attenuation even through a mile of rainfall characterized as heavy (1 in./hr) 
is not noticeable. 

With shorter wavelengths the self-absorption may be much more 
pronounced. Thus at X = 1.25 cm, a 1 /xsec pulse, and a value of a of 
19 db/km, which has been reported for rainfall of 4 in./hr, the reduction 
in the first pulse is 2.6 db and the echo drops rapidly with increasing 
penetration into the rain. Although the effect will be proportionately 
smaller when the rains are not as heavy as in this example, the possibility 
of attenuation self-absorption should be kept in mind at such short 
wavelengths. 

It is fortunate that the self-absorption is rarely important for it would 
be difficult to know just what the attenuation is. Theoretically there 
is no simple relation between the attenuation a and the cross section 
per unit volume JJ. The attenuation is to a large extent an absorption 
effect and is not very sensitive to the drop-size distribution. The back-
scattering, on the other hand, does depend in a drastic fashion on slight 
accidental features of the drop-size distribution. Nor does there seem 
to be a feasible method for simultaneously measuring the attenuation 
along with the radar echo. Conceivably it could be done by investi
gating the pulse-length dependence of the echo [which should vary with 
(sinh ab)/a\. Closer examination shows, however, that the effect is not 
sufficiently striking to provide accurate results even if special measuring 
techniques were used. 

7-7. Drop-size Distribution.—To obtain the cross section per unit 
volume from a given region of precipitation, one must know, among other 
factors, the distribution of the drops in size. As the dominant term 
in the cross section is proportional to a6, the very large drops, even though 
few in number, account for a large proportion of the scattering. Slight 
changes in the high end of the distribution will therefore cause a dis
proportionate change in the echo power, though hardly affecting the 
median drop diameter or total rainfall. It is therefore necessary to know 
the drop-size distribution to great accuracy to obtain even correct order 
of magnitude estimates of the scattering. I t is believed that the dis
tributions so far obtained are neither accurate nor meaningful enough to 
satisfy these conditions. 

Three methods have been used in the past to obtain drop sizes: The 
photographic, the filter paper or blotter, and the flour method. The 
first, involving photography of the drops as they fall or after they are 
collected, has been frequently used for fog and cloud droplets, very 
rarely for raindrops. In the second method an absorbent material 
such as filter paper or large blotter is dusted with a dry but water-
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soluble organic dye and is then exposed for a measured interval in the 
rain. At each point where a drop has struck the paper, a colored circular 
area appears whose diameter is a unique function of the original drop 
diameter (as long as the drops are not so large that "splashing" is serious). 
Calibration is obtained by using drops of known size (usually measured 
by weighing a definite number of drops obtained from capillary tubes 
with known pressures). The third method, devised by Laws and Parsons,' 
is in reality a variant of the second in which the filter paper is replaced 
by a pan of dry sifted flour. A drop striking the flour forms a small ball 
of dough, which may be hardened by drying and then examined at leisure. 
Again, the relation between ball and drop diameter is found by separate 
calibration. 

These three methods suffer from a number of common disadvantages: 
1. Calibration errors, particularly in the filter paper and flour methods 

are quite appreciable. Thus one investigator using the filter paper 
method estimated calibration accuracy of around ± 10 per cent.2 

2. In all the methods the diameter of each drop must be measured 
individually and recorded by the observer. As a result the labor 
involved in measuring a large sample is prohibitive. Hence the 
measurements so far reported have been made with samples far 
too small to provide sufficient statistical accuracy. For the same 
reason the number of samples measured has been small so that no 
information is yet available as to the reproducibility of the dis
tributions or on possible correlations with more conveniently 
observable meteorological parameters. 

3. Perhaps the most important disadvantage is that the measure
ments do not supply the number of drops per unit volume of the 
target region with diameters in a given interval but rather the 
number of drops in that interval striking the ground per unit time. 
From a knowledge of the terminal velocities of the drops one can 
indeed convert this information into drop-size distributions in 
the volume immediately above the ground. The relation between 
drop diameter and terminal velocity must be obtained empirically, 
and the several measurements that have been made do not agree 
very closely.3 Fortunately all the results agree in that the velocity 
is practically uniform for the large drops that are of interest here, 
so that the uncertainties in the actual terminal velocity are not 

1J . O. Laws and 0. A. Parsons, Trans. Am. Geophys. Union, p. 452 (1943). 
JG. T. Rado, "Measurement of the Attenuation of K-band Waves by Rain," RL 

Report No. 603, March 7, 1945. This report contains a detailed discussion of the pre
cautions necessary to minimize systematic errors. 

3 For the figures given by A. C. Best see Table 810. Other values will be found in 
Laws, TranSj Am. Geophys. Union, p. 709 (1941), where references to earlier work 
are given. 



SEC. 7-7] DROP-SIZE DISTRIBUTION 617 

very important. (This does not preclude the possibility that 
strong up or down drafts may cause great changes in the apparent 
terminal velocity. There is considerable evidence that strong 
vertical drafts are not common.) 

Even if one can obtain the correct distribution just above the ground, 
it is doubtful that such a distribution reflects faithfully the situation in 
the target region, which is usually far above the ground. It is obvious 
that processes of evaporation and condensation may cause considerable 
changes in the diameter of a given drop in its long journey to the ground. 
Indeed radar observations with sharp beams often reveal considerable 
vertical structure in the precipitation regions (see Sec. 7-14). To be 
meaningful, drop-size distributions must be obtained at the location from 
which the echo arises and at the time when the radar observations are 
made. 

It therefore does not seem worth while to reproduce here any of the 
detailed distributions given in the literature. A general idea of the 
shape of the distributions can be obtained from the results of Laws and 
Parsons1 shown in Table 8.12 below. It must be emphasized again that 
caution must be used in basing any general conclusions on so restricted 
a sampling of rain distributions. 

A method that appears to obviate many of the objections raised above 
is at present under development at the Weather Radar Project being 
conducted now (1949) by the Meteorology Department of the Massa
chusetts Institute of Technology for the U.S. Army Signal Corps. 
Briefly, the raindrops interrupt a narrow beam of light focused on a 
photoelectric cell, the characteristics of the resulting pulse depending 
upon the drop diameter. The pulses will be automatically sorted into 
ten or more channels depending on drop diameter and will be counted 
electrically. Thus, the number of drops in a given interval will appear 
as a reading on a counter in the appropriate channel. This device, dubbed 
"Disdrometer," is mounted on an airplane, with the direction of the light 
beam normal to the line of flight. As the forward velocity will therefore 
be much greater than the downward velocity of the drops, uncertainties 
in the terminal-velocity relation are unimportant. The counters of the 
various channels are photographed at the same time that measurements 
of the radar echo intensity are made of the immediate vicinity of the 
plane. Schemes have been carefully worked out to ensure exact syn
chronization of the measurements in both time and space. Other meteoro
logical quantities such as total water content will be measured at the 
same time. 

A project of this kind requires elaborate and painstaking preparation. 
Once smoothly under way, however, it should provide rapidly much 

1 Loc. tit. References to earlier measurements will be found in this paper, 
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meaningful data with which to test quantitatively the theory presented 
here. In addition, it should be possible to investigate extensively 
empirical correlation between echo intensities and meteorological 
quantities that may be conveniently measured. I t might thus be possible 
to devise precedures either for estimating echo intensities from easily avail
able data or for using measured intensities to furnish information about 
the characteristics of the precipitation involved.1 

7*8. Echoes from Solid Precipitation.—Liquid drops are not the only 
form in which condensed water may appear in the atmosphere; it may 
also appear as ice crystals, hailstones, snow, etc. These solid forms are 
of great importance meteorologically. At least one theory of the forma
tion of rain requires the prior presence of ice crystals. In one respect the 
calculation of the echo to be expected from solid precipitation forms is 
simpler than for raindrops, as the imaginary part of the index of refraction 
is almost completely negligible for ice (cf. Table 8-16). Absorption effects 
can then be neglected and the dielectric constant treated as real, with the 
value ei = 3.06 from 0° to — 50°C. On the other hand we are no longer 
dealing with simple spherical shapes; the corresponding boundary value 
problem for the actual shapes (needles, plates, etc.) becomes complicated 
and has not yet been developed fully. As in the case of raindrops, we 
are indebted to J. W. Ryde and his collaborators2 for almost all of the 
calculations made thus far of the echoes from solid precipitation forms. 

Ice Crystals.—Crystals of ice, such as are to be found in clouds, have 
very complicated geometries. Fortunately, however, their dimensions 
are always very small compared with the wavelength so that only the 
electric dipole excitation is of importance. To a first approximation 
this is purely a volume phenomenon independent of the shape of the 
scatterer. In effect, the radar beam cannot "see" the shape of an object 
much smaller than the wavelength. We can thus take over in this case 
the Rayleigh formula given previously [(Eq. 7-14)] with slight modifica
tions because of the density of ice being slightly different from unity: 

• -■" '^Tr) ' - <«> 
where W is the mass of ice per cubic meter in grams, m is the average 
mass of a single crystal in grams, p is the density, and K is a dimensionless 
factor, of the order of unity, arising from the deviation from spherical 
shape. The quantity depending upon the dielectric constant can no longer 
be replaced by unity; because of the decreased dielectric constant com-

1 Cf. H. R. Byers et al., "The Use of Radar in Determining the Amount of Rain 
Falling over a Small Area," Trans. Am. Geophys. Union, 29, 187 (1948). 

2 J. W. Ryde, "Echo Intensities and Attenuation Due to Clouds, Rain, Hail. Sand 
and Dust Storms at Centimetre Wavelengths," General Electric Co., Ltd., Report No. 
7831, Oct. 13, 1941; also unpublished memorandum. 
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pared with liquid water it is here much smaller, about 0.165. Con
sequently the echo from a cloud of ice crystals will always be considerably 
less than from a cloud of rain droplets of the same size and concentration. 
As ice crystals are always smaller than usual raindrops, it is to be expected 
that the echo from ice crystals will be negligible except in unusual cir
cumstances. Substituting in the appropriate values of e and p (0.916 for 
ice), Eq. (45) can be written 

77 = 0.022 ~K m"1 . (46) 

Hailstones.—Deviations from spherical shape are not important for 
hailstones; on the other hand they frequently have dimensions comparable 
with the wavelength. It is therefore necessary to use the rigorous series 
expansion [Eqs. (38) and (39)], evaluating as many terms as needed to 
obtain the desired accuracy. This has been done by Ryde, who has 
computed the echo per unit volume from a storm of uniform hailstones. 
In this case i\ is equal to no, where n is the number of stones per unit 
volume and <r the radar cross section of each stone. One can also express 
T} as 

v = — P, (47) 
mv 

where p is the precipitation rate, the mass striking the ground per unit 
area in unit time, v the terminal velocity and m the mass of each stone. 
Ryde has given a table, reproduced in Table 7 2, of t\lp (with p given as 
an equivalent liquid precipitation rate in millimeters per hour) for various 
stone diameters and wavelengths. The values of the terminal velocity 
used were obtained by extrapolation from raindrop data. I t will be 
noticed that 77/p exhibits maxima and minima for X = 1 cm, indicating 

TABLE 7*2.—CROSS SECTION PER UNIT VOLUME FOR HAILSTORMS' 

Stone 
diameter, cm 

0 1 
0.2 
0 3 
0.4 
0.5 
0.75 
1.0 
1.5 
2.0 

— m-1 per mm per hr. 
V, 

A = 10 cm 

6.75 X 10-" 
3.32 X 10"12 

7.93 
1.69 X 10"" 
2 89 
5 23 
1.42 X 10-10 

3 05 
5.85 

X = 3 cm 

67.73 X 10-" 
3.31 X 10-» 
1.01 X 10-» 
1.69 
3 31 
7.11 
9.15 
1.15 X 10"8 

4.96 X 10"9 

X = 1 cm 

7.57 X 10-9 

2 58 X 10~! 

4.94 
3.53 
0.69 
2.23 
6 35 

* After Ryde. 
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the presence of resonance peaks as in the case of perfectly conducting 
spheres. In general, Ryde finds that hailstorms may be expected to give 
considerably less echo than a rainstorm of the same precipitation rate 
with drop distributions such as given by Laws and Parsons. 

Snow Crystals.—The individual crystals of snow are usually hexagonal 
plates with diameters ranging from 0.5 to 3 mm. For the smaller snow-
crystals Eq. (45) or (46) would be used, but larger crystals would require a 
more rigorous formula, complicated here by the platelike shape of the scat-
terers. Ryde has compared the echo from a snowstorm of uniform crystal 
size with that from a rainstorm of equivalent precipitation rate, again using 
Laws' and Parsons' drop-size distributions. He comes to the conclusion 
that for snow crystals weighing between 1 and 2 mg the echoes from the two 
storms would be about the same. This is in rough agreement with the 
observations by J. S. Marshall et al., mentioned in Sec. 7-2. 

Snow often occurs in more complex forms; individual snow crystals 
aggregate to form flakes. Such flakes can attain dimensions comparable 
to the wavelength, 2 cm in diameter or larger, and their complicated shape 
makes a rigorous computation extremely difficult. A somewhat similar 
phenomenon is thought to occur with ice crystals in one of the stages lead
ing to the formation of raindrops; that is, aggregates of many ice crystals 
are formed. Here the dimensions are still small compared with the wave
length, and two equivalent procedures may be used to approximate the 
echo. Ryde assumes a spherical shape for the aggregate and computes 
the echo from Eq. (45) and in substituting the density p dielectric constant 
e takes into account the air spaces between the crystals. Effectively this 
means using a sphere whose volume is that of the sum of crystals compos
ing the aggregate. Alternatively one can say that the N crystals forming 
the cluster are so close to each other, compared with the wavelength, that 
they radiate coherently and the total echo is iV2 that of a single crystal. 
That this view is equivalent to the one used by Ryde is seen from the fact 
that for electric dipole excitation the cross section is proportional to the 
square of the total volume, or N2 times the volume squared of each crystal. 

A cloud of ice crystal aggregates should therefore have an echo several 
orders of magnitude larger than the same cloud of dispersed ice crystals. 
If these crystals melted to form raindrops, the echo would further increase, 
chiefly because of the increase in the dielectric constant. In the process of 
melting, the clusters still have a terminal velocity characteristic of the ice 
crystal aggregates. As they fall, however, they attain rapidly the much 
larger terminal velocity of raindrops. As a consequence the concentration 
of drops decreases and with it the intensity of the echo. Thus one might 
expect to find a maximum in the echo intensity roughly at the freezing level 
where the falling clusters of ice crystals begin to melt. Such "bright 
bands" at the freezing isotherm have indeed been observed by several 
groups (see Sec. 7-14, for example). 
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Finally it should be mentioned that suspended solid matter other than 
water could conceivably give rise to an echo. Sandstorms, dust clouds, 
and smoke should also scatter electromagnetic radiation. Here the particle 
sizes are so small compared with the wavelength that the Rayleigh formula 
[Eq. (45) or equivalent] may be used with complete confidence. The diam
eters of sand particles are comparable to those of raindrops, and appreciable 
echoes may be expected from sandstorms. As pointed out by Ryde, how
ever, the particles in a true sandstorm rarely rise above 6 ft. Dust parti
cles, on the other hand, are usually much finer. According to W. F. 
Gibbs,1 to remain suspended in the air for appreciable times, dust particles 
must be 10 microns or less in diameter. For a given mass concentration 
the Rayleigh formula predicts that the echo varies as the volume, or cube 
of the dimensions, of each scatterer. The echo from the fine particles of 
dust should therefore be extremely small. Thus for the extreme case, 
quoted by Ryde, of grain elevator dust with a concentration of 1 kg/m3 

and particle diameter 15 microns the value of ij at 10 cm is about 10~22m-1: 
It is just conceivable that the echo from dust storms could be detected at 
sufficiently short wavelengths (as short as 1 cm). The situation is even less 
favorable for smoke particles, whose average diameter is about 1 micron, 
with mass concentrations usually less than 1 g/m3. Under such conditions, 
even at a wavelength of 1 cm, t\ is not bigger than 10~12m_1. Such calcula
tions tend to make one highly skeptical about reports of echoes from 
"smoke." 

GENERAL PROPERTIES OF PRECIPITATION ECHOES 
B Y DONALD E. KERR AND ARTHUR E. BENT 

The preceding sections have discussed evidence in favor of the hypothe
sis that most meteorological echoes arise from precipitation in either liquid 
or solid form. We shall now present observational information that not 
only lends further support to this reasoning but summarizes the general 
properties of these echoes and their relation to known meteorological facts. 
Assuming acceptance of the hypothesis, we shall employ the term precipi
tation echoes, which is now in general use by workers in the field.2 

7-9. Identifying Characteristics.—When precipitation echoes are ob
served on radar systems, they are likely to be mingled with the other echoes 
(from land targets, ships, aircraft, etc.) from which they must be distin
guished. The ease with which precipitation echoes can be distinguished 

1 Clouds and Smokes, London, 1936. 
2 From the historical point of view, it is of interest to point out that when these 

echoes were first observed in the early days of microwave radar, they were dubbed 
"cloud echoes." This is an unfortunate choice of terminology, as it conveys the wrong 
impression to uninitiated radar personnel. It appears to be losing ground as fuller 
knowledge of the phenomenon is disseminated. There still remain the "angel" echoes, 
however, which may sometimes be correctly represented by the earlier term. 
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from others varies widely and depends upon numerous factors within the 
radar system and without. There are several characteristics of precipita
tion echoes that aid in varying degrees in identifying them. These charac
teristics are discussed briefly below and are illustrated by examples in later 
sections. 

Motion.—In general, precipitation echoes show horizontal motion1 

characteristic of the local air currents surrounding the rainstorm causing the 
echoes. Speeds up to 100 mph have been observed on occasion, and at 
the other extreme the rain at times appears to be practically stationary for 
appreciable intervals. On numerous occasions radar echo-velocity meas
urements have been found to agree with upper-air wind-velocity measure
ments made by other means and with surface observations of the motion of 
rainstorms. Valuable meteorological information concerning winds aloft 
in overcast weather and the time of arrival of precipitation at a given point 
may often be obtained by purely radar means. The characteristic motion 
is usually of considerable aid in distinguishing precipitation echo from 
echoes from fixed land targets. 

Altitude.—Precipitation echoes have been received from areas at levels 
indicated to be from close to the ground up to 40,000 ft. (The maximum 
altitude has probably been exaggerated by the beam width, but at most this 
error is a few thousand feet.) Many precipitation echoes are seen on sys
tems with the beam directed horizontally, but in most cases echo amplitude 
is increased by elevating the beam above the horizon. When an echo is 
received from an area indicated to be above the surface, precipitation is 
suggested unless the size is such as to involve confusion with aircraft. 
Experience with airborne radar shows that the elevation test is not of much 
advantage at ranges beyond 25 to 30 miles. At close range, however, sur
face targets are lost upon elevation of the antenna beam but precipitation 
echoes remain. Precipitation echoes have been observed with the beam de
pressed below the horizon by reflection from near-by water or ice surfaces. 

Distance.—Because of the vertical development of the phenomena 
involved, precipitation echoes may be observed at large ranges. Thunder
storms have been seen at distances up to 250 miles. Echoes thus appear on 
ground-based systems at distances far beyond normal land signals. (Echoes 
from distant land targets are at times seen as a result of atmospheric refrac
tion, but the appearance of an echo at great range usually suggests a pre
cipitation echo.) 

Size.—The size of these echoes as observed on radar systems varies 
within wide limits. In general, precipitation echoes are distinguished by 
the large size of the echo area as compared with usual targets. Whole 
quadrants of the PPI may be filled with echo in extreme cases, even when 
using sweeps of 50 miles or more. Where the size of the echo area is great, 

1 Vertical motions are discussed at a later point. 
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it is easy to distinguish from other types, but cases are observed where it is 
small and the possibility of confusion is greater. This is particularly true 
when using the long sweeps that make it impossible to examine the radial 
extent of the echo in detail. 

The shape of precipitation echoes is also quite variable, normally being 
irregular. The smaller echoes, such as those of high amplitude received 
from thunderstorms and heavy showers, may be of a circular or oval shape 
with fairly even boundaries. The weaker echoes, such as those usually 
received from precipitation associated with stratiform-type clouds, are of 
irregular shape with indistinct boundaries where the amplitude of the echo 
merges into the noise level. Shape of precipitation echoes changes with 
time, sometimes very rapidly. 

Average Intensity.—The preceding sections have indicated the echo 
intensities to be expected from various types of precipitation. In practical 
cases the intensity may vary from an indefinitely small lower limit to 
magnitudes sufficiently strong to obliterate strong echoes from near-by land 
targets.1 

Rapid Fluctuations of Intensity.—It was shown in Chap. 6 that precipi
tation echoes fluctuate in intensity in a manner best described by a fre
quency spectrum. Visual observation of the radar indicator is not suited 
to obtaining information on frequency spectra, but under proper circum
stances it can lead to positive identification of precipitation echoes on the 
basis of their fluctuations in intensity. The PPI and B-type indicators are 
not suited to observation of fluctuations, but the expanded A-scope is the 
ideal instrument for this purpose.2 The outstanding property of precipita
tion echoes viewed on an A-scope is the rapid dancing or fluttering of the 
echo, extending over a range interval of a few hundred yards to miles in 
some cases. The effect is frequently described by saying that it is "fuzzy," 
"furry," or lacelike in structure, depending upon the details of the indicator 
and nature of the storm. If the echo is very weak, it often appears as a 
small "bump" in the thermal noise normally present with the gain control 
well advanced. 

Figure 7-2 shows a photograph of precipitation echoes on an A-scope 
with a 10 mile sweep. As this is a time exposure, it represents the super
position of the echoes from many pulses, each echo different from all the 
others. The detail visible to the eye upon direct observation of the indica
tor is thus lost, but enough of the general appearance is preserved to suggest 
the actual fuzzy appearance. This echo is to be contrasted to echoes from 

1 Assuming special anticlutter circuit arrangements are not employed to reduce the 
effective intensity of the precipitation echoes. Such circuits are outside the scope of 
this volume. 

- We assume familiarity with the properties of radar indicators. See Vol. 22 of this 
series. 
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F I G . 7-2.—Photograph of precipitation on 
an A-scope with a 10-mile sweep. Most of the 
detail is lost, but the characteristic "fuzzy" 

. appearance is still partly visible. 

most fixed targets, which, with proper adjustment of the gain control, break 
the baseline of the indicator trace cleanly, giving a series of sharp, discrete 
spikes that also fluctuate but in general tend to retain their identity to a far 
greater extent than do the components of precipitation echo. 

If the rain area is small or if 
the sweep length is many miles, 
the fine detail of the echo is not 
visible. The most satisfactory indi
cator for identification and visual 
study of precipitation echoes is the 
expanded A-scope, which allows a 
small range interval of 2000 to 4000 
yd at any distance to be spread 
across the entire indicator. Figure 
7 p3 shows precipitation echo (not 
the same storm as in Fig. 7-2) on 
an expanded 4000-yd sweep. The 
improvement in detail over Fig. 7 2 

is obvious. The lacy structure of the echo can be observed fairly clearly, 
but the detail is still in no way comparable to that observable visually. 
This detail, revealed on such an indicator, is the best means of identifica
tion of precipitation echoes; in fact, we know of no instance in which 
examination of an echo of unknown 
origin in the foregoing manner has 
failed to make possible a definite 
decision as to whether or not the 
echo originated from precipitation.1 

Unfortunately relatively few radar 
systems are equipped with this 
type of indicator. 

Brightness.—The PPI presen
tation is controlled by limiting 
circuits that operate to cut off 
signals of extreme amplitude so 
that echoes above a certain level 
appear on the scope as of equal 
brilliance. Precipitation echoes 
may easily be above limiting levels. 
Some, particularly those from light to moderate general rain, have a faint, 
cloudlike appearance that is very typical. This appearance might also 

1 A possible exception is sea echo, which on an A-scope may be indistinguishable 
from precipitation echo. In this case auxiliary information from other indicators and 
from operations such as varying antenna tilt may be necessary to permit positive 
identification. 

FIG. 7-3.—Precipitation echo on an ex
panded A-scope 4000 yd in length. The rec
tangular notch in the center is a "range gate" 
and has no connection with the present 
discussion. 
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be described as foggy or transparent. Brightness is largely a matter of 
adjustment of receiver gain and limiting circuits and hence must be used 
with caution for purposes of identification. 

Stratification.—Many precipitation areas show a layer structure when 
viewed from below. This is most typical of situations of general rain. As 
many as four reflecting layers have been observed at one time. These 
layers are often of wide horizontal extent. There is much variation in the 
characteristics of these layers, which are discussed more fully at a later 
point. 

7-10. Confusion and Masking of Other Echoes.—A practical problem 
often confronting radar operators is that of positive identification of a new 
echo in a very short time and without recourse to special indicators, sys
tem adjustments, or operating procedure. Under some circumstances, 
general operating experience and familiarity with the characteristics 
described in the preceding section are sufficient, but there are times when 
this is not true. For instance, fixed radar systems operating in temperate 
latitudes show thunderstorms and widespread precipitation areas as large 
bright masses on PPI or B indicators, and even a casual glance at the indi
cator reveals the origin of the echo. (Examples are shown in Sees. 7-11 to 
713.) By contrast, however, airborne radar in the tropics continually 
encounters small isolated thundershowers that are frequently very deceiv
ing. They may be much less than a mile in diameter, appear to have fairly 
sharply defined boundaries; and when viewed on an indicator having a 
sweep length of more than about 15 miles, they are easily mistaken for 
isolated land masses or ships. Even if an expanded A-scope were available, 
there would seldom be an opportunity in high-speed aircraft to stop the 
antenna, align it accurately, and examine each echo in detail.1 This prob
lem will probably be reduced to a minor annoyance as operator training 
and experience improve and as circuit developments become available that 
permit anticlutter action at the flip of a switch. 

In Sec. 6-17 it was pointed out that all scattering elements within 
a volume determined by the radar beamwidth and the pulse length contrib
ute to the echo. At large distances this volume may become very large 
because of the effect of the finite beamwidth, and consequently precipita
tion echoes may interfere with echoes from other targets at the same range 
but in a slightly different direction from the radar. This undesirable effect 
may be reduced by decreasing beamwidth and pulse length and by employ
ing certain types of anticlutter circuits. These matters will not be dis
cussed here, however. 

1 Some radar systems have expanded PPI or B-scopes that can often be very effective 
for this purpose and are much easier to use than the A-scope. The rapid fluctuation 
of the echo cannot be observed, but the hazy appearance and irregular shape are usually 
fairly satisfactory symptoms. 
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Figure 7-4 shows an example of the type of masking effect that may be 
encountered with airborne radar. The precipitation echo, easily identified 
by its irregular, diffuse appearance, obliterates a large fraction of the land
scape echoes normally visible. The degree of seriousness of this masking 
phenomenon depends very much upon the details of the situation. The 

FIG. 7*4.—A PPI photograph from a 1.25-cm airborne radar system operating at an 
altitude of 3000 ft near a thunderstorm over a city. Full-scale range is 10 miles. The 
landscape targets, faint because the receiver gain has been reduced to improve contrast, 
are heavily masked by the thunderstorm echoes. The masking effect would be even more 
marked with a higher gain control setting. 

quantity of most interest in this connection is the excess of echo strength 
that a desired echo must have in order to be detected or tracked in the 
midst of precipitation echo. This is a complicated matter, depending upon 
numerous factors both within and without the radar system. The reader 
is referred to Chap. 11 in Vol. 24 for a discussion of threshold signals in 
clutter. 

PRECIPITATION ECHO PROPERTIES AND METEOROLOGICAL STRUCTURE 

B Y DONALD E. KERR AND ARTHUR E. BENT 

7-11. Classification of Echo Types.—For purposes of description, mete
orological conditions that result in radar echoes may be divided broadly 
into two groups, those in which precipitation is localized and those in which 
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precipitation is widespread.1 The first group includes precipitation in 
unstable air masses and frontal systems where the air is completely or con
ditionally unstable, whereas the second group includes precipitation in sta
ble air masses and in frontal systems in which the air participating in the 
upglide movement is stable. 

The first group includes thunderstorms, showers, and what are termed 
for convenience in classification as active convective situations. This last 
subdivision is necessary to include cases of radar echoes from precipitation 
in cumulus congestus and some other cloud types, where precipitation is 
present in the cloud but does not reach the ground. (Cases have been 
described in Sec. 7-2.) Thunderstorms and showers of the tropics are a 
typical example of precipitation in unstable air masses. The cold-front 
thunderstorm or shower is a typical illustration of precipitation in frontal 
systems in which the air is completely or conditionally unstable. 

The second group includes widespread rains such as those resulting from 
the mechanical lifting of stable air over mountain ranges or from the up
glide movement in a warm front. 

This classification is convenient for purposes of description, but many 
variations and combinations occur. Type cases are used here for purposes 
of illustration, but in practice such large variations in degree occur that 
identification is not always easy. The same problems are encountered in 
radar observation of precipitation that exist in conventional meteorological 
observation and forecasting. Often echoes are observed that do not fit 
well into this simplified classification. This is another indication of the 
variability of meteorological phenomena and calls for experience and skill 
in interpretation. 

7-12. Thunderstorms.—Figure 7-5 shows a typical isolated convective 
thunderstorm of a hot summer afternoon in middle latitudes. The small, 
sharply defined echoes in the first 15 miles are from fixed land targets in the 
vicinity of Boston. The three bright, hazy echoes are from a well-
developed thundershower at about azimuth 200°, a heavy shower at about 
azimuth 130° that is probably either an early or late stage of a thunder
shower, and a smaller and much less well-developed shower at azimuth 70°. 
Examination on the A-scope showed extremely strong echoes from the 
shower at 200° and weaker echoes from the other two. 

The development of the large shower is further revealed by the study 
of its vertical structure shown in Figs. 7-6 and 7-7. In obtaining Fig. 7-6 an 
expanded elevation indicator (EEI) was used to scan the shower in the ver
tical plane at a fixed azimuth of 190°. By means of a 10/1 synchro drive 
the vertical angle scale is expanded by a factor of 10. Appreciable echo is 
obtained from elevation angles of —10° to +32°. Because of the beam-

1 A. E. Bent, "Radar Echoes from Atmospheric Phenomena," RL Report No. 173, 
March 13, 1943; "Radar Detection of Precipitation," Jour. Meteorol., 1, 78 (1946). 
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FIG. 7-5.—A P P I photograph of a typical summer-afternoon convective thunderstorm 
in middle latitudes, as seen on a 10-cm radar system at the Radiation Laboratory on July 
14, 1942. Range marks 5 miles, pulse length 1 /tsec, beamwidth 6°, Zero azimuth (north) 
is at the top of the figure. 

F I G . 7-6.—Photograph of an E E I showing the echo from the thundershower of Fig. 7 5 
at an azimuth of 190°. The angular scale indicates ten times the true angle of elevation, 
with the black horizontal line indicating the true horizontal. Five-mile range marks. 
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Flo. 7-7.—Rough replot of the E E I presentation of Fig. 7-6 in rectangular coordinates in 
the vertical plane, showing the vertical development of the thundershower of Fig. 7*5 at 
an azimuth of 190°. As no correction has been made for the beamwidth, the true echoing 
region is somewhat smaller than this replot indicates. 

FIG. 7 8.—Photograph of the PPI of a high-power 10-cm radar system in Florida, show
ing intense summer thunderstorms. In this case a special feedback circuit is operating to 
suppress all but the most intense echoes from the centers of the columns of precipitation. 
Full-scale range is 150 miles. 
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width of about 6° the echo region is actually somewhat smaller than indi
cated by the EEI. If the echoing region is replotted from the EEI in 
rectangular coordinates, it appears as shown in Fig. 7-7.' 

Figure 7-8 shows a PPI photograph of a strong convective thunderstorm 
in Florida, where such storms are a predominant feature of the summer 
climate. In this case special circuits have been arranged to give a high 

FIG. 7-9.—A line of thunderstorms in a cold front as shown on the PPI of a 3.2-cm 
radar system at the Radiation Laboratory on July 22, 1943. Beamwidth is 1.5°, pulse length 
1 Msec; and the range marks are 20 miles apart. 

degree of suppression of the rapidly fluctuating precipitation echo, with the. 
result that only the most intense echoes from the centers of the columns of 
precipitation are visible.2 No echoes from fixed land targets are visible in 
this photograph because the set is operating at a low altitude over flat ter
rain and the horizon range is only a few miles.3 

1 The EEI presentation is not very useful in practice because of the tediousness of 
translating from polar to rectangular coordinates. The range-height indicator (RHI) 
is preferable (see Sec. 714 for RHI photographs). 

2 Without this circuit in operation the precipitation echoes were much more intense 
and widespread. Unfortunately we have no comparable photographs showing the 
echoes without the circuit in operation. 

3 Further study is being made of thunderstorm structure by radar means; for example, 
Eee H. R. Bvers and R. R. Braham, "Thunderstorm Structure and Circulation," Jour. 
Meteerol. 5, 71 (1948). 
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The arrangement of thunderstorms along the line of a cold front results 
in heavy precipitation and radar echoes having a similar appearance on the 
indicator. The long straight line of echoes is so characteristic that it is 
usually readily identified. (Occasionally intense precipitation areas may 
happen to be arranged in an elongated form that has a superficial similarity 
to the cold-front thunderstorm echo. Known meteorological conditions 

Fia. 7-10.—Cold-front storms on the PPI of a 3.2-cm radar system at the Radiation 
Laboratory on June 29, 1943. Beamwidth is 1.5°, pulse length 1 (isec; and range marks are 
20 miles apart. 

at the time often give a clue as to what might reasonably be expected, 
however.) As much variation exists in radar cold-front echoes as would be 
expected (from a meteorological point of view) in the precipitation itself. 
Many cold fronts, of course, do not have thunderstorms at all. 

Figure 7-9 shows the typical line of thunderstorms accompanying an 
advancing cold front. A series of similar photographs revealed rapid 
movement of the front for a time, followed by an almost complete halt. 
While the front was moving, the echoes did not change appreciably in size 
or intensity, but when the front stopped, the echoes became stronger and 
covered a larger area. 

Figure 7-10 shows another cold front at closer range. In this case it is 
not known definitely that the echoes shown came from a thunderstorm, 
although it appears probable. Vertical scanning revealed echoes at 18,000 
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ft, they were very strong, and light thunder was heard near the echo area. 
This is a case in which positive differentiation between cold-front showers 
and thunderstorms could not be made without further information, 
although there was no doubt about existence of the cold front, as it was 
confirmed by other observations. 

7 4 3 . Other Forms of Localized Precipitation. Showers in Unstable Air 
Masses.—These are the typical showers of hot summer afternoons in tem-

(a) (b) 
F I G . 7-11.—Instability showers on the PPI of a 10-cm radar system at the Radiation 

Laboratory on Oct. 30, 1943. Range marks 4 nautical miles apart, pulse length 0.8 ,usec, 
and beamwidth 2°. (a) Made at 2:05 P.M.; (b) made at 2:10 P.M. North is at the top of 
the picture. 

perate latitudes or in the tropics. (There are also many other types of 
instability showers.) An example was shown in Fig. 7-5, in which two 
showers were found near a fully developed thunderstorm. In that case the 
difference between the thunderstorm and the showers appeared to be 
largely a matter of degree of development (the dividing line is not sharply 
defined). The appearance on the PPI frequently supplies insufficient 
information to permit estimation of the intensity of the storm, and exami
nation of the vertical extent by vertical scanning is necessary. 

Another example of afternoon showers that is interesting because of its 
odd configuration and short duration is shown in Fig. 7-11. Meteorological 
observations from Blue Hill Observatory1 showed the showers to be highly 

1 The vicinity of the observatory is shown by the intense oval-shaped echo about 9 
miles south of the radar. 
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localized and of brief duration, concluding with a row of towering cumulus 
clouds to the east of the echo region. 

Showers in Frontal Systems with Complete or Conditional Instability.— 
Cold-front showers are an excellent example of this type of precipitation. 
The resulting echoes have the linear grouping characteristic of a cold front. 
As indicated earlier, both cold-front showers and thundershowers are likely 
to have a similar appearance on the PPI, and vertical scanning is often of 
considerable aid in deducing the structure of the precipitation source. 

Fio. 7*12.—Cold-front showers on the PPI of a 10-cm radar system at the Radiation Labora
tory on Dec. 2, 1942. Range marks are 10 miles apart; beamwidth 2°. 

Figure 7-12 shows echoes from precipitation identified as showers forming 
part of a cold front that appeared from the west, moved across the field of 
the PPI, and disappeared to the southeast. The heavy shower at the 
center passed over the laboratory. 

7-14. Widespread Precipitation.—By definition this group of echoes 
includes those from precipitation in stable air masses and frontal systems 
where the air participating in the upglide movement is stable. A typical 
example is the lifting of air in the upglide of a warm front. The classifica
tion cannot always be strictly maintained, as instability often plays a part 
in the cases considered here. From the radar point of view the principal 
distinction is in the widespread nature of the precipitation as contrasted to 
the extremely localized extent of precipitation in thunderstorms and 
showers resulting from convection. 

The rate of rainfall of this type may vary through wide limits, and the 
amplitude of the radar echo shows corresponding variation. In general, 
however, the amplitude of the echoes is at a lower level than is found with 
convective showers and thunderstorms, resulting in a faint, foggy appear
ance on intensity-modulated indicators. 

The area from which the echoes is received is variable but is characteris
tically large in contrast to that of the echoes already considered. More or 
less complete coverage of the PPI on a 50-mile sweep is not uncommon. 
Echo areas may be continuous or broken up into irregular shapes. Bound-
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aries of areas are irregular and taper gradually in intensity to the noise 
level. Figure 7-13 shows typical echo from this type of precipitation, 
which was associated with the warm sector of a low-pressure system. 

In some cases the rate of rainfall may be relatively steady over a large 
area; but if convective instability occurs, this relative uniformity tends to 
be interrupted by areas of alternately heavy and light rainfall, resulting in 
roughly corresponding variations in echo intensity. The nearly uniform 

FIG. 7-13.—Echo from widespread rain associated with the warm sector of a low-pressure 
system on Dec. 1, 1942, as viewed on a 10-cm radar system at the Radiation Laboratory. 
Horizontal beamwidth about 0.8°, pulse length 1 fisec, range markers spaced 10 miles. This 
photograph illustrates very well the hazy, nearly "transparent" appearance of precipitation 
echoes. 

echo over a wide area in Fig. 7-13 suggests lack of appreciable convective 
instability. 

Layer-type Echoes.1—One of the most interesting properties of the 
echoes observed under conditions of widespread precipitation is pronounced 
stratification. Sometimes well-defined, nearly continuous horizontal 
layers are indicated for a considerable distance, whereas at other times mul
tiple layers or "clumps" of limited extent are observed, often accompanied 
by considerable motion or buildup and decay of the echoes. 

If a radar with a PPI is pointed directly upward at an echoing layer 
and the antenna and indicator yoke continue to rotate the echo appears as 
a circular ring. Figure 7-14 shows an example of a layer-type echo observed 
in this manner with warm tropical air overrunning cold surface air. The 
boundary between the air masses was estimated from Weather Bureau 
information to be at about 10,000 ft, and the freezing isotherm at about 
8,000 ft. If the antenna is tilted downward, the diameter of the ring 
increases in the expected manner with angle, confirming the existence of a 

1 A. E. Bent, "Radar Echoes from Precipitation Layers," RL Report No. 689, Aug. 
20, 1945. 
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layer.1 As many as four layers have been observed simultaneously for 
limited periods at heights between % and 6 miles. 

The explanation of the origin and behavior of these layers in terms of 
meteorological structure has not been found. Some property—large drop-
size or high drop concentration or both—causes -q (the radar cross section 
per unit volume) of the precipitation 
that of surrounding regions. The 
observation of vertical motion 
coupled with the possibility of strong 
updrafts has led to suggestions that 
updrafts hold large drops suspended. 
Another plausible suggestion was 
outlined in Sec. 7-8. It appears that 
obtaining the correct explanation 
for these echoes is likely to bring to 
light much new knowledge of the 
physical processes of precipitation. 

The best indicator thus far avail
able for observing the vertical struc
ture of precipitation echoes is the 
range-height indicator (RHI), which 
presents a cross section in the verti
cal plane at a fixed azimuth, with 
independently adjustable magnifica
tion on the horizontal and vertical 
range scales. The RHI is particularly useful when the stratification is not 
limited to a single well-developed layer, as in Fig. 7 14, but occurs in 
broken patches or in curved or warped surfaces. Figure 715 shows an 
RHI photograph of later developments of the situation of Fig. 714. The 
three photographs are part of a series showing extremely rapid changes in 
density and shape in periods as short as 1 min. The antenna was pointed 
at a fixed azimuth slightly south of west. The surface wind while the 
pictures were being made was northeast, about 20 mph, and the winds at 
10,000 ft were estimated by the Weather Bureau to be from the southwest. 
The local rate of rainfall was about 0.04 in./hr. The radial velocity of 
parts of the echoing areas of the bottom photograph was about 60 mph. 
The amount of information available in a detailed study of the kind 
suggested by these photographs is enormous, and it presents both a 
challenge and a valuable research tool to the meteorologist which, it is to 
be hoped, will be explored fully in the near future.2 

1 Antenna side lobes must be reduced to a very low level if observations of layer 
echoes are to be free from confusion. 

2 For a summary of later work, consult the series of reports now being issued by 
the Department of Meteorology, Massachusetts Institute of Technology (Army Con
tract W-36-O39-SC-32038). 

in a limited region to exceed greatly 

F I G . 7-14.—Photograph of the P P I 
showing the typical ringlike structure ob
tained when the antenna is pointed directly 
upward at a horizontal layer. Pulse length 
is 1 /xsec, and wavelength 3.2 cm. This 
layer is about 2000 ft thick and 2 miles high 
at the top. 
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FIG. 7-15.—RHI photograph of the meteorological structure about 2 hr after that of 
Fig. 7'14, using the same radar system. The time of making each photograph is indicated 
on the right. A 5-mile range mark shows faintly. 

7-15. Cyclonic Storms of Tropical Origin.—Tropical storms, with their 
associated heavy precipitation in characteristic patterns, make ideal sub
jects for radar study.' They are known as hurricanes or typhoons, depend
ing primarily upon their origin. We present here a limited sample of the 
currently available information on these storms. 

1 The term "characteristic" is perhaps anticipatory, as not enough different storms 
oi this type have been studied thus far to predict what patterns are characteristic, or 
typical. 



SEC. 715] CYCLONIC STORMS OF TROPICAL ORIGIN 637 

Hurricanes.—The hurricane of Sept. 14-15, 1944 passed close to Cam
bridge, Mass., where it was observed on a number of radar systems. Rain 
began in the Boston area some time before the approach of the severe part 
of the storm, resulting in the usual echoes associated with widespread pre
cipitation. The center of the storm passed near Boston at about midnight 
on Sept. 14. 

Figure 7-16 shows the general heavy rain associated with the forward 
gradient of the storm about 3 hr before the center arrived. During the 

F I G . 7-16.—Echoes from the hurricane of Sept. 14-15, 1944, observed on a high-power 
10-cm radar system at the Radiation Laboratory, at 2118 hours, EST. The "bands" of 
precipitation were characteristic of the echoes before arrival of the oenter of the storm. 

hour centered around the time when this picture was taken, about half an 
inch of rain fell. Successive pictures made later clearly showed the 
approach of the central part of the storm until midnight, when no further 
rain was seen to the south. 

The most curious feature of these echoes was the "bands" of precipita
tion that advanced northward in a nearly straight line toward Boston prior 
to the arrival of the center of the storm. They were correlated with the 
arrival of bursts of excessively heavy rainfall at the radar location. Shortly 
after Fig. 7-16 was made, the storm was scanned in the vertical plane on an 
EEI, which revealed a thin layer (as in Fig. 7-14) at a height of about 9000 
ft. (The duration of this layer is not known.) 

The early stages of the hurricane were also observed by the 3-cm radar 
at Provincetown, Mass, (see map in Fig. 4-1). Figure 7-17 shows a PPI 
photograph of the intense localized precipitation preceding the storm. The 
individual echoing areas appear to fall in the classification of Sec. 7-13, but 
collectively they form part of a system of clearly recognizable bands of pre
cipitation. 
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To summarize the radar information secured in this one case: The maxi
mum range on the general precipitation associated with the forward quad
rant of this storm was of the order of 60 to 80 miles; the approach of the 
clear central eye of the storm was tracked in from about 25 miles; there were 
concentrated bands of precipitation extending from east to west, moving 
north; in the general rain ahead of the central part of the storm there were 

F I G . 717.—Localized precipitation preceding the hurricane of Sept. 14-15, 1944, as 
seen on the PPI of a 3-cm radar system at Provincetown, Mass., a t 1015 hours, EST, Sept. 
14. The small echo areas are part of larger "band" structures characteristic of this hurricane. 
Beamwidth 2°, pulse length 1 /xsec, 10-mile range marks. The white line points north. 

many small scattered areas of intense precipitation; after the eye of the 
storm had approached sufficiently close, no rain could be observed in the 
southerly quadrants; and in the early part of the storm there was a well-
defined echoing layer at about 9000 ft at one time. 

An excellent detailed radar study of this hurricane was made by Army 
Air Forces units as it passed through Florida and New Jersey. High-pow
ered radar systems were employed in a number of cases, and their much 
greater coverage revealed that the "bands" described above were part of a 
large circulation system that rotated about the center of the storm as it 
traveled northward.1 By the time the storm reached Boston, much of the 

1 Unfortunately we do not have the details available. The complete radar record 
is worth serious s tudy by anyone interested in hurricanes. 



SEC. 715] CYCLONIC STORMS OF TROPICAL ORIGIN 639 

"band" structure had been destroyed, but it is still sufficiently recognizable 
in Fig. 7 16 that there can be little doubt that it is the same phenomenon 
that was prominent farther south. 

Typhoons.—On Dec. 18, 1944, a typhoon was observed by radar east of 
the Philippine Islands by a U. S. Naval vessel.1 A PPI photograph of a 
high-powered 10-cm system is shown in Fig. 7-18. The approach at long 

Fia. 7*18.—Typhoon near the Philippine Islands in December 1944, as observed on the 
PPI of a U. S. Navy 10-cm ship radar. 

range was followed by standard meteorological techniques. The storm 
was tracked for about 3 hr by radar at a range of about 30 miles while the 
ship followed a course roughly parallel to the storm track. In the photo
graph the center was 35 miles distant from the ship, bearing 010° true. 
Motion of the storm was toward the northwest. Note that the distribution 
of heavy precipitation is clearly shown. The clear central eye of the storm 

1 G. F. Koscoe, "Highlights of the December 1944 Typhoon Including Photographic 
Radar Observations," Fleet Weather Central Paper No. 10, Feb. 10, 1945. 
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is readily observed, surrounded by an inner heavy circular rain area. 
Lying farther from the center and separated from the outer edge of the 
inner rain area by a relatively clear space is found a crescent-shaped precipi
tation area. 

The distribution of precipitation observed by radar around this storm 
was not in agreement with expected maximum rainfall in the right front 
quadrant, and the meteorologists who observed this case concluded that 
although maximum convergence may have occurred in the right semicircle, 
it was largely dissipated in accelerating the air stream and thus produced 
relatively little rising air and precipitation. The clear space between the 
inner and outer rain areas was explained by a large vertical eddy cell built 
up over the left quadrant of the storm, the descending currents of which 
produced the clear sector through compressional heating. Although the 
explanations in this particular case are speculative, they suggest future 
applications in meteorological research. 



CHAPTER 8 

ATMOSPHERIC ATTENUATION 
BY J. H. VAN VLECK, E. M. PUBCELL, AND HERBERT GOLDSTEIN 

THE RELATION BETWEEN ABSORPTION AND DISPERSION 

B Y J. H. VAN VLECK 

In studying the propagation of microwaves through the atmosphere one 
is interested both in the absorption and in the dispersion, that is, how the 
index of refraction varies with frequency. A very general relation exists 
between the refractive index and the absorption coefficient that enables one 
to determine the absorption if the dependence of the refractive index on the 
frequency is known throughout the spectrum from v = 0 to v = <». Vice 
versa, the refraction can be computed (apart from an additive constant 
s„) if the absorption is known for all wavelengths. In other words, assump
tions cannot be made regarding how the refractive index varies with fre
quency without implications as to the amount of absorption. This fact 
has a bearing on the theory of nonstandard refraction. For instance, 
various investigators have noted that a variation of 1 per cent in the 
refractive index between X = 1 and X = 10 cm would lead to interesting 
differences in the trapping or duct phenomena at the two wavelengths. 
Such a variation, however, would necessarily lead to an unreasonably 
high absorption, in contradiction with experiment. 

8-1. Properties of the Complex Dielectric Constant.'—The general re
lations between the refractive index and the absorption arise out of a 
correlation of these two quantities, respectively, with the real and imagi
nary parts of a complex dielectric constant. The relations in question 
were first noted by Kramers in 1927.2 Analogous relations between the 
real and imaginary parts of the impedance rather than of the dielectric 
constant have been well known in circuit theory since about 1932.3 The 

1 The material in section 8-1 is condensed from J. H. Van Vleck, RL Report No. 735, 
May 28, 1945. 

2 H. A. Kramers, Atti cong. intern, fisici, Como, 2, 545 (1927). One of the relations 
is also implicitly contained in slightly earlier papers by R. de L. Kronig, Jour. Optical 
Soc. Am., 12, 547 (1926), and by H. Kallman and H. Mark, Ann. Physik, 82, 585 
(1927). 

3Cf. Y. W. Lee, Jour. Math. Phys., 11, 83 (1932); also 0. Brune, ibid., 10, 191 
(1931); C. M. Gewertz, ibid., 12, 91 (1933); W. Kigenhuis and F. L. Stumpers, Physica, 
8, 289 (1941); E. A. Guillemin, Circuit Theory Lectures Nos. 11 and 14, M.T.T. 
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proof is practically identical in the two cases and is closely related to 
what the mathematicians call the "Hilbert transform." 

If the complex dielectric constant s = ei — ie2 is known, then the refrac
tive index n and absorption y in decibels per kilometer can immediately be 
calculated, for 

n = VEI, y = Y 1Q6 £2 l o S 1 0 e< W 

provided n2 — 1 is small compared with unity. 
The general relations between absorption and refraction are most simply 

expressed in terms of ei, s2 rather than of n, y and are 

EiC") - £ „ = - / "» 5 rf" . (2) 

where s(e) and e„ mean, respectively, the dielectric constant for frequency v 
and for infinite frequency. By means of Eq. (2), we compute ei if we know 
£2 for all v; conversely Eq. (3) determines e2 if we know ei. The integrals in 
Eqs. (2) and (3) diverge at the resonance singularity v = v' if taken liter
ally, and here we are to use the so-called Cauchy principal value, defined by 

f'fdv' =lim(/"' ''Jdv' + [' fdA 
J0 d->0 \Jo J y + S / 

It would be well to stress the generality of the relations Eqs. (2) and 
(3). They require only that the complex dielectric constant B(V) be an 
analytic function of v throughout the lower half of the complex plane for c 
and that z(—v) be the conjugate of e(v) along the real axis in this plane. 
These conditions are really no assumptions at all, for they are necessarily 
fulfilled by virtue of the fact that the polarization of a particle cannot 
antecede the arrival of the disturbing electric field that produces it. The 
validity of Eqs. (2) and (3) is general and quite irrespective of the model, 
which can be either classical or quantum-mechanical. 

The "particle" or structural unit can be an atom, electron, molecule, 
water drop, ice crystal, or anything else provided only that a considerable 
number of them be included in a volume unit whose dimensions are small 
compared with the path length. 

The proof of the relations Eqs. (2) and (3) will be sketched only briefly. The validity 
of the law of cause and effort requires that s(v) have no singularities in the lower half 
of the complex x-plane, as it can be shown that otherwise the response to a pulsed 
wave would antecede arrival of the latter. Hence by the residue theorem, one has 

IsM ^J is] dv. = o (4) / ■ 
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if the path of integration ia a closed curve formed by an infinite semicircle in the tower 
half plane and the real axis, except that the singularity at » = v' is avoided by replacing 
a small segment of the real axis by a semicircle of radius J with origin at » = »'. If S 
be made to approach zero, the contribution of this small semicircle to the left side of 
Eq. (4) is n-i [e (?) — e^]. The contribution of the infinite arc is zero, and the linear 
portion of the contour involves the same path as implied by the Cauchy principal value. 
By virtue of these various observations and the further fact that ei(v') = ei( — >■'), 
H(V') = — ei( —«■'), Eqs. (2) and (3) follow from Eq. (4). There are two relations, 
Eqs. (2) and (3), because in the complex equation (4), the real and imaginary parts of 
the left-hand side must vanish separately. 

From Eqs. (2) and (3) it follows that any observable change in refractive 
index in the microwave region would imply a fantastically high absorption. 
For estimating orders of magnitude it will suffice to assume that si falls off 
linearly from v — 0 to v = vi and is constant thereafter. Let us suppose 
that ei — 1 is one-tenth of 1 per cent lower for Xi = cjv\ = 1 cm than the 
value 0.000558 for X = ». This change is probably far too small to have 
any importance for trapping or duct phenomena. On evaluation of the 
integral it is found that the absorption would be at least 0.5 db/km for 
all wavelengths shorter than about 2 cm. This attenuation would be so 
high as to cause a great deal of difficulty and lead to contradiction with 
experiment. Thus we can safely conclude that for all frequencies in the 
microwave region, the static value of the dielectric constant can be used without 
appreciable error. 

In actual materials, z\ varies with v in a more complicated way than in 
the linear fashion assumed in the preceding paragraph in order to estimate 
orders of magnitude. We may distinguish between two cases, viz., the 
nonresonant and the resonant. In the first of these the real part of the 
dielectric constant decreases monotonically as the frequency is increased 
from zero to infinity. The standard theory of nonresonant absorption is 
that of Debye in classical theory and transcribed into quantum mechanics 
by Kronig and Gorter.1 I t assumes a molecule whose free rotations are 
resisted by a viscous force and leads to the formula 

ej — is* = ~ + £„, (5) 

where Av is the line-breadth constant and e0 — s„ has the significance 

_ 4irAV (6) 

in terms of the dipole moment M of the molecule and the number N of mole
cules per unit volume. The refraction and absorption predicted by Eq. (5) 

1 P. Debye, Polar Molecules, Chemical Catalog Co., New York, 1929, Chap. 5; 
C. J. Gorter and R. de L. Kronig, Physica, 3, 1009 (1936); R. de L. Kronig, ibid., 5, 
65 (1938). 
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are shown in Fig. 8-1.1 The absorption implied by a given change eo — e 
in dielectric constant is of the same order of magnitude as in the example 
discussed in the preceding paragraph. 

If the absorption is of the resonant rather than nonresonant type, there 
is still no escape from the conclusion that to avoid fantastically large absorp
tion, the refraction must be appreciably constant over the microwave 

1.50 

1.25 

1.00 = r 

i 0.75 

0.50 

0.25 

FIG. 8'1.—Dependence of nonresonant refraction and absorption on frequency. The 
curves are based on the theory of Debye. The dashed and solid curves relate to the refrac
tion and absorption. The notation v, \, is used for At>, c/' Ai> respectively. 

d o m a i n . W i t h a r e s o n a n t f r e q u e n c y v0, t h e q u a n t u m - m e c h a n i c a l f o r m u l a 

fo r t h e c o m p l e x d i e l e c t r i c c o n s t a n t is 

1 = 
Av-g Av 

(vl 2 [-i(v0 - v) + Av] 

Av^ 
~2~1;;K„ 

- - 1 1 -
"0 / "0 

(7) 

vi + Av\ 

1 In many tests it is customary to plot the absorption per wavelength rather than 
the absorption per fixed unit length. The absorption curve then, because of an extra 
factor X, shows a maximum at a particular frequency rather t h a n increasing monol> 
onically with frequency as in Fig. 8 1 . 
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where A is a dimensionless constant. In Eq. (7), the line-broadening is 
supposed due to collisions, and throughout the chapter we neglect the 
influences of the Doppler effect or of radiation damping, as their effects in 
the microwave region are negligible. In case the line-breadth constant Av 
is small compared with the resonance frequency, by far the most important 
part of the absorption and dispersion is that in the immediate vicinity of 
the resonance center. In this region, the formulas for ei and e2 become 
substantially 

1 = A Vp 
2 

(fo — v) 
AS + (y - v„)* 

and 

£2 = 
Av 

AS + (v - x„)2. 

(8) 

(9) 

These formulas show the situation to be different from the nonresonant 
case, where ei decreased monotonically with increasing v. The maximum 
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Fio. 8-2.- -Dependence of resonant absorption and refraction on frequency in the vicinity 
of resonance. 

and minimum values of si — 1, viz., + AP0/4AV, are achieved at 
v = vn + Av. As PO » Av, the difference As = Avo/2Av between these 
extremes is much larger than era — e0 which by Eq. (7) equals A. The sit
uation in the immediate vicinity of the absorption line is sketched in Fig. 8 2 
The maximum value of the absorption (assuming v0^> Av) is achieved at 
v = K„ and by Eqs. (1) and (9) is 0.434(2TT) X As X 108(1/X0) where X0 = c/v0. 
Thus if there is a resonant line that changes the value of n2 — 1 for air by 
1 part in 1000 (that is, As = 5.8 X10 - 7), the absorption at the center of the 
line will amount to 1.6/Ao db/km. Again an appreciable change in the 
refraction cannot occur without being manifest in absorption. 
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Sections 8-2 and 8-3 treat the atmospheric attenuation by lines in 0 2 and 
H 20 located at about \ cm and 1.35 cm respectively. These resonances are 
of importance from the standpoint of absorption, but from the preceding 
formulas the concomitant changes in refraction are found to be inconse
quential; namely, the two extremes of the kink in the values of n2 — 1 
which is caused by the O2 absorption near \ cm should differ from each other 
by only about 1 part in 300. This estimate may be too large because the 
absorption by oxygen is complicated by the fine structure from molecular 
rotation and so cannot be treated as a single line. In the case of the water-
vapor line at 1.35 cm, the absorption is much weaker than that for 0 3 and 
gives a change in n1 — 1 amounting only to about one part in several thou
sand, too small an effect to have any appreciable bearing on nonstandard 
refraction. In heavy rains, the absorption arises more from drops than 
from uncondensed vapor; it is then essentially nonresonant in character 
and of a type to be studied in Sec. 8-7. In extreme torrential rains, occur
ring mostly in the tropics, the attenuation in the 1-cm region can be as large 
as several decibels per kilometer, and then n2 — 1 might differ from the 
static value by one part in a few hundred, but such behavior will be rela
tively rare. 

THEORY OF ABSORPTION BY UNCONDENSED GASES * 

B Y J. H. VAN VLECK 

The absorption of microwaves in the atmosphere arises from both free 
molecules and suspended solid particles, that is, dust grains and especially 
the water drops condensed in fogs or rains. The present section is con
cerned only with the molecular absorption. The influence of particles will 
be treated in Sec. 8-7. The attenuation brought about by the gaseous and 
particle mechanisms enters additively; in other words, the decay that we 
now compute is always present as a "background" superposed on any 
effects produced by particles. (The size of the two effects will be 
compared in Sec. 8-7.) When it rains, they are often of the same-
rough order of magnitude. In a noncondensed atmosphere the ingredients 
that absorb microwaves are (1) oxygen, which has a magnetic interaction 
with the incident radiation because the 0 2 molecule is normally in a para
magnetic 3S state, and (2) water vapor, which contributes because of the 
electric polarity of the H 20 molecule. In both cases, there are certain fre
quency regions where the absorption is abnormally large because of reso
nance. In the case of oxygen, this region occurs at wavelengths in the vicin
ity of \ cm (and also ; cm), and at the peak of the resonance the absorption 
is over 15 db/km. In the case of water, the resonance center is at 1.35 cm, 

1 The material in Sees.-8'2 and 8-3 was for the most part given in RL Reports Nos. 
175 and 664, which present a more complete discussion. Further improvements in 
numerical values found here are given by J. H. Van Vleck, Phys. Rev., 71, 413^ (1947). 



SEC. 81] ABSORPTION BY VNCONDENSED GASES 647 

but with a much weaker absorption. Naturally the amount of absorption 
depends on the humidity—at saturation at 20°C the absorption at maxi
mum resonance amounts to about 0.4 db/km—enough to have some bear
ing on radar performance over long path lengths. 

The following tables give a bird's-eye view of the absorption due to the 
two causes. 

TABLE 81.—THEORETICAL VALUES OF ATMOSPHERIC ABSORPTION BY OXYGEN 

*, 
cm 

100 
30 
10 
3 
1.5 

y, 
db/km 

0.0014 
0.0050 
0.0066 
0.0072 
0.0089 

X, 
cm 

1.00 
0.667 
0.588 
0.556 
0.50 

7, 
db/km 

0.014 
0.077 
0.32 
1.99 
14 

\ 
cm 

0.465 
0.435 
0.400 
0.200 

7, 
db/km 

5.0 
0.51 
0.19 
0.03 

TABLE 82.—THEORETICAL VALUES OF THE RATIO OF ATMO.SPHERIC ABSORPTION BY 
WATER VAPOR TO NUMBER OF GRAMS OF H20 PER CUBIC METER 

\ 
cm 

10 
3 
2 
1.5 

y/p, 
db/km per g per mJ 

0.000025 
0.00039 
0.0016 
0.011 

A, 
cm 

1.43 
1.35 
1.25 
1.11 

T/P, 
db/km per g per m3 

0.015 
0.020 
0.018 
0.009 

\ 
cm 

1.0 
0.667 
0.5 
0.3 

T/P, 
db/km per g per nr> 

0.0059 
0.0041 
0.0058 
0.014 

The entries in Table 8 1 give the decay constant y in decibels per kilometer 
from the absorption by oxygen. In other words, besides the decrease due 
to the inverse square law, the intensity of the beam diminishes at the rate 
IQ-O.IT^ where I is the effective path length in kilometers. 

The absorption by water vapor is, of course, directly proportional to 
the vapor content in Table 8-2, and consequently we give the absorption 
divided by the density p of water vapor in grams per cubic meter. For 
temperate latitudes (20°C) in summer, there are on the average about 7.5 g 
of water per cubic meter. On the other hand, at saturation at 20 °C, 
sea level, the value is p = 17 g/m3. Under tropical conditions the content 
can be even higher. 

The calculations for the preceding table are made on the assumption 
that the air traversed is at 76-cm pressure and 20°C. When waves are 
being used at a substantial altitude, allowance must be made for the fact 
that the quotient of density by temperature, to which absorption is pro
portional, diminishes at high altitudes. Approximate allowance for this 
fact can be made in the case of oxygen by taking the effective path length I 
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to be Z0 I 1 jj~— 1, where U is the actual path length and h, h' are, 

respectively, the elevation of the initial and terminal points in kilometers. 
In considering the effect of water, allowance must be made for the variation 
of the fractional vapor content of the atmosphere with altitude, and an 
appropriate mean density must be used. The corrections to be made be
cause the temperature may not be 20°C are relatively unimportant except, 
of course, for the influence on the amount of water vapor. The absorption 
by oxygen is roughly proportional to 1/T2as long as the pressure is constant. 
The temperature corrections for water will be discussed more fully in 
Sec. 8-3. 

At wavelengths less than about 1 mm, the absorption by water vapor is 
so high as to make such wavelengths useless for transmission except over 
exceedingly short distances. This statement does not apply, of course, if 
the wavelength is reduced indefinitely. Obviously, for instance, the 
atmosphere is not opaque in the optical region—otherwise we could not 
live. The opening up of the atmosphere to transmission, however, occurs 
only when the frequency becomes high compared with the rotational fre
quencies of the water molecule, and then we are in the infrared rather than 
in the very short microwave region.1 Values of the absorption in the 
millimeter region will be given in Sec. 8-3, Fig. 8-7. 

8-2. Oxygen.—To have appreciable absorption, it is necessary that the 
incident frequency not differ too much from an atomic or molecular reso
nance frequency, which by quantum theory is proportional to the difference 
between two molecular energy levels. Even the shortest microwave is very 
long by ordinary optical standards; hence appreciable absorption is to be 
expected only if there are closely spaced energy levels between which transi
tions are permitted by the selection rules of quantum mechanics. The 
nitrogen and oxygen molecules, which are the important constituents of 
dry air, are both nonpolar or, in other words, devoid of a permanent electric 
moment active in the infrared or microwave region. As a result, only per
mitted transitions in electric dipole radiation connect different electronic 
states and give rise to absorption in the visible or ultraviolet rather than 
the microwave region. 

I t must not, however, be overlooked that the oxygen molecule is 
paramagnetic or, in other words, has a permanent magnetic moment 
and can consequently absorb microwaves. Absorption is usually thought 
of as arising only from electric dipoles, but it can arise from magnetic 
polarity also, as Maxwell's equations are symmetric in E and H. At first 
sight, it might appear that any effect of this kind would be negligible, for 
molecular magnetic moments are much smaller than electric ones, cor
responding to the fact that one Bohr magneton is about TOT of a Debye 

■For a calculation of the absorption by water vapor in the infrared, see W. M. 
Elsaeser, Aatrophys. Jour., 87, 497 (1938). 
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1.976cm-

K=9 

unit of electric polarity. Actually, however, the resulting attenuation 
is not negligible, because of the great path lengths in the atmosphere and 
because there is resonance to the energy intervals in the oxygen triplets 
if the incident wavelength is about \ cm. The magnetic moment has 
diagonal matrix elements also involving no energy change and hence zero 
frequency; or in classical language, there exists a constant term in its 
Fourier expansion. A corresponding term is not found for electric 
dipoles. A completely undisturbed constant moment does not give 
absorption; but when allowance is made for interruption by collisions, 
the constant or diagonal elements are capable of absorbing energy and 
give rise to a feeble attenuation in the conventional microwave region. 

From band spectra the oxygen 
molecule is known to be in a 32 
ground state and to carry a mag
netic dipole moment of 2 Bohr 
magnetons (spin quantum number 
S = 1; gyromagnetic ratio g = 2). 
This magnetic moment interacts 
with the "end-over-end" rotation 
of the oxygen molecule to form 
what is sometimes called a "rho-
type triplet."1 If K be the rota
tional quantum number exclusive 
of spin, then K is compounded 
vectorially with the spin S to yield 
a resultant inner or rotational 
quantum J for the molecule, which 
can take on the values J = K — 1, 
K and K + 1. The illustration in Fig. 8-3 is not to scale, as the spacing 
between the different rotational states K is large compared with the inter
vals within the triplet and involves energy intervals appropriate to the in
frared rather than the microwave region. Because the oxygen nucleus 
is devoid of spin, the Pauli exclusion principle allows K to take on only 
odd values, but K can range from 1 to °°, and only the rotational states 
7, 9 are shown in Fig. 8-3. The components J = K — 1 and J = K -+- 1 
nearly coincide and differ from J = K by intervals that depend on K 
but which, with one exception, are about 2 cm-1, corresponding to a 
wavelength of \ cm. The one exception is furnished by the components 
J = 0, 1 of K = 1 for which the separation is approximately 4 cm - 1 , 
implying absorption in the vicinity of \ cm. At first sight it might seem 
that the small separation of J = K — 1 and J = K + 1 gives us just what 
we want for a low-frequency resonance, of the order X = 10 cm, i:i the 

1 For a detailed discussion of this triplet and further references, see R. Schlapp, 
Phys. Rev.. 61, 343 (1937). 

K=7 

FIG. 
spectrum of oxygen. 
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conventional rather than the very short microwave region. This is not 
really the case, however, as there are no matrix elements of the magnetic 
moment vector connecting J = K — 1 with J = K + 1, because of the 
selection rule that J cannot change by more than one unit. 

The general quantum-mechanical formula for the absorption co
efficient 7 for microwaves of frequency v is 

A, ,„\X2(W'/(>,„»)}e^ 

'-"■"-"(ffi" y^— <10) 
3 

Here /ty is the matrix element of the dipole moment connecting two 
stationary states i, j , of energy Eu Ej respectively; vi} is the frequency 
of the corresponding spectral line, given by the Bohr frequency condition 
hvti = Et — Ef, and N is the number of molecules per cubic centimeter. 
The frequency of the incident radiation is denoted by v. The factor 
106logi0e is inserted in order that the absorption be expressed in decibels 
per kilometer. The factor }{vih v) is the so-called "structure factor" 
determining the shape of the absorption line and is given by the expression 

/("<„ ") 
Av , Av 

_{Vii - v)> + AS ' (vti + vf + AS 

Near resonance, Eq. (11) is practically identical with 

Av 
/("«, v)~\ (Vi] - v)2 + A»2 

(11) 

(12) 

Equation (12) is the form of structure factor commonly given in the 
literature and is adequate for most purposes, especially in the optical 
region. This approximation, however, is not adequate in all applications 
in microwaves, as we shall sometimes be interested in cases where {vit — v) 
and even Av may be of the same order of magnitude as v. It is then 
necessary to use the more refined formula' of Eq. (11). For the 
theory underlying Eq. (11), which involves inclusion of a term omitted 
in the standard Lorentz theory of collision broadening, the reader is 
referred to a paper by Van Vleck and Weisskopf.1 The constant Ay is 
the so-called line-breadth constant. It is proportional to the number of 
collisions per unit time but cannot be calculated theoretically, as the 
collision cross section is not known. Uncertainty as to the value of Av 
has been the greatest stumbling block in the theoretical calculation of 
absorption. This point will be discussed more fully later, but it can be 
mentioned here that the microwave measurements themselves have 
contributed a great deal of information on the magnitude of A v. In fact, 

> J. H. Van Vleck and V. Weisskopf, Rev. Mod. Phys., 17, 227 (1945). 
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from a theoretical standpoint, one of the interesting features of micro
wave absorption is that it covers a region where Ac may be comparable 
to v, and the distinction between Eqs. (11) and (12) consequently cease 
to be trivial. In other words, questions of line profile can be studied to 
greater advantage in the microwave than in the optical region. 

As hvtj = Et — Ej = — hvj,, we have /(*«, v) = — f{vjf, v) and the 
contribution of a typical term i, j in Eq. (10) to the absorption is positive 
or negative (induced emission) according as the energy of the state i is 
greater or less than that of j . To any given term i,j in the double sum in 
Eq. (10) there is also a corresponding term j,i whose contribution is of 
opposite sign and which would cancel the effect of i,j completely were it 
not for the difference in the Boltzmann factors for the states i and j . How
ever, in case the frequencies vtj are small compared with kT/h,. this 
difficulty of nearly compensating terms may be avoided by using the 
approximation 

vifi^ + ^ = \*$ ( ^ + < A (13) 

which shows that the positive and negative terms nearly cancel 
if hvn <<C kT. Use of the simplification (13) is fully warranted in the 
present calculation on oxygen, as the width of the rho-type triplet is 
only about rh> of kT/h. When Eq. (13) is employed, Eq. (10) becomes 

7 = 10»(logl„ e) g ^ - ^ E 1 (14) 

The advantage of using Eq. (14) rather than Eq. (10) is that all the terms 
of the numerator of Eq. (14) are positive. 

In the present specific application to oxygen, the index i (or f) signifies 
a trio of quantum numbers J, K, M, (or J', K', M'), where we have 
J = K — 1, K, K + 1 as previously explained, and where M is the 
equatorial quantum number associated with the space quantization of J. 
Various simplifications are possible, however. In the first place, the 
energy does not depend on M and only slightly on J; hence, in the Boltz
mann factors, but not, of course, in the frequency differences vti we can 
take E{K, J) = EK. The matrix elements n(KJM; K'J'M') of the mag
netic moment are of the type K' = K, J' = J, J — 1, J + 1. Conse
quently it is found that Eq. (14) can be written 

, , „ 2 [ G W k + G ^ 5 r - + F(y)A0] e~*T 
y = W O o * . . ) ^ * ^ (15) 

^ 3(2K + 1) e kT 
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Here we have used the abbreviations 

J = K +1 M = J M' = J 

I I I 
J = K - 1 M = -J M> = -J 

J = K + 1 M = J M ' = J . 

»™= I I I \KKJM; KJM')\\ 
M = K M' = K ± 1 , , 

"**= = I I \^KKM> KK ± lM'}\ 
M = -K M> = - X = F 1 

vK± = I V{KK; KK ± 1) |, 

GK± = 2 | VK±KVK±, v)\, 

F(v) = lim [*,,/(,<„ P)] 
2v Ac 

>0 TT(V2 + Av2) 

The intensity formulas of quantum mechanics1 appropriate to the type of 
vector addition involved in a rho-type triplet (Hund's Case b) show that 

, 2 WK{2K + 3) 2 4/32(K + 1)(2K - 1) 
MK+ " K~^\ "K- ~ K 

2 _ W(K2 + K + i)(2K + 1) ' ( 1 6 ) 

Mxo - K(K + 1) ' 

where /3 is the Bohr magneton eh/4imic. 
The third member of Eq. (15), that is, the term with factor F{v), repre

sents the nonresonant part of the absorption from the diagonal matrix 
elements that are the quantum-mechanical equivalent of a constant term 
in the Fourier expansion. Without appreciable error the approximation 
MJCO — 8/32 (2K + 1) can be made in Eq. (16), as most rotational states 
have K » 1. Then the sum cancels from numerator and denominator 
in the third member of Eq. (15); consequently the nonresonant part of 
the absorption is given by the very simple formula 

. „ , , . 64x2^2iV i>2Ae 0.34y2A« .,_, 
yNR = 10*(logI0 e) - g ^ ^ - ^ 2 = 7 T ^ 2 - (17) 

This expression has precisely the same structure as the well-known classical 
formula of Debye for absorption at radio frequencies in dielectric liquids, 
which is obtained by substituting Eqs. (5) and (6) in Eq. (1). The 
square of the dipole moment in this connection is SfP/Z = g2S(S + 1) /P/3, 
where g is the Land6 factor and S is the spin quantum number; the 
factor ^ appears because one-third of the total mean square moment is of 
the diagonal variety, the other two-thirds being consumed by the non-
diagonal type J' = J ± 1. 

1 Cf. E. U. Condon and G. H. Shortley, Theory of Atomic Spectra, Cambridge, 
London, 1935, p. 66, or J. H. Van Vleck, Electric and Magnetic Susceptibilities, Oxford, 
New York, 1932, p. 167, Eq. (88). 

file:///KKJM
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The nonresonant effect represents the most important part of the 
absorption when the incident wavelength is very long compared with 
the resonance wavelength 5 cm but nevertheless does not give enough 
absorption to be important for most practical purposes, as can be seen 
from the entries in Table 8-1 for X > 3 cm. The distinction between the 
resonant and nonresonant absorption is, in a certain sense, a purely 
artificial one, as the diagonal part of the absorption is merely a special 
case of the general resonant variety in which the resonance frequency 
happens to be zero. Prior to the revision, already mentioned, of the 
Lorentz theory, the diagonal and nondiagonal contributions to the absorp
tion had to be treated in different ways, as the one type did not properly 
reduce to the other when the resonant frequency was set equal to zero, 
or in other words,. the general formula for absorption with an arbitrary 
absorption frequency did not include the Debye-Kronig expression as a 
special case. However, we now have a unified theory in which this 
difficulty is avoided. 

The first and second members of Eq. (15) give the contribution of 
the nondiagonal elements to the absorption, which is particularly im
portant in the vicinity of X = £ cm. This resonant absorption is not 
given by so simple an expression as Eq. (17). In the Boltzmann factors 
we can take WK = BK(K + 1) with B = 1.44 cm"1 with the result 
that at 293°K we have 

g kT _ 2Q-0.00301X(K+1) 

Because of the exclusion principles only odd value of K are involved in 
the summation. Without appreciable error, the sum in the denominator 
can be replaced by the integral 

z( ° Ke-BK'/kTdK= ~ -
Jo *B 

On the other hand, the first and second members of the numerator must 
be summed in detail, and it is necessary to know the energy levels fairly 
accurately. Here the values shown in Table 8-3 have been adopted. 
They are based largely on the spectrosopic measurements of Dieke and 
Babcock,1 except that (1) the value of vK- for K = 1 cannot be observed 
directly and is obtained from a theoretical formula of Schlapp2 and (2) 

1 G. H. Dieke and H. D. Babcock, Proc. Nat. Acad. Sci., 13, 670 (1927). Recently 
an improved determination of the triplet intervals has been made. [H. D. Babcock 
and L. Herzberg, Astrophys. Jour., 108, 167 (1948).] The new values of these inter
vals were not available at the time this chapter was written and differ only very slightly 
from those given in Table 8-3. Hence, use of the revised intervals would not affect 
the calculated absorption appreciably except at very low pressures, where the con
tributions of the individual resonance lines become resolved. 

2 R. Schlapp, loc. Hi. 
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in some cases the measured values have been smoothed out where they 
seem likely to be unreliable. 

TABLE 8-3.—INTERVALS IN THE OXTGEN TRIPLETS 

K 

1 
3 
5 
7 
9 

11 
13 

"K~ 

C 

3.902 
2.084 
2.011 
1.976 
1.949 
1.919 
1.899 

"K+ 
C 

1.872 
1.950 
1.981 
2.021 
2.045 
2.06 
2.08 

K 

15 
17 
19 
21 
23 

5:25 

"K-

C 

1.877 cm-' 
1.864 
1.838 
1.815 
1.81 

f 1.80 \ 
\ - 0.01 X (K - 25)/ 

VJ^± 
c 

2.10 em"1 

2.12 
2.14 
2.16 
2.18 

/ 2.20 
\ +0.01 X (K -

1 
- 2 5 ) / 

In regions well removed from the absorption band (that is, for X > 1 or 
< £ cm), one can make the centroid approximation of considering all 
the frequency denominators to be the same and use the approximate 
formula 

~ Ay Av 

Av 

In comparing the theory with experiment, one must first of all select 
some value of Av. No direct measurements on the line breadth Av are 
possible in the infrared spectrum, since oxygen is electrically nonpolar. 
By extrapolating from CO and other gases, Van Vleck originally (in 1942) 
considered 0.1 cm - 1 as the most reasonable choice for Av/c, but the sub
sequent experimental work of Beringer, who measured the absorption of 
microwaves in a waveguide filled with oxygen, shows that 0.1 cm - 1 is 
definitely too high a value for Av/c and that Av/c is probably between 
the limits 0.02 and 0.05 cm""1. This conclusion is in agreement with the 
fact that improved infrared technique practically always seems to indicate 
that the conventional values of Av/c are too large. Besides Beringer's 
experiments, which will be discussed in Sec. 8-4, we have the measure
ments on the absorption of O2 made by Mueller,1 who determined how 

> G. E. Mueller, BTL Report No. MM-44-160-150, July 3, 1944; also PTOC. IRE, 
34, 181 P (1946). Note added in proof. During the printing of the present volume 
further determinations of the absorption of oxygen by transmission measurements in 
wave guide have been made. See M. W. P. Strandberg, C. Y. Meng, and J. G. Inger-
soll, Phys. Rev., 76, 1524 (1949). 

, = o.34(|) 
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much the transmission of air over a long path deviated from the inverse 
square law at a wavelength of 0.625 cm. At this wavelength, practically 
all the absorption is due to the oxygen in the air. Mueller concludes 
that Av/c must be less than 0.09 db/km. As the theoretical value 
of Av/c at 0.625 cm is 6.5 (Av/c), Mueller's measurements seem to demand 
that the line-breadth constant Av/c not exceed 0.014 cm-1, which is lower 
than the range of values yielded by Beringer's investigations. Mueller's 
experiment requires extreme precision. The value 0.09 db/km cor
responds to a reduction of only 0.8 per cent in the transmitted signal over 
the quarter-mile path that he used. Mueller informs the author that 
it is allowable to raise his upper limit to 0.13 db/km. This corresponds 
to a line breadth 0.02 cm-1, the lowest value of Av/c, which seems reason
able in the light of Beringer's experiments, although a sharp definition of 
his least admissible Av/c is not possible. In addition, by the radiometer 
method to be described in Sec. 8-5, measurements have been made on 
the total absorption by oxygen in the earth's atmospheric layer.1 The 
wavelengths (1, l j , 1 | cm) employed in these experiments are so far from 
resonance that the effect is weak and hard to determine with precision. 
The indications are that the best fit is obtained if Av/c is of the order 
of 0.02 cm -1. In the combined light of the Beringer, Mueller,2 and Dicke 
data, 0.02 cm - 1 is perhaps the most reasonable value for Av/c and is that 
used for Table 8-1. 

The values of the computed absorption by the oxygen of the atmosphere 
are shown in Fig. 8-4 as a function of wavelength. The various varieties 
of points in Fig. 8-4 give Beringer's experimental points. The measure
ments on pure or 50 per cent 0 2 are reduced to "air equivalent" by assum
ing that at given total pressure the absorption is directly proportional 
to the concentration of oxygen. This procedure appears legitimate, 
since Beringer's data show the collision cross section to be substantially 
the same for O2 — N2 and O2 — O2 impacts. Figure 8-4 shows clearly 
that the early choice Av/c = 0.1 cm - 1 for the line breadth does not fit 
the data well and that Beringer's measurements probably fix Av/c between 
the limits 0.02 and 0.05 cm-1. 

The wobbles in the curve for Av/c = 0.02 cm - 1 are explained by the fact 
that at certain wavelengths there is an extremely close resonance to a 
particular rotational transition. This effect does not show up at 0.05 or 
0.1 cm-1, as the lines are so broad that they overlap, whereas at 0.02 one 
has an incipient resolution of the contributions of the different rotational 
states. By working with low pressures and well-stabilized frequencies, it 
should ultimately be possible to resolve this fine structure. In fact, micro-

1 R. H. Dicke, R. Beringer, R. L. Kyhl, and A. B. Vane, Phys. Rev., 70, 340 (1946). 
2 Measurements similar to those of Mueller have also been made by H. R. L. Lamont 

[Proc. Phys. Soc, 61, 562 (1948)1. 
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wave spectroscopy should ultimately prove the method par excellence of 
accurately determining the low energy levels of molecules as well as of 
line profiles. Beringer's measurements already include some data at low 
pressures, but the scatter of the individual runs is considerable. The 
theoretical curves for the absorption as a function of total pressure, with 
attempts to correlate with Beringer's data, are oublished elsewhere.1 
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F I G . 8'4.—Atmospheric attenuation by oxygen as a function of wavelength. The 
measurements, when made on other than 20% O2, are reduced to "air equivalent values" 
by assuming that at given total pressure the absorption is proportional to the partial pressure 
of oxygen. 

8-3. Uncondensed Water Vapor.2—Actually, of course, the atmosphere 
is never completely dry, and we should therefore consider the absorption 
by water vapor in addition to that by oxygen. It is essential that the 
states of the water molecule be treated quantum-mechanically, for the 
precise spacing of the rotational energy levels cannot be deduced classi
cally. The polarity to be considered is now electric rather than magnetic, 
of course. The important fact to note is that there is no absorption of 
the nonresonant type, or, in the language of quantum mechanics, the 
electric moment matrix of the molecule contains no diagonal elements. 
This situation is the result of the selection rules connecting transitions 

• ' See R L Repor ts Nos. 175 and 664, which present a more complete discussion; 
also J. H. Van Vleck, Phyx. Rev., 71 , 413 (1947). 

2 See also J. H. Van Vleck, Phys. Rev., 71 , 42.5 (1947). 
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between the energy levels of different symmetry types. It can be shown 
by group theory or otherwise that the rotational energy levels of the 
water molecule are of four different symmetry types, which are usually 
designated as +-f-, , — h , and -\—. The selection rules permit 
the rotational quantum number J to change only by not more than one 
unit and allow + + to combine only with and —I- to combine only 
with H—. Nonresonant absorption would require diagonal matrix 

T A B L E 8-4.—Low ROTATIONAL E N E R G Y L E V E L S OF H 2 0 M O L E C U L E S IN C M - 1 

JT 

+ +0„ 

+ - l i 
- - lo 
- + 1 - 1 

+ + 22 
- + 2 i 
- - 2„ 
+ - 2_, 
+ + 2_2 

+ - 3, 
- - 3 2 

- + 3 , 
+ +3» 
+ - 3_, 
- - 3 _ 2 

- + 3 _ 3 

E 
he 

0 

42.36 
37.14 
23.76 

136.15 
134.88 
95.19 
79.47 
70.08 

285.46 
285.26 
212.12 
206.35 
173.38 
142.30 
136.74 

JT 

+ + 4, 
- + 4 3 
- - 4 2 

+ - 4 , 
+ + 4„ 
- + 4_, 

i 4_2 
i + - 4-., 

+ + 4_, 

+ - 5S 
- - 5 , 
- + 5 3 

+ + 52 
+ - 5t 
- - 5„ 
- + 5_, 

E 
he 

488.19 
488.19 
383.93 
382.47 
315.70 
300.33 
275.23 
224.71 
221.94 

742.18 
742.18 
610.34 
610.16 
508.80 
503.90 
446.39 

JT 

+ + 5-2 
+ - 5_3 
- - 5 . , 
- + 5-6 

+ + 6 6 
- + 6 6 
- - 6 4 
+ - 6 3 
+ +62 
- + 6 , 
- - 6 0 

+ - 6_, 
+ +6_2 
- + 6 _ 3 
- - 6-4 
+ - 6_6 
+ + 6 - 6 

E_ 
he 

416.00 
399.44 
326.50 
325.27 

1045.14 
1045.14 
888.74 
888.70 
757.72 
756.78 
661.54 
649.03 
602.71 
552.94 
542.74 
447.17 
446.66 

elements and so would demand that + + combine with + + , etc.; this is 
not allowed. (The corresponding selection rule for the magnetic dipole 
moment of oxygen is that + combines with + and — with —; con
sequently, there was a nonresonant absorption in 02 which at very long 
wavelengths was more important than the resonant.) To have an 
appreciable contribution to the absorption it is necessary, therefore, that 
there be some small resonance frequencies, or, in other words, two closely 
spaced combining energy levels. Table 8-4 shows the energy levels of 
the water molecule, according to Dennison,1 up to those of total rotational 
quantum number 6. The subscript r specifies a second quantum number 
whose details need not be described here. 

The table shows that there are many closely spaced energy levels. For 
instance, the energy difference between the states 33 and 32 is such as to 
correspond to an absorption maximum at a wavelength of 5 cm. Com-

1 D . M. Dennison, Rev. Mod. Phys., 12, 189 (1940). 
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bination of these two levels is not allowed by the selection rules, however; 
this is also true, with one exception, for all the small intervals in the 
table. The exception is the pair 5_i, 6_5, which can combine. According 
to the table, the corresponding absorption maximum is at v/c = 0.78 cm - 1 

or X = 1.28 cm. Unlike the situation in the optical region, however, 
where the wavelength is a quantity known with great accuracy, the wave
length of the transition in question is not determined with much accuracy 
from the infrared data. The trouble is, of course, that small differences 
between relatively large quantities (the excitation energies above the 
very lowest state) can be determined only if the energy levels themselves 
are known with extreme accuracy. According to an earlier table of 
energy levels by Randall, Dennison, Ginsburg, and Weber,1 the estimated 
wavelength of the line in question is 1.46 cm. The difference 0.18 between 
this value and Dennison's estimate 1.28 is probably comparable to the 
error inherent in trying to work out the levels from the infrared data; 
for one thing, it is commensurate with the breadth of the line, as we 
shall see later. After the development of microwaves and radar had 
aroused interest in knowing the wavelengths of absorption resonances 
accurately, measurements of the absorption of water vapor as a function 
of frequency in the vicinity of 1 cm were made at Columbia Radiation 
Laboratory by a method to be described in Sec. 8-5; the wavelength 
of the transition 5_i, — 6_5 was found to be 1.344 cm.2 

The intensity and breadth of the line must also be known. The 
intensity can be calculated from the known dimensions of the water 
molecule and from the quantum mechanics of the unsymmetrical top. 
The so-called "line strength" (square of the dipole moment summed over 
the various Zeeman components and hence inclusive of the statistical 
weight) is found to be 0.17 (1.84 X 10"18)2 in esu. The line-breadth con
stant Av has steadily diminished as time has progressed and the measure
ments have become more accurate. Early infrared work indicated that 
Av/c was in the vicinity of 0.3 cm-1. In view of the importance of this 
quantity for microwave physics, improved measurements3 of the breadth 
of water-vapor lines were made in the infrared laboratory at the Uni
versity of Michigan. These experiments gave the result Av/c = 0.17 and 
later 0.11 cm -1. The breadth of the line can be measured far more 
accurately, however, with microwave than with infrared technique, 
inasmuch as in the microwave region the breadth is comparable to the 

1 H. M. Randall, D. M. Dennison, N. Ginsburg, and L. R. Weber, Phys. Rev., 52, 
160 (1937). 

2 More recent work places this line at 1.3481 cm. See C. H. Townes and F. R. 
Merritt, Phys. Rev., 70, 558 (1946). 

3 A. Adel, NDRC Report No. 14—320, University of Michigan, Oct. 10, 1944, and 
especially the supplement thereto. His "half breadth" is the same as twice our quan
tity Av/c. 
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frequency of the line itself. The recent microwave measurements at 
Columbia Radiation Laboratory (see Sec. 8-5 and Fig. 8-5) yield the 
shape of the line in detail and indicate that for low densities of water 
vapor, the best choice of the parameter Av/c is 0.087 cm-1. The agree
ment with the Michigan data is within the latter's limit of error, which is 
estimated to be 0.02 cm-1. In the calculation of the values of the ab-
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FIG. 8'5.—Theoretical and experimental results on attenuation by water vapor in the 
1 — cm region at a temperature of 45°C. The lower curve gives theoretical values based on 
i c / c = 0.087 cm'1 . The upper curve represents measurements made at the Columbia 
Radiation Laboratory. The units used are: 7 in decibels per kilometer, X in cm, and p in 
grams per cubic meter. 

sorption shown in Fig. 8-5, the round value Av/c = 0.1 cm - 1 will be used 
as a sort of mean of the Columbia and Michigan determinations. An 
interesting result of the Columbia experiments is that at atmospheric 
pressure the line breadth Av/c depends somewhat on the partial pressure 
of the water vapor. For instance, at a content of 50 g/m3 (which could 
be obtained without condensation in the Columbia experiments because 
a temperature of 318°K was used) the value of Av/c is about 0.107, instead 
of 0.087 cm-1. The dependence on the H 20 vapor pressure is such as to 
indicate that H 20 — H 20 collisions have about five times as great a cross 
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section as the H 20 — 0 2 or H 2 0 — Nj. This observation is another illus
tration of the wealth of information on collision broadening furnished by-
microwave spectroscopy. In applications to radar, the value of Av/c ob
tained by extrapolation to zero vapor pressure can be employed without 
appreciable error, as at ordinary temperatures the atmosphere is saturated 
at comparatively low densities (about 20 g/m3). In Fig. 8-5 the experi
mental values of the absorption are those per gram of water per cubic 
meter but extrapolated to zero vapor pressure so as to make the collision 
effects entirely those of water with air rather than with other water 
molecules. 

The formula for the absorption in decibels per kilometer from the 
5_i — 6_5 line in water vapor at T = 293°K is 

Ay Ac ~ 

where p is the number of grams of water per cubic meter and \ is in centi
meters. Equation (18) is essentially a special case of Eq. (14), with 
the moment now electric rather than magnetic, of course. As we are 
dealing with only one line, there is only one pair of terms [combinations 
i,j and j,i in the summation over i,j in the numerator of Eq. (14)]. The 
calculation of the summation in the denominator involves the evaluation 
of the partition function which, in arriving at Eq. (18), has been 
computed numerically by summing over the various stationary states. 

If we set Av/c = 0.1 cm-1, we obtain the values of the absorption 
given in Table 8-5. 

T A B L E 8-5 .—ATTENUATION FROM THE L I N E OF W A T E R VAPOR AT X = 1.35 CM, IN 
D B / K M PER G OF H S O / M ' 

X, cm 

10 
3.0 
2.0 
1.5 

y/p 

0.0000133 
0.000256 
0.00136 
0.0101 

X, cm 

1.43 
1.35 
1.25 
1.11 

y/p 

0.0147 
0.0193 
0.0168 
0.0082 

X, cm 

1.0 
0.667 
0.5 
0.33 

y/p 

0.0047 
0.00150 
0.00107 
0.00085 

Besides the absorption from the 5_i — 6_5 transition, the absorption 
from the other lines should be taken into consideration. To evaluate 
their effect it is necessary to know the line strengths of the various tran
sitions. These have been obtained from some theoretical calculation of 
King, Hainer, and Cross1 for the lines of low rotational quantum number, 

1 G. W. King, R. M. Hainer, and P. C. Cross, Phys. Rev., 71, 433 (1947). 

0.00350P 
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which are the most important ones, and by rough approximation for the 
higher levels. The resulting formula is 

0.012p — 
7 = ^ - (19) 

The corresponding values of the absorption are given in Table 8-6 on the 
assumption that Av/c = 0.1 cm -1. 

T A B L E 8 6 . — A T T E N U A T I O N FROM L I N E S OF W A T E R VAPOR O T H E R T H A N T H A T 
AT 1 . 3 5 CM IN D B / K M PER G OF H 2 O / M 3 

X, cm 

10 
3 
2 
1.5 

y/p 

0.000012 
0.00013 
0.00029 
0.00052 

X, cm 

1.35 
1.25 
1.0 

y/p 

0.00064 
0.00074 
0.0012 

X, cm 

0.667 
0.5 
0.3 

y/p 

0.0026 
0.0047 
0.013 

Comparison of Tables 8-5 and 8 6 shows that in the ordinary micro
wave region, the absorption from resonance with the 5_i — 6_s line far 
overshadows the combined effect of all the other lines. 

The absorption maximum in the vicinity of X = 1.33 cm from 
resonance with the 5_i — 6_5 line is confirmed in measurements made at 
the Columbia Radiation Laboratory by a technique to be described in 
Sec. 8'5. The maximum absorption is somewhat larger than that given 
by theory, amounting at 1.35 cm to 0.03 db/km per g of H 20 per cubic 
meter instead of the theoretical value 0.0199. Instead of graphing the 
absorption itself, it is more instructive to graph the absorption multiplied 
by the square of the wavelength, as then the contribution of the non-
resonant lines given by Eq. (19) becomes merely an additive constant 
independent of frequency. The comparison of the experimental curve 
with the theoretical one based on Av/c = 0.087 is shown in Fig. 8-5.* 
The theoretical curve can be brought into fairly good agreement with 
the experimental one by raising the former by a constant amount. This 

1 The ordinates used in drawing the theoretical curve are about 10 per cent lower 
than the corresponding values in the tables. This change is to allow for the fact that 
in order to obtain higher vapor pressures, the experiments at the Columbia Radiation 
Laboratory were made at a temperature of 318°K rather than at room temperature. 
It can be shown that theoretically, for given vapor density, the absorption from the 

— 280 

line at 1.33 cm should be proportional to e ' (1/T2) in the vicinity of resonance, 
whereas the residual absorption in Eq. (19) should be proportional to 1/T&. These 
corrections allow for the fact that at constant total pressure the line-breadth constant 
Av should be proportional to 1/T^. The value Av/c = 0.087 used in drawing Fig. 8-5 
applies to 318°. The corresponding value at 293° is 0.091 cm"1. 
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corresponds to assuming empirically a nonresonant absorption about 
four or five times the theoretical value. The explanation of this anomaly 
may possibly be that different lines have different line-breadth constants. 
This might be the case, for instance, if, because of resonance effects in 
energy exchange, the most potent collisions are those in which the colliding 
molecules merely exchange rotational states and hence both have nearly 
the same Boltzmann factors, inasmuch as the energy transfer is small 
compared with kT. Then molecules in the populous states have larger 
line breadths than those in less occupied ones, as they are more likely to 
collide with molecules of comparable energy. Thus the effective Av/c 
to be used in Eq. (19) might be larger than that involved in Eq. (18), 
the important lines that contribute to Eq. (19) involving more heavily 
populated states than the pair involved in the resonant absorption (18). 
It is doubtful, however, if the line-breadth constant varies enough from 
line to line to alter the calculated nonresonant absorption by a factor 
4 or 5. Existing experimental evidence on line widths in general indicates 
that the variation with rotational quantum number is not this large. 

More likely the reason that the observed nonresonant or background 
absorption is so much larger than that computed is that the calculation 
utilizes the Lorentz theory of line-broadening, which assumes that the 
collisions are of very short duration. This assumption works well in the 
center of a line, but on theoretical grounds may be expected to fail in the 
wings. In the wing region a more appropriate theory is probably the 
statistical one of Margenau and others. Hence, it may well be that the 
infrared absorption lines tail off less rapidly than one would expect on 
the: basis of the Lorentz structure factor (11). The background absorp
tion contributed by the infrared lines in the microwave region would then 
be greater than that yielded by the theory which was utilized in drawing 
Fig. 8-5. 

In any case, the agreement between theory and experiment is good 
when it is considered that the measurements are made on absolute in
tensities, without any adjustable constant except, to a certain extent, 
the line-breadth parameter Av/c. Absolute intensities in the infrared 
region have often been in error experimentally by a factor 10 or so, whereas 
the disagreement between theory and experiment as to the magnitude 
of the height of the resonance peak in Fig. 8-5 amounts to only a few 
per cent. The size of the theoretical matrix element for the 5_i — 6_6 
transition may be in error by about a fraction of a per cent, as a result of 
not allowing for centrifugal expansion. This correction is not one of 
consequence, however. 

Figure 8-6 summarizes the results by showing the absorption by both 
oxygen and water as a function of the reciprocal of the wavelength. In 
order to have a basis of comparison, it is assumed that 1 per cent of the 



SEC. 8-3] UNCONDENSED WATER VAPOR 663 

molecules in the atmosphere are H20, corresponding to a content of 7.5 g 
of H 20 per cubic meter. In a temperate climate this is approximately 
the amount of water in an average day. When there is saturation, the 
content can be two or three times higher and even greater in the tropics. 
Figure 8 6 shows that oxygen has a resonance near J cm, which has not 
as yet been investigated experimentally, as well as that at \ cm, which 
has been studied in detail. The resonance at \ cm is explained by the 

100 r 

1.0 0.8 0.6 

8 10 cm"1 

0.2 0.15 0.1 cm 
F I G . 8*6.—Theoretical values of atmospheric attenuation by oxygen and uncondensed 

water vapor at sea level for a temperature of 20°C. The solid curve gives the attenuation 
by water in an atmosphere containing 1 per cent water molecules (p = 7.5 g/m3) for 
Af/c ~ 0.10 cm"1. The dashed curve is the attenuation by oxygen for Ay/c = 0.02 cm - 1 . 

fact that one of the doublets for K = 1 is radically different from that 
for other rotational states (c/. Table 8-3). 

Figure 8-7 gives the extension of Fig. 8-6 to the millimeter region, 
where the effect of oxygen is negligible compared with that of H 2 0 and is 
consequently omitted. In Fig. 8-7 it is assumed that the line breadth 
Av/c is 0.11 cm -1, the value indicated by the University of Michigan data. 
If, actually, the line breadth varies from line to line, the absorption may 
be larger than indicated by Fig. 8-7. This figure then loses quantitative 
significance but at least shows where the important resonances are located. 
It is to be emphasized that in drawing Fig. 8-7, Eq. (19) cannot be used, 
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FIG. 8*7.—Theoretical values of atmospheric attenuation by uncondensed water vapor 
in the millimeter region for a temperature of 20°C. The curve is for an atmosphere con
taining 1 per cent water molecules (p = 7.5 g/m3) for AP/C = 0.11 cm-1. 

as one is too close to resonance with many of the lines to permit the 
assumptions v<£vtj basic to Eq. (19). It will be noted that there are 
some very strong resonances in the millimeter region—notably the line 
at 0.164 cm. 

MEASUREMENT OF ATMOSPHERIC ABSORPTION 

BY E. M. PURCELL 

The theory of absorption of microwave energy by oxygen and by water 
vapor has been outlined in the preceding sections. It permits prediction 
of the attenuation in decibels per kilometer path length at any frequency, 
providing certain parameters in the theoretical formulas are known. The 
quantities required are the frequencies of the spectral lines responsible 
for the absorption and the collision widths of the lines under the prevailing 
conditions. The information derived from previous spectroscopic obser
vations was neither sufficieititly complete nor sufficiently accurate for the 
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present purpose. Moreover, until recently few direct measurements of 
microwave absorption had been made, and even in the optical and in
frared region the opportunity for a direct comparison of theory and 
experiment as to the absolute intensity of an absorption line has been 
rare. For these reasons and because of the urgent need for quantitative 
information on the water-vapor and oxygen effects, direct measurements 
of microwave absorption have been undertaken by a number of methods, 
some of which will be described in this section. 

The experiments are difficult because the absorption effects with 
which one is concerned are extremely weak, being in most cases measured 
in tenths or even hundredths of a decibel per kilometer. Consequently 
either one must work with very long paths, handicapped by field condi
tions and uncertain knowledge of conditions along the path; or if one 
uses a short "laboratory" path, he must employ a technique of the utmost 
refinement for measuring a small effect with precision. 

8-4. Direct Measurement of Absorption by Oxygen.—The absorption 
by oxygen in the neighborhood of 0.5-cm wavelength was determined 
by measuring the attenuation in an oxygen-filled waveguide some 6 m 
long.1 The attenuation was compared with that of the same waveguide 
evacuated, and the difference, corrected for the effect of the refractive 
index of the gas upon the guide wavelength and hence upon the guide 
attenuation, was ascribed to the oxygen absorption. The attenuation 
produced by the resistance of the waveguide walls was many times larger 
than the attenuation caused by the gas. Also, at the time of the ex
periments, no 0.5-cm oscillator was in existence, and the measurements 
had to be carried out using the low power available as the second harmonic 
from a crystal rectifier driven at 1 cm. The general scheme of measure
ment2 is shown in Fig. 8-8. 

Most of the apparatus appearing in the block diagram is associated 
with the 1000-cps modulation that was applied to the signal to facilitate 
amplification after detection. In the absence of gas the 1000-cps com
ponent of the detector output was balanced out, the introduction of gas 
then producing an unbalance signal. The waveguide was provided with 
gastight nonreflecting windows, and the system could be flushed or 
evacuated quickly. Methods of this type have the important advantage 
that the composition and pressure of the small amount of gas required 
can be easily controlled. The attenuation was measured as a function 
of wavelength and total gas pressure for various mixtures of oxygen and 
nitrogen, as well as for pure oxygen. A comparison of the experimental 
data with the theory is shown in Fig. 8-4. The interpretation of the 

1 E. R. Beringer, "The Absorption of One-half Centimeter Electromagnetic Waves 
in Oxygen," RL Report No. 684, Jan. 26, 1945. 

2 Ibid. 
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experimental results is complicated because the absorption arises not 
from a single line but from many closely spaced lines that are incom
pletely resolved at the gas pressures used. The absorption cross section 
per oxygen molecule, in mixtures of oxygen and nitrogen, was found to 
depend on the total gas pressure only. This important observation 
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F I G . 8-8.—Arrangement of apparatus for the direct measurement of absorption by oxygen. 

illustrates the advantage of the laboratory type of experiment in which 
the parameters can be varied systematically. 

8-6. Measurements of Water-vapor Absorption.—The measurement 
of the attenuation by water vapor in the 1.0- to 1.5-cm range is still more 
difficult because the absorption is even smaller. It will be recalled that 
the attenuation anticipated is only a few tenths of decibel per kilometer, 
even at high absolute humidities. The attenuation in silver waveguide, 
at 1.25 cm, is, by comparison, some 500 db/km. Thus in a length of 
waveguide in which the resistive attenuation is not prohibitively high, 
the additional attenuation from water vapor may amount to a few 
thousandths of a decibel. If the water is introduced at high density as 
supersaturated steam, this disadvantage can be lessened. Such experi
ments have been performed, using a small resonant cavity rather than a 
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waveguide.1 The conditions prevailing, however, were far from the con
ditions in the normal atmosphere—in particular the collision width is de
termined by H 2 0 — H 20 collisions rather than H 20 — O2 and H 20 — N2 
collisions—and the application of the result to microwave propagation is 
not direct. 

The measurement of the attenuation under conditions typical of the 
atmosphere can be carried out in several ways if one is provided with a 
long path over which the attenuation from other effects is not too large. 
Three methods, vastly different in conception and technique, will be 
described. 

The first method, though the least accurate, can from the point of 
view of microwave propagation be said to be the most direct, as it con
sists of determining the effect of atmospheric attenuation upon a radar 
signal. 

Radar Methods.—An airborne radar set on a wavelength of 1.25 cm was 
furnished with means for introducing at will a fixed known amount of atten-

*_■». -^"^ 

F I G . 8*9.—Use of a standard target for the measurement of attenuation in the atmosphere 

uation (approximately 20 db) in the receiving system. A radar target of 
large and constant cross section was provided in the form of a corner reflec
tor constructed with great attention to accuracy and solidity. The reflec
tor was mounted on a site free from other conspicuous targets and was 
observed by the radar, which was flown back and forth on a course extend
ing radially from the target (see Fig. 8-9). The maximum range on this 
target was determined in repeated flights, both with and without the addi
tional attenuation in the radar receiver. If these ranges are R\ and R-> 
respectively, it is easy to show that the one-way atmospheric attenuation a 
averaged over the path is 

^ - 2 0 log , ( ! ) 
a = W^Rl) db /km ' 

where A is the value, in decibels, of the fixed attenuator inserted in the 
receiving channel. This conclusion is justified only if the signal comes 
entirely from the target, with no reflections from other surfaces, and if all 

1 J. A. Saxton, "Dielectric Constant and Absorption Coefficient of Water Vapor for 
Radiation of Wavelength of 1.6 cm (Frequency 18,800 Mc/sec)," RRBS No. 17, Apr. 
22, 1944; also a chapter in Meteorological Factors in Radio-wave Propagation, The 
Physical Society, London, 1946. 
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other parameters affecting signal strength and signal discernibility are held 
constant. The radar-wise reader will at once think of the numerous pre
cautions that are necessary (cf. Chaps. 4, 5, and 6). The nature of the 
target site and of the intervening terrain had to be considered, and the set 
itself was maintained in laboratory condition and provided with power 
monitors and special test instruments. 

The absolute humidity over the path was obtained from soundings 
made either by radiosonde at a neighboring meteorological station or by 
means of a psychrometer in the plane itself (see Sees. 3-27 and 3-29). The 
attenuation measured includes the effect of oxygen, of course, as well as 
water vapor, but the latter was much the larger effect at this wavelength. 
In the hands of skilled observers the method gave convincingly consistent 
results which proved to be in satisfactory agreement with the values 
obtained later by the other methods to be described. 

Microwave Radiometer.—A method that had no counterpart in previous 
r-f or microwave measurements was based on the microwave radiometer.1 

This device is in effect an extremely sensitive radiation thermometer, sensi
tive to thermal radiation in the microwave range and within a band of fre
quencies defined by the pass band of the microwave receiver which is the 
central part of the apparatus. By an ingenious automatic comparison 
scheme, very small changes in the noise input to this receiver are measured 
accurately; and if the receiver input is connected to a microwave antenna, 
the effective noise temperature of the antenna can be measured. This 
"antenna temperature" is determined by the amount of thermal radiation 
received by the antenna and hence by the temperature of any radiating 
medium toward which the antenna is directed. Because of the basic con
nection at any frequency between absorption and emissivity, if such an 
antenna is directed upward, the thermal radiation incident upon it will be 
that originating in the atmosphere itself, to the extent that the atmosphere 
is an absorbing medium; otherwise it will have come from some region out
side the atmosphere. The following more precise statement is easily 
derived: If the atmosphere be assumed isothermal at absolute temperature 
T„ if the effective radiation temperature of space beyond the atmosphere 
is T„ and if the total absorption coefficient of the atmosphere is x, the 
radiation temperature of the antenna will be 

Tr = xT. + (1 - x)T,. (21) 

Now x will depend on the length of path through the atmosphere and, 
for a horizontally homogeneous atmosphere, will thus depend in a calculable 
way upon the secant of the angle 8 which this path makes with the vertical 
(see Fig. 8-10). Measurements of Tr at two values of 6 will suffice to deter
mine x and T, if Ta is known. The analysis is complicated, of course, if 

1 R. H. Dicke, "The Measurement of Thermal Radiation at Microwave Frequen
cies," RL Report No. 787, Aug. 22, 1945. 
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0 

Radiometer 2iL 
FIG. 8*10.—Radiometer arrangement 

measure atmospheric absorption. 

Ta varies with height, as it does, but the principle is the same. Actually 
measurements were made over a series of values of 6 from 0° to 60°, and 
the expected variation of TT with 8 was accurately verified. 

The temperature T, is of considerable interest. If the radiation tem
perature of space were nearly the same as Ta, the determination of x would, 
of course, be difficult. It was found, however, that T„ at 1 cm, is at most a 
few degrees Kelvin. In addition to facilitating the determination of x, we 
thus have the interesting information that the radiation coming from outer 
space in the 1-cm range is extremely small, in contrast to effects observed at 
much lower frequencies. Incidentally 
the experiment demonstrates the 
transparency of the ionosphere at 
microwave frequencies. 

It would, of course, have been 
possible, in determining x- to use the 
sun as a hot source rather than using 
the rest of space as a cold source. But 
the latter method is actually far su
perior, as it allows a series of measure
ments of temperature as a function of 
angle to be repeated in a short time, 
at any time, and in any azimuth plane. 

The value of x, once determined, has to be correlated with the absolute 
humidity, measured at various heights in the atmosphere. In an extensive 
series of measurements in Florida the humidity information was obtained 
from radiosondes and occasionally from aircraft soundings (see Sees. 3-27 
and 3-29). These soundings and the allowances that had to be made for 
the variation with pressure and temperature of the water-vapor absorption 
are the principal sources of uncertainty in the final results. The radiometer 
measurement itself is capable of remarkable precision, temperature differ
ences being measured with a sensitivity of a few tenths of a degree centi
grade. It is to be expected that the method can be applied to measure the 
oxygen absorption, a case that is largely free from the above-mentioned 
difficulties. It should be possible to obtain an accurate measure of the 
absorption in the wings of the oxygen line. It is perhaps well to point out 
that conditions in the microwave region are highly favorable for this type 
of measurement because of the ideal cold source provided by space and 
because neither x nor (1 — x) is very small, for the magnitudes of attenua
tion of interest. 

Nonresonant Echo Box.—A third method was developed and applied to 
the water-vapor problem at the Columbia Radiation Laboratory.1 This 
method makes use of a long path also, but the path is obtained by multi-

1 W. E. Lamb, Jr., Phys. Rev., 70, 308 (1946); G. E. Becker and S. H. Autler, ibid. 
70, 300 (1946). 
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pie reflections within a large copper-lined chamber, and the atmosphere 
traversed is therefore controllable. On the other hand the ratio of the 
power lost in the walls to that absorbed in the gas is reduced over the value 
typical of a waveguide method by a factor that is roughly \/d, where d is 
the length of one side of the chamber. In the Columbia experiments this 
factor is of the order of 10~3. Thus the disadvantages of both the wave
guide methods and the free-space methods are to a large extent avoided. 
It had often been suggested that attenuation could be measured using such 
an echo chamber by determining the rate of decay of energy in the chamber 
after initial excitation. (This suggests some similar experiments in acous
tics.) The success of the Columbia method, however, can be traced to cer
tain important new techniques. 

The Columbia "box" was a cube approximately 2.5 m on a side. Such 
a large resonator displays an enormous number of resonance modes, which 
in general overlap in frequency owing to the broadening of the resonances 
by the wall losses. The object is to excite a large number of these modes 
by a short pulse of microwave energy and then to measure the rate of sub
sequent decay of energy; the energy density averaged over many modes 
should decrease, after removal of the excitation according to a time factor 
e"1'. The quantity y should depend both on the losses in the wall and on 
the attenuation in the gas within the chamber. A determination of y with 
the gas present and absent would enable the attenuation in the gas, in deci
bels per kilometer, to be inferred. A direct determination of y, however, 
is fraught with serious difficulties. Even though a large number of modes 
are excited, the observed decay does not follow a simple exponential curve 
but oscillates violently and irregularly above and below it, owing to the 
interference of the different modes at the location of any single pickup 
probe. This difficulty was avoided by measuring instead a quantity pro
portional to the time average of the energy density at a point in the cham
ber averaged in turn over many such points. This was done by distributing 
through the chamber chains of thermocouples, whose "hot" junction had 
been coated with material absorbent at microwave frequencies. All ther
mocouples were connected in series, the total voltage developed being meas
ured using a potentiometer and a sensitive galvanometer. The chamber 
was excited by a pulsed magnetron at a convenient repetition rate. During 
each pulse the microwave energy in the box increases rapidly to some maxi
mum value and is subsequently dissipated, at a much slower rate, in the 
walls and in any other absorbing medium within the box. The rate of 
dissipation is determined by the Q of the box, as in the case of a simple 
resonant circuit. It is not hard to see that the thermocouple voltage e, ob
served is then related to Q by an as yet unknown factor of proportion
ality which will, however, remain constant as long as the intensity of excita
tion remains constant. In other words e, = kQ, where Q is defined in the 
usual way as u times the ratio of energy stored to power dissipated. The 
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relative changes in Q produced by the introduction of an absorbing gas can 
thus be determined, but this determination alone does not suffice to give 
the attenuation in absolute terms; additional information is needed from 
which the Q of the chamber can be found, that is, from which k can be 
determined. This additional information was obtained by introducing a 
known loss in the form of a window in one wall. The chamber was so 
large that it was possible to have a window that was at once small compared 
to the extent of the wall but large compared with X; in this case it was 
assumed and verified by experiment that the power lost through such a 
window is just proportional to its area, and therefore it can be taken to be 
equal simply to the total power incident on this area from all directions. 
This allows the chamber to be "calibrated." The absolute humidity was 
determined by wet-dry bulb readings and was controllable over a wide 
range. 

Using a series of specially constructed magnetrons, the Columbia group 
extended their measurements over the range 0.75 to 1.7 cm. The results, 
shown in Fig. 8-5, undoubtedly represent the most accurate measurements 
to date on the water-vapor line at 1.3 cm. The usefulness of the method, in 
general, is limited mainly by the requirement of a high-power pulsed source, 
a rather large quantity of the gas to be investigated, and the restriction on 
the temperatures and pressures that the chamber can withstand. 

ATTENUATION BY CONDENSED WATER 

B Y H E R B E R T G O L D S T E I N 

8-6. Phenomenology of Attenuation by Precipitation.— In passing 
through regions containing precipitation, whether in liquid or solid form, 
microwave radiation will be attenuated through two mechanisms: (1) 
energy will be scattered out of the beam; (2) energy will be absorbed 
and converted into heat. The total energy removed from the beam per 
unit time by a single particle, say a spherical drop of radius a, is given by 

W = SQ(a,\), (22) 

where S is the magnitude of the incident Poynting vector and Q(a,\) is a 
quantity called the total cross section of the drop (cf. Sec. 6-1 and Stratton1).. 
The total cross section can be interpreted as the sum of a scattering cross 
section Qs and an absorption cross section Qa. From Eq. (22) the decrease 
in S in passing through a layer of precipitation dl in thickness is 

- dS = Sdl / n(a) Q(a,\) da, (23) 

where n{a) da gives the number of drops per unit volume (cubic meter) with 
1 J. A. Stratton, Electromagnetic Theory, McGraw-Hill, New York, 1941, p. 569. 
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radius a in range da.1 Equation. (23) can be integrated immediately, 
leading to the attenuation formula 

- fa dl 
S = Sae J , (24) 

where 

ri(a) Q(a,\) da. (25) 

In Eq. (25) and elsewhere in the following sections, n is given in number 
per cubic meter, Q in square centimeters, and a in centimeters. It is 
therefore more convenient to give the attenuation2 in terms of a quantity y 
in units of decibels per kilometer, related to a by 

7 = 434a db/km. (26) 

Common experience indicates that precipitation is never uniform over 
an extended region. Detailed experiments, described in Sec. 8-9, have 
revealed large differences in rainfall at points only a few hundred feet apart. 
In general, therefore, n(a) and hence a and 7 are functions of the distance I 
along the path. Only in exceptional conditions of uniform precipitation 
is it allowable to write the exponent in Eq. (24) simply as — al. 

It is seen that the attenuation can be calculated rigorously only if the 
drop-size distribution is known. The techniques for determining this 
distribution are at present crude and cumbersome (Sec. 7-7), and the 
published data are open to question. As a result both of the marked 
spatial nonuniformity of the precipitation and of the difficulty in measuring 
the drop-size distribution, it is clear that exact calculations of attenuation 
to be expected for any given practical path are not feasible. Although 
the purely electromagnetic side of the theory is adequately known, the 
necessary meteorological data would be prohibitively detailed. 

It would therefore be highly desirable to relate the attenuation to some 
meteorological parameter more conveniently measurable than the drop-size 
distribution. When the drops are very small, as they are in clouds and fog, 
it turns out that the attenuation is directly proportional to the total water 
content per unit volume, independent of drop-size distribution. For with 
small drops, the scattering cross section is proportional to 

Q' " X2 (¥)"' (27) 

1 Although this equation and subsequent discussion are specifically for drops, it is 
obvious that the same general formulas hold for other precipitation forms such as ice, 
snow, etc., with a as a generalized parameter of the particle dimensions. 

2 All attenuations given here are for "one-way" transmission. 

- L 
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that is, Rayleigh scattering. The absorption cross section on the other 
hand is proportional to 

«.ccX'(2fJ. (28) 
For sufficiently small drops, therefore, the attenuation is caused almost 
entirely by absorption and is directly proportional to a3, or the total volume 
of the drops, per unit volume of the atmosphere. These conditions cer
tainly hold for clouds or fogs at all wavelengths considered here. Even 
for raindrops this conclusion is valid for all wavelengths above the micro
wave region and to some extent for wavelengths of a few centimeters. 

However, the water content per unit volume is still not a conveniently 
measurable parameter of precipitation. In fact the only such parameter 
is the rate of precipitation, that is, the volume of water reaching the ground 
per unit time. It has become customary to assume a linear relation 
between attenuation and precipitation rate and to report the attenuation 
in decibels per kilometer per millimeter per hour. This practice is to some 
extent supported by experimental results (see Sec. 8-9). It should be em
phasized, though, that a priori there is no theoretical reason for expecting 
a linear relation between the two quantities. This is clearly shown by com
paring Eq. (25) with the expression for the total precipitation rate 

p = 15.1 / n(a) v(a) a3 da, (29) 

where v(a) is the terminal velocity of the drops in meters per second and p is 
in millimeters per hour. In general a is not necessarily proportional to p. 
Unless a given precipitation rate corresponds always to a definite drop-size 
distribution and vice versa, a is not even a single-valued function of p. All 
that can be said is that the results should cover a region in the a-p plane. 

It has been pointed out by L. Goldstein1 that it is occasionally possible 
to delimit the region of the a-p plane covered by the results. Let us define 
a function 

, xx Q ( « » /o/V| 
9 ( f l 'X ) = 15.1 v(a) Q3 ( 3 0 ) 

At constant wavelength g is a function of drop size only and at most wave
lengths has clearly defined maximum and minimum values, </2(X) and gi(\) 
respectively, within the drop-size range involved. Then 

15.1ji / n(a) v(a) a3 da ^ a ^ 15.l02 / n(a) v(a) a3 da, (31) 

or 
gip ^ a ^ g2p. (32) 

1 L. Goldstein, "Absorption and Scattering of Microwaves by the Atmosphere," 
Wave Propagation Group, Columbia University Division of War Research, Report No. 
WPG-11, May 1945. 
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That is, for given wavelength, the values of a should lie in the a-p plane 
in the region bounded by two straight lines a = gip and a = gtp. Theo
retical values of gi and gi for a number of wavelengths will be given in 
Sec. 8-7. It turns out that at 1.25 and 3 cm, g varies little over the region 
of drop radius expected to cover the largest number of drops, thus explain
ing in part the frequently observed linear dependence of a on p. 

8-7. Calculation of Attenuation by Water Drops.—The fundamental 
calculation of the scattering and absorption of electromagnetic waves by a 
dielectric sphere is due to Mie1. In Sec. 6 1 the method of calculation and 
the most important results have been outlined briefly, following the presen
tation by Stratton. Extensive calculations of attenuation, based on Mie's 
results, have been carried out by Ryde and Ryde.2 Almost all the quan
titative data presented in this section have been taken from their report. 

The total cross section has been given in Sec. 6 1 as3,4 

Q = - ^ Re ^ (2« + 1) (ai + V„), (33) 
n = l 

where X is the free-space wavelength and as
n and 6* are given by Eq. (6-18) 

in Sec. 6-1. 
To evaluate these expressions, the complex index of refraction of the 

water must be known for microwave frequencies. This quantity nc may 
be given in terms of the real part of the index of refraction n and the imagi
nary part rex by 

nc = n(l - t x ) , (34) 

or in terms of the complex dielectric constant 

re2 = EC = s, — t'e2. (35) 

The real and imaginary parts of nc and ec are related by 

ei = «2(1 - X2), e2 = 2n2
X. (36) 

The values used by Ryde and Ryde are those given by Saxton,6 who com-

1 G. Mie, Ann. Physik, 25, 377 (1908). 
2 J. W. Ryde and D. Ryde, "Attenuation of Centimetre and Millimetre Waves by 

Rain, Hail, Fogs and Clouds," GEC Report No. 8670, May 1945. See also the earlier 
reports GEC No. 7831, October 1941 (J. W. Ryde), and GEC No. 8516, August 1944 
(Ryde and Ryde), where less accurate values of the refractive index were used. 

3 Also J. A. Stratton, Electromagnetic Theory, McGraw-Hill, New York, 1941, p. 
569, Eq. (29), as corrected by L. Goldstein, op. cit. 

4 Note added in -proof: Since the foregoing material was written, the total cross section 
has also been computed at the National Bureau of Standards. See Tables of Scattering 
Functions for Spherical Particles, Applied Mathematics Series, No. 4, Jan. 25, 1949. 

5 See papers by J. A. Saxton and J. A. Lane in Meteorological Factors in Radio-wave 
Propagation, The Physical Society, London, 1946. 
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bined his measurements in the neighborhood of 1 cm with the results of 
previous investigators at longer wavelengths. It was found that the data 
could be well fitted by curves plotted from the Debye formula [cf. Eq. 
(8-5)1: 

+ X 

where e0, £„,, and AX are constants adjusted to fit the experimental points. 
Table 8-7 lists the index of refraction obtained from these curves for 

several wavelengths and for the temperature range from 0° to 40°C. The 
constants to be used in the Debye formula are presented in Table 8-8. 
These curves represent the experimental data in the region from 1 to 10 cm 
so well that it is believed that they may be used for extrapolation into the 
millimeter region. 

TABLE 8-7.—COMPLEX INDEX OF REFRACTION OP WATER* 

T, °C 

0 
10 
18 
20 
30 
40 

X = 1.24 cm 

n 

4.68 
5.74 
6.4 
6.53 
7.10 
7.47 

nx 

2.73 
2.92 
2.8 
2.77 
2.48 
2.11 

X = 3.2 cm 

n 

7.10 
8.00 
8.30 
8.33 
8.39 
8,35 

nx 

2.89 
2.33 
1.90 
1.72 
1.31 
1.02 

X = 

ft 

8.99 
9.02 
8.9 
8.88 
8.71 
8.33 

0 cm 

nx 

1.47 
0.90 
0.69 
0.63 
0.45 
0.36 

* Ryde and Ryde, after Saxton. 

TABLE 8-8.—CONSTANTS FOR THE DEBYE FORMULA* 

T, °C 

0 
10 
18 
20 
30 
40 

60 

88 
84 
81 
80 
76.4 
73 

5 s 

5.5 
5.5 
5.5 
5.5 
5.5 
5,5 

AX, cm 

3.59 
2.24 
1.66 
1.53 
0.112 
0,0859 

* Ryde and Ryde, after Saxton. 

The complicated expressions for the coefficients in Eq. (33) admit of 
some simplification if the circumference of the drop is small compared with 
the wavelength. The coefficients bs

n may be identified formally with excita
tion of electric dipole, quadrupole, and higher-order multipole oscillations, 
and in a similar manner the a'n can be identified with magnetic dipole, quad-
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rupole, and higher-order oscillations. When the dimensions of the drop are 
small compared with the exciting wavelength, it is reasonable to expect 
that the higher multipole oscillations will be only feebly excited. As a first 
approximation it therefore seems reasonable to neglect all coefficients except 
b\ and 6| (electric dipole and quadrupole respectively) and a\ for the mag
netic dipole. Furthermore, the Bessel functions appearing in these coeffi
cients have as argument either p( = 2ira/\) or ncp. As it has been assumed 
that p is small compared with unity, these Bessel functions may be expanded 
in ascending powers .of p. If terms in p7 or higher are neglected, the result
ant expression for Q is 

where 

Q = 2r P3^ + C*P* + c^> P « 1. (38) 
lit 

6e2 
Ci 

c2 = 

c3 

(H + 2)2 + 4 
3(7sf + 4»i - 20 + 7ej) 25 " 

15 L [(si + 2)2 + E2? + (2ei + 3)2 + 4eg ^ _ 
4 (ei - l)2(ei + 2)2 + el [2(st - l)fa + 2) - 9] + 4 
3 [(8l + 2)2 + 4Y 

It will be noticed that both cx and c2 vanish if s2 = 0, indicating that 
these terms are caused essentially by absorption. On the other hand if 
e2 = 0, c3 reduces to the familiar Rayleigh scattering form, 

4 (e, - l ) 2 

C3 = 3 ( sTT^ ' (39) 

For water e2 is not zero; in fact it is the same order of magnitude as ei. 
Hence for sufficiently small p the absorption term ci must predominate and 
Q is given simply by 

4ir2 M 
Q = ^ L Cl as = 4.093 i f Cl, (40) 

A A 

where M is the mass of condensed water per unit volume of air, in grams per 
cubic meter, and X, as always in these sections, is in centimeters. From 
Eq. (40) and with the above values of index of refraction at 18°C, Ryde and 
Ryde have computed the attenuation y, for M = 1 g/m3. Some of the 
results are given in Table 89 . 

Empirically it is found that in the region from X = 0.5 cm to X = 10 
cm Ci varies as 1/X and that y can be written as 

0.438M ,, . . . , . 
7 = — ^ — db/km (41) 

to an accuracy of 5 per cent. 
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TABLE 8-9.—ATTENUATION BY SMALL DROPLETS OF WATER FOR A TEMPERATURE 
OF 18°C* 

X, cm 

0.2 
0.5 
0.7 
1.0 
1.25 
2.0 
3.0 
5.0 

10.0 

y/M, d b / k m per g per m ' 

7.14 
1.65 
0.876 
0.438 
0.280 
0.112 
0.050 
0.0178 
0.0045 

* After Ryde and Ryde. 

Table 8-9 and Eq. (41) are based on the values of the refractive index at 
18°C. The correction for other temperatures is not always negligible, as is 
indicated by Table 8-10, which lists the correction factor <j>i(T) defined 
such that 

CCT) = 0,(7) Cl(18°). 

TABLE 8'10.—CORRECTION FACTOR <*>I(7') FOR COEFFICIENT C\* 

X, cm 

0.5 
1.25 
3.2 

10.0 

0°C 

1.59 
1.93 
1.98 
2.0 

10°C 

1.20 
1.29 
1.30 
1.25 

18°C 

1.0 
1.0 
1.0 
1.0 

20°C 

0.95 
0.95 
0.95 
0.95 

30°C 

0.73 
0.73 
0.70 
0.67 

40°C 

0.59 
0.57 
0.56 
0.59 

* After Ryde and Ryde. 

It is seen that from 0° to 40°C the attenuation decreases by more than a 
factor of 3. This large temperature effect is caused by the large change of 
the line width (AX in the Debye formula) with temperature, which affects 
chiefly the absorption s2. When terms other than ct enter into the attenua
tion, the temperature effect is not nearly so great. 

The approximation of the attenuation solely by the absorption term 
Ci of the electric dipole contribution is valid only for very small drop radii. 
Although the upper bound on p for which the approximation is valid is not 
easy to determine, the formulas certainly hold for fog and for clouds in 
which the droplets are extremely small, with diameters of the order of 0.001 
to 0.005 cm. Tables 8-9 and 8 10 and Eqs. (40) and (41) may safely be 
used in these cases. It should be mentioned that a value of Af = 1 g/m3 

represents about the maximum water content of fogs, with the possible 
exception of heavy sea fogs. In most cases M is much less than 1. Ryde 
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and Ryde give an empirical relation between an average M and optical 
visibility in the fog: 

M = 1660Z) - ' •« , 

where D is the optical visibility in feet and M is such that in 95 per cent of 
the cases M lies between \M and 2M. Such a relation may prove helpful 
when more definite information on M is lacking. 

0.45 

0.40 

0.35 

0.30 

0.25 

3 0.20 

s 
0.15 

0.10 -

0.05 

0.6 0.8 1.0 
X in cm 

8 10 

FIG. 8" 11.—Theoretical values of attenuation by raindrops for various drop radii, expressed 
in decibels per kilometer per drop per cubic meter. (From Ryde and Ryde.) 

For droplets larger than those encountered in fog or clouds, the ci term 
fails to be a good approximation to the attenuation. The whole three-term 
expansion [Eq. (38)] fails to hold for p > 0.1. Hence for drop sizes such as 
encountered in actual rain it is necessary to return to the original expression 
for Q [Eq. (33)] and use the rigorous form of the coefficients. Ryde and 
Ryde have developed a computation scheme for evaluating the real and 
imaginary parts of the coefficients that is discussed briefly in Sec. 7-6. For 
a 1 per cent accuracy it is stated that terms up to n = 10 must be retained 
for p = 6 and up to n = 15 for p = 10. 

The results of these laborious computations are summarized in Table 
8-11, where Q(a,\) is listed for X from 0.3 to 10 cm and a from 0.025 to 0.325 
cm. Actually what is listed is 434 times Q so that the table gives the atten-
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uation in decibels per kilometer per drop per cubic meter. The data are 
also presented in Fig. 8-11. Although the attenuation for all drop radii 
rises sharply with increasing frequency at longer wavelengths, the behav
ior is quite different for wavelengths of 1.0 cm and shorter. For the 
larger-drop radii the attenuation curves even exhibit maxima in the neigh
borhood of X = 0.8 cm, with decreasing attenuation for shorter wavelengths. 
This variation indicates the great degree to which the simple 1/X2 depend
ence for clouds and fog fails to hold with the larger raindrops. 

TABLE 8-11.— ATTENUATION IN DECIBELS PER KILOMETER PER DROP PER CUBIC METER 
AT A TEMPERATURE OF 18°C* 

0.m \ 

0.025 
0.050 
0.075 
0.100 
0.125 
0.150 
0.175 
0.200 
0.225 
0.250 
0.275 
0.300 
0.325 

0.3 

8.34-10-1 

9.02-10-3 

2.18-10"2 

4.07 
6.35 
8.90 
1.1810-' 
1.52 
1.90 
2.26 
2.68 
3.07 
3.46 

0.4 

5.80-10-' 
6.80' 10~3 

2.12-10-* 
4.03 
6.31 
8.87 
1.19-10"' 
1.53 
1.92 
2.32 
2.77 
3.22 
3.75 

0.5 

3.46-10-4 

4.67-10~J 

2.04-10"2 

3.97 
6.22 
8.81 
1.2110-' 
1.56 
1.94 
2.35 
2.85 
3.37 
3.97 

0.6 

1.7410-4 

3.1010-3 

1.85-10"2 

3.85 
6.15 
8.79 
1.22-10-' 
1.57 
1.95 
2.39 
2.91 
3.48 
4.15 

434Q(a,X) 

1.0 

5.62-10"6 

I.OOIO-3 

6.91 
2.76-10"2 

5.53 
8.50 
1.2110-' 
1.58 
1.98 
2.42 
2.94 
3.53 
4.20 

1.25 

2.7110-6 

6.25-10"4 

4.19-10"3 

1.3710"2 

4.00 
7.60 
1.15-KT' 
1.55 
1.95 
2.38 
2.84 
3.30 
3.89 

3.0 

4.21-10-6 

5.0510"s 

4.1610- ' 
2 .2M0- 3 

6.98 
1.56-10"2 

2.76 
4.35 
6.35 
8.68 
1.13-10"' 
1.43 
1.74 

3.2 

3.55-10-
4.77-10-6 

3.24-10-* 
1.70.10-3 

5.75 
1.4010'2 

2.54 
3.98 
5.75 
7.94 
1.05-10"' 
1.38 
1.73 

10.0 

2.94-10 
2.53 10 
9.39 
2.49-10 
5.61 
1.13-10-
2.09 
3.65 
6.10 
9.76 
1.51-10-
2.24 
3.16 

* After Ryde and Ryde. 

The results given in Table 8-11 or Fig. 8-11 are still not in a very useful 
form. To facilitate comparisons with the usual type of experimental 
results definite statements must be made about the drop velocities and size 
distributions. Table 8-12 gives the terminal velocity relation obtained by 
Best,1 as quoted by Ryde and Ryde. The values differ somewhat from 

TABLE 812.—RAINDROP TERMINAL VELOCITY* 

Radius, cm 

0.025 
0.05 
0.075 
0.10 
0.125 
0.15 

Velocity, m/sec 

2.1 
3.9 
5.3 
6.4 
7.3 
7.9 

Radius, cm 

0.175 
0.020 
0.225 
0.25 
0.275 
0.30 
0.325 

Velocity, m/sec 

8.35 
8.70 
9.0 
9.2 
9.35 
9.5 
9.6 

* After Best. 
1 A. C. Best, "Water in the Atmosphere," Part I of the Interim Report of the Ultra 

Short Wave Panel Working Committee, July 18, 1944. 
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the figures given by Humphreys,1 which are not so extensive. By dividing 
the attenuation per drop by the terminal velocity one can obtain the func
tion g defined by Eq. (30) and set upper and lower bounds on the attenua
tion, as explained in Sec. 8-6. Table 8' 13 lists these bounds, in decibels per 
kilometer per millimeter per hour at 18°C as obtained from Ryde and 
Ryde's data for two ranges of drop sizes. Also listed are the radii corre
sponding to these bounds. The concept of such limits is most useful only 
when the function g possesses well-defined extrema in the region of drop 

T A B L E 8 1 3 . — U P P E R AND L O W E R LIMITS ON ATTENUATION, IN- D E C I B E L S PER 
KILOMETER PER M I L L I M E T E R PER H O U R , AT 18°C 

A, cm 

10.0 
3.0 
1.25 
1.0 
0.6 
0.5 
0.3 

For all rains with drop radii 
0.025 

434ffl 

0.000254 
0.00687 
0.0550 
0.0845 
0.0835 
0.0798 
0.0695 

cm <, a < 0.32.5 cm 

di, cm 

0.10 
0.05 
0.025 
0.325 
0.325 
0.325 
0.325 

434(7, 

0.000635 
0.0415 
0.188 
0.285 
0.547 

(i2, cm 

0.325 
0.20 
0.15 
0.10 
0.075 

For all rains with drop ra 
0.075 cm < 

434ffl 

0.000254 
0.0123 
0.124 
0.112 
0.110 
0.108 
0.104 

<zi, cm 

0.10 
0.075 
0.075 
0.25 
0.25 
0.25 
0.25 

dii 
a < 0.25 cm 

434(72 

0.000450 
0.0415 
0.188 
0.285 
0.547 
0.604 
0.645 

as, cm 

0.25 
0.20 
0.15 
0.10 
0.075 
0.075 
0.075 

radii of interest. For wavelengths shorter than 0.6 cm, however, g appears 
to increase monotonically as the drop radius decreases, and therefore no 
upper bound has been listed. Also, for many wavelengths the lower 
bound corresponds to the extremely large drop radii which occur only infre
quently in actual rains. In the second part of the table the bounds have 
been recalculated for a more restricted range of drop radius, from 0.075 to 
0.25 cm, which probably includes most of the drops found in heavier rains 
(see Table 8-14). It is noteworthy that with this range, at a wavelength 
of 1.25 cm the upper and lower bounds are quite close together. At this 
wavelength the attenuation should therefore be substantially independent 
of drop-size distribution, at least for heavier rains. To a somewhat lesser 
extent the same behavior is to be expected at 3.0 and 10 cm. 

The lack of sensitivity of the attenuation at these wavelengths to the 
drop size is fortunate, as reliable and extensive information on drop-size 
distributions is not available at present. What is generally conceded to 
be the best data so far have been obtained by Laws and Parsons.2 The 
results are experimentally obtained, not in the form of the distribution 
n(a), but as a related distribution m(a), the fraction of the total volume of 

1 W. J. Humphreys, Physics of the Air, McGraw-Hill, New York, 1940. 
2 J. O. Laws and D. A. Parsons, "The Relation of Drop Size to Intensi ty ," Trans. 

Am. Geophys. Union, p. 452, (1943). 
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water striking the ground due to drops of radius a. The two distributions 
are connected by 

n(a) —5- via) da . . . . 3 lo.ln(a)i'(a) da , . n , m(a) da = —r = \->-±-i , (42) 
n(a) —5— v(a) da 

0 o 
V 

from Eq. (29). With the definition of g as given in Eq. (30) it is seen that 
the attenuation can be calculated as 

7 = 434p / m(a)g(a,\) da, db/km. (43) 

Table 8T4 presents some of the m(a) distributions obtained by Laws and 
Parsons, as quoted by Ryde and Ryde. The interval of radius da is 0.025 
cm except for the lowest interval, which extends from 0.0 to 0.0375 cm. 
In all other cases the a listed in the table is the mid-point of the interval. 
It appears from the data that the mean drop radius increases with the 
total rate of precipitation, at least for the group of rains measured by Laws 
and Parsons. In the light of the behavior of the function g(a,\) as obtained 
from Table 8-9 one can therefore predict that the attenuation per millimeter 
per hour for 3 cm and less would be greater for lighter rains than for heavy 
rains. 

From these distributions and the cross section Q(a,\) or the derived 
function g(a,X), the total attenuation may be computed. (In practice the 

T A B L E 8-14.—FRACTION OF TOTAL VOLUME REACHING GROUND CONTRIBUTED 
BY D R O P S OF VARIOUS S I Z E S * 

(Drop radius interval, da = 0.025 cm) 

p, mm/hx 

a, cm 

0.025 
0.050 
0.075 
0.100 
0.125 
0.150 
0.175 
0.200 
0.225 
0.250 
0.275 
0.300 
0.325 

0.25 

0.28 
0.50 
0.18 
0.03 
0.01 

1.25 

0.11 
0.37 
0.31 
0.14 
0.05 
0.02 
0.01 

2.5 

0.07 
0.28 
0.33 
0.19 
0.08 
0.03 
0.01 
0.01 

12.5 

m(a 

0.03 
0.12 
0.25 
0.25 
0.17 
0.10 
0.04 
0.02 
0.01 
0.01 

25 

) da 

0.02 
0.08 
0.18 
0.24 
0.20 
0.13 
0.08 
0.03 
0.02 
0.01 
0.01 

50 

0.01 
0.05 
0.12 
0.20 
0.21 
0.16 
0.11 
0.07 
0.03 
0.02 
0.01 
0.01 

100 

0.01 
0.04 
0.09 
0.14 
0.17 
0.18 
0.15 
0.09 
0.06 
0.03 
0.02 
0.01 
0.01 

150 

0.01 
0.04 
0.07 
0.12 
0.14 
0.18 
0.16 
0.12 
0.08 
0.04 
0.02 
0.01 
0.01 

* After Laws and Parsons, 
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integration of the distribution is, of course, replaced by a summation.) 
Table 8-15 lists the result of these calculations at 18°C for the rains of 
Table 814, as given by Ryde and Ryde. The main features of the results 
are also shown in Figs. 8-12 and 8-13. 

T A B L E 8-15 .—ATTENUATION AT 18°C FOR A N U M B E R OF R A I N S * 

X, cm 

■p, m m / h r 

0.25 
1.25 
2.5 

12.5 
25 
50 

100 
150 

0.3 0.5 0.6 1.0 1.25 3.0 3.2 10 

Attenuation, d b / k m 

0.305 
1.15 
1.98 
6.72 

11.3 
19.2 
33.3 
46.0 

0.160 
0.720 
1.34 
5.36 
9.49 

16.6 
29.0 
40.5 

0.106 
0.549 
1.08 
4.72 
8.59 

15.3 
27.0 
37.9 

0.037 
0.228 
0.492 
2.73 
5.47 

10.7 
20.0 
28.8 

0.0215 
0.136 
0.298 
1.77 
3.72 
7.67 

15.3 
22.8 

0.00224 
0.0161 
0.0388 
0.285 
0.656 
1.46 
3.24 
4.97 

0.0019 
0.0117 
0.0317 
0.238 
0.555 
1.26 
2.80 
4.39 

0.00001 
0.00042 
0.00079 
0.00364 
0.00728 
0.0149 
0.0311 
0.0481 

* From Ryde and Ryde. 
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Fia. 8-12.—Theoretical values of attenuation by rain and fog. Solid curves show atten
uation in rain of intensity, (o), 0.25 mm/hr (drizzle); (6), 1 mm/hr (light rain); (c), 4 mm/hr 
(moderate rain); (d), 16 mm/hr (heavy rain). Dashed curves show attenuation in fog or 
cloud, (e), 0.032 g/m3 (visibility about 2000 ft); (/), 0.32 g/m3 (visibility about 400 ft); 
(g), 2.3 g/m3 (visibility about 100 ft). 



SEC. 8-7] CALCULATION OF ATTENUATION BY WATER DROPS 683 

When the attenuation is plotted against rate of precipitation at constant 
wavelength, it is found that smooth curves can be accurately drawn through 
the data. These curves are shown in Figure 8-13. The considerations 
given above have indicated that such a behavior is to be expected for wave
lengths from 1.0 to 3.0 cm; for the other wavelengths it must be considered 
to some extent as fortuitous. The curves of Fig. 8-13 indicate that it is 
reasonable to interpolate between the values of Table 8-15 to obtain figures 

0 10 20 30 40 50 60 70 80 90 100 
Rate of precipitation in mm/hr 

FIG. 8-13.—Theoretical values of attenuation as a function of rate of precipitation using 
raindrop distributions of Laws and Parsons. (From Ryde and Ryde.) 

for other rates of precipitation. In Fig. 8-12 the solid lines are curves of 
the attenuation vs. wavelength for precipitation rates of 0.25, 1, 4, and 16 
mm/hr. On Humphreys' classification1 these correspond respectively to 
drizzle, light rain, moderate rain, and heavy rain. The dashed lines in the 
same figure represent the attenuation for clouds and fog as given by Eq. 
(41) for water contents of 0.032, 0.32 an 2.3 g/m3 respectively. It is seen 
that the attenuation due to a heavy sea fog exceeds that due to moderate 
rain, but it must be remembered that although the drops are much larger 
in the rain, the total water content of the heavy fog greatly exceeds that of 
the rain, and to a first approximation the attenuation depends only on 
water content. 

For wavelengths from 3.2 to 1.0 cm the attenuation is roughly propor
tional to the rate of precipitation. At shorter wavelengths the slope of the 

1 W. J. Humphreys, op. at. 



684 ATMOSPHERIC ATTENUATION [SEC. 8-7 

curve is not constant but decreases as precipitation rate increases for light 
rains, as was predicted above. Even at wavelengths of 1.25 and 1.0 cm 
this deviation from linearity is present for rains less than 2.5 mm/hr, 
although it is not apparent on Figure 8-13 because of the scale. Table 8-16 
lists the slopes of the straight-line approximation for wavelengths from 1.0 
to 3.2 cm, along with the accuracy to which they represent the data of 
Table 8-15 above 2.5 mm/hr. 

T A B L E 8-16.—SLOPE OF APPROXIMATE L I N E A R R E L A T I O N B E T W E E N ATTENUATION 
AND PRECIPITATION R A T E AT 18°C 

(For the rains of Table 8-14 above 2.5 m m / h r ) 

Wavelength, cm Slope, d b / k m per m m per hr 

1.0 0.200 + 0.008 
1.25 0.150 + 0.007 
3.0 0.028 + 0.005 
3.2 0.024 + 0.004 

I t must be emphasized again that Tables 815 and 816 and Figs. 812 
and 8-13 apply only to the rains whose drop-size distributions are given in 
Table 814. How representative these distributions are cannot be said 
until much more extensive data are available. Nevertheless, certain gen
eral qualitative conclusions seem warranted. For any applications thus far 
proposed, the attenuation by rain at wavelengths of about 10 cm and above is 
completely unimportant. 

For wavelengths down to about 3 cm rain attenuation is seldom likely 
to be serious, except possibly in cases of the heaviest tropical downpours. 
It should be kept in mind in considering rain attenuation that although the 
rate of rainfall at a given location may be high for a brief period, it must be 
high at one time over a considerable distance in order to be important. 
For this reason brief intense showers are less significant than very large 
areas of fairly steady rain; fortunately in the latter case the rainfall inten
sity is usually much lower than in the brief, violent shower. According to 
Humphreys' classification a precipitation rate of 40 mm/hr represents 
"excessive rain." At 3.2 cm a shower of this intensity and 1 mile in diame
ter would attenuate the radar echo from a target behind it by about 3 db. 
Although this decrease might be visible on the PPI for a weak signal (that is, 
one that does not saturate the video amplifiers) it would not affect the 
appearance of strong echoes from ships or land. 

Clearly the degree of applicability of the preceding remarks depends 
upon the wavelength under consideration. The irregular nature of rain
fall is such that a mere statement of attenuation in terms of rate of rainfall 
is likely to give little information about the actual attenuation over an 
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extended path; consequently the use of such figures should be tempered 
by experience. 

In the region below about 3 cm the importance of rain attenuation 
increases rapidly with decreasing wavelength, until at wavelengths of about 
l j cm or less the attenuation even from moderate rain far exceeds that from 
uncondensed water vapor or oxygen. In this case even small rainfall areas 
may be of considerable importance if they contain intense precipitation (a 
not unlikely situation). 

It is tempting to try to estimate the relative frequencies and geographi
cal distribution of rains sufficiently heavy to be important for various wave
lengths, and in fact some noteworthy attempts have been made by several 
investigators. The existing climatological data are entirely too sparse and 
lacking in detail for the conclusions to be considered very significant, how
ever, and consequently they will not be considered here. 

It should be pointed out that other effects of rain have frequently been 
attributed by uncritical observers to attenuation by absorption and scatter
ing, particularly in connection with radar. One of the most frequent situ
ations arises when a thin film of water forms over a radome housing an 
antenna or over a window of a supposedly weatherproof antenna feed 
device. Even at wavelengths of 10 cm or more the water film not only 
may absorb a considerable fraction of the energy incident upon it but may 
provide a serious mismatch for the transmission system, with the usual 
attendant undesirable consequences. A second phenomenon often incor
rectly ascribed to rain attenuation is the apparent shadow immediately 
behind rain areas, as seen on PPI or B-scopes. Such shadows can, of course, 
be caused by attenuation, but they are more often likely to be caused by 
receiver saturation or various types of incorrect circuit adjustments. A 
third phenomenon is the masking of radar echoes by echoes from the rain 
at or near the target—something that sounds obvious but is not always so 
obvious on the radar indicator. 

The calculation of attenuation has so far been for a temperature of 18°C. 
Hyde and Ryde have investigated the temperature dependence in the form 
of a multiplication factor <j>(T) which corrects the values given for 18°C. 
Table 8-17 lists <j>(T) for several rains and for temperatures from 0° to 40°C. 
For wavelengths of 1.25 cm and less, which are the only ones of importance, 
it is seen that the effect of temperature is quite small, less than 20 per cent 
over the entire range, and can usually be neglected. 

8-8. Calculation of Attenuation by Precipitation in Solid Form.—The 
refractive index of ice has been measured by Dunsmuir and Lamb1 between 
wavelengths of 3 and 9 cm. Within these limits it appears that the real 
and imaginary parts of the index of refraction are independent of wave
length. It therefore seems reasonable to assume that the same values hold 

1 R. Dunsmuir and J. Lamb, "The Dielectric Properties of Ice at Wavelengths of 
3 and 9 cm," Manchester University Report No. 61, March 1945. 
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TABLE 8-17.—TEMPERATURE-CORRECTION FACTOR 4>(T)* 

Precipitation 
rate, mm/hr 

0.25 

2.5 

12.5 

50 

150 

X, cm 

0.5 
1.25 
3.2 

10.0 

0.5 
1.25 
3.2 

10.0 

0.5 
1.25 
3.2 

10.0 

0.5 
1.25 
3.2 

10.0 

0.5 
1.25 
3.2 

10.0 

Correction factor 4>{T) 

0°C 

0.85 
0.95 
1.21 
2.01 

0.87 
0.85 
0.82 
2.02 

0.90 
0.83 
0.64 
2.03 

0.94 
0.84 
0.62 
2.01 

0.96 
0.86 
0.66 
2.00 

10°C 

0.95 
1.0 
1.10 
1.40 

0.95 
0.99 
1.01 
1.40 

0.96 
0.96 
0.88 
1.40 

0.98 
0.95 
0.87 
1.40 

0.98 
0.96 
0.88 
1.40 

18°C 

1.0 
1.0 
1.0 
1.0 

1.0 
1.0 
1.0 
1.0 

1.0 
1.0 
1.0 
1.0 

1.0 
1.0 
1.0 
1.0 

1.0 
1.0 
1.0 
1.0 

30°C 

1.02 
0.90 
0.79 
0.70 

1.03 
0.92 
0.82 
0.70 

1.02 
0.93 
0.90 
0.70 

1.01 
0.95 
0.99 
0.70 

1.01 
0.97 
1.03 
0.70 

40°C 

0.99 
0.81 
0.55 
0.59 

1.01 
0.80 
0.64 
0.59 

1.00 
0.81 
0.70 
0.59 

1.00 
0.83 
0.81 
0.58 

1.00 
0.87 
0.89 
0.58 

* After Ryde and Ryde. 

for even shorter wavelengths. Table 8-18 lists n and «x for several tem
peratures, as given by Ryde and Ryde.1 The most noteworthy difference 
between the properties of water in liquid or solid form is the smallness of the 
absorption in the latter case. Besides greatly facilitating the calculations, 
the small value of n\ means that the attenuation for very small particle 
size will be small compared with the attenuation from droplets of equal 
water content. 

TABLE 8-18.—REFRACTIVE INDEX OF ICE FOR X = 3.0 to X = 9.0 CM* 

T, °C 

0 
-10° 
-30° 
-50* 

n 

1.75 
1.75 
1.75 
1.75 

nx 

0.00105 
0.000285 
0.000145 
0.000110 

* Ryde and Ryde, from Dunsmuir and Lamb. 
1 The values differ slightly, but not significantly, from the figures given by E. L. 

Younker, "Dielectric Properties of Water and Ice," RL Report No. 644, December 1944. 
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Calculations for the attenuation by spherical hailstones can be carried 
out analogously to the case of drops, though with considerably more ease, as 
n% is small. I t turns out that the three-term expansion [Eq. (38) ] is valid 
up to p = 0.5, above which the more exact series must be used. Table 8-19 
is a condensation of a similar table by Ryde and Ryde giving Q(a,\), or 
rather 434Q(a,X), the attenuation in decibels per kilometer for a concentra
tion of one hailstone per cubic meter, at 0°C. Ryde and Ryde also give the 
terminal velocity relation as obtained by interpolation from Humphreys 
and calculate the function g(a,\). Except for wavelengths in the milli
meter region the attenuation by dry hailstones is small compared with that 
from rains of equivalent water content or precipitation rate. 

TABLE 8-19.—ATTENUATION BY DRY HAILSTONES AT 0°C, DB/KM PEH STONE PER M3 

0.025 
0.050 
0.10 
0.15 
0.20 
0.25 
0.375 
0.50 
0.75 
1.00 
1.50 
2.00 

434Q(a,X) 

X = 0.5 cm 

3.7510-° 
3.1610-' 
1.4M0-* 
8.91 
1.79-10"1 

2.63 
4.07 
4.08 

X = 1.25 cm 

2.8110"' 
7.57-10"1 

4.00-10-' 
3.3110"s 

2.5310-2 
9.55 
6.3110"1 

1.5910° 
2.69 

X = 3.2 cm 

7.4310"8 

7.1510-' 
1.37-10~6 

1.1910-' 
6.15 
2.2710-3 

2.6310'2 

1.5910"1 

1.1810° 
3.98 

14.5 
17.9 

X = 10 cm 

2.29-10"8 

1.85-10-' 
1.5710"6 

5.99 
1.80-10"" 
4.64 
3.24-10"' 
1.67-10-a 

1.70-10"' 
9.77 
1.10-10° 
5.37 

For ice and snow particles that are not spherical it is no longer possible 
to use the Mie formulas. Although the calculations have been extended to 
ellipsoidal particles,1 the computations are extremely complicated. How
ever, when the size of the particles is very small compared with the wave
length, it is found that the attenuation again reduces to a term proportional 
to the volume of the particles similar to the Ci term for spheres [cf. Eq.(38)]. 
For spherical ice crystals, where x2 terms may be neglected, Ci reduces to 

ci = x 
12n2 

(«2 + 2)2 

Similarly, for long needles 
4n2 

IT 1 + 
8 

(n2 + D2. 

(44) 

(45) 

1 See F. Moglich, Ann. Physik, 83, 609 (1927), where references to the earlier litera
ture are given. 



688 ATMOSPHERIC ATTENUATION [SEC. 8-9 

and for flat plates 

-»?(« + i} («> 
With the values of n and x from Table 8-18 the attenuation y can be easily 
calculated. The resultant formulas are summarized in Table 8-20, where 
M is the water content in grams per cubic meter. A comparison with Eq. 
(41) for drops indicates that at 0°C and for X about 1 cm the attenuation 
by ice clouds is two magnitudes smaller than the attenuation from a cloud 
of liquid droplets with the same water content. At — 40°C the attenuation 
is still less. It seems safe to conclude that the attenuation by ice crystals 
can almost always be neglected, as M rarely goes above 0.5 g/m3. 

TABLE 8-20.—ATTENUATION BY ICE CRYSTAL CLOUDS* 

Attenuation y, db/km 
Type of particle ct ——— 

T = -40°C T = 0°C 

Spheres 1.43 0.00044M/X 0.0035.V/X 
Needles 2.02 0.00062.V/X 0.0050M/X 
Disks 2.86 ! 0.00087Af/X 0.0070M/X 
* After Ryde and Ryde. 

Although detailed calculations of the attenuation by dry snow are faced 
with obvious difficulties, it seems reasonable that it should be less than that 
for hailstones of comparable dimensions and that because of the small value 
of x, it would be less than the attenuation by rains of equal precipitation 
rates. 

8-9. Measurements of Attenuation by Rain.—In 1935 Wolff and Linder1 

attempted to measure the attenuation of 9-cm waves over a 2-mile path. 
Although measurements were made at precipitation rates up to 75 mm/hr, 
no detectable attenuation could be observed. It was concluded that the 
attenuation at 9 cm must be less than 8 X 10~4 db/km per mm per hr, which 
is consistent with the prediction of Table 8-9. The first positive measure
ments were obtained by the Clarendon Laboratory group at Oxford early 
in 1942, for a wavelength of about 1 cm.2 Some time later the Bell Tele
phone Laboratories published the results of similar measurements at 1.09 
and 3.2 cm.3 Subsequently, work has been done at 0.6 cm, also by Bell 
. 11. Wolff and E. G. Linder, "Transmission of 9 em Electromagnetic Waves," Broad

cast News, 18 10, (1935), reprinted in Radio at Ultra-high Freque?icies, RCA Institutes 
Technical Press, 1940. 

2 M. G. Adam, R. A. Hull and C. Hurst, Committee on Valve Development, Claren
don Laboratory, Misc. 3, June 1942. 

3 S. D. Robertson, BTL Memorandum No. MM42-1G0-87, Aug. 1, 1942; A. P. King 
and S. D. Robertson, ibid., No. MM42-160-93, Aug. 20, 1942; S. D. Robertson, ibid., No. 
MM43-160-2, Jan. 5, 1943. Also S. D. Robertson, "The Effect of Rain upon the Propa
gation of Waves in the 1 and 3 cm Region," Proc. IRE, 34, 178 P (1946). 
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Laboratories,1 and at 1.25 cm by the Radiation Laboratory2 and by the 
Naval Electronics Laboratory.3 All the experiments used the same basic 
procedure. A simple transmitter and receiver were set up at opposite ends 
of a short path. Changes in signal strength were usually measured by 
comparison with a calibrated attenuator in the r-f line of the receiver, 
although the recorded output appeared in the form of a crystal, a-f amplifier, 
or bolometer output. In all cases rates of precipitation were measured 
simultaneously with one or more rain gauges. Sometimes the rate of rain
fall was measured by a funnel and graduate read by an observer, a method 
that is accurate only for high precipitation rates; at other times commercial 
recording rain gauges were used. In several of the experiments measure
ments were also made of the raindrop radii by the "filter paper" method 
(cf. Sec. 7-7). However, in no case were significant distributions obtained, 
and no use was made of the results. Table 8-21 summarizes the experi
mental details of each investigation. 

The possible sources of error are roughly the same for each experiment. 
Generally speaking the purely electrical measurements were adequately 
accurate with the possible exception of the pioneer Clarendon work. The 
greatest uncertainties arose in the meteorological measurements. Most 
important of these was the question of nonuniformity in the spatial distribu
tion of the rain intensity. Wherever several rain gauges were used, there 
was considerable evidence of nonuniform rainfall even over distances of 
several hundred meters, and there is every reason to believe similar condi
tions held for all the paths. The BTL measurements minimized this source 
of error by using a short path, while in the NRSL investigation rain gauges 
were spaced 220 m apart. It seems likely that even closer spacings would 
be helpful. (By the same token there must inevitably be considerable 
uncertainty whenever the measurements or theory are used to predict the 
attenuation for a specific radar or transmission application. The rainfall 
will never be uniform along any practical path, and hence it will be possible 
to calculate only the order of magnitude of the attenuation to be expected.) 

Another source of error is the method of measuring the rates of precipita
tion. Rado4 has discussed the accuracies of the various types of gauges and 
has pointed out that none of the gauges is designed specifically for 
measuring high rates of rainfall. Two gauges placed close together occa
sionally differ by as much as 20 per cent, apparently as a result of aerody
namic effects of local updrafts. 

'G. E. Mueller, "Propagation of K/2 Band Waves," BTL Memorandum No. 
MM44-160-150, July 3, 1944. Also, G. E. Mueller, "Propagation of 6-millimeter 
Waves," Proc. IRE, 34, 181 P (1946). 

2 G. T. Rado, "Measurements of the Attenuation of K-band," RL Report No, 603, 
Mar. 7, 1945. 

5 L. J. Anderson, J. P. Day, C. H. Freres, J. B. Smyth, A. P. D. Stokes, and L. G. 
Trolese, "K-band Attenuation Due to Rainfall," NRSL Report No. WP-20, June 1945; 
and Proc. IRE, 36, 351 (1947). 

4 G. T. Rado, op. cit. 



T A B L E 8-21 .—DETAILS OF ATTENUATION E X P E R I M E N T S 

Organiza
tion 

Clarendon 

B T L 

B T L 

R L 

N E L 
(NRSL) 

X, cm 

0.96 

1.09 
3.20 

0.02 

1.25 

1.25 

Type of t ransmitter 

Square-wave modulated klystron 

C-w klystron 

Square-wave modulated klystron 
a n d s econd -ha rmon ic crystal 
generator 

Pulsed magnetron 

A-f modulated klystron 

Type of receiver 

Crystal and galvanometer 

Superheterodyne and cali
brated output meter 

Crystal and audio amplifier 

Bolometer and audio 
amplifier 

Superheterodyne and a-f 
amplifier 

Pa th 
length, 

m 

2000 

380 
(X = 1.09) 

270 
(X = 3.20) 

380 

4000 

1950 

No. of 
rain 

gauges 

1 

1 

1 

3 

9 

Type of rain gauges 

D i n e s tilting syphon 

Funnel and graduate 

Funnel and graduate 

Several types of record
ing gauges 

Four funnel and graduate; 
five tipping bucket 

Range of 
rainfall, 
mm/hr 

0-20 

0-100 

0-100 

0-30 

0-80 

B 
a 
oo 
to 
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Precautions must also be taken to keep the rain out of the transmitting 
or receiving r-f line. Usually this was done by placing large enough shel
ters over the transmitter and receiver. In the Radiation Laboratory inves
tigation the more positive step was taken of blowing a stream of hot air out 
through the feed of the two antennas. 

Other possible, though not important, sources of error are reflections 
from ground or other objects and lack of time synchronism between the 
records of attenuation and rain intensity. 

The experimental points obtained in each investigation when plotted 
on the y-p plane usually show considerable random scatter. Although 
this behavior is to be expected in any case on fundamental theoretical 

TABLE 8-22.—SUMMARY OF ATTENUATION MEASUREMENTS 

Organization 

BTL 
RL 
NRSL 
BTL 
Clarendon 
BTL 

X, cm 

3.2 
1.25 
1.25 
1.09 
0.96 
0.62 

Attenuation, db/km per mm per hr 

Upper bound 

0.090 
0.40 
0.34 

Lower bound 

0.012 
0.09 
0.23 

0.27 0.15 
0.25 1 0.10 
0.37 | 0.27 

Average 

0.019 
0.17 
0.25 
0.18 
0.15 
0.31 

grounds, some of the scatter arises from lack of uniformity of the rainfall 
over the path. Thus in the NEL (NRSL) experiment, where enough gauges 
were used to provide an adequate picture of the rainfall distribution, the 
scatter of the points is quite small. For some of the points the rainfall was 
substantially uniform over the path, and for the others the records could be 
analysed using the points already obtained. 

Table 8-22 summarizes the results of the measurements by listing the 
slope of the "average" straight line best fitting the experimental data, along 
with the bounds that include most of the points. These figures are to be 
compared with the theoretical bounds listed in Table 8-13 and the approxi
mate linear relations given in Table 8-16. For the higher wavelengths the 
experimental upper bounds exceed the theoretical limit, but the large range 
of values measured in most cases indicates that the difference is caused by 
experimental uncertainty. The average values, in all but one case, lie well 
within the theoretical limits, with the Clarendon figure appearing to be 
slightly low. The one exception is the NEL result, where even the lowest 
experimental bound exceeds the theoretical maximum. I t is difficult to 
see what may be the source of the discrepancy, as in many respects the 
work seems to be the most careful of the entire group. The suggestion put 
forward by the authors, that the theoretical assumption of incoherent scat-
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tering is incorrect, is not at all tenable. A good deal of the attenuation 
is caused by absorption, and here there can be no question of coherence or 
incoherence as the absorption must be proportional to the number of drops 
without regard to their distribution. With the scattering portion of the 
attenuation the same considerations hold as for back scattering from rain. 
In Sec. 7-5 it was shown that the coherent portion of the scattering is com
pletely negligible unless the concentration of drops changes rapidly over a 

TABLE 8-23.—COMPARISON OF EXPERIMENTAL AND THEORETICAL ATTENUATION 
(X = 0.6 cm) 

p, mm/hr 

10 
20 
30 
40 
50 
70 

100 

Attenuation, db/km 

BTL 

3.7 
7.4 

10.6 
13.6 
16.0 
20.4 
26.5 

Ryde and Ryde 

3.8 
7.0 

10.0 
12.7 
15.4 
20.0 
27.0 

strip about one wavelength wide. It seems highly unlikely that the bound
ary of the rain could be so sharply defined. It would appear much more 
likely that the origin of the difference is to be found on the meteorological 
side of the experiment, perhaps in the terminal velocity relation, or in the 
dielectric constant of the water. 

The measurements at 0.62 cm by Bell Telephone Laboratories show 
very little scatter and clearly exhibit the increased slope for low precipita
tion rates. Their average curve is in very good agreement with the curve 
calculated by Ryde and Ryde for the rains given in Table 8-14 as shown by 
Table 8-23, where these two curves are compared. The close agreement is 
perhaps to some extent fortuitous, considering the uncertainties on both 
sides, but is nevertheless satisfying. 



APPENDIX A 

APPLICATION OF THE LORENTZ RECIPROCITY THEOREM 
TO SCATTERING 

B Y DONALD E. K E E R 

There are in current use several reciprocity theorems, all of which are 
often loosely referred to as " the" reciprocity theorem. We apply here 
the version developed by H. A. Lorentz.1 

We begin with a purely formal manipulation of Maxwell's equations. 
Let us assume that by some as yet unspecified mean? two different dis
tributions of electromagnetic fields can be established in the region of 
interest. We denote these field distributions by the subscripts 1 and 2 
on the corresponding field vectors. Each set of field vectors, assumed 
to vary harmonically in time with angular frequency o>, satisfies the 
Maxwell equations2 

V X H = (<r + tu«)E, (1) 

V X E = - I'WMH. (2) 

By forming the four following scalar products and employing Eqs. (1) 
and (2) one finds easily that 

Hj • V X Ei - Es • V X Hj - (Hi • V x E2 - Ej ■ V x HO = 0, (3) 

which may be recognized as 

V • (E, x H, - E» X HO = 0. (4) 

By the divergence theorem, the integral of the divergence of a vector 
throughout a volume is equal to the integral of the normal component 
of the vector over a surface enclosing the volume; hence, 

f n • (El x H2 - E2 X HO dS = 0, (5) 

where n is the outward normal to the surface S enclosing the region of 
interest. This is the Lorentz reciprocity theorem. 

I t should be pointed out that Eq. (5) is a purely formal relation 
between the two sets of field vectors. The vector product E X H might 
tempt one to seek to interpret it as a Poynting vector, but it has no such 
simple meaning. Here E and H are, in general, three-dimensional vectors 
and are complex as well. 

1 Amst. Ak. van Wetenschappen, i, 176 (1895-96). 
1 Regions containing batteries or generators are excluded. 
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We now define the meaning of the subscripts, with reference to Fig. A-l. 
The fields Ei and Hi are those obtained with the target removed and with a 
driving voltage Vi from the radar transmitter across the transmission 
line1 in the plane AA'. The fields E2 and H2 are those with the target 
in place and with the radar transmitter in operation, delivering the same V\ 
that it delivered in the absence of the target.2 It should be observed that 

Transmission 
line 

Radar ' r j / f 
system " p — = | = — P 

I 1 \A' ^ t 
Antenna 
system 

F I G . A'l.—Schematic representation of radar system and target in free space. The 
radar system is enclosed by a perfectly conducting shield and the transmission line and 
antenna surfaces also have infinite conductivity. The plane AA' in the transmission line 
is the plane across which the transmitted and received voltages are measured. 

both fields 1 and 2 are total fields. They both satisfy Maxwell's equa
tions; field 2 satisfies the boundary conditions on the several surfaces 
that form S, and field 1 satisfies the boundary conditions on all the sur
faces except the target. Using these two fields, we now proceed to derive 
relations between them and the power radiated by the transmitter and 
the echo power from the target. 

We now apply Eq. (5), integrating over an outer surface at infinity, 
the target, the outer surfaces of the radar and antenna system, the inner 
metal surfaces down to the plane AA', and finally over the plane AA' 
inside the transmission line. 

The triple scalar product in Eq. (5) can be written 

n - E x H = H - n x E = - E - n x H ; (6) 

thus only the field components tangential to the surface S contribute to 
the integral. The integral vanishes on all parts of the radar shielding,' 
transmission line, and antenna system as a result of the fact that 
n x Ei = n x E2 = 0. 

It can be shown that the integration of Eq. (5) over the surface at 
infinity vanishes, but the details will not be given here.3 

The remaining surfaces are the plane A A' and the surface of 
the target. In the transmission line the fields and the current and 

1 A coaxial line is shown, bu t the results to be derived are valid for any nonradiating 
transmission system. 

2 I t is assumed tha t the impedances terminating the transmission line on both ends 
are matched to its real characteristic impedance, Za, and tha t the echo signal does not 
disturb the impedance match. 

3 See J. A. Strat ton, Electromagnetic Theory, McGraw-Hill, New York, 1941, p . 487. 

/ Target 1 
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voltage are related by 
F - V H - 7 

Er ~ — A X ' H* ~ 22 (7) 
rln\a) 

where r and <f> are the usual cylindrical coordinates in the line, a and b 
are the inner and outer radii of the line, and V and 7 are the line voltage 
and current. If Eq. (7) is substituted into Eq. (5), we have1 

L B ■ (E, x H, - E, x HO dS = VJi - IV , . (8) 

This expression may be simplified further. If the positive direction for 
current is along the positive 2-axis, and if we recall that impedances are 
matched on both ends to Z0, 

11-T0 

With the target in place the total voltage V2 at A A' is the sum of V, and 
the echo voltage v. The total line current 72 consists of the sum of the 
original 7,, flowing to the right in Fig. A l under the influence of Vu 
and the echo current — v/Za, negative because it flows to the left under 
the influence of v. Hence 

Vi= V. + v, 

Vt - v 

and 

VJt- V,h - - 2 t » | l - (9) 

Employing Eqs. (9) and (8) in Eq. (5), we have 

VlV = 1 f n • (E, x H2 - E2 x H,) dS. (10) 
JJQ £ J i> 

This expression may be transformed to include the transmitted power 
and the echo power if we employ the fact that the average power flow 
in either direction in the line is given by a formula of the type P = VVf/2Z0. 

If we now multiply Eq. (10) by its complex conjugate, and if in con
formity with earlier notation we denote the transmitted power P , by P, 
and the received power P2 by Pr, Eq. (10) becomes 

1 p = 
^" 4P, 

i / n • (E, X H2 - E2 X H,) dS 
4 J T (ID 

1 Equation (8) holds in its present form for c-w radar but is zero for pulsed operation. 
We shall not introduce the additional complexity required to estabhsh the results for 
the pulse case. 
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We restrict the analysis from here on to that for a large perfectly con
ducting target having radii of curvature greater than about one wave
length (a "smooth" target in the sense of Sec. 6-3). For such a target 
the second term of the integrand of Eq. (11) becomes 

n • E2 x H! = Hi • n x E2 = 0 

because of the infinite conductivity. 
The first term of the integrand may be obtained from Eqs. (6-53) and 

(6-54) of Sec. 6-3 which yield, in the present case, 

H2 « 2[Hi - (n • HOn]. ' (12) 

The integrand of Eq. (11) then becomes 

n • [Ei x Hi - (n • Hi)Ei x n]. 

The triple scalar product in the second term is 

n - E i X n = E i - n x n = 0; 

thus for this case the integral reduces to a simple expression in terms 
of the incident fields. We now impose the customary restriction that the 
distance from radar to target is sufficiently large that the surfaces of 
constant phase in the incident wavefronts are substantially plane, and 
we assume propagation along the z-axis; after some manipulation the 
integrand then becomes 

n • Ei x Hi = n • Ei x (i2 x Ei) - = - (Ei • E0(n ■ iz), 

where T)0 = 120r ohms, the intrinsic impedance of free space. 
As in Sec. 6-3, we replace n • xz dS by dA, the projection of dS of the 

target on to the xy-plane, at right angles to the direction of propagation 
of the incident wave. Introducing these modifications, Eq. (11) becomes 

(13) 

Most radar systems in use at the present time employ antenna systems 
that radiate essentially linearly polarized waves in the direction of maxi
mum transmission; and in general, data on target cross sections relate to 
that part of the echo energy which is linearly polarized in the same direction 
as is the radiated wave. The effects of other types of polarization may 
be examined by the present analysis, however. For example, if the 
antenna radiates an elUptically polarized wave, we may represent it by 

Ei = E0e-"" [it + i tfe-*], (14) 

where g is a real scalar quantity and 0 is the time phase between the 

Pr = 4P« Vo 
Ei ■ E! dA 
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two field components at right angles in space. The accompanying 
magnetic field is 

H, Eg 
VO 

~it'- Ilnp-tfl + >,]■ (15) 

The Poynting vector giving the incident average power flow is 

Si = l Re(E, X HI) = P - (1 + g°-). (16) 

Using Eq. (14), the integrand of Eq. (13) becomes1 

Ei • E : = El (1 + g2e~^) e'01". (17) 

Using Eqs. (16) and (17) and manipulating the complex quantities, 
we find that Eq. (13) becomes 

p* = J>t
 {SlY 1 

4g2 sin2/3 
(1 ,2\2 ■dA (18) 

This equation may be recast in a familiar form if one recalls that the 
Poynting vector at a distance R in the direction of maximum trans
mission from an antenna of gain G is2 

P,G Sl = 4TTR2 

With this modification and slight rearrangement Eq. 
the radar transmission equation 

(18) now becomes 

Pr 
P, 

( ? \ 2 

(4ir)3ft4 1 -
4<72 sin2/3 
(i + g2Y 

(JJ je-^dAJ- (19) 

The two brackets contain the factor heretofore called the back-scattering 
cross section a, but now modified in a way to emphasize its meaning in 
relation to polarization and antenna properties. The polarization effect 
is given by the factor in the first brackets, and the second bracketed 
quantity may be recognized as the cross section given by Eq. (6-56) in 
Sec. 6-3 for linear polarization and a smooth target. 

For the case of linear polarization /3 = 0, and Eq. (19) reduces to the 
simple form discussed in Sec. 6-3. For circular polarization, however, 
g = 1, /3 = ±7r/2, and Eq. (19) predicts that the echo power is zero.3 

1 The earlier remark about the E X H products not being interpretable as Poynting 
vectors is well illustrated by the E, • E, of Eq. (17) which developed from them. It is 
a complex number having no direct connection with average energy flow as it stands. 

* The gain must be defined appropriately for elliptical polarization. It is the ratio 
of >S given by Eq, (16) to S at the same distance from an isotropic antenna radiating the 
same power as the antenna system under investigation. 

1 Apparently this fact has been generally known for several years, but the present 
author is not aware of its origin. It first came to his attention in P. D. Crout and F. E. 
Bothwell, "A Theoretical Treatment of Radar Target Return," RL Report No. 719. 
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The skeptical reader is invited to consider again the system shown in 
Fig. A-l, with particular regard to the antenna system. Let the trans
mission system be split into two branches on the right of AA'. Each 
branch leads to an antenna that radiates a linearly polarized wave, but 
the antennas are oriented so that their polarizations are at right angles. 
The antennas are identical and are supplied with equal amounts of power, 
but the line from the branch to one antenna is X/4 longer than the other 
line. This combination of antennas produces, at large distances, a 
circularly polarized wave described by Eq. (14), in which g = 1 and 
/3 = 7r/2. The J - and ^/-components of the wave incident upon the target 
are scattered independently and in an identical manner (by the smooth 
target) and upon return to the antenna system are received independently 
by the same antenna that transmitted them. Because of the additional 
X/4 in one side of the transmission line, the total excess phase delay in 
this side is -w for the two-way journey. The two signals at A A' are equal 
in magnitude and are in phase opposition, hence zero total signal.1 To 
say it another way, the reflection from the target changes a right-circularly 
polarized wave radiated by the antenna system into a left-circularly polar
ized wave to which the antenna system will not respond. 

The foregoing result emphasizes the fact that the earlier definition 
of a in terms of the incident and back-scattered Poynting vectors, namely, 

&' a = 4irR2 -~, 

is useful only for linear polarization of the incident wave and the com
ponent of the back-scattered wave that is similarly polarized. In the 
case discussed above the back-scattered Poynting vector is certainly not 
zero, although the reciprocal relation between transmitting and receiving 
properties of the antenna system causes it to appear to be zero. 

The reciprocity theorem is well known in antenna theory, where 
it is useful for deriving general properties of antenna and transmission 
systems.2 In assuming a smooth target we have deliberately chosen a 
situation that emphasizes the antenna properties. The general case in 
which the target or the transmission path depolarizes the incident wave 
will not be treated here. The present development has been given 
primarily to bring to light some of the fundamentals underlying the con
cept of radar cross section. 

1 This would not occur if the echo signal were measured in either branch of the 
antenna feed line. The conventional arrangement, however, is to detect the echo in 
the transmission line at some location corresponding to AA'. 

2 See Vol. 12 of this series, or Frank and Von Mises, Die Differential und Integral-
gleichungen der Mechanik und Physik, Bd. 2, Vieweg, 1935, pp. 953-963; also John R. 
Carson, Bell System Tech. Jour., 3, 393 (1924); 9, 325 (1930); Proc. IRE, 17, 925 (1929); 
J. C. Slater, Microwave Transmission, McGraw-Hill, New York, 1942, p. 251; S. A. 
Schelkunoff, Electromagnetic Waves, Van Nostrand, New York, 1943, p. 477. 



APPENDIX B 

COHERENT AND INCOHERENT SCATTERING FROM 
ASSEMBLIES OF SCATTERERS 

B Y A. J. F. SIEGEET AND HEBBERT GOLDSTEIN 

I t will be assumed for simplicity that all the scattering particles 
return a signal of equal magnitude. The assumption is not a necessary 
one, but the introduction of a distribution in the magnitude of the scatter
ing would only complicate the mathematics without affecting the con
clusions. Let the distance of a convenient reference point on a given 
scatterer, denoted by "center of the scatterer," from the radar be r. 
No matter what the nature of the scatterer is, the scattered amplitude 
will be proportional to the incident field amplitude and inversely pro
portional to the distance r. Hence the scattered field at the receiver 
due to one scatterer can be represented as 

E- = - £ = ^ «-«"«», (1) 

where E0(r) is the incident field amplitude and p is a constant of pro
portionality, by assumption the same for all the scatterers. The total 
scattered amplitude from all the scatterers is then 

E' = - 2 = f n(r) ^ - e-4*'c,vx> d r j (2) 
■Viirjo r 

where n(r) dr is the number of scatterers with centers lying between 
r and r + dr. In the case of pulsed transmission the incident field 
E0(r) not only will vary with r as 1/V but will also exhibit the character
istic pulse shape. I t is convenient, however, to treat the incident field 
as a continuous wave and lump the effects of the pulse shape in with the 
spatial variation of the density of scatterers by assuming a fictitious 
distribution of the scatterers corresponding to the pulse shape. Further, 
the variation of r over the distance of the pulse length is usually small so 
that Eq. (2) can be approximated to a high degree of accuracy by 

4x K JQ 
(3) 

where R is some appropriately denned range, say, to the center of the 
pulse. The scattered Poynting vector at the receiver will then be 

S' = |p|2 ^ j | j f n(r)n(r')e~ ^ ( , " ' ° dr dr'. (4) 
o 

Actually the distribution of scatterers is rarely^ static; the scatterers are 
moving, and the number of scatterers present in any given volume 
changes with time. The distribution function should therefore more 
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properly be written n(r,t). As a consequence, the scattered signal will 
vary with time; we shall be concerned, however, with the time average 
of the signal: 

& = W t £ § / / n(r,tMr',t) e" ^ ^ dr dr', (5) 
o 

the bar denoting a time average. The incident Poynting vector is given 
in terms of the radar characteristics by1 

So{R) = ~dm' 
while the average received power is connected with S' by 

p- _ S'GX1 

'~ 4 T ' 
Hence the received power is 

where the radar cross section a is given by 

n(r,t) n(r',t) e ' " ' * dr dr'. (6) 
o" 

It is instructive to break a up into terms by writing 

n(r,l) n(r',t) = n(r) n(r') + [n(r,l) n(r',t) - n{r) n(r')], 

where n{r) is the time average of the distribution function. The cross 
section can now be written 

C ™ - 4 T " ' 
/ n(r) e x dr 

Jo 

>JJ + \p2\ [n(r,i)n(r',t) -n(r)n(r')]e * dr dr'. (7) 

The first term will obviously be proportional to the square of the total 
number of scatterers; it is therefore the "coherent" part of the scattering; 
that is, the individual amplitudes rather than intensities are added 
together. We shall show that this term vanishes if n(r) is constant. 
The nature of the second term is more clearly shown by observing that 

n(r,t) n(r',t) - n{r) n(r') = [n(r,t) - n(r)][n{r',1) - n(r')]. (8) 

Thus this term arises solely from the fluctuations in the density of the 
scatterers about the time average distribution. With a purely static 

1 For simplicity we assume free-space transmission. 
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distribution this contribution must vanish, leaving only the first term. 
Note that for r — r' the right-hand side of Eq. (8) is just the mean square 
fluctuation of density, and it has been shown in many places that for 
independent scatterers this mean square fluctuation is just n(r).1 

In general a time average such as is involved in the second term in <r 
can be obtained as follows. Let it be required to find 

/ n(r,t) n(r',t) F(r') dr' = f n(r,t) n(r',t) F(r') dr', (9) 

where F(r) is any function of r alone (independent of time). In the 
course of time the assembly of scatterers will pass through an infinity 
of configurations, each configuration being specified by saying that 
scatterer number 1 is at n, scatterer number 2 is at r2, and so on. The 
time average involved in Eq. (9) can be thought of as an average over 
all configurations obtained by multiplying the integrand by the prob
ability for a given configuration W(r\, H ■ ■ ■ rx) (that is, the relative 
frequency of the configuration) and integrating over all configurations. 
The density function n(r,t) can be expressed in terms of the specification 
of the given configuration by using the well-known Dirac 6 function,2 

For a configuration in which the centers of the N scatterers are located 
at n, r2, ■ rtt, the number of such centers located between r and r + Ar is 

A' 
V /■'■+*-■ 

n(r,t) Ar = n(r;rurt, ■ ■ ■ rN) Ar - > / S(s — r,) ds; (10) 
1 = 1 

that is, each position r ; has a unit contribution to the number involved, 
providing r, lies inside the region, zero otherwise. From the properties 
of the S function it then follows that 

f " F(r>) n(r',t) dr' = f F{r') n(r',r, ■ ■ ■ rN) dr' = £ F{rk). (11) 

The time average required in Eq. (9) can now be expressed as a con
figuration average: 

Ar / n{r,t) n(r',t) F(r') dr' -
N N 

Win ■■■rN)dn---drN^j* 8(8 - r;) ds ] ? F(rn). (12) 
l - I m = 1 

1 Cf. the derivation given in a similar connection in M. Born, Oplik, Springer, Berlin, 
1933, p. 374. 

! See, for example H. Margenau and G. M. Murphy, The Mathematics of Physics 
and Chemistry, Van Nostrand, New York, p. 325. 
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We now introduce the assumption that scatterers are independent, 
at least in the sense that the presence of the Zcth scatterer in any given 
interval does not prejudice the presence of other scatterers.1 This 
assumption naturally requires that the distance between scatterers be 
large compared to their dimensions, a necessary condition that is usually 
amply satisfied. With this assumption the probability of any con
figuration n ■ • ■ rs is just the product of the individual probabilities of 
finding a given scatterer at a given position; 

N 

W(rt ■ ■ ■ rN) = f ] W(rt), 
t = 1 

where W{rk) drk is the probability of finding the fcth scatterer in the 
interval between rk and rk + drt, and is given simply by 

W(r) dr = ^ dr. (13) 

Equation (12) thus can be written as 

Ar I n(r,t) n(r',t) F(r') dr' = 

I - 1 » . I k= 1 

For values of the index k not equal to I or m the integrations over r» can 
be performed immediately and lead to unity, for the integrand in each 
case consists solely of n(rk)/N. For the remaining terms we must dis
tinguish between the cases I = m and I ^ m. In the former case the 
integrations over rk can be carried out immediately for all k except 
k = I, whereas in the latter case two integrations are left: k = I, and k = m: 

Ar f\(r,t) n(r',t) F{r') dr' = £ fj dr,7^ £ + " 5 ( , _ r<) ds F ( n ) 

+22 //o" dudrm T ^ /r+"s(s -r,) *F{rm)- (15) 
i 

By carrying out the integral over r, first this reduces to 

r>+4r 
n(s)F(s) ds + ^-2^Xfo d r " H ( r " ) F ( r » ) Jr

 + ^ «(») <*»• 
I (W m) 

1 It is exactly this assumption which determines the "Gaussian" nature of the 
statistics we use. 
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Each term in the summation over I and m is identical; hence the sums 
reduce to N times each term, or 

/ n(s)F(s) ds + / n(r')F(r') dr' / n(s) ds. 
Jr JO JT 

Finally we can let Ar —> 0 so that the integral over s becomes just the 
integrand times Ar: 

Ar / n(r,t)n(r',t) F(r') dr' = Ar n(r)F(r) + j n(r')n(r)F(r') dr'~\-

Hence it follows that 

j / n{r,t)n(r',t) - n(r)n(r') j F(r')G(r) dr dr' = j n(r)F(r)G(r) dr. (16) 

o 
Applying this result to a [Eq. (7)] with F(r') = e4l(r ' 'x and G(r) = e~Arirlx 

we obtain 
2 

|p2| / n(r) dr + |p2| / n(r)e ~ dr 
Jo ] Jo 

(17) 

The first term is just N\p2\, the cross section per scattcrer times the 
number of scatterers, and therefore represents the usual incoherent 
scattering, and the second term, as has been remarked, represents the 
coherent scattering. 

The integral involved in the coherent scattering obviously vanishes 
if n(r) is essentially constant, for it represents the average of n(r) over 
an oscillatory function, which by itself averages to zero. Clearly the 
magnitude of the coherent scattering will depend upon how much the 
density function n(r) varies over a period of the oscillatory function, 
that is, in a distance x. Thus, qualitatively it can already be seen that 
the magnitude of the coherent scattering will depend upon the gradient 
of the density of particles. In fact, because the density of particles can 
be taken to be zero at the origin and infinity, one can integrate by parts 
and obtain such a dependence explicitly. 

/ ; 
X / an n{r)e x dr = + —. / ~ e x dr. (18) 

4 « J o dr 
As an example of these results let us calculate the coherent scattering 

from a uniform density gradient extending over a distance Ar less than 
the pulse length. (It will be assumed that the edges of the pulse have 
sufficiently gradual "sides" that they do not contribute to the coherent 
scattering.) We then have 

•-"■(£)"®l£--*T 
2 
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or 

-H^KfM2^) (19) 

Thus the maximum signal is already obtained when the gradient extends 
over a strip no wider than \/2r. 

It has already been pointed out that the effect of pulsed transmission 
is the same as if there were a corresponding pulselike spatial distribution 
of scatterers, so that a certain amount of coherent scattering can be 
expected because of the fictitious gradient of n corresponding to the 

n(r) 

Time -
F I G . B-l.—Trapezoidal pulse. 

pulse edges. Suppose the pulse sides sloped uniformly for a distance a 
as in Fig. B-l. The slope of n is related to the total number of particles 

dn = JV 
dr ba 

where b is a pulse length defined as the distance between the points 
where n is 50 per cent of its maximum value. Then we have 

dn 
o dr dr ba 

X /2irb\ . (2ira\ 

and the cross section for coherent scattering is 

'-1* (0(s)'[«-(?)-(¥). 
The ratio of coherent to incoherent scattering is then 

^ < N \2irbJ \2TraJ 

(20) 

(21) 

Even such a trapezoidal pulse is not a faithful reproduction of an 
actual pulse, as it possesses discontinuities in the first derivative dn/dr. 
It can be seen from a comparison of Eqs. (17) and (18) that a discon
tinuity in dn/dr produces the same sort of effect as a discontinuity in n 

file:///2irbJ
file:///2TraJ
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itself, although diminished by a factor proportional to x. Such dis
continuities are artificial. A realistic model of a pulse should be smooth 
in all its derivatives. A convenient form satisfying this characteristic 
is a pulse formed by an error integral curve reflected about R, as shown 
in Fig. B-2. 

n(r) 

Time 

FIG. B'2.—Error-integral pulse. 

For sufficiently sharp pulses, 

dn N 
dr ba \ a2 

dn 
dr 

N 

r < R, 

r > R, 
(22) 

with b again approximately the pulse width between the half-density 
points. Providing 6 » a we can write 

dn - i f , N -=- e K dr — =— 
0 dr ba 

,¥<*-!) 4jrifc( 

<«♦'*) ]/: 
-f- co -KT1 4irl'r 

e a' e * dr. 

From Eqs. (18) and (17) the coherent scattering cross section is then 
given by 

'-«*m$*>®)\f. e "a5" e » dr 

The integration is easily effected by completing the square in the exponent, 
and the final result is 

^I'fe)'-'^)^ 
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The ratio of the coherent to incoherent scattering then has an upper 
bound given by 

In comparison with a trapezoidal pulse of approximately the same 
"sharpness" it is seen that the smooth pulse has a much smaller coherent 
scattering. 
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Laminar sublayer, 209, 213, 219 
Laplace integral, 88 
Lapse rate, 193 

adiabatic, 194 
of dew point in homogeneous air, 196 
dry-adiabatic, 194, 280 
moist-adiabatic, 194, 279 
saturation-adiabatic, 194 
in subsidence, 260 
of vapor pressure, 196 
of wet-bulb temperature in homogene

ous air, 197 
Latent heat, 183 

of vaporization of water, 188, 293 
Layer, elevated, 14 

(See also Duct, elevated) 
of frietional influence, 213 

outer, 214 
homogeneous, 193, 199, 231, 235 
nonstandard, as barrier. 75, 76, 83, 168 
saturated, 207 
standard, 14, 235 
substandard (see Substandard layer) 
superstandard (see Superstandard layer) 
surface (see Surface layer) 

Leaking modes. 22, 71, 84, 333, 378, 382 
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Length, natural \init of, as function of 
wavelength, 124 

Line of sight, 5 
Line-breadth constant, 650, 654 

for oxygen, 654-656 
for water vapor, 658-664 

Line broadening, 645, 650 
Linear-exponential 3/-profilo, contours of 

field strength for, 178-180 
Linear-exponential profile, 169, 174 
Linear modified-index profile, 14-16, 87 
Lloyd's mirror. 4 
Lobe-switching, 436 
Lobes, 39, 40, 407-410 
Loci of A IS (s) and A S ' (s) in complex 

plane, 158 
Locus of maxima, 137 
Logarithmic distribution, 223 

of specific humidity, 218 
of temperature, 223 
in turbulent boundary layer, 215 
of velocity, 217 
of water vapor, 223 

Long-wave transmission, proposed mecha
nisms for, 1 

Lorentz reciprocity theorem (see Reci
procity theorem) 

M 

M, fluctuations in, 268-271 
Af-dcficit, 222, 229, 230, 234, 237-239, 

244, 245 
Af-gradient, s tandard, definition of, 14 
Af-inversion, 14 

definition of, 15 
elevated, 18, 223, 249, 261-266. 302-304, 

329-335, 339. 359, 361, 362. 364, 
366, 372, 373, 382 

overhanging, 304, 332 
and 256 M c / s transmission, 315 

shallow, 224 
with subsidence, 261 

Af-profile, bilinear (see Bilinear Af-profile) 
characteristic values for, 146-163 

definition of, 14 
linear-exponential, 312 
power-law, 312 
s tandard, definition of, 14 

Manchester, University of, 175, 177 
Mapping, method of, for obtaining char

acteristic values, 146 

Mark VI aircraft psychrometer, 288, 289 
Massachusetts Bay, 226, 295, 296 

meteorological measurements and an
alysis of, 297 

radio measurements of, 296 
M.I .T . Weather Radar Project, 577, 617 
Maxwell 's equations in earth-flattening 

method, 51 
Mechanical integration by differential 

analyzers. 177 
Mechanical mixing, 238, 252 

and temperature excess, 231 
and wind speed, 231 

Metal-lens antennas, 386 
Meteor expedition, 262 
Meteorograph, 337 
Meteorological conditions, nonuniform, 

315, 318-319, 368 
Meteorological constants, 292 
Meteorological echoes, average echo from, 

589-591 
from causes other than precipitation, 

593-595 
and coherent scattering, 605-607 
correlation of, with precipitation, 5 9 1 -

592 
cross section of, per unit volume, 590 

absolute measurements of, 597-598 
approximate calculation of, 596-597 

dependence of, on antenna area, 591 
on beam width, 590 
on drop size, 596 
on pulse length, 590 

magnitude of, from atmospheric in-
homogeneities, 600-604 

nondrop theories of, 598 
from solid precipitation, 618 
validity of Rayleigh scattering law for, 

598 
var iants of drop theories of, 604-608 
(See also Precipitation echoes) 

Meteorological Instruments, 272 
Microwave spectroscopy, 25 
Migratory highs, 261 

Millimeter waves, absorption of, by water 
vapor, 664 

raindrop radar cross sections for, 612 
Mixing, 200, 201 

convective, 225 
mechanical (see Mechanical mixing) 

Mixing ratio, 185, 187, 188, 200, 206 

file:///init
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ML-313 psychrometer, 287 
lag coefficient of, 287 

Mode, single, in duct, 19 
Modes, elementary, 18 
Modification, of air over water, for long 

trajectories, 248-250 
height of, 238, 241, 242 

Modification cross section, 239-241 
Modified index, 12, 50, 53, 191, 192 

definition of, 12 
inadequacy of, over land, 352 

Modified-index gradient, 192 
Modified-index profile, bilinear, analytical 

statement of, 142 
idealizations and definitions of types of, 

14 
nonlinear, 174 

Modulus, potential, 198-200, 207 
definition of, 199 

Modulus deficit, 224 
definition of, 222 

Moist-adiabatic lapse rate, 194, 297 
Monsoons, 371, 372 
Mt. Snowdon, 328 
Multiple moments, of cylinder, 461 

of raindrops, 608-610 
of sphere, 7, 451-452 

Multiple-ray paths, 388, 390, 395 
Multipoles on raindrops, 676 

N 

Ar-inversion, definition of, 15 
A'-profile, 14 

bilinear, characteristic values for, 162 
examples of, 143 

National Physical Laboratory, 325, 341 
Natural units, advantages of, in computa

tion, 136 
Naval Research Laboratory, 226, 374, 477, 

480 
Navy Electronics Laboratory, 262, 328, 

350, 382 
Navy Radio and Sound Laboratory, 328, 

341 
Negative heights, 444 
Newton-Raphson method for obtaining 

characteristic values, 146 
Nocturnal cooling, 221, 253-257 
Nocturnal inversion, 346, 348 

Nocturnal radiation, 220, 232, 234, 254, 
359 

and elevated Af-inversions, 316 
Nocturnal surface inversions, 339, 348 
Noise, detection of radar echoes in, 471 

effect of, on first and second probability 
distributions, 559 

on receiver output calibration, 565 
Nonlinear receiver characteristics, effects 

of, on measurement accuracy, 564-
571 

Normalization, of height-gain function, 
141-142 

Numerical integration of Riccati equation, 
177 

O 

Occlusions, 347 
Office of Chief Signal Officer, 341 
Optical path, 6 
Optical path length, 47, 50, 99-100, 104, 

107 
Optics, geometrical (see Geometrical 

optics) 
physical, 4, 58 

Over-water transmission, general charac
teristics of, for Massachusetts Bav, 
301-307 

Overland transmission, general features of, 
340 

Overland transmission paths, 341 
Oxygen, 26 

absorption by, 646-656, 663 
magnetic dipole transitions in, 649 
rotational spectrum of, 649, 653-654 
selection rules for, 649-650 

Oxygen absorption, measurements on, 655, 
656, 665-666 

P 

Paraboloid, elliptic, 464 
of revolution, 464 

Path length, optical (see Optical path 
length) 

Path-length difference, 37, 108, 114, 115 
Paths of integration, in normalization, 

141, 177 
in K-plane, 68 
in (-plane, 89 
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Pattern-propagation factor, 34, 117 
definition of, 35 
in diffraction region, 109, 122, 141 
in interference region, 38, 99, 115-117 
in natural coordinates, 98 
sample calculation of, for diffraction 

region, 124 
extending through intermediate re

gion, 133-135 
simple properties of, 36-41 

Per turbat ion calculations, 177 
Phase constant of first mode, 162 
Phase front measurements, 389 
Phase-integral methods, 70, 177 

for Eckersley modes, validity of, 87 
relation of, to ray tracing, 82 

Phenomenological description, of a t tenua
tion by precipitation, 671-674 

of average signal strength, from meteor
ological echoes, 589-591 

from sea echo, 482-486 
Photography of A-scope for s tudy of echo 

fluctuations, 562 
Physical optics, 4, 58 
Pilot balloon observations, 298 
Pip-matching, 436 
Point of reflection, 113 
Point Loma, San Diego, 329 
Polarization, 140 

as affecting o. 33, 461, 462, 468, 471, 
475, 696-699 

affecting sea echo, 498, 522, 527 
and boundary conditions a t ear th ' s 

surface, 58, 63, 111, 112, 124, 140 
circular, 697-699 

in scattering from smooth targets, 468 
effect of, on reflection coefficient, 4Q, 

98, 397-401, 408, 423-424, 427-429, 
434 

in refraction studies, 297, 337, 343, 
351, 389 

elliptical, 696-697 
puri ty in, relation of, to reflection co

efficient, 426 
of radiated wave, 29 

Polybutylmethacrylate , 273, 281 
Potential temperature , 194, 195, 200, 202 

definition of, 194 
Power-law Af-profile, 312 
Power-law profiles, 174 

Precipitation, a t tenuat ion by, 671-692 
as causing meteorological echoes, 5 8 1 -

598, 604-615, 618-621 
effects of, on transmission, 339 
onset of, 339 

Precipitation echoes, 22, 621 
band structure of, 632, 637 
confusion and masking of. 625-626 
first probabili ty distribution for, 575 
fluctuation of, 551, 575-578, 588 
frequency spectra for, 575-578 
from hurricanes and typhoons, 636-640 
identification of, 621-625 
from layers, 634-636 
magnitude of, 596-598 
meteorological s t ructure of, 626 
probabili ty distribution for rat io of suc

cessive amplitudes. 578 
self-absorption of, 613 
variability in frequency spectra of, 575, 

576 
from widespread rain, 633 

Precipitation rate and a t tenuat ion by pre
cipitation. 673. 683, 691 

Pressure gradient, 193 
Pressure recorders, 490 
Principle of similarity, 201, 232. 233, 238, 

240, 243, 268 
Probabili ty distribution for ratio of ampli

tudes, 558, 577-578 
(See also First probabili ty distr ibution; 

Second probabili ty distribution) 
Propagation, nonstandard, geographical 

distribution of, 369 
Propeller modulation, 539-543 
Provincetown Standpipe, 547, 548 
Pseudoadiabatic chart, 188 
Psychrograph, 272 

circuit diagram of, 277 
lag coefficient for, 280-281 

Psychrograph housing for ground-based 
soundings, 283 

Psychrometer, 182 
aircraft, 287 
ML-313, 287 

Psychrometric formula, 187 
Pulse integrator, 496 
Pulse length affecting sea echo, 491 
Pulse shape, and magni tude of coherent 

scattering, 605-607, 704-706 
in sea echo, 484 
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R 

Race Point, Cape Cod, 295, 296, 298 
Radar, ground-controlled approach (GC A), 

432 
Radar cross section, 33, 445 

of aircraft, 470-472 
method of measurement of, 470 
polarization dependence of, 471—472 
table of, 472 
wavelength dependence of, 471—172 

of circular disk, 458 
of complex targets, 469 
of cylinders, 458-462 
definition of, 33 
dependence of, on polarization, 698 
differential, 466 
of flat plate, 457 
from flat^plate model, 476-479 
general formula for, 455 
of sea echo (see Sea echo) 
of ships, 472 

aspect dependence of, 479 
far-zone, 478 
incoherent scattering of, 479—481 
near-zone, 478 
polarization dependence of, 475 
table of, 475 
wavelength dependence of, 475, 479 

simplified formula for, 462 
of small objects. 465 
of smooth target, 697 
of sphere, 450, 452^53 
statistical nature of, 470 
per unit volume, for precipitation 

echoes, 596 
definition of, 590 

Radar detection near surface, range de
pendence of, 474 

wavelength dependence of, 409, 474 
Radar detection ranges and duct height, 

358 
Radar echoes, fluctuations of (see Fluctua

tions, of radar echoes) 
long-range, 9, 358, 367-373 
from precipitation, 22 

(See also Precipitation echoes) 
vs. range, for ships. 474 
steady, examples of, 547 

Radar equation for ships, 473 
Radar measurements program, Massa

chusetts Bay, 354 

Radar range, free-space, 33 
Radar set, for measurements of sea echo, 

495 
SCR-584, 444 

Radar transmission equation, for elliptical 
polarization and smooth target, 697 

for flaVplate ship model, 479 
free-space, 33 
for sea echo, 484 

Radiation, 232, 234, 248 
nocturnal (see Nocturnal radiation) 

Radiation cooling, 343 
Radiation temperature of space, used 

in water-vapor absorption measure
ments, 669 

RCA Laboratories, 338, 344 
Radio meteorological forecasting, 175 
Radio-optical path, definition of, 6 
Radio Research Laboratory, 480 
Radiometer, microwave, 668-669 
Radiosonde, 207, 255, 272, 298, 347, 348 
Radiosonde ascents, 261, 348 
Rain, attenuation in, 673, 678-685 

incorrect ideas about, 685, 691 
measurements of, 688-692 
wavelength dependence of. 684 

echoes from, 591-592 
magnitude of, 596-598 
(See also Meteorological echoes; Pre

cipitation echoes) 
nonuniform spatial distribution of, 672, 

684, 689 
Rain gauges, 689 
Raindrops, attenuation constant for, 678-

685 
multipole moments of, 608-610, 676 
and radar cross section, 608-613 
size distributions of, 615-618, 681 
terminal velocity of, 679 

Random processes, theory of, 553 
Random scatterers, 551, 553 

assembly of (see Assembly of random 
scatterers) 

plus steady signal, first and second prob
ability distributions for, 560-562 

Random-walk problem, 553 
Range, natural unit of, 97 
Range-height indicator, 630, 635-636 
Ray, 4, 12, 54 

characteristic of, 15, 49 
curvature of, in relation to index gradi

ent, 44 



724 SUBJECT INDEX 

Ray, definition of, 6 
differential equat ion for, 42-50 
direct (see Direct ray) 
reflected (see Reflected ray) 
in surface duct, 19 
tangent , 5, 6, 116 
turning point of (see Turn ing point, of 

ray) 
in waveguide, penetrat ion of ducts in, 18 

Ray curvature, relative, 12 
relative to earth, 50 

R a y family, 15, 47 
linear N-profile, 16 
simple surface duct, 17 

R a y theory, 332, 391 
Ray tracing, 17, 18 

errors of, 7, 18 
relation of, to phase-integral methods, 

82 
Ray-tracing conditions, as criterion of 

validity of ray methods, 57 
Ray-tracing formulas, 41-50 
Ray-tracing methods, l imitations of, 53-58 
Rayleigh roughness criterion, 411, 430, 

431, 434, 539 
Rayleigh scattering law, 23, 465 

for cylinder, 461 
deviations from, 598, 612 
for flat plate, 8. 465 
for meteorological echoes, 597-598, 610, 

618 
for sea echo, 494 
for sphere. 7, 452 
for suspended matter , 621 

Received power, definition of, for pulses, 
483 

minimum useful, 32 
Receiver calibrations, 564 
Reciprocity theorem, 97, 114, 468, 693-698 
Reflected ray, 5, 19, 36, 37, 38, 99, 100, 

101, 108, 116 
variations of, 424, 539 

Reflection, from ear th ' s surface, 5, 34 
and radar height measurements, 436 

from elevated M-inversion, 334 
geometry of, from plane earth, 36 
ionospheric, 3 

from rough terrain, 340, 351, 471 
specular, from terrain, 344, 391 

wavelength dependence of, 436 
time variation and rough surface. 418 

Reflection coefficient, 37, 97-99, 102, 105, 
396 

dependence of, on grazing angle, 4 0 1 -
403 

of ocean, 537 
and sea echo, 418 
for smooth plane, 396 
for smooth sea, theory of, 402-403 
and surface roughness, 411 
for very smooth land, 432 

Reflection coefficient measurements , inter
pretat ion of, 429, 435 

long-range, over land, 430 
over sea, 421 

rapid variations in, 419, 538 
short-range, over land, 433 

over water, 427 
Refraction, atmospheric, 34 

s tandard, 14, 22, 53, 95 
in diffraction region, 122 

Refraction studies by radar , 353-373 
Refractive index, of air, 189 

complex, 448 
variable gradients of, 9, 192 
(See also Index, of refraction) 

Refractive modulus, 192, 203, 207 
approximate formula for, 203 
definition of, 12, 191 
errors of, 203 
gradient of, 192, 198 

errors in, 204 
potential, 199, 201 

approximate formula for, 205 
Residues, sum of, of field integral, 110 
Resistance coefficient, 216, 217 
Resistance thermometer, 289 
Riccati equation, 147 

numerical integration of, 177 
Ripple theory of sea echo, 494 
Ripples, 487 
Roller fading, 302, 304. 306, 324, 328, 335, 

337-343 
Rossby distribution of eddy viscosity, 215 
Rossby equivalent potential t empera ture 

diagram, 188, 200, 201 
Rotat ional spectrum, of oxygen, 649, 

653-654 
of water vapor, 656-658 

Rough surfaces and reflection coefficient, 
411, 423-425, 434 
(See also Reflection coefficient) 



SUBJECT INDEX 725 
Rough surfaces, and time variation of re

flecting properties, 434 
Roughness length, 217 

S 

Saddle points, 90, 92 
Sandstorms, echoes from, 621 
Saturated vapor, 182, 183 
Saturation-adiabatic lapse rate, 194, 279 
Saturation curves, 184 
Saturation mixing ratio, 185, 188 
Saturation specific humidity, 185, 188 
Saturation vapor pressure, 183 
Scalar potential, diffraction region, 65 
Scanning, conical, 440 
Scanning loss, effect of, on a, 471 
Scattering, and absorption by particles, 23 

approximate formula for, 463 
by atmospheric irregularities, 317, 600 
in backward direction, 455 
coherent (see Coherent scattering) 
by earth's surface (see Reflection coef

ficient) 
by flat plate, 8 
general formula for, 454 
geometrical optics in, 465-468 
by quadric surfaces, 463 
by sphere, 7, 445 
treated by reciprocity theorem, 693-698 

Scattering coefficients, for cylinder, 459 
for sphere, 448 

Scattering cross section (see Radar cross 
section) 

Scattering functions for spherical particles, 
611 

Scintillation, 302, 305, 306, 324, 335, 339, 
350, 389 

SCR-584 radar set, 444 
Scripps Oceanographic Institution, 488 
Sea, definition of, 486 
Sea breeze, 264-266, 370 
Sea clutter (see Sea echo) 
Sea echo, <r° vs. 9, 503-510, 521, 524, 525 

appearance of, on airborne system, 481-
482 

with high resolution, 491—492 
azimuth variation of, 514 
beam width affecting, 483-485, 491 
dependence of, on beam width and pulse 

length, 491 
on range, 490 

Sea echo, <r° vs. 9, difficulties in measure
ment of, 496, 500, 503 

errors in measurement of, 496 
experiments'-whir, table of, 501 
first probability distribution of, 514— 

516, 579 
fluctuations of, 514-518, 578 
dependence of, on wavelength, 517, 580 
formula for average signal, 484, 495, 500 
frequency spectra for, 516-518, 579-581 
at large depression angles, 485, 490, 503-

510, 518-519 
maximum range of, vs. height, 500-503 
methods of measuring, 496, 500 
normal appearance of, on A-scope, 492 
polarization affecting, 498, 522, 527 
probability distribution for ratio of suc

cessive amplitudes. 580 
radar cross section of, 483 
radar cross section per unit area, abso

lute values of, 499, 506 
definition of, 483 
factors involved in, 485 
polarization dependence of, 497-499, 

512, 522, 526 
sea state dependence of, 506, 512-514 
variation of, over sea surface, 493 
wavelength dependence of, 494—499, 

511, 524 
when meaningful, 490-493 

radar transmission equation for. 484 
range dependence of, 490 
saturation of, in rough seas, 513 
as scattering from surface waves, 519-

522 
shadow effect in, 493, 522 
slow variation of, 517-518, 578-579 
"spiky" appearance of, on A-scope, 492 
theories of, 494, 518-527 
velocity distribution of scatterers, 517 

Sea-echo studies, future progress in, 526 
Sea scales, 489 
Seasonal effects, 338, 339, 343, 345, 351, 

368, 370 
in Irish Sea, 324 
in Massachusetts Bay, 321 

Second probability distribution, 556 
in power, 557 
for random scatterers plus steady signal, 

561 
Secular variation, effect of, on correlation 

function, 567 



726 SUBJECT INDEX 

Secular variation, effect of, of ground 
clutter, 587 

of sea echo, 517-518, 578-581 
Selection rules, for oxygen, 649-650 

for water vapor, 656-658 
Self-absorption in precipitation echoes, 

613 
Shadow effect in sea echo, 493, 522 
Shadow region, 17 
Shear, 232, 234, 248, 250, 271 

in stable equilibrium, 234-237 
Shearing stratification, 235, 248, 300 

variables governing, 235 
Ship echoes, first probability distributions 

for, 545-546 
fluctuations of, 543-546 
frequency of fluctuation of, 543-544 

Showers, in frontal systems, 633 
in unstable air masses, 632 

Sign convention for angles, 38, 116 
Signal level, average, 304 

over desert, 350 
vs. duct height, 309-312 
for Flathead Lake, 335 
in Irish Sea, 323 
over land, range of variation in, 340, 

343, 349 
for nonoptical vs. optical paths, 351 
and substandard layers, 302, 303 

and duct height, 306, 309-312 
wavelength comparison, experimen

tal, 310-312 
maximum, 323, 352 
midday, seasonal drifts in, 338 

Signal types, over land, 337, 342 
Massachusetts Bay, 301-307 
over water, sudden changes in, 304 

Similarity, principle of (see Principle of 
similarity) 

Skip effect, 359, 360, 370-371 
Smoke, echoes from, 593, 621 
Snell's law, 6, 15, 19, 45, 46, 391 
Snow, attenuation by, 688 

echoes from. 620 
Solar heating, 193, 220-222, 232, 259 
Solar radiation, 220, 254 
Sommerfeld integral, 65 
Sonde, wired (see Wired sonde) 
Sounding instruments, future require

ments for, 292 
Sounding methods, 282 

Soundings, 207 
problems in execution of, 291 
by radiosonde, 185 

(•See also Radiosonde) 
representation of, 206-207 
synthetic, 298, 300. 309 

Space interference pattern, changes in, as 
cause of echo fluctuations, 535-538 

Specific heat of dry air, 188, 293 
Speed correction, 276 

for aeropsychrograph, 277-280 
measurement technique for, 280 

wet-bulb, 279 
Sperry Gyroscope Company, 427 
Spheres, scattering from, 445-453, 608-

613 
Spherical wave in terms of cylindrical 

waves, 61 
Stability, importance of, in radar measure

ments, 527-529 
of radar system, as affecting echo fluctu

ations, 527-529 
limits of, 528 

Standard deviation of fluctuation from 
random scatterers, 555 

Standard pressure, 195 
Stars, twinkling of, 532-533 
Stationary phase, 103 

principle of, 99 
Statistical distribution of signal strength, 

Massachusetts Bay, 320 
Steady-to-random ratio for ground clutter, 

582 
Steepest descent, method of, 90, 98, 105, 

106 
path of, 92 

Stereophotography of sea echo, 490, 527 
Stokes lines, 73, 77 
Stokes phenomenon, 71, 72, 91 
Storm structure, 23, 623, 625, 627-640 
Strawberry Hill Standpipe, 537-538 
Structure factor for microwave absorption, 

650, 662 
Sturm differential equation, 69 
Subdominant terms, 73 
Subsidence, 260 
Subsidence inversion, 260-262 
Substandard layer, 143, 168, 301, 302, 315 

analytical complications of, 172 
definition of, 14 

(See also Surface layer) 
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Superstandard layer, 237 
definition of, 15 
elevated, 304 

(See also Surface layer) 
Surface of sea, 486-490 

methods of observing, 490 
Surface current, 455, 460, 473, 476 
Surface duct, 14, 18, 75, 176, 304, 335, 364 

deep, 302, 306, 308, 378 
formation of, over land, 352 
shallow, 302, 306, 308, 374 

Surface layer, 14, 220-226, 228-234, 238 -
260, 348 

standard, 230, 258 
substandard, 14, 230, 258, 303, 306 

over land, 258 
and observed signal layer over water, 

316 
and scintillations, 305 

superadiabatic, 221, 222 
superstandard, 14, 229, 258 

Surface wave, 2, 3, 40, 66, 103, 109 
Swell, definition of, 487 

T 

T-14, experimental radar, 495 
Tangent plane, 116 
Tangent ray, 5, 6, 116 
Target cross sections under nonstandard 

refraction, 354, 473 
Target properties by radar measurements, 

369 
Targets , complex, fluctuations in echoes 

from, 547 
standard, 479 

Techniques in measurement of echo fluctu
ations, 562-570 

Telecommunications Research Establish
ment (TRE) , 175 

Temperature , potential (see Potential 
temperature) 

wet^bulb (see Wet-bulb temperature) 
Temperature excess, 229, 231, 236, 237, 

245-247 
definition of, 222 
negative and positive, 220 

Tempera ture inversion, 192, 238 
elevated, 231, 330 

(See also Af-inversion, elevated) 
height of, 241-244 
and Jl/-gradient, 13, 192, 259 

Temperature inversion, nocturnal, 258 
in summer, 259 
in winter, 259 

10-per cent rule, 227, 228, 300 
Tcphigram, 188 
Terminal velocity for raindrops, 616, 679 
Terrestrial radiation, 254 
Texas, University of, 389 
Theorem, fundamental, 65 
Thermal conductivity, 209 

of earth, 254-255 
Thermal stability, effect of, on shear, 234 
Thermistor, 272 

temperature-resistance curve for, 273 
Thermocouples, 290, 323 
Thermometric conductivity, 209, 293 
Thunderstorms, 23, 627 
Tidal effects, 321, 420 

as cause of echo fluctuations, 535-539 
for extended targets, 537-538 
for point targets, 535 

Time-average signal, from meteorological 
echoes, 589-591 

from sea echo, 482-485 
Trade-wind inversion, 375 
Transitional layers, 172 
Transmission in free space, 27-34 
Transmission equation, free-space, one

way, 31 
one-way, generalized, 35 
radar, generalized, 35 

Trapped modes, 22, 71, 75, 82, 149 
boundary condition for, 78 
characteristic values of (see Character

istic values) 
Trapping, criteria for, 21 , 84 

by elevated inversions, 332 
strong, 167 

Tree-motion and radar echo fluctuation, 
547, 552, 584 

Triplets of oxygen spectrum, 649, 653, 654 
Troposphere, 9 
Turbulence, 23, 211, 250 

mechanical, 221, 225, 268 
and precipitation fluctuations, 577 
thermal, 220, 221 

Turbulence constant, universal, 216 
Turbulence inversion, 231 
Turbulent boundary layer, 214, 215, 217. 

219 
logarithmic distributions in, 215 
thickness of, 218 
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Turning point, for mode of propagation in 
duct, 20 

of ray, 16, 17, 19, 46, 83, 100 
Twinkling of stars, 532 
Two equal scatterers as radar target , 529, 

548-550 
Typhoons, 23, 636-640 

U 

Ultra Short Wave Propagation Panel, 322 
U.S. Army Signal Corps, 432 
U.S. N a v y Electronics Laboratory {see 

N a v y Electronics Laboratory) 
U.S. Weather Bureau, 339 
Units , system of, 28 
Universal gas constant, 292 
Universal turbulence constant, 216 

V 

Values, characteristic (see Characteristic 
values) 

Vapor pressure, 182, 187, 192, 206 
lapse rate of, 196 
potential, 198, 200, 202 
over sea water, 200 

Vapor-pressure curve for sea water, 184 
Vaporization, la tent heat of, 293 
Variational methods, 177 
Vector plane wave, expansion of, in spheri

cal vector wave functions, 447 
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Foreword 

THE tremendous research and development effort that went into the 
development of radar and related techniques during World War II 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. Because this 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super-
j j vision of the National Defense Research Committee, undertook the great 
1 task of preparing these volumes. The work described herein, however, is 

<~^- the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 

'■'•-' and other Dominions. 
" The Radiation Laboratory, once its proposals were approved and 

" / finances provided by the Office of Scientific Research and Development, 
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 
project. An editorial staff was then selected of those best qualified for 

r this type of task. Finally the authors for the various volumes or chapters 
* or sections were chosen from among those experts who were intimately 

" familiar with the various fields, and who were able and willing to write 
the summaries of them. This entire staff agreed to remain at work at 
MIT for six months or more after the work of the Radiation Laboratory 
was complete. These volumes stand as a monument to this group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of other scientists, engineers, and others who actually carried 
on the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and they 
worked so closely together even though often in widely separated labora
tories that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote reports 
or articles have even been mentioned. But to all those who contributed 
in any way to this great cooperative development enterprise, both in this 
country and in England, these volumes are dedicated. 

L. A. DUBRIDGE. 
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Preface 

THIS volume of the Radiation Laboratory Series is concerned with the 
theoretical and practical aspects of the design of duplexing circuits 

for use in microwave radar equipments, and of the gas-filled switching 
tubes (TR and ATR tubes) used in these duplexers. For a clearer pic
ture of the equipment with which a duplexer must work the reader is 
referred to the following volumes of this series: Vol. 16 "Microwave 
Mixers," Vol. 9 "Microwave Transmission Circuits," Vol. 23 "Micro
wave Receivers," and Vol. 6 "Microwave Magnetrons." 

The work upon which this book is based was done under the urgency 
of war commitments, and the main goal was always the production of a 
particular tube or duplexer circuit before a certain target date. As a 
result, many corners were cut and many intuitive steps were taken with
out clearly understood reasons, and there are today many gaps in our 
knowledge of the phenomena involved. This applies with particular 
emphasis to the problem of the high-frequency gas discharge. I t is our 
belief that the material presented here fairly represents the present state 
of the art. 

Besides the authors of the individual sections of this book, we wish 
to mention the following Radiation Laboratory personnel who actively 
participated in the design, study, and testing of the various tubes and 
duplexers discussed here. These people are: I. H. Dearnley, C. W. Jones, 
T. Ke, F. L. McMillan, Jr., H. Margenau, C. Y. Meng, C. S. Pearsall, 
J. Reed, F. Rosebury, and Xorma Wolf. 

Much work was done outside the Radiation Laboratory on these 
problems. The outstanding contributors were M. D. Fiske at the 
General Electric Research Laboratories, H. J. McCarthy of the Sylvania 
Electric Products Co., A. L. Samuel of the Bell Telephone Laboratories, 
and S. Krasik and D. Alpert of the Westinghouse Research Laboratories. 

The editors wish to acknowledge the work of C. W. Jones in the col
lection of data and photographs and in the organization of Chapter 9. 
The preparation of the manuscript was greatly facilitated by the efforts 
of Gwenyth Johnson, Janet M. Jackson, and Anne Whalen. V. Joseph-
son and his group produced all of the illustrations. 

CAMBRIDGE, M A S S . , 

June 25, 1946. 
T H E AUTHORS. 
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CHAPTER 1 

INTRODUCTION 

B Y C. G. MONTGOMERY 

1-1. Microwave Radar.—The importance of the military applications 
of radio direction and range, or radar, in the last war is common knowl
edge. For the detection of enemy ships and aircraft, for precise bombing 
at night or through overcast, and for the control of night fighters of raid
ing squadrons, radar has been unexcelled. At the beginning of the war 
there were only a few long-wave radar equipments; at the end of the 
hostilities many thousands of radar sets were in operation. Almost all 
of this equipment was developed during the war and most of it operated 
in the microwave region. Although no definite boundaries are estab
lished, the microwave region that has been developed extends from fre
quencies of about 1000 Mc/sec or wavelengths of 30 cm to frequencies 
near 30,000 Mc/sec or wavelengths near 1 cm. The microwave region is 
characterized by the fact that the components used for the generation 
and for the transmission of waves of these high frequencies have dimen
sions that are comparable with the wavelength, and the form of the 
microwave circuits is greatly influenced by this fact. 

An important part of a microwave radar is the duplexer. In order 
to appreciate fully the problems involved in the development and design 
of duplexers and duplexing components, it is necessary to have in mind 
the parameters that describe the performance of a radar system and the 
orders of magnitude of the various quantities involved. A radar set 
operates by the detection of the energy reflected from a distant target. 
A short pulse of energy is sent out by the radar transmitter, and the pulse 
strikes a reflecting object that scatters it. The scattered wave, still in 
the form of a short pulse, although very much reduced in amplitude, is 
picked up by the radar receiver. The range of the target object is 
obtained from the length of time between the transmission of the high-
power pulse and the reception of the weak reflected pulse. The direction 
of the target is obtained by measuring the direction in which the radar 
antenna is pointed when a signal of maximum intensity is being received. 

The relation between the power PT in the transmitted pulse and the 
power PR in the received echo signal is known as the radar equation, 
which is, 

G A 
PB = PT'^R^a' 4Wf»" ( 1 ) 

1 
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The power PT is not radiated uniformly in all directions by the radar 
antenna, but is concentrated in a narrow beam by an amount that is 
measured by the antenna gain G of the transmitting antenna. The 
product of the first two factors of Eq. (1) is thus the power crossing a unit 
area at a distance R from the antenna. The target is characterized by 
the scattering cross section <r, and the receiving antenna by the absorbing 
cross section or effective area A. The magnitude of the received power 
as given by Eq. (1) is not explicitly dependent upon the wavelength X 
of the radiation. I t depends on X implicitly through the quantities G 
and a. For targets that have dimensions large compared with X, a is 
independent of X. 

The maximum range at which a target can be detected is obtained 
from Eq. (1) if the value forP B corresponding to the minimum detectable 
signal is inserted. In order to avoid confusion of the signal with the 
thermal noise that is inevitably present in any electrical circuit, the signal 
power must be greater than some minimum value. The noise power in 
an electrical circuit is proportional to the bandwidth A/ of the circuit. 
For an ideal circuit that has no other sources of noise except temperature 
fluctuations, the noise power is kTAf. The bandwidth of the radar 
receiver must be large enough so that the short pulses are sufficiently 
sharp for accurate range determination. If the length of the pulse is 
1 lisec, a common value, A/ is usually about 2Mc/sec, and kTAf is 
8 X 10 -16 watt. An actual receiver, of course, has other sources of 
noise; it is not ideal. The magnitude of the smallest signal that can be 
recognized is dependent on a great many variables, and a discussion of 
these would lead too far afield. A representative value for the smallest 
signal power would be lOOkTAf, or 8 X 10~13 watt. Values of the other 
quantities in Eq. (1) which are typical are PT = 106 watts, G = 1000, 
A = 10 ft2. If a is 103 ft2, the value for a medium bomber, then the 
maximum value of R is found to be 3 X 105 ft or 50 nautical miles. It 
is evident that the most effective radar equipment has the highest possi
ble transmitter power, the most sensitive receiver, and the largest 
antennas for transmission and reception. 

1-2. Radar Components.—At microwave frequencies, the high-power 
transmitter is a magnetron. A magnetron tube has a cylindrical cathode 
capable of the emission of large currents. Around the cathode there is a 
ring of closely coupled resonant cavities that form the " t a n k " circuit 
of the oscillator. There is an axial magnetic field of several thousand 
gauss supplied by a permanent magnet. A high-voltage pulse is applied 
between the cathode and the resonant cavities, and a bunched rotating 
space charge is set up which takes energy from the d-c field and delivers 
radio-frequency energy to the cavities. Useful power is extracted from 
the ring of cavities by a coupling loop or series waveguide circuit and is 
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made available in the microwave transmission line. The value of one 
megawatt chosen for PT in the previous section is a value near the upper 
limit of the practical range for magnetron oscillators near a wavelength 
of 10 cm. At shorter wavelengths, the attainable power decreases and, 
in fact, is roughly proprotional to the wavelength. 

The microwave transmission line is usually a rigid coaxial line, for 
wavelengths above 10 cm and for low powers at 10 cm. The diameter 
of the coaxial line must be small enough to prevent the propagation of 
higher transmission modes along it. Consequently, difficulties of con
struction and voltage breakdown at high power levels make it necessary 
to use waveguide, usually of rectangular cross section, for high powers 
and short wavelengths. Coaxial line may be used in the 10-cm region 
for powers up to about 100 kw; above this level, waveguide l£ by 3 
in. OD, is employed. For smaller wavelengths, waveguide is used 
exclusively. 

The sensitive receiver that is necessary for good radar performance is 
a superheterodyne receiver with a silicon crystal converter. The 
received echo signal is mixed with a microwave local-oscillator signal 
without any amplification, and an intermediate frequency signal in the 
neighborhood of 30 Mc/sec is produced. The signal is amplified, recti
fied by a diode, further amplified by a wideband video-frequency ampli
fier, and applied to one or more cathode-ray tubes that are watched 
by the radar operator. The proper sweep voltages are also applied to the 
cathode-ray tubes in order that the range and direction of the target 
may be read off the tubes. The sensitive converter crystal is easily 
damaged by overload. The large difference in power level between the 
transmitted and reflected pulses (180 db in the example given) makes 
the important problem of protecting the crystal a difficult one. 

Microwave antennas have forms that are characteristic of the short 
wavelength. The dimensions of the antenna are large compared with 
the wavelength and it is possible to obtain high gain and narrow beam-
width with an antenna that is not too large. Microwave antennas are 
designed on optical principles. Large converging mirrors or, more rarely, 
lenses, are used to focus the signal and divert it down the small trans
mission line to the receiver. The effective area A of the antenna is 
related to the beam width 0 and to the wavelength; approximately, 

For A equal to 10 ft2 and \ equal to i ft or about 10 cm, © is about 6 
degrees. The quantity @ is the resolving power of the radar sj^stem in 
angle. The accuracy of a determination of direction may be about 
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0/10 . The gain of the receiving antenna is approximately 

G " 0~V (3) 

or about 1000 for the example cited. The receiving and transmitting 
antennas have equal values of gain and consequently equal areas. 

A radar antenna, to be able to search a volume of space for a target, 
must scan or be pointed to cover the angle subtended by that volume. 
If the transmitting and receiving antennas are separate, both of them 
must be scanned together. I t is evident that there are many advantages 
to be gained by the use of a single antenna for both reception and trans
mission. A switch must be provided to connect the antenna to the 
transmitter or to the receiver, and this switch is called the duplexer. 

1-3. Microwave Duplexers.—The requirements of a radar duplexing 
switch are easily stated: 

1. During the period of transmission the switch must connect the 
antenna to the transmitter and disconnect it from the receiver. 

2. The receiver must be thoroughly isolated from the transmitter 
during the emission of the high-power pulse to avoid damage of the 
sensitive converter elements. 

3. After transmission, the switch must rapidly disconnect the trans
mitter and connect the receiver to the antenna. If targets close 
to the radar are to be seen, the action of the switch must be 
extremely fast. 

4. The switch should absorb little power, either during transmission 
or during reception. 

A radar duplexer is thus the microwave equivalent of a fast, double-
pole double-throw switch, with low loss. Since the times involved are 
measured in microseconds, no mechanical switch is possible, and elec
tronic devices must be used. The electronic tubes that have been 
developed for this purpose take forms similar to spark gaps where high-
current microwave discharges furnish low-impedance paths. A duplexer 
usually contains two switching tubes connected in a microwave circuit 
with three terminal transmission lines, one each for the transmitter, the 
receiver, and the antenna. One tube is called the transmit-receive tube 
or TR tube; the other is called the anti-transmit-receive tube or ATR 
tube. The names are neither particularly appropriate nor descriptive, 
but they have received common acceptance and will be used throughout 
this book. The TR tube has the primary function of disconnecting the 
receiver, the ATR tube of disconnecting the transmitter. 

The commonly accepted meaning of duplex operation is operation 
that permits the simultaneous passage of signals in both directions along 
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a transmission line. In the narrow sense, it is improper to apply the 
term to the switching operation in a radar equipment, since the trans
mitted and received pulses are not simultaneous. Strictly simultaneous 
operation must involve a 3-db loss in each direction (this is demonstrated 
in Chap. 8), and such a loss is too large to be tolerated for radar purposes. 
Although it is possible to build microwave duplexers for continuous-wave 
operation, little attention has been given to the practical development of 
such devices. 

1-4. Duplexing Tubes.—The design and development of a radar 
duplexer involves two major problems which are related to each other. 
The tubes for the duplexer must be designed, engineered, and produced, 
and the microwave circuits in which the tubes are used must be developed. 
A tube for a duplexer must operate properly under two very different 
conditions: when a gas discharge is passing through the tube and the tube 
is a nonlinear device, and when the tube is exposed to low power levels 
and behaves linearly. The design of a TR tube to have the desired low-
level properties is similar to the design of many other microwave com
ponents. A knowledge of the behavior of cavities and methods of 
coupling to them is necessary. Measurements, such as those described 
in Chap. 9, must be made of the reflected and transmitted power through 
the switch. The dimensions and tolerances of the switch must be 
determined to a great extent by experiment, although theoretical calcu
lations are important since they make it possible to hold the number of 
experiments that must be done to a minimum. The operation of linear 
microwave devices is well understood. Chapters 2, 3, and 4 of this book 
are devoted to the linear behavior of duplexing tubes. 

On the other hand, the operation of a switching tube at high power 
levels is not so easy to understand. Although the phenomena occurring 
in discharges of electricity through gases have been known for a long 
time and have been the subject of countless investigations, many prob
lems remain to be solved. In fact, a principal result of the many investi
gations is that the extreme complexity of even the simplest forms of 
discharge has been emphasized. The fact that the discharges encoun
tered in radar duplexers are excited by high-frequency voltages in a 
frequency range where very little fundamental investigation has been 
done renders it difficult to predict the behavior by extrapolation from 
past experience. TheTcTesign procedure has therefore been almost com-
"pTeteTy-empirical. The" urgency of the military needs was great, and 
"satisfactory solutions were the primary goal of the investigations rather 
than an understanding of the phenomena involved. Chapters 5 and 6 
are devoted to the high-level behavior of duplexing tubes. 

An important consideration in the design of a microwave tube is the 
ease with which it can be manufactured. Microwave tubes must be made 
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of metal in order that no energy may be lost by radiation. The envelope 
of a microwave tube is often a portion of the walls of a resonant cavity, 
and is therefore an important circuit element. The construction is 
fundamentally different from that of low-frequency tubes where the 
circuit elements are inside an envelope that has only the function of 
retaining the vacuum. The development of new microwave tubes must 
therefore be paralleled by the development of new techniques of construc
tion. Nearly all duplexer tubes involve constructional features that were 
developed during the war. Thus the first TR tubes employed copper-
glass disk seals; integral-cavity tubes were possible only after the develop
ment of Kovar-glass seals in the form of windows for resonant cavities; 
and bandpass TR tubes and broadband ATR tubes were concurrently 
developed with the large resonant Fernico-glass window. Close coopera
tion was necessary at all times between the tube manufacturers and the 
designers of components for radar equipment. 

An additional complication to be overcome in the successful design 
of a duplexing tube arises from the fact that a gas must fill the tube. A 
high-frequency discharge in a gas makes it extremely active chemically. 
For good performance the gas filling must remain unchanged in composi
tion and pressure during several hundred hours of operation. 

1-5. Microwave Circuits.—The switching tubes must be incorporated 
in a microwave circuit to produce a complete duplexer. The circuit 
itself is linear, and the nonlinear duplexing tubes can be regarded for 
many purposes as simple knife switches that are opened or closed by the 
gas discharge. One of the important developments during the war has 
been the extension of the concepts of the conventional network theory, 
applicable at low frequencies, to microwave frequencies and to the 
propagation of microwave power in waveguides. This generalization has 
been made rigorously and it will be adopted without explanation in the 
succeeding chapters. A more complete explanation of the basic princi
ples involved is given in other volumes of the series.l 

The practical aspect of the generalization is that the familiar con
cepts of impedance, of impedance-matching, and of insertion loss, and the 
transmission-line equations may be used with confidence. Thus trans
mission through a cavity with two coupling lines may be regarded as 
equivalent to transmission through a length of transmission line almost 
short-circuited a t each end by a high shunt susceptance. The power 
transfer from a generator connected to one coupling line to a load con
nected to the other coupling line may be computed from well-known 
relations. An obstacle in a waveguide which is thin in the direction 
along the axis of the guide is equivalent to a shunt susceptance, and the 

1 Vote. 8, 9 and 10. 
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scattered wave from the obstacle can be accurately described by circuit 
equations. 

Duplexing circuits can be divided into two classes, branched circuits 
and balanced circuits. The branched circuits are simple in principle and 
are widely used. A T-shaped junction in waveguide or coaxial line with 
three arms, called a T-junction, is provided with switches in the two 
arms that are connected to the transmitter and to the receiver. The 
third arm is connected to the antenna. During transmission one switch 
is open and the other closed; during reception the reverse is true. The 
chief design problem in a branched duplexer is that of minimizing the 
losses over a broad band of frequencies. In Chap. 7 the methods of 
design are discussed. Some practical branched duplexers are described 
in Chap. 8. 

Balanced duplexing circuits are more complicated and involve the 
combination of two magic T's and two TR tubes. A magic T is the 
microwave analogue of a balanced bridge circuit at low frequencies. I t 
may have any of a number of different forms in waveguide or coaxial line. 
Although balanced circuits have been developed only recently, they show 
great promise for the future. Balanced circuits are described in Chap. 8. 

Although the duplexers that are described here were designed with a 
highly specialized application in mind, there is much to be learned from 
a study of the development. A good duplexer can result only from a 
careful combination of the most advanced techniques in three fields: 
linear microwave circuits of the most highly developed type must be 
combined with a knowledge of the properties of electrical discharges in 
gases at microwave frequencies and with the best techniques of construc
tion of microwave vacuum tubes. 



CHAPTER 2 

LINEAR THEORY OF HIGH-Q TR TUBES 

B Y LOUIS D. SMULLIN 

2-1. Linear Behavior of the TR Tube.—The T R tube is a switch 
which is used to short-circuit the receiver during the transmitting period, 
and it also allows echoes to pass to the receiver when the transmitter is 
off. An ideal T R tube would present a perfect short circuit during the 
transmitting period and would cause no loss of the received signal. 
These functions could be performed by a simple knife switch but the 

speed and frequency of operation which are 
needed are far beyond the possibilities of any 
mechanical switch. Typical operating require
ments are represented by a repetition rate of 2000 
cycles per second, with the transition from either 
open to short circuit or short to open circuit tak
ing place in less than 10 - 7 sec. Such high-speed 
performance can be attained by using a spark gap 
for the switch. In some installations these spark 
gaps have taken the form of very simple air 
spark gaps; in others, the gaps have been placed 
in low-pressure atmospheres to reduce the break

down and the sustaining voltages of the discharge. 
From the point of view of transmitter efficiency, it is desirable to 

make the discharge appear as a very low impedance in series with the 
line. Similarly, to get best receiver protection, the voltage stepdown 
ratio from the gap to the receiver line should be as large as possible. 
Figure 2-1 indicates how such a circuit would appear if ideal transformers 
were used. During the fired condition the arc or discharge impedance 
Za will transform to the terminals in the antenna line as Z*/N\. The 
leakage power to the receiver load will be (Va/N3)2/Zi where Va is the 
voltage drop across the discharge. During the receiving condition the 
receiver impedance will appear to b e Zi(Nz/Ni)2 at the antenna-line 
terminals. 

Except a t comparatively low frequencies, it is difficult if not impossible 
to construct an " idea l " transformer or even one which is approximately 
"ideal." However, it is fairly simple to make resonant transformers. 
These may take the form of either lumped-constant or distributed-con-
stant networks. The lumped-constant circuits are made of conventional 

8 

Detector 
FIG. 21.—Duplexing 

circuit with spark gap and 
ideal transformer. 
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inductors and capacitors suitable for the desired frequency range. The 
distributed-constant circuits usually take the form of a cavity or trans
mission-line resonator. Such resonators may have unloaded Q's of 
several thousand, whereas ordinary LC-circuits have maximum Q's of 
the order of several hundred. 

Although in the microwave region the use of lumped-constant ele
ments and circuits in the usual sense is impractical, it will be informative 
first to discuss the TR tubes as if such construction were possible. Then 
in succeeding sections, cavity resonators and their equivalent circuits, 
high-Q TR tubes and their characteristics, and bandpass TR tubes will 
be discussed. 

F I G . 2-2.—Series LC-cii- F I G . 2-3.—Frequency dependence of circuit 
evjit, parameters of Fig. 2-2. 

2-2. Lumped-constant Resonant Transformers.—The circuit of Fig. 
2-2 has a number of interesting properties. As shown, it consists of a 
series LC-circuit with internal losses represented by the resistance r, 
shunted by a susceptance 6i. The input susceptance is 

where X = (uL — \/uiC). If resonance is defined as the frequency at 
which the imaginary part of Y is zero, then 

r±\h~ 4r2 

*-*-*—*£ ' (2) 
and for r6i < i, 

Then, at resonance, 
Y « rb\. (3) 

Thus, this is a resonant impedance transformer, since by varying 
6i and adjusting the LC-circuit to make Im(F) = 0, the input conduc
tance Re(F) can be made to vary over a wide range. Figure 2-3 illus
trates graphically what is involved. The Re(F) = g moves up and 
down the curve as bi is varied. 
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Similarly, let us consider the circuit of Fig. 2-4 where an output 
circuit consisting of the shunt susceptance 62 and the load conductance 

g2 has been added. The input 
i L u r 2 
o f-'TTBT'—|pVWi—o-

admittance Y when the circuit is 
tuned to resonance [Im(F) = 0] is 

Re(F) = g * rb\ + g, ®" (4) 

1 2 w h e r e (r + ^2/62)^1 < 3" a n d 
F I G . 2-4.—Resonant impedance transformer b\ ^> j | . E q u a t i o n (4) c o u l d a l so 

with output circuit. , ■ , , , r 

represent an ideal transformer cir
cuit with voltage stepup and stepdown ratios of bi and bi, respectively. 

Let us now examine the frequency response of the circuit of Fig. 2 4 
in the vicinity of resonance. 

Im(F) fci 
X + X' 

where X' = — b2/(gl + b2
2) and r' 

to the region where b\ 5>> g\, then 

bi 

(r + r'Y + (X H 

?2/'(fif| + &!)■ 

1 

(5) 

X - 1/6, 

If this is restricted 

(6) 

At resonance, b = 0, and 

x =-! = ! + ! = 6l + &2 
60 61 62 6162 

The Q of a simple series-resonant circuit is given by 

(jlL _ 1 _ 

(7) 

(8) 

A parallel-resonant circuit having L, C, and G all in shunt is described by 

In the circuits under discussion there is obviously neither a simple series-
nor a parallel-resonant circuit at the input terminals. Near resonance, 
the behavior of the susceptance curve is at least similar to that in a paral
lel-resonant circuit. However, since it is not obvious just what particular 
L, C, or G should be used to get an expression for the Q of the circuit, 
further investigation into the nature of the quantity defined by Q should 
be made. 

It is possible to define Q in a number of ways all of which are 
equivalent. The amplitude of oscillation of a freely oscillating system 
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will decrease exponentially with a time constant equal to 2Q/w, where Q 
is defined as in Eqs. (8) or (9). Alternatively, Q may be defined as 
2ir times the ratio of the energy stored to the energy 
dissipated per cycle. In the parallel circuit, oscillating 
with a frequency &>/2ir and amplitude V, the energy 
stored per cycle is iCV2. The energy dissipated per 
cycle is 2TGV2/2W, and Q = uC/G, as before. Finally, 
the frequency variation of the susceptance or react
ance of an oscillating circuit around its natural or „ „ . „ ,, , 

° FIG. 2-5. — Parallel-
resonant frequency can be studied. The parallel- resonant circuit. 
resonant circuit of Fig. 2-5 has an admittance 

o 

L P " 
o 

c < 

7 = G + i ( « C - ^ ) = G + * c ( l - $ , 

(LC)~X. By using Eq. (9) and the approximation that 

(wo — w) <5C o>, 

(10) 

G+J2QG— ■ (11) 
Wo 

Let Im(F) = b; then from Eq. (10), at resonance 
db udb 

d(ln w) du = 2wC = 2QG, (12) 

With Eq. (13) as a basis, an equivalent definition of Q may be set up 
for the more complex circuit of Fig. 2-4. If the derivative of Eq. (6) 
with respect to In o> is taken, then 

db udb _ , (w&pb2 + bob2)(bo + b2) — bob2(ub'o + b2) 
d(lnw) dw 0 l + (6o + b2)2 ' ( ' 

where 

and 

Then by the use 

udbi 
do> 

w& 

of Eq. 

= l&il = 6i 

, dbo j = o)-r- = ow 

(7) for 60, 

O)o 

Aw 

wdb2 
dw 

— w0 

Aw (&] 

and 

/26 0 \ 

S-I.J + S -

= |62| = 

b0bl 

} 

2&; 
wC' 

= 62 

(15) 

(16) 
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The Q of the circuit is defined by Eq. (13) where the total conductance 
G = Yo + rb\ + g2 (6x/b2)2, and 

1 
« = 

"c(§ + ' + fi) 
(17) 

where F0 is the conductance of the line or generator connected to the 
circuit at terminals 1-1. 

Equation (17) may be rewritten 

Q-wC\M + r + bl)-Q- + Q'o + Q^: 
thus defining the "input ," "output ," and "unloaded" Q's. 
basis, 

JL = i_ + 1 , 
J_ = A + A + JL, 
QL2 Qin Qd Qmt 

(18) 

On this 

where the subscripts indicate that the resonant circuit is loaded by the 
generator only (QLI), or by the generator and a load (Q i2). 

Next, let us consider what happens if the capacitor C in Fig. 2-4 is 
s h o r t - c i r c u i t e d . This would 
correspond to the placing of a 
spark gap across C which would 
break down upon the application 
of sufficient voltage and which 
would require zero sustaining volt
age, Fig. 2-6. The resistance r 
may be neglected since the circuit 
is no longer resonant. The ratio 

of the power delivered to <?2 to the available power from the generator 
will be determined. The input admittance to the circuit is 

(ffj + jbt)(-jbi) 

F I G . 2-6.—Circuit of Fig. 2-4 with the 
capacitance short-circuited. 

For bi and 6a large 
02 + j{bi 

The power absorbed in g2 is 

6L) 

ft)L + jbl-

gi 
p = 

©■ 
[ i+K^)7+[6 i~6132 b\b% 

(19) 

(20) 

(21) 
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This power is known as the direct-coupled leakage power to distinguish it 
from the leakage power due to the voltage drop across the discharge. 
The direct-coupling attenuation D expressed in decibels is 10 logio of the 
ratio of P of Eq. (21) to the maximum power available; 

Z) = 1 0 1 o g 1 0 ^ d 6 . (22) 

As a last example, the insertion loss of the circuit in Fig. 2-4 will be 
calculated, with the assumption of a current generator with unit internal 
admittance. At resonance, the input conductance of the circuit is given 
by Eq. (4). The power transferred to the load is 

P = 4;)* m 1 + MrJ +rbl 
(23) 

The insertion loss expressed as the ratio of the actual to the available 
power is the reciprocal of the transmission, 

CD" 1 + 9* r + »*? 

4<7: ®" 
(24) 

Thus, Eqs. (4), (18), (22), and (20) indicate that the impedance trans
formation ratio, QL2, insertion loss, and direct-coupling attenuation all 
increase with the square of the coupling susceptances. It is, therefore, 
necessary in any practical design to compromise between maximum 
tolerable insertion loss and minimum transformation ratio. 

2-3. Cavity Resonators.—The circuit analyzed in Sec. 2-1 is a thor
oughly practical circuit and can be used with little modification up to 
frequencies of the order of 100 Mc/sec. At higher frequencies, radiation 
losses from open-wire circuits become excessive, and at the same time it 
becomes practical to use resonant transmission lines or cavities instead of 
conventional LC-circuits. Although it is difficult to obtain a Q of more 
than a few hundred with lumped constants, it is not difficult to achieve an 
unloaded Q of 2000 to 10,000, and practical designs exist for resonators 
with Q's of 50,000 or more. As a result, it is possible to use large trans
formation ratios without paying the penalty of excessively large insertion 
losses. 

Most microwave TR tubes (X < 50 cm) use some form of resonant 
cavity as a voltage and impedance transformer. The low-Q resonant 
irises used in bandpass TR tubes constitute a transitional group between 
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lumped-constant and distributed-constant circuits and will be discussed 
in Chap. 3. The remainder of this chapter will deal with the linear 
properties of high-Q TR tubes and with detailed descriptions of various 
tubes. 

Resonant cavities have been discussed by a number of authors, and 
complete mathematical analyses exist for a large number of different 
geometrical shapes and modes of oscillation which give the resonant fre
quency Q and equivalent shunt or series resistance. In the following 
sections, a knowledge of microwave circuitry will be presumed, and, pri
marily on the basis of transmission line analysis, the relation between 
various cavity parameters and the functions of the TR tube will be indi
cated. Because the methods of handling lumped-constant circuits are so 
highly perfected and widely understood, equivalent lumped-constant 
circuits will be developed for TR-tube resonant cavities. 

In the design of a TR-tube cavity, a number of factors must be con
sidered simultaneously. The mode of oscillation and the shape of the 
cavity must be such that it is convenient to place a short spark gap at a 
point of maximum voltage, so that when the gap fires the direct-coupling 

attenuation will be a maximum. For in
stance, it would be difficult to satisfy these 
conditions in the !T2?oii-mode of oscillation. 
The ratio between the gap voltage and the 
exciting voltage should be large. Since the 

♦ + t t ♦ 
'' > > ' > > * ' ^ 

FIG. 2-7.-Cross sections of l o a d e d # a n d t h e s t e P U P r a t i ° V a r y hY 
cavities. the same factors in a given cavity design, 

and since extremely large values of Q are 
undesirable because of instability in tuning, a compromise must be made 
between the two. 

Although the actual shapes of most TR cavities are fairly compli
cated, they can be considered as modifications of a cavity made of a 
resonant length of rectangular waveguide operating in the TE01-mode 
and coupled through large shunt susceptances to the load and generator, 
Fig. 2-7a. In order to reduce the breakdown voltage to a low enough 
value to be used, a pair of posts are placed across the cavity at a point 
of maximum voltage to form a spark gap, Fig. 2-7b. The posts add a 
shunt capacitance across the cavity which causes the resonant frequency 
to be lower than if there were no posts present. 

Impedance Transformation.—Let us consider the resonant mode of a 
length of lossless transmission line of characteristic admittance Y0 short-
circuited at the far end and shunted by a comparatively large susceptance 
Bx at the point a-a, Fig. 2.8. The input susceptance will be 

Y< = jR, - jY„ cot ~ , (25) 
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where I is the length of the line. For simplicity it is assumed that the 
guide wavelength is equal to the air wavelength. By adjusting either 
B\ or I the input susceptance can be made zero at any given wavelength. 

a 
° i 

Y.-+ Bi 
• i 

r„ 
Y- -f 

I 
F I G . 2-8.—Transmis

sion line with shunt 
susceptance. 

t£i J 
F I G . 2-9.—Equiva

lent circuit of Fig. 2-8 
near resonance. 

If Bi is large, Yi will be zero for 2TTI/\ a= («ir + e) where € is small. 
impedance of a short-circuited transmission line is 

and if 2rrZ/X = nir ± e, 

Z = jZo tan 

Z~jZ«=jZ0¥¥ 

The 

(26) 

(27) 
Xo Xo 

In other words, the reactance of a short-circuited length of line varies 
linearly around zero with wavelength. This, of course, is just like the 
variation in reactance of a series LC-circuit near resonance; and for small 
values of AX/X0, a short-circuited length of transmission line can be 
accurately represented by a series-
resonant circuit. Thus, an equi
valent circuit for Fig. 2-8 can be 
drawn in as shown Fig. 2-9. The 
frequency response of the circuit 
may be analyzed as in Fig. 2-10 
where it has been assumed that Bi 
is an inductive susceptance. The 
frequency for which the input 
susceptance Y, is zero will fall to 
the left or to the right of the pole, 
depending upon whether B\ is an 
inductive or a capacitive sus
ceptance. In the vicinity of /0, if 

B o ^ ^ - ' f 

F I G . -Frequency response 
of Fig. 2-9. 

B is large, the susceptance will vary nearly linearly through zero, which is 
similar to the variation of a simple parallel-resonant circuit. 

The circuit of Fig. 2-8 is a two-terminal network, and as such can be 
used only as a shunt or series element. This is useful for ATR tubes and 
further applications are discussed in Chap. 4. For a T R tube a four-
terminal network through which power is transmitted is required. This 
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may be accomplished by coupling the cavity to an output load by a 
susceptance B2, Fig. 2-lla. 

The input susceptance Yt may be written as 

« jB, + Y0 

(Gt + jBt) + jYo tan 01 
F 0 + j(Gt + jBt) tan 01 

G2F„(1 + tan2 fl) + jB^Yp 
Yi ~ jBl + F o F„ + j ( e , + jBt) tan 

7 0 tan2 # - B2 tan # ) (28) 
(Yo- B2 tan /3Z)2 + (G2 tan /3Z)2 

where 0 = 2r/X. If the imaginary part is set equal to zero the solution 
for tan 0l, where Bi and B2 are large compared with Yo, is 

■ Bt + B, tan @l 5 i # 2 

The real part of F, = G + jB , with Bx and £ 2 » F„, is 

(7 = F 0 
(?2Fo(l + tan2 j3Z) ft (I)" 

(29) 

(30) 

15E 
-». B, B2 

(a) 

r0/sinh (3J 

xt 

(Fo - B2 tan /302 + (G2 tan 0Z)2 

Equations (29) and (30) are to be compared with Eqs. (7) and (4) 
which give the identical results for the lumped-constant circuit. Alterna-' 

tively, a more exact equivalent cir
cuit can be drawn by using the 
equivalent ir-section for a length of 
linej1 Fig. 2-116, and the same rela
tions will be found a t resonance. 

Cavity Losses.—The calculations 
thus far have neglected the power 
dissipated within the cavity itself. 
If the cavity is not too lossy, the 
net effect of dissipation in the walls 

can be represented by a lumped resistance shunted across the cavity 
at the point of maximum voltage. It can be defined as 

15 tanh gl/2 
00 

FIG. 2*11.—Transmission line with two 
coupling ausceptances. 

Gih •Rab = 
(voltage)2 

2w X energy lost per sec 
where 

Energy lost per sec 17 BVda 

(31) 

(32) 

and S is the skin depth, / thre fequency, and B the magnetic field at the 
surface of the cavity. The voltage is the line integral of the electric 
field, which by Stoke's theorem is 

/ 
E -dsi \f* la 1 ~J 

2rf I B ■ dci, (33) 

1 Guillemin, Communications Networks, Wiley, New York, 1935. 
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where dsi is an element of length and doi an element of area in the cross 
section of the cavity. The path of integration usually chosen for this 
integral is one that gives a maximum of voltage without using an extreme 
path. If Eqs. (31), (32), and (33) are combined, 

[ { B-dvA* 
R.h = 16V l-J—-r =L^, emu. (34) 

X2 ( B2|da| 5 

Equation (34) is the equivalent shunt resistance that would have to be 
placed across the resonator along the particular path of integration in 
order to produce the same effect as the dissipation in the cavity walls. 
It should be pointed out that since the "inductive" and "capacit ive" 
elements are hopelessly intermingled, the equivalent series resistance R„ 
if calculated by a similar procedure, will be related to the shunt resistance 
by R, = Rsh/A, where A may be larger than Q2 by as much as a factor 
of 2.1 

This method of calculating R.h has been applied to most of the simpler 
geometric shapes and to most of the modes of oscillation. The cavities 
of TR tubes are usually so complicated geometrically that the method 
becomes extremely complicated, and all design work is based on experi
mentally determined values of a quantity proportional to R,b. Such 
values are obtained by measuring the input conductance of a cavity at 
resonance (5 = 0). I t is, therefore, of interest to see how this measured 
conductance varies with the coupling to the cavity. 

Let us refer again to the simple line cavity of Fig. 2-11, and calculate 
the input admittance F;. The assumption now is that the transmission 
line forming the cavity has a propagation factor y = a + jf) where the 
attenuation constant a is small. Then 

X = <?2 + fi2 + tanh yl 
Yo 1 + (<?2 + jb2) tanh yl' ^ ) 

where g2 = G2/Y0, and 62 = B2/Y0. Expanding tanh yl, 

t a n h yl = e^iem + e-m ~ ( 1 + 2*1)*" + e~^ ~ ^ ~ 8 + j t a n 6' ( 3 6 ) 

where 8 = 01. If Bx and B 2 » Y0, and al « 1, the cavity will be nearly 
a half wavelength long. If this is so, 

tanh yl « al + jf, (37) 
$1 = v + e. 

1 W. W. Hansen, Lecture Series at Radiation Laboratory, RL Report T-2. 
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The substitution of Eq. (37) into Eq. (35) gives 

X. _ [ga + al + j (e + bi)][l + gial - b2f - j (g 2 t + 62aQ] . „. 
Y, (1 + ?SaZ - «62)2 + (02e + 6W) 2 ' l ^ 

For resonance, the imaginary part of Eq. (38) must equal — 6j. To 
satisfy this, it is found that, if al <3C 6 2 » </2 

bi + b2 

6162 

Finally, the solution for the real part is 

£-(rD,* + ** (39) 

Thus, at the input terminals, there is a total conductance composed 
of the load conductance transformed through two coupling susceptances 
and a quantity that may be variously interpreted as the shunt conduct
ance or the series resistance of the cavity transformed through the input 
coupling. The form of this equation is identical with that of Eq. (4) 
for the lumped-constant circuit. 

Finally, let us find the conductance at the center of the cavity. 
At resonance, the imaginary part of the admittance is zero and Eq. (37) 
can be written as 

x , I 2al .2 tanh y ^ = -? - J -> 

^ = Z4.I 
2 2 ^ 2 

If this is put back into Eq. (35), it is found that at resonance the con
ductance at the center of the cavity looking toward the output terminal 
is 

S - T + S- <«> 
The total conductance at the center, including both input and output 
terminals and assuming a matched generator is 

£ - d + 5i + SF <"> 
Thus, the quantity cd can be defined as the shunt conductance of the 
cavity, and the total conductance-loading of the cavity is the simple 
sum of the external and cavity conductances, each transformed by a 
constant appropriate to the reference plane chosen. 

Equation (39) asserts that at its resonant frequency, the cavity and 
its load may be replaced by an equivalent conductance. If this con-
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ductance Gi is equal to the generator conductance F0, the power delivered 
by the generator is a maximum since the reflection coefficient 

r = 
YQ — Gj 
Yo+Gi 

is zero. However, Gi is the sum of the transformed cavity and load 
conductances; and it is the power delivered to the load that is of interest. 
The net power flow into the cavity and its load is given by 

P = Ph.(i - r 2 ) . 

The fraction of this power delivered to the load conductance is 

(42) 

and the insertion loss in decibels is given by 

9i ©' 

10 log! [ 1 + b\gc + 02 m 
*9: ©■ (44) 

This equation is identical in form with that of Eq. (24) for the lumped-
constant circuit. 

Calculation of Q.—As has been indicated at the beginning of this 
section, the calculation of Q0 for a cavity of simple design, such as a right 
cylinder, is a straightforward procedure, and formulas are available for 
a number of different designs.1 These have been derived by calculating 
the ratio of the energy stored to the energy dissipated per cycle. How
ever, the quantity of direct interest is not this ratio but the rate of change 
of input admittance with frequency (or alternatively, the variation of 
insertion loss with frequency). Therefore, let Q be defined in the same 
way as before, 

s \ <•> db 

The problem, therefore, is to determine udb/dw. 
For convenience, variables are changed from a to k = 2ir/X = a/c. 

This is done because in microwave experiments wavelength is the varia
ble that can be measured conveniently. It can be shown that the 
derivative of the input admittance of a section of transmission line 

1 Vol. 11, Chap. 5, and the references there cited. 
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terminated in an admittance Vout is 

1 </Kj„ _ .K. (k\~ , 1 dYout , ., 
n R j r T 5 d(in t) ~ J ( W i + (PW ! rfOn *)' l ; 

where X = 2ir/X„ and X„ is the wavelength in the transmission line under 
consideration, and all admittances have been normalized with respect to 
I'd.1 For waveguide of a high-pass type, X„ and X are related by 

\ = - ^ = - X - ^ = „ , (46) 

« " 
where X„ is the cutoff wavelength. Two other useful relations are 

kdk = KdK (47) 
and 

d\„ 
X \\J rfx — (48) 

It can be seen from Fig. 2-lla that Y„ut = g» + jb? and at resonance 
Y& = g — jbi (the reference plane is just to the right of &,); hence 

dYml = 

d(\nk) 3H' 
and 

d5'i„ .W] ( k Y o , , , , 9,- ,, x , J M L - g 3 + fc? + 2jgbi) 

rfa^=jA/Ur1_r+6i+2^l)+"T^irr6rr^6r' (9) 

If 1, g, and g2 are small compared with b\ and 62, 

-dWkj-~ -2^KI\K) 

If the relationships g = g? ( ~ ) + gcb\ and 

M = tan"1 - V r — « - X T - + *""' O1O2 O1O2 

and }'i = }";„ -f jfti are substituted into Eq. (50), 

</Re(}',-) „ [ A Y " _i_ , 0 ] , A \ 

(50) 

rf(lr 
dlrn( 
f/(lr 

1 "Wave Guide Handbook Supplement," HL Report No 41-1/23/45. 

-n()7) ,, A-Y 
(51) 
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where n is the number of electrical half wavelengths most nearly equal 
to the length of the cavity. 

To determine Q, Eq. (13) is used, and for the loaded Q 

1 dlmjYj) 
W " 2G d(ln k) 

fcfwr w 2 [ i + * 2 ( £ ) 2 + H 
«« - T[£+ § + *]" W" (52) 

This expression is completely analogous to the corresponding one for 
the lumped-constant circuit, Eq. (17). 

If the coupling susceptances are large, then Eqs. (51) indicate that 
the conductance will change slowly with frequency, relative to the rate 
at which the susceptance changes. Therefore, it is usual to approximate 
a resonant cavity by a simple parallel-resonant circuit with a constant 
conductance equal to the actual value of the circuit at resonance, and to 
choose L and C to give the same Q as the actual circuit. In ordinary 
cavities this approximation is sufficiently accurate to predict the perform
ance at frequencies different from the resonant frequency by Aw/ai = 3/Q, 
despite the fact that the admittance has a pole at a frequency relatively 
close to the resonant frequency instead of at infinity. 

Voltage Transformation Ratio.—The voltage transformation ratio of a 
resonant cavity used for a TR tube is of considerable importance since 
it is one of the factors that determine the amount of leakage power 
reaching the crystal detector. Two transfor
mation ratios are of interest. The' first ratio 
refers to the behavior of the resonant cavity 
and is the ratio between a voltage applied to 
its terminals and the voltage across the gap vi j"o 
before a spark has formed. T h e second is t he &i| | |d; 
ratio of t h e vol tage d r o p of t h e discharge ! I 
maintained across the gap to the voltage 'i '" 
appearing across the load. Although both of F lG 2-12.-Reaon.ant line with 

r ° i l l susceptances 6i and 6i. 
these quantities have to do with leakage 
power, they are functions of the linear properties of the cavity and, 
therefore, will be discussed here. 

Let us consider the case of a simple section of resonant line with no 
spark-gap posts, Fig. 2-12. At the plane i-i, the power flowing to the 
right is v\Gi; similarly, at the plane 0-0 the power flowing to the right is 
I'oGo. If there are no losses between the two planes, the two quantities 

http://2-12.-Reaon.ant
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must be equal. If Eq. (39) is used for ft, 

Pi = v? \G2 ^ ) 2 + bJa/Fo]-

If the cavity losses are assumed to be negligible (al = 0) then 

(53) 

>.-«0"- p _vlG, 

and 

(54) 

which is the voltage stepup ratio from plane i-i to plane 0-0. 
Consider how cavity dissipation affects this ratio. Practical design 

considerations generally require that at the input terminals to the cavity 
the apparent shunt conductance be of the order of one-third the load 
conductance. This amounts to about a 30 per cent power loss in the 

cavity and, therefore, Pi will be about 15 per cent 
0 greater than P0 because of loss through the first half 

of the cavity. 
If the center of the cavity 0-0 is chosen as the 

reference plane, TheVenin's theorem may be used to 
replace the actual generator to the left of i-i by an 
equivalent one at 0-0. The equivalent generator 
has an internal admittance Y' obtained by open-
circuiting the actual current generator and observing 
the admittance seen looking to the left from 0-0. 
The intensity of. the new current source equals the 
current flowing through a short circuit across 0-0. 

; V 

2 0 
F I G . 2-13.—Equiv

alent circuit of half 
of line in Fig. 212 . 

Equation (40) gives the equivalent generator admittance 

« - — -1- -1 - » f - u i 
b\ b\ 

To obtain the short-circuit current through 0-0, the various incident 
and reflected waves are added, Fig. 2-13. If the current reflection coeffi
cient Tt = (Y — Y0)/(Y + Yo), then the total current at 0-0 can be 
shown to be |Jol = I/bi for bi large. Now, the voltage at the input 
terminals is the current / divided by the total conductance or 

Vi = 

1 + 9cbl + g2 (9' 
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The voltage at the center of the cavity is found in a similar manner, 

1 
Vo 

6J ^ 2 "^ 2 "*" 6| 
and 

£ -6" ^54) 
which is the same result that was obtained when cavity dissipation was 
neglected. Thus, it is seen that the voltage stepup is proportional to the 
square root of the input Q (similarly the voltage stepdown is proportional 
to the square root of the output Q). This could have been anticipated 
on a conservation-of-energy basis, since the admittance transformation 
is proportional to the external Q. 

±L Jh_ 
I—i -4—«•-*) 

(a) (6) 
F I G . 2-14.—Cavity with capacitive posts and equivalent circuit. 

A practical TR tube will differ from this cavity in that it will have a 
pair of posts across the guide at a voltage maximum to form a small 
spark gap, Fig. 2-14a. The gap, of course, adds a capacitive load across 
the cavity. However, more detailed examination indicates that there is 
an inductive reactance in each of the posts forming the gap and, there
fore, the equivalent circuit is similar to that of Fig. 2-146. The net 
susceptance across the center of the cavity is 

jb0 = -j(XL - Xc)-K 

In a similar manner it can be shown that the voltage stepup ratio 
from the external terminals to the center of the cavity is proportional 
to the corresponding external Q. However, the voltage across the gap vc 

is greater than the cavity voltage Vo by a factor 

r. ~ Xc-xL ~ bL - be' {b) 

and the total transformation ratio is 
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The Q of such a cavity can be shown to be 

QL 

2(!+1)^ft)2+6° 
(k + f: + o) 

[SEC. 2 3 

(57) 

b? 

where Kl = t an - 1 ^ « ^ — -^ if 6i and b22> b0 
_2 _T 
6o 2 2 

Direct-coupling Attenuation.—During the transmitting period there is 
a discharge across the gap which for all practical purposes may be.con-

». K £ j j W 
(a) (6) 

F I G . 2-15.—Cavity with short-circuited post and equivalent circuit. 

(a) 
FIG. 2*16.—(a) Magnetic field in a cavity with short-circuited post, (b) Cylindrical 

cavity with two output lines. 

sidered to have zero dynamic impedance. Since the discharge only 
short-circuits the capacitor Xc in Fig. 2-14, the total susceptance across 
the guide is not infinite, but is equal to — JOL. AS a result, the attenu
ation between the input and the output terminals will be large, but finite. 
To calculate the attenuation, all voltages and admittances are referred 
to the center of the cavity, Fig. 2-15a. Toward the left from the 
post, there is an admittance Y = 1/6J — jbo/2, and toward the right 
Y' = gi/b\ — jba/2 and, therefore, the circuit is that of Fig. 2-156. The 
ratio of the power delivered to the load, gi/bl, to the available power is 

JP 4</j /«» 
P^ ~ 6f61(60 4- bLy ( ' 

Thus, the direct-coupled power is inversely proportional to the product 
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of the external Q's, and it also varies inversely with the square of the post 
susceptance bL. 

A qualitative but useful concept of direct-coupling attenuation 
assumes that the cavity short-circuited by the post, Fig. 2-16a, may be 
thought of as two waveguides in parallel that are beyond cutoff at the 
operating frequency. The incident power is exponentially attenuated 
between the input and output terminals of the cavity, and the attenuation 
increases with the diameter of the center post. This, of course, is simply 
a restatement of the fact that the attenuation increases with the post 
susceptance. If a cylindrical cavity is considered, Fig. 2-166, it becomes 
apparent that the attenuation decreases rapidly as the angle a between 
the input and the output lines is made less than 180°. 

2-4. Comparison of Loop-coupled and Iris-coupled Cavities.—In the 
analysis of resonant cavities thus far, it has been assumed that the 
external cavities have been connected to the resonant structure by direct 
inductive or capacitive coupling. 

=T=6„ 

^Tnnr>-That is, it has been assumed that 
there is no mutual reactance be
tween the couplings and the reso
nant c i r c u i t . The equivalent 
circuit assumed may be either the 
simple one in Sec. 2-1 or the more 
exact one shown in Fig. 2-llfc. 
A better representation of the 
TR tube is shown in Fig. 2-17 where bi and 62 are the coupling sus-
ceptances, 60 is the equivalent capacitive susceptance of the gap and 
posts across the cavity, gc is the shunt conductance of the cavity. If 
bi = 6160/(2&i X to), and b[ is similarly defined for 62 and if 61 and 62 are 
large, 

FIG. 217.- -Equivalent circuit of TR tube 
including losses. 

*~K1+ar,) (59) 

All these calculations and equivalent circuits are based on the assump
tion that no mutual couplings exist between 61 and 62 and the rest of the 
circuit. This condition is satisfied if thin inductive or capacitive irises 
are used for bt and 62, Fig. 2-180.1 However, coupling to a cavity can be 
done equally well by means of a loop linking the magnetic field of the 
cavity, Fig. 2-186. If this is done, it is necessary to consider the mutual 
coupling between loop and cavity, and the equivalent circuit may be 

'For equivalent circuits of various obstacles in waveguides, see "Wave Guide 
Handbook," RL Report No. 43-2/7/44, and Vol. 10 of this series. 
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drawn as in Fig. 2-19. It has been shown by W. W. Hansen1 that the 
transformed conductance seen at the input terminals varies inversely 
with the square of the mutual conductances Mi and M2 for 6i and 62 large, 

(a) (6) 
F I G . 2'18.—Iris-coupled cavity (a) and loop-coupled cavity (b). 

(bi = 1/wLi). The mutual inductance is proportional to the loop area 
and at resonance 

Gi = GM/^i)2 + ft (S„/SO2 (60) 
where (?,- is the input conductance, A is the area of the cavity in a plane 

parallel to the E vector, 2< and S„ 
are the areas of the input and out
put loops, and Gc is the cavity 
shunt conductance. 

In a similar manner, expres
sions for Q and direct coupling 
which are completely analogous 
to those for the iris-coupled cavity 
can be derived. 

Although a detailed discussion of methods for coupling to cavities 
will be reserved for a later section, it is of interest to make a simple 

2-19.—Equivalent circuit 
coupled cavity. 

loop-

? ^ 
<!.'— 

f*\~ w\ 1 ■■>■ 
1 S 

(a) 
F I G . 2-20.—Methods of coupling to a cavity. 

(0 

comparison between loop and iris coupling. There are three cases to be { 
considered: ! 

f 
1. If the coupling iris is a small circular hole in a thin plate, Fig. 2-20o, | 

the susceptance is inductive and varies nearly as d~'. 
1 W. W. Hansen, / . App. Pkys., 9, 654 to 663 (1938). [ 
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2. If the iris is symmetrical, of the type shown in Fig. 2-206, the 
susceptance is inductive and varies nearly as d~z. 

3. If the coupling is a small loop, Fig. 2-20c, the inductance is pro
portional to its length and the susceptance, then, varies as dr1. 

The admittance transformation ratio N in these three cases may be 
tabulated as in Table 2-1. 

T A B L E 2 1 . — A D M I T T A N C E T R A N S F O R M A T I O N R A T I O JV F O B T H R E E C A S E S 
Coupling N varies as 

Circular iris b2, d~e 

Symmetr ica l induct ive iris b2, d~l 

Small loop b\ d~4 

It should be pointed out that these variations are for small loops or 
irises. For irises it is further assumed that the metal plate is very thin. 
As the opening of the iris or the length of the loop is made larger, the rate 
of change of b with d becomes slower. The rates indicated in the last 
column may be deceptive because, although the tolerance on the circular 
iris is the most severe, a round hole may be made to much closer toler
ances than is possible with the other structures. 

A symmetrical inductive iris is more difficult to make to accurate 
tolerances; but most difficult of all is the loop which is made of fairly 
thick wire, to give it rigidity, but is bent on a radius which is only a few 
times the thickness of the wire. Despite this difficulty, it was possible 
to make coupling loops for 10-cm TR tubes in which the admittance 
transformation ratio was held to a tolerance of about ± 10 per cent. 

2-6. Methods of Tuning.—It is usually required that a given TR 
tube operate anywhere within a band of frequencies that is wide com
pared with its bandwidth (A« » a>/Q). The resonant circuit, therefore, 
must be made tunable. From a consideration of Fig. 2-17 it is seen 
that variation of either the gap capacitance or the cavity inductance 
changes the resonant frequency. I t is not desirable to tune by varying 
the coupling susceptances since the insertion loss and leakage power 
change rapidly while the tuning rate remains very slow. 

Variation of the gap capacitance is a convenient method of tuning 
if the mechanical design of the tube permits a mechanical motion to be 
transmitted into the low-pressure region where the spark gap is located. 
Several TR tubes have been designed with such a tuning system. The 
high-frequency end of the tuning range is generally limited by the leak
age power, which increases with the gap length. I t is usually possible in 
this way to get a tuning range of 10 to 15 per cent and still maintain 
satisfactory leakage power levels. 

The inductance of the circuit may be changed by a variety of mechan
ical schemes. Basically, what is desired is to change the magnetic field 
strength in a given region, and thus change the energy storage or the 
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inductance. A vane across a waveguide acts as an inductive lumped 
susceptance, Fig. 2-21, because it causes a local concentration of the 
magnetic field. Thus, the cavity can be made tunable as shown in 
Fig. 2-22. Sliding irises which continually make good contact with the 

T zmT 
0 
E 

o 

^Vane 
Magnetic lines (III 

F I G . 2-21.—Waveguide with inductive vane. 

f 
Inductive 
coupling 

irises 
F I G . 2-22.—Variable inductive 

for tuning a cavity. 

^Variable inductive 
tuning irises 

z>c 

top and the bottom of the guide present a design problem which is 
mechanically very difficult. Figure 2-23 shows an equivalent scheme 
commonly used with cell-type TR tubes. In tubes of this type the gap 
and low-pressure region are confined within a glass envelope whose 
diameter is small compared with the cavity diameter. A metal slug, 

E MI 1SaJKj' LAJ 
Metal 
slug 

(a) (6) 
F I G . 2-23.—Metal slugs for tuning a T R cavity. 

usually a screw, is pushed into the cavity. This adds a lumped induct
ance in parallel with the rest of the circuit, and the frequency increases 
as the slug is pushed into the cavity. A change in the cavity diameter has 
an equivalent effect, and in fact, the slug may be considered simply as a 
partial change in the equivalent cavity diameter. 
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A third method of tuning involves changing the total circuit capaci
tance by means of a metal slug that can be moved in and out radially, 
but which is insulated from the cavity, Fig. 2-236. Although the geo
metric capacitance of the slug does not vary with position, the electric 
field varies from a maximum at the center to zero at the outside of the 
cavity. The displacement currents flowing through the capacitance 
between the slug and cavity increase as the slug is moved toward the 
center. Moving the capacitive slug toward the center decreases the resonant 
frequency of the cavity. 

A method that is markedly different from those just described 
employs an auxiliary cavity tuned by one of these methods, and coupled 
to the main TR cavity in such a way as to act as a variable susceptance 
in parallel with it. The susceptance can take on positive or negative 
values as the auxiliary cavity is tuned to higher or lower frequencies than 
the incident frequency. In general, this scheme introduces a certain 
amount of excess loss into the circuit. I t has the advantage, however, 
that a precise tuning mechanism may be built into it which may be 
calibrated. This is not generally possible in the TR cavity. The two 
cavities may be butted together and coupled by an iris, or they may be 
joined by a transmission line about X/2 long and coupled either by loops 
or by irises. 

2-6. Equivalent-circuit Calculations. Insertion Loss.—In previous 
sections it was shown that a resonant cavity could be represented to a 
good approximation by an equiva
lent parallel-resonant circuit. The 
plane of reference is arbitrary; but 
it is generally convenient to refer 
all admittances to the input ter
minals. This is indicated [in Fig. 
2-24 where all admittances have iA Generator T " 
been normal ized wi th respect t o Fio. 2-24.—Cavity and equivalent circuit 
Y0, g'c = gj>\ is the apparent cavity r e f e r r e d t o t e r m i n a l s AA-
conductance, gu = giibi/b^y is the apparent load conductance, and b is 
the input susceptance. On the basis of this simple circuit, a number of 
useful relationships involving Q, insertion loss, and input standing-wave 
ratio may be derived. 

The transmission T of the circuit is the ratio of the power dissipated 
in gL to the power available from the generator. The insertion loss L 
will be defined as —10 logio T, 

T=(1+gtTk)^' (61) 

where the generator is assumed to have unit internal conductance. 
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Cavity Q.—In Sec. 2-2 an expression for Q was derived. Equation (52) 
may be rewritten in the following forms: 

W.ddnk) 
Q t i — KT~t—i—i"\ ~J7I T\ ~ Qo ~—T-T / ' ' ' 

2{g'c + 1) d(ln k) g'c + 1 ' 
n - l dh - n VJL-
y " ~ 2(g'c + l+gL) rf(ln k) ~ Va g'c + 1 + g, 

where Qo is the unloaded Q of the cavity; QL\ is the Q of the cavity loaded 
only at its input terminals by a matched generator; and QL2 is the Q of 
the cavity loaded at both the input and output terminals. 

The standing wave set up in a transmission line by a discontinuity 
is equal to the sum of the incident and the reflected waves. The ratio 
of the maximum voltage to the minimum voltage of the standing wave is 
the standing-wave ratio r, and is defined by 

where T is the voltage reflection coefficient. For the cavity whose input 
admittance is 

Y = (gL + gi) + jb, 
- Y _ 1 - \{gL + i 
f Y 1 + \{gt + , 

VW^gL - g'c)r~+~b> 
V(i + QL + g'cV + fca 

If this is substituted into Eq. (63), 

Y,+ Y 1 + \(gL + g'c) + jb}' (*V 

irl 

V(±± QL + g'c)' + fc2 + V(i -9L- g^TT* 
V(i + QL + g'cy + b* - V(i - gx.- g'cV + 62 (65) 

Examination of Eq. (61) indicates that the power to the load QL falls 
to half its maximum value when |fc| = (1 + gL + gc), and for this condi
tion the standing-wave ratio will be 

rH = iL+ 9, + gi) + V/LtJi±±M. (66) 
(1 + 9L + g'c) - Vi + {9L + g'cY 

If the input standing-wave ratio at resonance is 

ro = 0-1 = ——r-> 
(?i + ff«) 
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then 

r» 
1 + $ + V l + /S2 

667) 

It should be noted that a substitution of 1/(3 for /3 results in the identical 
equation. 

Similarly, Eq. (65) may be solved for b, and 

- ^ + 1 -p 1. (68) 

Figure 2-25 is a plot of the standing-wave ratio against frequency, 
measured at the input of a typical TR cavity with no output loading. 
A curve of b, calculated from the 
data by means of Eq. (67) s super
imposed. T h e c u r v e of b is a 
straight line over the range con
sidered, which is what would be 
obtained from a simple parallel-
resonant circuit. 

Optimum Coupling.—Maximum 
power is delivered to the load gL for 
a given g'c when gL = 1 + g'c- Simi
larly, a reduction in g'e results in an 
increase in T. I t is generally nec
essary, however, to make the best 
possible compromise between leak
age power and insertion loss. 

Leakage power will be discussed 
in detail in Chap. 5; however, it has 
already been seen that the direct-
coupled power varies inversely as 
the product of the input and output 
Q's for a given tube and cavity, and 
it will be seen later that the arc 
leakage power and spike leakage energy are substantially independent of 
the input Q, but vary inversely with the output Q. 

It is important to choose the best operating point for a certain speci
fied insertion loss that will give usable values of direct-coupled and arc 
leakage power, and spike leakage energy. Figure 2-26 is a plot of inser
tion loss h in db vs. gL for various values of g'c. I t is obvious that there 
are an infinite number of combinations of gL and g'c that will give the 
same loss. Since the arc leakage power and spike energy increase with 
increasing gL, only values of gL ^ (1 + g'c) will be chosen. 
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F I G . 2*25.—Input standing-wave ratio 
r, and susceptance b for a 1B27 T R cavity; 
0 = g'e= 1.30, /o « 3260 Mc/sec, Qo = 
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Let us investigate the conditions that give maximum direct-coupling 
attenuation for a given value of L. In Eq. (61) let b = 0 and substitute 
the following quantities: g'c = Nigc, gL = Ni/N2. Then solve for the 
product NiN2 which is proportional to the direct-coupling attenuation, 

NrNi Nl 
Nig* 

(69) 2 [T 1 
j , - 1 - Nxgc ± 2 ^ ^ - j ^ 

If the derivative d(NiN2)/dNi is set equal to zero, a solution for the points 

F I G . 2-26.—Plot of insertion loss in decibels as a function of gi, for various values of g'e. 

Of maximum or minimum direct-coupling attenuation for a given value 
of low-level transmission may be obtained, 

djNrN,) 
dN1 9c g\ MMM)=° (70) 

The roots of this equation are most easily found by assuming specific 
values of T, and then using Homer's method or some similar approxima
tion. Only positive, real roots are of interest. Investigation shows that 
these roots do indeed correspond to a maximum value of NiNt, and, there
fore, represent maximum attenuation. These solutions are plotted in Fig. 
2-26 superimposed on the loss contours as the locus of points giving maxi
mum direct-coupling attenuation. For values of g'c > 0.1, the optimum 
coupling condition lies somewhere between "equa l " coupling (JVi = Nz), 
and "matched-output" coupling (gL = 1 + g'c or JV2 = 1 + Nxge). 
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For best performance in the receiving period it is desirable to use a 
"matched-output" coupling since variations in the load conductance gL 
cause the least change of T in this region. This is important because 
of the comparatively large variations that are found in the admittance 
of crystal detectors. The conductance spread may be as large as 4 to 1 
(from gx = Yo/2 to 2Fo), even after the crystal mount has been designed 
to minimize this spread. In Table 2-2 the insertion loss L in decibels 
and relative leakage power are listed corresponding to a crystal con
ductance gx = Yo/2, Y0, 2F0 . The leakage power has been separated 
into direct-coupled power, and gas (flat or spike) leakage power. The 
latter is simply proportional to Nj1 while the former is proportional to 

TABLE 2-2.—COMPARISON or INSERTION LOSS, GAS LEAKAGE POWER, AND DIRECT-
COUPLED POWER FOR THREE DIFFERENT COUPLING CONDITIONS 

All adjusted to L = —1.25 db for gx = 1 

i 

0.5 
1 
2 

Insertion loss db 

Matched 
input 

- 2 . 4 6 
- 1 . 2 5 
- 1 . 0 

Equal 
cou
pling 

- 2 . 1 4 
- 1 . 2 5 
- 1 . 0 6 

Matched 
output 

- 1 . 7 6 
- 1 . 2 5 
- 1 . 7 6 

Gas leakage power 

Matched 
input 

0.375 
0.75 
1.5 

Equal 
cou
pling 

0.5 
1 
2 

Matched 
output 

0.666 
1.33 
2.66 

Direct-coupled power 

Matched 
input 

0.57 
1.15 
2.3 

Equal 
cou
pling 

0.5 
1 
2 

Matched 
output 

0.58 
1.16 
2.32 

Examination of Table 2.2 indicates that the direct-coupled power is a 
rather insensitive function of the particular coupling. The insertion 
loss undergoes the largest excursions with matched-input coupling. 
Conversely, the leakage power is smallest for matched-input and largest 

TABLE 2-3.—SUMMARY OF FORMULAS FOR COUPLING THROUGH A TR CAVITY 

Input standing-
wave ratio 

T 

Qi2 
" Qo 

Qo 

Matched input 

1 

1 - g\ = 1 - 2p 

g. i - T 
2 2 

g'c i - T 

i +g'c 2 - 7 ' 

Equal coupling 

( i + f ) 2 = a - ^ 

2 +g'c 

g'c 2(1 - T/T) 

i + g'c 2 - \/f 

Matched output 

1 + 2g'c 

(1 + g'rrl = 1 - 2p 

V. 1 - T 
2 ( 1 -f g'c) 2 

g'c , T 
/ — 1 — 1 

i +gc 
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for matched-output coupling. Equal coupling has the advantage of 
ease of mechanical construction if the line to the receiver is of the same 
type as the transmitter line (same size coaxial line or waveguide), since 
the tube can be made symmetrical. 

Special Cases.—A few special formulas may be derived for the three 
couplings just described and the results are shown in Table 2-3. 

2-7. Electromagnetic Calculations of Cavities.—Although the basic 
phenomena of the resonant cavity are extremely simple, the exact 
calculation of the resonant frequency Q voltage-stepup ratio, and 
equivalent shunt conductance becomes very difficult when practical 
shapes of cavities must be analyzed. Fairly straightforward methods 
of analyzing cylindrical, spherical, and similar cavities have been derived 
by a number of authors.h 2 For TR cavities or klystron cavities (rhumba-
trons), the fields can no longer be expressed by simple functions, but 
must be compounded out of a sum of many different modes, so adjusted 
as to satisfy the boundary conditions that tangential E is zero at the 
metal walls. 

At the present time, an exact solution has not been obtained for the 
cylindrical cavity with conical posts. Extremely accurate calculations 
have been made, however, in which the posts were assumed to be right 
circular cylinders, and where suitable means of estimating the equivalent 
diameter of the cylinder were determined.3'4'6 By these means it has 
been possible to calculate the resonant frequency with an error of less 
than 1 per cent. 

The mathematical techniques used in these calculations will not be 
discussed here since they are long and involved. The solutions obtained, 
however, give the resonant frequency in terms of an effective parallel 
L and C, where the C is a function of the static capacitance of the post, 
and L is associated with the energy storage in the annular ring between 
the posts and the outer walls. 

A more recent and advanced method in the art of treating cylindrical 
resonant cavities has been used by N. Marcuvitz of the Radiation Labora
tory. This method6 considers the cavity as composed of several radial 
transmission lines of various impedances (heights) and lengths (radii). 
Although this method has not been applied to TR cavities, its use would 

1 W. W. Hansen, Jour. App. Physics 9, 654 (1938); 10, 38 (1939). 
a S. A. Schelkunoff, Electromagnetic Waves, Van Nostrand, N. Y., 1943. 
3 H. A. Bethe, R. E. Marshak, J. Schwinger, "Theoretical Results on the TR 

Box," NDRC Report Dl-116, Jan. 20, 1943. 
4 H. A. Bethe, R. E. Marshak, J. Schwinger, "Theory of the TR Box," NDRC 

Report 14-128, May 14, 1943. 
8 J. Schwinger, "Theoretical Treatment of a Cylindrical TR Box," RL Group 

Report 43-8/26/42. 
6 Vol. 8, Chap. 8. 
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result in great mathematical simplification, when radial-transmission-line 
charts become available. 

The coupling between the cavity and an external load or source of 
power may take any of several forms. It may be a small hole in the wall 
of the cavity, a loop, or a capacitive probe. The first two, the hole and 
the loop, are used almost exclusively in TR cavities. The small hole or 
iris is equivalent to the large shunt inductive susceptances in the equiv
alent circuits of Sees. 2-1 and 2-2; the loop has been briefly described in 
Sec. 2-3. 

The calculation of the power flow through an iris involves the match
ing of three fields: the unperturbed field in the cavity, the unperturbed 
field in the waveguide or space into which the iris allows power to flow, 
and the field in the immediate vicinity of the iris. Here again, the 
mathematical complications grow roughly exponentially writh the size 
of the hole. If the hole is very small, then it can be assumed that the 
field in the cavity and wraveguide are completely undisturbed by the 
presence of the hole, except in its immediate vicinity. Furthermore, it 
can be assumed that the tangential H will be constant in magnitude 
and phase over the entire window. With these limiting assumptions, 
it has been possible to calculate correctly the loading and frequency 
shift caused by inductive irises in TR cavities.1'2,3'4 

Loop coupling, although basically very simple, is complicated by the 
finite thickness of the wire and the standing wave along the loop. As a 
result, no accurate solutions exist for this problem. 

2-8. Cell-type TR Tubes. Tube Types.—The cell-type TR tube is a 
unit consisting of a spark gap in a low-pressure gaseous atmosphere, 
enclosed in a glass envelope. Electrodes are brought out through the 
glass for connecting to an external cavity, which in combination with the 
TR tube is a resonant circuit. The tube is placed in the cavity so that 
there is a maximum voltage across the gap. 

One of the earliest 10-cm microwave TR tubes is shown in Fig. 2-27. 
It was developed by J. L. Lawrson at the Radiation Laboratory, and con
sisted of a spark gap in a small glass tube which plugged into a cavity. 
The leakage power of this tube was undoubtedly high, and because of the 
small gas volume its life was short; however, it had only to protect a 
grounded-grid-triode first detector, which it did. The first "modern" 

1 H. A. Bethe, "Lumped Constants for Small Irises," RL Report 43-22, Mar. 22, 
1943. 

2 H. A. Bethe, "Theory of Side Windows in Waveguides," RL Report 199, Apr..4, 
1943 

3 H. A. Bethe, "Excitation of Cavities through Windows," RL Report 202, Apr. 9, 
1943. 

4 H. A. Bethe, "Theory of Diffraction by Small Holes," RL Report 128, Jan. 23, 
1942. 
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microwave TR tube was the so-called soft Sutton tube developed by the 
simple expedient of admitting gas into a Sutton reflex klystron tube 
and using it, cavity and all, as a TR tube. One cavity and three tubes 
were used to tune the three bands 9.1 cm ± 1 per cent, 10 cm + 1 per 
cent, and 10.7 cm ± 1 per cent. The tubes were identical except that 

they were pretuned by varying the 
gap spacing before they were 
evacuated. 

The 721A T R tube and later 
the 724A tube, were engineered 
by a group under A. L. Samuel at 
the Bell Telephone Laboratories.1 

These two tubes are used in the 
9-cm to 11-cm and 3.1-cm to 3.5-
cm bands r e s p e c t i v e l y , and, 
together w i t h t h e 1B27 tube 
developed cooperatively by the 
Radiation Laboratory and Syl-
vania Electrical Products Com
pany, are the most widely used 
microwave cell-type TR tubes. 
They are illustrated in Fig. 2-28. 
The spark gap is formed between 
the small ends of two copper cones. 
The cones are drawn from rthin 
copper sheet and have circular 
flanges at their bases. A cylinder 
of low-loss glass separates the two 
flanges. In order to make a but t 

seal between the glass and the copper, it is necessary to balance the strains 
by simultaneously sealing glass cylinders to the backs of the flanges, as in 
Fig. 2-29. After the disk seals have been made, the keep-alive electrode 
is sealed in at one end, the tube is pretuned and evacuated, and the other 
end is sealed off. 

Two other microwave cell-type TR tubes that have been used at 
longer wavelengths (about 25 cm) are the 1B23 tube and the 1B40 tube. 
The spark gap in the 1B23 tube, Fig. 2-30, is between the inside of the cone 
and the wire electrode. The 1B40 tube is different from any of the other 
tubes in this group, in that it has no r-f electrodes within the glass 
envelope. It is used with a cavity such as that shown in Fig. 2-31, and 
an electrodeless discharge is struck between the two cylinders of the 

1 Samuel, McCrae, and Mumford, "Gas Discharge TR Switch," BTL MM-42-140-
26, Apr. 17, 1942. 

F I G . 2-27.—Early 10-cm T R tube. 
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external cavity. Although this simplifies the design, the leakage power 
of this tube is very large and is tolerable only in certain special applica-

721B 

1827 
F I G . 2'28.—TR tubes types 1B27, 724B, 721B. 

^ _ 
Copper 
flanges 

Seal 

# 7 0 7 glass 
cylinders 

tions. The construction is very simple for it involves only Kovar-glass 
seals. 

The cell-type TR tubes have the advantage that they may be used 
in a variety of circuits and cavities, 
and over a wide range of frequencies. 
With suitable cavities the 1B27 tube 
has been used at wavelengths ranging 
from 8 cm to 13 cm. The 721B, 724B, 
1B23, and 1B40 tubes are fixed-tuned 
tubes. By varying the spacing each 
is adjusted to resonate at a specified 
frequency in a cavity of standard 
dimensions. Once the tube is sealed 
off, no further adjustments of gap 
spacing can be made, and the com
plete TR assembly is tuned by inductive or capacitive slugs in the 
external cavity as described in Sec. 2-5. The 1B27 is a tunable 
tube. The gap spacing may be varied by means of a differential screw 
mechanism that moves one of the cones in or out. The cone is sealed, of 

F I G . 2-29.—First stage in assembling 
cell-type T R tube. Glass cylinders are 
sealed simultaneously to both sides of 
the flanges. 
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course, to maintain a low-pressure region around the gap. In a given 
cavity, it is possible to tune the 1B27 tube from 10 to 15 per cent. 

^ 

" I! 
I 

f^Electrodeless A 
discharge rj 

I 1 

^Cavi ty 
-glass 

seals 
Keep-alive 
electrode 

F I G . 2-30.—1B23 T R 
tube. 

F I Q . 2-31.—1B40 T R tube. 

The critical dimensions of the 721B, 724B, and 1B27 tubes are shown 
Fig. 2-32. These dimensions are the glass diameter, the distance 

between flanges, the cone angle, the gap spac
ing, the cone diameter, and the flange diam
eters. Table 2-4 gives the dimensions of these 
three tubes. 

The use of high-Q cavities with large 
admittance transformation ratios requires that 
the losses in the cavity be held to a minimum. 
The glass cylinder between the disks of the TR 
tube is in a region of moderately high field. 
The dielectric loss in the glass can make a con
siderable contribution to the effective shunt 
conductance gc of the cavity. Corning 707 
glass has the lowest dielectric loss of any of 
the common glasses. Only fused quartz and 
Corning "Vicor" 709 glass, which is about 90 
per cent quartz, have lower losses. These, 
however, cannot be sealed to copper because 

of their high melting points and low coefficients of expansion. In Table 2-5 

F I Q . 2-32.—Critical dimen
sions of 721B, 724B, and 1B27 
tubes given in Table 2-4. 
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TABLE 2 - 4 . — C R I T I C A L D I M E N S I O N S OF C E L L - T Y P E T R T U B E S AS INDICATED IN F I G . 
2-32 

Dimensions are in Inches 

Dimensions 

D, 
D, 

D, 

D, 
9 
a 
h 
t 

721B 

H 
U + A 

U + A 

0.075 
0.030 

18° 
0.825 
0.030 

724B 

0.372 
0.622 max. 
0.615 min. 
0.622 max. 
0.615 min. 
0.020 
0 030 

18° 
0.410 
0 030 

1B27 

4 ~ 32 
1 062 

1 000 

0.125 
0.002 to 0.035 

18° 
0.670 
0.030 

the complex dielectric constant e = e' + jt" is given for Corning 707 glass 
and 705 glass. 

T A B L E 2 - 5 . — C O M P L E X D I E L E C T R I C C O N S T A N T O F 707 AND 705 G L A S S E S 

X 

25 cm 
10 cm 
3.2 em 

707 glass 

4.0 
4.0 
3.99 

."A' 

0.0019 
0.0019 
0.0021 

705 glass 

t 

4.72 
4.72 
4.71 

«"A' 

0.0047 
0.0052 
0.0061 

The' copper flanges extending beyond the glass are made thin so that 
they can be deformed by the clamping rings of the cavity, and can also 
be pressed tightly against the cavity shoulder without breaking the glass 
seal. This allows the resistance of the contact between the flanges and 
the cavity to be held to a minimum. 

Cavities and Tuning.—The TR cavity most commonly used in the 
3-cm and 10-cm bands is illustrated in Fig. 2-33. I t is cylindrical, and 
operates in what may be described as a modified T'E'oio-mode. There 
is no variation of the field with angle, and except in the vicinity of the 
posts, there is no variation of E between the top and the bottom of the 
cavity. 

For a given tube, the height h of the cavity is usually maintained 
constant, and the diameter D is varied to make cavities for various tuning 
ranges. To permit the tube to be connected into the cavity, the cavity 
is split into two halves along a diametral plane. Since the lines of current 
flow are radial on the top and bottom faces, the break between the two 
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halves of the cavity does not cut any current lines, and therefore there are 
no losses from radiation or from poor contacts. 

Since the current flow in the top and 
bottom faces is radial, an intimate con
tact must be made between the tube 
flanges and the cavity in order to hold 
to a minimum the 12R losses at the joint. 
This is done by exerting enough pressure 
to deform the flange and cause it to 
flow against the cavity. Figure 2-34 
shows the details of two such arrange
ments. In Fig. 2-34a the clamping ring 
A is drawn down against the flange by 
six screws spaced around the circum
ference. This makes an excellent con
tact, but it is difficult to replace tubes 
quickly in such a cavity. Figure 2-34b 
shows an alternative method wherein 
a clamping nut B forces a ring C against 
a neoprene gasket D, which in turn 
presses against the tube flange. The 
gasket, by virtue of its flexibility, forces 
the flange to make good contact with 
the cavity despite any high spots on the 

cavity or misalignment between the ring and the cavity. The screw-
clamping mechanism is commonly used on the 1B27 and 724B TR tubes, 

- 6 Equally spaced screws. 

F I G . 2-33.- -TR cavity for 
T R tubes. 

cell-type 

^ T ^ i 

(o) (b) 
F I G . 2-34.—Methods of clamping cell-type T R tubes into cavities. 

except that it has been found unnecessary to use the gasket on the 724B, 
presumably because of the small flange diameter. In the 1B27 tube (or 



SEC. 2-8] CELL-TYPE TR TUBES 41 

/T\ 
T7" ii" 

16 

sJ 

the 721B), failure to use the gasket may result in an increase of insertion 
loss of 1 or 2 db. 

The fixed-tuned tubes (721B, 
724B and 1B23) can each be char
acterized by a curve which gives 
the resonant wavelength as a 
function of cavity diameter. Fig
ures 2-35 and 2-36 show these 
curves for the tubes, 721B and 
724B. Figures 2-37 and 2-38 show 
a typical cavity and a tuning curve 
for the 1B23 tube. The curves 
are nominal, and production tubes 
lie within a band less than ±0.5 
per cent a r o u n d t h e average 
curve. Thetubesareal lpretuned 
in a standard cavity by changing 
the gap spacing before the tube 
is sealed off until resonance is ob
tained at a standard frequency. 
This means that if the cone diam
eter or glass thickness (for instance) varies from tube to tube, although 

1.8 2.0 2.2 2.4 2.6 
Cavity diameter D in inches 

F I G . 2-35.—Tuning characteristics of 
721B T R tube as a function of cavity diam
eter. The cavity is loop-coupled to a 
loaded Q of 300. 

■>y////////hr 

V/////////A*-

0.50 

\7 
A 

6 
| 0 344 

^zzzzzzzm 

XJ 

3.4 

3.2 

3 0 
0.70 0.55 0.60 0.65 

Cavity diam ■ D in inches 
FIG. 2-36.—Tuning characteristics of 724B FIG. 2-37.—Cavity for 1B23 TR tubes. 

TR tube as a function of cavity diameter. The 
cavity is iris-coupled to a Qw of 200. 
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\ " 1200 

■1100 

£ 1000 

900 

2.0 2.2 2.4 2.6 2.8 3.0 
Diameter and height of cavity A in inches 

FIG. 2-38.—Tuning curve for 1B23 T R 
tube for cavity shown in Fig. 2-37. (Data 
are from Western Electric Co.) 

the tuning will be correct at the standard frequency, for diameters larger 
or smaller than the standard cavity the slope of the X vs. D curve will 

vary and the spread will increase. 
Figure 2-39 shows the tuning 

effect of inductive tuning plugs on 
the resonant wavelength of cavities 
of various diameters. Two plugs, 
diametrically opposite, are inserted 
equal distances for these curves. 
The mechanical design of inductive 
tuning plugs is difficult. Figure 
2-40 shows two possible construc
tions. The tuning screw in Fig. 
2-40a is required to make good con
tact only somewhere near the cavity 
wall, as i n d i c a t e d . Its tuning 

range, however, is small. If the f-in. screws shown in Fig. 2-39 were 
replaced by f-in. screws, the tuning range (AX/X) would be only about 2 
to 3 per cent, as compared with 
the 10 to 15 per cent obtained 
with the large screws. The screw 
shown in Fig. 2-406 completely 
fills the space between the top and 
the bottom of the cavity, and the 
tuning ranges indicated are ob
tained. To be effective, however, 
the screw must make a good elec
trical contact with the cavity at 
its inner end, as shown in the 
drawing. This is a difficult con
dition to satisfy. The threads in 
the cavity wall only span about 
15° to 20° and they lack precision 
for, in order to facilitate produc
tion, they are tapped rather than 
machine cut. Furthermore, be
cause the threads must be silver-
plated, it is not possible to specify 
a tight fit because the plating jams 
the threads, and makes it difficult 
or even impossible to turn the screws by hand. As a result, when the 
lock nut is loosened, the resonant wavelength of the cavity may jump back 
and forth erratically as the contact changes, and, therefore, make it very 

12 

11 

I" 
8 

■ ^ 

8; ^ 

\ 

0.B 0.2 0.4 0.6 
Plug insertion-d in inches 
2-39.—Tuning characteristics of 

721B TR tube as a function of plug inser
tion, QLt = 300. 

FIG. 
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V////7/////A WZ 
(a) Cavity (6) 

F I G . 2-40.—Inductive tuning screws. 

4 slots spaced 
90° apart rh~A 

F I G . 2'41.—Expanding inductive tuning screw. 

11.2 

E 11.0 

Polystyrene 
1.075" rad - H _ J B 2 7 
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S

8N^ fH 

0.2 0.3 0.4 0.5 
Insertion into cavity I in inches 

FIG. 242.—Capacitive tuning slug in 2.15-in. diameter 1B27 cavity, 

0.7 
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difficult to tune the cavity to a new wavelength. These effects become 
worse as the radial travel of the tuning screw increases. In 10-cm tubes 
these effects are pronounced, whereas in 3-cm tubes they are hardly 
noticeable. 

In order to overcome this contact trouble, a number of schemes have 
been considered. I t is possible to use spring loading, but in order to 
maintain constant pressure on the 
screw, the spring must be several 
times as long as the maximum 
travel of the screw. This makes 
the cavity assembly very large and 
bulky. Figure 241 shows an ex
panding tuning screw that has 
been used successfully. It allows 
a continuously variable pressure 
to be exerted between the end of 

Aluminum 

Kovar 

Glass 

2 4 6 8 
Turns of tuning screw 

Increasing gap spacing -

F I Q . 2-43. F I G . 2-44. 
F ia . 2-43.—Differential tuning-screw mechanism for 1B27 T R tube. 
F I G . 244.—Tuning range of 1B27 T R tube in various cavities: Curve A, coaxial cavity; 

Curve B, cavity 2.150" I D on l j " X 3 " waveguide; Curve C, 1.800" I D cavity loop-
coupled to i " coaxial line; Curve D, 1.550" I D cavity loop-coupled to I" coaxial line; 
Curve E, 1.400" I D ATR cavity on l i " X 3 " guide; Curve F 1.400" I D cavity on 
1 } " X 3 " guide. 

the screw and the cavity, and thus permits the operator to loosen it to 
the point where it can just be turned by hand and still maintain a good 
contact during rotation. 

Figure 2-42 indicates the tuning ranges which can be obtained with a 
capacitive tuning slug. Since no electrical contacts are involved, the 
tuning is very smooth. No measurements of the loss introduced by the 
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currents in the slug, or by the presence of the polystyrene sleeve around 
the slug have been made, but casual observations indicate that they are 
not excessive. 

Capacitive tuning slugs have found very little use thus far, partly 
because of the mechanical-design difficulties associated with getting a 
smooth driving mechanism on the polystyrene rod, and partly because 
of the advent of the TR tube which has an adjustable gap. 

These tuning difficulties are avoided in the 1B27 tube, which is 
tuned by varying the gap spacing with the mechanism shown in Fig. 2-43. 
The aluminum shell which carries the tuning mechanism is cemented 
to the glass cylinder sealed to the back of one of the disks. Smooth 

F I G . 2-45.—TR tube in coaxial cavity. 

tuning, without the necessity of using lock nuts to secure a given setting, 
is obtained over a range of 10 to 15 per cent in a given cavity. Figure 
2-44 shows the tuning characteristics of the 1B27 tube in cavities of 
various diameters D. Examination of the curves shows that the cavity 
diameter required to tune to a wavelength of 13 cm would be about 
2.5 in. However, in certain lightweight airborne radar equipment, the 
space and weight allotted to a TR cavity to tune to 13 cm were extremely 
small. The cavity shown in Fig. 2-45 was designed for this application. 
It may be considered either as a capacitance-loaded coaxial cavity or as 
a folded Ti^oio-cavity. I t is only Hi in. ID by 1 in. long, but it tunes 
over the range indicated in Fig. 2-44 according to the Curve A. I t is 
almost impossible to fabricate such a cavity as a split unit, with the 
parting line always parallel to the current flow. I t was therefore decided 
to make the cavity a "plug-in" type. The two flanges on the 1B27 tube 



46 LINEAR THEORY OF HIOH-Q TR TUBES [SEC. 2-9 

have^ a difference in diameter of rs- in. This allows the tube to be 
inserted from the end A, Fig. 2-45, and have its large flange clamped 
at this end by a suitable ring, while the smaller flange is forced into the 
spring fingers at B. If.these fingers are properly tempered they will 
deform the tube flange and make a good contact. A tube can be inserted 
into a cavity of this type only a few times before its small flange is 
permanently deformed and will no longer make a good contact. This is 
objectionable for laboratory use; but where the life of the complete 

equipment is only two or three times that of a 
TR tube, this is not a serious defect. 

The unloaded Q of the coaxial cavity is only 
about one half that of the conventional cavity. 
As a result, either higher leakage power for a given 
insertion loss compared with a TiJoxo-cavity, or 
more insertion loss for a given leakage power must 

Fm. 2-46. — Modified be accepted. In high-performance equipments, 
c a X f° r USe in PlUg4n t h i s d e f i n i t e l y ™les o u t t h e coaxial cavity; but 

where weight and size are of paramount import
ance, the loss in performance (about 1£ db) can be accepted. 

An improved design for a plug-in tube has been reported by the 
British. In this design the small disk on the TR tube is formed as 
shown in Fig. 2-46. The bent-over small disk is stronger than the straight 
type and presents a greater area to the contact fingers. 

2-9. Tuning Temperature Compensation.—Military radar equipment 
must operate at maximum efficiency under a great variety of conditions. 
In particular, airborne equipment must be subjected to temperatures 
ranging from — 55°C to 100°C. This imposes the first requirement on 
components—they must not break or otherwise fail because of extreme 
temperatures. The next requirement imposed is that every component 
must function electrically over a temperature range from about — 15°C to 
100CC. There is no clear limit on the low-temperature point; this limit 
is estimated by assuming that the average temperature rise within an 
operating radar equipment is 40°C over the external ambient temperature. 

The characteristics of a TR tube which are temperature sensitive, 
are tuning, leakage power, and recovery time. The leakage power and 
the recovery time will be discussed in Chap. 5. Except at the start 
of the operation, it is undesirable and often impossible to tune the TR 
tube in an aircraft. This initial tuneup usually occurs on the ground 
where the temperature may be widely different from the temperature 
under which the plane operates when aloft. The change of temperature 
changes the resonant frequency of both the TR cavity and the trans
mitter. It is required, of course, that the two frequencies either remain 
constant or change by the same amount. 
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The magnetron transmitter used at microwave frequencies is in 
almost all cases of all-copper construction. As its temperature changes, 
therefore, it expands in all dimensions by an amount determined by the 
coefficient of expansion of the metal. If all the linear dimensions of a 
resonant structure are multiplied by a constant, its resonant wavelength 
is multiplied by the same factor; therefore a copper magnetron changes 
frequency at a rate of 16 parts per million per °C—the frequency decreases 
as the temperature increases. 

For ease of machining, cavities for cell TR tubes are usually made of 
brass. The temperature coefficient of brass is not much different from 
that of copper, varying from about 17 to 20 parts per million per CC. 
The glass cylinder between the copper disks has a much lower coefficient 
of expansion (3.1 X 10_6/°C) than copper, and, therefore, the distance 
between the flanges is practically independent of temperature. The 
copper cones, of course, expand with temperature and, therefore, the gap 
between them decreases. Since the external cavity expands at about the 
same rate as a copper cavity, and the gap decreases with increasing tem
perature and thus increases the capacitance loading, the resonant fre
quency of the TR tube decreases faster with increasing temperature 
than does the resonant frequency of the magnetron. 

The problem involved may be stated in the following way. Let the 
height of the cavity be h, the length of the posts I, the gap length S, the 
coefficient of expansion of the cavity ae, and that of the glass ag. Then 
at some temperature U, 

S0 = h - 21. (71) 
At any other temperature t0 + At, if the cavity were all copper 

5' = (1 + acAt)(h - 21). (72) 
For this same temperature, the gap in the TR cavity is 

*" = (1 + a„At)h - 2(1 + aM)l. (73) 

The difference between the two, 

5' - 5" = h(ae - a„)At, (74) 

is the amount by which the cones in the cell TR tube must be pulled 
apart a t (U + At) in order to tune this tube to the same frequency as 
that of an all-copper cavity at this temperature. 

In the 721B and 724B TR tubes the gap spacing is compensated by 
proper shaping of the disk between the base of the cone and the inside 
of the glass. This is a purely empirical process, but it is known that 
almost any temperature-tuning curve which is desired can be obtained 
by giving the disk the appropriate initial curvature. The 1B27 TR 
tube has one of its cones exposed to the atmosphere and connected to a 
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tuning-screw mechanism, Fig. 2-43. The temperature coefficient of this 
tuning mechanism may be used to make the proper correction to the 
cavity. Let the length of the screw (from the cone to the first thread 
-in the housing) be I. and its coefficient be a,; the length of the housing 
from the glass to the first thread be h and its coefficient <*A; and use the 
same quantities for the glass cylinder l„ and aa. The motion of the end 

10.20 
- 4 0 - 2 0 0 20 40 60 

TR tube temperature °C 
F I G . 2-47.—Tuning-temperature characteristics of 721A T R tube. A comparison is made 

of flat and wrinkled disks, measured in a brass cavity. 

of the screw relative to the disk (assuming the copper is easily deformed) 
is 

A = {l„ag + lhah — l,a,)At. (75) 
If A is positive and equal to o' — 5", as given by Eq. (74), the cavity will 
be properly compensated. The housing shell of the 1B27 tube must be 
light since it is cemented to the glass. This automatically restricts 
the choice of material to some grade of aluminum with an a of about 

23 X 10-6 /oC. The length may be 
ff a // « varied within reasonable limits, but 

it is basically restricted by mechan
ical considerations. Since A in 
Eq. (75) must be positive, a3 < a*. 
Kovarwi thanaofonly5 X 10-6/°C 
is a suitable material for the screw. 
After a reasonable mechanical ar
rangement of the tuning mechanism 
has been made, even if the tuning-
temperature curve which results is 

either over- or undercompensated, it can be corrected by proper shaping 
of the disk which carries the stationary cone. 

Figure 2-47 shows the difference in temperature-tuning character
istics between a flat disk and a disk which has a wrinkle, Fig. 2-48. The 
wrinkled disk, in addition to giving almost the same tuning slope as an 
all-copper cavity, has almost no hysteresis, whereas the fiat disk has 

V o 
(a) (b) 

F I G . 2*48.—Comparison of plain 
and temperature-compensated (b) 
tube cones. 

(a) 
TR-



SEC. 2-10] CAVITY COUPLINGS 49 

Temperature above ambient °C 
10 20 30 40 50 60 70 80 

z 

£-10 
FIG. 

X0 = 9.0Cm 
~ 7 - S ^ ^ _ X 0 = 9 . 5 Cm 
All Cu cavity , J^V— 

X0=9.8Cm 

both a very large tuning-temperature slope and hysteresis. If the disk 
were perfectly flat between the seals, it could equally well buckle in or 
out with an increase in temperature. On the other hand, if it has an 
initial concave curvature (seen from the gap), it tends to become even 
more concave at higher temperatures, and thus pulls the gap apart and 
gives the proper sign to the slope of the tuning curve. If the disk is 
simply bowed the cones move in the desired direction, but there is con
siderable hysteresis in the motion. The wrinkled disk shown in Fig. 2-48 
overcomes this objection and gives the performance shown in Fig. 2-47. 

Figure 2-49 shows the temperature-tuning curves of a 1B27 TR tube 
in a brass cavity tuned to several different frequencies. The couplings 
to a 1B27 cavity are normally 
adjusted to make QL2 about 350. 
Under these conditions the band
width (to half-power transmission) 
is 9 Mc/sec at X0 = 9.5 cm. Com
parison of the tube characteristics 
with that of a copper cavity at a 
temperature rise of 60°C above 
the initial tuning temperature in
dicates that the TR and mag
netron cavities will differ in frequency by about 2 to 4 Mc/sec 
detuning losses are of the order of 0.7 to 2.3 db. 

2-10. Cavity Couplings.—Thus far in the equivalent-circuit calcula
tions the couplings to a cavity have been characterized by a susceptance 
in the case of the iris, or by a reactance and mutual inductance in the 
case of a loop. In practice these quantities are almost never measured 
directly, and are only of academic interest to the engineer. Once a 
particular TR tube and external cavity have been chosen, then only the 
couplings remain to be adjusted in order to get the desired insertion loss 
in the desired manner (equal coupling, matched input, and so forth). 
Thus, in order to adjust the coupling to the proper value it is necessary 
to measure the input admittance at resonance, first with no load to 
determine the value of g'c and then with the proper output load to deter
mine (g'c + gL). These two measurements, plus a measurement of Q, 
completely specify the low-level properties of the cavity. These measure
ments are not enough, however, to determine the coupling susceptances 
6i or 62-

Equation (76) is the expression for the Q of an iris-coupled cavity 

2-49.- -Tuning-temperature 
1B27 TR tube. 

of 

The 

°» = A (k + § + '-)"1' (76) 

It is possible to measure QLI or QM directly and then to compute Q0; 
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however, no measurements made at the external terminals (input or 
output) can define the magnitudes of 61 and 62 unless either gc or A is 
known. The shape and capacitive loading of the cavity determine the 
constant, A. In particularly simple cases, as for a cavity made of a reso
nant length of rectangular waveguide, the iris susceptance may be found 
in various handbooks,1 or computed from the length of the cavity and 
its propagation constant. In principle, this can still be done in cavities 
of even more complicated shape, but the mathematical complications are 

F I G . 2-50.—Methods of coupling a cavity to a coaxial line; (a) series (iris) coupling, (fr) loop 
coupling, (c) capacitive (probe) coupling. 

so great as to discourage such computations. As a result, the data 
available consist of curves of the apparent shunt conductance g'c of a 
given TR cavity coupled to transmission lines of a given type as a function 
of the dimensions of the iris or loop. 

The frequency of operation and the type of set under consideration 
determine whether a TR cavity is to be coupled to a coaxial or to a wave
guide transmission line. Figure 2-50 illustrates three methods of coupling 
a cavity to a coaxial line. Figure 2-50a shows series, or iris, coupling 
in which the outer conductor is cut so that the transmission-line current 
is interrupted by the cavity. Figure 2-506 shows a loop-coupled cavity 
in which the current in the loop sets up a magnetic field that couples to 
that of the cavity. Figure 2-50c is a capacitance-coupled cavity in which 

'"Waveguide Handbook," RL Report 43-2/7/44 and "Waveguide Handbook 
Supplement," RL Report No. 41-1/23/45; also Vol. 10, Radiation Laboratory Series. 
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the probe acts as an antenna and the voltage drop along it excites the E 
field in the cavity. The first two are fairly common methods of coupling; 
but the last one has never been used on any microwave TR cavities, 
since the electric field in the outer portions of the cavity, where a probe 
can be inserted, is so weak that it is difficult to obtain sufficiently tight 
coupling. 

FIG. 2-51.—Methods of coupling a TR cavity to a rectangular waveguide; (a) series 
coupling, (b) shunt coupling, (c) feed-through coupling. 

Figure 2-51 shows three common methods of coupling TR cavities 
to rectangular waveguides. Figure 2-51a shows series coupling in which 
the cavity is mounted on the broad face of the waveguide, so that the 
coupling hole interrupts the longitudinal line current. Figure 2-516 
illustrates the so-called shunt coupling in which the cavity is mounted 
on the narrow face of the guide so that the coupling hole interrupts the 
vertical currents in the wall.1 Figure 2-51 c is the so-called "feed-

1 For a more complete discussion of the meaning; of " s e r i e s " and " s h u n t " con
nections to waveguides, see Chap . 7 of this volume. 

^ S VEGAS BRANCH 
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through" coupling in which the cavity is mounted on the end of the 
waveguide and, therefore, the coupling is of the type discussed in Sec. 2'2. 

At 10 cm, the couplings illustrated in Figs. 2-50a and b and Figs. 
2-516 and c have found the widest use. At 3 cm, coaxial lines, because 
of their comparatively high attenuation are never used as main trans
mission lines, and the 724 TR tube has been used exclusively with the 
couplings shown in Fig. 2-51a and b. 

An iris cut into a cavity as shown in Fig. 2-51 acts as an inductive 
susceptance if its height is equal 
to the height h of the cavity. If 
the cavity were made of a section Inductive iris 

0.900" 

jLh i 

0.400" C aP.a c l t l v e 

\Vl2 thick 
"thick \ '"Active iris 
capacitive iris 

0 0.10.2 0.3 0.4 0.5 0.6 07 0.8 0.9 
6 in inches 

FIG. 2-52.—Reflection coefficient of induc
tive and capacitive irises in waveguide 0.400 
in. by 0.900 in. at X = 3.2 cm. 

of waveguide of the type discussed 
in Sec. 2-2, the irises could be 
made either capacitive or induc
tive by bringing the irises in from 
the top and bottom, or from the 
sides. The susceptance resulting 
from a given opening S between 
the irises is much greater for an 
inductive than for a capacitive 
iris. For this reason larger open
ings and less critical mechanical 
tolerances are allowable with in
ductive irises. Figure 2-52 is a 

comparison of the reflection coefficient of symmetrical capacitive and 
inductive irises A in. thick in waveguide 1 in. by 0.5 in. by 50-mil wall at 
X = 3.2 cm.1 

The coupling iris between a circular TEou-oavity and a waveguide 
(as seen in Fig. 2-51o) which is made by slicing off a segment of the cavity, 
is rectangular. Its height h is always equal to that of the cavity, while 
its length I is determined by the distance from the center at which the 
slice is made. The length of the hole for any practical TR-cavity 
coupling is less than a half wavelength; it is of the order of X/4, and, 
therefore, it acts as an inductive susceptance whose magnitude varies 
inversely with I. The actual susceptance of the hole varies not only 
with its length, but also with its thickness. An iris of zero thickness 
appears as a pure shunt susceptance across the guide. If the thick
ness t ^ 0, then the equivalent circuit is that shown in Fig. 2-53.2 

Figure 2-54 is a plot of the variation of Ba and Bb as a function of t 
with d = 0.375 in., a = 0.900 in., and b = 0.400 in. at X = 3.20 cm. 

1 "Waveguide Handbook Supplement," HI- Report No. 41-1/23/45. 
2 "Waveguide Handbook Supplement." The discussion and examples will be for 

round holes, but the general application to rectangular or elliptical holes is valid. 
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Let us now examine the input susceptance to this network terminated 
in a conductance g, 

Y - -ib 4- tt~Jb°}izM. 

- _ „ T , j . h 9bb ~ J(Q2 + bl + bj») 
- 3t>* + 0" ' g + {ha + bty 

For t = 0, bh = » , and ba = - 2 . 3 , 7 = g - j 4.6; but at t = 0.020 in., 
6b = - 2 8 , and ba = - 2 . 7 , F = 0.83# - J5.13. Thus, the apparent 

Reference planes 

*m 
^ 7 

i j i / * f-f-r * 

o 
11 I I I I I I 

1 

-« o »■] 

F I G . 2-53.—Equivalent circuit of thick iris. 

susceptance has been increased by about 10 per cent, and the conductance 
transformation through the hole is about 1.2; therefore the diameter of the 

8 

z\ 
<~ 6 

O 
$ 4 

°= 1 
0 

0 0.02 0.04 0.06 0.08 0.10 
Hole thickness -1 inches 

Fio. 2-54.—Variation of series and 
shunt susceptances of a 0.375-in. hole 
in a diaphragm across a waveguide 
0.400 in. by 0.900 in. at X 3.2 em. 
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F I G . 2-55.—Conductance of 721 TH. cavity, 
2.67-in. ID , shunt-coupled to 1} in. by 3 in. 
waveguide as a function of window length I, 
X = 10.7 cm, Qa = 2500. 

hole required to produce a certain coupling to a cavity must be increased 
with increasing thickness of the hole. 

For several different coupling schemes the following curves show the 
variation in equivalent cavity conductance with the variation in size 
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TR tube 

of the coupling window. Figure 2-55 shows the variation for a 721A TR 
cavity, 2.67-in. ID, coupled to the narrow side of 1^-in. by 3-in. wave
guide at X = 10.7 cm. The thickness of the iris was that of the guide 
wall, 0.080 in. Figure 2-56 shows the coupling of the same cavity to a 
lf-in. coaxial line by means of an 
iris; the equivalent cavity con
ductance gc is plotted against the 
chord I of the intersecting circles. 
Figure 2-57 illustrates a 721A 
cavity iris-coupled to a |-in. 

1.0 

0.8 

g, 0.6 

0.4 

0.2 

0.7 1.0 coaxial line 
| center conductor 

Fio. 2-57.—Dimensions of 721 T R cavity, 
iris-coupled to coaxial line; d = 1.439" 
for o'c = 0.30; d = 1.219" for g\ = 0.10; 
On = 2500. 

0.8 0.9 
(inches 

F I G . 2-56.—Conductance of a 721 
T R cavity, 2.67-in. ID , iris-coupled 
to lf-in. by $-in. diameter coaxial 
line. X = 10.7 cm, Q, = 2500. 

coaxial line, measured at X = 9.4 cm. Figure 2-58 gives g'c vs. I, at 8.5 
cm and 10.7 cm, for 1B27 cavities coupled to the narrow side of a 1-j-in. 
by 3-in. waveguide. 

Figure 2-59 shows the effect of placing a sheet A in. thick of dielectric 
(V « 3.5) over the iris of a 1B27 TR cavity; 
it also shows the frequency sensitivity of 
the coupling. Within the accuracy of the 
experiment, the curves are straight lines and 
thus indicate that the effective coupling 
susceptance of the iris increases as the 
square root of the w a v e l e n g t h , since 
g'c — blgc. This is unexpected, since it would 
have been predicted that an inductive 
susceptance w o u l d v a r y directly with 
wavelength. 

In Sees. 2-1 and 2-2 it has been seen 
that the coupling susceptances cause the 
loaded cavity to resonate a t a frequency 
different from that of the unloaded cavity. 
Inductive irises cause the loaded cavity to 

resonate at a lower frequency than the unloaded cavity. Capacitive 
irises or loop couplings cause the loaded cavity to resonate at a higher 

\ V v 
\ £ 

0.4 
0.3 

a°0,2 
0.1 

0 
0.6 0.8 1.0 1.2 
Window length (I) in inches 

F I G . 2-58.—Transformed cav
ity conductance g'e vs. coupling-
window length I in 1B27 cavities 
on narrow side of l j - in . by 3-in. 
waveguide. Curve A is for X = 
8.5 cm, cavity diameter of 1.40", 
window thickness of 0.040"; 
Curve B is for X = 10.7 cm, 
cavity diameter 2.15", window 
thickness 0.080"; Qo = 3000. 
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frequency than the unloaded cavity. Figure 2-60 indicates the change in 
resonant wavelength of a 721A cavity as a function of the orientation 
of the loops. When the plane of the loop is at 90° to the magnetic field, 
the coupling is a minimum. The frequency shift is of the order of 
i per cent when Q i 2 is 250 and Qa is 2500. Measurements on a 724A-
tube cavity coupled for matched input with inductive irises give the 

o.i 

__̂ _ 4— 
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_ / ^ 1 B 2 7 TR lube kl 
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^ 9 . 3 8 
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S 9-35 
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F I G . 2-59.—Frequency sensitivity of iris 
coupling to cavity on end of l£-in. by 3-in. 
waveguide and effect of polyglas sheet placed 
over the iris. 

0.2 0.4 0.6 0.8 1.0 
Cos B 

F I G . 2-60.—Effect of loop coupling 
on cavity resonant wavelength for a 
721A TR tube; cavity 1.875" diameter 
coupled to a 72-ohm coaxial line by a 
loop | in. by J in. made of i^-in. wire. 
The angle of orientation is 9. 

results tabulated below, where h and U are the lengths of the input 
and output windows. The wavelength shift is about If per cent from 
the lowest to the highest loaded Q; the wavelength increases with increased 
loading. 

T A B L E 2 - 6 . — M E A S U R E M E N T S ON 7 2 4 A - T U B E CAVITY C O U P L E D FOR M A T C H E D I N P U T 
WITH INDUCTIVE I R I S E S 

U, in. 

0.23 
0.275 
0.315 

h, in. 

0.216 
0.244 
0.275 

X, cm 

3.13 
3.205 
3.23 

QL* 

320 
178 
133 

2-11. Direct-coupling Attenuation.—Direct-coupling attenuation was 
discussed in Sees. 2-2 and 2-7, where it was shown that the attenuation is 
proportional to the product of the input and output Q's and to (bo + ftt)'" 
where bt is the susceptance of the post across the cavity and bo is the 
susceptance of the cavity inductance. 

The order of magnitude of this attenuation in 10-cm T R tubes loaded 
to QLI = 300 is 60 db. However, if the TR tube is connected as shown 
in Fig. 2-61 and its impedance is very small compared with the line 
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impedance, then the ratio of the available power to the direct-coupled 
power is 4 times as great as if the TR tube were connected directly across 
the generator terminals. Thus, because the critical quantity is the leak
age power when the TR tube is used as in Fig. 2-61, it is customary to use 
this new definition for direct-coupling attenuation (leakage power/trans
mitter power) and the value of 60 db quoted above should now read 66 db. 

The direct-coupled leakage power with 106 watts transmitted is 0.25 
watts if the attenuation is 66 db. Experience has shown that 10-cm 
silicon crystal detectors withstand 
pulses of 5 to 10 watts for short 
times, but they show a steady slow 
deterioration at leakage powers of 
the order of 0.15 to 0.2 watt. It 

80 

70 

§60 

S 50 

Generator 

F I G . 2-61.—TR tube 
connection for direct-
coupling attenuation. 

-

721A 
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i i 
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f 
1—1,875'̂ y 40 

0 0.1 0.2 0.3 0.4 
Average cone diam. in inches D 

F I G . 2-62.—Direct-coupling attenuation 
as a function of mean post diameter. 

thus becomes apparent that TR tubes for high-power radar sets need 
direct-coupling attenuation greater than 66 db. 

R. L. McCreery has made a series of measurements of the attenuation 
through a 721A cavity and through a Sutton-tube cavity.1 Figure 2-62 
is a curve of the attenuation, in a cavity of 1.875-in. diameter with two 
conical posts short-circuited across the gap, against the average diameter 
D. The cavity was coupled to give a value of QLI of 320 when the gap 
between the posts was adjusted to produce resonance at X = 9.1 cm; 
the insertion loss was about 1 db. The attenuation measured is the 
insertion loss of the cavity, and the direct-coupling attenuation in a 
system would be 6 db greater. 

Although it would appear that the TR-tube cones should be made 
large in order to get optimum performance, it must be recalled that the 
use of a larger post has one of two effects: (1) If the gap capacitance and, 
therefore, cavity diameter are to be kept constant, the gap length must 
be increased, and this increases the arc leakage power (see Chap. 5); (2) 
If the gap length is kept constant, the capacitance is increased, and the 
cavity diameter must be decreased to resonate at a given frequency; this 

> R. L. McCreery, "Direct Coupling in the TR Box," RL Report No. 352, Nov. 3, 
1942. 
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seriously restricts the high-frequency tuning range. A compromise 
between the two must be effected, and historically, the 721A, which was 
already in production at the time 
of these measurements, seemed to 
be a reasonable compromise. 

Measurements of high-level 
leakage power as a function of 
transmitter-power level have been 
made on 721A TR tubes in a num
ber of different cavities.1 Figure 
2-63 is a plot of such data. Table 
2-7 compares the direct-coupling 
attenuation through 721A TR 
cavities coupled in several ways. 
Values are corrected to Qo = 2000 

TABLE 2-7.—DIRECT-COUPLING ATTENUATION THROUGH 721A TR CAVITIES 
CORRECTED TO Qa = 2000, L = —1.5 DB, gc + JL = 1 

X 

10.22 
10.22 
10.75 
10.75 
10.75 
10.75 
10 .8 
10 .8 
10 .8 
10 .8 

Original conditions 

Q« 

2550 
2463 
2000 
2200 
2160 
2180 
2000 
2000 
2065 
2065 

db 
L 

0 .95 
1.15 
1.54 
1.54 
2 .2 
2 .14 
0 .74 
0 .74 
1.34 
1.34 

9c + 9L 

1 
1 
1 
1 
1 
1 

1 
1 

Corrected 
db 

a t t enua t ion 

66 .9 
68 
68 .6 
68 .6 
6 6 . 8 
6 6 . 8 
67 
6 7 . 7 
68 .4 
69 

Method of coupling 

Iris on \" coaxial 
Shunt T on \" coaxial 
.E-plane waveguide T 
i?-plane waveguide T 
Shunt T on J " coaxial 
Shun t T on \" coaxial 
Iris on \" coaxial 
Iris on \" coaxial 
E-plane waveguide T 
E-plane waveguide T 

In the course of a series of measurements of leakage power through a 
721A TR tube, it was observed that the leakage power measured was 
dependent upon the insertion of the inductive tuning slugs if they com
pletely filled the cavity (f-in. screws in an H-in.-high cavity); but smaller 
tuning screws (|-in. dia.) had no effect on the leakage power. 

Figure 2-64 illustrates a cavity that was developed for the 721 ATR 
tube for use at line powers of the order of 500 kw or greater. I t is 
larger in diameter than the usual cavity used to tune over the range from 

•L. D. Smuffin, "Measurements of 721A TR-Tube Leakage Power," RL Report 
No. 249, Mar. 9, 1943. 
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F I G . 2-63.—Direct-coupling attenuation 
through 721A T R cavity on waveguide 
.E-plane T; X = 10.7 cm, Qo = 2000, L = 
— 1.54 db. The slope of the curve gives a 

value of the direct coupling attenuation of 
68.8 db. 

L = —1.5 db, matched input. 
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10.3 to 11.1 cm (3.25 in. compared with 2.67 in.) but four tuning slugs, 
two of which are fixed, are used to tune over this same range. The effec
tiveness of this arrangement is indicated in Fig. 2-65 which compares the 
leakage power through the large cavity with the standard cavity. The 
quantity plotted is the average rectified crystal current produced by the 
leakage power. Since the duty factor is 1/2000, the peak rectified current 
is of the order of 10 ma or greater. The degree of saturation of the crystal 
is indicated by the curve of leakage power through the 2.67-in. cavity, 
with plugs clear out, against line power. The leakage power through 
the large cavity is plotted against plug insertion for a constant line power 
of 690 kw. I t can be seen that the leakage power at wavelengths between 

\ \ 0 2 0 0 4 0 0 6 0 0 8 0 0 
. >• • • • • • • • • • • • — * Pulse line power in kw 
F I G . 2-64.—Large cavity for 721A T R tube. F I G . 2-65.—Comparison of leakage 

power through 2.67-in.-and 3.25-in.-
diameter cavities. Curve A shows 
i vs. p for 2.67-in. cavity at X = 11.1 
cm; Curve B show i vs. x at 690 kw. 

11.1 and 10.3 cm is well below that of the smaller cavity with no tuning 
plugs at the same power level. Since the small cavity had a measured 
direct-coupling attenuation of 66 db, and the large cavity, when tuned to 
10.7 cm and with a line power of 690 kw, had a leakage power correspond
ing to that through the smaller one at a line power of 110 kw, its direct-
coupling attenuation is greater by 7.9 db, or is equal to about 74 db. 

Harmonics.—The transmission characteristics of the fired TR cavity 
at frequencies higher than the fundamental or carrier frequency of the 
transmitter are of considerable importance. Sideband frequencies for 
microsecond pulses are restricted to a relatively few megacycles per 
second above or below the carrier, and are attenuated to the same extent 
as the carrier in passing through the fired cavity. Harmonics, however, 
are not necessarily attenuated to the same extent. Since the two "wave
guides" around the short-circuited center post of the TR cavity are no 
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longer small compared with X/2 for the second or third harmonics, it 
would be expected that there would be relatively little direct-coupling 
attenuation at these higher frequencies. 

Unfortunately, no quantitative data are available to illustrate this. 
When the cavity is coupled to a waveguide, there is no way of determin
ing in what modes the harmonics are propagating, since they may choose 
any or all of four or five different modes depending upon the shape of the 
exciting feed and upon various obstacles in the guide. I t is therefore 
dangerous to synthesize the operating conditions by feeding in signals at 
these harmonic frequencies and measuring the attenuation directly 
because these synthesized conditions may be different from actual 
operating conditions by as much as 10 db. 

Tests made on a 1B27 TR cavity normally tuned to 10.7 cm in a 
2.15-in. ID cavity indicated as little as 6-db attenuation at a wavelength 
of 5 cm. If these measurements are typical, the pulsed magnetron is an 
exceptionally good oscillator, since measurements of actual harmonic 
leakage power1 have given maximum values of a few tenths of a watt 
when the pulse power at the nominal frequency was 50 kw. 

If the harmonic leakage power becomes excessive, there is little that 
can be done to the cavity to reduce this power. Crystal mixers for high-
power 10-cm radar sets usually have harmonic-suppressor chokes built 
into them. About 10 to 20 db of protection can be obtained in this way. 
Difficulty with harmonic burnout of crystals has been encountered only in 
the highest-power sets, where it has been remedied by the use of a pre-TR 
tube (see Chap. 4). 

2-12. Integral-cavity TR Tubes.—The cell TR tubes discussed in 
Sec. 2-10 are comparatively inexpensive to manufacture, and they have 
the advantage of being adaptable for use in a variety of different cavities 
and circuits. As the frequency increases, the tube becomes smaller; but, 
because of the requirements for strength, the thickness of the glass 
cylinder separating the two disks remains constant and, consequently, 
occupies an increasingly larger fraction of the volume of the cavity. 
This results in dielectric losses which increase rapidly as frequency 
increases. A further consequence of the presence of the glass is that it 
adds a proportionately greater capacitive loading to the cavity at higher 
frequencies, and thus forces the spark-gap capacitance to be reduced by 
increasing the gap for a given cavity diameter. Or if the gap is kept 
constant, the cavity diameter must be reduced to keep the resonant 
frequency constant, thus increasing the copper losses. In any case, a 
cell tube is practically out of the question for use in the 1.25-cm region; 
and in the 3-cm band it is just usable, Qo being about 1500 or less. 

1 B. Cork, " Transmission of Higher Harmonics through a TR Cavity," RL Report 
No. 361, Jan. 11, 1943. 
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Since the excess loss results mainly from the presence of the glass in a 
region of high electric fields, the obvious step is either to remove the glass 
entirely, or to place it where the field is weak, that is at the outer diam
eter of the cavity. Figure 2-66 shows an early 3-cm TR tube built by 
Wm. Preston of the Radiation Laboratory early in 1942. I t consists 
of a resonant length of waveguide with a spark gap at the center, and 
the coupling irises covered by glass windows. At the time this tube was 
made, it was not possible to seal the flat windows into the cavity and 
therefore, it was necessary to wax them in place. As a result, when the 
724 A cell TR tube was developed, further work on this tube was dropped. 

As interest in the 1.25-cm band developed, it became obvious that a 
cell tube would be quite impractical. A group at the Westinghouse 
Research Laboratories, under the direction of S. Krasik and D. Alpert, 

FIG. 2-66.—Old 3-cm TR tube. 
developed an integral cavity by a new technique.1 The glass was sealed 
directly to a Kovar ring, and the combination then soldered to the copper 
cavity. At the time the tube was first demonstrated there were no 
1.25-cm radar sets ready for production; but 3-cm sets were experiencing 
considerable difficulty with the 724A TR tube in the form of crystal 
burnout, short tube life, and frequent tube breakage. I t was, therefore, 
requested that a similar integral-cavity tube be developed for 3 cm. 
The Westinghouse group made such a tube, and J. B. Wiesner and F. L. 
McMillan of the Radiation Laboratory perfected leakage-power char
acteristics. This tube was the 1B24 and was put into production by the 
Westinghouse Electric Co. at Bloomfield, N. J., and the Sylvania 
Electric Products Co. at Salem, Mass. The 1.25-cm tube was developed 
at a slower pace under the joint efforts of the Westinghouse Research 
group and C. W. Zabel, at the Radiation Laboratory. Its production 

1 D. Alpert, "Kovar to Glass Disc Seals, Some Applications in Micro-Wave Equip
ment, TR Box Group Report No. 1," Research Report SR 19?, Westingnouae Research 
Laboratories. 
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form is known as the 1B26 and was made by Westinghouse and Sylvania. 
Figure 2-67 shows these two tubes. 

At the request of the Navy Bureau of Ships, H. J. McCarthy of 
Sylvania made a similar tube, the 1B50, to operate in the 4-cm region. 

Before entering into a detailed description of these three tubes, the 
general characteristics which favor the use of the integral-cavity over 
the cell T R tube will be discussed. At the highest frequencies glass 
losses become excessive in the cell tube. The 724 has a Q0 of about 
1500, whereas that of the 1B24 is 3000 or more. Because the glass 
diameter of the 724 tube is not very much smaller than the cavity 

1826 1824 J 
F I G . 2-67.—1B24 and 1B26 T R tubes. 

diameter, there is little room for inductive tuning screws and the maxi
mum tuning range obtainable in an ordinary cavity is 2 to 3 per cent. A 
double-mode cavity that can be tuned over a 12 per cent band has been 
designed for use as an ATR switch (see Chap. 4) but it was never applied 
to a TR switch. 

The integral-cavity tubes are capacitance-tuned. This is done by 
varying the gap spacing by means of a differential screw which acts 
on the back of one of the cones, as in the 1B27. The resulting tuning 
range is of the order of 10 to 15 per cent of the nominal frequency. 

The 724 tube is not very large, and the cavity into which it must fit 
has a number of small parts all of which must be assembled at once. 
Under extreme conditions of military service, even the simplest repair 
:ob becomes an intolerable burden, and complicated tasks are either 
ooorly executed or not performed at all. I t was felt that the use of an 
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integral-cavity tube, mounted in some simple manner between two 
waveguide choke connectors, would greatly improve the ease of main
tenance of the radar equipment, and that the ultimate in T R design 
would be achieved when it would be possible for a "chambermaid with 

boxing gloves" to change tubes 
in the field successfully. A final 
advantage of the integral-cavity 
tube is that it is possible to add 
an external gas reservoir to it in 
order to increase its life. This is 
hardly possible in the cell tube 
because of the way it is clamped 
into its cavity. 

The fact that Qo is higher for 
an integral-cavity TRtube permits 
looser coupling (larger coupling 
susceptances) with a consequent 
increase of the transformation 
ratio so that for a given insertion 
loss, if all other factors are equal, 
the high-level leakage power will 
be smaller than that from a cell 
TR tube. 

To offset these advantages 
there is the obvious fact that the 
integral-cavity tube is more com
plicated and more expensive to 
make. The cavity for the cell 
tube is a permanent part of the 
duplexer, and is not thrown away 
whenever a tube is replaced; but 
the e n t i r e c a v i t y and tuning 
mechanism of the integral-cavity 
tube are scrapped each time a 
tube is discarded. Although this 
would be an important economic 

consideration in normal peace-time undertakings, the life of the 1B24 
integral-cavity tube is several times that of the 724, and therefore, the 
cost per hour of operation of the two are roughly equal. 

Figure 2'68 is a cut-away view of the 1B24 tube, which shows the 
tuning mechanism, cavity, coupling window, keep-alive electrode, and 
gas reservoir. The 1B26, except for a 90" change of position of the 
reservoir, is a scaled-down version of the 1B24. The cavity is made out 

F I Q . 2-68.—Cut-away view of the 1B24 tube. 
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of an oxygen-free, high-conductivity (OFHC) copper or selenium copper 
block, with the cones silver-soldered in place as shown, and the windows 
set into the face. The block itself has both faces parallel and they are 
of the proper diameter to act as the cover for a waveguide choke connector. 

Glass Glass 
Kovar ring. ? / - S o f t solder —> | ^ Kovar 

F I G . 2-69.—Methods of sealing glass windows into copper blocks. 

The windows are glass disks sealed into Kovar rings which are in turn 
soft-soldered to the block. The original windows were made as shown in 
Fig. 2-69o. The Kovar disk was flat. As a result, it soon became 
apparent that when the copper 
cooled, after soldering, it con
tracted enough either to squeeze 
the Kovar and thus crack the 
glass, or else to cause the solder 
to flow beyond its elastic limit 
with the result that when the tube 
was warmed up again the solder 
cracked and allowed the tube to 
leak. The wrinkled Kovar disk 
shown in Fig. 2-696 allows the 
outer diameter of the Kovar to be 
squeezed without cracking the 
glass, and the bevel on the edge, 
with solder confined to the top as 
shown, prevents the type of solder 
leak just described. 

The windows are made by seal
ing glass disks to the oxidized 
Kovar ring in an induction heat
ing coil. A eutectic soft solder, 
67 per cent tin and 33 per cent 
lead, with a melting point of 
180°C, or a pure tin solder, is used 
to solder the Kovar to the copper. 
This is the final assembly operation on the tube before final exhaust and 
tuning. Because of the difficulties encountered initially, it is now 
required that a tube withstand at least fifty cycles of half-hour periods 
at the extreme temperatures of — 40°C and 100°C without leaking. 

F I G . 2-70.—1B50 integral-cavity TR tube. 
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The 1B50, Fig. 2-70, is made somewhat differently in that its body is 
fabricated out of three pieces of steel: a cavity block, and two cover 
plates. Since the diameter of the cover plates must be 2f in. to match 
the connector chokes, if the tube had been made of a solid piece of copper 
it would have been very heavy and expensive. Steel has the advantage 
that after heating it does not become dead soft as copper does, and there
fore, it can be used in relatively thin sections. Its coefficient of thermal 
expansion is only 10 X 10~8/°C as compared with 16 X 10~6/°C for 
copper, which makes it easier to solder the windows in place. In fact, 
they are hard-soldered to the block in this tube and can withstand over 
100 of the temperature cycles de
scribed. A steel cavity would have ; 
a very low Q0. To overcome this, : 
the cavity is copper-plated and then 
heated in a hydrogen atmosphere 
which causes the copper to flow and 

F I G . 2-71.—Overlapping gap of 1BS0 T R F I G . 2-72.—CV221 (British) 3-cm integral-
tube. cavity T R tube. 

form a homogeneous surface over the steel. The gap of the 1B50, Fig. 
2-71, is different from the gap of the other two tubes. In order to make a 
tube whose leakage power does not vary with tuning, the cones are made 
to overlap, so that the gap spacing remains constant as the tube is tuned. 
The use of an overlapping gap imposes severe requirements on the tuning 
mechanism. In order to make the tuning curve smooth, it is necessary 
to restrict the wobble of the movable cone to less than 0.0002 in. 

Figure 2-72 shows a British 3-cm, integral-cavity TR tube, CV221. 
The body is copper and the windows are similar to those in the 1B24. 
Tuning is accomplished by squeezing the strut mechanism shown below 
the tube, and thus moving the lower cone up or down. 

In Table 2-8 some of the more important electrical low-level character
istics are listed. These tubes all have equal input and output couplings 
and, if they are terminated by a matched receiver, the input voltage 
standing-wave ratio will be 1.2 to 1.3. They are designed to be mounted 
between waveguide choke connectors as shown in Fig. 2-73, and the body 



SEC. 2 1 2 ] INTEGRAL-CAVITY TR TUBES 6 5 

T A B L E 2-8 .—LOW-LEVEL CHARACTEBISTICS OP 1B26, 1B24, AND 1B50 T R - T U B E S 

Tube No. 

1B26 
1B24 
1B50 

Insertion 
loss (db) 

1.4 
1.2 
1.2 

QL 

220 
300 

Minimum tuning range 
Mc/sec 

/ 
max 

24,580 
9,600 
7,100 

min 

23,420 
8,500 
6,000 

Waveguide 
size, in. 

j X { X 0.040 wall 
1 X i X 0.050 wall 
l i X \ X 0.064 wall 

diameter is large enough to allow the use of a pressurizing gasket as 

shown in the illustration. 

TR tube 

Waveguide 

9500 

9000 

Pressurizing gasket Choke connector 

F I G . 2-73. — I n t e g r a l - c a v i t y T R t u b e 
mounted between waveguide choke con
nectors. 

& 8500 
2 3 4 5 6 7 

Turns of tuning screw 

F I G . 2-74.—Tuning curve for 1B24 T R 
tube. {Data are from the Sylvania Electric 
Products Co.) 

Table 2-9 gives the critical dimensions of the three tubes. 

T A B L E 2 - 9 . — C R I T I C A L D I M E N S I O N S OF 1B26, 1B24, 1B50 T R T U B E S 

Dimension 

Cavi ty d i a m e t e r . , 
Cavi ty height . . . . 
Window d iamete r . 
Cone t ip d iameter 
Cone separat ion. . 
Cone t ravel 
Cone angle 
Body d iameter . . . 

1B26 

0 . 2 5 0 " 
0 . 2 3 8 " 
0 . 1 4 8 " 
0 . 0 0 2 " 

0 . 0 0 9 " 
36° 

1 .015" 

1B24 

0 . 5 0 0 " 
0 . 4 5 4 " 
0 . 3 3 3 " 
0 . 0 0 4 " 

0 . 0 1 8 " 
36° 

1.760" 

1B50 

0 . 7 2 5 " 
0 . 5 2 5 " 
0 . 4 9 4 " 

0 . 0 0 6 " 
0 . 0 7 0 " 

36° 
2 . 6 2 5 " 

Figures 2-74 and 2-75 are tuning curves for the 1B24 and 1B26 TR 
tubes. The number of megacycles per second per turn is fairly high and, 
therefore, in order to ensure smooth tuning with little backlash, the 
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differential tuning screw must be spring-loaded as indicated in Fig. 2-68. 
The 1B50 has a similarly shaped tuning curve. 

The shift of resonant frequency with temperature in a 1B24 TR tube 
is shown in Fig. 2-76, with a curve for an all-copper cavity superimposed, 
and lines which indicate the detuning that will cause i db and 1 db loss. 
The 1B24 and 1B26 tubes are of all-copper construction except for the 
tuning mechanism. By proper choice of materials for the shell and the 

25,000 

24,500 

| 24,000 

23,500 

01 23,000 
0 1 2 3 4 5 6 

Turns of tuning screw counterclockwise 
F I G . 2-75.—Average tuning curve for 

1B26 T R tube. {Data are from Westing-
house Electric Corporation.) 

TR tube temperature in °C 
20 40 60 80 100 120 

All-copper - -» \ 
cavity 

5 
F I G . 2-76.—Typical temperature-tuning 

curve for a 1B24 T R tube. {Data are 
from Westinghouse Electric Corporation.) 
The initial tuning was at 9380 Mc/sec, and 
QLI = 300. 

two screws, the combination can be made to move the cone at a rate 
nearly equal to that of an all-copper cavity. The 1B50 has a steel cavity 
with copper cones and diaphragm. Its over-all tuning changes at a 
rate of approximately —0.22 Mc/sec/°C. At 6500 Mc/sec an all-copper 
cavity changes at - 0 . 1 0 Mc/sec/°C. With a rise of 80°C, the TR cavity 
will resonate at a frequency about 9.6 Mc/sec lower than the frequency 
of the copper cavity; and if Qt2 = 250, the signal loss will be increased by 
about 2 db. 



CHAPTER 3 

BANDPASS TR TUBES 

B Y WALLACE C. CALDWELL 

3-1. Introduction.—Early in the development of microwave radar it 
became evident that the presence of numerous tuning adjustments on 
the r-f components seriously handicapped maximum system efficiency. 
Although these controls presumably allowed the set to be tuned to its 
peak sensitivity, the complicated tune-up process that was necessary 
because of the interaction of the various controls usually resulted in a 
mistuning of the sets, with sensitivity down by 10 to 40 db. Early sets 
had the following adjustments: magnetron impedance tuner, TR phase 
shifter (to provide ATR action), TR tuning, two tuning adjustments 
on the crystal, four on the local oscillator, and an antenna tuner. By 
1943 many of these controls had been eliminated by careful design of 
r-f components, so that their impedance was within about 10 per cent of 
line impedance in a 10 to 20 per cent frequency band. Eventually, a 
typical set had only the following r-f tuning controls: TR and ATR 
tuning, local-oscillator tuning, and local-oscillator coupling to the crystal. 
The advent of the thermally tuned local-oscillator and automatic-fre
quency-control circuits eliminated that manual adjustment, and the 
local-oscillator coupling could be set once for a given tube, and then 
ignored. This left only the TR and the ATR tuning adjustments. 
These elements with loaded Q's of 200 to 400 were still very sensitive 
to transmitter frequency, and it was not uncommon to find radar sets 
in the field with sensitivities 6 to 12 db down from optimum performance 
merely because of poor TR tuning. 

The combination of the tunable-cavity magnetron, the band-pass 
TR tube, the low-Q ATR tube, and the thermally tuned local-oscillator 
tube made possible a "single-knob" tunable radar. The first and most 
obvious advantage of such a set is its operational simplicity. Second, 
the simple tuning adjustment allows selection of an operating frequency 
that will minimize interference from other radars and from enemy 
jamming. This frequency may be changed more or less continuously 
without interrupting regular operation, and intentional r-f jamming 
becomes almost impossible. The ability to adjust frequency during 
operation makes it possible to learn more about a particular target by 
observing its amplitude as a function of frequency. Echoes from targets 

67 
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such as corner reflectors, cliffs, or battleships, have more or less charac
teristic frequency dependencies. 

Thus the need or justification for a low-Q or bandpass TR tube is 
obvious. Historically, its development was the result of other require
ments. In 1941, the development of a high-power 10-cm search set to 
operate at levels in excess of 500 kw was undertaken at the Radiation 
Laboratory. TR tubes were only in their infancy, and it was not 
believed that the soft Sutton tube (high-Q) could be used at such high 
powers. As a result, A. Longacre and his group developed the so-called 
"beet le" TR tube which was simply a low-Q resonant slit enclosed in a 
glass bubble, and designed to be clamped between two sections of 13^-in.-
by-3-in. waveguide. These tubes had large leakage powers, but since 
they were required only to protect thermionic diode detectors, they were 
adequate. Two of these tubes were used in tandem; the first reduced 
the power incident on the second. These tubes were turned over to the 
General Electric Co. for further development and manufacture. M. D. 
Fiske of that company used several low-Q resonant irises to form a band
pass structure and began to work on this conception. Meanwhile, it was 
discovered that the 721A TR tube was able to protect crystals at powers 
in excess of 500 kw. Because of this, a last-minute change was made in 
the high-power systems just being produced by installing duplexers with 
721A TR and ATR tubes, and with crystal mixers. 

Thus, the original incentive for producing low-Q TR tubes, that is, 
high power, was removed; but interest in the bandpass features of the 
tube was aroused, and Fiske and his group continued their work under 
an OSRD development contract, sponsored by the Radiation Laboratory. 
The culmination of this work was the introduction of four TR tubes 
designed for use in the 3-cm and 10-cm bands, two pre-TR tubes, and 
nine low-Q ATR tubes for use in the 1.25-, 3-, and 10-cm bands. The TR 
and pre-TR tubes will be discussed in this chapter, and the ATR tubes 
will be discussed in Chap. 4. 

The techniques that were used to develop a bandpass TR tube 
centered first around the fact that the reflections from small, identical, 
impedance discontinuities spaced X/4 apart along a transmission line 
tend to cancel each other, and, secondly, around the design of a glass-
covered resonant window whose frequency can be accurately controlled, 
and which is able to withstand the action of an intense r-f gas discharge 
along one face. In the bandpass TR tube, there are a number (2 or 3) 
of resonant slits (elements) spaced one-quarter guide wavelength along a 
piece of waveguide; the ends of the guide are closed off by glass-covered 
windows. The slits and windows are all tuned to the same resonant 
frequency. The loaded Q of the elements is usually of the order of 10, 
and that of the windows 2 to 5, as compared with 300 for a typical high-Q 
tube. 
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FIG, 3-2.—A two-gap bandpass TU tube. 
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The development of any desired bandpass characteristic is a com
paratively simple task. I t becomes difficult only when the leakage-power 
requirement imposed upon a TR tube has to be considered. Then, since 
minimum leakage power and maximum bandwidth are not obtained by 
the same design, compromises must be made in order to get the best 
over-all performance. This chapter will discuss the low-level design 
considerations, and the leakage power, or high-level characteristics, will be 
considered in Chap. 6. 

At the beginning of this discussion, it is important to consider the 
physical form of a bandpass TR tube. Figure 3 1 shows a typical three-
gap tube. A different shape of gap is used in the two-gap type'shown 
in Fig. 3-2. 

In the following sections the single-element circuit and then the 
multiple-element circuit will be presented. These will serve as an intro
duction to the experimental data and to the final discussion of achieve
ments to date, and of problems still pending solution. 

THEORETICAL CONSIDERATIONS 
3-2. Resonant Elements.—Let us consider a thin diaphragm with a 

rectangular opening soldered into a waveguide as shown in Fig. 3-3a. 
The size of the opening may be chosen so that nearly all the energy of a 

(o) Posts and diaphragms W Truncated cones and (i) Circular hole-post 
diaphragm 

Fio. 3 3.— Miscellaneous resonant elements in rectangular guide. 
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X 
-©— 

given frequency incident on the diaphragm is transmitted through the 
diaphragm. Elements of a great variety of shapes may be made to 
resonate. The rectangular slot may be tilted with respect to the guide 
or it may be filled with dielectric. A resonant element of the dumbbell 
type may be made with a number of variations. In elements of some 
types, posts or cones are used which enable the resonant element to be 
tuned conveniently. A variety of elements are shown in Fig. 3-3. 

To use the elements of Fig. 3-3 in complicated combinations, it is 
desirable to know the dependence of resonant frequency on the geo
metrical parameters of the elements, as well as to know the frequency 
dependence of transmission or reflection. Moreover, the energy lost 
in the element because of currents in the metal parts or displacement 
currents in the dielectric should be known. Unfortunately, even the 
simplest of the resonant elements— 
the rectangular slot—has not been 
analyzed theoretically to the extent of 
obtaining a numerical result. The 
problem may be attacked by finding 
experimentally the equivalent circuit 
of the resonant element. This equiv
alent circuit serves as the basis for 
calculations on the more complicated 
multiple-element circuit. An equiva
lent circuit will be assumed, its behavior analyzed, and the assumption 
verified by comparison with experimental data. 

For analysis the resonant element may be regarded as a lumped 
inductance, capacitance, and conductance shunted across the line as 
shown in Fig. 3-4. 

The susceptance B of the equivalent circuit of the resonant element 
may be defined by 

1 

0 ££G nT 
F I G . 3-4.—An equivalent circuit of a 

resonant element. 

B = a>C (1) 

The frequency where B = 0 is the resonant angular frequency wo, 

. _ l 
u° ~LC' (2) 

The loaded QL2 is defined (Sec. 2-2) by 

QL 
(at) 

a>2 — coi 

where wi and w2 are the frequencies where the susceptance equals plus and 
minus the total conductance. They are given by 
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^G ~—T = +(2Y0+G), 

txC-Xr = - (2F . + G). 
(3) 

If the positive roots of Eqs. (3) are chosen, 

Q " = W^TG' (4) 

Some investigators' have used a slightly different definition of QL2. 
They have defined 

Q M = ^ - , (5) 

where o>2 and o>[ are the frequencies for which half the power is reflected. 
This definition is somewhat different from Eq. (4) if the conductance 
of the resonant element is not zero. Equation (3) gives the frequencies 
at which half of the power is transmitted by the resonant element, and 
these frequencies are not the same as w[ and a>2. To estimate the magni
tude of inconsistency that might be expected, the power reflection at o>2 
will be computed. I t is given by 

B = 2F 0 + G. (6) 

The admittance looking from left to right at X-X in the circuit of Fig. 3-4 
is given, at w2, by 

Y =Y0+G+ j(2F„ + G). (7) 

The reflection coefficient is 
_ G + i (2F 0 + G) 

2Y0 + G + j(2Y0 + G)' (a> 

from which the fraction of the power reflected is 
1 1 (?2 

i r ' 2 = 2 + 2(2F0 + G)2' ( 9 ) 

The resonant elements discussed in this chapter usually have a value of 
G less than 0.1 F0- This means a difference from half-power reflection 
of about 0.2 per cent. The effect of conductance in the resonant element, 
therefore, may be considered to be small, and either definition of Q i 2 may 
be applied. 

1 See Ref. (4) in the bibliography at the end of the chapter. Hereafter superscript 
numbers refer to this bibliography. 
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The equation for the circuit of Fig. 3-4, relating the susceptance to 
frequency in terms of Qn, is 

B = 2Q i 2(2F0 + G) ( CO — 0 ) Q \ 

(9a) 

Also, the power reflected has already been obtained 

111 (2F0 + G)2 + 5 2 

It is often useful to have an expression for B in terms of r since it is r 
that is obtained by measurement. I t is easily found that 

B = 
(Yl + Y»G)(r - l)2 - rG* r S 1. (10) 

A measurement of r at the resonant frequency, that is, at the frequency 
for which B = 0, can be used to determine G, 

G = Y0(r - 1), r ^ 1. (11) 

In Fig. 3-5 are shown curves representing Eq. (9a) for G/Y0 = 0 and 
G/Yo = 0.3. Such a large value of G is not typical for the resonant 

0.8 
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0.6 
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0.2 

cA= 
• 
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G/Y0= 

k 
0.3 

r o,3 

0.2 

10.1 

0.8 1.6 2.2 

B/Y0 
F I G . 3-5.—The absolute mag

nitude of the reflection coefficient 
as a function of susceptance of a 
single resonant circuit. 

0 
8.9 

F I G . 3 ( 

Hzzb 
9.0 9.1 9.2 9.3 9.4 

Wavelength in cm 
-Comparison of experimental data 

with a theoretical resonant-circuit curve. 

elements discussed in this chapter. The large value was chosen to give 
better portrayal of the curves. 

In Fig. 3-6 the calculated reflection coefficient is plotted as a function 
of wavelength to compare with data taken on a resonant element. The 
calculations were made using the values of the resonant frequency and 
the Qi2 obtained from the experimental curve. The data for QL2 were 
taken at r = 2 or |F| = 0.33; therefore the theoretical and experimental 
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curves should match at the resonant frequency, except for the fact that 
loss was neglected, and their width should be the same at | r | = 0.33. 
The fact that the experimental points lie closely on the theoretical curve 
indicates that, over the frequency range of the curve, the physical struc
ture is well represented by the assumed circuit as far as reflections are 
concerned. 

Throughout this discussion of the single resonant element, an equiv
alent circuit has been considered from the standpoint of the reflection 
characteristics of the element. To understand the gas-discharge proper
ties of the element, it is important to know the electric field in the gap 
in terms of the voltage in the guide. For the simple circuit, if the 
capacitance were assumed to be concentrated in the gap, the voltage 
across the gap would be the same as across the waveguide. However, a 
rough measurement on a gap of the post type seems to indicate that the 
ratio of the voltage across the gap to the voltage across the guide is about 

ten. This measurement was made by placing a platinized-glass resistor 
across the gap and measuring the standing-wave ratio at resonance. The 
resistance of the platinized-glass resistor at the microwave frequency 
was taken to be the d-c resistance. Furthermore, it is known from theory 
and from experiment that a post in the plane of the electric field in wave
guide behaves as an inductance shunted across the line. In a resonant 
element of the post type, the inductance of the post would be expected 
to be in series with the capacitance of the gap. Both the rough experi
ment and the analysis of the resonant element in terms of simpler struc
tures leads to an expectation of a stepup of gap voltage over guide voltage. 

I t is well to assume a very simple circuit to estimate the stepup in 
voltage. In Fig. 3-7 Lv is the inductance of each post, and L is the 
inductance associated with the magnetic-energy storage due to the 
narrowing of the guide. I t is assumed that there is no mutual coupling 
between L and Lp. The discharge, or gas breakdown, takes place across 
the condenser C. The ratio between the voltage across the gap and the 
voltage across the guide may be calculated for two special cases. In the 
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fired condition the gap circuit may be represented as in Fig. 3-8a and 
for the unfired condition as in Fig. 3-86. 

The ratio \E/e\ for Fig. 3-8a is 

Z0X 

VZKX + x„r + xix* xv y/zi + x* 
= 2aLp at resonance, the In the unfired case and where X = uLi and X, 

ratio E/e for Fig. 3-86 may be written as 
E\ X 
e\- X + Xp' 

since Xc = — (X + Xp), at resonance. 
In the first case, it was assumed that the gap was broken down and 

that as a result, the gap voltage was held constant. In the second 

■2Z,„ 

<t> 
LJT 

F I G . 3-8.-
(o) (6) 

rcuit of resonant gap for (a) fired condition; (b) unfired. 

case, the gap is not fired and interest is in the gap voltage corresponding 
to a given fixed line voltage. The Q of the circuit of Fig. 3-8fc is given by 

Q 
K 
Xc 

(x + i y K X + Xv 

X ) X2 

Let us now assume that the gap will ionize at some definite voltage e, 
that this voltage is proportional to the gap spacing g, and that Xc « gja, 
where a is the area of the end of the post. Then at resonance, 

e = kaXc = ka(X + Xp), 
and the critical line voltage will be 

X 
E = = kaX. X + Xp 

This equation indicates that for a fixed resonant frequency, the 
critical, or breakdown, voltage E is proportional to the area of the ends 
of the posts and the reactance X of the inductive iris. Examination of 
the equation for Q shows that if X is held constant, the loaded Q can be 
reduced by making Xp smaller without affecting E. Since E is a measure 
of the spike energy, it should be possible, by proper shaping of the elec
trodes, to obtain a minimum value of Q for a given spike energy. 
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The assumptions and calculations made above are only the most 
elementary since they do not take into account mutual interaction 
between the fields of the inductive irises and the posts, nor do they 
consider the relative magnitude of the " s t r ay" capacitance and the 
" lumped" capacitance of the gap. However, for a resonant iris of this 
type across a waveguide, the detailed solution of the boundary-value 
problem has never been carried out, and it is, therefore, necessary to 
approach the problem from the much simpler point of view used here.. 

3-3. Multiple Resonant Elements in Waveguides.—Several methods 
of analysis and representation have been used in the analysis of the 
problem of circuits containing more than one resonant element. As an 
introduction to this problem, a simplified method of calculating the power 

reflection and the insertion loss of 
the three-element circuit shown in 
Fig. 3 9 is presented here. 

. . . At the outset of the calcula-
l<* B I I B I \a B \ Y0P tions, a line a quarter-wavelength 

1 ^ ^ 1 mam 1 i long between the elements is as-
3 2 1 sumed to be independent of fre-

F I G . 3-9.—Three resonant elements separa- q u e n c y . L e t t h e SUSCeptance of 
ted by quarter wavelengths of line. , , , , . , n , . . 

the end elements be aB, and the 
susceptance of the center element be B. The following equations use 
normalized admittances, that is, y = Y/Yo-

If 2/i> 2/2, and 2/3 are regarded as the admittances looking from left to 
right at the appropriate terminals as shown in Fig. 3-9, 

(12) 

(13) 

3*| /IvKhi 

and 
. . . 1 1 - ab2+j(2afe - a2b3) .... 

V3 = Jab + y-2
 = l-ab*+jb "■ ( U ) 

By the use of 

1 + 2/3 

the reflection coefficient is then 

j(b - 2ab + q'6») 
2 - 2a62 + j(b + 2ab - a2b3)' ( ' 

The reflected power becomes 

= b ' ( l -2« + «%T_. (16) 
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I t is convenient to define power loss L as the reciprocal of the transmitted 
power expressed in decibels, thus 

,. , . . Input power L = 10 logio /-. f , Output power (17) 

If there are no resistive losses in the circuit, the loss may be written in 
terms of the reflected power, 

L — 10 logio 1 
i - r 2 

For the case under consideration 

L = 10 log,, Fl + ^ (1 - 2a+ aWy-
If « = 1, 

If a = i, 

L = 10 logio ( 

L — 10 logio i + \ (i - by 

(18) 

(19) 

(20) 

1 + 64 (21) 

- L . i - - »/4 If the circuit is composed of 
more than two elements with 
quarter-wavelength separation be
tween elements, zero loss occurs 
for values of b of the individual 
elements other than zero. Be
tween zeros the loss may be signifi
cant; the greater the number of 
elements, the larger may be the 
loss. I t should be observed that 
the zeros can be eliminated by 
proper choice of the susceptances 
for the various elements. For the 
circuit of Fig. 3-9 it can be seen 
from Eq. (19) that the loss has a 
single zero only when a — \. The 
loss curve obtained for a = 5 is 
analogous to the loss curve for a 
critically c o u p l e d double-tuned 
circuit. For a number of partic
ular circuits shown in Fig. 3-10, 
Table 3-1 presents the reflected 
power and the ratio of input power to output power as a function of 6. 

F I G . 3-10.—Multiple-element resonant 
circuits. The transmission characteristics 
are given in Table 3-1. 
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1.2 1.4 1.6 1.8 0.8 1.0 
B/Y0 

F I G . 3-11.—Bandpass characteristics according to the simple theory for the circuits of 
FIG. 31 0. 

T A B L E 3 1 . — T H E R E F L E C T E D P O W E R AND THE R A T I O S OF I N P U T P O W E R TO O U T P U T 
P O W E R , E X P R E S S E D IN T E R M S OF 6 FOR SEVERAL M U L T I E L E M E N T C I R C U I T S 

Elements are separated by a quar ter wavelength of line for the frequency 
corresponding to b = 0. The frequency dependence of the line length 

is neglected. 

Circuit of Fig. 3 1 0 j Reflected power 

.4 

B 

C 

I) 

E 

F 

b-
4 + b-

4 + b' 
be 

64 + bs 

b2(b* - l ) 2 

4 + 62(1 
b» 

i2)2 

136 + b* 
b'(2 - fr2)2 

4 + i<(2 - b'Y-

Input power 
Output power 

■+? 
■+? 
■♦£ 
b2 

1 + j ( l - fc2)2 

1 + 
136 

1 + - (2 - fc2)'2 
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For the circuits of Table 3-1, Fig. 3-11 gives loss as a function of b. 
It is interesting to note that a condition can also be found for a four-
element circuit which makes the loss characteristic a monotonically 
increasing function of b. For the four-element circuit the susceptance 
of the two end elements should be 1/(1 + \/2) times the susceptance of 
the central elements. 

The importance of the magnitudes and the phases of both reflected 
and transmitted waves becomes clear in the discussion of microwave 
duplexers in Chap. 7 and in Vol. 16. The criterion of transmission band-

F I G . 3-12.—Reflection coefficient and transmission coefficient for circuit C of Table 3-1. 

width of the TR tube may be considered to depend on the type of duplexer 
in which the tube is used. 

From Eq. (15) and the expression for the transmission coefficient in 
voltage, 

T " FT7, (22) 

The reflection coefficient and the transmission coefficient can be presented 
as a polar plot on a Smith chart. These quantities are shown in Figs. 3-12 
and 3-13 for two three-element circuits (C and D of Table 31) . The 
susceptance is indicated along the curve. The phase of the reflection 
coefficient is measured at the element nearest the generator; the phase 
of the transmission coefficient is measured at the element nearest the 
load, with respect to the phase of the incident wave at the element 
nearest the generator. 

The transmission coefficient is rotated through 180° corresponding 
to two quarter wavelengths of line at midband. In Fig. 3-12 only values 
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of the reflection and transmission coefficients for positive B were 
plotted since the curve is symmetrical about 5 = 0. I t should be 
observed that for B/Yo between zero and 1.2, the angle of the reflection 
coefficient for the three-equal-element case varies between the limits 
270° > d > 180° and - 3 0 ° < 6 < 0°; for the unequal elements the 
range is 90° > d > 20°. Although neither of the circuits possesses a 

270° 
F I G . 3-13.—Reflection coefficient and transmission coefficient for circuit D of Table 3-1. 

simple resonance behavior it seems more likely that, in the use of the 
TR tube in the duplexer, the unequal-element tube could be improved 
at the band edges by matching elements. 

3-4. Wave Equilibrium Calculations.—By an equilibrium method of 
analysis, an expression can be obtained for the loss of a network com
posed of an arbitrary number of identical shunt elements equally spaced 
along a transmission line; and the frequency dependence of the spacing 
between elements need not be neglected. The presentation below was 
first used by Fiske and Warner7 and later generalized by Marcus.3 
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In Fig. 3 1 4 are shown shunt elements with arbitrary spacings 6P 
along a transmission line. To obtain either the reflection or the trans
mission from this complicated system, the multiple reflections could be 
considered, and the appropriate sum taken of the successive reflected and 
transmitted waves at the individual elements of the system. This 
becomes very complicated for more than two elements. A simpler 
method and the one adopted here relates the total traveling-wave ampli
tudes proceeding in each direction on each section of line in the equi
librium state to the amplitudes on the adjacent sections of line. 

Let Ap and Bp represent the voltage amplitudes of waves traveling 
in the forward and backward directions at a reference position just after 
the pth element. Let tT and rp be the reflection and transmission coeffi
cients for a wave advancing upon the ptli element from the left, t'p and 

— 'i _ *~.h-\~*—lp _ _ ' » - ! . * . 
—o-*o-mmK>+o ct»-o-mm^<»<)-mm-c>*-o o»o-""»-o*-o— 
A0\AX \A2 I V I I A , l_*•*! I * « - I J A . 

O - i O - « B « - o i - 0 0 * 0 - « B » o l O - « B r O * - 0 O - i o - M B - O - i - O — 

1 2 P - l P P+l N-\ N 
FIG. 3-14.—N lumped elements spaced at arbitrary intervals along a transmission line. 

r'v the coefficients for a wave advancing from the right. The electrical 

line length between the (p — l ) th and the pth element is 0,>_i = 2T -—^ 

where Zj,_i is the distance separating the elements. The total voltage 
wave advancing in the forward direction can be written 

Ap = tpAp_1e->°'-i + r'pBp, (23) 

if it is remembered that Av, Ap-i, and Bp are all measured at the same 
instant of time; but the contribution to Ap from Ap^i was made earlier 
by a time interval corresponding to 9p_i, hence the negative sign. For 
the wave in the negative direction, 

£p_, = r^A^e-^6^ + t'pBpe->"*-K (24) 

From Eqs. (23) and (24), B may be eliminated by solving Eq. (23), for 
Bp+i, substituting Bp+i into Eq. (23), solving Eq. (24") for Bp and then 
putting Bp back in Eq. (23). The result is 

^ i (rv+irp+\ ~ Wi^H-A />-jSp JH-l. plSs 

r't' 
Ap 

+ r-^r eiar-i^A^i = 0. (25) 
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This equation may be simplified by assuming that the elements are 
all identical and are identically spaced. If rp 

and 0P = 6, are put into Eq. (25), it becomes 
T t tp — Jp — t, 

A^ + ^ - y - " ' J ^ + ^ - a (26) 

For the n elements of Fig. 314, p runs from 1 to n — 1. To obtain the 
w ratios Ai/A0, . . . , A „/ A 0 requires one more equation. An additional 
equation is provided by the boundary condition that no wave is incident 
from the right, Bn = 0. From Eq. (23), 

An = te-'M„_!. 

The general solution of Eq. (26) is given by 

Ap = Mepa + Ne~pa, 
provided that 

From Eq. (28) 

cosh a = e'» - (rr' - V)^' 
It 

A0 = M + N, 
and from Eqs. (27) and (28) 

An = Mena + Ne-na = te-'9[Me(n-l)a -f JVe-("-»<"]. 

The transmission coefficient for the n elements, T«, is defined by 
A„ 

r» = A0 
From Eq. (28) 

r„ = 
M 
N ena + er 

N + 1 

If Eq. (30) is solved for M/N to substitute in Eq. (32) 
te~j> sinh a T = — sinh na — te~'e sinh (n — l )a 

or more conveniently 
1 u , e 8 + (rr' — t2)e~'e sinh na Tfr = cosh na H —s; q -!T„ 2< sinh a 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

In a similar manner the reflection coefficient Rn — B0/A0 is found to be 

Rn = re-2 '6 

f1 
sinh na ; cosh a sinh (n — l )a r r 

sinh na — te~'* sinh (n — l)a (35) 
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If the transmission and the reflection coefficients of the individual ele
ments are known, from Eqs. (33) and (35), the transmission and reflec
tion from the network is known. It is convenient to write the equations 
in terms of circuit parameters. As yet, the elements have not actually 
been restricted to a shunt component; the elements may still be regarded 
as general T-sections. Since in this book, however, the general formulas 
will be applied only to shunt susceptances, Eqs. (34) and (35) are written 
in terms of shunt susceptance. For a symmetrical T-section r — r'. 
In terms of b, the reflection and transmission coefficients may be written 

and 

r -r' = - 2Jh' (36) 

* - 2TT (37) 

Equations (35) and (36) become 

-=- = cosh not + j [ sin 0 + ~ cos 8 ) —.—-.—, (38) 
Tn \ 2 / sinh a 

and 

where 

1 = _ 2i _ ! + 2 V , sinh ( . + !)« 
Rn b b sinh na 

cos a = cos 6 — -= sin 6. (40) 

If the line is terminated in its characteristic admittance, it is sufficient 
to know the absolute magnitude of the transmission 

= 1 + 
(b sinh na\2 ... 

= 1 + / ? . (41ft) 

The information provided in Eqs. (41) makes it possible to obtain, 
for a given b and 9, either the loss, the reflected power, the transmitted 
power, or the voltage standing-wave ratio. It is convenient to prepare 
a chart as shown in Fig. 3-15 in which 28/ir is plotted against b for con
stant values of / . On this chart may be superimposed a curve relating 
the frequency dependence of susceptance of the individual element to 6. 
Points of intersection of this latter curve with the constant-/ curves give 
('ata on voltage standing-wave ratio as a function of the susceptance 
of the individual element. 



F I G . 3-15.—Marcus' chart for calculation of bandpass characteristics of four identical elements for arbitrary line frequency-sensitivity. 

Co 
if* 
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As an example of the use of the filter chart, consider four identical 
high-Q shunt elements usually spaced a quarter-wavelength apart. The 
term high-Q implies that the element separation remains essentially a 
quarter wavelength, or that 20/V = 1 over a wide range of b. Along the 
line 20/n = 1, as b increases from zero at midband, the standing-wave 
ratio increases to slightly over 2.5 and then decreases to unity for b = 1.41. 
As b increases from 1.41, the standing-wave ratio increases rapidly. If 
the frequency dependence of the spacing may be neglected, the trans
mission band will be symmetrical with respect to 6 = 0. The result 
of this procedure leads to the same result as that derived by the simple 
theory and shown by curve F in Fig. 3-11. 

If the Q of the elements is so low that the electrical-line-length sepa
ration of the elements varies considerably over the transmission band, 
the frequency sensitivity of the element susceptance should be given as 
b = f(28/r). The bandpass char
acteristic can be traced out by 
following the b = /(20/V) curve 
just as, in the preceding case, the 
curve 20/ir = 1 was followed. 
For negative 6, to use the same 
chart, 20/ir has to run in the direc
tion opposite to that for positive b. 
On the chart is superimposed a 
curve relating b to 20/ir for ele
ments in standard 3-cm guide, 
whose QL2 is four and whose reso
nant w a v e l e n g t h is 3.33 cm. 
Figure 3 16 shows the voltage 
standing-wave ratio as a function 
of b from data extracted from the 
chart. I t is interesting to compare this curve with curve F of Fig. 3-11 
which neglects the frequency dependence of the separation of the elements. 

It should be pointed out that / is periodic in 20/ir with a period 
of 2. Therefore, if a susceptance curve runs off the top of the chart, 
it may be continued at the bottom. The value of 20/ir which yields 
the broadest transmission band is then near one. The reader should 
be interested in superimposing a family of susceptance curves on the 
chart with 20/ir at 6 = 0 as a parameter. From this family of curves 
and for the susceptance characteristic chosen, the optimum element 
separation for maximizing the bandwidth should be evident. 

3-5. Matrix Method.—The use of the matrix notation leads to a fairly 
simple formula for loss. This method2 may be applied satisfactorily to a 
multiple circuit of nonidentical elements, a difficult case to handle by the 

3.2 3.3 3.4 3.5 3.6 
X in cm 

F I G . 3-16.—Four-equal-element band
pass characteristics extracted from Marcus' 
chart. 



86 BANDPASS TR TUBES [SEC. 3-5 

equilibrium method. 

abed 

(a) 

abed 

However, the general expressions for the loss of 
l2 n elements, which are obtained by 

the equilibrium method, cannot be 
obtained easily by the matrix 
method. 

If the four-terminal network 
of Fig. 3-17a is linear and passive, 
and if reciprocity applies, two 
linear equations relate any two of 

». the quantities Ilt Vh 72, and V2 

~~y to the other two. For example, a'b'e'd' 

(b) 
V1 = aV, + bh, 
h = cVi + dh. 

In the matrix notation 

K 
o—— 

! 
6 

1 

0 

Vi 

0 

7 ) & ) ■ 

(41) 

(42) 

(c) 
F I G . 3-17.—Susceptance circuits—(a) a 

four-terminal network; (b) two successive 
four-terminal networks; (c) a shunt suscep
tance. 

where a, b, c, and d are constants 
defined by the electrical constants 
composing the n e t w o r k . The 
parameters must satisfy the follow
ing conditions: 

1. For a lossless network the diagonal terms of the matrix are real 
and the off-diagonal terms are imaginary. 

2. If reciprocity applies, 
ad + be = 1. 

3. If the network is symmetrical, 
a = d. 

If there are two successive networks as in Fig. 3-176, for the second 
network 

' a [Jr 
and by substitution of Eq. (43) in Eq. (42), for the two networks 

'Vt) = [a' 
U. J W (43) 

&) - (: i) ("' S) (>:) (44) 

By multiplying the matrices of Eq. (44) and by using the first condition 
of the preceding paragraph, there is obtained for a lossless network 

(;.•) - u i) (ft (45) 
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where 7 i and h represent the input voltage and current to a sequence 
of networks, and 7 3 and 1% represent the output voltage and current. 

In the present calculations, only shunt elements and lengths of line 
without loss are of interest. For the shunt element of Fig. 3 17c 

Vi = V2, (46) 
/ i = JbV2 + h. 

The matrix representation of the shunt element is therefore 

fc'J " & ?) & 
A line length of I may be represented by 

cos 6 jZ0 sin e) (Vi 
jY0 sin 0 cos 8 J \It 

where 
2*1 

Equation (48) may be verified by_ reducing it to the usual expression 
for the transformation of impedance through a length of line 

Z2 + jZp tan 8 
1 jZ 2 y 0 tan 8 + l ' 

where Zi = V1//1 and Z2 = Vi/It-

& ) - (: 

(47) 

(48) 

' i V 1 

>U M •z, = i 

(a) (6) 
F I G . 3-18.—Parameters for definition of insertion loss. 

For the multiple-element network, it is desired to calculate the inser
tion loss. The insertion loss is the logarithm of the ratio of the power 
delivered to a load of unit relative impedance with the network removed 
from the line to the power delivered to the load with the network included. 
By reference to Fig. 3-18, it can be seen that the insertion loss is defined as 

From Fig. 3-18a, 

L = io iog10 y ■ 

/ j= lo IJ U T 

(49) 
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From Fig. 3-186, 

(5) 
With some manipulation 

L = 

_ (1 1)(A iB) (V't 
[0 1) [jC D) UU 

ioiog lo[i + UB- cn (50) 

The method outlined will be applied to calculate the insertion loss 
due to a particular network includ
ing the frequency dependence of 
line length. The network of Fig. 
3-19 will be considered and nor-n 

nan t 
Fio. 3-19.—A three-element circuit. 

malized admittances will be used. 
The middle element may be divided 
into two equal shunt elements. 

This permits transformation through the network by means of two 
identical matrices, 

AA 
! • ) • 

where 

A = 
'cos 8 

j sin 6 

j sin 6^ 

cos 8 
a 
.6 

32 

°] 
1 

(51) 

(52) 

After the matrices of Eq. (52) are multiplied, it is relatively easy, by 
means of Eq.(50), to evaluate the insertion loss. 

L = 10 logl„ 1 + (b sin 6 - 4 cos 8) (b sin 6 - 2 cos 6) (53) 

3-6. Numerical Results.—The results for transmission loss, obtained 
either by the equilibrium method or by the matrix method, should be 
presented in such a way that they can be compared easily with the 
experimental results. Experimentally, loss (standing-wave ratio, or 
reflection coefficient) is measured as a function of frequency or of free-
space wavelength, whereas theoretically, loss is related implicitly, through 
the relation of susceptance and of phase separation between elements, to 
free-space wavelength. I t is of in+3rest to rewrite several of these 
implicit formulas for loss. 

For three identical elements equally spaced, 

L = 10 logic i + ! H sin 8 — cos 6 ) ' - > ! ) (54) 
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for three equally spaced elements of which the end elements have half 
the susceptance of the central element, 

L = 10 loa 1 + 5 (b sin 8 - 4 cos 6){b sin 8 — 2 cos 8) (55) 

and for four identical elements equally spaced, 

L = 10 log1() 

1 + 4b2 I cos 8 ■ sin 8 ' j 2 (cos 8 - | sin 8) - 1 . (56) 

In these expressions 8 = %r(l/\g) where I is the distance between the 
elements and X„ is the guide wavelength. The guide wavelength is in 
turn a function of free-space wavelength and also of the dimensions of 
the waveguide. I t is given by the relation 

where X, is the cutoff wavelength of the guide. The experimental results, 
which hold well over the + 6 per cent frequency range important in 
TR-tube studies, will be used for 
the susceptance. The experiments 
show that b is proportional to the 
difference in wavelength from the 
resonant wavelength. 

Since some TR tubes are built 
with elements which have a loaded 
QL2 of approximately four, several 
theoretical curves are presented for 
QL2 = 4.0. Figure 3-20 shows two 
theoretical bandpass curves for 
three identical elements spaced one-
quarter guide wavelength apart for 
a free-space wavelength of 3.33 cm. 
Curve B represents the result when 
the quarter-wavelength spacing is 
assumed to be independent of fre
quency. Curve A is a plot of Eq. 
(54) which takes into account the frequency dependence of the spacing 
between elements. The theory that assumes constant spacing predicts a 
broader transmission band and a higher loss in the pass band. The same 
general result may be observed in a comparison of the two theories applied 

3.2 3.3 3 4 
Xincm 

F I G . 3-20.—Comparison of two theories 
for three identical elements for which 
QLI " 4.0. 
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to a three-element circuit in which Q i 2 of the end elements is half the 
value for the^ central element. This comparison is shown in Fig. 3-21. 
Note that the loss characteristic is very flat throughout the pass band. 

Since 8 depends on the guide wavelength, it can be expected that the 
percentage bandwidth will change if the center of the band is shifted 
and QL2 of the elements kept the same. Waveguide of one size is used 
for three bands of particular interest centered about wavelengths of 
8.475, 9.245, and 10.715 cm. In Fig. 3-22 the loss curves for three 
identical elements, QL2 = 4.0, with quarter-wavelength (center of the 
band) spacings, are plotted as a function of X/X0 to make the comparison 

b/2 

A l=f( X) 
B l=\ °n/. 

V2 

h i 

A 8.475 cm] 
B 9.245 (■!=/( X) 
C 10.715 

3.2 3.3 3.4 3.5 
X in cm 

FIG. 3-21.—Comparison of two theories for Fia . 3-22.—Effect of center band wave-
three elements for which the middle element length on insertion loss characteristic. 
has QLI = 4.0. 

obvious. If the interval between the zeros of loss is used as a criterion 
of bandwidth, the percentage bandwidths are 10.0, 9.75, and 8.85 per 
cent respectively. The band becomes narrower and the loss in the pass 
band becomes less as the center wavelength approaches the cutoff wave
length for the guide. Curve D of Fig. 3-22 shows the pass band when 
the frequency sensitivity of the line lengths is neglected. 

All the calculations presented in this chapter have been based on the 
assumption that the individual resonant circuit is lumped at a point 
along the transmission line. I t is also assumed that the coupling between 
the resonant elements is negligible. At short wavelengths this assump
tion may not be valid. The comparison of theory with experimental 
data is made in Sec. 3-7. 
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EXPERIMENTAL RESULTS 

3-7. Multiple-element Circuits.—Considerable data have been taken 
on loss or, more usually, voltage standing-wave ratio, as a function of 
wavelength for circuits with sev
eral elements. Qualitatively, the 
agreement between experiment 
and theory is good. No precision 
measurements have been taken 
because experimental research was 
concentrated upon the more for
midable gas-discharge problem. 

One set of data is available 
for which the theoretical calcu
lations have been presented. In 
the 3-cm region three identical elements^ with equal spacings of a 
quarter guide wavelength, have QL2 = 4.0. In Fig. 3-23 the loss in 
decibels is plotted as a function of wavelength to permit comparison 
with the theoretical curves of Fig. 3-20. One side of the band is not 

rid 1 o , 4-

t r 
M>L^\V 

3.1 3.2 3.5 3.6 3.3 3.4 
X in cm 

F I G . 3-23.—Experimental results on 
three-element bandpass. QLI of each ele
ment = 4.0. 
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FIG. 3*24.—Experimental bandpass characteristic for one, two, and three elements. All 
elements essentially identical. 

well denned because of lack of data; nevertheless it is fairly clear that 
the experimental result lies between the two theories. It would be 
expected that the experimental data would agree more closely with that 
theory which includes the effect of frequency dependence of line length. 
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The failure of the data to agree with this theory may be attributed either 
to coupling between the elements or to lack "of precision in the measure
ments. It would be interesting to make more precise measurements in 
order to make a more reliable comparison with theory. 

Another set of data8 at 3-cm wavelength is shown in Fig. 3-24. The 
bandpass characteristics for one, two, and three elements were measured 
in terms of the voltage standing-wave ratios. These elements have a 

loaded QLI of 4.8 which is higher 
100 

90 

80 

70 

u> 6 0 

50 

40 

30 

20 

10 

than the value for which theoretical 
calculations were made. Neverthe
less, the three curves show clearly 
that the transmission bandwidth 
increases as the number of elements 
increases. For the three-element 
characteristic, three minima occur 
which correspond to the three zeros 
of loss in the theory of the three-
element circuit. The three-element 
characteristic is not symmetrical 
because the elements are not all 
tuned accurately to the same fre
quency. For proper gas-discharge 
characteristics, the gap in the ele
ment has to be made small. A 
small gap implies that the ratio of 
the resonant-frequency shift to 
change in gap spacing is large; con
sequently, accuracy of tuning of 
the individual elements is one of 
the difficult problems in the manu
facture of the bandpass TR tube. 

Another example of a three-element bandpass characteristic is shown 
in Fig. 3-25 for the 10-cm band and for elements with QL2 = 29. For 
such large values of QLI, the bandpass width agrees closely with that pre
dicted by the simple theory. Actually there is little departure from the 
simple theory for Q i 2 above ten. 

Figure 3-26 shows the effect of tuning each element of a two-element 
circuit to slightly different frequencies.4 Curve A represents both 
elements tuned to X0 = 9.692 cm. For curve B one of the elements has 
been tuned to a different resonant wavelength, X = 9.592 cm. When 
the two elements are tuned to the same frequency, the bandpass char
acteristic is centered about the resonant frequency; when they are tuned 
to different frequencies, the band center is at the mean of the frequencies. 

r \ y 

t 

\ 

1 

1 

\ 

• 

\ 
10.10 10.70 10.30 10.50 

Wavelength in cm 
F I G . 3-25.—Three-element bandpass char

acteristic for elements with QLZ = 29. 
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For elements tuned to different frequencies, any gain in bandwidth is 
achieved at the expense of low loss within the band. 

1.0 

0.8 

0.6 

0.4 

0.2 

9.4 9.6 9.8 
X in cm 

F I G . 3-26.—Effect of stagger-tuning two elements. 

A Ii=i2=Xoff/4 
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).72 l2 
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F I G . 3-27.—Element spacing altered from NOJJ/4. 

10.0 10.2 

From Fig. 3-15 it has been seen that, in order to achieve maximum 
bandwidth for a circuit with four equal elements, it is best to space the 
elements about a quarter guide wavelength apart. This is also true for a 
three-element circuit. However, it is interesting to see the effect on 
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the bandpass characteristic as the spacing between elements is permitted 
to depart from a quarter guide wavelength. This effect is, in general, a 
destruction of the symmetry of the bandpass characteristic as shown by 
the curves4 in Fig. 3-27. The elements in these circuits were tuned 
individually in a piece of waveguide and then removed to be incorporated 
in the multiple-element circuit. Another example9 of the effect of alter
ing the electrical spacing from a quarter wavelength is shown in Fig. 3-28. 
In both examples in Fig. 3-28 the elements of the circuit were tuned by 
the maximum-transmission method. Curve A was obtained when the 
tube was tuned to a center wavelength of 8.4 cm, for Curve B the tube 
was tuned at 8.54 cm. Figures 3-27, and 3-28 indicate that the band
width is increased by spacing the elements more than a quarter wave
length apart. For the increased spacing there is greater loss in the 
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4.0 

f» 
2.0 
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\A 

\B\ t 

Qb □>> D 6 
o-Lo-Mto-Lo-MK-c>l<> 

B /i=;2=1.29\o»/4 
Xo=8.4 cm 
0 « = 5 . 5 

7.8 8.0 8.6 8.8 8.2 8.4 
X in cm 

F I Q . 3-28.—Element spacing altered 
from Xoo/4 tuned by maximum transmis
sion method. 

8.6 8.8 8.2 8.4 
X in cm 

F I G . 3-29.—Phase-shift method of tuning* 

transmission band. By a different tuning procedure, the phase-shift 
method, the bandpass characteristic can be made flat, Fig. 3-29. This is 
accomplished, perhaps, by compensating for the departure from quarter-
wavelength spacing by a slight stagger-tuning. It should be observed 
that when the elements are tuned to give the flat bandpass characteristic, 
the bandwidth has been reduced. I t seems likely that little can be 
gained by a combination of stagger-tuning and spacing of the elements; 
elements with quarter-wavelength spacing and identical tuning seem to 
yield the optimum bandwidth for elements all of which have the same 
QM. 

The four-element bandpass characteristic shown in Fig. 3-30 is 
interesting in that it confirms the theoretical result for a multiple-element 
circuit with the QLZ of the end elements lower than that of the central 
elements. The central elements had a Qu of 4,5. Both the experimental 
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3.2 3.5 

F I G . 3-30.-

3.3 3.4 
X in cm 

Four-element bandpass 
acteristic. 

char-

CUrve and curve D of Fig. 3-11 show a monotonic increase of loss with 
wavelength off the band center. The immediate supposition is that, if 
the Qt2 of the element is increased gradually, keeping the network 
symmetrical, a family of band
pass characteristics is obtained as 
curve D of Fig. 3 1 1 goes over into 
curve F. By accepting a some
what increased loss within the pass 
band, it may be possible to extend 
the usual four-element band in 
this fashion. 

T h e theoretical calculations 
with which the experimental data 
have been compared all neglected 
the resistive losses in the resonant 
elements. If these losses were 
taken into account, the effect 
would be to increase the insertion 
loss slightly over the pass band. 
This is illustrated in Fig. 10-88 in 
Vol. 9 of this series.2 The band
width over which the loss is less 
than a given small amount is reduced somewhat. The effects are, on the 
whole, rather small, and their neglect is justified for most cases. 

3-8. Bandpass-TR-tube Design.—Throughout the preceding sections 
attention has been devoted solely to the consideration of multiple-
resonant elements in waveguide and their effect on the transmission 
band. Now it is appropriate to mention briefly several additional 
factors which influence the design of a bandpass TR tube. 

The most important factor is the fact that the TR tube must have 
such gas-discharge characteristics that the radar receiver is short-
circuited promptly when the magnetron starts generating r-f power. In 
other words, the gas discharge in the gaps of the resonant elements must 
be formed so quickly that insufficient r-f power is transmitted to the 
receiver to burn out the mixer crystal. Crystal protection is the prime 
requisite of the TR tube. I t will be seen in Chap. 5 that the gas dis
charge is initiated more quickly for a small gap spacing than for a large 
one, which implies that the resonant element has a high QL2- The gas-
discharge phenomena dictate an upper limit to gap spacing and to a 
certain extent, a lower limit to Q i 2 . 

Since crystal protection demands a high QLi, and since an increase in 
bandwidth may be achieved only by reducing QLi, a compromise must be 
reached. To ensure that such a compromise approach an optimum, 
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considerable data have been accumulated on QLZ, and on gap spacing of 
the resonant element as a function of its shape and size. 

To build a tube which retains the appropriate gas at low pressure and 
which permits the transmission of r-f energy, a window is needed at each 
end of the tube. I t is well to keep in mind the schematic diagram of 
the internal structure of the 3-cm band and the 10-cm band TR tubes 
which is shown in Figs. 3-2 and 3-1. The windows are made by sealing 
glass to a metal frame. If the proper dimensions are chosen, these 
windows can be made to resonate at a prescribed frequency. 

Absorption loss has been neglected in the theory, and in the experi
mental results so far presented it has been negligible. In a TR tube 
which requires glass windows, however, the absorption loss may become 
quite important. In Sec. 3-10 it will be noted that the absorption loss 
and QL2 {QL2 of the window is considerably less than that of the resonant 
gaps) increase as the window is made narrower. Here arises another 
compromise with gas-discharge phenomena. Heating of the window and 
attenuation of the transmitted radar signal, due to the gas discharge, 
decreases as the window is made narrower. 

In the next two sections detailed information will be presented on 
both the resonant gap and the resonant window. Such information 
must be obtained before it can be hoped to design a TR tube which 
approaches optimum bandwidth. After the data on the resonant gap 
and the resonant window have been investigated it will be possible to 
decide just how the results for experimental multiple elements can be 
applied in the design of a bandpass TR tube. 

3-9. Resonant-gap Data.—As a result of a gradual metamorphosis, 
the resonant gap used11'12 in the present designs of bandpass TR tubes has 
changed in shape from the rectangular resonant slot of Fig. 3 -3a to the 
tunable-post forms of the resonant gap shown in Fig. 3-3/, g, h. To 
ensure rapid formation of a discharge in the gap, the gap spacing must 
be small. If the distance across the rectangular resonant slot in the 
direction of the electric field is made small, it is obvious that the capaci
tance will be large, which implies that Q i 2 will be large. To retain a 
small gap spacing and at the same time reduce QL2, only a small section 
of the rectangular slot may be left small (preferably a central section 
where the electric field is highest) and the remainder of the slot broad
ened out, as in the dumbbell slot of Fig. 3-3d. Dimensions other than 
the gap spacing of the central section are used to adjust the inductance 
in the circuit to ensure that the element resonates at the proper frequency. 

Historically, the next step was to make the central section of the 
dumbbell slot pointed as in Fig. 3-3e. For practical application to the 
TR tube, the gap spacing must be less than 0.010 in. This imposes such 
stringent tolerances on the gap spacing that the resonant structure can-
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not be fabricated and tuned outside of the tube and then inserted in the 
tube with the expectation that it will remain tuned. This situation can 
be alleviated most conveniently 
by using a post fitted with a 
screw mechanism. Figure 3-3/, g, 
h shows structures used at pres
ent in TR tubes and in Fig. 3-3i is 
a resonant element of the type 
used in r-f filters. 

In the 3-cm region the first 
detailed data were accumulated 
for a structure of the type shown 
in Fig. 3-31. In Fig. 3-32 are pre
sented data1 on gap spacing and 
QL2 as a function of diaphragm 

F I G . 3-31,—Single resonant 
posts. 

element with 

opening with the post diameter and the angle of the conical point as 
parameters. In general, as the opening of the diaphragm w increases, 

the gap spacing g increases to 
maintain the circuit resonant at 
the same frequency. This means 
that with a decrease in capacitance 
in the gap, there is a correspond
ing increase in the opening of the 
diaphragm which represents an 
increase in inductance. This is in 
the right direction for qualitative 
agreement with the theory of the 
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F I G . 3-32.—Gap-spacing and QLZ data on 

the tunable-post gap of Fig. 3-31. All 
dimensions are in mils. 

F I G . 3-33.- -Single resonant element with 
truncated cones. 

inductive diaphragm. As has been mentioned earlier in the text, in the 
present state of development of the theory, the shape of the resonant gap 
of Fig. 3*31 presents too difficult a problem for theoretical analysis. I t 
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is also interesting to note that Q i 2 decreases as the capacitance of the gap 
decreases which agrees qualitatively with Eq. (4). Since the variation 
of QL2 with the angle of the conical point is less than the experimental 
error of measurement, such a set of curves does not appear in the figure. 

Additional data12 on the 3-cm band were obtained for a resonant gap 
of the truncated-cone type which is shown in Fig. 3-33. For this gap, 
QLI and the gap spacing are tabulated as a function of diaphragm open
ing, of cone angle, and of diameter of the apex of the truncated cone in 
Table 3-2. From Table 3-2 it is of interest to note that QL2 is a minimum 
for an angle of about 35° and changes very slowly with 8 on either side 
of 35°. The gap spacing seems to be relatively independent of angle 
over the range of angles presented in Table 3-2. Data on Q i 2 and gap 

T A B L E 3 - 2 . — T B U N C A T E D - C O N E G A P R E S O N A N T 1 2 AT X = 3.33 CM 
a. Dependence of QLI on d iaphragm opening w, cone angle 6, and cone diameter d. 

d 
mils 

15 

30 

45 

w 
mils 

258 
284 
320 
343 
398 
446 
451 
467 
502 

258 
284 
320 
343 
398 
446 
451 
467 
502 

258 
284 
320 
343 
398 
446 
451 
467 
502 

15° 

6.6 
6.3 
4.6 
3.6 
2.8 
2.1 

2.1 

6.6 
6.3 
4.3 
3.8 
2.9 
2.0 

2.0 
1.7 

6.1 
5.3 
4.5 
3.5 
2.6 
2.3 
2.0 

1.5 

30° 

4.9 

3.2 
2.9 

1.8 

1.3 

4.6 
4.1 

2.9 
2.2 

1.6 

4.5 

3.2 
2.8 
2.2 
1.6 

Cone angle 

35° 

4.4 
3.8 

2.7 
2.1 
1.6 

1.5 

4.3 
4.0 
2.9 
2.1 
2.1 
1.6 

1.5 

4.1 
3.7 
3.1 
2.4 
1.9 
1.5 

40° 

4.5 
3.8 

2.7 
2.0 
1.4 
1.7 

1.2 

3.7 
3 9 
2.6 
2.1 
1.5 

1.4 
1.2 

4.2 

3.0 
2.5 
1.9 
1.5 

1.2 

e 

45° 

4.4 
3.9 
3.1 
2.6 
1.9 
1.5 

4.4 
3.6 
2.8 
2.6 

1.6 
1.4 

4.0 

2.8 
2.5 
1.8 
1.4 

1.4 

50° 

4 1 
3.6 
2.8 
2.5 
1.9 

1.5 
1.3 
1.2 

4.0 
3.7 
2.7 

2.0 

1.5 
1.4 
1.1 

3.9 
3.5 
2.8 
2.2 

1.4 
1.5 
13 
1.2 

60° 

5.0 
4.3 
3.3 
2.8 
2.2 

2.1 
1.7 
1.6 

4.8 
4.2 
3.0 

2.1 
1.6 
1.9 

1.5 

4.7 
4.7 
3.1 
2.5 

1.5 
1.6 
1.8 
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T A B L E 3 - 2 . — T K U N C A T E D - C O N E G A P R E S O N A N T 1 2 AT \ = 3.33 CM.—(Continued) 
b. Dependence of gap spacing g on d iaphragm opening w, cone angle 6, and cone 

diameter d. 

w 
mils 

258 
284 
320 
343 
398 
446 
451 
467 
502 

258 
284 
320 
343 
398 
446 
451 
467 
502 

258 
284 
320 
343 
398 
446 
451 
467 
502 

Cone angle 6 

15° 

1 
2, 
5. 
6. 

14 
26 
25 
31 

9 
13 
18 
22 
36 
56 

84 

20 
27 
34 
48 
62 
84 
84 

30° 

3.0 

7.5 
9 .0 

31 
55 

9 .2 
13 

22 
39 

70 

20 

34 
41 
63 
85 

35° 

1.0 
2 .5 

8.0 
17.0 
26 .5 

39.0 

9 
12 
19 
24 
41 
61 

69 

19 
24 
34 
38 
60 
87 

40° 

1.0 
3 .0 

7.0 
20 
36 
37 

64 

13 
19 
23 
40 
61 

67 

15 

33 
40 
60 
86 

45° 

1 
3 
7 

10 
23 
40 

8.5 
12 
18 
25 

65 
79 

17 

33 
40 
66 
92 

50° 

1. 
3 . 
6 
9 

23 

43 
51 
74 

6 
12 
19 

41 

63 
76 

15 
20 
31 
36 

84 

60° 

1.0 
3 . 8 
8 .2 
8 

29 

52 
62 

9 
14 
24 

56 
79 
79 

V) 
n 
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33 
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c 
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a 
'< 3 1-1 

EJJ t— 
spacing have been extracted from the tables for a cone angle of 35° and 
plotted in Fig. 334. Since Q i 2 is independent of the diameter of the 
apex of the truncated cone, only one curve relating QL2 to w appears. 
Such a wide range of data results from the fact that the experiments were 
exploratory. Before the data were obtained, the appropriate dimensions 
for resonance had to be ascertained by trial and error. For application 
to the bandpass TR tube, the curves may be demonstrated for a specific 
case. Suppose mechanical considerations demanded that d be no less 
than 0.030 in., and the gas-discharge considerations demanded that g be 
no greater than 0.010 in. Then for the gap to resonate at 3-33 cm, w 
must be 0.266 in., and QL1 will be 4.1. 
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All values of Q i 2 at 3.33 cm were obtained by evaluating d\V\/d\ 
near resonance from a plot of data on | r | as a function of X using Eq. (9-11) 
of Chap. 9. The conductance G of the resonant gap was so small that 
this method gave reliable results. The values of |T| were obtained from 
standing-wave measurements using a calibrated crystal detector. Meas
urements of length were made on a traveling microscope to an accuracy 
of 0.0001 in. From the scattering of the experimental points, it can be 
seen that the data on QL2 are consistent to within 10 per cent in the 
case of Fig. 3-32 and 3 per cent in the case of Fig. 3-34. 

Direct coupling is another quantity whose importance becomes evi
dent during the study of the gas-discharge problem. By direct coupling 
is meant the insertion loss of the element when it is highly detuned, that 
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F I G . 3-34.—Gap-spacing and Qz.2 data 
on the truncated cone gap of Fig. 3-33 
for X = 3.33 cm, 6 = 35°. 

200 500 300 400 
W 

F I G . 3-35.—Direct coupling of 
truncated cone gap for X = 
3.33 cm, 

is, when the gap is short-circuited by the discharge. From Fig. 335 
it can be seen that for practical dimensions of the resonant gap, the 
direct coupling1 may range from 25 to 35 db. 

Not so broad a pass band is required for the 10-cm tubes as for the 
3-cm tubes. This circumstance makes the compromise between linear 
and nonlinear operation of the tube so easy that manufacture of 10-cm 
tubes was commenced on the basis of very few measurements on the 
linear characteristics of the resonant gap. However, further measure
ments have since been made with the intention of improving the produc
tion design. Table 3-3 presents data on gap spacing, QLI, and direct 
coupling as functions of diaphragm opening, cone angle, and diameter 
of the apex of the truncated cone. Reference should be made to Fig. 3-33 
for the meaning of the symbols. The results obtained at 10 cm are 
similar to the results obtained in the 3-cm band. 

To scale by wavelength the dimensions of a gap, resonant at one 
frequency, to the appropriate dimensions for a gap resonant at another 
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TABLE 3-3.—TBUNCATED-CONE GAP RESONANT AT X = 10.4 CM 
Dependence of gap spacing, QLI, and direct coupling on cone angle, cone diameter, 

and diaphragm opening.12 All dimensions expressed in thousandths of an inch. 

Gap spacing 

d 

0 

20 

29 

44 

w 

795 
1010 
1200 
1400 

795 
1010 
1200 

795 
1010 
1200 

795 
1010 

Cone angle 9 

25° 

2 
70 

35° 

0 
12 

155 

1 
15 
60 

8 
27 
94 

24 
58 

45° 

0 
38 
233 

3 
22 
128 

5 
38 

22 
80 

55° 

0 
28 
157 
364 

7 
36 
183 

9 
65 

29 
113 

QLI 

Cone angle 0 

25° 

2.4 
1.75 

35° 

3.5 
2.4 
1.65 

4.2 
3.3 
2.2 

5.0 
3.2 
2.2 

4.8 
3.1 

45° 

2.96 
2 04 
1.39 

4.6 
2.9 
2.3 

4.6 
2.9 

4.5 
3.1 

55° 

4.3 
2.8 
1.90 
1.40 

4.2 
2.8 
2.0 

4.3 
2.7 

4.0 
2.9 

Direct coupling 

d 

0 

20 

29 

44 

795 
1010 
1200 
1400 

795 
1010 
1200 

795 
1010 
1200 

795 
1010 

Cone angle 8 

25° 

9.2 
12.8 

35° 

19.0 
15.4 
8.3 

26.5 
22 
19 

27.7 
22.6 
18.8 

26.5 
23.5 

45° 

23.9 
18.6 
15.2 

28.3 
21 
20 

27.2 
23.6 

28.6 
23.9 

55° 

28.5 
24.1 
21.2 
17.9 

28 
25 
21.4 

30.0 
25.1 

29.8 
24.5 
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frequency can be done only very roughly. Even though the scaling is 
rough, it serves as a guide to give the range of dimensions to be investi
gated. I t is possible to check the results of such scalings by using 
Tables 3-2 and 3 3 . 

3-10. Resonant-window Data.—Before the resonant glass window is 
considered, it is appropriate to turn attention to the rectangular resonant 
slot. The resonant window has the same shape as the rectangular slot 
except for the corners or ends which are rounded in order to avoid local 
stresses in the glass. For the rectangular resonant slot there is good 
experimental confirmation of theory. 

This theory14 proposes that the characteristic impedance of rec
tangular guide is 

*-£- ■ b ■ ■■' (57) 

W'-te)" 
4.0 

where fi is the permeability, t the dielectric constant, and a and b are 
the wide and narrow dimensions of 
the guide. I t can be seen that as 
either o or 6 is changed the other may 
be altered to retain the same value 3.0 

12.0 

\ = 

i 

9.80 cm 

FIG. 3-36.—Junction of two guides; 
or a diaphragm with a rectangular slot 
in waveguide. 

1.0 

4.0 5.0 6.0 7.0 8.0 
a in cm 

FIG. 3'37.—Rectangular slot in 
diaphragm. Comparison of theory and 
experiment. 

of ZQ. I t is interesting to assume that two guides of different dimensions 
but the same characteristic impedance should yield no reflection at their 
junction. Equation (57) may be rewritten in the form 

b2 = ^»[ a 2 - (0 2 (58) 

Equation (58) represents a family of guides all of which have the same 
characteristic impedance, and all of whose corners lie on a hyperbola as 
shown in Fig. 3-36. The minimum width of the guide is just equal to 
half the free-space wavelength; 2a = \. 

The diagram of Fig. 3-36 may represent not only the junction of two 
waveguides, but it may also represent a waveguide with a rectangular 
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aperture in a transverse diaphragm. Such a diaphragm may be regarded 
as a short length of guide joining the two guides on either side of the 
diaphragm. Normally the two guides that are connected will be of 
the same size, and for this case Fig. 3-37 presents a comparison of experi
mental data8 with the constant-impedance theory. I t may be observed 
that the agreement is good for large apertures, but for small apertures 
the length of the slot a must be about 1.5 per cent less than the length 
predicted by the theory. 

10 20 40 60 80 100 200 400 600 800 x 10" 3 in 
b 

F I G . 3-38.—QLI of rectangular slot for three diaphragm thicknesses. 

As the frequency of the electromagnetic wave is changed, the char
acteristic impedance of the short length of guide in the diaphragm 
aperture will change at a different rate from that of the connected guides. 
This means that on either side of a given frequency, a reflection will 
occur at the diaphragm. The frequency dependence of the reflection is 
important for practical applications. This has been measured for three 
thicknesses of diaphragm and has been expressed as Q i2 by evaluating 
d\r{/dh near the resonant wavelength, that is, the wavelength of mini
mum reflection. In Fig. 3-38 extensive data8 on a thin diaphragm, 
0.063 in. thick, show that a log-log plot of Q i2 as a function of b yields a 
straight line. Straight lines were therefore drawn through the very 
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sparse data on half-inch- and one-inch-thick diaphragms. Even though 
these data may not be so reliable, 

"• W » 

) 

u 
% 

(a) 

they are important in that they indi
cate a trend toward higher QLi as 
the joining section of guide is made 
longer. 

The general structure of the 
resonant window, a slotted metal 
frame filled with glass, is clearly 
shown in Fig. 3-39. I t is difficult 
to obtain adequate data on window 
dimensions since to do so requires 
the preparation of glass-to-metal 

0.60 

0.56 

0.52 

0.48. 

(b) 
F I G . 3-39.—(a) Window dimensions for 

the 3-cm band; (b) window dimensions for 
the 10-cm band. 

X0in cm 
F I G . 3-40.—Resonant wavelengths for the 

3-cm band window of Fig. 3-39a. 

seals and 

2.1 

careful grinding to the desired thickness. However, for a given 
window height h at 3 cm and at 10 cm, the 
length of the window as a function of resonant 
wavelength is presented16 in Figs. 3-40 and 3-41. 
From Eq. (57) it may be observed that if the 
height of the slot remains constant, to maintain 
constant impedance 

4a2 - X2 = constant, (59) 
which gives for the rate of change of a with 
respect to X 

F I G . 3 
wavelength: 
region for 
Fig. 3-396. 

10 
X0 in cm 

■41.—Resonant 
is in the 10-cm 
the window of 

da 
5x 

_X_ 

4a' 
(60) 

Application of this equation to the 10-cm window 
which most closely resembles the rectangular slot 
yields 

dL X 
d\ ~ \L ~ °5 5 ' (61) 
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for X = 10.0 cm and L = 1.8 in. Data taken from the curve of Fig. 3-41 
give a slope equal to 0.37 which is considerably below the 0.55 obtained 
from the theory. The effect of the dielectric is immediately questioned. 
However, Eq. (57) seems to imply that given a length of slot, no matter 
what the dielectric and its resonant wavelength, the rate of change of 
length with respect to resonant wavelength should be independent of the 
dielectric. 

Additional data14 on windows for the 3-cm band are tabulated in 
Table 3-4. The variables are window height, thickness of glass, and 

TABLE 3-4.—DATA ON WINDOWS RESONANT AT \ = 3.33 CM 

K 
mils 

250 
250 
125 
125 
125 
62.5 
62.5 
62.5 

S, 
mils 

312 
312 
187 
187 
187 
93.2 
93.8 
93.8 

t, 
mils 

33.5 
33.5 
33.5 
33.5 
23.0 
33.2 
33.1 
24.2 

w, 
mils 

560 
580 
487 
512 
551 
459 
467 
487 

glass 

705 
707 
705 
707 
707 
705 
707 
707 

Q 

1.3 
1.2 
2.1 
2.8 
2.1 
4.3 
6.5 
4.4 

with respect to 

dh, 
cm /mil 

0.0037 
0.0030 
0.0062 
0.0047 
0.0075 
0.0020 
0.0063 
0.0070 

dt, 
cm/mil 

0.039 
0.043 
0.055 
0.042 
0.065 
0.130 
0.037 
0.051 

dw, 
cm/mil 

0.0062 
0.0080 
0.0120 
0.0067 
0.0083 
0.0050 
0.0074 
0.0070 

One-way 
power loss 

% 

3.0 
2.1 
8.3 
5.0 
4.3 

17.0 
13.0 
8.5 

db 

0.13 
0.09 
0.37 
0.22 
0.20 
0.81 
0.61 
0.39 

kind of glass for which the appropriate window length is presented, for 
resonance at Xo = 3.33 cm. Note that for t = 0.0335 in. and 705 glass, 
both QL2 and the insertion loss increase as the window height is decreased. 
The value of QL2 increases and the insertion loss decreases as the glass is 
changed from 705 to 707, which has a lower value of both real and 
imaginary parts of the dielectric constant. Furthermore, as the glass 
is made thinner both Q l 2 and insertion loss decrease. The values of the 
dielectric constant for these two glasses are given in Table 2-5, Sec. 2.8. 

I t will be recalled that the narrow-band TR tubes have an insertion 
loss in the range from 1.0 to 1.5 db at midband. The bandpass tubes 
are intended to extend the band without appreciably increasing the 
insertion loss and, of course, it is desirable to decrease the loss. I t is 
apparent then that with two windows in the bandpass TR tube, they 
should have a height greater than a sixteenth of an inch to avoid too 
large an insertion loss. 

The three columns of data in Table 3-4 on rate of change of resonant 
wavelength with respect to window height, length, and thickness are 
useful in pointing out the mechanical tolerances imposed on the window. 
I t is not yet known how closely the individual elements of a multiple-
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element circuit must be tuned to the same frequency in order to attain 
the optimum bandpass. It will be recalled from Fig. 3-26 that stagger-
tuning two elements by about 1 per cent resulted in a very poor bandpass 
characteristic. These elements had values of QLI low enough to obtain 
nearly 10 per cent bandwidth when tuned to the same frequency. If it 
is arbitrarily required that the individual elements must be tuned within 
0.5 per cent of the center frequency of the band, the tolerances on the 
dimensions may be evaluated. For the use of the window in the fifth 
line from the top of Table 3-4 for which QLi is 2.1, a 0.5 per cent change 
in resonant frequency corresponds to a wavelength deviation of ±0.017 
cm and consequently to 

Ah = ±0.0027 in., 
At = ±0.00026 in., 

or 
Aw = ±0.0021 in. 

Equation (2-13) gives a value of susceptance tolerance of the window 
equal to ±0.042, from which the voltage standing-wave ratio is found 
to be 1.05. In order to adhere to the 0.5 per cent tolerance on resonant 
frequency a VSWR of 1.05 at the center-band frequency must not be 
exceeded. 

3-11. Present Band Coverage.—The microwave spectrum has been 
divided into bands according to the nominal range of frequencies of radar 
transmitters. The band designations and frequency or wavelength 
band limits are given in Table 3-5. In order to design a TR tube for a 

T A B L E 3 - 5 . — N O M I N A L T R A N S M I T T E R - F R E Q U E N C Y B A N D S 

Band 
designation 

K 
Xs 
XL 

SWI 
OW2 
Si . 
Si2 
Ss, 
SB2 
SGI 
SQ2 

Center 
wavelength, cm 

1.25 
3.23 
3.43 
8.285 
8.640 
9.020 
9.455 
9.840 

10.170 
10.515 
10.900 

Band limits 

3.13-3.33 cml 
3.33-3.53 cm/ 
3550-3700 Mc/secl 
3400-3550 Mc/secJ 
3250-3400 Mc/secl 
3100-3250 Mc/sec/ 
3000-3100 Mc/secl 
2900-3000 Mc/sec/ 
2800-2900 Mc/secl 
2700-2800 Mc/sec/ 

Percentage 
bandwidth of 

major bands, % 

12 

8.45 

9.23 

6.67 

7.14 

given band, it is more important to know the percentage bandwidth 
than to know the absolute bandwidth. The percentage bandwidth is 
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the ratio of the bandwidth in frequency to center frequency multiplied 
by 100. It is the percentage of frequency deviation from the resonant 
frequency which determines the susceptance of a resonant element and 
the deviation from one-quarter guide wavelength of the separations of the 
elements. The percentage band widths have been given for the major 
bands rather than for each subband since it has been found possible to 
design TR tubes that successfully cover the major bands. 

No attempt has been made to build a bandpass TR tube of the 
multiple-element type for the 1-cm band. The scheme outlined in this 
chapter, however, is quite applicable and it would be interesting to build 
a 1-cm tube for comparison with data on 3-cm and 10-cm tubes, especially 

with regard to gas-discharge phenomena. The window would be more 
difficult to build but the gap should present no unusual problems. A 
somewhat different approach to a broadband 1-cm duplexer is described 
in Chap. 8. 

I t is difficult to arrive at the present design of the bandpass TR tubes 
from a logical consideration of the data and discussions of this chapter 
and of Chap. 6. The tubes were developed hurriedly and grew into 
their present forms as a result of a series of small changes and necessary 
compromises. Bandpass TR tubes have been designed for the 3-cm band 
and for several subdivisions of the 10-cm band. The manufacture of the 
10-cm tubes was commenced before the design of the 3-cm tube was 
worked out. The three 10-cm tubes are consequently quite similar in 
design and also somewhat different from the 3-cm tube. 
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The 10-cm Tubes.—All the 10-cm tubes have the structure exemplified 
by the 9.2-cm bandpass TR tube shown in Fig. 3-42. The internal struc
ture of the tube is shown with the gaps and windows held together by the 
same rectangular rods that fit into the corners of the tube body and serve 
as spacers for the gaps. Three gaps with Q12 equal to about six were 
used in these tubes and the windows were designed with a very low Q i2, 
about one. It was intended that the gaps with much higher QL2 than 
the windows should govern the bandpass characteristic almost completely. 
In fact it is true that the bandpass characteristic of the three gaps is the 
same whether the windows are soldered in place or not. 

T A B L E 3 - 6 . — G A P D I M E N S I O N S , W I N D O W D I M E N S I O N S , AND E L E M E N T SPACINGS FOR 
T H R E E T U B E S FOR THE 10-CM B A N D 

Dimensions 

Part and figure 
reference 

Gap dimensions, refer to 
Fig. 344 

Window dimensions, refer 
to Fig. 3-39 

Element spacings, refer to 
Fig. 3-45 

Letter 
dimen
sions 

a 
d 

h 
r 
s 
w 
e 

g 
QL2 
I 
h 
t 
QL2 
glass 
a 
d 
L 

Center wavelength 
RMA number 

8.463 cm 
1B55 

0.125 in. 
0.313 
0.182 
1.000 
0.171 
No. 10-32 

0.812 
60° 

«0.008 
5.5 
1.560 + .004 
0.875 
0.060 
0.8 

707 
1.02 
1.34 
4.73 
1.03 

9.238 cm 
PS3S* 

0.125 in. 
0.313 
0.182 
1.000 
0.187 
No. 10-32 

0.875 
60° 

~0.008 
7.0 
1.665 ± .004 
0.875 
0.060 
0.8 

705 
1.15 
1.15 
4.61 
1.17 

10.708 cm 
1B58 

0.125 in. 
0.375 
0.130 
1.080 
0.250 

No. 8-32 
1.125 

60° 
=0.008 

5.5 
1.905 ± .004 
0.875 
0.060 
0.8 

705 
1.70 
1.63 
6.66 
1.57 

* Sperry Gyroscope Co. number. 

The bandpass characteristic for each of the 10-cm tubes is shown in 
Fig. 3-43. These curves are quite similar to both the theoretical and 
experimental curves shown earlier in this chapter. It can be seen that 
the voltage standing-wave ratio for each of the tubes is less than 1.5 
over the entire bandwidth to be covered. The 9.2-cm tube is not 
centered properly but this situation will probably be rectified by the 
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time this book is published. I t should be noted that r equal to 1.5 cor
responds to a loss in power of only 4 per cent or 0.2 db. 

In Table 3 6 are given all the essential dimensions for three tubes 
for the 10-cm band. The gap dimensions may be interpreted by reference 

2.6 

9.0 10.0 
Wavelength \ in cm 

Bandpass characteristics for the 10-cm tubes. 

11.6 

F I G . 3-43.-

to Fig. 3-44. These dimensions were the result of a relatively few 
experimental attempts to obtain a resonant gap with the appropriate 
gap spacing, Q i2, and resonant frequency. There was no mapping of 
gap spacing or of QLI as functions of various dimensions for a given 
resonant frequency. The general , 
trends shown in Figs. 332 and 
3-34 and Table 3-3 are pertinent. 

Table 3-6 and Fig. 3-39 provide 
the window dimensions for reso
nance at the center wavelength of 
each of the bands. These data 
may be compared with the curve 
of window length as a function of 
resonant wavelength in Fig. 3-41. 

The element spacings as given 
in Table 3-6 with reference to Fig. 
3-45 are all a quarter of a guide 
wavelength, X„/4, with the excep
tion of those for the 8.5-cm tube. 
When the 8.5-cm tube was designed it was thought that increasing the 
spacing between elements would increase the bandwidth. When the 
elements are tuned to avoid any large bumps within the band, the band
width is quite comparable to the bandwidth with quarter-wavelength 
spacings. I t is evident from this fact that the separation between 

3-44.—Gap 10-cm 
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elements is not at all critical. This point was discussed earlier in 
the chapter and data on the 8.5-cm band were presented in Figs. 3-28 
and 3-29. 

Only the reflected loss is included in the bandpass characteristic. 
The absorption loss at midband is of the order of 0.5 to 0.8 db; of this 

F I G . 3-45.—Spacing of elements of 10-cm T R tubes to accompany Table 3-6. 

amount 0.05 to 0.1 db is caused by dielectric loss in each window, and the 
rest is resistive loss in the tube walls and the resonant gaps. Doubtless 
this loss will decrease a little as production methods are refined. 

The 3-cm Tube.—It is of interest to mention that a few three-gap 
tubes were built for the 3-cm band according to a design that was essen-

1<"IG. 3-46.—A 3-cm band T R tube, three-gap bandpass. 

tially the same as for the 10-cm tubes. A picture of one is shown in 
Fig. 3-46. By the time a few of the three-gap tubes were being built in 
pilot-plant production, a better understanding of the gas-discharge 
phenomena was being acquired. This better understanding prompted a 
design of a two-gap tube. Even a single-gap tube is nearly satisfactory. 
This will be made clear in Chap. 6. The two-gap tube, shown in Fig. 
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3-47, represents an improvement over the three-gap tube in that it is 
characterized by better gas-discharge and bandpass characteristics, and 
shorter length; it is easier to manufacture, and easier to tune. 

Tj 
F I G . 3-47.—A 3-cm band T R tube, two-gap bandpass. 

In Fig. 3-48 is shown a bandpass curve for the 3-cm TR tube. The 
pass band of the tube covers the entire 3-cm band which is 12 per cent 
wade. The 3-cm band is wider than any one of the 10-cm bands, and 
T A B L E 3 - 7 . — G A P D I M E N S I O N S , W I N D O W D I M E N S I O N S , AND E L E M E N T SPACINC F O I 

THE 3-CM T R T U B E (1B63) 
Center wavelength 3 .33 cm 

Gap dimensions (refer to Fig. 3-33) 
w 0 275 in. 
d 0 .025 
6 60° 
g 0 .008 
QL2 4 . 0 

Window dimensions (refer to Fig. 3-39) 
1 0 . 5 5 1 * (0.580f) 
h 0 .125 (0.250) 
( 0 .0230 (0.0335) 
QLt 2 1 (1.2) 
glass 707 (707) 

T u b e length L 1 555 
Element spacings a — d 0 .489 
Quar te r guide wavelength X0/4 0 .478 

* Window at high-power end of the tube. 
t Window at mixer end of the tube. 

considerably more care is required in the tube design to ensure crystal 
protection and complete band coverage simultaneously. 
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The tube dimensions are given in Table 3-7. I t should be noted that 
QL2 for the gaps is much lower than for the 10-cm tubes and that the 
gap spacing g is about the same. 

Windows of two different sizes are used in the 3-cm tube. One is 
chosen with a high Qi2 so that the bandpass characteristic more nearly 
simulates the three-element case. Not so high a Q i 2 as is desirable can 
be used because the insertion loss of the window becomes excessive. 
The high-QL2 window is smaller and is used at the end of the tube which 
carries the high-current r-f discharge. The spacing between elements 
is the usual quarter wavelength. 

The absorption loss at midband may be as low as 0.4 db for this tube 
if it is constructed carefully. A loss of 0.2 db in the high-Q i2 window, 

2.2 

2.0 

1.8 

*• 1.6 

1.4 

1.2 

1.0 
3.0 3.1 3.2 3.3 3.4 3.5 3.6 

Xin cm 
F I G . 3-48.—Bandpass characteristic for 3-cm band T R tube (1B63). 

0.1 db in the low-Q i2 window, and 0.1 to 0.2 db in the resonant gaps and 
tube body add up to 0.4 to 0.5 db. 

3-12. Suggestions for Further Improvements.—The linear problem of 
the bandpass TR tube resolves itself into two parts. The one part 
pertains to the problem of multiple-resonant circuits; the other part 
involves the study of the individual circuits. And this problem as a 
whole must be attacked with its limitation by the gas-discharge properties 
always in mind. 

The multiple-resonant-circuit problem is the problem of finding the 
appropriate combination of elementary circuits which yields a maximum 
frequency range throughout which the insertion loss never exceeds some 
arbitrary value. The bandpass-TR-tube problem is related to the filter 
problem which has been considered in some detail by Fano and Lawson.2 

As the criterion of filter effectiveness, Fano has taken the ratio of the 
steepness of the sides of the insertion-loss characteristic to the maximum 
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loss within the pass band. A similar general analysis should be applied 
to the bandpass-TR-tube problem with the less restrictive criterion of 
bandwidth required of the TR tube. The bandpass TR tube is not 
intended to act as a filter and the steepness of the sides of the insertion-
loss characteristic is not important. 

I t has been shown that the bandpass characteristic depends on the 
.QL2 of each element, the number of elements, the separation of the ele
ments along the transmission line, and the resonant frequency of each 
element. I t is desired to know the values of these four parameters 
which yield the maximum bandwidth consistent with the gas-discharge 
requirements. At present no method of analysis yields these parameters 
directly. Theoretically the problem has been approached by calculating 
the frequency dependence of insertion loss for various particular values 
of the four parameters. Experimentally the gross effects of each of the 
four parameters have been investigated. More detailed systematic 
measurements are needed in order to provide a complete understanding 
of the multiple-circuit portion of the bandpass-TR-tube problem. 

To obtain more information on the bandpass characteristics of a 
multiple-element circuit, the experimenter should consider using the 
technique whereby a plot of transmitted power as a function of frequency 
is presented on an oscilloscope. This technique requires the use of an 
oscillator whose frequency can be swept over the range to be studied. 
The method can be made more sensitive to small values of insertion 
loss by using an r-f bridge in such a way that the power reflected from 
the circuit being studied is presented on the oscilloscope. I t would be 
desirable to design the experiment so the parameters Q i2, the separation 
of the elements, and the resonant frequency could be varied continu
ously. However, such a design might lead to insurmountable mechanical 
difficulties. 

The second part of the linear problem—the study of the individual 
circuits—may be divided further into the consideration of the resonant 
gap and of the resonant window. Considerable data have been obtained 
in the 3-cm band on the resonant gap for shapes that have been thought 
proper for the optimum compromise between Q i 2 and crystal protection. 
As will be seen in Chap. 6 the experimentation on crystal protection has 
not been extensive enough to predict the best shape of the resonant gap. 
Further research should be conducted on this problem using wavelengths 
near 3 cm at first, because a start has already been made there, and then 
later using other bands because the frequency dependence of the gas-
discharge phenomena is not yet clearly understood. The remaining 
linear problem in regard to the absorption loss in the resonant gap is not 
important at present. The absorption loss due to two or three gaps is 
usually less than 0.1 to 0.2 db if the gaps are carefully soldered. 
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In the resonant window, absorption loss is important. I t has been 
seen in Sec. 3-10 that the loss is 0.20 db or more in windows with Q t 2 

equal to 2.1 or greater. I t is desirable to use narrower windows than 
are used at present without sacrificing on absorption loss and without 
increasing QL2 too much. An improvement of the window in which the 
absorption loss is decreased demands new dielectric materials that have 
lower intrinsic losses. Two possible materials are quartz and mica; 
quartz because it has especially low loss, and mica because it can be 
cleaved so thin that its losses are unimportant. These possibilities 
will be discussed further in a later section devoted to the fabrication 
of bandpass TR tubes and tube parts. 

BIBLIOGRAPHY FOR CHAPTER 3 
1. H. A. LEITER: "A Microwave Bandpass Filter in Waveguide," RL Report 814, 

Nov. 16, 1945. 
2. R. M. FANO and A. W. LAWSON: Chaps. 9 and 10, Vol. 9, Radiation Laboratory-

Series. 
3. P. M. MARCUS: "The Interaction of Discontinuities on a Transmission Line," 

RL Report 930, Dec. 1, 1945. 
4. M. D FISKE: "A Broadband TR Switch," GE Research Lab. Report, Oct. 18, 

1943. 
5. W. R. SMYTHE: Static and Dynamic Electricity, McGraw-Hill, New York, 1936, pp. 

219, 366. 
6. E. A. GUILLEMIN: Communication Networks, Vol. II, Wiley, New York, 1935. 
7. M. D. FISKE and ANN D. WARNER: "Frequency Characteristics of Single and 

Multiple Lumped Circuits in Transmission Lines," GE Research Lab. Report, 
May 25, 1945. 

8. M. D. FISKE: personal communication. 
9. L. D. SMULLIN: "S-band Bandpass TR Tubes," RL Report 971, Dec. 1, 1945. 

10. W. C. CALDWELL: "X-band Bandpass TR Tube," RL Report 970, Jan. 22, 1946. 
11. M. D. FISKE and ANN D. WARNER: "Memorandum on Design Data for Resonant 

Apertures in the Broad Band XTR," GE Research Lab. Report, Aug. 6, 1945. 
12. C. Y. MENG: Radiation Laboratory Data. 
13. J. C. SLATER: Microwave Transmission, McGraw-Hill, New York, 1943, pp. 

183-185. 
14. M. D. FISKE: "Resonant Windows for Vacuum Seals in Rectangular Waveguides," 

GE Research Lab. Report, Feb. 10, 1945. 
15. R. N. HALL, "Resonant Slots and Waveguides Having Dumbbell-shaped Cross 

Section," GE Research Lab. Report, Feb. 18, 1943. 



CHAPTER 4 

CHARACTERISTICS OF ATR SWITCHES AT LOW POWER LEVELS 

B Y HAROLD K. FA.HR 

This chapter will be restricted to the distinctive aspects of the ATR 
switch, since much of the material already presented in connection with 
the TR switch applies directly to the ATR circuit. The discussion will 
be further restricted to the consideration of the ATR switch as an 
isolated circuit component; the dependence of duplexer performance 
on the ATR characteristics will be considered in Chap. 5. 

4-1. Equivalent Circuits.—An ATR switch is a device which, placed 
in series with the transmitter line, has zero impedance at high level and 
infinite impedance at low level, and which, connected across the trans

i t 

■*- Antenna 

M 

Transmitter ■*■ 
A 

o-

B 

-o 

(a) (b) 
F I G . 4-1.—ATR switch at low level; (a) cavity and transmitter line in cross section; (b) 

equivalent circuit. 

mission line, gives an infinite impedance at high level and a zero imped
ance at low level. Either the shunt or the series arrangement fulfills 
the requirements of an ATR switch. This switch is required to permit 
the flow of power from the transmitter toward the antenna, but to isolate 
the transmitter from the rest of the circuit during reception. 

More accurately, a section of transmission line with an ATR switch 
mounted on one side as in Fig. 4-la should be considered, at low level, as 
a four-terminal network. The ATR switch is then adequately described 
if its behavior is known in terms of measurements made at the two 
pairs of terminals, A and B. All the necessary electrical information 
is available if the impedance at A, for a known impedance at B, can be 
calculated. Such a circuit can be represented at one frequency as a 
T-network similar: to that of Fig. 4-lfc. 
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An ATR switch is usually symmetrical about some plane MM', and 
if the reference planes A and B are taken at an equal distance on either 
side, the equivalent T-network is also symmetrical, and Zx = Z3. I t is 
thus possible to describe an ATR switch in terms of two complex con
stants, Zi and Z2. The values of these constants depend on the location 
of the reference planes A and B. These planes may be so chosen as to 
simplify the equivalent circuit. The end B is terminated in a matched 
load, and therefore, it is unnecessary to specify the exact location of the 
B plane; then the ATR cavity is tuned to resonance as indicated by a 
maximum standing-wave ratio measured at A. The reference plane A 
is located at that point closest to the cavity where the impedance is real. 
This point is usually very close to the center line MM'. 

When the ATR cavity is mounted on the broad side of the waveguide 
it is said to form an E'-plane junction with the waveguide, since the center 
lines of cavity and waveguide lie in the plane of the electric vector. For 
such a junction, the real impedance which appears at A is high compared 
with the characteristic transmission-line impedance. The ATR cavity 
itself usually presents a high impedance at the window at resonance, 
since at resonance the fields inside the cavity are highest, resulting in a 
high voltage across the window which is interpreted as a high impedance. 
The high cavity impedance may be verified by removing the cavity 
from its side-arm mounting and connecting it to the end of a waveguide 
for impedance measurement. Since the £"-plane mounting leads to a 
high impedance opposite the ATR cavity, the cavity acts somewhat as 
though it were in series with the line at that point, and that junction is 
referred to as a "series junction." An ATR cavity which is coupled 
to a coaxial line by means of an iris in the outer conductor behaves in a 
similar manner. 

The reference planes have been chosen in the manner indicated, and 
the values of the circuit constants of the equivalent T-network may now 
be found. A cavity mounted in the .E-plane with the window flush 
with the waveguide wall will be considered first. For this case a careful 
determination of these quantities has been made with a low-Q ATR 
cavity of the 1B52 type for the 8-cm region. The cavity was tuned to 
resonance at one wavelength, and the circuit constants were determined 
for various wavelengths in this region without changing the tuning. I t 
was found that in all cases the real part of Z2 was about 300 times the 
line impedance, which meant that 2 2 could, within the limits of experi
mental error, be considered to be an open circuit; that is, the ATR cavit}^ 
could be accurately represented as an impedance in series with the line 
at the reference point determined according to the above convention. 
In this case, therefore, the naive conception of the series circuit is vindi-
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cated, a condition which is not at all an obvious consequence of the 
complicated fields existing at the junction. 

The verification of the simple series representation of the .E-plane 
mounting greatly simplifies the conception of the low-level ATR behavior. 
It permits the definition of Zi + Z3 as the ATR impedance and, through
out this chapter and Chap. 7, Z will be used to designate this quantity. 
The value of Z and the position of the reference plane gives all the impor
tant information. Another important convention which will be used 
throughout this chapter and Chap. 7 follows. If any particular imped
ance has been defined by some subscript such as s, the real and imaginary 
components will be designated as R, and Xa. Thus Zs = Rs + jX„. 
The corresponding admittance will be Y, = G3 + jB„ = 1/2,. The 
reflection coefficient obtained by terminating a line of characteristic 
impedance Z0 in the impedance Z3 will be Ys = (Zs — Z0)/(Z3 + Z0), 

To receiver 
antenna line To transmitter 

F I G . 4-2.- -Equivalent circuit for an ATR 
cavity. 

F I G . 4-3.—Equivalent circuit for series 
mount. 

and the voltage standing-wave ratio (VSWR) set up by this termination 
will be rs = (1 + | r , | ) / ( l — | r , | ) . Unless otherwise stated, it will be 
assumed that the impedances used have been normalized with respect 
to the characteristic line impedance so that Z0 = 1. 

If a matched load is connected at the reference point B, and the 
impedance is measured looking into A, Z is merely this impedance minus 
one. Determined as a function of frequency, Z is usually found to 
follow a rather simple law. If l/Z = F = G + jB, it must follow from 
the choice of reference plane that B = 0 at resonance. I t is also found 
that G is constant with frequency whereas B varies almost linearly over 
a frequency range of a few per cent near resonance. This behavior is 
characteristic of a simple shunt-resonant circuit like that of Fig. 4-2. 
On the basis of the theory of resonant cavities developed in Chap. 2, 
this is just the circuit that would be expected for high-Q cavities. Even 
with a cavity for which the frequency sensitivity is kept as low as possible 
(loaded Q of 5 or 10), the simple shunt-resonant circuit is a surprisingly 
good approximation. Hence, for an S-plane junction, the four-terminal 
network of Fig. 4-1 may usually be reduced to the circuit of Fig. 4-3. 
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The data on the equivalent circuit constants of the 1B52 tube, which 
have been mentioned, illustrate this behavior. For one tube, the con
ductance G, measured at seven different wavelengths over a wavelength 

band 6 per cent wide, remained 
| ' ^ | | | | | | between 0.016 and 0.019, or nearly 

constant within experimental error. 
The susceptance B for the same 
tube is plotted in Fig. 4-4 as a 
function of the percentage wave
length deviation AX/Xo from reso
nance. The deviation AX is equal 
to Xi — Xo where Xj is the wave
length at which B is measured and 
Xo is the wavelength at resonance. 
The experimental points are indi
cated as circles and the solid line 
is the best straight line passing 
through the origin. I t is clear that 

B is very nearly linear with wavelength. 
Since B is linear, three parameters suffice to describe the ATR circuit 

once the reference plane or electrical center of the tube has been estab
lished. These quantities are the resonant wavelength Xo, the cavity 
conductance G, and the loaded Q, QL. This last parameter may be 
thought of as a means of specify
ing the slope of the curve of Fig. 
4 4 according to the expression 

0.2 

0.1 

0 

0.1 

0.2 

-0.3 
1 

{%)-

F I G . 4-4.—Susceptance of an ATR cavity. 

B = - 2 ( 1 +G)QL 
AX 

(1) 
U pfcC 

F I Q . 4-5.—Loaded-Q of an ATR cavity. 

From this definition it is seen that 
Qi is also the Q of the circuit of 
Fig. 4-5, obtained by connecting 
the ATR circuit of Fig. 4-2 to a matched generator. In this circuit the 
total loading is 1 -f- G and the susceptance is given by Eq. (1) when 
AX/Xo is small. 

For ATR measurements, the circuit of Fig. 4-2 is approximated if 
the cavity is mounted at the end of a transmission line and not on one 
side. Although the behavior for this mounting is well represented by the 
circuit of Fig. 4-5, the values of the parameters may differ from those 
for a side-mounted tube. I t is usually more accurate, therefore, to make 
measurements with the tube mounted as it will be used in practice. For 
a series-mounted tube, measurements should be made using the circuit 
of Fig. 4-6o. The loaded Q of this circuit is different from that given by 
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Eq. (1) since the loading is now (i + G). The original definition is 
retained, however, since it is desired to use QL as a parameter that 
characterizes the cavitv rather 

ATR 

(o) 

FIG. 4-6.—Circuits for parameter measure
ments. 

than the circuit in which the cavity 
is used. With the circuit of Fig. 
4-6a, therefore, Zi is measured; 
then B, the imaginary part of 
Y = 1/(Z1 - 1), is found; then 
QL is evaluated by means of Eq. 
(1). Even if this is done, it should 
not be assumed that the same 
value of QL, or for that matter of 
X0 or G, will be found when the 
cavity is mounted at the end of 
a waveguide as for the side mount
ing. For h igh-Q cavities the 
agreement between the different 
types of mounting may be fairly 
good, but in low-Q devices the 
field in the vicinity of the junction 
makes an important contribution 
to the cavity parameters which, 
therefore, depend on the type of junction. 

It has been seen that an ATR cavity mounted on the wide side of the 
guide effectively places a high impedance in series with the transmission 

line at resonance. As has already 
been p o i n t e d out, however, a 
cavity is equally effective if it 
causes a short circuit across the 
line. If a cavity is mounted on 
the narrow side of the waveguide 
in the so-called i7-plane and the 
real-impedance point is located at 
resonance as was done for the 
reference point A, this point will 
again be found close to the center 
line of the cavity, but its magni
tude will be very small compared 
with the waveguide characteristic 
impedance. Since the cavity itself 

is known to have a high impedance, there must be a phase reversal between 
the //-plane-mounted cavity and the main waveguide. This is equiv
alent to connecting the cavity across the main line through a side arm 

FIG. 4-7.—Equivalent circuit 
mount. 

shunt 
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one-quarter wavelength long, as in Fig. 4-7. Because nearly all of the 
work on broadband ATR circuits has been done with the i?-plane mount, 

the experimental verification of 
R' L' C 

o-A/W-^WtP—) (-o 
k — z2 H 

(b) 

o— 

0— 

— 

o—. 

Z 

O — 1 

3X, 

— > - — - l 

=c ^ 

(a) 

the circuit of Fig. 4-7 for the H-
plane mount has not been as com
plete as that for the i?-plane. 
Nevertheless, for the present, this 
representation will be assumed to 
be valid. 

There is an alternative way of 
representing t h e s h u n t mount 
which establishes an interesting 
correspondence with the series 
mount. In Fig. 4-8a the imped
ance of the shunt-resonant circuit 
with a quarter-wavelength line is 

F I G . 4-8.—Equivalent circuits for a shunt-
mounted cavity, (a) Shunt-resonant ele
ment with X/4 line, (b) Series resonant 
element. 

In Fig. i-Sb the impedance of the series-resonant circuit is 

Zi = i = K=(? + ; (--,4 
R'+j {Uw- <k} 

In order to have Zi = Z2 it is necessary only that R' — G, V = C, 
C" = L. If each circuit is connected to a matched generator, the loaded 
Q's will be the same, for the conductance loading on the shunt circuit is 
then 1 + G and QL = Ca/(l -f- G). Similarly, the loaded Q of the series 
circuit is L 'u/(1 + R') = QL- Furthermore, 

1 

and the three circuit parameters are therefore related by 

R' = G, Q'L = QL, XO = *o-

Thus the .E-plane mount can be represented as a shunt-resonant circuit 
in series with the line, while the //-plane corresponds to a series-resonant 
circuit in shunt with the line. 

A very useful equivalence between the two types of mount is illus
trated in Fig. 4-9. For the series mount, Zx = Z + Zt and for the 
shunt mount, Z\ has the same value since 

Zl ~ Wt ~ Y* Y' + Ya = W + T3
 = Z + Zl-
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A series mount can evidently be made equivalent to a shunt mount by 
shifting the ATR circuit one-quarter wavelength along the line, provided 
the effective ATR impedance Z is the same in either case. If an actual 

2. 
T 

(a) (b) 
F I G . 4-9.—Equivalence of shunt and series mounting, (a) Series mount with X/2 line. 

(6) Shunt mount with X/4 line. 

cavity were moved from the series position to a shunt position one-
quarter wavelength down the line, the observed impedance Zx would 
change somewhat because of changes in tuning, in QL, and so forth. 

-^iX* 

JX„ ixc 

J.:.L 

JBai Ztfa 

(«) 
Fio. 410.—(a) Equivalent circuit of 25-plane junction, (b) Equivalent circuit of ff-plane 

junction. 

However, the correct positions for locating series and shunt ATR cavities 
relative to the TR junction always differ by one-quarter wavelength 
plus the small correction due to the shift of the reference plane. 
Because of this equivalence, the parameters for the shunt-mounted 
cavity can be measured in the same manner as that described for the 
series case. For the shunt mount the impedance measured at the refer-
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ence point A is Z2, and its reciprocal Z t corresponds to the impedance 
measured at A with a series mount. 

If a cavity is mounted on a side arm at a distance from the main 
transmission line, the cavity and the junction may be considered sepa
rately. I t has been shown elsewhere that a simple waveguide junction 
of this kind in which the side arm makes an angle of 90° with the two arms 
of the main waveguide may be represented, at any given wavelength, 
by the circuits of Figs. 4-10a and b for E- and fl-plane junctions respec
tively.1 The terminals of the main waveguide are referred to the plane 
of symmetry and those of the side arm to the wall of the main waveguide 
as indicated by the broken lines in the sketch. Actually any measure
ments must be made in the waveguide one-half or one wavelength back 
from these positions because the fields are quite different in the region 
of the junction. 

For a waveguide of internal dimensions 0.400 in. by 0.900 in., and 
for a free-space wavelength of 3.20 cm, the values of the circuit elements 
of Figs. 4-10a and b are given in Table 4-1. One of the elements Ba is 
given as a susceptance and the others as reactances Xa, Xb, . . . . The 

TABLE 4-1.—EQUIVALENT CIRCUIT ELEMENTS FOB WAVEGUIDE T-JUNCTIONS 
.E-plane junction H-plane junction 
B„ = -0 .096 Xa = 0.17 
Xb = 0.50 Xb = 0.19 
Xc = - 4 . 8 5 Xe = - 1 . 0 4 
Xd = - 0 . 5 6 Xi = 1.00 

numbers represent values which have been normalized with respect to 
the line impedance. It should be remembered that such a representation 
is valid only at one frequency and that the behavior as a function of 
frequency is not necessarily given by such a simple circuit. 

To find the complete circuit of the cavity on the side arm, it is neces
sary only to connect to terminals (3) a transmission line of the length of 
the side arm, terminated in Z, which is the impedance of the cavity as 
measured at the end of a straight waveguide. Neglecting the real part 
of Z, jX. can be the impedance of the side arm and cavity as it is seen 
looking back at the cavity from terminals (3). The value of X, should 
be adjusted to cause an open circuit in the line between terminals (1) 
and (2); that is, 

i + z7TX = ° (2) 

for an £-plane junction. 
The impedance seen at terminals (1), however, will not be infinite 

because of the admittance jBa. Hence, in terms of the convention 
stated above for the reference plane, A will not appear at the center of 

1 RL Series, Vol. 10. 
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the junction to which the terminals (1) are referred, but will be displaced 
to the left an amount I where Ba = tan (2xZ/X„). For the constants 
given in Table 4-1, I = 0.027 in. This shift of the electrical center from 
the geometrical center seems to be greater for a simple waveguide T-junc
tion than for a flush-mounted cavity. 

4-2. General Considerations of Design and Testing.—In this discus
sion of the design of an ATR switch, it will be necessary to make use of 
some of the results of Chap. 7, in regard to the dependence of duplexing 
losses on the ATR impedance. I t is shown there that the loss depends 
on both the conductance G and the susceptance B of the cavity, so that 
the results obtained over a band of frequencies depend on all three 
parameters \0, QL, and G. 

For a fixed-tuned cavity, Xo is usually set near the center of the band; 
and for a tunable cavity, it is set at the operating wavelength. As the 
losses almost inevitably increase with the susceptance, B is kept as small 
as possible. For a tunable cavity this is easy, but for a fixed-tuned 
cavity operating over a band of frequencies, it means that QL must be 
made as low as possible to reduce the losses at the edge of the band. 

For a tunable cavity which is always operated at resonance, the 
maximum loss in decibels, according to Sec. 7-5, is L = 20 logio a where 

_ input voltage _ 1 , 1 „ 
output voltage 2 

For such a cavity it is necessary, therefore, that G be as small as possible. 
For a fixed-tuned cavity, however, there is usually an optimum value of G 
which is somewhat vague since it depends partly on what sort of loss 
distribution is acceptable. The maximum possible loss, for a given ATR 
impedance, is usually determined by the real part, R = <?/((?2 + B2), 
according to a = 1 + (1/2.R). If G is made either too small or too large, 
the maximum losses will be high. Setting G equal to the value of B 
at the band edge minimizes the maximum loss, but a considerably smaller 
value of G will usually be preferred because of the loss at other points. 

The measurement of R is a rather convenient method of determining 
the cavity parameters. An adjustable short-circuiting plunger may be 
placed as shown in Fig. 4-66 and the impedance Z\ of the combination 
observed; the plunger adds a variable reactance X' to the impedance of a 
series-mounted ATR switch so that Zi = R + jX + jX'. The resulting 
voltage standing-wave ratio is least when X + X' — 0 and is then equal 
to R. Hence, to evaluate R it is necessary only to read the standing-
wave ratio when the plunger is adjusted to make it (SWR) a minimum. 
This is also true for a shunt-mounted cavity. 

The resonant wavelength X0 is that wavelength at which R is greatest. 
Furthermore, G = l/R at this point. If G is known, B can be found 
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at any wavelength by measuring R ~ G/{G2 + fi2), whence 

B = + VG/R - G\ 

If B is known as a function of frequency, QL can be found from Eq. (1). 
I t is important to notice that the measurement of R by the plunger 

method (Fig. 4-66) is a much more sensitive method of determining small 
values of B and, hence, also X0 than that involving the use of a matched 
load (Fig. 46o). To understand this let r-i and r2 represent the voltage 
standing-wave ratios which must be measured in the two methods. At 
resonance the VSWR measured in the plunger experiment is r2 = R = \/G 
while that measured with a matched load is n = 1 + 1/G. Since G 
is usually quite small, n and r2 have about the same value at resonance. 
Farther from resonance, however, r2 falls off much more rapidly than rlt 
for the impedance measured in the latter case is Z\ — Z -+- 1 and the 
reflection coefficient is 

Z x - \ 1 
Ti Zl + 1 1 + 

11 |1 + 2 F | = V ( l + 26)* + 4 5 2 = (1 + 2G) Jl + 4 v. 
If only values of B and G which are small compared with one are con
sidered, then 

B 1_ 

Ti 

(1 + 2G) 1 + 2 {TTWY 
1+G + (_B_y 

\ 1 + 2G/ 
- 1 G + (_BY 

1 

r2 

G + 5 2 

G 
G2 + B2 

As fi increases, r2 begins to decrease appreciably as soon as fi2 becomes 
comparable with (?2. No appreciable change occurs in n however, 
until B2 compares with G. Hence the plunger method for determining 
resonance is more sensitive by a factor of l/G. 

This comparison of ri and r2 also shows that a measurement of the 
standing-wave ratio looking past an ATR cavity with a matched load 
beyond is a very insensitive check on its performance. The performance 
is indicated by R which gives the maximum loss and R can become 
quite small before T*I drops appreciably. 
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If 0 is known and R is measured at the two ends of the band, a good 
check can be made on the performance of the ATR switch over the band. 
I t will be seen from the results of Sec. 7-10 that setting a lower limit 
on R fixes the maximum loss, and setting an upper limit on G ensures 
that for most transmitter impedances the loss will be small compared 
with the maximum. This indicates that ATR cavities can be tested by 
measuring the SWR at the center of the band using a matched load and 
at the two ends using a short-circuiting plunger adjusted for minimum 
SWR. The use of the matched load to make the SWR as nearly inde
pendent of frequency as possible is the best method of measuring G. 
In this way it would probably be possible to test tubes by measurement 
at the nominal center frequency without the necessity of locating the 
resonant frequency. The plunger adjustment in the band-edge measure
ments would be aided by a directional coupler to measure the reflected 
power. I t must be admitted that these tests, although sensitive, might 
be rather slow for production checking. 

It is convenient to know that whatever design is used for cavity and 
junction, it is always possible to tune the cavity so as to get complete 
isolation between the two branches of the transmitter line provided 
only that the losses are small enough to be neglected. This is readily 
proved if it is assumed that the junction is a perfectly general network 
with three pairs of terminals, and that the ATR cavity can be adjusted 
to produce any desired reactance at one pair. 

If the terminals are labeled (1), (2), (3), the currents and voltages 
at the various terminals are related by the equations 

3 

Ei = V zuh, (i = 1, 2, 3). (2) 

If an impedance z representing the ATR cavity is connected to the 
number (3) terminals, then E3 = —zl3 and the last of Eqs. (2) becomes 

Z3 l / l + Z3J2 + (Z33 + Z)h = 0. 

If this is used to eliminate I3 from the first two of Eqs. (2) 

''-(«-.-£> + (--.-Ti)'* 
B' "{*•- rfs)7l + (*■" *~fwJ" 

The coefficients of Ii and 1% are the elements z(, of the impedance 
matrix of the 4-terminal network derived from the original 6-terminal 
network by connecting 2 to one pair of terminals. The condition that 
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there be no coupling between terminals (1) and (2) is z'n = 0, that is, 

All the elements 2„ are purely imaginary since there is no loss in the 
network and there is, therefore, a solution z of this equation which is 
purely imaginary provided 2 i3 ^ 0 and z2S ^ 0. The last two con
ditions merely state that there must be coupling between arms (1) and (3) 
and between arms (2) and (3). Granting this, there is a reactance which, 
when placed at (3), results in no coupling between (1) and (2). 

The design of tunable ATR switches usually presents no particularly 
new problems compared with the corresponding T R switch. The same 
electrodes may be used and the cavity can be similar except for having 
one window instead of two. Where separate tubes and cavities are 
used, the same tube can usually be used for either a TR or an ATR switch 
although it is unnecessary to provide any keep-alive current for the 
ATR tube. 

The coupling window is usually made larger in an ATR cavity since 
the high QL often used for T R cavities is undesirable. As the window 
opening is increased, it becomes necessary to move the electrodes closer 
to the main waveguide until finally the electrodes are in the plane of 
the waveguide wall. Further reduction of QL can be accomplished by 
increasing the electrode gap until, as in most low-Q tubes, the only 
electrodes are the edges of the window. 

In any application of a fixed-tuned ATR cavity to a frequency band 
about one per cent wide or greater, the attainment of a sufficiently 
low QL becomes the paramount problem of the low-level design. The 
effectiveness of an ATR switch depends on the substitution at low 
level of a high impedance for the low impedance produced by the arc 
at high level. At microwave frequencies a high impedance can be 
obtained only by some sort of stub or cavity since a simple " open circuit" 
causes radiation. Any such cavity must store a certain amount of r-f 
energy which makes a contribution to the loaded Q. Further energy 
may be stored in the electrodes, the glass window, and the waveguide 
junction. The L and C of our equivalent circuit represent all this 
reactive energy lumped together. 

The most obvious way to make an open circuit is by means of a wave
guide one-quarter wavelength long, short-circuited at the far end. When 
such a "quarter-wavelength s tub" is mounted on the side of a trans
mission line, it effectively isolates the two ends. Of course, the length 
of the stub, measured from the inside wall of the waveguide, is not exactly 
one-quarter wavelength because the junction is not an ideal series or 
shunt circuit. The stub length to give an open circuit can be found by 
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experiment, or it can be calculated if the circuit constants are known 
for the equivalent circuit of the junction. 

If a window is sealed to the opening of the stub flush with the wall 
of the main waveguide and the resulting tube filled with gas at low 
pressure, the arc discharge across the window at high level gives con
tinuity to the main waveguide. Most of the fixed-tuned tubes have been 
built in this manner. 

If a glass window is added to a quarter-wavelength stub, the window 
can cause an appreciable change in the admittance. Compensation can 
be made for this by changing the length of the stub, or by proper design 
the window can be made " resonant" so as to add no susceptance to the 
stub. A resonant window is one which has been designed to give no 
reflections when placed across a waveguide. The design of such a 
window is the same as that for a broadband T R tube, and from the low-
level point of view the important problem is to keep the susceptance as 
low as possible. 

Since the change of ATR impedance with frequency is such a serious 
problem, an effort is made to effect an improvement by using more than 
one resonant element, as is done in the broad-band T R tube. I t will be 
seen in Chap. 5 that good results can be obtained by using two or more 
resonant elements spaced along the transmitter line. As each of these 
requires a separate arc gap or window, it is preferable to use a network 
which is connected to the transmitter line at only a single junction. 
Nothing is gained, however, by adding additional reactive elements to a 
single junction, for Foster's reactance theorem states that the curve of 
susceptance versus frequency for any purely reactive physical network 
has a positive slope. I t is, therefore, impossible to add any pure sus
ceptance which will reduce the rate of change over the band. 

Something might be accomplished by adding resonant elements with 
appreciable dissipation, but there may be some difficulty in introducing 
sufficient loss to obtain the necessary negative slope of the susceptance 
curve without at the same time increasing the cavity conductance 
unduly. Since no such network is known at present, it will be assumed 
that the problem is to minimize Qi, by keeping the frequency sensitivity 
of each element of the ATR circuit as small as possible. 

4-3. Low-Q ATR Switches.—It was suggested in Sec. 4-2 that the 
various elements of an ATR circuit—the cavity, the window, and the 
junction—all contribute to QL. I t is not possible to calculate all of 
these; but, by making some assumptions about the equivalent circuit 
and using experimental results, the relative importance of the different 
elements can be appreciated and it can be seen why such high values of 
QL are observed. 

For a waveguide ATR switch made up of a quarter-wavelength stub 
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and a resonant window, the equivalent circuit can be derived by writing 
down the circuit for a T-junction and connecting to it the window and 
the stub. This involves the assumption that the three components can 
be treated as distinct even though some higher-mode interaction, at least 
between the window and the junction, might be expected. 

For an .E-plane junction the susceptance Ba of Fig. 4-10a is very small 
(Table 4-1), and its contribution to QL can be neglected. The stub 
reactance X„ which is connected to terminals (3) at resonance, is given 
by Eq. (2) which becomes X, = — Xc — Xd — 5.41. Since this is in 
series with Xd and is large compared with it, Xd will be neglected. 

The junction susceptance will be called B,- = —1/XC, the window 
susceptance B„, and the stub susceptance B, = — 1/X,. There is some 
question as to whether the window, which is also in series with arms 
(1) and (2), should be shown as connected across Xc plus Xb, or con-

—WWVSr-

B 

(a) (*) 
F I G . 411.—Circuit for calculating Qi, for a low-Q ATR switch from the parameters of a 

T-junction. 

nected only to Xc. These two possibilities are shown in Fig. 4 1 1 . 
They are equivalent, for by neglecting G in Eq. (1), QL can be defined as 

QL~ ~2U\d\)M- ~2B'' 

where B is the total susceptance in series between arms (1) and (2), 
and B' is the logarithmic derivative of B. Let Bx — B, + Bj, then in 
Fig. 4-11a 

1 B = 1 
B, + Bu 

If the derivative of this is taken and it is remembered that B\ + Bw = 0 
at resonance, B' = B[ + B'w. In Fig. 4-116 
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If the stub and window are each tuned to resonance separately, B\ = 0, 
and again B' = B[ + B'w. In either case 

B' = B', + B\ + B'a 

and the Qi of the ATR switch is therefore independent of Xh and is the 
sum of the individual Q's of stub, junction, and window. 

For the window Q the values of B'„ can be taken, measured with the 
window placed across a straight section of waveguide. The stub Q is 
easily calculated if the stub length I is known. For, if 

e - « (3) 
A„ 

then 
B, = - cot 9. (4) 

If the familiar waveguide equation, 

X2 X2 X* w 

is differentiated with respect to X, there results 

t - Cf)' »> 
since the cutoff wavelength \c is a constant which depends only on the 
size of the waveguide. Taking the logarithmic derivative, 

<-<%) 
* 2 . 
X 2 ' 

therefore 

B', = 6' csc2 9 = - 6 ( ̂  J csc2 0, 

i'fr) e. = 2fl (^/ c s c 2 '■ ( 7 ) 

It is not so easy to calculate the junction Q since the frequency 
dependence of Bj is not known. For the susceptance Bi of a simple 
capacitive iris across a straight waveguide £(• = — (X„/X) 2Bi. Since 
Bj should behave in approximately the same fashion, B\ can be written 
as B'j = — a(X„/X)2-8y where a is a factor which should be of the order of 
one. Since Bj = —B„ 

«'--5fl5--5(l),fl-
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and, by using Eq. (4) 

By using experimental values for the other quantities, a can be 
calculated. Table 4-2 shows the results for measurements on the 1B52 
type of switch mentioned previously. The observed values are X0, 9, QL, 
and Qw. Equation (5) is used to calculate X„, and Qs is calculated by 
Eq. (7). By setting Q, = QL — (Qw + Q3), Qj is found, after which Eq. 

T A B L E 4 - 2 . — T H E D E C O M P O S I T I O N OF QL FOR AN A T R S W I T C H 

Xo 

8.35 
9 .10 

10.70 

( X , / A ) 2 

1.49 
1.65 
2 .22 

e 

0 .82 
1.06 
1.15 

QL 

4 . 7 
3.85 
4 . 1 

Q» 

2 .0 
2 . 0 
2 .0 

Q, 

1.2 
1.2 
1.5 

Qi 

1.5 
0 . 7 
0 .6 

a 

2 . 2 
1.5 
1.2 

(8) suffices to determine a. The fact that a is somewhat greater than one 
can be explained if B, is considered as the sum of two susceptances of 
opposite sign. These wrould give a greater variation with frequency 
than the simple element that was assumed. The data in Table 4-2 
indicate that all three components make a significant contribution to 
QL although the window accounts for nearly half. The fact that the 
junction contributes to QL and that QL depends markedly on the type of 
junction was noted by Samuel, Crandell, and Clark of the Bell Telephone 
Laboratories.1 Their measurements were made on a low-Q, fixed-tuned 
ATR tube for use at wavelengths between 3.13 and 3.53 cm. Since the 
electrodes were designed especially for better firing and lower arc loss, 
the QL w-as somewhat higher than that quoted in Table 4-2. Table 4-3 
gives the values of QL for a tube of the same type mounted in different 
fashions. The total change in B over the wavelength band, which is the 

T A B L E 4 3 . — Q L FOK J U N C T I O N S OF VARIOUS T Y P E S 

End on 

4 . 5 

90° £'-plane 
junct ion 

6 .3 

90° ff-plane ' 120° / / -p lane 
junct ion junction 

11.1 8 .1 

Combined T R 
and A T R 
junct ion 

9.4 

average value of B' over the band rather than its value at the center, was 
used to determine QL. The 90° junction has the ATR cavity mounted 
on one side of a straight section of waveguide. In the 120° version the 

• A . L. Samuel, C. F . Crandell, and J. E . Clark, " B r o a d b a n d T R and Ant i -TR 
t u b e s , " N D R C , Div. 14, Report No. 402, September 30, 1944. 
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axes of the cavity and the two waveguide arms all make equal angles 
with one another. The combined TR-ATR junction consists of a 120° 
//-plane junction for the TR branch with the ATR cavity mounted on the 
axis of the junction as shown in Fig. 8-16 in Chap. 8. I t is important 
to notice that the 90° i?-plane T-junction has the lowest QL of any 
junction shown, although the value for the 120° ii-plane junction might 
be interesting if known. 

I t has been customary to tune the window to the resonant frequency 
of the ATR switch on the assumption that this would give the lowest QL. 
If the window susceptance differs from zero at the frequency where 
resonance is desired, it is necessary for the cavity to introduce an opposite 
susceptance. Although the two susceptances have opposite signs, their 
derivatives always have the same sign, and this would be expected to 
increase QL-

Some data bearing on this question wpre taken in an effort to deter
mine the feasibility of designing a switch to operate at wavelengths in the 
neighborhood of 8.45 cm with windows which were available only at 
resonant wavelengths of 9.1 cm or 10.7 cm. I t was desired to compare 
these windows with one tuned to 8.45 cm, but the only one available 
for the experiment was tuned to 8.3 cm. Table 4-4 gives the values of 
QL for each window with the ATR switch tuned to resonance at 8.45 cm 
in each case by adjusting the stub length to cancel the window sus-

TABLE 4-4.—QL OF AN ATR SWITCH TUNED TO 8.45 CM FOR VARIOUS WINDOWS 
Resonant wavelength of window (cm) Over-all QL 

8.3 5.85 
9.1 6.5 

10.7 6.76 

ceptance. Unfortunately, no data were taken for windows tuned to 
shorter wavelengths, but those available confirm the assumption that QL 
is least when the window is tuned to the resonance point of the ATR 
switch. 

4-4. ATR Switches in Use.—In reviewing the ATR switches that 
have been in actual use, it is natural to divide them into two groups—the 
tunable and the fixed tuned. These same groups could also be called 
high-Q and low-Q respectively since there have been no high-Q fixed-
tuned circuits or low-Q tunable circuits. The cavity of the high-Q 
switch is separate from the electrode tube. The tube is the same as 
that used in the corresponding T R switch, and the cavity is similar to the 
T R cavity except for having but one window. The low-Q tube com
prises cavity and electrodes in one unit. I t has a window of the same 
type as the fixed-tuned TR tube but does not use the extra gaps. 

The tunable cavities have been used at 3-cm and longer wavelengths 
but not at 1.25 cm. The reasons for this are partly historical since the 
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fixed-tuned cavities and 1.25-cm systems were both developed more 
recently. Systems developed since the fixed-tuned cavities became 
available have used them almost exclusively. 

Few data are available on the use of ATR switches in coaxial circuits 
although such use is quite feasible. One switch described in Chap. 8, 
although identical in design with a coaxial ATR switch, is different in 
function. 

F I G . 4*12.—Cross section of the 3-cm wide-range ATR switch. 

In the 10-cm region the 721A and 1B27 tubes have been used in 
tunable ATR circuits for waveguide as have the 724A and B tubes at 
3 cm. An experimental tube for 3 cm was built by the Westinghouse 
Manufacturing Company to tune over a wider range than that available 
with the usual cavities for 724 tubes. I t was similar to the 1B24 TR 
tube but had a larger input window and no output window. Another 
tube corresponding to the 1B26 was built by the same company for 1.25 
cm. Neither of these tubes was put into production because of the advent 
of the fixed-tuned tubes. I t should be noticed that TR tubes, such as 
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the 1B24 and 1B26, should not be used as ATR tubes without increasing 
the size of the input window. The high QL of these tubes leads to a high 
value of the conductance. An ATR tube made by short-circuiting the 
output window of a 1B24 tube, for example, would have G = 0.3 which 
could result in a loss as high as 1.2 db. For the similar ATR tube with 
the larger window mentioned above, G = 0.055 which would keep the 
loss below 0.23 db. 

A 3-cm ATR cavity which was designed for tuning over a band 12 per 
cent wide is of some interest here as almost the only tunable circuit that 
is much different from those discussed in Chap. 2. Such cavities were 
developed at Radiation Laboratory and at Bell Telephone Laboratories 
at about the same time. Previous cavities using the 724 tubes were tuned 
by inductive screws in the magnetic plane which permitted a frequency 
range of about 2 per cent. A tuning screw is usually much more effective 

0 0.050 0.100 0.150 
Plunger opening in inches 

F I G . 4-13.—Tuning curve of the 3-cm wide-range cavity. 

if used as a capacitive element. In an ordinary cavity using tubes of 
the 724 type, however, most of the capacitance is in the electrodes which 
are fixed. In the present device a second resonant circuit is formed 
by extending the cavity in the direction of the magnetic plane and adding 
a capacitive plunger as shown in the sketch of the Radiation Laboratory 
design in Fig. 4-12. Since both circuits are in the same cavity, they are 
tightly coupled and only one resonant mode is observed within the tuning 
range of 3.10 to 3.50 cm. The curve of Fig. 4-13 shows the resonant 
wavelength as a function of the distance between the end of the plunger 
and the bottom of the cavity. The cavity is mounted with shunt 
coupling to waveguide of 0.400 in. by 0.900 in. ID with the window 
opened to the full height of the guide and width of the cavity. This 
gives G = 0.10 at 3.5-cm wavelength andG = 0.05 at 3.1-cm wavelength. 
Figure 4-14 is an exterior view of the Radiation Laboratory model. 

The fixed-tuned cavities which have so far been put into manufacture 
consist of a quarter wavelength of waveguide with a short circuit at 
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J A N 
tube des
ignat ion 

1B36 
1B35 
1B37 
1B52 
1B53 
1B57 

1B56 
1B44 

Band 
designa

tion 

K 
XB 
X L 

S W I 
OW2 
SAI 
SAB 
SBI 
SS2 
SGI 
So 2 

Nominal 
resonant 

wave
length, cm 

1.25 
3 .23 
3 .43 
8 .285 
8.640 
9 .020 
9 .455 
9 .840 

10.170 
10.515 
10.900 

Transmi t t e r band 

3 . 1 3 - 3 . 3 3 cm 
3 . 3 3 - 3 . 5 3 cm 
3700-3550 Mc/sec 
3550-3400 Mc/sec 
3400-3250 Mc/sec 
3250-3100 Mc/sec 
3100-3000 Mc/sec 
3000-2900 Mc/sec 
2900-2800 Mc/sec 
2800-2700 Mc/sec 

Specified upper limit 

High 
level 

V S W R 

1.10 
1.10 
1.10 
1.20 
1.20 
1.20 

1.15 
1.15 

QL 

7 . 5 
6 . 5 
6 . 5 
5 .5 
5 .5 
5 .5 

5 . 5 
5 .5 

G 

0 .10 
0 .10 
0 .10 
0 .05 
0 .05 
0 .05 

0 .05 
0 .05 

Measured values 

QL 

6 .0 
5 .0 
5 .0 

4 . 0 
4 . 0 

4 . 0 

G 

0 .055 
0 .035 
0 .035 

0 .015 
0 .015 

0 .015 

Inside 
waveguide 

dimensions, in. 

0 .170 X 0 .420 
0 .400 X 0 .900 
0 .400 X 0 .900 
1 340 X 2 .840 
1.340 X 2 .840 
1.340 X 2 .840 

1.340 X 2 .840 
1.340 X 2 .840 

Manufac turer 

G E , Sylvania. 
G E , Sylvania 
G E , Sylvania 
Sylvania 
Sylvania 
Sperry 

Sperry 
Sperry 
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one end and a resonant window at the other end. The 3-cm and 1-cm 
tubes include a gas reservoir made by extending the waveguide beyond 
the short-circuiting plate. The latter has a small hole which allows the 
gas to circulate but does not affect the 
electrical properties. 

An outline of the characteristics 
of these tubes is given in Table 4-5. 
The transmitter band denotes the 
range of frequencies covered by the 
corresponding transmitting t u b e s . 
No definite bands can be assigned to 
the ATR tubes since the usable band 
depends on the amount of loss that 
can be tolerated and the number of 
ATR tubes used. The measured 
values of G and QL refer to representa
tive values of measurements made at 
Radiation Laboratory and at Evans 
S i g n a l Laboratory. The specified 
upper limit of a quantity denotes the 
present JAN specification for the 3-cm 
and 1-cm tubes and that proposed for 
t h e 10-Cm tubes . T h e waveguide F i°- 414.—The 3-cm wide-range ATR 
dimensions refer to the transmission s w i t c ' 
line on which the tube is mounted. In all these tubes, except the 1B36, 
the cavity is made of a section of rectangular waveguide of the same size. 
For ease of manufacture and mounting the 1B36 cavity is made from 
cylindrical tubing. 

1B35 1B3^« \ 

1B36 

* 
FIG. 4-15.—Fixed-tuned ATH tubes. 

Figures 4-15 and 4-16 are photographs of some of these tubes. They 
are all designed for mounting on the broad side of rectangular waveguide 
(series circuit) with the window flush with the waveguide wall. Those 
made at General Electric and Sperry are held at the correct resonant 
frequency by careful control of the window and cavity dimensions. 
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Sylvania makes use of a tuning adjustment which is set at the factory. 
On the 1B36 tube this consists of a tuning screw in the back of the cavity 

fc~:-
1B52 1B44 

FIG. 4-16.—Fixed-tuned ATR tubes. 
which is accessible through the evacuating tubulation before the latter 

Tuning strut is sealed off. The 3-cm and 10-
cm tubes have a deformable dia
phragm in the back of the cavity 
which can be adjusted by means 
of a strut that passes out through 
the tubulation as shown in Fig. 
4-17. The strut is removed be
fore the tubulation is sealed off.1 

Fixed-tuned tubes of the vari
ous types are distinguished largely 
by their sizes and methods of 
mounting. The mounting is an 
important problem since the tube 
must be easily replaced and yet 
must make good electrical connec
tion with the waveguide wall all 
arourd the opening. For broad-
bsid a p p l i c a t i o n s , the flush 
mounting, the proximity of the 
TR tube, end possibly, also, of an 

additional ATR tube leave insufficient space for a choke coupling of the 
type used to connect two waveguides. Hence, ail these tubes rely on 
actual contact. 

1 Sylvania Electric Products, Publication No. IEB-8, "Report on OSRD Tube 
Development Sub-contract on RL Purchase Order DIC 182032." 

Deformable 
diaphragm 

FIG. 4-17.—Sylvania method of presetting 
ATR tubes. 
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In the 1B36 tube this contact is made by means of a beveled edge as 
shown in Fig. 4-18. Because of the circular outline, the bevel can be 
machined accurately, making the contact uniform all around the tube. 
Care must be taken to ensure that the beveled seat for the tube is not too 
large in diameter. If the diameter is too large, the face of the tube pro-

SL 

FtG. 4-18.—1B36 tube and mount 

trudes into the interior of the waveguide, as shown in Fig. 4-19, and the 
susceptance of the combination is altered. The change in susceptance 
AB is proportional to the insertion d, and 

AB = 0.013d 

if d is measured in thousandths of an inch. 
The 10-cm tubes have a fine coiled spring around the periphery which 

is compressed between the edges of the tube and waveguide. For 
systems using a pressurized transmission 
line, a flat rubber gasket under the flange 
makes the assembly airtight. 

The 3-cm ATR tubes were too small to use 
the coiled-spring contacts, and the circular 
mounting of the type used with the 1B36 tube 
was too bulky for certain 3-cm-band applica
tions. A flat flange permitted sufficiently accurate machining to ensure 
good contact but did not provide a contact which was flush with the inside 
surface of the waveguide wall. The flange was, therefore, set back one 
wavelength from the main waveguide wall as shown in Fig. 4-20 and a 
little space was left between the tube and mount on all four sides of the 
tube. This space formed a small waveguide which, being one wavelength 
long, transformed the short circuit at the flange to one at the main wave
guide wall and thus provided the necessary continuity between the ATR 

^ 3 
Insertion 

T7 
FIG. 4-19.—Effect of too large 

a seat for 1B36 tube. 

tube and the main waveguide. A flat nickel gasket a few thousandths of 
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an inch thick was provided with each tube to improve the contact at the 
flange. In principle the little waveguide could have been one-half wave

length instead of one wavelength long. 
However, a higher-mode resonance, 
which appeared only when the shorter 
length was used, gave rise to some 
reflections on high-level operation, 
and for th s reason the half-wave 
length mount was ruled out. 

The length of the little waveguide 
was made slightly greater for the 1B37 
tube than for the 1B35 tube in order 
to keep the high-level reflections as 
small as possible. To accomplish this 
the 1B35 tubes were designed with a 
plane flange and the mount was made 
just one wavelength long at the center 
of the 3.23-cm band. The 1B37 tubes 
were then built with a small groove 
around the inside edge of the flange. 
The width of the groove is the same 
as that of the little waveguide, and 

its depth is such that it extends the waveguide sufficiently to make it 
just one wavelength long at the center of the 3.43-cm band. In this 
way the same mount may be used 
for either tube. ' 

An interesting 3-cm ATR tube, 
illustrated in Fig. 4-21 was devel
oped but not put into production.2 

It made use of a pair of sharp-
pointed, closely spaced electrodes 
placed a short distance behind 
the window to reduce the arc loss. 
This permits high-level operation 
at considerably lower powers than 
is possible with the other low-Q 
tubes but seems to result in a 
slightly higher QL. For this tube, 
QL = 6.3, whereas for the 1B35 and 1B37 tubes, QL = 5.0. 

FIG. 4-20.—1B35 tube and mount. 

FIG. 4-21.—BTL design of fixed-tuned 
3-cm ATR tube. 

1 W. C. Caldwell and H. K. Farr, "Mounting for 1B35 and 1B37 Fixed-tuned 
ATR," RL Report No. 53, Aug. 12. 1944. 

* Samuel, Crandell, Clark, op. cit., Sec. 4-3. 



CHAPTER 5 

MICROWAVE GAS DISCHARGES 

By Louis D. SMULLIN 

5-1. Introduction.—In the preceding chapters the discussion was 
centered on the linear properties of TR and ATR tubes. With the excep
tion of the treatment of direct-coupling attenuation, and the standing-
wave ratios produced in the main line by the fired TR tube, the discussion 
was limited to the operation of these tubes at power levels less than that 
required to initiate a discharge in the tube. In this chapter some of the 
characteristics of the high-frequency gas discharges of the type occurring 
in TR and ATR tubes will be discussed. 

To understand nonlinear phenomena is always difficult, and gas-dis
charge phenomena are especially noted for their complexity. Although 
a complete theoretical understanding of the quantitative relations has not 
been achieved, the processes are well known, and a vast body of literature 
exists describing d-c and low-frequency gas discharges. The domain of 
high- and ultrahigh-f requency discharges has received comparatively little 
attention. I t is only in recent years that sufficiently intense power 
sources and accurate measuring equipment have become available which 
permit quantitative experiments to be made at these high frequencies. 
Before 1941 little or no data on gas discharges at frequencies higher than 
300 Mc/sec were available. Since that time, however, because of the 
rapid development of microwave radar, most of the studies of ultra-
high-frequency gas discharges have been in the 3000- 10,000- and 24,000-
Mc/sec bands. 

Because the goal of the work in the years from 1941 to 1945 was the 
development of better TR tubes or new TR tubes to be used in new 
equipments, and because so little time was available, only recently has 
a systematic study of the discharge itself apart from the T R tube begun. 
However, the properties of the fired TR tube that were measured were 
those that directly affect its quality. These quantities are 

1. Leakage power 
2. Arc power. 
3. Recovery time. 
4. Power range. 
5. Life. 

139 
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The leakage power includes all the r-f power incident on the receiver 
during the transmitting period. I t may be subdivided into the following 
components: spike, arc leakage power, direct-coupled power, and harmonic 
power. The last two are really linear properties of the fired TR cavity, 
and have been discussed in Chap. 2. The spike leakage energy is the 
energy transmitted to the receiver during the time interval between the 
beginning of the transmitter pulse and the establishment of the r-f steady-
state discharge. During this interval the voltage across the gap builds 
up to several times the sustaining voltage of the discharge. The total 

time involved is usually less than 10 - 8 seconds, 
Spike and the energy is of the order of 0.1 erg or less. 
i Flat The arc leakage power is the power incident 

on the receiver caused by the voltage drop across 
the discharge. As is true for many low-frequency 

, , and d-c discharges, the voltage drop across the 
TR-tube leakage power. r-f discharge in the usual operating range is very 

nearly independent of the current which it 
carries. The envelope of the leakage power from a typical TR tube is 
shown in Fig. 5-1. The "f la t" is the sum of the arc leakage power, 
direct-coupled power, and harmonic power. 

The spike energy and flat leakage power of a TR tube are the quanti
ties which determine whether or not it is possible to protect the receiver 
from damage by the transmitter power. In all modern microwave radars 
superheterodyne receivers are used with silicon, or germanium, first-
detector crystals. To achieve good sensitivity it is necessary to use a 
rather delicate contact between the tungsten "cat whisker" and the 
silicon crystal. As a result, it is possible to damage the contact with 
impulses (duration 10~8 sec) of 0.2 to 0.5 erg energy, or with steady-state 
leakage powers of the order of 1 watt. To ensure adequate factors of 
safety, most TR tubes are designed to have a spike leakage energy of 
less than 0.1 erg, and an arc leakage power of less than 100 mw. 

The power dissipated in the discharge is called the arc power. This 
power is important, first, because it must be furnished by the transmitter, 
and thus represents a loss, and second, because it is a source of heat 
that warms up the TR tube, and in extreme cases may cause it to crack 
or break. Heat which results from arc loss is of particular importance 
in low-Q ATR tubes, pre-TR, and bandpass TR tubes. Finally, the 
intensity of the discharge affects the rate at which the gas content of the 
tube is changed. 

In order for a radar set to detect echoes from near-by targets, the 
attenuation through the cavity must decrease rapidly from its value of 
60 to 70 db during the transmitting period to its "cold" value of about 
1 db. This means that the gap must be rapidly deionized. Deioniza-
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tion cannot take place instantly, but it can be made to proceed at a rate 
fast enough to bring the attenuation down below 3 db in less than 10 Msec. 
The time for the attenuation to fall to some specified value, slich as 3 or 
6 db, is called the recovery time. In extreme cases, if the recovery time 
is too large, the ability of the radar set to detect small, near-by objects 
will be limited; or targets detected at long range will be lost when they 
move in to a shorter range lying within the recovery period. 

The range of powers over which a TR or an ATR tube will operate 
may be defined in several ways. It may be defined in terms of the ability 
to protect the receiver; in terms of the effect upon the transmitter; or, 
finally, it may be in terms of the possibility of damaging the tube itself. 
To ensure satisfactory crystal protection, the power incident on the crystal 
must be limited to a safe value for any incident power greater than zero 
and less than the maximum rating of the tube. This is necessary to 
ensure protection against stray radiation from nearby radar sets, where 
the power incident upon the TR tube may be many decibels below the 
transmitter power level, but is still large enough to damage a crystal 
unless it is suitably clipped or attenuated. Similarly, the power reflected 
from large nearby targets may be large enough to burn out crystals unless 
it is suitably attenuated. If the leakage power is limited to about 0.5 
watt for incident powers between 0 and 20 watts, the protection is con
sidered satisfactory, even though a limit of less than 0.1 watt is required 
for normal operation. This larger leakage power is permissible only 
because it is never applied to the crystal for any considerable length of 
time. At a repetition rate of 400 pulses per second, a pulse leakage 
power of 50 mw will cause no change in crystal characteristics over periods 
of 1000 hours or longer. Pulse leakage powers of 200 to 300 mw will 
cause deterioration of about 1 db in signal-to-noise ratio of the crystal 
for every hundred hours of operation. 

The minimum power level at which the arc loss becomes small 
enough to be neglected is considerably higher than the minimum firing 
power of the tube. In a multigap tube the input window may break 
down at a power level of the order of several hundred watts. Until it 
does break down the short circuit in the TR tube is one-quarter guide 
wavelength from the correct position to ensure proper transmitter action. 
The breakdown power of the window is the quantity that determines 
the minimum transmitter power at which a low-Q tube may be used. 

The maximum power at which a tube may be used is specified in 
terms of crystal protection and possible damage of the tube. The spjke 
energy and arc leakage power are remarkably independent of line power, 
but direct-coupled leakage power imposes a definite limit to the use of 
high-<2 TR tubes. In some high-Q tubes a secondary glow discharge 
is formed at high power levels across the input window or inside the glass 
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Transmitter Antenna 

TR switch 

cylinder adjacent to it. This secondary discharge greatly reduces direct-
coupled power, but the heat generated often damages the tube. No 
direct-coupled power is passed by pre-TR and bandpass TR tubes and 
they protect crystals at all powers available at present, with no evidence 
that they cannot be used at still higher pulse powers. However, these 
tubes have an upper average power limit determined by the heating of the 
input window. Thus, at low duty ratios, extremely high peak powers 
may be safely used (10 Mw or more). If the duty ratio is increased 
the maximum allowable transmitter pulse power is correspondingly 
decreased. 

The life of a TR or an ATR tube, if physical breakage from mishand
ling and the results of exposure to excessive power are ignored, is limited 

by the rate at which the gas con
tent of the tube is changed by the 
r-f discharge or the d-c discharge 
of the keep-alive electrode. De
pending upon the type of tube 
under consideration, the end of 
the useful life produced by a 
change in gas content will be 
indicated by an excessive increase 
either in recovery time or in leak
age power. A tube to be really 
useful should have an operational 

Jife of at least 500 to 1000 hours.i Most TR tubes just meet this require
ment. Recent low-Q ATR tubes have lives in excess of 2000 hours, 
while some TR tubes have indicated lives of more than 1000 hours. 

Before presenting detailed experimental data and theoretical inter
pretations of the data, a brief pheiiomenological description of the fired 
TR tube will be made. In most respects the TR and the ATR tubes 
behave alike, and therefore unless specifically noted to the contrary " T R " 
will include tubes of both types. Figure 5-2 shows a TR tube mounted 
in a conventional manner between the main transmission line and the 
receiver. The tube is on a T-junction, often one-half guide wave
length from the main transmission line. When the TR cavity is detuned 
by the discharge across the gap, the high input susceptance is reflected 
as a short circuit in the wall of the main guide, and power flows from the 
transmitter to the antenna without reflection. If the transmitter pulse 
has a flat top, the envelope of the leakage power will be as shown in 
Fig. 5-1. In most hi_gh-Q TR tubes, the arc leakage power is constant 
during the pulse to within a few per cent and is usually independent of 
the transmitter power over ranges of the order of 103 or more. In the 
721A TR tube this is true for transmitter pulse power levels from 100 to 

F I G . 5-2.—A T R tube mounted between the 
main transmission line and the receiver. 
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106 watts. I t is independent of the cold resonant frequency of the T R 
cavity over very wide limits. 

In a given tube the spike energy has been found to be remarkably 
constant for a wide range of variables. Within the experimental accu
racy, ± 1 db, the spike energy is constant over as wide a range as is the 
arc leakage power. I t is also independent of the relative tuning of the 
TR cavity and the transmitter over a range of at least 6 &JO/QL2 (six 
half-widths of the resonant circuit). I t is not known how the shape of 
the leading edge of the transmitter pulse affects the spike energy. Until 
1945 when oscillographs with very fast sweeps and high resolving power 
were developed, there was no method of correlating changes in spike 
energy with changes in the transmitter pulse shape. From measure
ments of the frequency spectrum of the energy in the spike, the duration 
of the spike has been estimated to be between 2 and 6 X 10 - 9 sec for most 
high-Q TR tubes. 

The energy in the spike may be reduced considerably if electrons from 
an external source are present in the r-f gap at the beginning of the pulse. 
The source of these electrons is the keep-alive discharge. The keep-alive 
discharge is a d-c discharge maintained between the keep-alive electrode 
and some portion of the tube, so located as to have a minimum effect 
upon the r-f fields in the cavity. The spike energy is inversely propor
tional to n0, the number of electrons in the gap at the beginning of the 
transmitter pulse. I t is not possible to increase n0 indefinitely, however, 
because of the effect upon the low-level properties of the cavity. The 
electrons in the gap have an equivalent admittance that is proportional 
to their density. In practice it is usual to limit w0 to a value such that 
the electronic admittance causes less than 0.1 db loss of received signal. 
By using a pulsed keep-alive discharge, "prepulsing," just before the 
transmitter pulse, a large value of n0 may be used and the spike energy 
may be reduced to very low levels. During most of the receiving period 
the discharge will be out, and the keep-alive will have no effect upon the 
low-level insertion loss of the cavity. 

When the transmitter is turned off, the excitation is removed and 
there is no further ionization of the gas in the -r-f gap. The electrons 
and ions already present in the gap do not, however, disappear or recom-
bine instantly. If the filling of the tube is a gas with a closed electron 
system such as H2, N2, A, Ne, or He, the only process which can be used 
for the removal of electrons is diffusion. This is an extremely slow proc
ess, and the recovery time is hundreds of microseconds for such fillings. 
If, however, a gas with a large electron-capture cross section is used, the 
removal of electrons will be greatly accelerated and recovery times of the 
order of a few microseconds may be obtained. Such gases are 02 , H 2 0, 
the halogens, S02 , and NO. 
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The gas fillings most commonly used in TR tubes are H2 and H 2 0 
or A and H 2 0 at about equal partial pressures and at a total pressure of 
10 to 30 mm Hg. Operated on pulsed power alone, at a duty ratio of 
about TTTSTT, and with no keep-alive discharge, high-Q TR tubes may be run 
for several thousand hours with little or no effect upon their charac
teristics. If a d-c keep-alive discharge is maintained, however, then the 
tube life may be shortened to as little as 250 hours. Two distinct proc
esses operate to cause this short life. The slower, and therefore less 
important, process is the gradual reduction of the gas pressure by sput
tering. The other process is the reduction and change in gas content by 
chemical action. The water, under the action of the discharge, is dissoci
ated according to H 2 0 —► H + + OH - . The O H - radical reacts with the 
copper walls of the tube to form cuprous oxide, and free hydrogen is 
released. In this way the partial pressure of H 2 0 is rapidly reduced, while 
that of H2 is actually increased. The result of this process is, first, an 
increase in recovery time caused by the removal of H 2 0 ; and second, an 
increase in leakage power as the total gas pressure is reduced by sputtering. 

The rate of gas cleanup, and therefore the tube life, is largely deter
mined by the current flowing in the keep-alive discharge. In fact, the 
life varies inversely with the keep-alive current to a good approximation. 
Usual operating currents are from 100 to 200 ^a. Lower currents would 
be desirable but although satisfactory levels of spike energy may be held 
with currents as low as 50 na, such low-current discharges are likely to 
be unstable. If the discharge is unstable and extinguishes occasionally, 
very large levels of spike energy may reach the receiver while the dis
charge is out. 

The discharge in high-Q TR tubes takes place between the ends of the 
cones and is usually of a pale blue color. The -peak light intensity is 
moderately high, but at a duty ratio of TWO, the average light flux is 
low. If the transmitter pulse power is too high for the particular tube 
used, a secondary discharge may take place across the glass adjacent to 
the input coupling. In the pre-TR tube, low-Q ATR tube, and band
pass TR tubes, the main discharge takes place across the inside of the 
input window, and completely covers it with a smooth glow. The 
internal gaps in a bandpass TR tube break down in a manner similar to 
the breakdown in a high-Q tube. 

In the following sections of this chapter, the material will be presented 
in the following sequence: (1) A brief view of the more important char
acteristics of the high-frequency discharge and a comparison with d-c 
discharges. (2) A detailed discussion of leakage power with a presenta
tion of pertinent data and theoretical interpretations where possible. 
(3) Recovery-time data and theory. (4) Keep-alive and gas-cleanup 
problems. 
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5-2. High-frequency Gas Discharges.—The high-frequency gas dis
charge is different in many ways from the low-frequency or direct-current 
discharge. (1) First, its superficial character or structure is different. 
The high-frequency glow discharge presents a smooth appearance and 
no particular structure is apparent. This is in contrast with the d-c 
glow discharge with its various bands or bright and dark spaces. The 
appearance of the high-frequency discharge is most like that of the positive 
column in the d-c glow discharge. I t will be shown later that this 
resemblance is more than superficial. (2) The electrodes in the r-f dis
charge play a very minor role as compared with the major role which 
they often play in the low-frequency discharges. An extreme example 
of this is the high-frequency electrodeless discharge, in which the elec
trodes are completely insulated from the discharge. (3) In low-frequency 
discharges, both positive and negative ions, as well as electrons, acquire 
appreciable energy from the applied field, and take part in the ionizing 
process. At high frequencies, only the electrons acquire any appreciable 
energy, and all electron production is by energetic electrons. At low 
frequencies, ions acquire enough energy to cause heating of the electrodes 
and to produce sputtering. At high frequencies, this process is of little 
consequence except in discharges of very high power. (4) The electron 
density of the high-frequency discharge may reach very high levels before 
the glow discharge is transformed into an arc. Electron densities have 
been estimated to be as high as 1015 per cm3, and current densities have 
been estimated to be of the order of 15 amp/cm2. 

Before considering the much more complicated problem of the actual 
gas discharge, let us consider two fairly simple problems. First, consider 
the motion of a charged particle of mass m and charge e in a vacuum 
under the influence of an electric field E sin oil, 

dP-x m TTj- = eE sin o>t, 

v = - j - = (1 - COS oil) + Do, (1) 
at win 

\oim I 
eE . —=— sin M, 

where x is the direction of the applied field, and va is the initial velocity 
of the particle. The particle has a continuous ^-directed motion upon 
which is superimposed an oscillating motion in time phase with the 
electric field. The energy of the particle is 

W = ~ mv2 = -= m (1 -coso>0 2 + 2 — ( 1 com (2) 

If the initial velocity is small compared with that derived from the field, 
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the energy acquired by the particle is inversely proportional to its mass 
and to the square of the frequency. 

K. K. Darrow has suggested a simple but illuminating method of 
accounting for the effect of collisions upon the motion of an electron in 
a field.1 This method, although admittedly crude, gives an insight into 
the general mechanisms involved. I t is assumed that the gas molecules 
are so massive compared with the electron that they are stationary, and 
also that their density is great enough to make the collisions of the 
electron with the molecules act as a net frictional force opposing the 
motion of the electron. Using g for the "coefficient of friction," 

d2x dx 
mdF + gdt=eEsin"1 

dx eE 
V ~dt / . . „i\ \m S i n " ' ~ " C 0 S utJ (-+S) 

+ 
eEa 

+ VQ 

(-+S) 
— — t 

e m. (3) 

As before, there is an oscillatory and a drift velocity. The latter, how
ever, is exponentially damped by the "frictional" force, and is small 
compared with the oscillatory speed. 

Since ne (dx/dt) is the current density across a given plane, where n 
is the number of charged particles per cubic centimeter, Eq. (3) also 
represents current flow. In-phase and out-of-phase or quadrature com
ponents of current relative to the applied voltage are recognized. The 
in-phase component varies inversely with frequency and has its maximum 
value at a) = 0. The quadrature component has a maximum value at 
" 2 = f?2/?"2) and is zero at o> = 0 and °°. Increasing g by increasing 
the gas pressure reduces the quadrature relative to the in-phase com
ponents of the current. 

A " conductivity " and "dielectric constant" of such a cloud of charged 
particles may be defined. From Eq. (3), the in-phase current is 

ne2g 
u2m2 + g 

E sin ait = aE sin ut. (4) 

Similarly, the total quadrature current across the gap, including displace
ment current, is 

1 / A ne2mu \ _ t -j— I €o — 4ir —;—s~ ; I E cos wt = — cos ut, (5) 4ir \ u2m2 + g1) 4TT ' x ' 

1 K. K. Darrow, Bell Syat. Techn. J., 576 (October 1932). 
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which gives the familiar result that the dielectric constant of a space-
charge region is less than that of vacuum. 

This highly simplified theory indicates the following important facts: 

1. The in-phase current carried by the electrons decreases with 
increasing frequency. 

2. At very high frequencies, the quadrature component exceeds the 
in-phase component. 

3. The relatively heavy positive and negative ions, m; 2: 1847m,., 
get very little energy directly from the electric field. 

I t has been stated that the r-f discharge strongly resembles the d-c 
positive column. Some of the salient features of the positive column are 
listed1 here: 

1. No net charge—equal numbers of positive and negative charges. 
2. Low gas temperature, about 100°C. 
3. Low ion temperature; high electron temperature. 
4. Voltage gradient less for monatomic than for diatomic gases. 
The r-f discharge has no net charge, since the entire ionization takes 

place within the discharge itself, and the drift velocity of the charged 
particles is very small. The instantaneous gas temperature of the r-f 
discharge has never been measured. However, under pulsed, high-
current operation, the window of a low-Q ATR tube may attain a steady 
temperature in excess of 100°C with a transmitter duty ratio of roVo-
Thus, the maximum gas temperature must be much higher than 100°C. 
Since the r-f discharge current is measured in amperes or tens of amperes, 
whereas the d-c glow discharge current is usually measured in milli-
amperes, the difference in temperature is not surprising. The ion 
temperature in the r-f discharge is low compared with that of the electrons 
since the ions, because of their large mass, get little energy from the field 
but get all their energy by collisions with electrons. The total voltage 
drop across the r-f discharge is less for monatomic than for diatomic gases. 
The order of the various gases may be seen in the comparison in Table 
5.1. The first row of the table is taken from Cobine2 and gives the 

TABLE 51.—COMPARISON OP VOLTAGE DROP ACROSS R-F DISCHARGE IN VARIOUS 
GASES 

Ec/p (positive column) 
Arc voltage (r-f discharge) 

Air 

17 

0 2 

14 
3.3 

H2 

8.5 
2.9 

N2 

4.3 
3.1 

He 

2.3 
1.4 

Ne 1 A 
i 

0.45 
1.2 

0.22 
0.65 

1 Cobine, Gaseous Conductors, McGraw-Hill, New York, 1941, p. 233. 
! Cobine, op. tit., Chap. VIII. 



148 MICROWAVE GAS DISCHARGES [SEC. 5-2 

electrical gradient along the column divided by the gas pressure for a 
given shape of discharge tube and at currents of 0.1 to 0.2 amp. The 
second row is derived from measurements of the arc leakage power of a 
1B27 TR tube at a pressure of 10 mm Hg, and the numbers are in arbi
trary units. It is felt that the exact ratios between the values for the 
various gases have no significance because the shapes of the discharge 
tubes and the discharge currents are so different in the d-c and r-f cases. 
Nevertheless, the orders in the two cases are about the same. 

Spectrographic observations were made of the r-f discharge, and no 
particular features were noted that distinguished it from the low-fre-

F I G . 5-3.—Spectograms of r-f discharge in several 1B38 pre-TR tubes. 

quency discharge. Figure 5-3 is a reproduction of a few typical spectro
grams of the light from 10-cm, argon-filled, pre-TR tubes.1 No accurate 
measurements of the efficiency with which light is produced by the r-f 
discharge have been made. The light from a 10-cm pre-TR tube was 
measured with a General Electric photographic exposure-meter. With a 
line power of 5 X 105 watts and a duty ratio of ?TTOT>, the indicated average 
surface brightness was 2.5 X 10 - 3 lumen/cm2. This instrument has a 
barrier-layer photovoltaic cell with a nonlinear characteristic and there
fore the maximum brightness was probably much greater than the calcu
lated value of 5 lumen/cm2. 

In a self-sustaining discharge, the rates of production and destruction, 
or removal of ions, are equal. Deionization in a low-frequency discharge 
may take place by two processes only: recombination, and diffusion. 

1 These were made by It. McXal ly , Jr . , of the Spectroscopy Labora tory of M. I .T . 
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Recombination of a positive ion and an electron is a relatively improbable 
process,1 and can usually be neglected in comparison with the loss of 
charge by diffusion to the walls or electrodes. Since most of the negative 
charge in the d-c discharge is carried by free electrons, the more probable 
recombination of positive ions and negative ions can also be neglected. 
In the r-f discharge, the entire alternating current is carried by the free 
electrons. This means that capture of electrons by neutral atoms or 
molecules to form negative ions effectively "deionizes" the gap in the 
sense that its current-carrying capacity is reduced. Thus, in the d-c 
positive column, ionization must take place at a rate equal to the deioniza-
tion by diffusion whereas in the r-f discharge it must equal the com
bined rates of diffusion and electron capture. 

The processes involved in the transition to a self-sustaining discharge 
are markedly different in the low- and in the high-frequency regions. 
In both cases, the initial ionization must result from some outside source, 
for example, cosmic rays or photoelectric emission from the cathode. 
The electrons produced in this way are acce'erated by the applied field 
until they in turn can make ionizing collisions, and thus release more 
electrons. It is here that the differences become important. In the 
d-c discharge there is a fairly rapid drift of the electrons in the direction 
of the field. They eventually reach the anode where they are lost to the 
discharge. If only ionization by energetic electrons is considered, the 
number of electrons between the anode and cathode is 

n = n0tax (6) 
where n0 is the number of electrons produced at the cathode by an external 
source, x is the distance measured from the cathode, and a is the number 
of ionizing collisions made by an electron per centimeter of path in the 
direction of the field. Clearly, the anode current is directly proportional 
to Wo and will be zero when n0 is zero. Thus, a self-sustaining discharge 
cannot be achieved at low frequencies if ionization depends entirely 
upon electrons. Recognizing this, J. S. Townsend proposed a second 
method of ionization, ionization by positive ions.2 This resulted in the 
equation, 

(a - 0)e(«-«I ._. 
n = n" a- frW • <7> 

in which /3 represents the number of ionizing collisions made by a positive 
ion per centimeter of path in the direction of the cathode. If the denomi
nator of Eq. {7) can be made equal to zero, n will increase without limit, 

1 Loeb, Fundamental Processes of Electrical Discharges in Gases, Wiley, New York, 
1939, Chap. 2. 

! For a more complete discussion of cumulative ionization in d-c discharges, see 
Loeb, op. cit., Chaps. 9 and 10. 
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and thus become independent of n0. Although considerable doubt now 
exists as to the actual physical process described by Townsend's second 
coefficient 0, it is agreed that some secondary ionizing process is necessary 
to produce cumulative ionization in a d-c field. Derivations based on 
the assumption that the secondary process consists of release of photo-
electrons from the cathode by light generated in the discharge have the 
same form as Eq. (7).1 
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-Effect of water vapor pressure on breakdown potential (from Cobine , Gaseous 
Conductors, McGraw-Hill, 1939.) 

In the high-frequency discharge, the drift velocity of the electrons 
is much less than in the d-c case. If the extreme case where the drift 
velocity is zero is considered then, except for those electrons that are 
within one mean free path of the electrodes, there will be no loss of elec
trons from the discharge and each electron can make a limitless number 
of ionizing collisions. Once the process is started, the initial electron 
source may be removed without affecting the final current. At the 

Loeb, loc. cit. 
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extreme frequencies of 3000 to 10,000 Mc/sec the existence of a secondary 
ionizing mechanism of the type postulated by Townsend, ionization by 
positive ions, seems highly improbable; however, the production of 
photoelectrons at the electrodes or in the gas by light from the discharge 
cannot be ruled out until measurements of the ionization process have 
been made in detail. 

The presence of a gas such as H 2 0, which has a comparatively high 
probability of capturing a free electron to form a negative ion (high 
electron-capture cross section), effectively increases the breadkown volt
age of a gap. Capture of electrons effectively removes them from the 
discharge since the probability of ionization by negative ions is very small, 
and energies of the order of 3 to 4 volts are needed to detach an electron 
from a negative ion. Figure 5-4 illustrates the effect of water-vapor 
pressure on the breakdown voltage of rod gaps, suspension insulators, 
pin and apparatus insulators, and bushings.1 

A similar result would be expected in high-frequency discharges. So 
far, at least, in the pressure region of 5 to 30 mm Hg, the observed effect 
of H 2 0 on spike energy, which is proportional to the breakdown voltage, 
does not permit such a generalization. 

6-3. Leakage Power and Crystal Burnout.—The most difficult require
ment placed upon the T R tube is that the leakage power be limited to a 
value low enough to ensure the protection of the silicon crystal used as 
the first detector of the receiver. At frequencies below 1000 Mc/sec 
the conversion of the received signal to a lower, intermediate frequency 
may be performed in diode or triode vacuum tubes with excellent signal-
to-noise characteristics. Such tubes are rugged and are not easily 
damaged by pulsed leakage power of the order of tens of watts. In the 
microwave region, however, transit-time effects make the construction 
of good thermionic tubes very difficult because of the delicate and minute 
spacings between electrodes which are necessary in order to obtain good 
performance. Diode converters have been built for use at 10 cm; but 
their performance (signal-to-noise ratio) has always been poorer than 
that of a silicon crystal by about 6 db. 

Silicon crystals have been brought to their present state of excellence 
by improving the purity, the etching, and the polishing of the silicon, 
and also by better control of the location and shape of the tungsten 
"ca t whisker."2 Typical performance characteristics of crystals for 
the 10-cm, 3-cm, and 1.25-cm bands are given in Table 5-2. 

This excellent performance is the result of the extremely small con
tact area between the tungsten and the silicon, which is of the order of 

' Joint Committee on Insulation Research, EEI-NEMA, "Recommendation? for 
High-voltage Testing," Trans. Amer. Insi. Elect. Engrs., 59, 598 (1940). 

* See Vol. 5 of this series, Crystal Rectifiers. 
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TABLE 5- 2.—TYPICAL CRYSTAL PERFORMANCE FIGURES 

Type 

1N21B 
1N23B 
1N26 

Band, cm 

10 
3.3 
1.25 

Conversion 
loss, db 

5.5 
6 
7 

Noise* 
factor 

1.3 

1.0 

* The noise factor expresses the noise power as a multiple of the noise produced at room temperature 
by an ideal resistor of a resistance equal to that of the crystal. 

3 X 10 - 8 in.2 Most of the ohmic resistance of the crystal is in the volume 
immediately adjacent to the contact and, consequently, despite the high 
melting point of tungsten, the power density is so great that only a few 
watts are required to fuse the tungsten point and to destroy the recti
fying contact. 

There are two important ways in which the leakage power can change 
or impair the performance of a crystal. One is characterized by a slow, 

continuous degradation of the signal-to-
noise ratio of the crystal at leakage 
powers of the order of 200 mw. The 
rate of deterioration depends only upon 
the total time of application of the 
power. Thus, at a duty ratio of Ttnro", 
the crystal changes by about 1 db per 
hundred hours with 200 mw applied. 
If the same power is applied as con
tinuous wave power, the crystal changes 
1000 times as fast. Damage of this 

type is not the result of heat, and is probably associated with the total 
charge transported across the rectifying layer. 

The other type of crystal failure is thermal "burnou t" in which local 
heating permanently changes the contact between the cat whisker 
and crystal. Thermal burnout may be divided into two general types 
according to the manner in which the power is applied. In one, the 
power is applied for a time long compared with the thermal time constant 
of the crystal contact. The final temperature is directly proportional 
to the power dissipated at the contact. In the other, the power is applied 
for a time short compared with the thermal time constant, and the tem
perature of the contact is proportional to the total energy dissipated at 
the contact, that is, the heating is ballistic. 

Theoretical studies and the experiments on crystal detectors indicate 
that the shortest thermal time constant of any consequence is of the order 
of 10 - 8 sec. Crystals are required to withstand a d-c pulse of the type 

F I G . 5-5.—Waveform of test volt
age applied to silicon crystals in 
simulated spike burnout tests. 
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illustrated in Fig. 5p5 and still have satisfactory signal-to-noise charac
teristics. The decay time constant li is 5 X 10 - 9 sec, and to « h. This 
pulse is obtained by suddenly discharging a capacitor through the crystal. 
The total energy dissipated in the crystal in these tests varies from 0.1 
erg in the 1N26 to 2 ergs in the 1N21B. At energies roughly twice these 
test levels, a large fraction of the crystals are damaged. 

When the study of crystal burnout was first begun only "steady 
s ta te" burnout by the application of long pulses (1 Msec) was considered. 
Early crystals (1943) were impaired by powers of 0.5 to 1 watt. With 
improvement in the crystals this power has been increased, and modern 
crystals will withstand 3 to 10 watts without serious damage. It soon 
became apparent that most TR tubes had flat leakage powers of the 
order of 100 mw or less, so that steady-state burnout was really no prob
lem. The energy in the spike of the average TR tube, however, was 
much closer to the danger level. For this reason, it was decided to 
specify crystal burnout properties 'n terms of ballistic heating as just 
described. 

In Sec. 5-1, it was pointed out that the envelope of the TR leakage 
power could be divided into two parts, the spike and the flat, as shown 
in Fig. 5-1. This picture can be seen if the leakage power is rectified 
and passed through an amplifier of 5- to 10-Mc/sec bandwidth before 
being displayed on a cathode-ray-tube screen. It has been determined 
by experiment that the duration of the spike is usually less than 10~8 sec 
and, for high-Q TR tubes,"is from 3 to 6 X 10 -9 sec. The energy in the 
spike is about 0.05 erg for most high-Q tubes. Bandpass tubes usually 
exhibit a spike energy two or three times as great. 

The arc leakage power lies between 10 and 50 mw for practically all 
microwave TR tubes, and therefore this in itself can hardly damage a 
crystal. The flat leakage power, however, is the sum of the arc, harmonic, 
and direct-coupled leakage powers, and care must be taken to ensure that 
harmonic and direct-coupled leakage powers do not reach dangerous 
levels. 

6-4. The Spike.—On the basis of the introductory description, the 
spike can be defined as follows: the spike energy is that energy trans
mitted to the receiver during the time interval between the beginning 
of the transmitter pulse and the formation of the steady-state discharge 
across the gap of the TR tube. Figure 5 6 shows, on an expanded scale, 
the presumed envelope of the leakage power through the TR tube near 
the start of the transmitter pulse. 

Until recently, the exact shape of the spike had never been observed 
directly. Conventional video-frequency amplifiers and cathode-ray 
oscillographs are incapable of resolving transients whose duration is 
10 -8 sec or less. As a result, the analysis presented in the following 
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sections was developed by inference or deduction from the observable 
properties of the spike: total energy and spectrum. In April, 1946, 
C. W. Zabel succeeded in obtaining an oscillogram of the spike energy 
leaking through a 1B38 pre-TR tube. This was done in the Insula
tion Laboratory of the Massachusetts Institute of Technology on the 
high-speed oscillograph developed by Lee. l The results of these measure
ments are entirely consistent with previously developed theoretical 
analysis. 

Step by step, the processes in the spike are as follows. At the very 
beginning of the transmitter pulse, there is an initial number of electrons 
n0 in the gap of the TR tube. As the transmitter voltage increases, the 
voltage across the TR gap also increases, but at a slower rate because of 
the comparatively high Q of the T R cavity. In bandpass TR tubes, 
the voltage buildup follows that of the transmitter with no appreciable 

time lag. This will be discussed in 
greater detail in a later section. The 
electrons are accelerated by the volt
age across the gap until they attain 
sufficient energy to produce further 
ionization. The electron density in 
the gap then increases very rapidly 
and begins to short-circuit the gap 
and to reduce the power transmitted 

Yio. 5-6.—Presumed shape of spike t h r o u g h t h e T R Cavity t o t h e re-
leakage envelope relative to magnetron ^ ^ T h e r a t e f i o n i z a t i o n c o n . 
buildup. 

tinues to increase as the power 
increases until an equilibrium is reached with the incident power. The 
leakage power in the equilibrium condition is called the arc leakage power, 
P.. 

The detailed structure of the spike cannot be observed easily, but two 
significant measurements can be made which characterize it. These are 
measurements of the total energy in the spike, and measurements of its 
frequency spectrum. The spike energy W, can be measured in several 
different ways (see Chap. 9). From a measurement of the total leakage 
energy for two different transmitter-pulse widths, assuming that W, 
and Pa are independent of the pulse width, W, can be computed. Alter
natively, the fact may be used that the attenuation through the TR 
cavity, during the steady-state discharge, is of the order of 60 db and 
is only a few db during the spike. This allows the arc leakage power to 
be canceled with a small amount of power obtained from the main trans
mitter line through an attenuator, without altering the spike envelope. 

1 Gordon M. Lee, "A Three-beam Oscillograph for Recording at Frequencies up 
to 10,000 Megacycles," Proc. Inal. Radio Engn., N.Y., 34, 121a (March 1946). 
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Under this condition the spike energy may be measured directly. The 
two methods, if used under the proper conditions, give equivalent results, 
and good T R tubes have spike energies of the order of 0.05 erg per pulse. 

The measurement of the duration of the spike is much less certain 
than the measurement of the energy. The only direct experimental 
method is to measure the frequency spectrum of the spike when the fiat 
leakage power is canceled as just described. Such measurements are 
restricted to the amplitudes of the various frequency components. Since 
phase measurements are impossible with present techniques, the shape of 
the spike cannot be reconstructed by the inverse Fourier transformation. 
However, on the assumption that the spike is rectangular, and by the 
use of the relation between pulse width r, and the frequency interval 
A/ between the first two minima in the spectrum, 

2 
Tt 'If' 

the duration has been estimated to be about 5 X 10~9 sec in a typical 
high-Q TR tube. 

The spike energy is of primary interest because of the problem of 
crystal burnout. Most of the measurements quoted in the following sec
tions will relate to it, whereas measurements of spike duration will receive 
rather scant attention. A simplified theory of the spike will be presented 
first and then the dependence of spike energy upon the following para
meters will be discussed: 

1. Gas content. 
2. Initial number of electrons, no. 
3. Gap shape. 
4. Tuning of TR cavity. 
5. Transmitter power level. 
6. Transmitter-pulse shape. 
7. External circuit. 

The variation of spike energy with the gas content of the TR tube 
is a straightforward measurement and has received more attention than 
the other measurements. No absolute measurements of the effect of 
n0 upon W, have been made because of the difficulty of measuring n0-
Qualitative results, however, have been obtained. Gap shape has been 
investigated only by varying the gap length of a given tube and by noting 
the variation in W.. The effects of tuning and transmitter power level 
have been measured, and coherent results obtained. No data are avail
able on the effect of the transmitter-pulse shape. Some data exist on 
the effect of the impedance and Q of the external load upon W.. 
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6-6. Linear Theory of the Spike.—There is, at present, nothing that 
can be dignified by the title of "theory of the spike." It is known that 
at the start of the transmitter pulse there are a few electrons in the gap. 
These are accelerated by the high-frequency field until their energy is 
sufficient to cause ionization and produce more electrons. The number 
of electrons increases exponentially with time until the electronic r-f 
admittance across the gap becomes very large and the discharge passes 
into the steady-state or flat condition. It is not possible yet to calculate 
the rate at which the ionization process takes place even for simple gases 
like helium, and for gases having many excitation levels at energies below 
the ionizing potential such calculations are even farther from realization. 

Even with these limitations, it is possible to make some pertinent 
calculations on the basis of a much simplified model. The justification 
for the use of the simple model lies in the fact that the calculations based 
on it give results that agree with experiment. This simple model of the 

Antenna 

F I G . 5-7.—Lumped-constant circuit of T R cavity loaded with magnetron oscillator and 
antenna. 

spike assumes that the electronic admittance across the gap of the TR 
tube is negligible until a critical voltage is reached, at which time the 
gap ionizes instantly and completely. The linear transient response of 
the TR cavity to the transmitter pulse is calculated up to the time U at 
which time the gap breaks down. It is assumed that the spike energy 
is the energy calculated in this manner. 

A further sophistication of the theory includes the effect of electronic 
loading on the transient response. The rate of ionization is calculated 
but it is assumed that inelastic collisions that do not ionize can be 
neglected. This calculation involves a knowledge of the velocity dis
tribution functions of the electrons and the probability of ionization 
corresponding to different electron energies. T. Holstein of the West-
inghouse Research Laboratories has studied this problem in considerable 
detail, but no results are yet available. 

In this section the behavior of the simplified linear model described 
above will be presented. The electrical circuit of the r-f section of a 
radar set including the transmitter, TR tube and receiver, and the 
antenna, may be represented by the equivalent lumped-constant circuit 
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of Fig. 5 7 . The TR cavity is assumed to be connected in series with the 
transmitter line, and the generator and antenna are matched to the 
characteristic admittance F0 of the main line, while the receiver has a 
conductance G. The differential equation for the voltage V across the 
resonant TR circuit is then 

VM KT+^+^+Z/™- (8) 

If the generator voltage Ve(t) is known, it is possible to solve for V 
and finally get an expression for the energy dissipated in the receiver 
load G for any assumed time interval between t = 0, the start of the 
transmitter pulse, and T, the beginning of the discharge. The first prob
lem, then, is to choose the proper function for V„(t). 

First, it is necessary to consider only self-excited oscillators such as 
the magnetron, since master-oscillator-power-amplifier combinations are 
not yet available in the microwave region. I t is known that the oscilla
tions in a self-excited thermionic oscillator build up from zero in the 
following manner. As the anode voltage is increased, current begins to 
flow. At low voltages the gain around the positive-feedback loop is not 
sufficient to make the oscillator have a negative dynamic conductance 
equal in magnitude to the total conductance loading the tube, and there 
are no self-sustained oscillations. There is, however, noise power 
delivered to the load. As the voltage and gain of the tube increase, 
the negative conductance increases until 
finally self-sustained oscillations begin. 

In the magnetron, while the voltage, is 
still below the cutoff level, the rotating 
space charge has two effects. First, it acts 
as a noise generator; and second, the noise 
voltages induced in the resonant cavities 
couple back to the space charge, like posi
tive feedback, and tend to bunch it. At 
the critical voltage, the coupling between 
the space charge and the resonant cavities 
of the magnetron becomes so tight that 
oscillatory energy may be delivered to an 
external load with enough voltage left over 
to keep the space charge properly bunched 
oscillations in the circuit. 

The output power of the magnetron is shown in Fig. 5-8. In the 
interval 0 < t < tu the tube has an increasing, positive value of Q and 
is driven by a constant-current noise source. The output noise does not 
have the usual wide noise spectrum, but has the frequency characteristics 

Noise; linear rise 

F I G . 5-8.—Envelope of build
up of oscillations in a pulsed 
magnetron. 

and thus maintain stable 
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determined by the effective Q of the tube. The noise output power 
increases linearly with time. At time tt the negative electronic conduc
tance becomes greater in absolute magnitude than the total dissipative 
conductance. The Q of the tube becomes negative, and the amplitude 
of oscillation increases exponentially with time until it reaches a limit 
imposed by the external power supply, cathode emission, and space 
charge. 

For purposes of analysis of the spike, it will be assumed that the 
magnetron has a constant, high, positive value of Q during the noise 
buildup. The noise source is the space charge and is assumed to have 
a very high impedance. I t may be considered as a constant-current 
source whose strength increases linearly with time. The output power 
of the magnetron during this period, and under these assumptions, con
sists of a narrow spectrum of noise, narrow compared with the TR-cavity 
bandwidth, about a center frequency o>, and with amplitude increasing 
linearly from zero. Because the Q of the magnetron is so high in the 
interval 0 < t < tlt the output power is essentially a continuous wave 
in terms of the comparatively low-Q TR cavity. During this noise-
buildup period 

y„(t) = - 5 t sin at 0 < t < h. (9) 
t\ 

For t > t\, the output increases exponentially and 
Fp(0 = Voe°<>~^ sin at. (10) 

Let us consider the response of the T R cavity to these two functions. 
Measurements on 10-cm magnetrons indicate that the maximum noise 
power is of the order of 20 watts when the magnetic field is 1300 gauss, 
and the r-f pulse power is about 50 kw. A typical value is Vo = s/^O/Yo^ 
where YQ is the characteristic admittance of the transmission line coupled 
to the magnetron. The time ti depends upon the steepness of the applied 
d-c pulse, and is about 10~s sec. 

To get the response of the cavity to this linear rise, Eq. (8) is rewritten 

2t - t sin ut = V (-^ + G j + C ~ + ~ I Vdt, 0 < t < h. (11) 

This equation is conveniently solved by the method of the Laplace trans
formation.1 The transformation of the differential equation into an 
algebraic equation gives 

Yl*J. _ us = V(s) 
2h (s2 + <o2)2 W 

Y 

(12) 

1 Gardner and Barnes, Transients in Linear Systems, Vol. I, Wiley, New York, 
1942. 
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where V(s) is the £-transform of V, and s is the Laplace operator. The 
solution for V(s) is 

V(s VOYQO, s2 • 
a,c (s2 + o,2)2(s + / 3 + > , ) (s + 0-ju)' 

(13) 

where l/LC = a.2, 0 = (F0 /2 + G)/2C = a>/2QI2 and o , » 0. If the 
inverse, or £_ 1 , transformation is made 

_» 
e o cos «<}■ (14) 

Usual values of QL for a TR cavity are between 300 and 400; therefore 
0 ~ 107 sec -1. With « = 2 X 1010 sec -1, /3 may be neglected by com
parison, and Eq. (14) becomes 

7oF0 t 1 

If e-^' is expanded in powers of /3i, 

V0Y0 

(1 ""') sin w(. 

V 8hC f sin &>£. 

The power dissipated in the conductance G is 

P = IV]2 G 64i2C2 

and the energy dissipated in the time r is 

F ° F ° ^ S i n 2 ^ , 

(15) 

(16) 

(17) 

W 

W « 

Pdt 

VITIG 

<4 sin2 u)< (ft, 

10"9 < r < 10 - 8 sec. (18) 640C2t? 
If it is assumed that the gap breaks down instantaneously at the 

time T, then Eq. (18) gives the spike energy IV, dissipated in the conduc
tance G. Experimentally, it is known that W', is independent of trans
mitter power over a range of at least 1000 to 1. For Eq. (18) to I 
correct W must be independent of V0. If it is assumed that the gap 
breaks down at a critical voltage V , then, from Eq. (16), 

, _ ISChV 
7 V YoVo ' 

If Eq. (19) is substituted into Eq. (18), 

W 
1 l2Cti H 
5ylY„V0 

(19) 

(20) 
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Thus, W is not independent of V0 and does not satisfy the experimental 
results, unless V is also a function of V0 as defined by Eq. (20). More
over, if numbers are put into Eq. (18), then for 7 0 = s/20/Yo, h = 10 - 8 

sec, Q — 300, T — 5 X 10~9 sec, and Y0 = G, the computed energy is too 
iow by a factor of more than 1000. 

Thus, it has been demonstrated that the value of W, calculated on 
the assumption of an instantaneous breakdown of the gap at a critical 
voltage V is much too low if available estimates of the rate of noise 
buildup are used and the computations are confined to the linearly rising 
portion of the magnetron-starting characteristic. Further investigation 
shows that W, is not independent of the cavity tuning. That is, for 
l/LC 9± &)2, the energy delivered to G varies with the value of LC. Let 
us now investigate the energy dissipated in G during the exponentially 
rising voltage output period, U < t < U. 

To simplify notation, let us shift the time scale so that U is zero time. 
Then Vg(t) = V0eat. Since the energy contributed by the linear rise is 
so small, it will be neglected here, and it will be assumed that at < = 0, 
Va(t) is suddenly applied to the network. If the solution for V is found 
in the same way as before, the <C-transform equation is 

Y(.\ _ VQUYQ S ,„.. . 
V{S) 2C (s-a+jU)(s-a-ju)(s + 0+ju)(s+l3-ju) y ' 

Finally, if to » p,a 

4C(a + 

The energy dissipated in G is 

V ~ -\ruaY2 a\ (<"*' - *'"'") s i n uL (22) 

V2Y2G 
32C2(a + / 3 ) 2 

1 ( e t o _ i ) - _ 2 (e(o_/J.„ _ ] } _ 1 (erVr _ 
la a — ji Zp 

(23) 

The quantities Y0, 8, C, and G are defined as before. The time constant 
of the magnetron is a = u/2Q„, where the buildup Q has a typical value 
of Qm = —25. In the 10-cm band a = 4 X 108 sec -1. Since the values 
of T are between 5 X 10 - 9 and 10~8 sec, Eq. (23) cannot be expanded 
into a short series of one or two terms as was done for Eq. (15). A 
graphical solution of Eq. (22) and Eq. (23) shows that for r > 2 X 10~9 

sec, the energy is independent of F 0 over a wide range. Furthermore, 
if y„ = V W T o , G = 7„, a = 4 X 108, /3 = 2.5 X 10', C = 3 X 10-8F„, 
and r = 9 X 10"9 sec, then it is found from Eq. (23) that W = 0.07 erg, 
which is in good agreement with experiment. 

Since this simple theory agrees with experiment when the magnetron 
and TR cavity are tuned to the same frequency, w2 = \/LC, it is inter-
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esting to see what happens when the two are tuned differently, and 

w = (" +A w ) 2-
If this relationship is substituted into the initial differential equation, 
then the £-transformed equation is 

V(s) = ^ ' X 

(24) (s - a + joi) (s - a - jw) [s + 0 + j(w + Aco)] [s + /3 - j(u + Aw)] 

The inverse transformation of this equation gives 

V ~ 4C[Aco* + \a + m {lA" C 0 S »* + (« + » s i n " * " ' 
- [Aw cos (o> + Au)t + (a + /3) sin (w + Aa>)t]e-l"\ (25) 

where a> is large compared with a, ft, and Aw. This expression may be 
rewritten as 

V = 4 C V ( A c I 2 ° + ( * + ^ ^ ~ €~" C°S Aat) Sln ("' + * > 
- e-"' cos (&rf + 0) sin Aut], (26) 

where <j> = t a n - 1 [(a + /3)/Aa>]. The absolute value is 

\V\ = VoYo Ve2" ' - 2e(»-«' + 1. f27i 
' ' 4C \ / (Au) 2 + (« + /3)2 l ' j 

This equation is similar in form to Eq. (22) and for t greater than 5 or 
6 X 10 - 9 sec, a change of Au has the same effect as changing Vo, and 
therefore has no effect upon the spike energy. This agrees with experi
ment which has shown that W3 is independent of Au over a range of at 
least 

Aco 
0 < <l 

Thus, an extremely simple empirical theory of the spike has been 
formulated. Its claim to validity rests upon the fact that if typical 
data for magnetron starting, TR-cavity Q, and spike duration are used, 
the calculated value of spike energy W, agrees with experiment and also 
upon the fact that it predicts the independence of Ws upon V0 and Au, 
which is consistent with experiment. The two assumptions involved 
concern the starting of the magnetron and the instantaneous breakdown 
of the gap. 
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5-6. Nonlinear Theory of the Spike.—If a cloud of electrons in a gas 
subject to an accelerating field is considered, the rate of increase of 
electrons may be written as 

dn S 
dt = np -. (28) 

where n is the electron density, S is the average electron speed, L the 
mean free path, and p is the probability of ionization per collision. This 
may be written 

1 dn - KV), n dt (29) 

where V is the voltage across the gap. It will be shown in Sec. 513 
that the r-f admittance of a cloud of elec-

I—VV\/—1 1 trons is proportional to n, and therefore, 

±dge 
ge dt * W , (30) 

y2 
-AA/V-

0 vg <o 

where the electronic admittance is as
sumed to be a pure conductance ge. The 
equivalent circuit is shown schematically 
in Fig. 5-9a. The solution of the nonlinear 
differential equation of this circuit for V 
is a tedious task. Numerical solutions 
have been carried out by T. Holstein of 
the Westinghouse Research Laboratory 
but reports of this work have not yet 
been published. 

First, let us consider the circuit of Fig. 
5-9b. This circuit represents a nonreso-

nant (or very-low-Q) TR tube such as a pre-TR or bandpass tube. In 
this circuit the voltage across the gap is given by 

V = T^— Vg(t). (31) 

FIG. 5-9. 
(6) 

—Circuit for analysis of 
spike energy. 

For simplicity, let it be assumed that <t>(V) in Eq. (30) is a linear function 
kV. That is, the probability of ionization increases linearly with the 
applied voltage. Now, if Eqs. (30) and (31) are combined, 

ge at 

Integration of Eq. (32) gives 

{ge - go) + K In 

k 
3 + 2<7, 

- Vg(t). 

2 J0 
Vg(t) dt, 

(32) 

(33) 
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where g0 is the electronic conductance corresponding to n0, the initial 
electron density in the gap, furnished by the keep-alive discharge. Since 
the circuit is assumed to be nonresonant, the periodic generator voltage 
V„(t) may be replaced by its envelope V0(tat — 1), where V0 and a are 
the quantities defined in Sec. 5-5. The numerical solutions of these 
equations are presented in Fig. 5-10, where all the constants have been 
normalized. These results indicate that the spike energy is relatively 
insensitive to n0 (or j7o), in view of the fact that a range of 100/1 in g0 
is represented by the extreme curves. The area under the squares of 
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FIG. 5-10.—Calculated spike transient of low-Q TR tube. 

these curves is proportional to the energy delivered to the load. For 
the three values of go assumed, the energies lie in the ratio 1, 1.4, and 
2.6 for g0 = 0.1, 0.01 and 0.001 respectively. 

Similar results have been obtained by Holstein for the high-Q case. 
It is interesting to note that this theory predicts the existence of a 
"pseudo-flat." This is the flat portion after the initial spike transient; 
it is at a considerably higher level than the arc leakage power of the 
steady-state discharge. The pseudo-flat lasts until the transmitter 
power has reached its peak and leveled off, at which time the steady-state 
discharge is established. Until recently it was impossible to prove or to 
disprove the existence of the pseudo-flat. Figure 5-11 is a retouched 
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oscillogram of the leakage power through a 1B38 pre-TR tube. This 
oscillogram was taken by C. W. Zabel of the Radiation Laboratory on 

F I G . S'll.—Oscillogram of spike from 1B38 pre-TR tube. 

the high-speed oscillograph at the Massachusetts Institute of Technology 
Insulation Laboratory. The picture shows quite clearly the spike, 
pseudo-flat, and the transition to the true flat. The deflection sensitivity 
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of this oscillograph is very low and therefore it is impossible, unfortu
nately, to record the breakdown transient in a high-Q TR tube, where the 
spike leakage energy is about 10~4 that in the 1B38 pre-TR tube. 

The calculated curves of Fig. 5-10 show a comparatively slow drop 
in voltage after the peak of the spike. This is in strong contrast with 
the assumption made in Sec. 5-5 that the breakdown is instantaneous. 
This same contrast is furnished by the oscillogram shown in Fig. 5-11 
where the breakdown time is as long as the buildup time or longer. The 
numerical calculations for the high-Q circuit made by Holstein show the 
relatively short breakdown time assumed in Sec. 5-5 Thus, there appears 
to be a difference between the spikes in low- and high-Q T R tubes. This 
is probably best explained if, in Eq. (22), it is noted that the voltage V 
is independent of the load conductance G in the time interval under 
consideration. This is equivalent to saying that the surge admittance 
of the cavity is very large compared with F0- Since ga is about 0.01 F0, 
g</ga must reach very much larger values than are required in the non-
resonant TR tube in order to produce a given reduction in voltage. 
Since n, or ge, grows exponentially, when the voltage is reduced by elec
tronic loading, it falls very rapidly, and gives a sharp breakdown 
characteristic. 

One of the larger voids in the understanding of TR phenomena con
cerns the relationship between spike leakage energy and the Q of the 
TR cavity. Quantitative experiments to determine this relationship 
have been few, and the results are conflicting. It is known, however, 
that although W, is relatively independent of the input coupling (Qm), 
it is a strong function of the output coupling (Qout). These relationships 
hold for a given TR tube in the region 100 < QL2 < 400. 

The jump from high-Q TR tubes to bandpass tubes, however, where 
Q12 « 5 is difficult to understand, since Ws in the bandpass tubes is 
about 0.1 erg as compared with 0.03 erg in the high-Q tubes. Moreover, 
where 0.1 to 0.3 erg of spike leakage energy from a high-Q tube damages 
many crystals, the same total energy from a bandpass tube, if allowed 
to fall upon a crystal for hundreds of hours, does not damage it. The 
difference is believed to result from the difference in shape of the spike 
in the two tubes. In a high-Q tube, the energy is confined to a time 
interval short compared with the thermal time constant of the crystal. 
In the bandpass tube, the slower breakdown, it is believed, causes the 
spike energy to be distributed over a longer time interval. If this time 
is longer than the crystal time constant, then burnout is caused by a 
combination of ballistic heating and steady-state heating. Estimated 
time constants are of the order of 10 - 8 sec, whereas the duration of the 
spike is about 5 X 10~9 sec for the high-Q tubes, and 10~8 sec for the 
bandpass tubes. Thus, the bandpass tube is just in the borderline 



166 MICROWAVE GAS DISCHARGES [SEC. 5-7 

region, and the explanation given above is at least plausible. Further 
experiments and continued study of these phenomena should not prove 
too difficult and should yield interesting results. 

5-7. Effect of n0 upon Spike Leakage Energy.—The curves of Fig. 5-10 
indicate the dependence of W, upon n0, the number of electrons initially 
in the TR-tube gap. I t has been observed from experiment that the 
spike leakage energy varies inversely with no; however, no quantitative 
data which give the exact relationship exist. 

The nature of the TR tube is responsible for this gap in the basic 
understanding of the breakdown. The initial, or priming, electrons are 
furnished by the d-c keep-alive discharge. The density n0 of these 
electrons can be controlled by varying the discharge current, or by chang
ing the position of the discharge relative to the gap, but neither of these 
parameters bears a simple relation to • n0. Furthermore, in normal 
engineering practice, it is usual so to arrange the keep-alive electrode 
that with a normal current ( « 100 /ja) the keep-alive interaction, the 
reduction in low-level transmission due to go, is about 1 per cent. The 
rest of the tube—gas, shape, and coupling—is then adjusted to make 
the spike leakage energy low enough for safety. Thus, the desired results 
are measured directly rather than by means of the rather academic 
quantity «o. 

However, it would be of value to have experimental results of the 
effect of n0 on W,. In principle, at least, w0 can be measured directly 
by means of d-c probes in the gap. In cell T R tubes, it is possible to 
measure the current collected on the cone across the gap from the keep-
alive, when it is at a small positive potential. Thus, a calibration of n0 
against keep-alive current can be obtained, and can then be used to 
interpret a curve of W, as a function of keep-alive current. 

The interaction of nB upon the low-level transmission may be measured. 
A cloud of electrons in a gas may be represented (see Sec. 5-13) by an 
admittance F 0 = go + jb0 referred to the input terminals of the TR 
cavity, the cavity losses may be represented by g'c, and the genrrator 
and load conductances by unity. The relative transmission of power 
to the load in such a circuit is 

Measurements on a special tube indicate that the electronic admittance 
is mainly real (go > bo).1 Then, if &0 is neglected, the solution for go is 

lTing-Sui KS and L. D. Smullin, "A Low Power X-Band R-f Gas Switch," RL 
Report No. 841, Oct. 19, 1945. 
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where 

Since g0 °= n0, 

T = (l + fj~\ 
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F I G . 5-12.—Effect of transmitter repe
tition rate on spike leakage energy for a 
724A tube at a line power of 20 kw. 

VT 

where a = y/'fJT. Thus, Eq. (36) 
relative values of n0 in a given TR 
tube for various conditions of the 
keep-alive circuit. 

Figure 5-12 shows the spike 
leakage energy through a 724A TR 
tube, operated without a keep-alive 
discharge, as a function of trans
mitter repetition rate. In this ex
periment the electrons in the gap 
at the start of a pulse were those 
left over from the previous r-f dis
charge. Thus the higher the repeti
tion rate (shorter time between 
pulses), the greater is w0, and the 
smaller is Ws. An experiment of 
this type, coupled with the recovery-time analysis discussed in Sec. 5-13, 
might give some interesting quantitative results regarding no. 

5-8. Effect of Gas Filling upon Spike Energy.—In the preceding sec
tions an attempt was made to present a more or less rational explanation 
of the gross aspects of the spike, and of the process of breakdown. No 
attempt, however, was made to explain the detailed process of ionization. 
This involves accurate knowledge of the excitation and ionization levels 
and cross sections of the particular gas under consideration, and a means 
of calculating the actual electron energy distribution function at every 
instant during the breakdown process. This has not yet been done and 
is certainly beyond the scope of this book. 

From the engineering point of view, however, what is desired is a 
knowledge of the effect of pressure and of the particular gas or miKture 
of gases upon W,. These data have been obtained from measurements 
upon particular TR tubes. Because the work at the time was urgent, 
emphasis was always placed upon the development of a particular tube. 
As a result, complete sets of measurements on a particular tube, using 
different gases and pressures, are almost nonexistent. No attempt has 
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been made to correlate the optimum pressure (minimum W,) with gap 
spacing and frequency. It is doubtful whether the data now available 
would be amenable to such analysis. 

The variation of W, with the kind of gas used seems to be consistent 
for tubes of different types and of different frequency bands. The TR 
tubes have been filled with mixtures of either H2 and H 2 0 or A and H 2 0. 
The water vapor is used to ensure short recovery time, while the hydrogen 
or argon is used to ensure adequate crystal protection at sub-zero tem
peratures and also to increase tube life. 

Figure 5-13 is a plot of the spike leakage energy W, through a 1B27 
TR tube operating at 9.1 cm with Q i 2 = 300. The data were obtained 

3 6 8 10 20 40 60 100 
Gas pressure-mm Hg 

F I G . 5-13.—Spike leakage energy Wa through a 1B27 T R tube for various gases. 

by measuring the leakage power through the TR tube at two pulse 
widths and assuming that the arc leakage power was flat and independent 
of pulse length. No attempt was made to view the leakage pulse on an 
oscilloscope during these experiments. These precautionary statements 
are made principally because of the curve for O2. The other gases 
behaved as expected; but the very low spike energy obtained with oxygen 
was somewhat startling. Because these particular tests were made at 
the end of 1945, there has been no opportunity to check them. It 
might be concluded that monatomic gases would ionize more easily than 
diatomic gases, since diatomic gases can absorb electron energy in mole
cular vibration thus reducing the probability and the rate of ionization. 
The curves of Fig. 5-13 do not support this conclusion. On the other 
hand, Fig. 5-14 represents data taken on a 1B26 TR tube at 1.25 cm in 
which the minimum spike energy for argon is about one-eighth that for 
hydrogen. In this case W, was measured by canceling the fiat leakage 
power with power through a linear attenuator which did not pass through 
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the TR tube. Measurements on the 3-cm bandpass TR tube1 give the 
same relative spike leakage energies for the noble gases, argon, neon, 
and helium as those shown in Fig. 5-13. 

Many measurements of spike leakage energy which are not presented 
here had to be omitted because of the questionable purity of the gases 
used. The effect of impurities is apparently most serious in the case of 
the noble gases.2 Ordinary TR tubes do not easily lend themselves to 
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F I G . 5-14.—Spike-pressure characteristic for a 1B26 T R tube at 1.25 cm. 

high-temperature outgassing because of soft-soldered joints, or compara
tively weak copper-glass butt seals. Thus, these data must be treated 
as representative of leakage energies that can be expected from commerical 
tubes rather than as an indication of the intrinsic properties of the par
ticular pure gas. 

Figures 5-14 and 5-15 show the effect of the addition of water vapor 
to an Hs-filled TR tube upon W,. In both the 1.25-cm and the 10-cm 
tubes, the use of H2O makes the spike energy surprisingly independent 

• M. D. Fiske, "Final Technical Report on OSRD Contract OEMsr-1306," GE 
Research Laboratory, Nov. 7, 1945. 

* Loeb, "Fundamental Processes of Electrical Discharges in Gases," Wiley, New 
York, 1939, Chap. 2. 
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of the partial pressure of H2 or H 20. Thus, the choice of the proper gas 
filling must be dictated by considerations other than spike leakage energy. 
These factors, arc power, recovery time, and life, will be discussed in 
succeeding sections. 

Although Fig. 5-14 indicates that the use of pure argon results in 
exceptionally low values of WB, this is of little importance in a TR tube 
designed for radar use because of the extremely long recovery time of such 
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F I G . 515.—Effect of addition of water vapor to Hz-filled 1B27 T R tube. 

a tube. The addition of sufficient water vapor to ensure short recovery 
time and reasonably long tube life, makes the A and H 2 0 spike energy 
about the same as that for the H2 and H 2 0 mixture. 

Effect of Gap Length upon W,.—In the TR tube, spike leakage energy 
increases with increasing gap length, if other factors (except tuning) 
remain constant. Figure 5-16 shows the characteristics of the 1B24 
(3-cm) and lB27(10-cm) T R tubes; W. is plotted against revolutions of 
the tuning screw, which produce a linear motion of the cone. These data 
were obtained with the exciting power coming from a fixed-frequency 
magnetron and, therefore, the TR cavity was detuned from the magne
tron by abi>ut ± 6 per cent at the extremes of the tuning range. Other 
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tests in which the magnetron frequency was varied over a comparable 
range while the TR cavity was kept tuned to a constant frequency showed 
variations of W, of 1 db or less. The curves of Fig. 5-16 obviously obey 
different laws. How much of this results from differences in frequency 
and how much from electrode shape is not known. 

Some indications of a minimum spacing, below which Ws starts to 
rise again, have been found. This occurs in the 1B27 at a spacing of 
about 0.005 in. No quantitative 
data of this part of the curve 
exist, and no data exist for other 
frequencies. Accurate measure
ments of this minimum as a func
tion of frequency and pressure 
should prove valuable in affording 
a clearer insight into the funda
mental processes. It is believed 
that this minimum has the same 
significance as that of the Paschen 
curve for low frequencies. When 
the gap becomes short enough, a 
large fraction of the electrons in 
the gap may be lost to the elec
trodes before they can contribute to the further ionization of the gas. 

5-9. Arc Leakage Power.—The arc leakage power is the power dissi
pated in the receiver load and results from the steady-state voltage drop 
across the high-frequency discharge in the TR tube. In the normal 
pressure and current range encountered in TR tubes, the voltage drop 
across the discharge is very nearly independent of the current carried by 
it, and for most cases the discharge can be treated as a zero-impedance, 
constant-voltage source. 

Some of the similarities between the high-frequency discharge and the 
positive column of the d-c discharge have been indicated earlier in this 
chapter. In this and the following sections, the self-sustaining r-f dis
charge in TR tubes will be discussed, in which the quantities of interest 
are the arc leakage -power and the arc loss, the power dissipated in the 
discharge. Some of the independent variables that affect the discharge 

0 1 2 3 4 5 6 7 8 9 
Turns of tuning screw - decreasing gap length 

>~ 
F I G . 5-16.—Variation of spike leakage energy 
with gap length in 1B27 and 1B24 T R tubes. 

1. Gas content. 
2. Transmitter power level. 
3. External circuit (cavity couplings, etc.). 
4. Gap shape. 

The only quantities which can be measured conveniently are the arc 
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leakage power, arc loss, and the transformed discharge impedance. No 
measurements have been made of the electron density or of temperature 
in the discharge, although estimates of the former have been made. It 
should be possible to measure the electron temperature by means of probes 
similar to those used in the study of d-c discharges.1 

Before presenting the experimental data, or discussing some of the 
theoretical aspects of this problem, let us see how the measured leakage 
power varies with the design of the TR cavity. Figure 5-17a is a 
schematic diagram of a TR tube connected in series with a transmission 
line which is energized by a matched generator and terminated in a 
matched load. The TR cavity is loaded by an arbitrary, real conduct
ance G/Yo = g. The equivalent lumped-constant circuit is shown in 
Fig. 5-176, where the reference plane has been chosen at the center of the 

Reference 
plane 

'%' 

(a) (6) 
F I G . 5-17.—Equivalent circuit for arc leakage power. 

TR tube. The equivalent generator seen at the center of the TR tube is 
obtained by the use of Thevenin's theorem. The internal impedance is 
2b2Z0 and the open-circuit voltage is bE, where B/Yo = b is the suscept-
ance of the TR-cavity coupling irises. If b = 10, then the generator 
impedance seen from the gap is 200Z0. If a line power of 1-kw peaks, and 
a 50-ohm coaxial transmission line are assumed, then E = 1400 volts rms, 
and the transformed generator voltage bE = 14,000 volts. Measure
ments made on the 721A TR tube indicate that the voltage drop across 
the discharge, ea, is about 100 volts2 when an H2-H20 gas filling is used, 
and is 200 to 300 volts in the argon-filled 10-cm pre-TR tubes. This 
large ratio between ea and bE allows the discharge to be treated as if it 
were energized from a constant-current source. The magnitude of the dis
charge current depends upon the transmitter power, upon the amplitude 
and phase of standing waves in the main transmission line, and upon the 
coupling to the TR cavity. 

1 Cobine, Gaseous Conductors, McGraw-Hill, New York, 1941, Chap. 6. 
sBethe, Marshak, SchVinger, "Theoretical Results on the TR-Box," NDRC 

Report Dl-116, Jan. 20, 1943. 
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12r 

It is an experimental fact that within the accuracy of the experiments, 
the arc leakage power of a TR tube into a given load is independent of 
transmitter power over a range of several thousand to one. This means 
that the arc voltage remains constant while the 
current is varied by a factor of fifty or more, and 
allows the discharge to be treated as if it had a 
zero dynamic impedance and constant voltage 
drop. 

The power delivered by a constant-voltage 
generator to a load is P = E^g, where g is the 
conductance of the load. The load susceptance 
has no effect upon the total power absorbed by 
the load. Measurements of arc leakage power 
as a function of load admittance give contours 
of constant power which fall upon lines of con
stant conductance on transmission-line charts, 
and which show little or no dependence on the susceptance. The receiver 
conductance seen by the discharge is 17/621 a n d therefore, the leakage 
power is 

0 

YT 

f T 
<•!■ 

0.4 0.8 1.0 

F I G . 518.—Variation 
of arc Teakage power with 
transmission through the 
T R switch. 

eam (37) 

The external Q of the output circuit is 
61 ft, K-

and therefore 
9 

p co (38) 

For convenience in calculating, this simple relationship may be expressed 
in terms of some other parameters.' 

1. For a cavity coupled for matched input conductance, 

<bl 
1 - b\gc 

P. = e% 1 -T 
2. For equal input and output coupling (1/61 

P = «&> V r 
1 a — — - _ 

g/bl), 

1 Vf 

(39) 

(40) 

where T is the signal transmission ratio, the ratio of transmitted power to 
the available power, and gc is the cavity conductance. Figure 5-18 is a 

1 Samuel, McCrea, and Mumford, " T h e Gas Discharge T R Switch ," B T L M M -
42-140-26, April 17, 1942. 
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plot of Pa for these two cases as a function of T. Note that Pa is directly 
proportional to the cavity conductance gc, and therefore, for a given inser
tion loss, the arc leakage power varies inversely with the unloaded Q of 
the cavity. 

The power dissipated in the discharge may be calculated in a similar 
manner.! The current in the discharge is 

and the power is 

tr Q — Xafia — w 
VPiYo 

(41) 

(42) 

As before, the power dissipated in the gap may be rewritten for two 
special cases. 

1. Matched input coupling, 

P = e L^l. = ££ r« e°\T - 1 V T (43) 

2. Equal couplings, 
P„ = y/PK. (44) 

Thus, the dissipated power is proportional to the geometric mean of the 
line power Ph and of the arc leakage power Pa. 

These relations indicate that in order to describe the leakage power 
of a TR tube, either the output coupling, or the cavity transmission, 

shunt conductance, and ratio of 
| 30 

•E 20 

^ 1 5 XL 1B24 

1B27 \ o 
^ v 

X* \ 

^4 

F I G . 519 . 

ing the 
upon Pa. 

input to output coupling corre
sponding to any given value of Pa, 
must be specified. 

Detuning the TR cavity from 
the t r a n s m i t t e r frequency by 
means of tuning plugs in the TR 
cavity (or detuning the trans
mitter) has practically no effect 
upon the arc leakage power. 
Once the gap has broken down, 
the conductance of the discharge 
is very large compared with the 
susceptance introduced by the 
detuning of the cavity. Detun-

TR cavity by varying the gap spacing has a marked effect 
Figure 5-19 shows the variation of Pa with gap spacing (adjust-

X 
2 4 6 8 
Turns of tuning screw 

Decreasing gap —«-
-Variation of arc leakage power 

with gap length. 

'Ibid. 
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ment of the tuning screw) in the 1B24 and 1B27 TR tubes. These data 
were taken at the same time as those of Fig. 5-16 on the respective tubes. 
These curves have the form P„ = Cekl, where C and k are constants and I 
is the gap length. On a linear plot of Pa, the data might be fitted by a 
square-law curve, Pa = AP, where A is a constant. A simple picture of 
the discharge postulates a constant gradient, the voltage drop varies 
linearly with spacing, and the leakage power therefore varies with the 
square of the spacing. As an engineering approximation, it is probably 
safe to assume that the arc leakage power is proportional to the square 
of the gap length. 

5-10. Dependence of Arc Leakage Power upon Transmitting Power.— 
The arc voltage ea is independent of the discharge current in radar equip
ments operating under normal conditions. At line powers just above the 
minimum breakdown level, the discharge exhibits a decided nega
tive characteristic. Figure 5-20 illustrates the linear variation of leakage 

I Breakdown 
\S power 

Line power 
FIG. 5-20.—Leakage power at very low 

levels as a function of line power. 
FIG. 5-21.—Production and destruction of 

electrons as a function of field strength. 

power with line power up to the point of breakdown, beyond which it falls 
off with increasing power and finally reaches a constant level. A theory 
to explain this behavior has been advanced by Margenau.1 

Let us consider the following differential equation, which is simply a 
statement of equilibrium, 

dn 
dl = p(E)n - d(E)n = 0, (45) 

where n is the number of electrons per cubic centimeter in the discharge, 
and p{E) and d{E) are the voltage-dependent rates of production and 
destruction (diffusion) of electrons. This equation has only one equilib
rium voltage E[ at which p(E) = d(E), Fig. 5-21. The number of elec
trons n does not affect the result, and consequently, if this equation 
described an r-f discharge, its voltage would be a constant, independent of 
current density. However, a correct theory should predict the experi
mental curve of Fig. 5-20. 

1 H. Margenau, "Theory of Alternating Current Discharges in Gases," RL Report 
No. 967, Jan. 10, 1946. 
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Equation (45) may be modified by adding to it a constant term c. 
Then, at equilibrium, 

dn 
It 

and 

= \p(E) - d(E)]n - c = 0, (46) 

n = p(E) - d{E) ( 4 7 ) 

Figure 5-22 is a plot of Eq. (47). The left portion n(E) is negative and 
has no physical significance; however, the right portion, if replotted with 
the axis suitably rotated, gives a curve of the same form as Fig. 5-20. 

This constant c is physically significant for it implies a mechanism for 
the destruction of electrons at a rate 
independent of n. It can be shown that 
the capture of electrons by neutral atoms 
or molecules to form negative ions obeys 
such a law. Some gases such as the 

E" noble gases, hydrogen, and nitrogen, 
. have zero electron-capture cross section; 

v ^ i others, however, like oxygen, the halo-
I gens, and water vapor, have compara-

FIG. 5-22.-Stabiiity conditions for a t i v e l k electron-capture cross sec-
steady-state discharge. J ° ^ 

tions. Let us consider a TR tube which 
has an atmosphere, part of which has a finite electron-capture cross 
section. The analysis will use the following symbols: 

n = electron density. 
Y = number of neutral captors. 

Y' = number of negative ions. 
M = Y + Y'. 
Q = collision cross section of electrons and gas molecules. 

/la, = probability of electron capture per collision. 
A„i = probability of electron release per collision. 

v = electron velocity. 
C = Qvhav = probability of electron capture per sec. 
R = Qvhre\ = probability of electron release per sec. 

Then, 

^ = Cn(M - Y') - RnY'. (48) 

Since only the steady-state discharge is considered, n may be assumed 
constant. Then by solving for Y', the following equation is obtained, 

CM 
T = WVC U ~ e~'R+CU'y (49) 
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In the discharge, the electron temperature is high, probably about 10 
electron volts, and the probability of release is much greater than that 
of capture, fi»C. Then at t = °o, 

Y' = %M = \^M. (50) 
li /irol 

Thus for a given concentration M of captor molecules, the number of 
negative ions formed is a function only of the ratio of the probability of 
electron capture to that of release when the electron energy is high. 
There will be a continual diffusion of Y' out of the discharge to the walls 
or to the electrodes. This rate will be independent of n and independent 
of E. Therefore, once steady-state conditions have been reached, elec
trons will be captured at a rate just rapid enough to make up for the num
ber of negative ions lost by diffusion, and thus a physical process 
corresponding to the constant c of Eq. (46) results. 

If this theory is correct, it would be expected that a TR tube filled 
with gas such as argon would not have a negative slope in the leakage-
power characteristic, whereas a tube containing H2O would be expected 
to have a large negative slope. Before determining whether this con
clusion is justified by experimental data, the actual measurements 
involved should be considered. The measurable quantities are arc 
leakage power, which is proportional to el, input admittance of the fired 
cavity, incident power, and power 
dissipated in the discharge. The 
easiest combination to measure is 
incident power as a function of 
arc leakage power, as in Fig. 5-20. 
Although this curve contains all 
of the information which is needed 

■ « — e — > - j 

Yo — 

bl 

from the viewpoint of practical *o . 5-**-™%™ £ ^ X ' " ^ 
duplexer design, it really tells very 
little about the discharge itself. This is because the abscissa, or line 
power, is an unknown function of the actual discharge current. 

Consider the circuit of Fig. 5-23. The cavity is loaded at its center by 
the discharge admittance Ya. With Ya = 0, the cavity is presumed to be 
resonant and the admittance at the center is Ya + (Yn/bf) = Y. The 
input admittance is 

To = ^ + Y-m. (51) 

If this equation is separated into its real and its imaginary parts, and if 
b\ J>> 1 is assumed, 

Yi_ gb\ 
Ya (l+bb1)i + g2b\+j 

(b* - bb, + g2 - l)fti 
01 ^ (1 + b&02 + g*b\ . (52) 
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Examination of Eq. (52) indicates that when ga and ba are of the order of 
magnitude l/b{, the input susceptance will be a strong function of Ya. As 
the arc admittance increases, however, the input admittance approaches 
a limit, 

lim 7 i 1 
+ jbi, (53) 

and it becomes difficult to make accurate measurements of the imaginary 
30 
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F I G . 5-24.—Relative r-f current and voltage of discharge at low levels. 
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F I G . 5-25.—Magnitude of r-f current vs. voltage in helium. 

component of Ya, although the conductance will be directly proportional 
to the input standing-wave ratio. 

Tl 
i + i n »i + i + i 
l - lr, _2 

9' 

- ~ g„bi. (54) 

Thus a measurement of the level and the standing-wave ratio are sufficient 
to give numbers proportional to the voltage and current in the discharge. 
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If the shape of the cavity is accurately known, the absolute voltage and 
current in the discharge can be computed. 

+ 2 
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F I G . 5-26.—Real vs. imaginary parts of r-f current in helium discharge. 

Figure 5-24 is a curve of the relative current vs. voltage in the dis
charge of a 1B24 TR tube filled with 15 mm Hg each of H2 and H 2 0 . 
Figure 5-25 is a similar curve1 

measured in a special cavity filled 
with helium at 3.2 mm pressure 
and X = 9.8 cm. By standing-
wave measurements it was possi
ble to find the phase angle of the 
current with respect to the volt
age. Figure 5-26 shows the real 
part of the current plotted against 
the imaginary part. 

Figure 5-27 is a similar plot for 
a number of different gas fillings 
in a 1B24 TR tube. The two 
figures do not necessarily agree 
since they were taken with differ
ent tubes, tuned to different 
frequencies. 

6-11. Effect of G a s Filling 
upon Pa.—As in the case of the 
spike, it is difficult to predict 
theoretically not only how gases will differ in arc leakage power, but also 
how they will vary with pressure. I t has been seen, however, that the 

x M. A. Herlin and S. C. Brown, Bull. Amer. Phys. Soc. 21, 28 (1946). 
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Incident power, P 
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F I G . 5-27.—Leakage power as a func
tion of incident power in a 1B24 tube with 
various fillings. 
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order of the voltage drop for various gases in the r-f discharge is the 
same as that for the positive column in the d-c discharge. 

The characteristics of a gas which affect the r-f voltage drop can be 
listed. First to be considered, referring to Eq. (45), are the rates of 
production and destruction of electrons as functions of gap voltage. 
Destruction can be limited to diffusion, since the recombination of an 
electron and a positive ion is an extremely improbable event. The 
diffusion is of the so-called ambipolar type which takes place at about 
twice the rate of diffusion of gas molecules. Thus, it would be expected 
that the lighter gases would diffuse more rapidly, and the sustaining volt
age would be increased. The rate of production of electrons, or of ioniza-

1 2 4 6 8 10 20 40 60 100 
Gas pressure in mm hg. 

Fi(i, 5-2S.—Arc leakage power from a 1B27 TR tube as a function of pressure. 

tion, is determined in part by the ionization potential, the number of 
excitation levels below the ionization level, and the number of molecular 
resonances which can absorb electron energy without resulting in further 
ionization of the gas. 

Figure 5-28 is a plot of the arc leakage power in a 1B27 TR tube as a 
function of the pressure of the various gases tested. These curves were 
obtained from the same experiment as those of Fig. 5-13, and the same 
comments apply. The noble gases lie well below the other gases. In 
these curves, the minimum value of Pa for argon is about 0.05 that for 
hydrogen. Other investigators report even lower values for argon. 
Kxtreme purity apparently results in the lowest values of Pa for argon. 
No reliable data exist for those mixtures of noble gases which give a very 
low breakdown voltage in d-c discharges. 
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Margenau, in a theoretical study of the r-f discharge,1 has proposed a 
similarity principle for such discharges. On the assumption that the 
sources of ionization remain in play over the range considered, he derives 
an expression for the minimum of the voltage-pressure curve for a given 
gas, which states that at the minimum, 

- = a 
V 

V 

(55) 

H V Slope b 

1 '2 ' 3 
5-29.—Diagram to illustrate similarity 

principle for r-f discharges. 

where a and 6 are constants, p is the gas pressure, and a> and E are the 
angular frequency and amplitude 
of the impressed field. This states 
that the pressure for minimum volt
age drop, and the actual value of 
the minimum drop, are proportional 
to u. Figure 5-29 illustrates this 
relationship. This theory has not 
been checked with data taken writh 
a single tube of fixed shape. The 
experiment is not difficult, and it 
should prove valuable in extending 
the u n d e r s t a n d i n g of the r-f 
discharge. 

6-12. The Recovery Period.—The recovery period is the time after 
the transmitter power has fallen to zero. During this time the gap in the 
TR tube deionizes, and the attenuation through the TR tube drops from 
the value of 60 or 70 db during the transmitting period to 1 or 2 db. In 
Sec. 5-2 a crude formulation of the admittance of a space-charge region 
was presented. If the electrons are in a vacuum they lose no energy by 
collision with heavy atoms, and the current represented by their motion 
is in quadrature with the applied field, and therefore the space-charge 
region appears as a pure admittance with a dielectric constant less than 
unity. If the electrons are not in a vacuum and therefore make collisions 
with atoms or molecules, some of the oscillatory energy the electrons 
obtain from the applied field is changed into thermal energy by the 
collisions, and cannot be returned to the external circuit. There is there
fore a net input power to the discharge, and the gap admittance has a 
real component. 

The electron energy in the r-f discharge is comparatively high, and 
it is much greater than that of the gas. Because of their random motion 

1 H . Margenau, "Theory of Alternating Current Discharges in Gases," RL 
Report No. 967, Jan. 10, 1946. 
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there is a constant diffusion of electrons out of the gap. The rate of this 
process is retarded by the positive ions in the discharge which exert a 
field opposing the rapid outward motion of the electrons. The net drift 
of electrons and positive ions is referred to as ambipolar diffusion, and 
takes place at a rate corresponding to twice the mobility of the ions. 
When the excitation is removed, the electron temperature is quickly 
reduced, by collisions, to the temperature of the gas. I t reaches a value 
of twice the gas temperature in about 1 Msec. It will be shown that the 
diffusion process is much too slow to be relied upon for the recovery of 
TR tubes. 

To make the recovery time sufficiently short, it is necessary to remove 
electrons by some other means. Electron recombination by means of a 
three-body collision has little probability, and therefore cannot cause a 
sufficiently rapid recovery. Capture of electrons by neutral atoms or 
molecules has a comparatively high probability. The use of a gas such 
as H 2 0 with a large electron-capture cross section gives tubes with a 
recovery time of only a few microseconds. , 

In the following sections the theory of the recovery period will be 
presented first. This will be followed by a discussion of the properties 
of various gases and a presentation of experimental data. 

5-13. Theory of the Recovery Period.—The following analysis is due 
to Margenau.1 In Sec. 512, three possible mechanisms for reducing the 
electron density in the discharge were mentioned: diffusion, recombina
tion, and capture. These will be examined in this order. 

Diffusion.—In order to calculate the rate of diffusion, it is necessary 
to know the electron and ion temperatures. During the discharge the 
electron temperature is very high, many thousand degrees. In the 
recovery period this energy is reduced by collisions with gas molecules. 
The rate at which this reduction takes place may be determined as fol
lows. Let v be the average electron velocity, L the mean free path, T the 
electron temperature, and T0 the gas temperature. Then the mean loss 
of energy by the electron per collision is 

AE = ^k(T - T0). (56) 

The rate at which the mean energy decreases is 

-£G")-«'-^(£T& 
1 H. Margenau, "Theoretical Interpretation of the Recovery Time of TR Boxes,' 

RL Report No. 929, Jan. 9, 1946. 
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The solution of this is 

Vf- VT0 oVtol (58) 
y/T + V T o VTi + y/T 

where the subscripts 1 and 0 refer to initial and final conditions, and 

(kmy 
■V'37 ' 

Pre-TR tube 

y ML 
The time required for the average speed to drop to a times its final value 
is given by 

U. = — \ = In £ L ± J (59) 
g VTo a - 1 

where T i » TV 
For argon at a pressure of 10 mm Hg and a — 2, the relaxation period 

is about 1.5 ^sec. Thus, for times 
longer than 5 or 10 jisec, the elec
trons may be considered to be at 
the gas temperature 7V 

The calculation of the rate of 
diffusion of electrons out of the 
gap of a high-Q TR tube involves 
some very difficult computations, 
and has not been carried out. 
However, as a pertinent example, 
let us consider the recovery of a 
pre-TR tube, where the discharge 

- Window 

s Discharge 

F I G . 5-30.- -Discharge in pre-TR tube and 
equivalent circuit. 

is assumed to be in the form of a thin slab of thickness d adjacent to, and 
covering, the low-Q input window, Fig. 5-30. 

The diffusion equation is 

where n is the electron density and D is the mobility or coefficient of 
diffusion. For the shape under consideration, if the electron density n0 
is uniform at the end of the transmitter pulse, 

* 
where 

*(«) ~ 
V ^ 

/ e~xi dx. 

In Eq. (61) the assumption is made that the diffusion takes place only 
to the input window, and that since d is small, the loss of electrons from 
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the edges of the discharge is negligible. The diffusion coefficient D is 
not that predicted by kinetic theory for a cloud of electrons. The diffu
sion that takes place is called ambipolar.1 It takes place at a reduced 
rate because the massive, slow-moving positive ions act as a brake on 
the electrons. Thus, as soon as a few electrons have left the discharge, 
a positive space charge is set up that inhibits the loss of any more elec
trons until an equal number of positive ions have diffused out of the dis
charge. The net rate is about twice that of the gas molecules alone. 
In the 1B38 pre-TR tube filled with 10 mm Hg of argon, the ambipolar 
diffusion coefficient is about 5 cm2/sec, and if the thickness of the dis
charge d is 1 mm, the recovery time would be several thousand micro
seconds. Since it is necessary to have recovery times of the order of 1 to 
10 /isec, diffusion alone can contribute very little. 

A calculation of the effect of the recombination of electrons and posi
tive ions on recovery time indicates that about 1 sec would be required 
to deionize the gap sufficiently. Since diffusion and recombination as 
mechanisms for obtaining short recovery times have been discussed, let 
us next consider the capture of electrons by neatral atoms. 

In the calculation of the effect of capture upon arc leakage power 
(Sec. 5-10), the electron density n was considered constant. In the 
recovery period there is no production of electrons and the constant term 
is the total negative charge, 

N = const = u + Y'. 
As before, 

M = const = Y + Y'a. 

The rate of change of electron density is 

^ = vQ {(hc„ + M » 2 + [MK.B - N{Kn + M ] n}. (62) 

In the recovery period, after the first microsecond, the electron energy 
is low and hn\ = 0. During the first few microseconds, the electrons are 
losing energy rapidly and neither hc,B nor hle\ are constants, and the solu
tion of Eq. (62) becomes extremely difficult. Later, however, 

^ = -vQh^ {M - N)n « -vQh^Mn, (63) 

where the initial number of neutral atoms F0 ~ M "2> no-
This is an expression for the rate of change of electron density. Let 

us now see how this causes the attenuation through the TR tube to vary 
with time. The transmission through an attenuating medium between 

1 Cobine, Gaseous Conductors, McGraw-Hill, New York, 1941. 
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two uniform, nondissipative media may be written1 as 

cos 7 id + j sin 7 ^ 

cos yid U + zjS1 
(64) 

sin 7 2d 

where E„ and Et are the output and input fields: 71 and 72 are the propa
gation constants in the nonlossy and lossy media, z 7 
respectively; Z\ and Z2 are the respective charac
teristic impedances; and d is the thickness of the 
attenuating medium, Fig. 5-31. The character
istic impedance of a waveguide is 

Z - E ' -
" 7 ' 

(?)" + ©' + », 

(65) 

(66) 
Fio. 6'31.—Terminol

ogy for t r ansmi s s ion 
t h r o u g h a t t e n u a t i n g 
medium. 

where Ex = E0e'yd, a is the wide dimension of the 
guide, and er is the conductivity of the medium. 
If yd is assumed small, Eqs. (65) and (66) are substituted into Eq 
and <r = a, + pi, then 

Ei 
1 - jyr 

0 + i^H+^^¥--'-) 
Finally, if <r » Yi = V V M V \ » and 7 ^ « 1, 

® = (>-wy + m 

(64), 

(67) 

(68) 

This equation is of the same form as the expression for the attenuation 
due to a lumped-constant shunt admittance replacing the discharge, 
see Fig. 5-30, where the transmission is [(1 + g/2)* + (b/2)i]~\ and g 
and b are the normalized components of the discharge admittance. 

Conductivity of the Ionized Gas.—Margenau2 has shown that if the 
electron mean free path, and the frequency and the amplitude of the 
impressed high-frequency voltage are adjusted so that the electrons make 
relatively few collisions per cycle, and the electron energy is below the 
ionizing level, then the distribution of electron velocities will be Maxwel-

1 J. A. Stratton, Electromagnetic Theory, McGraw-Hill, New York, 1941, p. 511. 
* H. Margenau, "Dispersion of High Frequency Radio Waves in Ionized Gases," 

RL Report No. 836, Oct. 28, 1945. 
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lian. At the operating pressures encountered in TR tubes (10 to 30 mm 
Hg) these conditions are satisfied in the recovery period where the 
impressed voltage (received signal) is relatively weak. Under these 
conditions the conductivity of the gas is 

4 e2Ln 
" = 3(2TmA-?1)^ ^ ^ ^ ~ JxiHKn(xi)l (69) 

where e, m, and n are the electron charge, mass, and density; L is the 
electron mean free path; k is the Boltzmann constant; T is the absolute 
temperature; X\ = m(uL)2/2kT; and the functions K2 and K^ are1 

K2(x{) = 1 - X! - xle^Eii-Xx) 
K»(Xl) = d - a;,)*** + « ! » e*. [1 - Erf ( V ^ ) ] . ( ? 0 ) 

In TR tubes with a ~ 2 X 1010 and L « 0.005 cm, xi ^ 100 and 
the following limiting forms may be used, 

2 
lim Kz(xi) = — 

hm KH{x!) = -j— 

If these limiting forms are substituted in Eq. (69), 

Or + 3<Ti = Tl 
» 

3 moj2L \2irra/ rwcu 
(72) 

At a frequency of 2800 Mc/sec and a gas pressure of 5 mm Hg the 
numerical results are 

<xr = 1.9 X 10-13», . . .. , 
<r< = 1.6 X 10-*n. ( m k s u m t B ) 

The imaginary term of Eq. (72) will be recognized as the result which 
would be obtained for electrons in a vacuum. This term varies inversely 
with frequency, and is independent of pressure. The real component of 
a, however, has a maximum value when the mean free time between 
collisions is about equal to the period of the impressed r-f voltage, 
t = 2JT/W. Specifically, the maximum occurs for a value of 

Xl = 2 1 = W 
For a given set of conditions, frequency and pressure, the density of 

electrons n that will result in a certain value of attenuation may be calcu-
1 The exponential integral Ei(-xi) and the error function Erf(-\/zi) are denned in 

Jahnke and Emde, Table of Functions, Stechert, New York, 1938. 
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lated, if the shape is known and is amenable to computation. In the 
present example of the pre-TR tube, with the discharge confined to a 
thin slab of thickness d, Eqs. (68) and (72) can be used to make this 
conversion. By this method, measured recovery-time curves have been 
converted to n-vs.-time curves, and from a knowledge of the partial 
pressures of the gases present, electron-capture cross sections may be 
computed. 

The attenuation varies with the square of the shunt admittance; there
fore, for the gas discharge, it varies with w2. 

6-14. Electron-capture Properties of Various Gases.—The mechanism 
by which electrons are captured by atoms or molecules is not simple, nor 
is it unique.1,2,3 The electronegative character of the gas is one of the 
more important factors which influence capture. The kinetic energy 
of the electrons is important. Depending upon the particular gas under 
consideration, the probability of capture may either increase or decrease 
with increasing electron energy. As in most discharge phenomena, 
impurities play a role that is not very well understood. 

In the recovery period of a TR tube, interest is primarily in fairly 
weak signals of the order of 10 - 6 to 10 -12 watt intensity. The electric 
fields produced by such signals across the gap of a typical high-Q TR 
tube, will be smaller than the breakdown potential by a factor lying in the 
range between 10 and 10,000. Consequently, it is assumed that the 
energy imparted to the electrons by the received signal is negligible com
pared with their thermal energy. This thermal energy will be a function 
of the gas temperature and the time that has elapsed since the end of the 
transmitter pulse. 

The electron affinity of an atom may be described in terms of the 
work done on an electron by the field between it and the atom. Atomic 
oxygen and the halogens have electron affinities of 3 or more electron 
volts. Hydrogen, on the other hand, has a value of 0.76 ev, and the 
noble gases have negative values which indicate that they form unstable 
ions. A more useful way, for our purposes, of comparing gases is in 
terms of their electron attachment coefficient S, where S is the average 
number of collisions an electron must make with the atoms of the gas 
before it is captured. In Table 5-3, there are tabulated for several gases 
values of d, of N, the number of electron collisions with gas molecules per 
second at one atmosphere and room temperature, and of ta = d/N, the 
average time required for an electron to be captured.4 

The capture of electrons by molecular gases may take place by a 
1 Loeb, op. cit., Chap. 6. 
s Massey, Negative Ions, Cambridge Tracts, MacMillan, New York, 1938. 
' Cobine, op. cit., Chap. 4. 
* K. T. Compton and I. Langmuir, Rev. Mod. Phys. 2, 193 (1930). 
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TABLE 5-3.—ELECTRON ATTACHMENT COEFFICIENT, COLLISIONS PER SECOND, AND 
TIME FOR CAPTURE FOR VARIOUS GASES 

Gas 

Noble gases, X2, and 
H2 

CO 
NH, 
N 20 
Air 
0 , 
H20 
Cl2 

& 

00 

1.6 X 108 

9.9 X 10' 
6.1 X 105 

2.0 X 101 

4.0 X 10* 
4.0 X 104 

2.1 X 103 

Ar 

2.22 X 10" 
2.95 X 10" 
3.36 X 10" 
3.17 X 10" 
2.06 X 10" 
2.83 X 10" 
4.5 X 10" 

la 

0.72 
3.35 
1.82 
0.63 
1.94 
1.41 
0.467 

= 5AV 

X 10-3 sec 
x io-* 
x io-» 
X 10' s 

X 10'7 

X 10"' 
X 10-' 

n u m b e r of different processes. On the basis of a series of measu remen t s 
m a d e b y B r a d b u r y , 1 a n d B r a d b u r y a n d Ta te l , 2 Loeb 3 has pos tu la ted a 
n u m b e r of different reac t ions which are presented in T a b l e 5-4. 

TABLE 5-4.—MINIMUM ELECTRON ENERGY AND MECHANISM OF ELECTRON CAPTURE 
IN VARIOUS GASES 

Gas 

CU, Br2,12 
HCl, HBr, 

HI 
NH3 
N 20 
C0 2 
H2S 
0 2 
O 
S02 
NO 

H 2 0 
H 2 0 

Ground 
state 

*Z 
l Z 

*z 
3Z 
SP2 

3n 

Neg. ions 
of gas 
formed 

No 
No 

No 
No 
No 
No 
Yes 
Yes 
Yes 
Yes 

No 
No 

Min. 
electron 

energy for 
attachment 

0 
0.4 ev 
in HCl 
3 ev 
1.7 ev 

3.7 ev 
0 
0 
0 
0 

0 
5.4 ev 

Reaction 

Cl2 + e -> Cl- + Cl + (4.1 - 1.5) ev 
HCl + e + (4.5 - 4.1) ev -> H + Cl" 

NH, + e + 3 ev -> NH" + H2 
N 20 + e + 1.7 ev -» 0 - + N2 

H2S + e + 3.7 ev -► HS" + H 
Oa + e -» Of 
O + e -» O-
S02 + « -» SO," 
2NO — (NO), + e -> NO-

+ NO 
2(H20) + e -> 2(H 20)-
H 2 0 + e + 5.4 ev -» HO" + H 

Gases such as Oj a n d SOj form nega t ive molecular ions di rect ly 
b y t h e cap tu re of e lectrons. Molecular ions a re formed b y N O ; b u t t he 
probabi l i ty of e lectron c a p t u r e is d e p e n d e n t u p o n pressure a n d i t is 

1 Bradbury, / . Chem. Phys., 2, 827 (1934); 2, 840 (1934). 
' Bradbury and Tatel, / . Chem. Phys., 2, 835 (1934). 
'Loeb, "Fundamental Processes of Electrical Discharges in Gases," Wiley, New 

York, 1939, Chap. 2. 
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assumed that a complex, (NO)5, must be formed. This complex is then 
assumed to capture an electron and form NO~, the excess energy of the 

12 16 20 24 28 32 

FIG. S'33.—Probabilities of electron capture for various gases. 

electron being carried away by the neutral NO. Alone, H2O should not 
capture electrons, since it has a closed electron system. With sufficient 
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energy, ^ 5.4 ev, ah electron will dissociate the water into HO~ and H. 
However, it is true that water has a large electron-capture cross section 
for the slow-moving electrons. Bradbury and Tatel report that the 
probability of capture of slow electrons in H 2 0 is strongly pressure-
dependent. At a pressure of 2.5 mm Hg of H 2 0 no capture of slow elec
trons was observed. At higher pressures, the probability of capture rose 
rapidly. This was taken as evidence that a complex, 2(H20), was 
formed, which could then be ionized directly. Figure 5-32 gives the 
probability of electron capture A as a function of the parameter x/p for 
various gases, as measured by Bradbury and Tatel. In this case x is 
the voltage gradient, and p the pressure in mm Hg. Figure 5-32a shows 
the values of h for 02 . As x/p increases from very low values, h drops 
rapidly. At x/p « 5, the curve rises sharply. At this point the electron 
energy is about 1.6 ev, corresponding to a metastable excitation level in 
02 . Electrons which make these inelastic collisions have their energy 
reduced to a level at which the probability of capture is again high. 
Figure 5-326 shows the effect of mixing argon, helium, or nitrogen, with 
02 , in equal volumes. 

Figure 5-32c shows the pressure dependence of electron capture in 
NO which has been discussed. Figure 5-32d shows the probability of 
capture in a mixture of argon with Cl2. The gas Cl2 is a chemically 
inert gas which has a closed electronic system, and therefore Clj" ions 
cannot be formed. Instead, it is believed that the ionizing process is 
the one indicated in Table 5-4. Figure 5-32e is for electron capture in 
S02 , and S0 2 plus A. 

Figure 5-32/ shows the pressure dependence of electron capture in 
H 20. This is explained by assuming the formation of nuclei of condensa
tion, which then makes these complexes capable of capturing low-velocity 
electrons. Impurities such as C0 2 or 0 2 are presumed to aid this effect, 
whereas A or N2 do not. In the next section (Sec. 5-15) the available data 
on recovery time in TR tubes will be examined to see what can be learned 
about effective probabilities of electron capture. 

6-16. Recovery-time Data.—The recovery characteristic of a TR 
tube is a curve in which attenuation through the tube as a function of the 
time after the transmitter pulse is plotted. The attenuation plotted is 
the difference in decibels between the instantaneous value and the 
attenuation through the "cold" or unfired tube. Time is measured from 
the end of the transmitter pulse. 

Figure 5-33 shows typical recovery curves of a 1B27 TR tube1 meas
ured at several different levels of transmitter power. The tube is filled 
with a mixture of 10 mm Hg, each, of H2 and H 2 0. Figure 5-34 shows 

1 Smullin and Leiter, "The 1B27 TR Tube," RL Report No. 594, Oct. 4, 1944. 
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Time in ̂  sec 
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Partial pressure of H20 in mm Hg 
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10 
F I G . 5-33.—Recovery curves of 1B27 T R tube for three incident power levels. 

the effect of the water-vapor content upon the recovery time of a 1B27 
TR tube, when the partial pressure of H2 is held constant. 

Recovery curves for 3-cm and 1-cm 
TR tubes are similar in shape to those 
shown here; but the time scale is con
siderably shorter. No quantitative 
explanation of this difference has been 
proposed. It is thought, however, to 
be the result of the smaller volume of 
the discharge in the high-frequency 
tubes, which allows diffusion to play 
a relatively more i m p o r t a n t role. 
M. D. Fiske has proposed a "sweep
ing" type of diffusion. In this, right 
at the end of the transmitter pulse, 
some of the high-energy electrons near 
the electrodes actually reach the elec
trodes and are lost. This produces a 
positive space charge near the elec
trodes which attracts electrons from 
the center of the discharge. Some of 
these electrons go right through to the 
electrodes, and are lost, and so on. 
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F I G . 5-34.—Recovery characteristics 
of 1B27 T R tube as a function of pres
sure of water vapor. The transmitter 
power was 100 kw, and the partial pres
sure of H2 was 10 mm Hg. 

II 

No quantitative analysis of this 
mechanism has been made; but it seems a plausible process, since the 
effect should be larger for the smaller tubes. 
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The life of most TR tubes is limited by the rate at which the water 
vapor is cleaned up, or decomposed, thus increasing the recovery time. 
Because of the relatively short life of pre-TR tubes operating at high 

10 

Time in n sec 
50 100 150 200 250 300 350 400 450 500 

5 mm 
Argon 

= 20 
m 
V) 
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30 
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50 
F I G . 5-35.—Recovery characteristic of well-baked 1B38 tube rilled with pure argon. 

Time in/i sec 
, 0 3 6 9 12 15 18 21 

Fia . 5-36.—Recovery of mixtures of argon and water vapor. 

line powers, a study of various gases was undertaken to determine whether 
a substitute for H 2 0 might be found. The measurements were all made 
in 1B38 pre-TR tubes at a line power of about 700 kw. The gases used 
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in these measurements were the purest obtainable commercially, and the 
tubes were carefully cleaned and pumped before filling.1 The following 
curves are taken from these experiments. 

Figure 5-35 is the recovery characteristic of a carefully cleaned and 
baked tube filled with commercial "spectroscopically pure" argon; this 
tube has an extremely long recovery time. Figure 5-36 shows the recovery 

10 20 30 
Time it in sec 

40 50 60 70 80 90 100 

€ 5 
C 

* 6 
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20 

c 
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/ 

/ 
/ 

lof 0 2 

of0 2 

/ 7 m Tl Of 0 2 

5 mm of0 2 

30 
FIG. 5-37.—Recovery characteristic of oxygen at various pressures. 

time for various mixtures of H 2 0 and A.; Fig. 5-37 is for various pressures 
of pure 0 2 ; Figs. 538 and 539 are for mixtures of argon and chlorine, 
and argon and pentene. Other gases tested, but not shown here, were 
H2S, CH4, C2H2, C2H4, benzene, iodoform, and methyliodide. All of 
these exhibited short recovery times. The purity of the organic gases 
was more or less uncertain, since the chemical reactions involved usually 
produce a number of different gases besides the interesting gas. 

The importance of a high degree of purity is best illustrated by the 
experience with CO. Commercial 1B38 tubes are filled with 10 mm Hg 

1 F. L. McMillan, I. H. Dearnley, C. H. Pearsall, "Recovery Time Measurements 
in Bandpass TR's for Various Gases," RL Report No. 895, Dec. 18, 1945. 
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Tir.ie 11 in sec 
3 6 9 12 

of commercial argon. The tube itself is assembled with soft solder, and 
therefore it cannot be outgassed- by baking. As a result, even though 
no water is put into the tube, the recovery time of most of the tubes is 
short. Spectroscopic measurements made on a large number of these 
tubes showed, among the other things, that CO was almost invariably 

present in tubes having a short recovery 
time. Although it has been reported to have 
zero electron-capture probability,1 it was 
decided to test a CO-A mixture. Independ
ent measurements by Fiske at the General 
Electric Research Laboratories and McMillan 
at Radiation Laboratory showed very short 
recovery times for such mixtures. Subse
quent tests, however, with pure CO, prepared 
chemically in the vacuum system, showed 
that CO really had no effect upon the re
covery time, and the initial results must have 
been caused by some other gas present as 
an impurity. 

Let us now consider some of these curves 
in detail. The variation in recovery time 
with line power, illustrated in Fig. 5-33, 
shows the expected phenomenon of longer 
recovery times for higher powers. This, of 
course, can be interpreted as corresponding 
to larger values of na, the electron density 
in the discharge, since the rate of capture 

of electrons dn/n dt is constant, regardless of line power. 
Figure 5-34 shows clearly that the rate of capture of electrons is 

dependent upon the amount of water present, and that H2 has a small, 
perhaps zero, electron-capture cross section. 

Figure 5-35 shows the expected long recovery time for pure argon. 
If the data are recalculated to give a curve of n vs. t, it can be shown2 

that the function — td(\n N)/dt is about 3, where N = nd, d being the 
thickness of the discharge. If only diffusion is operative, this quantity 
cannot have a value greater than £. Thus, the recovery time is shorter 
than expected. Under the conditions of this particular experiment, no 
impurities were present at a pressure greater than 0.01 per cent of that of 
the argon. If the impurity had a capture efficiency equal to that of H 20, 

20 
F I G . 

1 / 

/ 

/ 

/ 
/ 
/ 
/ 

mm of 
mm of 

A, 
Cl2 

5-38.—Recovery of argon-
chlorine mixture. 

1 Loeb, " F u n d a m e n t a l Processes of Electrical Discharges in Gases ," Wiley, Xew 
York, 1939, Chap . 2. 

2 H. Margenau , "Theore t ica l In te rp re ta t ion of the Recovery T ime of T R Boxes," 
R L Repor t No . 929, J a n . 9, 1946. 
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it would have had to be present at a pressure of 0.18 mm Hg, which is 
out of the question. There are thus two possibilities—the presence of 
an extremely efficient electron-capture agent, or the formation of some 
unknown ion, as AJT. Negative argon ions seem more likely; the analogous 
ion He7 is known to exist. 

90 
Time in n sec 

120 150 180 210 240 270 300 

F I G . 5-39.— Recovery of mixtures of argon and pentene. 

The data of Fig. 5-36 may be used to determine the capture cross 
section of H 20, by replotting in terms of In n and t, and using Eq. (63) 
which may be rewritten 

1 d 
vQM dt (In n). (73) 

If these calculations are made with Q = 15 X 10~16 cm2, v corresponding 
to 300° K as {ZkT)H/m = 1 ■ 2 X 107 cm/sec, then the values for hc„ 
are 

1.0 X 10~4 from the 2 mm curve. 
0.93 X 10~4 from the 3 mm curve. 
0.94 X 10~4 from the 5 mm curve. 

These capture probabilities are for thermal velocities, which have not 
been obtained by any other means. They agree in order of magnitude 
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with the results of Bradbury and Tatel,1 who list values as high as 
4 X 10 - 4 at somewhat greater energies. The important difference lies 
in the fact that no pressure dependence is indicated by these results. 
This might be interpreted as meaning that single H 2 0 molecules can 
capture thermal electrons. On the basis of present knowledge, this 
seems improbable, and further study is required. 

Figure 5-37 shows an interesting anomaly, which is that the recovery 
time is not a monotonic function of the oxygen pressure. Margenau2 

has explained this on the basis of the fact that both 0 2 and O are present 

(a), (W 

in the discharge. The data can then be interpreted as an indication 
of different electron affinities for the molecule and for the atom. If it is 
assumed that most of the oxygen is in atomic form at the end of the dis
charge, then the atoms recombine into O2 by way of a three-body col
lision, and the rate will be proportional to the square of the pressure. 
Thus, 0 will last longer at low pressures. According to the data, then, 
above 5 mm pressure 0 2 is the more active capture agent; and below 
5 mm 0 is the more active. On this interpretation, 2 mm pressure, which 
corresponds to 4 mm of atomic oxygen, is as effective as 10 mm of 02 . 
The numerical results based on this argument are /i0»p « 3.2 X 10 - 4 for 
0, and hon « 1.5 X 10"4 for 02 . 

1 Bradbury and Tatel, J. Chem. Phys., 2, 835 (1934). 
2 Margenau, loc. cit. 
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Figure 5-39 shows the transition from conditions in which there are 
enough captors to eliminate all electrons to those in which there are not 
enough. The corresponding In n-vs.-t curves show straight terminal 
slopes for pressures of 1 mm Hg and 0.1 mm Hg of pentane, but definitely 
curved characteristics for the 10 - 2 and 10~3 mm Hg pressures. The 
latter two are probably tending towards a diffusion as opposed to a 
capture characteristic. If the transition is assumed to lie between 0.1 
and 0.01 mm Hg partial pressure, this indicates that the initial electron 
density in the discharge is between 3.5 X 10l4 and 3.5 X 10 u per em3. 
This value is in agreement with estimates obtained by extrapolating 
the curves of In n to zero time. 

In one attempt, which was unsuccessful, to devise a simple production 
recoveiy-time test, measurements were made of the decay of light inten
sity with time after the transmitter pulse. Figure 5-40 shows the decay 
of light intensity from the discharge after the excitation, transmitter 
power, is removed. These characteristics were obtained by measuring 
the light of a 1B38 pre-TR tube with a photomultiplier tube connected 
to a video amplifier and cathode-ray oscillograph. The tubes filled with 
argon and with nitrogen exhibit long recovery times, while in those con
taining H2O, the light is very quickly quenched. No particular study 
has been made of this phenomenon, but it is believed that the "after
glow" is caused by the presence of metastable atoms which may have 
fairly long lives. 

6-16. Efiect of Keep-alive Discharge on Recovery Time.—In Sec. 5-7 
it was shown that in order to make the spike energy small, and to make 
the variations in energy from pulse to pulse 
low, it is necessary to introduce electrons into | "c ls 

the gap from an external source. This source 
is a d-c glow discharge so located that the 
desired na electrons are furnished to the gap 
by diffusion, Fig. 5-41. If the keep-alive elec
trode is negative with respect to the TR tube, 
electrons are accelerated toward the gap. If Keeo-alive [ 
the keep-alive is positive, however, electrons electrode 
move away from the gap. Under these COI1- F I G . 5 -41 .—Keep-a l ive 

ditions, the spike energy is many times larger ^ * ™ ^ w i t h i n t h e c o n e s of 

than when the keep-alive is negative, and it is 
usually impossible to protect crystals. For the moment the leakage-
power considerations will be neglected and the effect of keep-alive polarity 
on recovery time will be discussed. 

The recovery characteristics of an argon-filled 721A TR tube for 
positive and negative keep-alive polarities are illustrated in Fig. 5-42. 
The effect of the positive keep-alive is marked. The difference between 
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the two curves can be explained if the structure of the discharge is 
considered, see Fig. 5-43. With the keep-alive positive, there will be 
a positive column extending toward the TR tube gap, as shown. Since 
most of the voltage drop in the d-c discharge occurs near the cathode, 

this will have the effect of producing 
a new "virtual anode" at the cath
ode end of the positive column. 
As a result, the penetration of the 
d-c field into the gap is enhanced. 
The difference in position between 
the virtual anode and the keep-
alive electrode may be estimated 
from the fact that the length of the 
cathode fall with a copper cathode 
is 0.3 to 0.8 mm at a pressure of 10 
mm Hg.1 The distance of the 
keep-alive electrode from the cone 
is about 5 mm. Thus the virtual 
anode is about 0.15 as far from the 
gap as is uie keep-alive, with the 
resulting increase of the d-c field 

0 5 10 15 20 
Time after transmitter pulse in n sec 

F I G . 5-42.—Recovery of a 721A TR tube 
filled with 10 mm Hg argon, at 50 kw pulse 
power with positive and negative keep-
alive discharge. 

in the gap. The direction of the field serves to sweep electrons out 
of the gap, and thus overcomes the retarding force of the positive ions. 

This phenomenon has been known for some time, and suggestions 
have been made for the use of an argon-filled TR tube that would have 
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F I G . 5-44.—Pulsed keep-alive voltage. 

■~t 

F I G . 5-43.—Extent of positive column and 
virtual anode in keep-alive discharge. 

very low leakage power with a negative keep-alive, and could be made to 
have a short recovery time by making the keep-alive positive just after 
the transmitter pulse. The keep-aiive polarity would vary with time 
somewhat as shown in Fig. 5-44. This type of operation is entirely 
feasible, and was, in fact, used by the British in one radar installation. 
I t has the advantage of longer tube life, since there is no chemically active 

1 Cobine, Gaseous Conductm-s, McGraw-Hil l , New York, 1941, p p . 215-218. 
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gas such as H2O to react with the metal part of the tube. This, it will be 
shown later, is the most serious factor limiting tube life in conventional 
TR tubes. The disadvantage of a tube of this type is that the circuit 
necessary to produce the alternately negative and positive keep-alive 
is more complicated than the simple high-voltage rectifier needed for 
conventional tubes. Although the actual complication is not excessive, 
designers have usually avoided it on the basis that failure or partial 
failure of this circuit would result in crystal burnout and failure of the 
entire radar set. This is certainly a moot question and should, in the 
author's opinion, receive further study. 

The application of d-c sweeping fields to aid recovery time has not 
been extended to bandpass TR tubes, where the recovery time of the 
tube is limited by that of the low-Q input window. To sweep the elec
trons away from the window would require a grid-like electrode across 
the waveguide and just behind the window. The construction of the 
tube would be seriously complicated by the addition of such a structure. 

6-17. The Keep-alive.—The keep-alive circuit is of equal importance 
with the gas filling and the shape of a T R tube in determining the spike 
leakage energy. The keep-alive discharge is generally a low-current, 
d-c glow maintained between the keep-alive electrode and some portion 
of the TR tube, and is so located that the resultant density of electrons 
in the r-f gap is sufficient to keep the spike leakage energy W, to a safe 
level. Since the keep-alive is an auxiliary device which is concerned 
only with the high-level operation of the tube, it must be designed to 
have little or no effect upon the low-level performance of the T R tube. 
This means, first of all, tha t the keep-alive electrode must either be 
shielded from the r-f field in the cavity or, if it is within the cavity 
proper, it must be so disposed that r-f currents flowing along it will be 
minimized. Similarly, the glow discharge must not cause any apprecia
ble decrease in low-level transmission through the cavity, either because 
of its own conductance or because of the conductance caused by the 
electrons it furnishes to the gap. This last requirement must of necessity 
be a compromise with the need for having w0 large enough to give ade
quate leakage-power protection. To ensure minimum interference with 
the reception of weak signals, r-f noise coupled directly to the first detec
tor, or lower-frequency noise coupled to the i-f amplifier from the dis
charge, must be small. 

I t was pointed out in Sec. 516 that the keep-alive polarity must be 
negative if electrons are to be furnished to the r-f gap. In the discussion 
which follows, a negative keep-alive polarity will always be assumed 
unless otherwise stated. 

In practical TR tubes it has been possible to maintain sufficiently low 
values of W, with a keep-alive discharge that causes a change of low-level 
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transmission of less than one per cent. The reflection and dissipation 
losses caused by r-f currents flowing in the keep-alive electrode are nearly 
zero in one type to be described, and of the order of 1 per cent in another 
type. The glow discharge produces r-f noise so low that it makes the 
measured values unreliable because of experimental errors; however, it 

(a) 0) («) 
F I G . 5-45.—Types of keep-alive electrodes. 

certainly causes less than 0.1 db change in signal-to-noise ratio of the 
receiver. Under certain circumstances, i-f noise can be appreciable; but 
it is not difficult to keep it out of the receiver circuits. 

A classification of keep-alive electrodes based upon shape or construc
tion recognizes three major types. These are the coaxial electrode, 
Fig. 5-45a, and two modifications of the side-arm type, Fig. 5-456 and c. 

Flo. 5-46.—Keep-alive electrode in tube inserted in cavity. 

Historically, the coaxial keep-alive electrode is the oldest. As shown 
in the sketch, it is mounted within one of the hollow electrodes or cones 
forming the r-f spark gap. A d-c discharge is maintained between the 
keep-alive electrode and the inside of the cone. This type of electrode is 
particularly suitable for use in the cell-type TR tube. For this tube it 
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is desired to have construction that is axially symmetric in order to be 
able to clamp the tube into a split annular cavity, Fig. 5-46. The keep-
alive electrode and discharges are both completely shielded from the r-f 
field within the T R cavity, and thus have no effect upon low-level trans
mission. The position of the electrode within the cone, however, must 
be maintained within rather close limits since the electron density in the 
gap is a sensitive function of the distance of the keep-alive electrode from 
the gap; and therefore, the low-level loss or "keep-alive interaction" 
caused by n0 changes rapidly with position. 

Keep-alive electrodes of the types shown in Fig. 5-45<z and b are used 
in integral-cavity TR tubes. The 1B24 tube uses a coaxial keep-alive, 
while the 1B26 and 1B50 use the side-arm type. In bandpass TR tubes, 
electrodes similar to those of Fig. 5-45a and c have been used. The side-
arm electrode in c actually extends into the r-f field within the tube; 
however, since it is perpendicular to the electric field no longitudinal 
currents are induced on it. Since the electrode radius is small, the 
capacitance introduced by it is small, and the resulting reflections are 
negligible. 

In common with many other technical problems, the design of a keep-
alive system involves a number of compromises. To reduce the spike 
leakage energy to a safe level, the number of electrons n0 in the gap should 
be large. However, n0 must not be so large that the low-level transmis
sion is seriously affected. A further restriction on the keep-alive arises 
from the fact that the d-c discharge changes the gas content of the tube 
either by chemical decomposition of the gas, or by sputtering whereby 
gas molecules are driven into the walls and captured. This process takes 
place at a rate that increases with the current carried by the discharge. 
Therefore, to obtain maximum R 

tube life, the keep-alive discharge o—V\A—i • 1 
should be run at a current level as ., J, I \ 
low as possible, consistent with ic T i. ' 
safe values of W,. This limit is °— : * * ' 
set by two restrictions. A limit 
is determined by the current level 
at which, for a given electrode 
shape, na becomes too small. Be
fore this limit is reached, however, 
t h e discharge m a y become un - Flo. 5-47.—Relaxation oscillations of a gas 
stable or break into a relaxation 13c a r g e ' 
oscillation. With the discharge intermittent, there is a finite probability 
that it will be out just before and during a transmitter pulse. When 
this happens no will be small and the spike leakage energy will be very 
large, and crystal burnout may result. 
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The relaxation oscillation encountered here is similar to a gas-filled-
tube sawtooth oscillator, Fig. 5-47. If the resistance R„ of the discharge 
is small compared with the resistance of the power supply, and the voltage 
V is greater than the breakdown voltage of the gap Vb, then oscillations 
of the type shown will take place. The capacitor voltage Vc will rise 
at a rate determined by the time constant RC, until the breakdown volt
age Vb is reached. At this point the gap will break down and discharge 
the capacitor until the extinction voltage Ve is reached. The discharge 
will go out, the voltage will build up as before, and the cycle will be 
repeated periodically. It is entirely feasible to make a circuit that 
oscillates with a period considerably in excess of one second. The maxi
mum frequency of oscillation attainable is limited by the deionization 
time of the gap and may be of the order of several hundred kilocycles per 
second. 

In the keep-alive discharge, such oscillation must either be entirely 
suppressed, or be made to have such a high frequency that even though 
the discharge is periodically extinguished, the density of electrons in the 
r-f gap will experience only small fluctuations. If the discharge current 
is to be maintained within a relatively narrow fixed range, then the fre
quency of oscillations cannot be seriously affected by a change of the 
power-supply voltage V, since the series resistance R, and hence the 
charging time constant, must be changed to maintain the given current 
despite the change in V. If the characteristics of the gap are assumed 
fixed, then the only way to increase the frequency is to reduce C. The 
capacitance of interest here includes all lumped and stray capacitances 
to ground, from the keep-alive electrode to the first large current-limiting 
resistor. By placing this resistance right at the TR tube, the total 
capacitance becomes just that of the keep-alive electrode, and is of the 
order of 1 tifd. If R is 4 megohms, a typical value, the oscillation fre
quency will be of the order of 200 kc/sec. If there are several inches of 
unshielded wire between the resistance and the tube, the frequency will 
be reduced by a factor of five, approximately, and if shielded wire is used, 
the reduction in frequency will be much greater. 

Let us examine in greater detail the factors affecting the oscillation. 
If Rg <K R, at the instant of breakdown nearly all of the discharge current 
will flow from the capacitor C. In Fig. 5-48 when Vc reaches Vb the gap 
breaks down and the operating point moves out to some point such as 
A on the V-I curve of the discharge. As the charge on C is drained off, 
the operating point moves away from A to the left until it reaches the 
constant-voltage portion of the curve beginning at B. If the equilibrium 
voltage v = VRa/(Ra + R) < VB, the discharge will go out at this 
point and vc, since there is no current drain, will now procede to build 
up towards Vb again. If, however, v — V R„/(RII + R) > VB there 
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will be a stable operating point, and a continuous discharge will be 
maintained. Thus, increasing V or decreasing R is in the right direc
tion to stop oscillations. Similarly, redesigning the electrode or chang
ing the gas filling of the TR tube may change the gap resistance R„ either 
up or down. 

To change the gas content in order to get stable operation of the keep-
alive discharge is usually not possible since the gas filling must be chosen 
for minimum leakage power, shortest recovery time, and longest life, and 
it is too much to expect to find a single gas filling tha t will satisfy all of 
these conditions plus the additional one of avoiding keep-alive oscilla
tions. Fortunately, the shape can be so modified as to eliminate oscilla
tions almost entirely. 

In the normal glow discharge the voltage drop between electrodes is 
nearly independent of the current, and the current density at the cathode 

vc 

V 

«J 

VB 

I 
FIG. S-48.—Volt-ampere ,-̂ urve of d-c glow discharge. 

is also independent of the total current. This characteristic results 
because the glow is able to cover more and more of the cathode area as 
the current is increased.1 Once the entire cathode area has been covered, 
a further increase of current is accompanied by an increase ia voltage 
drop, and the discharge characteristic takes on a positive dynamic 
resistance. Therefore, by restricting the cathode area, the current at 
which the V-I slope becomes positive may be reduced, and thus, the 
current at which oscillation occurs may be decreased. 

Early TR tubes such as the 721A and 724A, had simple tungsten 
keep-alive electrodes. Some time after these tubes had been produced 
and were being used, keep-alive relaxation oscillations were "discovered." 
The critical current above which oscillations ceased, was of the order of 
200 to 400 ^a. By reducing stray capacitance to a minimum by placing 
the limiting resistor directly at the TR tube, it was usually possible either 
to eliminate the oscillations or to make their frequency very high for 

' Cobine, Gaseous Conductors, McGraw-Hill, New York, 1941, Chap. 4. 
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normal keep-alive currents. The spike leakage energy with an oscillat
ing keep-alive discharge is illustrated in Fig. 5-49a whereas Fig. 5-496 is 
for a nonoscillating discharge. The individual lines represent the spike 
energy in successive pulses. These variations were first measured and 
correlated with keep-alive oscillations in a study of the 724A and 1B24 
T R tubes.1 Depending upon the repetition rate and transmitter power, 
the spike energy during the "off period" of the keep-alive discharge may 
be 10 to 25 db greater than the normal level. 

Coated keep-alive electrodes are now used almost exclusively. They 
are made by covering the electrode with a glass or ceramic sleeve down 

to the end, which is exposed by 

K 
i i i i i 

(a) 
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F I Q . 5-49,—Time variations in spike 
leakage energy; (o) oscillating and (b) non-
oscillating keep-alive discharge. 

grinding off the insulation. Al
though the oscillation-free region 
extends to currents as low as 30 
lj.Sk, operating currents are usually 
maintained between 100 and 200 
Aia. There are two reasons for 
this. The voltage drop across the 
discharge is about 400 volts, and 
therefore, the d-e resistance is 
about 4 megohms at a current of 
100 n& and about 20 megohms at 

a current of 20 v&. For military service, it is difficult to maintain a 
leakage resistance large compared with 20 megohms, and the low-current 
discharge may actually be extinguished by surface leakage on the TR tube. 

Figure 5-50 illustrates typical keep-alive voltampere curves for 
"coated" and "uncoated" electrodes. The uncoated electrode of the 
721A tube shows a positive slope at currents above 200 jua. A coated 
electrode with an exposed area of about 10~3 in.2 has a positive slope down 
to currents of 50 /ia or less. The 1B24 has a coated electrode, and the 
7-7 curve has a positive slope down to 50 jua. The dotted lines which 
indicate regions with negative slope, are the result of d-c measurements 
made while the discharge was oscillating. As a result, the readings are 
averages and have no particular significance. 

Another reason for choosing the higher current is that in order to 
maintain a given nB in the r-f gap, the keep-alive electrode must he placed 
closer to the gap for the low-current discharge than for the high-current 
discharge. The mechanical difficulties involved are rather severe as can 
be seen from a consideration of the actual dimensions involved. The 
accurate location of the keep-alive electrode within the hollow cone of a 
TR tube such as the 1B24 or 724A is a moderately difficult task. The 

1 J. B. Wiesner and F. L. McMillan, Jr., "Preignition Transmission through TR 
Tubes," RL Report No. 264, July 3, 1943. 

http://lj.Sk
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only support for the electrode is at the metal-to-glass seal where it goes 
through the glass envelope of the tube. This point may be as much as 
two inches from the end of the electrode from which the discharge takes 
place. Since it is usually impossible to locate the end of the electrode by 
any jigs or spacers, it is difficult to locate the end within ±0.010 in. of 
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F I G . 5-51.— Details of cones and keep-alive electrodes of some T R tubes. 

the nominal position inside the cone. In the 1B27, the diameter of the 
cone at the end of the keep-alive electrode is about -fa in. In the 1B24, 
however, the corresponding diameter is only 0.055 in. Figure 5-51 shows 
the position of the keep-alive electrode within the cones of the 1B24 and 
1B27 TR tubes. It would be almost impossible to make a 1.25-cm TR 
tube with this type of construction. 
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Cathode fall 

■ Electric field 
F I G . 5-52.—Structure of keep 

alive discharge. 

Since n0 must be held within the limits imposed by low-level trans
mission on the one hand and low spike leakage energy on the other hand, 
let us consider what effect the location of the electrode has upon n0. 
The discharge is shown more or less schematically in Fig. 5-52. The 
electrons, under the influence of the d-c field, drift in the direction of the 

cone. The number of electrons that pass 
through the hole in the cone into the r-f gap 
is a function of the hole diameter, the dis
tance of the electrode from the hole, the 
average temperature of the electrons, the 
electron mean free path, and the discharge 
current. 

In the usual pressure range for TR tubes, 
10 to 30 mm Hg, the electron mean free path 
is of the order of 10 - 4 in. An electron 
makes a great many collisions per second, 
and the influence of the field is mainly to 

increase the random velocity or temperature of the electrons, in addition 
to causing a relatively slow drift in the direction of the field. If it is 
assumed that the positive column ends at some surface, such as that 
shown in Fig. 5-52, the diffusion of the electrons out of it may be found, 
in principle, by solving the diffusion equation. The electron density n is 
subject to the boundary conditions that n = 0 at the walls of the cone, 
and n = f(r,z) at the edge of the 
discharge, r = radial and z = axial 
dimensions. While this cannot be 
solved formally, it can be realized 
intuitively that, if the discharge 
ends at a distance from the gap 
larger than the diameter of the 
cone, the number of electrons 
reaching the gap will vary by a 
factor of about 30 for every in
crease of this distance by one diameter.' Thus, if the cone is large, the 
permissible absolute error in location of the keep-alive electrode for a 
given tolerance in n0 is larger than that for a small cone by about the 
ratio of the cone diameters. 

It is evident, on the basis of these considerations, that it would be 
very difficult to make a coaxial keep-alive electrode for a 1.25-cm tube 
because of the small size of the cones in such a tube. To avoid these 
difficulties, the structure illustrated in Fig. 5-456 was evolved. In this 

1 This number is arrived at by analogy with the a t t enua t ion of electromagnetic 
waves in waveguides beyond cutoff. 

F I G . 5-53.—Side-arm keep-alive electrode. 
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construction, the electrode is placed in a fairly large hole at the side 
of the cavity, and the exit hole through which electrons diffuse is TV in-
in diameter. In this design, the number of electrons entering the cavity, 
ne, must be much larger than the number finally reaching the gap, n0. 
Because the electric field is so weak in the outer regions of the cavity, this 
large value of n„ has very little effect upon low-level transmission, 
Fig. 5-53. 

The electrons spread out from the exit post according to the diffusion 
equation, subject to the boundary conditions n = 0 at all metal surfaces. 
Because the gap is partially shielded by the cones, and because of the 
distance from the wall to the gap, 

=5 « 1 . 
ne 

Besides the advantage of greater ease of construction in small tubes, 
the side-arm electrode has the further advantage of allowing greater 
freedom in the design of the r-f gap. The design of the 1B26 TR tube 
required sharp points on the cones 
in order to bring the leakage power 
down to a usable level. This would 
have been impossible on the cone 
surrounding a coaxial keep-alive. 
Similarly, in the 1B50 tube, the use 
of a side-arm keep-alive made possi
ble a design with the points of the 
cones overlapping, Fig. 5-54. This tube has nearly constant leakage 
power over the entire tuning range because the gap length remains 
unchanged as one cone moves axially relative to the other. 

The coaxial keep-alive electrode and the side-arm electrode, Fig. 5-45o 
and c have found equal use in bandpass TR tubes. The reasons for 
choosing one or the other of these electrodes are still not clear. The side-
arm electrode must be accurately aligned perpendicular to the electric 
field in order to avoid excessive low-level losses. On the other hand, 
the coaxial electrode must be carefully aligned within the cone to prevent 
short circuits. Neither of these difficulties is insuperable, and sufficiently 
close tolerances can be maintained with proper jigging of the assembly. 

Historically, the side-arm electrode was the first to be used in band
pass tubes. A discharge is maintained between it and the ends of the 
electrodes or cones forming the r-f gap. The resonant elements of the 
bandpass tube have low Q's, Q i 2 « 4 as compared with 300 for a high-Q 
tube. As a result, the transformation ratio is low, and n0 can be much 
larger than in a high-Q tube for the same low-level interaction. This is 
fortunate, since it takes a large no to reduce spike leakage energy to a 

F I G . 5-54.—Overlapping gap of 1B50 T R 
tube. 
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dis-

safe value. A 200-/*a discharge directly to the ends of the cones produces 
about 0.05 db change in low-level transmission. Because the cones are 
the anode of the discharge, ne is practically independent of the distance 
of the keep-alive electrode from the r-f gap, at a constant current level. 

In the many 10-cm bandpass tubes 
tested, including those used for 
experimental purposes and those 
produced commercially, there is 
no record of serious keep-alive 
interaction for this style of elec
trode with discharge currents of 
less than 250 jta. 

In bandpass tubes it has been 
observed tha t the coaxial keep-
alive has as much as 8 db of inter
action when pushed too far for
ward. Thus, it apparently can 

produce a larger value of n0 than can the side-arm electrode. Tests 
made on a 3-cm bandpass tube indicate less spike leakage energy 
for a given interaction for the coaxial than for the side-arm electrode, 
Fig. 5-55. Just why this is so is not immediately obvious, since 
interaction is apparently a measure of n0, unless the electrons from 
the side-arm electrode are loading the fringing field of the gap rather than 
the central portion where breakdown takes place. Comparison, in the 
1B55 bandpass tube for 8.5 cm, of the coaxial and side-arm electrodes 
indicated little difference between the two. 

5-18. Keep-alive Characteristics.—Since the gas filling of a TR tube is 
determined by the leakage power and the recovery characteristics, the 
characteristics of the d-c discharge are more or less determined by the r-f 
discharge characteristics. Figure 5-56 shows the dependence of the keep-
alive voltage drop upon the gas filling of a 1B24 TR tube. The charac
teristics of other high-Q TR tubes are not very different from these. 

In Sec. 5-7 it was pointed out that no direct measurements had been 
made of the electron density n0 produced in the r-f gap by the keep-alive 
discharge. This is a serious lack in the understanding of spike phenom
ena. From the point of view of TR-tube design, however, it is sufficient 
to measure spike energy and keep-alive interaction. Thus, an experi
mental approach to the design of a tube would be, first, to choose an r-f 
circuit which has the desired Q or bandpass characteristics, and which 
has a short r-f gap. Then, under high-power test, the gas pressure would 
be varied, and W, and P„ measured. For each gas pressure, the keep-
alive current should be brought to a level that results in about 0.01 db 
of interaction. If the current required to obtain this is too high or too 
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low, the position of the keep-alive electrode should be readjusted. Such 
a procedure would allow truly optimum leakage power characteristics to 
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F I G . 5-56.—Keep-alive pressure-voltage characteristic of 1B24 T R tube. The discharge 
current varies from 100 to 150 n&. 

be obtained, but it requires an adjustable keep-alive electrode. Although 
this procedure has not been followed in the past, it appears that the use 
of such an electrode would result in an appreciable economy in develop
ment time and in the number of experi
mental t u b e s required. I t would, 
furthermore, establish tolerances upon 
electrode location. In the past, such 
information has usually been obtained 
by making a number of different tubes 
with varying electrode locations, and 
measuring W, and interaction. 

The interaction, or low-level inser
tion loss, can be pushed to extreme 
limits by moving the coaxial electrode 
of a 1B24, or similar tube, closer to the 
r-f gap, by enlarging the hole in the end 
of the cone, and by changing the gas 
content of the tube. In fact, d-c-con-
trolled r-f switches have been made 
out of 1B24 and 1B27 TR tubes. In 
300 iia produces an r-f attentuation 
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F I G . 5-57.—Low-level signal at ten
uation caused by keep-alive discharge 
in modified 1B24 T R tube. 

these, a 
of about 

keep-alive current of 
40 db.1 In a 1B24, 

1 Ting-Sui Ke and L. D. Smullin, "A Low Power X-Band R-f Gas Switch," RL 
Report No. 841, Oct. 19, 1945; T. S. Ke, "Note on a Low Power S-band Gas Switch," 
RL Report No. 979, Dec. 10, 1945. 
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filled with 15 mm Hg each of H2 and H 2 0, an attentuation of about 25 db 
could be obtained with currents of about 1 ma if the keep-alive electrode 
were in the position to give greatest interaction. If the gas content is 
changed to N2, attentuations of 40 db are obtained. Figure 5-57 shows 
the variation in attentuation with keep-alive current for various gas 
fillings. It should be noted that high interaction is obtained only with 
negative keep-alive polarities. 

6-19. Keep-alive Discharge and Tube Life.—Under the action of the 
d-c glow discharge, there is a continual modification of the gas content 
of the tube. This change is the result of two different mechanisms: 
sputtering, and chemical reaction. 

Sputtering is a process in which the cathode is heated by positive-ion 
bombardment to the point where particles are boiled out of the cathode 
and finally condense on the anode or on the tube walls. These particles 
may collide with gas molecules and carry these molecules with them to 
the tube walls, where the gas is trapped. Thus, the rate at which metal 
is sputtered from the cathode is a measure of the rate at which the gas 
pressure will be reduced in a given tube. Table 5-5 gives the normal 
cathode fall1 in H2 and A, for a number of metals, and the rate of sputter
ing for the same metals in H2 with a cathode fall of 850 volts. 

TABLE 5-5.—NORMAL CATHODE FALL IN A AND H2, AND SPUTTERING RATE IN H2 
(CATHODE FALL = 850 v) FOR VARIOUS METALS 

Metal 

Al 
Ag 
Au 
Cu 
Fe 
Mg 
Ni 
Pt 
Sn 
W 

Normal cathode fall 

A 

lOOv 
130 
130 
130 
165 
119 
131 
131 
124 

H2 

170v 
216 
247 
214 
250 
153 
211 
276 
226 

Sputtering rate in H2, 
Mgr/a. sec 

8 
205 
130 
84 
19 
2.5 

18 

55 
16 

The only metals that have been used for the keep-alive electrode are 
tungsten and Kovar. Examination of the table indicates that, in regard 
to sputtering, aluminum might have made an excellent keep-alive elec
trode. It cannot, of course, be sealed to glass, and would have to be 
welded to a suitable glass-sealing metal such as tungsten or Kovar. To 
prevent oscillations, the electrode must be covered with an insulating 

1 Cobine, Gaseous Conductors, McGraw-Hill, New York, 1941, Chap. 8. 
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material. Tungsten or Kovar electrodes are simply glassed right down 
to the end. If aluminum were used, it could be covered with a suitable 
insulating cement such as Insalute cement. To the author's knowledge, 
no tests have been made with aluminum keep-alive electrodes; but the 
considerations presented here might warrant such tests. 

Tungsten is a very unfortunate choice as a keep-alive electrode for 
TR tubes containing water vapor. Many years ago lamp manufacturers 
discovered the so-called "tungsten water cycle" and learned that they 
could get long life from their tungsten filaments only if water vapor were 
carefully kept out of the lamps. This phenomenon involves the forma
tion of an unstable tungsten oxide and the release of atomic hydrogen in 
the discharge. The oxide diffuses through the tube, and condenses on 
the walls. In time, however, the oxide is reduced and the oxygen and 
hydrogen recombine to form water vapor. Thus, although the water 
serves as a carrier to transport tungsten away from the cathode or fila
ment, it is not consumed. The amount of tungsten carried away in this 
manner is not large enough to destroy the keep-alive electrode in any 
reasonable length of time. I t is sufficient, however, to form filaments or 
"ha i r s" and, in a small tube such as the 1B24 or 1B26, these may actually 
bridge the gap between cathode and anode and short-circuit the discharge. 
Exactly what determines the rate of this process is not known; but short 
circuits have developed after operating times of only 10 to 100 hours at a 
discharge current of 100 /ia. The effect is most serious, and was first 
noticed, in TR tubes with insulated keep-alive electrodes. Because of 
this, Kovar is used in the tubes with glassed keep-alive electrodes, the 
1B24, 1B26, 1B27, and the various bandpass tubes. 

5-20. Keep-alive Circuits and Power Supplies.—The large majority 
of all radar sets have used simple, d-c keep-alive discharges. These are 
energized either from a negative voltage already available or from a 
simple auxiliary half-wave rectifier, suitably filtered. The voltage avail
able must be 750 to 1000 volts negative, on open circuit, and the current 
is limited to 100 to 200 fia,. 

In a few cases, a device known as prepulsing is used. In this device a 
pulse of current of the order of a milliampere is passed through the dis
charge a few tenths of a microsecond before the transmitter pulse, and is 
made to overlap it. This pulsed discharge may be used alone or in con
junction with a low-current d-c discharge. In this way, a large value of 
n0 can be produced in the gap and the spike energy greatly reduced. 
The fact that the interaction may also be large is unimportant, since it 
occurs only for a few tenths of a microsecond at the very end of the 
receiving period. 

Let us first consider the external circuit of the d-c discharge. The 
dynamic resistance, or slope ot the keep-alive discharge characteristic is 
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small compared with the static resistance obtained by taking the quotient 
of the operating voltage and current (see Fig. 5-50). In the first approxi
mation, it may be assumed that the dynamic resistance is zero; that is, 
the discharge is a constant-voltage device. If the voltage drop is V„, the 
current is 7, the open circuit voltage of the source is V0, and the series 
limiting resistance is R, 

T Vo- Va AV 

I-f*L = J_. (74) 
IdAV AV (t ' 

Thus, if either V0 or Va is subject to fluctuations caused by power-line 
variations or differences in individual TR tubes, the percentage of current 
change for a given voltage change will be inversely proportional to 
Vo — Va- It therefore appears desirable to make AV large by increasing 
Vo, and to maintain the proper current by a corresponding increase of R. 

Most high-Q TR tubes with H2 and H 2 0 fillings have a keep-alive 
voltage drop Va « 400 volts, and the operating current I is between 100 
and 200 jiza. However, because of manufacturing tolerances, Va is 
allowed to vary between 350 and 475 volts in new tubes, and during the 
life of the tube it may increase by 50 to 100 volts. If the design point is 
at Va = 400 volts and I = 100 Ma, with V0 = 700 volts, / will fall to 
67 Ma if Va should rise up to 500 volts. If V0 = 1000 volts, I will fall to 
83 Ma for a similar increase in Va- This might be carried to the extent of 
making V0 very large, and thus reduce still further the variation in I with 
changes in Va. At the operating conditions assumed above, if V0 = 1000, 
R = 6 megohms. Since the voltage required to fire the gap initially is 
about 600 volts, it would require a surface leakage of 8 or 9 megohms to 
reduce the voltage at the tube to a point where it would never fire. 
Under military operating conditions, the accumulation of dirt, moisture, 
or salt on insulating surfaces might easily result in leakage resistances as 
low as 10 or 20 megohms. On this basis 1000 volts is usually considered 
the maximum safe value for Vo- In large, fixed, land installations, where 
the equipment is indoors, higher values of Vo may of course be used. 

5-21. Prepulsed Keep-alive Circuits.—It has been indicated that the 
d-c discharge changes the gas content of the tube, and thus affects the 
tube life. In fact, in high-Q TR tubes, the tube life is almost independent 
of the r-f discharge, and is inversely proportional to the current in the 
keep-alive discharge. It thus appears desirable to reduce the average 
keep-alive current to as low a level as possible. One way of doing this 
is to turn off the discharge between pulses, and to turn it on only in time 
to get the required value of n0 in the gap when the transmitter pulse 
starts. Depending upon the repetition rate, the average current would 
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be reduced by a factor of about 1000 if the instantaneous value of the 
current were kept constant, and therefore the tube life would be increased 
by a very large factor. 

If the instantaneous current is made 10 or 20 times the normal d-c 
value, the average current will still be 50 to 100 times less, the increase in 
tube life will still be substantial, but n0 will be increased and the spike 
energy decreased. If this double effect, longer life and lower W„ is to be 
utilized, a knowledge of W, as a function of keep-alive current is neces
sary. Unfortunately, no detailed information of this kind exists. From 
50 to 200 or 300 /xa, the spike leakage energy is nearly constant in most 
high-Q TR tubes. Apparently n0 remains constant in this range. This 
may indicate that the discharge extends back, away from the r-f gap, 
with increasing current in this range. With currents of the order of 1 to 
5 ma, W, is 7 to 10 db lower than at normal operating currents in high-Q 
tubes with coaxial keep-alives. 

This reduction in W„ is substantial, but prepulsing has found little 
application. There is one immediate objection to a prepulsed discharge 
in which no continuous discharge is maintained, that is, if is incapable of 
protecting against high-power pulses from nearby radars operating in the 
same frequency band, because the prepulse is synchronized to its own 
transmitter, but not to nearby transmitters. In military or naval opera
tions, a large number of radars may be operating in a restricted area. 
Once an aircraft is aloft, unless a group of planes are flying in tight for
mation, there is little probability of crystal burnout by a nearby radar. 
On the ground, however, with planes lined up close together, mutual 
burnout can be a serious problem. 

Because of the danger of random pulses causing burnout, the TR 
tube must be capable of protecting crystals continuously with a low-
current d-c discharge. If the TR tube can already protect crystals with 
a d-c discharge, it seems that little is to be gained by reducing W, another 
10 db by means of a prepulse superimposed on the d-c discharge. Only 
by extensive life tests on a large number of T R tubes and crystals can it 
be shown whether or not any appreciable improvement in crystal protec
tion can be obtained by reducing Wt. 

All T R tubes now in use afford good crystal protection with a d-c 
keep-alive and, although occasional "unexplained" burnouts do occur, 
the same tube will again protect crystals for several hundred hours more. 
If these burnouts are caused by rare bursts of large spike leakage energy, 
they might be eliminated by the use of prepulsing which not only reduces 
the average value of W,, but also reduces the variation in energy between 
individual spikes. 

It is worth while to examine some of the circuits used to produce a 
prepulse. The two important variables to be considered are the relative 
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timing of the prepulse and the transmitter pulse, and the magnitude of 
the prepulse current. Measurements made on a 724A TR tube using a 
prepulse of rrrMsec duration superimposed upon a 100-/xa d-c discharge 
gave the results shown in Fig. 5-58. If the prepulse starts after the 

transmitter pulse, it has no effect 
on W,. When it leads the trans
mitter by about 0.1 ,usec, as in 
this experiment, Ws is 8 db down 
from its d-c value. As the lead 
is increased beyond 0.1 jusec, the 
number of electrons furnished to 
the r-f gap by the discharge be
comes smaller, and Ws approaches 
the d-c level. The increase in 
W, to values 12 db greater than 
normal when the prepulse leads by 
5 to 7 yusec, was caused by a posi

tive overshoot on the prepulse, which turned off the d-c discharge and 
reduced n0 momentarily. 

A prepulse must be added to a d-c circuit in such a way that the puls
ing circuit has little or no effect upon the d-c discharge. Normally, to 
prevent relaxation oscillations, a resistor of % to 4 megohms is put right 
at the keep-alive cap on the TR tube. To produce a prepulse current of 
several milliamperes with a reason-

RFC 1M 

o—mw W S / 1-

© 4 - 4 
^ 2 - 6 

F I G . 5-58.—Effect of prepulse timing on spike 
energy of a 724A T R tube. 

able voltage, there must be little 
or no limiting resistance between 
the source and the tube. Thus, 
if the prepulse circuit is connected 
between the d-c limiting resistor 
and the electrode, the stray ca
pacitance of the prepulse circuit 
must not be large enough to allow 
relaxation oscillations to take place. 

1 < W 

DC To prepulse circuit 

TR tube 

F I G . 5-59.—Circuit for prepulsing T R tube. 

Figure 5-59 indicates such a con
nection with a 10-M/uf capacitor used to isolate the two circuits. 

The prepulse voltage may be obtained in a number of ways. I t may, 
of course, be generated by a blocking oscillator or similar circuit properly 
timed with respect to the transmitter. This is possible only if the trans
mitter is triggered from some external source that can also be used to 
trigger the prepulser. If a "self-synchronous" transmitter modulator 
is used, such as a rotary or series spark-gap modulator, there is an uncer
tainty in the time between successive pulses of perhaps 50 yusec. Since 
all trigger voltages in such a set are derived from the transmitter pulse, 
there is no way of triggering a prepulser so that it will lead the transmitter 
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by a fraction of a microsecond. In such cases, and even in the case of 
synchronous transmitters, it is desirable to use some voltage within the 
modulator that leads the voltage on the transmitter tube (magnetron) by 
the proper amount. The primary winding of the stepup pulse trans
former that drives the magnetron is a convenient source of such a voltage. 
I t is possible, by taking advantage of the finite rise time of the modulator 
pulse « fV jusec, and the magnitude of the pulse (several thousand volts 
on the primary), to produce a high-current pulse in the TR keep-alive 
circuit that leads the r-f output power of the magnetron by about ^V 
usec. 

Figure 5-60 illustrates a convenient way of obtaining the necessary 
prepulse voltage from the pulse transformer by means of a high-voltage 
capacitor made from a length of high-voltage pulse cable. The pick-off 

Cable 
Brass tube insulation 

Hv pulse cable 

7 To pulse 
transformer / / P \ l n ~*1 ^ " ^ 

I Braid ~==- V conductor 
iactet ~ ToTR 

jacket t u b e 
Corona 
shield 

Flo . 5-60.—Voltage divider for prepulsing T R tube. 

tube has a capacitance of about 5 nni to the high-voltage lead. Thus the 
total charge that can flow in the prepulse circuit is q — CV where V is the 
maximum value of the pulse voltage. In a typical high-power set, 
V = 10 kv, C = 5 ntf, q = 5 X 10~8 coulomb. If the rise time is 0.1 
Msec, the average current is \ amp (averaged over 0.1 ^sec), and the 
average d-c current is 25 na. It is important to keep all the time con
stants of such a circuit as small as possible, since there is probably 
less than 0.05 /isec that can be wasted in charging the various circuit 
components. 

Another method of reducing the spike leakage energy has been sug
gested many times. This method is to insulate one of the electrodes 
forming the r-f gap through a suitable r-f choke, and to strike a d-c dis
charge directly across the gap just before and during the transmitter 
pulse. Such a scheme has been tested on the 1B27 TR tube, and more 
recently on the 3-cm bandpass tube. The results in both cases were 
surprising in that the spike energy increased by about 7 db when a d-c 
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current of 900 n& was caused to flow across the gap. The explanation of 
this phenomenon is not yet known. 

Another interesting proposal is to use a radio-frequency (about 5 
Mc/sec) high-voltage supply for the keep-alive. This would be used 
where space or weight did not permit the use of a transformer, rectifier, 
and filter for 60 or 400 cps. A single oscillator tube operated from a 
low-voltage supply, and a resonant transformer can furnish enough 
voltage and current for a TR tube keep-alive discharge. Only rudi
mentary tests have been made of such a system with the alternating cur
rent applied directly to the keep-alive electrode. The measured spike 
leakage energy was not appreciably different from that of a d-c keep-alive 
discharge. No attention was paid to the problem of shielding this high 
radio-frequency voltage and the development of simple, low-capacitance, 
high-voltage shielding may be very difficult, unless the oscillator and the 
TR tube are housed within a common shield. This proposal merits 
further consideration. 

6*22. Radioactive Priming.—To initiate a d-c discharge, it is neces
sary to have a number of free electrons in the gap between the electrodes, 
or the voltage must be raised to a level high enough to cause field emis
sion from the cathode. Normally there are free electrons present in a 
gas volume. These are released photoelectrically or by high-energy 
cosmic- or 7-ray particles. A TR tube, however, is usually enclosed in a 
light-tight metal container and is surrounded by fairly massive pieces of 
metal, therefore the probability of ionization by external radiation is very 
small. Experimental tubes that have been idle for several days become so 
completely inactivated that several minutes may elapse between the 
application of the keep-alive voltage and the striking of the discharge. 
The length of time is determined by the probability of an ionizing ray of 
sufficient energy passing through the tube. 

The TR tube will not, in general, protect crystals if the keep-alive 
discharge is off; and, in particular, the very first pulse of leakage energy 
when the transmitter is turned on will be extremely large. Thus, rapid 
and reliable firing of the keep-alive under all circumstances must be 
ensured. This can be accomplished by producing a small amount of 
ionization within the tube by means of a radioactive substance. Two 
materials have been used for this purpose: radium bromide and an arti
ficially radioactive cobalt chloride. The radium bromide produces a-, 
0-, and 7-rays, whereas the cobalt chloride is only /}- and 7-ray active and 
has a half-life of 5 years. Although this life is short compared with that 
of 1690 years for radium, it is ample for most purposes. The cobalt 
chloride has the important advantage of being completely nontoxic and 
it is easy to make in comparatively large quantities. During the war, 
it was produced by the cyclotron group of the Massachusetts Institute 
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of Technology. There seems to be little excuse to use the highly toxic 
radium salts since the artificially radioactive cobalt chloride is easily 
available. 

In practice, the cobalt chloride is used in a water solution and diluted 
to a concentration that has an equivalent radioactivity of 0.1 ng of radium 
per drop. A drop of the solution is put on the cone adjacent to the keep-
alive electrode before sealing off the tube. During the sealing-off and 
evacuating process, the water is evaporated. This amount of radio
activity is sufficient to guarantee the starting of the tube within less than 
5 sec after the application of the voltage. 

5-23. Tube Life and Gas Cleanup.—The life of a TR tube is deter
mined by the rate at which the gas content changes. This rate is deter
mined by the action of the r-f or the d-c discharge. With continued 
operation either the leakage power becomes too large or the recovery 
time becomes too long. Occasionally, a tube may be found in which the 
discharge has deposited a thin layer of metal upon a glass surface and 
thereby has decreased the low-level transmission. However, this 
phenomenon is so rare as to be considered a freak. 

There is no quantitative information on the rate at which the r-f dis
charge changes the gas content of the tube. I t is known that a high-Q 
tube operated without a keep-alive discharge may be run for several 
thousand hours without seriously changing either its leakage power or its 
recovery-time characteristics. The same tube will have a life of only 500 
to 1000 hours with a d-c keep-alive discharge current of 100 pa even if 
there is no r-f discharge. The usual keep-alive voltage drop is about 400 
volts and the power dissipated is about 40 mw. The power dissipated 
in the r-f discharge is equal to the geometric mean of the transmitter 
and the arc leakage power. Typical values for these are 100 kw and 40 
mw, respectively, and therefore the pulse power dissipated in the dis
charge is about 60 watts. If a duty ratio of 1 to 1000 is assumed, the 
average power dissipated in 60 mw. Thus, the average powers dissipated 
in the r-f and d-c discharges are roughly equal, and the difference in the 
rate of gas cleanup must be attributed to some other factor. 

The process that takes place most rapidly in T R tubes is the cleanup 
of the water vapor. This apparently takes place by chemical action, 
since the copper cone that serves as the anode for the keep-alive discharge 
becomes oxidized, and the partial pressure of hydrogen increases1 as that 
of the HjO decreases. 

The process involved is probably the following one. Under the 
action of the discharge, OH ions are produced. In the d-c discharge of 
the keep-alive, these ions drift across to the anode. They are highly 

1 W. G. Guldner, "The Change in Composition of the Gas Present in a 721A Type 
Tube as a Result of Operation," BTL MM-43-120-98, Sept. 22,1943. 
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active, and therefore, they react with the copper, forming copper oxide 
and releasing atomic hydrogen. In the r-f discharge the massive ions 
are unaffected by the electric field and their motion is completely random; 
the number reaching the electrodes will be roughly proportional to the 
solid angle subtended by the electrodes. I t is probably this difference 
in the motion of the ions that makes the d-c discharge so much more 
effective than the r-f discharge for destroying the water vapor. 

The r-f discharge across the low-Q input window of the pre-TR, low-Q 
ATR, or bandpass TR tubes is much more intense than in the high-Q 
lubes. When the transmitter power is 106 watts, the pulse power dissi
pated in a 10-cm pre-TR tube (1B38) is about 7 kw. Furthermore, the 
exposed electrode area, the area of the tube walls, is much greater than in 
the high-Q tubes. In these tubes, the r-f discharge plays the major role in 
the decomposition of the water vapor. 

An example of the comparative activity of the d-c and the r-f dis
charges is furnished by a conventional duplexer in which the same TR 
cell is used for both the TR and the ATR switches: a 721A tube, for 
instance. In the TR tube a keep-alive discharge is maintained and, as a 
result, after about three hundred hours the tube will have to be replaced, 
because the recovery time will have become too long. In the ATR tube, 
on the other hand, no d-c discharge is maintained, and although the r-f 
power dissipated in the discharge is about 50 per cent greater than that 
in the TR tube, the recovery time remains unchanged even after 1000 
to 2000 hours of operation. 

An obvious way to increase the life of a TR tube is to increase the 
volume of gas contained in it, since the life of a tube is proportional to its 
volume of gas. In a cell TR tube, the volume is limited rather severely 
by the desired tuning range and by the cavities into which it must fit. 
Integral-cavity TR tubes, however, may have protuberances on them 
since there is no external cavity into which the tube must be clamped. 
Table 5-6 lists some of the more common high-Q TR tubes and gives the 
volumes of their envelopes. 

TABLE 5-6.—VOLUMES OF VARIOUS HIGH-Q TR TUBES 

Tube 

724A/B 
1B27 
1B26 
1B24 
721A/B 

Type 

3-cm cell 
10-cm cell 
1.25-cm integral cavity 
3-cm integral cavity 

10-cm cell 

Volume, cm3 

1.5 
5.3 

18 
19 
25 

It is to be noted that the 1B27, which has to a large extent replaced 
the 721A in new equipments, has only about one-fifth the volume of the 
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721A. This reduction in volume resulted from the desire to make the 
tube tune down to 8.0 cm or less, whereas the 721A would go only as low 
as 8.7 cm; it also resulted from the fact that the tuning mechanism 
occupies one end of the tube and is at atmospheric pressure, which reduces 
the effective volume to two-thirds that of a fixed-tuned tube of the same 
size. This reduction in volume was realized when the tube was first 
introduced, but the advantages of smooth, single-knob tuning, and the 
wide range of frequencies that could be covered with various cavities 
made it seem worth while to examine the possibility of artificially increas
ing the tube life. A similar problem had been faced in the case of the 
1B24 and 1B26 TR tubes. In these tubes the cavity proper is very 
small, 1 cc or less; however, the use of an external reservoir increased the 
gas volume to about 25 cc, and resulted in excellent tube life. Such a 
solution was not possible for the 1B27 tube. 

5-24. Chemical Reservoirs.—The life of the 721A tube was barely 
long enough to make it a usable tube, for, after approximately 300 hours of 
operation, the recovery time became excessive. The 1B27 tube, with 
only one-fifth the volume, would be completely useless if its life were cor
respondingly reduced. R. Levine suggested that a chemical water 
reservoir in the form of a hygroscopic salt be incorporated into the 
1B27 tube. In this way a large quantity of water could be stored 
in a few milligrams of salt and the effective volume of the tube would 
be greatly increased. An investigation of pertinent data was made to 
determine if there were any salts with suitable characteristics. The 
most important characteristic to be considered was the variation of 
vapor pressure with temperature. Military conditions require tubes to 
withstand temperatures of — 55°C to 100°C, and to give satisfactory 
operation within a range of — 10°C to 100°C Therefore, a hygroscopic 
salt, in order to be useful, must have a maximum vapor pressure of 20 to 
30 mm Hg at 100°C to prevent the leakage power from increasing to the 
point where crystal burnout is likely to occur. On the other hand, the 
vapor pressure at — 10°C must be of the order of a few millimeters to keep 
the recovery time reasonably short (see Fig. 5-34). 

Data on various salts indicated that above 40°C, the increase in 
vapor pressure was so rapid as to make most of the salts useless.1'2 

Figure 5-61 is a typical curve of H 2 0 vapor pressure plotted against 
temperature. Nickel and cobalt perchlorates have satisfactorily flat 
pressure characteristics, but their explosive nature would probably 
decrease rather than increase the life of the tube. 

1 International Critical Tables, McGraw-Hill, 1933. 
* R. Levine, F. L. McMillan, "Chemical Methods for Maintaining the Partial 

Pressure of Water in TR Tubes," RL Report No. 593, July 13, 1944* 
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Water can be obtained by an equilibrium reaction with H 2 0 as an end 
product, for example 

T10H <=± T120 + H 20. 

Here too, however, the rate of evolution of H»0 is too great at tempera
tures above 60°C. 

Finally, adsorbents and absorbents were considered. In the first 
group are activated alumina and 
silica gel. Figure 5-62 gives the 
pressure-temperature character
istics for these substances. The 
silica gel was 14 to 20 mesh, and 
was dried in a vacuum at 100°C 
before being charged by exposure 
to an atmosphere of 23 mm Hg of 
H2O at 90°C. This charge gave a 
water-vapor content for the silica 
gel of 2.6 per cent by weight. The 
activated alumina was 8 to 14 
mesh, and after having been dried 
at 100CC was charged in an atmos

phere of 18 mm Hg of H 2 0 at 98°C; the water-vapor content of the 
alumina was 1.33 per cent by weight. 

Although far from perfect, both of these substances showed enough 
promise to warrant life tests in TR tubes. The 1B27 TR tubes were 
used with 0.5 g of silica gel. If the gel was charged with 22 mm Hg of 
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F I G . 5*61.—Vapor pressure as a func
tion of temperature for a typical hydrate: 
N iC l r4H 2 0 = NiCh-2HjO + 2H*0. 

FIG. 5-62.-
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5-63.—Life tests of 1B27 TR tubes 
using silica-gel reservoirs. 

HjO at a temperature above 90°C, at room temperature the recovery 
time was poor. On the other hand, charging with the same pressure a t 
75°C caused excessive leakage power a t 100°C. Tubes which were 
charged to 22 mm Hg of H 2 0 at 85°C protected crystals a t 100°C and 
showed good recovery time at 5°C. 

Figure 5-63 shows the time after the transmitter pulse which ifl 
required for the low-level transmission through the TR tube to elimb to 
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within 6 db of its cold value, for five tubes. These tubes were operated 
at 500-kw pulse power with a duty ratio of 1 to 2500 and with a keep-
alive current of 150 ^a. During the last 200 hours of these tests, the 
tubes were maintained at a temperature of 100°C Although the 
recovery time and the leakage power were satisfactory for the duration 
of the tests, it was found that the unloaded Q of the TR tubes and 
the cavity had fallen from 2500 or 3000 to 1400 or 1900, and the copper 
cones had become covered with a reddish copper oxide. Those tubes 
charged initially with the most water showed the largest change in Q0-

At various times, a number of other chemicals and other methods of 
storing water were proposed. Silver oxide is an unstable compound that 
maintains an equilibrium pressure with 0 2 ; and this oxygen could be used 
as the electron-capture agent. Copper sulphate with one molecule of 
H2O, is a very stable compound that gives off its water very slowly; (no 
quantitative data for copper sulphate are available). M. D. Fiske sug
gested and later used asbestos as an absorbent; it is similar to silica gel 
but has a flatter vapor-pressure curve. Some evidence exists that zinc 
chloride, which is sometimes present in TR tubes as a solder flux, may 
give off Ch slowly. If zinc chloride were used in a tube with brass walls, 
such as a 10-cm bandpass T R tube, an equilibrium would be reached as 
the released chlorine reacted with the tube walls to form ZnCi2 again. 
With the exception of the asbestos, these chemicals have been the subject 
of speculation, but have not been used in definitive experiments. 

6-26. Inert Coatings.—The chemical reservoirs of H 2 0 , in addition 
to their unsatisfactory pressure-temperature curves, are undesirable 
because the continual evolution of HjO results in the formation of a thick 
copper oxide on the tube electrodes. This results in a lower Q6, and the 
H2 pressure is continually increased. 

The preferred method of improving the life of the tube is to maintain 
the H 2 0 pressure constant by preventing a reaction with the electrodes. 
This was treated in a report by Guldner1 of the Bell Telephone Labora
tories, and was applied to the 1B27 tube by H. J. McCarthy of the Syl-
vania Electric Products Co. The early tubes that were tried had a layer 
of black copper oxide (CuO) on the cones of the tube. The oxide was 
made with a commercial alkaline solution "Ebonol." These tubes 
operated well except that, after about one hundred hours of operation, the 
recovery time decreased and the leakage power increased, thus indicating 
an increase of the partial pressure of H 2 0. Simultaneously, the black 
oxide was reduced in patches to a red cuprous oxide, Cu20. 

The other tubes were made with a coating of Cu20 inside the cone 
where the keep-alive electrode is located. These tubes showed a sub-

1 W. G. Guldner, "The Change in Composition of the Gas Present in a 721A Type 
Tube as a Result of Operation," BTL MM-43-120-98, Sept. 22, 1943. 
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stantially increased life, as long as 700 hours with good recovery-time and 
leakage-power characteristics. Figure 5;64 shows the recovery time, 
keep-alive voltage drop, and total leakage power as a function of 
operating time for a typical 1B27 tube with a CU2O coating. 

Keep al iveV^Cu,0coating 

4 6 8 10 12 
Hundreds of hours 

F I G . 5-64.—Life test of 1B27 T R tube; 
(a) keep-alive voltage drop; (b) total leak
age power, mw, 1 Msec pulses; (c) loss in 
signal, db, 6 ftsec after transmission pulse. 

100 

1 2 3 4 5 6 7 8 9 
Hundreds of hours 

F I G . 5-65.—Life test of 721A T R 
tube with untreated rones; (a) re
covery time in jisec for —6db trans
mission; (b) total leakage power in 
mw. 

Figure 5-65 is a plot of recovery time and leakage power for an 
unoxidized 721A TR tube. Figure 5-66 is a similar plot for a 721B tube 
which is the successor to the 721A, and which has oxidized cones. 

A peculiar feature of these tubes is 
the fact that the leakage power and 
recovery time are constant up to the 
end of life, but then suddenly increase 
rapidly. In the unoxidized tubes, the 
recovery time increases continually 
from the time the tube is first turned 
on. A similar phenomenon has been 
observed in Geiger-Mueller counter 
tubes with oxidized anodes in which, at 
the end of life, there is a rapid transition 
from normal operation with good 

quenching to complete failure to quench. 
Since the development of the Cu20 coating, it has been found that 

gold-plating the copper cones is almost as effective as the Cu20 in pre
venting cleanup of the water vapor. Other dense, inert coatings such as 
monel metal should also prove effective. Although the cuprous-oxide 
and gold-plate techniques have multiplied the lives of the 1B27, 721B,and 
the 3-cm bandpass TR tube many times, they have not done so for the 
3-cm cell TR tube, the 724B. The life of this tube has a maximum 
value of 250 to 300 hr, . Then, no matter how the cones are treated, 
the leakage power becomes excessive. No explanation exists for this 

4 8 12 16 20 
Hundreds of hours 

F I G . 5-66.—Lite test of 721B TR 
tube; (a) total leakage power in mw; 
(b) recovery times in ,usec. 
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5-67.—Life test of 1B24 TR tube; 
(a) keep-alive voltage drop; (b) total leakage 
power in mw for s-^sec pulse. 

FIG. 

difference; it may result from the cleanup of the gas by sputtering. A 
better understanding of this problem could be obtained if life tests were 
run with a manometer sealed to the tube so that the partial pressure of 
H2 and H 2 0 could be continually checked. The two pressures may be 
obtained by observing the total pressure and then freezing the H 2 0 to 
get the H2 pressure. 

The life characteristics of the 1.25-cm and 3-cm high-Q TR tubes are 
quite different from those of the 10-cm tubes. In the 10-cm tube, the 
recovery time is usually the limit
ing factor. In the higher-fre
quency tubes, diffusion plays a 
much stronger role in the recovery 
process than it plays in the larger 
10-cm tube, and consequently the 
recovery time is less sensitive to 
the amount of water vapor in the 
tube. The 1B24 3-cm tube has 
a volume only 0.8 that of the 
721A tube; but its useful life is 
almost six times as great, although no attempt is made to inhibit the H 2 0 
cleanup by inert coatings. Figures 5-67 and 5-68 are curves of leakage 
power and keep-alive voltage drop during the lives of typical 1B24 and 
1B26 TR tubes. The recovery time after 2000 hours of operation is only 
5 to 10 /xsec for T = — 6db at a transmitter-power level of 40 kw. 

5-26. Bandpass and Pre-TR Tubes.—It is the intense r-f discharge 
across the low-Q input window that plays the dominant role in 

changing the gas content of the 
bandpass and the pre-TR tubes; 
the keep-alive discharge has al
most no effect. The volumes of 
these tubes are very large: the 
1B38 pre-TR tube has a cubic 
content of 110 cc and the 1B58 
bandpass TR tube has a volume 
of about 400 cc, whereas the 721B 
has a volume of only 25 cc. De
spite t h i s l a r g e volume, the 

recovery time of a 1B38 pre-TR tube may become excessively long in 
200 to 500 hours of operation at 1-Mw pulse power with a duty ratio of 
1/2500. 

It is important to note the qualifying verb "may" in the above state
ment. If the 1B38 pre-TR tube is filled initially with argon and H2O, 
the recovery time of this tube will almost invariably become too long in 

500 

6 8 10 12 14 
Hundreds of hours 

FIG. 5-68.—Life test of 1B26 TR tube; 
(a) keep-alive voltage drop; (b) total leakage 
power in mw for £-jusec pulse. 
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the 200 to 300 hours. Fortunately, production tubes, which were nomi
nally filled with argon alone, could be operated with good recovery time 
as long as those containing argon and H 2 0 and very often longer. 
In fact, such "argon filled" tubes often showed a shorter recovery time 
after some time of operation. This, of course, is assumed to indicate 
the evolution of gas from the tube walls. Measurements1 on commercial 
1B38 tubes indicated for one of the tubes tested an increase in pressure 
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F I G . 5-69.—Recovery-time curve of 1B38 pre-TR tube filled with 5 mm argon and 
2 mm H.O. 

of 15 per cent after one hour of operation; for another tube, an 
increase of 38 per cent after 1000 hours was measured. It is not sur
prising that the recovery time remained fairly short in these tubes. 
What is surprising is that, when H 2 0 is added to argon, the life is defi
nitely limited to a few hundred hours. Figures 5-69 and 5-70 are typical 
curves for a 1B38 tube filled with 5 mm Hg of argon and 2 mm Hg of H 2 0, 
and for a production tube filled with 10 mm Hg of argon. 

Bandpass tubes have received comparatively few conclusive life tests. 
A 3-cm tube, which had been gold-plated, ran for more than 500 hours 
at 30-kw pulse power, with little or no change in performance. The 

1 F . L. McMillan, C. H. Pearsall, I. H. Dearnley, loc. eit., Sec. 5-15. 
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10-cm bandpass tubes, which had no treatment of the brass walls, and 
with initial fillings of 5 and 3 mm Hg, respectively, of A and H20, ran 
for several hundred hours with no change of recovery time. However, 
the results are still inconclusive and further study of these tubes is 
needed. One serious consideration is whether a hard-soldered 10-cm 
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FIG. 5-70.—Example of change of recovery time with life of a 1B38 tube filled with 
10 mm argon. 

tube with its walls fairly well outgassed would have a shorter life than 
the present tube. Although the present "d i r ty" tubes apparently have 
long lives, this is an insecure basis for generalization so long as the 
quality and the quantity of the "d i r t " are not known and are not 
controllable. 



CHAPTER 6 

THE TR AND ATR TUBES AT HIGH POWER 

BY L. D. SMULLIN AND W. C. CALDWELL 

6-1. Introduction.—This chapter will present, in addition to a sum
mary of the high-power characteristics of the various high-Q TR tubes, 
a detailed discussion of bandpass and pre-TR tubes, and of low-Q ATR 
tubes at high power. 

The high-Q tubes to be discussed are the types 721B, 724B, 1B24, 
1B26, and the 1B27. These tubes are all designed to protect the most 
sensitive crystals now in use and to protect them at any power level from 
zero up to a maximum determined by direct-coupled power, by harmonic 
leakage power, or by the establishment of secondary discharges which 
might shorten the life of the tube. 

The establishment of production tests and specifications that ensured 
uniform tube quality was a difficult task since the tests had to be designed 
for use by relatively unskilled personnel, and with only the simplest pos
sible equipment. As a result, recovery-time characteristics are specified 
only as a type approval test under the joint Army-Xavy (JAN) specifica
tions, whereas leakage power is a production test on most TR tubes. 
In some of the earlier specifications, considerable effort was made to 
devise "equivalent tes ts" that would measure certain intrinsic qualities 
of the tube but at the same time would not require the use of pulse and 
other complicated techniques. More recently, however, the tendency 
has been to make the production test measure the actual quantities of 
interest when the tube is in use, and to measure these quantities under 
similar conditions of use. The various tests and specifications currently 
used will be listed. 

In the second part of the chapter, the characteristics of bandpass TR 
tubes, pre-TR tubes, and low-Q ATR tubes will be discussed. These 
tubes are characterized, in general, by the fact that their minimum oper
ating power level is considerably in excess of that for high-Q tubes, that 
they can be used at considerably higher peak powers, and that their 
direct-coupling attenuation is practically infinite for both the carrier and 
the harmonic frequencies of the transmitter. This last feature was 
shared by only one high-Q tube, a tube developed by J. Lawson and 
B. Cork at the Radiation Laboratory. Because it was developed at 
about the same time as the bandpass and the pre-TR tubes, it was 
never put into production. 

226 
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The last part of the chapter will present a brief discussion of manu
facturing techniques and mechanical design techniques for both high-Q 
and low-Q tubes. 

6-2. High-power Characteristics of High-Q TR Tubes.—Table 6 1 
lists the various high-Q tubes and their characteristics. These charac
teristics are total leakage power (flat plus spike leakage for some given 
pulse length), arc leakage power, spike leakage energy, recovery time, 
keep-alive voltage drop, and gas content. The "s tarred" items are 
specified quantities. 

The 721B tube, as can be observed from the table, does not have a 
pulsed-leakage-power specification. Instead, a measurement of the c-w 
leakage power is made and is converted into a quantity PB (or Py). This 
quantity is the reactive power stored in the cavity, and is proportional 
to the square of the arc voltage.1,2 Two readings are taken, one at room 

T A B 

Tube 

721B 

724B 

1B24 

1B26 

1B27 

1B50 

LE 6 1 . 

Wave
length 
in cm 

10 

3 

3 

1.25 

10 

4 

— H I G H 

ttP-
in mw 

30 to 40 

20 

10 

15 

15 

-LEVEL 

in ergs 

0.04 

0 .05 

0.02 

0 .05 

0.03 

CHARACTERISTICS OF VARIOUS H I G H - Q T R T U B E S 

Total 
leakage 
powert 
PT in 

mw 

*30 max 

18 avg 

Pi 
in va 

*7 to 30 

XP,/Pi 

*0.5 t o O . 7 

Re
covery 
t iniej 

»3 db at 
7 M sec 
3 d b at 
4 M sec 

*3 db at 
4 M sec 

*3 db at 
4 M sec 

*3 db at 
5 w sec 

Keep-;ilive 
voltage 
drop at 
100 Ma 

350 

400 

*325 to 450 

*325 to 480 

*370 to 480 

300 to 425 

Gas filling 
mm Hg 

H , 

10 

10 

15 

10 

i:> 

20 

H j O 

10 

7 

15 

10 

* See paragraph 1, Sec. 6-2. 
t t The 721A and 1B27 were measured with Qo = 2500. L = —1.5 db, matched input. 
t Pulse length 0.5 Msec for all tubes except for the 1B50 where it is 0.35 Msec. 
t The transmitter-power level is 50KW for the 721B and 1B27, 10KW for the 1B24, and 8KW for 

the 1B26. 

temperature, and one with the water vapor frozen out at dry-ice tem
perature. The value P, at room temperature, and also the change 
APj/Pj when the water is condensed, are specified. Together, these 
values give a reasonably accurate indication of the relative proportions of 
H2 and H 2 0 in a tube of a given type, tested under known conditions. 
This test suffers from the fact that P, is a sensitive function of the 

S a m u e l , McCrea, and Mumford, " G a s Discharge T R Switch," B T L MM-42-
140-26, April 27, 1942. 

2 Sinclair, Garoff, Gilbarg, " M e a s u r e m e n t s of Gas Fillings in 721 A T R Tubes , ' ' 
CESL Report No. T-18, Sept. I I , 1943. 
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incident power level if it is less than about 0.5 to 1 watt (see Fig. 5-23); 
furthermore it gives no indication of keep-alive effectiveness, and con
sequently no indication of spike leakage energy.1 

The other tubes have a specified total leakage power at some definite 
line pulse power and pulse length. At the time these specifications were 
written, because of the complicated apparatus and techniques involved, 
it was not deemed advisable to attempt to measure spike leakage energy 
and arc leakage power separately. For some time the method for meas
uring total leakage power at two different pulse lengths and then comput
ing W, and Pa on the assumption that Pa is constant had been known, but 
had never been applied (Chap. 9).2 

An attempt was made to determine the quality of the 1B27 tube, the 
gas content, and the keep-alive effectiveness, by measuring the total 
leakage power with the keep-alive on and with it off.3 Although the 
specification has remained in force, the conclusion must be drawn that 
this test was not too successful, and that only the test with the keep-
alive on had any significance. The test indicated, however, that no drastic 
change in production technique occurred from day to day. The speci
fications for the 724B, 1B24, and lB2b' tubes require only a measurement 
of total leakage power with the keep-alive on. 

In the tunable tubes, with the exception of the 1B50 tube, the leakage 
power is a function of gap spacing. Xo particular gap length in inches 
is specified, but it is required that the tubes be tuned to a specified fre
quency in order that the leakage power measured will be truly indicative 
of the operating performance. 

The maximum power at which these tubes may be operated is diffi
cult to define exactly. The 1B24 tube was initially rated (unofficially) 
at a power near lOOkw, at which level a secondary discharge is estab
lished just back of the input window. When high-power 3-cm magne
trons (200kw) became available, the 1B24 tube was tested at the higher 
power level. In initial tests, tubes available at the Radiation Laboratory 
failed after 10 to 100 hours. In all the tests the leakage power increased 
markedly, and in most tubes the insertion loss increased. Later, in tests 
on tubes of more recent manufacture and with care taken to keep solder 
flux and excess solder out of the cavity, tubes were run for 500 hours. 

1 Although this test gave a good correlation with leakage power and recovery time 
in the 721A tube, the correlation changed completely when the oxide coating was 
added to make the 721B. This was observed at Lvans Signal Laboratory hi 1945, 
but no explanation of it was advanced up to the end of the war. 

2 This method was apparently developed independently at the Radiation Labora
tory and at the Bell Telephone Laboratories. 

J. W. Clark, "The Gas .Discharge Switch; VJII. A Method of Analyzing Leak
age Power Data," BTL MM-43-140-50, Oct. 11, 1943. 

3 Smullin and Leiter, "The 1 B27 TR Tube," RL Report Xo. 594, Oct. 4, 1944. 
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These tubes gave no indication of serious deterioration, although a fairly 
intense discharge was maintained across the input window. Whether 
or not such performance is characteristic of all production tubes was 
never definitely estaolished. 

The 721R and the 1 B27 tubes are used successfully at power levels 
of the order of 1 Mw so long as the harmonic content of the transmitter 
is low. At power levels greater than 1 Mw there is, in the small-diameter 
cavities, a tendency for a discharge to strike across the glass cylinder 
adjacent to the input coupling. It is believed that this discharge appre
ciably shortens the tube life. 

Some magnetrons, when operated at high power levels, show a 
tendency to spark occasionally and also to jump into an inefficient 
electronic mode that is very rich in harmonic content. A magnetron 
which operated in this way was first noticed when a 10-cm duplexer using 
1B27 TR and ATR tubes was tested with the 4J44 series of magnetrons 
at powers near 1 Mw. When a hard-tube modulator was used, the 1B27 
tube protected crystals for long periods at a line power of 1 Mw. When 
a spark-gap modulator was used, however, crystals were burned out 
almost instantly. A long series of experiments by L. D. Smullin and 
A. W. Lawson finally established the fact that these burnouts were 
coincident with the sparking of the magnetron, and that during these 
periods excessive leakage power did not occur at the nominal wavelength 
of 10.7 cm, but was present at the second, third, and fourth harmonics 
of a 9-cm mode. That this was another magnetron mode that could be 
excited under certain conditions of the r-f loading and exciting circuits 
was shown later by Clogston and Rieke. A number of attempts to put 
harmonic filters into the TR cavity were made, but none of the filters 
gave enough attenuation over a sufficiently large frequency range. It 
was estimated that a minimum of 30 db of additional attenuation at all 
harmonic frequencies was needed to ensure crystal protection. This 
particular problem was finally solved by the use of a pre-TR tube1 

ahead of the 1B27 TR tube. The pre-TR tube will be discussed further 
in the sections on low-Q and bandpass TR tubes. 

Tube life was still a rather indefinite quantity even as late as the 
end of the war. Although laboratory life tests on dozens of 1B24 and 
1B26 tubes indicated a usable life of 2000 hours or more, the life of the 
1B24 tube in the field seemed to be only a few hundred hours. Com
paratively few tubes were returned for examination but those few tubes 
indicated that about 40 to 50 per cent of the tubes marked " b a d " were 
bad tubes originally, and most of those had air leaks at cracked windows 
or solder joints. As a result of this experience with the 1B24 tubes, all 

lL. D. Smullin, "The 1B38 Pre-TR," RL Report No. 641, Dec. 5, 1944. 
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TR tubes were required to pass a type approval temperature-cycle test 
of half-hour exposures to — 55°C, to room temperature, and to 100°C. 
These tests had to be repeated fifty times without failure. 

Results obtained with 721A tubes were the opposite of those obtained 
with the 1B24 tubes. Laboratory tests had shown that recovery time 
became unduly long after a life of about 300 to 400 hours, although 
crystal protection was good for more than 1000 hours. It was very 
difficult to persuade service personnel to replace the tubes frequently 
enough. 

The 72IB tube has a life of 1000 hours or more, and the 1B27 tube 
operates for about 700 hours. The 724B has a life of approximately 
250 hours, at the expiration of which it will no longer protect crystals. 

6-3. High-level Characteristics of Bandpass and Pre-TR Tubes and 
Low-Q ATR Tubes.—Breakdown and recovery are fundamental processes 
of both the high-Q and the low-Q or bandpass tubes. These phenomena 
are, in general, more complicated in the bandpass tubes since as many as 
three or four different discharges must be considered, whereas in the 
high-Q tubes only one discharge need be considered. The intensity of 
the various discharges in a bandpass tube varies by orders of magnitude, 
and some probably last for only a fraction of the period of the trans
mitter pulse. 

The loaded Q's of the resonant elements in bandpass tubes are lower 
than those of conventional high-Q tubes by factors of 50, approximately. 
As a result, the voltage buildup across the gaps follows the magnetron 
rise with almost no time delay and consequently the entire spike-
transient analysis becomes quite different from that of the high-Q tube. 
The fact that several gaps fire in sequence within a time interval of 
about 10^8 sec probably makes the "fine structure" of the spike of a 
bandpass tube very complicated indeed. 

One of the most striking features of the low-Q tubes, as they exist 
today, is the discharge which covers the input window. At very low 
power levels, the discharge is just a filament across the center of the 
window. As the power is increased, the discharge spreads until it covers 
the entire window with a smooth glow. The power dissipated in the 
discharge is very large. An argon-filled 10-cm tube such as the 1B38 
pre-TR tube may have a pulse dissipation of 5 to 7 kw, as compared 
with 5 to 10 watts for an argon-filled high-Q tube, or 50 to 60 watts for 
high-Q tubes filled with an H2-H.>0 mixture. 

The arc leakage power of a typical bandpass tube is 30 mw or less, 
and spike leakage energy is about 0.1 erg. Corresponding values for 
high-Q tubes are 20 to 30 mw and 0.03 erg. I t is well known that both 
Pa and W. increase rapidly as the loaded Q (Q12) in high-Q tubes decreases. 
In fact, the 1B24 or 1B27 tubes no longer protect crystals if Q i 2 is made 
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less than about 200. How crystal protection is obtained with the low-Q 
elements in bandpass tubes has not been completely determined. 

It is found that the spike leakage energy varies inversely with Q i 2 
(more specifically the output Q, Qout) when n0 is kept constant, but that 
it does not vary in this way when the equivalent conductance, or keep-
alive interaction, is kept constant. Practically all measurements of W, 
vs. Qout have been made with constant keep-alive current and location 
(constant n0). These experiments, therefore, cannot be used to give a 
curve for high values of QL2 that could be extrapolated to meet the 
observed values of W, for very low Q i2. Rough calculations similar to 
those indicated in Sec. 5-6 show that for a constant value of interaction, 
W, changes very slowly with Qout. 

The arc leakage power of a 721A TR tube filled with an H2-H20 
mixture is about 40 mw, for Qx,2 = 300 and an insertion loss of 1.5 db. 
This corresponds to a voltage across the discharge of 100 volts rms.1 

The same tube filled with argon might have a voltage drop of approxi
mately 30 volts. Conversely, a typical bandpass tube filled with argon 
has a flat leakage power of 1 mw or less, which corresponds to a gap 
voltage of about 3.5 volts, if the element transformation ratio is taken 
as 5. A mixture of A-H20 gives Pa =s 20 mw and a gap voltage of about 
15 volts. These numbers become roughly comparable if a correction is 
made for the gap length, which is about 0.030 in. in the high-Q tube, 
and 0.008 in. in the bandpass tube. However, the necessity to explain 

Keep-alive. 

High power 
w, 

To receiver 

0i 

FIG. 6-1.—Cross section of a 3-cm bandpass 
TR tube, 1B63. 

a self-sustaining discharge which 
has a total voltage drop less than 
the ionization potential of the gas 
remains. This effect has also been 
observed in electrodeless dis
charges at lower frequencies and 
has been reported in the literature 
by various authors. 

In addition to arc leakage power, high-Q tubes have direct-coupled 
and harmonic leakage powers, and either one may be larger than the 
arc leakage power. Bandpass tubes and pre-TR tubes have practically 
infinite direct-coupling attenuation because of the discharge that covers 
the input windows. Harmonics also are very highly attenuated. 

Figure 6-1 is a cross section of a 3-cm bandpass tube (1B63) with 
two resonant gaps and two low-Q resonant windows. The keep-alive 
electrode is at the gap closest to the receiver. Although no direct 
experimental determinations have been made of the breakdown sequence, 
it is believed to be as follows. In the interval t0 < t < ii, Fig. 6-2, the 

1 H. A. Bethe, R. E. Marshak, and J. Schwinger "Theoretical Results on the TR 
Box," NDRC Report No. 14-116, loc. cit., Cornell Univ., Jan. 20, 1943. 
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voltage builds up across the gaps and is in phase with the transmitter 
voltage. At about ti the electronic conductance of the second gap g2, 
which has the keep-alive electrode, begins to increase rapidly, as described 
in Sec. 5-6. During the interval t\ < t < h, the impedance across this 
gap is very low, and the standing wave which results doubles the voltage 
at the first gap gi. This gap depends for its initial ionization n0 upon 
carry-over from the previous discharge and possibly upon photoelectrons 
released by the light from the discharge in the second gap. Although n0 
is very small, the doubled voltage which results from the breakdown of 
the second gap probably breaks down the first gap almost instantly. 
This, in turn, causes the voltage to double at the input window wu and 
this, too, finally breaks down. 

The direct-coupling attenuation through a fired gap is about 30 db. 
Thus, the power incident upon the second gap gi is the sum of the arc 
leakage power of gi and the window leakage power attenuated by 30 db. 
This power is probably 20 to 50 mw which is not sufficient to maintain 
the discharge at <?2. The electronic loading at g2, however, does not dis
appear instantly; therefore while the gap is recovering, the leakage 
power, incident upon the receiver, varies from about 0.001 of the leakage 
power through gx up to the full leakage power through gi. This is illus
trated in curve A of Fig. 6-2. Curves similar to B and C are observed 
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FIG. 62 
Time 

.—Leakage power envelope of 
3-cm bandpass TR tube. 

when the amount of H 2 0 in the 
tube is reduced, with a consequent 
increase in the recovery time. In 
10-cm tubes, the flat leakage power 
is usually too small to be seen on 
an oscilloscope. Although t e s t s 
have not been made, it is believed 
that with a 5-jusec transmitter pulse 
the leakage power envelope of a 
10-cm tube would be similar to that 

of the 3-cm tube and that the arc leakage powrer would become appreciable. 
In the 3-cm tube the characteristics illustrated in Fig. 6-2 can be observed 
with 0.5-^sec transmitter pulses. 

6-4. Spike Leakage Energy.—In bandpass tubes as in high-Q TR 
tubes, the margin between crystal protection and burnout is much 
narrower for the spike leakage energy than for the flat leakage power. 
As a result, most experimental effort was directed towards the reduction 
of W„ and the flat leakage power received more or less perfunctory 
attention. 

The experimental work can be classified in three main divisions: 
gap design, gas content, and keep-alive design. The first division, gap 
design, involved the problem of developing resonant elements which had 
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the smallest product of Q i 2 • Ws. For these experiments, it was tacitly 
assumed (and this assumption was later partially verified) that a gap 
design which gave optimum performance for one gas was equally good 
for all other gases. This simplified the experimental technique, for 
after the gap design was chosen, it was necessary only to determine the 
gas filling of the tube for the longest life, the shortest recovery time, 
and the least leakage power. 

In Sec. 6-3 it was seen that the flat leakage power was far from con
stant during the pulse. Because of this, it was difficult to separate the 
spike transient from the arc leakage power by the usual techniques of 
cancellation or pulse-length increment (see Chap. 9). The use of pure 
argon, however, resulted in a very small arc leakage power, and the spike 
leakage energy constituted more than 95 per cent of the total energy in 
the leakage pulse. Thus, since there is uncertainty concerning only a 
small percentage of the power, it can 
be assumed that the total energy is 
equal to the spike energy. 

Window Leakage.—The design 
of the input window has been based 
primarily upon low-level considera
tions of Q1.2 and upon dissipative 
Joss. The leakage past a typical 
window is of the order of hundreds 
of ergs compared with the tenths of 
an erg that is actually incident 
upon the r e c e i v e r . Figure 6-3 
shows the total leakage energy 
through various low-Q resonant 
windows for various pressures of 
argon. Curve A is the leakage 
energy through a 1B38 pre-TR 
tube, in which both windows have 
Qn « 1 and a height of 0.875 in. 
The measurements were made with 
a transmitter-pulse power of 50 kw 
at 10.7 cm but check measurements 
made at 1000 kw agreed with these 
data within the experimental error 
of about ± 1 db. The arc leakage power was about 50 watts at a 
pressure of 10 mm Hg of argon, and thus constituted about one-third the 
total energy for a 1-^sec pulse. 

Curves B, C, and D of Fig. 6-3 give the total leakage energy for three 
lifFerent windows measured at a wavelength of 3.2 cm. Their heights 
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were 0.250 in., 0.125 in., and 0.063 in., respectively, and QL2 was 1.1, 
2.1, and 6. There is not the 4-to-l ratio between successive curves that 
would be expected if the breakdown voltage were a linear function of 
the window height. One test at 8.5 cm did give a fourfold change in 
total leakage power when a window with one-half the height of the 
standard one was used. At the present writing it is not clear whether 
this represents poor experimental technique or whether it results from 
the fact that breakdown along a dielectric surface is a highly complicated, 
and little understood phenomenon. 

The curves illustrate pressure dependence of the usual type with 
fairly well-defined minima. For the 10-cm tube at least, in which the 
arc leakage energy is about 30 per cent of the total leakage energy, the 
minimum has little theoretical importance. This minimum is the result 
obtained by adding the curves (automatically) of Ws and Pa which have 
different shapes and different minima. 

The data presented in these curves were obtained with the leakage 
energy of the window dissipated in a matched receiver load. In actual 
use, as in the input window to a bandpass tube, the voltage buildup 
across the window follows the magnetron very closely until the break
down of the resonant gap one-quarter guide wavelength away from it 
causes the voltage to double. This must undoubtedly change the spike 
transient, and it probably reduces the spike leakage energy incident upon 
the next gap. The extent of this reduction in energy is not known, and 
is probably of little practical importance. A cathode-ray oscillogram of 
the spike transient in a 1B38 pre-TR tube was shown in Fig. 5-11 and a 
discussion of this transient is found in Sec. 5-6. 

Careful consideration of Fig. 6 3 emphasizes the fact that at a wave
length of 1.25 cm or less, the total leakage through such a low-Q window 
would be about 1 to 2 ergs. Furthermore, if thin mica is used instead 
of glass, the height of the window may be reduced by a factor of almost 
two and thus the total leakage through a window would be well below 
1 erg.1 This, together with the fact that 1.25-cm crystals (1N26) can 
withstand about 0.3 erg of spike energy, should make it possible to 
design a very simple bandpass TR tube for this wavelength. 

The pre-TR tube is used in conjunction with a high-Q TR tube in 
order to minimize both harmonic and direct-coupled leakage power. To 
ensure proper operation, the transmission line between the two-tubes is 
adjusted so that the detuned high-Q cavity produces a voltage maximum 
at the input window of the pre-TR tube. Since the pre-TR tube is one-
quarter guide wavelength long, the connecting line is made one-half 
guide wavelength long. It has already been seen in Chap. 5 that the 

1 Some unpublished results of experiments by C. W. Zabel at the Radiation Labora
tory confirm this. 



SEC. 6-5] SPIKE LEAKAGE ENERGY. GAP DES1GX 235 

input admittance to a TR cavity during the entire spike transient is very 
large compared with }'0; therefore, the pre-TR tube is working into an 
open circuit during the entire transmitter pulse, and the leakage energy 
is presumably smaller than when it is terminated in a matched load. 

6-5. Spike Leakage Energy. Gap Design.—Early experiments on 
bandpass TR tubes were concerned primarily with the development of 
a tube that would work. The pressure of war made it necessary in this 
experimentation to use many intuitive deductions and extrapolations 
based upon insufficient data. Only after a usable tube had been pro
duced was it possible to make a systematic study of the influence of 
various parameters on leakage energy characteristics. This systematic 
investigation1 began in 1944 and ended at the close of the war in 1945. 

The leakage power through a complete bandpass tube is a compli
cated function and results from the superposition of several different dis
charges. From a narrow pragmatic point of view only the total leakage 
energy is important, and in fact most leakage-power data were taken 
with complete tubes. There can be no doubt, however, that a complete 
understanding of what happens within a single gap would implement the 
design of a better tube than any now in existence. 

Figure 6-4 shows the leakage energy from 3-gap, 3-cm bandpass TR 
tubes which have different gap designs, as a function of argon pressure. 
The arc leakage power is negligibly small, and therefore the total energy 
is nearly equal to the spike leakage energy. All gaps are of the type 
illustrated in Fig. 3-31 and all the curves exhibit the familiar shape of 
leakage-power curves with rather pronounced minima. 

Figure 6-5 is a plot of the square root of the leakage powrer (IF„'/Z) 
against gap spacing at an argon pressure of 10 mm Hg and is based upon 
data taken from Fig. 6-4. With the exception of the smallest gap 
spacing, the points define a straight line passing through the origin. 
This is to be expected if the voltage transformation ratio is constant for 
the various gaps, and if the gradient increases linearly as g~l. 

The point for the shortest gap (0.0047 in.) lies above the straight line 
defined by the other three points and the origin. It may be possible to 
clarify further this behavior by a consideration of the electrons lost to 
the electrodes. In general the electrons in an r-f discharge suffer almost 
no net displacement in the direction of the field, and therefore very few 
are lost to the electrodes. There is a small region adjacent to the 
electrodes, which is of the order of one mean free path long, through 
which electrons may be accelerated and thus reach the electrodes. With 

1 Most of the leakage power data, particularly on 3-cm tubes, were obtained at the 
GE Research Laboratories by the group under M. D. Fiske. W. C. Caldwell of the 
Radiation Laboratory worked with this group for almost a year on the development 
of the 3-cm tube. 
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menu free paths of the order of 0.001 in., the two regions adjacent to 
the electrodes occupy a large part of the total gap of 0.0047 in., but for 
larger gaps they are less important. The loss of electrons by this mech
anism requires a higher rate of electron production and, therefore, higher 
gap voltages and higher spike leakage energy. This phenomenon is very 
similar to that which causes the minimum of the Paschen curve for d-c 
breakdown. Similar effects were observed by Posin in a study of r-f 
breakdown in waveguides at atmospheric pressure.1 
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F I G . 6-4.—Spike leakage energy 
through 3-cm bandpass T R tubes for 
various gap spacings. 
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FJG. 6-5.—The square root of the spike 
leakage energy of Fig. 6-4 plotted against 
gap spacing lor a pressure of 10 mm Hg of 
argon. 

The influence of the particular shape of the ends of the electrodes 
upon spike leakage energy has been for some time the subject of contro
versy. I t remains an open question. It is argued that if pointed elec
trodes are used, the gap length required to tune a given resonant element 
will be less because of the smaller capacitance between the ends. Since 
WS

M decreases almost linearly with gap spacing, the smallest gap should 
give the smallest values of leakage energy. But there is also evidence 
to support the contention that the effective volume of a gap has a strong 

1 D. Q. Posin, I. Mansur, H. Clarke, "Experiments in Microwave Breakdown," 
RL Report No. 731, Nov. 28, 1945. 
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influence upon the spike. That is, for equal gap lengths, the gap with 
the largest volume should break down at the lowest voltage since the 
probability of finding an electron within the region of high field is greatest. 
No definite comparison of these two arguments has been made although 
some indirect experimental evidence exists in support of each point 
of view. The 3-cm tube (1B63) uses truncated cones, and the 10-cm 
tubes (1B55, 1B58, and the 9.1-cm tube) have pointed electrodes; but it 
is not possible to determine from their performance which gap is better. 
A direct comparison of the two gaps made at the same wavelength and 
with the same measuring equipment would be a straightforward experi
ment, and would be well worth while. 

The analysis presented in Sec. 3 3 indicates that the spike energy of a 
low-Q resonant gap should vary directly with the susceptance of the induc
tive iris, and inversely with the area of the electrodes which form the 
gap. If the validity of this relationship could be established it might 
eliminate fruitless experimentation with odd gap shapes in the effort to 
combine minimum QL2 with mini
mum leakage energy. 

6-6. D i r e c t - c o u p l e d Spike 
Leakage Energy.—In Chap. 3 it 
was seen that the direct-coupling 
attenuation t h r o u g h a typical 
resonant gap is 25 to 30 db. The 
spike leakage energy past an input 
window is about 1000 ergs in 10-
cm tubes, and about 100 ergs in 
3-cm tubes. Thus, it is evident 
that the energy leaking past the 
first gap can not be less than 
about 1 erg and 0.1 erg respectively, for the two tubes, even if the gap is 

• completely short-circuited. 
Figure 6-6 shows the spike leakage energy through one-gap bandpass 

tubes with input windows of different sizes. Curve A is for a tube with 
an input window ^ in. high, and curve B is for a tube with a x?-in. 
window. The gap used in each tube had the following dimensions: 
S = 45°, d = 0.030 in., w = 0.250 in. (Fig. 3-33) and it had a direct-
coupling attenuation of 35 db. By referring to Fig. 6-3, it can be seen 
that at a pressure of 10 mm Hg of argon, the window spike leakage 
energy is 90 ergs for the |- in. window and 25 ergs for the rs-in. window, 
respectively. Thus, if the gaps are short-circuited during the entire 
pulse, leakage energies of about 0.3 and 0.08 erg through the two tubes 
can be expected. The observed values were 0.24 and 0.13 erg. Although 
the curves of Figs. 6-3 and 6'6 were taken at different times and none of 
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the tubes were baked out before filling, there is nevertheless good agree
ment between the measured and the predicted results. 

At this point the question that most naturally occurs to the tube 
designer is whether it is possible to measure separately the leakage power 
characteristics of a window and of a resonant gap, and to predict for a tube 
with one or more gaps the resultant leakage characteristics. At present 
this is not possible. Although fairly complete data on window leakage 
have been compiled very little accurate information exists regarding the 
leakage characteristics of a single resonant gap. M. D. Fiske has meas
ured the leakage characteristics on 3-cm gaps, and L. D. Smullin and 
C. Y. Meng made similar measurements on 10-cm gaps. The experi
ments were mainly exploratory and have not been published. 

One of the most serious difficulties encountered in the early experi
ments for the comparison of the leakage energy of various gaps was the 
fact that the tubes were not clean. This difficulty did not occur with 
glass tubes such as the 721A since the tubes had to be clean in order to 
form the copper-glass seals. The bandpass tubes, however, are, except 
for the windows, of all-metal construction, and all parts are assembled 
by soldering. Unless great precautions are taken, the leakage charac
teristics of a soft-soldered tube will be seriously affected by many impuri
ties in its gas content. Hard-soldered tubes are easy to keep clean but 
it is difficult to modify them after they are assembled. It is, therefore, 
often desirable to use soft-soldered experimental tubes, but it is neces
sary to clean the tubes thoroughly after soldering. 

A great deal of information can be obtained from a resonant gap that 
can be adjusted without breaking thevacuum seal. The gap length may 
be varied by bringing one of the electrodes out through an r-f choke and 
a flexible bellows, or the gap point may be driven in and out by a screw 
mounted in a tapered, lapped joint sealed with vacuum-pump oil. The 
inductive irises, also, may be moved in and out through flexible, vacuum-
tight bellows. All of these adjustable elements were made, but there was* 
no opportunity to make complete measurements of their characteristics. 

6-7. Arc Leakage Power.—In 3-cm bandpass tubes, as in high-Q 
tubes, the arc leakage power is much greater for diatomic than for mona-
tomic gases. In 3-cm bandpass tubes the flat power is negligibly small 
when pure argon is used. Figure 6-7 however, gives typical results1 for 
three diatomic gases used in a 3-cm tube; the gases used were hydrogen, 
oxygen, and nitrogen. The powers shown here for these gases are many 
times greater than the powers for argon or helium. It has been seen in 
Fig. 5-28, that a ratio of 20 or 30 to 1 may be expected in the arc leakage 
powers for argon and hydrogen in high-Q tubes. Here, however, the 

1 M. D. Fiske, "Final Report on OSRD Contract OEMsr 1306," GE, Schenectady, 
Nov. 7, 1945. 
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ratio seems to be much larger. I t may be possible to explain this by 
means of the recovery-time phenomenon postulated in Sec. 6-3. 
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F I G . 6-7.—Arc leakage power through a 3-cm bandpass T R tube for various diatomic 

In a practical tube, however, in order to shorten the recovery time 
to a usable value it is necessary to employ water vapor. The use of 
water vapor results in a substantial increase in arc leakage power ovei?-
that for argon alone. Figure 6-8 
shows the spike leakage energy W„, 
and arc leakage power Pa through a 
3-gap tube (the same tube used for 
curve A of Fig. 6-4) as a function of 
argon pressure, with a partial pres
sure of 4.5 mm Hg of H 2 0 . I t can 
be observed that the spike leakage 
energy is only slightly higher than 
for pure argon, Fig. 6-4 curve A, 
and that the minimum value of Ws 
occurs at about the same total pres
sure in both cases. 

Because, in general, it has been 
possible to maintain Pa below an 
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F I G . 6-8.—Spike leakage energy and 
arc leakage power through a 3-cm band
pass T R tube with a partial pressure of 
H 2 0 of 4.5 mm Hg. 

approximate value of about 30 mw, 
there has been little incentive to 
study the problem in greater detail. 

Figure 6-9 gives W, and Pa as functions of total gas pressure for various 
mixtures of argon and H 2 0 in a 1B55 (8.5-cm) tube. 

6-8. Effect of Gas-filling upon High-power Characteristics.—Because 
of the comparatively intense discharge at the input windows of bandpass 
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TR tubes, pre-TR tubes, and low-Q ATR tubes, it is necessary to choose 
a gas filling that will not only minimize the power dissipated in this dis-
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F I G . 6-9.—Spike and arc leakage through an 8.5-em bandpass TR tube for various mixtures 
of argon and H2O. 

charge, in order to avoid cracking the window, but will also increase the 
general tube life. 

Figure 6-10 shows the arc loss in the discharge across the window of 
a 10.7-cm tube, operating in series 
with a line carrying 50 kw of pulse 
power. The curve for argon is obvi
ously much lower than for any of 
the other gases. Primarily on the 

10 20 30 40 
Pressure in mm of Hg 

F I G . 6-10.—Arc loss in the discharge 
across a 10-cm low-Q window {h — 0.875") 
for various gases at a line power of 50 kw. 
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F I G . 6-11.—Arc loss in the discharge 
across a 1B35 tube window at X = 3.2 cm 
and 3-kw line power. 

basis of these tests, argon was chosen as the major component of the gas 
filling of all tubes in this general category. 

Figure 6-11 is a similar curve for the arc loss in the window of a 1B35 
(3.2-cm) low-Q ATR tube measured at a line power of 3kw. Figure 6-12 
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shows W, for various noble gases in a 3-cm bandpass tube. For this 
tube also, argon is clearly the best of the gases tested. No tests have 
been made with xenon or krypton, or mixtures of these gases with argon. 
Some mixtures of this kind have very low d-c breakdown voltages. 

Because a short recovery time is required for this tube, the use of a 
gas such as water vapor which has a high electron-capture cross section 
is demanded. Up to the present, H 2 0 is the only gas used for this pur
pose, although there are other gases which may be more stable and which 
may have equal or greater capture-cross sections, as has been indicated 
in Chap. 5. 

Measurements on high-Q TR tubes indicate (Fig. 5-13) that the spike 
leakage energy through a hydrogen-filled tube is not much greater than 
that through an argon-filled tube. Some rather old measurements indi-
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FIG. 6-12.—Spike leakage energy through a 3-cm bandpass T R tube as a function of gas 
content. 

cate that in bandpass tubes Ws is about five times greater for H2 than 
for A. No explanation for this difference in the behavior of the two 
tubes has been advanced. 

It is much simpler to choose the gas filling for pre-TR and low-Q ATR 
tubes than for bandpass tubes. There are three conditions that must 
be met: (1) low firing power, (2) low arc loss, and (3) short recovery 
time. The filling generally adopted for all these tubes in the 1.25-, 3-, 
and 10-cm bands is about 10 mm Hg of argon. If these tubes were to 
be carefully made and carefully cleaned, their recovery time would be 
much too long. Most tubes, however, contain enough impurities to 
ensure fast recovery of the tubes for hundreds or even for thousands of 
hours. It has already been pointed out in Sec. 5-26 that the argon-
H20-filled pre-TR tubes had shorter tube lives than did "commercially 
dir ty" tubes. 

The arc loss in argon-filled pre-TR and ATR tubes is so low that no 
tubes have ever failed because of cracked windows, even at the very 
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highest transmitter-power levels. The addition of H 2 0 greatly increases 
the arc loss, and care must be taken to keep the window cool enough to 
prevent cracking. 

Table 6-2 illustrates the effect of water vapor and of window dimen
sions upon the arc loss in 3-cm low-Q tubes. If it is assumed that the 

TABLE 6-2.—ARC LOSS IN DISCHARGES ACROSS 3-CM LOW-Q WINDOWS 

Window 
height 

0.250 in. 
0.125 
0.250 
0.125 
0 250 

Gas content, mm Hg 

A 

15 
15 
15 
15 
10 

H z O 

4 
4 
4 
4 
0 

Transmitter 
pulse power 

70 kw 
70 

150 
150 

70 

Are loss 

0.35 db 
0 19 
0.27 
0.09 

< 0.09 

voltage drop across the discharge remains constant, then the loss PL 
should vary with the square root of the transmitter power PT. If the 
loss ratio at any given power level is known, the ratio at any other power 
level may be found as follows: If PL ~ y/Pr, then 

which is the loss ratio and is expressed in decibels in the table. The 
experimental loss ratios for the two line powers given in the table obey 
this relationship very closely. 

The 0.125-in. window is the one in actual use in the 3-cm bandpass 
TR tube. At 150 kw the pulse power dissipated in the arc (PL) is 3 kw. 
If the duty ratio is i o'o o > this indicates an average power dissipation of 
3 watts at the input window. In a typical installation, this dissipation 
results in a temperature rise of the window of more than 50°C. Similar 
tests made on 10-cm pre-TR tubes which operated at 2 Mw line power, 
with a duty ratio of -JWO", indicated window temperatures in excess of 
100°C with an ambient temperature of 25°C. 

Although dire results were predicted for the addition of several 
millimeters of mercury of water vapor to the argon filling of 10-cm band
pass tubes, no tube failures due to window cracks at high transmitter 
powers resulted. 
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6-9. Effect of Line Power upon Leakage Characteristics.—It has 
already been seen that the power lost in the window discharge varies as 
the square root of the line power. Tests on pre-TR tubes indicate 
essentially constant values of Ws and P„ from about 5 kw to more than 
1000 kw of line power. Below the minimum firing power (about 5 kw), 
the leakage power becomes approximately half the line power, and the 
tube offers no protection. Similarly, below a certain power level a TR 
tube will not fire, and about half of the incident line power goes to the 
receiver. I t is an accepted necessity that a TR tube must protect its 
receiver at any level of line power below the maximum rating of the tube. 
For a bandpass TR tube, this means that at least one of the gaps must 
fire at a power level low enough to ensure crystal protection, even though 
the window does not fire at powers below 1 kw. 
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F I G . 6-13.—Arc leakage power through a 2-gap 3-cm bandpass T R tube as a function of line 
power. 

Figure 6T3 1 shows the arc leakage power through a 2-gap 3-cm tube 
as a function of line power. The tube was filled with a mixture of 
5 mm Hg of H2 and 10 mm Hg of A. This, however, is not a standard 
gas filling, and the arc leakage power is almost 10 times that from a 
standard filling. Up to a line power of approximately 1 watt, the leak
age power increases linearly. At higher power levels the gaps break 
down, after which Pa remains constant for all higher power levels. 

Fig. 6-142 shows the variation of spike leakage energy with line 
power, in an argon-filled 3-cm 2-gap tube. The negative slope of the 
curves, just beyond the point of maximum energy, may be explained, 
according to Fiske, by the nature of the experiment. The line power 
was adjusted in these experiments by passing the power from a 30-kw 
magnetron through a power divider or attenuator. Thus, when the line 
power was about 0.1 watt, the gap broke down near the top of the pulse 
rather than at the foot of the exponentially rising front. As a result the 
voltage buildup was approximately linear. It was seen in Chap. 5 that a 

1 M. D. Fiske, H. N . Wallace, and A. D , Warner, " F i n a l Technical Repor t on 
Contract OEMar-1306, Nov. 7, 1945. 

2 Fiske, op. cit. 
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inear voltage rise on the magnetron pulse results in a spike leakage energy 
that varies inversely as the square root of the transmitter pulse power. 
The dashed lines represent such a square-root variation. 
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F I G . 6-14.—Spike leakage energy through a 2-gap 3-cm bandpass TK tube as a function 
of line power. Tube is filled with pure argon. (Gap No. 1 is closer to the input window.) 

Measurements on 3-cm tubes at power levels up to 250 kw, and on 
10-cm tubes at power levels up to 1000 kw, have shown no increase in 
leakage power over that at 10 to 50 kw. It is felt that the maximum 

transmitter powers now in use 
may be doubled with no increase 
in the leakage power of the TR 
tubes. 

The m i n i m u m transmitter 
power at which these tubes may 
be used is determined by the firing 
of the input window. Detailed 
specifications will be given later; 
but nominal minimum values are 
about 1 kw, 5 kw, and 10 kw at 

1 2 3 4 
(Line power in kw) y2 

IMG. 615.—Arc loss in the discharge 
of a 1B35 ATR tube window as a function of 
line power for various gases. 

1.25 cm, 3 cm, and 10 cm, respectively. 
Figure 6-15 shows the variations in window arc loss in a 1B35 ATR 

tube as a function of the square root of the line power for various gas 
fillings. The experimental points lie very closely upon straight lines, 
and thus indicate the correctness of the assumption that the discharge 



SEC. 6-10] KEEP-ALIVE ELECTRODES 245 

voltage is essentially constant and that the arc loss is directly propor
tional to the current in the main line. 

6-10. Keep-alive Electrodes.—The problem of the keep-alive has 
already been discussed in general terms in Chap. 5. In this section some 
of the more detailed considerations applicable to bandpass tubes will be 
presented. Figure 60 6 illustrates the side-arm and coaxial electrodes 

F I G . 616.—Side-arm and coaxial keep-alive electrodes used in 10-cm bandpass T R tubes. 

used in the 10.7-cm and 8.5-cm (1B58 and 1B55) TR tubes. Figure 617 
illustrates the coaxial electrode used by the General Electric Co. in one 
variation of the 3-cm tube. The 3-cm tube made by the Sylvania Elec
tric Products Co. utilizes a coaxial electrode very similar to that used in 
the 1B24 TR tube. 

The end of the side-arm keep-alive electrode used in 10-cm tubes is 
bent towards the gap as shown and it ends about ^ in. from the axis of 
the gap. The low-level signal loss (interaction) due to the d-c discharge 
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is almost completely independent of the positioning of an electrode of this 
type. The coaxial electrodes differ in this respect, and the low-level 
signal loss increases rapidly as the electrode tip approaches the gap. At 
a discharge current of 100 /ia, the interaction can be as high as 5 db for a 

FIG. 6-17. 

-Copp«r cone 
I i -0 .010" dia. 

0.010" ' J - j k 0.020" dia. 
-Coaxial keep-alive electrode for the GE 3-cm bandpass T R tube. 

coaxial electrode while it can hardly exceed 0.1 db with a side-arm 
electrode. 

Figure 5-55, curves A and B, shows the spike leakage energy through 
a 3-cm tube that has truncated-cone elements. Both a coaxial and a side-
arm electrode are mounted at the same gap. The coaxial electrode 
appears to be by far the more efficient of the two. The numbers along 

the curve represent the keep-alive 
current. Curve C, however, is for 
a side-arm electrode in a tube 
using conical-post resonant ele
ments. Although it is dangerous 
to compare this curve with the first 
two curves directly, it is obvious 
that the last structure at least 
approximates the efficiency of a 
coaxial electrode in a truncated-
cone gap. No clear explanation 
for this difference has been ad
vanced. A reasonable explanation 

is based on the fact that all of the electrons from the coaxial electrode 
are furnished to the gap, whereas many of the electrons from the side-arm 
type reach the conical electrodes by paths that are not in the region of the 
highest r-f electric field. Thus, in the truncated-cone gaps, it is difficult 
to send electrons into the r-f gap from a side-arm electrode. If pointed, 

■ 

s 

< 1 

L ^ 

= 6 
Cr-20 
S30 

y5" )t*3 

ii~50fta 

1 ! 

0.15 

••0.10 

^ 0 . 0 5 

- 5 0 +5 +10 +15 +20 
Keep-alive retraction (4) in mils 

F I G . 6-18.—Spike leakage energy vs. 
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conical electrodes are used, a greater n0 can be produced in the gap with 
the side-arm electrode than in the 
truncated-cone gap, since the post 50 
diameter is much smaller and the 
performance begins to approach 
that of the coaxial electrode. 

Figures 6-18, 6-19 and 6-20 
represent the results of another 
interesting experiment by Fiske. 
A coaxial keep-alive electrode was 
mounted in a bellows arrange
ment at the second gap so that its 
axial position could be varied from 
0.020 in. away from the gap to 
0.010 in. into the r-f gap. The 
keep-alive electrode was in its 
normal position at gap No. 1 and 
was maintained at a current of 50 ua. Figure 6-18 shows the variation 
of W, for different keep-alive currents as a function of electrode position. 
The distances back from the gap are plotted as positive. Figure 6-19 

shows the corresponding values of 
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low-level loss (interaction). If 
Fig. 6-19 is replotted by a recipro
cal transformation 
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Fio. 6-20.—Data of Fig. 6 1 9 trans
formed to resemble spike energy curves of 
Fig. 6 1 8 . 

where L is the fractional trans
mission loss given in Fig. 6-19, 
then Fig. 6-20 is derived. The 
similarity between this figure and 
Fig. 6-18 is striking, and it pro

vides fairly convincing proof that both phenomena are governed by the 
electron density in the gap. 

6-11. High-power Characteristics.—The high-power characteristics 
of a T R tube that can be specified are as follows: leakage power—flat and 
spike; arc loss; recovery time; minimum firing power; minimum and 
maximum operating powers; keep-alive voltage drop, keep-alive current 
and keep-alive interaction; gas filling; and life. 

The tubes now in use may be divided into low-Q ATR tubes, pre-TR 
tubes, and bandpass TR tubes. 

Table 6-3 gives the pertinent characteristics of the various ATR 
tubes. The gas filling is 10 mm Hg. of argon in all cases. 
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TABLE 6-3.—HIGH-POWER CHARACTERISTICS OF LOW-Q ATR TUBES 

Tube No. 

1B35 
1B37 
1B36 
1B44 
1B52 
1B53 
1B56 
1B57 

Min. firing 
power, kw 

4 
4 
1 

10* 
10* 
10* 
10* 
10* 

Arc loss 
db 

0 .7 
0 7 
0 .5 
0 . 3 
0 . 3 
0 . 3 
0 . 3 
0 3 

Power level a t 
which arc loss 
is measured, kw 

4 
4 
1 

50 
50 
50 
50 
50 

Min. operat ing 
power, kw 

5 
5 
2 

20 
20 
20 
20 
20 

* Approximate. 

FIG. 6-21.—10-cm duplexer using 1B38 pre-TR tube. 
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The 1B35 and 1B37 3-cm tubes, and the 1B36 1.25-cm tubes are 
required to fire within 5 sec after the power is applied at the minimum 
firing power level indicated in the table. After they have fired, the arc 
loss of the tubes must be less than the value indicated. I t was planned 
originally to require the various tubes in the 10-cm band to undergo 
similar tests. The apparatus for these tests was so bulky, however, that 
a much simpler test was devised in which the firing voltage ol a 7 Mc/sec 
electrodeless discharge was correlated with the actual operating charac
teristics of the tubes (see Chap. 9). 

Fio. 6-22.—1B38 and 1B54 pre-TR tubes for use at 10.7 cm and 8.5 cm respectively. The 
1B38 tube has contact springs at both ends. 

At present, no upper limit to the power level at which the tube can be 
operated has been reached. Tube life is indeed an unknown quantity, 
for little is known about the recovery time of ATR tubes. Tubes have 
been run for thousands of hours at high power levels without breaking 
and without increasing the arc loss; however, for these long periods of 
operation, no recovery-time measurements were made. If the experi
mental results with the 1B38 pre-TR tubes are applied to these tubes, it 
can be concluded that tubes assembled with soft solder should average 
good recovery-time life, approximately 1000 houw. Tubes assembled 
by hard soldering, however, for example, the Sylvania 1B36, 1B35 and 
1B37 tubes and the 1B52 and 1B53 tubes are probably "too clean" and 
the recovery time is without doubt long even when the tubes are new. 

The pre-TR tubes that were put into production were the 1B38 at 
10.7 cm and the 1B54 at 8.5 cm. Figure 6*21 shows a typical duplexer 
employing a 1B38 pre-TR tube in conjunction with a high-Q tube. 
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Figure 6-22 is a photograph of the 1B38 and 1B54 tubes. The 1B38 tube 
has contact springs at both ends, whereas the 1B54 tube has a contact 
spring at the high-power end, and a flange connection at the receiver end. 

Table 6-4 gives data pertinent to the operation of pre-TR tubes. The 
recovery time of these tubes has already been discussed in Chap. 5. 

The 1B38 tube is required to pass a leakage-energy test in order, 
primarily, to determine whether the initial gas filling is correct and also 
to ensure that air has not leaked into the tube. The 1B54 tube which was 
developed later was required to pass only the 7-Mc/sec discharge test. 
Very few tests have been made on the 1B54 tube since it is very similar 
to the 1B38 tube and therefore it is assumed that all the important char
acteristics are alike. 

T A B L E 6 - 4 . — C H A R A C T E R I S T I C S OF 1B38 (10.7 CM) AND 1B54 (8.5 CM) P R E - T R T U B E S 

Character is t ic Value 
Gas filling 10 m m Hg of argon 
Tota l leakage energy 1500 ergs 
Arc loss 0 . 3 d b 
Power for arc-loss measurement 50 kw 
Min imum operat ing power 20 kw 

Since the low-Q windows used in all 10-cm tubes in this group (TR, 
ATR, or pre-TR tubes) have the same height and the gas fillings are the 
same, minimum operating power levels are the same. No upper limit 
for the operating power level has yet been reached. 

Table 6-5 gives pertinent high-level data on the various bandpass TR 
tubes. 

T A B L E 6 - 5 . — H I G H - L E V E L C H A R A C T E R I S T I C S O F B A N D P A S S T R T U B E S 

Tube 
No. 

1B63 
1B55 

1B58 

Band, 
cm 

3 
8 . 5 
9 . 1 

10.7 

No . of 
gaps 

2 
3 
3 
3 

Keep-alive 
electrode 

Coaxial 
Coaxial 
Side-arm 
Side-arm 

Gas filling, 
m m Hg 

A 

15 
4 
6 
4 

H 2 0 

4 
2 
0 
2 

W„, 
erg 

0 . 1 
0 . 1 
0 . 1 
0 . 1 

p . , 
m w 

30 
5 

< 1 
5 

Recovery 
t ime t o 

6 d b 

< 2 /isec 
10 

< 100 
10 

Power for 
recovery-

t ime meas
u remen t 

40 kw 
700 

50 
700 

The three tubes in the 10-cm band are of the 3-gap type and have 
low-Q input and output windows, whereas the 1B63 3-cm tube has a 
high-Q input window and has two resonant gaps. At the end of the war, 
work had just begun on the design of a 2-gap 10-cm tube using a high-Q 
input window. The advantages of this tube would have been: a shorter 
tube (about 1? in. shorter in the 10.7-cm tube), and a longer tube life^ 
It was believed that the use of a high-Q input window, about half the 
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height, or less, of the present windows, would reduce the arc loss by a 
factor of about four, and the cleanup of H 2 0 would be correspondingly 
retarded. Unfortunately, only preliminary low-level tests had been 
made before all developmental work wras stopped. 

The 9.1-cm tube1 is filled with argon alone. This tube was designed 
for use in radar beacons and was to be operated at about 50 kw of line 
power. A recovery time of approximately 100 ^sec was tolerable; but 
tube life had to be thousands of hours in order to meet the rigid require
ments of aircraft beacon systems. The tubes were assembled by soft-
soldering and the impurities introduced into the tube were sufficient to 
keep the recovery time below 20 fisec during several thousand hours of 
operation. Under normal operating conditions, the beacon transmitter 
is on only while it is being interrogated by an airplane. The duty 
ratio which results is very low. At a busy airport, the ratio of " o n " to 
"off" time averaged over several hundred hours is certainly less than 
TW- Thus, the r-f discharge plays a negligible part in the gas cleanup 
process; and the 100-/ia keep-alive discharge operating on the 260 cc of 
gas should give a tube life of at least 5000 hours if an extrapolation may 
be made from the 1B27 or 721B tubes (Sec. 5-23). 

The 1B55 and the 1B58 tubes were designed for high-power radar sets 
to be operated at line powers of 500 to 1000 kw, and duty ratios of at 
most Tinnr- Preliminary tests on three or four hand-made, soft-soldered 
tubes of each type showed continued crystal protection and good recovery 
time after 500 hours at 1000 kw, and a duty ratio of -̂oVr- For what 
length of time it is possible for clean, hard-soldered tubes to give good 
recovery time is not known. This time can probably be extrapolated 
from tests on the 1B38 pre-TR tube which has one-fourth the volume of 
these tubes, and appears to have a life of 100 to 200 hours when filled 
with an A-H20 mixture. 

The 3-cm tube has a volume of about 7 cc, or about ^y the volume of 
the 1B58 tube. On the other hand, the window height is about one-
seventh that of the 10-cm tube. Therefore, if a square-law variation of 
arc loss with window height is assumed, the arc loss will be less by a factor 
of 40 or 50, approximately, for equivalent line powers in the 3-cm tube. 
Thus, at equal line powers, tube life should be about the same for the two 
tubes. At present, 3-cm magnetrons with an output power of 300 kw are 
available, while 1000-kw tubes are in use at 10 cm. Developmental 
magnetrons that have twice the powers have been tested. On this basis, 
the 3-cm tube might be expected to have about three times the life of the 
10-cm tubes, if the tubes are clean and hard-soldered, and are filled with 
argon and water vapor. 

l L . D. SmuUin, "S-Band Bandpass TR Tubes," RL Report No. 971, Jan. 23, 
1946. 
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Actual life tests have been too few in number to allow any definite 
conclusions to be drawn. Some tubes operated at 30 kw for more than 
500 hours. A few gold-plated tubes (this plating prevents oxidation) 
have run several hundred hours at 180 kw with little change in recovery 
time. 

Although considerable thought was given to the use of water reser
voirs in these tubes (Chap. 5), any idea of their use was abandoned 
because of the danger of excessive HjO pressures at temperatures near 
100°C, and also because the continual dissociation of the H 2 0 results in an 
increase of partial pressure of H2 in the tube. This results in excessive 
arc loss and leakage power. Fiske has proposed the use of a palladium 
window in the tube in order to "dra in" out the hydrogen. The possi
bility of using other gases than H 2 0 and the merits of inert coatings have 
already been discussed in Chap. 5. All possibilities of gold-plating to 
increase tube life have not yet been fully realized. In large tubes such 
as the 1B58 it is probably necessary to plate only the region around the 
input window. 

6-12. Present and Future Status of Low-Q and Bandpass Tubes and 
ATR Tubes.—There does not seem to be any immediate prospect of 
improving in any way the low-level performance of these tubes, for it is 
not possible to lower, to any marked degree, the loaded Q. A sub
stantial reduction in arc loss and minimum firing power would make it 
possible to use these tubes in low-power ( < l k w ) beacon installations. 
This reduction might be obtained either by an extension of the tube 
designed by Samuel (Chap. 4) or by the use of narrower windows—a 
possibility if mica is used instead of glass. The methods of mounting 
that involve current-carrying contacts need further investigation. There 
is at present no information available on how these contacts withstand 
the rigors of extreme variations in climatic conditions, although they 
operate with no difficulty under normal indoor conditions. 

Pre-TR Tubes.—These tubes were introduced as a stopgap and were 
designed to protect crystals from certain high-power magnetrons. It 
was felt that their usefulness would end when bandpass tubes of corre
sponding frequency coverage became available. These tubes are now 
available, and there is little point in the further development or use of 
pre-TR tubes. 

Bandpass TR Tubes.—These tubes in their present state of develop
ment Lave bandpass characteristics of about 10 to 12 per cent and pro
tect crystals at high power levels for periods of more than 1000 hours. 
Recovery-time life is still an unresolved problem, although, in various ways, 
it is possible to improve the recovery-time life of these tubes. These 
methods for improvement include the use of inert coatings or platings 
inside the tube; the discovery of a captor gas less chemically active than 
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H2O; the development of water reservoirs plus a suitable means of getting 
rid of Ha; and the reduction of the intensity of the window discharge. 
Of these, the first and the last will in all probability give positive results. 
Gold plating has already been tried with some success. Chromium 
plating, if used judiciously near the input window, may be equally good. 
Because of the poor r-f loss characteristics of chromium plating, it can 
not be put on resonant elements, but can be used only on the walls 
adjacent to the input window. No experiments have been made with 
preoxidized surfaces similar to those used in the 1B27. 

The intensity of the window discharge may be reduced by decreasing 
the window height. The use of the same thickness of dielectric results 
in an increase of loaded Q and in an increase of r-f loss in the dielectric. 
In 10-cm bandpass T R tubes, it is possible to use a window with two or 
three times the Q of the present windows; this reduces the arc loss by a 
large factor and probably increases the tube life about 5 times. The r-f 
loss in the windows would probably be less than 0.1 db if 707 glass were 
used. In 3-cm tubes, the present windows, i in. high, are probably the 
best that can be made with glass. The loss increases rapidly with any 
further decrease in height. The present thickness is 0.023 in. The use 
of thinner glass reduces the loss, but glass windows 0.010 in. thick are 
very fragile. 

The r-f loss of quartz is considerably less than that of 707 glass. 
Therefore, with quartz it would be possible to make a smaller window 
than can be made with the glass and to do so without incurring excessive 
losses. The Q would be increased, of course, if the thickness were not 
reduced. Since the present 3-cm windows already have a Q M of 2, it is 
not possible to proceed indefinitely in this direction. Even if the higher 
Q can be accepted, the problem of sealing the quartz to metal still remains. 
Almost the only practical method available is to metalize the edge of a 
quartz or a " Vicor " (Corning 709 glass, about 90 per cent quartz) window 
and then to soft-solder it to an Invar frame. A much more promising 
solution of this problem may be found in the use of mica instead of glass. 
The technique for making vacuum-tight mica windows was applied by 
Malter1 in the construction of a magnetron coupling window. M. D. 
Fiske used this technique to make TR-tube windows. A window reso
nant at 3.33 cm, \ in. high, and covered with mica 0.004 in. thick, had a 
Q12 of 0.3, and no measurable loss. I t thus appears that, by the use of 
mica, a window ^ in. high or even less could be made. 

Although this appears to be a very attractive solution a number of 
problems involved with this design remain. The mica sheet is sealed to a 
nickel-steel frame with a special low-melting point (550°C) glass. This 

! L. Malter, R. L. Jepson, L. R. Bloom, "Mica Windows for Waveguide Output 
Magnetrons," NDRC Div. 14, Report 366, Itec. 5, 1944. 
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makes it impossible to hard-solder the frame to the tube by ordinary 
techniques.' Because the mica is sealed to the steel at the edges only, it 
should be on the outside of the frame in order to relieve the seals from the 
extra strain of atmospheric pressure. This, however, requires that the 
entire inside of the frame be coated with glass to prevent sputtering by 
the discharge. A window of this type has not yet been made, but at 
least it seems possible to use this as a method of construction. The 
higher-Q (about 2) window would be useful in TR tubes, whereas the 
lower-Q (about 0.3) window would be useful in ATR tubes. 

Table 6-6 is a summary of the various parameters involved in TR-
tube design and the interrelation of these parameters with the various 

T A B L E 6-6—D 

No. elements 
QLZ of e lements . . . 

Kind of gas 
Gas pressure 
K-a current and 

position 
Peak power 
Average power. . . 
Window size 
Window dielectric. 

Band
width 

X 
X 

X 

ESIGN V A R I A B L E S FOB 

Spike 
leak
age 

energy 

X 
X 
X 
X 
X 

X 

Fla t 
leak
age 

power 

X 
X 
X 
X 

K-a 
loss 

X 
X 

X 

BROADBAND T R T U B E S 

Arc 
loss 

X 
X 

X 
X 
X 
X 

Re
covery 

t ime 

X 
X 

X 

Life 

X 
X 

X 
X 
X 
X 

Max. 
and 
min. 

power 

X 
X 

X 

Inser
tion 
loss 

X 
X 

performance characteristics of the tube. Thus the number of elements 
affects the bandwidth and the spike leakage energy but does not affect 
the other properties. Further improvement of these tubes, in addition 
to the improvements just discussed, will most likely consist of an increase 
in the bandwidth with no definite increase in the leakage power. A 
10-cm 3-gap tube whose pass band extended from 9.4 cm to 11.1 cm was 
tested at the Radiation Laboratory. Its spike leakage energy was high, 
about 0.8 erg, but, because no careful study of keep-alive location and 
gas filling has been made, it has not yet been established that such a tube 
cannot be altered to protect crystals. The experiments did indicate 
however that with careful design, a low-Q gap with low spike leakage 
energy could be made. 

1 Extensive research has been done in the development of low-melting-point hard 
solders, and a suitable solder may already exist. 
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6-13. Construction Techniques—Metal-to-glass Seals.—The metal-
to-glass seals used in microv.ave TR tubes may be classified under three 
main headings: (1) wire feed-through seals, (2) balanced copper-to-glass 
seals, and (3) Kovar or Fernico window seals. The first type, the feed-
through seal, is used mainly for keep-alive electrodes. Such seals are of 
fairly simple construction and will not be described here. 

The balanced seal is extremely useful in that it allows a but t joint to 
be made between a glass cylinder and a copper disk as in the 1B27 TR 
tube. In this seal, advantage is taken of the fact that glass is stronger 
in shear than it is in tension. If a disk of copper were sealed directly to 
one glass cylinder, when the cylinder cooled the copper would expand 
radially more rapidly than the glass. The resulting bending of the 
copper disk pulls it away from the glass and breaks the seal. If now, 
however, the disk is sealed between two glass cylinders, it can no longer 
pull away from either one and the differential expansion of the two 
materials results in a radial force which exerts essentially pure shear upon 
the glass. Such seals will withstand temperatures varying from several 
hundred degrees centigrade down to — 50°C or less. 

There are two important methods for making balanced seals: the 
"borated" and the "beaded" seal techniques. These have been used 
extensively in TR tubes of the cell type. The borated seal is prepared 
as follows: 

1. The copper flanges are thoroughly cleaned, etched, and then 
washed in water and alcohol. 

2. The copper is oxidized in a gas flame and is then allowed to cool. 
3. The flanges are dipped into a solution of sodium tetraborate, 

Na2B407 , 1.5 gr to 100 cc of H 2 0. 
4. After drying, the flanges are heated by a gas flame or an induction 

coil to form cuprous oxide of a deep red color. 
5. The flanges and glass cylinders are then stacked in the assembly, 

jigged and heated by r-f induction to make the seals. This is done 
in an atmosphere of C0 2 to prevent excessive oxidation. 

6. After annealing, the entire tube is cleaned with acid to remove the 
oxide. 

7. If an inert coating is desired (Sec. 5-25), the section to be left 
oxidized is coated with a lacquer before the acid cleaning, after 
which the lacquer is dissolved in alcohol. 

The beaded seal is considerably stronger than the borated seal, 
although it is slightly more difficult to make. It is used almost exclu
sively now in all cell TR tubes. The seal is made by sealing thin glass 
rings to each side of the oxidized copper disk in a direct copper-glass seal. 
A hydrogen flame is used to make this seal. The glass cylinders are then 
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sealed to the beads in a hydrogen flame. After annealing, the tube is 
cleaned as above. 

Fie, 6 23.—The various stages in the construction of the 1B27 TR tube. This tube 
is an excellent example of the use of the balanced copper-glass seal. (Courtesy Sylvania 
Electric Products Co.) 

In addition to being mechanically stronger, the beaded seal overcomes 
the main defect of the borated seal in that it cannot be spoiled by long 
exposure to warm, moist air. Borated seals can be dissolved in boiling 
water, of course, and there was some evidence that prolonged exposure 
to moist air in the tropics also weakened them. Figure 6-23 shows the 
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parts and stages of manufacture of a 1B27 tube, a good example of the 
use of copper-glass seals. 

The third group of seals involves the use of glass-sealing alloys with 
suitable coefficients of expansion. The balanced copper-glass seals can 
be made with any glass, but Corning 707 glass is commonly used because 
of its low loss factor. Kovar1 is designed to match 706 (705AO) glass, 
which has an expansion coefficient of 5 X 10~~6 per °C; but successful 
seals have been made to 707 glass which has a coefficient of 3.1 X 10 - 8 

per °C. Flat windows sealed in Kovar frames are used in the 1B24, 
1B26, and in the 1B50 integral-cavity TR tubes, and in all the low-Q 
ATR, pre-TR, and bandpass TR tubes. 

The general process of making these windows is as follows: 

1. The Kovar frame is heated in air by an induction coil to oxidize 
it. The proper depth of oxidation is important and must be 
recognized by the proper shade of grey. 

2. The glass blank is then placed on the frame and the combination 
is heated in a C 0 2 atmosphere until the seal is made. 

For low-Q windows in ATR and other tubes it is necessary to add a 
further refinement. The intensity of the window discharge is so great 
that if the window consists simply of a piece of glass in a Kovar frame, 
the discharge cleans up the gas very rapidly by what seems to be a 
sputtering action. To prevent this, M. D. Fiske2 coated the inside 
surface of the Kovar frame with glass. This coating is now used in 
all tubes of this kind. The glass coating may be applied in one of two 
ways. Fiske's method consists of spraying the oxidized metal with 
a suspension of powdered glass in alcohol. The edges must first be 
masked so that the frame can subsequently be soldered into the tube. 
The frame is then heated in air to a temperature of 950°C for 10 minutes. 
The next step is to place the frame on a graphite block, set the glass 
window in place, and then cover it with another graphite block. The 
assembly is again heated to 950°C for 15 minutes. 

A much simpler method for 3-cm low-Q windows was devised by 
McCarthy of the Sylvania Co. I t consists simply of placing on the oxi
dized frame a glass block that is bigger than the opening. It is then 
induction heated in a C0 2 atmosphere. The most intense heat is gener
ated around the periphery of the frame and this causes the glass at first 
to run out towards the edges of the frame and then finally to soften at 
the center. When this softening occurs, a lavite paddle is used to press 

1 "Kovar" is used here as a generic term to include both Kovar and Fernico. 
' M. E>. Fiske, "Resonant Windows for Vacuum Seals in Rectangular Wave

guides," GE Report, Feb. 10, 1945. 
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it into place. Although this method is satisfactory for small windows, it 
is apparently impractical for 10-cm windows. 

Although 707 glass has a lower coefficient of expansion than Kovar, 
very excellent flat windows have been made with it. Under a polarized-
light strain analyzer, a good window made with 706 glass shows almost 
no signs of strain. Windows made of 707 glass, however, show marked 
strain lines that indicate that the glass is under compression at room 
temperature. Although there are no definitive experiments, it is reason
able to suppose that the 707 windows are stronger since the glass can 
never be under tension. The most that can be said is that windows of 
both types, when they are well made, meet all possible service 
requirements. 

6-14. Soldering of Windows into Cavities.—In Sec. 2-12 it has been 
seen that in order successfully to solder the Kovar window frame into 
the copper block of the 1B24 and 1B26 TR tubes, the frames must have 
wrinkles (Fig. 2-69) that allow the outer edges to move in and out with 
the copper block without cracking the window. The linear coefficient 
of copper is about 16 X 10 - 6 per degree C, or approximately 3 times that 
of Kovar. 

The actual soldering process consists of heating the tube body by 
means of a large electric heater, such as a soldering iron, or a hot plate. 
This is done with the pretinned window frame in place. When the desired 
temperature is reached, additional solder in the form of a fine wire is 
applied to the edge of the frame. 

On the 1B50 tube which has a steel body, it is possible to hard-solder 
the window into place. This makes a much stronger seal, and it elimi
nates the possibility of soft-solder flux getting into the tube cavity. 

The low-Q windows in pre-TR and similar tubes are soldered into 
the ends of rectangular waveguides. In the original tubes made by 
Fiske, pure tin solder was used. The window was dropped into a seat 
formed by cutting the guide wall to half its thickness. Because of the 
rectangular shape of the window and because of the relative stiffness 
of the Kovar frame, it is very important to make the heating uniform 
in order to prevent cracking of the glass. Since the solder must be fed 
in by hand while the tube is hot, gas heating is impossible, and electrical 
heating only can be used. 

The technique of soft-soldering the flat frames into the waveguide 
recesses was never really perfected from a production standpoint except 
in the smaller tubes such as the 1B35 and 1B36 tubes. The first definite 
variation from this technique was made by Sylvania in the 1B35 and 
the 1B36 tubes. The 1B36 tube was of all-steel construction, except 
for the frame, and was completely assembled with hard solder. The 1B35 
body was brass waveguide but the Sylvania engineers succeeded in hard-
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soldering the window directly to the end of the waveguide, in a butt 
joint. 

Engineers both of Sperry and Sylvania designed 10-cm ATR tubes 
and bandpass TR tubes that were completely assembled with hard 
solder. None of these tubes reached the production stage. 

In the Sylvania 1B52 and 1B53 ATR tubes, the 1B54 pre-TR tubes, 
and the 1B55 bandpass TR tubes, the brass waveguide was replaced by 
steel tubing, and the flat Kovar frame was replaced by a rectangular cup 
or dish, whose cross section matched that of the waveguide.1 The two 
were butted together and the steel mounting flange was slipped over the 
outside. This three-piece combination was then soft-soldered together. 
This construction is apparently much stronger than the construction 
just described. One indication of this is the fact that few 10-cm tubes 
with flat window frames and brass bodies can withstand more than 20 
temperature cycles from — 40°C to 100°C without failing, whereas tubes 
made with this new type of construction have withstood several hundred 
such cycles. 

6-15. Tuning Techniques.—The 721B and 724B tubes, since they are 
fixed-tuned tubes, must be pretuned in standard cavities to standard 
frequencies. This is accomplished by pushing one of the cones in or out 
by means of a special tool pushed in through the pumping tubulation. 

The 1B24, 1B26, 1B27, and 1B50 tubes are tunable tubes. The 
tuning is accomplished by pushing one of the cones in or out with a 
differential-screw mechanism. The complete range is covered in a motion 
of 0.030 in. or less. In the 1B24 tube for instance, a motion of approxi
mately 0.015 in. results in a change of tuning of 1200 Mc/sec. With 
QL2 ~ 300, the half-power bandwidth of the tube is about 30 Mc/sec. 
Thus, a motion of 0.0001 in. of the cone results in a detuning of about 
8 Mc/sec, and in an increase of insertion loss of about 1 db. Although 
the differential screw provides a convenient method for producing such 
small increments of motion, unless very accurate, and also very expensive, 
threads are used, it is necessary to use spring loading to eliminate back
lash. This is shown in Fig. 2-68. The diaphragm through which the 
motion is transmitted to the cone exerts an axial force upon the screw, 
but as the diaphragm passes through its neutral position the force becomes 
zero and then changes sign; consequently, there is a region in which it 
is very difficult to tune accurately. Spring loading can be used to over
come this difficulty. 

The tuning of bandpass TR tubes is the final operation before evacua
tion and sealing. The 10-cm gaps are of the form shown in Fig. 6-16 
with one of the posts arranged to screw in or out. After the gaps are 

'Sylvania Electric Products, Inc., "Report on OSRD Tube Development Sub
contract on Radiation Laboratory Purchase Order D1C-182032," Feb. 5, 1946. 
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tuned, the posts must be locked and sealed. This was done originally 
by soft-soldering the screw to the outside of the guide; however, unless 
the screws were very tight there was danger of moving the screw. L. 
Sorg of Sperry Gyroscope Co. suggested simply locking the post with a 
lock nut, but at the same time surrounding it by a little cylinder, hard-
soldered to the outside of the guide, on which a lid may be soldered after 
the final tuneup. 

The 3-cm bandpass tube uses cones similar to the hollow cones in the 
1B24 tube. The movable cone is sealed at the apex and is pushed in • 
and out from the outside by means of a screw that is soldered after 
being adjusted. 

The low-Q ATR tubes may be tuned in two ways. One method is 
to make the cavity accurately to dimension and to grind the windows 
accurately to the proper thickness, with the result that when the tube is 
finally assembled it is automatically tuned correctly. This was the 
technique used by the General Electric engineers in the construction of 
the 1B35, 1B37, 1B36, and the 1B38 tubes.1 It was possible in this way 
to make most of the ATR tubes tune to within ±0.5 per cent of their 
nominal frequency. 

The engineers at Sylvania, however, chose to allow more tolerance 
in window tuning by eliminating the grinding operation, and by tuning 
the final tube after assembly, as described in Chap. 4. This method was 
accepted as completely satisfactory until some time after the end of the 
war, when it was observed that the variation in the thickness of the glass 
resulted in a much larger error than was desirable in the position of the 
effective short circuit of the fired tube. It thus appears that unless closer 
control of glass thickness can be maintained in the sealing process, it will 
be necessary to grind the windows to definite thicknesses in order to 
maintain the necessary tolerance in arc position. 

6-16. Mounting Devices.—The methods for mounting the various 
low-Q ATR tubes have already been described in Chap. 4. The coiled-
spring contact used on the various 10-cm ATR tubes is also used for all 
the 10-cm TR and pre-TR tubes. The springs are beryllium-copper, 
wound of No. 26 (0.0159 in.) wire to 0.125 in. outside diameter, 40 turns 
to the inch. If the springs are properly mounted, and the seats in the 
duplexer are accurately machined, excellent contact is assured. It is 
felt, however, that a softer contact material is preferable, and some 
thought has been given zo the use of a woven-metal gasket about f in. 
square, made of Monel ribbon. Although such gaskets make excellent 
contact, no satisfactory method of securing them to the tubes has been 
developed. 

1 T. P. Curtiss, F. E. Dickey, G. H. Floyd, W. T. Posey, "Final Technical Report 
on OSRD Contract OEMsr-1306," Tube Division Section, Nov. 1945. 
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The 3-cm bandpass TR tube has standard waveguide flanges on either 
end for coupling to waveguide choke connectors. These flanges are 
in the planes of the windows. Because of their size, the flanges are very 
stiff and can exert severe radial stresses upon the windows. Early 
experimental tubes had brass flanges. The life of these tubes at high 
power levels was relatively short, and almost all failures resulted from 
cracked windows. The use of Kovar flanges relieved the extra tem
perature strains and almost no more failures of this kind' occurred. The 
present 1B63, tube, which is made by Sylvania, uses steel flanges and 
hard-soldered window frames. Although the expansion of steel is twice 
that of Kovar, these tubes withstand about 50 temperature cycles with a 
temperature range of —40° to 100°C. 



CHAPTER 7 

THE PRINCIPLES OF BRANCHED DUPLEXING CIRCUITS 

B Y HAROLD K. FA.RU 

The gas-filled switches commonly used in duplexers have been 
discussed; the circuits used to connect these switches to other components 
and to each other will now be examined. To a large extent duplexing 
circuits have been built around the fundamental structure of a three-way 
transmission-line junction or T-junction with the arms leading to antenna, 
receiver, and transmitter and with a suitable switch in the receiver arm 
and possibly also in the transmitter arm. This chapter will be con
cerned with duplexers of this type which will be referred to as branched 
circuits to distinguish them from the so-called balanced circuits to be dis
cussed in Chap. 8. 

I t will be assumed that the reader is familiar with the transmission-
line impedance charts of the two types representing the complex imped
ance plane and the complex reflection-coefficient plane respectively. 
The notation used in Chap. 4 will also be employed here. This means 
that the identification of any impedance Zs by a subscript s at once defines 
all other related quantities according to the equations 

Z. = R.+jX. = ±=u-±lw, 
zs - z „ _ i +jr i | 

ls zs + z0' 'ls r-\r.\' 
7-1. The Junction Circuit.—Since the salient feature of a branched 

duplexer is the three-way junction, the properties of this circuit will be 
discussed. Let us consider first a perfectly general lossless linear network 
with three pairs of terminals designated as (1), (2), and (3) for antenna, 
transmitter, and receiver. 

During transmission the line leading to the receiver is short-circuited 
at some point by the TR tube as in Fig. 7-1. This places a pure reactance 
at the terminals (3) which can be made any value desired by adjusting 
the distance I from the junction to the short-circuit. The first require
ment for the junction is that there be some value of I which will give 
perfect transmission from (2) to (1). 

On reception it is necessary that there be a pure reactance at the 
terminals (2), and it is required of the junction that perfect transmission 
take place from (1) to (3) for some value of this reactance. In practice 
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the impedance at the terminals (2) may not always be a pure reactance, 
because of the wrong transmitter impedance or an inadequate ATR 
circuit, but, for the present, it will be considered purely imaginary. 
In the transmission case the impedance due to the TR switch is actually 
very close to a pure reactance. 

The requirement for transmission is fulfilled for any sort of lossless 
three-way junction provided only that it is symmetrical about the receiver 
arm. If the receiver arm is short-
circuited such a device becomes a 
nondissipative symmetrical four-
terminal network. Such a circuit 
always has a characteristic imped
ance R which is either purely real 
or purely imaginary. If R is con
nected across the output pair of ter
minals, the impedance seen at the 
input pair will also be R. It might 
be expected that, by adjusting the 
position of the short circuit on the 
receiver arm, R could be made equal to Z0, the characteristic impedance 
of the transmission line. 

F I G . 7-1. Representation of a waveguide 
junction. 

To prove this the three equations are written 

Ei (i = 1, 2, 3), (1) 

expressing the voltage at any pair of terminals in terms of the current 
at each of the three pairs of terminals. Because «;,- = «,■,■ and because of 
the symmetry of terminals (1) and (2), the impedance matrix can be 
written as 

(A B D\ 
(**■) = Z = A 

D 
A generator will be connected to terminals (1), a matched load of imped
ance unity to terminals (2), and an arbitrary reactance z = jx to terminals 
(3). The condition that the input impedance be unity is then imposed. 
This gives the three equations 

Ei = h, E2 = - 7 2 , E3 = -tit, 
which allows the elimination of the Ei's from Eqs. (1) with the result 

(A - l)h + Bh + Dh = 0 
BIy + (A + 1)7, + DI3 = 0 
Dh + Dh + (C + 2)7, = 0 , 

(2) 
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Since there must obviously be coupling between any two arms, 
B ^ 0 and D ^ 0. It is therefore impossible for any row or column of 
coefficients to vanish. Hence the necessary and sufficient condition 
that the equations have a solution Ii ^ 0 is that their determinant vanish. 
Since there is no loss, the elements of («„) are all imaginary, and A = ja, 
B = jb, ■ ■ ■ where a, b • • ■ are real. The condition for solution is 
then 

(a + j) b d 
b (a - j) d 
d d (c + r) 

If the determinant is expanded, the imaginary terms cancel out, per
mitting a real solution for x of the form 

(c + i)(o2 - b2 + 1) + 2d2(b - a) = 0. 

In case a2 — b2 + 1 = 0, it is merely necessary to open-circuit terminals 
(3) for then 73 = 0 and the condition that the first two of Eqs. (1) have a 
solution is 

(a + j) b 
b (a - j) b2 + 1 = 0. 

This shows that there is always a reactance r which makes the system 
of Eqs. (2) consistent under the assumption that the input and output 
impedances are unity; that is, there is a reactance that matches the 
junction. 

For mechanical reasons it is quite natural to construct a junction 
by adding a side arm for the receiver to a straight section of the trans
mission line which runs from transmitter to antenna. In such a "T-junc
t ion" the symmetry conditions for transmission are satisfied auto
matically and the junction may be matched for reception by some 
device, such as an inductive iris, in the receiver arm. After this device 
has been added, the distance from the junction to the TR switch can 
be adjusted to match the junction for transmission. Most T-junctions 
have rather small reception loss even without the addition of a matching 
device. In some cases this may permit the mounting of the TR switch 
at the closest position which gives good transmission since it is unneces
sary to leave room for matching. This close position usually has the 
window of the TR cavity approximately flush with the wall of the wave
guide or outer conductor of the coaxial line since the window presents a 
short circuit when the switch is fired. 

The requirements for reflected power are ordinarily much more 
stringent during transmission than during reception, because the imped
ance presented at the transmitter has a very marked influence on the 
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transmitter efficiency and stability. In view of the contributions made 
to the reflected power by the other r-f components, a voltage standing-
wave ratio above 1.10 during transmission may sometimes be considered 
excessive for a TR junction and 1.05 may be a desirable figure. In 
contrast to this, a VSWR of 1.10 would cause a reception loss of only 
0.010 db, a value which would hardly be considered serious. This 
makes clear the advantage of mounting the TR cavity so that the window 
is flush with the surface of a straight section of transmission line. The 
symmetry makes possible a good match for the transmitted signal and 
the match can be maintained over a wide frequency band because of the 
proximity of window and transmission line. 

An obvious extension of the symmetry principle leads to a junction 
in which any two arms are symmetrical with respect to the third. The 
junction is then matched for either transmission or reception if the arm 
not in use is short-circuited at the proper point. This eliminates the 
need for any matching device and, consequently, finds application in 
wideband systems. Since the three arms are at angles of 120° with one 
another, this Y-junction lacks the mechanical simplicity of the T-junc
tion, with arms at angles of 90° or 180°. The principle of three-way 
symmetry has not had much application to coaxial duplexers, but has 
been used in waveguide circuits. 

(a) (6) 
F I G . 7-2.—Cavity coupling to a coaxial line; (a) loop-coupled cavity; (b) iris-coupled 

cavity. 

7-2. Coaxial Junctions.—Coaxial duplexers have been used princi
pally at wavelengths of 8 cm or longer. At shorter wavelengths, wave
guide circuits are usually simpler. A coaxial line can be coupled to a 
TR or to an ATR cavity by a loop connected between inner and outer 
conductors, or by an iris. With an iris, no direct connection is made to 
the inner conductor, but an opening in the outer conductor establishes 
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coupling between the field in the cavity and that in the coaxial line. The 
iris coupling, which has mechanical advantages, may not be feasible 
where rather tight coupling is desired or where small-diameter lines are 
used. These two types of coupling are illustrated schematically in 
Fig. 7-2. When the cavity fires, a short circuit appears across the loop, 
and since the loop is connected across the side arm which is in shunt with 
the main transmitter line, the loop must be placed at a point effectively 
a quarter wavelength from the main line. This type of coupling is 
referred to as a shunt circuit. In the iris-coupled coaxial junction, the 
iris is sometimes considered as being in series with the outer conductor. 
When the switch is fired in this case, the short circuit which appears at 
the iris gives continuity to the coaxial line. 

R. V. Pound of the Radiation Laboratory has developed a coaxial 
T-junction, based on the principle of his broadband T-stub, for i-in.-
diameter, 46.4-ohm line for a loop-coupled TR cavity. This is a quarter-
wavelength stub used as a mechanical support for the center conductor 

of a coaxial line as shown in Fig. 

KWV t^TT-~&~~i~~" 
l\ [ 1 

F I G . 7-3.—Broadband T-stub. 

I ty\ 7-3. According to the symmetry 
principle just discussed, the length 
of the stub may be adjusted to 
secure a good match; and since the 
stub is in shunt with the line, this 
length is about one-quarter wave
length. If it is set for a good 
match at the center of a frequency 
band, however, there will be some 

mismatch at frequencies toward the edges of the band. To compensate 
for this, a transformer consisting of a sleeve one-half wavelength long is 
added to the center conductor of the main line as shown. 

To understand the action of the half-wavelength transformer, let 
Yi and Y2 be the characteristic admittances of the main coaxial line 
and of the section with the transformer respectively. Therefore F 2 > Yi 
since the characteristic admittance of a coaxial transmission line is given 
by 

1 _ „ . . /radius of outer conductor^ 
Y Vradius of inner conductor/ 

If the right-hand end of the line of Fig. 7-3 is terminated in a matched 
load, then the admittance looking toward the right at various points 
moving from the right-hand end toward the left can be determined. 
Figure 7-4a shows the locus of this admittance in the complex plane 
determined at the center frequency of the band. The admittance is 
Y\ until the transformer is reached. It then moves around a circle 
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centered near Y2 and, since the stub has no effect at this frequency, 
returns to Y\ at the other end of the transformer. 

At the low-frequency edge of the band the effective electrical lengths 
l/\ of both the stub and the transformer are reduced. Hence, in moving 
from the right-hand end to the center of the transformer, the admittance 
point travels less than halfway around the circle to the point Y3 of 
Fig. 7-46. To get Yi, the admittance jB, of the stub must be added to 
F3. Since the stub is now shorter than one-quarter wavelength, its 
admittance is inductive, and Ba is negative. This makes it possible to 

(a) 

F I G . 7-4.—Admittance diagram for a broadband T-stub; (a) at center frequency; (b) at 
low-frequency edge of the band. 

adjust the diameter of the transformer to give a value of Yt/Yi such that 
B3 = —B,/2. The complex conjugate of F 3 is then F4, and the admit
tance at the left end of the transformer will again be Fi. A similar 
condition will be realized at the other end of the band so that the T-stub 
is perfectly matched at three frequencies. In this way it has been possible 
to design a single T-stub which can be used anywhere in the wavelength 
region from 9.0 to 11.1 cm (9.2-cm, 10.0-cm, 10.7-cm bands) with a 
VSWR less than 1.08. 

Figure 7-5 illustrates a duplexer T-junction which uses this broad-
banding technique. At high power level the situation is similar to that 
for the simple T-stub. However, in addition to the quarter-wavelength 
stub, which is retained for mechanical support, the TR arm acts as a 
three-quarter-wavelength stub since there is insufficient space to mount 
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the cavity at the one-quarter-wavelength position. This means that 
the total stub susceptance at the band edge is four times that for a 
simple T-stub and that the diameter of the half-wavelength transformer 
on the main line must be much greater. 

At low power level the distance from the junction to the transmitter 
must first be adjusted so that the admittance of the transmitter arm is 

zero. It is then necessary to add 
Antenna v v | Transmitter another quarter-wavelength trans

former A to the TR arm to match 
that portion of the half-wave
length transformer in the antenna 
arm. Without such a transformer 
a matched TR cavity and receiver 
would result in a VSWR, as seen 
from the antenna, of (F 2 /F i ) 2 . 
The presence of the transformer 
A, however, increases the rate of 
change with frequency of the sus
ceptance of the TR arm at high 
power level. This makes it neces
sary to increase the diameter of 
the half-wavelength transformer 
and hence of A. But this, in turn 
necessitates a still larger half-
wavelength transformer and a still 
larger transformer A. The proc
ess converges slowly to a diam

eter giving a good match for both high level and low level. 
For a transformer of 0.555-in. diameter, the high-level VSWR remains 

below 1.25 from 8.5 to 12.2 cm wavelength. Since such a large trans
former reduces the power that can be transmitted without breakdown, 
and since a narrower band permits a smaller transformer, it was decided 
to use a separate design for each of the 9.2-cm, 10.0-cm, and 10.7-cm 
bands in the wavelength region from 9.0 to 11.1 cm. A diameter of 0.486 
in. was satisfactory for the reduced bands, giving a VSWR below 1.20 
over the band from 10.4 to 11.1 cm, for example. 

It is possible to eliminate the transformer A by changing the coupling 
of the input loop of the TR cavity. If the admittance of the TR switch 
as seen at the junction is FTR, then in order that this result in a match 
(admittance Yi) as seen from the antenna arm, it is necessary that 
YJ/YTS. = Y2 because of the quarter-wavelength transformer in the 
antenna arm. To satisfy this, F T R must be larger than Y\ and since 
the junction is three quarters of a wavelength from the TR cavity, 

F I G . 7-5.—Coaxial T-junction with broad
band transformer. 
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the admittance at the loop must be less than Fi. This means that the 
loop should be made larger in order to increase the coupling. This was 
done and some improvement resulted although difficulty was encountered 
in making the loop large enough because of the small space available in 
the cavity. If the loop could be adjusted to match the T-junctibn with
out the transformer A, the half-wavelength transformer could be made 
considerably smaller for a given bandwidth. 

I t will be noticed that at high level the T-junction is matched over 
the band while at low level it is matched only at the band center. This 
is because of the necessity for much better matching at high level. 
Although it is not so important to match the T-junction at more than 
one frequency for the low-level operation, it is usually necessary to 
employ some matching procedure to match at one wavelength, and to 
prevent the signal losses from becoming too high. 

It is possible to use a design similar to that of Fig. 7-5, but with 
the transmitter connected to the side arm and the antenna and TR switch 
connected to the main arms. In this case moderate reflections may be 
tolerated for power transmitted between the two main arms (low-level 
condition) but the best possible match should be sought for transmission 
"around the corner" from the side arm to one of the main arms (high-
level condition). This is the reverse of the requirement for the junction 
with the TR cavity on the side arm. 

7-3. Waveguide Junctions.—Waveguide duplexers at microwave 
frequencies are of necessity built with iris coupling, since there is no 
center conductor to connect to a loop. The iris may be coupled either 
to the end of a side arm or to the main transmitter line. Rectangular 
waveguide in the fundamental TEio-mode is the usual type and coupling 
may be made either to the broad or to the narrow side of the waveguide. 
A waveguide junction in which a side arm attaches to the broad side of 
another waveguide is called an E-plane junction since all three arms lie 
in the plane of the electric vector. Similarly, connection to the narrow 
side is called an //-plane junction in reference to the magnetic plane. 

It was pointed out in Chap. 4 in connection with the ATR switch 
that an Emplane junction has some of the characteristics of a simple 
series branching circuit and that the //-plane junction displays shunt 
properties. Since this turns out to be a very convenient concept for 
duplexer design, it will be examined more closely at this time. A qualita
tive understanding can be gained by a consideration of the fields and 
currents in a waveguide. In the TE10-mode the currents in the central 
portions of the two broad sides flow longitudinally in opposite directions, 
and the electric field extends across the intervening space from one of the 
broad sides to the other. These two central strips thus resemble the two 
halves of a simple transmission-line pair. In terms of these strips the 
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series and shunt characteristics of the two junctions of Fig. 7-6 appear 
quite plausible. 

I t can be observed that the side arm of the shunt junction meets the 
wall of the main waveguide at a certain distance from the central strip. 
If the side arm is short-circuited in the plane of the main waveguide wall, 
energy will travel down that waveguide without interruption. For 
that reason the distance from the central strip out to the side arm is 
thought of as being one-quarter wavelength in the shunt junction. No 
such phase shift is assumed in the series junction. 

To justify this equivalent-circuit concept, it is necessary to refer to 
the experimental data. Here the results depend on the wavelength and 

the d i m e n s i o n s of the waveguide. 
Furthermore, a cavity attached to the 
side arm one-half wavelength from the 
main waveguide may give results which 
differ from those for a cavity mounted 
flush with the wall. The simple wave
guide circuit with all terminations kept 
at a distance from the junction has 

-j-9 been studied theoretically and experi-
U| —'- -̂--—=»«___ mentally. The results are embodied in 
1 1 ' ^ - ^ ^ ^ ^ ^ - ^ ^ l the equivalent circuits of Figs. 4-10a 

and b which were considered in Chap. 4. 
At first glance these circuits do not 
seem to resemble a simple series or 
shunt junction but they do approximate 
them in certain respects. The network 
for the B-plane junction would be a 
simple series branch if Ba, Xb, Xd were 
zero and Xc infinite. I t is seen from 

Table 4-1, Chap. 4, that Ba is small, Xc is large, and Xb and Xd would 
almost cancel if Xc were large enough to be neglected. This junction, 
therefore, closely resembles the simple series branch. 

The fl-plane junction is not so simple, for, although Xa and Xb are 
small, Xc and Xd are far from negligible. These last two quantities are 
nearly equal and opposite. This means that a short circuit placed at 
terminals (3) results in almost complete cancellation, and leaves only 
a very high impedance across the main line in agreement with the idealized 
circuit of Fig. 7-6. The simple shunt representation would also require 
that an open circuit at terminals (3) result in a short circuit across the 
line, whereas it actually shunts the line with a reactance of about one. 
Of course, there is a point on the side arm where an open circuit would 

(f>) 
FIG. 76.—Waveguide as a trans

mission-line pair; (a) series junction, 
B-plane; (b) shunt junction, i/-plane. 
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result in a short circuit across the main line but it is about five eighths of a 
wavelength from the main waveguide rather than one-half wavelength. 

If such a junction were used in a duplexer, this departure from ideal 
behavior might not be noticed. At high level the short circuit at the 
window of the TR or ATR cavity would be placed at the waveguide wall 
since for this case the junction resembles an ideal shunt circuit. At low 
level it would be necessary to add a matching transformer to the junction 
if it were to be used as a TR mount. As an ATR junction, however, it 
would be necessary only to tune the ATR cavity until its reactance 
resonated with the junction. In Sec. 7-10 it will be shown that the differ
ence between the actual TR junction and a simple series or shunt branch 
can nevertheless be important in broadband applications. 

The equivalent circuits of Figs. 4-10a and b can be used to calculate 
the minimum standing-wave ratio that can be obtained looking into arm 
(1) with a matched load on arm (3) and an adjustable short circuit on 
arm (2), but with no additional matching devices. According to the 
symmetry principle the match between arms (1) and (2) (straight 
through) can be made perfect but the match '' looking around the corner,'' 
as in the ordinary case for reception, will depend on the particular 
junction. 

If an impedance unity is connected across terminals (3) of the series 
junction, the admittance seen looking out toward arm (3) from the 
terminals of jXc is 

V = J - 4- _ L _ 
1 JXC

 + i + jxd' 
If the values in Table 4-1 are used, 

X2 

Rl = i + (Xc
c+x^ = 0 7 8 ' 

The short circuit in arm (2) can be adjusted to produce any desired 
reactance in series with Z\. If Z'x = Ri -\- jX' where X' may have any 
value, the admittance seen looking into arm (1) is F 2 = Y[ + jB„. The 
locus of Z[ on a Smith chart is simply the resistance contour Ri = 0.78. 
If this circle is rotated 180° to give Y[ and then displaced an amount 
Ba = —0.096, the resulting locus is F2 . The point on the locus which 
approaches closest to the origin gives the minimum attainable standing-
wave ratio. 

The value of this quantity in voltage is r = 1.3 for a series junction 
and r = 1.7 for a shunt junction when the constants in Table 4-1 are 
used. Apparently the series T-junction is superior although the refiec-
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tion loss from a shunt junction would be only 0.30 db even with no 
matching iris. 

Although the right-angle T-junction can be matched with an iris 
so that the transmission is the same as for a symmetrical 120° type, the 
behavior over a band of frequencies will be inferior to that of the sym

metrical junction. A set of data 
relative to this question is repro
duced in Fig. 7-7 from a report by 
D. H. Ring of the Bell Telephone 
Laboratories . 1 M e a s u r e m e n t s 
were made, on a number of differ
ent junctions, of the variation with 
wavelength of the standing-wave 
ratio seen looking into one arm 
with an adjustable short-circuit
ing plunger in a second arm and a 
m a t c h e d load terminating the 
third. The plunger was adjusted 
to give the minimum possible 
standing-wave ratio at the center 
wavelength of 3.33 cm and kept 
at the same position for all the 
other wavelengths. This corre
sponds to the use of the junction 
in a duplexer where a single posi
tion must be chosen for the ATR 
cavity for operation over a band 
of frequencies. Right-angle T-
junctions and 120° Y-junctions 
were tested in waveguides of two 
sizes—0.400 in. by 0.900 in. ID 
and 0.500 in. by 1.125 in. ID. 
The 90° junctions were tested 
"looking around the corner" from 
one of the main arms to the side 
arm. No'matching devices were 
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F I G . 7-7.—Standing-wave-ratio curves 

for T-junctions of various types; (a) .ff-plane 
junctions; (6) £-plane junctions. 

used. If the standing-wave ratios are converted to voltage, the values 
for series and shunt are 1.2 and 1.6 for the 0.400 in. by 0.900 in. 
T-junctions at 3.33 cm. These agree approximately with the values 
of 1.3 and 1.7 previously calculated on the basis of the constants for 
3.2 cm. 

1 D. H. Ring, "Progress Report on a Broad Band TR-RT Switch," BTL MM-43-
160-189, Oct. 9, 1943. 
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It will be seen that the 120° junction is much superior to the 90° 
junction because, even if the latter were matched at the center wave
length, it would give high reflections at other wavelengths. Of the two 
120° junctions, the H-plane type is superior, whereas better results with 
90° junctions are obtained if the -B-plane branching is used. Further
more, the small waveguide is better than the large. I t is concluded 
that for narrow-band work the 90° junction can be used by matching 
at one wavelength; otherwise the 120° design is better. 

The high-level standing-wave ratio can be made good with either 
the T- or the Y-junctions. For work over a band of frequencies, how
ever, a cavity (either TR or ATR) mounted one-half wavelength from 
the junction on a side arm can lead to objectionable standing waves at 
the band edges because of changes in electrical length of the side arm. 
In such a case the voltage standing-wave ratio can be readily calculated 
at a wavelength differing by AX from the wavelength at which the junc
tion is matched if the simple series representation of the junction is 
assumed. The reactance of the side arm is Xi = tan 0, where (3 = %d/\a 
is the electrical length in radians from the junction to the window. Since 
8 = n-K + A/3 where A/3 is small, 

*■—£*- -£&"- - 'GF)"T 
because of Eq. (4-6). If a matched load is assumed for the antenna, the 
impedance seen by the transmitter is Z2 = 1 + jX\, and the correspond
ing reflection coefficient is 

= Z2 - 1 = jXt 
2 Z2 + 1 2 + jXi 

Since Xi is small, ]r2| ~ |-X\/2| and the voltage standing-wave ratio is 

The shunt junction gives the same result. For I = X„/2, /3 = x, and 
for a 2 per cent bandwidth AX/A = 0.01, and a representative value of 
(X„/X)2 is 2. These values give r = 1.06. 

In practical applications of the 120° junctions it is advantageous for 
mechanical reasons to preserve the outward form of the 90° junction. 
This can be achieved by making additional 30° bends in the trans
mitter and the antenna arms quite close to the junction. A so-called 
"vestigial" 120° junction, in which the 120° sections are considerably 
abbreviated, is illustrated in Fig. 7-8 as designed for branching in the 
#-plane. In place of the receiver arm there is a choke coupling for 

— 
X 
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mounting a 1B24 TR tube close to the junction. On the outside corner 
of each 30° bend, a reflecting plate is added at an angle of 15° to either 
section of waveguide and placed so as to match the bend. For trans
mission between the two parallel arms, the voltage standing-wave 
ratio remains below 1.05 over a band of wavelengths from 3.13 to 3.53 

cm. For testing transmission be
tween the side arm and one of the 
parallel arms, a short-circuiting 
plunger was placed one-half wave
length back from the closest correct 
position, to simulate an ATR 
cavity, which must be at a distance 

FIG. 7-8.—Vestigial 120° junction. from the junction because of lack 
of space. With fixed plunger posi

tion the variation of the standing-wave ratio with frequency was then 
found to be about the same as that to be expected from an ideal shunt 
junction with a three-quarter-wavelength stub. 

It will be noticed that the 120° junction provides more room for 
attaching the TR cavity than is provided by a 90° side arm. In the 
latter arrangement, there may be some difficulty in mounting the cavity 
so that it is flush with the waveguide wall, and easily removable for 
maintenance. Fortunately, it is found possible in some cases to obtain 
a rather good match between transmitter and antenna with the window 
of the TR cavity placed a small distance back from the inside wall of 
the waveguide on a 90° side arm. 

When a TR or ATR tube is mounted with the window flush with the 
waveguide wall, the constants in Table 4T no longer apply. It was seen 
in Chap. 4 that for at least one such ATR switch, the simple series 
representation held accurately. The simple circuit seems to apply as 
well in such cases as for the isolated junction. This does not mean 
that a cavity mounted out on a side arm will show exactly the same behav
ior as when flush with the waveguide, but a proper readjustment of the 
circuit constants will still allow an approximate shunt or series 
representation. 

In the next few sections it will be assumed, for simplicity, that the 
T-junction can be represented as a simple shunt or series circuit. In 
Sec. 7-10 a more accurate representation will be discussed and a comparison 
will be made between an actual junction and the ideal circuit. 

7-4. Duplexing Loss without an ATR Tube.—In radar operation the 
losses suffered by either the transmitted or the received signal are of 
interest. The simple dissipative losses in waveguide are common to 
both of these signals but, except for the cavity losses, they make an 
insignificant contribution to the duplexing losses. 
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Antenna 
1.0 
V A 

Transmitter 

t 
(a) 

On transmission, the only important loss is the so-called arc loss due 
to the power dissipated in the arcs of the TR and ATR tubes. This is 
also small, ordinarily, and the importance of the effect results not so 
much from the power dissipated as from the dependence of transmitter 
efficiency on the reflected power. As the subject of arc loss is discussed 
in connection with TR and ATR switches it need not be considered at 
this time. 

On reception, the duplexing loss can be conveniently divided into 
two parts: the TR loss, caused by dissipation in or reflection from the 
TR switch, and the "branching 
loss," due to improper impedance 
of the transmitter branch. The 
TR loss is adequately covered in 
the chapter on the low-level opera
tion of the TR tube and branch
ing loss will be discussed in the 
next few sections of this chapter. 

A duplex radar system may 
be operated satisfactorily without 
an ATR switch if the transmitter, 
as seen from the antenna, presents 
the correct impedance at the TR 
junction. The r e c e i v e d signal 
will then be conducted from an
tenna to receiver without any 
appreciable loss attributable to 
the transmitter. 

This situation is indicated in 
Fig. 7-9, which represents TR 
junctions of the series and shunt 
type. For the purposes of this 
section, it will be assumed that 
the receiver is matched, as seen 
from the TR cavity, and that the 
cavity introduces no mismatch and may be neglected in low-level consider
ations. I t wall also be assumed that the junction can be represented as 
a simple series or shunt branching circuit. 

If Zt represents the transmitter impedance seen at the TR junction, 
then for perfect reception it is necessary that Zt = 0 for the series TR 
junction or Zt = x for a shunt junction. The impedance Ze, presented 
by a transmitter at its output terminals when not operating, is referred 
to as the cold impedance of the transmitter. Where there is no ATR 
switch, Z, is simply the impedance Zc transformed down the line from 

Antenna Transmitter 
(6) 

FIG. 7-9.—Duplexing circuits at low 
level; (a) with series TR switch; (b) with 
shunt T i l switch. 
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the transmitter to the TR junction. If Zc is purely reactive, that is, if 
the cold transmitter reflects completely, the phase shift between trans
mitter and T R junction can be adjusted to make Zt = 0 or ■<» as neces
sary. For some transmitters Zc has an appreciable real component which 
will dissipate some of the received signal unless an ATR switch is used; 
many others, however, are satisfactory in this respect. If the phase of 
Zc is sufficiently constant from one tube to another, it may be possible 
to choose the length of the line connecting transmitter and TR tube so 
that Zt will always have the correct phase. This is the most desirable 
arrangement when no ATR switch is used. Unfortunately differences 
between tubes lead to errors in Zt, and changes in wavelength produce 
changes in the phase shift between transmitter and TR junction. This 
phase shift is given by the so-called "electrical length" 6 = 2x(l/\a) of 
the connecting transmission line where I is its physical length. By 
making the distance I between transmitter and TR junction as small as 
possible, the variation in 8 due to changes in wavelength can be kept to a 
minimum. 

If the phase of Zc varies too widely among transmitters, a phase 
control, called a "line stretcher," may be inserted between transmitter 
and TR junction. Since the impedance depends cyclically on 8 with 
period T, the line stretcher must have a range 8 = x or I = £X„. One 
device, called a "trombone," which has been used in coaxial lines, employs 
a sliding U-shaped section of line. In rectangular waveguide the wave
length depends on the inside width a of the waveguide according to the 
expression 

x *_ 

and 8 can be changed by varying a. If a slot is cut for a sufficient distance 
along the center of each of the wide sides of the waveguide, a can be 
changed by squeezing the two halves together. This "squeeze section" 
eliminates the need for any sliding contacts but requires a long section 
of waveguide, particularly at long wavelengths. A more compact 
waveguide line stretcher consists of a section of dielectric material which 
is supported by thin rods extending across the waveguide normal to the 
electric field. Phase may be varied by moving the dielectric from one 
side of the waveguide where the field is weak toward the strong field in 
the center. 

If the antenna system is not perfectly matched, the variation in line 
length effected by the line stretcher causes a change in the impedance 
seen by the transmitter. This ma}' result in changes in transmitter 
power and frequency. If this is objectionable, it can be prevented by 
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using two line stretchers, one on each side of the duplexer ganged together 
to cancel each other. 

To determine the loss in the received signal when the impedance Z, 
of the transmitter branch does not have the correct value, the case of a 
series TR junction may be considered. As can be seen by reference to 
Fig. 7-9, the power delivered to the receiver is 

|£.)|- |#o|2 

P | / I s = \2 + 2 ( |2 4|1 + iZ,|* 
To match the receiver to the antenna, Z, must be zero. This gives 

j£o]_2 

4 
Po = 

(3) 

(4) 

If a is the branching-loss factor in voltage, then the loss factor in power is 

l + i z , 

Hence, for the series TR junction, 
a = [1 +iZt\. 

The loss in decibels is L = 20 log™ a. 
For the shunt junction 

« = |i +iY,\, 
where 

1 

(5) 

(6) 

(7) 

Zt 

TR junction is equivalent to a 

Y, -

Equations (6) and (7) show that a 
shunt junction if one is shifted one-
quarter wavelength along the trans
mitter line with respect to the other. 
A similar theorem for the ATR 
switch was discussed in Sec. 4-1. 

It is frequently convenient to 
represent graphically the relation 
between a and Yt. As an exam
ple, a will be determined for vari
ous settings of the line stretcher 
with a shunt T R junction, and a 
transmitter which, when off, has a 
voltage standing-wave ratio of 
rc = 3.0. I n F i g . 710 Y, is 
mapped on the complex plane with 
Gt and Bt as coordinates. The 
locus of all values of Y, obtained by varying the line stretcher is the 

F I G . 7'10.- -Duplexing branching-loss 
gram. 

dia-
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familiar admittance circle of constant standing-wave ratio. This 
type of transmission-line chart, in which the rectangular coordinates 
G and B (or R and X) are used, will be called a cartesian chart to dis
tinguish it from the reflection-coefficient Smith chart in which the admit
tance or impedance components are plotted in curvilinear coordinates. 

The loci of Y' = \Yt and Y" = 1 + iYt are also circles. In fact, 
in the theory of functions of a complex variable it is shown that any 
transformation from Y to Y' of the form 

Y' = aY + b 
cY + d' (8) 

where a, b, c, and d are constants, maps a circle into a circle. It is known 
as a linear fractional transformation or as a "circular transformation." 
Because of this property it is a simple matter to construct Y" and then 
to determine a according to Eq. (7) as the length of the vector 1 + -jT,. 

I t appears that the loss is a minimum where the left side of the circle 
intersects the real axis. At this point Yt = l/rc, so that the minimum 
loss is 

1 
= 1 + 2rc 

(9) 

This represents the lowest loss obtainable with a line stretcher. The 
worst transmitter is one for which rc = 1 since this makes a„ a maxi
mum. In such a case the loss L is 20 logio (£) = 3.5 db. 

When the phase changes intro-
201 i | y | | | |——| duced by the line stretcher are 

considered, it is often convenient 
for numerical work to use the 
quantity 0/2JT = l/\g which ex-

.3 io | 1 (-/—\-| 1 1 1 ) presses the line length in units of 
a wavelength rather than to use 
8 which is expressed in radians. 
The value of Z/A„ corresponding 
to each Yt can be read from a 
conven t i ona l transmission-line 
chart and associated with the 
corresponding a by projecting from 
Yt to £7, , to 1 + iYt, and then 

—- / , - ^ 0 = 33 = 20 

0 0.10 0.20 0.30 0.40 0.50 0.60 

7*11.—Loss vs. transmitter phase with 
no ATR switch. 

The two curves of Fig. 7-11 give the results for trans-
= 3 and 20 respectively. They are periodic in l/\0 of 

measuring off a. 
mitters having r, 
period 0.50. 

Because of the equivalence of series and shunt junctions the curves 
of Fig. 7-11 would be the same for a series TR junction except that the 
abscissae are shifted a quarter wavelength. In this section and in Sec. 
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7-5 the discussion will refer to the shunt TR junction unless the series 
junction is specifically mentioned. In most cases the results will be 
immediately applicable to the series case through the use of the equiva
lence principle. 

The broad region of low losses in Fig. 7-11 indicates the possibility 
of using a simplified form of line stretcher which has only two positions, 
differing by one-quarter wavelength. Since the loss curve has a cycle 
of one-half wavelength, one could always operate in that half of the 
phase range where the losses are smaller. The curve for rc = 20 in 
Fig. 7-11 remains below 1.30 db over the interval of length 0.25 which 
extends from 0 to 0.125, and from 0.375 to 0.500. Many transmitting 
tubes have cold impedances which are almost purely reactive. For 
these Y, = jBt = j cot 0, and from Eq. (7) 

a2 = |1 + £_/ cot 6\2 = 1 + i cot2 e. 

The maximum loss over the minimum half of the phase range is realized 
for 8 = ir/4, which gives a2 = f, or a loss of 0.97 db. 

7-6. Duplexing Loss with an ATR Switch.—In the examination of the 
branching loss when an ATR switch is used, there are four different funda
mental duplexer circuits to be considered. They represent different 
combinations of series and shunt TR and ATR junctions. Any com
bination of the two kinds may be used if the distance between the 
junctions is properly chosen. These distances, as given in Table 7-1, 
are based on equivalent-circuit concepts and are, therefore, only nominal. 
The actual distances for best efficiency are slightly different and must be 
determined experimentally. 

TABLE 7-1.—BASIC DUPLEXER CIRCUITS 

TR junction 

Shunt 
Shunt 
Series 
Series 

ATR junction 

Series 
Shunt 
Series 
Shunt 

TR to ATR distance 
(nominal) 

2Aff 

4 A 0 

i\, 
2 Aff 

The equivalent circuit for the shunt-TR, series-ATR duplexer is 
shown in Fig. 7-12. Since the receiver is in parallel with the transmitter-
antenna line, the ATR switch should cause the transmitter to appear as a 
high impedance at the TR junction in order that the antenna be matched 
to the receiver. Since the series ATR switch itself appears as a high 
impedance, it would be correct to insert it in the line right next to the TR 
junction. At microwave frequencies this is usually impossible, and the 
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ATR switch is placed at the equivalent position one-half waveguide 
wavelength away. 

As was pointed out in Chap. 4 a shunt ATR switch is equivalent to a 
series-connected one if moved down the line a quarter wavelength. 
If the shunt ATR switch is used with the same shunt TR junction, the 

distance between the two becomes 
one-quarter wavelength. Similar 
considerations give the correct 
distance in the other two cases. 

Because of the equivalence of 
the two types of ATR switch and 
the equality of the branching 
losses with the two types of TR 
junction, as shown in Eqs. (6) and 
(7), a detailed analysis will be 
made only of the shunt-TR, series-
ATR circuit. The results will 
then apply with very little change 
to the other types of duplexer. 
In the first circuit to be considered, 
the ATR switch will be located 
correctly, tha t is, effectively next 
to the TR junction. The norma
lized ATR impedance will be 
designated by Z and the trans

mitter impedance, Zc = Rc + jXc, referred to the ATR junction. Then 
the impedance seen at the TR junction looking toward the transmitter 
is Z, = Z + Zc, and the branching-loss factor from Eq. (7) is 

FIG. 7*12.—Duplexer circuit with shunt TR 
and series ATR switches. 

1 + 
1 1 

2 Z + Z , 
For the ATR circuit tuned to resonance, X = 0 and 

1 + 
1 1 

2R + Zc 
(10) 

Before considering the branching loss under normal conditions, some 
mention should be made of the influence of the ATR tube on the recovery 
time of a duplexer. It was seen in Chap. 5 that the presence of ions in 
the TR gap may seriously attenuate signals which immediately follow 
the transmitted pulse. Under certain conditions the ATR tube may 
have a similar effect. If the transmitter impedance Zc were zero and 
if the TR tube were already recovered, the loss would be given according 
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to Eq. (10) by the factor 
a = 1 + ¥1, 

where G during recovery is determined by the conduction in the gap. 
When Zc differs from zero, the added impedance in series with li decreases 
the loss so that this expression gives the upper limit of the loss. The 
same expression would be found if the ATR but not the T R tube had 
recovered and if G were the conductance of the TR tube. In that case, 
however, the expression would hold for any value of Zc. Since G increases 
with Q, the usual TR tube would tend to recover more slowly than a low-Q 
ATR tube which has large gaps of low conductance. 

In considering Eq. (10) it is convenient to make use of the so-called 
"Smith char t" type of transmission-line representation, which maps the 
complex reflection coefficient T rather than the impedance Z. This 
quantity, which is given by 

Z - 1 
r = z + I 

( i i ) 

is limited to the interior of the unit circle, | r | = 1. By associating with 
each point T the corresponding Z, contours of constant R and X can be 
constructed, which form a system 
of curvilinear coordinates for Z. 

If the point R representing the 
resonant ATR impedance is plotted 
on a Smith chart, the area corre
sponding to all possible values of 
Z, = R + Zc, when Zc is allowed 
to take any physically realizable 
value, is found to be a circle like 
the small circle on the right side of 
Fig. 7-13 which was drawn for 
R = 5. A glance at a conventional 
Smith chart shows that Z, is limited 
to the interior of this circle because 
Re cannot be negative. In dia
grams such as Fig. 7-13 the impedance coordinates will be omitted, except 
for the real axis which will be drawn horizontal and will increase from 
left to right. The (R + Z^-circle intersects the real axis at Z, = R 
and a=. 

On a Smith chart the reciprocal of an impedance Z is represented by a 
point diametrically opposite to Z. Thus the locus of l/(R + Zc) is 
the circle on the left which crosses the real axis at 0 and l/R. 

I t is now convenient to transform to cartesian coordinates. In so 
doing, it is useful to remember that the transformation from a Smith 

F I G . 7-13.—Smith-chart plot for duplexer 
with ATR cavity at resonance. 
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chart to a cartesian chart always maps a circle into a circle. This is 
because the transformation, given by 

Z = i + r (12) 

has the form of Eq. (8). Of course this is also true for the reverse trans
formation of Eq. (11). 

Thus the locus of i/(R + Zc) in cartesian coordinates is a circle 
intersecting the real axis at 0 and 1/R as in Fig. 7-14. Likewise the locus 

1 

^ 
1 _L_ 
2 R + Z„ 

i J l 

2 R + Z, 

F I G . 7-14.—Loss diagram for a duplexer with ATR switch at resonance. 

of 1 + i[l/CR + Zc)] is a circle which crosses the axis at 1 and at 1/2.R. 
Since the vector whose magnitude is a must fall within this circle, a must 
have a value between 1 and 1 + 1/2R. That is, for an ATR switch 
tuned to resonance the maximum branching loss is given by the factor 

ax = 1 + W, (13) 

where G is the cavity conductance. If G — 0.05, which is a reasonable 
value, the maximum a is 1.025, which means a loss of 0.21 db. With an 
ATR cavity of G — 0.05, tuned to resonance and located the proper 
distance from the TR junction, the branching loss must be between 0 
and 0.21 db, no matter what the transmitter impedance. 

For the impedance transformations associated with a loss calculation, 
the Smith chart is frequently more convenient than the cartesian chart. 
It would therefore be helpful to be able to determine a directly from a 
Smith-chart plot of Yt, without the necessity for transforming to cartesian 
coordinates. To facilitate this, contours of constant loss, which will show 



SEC. 7-5] DUPLEXING LOSS WITH AN ATR SWITCH 283 

the loss corresponding to each value of Zt, can be plotted on the Smith 
chart. 

These contours can be determined by plotting loci of constant a 
in cartesian coordinates of 1 + iVt and then transforming them back 
to the Smith chart for Z,. In the 
first case, they are merely circles 
concentric with the origin and of 
radius a as shown in Fig. 7-15 
which indicates the loss in decibels 
for each contour. It is necessary 
to transform only the points of 
intersection with the real axis 
since the contours on the Smith 
chart must be circles with centers 
on the real axis. One intersection 
is at 

1 + I F , = a, 
or 

Yt = 2(a - 1). 
On the Smith chart for Zt 

point is at 

r 
If Eq. (14) 
(15), then 

r, 

1 - Yt 
1 1 + Yt 

(14) 
this 

(15) 

is substituted into Eq. 

2a - 3 Mfil 
2a - 1 

Likewise the left-hand intersection 
is at 1 + \Yi = — a, which gives 

_ 2q + 3 
r* " ~ 2«~^T 

The center of the circle is at 
1 

F I G . 7-15.—Loss contours on cartesian chart 
for 1 + JFi. 

(r, + r2) = -
and the radius is 

- 2 < r > - r2) = 

4a2 -
4a2 -

4a 

3 
1 

4a2 1 

(17) 

(18) 

In plotting T, distances are measured from the center of the Smith chart, 
on a scale such that the outside circle has radius unity. The resulting 
contours are shown in Fig. 7-16. It is convenient to draw this diagram 
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on transparent paper so that it may be laid over a Z,-plot. In fact, 
after such a contour diagram has been constructed, the cartesian plot 
for branching-loss calculations will rarely be used. 

This same contour chart which was derived for a shunt TR junction 
may be used for a series junction except that, for a series junction, it 
will have to be applied to a Smith-chart plot of Yt rather than of Zt. 

F I G . 7-16.—Loss contours on Smith chart for Zt. 

7-6. Tuning of the ATR Switch.—The loss-contour diagram can be 
used to study the effect of ATR-switch tuning. Since the admittance 
of the ATR switch consists of a constant conductance plus a variable 
susceptance, its locus on a Smith chart will be a circular arc, like the one 
labeled Y in Fig. 7-17. The similar arc on the opposite side of the 
diagram gives the impedance Z. If a particular point Z on this arc is 
chosen and Zc is allowed to assume any value whatever, it will be found 
that the point, Z, = Z + Zc, will fall somewhere within the circle that 
passes through Z and » and has its center on the real axis. If the loss 
contours, taken from Fig. 7-16, are drawn, the range of branching losses 
to be expected is found. 

For the particular value of Y chosen here, (0.05 — j'0.16), it is seen 
that the loss can vary from 0 to more than 2 db, for different transmitter 
impedances. Comparison of this result with those just obtained for an 
ATR switch at resonance shows that an amount of detuning sufficient 
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to give a susceptance of only 0.16 will raise the branching loss from a 
maximum of 0.21 db, to more than 2 db. 

Susceptances as large as this can easily appear. If, for example, the 
values G = 0.05, B = 0.16 and QL = 4.0 are substituted in Eq. (4-1), 

S ~ To ~ 2(1 + G)QL ~ °-02-
Thus, a deviation of 2 per cent from the resonant frequency will permit a 
loss of 2 db. Since it is not easy to obtain loaded Q's much lower than 

F I G . 7-17.-—Lose diagram for ATR switch off resonance. 

4, it is apparent why it is difficult to get good ATR-switch action over 
broad bands. 

The tuning effect can be readily visualized from Fig. 7-17 since the 
effect of detuning is to move Y and Z away from the real axis. This, 
in turn, expands the Zt circle toward the left, where it intersects the con
tours of higher loss. 

More specifically, if a transmitter with a cold voltage standing-wave 
ratio of rc = 20 is selected, a possible value of Zc would be 0.6 + j3.0, 
the impedance seen at a distance of 0/2ir = 0.45 from an impedance of 20. 
This value of Zc and the previous ATR conductance of G = 0.05 will 
be used in constructing the locus of Zt = Z + Zc when B is varied, in 
order to find the loss as a function of B (that is, of ATR-switch tuning). 

Since the locus of Z is a circle, it follows that Z, will also be a circle; 
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for the Z-locus may be transformed to rectangular coordinates, the 
constant Z„ added, and the resulting Z(-locus transformed back to the 
Smith chart. Since each of these operations is of the form of Eq. (8), 
the result is a circle. 

A formal expression for transforming the center and radius of a circle 
when a constant is added can presumably be obtained. This transforma
tion, however, which is so elementary in cartesian coordinates, proves 
to be rather awkward on the Smith chart. The following procedure, 
though less elegant, is practical. The value of Z for some point on the 

F I G . 7-18.—Diagram for determination of tuning curve. 

Z-circle is read from the Smith chart, the constant Zc added, and the 
resulting Zt plotted again on the Smith chart. When three different 
Zt points are plotted in this way, a circle passing through all of them can 
be constructed, and this is the Z,-locus. More than three points are 
usually plotted, in order to provide a check, and also because the first 
three points might all lie on a small arc which would not provide the 
necessary accuracy. After the Z rpoints have been plotted, the circle 
can be found by trial and error rather than by the use of a formal con
struction. The result is shown in Fig. 7-18. 

A value of Z, can be associated with each value of the tuning param
eter B. By means of the Smith chart, values of B are marked off on 
the F-circle. These points are then rotated 180° to give the Z-plot. 
At each of these points, the imaginary component of Z is read, the imagi-
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nary component of Zc added ( — 3.0 in this case), and the intersection of 
the resulting reactance line with the Z(-circle found. (In some cases it 
may be more accurate to use resistance instead of reactance.) In Fig. 
718 values of B are marked off in tenths on the Z, circle. It is now a 
simple matter to read off the loss for each point by using the contour 
diagram of Fig. 7-16. The result is the curve labeled 0/2ir = 0.45, in 
Fig. 7-19. The other curves are plotted for the same ATR switch and 
transmitter but for different phases, 0/2* = l/\g, I being the distance 

/ \ 

^ V 
«/W=°-« 

-1.0 

30 

1.0 

10 

-10.0 

0.40 

- ^ 

«/2,=0.25 

^ 

10. 

J3I0.30 
■o 

~ 0.20 

° 0.10 

»/2»=0.00 

-0.5 0.5 

F I G . 7-19.—Tuning curves for ATR switch, G = 0.05, r„ = 20. 

from the ATR switch, toward the transmitter, to the point where the 
transmitter impedance is 20. The curve for 0/2TT = 0.25 (Zc = 0.05) 
is found in the same way as the first one. For 0/2TT = 0 (Zc = 20.0), 
the variation is so small that the graphical method is inconvenient. This 
is a simple case and it can be calculated directly. In fact, since G = l/Zc 

in this case, 

2 + 
1 + (§)' 

4 + (IT 
G 

is obtained by neglecting small quantities in Eq. (7). 
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The difference in scale of the curves of Fig. 7-19 should be noted. 
For 0/2x = 0, the loss is always small, whether or not the ATR switch 
is tuned to resonance, whereas for 8/2ir = 0.25, the loss is small at 
resonance but increases rapidly off resonance. For 8/2* = 0.45, the 
loss is small at most tuning positions but becomes appreciable over a 
small range off resonance. In this region the reactances in Z and Zc 
tend to cancel, corresponding to a sort of resonance between ATR 
switch and transmitter. This type of curve is rather general; the other 
two symmetrical curves represent special cases (Zc is real). 

It is evident that an ATR switch may be tuned without causing any 
appreciable increase in signal, or the signal may be strong for nearly all 
settings of the tuner and tall off sharply over a small range. This 
behavior is sometimes cited to show that the ATR switch is unnecessary. 
This, of course, is true for that particular transmitter, but if good opera
tion is expected when the transmitter has some widely different imped
ance, the ATR switch, or some equivalent device, must be used. 

7-7. Distance between TR and ATR Switches.—It has been assumed 
up to this point that the ATR switch has been located on the transmitter 
line at the correct distance from the TR junction: effectively (n/2)X„ or 

1 - -4- - 1 X„ away, depending on the circuit used. Actually, the electrical 

distance changes with frequency, and it is necessary to determine how 
this affects the branching loss. 

To determine this, Z + Zc is calculated as before Then Zi, instead 
of being set equal to Z + Zc, is obtained by transforming Z + Zc down 
the line an amount equal to the error in 8. As before, the contour 
diagram can be applied to find the loss. Since the transformation for 
line length is simply a rotation on the Smith chart, this can be accom
plished by rotating the contour diagram with respect to the (Z + Zc)-
plot. 

For the ATR switch at resonance, Z + Zc will be a point near the 
right-hand end of the real axis in Fig. 7-16. If the distance between the 
switches is varied, the situation is the same as that discussed in Sec. 
7-4 where, with no ATR switch, the distance between the TR switch and 
the transmitter was varied. Hence, in Fig. 7-11 the portion of the 
(rc = 20)-curve, in the region of I = 0 or 0.50, is similar to a loss-vs.-fre
quency plot for a tunable ATR switch. 

If such an ATR switch is mounted on a waveguide transmitter line 
a certain distance from the TR junction, and the system is used over a 
certain frequency band, it may be desirable to know the branching loss 
at the band edge. As the distance between the TR and the ATR switches 
is usually chosen so that it is correct at the center of the band, the error 
in this distance, when the frequency has changed to the edge of the band, 
must be determined. 
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The electrical length is 

e %d 
X." 

289 

(19) 

It is necessary to find the correction AB = 9i — 8, where 6X is the length 
at the edge of the band, and 0 is that at the center. Since the changes 
are small 

0i = 8 + 0'AX + £0"(AX)2, 

where the primes indicate differentiation with respect to X, and AX is 
the change in wavelength from band center to edge. This may be written 

A0 = 0'AX + |0"(AX)2. (20) 

If the second term is neglected, the fractional error introduced in 
A0is 

j0"(AX)" 

and if A0 is replaced by 0'AX this is approximately 

1 
= U A V (21) 

To find 0, 

or, by using Eq. (4-6) 

8' = 2wl 

ff = -
2wl\ 

\'„ 

(22) 

and 
AX 
X ' 

By the introduction of the cutoff wavelength \c, 

1 

'-®' 
- 3 AX 

X ' 

A waveguide of inside width 0.900 in. is commonly used for a band 
centered at X = 3.33 cm. For that case Xc = 2 X 0.900 in. = 4.56 cm., 

X/Xc = 0.730 and /3 = — 0.43 —. This value of /3 is a representative one 
A 

for waveguide, since the value chosen for X/Xc is usually near the one 
given above. 
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For coaxial line, however, 

which represents a somewhat larger error. I t is interesting that /3 = 0 
when X/Xc = V I = 0.816, a figure close to the 0.730 used above. 

For a 12 per cent band, AX/X = 0.06 giving 0 = 0.026 for the wave
guide constants chosen. Since this is small enough to be neglected, the 

F I G . 7-20.—Loss diagram with line-length correction. 

second term in Eq. (20) may be dropped, and with the aid of Eqs. (19) 
and (22), Eq. (20) becomes 

Again, by the use of X/Xc = 0.730, 

A0 = -2 .140=^-X 

As an illustration, if the distance between the TR and ATR switches 
is i \ , and the bandwidth is 12 per cent, then 6 = ir, and AX/X = —0.06, 
so that Ad = 0.402. 

To find the branching loss, R + Zc is plotted as shown in Fig. 7-13. 
Then the contour diagram of Fig. 7-16 is applied, but with the axis rotated 

(23) 

(24) 
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by an angle 2A0 radians with respect to that of the (It + 2c)-plot. 
(Angles measured on the Smith chart are 28.) As shown in Fig. 7-20, 
the loss, for all values of Zc, remains less than 0.4 db. 

When it is essential to keep the error in electrical length to a minimum, 
there is some small advantage in choosing I so that there is equal error 
at each end of the band, rather than setting I = (re/4)X„ at the center 
of the band. To do this, let 8t and 8i be the phase lengths at the two 
ends of the band, and let 83 be the correct value (mr/2). If 0i — 83 is 
set equal to 83 — 62, then 83 = (81 + 02)/2 is given which means that 

\, 2 \\„i \g J 
That is, the waveguide wavelengths X„ and \0i are calculated at each 
end of the band, X„ is determined from Eq. (25) and I is set equal to 
83Ks-

Actually, I is usually determined experimentally. If the measure
ment is to be made at only one wavelength, it should be made at that 
which corresponds to X„ . It is more accurate, however, to make the 
measurements at each end of the band, and find the two values /1 and l2. 
Then, for equal error, the actual value of / must satisfy the condition 

L _ A _ A _ J_ 
^B1 ^17, V , V , 

or 
_ li\t + hK^ 

\ J . + \ / , 

Ordinarily this method offers so little improvement over the previous 
method that it is impractical. 

It should be observed that the distance between the TR and the ATR 
junctions is important, but that if the TR switch and the receiver are 
matched and the ATR switch is tunable, the distance from the TR switch 
to its junction and the distance from the ATR switch to its junction are 
unimportant so far as the received signal is concerned. For the TR 
switch, this is true because a matched load always looks the same at 
any distance. For the ATR switch, it is obviously true if the ATR switch 
is a pure susceptance. In this case, any change in the distance from the 
ATR switch to its junction merely changes the susceptance presented at 
the junction, and this can be corrected by tuning the ATR switch. 

If, to be more correct, it is assumed that the ATR admittance con
sists of a constant conductance plus a variable susceptance, then the 
admittance locus }' is that shown in Fig. 7-17. Any change in the dis
tance from the ATR switch to its junction rotates this locus about the 
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origin. Since G is small, this locus is very nearly concentric with the 
origin. Hence the rotation produces only a small change in G and 
the change in B can be corrected by tuning. 

7-8. Branching Loss for Fixed-tuned ATR Circuits.—A fixed-tuned 
ATR switch of a certain QL, tuned to a certain wavelength, may be used 
in a duplexer in which the distance between TR and ATR junctions is 
adjusted to be correct at some particular wavelength. Ordinarily both 
of these wavelengths will be near the center of the band and for the 
present it will be assumed that they are equal to the center wavelength, 
Xo- The branching loss which may then be expected at some particular 
wavelength—for example, at one end of the band—may be calculated. A 
general approach to this problem is the determination of the loss for 
each value of the transmitter cold impedance, Zc. A representation 
of this solution due to A. L. Samuel1 consists of a contour diagram trans
formed from that of Fig. 7-16 back to the Smith chart for Zc. To 
accomplish this transformation it is necessary to know the correction 
AS for the distance between the TR and ATR junctions and the ATR 
impedance Z. 

For illustration, the line length when X = X0 will be assumed to be 
6 = v. The loss will be calculated at a wavelength which differs from 
Xo by an amount such that AX/X0 = 0.015. With the same value of 
X/Xc as was used in the previous section, Ad is given by Eq. (24) so that 
A(//X„) = A8/2T = -0 .016. 

If Q,. = 8.0 and G = 0.05, then 

B = -2 (L +G)Qr^ = - 0 . 2 5 . 
Ao 

Hence, Y = 0.05 - J0.25 and Z = 0.75 + j'3.8. Now loss contours 
are plotted on the Smith chart for Zc -f- Z by rotating the Zt diagram of 
Fig. 7-16 by an amount — A(7/X„) = 0.016. To transform any contour to 
the Ze chart a circle is constructed through three or four points plotted 
by subtracting 2 from the values on the (Z + Zc)-plot. The result is 
shown in Fig. 7-21. 

When such a construction is made it is helpful to know that the centers 
of the circles fall on a straight line. This follows from the fact that the 
circles on the original cartesian diagram for 1 + \Yt of Fig. 7-15 are 
concentric and that a bilinear transformation always changes con
centric circles into coaxial circles. Successive bilinear transformations 
leave them coaxial since any number of such transformations are equiva
lent to a single one. 

Since the high-loss contours are all crowded into a small region, it 
could be said that a high loss is rather improbable. This, of course, 

1 Samuel, op. til. 
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assumes that all values of the transmitter reflection coefficient Tc are 
equally probable. The probability of the loss exceeding a stated value 
at a given wavelength can be calculated assuming random phase of r c 

or it may be determined for a stated wavelength band assuming that 
phase and wavelength are random.1 The probability of high losses is 
usually rather low. In some applications, unfortunately, any probability 
greater than zero may be unacceptable. 

FIG. 7-21.—Loss contours for Zc. 
There is usually an upper limit to rc and it is clear from Fig. 7-21 

that the maximum value of the loss decreases with the maximum value 
of rc, for the loci of constant rc are circles concentric with the origin 
whose radii decrease with rc. 

Although the setting of an upper limit to rc reduces the maximum 
possible loss, this upper limit may be so high, for some transmitters, as 
to be of little help. Thus, measurements made on one type of 10-cm 
magnetron used as a radar transmitter gave values of r\ around 30 db 
and with some tubes it was as high as 50 db. On the other hand, values 
for one type of 3-cm band tube were near 20 db with a maximum of 
about 26 db (rc = 20). 

The circle for rc = 20, shown in Fig. 7-21 as a broken line, corresponds 
to a maximum branching loss of 2.5 db rather than the 4.5 db which 

1 H. K. Farr, "Characteristics of Fixed Tuned X Band Anti-TR," RL Report No. 
53-May 13, 1944. 
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would be attained if there were no restriction on rc. After the construc
tion of the contour diagram, it is a simple matter to plot loss as a func
tion of transmitter phase, for the maximum expected rr, by reading off 
the loss values versus angle around the rc circle. This gives an indication 
of the probability of encountering a certain loss when a transmitter of 

that rc is used. Two of these 
curves with rc = 20 and * l re
spectively, are shown in Fig. 7-22. 
The phase is measured from the 
point of minimum impedance so 
that the phase Z/X„ = 0 corre
sponds to Zc = 0 or 0.05. The 
two curves are almost identical 
over most of the phase range, 
differing only in the region of the 
maximum. 

The strong dependence of loss 
on magnetron phase indicates the 
desirability of some control over 
this phase. Of course, when rc is 
high there is no necessity for an 
ATR switch if the phase can be 
given the proper value; this is just 
what is accomplished by the line 
stretcher mentioned in Sec. 7-4. 
Nevertheless, the possibility of 
choosing the best fixed line length 
between transmitter and ATR 
tube should not be neglected com
pletely. In cases where there is 
enough variation in Zc from one 
transmitting tube to another to 

make an ATR switch necessary, it may still be possible to choose the line 
length so that the transmitter impedance "helps" the ATR switch. 

I t should be noticed, however, that the optimum distance from the 
TR junction to the transmitter will differ by about a quarter of a wave
length, depending on whether or not an ATR switch is used. With a 
shunt TR switch, for example, the transmitter should present a high 
impedance at a point one-half wavelength from the TR junction when 
n,o ATR switch is used. A series ATR switch is likewise placed at this 
point to produce a high impedance. The combination of a high ATR 
reactance and a high transmitter reactance of opposite sign at the same 
point results, however, in resonance with high branching loss. This is 

7-22.—Blanching loss vs. transmitter 
phase with ATR cavity off resonance. 
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seen from the curves of Fig. 7-22, which exhibit maximum loss at a phase 
near l/\„ = 0.25 which corresponds to large Zc. This point diverges 
from 0.25 as the frequency moves toward the band edge. 

A quantity of practical importance is the maximum possible loss of a 
duplexer when the transmitter may have any impedance whatever. A 
closer examination of the factors affecting this maximum loss should, 
therefore, be made. For simplicity the distance between TR and ATR 
junctions will be assumed correct. Examination of Fig. 7-17 then shows 
that the maximum loss is realized at the point Zt = Z + Zc = R where 
the left edge of the Z,-eirele intersects the real axis. The corresponding 
transmitter impedance Zc = jXc = — jX is purely reactive and just 
cancels the ATR reactance at that point. The corresponding loss factor 
is 

1 1 1 (?2 + B2 

« - - 1 + 2 B - 1 + 2 - e — ( 2 6 ) 

When G is small compared with B, this is approximately 

a* = l + \ f' (27) 

which shows that the ATR conductance G has an important influence on 
the maximum loss. When G is small, the maximum loss decreases as 
G increases. 

If a limitation is placed on the transmitter standing-wave ratio so 
that the cold impedance is not purely reactive, it will be found that the 
dissipation in the transmitter also tends to lower the maximum branch
ing loss. In limiting the standing-wave ratio, an upper limit is placed 
on |rc | . This means that Z, is confined to a circular area smaller than 
that in Fig. 7-17 but still centered on the real axis. As before, the maxi
mum loss is attained for real Z, with X = — Xc and 

«' = 1 + ^ ' = 1 + M (28) 

Now 

7 = 1 = G _ " B 

G + jB G2 + fi2 J (?2 + B* 

If G is small enough, G2 may be neglected compared with B2, so that 

On the other hand, 

x = " i' R = w (29) 

z _ rc + j tan <j> 
1 + jre tan 4> 
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where <£ = 2ir (Z/X„) is the angular distance from the ATR junction 
to the point where the transmitter impedance is rc. The rationalization 
of Zc gives 

_ rc(l + tan2 4>) , „ m 

V - C1 ~ TD t a n ^ / q , \ 
Ac l + r 2 t a n 2 0 ' i d l } 

Now tan <f> can be eliminated between these two expressions. However, 
to keep the algebra from becoming unwieldy some approximations will 
be made. It will be assumed that re is large compared with one, and 
that Rc in Eq. (28) is of such a magnitude as to make some contribution 
to a b u t not so large as to cause inordinate losses. A value of R + Rc = 1 
gives a loss of 3.5 db; therefore Rc is assumed to be of the order of magni
tude of unity. This is not incompatible with our assumption regarding 
the magnitude of rc since Rc may have any value between l/r c and rc. 
To find the order of tan <j> under these assumptions, Rc is set equal to one, 
and Eq. (30) is solved for tan <p, which gives tan2 4> — l/rc. It is there
fore possible to neglect tan2 <j> in comparison with 1 and write 

1 + r2 tan2 4> R< = 7 _ L r » w ^ (32) 

If Eq. (31) is divided by this expression, then 

■=— = t a n <b ~ —rc t a n <b. 
Rc rc 

The substitution of this into Eq. (32) gives 
Y 

Rc = 7W*' (33) 1 + © 
Again, the use of the assumption that Rc ~ 1 means that 1 + (Xc/Rc)2 

is of the order of rc and can be replaced therefore by (Xc/Rc)2 in Eq. (33). 
The solution for Rc is then 

& = *.« = *! = J_. 
rc rc £ V C 

At this point a conductance Gi = l/re may be introduced. This is the 
admittance seen one-quarter wavelength away from the window or 
loop of the transmitter cavity (not to be confused with Gc seen at the 
ATR junction). The substitution of Re = Gi/fi2 and Eq. (29) into Eq. 
(28) gives 

1 B2 

- - ^ S f f + G i - (34) 
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This is an approximate expression for the maximum loss factor when 
the transmitter voltage standing-wave ratio remains less than l/Gi. 
Evidently the ATR and transmitter conductances, G and G\, have a 
similar effect on the maximum loss over this interesting range. I t is 
clear that if rc is to be very large (Gi small) then the conductance G of 
the ATR switch should not be too small. 

If there is a possibility that (?i will be so small as to be of little help 
in limiting the maximum loss, G can be adjusted to make ax as small as 
possible for some particular frequency, for example, at the edge of the 
band. This is done by changing the cavity losses. This optimum 
value of G is |B| as can be found by setting the first derivative of «, 
equal to zero in Eq. (26) and noting that the second derivative B2/G3 is 
positive. The minimum value of ax at the band edge is then az = 1 + G 
and at the band center a'x = 1 + W-

The ATR switch used as an example in this section has B = —0.25. 
If G = 0.25 is taken, a loss is given at the band edge of 2 db (ax = 1.25) 
and a loss, at the band center, of 1 db. On the other hand, the old value 
of G = 0.05 if used in Eq. (26) gives a maximum loss of 4.4 db at the 
band edge and 0.2 db at the band center. That is, the maximum loss 
at the band edge is reduced from 4.4 to 2 db at the expense of an increase 
from 0.2 to 1 db at the band center. 

For a better understanding of the relative merits of different values 
of G, transmitter phases other than those leading to the maximum loss 
must be considered. A curve of loss vs. transmitter phase can be 
plotted by transforming loss contours to the Zc-plane as was done to 
obtain the curves in Fig. 7-22. Since only what happens for rc = oo 
however, is important, it is unnecessary to make such an elaborate 
diagram. 

The locus of Z + Zc for rc = °° may be constructed and the standard 
contour diagram of Fig. 716 applied to determine the losses. This locus 
is a circle through R and =o with its center on the real axis. Points may 
be marked off on this circle corresponding to various values of the 
transmitter phase l/\g by reading off the value of Xc corresponding to 
each phase, adding X and locating the intersection of the reactance 
contour X + Xc with the (Z + Zc)-circle. The resulting Fig. 7-23 
which is drawn for Y = 0.05 — jO.25 is seen to be similar to Fig. 718 
for the ATR-tuning curve. In the first figure it is the transmitter 
impedance and in the second the ATR impedance, that is varied. 

The application of the loss-contour diagram gives the loss vs. trans
mitter phase. Figure 7-24a shows the curves drawn for the edge of the 
band (B = 0.25); the dashed curve is for G = 0.05, and the solid curve 
for G = 0.25. The latter value, G = 0.25, makes the maximum loss 
at this frequency as small as possible. Figure 7-246 gives the same data 
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at the center of the band, again for the two values of G = 0.05 and 
G = 0.25. Figure 7-25 is a plot of the maximum loss, as B is varied, 
for the same two values of G. 

I t is clear that as far as the maximum loss is concerned, there is a 
considerable improvement in using the larger G. The smaller G gives 
much lower loss values, however, for most points not at the maximum. 
The choice of the optimum G depends on the relative importance attached 
to maximum loss and to the loss under other conditions. The fixed-

F I G . 7-23.—Diagram of Zi for variable transmitter phase. 

tuned ATR switches in use at present have low values of G which charac
terize copper cavities. 

Instead of determining the maximum possible loss at each wave
length as was done for the curve of Fig. 7-25, it might be asked how the 
actual loss would vary as the frequency of a tunable transmitter was 
changed. To answer this question, A. L. Samuel1 assumed that the 
cold impedance remains constant as seen at the output window or iris 
of the transmitting tube. Because of the change in electrical length of 
the line between the transmitter and the ATR tube, the phase of the cold 
impedance Zc as seen at the ATR junction will increase steadily as the 
wavelength decreases. The point at which the loss is read on a curve 

1 Samuel, op. cit. 
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like that of Fig. 7-22 will move to the right. At the same time the curve 
itself will change because of the change in ATR impedance, and the peak 

V 

F I G . 7-24.—Loss vs. transmitter phase, (a) at band edge, (b) at band center. In 
the solid curves G is chosen to minimize the maximum loss at the edge of the band; G = 0.05 
in the dashed curve's. 

£ 3 

3 2 

-

— 

" 1 1 

/ 
^/__ 

/ / 
/ 

/ 
^ o S 6 

I I 
0.05 0.20 

J 
0.25 0.10 0.15 

B 
F I G . 7-25.—Maximum loss vs. ATR susceptance from band center to the edge of the band. 

will increase and move toward the right. For a low-Q ATR cavity and a 
transmitter line of moderate length, the phase of Ze will move faster and 
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may even cross the loss peak several times in the band. The resulting 
curve of branching loss against wavelength will resemble that of Fig. 
7-28. Where there are several peaks the Q of the transmitter line would 
be large compared with that of the ATR cavity and the number of peaks 
in a wavelength range AX would be given approximately by 

->i(L)»->m AX 
X ' 

where I is the distance from the ATR junction to the transmitter. The 
peaks of the curve, of course, fall on the maximum loss curve of the type 
shown in Fig. 725. 

F I G . 7-26.—Branching loss for a tunable transmitter. 

7-9. Duplexing Loss under Conditions of Receiver Mismatch.—In 
previous sections the loss in received signal between the antenna line 
and the TR tube has been considered, under the assumption that the TR 
tube and mixer were correctly matched. This simplification, which 
allows the branching loss to be calculated more easily, is justified in that 
it permits an insight into such factors as ATR and transmitter impedances 
and the intercomponent line lengths. Nevertheless, the more general 
case of a mixer and a TR tube which present some arbitrary admittance 
at the junction should be analyzed. 

For this purpose it will be convenient to lump together the mixer, 
the TR tube, and any other components beyond the input window of the 
TR tube, and refer to them as the receiver. Since part of the loss in 
signal between the antenna line and the TR tube or receiver is caused by 
reflection from the receiver, the definition of branching loss must now be 
made more explicit. For an arbitrary receiver admittance, the branching 
loss will refer to the actual signal loss minus the loss with an ideal ATR 
circuit. The total loss in received signal is simply the sum of the branch
ing loss and the conventionally defined TR loss. 

Figure 7-27 represents a duplexer with a transmitter branch of admit
tance Yt and a shunt TR junction. The admittance of the receiver as 
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seen at the input window of the TR tube is represented by YT. This 
point is effectively one-quarter wavelength from the junction so that the 
admittance s e e n a t t h e junction is 
1/Yr = ZT. If the antenna acts as a 
matched generator, it can be represented 
by a current source of internal conduct
ance unity. Then the total admittance 
across the generator is 1 + ZT + Yt, and the 
generator voltage is V — 1/(1 + ZT -+- Yt) 
where / is the generator current. The 
conductance presented by the receiver at 
the junction is RT, the real part of l/Y,, 
and the power delivered to the receiver is 

\I\*Rr 

\vm, |1 + Z, + Yt[ (35) 

The power delivered to a matched load is 
Pt> = i!-f|2 a n d the total loss factor 0 is 
given by 

p P 4Rr 

F I G . 7-27.—Circuit for deter
mination of branching loss with 
receiver mismatched. 

1 + Zr + Yt\ (36) 

If Yt is set equal to 0 the value /3' is given for an ideal ATR circuit. 
The branching loss is then 

1 + 
Yt 

1 + ZT 
i + r , If the reflection coefficient r r given by Zr = - r> is used then 

a = |1 + i ( l - r , )F , | . (37) 

Equation (37) applies to a shunt TR junction. The corresponding 
expression for the series junction is a = |1 + - j (1 — T,)Z,\, where Yr 

still refers to the input window of the TR tube. 
If the quantity 

Y't = (1 - TT)Y, (38) 

is introduced, Eq. (37) has the same form as Eq. (7), which gives the 
branching loss for an ideal receiver. Hence if Eq. (38) is written as 

7' - L Zn (39) 

the branching loss for an unmatched receiver can be determined by 
plotting Z\ on the Smith chart, and using the same loss-contour diagram 
of Fig. 7'16 as was used for a matched receiver. 
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The construction of the Z't plot from the Zt plot is easy when r r 
is known. Since Tr is constant at any one frequency, the transformation 
of Eq. (39) is seen to be circular, since it has the form of Eq. (8). Hence, 
if Zt is a circle, it is only necessary to calculate three or four points 
to find the Z't locus. 

As an illustration it is assumed that the receiver has a reflection 
coefficient of Tr = re'* where r = 0.50 and <j> = —45°. As in Sec. 7-8 

F I G . 7-28.—Branching-loss diagram showing effect of receiver mismatch. 

an ATR circuit is assumed for which Y = 0.05 — jO.25, and a trans
mitter for which rc = =c . Hence 

T±Tr = 1.19 - J0.64. 

The line-length correction is neglected so that Zt = Z + Zc. 
Figure 7-28 is a Smith-chart plot of Zt and Z't for this case. Compari

son of the two loci, with the aid of the contour diagram of Fig. 7-16, 
shows the effect of the receiver mismatch on the branching loss. It will 
be noticed that the Z't locus is partly outside the area of the usual Smith 
chart. This region outside the unit circle |r,[ = 1, corresponds to 
negative values of R't. Since Z't is not an actual impedance but merely a 
symbol for the quantity Zt/{\ — Tr), it is not surprising that its real 
part should be negative-. In order to read losses in this region, the 
contours of Fig. 7-16 must be extended beyond the unit circle. It will 
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be found that in order to cover all the r<-plane it is necessary to use 
values of a smaller than unity, corresponding to negative values of the 
loss in decibels. A negative branching loss merely means that the actual 
ATR circuit results in less total duplexing loss than the ideal ATR circuit 
for which Zt = <*>. Naturally this is possible only when there is some 
reflection loss from the receiver. In the illustration the branching loss 
actually falls to —0.2 db at one point. 

If the steps taken in constructing the original loss-contour diagram 
are followed, it will be seen that the process can be extended, without 

F I G . 7*29.—Smith-chart loss-contour diagram for Zt, generalized to include negative 
values. 

any changes, to the more general case of |rj[ > 1 and a < 1. The 
diagram has been redrawn in Fig. 7-29 to show the general form of the 
contours for all values of loss. On the scale used here, the area comprising 
the conventional Smith chart lies inside the small circle on the right-hand 
side with the real intercepts (0, °o ). The numbers on the contours give 
the branching loss in decibels. Much of the area shown outside this 
circle would rarely correspond to any practical duplexer. For any 
physical value of TT and Yt, however, T't may have any value in the whole 
complex plane except on the real axis to the left of — 1. 

To understand the geometry of Fig. 7-29, a can be eliminated between 
Eqs. (17) and (18) which give the radius and center (p and r0) of a circle 
of constant a. This results in p2 = (1 + r0)(3 + r 0 ) . If a new origin 
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2 units to the left of the origin for T is chosen, and x0 is the distance 
from the new origin to the center of the circle, then V0 = x0 — 2 and 

p2 = x 0
2 - l . (40) 

This shows that two circles whose centers are equidistant from the new 
origin have the same radius and the imaginary axis is a line of sym
metry. Let a and a' be the loss factors corresponding to two such 
circles, and L and V the corresponding values in decibels. Then if 
Eq. (17) is solved for a 

i + r„' 
or 

A 2 *0 + 1 
4cr = z ■ 

x0 — 1 
The negative of x0 must give a'; therefore 

Xo + 1 4a2 

That is, L' — —(12 + L), so that once the circles on one side of the 
axis of symmetry are computed, those on the other side can be found 
immediately. When U — L, L = —6 db—the contour value for the 
axis of symmetry. 

If Xi and x2 are the intercepts of a circle on the real axis, then 
x\Xi = (x0 — p)(xa + p) = xl — p2 = 1, because of Eq. (40). The real 
intercepts are reciprocal, which is just the property of the circles of con
stant standing-wave ratio on an impedance chart in cartesian coordinates. 
The loss-contour family on the Smith chart for Z, is seen to be the same 
as the family of "impedance circles" in cartesian coordinates, or as the 
double family used in bipolar coordinates. 

Since the impedance coordinates on the conventional Smith chart 
do not extend outside the unit circle, these must be constructed when 
negative values of Rt are encountered. The reactance circles are found 
by extending those already present, and the resistance circles can be 
found from their real intercepts at (R — 1)/{R + 1) and + 1 . 

For an evaluation of the seriousness of the receiver mismatch, a 
comparison of Eq. (37), written as a = |1 + iYt — \TrYt\, with Eq. 
(7) shows that the contribution of the receiver mismatch to the branching 
loss results from the term — iTrYt. I t was found in Sec. 7-8 that when 
the transmitter phase was varied the maximum loss occurred at the 
point where Y, was real, provided the TR-to-ATR distance was correct. 
Hence the correction term — \YTYt will be of most interest when Yt is 
real. For real F» and a fixed value of |Tr|, the branching loss is highest 
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if the phase of the receiver mismatch is such that r r is real and negative. 
Likewise, a positive real r r will minimize the branching loss. 

As an illustration, a value of Yt = 1 results in a loss of 3.5 db if the 
receiver is matched. If, however, Yr = 1.5, and F, = 1, then 1% = —0.20, 
Y't = 1.20, and the loss is 4.1 db. Thus, the receiver mismatch causes an 
increase of 0.6 db in the branching loss whereas the reflection loss for this 
value of Tr is only - 2 0 log (1 - TJ) = 0.18 db. If Y, is taken equal to 
0.05, the branching losses for Yr = 1.0 and 1.5 are 0.214 and 0.256 db, 
respectively, representing an increase of only 0.042 db because of receiver 
mismatch. Thus, the receiver mismatch may in some cases be more 
important to the branching loss than to the reflection loss. 

Figure 7-30 is a diagram, in cartesian coordinates, of Yt and Y\, 
which shows how the branching loss varies if the magnitude of r , is 

F I G . 7-30.—Loss diagram for Y't with constant IIV]. 

held constant while the phase changes. If Eq. (7) is written as 
12 + Yt\ = 2<x it is clear that the loss contours are circles of radius 
2a centered at (— 2). 

Since Y\ — Yt = — VrY,, Y't must fall somewhere on a circle of radius 
| I \F , | about Yt as a center. Where Vr is real and positive, — TrYt is 
directed toward the origin so that this phase of Yr still tends to reduce 
the branching loss, even though Yt is not real. 

In Chap. 3 phase data were reproduced for the reflection coefficients 
of certain fixed-tuned TR tubes which would enable the determination 
of their contribution to the branching loss. In many cases, however, 
the phase of the reflection coefficient may not be known, although its 
magnitude, or an upper limit of the magnitude, may be known. Hence, 
it is useful to know the maximum change in the branching loss that could 
be caused by a Vr, of a certain magnitude but unknown phase. 
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Figure 7-30 shows that 

ccn = ao — v\rrYt\ + i\TTYt\ 
where ao = |1 + i F , | is the branching loss for a matched receiver. 
Since 

a j | r , r . | 
a0 = l + \l+iY,\' 

the upper limit, in decibels, of the amount by which the actual branch
ing loss for a receiver of reflection coefficient |r,l can exceed that for a 
matched receiver is 

rr 20 1o g l„(l+| r - iy) . 

An important example of receiver mismatch is that encountered in 
tuning a TR cavity. With an ideal duplexer the TR cavity is tuned to 

resonance for maximum signal. 
Since this is not generally true for 
an arbitrary ATR circuit, the 
question arises as to how much 
improvement in signal could be 
expected by tuning the TR switch 
for maximum signal instead of for 
resonance. 

In this case the over-all loss 
factor /3 rather than the branching 
loss is the quantity of interest. 
The substitution of Rr = Gr/\Yr\2 

in Eq. (36) results in 

1 
4Gr 

|i + r r(i + Yt) 

FIG. 7-31.—Gain contour for tunable TR 
tube in the IVplane. 

If the TR cavity is matched 
through at resonance, then off 
resonance Yr = 1 + jB, where Br 

can be varied by tuning. Since Gr = 1, 0 = |1 + i[Yt + jBr(l + Y,)]\, 
and if Y't is set equal to 

Y, + jBr(l + Yt), 

0 = |1 -f- -j-F;] so that the ordinary contour diagram for Y[ is again 
applicable. Of course, this is not the same Y't as was used for computing 
the branching loss. 

This is illustrated in Fig. 7-31 where point P represents Yt in cartesian 
coordinates, and TU and HO the real and imaginary axes, respectively. 
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The vector jBr(l + Yt) will be at right angles to (1 + Y,) so that Y\ 
will fall somewhere on the line AB, which passes through P and is per
pendicular to the line from P to ( — 1). As in Fig. 7-30, the contours of 
constant loss are circles concentric about the point ( — 2). Hence, the 
value of Y't which results in the least loss will be represented by that point 
Y'ln on line AB which is closest to ( — 2). This point, at the foot of the 
perpendicular from ( — 2), is labeled M. 

The gain in signal voltage obtained by tuning the TR cavity from the 
matched condition to that for maximum signal is the ratio a//3„, where a 
is the loss factor corresponding to Yt, and /3n that for Y'tn. Since <j> = 8, 
the gain is 

f- = sec 8, (41) 
Pn 

and the gain contours are also 0-contours. 
Since the locus of a point P which subtends a constant angle 8 at 

two fixed points E and F is a circle through E and F, the 0-contours are 
circles through E and F, similar 
to the one shown. This family of ^ ^ 
circles can be transformed to the ^^^y \ ^s. 
IYplane by t r a n s f o r m i n g the ^-^C^"^- — [— \ \ 
points E and F according to — > ^ - - ~ . 9 / ^ L 
fu 4.- -3 ' ^1\ 0 T 
the equation V / 

r , = (i - y , ) / ( i + Y,). \ ^ ^ ^ / 
The resulting points are - 3 and FIG. 7-32.—Gain-contour construction in 
oo, which means that the con- t h e iVpiane. 
tours are a family of straight 
lines through —3. In the F,-plane a contour makes the angle CEF 
with the real axis, and this angle is equal to 8, as can be seen by 
moving P around the contour into coincidence with E. Since the trans
formation is conformal, the contours make an angle 8 with the real axis 
in the r,-plane as well. This makes it possible to draw the gain-contour-
diagram for a Smith chart, at once, by the use of Eq. (41). The con
struction is indicated in Fig. 7-32, which is drawn for the r,-plane. The 
circle centered at the origin is the boundary of the ordinary Smith 
chart, and the line through ( — 3), making an angle 8 with the real axis, 
is a gain contour. For the maximum gain, sin 8 = i, that is, the maxi
mum improvement to be expected from the use of a tunable TR cavity 
to correct the branching loss, is 20 logio sec sin - 1 £ = 0.51 db. 

Figure 7-33 shows the "contours in more detail. Comparison with 
Fig. 7-16 shows that the improvement is very small for any ordinary 
duplexer, especially at the maximum loss which occurs near the real axis. 

As usual, the results of this section, which were obtained on the basis 
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of the shunt TR junction, can be applied at once to the series T R junc
tion. The equation corresponding to Eq. (36) for the over-all loss factor 
is then 

/32 = ik'1 + Zr + z'12' 
which differs only in the replacement of Yt by Zt, so that exactly the same 
operations are performed in the Zt plane for the series TR circuit as were 
carried out for the shunt TR junction in the F,-plane. 

F I G . 7-33.—Gain contours for tunable T R tubes on a Smith chart. 

7-10. Duplexers with Multiple ATR Circuits.—In an ATR circuit 
of the type which has been considered, it is evident from Fig. 7-17 or 
from Eqs. (26) or (34) that the maximum branching loss increases 
rapidly with the ATR susceptance B. For a given wavelength band, 
B at the edge of the band is determined essentially by the loaded Q 
of the ATR cavity. Because it is difficult to design a simple ATR cavity 
with a sufficiently low loaded Q, circuits with more than one resonant 
element are often used in an attempt to widen the effective wavelength 
range of the ATR switch. 

In Chap. 4 it was pointed out that the improvement of a two-terminal 
device by the addition of circuit elements connected across the terminals 
appears to be precluded by the reactance theorem. This means that 
there is available a two-terminal device whose change in susceptance 
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Z 
- * w v « -

over the band has been made as low as possible, and some improvement 
can be obtained only by using several elements connected into the trans
mitter line in such a way as to minimize a — |1 + ^Yt\. 

Since two elements of admittance Y give an admittance ?Y when 
connected in series, the use of two tubes reduces the susceptance to half 
its value. If n tubes are used in series, the susceptance is reduced to one 
nth of its value. The same effect can be gained by spacing tubes one-
half waveguide wavelength apart along the transmitter line provided 
that the effect of line-length variation can be neglected. 

The use of two tubes, spaced one-quarter waveguide wavelength 
apart, also effects a marked improvement over the use of a single tube. 
This is to be expected because, as previously explained, the high branch
ing losses appear when the transmitter reactance cancels the large react
ance of the ATR tube, whereas the effect of adding a second tube one-
quarter wavelength closer to the transmitter is to present a low impedance 
at the first tube. 

The question naturally arises as to whether any spacing other than 
zero or one-quarter wavelength would give good results. It is not 
necessary at present to consider 
spacings of one-half wavelength ,_ 
or more, since they are equivalent 
to the shorter ones but with a 
greater correction for variation zt ~** Z3 *~zz *" z\' 
due to frequency changes. Actu
ally the only satisfactory spacings *~ 
for broadband work are zero or 
one-quarter wavelength, or their * - ^ - ^ t t i l t \ £ tW° "*" 
equivalent, because only these 
spacings will result in equal losses at the two ends of the band. Any 
other spacing gives a lower loss at one end of the band and a higher 
loss at the other, provided that the cavities are tuned to the center of 
the band. 

An analysis will be made of the variation in branching loss for two 
ATR tubes as the phase distance <£ = 2irlfKQ between the two junctions 
is changed. In Fig. 7-34, Zc is the transmitter impedance as seen at the 
first ATR junction and Z is the impedance of either ATR tube since 
the two are assumed for the present to be identical. Also Zx = Z + Zc; 
Z2 is Z\ transformed down the line a distance <t> to the next ATR junction; 
Z3 = Z + Z% and Zt is Z3 transformed back to the TR junction. I t is 
assumed that Zt = Z3 since the effect of an error in the TR-ATR distance 
can be readily determined by a rotation of the loss-contour diagram. 

Figure 7-35 gives the Smith-chart representation of these impedances 
for a particular value of Z, at a particular frequency. As in some previous 

I — ♦ — | 
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illustrations G = 0.05. Since the ATR cavity is assumed to be detuned 
to B = —0.33 on the low-frequency side of resonance, Z — 0.45 + j'2.96. 
If Zc is allowed to take any value, Z1 is confined to the interior of the 
circle, marked T in Fig. 7-35o, which passes through Z and » . This is 
the same circle that previously represented Zt for a single ATR cavity 

(e) (<*) 
FIG. 7-35.—Loss diagrams for ATR tubes; (a) Smith chart for Zz\ (b) Zz at low fre

quencies; (c) Zz at high frequencies; (d) Zz with decrease in <j>. 

with no line-length errors. To obtain Z2 the Zi circle is rotated about 
the origin by an amount 2<j> = Airl/\a radians to some position such as 
that of the circle U. The circles T and V represent J?2 for # = 0 and 
TT/2 respectively; S is merely a fixed circle which is always tangent to U 
as <t> is varied. The boundary circle Q of the Smith chart has the same 
property. 
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The addition of the constant Z transforms this complete Z2-diagram 
to the Z3-diagram of Fig. 7-356. When this is done the line AB of zero 
reactance becomes the arc A'B' of reactance X which connects Z and °o . 
The circle Q representing zero resistance goes over into Q' representing 
the resistance R. Since Q, S, T, and V are orthogonal to the line AB, the 
transformed circles Q', S', T', and V are orthogonal to A'B'. Since 
the circles T, U, and V are tangent to Q and S, they will remain tangent 
after transformation. Since Z + °o = «>, Q', and T' must pass through 
°° and must be tangent to the unit circle W. 

When the circles Q' and S' have been drawn, it is easy to follow the 
behavior of the circle U', which represents the range of impedance Z3 
for some arbitrary line length <t>. As 4> increases, U' moves around in a 
clockwise direction, always remaining tangent to the two fixed circles 
Q' and S' and assuming the positions T' and V when <t> = 0 and ir/2. 
If it is assumed that the nearer ATR tube is 0 or i \ distant from the TR 
junction and that the junction is of the shunt type as usual, then Z, = Z3 
and the ordinary loss-contour diagram Fig. 7-16 gives the range of loss 
for any position of the circle U''. The circle Q' is identical with the 
circle T, which represents Zt for a single ATR tube since both pass through 
Z and » . Hence, comparison of U' and Q' indicates the relative 
improvement of two ATR tubes over a single tube. 

Figure 7-356 represents conditions at the lower end of a frequency 
band with the ATR cavities resonant near the center. As the frequency 
is increased from the lower end of the band toward the upper end Z 
moves down toward the point 20 on the real axis and reaches it at reson
ance. The circle Q', with all the circles inside, collapses into the small 
circle through 20 and °° . At still higher frequencies Z moves down below 
the real axis and at the upper end of the band the conditions of Fig. 
7-35c are realized. 

If the resonant frequencies of the ATR cavities are adjusted for the 
same detuning at each end of the band, as would be done for minimum 
loss, Z will be the same at each end except for a change in sign of the 
reactance and the values at the low and high ends can be designated by 
Z and Z*. In Fig. 7-35a the circle T is the same at both ends of the band. 
For the moment the change in <f> across the band will be neglected and 
this means that all of Fig. 7-35a will be identical at the two ends of the 
band. In Figs. 7-356 and c representing the two ends of the band, 
A"B" is the image of A'B' in the real axis since Z* is the image of Z. 
Since the circles Q, S, T, and V are symmetrical with respect to the axis 
AB, Q" will be the image of Q', S" of S', and so forth. In particular T" 
will cover the same range of losses as 7", and V" as V. 

On the other hand the circle U, which in general is not symmetrical 
relative to AB, will transform to circles V and U" which are not images. 
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The relative positions of V and U" may be visualized by noting that 
U is tangent to Q at a point on Q between B and A when moving clockwise 
from B to 4 . This property must hold for the transformed circles. 
It follows then that any spacing other than zero and one-quarter guide 
wavelength will, in general, give unequal losses at the two ends of the 
band, and will give a greater maximum loss at one end of the band 
than that realized by one of the two spacings 0 or iXj.1 

The effect of the variation in <j> between the two ends of the band will 
be considered next. Suppose that <t> is set at either ir/2 or T (I = \ \ or 
i\g) at the band center and that <j> is sufficiently linear to have the error 
the same at each end. The change in <f> merely causes each of the circles 
which were at T' and V to take up one of the positions of the variable 
circle U'. On the low-frequency side <f>, which is measured clockwise 
on a Smith chart, becomes smaller and the circles are shifted counter
clockwise with respect to T' and V (that is, the point of tangency with 
Q' is shifted in that sense). 

In Fig. 7-35d, V" and T'" have been shifted by an amount 

^ = A ( 1 ) = 0.05 and 0.10, 

relative to V and T' respectively. This corresponds to the fact that 
a spacing of one-half wavelength results in twice the shift expected 
from a one-quarter-wavelength spacing. On the high-frequency end 
the shift is equal and opposite so that circles representing the two ends 
of the band on a Z2-chart will be images in the real axis AB. Hence the 
Z3-diagrams are also images and the argument about the optimum spac
ing is the same as before. 

I t is concluded that even where there is appreciable phase shift 
across the band in the distance between ATR junctions, the best results 
are obtained by the use of spacing either one-quarter guide wavelength 
or one-half guide wavelength at the center of the band. A similar sym
metry consideration applies to changes in the distance between the TR 

1 To prove this, the locus is constructed of the point on V which gives maximum 
loss as <t> is varied. The point on this locus where the loss is a maximum or a minimum 
(for 4>) is a point where an envelope of the circles V is tangent to a loss contour. 
There must be at least four such points: a maximum and minimum of this locus, and a 
maximum and minimum of the similar locus of the point on V which gives a mini
mum loss. There are just two envelopes, the circles Q' and S', and each of these is 
tangent to a loss contour at only two points making just four in all or one each of the 
extremum points enumerated. 

The two loci of the maximum point at the two ends of the band are images. If 
L(<j>) is the loss at one end, L'(<t>) that at the other end, Li and Lt the values for 4> = 0 
and ir/2, then L(<t>) and L'(<t>) traverse the same values in opposite directions and are 
equal at 4> = 0 and T / 2 . From the fact that L has only one maximum and one mini
mum and is never constant it follows that either L or V is greater than one of L\ and Li 
at all times except when ^ = 0 or ir/2. 
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and adjacent ATR junctions so that this spacing should also be set at 
the equivalent one-half guide wavelength at the band center (for shunt 
TR and series ATR circuits). Furthermore the conclusion for the inter-
ATR spacing still holds when the TR-ATR spacing changes with 
frequency. 

Comparison of b and d of Fig. 7-35 shows that the frequency depend
ence of <j> causes V" to be shifted somewhat to the left relative to V, 
with a corresponding increase in the maximum loss, while T'" has con
tracted relative to 7" with a considerable decrease in the maximum loss 
(actually a drop from 3.5 to 1.3 db in this particular case). Thus, the 
quarter-wavelength spacing is considerably better than the half-wave
length spacing when the frequency sensitivity of the spacing is negligible. 
But when the phase shift becomes appreciable it tends to increase the 
maximum loss in the quarter-wavelength case and to decrease it for the 
half-wavelength separation until the latter is actually superior. 

Of course, if the phase shift goes far enough the loss for the half-
wavelength spacing will increase. Examination of the tangent point of a 
Z3-circle on Q', which has been marked off in Fig. 7-35d for values of 
spacing 0.10 apart, shows, however, that the points tend to bunch around 
0.25 where the loss is small. Hence a fairly small decrease in <j> brings 
the T' circle into this region where it remains until <t> has dropped to a 
very low value. Although quarter-wavelength and half-wavelength 
spacing are good for a narrow and a broad band respectively, zero spacing 
is not to be recommended. 

A clearer view of the branching-loss variation is obtained from the 
curves of Fig. 7-36 which plot the branching loss as a function of trans
mitter phase 6 with a transmitter of rc — » for various separations 4> of 
the two ATR junctions.1 The same value of Z was taken as that used 

1 To compute these curves the tangent circles S' and Q' are constructed. The 
point of tangency of the circle V is marked off on Q' for each value of 0 by transform
ing it from the Q-circle. The Zj-circle V for any <t> can then be drawn at once. For 
each such circle, however, it is necessary to mark off points corresponding to various 
values of the transmitter phase 8. This can be done by starting with a Zi-diagram 
like the Zrdiagram of Fig^ 7-23 and then transforming individually the point cor
responding to each value of 8. To avoid repeating this procedure for every <l>, loci of 
constant 8 can be drawn on the Zr-diagram, making it possible to determine 8, for 
each point on the Zi-circle, from the locus intersecting at that point. 

In the construction of these loci it is noticed that as <t> varies,' the ^-points on the 
[/-circle of Fig. 7-35a trace out concentric circles about the origin. Hence, the trans
formation of these loci to the Zj-plane yields a family of circles with centers lying on a 
straight line. The line of centers is determined by the point Zi = Z + 1, which is 
the transformation of the center of the concentric family, and by the center of Q' 
which is a member of the family. By adding R to the intersection Rt of any 0-circle 
with the AB-axiB, the intersection fii with the arc A'B' is found. With two such 
intersections and the center line it is easy to construct any 0-circle. The usual loss-
contour diagram can then be applied to any Zi-oircle to find the loss for each value of t. 
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for the diagrams of Fig. 7-35. The TR-ATR distance was assumed to 
be zero. A moderate change in this distance tends to raise the general 
loss level without greatly changing the form of the curves. 

I t is evident that the best conditions obtain with <j>/2ir = l/\„ = 0.40. 
A moderate decrease in spacing from one-half wavelength is quite 
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FIG. 7-36.—Loss vs. transmitter phase for 

beneficial whereas a small increase in the separation causes the losses 
to rise and spread out over a large part of the phase range. If the same 
values of <j> are read at the other end of the band (the high-frequency 
side) a set of curves similar, but in reverse order, results. 

I t appears desirable to use half-wavelength spacing at the center of 
the band and arrange to have 4> change with frequency so as to have an 
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optimum value at the band edge. In this particular example a shift in 
<p/2ir of 0.10 between the center and either end of the band would result 
in the best loss curve (#/2;r = 0.40 in Fig. 736) at each end. If, in Eq. 
(24), 6 is set equal toir and A0/2ir = -0 .10 , then AX/X = 0.094. Hence 
with half-wavelength spacing and the waveguide constants assumed in 

0 0.10 0.20 0.30 0.40 0.50 jr„~ 
two ATR circuits with various spacings. 

Eq. (24), a 19 per cent band would be required to produce the optimum 
phase shift. With the more commonly used bandwidths of five or ten 
per cent an ATR spacing of one or two wavelengths is indicated. The 
necessary phase shift might also be obtained with a shorter spacing by 
reducing the waveguide width so as to make \c smaller. 

The curve for <j>/2v = 0.10 is of particular interest. If Z is trans-



316 BRANCHED DUPLEXING CIRCUITS [SEC. 710 

formed down the line a distance of (j>/2ir = 0.10 the result will be very 
close to the conjugate of Z. This condition, which arises when the 
complex conjugate of Z is equal to the value of Z2 obtained with Zc = 0, 
will be referred to as a "mu tua l " resonance between the two ATR tubes. 
This condition usually exists at the normal resonant frequency. When 
it happens at a frequency far enough from the center frequency, however, 
the losses usually become high over much of the phase range of Zc. 

In order to understand this, reference is again made to Fig. 7-23 
which corresponds to a Zj-plot in the present case and which shows most 
of the Zc phase points crowded together in the neighborhood of the point 
Z where 0 = 0 . This is because Xc = tan 8 and half the range of 8 
corresponds to values of X g 1. Since the AVcontours of the Smith 
chart are close in the vicinity of Z, this range of Xc is only a short interval 
on the chart. On the Z3-chart also, the phase points tend to congregate 
about 8 = 0. I t would be expected, then, that if this point were in a 
region where the losses were high, they would be so for much of the range 
of 8. When mutual resonance occurs the (8 = 0)-point (ZC = 0) gives 
Z3 = 2R. If this frequency differs very greatly from the center fre
quency, R is small, the losses are large, and the result is a curve like that 
for <t>/2ir = 0.10. 

Fortunately this behavior occurs only over a small range of <f>. This 
can be explained by applying the same sort of reasoning to 4> as was just 
used for 8. If values of <j> are marked off on the (d = 0)-locus in the 
Z2 Smith chart, the point #/2ir = 0.10 occurs at a large value of X2 
while the point at I 2 = 0 is 4>/2ir = 0.30. When this locus is trans
formed to the Z3-diagram, the </>-points bunch around <f>/2ir = 0.30 and 
are rather widely spaced at <j>/2ir = 0.10. Since the former value of <t> 
gives a loss curve with a sharp peak, that type of curve will be realized 
for most values of <f> and the curve with the broad maximum will be met 
only when <£/2T is close to 0.10. 

This mutual resonance will appear if the ATR separation differs 
even slightly from ^X„. It is then quite close to the individual resonance 
point and does not cause high losses. Its presence is readily detected, 
however, if the standing-wave ratio is measured as a function of frequency 
looking toward Z3, with Zc a matched load. When <j> is correct a simple 
resonance curve with a single maximum is obtained. If the error A<£ 
is appreciable, however, the resulting curve will have a dip at the mutual 
resonance point, which provides a sensitive means of determining the 
error id in the cavity separation I. 

The point of the dip is given approximately by B = — $A'(t> where 
A'<t> is the error in <j> at that frequency (A<£ corresponds to the individual 
resonance frequency). This is seen by finding the admittance Yt of the 
first cavity as seen at the second, 
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= F + j tan A> = ' G + j (B + tan A'<j>) 
* ~ 1 + jY t a n A'4>~ 1 - B t a n A'</> + j<7 t a n A'<f>' 

UG, B, and A'* are all small, Y2 ~ G + j (B + A'*). When A'0 = - 2 5 , 
Yi ~ G — jB and X = — X2 ; the condition for mutual resonance is 
therefore satisfied. 

If the separation AX of the mutual and individual resonances is known, 
the error Al can be found. For A'<t> can be thought of as the sum of the 
error A<f> at the individual resonance point plus the error A"4> due to the 
change in frequency from that point to the mutual resonance point. 
T h a t is, A<j> = A'<j> - A"4>, and 

A'<t> = -2B « 4 Q z , ^ , 

while 

*""*te)--£&«--"(*JT-
Since Al = A<t>\g/2ir, 

T - t ^ + Gr)"]* 
When I is too long, the dip in the standing-wave-ratio curve will be on 
the long-wavelength side of the individual resonance point. When two 
cavities are properly spaced, but not tuned to exactly the same frequency, 
a mutual resonance will appear at a point halfway between the two 
individual resonance points where Bi = —B2. The standing-wave-
ratio curve will also show a dip in this case. To determine whether 
these errors are serious, it is necessary, at least in theory, to find the 
maximum loss in the usual way as Zc is varied. However, the loss cor
responding to Zc = 0 would probably be fairly representative in this 
case, and this :s found by using Z3 = 2R = 2G/(G2 + B2). 

7-11. Double Tuning for Wideband ATR Circuits.—In any attempt 
to design wideband ATR circuits, it is important to consider the possi
bility of "staggered" tuning which involves tuning one of the pair of 
ATR cavities to resonance near each end of the band. With half-wave
length spacing, the loss would be negligible at each of the two resonant 
frequencies, assuming no error in the ATR spacings. Since under these 
conditions the two ATR cavities are in series, either one will insert the 
proper high impedance at resonance. When changes in the ATR separa
tion due to frequency dependence are considered, the loss is the same 
at the resonant frequency of the first ATR cavity (the one nearest the TR 
junction), and is slightly higher at the other resonant frequency. 

At the center frequency, however, the mutual resonance appears and 
the loss curve has a very broad maximum. As this occurs at the center 
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of the band it is not possible to make use of the favorable shift in <t> which 
appears at the ends of the band. This type of circuit does not appear to 
offer any advantages for broadband applications, although it is satis
factory where it is desired to operate at only two distinct frequencies, 
for example, for combined radar and beacon reception. 

Staggered tuning with quarter-wavelength spacing between ATR 
cavities does merit consideration. The losses are low at each of the two 
ATR resonant frequencies, but no mutual resonance appears at the center 
frequency. If one cavity is tuned to each end of the band, the maximum 
loss at the center frequency is the same as if the two cavities were tuned 
to the center frequency and the loss determined at one end of the band 
assuming no error in <f>. This is true because the Zi-circles are identical 
for a given value of Z and for the conjugate of Z. With the two cavities 
tuned to frequencies somewhat inside the two ends of the band, the over
all maximum loss is considerably below that for synchronous tuning. 

With double tuning the difference in susceptance of the two cavi
ties is a constant approximately independent of frequency. If this 
difference is made too large with quarter-wavelength spacing, a mutual 
resonance will appear at the band edge. As the susceptance differ
ence is increased, the resonance point moves in toward the center of 
the band. I t appears, therefore, that the results for double tuning 
with quarter-wavelength spacing would be good for moderate bandwidths 
but would deteriorate rapidly for very wide bands. 

There is some practical disadvantage in using cavities tuned to 
different frequencies. In low-Q circuits it is necessary to make the tube 
and cavity integral and fixed-tuned and this means the use of two tube 
types if two resonant frequencies are desired. 

The analysis of the double ATR circuit indicates two possibilities. 
(1) For very wideband operation, both cavities are tuned to the center 
frequency and spaced (n/2)X„ apart. The frequency sensitivity of the 
waveguide between the two cavities is adjusted to give optimum elec
trical length at the band edge. (2) For moderate bandwidth the cavities 
are spaced one-quarter wavelength apart and stagger-tuned. The 
resonant frequencies are adjusted to give the lowest loss over the band. 

7-12. ATR Circuits with More than Two Switches.—Where a circuit 
using two ATR cavities fails to cover the frequency band properly the 
use of additional cavities may reduce the branching loss still further. 
If, for instance, one has n identical cavities with half-wavelength spacing 
and impedance Z, the resultant impedance, assuming all distances are 
correct, is Z, = nZ + Zc and the maximum loss is obtained by setting 
Zt = nR. By the addition of more tubes this loss could be made as 
small as desired if the correct spacing over the band could be maintained. 

The situation is not quite so simple when the variation in the phase 



SEC. 7-12] ATR CIRCUITS WITH MORE THAN TWO SWITCHES 319 

length of the spacing is taken into account. Figure 7-37 shows plots 
of Zt for different numbers of ATR tubes. By the extension of the nota
tion of Fig. 7-34, Zh Z3, Z5 . . . represent the values of Zt for 1, 2, 3, 
. . . ATR cavities. As usual each circle is drawn to represent the range 
of Zn when Zc is allowed any value. For each tube Z was taken to be 
0.20 + J2.00, which represented a cavity with a conductance of G = 0.05 
detuned far enough to permit a maximum branching loss of about 11 db 
when used alone. The successive cavities are spaced a distance 

F I G . 7-37.—Impedance plots for successively added ATR cavities. 

l/\ = 0.40 apart which makes allowance for a drop from half-wave
length spacing at the band center. 

The construction was made in the usual manner by rotating one 
circle a distance of 0.40 and then adding Z to a few points to get the next 
circle. If the correct TR distance is assumed, the maximum loss for 
1, 2, 3 . . . tubes is 11 db, 3.5 db, 1.00 db, 0.40 db, 0.30 db, 0.27 db, 
0.27 db . . . . 

The impedances Zi, Z3, Z-a . . . approach a limiting value Zx which 
may be found easily if the tubes and spacings are all identical. It is 
merely the iterative or characteristic impedance of the structure. The 
structure can be divided into identical symmetrical elements by bisecting 
each ATR cavity. Then each element is a transmission line of length 
<j> = 2TTI/\ in series with iZ at each end. The characteristic impedance 
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is then s/ZJZ^, where Z„ and Z^ are the open-circuit and short-circuit 
impedances of the element. The impedance of an open-end transmission 
line is —j cot <j> so that Z„ = %Z — j cot <j>. When one end of the ele
ment is short-circuited the line is terminated by \Z. By the use of the 
standard transmission-line formula, the impedance Z,0 is 

Z = 1 £ , i ^ + j tan </> 
2 ' 1 + j iZ tan <t> 

Since the impedance seen from just in front of the first ATR cavity is of 
interest 

Z, = i Z + y/ZJ£» = \ Z + yjl + ^ ~ jZ cot 4,. 

This shows that Zi can become infinite only when <j> — nir. Hence 
half-wavelength spacing is to be preferred. Contrary to the situation 
for only two tubes, the departure from one-half wavelength over the 
band should be kept as small as possible. 

1 + -r which 

is the expression for the continued fraction 

i 

Z + Z + 
z + 

obtained by adding the elements in one at a time. 
If two structures of identical elements which have quarter-wavelength 

and half-wavelength spacings, respectively, at the center of a band are 
compared, it appears that the loss at the ends of the band is less for the 
half-wavelength separation. Unlike the case of only two ATR tubes, 
this is true whether or not <f> changes with frequency. I t has already 
been seen that this is true when <f> is constant. 

Figure 7-37 illustrates the half-wavelength case at the low-frequency 
end of the band where the spacing has dropped to 0.40 wavelength. 
I t is seen that Zi has moved around from Z in the direction of lower losse. 
A consideration of the successive points Z„ on the Smith chart will show 
that this is normal, whereas in the quarter-wavelength case Zi tends 
to shift in the opposite direction. 

The principles of double tuning can also be carried over to more than 
one pair of ATR tubes. Thus with an even number of ATR cavities 
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uniformly spaced every other cavity could be tuned to one frequency 
near one end of the band and the remainder to another frequency near 
the other end. If enough cavities are used to approximate the limiting 
impedance then, unlike the situation for only two tubes, the half-wave
length spacing with double tuning compares favorably with the quarter-
wavelength spacing. 

I t will be remembered that the half-wavelength spacing with double 
tuning was unsatisfactory for two tubes because the curve of loss vs. 
transmitter phase had a very broad maximum at the center of the 
band. With additional pairs this will still be true but it will be of no 
importance, for the maximum can be made as small as desired. The 
impedance of two tubes at the transmitter phase which gives maximum 
loss at the center of the band is Z + Z* = 2R. For n pairs it is 2nR, 
and this increases rapidly with n, causing the loss to approach zero and 
giving Z; = oo. Near the ends of the band the loss will also be low 
since one of the first two tubes will be resonant. 

For quarter-wavelength spacing with double tuning the maximum 
loss at the band center cannot be made to approach zero since Zi will 
be complex. Near the band ends it will also be inferior to half-wave
length spacing because of the effect just discussed for synchronous tuning. 

These results on the branching loss for duplexers which use a sufficient 
number of ATR cavities to approach the limiting impedance indicate 
that the half-wavelength spacing is satisfactory for both synchronous 
and double tuning and that the departure from one-half wavelength 
should be made as small as possible over the band. 

The discussion of multiple ATR circuits on the basis of the limiting 
impedance Z; appears a little academic since, in practice, n can never 
approach infinity. However, the actual impedance usually approaches 
Z; rather rapidly, and the limiting conditions may afford a simple 
although approximate picture of the behavior of a small number of 
elements. For any specific case the actual loss can be determined 
graphically. 

A rather severe limitation is placed on the number of tubes by the 
arc loss. Since this is appreciable for low-Q tubes, the loss at high level 
increases with any attempt to decrease the loss at low level by adding 
more tubes. In addition, the problem of minimizing the reflection at 
high level becomes more serious as elements are added. This reflection 
is usually important from the point of view of efficient transmitter 
operation and would be smallest with quarter-wavelength spacing where 
cancellation would occur. 

Finally, the variation with frequency of the TR-to-ATR distance 
may introduce an appreciable loss even with Z; = » . There does not 
appear to be any way to cancel this effect at both ends of the band by 
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means of special ATR circuits. However, an error in this distance which 
causes considerable loss with poor ATR circuits may be inappreciable 
when the circuits are efficient. 

7-13. Branching Loss with the Available ATR Tubes.—As a matter of 
practical interest, curves are re
produced in Figs. 7-38, 739 and 
7-40 which show the maximum 
branching loss to be expected from 
duplexers using ATR tubes with 
the measured values of G and QL 
given in Table 4-4 of Chap. 4. 
The curves for the 3-cm band 
were calculated assuming a wave
length band centered at 3.33 cm 
and waveguide of inside width 
0.900 in. The curves for the 10-
cm band assumed a center wave
length of 10.7 cm and waveguide 

2.840 in. wide. The TR tube and receiver were assumed to be matched. 
The loss value read from a curve is the maximum loss that could occur 
for any transmitter impedance at a wavelength differing by AX from the 

14 

100-
Fia. 

AX 
\ 

7-38.—Maximum branching loss for 
duplexer with one ATR tube. 

F I G . 7-39.—Maximum branching loss for a 
3-cm-band duplexer with two ATR tubes. 

FIG. 7-40.—Maximum branching loss for 
a 10-cm-band duplexer with two ATR tubes. 

center of the band. I t is also the maximum loss anywhere over a cor
rectly centered band of width 2AX. 

The variation with wavelength of the electrical distance between TR 
and ATR junctions was neglected in calculating the curves of Fig. 7-38 
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for a single ATR tube. The effect is small and separations of both one-
half wavelength and one wavelength have been used in different duplexers. 
For this simple case the maximum loss in decibels at any wavelength is 
found from Eq. (26) to be 

L = 20 log10 ' + W 3 m 
The fact that the losses are lower in the 3-cm than in the 10-em band is 
caused by the higher G of the 3-cm-band tube which more than makes up 
for its higher Q. 

The curves labeled "-jX„ spacing" in Figs. 7-39, 7-40 are applicable 
to a duplexer with two ATR cavities separated by one-half wavelength, 
the nearer one being also one-half wavelength from the TR junction. 
In the curves marked "zero spacing" no correction was made for the 
variation in electrical length of these two distances. It is seen that the 
improvement afforded by the phase shift in the ATR spacing more than 
offsets the added loss due to the phase shift of the TR-to-ATR distance. 

The use of two ATR tubes apparently provides a band about twice 
as wide as that for one tube. Actually the improvement might be made 
greater. The half-wavelength ATR spacing represents that generally 
used at present, but it probably does not give the optimum frequency 
dependence of this important electrical length. 

7-14. Branching Loss for a General T-junction.—Up to this point the 
discussion has been based on the simplest series- or shunt-branching 
circuit representation of the T-junction. An actual waveguide T-junc
tion used for connecting receiver, transmitter, and antenna lines is in 
general more complicated than this, and can be represented only by 
the three-terminal-pair network of Fig. 7-1. In principle, six complex 
quantities can be determined by experiment, for example, the elements 
of the impedance matrix, which will completely characterize the T-junc
tion at one frequency. If the transmitter, receiver, and antenna imped
ances, Zt, ZR, and ZB, are known the total loss in received signal at the 
junction can be found. 

If arm (1) goes to the antenna, arm (2) to the transmitter, and arm 
(3) to the receiver, and if Ea is the antenna generator voltage, 

bi\ = ha — I\ZB — Z\\I\ + Z\oli -\- Z13I3, 
iiii = — l iZt — Z<L\L\ -J- Z^ili ~\~ Zi3i3) 

E3 = —ISZR = Z31/1 + Z32I1 + Z33I3. 

(43) 

To find the los> 

tor 13, 

it is 

(Zn 

Z,J 
Z31I 

merely 

+ ZB)h 
1 + (Z,2 

+ Z3J 

necessar} 

+ Z12h 
+ Z,)h 

2 + (Z33 

' to solve 

+ Z13I3 
+ Z23I3 
+ ZR)h 

the 

= E 
= 0, 
= 0. 
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For a properly matched system, I3 

i s20 1ogi, E" 

kEo, and the loss in any other case 

2/= 
It is not possible io say much about the loss for a general T-junction. 

However, for the dependence on Z,, the loss contours on the Smith chart 
will still be the familiar bipolar family of circles. This is evident since 
.Z, occurs in only one term of the Eqs. (43), and the solution can be written 
in the form 

The loss factor is then 

If 

— 

EQ 
2/3 

Zi = 

c + dZt ""■ 

1 
2 

c + dZt 
a + bZ, 

c + dZt 
- „ 1 1 , 7 ' 

(44) 

the loss contours in the Zi-plane will be the concentric family of circles 
2/3 = \Zi\. Since the transformation of Eq. (44) is circular, the contours 
in the Zt- or IVplane will be a bipolar family. 

FIG. 7-41.—The equivalent circuit of a 120° Y-junction in the i/-plane. 

As an illustration, the contour diagram for an //-plane (shunt) 
waveguide T-junction of the symmetrical 120° type will be constructed 
with the use of the circuit constants for waveguide 0.400 in. by 0.900 in. 
ID at a wavelength of 3.20 cm in free space and it will be assumed that 
the antenna and receiver are matched. The equivalent circuit for the 
junctior is shown in Fig. 7-41 with the reference planes given by the 
broken lines in the sketch to the right. The values of the constants are 

Xa = 1.46, -0.65, 

normalized with respect to the waveguide impedance. 
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1 

k 
Antenna 

To facilitate comparison with the ideal shunt junction, Zt will be 
referred to a point on the transmitter arm where an open circuit would 
be placed to produce a match be
tween the other two arms. This 
will ensure that, at least for large 
enough values of Z(, the behavior 
of the ideal and the actual junc
tion will be about the same. 
Since the reference point for Zt 
will be at a certain distance from 
the terminals (2) of the equivalent 
circuit, Z\ will be called the trans
mitter impedance referred to those 
terminals. The diagram for Zi 
will then be constructed from 
which that for Z< may be obtained 
by a simple rotation. 

Let Z2 equal the total imped
ance across the terminals of jXb 
looking out arm (2) which will be 
considered the transmitter arm. 

Z, Zb{Za + ZQ _ 
Za + Z\j -\~ Zi 

Transmitter 

F I G . 7-42.—Duplexer circuit using the 
Y-junction of Fig. 7-41. 

and the loss between arms (1) and (2) can be found by using the circuit 
of Fig. 7*42. In fact, 

Ei Z% 
E, (1 + Z.)(l + Za + 2Z2) 

When the junction is matched, Ex = iE„; for other cases the branch
ing loss is given by the factor 

= |1 + Za 1 + | (1 +Za)Y2 

If 

and 

then 

F 3 = (1 + Z0)F2 
(Z. + Z t + Zi)(l + Za) 

Zb(Z, + Za) 

m=\l + Z.\ = V I +'Xl = 1.77, 

IS = m|l + i r , | , 

(45) 

(46) 

which is just m times the usual loss factor for a simple shunt junction 
with transmitter admittance F3. If Eq. (45) is solved for Zh 
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Z, = —^- Z.. (47) 

I t is now possible to begin with the standard loss diagram drawn for 
Y3, multiply the value of each contour by in, and then transform the 
whole family from the IVplane to the Zj-plane by means of Eq. (47). 
From there it can be transformed to the IVplane (Smith chart) by the 
usual Eq. (11). The diagram may be rotated to bring the zero-loss 

FIG. 7-43.—Loss diagram for the junction of Fig. 7-41 plotted on Smith chart fo:- Zi. 

point around to the infinite-impedance point and the result is shown in 
Fig. 7-43, the loss-contour diagram on the Smith chart for Zf. 

In making the transformation of Eq. (47) between Z\ and Y3 or 
between Ti and F3, the work can be simplified by making use of certain 
properties of general circular transformations. Since a bipolar family 
of circles is completely determined by its two foci, it is necessary only 
to transform these two points. The foci are the points A and B of Fig. 
7-29 about which the circles converge for extreme values of the parameter. 
The family given by Eq. (46) is the concentric system of circles of Fig. 
7-15 with the foci —2 and <* . 

Comparison of Figs. 7-43 and 7-16 shows the difference between a 
particular waveguide T-junction and an ideal shunt-branching circuit. 
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The most important aspect is the shift of the infinite-loss point around 
closer to the zero-loss point with consequent increase in loss in the upper 
half of the Smith chart. In previous sections, ATR circuits have been 
considered which resulted in values of Zt such that positive and negative 
reactances are equally probable. Because of the lack of symmetry of 
Fig. 7-43, it might be well to adopt an ATR circuit which would favor 
the negative reactances where the losses are smaller. This could be 
done by tuning the ATR cavity to a slightly lower frequency or, instead 
of choosing the TR-to-ATR distance so as to give zero loss with the ATR 
switch at resonance, it could be made slightly longer. In any case, the 
amount of correction would depend on the expected range of the Zt 
values and on the particular junction used, since the contour diagram 
would presumably be different for each junction. 

The question arises as to what can be done to an actual junction to 
make it look like a simple shunt (or series) circuit. This circuit is con
sidered ideal because of its symmetrical loss characteristics. It is not 
difficult to prove that nothing is accomplished by inserting any sort of 
transformer in any one arm of the junction. Such a transformer would 
have to be matched to the line, and it would, therefore, change nothing 
in either the receiver or antenna arms which are assumed to be connected 
to a matched load and matched generator. It can be shown that in the 
transmitter arm it would only change the line length, for a four-terminal 
network can be matched to the line only if it is symmetrical, and it then 
acts merely as a length of transmission line. 

The only changes that will benefit the junction must involve all three 
arms, since no unmatched device can be inserted in only one or two arms. 
It would appear that the T-junction would be considerably improved 
if it were possible to adjust the relative positions of maximum and mini
mum loss on the Smith chart so that they occurred diametrically opposite, 
that is, one-quarter wavelength apart as in the ideal shunt circuit rather 
than in the distorted positions of Fig. 7-43. 

If this is accomplished, the question arises as to whether any further 
improvement can be realized; that is, could the junction be manipulated 
to squeeze the loss contours over to the left side of the Smith chart so 
that the losses would be low in the operating region. The answer to this 
question is no. 

If a short circuit is placed in arm (3) and the transmission between 
arms (1) and (2) is measured, the two adjacent positions of the short 
circuit which result in zero and in complete transmission may be located. 
A lossless T-junction with 120° symmetry is identical with a simple 
shunt junction if these two positions are one-quarter wavelength apart. 
Its properties are, therefore, completely determined and no further 
improvement is possible. The reason can be pictured quite simply. 
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In the impedance matrix all the diagonal terms are equal, and all the 
nondiagonal terms are equal because of symmetry. There are, thus, 
only two independent terms and as they are both imaginary, two real 
constants suffice to describe the junction. Now if I is the distance 
between the two positions of the short circuit which give zero or complete 
transmission, I is a function of these two constants and specifying I = -|A? 
places a condition on them which allows one to be eliminated. The 
remaining constant depends on the position of the reference point for 
measuring impedance. By proper choice of the reference point this 
constant may be made equal to that of a simple shunt circuit. 

This indicates the possibility of making a waveguide T-junction 
accurately equivalent to a simple shunt circuit by varying some one 
dimension which does not destroy the symmetry. The electrical meas
urement involves only an elementary experiment with a plunger. To 
the author's knowledge this experiment has not been attempted. 

I t can be shown in the same way that any lossless junction is equiva
lent to a shunt junction if it is possible to match between any two arms 
by a short circuit in the third, and if the two short-circuit positions for 
zero and complete transmission are one-quarter wavelength apart. 
The general network with three pairs of terminals has a three-row imped
ance matrix with nine elements. Since the nondiagonal elements are 
equal in pairs, there are six independent constants. The requirement of 
matching places two conditions, and the choice of reference planes, 
three more. The property of one-quarter-wavelength shift for cutoff 
makes a total of six conditions which fixes all the constants. 

I t will be noticed that no distinction is made between shunt and series 
junctions, as they are equivalent if the reference planes are not specified. 
In fact, the scattering matrices for simple shunt and series branching 
circuits are 

Series Shunt 

* 2 7 
2 

T 
1 

2 — 7 

7 
2 

1 

— 7 
2 

2 

7 

- i 
2 
IS 

~5 
2 

1 5 

If each reference plane for the series junction is shifted one-quarter 
wavelength, the sign of every matrix element will be reversed, and then 
all the nondiagonal elements can be made positive by reversing the 
terminals on arm (1). The result is identical with the matrix for the 
shunt junction. 



CHAPTER 8 

PRACTICAL BRANCHED DUPLEXERS 
AND BALANCED DUPLEXERS 

B Y HAROLD K. FARR AND CARROLL W. ZABEL 

The first part of this chapter is devoted to a review of examples of 
branched duplexers which have been used and to some of the observed 
results of this use. These examples are divided into two classes—coaxial-
line duplexers and waveguide duplexers. The coaxial-line duplexers 
have been used at 10 cm and at longer wavelengths; waveguide duplexers 
have been used in high-power installations at 10 cm and at all power 
levels at shorter wavelengths. Few coaxial duplexers have used ATR 
switches whereas most waveguide duplexers have included them. In the 
second part of the chapter, balanced duplexers are described. 

BRANCHED DUPLEXERS 

Bv HAROLD K. FARR 

8-1. The Electrical Design of a Duplexer.—In selecting a switch it is 
necessary to choose between the fixed-tuned and the tunable types. 
Systems developed since the fixed-tuned tubes became available have 
used these tubes almost exclusively. I t is important to keep the number 
of different adjustments in a radar system as low as possible. This not 
only facilitates maintenance and tuneup but reduces the possibility of 
incorrect adjustments. To attain this objective, it may be necessary 
to make some concessions in performance. 

I t has been seen that the limitations in fixed-tuned ATR tubes may 
lead to some loss. However, the usual tunable ATR cavity which has a 
much higher Q may also cause losses due to temperature detuning or 
transmitter-frequency drift. Furthermore, the reception of signals at 
more than one frequency, which occurs when beacon reception is com
bined with radar, may be extremely inefficient. There seems to be no 
deterioration in performance using fixed-tuned TR tubes since the recep
tion loss usually compares favorably with the corresponding tunable 
tubes. If a narrow r-f filter happens to be desirable, as for image rejec
tion, then, of course, a tunable TR tube may be preferred. 

The 'mechanical simplicity of the fixed-tuned ATR tubes makes 
them cheaper than the corresponding tunable circuits. However, when 

329 
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length of life is taken into account, the cost of the fixed-tuned TR tubes 
will be comparable with the tunable ones. 

After the switches have been selected, the junction for the TR switch 
is the next consideration. A junction with 120° symmetry has the best 
electrical properties, but for narrow-band applications other kinds which 
offer mechanical advantages may be used. If a 120° junction is chosen 
and if the lowest possible reception loss is desired over a wide band of 
frequencies, the necessary alteration should be made to ensure that the 
junction is equivalent to an ideal shunt or series circuit as explained in 
Sec. 7-1. It would probably be impractical to attempt this with any 
junction other than the 120° junction. 

If the complete 120° symmetry is not used, there should, if possible, 
be symmetry of the transmitter and antenna arms with respect to the 
other arm since the proper transmitter match is most important. If the 
two arms used for reception (or transmission) lack symmetry with 
respect to the third, they should be checked for reflection loss with a 
plunger in the third arm. 

The ATR junction has been discussed in Chap. 4. At low power 
level the only important aspect is its effect on the Q. At high power 
level the problem is the same for both TR and ATR junctions. The 
distance from the window to the waveguide wall must be adjusted to 
give a good match for transmitter power. In principle, this is done at 
high power level so that the switch will be broken down. In practice, 
it is much simpler to make such measurements at low power level, and 
to simulate the conditions of high power level by short-circuiting the 
electrodes or detuning sufficiently. For low-Q tubes with large windows, 
it is necessary to cover the inside of the window with Wood's metal or 
with some other conductive coating. 

It is more accurate in one respect to make this sort of standing-wave-
ratio test at low power level. Because of the finite firing time of the arc, 
the standing wave measured at high power will be an average of that 
before and after firing although the standing-wave ratio of interest is that 
measured after firing. If the detecting element reads average power, the 
"apparent" standing-wave ratio in power at high power level is 

where W is the total energy per pulse received by the probe, and W- and 
W„ are its maximum and minimum values as the probe is moved in the 
slot. If it is assumed, for example, that the line is matched when the 
tube is fired, 

2 _ f iPi , + TJ>t 
r TJ>1% + TJ>i' 
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where TY and T2 are the lengths of the portions of the pulse before and 
after firing, Pix and Pln are the maximum and minimum powers in the 
standing wave before firing, and P 2 is the power after firing. If it is 
assumed that the junction reflects completely before firing, Pln = 0 and 
Pi, = (Tu) 2 = (2F2)2 = 4P2 where Vlx and V2 are the voltages cor
responding to the powers P ^ and P2 , if unity impedance is assumed. 
Finally, 

r* = 1 + 4 J-
If, for instance, the firing time is one tenth of the remainder of the pulse, 
then r2 = 1.4, whereas the actual standing-wave ratio after firing is 1.0. 
This effect is not ordinarily noticeable for long pulses but may be so for 
pulse lengths of 0.1 jusec or less. 

If the junction is to be used over a band of frequencies greater than 
1 or 2 per cent, it will probably be necessary to mount the cavity with 
the window flush with the wall of the transmitter line although, for narrow 
bands, it can be set back one-half wavelength. 

High-Q cavities are often iris-coupled to the narrow side of a wave
guide simply by cutting a small hole in the waveguide wall. At high 
power level the hole usually appears as a capacitive susceptance of small 
magnitude. This can be canceled by adding a small transverse strip 
of metal on the opposite side, as for the inductive matching iris, or the 
mismatch may be small enough to be neglected. If TR and ATR cavities 
which have the same mismatch are mounted one-quarter wavelength 
apart, the susceptances will cancel almost completely. Unfortunately 
the ATR cavity usually has a much larger window than any high-Q TR 
cavity. A voltage standing-wave ratio of 1.15 has been observed for 
such a combination. 

The window of a low-Q cavity is distinct from the waveguide wall 
and may, therefore, be moved in until the high-level match is achieved. 
Specifications for the voltage standing-wave ratio of fixed-tuned tubes 
are given in Table 4-4 of Chap. 4. Some of the 10-cm-band tubes could 
doubtless be improved by changes in the mount. 

Where a pre-TR switch is used, the TR cavity must be mounted 
with the input window an odd number of quarter wavelengths from the 
input window of the pre-TR tube. In the 10-cm duplexers this distance 
is usually three quarters of a wavelength. This arrangement places 
the input window of the pre-TR tube at a point of maximum voltage 
when the TR tube is fired. 

The distance between TR and ATR junctions must be adjusted for 
best signal reception. For simple iris coupling to the main waveguide, 
this distance is often very close to the nominal one-quarter or one-half 
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wavelength. Therefore, it may be assumed that it is this distance and 
the complete duplexer merely checked as mentioned below. For the sim
ple types of waveguide junctions where the equivalent-circuit constants 
are known, the correction to the nominal spacing can be calculated with
out recourse to experiment but such calculations are valid only when the 
cavity and other components are kept at a distance from the junction 
of at least a quarter wavelength. 

The experimental determination of the correct spacing is made in two 
steps: a measurement on the ATR switch alone, and one on the TR 
junction alone. With the ATR switch tuned to resonance, the position 
of the minimum point of the standing-wave pattern is found relative 
to the ATR junction. Then by means of an adjustable short-circuiting 
plunger in the transmitter arm, that position of the minimum point 
relative to the TR junction which gives the best match for received signal 
is determined. As explained in Sec. 7-7, this determination of the TR-
to-ATR distance is best done at a frequency corresponding to the wave
guide wavelength given by Eq. (7-25). This is near, but not necessarily 
at, the center of the band. 

The measurement of the position of the standing-wave pattern rela
tive to the ATR junction is the determination of the distance of plane 
A of Fig. 4 1 from the center of the junction. This correction is small 
and may be negligible. To make this test, it is necessary to add a tuning 
adjustment to the cavity, if none is present, and to check for resonance 
by measuring R with a plunger as described in Sec. 4-2. A small error 
in cavity tuning would invalidate the phase measurement. To help 
eliminate phase errors which arise if the ATR window is not properly 
centered, the measurement should be repeated after the cavity has been 
removed from the mount, turned 180°, and replaced. The two readings 
can then be averaged. 

After the TR and the ATR circuits have been combined, the TR-to-
ATR distance should be checked again by measuring the voltage standing-
wave ratio looking in from the antenna end. Because of the difficulty 
of making accurate phase measurements in these tests, the distance may 
be found to be in error at this point. To correct it, the plunger position 
which gives the same impedance at the antenna arm as that given by 
the ATR switch is determined. A measurement of the change in plunger 
position from this point to the point of best match gives the error in the 
TR-to-ATR distance. 

If more than one ATR switch is used, the separation between cavities 
must be determined at the same frequency used for the TR-to-ATR 
distance. The data are given by the measurement already made on the 
ATR switch. By using these data, the correct separation is the nominal 
distance plus twice the correction given by the distance of the reference 
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plane from the center of the tube, the correction being counted once for 
each of the two tubes. For a series mount the correct separation may be 
slightly greater than the nominal one-quarter or one-half wavelength, as 
indicated by an inductive susceptance Ba in Fig. 4-10a. For a shunt 
mount, the correction has the opposite sign. 

When the two ATR switches have been combined with half-wavelength 
spacing, their separation may be checked by the mutual-resonance 
method of Sec. 7-10. The error in spacing is then given by Eq. (7-42). 
This sensitive check is not applicable to quarter-wavelength spacing, 
but for that spacing the separation is probably less critical. When 
making this test, it is important to have both cavities tuned exactly to 
resonance at the frequency for which the spacing is to be one-half wave
length. Each cavity can be tuned separately by using the plunger 
method if the other cavity is replaced by a short-circuited dummy. 

In actual operation it is best for a fixed-tuned cavity to be set at a 
frequency which will give equal susceptance at the two ends of the band. 
As this may not be exactly the same as the frequency at which the line 
lengths are adjusted, there may be a slight mutual resonance at some 
frequency if two ATR cavities are used. As this effect will, very 
probably, be small, it is better to tolerate it in order to have the mini
mum loss at band edge. 

8-2. Mechanical Design Problems.—A mechanical problem of con
siderable importance is that of the method to be used for attaching 
the TR and the ATR switches to the main waveguide or other com
ponents. This problem was considered in Chap. 4 in connection with 
the ATR switch, and some of the methods discussed there have been 
applied to TR circuits. One of the most convenient methods is that of 
the choke-flange coupling used for making ordinary waveguide con
nections. The 1B26 TR tube at 1.25 cm, and the 1B24 and the fixed-
tuned TR tube at 3 cm, connect to a standard choke coupling with the 
window in the plane of the flange to permit mounting flush with the wave
guide wall. The choke-flange connectors used at 3 cm on the cavities 
for the 724 tubes were mounted about one-quarter wavelength from the 
windows which were placed one-half wavelength from the main 
waveguide. 

There is some difficulty in building a waveguide junction with a flush 
choke coupling. Because of interference between the choke and the 
waveguide, it is virtually impossible to do this in a series junction. In a 
shunt junction it can be accomplished by eliminating the part of the choke 
occupied by the waveguide and leaving two arc-shaped openings on 
either side of the waveguide. 

The 1B24 TR tube at 3 cm has been mounted on a simple 90° T-junc
tion using split chokes in this manner. Fortunately, because of the 
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peculiar fields at the junction, it was possible to obtain a good high-
level match with the input flange of the tube mounted 0.040 in. back 
from the inside wall of the waveguide, a circumstance which greatly 
facilitated the construction of the mount. 

A duplexer designed at the Bell Telephone Laboratories made use 
of a 1B24 TR tube and an ATR tube of similar construction, both 
mounted on simple 120° //-plane junctions using split chokes.1 In this 
way the main waveguide made a 60° bend at each junction but in opposite 
directions and, consequently, the antenna and the transmitter arms were 
parallel. The same choke construction was applied to the vestigial 120° 
junction of Fig. 7-8. 

At low power level the split chokes are satisfactory since the match 
is not critical. At high power level, because of the distorted fields in 
the junction, a good contact may be required between the flanges of the 
tube and the mount on the 120° junction. The 90° junction seems less 
critical in this respect, but breakdown across the choke gap will occur 
at powers where the 120° junction is satisfactory. 

The high-Q cavities used at 10 cm are often attached permanently 
to the main waveguide since the tubes may be replaced without removing 
the cavities. Similarly, an iris-coupled mixer may be permanently 
attached to such a TR cavity. Most of the fixed-tuned 10-cm tubes 
use the coiled-spring contact described in Chap. 4. In loop-coupled 
circuits the input and output loops often plug into a keyed hole. 

In many systems which must operate at high altitudes or which 
handle high power, the r-f lines are filled with gas (usually air) under 
pressure. For such a pressurized system special precautions are neces
sary in order to make all joints airtight. Pressurizing a duplexer usually 
means sealing off the cavities from the main waveguide. Of course, 
only the components that carry the transmitter power need be pres
surized. This eliminates not only the output circuit of the TR switch, 
but even the interior of the cavity since the cavity is only weakly coupled 
to the main line during transmission. Naturally the part of the cavity 
that contains the special gas for the r-f discharge must be sealed off 
from the atmosphere. 

One way to pressurize a cavity is to enclose it completely and to 
provide special pressurized fittings for the output terminal, the keep-
alive connection, and the tuning controls. Figure 8-1 shows an example 
of this technique as applied to the 721A cavity used on 1-in. coaxial 
line. The removable parts of the cover are sealed with rubber gaskets. 
The 3-cm ATR tubes, 1B35 and 1B37, must be mounted in a special 
holder, Fig. 4-20, which encloses the tube except for one end. These 

1 A. B. Crawford, " X Band Duplex Circuit for 1B24 Type TR and ATR Tubes," 
BTL Report No. MM-44-160-92, Apr. 22, 1944. 
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tubes have been pressurized by adding an outer flange on the holder to 
take a cover that goes over the exposed end of the tube and by a rubber 
gasket that seals the cover. 

Tubes that have a glass window sealed in the iris of the cavity 
may be pressurized by sealing the cavity to the waveguide with a rubber 
gasket. The cavity window is then part of the pressurized system. At 
3 cm the fixed-tuned TR tube and the tunable 1B24 tube are made to 
fit the standard UG-40/U waveguide connector which is provided with a 
groove for a rubber gasket. At 10 cm the fixed-tuned TR and ATR 

F I G . 81.—Pressurized coaxial duplexer. 

tubes have a flat flange which compresses a flat rubber gasket. The 
1B38 pre-TR tube carries no flange but is mounted in a housing which 
has a joint with a flat flange and gasket. Since the pre-TR tube itself 
is not sealed to the housing, the output waveguide and TR cavity must 
still be pressurized. 

Cavities that are iris-coupled to waveguide or to coaxial line have 
been sealed by cementing polyglas across the input window. In 10-cm 
waveguide duplexers a sheet about -^j in. thick is sealed to the inside 
surface of the waveguide by means of Pliobond cement. 

A problem analogous to pressurization is that of the elimination of 
the r-f leakage. Where high transmitter powers are used, r-f energy 
which radiates from joints in the transmission line may cause serious 
interference with other circuits, particularly the automatic-frequency-
control circuit whose functioning is most critical during transmission. 
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Of course, any method of connecting microwave transmission lines in
volves efficient chokes or uniform contact to ensure a match. Even 
when this is done, however, there may be appreciable leakage which 
necessitates additional shielding. Where pressurization is not required, 
metal gaskets may be used in the grooves intended for rubber pressuriz
ing gaskets. These gaskets have been made by compressing thin shavings 
of monel metal in a mold of the same shape as the gasket. 

8-3. Duplexers in Coaxial Line.—Coaxial duplexers based on the 
broadband T-junction described in Sec. 7-1 have been widely used for 
10-cm-band radar systems in £-in. diameter line. Figure 8-2 shows such 
a duplexer with a 721A TR tube. The antenna connection is at the upper 

F I G . 8-2.—A 10-cm band loop-coupled coaxial duplexer for }-in. line. 

left, and the magnetron transmitting tube is connected directly to the 
side arm in the upper center. The distance from the junction to the 
magnetron cavity is kept as small as possible to minimize the variation 
in the cold impedance seen at the junction. Figure 8-1 is a pressurized 
duplexer for J-in. line. The loop-coupled mixer appears at the top of 
the picture. 

The effect of cold impedance on received signal for a duplexer of this 
type was studied by R. V. Pound and Rose Berger for 10.7-cm magne
trons.1 They found that the cold impedance of these tubes was suffi
ciently uniform to permit setting a manufacturing specification limiting 
the standing-wave ratio to values greater than 20 db and the phase 
variation to + 5 mm beyond that which is due to wavelength changes. 
The maximum signal loss from improper cold impedance to be expected 

1 R. V. Pound and Rose Berger, "Preplumbing of Tees for G-Band," RL Report 
238, Nov. 3, 1942. 
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anywhere within the 7 per cent band was then 0.8 db, of which 0.4 db 
was caused by the finite standing-wave ratio of the magnetron. 

Figure 8-3 illustrates a duplexer in |- in. coaxial line using iris-coupled 
cavities and 721A tubes. A circuit of this type was designed at Radiation 

FIG. 8-3.—Coaxial duplexer with iris-coupled cavities. 

Laboratory and represents one of the few coaxial applications of an ATR 
switch. An iris-coupled TR cavity at 10 cm was also designed at the 
Bell Telephone Laboratories.1 

1 J. P. Schafer, "SCR-545 Standard Loop Output TR Boxes," BTL MM-43-160-28 
March 18. 1043. 
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Figure 8-4 shows a small low-powered assembly of r-f transmitting 
and receiving components for a 10-cm system using tubes of the light
house type for transmitter and local oscillator. The TR cavity with a 
1B27 tube is seen near the center of the picture and the type N antenna 
fitting projects upward at the right center. Just to the left of this, the 

F I G . 8-4.—Lighthouse-tube assembly of transmitting and receiving components. 

side arm of the T-junction leads up to the input loop at the right side 
of the bottom of the TR cavity. 

The control of the transmitter cold impedance presented a special 
problem in this system since the transmitter cavity was coupled to the 
line by means of an adjustable probe. To get maximum power from the 
transmitter it was necessary to compensate for the variation among tubes 
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and cavities by an adjustment of this kind. This adjustment, however, 
had a marked effect on the cold impedance, and it was usually necessary 
to decouple the probe to a point at which the transmitted power was 
somewhat below the maximum in order to get a satisfactory match for 
the received signal. 

At a later stage of development a study was made of the dependence 
of the transmitted power and the phase of the cold impedance on the 
depth and diameter of the probe for a number of transmitter tubes and 
wavelengths.1 A junction distance and a probe design which would 
minimize the over-all loss of trans
mitted and received signal were 
chosen. I t was concluded that 
the elimination of the probe ad
justment by this design would 
permit a loss totaling not more 
than a few decibels for the usual 
tubes and cavities. 

8-4. A Double-tuned Duplexer. 
The duplexer of Fig. 8-5 was 
designed for 1050 Mc/sec and 
differs rather radically from those 
used at s h o r t e r wavelengths. 
This device, which was developed 
at Naval Research Laboratory, 
provides for coupling the trans
mitter, antenna, mixer, and local 
oscillator d i r e c t l y to the TR 
cavity.2 For comparison, Fig. 
8-6 is a schematic representation 
of a more conventional radar sys
tem. The transformers represent 
coupling loops or irises in the 
Cavities of transmitter, TR switch, F I G . 8-5.—Duplexer for 1050 Mc/sec. 
and local oscillator. At high power 
level the TR cavity introduces a short circuit in loop L2 so that the trans
mitter is connected directly to the antenna. If the transmitter cavity is 
sufficiently detuned when the electron beam is turned off, a short circuit 
is introduced across loop Li at low power level, and the antenna is coupled 
directly to the TR cavity. Since the received signal differs from the 
resonant frequency of the local oscillator by the intermediate frequency 

1 R. E. Taylor, "TR Distance and Fixed Probe Possibilities for the LHTR Unit," 
RL Report No. 52-12/27/44. 

» M. Clark, "The Double Tuned R. F. System: The TR Box," NRL Report CRG-
56, Dec. 19, 1944. 
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Transmitter TR cavity Local oscillator 

Antenna Mixer 

Antenna coupling 
rod 

F I G . 8-6.—Radar r-f system. 

of the receiver, the loop Li appears as a short circuit to the signal "'hich is 
matched into the mixer. Likewise 

L3 is a short circuit for the local-
oscillator power which also goes 
into the mixer. 

In the present duplexer the 
transmitter and TR cavities were 
placed close together so that loops 
Li and L2 could be replaced by a 
single loop coupled to both cavities. 
Similarly L3 and Li were reduced 
to one loop. In Fig. 8-5a the type 
N coaxial fitting at the right is the 
antenna connection, and that at the 
left is the mixer lead. The TR 
cavity consists of the central por
tion of the large section of rectan
gular tubing which forms the body 
of the duplexer, and the open ends 
of the tubing are the transmitter 
and the local-oscillator connections. 
The cavities of these oscillators are 
attached directly to the duplexer 
with the transmitter on the right 
and the local oscillator on the left. 
Figure 8-56 is a view looking in 
from the transmitter end at the 
antenna coupling loop. 

The T R cavity is actually a 
double-tuned circuit with a pass 
band about 2.5 per cent wide at 3 

db, The partition shown in Fig. 8-7 extending part way across the center 

TRtubf 

Fia. 8-7.—Cross section of the duplexer 
for 1050 Mc/sec. 
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of the duplexer divides it into two cavities with a common iris. There is 
a post down the center of each cavity and a small gap between the post 
and the cavity wall. The cavity voltage is developed across this gap 
which, on the transmitter side, is formed by the electrodes of the TR 
tube. 

Two tuning rings which move along the two center posts of the cavi
ties can bring any frequency from 950 to 1150 Mc/sec within the pass 
band. These rings are made of silver-plated ceramic material supported 
by a ceramic bridge. The tuning is linear with the displacement of the 
tuning slugs and requires about f-in. travel to cover the band of 200 
Mc/sec. The two cavities must have the same characteristics to obtain 
the proper bandwidth. This is accomplished by means of an adjustment 
on the gap in the right-hand cavity to match variations in TR tubes. 
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F I G . 8-8.—Bandpass characteristics of the double-tuned T R circuit. 

Figure 8-8 shows plots of the transmission characteristics of the TR 
circuit with the center of the pass band set at 1050 and 1150 Mc/sec. 
The curve for 950 Mc/sec is similar to that for 1150 Mc/sec. 

The attenuation through the TR cavity of the third harmonic of 
the transmitter frequency was so slight (about 1 db) that a special third-
harmonic filter was added between the T R cavity and the mixer to pre
vent crystal burnout.1 

8-6. Waveguide Duplexers.—Figure 8-9 shows a waveguide duplexer 
for the wavelength range 8.1 to 8.8 cm with shunt-coupled T R and ATR 
cavities for the tunable 1B27 tube. Since the cavities are placed only 
one-quarter wavelength apart, space limitations make it necessary to 
mount them on opposite sides of the waveguide. The two coaxial 
fittings projecting toward the camera are the connections on the mixer 
which is iris-coupled to the TR cavity. The large solenoid operates 
the crystal gate which protects the crystal when the keep-alive current 

1 R. Novick, "The Double Tuned R-F System: The Mixer," NRL Report CRG-57 
Dec. 23, 1944. 
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is turned off. The left end of the waveguide goes, of course, to the 
antenna, and the right end goes to the transmitter. 

FIG. 8-10.—Duplexers for 10.7 cm. 

The upper duplexer of Fig. 8-10 is used in the band from 10.3 to 11.1 
cm with a series-coupled pre-TR switch and tunable 1B27 TR and ATR 
tubes, the latter shunt-coupled. The TR and ATR junctions are one-
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half wavelength apart. The iris-coupled mixer is mounted on the TR 
cavity and the crystal-gate solenoid to the right of the cavity. The 
short waveguide at the top, which 
makes an acute angle to the trans
mission line, is a d i r e c t i o n a l 
coupler for checking system per
formance. The system is pressur
ized with polyglas at the windows 
of the TR and the ATR cavities 
and with a rubber gasket at the 
flange on the pre-TR housing. 

The lower duplexer of Fig. 
8-10, which is also designed for the 
10.7-cm band, has the same TR 
and pre-TR circuit but uses two 
fixed-tuned series-coupled ATR 
tubes separated by one-half wave
length. The pre-TR tube is one-quarter wavelength from the first ATR 
tube. Figure 8-11 shows the results of some measurements of the loss in 
received signal in a duplexer of this kind. The transmitter was replaced by 

10.3 10.5 10.9 11.1 10.7 
\ in cm 

F I G . 8-11.—Maximum reception loss for 
a 10.7-cm band duplexer. The points 
are experimental values, and the curve is 
the calculated branching loss. 

F I G . 8-12.—A 3-cm duplexer for 724B tubes with tunable mixer. 

a short-circuiting plunger which was adjusted at each wavelength to give 
minimum power at the receiver. The accompanying curve is the calcu
lated maximum total loss at each wavelength. This was determined 
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by assuming a 1-db loss for the TR circuit plus the maximum possible 
branching loss by using the measured values of G and QL given in Table 
4-4 for the 10.7-cm band ATR tube. The actual values of G and QL for 
the tubes used were not available and may have been somewhat different 
judging by the low values for the experimental losses. The asymmetrical 

I 'm. HI 3.—A 3-cm duplexer for fixed ATR and tunable T R tubes. 

F I G . 8-14.—Narrow-band fixed-tuned duplexer for 3 cm. 

distribution of the experimental points is probably caused by some error 
in the separation of the ATR cavities or in their tuning. 

Figure 8-12 is an early 3-cm duplexer and mixer assembly. The 
tunable cavities with 724B tubes are mounted one-half wavelength from 
the main waveguide on series T-junctions one-quarter wavelength apart. 
They are connected to the waveguide through choke-flange couplings 
with knurled nuts and aligning pins. The mixer is tuned by the plunger 
and tuning screws. 

A more recent 3-cm duplexer is shown in Fig. 8-13. The rectangular 
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box on the left is the mount for the fixed-tuned 1B35 ATR tube. The 
tunable 1B24 TR tube is attached to the flange mounted at the center of 
the waveguide to form a shunt junction of the vestigial 120°-Y type 
shown in Fig. 7-8. The large-diameter groove in this flange holds a 
pressed metal gasket which prevents r-f leakage. The flange to the right 
of this one connects to a small attenuating waveguide which is used to 
couple out one or two milliwatts of the transmitter power to operate the 
automatic-frequency-control circuits for the receiver. The small cylinder 

Fio. 8-15.—Wideband fixed-tuned duplexer for 3-cm. 

above the flange is the connection to a directional coupler. For mechani
cal simplicity the separation between TR and ATR junctions is made one 
wavelength rather than one-half wavelength. This is permissible since 
the duplexer is designed to be used over a band only 2.6 per cent wide. 

The duplexer of Fig. 8-14 is designed for the same band and has the 
same ATR circuit but uses a fixed-tuned TR tube shown mounted one-
half wavelength from the main waveguide on a series T-junction matched 
with an inductive iris in the T R arm. The external appearance of the 
ATR mount is slightly different from the preceding model, but it has the 
same interior and fits the same tube. 

The duplexer of Fig. 8-15 uses the same tubes as the preceding duplexer 
but can be operated over the much broader band of 12 per cent from 3.13 
to 3.53 cm. This is made possible by mounting the TR tube flush with 
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the main waveguide wall on a vestigial 120° Y-junction and using two 
ATR tubes one-half wavelength apart with the first tube one-half wave

length from the TR junction. 
For the lower half of the band 
from 3.13 to 3.33 cm, 1B35 ATR 
tubes are used, and for the upper 
half from 3.33 to 3.53 cm, 1B37 
tubes are used. 

The duplexer shown in Fig. 
8-16 is an at tempt to place the 
ATR tube close to the TR junc
tion to avoid the adverse effects 
of the variation with wavelength 
of the distance between TR and 
ATR tubes.1 The advantage of 

this construction seems to be partly offset by the increased QL of the 
ATR cavity as shown in Table 4-3 of Chap. 4. 

Figure 8-17 is a view of a duplexer for 1.25-cm wavelength with the 
1B26 tunable TR tube in front. The waveguide connection just to the 

FIG. 

TRtube 

Receiver 

816.—Duplexer with TR and ATR 
tubes at the same junction. 

FIG. 8-17.—A 1.25-cm duplexer. 

left of the TR tube carries the r-f power for automatic frequency con
trol. Another view of the same duplexer in Fig. 8-18 shows the mixer 
attached just above the duplexer. The two coaxial fittings of the BN 
type are the i-f leads from the two crystals, the left one for automatic 

1 Samuel, Crandall, and Clark, "Final Report on Broad-Band TR and ATR 
Tubes," NDRC-14-402, Sept. 30, 1944. 
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frequency control and the right one for the radar signal. The 1B36 
fixed-tuned ATR tube plugs into the lower part of the duplexer where it 
is secured by the large knurled nut. The TR and the ATR tubes are 
both series-mounted and spaced one-quarter wavelength apart. 

8-6. Two-channel Duplexers.—In certain systems it may be desir
able to receive simultaneously two signals, for example, radar and beacon, 
on two separate receivers tuned to different frequencies. A convenient 
method of isolating the two channels is the use of two high-Q cavities, 
one for each channel. i 

The assembly shown in Fig. 8-19 uses two tunable TR cavities with a 
single pre-TR switch.1 Since in this instance the signals differed in 

FIG. 8-18.—A 1.25-cm duplexer and mixer. 

frequency by about 6 per cent, the window of the radar TR cavity 
appeared as a short circuit to the beacon signal and vice versa. The 
additional TR cavity, therefore, introduced no complication in matching 
the line to the receiver at either frequency. A tunable ATR switch was 
used at the radar frequency but none was used for the beacon signal. 
The branching loss of the beacon signal was minimized by a favorable 
transmitter cold impedance. 

The necessity for sharing the pre-TR tube should be noticed. Since 
the window of a T R cavity mounted behind a pre-TR tube is three 
quarters of a wavelength from the main waveguide, it presents a high 
impedance at the main waveguide wall when tuned off resonance. If 
each TR cavity were mounted with its own pre-TR tube at a different 
point on the transmitter line, the one nearer the antenna would interrupt 
the signal destined for the further one. 

•L. D. Smullin, "Modification of CPS-6 Duplexer to Allow Simultaneous Beacon 
and Radar Reception," RL Report No. 53-4/16/46. 
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F I G . 819.—Two-channel duplexer for 10 cm with a pre-TK tub.e. 

4k ..,.,- . «i 

Fio. 8-20.—Duplexer for two channels using two ATR tubes. 
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Figure 820 illustrates another form of two-channel duplexer. I t 
comprises an ATR switch for each channel, and since no pre-TR tube is 
necessary, two TR cavities are mounted directly on the main waveguide. 

8-7. An Attenuator Switch.—In some radar systems the transmitted 
power is attenuated at times in order to confuse enemy listening stations. 
This attenuation, which might be as high as 20 or 30 db, would normally 
be introduced between transmitter and duplexer where it would not affect 
the received signal. In some sets, however, it has proved more con
venient to install the attenuator between duplexer and antenna and to 
add an ATR switching device to allow attenuation only during 
transmission. 

Since it may be necessary for the attenuator to absorb virtually all 
of the transmitter power, it is preferable to divert this unused power into 
another line which can be termi
nated in a special load capable of 
high power dissipation. The power 
entering the transmitter arm of Fig. 
8-21 divides at the junction between 
the antenna arm and the arm lead
ing to a dissipative load. If the 
extensions of the plungers in the 
two stub arms differ by one-quarter 
wavelength and if the two output 
arms are matched, the impedance 
seen from the transmitter arm will 
be a match. By moving the plun
gers synchronously, the transmitter 
power may be divided between antenna and load in any desired ratio. 
The switch, which is fired during transmission, has no effect on the 
plunger action. 

The least power will reach the antenna arm when the plunger in the 
left-hand stub arm inserts a high impedance in the line. At that time 
the received signal would also be largely reflected if there were no switch. 
The switch, however, ensures a low impedance for every plunger position, 
and the signal encounters no mismatch except at the junction. When 
all the transmitted power is being delivered to the antenna, the received 
signal suffers no loss at the junction. When maximum transmitter 
power is being diverted to the load, the right-hand stub arm presents a 
low impedance. The received signal at the junction is then presented 
with a match in both the receiver and in the load arms. The power 
divides equally between the two arms and, including reflections from the 
terminating impedance ZT = 2, the total signal loss is 3.5 db. 

To antenna 
l . , 

-4 

r M 
l ' -re 

1 To transmitter and 
receiver 

821.—Attenuator switch. 
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By an examination of the transmission ratio 

1+X] P_ 
2i + XJ 

Symmetry plane 

expressed in terms of the reactance X, of the right-hand stub, it may be 
confirmed that the received signal loss always lies between 0 and 3.5 db. 
If it is necessary, this loss can be obviated by a second switch on the right-
hand stub. 

BALANCED DUPLEXERS 
BY CABROLL W. ZABEL 

I t becomes difficult to use the branched-duplexer technique when a 
very flexible, broadband duplexing unit is desired, or When a c-w power 
source is used instead of a pulsed power source. For these uses the 
development of a variety of magic T's has made possible a new technique. 

8-8. Properties of a Magic T. 
The general properties of a magic 
T are most easily described by con
sidering the symmetrical combina
tion of an 2J-plane T and an 
tf-plane T (Fig. 8-22). This de
vice is completely symmetric about 
a plane which bisects the .E-plane 
and the H-plane T's. If generators 
and loads are placed on the various 
arms in such a way that the sym
metry of the device is not disturbed, 
then the electric field in the wave
guide must be either even or odd 
about the symmetry plane, or it 
must be a linear combination of the 
even and odd fields. The sym
metry of an electric field at a dis

tance x from this symmetry plane is described by the equations 

Arm 3 

Arm 1 

Arm 2 

-•—Arm 4 

F I G . 8-22.—A magic T. 

if the field is even, or 
E(x) = E(-x), 

E(x) = -E(-x) 
if the field is odd. Let us consider, for example, a generator on arm (4) 
and matched loads on the other three arms. The symmetry has not 
been disturbed. Since the electric, field in arm (4) is even about the 
symmetry plane, the electric field must be distributed with an even 
symmetry throughout the entire structure. Thus at any instant of time 
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the phase of a wave in arm (1) at a distance d from the symmetry plane 
must have the same phase as a wave in arm (2) at the same distance d 
from the symmetry plane. Arm (3), however, will not propagate a 
mode which is even about the symmetry plane, and therefore no power 
will be coupled into this arm. In general there will be a reflected wave 
in arm (4), but this can be eliminated by introducing a matching device 
which is symmetrical about the symmetry plane. The device usually 
employed is a post placed in the bottom of guide (l)-(2) projecting up 
into arm (3). With this device in place, one-half the generator power 
will couple to arm (1) and one-half to arm (2). 

Next consider a generator on arm (3) with matched loads on the 
remaining three arms. Here again the symmetry is preserved but now, 
since the field in arm (3) is odd about the symmetry plane, the electric 
field in the entire structure must be odd about the symmetry plane. 
No power will be coupled into arm (4) because the only mode that arm 
(4) will propagate has an even distribution of the electric field about the 
symmetry plane. However, the phase, at any instant of time, of the 
wave in arm (1) at a distance d from the symmetry plane will be out of 
phase with a wave in arm (2) at the same distance d from the symmetry 
plane. Any reflected wave in arm (3) may be eliminated by introducing 
a matching device symmetrically about the symmetry plane; this is 
usually an inductive iris. Here again all the generator power divides 
equally between arm (1) and arm (2). 

The result of placing two coherent generators on the device may now 
he considered: one on arm (3), the other on arm (4), and matched loads 
on arms (1) and (2). Under these conditions, also, the symmetry is 
not disturbed. Since arm (3) is independent of arm (4) the amplitudes 
and the phases of the two waves may be varied independently. In partic
ular, the amplitudes may be adjusted until they are equal, and the phases 
adjusted until the wave coupled from arm (3) to arm (1) is in phase with 
the wave coupled from arm (4) to arm (1). 
This adjustment makes the waves in arm 
(2) just out of phase, and hence no power 
will be coupled to arm (2). Thus, with 
due regard to phase and amplitude, power 
incident at arm (3) and arm (4) couples 
only to arm (1). By reversing the direction 
of time, therefore, power incident in arm (1) 
couples only to arm (3) and arm (4), and not FIG. 8-23.—A lossless passive 
t o a r m (2). T h e ampl i tudes of t h e waves four-terminal-pair network. 
in arm (3) and arm (4) are equal and there is a particular phase relation
ship between the two waves. The above argument may be repeated, 
but this time the phases of the waves in arms (3) and (4) are adjusted 

Waveguide 
junction Arm 2 



352 BRANCHED AND BALANCED DUPLEXERS [SEC. 8-9 

so that the two waves coupled to arm (2) are in phase while the two waves 
in arm (1) are 180° out of phase. By reversing time it is seen that power 
incident in arm (2) is divided between arm (3) and arm (4), but the 
relative phase of one of the waves differs from the former case by just 
180°. 

By matching arm (3) and arm (4), arm (1) and arm (2) have also been 
matched and the coupling between arm (1) and arm (2) has been elimi
nated. In fact, a four-terminal-pair lossless structure, Fig. 8-23, has 
been made which has the property that power incident on any terminal 
pair divides equally between the two adjacent terminal pairs with no 
reflected power and no coupling to the opposite terminal pair. 

There are many physical structures in waveguide and in coaxial 
line which have the properties of a magic T. The magic T described 
above has been widely used because of the simplicity of its construction. 
Particular applications of magic T's often require other types. 

8*9. Linear Balanced Duplexer.—The use of a c-w generator in a 
system imposes more stringent conditions on the duplexer than are 
imposed by a system that involves the use of a pulsed generator. A 
device is required which keeps the generator or transmitter disconnected 
from the receiver at all times, and yet allows maximum coupling between 
the transmitter and the antenna, and maximum coupling from the 
antenna to the receiver. More precisely, the product of the two coupling 
coefficients must be a maximum. 

Consideration of this problem shows that it is impossible to construct 
a lossless three-terminal-pair network which will satisfy these require
ments. I t is desired that the coupling between terminals (1) and (2) 
be zero, Fig. 8-24. If a wave is incident on terminals (1), there will 

ra be, in general, a reflected wave at termi
nals (1) and a transmitted wave from 
terminals (3). Similarly if a voltage is 
incident on terminals (2), there will be 

. „ a reflected wave on terminals (2) and a Arm i ,— —• Arm 2 . x ' 
„ . transmitted wave on t e r m i n a l s (3). Transmitter --\ f-» Receiver V However, when the direction ol time m 

FIG. 8-24.—A lossless passive three- both cases is reversed, the self-contradic-
terminal-pair network. t o r y r e g u l t i g 0 b t a i n e d that either the 

coupling between terminals (3) and (1), or the coupling between terminals 
(3) and (2), must be zero. In other words, there is zero coupling, either 
between the transmitter and the antenna or between the antenna and the 
receiver. 

It can be shown, however, that there does exist a lossless four-terminal-
pair network which satisfies the requirements stated and that such a net
work is the magic T. Figure 8-25 indicates the use of a magic T as a 
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Arm 3 
Antenna or 

transmission line 
I 

Arm 1 
Transmitter 

duplexer during transmission and reception. I t is important to realize 
that this is the best possible solution using a lossless four-terminal-pair 
network and that this solution necessitates a 3-db loss of transmitted 
power and a 3-db loss of received 
power. Thus a total loss of 6 db is 
the minimum attenuation possible 
when this type of duplexing is used. 

I t is apparent that this device can 
be used in microwave communication 
in a manner1 entirely analogous to the 
hybrid coil in low-frequency com
munication. Several magic T's may 
be combined into a complicated 
duplexing structure involving several 
transmission lines or antennas. 

These statements are easily proved. 
With matrix notation and with reference to Fig. 8-24, the most general 
three-terminal-pair device may be represented as 

*■ Arm 2 
Receiver 

FIG. 

Arm 4 
Matched load 

8-25.—A magic T as 
balanced duplexer. 

a linear 

611 
b2 
b* 

= 
r-Su 

$ 2 1 

<S>31 

$ 1 2 

$ 2 2 

$ 3 2 

$ 1 3 

$ 2 3 

$ 3 3 

ffll 

0 2 

a3 

where o; is the incident complex amplitude in arm (i) and bt is the 
scattered complex amplitude in arm (i). Amplitudes 6; and o ; are so 
normalized that their absolute values squared represent the incident and 
scattered powers. 

If the device is linear and lossless, then its matrix must satisfy the 
two conditions 

Sij = kji-
SS* = I. 

If these two facts are used and the scattering matrix is rewritten to 
include the first requirements of a balanced duplexer, then 

$ n 0 
0 $2 
O13 O2 

$ 1 3 

$ 2 3 

$ 3 3 

Since SS* = I, this means that $i3$*3 = 0. Thus either Su or $23 
must be zero. But $13 is the coupling from generator to antenna which 
must not vanish, and $23 is the coupling from antenna to receiver which 
also must not vanish. I t must then be concluded that there does not 

1 W. A. Tyrrell, "Bridge Circuits for Microwaves," BTL MM-43-160-23, Feb 12, 
1942, 
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exist a three-terminal-pair, linear, lossless network that will satisfy the 
requirements of a linear duplexer. 

Let us now ask if there exists a linear, lossless, four-terminal-pair 
network which may be used. It is desired that Sw be zero, and that 
|(Si3|2|»Si23|2 be a maximum. Each termination may be removed and 
replaced with a lumped impedance and a matched termination with
out destroying any of its properties. That is, Sw will still be zero and 
|<Siia|2|iSss|2 will still be the maximum. Now, however, Sn and Sa must 
be zero. If this were not true the generator could be mismatched and 
S13 increased without changing S23. But |<Si3|2|S23|2 is already a maxi
mum, therefore Su must be zero. 
the scattering matrix is 

Similarly Si2 must be zero. Now 

Since SS" = 

S = 

1, 
1* 

' \& 
\Sl3\2 + 1-5 
|S14j2 + \& 

0 0 Sn Slt 
0 0 023 024 
»Sl3 IJ23 $33 O34 
O14 O24 «34 Sn 

?13|2 + |Si«|« = 1, 
J«|* + l ^ l 2 = i, 
'M| J + |S33l2 + I-S34I 
\<\2 + j.S34|2 + |S44 | 

! = 1, 
2 = 1. 

(1) 

(2) 

If the first two equations are added, 

\sl3\2 + |s1 4 |2 + !s24|2 + |&,|» 2. 

From the second two equations 

|S„j2 + |,SM|* + \Su\2 + \S2i\- + IS33I2 + |S44 |2 + 2|£34|2 = 2. 

Thus 
IS33I2 + |»S'44[2 + 2|S34|2 = 0, 

and, since each term must, be positive, each term must vanish. From 
Eqs. (2), this means that 

|Sl3|2 + [iS„|* = 1, 
|Sn|2 + |-S24|2 = 1. (3) 

If these equations are substituted in Eq. (1), 

\Sl3\ = [S24I, 
and 

\SU\ = \S»\. 

If the first of Eqs. (3) is squared 

ISHI'IS,,!* = i ( i - |s13|4 - |s23|4). 
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If |<Si3|2|S23|2 is a maximum, the derivative with respect to <S23 must be 
zero, or 

2|S„[' - 1 + (T^f i , ,F = 0, 
and 

[S23|2 = I 

If this result is substituted in Eqs. (1) and (3) 

\sM\ = \slt\ = \su\ = |&. 1 
V2 

This device is, however, the magic T. Therefore it has been proved 
that the best possible four-terminal-pair, lossless, linear network for use 
as a linear duplexer is the magic T. Furthermore, the maximum value 
of |>Si3|2|»S23[2 is i. The maximum amount of useful power is thus 6 db 
below the generator power, and the minimum amount of loss in such a 
device is 6 db. 

8-10. Nonlinear Balanced Duplexer.—If it is possible to add non
linear elements to a duplexer, much better use of the magic T may be 
made. Let us consider, first, the possibilities when a pulsed magnetron 
is used as the power source, and TR gas switches are used as the nonlinear 
elements. I t will be assumed that the waveguide type of magic T dis
cussed in Sec. 8-8 is used. 

Consider first an arrangement of two magic T's as indicated in Fig. 
8-26. Power incident in arm (4) TR swjtChes 

will divide between arms (1) and 
(2) in an even fashion: at a given 
distance from arm (4), the voltage 
in arm (1) will be in phase with the 
voltage in arm (2). If the upper 
path to the second T has the same 
electrical length as the lower path, 
the two waves will arrive in arms 
(1') and (2') in phase. These two 
waves will thus couple only to arm (4'). Similarly, power incident in 
arm (3) will arrive in arms (1') and (2') out of phase, and thus couple 
only to arm (3')-

If a pulsed transmitter is placed on arm (4) and a TR switch is inserted 
in the upper path at a distance d from the first magic T, the TR switch will 
fire, reflecting most of the power back to arm (1). The leakage power 
will be incident in arm (1'). A second TR switch, identical with the 
first, may be placed in the lower path in various positions. If it is placed 
at the distance d + A„/4 from the first magic T, then the total path of 

A balanced magic-T duplexer. 
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the power from the T to the lower TR switch and back to the T will 
be a half-wavelength longer than the similar path to the upper TR switch. 
The reflected wave in arm (1) will then be 180° out of phase with the 
reflected wave in arm (2). Now the transmitter power will couple 
only to arm (3), and the transmitter will see a matched load. The 
leakage power from the lower TR switch will arrive in arm (2') in phase 
with the leakage power in arm (1') from the upper T R switch, and, 
therefore, the leakage power will all couple to arm (4')- A low-power 
signal arriving in arm (3) will not fire the TR switches and, therefore, 
will couple only to arm (3')-

Several observations may be made about the operation of such a 
duplexer. First, the antenna is completely disconnected from the trans
mitter when the TR tubes are not firing. Regardless of its impedance, 
there will be no loss of signal to the transmitter. Since no ATR tubes 
are required, it might be possible to make a device matched over a 
broader frequency band than is possible by the branched-duplexer 
technique. 

Second, all the leakage power will be dissipated in the matched load 
in arm (4') while no leakage power is coupled to the receiver on arm (3')-
In order for this to be true, both the relative phase and the amplitudes of 
the waves in arms (1') and (2') must be identical. Thus, not only must 
the electrical length of the transmission lines or waveguides in the upper 
path be the same as in the lower path, but the phase shift in the two TR 
switches must be the same. In order for the device to be used over a 
band of frequencies, the Q of the two TR switches must be identical. 
Since the amplitudes of the two waves must be equal, the amplitudes of 
the leakage powers from the two TR switches must be the same through
out the entire magnetron pulse. This is difficult to accomplish. The 
gas discharges in the two TR tubes must start at the same time and in 
the same manner. In practice some leakage power enters arm (3') to the 
receiver. The leakage power from each TR tube must be low enough 
to protect the receiver. The amount of decoupling of the leakage power 
to the receiver must not be relied upon too heavily. 

The bandwidth of this device is controlled by the impedance seen 
by the transmitter and by the Q of the TR switch. The Q of the TR 
switch determines the bandwidth in exactly the same manner as it deter
mines the bandwidth for the branched duplexers. The standing-wave 
ratio seen by the magnetron is determined by the difference in path to the 
upper and to the lower TR switch. When the difference is exactly one-
quarter guide wavelength, there is no reflected wave. As the wavelength 
is changed, the difference in path length is altered and a reflected wave is 
produced. Moreover, the magic T itself has a finite band over which it is 
well matched. 



SEC. 8-11] RING-CIRCUIT DUPLEXER 357 

8-11. Ring-circuit Duplexer.—There are several balanced duplexers 
that operate on the general principles discussed in Sec. 810, but which 
differ physically. The power-handling capacity as well as the maximum 
bandwidth varies considerably. They also differ in the type of magic 
T used. The balanced duplexer that uses a combination of A'-plane 
and //-plane T's is limited to power levels of less than 150 kw, at 3 cm, 
for arcing occurs at about that power level around the matching post. 
It has a bandwidth of about 12 per cent. 

A magic T described as a ring circuit has been particularly successful 
for making a good balanced duplexer. 
A ring circuit consists of a loop or ring, 
Fig. 8-27, of waveguide to which four 
waveguides are joined to form four E-
plane T's. The electric vector is parallel 
to the plane of the paper. The mean 
circumference of the loop is one and one-
half guide wavelengths. The distance 
between arms (1) and (3), (3) and (2), 
and (2) and (4) is a quarter of a guide 
wavelength along the mean circumfer- FIG 
ence. The characteristic impedance of 
the loop is l/\/2 times that of the four arms. 

If the Z?-plane T is considered to be a pure series junction with no 
junction effects, the properties of the ring circuit may be obtained by 
the same general method used in Sec. 8-8.. The ring circuit is symmetrical 
about a plane between arms (2) and (3). As before, fields that are even 
and odd about the symmetry plane are considered. These two solutions 
may be combined to give a general solution. First, if the electric field 
is odd about the symmetry plane, the electric field roust be zero at the 
plane of symmetry. A sheet of metal may be placed along the symmetry 
plane without disturbing the fields. 

Only one half of the ring circuit is now considered. The impedance 
matrix of this device is obtained in the ordinary way from the linear 
equations of a two-terminal-pair network, 

8-27.—Diagram of 
circuit magic T. 

v3 
ZiUi + Z13/3, 
Z12I1 + Tii-J.%-

The impedance seen at the reference plane of arm (1), when there is no 
current at arm (3), is Zu. In the lower section there is, then, the 
impedance of a short circuit, transformed one-eighth wavelength around 
the loop, plus the impedance of an open circuit on arm (3), and the sum 
transformed one-fourth wavelength to arm (1). This results in zero 
impedance from the lower section at arm (1). From the upper section 
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there is the impedance of a short circuit transformed three-eighths wave
length or -j/y/2. Thus 

V2 
Similarly, the other matrix elements are found with the result 

Zodd = j 

;-Vr 

V2 V2 
+ _!= +J_ 

I V2 V2. 
*£ , ;j'i 

Magnetic wall ' 
(b) 

Electric wall 
(d) 

+J± +jj2 

Magnetic wall 
(e) 

F I G . 8-28.—Diagram to illustrate the calculation of the scattering matrix of a ring-circuit 
magic T. 

For the even case the sheet of metal must be replaced with a magnetic 
wall which maintains an open circuit at the symmetry plane. In this case 

^ V2 V2 
- e v e n J -, 

( ' V~2 V2) 
In both cases the result of squaring the matrix is just 

72 — — I 
*-odd — I ) 

Z? = - I 
The scattering matrix S is 

S = (Z - l)(Z + I ) - , (4) 
or 

S = (Z2 - 2Z + l)(Z2 - I)-
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If Z2 = - I , then 

RING-CIRCUIT DUPLEXER 

z. 

359 

Hence, in the even case Zu = Sn = -\-j/-\/2, and this is the reflection 
coefficient in arm (1). The complex wave coupled to arm (3) is 
Zu = Su = j/y/2. The scattered waves in each arm for the two cases 

Antenna 

Arm 2 

1.208" 

■LY ^ ^ ^ ^ ^ ^ ^ ^ ^ 

Magnetron 
( ' ■ ■ ■ ' . ^ w ' . ' . i i . i . ' . ' . ^ i , 

- 0 . 0 2 4 " 

-Face of TR tube 

1 / Position of 
■ short circuit 

Arm 4 

1.193" 
F I G . 8-29.—Dimensions for a ring circuit at 3.33 cm. 

are known, as indicated in Fig. 8-28a and b. The even and odd solutions 
may be added in any way. For example, the two solutions shown in Fig. 
8-28a and 6 may be added with the result, Fig. 8-28c, that a wave of 
amplitude 2 is incident in arm (1) which couples a wave of amplitude 

1.4 

1.3 Arm 2 

* 1.2 

1.1 

V2 to arms (3) and (4). No 
wave is coupled to arm (2) nor is 
there a reflected wave in arm (1). 
By symmetry, it is seen that an 
amplitude of 2 incident in arm (4) 
will couple a wave of amplitude 
■y/2 to arms (1) and (2) with no 
reflected wave or coupled wave 
to arm (3). From the same im
pedance matrix, the result of a 
wave incident in arms (3) or (2) 
can be found (Fig. 8-28d, e, and / ) . 
The power incident in any arm 
divides equally between the two adjacent arms with no coupling to the 
opposite arm and no reflected power. Thus, the ring circuit is a magic T. 

It is obvious that the ring circuit is somewhat frequency-sensitive 
since its operation depends upon correct line lengths. The voltage 

l.o 3.1 

F I G . 8-30. 

3.2 3.3 3.4 3.5 
Wavelength in em 

-Standing-wave ratio of ring 
circuit magic T. 
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standing-wave ratio at arm (1) and arm (2), with matched loads on the 
remaining arms, plotted against wavelength is shown in Fig. 8-30 for a 
ring circuit constructed according to Fig. 8-29. Figure 8-31 is a plot 

1.3 r 

F I G . 8-31.-

3.2 3.3 3.4 
Wavelength in cm 

-Cross coupling between arms 
(1) and (2). 

3.2 3.3 3.4 
Wavelength in cm 

F I G . 8-32.—Standing-wave ratio presented 
to the magnetron by ring-circuit duplexer. 

of the ratio, expressed in decibels, of power incident in arm (1) to power 
coupled to arm (2). 

A nonlinear balanced duplexer may be constructed with ring circuits. 
As before, care must be taken in placing the TR switches if the maximum 

FIG. 8-33.—Ring-circuit duplexer milled from aluminum. The top half has been 
removed to show the details. The two halves are split along the center of the wide side 
of the waveguide. 

bandwidth is desired. As the frequency is changed, the standing-wave 
ratio presented to the transmitter will change, not only from a change in 
the characteristics of the ring circuit, but also from a change in the 
electrical positions of the TR switches. In the ring-circuit duplexer, 
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these two effects are nearly equal. If the TR switches are placed at 
the correct distance from the ring circuit, the effects can be made to 
cancel each other. On the drawing of the ring-circuit balanced duplexer 
shown in Fig. 8-29 the positions of the TR tubes are indicated. The TR 
switches are the broadband type 1B63. Figure 8-33 is a photograph 
of a ring-circuit balanced duplexer milled from aluminum. The voltage 
standing-wave ratio presented to the transmitter as a function of wave
length is plotted in Fig. 8-32. The duplexer can be used up to peak 
power levels of 350 kw at l-^sec pulse length and a pulse recurrence 
frequency of 500 per sec if the corners inside the £"-plane T's are slightly 
rounded. 

8-12. Practical Magic T's.—In the discussion of the magic T which 
consists of a combination of /?-plane and //-plane T's, Fig. 8-22, the 
procedure that was followed in the matching of the junction was inher
ently important in deriving the magic-T properties. To obtain the 
desired result, it is necessary to match the two arms that lie in the 
symmetry plane. It is clear, how
ever, that had the arms which are 
on each side of the symmetry plane 
been matched, there would have 
been no reason to expect that the 
resulting construction would be a 
magic T. The coupling between 
opposite arms would not have been 
zero, and the two arms in the plane 
of symmetry would not have been 
matched. In the first case, four 
independent adjustments are made, 
the amplitude and the phase of a F lG 8 . 3 4 . _p o s i t i o n of p o s t a n d irjs 

reflection coefficient in each of t he f°r matching a magic T in i-in. by 1-in. 
two arms in the plane of symmetry. waveKul 

In the second case, only two adjustments are made, since the resulting 
device must remain symmetrical. For this type of symmetry, four 
independent parameters in the two arms are necessary. These arms are 
in the plane of symmetry. 

These four adjustments may be made in a variety of ways all of which 
depend upon the shape of the device and the desired bandwidth and power-
handling capacity. As seen by Fig. 834 the //-plane arm is matched 
by adjusting the length and the position of a cylindrical post placed 
inside the junction while the Z?-plane arm is matched by the size and 
position of an assymmetrical inductive iris. The post is 0.125 in. in 
diameter and 0.650 in. high. The iris is 0.032 in. thick. This method of 
matching results in a magic T that is less frequency-sensitive than a 
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magic T in which both arms are matched by using lumped constants such 
as capacitive or inductive irises. The 10-cm-band magic T is similarly 
matched, as shown in Fig. 8-35. The post is 0.375 in. in diameter and 
is 1.750 in. high. The iris is 0.032 in. thick. The 1.25-cm-band magic T 
has the post replaced with a metal fin, Fig. 8-36. The irises are 0.020 in. 

F I G . 8-35.—Position of post and iris for matching a magic T in l^-in. by 3-in. waveguide. 

F I G . 8-36.—Position of post and iris for matching a magic T in $-in. by i-in. waveguide. 

thick. The frequency sensitivities of the three magic T's are shown in 
Figs. 8-37, 8-38, 8-39. The curves show the standing-wave ratio vs. 
wavelength in each arm for magic T's before and after the matching 
devices are added. 

I t is seen that the standing-wave ratios for the unmatched magic T 
are high. By changing the dimensions of the various arms, these 
standing-wave ratios may be lowered considerably and the final match 
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F I G . 8-37.—Effects of a post and iris for matching a magic T in 1^-in. Ky 3-in. waveguide. 
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FIG, 8-38.—Effects of a post and iris for matching a magic T in i-in. by 1-in. waveguide. 
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more easily attained. Such a magic T has been constructed1 at the 
Telecommunications Research Establishment in England. If the 
£"-plane arm is considered to be a pure series connection with no junction 
effects, a match in chis arm could be attained by making the charac
teristic impedance of the symmetrical arms one half the characteristic 
impedance of the J3-plane T. Quarter-wavelength transformers or a 
tapered guidi may then be used to return to a guide of standard size. 
I t is convenient then, to have the //-plane arm also of the reduced 
dimensions at the junction. Over a band of wavelengths from 3.05 cm 
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arm ~ ~ ~ ~ - _ . 
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(u 
£-arm 
imatched) 

-—'"' 

ff-arm 

- ' ' 

//-arm 

1.22 1.23 1.27 1.28 1.29 1.24 1.25 1.26 
Wavelength in cm 

FIG. 8-39.—Effects of a post and iris /or matching a magic T in £-in. by i-in. waveguide. 
to 3.30 cm, an unmatched magic T constructed of guides having inside 
dimensions 0.9 in. by 0.4 in. and 0.9 in. by 0.2 in. had a voltage standing-
wave ratio in the 2?-plane arm of about 1.16, in the //-plane arm of 3.3, 
and in the side arm of 1.61. If these figures are compared with the curves 
in Fig. 8-38, it is apparent that the match of the series arm is greatly 
improved, with no effect on the shunt arm and without too drastic an 
effect on the side arms. Final matching was accomplished by matching 
the series arm with a large post and then matching the shunt arm with a 
small post, Fig. 8-40. The resulting curve of voltage standing-wave ratio 
vs. wavelength for the magic T, which includes the quarter-wavelength 
transformers, is shown in Fig. 8-41 for an experimental model. 

1 Private communication from P. R. Tunnicliffe, TRE, Jan. 16, 1946. 
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Considerable care must also be taken in matching the ring-circuit 
magic T. In the discussion in Sec. 8-11 it was assumed that the junction 
effects of the .E-plane T could be neglected. It is seen from the fre-
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F I G . 8-40.—Modified magic T. 

quency-sensitivity curves, Figs. 8-30 and 8-31, that this assumption was 
allowable for the 3.3-cm band for the 1-in. by i-in. waveguide. Measure
ments made on a ring-circuit magic T for the 10.0-cm to 11.2-cm band 
using 3-in. by li-in. waveguide 
show curves very similar to Figs. 
8-30 and 8 31. However, when 
plungers were put in arms (3) and 
(4) no position of the plunger 
could be found which would give 
a low standing-wave ratio in the 
remaining arms. Apparently the 
simple series-circuit assumption 
cannot be used here. By chang
ing the size of the center post, 
Fig. 8-29, from 1.972 in., which is 
the calculated value for 3-in. by 1^-in. waveguide, to 2.100 in., the plunger 
position can be found and a curve similar to Fig. 8-32 is obtained. How
ever, the standing-wave ratios when the short circuits are replaced by 
matched loads are high and the cross attenuation is much lower. 

1.00 
3.00 3.10 3.20 3.30 3.40 3.50 3.60 

Wavelength in cm 

—Frequency sensitivity of 
modified magic T. 

the 
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Some of these difficulties arise from the failure of the assumption 
that the junction effects are unimportant, and some from the very close 
spacing of the fi-plane T's. With the equivalent circuit of the ij-plane T 
available, the junction effects may be included in the design. The second 
difficulty may be removed by adding correct line lengths between the 
various arms. Although the argument stated in Sec. 8-11 is not applica
ble when sufficient symmetry is lacking, it can be shown that the magic-T 
properties are retained if any number of guide wavelengths are inserted 
between any of the arms provided that the total number of half wave
lengths added to the entire ring is even. If this rule is followed a great 
many alterations on the simple ring circuit can be made. 

For a wavelength of 3.3 cm and a waveguide size of 1 in. by i in. by 
0.050 in. wall, neither of these considerations is of importance. At a 
wavelength of 1.25 cm and a guide size of £ in. by \ in. by 0.040 in. wall, 
it is easily seen that the arms must be spaced so closely that they run 
into each other. Here obviously it is necessary to apply the rule just 
stated. Each addition of length increases the frequency sensitivity 
considerably, and therefore the addition of line lengths should be avoided 
if possible. I t is not certain if the junction effects must be considered. 
To the author's knowledge, no ring circuits based on these considerations 
have been constructed. 

The alteration of the line length between the arms is not the only 
transformation that can be made on the ring-circuit magic T. From 
the discussion in Sec. 8-11, the scattering matrix of the ring-circuit magic 
T is seen to be 

Q ' l 

0 0 1 1 ' 
0 0 - 1 1 
1 - 1 0 0 
1 1 0 0 

The solution for Z in Eq. (4) is 
Z = (1 + S)(l - S) - 1 

or 
Z = (1 + 2S + S2)(l - S2)-1 

Since S2 = - 1 , Z = S, 

z " ^ 

o o i r 
0 0 - 1 1 
1 - 1 0 0 
1 1 0 0 

If a transformer with a turn ratio of n: 1 is placed on one arm of the magic 
T, the impedance matrix of the new structure is found by multiplying 
the corresponding row and column by n or by y/Z where Z is the relative 
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characteristic impedance of the new transmission line compared with the 
old line. If transformers are put on each arm, the new impedance 
matrix will then be 

Z„ = MZM, 
where 

M = 

\Vz L 0 0 o] 
0 \/Z2 0 0 
0 0 VT3 o 
o o o VZi. 

As an example, let Zi = Z2 = 1, Z3 = Zt = 2. Then the product MZM 
results in 

Z » = J 

ro o i li 
0 0 - 1 1 
1 - 1 0 0 
1 1 0 0 

This matrix may be considered as the sum of four matrices. Three of 
these matrices are one-quarter-wavelength lines and one is a three-quarter-
wavelength line, all of a characteristic impedance of 1, 

Z. = J 

ro o o l i 
0 0 0 0 
0 0 0 0 
1 0 0 0 

+ 3 

ro o i o] 
0 0 0 0 
1 0 0 0 
0 0 0 0 

+ 

Thus, there is a new magic T which is shown in Fig. 8-42. 
choices of the Zi's a great many variations are possible. 

With other 

FIG. 

2^2 

ring-circuit 1-43.—A right-angle ring-circuit magic 
T. 

These considerations are also applicable to a magic T of another type. 
This is called the right-angle ring circuit. This ring circuit consists of 
four one-quarter-wavelength lines, two with a characteristic impedance of 
1, and two with a characteristic impedance of -\/2, which connect four 
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terminal pairs, Fig. 8-43. By applying the method used on the ordinary 
ring circuit, the scattering matrix and the impedance matrix may be 
found, 

and 

1 
V2 

0 
1 
0 

V2 

0 0 1 / 
0 0 j 1 
1 3 0 0 
j 1 0 0 

J 

1 0 A / 2 ' 

0 A / 2 0 
A / 2 0 1 

0 1 0 
The same rule for adding line lengths between the various arms applies 
here, and new structures may be found by adding transformers to the 

Y0=iT 

(a) (b) 
F I G . 8-44.—Coaxial ring-circuit magic T's. 

arms as is done for the ordinary ring circuit. It will be observed from 
the scattering matrix, however, that the voltage coupled from arm (1) 
to arm (4), or from arm (2) to arm (3), is now 90° out of phase with the 
wave coupled from arm (1) to arm (3), or from arm (2) to arm (4). 
If a balanced duplexer were made with a ring circuit of this type, the TR 
switches would have to be placed at equal distances from the ring circuits. 

The construction of magic T's is not limited to rectangular waveguide. 
A variety of magic T's may be made from coaxial lines and from combina
tions of waveguide and coaxial line. The discussion presented in Sec. 
8-8 was based on the series and parallel natures of the .E-plane T and the 
//-plane T, Fig. 8-22. I t is easy to repeat the symmetry arguments with 
the Emplane T replaced with a coaxial probe, or the //-plane T replaced 
with a coaxial loop, or both substitutions made at once. As has been 
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pointed out, matching must be accomplished in the series and in the 
parallel arms. 

Coaxial lines may be used in both types of ring-circuit constructions 
as indicated in Fig. 8-44. The coaxial T shown is a parallel circuit and, 
therefore, admittances are easier to handle. The scattering and admit
tance matrices may be found as in the series cases. Although several 
coaxial ring circuits of the type shown in Fig. 8-446 have been constructed, 
no performance data are available. 

8-13. Circular-polarization Duplexer.—A third variation in the 
design of a balanced duplexer uses magic T's which involve a round 
waveguide. As an example of such a magic T, consider the construction 
indicated in Fig. 8-45. The two symmetrical arms of the magic T, arms 

A 
-•-Arm 3 
—r 

i 
I 
i 
i 

J _ ^ * V V Arm2 
/ fw —J-M—Arm & 

X>y 
\ ^ / 

Arm 4 
A 

F I G . 8-45.—A magic T using round waveguide. 

(1) and (2), are the two perpendicular polarizations in the round wave
guide. The analysis of the junction proceeds in exactly the same manner 
as in Sec. 8-8. For the ordinary magic T of Fig. 8-22, in order to obtain 
a matched magic T, the matching must be accomplished in arms (3) and 
(4). Arm (4) can be matched to arms (1) and (2) by using a quarter-
wavelength transformer between the rectangular and the cylindrical 
guides. The transformer shown in Fig. 8-46 is approximately a quarter-
wavelength long, and its impedance is approximately correct for a transi
tion between transmission lines of different characteristic impedances. 
End effects and the change in cross section alter both the length and the 
Z(t of the transformer. At 1.25 cm the choice of dimensions of the rec
tangular and the cylindrical guide is such that a match can be obtained 
in arm (3) by simply adjusting the distance between arms (3) and (4). 
At 3.3 cm a matching iris is necessary. 

The advantage of using a magic T with round guide in a duplexer 
becomes apparent if the magnetron and antenna are visualized as placed 

Arm 3 

V^-Arm 1 
^ Arm 2 

Arm 1 
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on arms (4) and (3), for then the two TR switches are in the same guide. 
The two switches can, in fact, be made into a single tube. The difference 
in the electrical path length from the magic T to the TR switch for the 
two arms, arm (1) and arm (2), must be a quarter of a guide wavelength, 
as in the previous duplexers. Now, however, the physical distance 
between the magic T and the TR switch is the same for the two arms 
since they are in one waveguide. The guide wavelengths in arms (1) 

M3.70lV| 

ir"°" „„± 11* 0.157^-

0.196" 
A 

0.420" 

0.350" 

FIG. 8-40.—Dimensions of 1.25-cm-band circular magic T. 
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0.215 0.215" 

F I G . 8-47.—A quarter-wavelength plate. Dimensions arc for 1.25-cm wavelength. 
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TR 
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plate 

F I G . S-48.—Diagram of circular-polarization dupk'--:er. 

and (2) between the TR and the magic T must, therefore, be altered to 
result in a quarter-wavelength difference in electrical path length. In 
other words, if ~h'g and X" are the wavelengths in arms (1) and (2) respec
tively, then 

2TT _ 2TT 

A., A„ 

where I is the length of the section of the cylindrical guide in which the 
guide wavelengths differ. The change in guide wavelengths may be 
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accomplished by using an elliptical section of guide, by inserting a fin 
into a circular guide, by using lumped constants such as a number of 
capacitive posts, or by using a dielectric slab in circular guide. The 
second method is illustrated in Fig. 847. The stepped construction on 
each end of the fin is a quarter-

l . i . r 4. i i Resonant windows 
wavelength transformer to match 
into and out of the phase-shifting 
section. 

The waves in arm (1) and arm 
(2) are thus in phase with each 
other when they enter the section 
of guide containing the fin, and 
are 90° out of phase with each 
other as they leave the section. 
Before entering the section con
taining the fin, the combined wave 
will thus be a linearly polarized 
wave whose electric vector is 
either parallel to or perpendicular 
to the symmetry plane of the 
magic T. After leaving the fin, 
the combined wave is either a 
right-hand or a left-hand circularly polarized wave. The section of wave
guide containing the fin is thus the microwave equivalent to the quarter-
wavelength plate used at optical frequencies. 

Resonant cross 

Kovar 

Resonant window 
F I G . 8-49.-

Resonant cross 
TR switch. 

1.24 1.26 
Wavelength in cm 

Fio. 8-50.—Bandwidth of TR switch of Fig. 8-4<). 

The circular-polarization duplexer will, therefore, consist of two magic 
T's in cylindrical guide, two quarter-wavelength plates, and a TR switch 
in cylindrical guide, Fig. 848. The operation on both low and high 
power is identical to that of the balanced duplexers previously described. 

The TR switch must transmit two perpendicular polarizations, for 
example, the waves in arms (1) and (2). Figure 849 indicates a possible 
construction. The orientation of the resonant cross is not important 
since a circularly polarized wave is symmetric about the direction of 
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propagation. Figure 8-50 shows the voltage standing-wave ratio which 
the TR switch presents to the quarter-wave plate. I t is seen that over 
the frequency band shown the maximum loss is 0.5 db. Figure 8-51 is 

F I G . 8-51. 

1.22 

Magnetron 

1.28 1.24 1.26 
Wavelength in cm 

-Standing-wave ratio as seen by the magnetron and signal. 

the over-all voltage standing-wave ratio of the duplexer as seen by the 
magnetron and the antenna of an experimental circular-polarization 
duplexer shown in Fig. 8-52. 

When the leakage pulse is observed on a fast oscilloscope, the energy 
appears to be almost entirely in the spike. The total energy transmitted 

by the TR switch, for example, 
the amount of energy per pulse 
entering the matched absorber in 
arm (4), is 9 ergs. The energy 
per pulse absorbed by the crystal 
is 0.0(5 erg. The decrease in leak
age energy accomplished by the 
magic T and the quarter-wave
length plate is thus 22 db. This 
measurement was made only at 
the center of the 1.25-cm band. 
The maximum amount of power 
which the duplexer will transmit 
at atmospheric pressure is 87 kw 
at 0.3 jusec pulse width, 550 pps 
repetition frequency. 

8-14. Turnstile Duplexer.—A 
balanced duplexer that employs a 
circularly polarized wave but does 
not use a quarter-wavelength plate 

can be constructed with a six-terminal-pair network called " the turn
stile," Fig. 8-53. Let us consider three experiments performed with 
matched terminations on 5 arms, and with a matched generator on the 
remaining arm of the turnstile. 

852.—Duplexer for 1.25 cm employing 
circular polarization. 
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1. With the generator on arm (6), Fig. 8-54o, in the cylindrical guide, 
make an adjustment of two parameters, such as a post diameter and 
length indicated in Fig. 8-55, until 
there is no reflected wave. Since the 
device is symmetrical about a plane 
through arms (3), (4), and the cylin
drical guide, no power will be coupled 
to arms (3) and (4). The electric 
field of the wave in arm (t>) is odd 
about the plane of symmetry. Such 
a field will not propagate in arms (3) 
and (4). The waves in arms (1) and 
(2) are equal in amplitude and are 
180° out of phase with each other. 
If unit power is incident in arm (6), 
the voltages in arms (1) and (2) 
may be characterized by + l / - \ / 2 
and - 1 / V 2 . 

2. From Experiment (1) it must 
be concluded that if unit power is 
incident in arms (1) and (2), Fig. 8-54b, 
such tha t their respective voltages are 
180° out of phase, no power will be 
coupled to arms (3), (4), and (5) while 
the amplitude of the wave in arm (6) 
will be \/2. There will be no reflected wave in either arm (1) or arm (2). 

3. If a generator is placed on arm (1) only, Fig. 8-54c, there will 
be, in general, a reflected wave and a wave which is coupled to each 
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4 

a. 8-53.-

Arm 
2 

c-e 
Arm 
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y Arm 6 
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^Arm 5 

(b) 
- A turn >tile juncti 
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;jj i 
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VT 

V" r^-o o— 

- i 

M i^jt^uk? N.-(jfc B3F* n)tr n»r 
a + l +1 

(a) (b) (c) (d) 
turnstile junction. In (a) the 
and (d) the waves emerge from 

F I G . 8-54.—Diagram to illustrate the matching of a 
direction of the incident wave is into the paper; in (b), (c), 
the plane of the paper. 

of the remaining arms except arm (5). From the symmetry of the turn
stile the power coupled to arms (3) and (4) will be equal and the waves in 
phase with each other. When unit power is incident in arm (1), the 
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amplitude of the wave coupled to arm (6) will be \ / 2 7 2 as indicated by 
Experiment (2). Comparing Experiments (2) and (3), it is observed 
that for consistency it is necessary that the reflected wave in arm (1) 
be equal to the transmitted wave in arm (2), a = /3. If now by a second 
adjustment a = 0, then B. = 0, and necessarily, 5 = ■£. This is a device 

whose properties are indicated in 
Kg. 8-54d. If a wave is incident in 
any one of the rectangular wave
guides when the remaining guides 
are terminated in their characteristic 
impedances, one-half the incident 
power will couple to one polarization 
in the cylindrical guide, and one-
fourth the power will couple to each 
of the adjacent rectangular guides. 

2 

2 ; 

FIG. 8-55.—Dimensions for 
turnstile junction at 1.25 cm. 

rf+-

F I Q . 8-56.—Turnstile with 
short circuits on two arms. 

No power will be reflected, and no power will be coupled either to the 
opposite rectangular arm or to the perpendicular polarization in the 
cylindrical guide. 

For duplexing purposes a short circuit is placed in arm (3) and one 
in arm (4), Fig. 856. If the short circuits are placed so that one of them 
is one-quarter guide wavelength farther from the plane of symmetry 
than the other, the two reflected waves will arrive at the cylindrical 
waveguide 180° out of phase with respect to each other. This condition 
is equivalent to Experiment (2). The two waves, therefore, will couple 
to arm (5) in the cylindrical guide and no power will be coupled either to 
arm (1) or to arm (2). The resultant wave in the cylindrical guide will 
depend upon the relative phases of the two perpendicularly polarized 
waves in arms (5) and (6). If the positions of the two short circuits are 
adjusted, maintaining the one-quarter guide wavelength relative displace
ment, the phase of the wave in arm (5) may be varied without changing 
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the match of the modified turnstile or the coupling from arm (1) to arm 
(2). In particular the phase may be made just 90° different from the 
wave in arm (6). The resultant wave will then be circularly polarized. 
Critical dimensions are shown in Fig. 8'55 for the 1.25-cm band. 

I t is clear that the modified turnstile accomplishes everything that 
the round magic T and the quarter-wavelength plate accomplished in 
the previous duplcxer. Two such turnstiles and a TR switch for round 

F I G . 8-57.—Balanced duplexer employing turnstile junctions. 

F I Q . 8-58.—Frequ«llcy sensitivity of turnstile duplexer at high powers. 

guide, Fig. 8-57, form a balanced duplexer which functions in a manner 
identical with the circular-polarization duplexer of Sec. 8 13. The 
frequency sensitivity at high power level is shown in Fig. 8-58. At low 
power level the modified turnstile has a voltage standing-wave ratio of 
less than 1.1 over the band of wavelengths from 1.22 to 1.28 cm. The 
over-all frequency sensitivity of the turnstile duplexer is, therefore, 
approximately that of the TR switch, as shown in Fig. 8-50 of Sec. 8-13. 



CHAPTER 9 

MEASUREMENT TECHNIQUES 

B Y H. A. LEITER 

The measurements of the r-f properties of TR and ATR tubes and 
of complete duplexers usually involve only standard techniques common 
to all microwave measurements. The emphasis, however, is not neces
sarily the same, and in many cases it is desirable to develop more or 
less specialized test equipment and procedures. One of the most impor
tant reasons for the development of specialized test equipment is the 
necessity for mass-production testing of the tubes by relatively untrained 
personnel. 

Measurements on TR tubes and duplexers may be classified under 
three headings: (1) low-level r-f measurements, (2) high-level r-f measure
ments, and (3) d-c measurements. The low-level r-f measurements on 
TR tubes include tuning, insertion loss, Qo, QL2, coupling, and keep-alive 
interaction. The measurements on ATR tubes include tuning, QQ and 
Qi2, and coupling. Duplexer low-level measurements are concerned with 
tuning, maximum and minimum insertion loss for various magnetron 
impedances, and bandwidth. High-level r-f measurements must be 
made of arc loss, arc leakage power, spike leakage energy, direct-coupling 
attenuation, harmonic leakage power, high-level standing-wave ratio, 
and recovery-time characteristics. D-c measurements are concerned 
with the keep-alive characteristics. They include minimum firing volt
age, firing time, oscillations, and volt-ampere characteristics. 

For the general background and a fuller description of microwave 
test equipment and transmission-line components, the reader is referred 
to the following volumes of this series: "Microwave Transmission 
Circuits" Vol. 9 and "Technique of Microwave Measurements" Vol. 11. 

9-1. Basic Low-level Test Equipment.—The fundamental test setup 
for low-level measurements from which almost all others are derived, 
consists of an r-f signal source, suitable level-setting and padding attenu
ators, a power monitor and wavemeter, a slotted section or standing-
wave detector, and the object under test which may or may not be 
followed in the transmission line by a second, slotted section and a 
matched load or power measuring device. With such a setup, the 
impedance (magnitude and phase of the standing-wave set up by the 
test object), loaded and unloaded Q, insertion loss, tuning, and other 

376 
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properties can be measured. The measurements may be made in coaxial 
or waveguide transmission lines depending upon the object under test 
and the particular frequency band. In the 10-cm (3000 Mc/sec) band, 
waveguide and coaxial lines find almost equal use. At 3 cm and below, 
almost all measurements are made in waveguide. In fact, almost the 
only coaxial lines used are flexible dielectric-fill^ cables. Although 
it is dangerous to generalize, it is probably true that waveguide test 
benches are more flexible and accurate than those made of coaxial lines. 
I t is easier to make matched variable attenuators, matched loads, and 
good slotted sections in waveguide, chiefly because there is no center 
conductor to support. At wavelengths greater than 10 cm, waveguide 
finds little use because of its great bulk. A typical 10-cm bench using 
l i in. by 3 in. waveguide which includes two slotted sections, two attenu
ators, and a matched load may be 5 ft long and weigh 30 lbs. 

Signal sources most commonly used are klystrons or parallel-element 
triodes of the "lighthouse" construction. Reflex klystrons, because 
they are much more easily tuned, have replaced two-cavity klystrons. 
With present detecting and measuring techniques a power level of 50 
to 100 mw from the tube is ample for most measurements. These power 
levels may be obtained with the 2K28 and 2K41 klystrons in the 10-cm 
band, and with the 2K39 tube at 3 cm. The 2K39 and 2K41 tubes have 
integral cavities and operate at beam potentials of 1200 and 600 volts, 
respectively, with reflector voltages about —200 volts with respect to 
the cathode. The 2K41 tube may be turned over a range from about 
8.8 cm to 14 cm, but only about a 10 per cent tuning range can be obtained 
on the main tuning knob. The 2K39 tube may be tuned over a 12 per 
cent band from 3.1 to 3.5 cm by the tuning control. With 1500 to 2000 
volts between anode and cathode, the output power of these tubes may 
be pushed to 0.5 to 1 watt. 

The 2K28 tube is a cell-type tube that is used with an external cavity. 
I t operates at lower voltages than the 2K41 tube and produces 100 mw 
at a beam voltage of 300 volts. This, however, is almost its maximum 
output power. The tube may be tuned from about 8.5 to 12 cm in a 
simple waveguide cavity with two short-circuiting plungers. The 
2K25 tube is a low-power tube in the 3-cm band. The output power is 
about 30 mw at 300 volts. The 2K25 and 2K28 tubes, because they are 
easily tuned and require smaller power supplies, are usually used in 
preference to the 2K39 and 2K41 tubes if the lower output j»ower is 
sufficient. 

The 2C43 (lighthouse tube) triode is most useful above about 15 cm 
wavelength. I t too operates on about 200 to 300 volts. I t suffers from 
the fact that it has no electronic tuning as the reflex klystrons have; 
but it requires a simpler power supply. 
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The r-f power from each of these tubes is coupled out through some 
form of coaxial line. All except the 2K25 tube are coupled to the 
main line by a flexible coaxial cable. The 2K25 tube is arranged to 
mount directly on the waveguide (1 by i in. by 0.050 in. wall) with no 
intermediate fittings. The use of flexible cable has many advantages; 
but it must be reca l l^ that the fittings used to join these cables together 
(type N fittings) may introduce standing waves of as much as 1.5 or 2 in 
voltage. Therefore, where it can be avoided, measurements should never 
be made through such connectors. 

Lossy cables are used whenever possible between the r-f generator 
and the other test equipment, in order to isolate the oscillator from effects 
of mismatch in the unit under test. Transitions from cable to coaxial 
line usually involve a type N r-f connector and a tapered section, or 
section of line containing step transformers, to afford a match from the 
cable into the air-filled coaxial line. Transitions from coaxial line or 
flexible cable to waveguide are of several types. The most common 
variety has a probe approximately one-quarter wavelength long, but 
other devices, such as "door knobs" and crossbar-supported probes, 
serve equally well and are often less susceptible to mechanical distor
tion than the simple one-quarter-wavelength probe. 

The slotted section is one of the most important items of test-bench 
equipment. I t must be very carefully constructed if accurate work is 
to be done. If any dimension varies from the value specified, the elec
trical measurements are affected in some manner. Inner dimensions of 
slotted sections in guide must be accurate. This is true also of the outer 
conductor of coaxial slotted sections, with the further requirement that 
the inner conductor must be accurate in size and very closely coaxial 
with the outer conductor. It is the presence of the inner conductor 
which makes coaxial slotted lines so much more difficult to construct 
than the waveguide slotted sections. In a section of either type the slot 
should be as narrow as possible and accurately parallel to the axis of the 
line. The thickness of the wall in which the slot is cut must be held to 
close limits, so that the projection of the probe into the guide will be 
uniform along the slotted section. A gradual variation in thickness 
causes the sensitivity of the device to vary from one end to the other. 
The same action would occur if the inner conductor of a coaxial section 
were not accurately centered. The length of the slot should be greater 
than a iull wavelength. A full wavelength would ensure that two volt
age minima and one maximum, or one minimum and two maxima, could 
always be obtained were it not for the fact that "end effects" cause values 
near the ends of slots to be unreliable. 

The pickup probe should be made of fairly small wire and should be 
inserted into the transmission line as short a distance as possible, in order 
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that it shall not cause a standing wave. Tunable probes are best because 
the greater sensitivity permits less insertion. The r-f voltage picked 
up by the probe is either rectified by a detector mounted in the probe and 
applied to a galvanometer or amplifier, or is applied directly to a spectrum 
analyzer which contains a superheterodyne receiver. A probe of the 
second type, which does not contain a detector, is sometimes called an 
"r-f probe," because it can be used to pick up r-f power which will be 
delivered to another instrument by means of a flexible cable. 

The choice of the instrument used to indicate the magnitude of the 
power picked up by the probe depends on the kind of measurements to 
be made and on whether or not the r-f oscillator is modulated. If the 
r-f oscillator is square-wave modulated, an amplifier is usually employed. 
Most amplifiers used for this purpose have tunable selective circuits 
incorporated in them and, therefore, they amplify only at some desired 
frequency. This is very useful for eliminating effects of power-supply 
ripple, or other interferences. The amplifier is tuned to that modulation 
frequency used with the r-f oscillator. Since the oscillator is modulated 
with a square wave, the rectified r-f pulse has considerable harmonic 
content. If the amplifier is tuned to amplify at one of these harmonics, 
an appreciable error may be introduced, since most of the harmonic com
ponent is in the rising and falling edges of the pulse, where the r-f fre
quency may be quite different from the frequency obtained over the flat 
top of the pulse. If the modulating voltage does not swing the reflector of 
the oscillator to a nonoscillating voltage during half of the cycle of the rec
tangular pulse, erratic results may also be expected, because it is likely 
that the frequencies obtained in the two halves of a cycle will be con
siderably different. The presence of two or more frequencies may be 
checked by inserting an absorption wavemeter into the circuit and observ
ing the " d i p s " in power level as the wavemeter is tuned over the band. 
I t is sometimes very convenient to apply the output voltage of a crystal 
to an oscilloscope, so that the envelope of the modulated r-f signal may 
be observed. Power for this monitoring crystal may be taken out of the 
line by means of a probe similar to the one used in the standing-wave 
measurement, or by means of a directional coupler. 

When the r-f oscillator is unmodulated, a galvanometer may be used to 
register the crystal current. The crystal current is very nearly propor
tional to the power picked up by the probe. Consequently, 

VSWR = ~ = J~^ « 
" n i i n \ JL nun 

where the E's are field-strength values along the guide, the P'a are the 
corresponding values of power into the crystal, and the 7's are the cor
responding crystal currents. 
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The equation relating crystal current to the applied voltage is, more 
accurately, 

/ = £•", 

where m expresses the law of the detector, that is, if m = 2, the detector 
is said to have a square law. With this notation, 

VSWR = (—Y • 

The crystal is very nearly a square-law device, but for precise work 
the value of m should be obtained experimentally. This may be con
sidered a calibration of the crystal and it is necessary to calibrate, as a 
unit, the crystal with its associated equipment, such as a galvanometer or 
an amplifier, since output impedance has some effect on the crystal law, 
and since the amplifier itself may not be quite linear. If the range of 
crystal currents in use is large, it wrill be necessary to obtain a continuous 
calibration curve, but the crystal may be calibrated at only one point if 
the variation in current is not very large. For voltage standing-wave 
ratios less than three, calibration at a single point is usually sufficient 
since the variation in crystal law with crystal current is a slow function. 
Calibration of a crystal is usually done by short-circuiting a line with a 
metal plug and comparing the values of crystal current vs. probe position 
with theoretical values of field strength which may be calculated. In a 
short-circuited lossless line, the field strength at any point may be calcu
lated from the relation 

X E = 

The value of m, the crystal-law parameter, can be determined by making 
a measurement at any distance I from a minimum, since 

A = ( ILX = (tin MY', 
log (Il/Im*,) 

log (sin *£y 

When a spectrum analyzer is used, the r-f power is applied directly 
from the probe to a calibrated cutoff attenuator built into the instrument. 
When standing-wave ratios are measured with this apparatus, the probe 
is set at the position of a voltage minimum and the height of the pip 
noted. The probe is then moved to a maximum position and the signal 
is adjusted, by means of the calibrated attenuator, to the same height 
as when the probe was set at a minimum in the standing-wave pattern. 
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Spectrum analyzers are very useful for measuring standing-wave ratios 
greater than two. The calibrated attenuators can be adjusted to give 
accuracies of ±0.2 db if care is taken, and if the drive mechanism is care
fully built. The sensitive receiver in the analyzer allows measurement 
of standing-wave ratios as high as 40 db (100-to-l voltage ratio). 

Matched line terminations, matched pads, and matched variable atten
uators should have voltage standing-wave ratios less than 1.05 for rough 
work and less than 1.02 for accurate measurements. Units usable over a 
broad band of frequencies can be built to fulfill the requirements stated 
above. Matched pads are particularly important when direct measure-

Fia. 9-1.—A typical test bench for use at wavelengths near 3 cm. 

ments of insertion loss are to be made. Section 9 2 will discuss this 
further. 

Square-wave modulators are usually condenser-coupled to the reflector 
circuit of the reflex klystron tube and require only about a 50-volt square 
wave to throw the tube in and out of oscillation. The square wave should 
rise sharply and be as flat as possible on top in order to make the fre
quency modulation small. Experience has shown that a symmetrical 
square wave, in which the duration of the positive half of the wave is 
equal to that of negative half of the wave, gives the best results. 

Wavemeters are of two types: the coaxial type which is most often 
used at 10 cm, and the cavity type which is used most frequently at 3 cm. 
They may be coupled to the source of r-f power in such a manner as to 
cause a dip in power when they are at resonance (absorption type) or 
they may be used as transmission meters. The absorption type is more 
popular since the monitoring device also indicates whether the r-f source 
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is in oscillation. Measurements of high-Q devices call for greater accu
racy than can easily be obtained with ordinary wavemeters. Means for 
obtaining the required accuracy are discussed in Sec. 9 3 . 

A typical test bench for use at wavelengths near 3 cm is shown in 
Fig. 9 1 . The oscillator is at the left, then there is a directional coupler 
for monitoring the power, an attenuator, a directional coupler with a 
transmission wavemeter and a crystal holder, a second attenuator, the 
standing-wave detectar, a broadband TR tube (1B63), and a matched 
load terminating the waveguide line. The power supply for the oscilla
tor and a square-wave modu'ator are contained in the box on the left 
behind the waveguide. On the lower right is a spectrum analyzer, and 
above it an audio amplifier. 

F I G . 9-2.—Determination of insertion loss of 1B24 T R tube. 

9-2. Insertion-loss Measurement.—Insertion loss L is denned as 

L = 1 0 1og 1 0 §, (1) 

where Pi is the incident power and is the power delivered to a matched 
load by a matched generator; Pi is the power delivered to a matched load, 
by the same matched generator, after the unit for which the loss is to be 
measured has been inserted in the line. Insertion loss is made up of two 
components—reflection loss and dissipative loss. Reflection loss is 
caused by an impedance mismatch which reflects part of the incident 
power back toward the generator. Dissipative loss takes place within 
the element and is PR loss. Dissipative loss is usually determined by 
subtracting the reflection loss from the total insertion loss. 

Insertion loss is determined directly by measuring the power delivered 
by a matched generator to a matched load and then measuring the power 
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delivered to the matched load with the unit to be measured in the circuit. 
A matched calibrated attenuator is very useful in this measurement, since 
it eliminates the necessity for an accurate power-measuring device. 
With the unit to be measured inserted between the matched generator 
and the matched attenuator (Fig. 9-2), the power level into the matched 
load should be set at some convenient value. The unit being measured 
is then removed from the circuit and the attenuation increased until the 

PIG. 9-3.—Sliding-vane attenuator. 

power level returns to its former value. The difference between the 
attenuator readings represents the insertion loss. In general, the platin-
lzed-glass type of attentuator, in either coaxial line or waveguide (see 
Fig. 9-3), is preferred for these measurements, because it holds its 
calibration well. Resistor-strip attenuators absorb moisture to some 
extent and, therefore, change calibration. 

The tuner shown in the illustration is used to match the crystal detec
tor. Tuners of several varieties are suitable for this purpose. These are 
all described in Vol. 9, Chap. 9, Radiation Laboratory Series. If ther-f 
oscillator is capable of delivering sufficient power, a matched pad may be 
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used in place of the tuner. This pad must have sufficient attenuation to 
reduce the voltage standing-wave ratio introduced by the crystal to an 
acceptable value, about 1.05 or less. 

When insertion loss is measured directly, it is necessary to ensure that 
both the generator and the termination are well matched. A termination 
which has a VSWR of 1.2, if used in the measurement of a TR cavity 
normally having a loss of 1.5 db, gives values of loss ranging between 1.37 
and 1.64 db, depending upon the phase of the impedance: a variation of 
approximately ± 9 per cent. If, in addition, the generator were mis
matched by an equal amount, the range of variation of loss would be 
about twice that obtained with a mismatched termination alone. 

The insertion loss may be determined also by measuring the field 
strength and the voltage standing-wave ratio in the line, on each side of 
the unit under test, by means of a probe and slotted section. Let Ei 
be the incident electric field, and TEi the reflected electric field, where Y 
is the reflection coefficient of the unit being measured, and let E2 be the 
transmitted electric field. Since all fields are measured in lines of the 
same characteristic impedance, the loss is given by the relation 

L = 20 logl„ f-1-

The maximum field strength in the standing-wave pattern in the first 
slotted section is given by 

£ - . = E,(\ + \Y\), 
and the minimum by 

Emm = £,(1 - | r | ) . 
Hence 

„ Em,z -f Emiu 
E,= 2 

The rectified current R from the probe is proportional to the square 
of the field strength, or 

■^max ^ l - C ' m a x , 

where ki is the constant characteristic of the probe on the generator side 
of the tube. A similar relation holds for the second slotted section, but 
with a different constant of proportionality. If no standing wave is 
present in the second slotted section, 

Ri = kiE\. 

The ratio ki/k2 may be determined by comparing the probe currents 
when the unit to be tested is removed from between the slotted sections. 
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The insertion loss is then 

L = 20 log!. y « ^ + v ' B * . 

385 

The reflection loss L«, in decibels, is given by 

1 
LB = 10 logio 

L B = 10 logio 

i - in«-

(r + 1)* 
4r 

where r is the voltage standing-wave ratio. Since 

2 — I ■^■°" I 

L B = 10 logio 
4 V Amu ^ 

9-3. Pass Band of High-Q TR Switches.—A characteristic of great 
importance in the performance of a TR tube is the unloaded Q. This is 

FJG. 9-4.—Methods of coupling to TR cavities. 

most easily determined by measuring the Q of a TR tube and its asso
ciated cavity, loaded by one window, QL\. The cavity is mounted so 
that it terminates a transmission line and the response curve is measured 
in terms of standing-wave ratio and frequency. Either coaxial line or 
waveguide may be used, but since the trend in microwave applications 
has been toward the use of waveguide, the measurements to be described 
are for the waveguide application. 

For a measurement of Qhi, a cavity is mounted on the end of a coaxial 
line or waveguide as shown in Fig. 9-4. This situation can be represented 
by the equivalent circuit shown in Fig. 9-5. The coupling of the cavity 
to the transmission line may be varied by varying the size of the opening 
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into the cavity. This corresponds to changing the transformer ratio, 
ni/n2 , and thus changing the terminating admittance of the line. When 
the cavity is tuned to resonance, the imaginary part of this terminating 
admittance is zero and, looking into the cavity from the transmission line, 
a pure conductance is seen whose magnitude depends on the coupling— 
tha t is, the size of the opening—and the unloaded Q of the cavity. 

If the coupling iris is very small, a large standing-wave ratio is pro
duced in the transmission line, since the end of the waveguide transmis
sion line is essentially terminated in a very high admittance with a large 
real component. Thus, a minimum of the standing-wave pattern appears 
at the window at resonance, and the cavity is said to be "under-coupled." 
As the opening is increased in size, the real part of the terminating 
admittance approaches the characteristic admittance of the transmission 
line, until a size of opening is reached for which, at resonance, Y = Yq, 
and the cavity is matched to the line. The standing-wave ratio at 

{a) (b) 
F I G . 9-5.—Equivalent circuit for cavity with input coupling. 

resonance will be unity. As the size of the opening is increased still 
further, the real part of the admittance decreases below Y<s and, at 
resonance, a maximum of the standing-wave pattern appears at the 
opening. When this condition occurs, the cavity is referred to as 
"over-coupled." 

As a result of this behavior, two possibilities are to be distinguished. 
The voltage standing-wave ratio at resonance is given by 

r<s 
1 + 

1 -

1 - Qc 

1 + 9c 
1 - f c j 
1 +<7c 

(2) 

where gc is the normalized cavity conductance. If gc ^ 1, r<s — l/ge-
This case is of principal interest in duplexer design. If gc =£ 1, ro = gc-

In making measurements on a cavity, the information as to whether 
gc is greater or less than one is obtained from the phase of the standing 
waves. For an iris-coupled cavity, it is usually easy to determine 
whether a maximum or minimum appears at the opening at resonance. 
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However, a complicated r-f transmission line between the slotted section 
and the cavity might make this determination difficult. Nevertheless, 
the information may be obtained by a study of the behavior of the phase 
of the standing wave. If the position of a minimum in the standing-
wave pattern is measured along the slotted section from an arbitrary 
origin, and if gc < 1, there will be a quarter-wavelength shift from the 
position of the minimum at resonance to the position of the minimum at 
frequencies far off resonance. If gc > 1, the position of the minimum 
will be the same at resonance as for frequencies far from resonance. I t is 
useful to interpret the behavior of the standing-wave pattern as a function 
of frequency by tracing the variation on an admittance chart. Figure 9-6 

gc<i gc > i 

(a) (6) 
F I G . 9-6.—Circle-diagram explanation of shift of minimum. 

shows the circle diagrams for the two cases. For frequencies far from 
resonance, the cavity acts as a short circuit, and has, therefore, an infinite 
admittance. As the frequency increases from a value below the resonant 
frequency to a value above it, the susceptance increases from a large 
negative value, passes through 6 = 0, and approaches positive infinity. 
The conductance of the cavity remains constant. ' T h e cavity admit
tance, therefore, traces out a circle whose center is on the line 6 = 0, and 
at resonance the admittance is represented by point A. If gc < 1, the 
circle encloses the point 6 = 0, g = 1, and the phase of the standing-wave 
pattern changes through 360° or one-half wavelength, as indicated in 
Fig. 9-6a. If gc > 1, the phase increases to a maximum value at point 
D in Fig. 9-66, then decreases again with the result that the value at 
resonance is the same as the value far from resonance; the phase then 
deviates from zero in the other direction, and finally becomes zero again. 
The position of the minimum thus varies with frequency in the manner 



388 MEASUREMENT TECHNIQUES [SEC. 9-3 

shown in Fig. 9-7. If the loaded Q of the cavity is high, the circle on the 
admittance diagram is traversed in a narrow range of frequencies. 

The equivalent circuit given in Fig. 9 5 may be generalized to include 
an output circuit, which can then be interpreted in terms of the cavity 
coupled by one window by assignment of the proper value to the load. 

Away 
from 

generator 

E Position at 
•fe resonance 

Toward 
generator 

Away 
from 

generator 

Frequency 
F I G . 9-7.—Variation of minimum position with frequency. 

Frequency 

This circuit is shown in Fig. 9-8. All conductances and susceptances are 
referred to the input line and normalized. At resonance the susceptance 
terms, lumped together, are zero and the standing wave set up in the 
input line results from the action of the cavity and load conductance, 
which are also lumped together. At frequencies off resonance, the sus
ceptance terms contribute to the reflected power and consequently the 

9 0 s,+s; br+b 

F I G . 9-8.—Equivalent circuit for cavity output loading with matched generator. 

standing-wave ratio at resonance is the lowest value obtainable. The 
loaded Q of the cavity is defined in terms of the resonant frequency and 
the frequency difference between the half-power points. In order to 
reduce the power in the load circuit to one half its value at resonance, it 
is necessary that a value of total load susceptance equal to the total 
load conductance be added. The loaded Q can be calculated from the 
equation 
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Q. 
/2 — /l Xl — ^ 2 

_ /» _ (3) 

where /o and X0 are the resonant frequency and wavelength respectively, 
and / 2 and / i , X2 and Xi are the corresponding values at the half-power 
points. The standing-wave ratio looking into the cavity with an output 
circuit is given by the equation 

r = V(l + Qc + g)2 + (be + b)* + V(l - gc - g)2 + (6. + 6J5
 (4) 

V(l + 9. + 9)1 + (^ + b)2 - V(l - gc - gY + % + by 
At the half-power points, bc + b = 1 + gc + g, so that Eq. (4) reduces to 

1 + 
fa 

+ g) + V i + (.g. + g)2 
(5) 

1 + (gc + g) - V I + (gc + 
It is apparent that Eq. (5) gives the same result if \/{gc + g) is substi
tuted for gc + g. This means that the standing-wave ratio at resonance 
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-Plot of ryt as a function of r0. 

40 60 80 100 

(r0) can be used in Eq. (5) without regard to the phase of the reflection. 
A graph of Eq. (5), with ge + g replaced by r0, is given in Fig. 9-9. The 
value of r0 determines the value of the standing-wave ratio at the half-
power points. The frequency difference between these points and the 
resonant frequency are used to calculate the loaded Q from Eq. (3). 

The determination of the unloaded Q of a cavity is particularly simple 
if the Q of a cavity loaded by only one window is measured. A sample 



390 MEASUREMENT TECHNIQUES [SEC. 9-3 

curve showing a measurement on a 1B27 TR tube in a cavity mounted 
on the end of a waveguide is shown in Fig. 9-10. Once QLI is determined, 
the unloaded Q, Qo, is calculated from 

Q« -K) QL1 = (1 + ro)Qn. 

When an output circuit is added, it becomes necessary to separate the 
cavity conductance from the load conductance. Another measurement 
to determine gc or the insertion loss must be made in order to calculate QD. 
Two cases are usually of interest: the cavity and the output load are 
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F I G . 9-10.—Typical experimental curve for determining QLI. 

matched at resonance, or the cavity has equal coupling windows. The 
unloaded Q is given by 

<2< "(A QL 

(matched input) 

(equal windows). 

As an alternative to the determination of gc by measurements at 
resonance with no output circuit, the transmission T of the two-window-
coupled cavity and the standing-wave ratio at resonance may be 
measured. The unloaded Q may be computed from the expression 

Qo = 
Mr0 + 1) 

4r0 - {n+\)*T Qi 
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If the TR switch is matched at resonance, r0 = 1, and 

It is sometimes more convenient to measure the standing-wave ratio at 
resonance looking into the TR switch from the two directions than to 
measure the transmission. Let r\ and r2 be two values of the standing-
wave ratio. Then 

n (ri + l )(r , + 1) n 

A check on the accuracy of measurement can often be made using the 
relation 

T = * 
(n + i)(ri + l) 

In making careful measurements of the Q's of TR tubes in the 3000-
Mc/sec frequency range, it is necessary to measure small frequency 
differences. For example, with a TR tube having an unloaded Q of 
about 2500 and a Q loaded by one window of 450, it is necessary to deter
mine a wavelength difference of about 0.020 cm. With most coaxial 
wavemeters, the accuracy of this measurement is hardly better than 10 
per cent. A high-Q cavity wavemeter, such as described in Vol. 11, 
Chap. 5, is necessary. 

Another method by which the error can be considerably reduced is by 
employing a special frequency marker for measuring small frequency 
differences instead of a wavemeter. The circuit of this device contains a 
microwave oscillator in conjunction with an oscillator operating in the 
range of 1 to 20 Mc/sec. The output powers from these two oscillators 
are mixed together in a crystal mixer. This results in a carrier with side
bands differing from the carrier by multiples of the frequency of the low-
frequency oscillator. For example, a carrier frequency of 3000 Mc/sec 
and a low frequency of 16 Mc/sec give a carrier of 3000 Mc/sec and side
bands of 3000 ± 16 Mc/sec, 3000 ± 32 Mc/sec, and so forth. Thus, 
with the carrier set at 3000 Mc/sec, a variation of the low frequency from 
10 to 20 Mc/sec gives a variation in the first upper sideband over the 
range from 3010 to 3020 Mc/sec. If the microwave oscillator is stable, 
the frequency difference can be read to the accuracy with which the 1- to 
20-Mc/sec oscillator is calibrated. When this arrangement is used, 
power from the marker circuit is supplied to one of the input terminals 
of a spectrum analyzer, and the signal picked up by the probe of the 
standing-wave detector is supplied to the other input terminal of the 
spectrum analyzer. The signals are mixed in the crystal in the analyzer. 
When the two frequencies are brought into coincidence, the signals on 
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the spectrum-analyzer cathode-ray tube will show interference commonly 
called "rain," see Fig. 9-11. Since the spectrum analyzer can show two 
pips from any single microwave frequency, because it contains a super
heterodyne receiver, care must be taken to adjust the signals to the same 

frequency. Two pips on the oscilloscope 
of apparently equal frequencies might 
actually differ by twice the intermediate 
frequency of the receiver. The inter
ference phenomenon will not appear un
less the two frequencies are the same. 
The apparatus is arranged as shown in 
Fig. 9-12. Suppose that the measure
ment is to be made of the Q of a TR cavity 
loaded by one window, at a frequency of 
3000 Mc/sec. Oscillator No. 1 is set at 

3000 Mc/sec, and the TR cavity is tuned approximately to resonance by 
adjustment of the tuning mechanism until the standing-wave ratio look
ing into the cavity is a minimum. The tuning may be accomplished very 
easily if it is known that the cavity is overcoupled. This is done by 

1 

(a) 
F I G . 9-11.—Interference of signals 

of two frequencies on spectrum 
analyzer; (a) shows slightly different 
frequency signals, (b) shows signals 
of equal frequency. 
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F I G . 9-12.—Schematic diagram of spectrum analyzer, marker circuit, and r-f components 
arranged for measurement of QLI . 

locating the position of two successive minima in the standing-wave 
pattern with the cavity completely detuned. The probe of the standing-
wave detector is set halfway between these two positions, and the cavity 
is then tuned until a minimum in the standing-wave pattern appears at 
this position. Once the cavity is tuned, oscillator No. 2 is adjusted so 
that with the 1- to 20-Mc/sec oscillator set at some value, say 14 Mc/sec, 
one of the first sidebands has the same frequency as oscillator No. 1. 
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This is indicated by the appearance of rain on the oscilloscope. The 
frequency of oscillator No. 2 remains fixed for the rest of the measure
ment. The marker pip is moved out of coincidence with the main pip 
by adjustment of the 1- to 20-Mc/sec oscillator, and the standing-wave 
ratio looking into the cavity is measured. Next the 1- to 20-Mc/sec 
oscillator is set at some other frequency, for example, 15 Mc/sec. Oscil
lator No. 1 is tuned until the pips are coincident; the marker pip is moved 
aside, and the standing-wave ratio at this frequency is measured. This 
process is continued at the desired frequency intervals over a sufficiently 
wide band to include the values of r^ necessary according to the value 
of r0. 

Some TR tubes, such as the 1B24 and 1B26, are constructed with glass 
windows and there is no way of actually plugging these windows for QLi 
measurements. The cavities can, however, be terminated by means of a 
short-circuited line. If the short-circuited line is one-quarter guide 
wavelength long, the glass window will be at a point of maximum field 
and the loss component of the dielectric constant of the glass adds to the 
cavity loss. A short-circuited line one-half guide wavelength long does 
not place a high field at the glass window, but it does cause high currents 
to flow out of the cavity into the half-wavelength section of line. Unless 
the coupling between the cavity and the half-wavelength line section is 
extremely good, there will be loss caused by high currents flowing across 
poor contacts. Several Q measurements on the same TR tube have 
shown that the results were more consistent when a quarter-wavelength 
short-circuited line was used. The values of Qo average 2 per cent or 3 
per cent higher with the quarter-wavelength line than with the half-
wavelength line. 

9-4. Pass Band of Broadband TR Tubes.—The principal measure
ments of interest for bandpass tubes are the measurements of Q and of 
resonant frequency, for the windows and for the internal elements, as 
well as for the complete tube. Since the values of Q i 2 range from 1 to 
10, a modulated oscillator and amplifier provide the most accurate means 
of measuring the standing-wave ratios in the range from one to two in 
voltage. 

To determine the Q of one of these elements, the element is inserted 
in a section of waveguide between two slotted sections, and the line is 
terminated in a matched load. The standing-wave ratio as a function of 
wavelength is then measured for several points and a curve plotted from 
the data. The resonant wavelength is the wavelength for which the 
standing-wave ratio is a minimum, and the Q is calculated from the 
formula 
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where 6 is the susceptance at the wavelength AX away from resonance, 
Xo is the resonant wavelength, g is the total loading (equal to gL + gc), 
gL is the terminating conductance (usually unity), and gc is the shunt 
conductance of the resonant element. The susceptance 6 may be calcu
lated for any value of r, the voltage standing-wave ratio, by the formula 

-4 (r - g)(gr - l) 

The conductance g is determined by the standing-wave ratio at resonance, 
as in the case of a cavity. If gc can be neglected, and gL is unity, then 
QLI can be written in terms of r and X alone, 

Q"-(k^)^- (7) 

A second method of evaluating QLi from measurement employs the 
fact that the absolute magnitude of the reflection coefficient is a linear 
function of wavelength near resonance for negligible gc. By using Eq. 
(2-13), d \T\/d\ is calculated, 

2in^i 86 db 
(4 + b2)2d\ (8) 

If this is combined with Eq. (6), and db/d\ eliminated, and the value of 
| r | is used, then 

or for small b, 

. (4 + b»)» din 
QL1 - 16 (Xo) dX ' ( 9 ) 

QL1 ~ 2 ~dX~ 
\od\T\ 
2 dX ' 

_ ! + ! * + . . •_ (10) 

(11) 

To obtain d|rj/dX, the slope of the curve of | r | plotted as a function of X 
is taken near resonance. If the measurement is made at b = i, Eq. (11) 
gives a value for QLI within 10 per cent of the value obtained from the 
accurate equation. Care should be taken to measure the slope far enough 
from Xo so that the effect of conductance is negligible, and the linear por
tion of the resonance curve should be used. Sometimes, for wavelengths 
on one side of resonance, negative values of | r | are plotted so d|T|/dX can 
be obtained from data on both sides of resonance. Figure 3-5 of Chap. 3 
shows some theoretical curves of the variation of | r | with b, and Fig. 3-6 
of Chap. 3 is an example of an experimental determination of QLI. 

The determination of the transmission characteristics of the bandpass 
TR tube involves essentially only two measurements: (1) the reflection 

file:///od/T/
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loss over the band and (2) the dissipation loss. The useful frequency 
range is determined mainly by the reflection loss, since the insertion loss 
is small. A measurement of the standing-wave ratio looking toward 
a TR cavity terminated in a matched line at various points in the fre
quency band enables the reflection loss to be calculated easily. 

Another method of measurement of the bandpass characteristic of 
low-Q TR tubes utilizes a magic-T impedance bridge. If the magic T is 
arranged as shown in Fig. 9-13, the power in the output arm (4) is a 
measure of the magnitude of the voltage reflection coefficient of the 
unknown impedance, Zx. The error encountered depends on the match 
of the detector and generator and the mechanical asymmetry in the 

4 

Zx 

Det. 

Magic T 

Gen. 

Zo 

3 

F I G . 9-13.—Arrangement for magic T for impedance-bridge circuit. 

magic T. If this magic T is used with a modulated signal source and a 
crystal detector, the tuning of a device which must be matched at one 
frequency, or which must have a reflection coefficient less than a certain 
value at the one frequency, is simple. The tuning of the device is 
adjusted for minimum power in the output arm. With a perfect magic 
T, this will be zero for match; otherwise it will depend on the desired 
reflection coefficient. 

With appropriate precautions, it is possible to use a single magic T 
with several input frequencies. By the use of a corresponding number 
of local oscillators in a circuit similar to a spectrum analyzer, the power 
from the output arm may be displayed on an oscilloscope in the form of 
pips, one pip for each frequency. If three frequencies are used, the 
behavior of the reflecting element at the midband and band-edge fre
quencies is easily determined, and may be observed at a glance. If the 
device is calibrated with a reflection of known magnitude, quantitative 
data may be obtained. For example, if it is desired to check a resonant 
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window or a single resonant element, such as is used in a bandpass TR 
tube, the three frequencies corresponding to midband and the two band-
edge frequencies are set on the bridge. The element under test, backed by 
a matched load, is put on one arm of the magic T. The heights of the 
pips then give the desired information. The tuning of an element can 
be accomplished by adjusting for a symmetrical pattern. In addition 
to a quick examination of the characteristics of single elements, it is also 
possible to tune two-element bandpass TR tubes and to check the over-all 
response curve, that is, the standing-wave ratio looking through the tube 
into a matched load, at three different points in the pass band. 

This bridge is excellent for production checking of components, such as 
the windows of the bandpass TR tube, especially for tuning, since the 
necessary symmetry of the Q-curve for the proper frequencies can be 
noted at a glance. Any necessary changes on transmission-resonant ele
ments, such as grinding the glass in the windows or filing metal in other 
types of elements, may be quickly checked between steps by noting the 
changes in the pips. 

In the preceding discussion it was shown how the bandpass charac
teristics of TR tubes and filters might be checked, and a method was sug
gested for tuning the individual elements of one of these devices. The 
elements of a bandpass TR tube are usually spaced by a quarter wave
length in the guide and they are all tuned to the same frequency. I t is 
not practical, however, to tune the elements of one of these tubes before 
the tube is assembled, because strains set up in the process of assembly 
and soldering may seriously detune the resonant elements. The detun
ing is unpredictable in nature, so it cannot be compensated for by any 
initial detuning. For this reason the resonant elements of a broadband 
TR tube, with the exception of the input and output windows which have 
a very low Q, are made tunable and the tuning is done after assembly. 

No single tuning procedure can be outlined which applies to all band
pass TR tubes, but the following procedure applies for most tubes. 

1. Mount the tube between a slotted section and a well-matched 
termination, and use adapter flanges when necessary. 

2. Short-circuit all of the elements by turning in the tuning screws 
until they make contact across the element. 

3. Set the oscillator at the proper frequency (usually the center of the 
desired pass band). 

4. Set the probe at a minimum in the standing-wave pattern. 
5. Tune the first element until the position of the minimum moves 

toward the tube a distance equal to the spacing between the ele
ments. If this spacing is one-quarter guide wavelength, as it 
usually is, the probe may be set halfway between two minima and 
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the first element tuned until that point becomes a minimum in the 
standing-wave pattern. 

6. Turn the tube end for end and repeat steps (4) and (5), the third 
element is now nearest the generator. 

7. Tune the middle or second element to give minimum reflection. 
This may be done by first tuning the element for maximum power 
transmission and then trimming to give the best match. When 
this is done, however, the generator should be fairly well matched; 
otherwise there may be considerable difference between the points 
of maximum power transmission and minimum voltage standing-
wave ratio. 

If the higher-mode attenuation in the waveguide is not sufficient to 
eliminate the effects of higher modes, it is necessary to make the element 
spacing different from a quarter wavelength and to modify the tune-up 
procedure. I t is usually desirable to tune at the midband frequency, in 
order to assure the best symmetry of the bandpass characteristic. When 
this is done the position of the minimum is moved a distance different 
from the element spacing (step 5 of the tuning procedure). This distance 
is determined experimentally. I t is also possible to evolve a tuning pro
cedure which allows tuning at a point which is not the center of the pass 
band, this point is usually one of the points where a minimum standing-
wave ratio is obtained. This method may give satisfactory results, but 
tuning at the center of the pass band usually gives a more symmetrical 
characteristic. 

9-6. Impedance Measurements of ATR Tubes.—ATR tubes of two 
different types are of interest. One tube is the high-Q tube and the other 

Spectrum 
analyzer 

Oscil
lator 

Low-C ATR tube 
Probe | I 

Slotted 
line 

FIG. 914.-

is the low-Q tube. 

Wavemeter 
Measurement of standing waves on low-Q ATR tubes. 

The measurements on the high-Q tubes are the same 
as those discussed in Sec. 9-3 for the TR tube loaded by one window. 
The measurement of a low-Q ATR tube is made in a different mannes 
from that of a high-Q tube, but again its low-power behavior is deter
mined by making standing-wave measurements. A typical setup is 
shown in Fig. 9-14. 
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} SWR 

(a) (b) 

The ATR tube is mounted in the broad side of the waveguide and, 
to a first approximation, may be represented by a shunt-resonant circuit 
in series with the line (Fig. 9-15a). The response curve is such that a 

high standing wave is produced 
at resonance, while off resonance 
the impedance of the ATR tube 
is low (Fig. 9-156). 

If the Q of the tube is suffici
ently low, the standing-wave ratio 
will be large over such a range that 
a coaxial wavemeter is accurate 
enough to determine the wave
length readings . A spec t rum 
analyzer is used because the stand
ing-wave ratios are so large. Fig
ure 9'16 shows the type of curve 

obtained. 
The loaded Q of such an ATR tube is defined in terms of the rate of 

change of susceptance with frequency. If a generator of zero internal 
impedance a n d a conductance 
loading of unity are assumed, then r 

, , SWR 

where Qn indicates that the tube A f0 /2 
is loaded external ly b y a conduct - FIG- 916.—Standing-wave ratio vs. wave-
ance of u n i t y . The reflection length for broadband ATR switch. 
coefficient looking past the tube at a matched load is 

Z 

P I G . 9-15.—Equivalent circuits and response 
curve for low-Q ATR tubes. 
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At resonance, b is zero and the standing-wave ratio will be 

r„ = 1 + - . 

9 = r o - 1 
(12) 

The point at which b = 1 is convenient to use for the determination of 
QLI. The standing-wave ratio r' at the frequency at which 6 = 1 then 
depends on the value of g, 

■y/(2g» + g + 2)» + 1 + V^+A. 
Wg2 + g + 2)2 + l - Vg- + i" 

(13) 

From Eqs. (12) and (13), r' can be expressed as a function of r0, and 
Fig. 9-17 shows this relation. 

A second method for determining the Q of a low-Q ATR tube, which 
is especially suitable at short wave
lengths, makes use of the measure
ment of the phase shift in the 
neighborhood of resonance. This is 
particularly convenient for low-Q 
devices because the phase varies 
rapidly while the standing-wave ratio 
varies by only a very small amount. 
The two methods have been found 
to give results agreeing within about 
5 per cent a t several wavelengths. 
The position of the minimum is 
measured in the conventional man
ner. A high-Q wavemeter or a marker circuit as described in Sec. 9 3 is 
required, since the range of measurement extends over only a few mega
cycles. The value of Q is given by 
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A 
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F I G . 9-17.—Standing-wave ratio at 
points for which b = 1 as a function of 
standing-wave ratio at resonance. 

Q = J^_ A + 2g\ § 
'A AoxA 1 ' + g/df 

where c is the velocity of light, X0 the resonant wavelength in free space, 
Xe the guide wavelength, g is the shunt conductance of the tube, and 
dl/df is the rate of change of the position of the minimum with frequency. 
The minimum for which the value of dl/df applies is that which occurs 
nearest to the plane of symmetry of the tube. Since this is not usually 
the point at which the measurements are taken, a correction for the 
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length of line must be made. This is 
dl d£ _ d\ 
df df n df' 

where dl'/df is the measured slope of the line obtained by plotting the 
observed position of the minimum as a function of frequency and n is the 
number of wavelengths measured, at resonance, from the minimum 
nearest the ATR tube to the probe. I t is possible to use a magic T in 
such an arrangement and the correction term is not necessary (see Sec. 
9-6). In practice, \g is best determined by actual measurement between 
positions of minima in the standing-wave pattern, but X„ can be calculated 
from the known frequency and a careful measurement of the waveguide 
dimensions. I t may happen that the measurements are not centered 
about the resonant frequency but since dl/df is so nearly independent of 
frequency, no great precautions are necessary. 

Indicator Rotatable vane 

F I G . 9*18.—Tuning check on fixed-tuned TR tubes. 

9-6. Low-level Production Testing.—Standing-wave measurements 
are time-consuming and therefore impractical for production testing if 
several measurements are necessary. The operator should be able to 
get the information by a glance at a pattern on an oscilloscope screen or 
from the reading of a meter. The determination of the important param
eters of TR and ATR tubes in production testing is often facilitated by 
the construction of special apparatus. Some of the quantities which 
must be measured for each tube are tuning, tuning range (or pass band), 
unloaded Q, leakage power, keep-alive firing and sustaining voltages, and 
insertion loss. 

Fixed-tuned TR tubes of the 721 type are checked for tuning in a 
cavity of a given diameter. Owing to variation in construction, the 
tuning of tubes will scatter about the desired resonant frequency and it 
is necessary to specify a tolerance. It is impractical to determine the 
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actual resonant frequency for each tube in a fixed test cavity; therefore, 
the tuning of the cavity is varied through a desired range and the tube 
is accepted if resonance occurs in this range. This tuning is accom
plished by means of a rotatable vane in th« cavity (see Fig. 9-18). The 
resonant frequency varies from a maximum, when the vane is perpendicu
lar to the axis of the cavity, to a minimum when the vane is parallel to 
the axis. The amount of tuning depends principally on the vane size 
and on the clearance in the parallel position. Coupling to the cavity 
may be either by loop or by iris as convenient. Resonance is determined 
by noting the occurrence of a maximum in the rectified current of a 
crystal coupled to the cavity as the vane is turned. 

Tunable-gap tubes, such as the 1B27, are checked for tuning range 
in a cavity of specified diameter at two frequencies, and the tubes are 

; 

Crystal detector 9 

Tuning screw 

F I G . 9-19.—Measurement of Q by power drop in load. 

required to resonate at these frequencies within a specified number of 
turns of the tuning screw. This tuning check is usually done in the same 
cavity used for other low-level tests (for example, Qo) by simply plugging 
in oscillators set at the required frequencies. 

The measurement of Qa is simplified by the use of the power-drop 
method. Figure 9-19 shows a sketch of a test bench in which this prin
ciple is applied. Since the coupling to the cavity is constant, the loss is 
inversely proportional to the Qo of the TR tube. The loss, or power drop, 
can consequently be used as a measure of Q0. In practice, the flap attenua
tor is calibrated in decibels and is adjusted to keep the detector current 
constant. The apparatus is calibrated by checking a few tubes of 
known Qo. 

The detector is a crystal in a special holder designed to give a reason
able match into an average crystal. Final matching is accomplished by 
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means of a sliding-screw tuner. Figure 9-20 shows a cross section of the 
crystal holder. The d-c meter on which the crystal current is read is 

calibrated, by means of the flap 
attenuator, in terms of decibel 
drop in power from full scale. A 
tube is inserted in the cavity, 
tightly clamped, and tuned far off 
resonance; the meter is set, by 
means of the flap attenuator, to 
read full scale; the tube is tuned 
to resonance, and the meter read
ing noted. Tubes of less than a 
certain power drop are rejected. 
Keep-alive interaction may also be 

checked on such a test bench, and, if additional oscillators are provided, 
tuning ranges may also be determined. 

The apparatus shown in Fig. 9-21 is designed for production testing 
of low-Q ATR tubes in the 10-cm region. The principal feature is a 
rotatable mount for the tube. The axis of rotation is coincident with the 
axis of the tube, and therefore, a second measurement with the tube 
rotated 180° from its initial position affords a correction for lack of sym
metry in the position of the resonant window. The instrument is first 

zz&& 
F I G . 9-20.—Crystal holder. 

F I G . 9-21.—Production test bench with reversible mount for low-Q ATR tubes. 

calibrated with a tube which is tuned to the correct frequency. This 
tube may be an actual tube, or if several different types are to be checked, 
a section of waveguide with a window and movable plunger can be used. 
For a tube of each type, the plunger is adjusted for minimum transmis
sion past the tube at the proper frequency, and the average reference 
point of the standing-wave minimum for the two positions of the tube is 
determined. Figure 9-22 gives a schematic view of the apparatus. The 
points A and A' are choke joints at the ends of the rotatable mount and 
P is the position of the minimum in the standing-wave pattern when a 
correctly tuned tube is in the mount. If Al' is the measured value of the 
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phase shift, Aft may be calculated from the expression 

A6 = (1 + 2g) ^ M'. (14) 
K 

Once the tolerance in the value of Ab, at the frequency for which the tube 
is supposedly tuned, is determined, this measurement gives an indication 

P ATRi 
i A tube A' 

F I G . 9-22.—Schematic diagram of \ov/-Q ATR tubes with reversible mount. 

FIG. 9-23.—Magic T and reversible mount combined as impedance bridge for measuring 
phase shift of low-Q ATR tubes. 

of satisfactory performance of the tube. One point to be noted is that 
the reference point P should be as close as possible to the window. In 
the 10-cm region it is easy to make the distance three-quarters of a guide 
wavelength and therefore, the correction for line sensitivity is small. It 
can always be accounted for in these measurements. At very short 
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wavelengths, however, the reference point may be several guide wave
lengths from the tube, and consequently, the frequency sensitivity of the 
line may cause serious errors; slight changes in the oscillator frequency 
are especially troublesome at short wavelengths. 

These troubles may be corrected by the use of a reversible mount in 
conjunction with a magic T. Figure 9-23 shows a photograph of such 
an arrangement used for measuring 3-cm tubes (1B35 and 1B37 tubes). 
A schematic diagram of this circuit is shown in Fig. 9-24. If an ATR tube 
is placed in one arm of the magic T and a short-circuiting plunger in the 
opposite arm, the plunger may be adjusted to a position where the power 
into the detector in arm (4) is a minimum. If, at this position, the dis
tance V from the reference plane of the magic T to the open circuit pre
sented by the plunger (a quarter guide wavelength from the front face 

(4) of the plunger) is equal to the 
_ ,i m 1 __ c i I distance c', the line sensitivity will 

be a minimum. Any phase shift 
|—I Al' due to detuning of the tube 
, (3) is compensated by a shift of the 

f plunger of the same amount Al, 
tube and the susceptance Ab introduced 

by a tube that is slightly off reson
ance may be calculated from Eq. 

Plunger (14). The determination of Al is 
F I G . 9-24.—Schematic diagram of impedance f a c i l i t a t e d b y Us ing a d i a l i n d i c a -

ge' tor connected to the plunger. 
Using a tunable tube, a reference point for a correctly tuned tube is 
determined by setting the indicator to zero for the plunger position for 
which the power into arm (4) is a minimum. Thus, if a tube inserted 
in the mount shifts the phase by an amount Al, the plunger must be moved 
by an amount Al and in the same direction relative to the T-junction in 
order to get minimum power out of arm (4). 

The value of the shunt conductance g of the ATR tube may be deter
mined by a measurement of the voltage standing-wave ratio at resonance, 
or the magic T may be calibrated so that the ratio of power out of arm (4) 
to the power into arm (1) determines g. This can be done only if the 
magic T is fairly well matched and not seriously asymmetrical. To cali
brate the magic T, it is sufficient to set the power at an arbitrary level 
and measure the relative power out of arm (4) for various values of 
voltage standing-wave ratio in the arm which normally holds the tube 
mount. 

Production testing of bandpass TR tubes at low power levels is 
accomplished with the aid of the triple-frequency impedance bridge. 
The oscillators are adjusted to midband and band-edge frequencies, after 

(2). 

(1) 
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which it is necessary only to place the tube, backed up with a matched 
load, on one arm of the magic T and see if the pips show a standing-wave 
ratio less than a specified value at the three frequencies. 

9-7. Leakage-power Measurements.—In addition to the determina
tion of the low-power characteristics of TR and ATR tubes, it is necessary 
to examine their behavior at high power levels, that is, at transmitter-
power levels from a few watts up to powers greater than a megawatt. 
The principal quantities of interest, in connection with high-power 
operation, are the leakage power through the TR switch when it has fired, 
power loss in the tube itself, and recovery time. The complete informa
tion about the high-level performance of TR and ATR tubes involves a 
further subdivision of these quantities and a wide variety of careful 
measurements of each one. 

The leakage power which gets through a TR tube during the trans
mitter pulse amounts to only a few microwatts average power, for most 
tubes, and is most conveniently measured by means of a thermistor and 
thermistor bridge. Wollaston-wire bolometers, thermocouples, and crys
tals are less rugged than thermistors used at microwave frequencies. The 
thermistor element mounted in a broadband mount and used with a type 
TBN-3EV bridge affords a means of measuring the low power which gets 
through the TR switch. The type of mount depends on the output 
coupling of the cavity employed 
for the leakage-power measure
ment. The cavity may be either 
iris- or loop-coupled to a coaxial 
line which is terminated in a 
c o a x i a l - l i n e thermistor mount. 
For bandpass TR tubes or for 
other tubes employed with wave
guide, a transition to coaxial line 
may be used, or the thermistor 
may be mounted in the waveguide. 
The output coupling of the TR 
cavity is adjusted on low-level 
r-f power, and therefore, a match 
is seen at the input terminals (see 
Sec. 9-3). The reflection will vary 
somewhat among tubes of the w 
same type, because the unloaded Q'a are different, but this variation is 
usually not serious. A drawing of a typical r-f circuit in |-in. coaxial 
line, for use at a peak-power level up to 100 kw, is shown in Fig. 9-25. 

At higher power levels a waveguide installation is used (see Fig. 9-26). 
The cavity is usually shunt-coupled to the waveguide and provided with 

1B27 
R-f power TR tube 

9-25.—Leakage-power equipment 
medium-power level. 
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R-f power 
Matched 

Cs~ ^ ^ £§ TR cavity . ^ - " C 

* \ 4 4 4 1 

load 

^Thermistor 
mount 

, Thermistor 
I bridge 

FlQ. 9-26.—Waveguide high-power leakage 
power measurement. 

a coaxial output line, terminated with the matched thermistor. The 
cavity output coupling is adjusted for matched input to the cavity. 
This is accomplished in the following way: a plunger is substituted for 
the transmitter and a low-level signal is introduced from the load end of 

the transmission line. A position 
of the plunger is found for which 
tuning the TR cavity with no out-
put coupling results in no change 
in the standing-wave pattern as 
the cavity is tuned through reso
nance. This means that the plung
er is in the right position to 
short-circuit the cavity. Next the 
plunger is moved by a distance 
of a quarter guide wavelength, 

and therefore, the low-level signal is effectively introduced directly into 
the cavity. The output line is added to the cavity, and the coupling is 
adjusted until the standing waves disappear on the input side of the 
cavity. The plunger is replaced by the transmitter, and the apparatus 
is ready to measure leakage power. 
A directional coupler to monitor 
the line power facilitates studies 
of leakage power as a function of 
line power. For checking the zero 
setting of the thermistor bridge, 
a gate, either at the input or out
put side of the cavity, which will 
cut the r-f power off entirely from 
the thermistor, may be used. Fig
ure 9-27 shows the construction of 
a gate suitable for 3-in. by l^-in. 

• j FIG. 9-27.—Gate for large waveguide. 

The transition from waveguide to coaxial line may be made by means 
of a probe coupling, or a doorknob or a crossbar transition may be used. 
For wavelengths in the 10-cm region, one of the most satisfactory com
binations iaja. thermistor mounted in £-in. coaxial line and a crossbar transi
tion from 3- by 1-J-in. guide to -g-in. line. It is necessary to check the 
match in the waveguide portion at the wavelength used. In general, the 
probe and crossbar transitions are not matched over as broad a band as is 
the doorknob transition. Figure 9-44 is a sketch of a crystal holder using 
the crossbar transition. In the 10,000-Mc/sec region the thermistor 
mount is entirely in waveguide. Built into the unit is a gate which con
sists of a vane pivoted to swing between a choke-and-flange joint in a 
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waveguide section (see Fig. 9-28). The temperature sensitivity of the 
thermistor can be reduced by enclosing the unit in a box filled with rock 
wbol or other insulating material. 

F I Q . 9-28.—Thermistor mount and gate for 3-cm measurements. 

For measurement of the leakage power of pre-TR tubes, provision for 
known attenuation between the tube and thermistor must be made, since 
the leakage power is about 1000 times that of a TR tube. A directional 

FIQ. 9-29.—Termination for use in measuring leakage power of pre-TR tubes. 

coupler and matched load accomplish this very well. In addition, a 
plunger ( i in.-diameter rod) placed at the proper distance from the pTe-TR 
tube acts as a gate to shut off the power from the thermistor. Figure 
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9-29 shows this section of waveguide including the termination, plunger, 
directional coupler, and transition to thermistor mount. 

The measurement of the leakage power as described gives the total 
average leakage power, that is, both flat and spike, and both direct and 
arc coupling. The thermistor bridge indicates the average power inci
dent on the thermistor, and this value is usually in the range of 10 to 
150 IUW for line powers up to 100 kw peak power. If PavB is the average 
power, T is the pulse length, and v is the pulse repetition frequency, the 
average power during the pulse, Pk, is 

p 
k — • 

TV 
(15) 

This is, of course, not the peak r-f power in the pulse. Crystal-burnout 
studies indicate that the quantity of interest is the total energy in the 
spike. Thus, some separation of energies of spike and flat must be made. 
The total energy per pulse, W*, is given by 

Wr = (16) 

The determination of the spike energy is described in the next section. 
The flat energy per pulse and, hence, 
the flat power, is then found by sub
tracting the spike energy from the 
total leakage energy. 

For all these measurements, it is 
necessary to know both v and T 
accurately. The pulse recurrence fre
quency v is easily measured with a 
calibrated audio oscillator and oscillo
scope. Several methods may be used 
to measure the pulse length. A com
mon method is to use a sine wave, 
whose frequency is accurately known, 
to calibrate the sweep speed of a 
synchroscope or r-f envelope viewer. 
Once the sweep is calibrated, the pulse 
length is determined by viewing it on 
the oscilloscope. 

Another method of measuring the pulse length consists of applying a 
small amount of r-f power to a spectrum analyzer and making use of the 
characteristic spectrum of the rectangular pulse form. The pulse length 
can be calculated by measuring the wavelength difference between a 
known number of zeros of the spectrum. Figure 9-30 shows the spectrum 

(c) 
F I G . 9-30.—Characteristics of rec

tangular pulse: (a) single pulse; (fc>) 
amplitude spectrum; (c) appearance 
of spectrum analyzer scope. 
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of a rectangular pulse. If /m is the frequency corresponding to the mth zero 
on the right, and /„ is the frequency corresponding to the nth zero on the 
left, then 

_ m + n 
J-m. — Jn 

9-8. Measurements of Spike Energy.—Once the total average leakage 
power has been determined, some scheme for measuring the spike energy 

R.f power 
F I G . 9-31.—Cancellation circuit for measurement of spike energy. 

F I G . 9-32.—Adjustable probe coupling to coaxial line. 

separately from the flat energy is necessary. One method of measuring 
the energy in the spike utilizes the cancellation principle. A portion 
of the r-f energy is coupled out of the main line and into the output line 
from the TR cavity in the proper phase to cancel out the flat energy and 
leave only the spike energy. The spike energy can then be measured. 
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The arrangement for doing this is shown in Fig. 9-31. The magnitude 
of the bypassed power is varied by means of the adjustable probe at the 
main line or at the cavity output 
terminals. A cross section of this 
coupling is shown in Fig. 9-32. 

The proper adjustment of the can- II,.IIIIIII.I]IIIIIIIIIIIIII1II||]|I„,IIIIH,, 
cellation circuit for the elimination (a) 

J^ 1 
(a) V>) 

FIG. 9-33.—Pulse before and 
after cancellation of flat. 
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(b) 
FIG. 9-34.—Spectrum of pulse before 

and afte ■ cancellation of flat. 

of the flat energy requires some means of detection by which the adjust
ment may be checked. Several schemes may be used. One is to replace 
the thermistor by a reasonably well-matched crystal and to view the out-

140 

120 

100 

80 

60 

40 

20 

s o 

o 

0 / 
724-
100 

°S 

3 tube 
Ipps 

o 

0.5 

FIG. 9-35.-

1.0 
T/ i sec 

-Total leakage power vs. pulse length. 

1.5 2.0 

Level at = 0 gives spike energy. 

put voltage on an r-f envelope indicator. On a fast sweep, the spike 
energy and the flat energy are easily visible and the circuit is adjusted 
until the flat energy is canceled (see Fig. 9-33). When the crystal has 
been replaced by the thermistor, the power in the spike alone is measured. 
Subtraction of spike power from the total power then gives the flat power. 
Conversion to spike energy is made as just described [Eq. (16)]. Another 
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method is to use a rapidly acting thermistor bridge and to adjust the 
circuit for minimum power into the thermistor. This assumes that 
the flat is really flat and that no harmonic frequencies are present. The 
adjustment may also be made by picking off a portion of the energy 
from the slotted section and viewing it on a spectrum analyzer as the 
coupling is varied. The spectrum of a rectangular pulse is shown in Fig. 
9-34. As the flat is canceled out, the spectrum changes to a series of pips 
of very nearly equal height. 

A method that requires less equipment but is capable of giving good 
results is that of using different pulse lengths at one peak power. If the 
spike is assumed to be the same for all pulse lengths, a plot of the energy in 

Variable attenuators 

Rejection 
cavity 

Thermistor bridge 
for flat 

Magnetron 
Attenuation 

Fia. 9-36.—Separation of spike and flat power by pass and rejection cavities. 
the pulse as a function of pulse length, extrapolated to zero pulse length, 
gives a value for the spike energy. Figure 9-35 shows some data1 taken in 
this manner with a 724B tube. 

Another method for the separation of the spike and the flat energy 
has been used by Fiske.2 Advantage may be taken of the difference in 
the frequency spectra of the spike and the flat by the use of filters. A 
transmission cavity placed at the side of the waveguide which leads from 
the TR tube, see Fig. 9-36, allows the flat power to fall on a thermistor and 
this power can be measured. Since the spike has such a wide distribu
tion of energy in frequency, only a small fraction of it passes through the 
transmission cavity if the Q is near 1000. The flat power is forced to 
enter the transmission cavity by means of a rejection cavity on the side 
of the waveguide a quarter of a wavelength from the transmission cavity. 

1 J. W. Clarke, "A Method of Analyzing Leakage Power Data," BTL MM-43-
140-50, Oct. 11, 1943. 

1 M. D. Fiske, H. N. Wallace, and A. D. Warner, "Final Technical Report on 
Contract OEMar-1306," GE, SehenecUdy, Nov. 7, 194fi. 
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The rejection cavity acts as a high-Q ATR tube. The fiat energy passes 
both the transmission and rejection cavities and enters a second thermis
tor and the power can be measured. The method may be difficult to use 
in practice since the cavities must be precisely tuned. With proper care 
the losses in the cavities need not be excessive. 

9-9. Direct-coupling Measurements.—The direct-coupling power is 
the power which is coupled through a TR cavity by fields other than those 
of the normal mode. I t is the power which is coupled through when the 
arc is replaced by a perfect short circuit. The equipment and technique 
for measuring this power are the same as those used for measuring total 
leakage power, except that the TR tube is replaced by a dummy tube, in 
which a metallic short circuit is substituted for the discharge gap. With 
high-Q tubes such as the 1B27, 1B24, 721, or 724, an old tube with the 
cones soldered together is quite satisfactory as a dummy tube. The 
power then measured by the thermistor is the direct-coupling power. 

The direct-coupling attenuation for a given tube may also be meas
ured at low power levels by using a spectrum analyzer. The TR switch 

is adjusted in the same way as 
for the measurement of QLZ (see 
Sec. 9-3) with a matched output 
line and with coupling adjusted 

attenuation"" 68n| db I o r matched input to the cavity. 
v Arc coupling The output line is connected to a 

0 lot) 200 300—ioo—500 ' spectrum analyzer and the attenu-
Une power-kw ator is adjusted to a convenient 

F I G . 9-37.-Variat ion of direct-coupling and h e i h t o f g i { Q n t h e c a t h o d e . 
arc-coupling power with line power. i 

ray-tube screen. The TR tube is 
replaced in the cavity by a tube with a short-circuited gap and the 
attenuator is readjusted to bring the signal back to the same height. 
The difference in attenuator readings then gives the direct-coupling 
attenuation in decibels. 

Another, although not so accurate, method of procedure is to measure 
the leakage power from the TR switch as a function of the line power 
incident upon the tube. I t has been demonstrated (Chap. 5) that the 
arc leakage power is independent of the incident power over a large range 
of values, provided that the incident power is sufficiently high. Thus, 
by extrapolating the leakage-power variation to zero incident power, the 
arc leakage power is obtained. The slope of the line is the direct-cou
pling attenuation. Figure 9-37 shows the results of a series of measure
ments on a 721A tube in a cavity. The arc leakage is 30 mw and the 
direct-coupling attenuation is 68.8 db. 

9-10. Attenuation at Harmonic Frequencies.—An important problem 
is that of the transmission of harmonic frequencies through the TR switch. 

150 
e 

a so 
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In high-Q TR tubes this transmission may be extremely serious if the 
power in the harmonics is appreciable, since coupling is possible which 
transmits the harmonics through the cavity with practically no attenua
tion. If the power in these harmonics is sufficiently high, the receiver 
crystal may be burned out. The harmonics may be located by means of 
a spectrum analyzer. This involves searching over a wide range of fre
quencies and so requires a very-wide-range analyzer or a series of ana
lyzers. I t is more convenient to use some other means of locating the 
harmonics. One way to locate the harmonic is to use a coaxial wave-
meter as a transmission cavity between the TR output terminals and a 
crystal detector. The measurement of the actual power contained in 
these harmonics, once the frequency has been determined, requires a 
thermistor matched at the harmonic frequency and a selective filter 
device such as a high-Q cavity, resonant at the harmonic frequency, to 
remove the components of other frequencies. The fundamental fre
quency and frequencies near it can be attenuated effectively by 60 db or 
more by using a short-circuited-gap tube as in the measurement of direct-
coupling attenuation. 

When a discharge occurs across a resonant window as in bandpass 
TR tubes and pre-TR tubes, a measurement of the attenuation of the 
fundamental frequency probably gives the attenuation factor for the 
harmonics also, since the discharge covers the entire window with a 
conducting screen of ionized gas. This characteristic attenuation of 
harmonic frequencies has been emphasized as an additional advantage 
of bandpass TR tubes over high-Q tubes. 

9-11. Measurement of Arc Losses.—When a TR tube fires, some 
power is dissipated in the gaseous discharge of the arc. Since this dis
sipation may be a function of the shape of the electrodes and especially 
of the gas filling, complete information about a TR tube requires a 
measurement of the power lost in the arc. Because this loss is small, it 
is rather difficult to measure accurately. A simple method for measuring 
this quantity consists of setting up a TR cavity, with or without an 
output circuit, with a power measurer in the load end of the transmission 
line, and then comparing the power reading Pa, with a short-circuited 
tube in place, with the power reading Pu when a good TR tube is inserted. 
The ratio R = Pi/Po gives the fraction of power transmitted, and 1 — Ii 
gives the fraction of power lost in the arc. This measurement may be 
made either in coaxial line or in waveguide, with either high- or low-Q 
tubes. Accurately calibrated directional couplers with thermistors 
provide an easy way of measuring power. 

Since the loss in one tube usually amounts to only a few per cent of 
the incident power, with a possible error comparable in magnitude with 
the measurement, it is somewhat more satisfactory to use several tubes 
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instead of one. The greater loss with several tubes can be measured to 
within the same limits of error as for one tube, and if it is assumed that 
the tubes are reasonably alike, the average loss may be measured with 
more accuracy than for a single tube. Figure 9-38 shows a waveguide 
line with two directional couplers, set up for measuring arc loss of several 
tubes. With this arrangement " d u m m y " tubes are used to secure the 
zero readings P i and P 2 at the two couplers. The tubes to be meas
ured are inserted in place of the dummy tubes, and the power readings 
P[ and P£ are taken. The fractional loss of power is 1 — P J P ] / P J P J . 
If the attenuation of either directional coupler is known, the absolute 
power loss can be calculated. 

Directional coupler Directional coupler 

Matched load 
FIG. 9-38.—Equipment for measurement of arc loss on several bandpass tubes. 

9-12. Minimum Firing Power.—This quantity is of little interest for 
most practical applications, since the power level of the transmitter is 
usually very much in excess of that required to inaugurate the discharge. 
The minimum firing power is used as a test to determine the quality of 
some tubes. The measurement is extremely simple, the necessary 
equipment consists of an r-f oscillator which has a continuously variable 
output power, a transmission line with mounting for the tube under test, 
and a power-measuring device which indicates the power level in the 
line. The arrangement is very compact if waveguide is used. The 
firing point is determined by increasing the power level until the discharge 
can be seen (or otherwise indicated) through a small hole in the TR 
cavity or in the waveguide opposite the tube, and by noting the reading 
on the power monitor. The power may then be decreased until the arc 
goes out, thus giving the extinguishing power for the tube. 

If a pulsed magnetron is used as a power source, some means of 
attenuating the incident power must be provided. The most convenient 
form of attenuator for high power levels is known as a power divider. 
Figure 9-39 shows a schematic diagram of this device in a coaxial trans
mission line. Two stubs, each a quarter wavelength from the input 
terminals, are provided with plungers. The motions of these plungers 
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are ganged together so that the stub lengths always differ by a quarter 
of a wavelength. As the plungers are moved in and out, the ratio of the 
powers delivered to loads (1) and (2) changes over all values from zero 
to infinity. This can easily be seen from a simple calculation. The 
susceptance of the stub, with the 
plunger a 
line, is 

Jb 
where 

distance x from the 

—j cot kx, 

k = 2jr 
x ' 

plus 
seen 

The admittance of load (1) 
the stub admittance y\ as 
from the input T-injunction is, 
therefore, 

= 1 
1 — j cot kx 

Similarly, the admittance of the 
second branch is 

Load 2 

A/4 

N/4 

-I" 

Load I 

-V4-H 

y* = 
l 

F I G . 9-39.-

Input 
terminals 

Diagram of a power divider. 1 + j tan kx 

The currents divide in the ratio of these admittances, and the ratio of 
the powers, R, equals the ratio of the squares of the absolute magnitudes 
of the currents. Thus 

R 1 — j cot kx 
1 + j tan kx cot2 kx, 

which takes all values from 0 to » as kx varies from ir/2 to 0. 
admittance is equal to unity for all plunger positions, since 

The input 

2/i. = 
1 

+ 
1 

1 — j cot kx 1 + j tan kx 1. 

The admittance looking back from either of the loads, however, varies as 
the positions of the plungers vary. If load (2) is a matched dummy 
load, the power from the other terminals can be varied and used for the test 
bench. I t should be remembered that the generator is not matched, 
and it delivers maximum power when the load is reactive. 

9-13. An R-f Pressure Gauge.—The characteristics of any TR, ATR, 
or pre-TR tube depend on the pressure of the gas with which the tube is 
filled as well as on its composition. Within certain limits, it is possible 
to judge the quality of a TR, ATR, or pre-TR tube by measuring the 
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pressure of the gas inside it. One method of doing this utilizes the elec-
trodeless discharge of a gas at radio frequencies. The gas is excited by 
the application of a radio-frequency potential. The voltage at which 
the glow is first excited is a function of pressure, and can serve as a 
measure of pressure. 

A study of the breakdown voltage for an electrodeless discharge, for 
various gas pressures, yields the typical Paschen curve, very similar to 
the d-c voltage-breakdown characteristic, or to the variation of leakage 
power with pressure (Fig. 5-28). The question of interest for pressure 
measurements is whether reproducible curves can be obtained with 
slopes of such values that they are useful for pressure measurements. 
The change of slope of the curve with the frequency of the applied voltage, 
and the effect of electrode shape, are matters for experimental determina
tion. The structure of the electrodes should be such that pressure 
determinations are independent of slight variations in position and 
irregularities in the tubes under test. 

An oscillator of conventional design with a built-in, shielded, vacu
um-tube voltmeter is used. The oscillator operates at a frequency of 

6 Mc/sec and produces a voltage 
across the electrodes which is vari
able up to more than 3000 volts. 
For pre-TR tubes (1B38, 1B54) and 
low-Q ATR tubes (the 1B44 and 

T v iM»n>- j others) the electrode structure shown 
To oscillator \ \pi>^ ^^> . ' 

in Fig. 9-40, which rests on the glass 
window of the tube, is satisfactory. 

Fio. 9-40.—Electrode structure for testing \yjtjj t n e electrode and tube in place, 
pre-TR and low-Q ATR tubes. , , , . , . , , 

the applied r-t voltage is slowly 
increased until the glow discharge in the tube appears. The voltage at 
this point is compared with the calibration curve and thus indicates 
the pressure in the tube. 

The calibration curve depends on the gas mixture and the type of 
tube. A different mixture or a tube of a different type requires a new 
calibration. A 1B38 tube with the electrode structure illustrated in 
Fig. 9-40 has a variation of striking-voltage with pressure which is essen
tially a straight line with a slope of 30 volts/mm of Hg, for argon pres
sures up to 30 mm of Hg. For air, the slope is 100 volts/mm, up to 
pressures of 18 mm of Hg. These values are sufficiently accurate for 
checking low-Q ATR tubes and pre-TR tubes whose gas fillings can vary 
in pressure by several millimeters without impairing performance. This 
pressure gauge has been successfully used to check hydrogen thyratrons,1 

(3C45, 4C35). The range of pressures in this case is much lower, and 
i See Vol. 5. 

file:///yjtjj
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the pressure region of the Paschen curve below the minimum is employed. 
The voltage-pressure characteristic has therefore a large negative slope. 

Several factors influence the performance of this pressure gauge. The 
composition of the gas should be the same in all tubes for which the same 
calibration curve is used. The effect of very small amounts of impurities 
is serious and usually unpredictable. Each type of tube requires a 
separate calibration if the structure is appreciably different. If the tube 
has been in operation, it is possible that a sputtering process has resulted 
in the deposition of material on the glass. This deposit does not ordi
narily affect the calibration unless the deposit is an opaque metallic 
coating which results in appreciable electrostatic shielding. Temperature 
effects are quite negligible. 

F I G . 9-41.—Arrangement for measuring recovery time of a TR tube. 

9-14. Measurements on Recovery Time of TR Tubes.—The deter
mination of the recovery time of a TR tube requires more equipment 
than any other single measurement. The essential equipment includes 
a modulator (preferably of the synchronous type), an r-f system, with 
directional couplers for monitoring the power and introducing a low-level 
signal, a matched high-power load, a TR cavity, a mixer, a local oscil
lator, a preamplifier, a receiver, an A-scope, a pulsed signal generator, 
and a synchronizer or timing unit. The schematic arrangement of these 
components is shown in Fig. 9-41. This is one of several schemes which 
have been used for this purpose. The problem is to measure the attenua
tion of a low-power signal (the "echo" signal) as a function of time after 
the occurrence of the high-power transmitter pulse. This low-level 
signal is attenuated because of the presence of electrons around the gap; 
the attenuation decreases as the number of electrons decreases. Thus, a 
low-level signal of constant power traces an envelope curve, such as b 
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in Fig. 9-42; as the time of occurrence after the transmitter pulse, a, is 
varied. 

Beginning with the r-f transmission line, the necessary adjustments 
are straightforward. First of all, in order that the recovery time of the 
TR tube alone will be measured, no ATR tube is used and the distance 
from the magnetron to the TR branch is so chosen that the largest 

a possible fraction of a low-level 
signal coming from the antenna 
line will be transferred through 
the TR cavity to the crystal detec
tor. The local oscillator is set at 
a f r e q u e n c y approximately 30 
Mc/sec (that is, the intermediate 
frequency) from the frequency of 

the signal generator, which is usually, but not necessarily, close to the 
magnetron frequency, and the crystal current is adjusted to the operating 
level of 0.5 ma. When the local oscillator and signal generator are prop
erly tuned, the pulse should appear on the A-scope when the receiver 
sensitivity is high enough to make the noise visible. 

FIG. 9 42.-
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FIG. 9-43.—Phase-control circuit for sine wave. 

An essential part of the measurement is the adjustment of the time 
of occurrence of the low-level pulsed signal with respect to the main 
transmitter pulse. It is important to be able to adjust the low-level 
pulse so that it occurs just before the transmitter pulse, in order to provide 
a reference level at a time when the tube has made as complete a recovery 
as possible. For one method of timing control, the sine-wave voltage of a 
master oscillator is used. This voltage is split, by means of a phase-
control circuit, Fig. 9-43, into two sine waves having phases that are 
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variable with respect to each other. Two triggers may be generated 
from these two sine waves, and their relative times of occurrence will 
depend on the relative phases of the sine waves. One trigger may 
be used for the transmitter tube, and the other for the signal generator. 
A synchroscope1 is a convenient device to use as an A-scope; it provides 
the sine wave whose phase may be varied, a fast sweep for viewing 
the pulses, and one trigger. A trigger generator can form a trigger 
from the phasable sine wave. An alternative, and somewhat better, 
method is to use a Model G synchronizer. This device provides two 
triggers, one with a fixed delay for operating the modulator, and one with 
a variable delay for operating the pulse signal generator. This gives 
much more positive operation than the sine-wave phase-control circuit. 

The signal generator is an important item of equipment. I t must 
provide a reasonably good rectangular pulse, of approximately 1-^sec 
duration, in the desired frequency range. If a calibrated attenuator is 
not built into the r-f output line of the signal generator, such an attenu
ator must be provided externally. The system may also be designed so 
that the attenuation may be provided in either the i-f or the video-fre
quency line. A signal generator such as the type TGS-5BL facilitates 
a wide variety of measurements (see Vol. 11, Chap. 4). This signal 
generator uses a wide-range 707B or 2K28 tube and has a variable pulse 
length, a built-in variable delay for timing control, and an r-f attenuator 
in the output line. These features make it a very useful instrument in 
the 10-cm region. Other signal generators are available for the other 
wavelength regions. 

A method for measuring the time scale of the sweep is necessary. 
This is often accomplished by means of a 1-Mc/sec oscillator which 
provides a sine wave of accurately known frequency. This sine wave, 
applied to the signal plates of the A-scope, affords a calibration of the 
sweep since a complete cycle corresponds to 1 psec for a 1-Mc/sec wave. 
When a grid is placed over the face of the cathode-ray tube, time intervals 
can be estimated to tenths of microseconds. A still better scheme is to 
use a sweep calibrator which provides a series of equally spaced, very 
narrow pulses, and to arrange a switch so that these pulses are displayed 
on the tube. Sweep calibrators are described in Vol. 22 of this series; a 
suitable one is type B8127. 

Once the system is tuned, the measurement is easy. The choice of 
the origin of the time axis is arbitrary. It is possible either to measure 
the time interval from the leading edge of the transmitter pulse, since 
in a great many instances the leading edge of the pulse is sharper and 
better defined than the trailing edge, or to measure the interval from the 

1 For descriptions of this and other devices mentioned hero, the reader is referred 
to Vol. 22 of this series. 
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trailing edge, since the recovery of the tube cannot begin until the trans
mitter has ceased to oscillate. Either of two reference levels for the 
attenuator setting may be used: the attenuator reading for which the 
signal level is reduced to noise level, or the reading for a given amplitude 
of signal immediately preceding the transmitter pulse. The determina
tion of the first reference level is dependent upon the experience of the 
observer, but with practice a given observer can repeat readings to 
0.5 db consistently. In addition, the possibility of saturating the receiver 
is clearly avoided and irregularities in the sweep base line do not affect 
the results. The second reference level is easier to set, but care must be 
taken to avoid the saturation level. 

To determine the recovery time of a TR tube, the following procedure 
is used. 

1. The TR cavity is placed at the optimum distance from the trans
mitter for the operating frequency of the signal generator, which 
is approximately the same as for the transmitter frequency. 

2. The TR cavity is tuned for resonance at the frequency of the 
signal generator. 

3. The local oscillator is tuned until a pip appears on the A-scope. 
The local oscillator should provide a crystal current of approxi
mately 0.5 ma. 

4. The r-f high power is turned on and the signal generator is adjusted 
until the pip appears immediately ahead of the transmitter pulse. 

5. The attenuator reading for a given height of low-level signal (or 
the reading for which signal disappears into noise) is determined. 

6. The signal generator is adjusted until the pip appears at the desired 
time interval as measured from the leading edge of the transmitter 
pulse (or from the trailing edge if desired). 

7. The attenuator reading for which the signal is the same height as 
in (5) is determined. 

8. From readings (5) and (7), the loss in signal at the particular time 
interval is calculated. 

Essentially this same arrangement is used to measure the recovery 
time of pre-TR tubes, with a standard TR switch and mixer following 
the pre-TR tube. The usual arrangement of pre-TR tube and TR tube 
is employed, with the distance to the magnetron adjusted so that the 
mixer receives the maximum amount of low-level power from the antenna 
line. It might be thought that the presence of the TR tube would com
plicate the determination of the recovery time of the pre-TR tube, but at 
the power levels at which systems using pre-TR tubes operate, the recov
ery time of a new TR tube is very short, about 3 db down at 1 ;usec, since 
the leakage power of the pre-TR tube produces a very weak discharge in 
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the TR tube. An attenuator behind the pre-TR tube, to cut down the 
power to a level which will not damage crystals, requires a corresponding 
increase in output power of the pulse signal generator. Consequently, 
the attenuator method has not been applied for measurement of the 
recovery time of pre-TR tubes. 

Bandpass TR tubes are mounted in much the same way as pre-TR 
tubes. A waveguide mixer, such as that shown in Fig. 9-44, is used with 
tubes of this type. The steps just outlined are followed except for 
tuning of the TR tube which is, of course, unnecessary. 

In another method for measuring the recovery time of a TR tube, 
different frequencies are used for signal generator and transmitter, and 

O O V 
F I G . 9-44.—Waveguide mixer used with bandpass T R tubes. 

an additional high-Q TR tube is used as a filter. This arrangement is 
somewhat simpler since it eliminates the local oscillator and heterodyne 
receiver, and requires only a video amplifier. Figure 9-45 shows the 
arrangement of the components. The frequency of the signal generator 
is different from the transmitter frequency. Both TR tubes are tuned 
to the signal-generator frequency. The second TR tube reduces the 
transmitter signal to a value which will not cause undesirable transient 
effects in the receiver. Enough of the transmitter power gets through, 
however, to furnish a reference trace on the oscilloscope. A modifica
tion of the modulator, to make it pulse the transmitter tube only four 
times, for example, for every five signal-generator pulses, allows every 
fifth low-level pulse to come through unattenuated. The trace on the 
A-scope shows two superimposed pulses, the unattenuated pulse and the 
pulse affected by the recovery time of the tube. The difference in height 
of the pulses is a measure of the attenuation due to the recovery time of 
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A-scope Video receiver 

[SEC. 9-14 
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F I G . 9-45.—Two-frequency method for measuring recovery time. 

Flo. 9-46.—Oscilloscope photographs of superimposed-pip method of determining recovery 
time. The transmitter pulse is at A, the test-signals at B. 
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the tube. This attenuation is measured by inserting an attenuator in 
the video circuit. Figure 946 shows a photograph of an A-scope trace 
obtained with this arrangement. A point of interest is the apparent 
displacement in the maximum of the low-level pulse which is a result of 
the variation of the recovery time over the length of the pulse. 

9-16. Measurements of the Recovery Time of ATR Tubes.—For 
practical purposes, the recovery time of cell-type tubes, such as the 1B27, 
the 721, and the 724, is measured by using the tube as a TR tube. The 
effective recovery time when the tube is used as an ATR tube can then 
be calculated. The low-Q ATR tubes should behave in very nearly the 
same manner as pre-TR tubes with the same gas filling. A check of this 
is sometimes desirable and the following method has been used. For 
this determination, the arrangement illustrated in Fig. 9-47 is employed. 
The distance from the TR junction to the transmitter is adjusted to 

tt 
^ ^^-w& 

_ Wrong distance , 
~ without ATR ~ ~ 

FIG. 9-47.—Relation of components for determination of the effect of ATR tube recovery 
time. 

exactly the wrong length; that is, to such a length that the smallest 
possible fraction of low-level signal power goes into the TR branch. 
This adjustment is made with a short-circuiting blank in place of the 
ATR tube, and its purpose is to place the ATR tube in the position where 
its recovery time is most effective. The blank is then removed and the 
ATR tube to be tested is inserted in the mount. With the exception of 
step (1), the procedure for measuring the recovery time as outlined in 
Sec. 9-14 is applied. After this measurement is completed, the ATR tube 
is replaced by the blank, and the distance from the magnetron to the TR 
branch is adjusted for maximum signal into the TR branch. The recovery 
time is then measured as before. A comparison of these two measure
ments then indicates the effect of the recovery time of the ATR tube. 

9-16. Life Tests.—A great many factors, which include both mechani
cal and electrical effects, determine the useful life of TR and ATR tubes. 
Since a large number of these gas switching tubes contain water vapor in 
addition to other gases, the life characteristics require careful considera
tion. In developmental work, the only satisfactory way to determine 



424 MEASUREMENT TECHNIQUES [SEC. 9-16 

the life of these tubes is to set up a sufficient number of tubes to ensure 
reliable statistical data under conditions approaching actual use. This 
is easily accomplished with a waveguide line having many TR cavities 
mounted on the narrow side of the guide. Broadband TR and low-Q 
ATR tubes may be provided with special mounts on the broad side of 
the waveguide. A "doorknob" transition, or other suitable device, 
connects the magnetron to the waveguide section, and a high-power dis-
sipative load terminates the line. 

A similar bench can be built in coaxial lines by using T-sections with 
coupling loops for the individual cavities; the coupling loops are placed 

F I G . 9-48.—Illustration of cavity equipped with output gate for crystal protection. 

at such a point on the branch line that when the tube fires, the cavity 
branch, which is a shunt branch, presents an open circuit at the T-section. 
The waveguide line is preferred because of its simplicity. 

This bench provides a good opportunity to study crystal protection 
as a function of life. The TR cavities or bandpass tubes are provided 
with mixers of the conventional type which have short-circuited i-f out
put lines and no local-oscillator connections. To avoid possible damage 
to the crystal when the r-f power is turned on, output gates (see Fig. 9-48) 
in front of the mixer coupling iris protect the crystals until it is certain 
that stable operation has started. For operation it is also necessary to 
provide a keep-alive power supply. 

The gate is removed after the r-f power has been turned on and the 
character of the discharge between the cones examined through a small 
hole in the cavity in order to check the operation. The gate is constructed 
from thin sheets of phosphor bronze, spot-welded together at several 
points along the center and curved outward in opposite directions. This 
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provides good contact when the gate slides in the groove cut in the sides 
of the cavity. The crystals are checked by measurement of the back 
current at one volt and the front-to-back resistance ratio, by means of a 
standard crystal-rectifier test set, type TS-268 B/U. Measurements of 
such quantities as leakage power, recovery time, Q, and keep-alive inter
action are best obtained on the special equipment intended for each 
individual characteristic. Figure 949 shows the variation, with time, 
of recovery time and other parameters of a TR tube. 

Certain mechanical tests are closely connected with the useful life 
of TR tubes. One of the most important of these tests is that of tem-
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FIG. 9-49.—Typical variation of tube parameters with time. 
perature changes because of the multiplicity of metal-to-glass seals 
involved in the construction of the tubes and of joints between metals 
with different expansion coefficients. Individual tubes and, when 
appropriate, tubes such as the 1B27, 721, 724 clamped in the type of 
cavities in which they will be used, undergo a temperature cycle from 
room temperature to 100°C, to room temperature, to ^40°C, and back 
to room temperature. After each cycle, or small number of cycles, 
the tubes are checked to determine whether the extremes of temperature 
have caused cracks to occur in the seals of the tubes. Measurement of 
the firing voltage is sufficient to indicate an increase in pressure in the 
tube. Other mechanical tests, such as vibration and shock tests, are 
treated in the same manner, and increased firing voltage again indicates 
tube failure. 
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9-17. Properties of the Keep-alive.—The function of the keep-alive 
electrode in a TR tube is to provide a supply of ions near the discharge 
gap so that the r-f discharge will occur at as low a voltage as possible. 
This electrode is located near the gap, and a d-c potential is applied 
between the electrode and the adjacent part of the tube. This potential 
is high enough to cause a d-c discharge to occur, the initial break

down potential being a function 
of the gas filling and the shape 
of the tube. The voltage charac
teristic is specified for a given 
value of current flowing through 
the keep-alive circuit in terms 
of the voltage drop between the 
keep-alive electrode and the ad
jacent part of the tube. In addi
tion, the initial breakdown voltage 

should have a reasonable value. A circuit for testing the keep-alive volt
age characteristic is shown in Fig. 9-50. When the switch is thrown, the 
voltage applied to the keep-alive is allowed to build up slowly, by means 
of a circuit which has a long time constant, so that the striking 
voltage and then the sustaining voltage at a specified current may be 
determined. 

Since the d-c keep-alive discharge continues for a time long com
pared with the duration of the r-f pulse, the life of TR tubes containing 
H 2 0 and H2 depends on the number of hours of operation of the d-c 
keep-alive. This has been verified and, in some cases, tubes may be 
life-tested by operating them with 

F I G . 9-50.—Circuit for measuring keep-alive 
voltage characteristics. 

a d-c keep-alive and then measur
ing the sustaining voltage at de
sired intervals. I t is, of course, 
necessary to correlate this infor
mation with the results of actual 
operation by measurements of 
recovery time, leakage power, and 
insertion loss. This d-c-keep-
alive life test will not reveal such 

R 

Keep-alive 
electrode 

F I G . 9-51.—Circuit for keep-alive electrode. 

effects as the sputtering of copper from the cones onto the glass by the r-f 
discharge, a phenomenon which may occur at sufficiently high r-f power 
levels. The presence of this metallic film may increase the insertion loss 
of the tube and greatly impair low-level operating characteristics. 

As can be seen from a consideration of the keep-alive structure and 
power-supply circuit, the essentials of a relaxation oscillator are present, 
(Fig. 9-51). These oscillations may be viewed on an oscilloscope if the 
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keep-alive electrode is coupled through a very small condenser directly 
to one of the plates on the cathode-ray tube. 

9-18. Duplexer Insertion Loss.—The insertion loss of a duplexer is 
made up of the following components. 

1. Reflection loss that results from mismatch. This mismatch will 
be formed by the combination of the TR switch, ATR switch, 
and magnetron impedances. 

2. The TR-switch loss. This is dissipation loss only. 
3. The ATR-switch loss, which may be divided into two parts: 

a. Dissipation loss within the ATR cavity itself. 
6. Power lost into the magnetron because the ATR switch action 

is not complete. The ATR loss is sometimes called branching 
loss. 

If duplexers employ waveguide mixers, as, for example, at the 3-cm wave
length, the direct measurement of insertion loss (see Sec. 9-2) is quite 
simple. The mixer may be replaced by a well-matched detector and the 
magnetron may be replaced by a movable plunger which produces the 
proper reflection. This reflection will vary somewhat in magnetrons of 
different types, but a typical value is 20 db. The input side of the 
duplexer must also be well matched. If the TR and ATR tubes are 
tunable, they should be tuned for maximum signal into the mixer. The 
short-circuiting plunger is then moved to the position where the TR 
signal reaches a minimum value. This is the worst condition that will 
be encountered in service. After reading the detector-current meter, 
the duplexer is removed from the matched r-f generator, the detector (or 
mixer) alone substituted in its place, and the detector-current meter 
read again. On the assumption that the crystal has a square-law 
response, the powrer loss expressed in decibels is ten times the logarithm 
of the ratio of the crystal currents. If a calibrated attenuator is included 
in the setup, the meter reading is brought back to its former value and 
the difference in the attenuator readings is the insertion loss. 

Many 10-cm waveguide duplexers have coaxial mixers which are 
soldered into the TR cavities. Under these conditions, a standard 
tunable mixer is needed to make the measurement of insertion loss. The 
crystal detector should be selected so that it is nearly matched in the 
mixer, since the loss is dependent on the crystal conductance. The TR 
and ATR tubes are tuned and the plunger adjusted as already described, 
except that the r-f level should be kept at such a point that the crystal 
current is 0.5 ma. After this has been done, the duplexer is removed 
from the matched r-f source and the standard tunable mixer is connected 
to the r-f source. The standard mixer is tuned until the crystal is 
matched and the rectified crystal current, in milliamperes, is read. The 
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20 / loss will be — log s-= where m is the crystal law (see Sec. 9§1) m 0.5 The value 

of m is usually very close to two, as crystals are nearly square-law devices. 
I t is sometimes desirable to measure the impedances of the TR tube 

and ATR tube separately, and from these data calculate the losses. This 
method gives results which check well with those of the more direct 
method, but it is used only when a careful analysis of a duplexer is being 
made, since the measurements are more difficult than those in a simple 
loss determination. Equivalent circuits of duplexers and methods for 
calculating losses are discussed in Chap. 7. 

9-19. Effect of Transmitter Impedance.—In some cases transmitter 
tubes are consistent enough in cold impedance to enable the duplexer 
to be preplumbed; that is, the distance from the transmitter tube to the 

6 7 8 
Plunger position in cm 

FIG. 9-52.—Waveguide plunger with F I G . 9-53.—Variation in low-level 
resistance strip to give lower value of signal loss through TR cavity with 
standing-wave ratio than plunger alone. position of plunger in transmitter line. 

TR junction may be so chosen that the largest fraction of the received 
signal is transmitted into the TR branch. When ATR tubes are used, 
most, but not all, of the dependence on the transmitter impedance is 
eliminated. However, variations in the impedance of transmitter tubes 
cause variations in the duplexer loss (see Chap. 7). The effect of trans
mitter impedance is measured by replacing the transmitter tube by a 
plunger and observing the change in received signal, as indicated by the 
mixer crystal current, when the plunger is moved over a half-wavelength 
range. This provides a knowledge of the loss for all possible phases of 
transmitter impedance. The magnitude of this impedance may be varied 
by means of a piece of resistance strip extending beyond the face of the 
plunger to reduce the magnitude of the reflection to any desired value, 
(see Fig. 952) . 

The results of a series of measurements which used two low-Q ATR 
tubes resonant at 9.03 cm and a bandpass TR tube operating at a wave
length of 9-1 cm are given in Fig. 953 . A corresponding set of measure-
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ments over a band of wavelengths, if the dissipative loss obtained by 
other methods were taken into consideration, would give the curve shown 
in Fig. 9-54. (See also Chap. 7.) The area between the curves represents 
the spread of loss for all possible transmitter impedances. 

10.30 10.70 11.10 
\ in cm 

FIG. 954.—Effect of transmitter impedance on low-level signal loss over a band of wave
length's. 

9-20. High-power Operation of Duplexers.—During the high-power 
pulse of the transmitter, the function of the TR tube is to disconnect 
the receiver from the transmission line and to allow most of the power 
to reach the antenna. The high-power characteristic of the tube must 
be designed into the duplcxer in such a way that, during the transmitter 
pulse, essentially a continuous transmission line exists betw-een the 
transmitter and the antenna. The TR tubes of the cell type depend 
for their high-level action on the properties of the gaseous r-f discharge 
between the cones of the tube. The cloud of ions and electrons at the 
gap is equivalent in its action to the insertion of a short circuit in place 
of the gap. In order to measure the standing-wave ratio introduced 
during the high-power pulse by the TR and ATR tubes, the tubes are 
replaced by others which have their cones soldered together. The 
transmission line which leads to the antenna is terminated in a matched 
load, and the standing-wave ratio is then measured on a low-power 
bench. 
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The low-Q ATR, bandpass TR, and pre-TR tubes during high-power 
operation also make use of the conducting character of the ionized gas 
resulting from the r-f discharge. This discharge occurs across the input 
window of the tube and, therefore, the tubes are mounted on the broad 
side of the waveguide; consequently, this effective conducting sheet pre
serves the continuity of the waveguide line through the duplexing sec
tion. This condition may be simulated by taking an old tube and cover
ing the inside surface of the window with a layer of Wood's metal. In 
this way the effects due to the presence of the glass and shape of the input 
window are preserved. Again, as with the cell-type tubes, all tubes in 
the duplexer are replaced by these "fired" tubes, and low-level standing-
wave measurements are made looking through the duplexer at a matched 
load in place of the antenna line. 

The use of short-circuited tubes does not reproduce the high-power 
condition exactly, since the gas discharge does not have zero impedance 
and some power is dissipated in the arc. The exact effect of the power 
loss is best measured using the individual tubes and not the duplexer 
itself. 

The recovery time of a duplexer can be determined by the procedure 
described in Sec. 9-14. If the duplexer contains an ATR switch, the 
recovery time depends upon the recovery of this switch, and also upon 
the transmitter impedance. 
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Attenuation, direct-coupling, 13, 24, 55 

through 721A TR cavities, 57 
at harmonic frequencies, 412 

Attenuator, sliding-vane, 383 
Attenuator switch, 349 

B 

Bandpass characteristics, 78 
experimental, 91 
Marcus' calculation of, 84 
for 1B63 TR tube, 112 
for 10-cm tubes, 109 

Bandpass TR tubes, future status of, 252 
high-level characteristics of, 250 
9.2-cm-band, 107 
3-cm, arc leakage power through, 239 

leakage power envelope of, 232 
tuning procedure for, 396 

Barnes, J. L., 158 
Beam width, 3 
Bell Telephone Laboratories, 36, 130, 

334, 337 
Berger, R., 336 
Bethe, H. A., 34, 35, 172, 231 
Bloom, L. R., 253 
Bradbury, N. E., 188 
Branching loss, 427 

with available ATR tubes, 322 
for fixed-tuned ATR circuits, 292 
for general T-junction, 323 

Branching-loss factor, 277 
Bridge, impedance (see Impedance bridge) 

thermistor, 405 
Broadband T-stub, 266 
Brown, S. C , 179 
Burnout tests, simulated spike, 152 

G 

Cables, lossy, 37S 
Caldwell, W. C , 114, 138, 235 
Capacitive tuning slug, 43 
Cavity, coaxial, 45 

coupling of, to coaxial line, 50 
equivalent circuit for, 386, 388 
iris-coupled, coaxial duplexer with, 337 
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Cavity, loaded-y of, 388 
for 1B23 tube, 41 
phase of standing wave from, 387 
resonant, voltage transformation ratio 

of, 21 
shunt-mounted, 120 
TR {see TR cavity) 

Cavity couplings, 49 
Cavity losses, 16 
Cavity Q, 30 
Chemical reservoirs, 219 
Choke coupling, flush, 333 
Chokes, split, 333, 334 
Circuit, cancellation, for measurement of 

spike energy, 409 
equivalent, for ATR switch, 115 

for cavity, 386, 388 
for low-Q ATR tubes, 398 

junction, 262 
keep-alive, 211 
multiple-element, 91 
phase-control, 418 

Circuit calculations, equivalent, 29 
Circuit elements for waveguide T-junc

tions, 122 
Clark, J. E., 130, 138, 346 
Clark, J. W., 228, 411 
Clark, M., 339 
Clarke, H., 236 
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Coaxial cavity, 45 
Coaxial junctions, 265 
Coaxial T-junction with broadband trans

former, 268 
Cobine, J. D., 147, 172, 184, 187, 198, 

203, 210 
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Cork, B., 59, 226 
Couplings, cavity, 49 

optimum, 31 
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summary of, 33 
Crandell, C. F., 130, 138, 346 
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Crystal, calibration of, 380 
Crystal burnout, 151 
Crystal gate, 406 
Crystal law, 380 
Crystal performance figures, 152 
Crystal protection, gate for, 424 
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CV221 tube, 64 
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Dickey, F. E., 260 
Dielectric constants of glasses, 39 
Direct-coupling measurements, 412 
Discharge, decay of light intensity from, 
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keep-alive (see Keep-alive discharge) 

Duplexers, balanced, 350 
branched, 329 
circular-polarization, 369 
coaxial, with iris-coupled cavities, 337 
double-tuned, 339 
for 8.5 cm, 342 
electrical design of, 329 
high-power operation of, 429 
linear balanced, 352 
ioop-coupled coaxial, 336 
mechanical design of, 333 
with multiple ATR circuits, 308 
nonlinear balanced, 355 
1.25-cm, 346 

using circular polarization, 372 
1050 Mc/sec, 339 
pressurized coaxial, 335 
recovery time of, 430 
ring-circuit, 357 
10.7-cm band, reception loss for, 343 
10.7 cm, 342 
3-cm, 343, 344 
turnstile, 372 

frequency sensitivity of, 375 
two-channel, 347 
waveguide, 341 
wideband, for 3-cm, 345 

Duplexer circuits, basic, 279 
Duplexer insertion loss, 427 
Duplexing circuits, branched, 262 
Duplexing loss with ATR switch, 279 

without ATR tube, 274 
Duplexing switch, requirements of, 4 
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i?-plane junction, 269 
equivalent circuit of, 121 
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Impedance transformation, 14 
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Keep-alive circuits, 211 
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tuning curve for, 42 

1B24 TR tube, 60, 62, 65, 171, 179, 201, 
227 



INDEX 435 
1B24 TR tube, keep-alive pressure-volt

age characteristic of, 2091 
life test of, 223 
temperature-tuning cvrve for, 66 
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1B38 pre-TR tube, 148, 154, 164, 223, 

249, 250 
oscillogram of spike from, 164 
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Quarter-wave-length plate, 370 

R 
Radar equation, 1 
Radioactive cobalt chloride, 216 
Radioactive priming, 216 
Reception loss for 10.7-cm band duplexer, 

343 
Recovery characteristic of 1B38 tube 

with pure argon, 192 
of TR tube, 190 

Recovery time, 141 
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Foreword 

THE tremendous research and development effort that went into the 
development of radar and related techniques during World War II 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. Because this 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super-
'*• vision of the National Defense Research Committee, undertook the great 
-y' task of preparing these volumes. The work described herein, however, is 

the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 

~,"\ and other Dominions. 
J, The Radiation Laboratory, once its proposals were approved and 

I* finances provided by the Office of Scientific Research and Development, 
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 

i project. An editorial staff was then selected of those best qualified for 
^"i this type of task. Finally the authors for the various volumes or chapters 

*i or sections were chosen from among those experts who were intimately 
Ci- familiar with the various fields, and who were able and willing to write 

the summaries of them. This entire staff agreed to remain at work at 
MIT for six months or more after the work of the Radiation Laboratory 
was complete. These volumes stand as a monument to this group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of other scientists, engineers, and others who actually carried 
on the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and they 
worked so closely together even though often in widely separated labora
tories that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote reports 
or articles have even been mentioned. But to all those who contributed 

^ in any way to this great cooperative development enterprise, both in this 
i j country and in England, these volumes are dedicated. 

L. A. DUBRIDGE. 

i 
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Preface 

WITH the development of microwave radar, the crystal rectifier, 
which had been little Used since the invention of the vacuum tube 

several decades ago, again became important—as important as the magne
tron, klystron, or other microwave components. 

In the past five years crystal rectifiers have been manufactured, 
literally by the millions, for use primarily as microwave detectors. A 
correspondingly large amount of fundamental research and engineering 
development has taken place in the commercial and governmental labora
tories in the United States and in England. As a result the crystal-
rectifier unit that has emerged is a compact, stable device which is superior 
in many applications to the vacuum-tube diode. Its most extensive use 
up to now has been as a frequency converter in microwave reception, 
where its performance has not been equaled. It has also been used to a 
lesser extent as a low-level microwave detector. 

The recent development of germanium rectifiers capable of withstand
ing relatively high inverse voltages holds great promise for applications 
as second detectors in wideband receivers and in a variety of other cir
cuits where vacuum-tube diodes are ordinarily used. 

The purpose of this book is to present the fund of knowledge on crystal 
rectifiers that has accumulated during the course of World War II. 
Because of the need in radar systems for high-quality microwave con
verters, a large fraction of the work was expended for the develop
ment of crystal rectifiers for this application. A correspondingly large 
fraction of the book has, therefore, been devoted to the theory and proper
ties of the crystal converter. Other applications are discussed in Part III 
as Special Types. 

As in every other branch of microwave work, the development of 
measuring equipment and techniques has taken place simultaneously 
with that of the crystal rectifier itself. We have, therefore, included 
detailed discussions of methods of measurement of crystal properties 
and a description of standard test equipment for production and routine 
testing. 

The techniques for manufacturing converter crystals are discussed in 
Chap. 10. Special techniques required for the manufacture of other 
types are described in the appropriate chapters. The procedures pre
sented in detail are drawn largely from the work done at the M I T 
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Radiation Laboratory and by NDRC contractees, but no attempt has 
been made to include the details of all of the procedures that have been 
successfully employed. 

Because of the unique nature of war research and development, it 
is impossible to acknowledge adequately individual contributions to 
this subject. Much of the work is a result of the joint efforts of many 
individuals. At the present writing most of the available literature 
is in the form of reports that, for reasons of security, have not yet been 
published in scientific journals. Much of the literature referred to 
will undoubtedly appear later, however, in journal articles, or will be 
declassified and made available by the United States government. 
We have therefore given references to some of the more important of 
these documents. 

In England the chief contributors to crystal research and develop
ment were the General Electric Company, British Thompson-Houston, 
Ltd., Telecommunications Research Establishment, and Oxford Uni
versity; in this country they were the Bell Telephone Laboratories, 
Westinghouse Research Laboratory, General Electric Company, Sylvania 
Electric Products, Inc., and E. I. duPont de Nemours and Company. 
The crystal groups at the University of Pennsylvania and Purdue Uni
versity, who operated under NDRC contracts, were responsible for much 
of the fundamental research and development work reported herein. 

DuPont and the Eagle-Picher Company developed manufacturing 
processes and produced in quantity highly purified silicon and germanium 
oxide, respectively, without which much of the improvement in crystal 
rectifiers would have been impossible. 

We are particularly indebted to our colleagues at the Radiation 
Laboratory whose contributions and stimulating discussions have been 
invaluable in writing this book. 

The preparation of this manuscript would have been impossible, 
finally, without the splendid aid of the editorial staff. In addition to 
those names listed as editors, we wish particularly to emphasize our 
gratitude to Barbara E. Myers, Marjorie S. Tariot, and Natalie C. 
Tucker, editorial assistants. 

HENRY C. TORREY. 
CHARLES A. WHITMEH. 

CAMBRIDGE, MASS. 
June, 1946. 



Contents 

FOREWORD BY L. A. DUBHIDGE v 

PREFACE vii 

CHAP. 1. INTRODUCTION 1 

THE PHENOMENON OF RECTIFICATION 1 

11. The Nonlinear Element 1 
1-2. Detection 2 
1-3. Frequency Conversion 4 

THE NATURE OF THE CRYSTAL RECTIFIER 5 

14. The Discovery and Early Use of Crystal Rectifiers 5 
1-5. Recent Developments 6 

PART I. GENERAL PROPERTIES 

CHAP. 2. FUNDAMENTAL PROPERTIES OF THE CRYSTAL RECTI
FIER 15 

THE PRESENT CRYSTAL CARTRIDGES 15 

2-1. Description of the Cartridge 15 
2-2. Stability and Handling Precautions 18 

ELECTRICAL PROPERTIES 20 

2-3. The Voltage-current Characteristic 20 
24. The Equivalent Circuit 23 

MIXER CRYSTALS 25 

2-5. Conversion Loss, Noise, and Noise Figure 25 
2-6. Optimum Local-oscillator Level 33 
2-7. The R-f Impedance of Crystal Rectifiers 35 
2-8. The I-f Impedance of Crystal Rectifiers 40 

CHAP. 3. PROPERTIES OF SEMICONDUCTORS 45 

3 1 . Band Theory 45 
3-2. Electron Distribution in Semiconductors 48 
3-3. Work Functions and Contact Potentials 51 
34. Electrical Conductivity and Hall Coefficient for Semiconductors 53 
3-5. Characteristic Constants of Silicon and Germanium 61 
3-6. Effect of Impurity Additions in Silicon and Germanium 64 

ix 



X CONTENTS 

C H A P . 4. T H E S E M I C O N D U C T O R — M E T A L C O N T A C T 68 

4 1 . Barrier-layer Rectification 68 
4>2. Fo rma t ion and St ructure of the Barrier Layer 70 
4-3. Diffusion and Diode Theories of Rectification 77 
4-4. T h e D-c Characterist ic 82 
4-5. Deplet ion Layers 90 
4-6. Rectification a t High Frequencies 97 

PART II. THE CRYSTAL CONVERTER 

C H A P . 5. F R E Q U E N C Y C O N V E R S I O N I l l 

5-1. Discussion of the General Problem I l l 
5-2. T h e Admi t tance Matr ix 114 

T H E PHENOMENOLOGICAL T H E O R Y O F CONVERSION 119 

5-3. The Admi t t ance Matr ix in T e r m s of Measurable Parameters . . 119 
5-4. Transformat ion of the Matr ix to New Variables 121 
5-5. Reciprocity 124 

CONVERSION L O S S AND M I X E R ADMITTANCES 128 

5-6. General Definition of Loss; Special Cases 128 
5-7. Conversion Loss in the Broadband Case 130 
5-8. General Expression for Conversion Loss 136 
5-9. Effect of the Image Terminat ion on Conversion Loss 140 
5 1 0 . Effect of Image Terminat ion on I-f Impedance 148 

T H E P H Y S I C A L T H E O R Y O F CONVERSION 152 

5-11. Mat r ix of a Nonlinear Resistance 153 
5-12. Effect of Parasi t ic Impedances on Conversion Loss 157 
5 1 3 . Effect of a Variable Barrier Capaci tance 163 
5-14. Harmonic Reinforcement 167 
5-15. Conversion wi th a Subharmonic Local Oscillator 170 
5-16. Harmonic Generat ion 173 
5 1 7 . Modulat ion 174 

C H A P . 6. N O I S E G E N E R A T I O N 179 

T H E O R Y 179 

6 1 . Shot and T h e r m a l Noise in Crysta l Rectifiers 179 
6-2. Other Sources of Noise 186 

I N T E R M E D I A T E - F R E Q U E N C Y AND V I D E O N O I S E 187 

6'3. Dependence of Noise Tempera tu r e on Frequency 188 
6-4. Dependence on Tempera tu re 194 

M I C R O W A V E N O I S E 195 

6-5. T h e Crystal as a Microwave Noise Generator 195 

C H A P . 7. LOSS A N D N O I S E M E A S U R E M E N T S 198 

L o s s M E A S U R E M E N T S 198 

7 1 . General Considerations 198 



CONTENTS xi 

7-2. The Heterodyne Method 200 
7-3. Impedance Methods 202 
7-4. The Incremental and Amplitude-modulation Methods 213 

NOISE-TEMPERATURE MEASUREMENTS 218 

7-5. General Considerations 218 
7-6. The Roberts Coupling Circuit 223 
7-7. Narrow-band Coupling Circuit 225 
7-8. Use of the Noise Diode in Noise-temperature Measurements. . . 226 

MEASUREMENT OF LOSS, NOISE, AND RECEIVER NOISE FIGURE 227 

7-9. The Measurement of Receiver Noise Figure 227 
710. The Measurement of Mixer-crystal Properties 230 
7-11. Loss and Noise Temperature as a Function of R-f Tuning . . . . 232 

CHAP. 8. BURNOUT 236 

8 1 . General Considerations 236 
8-2. Burnout Theory 239 
8-3. Burnout Theory 248 
8-4. Experiments on Burnout 256 
8-5. Burnout Limitations of Standard Crystal Units 260 

CHAP. 9. TEST EQUIPMENT 264 

STANDARD Loss TEST SETS 264 

9 1 . The Conversion-loss Set for the 3-cm Band 265 
9-2. The Conversion-loss Set for the 10-cm Band. 272 
9-3. The Conversion-loss Set for the 1-cm Band 276 
94 . The Mechanical Modulator 280 

STANDARD NOISE TEST SETS 283 

9-5. The Noise Measuring Set for the 3-cm Band 283 
9-6. The Noise Measuring Set for the 10-cm Band 289 
9-7. Noise-temperature Measurement of 1-cm Rectifiers 292 

BURNOUT 293 

9-8. Spike Test 293 
9-9. Microsecond Pulse Test 296 

FIELD TESTING 297 

910. D-c Tests 297 

CHAP. 10. MANUFACTURING TECHNIQUES 301 

PREPARATION OF SEMICONDUCTOR 301 

101. Purification of the Semiconductor 301 
10-2. Addition Agents 306 
10-3. Preparation of the Ingot 308 
10-4. Polishing. Heat-treatment, and Etching 314 



Xll CONTENTS 

T H E CAT WHISKER 316 

10-5. Whisker Materials 316 
10-6. Fabrication of the Whisker 318 

ASSEMBLY AND ADJUSTMENT OF THE CARTRIDGE 323 

10-7. The Ceramic Cartridge 323 
10-8. The Coaxial Cartridge 326 

SOME DESIGN CONSIDERATIONS AFFECTING ELECTRICAL PERFORMANCE . . . 328 

10-9. R-f Impedance 328 
10-10. Conversion Loss and Burnout 329 

PART III. SPECIAL TYPES 

CHAP. 11. LOW-LEVEL DETECTION 333 

PROPERTIES OF CRYSTAL RECTIFIERS AT LOW LEVELS 333 

111. Rectification at Low Levels 333 
11-2. Equivalent-circuit Theory 335 
11-3. Effect of Bias on Low-level Properties 340 
11-4. Variation of Low-level Properties with Temperature 342 

THEORY OF LOW-LEVEL DETECTION 344 

11-5. The Figure of Merit of a Video Crystal 344 
11-6. Effect of D-c Bias on Figure of Merit 347 
11-7. The Effect of Temperature Variation on Crystal-video Receiver 

Performance 348 

MEASUREMENTS 349 

11-8. R-f Equipment and Measurements 350 
11-9. Equipment and Methods for Measuring Current Sensitivity, Video 

Resistance, and Figure of Merit 355 

SPECIAL MANUFACTURING TECHNIQUES 357 

11-10. Stability Considerations 358 
11-11. Processing the Silicon 358 
11-12. Fabrication of the Whisker 359 
11-13. Adjustment of the Rectifying Contact 359 

CHAP. 12. HIGH-INVERSE-VOLTAGE RECTIFIERS 361 

T H E HIGH-INVERSE-VOLTAGE RECTIFIER AND ITS APPLICATIONS 361 

121. Preparation of the Ingot 364 
12-2. Etching and Surface Treatment 369 
12-3. Assembly and Adjustment of the Cartridge 369 
12-4. Low-frequency Properties 372 
12-5. High-frequency Properties 378 
12-6. Silicon High-invcrsc-voltage Rectifiers 389 
12-7. Theory of the Negative-resistance Characteristics 391 
12-8. Photoelectric Effects in Silicon and Germanium 392 



CONTENTS xiii 

CHAP. 13. WELDED-CONTACT GERMANIUM CRYSTALS 398 

13-1. Construction of Weldcd-contact Rectifiers 398 
13-2. General Properties 400 
13-3. Negative I-f Conductance 401 
13-4. Loss and Noise Measurements 403 
13-5. Theory of Negative I-f Conductance and Conversion Amplification 406 
13-6. Applications 415 

APPENDIX A The Reciprocity Theorem of Dickc 417 

APPENDIX B Skin Effect at a Metal-semiconductor Contact 421 

APPENDIX C Spreading Resistance of an Elliptical Contact 427 

APPENDIX D Crystal-rectifier Types and Specifications 429 

INDEX 435 





CHAPTER 1 

INTRODUCTION 

THE PHENOMENON OF RECTIFICATION 

The process of rectification and its applications are well known and 
extensively treated in the literature. However, within the last five 
years a wealth of new information on the crystal rectifier has accumulated 
as a result of its superior performance in microwave receivers. In facti 
the use of crystal rectifiers for frequency conversion occurred for the first 
time during World War II. The purpose of this book is to give an 
account of the present state of our knowledge of the crystal rectifier and 
its applications. The applications with which we are chiefly concerned 
have to do with the use of the rectifier as a nonlinear device in the detec
tion and frequency conversion of r-f signals. As a background for the 
analysis of the crystal rectifier we shall begin with a brief review of the 
process of detection and frequency conversion. 

1-1. The Nonlinear Element.—Rectification may be defined as an 
operation on an a-c voltage to produce a unidirectional component. The 
vacuum-tube diode is a familiar example of a device that performs this 
function. The unidirectional component arises from the fact that the 
average resistance to current flow is less in one direction than in the other. 
In addition to the d-c component in the rectifier output there are also 
present harmonics of the input signal which arise because of the nonlinear 
character of the rectifying element. The relative amplitudes of the 
harmonics depend on the shape of the current-voltage characteristic 
curve in the operating region. The magnitude of the d-c component 
also depends on the shape of the characteristic. For example, it is clear 
that a nonlinear element having the characteristic curve of Fig. 11a, 
which is an odd function of the voltage about the origin, will have no 
output d-c component at all when operated at zero bias. However, if a 
d-c bias voltage is applied so that the operating point is at A, the applica
tion of a small a-c signal will result in a net increase in the direct current 
over that produced by the bias alone. This occurs because the average 
current will be greater for the positive swings of the a-c signal than for 
the negative ones. 

Rectifiers that are useful for detection purposes have characteristics 
similar to that shown in Fig. 1-16. The shape of the characteristic will 
of course depend on the physical nature of the rectifier. In general, the 
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important features are a high back resistance and a relatively low for
ward resistance. At high frequencies other physical characteristics, such 
as capacitance of the rectifying element, transit time, etc., are important 
factors. In the vacuum-tube diode, for example, the resistance in the 
back direction is very high. In the forward direction the current is 

proportional to the three-halves power of the 
i I applied voltage when the voltages are small. 

/ For larger voltages there is a region that is ap-
A / proximately linear. As we shall see later, the 

. / shape of the crystal-rectifier characteristic may 
/ " e vary widely depending on the nature of the 

/ crystal and the way in which it is constructed. 
/ We shall postpone the discussion of the crystal-

/ rectifier characteristic and the consideration of 
a the other properties that are of importance in 

the microwave region. 
t 

e 

(6) 
F I G . 1-1.—Nonlinear ele- F I G . 1-2.—Ideal rectifier 

m e n t s . (a) Nonrectifying characteristic. 
element at zero bias; (6) 
rectifying element. 

1-2. Detection.—In the use of the rectifier for detection there are two 
classifications that are of particular interest to us: (1) linear and (2) 
square-law detection. 

Linear Detection.—In linear detection, the rectifier functions essen
tially as a switch. Let us assume that the rectifier characteristic is ideal— 
that is, that the resistance in the back direction is infinite, and in the for
ward direction is small and constant (see Fig. 1-2). I t is well known 
that when a sinusoidal wave is impressed on the ideal rectifier the average 
current through this rectifier will be proportional to the amplitude of 
the input wave. The voltage across the rectifier load resistance will 
then be composed of a d-c component proportional to the amplitude of 
the input signal plus components of the input frequency and its even 
harmonics. 

Most rectifiers will approximate this ideal performance if the input 
signal is large enough to make the region of curvature near the origin 
small compared with the substantially straight part of the characteristic 
over which the voltage varies. Furthermore, the load resistance is usu-
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ally chosen large compared with the rectifier resistance so that the effect 
on the output voltage of variation of the forward resistance of the rectifier 
is small. 

The efficiency of rectification is defined as the ratio of the d-c voltage 
across the output load resistance to the peak amplitude of the input 
signal. I t depends on the ratio of load resistance to the internal resis-
ance of the rectifier and the amplitude of the input signal as noted above. 

In the detection of amplitude-modulated waves in radio reception a 
load consisting of a parallel RC combination is commonly used. With 
proper choice of the values of R and C the output voltage will, to a very 
close approximation, vary like the envelope of the amplitude-modulated 
wave. Under these conditions, the rectification efficiency of vacuum-
tube diode rectifiers is normally about 70 to 90 per cent. A detailed 
analysis of linear detectors used in radio receivers may be found in stand
ard textbooks on radio engineering1 and will not be given here. We will 
return to a discussion of the use of one of the crystal rectifier types as a 
linear detector in Chap. 12. 

Square-law Detection.—The term square-law is applied to a detector 
in which the d-c, or rectified, output is proportional to the square of the 
amplitude of the input signal. I t can readily be seen that such a response 
depends on the nonlinearity of the characteristic at the operating point. 
Over a limited range the current-voltage characteristic of a rectifier can 
be represented by a Taylor expansion terminating in the squared term 

i = / t o =/(*>) +j^SeN-5 0(8*)', (1) 

where e0 is the bias voltage determining the operating point, and Se is the 
small input signal voltage. The derivatives are evaluated at the operat
ing point eo- Any rectifier will, therefore, function as a square-law 
rectifier when the applied signal is sufficiently small, provided that the 
second derivative of the characteristic does not vanish at the operating 
point. The linear term is, of course, of no importance as far as rectifica
tion is concerned, since it is symmetrical about the operating point. 

By means of Eq. (1) we can determine analytically the output of the 
rectifier for a given input signal. The analysis can be summarized briefly 
as follows. Let us consider a signal consisting of a single sinusoidal wave, 
E sin at. In addition to the frequency of the signal, the output will 
contain d-c and second-harmonic components with amplitudes propor
tional to E2. In general, if the signal is composed of a number of sinu
soidal components the output will contain, in addition to the frequency 
components of the signal, the d-c component, second harmonics of each 

'For example see F. K. Terman, Radio Engineer's Handbook, McGraw-Hill, New 
York, 1943. 
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if 

frequency component, and sum and difference frequencies formed by 
every possible combination of frequencies contained in the input signal. 
The amplitude of the d-c component will be proportional to the sum of the 
squares of the amplitudes of the signal components. The amplitude of 
each second-harmonic component will be proportional to the square of 
the amplitude of the corresponding signal component; the amplitude 
of the sum and difference frequencies will be proportional to the product 
of the amplitude of the input components involved in the combination. 

As an example, let us consider the square-law detection of an ampli
tude-modulated wave given by the expression 

e = Eo(l + m sin (it) sin u>t. 

For purposes of analysis this wave may be represented by three frequency 
components, the carrier and two sidebands, with angular frequencies 

o>, (u — /3), and (&> + /S), respectively. 
These are represented graphically in 
Fig. l-3a. The relative amplitudes of 
the additional components in the out
put of the detector are shown in Fig. 
l-3b for the case where m = 0.5. 

The square-law detector is a useful 
device for the measurement of the 
power of an a-c signal because the rec
tified output is proportional to the 
square of the input amplitude. As we 
shall see later, the crystal rectifier is 
often employed as a square-law de
tector in monitoring microwave power. 
In fact, such a device is serviceable 
outside the square-law region provided 
it is calibrated. 

I t is clear that the magnitude of 
the various components arising from 
the square term of Eq. (1) will be pro
portional to the magnitude of the sec
ond derivative of the characteristic at 

the operating point. Maximum sensitivity will then be obtained by 
adjusting the d-c bias so that the operating point is also the point of max
imum curvature on the characteristic. Other factors of importance in the 
microwave region, such as capacitance, noise generation, etc., will be dis
cussed in Chap. 11. 

1-3. Frequency Conversion.—Heterodyne reception provides a means 
of converting the carrier frequency of a signal to a new value. This is 

(a) 
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u -
t ; a . 
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F I G . 1-3.—Frequencies involved in 
detection, (a) Frequencies in detector 
input (modulation percentage = 50); 
(b) additional frequencies in the de
tector output . 
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accomplished by means of a local oscillator and a nonlinear element. 
The local oscillator output and the signal are coupled into the nonlinear 
device, where they generate—among other frequencies—a frequency 
equal to the difference between the signal and local-oscillator frequencies. 
Usually, although not always, the local-oscillator power level is large 
compared with the signal level. The local oscillation may have either a 
lower or higher frequency than the signal since it is the difference fre
quency which is usually of interest. Under these conditions the nonlinear 
element in so far as it functions in the linear region, generates a difference 
frequency called the intermediate frequency, the amplitude of which is 
proportional to the signal amplitude and independent of the amplitude 
of the local-oscillator voltage. 

The device that contains the nonlinear element and the means for 
coupling it to the terminals of the local oscillator and to the input and 
output terminals is called a mixer. The input terminals are used for 
application of signal power and the output terminals are used for delivery 
of power at the intermediate frequency. The unit consisting of mixer 
and local oscillator is called a 'frequency converter," and the whole 
process is referred to as "mixing" or "frequency conversion." 

If the signal is an amplitude-modulated wave, the mixer output will 
consist of a carrier at intermediate frequency plus sidebands which repro
duce the original modulation of the signal. In addition, the nonlinear 
element in the mixer will generate harmonics of the local oscillator and 
the signal frequencies, sum and difference frequencies of all the applied 
signals, and these in turn will beat with each other to create still more 
frequencies and so on, ad infinitum. Fortunately most of these fre
quencies are so weak that they can be ignored. However, some of them 
are of importance since their existence results in the diversion of power 
that otherwise would appear in the i-f signal. An evaluation of the 
importance of these components in microwave receivers will be given in 
Chap. 5. 

The nonlinear device used in frequency conversion may be any type 
of detector or demodulator. In radio reception, mixer or frequency-
converter tubes have been especially designed for the purpose. In the 
heterodyne reception of microwave signals the crystal converter is almost 
universally used at the present time. 

THE NATURE OF THE CRYSTAL RECTIFIER 

1-4. The Discovery and Early Use of Crystal Rectifiers.—In the early 
days of the development of radio communication the crystal rectifier 
was almost universally used as the detector in radio receivers. A typical 
detector was made by soldering or clamping a small piece of the crystal 
in a small cup or receptacle. The rectifying contact was made with a 
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flexible wire cat whisker which was held in light contact with the 
crystal. Good rectification was obtained only from "sensitive" spots on 
the crystal and frequent adjustments of the contact point were necessary 
for good performance. 

The development of thermionic tubes made the crystal rectifier 
obsolete in radio receivers. From about 1925 to 1940 the crystal rectifier 
was used chiefly as a laboratory device for detecting and monitoring uhf 
power. A combination of a silicon crystal and a whisker of tungsten or 
molybdenum was found to be among the most sensitive and was com
monly used for this work. 

A typical application of the crystal rectifier in early microwave work 
is described by Southworth and King.1 A calibrated crystal rectifier 
was used by them to measure relative gains in an investigation of metal 
horns for directive receivers of microwaves in the region of 10 to 15 cm. 
The rectifier was made with a silicon crystal and a whisker of 8-mil 
tungsten 2 mm long. The crystal was ground into a cylinder 1 mm in 
diameter and 1 mm long and pressed into a hole bored into the end of a 
screw. The surface of the crystal was carefully polished so that the 
contact could slide freely over the surface in seeking a sensitive point. 
The rectifying contact was adjusted by advancing the mounting screw 
and tapping the mount until the ratio of back-to-front resistance was in 
the range of 2 to 5. I t was found that with moderate care an adjustment 
could be maintained fairly constant for several weeks. The d-c output 
current of the crystal was used as a measure of the absorbed r-f power. 

1-5. Recent Developments.—Reception of microwave radar echoes 
requires a high-gain receiver in which the limit of sensitivity is deter
mined by the masking of the signal by the noise generated in the receiver 
circuits. The receiver must therefore be designed to introduce a mini
mum of noise into the input circuit. 

One approach to the receiver design problem is to employ low-level 
detection of the r-f signal pulse, followed by amplification of the resultant 
video pulse. Because of its relative insensitivity as compared to super
heterodyne reception, this method has been used only for beacon receivers 
where sensitivity is not of prime importance. 

Another possible approach is the amplification of the received signal 
at microwave frequencies. For this purpose amplifier tubes2 have been 
designed and constructed at the Radiation Laboratory for amplification 
at a frequency of 3000 Mc/sec. The best of these are comparable in 
performance to superheterodyne receivers using crystal mixers. How
ever these tubes are difficult to make and have not been manufactured on 

1 G. C. Southworth and A. P. King, " Metal Horns as Directive Receivers of 
Ultra-Short Waves," Proc. I.R.E., 27, 95 (1939). 

2 H. V. Neher, RL Report No. 61-24, July 10, 1943. 
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a mass-production scale. I t is unlikely that an r-f amplifier can compete 
with crystals at higher frequencies. 

The Development of the Mixer Crystal.—The early microwave receivers1 

used- mixer tubes especially designed for high-frequency applications, 
such as the Westinghouse 708A and the British CV58 diode. However, 
the best of these were noisy, and the noise output increased with fre
quency. Consequently attention was turned to the crystal rectifier as a 
possible substitute. 

The superior performanceof the crystal mixer led to further research 
and development work, which has continued to this time. The broad 
general objectives of this work may be put into three general categories, 
which obviously are mutually dependent: 

1. The development of manufacturing techniques for quantity pro
duction of high-quality rectifiers for use in the region from 3,000 
to 30,000 Mc/sec. 

2. Fundamental research on semiconductors, point-contact2 rectifica
tion, and the theory of frequency conversion and noise generation 
at microwave frequencies. 

3. The development of methods and equipment for measuring per
formance and for laboratory and production testing. 

The extent to which these objectives have been achieved will be 
indicated in the appropriate following chapters. Discussion here will 
be limited to outlining the salient features of current manufacturing 
techniques which have produced the crystal rectifier in present use. 

The research work has been concerned exclusively with silicon, ger
manium, or boron, but all of the cartridges manufactured commercially 
for mixers have used silicon crystals. Extensive research on germanium 
has resulted, however, in the development of the high-inverse-voltage 
rectifier and the welded-contact rectifier mentioned later. 

Investigation into the possibility of preparing sintered or melted 
pellets of boron for use as crystal rectifiers begun in 1943, was successful; 
pellets of pure boron were prepared as well as pellets to which were added 
selected impurities in varying amounts. Some of the "doped" pellets 
showed sufficient conductivity to be of interest but exhibited no true 
rectification. A typical characteristic curve is S-shaped and symmetrical 

1 Crystal mixers were used in some early experimental sets. The crystal and 
cat whisker were independently mounted in the mixer and the contact was adjustable. 

2 It should be pointed out here that the copper oxide rectifier and selenium rectifier, 
both developed commercially, are not point-contact rectifiers. They are, however, 
contact rectifiers since the rectifying property is obtained by the contact of a thin film 
of semiconductor with the metal on which it is deposited. We shall be concerned in 
this book only with the point-contact rectifier. 
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about the origin. All of the pellets were poor rectifiers and the project 
was dropped. 

The first mixer crystals made by British Thompson-Houston, Ltd. 
used commercial silicon of about 98 per cent purity. These crystals 
exhibited the usual sensitive spots, and exhibited considerable variation 
in sensitivity from lot to lot. 

Crystals of commercial silicon were used in the early rectifiers made 
at the Radiation Laboratory, and the performance of these units in mixers 
was comparable to that of the BTH unit. 

Much of the research was aimed at perfecting a design of cartridge 
parts and procedures for assembly and adjustment that would achieve 
electrical and mechanical stability, uniformity of r-f and i-f impedances, 
improved sensitivity, and decreased noise output. In general it may be 
said, however, that the crystals produced at this stage of development left 
much to be desired; it was common practice then, as a first step in improv
ing performance of radar systems, to replace the crystal rectifier with a 
new one. 

Another important advance in the development was high-burnout 
crystals of which the British "red-dot" (so-called because of the cartridge 
identification marking) crystal developed by the General Electric Com
pany, Ltd. was an example. This early high-burnout crystal dissipated 
relatively large amounts of power without appreciably impairing its per
formance as a mixer. The most significant feature of its manufacture 
was the preparation of the silicon crystals. These were obtained from 
melts made of highly purified silicon powder to which was added a frac
tion of a per cent of aluminum and beryllium. The crystal surface was 
then prepared by a carefully controlled process of polishing, etching, and 
heat treatment. 

Now it was already well known from the theory of semiconduction 
that the conductivity and hence the rectifying properties of silicon are 
affected by the presence of small amounts of impurities in the crystals. 
This fact, together with the success of the red-dot procedure stimulated 
the initiation of research along similar lines at various laboratories. At 
these laboratories adequate manufacturing procedures were then devel
oped for large-scale production of high-burnout, high-sensitivity rectifiers. 
These units have a mechanical stability comparable to vacuum tubes, 
and, under proper operating conditions, a comparable life. 

Two important advances in the art will be mentioned here. The first 
of these was suggested by Seitz1, who initiated a program in connection 
with the Experimental Station of E. I. du Pont de Nemours and Com
pany for the development of a method for the production of high-purity 

1 F. Seitz, "Compounds of Silicon and Germanium," NDRC 14-112, U. of Penn., 
June 1942. 
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silicon. They succeeded in producing silicon with a spectroscopic purity 
of better than 99.9 per cent. Other impurities not detectable by spectro
scopic analysis, however, such as carbon, were present in larger amounts. 
Ingots made with this silicon to which is added an appropriate impurity 
are remarkably uniform in conductivity and rectifying property. Recti
fiers using this silicon were high-burnout, low-noise units markedly 
superior1 in performance to units made using the same teehniques, but 
made with commercial silicon from other sources. 

The second important advance was the discovery that boron was an 
unusually effective impurity agent in increasing the conductivity of high-
purity silicon. In 1943 it was reported2 that the addition of boron in 
quantities of the order of 0.001 per cent resulted in a converter of improved 
sensitivity compared with those utilizing other impurity agents. This 
crystal was also highly resistant to burnout. As a result, "boron-
doping" is now widely used in silicon-crystal manufacture. 

A considerable amount of exploratory work has been done on the effect 
of various impurity agents, but there has as yet been no exhaustive 
systematic doping program for silicon. Moreover it is not yet understood 
why certain impurity agents are better than others in improving burnout 
and sensitivity, nor is the process of noise generation in crystal fully 
understood. Finally the etching, polishing, and heat treatment of the 
rectifying surface have been largely empirical developments. The net 
effect is that the manufacture of high-quality crystals is still something 
of an art, attained through long experience and careful control of the 
techniques. 

The Development of Special Types.—The term "special types" refers 
to crystal rectifiers developed for applications other than frequency 
conversion. They are "special" only in the sense that the principal 
interest and effort to date have been on the converter application. 
Among these special types there are three on which considerable work 
has been done: the video crystal for low-level detection, the high-inverse-
voltage rectifier, and the welded-conlacl rectifier. 

The term video crystal commonly means a crystal rectifier that is 
used as a low-level square-law detector of microwave pulses. The video 
output voltage of the detector is amplified by a video amplifier. Such a 
receiver is commonly called a crystal-video receiver. 

The crystal-video receiver was developed somewhat later than the 
superheterodyne receiver to meet the need for a wideband beacon receiver 
that would respond to pulses over the range of frequencies encountered 

1 This statement does not apply to units made using the technique developed at 
the Bell Telephone Laboratories. 

2 H. C. Theuerer, "The Preparation and Rectification Characteristics of Boro-
silicon Alloys," BTL Report MM-43-120-74, Nov. 2, 1943. 
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in interrogating transmitters. The sensitivity of the crystal-video 
receiver is low compared with that of a superheterodyne receiver, but 
this is not prohibitive in the beacon application since the signal level for 
one-way transmission is high compared with the level of echoes at a com
parable range. Wideband superheterodyne receivers have been designed 
for beacon reception and have been used in some beacon sets. However, 
such receivers are difficult to adjust and are not so light and compact as 
crystal-video receivers—considerations which are of importance in port
able beacons. The crystal-video receiver has therefore found extensive 
use. 

The requirements of the video receiver place limits in particular on 
the video resistance of the detector. (See Vol. 3.) Video crystals for 
the first beacon receivers were selected from the mixer crystal production, 
for not all good mixer crystals are good video crystals. I t was soon found 
that special procedures were essential to produce good video detectors for 
use in the 3-cm region. These special procedures involved special surface 
treatment and adjustment for a very small contact area. Since the latter 
required a small contact force mechanical stability has been difficult to 
attain. A cartridge of the coaxial type described in the next chapter, is 
somewhat more stable mechanically than a cartridge of the ceramic type. 

In addition to its use as a low-level detector in the crystal-video 
receiver, the crystal rectifier has also been used extensively in probes and 
monitors of microwave power. Special types, however, have not been 
developed for this purpose. Within the range of square-law response the 
rectified output current of the crystal rectifier may be used directly as a 
relative power indication. Since, however, the range of square-law 
response is limited to a few microwatts of r-f power and since the range 
varies from crystal to crystal, it is desirable to calibrate the detector 
except for very low-level work. To date no special effort has been made 
to develop a type having a square-law response over a wide range of 
input power. 

The high-inverse-voltage rectifier was discovered during the course of 
the research on germanium by the NDRC group at Purdue University. 
They conducted a systematic investigation of the effect of a large number 
of impurity agents on the rectifying property of germanium. They 
found that rectifiers made with tin-doped germanium maintained a very 
high back resistance for inverse voltages of the order of 100 volts and at 
the same time exhibited high forward conductance. Other addition 
agents that produce these properties are N, Ni, Sr, Cu, and Bi. However, 
the most consistent production of high-invorse-voltage germanium has 
been obtained with tin; such rectifiers are in general inferior as mixers. 

The discovery of the high-inverse-voltage property led to considerable 
interest in their use in many types of circuit applications at intermediate 
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frequencies of 30 Mc/sec or less, such as second detectors in wideband 
receivers, d-c restorers, diode modulators, and switching circuits. As a 
consequence development has continued. 

The general properties of the high-inverse-voltage germanium units 
are: 

1. High back resistance, from 10,000 ohms to more than 1 megohm, 
for voltages as high as 50 volts. 

2. High forward conductance, compared with a diode, in the region of 
1 volt, with a sharp break in the characteristic at a few tenths of 
a volt. 

3. Low capacitance (about 0.5 MMf)-
4. Small size (about that of a half-watt resistor). 
An exploratory investigation by the NDRC group at the University 

of Pennsylvania has shown that the high-inverse-voltage property can 
be obtained with silicon by the use of tin, nickel, bismuth, or germanium 
as alloying agent. At the present stage of development, however, silicon 
is inferior to germanium for second-detector and d-c-restorer applications. 

The welded-contact rectifier was reported by H. Q. North1 of the 
General Electric Company during the course of research aimed at the 
development of germanium crystal rectifiers for microwave-mixer use. I t 
was found that rectifiers having very low conversion loss could be made by 
using germanium with antimony as a doping agent. However, these 
crystals are noisier than those that use silicon. Nevertheless some units 
have a low noise output, but at present the low-noise units constitute 
but a small percentage of the laboratory production, and no one has as 
yet discovered how to control this effect properly. 

In the course of this research, North found that extremely small 
and very stable contacts could be obtained by welding the contact point 
to the crystal surface by passing a current of high density (of the order of 
107 amp/in2) for a short time through the contact point. These units 
have the unique property of showing a conversion gain greater than unity 
when the r-f tuning and d-c bias are suitably adjusted. However, under 
these conditions the noise increases to such an extent that the rectifiers 
are no better in over-all mixer performance than the standard type. 

Under the conditions of r-f tuning and d-c bias mentioned above, a 
resonant circuit connected to the i-f terminals of the mixer can be made to 
oscillate when a source of r-f power at frequencies above 3000 Mc/sec is 
connected to the r-f terminals of the mixer. Under these conditions a 
negative resistance has been observed in the current-voltage characteris
tic. The extent of our present knowledge of these effects will be given in 
detail in Chap. 13. 

'H . Q. North, "Final Report on K-band Germanium Crystals," NDRC 14-427, 
GE Co., Mar. 26, 1945. 
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CHAPTER 2 

FUNDAMENTAL PROPERTIES OF THE CRYSTAL RECTIFIER 

THE PRESENT CRYSTAL CARTRIDGES 
During the course of the v.ar the Army and Navy set up joint Army-

Navy1 specifications for a number of crystal-rectifier types. These 
specifications standardize the external geometry of the cartridge and 
specify test equipment, test conditions, and performance limits for pro
duction testing. Detailed information on the specifications is given in 
Appendix D. 

For mixer use, specifications have been set up for the microwave 
bands in the regions of 1, 3, 10, and 30-cm wavelengths. The corres
ponding rectifier types are designated by the type numbers 1N26, 1N23, 
1N21, and 1N25 respectively. As manufacturing techniques were 
improved, tighter specifications were written, each with a new type 
number. For example, in the 10-cm region the types specified are 1N21, 
1N21A, 1N28, 1N21B, and 1N21C. Similarly, the video crystal type 
numbers are 1N27, 1N30, 1N31, and 1N32. 

With the exception of the 1N26 and the 1N31, all of these types 
employ the same external geometry in the cartridge, which shall for 
convenience be called the "ceramic," or lN21-type, cartridge. The 
ceramic cartridges of three manufacturers are shown at the top of Fig. 
2 1 . 

The "coaxial," or lN26-type, cartridge was developed at the Bell 
Telephone Laboratories for use in the 1-cm region. I t is more compact 
than the ceramic cartridge and is designed to match a coaxial line having 
a 65-ohm characteristic impedance. The coaxial cartridge has also been 
used for the 1N31 type, which is a video crystal for use in the 3-cm band. 
The Western Electric and Sylvania coaxial cartridges are shown in the 
center of Fig. 2-\. 

The pigtail cartridge shown at the bottom of Fig. 2-1 has been designed 
by Bell Telephone Laboratories for the high inverse-voltage rectifier for 
second-detector and other diode applications. 

2-1. Description of the Cartridges.—The external geometry of the 
cartridges has, except for the pigtail cartridge, been standardized by the 
JAN specifications. Detailed drawings showing the dimensions and 
tolerances are given in Appendix D. The details of the cartridge parts 

1 Hereinafter abbreviated "JAN." 
15 
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fr 
Western Electric West'mghouse Sylvania 

0 Inches 1 

0 
Sylvania Western Electric 

Western Electric 

F I G . 2-1.—Crystal rectifier cartridges. 

a Sylvania 

a. Pin end 

b. Ceramic case 

c. Tungsten whisker 

Hole in ceramic for wax filling 

d. Silicon 

e. Head 

-/. Screw for adjustment 
at assembly 

g. Two set screws to hold 
adjustment 

F I G . 2-2.—Ceramic cartridges. 
6 Western Electric 
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may vary, however, subject to the limitations of the specifications on 
electrical performance. 

The Ceramic Cartridge.—Outline drawings showing the parts of the 
Western Electric and Sylvania ceramic cartridge are shown in Fig. 
2-2. The polarity of the cartridge has been standardized by the JAN 
specifications as shown by comparison with an equivalent diode in Fig. 
2-3. The polarity of the British unit is the reverse of that indicated in 
Fig. 2-3, the position of the silicon and cat whisker being reversed in 
the cartridge. 

The metals ends are cemented to the ceramic cylinder, and the manu
facturer adjusts the rectifying contact once and for all for optimum per
formance by means of the adjusting 
screws. The cavity inside the ce
ramic body is filled with a mixture 
of Paratac and Opal wax, which in
creases the mechanical damping 
and renders the rectifying contact 
impervious to moisture. The cart
ridge is mounted in the mixer or 

P i n - * - Base 

Conventional symbol 
FIG. 2-3.—Cartridge polarity. 

Outer conductor 

Whisker 

Polyglas 
insulating bead 

Inner conductor 

FIG. 2-4.—Coaxial cartridge. 

crystal holder by means of a spring-finger grip on the pin, and spring fingers 
or a screw cap on the head. The cartridges are thus as readily replaceable 
as a tube. The size of the cartridge is convenient for coaxial lines and 
waveguides normally used for wavelengths greater than about 3 cm. 

The Coaxial Cartridge.—The coaxial cartridge was designed by the 
Bell Telephone Laboratories. A Radiation Laboratory design used 
for laboratory production, and later, with minor changes, put into 
quantity production by Sylvania Electric Products, Inc., is shown in 
Fig. 2-4. This cartridge is designed to provide a matched termination for 
a 65-ohm line, within the variations of impedance occurring in manu
facture (see Sec. 2-7). In the usual rectifier mount the pin on the center 
conductor is held by a spring-finger grip on the center conductor of the 

mi .— . ^^«B= 
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cartridge receptacle, and the outer conductor is pressed against a shoulder 
on the outer conductor of the receptacle.1 

The cat-whisker and center-conductor assembly is mounted on a 
molded insulating bead of polyglas that is pressed into the outer cylinder 
and secured by a crimp in the outer conductor. The coefficient of expan
sion of the polyglas bead matches that of the brass outer conductor and 
thus provides good stability under conditions of changing temperature. 
The necessity of rigid construction is clear from the fact that the cylin
drical cavity containing whisker and crystal is about 0.050 in. long. 

The silicon crystal is soldered to a brass plug pressed into the end of 
the cylinder. Adjustment of the rectifying contact is made by slowly 
advancing the plug by means of a jig carrying a micrometer screw. The 
cavity containing the whisker and crystal is, as in the ceramic cartridge, 
filled with wax. 

The Pigtail Cartridge.—The pigtail cartridge is designed to be soldered 
in place as a circuit element. In the present Bell Telephone Laboratories 
design the head of the cartridge is replaced by a structure similar to the 
pin end. The crystal is mounted, like the whisker, on a sliding rod held 
by set screws after adjustment. The pigtail wires are mounted on fittings 
pressed onto the pins after assembly and adjustment of the cartridge. 
The present form of this cartridge is not necessarily the best one, but it 
was adopted because of lack of time to develop a better one. I t is likely 
that an improved design will soon supersede it. 

2-2. Stability and Handling Precautions.—These crystal cartridges 
have a stability comparable to that of other circuit components. Cart
ridges stored under tropical as well as normal conditions show no deteri
oration with time. The JAN specifications provide for a series of rigorous 
mechanical-design tests to insure long life under conditions that exist in 
actual applications and during handling. These design tests provide 
that the electrical performance shall not be impaired more than a small 
specified amount after being subjected to the following treatment: 

1. Immersion in a water bath at 40°C for 15 min followed by immer
sion for 15 min in water at 25°C. 

2. A series of temperature cycles between the limits of — 40°C and 
+70°C. (Specifications for some of the video crystal types impose 
limits of — 55°C and +85°C. The number of cycles specified 
varies from type to type.) 

3. A 30-in. drop onto a hardwood surface. (Some of the video crystal 
types specify a 10-in. drop.) 

4. Application of a torque of 1.5 in-lb about the cartridge axis. 
5. An axial-strain test, consisting of the application of a force of 1 lb 

1 See Chap. 9 for a more complete discussion. 
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applied at the tip of the pin at right angles to the cartridge axis, 
the head of the cartridge being held in a clamp. 

The last two tests are obviously not applicable to a cartridge of the 
coaxial type. 

The crystal rectifier may be impaired in performance in applications 
where it is required to dissipate excessive amounts of power. This 
phenomenon is called "burnout ." 

In a radar system using the same antenna for transmission and recep
tion, a T R switch1 is used to protect the rectifier from the high-level 
power of the transmitted pulse. The TR switch is a resonant cavity with 
loops or irises for coupling r-f power in and out and contains a gas-filled 
TR tube that is normally nonconducting. Crystal protection is achieved 
by a gaseous discharge in the TR tube initiated by the transmitted pulse. 
The ignition takes place in a time that is short compared with the pulse 
length and provides an effective short circuit at the input terminals of 
the crystal mixer. The r-f power transmitted through the TR switch 
during the passage of a transmitted pulse will consist of a "spike," which 
is transmitted during the preignition time, followed by "leakage power," 
which lasts for the remainder of the pulse. The TR switch is designed to 
minimize both these effects. 

During the course of the war improvements in TR tubes and associ
ated circuits and in the resistance to burnout of crystal rectifiers made 
possible a satisfactory crystal life in duplexing systems; the life is limited 
largely by eventual TR-tube failure or the failure of associated circuits. 
To insure adequate resistance to burnout, the JAN specifications on the 
mixer types call for burnout proof tests2 on each rectifier. Some of the 
types, in addition, call for a somewhat more rigorous burnout design test 
on a small fraction of the production. The tests are sufficiently rigorous 
to insure a long life, comparable to that of conventional vacuum tubes, 
when the rectifier is properly protected by a TR switch. 

Experience has shown that crystal rectifiers may be burned out by 
improper handling or storage. The discharge of static electricity 
through the rectifier, static electricity that may have accumulated on 
ungrounded apparatus or on the operator's body, is sufficient to impair 
seriously the microwave performance of the rectifier. Damage may also 
be incurred by a discharge to ground through the rectifier when it is 
inserted in equipment that is operating at other than ground potential. 
Damage of this sort may easily be avoided by grounding the apparatus 
and by holding the cartridge by the base and making bodily contact with 
the equipment just before inserting the cartridge. 

1 See Microwave Duplexers, Vol. 4, Radiation Laboratory Series, for a full discussion. 
2 A "proof test" should not be confused with a "design test." The former merely 

culls the units with poor burnout characteristics. 
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The crystal rectifier may also be damaged by exposure of the cartridge 
to intense r-f fields in the neighborhood of high-power transmitting 
systems. The manufacturers provide metal containers for storing the 
cartridges when not in use. One convenient type of container is a lead 
capsule which can be slipped over the cartridge. This precaution is 
obviously not necessary for the coaxial cartridge, which is effectively 
shielded by the outer conductor; this design also minimizes the danger of 
damage by electrostatic discharge. 

ELECTRICAL PROPERTIES 

2-3. The Voltage-current Characteristic.—The static rectifier charac
teristic is of interest on several counts. I t is obviously of importance in 
the theory of point-contact rectification in that an adequate theory must 
predict quantitatively the features of the current-voltage characteristic. 
In the second place it has already been pointed out that for low-frequency 

detection a high back resistance and 
high forward conductance, together 
with a sharp curvature at the origin, 
are desirable. Finally, in the man
ufacture of rectifiers for microwave 
use, it is common practice to use the 
static characteristic as a criterion or 
guide for the adjustment of the rec
tifying contact. It should be em
phasized, however, that a good 
static characteristic is not a suffi
cient condition for a good micro
wave performance. At sufficiently 
high frequencies the shunting ef

fect of the capacitance of the barrier at the rectifying contact becomes 
important. For this reason the size of the contact area must be controlled. 
Moreover, in microwave applications other factors, such as noise and im
pedance, are of importance. The measurement of such high-frequency 
properties is therefore also specified in a production test of the standard 
types to ensure satisfactory and uniform performance. 

A typical characteristic curve of a silicon rectifier unit is shown in 
Fig. 2-5. The current increases exponentially in the forward direction 
for a few tenths of a volt. As the current increases further, the curve 
approaches a straight line whose slope is determined by the spreading 
resistance (see Sec. 2-4 and Chap. 4) in the semiconductor. The forward 
current at 1 volt is 10 to 20 ma for a good mixer crystal. 

In the back direction a high-resistance region for voltages of a few 
volts is followed by a region where the current increases rapidly with 
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2-5.—A typical characteristic curve 
of a silicon rectifier. 
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further increase in negative voltage, so rapidly in some cases that it 
approaches an exponential behavior. The standard mixer crystal types 
have at 1 volt a back resistance of approximately 5000 to 10,000 ohms. 

The characteristic curves in the forward direction of several typical 
rectifiers are shown in larger scale for comparison purposes in Fig. 2-6. 
It is to be noted that the "b reak" 
in the characteristic of the crystal 
rectifiers is much more pronounced 
than that of the vacuum tube and 
the forward conductance at about 
0.5 volt or more is much larger. 
The smaller currents obtained with 
germanium, as contrasted with sili
con, at a few tenths of a volt is 
typical. 

Characteristic curve B (Fig. 2-6) 
is typical of the welded-contact rec
tifier developed recently by North1 

at the General Electric Company. 
These units use germanium crystals 
containing 0.2 atomic per cent anti
mony. The whisker is welded to 
the crystal by the passage of 250 ma 
of direct current for a short time in 
the forward direction. The diam
eter of the weld on a typical whisker is approximately 0.0002 in. The 
exponential region of the characteristic is unusually large compared with 
other rectifiers, and in the forward direction it therefore approaches closely 
the ideal2 d-c characteristic, 
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FIG. 2-6.—A comparison of the characteris
tic curves of several rectifiers. 

4(«"« - 1), (1) 

where i is t h e direct cur ren t , A a n d a a re cons tan t s , a n d E is t he vol tage 
across t h e barr ier . T h e vol tage E is given b y 

E = E' ir, (2) 
where E' is the voltage applied to the rectifier and r is the spreading 
resistance in the semiconductor at the contact point. Figure 2-7 shows 
the logarithmic characteristic of a typical unit, as observed by Torrey.3 

It should be noted that the coordinates are-semilogarithmic; hence a plot 
J H . Q. North, Final Report, "Welded Germanium Crystals," Contract OEMsr-

262, Order No. DIC-178554, Sept. 20, 1945. (This work was done at the Research 
Laboratory of the General Electric Co.) 

2 See Chap. 4 for a discussion of the theory of the ideal d-c characteristic. 
3 H. C. Torrey, unpublished data at RL. 

mm 
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10,000 

"1,000 

of Eq. (1) would follow a straight line for appreciable values of E'. 
From Torrey's curve the following values for the constants of Eq. (1) 
were obtained: 

A = 0.0035 Ma 
a = 29.8 per volt 
r = 3.2 ohms. 

These rectifiers are unique in having an abnormally low value of the 
spreading resistance and a charac-

100,0001 i i i i teristic which is accurately expo
nential for forward currents as high 
as 10 ma. 

The current-voltage character
istic of a typical germanium high-
inverse-voltage rectifier made at 
Purdue University is shown in Fig. 
2-8. The forward current at 1 volt 
for this particular unit is 8 ma. 
The crystal in this unit was made 
from an alloy containing 0.25 atom
ic per cent of tin. 

Outstanding features of the 
characteristic curve are the high 
value of the peak back voltage and 
the negative resistance region ex
hibited in the back direction for cur
rents exceeding the current at the 
peak back voltage. This curve is 
discussed in much more detail in 
Chap. 12. Recently Theuerer and 
Scaff1 have developed a procedure 
for the heat treatment of ingots of 
germanium alloyed with 0.1 per 
cent tin; ingots are obtained in 
which all but the upper third of the 
ingot produces rectifiers with peak 
inverse voltages within a range 

greater than 50 volts and even approaching 200 volts. In the back direc
tion at about 30 volts these rectifiers have resistances ranging from 10,000 
ohms to more than 1 megohm. 

The forward currents at 1 volt lie in the range from 5 to 10 ma, and 
1 H . C. Theuerer and J . H . Scaff, " H e a t T r e a t m e n t of Germanium Rectifier 

Mater ia l s , " 

0.4 0.6 0.8 
Volts 

F I G . 2-7.—Logarithmic characteristic of 
a germanium welded-contact rectifier. 
Points on the broken curve are calculated 
for a spreading resistance of 3.2 ohms. 

N D R C 14-506, Cont rac t OEMsr-1408, Bell Telephone Laboratories, 
Aug. 3, 1945. 
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currents greater than 100 ma may be passed in the forward direction 
without impairing the rectifying contact. 

Figure 2-9 presents a set of characteristic curves for a typical silicon 
rectifier that show for a crystal of good quality the d-c current in the for-

FIG. 2-8.—Typical characteristic curve of a high-inverse-voltage germanium rectifier. 

ward direction as a function of d-c bias voltage for different levels of 3-2-
cm r-f power. The r-f power levels shown in Fig. 2-9 are the actual 
powers absorbed by the crystal. 
The curves will vary from crystal to 2.0 
crystal, of course, but in general the 
application of r-f power tends to re
duce the curvature of the character
istic as saturation is approached. 
For mixer applications the r-f pow
er is set at a level for which the d-c 
current in a load of about 100 ohms 
is from 0.3 to 1.0 ma. (For further 
discussion see Sec. 2-6.) 

2-4. The Equivalent C ircu i t -
Only the region in the neighborhood 
of the point contact need be consid
ered in interpreting point-contact 
rectification. The other electrical 
connection to the crystal has such a 
large cross section that its resistance is always small compared with the 
forward resistance of the point contact. The simplest equivalent circuit 
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F I G . 2-9.—Characteristic curves of a 
typical silicon rectifier for different r-f 
power inputs. 



24 PROPERTIES OF THE CRYSTAL RECTIFIER [SEC. 2-4 

for a crystal detector that takes into account the known physical param
eters at the metal-semiconductor contact is shown in Fig. 2-10. The 
circuit consists of a nonlinear resistance R shunted by a nonlinear capaci
tance C, the two in series with a linear resistance r. The term R is the 

nonlinear resistance of the barrier at 
the rectifying contact, large in the 
back direction and small in the forward 
direction. I t becomes increasingly 
smaller as the current in the forward 
direction is increased over the expo
nential part of the d-c characteristic. 

FIG. 2-10.—Equivalent circuit of a mu • ± — J.U j 
crystal rectifier. T h e resistance r is the spread

ing resistance in the semiconductor 
resulting from the constriction of current-flow lines in the semiconductor 
near the contact. If a circular area of contact is assumed, it may be 
calculated from the known formulas of potential theory that 

r ' iW <3> 
where a is the conductivity of the semiconductor and a is the radius of 
the circular area of contact. As the current is increased in the forward 
direction beyond the exponential region, R becomes small compared 
with r and the characteristic curve approaches a constant slope with a 
value equal to the reciprocal of the spreading resistance. The bulk resist
ance of the semiconductor and the resistance of the whisker can be 
neglected in comparison with r. 

The barrier capacitance C arises from the storage of charge in the 
boundary layer. Since the magnitude of the capacitance depends on 
the thickness of the barrier layer, which in turn is a function of the 
applied voltage, the capacitance is nonlinear. Measurements of capaci
tance vs. bias voltage have been made1 and indicate this nonlinearity, 
but the large forward conductance makes a quantitative determination 
of the effect difficult. At zero bias the barrier capacitance of the stand
ard types of rectifier lies in general in the range from 0.2 to 2.0 np.f. At 
d-c or low frequencies the capacitance plays no role in the rectification 
picture, but as the frequency is increased its shunting action reduces 
the r-f voltage across the barrier. For example, at a frequency of 3000 
Mc/sec a capacitance of 1 wjf has a reactance of about 50 ohms. The 
presence of the spreading resistance makes it impossible to tune out the 
capacitance with an external reactance. The capacitance of the rectify-

1 A. W. Lawson, P. H. Miller, L. I. Schiff, and W. E. Stephens, "Barrier Capaci
tance in Silicon Cartridge Rectifiers," NDRC-14-140, U. of Penn., May 1, 1943. 

MMh 
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ing contact therefore plays an important role in the rectification efficiency 
at high frequencies. 

MIXER CRYSTALS 

2-6. Conversion Loss, Noise, and Noise Figure.—It is well known that 
a fundamental limitation on the sensitivity of any radio receiver arises 
from sources of noise in the circuit elements or from external sources. 
(For a discussion of the latter situation, see Vol. 24 of this series.) The 
limitation becomes manifest in different ways. For example, the therm
ionic vacuum tube is a generator of noise because of, among other 
reasons, the "shot effect." Since the electrons are emitted by the 
cathode as randomly distributed discrete particles, the resulting current 
has a random or statistical fluctuation. As another example, any ohmic 
conductor has a fluctuation, or noise, voltage developed across it because 
of the random thermal motion of the electrons within it. Noise from such 
a source is often called Johnson noise. Even in a theoretically perfect 
receiver (namely, one containing no sources of noise within itself) the 
minimum detectable signal will still be limited eventually by the John
son noise in the input impedance. 

I t is now the generally accepted practice to express the ability of a 
microwave receiver to detect weak signals in terms of its noise figure, 
precisely defined below. The noise figure indicates quantitatively just 
how much worse the actual receiver is than an idealized one. In an 
actual microwave receiver employing a crystal mixer, the output noise 
will consist of noise originating in the i-f amplifier plus that originating 
in the mixer. Noise introduced by sources in the video amplifier is so 
small compared with the amplified noise from the input stages that it 
may be neglected. In the mixer itself the crystal, driven by a local 
oscillator, in general generates more i-f noise than a resistor with the same 
i-f impedance. This is one of its properties that is of importance in the 
mixer application. 

Even if the crystal should generate only Johnson noise (which is 
approximately the case for occasional units), an additional limitation 
arises from the fact that in the frequency-conversion process not all of 
the available power in the r-f signal is converted into power at the inter
mediate frequency. This conversion loss is therefore a second crystal 
property affecting its mixer performance. Finally, the r-f and i-f 
impedances of the rectifier are of prime importance in the design of crystal 
mixers and are functionally related to conversion loss, as is shown in 
detail in Chaps. 5 and 6. 

The definitions to be given here of the quantities involved in the 
evaluation of crystal-mixer and receiver performance and the analysis of 
certain relationships between these quantities follow closely those of 
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Signal 
generator 

Four-terminal 
network 

Output 
circuit 

Friis,1 and Roberts,2 the latter introducing the concept of effective noise 
figure. 

First will be considered any four-terminal network connected to a 
signal generator and an output circuit as shown in the block diagram of 
Fig. 2 1 1 . The input and output impedances of the network may have 

reactive components and may or may 
not be matched to the generator and 
output circuits. 

Gain of the Network.—The signal 
generator may be regarded as a volt
age source E in series with an imped
ance R + jX. To get the maximum 

power into a load, the load should have an impedance R — jX. This 
maximum power is by definition the available power from the signal 
generator, and is given by the expression 

■-"VA/V—O O O O 

*- o o o o 

FIG. 2-11.—Block diagram for the analy
sis of the network noise figure. 

E2 

(4) 

Similarly, the output terminals of the network can be treated as a 
new source of signal, having an available power output, which will be 
called So. The power gain G of the network is defined by the relationship 

So 
S' G = (5) 

The gain is by definition independent of the impedance presented to the 
network by the output circuit but is a function of the generator imped
ance. It is apparent that for some particular generator impedance the 
power gain will be a maximum, which will be called Gm. Another useful 
definition of gain especially apt for a crystal mixer is obtained by match
ing a signal generator to the crystal mixer at local-oscillator frequency. 
This gain will be denoted by Go. 

The " loss" of a network is, of course, the reciprocal of the power gain. 
The term is often used instead of "ga in" when the network is a crystal 
mixer, a situation in which one is almost invariably concerned with con
version gains less than unity. 

Noise Figure.—For making measurements of noise power, a practical 
standard of comparison is the Johnson noise generated in a resistor. The 
available noise power from a resistor into a "cold," or noiseless, load in an 
incremental band of frequency df is given by the well-known expression 

dN = kTdf, (6) 
' H . T. Friis, "Receiver Noise Figures," BTL Memorandum MM-42-160-39, 

May 13, 1942; Proc. I.R.E., 32, 419 (1944). 
! S. Roberts, "Theory of Noise Measurements on Crystals as Frequency Con

verters," RL Report No. 61-11, Jan. 30, 1943. 
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where k is Boltzmann's constant, JV is the available noise power, and T 
is the absolute temperature. It is convenient to choose as a standard 
temperature T0 = 290°-K', in which case kT = 4 X 10-'21 joule, and 
kT/e, another quantity frequently encountered, is 0.025 volt. 

In so far as noise considerations are concerned, a perfect network is 
one where there are no noise sources within the network itself. Actually, 
such networks exist; in such a case the ratio dN„/S0 of available out
put noise power to available output signal power is greater than the ratio 
dN/S of available input noise power to available input signal power. 
The noise figure F of the network is then defined for this book by the 
equation 

dN0 kT0 df m 
-Q— — L a ' U ) 

in which kl\ df is the available input noise power from a resistor. From 
Eqs. (5) and (7) we obtain 

dNo = FGkTo df. (8) 

The noise output, noise figure, and the gain are alike in that all are func
tions of the impedance of the generator. The noise figure is a minimum 
for some particular value of generator impedance, which in general is not 
the same as that giving maximum gain. 

Effective Noise Figure.—In actual practice networks that have finite 
bandwidths are of concern. The total available noise output of such a 
network is given by the integral of Eq. (8), 

No = kT0 I FG df. (9) 

Now Eq. (7) can be rewritten in the form 

^ = FG, (10) 

from which it is seen that FG is at least as great as unity at all frequencies, 
and the integral in Eq. (9) therefore does not converge. Actually in 
making measurements of output noise some form of wattmeter which 
measures the amount of power delivered into some load is used. This 
quantity will drop to zero outside the pass band of the amplifier, whereas 
the available Johnson-noise power at the output terminals of the network 
is independent of frequency. In treating effective noise figure the out
put-meter gain is introduced and defined as the ratio of the power actually 
delivered into the meter to the power available from the network. In 
Eq. (9), G then is defined as the gain of the network-output-meter com
bination, and is the product of the power gain of the amplifier and that of 
the output meter. The integral in Eq. (9) then converges. 
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The effective noise figure F' is now defined by the relati m 

where N'0 is the available output noise power if F were unity at all fre
quencies, that is, 

N'a = VL\ J Gdf. (12) 

In other words N'0 is the noise that would be delivered to the output load 
if there were no noise sources within the network. 

The effective noise figure /'" is then given by the expression 

F> - N° -
FGdf 

(13) 
Gdf 

The effective, or noise, bandwidth B of the network can now be defined 

B / ; 
Gdf 

\JW 

(14) 

where G„„ is the maximum of the power gain vs. frequency characteristic. 
Introducing Eq. (14) into Eq. (13), we obtain for the effective noise 

figure the expression 

k ToBGmn 

which gives F' in terms of measurable quantities. The application of 
Eq. (15) in the measurement of receiver noise figure is discussed in 
Chap. 7. 

Signal ^ 
generator Q. 

"°NetworlP" 
o 1 o-

"" Output 
o circuit 

F I G . 2-12.—Two networks in cascade. 

Noise Figure of Two Networks in Cascade.—The noise figure for 
two networks in cascade, shown schematically in Fig. 2-12, can now be 
obtained in terms of the properties of the two networks. 

Applying Eq. (8) to the two networks as a whole, we obtain for the 
noise output in the incremental frequency band df the expression 

diVoa+2, = Fl+2G1+2kT0 df, (16) 

where the subscript (1 + 2) indicates that the quantity applies to the 
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over-all network. The relation, 

G1+2 = G,G2, (17) 

follows directly from the definition of gain. From Eqs. (16) and (17) 
we obtain 

dJVo(i+2) = F^G&kTo df. (18) 

Similarly, Eq. (8), applied to network 1, gives 

diVoi = FiGtkTo df. (19) 
The part of the output noise from network 2 originating in the signal 
generator and network 1 is 

cWoci+2) = dNoiG2 = F&GihTo df. (20) 

The part of the output noise from network 2 originating within network 
2 is 

diVo'(i+2) = F£JcT0 df - GzkTo df. (21) 

The second term of the right-hand member of Eq. (21) is subtracted in 
order not to include for a second time the Johnson noise from the output 
resistance of network 1. 

The addition of Eqs. (20) and (21) gives for the total output noise 
power the expression 

dN o(i+2) = ^ ' 0 0 + 2 , + dN'o^+i-, 
= FfifiJcT, df + FSJcTe df - G2kT0 df. (22) 

Equating the right-hand members of Eqs. (18) and (22), we obtain 

F1+i = F1 + ^ - 1 • (23) 

Putting Eqs. (23) and (17) into Eq. (13), we have for the effective 
noise figure 

/ G,G,FX + G2(F2 - 1) df 
F'*+» = r„ (24) 

/ G1G2df 

If network 2 has a small bandwidth compared with network 1, G\ and 
F\ may be considered constant over the range of integration; in this case 
Eq. (24) reduces to 

F[+, =Fi + ^g^- (25) 

In performing the integration indicated in Eq. (24), the factor (?2 

in the term G2(F2 — 1) is to be regarded as the gain of the network-meter 
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combination. This accounts for the use of the prime in the right-hand 
side of Eq. (25). 

I t must be emphasized that F'2 is a function of the output impedance 
of network 1, which is considered as a generator for network 2. In 
applications of this equation, the measurement of F'2 must be made with 
a signal generator having the same terminal impedance as the output 
impedance of network 1. 

Equation (25) is of particular interest in the evaluation of crystal-
mixer performance in superheterodyne receivers. The crystal mixer may 
be considered as network 1 and the i-f amplifier as network 2. In actual 
applications since the bandwidth of the mixer is large compared with that 
of the i-f amplifier, Eq. (25) applies. The term Gi then becomes the con
version gain of the mixer, that is, the ratio of available output power at 
the intermediate frequency to the available input power at radio fre
quency, and F'z is the effective noise figure of the i-f amplifier. The 
noise figure Fi of the crystal mixer may be expressed in terms of noise 
temperature. 

Noise Temperature.—It has already been noted that a crystal rectifier, 
when driven by a local oscillator, in general generates more noise than the 
Johnson noise produced by an equivalent resistor. The noise temperature1 

t is defined as the ratio of the available noise power output of the crystal to 
that of a resistor at room temperature (it should be noted that the avail
able power does not depend on the value of the resistance); that is, 

1 - kfJoYf (26) 

where dNo is the available noise power output of the crystal. 
Relationships between Noise Figures, Conversion Loss, and Noise Tem

perature.—Equation (8), substituted in Eq. (26), gives 

t = FG, (27) 
whence, from Eq. (25), 

FL =L(t + FU- 1), (28) 

where the conversion loss L is the reciprocal of the conversion gain, F'„ is 
the over-all effective noise figure of the crystal mixer and i-f amplifier, and 
Fit is the effective noise figure of the i-f amplifier. 

The three properties of the crystal that are involved explicitly or 
implicitly in Eq. (28) are the conversion loss, the noise temperature, and 
the i-f impedance. As is shown in Chap. 7, any one of these three quanti-

1 This quantity is called the "output noise rat io" in the JAN specifications. 
Although it is not a temperature but a ratio, the term "noise temperature" is com
monly accepted and widely used. The name is explained by the fact that the product 
tTa is the temperature a passive resistor would have to have in order to generate as 
much Johnson noise as the noise output of the crystal in question. 
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ties can be measured to a good approximation without either of the others 
being known. This is particularly advantageous both in production 
testing and in the experimental laboratory. 

From Eq. (28) it is seen that noise temperature and i-f amplifier noise 
figure are additive terms. During the course of World War II , the 
improvement in these two quantities occurred more or less concurrently. 
The average noise temperature of present rectifiers is around 1.5 times1 

and preamplifiers have been recently designed having noise figures as low 
as 1.5 db (about 1.4 times) at 30 Mc/sec, and 1.2 db at 5 Mc/sec. 

By means of Eq. (28) we can easily calculate the noise figure of a 
typical receiver using a crystal mixer. For example, a crystal rectifier 
such as the 1N21C type, having a conversion loss of 5.5 db and noise 
temperature of 1.5 times, and an i-f amplifier having a noise figure of 3 
db will have an over-all noise figure of 9.5 db (or about 9 times). [The 
values substituted in Eq. (28) must obviously be expressed numerically, 
and not in decibels.] 

In using Eq. (28) for calculating the receiver noise figure we must 
remember that the results are accurate only in so far as the r-f and i-f 
impedances are maintained the same in the combination of mixer and i-f 
amplifier as they were in the equipment in which the separate quantities 
were measured. 

Another quantity useful in crystal-noise measurements and analysis is 
the T-factor. I t is defined as the ratio of available output noise power 
No of an amplifier whose input terminals are loaded by a crystal mixer to 
the same quantity No. when the amplifier is loaded by a dummy cartridge 
containing an ohmic resistor. We can easily obtain an expression for the 
7-factor by applying Eq. (15) first to the receiver (mixer and amplifier) 
and then to the amplifier alone; thus 

Y - No~. - TUGT(' ( 2 9 ) 

where G„e and Gn are the maxima of the respective power gain-frequency 
characteristics, as used in Eq. (14). As (?„,, = GGi.i, in substituting 
Eqs. (17) and (28) into Eq. (29) we obtain 

Y = L(* + ff'~1)g- (30) 
Since GL is unity, this reduces to 

Y = l-^A + 1. (31) 
Equation (31) can be rewritten in the form 

t = Fl,(Y - 1) + 1. (32) 
1 This is the way t is customarily expressed. 
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Equation (32) provides a convenient means of measuring noise tempera
ture in terms of the F-factor and the noise figure of the i-f amplifier. In 
actual practice care must be taken in the design of the amplifier input 
circuit to insure that the F-factor is independent of the i-f impedance 
of the mixer over the range of normally encountered crystal i-f imped
ances. Circuits fulfilling this requirement are discussed in Chap. 7. 

Another useful relationship can be derived by the combination of Eqs. 
(28) and (32): 

FL = LFUY. (33) 

Equation (33) is convenient to use in the statistical study of burnout in 
that a measurement of conversion loss and F-factor before and after 
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F I G . 2-13.—Typical distribution of 
noise temperature of 1N21B rectifiers. 
Random sample selected prior to accept
ance tests. 
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FIG. 2-14.—Typical distribution of con
version loss of 1N21B rectifiers. Random 
sample selected prior to acceptance tests. 

application of specified amounts of power enables one to calculate directly 
the consequent impairment in receiver noise figure. The deterioration 
of receiver noise figure expressed in decibels is just the sum of the deterio
ration in F-factor and conversion loss expressed in decibels. 

Range of Conversion Loss and Noise Temperature in Production Units.— 
In the manufacture of crystal rectifiers, even by the most carefully con
trolled methods, a considerable spread in the values of conversion loss and 
noise temperature is found. Figures 2-13 and 2-14 show typical distribu
tions of random samples taken from the manufacturers' production lines 
before rejection of units failing to pass the performance tests. These 
units were type 1N21B rectifiers for 10-cm use. Similar distributions of 
the Radiation Laboratory rectifier for 1-cm applications, typical of the 
1N26 type, are shown in Figs. 215 and 216. These data were taken with 
the standard test equipment described in detail in Chap. 9, as prescribed 
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by the JAN specifications, with the exception of the noise temperatures of 
Fig. 2-15 which were measured using a radio frequency of 24,000 Mc/sec 
and an intermediate frequency of 60 Mc/sec. (As indicated in Appendix 
D, the JAN specifications provide for the measurement of the noise tem
perature of type 1N26 rectifiers at a radio frequency of 9375 Mc/sec.) 
Summarized briefly, the test conditions for these measurements consist 
of a mixer having a fixed r-f tuning, a specified i-f and d-c load, and a 
specified r-f power level and radio frequency. The d-c bias voltage is that 
due to the rectified current into the d-c load and is about —0.1 volt. 
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noise . temperature of 1N26 rectifiers. 
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F I G . 2-16.—Typical distribution of con
version loss of 1N26 rectifiers. Random 
sample of units made at the Radiation 
Laboratory. 

2-6. Optimum Local-oscillator Level.—The conversion loss, noise 
temperature, and receiver noise figure are all functions of the local-oscilla
tor power level. Figure 2-17 shows the conversion loss and noise tem
perature of a typical 1N23B rectifier (X = 3.2 cm) as a function of rectified 
current; these curves are obtained by varying the local-oscillator power. 
The curves are also characteristic of the other frequency bands. The 
noise-temperature curve is approximately linear over the range of interest. 
The conversion loss approaches a constant value as the rectified current 
is increased; above a rectified current of approximately 1 ma there is 
little change in conversion loss. 

The effect of local-oscillator power level on receiver noise figure can be 
calculated from the data of Fig. 2-17 by means of Eq. (28). The calcu
lated curves for three values of i-f amplifier noise figure are shown in Fig. 
2-18. The curves are characterized in general by a broad minimum in 
the region of 0.3 to 0.8 ma and it is in this range that crystal mixers are 
ordinarily operated. Since the minimum is broad, the choice of operating 
level is not critical. I t is obvious from the curves that the minimum is 
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broader for "qu ie t " crystals and would in fact disappear for a crystal 
having a noise temperature of unity for all values of rectified current. 
The shape of the conversion-loss curve makes it clear that even in this 
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2-17.—Conversion loss and noise 
temperature as a function of rectified cur
rent for a typical 1N23B crystal rectifier. 
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2-18.—Receiver noise figure as a 
function of rectified current for the 1N23B 
rectifier plotted in Fig. 217 . The three 
curves are for different i-f amplifiers, as 
indicated. 

case there would be no point in operating at large values of rectified cur
rent. Indeed, for receivers where there is appreciable noise at the inter

mediate frequency from the local 
oscillator, it would be disadvan
tageous. The lower limit of op
erable range is obviously set by 
the rapid increase of conversion 
loss at low local-oscillator power 
level. 

The effect of d-c bias on sili
con crystal-mixer performance has 
been investigated by R. V. Pound 
and H. B. Huntington1 at the 
Radiation Laboratory and by 
Sharpless2 at Bell Telephone Lab
oratories. The effect of a nega
tive bias (bias in a direction that 
reduces the rectified current) is 
always undesirable in that the 
noise temperature and conversion 
loss are increased. A small pos

itive bias of about two- or three-tenths of a volt, however, is found to be 
beneficial in reducing the noise output of noisy crystals. For such units 

1 Unpubl ished da ta . 
2 W. M. Sharpless, " T h e Influence of Direct-current Bias on the 10-cm Perform

ance of Silicon Rectifiers as Firs t Conve r t e r s , " B T L MM-42-160-78, Ju ly 24, 1942. 
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a decrease in receiver noise figure of about 1 db can be obtained with an 
optimum positive bias. For the present silicon rectifiers the effect is, in 
general, negligible. 

In the case of germanium rectifiers the effect of bias on noise tempera
ture has been found by North1 to be much more pronounced than for 
silicon. Typical curves for a germanium rectifier are shown in Fig. 2-19. 
With zero d-c bias this rectifier has a conversion loss of 6.2 db at a local-
oscillator power level of 1 mw (about 1-ma rectified current) and a noise 
temperature of 4.4 at a rectified current of 0.6 ma. On the other hand 
the data shown in Fig. 2-19 were taken at a local-oscillator power level of 
0.1 mw. I t should be noted that the conversion loss at the optimum bias 
in this latter case is approximately the same as that at the higher local-
oscillator level with zero bias, while the noise temperature on the other 
hand has dropped from 4.4 to about 1.8 at optimum.bias. 

2-7. The R-f Impedance of Crystal Rectifiers.—The r-f impedance 
of crystal rectifiers is a property of prime importance in the design of crys
tal mixers. Impedance mismatches at radio frequency not only result in 
signal loss due to reflection, but also affect the i-f impedance seen at the 
i-f terminals of the mixer, an effect that becomes more serious with recti
fiers of low conversion loss. To avoid the complexity of tuning the mixer 
each time a crystal rectifier is changed, a considerable effort has been 
made to control the spread in values of r-f impedances of production units 
to a reasonable amount and to design test- and radar-system mixers that 
will match crystals of average impedance. The procedure has been an 
empirical one of selecting representative samples, measuring their r-f 
impedances, and then designing mixers that will match the center of the 
distribution. Impedance standards have been devised by Roberts2 and 
Whitmer3 which may be inserted in the mixer in place of the crystal and 
whose r-f impedances may be adjusted to a chosen value at the center of 
the crystal-impedance distribution. These standards are then used to 
"pre-tune" test mixers so that their performance is identical. (See 
Chap. 9.) 

With the exception of the 1N25 and 1N26 types, no attempt has been 
made to specify r-f impedance limits explicitly. A certain amount of 
implicit limitation is obtained, however, by making performance tests on 
conversion loss with the standard fixed-tuned mixer. Thus units with a 
borderline value of conversion loss under matched conditions will be 
rejected. 

' H . Q. North, Final Report, "K-band Germanium Crystals," NDRC 14-427, 
GE Co., Mar. 26, 1945. 

2 S. Roberts, "Conversion Loss Measuring Apparatus for Crystals in the 3-em 
Band," RL Report No. 53-28, Aug. 3, 1943. 

3 C. A. Whitmer, unpublished work at RL. 
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In general the uniformity in r-f impedance of production units is deter
mined by the degree to which the manufacturing procedures can be accu
rately controlled. The success that has been obtained is demonstrated 
by Figs. 2-20 and 2-21 in which are plotted on impedance-circle diagrams 
(Smith charts) the r-f impedances (or admittances, as indicated) of repre
sentative samples from different manufacturers. 

F I G . 2-20.—R-f admittances of crystal cartridges in the standard 3.2-cm fixed-tuned mixer. 
K-f power level, 0.6 mw. 

A block diagram of the equipment used in making these measurements 
is shown in Fig. 2-22; the equipment is described in detail in Vol. 11 of the 
Radiation Laboratory Series. The r-f power available to the mixer is 
adjusted to a specified value by means of the attenuator, which also 
serves to isolate the oscillator from the mixer. The signal power level 
is ordinarily very low, but in this case is fixed at local-oscillator level with 
the result that what is measured is the r-f impedance at that level. 
Experience has shown, however, that the value at this level is approxi
mately the same as that at signal level. A low-resistance milliammeter 
is connected to the output (i-f) terminals of the mixer. 

The probe is connected to a calibrated crystal or a bolometer, whose 
output current or power measures the standing-wave maximum and mini
mum. If a crystal rectifier is used in the probe and its rectified current 
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is limited to a few microamperes, it is a good enough approximation for 
these measurements to assume that the electric field in the r-f line is pro
portional to the square root of the probe current. The standing-wave 
voltage ratio is then the square root of the ratio of maximum to minimum 

FIG. 2-21.—R-f impedances of crystal cartridges in a 9.8-cm fixed-tuned mixer. H-f power 
level, 0.5 mw. 

probe current. The standing-wave voltage ratio, together with the 
position of the minimum in the slotted section, (see Vol. 9 of the Series) 
locates the impedance with respect to a given reference point on the 
Smith chart. In the measurement of the admittance of a crystal car-

R-f 
oscillator 

R-f 
attenuator 

Slotted 
section 

and probe 

Test 
mixer 

F I G . 2-22.—Block diagram of equipment for measuring r-f impedance. 

tridge in a fixed-tuned mixer, the reference point, corresponding to zero 
admittance, is chosen as the position of the minimum in the slotted 
section when the cartridge is removed. A shift in the reference point 
merely rotates the pattern on the Smith chart about the center. The 
impedance of each point on the chart is therefore the impedance of the 
combination of mixer and crystal cartridge in units of the line impedance 
of the slotted section. In Fig. 2-20 the circle shown for a standing-wave 
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voltage ratio of 2.0 includes all units for which the reflection loss is equal 
to or less than 0.5 db. A waveguide mixer is the standard type used in 
the 3-cm region; the crystal is shunted across the guide, and in this case 
it is consequently convenient to plot admittances. In the 3-cm band 
it can be seen from the chart that the spread in susceptance is larger than 
the spread in conductance. In system-mixer design in the 3-cm band the 
crystal has been so placed in relation to the TR switch that the TR 

F I G . 2-23.—Change of r-f impedance with rectified crystal current. The numbers indicate 
rectified current in milliamperes, \v-{ = 9 . 8 cm. 

switch can tune out the susceptance of the crystal; in this case, the mis
match found is caused by conductance alone. 

Figure 2-21 shows the impedance distribution in the standard coaxial 
fixed-tuned test mixer at a wavelength of 9.8 cm. The standard tuning 
of this mixer has since been changed to the center of this distribution. 
There is no correlation between the impedance distributions at 10 and 
3 cm. This arises in part from the physical differences in the coaxial and 
waveguide mixers and in part from the difference in frequencies; at the 
higher frequency the physical dimensions of the elements of the cartridge, 
which determine the impedance, are a sizable fraction of a wavelength, 
and the cartridge is a shunt element in a waveguide rather than a series 
element in a coaxial line. 
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The effect on r-f impedance of varying the r-f power level is shown in 
Fig. 2-23. The numbers at each point on the chart give the rectified 
crystal current in milliamperes for which that particular impedance was 
obtained. The variation of crystal current over the range from 0.25 
to 1.0 ma, the region where mixers are ordinarily operated, does not 
result in a significant change in r-f impedance. 

FIG. 2-24.—R-f admittance as a function of frequency. The points are numbered in order 
of increasing wavelength. 

The variation of impedance with frequency for the coaxial-type car
tridge (1N26 type), designed for use at 1.25 cm, is shown in Fig. 2-24. 
It must be remembered that the frequency sensitivity is a function of the 
crystal cartridge and mixer combined. These measurements were made 
using a crystal holder shown in cross section in Fig. 2-25. The wave
guide-to-coaxial transformer shown is designed to provide a matched 
termination to standard \- by £-in. waveguide when the coaxial crystal 
receptacle is terminated in a 65-ohm line. A transformer of this type is 
employed in many of the mixers used in the 1-cm radar systems. 

The r-f impedances shown in Fig. 2-24 were measured over a wave
length range from 1.213 to 1.287 cm, centered at 1.250 cm. The small 
variation observed over this range for the standard coaxial termination 
indicates that most of the variation in impedance is in the crystal cartridge 
itself. 
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The r-f impedance is a complicated function of cartridge geometry, 
size and shape of cartridge parts, composition of the semiconductor, and 
whisker pressure. I t is very difficult therefore, in the case of the ceramic 
cartridge, to adjust the r-f impedance without affecting other properties 
of the rectifier. In this respect a cartridge of the coaxial type has the 
advantage of sufficient space in the pin end for the insertion of a coaxial 

transformer which, within limits, will 
match a given crystal impedance to 
a 65-ohm line. 

2-8. The I-f Impedance of Crys
tal Rectifiers.—A matter of prime 
importance in the design of coupling 
circuits between the mixer and the i-f 
amplifier is the i-f impedance that is 
seen on looking into the i-f terminals 
of a crystal mixer. The i-f impedance 
pertinent here is that at the output 
terminals of the mixer when the rec
tifier is driven by a local oscillator. 
The value of the i-f impedance is 
found to depend on the conditions 
under which it is measured. I t is a 
function of the local-oscillator power 
level and depends on the r-f proper
ties of the mixer and the circuit con
nected to the r-f input terminals of 
the mixer. Finally, for a given mix
er and measuring equipment, the i-f 
impedance of commercial rectifiers, 
like other crystal quantities, shows a 
spread of values occurring even with 
carefully controlled manufacturing 
techniques. In this chapter only 

typical data on some of these effects will be presented. The theoretical 
treatment will be found in Chap. 5. 

Measurement of I-f Impedance and D-c Resistance.—The i-f impedance 
can be measured with an impedance bridge designed to operate at the 
desired intermediate frequency. At the Radiation Laboratory a Schering 
bridge designed by Beers1 to operate at 30 Mc/sec has been found 
satisfactory. 

The dynamic low-frequency (d-c) resistance is of interest since the 
theory of frequency conversion predicts that for crystal mixers used 

i Y. Beerg, "A 30-Mc Schering Bridge," RL Report No. 61-19, May 12, 1943. 

-I Insulating bead 
FIG. 2-25.—Cross section of crystal holder 

for the 1N26 cartridge. 
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with low-Q r-f systems, as is the case in crystal test equipment, the i-f 
and d-c conductances are the same. 

The d-c resistance can be easily determined on the assumption that a 
crystal excited by a local oscillator is equivalent to a d-c generator with 
an internal resistance. This d-c resistance is determined by measuring 
(1) the short-circuit current, and (2) the current into a given external 
load. The d-c resistance R is obviously given by the expression 

where r is the external load and k is the ratio of short-circuit current to 
the current when the load r is used. The assumption of equivalence to a 
generator allows this method to be used with good results when k is not 
greater than 2. 

The d-c resistance may also be measured by means of a bridge oper
ated at low frequency, for instance, 60 cycles. Another method is to 
apply a low-frequency source of a few volts in series with a resistance of, 
for example, 100,000 ohms to the i-f terminals. Since the d-c resistance 
of the mixer is a few hundred ohms, this arrangement provides essentially 
a constant-current source. The d-c resistance can then be determined 
by reading the voltage across the i-f terminals with a suitable voltmeter. 

A comparison of the i-f and d-c resistances measured at the Radiation 
Laboratory by Huntington1 using the foregoing methods shows good agree
ment for the standard 10-cm test mixer. A similar result has been 
reported by Smith2 in which the i-f resistance is measured with the aid of 
a diode noise source. Other investigators, however, have found a dis
crepancy between the i-f and d-c resistances, the former running 10 to 
35 per cent lower than the latter. A discrepancy of about 25 per cent is 
found, for example, in the mixer used in the 3-cm standard test equip
ment. Smith3 has offered the suggestion that the discrepancy is mainly 
a function of the r-f apparatus used in the measurement. According 
to his theory, the i-f voltage applied to the i-f terminals for the impedance 
measurement modulates the r-f wave reflected by the crystal. Part of 
the modulated wave is then reflected back again to the crystal by tuning 
mechanisms or other discontinuities in the r-f line. Part of this is 
absorbed by the crystal, the remainder being again reflected, and so on. 
As a result of this process, components from the reflected modulated 
wave arrive at the crystal in various phases with respect to the applied 

1 H. B. Huntington, unpublished data. 
2 R. N. Smith, "Crystal Noise as a Function of D-c Bias and 30-Mc Impedance 

Measured with a Diode Noise Source," OSRD Contract, OKMsr-362, Sec. D-l, NDRC 
Report, Purdue Univ., June 25, 1943. 

3 R. N. Smith, "The Theory of Crystal Mixers in Terms of Measurable Mixer 
Constants," OSRD Contract, OEMsr-362, Sec. D-l, NRDC Office, Mar. 24, 1944. 
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i-f voltages, resulting in an i-f voltage which on demodulation has a 
strong effect on the measured impedance. Smith tested this hypothesis 
by an experiment in which the crystal is mounted in one end of a long 
coaxial line containing a sliding double-slug tuner. The d-c and i-f 
resistances were measured for several positions of the tuner in the r-f 
line. These positions of the tuner were one-half an r-f wavelength 
apart, so that the r-f matching conditions were the same in each position; 
however, the time taken for the modulated wave to travel from the 
crystal to the tuner is different for each position. 

F I G . 2-26.—Effect of r-f apparatus on the Fia . 2-27.—The dependence of i-f resistance 
measurement of i-f impedance. on rectified current. 

Measurements were made on several crystals. A typical set of data 
is shown in Fig. 2-26. The two sets of data are for settings of the tuner 
corresponding to maximum and minimum d-c resistance. I t can be seen 
that the discrepancy becomes less as the distance between the tuner and 
crystal is decreased, and that the curves approach the same value when 
extrapolated back to the crystal position. 

A further check on Smith's hypothesis might be made by investigating 
the discrepancy as a function of intermediate frequency. Such an 
investigation has not yet been reported. 

The I-f Resistance as a Function of Rectified Current.—The effect on 
i-f resistance of varying the local-oscillator power level is shown for a 
typical silicon crystal in Fig. 2-27. The crystal mixer was matched to 
the r-f line and the power level was adjusted by means of a variable 
attenuator. No d-c bias was used. In the usual region of mixer oper
ation, the variation of i-f resistance is about 100 ohms, from 0.4 to 1.0 ma, 
which is considerably less than the spread in the resistance of commercial 
units, as can be seen from Fig. 2-28. 

The I-f Resistance Spread of Crystal Rectifiers.—The distribution of i-f 
resistance in a typical sample of type 1N26 rectifiers in the standard 
1.25-cm crystal test equipment is shown in Fig. 2-28. The data shown 
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were taken at a fixed r-f power level of 1.0 mw, in a fixed-tuned mixer, 
tuned to match the center of the r-f impedance distribution. The d-o 
resistance was measured by means of a constant-current source at 
60 cycles by the method previously described. In the equipment used 
the d-c and i-f resistances were the same. The upper and lower limits of 
the spread encompass about a 2 to 
1 range, which is found to be typi
cal of the 3- and 10-cm types under 
similar experimental conditions. 

The Dependence of I-f Resist
ance on R-f Matching Conditions.— 
It has already been mentioned that 
the i-f resistance depends strongly 
on the r-f circuit connected to 
the input terminals of the mix
er. The effect becomes m o r e 
pronounced for the low-conver
sion-loss units. In fact a method 
has been developed by Dicke1 

for measuring conversion loss by 
measuring variation in i-f impedance with known values of r-f impedance 
presented to the mixer. This so-called "impedance method" of measur
ing conversion gain is discussed in Chap. 7. I t will be sufficient for our 
purposes here merely to illustrate the nature of the impedance variation 
by typical data taken by Dicke with the gain-measuring apparatus. In 
Table 2-1, Ri is the i-f resistance measured with the mixer matched to the 

T A B L E 2 1 . — D E P E N D E N C E OP THE I - F R E S I S T A N C E ON THE R - F I N P U T I M P E D A N C E 

300 600 400 500 
If resistance in ohms 

IMG. 2 28.—Distribution of i-f resistance 
for a representative sample of 1N2G recti
fiers in standard test equipment. 

Ri, 
ohms 

613 
570 
780 
572 

«., 
ohms 

873 
786 

1056 
777 

Ri, 
ohms 

436 
410 
589 
423 

r-f line. The line is supplied with r-f power at local-oscillator power level 
by a suitably isolated signal generator. The values R2 and R3 are 
obtained by introducing into the r-f waveguide a standard susceptance 
which produces a voltage standing-wave ratio of 2.38. The effective line 
length from the susceptance to the crystal is then varied. The values 

1 R. H . Dicke, " A Reciproci ty Theorem and I t s Application to Measurement of 
Gain of Microwave Crys ta l Mixe r s , " R L Repor t N o . 61-18, Apr. 13, 1943. 
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R2 and R3 are the maximum and minimum i-f resistances obtained as the 
line length is varied. Table 2 1 shows the results for four 1N26 rectifiers. 
TABLE 2-2.—THE I-F IMPEDANCE OF A SET OF CRYSTALS IN THREE DIFFERENT MIXERS 

FOR A HIGH-Q R-F INPUT CIRCUIT 

Crystal 
number 

1 
2 
3 
4 
5 
6 
7 

Mixer No. 1 
(Rectified current) 

0.5 ma) 

R, 
ohms 

230 
280 
275 
250 
280 
240 
300 

c, 
liixi 

- 4 . 2 
- 1 . 2 
- 3 . 3 
- 4 . 4 
- 6 . 6 
- 3 . 6 
- 3 . 7 

Mixer No. 2 
(Rectified current 

0.5 ma) 

R, 
ohms 

1100 
1100 
450 
535 
305 
556 
420 

c, 
niA 

+ 5 . 1 
+ 4 . 2 
+ 4 . 3 
+ 5 . 3 
+ 4 . 3 
+ 6 . 0 
+ 4 . 2 

Mixer No. 3 
Fixed LO coupling 

R, 
ohms 

574 
644 
370 
328 
280 
416 
376 

c, 
iiiti 

+ 4 . 4 
+ 3.6 
+ 3.6 
+ 4 . 7 
+ 2 . 9 
+ 4 . 4 
+ 3 . 2 

Rectified 
current 

ma 

0.91 
0.73 
0 80 
0.96 
0.67 
0.90 
0.72 

An effect of this kind becomes more pronounced when the r-f input 
consists of a high-Q device such as a TR switch. If the TR switch is 
tuned to signal frequency and if its Q is sufficiently high, it presents quite 
different admittances at signal and image frequencies (see Chap. 5), both 
of which affect the i-f admittance. At the crystal, the admittances at 
signal and image frequencies will depend on the line length from the 
TR to the crystal; hence the i-f impedance of the crystal mixer may vary 
from mixer to mixer. The magnitude of this effect can be seen from the 
data in Table 2-2 that were obtained by Waltz and Kuper1 at the Radi
ation Laboratory. In this table, R and C represent the parallel com
ponents of resistance and capacitance measured at the i-f terminals 
with a 30-Mc/sec bridge. The mixers were coupled to the signal gener
ator through a T R switch tuned to the signal frequency. The mixers 
are of three different designs used in radar systems. The negative sign 
in the capacitance column indicates an inductance requiring the indicated 
capacitance to produce resonance. In general it is characteristic of such 
results that if, in a certain mixer, the resistance of all crystals tends to 
cluster about some average value, then the reactance components will 
exhibit marked fluctuations from crystal to crystal; but if the r-f circuits 
of the mixer are such that the reactance components are constant, the 
resistance components will fluctuate. The theoretical interpretations 
of these results will be discussed in Chap. 5. 

1 M. C. Waltz and J. B. H. Kuper, unpublished data. 



CHAPTER 3 

PROPERTIES OF SEMICONDUCTORS 

In this chapter some of the underlying ideas of modern solid state 
theory are qualitatively reviewed with particular emphasis on the elec
tron theory of semiconductors. A few quantitative results are stated 
but not derived. The discussion is restricted to those aspects of the 
subject that bear on the problem of contact rectifiers and that will be of 
use in the succeeding chapters, especially Chap. 4. The reader who 
desires a broader and more detailed account is referred to the many 
excellent texts on solid-state theory.1 

3-1. Band Theory.—The classification of crystalline materials accord
ing to their electrical and optical properties and the detailed study of 
each of the several classes is enormously facilitated by the band theory, 
which plays a role in the physics of solids that is analogous and of com
parable importance to the concept of energy levels in the theory of 
individual atoms and molecules. 

Indeed there is not only an analogy but a direct connection between 
the electronic energy levels of an individual free atom and the electronic 
energy bands of a solid material consisting of a collection of atoms form
ing a crystal lattice. The electronic energy bands of the lattice may be 
considered to be derived from the atomic energy levels of the free atoms. 
In some cases there is a one-to-one correspondence between the lattice 
bands and the atomic levels from which they are derived; in other cases 
the connection is less distinct. 

This connection may usually be traced by imagining the lattice to 
be formed by bringing together a collection of atoms from a state of 
remote separation to the final state, namely, the equilibrium separation 
found in the actual crystal lattice. The reader is referred to the standard 
works cited for a description of the manner in which this connection 
between the atomic levels and the lattice bands can be established. I t 
will suffice here to state that, in the lattice, there are a number of allowed 
values of energy accessible to an electron. These energy states are 

1 See F. Seitz, The Modern Theory of Solids, McGraw-Hill, New York, 1940; R. H. 
Fowler, Statistical Mechanics, 2d ed., Cambridge, London, 1936, Chap. 11; A. H. 
Wilson, The Theory of Metals, Cambridge, London, 1936; N. F. Mott and H. Jones, 
The Theory of the Properties of Metals and Alloys, Oxford, New York, 1936; A. H. 
Wilson, Metals and Semiconductors, Cambridge, London, 1939; and N. F. Mott and 
R. W, Gurney, Electronic Processes in Ionic Crystals, Oxford, New York, 1940. 
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grouped into bands consisting of a large number of closely spaced energy 
levels, the number of levels of a band being, in fact, of the order of the 
number N of atoms in the lattice. 

Any one of the levels of a band can, by the exclusion principle, accom
modate a t most a single electron. I t follows that a band can accom
modate at most a number of electrons equal to the number of levels of 
the band. A filled band is one in which all of the levels are occupied. 
These allowed bands are separated by ranges of energy containing no 

levels (except perhaps a few caused by 
impurities or lattice imperfections) and 
therefore not permitted to electrons. 

t A typica l la t t ice will have a few nar row 
Forbidden region a n d widely separated bands of low en

ergy filled by electrons and derived from 
" y / / / / / / / / / / / / / / / / / / / / / / / p i n n e r - c o r e energy levels of the con-

/////// Filled band //////// stituent atoms. Bands of higher en-
//////////////////////// ergy derived from the energy levels of 

FIG. 3-1.—Electronic energy bands of t n e valence electrons of the constituent 
an insulator or of a semiconductor. , 

atoms are relatively broad and closely 
spaced. They may in fact overlap to some extent. These bands of the 
valence electrons may be either completely or only partly filled. Finally, 
at still higher energies, there may be completely empty bands. 

Metals and Insulators.—It is possible on this basis to understand the 
vast difference in electrical conductivity between metals and insulators 
A metal, in the band theory, has its uppermost band (or group of over
lapping bands) containing electrons (valence band) only partly filled. 
For such a band there are permitted empty levels adjacent to the highest 
occupied levels. An applied electric field easily forces the electrons in 
the highest occupied levels into the adjacent empty levels; these elec
trons exchange energy with the field, and conduction results. 

On the other hand, an insulator has a band structure consisting of a 
number of filled bands above which are a number of vacant bands (see 
Fig. 3-1). Conduction is now almost impossible. An electron can con
duct only by being accelerated by an applied field, that is, it must 
exchange energy with the field. One way is to change its energy level 
in the band. In an insulator all occupied bands are full; all their 
energy levels are occupied and, by the exclusion principle, will not accept 
additional electrons. Consequently conduction by this means is impos
sible. The only alternative is for an electron to be forced by the applied 
field from a filled band to an empty band. Such a process is, however, 
highly improbable.1 

Semiconductors.—It is seen, therefore, how the existence of very good 
1 C. Zener, Proc. Roy. Soc., A14B, 523 (1934). 
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conductors (metals) and very poor conductors (insulators) is accounted 
for by the band theory. I t remains to show how semiconductors, that 
is, materials with intermediate conductivities, can be fitted into the band 
theory. There are two distinct types of semiconduction, intrinsic and 
extrinsic; they may both, however, occur in the same semiconductor. 

Intrinsic semiconduction occurs in materials that have a band struc
ture similar to that of insulators (see Fig. 3-1) but with the difference 
that the gap in energy between the highest filled band and the lowest 
empty band is relatively small. At absolute zero the material is an insul
ator, but at finite temperatures enough electrons are thermally excited 
from the filled to the empty band to produce a limited amount of conduc
tion. This conduction is produced not only by the excited electrons but 
also by the electrons of the nearly filled band. Silicon and germanium 
both exhibit intrinsic conduction at sufficiently elevated temperatures. 
Intrinsic conduction is, however, of little importance in crystal rectifiers. 

Extrinsic semiconductors also have the band structure of Fig. 3-1. 
Extrinsic semiconduction occurs because of the presence of extra energy 
levels as a result of lattice imperfections or of the presence of impurities. 
These extra energy levels lie in the normally forbidden region between a 
filled and an empty band and may act either as donators or as acceptors. 
An extra level acts as a donator if it is filled at absolute zero. At finite 
temperatures a donator level may donate its electron to the empty band. 
Once in the empty band an electron is, of course, in a condition to con
duct. An extra level acts as an acceptor if it is empty at absolute zero. 
At finite temperatures an acceptor level may accept an electron from the 
filled band and thus leave an empty level in the band. Conduction in 
the previously filled band is now possible because an electron may be 
transferred by field excitation into the vacant level. In silicon and 
germanium as used in rectifiers, conductivity is extrinsic because of the 
presence of impurities. In silicon as used in rectifiers the impurity 
levels usually act as acceptors; in germanium, they usually act as dona
tors. In copper oxide (an extrinsic semiconductor) the extra levels act 
as acceptors and arise from lattice imperfections caused by a stoichio-
metric deficiency of copper in the lattice. A filled donator level is 
electrically neutral and an empty donator level has a single positive 
charge. On the other hand, a filled acceptor level (that is, one that has 
accepted an electron) has a single negative charge, whereas an empty 
acceptor level is electrically neutral. The reasons for these statements 
are given in Sec. 3-6. 

The width of the forbidden region (see Fig. 3-1) is several electron 
volts in the case of insulators, but is only about one volt for silicon and 
germanium. I t has been found that, at least in the case of silicon and 
germanium, the extra energy levels produced by impurities lie very close 
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(that is within 0.1 ev) to the band to which they donate or from which 
they accept electrons. Thus donator levels lie below and very close to 
the " e m p t y " band, and acceptor levels lie above and very close to the 
"filled" band. A possible reason for this fact has been suggested by 
Bethe and is given in Sec. 3-6. 

3-2. Electron Distribution in Semiconductors.—It will be shown in 
Chap. 4 that a knowledge of the electron distribution in semiconductors 
is vital to the understanding of the rectification process. I t was shown 
in the previous section that conduction is the result either of a few elec
trons in a normally " e m p t y " band, or of a few vacancies in a normally 
"filled " band, or in some cases of a combination of the two. 

I t can be shown that in the first case, that is, tlie case of a few elec
trons in the normally empty band, these electrons act as a free classical 
assembly. Their velocity is zero at the bottom of the band and increases 
proportionally to the square root of their energy measured from the bot
tom of the band. Their effective mass, however, may be larger than the 
normal mass of a free electron. Since they are few in number, they do 
not form a degenerate gas as do the "free" electrons in metals but obey 
the classical Maxwell-Boltzmann statistics. 

The electrons of a nearly filled band, however, behave in a very dif
ferent manner. Since almost all of the available energy levels are filled, 
the electron gas is highly degenerate. The velocity of an electron is zero 
at the top of the band and increases with decreasing energy in the band. 
This anomaly is related to the fact that the effective mass of an electron 
near the top of the "filled" band is negative. In fact, the application of 
an electric field that would normally accelerate a free electron actually 
retards an electron near the top of the "filled" band. These electrons 
thus respond to the field as though they have a positive rather than a 
negative charge. I t has been found convenient to focus attention not 
on the large number of electrons of the nearly full band but rather on the 
vacant levels or "holes" as they are called. These holes, few in number, 
move about in the lattice as the electrons fill them and leave new holes 
behind. I t is shown in works on solid-state theory that these holes act 
precisely as though they were positively charged electrons with positive 
mass. I t is possible, in fact, to ignore the electrons entirely, that is, to 
suppose the band to be completely full and to treat the holes as a free 
classical nondegenerate assembly of positive electrons obeying Maxwell-
Boltzmann statistics. The case of a nearly full band then becomes very 
similar to that of a nearly empty band with the difference that, in a nearly 
full band, the current carriers (holes) are positively charged with energy 
(and velocity) increasing from the top to the bottom of the band.1 

1 For a more complete treatment of the concept of holes see, for example, F. Seitz, 
The Modern Theory of Solids, McGraw-Hill, New York, 1940, Sec. 68. 
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A semiconductor that conducts principally by electrons in the nearly 
empty band is said to be an "n - type" semiconductor; a semiconductor 
that conducts principally by holes in the nearly filled band is referred to 
as a "p-type semiconductor. 

Both silicon and germanium at room temperature are extrinsic semi
conductors, even if highly purified, since there are always present residual 
impurities that are able to supply more Empty band 1 
conducting electrons or holes than are " *7T 
obtained by thermal excitation from the + + + + ++ + + + + ++ T _ 
" filled " to the " empty " band. At high
er temperatures intrinsic conduction 
becomes predominant, the threshold 
temperature for intrinsic conduction de
pending on the impurity content. I t 
should be noted that pure intrinsic con- d band ^ 
duction takes place by equal numbers of e x J ^ ^ t ^ d ^ r ^ n s 
electrons in the " emptv " band and holes positions of donator levels (+) and 
in the "filled" band." As processed for a c c e p t o r l e v e l s ( _ ) -
use in rectifiers, impurities of special -types are added to the semicon
ductor. Impurities of a given type act either as donators or as acceptors, 
never as both. The impurities normally added to silicon make it p-type, 
whereas those normally added to germanium make it n-type. 

Figure 3-2 shows the energy level diagram of an extrinsic semicon
ductor with both acceptor levels (designated by — signs) and donator 
levels (designated by + signs). I t is rarely necessary to consider the 
case where both types are simultaneously present, but Fig. 3-2 shows 
both types, and the nomenclature for the various energy gaps can there
fore be indicated in one diagram. I t is seen that AE is the width of the 
entire "forbidden" region, AEi is the energy depth of the donator levels 
below the " e m p t y " band, and AE2 is the elevation in energy of the 
acceptor levels above the "filled band." 

The problem of calculating for any case the equilibrium numbers of 
electrons in the nearly empty band or of holes in the nearly filled band 
has been solved by Wilson1 and by Fowler.2 Wilson treats the problem 
as a dissociative equilibrium and Fowler uses the principle of equality of 
the thermodynamic chemical potentials of a number of groups of elec
trons in thermal equilibrium. The two methods lead to equivalent 
results.3 Wilson's treatment is followed here. 

1 A. H. Wilson, Proc. Roy. Soc, A133, 458 (1931) and 134, 277 (1932). 
2 R. H. Fowler, Proc. Roy. Soc, A140, 506 (1933); also, his Statistical Mechanics, 

2d ed., Cambridge, London, 1936, Sees. 11-6 and 11-61. 
3 Fowler's method is applicable to somewhat more general cases, however, than is 

Wilson's. 
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Let us consider first the case of an n-type extrinsic semiconductor 
with Ni donator levels per unit volume located at an energy depth Ai?i 
below the nearly empty band. Let the number of electrons excited to 
the nearly empty band be n\ per unit volume. The number of bound 
electrons in the donator levels is then N\ — tii. Let us consider the 
equilibrium of the reaction 

Free electron + bound hole ^ bound electron. 

The mass action law gives 

where Ki is the equilibrium constant of the reaction. From statistical 
mechanics1 

* = 2(2-^)V^, (2) 
where mi is the effective2 electron mass, k is Boltzmann's constant, 
T the absolute temperature, and h is Planck's constant. 

The solution of Eq. (1) is 

where 

Two limiting cases are of special interest: 

1. Weak ionization of the donators (ni « Ni) as a result of either low 
temperature (T«AEi/k) or high concentration of donators 
(Ni » vi). We obtain from Eq. (3) in this case 

2. Strong ionization of donators (ni « Ni) as a result of either high 
temperature (T»AEi/fc) or low concentration of donators 
(iVi « vi). We find in this case from Eq (3), 

nx . *(!-£.#). (6) 

1 Fowler, Statistical Mechanics, op. cit. 
2 It was noted in Sec. 3-2 that the effective electron mass of a lattice electron differs 

in general from the mass of a free normal electron. See F. Seitz, Modern Theory of 
Solids, McGraw-Hill, New York, 1940, Sec. 68. 
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Let us consider next the case of a p-type extrinsic semiconductor. 
The reaction of interest here is 

Free hole + bound electron <=i bound hole. 

Denoting by w2 the number of free holes per unit volume, by JV2 the 
number of acceptor levels per unit volume each at the energy Ai?2 above 
the nearly filled band, and putting 

Vi - ' ( ^ * . (7) 

where w2 is the effective mass of a free hole, we obtain equations precisely 
similar to Eqs. (3), (5), and (6), with subscripts 2 instead of 1. 

Finally, there is the case of an intrinsic semiconductor. By similar 
methods we find for the number n\ of free electrons per unit volume (in 
the nearly empty band) which in this case is equal to the number n2 of 
free holes per unit volume (in the nearly filled band), 

_ AE 

m = n2 = V"i"2 e ^T' (8) 

where AE is the energy separation of the two bands. 
3-3. Work Functions and Contact Potentials.—As will be shown in 

Chap. 4, the contact potential difference between a metal and a semi
conductor is of the greatest importance in the theory of rectification. If 
two substances are placed in contact it is found that the electrical poten
tial of one substance in general differs from that of the other by an amount 
characteristic of the two materials. This difference in potential is called 
the "contact potential difference." The contact potential difference 
between two metals is almost equal to the difference between their work 
functions. The work function of a material is the work required to 
extract an electron from it and remove it to infinity. The contact 
potential difference between a metal and a semiconductor is also approxi
mately equal to the difference of their work functions, although this 
approximation is poorer than for the case of a metal-metal contact. For 
a metal-semiconductor contact, the discrepancy between the contact 
potential difference and the work function difference is of the order of kT, 
which is about 0.025 ev at room temperature. The contact potential 
difference, on the other hand, is generally between 0.2 and 0.5 ev. 

The work function x of a semiconductor depends on the amount and 
type of impurities present. The various cases can be worked out, using 
Fowler's methods,1 with the results: 

1 R. H. Fowler, Proc. Roy. Soc, A140, 506 (1933) or Statistical Mechanics, 2d ed., 
Cambridge, London, 1936, Sec. U-W. y 
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1. Intrinsic semiconductor: 

X = Wx + iAE, (9) 

where x is the work function and Wx is the difference between the 
potential energy of an electron at the bottom of the nearly empty 
band and that of an electron a t rest for outside the semiconductor. 
Extrinsic semiconductor, n-type: 
a. Weak ionization of donators (rii « Ni), 

Xi « Wt + *AE,. 

b. Strong ionization of donators (wi ~ Ni), 

X2 W, 

3. Extrinsic semiconductor, p-type: 

a. Weak ionization of acceptors (n2 « Ni), 

Xs « Wx + AE - iAE*. 

b. Strong ionization of acceptors (n2 « N2), 

Xi « Wx + AE. 

(10) 

(11) 

(12) 

(13) 

These various cases are illustrated graphically in Fig. 3-3. 
The contact potential difference 

4>Xm between a metal and a semicon
ductor is now denned as the amount 
by which the electrical potential of the 
semiconductor must exceed the elec
trical potential of the metal when they 
are in contact and in equilibrium. 

~JA£2 r J- Let Xm be the work function of the 
metal, which is closely equal to the 
difference between the potential en
ergy of an electron at the top of the 
Fermi distribution in the metal and 
that of an electron at rest far outside 
the metal. The expressions for the 

between the metal and a semiconductor 

Band; 

Energy zero 

AE, 1 
+ ++ + +■■+ + + + + + 

HE 

"77777V 
' / Band 2 
/ / / / / / / 

F I G . 3-3.—Band structure of a semi
conductor showing work functions 
(x. XL X2. ■ ■ • ) that apply in various 
special cases. 

contact potential difference <f>x 

for the various special cases are given by Fowler as: 

1. Intrinsic semiconductor: 

- e ^ = x — Xm — kT In (:-:)" (14) 

where e in this and subsequent equations stands for the absolute 
value of the electronic charge. 
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2. Extrinsic semiconductor, n-type: 
a. Weak ionization of donators (ni « Ni), 

-e4>m = xi - Xm - 2kT]n ( T 7 / 

b. Strong ionization of donators (rti ~ Ni), 

— e<&xm = X2 - Xm — kT In ( —■ J-

3. Extrinsic semiconductor, p-type: 
a. Weak ionization of acceptors (n2 « N2), 

(15) 

(16) 

- e * ~ = X3 - xm + i fcr In ( ^ - 2 \ (17) 

6. Strong ionization of acceptors (n2 « JV2), 

-e<l>xm = X4 - Xm + kT In f ^ - 2 \ (18) 

When contact is made between a metal and a semiconductor, all of 
the electronic energy levels of the semiconductor are depressed by the 
amount e<t>xm relative to those of the metal. This depression is accom
plished by the formation of a double layer of charge near the contact 
surface. This double layer acts as a potential barrier and its presence, 
as we shall see in Chap. 4, is a prerequisite for rectification. The height 
of the barrier, in energy, is just e<t>xm-

3-4. Electrical Conductivity and Hall Coefficient for Semiconductors. 
—As will become clear in Chap. 4, there are a number of physical quan
tities characteristic of an extrinsic semiconductor that are of importance 
in the theory of rectification and conversion. Among these quantities 
are: number density, mean free path, mobility of the free electrons (or 
free holes), and positions of the impurity levels with respect to the energy 
bands. The mobility and number density may be found by measure
ments of electrical conductivity and Hall coefficient, as will shortly 
become evident. By a study of these quantities as a function of tem
perature the mean free path and the positions of the impurity energy 
levels may be found. 

Derivations of the expressions for conductivity and Hall coefficient 
for semiconductors may be found in standard works on solid-state theory.' 

Conductivity.—The expression for electrical conductivity ai of an 
n-type extrinsic semiconductor with n\ free electrons per unit volume is 

= i eHini (-\Q\ 
"x 3 (2^m1yfc7,)W U y ; 

1 For example, R. H. Fowler, Statistical Mechanics, 2d ed., Cambridge, London, 
1936; or F. Seitz, The Modern Theory of Solids, McGraw-Hill, New York, 1943. 
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where U is the mean free path of the electrons, Wi is their effective mass, 
and the other symbols have their usual meanings. The corresponding 
expression for the electrical conductivity of a p-type extrinsic semicon
ductor is the same as Eq. (19) with subscripts 2 instead of 1 (thus referring 
to the corresponding quantities for the free holes). 

The mobility of a current carrier (electron or hole) is defined as the 
mean drift velocity in unit electric field. I t is given by 

4 el, 
*- - l (20) 1 3 (2irm1fcr)M 

for the case of electron conduction. A similar expression with sub
scripts 2 instead of 1 applies in the case of hole conduction. 

Comparing Eqs. (19) and (20) we see that 

o-i = enifei, (21) 
and 

cr2 = en2bi. (22) 
In the case of a composite semiconductor, where current is carried 

both by electrons and by holes, we have 

<r = e(rii6i + "262)- (23) 
Hall Effect.—It will be seen from Eqs. (21) and (22) that the con

ductivity gives the product of the number density of current carriers and 
their mobility. Measurements of the Hall effect, however, give the 
number density directly. By combining the two measurements, there
fore, the mobility can be determined. The Hall effect occurs when 
a magnetic field, transverse to the lines of current flow, is applied to a 
current-carrying conductor or semiconductor. An emf is established in 
the conductor in a direction orthogonal to both magnetic field and cur
rent. Let us suppose that the current flows in the x-direction and that 
the magnetic field is applied in the z-direction. The emf is then estab
lished in the ^-direction. When equilibrium is established (with the 
result that there is no transverse flow of current), the emf is countered 
by an electric field in the ^/-direction Ey, arising from charges on the walls 
of the conductor. This field Ev is found to be proportional to the mag
netic induction Bz and to the current density Jx. The proportionality 
constant, 

R=A- (24) 
is known as the "Hall coefficient." 

I t is shown in works on solid-state theory1 that R is given, in the case 
1 For example, R. H. Fowler, Statistical Mechanics, 2d ed., Cambridge, London, 

1936, loc. cit.; or F . Seitz, The Modern Theory of Solids, McGraw-Hill, New York, 1940, 
loc. cit. 
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of a simple n-type extrinsic semiconductor, by 

« i - - T T — » (25) 
8 erii 

and, in the case of a simple p-type extrinsic semiconductor, by 

R* = +ici- (26) 

o erii 
Since e by definition is the absolute value of the electronic charge, we 

see from Eqs. (25) and (26) that the sign of the Hall coefficient is negative 
for electronic conduction and positive for hole conduction. 

The importance of the Hall coefficient is due to the fact, evident from 
Eqs. (25) and (26), that it gives directly the number densities of the cur
rent carriers, provided, however, that the carriers are all either electrons 
or holes. For a composite semiconductor, the Hall coefficient depends 
also on the mobilities of the carriers. The Hall coefficient of a composite 
semiconductor is given1 by 

_ 3TT nib\ - n2bl 
8e (nj)i + n262)2' K"> 

where b stands for mobility as before and subscripts 1 and 2 refer, respec
tively, to electrons and to holes. In the special case where «i = n2 = n, 
which holds for intrinsic semiconductors, Eq. (28) reduces to 

« = - | 1 r a ? - (28) 
8 en &i + o2 

By combining Eqs. (25) and (21) or Eqs. (26) and (22) we see that the 
electronic mobility is given directly by the product of Hall coefficient and 
conductivity for a simple semiconductor, 

bi = — —̂ aiRi; 
g ) (29) 

&2 = + o~ <72i?2-

Variation with Temperature.—Let us now consider the temperature 
variations to be expected for a and R. The simpler case is that of R. 
At high temperatures the semiconductor is in the intrinsic range and R 
is given by Eq. (28). The sign of R evidently depends in this case on the 
relative magnitudes of 6i and 62. For silicon and germanium it is found 
that 6i > 62; that is, the electron mobility exceeds the hole mobility. 

1 V. A. Johnson, private communication, Purdue Univ. According to Dr. Johnson 
the ambiguity in the value of R for a composite semiconductor (R. H. Fowler, op. cit., 
p. 428) has been resolved in favor of Eq. (27). 
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This result is in accord with the band theory, which predicts a larger 
effective mass for the holes than for the electrons. In the intrinsic range 
the variation of R with temperature is dominated by the factor n in 
Eq. (28). This quantity varies rapidly with temperature according to 
the exponential law, Eq. (8). Thus the plot of In \R\ vs. \/T in the intrin-

0 2 4 6 8 10 12x10"* 
I/Yin CK)-1 

F I G . 3-4.—Hall coefficient \R\ vs. reciprocal of absolute temperature for a number of samples 
of germanium. 

sic range should be a straight line with a slope proportional to AE, the 
energy width of the forbidden region between the " e m p t y " and the 
"filled" bands. The sign of R should be negative in the intrinsic range, 
since 6i > 62. 

At somewhat lower temperatures the behavior of R as a function of 
T is governed by the type of impurity present. If at low temperatures 
the semiconductor is n-type extrinsic, the sign of R, by Eq. (25), should 
remain negative; but if the semiconductor is p-type extrinsic at low 
temperatures, the sign of R should reverse and become positive at low 
temperatures. Where the temperature is sufficiently low to preclude 
intrinsic excitation, R is given either by Eq. (25) or by Eq. (26). In 
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these cases n\ (or n2) is given by Eq. (3) or its analogue with subscripts 
2 instead of 1. At very low temperatures the limiting form of Eq. (3) 
is Eq. (5) or its analogue with subscripts 2 instead of 1. In this latter 
case the slope of a curve of In \R\ vs. 1/T is proportional to i AE\ (or 
iAEz). Figure 3-4 shows a plot of log™ \R\ vs. 1/T for a number of sam
ples of germanium differing in type and in relative concentration of 
impurities. Each curve is identified by symbols giving the sign of the 
carrier at low temperatures, the ingot from which the sample was obtained, 
and the relative concentration and the type of impurity. Thus the 
symbol ( —) 12N 0.49Sn means that the sample is n-type extrinsic ( —) 
at low temperatures, the ingot number is 12N and the sample contains 

' 0.49 per cent (atomic) of tin (Sn) addition. 
The noteworthy features of these curves are: 

1. Large slope (the same for all) at high temperatures. This slope, 
as stated above, is proportional to AE. 

2. The reversal in sign of R between the intrinsic range and the 
extrinsic range for all p-type samples at low temperatures. Since 
logio \R\ is plotted, the reversal of sign is indicated by the sudden 
decrease and subsequent increase of logio \R\ at a critical tem
perature. The value of \R\ actually passes through zero at this 

i temperature although it is impossible, of course, to show this on 
[ the logarithmic plot. 

3. The very small slope of the curve of logio R vs. 1/T at low tem-
; peratures. In many cases this slope is too small to measure. 

According to the above discussion it is proportional to AEi (or to 
AEz) and its small value indicates that AEi (or AE2) is very small 
for all the samples of germanium. In other words, the impurity 
levels lie very close to the " e m p t y " band (ra-type) or to the 
"filled" band (p-type). 

Corresponding curves for two samples of p-type silicon are shown as 
| curves, I (R) and II (R) in Fig. 3-5. Both of these curves, as expected, 

show a change in sign of R in going from the intrinsic to the extrinsic range. 
t The slope of the curves at low T is much larger than in the case of 

germanium, indicating that the impurity levels do not lie as close to the 
bands in silicon as they do in germanium. 

The analysis of the dependence of conductivity on temperature 
is more difficult than in the case of the Hall effect. At high tempera
tures, where intrinsic conduction is dominant, we see from Eq. 23, since 
Wi = n2 = n, that 

a = en(b, + b2). (30) 

j The dominant factor in Eq. (30) is n, as in the case of the Hall effect. 
Thus, in the intrinsic range, the slope of In <j vs. 1/T should be the same 
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as the slope of In \R\ vs. 1/T, in agreement with experiment. At lower 
temperatures, where extrinsic conduction is dominant, a is given by either 
Eq. (21) or Eq. (22). In germanium n changes little with temperature 
in the extrinsic range, as we saw from the analysis of the Hall effect. 
The dominant factor is thus the mobility, which is given by Eq. (20) for 
n-type extrinsic semiconductors. If the mean free path I is determined 
by collisions with the lattice as in a pure conductor, I should be inversely 
proportional to T and b should vary as T~^. This variation is strong 
enough to overcome the decrease in n as the temperature decreases, and 
thus a increases slowly as the temperature decreases, for the higher 
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temperatures of the extrinsic range. I t is found in some samples, how
ever, that a at very low temperatures begins to decrease as the temper
ature decreases. This is explained by the fact that at low temperatures 
the mean free path is limited by collisions of the carriers with impurity 
atoms. Conwell and Weisskopf have shown1 that the mean free path 
due to scattering by impurities decreases as the temperatures decrease. 
Lark-Horovitz and Johnson2 have applied the theories of lattice scattering 
and impurity scattering and, in the case of germanium, have been able to 

1 E . Conwell and V. F . Weisskopf, " T h e o r y of Impur i ty Scat ter ing in Semiconduc
t o r s , " Phys. Rev., 69, 258 (1946). 

2 K. Lark-Horovi tz arid V. A. Johnson, " T h e o r y of Resist ivi ty in Germanium 
Alloys," Phys. Rev., 69, 258 (1946). 
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predict the observed temperature dependence of conductivity throughout 
the extrinsic range. They have used the measured Hall coefficients in 
conjunction with Eq. (25) to find the value of n and have calculated b 
from the theory. The agreement of the calculated and observed values 
of a is excellent. 

In Fig. 3-6 the resistivity (1/cr) is plotted logarithmically against \/T 
for a number of germanium samples. The identification of the samples 
is the same as for Fig. 3-4. As \/T increases, that is, as the temperature 
decreases, the curves at first exhibit the large slope of the intrinsic range. 
At lower temperatures the resistivity decreases with temperature because 

i/rinCK) - 1 

FIG. 3-6.—Resistivity p vs. reciprocal of absolute temperature for a number of samples 
of germanium. 

of the dominance of lattice scattering, and at very low temperatures 
some of the curves begin to rise slowly with temperature because of the 
dominance (in this range) of impurity scattering. 

Figure 3-7 shows the analysis made by Lark-Horovitz and Johnson of 
the resistivity curves of two samples of n-type germanium with antimony 
additions. The two samples differ only in the amount of impurity added. 
The curves for the Hall coefficients of the same two samples are shown 
in Fig. 3-8. Evidently sample 33E has about one-sixth the concentration 
of impurity levels found in sample 34E. The calculated curves for the 
separate effects of lattice and impurity scattering are shown as broken 
lines; their sum fits the experimental curves within experimental error. 
By an extension of their analysis, Lark-Horovitz and Johnson have been 
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able to fit the resistivity curves over the whole temperature range, 
including the intrinsic part. 

In Fig. 3-5 the curves marked I(p) and II(p) show the dependence of 
resistivity on temperature for two samples of p-type silicon. Again 
three characteristic regions are shown. The chief qualitative difference 
between these curves and the corresponding curves for germanium 
samples is the more rapid increase of resistivity with cooling at low 
temperatures. As is evident from the curves of the Hall coefficient for 
the same two samples (Fig. 3-5) this increase is principally a result of the 
decrease in n2 with cooling and is little affected (contrary to the case of 
germanium) by the dominance of impurity scattering at low temperatures. 

Measurements of a and R as a function of temperature for silicon 
and germanium have been made at Purdue University and at the Uni
versity of Pennsylvania.1 The curves reproduced here were provided by 
the Purdue group.2 

3-5. Characteristic Constants of Silicon and Germanium. Impurity 
Activation Energies.—Among the physical quantities characteristic of 
silicon and germanium and of their impurity content are AEi and AE2, 
representing, respectively, the depth of donator levels below the nearly 
empty band in the case of an n-type extrinsic semiconductor, and the 
height of the acceptor levels above the nearly full band in the case of a 
p-type extrinsic semiconductor. These quantities may be called the 
impurity activation energies. 

As will be shown in Sec. 4-3, these quantities are of importance in the 
diffusion (thick-barrier) theory of rectification at all frequencies. They 
enter also into the diode (thin-barrier) theory of rectification in the case 
of high (microwave) frequencies, as shown in Sec. 4-6. 

The impurity activation energy may be found, as shown in the 
previous section, from the dependence of Hall coefficient on temperature 
at low temperatures. In the case of germanium the magnitudes of AEi 
and AEi are so small that they are not easily measured by the slopes of 
the curves of logio \R\ vs. 1/T, as is seen from Fig. 3-4. I t will suffice 
for our present purposes, however, to know that AEi and AE2 are small 
compared with kT in the case of germanium. 

In the case of silicon the impurity activation energy is definite and 
measurable, as can be seen from the plot of the Hall coefficients in 
Fig. 3-5. For the two samples (both p-type) plotted there we obtain 
AEi = 0.081 ev for sample I and AEi = 0.074 ev for sample II . Both 

1 K. Lark-Horovitz, A. E. Middleton, E. P. Miller, and I. Walerstein, "Electrical 
Properties of Germanium Alloys, I. Electrical Conductivity and Hall Effect," Phys. 
Rev., 69, 258 (1946); and F. Seitz, "The Electrical Conductivity of Silicon and Ger
manium," NDRC 14-110, U. of Penn., Nov. 3, 1942. 

2 Private communication. 
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samples I and II have unknown amounts of aluminum additions, the 
amounts, however, being sufficient to give conductivities of the magni
tudes desired for silicon as used in rectifiers. 

Carrier Mobilities.—The mobility of the current carriers enters into 
the theory of rectification at high frequencies (see Sec. 4-6). Other 
factors being the same, the higher the mobility, the higher the rectifi
cation efficiency. 

The mobility can be determined, as explained in Sec. 3-4, by com
bining data on Hall coefficient and on conductivity. Mobility is influ
enced both by the lattice and by the impurities. At high temperatures 
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F I G . 3-9.—Electronic mobility 61 in germanium as a function of absolute temperature. 

lattice scattering is predominant and the mobility is proportional to T~H. 
At low temperatures the influence of impurity scattering decreases the 
value of mobility from that given by the three-halves-power law. In 
Fig. 3 9 the temperature variations of mobility in two samples of ger
manium (the same samples plotted in Fig. 3-7) are shown and compared 
with the theoretical three-halves-power law for lattice scattering alone. 
I t will be recalled that these two samples differ only in the amount of 
impurity. Figure 3-9 shows clearly the effect of impurity concentration 
on mobility. At high temperatures the three-halves-power law is obeyed 
for both samples; at low temperatures the departure from the theoretical 
curves is most pronounced for the sample of greater impurity concentration. 
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The contribution to mobility from lattice scattering alone may be 
written as 

&• = ft" (3D 
for n-type, with a similar expression with subscripts 2 for p-type. Lark-
Horovitz and Johnson1 have obtained for germanium Bi = 6 X 106 and 

cm/sec Bj = 2 X 106, where b is measured in —r—.— and T is in degrees Kelvin. volt/cm 
Making use of Eq. (20) together with the theoretical expression for mean 
free path due to lattice scattering, it can be shown that 

( ! ) " 2 - l K I ' <» 
which yields m2 /m l = 1.6 for germanium. 

Only n-type germanium and p-type silicon are used in practical 
rectifiers. Probably owing in large part to the effectively larger masses 
of silicon holes over germanium electrons, the carrier mobility in p-type 
silicon is one-third or less than that in n-type germanium. As has 
already been mentioned, excellence of a rectifier depends strongly on 
magnitude of mobility. For this reason alone germanium might be 
expected to be preferable to silicon. However, other factors enter which 
mitigate this circumstance. 

Mean Free Paths.—The mean free path of the current carriers is an 
important parameter in the theory of rectification. Besides entering 
into the mobility, Eq. (20), the magnitude of the mean free path (as com
pared with the thickness of the rectifying barrier), determines which of 
the several theories of rectification hold. 

Since individual resistivities, the one arising from lattice and the 
other from impurity scattering, add to give the total resistivity, the 
corresponding mean free paths add by the reciprocal law 

i = i+ h (33) 

where h and lL are the mean free paths due respectively to impurity and 
to lattice scattering. 

In Fig. 3-10, h and lL are plotted as a function of temperature for 
three samples of germanium. The plot for lL is the same for all samples, 
whereas the values of U, of course, depend on the amount of impurity. 
The total I, experimentally determined, is also plotted in each case. For 
most samples of germanium useful in rectifiers I will lie in the neighbor
hood of from 10 - 6 cm to 5 X 10 - 6 cm. 

Private communication. 
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No such extensive analysis of data is available for silicon at present, 
but the values of the total mean free path may be found from Hall and 
resistivity data. For the two samples shown in Fig. 3 5, we find 
I = 1.0 X 10~6 cm and 2.9 X 10~6 cm for samples I and II respectively. 
These values may be regarded as typical for samples of silicon useful in 
rectifiers. 

Width of the "Forbidden" Region.—The separation of the nearly full 
band from the nearly empty band, that is, the width AE of the "for
bidden" region in Fig. 3-3, is determined by the slopes of the logio a or 
logio |-R| curves vs. \/T in the intrinsic regions, as explained in Sec. 3-4. 
In this way we find AE = 0.76 ev in the case of germanium and AE = 1.1 
ev in the case of silicon. 
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F I G . 3-10.—Electron mean free paths of a typical group of samples of germanium. 
mean free path due to impurity scattering. 
mean free path due to lattice scattering (same for all samples). 
effective mean free path due to combination of two types of scattering. 

Although AE does not enter into the theories of rectification, it is 
probably of importance in the case of high-inverse-voltage rectifiers. It 
is possible that the existence of voltage peaks and negative resistance in 
the d-c characteristics of high-voltage rectifiers are ascribable in part to 
the onset of intrinsic conduction at the high power levels at which these 
effects occur (see Sec. 12-7). 

3-6. Effect of Impurity Additions in Silicon and Germanium.—If it 
were possible to obtain perfectly pure silicon and germanium, so that 
even at normal temperatures (~ 300°K) conduction would be purely 
intrinsic, the conductivity would be very low. By extrapolation of the 
intrinsic parts of the resistivity curves we find that the intrinsic contribu
tion to conductivity at 300°K is about 10~6 mho/cm for silicon and 
10~2 mho/cm for germanium. In either case the smallest observed con
ductivity for pure material is of the order of 10~2 mho/cm. 

In studying the properties of these semiconductors much work has 
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been done on the effects of various addition agents. I t is a striking fact 
that most impurities have the effect of making silicon extrinsically p-type 
and germanium extrinsically n-type. There are some notable exceptions 
to this rule, however. Thus boron, aluminum, gallium, and oxygen 
produce strong p-type conduction in silicon and weak p-type conduction 
in germanium, whereas nitrogen, phosphorus, arsenic, and antimony give 
strong n-type conduction in germanium and at least phosphorus produces 
n-type conduction in silicon. I t is a general rule that elements in the 
third column of the periodic table tend to produce p-type conduction, 
and elements in the fifth column tend to produce n-type conduction in 
both materials. 

I t is not difficult to understand the reasons for this rule. Silicon and 
germanium are in the fourth column of the periodic table. They have 

1 four valence electrons and form tetrahedral bonds (diamond lattice). 
An element with three valence electrons and of about the same atomic 
dimensions would be expected to be able to substitute for a silicon or 
germanium atom in the lattice, accepting an electron from the filled band 
in order to complete the tetrahedral bond. A hole would thus be left 
in the filled band and would then either become bound to the impurity 
ion or would, as a result of thermal excitation, free itself and wander 
through the lattice, acting as a free carrier. 

On the other hand an atom with five valence electrons (fifth column) 
would give up an electron as a result of the tetrahedral binding. This 

' electron would either be bound to the ion or free itself to the conduction 
band. 

Other elements may have analogous effects. For example, oxygen, 
being very electronegative, would be expected to act as an acceptor and 
produce hole conduction, as in fact it probably does. I t probably, how
ever, enters the lattice interstitially rather than substitutionally. 

I t is a remarkable fact that almost all impurities introduced into pure 
silicon or germanium give rise to extrinsic conductors of about the same 

,i activation energy (different, however, for the two semiconductors). This 
and the further remarkable fact that this energy in every case is very 

. small (compared with the band separation) was explained by Bethe.1 

He pointed out that the impurity ion will attract the freed electron or 
hole and bind it in a coulomb field, independent of the ion and dependent 
only on the dielectric constant of the semiconductor. 

Let us, for example, consider the case of a trivalent impurity such as 
aluminum. If the hole it produces just succeeds in freeing itself, it 
would have an energy at the top of the normally filled band. If, on 
the other hand, the hole is bound to the impurity ion, its energy will be 

T ' H . A. Bethe, "Theory of the Boundary Layer of Crystal Rectifiers," RL Report 
No. 43-12, Nov. 23, 1942. 
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less and the corresponding acceptor level will lie above the top of the 
filled band by an amount determined by the binding energy of the hole. 
Classically the hole will describe an orbit about the negatively charged , 
ion and its energy can be determined by the Bohr formula for the energy 
of the electron in a hydrogen atom. The interaction potential energy 
in the present case will be e*/tr, where t is the permittivity of the semi
conductor. The Bohr formula must therefore be modified by replacing 
e (the electronic charge) by e/y/t/tn. This modification leads to the 
energy 

AEt = - % ° , (34) 
t 

where Rv is the Rydberg energy (13.5 volts) and n the quantum number 
(n = 1, 2, 3, • • •)• The acceptor level therefore lies an amount AEi 
above the filled band. j 

According to Eq. (34) there should be an infinite series of levels, 
n = 1 to oo. This, however, is not actually the case because of the large 
dimensions of the orbits obtained for n > 1. Already for n = 1 the 
radius of the orbit is e/e0 times the Bohr radius, or 7 X 10 - 8 cm for 
t/e0 = 13. The radius increases as n2 and is therefore 3 X 10~7 cm for 
n = 2. With 5 X 10+18 impurities per cubic centimeter, their mean 
distance apart is about 7 X 10 - 7 cm. A hole that is 3 X 10 - 7 cm from ^ 
a certain negative ion is therefore just as near to a neighboring ion and ' 
is not subject to the coulomb force of one ion, but rather to the forces 
of many. This means that the discrete state n = 2 does not actually 
exist but is absorbed in the continuum. An ion, therefore, produces only 
one level and this is separated from the band by the energy AEi of 
Eq. (34) with n = 1. The energy AE2 on this basis turns out to be 
0.08 ev which is about the value observed in the case of silicon. From 
this discussion it is evident that the positive ions, instead of producing 
additional levels (n = 2, 3, • • •), actually raise the upper limit of the 
filled band. This effect should lower AE2 to perhaps 0.04 to 0.06 ev. 

This discussion has been illustrated by an example of a negative ion • 
and positive hole (p-type extrinsic semiconductor). The same argu
ments apply to the case of a positive ion and an electron except that now f 

the electron level lies just below the conduction band. The estimated 
value of AEx is, however, the same as AE2. 

Experimentally, AE\ (or AE2) is 0.02 ev or less in the case of ger
manium and about 0.08 ev in silicon. Bethe's theory thus gives the 
right order of magnitude although the difference between germanium 
and silicon is not explained. 

This section concludes with remarks concerning the efficiency of 
various addition agents. ( 

I t has been found that although many addition agents will produce 

■ m 
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conductivities of the desired order (10 to 100 mho/cm) only a few produce 
good stable rectifiers. Thus, aluminum and boron have been found to 
be best for silicon, and phosphorus and antimony are superior for ger
manium.1 Boron has the remarkable property (unique among all addi
tion agents) that, in the case of silicon, an extremely small amount 
( « 0.001 per cent) is sufficient to produce the desired conductivity. 

Aluminum and beryllium added to silicon in small quantities have the 
desirable feature of increasing the hardness and toughness of the ingot. 
Furthermore, they serve to improve the resistance to burnout. Accord
ingly, the combination boron-beryllium in approximate per cent by 
weight, 0.002 and 0.02 respectively, added to pure duPont silicon, was 
found at Radiation Laboratory to produce superior ingots. In this case 
almost all the conductivity is supplied by the boron. 

It is noteworthy that the impurity additions best for silicon are as a 
general rule worst for germanium; the reverse is also true.1 Thus 
silicon, as used for rectifiers, is always p-type (hole conductor), whereas 
germanium is always n-type (electron conductor). 

1 These remarks do not apply to high-inverse-voltage rectifiers (see Chap. 12). 

{ 



CHAPTER 4 

THE SEMICONDUCTOR—METAL CONTACT 

This chapter treats of the process of rectification1 at the contact 
between a metal and a semiconductor. The barrier-rectification process 
will be described qualitatively and it will then be shown how the condi
tions necessary for rectification are obtained at a metal-semiconductor 
contact. The sine qua non for rectification is the existence of a barrier 
layer at the contact. The structure of this layer and its modifications 
are examined in some detail. Finally the special circumstances of 
rectification at high frequencies are considered. 

4-1. Barrier-layer Rectification.—The rectification process in crystals 
takes place in the immediate vicinity of the metal-semiconductor contact, 

Metal 1 Insulator Metal 2 Metal 1 Insulator Metal 2 Metal 1 Insulator Metal 2 

(a) before contact (6) just after contact (c) equilibrium established 
FIG. 4-1.—Formation of a rectifying barrier between two metals of different work function. 

in fact, within a few hundred or thousand atomic diameters of the 
contact surface. In this region there exists a potential barrier or " h u m p " 
of potential energy. Rectification is believed to be a result of the asym
metrical distortion of this hump by the applied potential. 

Semiconduction is not at all essential for rectification and the only 
excuse for the use of semiconductors is that the required barrier is easily 
and naturally formed at a metal-semiconductor contact. Under certain 
conditions, however, a similar potential barrier may be formed between 
two metals that differ in surface work function; the barrier will then 
rectify. Since this process is somewhat easier to understand than metal-
semiconductor rectification, a brief sketch of it is given first. 

1 The term "rectification" implies a current-voltage characteristic asymmetrical 
with respect to the voltage, that is, |/(-t-i>)[ » |/(—1>)|. This condition applies also in 
the case of frequency conversion. 

68 
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Figure 4-la shows the customary potential-energy diagram1 of two 
metals of different work functions not in contact. Let us suppose that 
between them there is a thin wall of a crystalline insulator with filled and 
empty electronic bands. Immediately after contact has been made the 
situation is as shown in Fig. 4-16. There will result a net electron flow 
from metal 2 to metal 1 because there are more electrons near the top 
of the barrier in metal 2 than in metal 1. This flow will persist until a 
surface double layer of charge is established; this double layer depresses 
the electron levels of metal 2 relative to those of metal 1, bringing the 
tops of the Fermi distributions of the two metals to the same level. At 
this point no further net flow occurs and we have a state of equilibrium 
(Fig. 4-lc). 

The result of applying an external voltage (smaller in magnitude 
than the work-function difference) in the direction which raises the 

(a) Voltage applied in (6) Voltage applied in 
forward direction back direction 

F I G . 4-2.—Rectification at a metal-metal contact. 

electron levels in metal 2 relative to those of metal 1 is shoivn in Fig. 4-2a; 
the result of applying a voltage in the opposite direction is shown in 
Fig. 4-26. In either case there is no change in the height of the barrier 
as viewed from metal 1 (metal of higher work function) but the height 
of the barrier, viewed from metal 2 (metal of lower work function), 
increases linearly with applied voltage V. Thus in neither case will 

r there be a change in the number of electrons flowing from metal 1 across 
the barrier to metal 2, but the flow from metal 2 to metal 1 (and hence 
the net current) does vary with voltage. If the energy distribution of 
electrons (that is, the number of electrons per unit energy range) in 
metal 2 were constant for energies above the Fermi surface, there would 
be no rectification, and the contact would be ohmic (current proportional 
to voltage). This electron distribution, however, is not, in fact, con
stant, but nearly exponential (Boltzmann law); hence the current is 
nonlinear with voltage, the barrier is nonohmic, and rectification is 
possible. 

From the above example it can be seen that large net currents flow 
1 F . Seitz, The Modern Theory of Solids, McGraw-Hil l , New York, 1940, Sec. 26. 
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when the electron energy levels of metal 2 (low work function) are raised 
relative to those of metal 1 (high work function) by the applied potential, 
that is, by making metal 1 anodic and metal 2 cathodic. A voltage so 
applied is said to be in the "forward" direction; an opposite voltage is 
said to be in the "reverse" or "blocking" direction. 

The simple example given reduces the general problem of rectification 
to its bare essentials. The more interesting case, however, in which 
one of the metals is replaced by a semiconductor and the insulating layer 
is absent, differs only in degree and not in kind from this simple case. 

The simple case, however, is not entirely academic in interest. I t 
should be possible to make metal-insulator-metal rectifiers with much 
smaller spreading resistances than metal-semiconductor rectifiers have, 
consequently giving greater rectification efficiency at high frequencies 
(see Sec. 4-6). Attempts thus far to construct workable metal-insulator-
metal rectifiers have not been successful, but in view of their possible 
advantages further research is desirable. 

4-2. Formation and Structure of the Barrier Layer.—It was shown in 
the preceding section how rectification is accomplished with the aid of a 
barrier layer between materials of different work functions. The nature 
of the barrier layer formed in the vicinity of a metal-semiconductor 
contact, will now be examined. 

The equilibrium between the electrons of a metal and those of a 
semiconductor is governed by the equality of the electron chemical 
potential in the two materials. This condition, it has been noted, 
requires that all electron levels in the semiconductor be depressed by the 
amount ê *™ relative to those of the metal. Expressions for e<t>xm are 
given by Eqs. (3-14) to (3-18) for the various cases of interest. 

In this chapter we shall not be concerned with intrinsic semiconduc-
tion since, in the case of silicon and germanium, this occurs only at 
elevated temperatures and would in any case result in poor rectification 
because of the equal numbers of electrons and holes. For extrinsic semi-
conduction an approximation useful for the present purpose is found by 
ignoring terms of order kT in e<i>xm, since these terms are small compared 
with the contact potential difference in all cases of interest. Thus, from 
Eqs. (3-15 to 3-18) we get 

(1) n-type extrinsic (all values of rei), 

— e4>xm ~ — e<t>0 = X2 — Xm = WX — X m | ( 1 ) 

(2) p-type extrinsic (all values of n2), 

-e<£*m ~ — e<fro = X4 - Xm = Wx + AE — Xm. (2) 

(See Fig. 3-3 for an explanation of the symbols used.) Terms in AE% 
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and AEi have been neglecied in Eqs. (1) and (2) since, as Sec. 3-3 made 
clear, these quantities for normal silicon and germanium are of order kT. 

Figure 4-3a shows the energy relation for separated metal and semi
conductor (n-type). Figure 4-36 gives the configuration after contact 
is made and before equilibrium is established. This situation does not 
persist long. Electrons begin to flow from the semiconductor into the 
metal and establish a negative surface charge density on the metal 
surface. An equal residuum of positive charge resides near the surface 
of the semiconductor, distributed over a region of thickness D. This 
positive charge is contributed by the ionized impurity levels. The net 
effect of the double layer is to lower all electron energy levels in the bulk 
semiconductor by the amount given by Eq. (1), which can now be taken 
as the difference in work functions of the metal and semiconductor. Fig-

Metal Semiconductor 
(a) before contact <B just after contact te) equilibrium established 

Fio. 4-3.—Formation of a rectifying barrier between a metal and a semiconductor. 

ure 4-3c shows the resulting configuration. It is evident that the result 
of the double layer is to bring the bottom of the conduction band in the 
bulk semiconductor down to about the level of the top of the Fermi 
distribution in the metal. Between the metal and bulk semiconductor 
is a barrier layer of height e<k™ = x«> — Wz and width D. The latter 
quantity is clearly determined by the positive-charge density in the 
semiconductor which, in turn, is determined by the density of impurity 
levels near the surface of the semiconductor. 

For a p-type extrinsic semiconductor the situation is closely similar. 
Figure 4-4 shows the final configuration in this case. The barrier now 
impedes the flow of holes and the double layer is reversed in sign. 

It should be noted that, in the case of Fig. 4-3 %m > Wx, and in the 
case of Fig. 4-4, \m < Wx + &E. If these inequality signs were reversed, 
no barrier would be erected. In either case the flow of current would be 
unimpeded and ohmic. Rectification is possible, therefore, only if 

Xm > Wx for ra-type, (3) 
Xr. <WX + AE for p-type. (4) 
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It is clear that the same metal and the same semiconductor with 
different types of impurities are capable of satisfying both Eqs. (3) and 
(4). This deduction is in accord with the observed fact that both silicon 
and germanium, properly "doped," are capable of giving re-type or 
p-type rectification in conjunction with the same metal. 

Rectification is accomplished in much the same manner as by the 
barrier between the two metals of different 
work functions discussed in the preceding 
section. Figure 4-5o shows the configuration 
of the metal-semiconductor barrier when a 
voltage is applied in the forward direction 
(direction of easy flow). The height of the 
barrier, viewed from the metal, is still given 
by <f>0, the contact potential difference. Thus 
the number of electrons traversing the barrier 
from metal to semiconductor is a constant 
independent of the applied voltages. On the 
other hand, the electron levels in the semi

conductor have been raised by the amount eV, where — V is the applied 
voltage; hence the height of the barrier, viewed from the semiconductor, 
has decreased by eV. The "s lack" has been taken up by a decrease 
in barrier space charge because of a flow of electrons into the barrier. 
Since the electron energy distribution in the semiconductor is exponential 
above the bottom of the conduction band, the electron current from semi
conductor to metal increases exponentially with V. 

Metal Semiconductor 
(Ptype) 

F I G . 4-4.—Barrier between a 
metal and a p-type semi
conductor. 

F I G . 4-5.—Rectification by a metal-semiconductor barrier. 

Figure 4-56 shows the configuration of the barrier with a voltage 
applied in the blocking direction. Again the barrier height, viewed from 
the metal side, and also the electron flow from metal to semiconductor 
have not been changed by the applied voltage. The barrier height, 
viewed from the semiconductor, has increased and the electron flow from 
semiconductor to metal has decreased. 

Let us now examine in more detail1 the structure of the barrier layer. 
' F o r the following theory of a natural " d i e l e c t r i c " barrier , see further, H. A. 
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The shape of the barrier is related to the space charge by Poisson's 
equation, 

dE e . 
_ = - (n+ - n_), (5) 

where E is the electric field intensity, t is the permittivity of the semi
conductor, e is the electronic charge, and n+ and n_ are, respectively, the 
number densities of positive and negative charges. The discussion will 
be confined to an n-type extrinsic semiconductor. Then re_ is taken 
to be the number density of free electrons and n+, the number density 
of ionized donators. The notation of Fig. 4-5 is used: e<j>o is the difference 
of work functions, and the height of the barrier as viewed from the 
metal. If e</> is the potential energy of an electron and — V is the applied 
voltage, then 

A potential of order JcT/e or larger above the potential of the bulk 
semiconductor is sufficient to remove nearly all the electrons from the 
donators and to reduce the electron density to a value small compared 
with that of the positive charges. Now kT/e is only 0.026 volt at room 
temperature, very small compared with the potential difference </>0 
( « 0.5 volt). Therefore, over most of the potential curve of the barrier 
it may be assumed that n+ = N and n_ = 0, where N is the donator 
density. Thus the charge density in the barrier is constant and equal 
to JVe. Poisson's equation then simplifies to 

Now, Eq. (7) is integrated with the boundary conditions, 

♦ «7 , g - 0 . t , = D; (8) 

4> = 4>o a t x = 0 ; 

where D is the thickness of the barrier, that is, the layer in which the 
charge of the donators is not neutralized by electrons. Thus, 

with 

4> = V + g (D - xY (9) 

»- [Mi^T' 
Bethe, "Theory of the Boundary Layer of Crystal Rectifiers," RL Report No. 43-12, 
Nov. 23, 1942. 
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As an example, if V = 0, 4>0 = 0.5 volt, e = 13e0, and JV = 5 X 1818 

cm - 3 , we find that 
D = 1.2 X 10-6 cm, (11) 

which is comfortably large in comparison with the interatomic distance. 
The value assumed here for N, 5 X 1018 cm - 3 , is fairly typical of repre
sentative samples of silicon and germanium. The value 13 assumed for 
t/to is in accord with the spectroscopic data1 for silicon and cannot be 
much different in the case of germanium. The value of the potential 
difference (<f>o = 0.5 volt) is in approximate accord with measurements of 
Meyerhof2 for silicon against tungsten. Variations in these assumed 
values will not in any case change the result much because of the square-
root dependence of D. 

I t is evident, therefore, that a "na tu ra l " barrier layer will be of the 
order of magnitude of 10 - 6 cm thick in the case of silicon and germanium. 
As will be seen later, a barrier of almost this thickness is needed in order 
to account for observed barrier capacitance. 

Image Force.—The quantity <t> gives only the potential of an electron 
in the electrostatic field of the surface. It does not take into account 
the image force acting on the electron. Including the image force, the 
potential3 is 

* « * - £ ■ (12) 

With the constants as chosen, the maximum of the potential W occurs 
close to the metal surface, that is, at a distance i « f l . If x2 is neglected 
in Eq. (9), the maximum of W is found to lie at 

\Se<pJ ' (13) 

and has a value, 

Wm = ,0- (^y = * _ (™«y, (14) 
for the case of zero bias (V = 0). For the values of the constants 
as above, 

xm = 0.05Z) = 6 X 10-8 cm, 
Wm = 0.40 volt. 

I t is seen that xm/D is small; hence the image force does not seriously 
affect the potential barrier. This result, however, is intimately con-

1 J. F. Mullaney, Phys. Rev., 66, 326 (1944). 
2 W. E. Stephens, B. Serin, and W. E. Meyerhof, Phys. Rev., 69, 42 (1946). 
3 See, for example, F. Seitz, The Modern Theory of Solids, McGraw-Hill, New York, 

1940, pp. 162, 163. 
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nected with the high dielectric constant chosen, which has the effect 
of increasing the thickness of the barrier layer [Eq. (10)] and reducing 
the image-force lowering [Eq. (14)]. Indeed, were it not for such a high 
dielectric constant, rectification by a natural barrier layer would be very 
poor, if not impossible. 

Natural vs. Artificial Barriers.—This conclusion does not, of course, 
rule out the possibility of an artificial barrier layer. In fact there is 
reason to believe that the density of donators is somewhat reduced 
below the bulk value near the surface of the semiconductor in the case of 
modern silicon rectifiers. The following section treats the possibility 
of this depletion layer. Such a layer would have the desirable property 
of increasing the thickness of the barrier (as 1/y/N) and reducing the 
effect—always undesirable—of image force. Furthermore, it is not at 
all certain that there is not a surface layer of some foreign material, such 
as oxygen or quartz, between the metal and semiconductor. Such a 
layer would at least change the work function of the semiconductor and 
might even be thick enough to provide a substantial barrier. How
ever, as Seitz1 has pointed out, quartz does not possess any electronic 
energy bands near the conduction band of silicon, and thus electrons 
could penetrate only by the " tunne l" effect. A quartz layer as thin as 
10-7 cm would be practically impenetrable to electrons. On the other 
hand, a layer 10~7 cm thick is negligible compared with the natural 
layer already present (10~e cm). 

I t seems reasonable, therefore, to conclude that the barrier layer in 
silicon and germanium is natural in the sense that it consists of the 
material of the semiconductor, but possibly artificial in the sense that 
the concentration of donator levels may be somewhat less than in the 
bulk semiconductor. 

Capacitance of the Barrier Layer.—When an alternating field is applied 
to the contact, the barrier is alternately charged and discharged by the 
flow of electrons from the semiconductor in and out of the barrier. Let 
us assume that time effects resulting from recombination and ionization 
of the donators can be neglected. They certainly can be neglected if 
it is assumed that the donators are completely ionized in the bulk semi
conductor. Their neglect is approximately valid in any case at low 
frequencies. (The high-frequency case will be discussed in Sec. 4-6.) 
For small amplitudes of the applied voltage the barrier acts as a con
denser with capacitance 

C--AJJ2, (15) 
where A is the area of the contact, q is the total surface charge, and — V 

1 F. Seitz and S. Pasternack, "The Principles of Crystal Rectifiers," NDRC 
14-102, U. of Penn., June 10, 1942. 
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is the applied voltage. The surface charge q is given by 

q = NeD{V), (16) 

where the thickness D depends on the applied potential 
ance with Eq. (10). Then, 

„ At 

which incidentally is the same as the capacitance of a parallel-plate 
condenser of area A and thickness D. 

This capacitance effectively shunts the nonlinear resistance of the 
barrier. Its value is not constant with applied potential. In fact, from 
Eqs. (10) and (17), 

C cc 1 (18) 
V<Ao - V 

Comparison of Theoretical and Experimental Barrier Capacitance.— 
Measurements of C provide the best experimental data for the barrier 
thickness D. There are two general methods for measuring C. One 
is a direct measurement of the impedance of the rectifier. The barrier 
capacitance is then inferred from the impedance, suitable account being 
taken of such extraneous effects as the whisker inductance, stray capaci
tances, etc. These measurements are usually made at frequencies of 
the order of magnitude of 10 Mc/sec, since it is easier to take account 
of extraneous impedances at frequencies of this order than at frequencies 
in the microwave range. A common technique is to measure the imped
ance of a crystal cartridge just before and then after contact is made 
between the whisker and semiconductor. 

The second method assumes the equivalent circuit of Fig. 2-10 for 
the rectifier and compares low-level rectification efficiency at audio and 
at microwave frequencies. From the difference one can compute C. 
This method is described more fully in Sec. 11-5. 

The two methods agree only in order of magnitude, the second method 
generally giving lower values of contact capacitance than the first. 
The difference is probably due to relaxation effects in the barrier (see 
Sec. 4-5). 

In one case1 after the capacitance of a silicon-tungsten contact had 
been determined by the bridge method at zero bias and at 14 Mc/sec, the 
diameter of the contact was found to be 1.2 X 10~3 cm. Substitution in 
Eq. (17), assuming t = 13«0, gave D = 2 X 10 - 6 cm. This value is to 
be regarded as an upper limit, since the computation assumes that the 
whole area of the whisker point was in intimate contact with the silicon. 

'See A. W. Lawson, P. H. Miller, L. I. Schiff, and W. E. Stephens, "Barrier 
Capacity in Silicon Cartridge Rectifiers," NDRC 14-140, U. of Penn., May 1, 1943. 

— V in accord-

(17) 
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The value obtained is therefore in satisfactory agreement with the 
theoretical value of D, viz., 1.2 X 10~6 cm. 

Measurements of variation of barrier capacitance with bias do not 
agree well with the square-root law, Eq. (18). Bridge measurements 
tend to show a very rapid increase of capacitance in the forward direc
tion. Increases by a factor of 100 have been observed1 for silicon units 
when the applied voltage was changed from 0 to 0.5 volt (across the whole 
unit). I t should be noted, however, that it is exceedingly difficult to 
separate resistance and reactance effects in such measurements. These 
results must be regarded as tentative. The measured values at zero 
bias, however, should be fairly reliable, since the barrier resistance in 
this case is large (~ 5000 ohms) compared with the barrier-capacitive 
reactance (~ 50 ohms). At moderately small (~ 0.5 volt) inverse 
voltages, the bridge results show a small decrease in the capacitance, 
as is to be expected from Eq. (18). At higher inverse voltages (~ 1.0-2.5 
volts) the capacitance increases, but this may be a spurious effect. 

The rectification-efficiency method does not agree with the bridge 
method with regard to variation of capacitance with bias. In general, 
the former method results in a fairly constant value in the inverse direc
tion and a small rise for silicon crystals in the forward direction. Quan
titative comparison with Eq. (18) is difficult, but, for silicon, disagreement 
is not indicated. In the case of germanium, however, observations2 

using the rectification-efficiency method have shown considerably larger 
increases of capacitance with forward bias than can be accounted for by 
Eq. (18). This circumstance is helpful, however, in understanding the 
negative i-f conductance of welded-contact germanium rectifiers (Sees. 
13-5 and 13-6). 

4-3. Diffusion and Diode Theories of Rectification.—A qualitative 
picture of barrier-layer rectification was presented in Sec. 4-1. The 
quantitative theoretical treatment is considerably affected by the value 
assumed for the barrier thickness. There are three distinct cases of 
interest, corresponding to very thin, intermediate, and very thick barriers. 
A very thin barrier ( « 10~7 cm) offers the possibility of electron transit by 
means of the well-known quantum-mechanical " tunne l " effect.3 

The first theory of barrier-layer rectification, developed independently 
in 1932 by Wilson, by Nordheim, and by others, was based on the tunnel 
effect.4 This theory was accepted for a number of years until it was 

lIbid. 
' R. N. Smith, "Determination of Crystal Parameters at Microwave Frequencies" 

(Crystal Rectifier Conference), Columbia U., Sept. 11, 1943. 
3 This effect is closely similar, in general principles, to the propagation of electro

magnetic energy through waveguides below cutoff. 
' See A. H. Wilson, Proc. Roy. Soc, 136, 487 (1932); and L. W. Nordheim, ZeitaJ. 

Phy»., 75(7-8), 434 (1932). 
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realized that it predicted rectification in the wrong direction. Further
more, there was good evidence that the barrier is considerably thicker 
than 10 - 7 cm for this and other rectifiers. 

The defects of the tunnel theory led Mott1 in 1939 to propose a 
thick-barrier theory. He supposed (as we did in Sec. 4-1) that electrons 
were able to surmount the barrier primarily by thermal excitation. 
His theory was oversimplified by the assumption that the electric-field 
intensity E was constant in the barrier layer (absence of space charge). 
Schottky2 was able to free the theory from this arbitrary assumption. 
He considered two extreme cases, "exhaustion layers" and "reserve 
layers." In an exhaustion layer the impurities are considered to be 
completely ionized in the layer itself, although not necessarily in the 
bulk semiconductor. The case of an exhaustion layer was discussed in 
Sec. 4-2. A reserve layer is complicated by the incomplete ionization 
of impurities and does not concern us here, since, as was pointed out in 
Sec. 3-7, impurities are 20 to 40 per cent ionized in bulk silicon and nearly 
completely ionized in bulk germanium. Thus only a small rise in 
potential energy above the bulk value will in either case shift the equi
librium to complete ionization. 

Both Mott and Schottky assume barriers thick compared with the 
mean free path of the carriers, an assumption in accord with measured 
values of 10 - 6 to 10 - 4 cm for the barrier thickness in copper-cuprous 
oxide and in selenium rectifiers. Since collisions occur in the barrier, one 
is forced to treat the flow of current in the barrier as a statistical problem 
involving detailed balance. 

A barrier of intermediate thickness (~ 10 - 6 cm), that is, thick enough 
to reduce the number of electrons penetrating the barrier by the tunnel 
effect to a value small compared with the number surmounting the barrier 
b}T thermal excitation yet still thin enough so that collisions within the 
barrier can be ignored, is a much simpler problem. In this case there 
is an analogy to the motion of electrons in a vacuum-tube diode. The 
carriers must have sufficient energy to surmount the potential barrier 
(analogous to the work function of the cathode of a diode). They will 
then fly over the barrier unimpeded and make their next collision in 
the metal (analogous to the anode of a diode). Because of these similari
ties the theory of a barrier of intermediate thickness is commonly referred 
to as the "diode theory." 

The Diffusion Theory.—The thick-barrier, or diffusion, theory does 
not appear to apply to ordinary silicon and germanium mixer rectifiers, 
since, as we have seen in Sec. 4-2, their barrier thickness is of the order of 
10 - ' cm, which is less than the mean free path of the carriers. The 

1 N. F. Mott, Proc. Roy. Soc, A171, 27 (1939). 
* W. Schottky and E. Spenke, Wiss. Veroff. Siemenawerke, 18, 225 (1939). 
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barrier thickness of high-inverse-voltage rectifiers has not yet been 
determined by capacitance measurements, but it is difficult to under
stand how a high inverse resistance can be maintained at applied poten
tials of 100 volts or more (as is observed for these rectifiers) by a barrier 
thinner than 10 - 5 cm. 

The fundamental equation governing diffusion theory1 is 

j = ebnE ±bkT^- (19) 

The symbols have the following meaning: j is the current density; e, the 
absolute value of the electronic charge; n, the density of free electrons 
or holes; E, the electric field intensity; b, the carrier mobility; k, Boltz-
mann's constant; T, the absolute temperature; and x, the one-dimen
sional space coordinate. The plus sign holds for electron conduction 
(n-type extrinsic), and the minus sign for hole conduction (p-type extrin
sic). This law is valid if the mean free path is small compared with the 
distance over which the potential energy changes by an amount kT. 
The current density j is seen to be composed of two parts: one ebnE 
gives the ohmic dependence of current on field intensity, and the other 
±bkT(dn/dx) gives the contribution of diffusion resulting from the 
gradient in carrier density dn/dx. 

If j = 0, Eq. (19) integrates at once to give the usual Boltzmann law, 

n = const X e±lfJ "Edx. (20) 

For j y^ 0, the equation can still be formally integrated, but, to get 
a useful result, the dependence of E on n must, in general, be taken into 
account. For the case of an exhaustion layer, E will be independent of 
n, but in the case of a reserve layer it has a complicated dependence on n. 
The latter dependence is given by the Poisson equation [Eq. (5)], in 
which we can put n_ = n. The quantity n+ depends on n since they are 
related by the equilibrium of the reaction, 

Bound electron <=̂  bound hole + free electron. 

The relation between the number of free electrons n, bound holes n+ , 
and bound electrons N — n+ (N is the donator density) is given by 

nn+_ _ ^ ( 2 1 ) 

N -n+ 

where K is the equilibrium constant of the reaction. In the bulk semi
conductor, n + = n, and comparing Eq. (21) with Eqs. (1) and (2) 

1 See N. F. Mott and R. W. Gurney, Electronic Processes in Ionic Crystals, Oxford, 
New York, 1940, Chap. 5, Eq. 30. 
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we get 

K = 2(^T)He-%. (22) 

Fortunately the complications of a reserve layer do not appear to 
apply to germanium and silicon. 

Since diffusion theory has limited, if any, application to silicon and 
germanium rectifiers, it will suffice to illustrate it by integrating Eq. (19) 
for the special case (assumed by Mott) of zero space charge in the barrier. 
This should apply, then, to an artificial insulating barrier. From Eq. (5) 
we see that zero space charge implies constant E. Then Eq. (19) is 
integrated at once to 

"W = ek + "(0) - s i ]«~ ^ 
At x = D we assume that we pass abruptly to the properties of 

the bulk semiconductor, so that n(D) = n(<»). Mott and Schottky 
assumed1 that n(0) is given by the number density of electrons in the 
metal at the potential 4>o above the surface of the Fermi distribution 
and is independent of j . Putting j = 0 and x = D in Eq. (23), we obtain 

eED e4>o 
n(0) = n(D)e kT = n(°o)e

_*z\ (24) 

Noting that eED = 0O — V, substituting Eq. (24) in Eq. (23), and solv
ing for j , we obtain 

1 _ „ kT 
(25) 

1 - e kT 

Since, in general, 

we obtain finally 
e«o eV 

(26) 

The exponential factor dominates the weak dependence of E on V, hence 
Eq. (26) may be written approximately as 

j = A(e'v - 1), (27) 

where A and a are constants. Equation (27) is a general result (in the 
1 It has been shown by R. G. Sachs, "The Diffusion Theory of Crystal Rectifiers," 

NDRC 14-129, Purdue TJ., Sept. 10, 1942, that n(0) is not really independent of ;' 
and that in certain circumstances a term j/ev should be added to the right-hand side of 
^q (24) where »is the mean thermal velocity of the bulk electrons. This refinement 
will not be introduced here. 

j 

j = 

= [en(°o)b£] 

e (* . -F) 
e M 

-- ebn(<*>)E • e 

1 -

1 -

» 1 , 

e<tm 
kT/ 

eV 
- e kT 

e(*o-F) 
e kT 

eF 
ekT - 1). 
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where 

first approximation) of all theories of contact rectification and will be 
compared with experiment in Sec. 4-4. 

The Diode Theory.—If there is assumed a barrier thin compared 
with the mean free path, collisions in the barrier layer can properly be 
neglected. The electron distribution is then given by the Maxwell-
Boltzmann law based on the bulk properties of the semiconductor. Thus, 
if we now write n for the number of carriers per unit volume in the bulk 
semiconductor, we have for dn, the number of carriers per unit volume 
crossing unit area per second in the —x direction with velocity between 
v and v + dv, 

dn = n [^icf) e 2kT v dlK ( 2 8 ) 

The number of carriers with sufficient kinetic energy y\ to surmount 
the barrier is 

\" (¥)d*l = l nve~'At^rJ, (29) 

. _ /2fcT\M 

\7TTO / 

is the average velocity. 
The current density ji from semiconductor to metal is then 

j i = \neve kT . (30) 

The current density j2 from metal to semiconductor is constant in 
this approximation and, since it must equal ji when 7 = 0, 

j2 = ineve kT. (31) 

The net current density from semiconductor to metal is then ji — j i t 
or 

«0o eV 
j = frieve kTierT - 1). (32) 

This expression is seen to have the general form of Eq. (27). I t 
resembles Eq. (26) in that the current density is proportional to the 

factor e kT but differs from Eq. (26) in the proportionality factor. In 
general, inev is considerably smaller than ebnE. 

We have seen that the natural barrier is of the order of 10 - 6 cm thick. 
On the other hand it was pointed out in Sec. 3-5 that the mean free path 
in germanium is in the range from 5 X 10 - e to 1 X 10 - 6 cm, and in 
silicon from 1 X 10 - 6 to 3 X 10~6 cm. Diode theory appears applicable 
to germanium, therefore, but in the case of silicon it would appear that 

file:///7TTO
file:///neve
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neither diode nor diffusion theory could be applied, since the barrier 
thickness is of the same order as the mean free path. Bethe1 has pointed 
out, however, that the mean free path should not be compared with the 
total thickness of the barrier, but rather with the distance over which 
the potential energy changes by kT. The reason is that the number of 
those electrons which are stopped by the barrier should be compared 
with the number of those stopped by collisions. 

Now, if Wm is the potential maximum, the potential energy is 

eWm - kT 

at a distance of about 6 X 10 - 8 cm on the semiconductor side of the 
maximum, and at half that distance on the metal side. These distances 
are small compared with the mean free path. Therefore, practically all 
electrons moving toward the potential maximum are stopped by the 
potential rather than by collisions. Diode theory is evidently still 
applicable. This point has been examined in further detail by Herzfeld2 

who concurs with Bethe on the applicability of diode theory results even 
to the case where some collisions occur within the total thickness of the 
barrier. 

The derivation of the d-c characteristic on the basis of the diode 
theory given above assumes special and ideal conditions. The result is 
considerably modified if proper account is taken of image forces, tunnel 
effect, and fluctuations in number density of donators and in work 
function over the surface of the contact. Such effects are considered in 
the following section. 

4-4. The D-c Characteristic.—As we have seen in the preceding sec
tion both diffusion and diode theories3 predict a current-voltage char
acteristic of the form 

I = A(e°r - 1), (33) 

where I is the current, V the voltage applied across the barrier, and A 
and a are the constants. Both theories agree in (a) assigning to a to the 
value e/k TOT about 40 (volt) - 1 at room temperature, and (b) making A pro-

portional to e kT, where e<t>o is the contact potential difference. The 
result (a) will now be compared with experiment. 

In making this comparison it must be borne in mind that V is not the 
voltage Va applied across the rectifier, but is less than Va by the voltage 

1 H. A. Bethe, "Theory of the Boundary Layer of Crystal Rectifiers," RL Report 
No. 43-12, Nov. 23, 1942. 

2K. F. Herzfeld, "Theory of Small Deviations from Pure Diode Behavior," 
NDRC 14-286, Purdue U., May 5, 1944. 

3 The tunnel theory gives similar results, but with the direction of rectification 
reversed. 
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drop Ir in the ohmic resistance r of the semiconductor. The value of r 
is determined by the size and shape of the contact and by the conductivity 
<r of the semiconductor. In Appendix C is derived an expression for r 
for the case of a contact surface in the form of an ellipse. In the special 
case of a circular contact of radius a this expression reduces to 

The quantity r is commonly referred to as the "bulk resistance" or 
"spreading resistance," since it is produced by the bulk semiconductor 
as distinct from the barrier layer and is associated with the spreading 
of the lines of current flow from the contact into the semiconductor. 

Equation (34) is not suited for establishing r since measurements 
of the contact dimensions are difficult and the conductivity is subject to 
local variations. The voltage drop across r is usually found by assuming 
a forward characteristic of the form, 

I = ^[e»cr.-/o _ !]_ ( 3 5 ) 

and plotting In (I + A) vs. Va — Ir in the forward direction, determining 
A and r by trial to produce a straight line of intercept A. Fortunately, 
the two corrections are in most cases independent; the addition of A 
to the current has its largest effect at small currents, whereas the correc
tion due to spreading resistance is most important at large currents where 
the effective resistance of the barrier decreases and Ir increases more 
rapidly than Va. 

When the data are analyzed1 in this way, it is found that invariably 
In I follows a straight line (of slope a) up to 0.2 or 0.3 volt, but then 
makes a rapid transition to a second straight line of different slope (a) 
and intercept (A'). A typical analysis of this kind is shown in Fig. 4-6. 
To maintain the slope at the initial value a it must be assumed that r 
decreases with voltage, which is difficult to explain. On the other hand, 
if one assumes a larger value of r than that giving the straight line at 
high values of V, the curve may be made to continue with the slope a 
to somewhat higher voltages, but it always tends eventually to bend 
over to a curve with negative slope, as shown by the dashed line in 
Fig. 4-6. Although it is true that one should expect the line to increase 
its slope as the contact potential is increased, it is difficult to explain 
this bending back of the curve. I t cannot be explained, for example, by 
the concept of heating of the contact, since it may be shown that the 
power absorbed is insufficient to raise appreciably the temperature of 
the contact. 

1 H. J. Yearian, "Investigation of Crystal Rectifier P C Characteristics," NDRC 
14-115, Purdue Univ., Dec. 3, 1942. 
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At all events, it appears that a or a' is much smaller than the theo
retical 40 (volt) - 1 and one is confronted with the necessity of explaining 
observed values of the order of 10 (volt) -1 . Analysis of a large number 
of characteristics both of silicon and germanium gives values of a (lower 

0.004 

0 0.2 0.4 0.6 0.8 1.0 
F I G . 4-6.—Analysis of a typical d-c characteristic n-type germanium-tungsten. 

slope) ranging from 5 to 35 (volts) - 1 and values of a' always less than the 
corresponding values of a. 

With the simple characteristic, Eq. (33), the current in the reverse 
direction would be expected to increase asymptotically to the value A 
according to 

1/1 = A(l - <r°w). (36) 
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It does not so increase. The reverse currents always continue to increase 
and attain values at 1 volt of as much as ten times A. The reverse 
characteristic can often be fitted by an equation of the form of Eq. (36), 
but the value of constants required for the fit shows no obvious relation 
to values appropriate to the forward direction. 

It must be understood that the above remarks apply only to silicon 
and germanium rectifiers as ordinarily manufactured for mixer use. 
High-inverse-voltage and welded-contact types show very different 
behaviors. Their characteristics are discussed in Chaps. 12 and 13, 
respectively. 

It can be shown on the basis of the Schottky theory of a reserve 
layer that one can obtain an equation of the form 

1 eV_ 
I = A(e3kT - 1). (37) 

The values of a, however, are often found to be less than ^(e/kT). I e ' 
Furthermore, Eq. (37) does not reproduce observed reverse character-
istics. Finally (see Sec. 4-3) one does not expect a reserve layer for £ ' J 
silicon and germanium. fc J 

As we have seen in Sec. 4-3, the diode theory should be applicable to . >. 
silicon and germanium rectifiers. Our task, then, is to see how the v , / 
diode theory can be modified to give the small value of a observed and C I 
to account at the same time for the fact that Eq. (36) with constants A I . i 
and a fitted to the forward characteristic does not at all reproduce the L.Js 
reverse characteristic. 

Bethe's Theory of the D-c Characteristic.—Bethe1 has proposed that ]s ̂ ■•-3 
theory and experiment can be reconciled by a combination of the follow-^lj, 
ing circumstances: ^ ; 1 , 

tv'J 

i 

1. The image-force lowering of the barrier was calculated above *.'" 
[Eq. (14)] for the case of zero bias. In general, however, it wil^E^ c 
be a function of the applied voltage and will then modify t h e r ^ 
current-voltage characteristic. I t is easy to see that the effec£*4') f?~ 

^ ■ 

is in the right direction to improve agreement with theory. t * u , „ 
2. As mentioned above, electrons can leak through the barrier by tha "f\ Ep 

tunnel effect. The amount of leakage is strongly dependent on 
the barrier thickness, and, since the barrier is much thinner near 
the top, the result is to lower the effective height of the barrier. 
The amount by which the barrier is lowered depends on the applied 
potential. The decrease in barrier height becomes smaller as the 
voltage increases in the positive direction. This effect is also in 
the right direction to improve agreement with theory. 

1 H. A. Bethe, "Theory of the Boundary Layer of Crystal Rectifiers," RL Report 
No. 43-12, Nov. 23, 1942. 



86 THE SEMICONDUCTOR—METAL CONTACT [SEC. 4-4 

3. The barrier space charge has been treated as a continuous charge 
distribution. Actually it is discrete and subject to fluctuations 
that may be very large. Thus, in a section of barrier consisting 
of a cube 10 - 6 cm on a side, there will be only 5 charges on the 
average for a donator density of 5 X 1018 per cm3 and large fluctua
tions must be expected in a volume of this size. There will 
consequently be major fluctuations in barrier thickness which, in 
combination with image force and tunnel effect, will produce 
fluctuations in barrier height. The general effect is as though the 
work function of the surface fluctuated over the contact. Spots of 
relatively low work function will provide ohmic leaks through the 
barrier. As we shall see, such an effect will go far toward recon
ciling theory and experiment. 

4. Finally, the unavoidable presence of dirt on the surfaces separating 
metal and semiconductor serves to produce local fluctuations in 
work function. 

These effects are now considered in turn. 
Effect of Image Force.—The effect of image force on the barrier height 

was found for the special case of zero applied voltage in Sec. 4-3. For 
the general case, we have only to replace <£0 by <f>0 — V in Eq. (14). The 
integral in Eq. (29) now goes from e(Wm — V) to » , and Eq. (32) is 
replaced by 

e(»o-8) cT 
j = ineve kT (ekT - 1), (38) 

where 

"[ 2eW(4>„ - V) (38a) 

measures the decrease in barrier height due to the image force. It is 
evident from Eqs. (38) and (38a) that the increase of j with V is slower 
than that given by the factor e'v,kT — 1 alone. The image force is 
thus in the right direction to improve agreement with experiment. 

For V « 0o we may expand 8 in a Taylor's series in V/<t>0 and retain 
only linear terms. Thus, 

Introducing this in Eq. (38) we obtain for the total current, 

eV eV 
I = Ae_ ( 1 _ /"*r( e*r _ i ) ; (40) 

or 
eV eV 

I = A[e&Vr - e " ( 1 " W ^ ] , (41) 
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where 

The quantity Xm is the shift in position of the barrier maximum brought 
about by image force [see Eq. (13)]. In Sec. 4-2 it was found that 
xm/D = 0.05 for typical values of the constants. 

We see from Eq. (41) that the exponential current increase in the 

forward direction has the slope a = /S p=- To obtain agreement with 

experiment, we need a value of |3 of about \; hence, the theoretical value 
of &, viz., 0.95, is much too large. 

In the reverse direction the agreement with experiment is somewhat 
better but still leaves much to be desired. 

Effect of Penetration of the Barrier.—The tunnel effect with a barrier 
potential of the form of Eq. (9) which includes the effect of the image 
force has been treated by Courant.1 The general result is that the 
tunnel effect produces about the same barrier-lowering as the image 
force. Furthermore, the dependence of barrier-lowering on voltage is 
also about the same for the two effects. For small voltages V, we again 
obtain an equation of the form of Eq. (40), where the value of /3 (including 
both effects), although somewhat smaller than for image force alone, is 
still much too large to give the correct slope in the forward direction. 
If the constants are adjusted so as to give a value of 0 in agreement with 
experiment in the forward direction, it will certainly lead to erroneous 
results in the reverse direction, even to predicting the wrong direction of 
rectification. 

It is clear then that image force and tunnel effect will not by them
selves secure agreement with experiment. 

Fluctuation Effects.2—It is convenient to lump together the effects of 
fluctuations in barrier space charge and of surface contaminations since, 
as we have seen, these effects have the common result that effective 
barrier height varies over the contact surface. Besides small variations 
from the mean, there should be local areas, perhaps as small as 10 -12 cm2, 
where the barrier no longer exists. 

Before the effect of a random distribution of contact potentials is 
1 E. Courant, "The Effect of Image Force and the Quantum Mechanical Tunnel 

Effect on the D-c Characteristics of Crystal Rectifiers," Cornell Univ. Report, 
Contract OEMsr-429, May 17, 1943. 

2 For a more extensive treatment of fluctuation effects, see V. F. Weisskopf, "On 
the Theory of Noise in Conductors, Semiconductors, and Crystal Rectifiers," NDRC 
14-133, Purdue Univ., May 12, 1943; R. G. Sachs, "Theory of Contact Rectifiers," 
NDRC 14-168, Purdue Univ., June 15, 1943; and H. J. Yearian, "The Investigation of 
Crystal Rectifier D-c Characteristics," NDRC 14-115, Purdue Univ., Dec. 3, 1942. 
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treated, our result for the current-voltage characteristic, Eq. (32), must 
be somewhat amended. Equation (32) applies only if the voltage V 
across the barrier is less than the contact potential <j>0. For values of 
V > <t>o, the current no longer increases with V but is constant and 
equal to its value I for V = <t>o- (It must be remembered here that V is 
the voltage across the barrier and not the applied voltage Va = V — Ir.) 
In other words, although the current always increases with applied 
voltage Va, it is eventually entirely limited by the spreading resistance r, 
and the voltage drop across the contact becomes and remains equal 
to <t>o- For a contact of uniform <t>0} this effect is of no importance 
because V does not exceed tf>0 at values of current that can be safely 
passed. If, however, there are spots of small <j>o present at the contact, 
the current through these spots may reach the critical value at small 
applied voltages. 

If there are spots of low <j>0 present, most of the current will tend to 
pass through them. However, these spots will, if their size is large 
compared with the mean free path, have a local spreading resistance r, 
associated with each of them which limits the current through them. 
This local spreading resistance may become very large for a small spot. 
On the other hand, if the spots of low <t>0 are so extremely small that 
their dimensions are small compared with the mean free path, we can no 
longer speak of a local spreading resistance and the current through the 
spots will saturate at the temperature-limited value I. Thus, in accord
ance with Eq. (41) we can write for the current through any given spot 

I = Je Pkt [e
p*f _ e

 w t r ] j (43) 
if 

V < 4>a, 

where <£o is the effective contact potential of the spot. On the other 
hand, 

V 
I = — f or V > <j>o and a » I, (44) 

1 = 1 for 7 > 0o and a « I , (45) 

where a is the radius of the spot, I is the mean free path, and V is the 
voltage applied across the whole barrier. 

We now conceive of the contact as being made up of (a) fairly large 
regions of dimensions comparable with the total area of the contact 
regions where the contact potential is close to some constant value <£o 
of the order of 0.5 volt; and (b) local small adjacent regions with very 
different values of c£0. Only those small regions (b) of very small $0 will 
be effective in modifying the current-voltage characteristic. The spread
ing resistance of a spot is no longer always given by l /4aa since the 

I ^ ^ S l 
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current lines may be modified by a cluster of neighboring spots. If s 
is the number of spots in a cluster, the linear dimension of the cluster 
will be of the order of a \ / s and the spreading resistance of the cluster 
is of the order of l/4o-a \/~s. If one considers the cluster to be made up 
of s spots in parallel, each one contributes a resistance of order y/s/4:oa. 
Since the current flows mainly through regions whose 4>0 is near to or 
less than V, the clustering is important only at high values of V (where 
a great number of regions fulfill this condition, and hence the probability 
of clustering is appreciable). 

The current-voltage relation of the rectifier can then be determined 
by summing the individual currents Ip from each spot. 

X _0Ieio, pPe(V-irrr) (1 -0p)e(V-i„Tp) ^ - \ 

7„e kT [e kT - e kT ] + > Ip, (46) 
pi pa 

where rp is the spreadihg resistance of the pth element, 1T is its thermally 
limited current, and 4>0p is its effective contact potential. The first 
summation is extended over the elements p for which V — iprp < <t>0p 
and the second, over the remainder. In the second sum Ip is given by 
Eq. (44) or (45) (whichever is appropriate to the particular spot) or 
some other intermediate value if a ~ lp. 

I t can be seen that almost any current-voltage dependence, less steep 
than the one of a single rectifier, can be constructed by a suitable distri
bution of values 0Op among the elements. Figures 4-7a and 4-76 illustrate 
characteristics which are the result of a superposition of rectifier elements. 
In Fig. 4-7a the spots have been assumed small compared with the mean 
free path and in Fig. 4-76 the converse case is shown. In either case a 
straight logio I vs. V characteristic results and has the slope of the 
envelope of the contributing curves. This slope must always be less 
than the slope of the straight portions of the contributing curves and 
may be much less, in accordance with the distribution and number of 
spots of low work function. 

Only the forward characteristic has been plotted, but it is clear that 
almost any shape of reverse characteristic can also be obtained. We 
would expect the reverse characteristic to be made up of an ohmic part 
plus an exponential part. This is in accord with analyses of reverse 
characteristics made by Yearian.1 

The idea of a " spo t ty" work function thus does away with the 
disagreement between theory and experiment. Unfortunately the 
analysis of a current-voltage characteristic in this way is far from unique. 
We may postulate certain probability distributions for the number of 

1 H. J. Yearian, "Investigation of Crystal Rectifier D-c Characteristics," NDRC 
14-115, Purdue U., Dec. 3, 1942. 
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spots with given contact potentials <t>ok and for <j>op itself, and proceed 
to apply them to experimental characteristics. Although such analyses 
have been made, they are somewhat academic because of lack of unique
ness. The idea of distributed contact potentials has been of value, how
ever, in reconciling the theory of the d-c characteristic with observations. 
It will be found in Chap. 6 to be useful in the discussion of noise generation 
by crystal rectifiers. 

Voltage «■ Voltage -
(a) a « I (6) a » I 

F I G . 4-7.—Current-voltage curves of two typical rectifiers with distributed contact 
potentials, showing how the total current is the sum of the current contributions (light 
lines) from individual spots of different contact potentials. 

4-5. Depletion Layers.—Up to this point we have confined our atten
tion to the case of a natural barrier which by definition consists of the 
same material as the bulk semiconductor, with the same density of 
impurities. There is, however, some reason for believing that the impur
ity concentration in the barrier may be lower than in the bulk semi
conductor for silicon as processed by modern methods for use in rectifiers. 
Direct experimental evidence for such a "depletion layer" is scanty. 
Its presence has been inferred, however, from the following arguments. 

The theory of high-frequency rectification (Sec. 4-6) shows that 
rectification (and hence conversion) efficiency is a function of the quantity 
urC, where r is the spreading resistance of the semiconductor and C is the 
barrier capacitance. The smaller wrC is, the greater is rectification 
efficiency. For a natural barrier, this quantity decreases as the number 
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N of impurity levels per unit volume increases. We cannot increase N 
indefinitely, however, because the barrier thickness is proportional to 
N~'/l and a point is reached at which rectification is limited by leakage 
in the blocking direction as a result of image forces and tunnel effects. 
The obvious escape from this dilemma is to have an artificial blocking 
layer, the thickness of which depends only weakly (or not at all) on N; 
N can then be made large, and r consequently small, without the barrier 
thickness being affected and, hence, without C being increased and the 
inverse resistance decreased. 

It is well known that rectification by a silicon-metal contact can be 
greatly improved (for the same contact areas), especially at high fre
quencies, by a process of heat treatment of the silicon wafer before 
assembly. A process of this type was first used by the General Electric 
Company, Ltd. of England in the manufacture of the British "red 
dot" crystal. I t is now universally used in modified form by manu
facturers in the United States. This process is fully described in Chap. 
10, so it will suffice here to remark that it consists essentially of heating 
polished silicon wafers in an atmosphere of air at a temperature in 
the neighborhood of 1000°C for about 1 hr. These wafers are previously 
cut from an ingot of "doped" silicon (that is, pure silicon plus added 
impurities or "doping agents"). 

' There is good evidence (reviewed below) that the beneficial effects 
of heat treatment are ascribable to the formation of a thin surface layer 
on the silicon wafer, which differs in its electrical properties from the bulk 
material. In particular, it is found that much larger inverse resistances 
result from contact with the heat-treated surface than with the original 
surface. I t might be conjectured that a layer of different material (such 
as quartz) is formed as a result of the heat treatment. As a matter of 
fact, an oxide surface is certainly formed by heating in air. However, 
this is always dissolved in dilute hydrofluoric acid before use of the wafer. 
Furthermore, Fox and Pearsall1 have shown that the same beneficial 
effects result from heating in helium or in nitrogen, which are inert with 
respect to the silicon. Finally, electron-diffraction studies by Lark-
Horovitz* have revealed no observable difference in crystal structure 
between the preheat-treated and postheat-treated (and deoxidized) 
surface. The characteristic diffraction spots of silicon are found in both 
cases. 

The conclusion appears inescapable that a thin layer is formed on the 
heat-treated surface and that this layer differs only in impurity content 

1 M. Fox and C. S. Pearsall, "Results of Heat-treating Silicon in Various Atmos
pheres" (Colloquium, on Crystal Rectifiers, Vacuum Tube Development Committee), 

r New York, Mar. 27, 1944. 
* Private communication. 
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from the interior. The theoretical arguments above then indicate that 
this is a depletion layer. 

For the sake of clarity the case for a depletion layer has perhaps 
been somewhat oversimplified. Besides (and previous to) heat treat
ment the surface of the silicon wafers are always highly polished to a 
mirrorlike finish. I t has been conjectured that this polishing produces a 
flow layer which independently modifies the electrical properties of the 
surface. High inverse resistance is not obtained by the polishing action, 
however, and is produced only by the subsequent heat treatment. 
According to the experience of the Bell Telephone Laboratories,1 the 
results of the heat treatment do not depend on the texture of the surface. 
The function of the smooth surface, these investigators believe, is to 
facilitate tapping and reduce the noise output of the rectifier. 

I t has already been mentioned that heat treatment results in an 
increase of resistance in the blocking direction. That this effect is a 
property of a surface layer may be demonstrated by etching2 the surface 
electrolytically in 24 per cent HF. As the etching proceeds, the inverse 
resistance of the silicon decreases until it eventually reaches and remains 
at its value before the heat treatment. 

The effect of heat treatment is a somewhat critical function of temper
ature. Furthermore, increasing the time of heat treatment apparently 
produces a result similar to that obtained by raising the temperature. 
Some data bearing on these effects are given in Sec. (10-4). Further 
evidence of the formation of a thin surface layer of special properties is 
found by heat-treating, grinding or etching off the surface, and heat-
treating again at a different temperature. The properties of the wafer 
then correspond to the final, and not to the initial, temperature. 

I t has been mentioned that the heat treatment improves high-
frequency performance (rectification and conversion efficiency) for the 
same contact area. Now contact areas of rectifiers using natural silicon 
(no heat treatment) must be made very small for good microwave per
formance. Such rectifiers tend to be mechanically and electrically 
unstable and are especially susceptible to burnout by leakage power 
through the T R switch, as well as by accidental exposures to electrical 
power. The great benefit of the heat-treatment process has accrued 
from the large contact areas it has made possible and the consequent 
mechanical and electrical stability with no impairment, in fact, with 
considerable improvement, in conversion efficiency. I t is probably safe 

1 See W. G. Pfann, "Oxidation of Silicon for Point-contact Rectifiers," BTL Report 
MM-43-120-100, Sept. 22, 1943, for a good account of the experimental effects of heat 
treatment. 

2 This process actually removes a layer of silicon from the surface and is not to be 
confused with the previously mentioned removal of the oxide layer by dilute HF 
(nonelectrolytic). 
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to say that no innovation in crystal manufacturing technique has con
tributed so much to improved crystal performance as has the heat-
treatment process. 

Diffusion and Evaporation of Impurities as Means for the Production 
of a Depletion Layer.—It was suggested by Bethe1 that a depletion layer 
might be formed by passing a large current through a crystal rectifier in 
the forward direction, the supposition being that the large current 
would raise the temperature of the contact high enough to cause diffusion 
of impurities in the barrier layer. At the same time, the direction of the 
applied voltage is such that it will accelerate positively charged donators 
(n-type semiconductor) or negatively charged acceptors (p-type semi
conductor) into the interior of the semiconductor and will therefore 
deplete the surface layer of charged impurities. This suggestion was 
made to explain the observation of Lawson and coworkers2 that large 
forward currents have the effect3 of increasing the reverse resistance at 
1 volt. 

The suggestion that heat treatment of a silicon wafer produces a 
depletion layer by a process of diffusion and evaporation of impurities 
was made by Serin and Stephens,4 who gave a mathematical treatment 
of the diffusion and evaporation process which is reproduced here in part. 
Consider a semi-infinite homogeneous block of semiconductor with a 
plane face at x = 0 and extending in the positive rr-direction. Suppose 
that at time t = 0 the block has a uniform concentration Â o of impurity 
atoms. The concentration N(x,t) at a distance x from the surface at 
some later time t is given by the solution of the diffusion equation, 

aw dN 

that satisfies appropriate boundary conditions. Here £> is the diffusion 
coefficient, assumed independent of the concentration. 

The rate of loss of impurity atoms per unit area from the surface is 
assumed to be proportional to the surface concentration. This rate of 
loss must equal the rate of arrival at the surface by diffusion, if there is 
to be no piling up of impurity atoms on the surface. Thus, one boundary 
condition is 

- ~ + hN = 0 at x = 0, (48) 
1 H. A. Bethe, "Theory of High-frequency Rectification by Silicon Crystals," 

RL Report No. 45-11, Oct. 29, 1942. 
1 A. W. Lawson et al., "D-c Burn-out Temperature in Silicon Rectifiers," NDRC 

14-113, Univ. of Penn., Nov. 1, 1942. 
3 These experiments were performed on silicon that had not been heat-treated. 
4 B. Serin and W. E. Stephens, "Production and Effects of a Depletion Layer in 

Doped Silicon," NDRC 14-282, Univ. of Penn., May 29, 1944. See also, B. Serin, 
Phys. Rev., 69, 357 (1946). 
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where 

* - g - (49) 

and K is the ratio of the rate of loss per unit area by evaporation to the 
surface concentration. The other boundary conditions are 

N(x,0) = No for x > o,j N(°o,l) = No. I ( 5 0 ) 

The problem is formally equivalent to an analogous solved problem1 in 
heat flow, namely that of a semi-infinite body initially at a uniform 
temperature losing heat by radiation into a region at zero temperature. 
Thus the solution may be written down at once as 

Wo = CTf 

where 

(^) + ^ " ' [ 1 - e r f ( ^ + ^^)} (51) 

erf (w) = —-_[" e-^dw. (52) 
Vir j o 

Of especial interest is the solution after sufficient time has passed 
with the result N(0,t)/N0 = «o « 1. 

Under this condition, 
1 

h V T 3 M 

and the solution [Eq. (51)] reduces approximately to 

(53) 

N_ 
No 

erf (^ haox) + -rf- pr• ( 5 4 ) 

\2haoX + ^o) 

Figure 4-8 shows a plot of N/N0 as a function of x in units of d = l/ha0. 
In plotting this curve it has been assumed that a0 = 0.1. 

The diffusion coefficient may be expressed in terms of atomic param
eters by 

D = aS2e kT, (55) 

where o is the " jumping" frequency of a substituted impurity atom in 
the bulk crystal lattice, 5 is the distance between adjacent bulk atoms, 
tD is the diffusion activation energy, k is Boltzmann's constant, and T is 
the absolute temperature. 

1 See H. S. Caralaw, Introduction to the Mathematical Theory of the Conduction of 
Heat in Solids, 2d ed., Macmillan, London, 1921, Sec. 25. 
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It is possible to derive an analogous expression for the evaporation 
coefficient K. By definition 

dn 
dt (56) K = -

N(0,t)' 

where dn/dt is the rate of evaporation of impurities and N(Q,t) is the 
volume density of surface impurity atoms. The rate of evaporation is 
equal to the probability per unit time that an atom will have evaporated, 
multiplied by the number of impurity atoms per unit area on the surface. 

Assuming for the probability ae kT, where a is the same jumping fre
quency, and assuming for the surface density of impurities, the number 
per unit area in the first atomic layer, we obtain 

dn -^ - ^ = N(0,f)aie kT-at 

From Eqs. (57) and (56), it follows that 

K = aie kf; 

hence, by Eqs. (58) and (55), 

h s se 

The thickness d of the depletion layer is thus given by 

(57) 

(58) 

(59) 

d = - e kT ■ (60) 

This expression is very sensitive 
to the relative magnitudes of tK and 
to. Since for silicon S = 2.3 X 10 -8 

cm, for aa = 0.1, 

d = 2.3 X 10-7e kT cm. (61) 

Hence, for «K slightly larger than tD ^ 
we can obtain values of d in the 

0 0.5 l.o 1.5 
Relative distance from surface % 

range from 10~6 t o 10~6 cm. I n F l G- 4-8.—Impurity concentration as a 
. i i function of distance from surface. 

general it can be said that, to ac
count for a depletion layer of reasonable thickness, we must have tK ~ «D-
Directly measured values of tK and tD are not yet available to check this 
conclusion. 

Serin and Stephens go on to calculate the barrier shape for various 
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assumed values of the depletion-layer width d and the natural barrier 
width D. They did not take into account the tunnel effect and the 
distribution of contact potentials which, we saw in the preceding section, 
have marked effects on the d-c characteristic. Thus their comparisons 
of theoretical with observed effects of heat-treatment on reverse resistance 
are qualitative at best and will not be given here. 

I t is obvious, however, what the general trend must be. A depletion 
layer thickens the barrier and thus reduces the back leakage brought 

about by tunnel effect and image 
force, in accordance with observa
tion. One important source of con ■ 
tact potential variation, namely, 
that of fluctuations in impurity 
density, must be considerably re
duced by a depletion layer. The 
other source, surface contamina
tion, should not be affected. This 
latter is probably the more impor
tant of the effects, since rectifiers 
using heat-treated silicon certainly 
have, in general, no greater positive 

slopes of their d-c characteristics than untreated rectifiers with natural 
barriers. 

The depletion layer must certainly decrease the contact capacitance. 
Serin and Stephens have calculated this effect and arrive at the result, 

4 e 
Relative width d/Da 

F I G . 4-9.—Barrier capacitance as a func
tion of width of depletion layer d. The 
quantities Co and Do are capacitance and 
width of natural barrier. 

c (62) 

which is observed to have the same form as obtained for a natural barrier. 
The value of D, however, is now given in terms of the thickness d of the 
depletion layer and the thickness D0 that a natural barrier layer would 
have in the absence of the depletion layer. Specifically, 

£ 2 Dl + d2 

ford < Vf-Do; 

£>3 = idDl for d > V I -Do. 

(63) 

(64) 

In Fig. 4-9 the ratio of the contact capacitance C to its value C0 for 
d = 0 is plotted as a function of d/D0. 

We can now estimate the effect of the depletion layer on the quantity 
oiCr which, as we noted above, essentially determines the rectification 
efficiency and conversion loss at microwave frequencies. Let us take the 
case d > V I Do. From Eq. (10), D0 oc # „ - » , where JV0 is the concen
tration of impurities in the bulk semiconductor. 
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The spreading resistance r is by Eq. (34) inversely proportional to 
a, the conductivity, and consequently is by Eq. (19) inversely pro
portional to n, the bulk electron density, which in turn depends on JVo, 
the impurity concentration. If the ionization of impurities is nearly 
complete in the bulk semiconductor, as in germanium (Sec. 3-5), n ~ No. 
For the other extreme of weak ionization n cc AV-, see Eq. (5). The 
case of silicon normally falls somewhere between these extremes. Thus 
we have the following dependence of D and uCr on iVo: 

1. With no depletion layer (natural barrier), D = D0 <* iVo_'-,| 
uCr cc No~y' (complete ionization), wCr does not depend on > (65) 
A^ (weak ionization). J 

2. With a depletion layer of thickness D > \f\ D0, D cc JVo^'O 
uCr cc JVo-'4 (complete ionization), o>Cr « JVo-'6 (weak} (66) 
ionization). J 

Thus the effect of the depletion layer, as expected, is to increase the 
dependence of uCr on No and to decrease the dependence of the barrier 
thickness D on N0. The depletion layer thus makes it possible to improve 
rectification by a decrease in uCr consequent to an increase in No without 
a serious reduction in barrier thickness. 

4-6. Rectification at High Frequencies. General Considerations.—We 
have seen (Sec. 2-4) that a crystal rectifier can be represented approxi
mately by the equivalent circuit of 
Fig. 4-10. The barrier resistance R, i VvV-
which depends on the voltage across 0 

it, is shunted by the barrier capaci
tance C, and this combination is in 

. . . C 
series with the ohmic spreading resist- T. . , . ^ . , . . . 

. ° FIG. 410.—Equivalent circuit of a 
ance r Of t he bu lk semiconductor . At crystal rectifier; R is the nonlinear 
low frequencies, uCR « 1 even where ba"'ier', c t h e bar

J
rier c a P a c i t a n ™, and 

r the ohmic spreading resistance. 
R is the maximum barrier resistance; 
the capacitance can then be completely ignored and the rectification is 
determined entirely by the d-c characteristic. 

At microwave frequencies, however, the capacitive susceptance coC 
of the barrier is actually large compared with 1/R in the back direction 
and considerable modification of the rectifying properties should be 
expected. Measured barrier capacitances range from 0.02 to 1.0 iiid, 
the smaller values being found in crystals prepared for use in the 1-cm 
band and the larger values in high-burnout, 10-cm band rectifiers. A 
capacitance of 1 ppi has a reactance of only 50 ohms at a wavelength of 
10 cm; whereas back resistances normally encountered are 5000 ohms 
or more. Thus the back resistance is effectively shunted by the barrier 
capacitance at microwave frequencies and may therefore be ignored. 

'R 
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The rectification efficiency and therefore also the conversion loss 
should depend on the ratio of back-to-forward impedance. At reasonably 
high forward voltages the barrier resistance R is small compared with 
the barrier reactance 1/uC and with the spreading resistance r. The 
forward resistance is then just r. For any back voltage and for reason
ably small forward voltages, R is very large; therefore the impedance of 
the contact proper is just —j/wC and the total back impedance is 

Z = r--L- (67) 

The "back-to-front" ratio is 

- = 1 - i, ■ (68) 
r uCr v ; 

Dimensional considerations alone make it clear that rectification 
efficiency and conversion loss, both dimensionless quantities, can depend 
on the crystal parameters only through the factor uCr. Clearly, the 
barrier resistance is always negligible; it is either shunted by the barrier 
capacitance or is small compared with the spreading resistance. Only 
over a small range of forward voltage does it contribute to the impedance. 

The conversion loss L is thus a function of uCr, obviously an increas
ing function, and low conversion loss requires a small value of uCr, 
certainly less than unity. We can express uCr in terms of the properties 
of the semiconductor by use of Eqs. (34) and (17). We obtain 

">Cr = o T n 1 - ^ (69) 
240 to oD\ v ' 

where the radius of the contact a, the barrier thickness D, and the wave
length X are in centimeters; and the conductivity <j is in mho-cm -1. If 
for example, X = 3 cm, D = 2 X 10 -6 cm, e = 13t0, and a = 50 mho/cm, 
then uCr will be less than unity, provided 

a < 2 4 0 ^ 1 ° = i . 8 x i o - . cm. (70) 

Contacts actually used fulfill this condition by a wide margin. A 
representative value of a for 3-cm-band crystal contacts is 3 X 10~4 cm. 
With the above values of «/t0 and D, such a contact will have a capacitance 
of 0.1 nni and the spreading resistance will be 17 ohms. 

To improve rectification we need to make the quantity ta/aD\ as 
small as possible. An obvious solution is to decrease a, the contact 
radius. Unfortunately very small values of a lead to mechanical and 
electrical instability. Bethe1 has suggested a way out of this dilemma 

1 H. A. Bethe, "Theory of High Frequency Rectification by Silicon Crystals," 
RL Report No. 43-11, Oct. 29, 1942. 
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by using an elongated, or knife-edge, contact. I t can be shown that the 
parameter a in Eq. (69) is then replaced (approximately) by the short 
dimension of the contact. Thus a contact of fairly large area, and hence 
good stability, can be obtained with no sacrifice in conversion loss. This 
point is discussed more fully in Chap. 8. I t was at one time believed 
that the excellent performance of the British "red do t " crystals was 
essentially achieved by making these crystals with an elongated contact. 
This view is no longer held, however. I t may be shown theoretically 
that very large ratios of long-to-short dimensions of the contact must 
obtain before the beneficial effects become important and the actual 
dimensions of the "red do t " contacts do not appear to meet this extreme 
condition. Furthermore, experiments by Fox and Pearsall and by 
Stephens1 have shown no significant difference between knife-edge con
tacts of the "red do t " type and circular contacts, either with respect to 
conversion loss or stability. Attempts have been made to increase the 
ratio of long-to-short contact dimensions to a value that would be 
expected to improve performance, but the techniques for making such a 
contact are extremely difficult and no success has as yet been attained. 

A second escape from the dilemma is to increase the parameter D the 
thickness of the barrier layer. As we have seen in the preceding section, 
there is good reason to believe that this is actually accomplished by heat-
treatment of the silicon wafers, following the "red do t" techniques or a 
modification of them. The real value of this formation of a depletion 
layer is a consequence of the fact that it makes possible an increase in 
the value of a by an increase in the impurity content of the semiconductor 
without a simultaneous decrease in D. This point will not be further 
treated here, since it was discussed in detail in the preceding section. 

An increase in <j without an effect on the other parameters might be 
attained by an increase in carrier mobility Eq. (3-21). Thus germanium 
is known (Sec. 3-7) to have about three times the mobility of silicon. 
Other things equal, germanium should therefore be superior to silicon. 
It is found, however, that germanium does not yield to heat-treatment 
in the same manner as silicon, and germanium rectifiers tend to be some
what "noisier" than silicon rectifiers. 

Welding of a small metal-semiconductor contact improves mechanical 
stability enormously and may also improve electrical stability (resistance 
to burnout). No one has yet succeeded in welding metal wires to silicon. 
Welded metal-germanium contacts are discussed in Chap. 13. They 
have such special and peculiar properties that they cannot be adequately 

1 See M. Fox, "Comparison of Cone and Wedge Tips on Radiation Laboratory 
Silicon;" and W. E. Stephens, "Comparison of Cone and Wedge Tips on Radiation 
Laboratory Silicon" (Crystal Rectifier Conference, Vacuum Tube Development 
Committee), Nov. 19, 1943. 
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treated by the simple considerations above. I t is remarked here only 
that they have not as yet been brought to the point where they can replace 
silicon rectifiers to advantage. 

The only other parameter is t/e0, the dielectric constant. As pointed 
out in Sec. 4-2, a high dielectric constant is necessary for the formation 
of a natural barrier. The use of an artificial barrier layer lessens the 
importance of a high dielectric constant. Perhaps something might be 
gained by using a semiconductor that has a lower dielectric constant and 
an artificial barrier layer. 

Relaxation Effects.—Lawson and others1 have noted that the rectifica
tion efficiency of crystal rectifiers does not decrease with frequency as 
rapidly as might be expected from the observed values of barrier capaci
tance and d-c characteristic. I t is obviously important to understand 
the nature of this effect. Once its cause is made clear, some means may 
be found to enhance it and thereby increase the utility of crystal rectifiers 
at high frequencies. Lawson ascribes the effect to relaxation processes 
in the barrier layer. I t is reasonable, but not certain, that Lawson's 
explanation is correct. This section is devoted to an exposition, in 
modified form, of his theory.2 

We have seen that the capacitance of the barrier is caused by the 
flow of electrons into and out of the barrier layer. The charging current 
is in quadrature with the applied voltage and the barrier layer thus acts 
as a condenser. In the analysis of the capacitance given here, it has so 
far been assumed that the electrons remain permanently "free," and can 
therefore respond without time lag to a sudden change in voltage. The 
possibility should now be considered that some of the electrons may 
become trapped by combination with charged impurity atoms. The 
electrons in the barrier will either be free or bound to impurity atoms. 
Let us first consider the case for which the frequency / is small compared 
with the probability B per unit time for ionization of an impurity atom. 
The free electrons will emerge from the barrier as soon as their potential 
energy exceeds the potential energy of an electron in the bulk semicon
ductor. The bound electrons will emerge somewhat later, but, if B » / 
as assumed, their time lag will be small compared with the half period of 
the wave and they contribute equally to the quadrature component of 
the current. 

If, however, f ~ B, the time lag of the bound electrons will be an 
appreciable part of a half cycle. The current produced by the emergence 
of the bound electrons will then consist of two components, one in phase 

1 See A. W. Lawson, el al., "High-frequency Rectification Efficiency of Crystals," 
NDRC 14-153, Univ. of Penn., July 1, 1943; and E. R. Beringer, "Crystal Detectors 
and the Crystal Video Receiver," RL Report No. 638, Nov. 16, 1944. 

2 A. W. Lawson, et al., "Ionization of Donator Levels in Crystal Rectifiers by 
Thermal Agitation," NDRC 14-173, Univ. of Penn., July 7, 1943. 
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and one in quadrature with the voltage. Since the total charging current 
(quadrature component) is now reduced, it is clear that the effective 
barrier capacitance is less than at low frequencies (/ « B). Further
more, there will now be a conductance G shunting the barrier, because 
of the in-phase component of the current. 

At still higher frequencies, / » B, an electron that had become bound 
during the discharging part of a cycle may wait for several cycles before 
again contributing to the current. The charging current (and therefore 
the barrier capacitance) is thus still further reduced. The in-phase 
current, and thus the conductance G, should increase with frequency in 
this region, approaching a constant value in the limit, since the rate of 
ionization of donators would be nearly constant during a half cycle at 
very high frequencies (/ » B). 

The magnitude of these effects clearly depends on the ratio of free-
to-bound electrons at equilibrium. If this ratio is large, the relaxation 
effects will be relatively unimportant. If the ratio is small, the impor
tance of the effects at microwave frequencies depends on the magnitude 
of B. We have seen in Chap. 3 that ionization of impurities is 20 to 
40 per cent complete in the case of silicon and nearly 100 per cent com
plete for germanium at thermal equilibrium (room temperature) in the 
bulk semiconductor. Thus if the surface levels are of the same character 
in the bulk impurity levels, we should expect no relaxation effects in 
germanium rectifiers but possible relaxation (depending on the value of 
B) in silicon rectifiers. I t is possible, however, that surface levels exist 
which are of an entirely different nature from the bulk impurity levels. 
Any interruption in the periodic structure of the lattice, such as that 
occurring at the surface, is capable of producing electron levels in the 
normally forbidden region of the band structure1 (Sec. 3-1). These 
surface levels might lie at much greater depths below the conduction 
band than the impurity levels.2 If this is the case, we should expect 
strong relaxation effects in both silicon and germanium. 

The magnitude of the relaxation time l/B is of great importance in 
the theory of the relaxation effects. The value of B may be estimated3 

as follows: The equilibrium of the reaction, 

Free electron + bound hole «=± bound electron, 
1 F. Seitz, The Modern Theory of Solids, McGraw-Hill, New York, 1940, pp. 320 ff. 
2 Some evidence that this is the case for silicon is obtained from studies of photo

conductivity by Miller (P. H. Miller and M. H. Greenblatt, "Photoeffects in Pure 
Silicon," NDRC 14-412, Univ. of Penn., Mar. 20, 1945), who found that the threshold 
for photoconductivity in silicon is about 0.5 ev; whereas the band separation in 
silicon is known to be 1.1 volts (Sec. 3-5). His results might be explained by the 
hypothesis of surface levels lying 0.5 volt below the conduction band. 

3 N. F. Mott and R. W. Gurney, Electronic Process in Ionic Crystals, Oxford, 
New York, 1940, p. 108. 

, f G. & G. LIBRARY > • r : -
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is governed by the mass action law, 

^ - 2 ( ^ ) . - » (71) 
; 

n = number density of free electrons, 
N = number density of impurity levels, 

AE = depth of an impurity level below the conduction band. 
The right-hand member of Eq. (71) is the equilibrium constant of the 
reaction [see Eqs. (31) and (3-2)]. 

This result determines the number of free electrons at equilibrium. 
For a nonequilibrium (and electrically neutral) state, application of 
detailed balancing gives 

^ = B(N - n) - An\ (72) 

where B is the probability per unit time for an electron transition from 
the bound to the free state and An2 is the number of transitions per unit 
time in the opposite direction. Now A may be formally written as 

A = <ru, (73) 

where a is the capture cross section of an empty donator level and u 
is the mean thermal velocity of an electron in the free state. From 
Eq. (72) equilibrium occurs when 

B 
N - n A 

Comparing this with Eq. (71) and inserting Eq. (73), we get 

(74) 

B = 2^f^,V^e-^ (75) 
where we have introduced for u the expression, 

(3kT\ u"Uv (76) 

The quantity B may be estimated from Eq. (75) by taking <r = 10 -16 cm2, 
whence 

AE 
B = 1.5 X 10ue kT sec"1. (77) 

There is some experimental evidence that B0, the coefficient of (rAE/kT 

in this expression, may be as low as 1010 sec^1. This latter value is based 
on the rate at which electrons must be freed thermally from trapping 
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centers in rock salt in order to explain the observed temperature depend
ence of photoconductivity.1 

A better estimate of B may be had by treating the problem with the 
aid of quantum mechanics. In this way Seitz2 has obtained 1010 sec - 1 

as an upper limit for B0, and Lawson3 concludes that B0 is about 2 X 109 

sec-1, if AE < kOD, where 8D is the Debye temperature of silicon. If 
AE > kdD, he finds that B0 may be as small as 106 sec -1. Since these 
estimates are of the order of, or smaller than, microwave frequencies, it 
is clear that a considerable relaxation effect must be anticipated. 

In Lawson's treatment of relaxation theory the assumption is made 
that the time for the inverse process, tha t is, electron capture by an 
ionized donator, is short compared with the microwave period. The 
truth of this assumption may be investigated by calculating the time 
for the attainment of equilibrium, starting from an electrically neutral 
semiconductor with completely ionized donators. The relaxation time 
for this process is found by integrating Eq. (72). I t is 

no ._ . 
T - (2iV - n0)B' (78> 

where n0 is the equilibrium value of n. If B = 1010 sec - 1 and n0/N = 0.2 
(atypical value for silicon), we obtain T = 1.1 X 10~u sec which, although 
less than microwave periods in use, cannot be regarded as negligibly 
small.4 Lawson's results must therefore be interpreted with caution, 
although there is no doubt that his theory is qualitatively correct. 

These considerations will now be applied to the following problem. 
We assume a barrier layer containing N impurity levels per unit volume 
located at an energy depth AE below the conduction band. In the bulk 
semiconductor, there are n0 free electrons per unit volume. The barrier 
layer is assumed to have, before an alternating voltage is applied, a 
uniform space-charge density eN. I t is assumed that there is an abrupt 
transition from the charged barrier layer to the neutral bulk semicon
ductor. An alternating sinusoidal voltage5 V0 cos ut is applied to the 
barrier; this causes the potential of the bulk semiconductor to vary 
sinusoidally with the time. When the potential rises, electrons flow 

1 N. F. Mott and R. W. Gurney, op. cit., p. 136. 
5 F. Seitz, "Transition Probability for Excitation from Bound Levels" (Crystal 

Rectifier Conference), Columbia Univ. Sept. 11, 1943. 
3 A. W. Lawson el al., NITRC Report 14-173, Univ. of Penn., July 7, 1943. 
4 In the case of surface levels na/N might be much smaller than 0.2 and hence r 

much shorter than 10 _ u sec. 
5 In this section voltage (and the synonomous term ■potential) is defined for con

venience as the potential energy of an electron divided by the absolute value of the 
electronic charge. It thus has the opposite sign of the conventional voltage. This 
fact must be borne in mind in interpreting the results. 
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into the barrier and neutralize a part of its volume. In accordance with 
the above discussion, the equilibrium free-electron density is assumed to 
be established immediately. When the voltage wave recedes, electrons 
pour out of barrier. I t is assumed, and easily justified, tha t the free 
electrons will slide down the potential hill in a time short compared with 
the period of the wave. The bound electrons will leak' out of the barrier 
at the rate B(N — n). Once having escaped from the impurity ions, 
these electrons will also be assumed to depart instantaneously. A small 
decrease AV in potential exposes a fraction (df/dV) AV of the volume / 
of the barrier to the electron-stripping process and charges this part 
of the barrier by the amount en0(df/dV) AV at once and by the amount 

F I G . 4-11.—Barrier voltage vs. time. The times t' and t" are fiducial times for downswing 
and upswing respectively, and r is time in general. 

eN(df/dV) AV eventually, if sufficient time elapses before the potential 
rises again for the donators to become ionized completely. 

Figure 4-11 shows the form of the voltage wave V0 cos ut. At t = 0, 
the potential begins to recede. The current at time 0 < t' < \T (where 
T is the period of the voltage wave) is in two parts. 

1. That due to the free electrons that depart in the interval t' to 
t' + dt'. This current is given by 

df dV 
11 = -enodvW 

if 
= en0Vo ^r; w sin ut'. (79) 

dV 
The sign has been chosen so that a positive current increases the 
positive charge on the barrier. 

2. That due to the evaporating bound electrons. These electrons 
come continuously from the part of the barrier exposed during the 
interval 0 to t'. If r is some generic time in this interval, the 
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contribution from a small interval dr at T is 

dit = -e(N - n0)Be~B«'-" - ^ ^ dr. (80) 

Integrating this from 0 to /', we obtain 

U = e(N - n0) ^ V0 ^r—i (ue~"'' + B s i n ui' ~ u c o s " ' ' ) • (81) 

Let us now consider the currents flowing in the time interval 
iT < t" < T. 

This current is also composed of two parts. 
1. The current flowing into the volume (df/dV) dV flooded by the 

advancing wave during the small interval dt" at i". The amount 
of charge in this part of the barrier is that remaining after removal 
of the free electrons at t = T — t" and the subsequent evaporation 
from the donators during the interval 21" — T. The current is 
this charge divided by dt", and is 

i , = - e ( n „ + (N - n„)[l - e ^ " " " " ] ) ^ ~ 

= e{n0 + (JV - n,)[l - «r'««"-n]} ^ V0u sin «<". (82) 

2. The current still emerging from the part of the barrier not yet 
submerged by the advancing voltage wave. This part of the 
barrier was exposed during the time 0 < T < T — t". The con
tribution to the current is found by integrating Eq. (80) from 
T = 0 t o T = T - t". We obtain 

U = e(N - no) ^ 7o B ^ M, l«r™" - Be->^~^ sin ut" 

-a)e-»<*"-''> cos U"]. (83) 

Collecting terms, we find, after some simplifications, for 0 < t < \T, 

i = eN -Jy V0u sin ul + e(N - no) -py V0 2", B% (e~fl' - cos ut) 

df a)3 

- e(N - n0) ^ V0 u2 jp sin at; (84) 
and for %T < t < T, 

i = eN % V„o sin at + e(N - n0) %. V0 " I f ' ' , (<r« - *--<«<->■> cos ut) dV av u' -\- is 

- e(N - n„) fY V0 ^ ^ {e-'«-T> sin „*). (85) 

The current is easily seen to be continuous at I = 0 and t = ?T. 
The current of each cycle is a reproduction of the current of the preceding 
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cycle. Thus i may be developed in a Fourier series. The constant 
term of this series vanishes, as is required by the condition that i be a 
charging and not a conduction current. The physically interesting term 
of the Fourier series is the first harmonic. Putting 

+ « 

-I ilne""', (86) 

we find 

where 
h = -(G + jaC)V0, (86a) 

*[-*HP'-(j)} 
The functions Fi(x) and Fj(x) are given by 

„ , r df N — n0 G = ueN -=#= — — ' av 

C = eNdv 

W " WT*) t1 + S (1 - '""'> I T P ] (87) 

™ = WTIO [1 + l{1- '"■> T T ^ } (88) 

Remembering the sign conventions adopted (I has the conventional 
and Fo, the unconventional sign) it is clear from Eq. (86a) that the 
barrier acts at the (angular) frequency w as a capacitance C and a con
ductance G in shunt (with each other and with the nonlinear resistance 
of the barrier). Both C and G are functions of the frequency. Since 
F»(0) = 0, at a; = 0 

C = Co - eN %■ av 

This Co is the barrier capacitance as calculated in Sec. 4-2, assuming no 
relaxation. As the frequency increases, F2(u/B) increases monotonically 
(see Fig. 4-12), becoming unity at u = « . Thus C decreases with 

frequency, approaching the value ^ Co at ai = <*>. For weak equi
librium ionization of impurities, the capacitance may become very small 
at high frequencies. 

Since Fi(0) = 0, we have G = 0 at u = 0. As the frequency increases, 
G increases monotonically, approaching the value 

ZN - n0 

2 N G(-) =V—,rr^BCo. 

The curves Fi(x), Ft(x), and G(x)/G(<*>) are shown in Fig. 4-12. 
The conversion loss of a crystal rectifier may be calculated as a 
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function of frequency by using Eqs. (86a), (87), (88), and the methods 
developed in Chap. 5. This calculation will not be carried through 
explicitly here. The general qualitative result is that the conversion 
loss increases less rapidly with frequency for / > B and more rapidly for 
f < B than it does for the case of B = » , that is, no relaxation. For 
values of B of the order of 108 or 109 sec, the conversion loss at microwave 
frequencies is considerably less (1 to 10 db) than should be expected for 
the case of no relaxation. 

These results must be accepted with some reservation. We have 
seen that Lawson's assumption of instantaneous attainment of equi
librium from a state of excess ionization (more precisely, attainment of 
equilibrium in a time short compared with the period of the wave) is 

0.1 1 10 100 
*="/« 

FIG. 4-12.—Frequency variation of shunt capacitance C and shunt conductance G. 

C(x) = Co[l -aFi(.x)],G(x) = a u C 0 F i ( z ) , G ( « i ) = % aBCo, a =N ~N°-

not really valid. An improved theory, discarding this assumption, 
should not, however, alter the general qualitative picture. A second 
defect of the Lawson theory is the assumption of an abrupt transition 
from the bulk semiconductor with its equilibrium distribution of free 
electrons to the barrier region where no free electrons are present. 
Actually, the transition must take place smoothly over a region of thick
ness « D(kT/e<t>ayi, where D is the barrier thickness, and <j>0, the barrier 
height. The potential energy will change by about kT in this region. 
The assumption of an abrupt transition should be valid, therefore, if the 
amplitude Vo of the voltage wave is large compared with kT/e. In the 
case of low-level rectification (video detection), however, Va <C kT/e and 
the theory must be considerably modified. 

At all events, it is clear that barrier relaxation plays an important 
role in high-frequency rectification and conversion. I t undoubtedly 
deserves more attention than has been paid to it so far. The crucial 
parameter is the depth of the impurity levels AEh since the value of 
the relaxation constant B depends strongly on the value of AEi by 
Eq. (77). The value of AEi could perhaps be controlled to some extent 
by the type of impurity used, or possibly by surface treatment, if the 
surface levels play a role in relaxation processes. 
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CHAPTER 5 

FREQUENCY CONVERSION 

FIG. 5-1.—Transformation 
from a two-terminal to a four-
terminal mixer. 

5-1. Discussion of the General Problem.—In this chapter there will 
be considered in some detail the theory of mixing in a nonlinear element. 
Mixing may be broadly denned as the conversion of a signal from one 
frequency to another by combining it with a local-oscillator voltage in a 
nonlinear device. The nonlinear device is essential to the mixing process. 
By the principle of superposition, the addition of two frequencies in a 
linear device never results in additional (beat) frequencies and only the 
two original frequencies will exist in the Fourier spectrum of the resulting 
disturbance. If, however, the device is non
linear, it will generate the sum and difference 
frequencies of the applied signals. These 
newly created frequencies will, in turn, beat 
with each other and with the originally applied 
signals to create still more frequencies, and 
so on ad infinitum. The spectrum of the out
put voltage from such a nonlinear device may, 
therefore, be exceedingly complex. 

The most common and, at the same time, most important mixing 
process in microwave receivers is the conversion of a signal at a micro
wave frequency to one at a relatively low frequency, say 30 Mc/sec. 
This process takes place in a "mixer," which consists of a two-terminal 
nonlinear device, such as a crystal rectifier, having associated linear 
circuits designed to provide separate terminals for high frequencies 
(signal and local-oscillator waves) and for the low frequencies (i-f and 
d-c). Figure 5-1 shows one method by which the separation may be 
accomplished. The tuned circuit A offers a high impedance to the 
local-oscillator and signal frequencies and a low impedance to intermedi
ate frequencies and d-c; the capacitance C has the opposite effect. The 
reader is referred to Vol. 24 of the Radiation Laboratory Series for 
details of mixer structure. For the present we need know only that 
there are provided separate terminal pairs at high and low frequency. 

To the high-frequency terminals is applied the local-oscillator micro
wave of frequency1 w at a level of about 1 mw. The mixer is nonlinear 

1 In this chapter "frequency" will be used loosely to denote the angular frequency 
2T/ , where / is the usual frequency denoting the number of oscillations per unit time. 

I l l 
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at this level and generates harmonics nu> (n = 2, 3, . . .) of the local-
oscillator frequency. In addition the microwave signal of frequency a 
is also applied to the high-frequency terminal but at such a relatively 
low level (usually less than 1 ixw) that there is negligible generation of 
its harmonics. To be specific, it will be assumed henceforth that a > w. 
No loss of generality results from this assumption. The function of the 
mixe: is to convert the signal frequency a to the intermediate frequency 
13 ^ a — w as a result of beating a with u. Many other beat frequencies 
are generated, however. The "sum frequency" a + o> is generated with 
almost equal efficiency. The frequencies a — a> and a + u> beat with 
u and no to create additional frequencies. These in turn are partially 
converted to further beat products; the resulting spectrum is thus 
complicated. Beats between two low-level frequencies, such as a and 
/3, can be ignored, however, since the conversion loss for such a process 
is very large. Thus the spectrum consists of the following frequencies. 

(signal) 
(intermediate frequency) 
(image) 
(harmonic sidebands) 
(local oscillator) 
(harmonics of the local oscillator) 

The image frequency co — 0 is of special importance in the theory of 
mixers; it is denoted here by a special symbol 7. 

From the following discussion, which treats the relative importance 
of these frequencies, it is apparent that many of them can be excluded 
from further consideration. The image and the harmonic sidebands 
can be called "parasitics," since power consumed at these frequencies is 
taken from the available signal power and the result is to lower con
version efficiency of the signal to the intermediate frequency. By 
terminating the parasitics reactively we can insure their minimum power 
dissipation. There is another effect of the parasitics which should be 
considered in mixer design, namely, the phase relationship they bear 
to the signal, depending on their termination. By proper choice of 
reactive termination of the parasitics we can insure that the intermediate-
frequency voltages produced by beating of the parasitics with ai or nu 
add in phase to the direct product of the beat between a + /3 and a. 
These two considerations should be kept in mind in the following dis
cussion of the relative importance of the various parasitics. 

Let P, be the power available from the signal source and let G be 
the conversion gain from signal to intermediate frequency (G is the 
reciprocal of the conversion loss L and is usually between 0.1 and 0.3). 

a = 10 + 

At low level. 
y = u -
noi + /3 

At high level. 
not 
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Then the power available at intermediate frequency is GPB. This power 
must be compared with the power available at intermediate frequency 
as a result of beating of parasitics with the local-oscillator frequency 
or its harmonics. The first step is to estimate the efficiency of produc
tion of the various parasitics. As a convenient rule of thumb, adequate 
for an order-of-magnitude calculation, it may be assumed that the con
version gain as a result of beating any frequency with the nth harmonic 
no; of the local oscillator to form the sum or difference frequency is 
about G". Falkoff1 has shown that this is roughly true for the case 
n = 2. 

First there must be considered the effect of the image sideband 
7 = a) — /3. This frequency is generated as a result of the direct beat 
between signal u + ;8 and the second harmonic 2u, and also as a result 
of the beat between fj and u. The first process gives G2Pa as the power 
available at y, according to our rule, and the second method also gives 
G2P„ since the power available at /3 is GP„ and the second beating with u 
adds another factor of about G. The power at y is then of the order of 
G2P, and, by beating y with u to produce /3, another factor of G is added, 
with the result that the power available at j3 by the indirect path through 
7 is of order G3P,. 

Next, let us consider the upper harmonic sideband 2u> + /3. This 
sideband is produced by the direct beat between the signal u> + /3 and o>. 
Its available power is thus about GP,. The intermediate frequency /? 
can be produced by beating 2u + /3 with 2OJ with a conversion gain of 
about G2. Thus the available power at intermediate frequency by the 
indirect path through 2u + /3 is about G3P„ 

It might be concluded from these arguments that the parasitics 
2&> + /3 and co — /} are of comparable importance. This is not true, 
however. One must consider not only the power but also the phase at 
intermediate frequency. If the i-f voltage produced by one of the 
indirect paths is in phase with that of the direct beat of OJ + /3 with &>, the 
effect of the parasitic is greatly enhanced. Now the phase at intermedi
ate frequency is determined by the phase of the parasitic, which can be 
controlled to a certain extent by adjusting the impedance terminating the 
parasitic a t the mixer terminals. This control is more effective at the 
image frequency &> — /3 than at the harmonic sideband 2o> + /3 because 
of the shunting effect of the barrier capacitance of the crystal. This 
capacitance cannot be completely tuned out because of the series spread
ing resistance (see Fig. 5-12). Let us consider a typical case. Assuming 
the capacitive reactance of the barrier equal to 50 ohms a t 2o> + 0 and 
100 ohms at a — |8, and taking 30 ohms for the spreading resistance, we 
find that the impedance that can be presented to the barrier is restricted 

1 D. L. Falkoff, RL Report No. 958, Mar. 11, 1946. 
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to a range of 13.4 in absolute value in the case of u — /3 and to a range 
of only 4.6 for 2co + 0. A second reason for the greater importance of 
o) — (3 is that the i-f impedance of the mixer depends strongly on the 
termination to a — /3 but only weakly on that to 2OJ + /?. The converse 
is true for the r-f impedance, but the i-f impedance is, in general, the more 
critical factor in receiver design. 

So far only the parasitics u — /3 and 2u + /3 have been considered. 
A similar analysis applied to the other second harmonic sideband 2u — /3 
and to higher harmonic sidebands shows that they are relatively ineffec
tive. The available i-f power as a result of the intervention of these 
parasitics is of order GbPs or less. 

I t must be concluded that the image u> — /3 is the most important 
parasitic and that special attention should be paid to its termination in 
mixer design. Care should be taken to insure a nondissipative termina
tion at the harmonic sideband 2u + /3, but it does not seem likely that 
the particular choice of this termination is of much consequence. The 
remaining parasitics may be ignored, to a good approximation, except 
that in the case of very low loss mixers it should be insured that their 
terminations are reactive. 

These considerations allow us to ignore all parasitics in the theory 
except iii — 0, provided that it is consistently assumed that 2co + /3 is 
reactively terminated. 

The mixing process considered above is not the most general that 
could have been imagined. There might, for example, be the case of a 
signal at u + (8 and beating oscillator at u/n, i.e., a subharmonic of u. 
The result would be lower conversion efficiency to /3 for the same local-
oscillator power (and hence the same noise output), but in the case of 
extremely high frequencies, where it is impractical or inconvenient to 
provide an oscillator at u, this circumvention may be used to advantage. 
The case of a subharmonic oscillator will be considered again in Sec. 5-15, 
but for the present the discussion is confined to an oscillator at u. 

Another possibility not hitherto mentioned is "harmonic reinforce
ment," which amounts to enhancing the effect of the second harmonic 
of the local oscillator by correct adjustment of its termination or by 
deliberately injecting second-harmonic power from some external source. 
Only the first method has been resorted to in practice. The result is to 
increase the effectiveness of the parasitics 2OJ + |3 and co — fi. Harmonic 
reinforcement will be considered briefly in Sec. 5-14. 

6-2. The Admittance Matrix.—The principal objectives in this chapter 
are to derive expressions for conversion loss and for terminal impedance 
of a mixer; to show how conversion loss is related to properties of the 
mixer that are simple to measure; to examine the effect of the image-
frequency termination on conversion; and to show how conversion 
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efficiency is related to the physical structure of the mixer and, in par
ticular, the physical properties of crystal rectifiers. 

These tasks are enormously facilitated by the circumstances that 
signal, image, and intermediate frequencies are at such low levels that the 
relations among their voltages and currents are linear. It is true that 
conversion results from the nonlinearity of the mixer, but this nonlinear-
ity affects only the local-oscillator wave and its interactions with the 
low-level components; interactions among the low-level components 
themselves are linear to a high degree of accuracy. The mixer, in fact, 
can be regarded as a linear network with separate terminals at the signal 
frequency, at the image frequency, and at the intermediate frequency. 
Physically, the signal and image terminals are identical, but conceptually 
they may be regarded as distinct, since they can be separately loaded by 
the use of sharply resonant tuned circuits. 

Using subscripts a, /3, and y to refer, respectively, to signal, inter
mediate frequency, and image, we can denote by ia, i$, and iy the com
plex current amplitudes and by ea, e$, ey the complex voltage amplitudes 
at the three frequencies. We may write the linear relations between these 
quantities as 

if 

or, in matrix form, as 

where 

yaa^a + y«eett + V«y e* 
= Vt>aea + ytpep + y ^ e * 
= yyaea + y^e» + yyye* 

if 
i* 

Y = 

= Y 
ea 

«/3 

e* 
J 

2/a« yaH yay 
yea Da? ye-, 

.Vro Vi rP VTTJ 

(1) 

(2) 

(3) 

is t he so-called " a d m i t t a n c e m a t r i x " of t he mixer. T h e aster isk (*) 
denotes complex con juga te ; i t will l a t e r (Sec. 5-3) be shown t h a t t he 
image cur rent a n d vol tage m u s t appea r as complex conjugates in these 
relations. 

T h e a d m i t t a n c e m a t r i x defines all t h e convers ion proper t ies of t h e 
mixer. I n t h e general form, E q . (3), i t consists of n ine complex q u a n t i 
ties (yaa, e tc . ) , e ighteen quan t i t i e s in all, b u t i t will b e shown presen t ly 
that the number of independent quantities is much smaller—in the 
simplest possible case there are only four independent quantities in the 
admittance matrix. An immediate reduction in the number of inde
pendent quantities is achieved on the basis of symmetry by introducing 
the assumption that the mixer is a "low Q" device. By this is meant 
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that there are no sharply resonant circuits in the mixer1 that can dis
criminate between signal (a> + 0) and image (w — 0), which are close 
together in frequency since o> » 0. This assumption is valid in the case 
of most practical mixers and will be adopted throughout this chapter. 
On the basis of symmetry between signal a and image y we may then 
write 

Vyd = y%, y-r*. = y*y 
yt>y = y%,, yyy = yta. (4) 

Conjugate signs on the right are necessary because the image current 
and voltage enter into Eq. (2) as complex conjugates. 

If it is further assumed that there is no resonant circuit in the mixer 
capable of discriminating between intermediate frequency and direct 
current, it is implied also that yw, the i-f self-admittance, is real. This 
is expressed by writing 

Vf» = ffw, (5) 

in conformity with a general rule adopted here that g and 6 with appropri
ate subscripts stand, respectively, for the real and imaginary parts of an 
admittance element. The general form for a "low Q" mixer is then 

(6) 
y** y<*0 yay 

Y = yea gw y*a 

M*y V*0 V*«. 

The number of independent quantities has thus been reduced to nine. 
Conditions (4) and (5) for a "low Q" mixer are introduced here as a 
result of a plausibility argument. They are justified rigorously in 
Sec. 5-3. 

A further reduction is possible from the fact tha t we have at our dis
posal the origin of time. This fact would be of no help if only a single 
frequency were involved. In the present case there are three frequencies 
and the relative phases depend on the time t. Let us suppose that the 
time origin is shifted, making 

t = t' + to, (7) 

where t' is the new time variable and U is a constant. It is clear that 
relations between the complex voltage amplitudes corresponding to the 
old and the new time zeros are 

(8) 

1 This does not imply of course that such circuits are not attached to the mixer 
terminals. 
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where a primed quantity is measured in the new time scale. Similar 
relations hold for the current amplitudes. Substituting these relations 
in Eqs. (2) and (6), we obtain for the admittance matrix Y' in the new 
time scale 

/>.'">a 

Y' = 
2/aa yafie""° Vaye' 
2/0„e~""'° gup y%ae>* 
y * 7 e - 2 i " ' o yipe-'"1' y\ aa 

(9) 

Since to is arbitrary, it can be chosen to make either y'ap, y'ffa, or y'ay 
real, in any case reducing by one the number of independent quantities, 
leaving eight in all. 

A further reduction in the number of independent quantities is pos
sible by attaching to the mixer's r-f terminals an ideal (dissipationless) 
transformer. Such a transformer is characterized by two parameters 
which, for example, might be the position of the r-f terminals along a 
transmission line and a susceptance across these terminals. These two 
parameters can be chosen to reduce the number of independent quantities 
to six. 

This is as far as we can go on purely theoretical grounds. A still 
further reduction is possible, however, on empirical grounds. The admit
tance matrix of a linear passive circuit is well known to be symmetrical 
about its main diagonal. If this situation exists in the present case we 
have 

ye? = ye*, (10a) 
and 

y„y = y*-,, (106) 

and it is said that reciprocity holds. Experimentally reciprocity is found 
to hold for all silicon converters tested but not, in general, for germanium 
converters. 

Reciprocity cannot be completely divorced from choice of time zero. 
Thus if to T̂  0 in Eq. (9), reciprocity could hold, for example, in the form 
of Eq. (6) for Y but not for Y'. If it is supposed that the time zero has 
been chosen to make yay real, Eq. (10a) alone expresses the condition of 
reciprocity; the second equation (106) is redundant. Since Eq. (10a) 
is a relation between complex quantities, reciprocity imposes two condi
tions and reduces the number of independent quantities to four. The 
two conditions may be written 

\Vaf\ = IW-I, (11) 
and 

arg (2/„(s) = arg (yffa). (12) 

It is an experimental fact that when reciprocity fails, as it does for 
many germanium crystals, the failure is in Eq. (11) and not in Eq. (12). 
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Although there is no theoretical explanation for this, Eq. (12) will in thn 
greater part of this chapter be assumed generally true on empirical 
grounds. This equation expresses what is called weak reciprocity, whereas 
Eqs. (11) and (12) together may be called full reciprocity. Weak reci
procity (alone) reduces the number of independent quantities in our 

F I G . 5-2.—Equivalent linear network of a crystal mixer for which reciprocity holds. 

matrix to five. I t is shown in Sec. 5-5 that these five quantities can be 
chosen so as to make the matrix real, that is, 

:« <7<rfl g, 

Y = 
7ay ga0 gaa 

(13) 

and it is also shown that, if weak reciprocity does not hold, Y cannot be 
written in real form, whether Eq. (11) holds or not. It is shown in 
Sec. 5-7 that the assumption of weak reciprocity greatly simplifies the 
analysis of the effect of image termination on conversion loss. 

If full reciprocity holds, conversion loss can be determined by means 
of impedance measurements (see Sec. 7-3). Also, if full reciprocity 
holds, the mixer can be represented as a linear passive network. 

This network is shown in Fig. 5-2. That it indeed represents Eqs. (2) 
and (6) with reciprocity can be verified in the usual way by supposing 
the network to be driven from one of the terminal pairs with opposite 
pairs short-circuited, and then considering the driving-point admittance 
and the currents flowing through the short-circuited terminals. This 
process must be repeated for each terminal pair. 
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THE PHENOMENOLOGICAL THEORY OF CONVERSION 

The elements of the admittance matrix define all the conversion 
properties of the mixer. Dicke and Roberts1 have devised a phenomeno-
logical theory of mixers that makes it possible to determine all of these 
elements from simple measurements at the mixer terminals without any 
knowledge or assumptions about the internal structure of the mixer. 
The necessary measurements are at local-oscillator level and do not 
require the presence of a signal. 
This theory will now be developed. 
A physical theory of mixers giving 
the elements of the admittance 
matrix in terms of the physical con
stitution of the mixer is presented 
in Sees. 5-11 to 5-14. 

6-3. The Admittance Matrix in Terms of Measurable Parameters.— 
The mixer is conceived as a "black-box" with r-f and d-c terminals as 
shown in Fig. 5-3. Two approximations are made which hold well for 
practical mixers. I t is assumed that the mixer is "low Q" in the sense 
indicated in Sec. 5-2 and that no harmonic voltages appear at the r-f 
terminals. The latter assumption does not exclude the presence of 
harmonics inside the mixer. 

The essential idea of this "black-box" theory is that under the above 
conditions r-f (at local-oscillator level) and d-c voltages can be applied 
to the appropriate mixer terminals and the effects of the small currents 
and voltages at signal and image frequencies regarded as small variations 
of the local-oscillator current and voltage; similarly the i-f current and 
voltage can be regarded as small variations of the d-c current and voltage. 

Let us, accordingly, suppose that the black box of Fig. 5-3 has voltages 
and currents at its two terminal pairs given by the following scheme. 

R-f terminals 
Voltage Re (eie'"') 
Current Re (tie'"') 

D-c terminals 
e0 

The following notation will be used. 
y = iilex — r-f admittance of the mixer at local-oscillator level. 

|ei| = absolute value of e\. 
e* = complex conjugate of ei. 

' R . H. Dicke and S. Roberts, "Theory of Radar Mixers," RL Report No. 61-5, 
July 15, 1942; and R. H. Dicke, "A Reciprocity Theorem and Its Application to the 
Measurement of Gain of Microwave Crystal Mixers," RL Report No. 61-18, Apr. 13, 
1943. See also R. N. Smith, "The Theory of Mixers in Terms of Measurable Mixer 
Constants," NDRC 14-259, Purdue U., Mar. 24, 1944. 
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The currents flowing at the terminals will be functions of the voltages 
of the form1 

io = »o(eo,|ei|), (14a) 

i\ = eij/(e0> |ei|). (146) 

Differentiating Eq. (14) with respect to eo, ei, and ef, we obtain 

,. di0 , . 1 ef di0 , . 1 ei dio , * 
de0 2 |ei| d|ei| 2 |ei| d\ei\ . ,1{.* 

a i / j . / , 1 , i dy\ , . \ e \ d y . t 

If there is added to Eqs. (15) the complex conjugate of the second 
of these equations they will have the form of a three-terminal-pair 
network. If the time zero is chosen so that dei is real, Eqs. (15) have 
the form of a two-terminal-pair network. I t is usually more convenient, 
however, to choose the time zero so that e\ is real. 

There is now introduced the signal voltage ea and the image voltage ey 

as differentials of the local-oscillator voltage ei. The physical r-f voltage 
will be 

Re [(ei + de,)e'-'] = Re (eie'"') + Re (deie*"). (16) 

If we then put 
dei = eat*' + eye-*', (17) 

the r-f voltage is seen to be composed of three parts: 

Re (eie'"') (local oscillator) } 
+ R e ( e ^ + o x ) (signal) > (18) 
+ R e ieyeiiu-r>') (image). J 

I t has been assumed that these are the only voltages appearing at the 
r-f terminals. That is, harmonic voltages at these terminals, although 
not necessarily inside the mixer, are neglected. 

In a similar way the i-f voltage e$ can be introduced as a differential 
of the d-c bias voltage e0 at the d-c terminals. The voltage at these 
terminals will then be 

eo + de0, (19) 
where 

de0 = Re foe*") (i-f voltage). (20) 

In the same manner the currents at signal, image, and intermediate 
frequencies are introduced as differentials of the local-oscillator current 
ii and the d-c current ia: 

1 It is clear that the direct current to and the r-f admittance y are independent of 
the time origin and therefore depend on the absolute value of ei but not on its phase. 

file:///e/dy.t
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dix = iae*' + iye-W; (21) 
dio = Re foe'"'). (22) 

Using Eqs. (17), (20), (21), and (22) and separating the different time 
factors, we obtain from Eq. (15) 

/ , 1 i , &y \ , 1 ty , 1 e\ By 

e* Bio , Bi0 , e\ Bio * v ™ \ 
if = r i j r ^ e„ + ^— es + |—r -̂i—re*, > (23) 

«-KpS^i)"fc+i(-^)"* + (' + ^i*) 
* 

e*. 

These equations are observed to have the same form as Eq. (1). As 
expected, the symmetry relations [Eqs. (4) and (5)] for a "low Q" mixer 
hold. Comparing coefficients of Eqs. (1) and (23) we find 

(24a) 

(24b) 

(24c) 

(24d) 

(24e) 

i 1 i i By 

y°° = y + 2 ^ a ^ i ' 
1 By 

v"» = 2 e i W 
1 el By 

V°y ~ 2 | e i | a|e,|' 
e* 3i0 

Vga ~~ 1*1 a W 
dz0 

time zero so that ei is real; 

3z0 Bio 
0m " a7o' »*" = Be,' 

I By , 1 

1 <ty 

Eqs. 

(25) 

We note that the local-oscillator admittance is now given by 

V = Vaa ~ yay (26) 

54. Transformation of the Matrix to New Variables.—All the param
eters on the right-hand side of Eq. (16) are directly measurable except 
for the r-f voltage e\. In principle e, could be found by measuring the 
r-f power P and the mixer conductance g. I t is more convenient, how
ever, to transform Eqs. (25) to new independent variables P and V, where 

P = ige\ (27a) 
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is t h e r-f power del ivered t o t h e mixer and 

V = c„. (27b) 

Al though V is ident ical w i th eo, i t is dis t inguished wi th a new symbol 
t o avoid explicit s t a t e m e n t of w h a t is held cons tan t in par t i a l differen
t ia t ion . T h u s d/deo implies t h a t ei is held c o n s t a n t ; d/dV implies t h a t P 
is held cons tan t . T h e t rans format ion from ei t o P is useful since P is 
direct ly measurab le , whereas ei is no t . I n fact, t he va lue of ei is some
w h a t a rb i t r a ry , since i t depends on the definition of t h e line impedance . 1 

If X is some d e p e n d e n t var iable , t h e n we h a v e t h e general pa r t i a l 
differential re la t ions 

ax = ax aF , ax ap 
deo dV de<, + dP de0' ( 2 8 ) 

ax =a]CdV dxw 
dei dV dei + dP dei ( 9 ) 

Subs t i t u t i ng E q s . (27a) and (27b) in E q . (28), we h a v e 

ax = a x .Pdg^ex 
de0 dV^gdeodp' ( 3 0 ) 

If X = g in E q . (30), 

where 

dg _ 1 dg 
deo ~ DdV' (31) 

D = '-VTP ™ 
Subs t i t u t ing E q . (31) in E q . (30), we ob ta in 

de0 dV^DgdVdP (6A) 

S u b s t i t u t i n g E q s . (27a) and (27b) in E q . (29) yields 

If X = g in E q . 

(34) 

(35) 

1 It should be noted here that y and its derivatives are always measured in terms of 
the characteristic admittance g„ of the r-f transmission line. Since, in the case of a 
waveguide, there is no unique definition of g0, the actual value of y in ohms is somewhat 
ambiguous. This, however, occasions no real difficulty. The properties of the mixer 
with which we shall be concerned are its terminal impedances and its conversion loss. 
The latter is a pure number and so is independent of the units used; the former will 
always be given in terms of g0 at the r-f end, and will be independent of go at the 
i-f end. 
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Substituting Eq. (35) in Eq. (34) yields, finally, 

ax VtyF ax 
dTi = -D~ a p ( 3 6 ) 

Equations (33) and (36) make it possible to transform Eqs. (25) at once 
to the new independent variables P and V. The following abbreviations 
will be used: 

_ di'o _ 1 dg , _ 1 36 
°r = dV' 9r = gdV' br = gdV'. . . . . 
n _ di0 _ldg . _ 1 db > ^'> 
lTF = dP' g* = gdP' bp = gdF' 

The transformed Eqs. (25) become (ypa is now real because of the choice 
of time zero) 

ffW-Gv + ^ ; (38) 

y/%jPG~F 
D ' (39) 

y*t> = gat + jbafi, (40) 
where 

and 

where 

and 

where 

and 

1 V 2 o P ,.,. 

6«3 = 5 V2<7P (fc. + ^ ^ 6 P ) ; (42) 

2/o« = gaa + jbaa, (43) 

0 - = 9 + § 01" = 5» '(44) 

2/«T = 0«T + j&«7> (4 6) 

baa = & + -fi K; ( « ) 

?«r = ^ ffp = ? ( ^ - l ) ' (47) 

Pfi*P (48) 

In the preceding set of equations the quantity D is given by Eq. (32). 
Equations (38) through (48) give all the elements of the mixer matrix 
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in terms of directly measurable quantities. In Sec. 5-7 these equations 
are used to derive expressions for conversion loss and mixer admittances. 

6-6. Reciprocity.—In Sec. 5-2 reciprocity was defined and its impor
tance in mixer theory pointed out. Reciprocity has been tested experi
mentally with the aid of the expressions derived in the preceding section. 
Before describing these tests the general subject of reciprocity will be 
discussed in more detail. 

In Sec. 5-2 it was shown that the equations expressing reciprocity 
depend on the choice of time zero. Equations (10) express reciprocity 
provided the time zero is chosen to make yay real. A more general 
expression, valid for any time zero, is obtained by applying the condition 
of symmetry about the main diagonal of the mixer matrix to the general 
expression, Eq. (9), for the matrix. We obtain 

Via = Vane2''"'; (49) 
V*y = Vaye4'"", (50) 

where to is an arbitrary constant. Eliminating l0 between Eqs. (49) and 
(50), we obtain the two conditions 

\Vat\ = \Vfa\, (51) 
and 

arg yae = arg y8a + arg yay. (52) 
We observe that Eq. (51) is identical with Eq. (11). Equation (52) 

expresses the general condition of weak reciprocity and reduces to Eq. (12) 
when arg yay = 0. A statement of weak reciprocity alternative to 
Eq. (52) is Im (yat3y$ay*y) = 0. 

Dicke1 has shown that full reciprocity holds if the following conditions 
are satisfied: 

1. The phase of the electric field is constant over the rectifying barrier, 
that is, the metal-semiconductor junction of the crystal rectifier. 

2. There exists a time zero with respect to which the electric field at 
the barrier is an even function of time. 

To these conditions must be added a third not explicitly stated by 
Dicke, although it is implied in his proof: 

3. The electric charge on the barrier is a linear function of the barrier 
voltage. 

Condition 3 excludes the possibility of a variable barrier capacitance. 
Conditions 1, 2, and 3 together are sufficient for reciprocity and 3 at 

least is necessary. I t appears, however, (see Appendix A) that Condi
tion 2 may be weakened by replacing the word "even" by "even or odd." 

1 R. H. Dicke, "A Reciprocity Theorem and Its Application to the Measurement 
of Gain of Microwave Crystal Mixers," RL Report No. 61-18, Apr. 13, 1943. 
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The "reciprocity theorem" of Dicke is given in Appendix A. I t is 
proved there that, under the above conditions, Eqs. (49) and (50) are 
satisfied when l0 is the time zero of Condition 2. 

Of the three conditions for reciprocity only the first can be expected 
to hold to a good approximation. The second condition implies either 
absence of harmonic voltages at the barrier or the existence of certain phase 
relationships between harmonics and the fundamental. The third condi
tion may be approximately true for silicon rectifiers but it is known that 
the barrier capacitance of germanium rectifiers is decidedly variable with 
barrier voltage. 

However this may be, it is a fact that full reciprocity is closely ful
filled for silicon crystals and, although it fails for many germanium 
crystals, weak reciprocity holds for all crystals tested, silicon and ger
manium. Experimental tests of reciprocity have been made by Smith,1 

who measured the elements of the admittance matrix by means of 
Eqs. (38) to (48) which give the matrix elements in terms of measurable 
parameters. To find the form of the reciprocity relations in these 
variables, we first consider Eqs. (24). The weak-reciprocity condition, 
Eq. (52), applied to these equations gives, if <£ is the phase of e\, 

* + a r g S = - * + 2* + arg5Sl' 
or 

- £ — « < & ™ 
Now any general variation in y is given by 

or, in the new variables, by 

dy = ^dV + ^dP. (55) 

According to Eq. (53) dy/de0 and dy/d\ei\ have the same phase. I t 
follows then from Eq. (54) that all variations in y without regard to 
cause must have the same phase. Hence, from Eq. (55), 

arg | | = arg g j - (56) 

This is the form that the weak reciprocity condition takes in the new 
variables. If we put y = g + jb and use the abbreviations of Eq. (37), 

1 R. N. Smith, "The Theory of Mixers in Terms of Measurable Mixer Constants," 
NDRC 14-259, Purdue U., Mar. 24, 1944. 
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Eq. (56) becomes 

h = hL. (57) 
gv gP 

Full reciprocity holds if, in addition to Eq. (52), Eq. (51) is also 
satisfied. That is, 

|^«|2 = gU + &V (58) 
Now Eq. (42) becomes, with use of Eq. (57), 

baf = \ V2gP j r (59) 

Using Eqs. (59), (39), and (41), we find that Eq. (58) becomes 

4GJ = gl + bl, 

2(?i, = 2 ^ = -1 
dP g dV\ (60) 

Equations (57) and (60) are the general reciprocity conditions in the 
new variables, although Eq. (57) alone expresses the weak-reciprocity 
condition. Smith has tested Eqs. (57) and (60) experimentally. The 
results of his test of Eq. (60) are given in Fig. 5-4, in which |dy/dV| is 
plotted against 2g(di0/dP) for a number of crystal rectifiers, both silicon 
and germanium. All but three of the points fall, within experimental 
error, on a straight line whose slope is not quite 45°. According to 
Smith, the small departure of the slope from 45° can probably be ascribed 
to a systematic error in the measurement of r-f power. I t is interesting 
to note that the only three points which do not fall along this line repre
sent germanium crystals. Apparently some germanium crystals obey 
the reciprocity condition, Eq. (60), whereas others fail; on the other 
hand, all silicon units tested obey Eq. (60). 

Smith also tested the weak-reciprocity condition, Eq. (56), with the 
same crystals shown in Fig. 5-4. The result was that all these crystals, 
including the ones that fail Eq. (60), satisfy Eq. (56) within experimental 
error. The weak reciprocity condition appears to have more universal 
validity than the general condition. So far, however, attempts to weaken 
the general physical conditions 1, 2, and 3 as stated above so that they 
will imply Eq. (56) but not necessarily Eq. (60) have failed. In Sec. 
7-3 some additional evidence will be presented showing that full recip
rocity is satisfied by silicon units but not always by germanium units.1 

1 Smith's results have since been confirmed by Apker's extensive measurements. 
See L. Apker, "Note on Reciprocity Failure in Crystal Mixers," NDRC 15-931-16. 
GE Co., Mar. 9, 1945; and "Theory of a Double Mixer for Spectrum Analyzer 
Applications," NDRC 15-931-16, GE Co., Apr. 3, 1945. 
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It will now be shown that weak reciprocity is the necessary and 
sufficient condition for the admittance matrix of the mixer to be reduced 
to the real form of Eq. (13). Equations (24) are made use of and it is 
assumed, first, that the matrix is real; then it is shown that this implies 
weak reciprocity. Equation (24d) makes it clear that e\ is real, thus 
fixing the choice of time zero. With e\ real, it is easily seen from Eqs. 
(246) and (24c) that both dy/deo and dy/d\ei\ are real. Excluding the 
possibility that dy/deo and dy/d\e-/\ have opposite signs,1 it follows that 

FIG. 5-4.—Experimental test of reciprocity condition, Eq. (5-60). 

these quantities have the same phase, in accordance with the weak 
reciprocity condition Eq. (53). Thus the necessity is proved. 

To prove the sufficiency of weak reciprocity, it should be noted that, 
if dy/deo and dy/d\ei\ have the same phase in accordance with the weak 
reciprocity, Eq. (53), and if ei is made real by choice of time zero, then 
dy/deo and dy/d\ei\ become real together at the appropriate r-f terminals 
position. From Eqs. (24) the only remaining complex element is yaa, 

1 This possibility is excluded on physical grounds. An increase in either local-
oscillator voltage or d-c bias must always increase the barrier conductance of a crystal 
rectifier, as is evident from the form of the current-voltage characteristic (see Fig. 
2-5). These effects—of the same sign—could not be transformed into effects of oppo
site sign at the r-f terminals. Thus dy/de0 and dy/d|ei|, if they are real, must have 
the same sign. 
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which can be made real by adding a susceptance at the r-f terminals to 
cancel the imaginary part of y [see Eq. (24a)]. The addition of sus
ceptance does not affect any parameter of the matrix other than yaa. 
The whole matrix thus becomes real. 

I t is noteworthy that, if the time zero is chosen to make ei real and 
positive, and if the r-f terminals are located where dy/de0 and dy/d\ei\ 
are real and positive, and if yaa is made real by addition of a susceptance, 
every element of the matrix is not only real, but real and positive. In 
this case the r-f terminals are said to be at the "standard position." 
The standard position has a periodicity of one-half wavelength along the 
r-f transmission line. 

CONVERSION LOSS AND MIXER ADMITTANCES 

5-6. General Definition of Loss; Special Cases.—Following Friis,1 

conversion loss is defined as the ratio of the available input (signal) power 
to the available output (i-f) power. This definition makes conversion 
loss depend on the r-f load admittance (i.e., the internal admittance of 
the signal source) as well as on the properties of the mixer (i.e., the mixer 
admittance matrix). In some respects this is unfortunate, since it is 
desirable, for specification purposes, to be able to assign to a crystal 
converter a number characterizing its conversion efficiency. I t is pos
sible, however, to define special r-f load admittances in terms of the 
elements of the admittance matrix. The corresponding values of con
version loss are then characteristic of the mixer. 

For example, let us suppose that the r-f circuit attached to the r-f 
mixer terminals is broadly tuned in the sense that it presents the same 
load admittance to the image frequency as to the signal frequency. 
This is called the "broadband case." Under this condition, there may be 
defined at least two special values of the conversion loss that depend 
only on the mixer matrix. The first, denoted here by L0, is the con
version loss when the load admittance, common to signal and image, is 
adjusted to match (i.e., to be the complex conjugate of) the admittance y 
of the mixer to the local-oscillator wave. Now L0 is not the minimum 
loss in the broadband case. I t will presently be shown, however, that a 
unique minimum loss usually exists2 in the broadband case, and it is 
denoted by L2. In the next section it will be seen that L0 and L2 are 
nearly equal. In acceptance testing of mixer crystals, it is L0 that is 
measured and specified. 

l H . T. Friis, "Receiver Noise Figures," BTL Report MM-42-160-39, May 13, 
1942; and Proc. I.R.E., 32, 419 (1944). 

* This minimum will always exist provided there is excluded the possibility of 
negative i-f conductance. Crystals exhibiting negative i-f conductance under certain 
r-f tuning conditions have recently been made by H. Q. North, however. Such cases 
are excluded from the present discussion and are treated separately in Chap. 13. 
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Other values of loss would not require definition were it not for the 
fact that few microwave receivers actually operate under conditions of 
broadband r-f tuning. In microwave receivers, the signal is fed to the 
mixer through a T R (transmit-receive) switch. This resonant cavity 
presents (approximately) a match to the mixer at signal frequency. In 
the case of a narrow-band TR switch (the usual case), however, the 
impedance at the exit window of the TR switch at the image frequency 
is a good approximation to a short circuit. If the mixer is matched at 
signal frequency to the conductance g0 of the line connecting it with the 
TR switch then, under usual conditions, the TR switch will present an 
admittance <7o to the signal (frequency u0) and an admittance 

to neighboring frequencies o>. Here Q is the "loaded Q" of the TR 
switch, a typical value of which is 250. If the signal frequency is, let us 
say, 3000 Mc/sec and the intermediate frequency 30 Mc/sec, the image 
frequency will be 2940 Mc/sec and y(Q = 250) for the image will be 
<7o(l — J10)—which is a fair approximation to a short circuit. The 
approximation will not be as good at higher signal frequencies for the 
same intermediate frequency. If we travel down the line from the TR 
switch to the position where the admittance matrix of the mixer becomes 
real (the standard mixer terminals), the short circuit will be transformed 
at this point to some general susceptance which can be made nearly a 
short circuit or nearly an open circuit by proper "line-stretching." 

Thus it is necessary to examine the separate dependences of con
version loss on signal load and on image load admittance. There are 
two reasons for this. We wish to see, first, how the specified loss La 
compares with the loss under operating conditions and, second, what 
benefit, if any, can be derived from the fact that we have at our disposal 
two load admittances instead of only one. 

In treating this problem (see Sees. 5-8 and 5-9) the image termination 
will be assumed fixed at some arbitrary value, and the dependence of 
loss on signal load admittance alone will be studied. I t will be shown 
that the loss has a unique minimum value in general (see the preceding 
footnote) as a function of signal load admittance. This value of loss is 
designated by Lm. The dependence of Lm on image termination is then 
studied (see Sec. 5-9). At the standard r-f terminal position, that is, the 
position for a real admittance matrix, the loss Lm has special values Li for 
short-circuited image terminals, and L 3 for open-circuited image termi
nals. The lesser of L\ and L 3 is shown to be the smallest possible value 
of loss under any conditions of r-f tuning. I t is also shown that, for some 
crystals, a value of image load admittance, real at the standard r-f 
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terminals, exists such that Lm is a maximum with respect to the image 
termination. This maximum loss, when it exists, is called L4. If L4 
does not exist, it is shown that the greater of L\ and L3 is the largest 
possible value of Lm. Expressions are derived giving all five special 
values of loss, L0, Li, L2, L3, and L4, in terms of the elements of the 
admittance matrix. 

Table 5-1 lists the various special values of loss together with their 
definitions, for easy reference. 

TABLE 5-1.—SPECIAL VALUES OF CONVERSION LOSS 
A 

Symbol 

L 
Lo 
(measured by 

standard test 
sets) u 

Lm 

Special values of 
Lm: 

L, 

L, 

U 

B 

Signal load 
admittance 

Arbitrary 
Same as C 

Same as C 

Adjusted to mini
mize loss 

Adjusted to mini
mize loss 

Adjusted to mini
mize loss 

Adjusted to mini
mize loss 

C 

Image load 
admittance 

Arbitrary 
Same as B 

Same as B 

Arbitrary 

Short circuit at 
standard r-f ter
minals 

Open circuit at 
standard r-f ter
minals 

Adjusted to maxi
mize loss 

D 

Other special condi
tions or circum

stances 

None 
Mixer matched to 
local-oscillator wave 

R-f load admittance 
adjusted to mini
mize loss 

None 

If Li < L3, hi is 
smallest possible L 

If L3 < Lit L3 is 
smallest possible L 

Lt exists only when-
L l or JJJ is not the 
greatest possible 
value of Lm 

5-7. Conversion Loss in the Broadband Case.—Expressions are now 
derived for Lo and L2 in terms of the elements of the admittance matrix. 

Let us consider a mixer with terminations as illustrated in Fig. 5-5. 
I t will be assumed that the weak reciprocity, condition, Eq. (52), 

holds and that the mixer matrix has been made real by, let us say, the 
method described in Sec. 5-5. The behavior of the mixer is then described 
by Eqs. (2) and (13): 

ia = ga^a + (}«&■& + gaye*, | 
i» = gt>ae« + ffftje/j + gnae*, \ (61) 
iy = <7«Te« + 0«/Je0 + gaae*- ) 
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In Fig. 5-5 we have a current source of peak strength A and internal 
conductance ga attached to the signal terminals. The same conductance 
g„ will be considered to load the image terminals. The available input 
signal power is, then, 

Pi = f- (62) 
To find the available output power we first find the i-f conductance g$ 

of the mixer We have, from Fig. 5-5 (suppressing A), 

i* = ~g*e*, > (63) 
if = geee. ) 

Substituting Eq. (63) into Eq. (55), we get three homogeneous equa
tions in e„, ep, and e*, the determinant of which must vanish for con-

-o o — » -
Mixer 

- O O-

o o 

6 --0 
Q 

F I G . 5-5.—Mixer-terminal conditions in the broadband case. 

sistency. Solving for gp, we find 

„ - „ 2gngggg (64) 
"" " " gaa + g*-, + ga 

The i-f current ip flowing into a short circuit (ffb = °°) is next found 
In Eq. (61) we put 

e« = 0, 
A = la -\- ga6ai 

1y — Qaey J 

and solve for tp. We get 

*t = 
Ag, 'Ha 

The available output power will then be 

Po = -A. 
Sfld 

(65) 

(66) 
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The conversion loss is given by 

7 Pi _ g«a (gaa + gay + ga)[gf>f>(g a«g *y + ga) — 2gaiigis«] (67) 
■Po gta gagapgpa 

The loss is seen to be a function of the signal generator admittance ga 
as well as of the matrix elements gaa, etc. I t is interesting to notice that, 
with the exception of the ratio gap/gea, all of the mixer parameters in 
Eq. (67) may be determined by impedance measurements alone. Fur
ther, these impedance measurements may be made at either the r-f or 
the i-f terminals. If full reciprocity holds, gag = gpa, and the loss may 
be determined by impedance measurements alone. A discussion of such 
methods of loss measurement is given in Sec. 7-3. 

Minimum Loss L2.—Let us now minimize L with respect to the signal-
generator conductance ga. As there will be occasion to repeat this process 
later it will be given here in general form. Let a function of a variable x 
be denned as 

f(x) = bx , (68) 

where we assume 0 < b < a. Then, since a — - > 0, / has a unique 

minimum at 
xo = Va(a - b), (69) 

and the minimum value of / is 

In Eq. (67) we put 

hence, 

1 - V I - (b/a) 

a = 1 + <H 

g*<* 

g<**gep 

L = ^f(x). (71) 

The minimum value of L is then, by Eq. (70), 

9* 1 + V l 
j 

where 

L 2 « J » 1 T V 1 ^ J ) ( 7 2 ) 

- 1 - V l - 12 

a get>(g<,a + gay) 
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The optimum value of the signal load conductance, which is also the 
signal conductance of the mixer, is 

g„ = x0gaa = (gaa + ga-,) y/l - i»2. (74) 

Substituting Eq. (74) in Eq. (64) we obtain for the i-f admittance of the 
mixer 

g? = get V l - 172- (75) 

The smallest loss as a function of TJ2 is obtained if 7j2 = 1, whence L2 
becomes 2gafi/gpa. If full reciprocity holds, ga» — gpa and the loss can 
never become less than 2 (3 db), which corresponds to half the signal 
power being converted to intermediate frequency and the other half 
to the image frequency. This result is predicated, however, on the 
assumption that ?/2, Eq. (73), is less than unity. If 772 is greater than 
unity, the condition b < a leading to the existence of a minimum in 
f(x), Eq. (68), is not satisfied. There is no minimum loss in this case 
and conversion with amplification is possible. Crystals exhibiting this 
property have actually been made; they are discussed in Chap. 13. 
Such crystals are not suitable for converter use because of excessive 
noise generation, and thus in the present chapter discussion is limited to 
the normal case of 772 < 1. 

Conversion Loss L0—Mixer Matched to the Local Oscillator.—Under 
usual conditions of loss measurement (but not, in general, of use) the 
mixer is not matched to the signal but to the local-oscillator wave. For 
this case we have 

Q» = g- (76) 

Introducing this into our general expression for loss, Eq. (63) and remem
bering that g = gaa — gay [Eq. (26)], we obtain 

r _ 4gaa(gfflgaa - ga0(/9a) 
-Lo , ■ (/ / ) 

gg*. 
If we now substitute in Eq. (77) the expressions for the matrix elements 
in terms of measurable parameters as given by Eqs. (38) to (48), we find 

Lo = pQ2 (78) 

or 
2 <5l'° 

P 

Equation (79) is the basis for the incremental method in the absolute 
calibration of loss-measuring equipment as shown in Sec. 7-4. The 
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validity of Eq. (79) does not depend on full reciprocity, nor even on weak 
reciprocity, although the latter was assumed in its derivation. This 
statement may be verified by assuming a matrix of the general form of 
Eq. (6), in which no assumptions about reciprocity are made; Eqs. (77), 
(78), and (79) remain valid even if both reciprocity conditions fail. 
However, L0 is not the minimum loss obtainable under broadband r-f 
tuning conditions. In fact, L0 ^ 1/2, where L2 is given by Eq. (70). 

Since L0 is the particular value of loss specified to be measured in 
acceptance testing of crystals, it is well to have an estimate of the amount 
by which it exceeds the minimum loss L2. The optimum value of ga is 
Zo0<,«, as given by Eq. (72). If we put ga = Cx0gaa into Eq. (63), the 
latter reduces to 

L = L. 

where 

(1 + C)2 

4C 

U 

1 L ;■ (1 + c)} (80) 

Now C is the ratio of the actual signal-generator conductance to the 
m -\- l )2 . 

optimum value and y~ i s the usual mismatching factor. In addi

tion to this, however, there is the factor 1 -±(L -_c 
+ c 

which is less 

(1 + C)2 
than unity, although much closer to unity in general than -— n • 

The extra factor arises from the circumstance that a mismatch is always 
somewhat mitigated because the image frequency is also mismatched— 
a smaller percentage of power being lost, therefore, by image conversion. 
Equation (80) may be written in the form 

L = L, 1 + (i - cy 
4C ( - * ) 

(81) 

If we now assume that the mixer is matched to the local oscillator and, 
hence, ga = g, then 

C 
gaa + g„T 

9 
V l - m = g«« + ga L[ - 2 

L'2+~2' (82) 

Substituting Eq. (82) in Eq. (81) and using the notation of Eqs. (38) 
to (48), we obtain 

1 + 1 - P VP 
(83) 
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Using a result equivalent to Eq. (83) and measuring the parameters 
involved, Smith1 found -L0/L2 for thirteen crystals. He obtained values 
ranging from 1.00 to 1.04, or a maximum discrepancy of less than 0.2 db. 
The difference between La and L2 does not, therefore, seem to be very 
serious. 

The i-f admittance of the mixer is given by Eq. (64). If ga = g, it 
becomes 

g, = g» - ^ ' (84a) 

Using the notation of Eqs. (38) to (48), g& reduces simply to 

g"= Gv = w' (84b) 

If, instead of allowing ga to equal g, we assume some general signal 
generator conductance ga, we find from Eq. (64) and Eqs. (38) to (48) 
that2 

go=Gv + — ^ (85) 

9a - g 

This is seen to reduce to Eq. (84) when ga = g. 
The admittance ga of the mixer to the signal frequency depends on 

the signal-generator conductance ga, since ga is the load applied to the 
image terminals. Substituting 

(86) 

in Eq. (61) and solving for ga, we arrive at 

9° = 9+(9 + 9.){gaa + ga){g^ + gb)_gama (87) 

In the notation of Eqs. (38) to (48) this becomes 

*. = f [ i + to + gjr {g + gaD){Gv + gb) _ gaPgvGp\- (88) 

For ga = g, this becomes 

1 4- IP 9P(-GV + gb) ~ 9vGp 1 /BQ^ 
g. = g[i+V(1+D)(lBr + gb) - pgvGp\- (89) 

1 R. N. Smith, "The Theory of Mixers in Terms of Measurable Constant Mixers," 
NDRC 14-259, Purdue Univ., Mar. 24, 1944. 

* This result was first derived by Smith, loc. cit. 
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5-8. General Expression for Conversion Loss. Minimization with 
Respect to the Signal Load Admittance.—In the preceding section expres
sions were derived for loss under the restricting condition that the load 
admittances at signal and image frequencies were the same. These 
results are now generalized to find the loss with arbitrary load admit
tances. To make the results as general as possible, no assumptions will, 
for the present, be made with regard to reciprocity, but the investigation 
will be based on the general form of the admittance matrix of a low-Q 
mixer [Eq. (6)]. 

If an admittance yc loads the image terminals, we have 

*? = ~y*e*. (90) 
With the aid of Eq. (90) we eliminate i* and e* from Eqs. (2) and (6). 
This has the effect of reducing the admittance matrix to a 2-by-2 form, 
in which only signal and i-f quantities appear. 

We obtain 

It) - fc a (:)• «»> 
where 

Y 

YaB 

Yaa 

Yaa 

= Vac 

= y*» 

= y$a 

= QW 

yayyay 
yL + y* 

VayVaB 
yL + y*' 

yL + yf 
_ yp«yc,B 

yL + y* 

(92) 

(93) 

(94) 

(95) 

Equation (91) represents the two-terminal-pair device of Fig. 5-6. The 
mixer is driven at the signal ter
minals by the current source of peak 
strength A of internal admittance 
Va = Qa. + jba- The available power 
from the signal generator is then 

F I G . 5-6.—Mixer-terminal conditions for 
aitrary image load considered as part of _ 

the mixer. 8<7, 
A 2 

arbitrary image load considered as part of p. _ (96) 

The i-f admittance yg of the mixer is found by suppressing A, with the 
result 

ia = —yaea. (97) 

Substituting this in Eq. (91) and solving for ya = ia/ea, we find 

ya = Ym - I"** ■ (98) 
■* aa ~T~ Ua 
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Next, we find the i-f current into a short circuit. With 

A = eaya + i„, en = 0, 
we find for if 

The available output power is 

V = A v F + • 09) 
* aa \ ya 

_ W _ A* \Y„a\* 
F°- sff-WnWzr+w (100) 

The loss is then given by 

T _ Pi _ 9? \v* + Yaa\* 

where ya = ga + jba- If one puts 

Y„ = Gaa + jBaa, (102) 

Y„ = Gw + j B w , (103) 
and 

Eq. (101) becomes 

Ya$ 

u+jv= £ & (104) 

L = 
■ 0a 

(<?„« + gaY- uGaa(G„a + ga) + ( B , . + KY - vGaa(Baa + b„) 
Gaaga \/u2 + v2 

(105) 

Equation (105) gives the most general expression for conversion loss. 
All other loss expressions may be derived from it by specialization. For 
example, taking ya and yc to be equal and real, and assuming weak 
reciprocity, with the consequence of a real 3-by-3 admittance matrix, we 
obtain from Eq. (105) the expression [Eq. (67)] for loss in the "broad
band" case. 

Equation (105) is a convenient starting point for an investigation 
of the separate effects of signal and image load admittances. Leaving 
the image load admittance fixed at the arbitrary value yc, it is first 
shown that L of Eq. (105) has a unique minimum as a function of signal 
load admittance. 

To minimize L with respect to the signal-load admittance 

Va = ga + jba, 
we first put 

^ « 0 , 
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which, applied to Eq. (105), gives 

ba — K Gaa — B„ (106) 

If Eq. (106) is substituted in Eq. (105), and the symbols x, a, and b 
defined by 

Ga, 

a = 1 - g + 2 "V^2 + "*• (107) 

6 = v V + v2, 
Eq. (105) takes the form 

L = 
Y$a 

(x + a)(x + a — b) 
bx (108) 

The expression involving x here is seen to have the general form of 
Eq. (68). Accordingly from Eq. (70) we find, for the minimum loss, 

Lm — Yat 1 + Vl 

where 
1 - V l - e 

2\YagYga\ 
a 2G„fitf + {YafYtal - ReiYafY^) 

(109) 

(110) 

The signal load admittance giving this minimum loss is found from 
Eqs. (69), (107), (104), and (106). I t is 

Va = Gacl | 1 
Re (Y^Y,,.) lm (X^Yt.) 

2GaaGQB 
!1» 

-j\Baa--G„ I m ( F a 3 F g g ) 
GaaG&s 

(111) 

With the signal load admittance [Eq. ( I l l ) ] , the i-f admittance of the 
mixer, found by substituting Eq. ( I l l ) into Eq. (98), is 

ya =Gaa\l 
Re (YofiY,.) Tim (Y^Ya.) 

GaaGa, 2GaaGa, 

+ 3\B, 3w ; Ga, 
l m (Ya$Ya„) 

GaaGsa 
(112) 

If an i-f load admittance yb, equal to the conjugate of ya [Eq. (112)], 
is placed across the i-f terminals, it may be shown from Eq. (91) in the 
usual way that the signal admittance ya of the mixer is the conjugate 
of ya, as given by Eq. (111). The mixer will then be matched to the 
signal and i-f external circuits. 
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The expression for Lm, Eq. (109), is seen to be a function of two 
parameters, t, as given by Eq. (110), and the factor |F„p/F/ia |. Each 
of these parameters depends on the elements of the 3-by-3 admittance 
matrix and also on the image load admittance yc. The next task is to 
study the dependence of Lm on yc, but first a simplification is introduced 
without which the mathematical problem would be hopelessly compli
cated. Weak reciprocity is assumed to hold. Since no exception has 
been found to it in large numbers of crystals tested, this assumption is 
well justified. The assumption of weak reciprocity greatly simplifies 
the problem. One immediate consequence is that one of the two param
eters, namely \Yaf/Yfa\, becomes independent of image load admittance. 
To see this, the ratio of Eq. (93) to Eq. (94) is taken, putting 

yaf = \ya»\e>*«», e tc . 
We obtain 

Ya$ 
Ypa 

e"*.*+»n.>(y*, + y») - \yay\e^«y+*t«-K? 
e'^a$+*^(y*a + y*) - |j,„T|e-»<*„T+**.-*«*>' 

but, by weak reciprocity, Eq. (52), 

<t>«y + 
with the result 

Ypa 

<t>«t> = 0 , (113) 

(114) 

and is independent of yc. 
If, in addition to Eq. (113), we assume full reciprocity, then, from 

Eqs. (114) and (51), 
Y« 

$a 
1. (115) 

Now weak reciprocity appears to be well established experimentally, so 
we are not unduly restricting ourselves by assuming Eq. (114), as is 
done in the following discussion. The loss is now a function of yc only 
through the dependence of e on yc. This dependence is not only on the 
complex variable yc, but also on y*. Thus e is a general function of the 
two variables gc and bc and the relationship is given by Eq. (110). 

The assumption of weak reciprocity guarantees that the 3-by-3 matrix 
can be put into real, positive form by the addition of reactive transform
ers at the r-f terminals.1 I t is assumed henceforth that this has been 
done. One consequence is that Eq. (114) becomes 

F„0 (116) 

A second consequence is that the dependence of « on gc and bc is much 
1 This is proved in Sec. 5-5. 
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less complicated than in the general case. This dependence of t and 
the consequent dependence of Lm on image load admittance is studied 
in the following section. 

5-9. Effect of the Image Termination on Conversion Loss.—The 
conversion loss Lm, minimized with respect to the signal load admittance, 
is given in consequence of Eqs. (109) and (116) by 

<1 

e 

X 

* 

= 

= 

= 

= 

(JaaQay 

g^y} 

g*a 
bJL. 

Lm = ^ L + V l ^ j , (117) 
9t« 1 - \/l - t 

where t is given by Eq. (110). 
The assumption of a real 3-by-3 matrix (a consequence of weak 

reciprocity) simplifies the expression for t to 

[(x + i - ey + ^][(x + i)2 + y \ 
1 '' ei [(x + i)(x + l - 02) + *2][(x + i)(x + l - «,) + r\ + *i»2x2' 

(118) 
where there have been introduced the abbreviations 

(119) 

The loss Lm depends on image termination yc = gc + jbc through the 
dependence of t on x and yp. This dependence is rather complicated, and 
to see how Lm depends on image termination we must first study the 
functional dependence 

« = «(x,iW. 
We find at once as special cases of Eq. (118) the values of e for short-

circuited and for open-circuited image terminals. 
1. Short-circuited image terminals. 

Vc = °° (i.e., either x = °° or \p = °o, or both), 

« = «i = ^ " " (120) 

2. Open-circuited image terminals. 

yc = 0 (i.e., both x = 0 and ^ = 0), 

•• - " - i-lhi We <1 2 1> 
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Let us first examine the dependence of e on \p (i.e., on bc) holding x 
(i.e., gc) constant. We note that e is a function of î 2. Differentiating € 
with respect to \j/2 and holding x constant we obtain 

d€ [(x + I)2 + *2][(x + l)(2fl - B2 - «i) - 02(1 - e,)] M9„x 

where D is the denominator of Eq. (118). According to Eq. (122), 
de/d(\//2) does not change sign as ^ varies (— °° < ^ < + c c ) ; hence c is 
monotonic in <//2 for constant x-
Now the loss Lm is monotonic in e by 
Eq. (117); hence Lm, considered as 
a function of bc, holding gr. constant, 
has one, and only one, stationary 
value (either a maximum or a mini
mum) in the range — » < bc < + °°, 
and this occurs at bc = 0. The two 
possibilities are illustrated in Fig. 5-7. 

Which of the two possibilities 
holds is determined by the sign of 
di/dty2), which is observed to be the 
same as the sign of the factor in the numerator of Eq. (122): 

(x + 1)(20 - 62 - «,) - B2{\ - € l ) . (123) 
If this is positive we have a maximum and, if negative, a minimum. 

The upper and lower bounds of Lm over the (gc,bc)-plane can now be 
determined by investigating the behaviour of « as a function of gc, with 
bc = 0. From Eq. (118) for bc = 0 (i.e., i = 0), we have 

be 

Fiti. 57.—The loss Lm as a function of 
image load susceptance. The value of bc 
has a stationary value at be = 0, either a 
minimum (a) or a maximum (6). 

(x + i - ey 
C1 (x + l - 92)(x + l - «o 

The possible stationary values of c are found by putting dt/dx 
Eq. (124). Only one such possibility is found, occurring at 

f 2) 
« i — 

x = (28 + 1)(1 - 8) 28 + 1 

(124) 

= 0 in 

(125) 
9(2 - 0) - ei 

For this point to fall on the positive real axis, we must obviously have 
X > 0 or1 

0(2 + e) 
28+ 1 < ti < 0(2 - 8). (126) 

1 Condition Eq. (126) with one of the inequality signs reversed also gives x > 0, pro
vided that B > 1 or, from Eq. (119), that gaa < gay. From Eq. (26) we see that the 
conductance g of the crystal to the local-oscillator wave would be negative in this case. 
Thus for any practical case 8 < 1 and Eq. (126) is the only physically possible condi
tion for x > 0. 
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The point given by Eq. (125) must always correspond to a minimum in 
t (i.e., a maximum in Lm), as can be verified by examining the second 
derivative of Eq. (124). Further, if the surface Lm(gc,bc) is considered, 
the maximum along the real axis (bc = 0) must also be a maximum in the 
orthogonal direction (gc = constant).1 The proof follows from the fact 
that, when x is given by Eq. (125), Expression (123) is always positive; 
hence we have Condition b of Fig. 5-7. Since this maximum in Lm, when 
it exists [i.e., when Eq. (126) is satisfied], is the only stationary value of 
jLm over the (gc,6c)-plane, it is an upper bound on Lm. When the maxi
mum does not exist, Lm is bounded by its values at yc = 0 and yc = » . 
In any case, the lower bound for Lm is the lesser of its values at y0 = 0 

and yc = °°. 
The value of t at the maximum 

for Lm will be called e4, and the 
corresponding maximum loss, L4. 
Substituting Eq. (125) into Eq. 
(124), we find 

L, in db 

C4 El 
46(1 - 0)(ei - 8) 

( « i 
■2)2 (127) 

Fia. 5-8.-

I t is easy to verify from Eq. (127) 
that c4 < ei and t4 < e3. We can 
translate the condition in Eq. (126) 
for existence of the maximum loss 
into relations between ei and e3 by 

-The (« - *3)-Piane. u s e o f E q ( 1 2 i ) . Thus we find 
that the maximum loss L4 exists when the following two conditions are 
satisfied: 

<3 < JM, (128) 
«i < /(«.), (129) 

where 
(130) *>-fh(1+7r=t 

By Eqs. (120) and (121) these conditions on «i and e3 are conditions 
imposed on the elements of the admittance matrix. 

When the matrix for any crystal is known, the value of ei and e3 can 
be found from Eqs. (120) and (121). The crystal can then be represented 
as a point on the (c1,«3)-plane. This plane can be partitioned into regions 
by the curves *i = /(e3), t3 = /(«i), and «i = c3, as is shown in Fig. 5 8 
(where the line 6 — 0 or e3 = ei/1 — ei has also been drawn). I t is not 
possible for a crystal point to fall in Region 5, since such a crystal would 
have a negative value of 6 which is excluded by definition (see Sec. 5-5) 

1 That is, there is never a saddle point. 
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of the standard r-f terminal position. If a point falls in Regions 2 or 3, 
the maximum L4 exists; if in 1 or 4, L4 does not exist and Lm is bounded 
by Li and L3 (corresponding to ei and «3, that is, to short-circuited and 
open-circuited image terminals, respectively). If a point falls in Regions 
1 or 2, L3 < Li and, if in 3 or 4, Li < L3. If a point falls on ei = e3 

then of course L\ = L3 and it may also easily be shown that Li = Lt; 
that is, if Li = L3, the maximum loss L4 occurs when the image termina
tion is the same as the signal termination. A point falling on 63 = /(«i) 
has Li = L4 and a point falling on ei = f(e3) has L3 = L4. The forms 
of the surfaces Lm(gc,bc) corresponding to the four regions, as well as the 
special case ei = e3, are shown in Figs. 5-9 a, b, c, d, and e. 

The expression for L4 obtained by substituting Eq. (127) in Eq. (117) 
can be simplified to 

If Eq. (121) is solved for 6 in terms of ei and t3, the above result becomes 

(Ui-i) 

A--1-) 
Vi e3/ 

If La [Eq. (77)] is written similarly in terms of ti and «3, we obtain 

0« Vl «3 / 

From Eqs. (132) and (133), 

u = 2 9* S'J_^L / (132) 

L„ = 2 ^ p I - + - - 1 ) . (133) 

Lt = L„ ^ r 2 - (134) 
1 

V i €3/ 

Now 1/ei — l/e3 cannot become larger than i in the Regions 2 and 3 
of Fig. 5-8 (where L4 exists). Consequently, 

L0 g L4 g |Lo, (135) 

or, Li never exceeds L0 by more than 0.5 db. 
From Eq. (73) we find for T)2 in terms of «i and e3, 

12 = «i + «3 — ut3. (136) 
Thus, from Eq. (72), 

U = 2 £-- L+^ZML^^, (137) 
0»« 1 - \/{\ - £ l)( l - «,) 
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(a) Region 1 Lmi 

[SEC. 50 

Special case 
where h^L 

S^Li-I> 

(c) Region 3 Lm 

(d) Region 4 A 

Fio. 5-9.—Value of Lm as a function of image load admittance Cffc + P'c) for various regions 
of Fig. 5-8. 
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and it may be shown that 

r _ O \ W 
L 1 + L 3 

(138) 

I t can easily be shown that L0 may be written in either of the two 
forms, Eq. (72) or Eq. (117), provided we replace TJ2 and « by 770 and to, 
where 

lo = 7 — j p s i 1 * (139a) 
(«i + «3J 

(139b) S«ie3»j2 

(ei + <3 + 7i2)2 

Furthermore, Lt may also be written in these forms by putting 

4tl63>?2(2ei - T)2)(2t3 - 1?2) , u ^ 
^ = 771 \ 7 — i — V 2 212' (14Uo) 

1(4 - 7)2)(ti + e s ) ' - T72J 
8«ie37;2(26i — 7)2) (2«3 — TJ2) M/ inM 

(< = (MT24 - ,!)» (140b) 

The latter equation is, of course, just Eq. (127) expressed symmetrically 
in terms of 61 and e3. 

To recapitulate, there have been denned the following losses (see 
Table 51) . 

La (mixer matched to local oscillator, same termination at signal and 
image frequencies) 

Li (mixer matched to signal, image short-circuited at r-f terminals) 
L2 (minimum loss with same termination at signal and image frequen

cies) 
L3 (mixer matched to signal, image open-circuited at r-f terminals) 
Li (mixer matched to signal, image impedance adjusted to give max

imum loss when this occurs at other than open-circuited or short-
circuited image) 

The r-f terminals have been so chosen that the mixer matrix elements 
are all real and positive. The five defined quantities are then given by 

\ge°/ 1 
+ V l « j = 0, 1, 3, 4, (141) 

where eo is given by Eq. (1396), £ l by Eq. (120), e3 by Eq. (121), and 
u by either Eq. (127) or Eq. (140b); and/or by 
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where ijo is given by Eq. (139a), TJ2 by Eq. (73) or Eq. (136), and TJ4 by 
Eq. (140a). The quantities L0 and Lt may be expressed more directly 
in terms of measurable quantities by Eqs. (77), (78), (79), and (133) in 
the case of L0, and by Eq. (131) in the case of L4. All of the character
istic loss values La—Li are then completely determined, except for the 
constant reciprocity factor gap/gpa, by two characteristic functions «i and 
t3 of the mixer matrix elements. Relations among these losses are given 
by Eqs. (77), (141), and (145). 

To see how the values of the characteristic losses run for actual 
crystal rectifiers, computations have been made for six silicon and seven 
germanium units. The results are given in Table 5-2. The first column 
gives the identification; in Columns 2 to 6 are the data obtained for these 
units at the 10-cm band by Smith.1 The quantities in Columns 2 to 6 
are defined by Eqs. (26) and (37). The complete mixer matrix may be 
obtained from these quantities through Eqs. (38) to (48). (Through 
proper choice of r-f terminals 6 = bv = bP = 0.) The values of 6, ei, 
and t3 were then computed from these data and are given in the next 
three columns. The five losses were next computed; they are given in 
Columns 10 to 14. The quantity L4 is given wherever it exists. In 
Column 15 is given the ratio of the image conductance for maximum 
loss Lt to the local-oscillator conductance of the mixer. Finally, in 
Column 16 the quantity gap/gpa, which is a factor in all expressions for 
loss [Eqs. (141), (142)], is given in decibels. 

Any loss equation can be written 

Li = 2=*L{. (143) 

As will be shown later (see Sec. 7-3), the quantity LJ, the so-called 
"impedance loss," may be determined by impedance measurements at 
either the r-f or i-f terminals of the mixer, whereas it is impossible to 
determine ga$/gpa in this manner. We can find L\ from the table by sub
tracting Column 16 from Columns 10 to 14. The departure of gap/gpa 
from unity measures the extent of failure of full reciprocity. In fact, 
the crystals of Table 5-2 are the same as those represented in Fig. 5-4, 
used to test reciprocity. I t will be recalled that , on plotting \yap\vs.\ypa[ 
in Fig. 5-4, it was found that the best straight line fitting all crystals 
except G40, 111, and U N did not have a slope of exactly 45°, and it was 
mentioned that this could perhaps be attributed to a systematic error 
in the measurement of r-f power. Such an error will account for the 
predominance of negative signs in Column 16. This possibility was not 
taken into account in computing the losses of Table 5-2; had it been 

1 The authors are indebted to Dr. R. N. Smith for his kindness in furnishing these 
data. 



TABLE 5-2 

1 

Crystal 

L114 Si 
L104 Si 
K900 Si 
BRD3 Si 
BRD2 Si 
M97 Si 
G129 Ge 
G236 Ge 
G40 Ge 
13V Ge 
111 Ge 
11Q Ge 
UN Ge 

2 

P, 
mw 

0.41 
0.27 
0.47 
0.58 
0.66 
0.68 
0.64 
0.38 
0.39 
0.30 
0.49 
0.59 
0.87 

—DATA ON THE CONVERSION PROPERTIES 

3 

OP, 
volt"1 

1.43 
1.89 
1.39 
1.10 
1.13 
0.71 
0.55 
1.45 
1.44 
1.72 
1.31 
1.00 
0.38 

4 

Gv, 
volt - 1 

2.46 
3 .6 
2 . 5 
2.17 
2 . 2 
1.23 
1.16 
2.55 
4 . 0 
3 . 3 
4 . 0 
2.0s 
1.9 

5 

GP, 
mw 1 

0.69 
1.39 
0.72 
0.43 
0.425 
0.46 
0.54 
1.70 
1.85 
1.74 
1.30 
0.40 
0.31 

6 

Gv, 
mho 

4.00 X 10'3 

1.73 
1.90 
2.40 
3.05 
2.68 
0.65 
1.37 
1.40 
1.49 
1.90 

10.2 
0.71 

7 

e 

0.283 
0.376 
0.338 
0.24s 
0.28i 
0.313 
0.346 
0.64e 
0.722 
0.522 
0.637 
0.236 
0.27o 

OF A NUMBER 

8 

< i 

0.334 
0.630 
0.565 
0.435 
0.433 
0.244 
0.49o 
0.744 
0.852 
0.706 
0.789 
0.136 
0.548 

9 

« 3 

0.28o 
0.77i 
0.643 
0.463 
0.428 
0.169 
0.466 
0.625 
0.93i 
0.755 
0.805 
0.0974 
O.69 

OF SILICON AND GERMANIUM RECTIFIERS 

10 

db 

9 . 8 
5.55 
6 . 2 
8.35 
8.6 

11.9 
8 .3 
5 .4 
5 .4 
5 . 3 
6 . 6 

15.4 
10.6 

11 

db 

9 . 3 
5 .9 
6 .4 
8 .4 
8.4 

11.0 
8 .0 
4 . 3 
4 . 9 
5 .1 
6 .1 

14.6 
11.1 

12 

db 

9.7s 
5 . 4 
6 .1 
8.35 
8 .6 

11.8 
8 .3 
5 .2 
5 . 3 
5 .2 
6 . 6 

15.3 
10.4 

13 

db 

10.2 
4 . 3 
5 .5 
8 .0 
8 .5 

12.8 
8 .3 
5 .6 
3 . 8 
4 . 5 
5 .9 

16.1 
9.4 

14 

db 

15 

gjg 

1 

8 
8 

8 

5 
5 
6 

4 
6 

3 

. . . . 

0.71 
. . . . 
0.21 

4 1.7 
3 
6 

2 . 1 
1.5 

16 

db 

- 0 . 6 5 
- 0 . 2 
- 0 . 5 
- 0 . 1 
- 0 . 1 
- 0 . 6 
+ 0 . 2 
- 0 . 6 
+ 1.4 
- 0 . 2 
+ 1 8 
+ 0 . 2 
+ 4 . 0 

5 

to 
o o 

ft 

o 

o &> 
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done, the values for the losses would have been slightly increased ( ^ 0.2 
db) but their relative values would not have been significantly altered. 

A crystal mixer is sometimes used as a modulator, in which a low-level 
signal at a frequency low compared with microwave frequencies is 
impressed on the i-f terminals of the mixer. By beating with a micro
wave local oscillator at high level ( « 1 mw) this low-frequency signal is 
converted to sidebands of the local oscillator. The conversion loss to 
either sideband can be shown to be given by 

L" = 2tL H 
g°e 

= ( ^ V L , - , j= 1 , 2 , 3 , 4 . (144) 

Now all significant departures of gap/gpa from unity observed so far are 
such that g„B > 9fa- Thus, for certain (germanium) units it is possible 
[from Eq. (144)] to obtain a very low loss from i-f to signal. For exam
ple, units G40, 111, and U N have values of L'/ equal, respectively, to 
1.0, 2.3, and 1.4 db, whereas the corresponding values of L3 are 3.8, 5.9, 
and 9.4 db. Such effects do not appear to occur in silicon rectifiers. 

I t will be seen from Table 5-2 that L0 and L2 do not differ by more 
than 0.2 db for any crystal; that L4, when it exists, is practically the same 
as L0; that the variation in loss amounts to 0 to 1.8 db over the image-
admittance plane; and that large variations in loss as a function of 
image admittance occur about as often for poor crystals as for very good 
ones. 

The same crystals of Table 5-2 are plotted on an («i,<3)-diagram in 
Fig. 5-10. The germanium units are represented by encircled crosses, 
and the silicons by circles. I t is interesting, but perhaps not significant, 
that the silicon points fall very nearly on a straight line, while the 
germanium points are considerably scattered. 

6*10. Effect of Image Termination on I-f Impedance.—The i-f 
impedance of the mixer is a quantity of considerable importance in 
receiver design. The noise figure of the receiver is determined by the 
conversion loss, the noise temperature of the crystal, and the noise figure 
of the i-f amplifier. I t has already been noted (Sec. 2-5) that conversion 
loss and crystal noise temperature depend on the r-f load admittance 
of the mixer. Similarly, the amplifier noise figure depends on the i-f 
impedance of the mixer. 

In designing an amplifier of low noise figure, some definite value of 
mixer impedance must be chosen. I t is important, once this value has 
been set, that we be able to rely on the mixer impedance not to vary 
much from one crystal to another or from one mixer to another. In 
practice it is found that the i-f impedance of crystals made by one manu-
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facturer are reasonably uniform in the same mixer, but that differences 
occur between products of two manufacturers. Such differences are not 
very great and can be corrected by specification limits on i-f impedance. 
More serious, however, are variations in i-f impedance for the same 
crystal from one mixer to another. Such variations are caused prin
cipally by the fact that the terminations to the image frequency differ 
in different mixer designs. Thus, if mixer A happens to short-circuit 

F I G . 5-10.—Plot of the crystals of Table 5 2 as points on a (ei, €3) diagram (see Fig. 5-8). 

the image, and mixer B to open-circuit the image, the i-f impedances 
of the same crystal in the two mixers will be very different; the two values 
of i-f impedance may be in a ratio of as much as 3 or 4 in the case of a 
low-loss crystal. Variations of this magnitude actually occur and arc 
very serious from the point of view of receiver noise figure. 

The effect of variation of image load impedance on i-f impedance 
must depend, obviously, on the conversion loss of the mixer. For low-
loss crystals there is only a small decoupling between the r-f circuit and 
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the i-f circuit and we must expect such effects to be severe. Variations in 
signal load admittance are of course equally effective in producing varia
tions in i-f impedance but are unimportant in practice, since mixers are 
uniformly designed to match the signal. The relation between con
version loss and terminal impedance has been utilized in actual loss 
measurements, as will be described in Sec. 7-3. 

As an example of the dependence of i-f impedance on image termina
tions, the i-f impedances of the thirteen crystals of Table 5-2 will now be 
calculated for (a) image terminals short-circuited, (b) image terminals 
open-circuited, and (c) the case of equal signal and image load admittance 
adjusted to equal the local-oscillator admittance g of the mixer. It is 
assumed that in Cases (a) and (b) also the signal load admittance is g. 

Let the i-f admittance of the mixer be ye, and the image load admit
tance be yc. The terminal currents and voltages are then related by 

ia = —gea, ) (145) 
i7 = -yeey. j 

Substituting Eqs. (145) in Eqs. (2) and (13) and eliminating the 
currents and voltages, we obtain 

g*« + g g«e g«y 

gea gee — ye ge« 
Q<*y g<xe g«a 

Solving for ye, we arrive at 

= 0. 

Ve = gee 
g*e9e°(3g + y*) 

g(3gaa - g) + ydg™ + g) 
g°"f"' , (146) 

g°* + kg 
where 

k = ^-r-i- (147) 
Vc + 3g 

From Eqs. (146) and (147) we get for the three special cases: 

(a) yc = co, _ g«eqe^ ^ J_ 
(image short-circuited) gaa + g Ri' 
(b) yc = 0, _ g„egea _ _1_ 
(image open-circuited) Qf gw _ g R3' } (148) 

0a° 3 
(c) yc = g, n = g - g^d0a = -L. 
(intermediate case) gaa R2 
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To calculate the i-f impedances of the crystals of Table 5-2, we sub
stitute for gaa etc., their values in terms of measurable mixer parameters, 
as given by Eqs. (38) to (48), obtaining 

Vv 
dl_ k 
dV + k + D PgvGP. (149) 

The three special cases (a), (b), and (c) are then given by letting k equal, 
respectively, 1, — ■$■, and 0. 

T A B L E 5-3 .—I-F R E S I S T A N C E OF A N U M B E R OF CRYSTALS FOR I M A G E S H O R T - C I R C U I T E D 
(RI), M A T C H E D (A2), AND O P E N - C I R C U I T E D (iJ3) 

Crystal No. 

LI 14 
L104 
K900 
BRD3 
BRD2 
M97 
G129 
G236 
G40 
13V 
111 
11Q 
UN 

Ri, ohms 

207 
350 
347 
313 
250 
320 

1100 
415 
316 
380 
265 
92 

930 

R2, ohms 

250 
570 
530 
420 
330 
370 

1540 
730 
710 
670 
530 

98 
1410 

S3, ohms 

297 
764 
830 
560 
430 
415 

2100 
1350 
1750 
1230 
1080 

104 
2300 

It is evident that R$ = 1/gp is smallest when the image is short-
circuited, and largest when the image is open-circuited. 

The values of R\, R?, and R3 of Eqs. (148), as computed from 
the data of Table 5-2 for the 13 
reference crystals, are given in f 
Table 5-3. 

The case of a general reactive 
image termination follows easily 
from the special cases considered. 
Since the mixer acts as a linear 
network connecting the image cir
cuit to the i-f circuit, it is clear 
that 2/3 traverses a circle in the 
j/0-plane as the line between the 
mixer and a fixed image termina
tion is "stretched." The circle 
will be a circle of "constant re
flection coefficient" with respect to the conductance go = l/\/RiR 
This circle is shown in Fig. 5-11. 

F I G . 5-11.—Circle diagram on the i-f 
admittance plane. For a general reactive 
image termination, the i-f admittance falls 
on the circle whose intercepts are I/R3 and 
1/iJi as given by Eq. (148). 
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If a resonant cavity (TR switch) tunes the r-f circuit, the signal will, 
in general, see a near match (for example, g) but the image will see an 
admittance determined by the loaded Q of the cavity and the line length 
from the cavity to the reference terminals of the mixer. As this line 
length is varied, the i-f admittance will traverse a circle for which the 
intercepts on the real axis will be given by Eq. (146), with 

* = r^—y—77 (1 5°) 
1 ± 2 NRS)' 

where / and A/ are the local-oscillator and intermediate frequencies, 
respectively, and Q is the loaded Q of the TR switch. As an example, if 

/ = 3000 Mc/sec, 
A/ = 30 Mc/sec, 
Q = 300, 

then the values k = +0.90 and k = —0.32 give the intercepts. This is to 
be compared with k = 1 and k = — -j for Q = «>. Thus in actual prac
tice the image tuning has an important effect on the i-f impedance. 

THE PHYSICAL THEORY OF CONVERSION 
The theory of conversion, as developed to this point, is phenomeno-

logical in that the properties of the mixer are derived from measurements 
at its terminals and no assumptions are made as to the internal structure 
of the device. This theory gives all the information required by the 
system designer but is insufficient to aid in the development and improve
ment of crystal rectifiers. A different viewpoint will be adopted now 

o and the theory of mixers will be based on the 
physical properties of crystal rectifiers by a con
sideration of, first, the mixing action of a simple 

" ^ nonlinear resistance, and second, of the modifica-
FIG. 512.—Equiva- tion of this action by the addition of impedance 

lent circuit of a crystal elements connecting the nonlinear resistance to 
the terminals of the actual mixer. Later there 

will be considered modifications of these results caused by the nonlinear 
capacitance of the barrier. 

Some of these impedances, such as the barrier capacitance and the 
spreading resistance of the semiconductor, are intrinsic properties of the 
rectifier; others are introduced by the mixer designer as transformers 
from the cartridge to the mixer terminals. The latter type of impedance 
is, of course, always designed to be puvely reactive. Let us consider 
for the moment impedances of the first type. 

The equivalent circuit of a crystal rectifier is represented in Fig. 5-12. 
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In addition to the barrier capacitance C there are other reactive elements. 
Unlike C, these are either negligible or may be tuned out externally. 
This equivalent circuit was discussed in Chap. 2, where it was noted that 
C is not a true capacitance but probably depends on the frequency as 
well as on the voltage across it. At a fixed frequency, however, a close 
enough approximation to actuality can for most purposes be arrived at by 
assuming the circuit of Fig. 512 with C having some average value. In 
Fig. 5-12, B is the nonlinear resistance of the barrier, C is the barrier 
capacitance, and r is the spreading resistance of the semiconductor and 
may include other losses in the cartridge, such as whisker resistance. 
Except Ln unusual circumstances these are small in comparison with the 
spreading resistance. 

5-11. Matrix of a Nonlinear Resistance.—In considering the mixing 
action of a nonlinear resistance, let the current-voltage characteristic be 
given by 

t = / ( e ) . (151) 

The current and voltage are assumed to be composed of the following 
parts: 
(a) i0 e0 d-c 

(b) y ine'nul y ene'n"' LO and its harmonics 
n n 

(c) Re y i^e'V Re ^ e^e'V signal, image, i-f, and harmonic 
* f sidebands. (152) 

In (b), the summations extend over all integer values of n from — °o 
to + °°, not including 0. In (c), b? includes the frequencies u + 13 
(signal), oi — /3 (image), /3(i-f), and n« ± /3 (harmonic sidebands). 

It is now assumed that the terms in (c) are very small compared 
with the terms in (b) and (a), and can be considered, as before, to be 
variations of them. The general variational equation is then 

di 
U = Tg he, (153) 

where Si and he are now identified with the current and voltage terms in 
Eq. (152). For di/de, we may use a Fourier expansion; 

+ » 
| = £ yne^. (154) 

n = — w 

Equation (153) has the character of a "mathematical mixer," since, 
by substitution of Eqs. (151), (152), and (154) into Eq. (153), we obtain 
linear relations among the coefficients of the various frequency com 
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ponents. These linear relations are obtained by equating coefficients of 
e'V for the same &,,. In this way, we find 

+ « 
(155) mC/i+m t/J-Hw = 2, y"-

m = — "> 

These equations may be written in matrix form 

if) 
in-* 
i$-~u 

2/o 2/i 2/2 2/3 2/4 
2/-i 2/o 2/i 2/2 2/3 
y-t 2/-i 2/o 2/i 2/2 
V-3 y-i 2/-i 2/o 2/i 
!/-< 2/-3 2/-2 2/-i 2/o 

e,s_„ 
(156) 

Since di/de is real, we must have 

y-n = 2/*J (157) 

the admittance matrix is Hermitian. The matrix will be symmetrical 
(i.e., reciprocity holds) if also y-n = y„, but this implies, with Eq. (157), 
that all yn are real. 

I t may be shown that yn will be real if, and only if, di/de is an even 
function of the time, which implies that e is an even function of time. If 
reciprocity holds in the admittance matrix of the barrier layer [Eq. (156)], 
it will also hold for the final admittance matrix of the mixer. Thus, a 
necessary condition for reciprocity is that a time zero can be found such 
that e, the voltage across the barrier layer, is an even function of the 
time. This agrees with one of Dicke's conditions for reciprocity (see 
Sec. 5-5). 

If, following the discussion at the beginning of this chapter, harmonic 
sideband voltages are neglected and Eq. (157) made use of, Eq. (156) 
reduces to 

2/o 
y\ 
y\ 

Vi 
2/o 
y*i 

2/2 

2/i 

2/o. 

e« 

where 

i» = if< 
iy = il~, 

ea 

(158) 

(159) 
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The terms ia, ig, i-, and ea, ep, ey are the complex currents and voltages a t 
signal, intermediate, and image frequencies, respectively. 

As an example, let us now apply Eq. (158) to the case of a nonlinear 
resistance whose current-voltage characteristic has the typical exponential 
form found approximately in most crystal rectifiers [see Eq. (4.33)]; viz, 

i = A(e" - 1). (160) 
This gives 

di =f- = aAe". (161) de 

Now let us neglect harmonics of the local-oscillator voltage and let us 
take the voltage e as 

e = e0 + ei cos ut. (162) 

The Fourier expansion of Eq. (161) is then1 

* = aAe°°» Y hiadje'"'", (163) de 

2/o = aAe" 
2/i = V* = 
2/2 = 2/? = 

e°/o(«ei), 
aAe""l'i(oei), 
aAea"h(aei). 

where I„(x) is the modified Bessel function [7„(x) = j~nJn(jx)]. Com
paring this with Eq. (154) we see that 

(164) 

The admittance matrix is now real, and we can at once apply the 
theory of Sees. 5-7, 5-8, and 5-9 to find the characteristic losses and imped
ances of the nonlinear resistance assumed. Omitting the arguments of 
the Bessel functions we have, from Eq. (77), 

U - /»(/. - /,) ( 1 6 5 ) 

From Eqs. (117), (120), (121), and (164), 

1 + V T Li = ; T v
/ — ^ a = i, 3), dee) 

1 - VI - *i 
where 

«i - 72' 
•"0 

(3 = n L 
11-1U0 +1* 

1 See, for example, S. A. Sclielkunoff, Electromagnetic Waves, Van Nostrand, New 
York, 1943, p. 55, Eq. (7-4). 
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Also, from Eqs. (72), (73), and (164), 

U - 2 1 + V I ^ ? , (167) 
where r"7* *v 

'* 7o(7„ + 72) ; 

and, from Eqs. (131) and (164), 

u - h(n - 7072) ( 1 6 8 ) 

It will be recalled that L<> is the loss when the mixer is matched to the 
local oscillator; Li and L3 are the minimum losses (as a function of the 
signal-generator admittance) for short-circuited and open-circuited image 
terminals, respectively; L2 is the minimum "broadband loss" (mixer 
terminated in the same admittance at signal and image frequencies and 
this admittance chosen to minimize the loss); and L4 is the loss minimized 
with respect to the signal-generator admittance and maximized with 
respect to the image admittance (see Table 5-1, Sec. 5-6). 

It is interesting to note that for the simple exponential case the loss 
is independent of the d-c bias voltage e0 and of the coefficient A in Eq. 
(160). This will not, of course, be true for the mixer impedances. In 
the case of actual crystal rectifiers, conversion loss does depend on d-c 
bias, but the dependence is weak for small bias (~ 0.2 volt). 

Equation (160) gives a fair representation of the low-frequency 
current-voltage characteristic of the barrier layer of an actual crystal 
rectifier (as pointed out in Sec. 4-4). We saw, however, in Sec. 2-4 that 
there are other impedance elements inseparably associated with a crystal 
rectifier. One of these is the capacitance of the barrier, which will 
modify conversion at high frequencies. This capacitance cannot be 
tuned out because of the series ohmic spreading resistance of the semi
conductor. At sufficiently low frequencies the barrier capacitance may 
be neglected, and so Eq. (160) gives the current-voltage relationship 
of the rectifier if the spreading resistance is sufficiently low. 

Although Eq. (160) does not represent the reverse characteristic well, 
it may still be used with confidence since, at high frequencies, the reverse 
barrier resistance is effectively short-circuited by the barrier capacitance; 
and, in any case, the precise form of the reverse characteristic is unim
portant, provided only that the reverse resistance is high (i.e., greater 
than 5000 ohms)—a condition satisfied by most crystals. 

In Fig. 5-13, Lu L2, and L3 have been plotted, as calculated from 
Eqs. (165-168) as functions of aei. There have been omitted L0 and L4, 
since they differ insignificantly from L2 in this case. The plot may be 
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7 8 9 10 
FIG 

regarded as representing loss as a function of local-oscillator voltage ei 
for the same crystal (fixed a) or, alternatively, as a plot of loss for fixed (\ 
as a function of excellence a of the rectifier. 

I t is evident from the figure that the relative magnitude of the three 
values of loss are in the order 
L2 > L\ > L3. This is not a gen
eral result for a nonlinear resist
ance. It is possible, for example, 
to have 

Li > L2 > Lz 

for c e r t a i n c u r r e n t - v o l t a g e 
characteristics. 

Actual crystal rectifiers fail to 
conform to Fig. 5-13 in many 
respects. For one thing, it is 
known that loss depends on d-c 
bias and must, as shown later, also 
depend on the factor A. Fur
thermore, according to Fig. 513 , 
Li approaches 2 and Li and L3 

approach unity at high local-oscil
lator voltages, whereas, for actual 
rectifiers, the loss approaches val
ues several decibels in excess of 
these theoretical limits. Finally, 
losses of actual rectifiers are con
siderably greater, for the same aei, than is indicated by Fig. 5-13. 

In the following section are introduced the barrier capacitance and 
spreading resistance and it is shown that these parameters will bring 

.« ., the calculated losses into fair 
1 r > 

agreement with those of actual 
rectifiers. 

5-12. Effect of Parasitic Im
pedances on Conversion Loss. 
Following the preceding discus
sion, the equivalent circuit of the 
rectifier is taken to be as shown in 
Fig. 5-14. 

Other impedances are associated with a crystal cartridge, such as 
the whisker inductance and end-to-end capacity; these are reactive, how
ever, and are applied to the right-hand terminals of Fig. 5-14, and may 
accordingly be tuned out externally. They will therefore be regarded 

2 3 4 5 6 
x-ae, 

5-13.—Conversion loss for a non
linear resistance with current (i)-voltage (e) 
characteristic: i = A(eae — 1). 
h\ = loss for signal matched, image short-

circuited. 
hi = minimum loss with signal impedance = 

image impedance. 
Lz = loss for signal matched, image open-

circuited. 
ei = local-oscillator voltage amplitude. 

1 
Nonlinear 

barrier 
resistance 

1 

—■ 0 
1 

0 

0 

o 

— 

• c 

,— 

-A/\A « — O 
i 

er 

O 
FIG. 5-14.—Equivalent circuit of a crystal 

rectifier showing the parasitic elements c and 
T forming a network connecting the barrier to 
the external circuit. 
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as part of the reactive transformer to the mixer terminals, to be considered 
in the next section. 

In this section it will be assumed that the barrier capacitance is a 
true constant capacitance. This assumption is contrary to theory and 
experiment, which agree in finding C to depend on barrier voltage and, 
to some extent, on frequency. In Sec. 5-13 the modification in the theory 
required by variability of the capacitance will be examined, but for the 
present this effect will be neglected. This neglect is probably justified 
for our qualitative theory of ordinary crystals.1 

As seen from Fig. 5-14 we may regard the action of C and r on the 
barrier as the result of applying a 
linear four-pole network to the 
barrier terminals. The voltages e' 
and e" and the currents i' and i" 
as shown in Fig. 5-14 are composed 
of sums of the voltages and currents 
at the three frequencies of interest: 

signal, image, and intermediate. The four-pole network acts separately 
and independently on each frequency and the effect is precisely as though 
three separate four-pole networks were imagined attached to three ter
minal pairs of the barrier, one pair for each frequency. These terminal 
pairs are physically identical but may be separated conceptually. 

Figure 5-15 shows a typical four-pole network; the double-primed 
quantities are the barrier current and voltage and the single-primed are 
the current and voltage at the opposite terminals of the four-pole. 
Figure 5-16 shows the "three four-poles" connected to the "three terminal 
pairs" of the barrier. 

V° 
barrier 

terminals 
FIG. 5-15.—Typical parasitic four-pole 

showing current-voltage notation. 

Nonlinear 
resistance of 
the barrier 

If 

FIG. 6-16.—Three parasitic four-poles are imagined to be connected to three terminal pairs 
of the barrier. 

Since the four-pole networks are linear and passive, we have, a t any 
frequency, 

e" = ke' + W, 
i" = me' + ni', 

where kn — Im = 1. 

(169) 

1 However, as we shall see, the nonlinearity of the barrier capacitance can in 
special cases produce spectacular effects which have actually been observed for certain 
special rectifiers. They will be described fully in Chap. 13. 



SEC. 5-12] EFFECT OF PARASITIC IMPEDANCES 159 

The transformation to the far terminals of the four-poles is effected 
by taking Eq. (169) for e" and i", substituting in the general mixer 
equations for the nonlinear barrier resistance, 

(i'J) 
tf = 

2/o 
2/-i 
y-2 

Vi 
2/o 

2/-i 

.Vt 
2/i 
2/o 

fei,' ) 
It if. 

(170) 

and solving for the currents i'a, etc., in terms of the voltages e'a, etc. 
This procedure has been carried out by Peterson and Llewellyn,' who give 
in Table I of their paper the lengthy transformation equations. They 
have shown that, if the parasitic impedances do not discriminate between 
signal and image, and if the i-f four-pole is nonreactive, the admittance 
matrix after transformation has the form applicable to a "low Q" mixer 
[see Eq. (6)] with the result, 

(171) 

They also show that the transformed admittance matrix is sym
metrical about the main diagonal (i.e., reciprocity holds) provided a 
time zero can be chosen such that the barrier voltage is an even function 
of time. This agrees with one of Dicke's conditions for reciprocity (see 
Sec. 5-5). 

The coefficients k, I, m, and n appropriate to the parasitic four-pole 
shown in Fig. 5-14 are easily obtained by applying Eqs. (169) to this net
work. We find, for signal or image frequency, 

(i'a) 

i'* 
ly 

y«« 

2/*T 

y«» 
yen 
y*ff 

2 / « T ' 

y$« 
y*a 

\e'a 

4 
f ey 

k = 1, 
m = —juC, 

1= -r, 
n = 1 +juCr; 

for intermediate frequency, 

k = 1, I = - r , 
m = 0, n = \. 

(172) 

(173) 

The small differences between the frequencies of the signal, image, 
and local oscillator and, also, the capacitive terms at intermediate 
frequency have been neglected in Eqs. (172) and (173). 

If we assume that the barrier voltage is given by Eq. (162), then 
reciprocity holds and ;/„ = y_„ = gn and is real. Making use of the 
transformation equations of Peterson and Llewellyn2 we obtain for the 
transformed matrix elements 

1 L. C. Peterson and F. B. Llewellyn, Proc. l.R.E. 33, 458 (1945). 
* Loc. cil. 
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A'y'aa = r2(<7„ - g2)[go(go + g*) - 2g{] + r(2gl - g\ - g\) 

+ (1 + M2)<7o + £+ J/xl (go + i ) . 
b'y'aff = A'yito = £?i[l + r(g0 - g2) - jii], 
Ay'ay = r(g<,gi - g\) + g2, (174) 

*'9» = r2(g„ - g2)[go(go + gt) - 2gft + 2r(gl - g*) +go(l+ M2), 

where 

and 
H = uCr, 

A' = r\g0 - g,)[g„(g, + gt) - 2gl] + r*(3g% - 2g] - gj) - rg0(3 + M
2) 

+ 1 + M2. 

We are now in a position to find numerical values of the crystal-
cartridge matrix for assumed barrier characteristics. To find the char
acteristic losses and impedances, however, we must first transform the 
matrix to real form. 

Transformation of the Matrix to Real Form.—The transformation to 
real form is accomplished by adding an appropriate reactive four-pole 
transformer to the r-f terminals. This transformation becomes unique 
if the final impedance level is specified. The conversion loss, however, is 
independent of the impedance level and the choice of the latter will be 
based on considerations of simplicity in the final equations. 

Equation (171) represents a mixer with three terminal pairs. To the 
two pairs of r-f terminals are now added a pair of identical four-pole 
transformers. This conceptual process corresponds to adding physically 
a single four-pole transformer to the single physical r-f terminal pair. 

The four-pole transformer is represented by equations similar to 
Eq.(169): 

ea = ae'a + bi'a, \ 
la = ce'a + di'a j ^ 1 7 5 ) 

with ad — cb = 1. The unprimed quantities refer to the new mixer 
terminals. The same Eqs. (175) apply to the image frequency with y 
substituted for a. The corresponding equations for the i-f terminals 
are trivial, since no transformation is made there: 

e» = 4 , (176) 
if = ip-

Employing an analysis similar to that used in the case of the parasitic 
four-poles, we obtain for the final matrix (unprimed quantities) 
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where 

As/„„ = {ay'aa - c)(d - by'aa)* + ab*\y'a-,\\ 
&y<,» = y'afl(d - by'aa)* + b*y'aey'aj, 
&y»« = y'paid - by'aa)* + b%ay'ay, \ (177) 
A2/„T = V'ay, 
*ym = tg'te + 2lW«ii(by'ti«y'«y)* + vi*(d - byL)*] 

A = |d - byL]* - IV-rl'-
These transformation equations, (177), are general and apply even 

if the four-pole transformer is dissipative. I t can be shown that weak 
and full reciprocity are independe-ntly preserved by the transformation 
equations. 

As a simple method of effecting the desired transformation to real 
form we take the structure of the four-pole to consist of a susceptance 
— b'aa canceling the imaginary part of yaa, followed by a length 0 (in 
units of X/2-ir) of transmission line of characteristic conductance go- It 
can easily be shown by applying Eqs. (175) to this structure that the 
coefficients a, b, c, and d are given by 

, —j sin 4> a = cos <f>, b = J (178) 
7 / 

c = —j(b'aa cos 0 + go sin <j>), d = — — sin 4> + cos <j>. 
<7o 

If now we choose go and <f> by putting 

Va go = v ? ; „ - g'Jy, (179) 

Kg'ae gL - g'cy) tan<> = i ^ ^ ^ ^ p \ , ( 1 8 0 ) 
\gaff gaa - g«y/ 

the transformed matrix is real. Substituting Eqs. (178), (179), and (180) 
in Eq. (177) we find 

A = 1, 
g„a = gL, g*» = g'ag sec $, \ 
gay = g'ay, J7u« = g'l** sec <*, ( 

gee - Qua T ~>—ZT7T ) 
yaa yay / 

In obtaining these results y'a-, has been taken to be real. This assump
tion does not involve any restriction of generality or any assumption 
about reciprocity, as we can see by Eq. (9), which shows that a time 
zero may always be selected to cancel the phase factor of y'a-,- In the 
event that weak reciprocity holds, as assumed here, this same time zero 
makes ei an even function of the time (see Sec. 5-5). 

We are now in a position to assume a current-voltage characteristic 

file:///gaff
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of the barrier and to calculate the characteristic losses and impedances 
of our mixer. 

Choosing Eq. (160) for the barrier characteristic, we see that the 
admittance matrix of the barrier has the form of Eq. (164). The matrix 
Y' is given by Eq. (174) and the final real matrix Y is given by Eq. (181). 

L\ in db 
15.5 12.6 10.5 9.7 9.0 8.3 7.6 7.1 6.5 5.9 5.354.8 4.2 3.5 2.8 2.0 0 

Fio. 5-17.—The synthetic crystals of Table 5-4 plotted on a (ei - n) diagram (see Fig. 5-8). 

As a numerical example let us take 

e0 = 0 
aA = 500 /imhos. 

Table 5-4 lists the characteristic losses obtained for various assumed 
values of aei, r, and C. In Fig. 5-17 these synthetic crystals have been 
plotted as points on an («i,e;)-diagram, explained in Sec. 5-7. I t is 
interesting to note that at low local-oscillator drive (aei = 4) the barrier 
capacitance is the principal factor limiting performance, whereas at a 
higher value of aei (6) the spreading resistance is the main factor. The 
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general d is t r ibut ion of the syn the t ic crys ta ls on the («i,«3)-(iiagram is 
closely similar t o t h a t for t he silicon crystals , p lo t ted in Fig. 5-10. 

TABLE 5-4.—CHARACTERISTIC CONVERSION LOSSES (L;) FOR SYNTHETIC CRYSTAL 
RECTIFIERS* 

aei 

4 .0 
4 .0 
4 .0 
4 0 
6 0 
6 0 
6.0 
6 . 0 

r, ohms 

0 
30 
30 
30 
0 
30 
30 
30 

C, MJjf 

0 
0 
0 . 3 
0 .6 
0 
0 
0 . 3 
0 .6 

/i = uiCr 

0 
0 
0 .17 
0 .34 
0 
0 
0 .17 
0 34 

L„, db 

5.00 
5.67 
7 .15 
9.46 
4 .22 
5.61 
6 .10 
7.42 

Lh db 

4 85 
5.70 
6.91 
9 .18 
3 .78 
6.24 
6 .60 
7.60 

LM db 

4 .97 
5.65 
7 .15 
9.44 
4 .12 
5 29 
5.91 
7.41 

U, db 

4 . 1 3 
4 .90 
7.05 
9.64 
3 .03 
3.82 
4 .84 
6.94 

£«, db 

5 .02 
5.75 
7 .15 

4 . 2 3 

* For definitions of La, Li, etc., see Table 5 1. Other quantit ies are— 

r = spreading resistance, 
C = barrier capacitance, 
w = 2ir frequency, 
ej = local-oscillator voltage amplitude, 
a = exponential factor of d-c characteristic [see Eq. (1G0)]. 

5.13. Effect of a Variable Barrier Capacitance.1—In Sees. 5 1 2 a n d 
5-13 there have been explicitly in t roduced t he parasi t ic impedance 
e lements C a n d r of t he equ iva len t circuit 
of a crys ta l rectifier a n d the i r effect on 
the mixing proper t ies of t he rectifier de ter 
mined. T h e approx ima t ion was m a d e 
t h a t t h e bar r ie r capac i t ance is a cons tan t , 
i ndependen t of t h e vol tage across i t . 
Th i s a s sumpt ion is known to be u n t r u e ; 
it will now be a b a n d o n e d and t h e theo ry 
generalized by pe rmi t t i ng t h e barr ier 
capac i tance t o v a r y wi th appl ied vol tage. 

A 
- O 

A 
B 

FIG. 5-18.—Equivalent circuit 
of a crystal rectifier with variable 
barrier capacitance. 

Var iabi l i ty of t h e barr ier 
capac i tance can produce in teres t ing a n d s t r ik ing effects, which will be 
considered in some deta i l in C h a p . 13. I n this section t h e a d m i t t a n c e 
ma t r ix of t he general bar r ie r wi th nonl inear capac i tance will be der ived. 
T h e resul t will t h r o w some l ight on t he general problem of reciproci ty . 
We shall see t h a t reciproci ty can never hold exact ly in t he general 
case. A qua l i t a t ive exp lana t ion will be given of t he exper imenta l fact 
t h a t reciproci ty v iola t ions are a lmost a lways in t he direct ion of causing 
the loss from signal t o in t e rmed ia t e f requency t o exceed t he loss from 
in t e rmed ia t e f requency t o signal. 

T h e equ iva len t circuit here is t h a t of Fig. 5-18. T h e resis tance R 
1 See H. C. Torrey, "Theory of the Negative I-f Conductance of North's Welded 

Contact Germanium Rectifiers," RL Report No. 55, May 22, 1945. 
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is the nonlinear resistance of the barrier, C its nonlinear capacitance, and 
r the linear spreading resistance; r may include other linear losses of the 
cartridge (for example, whisker and wax). The current i through the 
rectifier will be composed of these two parts: 

ti = /(e), (182) 

* - ? (183) 

Here e is the barrier voltage; f(e) is the low-frequency dependence of 
current on voltage, and Q is the charge on the barrier. Thus the total 
current is 

. ■ - / < « > + § ■ (184) 

As in Sec. 5-11, i and e are taken to be composed of frequencies 0, u, 
and BU (n = 2, 3, . . .), where co is the local-oscillator (angular) fre
quency, and it will again be assumed that the components at signal, i-f, 
image, and harmonic sidebands are small enough to be considered as 
variations of i and e. 

Thus, 

Si = Re } i> 'V, (185) 

he = Re ^ <ve'V, (186) 

where 6M includes the frequencies /3 and nu + /3, (n = 1, 2, 3, . . .), that 
is, signal, i-f, image, and harmonic sidebands. 

The variational equation that replaces Eq. (153) is 

W = 7T *« + I1 , «e', (187) 
oe oe 

where e' = de/dt. The second term on the right must be included since 
i is now an explicit function of e', inasmuch as Eq. (184) may be written 
in the form 

(188) 

This gives1 

(189) 

(190) 

1 The use of/'(c) to indicate differentiation with respect to the argument should be 
distinguished from the use of the primes elsewhere to indicate differentiation with 
respect to the time. 

i 

di 
de 
di 
de' = 

= f(e) + 

- f'(e) + 

de 

,dQ 
de 

d^/d^ 
dt\dt 
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Now /'(e) and dQ/de are functions of e and hence may be expanded 
in Fourier series with fundamental frequency u/2ir. If we substitute 
these expansions, together with Eqs. (185), (186), and the corresponding 
expression for be' [Eq. (191)] into Eq. (187), we shall find linear relation
ships among the various frequency components, similar to Eqs. (155) 
and (156). The required expression for be' may be obtained by differ
entiating Eq. (186); 

be' - It (5e) " R e X j e 
(191) 

As noted above, &,, includes the frequencies /? and na> + /?. Whenever 
|3 appears in the coefficients of Eq. (191), it will be neglected in b?, since 
in practice /3 <K u. 

Now dQ/de is in fact the capacitance of the barrier; it is the quantity 
that must be compared with experimental determinations of the barrier 
capacitance. We may write its Fourier expansion as 

+ « 
(192) ?i = dQ= y 

de' de /_i 

If we let the expansion of/'(e) be given by 

f'(e) = 
- ( - DO 

n = — « 

then, from Eqs. (189), (192), and (193), 
+ « 

dt _ 
de ~ 

+ « 
(gn + jnwCv.)e""' 

(193) 

(194) 

Substituting Eqs. (192) and (194), together with Eqs. (185), (186), 
and (191), into Eq. (187) and equating coefficients of the same e ,M, we 
find linear relations among the coefficients, of the general form 

Z@—w 

J|!-2a> 

y+2 o y+2+1 y+i+2 y+2+3 y+2+i 

Z/+1-1 2/+1 0 2 / + i + i 2/+1+2 y + i + s 

2 / 0 - 2 2 / 0 - 1 2 / 0 0 y 0+1 2/ o+2 

2 / - 1 - 3 2 / - 1 - 2 2 / - 1 - 1 2 / -1 0 2 / -1+1 

T / - 2 - 4 J / - 2 - 3 1/ -2-2 2/—2—1 J / -2 0 

en 
6fj—w 

C(3-2a 

(195) 
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where 
J/m„ = gn + jmo)Cn. (196) 

If we neglect harmonic sideband voltages as before, this reduces to 

/ . 
la 

go + joiCa ffi + JooCi ff2 + joiCi 
j7-i go gi 
,<7-2 — joiC-z g-i — jaC_i g0 — juCu 

e, 

K$) 
(197) 

Now because of the reality of/'(e) and dQ/de in Eqs. (192) and (193) 
we must have 

and 
ff-n = 9*, 

C_ 
(198) 

If, further, a time zero can be found such that e, the barrier voltage, 
is an even function of the time, then, using this time zero, we have 
ff_„ = gn and C_„ = C„; hence with Eq. (198) we see that C„ and gn are 
real. The existence of this time zero, however, does not make the admit
tance matrix of Eq. (195) or of Eq. (197) symmetrical. Indeed reci
procity now certainly fails if this time zero exists. The admittance 
matrix of Eqs. (197) is observed by Eq. (198) to have the symmetry 
required by a low-Q mixer, as it should according to our assumptions. 

Some light is thrown on the general problem of reciprocity failure 
by Eq. (197). I t should be noted that if gn and Cn can be made simul
taneously real by proper choice of time zero (and this should be at least 
approximately possible), then the reciprocity factor 

y«f> gi + joiC 
^ 1. 

I t appears from the experimental work of Smith1 and Apker2 that 

for normal crystals the reciprocity factor 

Iff! + jwCl 

y«e 
y»< 

, in the present case 

is greater than or equal to unity. Exceptions to this rule have been 
found by Apker3 in the case of welded-contact germanium rectifiers 
for special bias points [not those bias points, incidentally, which give 

1 R. N. Smith, "The Theory of Mixers in Terms of Measurable Mixer Constants," 
NDRC 14-259, Purdue Univ., Mar. 24, 1944. 

•L. Apker, "Note on Reciprocity Failure in Crystal Mixers," NDRC 15-931-16, 
GE Co., Mar. 9, 1945; and "Theory of a Double Mixer for Spectrum and Glyzer 
Applications," NDRC 15-931-16, GE Co., Apr. 3, 1945. 

• Private communication. 
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rise to negative i-f conductance (see Chap. 13)]. The theory of variable 
capacitance given here does not, of course, exclude such a possibility. 

I t is noteworthy that weak reciprocity [Eq. (52)] holds for the matrix 
of Eq. (197) in either of the extreme cases, wCi <K gi, o>C2 « <72 or o iCi» <?i; 
wC^ 35> j/2; on the other hand full reciprocity fails by a considerable factor 
in the latter case. As noted above, weak reciprocity always holds 
experimentally although full reciprocity fails for many germanium 
crystals. 

The subject of the effects of variable capacity is discussed further 
in Chap. 13, where the admittance matrix of Eq. (197) is made use of in 
explaining these effects. 

5-14. Harmonic Reinforcement.—The phenomenological theory of 
mixers developed in Sec. 5-3 et seq. is based, among other things, on the 
assumption that harmonic voltages are zero at the terminals of the mixer. 
I t does not appear feasible to attempt a generalization of this theory, 
which includes harmonic voltages at the mixer terminals. In the phys
ical theory discussed in Sec. 5-11 and the following sections, there have 
been given general results, which hold if harmonics are present, but 
absence of harmonic voltages has been assumed, even at the barrier, 
when numerical examples were given. An adequate mathematical 
treatment of harmonic effects is, in fact, very difficult; here only a simple 
numerical example will be given which will at least indicate the qualitative 
nature of such effects. 

Let us assume the low-frequency case, in which the current is a func
tion of the voltage of the form 

t = f(e). (199) 

Values of conversion loss will be calculated under the two conditions 
(a) short-circuited harmonics, and (6) second harmonic open-circuited, 
other harmonics short-circuited. The value of loss for other reactive 
terminations of the second harmonic presumably lie somewhere in 
between. Case a has been treated above (Sec. 5-11). We must now 
consider Case b. The voltage e will be given by 

e = e0 + ei cos ut + e2 cos 2ut, (200) 

and the current by 

i = y in cos nut. (201) 
71 = 0 

The problem, then, is to choose e2 so that t2 = 0, that is, so that th6 
second harmonic is open-circuited. 
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If we choose/(e) as in Eq. (160) then 

i A \e<"> r V /m(ae,)e*-«l [ Y 7„(ae2)e2'*"»'j - 1 J» (202) 

where the I ' s are modified Bessel functions of the first kind, 

The second-harmonic current i2 is given by 

i2 = At"" Li 7„(aei)7m(ae2)e'"'(2m+n) 

n.m 
(2m + n-=±2) 

V 
Zv 7„(aei)7m(ae2)e 

+ » 
M"' X Js(i-™>(aei)I„(aei) 

— » 
+ -

«-«y z_,(1 + e-«»' ) . 7_2(1+„)(ae1)7m(ae2) |- (203) 

Since I-m = 7+m, 
+ -

it = 2Aea" cos 2u< } 72_2m(aei)7„(ae2). (204) 

The condition that t2 = 0 is (if aei = x, ae2 = — j/) 

h(x)h(y) + [72(x) + 7,(x)]7,(y) + [/.(*) + 7io(x)]J«(») + ■ ■ ■ + 
= [7„(x) + 74(x)]71(j/) + [74(x) + h(x)]h(y) + • • • + . (205) 

As an example, let us take x = 4. By a method of successive approxi
mations we find 

y = 1.582, (206) 

and obtain for the Bessel functions 

I0(y) = 1.731, 70(4) = 11.3019, 
Ii(y) = 1.066, 7i(4) = 9.7595, 
h(y) = 0.384, 7„(4) = 6.4222, 
It(y) = 0.096, 73(4) = 3.3373, 
hiy) = 0.019, 74(4) = 1.4163, 
Ii{y) = 0.003, 76(4) = 0.5047, 
h(y) = 0.0004, / ,(4) = 0.1545, 

77(4) = 0.0413, 
78(4) = 0.0098, 
79(4) = 0.0021, 

710(4) = 0.0004. 



SEC. 5-14] HARMONIC REINFORCEMENT 169 

Using these values, we find for the Fourier expansion of di/de = / '(e), 

/'(e) = aAe"« ^ aneina' = ^ gnein°', (207) 

where 
a0 = 6.929, 
d = 4.355, 
a2 = 0, 

a3 
a4 

-1.717, 
-0.778, etc. 

In calculating conversion loss, the second-harmonic sidebands are 
assumed to be open-circuited, whereas other harmonic sidebands are 
short-circuited. The general admittance matrix, Eq. (156), then reduces 
to 

aAe"'" 
Gaa 

Ga0 
Gay 

Gafi 
Gpp 
Ga0 

u-„7 

Gag 
Gaa 

(208) 

where 

Gaa = flo — 

G„0 = a i — 

Gay = 0 2 — 

\J0p = do — 

(oi + a3)3 _ (oi 
2(a0 -f a4) 

di + a3 
o2 : = 

a0 + a4 

■(ffli + a3)2 

2(o0 + a4) 
2al 

2(a0 

4.35, 

(Ol " 

— o4) 

- a 3 ) 2 

+ 2(o0 

6.93. 

a4) 

3.97, 

= 1.81, 
(209) 

a0 -f- a4 

From these we find [see Eqs. (123a), (126), and (143)] 

ti = 0.689, e3 = 0.821, 

e2 = 0.947, 

which gives [see Eqs. (141) and (142)] 

Li = loss for short-circuited image = 5.5 db, 
L2 = double sideband loss = 5.0 db, 
L3 = loss for open-circuited image = 3.9 db. 

(210) 

These values should be compared with the corresponding values for 
ae\ = 4 and for all harmonics short-circuited (as found in Sec. 5-11), viz., 

U = 4.85 db, 
L2 = 5.0 db, 
L3 = 4.1 db. 

The result of open-circuiting the second harmonic does not therefore 
produce significant changes in conversion loss, for the example chosen. 
It seems unlikely that the general case will differ greatly in this respect. 
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This lends support to the assumption, generally made, that a good 
approximation to the performance of the mixer is obtained by assuming 
short-circuited harmonic voltages. 

The preceding conclusions with regard to the effect of open-circuiting 
the second harmonic are perhaps open to objection for the following 
reasons. The rectified current will be different for the two cases of a 
short circuit and an open circuit at the second harmonic. In ordinary 
crystal rectifiers the conversion loss is only a slowly varying function 
of crystal current, once the latter quantity is sufficiently large. For the 
example chosen here, however, this is not true. Perhaps the comparison 
would be fairer if the values of Eq. (210) were compared with the losses 
for short-circuited harmonics at the same rectified current. The rectified 
current, assuming zero d-c bias, for the example given here (open-
circuited second harmonic) is easily calculated. I t is 

to = A(a0 - 1) = 5.93A 

when a0 is given by Eq. (207). 
Using the value of aei that gives this value of i0 for the case of all 

harmonics short-circuited, we find in this case 

U = 5.4 db, 
U = 5.3 db, 
L3 = 4.7 db. 

On comparing these with Eq. (210) we again find no significant 
difference, except for L3, where there is an apparent improvement of 
0.8 db on open-circuiting the second harmonic. 

6-16. Conversion with a Subharmonic Local Oscillator.—The problem 
of constructing a stable tunable c-w oscillator that will provide sufficient 
power for use as a local oscillator becomes very difficult at frequencies 
above 30,000 Mc/sec (1-cm wavelength). An alternative is to use the 
harmonic power of a lower-frequency oscillator. This harmonic power 
can be generated by a crystal rectifier. One method is to use two 
crystals, one for generating the harmonic power, and the other for mixing. 
A second possibility is to use only one crystal which performs both 
functions. The latter alternative seems preferable from the point of 
view of economical circuit design. A possible disadvantage, however, is 
that the fundamental power required to generate sufficient harmonic 
power for low mixer conversion loss is large and may be expected to 
produce considerable excess noise output at the intermediate frequency. 

Experiments designed to test the feasibility of a "harmonic mixer" 
of the second type were made by Falkoff.1 This work was exploratory 
in nature and was performed at frequencies lower than those for which 

1 D. L. Falkoff, RL Report No. 958, Mar. 11, 1946. 
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a harmonic mixer is needed because of the relative availability of com
ponents. The work was terminated by the end of the war before it 
could be extended to the high frequencies of interest. 

Figure 5-19 shows a block diagram of the Falkoff apparatus. The 
local oscillator was at a wavelength of 6.4 cm and the signal at about 
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F I G . 5-19.—Block diagram of apparatus used in testing a harmonic mixer. 
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F I G . 5-20.—Typical performance of a harmonic mixer. Local oscillator at a wavelength of 
6.4 cm, signal at 3.2 cm. 

3.2 cm. A direct comparison of conversion with the harmonic mixer and 
conversion with a conventional mixer at 3.2 cm was made. (The same 
signal generator was used for both mixers. At switch position A it 
was coupled to the conventional mixer, at B to the harmonic mixer.) 
It was found that sufficient second-harmonic power was available from 
the harmonic mixer to provide local oscillations for the 3-cm mixer. A 
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noise diode (not shown) made possible a direct measurement of the noise 
temperature of the harmonic mixer. 

Typical results for the harmonic mixer and commercial 1N23B 
crystals are shown in Fig. 5-20. These data were taken with the har
monic mixer matched to the external circuits at both 3.2-cm and 6.4-cm 
wavelengths. 

Some noteworthy features of these results are 

1. The lowest noise figure occurs at about 0.5 mw of 6.4-cm power, 
which is about the optimum local-oscillator level for conventional 
mixers. 

2. The noise temperature increases linearly with the 6.4-cm power 
up to 30 or 40 mw. This is not apparent from the figure because 
the input power is plotted on a logarithmic scale. Above 40 mw, 
the noise temperature departs from linearity in the direction of 
lower values of noise temperature. 

3. The conversion loss decreases slowly with 6.4-cm power above 
1 mw, approaching a constant value of about 8 db when the 
6.4-cm power exceeds 10 mw. 

4. The noise figure changes slowly, generally remaining below 20 db 
over a range of local-oscillator power from 100 /iw to 10 mw. 

Falkoff found that the lowest conversion loss did not occur for 
matched harmonic (3-cm band) power out of the harmonic mixer, but 
that the lowest loss was obtained when the 3-cm output power was 
decreased by mistuning by a factor of about 2 from the matched condi
tion. This lowest loss was about 2 db less than that for the case of 
matched 3-cm power. 

An effect probably of importance, but not investigated by Falkoff, is 
that of selective tuning at the 6.4-cm terminals of the harmonic mixer. 
To see why this effect might be important, the mixing process in a 
second-harmonic mixer might be considered. Let us take the local-
oscillator frequency as -JOJ and the signal frequency as u + /?. Thus the 
signal, beating with the second harmonic o> of the local oscillator, is 
converted to the intermediate frequency /3. However, the signal also 
beats with the fundamental frequency of the local oscillator and is 
thereby converted to iu + /3, a sideband of the local-oscillator frequency 
■jw, and this conversion process should be more efficient than the con
version to intermediate frequency. Consequently, it should be of the 
utmost importance to insure that power at £u + 0 is not dissipated by 
transmission along the matched local-oscillator line. A filter circuit 
inserted in this line to reflect the iw + /3 wave would seem most desirable. 
I t would also serve the purpose—if arranged as a bandpass filter passing 
only iu—of suppressing the noise sidebands of the local oscillator. If 
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such a filter were to be inserted in the ^w-line, its position should be 
chosen with care to insure optimum phase of the (iw + /3)-sideband 
in the mixer. The parasitic £o> + /3 should play a much more important 
role in the harmonic mixer than does the image frequency in a conven
tional mixer. 

6-16. Harmonic Generation.—In the previous section one solution of 
the problem of providing local oscillations at very high frequencies— 
the "harmonic mixer"—was examined. An alternative scheme is to 
use two crystals—one to generate harmonic power at the desired local-
oscillator frequency, and the other to act as a conventional mixer in 
which this harmonic power beats directly with a signal to produce the 
desired intermediate frequency. 

In the experiments of Falkoff described in the previous section, it 
was found that the output of 3.2-cm power, converted from 6.4-cm power 
by the multiplying crystal, ranged from 11 db to 14 db below the input 
6.4-cm power, and was ample to provide local oscillations for a conven
tional 3.2-cm mixer. The efficiency of harmonic generation decreases 
with increasing fundamental frequency, however. Montgomery1 has 
found that the best harmonic-generation crystals (germanium welded-
contact rectifiers) produce second-harmonic power about 17 db down 
from a fundamental at 3.2 cm, with an input power of 30 mw. Although 
urrmonic generation of millimeter waves from a fundamental of 1.2 cm 
has been studied, no absolute power measurements at the harmonics 
have been made, and the efficiency is not known in this most interesting 
case. 

Montgomery has, however, made extensive comparisons2 of the 
relative harmonic generation from the 1N26 (silicon 1-cm mixer crystal) 
rectifier and from the welded-contact germanium rectifier of H. Q. North 
(see Chap. 13), finding that the germanium rectifiers at their optimum 
d-c bias were slightly superior to the 1N26 crystals in the production of 
1.6-cm waves from a fundamental at 3.2 cm. Their superiority was 
much greater in the generation of the third harmonic (0.4 cm) from a 
fundamental at 1.2 cm. Figure 5-21 shows the relative performance in 
this case. The notations "bias ," "open-circuited," and "short-cir
cuited" refer to the d-c bias conditions. It was found that the optimum 
bias for the germanium crystals was critical. The ordinate of this plot 
is the open-circuit direct voltage obtained from a crystal used as a 
rectifier of the harmonic power. 

Recently North3 has improved the harmonic generation of his crystals, 
1 D. Montgomery, RL Report No. 818, Oct. 23, 1945. 
2 hoc. cit. 
3 H. Q. North, "A Comparison of Silicon and Germanium Microwave Crystals 

as Harmonic Generators of 4 mm. and 6 mm. Waves," GB Report, Jan. 15, 1946. 

<a 
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in particular the generation of the third harmonic from a 1.2-cm funda
mental, by going to welded contacts of very small dimensions. He 
used whisker deflections of only 0.00012 cm and a welding current of 
50 ma as contrasted with 0.0005 cm and 250 ma for the normal case 
(see Sec. 13-1). These small-contact, welded rectifiers produced 10 to 
20 db more output (0.4-cm) power than conventional 1N26 rectifiers 
at the same input (1.2-cm) power. 

6-17. Modulation.—Crystal rectifiers are sometimes used as modu
lators, i.e., as agents to produce sidebands of a carrier. Crystal modula
tion falls into two categories: (1) conversion of a low-frequency signal to 
high-frequency sidebands of a local oscillator; (2) conversion of a pure 
high-frequency carrier to sidebands. In the first case, the mixer is 

v in microvolts 
F I G . 5-21.—Relative performance of 1N26 rectifiers and germanium welded-contact 

rectifiers in the generation of 0.4 cm power from a fundamental at 1.2 cm. 

driven by a high-frequency local oscillator and, in the second, by a low-
frequency (modulation-frequency) oscillator. The first case is just the 
inverse of the familiar mixer problem we have been considering up to now, 
and the second involves some new principles. The first type of modula
tion has been used by Apker in his double-mixer spectrum analyzer1 

while the second type has been employed by Pound2 in one of his methods 
of frequency stabilization of oscillators. 

As was shown in Sec. 5-9, modulation of the first type may be treated 
with the same mathematical theory used for ordinary mixers. If Laa 
is the conversion loss from a high-frequency a signal sideband to a low 
beat frequency /3, the conversion loss for the reverse process is just 
Lfia = \ypa/yap\2Lap, where \ypa/y«e\ is the reciprocity factor discussed in 
Sec. 5-9. In all silicon rectifiers observed so far, the experimental value 

1 See L. Apker, E. Taft, and J. Dickey /'Theory of a Double Mixer for Spectrum 
Analyzer Applications," OEMsr-931 Report 931-17, GE Co., Apr. 2, 1945. 

1 R. V. Pound, "An Improved Frequency Stabilization System for Microwave 
Oscillators," RL Report No. 837, Oct. 26, 1945. 
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of \yffa/Va$\ is close to unity, whereas, for germanium rectifiers, this quan
tity is often found to be much less than unity. The process of modulation 
is, therefore, in the case of germanium, often considerably more efficient 
than the inverse process of mixing. Observed values of \ypa/yap\ for 
germanium have been found1 to range between 1 and -j. 

The second type of modulation, employing a low-frequency local 
oscillator, is somewhat simpler in theory than the mixing process con
sidered above. The greater simplicity arises from the fact that all 
frequencies connected by linear relationships are of the same order, and 
that, in practice, there is no impedance transformation involved. The 
theory of this process will now be outlined. 

The modulator is shown schematically in Fig. 5-22. Let y = voltage 
reflection coefficient at the r-f terminals. It will be assumed that the 

Low-
frequency 

driver 
Modulator 

Low level carrier 
-« 

+ Reflected side bands 

Carrier +Generated side bands 
FIG. 5-22.—Block diagram of a modulator whose function is to convert a low-level carrier 

into sidebands. 

carrier is at a sufficiently low level so that the r-f admittance of the 
modulator is completely controlled by the low-frequency driver. Then 

+ » 
(211) 

where /3 is the modulation frequency. 
Let the incident r-f current wave be given by 

+ « 

-I „;(cj+n0)t (212a) 

and the reflected current wave by 
+ ■ 

= 2J V~*>#* ,n<*+nent (2126) 

By definition of the reflection coefficient, 

I' = yl. (213) 
1 Values greater than one have recently been found by L. Apker (private communi

cation) in the case of welded-contact germanium crystals at special bias points. 
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The incident and reflected voltage waves will be denoted by V and V; 
their Fourier representations are similar to Eq. (212), with Vw+na and 
V'u+na replacing Ia+na and I'^+^g, respectively. We have then 

V = -yV = -yZ0I, (214) 

where Z0 is the characteristic impedance of the transmission line attached 
to the r-f terminals. 

Substituting Eq. (211) into Eqs. (213) and (214), we obtain 

/ : 

V' 

'+»« 

= -z 

+ « 

+ « 

•I T » - J » 

(215) 

(216) 

For the present, sidebands at frequencies other than oi + /3 are neglected. 
Equations (215) and (216) may then be written 

(217) 

(V 
V 
V 

iV 1 

u+8 
I 

r 

-o. 
= r 

= - z 0 

7„ 

T 
/ . 

J 

+0 

-0 

where r is the "scattering matrix," 

To 7i 72 
7 - i 7o 7i 
7_2 7-1 7o 

(218) 

(219) 

Let us consider now the special case where a pure carrier at frequencv 
u> is incident, and pure sidebands to ± /3 are generated with no carrier. 
Evidently, in this case, 

To = 0, 

Iu-B = 7 - l ^ u , 
VL+fi — — Zo7i/„, 
Vl_fl = —Z0y-Ja. 

The incident power is 
Pu = -jZol/ul2, 

and the reflected power in the sideband u + /3 is 

P L * = *Z„|7i|2 | / . |2 . 

(220; 

(221) 

(222) 
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The conversion loss to this sideband is then 

1 

Similarly, the conversion loss to the other sideband is 

IT- I | 2 

(223) 

(224) 

These expressions for conversion loss hold also in the general case in 
which other sidebands are not neglected. Thus, 

Lu,u-{i,p = -I—r2
- (225) 

|Yn| 

If we assume that a time zero can be chosen such that the driving 
voltage (at frequency j3) is an even time function, we have 7_„ = y*, 
and the sidebands are symmetrically generated. In this case, 

1 [' 
Yi = - j 

T JO 
7 cos ptd(pt). 

Since |-y| ̂  1, it is apparent that |?i | ^ 2/ir, and so the conversion loss 
to the first-order sidebands is greater than ir2/4 or 3.9 db. An ideal 
modulator thus has a loss of 3.9 db to either first-order sideband. 

As an example, let us neglect reactive effects in the crystal and 
modulator, and take the crystal current-voltage characteristic to be 

/ = A(e'v - 1), 

which, as noted above [Eq. (160)], is an approximate representation 
of the d-c characteristic of an actual rectifier. The r-f admittance will 
then be 

dI A «r 

W = Aae ■ 

Let us assume for simplicity that 2?o = Act = 1, then 

e"v - 1 
and 

? i = ; J 0 e . v , O T , + 1 c o s 0 d * , 

where V = Vo cos /St is the low-frequency driving voltage. If aVny> 1, 

2 / _ 2 In 2 _ 5 ^ \ 
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Assuming a value aV0 = 10, we find 

7i = - (0.856) 

and L = 1 / |TI | 2 = 5.4 db, or 1.5 db above the theoretical minimum loss. 
Measurements by R. V. Pound,1 at the 3-cm band on a 1N23B 

rectifier gave L ~ 6 db, which agrees well with the example given here. 
In this example, all even-order sidebands are suppressed, and the third-

order sidebands are down about 10 db below the first-order sidebands. 
1 Private communication. 
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CHAPTER 6 

NOISE GENERATION 

THEORY 

Little is known about the origin of noise in crystal rectifiers. The 
spreading resistance of the semiconductor must produce thermal (John
son) noise and the barrier, acting as a diode (Sec. 4-3), would be expected 
to produce shot noise of the type unlimited by space charge. Both 
sources of noise will be treated here (see Sec. 6-1). To account for 
certain observations, there must exist other sources of noise. Some 
hypotheses concerning the nature of these sources are made in the follow
ing pages (see Sec. 6-2), but it may be that other, potent sources have 
been overlooked and that some of those considered here are really 
relatively unimportant. 

The "noisiness" of a crystal rectifier is measured by its noise temper
ature, defined as the ratio of the noise power available from the rectifier 
to the noise power available from a resistor, kT0 A/, at the reference 
temperature T0 = 290°K (see Sec. 2-5). 

If a crystal rectifier is not excited by the passage of current through 
it, its noise temperature (at 290°K) is observed to be unity, as required 
by thermodynamics. An excited crystal rectifier is not in thermo-
dynamic equilibrium and its noise temperature cannot be predicted by 
any simple considerations. With d-c excitation, t is usually greater than 
unity, but at small voltages in the forward direction it may become 
less than unity. In use, mixer crystals are excited by high-frequency 
currents from the local oscillator at a power level of about 1 mw. Meas
urement cf many thousands of production samples under this condition 
have given values of t ranging from 1.0 to 3.0. Burned-out crystals 
may have values of t up to 10 or 20. In no authentic case has a value 
less than 1.0 been observed. 

The treatment of the theoretical problem of crystal noise with local-
oscillator excitation has so far met with no success. The following 
discussion is therefore limited to direct-current excitation. 

6-1. Shot and Thermal Noise in Crystal Rectifiers.—In this section 
are considered only shot noise produced by the barrier and thermal noise 
caused by the ohmic spreading resistance.1 

1 The treatment is based on the work of V. F. Weisskopf, See his "On the Theory 
179 
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The barrier of a silicon or germanium rectifier was shown in Sec. 4 3 
to be somewhat analogous to a temperature-limited vacuum-tube diode. 
The mean free path of the electrons is larger than the barrier width 
and the electrons fly over the barrier practically unimpeded by collisions 
or space charge. The discreteness of electronic charge and the random 
arrival of electrons at the metal (or, in the case of the reverse current, 
at the bulk semiconductor) give rise to random current fluctuations 
commonly referred to as "shot noise." Noise of this type was considered 
for the case of a temperature-limited diode by Schottky, who showed 
that the mean square noise current produced by this effect is given by 

? = 2el Af (1) 

in the frequency band / to / + Af. Here e is the electronic charge and I 
is the diode current. 

(a) (6) 
Fio. 6-1.—Schematic diagrams of the equivalent circuit of a crystal rectifier, (a) Case of a 

uniform contact potential; (b) case of a distributed contact potential. 

If this formula could be expected to hold for the case of the crystal-
rectifier barrier, then 

I = Ii + h, (2) 

where Ii and 72 are the electron currents from semiconductor to metal 
and from metal to semiconductor respectively (since Ii and 72 are equally 
effective in producing shot-noise fluctuations). 

Equation (1) should hold for the barrier proper. To obtain the total 
noise from the rectifier there must now be included the contribution 
from the spreading resistance. Here, ideal contacts of uniform contact 
potential must be distinguished from actual contacts which, as noted in 
Sec. 4-4, probably consist of distributed contact potentials. This 

of Noise in Conductors, Semiconductors and Crystal Rectifiers," NDRC 14-133, 
May 15, 1943. 
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distinction is necessary for the following reason. In the case of the ideal 
uniform contact, the spreading resistance may be lumped together 
and assumed to be in series with the barrier as shown in Fig. 6-la. As 
was seen in Sec. 4-4, however, for a distributed contact potential, the 
current flows mostly through local spots of relatively low contact poten
tial. Each of these spots has in series with it its own local spreading 
resistance r*, which is not shared by the other spots. The barrier then 
consists of a number of these series elements all in shunt with each other. 
Finally the spreading resistance r of the entire contact is in series with 
this combination. The situation is shown schematically in Fig. 6-16. 

To calculate the total available noise power the following theorems 
concerning the total noise output of a combination of noise sources are 
utilized. The proofs are fairly obvious. 

THEOREM 1. If a number of noise sources of differential (dynamic) 
resistance p* are connected in parallel, the mean squares of the noise 
currents are additive; hence 

-£* (parallel), (3) 
*' 

and the total available noise power P can be expressed in terms of the 
individual noise powers Pk in the form, 

- X Pk 
■ p k I vA i } (parallel). (4) 

P I1 
i-l pk 

THEOREM 2. If a number of noise sources are in series, the mean 
squares of the emf's are additive; 

7~2 = V T\ (series), (5) 
k 

and the total available noise power is given by 

k \ (series). (6) 

P = lfP* 
k 

In addition there is needed the result of Nyquist1 that the available 
noise power from an ohmic resistance is kT A/. This well-known result 

1 H. Nyquist, Phys. Rev., 32, 110 (1928). 
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is usually proved by thermodynamic arguments. Recent proofs1 based 
on kinetic theory have clearly shown that thermal noise has the same 
nature and origin as shot noise. Weisskopf also derives the noise power 
of a nonohmic resistance in which the electrons gain more energy than 
kT from the field in one free path. A resistance of this type is said to be 
"overloaded." I t is possible that the local spreading resistance of some 
barrier spots of low contact potential would be of this character. 

The simple case of a uniform contact potential is discussed first. 
Uniform Contact Potential.—The noise power PB available from the 

barrier alone is given by the mean square current of Eq. (1), with / 
defined by Eq. (2), multiplied by one-fourth the differential resistance ^ 
of the barrier. Thus, 

PB = ieIR A/. (7) 

This must be combined with the noise power kt A/ available from the 
spreading resistance r according to Theorem 2 above. Then the total 
available noise power is 

p.iS^+JfeTr^ (8) 

The noise temperature t is the ratio of P to k Ta A/; hence, 

t__m!^M. (9) 
R + r W 

The electron currents traversing a barrier of uniform contact potential 
are given by Eq. (4-41), which may be written here as 

eSV e ( l - g ) F 
I' = A[e kT - e kT ]. (10) 

Here V is the net current and is composed of the difference between 
the metal-semiconductor current and the current in the opposite direc
tion. The sum of these two currents will be / of Eq. (1); hence 

eJV_ e(l-$)V 
I = A[ekT + e kT ]. (11) 

In these equations V is the voltage applied to the barrier and /3 is a 
parameter determining the amount of barrier lowering resulting from 
image force and tunnel effect. The height of the barrier above the 
potential of the bulk semiconductor would be <f>0 — V without these 
effects and is /3(4>o — V) as a result of their inclusion. 

1 C. J. Bakker and G. Heller, Physica 6, 262 (1939); P. II. Weiss and S. A. Goud-
smit, RL Report No. 191, Jan. 18, 1943; V. F. Weisskopf, loc. cit. 
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The differential resistance R of the barrier is given by 

From Eqs. (10), (11), (12), and (7) the following expression is obtained 
for the available noise power from the barrier: 

_eV 

PB = ±kT A/ i + J - n - (13) 
0 + (1 - fi)e kT 

In the special case of V = 0, this reduces, as required by thermo
dynamics, to kT A/. When V is large and negative, 

and when V is large and positive, 

PB = l2TAf- ( 1 5 ) 

These formulas hold provided V is less than the contact potential <t>0-
When V > 4>o the barrier no longer contributes noise. 

Since p is a number slightly less than unity, the noise temperature 
PB/kT A/ of a barrier of uniform contact potential should be about £ in 
the forward direction (V » kT/e), unity at V — 0, and should become 
large in the reverse direction. Furthermore, although /3 has been treated 
as a constant, it actually should decrease slowly with increasing voltage-
Thus the barrier-voltage noise temperature for forward voltage should, 
starting from unity at zero voltage, first decrease and later increase with 
voltage. In the reverse direction it should increase rapidly to very large 
values. 

These predictions are only qualitatively in accord with experiment. 
Before comparing them with the facts there will be discussed the more 
realistic but complicated case of a barrier with distributed contact 
potential. 

Distributed Contact Potential.—The total noise power PB of the barrier 
region must now be found by using Theorems 1 and 2 to sum the 
contribution of the rectifying elements of different contact potential with 
their associated spreading resistances. 

Let us first consider voltages V < kT/e. In this case the local 
spreading resistances are usually small compared with the barrier resist
ance, and by Theorem 1, Eq. (7) continues to hold. An alternative 
expression is obtained by summing contributions of the form of Eq. (13) 
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for the spots of different contact potential. With the aid of Theorem 1, 
the following expression is obtained: 

i»*2! PB=^kT A/ 1 - e kT 

7 "L fc+ (i -/»*)« tT 
(16) 

where pt and 0* are, respectively, the differential resistance and the value 

/ v iV1. 
of /3 for the kth spot, and R = I J — I is the total differential barrier M 
resistance. 

If the voltage V is large compared with kT/e, three different possi
bilities can be considered: 

1. No overloading; mean free path I of electrons short compared 
•with the radius a of a spot, that is, ! « o . 

2. Overloading, I « a. 
3. Overloading, I > a. 

In the first case, the local spreading resistances are ohmic and each 
contributes a noise power kT A/. In the second, they are nonohmic 
and their noise power, according to Weisskopf, is (l/a)eik A/, where it 
is the current through the kth spot. In the third case no collisions are 
made in the local-spreading resistances; their noise power is accounted 
for by the barrier shot noise. 

The detailed analysis of each case is rather involved and will not be 
given here. Weisskopf derives limits for the barrier noise power in each 
case, expressing them in terms of the equivalent temperature 8 of the 
barrier, denned by 

kd = eIR, (17) 

where R is the differential barrier resistance, equal to dV/dl. The total 
current I may now be taken as the net current since for Vy> kT/e, 
I\ ~» Ii [see Eq. (2)]. If 6 is assumed to be constant, we obtain on 
integration 

/ = Ae'v'k\ (18) 

where A is an integration constant. I t was pointed out in Sec. 4-4 that 
a formula of this type holds for the barrier if V >5> kT/e, and that the 
slope of the curve, for log I vs. V, is experimentally always smaller than 
e/kT by a factor of about 2 or 4. Thus 0 is larger than T by the same 
factor. 

The limits on PB for the various possibilities are given by Weisskopf 
as 
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ikT Af<PB< U(T + 0) A/ (n° 7 j f i n g ) (19a) 

ikT Af<PB< ike A/ ( ° V e
a

r >>a t | i ng) <«»> 

PB=ik6Af ( ° V e
a

r l 0 <f n g ) (19c) 
From Eqs. (17) and (19c) PB can be expressed as $eIR A/. That this is 
the same as Eq. (7) is not surprising, for when a < I, only diode shot 
noise is contributed by the barrier. 

Overloading should take place, according to Weisskopf, if 

0 > - y, (20) 

where a is a number about equal to 2. 
The ratio a/l should be expected to increase with voltage in the 

forward direction because of the tendency of spots to cluster at high 
voltages (see Sec. 4-4). 

The total noise power of the rectifier is obtained by combining T B 
with the noise power of the series spreading resistance r of the whole 
barrier. Thus by Theorem 2, 

_ RPB + rkT A/ 
F WTT (21) 

I t is evident from the preceding discussion that the general expres
sion, Eq. (7), should hold even for the distributed-contact-potential case 
for voltages V < kT/e, and for any voltage in the severely overloaded 
case (o < I). 

A test of this relation [Eq, (7)] was made by Smith.1 Figure 6-2 
shows experimental and theoretical noise temperatures plotted as a 
function of d-c bias for a number of silicon and germanium cartridges. 
There should be noted the different current scales in the forward and 
reverse directions. 

For most of the units the actual noise is larger than the theoretical. 
However, in the cases of Nos. 6 and 8 the observed noise in the reverse 
direction is less than the calculated noise over most of the range. In the 
forward direction Nos. 6, 7, and 8 (all germanium) definitely have less 
than theoretical noise over part of the range. The neglect of the local 
spreading resistance in this range may perhaps explain the fact that the 
observed noise is smaller than the calculated noise in the reverse direc
tion. Excess noise, on the other hand, must be presumed to result from 
fluctuation effects such as those considered in the following section. 

1 R. N. Smith, " Crystal Noise as a Function of D-c Bias and 30 mc Impedance 
Measured with a Diode Noise Source," NDRC 14-167, Purdue Univ., June 25, 1943. 
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The frequency spectrum of shot noise should be uniform from zero 
frequency to an upper limit determined by the mean time of flight r 
of an electron. Intermediate frequencies in current use are well below 
1/T (which should correspond to about 1013 cps). The noise at high 
frequencies should be reduced by barrier capacitance, but this capacitance 
should be ineffective at the intermediate frequencies now in use. 

6-2. Other Sources of Noise.—Noise produced by processes other 
than the shot effect originates from the current fluctuations that arc 
created by causes other than the discrete nature of the charges, f luctu
ation noise should have a frequency spectrum extending from zero to 
some upper limit determined by the mean duration of a current fluctua-

0.6-0.4 -0.2 0 +0.2+0.4-
D-c bias volts D-c bias volts 

F I G . 6-2.—Noise temperature as a function of d-c bias—no local oscillator. The right-
and left-hand ordinate scales apply to positive and negative bias respectively. The broken 
lines show the experimental data and the solid lines, the values given by Eq. (9). 

tion. Hurwitz1 showed that mean-square fluctuation noise current and 
mean-square shot noise current are additive and hence give the total mean-
square noise current. 

Two possible sources of fluctuation noise have been suggested. 
Weisskopf2 considers the effect of the motion of ions on the contact 
surface. The contact potential is strongly affected by the presence of 
surface ions, whose motion should cause the contact potential to change 
in the region of the motion. Such changes would strongly modulate 
the current passing through these regions. A mechanism of this sort 
is suggested by the fact that double layers of varying strength must be 
assumed to exist on the surface of the crystal in order to explain the 

'See V. F. Weisskopf, "On the Theory of Noise in Conductors, Semiconductors 
and Crystal Rectifiers," NDRC 14-133, May 16, 1943. 

2 Op. cii. 
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variation of contact potential. The ions concentrated on the surface 
are not strongly bound to specific places and may easily be loosened 
by thermal vibrations. They would then move to another place of low 
potential energy. Weisskopf estimates that the ratio of fluctuation 

« 
noise of this type to shot noise should be about 10*Ke kT, where K is 
the fraction of the contact area in which fluctuations occur and c is the 
activation energy for the surface motion of an ion. This ratio can be 
larger than unity for reasonable values of e. 

Another and different source of fluctuation noise has been suggested 
by Schiff.1 He has attributed excess noise to an instability of the contact. 
It is assumed that the "whisker" makes contact with the semiconductor 
only at a number of spots, each of which is small compared with the 
contact dimensions. Each spot is assumed to have its own local spread
ing resistance. Schiff, using the theory given in Sec. 8-2, derives an 
expression for the temperature of a spot caused by the flow of current 
through its spreading resistance. He then shows that this temperature 
is an increasing function of the radius of the spot. Any spot is then 
unstable; for any small fluctuation that decreases the size of a spot 
decreases its temperature. The resulting contraction of the silicon and 
whisker still further decreases the area of the spot. This process con
tinues until the spot contact cools to the temperature of the bulk crystal 
or pulls completely apart. Likewise, a disturbance that increases the 
spot size increases the temperature and thus results in thermal expansion 
and a further increase in size. This continues until the size becomes so 
large that the temperature no longer depends on it. Such instability 
would produce noise with a frequency spectrum from an upper limit of 
the order of magnitude of the reciprocal of the thermal relaxation time 
of one of the small contacts down to nearly zero frequency. This upper 
frequency would be well above the intermediate-frequency range. I t is 
not clear, however, that this process would continue indefinitely; it is 
possible that some spot would tend to grow at the expense of others until 
the whole contact reached a stable configuration. 

INTERMEDIATE FREQUENCY AND VIDEO NOISE 

The intermediate frequencies most commonly used in microwave 
radar are 30 and 60 Mc/sec. Consequently most of the Radiation 
Laboratory data on crystal noise are obtained from experiments at these 
frequencies. Experiments by the University of Pennsylvania group2 

have made available additional data for video and audio frequencies; 
»L. I. Schiff, "Noise in Crystal Rectifiers," NDRC 14-126, Univ. of Perm., Mar. 

10, 1943. 
* P. H. Miller, M. N. Lewis, L. I. Schiff, and W. E. Stephens, "Noise Spectrum of 

Silicon Rectifiers," NDRC 14-256, Univ. of Penn., Mar. 20, 1944. 
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these are discussed in Sec. 6-4. The effect of r-f tuning on noise tempera
ture is discussed in Sec. 7-10. The dependence of noise temperature on 
rectified current was discussed in Chap. 2 (see Fig. 2-17). 

6-3. Dependence of Noise Temperature on Frequency. Dependence 
of Intermediate-frequency Noise on Excitation Frequency.—Noise tempera
tures measured at intermediate frequencies customarily used in radar 
equipment (about 30 Mc/sec) with r-f excitation in the 1-, 3-, and 10-cm 
bands do not agree; in some cases the difference may be as large as 1 or 2, 
or in rare cases even greater. The difficulty in establishing identical 
experimental conditions may explain the differences observed in partic
ular units for different microwave frequencies, but this explanation can-

100 

50 

& I • 
| 100 
I 

50 

0 
1.0 2.0 3.0 4.0 

Noise temperature (times) 
F I Q . 6-3.—A comparison of noise-temperature distributions for 1N23 rectifiers for r-f wave

lengths of 9.8 and 3.2 cm. Random sample of 1N23 rectifiers. 

not as yet be confirmed with data at hand. Measurements made with 
the standard test equipments (see Chap. 9) are illustrated in Figs. 6-3 
and 6-4 for a representative sample of commercial 1N23 units selected 
prior to acceptance tests. Briefly, the experimental conditions require: 
{1) fixed r-f power level, (2) fixed-tuned mixer, (3) i-f coupling circuit 
making the noise temperature measurement independent of i-f resistance, 
and (4) intermediate frequency, 30 Mc/sec. Figure 6-3 shows the dis
tribution of noise temperature for r-f excitation at 9.8 and 3.2 cm with 
r-f power levels of 0.5 and 1.0 mw, respectively. The rectified current 
for a given unit is therefore not ordinarily the same in the two cases, but 
the average values are approximately the same. Figure 6-4 shows the 
distribution of the difference in noise temperature of individual units in 
the 10- and 3-cm bands. 

*,.( = 9.8cm 
P,., = 0.5 mw 

xt.f = 3.2cm 
P,.t = 1.0mw 
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Similar data for the 3- and 1-cm bands are shown in Figs. 6-5 and 6-6. 
The 3-cm measurements were made using standard test equipment, with 
the r-f power level adjusted for each unit to give the same rectified 
current as that obtained at a constant power level of 1 mw in the 1-cm 

100 
£ 

E 

50 

+2.0 -1.0 0 +1.0 
A t (times) 

F I G . 6-4.—Difference in noise temperature of 1N23 rectifiers. At = (1 — U, where t\ is the 
noise temperature for \ r - / = 3.2 cm and t2 is for Xr-/ = 9.8 cm. 

equipment. The intermediate frequency for the 1-cm measurements was 
60 Mc/sec. 

The Spectrum of Video Noise.—The noise output of crystal rectifiers 
at intermediate frequencies of 30 and 60 Mc/sec is approximately the 
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"T_ 

\ = 3.2 cm 
V,.f- 30 Mc/sec 

* = 1.25 cm 

V;.,= 60 Mc/sec 

^ n n 
1.0 2.0 3.0 4.0 

Noise temperature (times) 
FIG. 6'5.—A comparison of noise temperature distributions for r-f wavelengths of 3.2 cm 

and 1.25 cm. The r-f power level was adjusted for the same rectified current at the two 
wavelengths. A random sample of 1N26 rectifiers was used. 

same, as can be seen from Fig. 6-5. At lower frequencies, however, the 
noise temperature increases until at audio frequencies it is orders of 
magnitudes greater than at intermediate frequencies. The noise spec
trum of silicon rectifiers in the range from 15 to 300 kc/sec with d-c and 
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r-f excitation has been investigated by Miller et al.1 No data are avail
able in the range from 1 to 30 Mc/sec. A block diagram of the apparatus 
and a circuit diagram of the input circuit used by Miller for the frequency 

20 

£ 10 
E 

n f~ r 

(-1 

\ , 
-2.0 -1.0 +2.0 0 +1.0 

At (times) 
F I G . 6-6.—Difference in noise temperature of 1N26 rectifiers. A£ = fi — ti, -where ti ia 

the noise temperature for Xr-/ = 3.2 cm, p,-./ = 30 Mc/sec and ti is the noise temperature 
for Xr-/ — 1.25 cm, v;./ = 60 Mc/sec. Data are for the same units plotted in Fig. 6-5. 

range from 15 to 300 kc/sec are shown in Fig. 6-7. The dynamic 
impedance R2 of the crystal, the input resistor Rh and the load resistance 
of the diode RD are connected in parallel to the grid of the first amplifier 
tube. The rest of the circuit is for applying d-c bias to the crystal. The 

Audio and 
Biasing °J r-f choke 

potentiometerf 

• To video 
amplifier 

>Ri 

Input circuit 

Input ZZJ Video amplifier Mixer 

H 
Local 

oscillator 

NC 101 X 
communication 

receiver 

1 kc/sec 
filter Meter 

Block Diagram 
FIG. 6*7.—Input circuit and block diagram of apparatus for measuring noise temperature at 

lo-w frequencies. 

noise diode is a noise-current generator whose mean-square noise current 
is given by Eq. (1). 

1 P. H. Miller, M. N. Lewis, L. I. Schiff, and W. E. Stephens, "Noise Spectrum of 
Silicon Rectifiers," NDRC 14-256, TJniv. of Penn., Mar. 20, 1944. 
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I t follows from Theorem 1 (Sec. G-l) that the mean-square voltage 
applied to the grid of the input tube, with switch S open, is 

When S is closed and the crystal removed, the mean-square input voltage 
is 

^-^^( f iTFfeyfe + ar.)- (23> 
At temperature Ta, tx is unity and h/Rx is much smaller than either of 
the additive terms in Eqs. (22) and (23) and can therefore be neglected 
to a good approximation. 

Let G be the voltage gain of the amplifier. With the crystal removed 
and S open, the square of the amplifier output voltage is given by 

VI = G V A/, (24) 

where a1 is the equivalent mean-square input voltage that would repre
sent the noise generated in the amplifier. 

The square of the output voltage is then 

y 2 = G\V\ + 5? A/) = G* A/ [ ^ n f p t + a*], (25) 

with <S open, and 

V% = G\V?D + a2 A/) = (?' A/ [ ( ^ " f f i ) , + a 2 } (26) 

with JS closed. 
Combining Eqs. (24), (25), and (26) leads to 

(R, + g , V R% _e7_ ( V - VI) f97. 
\R, + Rj R, 2kT, (VI - VI) ("> 

The value of t is calculated from Eq. (27) from measurements of / 
and of VI, V2, and V% with a square-law output meter. For the data in 
Figs. 6-8 and 6-9, Ki = RD = 1000 ohms. If R2 is assumed to be 1000 
ohms also, then Eq. (27) reduces to the expression 

t = 20 / V
vl _ V

v\, (28) 

where the diode current I is expressed in milliamperes and the voltages 
in volts. For values of Ri ranging from 250 to 4000 ohms, the assump
tion that Ri = 1000 ohms introduces a maximum error of about 36 per 
cent. I t is estimated that absolute values of i are accurate to about 
50 per cent. 



192 NOISE GENERATION [SEC. 6-3 

The remainder of the apparatus is shown in the block diagram of 
Fig. 6-7. The video amplifier has a voltage gain of about 104 and has a 
flat response to 1 Mc/sec. The 1000-cps filter has a bandwidth of about 
100 cps. A silicon rectifier, especially selected for negligible harmonics, 
was used for the mixer; the local oscillator was crystal-controlled at a 
frequency of 7 Mc/sec. A noise frequency / from the input circuit 
mixes with the local oscillator to give an output frequency of 7 + / 

Mc/sec. If the communications 
receiver is tuned to 7 + / Mc/sec, 
then the input frequencies of 7 + / 
Mc/sec ± 1000 cps will give a 
1000-cps output voltage and be 
measured on the meter. 

Typical results in the frequency 
range from 15 to 300 kc/sec are 
shown in Figs. 6-8 and 6-9. In Fig. 
6-8 is plotted the relative noise 
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F I G . 6-8.—Noise temperature a t a fre
quency of 30 kc/sec as a function of d-c 
bias in the back direction. (A) Carbon 
Microphone; (B) and (C) silicon rectifiers. 
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F I G . 6-9.—Noise temperature as a 
function of frequency for a commercial 
silicon rectifier. (A) Forward d-c bias of 
0.5 ma; (B) excitation by 10-cm r-f 
power; (C) back d-c bias of 0.01 ma. 

temperature at a frequency of 30 kc/sec as a function of d-c bias voltage 
in the back direction. The absolute noise temperatures are indicated 
for each curve. Curve A shows for comparison the noise from a carbon 
microphone, and Curves B and C are for silicon rectifiers. From these 
curves and others measured, it appears that the noise temperature varies 
roughly as the square of the bias voltage in the back direction, or, over the 
range for which the back resistance is approximately constant, as the 
square of the current in the back direction. Similar results are obtained 
for other frequencies. 
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I 

In Fig. 6-9, the relative noise temperature of a silicon crystal is plotted 
as a function of frequency under the following conditions: for Curve A, 
a d-c forward biasing current of 0.5 ma, Curve B, excitation by 10-cm r-f 
power at a level which gives a rectified current of 0.5 ma, and Curve C, 
a back d-c biasing current of 0.01 ma. The approximate absolute value 
of the noise temperatures are indicated on the figure for each curve. 
This particular crystal has a noise temperature of 1.6 at 30 Mc/sec. 

I t is seen from the curve that (a) the noise with back bias is many 
times larger than with forward bias, and (b) the noise temperature varies 
inversely as the frequency for both d-c bias and r-f excitation in the 
frequency range investigated.1 This relationship is typical of all the 
c rys ta l rectifiers measured by 
Miller, as well as for carbon micro
phones2 and thin metal resistors' 
measured by others. Miller and 
Greenblatt4 have also made meas
urements in the audio range from 
50 to 10,000 cps with an audio 
amplifier and appropriate filters. 
In Fig. 6-10 is shown a typical 
noise temperature-frequency curve 
for a crystal biased with 0.3 volt in 
the back direction. I t can be seen 
from the curve that the inverse-
frequency law is valid down to fre
quencies as low as 50 cps. I t was 
also found that in the audio-frequen
cy range the noise temperature with 
d-c excitation varies as the square 
of the current in the back direction, in agreement with the results pre
viously given for the frequency range from 15 to 300 kc/sec. 

The experimental difficulties of measuring noise at audio frequencies 
make it difficult to assign an absolute value to the noise temperature; 
for the crystal used in obtaining Fig. 6-10 the value of the noise tempera
ture, calculated for a crystal resistance of 300 ohms, is about 14,000 at a 

1 In a private communication to the authors Miller states that unpublished work 
in the 300- to 1000-kc/sec range indicates that the inverse relationship is valid at least 
to 1000 kc/sec. 

• C. J. Christensen and G. L. Pearson, "Fluctuations in Carbon Contacts," Bell 
System Tech. J., 16, 197 (1936). 

• J . Bernamont, "Fluctuations de Potential d'un Conducteur Metallique," Ann. 
pkys., Series 11, 7, 71 (1937). 

* P . H. Miller and M. H. Greenblatt, "Crystal Audio Noise," N D R C 14-387, 
U. of Penn., Jan. 5, 1945. 
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6-10.—Relative noise temperature 
of a silicon crystal as a function of frequency 
in the audio-frequency range, for a d-c bias 
of 0.3 volt in the back direction. 

FIG. 
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frequency of 1000 cps. Since the resistance at a back voltage of 0.3 volt 
is probably of the order of several thousand ohms, the true noise tempera
ture may be as much as ten times this value. Extrapolation of the curve 
of Fig. 6-8 to a frequency of 1000 cps gives a noise temperature of about 
100,000 with a biasing current of 0.01 ma in the back direction. 

Measurements made by the Pennsylvania group on a representative 
sample of commercial rectifiers indicate that something like 5 per cent 
of the units tested have a noise temperature at 1000 cps of less than 700, 
for 10-cm excitation and 0.5 ma rectified current. 

Since both Johnson noise and diode noise are independent of fre
quency, the large increase in noise observed at low frequencies must 
be the result of some other mechanism, one that could account for the 
inverse dependence on frequency observed in the range from 50 cps to 
0.5 Mc/sec. No adequate hypothesis for such a mechanism has as yet 
been suggested. 

6-4. Dependence on Temperature.—Little is known about the way in 
which noise temperature varies with the ambient temperature of the 
rectifier. I t was seen in the earlier part of this chapter that the theory 
of generation of diode noise in the crystal barrier and Johnson noise in the 
spreading resistance predicts less noise than is in most cases observed 
with d-c excitation. The mechanism of the generation of the excess 
noise is as yet unknown. 

The only data available are measurements by Lawson, Miller, and 
Stephens,1 who used aluminum-doped silicon rectifiers made in the 
laboratory. With d-c excitation, measurements of the 30-Mc/sec noise 
temperature were made at room and liquid-air temperatures. A forward-
bias voltage was used and adjusted for each crystal to give the same d-c 
current at the two temperatures; both the dynamic d-c resistance, 
obtained from the slope of the characteristic curve, and the spreading 
resistance increase with decreasing temperature, the low-temperature 
bias therefore being always the larger. The crystals used were unfilled 
in order to avoid changes arising from contraction of the wax filler at the 
low temperature. The data listed in Table 6 1 are for those units that 
survived a cooling cycle with less than 2 per cent change in noise tempera
ture. The observed values of noise temperature, in terms of the standard 
temperature of 290°K, are listed in Column 7 of Table 6-1. The last 
column lists the value calculated for diode and Johnson noise alone; use 
was made of Eq. (9) and the data for spreading resistance and barrier 
resistance obtained from an analysis of the d-c curve and listed in Columns 
5 and 6 of Table 6-1. I t can be seen that although the diode and Johnson 
noise in general decrease with decreasing temperature, the observed noise 
temperature does not show a significant trend in either direction; it would 

1 A. W. Lawson, P. H. Miller, and W. E. Stephens, "Noise in Silicon Rectifiers at 
Low Temperatures," NDRC 14-189, U. of Penn., Oct. 1, 1943. 
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TABLE 61.—CALCULATED AND OBSERVED DEPENDENCE OF NOISE TEMPERATURE ON 
AMBIENT TEMPERATURE 

Crystal 

1 

2 

3 

4 

S 

6 

7 

8 

9 

10 

Tempera
ture, °K 

300 
80 

300 
80 

300 
80 

300 
80 

300 
80 

300 
80 

300 
80 

300 
80 

300 
80 

300 
80 

Bias 
voltage, 

volts 

0.28 
0.69 

0.32 
1.24 

0.30 
0.90 

0.18 
0.75 

0.21 
0.62 

0.28 
0.70 

0.27 
0.84 

0.20 
0.52 

0.17 
0.65 

0.20 
0.58 

D-c 
current, 

ma 

0.77 
0.77 

0.77 
0.77 

0.77 
0.77 

0.58 
0.58 

0.60 
0.58 

0.59 
0.59 

0.58 
0.56 

0.58 
0.58 

0.58 
0.58 

0.58 
0.58 

Barrier 
resistance, 

ohms 

35 
70 

60 
50 

60 
90 

60 
160 

50 
120 

105 
85 

60 
0 

45 
50 

30 
90 

40 
40 

Spreading 
resistance, 

ohms 

30 
380 

60 
400 

40 
300 

40 
360 

50 
300 

45 
380 

80 
530 

65 
230 

80 
290 

70 
280 

( 
observed 

2.1 
1.7 

6.8 
6.4 

9.0 
5.4 

1.7 
3.2 

1.6 
1.8 

2.1 
3.6 

1.9 
3.0 

2.3 
2.7 

2.7 
2.6 

2.0 
1.5 

t (calcu
lated for 
Johnson 

and diode 
noise 
only) 

0.8 
0.4 

1.0 
0.3 

1.0 
0.5 

0.8 
0.8 

0.8 
0.6 

1.2 
0.4 

0.9 
0.3 

0.8 
0.3 

0.9 
0.5 

0.7 
0.2 

therefore appear that the excess noise for d-c excitation does not decrease 
as the temperature drops. As yet no investigation of this effect has been 
made with r-f excitation. 

MICROWAVE NOISE 

6-6. The Crystal as a Microwave Noise Generator.—There is little 
quantitative information on crystal-noise generation at microwave fre
quencies. What information is available concerns the use of the crystal 
rectifier with d-c excitation as a microwave noise source for noise-figure 
measurements. In this application the available noise power under given 
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conditions of excitation must be known; this power may be expressed 
conveniently in terms of the noise temperature at the specified radio 
frequency. As a noise source, the crystal is placed in a conventional 
crystal holder such as is used for mixer-crystal testing. The d-c bias is 
applied at the i-f terminals of the mixer and the r-f noise power is then 
available at the r-f terminals. The incoherence of the instantaneous 
noise voltages makes matching the crystal to the r-f line with conventional 
r-f transforming devices difficult, but crystals that match approximately 
in the standard holders can be chosen from commercial production. If 
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F I G . 6-11.—Apparatus for measuring the r-f noise temperature of a crystal rectifier. 

the crystal is mismatched, 5 to 10 db of attenuation can be placed between 
it and the r-f output terminals whenever it is desired that the noise-
generator impedance be the characteristic impedance of the r-f line. The 
measured noise temperature in the mismatched case, however, will be 
less than the true value since not all of the available output noise power 
will be measured. 

Like low-frequency noise, the microwave noise power output is much 
larger with d-c bias in the back direction rather than in the forward 
direction. With a bias current of 3 to 4 ma in the back direction, the 
3-cm noise temperature of a random sample of 1N23 crystals lies in the 
range from twenty-five to forty times; the r-f noise temperature of 1N26 
crystals at 1.25 cm lies in the range of about ten to twenty times. One 
method of measuring the r-f noise temperature utilizes the "magic T ," 
shown in Fig. 6-11. The properties of this device are discussed in detail in 
Vol. 16 of the Radiation Laboratory Series; the particular property of 
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interest in this application is that when Arms 1 and 2 are terminated with 
matching loads, Arms 3 and 4 are completely decoupled. In the apparatus 
shown in Fig. 611 the local oscillator is connected to Arm 4, and the crystal 
to be tested to Arm 3; local-oscillator power therefore does not enter the 
noise-crystal circuit. Half of the output power of the crystal is absorbed 
in the matched load in Arm 1, but this is compensated for by the fact 
that both noise sidebands are converted to intermediate frequency by the 
mixer. The i-f output terminals are connected to an i-f amplifier and 
output meter. A noise diode, not shown in the figure, may be connected 
to the input terminals of the i-f amplifier for calibrating the output meter. 

The measurement consists essentially in ascertaining two quantities: 
(1) The noise temperature tx of the mixer crystal with the noise source 
replaced by a matched load. This is preferable to turning off the noise 
source since the r-f impedance of the noise crystal changes markedly with 
d-c bias. (2) The noise temperature of the mixer crystal t'x with the 
noise source on. In the latter case the available noise power at the 
input terminals of the i-f amplifier will be 

Ni = kT0tx A/ + kTttG, A/, (29) 

where t is the r-f noise temperature to be measured and Gx is the con
version gain of the mixer crystal. The first term of the right-hand 
member is the available noise power from the mixer crystal and the 
second term is the converted noise power from the noise crystal. The 
noise temperature t'x is then 

from which 

t = ^ ~ * - (31) 

The measurement of t'x, tx, and Gx is accomplished by the methods 
discussed in Chap. 7. The standard noise set described in Chap. 9 can 
be conveniently used by connecting its mixer to Arm 2 of the magic T of 
Fig. 6 1 1 . 

This method may also be used for the calibration of a noise source 
employing a reflex velocity-modulated tube, such as that described in 
Sec. 7-11. 

Alternatively, the r-f noise power from the noise crystal may be 
measured with the microwave radiometer reported by Dicke.1 This 
instrument is described in Vol. 24, Chap. 5 of the Radiation Laboratory 
Series. This method has been used to calibrate 1-cm crystal noise 
sources for use in noise-figure measurements. 

1 R. H. Dicke, "The Measurement of Thermal Radiation at Microwave Frequen
cies," RL Report No. 787, Aug. 22, 1945. 



CHAPTER 7 

LOSS AND NOISE MEASUREMENTS 

LOSS MEASUREMENTS 

7>1. General Considerations.—The initial sections of this chapter 
treat the problem of conversion loss measurement. A difficulty arises 
from the need for apparatus that will satisfy two incompatible require
ments. First, there is needed for the research laboratory an apparatus 
that can measure conversion loss under general tuning conditions in 
order properly to evaluate the capabilities of experimental crystals. 
The flexibility demanded of such an apparatus entails using a multiplicity 
of control knobs. They become even more numerous when facilities are 
provided for noise-temperature measurements to evaluate the over-all 
performances of the crystals under the same conditions that obtain for 
conversion-loss measurements. 

Second, the apparatus must at the same time be simple enough for 
manipulation by unskilled personnel in acceptance testing of production 
units; in other words, it should have a minimum of control knobs. But 
here another problem is encountered. Since the measurements must be 
standardized, a uniform method of measurement must be devised that 
makes it possible for values obtained at one station to be reproduced at 
another. In addition, measuring conditions should as far as possible 
simulate those prevailing in system receivers. But since the latter 
conditions vary so much from one system to another, it is impossible to 
satisfy this requirement and at the same time achieve uniformity and 
simplicity. Conversion loss, as we have seen in Chap. 5, depends on the 
internal impedance of the signal source and not only on the value of this 
impedance at signal frequency but also on its value at image frequency 
and, to some extent, at harmonic frequencies. Now it happens that some 
system receivers are designed to match the mixer to both input (signal) 
and output (i-f) circuits while others are designed to match the input 
but to mismatch the output circuit in order to improve the noise figure 
of the amplifier. The termination at intermediate frequency does not 
directly affect conversion loss, but, transformed through the mixer, it 
affects the signal impedance of the mixer and thus the matching signal 
source impedance on which the conversion loss depends. Again, some 
systems are provided with broadband Ti t tubes which do not re.lect1 the 

1 The same result is sometimes achieved in balanced mixers with narrow-band TR 
tubes by taking advantage of the phase selective properties of the magic T or its 
coaxial equivalent (see Microwave Mixers, Vol. 16, Radiation Laboratory Series). 
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image frequency; other systems have sharply resonant T R tubes which 
reflect most of the image frequency power. Furthermore, the latter case 
shows in practice a distressing lack of uniformity in the phase of the 
reflected image wave. Finally, some, but not all, system designers have 
incorporated harmonic filters in the r-f circuit in order to take advantage 
of harmonic reinforcement. As a result of this lack of uniformity in 
system design, two crystals of the same conversion loss in one receiver 
may have different conversion losses in another. Actually such differ
ences are not likely to exceed one or two decibels and are not very serious 
from the point of view of system efficiency. From the crystal manu
facturer's point of view, however, a difference of one decibel between two 
measuring stations is a serious matter. Failure to meet the conversion-
loss test specification limit as tested by the standard apparatus may force 
the manufacturer to reject a sizable fraction of his crystal production. 
These rejected units, however, may actually have less conversion loss 
than some of the accepted units in some particular system receiver. 

There does not appear to be any simple way out of this dilemma. 
The compromise finally adopted involves the measurement for production 
testing of that particular value of the conversion loss denoted in Chap. 5 
by L0. This value is defined as the conversion loss when the source 
impedance is the same at both signal and image frequency and is chosen 
to match the local-oscillator power (rather than the signal power) to the 
mixer. We saw in Chap. 5 that in practice L0 differs insignificantly from 
L2, the loss when the impedances to signal and image are equal, and this 
common impedance is adjusted to make the loss a minimum. As 
explained in Sec. 5-6, L0 is always greater than the conversion loss mini
mized independently, both with respect to the signal impedance and with 
respect to the image impedance. Thus the system designer is assured 
that a crystal satisfying the test specification limit on L0 will have a loss 
less than or equal to this limit in a well-designed receiver with either a 
sharply or a broadly tuned r-f circuit. The amount by which L0 exceeds 
the system receiver loss for the same crystal will vary in practice from 
zero to about two decibels, the amount depends on the crystal and on the 
receiver design. 

The measurement of La can be made with a simple apparatus that is 
readily aligned and standardized and gives remarkably uniform results. 
This method is described fully in Sec. 7-4 and the standardized test set 
utilizing this method is described in Sees. 9 1 , 9-2, and 9-3. 

No signal in the ordinary sense is employed in this simplified measure
ment. Its function is simulated by a variation in local-oscillator power. 
This variation may take the form of an incremental change in power or of 
an amplitude modulation of the local-oscillator wave. 

Before discussing the simplified method we shall treat other methods 
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more suited to the research laboratory, namely the conventional hetero
dyne method (Sec. 7-2) and the impedance method (Sec. 7-3). These 
have the advantage over the simplified method of greater flexibility, 
making it possible to study conversion loss as a function of image-
tuning and other parameters. 

Conversion loss may be determined indirectly by measuring the ele
ments of the mixer admittance matrix. As explained in Chap. 5, this 
can be accomplished by measuring the local-oscillator mixer admittance y, 
the direct current io, their derivatives with respect to absorbed local-
oscillator power P, and the direct voltage V. Although this method is 
tedious and suitable only to the research laboratory, it is very general, 
giving not only the conversion loss with arbitrary image-tuning but also 
the mixer admittances. I t also determines the extent of reciprocity 
failure and therefore the loss when the mixer is used as a modulator rather 
than as a demodulator. (See Sees. 5-3 to 5-9, for details.) 

7-2. The Heterodyne Method.—The most obvious and direct method 
of loss measurement is the heterodyne method. This method is some-
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F I G . 7-1.—Block diagram of apparatus for the heterodyne method of loss measurement. 

times said to be the only really reliable one since it is the only one that 
simulates system receiver conditions. Actually, as we have seen in the 
preceding section, the simulation is at best imperfect because of the 
variety of conditions one meets in system receivers. We must realize 
that in any direct measurement of loss the value obtained applies only 
to the special circumstances of the measurement. 

The apparatus used in the heterodyne method of loss measurement, 
reduced to bare essentials, is shown schematically in Fig. 7-1. 

A signal generator feeds signal power to the mixer which converts 
the power to the "intermediate frequency" by beating with the local 
oscillator frequency. The converted power is then measured with an 
i-f wattmeter. Both the available power from the signal generator at A 
and the available intermediate frequency power at B must be measured, 
their ratio being the conversion loss. The available signal power is a 
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property only of the apparatus and not of the crystal to be measured; 
once it is determined it needs to be remeasured only occasionally as a 
check on the constancy of the signal generator. 

The mixer must be approximately matched to the i-f wattmeter since 
the available i-f power is desired. On the other hand, the available 
signal power is independent of the tuning at the r-f terminals. This tun
ing can be adjusted so that the measured loss conforms to the various 
special cases treated in Chap. 5. 

The signal power available at A should be in the range of 1 to 10 nw 
for best results. A power higher than this leads to trouble from non-
linearity since the mixer is linear only when the signal power is small 
compared with the local oscillator power ( « 1 mw). Signal power less 
than 1 fiw is difficult to measure accurately. The power available at A 
may be measured by breaking the connection at A and feeding the signal 
into an r-f wattmeter (bolometer). If this is not available as a standard 
piece of test equipment, it can be easily constructed. A thermistor 
element such as a Wollaston wire or a Western Electric bead thermistor 
is used as one arm of a d-c bridge. The bridge is balanced with no r-f 
power applied to the sensitive element. After application of r-f power, 
balance is restored by decreasing the direct-current power in the sensitive 
element. The r-f power is then just equal to the difference in d-c power. 
Care must be taken to insure a good r-f match to the sensitive element. 

The intermediate-frequency wattmeter may be a bolometer of a 
similar nature. Because a continuous indication is desirable for rapid 
measurement, it is convenient to calibrate the i-f wattmeter in terms of 
the off-balance indication of the bridge. For accurate measurement a 
good match from the mixer to the i-f wattmeter is desirable. 

As an alternative to the i-f bolometer, an amplifier followed by a 
calibrated (preferably square-law) detector may be used as a wattmeter. 
Such a detector has the advantage of being free from undesirable thermal 
effects. I t is not easy, however, to maintain a constant amplifier gain at 
usual intermediate frequencies ( « 30 Mc/sec), although the difficulty 
is much reduced if the intermediate frequency is in the audio range. 
But then the problem arises of maintaining the two high-frequency 
oscillators at a small frequency separation. One solution is to use only 
one oscillator with audio-frequency amplitude modulation (see Sec. 7-4). 
The two modulation sidebands then replace the signal. This method 
has the disadvantage that no discrimination between signal and image is 
possible, with the result that the loss can be measured only under the 
condition of equal impedance at signal and image. 

The i-f amplifier gain can be maintained at some constant level by 
making frequent reference measurements of "standard crystals." Main
taining gain by this method is difficult if variable tuned measurements 
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are wanted, because it means returning to some standard tune each time 
a check measurement is made. 

There is no such difficulty with fixed-tuned measurements, for which 
the mixer is permanently tuned at input and output at some standard 
impedance level. This level is determined by finding the mean of the 
impedance spreads of a large number of crystals of the type to be 
measured. The circumstance that the actual absorbed i-f power rather 
than the available power is measured, however, introduces error. 

In the heterodyne method one must take care to maintain frequency 
stability of the oscillators. The usual AFC techniques can be employed to 
maintain constant frequency difference. If highly resonant r-f circuits 
are to be used, however, absolute frequency stability should be main
tained. A satisfactory method is to use one of the frequency stabilization 
schemes devised by Pound (see Vol. 16 of the Radiation Laboratory 
Series). 

To study conversion loss as a function of image impedance, a filter 
must be used in the signal generator lead. A high-Q transmission cavity 
such as a T R tube might, for example, be inserted at A in Fig. 7*1. The 
phase of the image wave reflected by the cavity can then be altered by a 
line stretcher between the mixer and the cavity. Proper account must 
be taken of the signal transmission loss in the cavity. A difficulty 
encountered in such an arrangement is that local-oscillator power is also 
reflected by such a bandpass filter, and large variations in rectified 
crystal current occur when the phase of the reflected image wave is 
altered by the line stretcher. A more satisfactory method is to use a 
band-rejection filter that reflects only the image frequency; a sidearm 
can be attached at A (Fig. 7-1) and terminated by a single window cavity 
tuned to the image frequency. The line length between this cavity 
and the main line is then adjusted to pass an off-resonant frequency 
through the main line without reflection while the image frequency is 
reflected. The phase of the reflected image wave can then be varied by 
adjusting the line length between this sidearm and the mixer. A device 
of this type was employed by Beringer (see Sec. 7-7) in his investigation 
of the effect of image impedance on loss and noise temperature. 

7-3. Impedance Methods.—It is well known that the transmission 
loss of a four-terminal linear passive network can be determined from a 
number of measurements of the impedance at one terminal pair with 
known loads attached to the opposite pair. Any linear four-terminal 
device is completely specified by its admittance matrix, that is, by the two 
self-admittances and the two transfer admittances. If the device is pas
sive the two transfer admittances are equal and give reciprocity. In such 
a device only three (complex) quantities are needed to define the properties 
0' the device; the loss may be measured by not more than three independ-
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ent measurements of impedance. If reciprocity does not hold, however, 
the four characteristic parameters determining the properties of the net
work cannot all be determined by impedance measurements. The reason 
is that impedance measurements determine only the product of the trans
fer admittances whereas the loss depends on their ratio also. 

We have seen (Chap. 5) that a crystal mixer can be regarded as a 
linear network which, however, is not generally passive. The con
version loss of the mixer cannot therefore be determined in general by 
impedance measurements alone. Reciprocity failure has so far been 
observed only in germanium rectifiers, however; the impedance method 
can still be used, therefore, for silicon crystals, although not with perfect 
confidence. The impedance method is worth using when possible 
because the method is easy, quick, and capable of high precision. 

If at least weak reciprocity (equality in phase of the transfer admit
tances) can be generally assumed, and no exception has yet been observed, 
the impedance method still has some general utility. As noted in Sec. 5-8, 
if weak reciprocity holds, conversion loss L can be expressed as 

L - £ L ' , (i) 

where gap/gpa, the so-called "reciprocity factor," is the ratio of the signal-
i-f to the i-f-signal transfer admittance. The quantity L', the so-called 
"impedance loss," depends only on the product of g„e and gpa, not on the 
ratio, and can therefore be determined by impedance measurements. 
Thus by measuring the dependence of L' on image-tuning in this way, the 
variation of L with image impedance can be determined at least to within 
a constant factor. 

An early application of the impedance method to crystal mixers was 
made by Marcum,1 who measured r-f impedance with open-circuited and 
closed-circuited i-f terminals. Dicke2 also devised a version of the 
impedance method involving the measurement of i-f impedance with 
three different r-f loads. Later R. V. Pound modified and improved 
Marcum's method. 

The Dicke Method.—This method has the advantages of being simple, 
quick, and capable of high precision. Figure 7-2 shows a block diagram 
of the apparatus used. 

An r-f oscillator buffered by a matched attenuator feeds a slotted 
section of waveguide into which may be inserted a standard susceptance 
consisting of a metal wire encased in a polystyrene plug. The slotted 

1 J. I. Marcum, "Operation of Crystal Rectifier Units at Microwave Frequencies," 
Westinghouse Research Report SR-158, Dec. 4, 1942. 

2 R. H. Dicke, "Reciprocity Theorem and Its Application to Measurement of 
Gain of Micro-Wave Crystal Mixers," RL Report No. 61-18, Apr. 13, 1943. 
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section is followed by a line stretcher whose purpose is to vary the 
electrical distance between the susceptance and the crystal. Next comes 
the crystal mixer, provided with a tuner for matching it to the wave
guide. The d-c terminals of the mixer which also serve as the i-f terminals 
are connected to a 60-cps bridge. 

The measuring procedure is as follows: 

1. The mixer is matched to the guide and the r-f power is either 
adjusted to some standard value or adjusted to give the desired 
rectified current. The r-f power is about 1 mw (ordinary local 
oscillator level). 

Oscillator 

' 

Attenuator 

60-cps 
bri dge 

Standard 
susceptance 

f 
Slotted 
section 

Crystal 
mixer 

Line 
stretcher 

■ 

Tuner 

F I G . 7-2.—Block diagram for the Diuke impedance method of loss measurement. 

2. The dynamic conductance of the mixer at 60 cps is measured with 
the bridge. This quantity we denote by go. 

3. The standard susceptance is placed in the slotted section and the 
attenuator adjusted to give the original crystal current. 

4. The line stretcher is adjusted to maximize the 60-cps conductance. 
This value 0i of the conductance is measured. 

5. The line stretcher is adjusted to minimize the 60-cps conductance. 
This minimum conductance 02 is measured. 

The (impedance) conversion loss may then be found from these data, 
0o, 0i, and 02, together with the value p of the standing-wave voltage 
ratio introduced in the guide by the standard susceptance. 

In particular the value of L'0, the impedance conversion loss when 
image and signal are terminated alike and the mixer is matched at local-
oscillator level, is given by 

^ ° 2 ( L ^ T , g B ( g \ 7 g , ) V (2) 
,o + 1 (0i - 0o)(0o - 0r) 
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Equation (2) will be derived now, and it will be shown how the con
version loss under other conditions of tuning may be determined from 
the same data. 

Equation (5-64) gives the i-f conductance g$ of the mixer when the 
r-f load admittance common to signal and image is a real conductance ga. 
If the r-f load admittance is not purely real, the i-f admittance remains 
real provided the r-f admittance is the same at signal and image. Using 
an analysis similar to that employed in deriving Eq. (5-64) we find for 
<7s, in this more general case, 

= 0« -
where 

2gaeg0q(gaa - gay + ga) 

Va = g*+ jba 

2 ' (3) 

(4) 
is the r-f load admittance. Equa
tion (3) is easily seen to reduce to 
Eq. (5-64) if we put ba = 0. Now if 
the standard susceptance is inserted 
and the line is stretched between the 
susceptance and the crystal, the r-f 
load admittance ya will traverse a 
circle in the admittance plane. This 
circle has its center on the real axis 
which it intersects at ga = pg and 

ga = - g, where g is the guide con- F I G . 7-3.—Diagram showing circle 
traversed by the r-f load admittance as 
the line is stretched: g = line conductance; 
p = standing-wave ratio. 

ductance and p the standing-wave 
voltage ratio introduced by inserting 
the susceptance (see Fig. 7 3). The equation of the circle is 

12 1 / l \ 2 [-K'̂ M -̂K'-i)" 9' (5) 

If Eq. (5) is solved for b„ and substituted in Eq. (3), we see that the result
ing expression for gp can be expressed as a fraction containing ga linearly 
in both numerator and denominator. Consequently g$ as a function of 
ga has no stationary values, and the greatest and least values of gg occur 
at the extreme values of ga, that is, at ga = pg and g„ = g/p. Further
more, ba = 0 at both these points. Thus we obtain from Eq. (3) for 
pi and 02 respectively the maximum and minimum values of gt as the line 
is stretched, 

2000000 
01 = 0J30 -

92 = 900 

0«a + gay + P0 
2ff,.fl03» 

0oa + gay + Q/p 

(6) 

(7) 
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The i-f conductance go, when the standard susceptance is removed, is 
found by replacing p by unity in either of these results, 

90 ~ m ~ g„. + g„ T +7 (8) 

Because, under this condition, the mixer is matched to the oscillator 
conductance g, we have from Eq. (5-26), 

g = g*„ - gay. (9) 

Equations (6) to (9) inclusive may now be solved for gaa, g^, and 
g^gst, with the results 

g*a = 9 (P - 1) -g, (10) 
L p C 

m = 9» + (gi - g.) {p I(P
C)+ ^ cy (ID 

ga»g»a = (.71 - <ji) C
2(P

p _ Cj2g. (12) 

gi ~ go 
go - g2 

(13) 

Equations (9) to (13) inclusive give the elements of the admittance matrix 
of the mixer in terms of the guide conductance g, the standing-wave 
ratio p, and simple impedance measurements at the d-c terminals of the 
mixer. Only the product ga$gpa is determined in ''his way. As mentioned 
above, the ratio gap/gpa—the reciprocity factor—cannot be found by 
impedance measurements. Substituting these results into our formula 
(Eq. (5-77)) for the conversion loss L0 we obtain 

L0 = 2 ^ p ~ 1 g°(gi ~ 9J) j /14v 
gssa p + 1 (gi - g0)(go - gn)' 

which with Eq. (1) gives Eq. (2) for the impedance loss, L'0. 
The values obtained for gaa, etc., may now be substituted into Eqs. 

(5-141) and (5-142) to give the losses under various conditions of image 
tuning. 

The great advantage of impedance methods is that no difficult 
r-f power measurements are required, whereas all other methods involve 
measurement of r-f power. This suggests that the impedance technique 
may be used to measure r-f power instead of loss. For example Eq. (51), 
which is derived in the next section, gives L0 in terms of the r-f power P . 
Eliminating La between Eqs. (14) and (51), a result is obtained for P in 
terms of the reciprocity factor p and of quantities all determined by simple 
low-frequency measurements, capable of high precision. Of course, full 
reciprocity (ga3 = gpa) must be assumed in such measurements, but this 
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assumption appears to hold for silicon crystals. This method of r-f 
power measurement, suggested by Dicke, has not yet been exploited but 
appears to have some value. To the authors' knowledge all other abso
lute power measurements are calorimetric, that is, they involve the trans
formation of r-f power into heat. 

A special case of interest arises when the standing-wave voltage ratio p 
becomes very large. In this case g\ and g? are the i-f conductances when 
the r-f terminals are respectively short-circuited and open-circuited. 
From Eqs. (6) and (7) we find for p = °o, 

(72 _ 1 _ 2ga^gfia 

gi 9im(g«* + got) 
Now in Sec. 5-7 it was shown that the lossL2 (loss minimized with respect 
to the r-f load impedance, which is the same at signal and image) is given 
by Eq. (5-72) 

(15) 

L, = 2 g*$ 1 + \/l — V2 

where 7j2 is given by Eq. (5-73). 
Eq. (15) we see that 

U = 2 

/ i ( 1 6 ) 

Comparing this expression for ?;2 with 

g«e 1 + v W f f i (17) 
0.0 1 - v W f f i 

Thus the (impedance) loss L2 may be found from only two measure
ments of i-f conductance, the third measurement (<7o) being unnecessary. 
In practice the oscillator power in 
this method is introduced into the 
guide by a loosely coupled probe, 
and the impedance is changed 
from a short circuit to an open 
circuit by the motion of a plunger 
terminating the waveguide. This 
method was suggested by F. B. 
Llewellyn and has been used to 
some extent at the Bell Telephone 
Laboratories. I t has the disad
vantage of requiring an oscillator 
capable of putting out a large 
amount of power, since the oscil
lator must be loosely coupled to 
the guide. Also it is difficult to 
keep the absorbed local-oscillator 
power constant as the plunger is moved. Furthermore, the method 
determines only L2 and gives no information about the loss under more 
general conditions of tuning. 
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Fia. 7-4.- -Essentials of the Pound method 
of loss measurement. 
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The Pound Method.—The impedance conversion loss may equally well 
be determined from r-f impedance data. The essentials of the Pound 
method are illustrated in Fig. 7-4. An r-f bridge is connected to the 
signal terminals of the mixer. With the i-f terminals short-circuited, 
the tuner T is adjusted to balance the bridge. This operation is equiv
alent to matching the mixer to the bridge circuit with the result that the 
mixer does not reflect signal power. The i-f terminals are then open-
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F I G . 7-5a.—Block diagram of apparatus used in the Pound method of loss measurement. 
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current 
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F I G . 7-56.—Diagram of the i-f circuit in the Pound method of loss measurement. 

circuited and the off-balance reading of the balance indicator is recorded. 
The (impedance) conversion loss is then directly obtained from this one 
datum. 

A more detailed diagram of Pound's apparatus is shown in Fig. 7-5. 
The test mixer is mixer A and the r-f bridge is the magic T with its 
associated circuits in Arms 1, 2, and 4. There is no direct cross coupling 
between opposite arms of the magic T. Thus if Arms 3 and 4 are termi
nated in matched loads, no power from the signal generator will go up 
Arm 2, the indicating arm of the bridge, and the balance-indicating 
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meter M will read zero. If Arm 3 is mismatched, half the signal power 
reflected by Arm 3 goes up Arm 2 and the other half is absorbed in Arm 1. 
The reading of meter M is therefore proportional to the signal power 
reflected by Arm 3. 

The crystal to be tested is placed in mixer A and the procedure is as 
follows: 

1. The power of the local oscillator A is adjusted to give the desired 
crystal current. 

2. The i-f terminals are short-circuited (Switch Position 1 in Fig. 7-5b) 
and the tuner T is adjusted until meter M reads zero. This 
matches the signal to the mixer. 

3. The i-f termination is switched to a parallel tuned circuit (Switch 
Position 2 in Fig. 7-56) and the circuit is tuned with the variable 
condenser for maximum reflected signal power as indicated by 
meter M. As will be shown later, this operation is equivalent to 
open-circuiting the i-f terminals. 

4. The conversion loss is then given by the formula 

Lm = q*Vi±±. (18) 
g»« V P - l 

The loss given by Eq. (18) is that obtained when the internal imped
ance of the signal source is adjusted to make the loss a minimum. The 
image termination is held fixed in making this adjustment. In Eq. (18) 
gc,e/g»c. is the usual reciprocity factor (not determined by the measure
ment) and p is the standing-wave ratio in Arm 3. The value of p is 
found directly from the reading of meter M. This reading, d, is pro
portional to the reflected signal power in Arm 3 and thus to the square 
of the magnitude of the reflection coefficient, J-yj2, which is the ratio of 
reflected to incident power. The reading do, corresponding to complete 
reflection, is found by short-circuiting Line 3 with the r-f shutter. Thus, 

By adjusting the gain of the amplifier, do is conveniently made full scale. 
The T R tube in Arm 2 is not essential, but it acts as a bandpass filter, 

passing the signal frequency and reflecting other frequencies. Thus no 
power from local oscillator A is admitted to mixer B, and conversely no 
power from oscillator B is admitted to mixer A. In practice it is con
venient to tune oscillators A and B on opposite sides of the signal and to 
control their frequencies relative to the signal with conventional AFC 
circuits. 

Formula (18) will now be derived. In Chap. 5 it was shown that the 
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properties of the mixer network are determined by the equations [Eq. 
(5-91)] 

i$ = Ypaea + Y' $$z (20) 

The subscripts a and /3 denote, respectively, the signal and inter
mediate frequencies, i„ and i$ are the complex currents and ea and eg 
the complex voltages at the mixer terminals. The coefficients Yaa, etc. 
depend on the image-frequency termination according to Eqs. (5-92) to 
(5-95). 

In the present case the i-f termination is purely reactive so that 

if = -jBet, (21) 

where B is the susceptance loading the i-f terminals. 
The signal admittance, 

Ya = ^, (21a) 

of the mixer is found by substituting Eq. (21) in Eq. (20). We obtain 

Y. = Yaa - ■££*■ (216) 

Under the conditions of measurement, the signal is matched to the mixer 
when the i-f terminals are short-circuited. That is, Ya is equal to the 
conductance go of the waveguide or transmission line when B = °°. 
Thus 

Yaa = g0 = (?„«, (21c) 

where Gaa is the real part of Yaa. 
For some general value of B we have from Eqs. (216) and (21c), 

YapYpa 

9o G„(Y„+j~B)' 
and the magnitude of the reflection coefficient in line 3 is 

Ya 

go 

\y\' = 

- + i 
go 

\Y«YU\X 

[2GJB» - Re(YafY„„)]■> + [2Gaa(B + £„„) - Im(F0glV)P 
Clearly |7|2 as a function of B is a maximum when 

R _ Im(r«orgg) 
tf>, 

(22) 

(23) 

(24) 

(25) 
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and the maximum value of \y\ is 

i I \YapY$a 
m 2GaaGpp — Re(yo/sF0a) 

The standing-wave ratio at maximum reflection is 

(26) 

l - IT 

Substituting Eq. (26) in Eq. (27) we obtain 

1 

where 
_ 2\YaflYiSa\ 

P = \±%- (27) 

2GaaGp0 + Ko/s^o| — Re(YapYpa) 

(28) 

(29) 

Now in Chap. 5 it was shown that the conversion loss Lm (signal 
generator impedance adjusted to give minimum-loss, arbitrary-image 
termination) is given by [see Eq. (5-109)] 

, _ |r*| I + Vi -
|r,.li _ vr=l ' 

where e is the same as in Eq. (29). Thus, 

\Yf«\ V P - 1 

In Sec. 5-8 it was shown that the factor | F a / s | / | ^ a | is independent of 
the image termination if, and only if, weak reciprocity holds. Assuming 
weak reciprocity we obtain, using Eq. (5-116), 

r _ g«fl V p + 1 , , 1 \ 
Lm - -= -j (^1) 

Q»« V P — 1 
which is the desired result. 

Comparing Eq. (25) with Eq. (5-112) for the characteristic i-f admit
tance of the mixer, we see that the required value of B for maximum signal 
reflection is just tha t needed to tune out the i-f susceptance of the mixer. 
If B is now considered as part of the mixer, with the result that the i-f 
admittance is real, the tuning to give maximum signal reflection is then 
equivalent to open-circuiting the i-f terminals. 

This method of measuring loss has the great advantage of requiring 
only one meter reading. Only the fraction of reflected power is required, 
the result being independent of phase. I t is reasonably quick and is 
capable of high precision. Figure 7-6 shows a plot of the impedance loss 
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L' = Vp+i as a function of the reading of Meter 2. The abscissa is 
VP- l 

the ratio of the meter reading with a crystal reflecting the signal to the 
reading when complete reflection is produced (by closing the r-f shutter). 
This ratio is equal to the fraction of reflected power [see Eq. (19)]. 

I t should be noted that Lm depends on image termination. The 
image termination that applies to this measurement is of course the par

ticular one in the experimental 
apparatus. With the arrangement 
illustrated in Fig. 7-4, the image is 
matched, that is, it is not reflected 
back to the crystal. The loss Lm can 
be studied as a function of image 
impedance, by using a filter circuit 
in Arm 3 (see Fig. 7-5a). This filter 
always transmits the signal without 
reflection but may reflect the image. 
The phase of the image reflection 
can then be varied by inserting a line 
stretcher between the filter and the 
mixer. As an example, a bandpass 
filter such as a T R tube may be in
serted in Arm 3. By this technique, 
Pound found that the largest and 
smallest values of Lm as a function of 

the electrical distance between this cavity and the mixer differed by 
about 1.5 to 2.0 db for a number of crystals tested. 

Before leaving the subject of loss determination by impedance 
measurements it would be well to discuss how far results of this type of 
measurement agree with corresponding results obtained using more con
ventional methods. Provided care is taken to compare losses of the same 
definition, there is excellent agreement in the case of all silicon crystals 
and of some germanium crystals, but for other germanium crystals large 
discrepancies are found. Fifty silicon and germanium crystals were 
measured for L<> using both the Dicke impedance method and the Roberts 
amplitude-modulation method. In no case was a discrepancy larger 
than 0.2 db found for the silicon units, but some of the germanium units 
indicated impedance losses as much as 3 db less than the corresponding 
directly measured values. I t is reasonable to attribute this discrepancy 
to the reciprocity factor gae/gpa since other measurements have shown 
this factor often to be greater than unity in the case of germanium. In 
no case was the impedance loss found to be greater than the directly 
measured loss. 

F I Q . 7-6.—Conversion loss as a function 
of the fraction of reflected power. 
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7-4. The Incremental and Amplitude-modulation Methods. The 
D-c Incremental Method.—We now come to the methods of loss measure
ment found to be most satisfactory in production testing. As explained 
in Sec. 7-1, the quantity measured is L0. By Eq. (5-79), L0 is given by 

U = 
, 3 / 
'dV m (32) 

where I is the direct (rectified) current, V the direct (bias) voltage and P 
the absorbed local-oscillator power. These quantities are all easily 
measurable. The partial derivatives are not easy to measure directty 
since it is difficult to maintain one variable (V or P) constant while the 

Amplitude-
modulated 
oscillator 

Calibrated 
attenuator 

Crystal 
holder 

D-c 
circuit 

F I G . 7-7a.—Block diagram of apparatus used in the incremental method of loss measure
ment. 

^ v w 
25k 

A A A — i 

-»<50k 
1 

F I G . 7-76.—D-c circuit used in the incremental method of loss measurement. 

other is varied. The equation for L0 can be so transformed, however, as 
to make measurement of the partial derivatives unnecessary in order to 
obtain a fair approximation to Lo. 

A schematic diagram of the circuit used in the measurement of L0 
is shown in Fig. 7-7. The crystal is loaded by the resistance n + r2, 
which is usually adjusted to about 400 ohms. The current supplied by 
the battery balances out the crystal current at some standard r-f power 
level P and makes the current in the microammeter zero. The resistance 
ri develops a d-c bias voltage V across the rectifier at the r-f power level P . 
The r-f power is then increased by dP, producing a change in rectified 
current which is indicated by the meter. The change in bias voltage dV 
is then the product of the resistance, 

1 , 
- = ri + r2, (33) 

by the change in current, or 

dV dl. (34) 
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Now any change in direct current dl is given by 

dl =~}dV + ^dP. (35) 

Eliminating dV and solving for dl/dP gives 
, 3 7 

ej_ _ 9b + avdi 
dP ~ gb dP 

Substituting this in Eq. (32) we obtain 

(36) 

L - 9b dV (37) 

*•(&)'(»+ £)' 
1 n Eq. (37) we may take Po to be the average power, P + idP. Now 
dl/dV, by Eq. (5-84b), is the i-f conductance of the converter under 
the conditions of measurement. If gt, is equal to dl/dV, the factor 

A d I 

i9bdV 
(38) (9b + If)' 

is unity and the loss is given by 

L° = / J 7 \ 2 " ( 3 9 ) 2P»(I) 
This method is ordinarily used in fixed-tuned measurements and gb 

is chosen to be equal to the mean i-f conductance of the type of crystal 
to be measured. For any one crystal the Factor (38) is generally less 
than unity but the error involved in using Eq. (39) instead of Eq. (37) is 
less than -j db if 

1 / dI ^ o 
29b<dV< 29b-

For routine measurements the Factor (38) is usually dropped, but it 
must be included in accurate work. 

The loss is obtained from Eq. (39) by measurement of gb, Po, dP, and 
Cl. The change in current dl is directly indicated on the microammeter 
and gi, is accurately measured with a bridge. The r-f power P 0 is meas
ured with a bolometer and is a property of the apparatus only. I t can 
be maintained constant by reference to standard crystals. The change 
in power dP is produced by a change in attenuation between the crystal 
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and the r-f oscillator. The attenuator must be carefully calibrated fcr 
this purpose. 

The d-c incremental method outlined here is not well adapted to 
rapid production testing. I t is used rather to establish an absolute 
calibration of standard crystals. These crystals are then used to calibrate 
the actual production test apparatus, which is of the amplitude-modula
tion type. 

The Amplitude-modulation Method.—In the amplitude-modulation 
method an r-f oscillator is matched to the mixer at local-oscillator level 
( « 1 mw). The output of the oscillator is then modulated in amplitude 
at some low audio frequency /S. The modulation envelope is detected by 
the crystal which develops a voltage at the frequency /3 across an output 
load. The conversion loss Lo may then be found from this voltage if the 
percentage modulation and the power of the oscillator are known. This 
method was developed independently by Smith1 and Roberts.2 The 
particular form now in general use is that of Roberts and is the one 
described here. 

The amplitude-modulation method is similar to the d-c incremental 
method in that no signal power is used, its function being exercised by a 
variation in power of the local oscillator. I t is well known, however, 
tha t a sinusoidal amplitude-modulated wave is equivalent to a sinusoidal 
carrier plus two sinusoidal symmetrically located sidebands. The carrier 
in our present case can be conceived as the local-oscillator wave, and the 
two sidebands as two signals, each separated in frequency from the local 
oscillator by the modulation frequency /3, which plays the role of inter
mediate frequency. Each signal sideband is the image of the other. 

The problem of deducing the relation between L0 and observable 
quantities in this measurement can be simply handled. But to make the 
result unambiguous, especially with reference to the precise definition 
of the modulation coefficient and to questions of coherence of the beat 
products from the two sidebands, we must go back to the fundamental 
mixer equations [Eq. (5-61)], reproduced here. 

ia = gaaea + ga»e$ + gaye* \ 
ifi = goaea + gwe$ + gpae* > (40) 
i* = g«yea + g^e? + gaae*. ) 

Here the subscripts a, /3, and 7 denote, respectively, the signal frequency, 
intermediate frequency, and image frequency; ia, etc. are the complex 
current amplitudes; ea, etc. the complex voltage amplitudes at the 
terminals of the mixer; gaa, etc. are the elements of the admittance matrix 

1 R. N. Smith, " Measurement of Conversion Gain with a Modulated Oscillator," 
NDRC 14-144, Purdue Univ., Apr. 20, 1943. 

* S. Roberts, RL Reports No. 53-23, July 3, 1943, and No. 53-28, Aug. 3, 1943. 
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of the mixer. In our present case both signal and image waves are 
incident on the crystal and there is perfect symmetry between them, 
giving 

and (41) 

Imaginary axis 

Signal 

Nside band 
voltage 

The fact that the signal current and voltage are complex conjugates 
of the corresponding image quanti
ties may be seen at once if we con
sider the vector representation of an 
amplitude-modulated wave. The 
voltage (or current) of the carrier 
is a constant (real) vector and the 
two sidebands are vectors of equal 
magnitude rotating with respect to 
the carrier in opposite directions. 
The frequency of the rotation equals 
the modulation frequency /3 (see 
Fig. 7-8). 

The choice of time zero required 
1 to make the carrier voltage real also 

gives a real admittance matrix, 
Thus Eq. (40) reduces to 

7-8.—Vector representation 
amplitude-modulated wave. 

provided weak reciprocity holds. 

i„ = (gaa + gay)ea + gap 
H = 1gnaea + (42) 

The "intermediate frequency" is now the modulation frequency 0, 
and since the output of the mixer is loaded by a con
ductance gb, we have 

H = —gteff. (43) 

The oscillator is represented by Norton's theorem 
as a constant current generator with an internal con
ductance g as illustrated in Fig. 7-9. 

The impedance offered by the mixer to the carrier 
must be distinguished from that offered to its side
bands. Under the conditions of measurement the 
carrier (which replaces the local oscillator) is matched to the mixer. The 
internal conductance g of the oscillator is thus given by Eq. (5-26); 

F I G . 7-9.—Oscil
lator represented as 
a constant current 
generator (A) with 
i n t e r n a l c o n d u c 
tance (g). 

9 = ff« (44) 

The conductance offered by the crystal to the sidebands will not, how
ever, be g because of the fact that the sidebands are at a low level with 
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respect to the carrier. The sidebands will not, therefore, be matched to 
the mixer. 

If A a is the magnitude of the current generated at the sideband 
frequency a, and Ao is the corresponding quantity for carrier, we have the 
usual expression for amplitude modulation 

Aa = imAo, (45) 

where m, defined by this expression, is the so-called "modulation coeffi
cient" of the oscillator. The current Aa is equal to the current ia in the 
mixer plus the current gea in the conductance g, or 

A* = i„ + gea. (46) 

Eliminating Aa, ia, e„, gay, and if from Eqs. (42) to (46), inclusive, we 
obtain 

i mAo = _ g , ( W ~ + g~gw-?■*»■> 
2 \ g»a ) 

(47) 

The i-f load conductance gt is normally chosen to equal the mean 
i-f conductance, gp, of a large group of the type of crystal to be measured. 
For any particular crystal, however, gt will differ in general from g$. 
Let us put 

gb = rig?, (48) 
where by Eq. (5-84a) 

gt (49) 
yaa 

is the i-f conductance of the mixer when the mixer is matched to the local 
oscillator as in the present case. 

Substituting Eqs. (48) and (49) in Eq. (47) we obtain 

m2|A0|2 _ . I 2 ( l + ny 
4n 99%° \ 

Comparing Eq. (50) with Eq. (5-77) we see that the expression in the 
square brackets on the right of Eq. (50) is just L0. Solving for this we get 

Lo ~ n _i_ „\2 l e i ' (6 1) 
An m2P 

(lT^P grf? 
where we have put P = |A0|2/8<7 as the available power from the carrier 
and Ep = \ep\/\/2 as the rms modulation voltage across the load gt. 

I t must be noted that m is the modulation coefficient referred to the 
available power of the oscillator and not to the power actually sent into 
the crystal at the sideband frequencies.1 

1 See L. C. Peterson and F. B. Llewellyn, Proc. I.R.E., 33, 458 (1945). 
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The expression An/(1 + n)2 appearing on the right side of Eq. (51) 
is identical to the Factor (38) appearing in the expression for L0 in the 
incremental method. It is replaced by unity in production testing. 

The amplitude-modulation method may be used either as an absolute 
or as a relative method. 

As a relative method standard crystals (standardized by the incre
mental method) are used to establish the basis of measurement. Since 
wi2, P, and gb are constants of the apparatus they need not be measured 
directly. The power P is adjusted to give the correct rectified current 
of the standard crystals. The modulation in production testing is 
usually provided by applying a 60-cycle voltage to the grid of the oscil
lator. This voltage is then so adjusted that the correct readings for the 
standard crystals are obtained on the output a-c voltmeter. The dial 
of this voltmeter is usually calibrated in decibels so that the loss L0 can 
be directly read from this meter. 

If the amplitude-modulation method is used as an absolute method 
one must measure gb, P, and m2: I t is easy to measure gb with a bridge; P 
is determined with an r-f bolometer employing a thermally sensitive 
clement such as a Wollaston wire or a thermistor bead. The modulation 
coefficient m is difficult to measure if the modulation is applied elec
tronically. The modulation may be applied mechanically by the device 
in Fig. 9-18 by which the coefficient m may be measured with great 
precision. A cardboard disk,1 one side of which is covered with a 
resistive coating of carbon, is mounted eccentrically on a motor-driven 
axle (see Fig. 7-9). The disk is arranged to penetrate somewhat into the 
waveguide or transmission line between the oscillator and crystal holder. 
Because of the eccentric mounting the amount of penetration varies 
over one revolution of the axle. Since the power transmitted is attenu
ated by an amount depending on the degree of insertion of the disk, the 
transmitted wave is modulated in amplitude as the disk is turned by the 
motor. The modulation may be made sinusoidal by proper mounting 
and shaping of the disk. The envelope of the transmitted wave can be 
accurately determined by measuring the transmitted power into a linear 
matched load as a function of angular position of the disk. The modula
tion coefficient is then found from the envelope. Details of this method 
are given in Chap. 9. 

NOISE-TEMPERATURE MEASUREMENTS 
7-5. General Considerations.—The measurement of noise tempera

ture calls, like loss measurement, for two distinct types of measuring 
equipment, namely, easily manipulated equipment adapted to accurate 
and rapid routine measurement as in production testing, and equipment 

1 The material of the disk is the same as that used in making carbon rheostats. 
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for the research laboratory capable of measuring the noise temperature of 
crystals with possibly widely varying properties. 

By definition, the noise temperature is the ratio of the available noise 
power of the crystal to that of a resistor at a standard temperature, 
chosen, for convenience, to be 290°K [see Eq. (2-26)]. The available 
noise power from a resistor at this temperature in a bandwidth of 1 Mc/sec 
is 4.0 X 10~16 watt, and consequently a high-gain amplifier is required 
for the measurement. The output power of the amplifier is measured 
with a wattmeter. 

With the amplifier-meter combination the F-factor can be measured. 
In Chap. 2 the F-factor was defined as the ratio of the available output 
noise power Nc of an amplifier loaded by a crystal mixer to the available 
output noise power N„, when loaded by a standard resistor. In Eq. (2-32) 
there was derived for the noise temperature, in terms of the F-factor, the 
expression 

t = FUY - 1) + 1. (52) 

The application of this equation is limited by the fact that both the 
F-factor and the i-f noise figure are functions of the i-f impedance of the 
crystal; the input impedance of the amplifier changes when the standard 
resistor is replaced by a crystal of different impedance. Roberts'1 

analysis, presented in this section, yields an expression for the noise 
temperature of a crystal in terms of the F-factor and of the i-f admittance 
of the crystal if a narrowband amplifier is used. This method is not 
adapted to routine testing, however, since it requires a separate measure
ment of the i-f impedance. Roberts2 has therefore designed a nondissi-
pative circuit for coupling the crystal and the amplifier which makes Y 
independent of the crystal conductance to a first approximation for the 
range of i-f conductances ordinarily encountered in commercial crystals. 
Such a circuit for use with a narrowband amplifier is discussed in Sec. 7-6, 
and test sets incorporating it are described in Chap. 9. 

The noise temperature can also be measured by an application of 
Eq. (2-28). In this equation the over-all noise figure of a crystal-mixer-
amplifier combination is given by 

f L = L(t + V. - 1), (53) 

where L is the conversion loss of the crystal, t is its noise temperature, and 
F[.t is the effective noise figure of the i-1 amplifier. To calculate t requires 
measuring F'w F[.h L, and the i f resistance (which enters implicitly); 
hence, this procedure is not adapted to routine testing. In development 

1 S. Roberts, "Theory of Noise Measurements on Crystals as Frequency Con
verters," RL Report No. P i l l , Jan. 30, 1943. 

' hoc. cU. 
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work on crystals, however, it is frequently desirable to measure all these 
quantities in assessing the quality of the unit. Methods for their 
measurement in one test set are therefore included in Sec. 7-10. 

We will now proceed to the derivation of an expression for the F-factor 
as a function of the i-f impedance of the crystal. An equivalent circuit 
for the input to the i-f amplifier is shown in Fig. 7-10. The crystal is 
represented by the noise-current generator ti of conductance gt. The 
noise-current generator i2 represents the noise generated by the input 
conductance g2 of the amplifier. The susceptance b is the total input 
susceptance of both the mixer and amplifier. 

F I G . 7-10.—Equivalent circuit for a crystal rectifier coupled to the amplifier for the noise-
temperature measurement. 

If t is the noise temperature of the crystal, then the available noise 
power of the crystal in the incremental frequency range df is kT0t df, and 
the mean-square noise current of the crystal noise generator is 

di\ = 4fc7V(7i df. (54) 

Similarly, the mean-square noise current associated with the input con
ductance of the amplifier is 

di\ = 4kTogi df. (55) 

Then the mean-square noise voltage applied to the grid of the input 
tube is 

di\±M _ 4fc7'o(<ffl + g2) df 
\v\2 den- = (56) 

(0i + <72)2 + 62 

The output noise power, measured by the output meter of the ampli
fier, is given by 

dN0 = u(g2 dT1 + vkTo df), (57) 

where u is the actual power gain of the amplifier and v is a constant for 
the amplifier. The quantity vkT0 df is the noise power at the grid of the 
input tube equivalent to that part of the output noise generated in 
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the amplifier itself. The first term of Eq. (57) is the contribution to the 
output power from the actual power input to the amplifier, g2 de1. 

Combining Eq. (56) and (57), we obtain 

and 

N. = kT, 

For an amplifier whose bandwidth is small compared with that of the 
input circuit it can be assumed that b, git g2, and t are constant over the 
range of integration, hence Eq. (59) may be written, 

*° = kT° ^iv + v /udf + kTo Iuv df> m 

where the integration is to be carried out over the pass band of the 
narrowband amplifier. 

To obtain the F-factor an expression is required for the noise-power 
output Not when the crystal is replaced by a standard resistor of con
ductance g,. The susceptance b is tuned out for this measurement. 
Hence, setting 6 = 0, t = 1 and replacing gi by g, in Eq. (60), we obtain 

N„, = kT0
 4f2 / udf + kT0 / uv df. (61) 

9' T 02 J J 

Also from Eqs. (2-12) and (2-13) we have 

N„ = F',kT0 j G. df, (62) 

where F', and G, are, respectively, the effective noise figure and gain of the 
i-f amplifier with a signal generator of the same conductance as the 
standard resistor. The quantity G, is the ratio of the power delivered 
to the output meter to the available input power from the signal generator. 

We now need an expression for G, in terms of u, g,, and g2. The out
put-meter reading S0 is proportional to the input power, 

& = ug2e\. (63) 

With an i-f signal generator of conductance g. and short-circuit current 
ti, the available power from the signal generator is 

Sl = A. (64) 
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With this signal generator connected to the input terminals the input 
voltage is 

ff. + 92 
Combining Eqs. (63), (64), and (65) we obtain 

-Si 
G. 

(g. + g*)2 

The substitution of Eq. (66) in Eq. (62) gives 

No. F'jcTi ±g,92 f u df. 

(65) 

(66) 

(67) 

-S3-1 + 1. (68) 

(g. + g?) 
Combining Eqs. (60), (61), and (67) we obtain 

v = ^2 = 1 Hfa + ribi- + s*y 
N„ K 1 ff.Kffi + ?2)2 + 621 ?, 

If the susceptance b is tuned out for each measurement, t can be calcu
lated from measurements of Y and 
<7i. If the r-f terminals of the mixer 
are terminated with the same 
impedance at signal and image 
frequencies, the variation in crys
tal susceptance from crystal to 
crystal is small and can be tuned 
out approximately with a fixed 
adjustment. 

To investigate the effect of vari
ation in crystal conductance on the 
F-factor, let us write Eq. (68) in 
simplified form by putting gi = pg. 
and g2 = mg,. Assuming 6 = 0, 
we obtain 

_L_ \{tp + m){l + m)* 
F'.l (p + my 

2.2 

2.0 

1.8 

i, 
I 

1.4 

1.2 

1.0 

oa 

_ ■ " - ■ \ ( = 6 

= ^ - ^ X 
= ~ ^ \ ^ S \ -̂ T̂̂ \ 

^ ^ " ^ \ £ = 3 ^ 
^ \ ^ ^ ^ ^ \ ^ 
^ ^ - ^ = 2 

^ \ ^ = 1 

, ^ ^ ^ ^ 
0.5 1.0 2.0 

Crystal conductance in units of standard 
conductance p= g1/gl 

F I G . 7-11.— F-factor as a function of 
crystal conductance, with the crystal 
coupled directly to the amplifier, for various 
values of t. 

'] - m - 1 + 1. (69) 

If the crystal conductance is equal 
to the standard conductance, then 
p = 1 and Eq. (69) reduces to Eq. 
(52). 

Figure 7-11 presents Eq. (69) graphically for different values of t; 
Y is plotted as a function of p for values of p from 0.5 to 2. Values of 
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F', = 4 (6 db) and m = 1 were used in plotting the graph. An inspection 
of Fig. 7-11 gives an idea of the errors to be encountered if the dependence 
of F-factor on crystal conductance is ignored. For example, a crystal 
with a noise temperature of 2 and a conductance of 0.5^„ has a larger 
F-factor than a crystal with a noise temperature of 3 and a conductance of 
2ga. The range from 0.5g, to 2ga plotted in Fig. 7-11 is sufficient to cover 
the distribution of i-f resistance in commercial rectifiers. 

7-6. The Roberts Coupling Circuit.—A nondissipative coupling circuit 
designed by Roberts1 makes the F-factor independent of crystal imped
ance to a first approximation, provided that (1) variations in crystal 
susceptance are small enough to permit the susceptance to be tuned out 

with a fixed adjustment, and (2) the band
width of the i-f amplifier is sufficiently 
small. The coupling network also serves 
a useful function as an impedance trans
former which matches the crystal to the 
amplifier. 

The coupling network is shown in block 
diagram in Fig. 7-12. The crystal conduct
ance g[ is connected to the input terminals 

of the coupling network; the input terminals of the amplifier, having a 
conductance gi, are connected to the output terminals of the network. 
The admittance presented by the output terminals of the network is 
<7i + jb, in accordance with the notation of the preceding section. 

Considering ^i and b as the only variables in Eq. (68), we may write 

Coupling 
network 

Amplifier Crystal 
F I G . 712.—Block diagram of 

input coupling network for noise-
temperature measurements. 

dY =dYdgi dYdb 
dg[ dgi dg[ + db dg[ (70) 

If F is to have a stationary value for g[ = g„ then it is necessary that 

(IL,. - °- (7i) 
We see from Eq. (68) that dY/db = 0 when b = 0. If, also, 

it is evident from Eq. (70) that the condition of Eq. (71) is satisfied. 
The two conditions that the network must satisfy, therefore, are (1) 

6 = 0 when g[ = g„ 

1 S. Roberta, "Theory of Noise Measurements on Crystals as Frequency Con
verters," RL Report No. 61-11, Jan. 30, 1943. 
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and (2) 

C»i = PS, 

-m, 
Both these conditions can be obtained 
with a simple Il-network, such as that 
shown in Fig. 7-13; the network also 
serves as an impedance transformer for 
matching the crystal to the amplifier. 
Let us express the admittances of the 
elements of the network in units of g, as 

FIG. 713.—input coupling network shown in Fig. 7-13, and let n be the im-
for a narrowband amplifier. , 1 „ , , 

pedance stepup ratio of the network. 
Then 

j*g, 
4= V j 5 i 

01 = 

and 

6 = 

h = n w 
* p2 + (y-x)2' 

xy(y - x) — v'y +4 p2 + (y - x)2 

From Eq. (73) we see that b = 0 for g[ = g, (or p = 1), when 

= y - xy(y - x) 
l + (y - xy 

The second condition of the preceding paragraph is satisfied when 

\ d p / p _ 1 

(y - xy = i . 

Combining Eqs. (75) and (72) and setting p = 1, we obtain 

y 
Then, 

\ n 

x = y ± 1, 
z = y ± h2-

* - * 
2p 

. 1 - p2 

+ n 1 + p2 

(72) 

(73) 

(74) 

(75) 

(76) 

(77) 

Substituting Eqs. (76) and (77) into Eqs. (72) and (73), we obtain 

(78) 
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For the circuit of Fig. 7-12 and for a stepup ratio of n, Eq. (68) becomes 

Y = 1 
F'( ^Kg^ + gir + v] g> 

- ? ^ - l + 1. (79) 

Substituting the values for <7i and b from Eq. (78), and assuming the 
standard conductance matched to the amplifier (g^ = g,/n), we obtain 

Y=K 
■Uh+) 

(-^- + iY + (^-2Y 
+ i, (80) 

where p = g[/g.. When p = 1, Eq. (80) reduces to Eq. (52). Figure 
7-14 shows graphically the relation 
between Y and p for values of p from 
0.5 to 2, for an amplifier for which 
F', = 4 times. If the crystal conduct
ance is in the range 0.5<7„ < g[ < 2gs, 
the greatest error that can result from 
using Eq. (52) is about 11 per cent of 
t — 1 for the particular amplifier con
stants chosen in Fig. 7-14. Thus for 
a noise temperature of 2, the maxi
mum error is approximately 0.1, about 
the same as the experimental error of 
measurement. The method is there
fore an excellent one for routine test
ing and has been used in the standard 
test equipment described in Chap. 9. 

7-7. Narrowband Coupling Cir
cuit.—It can be shown by a similar 
analysis that Y can be made indepen
dent of p to a good approximation 
through the use of an input circuit 
with a bandwidth narrow compared 
with that of the amplifier. The analysis shows that, for the narrowband 
coupling circuit, g2 must be very large compared with gf„. Sherwood and 
Ginzton1 have used this method, employing as a coupling circuit a high-Q 
parallel-tuned circuit with the crystal connected to a tap on the induc
tance coil. For such a circuit, it can be shown that the product of band-

1 E . Sherwood and E. Ginzton, "Techniques for Testing Radar Crystal Con
verters and Some Results," Sperry Gyroscope Co. Report 5220-106, Mar 6, 1943. 
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Fia. 7-14.—Graph of Y as a function 
of crystal conductance for the coupling 

ff'i 
V circuit of Fig. 7-13. , where g, 

is the standard conductance and g'\ is 
the crystal conductance. 
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width and i-f crystal resistance is constant; the crystal noise voltage 
applied to the grid is therefore independent of the crystal conductance, 
provided the crystal conductance is not so large that the bandwidth of 
the input circuit exceeds that of the amplifier. Circuits designed by 
Sherwood and Ginzton were suitable for a range of i-f resistance from 
about 250 to 2000 ohms. The method has not been used extensively for 
crystal-testing, hence further details will not be given here. 

7-8. Use of the Noise Diode in Noise-temperature Measurements.— 
It was pointed out in Chap. 6 that the mean-square noise current gener
ated in a temperature-limited diode is given by 

l -2 2el A/, (81) 

in the frequency band / to / + A/, where e is the electronic charge and / 
is the diode current. If the diode is connected to a load resistance R, the 
mean-square noise voltage across the resistor arising from the diode noise 
is 

if = 2eIR* A/. (82) 

The mean-square noise voltage arising from Johnson noise is 

if = ikT„R A/; (83) 

hence the total mean-square noise voltage across the resistor is 

7* = 5* + 4 = UcToR A/ ( l + ! ^ Q - (84) 

The available noise power from the resistor is 

p = g = *r0A/(i+ig-). (85) 

I t is clear, then, that the effect of the diode current is to make the 
resistor noisier by an amount that can be calculated from a measurement 
of the diode current. The noise temperature of the "noisy" resistor is 

1 = 2W„ + l = 20IR + *' ( 8 6 ) 

when To = 290°K, and I is the diode current expressed in amperes. 
The noise diode thus provides a source of variable, known noise 

temperature or a means of adding known amounts of available noise 
power to the input circuit of an amplifier. Its use for absolute measure
ment is applicable to intermediate frequencies, where R can be accurately 
determined. I t has been used with some success, however, as an r-f 
noise source for relative noise-figure measurements. 
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An example of the application of the noise diode is the calibration 
of noise-temperature apparatus such as the standard sets described in 
Chap. 9. In this application the standard resistor is inserted in the equip
ment and the noise diode is connected. The output meter can then be 
calibrated directly in terms of noise temperature by means of Eq. (86). 

A second application of the noise diode is the measurement of noise 
figures of i-f amplifiers, accomplished as follows. With the noise diode 
off and a resistor connected to the input terminals of the amplifier, the 
output noise power is given [see Eq. (2-15)] by 

N. = kTJUh* A/, (87) 

where F[.{ is the effective noise figure and G^ is, as usual, the ratio of the 
power measured by the output meter to the available input power. 

With the noise diode on, the available input-noise power from the 
diode current is, from Eq. (82), 

P = £> (88) 

so that 
eTJf 

P = ~ kT0 A/ = 20IRkT0 A/. (89) 

The total amplifier output power is then 

# = kToGu Af(F'H + 20IR). (90) 

From Eqs. (88) and (90), 
N _ 20IR 
W„-1+ T?T' (91) 

whence 
F, 20IR 

N_ _ (92) 
N0 

I t is customary practice to adjust I so as to make N = 2Nt>; then 

Fi, = 20hR, (93) 

where 7i is the diode current required to double the noise output. 
Diode noise generators are included in the standard test equipment 

described in Chap. 9, and details of construction will be given there. 

MEASUREMENT OF LOSS, NOISE, AND RECEIVER NOISE FIGURE 
7'9. The Measurement of Receiver Noise Figure.—It has been shown 

in Eq. (2-15) that the effective noise figure of a network is given by 
F' = mm" (94) 
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where N0 is the output-noise power measured by the output meter and 
G' is the power gain of the network-meter combination at the maximum 
of the gain-frequency characteristic. The bandwidth B is denned by the 
relation 

lo'Gdf B = ^ (95) 

Applying these equations to a microwave receiver, we see that, with 
no signal input, the output-noise power is given by Eq. (94). If a signal 
generator of available power N' is connected to the input terminals of the 
receiver, the output-noise power of the receiver is 

N2 = F'kToBG' + N'G', (96) 
whence 

* ' - 1 4. N' m 

K ~ 1 + WkT^' ( 9 , ) 
from which 

N' 1 
kT0B iV2 _ 

N0 

(98) 

If the available noise power of the signal generator is adjusted so as to 
double the output-noise power, 

AT' 
(99) 

If a c-w signal generator is used, the determination of noise figure by 
means of Eq. (99) involves a measurement of only N' and B. 

The effective bandwidth B can be determined by measuring the 
frequency-response curve of the i-f amplifier if the latter's bandwidth is 
less than that of the mixer, as it is in receivers employing the usual 
crystal mixer. For this purpose a variable i-f generator is used with an 
internal impedance equal to the i-f impedance of the crystal mixer. 

The input power N' is supplied by a signal generator provided with a 
variable attenuator. The noise figure that is measured is the noise figure 
for the particular generator impedance used in the measurement. 

Since the noise figure of a good receiver may be as low as 7 or 8 db, 
it is necessary to measure input powers as low as 10 -14 watt for a band
width of 1 Mc/sec. The smallest microwave power that can be measured 
with good laboratory apparatus to an accuracy of a few tenths of a decibel 
is about 1 iiw. Hence a c-w signal generator must be equipped with a 
calibrated attenuator of about 80-db maximum attenuation. Such 
equipment can be built, but it is difficult to maintain and is not practical 
for general use. 
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A noise generator employing the 417A klystron as a diode has been 
developed for use in the 10-cm band by Waltz and Kuper.1 In this 
application the reflector is connected to the cavity to prevent oscillations, 
and the tube is operated at a high voltage to insure saturation and low 
transit time. The output-noise power is proportional to the cathode 
current, but Eq. (81) does not apply because of transit-time effects. Since 
the load conductance is not known with any certainty, calibration is 
required for absolute measurements. The range of available power is 
sufficient to measure noise figures up to about 30 db, and the bandwidth 
is approximately 2.5 Mc/sec. With a cavity voltage of about 1500 volts, 
the output power is constant to about 1 db when the cavity is tuned over 
the range from 9 to 11.5 cm. This device is found to hold its calibration 
over long periods of time and is suitable for general field use; a correction 
must be made, however, when the bandwidth of the receiver being 
measured is greater than that of the noise source. 

In the 3-cm range similar noise sources have been constructed, using 
the type 723A tube. Since the output noise is a critical function of 
voltage and frequency, such use is restricted to the laboratory, where 
they may be calibrated in situ by a method such as that described in 
Sec. 6-5. For a more detailed account of noise sources the reader is 
referred to Vol. 11 of the Radiation Laboratory Series. 

Another useful r-f noise generator is a crystal excited by d-c bias in 
the back direction, as discussed in Sec. 6-5. The crystal can be calibrated 
for a given d-c bias by the methods described in that section. This noise 
source has the advantage that the output-noise power is independent 
of the frequency and proportional to the bandwidth; the bandwidth 
therefore cancels out in the noise-figure measurement. If U-i is the r-f 
noise temperature of the crystal for a given d-c bias, then the available 
noise power is 

N' = kToBU.!. (100) 

Equation (98) then becomes 

F> = ^ ± - (101) 

No 

The ratio Na/N0 can be conveniently measured with a square-law output 
meter connected to the terminals of the receiver, such as a bolometer or 
a crystal operated in the square-law region. 

For a more complete discussion of noise-figure measurements the 
reader is referred to Vols. 18 and 23 of the Series. 

1 M. C. Waltz and J. H. B. Kuper, "Simplified Measurement of Receiver Sensi
tivities," RL Report No. 443, Sept. 17, 1943. 
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7-10. The Measurement of Mixer-crystal Properties.—It is often 
desirable in the course of crystal development to measure the various 
mixer-crystal quantities under very general conditions. A convenient 
method is to use a crystal as an r-f noise source and a noise diode as an 
i-f noise source with the apparatus shown in Fig. 6-11. With such 
equipment it is possible to measure the i-f resistance, loss, and noise 
temperature of the receiver crystal, the i-f noise figure, and the over-all 
receiver noise figure. The method is applicable to receivers for which 
the output power is a function of the i-f resistance at the input terminals. 
The input circuit of such an i-f amplifier is shown in Fig. 7-15. The diode 

noise source is connected through a 
blocking condenser to the crystal 

__ __ mixer. I t functions as a constant-
n | J . |( « •—.—~X—-\ current noise generator with the con-

" ^ — L L v L I M i x ductance of the crystal or the standard 
resistance cartridge used for calibra
tion, as the case may be. The single-
tuned circuit of resistance i?i can be 
tuned to resonance with the variable 
condenser C; this is done with each 
measurement, hence the input imped

ance is a pure resistance. The input conductance of the amplifier can be 
adjusted with the resistance Rz. Filters, represented byL 2 andL3 , serve 
to decouple the power supply and the d-c terminal of the mixer at inter
mediate frequency. 

Measurement of Crystal I-f Resistance.—For this measurement the r-f 
noise source is turned off. Let P i and P 2 be the available input noise 
power with the i-f noise source turned off and on, and with a resistor 
cartridge of resistance R in the mixer. Then, from Eq. (85), 

B* D - c crystal current 
FIG. 7-15.—Input circuit for the 

laboratory measurement of mixer crystal 
properties. 

Pi - Pi = 20IRkTQ A/. (102) 

The difference in output noise power of the amplifier with the noise diode 
on and off is 

N2 - N1 = AN = 20IRkToG-,., A/ = F(R). (103) 

The gain G-,.1 is the ratio of the power measured by the output meter to the 
available input power, and is therefore a function of R. Equation (88) 
also applies when the resistor is replaced by a crystal, R in this case being 
the i- f crystal resistance. To determine the i-f resistance of the crystal, 
the output meter is calibrated by measuring AJV for a series of resistor 
cartridges with various values of R, keeping / constant at a predetermined 
value. With the crystal inserted, AJV is read for the given value of / , 
and R determined from the calibration curve. 
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Measurement of Receiver Noise Figure.—The receiver noise figure is 
measured by means of the r-f noise source, as described in the previous 
section. 

Measurement of Conversion Loss.—The conversion loss of the crystal 
is calculated from noise-diode measurements and the known values of R 
and FL. 

With the noise diode off and the crystal in the mixer, the output-
noise power is 

#3 = kT&jn* A/ = kT&fiJL A/, (104) 

where Gx is the conversion gain of the crystal. 
With the noise diode on, the output-noise power is 

Nt = N3 + ZOIRJcTfa., A/, (105) 

where Rx is the i-f resistance of the crystal. 
Combining Eqs. (104) and (105), we obtain 

Nt _ 2QIR. 
'T / W3 - J - GJL' (106) 

whence 

(SH F' 

Measurement of Noise Temperature.—Once the receiver noise figure, 
conversion loss, and noise figure of the i-f amplifier are known, the noise 
temperature can be calculated from the relation 

FL = LX{FU + t - 1). (108) 

The noise figure of the i-f amplifier F'n depends on the input conductance; 
it can be measured as a function of R by means of the noise diode and the 
standard resistor cartridges. With a resistor cartridge in place and the 
noise diode off, the noise output of the amplifier is 

(109) 

(HO) 

Combining Eqs. 

whence 

Ni = 

(109) and (103) 

N2 

N, 

FU-

kT&Jtt A/. 

we obtain 

, 20IR 
- l ~ wi ■> 

2QIR 
N> . 
AT- - - ( 1 U ) 

Ni 
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By means of Eq. ( I l l ) F[.t may be evaluated as a function of R. 
noise temperature t is then calculated from Eq. (108): 

t 
F' 

- (FL - I)-

The 

(112) 

R-f noise 
source 

723-A - ;4 Tuning screw 

Shorting 
plunger KP Tunable 

cavity C2 

n 
Line stretcher 

Mixer 

7-11. Loss and Noise Temperature as a Function of R-f Tuning.—The 
conversion loss was seen in Chap. 5 to depend on the internal impedance 
of the signal source at signal and image frequencies, and, to a lesser 
extent, at harmonic frequencies. Moreover, the theory shows that the 

i-f conductance depends strongly on the 
relative phase at the crystal of the waves 

> ^ I l J^T\ 2 i \ °f these frequencies which have been re-
yj^-^ f ^ C ^ J fleeted at the r-f terminals. The effect 

of r-f terminating impedance on noise 
temperature is also of practical impor
tance. An experimental investigation has 
been made by E. R. Beringer1 at the 
Radiation Laboratory in which the con
version loss, i-f resistance, and noise tem
perature were measured in an apparatus 
so designed that the impedance of the 
source at signal and image frequency could 
be controlled independently over a range 
of values. The data for typical 1N23B 

rectifiers are given in this section. A similar investigation on the welded-
contact germanium rectifiers is discussed in Chap. 13. 

The methods used in the measurement of these quantities are in 
general those described in the preceding section. A diagram of the 
apparatus is shown in Fig. 7-16. The local oscillator and r-f noise 
source are connected to opposite arms of a magic T, connected as shown 
to a second magic T. The filter cavity removes the noise sidebands of 
the local oscillator at signal and image frequencies. The r-f noise source 
is a 723A tube connected as a diode, with the cavity tuned to signal 
frequency. The resistance-strip attenuators in the arms of the magic T 
have sufficient attenuation to terminate them approximately with the 
characteristic line impedance. The second magic T functions as a 
rejection filter at the image frequency. The tunable cavity is tuned to 
the image frequency. By adjusting the tuning plunger in the opposite 
arm, approximately 75 per cent reflection was obtained at the image 
frequency, with essentially no reflection at signal or local-oscillator 
frequencies. The phase of the reflected wave can be varied by means 
of the line stretcher L. In addition, the tuning screw may be used to 

F I G . 7-16.—Apparatus for meas
uring crystal properties as a func
tion of image and signal source 
impedance. 

1 Unpublished. 
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tune the signal independently. The amplifier input circuit was that 
shown in Fig. 7-15. 

Results for a randomly selected sample of 1N23B crystals are shown 
in Table 7-1. These data were taken with a signal frequency of 9423 
Mc/sec and an image frequency of 9363 Mc/sec. The tuning screw S 
was not used; hence the impedance of the source at signal frequency was 
the line impedance. All measurements were taken with 0.90 ma of 
rectified current and no d-c bias on the crystal. The first and third row, 
TABLE 71 .—EFFECT ON CRYSTAL PROPERTIES OF THE PHASE OF REFLECTED WAVE 

AT IMAGE FREQUENCY 
For each crystal, the data in the first and third rows are for the phases which give 

maximum and minimum i-f resistance, respectively; the second row is for a match at 
both signal and image frequencies 

Crystal No. 

1 

2 

3 

4 

5 

R 

455 
330 
210 

560 
325 
185 

610 
415 
270 

520 
325 
218 

390 
282 
180 

t 

1.5 
1.9 
1.5 

1.4 
1.3 
1.2 

2.1 
1.9 
2.0 

1.9 
1.8 
1.4 

1.6 
1.4 
1.3 

L, db 

6.8 
6.6 
7.6 

5.6 
6.0 
6.8 

5.8 
6.4 
7.0 

6.5 
7.0 
7.5 

6.6 
6.9 
8.0 

t/R 

0.0034 
0.0058 
0.0072 

0.0025 
0.0040 
0.0065 

0.0034 
0.0046 
0.0074 

0.0037 
0.0055 
0.0064 

0.0041 
0.0050 
0.0072 

for each crystal, give the data when the image phases are such that the 
i-f resistance is a maximum and minimum, respectively; the second row 
gives the results when there is a match at both image and signal fre
quencies. The variation in conversion loss is about 1 db for variations 
in R of more than a factor of 2. The noise-temperature variation, how
ever, is less than 25 per cent; in some cases there is no significant change. 
If we consider the crystal as a noise generator of shunt resistance R, then, 

kT0tAf=1^. (113) 

from which i2 <* t/R. I t can readily be seen that with changes in image 
phase the silicon crystals are much more like a source of constant noise 
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temperature than of constant noise current. This is also true when 
both the mage and signal frequencies are mismatched, as shown by the 
data in Table 7-2. These data were taken by replacing the second 
magic T (that is, with cavity) of Fig. 7-16 with a sliding tuning screw 

TABLE 7-2.—NOISE TEMPEBATUHE AS A FUNCTION OF SIGNAL AND IMAGE REFLECTION 
Measurements were made with the phase adjusted for maximum and minimum 

i-f resistance and the power-reflection coefficient approximately 0.5. 

Crystal No. 

1 

2 

3 

4 

5 

R 

530 
230 

610 
190 

790 
268 

595 
220 

460 
195 

t 

1.7 
1.7 

1.7 
1.3 

2.4 
2.2 

2.3 
2.0 

1.6 
1.6 

having a power-reflection coefficient of approximately 0.5; with this 
arrangement both signal and image frequencies are reflected. The two 
sets of values in the table are for maximum and minimum values of R. 
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FIG. 7-17.—Noise temperature, conversion loss, and i-f resistance of a 1N23 rectifier 
as a function of image phase. The phase is varied by changing the line length between 
the mixer and reflecting cavity. 

Figure 7-17 shows the i-f resistance, noise temperature, and conversion 
loss for a 1N23 rectifier as a function of image phase. The crystal was 
matched at signal frequency, and a crystal current of 0.5 ma was used, 
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with self-bias from the d-c meter resistance (about 100 ohms). The phase 
was varied by means of the line stretcher; the abscissa is the relative 
position of the cavity as the effective line length is changed. The dis
tance from cavity to crystal increases as the abscissa increases, and the 
range covers approximately a complete cycle of image phase at the 
crystal. 



CHAPTER 8 

BURNOUT 

8-1. General Considerations.—Contrary to widely held opinion, the 
modern crystal rectifier has been perfected to a point where, handled 
with reasonable care, it has remarkable endurance and stability, both 
mechanical and electrical. The precautions to be observed in handling 
crystals have been discussed in Sec. 2-2. 

The present chapter will treat the phenomenon known as "burnout ," 
which may be defined as a change in the rectifying and converting properties 
of crystal rectifiers as the result of excessive electrical overloads. One type 
of burnout is that caused by accidental static electrical shocks, discussed 
in Sec. 2-2 also. Here we are primarily concerned with overloads 
encountered in microwave radar receivers. These overloads may occur 
as a result of 

1. Poor shielding of the crystal output leads, that is, the leads to the 
amplifier or to the crystal-current meter. A little care in design 
can eliminate this defect. 

2. Failure of the TR switch to protect the crystal in a duplex system. 
(Duplexing involves using the same antenna and transmission line 
for pulse radar transmission and reception.) Such failures may 
result from 

o. Deterioration of the TR tube itself. This is probably the 
most prevalent cause of crystal burnout. A discussion of 
TR-tube deterioration may be found in Vol. 14 of the Radia
tion Laboratory Series. Although it is possible to monitor 
TR-tube performance so that the tube can be replaced before 
damage is done to the crystal, it is common practice to wait 
for crystal failure before changing tubes, since it is simpler to 
change crystals than TR tubes. The danger is that the noise 
figure of the receiver may rise by a considerable amount 
before the damage is suspected. 

b. Failure of the voltage supply for the TR-tube "keep-alive" 
(a weak discharge, maintained by a high-impedance d-c 
source, to accelerate ignition). 

c. Occasional generation by the transmitter of considerable 
power at harmonic frequencies. Some harmonics are not 
sufficiently, attenuated by TR switches and consequently 
severely overload the crystal. 

236 
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3. Accidental reception of signals of abnormal power by receivers 
not protected by TR switches, such as a crystal-video receiver. 
This case is often unavoidable. Some protection is afforded by 
the use of electrical shutters in the r-f line which may be closed 
when the set is not in operation. 

The type of electrical overload most frequently encountered arises 
from Item 2 above. The voltage consists of pulses of electromagnetic 
energy usually at microwave frequencies. These pulses are often about 
1 usec in duration, but they are considerably distorted in shape by trans
mission through a TR switch. The TR switch consists of a gas-filled 
tube in a tuned cavity resonator; it attenuates the transmitted power by 
virtue of the detuning action of a gaseous discharge which is ignited by 
the leading edge of the transmitted pulse, but normally the echo is of 
low power and fails to cause breakdown. Because of time lag in the 
ignition, a considerable amount of power is transmitted through the 
TR cavity for a time of perhaps 2 to 3 X 10 - 9 sec at the start of the pulse. 
Thereafter the attenuation becomes large and the power dissipated in the 
crystal for the remainder of the transmitted pulse is rarely more than 
50 mw, which is insufficient to damage a crystal. The transmitted pulse, 
seen at the crystal, therefore consists of a high short pulse called a 
"spike," followed immediately by a low long pulse called a "flat." The 
duration of the spike is uncertain, but the transmitted energy in the 
spike has been measured and is normally in the range of 0.01 to 1.0 erg 
(0.01 to 1.0 X 10 - 7 joule) but may sometimes become larger, especially 
if the "keep-alive" is not operating well. 

Considerable illumination was thrown on the relative importance of 
the so-called "sp ike" and "f la t" by the work of McMillan and Wiesner.1 

They measured the total pulse energy with a bolometer and compared it 
with that computed from the height and width of the pulse as viewed on 
an oscilloscope. The actual energy content of the pulse was found often 
to be much larger by the bolometric method. Later measurements, in 
which the flat part of the pulse was cancelled by an out-of-phase pulse 
bypassing the TR switch, revealed the energy difference to be accounted 
for by the failure to observe the true spike power because of insufficient 
bandwidth in the video circuits in the oscilloscope. The observed spike 
energies were compared with d-c pulses of comparable duration and of 
requisite energy to damage crystals; it was found that TR switches not 
giving sufficient protection were passing spikes with energy sufficient 
for burnout although the flat portion of the pulse was still as small as 
that of a proper T R switch. 

The experiments conclusively demonstrated that the spikes were the 
primary cause of burnout. The question, whether burnout depends 

1 F. L. McMillan and J. B. Wiesner, RL Report No. 53-24, July 3, 1943. 
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on the shape of the spike or merely on its energy content, still remains. 
This question has not yet been conclusively answered, although the 
energy of the spike is believed to be the important factor and its shape 
relatively unimportant. The basis of this belief is the theory of burnout 
by short pulses, as outlined in Sec. 8 3 , and certain experiments reported 
in Sec. 8-4. Both theory and experiment agree in assigning to an average 
crystal a thermal relaxation time of about 10 - 8 sec. For shorter pulses 
the heat developed does not have time appreciably to diffuse away from 
its point of origin; the temperature reached is determined entirely by 
the energy developed per unit volume in the semiconductor and by the 
thermal capacity per unit volume of the semiconductor. If, then, the 
spikes are shorter than 10~8 sec, their energy content and not their shape 
should determine the temperature reached in the crystal and thus, 
presumably, the extent of burnout. 

Burnout caused by harmonic leakage through the TR switch and in 
systems with no TR-switch protection is produced by pulses of the order 
of 1 /isec in length. In this case the shape of the pulse is certainly of 
importance, and if the pulse is flat, the temperature attained in the semi
conductor is proportional to the pulse power rather than to the pulse 
energy, as will be shown in Sec. 8-2. 

Burnout in radar receivers is sometimes observed to consist of a sudden 
change in the properties of the crystal. Often, however, it consists of a 
gradual deterioration which may take place over several hundred hours 
of operation. Why this occurs is not known, but it is reasonable to 
ascribe it to some process such as diffusion of impurities in the semicon
ductor or a chemical reaction at or near the contact. Such processes, 
consuming a great deal of time at room temperatures, would be acceler
ated by the high temperatures attained during a pulse. I t has not yet 
been definitely determined whether the spike or the flat is responsible 
for this type of burnout, but the spike seems the more likely. Some 
experiments1 have shown that moderate pulse powers in the fiat region 
at normal repetition rates are sufficient to cause a gradual long-time 
deterioration in some crystals. These powers (1 or 2 watts), however, 
are considerably in excess of those which crystals protected by a TR 
switch normally have to handle. 

Considerable effort has gone into devising adequate burnout tests 
for crystals. A type of sieve that would reject all but high-burnout 
crystals would be desirable. Unfortunately we have no way of telling 
how much power or energy a crystal can withstand without actually 
applying power to the point of burnout. The information obtained in 
this way is of only academic interest since the crystal is destroyed in the 

1 H. B. Huntington, "Crystal Life Test Under Flat Pulses," RL Report No. 543, 
Apr. 7, 1944. 
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process. If all crystals of identical type and identical manufacture could 
be presumed to have identical burnout properties, the problem could be 
easily solved by factory tests of small samples. Unfortunately this is 
not the case. There appear to be wide differences in burnout properties 
in a sample of crystals otherwise (that is, in loss and noise temperature) 
nearly identical. 

The following expedient is nevertheless adopted. Converter crystals 
are now usually tested by applying to each unit in the forward direction 
a single d-c pulse of duration 2.5 X 10 - 9 sec. This pulse is generated 
by the discharge of a coaxial-line condenser and is applied before any 
measurements of loss and noise. The energy of the pulse is adjusted so 
that crystals especially susceptible to burnout will deteriorate to the point 
where they will fail the other acceptance tests; whereas less susceptible 
units will not suffer much, if any, deterioration. The obvious limitation 
of such a test is that it is useless if too weak and, if too strong, it will 
deteriorate the product and lower rates of production. The technical 
details of the coaxial-line proof test are given in Sec. 9-7. 

For crystals not protected by TR switches, such as video detectors, a 
different burnout-testing procedure is used. Overloads commonly 
encountered here consist of microsecond pulses of microwave power. The 
crystals are tested by applying to them in the forward direction a d-c 
pulse of l-/usec duration generated by the discharge of an artificial 
(lumped-constant) transmission line or pulse-forming network. In the 
case of video detectors, this is used as a design test and not as a proof 
test because of the burnout properties peculiar to the video-detector 
crystal. Specifications for video detectors usually require the video 
impedance to fall within a certain range and a crystal is deemed "burned 
ou t " if, as a result of application of power, its impedance does not fall 
in this range. Now it happens that video crystals can be manufactured 
with impedances outside this range and the impedances then brought 
within the desired range by the application of power. Since this involves 
a major change in the properties of the crystal it is not thought wise to 
accept such crystals even though they meet production tests, for a 
subsequent application of power of the same magnitude might possibly 
again change the impedance perhaps by enough to take it out of the 
specified range. Accordingly, such crystals are not proof-tested, but 
small samples, deemed representative of a large production lot, are 
exposed to pulsed power and a certain fraction are required not to change 
their impedance by more than a specified amount as a result of such 
power. In addition it is required that the "figure of meri t" of the same 
fraction shall not decrease below a specified limit. 

8-2. Burnout Theory. Introduction.—A number of hypotheses have 
been made concerning the physical cause of burnout. In general these 
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may be grouped under two heads, (1) voltage breakdown and (2) temper
ature effects. 

The voltage-breakdown hypothesis, advanced by F. Seitz,1 assumes 
that electrons are accelerated by intense fields to the point where they 
produce secondaries by collision. The secondaries in turn produce 
tertiaries, and so on, with the result that an avalanche of high-energy 
electrons rips through a portion of the semiconductor and causes intense 
local heating. This hypothesis, however, leads to conclusions that are in 
contradiction to the facts. Higher field intensities exist in the blocking 
direction than in the conducting direction for the same applied voltage 
because the voltage is applied mainly across the thin barrier region in the 
former case and mainly across the relatively thick spreading resistance 
in the latter. Thus the voltage-breakdown hypothesis would predict 
the onset of burnout at lower voltage in the blocking direction than in 
the conducting direction. Since exactly the reverse of this is observed, 
it seems doubtful that voltage breakdown is an important effect in 
burnout. 

The other suggested cause of burnout is the effect of high temperatures 
produced by joule heat in the spreading resistance or by dissipation of 
energy gained by electrons in passing over the barrier. There are a 
number of possible effects of this type. For example, the diffusion of 
impurities near the surface will be accelerated by high temperatures, or 

metal atoms from the cat whisker 
\ / may diffuse into the barrier region, 

\ / or chemical reactions between semi-
\ / conductor or metal with impurities 

\ / on the contact may take place. 
\ / Sufficiently high temperatures will 

melt the semiconductor (silicon 
melts at 1420CC, germanium at 
960°C) and at lower temperatures 
strains set up by intense tempera
ture gradients may cause rupture 
or splintering of the semiconductor. 
Since a crystal rectifier is delicately 

adjusted in assembly to near-optimum performance, any change in the 
properties or configuration of the contact region may be expected to 
produce deterioration of the rectifying and conversion actions. 

I t has not as yet been ascertained which of these possibilities is most 
important. I t is at least certain that melting or splintering occurs in 
ssverely burned-out units. W. G. Pfann,1 working at the Bell Telephone 
Laboratories, disassembled severely burned-out silicon rectifiers and 

1 Private communication. 

Silicon 

F I G . 8-1.—Profile of the surface of a 
silicon wafer after severe burnout. The 
cat whisker (normally as shown by the 
broken line) has been removed. 
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examined microscopically the silicon surface in the region of the former 
contact. He found that in the case of crystals burned out by short 
pulses (1 Aisec or less), a ridge is built up just outside the periphery of the 
contact surface and is often accompanied by a noticeable trough or 
depression just inside the periphery. Figure 8-1 shows a profile of such 
a typical surface. 

The appearance of this profile strongly suggests that silicon has been 
removed from the region just inside the contact periphery and deposited 
just outside the contact. I t is reasonable to suppose that this occurs 
because of whisker pressure on molten silicon near the edge of the contact, 
and hence the cause of deterioration is correlated with high temperatures. 
The duration of the electrical disturbance, however, must also play a 
role, for one would not suppose that the same temperatures would pro
duce the same effects regardless of the exposure time. Moreover, if 
burnout is at all associated with 
diffusion effects, the time of exposure 
is certainly of importance. 

The problem of calculating the 
contact temperature is conveniently 
divided in two parts. If a constant 
amount of electric power is steadily 
applied beginning at time t = 0, 
the temperature will first rise and 
finally approach a limiting steady-
state value. The first and simpler 
part of the problem is to find this 
steady-state solution. T h e m o r e 
difficult t i m e - d e p e n d e n t case is 
treated in Sec. 8-3. 

The Steady-state Solution.—Let us 
consider a rectifier of conventional 
design as illustrated in Fig. 8-2. 
The contact is assumed to be circular 
and of radius a; the half-angle of 
the cone forming the tip of the cat 
whisker will be denoted by yp. The 
subscripts m and s refer to quantities 
characteristic of the metal and semiconductor respectively. 

The case of a static voltage applied across the rectifier is considered 
first. The thermal-continuity equation for either metal or.semiconductor 
is 

F I G . 8-2.—Geometry of a typical contact 
rectifier. 

v•kve+ Q (i) 
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where 0 is the temperature above ambient temperature, k and C are the 
appropriate thermal conductivity and thermal capacity per unit volume, 
respectively, and Q is the power dissipated per unit volume. For an 
ohmic resistance, 

Q = «\W\>, (2) 

where <r is the electrical conductivity and V the potential. 
The equation appropriate to the steady state is obtained from Eq. (1) 

by putting dd/dt = 0. Thus 

v • kve + <r|vF|2 = o. (3) 
I t is convenient to regard the temperature as the sum of two quanti

ties 0i and 62, where 0i is the temperature produced by heat generated 
in the barrier only and 02 the temperature produced by dissipation in the 
spreading resistance. 

Let us first find 02. From Eq. (3) it follows that 

V • frvfli = 0 (4) 

outside the barrier region. If j is the thermal current density, 

j = -frv0i, (5) 
and from Eq. (4) 

V • j = 0. (6) 

It is convenient to draw an analogy to the case of the flow of electric 
current. Thus, if i is the electric current density, we have 

i = -<,VV (7) 
and 

V • i = 0. (8) 

The last two equations may be used to find the electrical resistance, 

R^„ = —j-> (9) 

between two equipotential surfaces of potential difference AV where / 
is the electric current. Similarly, the thermal resistance between iso
thermal surfaces with temperature difference A0 is 

Afl 
(JU.™ = -j> (10) 

where J is the total thermal current. Now the contact is nearly an 
equipotential surface since the electrical conductivity of the metal 
whisker is large compared with that of the semiconductor. If we assume 
that the contact is an isothermal surface, the two problems, electrical 
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and thermal, are formally identical and 

<rR*«> = A-tJUh.™. (11) 

By conservation of energy, the heat current J must be just equal 
to the power P i dissipated in the barrier. Let 8U be the contact tempera
ture resulting from barrier dissipation only. Then, 

fli, = <5U.™Pi. (12) 

The thermal resistance (R.h.rm includes the thermal resistances (R8 of the 
semiconductor and (Rm of the whisker. Since these are in parallel, 

We now find the contact temperature 62, caused only by dissipation 
in the spreading resistance. We must go back to Eq. (3) which is 
satisfied by 02 in the semiconductor, 

V-fr.V02 + <r»|vtT = 0. (14) 

To solve this equation, a simplifying assumption is made which is not 
exactly correct but probably a good approximation. It is assumed that 
02 depends on the coordinates only through an explicit dependence on the 
potential V. Thus, 

82 = «,(7). (15) 

Combining Eqs. (7), (8), (14), and (15), it is easily shown that 

& & * ) + ' " ■ <16) 

which integrates to 

62 = AV + B - f^VdV, (17) 

where A and B are integration constants. If these constants can be 
adjusted to fit the boundary conditions on 82, the assumption of Eq. (15) 
is exact. This may be shown to be true in the limit as the thermal 
conductivity km of the metal whisker approaches either 0 or » . For 
finite km it is only approximately the case. For boundary conditions we 
take 

at a distance remote from the contact (18a) 

V=V„ 
at the contact. (186) 
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Here n is a unit vector normal to the contact surface and the last condi
tion expresses the continuity of heat flow across the contact. In Eq. (17) 
we integrate from V = 0 to V = Vo and assume c/k independent of 
temperature and hence of potential. From Eqs. (17) and (18), B = 0 
and 

92o = AV0 - ^ VI (19) 

where 02o is the contact temperature due only to dissipation in the 
spreading resistance. 

It may be shown that Eq. (186) for detailed continuity of heat flow 
across the contact is not strictly compatible with our assumption, Eq. 
(15), that 02 is. a function of the potential only. If, however, the bound
ary condition is expressed as an integral over the contact surface, the 
result is compatible with Eq. (15). We get 

/.fcSl"-/.»-sL"- (2o) 
Now, on the left side of Eq. (20), we put 

djk =d61dV^ 
dn dV dn K ' 

and we note that the right side of Eq. (20) is just the heat current Jm 

flowing through the metal. By Eq. (10) 

Thus, substituting Eqs. (21) and (22) in Eq. (20) and putting 

'-£-/.'■£].'* (23) 

for the electric current when R, is the (electrical) spreading resistance of 
the semiconductor, we obtain 

k. (djh\ Vo = 0u_ m . 

From Eq. (19), it follows that 

(: 
'd6t\ 
3VJ = A ~ F V°- ( 25 ) 

I* V I contact " a 

Substituting Eq. (25) in Eq. (24) and solving for A, we get 

A-T.y'-kb (26) 



SEC. 8-2] BURNOUT THEORY 245 

Substituting this value of A in Eq. (19), we find 

I V 2 1 
eu = 2KT7~^T' (27) 

Now Vl/R, is the power P, dissipated in the spreading resistance and 
o,R,/k, = <RS is the thermal resistance of the semiconductor, by Eq. (11). 
Thus 

02o = TPa<3Wrm, (28) 

where (JW™ is the total thermal resistance given by Eq. (13). 
The contact temperature 0O due to heat developed both in the barrier 

and in the spreading resistance is 9U + 02c or from Eqs. (12) and (28), 

0o= (SU„m(iP. + P i ) . (29) 
Our work so far has been restricted to the case of a static voltage 

applied across the rectifier. If this voltage is applied in the forward 
direction, P , » P i at voltages required for burnout; hence 

0o = i&thwmP, (forward direction) (30) 
where P is the total power dissipated. In the blocking direction, Pi is 
larger than P. . 

If burnout is caused by high-frequency alternating currents, our 
result for the static case may be taken over directly since skin effect in 
the semiconductor is negligible even at the contact. This is proved in 
Appendix B. In this case, however, barrier dissipation plays only a 
minor role. In the forward direction Eq. (30) still applies, and in the 
reverse direction the barrier capacitance shunts most of the current 
around the barrier into the spreading resistance. Thus, Eq. (30) applies 
to burnout by microwave power. 

The thermal resistance of the semiconductor is obtained directly from 
Eq. (4-34) by substituting the thermal conductivity k, for the electrical 
conductivity a. We get 

m* = -h (31) 
where a is the contact radius. The thermal resistance (Rm of the cat 
whisker is more difficult to estimate. The calculation of temperature 
has so far been based on the assumption of a steady state, and the time 
from the beginning of power application to the point where a steady 
.state is nearly attained has not yet been estimated. I t will appear later 
that the contact of average dimensions will reach a nearly steady tem
perature after a time of about one microsecond. At this time, heat from 
the contact has not yet penetrated appreciably into the cylindrical part 
of the whisker stem; hence as far as the contact temperature is concerned 
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the whisker is properly treated as an infinite cone. In this case, its 
resistance may be estimated by approximating its surface by a one-sheet 
hyperbola of revolution asymptotic to the cone. Its resistance then 
turns out to be 

Rm = Wma tan */* ( 3 2 ) 

where yp is the half-angle of the cone (see Fig. 8-1). 
For times of 10~4 sec or longer, the resistance of the cylindrical stem 

of the cone must be added. This will be 

<Rm 

if no wax surrounds the whisker and 

I 
7r?2A-„ 

<5L 
1_ In (?) 

£>KmKu 

(33) 

(3:) 

otherwise. 
Here q is the radius of the stem, p the radius of the wax coating, kw the 
thermal conduction of the wax, and I the length of the stem. Equation 
(34) was first derived by Gant1 under the assumption that the heat 
conducted by the metal wire to its support is small compared with the 
heat conducted away from the surface of the wire by the wax filler. 

Although for very long times (several seconds) the effect of other 
parts of the cartridge must also be considered, the discussion will for the 
most part, be restricted to times of the order of 1 jusec or less. The 
steady-state solution is then given by Eq. (29) or Eq. (30) with (Rtllerm 
given by Eqs. (13), (31), and (32), 

<JU™ = -i—r,———; r-r^- (35) 4a(fr„ + km tan ^/2) 
Now2 

and 

k, = 0.2 cal 
sec-°C-cm 

K = 0.4 cal 
sec-°C-cm 

for silicon or germanium 

for tungsten. 

If we take \f/ = 30° and o = 10~3 cm, 

| ? = I & = 100°C/watt 

and is proportionally larger for smaller radii. 
1 D. H. T. Gant, ADRDE Research Report No. 226, July 9, 1943. 
2 This value of k, was determined by measurements made by K. Lark-Horovitz 

(private communication). 
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A circular contact has been assumed in these calculations. In 
Appendix C, it is proved that the semiconductor resistance offered by an 
elliptical contact of semiaxes a and b(a > b) is 

<R. = ; T T - ' (3 6) 

where K is the complete elliptic integral of the first kind with modulus 
k = V I - b2/a\ If a » 6, 

K « In y - (37) 

If the cat whisker in this case is assumed to have the shape of a wedge 
of half-angle ^, its resistance can be shown to be about 

zr 
^ = 2wkma tan +/2 ( 3 8 ) 

The total thermal resistance can then be made very small by making 
a large. On the other hand, the rectifying properties of such a contact 
should be comparable to those of a circular contact of radius equal to the 
short semiaxis b. In Chap. 4 rectification and conversion efficiency were 
found to depend on the product ciCR,, where a is 2w X frequency, C is the 
barrier capacitance, and R, is the electrical spreading resistance. The 
area of the elliptical contact is nab and so its capacitance [see Eq. (4-17)] is 

C = *f, (39) 

where D is the thickness of the barrier layer and e the permittivity of the 
semiconductor. Thus, for a long thin contact, 

tub In -j-

and for a circular contact of radius b, 

«*«■ = ! £ ^ 
These quantities are of the same order for the same b even for fairly 

large ratios of a to b. Thus a long thin contact has the desirable property 
of being able to withstand larger power dissipation, yet still give good 
performance as a rectifier or converter. Unfortunately it has not yet 
been possible to manufacture crystals with such contacts. The difficulty 
arises from the fact that the eccentricity of the contact ellipse must be 
very large for the effect to be pronounced. As an example let us con-
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sider the elliptical contact with twice the power-handling capacity 
of a circular contact of radius a. The supposition is that the two contacts 
are equally good rectifiers, hence uCR, is the same for each. The result 
is that the elliptical contact must have its long semiaxis a = 6.6a and 
its short semiaxis b = 0.3a and thus a/b = 22. Such a contact is 
difficult to construct. 

An alternative is to construct a rectifier with a number N of small 
rectifying contacts. If the separation of neighboring contacts is large 
compared with the diameter of a contact, the product aCR, for the whole 
rectifier is just the same as for an individual contact. On the other 
hand, the thermal resistance (R4™ will decrease inversely with N. An 
improvement in burnout of a factor of 2 could be achieved with only two 
parallel contacts. This is perhaps easier to construct than a single very 
long thin contact. 

8>3. Burnout Theory. Contact Temperature as a Function of Time.— 
The theory in the preceding section applies to the steady-state solution 
of the thermal-continuity equation. As will appear later, this solution is 
not valid if the time elapsed since the application of power is less than 
10v6 or 10 - 7 sec. Since burnout is now believed to be usually the result 
of very short pulses of the order of 10~9 or 10~8 sec in duration, it is 
obviously important to examine the solution for these cases. 

If the time is so short that no heat has appreciably diffused away 
from the locality where it was generated, the temperature is given by the 
amount of heat generated per unit volume divided by the thermal capac
ity C per unit volume, or 

0 = i foQdt, (42) 
where Q is the rate of generation of heat per unit volume. This result 
can be directly obtained from the thermal-continuity equation [Eq. (1)] 
by suppressing the conduction term V • kv0. Difficulties arise, however, 
if an attempt is made to apply Eq. (42) to the usual contact between the 
metal cat whisker and the semiconductor. I t turns out that Q becomes 
infinite at the periphery of the contact because of the crowding of lines of 
current flow; Eq. (42) would then predict an infinite temperature there, 
which is, of course, absurd. 

The trouble is that it is not right to suppress the conduction term in 
Eq. (1) near a singularity in Q. At the periphery of the contact there 
is no time t so short that conduction can be neglected. Equation (42) 
should hold well, however, at distances from the edge large compared with 
the radius of the contact. Clearly a separate investigation of the tem
perature near the periphery is necessary. To do this we must first find 
out how Q, the heat generated per unit volume, depends on position, 
especially near the periphery. 
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The potential distribution in the semiconductor must first be found. 
The contact area, circular in shape, will be assumed equipotential. I t is 
convenient to introduce spheroidal coordinates in the following way. 

Figure 8-3 shows a section through the center of the contact contain
ing the axis of symmetry. The origin of rectangular coordinates (x,y,z) 
is taken a t the center of the contact; the plane x = 0 is coincident with 
the contact surface and the positive x-direction is into the semiconductor. 
Spheroidal coordinates f, f and SJ 
are defined in such a way that fl 
is the longitude angle; 

■P = (y2*z2) 

x* + a2(i + r2) 
1 (43) 

and 
x 

_ 9 J-9 ' «2(i - e) 
= 1 (44) 

IP ) 

F I Q . 8-3.-

|£=1 

I 
t 

X 
-Section through the contact show

ing coordinate systems used. 

define f and £. Here p2 = y2 + z2. 
Equation (44) is the equation of a 
family of one-sheet hyperboloids 
of revolution and Eq. (43) is the 
equation of an orthogonal family of oblate spheroids, a particular mem
ber of which, f = 0, is a flat disk of radius a coincident with the contact 
surface. Since the contact surface is equipotential, the potential V will 
be assumed to depend only on f. Laplace's equation for V is1 then 

0. 

Integrating, we obtain 
V = A tan"1 f + B, 

where A and B are integration constants. If we take V 
and V = 0 at the contact (f = 0), we obtain 

(45) 

(46) 

Vo at f = x 

V V0 - tan- 1 f. 
IT 

To find Q we must find vV, which is2 given by 

'AdV 
vv i (±±^XA 

a U2 + f V 
27o 

■Ka v ( i + rx*2 + r2) 

(47) 

( 4 8 ) 

1 See, for example, W. R. Smythe , Static and Dynamic Electricity, 1st ed., McGraw-
Hill, 1939, Sec. 5-27. 

2 Ibid., Sees. 3-3 and 5-27. 
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and from Eq. (2), the heat generated per unit volume is 
Wfr 1 

Q = A " (1 + f2)(l2 + f2) 
P 

x V ( l + f 2 ) ( f ! + f2)' ( 4 9 ) 

where P is the total power Vo/R. dissipated in the spreading resistance; 
R, = l/4<ra. As an auxiliary coordinate r is introduced as the distance 
from the periphery to some point (x,p) in the semiconductor. Evidently, 

r1 = x2 + (p - a)2. (50) 
Solving Eqs. (43) and (44) for x and p, substituting in Eq. (50) and using 
the approximation, f « 0 and £ « 0, we find 

F o r f 

r « I (r2 + ?2). 
0 and £ « 0, we find from Eqs. (49) and (51) 

P 
Q 2ir2o2r 

(51) 

(52) 

Metal cat whisker 

Thus Q is observed to approach =o a s r approaches zero. 
With this expression for Q we 

may now solve the thermal-con
tinuity equation for points near the 
periphery (r « a ) . In this region 
the curvature of the periphery may 
be neglected and the edge of the 
contact may be tal:en as a straight 
line. Our coordinates are r and <j>, 
the polar angle, as illustrated in 
Fig. 8-4. The surface of the metal 
cone makes an angle <j>0 with the 
extension of the surface cf the 
semiconductor. 

If it is assumed that k is inde
pendent of position, the thermal-

F I G . 8-4.—Polar coordinates (r,<£) of a 
generic point (p) near the edge of the 
contact. 

continuity equation now becomes 

kV2e + Q 

where 
Q = 0 in the metal (ir < <t> < <j>o), 

,39 

Q = 2ir2a2r 
and the Laplacian 

in the semiconductor (0 < <j> < T), 

(53) 

(54) 

V2 
d r 2 ^ r dr + r2 302 



SEC. 8-3] BURNOUT THEORY 251 

The pulse power P is assumed constant (flat pulse) and dissipation in the 
barrier layer neglected. The results should apply then either to d-c power 
in the forward (conducting) direction or to microwave power. Since only 
order of magnitude is desired, k and C are, for simplicity, assumed to be 
the same in metal and semiconductor and are independent of temperature, 
and <(>o is assumed to equal 2ir. 

These approximations introduce little error. The final result is 
expressed as the ratio of the temperature at some point on the contact 
to the equilibrium value of this temperature. This ratio depends only 
on the thermal diffusitivity, K = k/C, which is about the same in silicon 
and tungsten. Also the assumption 0O = 2ir is not far from the truth, 
since the whisker tends to mushroom out at the edge of the contact. 

The solution of Eq. (53) is desired that satisfies the.boundary condi
tions: 

(55) 

The required solution may be found by the usual methods. 
For points on the contact surface (<£ = ir) the solution reduces to 

i t <t> = 0 or 2T, 

at r = «>, 
at t = 0, 

e = 0; 
e = o. 

9_P\Ga[,(r*\ (? m- (56) 
iirVk L \8(rf/ \irnt 

where K = k/C is the thermal diffusivity, and 

f(x) = <r'[(l + 2x)7„(x) + 2x1 i(x)]) (57) 
In(x) is the modified Bessel function of order n, that is, In(x) = j~nJn{jx). 
For r2/8Kt « 1, 

and for rV8x/ » 1, 
6~CWr- ™ 

This last result is exactly that given by Eq. (42), since by Eq. (52) 
P/(4ir2aV) is one-half the rate of evolution of heat per unit volume in the 
semiconductor at a distance r from the contact edge. The factor ^ is 
explained by the fact that the temperature has been evaluated on the 
contact surface. Since no heat is generated in the metal and an amount 
Q per unit volume is generated in the semiconductor, the average value 
]JQ is effective on the surface. 

The general character of the temperature-time relation is now evident. 
For any point near the edge, but not actually on it, the temperature is 
proportional to the energy dissipated, namely, W = Pi, for sufficiently 

file:///irnt
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short times. As the time increases, the temperature rises less swiftly, 
eventually becoming proportional to the square root of the time. Accord
ing to the present solution the temperature should continue to increase 
without limit. The reason this catastrophe does not occur is that this 
solution holds only provided the heat evolved in the semiconductor has 
not had time to diffuse over a distance comparable with the contact 
dimensions. For longer times {t > a2/(c) the neglect of the curvature of 
the contact periphery is no longer valid. The general qualitative result 
is then 

< « ■ 

— » I » -> 
K K 

t » 

8 oc Pt = W 

8 a: P. 

(60) 

(61) 

(62) 

In the last case 6 is given by Eq. (30) for t « 1 /isec. 
In Fig. 8-5 the temperature is plotted in units of the steady-state 

temperature, Eq. (30), as a function of the time for a number of values 
of r. Equation (35) has been 
used for <Jttbe™ in Eq, (30) and, in 
accordance w i t h o u r present 
a s s u m p t i o n , k ~ kB = km and 
$ = 90°. T h i s g i v e s , for the 
steady-state temperature, 

0o = 16 ak (63) 

10" Iff 10"° 10 
((sec) 

F I G . 8-5.—Contact temperature 6 at a 
point near the periphery as a function of the 
time since power was applied. 

i-5 

In plotting these curves a has been 
put equal to 10 - 3 cm, which [is 
appropriate to a fairly large con
tact, about that used for high-
burnout crystals designed for the 
10-cm band. I t should be noted 
that 6/do is proportional to 1 /a. 
Also, K has been taken equal to 
0.54 cm2/sec, which is the mean 
of the values of K for tungsten 
(K = 0.62 cmVsec) a n ( j f0r silicon 

(K = 0.46 cm2/sec). The ratio 8/90 depends on k and C only through 
K = k/C, hence separate values need not be assumed for them. 

The dashed line in Fig. 8-5 is a plot of Eq. (59) for the temperature-
time relation at the center of the contact, This equation holds only for 
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10l 

10" 

small times (t « a2A), but it has been extrapolated to the equilibrium 
temperature. 

These curves should apply up to times of the order of a^/a ( ~ 10 - 6 sec 
in our example) or, equivalently, they apply provided 8/9a « 1. The 
solution for longer times is probably like that given by the broken line in 
Fig. 8-5. The temperature should 
reach an equilibrium value at 
about 5 X 10 - 6 sec for a contact 
of this size (10~6 cm radius). For 
a contact of average size the time 
required for the steady state is 
closer to 1 X 10 - 8 sec. 

An interesting result of this 
analysis is that at first the tem
perature rises much more rapidly 
at the edge than near the center 
of the contact. In Fig. 8-6 the 
temperature is given as a func
tion of the distance r from the 
edge of the contact for a number 
of time intervals. For any time 
interval the temperature is a maxi
mum at the edge and decreases 
as r increases. As the time in-

3l0"2 

10" 

Iff' 

lff; 

( = l x l 0 ' $ 

3 x 10'7 

1 x 10"' 

1 x 10 s 

3x in-9 

1 x ln-5 

-£—L*7o33 

sec 
sec 
sec 

— 
Sec —» 

s e c ^ ^ 

\ \ 

\ 

\ 

10" 10" Iff6 Iff5 10"' 
Distance r in cm 

F I G . 8-6.—Contact temperature d near 
the periphery as a function of distance r from 
periphery. 

creases, the temperature at any point increases and, as a function of r, is 
fairly constant up to about r = y/a, beyond which it starts to drop off. 

These results are qualitatively in accord with the observations of 
Pfann (see Sec. 8-1) and explain why Pfann observed deterioration of 
only the edge of the contact for short pulses (up to 10 - 6 sec duration), 
whereas for long pulses (several seconds duration) the whole contact area 
is affected. The suggestion has been made that edge burnout may be 
due to skin effect at the contact, but in Appendix B it is shown that the 
differential heating between edge and center caused by skin effect is 
negligible at all microwave frequencies. Furthermore Pfann finds the 
same effects for short d-c pulses (up to 10 - 6 sec). 

Tendency to edge burnout is aggravated by the fact that at above 
700°C the conductivity of silicon increases rapidly with temperature 
because of excitation of electrons from the filled band to the conduction 
band (see Sec. 3-1). These temperatures will be reached first at the edge 
of the contact, and the resulting increase in conductivity there will 
increase the flow of current near the edge relative to that at the center 
of the contact. Since all parts of the contact are effectively in parallel, 
an increase in conductivity of the edge relative to the rest of the contact 
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will lead to a relative increase in power dissipation and hence to an 
increase in temperature at the edge. 

I t is evident from Fig. 8-6 that pulses of duration 10~8 sec or less 
(such as TR-switch spikes) will cause large temperature differentials 
between edge and center of the contact. The conventional geometry 
of the contact is therefore most unfavorable from the point of view of 

burnout by short pulses. An ideal 
contact geometry completely elimi
nating this difficulty is that of a 
hemisphere of metal whisker em
bedded in the semiconductor as 
illustrated in Fig. 8-7. Such a con
tact might be formed by passing 
large currents through the rectifier at 
assembly, thus melting the semi
conductor around the whisker tip. 
Further research is required to learn 
whether such a process will be suc
cessful for silicon. Contacts of this 

Fio. 8-7.—Ideal contact geometry nature have been made by H. Q. 
from the point of view of burnout by North in the case of platinum-ger-
short pulses. . * o\ 7 

manium contacts (see Chap. 13), but 
it has not yet been determined whether the expected improvement in 
short-pulse burnout actually results. 

Abnormal heating, such as occurs near the edge of the contact, may 
also occur at other points if the whisker does not make firm electrical 
contact over the whole surface or if there are surface irregularities where 
current-flow lines tend to concentrate. I t has, in fact, been proved that a 
smooth, highly polished semiconductor surface is superior to a rough 
surface with regard to burnout. 

Thermal Relaxation Time.—For any point in the semiconductor, 
except right at the edge of the contact, there always exists a time T such 
that for t « T the temperature is proportional to the total dissipated 
energy W. Also for sufficiently long intervals after application of con
tinuous power, t y>> T, the temperature is proportional to the power P 
(assumed constant). The validity of test specifications for burnout in 
crystals and for leakage energy and power in TR tubes is uncertain unless 
the order of magnitude of T is known. Obtaining an estimate of this 
quantity is therefore of great importance. 

The definition of the relaxation time T can be made precise by taking T 
to be the time required to reach the steady-state temperature if the 
temperature were to continue to rise at its initial rate. For a point near 
the periphery we obtain from Eqs. (59) and (63) 
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Tp = - j - r, (r <v a,, (64) 

where we have taken \f/ = 90°. On the other hand for the center point 
of the contact we have, from Eqs. (42) and (49), since f = 0 and £ = 1 
at the center,' 

e" = Wc {t<<T)- (65) 

With Eq. (63) this gives for T at the center, 

x 2 a 2 roes 
T° = -a— ( 6 6 ) 

O K 

Evidently, 
(r«a). (67) *© 

The relaxation time is seen to depend linearly on the distance r from the 
edge of the contact. 

What effective value of r should be used to obtain a value of T appro
priate to the whole contact is difficult to decide. As a guess let us take 
10 - 6 cm < r < 1 0 - ' cm. Then, if a = 10 - 3 cm and K = 0.54 cm2/sec, 

TC = 2.3 X 10-6 sec, (68) 
and 

4.6 X 10-» sec <TP < 4.6 X 10"7 sec. (69) 

I t should be noted that TP is proportional to the first power, and TC to the 
square, of the contact radius. 

The predominant cause of crystal burnout in practice is believed 
to be the TR-switch spike, which has a duration of about 2 to 3 X 1 0 - ' 
sec. Since this period is shorter than our lowest estimate or TP it is 
probably the energy of the spike rather than its peak power that is effec
tive in burnout. However, this reasoning applies to a contact of large 
dimensions (a = 10~* cm), appropriate to high-burnout 10-cm band 
rectifiers. For a l-cm band rectifier a ~ 10 - 4 cm and TP may be smaller 
than the spike duration. 

At present, it is almost universal practice to assess the protection 
offered by TR tubes by the amount of leakage spike energy. The pre
ceding considerations indicate that this protection may not be adequate 
for crystals of small contact dimensions. Our estimate of TP is, however, 
only a guess since the effective value of r is unknown. In the next 

1 The factor 2 in the denominator of Eq. (65) is required because 9„ is the contact 
temperature. In the metal whisker no heat is developed; in the semiconductor the 
heat-developed Q is given by Eq. (49); at the contact the mean value Q/1 applies. 
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section some experiments are described which indicate that the effective 
relaxation time for 1N21 rectifiers (contact radius 2 or 3 X 10~4 cm) is 
about 10~8 sec. 

In the case of crystals designed for use as video detectors, no TR 
switch is used; burnout is caused by pulses of the order of 10~6 sec; 
hence the theory of the steady-state temperature applies, and it is the 
■power rather than the energy of the pulse that is important. 

8-4. Experiments on Burnout.—In this section some experiments are 
described which throw light on the nature of burnout and make possible 
an estimation of some of the constants involved in the theory outlined in 
Sees. 8-2 and 8-3. 

Burnout by Continuous D-c Power.—In 1942 some careful work was 
done by Lawson and his collaborators at the University of Pennsylvania1 

on burnout as a result of the application of continuous d-c power under 
carefully controlled conditions. 

A silicon cube about 5 mm on a side cut from an ingot obtained from 
the Bell Telephone Laboratories was plated with iron on one side and 
mounted on a lead matrix with the plated side in contact with the lead. 
Next, the surface opposite the plated side was ground and polished to a 
mirror finish, then etched with hot NaOH solution before each burnout 
test. Following this, the cube of silicon with its mounting was placed 
inside a bell jar on a table. A short straight piece of 7-mil tungsten wire 
was carefully pointed and mounted in a pin vise and arrangements made 
to press the point with a controlled and known force against the silicon 
surface. No tapping was used. The d-c characteristic, especially in 
the forward direction, was found to be remarkably reproducible when 
different points were pressed with the same force on different parts of the 
surface. Furthermore, it was found that the area of the contact surface, 
as determined by microscopic measurements of the diameter of the 
squashed point after removal, was definitely related to the force with 
which the point had been pressed against the surface. The radius of the 
point could then be ascertained from a knowledge of this force and of 
the force-area relationship. 

A fairly definite although rather artificial criterion for burnout was 
established. I t was discovered that the resistance Ri of the rectifier 
at 1 volt in the reverse direction depended on the amount of overload 
power P previously applied in either direction. This resistance Rt at 
first increased with the overload, reached a maximum, and thereafter 
decreased sharply. A contact was deemed "burned o u t " when this final 
sharp decrease occurred. I t was later established that the conversion 

1 A. W. Lawson el al., "DC Burnout Temperature in Silicon Rectifiers," NDRC 
14-113, Univ. of Penn., Nov. 1, 1942. 
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efficiencies of cartridge rectifiers that had been "burned ou t" in this way 
were definitely deteriorated. 

Three methods were used to find the temperature at the contact at 
burnout. In the first method the temperature was measured with a 
thermojunction welded to the cat whisker about 1 mm from the con
tact. This device did not directly measure the temperature at the 
contact and had to be calibrated by heating the whole cube of silicon up 
to a known temperature and comparing this temperature with the emf 
of the thermocouple. These measurements indicated that the tempera
ture at burnout was 500° + 100°C. 

In the second method the amount of overload power required to reach 
the burnout point was measured as a function of the base temperature 
of the silicon block. After each measurement the probe was removed, 
the silicon surface etched, and a new contact of the same dimensions was 
formed and tested at a higher base temperature in the forward direction. 
The power required for burnout was found to decrease linearly with the 
base temperature of the block (which was raised as high as 300°C). By 
extrapolation of this straight line it was found that, at a temperature of 
490°C, no power would be required for burnout. The presumption is 
then that 490°C is the burnout temperature of the contact. 

The third method made use of the results of the theory of Sec. 8-2. 
According to Eqs. (29) and (35) the steady-state contact temperature is 
given by 

4o(fr! + kz tan }/2)' y ' 
where P , is the power dissipated in the spreading resistance, P i the power 
dissipated in the barrier, a the radius of the contact, ki and ki the thermal 
conductivities of the semiconductor and whisker, and \j/ the half-angle of 
the conical whisker tip. This equation was applied to burnout by power 
applied in the forward direction; here P i = 0 and P„ = I2RS, where I is 
the electric current. The equation was also applied to the case of power 
in the reverse direction, where P i = I2Ri and P , = PR, and Ri is the 
barrier resistance. The spreading resistance R, was measured from the 
forward current-voltage characteristic and the barrier resistance in 
the back direction Ri was taken to be the difference between the total 
resistance and Rs. When proper account was taken of Peltier heat 
(which is abnormally large in semiconductors) the temperature at burn
out given by Eq. (70) was found to be the same, within experimental 
error, irrespective of the direction of the applied overload voltage; it was 
equal to 470° + 40°C. The Peltier heat accounted for an increase of 
30°C in the calculated temperature for forward burnout and a decrease 
of the same amount for back burnout. The final result is in good 
accord with the directly measured burnout temperature. This agree-
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ment, however, is somewhat marred by the fact that two errors were made 
in the calculation. These errors are in opposite directions and it is not 
unlikely that they almost cancel. One error involved using a value of 
k\ one-half the presently accepted value (0.84 watts/cm-°C), and the 
other error resulted from neglect of the thermal resistance of the cylin
drical whisker stem. As shown in Sec. 8-2 this neglect is valid for pulses 
of 1 jusec duration or less, but in the present case of continuous power the 
stem resistance cannot be neglected. I t can be shown that the two errors 
would cancel if the stem of the probe had a length of 3.3 mm. The 
actual length was somewhat longer than this but, if radiation effects are 
allowed for, the effective length might well have been about 3 or 4 mm. 

Some general features of the theory were confirmed in these investi
gations. For example, from Eq. (27) it is noted that for the same applied 
forward voltage Vo the contact temperature is independent of the contact 
radius. Lawson et al. found that burnout occurred at the same forward 
voltage, 6.6 + 0.7 volts, regardless of the force pressing the whisker 
against the silicon and consequently regardless of the contact radius. 
In the reverse direction, the voltage required for burnout depended on 
the applied force, as is to be expected, considering the effect of the barrier 
layer, but the burnout temperature according to Eq. (70) was found to 
be >approximately independent of the force and hence of the contact 
radius. 

Burnout by Short D-c Pulses.—According to the theory of Sec. 8-3 
there should exist a time r such that, for pulse durations small compared 
with r, the contact temperature is proportional to the energy W of the 
pulse and does not depend explicitly on its duration. On the other hand 
uniform pulses of duration long compared with T should result in a con
tact temperature proportional to the power P of the pulse. In Sec. 8-3 
we denned T to be the time required to attain the steady-state tempera
ture if the temperature continued to rise at its initial rate. An alternative 
definition is obtained on the following basis: 
for pulse duration ( « r , 

e = AW = APt, (71) 
and for t ^> T 

BW 8 = BP = ?j-, (72) 

where A and B are proportionality constants. Let us plot the energy W 
required to produce a certain definite deterioration of the rectifier 
against the pulse duration t. The resulting curve should have the gen
eral appearance of the solid curve of Fig. 8-8. The required pulse energy 
W should be constant for small t and proportional to t for long t. The 
intersection of these two asymptotes of the curve defines a time T which 
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Fia. 8-8.—Pulse energy W required for 
a given deterioration as a function of pulse 
duration t. 

can be called the relaxation time of the contact. I t is easily seen that 
the two definitions of T are equivalent provided the amount of deteriora
tion is determined by the contact temperature and not by the time. 

In order to measure T according to this second definition the following 
experiment was performed, using an apparatus shown schematically in 
Fig. 9-35. A coaxial-line condenser of adjustable length I and character
istic impedance Z0 was charged by a d-c supply to a known voltage V. 
By means of the switch S the con
denser could be quickly connected 
to the terminals of a crystal recti
fier, which would then terminate 
the coaxial line. If the impedance 
of the rectifier matches the line im
pedance Z0, a single pulse of magni
tude 7 / 2 and duration 2l/c, where 
c is the velocity of light, is applied 
to the rectifier. The energy dis
sipated in the rectifier is equal to 
the potential energy W = ^CV- of 
the condenser before discharge. 
Here C is the capacitance of the 
coaxial line. If the rectifier resistance R does not match the line imped
ance, a succession of pulses each of duration 2l/c and of decreasing 
amplitude results; but if 

$Z0 < R < 2Z0, 

90 per cent or more of the total available energy -j-CV2 will be dissipated 
in the first pulse. 

The experimental procedure was as follows: 

1. A number of silicon rectifiers of standard type, all made by the 
same manufacturer, were collected and divided arbitrarily into 
groups of 10. The loss and noise temperature of each crystal was 
measured and the noise figure F of a receiver with an amplifier of 
5 db noise figure was calculated from these data for each crystal. 
The mean value of F was found for each group of 10 crystals. 

2. The coaxial line charged to a given energy and adjusted to a given 
length was discharged into one group. After remeasurement of F, 
the same group was exposed to a pulse of higher energy and again 
remeasured. This procedure was continued until the average 
deterioration in F was more than 6 db. 

3. The process outlined in (2) was applied to a second group of units 
with the sole difference that the line length was increased by a 
factor of approximately 2. 
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4. The process was repeated with the other groups successively, 
increasing the line length and therefore the pulse duration by a 
factor of about 2. 

A large amount of data was recorded, but the general result is well 
represented by the data giving the amounts of energy and power required 
to produce an average deterioration in F of 3 db. These data are given 
in Table 8-1. 

T A B L E 8 - 1 . — P U L S E E N E R G Y W AND P O W E R P R E Q U I R E D FOR 3-DB D E T E R I O R A T I O N 
IN N O I S E F I G U R E AS A F U N C T I O N OF P U L S E D U R A T I O N ( 

T (sec X 10"') 
W (ergs) 
P (watts) 

2.3 
0.76 

33 

3.9 
0.81 

21 

7.0 
0.61 
8.7 

13.0 
0.50 
3.8 

26.0 
1.49 
5.7 

As is evident from the table, the energy required for 3-db deterioration 
for short pulses is nearly independent of pulse duration but increases 
sharply at t = 2.6 X 10 - 8 sec. On the other hand the required pulse 
power P decreases with pulse duration at first and becomes roughly 
constant after t = 1.3 X 10 - 8 sec. The relaxation time appears, there
fore, to be about 1 or 2 X 10 - 8 sec. 

In this experiment, the impedance of the coaxial line was 50 ohms, 
its capacitance per centimeter of length was about 1 yu/uf, and a pulse 
energy of 1 erg corresponded to a charging voltage of 90 volts for the 
shortest length used. The voltage was applied to the crystal in the 
forward direction; it may be assumed that, at the high voltages used, 
the resistance of the crystal is the spreading resistance of the semiconduc
tor, which for the crystals used was between 25 and 50 ohms. 

In these experiments only one pulse was applied at each power level. 
I t is known that smaller energies and powers are required for the same 
deterioration when multiple pulsing is used, but the available data bear
ing on this point are not extensive. According to reports from England, 
the energy per pulse required for a given deterioration is less by a factor 
of 3 to 5 for 106 pulses than for a single pulse. The pulse repetition 
frequency in this work was 100 pps. 

I t was established at the Radiation Laboratory that after one pulse 
causing appreciable deterioration the effect of a similar additional pulse 
is negligible, but that 10s additional pulses of the same energy almost 
doubles the deterioration of the first. After this, still further pulses 
(104) of the same energy may either produce still more deterioration or 
may have little additional effect, depending on the unit tested. 

8-5. Burnout Limitations of Standard Crystal Units.—The following 
estimates of burnout limitations of standard crystal units must be 
regarded as crude. As mentioned above, there is a decided lack of 
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uniformity with regard to burnout among crystals of a given type and 
closely similar properties. Furthermore, there are inherent difficulties 
in measuring the absorbed power or energy from microwave pulses. 
This is especially true for the energy of short pulses (about 10 - 8 or 10^9 

sec). Such pulses are caused by preignition transmission through a TR 
tube and their energy content is subject to erratic fluctuations from pulse 
to pulse since there are fluctuations in the time at which ignition starts. 
The measured pulse energy is only the average energy of a large number 
of pulses. A single pulse of abnormal energy, however, may be the sole 
cause of any deterioration observed. In the case of d-c pulses from a 
coaxial-line discharge, the amount of pulse energy is less uncertain. 
Experience shows that multiple d-c pulses have a more drastic effect 
than a single pulse of the same energy. As a rule of thumb, it may be 
stated that the amount of energy per pulse required to produce a given 
deterioration is greater for a single pulse by a factor of 5 or 10 than for a 
large number, for example 106 or 106 pulses. This remark applies to d-c 
pulses but it probably holds as well for microwave pulses. 

In Table 8-2 are some burnout data for the principal mixer crystal 
types. The first column gives the RMA number of the crystal type; the 
second, the wavelength band for which the crystal type was designed; 
the third, the energy of the single d-c pulse applied according to specifica
tions as a proof test; the fourth, the energy of a single d-c pulse required 
on the average to produce a noticeable permanent deterioration of a unit; 
and the fifth, gives in order of magnitude the energy per pulse of a large 
number (105 or 106) of pulses, either d-c or microwave, required for a 
noticeable permanent deterioration of a unit, according to the above-
mentioned rule. 

TABLE 8-2.—BURNOUT PULSE ENERGIES FOR STANDARD CRYSTAL TYPES 

Type 

1X28 
1X21B 
1N23B 
1N26 

Band- cm 

10 
10 
3 .2 
1.25 

Proof Test, 
ergs 

5 
2 
0 . 3 
0 . 1 

Burnout limit, 
ergs 

20 
5 
2 
0 . 2 

Multiple pulse burn
out limit, ergs 

2-4 
0.5-1 
0.2-0.4 

0.02-0.04 

Table 8 3 gives the minimum absorbed power (average absorbed 
power of a single pulse) required to produce a noticeable permanent 
deterioration for a number of crystal types. These estimates apply 
specifically to exposure times of one or two minutes to microwave pulses 
of duration about 1 /usec at a repetition frequency of about 1000 pps. 
Burnout is not sensitive, however, to either exposure times or repetition 
frequencies. 
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TABLE 8-3.—BTJRNOTTT PULSE POWER TOR STANDARD CRYSTAL TYPES 

Type 

1N25 
1N28 
1N21B 
1N23B 
1N26 

Band, cm 

30 
10 
10 
3.2 
1.25 

Pulse power, watts 

15 
5 
2.5 
1.5 
0.5 

I t is interesting to observe that the microsecond pulse power required 
for burnout is roughly proportional to the appropriate wavelength, 
whereas the short-pulse energy required for burnout is roughly propor
tional to the square of the wavelength. In making this observation the 
data applying to the 1N28 rectifier are taken to be appropriate to the 
10-cm band since the 1N28 has about the same conversion properties as 
the 1N21B but is designed to have as high a burnout level as possible 
without regard to impedance considerations. The 1N21B, on the other 
hand, has the highest burnout level consistent with certain impedance 
requirements based on the existence of large numbers of fixed-tuned 
mixers in field use. The crystal types for use at shorter wavelengths are 
perhaps more comparable to the 1N28 than to the 1N21B in respect to 
these design considerations. 

This dependence of burnout level on wavelength is just that predicted 
by the theory of Sees. 8-2 and 8-3. According to Eq. (63) the micro
second pulse power required for a given contact temperature is pro
portional to the contact radius. On the other hand, the product aCRs 
determining the conversion loss is proportional to the ratio of contact 
radius to wavelength [Eq. (4-69)]. Thus for constant conversion loss we 
should expect the observed proportionality between burnout power level 
and wavelength for the several types of rectifiers. Also according to 
Eq. (59) the short pulse energy required for a given contact temperature 
at a distance r from the contact periphery is proportional to the square 
of the contact radius and to r. Now the effective value of r should not 
depend very strongly on the contact radius with the result that, by argu
ments similar to the above, we expect the observed proportionality 
between short-pulse burnout energy and the square of the wavelength 
for the several crystal types. 

The relaxation times T, for the various crystal types, may be found 
by dividing the short-pulse energy by the long-pulse power required for 
burnout. In this way we get the results of Table 8-4. 

The relaxation time r is observed to be about proportional to the 
appropriate wavelengths (again excluding the 1N21B) in accordance with 
Eq. (64). 
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T A B L E 8 - 4 . — R E L A X A T I O N T I M E T FOR STANDARD C R Y S T A L T Y P E S 

Types 

1N28 
1N21B 
1N23B 
1N26 

X, cm 

10 
10 
3.2 
1.25 

T, sec 

6 X 10-' 
3 X 10"8 

2 X 10-« 
6 X 10"9 

As a general rule the increase in receiver noise figure as a result of 
burnout can be attributed almost equally to increase in noise tempera
ture and to increase in conversion loss. Like all other rules applying to 
burnout, this one has notable exceptions. Large increases in noise 
temperature sometimes occur with hardly any change in loss, sometimes 
even with a decrease in loss. Sometimes just the reverse is found. An 
almost inevitable accompaniment of an increase in either loss or noise is a 
decrease in the reverse d-c resistance of the rectifier. This fact has helped 
make possible a simple "d-c checker" for field use; this essentially 
measures the back resistance at 1 volt. Crystals are rejected when their 
back resistance falls below a value appropriate to their type and pre
determined by extensive measurements on partially burned out units. 
The d-c crystal checker is discussed in Sec. 9-10. 

The power-handling limitations of video crystal detectors have been 
determined by measurements at the University of Pennsylvania. The 
1N32 unit, designed for use in the 10-cm band, begins to deteriorate in 
figure of merit at about 10 watts available power. There is probably 
some self-protection in this case, however. The crystals were matched 
to the microwave power at very low level (about 1 /rw) and the available 
power was then increased to the point of burnout. Since the r-f imped
ance of the crystals is dependent on the power level, the power is mis
matched at the high level. The amount of mismatch was not determined, 
hence all one can say is that the absorbed pulse power required for burn
out is less than 10 watts. 

The 1N31 unit, a video detector designed for use in the 3-cm band, 
begins to deteriorate in figure of merit and to change appreciably in video 
impedance at absorbed powers in the range of 0.1 to 0.5 watt, depending 
on the crystal tested. In this case the amount of self-protection was 
determined. In the present standard crystal holder (see Chap. 11) a 
power of 0.5 watt was absorbed when the available power was 1.0 watt 
for crystals of one manufacturer and 2.5 watts for those of another. 
The absorbed power for burnout is about the same in each case. 



CHAPTER 9 

TEST EQUIPMENT 

With the advent of large-scale production of crystal rectifiers an 
urgent need arose for the development of standard test sets both for 
acceptance testing by the manufacturer and for the correlation of data 
obtained in the various laboratories engaged in crystal development. 
The Radiation Laboratory instituted a program for the design and 
development of standard sets for measuring crystal conversion loss and 
noise temperature for 1-, 3-, and 10-cm bands. The following were the 
design objectives: 

1. Equipment that would sort out units that are inferior for use in 
crystal mixers in radar receivers. 

2. Equipment that could be duplicated and calibrated so that meas
urements could be accurately reproduced from set to set. 

3. Equipment capable of rapid, simple operation with a minimum 
number of operations per measurement. 

4. Equipment easy to maintain and as foolproof as possible. 

The sets that were designed met these requirements satisfactorily 
and have been used extensively in production testing for the 1-, 3-, and 
10-cm rectifier types in current use. For detailed drawings of the r-f 
parts the reader is referred to the JAN specifications. The d-c "checker" 
described in the last section of this chapter was developed at the Radia
tion Laboratory in response to a need for portable test equipment that 
could be used in the field to sort out crystals that had deteriorated in use. 

STANDARD LOSS TEST SETS 
The loss sets for the three frequency bands all employ the amplitude-

modulation method discussed in Sec. 7-4. The mixer is fixed-tuned to 
match the line from the r-f oscillator at local-oscillator frequency. Since 
the modulation frequency is 60 cps, the source presents the same imped
ance at the local-oscillator frequency and both sideband frequencies. 
The equipment, therefore, measures the particular conversion loss 
denoted in Chap. 5 by L0. The load conductance at the modulation 
frequency is chosen to equal the mean conductance of the type of crystal 
to be measured, and a fixed d-c load is chosen. The conversion loss is 
then given by Eq. (7-51), 

r _ 4n m2P n n 
u ~ WTWQM ( ' 

264 
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where m is the modulation coefficient referred to the available power of 
the oscillator [Eq. (7-45)], P is the available power from the r-f oscillator, 
gb is the load conductance at modulation frequency, Ep is the rms modu
lation voltage across the load, and n is the ratio of the load conductance 
to the i-f conductance of the particular crystal being tested. 

To avoid measurement of gp, the factor 4n / ( l + n)2 is assumed to be 
unity, Eq. (7-51) becoming 

u - m (1) 

It has already been pointed out that the error introduced by this approxi
mation is less than 0.5 db if gp/2 < gb < 2g$; this error is in such a direc
tion as to make the unit with extreme conductance seem worse than it 
really is. Actually most crystals are well within these limits; hence the 
average error is substantially less than 0.5 db. In any event the approxi
mate value is an upper limit for conversion loss and in acceptance testing 
the approximation tends to reject borderline units whose i-f conductance 
differs widely from the mean. 

Similarly the fixed tuning at radio frequency discriminates against 
those crystals that are poorly matched, since the available r-f power is 
used for P in Eq. (1). The use of fixed tuning at both radio and inter
mediate frequencies therefore tends to select crystals uniform in both 
r-f and i-f characteristics and greatly simplifies the test procedure. The 
r-f tuning must be carefully standardized, however, so that mixers used 
at the various test stations are tuned accurately alike and do not favor 
the characteristics of the product of some particular laboratory. For this 
purpose standard r-f impedances have been developed at the Radiation 
Laboratory; these can be inserted in the mixer in place of the crystal. 
The mixer is then tuned for a match at local-oscillator frequency and the 
tuning adjustments sealed. The Radiation Laboratory served initially 
as the standardization laboratory, but this function has since been taken 
over by the laboratories maintained by the Armed Services. 

9-1. The Conversion-loss Set for the 3-cm Band.—The conversion-
loss set for the 3-cm band, designed by Roberts,1 was the first of the 
standard sets to be built.2 A photograph of the set is shown in Fig. 9-1, 
and a block diagram in Fig. 9-2. The lower panel carries the r-f oscil
lator, crystal holder, and circuits for amplitude-modulating the oscillator 
and for filtering the output of the crystal. The upper panel contains a 
regulated power supply for the r-f oscillator with a meter for measuring 

1 S. Roberts, "Conversion Loss Measuring Apparatus for Crystals in the 3-cm 
Band," RL Report No. 53-28, Aug. 3, 1943; also, "1N23 Loss Measuring Set Type 
7368," RL Report No. M-171, June 27, 1944. 

• 2 A limited number of sets were manufactured by J. C. Fonda, Inc., 333 Fourth 
St., New York, N. Y. 

m 
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the rectified crystal current. The voltage across the load conductance is 
measured with the Model 300A Bailantine voltmeter shown at the right 
in Fig. 9-1. In routine testing the set is calibrated with standard crystals 
which have in turn been calibrated by the Service Laboratories just 

F I G . 9-1.—The conversion-loss set for the 3-em band. 

mentioned. However, the equipment may also be used for absolute 
calibration by the incremental method, or alternatively, the crystals may 
be calibrated with a mechanical modulator as described in Sec. 9-4. 

R-f Components.—The r-f components are mounted on the front of 
the lower panel as shown in Fig. 9 -3. The 723A oscillator is mounted for 

convenience in an inverted position. 
The injector flap and ejector button 
indicated on the photograph are de
vices that facilitate insertion and 
ejection of the crystal into the fairly 
stiff fingers of the crystal holder. The 
ejector is a lever arrangement that 
pushes a plunger against the end of 
the cartridge pin. These devices are 
an aid in rapid routine testing. 

A cross section of the oscillator 
mount is shown in Fig. 9-4. The 
tube socket is mounted on one side 
of a section of waveguide with an 

adjusting nut for varying the penetration of the oscillator output antenna 
through a hole in the waveguide. A choke-type connector is soldered to 
one end of the waveguide and there is a metal plug in the other end. A 
resistance strip is inserted parallel to the electric field in the guide1 

through a slot near the closed end of the waveguide and is held by a 

Power 
supply 

Modulation 
circuit 

1 
Type 723 A / B 

oscillator 

Bailantine 
voltmeter 

Output 
circuit 

Crystal 
holder 

Fi. 9-2.—Block diagram of the 3-cm 
conversion-loss set. 
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clamp. The resistance strip is adjusted in such a way that the oscillator 
mount matches the characteristic impedance of the waveguide with the 
oscillator antenna withdrawn. When the oscillator antenna penetrates 
the waveguide for a small distance, the oscillator is loosely coupled and 
will deliver the desired 1 mw of power with only a small change in the 
impedance presented at the waveguide coupling. I t can be seen that a 
tube with low power output will have to be more strongly coupled to give 

Oscillator Elector Crystal Injector ' •'•'•''■ ' ]'■';' 
mount button holder flan 

nut nut 

KIG. 93.—R-f components of the 3-cm conversion-loss set. 

the desired amount of power; hence the output impedance will be affected 
to a greater extent. Because the accuracy of the equipment depends on 
holding close impedance tolerances it is clear that a tube which oscillates 
weakly should not be used. 

The crystal holder is shown in cross section in Fig. 9-5. The crystal 
cartridge is mounted across the waveguide and is held by spring contact 
fingers at each end. The contact at the pin end is insulated and provides 
a terminal for the d-c output of the crystal; an r-f choke and bypass 
condenser prevent the r-f power from leaking out at this terminal. The 
crystal holder is interchangeable with the one on the noise measuring 
set, and for the latter, application the capacitance between the output 
terminal and ground should be 14 + 1 jj/*f. 
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Output antenna 

The tuning adjustments consist of a tuning screw, which may be 
inserted in either of two positions in front of the crystal, and an adjust
able plunger in back of the crystal. These adjustments are set by the 

standards laboratory at the prescribed 
fixed tuning and sealed once and for 
all. 

Circuit Details.—The power supply 
is a conventional, electronically regu
lated supply that applies —200 to 
— 300 volts to the cathode of the oscil
lator, and a reflector voltage from —60 
to —150 volts with respect to the 
cathode. The cavity of the oscillator 
is connected to ground. 

The modulation circuit, a regula
tor for the modulator voltage, and the 
crystal-output circuit are all mounted 
on the r-f panel. The modulation cir
cuit, shown in its most elementary 
form in Fig. 9'6, is connected between 
the oscillator tube and power supply. 
A 60-cps voltage ei is applied to the 

choke L, which also carries the normal d-c cathode current. A fraction 
of this voltage ei is obtained by means of a voltage divider and is applied 
to the reflector through a filter (Ci,Re). By choosing the proper ratio 

vUpper contact 

. f i n g C r S .Lower contact / P l u n 8 e r 

fingers 

Adjusting 
nut 

• Osciliator 
tube 

Oscillator mount. 

Tuning screw 

Polystyrene plug 

Hollow center post 
F I G . 9-5.—Crystal holder. 

of ei to e2 amplitude modulation can be provided with a minimum of 
frequency modulation. 

A regulator for the modulator voltage is shown in Fig. 9-7. The 
nonlinear volt-ampere characteristic of a thermistor is utilized for this 
purpose. As current through the thermistor is increased, the voltage at 
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first increases until it reaches a maximum and then, as the current is 
increased still further, the voltage becomes smaller. If the thermistor 
is operated at its maximum voltage, it is a good voltage regulator because 
a small change in current causes a negligible change in voltage. The 
voltage at the maximum for the D162046 thermistor is about 3 volts. 
Changes in ambient temperature may be expected to change the voltage 

Gnd.c- oGnd. 

o Refl. 

oCath. 

3v 60 cps 

F I G . 9-6.—Modulation circuit. 

across the thermistor but this has never caused any noticeable difficulty. 
The modulation voltage applied to the oscillator is adjusted by means of 
the rheostat at the output terminals. 

The crystal-output circuit is shown in Fig. 9-8. The load consists 
of a magnetically shielded choke Lj, condenser C, and resistors Ri and /?2-
The circuit is resonant at the modulation frequency of 60 cps at low 

D162046 
Thermistor 

6.3v, 
60 cps 

F I G . 9-7.—Regulator for modu'ator 
voltage. 

40 ohms 

F I G . 9-8.—Crystal output circuit. 

level (small currents). The load is designed to have a d-c resistance of 
100 ohms and an impedance of 400 + j 0 ohms at the modulation 
frequency. 

Adjustment of R-f Components.—The adjustment of the r-f compo
nents is made in the standards laboratory by means of standing-wave 
measurements with a precision slotted section and a movable probe 
detector (i.e., a standing-wave machine). A type 723A oscillator is 
connected to a T-section, on which is mounted a wavemeter. The 
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T-section is connected to a waveguide attenuator, which is in turn con
nected to the slotted section. The mixer or oscillator mount to be tuned 
is connected directly to the flange coupling on the slotted section. The 
oscillator is tuned to the standard frequency corresponding to 3.200 cm, 
and the tuning devices on the r-f component are adjusted for a standing-
wave ratio as near unity as possible. With precision equipment and care
ful adjustment the voltage standing-wave ratio can be made 1.01 or less. 
Such accuracy is needed because small differences in the mixer tuning 
make appreciable differences in values obtained for the conversion loss of 
crystals which are at the extremes of the impedance distribution. The 
inside dimensions of the waveguide for the slotted section, as well as for 
the other r-f components, should be uniform and accurate. 

The standard fixed tuning is established by tuning a standard mixer 
to match to the characteristic admittance of the waveguide crystals with 
an r-f impedance at the center of the impedance distribution. Once 

Ceramic 
/ r Thermistor y^, 

FIG. 9-9.—Standard-impedance cartridge for the 3-cm band. 

such a standard mixer is established, a standard-impedance cartridge 
that matches in the standard mixer is used for tuning other mixers. 

The standard-impedance cartridge used for the 3-cm band is shown 
in Fig. 9-9. I t consists of a thermistor mounted in a Sylvania Company 
ceramic cartridge and is constructed in the following way. One of the 
leads of an unmounted thermistor bead (Western Electric D-163903) is 
soldered to the screw that normally carries the silicon crystal. The 
screw is then inserted in the cartridge and the pin end of the cartridge 
heated with the result that, as the screw is advanced, the wire on the 
other end of the thermistor bead dips into the molten solder inside the 
cartridge on the pin end. The screw is advanced until the bead is 
centered in the hole in the ceramic. The desired impedance is obtained 
by adjusting the amount of solder at the two ends of the cartridge and by 
adjusting the resistance of the thermistor. The resistance is adjusted 
by connecting the cartridge in one arm of a bridge and adjusting the 
bridge current. Once the desired combination of these variables is found, 
a specification of the resistance determines uniquely the impedance of the 
cartridge. The d-c resistance required to match the various cartridges to 
the standard 3-cm mixer is in the range of 30 to 50 ohms. The impedance 
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varies slightly with the orientation of the cartridge in the mixer; there
fore both the orientation and resistance must be specified. The 3-cm 

» impedance standard has an admittance in the waveguide, when referred 
to the plane of the cartridge, of about 1.25 + j 0.5 times the character
istic admittance of the waveguide. 

I t should be emphasized that the primary standard is the standard 
mixer. The essential function of the standard impedance is to provide a 
simple means of tuning other mixers so as to be identical with the stand
ard. The use of a stable impedance standard, moreover, provides a 
means of checking the constancy of the mixer-impedance combination. 

, The impedance standard is also equally useful as a bolometer for the 
measurements of r-f power required for the absolute measurement of 
conversion loss. 

Adjustment and Calibration of the Set.—A wavemeter, mounted on a 
T-section, is inserted between the oscillator mount and the mixer for 
adjusting the frequency of the oscillator to the standard value correspond
ing to 3.200 cm. The equipment is sufficiently stable to require only an 
occasional check on frequency. Calibration of the equipment is accom
plished with secondary-standard crystals provided by the standard? 
laboratory, for which the conversion loss and rectified current are known. 
The power-level adjustment is made by means of the large adjusting nut 
on the oscillator mount, and is locked by means of the small locking nut 
(see Fig. 93) . This adjustment controls the distance that the output 
antenna penetrates into the waveguide, thereby varying the coupling of 
the oscillator to the waveguide. The power level is so adjusted that the 
value of the rectified current for a given crystal is that in the specifica
tions, 1 mw of available power being obtained by this adjustment. 

From Eq. (1) it is seen that the conversion loss of the crystal, in 
decibels, is given by 

L(db) = 10 log10 \ ~ ) ~ 20 logio E0. (2) 

The decibel scale on the Ballantine voltmeter gives 20 log™ El directly. 
1 The other constants in Eq. (2) are known, except for TO, which is difficult 

to measure for the modulation method used in the equipment. Accord
ingly, the conversion loss of the standard crystals are used for calibration. 
The voltmeter is set on the 0.01-volt full-scale range, and the modulation 
voltage adjusted so that the term 10 logio (m2P/gb) is equal to 20.0. For 
this setting the output-voltmeter reading on the decibel scale is 20.0 
minus the value of conversion loss specified for the standard crystal. 
This corresponds to a value m of of 1.58 per cent for P = 1 mw and 

: 9b = iht mho. The conversion loss of an unknown crystal in decibels is 
then just 20.0 minus the reading of the output meter in decibels. 
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It is desirable to use a set of several standard crystals for the calibra
tion in order to detect any deterioration of an individual unit through 
handling. To avoid damaging crystals the equipment should be con
nected to a good ground. The operator should place his hand on the 
equipment just prior to inserting the crystal cartridge and while he is 
inserting it in order to avoid burning out the crystal by the discharge of 
static electricity that may have accumulated on his body. 

The Calibration of Standard Crystals.—The standard crystals can be 
calibrated by the incremental method or by the amplitude-modulation 
method. Both of these methods are discussed in Sec. 7-4. The latter 
method utilizes a mechanical modulator for which the modulation coeffi
cient can be accurately measured; this is discussed in detail in Sec. 9-4. 
For the incremental method, it was shown in Sec. 7-4 that the conversion 
loss is given by 

T - 9>> 

"•($' 

(3) 

where gb is the standard load conductance and AI is the increment of recti
fied current in the load resistance r2 of Fig. 7-7b when the available power 
is increased from P to P + AP. The quantity Po is the average power, 
P + i AP. These quantities can all be measured on the conversion-loss 
set. For the power measurements a micrometer attenuator, such as is 
used on the noise set (see Fig. 9-24), is inserted between the oscillator 
mount and the crystal holder. The attenuator can be calibrated by 
using the standard-impedance cartridge as a bolometer in one arm of a 
bridge. The measurement of the current increment A7 is accomplished 
with the circuit of Fig. 7-76. The r-f panel of the loss set is provided 
with a switch that connects the output terminal of the mixer either 
to the usual load circuit or to a terminal to which the calibrating circuit 
of Fig. 77b is connected. In making the measurement at the standard 
power level of 1 mw the calibrated attenuator is first set for 0.9 mw 
available power and the current through the output meter is balanced 
out. The attenuator is then shifted to the 1.1-mw level and the current 
A/ through the meter noted. For a load resistance of 400 ohms the 
conversion loss is given by 

L = Am* (4) 

where A is 20/ma2 when AI is expressed in milliamperes. With precision 
equipment, an accuracy of 0.1 db can be obtained. For this accuracy 
an attenuator that matches the waveguide accurately must be used. 

9-2. The Conversion-loss Set for the 10-cm Band.—The development 
of the conversion-loss set for the 10-cm band followed chronologically 



SEC. 9-21 THE CONVERSION-LOSS SET FOR THE 10-CM BAND 273 

that for the 3-cm band and is similar to it in many respects; the differences 
are chiefly in the r-f components. A photograph of the set, developed 
at the Radiation Laboratory by Huntington,1 is shown in Fig. 9-10, and 
a block diagram in Fig. 9-11. The top panel contains the power supply 
for the type 707B oscillator; the middle panel contains the modulation 
circuit and the crystal-output circuit; the bottom panel supports the r-f 

FIG. 9-10.—The conversion-loss set for the 10-cm band. 

oscillator, attenuator, and mixer. The output modulation voltage is 
measured, as in the 3-cm set, with a Ballantine voltmeter. 

R-f Components.—The r-f oscillator and mixer are mounted on the 
back of the panel, as shown in Fig. 9-12. The oscillator is mounted in a 
broadband cavity, designed for a shielded wideband signal generator; 
it is used here because of its sturdy construction and the ease with which 
it is mounted and tuned. The cavity has two tuning plungers, one for 
gross and the other for fine adjustment. The tuning knob for the latter 

1 H. B. Huntington, "1N21 Loss Tester Type 7556," RL Report No. M-177, Aug. 
21, 1944. The set was manufactured in limited quantities by Photoswitch, Inc., 77 
Broadway, Cambridge, Mass. 
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is accessible from the front of the panel. Power is taken from the cavity 
by two coupling loops, one of which is connected by means of 50-ohm 
lossy cable to the waveguide attenuator on the front of the panel and 

Power 
supply 
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Modulator 
(to grid) 

Type 707 B 
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50-ohm 

Lossy cable 

Waveguide 

attenuator 

Model 300 
voltmeter 

— 1 70-ohm 
Trans- Jyz— 
former fl Lossy cable 

Output 
circuit 

f.iixer 

F I G . 9-11.—Block diagram of the conversion-loss set for the 10-cm band. 

Tuning plunger (gross adjustment! Specially matched Holmdel jack 

F I G . 9-12.—Rear view of the 10-cm conversion-loss set. 

supplies the r-f power for the mixer; the other loop is connected to an 
outlet on the panel and is used for monitoring the frequency, specified 
for the 1N21 types as 3060 Mc/sec. 
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The micrometer attenuator is a scaled-up model of the one used in 
the 3-cm noise set. A resistance strip is mounted in the guide parallel 
to the electric field so that it can be moved across the guide by a microm
eter screw. When it is so moved the attenuator increases to a maximum 
at the center of the guide where the field is strongest. The total range 
of attenuator is from 0 to 20 db. The transitions from coaxial line to 
waveguide are made by probes inserted near the ends of the guide. The 
output coupling is fitted with a "Holmdel" plug, which matches KS 8086 
70-ohm cable with a voltage standing-wave ratio of not more than about 
1.07. This mismatch is not serious, since the cable that connects the 

P I G . 9-13.—Crystal holder for the 10-cm band. 

attenuator to the mixer supplies about 15 db of attenuation between the 
two components. The impedance of the r-f source at the input terminals 
of the mixer is then the characteristic impedance of the KS 8086 cable, 
approximately 70 ohms. To standardize the impedance accurately, the 
Holmdel jack that terminates the cable must be especially "tai lored" 
for a match. This "tailoring" consists of inserting a small tuning screw 
in the outer conductor of the jack, which is then connected to a 70-ohm 
coaxial-slotted section; the other end of the cable is terminated in a 
matched load and the tuning screw is adjusted for a match and then 
soldered in place. (The use of both 50-ohm and 70-ohm cable in the 
equipment was necessary in order to adapt to this equipment r-f com
ponents already designed for other purposes.) 

The mixer used in the equipment and shown in Fig. 9-13 was originally 
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designed by Sharpless1 at the Bell Telephone Laboratories xor conversion-
loss measurements by the heterodyne method. It was adapted to the 
amplitude-modulation method by removing the Holmdel plug that carries 
the capacity coupling for the local oscillator. A brass plug closes the 
hole through which this coupling was made. 

The crystal terminates one end of a coaxial line, the other end being 
connected to the i-f output plug. A quarter-wave choke in this plug 
and a bypass condenser prevent the r-f power from leaking out at this 
terminal. The capacity seen looking into the i-f terminals is adjusted to 
the specified value of 15 ju/if by adding or removing mica washers in the 
bypass condenser. The r-f input line is connected to the crystal by a 
capacity coupling. The two tuning adjustments are the capacitance 
of this coupling and the length of line between the crystal and the r-f 
short circuit in the i-f plug. The crystal is held in the crystal receptacle 
by spring fingers on the inner and outer conductors of the coaxial line. 

Circuit Details.—The circuit details are similar in every respect to 
those for the 3-cm set except that the 60-cps amplitude-modulation 
voltage is applied to the grid of the type 707B tube. The modulation 
voltage is regulated by the thermistor circuit of Fig. 9-7. The output 
circuit is the same as that in Fig. 9-8; the load impedance at 60 cps is 
400 + j 0 ohms. 

Adjustment of R-f Components.—The mixer is tuned by means of a 
standing-wave machine fitted with a 70-ohm Holmdel jack, into which 
the mixer is plugged. The standard impedance is a thermistor cartridge 
which differs from that shown in Fig. 9-9 in the following respects. (1) A 
thin cylindrical metal sleeve, 0.180 in. long, is placed around the ceramic 
on the pin end of the cartridge; this sleeve is flush with the end of the 
ceramic on the pin end and is soldered to the brass fitting on that end. 
(2) Solder is added to the connections inside the cartridge until there is 
barely enough space for the thermistor bead between the two balls of 
solder that are formed. (3) With the above variables properly adjusted, 
the desired impedance is obtained for thermistor resistances varying from 
100 to 110 ohms. 

Calibration of the Set.—The calibration of the set is the same as that 
described in Sec. 9 1 . The specified available power is 0.5 mw, and the 
load resistance at 60 cps is 400 ohms. The constant A in Eq. (4) is 
therefore 10.0/ma2 when AP is 0.2 mw. 

9-3. The Conversion-loss Set for the 1-cm Band.—The conversion-
loss set for the 1-cm band was developed at the Radiation Laboratory2 

1 W. M. Sharpless, "Manufacturing Electrical Testing Requirements—1N21 
Crystal Rectifier," BTL Report MM-43-160-167, Oct. 14, 1943. 

2 C. A. Whitmer, "A Conversion-Loss Set for Testing K-band Crystal Rectifiers," 
RL Report No. 668, Jan. 16, 1945. 
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toward the end of the crystal-development work and did not go into 
production. A block diagram of the set is shown in Fig. 9-14. A 
mechanical modulator produces the amplitude modulation, and the out
put circuit is designed for measuring both the i-f resistance and the 
conversion loss. The set operates at the specified test wavelength of 
1.250 cm, and the r-f components, except the modulator and crystal 
holder, are standard test equipment, described in detail in Vol. 11 of the 
Radiation Laboratory Series. 

R-f Components.—A type 2K33 oscillator, or its equivalent, with a 
minimum r-f power output of 20 mw is required for the equipment. 
This provides 1 mw of available power to the crystal and at the same time 
makes possible the use of at least 6 db of attenuation on each side of the 
mechanical modulator. The r-f admittance of the modulator differs 
slightly from that of the waveguide and varies with the rotation of the 
modulator; for certain orientations of the modulator disk, the modulator 
may be mismatched to the waveguide by as much as 1.1 in voltage 

Power 
supply 

' 

2K-33 
osci ator 

Attenuator 
no. 1 

Mechanical 
modulator 

Output 
meter 

Attenuator 
no. 2 

Output 
circuit 

Crystal 
holder 

F I G . 9-14.—Block diagram of the conversion-loss set for the 1-cm band. 

standing-wave ratio (see Sec. 9-4). The attenuation between the modu
lator and oscillator is used so that this variation in load impedance will not 
modulate the oscillator output by an unpredicted amount. Similarly, 
there should be ample attenuation between the oscillator and mixer so 
that the characteristic admittance of the waveguide is always presented 
to the mixer. 

The attenuators are " v a n e " attenuators, varied by varying the pro
jection of a resistance strip through a slot into the waveguide parallel 
to the electric field. 

The mechanical modulator is similar to that described in Sec. 9-4 
for the 3-cm waveguide. The attenuating disk, 1 in. in diameter, is 
rotated by a small motor mounted rigidly to the waveguide. The 
eccentricity of the disk is set to give a modulation coefficient of about 
10 per cent. This value gives a convenient range on the output meter 
with the specified r-f power and load resistance. 

The motor is run at a speed of about 55 rps. Synchronous speed is to 
be avoided so as to prevent a fixed-phase relation between the modulation 
voltage produced by the mechanical modulator and that produced by 
any ripple that may be present in the power supply. The latter should, 
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of course, be reduced to a minimum to avoid fluctuations in the output 
voltage. Stray magnetic fields from the motor may produce an undesir
able 60-cps modulation of the type 2K33 oscillator, but its effect can be 
minimized by shielding the motor with sheet iron. By means of a stop, 
the modulator disk may be quickly set in a rest position at which the same 
rectified current is obtained as with the modulator running. 

Tuning screw r- Crystal receptacle 

F I G . 9-15.—Crystal holder for the^ 1-cm test equipment. 

The waveguide crystal holder is shown in cross section in Fig. 9-15. 
The outer conductor of the coaxial cartridge is set against the shoulder 
in the crystal receptacle; the inner conductor is held by spring fingers 
on the end of the post that couples the crystal to the waveguide. This 
post is insulated and provides a terminal for the d-c output of the mixer. 

60 cps 

Fie. 9-10.—Output circuit. 

An r-f choke and bypass condenser prevent leakage of r-f power at this 
terminal. The tuning adjustment consists of a tuning screw in front 
of the crystal and an adjustable choke plunger behind the crystal. A 
spring device, not shown in Fig. 9-15, is used for seating the cartridge 
firmly in the crystal receptacle. 

Circuit Details.—The output circuit is shown in Fig. 9-16. It pro
vides the specified d-c load of 100 ohms and a-c load of 500 ohms, and also 
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provides for the measurement of crystal resistance at 60 cps. The circuit 
is operated in the following way. The switches Si and Si are ganged in 
such a way that S2 is closed when Si is open. With £2 closed, the 
potentiometer Ri is adjusted for zero current in the galvanometer G. 
Under this condition, current from the power supply balances out the 
rectified current from the crystal in G; the d-c load is then 100 ohms and 
the a-c load 500 ohms. The rectified current is read on the milliammeter 
and the a-c voltage is read by closing switch S to position 2. 

The circuit provides a variable 60-cps voltage that may be connected 
to the crystal in series with a resistance of 100,000 ohms by closing 
switch Si. Since the i-f resistance of the crystal is in the range from 
300 to 600 ohms, essentially a constant-current source is thus provided. 
The i-f resistance can then be determined by reading the voltage across 
the crystal with the output meter. With some 2K33 tubes the 60-cps 
heater supply will produce a 60-cps modulation in the r-f power, which 
will then introduce an error in the resistance measurement. This situa
tion can be avoided by using an insulated storage battery for the heater 
supply. 

Either the Ballantine model 300 voltmeter or the Hewlett-Packard 
model 400A voltmeter may be used for measuring the output voltage. 
The former has a logarithmic meter that can be read more accurately 
than the Hewlett-Packard in the range needed under actual operating 
conditions and is therefore preferred for absolute calibration. The 
Hewlett-Packard meter is perhaps to be preferred once the equipment is 
calibrated and standard crystals are available. The gain of the meter 
can be changed in such a way that the indication is in the most sensitive 
part of the scale for crystals in the acceptable range. A variable gain 
control makes it possible to set the meter for direct reading of the con
version loss. 

Adjustment of R-f Components.—The adjustment of the mechanical 
modulator is described in Sec. 9-4. 

The standard mixer is tuned to match the waveguide when a 65-ohm 
termination is plugged into the crystal receptacle. The 65-ohm termina
tion for tuning the standard mixer is a coaxial line terminated by a 
resistance cloth wound around the center conductor in the form of a cone. 
If the cone is shaped so as to terminate the line in its characteristic imped
ance, then, for an arbitrary tuning of the mixer, a change in the position 
of the cone along the line will not shift the position of the minimum of the 
standing wave in the slotted section. Once this condition is achieved 
the standard mixer can be fixed-tuned for a standing-wave ratio of unity. 

The termination just described is not stable enough for a standard 
impedance. The standard impedance used for tuning mixers to match 
the standard one is shown in Fig. 9-17. I t consists of a short section of 
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coaxial line of 65-ohm characteristic impedance; one end of it is identical 
with the pin end of the cartridge for the 1-cm band, the other end is 
short-circuited. The outer conductor is slotted longitudinally and rec
tangular strips of resistance card are inserted on each side so that they 

make contact with the inner conduc-
JV///////////////A 

Polystyrene bead -1 Clamping 

tor. This device can be matched 
to the standard mixer by sliding 
the strips along the slots. Once the 
correct positions are found, the 
strips are clamped in the slots and 
trimmed off flush with the outer 
surface. Such a termination has 
the required stability and rugged-

FIG. 9-17.—Standard 65-ohm termination. n e s g ) a n d t h e adjustment procedure 
ensures its having the required impedance. 

The procedure for fixing the tuning of mixers is similar to that 
described for the other bands. 

Calibration of the Set.—The mechanical modulator is calibrated by the 
method described in Sec. 9-4. Once m is known, the constant term in 
Eq. (2) can be calculated. To measure the available power P0, the mixer 
is replaced by a matched WoUaston wire or thermistor bolometer. Once 
a set of standard crystals is available, it may be used for checking the 
calibration of the equipment as described in Sec. 9-1. 

If the set is used for the measurement of conversion loss only, the 
modulator may be run continuously. The measurement then involves 
setting the potentiometer 7?i (Fig. 9-16) for a null reading of the galva
nometer and reading the output voltmeter. 

To measure the i-f resistance, the modulator is stopped at the fiducial 
position and Si is closed. The output voltmeter is then read with S 
closed first to position 1, then to position 2. For readings Vi and Vi, 
the i-f resistance is given by 

V2 
Y X 105 ohms. (5) R = 

With Vi fixed at a suitable value, the resistance is obtained from a single 
reading of the output meter. 

9-4. The Mechanical Modulator.—The use of the mechanical modu
lator for absolute conversion-loss measurements has already been men
tioned in Sec. 7-4. The modulator developed by Roberts1 for the 3-cm 
band is shown in the photograph of Fig. 9-18. I t is essentially a variable 
attenuator driven by a motor, the attenuation consequently varying 

l S . Roberts, "A Mechanical Modulator and Precise Method of Calibration for 
Crystal Conversion Loss Standardization," RL Group Report 53, Jan. 5, 1945. 
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periodically at a frequency slightly less than 60 cps. The attenuator 
consists of a thin insulating circular disk, 2-| in. in diameter, which has a 
uniform resistance coating on one surface and penetrates a slot on the 
top side of a section of waveguide. The disk introduces more or less 
attenuation depending on how far it penetrates the waveguide. I t is 
mounted eccentrically on the shaft of the motor, the attenuation there
fore varying periodically as the shaft rotates. The mounting hole in 
the disk is eccentric with respect to the outer edge, and the bushing 
on which it is mounted is also eccentric. As a result, the eccentricity 
of the outer edge of the disk with respect to the motor shaft can be 
adjusted smoothly by rotating the disk on the mounting bushing. By 
this means the modulation coefficient of the modulator can be set at the 

FIG. 9-18.—Mechanical modulator for the F I G . 9-19.—Mounting bushing for 
3-cm equipment. the modulator disk. 

desired value. The construction of the bushing and resistor disk is 
shown in Fig. 9-19. 

The average penetration of the disk inside the waveguide is rather 
critical. If it penetrates too far, the waveform of the modulation tends, 
because of irregularities in the resistance coating, to be nonsinusoidal. 
On the other hand, if the penetration is so adjusted that the waveform 
is nearly sinusoidal, the r-f impedance is affected—that is, the impedance 
seen on looking into one side of the modulator with a matched termina
tion on the other side is not the characteristic impedance of the wave
guide. Furthermore, as has been pointed out in Sec. 9-3, this impedance 
varies with the rotation of the modulator. I t is preferable to adjust the 
penetration in such a way that the modulation is as nearly sinusoidal as 
possible and to compensate for the impedance mismatch by the use of 
attenuators on each side of the modulator. Figure 9-20 shows the 
variation in power transmission as a function of angle for a typical 
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modulator. Figure 9-21 shows the standing-wave ratio as a function of 
angle. 

With constant incident power the power transmitted by the modulator 
is a periodic function of the angular position 8 and may be represented 
by the Fourier series, 

P = P ^ l + en cos (9 + <t>i) + a2 cos (20 + **) + ■ • • + ] , (6) 

where P i is the average power and a* and 4>i are constants. The modu-

0.20 

0.15 

0.1635 

0 90 180 270 360 
Orientation of modulator disk in degrees " 90 

F I G . 9-20.—Transmission characteristic of a mechanical modulator. 
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F I G . 9-21.—Standing-wave ratio of mechanical modulator. 

lator is adjusted to minimize a2, a3, etc., the resultant power, to a good 
approximation, being given therefore by 

^ \ 
O " ^ S J J 

\ . o 

o /-x 

P = P i ( l + 2m cos 8), (7) 

Iffli. where the modulation coefficient m 
The value of m may be determined by a Fourier analysis of the trans

mission characteristic given in Fig. 9-20. Instead of integrating to find 
the coefficients of the fundamental-frequency components, accurate 
results can be obtained by summations with finite intervals of 30°. 
Expressed in terms of summations over equally spaced values of 8 in the 
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range from 0° to 360°, the modulation coefficient is 

_ V ( 2 P cos e)2 + (2P sin 0)2 

SF (8) 

The modulation coefficient calculated from the curve of Fig. 9-20 by 
means of Eq. (8) is 0.100. 

STANDARD NOISE TEST SETS 
Standard noise sets were developed at the Radiation Laboratory for 

the 3-cm and 10-cm bands. Acceptance testing in the 1-cm band is 

l'ui. 922.—The .standard noisc-moa.suring sot for the 3-cm band. 

done at present with the 3-cm noise set, using an adapter on the 3-cm 
crystal holder which makes it possible to plug the 1-cm coaxial cartridge 
into the holder. Both of the standard sets employ the Roberts coupling 
circuit described in Sec. 7-G; in both, the noise temperature is measured 
by comparing the noise power output of the crystal with that of a stand
ard resistor. 

9-6. The Noise Measuring Set for the 3-cm Band.—The set for 
measuring noise temperature in the 3-cm band was developed by Rob-
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erts. l A photograph of the equipment is shown in Fig. 9-22, and a block 
diagram in Fig. 9-23. The bottom panel includes the r-f components, 
input coupling circuit, diode noise source, and preamplifier. The second 
panel carries a regulated power supply for the preamplifier, and an output 

Type 723 A/B 
oscillator 

' ■ 

Vane 
atten uator 

Loud
speaker 

Output 
meter 

, 
Hallicrafter 

5-36 receiver 

a.f filter 

Preamplifier 

Micrometer 
attenuator 
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circuit and 
noise diode 

, 

Crystal 
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FIG. 9-23.—Block diagram of the noise-measuring set for the 3-cm band. 

i 
FIG. 924.—R-f panel of the 3-cm noise set. 

meter and loudspeaker for the Hallicrafter S-3G receiver. The third 
panel is a power supply for the r-f oscillator; on this panel are mounted 
meters for measuring the rectiiied crystal current and the beam current 
of the oscillator. The top panel is a Hallicrafter S-36 receiver. A type 
VR-307 voltage regulator mounted on the bottom of the cabinet in the 

■S. Roberts, "1N23 Noise Measuring Set, Type 7438," RL Report No. M-190, 
Dec. 21, 1944. This set was manufactured in limited quantities by J. C, Fonda, Inc., 
New York, N. Y. 
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rear provides stabilized a-c voltage for the receiver, preamplifier power 
supply, and the oscillator cathode heater. 

R-f Components.—A photograph of the r-f panel is shown in Fig. 9-24. 
The oscillator and crystal holder are identical with those used in the 
conversion loss set. 

A description of the micrometer 
attenuator was given in Sec. 9-2. The 
ends of the resistance strip in the atten
uator are tapered; hence the charac
teristic waveguide impedance is seen 
on looking in at either end. The 
purpose of this attenuator is to pre
sent the characteristic impedance of 
the waveguide to the crystal holder at 
signal and image frequencies as well as 
at local-oscillator frequency; it is 
adjusted to a minimum of 5-db 
attenuation. 

The vane-type attenuator oper
ates by moving a resistance-coated FIQ- 925.—R-f filter. 
card into the waveguide (parallel to the electric field) through a slot 
in the top of the guide. This attenuator is suitable for varying the 
attenuation rapidly when a calibration is not required. I t is not used 
in the standard procedure for 3-cm testing but is useful in testing 1N26 
rectifiers, where the r-f power level is adjusted for a minimum rectified 
current of 0.5 ma. 

The r-f filter shown in cross section in Fig. 9-25 is a waveguide res
onator with iris coupling and a choke-type 
tuning screw. The Q of this filter is about 
1000, and its transmission loss somewhat 
less than 2 db. It is tuned to the standard 
test frequency of 9375 Mc/sec; the tuning 
screw is then sealed. The purpose of the 
filter is to reject the noise sidebands 
generated by the oscillator. Without it, 

the indicated noise temperature is appreciably higher than the true noise 
temperature of the crystal. 

Circuit Details.—The oscillator power supply is identical with that 
used in the 3-cm conversion loss set. The preamplifier power supply 
provides a regulated voltage of 105 volts for the preamplifier. A con
venient power supply for the noise diode (not included in the equipment) 
is shown in Fig. 9-26. It is completely shielded. 

The input coupling circuit is the Roberts circuit discussed in Sec. 7-6. 

T T '4 
4 1.5-v 

cells 

^yxA.—*-*- To diode 
(X-6030) 

To 
meter 

F I G . 

L-l |H|-crvp-
2 45-v 5 ma -

baft. fuse 
9-26.—Diode power supply. 
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A schematic diagram of the coupling circuit and noise diode is shown 
in Fig. 927. The input coupling circuit, which couples the crystal 
(or the standard comparison resistor Ri) to the preamplifier, is tuned by 
the capacitances C2, C3, and C4 in the three arms of the coupling network. 
As was explained in Sec. 7-G, the circuit is so designed that these three 
tuning parameters can be adjusted for the following conditions: (1) a 
match of the standard resistance to the preamplifier input resistance, 
(2) zero susceptance looking in at the output terminals of the network, 
(3) an output meter reading nearly independent of the input resistance 
of the crystal. 

To crystal 
holder 

D-c crystal 
current 

Preamplifier 
input 
■o 

c, 
C2 

c, 
c» 

= 1.5-7 ^ f 
= 5-20 wit 
= 3-13 mil 
= 0.001 fit 

F I G 

hx 
Li 
U 

9-27 

11 turns I / 
10 t u r n s / " 
resonant choke at 30 Mc/sec 

wire on 5-in.. coil form 

- Input coupling circuit. 

One of the features of the input circuit is the provision for switching 
from the crystal directly to the standard resistance Ri. The capacitance 
Ci is tuned in such a way that with a 300-ohm resistor cartridge in the 
crystal holder there is no change in output meter reading when switch 
S is thrown from RES to X'TAL. The combination R1C1 then has the 
same admittance as the circuit connected to the X'TAL, terminal of switch 
S. The conductance is that of the standard resistance Ri, and the 
capacitative susceptance together with that of Ci makes up the total 
susceptance of the input arm of the coupling network. 

The tuning of the coupling circuit is accomplished by using as a 
signal generator a 300-ohm resistor cartridge in the crystal holder, made 
"noisy" by current from the diode. The condensers C3 and d are then 
adjusted for maximum noise output. This matches the 300-ohm resistor 
cartridge to the input resistance of the preamplifier. The 300-ohm 
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V^-watt Erie resistor 

cartridge is then replaced by cartridges of 150 and 600 ohms and, with 
the diode off, C2 is so adjusted that in either case there is essentially no 
change in output meter reading when switch S is thrown from RES to 

X'TAL. As a final fine adjustment, cartridges 
of 150 to 600 ohms are used in the crystal 
holder with a diode current in each case such 
that the noise temperature is, for example, 5 
times [see Eq. (7-86)]. Capacitance d is 
then adjusted, making the output meter read
ing the same for the two resistor cartridges. 

the variation of Y-factor with input resistance 

£////_///*'_ 
t£ 

FIG. 9-28.—Resistor cartridge. 

With proper adjustment, 
is like that shown in Fig. 7-14. 

The resistor cartridges used in the calibration are shown in Fig. 928. 
These are made from Erie | -wat t resistors, to the ends of which are 
soldered a base and pin of the same dimensions as the crystal cartridge. 

The noise diode is a Sylvania type X6030 tube. It consists of a 
single tungsten-wire cathode inside a cylindrical anode. I t is connected 

240 
105 v 

H 6 . 3 V 

Input from 
coupling 6AC7, 

circuit 

F I G . 9-29.—Preamplifier circuit. 

to the crystal-holder terminals through the bypass condensers C5, and 
the power supply is decoupled by the chokes L3, which are resonant at 
30 Mc/sec. When the diode is used, the terminal for d-c crystal current 
is connected to ground by a short-circuiting plug; this connects the plate 
of the diode to ground for the d-c component. 

A schematic diagram of the preamplifier circuit is shown in Fig. 929. 
When used with the coupling network just described, the noise figure 
of the preamplifier is about 6 db. 

The output-meter circuit is built into the Hallicrafter receiver as 
indicated in Fig. 9-30. The 6SK7 tube indicated in the figure is the 
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third i-f amplifier of the receiver. This circuit utilizes a crystal rectifier 
as a detector, giving indications nearly proportional to power. The 
rectifier connected in parallel with the 200 y.ni condenser serves as a d-c 
return for the output circuit. The output meter is a 200-^a 400-ohm 

meter. The bandwidth of the equip-
piateot /i/if 1N21 crystal io0uh „ , ment is limited by that of the Halli-
6 S K 7 . - • ' V n,"n"" \ ■ ^ m p _ -Output 

2odT 

"1 \~| * r / l n n r~p : jaC|( crafter receiver, which is 80 kc/sec 
"~ f\ K with the selectivity switch turned to 

t — — i ^ / i BROAD. The intermediate frequency 
B+ter,R of this receiver is 5.25 Mc/sec, a fea-
F I G . 9-30.—Output-meter circuit. , ,, . ,. . , ,, j * 

ture that eliminates the danger ot 
instability from feedback to the 30-Mc/sec input circuit. 

Calibration and Operation of the Set.—The output meter is calibrated 
in terms of noise temperature by the method described in Sec. 7-8, using 
the noise diode. I t was shown there that the noise temperature of a 
resistor R connected to a noise diode is 

t = 1 + 20IR, (9) 

where I is the diode current. With the noise diode off, the r-f gain con
trol of the receiver is so adjusted that the output meter reads 100 fia, 
with the standard 300-ohm resistor cartridge in the crystal holder. With 
the gain fixed at this value, the output meter is read for various values of / 
corresponding to the range of t values desired. The sensitivity of the 
output indication is about 20 n& per unit of noise temperature. 

For the measurement of crystal noise temperature the available r-f 
power must be set at the specified value of 1 mw. This is normally done 
as in the conversion-loss set, by means of the large adjusting nut on the 
oscillator mount. If calibrated crystals are available, the power level 
is adjusted for the rectified current specified for the crystals; if not, the set 
may be calibrated by replacing the crystal holder by a matched bolometer 
and adjusting the power level to 1 mw. A set of crystals can then be 
calibrated for checking the power level. 

The set is susceptible to interference at the signal and image frequen
cies and at the intermediate frequency. If interference is present, it can 
sometimes be recognized by listening to the loudspeaker. Interference 
cannot always be recognized in this way, however, and hence is especially 
subtle and troublesome. I t may cause an apparent instability and loss 
of sensitivity or, in other words, an apparent increase in amplifier noise 
figure. Interference at 30 Mc/sec can sometimes be detected by observ
ing a change in output-meter reading when the bulb of the noise diode tube 
is touched with the finger. Obviously the set cannot be used as long as 
there is enough interference to have any effect on the output-meter 
reading. It is then advisable to operate the set in a well-shielded room. 
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The set should also be operated in a location relatively free from drafts 
and with the oscillator tube shielded from air currents. This precaution 
tends to prevent frequency drift of the oscillator and the consequent 
change in transmission through the higb-Q filter. 

9-6. The Noise Measuring Set for the 10-cm Band.—Like the con
version-loss sets, the set for measuring noise temperature in the 10-cm 

FIG. 9-31.— Noise-measuring set for the 10-cm band. 

band was developed after the 3-cm set; it is therefore in many respects 
similar in design to the 3-cm set. It was developed by Huntington.1 A 
photograph of the equipment is shown in Fig. 9-31; the block diagram is 
the same as that of Fig. 9-23, except that a type 707B oscillator is used. 
The bottom panel includes the r-f oscillator, crystal holder, input coupling 
circuit, noise diode, and preamplifier. The second panel contains a power 
supply for the preamplifier, a loudspeaker, and the output meter. The 

' H . B. Huntington, "1N21 Noise Tester, Type 11044," RL Report No. M-191, 
Jan. 9. 1945. The set was manufactured by Photoswitch, Inc., Cambridge, Mass. 
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third panel is a power supply for the r-f oscillator and includes a meter 
for measuring rectified crystal current. The top panel is a Model S-36 
Hallicrafter Receiver. The r-f filter is mounted on the bottom of the 
cabinet in the rear. 

R-f Components.—A photograph of the r-f panel is shown in Fig. 
932. The type 707B oscillator tube, mounted in a broadband cavity as 
described in Sec. 9-2, can be seen in the lower part of the photograph. 

Cable to crystal 

FIG. 9-32.—R-f panel of the 10-cm noise set. 

The output coupling loop from the cavity is connected to the r-f filter 
with about 3 ft of 50-ohm lossy cable. The filter is a 721A TR switch. 
I t is tuned to the test frequency of 3060 Mc/sec and has a 0.7-db insertion 
loss, with about 15 Mc/sec between half-power points. The output loop 
of the filter is connected to the crystal holder by about 10 ft of 70-ohm 
lossy cable, which provides about 12 db of attenuation between the filter 
and crystal holder. As in the loss sets, the cable jack that is connected 
to the crystal holder is so adjusted that the characteristic impedance of 
the 70-ohm line is presented at the terminals. 
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The crystal holder is identical with that used in the conversion-loss set. 
Circuit Details.—The power supply for the r-f oscillator is the same 

as that used in the conversion-loss set. The power output is controlled 
within limits by a variable resistor between the grid and the cavity of 
the 707B tube. The power output can be roughly adjusted by means 
of the coupling loop in the oscillator cavity. The power supplies for the 
preamplifier and the noise diode are the same as those used in the 3-cm 
set. 

The input coupling circuit is mounted on the r-f panel, as shown in 
Fig. 9-32. A schematic diagram of the circuit is shown in Fig. 9-33. 
The circuit is essentially the same as that used in the 3-cm equipment, 

To crystal holder L 3 Cf, 

0 Preamplifier 
input 

0D-c crystal 
current 

L 5 *>5 
^ ^JlSiSu-r—°To diode power 

-p_0.0.o./i ° supply 

T ~ C 5 T ~ C 5 " ~ C 5 

To standard resistor 
Ci, Ci = 5-20 uuf Li = 20 turns) „„„ . 
to, to = 3-13 MMf U = 9 turns f28 W l r e , ° n 

to, to = 0.0017f U = 11 turns P - " 1 - CGl1 f ° r m S 

Li = resonant choke at 30 Mc/sec 
F I G . 9-33.—Input coupling circuit for the 10-cm noise set. 

except that the standard resistor Ri in the latter is replaced by a resistor 
holder into which the various resistors used in adjustment and calibration 
are plugged. The noise diode is connected to the resistor holder as 
shown in Fig. 9-33. As in the 3-cm set, capacitance Ci is tuned so that 
the output-meter reading does not change when switch S is thrown from 
the crystal holder to the resistor. The equipment is so designed that the 
transmission line from the crystal to the switch has nearly the same 
electrical length at 30 Mc/sec as that from the resistor to the switch. 
The adjustment of Ci can therefore be made without resistor cartridges 
in the crystal and resistor holder. 

The preamplifier is, with two exceptions, the same as that shown in 
Fig. 9-29: the grid resistor is 3000 instead of 2000 ohms, and there is a 
feedback resistor of 22,000 ohms between the plate and control grid of 
the first tube. The feedback feature is used to compensate for a rela-
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tively large variation in capacitative susceptance from crystal to crystal 
as seen at the 30-Mc/sec terminals of the crystal holder. This variation 
may be as large as 2.5 ,u/xf and is transformed by the coupling network 
to an increase in impedance at the grid. The inverse feedback tends to 
compensate for this effect by decreasing the gain of the first stage as the 
impedance presented to the grid increases. The effect is attributed to 
reflections in the crystal holder at image and signal frequencies. 

The output-meter circuit is the same as that shown in Fig. 9-30. 
The calibration and operation of the 3-cm set, discussed in Sec. 9-5, 

applies to the 10-cm set, except that the standard resistance is 400 ohms, 
and the available r-f power is set at 0.5 mw. 

9-7. Noise-temperature Measurement of 1-cm Rectifiers.—The JAN 
specifications for testing the 1N26 rectifier specify that noise-temperature 
measurements shall be made as specified for the 3-cm rectifier types. 
They can be made in the standard test set by using an adapter in the 
crystal receptacle of the crystal holder into which the coaxial cartridge 
can be plugged. The design of the adapter must be such that it matches 
the crystal to the 3-cm fixed-tuned crystal holder. I t turns out that an 
adapter which matches one brand of rectifier does not in general match 

inner fingers other brands. This is not a surpris-
outer fingers j n g f a c t w hen one recalls that the 

impedance of the rectifying contact, 
and consequently the internal struc
ture of the cartridge that matches 

' c°"!:tctaac,ieid8e the crystal to the 1-cm crystal holder, 
FIG. 9-34— Adapter for the coaxial may differ from brand to brand; 

ge' with a change in frequency, the 
impedance transformations effected by the cartridge structure may be 
different. For example, a quarter-wave transformer at 1 cm is only 
iV wavelength at 3 cm. 

The JAN test specifications stipulate that each manufacturer shall 
design an adapter that will match his own brand of crystal to the 3-cm 
crystal holder. Such an adapter, suitable for the Sylvania 1N26 car
tridge, was designed at the Radiation Laboratory by H. C. Torrey' for 
use with the burnout tester (see Sec. 9-8). This adapter is shown in 
Fig. 9-34. One end of this adapter has the same dimensions as the 
ceramic cartridge and plugs into the crystal holder; the other end has 
spring fingers for the inner and outer conductors of the coaxial cartridge. 
The center conductor is insulated by means of a polystyrene bead to 
which the metal parts are force-fitted. 

The adapter introduces a certain amount of capacitance in parallel 
with the crystal. If the equipment is tuned for 3-cm measurements, as 
it will be if used interchangeably, this additional capacitance increases the 

1 Unpublished data. 
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indicated noise temperature by about 0.2 units for a 400-ohm crystal in 
an adapter which introduces 2 nnl capacitance. 

The specifications stipulate an r-f power level giving a rectified crystal 
current of at least 0.5 ma. This adjustment of power level can be 
conveniently made with the vane attenuator used on the 3-cm equipment. 

BURNOUT 
9-8. Spike Test.—Most of the standard crystal types designed for 

mixer use are proof-tested for bu nout in the process of manufacture. 
After assembly, but before any acceptance tests are made, every unit is 
required to withstand a single d-c pulse generated by the discharge of a 
coaxial-line condenser. The pulse, of duration about 2.6 X 10~9 sec, is 
designed to simulate a TR-switch "spike," such as is encountered by 
crystals in duplex receivers (see Sec. 8-1). 

A schematic diagram of the electrical circuit is shown in Fig. 9-35. 
With the switch S open, the coaxial condenser is charged to some voltage 
V through the 1-megohm resistor which 
terminates the line at the open end. With 
the crystal inserted at X as shown, the 
switch is quickly closed, the condenser 
discharging into the crystal. The pulse 
received by the crystal is not one of ex
ponential decay, as would be the case if 
the condenser had a lumped capacitance 
and no inductance. I t may be shown 
from the theory of propagation in trans
mission lines that, provided the impedance 
of the crystal is equal to the characteristic 
impedance of the coaxial line, a single 
pulse results—of uniform amplitude equal 
to V/2 and duration to equal to twice the line length divided by the 
velocity of light c, 

h = - • (10) 

I 
o - -

1.0 M 
A A A r - -Vc 

s x 

[ A / W W W W , 

WWW-

TIG. 9-35.—Circuit for the coaxial 
line burnout test. 

The energy dissipated in the crystal is thus 

(11) 

where Z0 is the line impedance, and may easily be shown to equal the 
potential energy of the condenser before discharge. 

If the crystal impedance Z does not match the line impedance Z0, a 
succession of pulses of decreasing amplitude occurs. If Z is real, each 
pulse is flat, but if Z has an imaginary part, the pulses are distorted. If, 
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however, capacitance and inductance of the crystal are small compared 
with the capacitance and inductance of the line respectively, the distor
tion is negligible. This is almost certainly the case. Thus we can 
confine our attention to the case of real Z. Let the ratio of Z, considered 
real, to Z0 be denoted by p. Then the amplitude Vn of the first few pulses 
will be given by 

3 ( P + 1 ) 3 

and the amplitude of the nth pulse will be 

K" - (p + 1 ) n *»■ U-J ; 

Thus if p is greater than unity, all pulses have the same sign and the 
initial pulse has a larger amplitude than Va/2. If p is less than unity, 
successive pulses alternate in sign and the initial pulse has less amplitude 
than 7o/2. 

It is easily shown from Eq. (13) that the energy W„ absorbed by the 
crystal load in the first n pulses is given by 

^•-^-(Mr (14) 

where Wo is the potential energy cf the charged condenser. For example, 
if p = 2 cr i, then Wx = Wo, W2 = | f IT 0 , etc., whereas if p = 5 or 
h Wx = Wo, W* = 0.7Q5Wo, W3 = 0.912TF0, etc. Thus even for a 
considerable mismatch most of the energy is dissipated in a time of the 
order of l0- The importance of dissipating most of the available energy 
in a time less than the thermal relaxation time of the crystal contact has 
been stressed in Sec. 8-4. 

An assembly drawing of the coaxial line as used in these tests is 
shown in Fig. 9-36. The diameter of the inner conductor is T$ in. and 
the inner diameter of the outer conductor is 0.436 in. The resulting line 
impedance Z0 is 50.5 ohms. In operation the inner conductor is nega
tively charged and the initial pulse is applied to the crystal in the forward 
direction. At the high charging voltages used, 30 to 200 volts, the 
barrier plays no role in the forward direction and the crystal impedance 
is given by its spreading resistance, which for the various units tested 
varies from 10 to 70 ohms. The line is terminated at its open end by a 
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1-megohm resistor encased in a phenol-fiber jacket to take up mechanical 
shock. 

The instrument is operated as follows. A solenoid acting on the steel 
rod (1) lifts the inner conductor, which slides smoothly and with little 
friction in the fiber guides (2). The solenoid is then deactivated, 
dropping the inner conductor about two inches. The charged inner 
conductor strikes a cap (3) attached to the crystal pin, thus quickly 
forming electrical connection to the crystal. The crystal and cap are 
incidentally ejected from the line by the force of this blow. The elec
trical connection between the inner conductor and the crystal cap is 
formed by contact between a round surface (4) and a flat surface (5) 
of a very hard and brightly polished osmium-rhodium alloy. The hard
ness is required in order to resist the impact, and the polishing is neces
sary to reduce field emission before physical contact. 

There is some question as to whether a good electrical connection can 
be formed between these contact surfaces in a time of order l0 (3 X 10 - 9 

FIG. 9-36.—Coaxial line burnout tester. 

sec). If there were some straggling at the contact because of field 
emission, some of the energy would be dissipated at the contact. Experi
ments conducted in England, however, have indicated that all the 
available energy is actually dissipated in the load in a device of this type. 
Another possibility is that a partial electrical connection may be formed 
between the surfaces prior to physical contact by virtue of the capacitance 
between the contact surfaces. An elementary calculation reveals, how
ever, that this effect should not appreciably slow contact formation 
beyond the time t0 of the fundamental pulse. There is some evidence, on 
the other hand, that the atmospheric humidity may reduce the effective
ness of the device. This may be due to a bypass of the condenser charge 
through defective insulation or to a faulty formation of the electrical 
contact. I t is desirable, if possible, to operate the device in a relatively 
dry atmosphere. 

The capacitance of the standard coaxial line is about 25 p/d and the 
charging voltage, which gives 1 erg of stored energy, is 90 volts. The 
proof-test energies for the various crystal types are given in Table D-l, 
Appendix D. 
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9-9. Microsecond Pulse Tests.—A few crystal types, notably the 
video detectors 1N32 and 1N27, are tested for burnout by microsecond 
"d-c pulses" designed to simulate the microwave electrical overloads 
commonly encountered in their use. The microsecond d-c pulses are 
formed by the discharge of a pulse-forming network (the lumped constant 
equivalent of a transmission line). A detailed discussion of such net
works will be found in Vol. 5 of the Radiation Laboratory Series. I t 
will suffice here to remark that, like a transmission line, they have a 
characteristic impedance Z0 and an effective electrical length I. The 
analysis of the coaxial-line pulses of the preceding section applies to a 
pulse-forming network. 

In burnout testing with "spikes," the shape of the pulses is not of 
great importance, since it is the energy of a pulse rather than its power 

10 h 10 k 
<>-^wri-rjTRnr>-t-jTnnrv-r-

lfi sec line of 50-ohm impedance 
charged to + 220 v 

Noninductive resistors 

-440 v
 +Pulse trigger 

4 4 0 v 800-1000 pps 
F I G . 9-37.—Circuit used in burnout testing with microsecond d-c pulses. 

that is effective in burnout. For burnout testing with microsecond 
pulses, on the other hand, it is important to ensure that the pulses are 
flat, so that the pulse power is uniform over the pulse duration. The 
pulse-forming network must be designed with care to eliminate nonuni-
formities in the pulse, particularly overshoots near the leading edge. 

Figure 9-37 shows the circuit used for testing video detectors. The 
50-ohm, l-/xsec pulse-forming network is charged through a 10,000-ohm 
resistance to about 220 volts. A positive pulse of about 10 volts is 
coupled to the grid of the thyratron, causing the pulse-forming network 
to discharge into the 25-ohm resistance and thyratron in series. This 
series combination matches the impedance of the artificial line. A tap 
on the 25-ohm resistor leads to a resistance R in series with the crystal 
rectifier. The advantage of this arrangement over a direct discharge 
of the line into the crystal is that the termination of the line is nearly 
independent of the crystal impedance; hence only a single pulse of known 
amplitude results. The resistance R is chosen to be 25 ohms so that the 
crystal may be approximately matched to the circuit. 
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One advantage of a thyratron over a mechanical switch is that 
multiple pulses may be used with ease. The pulse-repetition frequency 
is, as indicated, 800 to 1000 pps, and exposure times of 1 min are used 
in the test. 

In the case of video detectors these tests are used as design rather 
than as proof tests. A similar test employing a 1-jisec pulse is used 
as a proof test, however, for the 1N25 rectifier, a high-burnout mixer 
crystal for the 30-cm band. Although the 1N25 rectifier is protected 
in use by a TR tube and is therefore subject to "sp ike" burnout, a 
l-/usec pulse test is used for it since there is some reason to believe that 
the coaxial-line tester fails to operate correctly at the high voltages 
required for this crystal. t 

FIELD TESTING £ 
9-10. D-c Tests.—It was observed in Sec. 8-4 that a deterioration inr 

the conversion loss and noise temperature of a mixer crystal as a result *■. 
of burnout or mishandling is almost always accompanied by a decrease in y 
the back resistance of the rectifier. 
simple field test can thus be pro
vided which will distinguish with 
little error between those crystals 
that have not deteriorated since 
passing the manufacturer's accept
ance tests and those that have 
deteriorated to the extent that the 
receiver noise figure has increased 
by more than 1 or 2 db. 

Accordingly, a s i m p l e "d-c 
checker" has been developed, con
sisting of a small box with a dry 
cell and a few resistors, which 
measures the back resistance of 
the rectifier at 1 volt. I t has been 
found that a somewhat more com
plete separation of "good" from 
" b a d " units may be made if 
limits are provided also for for
ward resistance and for "back-to-front ratio," as measured by a con
ventional ohmmeter. The checker, therefore, has a simple ohmmeter 
incorporated in it to measure these quantities. 

As an example of the utility of the test of back resistance at 1 volt, 
the calibration data for the 1N21B mixer crystal (10-cm band) is shown 
in Fig. 9-38. In this chart each crystal tested is represented as a point. 
The noise figure of a crystal-mixer receiver with a 5-db amplifier is 
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F I G . 9-38.—D-c crystal checker. Cali
bration chart for 1N21B units; noise figure 
of receiver (assuming 5-db amplifier) vs. 
back current at 1.0 volt. 
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plotted vertically, and the reverse current at 1 volt is plotted hori
zontally. The crystals represented here were deliberately subjected to a 
sufficient number of microsecond d-c pulses to deteriorate them appreci
ably, on the average. A horizontal line A is drawn at the 1N21B speci
fication limit corresponding to the acceptance limits on loss and noise, 
and a second horizontal line B is drawn to indicate the above acceptance 
limit plus 1 db, a tolerance that is always applied according to specifica
tions on remeasurements. 

The vertical line C at 0.125 ma was selected as the test limit for 
the crystal checker on the basis of these data for the 1N21B rectifier. 
Although the points are well scattered on the chart, it is apparent that 
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F I G . 9-39.—Circuit diagram of the d-c crystal checker. 

the crystals accepted on the basis of the checker limit (i.e., the crystals 
to the left of line C) are almost all less in noise figure than the specifica
tion plus tolerance limit (line B). Also the crystals rejected (points 
to the right of line C) are almost all greater in noise figure than the limit 
indicated by line B. Actually the separation is even better than indi
cated, for, out of 200 1N21B units tested, only 139 are on the chart; the 
remaining 61 were rejected both by the checker and by noise-figure tetts 
but were too high in reverse current or in noise figure to fall on the chart. 
Furthermore, it must be remembered that the units represented here 
had all been partially destroyed in order to provide calibration data. 
Before these crystals were burned they had been tested both by the 
checker and by noise and loss measurements. All were less in noise 
figure than the acceptance limit plus 1.0 db tolerance and all but 2 were 
correctly indicated as "good" by the check limit of 0.125 ma. 

Certain limitations of the checker must be recognized. I t has been 
found to give a reliable test only for units that have at one time passed 
the test specification limits on loss and noise; hence it cannot be used as a 
substitute for these tests. Also, separate calibration of the checker is 
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necessary for each crystal type and the fact that a unit of one type passes 
the check limit for a second type does not, of course, imply that the 
unit is an acceptable substitute for units of the second type. 

The electric circuit of the checker is shown in Fig. 9-39. In positions 
1, 2, and 3 of the ganged five-position switch, the checker is used as an 
ohmmeter. In position 1, the ohmmeter is short-circuited and the rheo
stat is adjusted to produce full-scale deflection of the meter. The meter 
dial has two scales, one reading directly in ohms. In positions 2 and 3 
of the switch, the dial reading indicates, respectively, the front and the 
back resistances of the rectifier. In position 4 the rheostat is readjusted 
for full-scale deflection. Under this condition 1.0 volt is placed across the 
crystal unit in the back direction. In position 5 the meter is in series 
with the crystal and reads on its second scale, calibrated in milliamperes, 
the back current at 1.0 volt. In calibrating the checker 200 units 
of each type were used, 100 each from the products of the two leading 
manufacturers. Whereas, in general, a different limit was required 
for each type, it was found that for a given type the same limit would 
usually apply to the products of the two manufacturers. This was 
found to be true for the 10-cm-band types 1N21, 1N21A, and 1N21B 
and for the 3-cm types 1N23, 1N23A, and 1N23B. I t was not, however, 
found to be the case for the 1N26, the 1-cm-band unit. The calibration 
procedure was to measure each unit for conversion loss, noise tempera
ture, back current at 1.0 volt, and front and back ohmmeter resistances. 
These measurements were made both before and after burning the units 
with microsecond d-c pulses. From the data for loss and noise, the noise 
figure F of a crystal-mixer receiver with an amplifier of 5-db noise figure 
was computed. This noise figure F was then plotted for each crystal 
against the back current at 1.0 volt and a limit on the latter quantity was 
selected which would divide the group including burned and unburned 
units into "good" and " b a d " categories determined by the noise-figure 
acceptance limit plus a 1-db tolerance. It was found that the additional 
requirement of a "front resistance" less than 500 ohms and a "back-to-
front ra t io" of more than 10 slightly reduced the number of false accept
ances without appreciably increasing the number of false rejections. 

The limits on back current at 1.0 volt for the various types are given 
in Table 9-1 and the calibration results in Table 9-2. 

TABLE 91.—ACCEPTANCE LIMITS ON BACK CURRENT AT 1.0 VOLT 
Type Acceptance Limit, ma 

1N21 0.40 
1N21A 0.175 
1N21B 0.125 
1N23 0.40 
1N23A 0.30 
1N23B 0.175 
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TABLE 9-2.—DATA INDICATING RELIABILITY OF THE CRYSTAL CHECKER* 

Before burnout 

Number tested 
False acceptances, % 
False rejections, % 
Mean error in noise figure of false acceptances, db. 
Maximum error in noise figure of false acceptances, 

db 

• T h i s table includes crystal types 1N21A, 1N21B, 1N23, 1N23A, and 1N23B. 



CHAPTER 10 

MANUFACTURING TECHNIQUES 

This chapter is limited to a description of representative techniques 
used in manufacturing crystal rectifiers for mixer applications. The 
special procedures for making high inverse-voltage rectifiers, low-level 
detectors, and welded contact rectifiers will be discussed in the chapters * 
devoted to those subjects. 

The general processes for making high-quality rectifiers are now well 
established. At present, these are: (1) purification of the semiconductor, 
(2) controlled addition of a selected impurity that produces the desired 
properties, (3) preparation of an ingot from which the wafers used in the 
cartridge are cut, (4) preparation of the surface of the wafers by a process 
of polishing, heat treatment, and etching, (5) shaping and pointing the 
cat whisker, (6) assembly and adjustment, and (7) performance-testing. 

No attempt will be made in this chapter to describe in detail the 
procedures that have been used successfully by all the various manu
facturers or to include procedures that the authors regard as obsolete. 
Those described below may be regarded, however, as representative of the 
present state of the art. Alternative methods are included in some cases 
to indicate that no set of techniques is to be regarded as unique. 

PREPARATION OF THE SEMICONDUCTOR 
10-1. Purification of the Semiconductor.—Because the rectifying 

property of the semiconductor is affected by minute quantities of impuri
ties, the first step in the manufacture of rectifiers is the purification of the 
semiconductor. The degree of purification required depends to some 
extent on the method of preparing the ingot. The process- of preparing 
silicon ingots developed by the Bell Telephone Laboratories (described in 
Sec. 10-3) uses commercial Electromet silicon, with a purity of 99.8 per 
cent. The method is such that the upper part of the melt has the 
required rectifying properties. The lower portion is discarded. Other 
manufacturers, however, have been able to utilize the whole ingot by 
using the high-purity duPont silicon. 

Purification of Silicon.—The method developed at duPont produces 
high-purity silicon, excellent for crystal rectifiers, and uniform from 
lot to lot. The purity is estimated from spectroscopic tests to be not 
less than 99.9 per cent. Other impurities not detectable by spectro
scopic means may be present, but if so they appear to have no adverse 
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effect on the quality or uniformity of the silicon. In the early stages of 
development one lot of silicon was found that produced inferior rectifiers. 
This inferior performance was found to be due to the presence of small 
quantities of silica. When the silica was dissolved with hydrofluoric 
acid, the silicon regained its usual excellence. 

The process developed by duPont is essentially the reduction of 
silicon tetrachloride with zinc. The reaction takes place at a tempera
ture (950°C) well below the melting point of silicon but well above the 
boiling point of zinc, zinc chloride, and silicon tetrachloride. The zinc 
chloride formed in the reaction and any excess zinc or silicon tetrachloride 
are carried off as a vapor. The silicon is deposited on the bottom of the 
reactor chamber in the form of needle-shaped crystals. 

A sketch of the general layout of the equipment is shown in Fig. 10-1. 
The main reactor chamber is a fused silica tube 6 ft long and 8 in. in 

Asbestos 
packing 

Zn boiler 

Asbestos packing 

To condenser 

SiCI4 boiler SiCI4 preheating tube 

Collector 

F I G . 10-1.—Reactor chamber for preparing high-purity silicon. 

diameter one end of which is fused over and carries two input pipes for 
introducing the silicon tetrachloride and zinc vapor. A silica plate is 
clamped to the other end. This plate carries an outlet pipe that feeds 
a silica pot collector. Zinc chloride and excess zinc settle out in the 
collector and the excess silicon tetrachloride passes through an outlet 
near the top to a condenser. The reactor is heated by "globar" heaters 
(not shown in Fig. 10-1). The whole apparatus is thermally lagged with 
diatomaceous earth. The joints are packed with a paste made from 
asbestos mixed to a stiff dough with water. 

The zinc, at least 99.9 per cent pure, is bought in slab form. When 
it is melted in a silica beaker, any oxide present forms a skin on the 
surface. The molten zinc is poured from beneath this skin into the 
boiler, from which the zinc vapor is fed to the reactor tube. Because 
of its low boiling point the silicon tetrachloride is preheated before enter
ing the reactor. This is accomplished by feeding it through long quartz 
tubes lying within the main heating chamber. The silicon tetrachloride 
is bought already distilled from an external supplier. Redistillation is 
unnecessary. 
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Prior to a run the reactor is heated for 5 hours to a temperature of 
950°C; after this the zinc and silicon tetrachloride vapors are introduced. 

Since these substances enter the reactor with considerable velocity, 
baffles are inserted to break up the vapor stream. There are two baffles, 
each of which is a silica disk fused to a silica base. One disk has a 2-in. 
hole near its top and the other an identical hole near its bottom. One 
run takes 24 hr and yields 7 to 8 lb. 

During the reaction some silicon is deposited in the outlet pipe. To 
prevent clogging this silicon is removed at intervals by pushing a silica 
rod through a hole in the collector and into the outlet pipe. 

At the end of a run the end plate is taken off and the silicon removed, 
the portion near the end plate being discarded. The silicon is washed in 
HC1 and, finally, in distilled water. 

The British General Electric Company employs the following pro
cedure1 for purifying silicon used in the General Electric Company 
"red-dot" high-burnout crystal. The steps of the procedure outlined 
below follow the method of Tucker.2 

1. Commercial silicon powder about 98 per cent pure is crushed so 
that it will pass through a 200-mesh screen. Then 750 g of the 
powder are covered with water and HC1 is added. 

2. After the first violent reaction an excess of HC1 is added along 
with some HN0 3 . The mixture is digested for 24 hr. 

3. The mixture is diluted, filtered, and washed thoroughly with 
distilled water. 

4. The powder is placed in a platinum pail and a liter of distilled 
water is added. 

5. To the mixture is added about 300 cc of H2SO4 and about 200 cc 
of concentrated HE (about 40 per cent). The H F is added slowly. 
The mixture is then warmed for 4 hr, and further similar quantities 
of H2SO4 and concentrated H F are added. 

6. The mixture is evaporated to fuming; the residue is washed thor
oughly with distilled water and then filtered. 

7. The material is treated with 700 cc of concentrated HF and left 
standing for 12 hr. 

8. It is then filtered, washed thoroughly, and dried. After under
going this purification process, the silicon is analyzed and found to 
be almost spectroscopically pure. 

To the authors' knowledge no tests have been made of the comparative 
excellence of silicon made by this method and the duPont silicon. 

1 This procedure, reported in a memorandum written by H. Guyford Stever on a 
visit to the GE Co., is the process used as of March 1943. 

2 "Alloys of Iron Research," Part 7, J. Iron Steel Inst. (London), 116, 412 (1927). 
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Germanium.—Two methods have been employed successfully in the 
production of pure germanium for rectifier use. The first of these 
methods is the reduction of germanium oxide with hydrogen. At the 
suggestion of Dr. Karl Lark-Horovitz, the Eagle-Picher Company at 
Joplin, Mo. developed a method for producing germanium oxide from 
their standard ore residue. This source of supply made possible the 
development work on germanium at Purdue University, General Electric 
Company, and Bell Telephone Laboratories. The same company also 
supplied germanium tetrachloride for the second method of preparing 
pure germanium described later. 

The procedures used by the various laboratories for the reduction 
of the oxide are essentially the same. The details of the Bell Telephone 
Laboratories procedure1 are as follows. The reduction takes place in a 
furnace consisting of a 4-in. silica tube 3 ft long which is closed at one end. 
The other end is sealed to a metal head closed by means of a metal cover 
that uses a lead gasket. The furnace head carries hydrogen inlet and outlet 
tubes through which a continuous flow of hydrogen is maintained during 
the reduction process. The reactor tube is heated by a resistance furnace. 
A charge of 50 g of germanium oxide is placed in a quartz boat 5 in. long, 
If in. wide, and 1 in. deep, and the boat placed in a silica shield tube. 
The furnace tube is then sealed, flushed with hydrogen, and heated at a 
temperature of 650°C for 3 hr; this is followed by a period of 45 min at 
850°C. During the heating cycle the hydrogen flow is maintained at a 
rate of 5 liters per sec. By this method the germanium dioxide is 
reduced to germanium with an actual yield of 95 per cent of the theoretical 
yield. Since some loss probably occurs because of the evaporation 
of GeO, the yield of 95 per cent probably represents complete 
reduction. 

It has become common practice to test the purity of the product by 
resistivity measurements on samples taken from various parts of an ingot 
made from the pure germanium, the resistivity in general increasing 
with the purity of the sample. Theuerer and Scaff report that the 
resistivity of germanium made from various lots of Eagle-Picher oxides 
varies from 4 to 12 ohm-cm. 

North2 reports similar measurements on bulk resistivity with values 
ranging from 0.5 to 20 ohm-cm. The procedure used by North for 
reducing the oxide is as follows. The oxide is placed in a fused silica 
boat within a closed thin-walled iron sleeve which is inserted in an 
Alundum-tube hydrogen furnace. The iron sleeve is supplied with 

1 H. C. Theuerer and J. H. Scaff, "Development of High Back Voltage Germanium 
Rectifiers," NDRC Interim Report No. 1, Contract OEMsr-1408, Nov. 21, 1944. 

2 H. Q. North, "K-band Germanium Crystals," NDRC 14-328, GE Co., Mar. 26, 
1945. 



SEC. 101] PURIFICATION OF THE SEMICONDUCTOR 305 

hydrogen which is carefully dried and purified by passing it through 
activated alumina, a copper purifier, phosphorous pentoxide, and a 
liquid-air trap. The reduction process is carried out in 15 hr at a temper
ature of 650°C; after this, melts of the germanium are made in a graphite 
boat in the same furnace by heating to a temperature of 1015°C for 
20 min. 

North's results may be summarized as follows. The bulk resistivity 
of germanium fused in a hydrogen atmosphere is critically dependent on 
the amount of water vapor present. If the dew point is as high as 30°F, 
resistivities as high as 40 ohm-cm are obtained. Moreover, vacuum 
melts made in the presence of water vapor have yielded resistivities as 
high as 40 ohm-cm. Regardless of the dryness of the reducing hydrogen, 
germanium fused in pure dry hydrogen yields bulk resistivities of 2 
ohm-cm and below. Remelting in moist hydrogen raises the resistivity 
to the range of 10 to 20 ohm-cm. In the development work at General 
Electric, North found that germanium of a bulk resistivity of 5 to 
30 ohm-cm was satisfactory for rectifier use. 

In the second method, developed by duPont,1 high-purity germanium 
is produced from the tetrachloride in an oxygen-free atmosphere with 
zinc vapor as the reducing agent. This is similar to their method of 
producing high-purity silicon. The germanium tetrachloride is obtained 
from the Eagle-Picher Company. 

For this second method the reactor is a 4^-in. silica tube 3 ft long 
housed in a furnace of insulating brick and heated by means of "globars." 
The germanium tetrachloride is preheated by passing it through 14 ft of 
silica tubing, housed within the furnace, before it enters the reactor. 
Zinc vapor from a silica flask boiler enters the reactor through a jet 
adjacent to the germanium tetrachloride jet, both of them mounted in 
one end of the reactor tube parallel to the axis of the tube. During a 
run the reactor temperature is maintained at 930°C, approximately 
midway between the boiling point of zinc and the melting point of 
germanium. 

Germanium prepared by this method alloys with zinc at the tempera
ture of the reactor, and the product recovered from the reactor may con
tain as high as 40 per cent zinc. Most of this residual zinc can be 
removed by continuing the heating and passing inert gas through the 
reactor after the reaction has been completed. The product is then 
broken up by gently hammering it between two blocks of pure zinc and 
treating it with hydrochloric acid until chemical reaction has ceased. 
This removes all but about 0.2 per cent zinc, which can be removed by 

1 C. E. Rick and T. D. McKinley, "Sintering or Melting of Boron and Preparation 
of Hyperpure Germanium," OSRD Progress Report NWP-P-44-3K, Contract OEMsr 
1139, Aug. 1 to Sept. 1, 1944. 



306 MANUFACTURING TECHNIQUES [SEC. 10-2 

vacuum melting. Following this hydrochloric acid treatment, the 
product is treated for 4 hr with concentrated boiling hydrofluoric acid to 
remove any silica present. I t is then washed and dried. 

With the apparatus described above, two typical runs yielded a total 
of 7.2 lb of germanium in a total reaction time of 26 hr. A spectroscopic 
analysis of the germanium gave an estimated impurity of approximately 
0.05 per cent, in addition to the 0.2 per cent zinc mentioned above. 
Resistivity measurements of melts made from this germanium gave 
values in the range of 30 to 40 ohm-cm, and the rectification character
istics show that it is at least as good as that prepared by the reduction 
of the Eagle-Picher germanium dioxide. As yet not enough lots of the 
duPont germanium have been prepared to determine whether it is 
superior in uniformity to germanium prepared from the oxide. 

There is some question about the validity of the resistivity as an index 
of purity. Theuerer and Scaff1 point out that in one melt of duPont 
high-purity germanium, the top part of which had a resistivity of 120 
ohm-cm by the standard potential probe method, there were several 
sharply defined irregular lines running vertically in the melt where 
extremely high resistances were found. Along these high-resistance 
regions ohmic characteristics were found; adjacent to these regions there 
were observed a negative-resistance characteristic in the forward direc
tion on the oscilloscope and a photo response having considerable sensi
tivity in the ultraviolet. Similar effects have been observed in a melt of 
germanium made from Ge02. 

The Purdue University group found that resistivities calculated from 
spreading resistance may be an order of magnitude lower than those 
measured directly in a slab of high-resistance germanium, and they sug
gest that resistivity calculated from spreading resistance is a better 
indication of purity. However, North2 reports that consistent results 
have been obtained with resistivity measurements on large number of 
ingots treated identically. 

10-2. Addition Agents.—To obtain good rectification characteristics 
a "doping" agent (a specified small quantity of a selected impurity) 
must be added to the semiconductor, as has been pointed out in Chap. 4. 
Up to now the particular agent and the proper amount to use has for the 
most part been decided empirically. 

Addition Agents for Silicon.—The mixer crystals that have been manu
factured in quantity to date have used either aluminum or boron as an 
addition agent; in some cases beryllium is also added. Either of these 
when added to silicon produces a p-type crystal. 

1 H. C. Theuerer and J. H. Scaff, BTL Interim Report No. 2, Contract OEMsr-
1408, Dec. 16, 1944. 

2 Op. tit. 
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Aluminum was used as a doping agent by the British General Electric 
Company in the manufacture of red-dot crystals. In this company's 
procedure 0.25 per cent by weight of aluminum powder and 0.2 per cent 
by weight of beryllium are added to the silicon. Fox, Pearsall, and 
Powell1 found that the amount of aluminum and beryllium added is 
not too critical. They found that good high-burnout crystals could 
be made by adding about 0.4 per cent of aluminum and 0.1 per cent of 
beryllium to the duPont silicon. Both of these addition agents are 
of the highest purity and are thoroughly mixed in a finely divided state 
with the silicon. With the Radiation Laboratory procedure of preparing 
the ingot, the beryllium serves to give a very solid ingot free from cracks 
and seems to contribute little else of perceptible advantage. On the 
other hand, Angello2 reports a method of preparing the melt without the 
use of beryllium in which nearly all of the melt is useful. Angello used 
the duPont silicon with 0.5 per cent by weight of 99.9 per cent pure 
aluminum. 

In 1942, during the early days of crystal research, an experimental 
study of the effect of various doping agents was made by the University 
of Pennsylvania group.3 Because of the more recent advances in the 
melting techniques and in making high-purity silicon, the results of these 
experiments are now to be regarded as mainly of qualitative interest. 
Many elements were found which produced good current-voltage char
acteristics, but the r-f performance was not reported. The Pennsylvania 
study reported that the addition of 1 per cent of boron to silicon gave the 
exceptionally high conductivity of 2000 mho/cm, but that no rectification 
was observed. Theuerer4 later discovered that the addition of boron to 
pure silicon in as small a quantity as 0.0005 per cent produces an ingot 
that is remarkably uniform and excellent for mixer crystals. Because of 
its excellent properties, combining high burnout and low conversion loss, 
boron-doped silicon has largely superseded aluminum-doped silicon. 

The amount of boron used is not critical and varies with different 
manufacturers. The Bell Telephone Laboratories have found the range 
of 0.0015 to 0.005 per cent by weight satisfactory; the Radiation Labora
tory procedure uses 0.003 to 0.006 per cent of boron and 0.02 per cent of 
beryllium, both added in powdered form. To add such small amounts 
of boron, a master alloy containing 1.0 per cent boron is first made. 

1 Marvin Fox, C. S. Pearsall, and Virginia Powell, "Manufacturing Procedure for 
the Radiation Laboratory High Burnout Crystals," RL Report No. 501, Dec. 21, 1943. 

2 S. J. Angello, " Westinghouse Crystal Detector Pilot Shop," Research Report 
SR-176, Apr. 21, 1943. 

3 F. Seitz, "The Electrical Conductivity of Silicon and Germanium," NDRC 
14-110, Univ. of Penn., Nov. 3, 1942. 

* H. C. Theuerer, "Preparation and Rectification Characteristics of Boro-Silicon 
Alloys," BTL Memorandum MM-43-120-75, Nov. 2, 1943. 
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This alloy is then used in the appropriate quantity for the doping material. 
Experiments by C. S. Pearsall at the Radiation Laboratory (unpublished) 
indicate that gallium in quantities of 0.1 per cent or less is promising as a 
doping agent. Time did not permit a definitive comparison of rectifier 
performance with that of boron-doped silicon. 

No complete systematic investigation of doping materials in which 
the best techniques available have been used has as yet been made, 
and it is possible that such an investigation would uncover other alloys 
at least as good as the boron-doped silicon. With the present state of 
knowledge such an investigation is a laborious empirical procedure 
involving not only the preparation of melts under a variety of experi
mental conditions but also a statistical analysis of the conversion loss, 
noise temperature, and burnout characteristics of representative rectifiers 
made from the melt. 

Addition Agents for Germanium.—Investigations of a large number of 
doping agents for germanium mixer crystals have been made by the Pur
due group. Among the elements investigated were nitrogen, phosphorus, 
vanadium, arsenic, columbium, antimony, tantalum, bismuth, tin, iron, 
and nickel. Germanium doped with these elements results in an re-type 
semiconductor which shows good d-c characteristics. However, r-f 
measurements made by the Purdue group in the 10-cm band showed that 
many of these are inferior, both in conversion loss and noise temperature. 
Among those doping agents which yield low conversion loss crystals, the 
most promising ones are antimony and phosphorus. 

Extensive development work by North1 has been carried out with 
antimony as doping agent. Melts made with 0.2 to 0.5 atomic per cent 
of antimony have been found satisfactory. These melts exhibit resistivi
ties in the range from 0.003 to 0.01 ohm-cm. The best rectifiers made 
with these crystals in the 3.2-cm band showed conversion losses as low as 
3.8 db with optimum r-f and i-f matching conditions, a typical sampling 
averaged about 6.5 db. The best noise temperature measured was 1.4, 
but the average was around four times, at a rectified current of 0.6 ma and 
with zero d-c bias. 

North has also made melts using phosphorus as doping agent. He 
reports that no better performance has been achieved than with anti
mony-doped germanium, and that the phosphorus-doped units appear 
to be more susceptible to burnout. 

10-3. Preparation of the Ingot.—The crystals used in the rectifier 
cartridge are wafers cut from an ingot made by the fusion and recrystalli-
zation of a mixture of the pure semiconductor and the appropriate 
quantity of the doping agent. A good ingot is solid, free from cracks, and 

1 H. Q. North, "K-band Germanium Crystals," NDRC 14-328, GE Co., Mar. 26, 
1945. 
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characterized by uniformity of the required electrical properties, or by a 
uniform controlled variation of these properties, throughout the ingot. 

The procedures used in the preparation of the ingot by various manu
facturers differ in the following essential respects: 

1. The mechanical details of the furnace. 
2. The heating cycle used during the melting and solidification. 
3. The atmosphere in which the melt is made. Both vacuum furnaces 

and furnaces in which a flow of selected gas is maintained are used. 
4. The nature of the cooling process. The melt may be cooled in 

place or may be progressively cooled from top to bottom or vice 
versa. 

5. The crucible material used. 

One or two typical procedures that have proved successful will be 
described. The furnace used by Fox and Pearsall at the Radiation 
Laboratory is a vacuum furnace of the resistance type (see Fig. 10-2). 
The furnace is evacuated with a glass oil-diffusion pump (1) and a 
mechanical pump (2) that are capable of maintaining a pressure of 10~4 

to 10 -5 mm of Hg throughout the melting operation. The heating unit 
(11) is a Norton Company Alundum electric-furnace core No. 8871 cut 
to a length of 6 in. and wound with about 22 ft of 0.060-in. molybdenum 
wire. This unit appears also at (7) mounted inside the radiation shield 
(6) which is a Norton Alundum core of larger size. The beryllia and 
opaque quartz beakers which are shown at (5) have been superseded, since 
this photograph was taken, by a beaker made of clear quartz; it is believed 
that the latter is less likely than the opaque quartz to contain impurities 
such as Ti02 . These beakers are If in. in diameter, 2\ in. in length, and 
hold about 50 g of du Pont silicon. The brass portion of the system (12) 
connecting the diffusion pump to the heating chamber contains a baffle 
and a liquid-air trap (3). The entire brass portion of the system is 
water-cooled by means of copper tubing wound on the outside. The 
heating chamber is divided into two parts, and the photograph shows one 
part (8) swung open on a hinge. This portion carries a pyrex window (9) 
through which the progress of melt can be observed. The thermocouple 
temperature is read on a microammeter (4) and the pressure in the 
system can be measured on a McLeod gauge (10). 

During the evacuation process, the power in the heating coil is 
gradually increased until after about l£ hr the melting temperature is 
reached. The maximum power input is about 1.5 kw at 55 volts. The 
temperature resulting from this input is somewhat higher than the melt
ing point of silicon. From this point the procedure varies with the 
doping. For the aluminum-beryllium-doped silicon, the temperature is 
held constant until the charge is completely molten. The power is then 
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reduced to about 1 kw at 40 volts and the temperature drops gradually 
toward the solidification point. With some experience the operator can 
readily distinguish by visual observation when a further small decrease 
in temperature will cause solidification. When this point is reached the 
power is cut off and the freezing takes place within a few minutes. 
The success of the procedure depends critically on the correct control of 
the temperature in the neighborhood of the melting point. This is a 

F I G . 10-2.—Vacuum furnace for melting silicon. 

matter to be learned largely by experience. Cooling the ingot down to 
room temperature requires about 2 hr. 

For melts of silicon doped with boron and beryllium, the heating 
procedure is the same as that described above. The cooling part of the 
cycle is altered in the following fashion. After the charge is completely 
molten the power input to the heating coil is decreased in small steps 
so that the temperature approaches the freezing point very slowly. Just 
at the freezing point the power input is held constant so that the solidifi
cation takes place slowly throughout the ingot. WThen solidification is 
complete the power is again decreased in small steps until the temperature 
is some 200°C below the freezing point, after which the power is cutoff. 
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The time required for the controlled part of the cooling process requires 
about l£ hr. 

The ingot obtained by the above process is very solid and free from 
cracks. Unlike the aluminum-doped ingots, there is no separation of 
boron or beryllium along the grain boundaries. The slow cooling 
produces large crystals throughout the ingot. The size of the crystals 
in a typical ingot can be seen in Fig. 103 in which the wafers are cross 
sections of a typical ingot of boron-beryllium-doped silicon. Wafer (b) 
is unetched; wafer (c) is etched to bring out the grain-structure pattern. 

F I G . 10-3.—The processing of silicon, (o) Crystals of DuPont silicon. (6) Wafer 
cut from an ingot of boron-beryllium-doped silicon, (c) Etched wafer from the same 
ingot as (fr). (d) A polished wafer from the ingot. 

Wafer (d) has been polished to a mirror surface with no trace of grain 
structure. These wafers illustrate a further step in the manufacturing 
procedure that will be discussed later. A sample of the pure duPont 
silicon crystals is shown at (a) in Fig. 10-3. 

The procedure used at the Bell Telephone Laboratories1 for preparing 
ingots of silicon involves melting the charge in an induction furnace in an 
atmosphere of helium. The cooling is accomplished by slowly with-

1 H. C. Theuerer , " M e t h o d of Producing Large Silicon Ingots Suitable for Use in 
the Manufac ture of D-162836, D-163366, and D-164389 Rectifiers," B T L Memoran
dum MM-43-120-21, Mar . 1, 1943; also, " T h e Prepara t ion and Rectification Charac
teristics of Boro-silicon Alloys," B T L MM-43-120-75, Nov. 2, 1943. 

iliP' 
(c) 
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drawing the melt from the heat-inducing field. The furnace is a silica 
tube about 4 in. in diameter. The tube is sealed to a metal head through 
which the charge is introduced. The head carries an observation window 
and a gas inlet and outlet for maintaining a flow of helium during the 
process. A system of pulleys connected to the furnace head makes it 
possible to raise the furnace through the high-frequency induction coil 
at a prescribed rate, either manually or by mechanical drive. The 
solidification then begins at the top of the melt and progresses downward 
through it as the furnace is raised. 

The crucible is a silica cylinder 5 in. tall and If in. in diameter. The 
crucible fits loosely inside a graphite heater shield in which heat is gener
ated by the high-frequency field. The crucible assembly rests on a 

(a) (b) 
F I G . 10-4.—Variation in melting practice and its effect on the physical characteristics of the 

silicon ingot. 

layer of No. 38 Alundum grain and is surrounded by an Alundum radia
tion shield. A silica feeding funnel rests in the top of the crucible, 
because the powdered silicon has a larger volume than the liquid metal. 
The furnace head carries a silica poker to facilitate feeding the silica 
powder into the crucible. The poker is inserted through a tubular hole 
in the head and sealed gas-tight by means of flexible rubber tubing. 

After the charge is inserted, approximately 55 min are required to 
melt the charge and bring the temperature up to 1600°C. The furnace 
is then raised until the top of the crucible is level with the top of the high-
frequency coil. After a period of about three minutes in this position 
the tube is raised -g- in. at 1-min intervals until it is 7 in. above the starting 
position. After this process the temperature of the ingot has reached 
700°C. I t is then allowed to cool to room temperature. I t is equally 
satisfactory to raise the furnace continuously at the rate of i in./min by 
means of the mechanical drive. 
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The ingots produced by the above process are solid and entirely free 
from cracks. An etched vertical section through a typical ingot is 
shown in Fig. 10-4a. The fanlike columnar crystal structure results 
from the temperature gradient established within the melt in the cooling 
process. The tapering cross section and rounded bottom of the ingot 
are a result of the expansion of the melt during the freezing process. 
During the last stages of the process the bottom of the crucible bulges 
and the crucible is observed to rise in the furnace. Experiments indicate 
that it is important, for the method described, that the melting time be 
sufficiently long for devitrification of the silica crucible to take place. 
Stress relief on freezing then occurs in the crucible rather than in the 
ingot. With proper choice of the dimensions of the crucible and control 
of its devitrification, the ingot breaks free of the crucible walls, and a 
solid ingot free from cracks is obtained. 

Figure 10-4b shows a fractured ingot obtained at Bell Telephone 
Laboratories when a melt was cooled by decreasing the power input 
gradually with the crucible in place in the furnace. I t should be noted 
that fractures of this type have been successfully avoided in using the 
Radiation Laboratory techniques, but it is not clear which differences in 
techniques are responsible for the different results obtained in the two 
laboratories. 

The ingots made by the progressive cooling process are 4£ in. tall 
with a mean diameter of If in. Performance tests show that the upper 
2* in. of these melts are satisfactory for rectifier units. In the lower 
part of the melt the impedance of the silicon increases and the r-f per
formance is inferior. About 2500 rectifier units are obtainable from each 
melt. 

The method used by North1 for making ingots of antimony-doped 
germanium is as follows. A quartz crucible f in. in diameter and 8 in. 
long is supported vertically in a quartz furnace tube which is evacuated. 
A liquid-air trap is used and the pressure kept below 10 - 5 mm Hg during 
the melting and solidification process. The pure germanium charge is 
placed in the crucible and the antimony is added after the germanium is 
molten. This is accomplished by means of a small cup containing the 
antimony which is supported above the crucible in a flexible manner by a 
sylphon bellows. After the germanium is molten the antimony is shaken 
into the melt, which is then slowly cooled. Average resistivities of the 
melts are in the range of 0.003 to 0.1 ohm-cm. In this range the r-f 
performance is not critically dependent upon resistivity. Higher resis
tivities increase the spreading resistance and cause higher conversion 
losses; lower resistivities cause low back resistances and higher losses. 

1 H. Q. North, "K-band Germanium Crystals," NDRC 14-328, GE Co., Mar. 26, 
1945. 
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10-4. Polishing, Heat-treatment, and Etching.—The processing of 
the semiconductor, following the preparation of the ingot, involves a 
controlled procedure of polishing, heat-treatment, and etching of the 
crystal wafer used in the rectifier cartridge. Our present understanding 
of the effects of these processes, in so far as they are understood at all, has 
been presented in Chap. 4; the purpose of this section is to describe in 
detail typical procedures for both silicon and germanium which have 
been developed as a result of the collective experience of the various 
laboratories engaged in crystal development. The procedures for silicon 
are those for boron-doped silicon, developed by Fox, Pearsall, and Powell1 

at the Radiation Laboratory; some of the procedures are direct copies or 
modifications of those used by other laboratories. The processing of 
germanium to be described is that used by North2 at the General Electric 
Research Laboratories. 

Silicon.—The cylindrical ingot is first cut into thin circular wafers 
about 1 mm thick by means of a Rimlock copper disk whose periphery 
has a series of closely spaced slots filled with diamond dust. Water is 
used as a cooling agent. The saw marks are removed by grinding both 
surfaces of the wafer with No. 600 carborundum on a rotating copper-
lapping table wet down with water. 

The next step is to polish the side of the wafer that is to be used for the 
rectifying contact. The polishing process is similar to that used at the 
Bell Telephone Laboratories by Treuting.3 Before the polishing opera
tion begins, the wafer is cemented to a copper block with cellulose cement 
so that it can be held easily. The polishing is done dry on 000 emery 
paper on a lap rotating at a speed of about 600 rpm. The polishing lap 
is "worked i n " with a steel block and a mixture of light machine oil and 
kerosene. The polishing starts with a small amount of the oil-kerosene 
mixture, and as it proceeds, the paper becomes dry. This operation 
requires from 10 to 15 min. When finished, the polished surface is an 
extremely good mirror with absolutely no trace of grain-structure pattern. 
(See Fig. 10-3d.) This polishing process differs from earlier techniques 
where the wet metallographic methods used preserved the grain-structure 
pattern. Here the intention is to produce a flow layer which erases all 
evidence of grain structure. 

After polishing, the oil is removed by washing the wafer in tri-
chloroethylene. The cellulose cement used to cement the wafer to the 
metal block is removed from the wafer by immersion in hot concentrated 

1 Marvin Fox, C. S. Pearsall, and Virginia Powell, "Manufacturing Procedure for 
the Radiation Laboratory High Burnout Crystals," RL Report No. 501, Dec. 21, 1943. 

»H. Q. North, "K-band Germanium Crystals," NDRC 14-328, GE Co., Mar. 26, 
1945. 

3 R. C. Treuting, "Preliminary Development of Improved Burnout Silicon Contact 
Rectifiers," BTL Report MM-43-120-53, May 18, 1943. 
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sulfuric acid, and the wafer is afterwards thoroughly washed in distilled 
water. 

After the wafer is cleaned, it is treated by heating in air for about 
half an hour at a temperature of 900° to 950°C; it is then removed from 
the furnace and air-quenched. The oxide layer thereby produced on 
the surface is removed by etching the wafer in 24 per cent hydrofluoric 
acid for about 30 sec. Experiments by M. Fox at the Radiation Labora
tory show that the atmosphere in which the baking takes place need not 
be air or oxygen. Controlled experiments, using identical techniques, 
show that the same rectifier performance can be obtained when using 
atmospheres of C0 2 , H2, He, 02 , or N2 for the heat treatment of the 
silicon. 

The next step is the plating of the unpolished side of the wafer so 
that it can be soldered to the mounting in the cartridge. For this 
purpose nickel-plating done according to the method used by Angello1 

is satisfactory. The unpolished surface is prepared for plating by 
swabbing it with a mixture of 10 per cent concentrated nitric 
acid and 90 per cent of 48 per cent hydrofluoric acid applied with a 
platinum loop. The strength of this solution is adjusted so that the 
surface reaction proceeds very slowly while the grain-structure pattern 
becomes more and more sharply defined. If the reaction proceeds too 
rapidly or for too long an interval, a dark-blue surface layer is formed 
which interferes with the plating operation. If the etching operation is 
stopped when small bubbles begin to form all over the surface, a satis
factory etch is obtained. To obtain optimum adhesion of the nickel 
plate the wafer should be washed and the back surface plated before it 
dries. In the plating operation the wafer is held in a clamp with bakelite 
jaws so that only the unpolished side is in contact with the surface of the 
plating bath. Electrical connection to the wafer is made by a spring 
contact to the polished surface. The plating bath is: 

1. Ammonium nickel sulphate 105 g per liter of water 
2. Ammonium chloride 15 g per liter of water 
3. Boric acid 15 g per liter of water 

A current density of 8- to 10-ma/cm2 produces an adequate plate in about 
5 min at room temperature. 

Proper plating of the wafer is important. Poor contact of the crystal 
with the cartridge may cause excessive noisiness and erratic performance 
in the rectifier. 

After the plated wafer is washed and dried, it is placed on a flat 
cardboard surface and broken with a knife blade into small pieces of 

1 S. J. Angello, " Westinghouse Crystal Detector Pilot Shop," Research Report 
SR-176, Apr. 21, 1943. 
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suitable size for soldering to the cartridge component. I t breaks up 
easily along the grain boundaries, with very little waste material. The 
advantages of this procedure over that of sawing the wafer into small 
squares are 

1. The resulting pieces are almost free from grain boundaries because 
the breaks occur along these boundaries. 

2. The waste of materials is considerably reduced. With this pro
cedure one obtains 15 to 18 pieces large enough to use per square 
centimeter of wafer. 

The pieces of crystal obtained are now soft-soldered to the cartridge 
stud or screw by means of a suitable soldering jig. A suitable flux is 
stainless-steel Soldering Flux No. 6.1 After the soldering process, the 
silicon pieces are ground down to the diameter of the stud with a diamond 
grinding wheel. 

The crystal is given a final etch immediately before insertion into the 
cartridge. The studs on which the crystals are mounted are placed on a 
platinum screen and immersed in 48 per cent hydrofluoric acid for 5 to 
10 sec. This produces a mild electrolytic action. After the studs are 
washed they are ready for insertion into the cartridge. 

Germanium.—In the procedure used by North2 for antimony-doped 
germanium, the ingot is cut into wafers 0.020 in. thick and these are ground 
with 600-mesh Alundum under water on a glass lap. The wafers are 
then plated with rhodium and cut into squares 0.070 in. on a side. These 
are soldered to the cartridge studs, which are then mounted, 20 at a time, 
on a jig for polishing. A wet polishing wheel is used. There are three 
steps to the polishing process: first, the crystals are ground on a fine stone 
to bring all the surfaces in the same plane; they are then polished with 
600-mesh Alundum on cloth; and, finally, with fine magnesium oxide on 
cloth to give a high polish. 

Heal>treatment and etching appear to be unsuited to antimony-
doped germanium. Experiments by North show that heat treatment in 
air, followed by an etch to remove the oxide, produces a germanium 
surface which when probed showed almost short-circuit characteristics. 

THE CAT WHISKER 
10-5. Whisker Materials.—Properties to be considered in the choice 

of whisker material are its work function and its mechanical properties. 
I t should be a hard metal so that the point is not excessively flattened 
by the pressure required for good rectifying characteristics; it must be a 
metal that can be fabricated in wire form and crimped to the desired 

1 Obtained from the Colonial Alloys Co. of Philadelphia, Pa. 
2 hoc. cit. 
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whisker shape; and it should have sufficient elasticity to give mechanical 
stability for feasible wire sizes. 

The work function of the metal is one of the quantities that determine 
the nature of the barrier at the metal-semiconductor contact, as was 
explained in Chap. 4. There we saw that, for rectification to occur, the 
work function of the metal must be less than that of a p-type semicon
ductor; for n-type semiconductors the reverse is true. Moreover, the 
height of the barrier in the semiconductor depends on the difference in 
work function between the metal and semiconductor. 

In the case of silicon, J. A. Becker1 reports that characteristic volt-
ampere curves obtained from various metal-to-silicon point contacts in 
air do not exhibit differences that can be readily associated with differ
ences in the work functions of the various metals as determined by 
vacuum thermionic measurements. This is not surprising, for it is well 
known that work functions are strongly dependent on the presence of 
absorbed gases or other surface contaminations. I t is only when metal 
contacts are evaporated in vacuum that any reasonable correlation is 
found between rectification characteristics and metal work function. In 
the light of present knowledge the whisker material does not play as 
important a role in the rectification picture as one would expect from 
theoretical considerations. 

For these reasons the choice of whisker material has been an empirical 
one. For silicon rectifiers, tungsten has been almost universally used. 
The British-Thomson-Houston Company prefers molybdenum-tung
sten, which they have found to be more consistent in quality than pure 
split-free tungsten. Other manufacturers have found commercial tung
sten satisfactory. The mechanical properties of tungsten are well 
suited to whisker fabrication. 

Platinum-ruthenium whiskers have been found to give somewhat 
higher back resistances than tungsten ones in germanium mixer crystals.2 

The platinum is alloyed with 10 per cent ruthenium, to increase the 
hardness. 

The choice of whisker-wire size is determined largely by the force 
required on the contact point. In the 10-cm band, where relatively large 
contact areas are desired and relatively large forces are consequently 
necessary, 8-mil wires have been used for high-burnout rectifiers. Com
mercial low-conversion-loss units with good burnout properties are 
ordinarily made with 5-mil wire in the ceramic cartridge for 10- and 3-cm 
use. In the coaxial cartridge, where the whisker space is very small 
and the contact force small, wires 2 mils in diameter have been found 
satisfactory. 

1 Private communication to the Radiation Laboratory, Nov. 9, 1942. 
* Private communication from H. Q. North. 
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10-6. Fabrication of the Whisker.—The fabrication of the whisker 
involves three processes: (1) forming the whisker point, (2) crimping 
the wire to the desired shape, and (3) soldering or welding the whisker 
to the metal cartridge component. In actual practice, the order of 
operations varies from one manufacturer to another. For mechanically 
formed points, the pointing is usually done before the crimping. 

Forming the Whisker Point.—Conical points are now almost uni
versally used in commercial rectifiers. At one time wedge-shaped points 
were thought to contribute to the high-burnout property, but experiments 

by Fox and Pearsall at the Radiation Laboratory 
have shown that for equal areas of contact nothing 
is to be gained from a knife-edge contact. 

The conical point may be formed either by 
grinding mechanically on a stone or by an 
electrolytic method.1 

In the mechanical method the wire is held 
against the grinding wheel at an appropriate angle 
by a rotating pin vise, the axis of rotation being 
in a plane perpendicular to that of the grinding 
stone. The included angle of the cone is not 
critical; an appropriate value is in the neighbor
hood of 70° to 80°. The diameter of the point of 
the cone is usually less than 0.0001 in. The con
tact area will be larger than this, for the point 
flattens when it is pressed against the silicon. A 
projection microscope can conveniently be used to 
inspect the point for flaws. 

In some instances large values of noise tempera
ture have been correlated with microscopic 
irregularities in the geometry of the tungsten 

point contact. The grinding process may leave irregularities in the 
form of grinding marks or burrs at the point. An electrolytic polishing 
process has been used by the Western Electric Company to remove these 
irregularities. This process, as reported by Pfann2 gives the point the 
desired contour and surface smoothness. The process consists of making 
the point anodic in a solution containing 25 per cent by weight of potas
sium hydroxide and applying 0.8 volt for 2 sec followed by two successive 
flashes of 0.2-sec duration at 2.0 volts. A number of points may be 
connected in parallel and polished simultaneously. The cathode is a 

1 J. R. Woodyard , " N o t e s on Crysta l De tec to r s , " Sperry Research Laborator ies 
Repor t 5220-110, Apr. 6, 1943; W. G. Pfann, "Elec t ro ly t ic Point ing of Tungs ten 
Contac t Wire in Silicon Rectifiers," B T L Repor t MM-43-120-73, June 29, 1943. 

2 W. G. Pfann, "Elec t ro ly t ic Polishing of Tungs ten Points in Silicon Rectifiers," 
BTL Repor t , Case 24026, Dec. 3, 1942. 

F I G . 10-5.—Effect of 
electrolytic polishing on 
contour of ground tung
sten points, (a) Ground 
point, (b) Ground and 
electrolytically polished 
point. 
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copper gauze. After the polishing process the points are washed in a 
stream of hot water and dried. Figure 105 shows a typical point 
obtained by Pfann before and after the polishing process. Figure 10-6 
shows electron microscope photographs taken by the University of Penn
sylvania crystal group. Figure 10-6o shows a point ground with a 
carborundum wheel, but not polished. Figure 10-66 shows a ground 
point which has been electrolytically polished. Figure 10-6c shows a 
ground and polished point after it has been pressed with a load of 3 g 

F I G . 10-6.—Electron microscope photographs of tungsten points, (a) Ground point, 
unpolished; (b) ground point, electrolytically polished; (c) ground and polished point after 
it was pressed with a load of 3 gm against a silicon surface. 

against a polished silicon surface. The angle of the cone of Fig. 10-6b 
and c is smaller than usual, but points with larger angles exhibit the 
same general features. 

Pfann1 has also developed a process for eliminating the mechanical 
forming of the point by electrolytic pointing as well as polishing. 
The electrolyte used for the pointing operation is an aqueous solution 
containing 25 per cent potassium hydroxide by weight with about 
0.01 per cent or more of copper in solution. The cathode is a copper 
gauze that has remained in the electrolyte long enough for a film of 
oxide to form. The pointing operation is accomplished by placing 
the whisker wires in a vertical position with their lower ends in the 

hoc. cit. 
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electrolyte and applying 1 volt until the current drops to a value between 
0.25 and 0.30 ma; for points having a radius of curvature of 0.0003 in. 
the shutoff current always falls within this range. The pointing process 

is then followed by polishing flashes as previously 
described. Figure 10-7a shows an electrolytic 
point made by Pfann, and Fig. 10-76 shows for 
comparison a ground and electrolytically polished 
point. 

The drop in current at constant voltages 
arises from the decrease in wetted area as the 
tungsten is dissolved and from the polarization 
at the wires. The shaping of the point depends 
on the formation of a meniscus of a suitable shape 
about the wire. The potassium hydroxide 
solution specified produces a satisfactory meniscus 
for 5-mil wires, and the addition of the copper 
to the solution produces the required adhesion of 
the liquid to the wire. Copper gauze is the only 
cathode material that has been found satisfactory. 
The concentration of potassium hydroxide is 
not critical, large changes having little effect on 
the contour of the point; the value of the shutoff 
current increases with increase in concentration. 

By this procedure as many as 100 wires have 
been pointed in a single operation, the total time 

required being about one-half hour. The method provides a means for 
accurately controlling the length of the whisker assembly. For this 
purpose the wires are soldered to the cartridge pin and crimped prior to 
the pointing operation. Since the points always form just below the 
surface of the solution, uniformity of 
length can be obtained by uniform mount
ing of the whisker assemblies in the holder 
of the electrolytic cell. 

The Whisker Shape.—The whisker is 
bent to the desired shape by means of a 
crimping jig. The general shape of 
whisker commonly used for the ceramic 
cartridge is shown in Fig. 10-8. Details 
on size and curvature of the loops and the 
over-all length of the whisker, together 
with the internal geometry of the cartridge, affect the r-f impedance of 
the unit in a complicated way; the details of the design have therefore 
been worked out empirically by the individual manufacturer. The over-

F I G . 10-7.—Point con
t o u r s . (a) E l e c t r o l y t i c 
point. (b) Ground and 
electrolytically polished 
point. Radius of curva
ture at tip is 0.0003 in. in 
e a c h . 

^Metal-cartridge component 

Whisker 

F I G . 
Solder 

10-8.—Whisker assembly for 
the ceramic cartridge. 
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all whisker length used by various manufacturers lies in the range from 
about 0.1 to 0.15 in. and in production this length is, of course, kept as 
nearly constant as possible for a given cartridge design. The double-
loop structure serves as a spring whose compression provides the contact 
force; it also provides mechanical stability by maintaining the contact 
force perpendicular to the crystal surface when the spring is 
compressed. 

The whisker assembly for the Radiation Laboratory coaxial cartridge 
is shown in Fig. 10'9. The single-loop whisker is commonly used for 
this type of cartridge, in which it is desirable to keep the whisker size 
to a minimum. The effects of internal geometry of the cartridge on r-f 
impedance is pronounced in this type of cartridge; the dimensions of 
the Radiation Laboratory whisker 
assembly are therefore included in 
Fig. 10-9, and those of the remainder 
of the cartridge in Fig. 1013. As 
was mentioned in Sec. 10-5, 2-mil 
tungsten wire is used for the 
whisker. Stability of the contact is 
achieved by making one arm of the 
loop longer than the other, as shown 
in Fig. 10-9. This whisker design is 
similar, except for some modifica
tion in dimensions, to that 
developed earlier at the Bell Tele
phone Laboratories. 

Mounting the Whisker.—In the 
ceramic cartridge it is standard 
practice to solder the whisker to the 
cartridge component. Both Bell Telephone Laboratories and Westing-
house Research Laboratories1 have successfully used a hot-dip method 
in which the tungsten wire is coated with an alloy of 69 per cent gold, 6 
per cent platinum, and 25 per cent silver. The wires are readily wetted by 
the alloy, which forms a thin adherent coating that can be easily soldered. 
Nickel-plating the tungsten has also been found satisfactory. 

The shank of the whisker is soldered into a hole in the metal end piece 
of the cartridge (see Figs. 2-2 and 10-10), alignment being maintained 
during the process by suitable jigs. After soldering, the assembly is 
inspected for alignment of the whisker axis with the axis of the cartridge. 
With the excellent crystals now available, "hunt ing" for a sensitive point 
is no longer considered good practice. 

In the Radiation Laboratory coaxial cartridge, the whisker is spot-
1 S. J. Angello, Westinghouse Research Report SR-176, Apr. 21, 1943. 

Spot weld 

Center 
conductor V 

of cartridge 

0.063---

F I G . 10-9.—Whisker assembly for the Radi-
tion Laboratory coaxial cartridge. 
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welded to the center conductor of the cartridge, a 10-mil nickel wire 
being used as shown in Fig. 10-9. The nickel wire serves also to separate 

Assembled Cartridge Crystal Cartridge 
cartridge head mounted case 

on stud 

r* 

Whisker Parts for 
assembly whisker assembly 

1 

B I 0 
Radiation Laboratory ceramic cartridge 

H 9 ll 
Western Electric ceramic cartridge 

If 

7 m 
Sylvania ceramic cartridge 

II m 
Radiation Laboratory coaxial cartridge . 

F I G . 1010. Crystal cartridge parts. 

the whisker from the end of the center conductor so that space is provided 
for the deflection of the spring. 
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ASSEMBLY AND ADJUSTMENT OF THE CARTRIDGE 
10-7. The Ceramic Cartridge.—Cartridge parts for representative 

ceramic cartridges are shown in the top three rows of Fig. 10-10. The 
Radiation Laboratory ceramic cartridge shown at the top is similar to 
that developed and manufactured by the Westinghouse Electric Corpora
tion.1 The other two cartridges shown in the figure are manufactured by 
Sylvania Electric Products, Inc. and the Western Electric Company as 
indicated. All these cartridges meet the JAN specifications on external 
dimensions but differ in structure because of the different mechanisms 
used for adjustment of the contact point. Cross sections of assembled 
cartridges were shown in Figs. 2-2 and 2-4, Sec. 2-1. 

The properties required of the cartridge case are, in addition to 
insulation of the terminals, low loss at microwave frequencies and 
mechanical strength and rigidity To horizontal plates 
over the temperature range from of oscilloscope 
about - 4 0 ° to + 100°C. I t must 
also be made of a material that can 
be fabricated with the close dimen-

eocps 
sional tolerances required (see Fig. Q_ 

<? 9 

To vert ical plates 
of osci l loscope 

- o 
D l ) . Ceramic mate r i a l s mee t FIG. 10-11.—Circuit used for viewing the 
these r e q u i r e m e n t s a n d a re now rectifier characteristic on an oscilloscope. 
universally used for the purpose. Specifically, steatite ceramics such as 
Alsimag2 196 or 211 are excellent ceramics for this purpose. 

The JAN specifications require that the metal parts, usually made of 
brass, be plated with silver or gold. 

The cartridge is assembled by screwing the head and pin tightly into 
the ceramic case, which is threaded on the inside. A cement such as 
orange shellac is applied to the parts to make the joint tight. 

The adjustment of the Radiation Laboratory cartridge is as follows. 
After the final etch, the crystal stud is inserted in the cartridge and 
clamped lightly with the set screw in the side of the cartridge head. 
The cartridge is then placed in a clamping device where the pressure 
from a micrometer screw advances the stud toward the whisker point 
against the mechanical resistance of the set screw. Electrical connection 
are made to the head and pins of the cartridge so that either the bac>-
or the front resistance can be measured in the neighborhood of 1 volt, 
or the characteristic curve observed on an oscilloscope. For the latter 
purpose a circuit similar to that shown in Fig. 10-11 is used. A 60-cycle 
a-c voltage (about 0.5 volt rms) is applied to the primary terminals of a 
transformer (or Variac), whose voltage output is connected to the recti-

' S . J. Angello, Westinghouse Research Report SR-176, Apr. 21, 1943. 
1 Obtained from the American Lava Corp., Chattanooga, Tenn. 
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fier C in series with the resistor R. A suitable value of R is 10 to 20 
ohms. 

Once contact is established, the pressure is increased until a prede
termined characteristic is observed on the oscilloscope. In this stage 
the front resistance, measured at a few tenths of a volt, is between 300 
and 400 ohms, and the back resistance is about 10,000 ohms. The 
cartridge is then " tapped" 1 lightly. Judicious tapping causes the front 
resistance to drop to between 200 to 300 ohms and the back resistance to 
increase to between 20,000 to 100,000 ohms. (These values are for an 
applied potential of a few tenths of a volt.) Before tapping, the oscillo-

(o) (f>) 
FIG. 10.12.—D-C characteristic curve as seen on an oscilloscope, (a) Before tapping; 

(b) after tapping. 
scope presentation appears as in Fig. 10-12 at (o). The sloping portion 
of the curve breaks away gradually from the nonconducting region and 
the slope of the curve increases with increasing forward voltage. Tapping 
lightly a few times produces the curve shown in Fig. 10-2 at (b). The 
break in the curve is more sharply defined and the curve takes on a 
constant slope with increased voltage. At this stage further tapping 
has little effect on the characteristic. As a final step the set screw in the 
cartridge head is screwed in tightly. 

Zne amount of tapping done in the adjusting of the contact is a 
matter of the operator's judgment and experience. In addition to the 
changes in the characteristic curve mentioned, tapping has been observed 
in some cases to decrease the noise temperature of the rectifier. The 
crystal group2 at the University of Pennsylvania has conducted con
trolled experiments where tapping was simulated by taking the contact 

1 "Tapping" means producing mechanical shock by blows of a light mallet. 
' A. W. Lawson, P. H. Miller, L. I. Schiff, and W. E. Stephens, "Effect of Tapping 

on Barrier Capacitance," NDRC 14-181, Univ. of Penn., Sept. 1, 1943. 
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point through one or more loading cycles, and measurements of capaci
tance were made during the process. They observed that this process 
in general does not increase the capacitance of the rectifying contact 
and may even decrease it; from this it is inferred that the net effect of the 
tapping on contact areas is small. On the basis of the foregoing facts 
it is difficult to formulate an adequate picture of what happens during 
the tapping process. The advent of boron-doped silicon and polished 
surfaces has made the adjustment of a good contact much easier and 
vigorous and prolonged tapping unnecessary. 

After adjustment, the cartridge is impregnated with a viscous wax 
to provide mechanical stability and at the same time to make it impervi
ous to moisture. A suitable material for this purpose has been devel
oped at the Bell Telephone Laboratories and is commonly used for mixer 
cartridges by commercial manufacturers in the United States. This 
material is a mixture of 80 per cent Paratac and 20 per cent Opal wax1 

by weight. The mixture maintains a satisfactory consistency—like that 
of heavy grease—at least in the temperature range of — 40CC to -r-7C°C. 
At very low temperatures the rectifier is likely to be damaged by the 
solidification and contraction of the wax, and at temperatures much 
above 70°C the wax melts. Many other filler materials have been tried 
but none superior to Paratac and Opal wax has been found for the 
temperature range from —40° to +70°C. 

The wax can be introduced in liquid form through the hole in the side 
of the ceramic either by vacuum impregnation or by injection with an 
electrically heated syringe; the hole in the ceramic is sealed by some 
manufacturers, left open by others. The rectifiers are now ready for r-f 
performance tests. 

The general procedure for assembling and adjusting the commercial 
rectifiers shown in Fig. 10-10 is similar to that just described, although 
the adjustment process varies in the amount of tapping, spring deflection 
of the whisker, and the properties of the d-c characteristic used as the 
criterion of proper adjustment. The commercial cartridges shown in 
Fig. 10-10 obviously differ in adjusting mechanism. In the Sylvania 
cartridge one end of the crystal stud is threaded so as to fit tightly the 
threaded coaxial hole in the cartridge head. The crystal is advanced 
toward the whisker by turning the screw and, upon final adjustment, is 
sealed with a touch of lacquer. In the Western Electric cartridge, the 
crystal is soldered to the cartridge head and is therefore fixed in position. 
The whisker is mounted on a movable stud which makes a sliding fit in 
an axial hole in the pin piece. I t is advanced toward the crystal without 
rotation by a screw in the threaded outer end of the hole. After adjust-

1 Paratac can be obtained from Stanco Distributors, 28 Broadway, New York, 
N, Y., and Opal wax from du Pont. 

^ t — ^ I ^ M M ^ M i a ^ — ^ — M L I . " , . 
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ment the stud is clamped by two set screws in the flange of the pin, and 
the adjusting screw is backed off. 

Bell Telephone Laboratories has established the practice of standard
izing the whisker adjustment in terms of spring deflection—that is, the 
distance the spring is compressed after initial contact is made. The 
spring deflection is measured by an adjusting device, developed by 
Theuerer,1 which utilizes a micrometer caliper for advancing the whisker 
stud. The relationship between burnout and spring deflection is typified 
by data reported by Treuting.2 These data show that, as the spring 
deflection is increased, the burnout power increases—that is, the r-f power 
required for a given impairment increases. This result can be predicted 
from correlations between burnout and apparent point-contact area, the 
latter increasing with increasing spring deflection. Treuting also found 
that, as the burnout power increases, the difference between conversion 
loss at 10 and 3 cm increases, again an effect to be expected from correla
tions with contact area. From these experiments, Treuting listed the 
following specifications on spring deflections to be used with boron-doped 
silicon. 

1. A 5-mil whisker with a spring deflection of 2 mils or less yields a 
rectifier of superior performance in the 3-cm band, with a mean 
conversion loss between 6 and 8 db. Mean values of conversion 
loss of 5.5 db were obtained by using very low resistance boron-
silicon (obtained with larger boron additions and a higher tempera
ture heat treatment). 

2. A 5-mil whisker with a spring deflection of 4 mils yields a unit 
of superior performance in the 10-cm band, with a mean con
version loss in the neighborhood of 5.5 db and improved burnout 
characteristics. 

3. A 5-mil whisker with a spring deflection of 6 to 8 mils yields a 
high-burnout unit with an average conversion loss of 6 db under 
optimum r-f matching conditions, but with marginal values of 
conversion loss in the fixed-tuned standard mixer. 

10-8. The Coaxial Cartridge.—The parts of the Radiation Laboratory 
coaxial cartridge are shown in Fig. 10-10, and a cross section of the 
cartridge with dimensions and tolerances, in Fig. 10-13. The metal parts 
are silver-plated brass. The dimensions of the parts are such that the 
r-f impedance distribution centers about the standard value of 65 + jo 
ohms, when boron-doped silicon processed according to the procedure 
described in the preceding sections is used. This impedance is the 

1 H. C. Theuerer, "A Method of Controlling the Contact Area of Silicon Point 
Contact Rectifiers," BTL Report MM-43-120-94, Oct. 30, 1943. 

2 R. G. Treuting, "Use of Heat-Treated Boro-Silicon in Contact Rectifiers," BTL 
Report, MM-43-120-95, Sept. 18, 1943. 
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characteristic impedance of a coaxial line with the same dimensions as 
the pin end of the cartridge. 

To achieve mechanical stability with temperature change, the insulat
ing bead carrying the center conductor and whisker must have the same 
expansion coefficient as the brass case. In addition it must be a material 
that can be fabricated accurately 
to the desired shape, a material 
that is rigid and does not shrink, 
and that has a low dielectric loss 
at frequencies as high as 30,000 
Mc/sec. A material that meets 
all these requirements is Polyglas 
D + , developed during the war 
by von Hippel, Kingsbury, and 
Wesson1 at the M.I.T. Laboratory 
for Insulation Research. This 
material was manufactured during 
the war in production quantities 
by the Monsanto Chemical Com
pany and is supplied in the form of a 
molding powder. I t contains a filler 
of low-thermal-expansion glass of 
about 96 per cent silica, a binder 
of poly-2,5-dichlorostyrene, and a 
moistureproofing agent. 

A bead of this material is 
molded onto the center conductor at 
a temperature of around 200°C and 
a pressure of about 4000 lb/in.2 

The whisker is then spot-welded to 
the center conductor and the assem
bly pressed into place against the 
shoulder in the outer conductor. 
The size of the bead is such as to make a tight press fit in the outer 
conductor. This part of the assembly is completed by crimping the outer 
conductor at the outer face of the bead, as shown in Fig. 10-13. Prior to 
insertion of the plug carrying the crystal, the whisker is covered with filler 
wax. When the plug is inserted any excess of wax is forced out through a 
channel in the cylindrical face of the plug. 

The plug makes a force fit in the outer conductor and is pressed in 
by a micrometer screw device similar to that previously described. The 

1 A. von Hippel, S. M. Kingsbury , and L. G. Wesson, N D R C Repor t X , Cont rac t 
OEMsr-191 , October 1945. 

F I G . 10-13.—Cross section of the 
Radiation Laboratory coaxial cartridge 
showing the dimensions of the parts. 
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adjustment procedure is similar to that for the ceramic cartridge. For 
1-cm use the contact area must be kept small, and hence very light 
contact pressures are used, corresponding to spring deflections of 1 mil 
or less. 

The cartridge designed by North1 for antimony-doped germanium 
is shown in cross section in Fig. 10-14. The bead is made of low-loss 
glass (GE No. 1076) which matches the coefficient of expansion of the 
silver-plated steel outer and inner conductor. The bead is fused to both 

outer and inner conductor and the 
crystal plug is sealed to the outer 
conductor with low-melting solder 
or Glyptol. The unit is therefore 
hermetically sealed and is mechanic
ally stable without the use of filler. 

For use in the 1-cm region, a 
spring deflection of 0.5 mil is used 
with a 1.5-mil platinum-ruthenium 
whisker; this produces a contact 
force of about 0.4 g. The r-f imped
ance of these units is such that no 
matching transformer is needed in 
the pin end of the cartridge. The 
polarity of the cartridge is the 
reverse of that of a silicon rectifier, 
since antimony-doped germanium is 
an w-type semiconductor. 

SOME DESIGN CONSIDERATIONS 
AFFECTING ELECTRICAL 

PERFORMANCE 
10-9. R-f Impedance.—The r-f 

impedance of the crystal cartridge is 
a complicated function of semicon
ductor composition, whisker pres

sure, and cartridge geometry. The first two quantities affect the impedance 
of the rectifying junction which, together with the impedance of the 
cartridge parts, make up the network that represents the cartridge as a 
whole. The whisker pressure and semiconductor are chosen to give best 
conversion loss and burnout; the external geometry of the cartridge and 
the tuning of the crystal mixer were standardized early in the develop
ment to permit the standardization of r-f radar components. As a 
result, the designer, in adjusting r-f impedance to a predetermined value, 

1 H. Q. North, "K-band Germanium Crystals," NDRC 14-427, GE Co., Mar. 25, 
1945. 

FIG, 
- 0.178" 

10-14.—GE crystal cartridge 
germanium crystals. 
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has been limited to changes in whisker geometry, internal geometry of 
the cartridge, and minor changes in whisker pressure that do not appre
ciably affect loss and burnout. In the case of the ceramic cartridge, a 
rectifier for the 10-cm band with improved burnout and at the same time 
good conversion loss when matched at radio frequency can be made by 
using boron-doped silicon and relatively large contact area. This unit, 
the 1N28 type, has not been widely used in wartime radars, however, 
because the r-f mismatch in standard fixed-tuned mixers is too great. 
The improved burnout obtained with this type makes it highly desirable 
to choose its r-f impedance as a standard for future applications in this 
band. 

The situation in the coaxial cartridge is a more fortunate one, in that 
limited final adjustments of r-f impedance can be made by inserting a 
quarter-wave transformer in the pin end of the cartridge, either as a 
sleeve on the inner conductor or as a ring pressed into the outer conductor. 
However, in this case the designer is limited in the transformation 
obtainable by the space available between inner and outer conductor 
and by the frequency sensitivity introduced by the transformer. Fur
thermore, large standing waves in the bead, which would introduce an 
appreciable loss, are to be avoided if possible. In the Radiation Labora
tory coaxial cartridge the bead is a half-wave nontransforming element 
and the desired r-f impedance is obtained by choosing the geometry 
of the cartridge as shown in Fig. 10-13. At present writing, the control 
of r-f impedance is a difficult problem, one which calls for the utmost 
ingenuity and experience on the part of the cartridge designer. 

10-10. Conversion Loss and Burnout.—The attainment of low con
version loss, as we have seen, depends on the nature of the semiconductor 
and the contact area, the conversion loss for a given semiconductor 
and given frequency decreasing as the area of contact is decreased; on the 
other hand we have seen that higher burnout is attained by increasing 
the contact area. Furthermore, for a given contact the conversion loss 
increases with increasing frequency. I t is at once evident from these 
facts that a practical compromise between burnout and sensitivity must 
be arrived at in the design of a rectifier for a given application. With an 
increase in radio frequency the conversion loss, for a given crystal mate
rial, can be maintained only at the expense of burnout, by decreasing 
contact area. Improvement in both burnout and sensitivity has there
fore been attained by improvements in the processing of the semicon
ductor.1 As these improvements were made new crystal types were 
specified, which might well be condensed now to, at most, two types for 
each frequency band. 

1 The special case of the welded-contact rectifier is discussed in Chap. 13. 
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At present, extensive measurements of rectifier properties in the 
microwave region have been confined to wavelengths in the regions 
at 25-, 10-, 3-, and 1-cm wavelength. On the basis of present knowl
edge it seems likely that types designed for mixer applications at these 
wavelengths will also give satisfactory performance at intermediate 
wavelengths. 
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CHAPTER 11 

LOW-LEVEL DETECTION 

The crystal rectifier has been extensively employed as a low-level 
detector in the crystal-video receiver used in connection with microwave 
beacons (see Chap. 1). There are many additional applications of 
crystals as rectifying elements at low power levels in probes and monitors. 
Here, we shall be largely concerned with their use in the receiver, which 
must have a minimum sensitivity of about 10 -8 watt for pulses of l-/isec 
duration. This sensitivity has been achieved for microwave frequencies 
as high as 10,000 Mc/sec. 

An analysis of low-level detection involves different properties from 
those encountered in describing mixer performance. The first part of 
this discussion is therefore devoted to rectification characteristics of 
crystals at low r-f power levels, and their relation to the physical param
eters of the rectifier. Crystal-video receiver application is treated next 
and methods of measuring the physical quantities of interest in this 
application described. Finally, there is an account of the special manu
facturing techniques developed for video crystals. 

PROPERTIES OF CRYSTAL RECTIFIERS AT LOW LEVELS 
l l - l . Rectification at Low Levels.—When the rectifier is used as a 

detector, the output terminals are connected to a d-c circuit, or, for the 
detection of r-f pulses, to the input stage of a video amplifier. Consider, 
for example, a d-c circuit consisting of a load resistance and a current 
meter in series. With r-f power applied, a small change in the d-c 
circuit resistance causes a small change in the voltage across the crystal 
and a small change in circuit current. The ratio of the voltage change 
to the current change defines a dynamic output resistance for the crystal, 
which will be called the "d-c crystal impedance," or "video resistance." 
We have seen in Chap. 2 that the d-c impedance for an r-f power input 
in the neighborhood of 1 mw is several hundred ohms (see Fig. 2-27). 
As the r-f power is lowered toward the microwatt level, the d-c impedance 
rises to a fixed value of several thousand ohms; this impedance is just 
the reciprocal of the slope of the current-voltage characteristic at the 
operating point. In this region of constant d-c impedance the rectified 
current becomes rigorously proportional to r-f power—that is, the crystal 
is square law in its response. I t is in this square-law region that the 
rectifier operates in crystal-video receivers. 

333 
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These facts are illustrated in Fig. 11-1 from data obtained by Ber-
inger.1 In Fig. 11-1 is plotted on a logarithmic scale the short-circuit 
current and open-circuit voltage at the output terminals of the rectifier 
as a function of r-f input power for powers up to about one milliwatt. 
The variation in d-c impedance is also shown. I t can be seen that the 
square-law behavior breaks down as the power is increased above the 
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FIG. 11-1.—Rectification properties of a silicon crystal rectifier. The radio frequency is 

3300 Mc/sec. 

microwatt region; the exact point at which this occurs varies from crystal 
to crystal but lies in the range from 2 to 10 ^w. 

Because of the possibility of overloading the crystal it is necessary 
to apply corrections in the use of the crystal detector as a monitor of r-f 
power. The correction clearly depends on the indicating circuit used 
with the detector. For example, the open-circuit voltage and short-
circuit current show opposite deviations from linearity at high power 

1 E . R. Beringer, "Crys ta l Detectors and the Crystal-video Receiver," RL Report 
No. 638, Nov. 16, 1944. 



SEC. 11-2] EQUIVALENT-CIRCUIT THEORY 335 

level. For this reason crystal probes and monitors must be calibrated 
for applications beyond the square-law region. 

In the microwatt region the characteristics of a crystal rectifier can 
be represented by a current generator shunted by a resistance equal to 
the d-c impedance. As the r-f power input is increased, the generator 
current increases in proportion. As the power level is raised beyond the 
square-law region, the current increase is more rapid than linear, and the 
resistance begins to decrease. These two features are characteristic of 
crystal rectifiers in general, but the relative magnitudes of the effects 
vary from crystal to crystal. 

The current sensitivity is defined as the ratio of short-circuit rectified 
current to absorbed r-f power—that is, it is the slope of the corresponding 
curve of Fig. 11-1 in the linear region. This quantity, together with the 
d-c impedance, is sufficient to determine the performance of the crystal 
rectifier as a low-level detector as we shall see in Sec. 11-5. 

In the 10-cm region, the current sensitivity of production-line crystals 
ranges from 0.5 to 3.0 Mamp/^watt. (The curve plotted in Fig. I l l 
is not typical in this respect.) The d-c impedances show a wide distribu
tion of values—from 1000 to 20,000 ohms. The specification limits on d-c 
impedance are given for the various video-crystal types in Appendix D-l. 

In the 3-cm region the current sensitivity ranges from 0.5 to about 
1.5 ^iamp//uwatt, when the best manufacturing techniques are used; d-c 
impedances range as high as 30 to 40 kilohms. 

Because of the smaller contact area, good video crystals are in general 
more susceptible to burnout than mixer crystals. Operational require
ments, however, are not so stringent, because the crystal-video receiver 
is not ordinarily used in applications that require a TR switch for pro
tection. They must have high enough burnout, however, not to be 
damaged by stray radiation to which they are exposed. The burnout 
design tests listed in Appendix D for the various video-crystal types are 
an indication of the amount of energy (or power, as the case may be) 
that they will dissipate without appreciable impairment. 

11-2. Equivalent-circuit Theory. Current Sensitivity.—An expres
sion for the current sensitivity, defined in Sec. 11-1, in terms of measurable 
physical characteristics of the rectifying contact has been derived by 
Beringer1 and by Lawson, Miller, Schiff, and Stephens.2 The predictions 
of the theory agree only qualitatively with experiment; it has neverthe
less proved useful in video-crystal design and will undoubtedly be useful 
as a basis for a more successful theory as our fundamental understanding 
of the phenomenon of rectification increases. 

1 hoc. tit. 
2 A. W. Lawson, P. H. Miller, L. I. Schiff, and W. E. Stephens, "Behavior of Silicon 

Crystals at Low Level Powers," NDRC 14-182, Univ. of Penn., Sept. 1, 1943. 
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The derivation is based on the equivalent circuit of the crystal 
rectifier shown in Fig. 2-10. The quantity R is the barrier resistance 
of the rectifying contact, which at the low levels considered here is to a 
good approximation the d-c impedance of the rectifier. The term 
r is the spreading resistance in the semiconductor, and C, the barrier 
capacitance. 

The rectifier at low level will be assumed to be a four-terminal network 
of linear impedances with the r-f signal applied to one pair of terminals 
and the rectified output appearing at the other pair as shown in Fig. 11-2. 
Because of the low rectification efficiency in the square-law region, the 

_ ^ ^ _ _ _ _ input and output terminals are 
R-f » ° ~ Crystal — ° video effectively independent of the load-

s igna l o—l detector |—Q - ** signal m g a t the opposite terminal pair. 
FIG. 11-2.—Network representation of the The only connection between the 

detector crystal. , i ■ ,i 1 
terminal pairs is the phenomenon 

of rectification occurring when r-f power is absorbed at the r-f terminals. 
I t will be assumed further that power losses, such as dielectric losses 

and skin-effect loss in the whisker, are negligible and that the crystal is 
matched to the r-f generator. The r-f power absorbed by the crystal is 
then given by 

p=TReG) w 
where V is the peak amplitude of the voltage applied to the r-f terminals 
and Z is the input impedance of the equivalent circuit of the rectifier, 

Z = r + —-i (2) 
5+>'c" 

Substituting Eq. (2) in Eq. (1), we obtain 

A (i + i ) + „.cv 

( - * ) 

(3) 
+ o)2CV2 

The voltage Vi, across the barrier resistance R is related to V by the 
expression 

V2 

ri , (4) hi)' + CO!CV 

so that 

'-?[i(1 + *) + ~ (5) 
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To obtain the current sensitivity we now need an expression for the 
rectified current in terms of Vb. This expression may be obtained from 
the Taylor expansion of the characteristic curve at zero bias. [See Eq. 
(1-1).] The short-circuit rectified current is given by 

i = \viJ"(Q) - i ~ , (6) 

where /"(0) is the second derivative of the characteristic curve at the 
origin. The second term of the right-hand member of Eq. (6) is included 
to take into account the resistance r in series with the rectifying contact. 
We have seen that the d-c impedance is the reciprocal of the slope of the 
characteristic curve, 

R = r~y (7) 

so that we can write Eq. (6) in the form, 

vi i _ no) . 
4 (It + r) / '(0) W 

In Chap. 4 [Eq. (4-27)] we derived the expression for the character
istic curve of a rectifier: 

i = i0(e°v - 1), (9) 
from which it is seen that 

Tm = "■ (10) 

We then obtain from Eqs. (10) and (8) 

• Vi a 
4 R + r 

The current sensitivity /3 is obtained by dividing Eq. (11) by Eq. (5): 

i a 1 

(11) 

P „ / , , A 2 i , u2ChR2 
( - * ) ■ 

(12) 

R + r 

The current sensitivity at zero or very low frequency is obtained by 
setting w equal to zero: 

whence 

! ( i + y 
co2C2rft2 

+ R + r 

(13) 

(14) 
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A check by Beringer on the validity of Eq. (12) shows only qualitative 
agreement between measured and calculated values of @. Beringer's 
results for a good, a medium, and a poor microwave detector crystal are 
shown in Fig. 11-3. The curves show the calculated variation of /? with 
frequency, and the points plotted are the measured values at frequencies 
of 600, 3300, and 9300 Mc/sec. -Measured values of /3 at frequencies of 

Frequency in Mc/sec 
F I G . 11-3.—Variation of current sensitivity with frequency. The points are measured 

values; the curves are calculated from Eq. (12). 

2 kc/sec, 1 Mc/sec, and 10 Mc/sec were identical and served to give the 
value of /So- The values of R, r, and C for the three crystals are given in 
Table 11-1. 

T A B L E 1 1 1 . — C O N T A C T P A R A M E T E R S OK THE T H R E E CRYSTALS U S E D FOB F I G . 11-3 

Crystal No. 

KF 3987 
KH 1290 
KD 7053 

R, ohms 

4160 
1770 
1700 

r, ohms 

45.5 
27.6 
40.2 

(\ nrf 

0.75 
0.58 
0.25 

The d-c impedance R was measured by the method described in 
Sec. 11-9. The barrier capacity C was measured at 10 Mc/sec with a 
twin-T circuit similar to that used in the General Radio 821-A Bridge.1 

The experimental procedure involved a measurement of over-all cartridge 
capacity and an auxiliary measurement of the residual capacity when 
the whisker has been backed off from the contact. At zero d-c bias the 
barrier capacity is very nearly the difference between these two readings. 
The spreading resistance r was measured by biasing the crystal to a volt 
or so in the positive direction (to the linear portion of the characteristic) 
and measuring the differential resistance at that point with an a-c source. 

1 D . B . Sinclair, " T h e Twin T—A New Type of Null In s t rumen t for M e a s u n r g 
Impedance at Frequencies u p t o 30 Megacycles ," Proc. I.R.E., 28 (No. 7), 310 (1940). 
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Figure 11-3 shows that both the calculated and measured values of /S 
decrease with increasing frequency, but that the former decrease more 
rapidly. This discrepancy may be due to a decrease in the effective 
barrier capacity at microwave frequencies from its low-frequency value. 
Such an effect would be expected if the time required to ionize the donator 
levels in the semiconductor were long compared with the period of the 
applied voltage. This theory has been discussed in Chap. 4 for the case 
of high-level rectification, but quantitative results for the low-level case 
have not yet been worked out. 

At zero d-c bias, R » r, so that Eq. (12) reduces to the approximate 
relation 

13 = 2 IT+~^CVF ( 1 5 ) 

It is evident from Eq. (15) that /3 can be increased by increasing a and 
decreasing C, r, and R. Now C is proportional to the area of contact; R 
is inversely proportional to the area of contact, and r is inversely pro
portional to the radius of contact. The product C-Rr is therefore pro
portional to the radius of contact. The value of /3 can therefore be 
improved by decreasing contact area through the use of light contact 
pressures. There are two limitations on how far one can go in this direc
tion. The first limitation is mechanical stability. Both the d-c resist
ance and the current sensitivity are very sensitive to slight changes in 
contact pressure, and with light pressures mechanical stability is difficult 
to achieve. On this score the coaxial cartridge design appears to be 
definitely superior to the ceramic one. The second limitation is an upper 
limit on R which arises from considerations of receiver design.1 Further 
improvement can be achieved if C can be decreased by some means other 
than decreasing the contact area, but must await further research on the 
physics of the barrier layer. 

We have seen in Chap. 4 that experimental values of a are always less 
than the theoretical value of 40 volts. -1 . I t was further pointed out 
there that this discrepancy may be ascribed to fluctuations in barrier 
space charge or contamination of the contact surfaces producing local 
fluctuations in the work function over the contact area. The validity 
of the linear relation between /3 and a, predicted by Eq. (15), has been 
investigated by Meyerhof and Stephens.2 They measured a and /3 for a 
group of good video crystals designed for the 3-cm band. The values of j3 
were between 1 and 2 pamp/juwatt; the value of a ranged from 2 to 
13 volts -1 . This discrepancy did not appear to be explicable in terms of 
differences in capacity and resistance of the crystals. Whether it is due 

1 See Radar Beacons, Vol. 3, Radiation Laboratory Series. 
• W. E. Meyerhof and W. E. Stephens, "X-band Video Crystals," NDRC 14-274, 

Univ. of Penn., May 20, 1944. 
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L 
i—nm^-

R 

to an inadequate model for the equivalent circuit or to the difficulty in 
obtaining good quantitative data on crystal parameters is open to question. 

Improvements in current sensitivity to date have been achieved 
largely by decreasing contact pressure, by an empirical study of doping 
and surface treatment of the semiconductor, and by adjusting the contact 
for optimum video performance. 

11-3. Effect of Bias on Low-level Properties. D-c Impedance.—As 
we have seen, the d-c, or video, impedance is just the reciprocal of the 
slope of the characteristic curve at the operating point. With zero d-c 
bias the values range from about 2000 to 40,000 ohms for silicon crystals 
and are of the order of 106 ohms for germanium welded-contact crystals. 
At a forward bias of about 0.2 or 0.3 volt the values are reduced to the 
neighborhood of 100 ohms for silicon and 104 ohms for germanium. The 

c latter is a useful value in the crystal-
« 1 video receiver application, but a for

ward bias of more than about a tenth 
of a volt in the case of the silicon 
crystal reduces the lower limit of the 
video impedance range below a use
ful value. 

Capacitance.—It was pointed out 
F I G . 11-4.—Equivalent circuit of a . .-,, . , , . 

rectifier cartridge used for determining i n ^nap. 4 that, in general, two 
barrier capacitance. L—whisker in- methods have been used to measure 
ductance; R—barrier resistance; C— . I T •, A . , 
barrier capacitance; r—spreading re- the barrier capacitance. One of these 
sistance; C—residual capacitance of the is the direct measurement of the 

g ' impedance of the rectifier with a 
suitable impedance bridge at a low frequency (~ 10 Ale/sec). This 
method has been used by Beringer, as outlined in the preceding section, 
and by the Pennsylvania Crystal Group.1 

The model of the rectifier assumed by Lawson el al. is shown in 
Fig. 11-4. This model differs from that previously used only in the 
addition of the whisker inductance L and the residual capacitance of 
the cartridge C". The latter is the capacitance of the cartridge with the 
whisker just removed from the crystal and is approximately constant 
from cartridge to cartridge, having a value in the neighborhood of 0.35 
Hfii. The whisker inductance L is determined by a measurement of the 
impedance of a cartridge in which the crystal is replaced by a piece of 
metal of , similar geometry. I t has a value in the neighborhood of 
0.01 iih. The resistances R and r are determined by an analysis of the 
d-c characteristic curve. Having determined these constants, one can 
calculate the capacitance C from the measured impedance of the cartridge. 

1 A. W. Lawson, P . H . Miller, L. I . Schiff, and W. E . Stephens, "Bar r i e r Capaci ty 
in Silicon Car t r idge Rectifiers," N D R C 14-140, Univ. of Penn. , May 1, 1943. 
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Measurements were made by the Pennsylvania group on silicon crys
tals with a General Radio 916A Bridge, which measures series resistance 
and reactance, and with a modified twin-T bridge, which measures shunt 
conductance and susceptance. With the General Radio bridge a resist
ance of about 150 ohms is connected in parallel across the cartridge to 
bring the impedance within the range of the instrument. With both 
bridges the applied emf must be as small as possible because of the non-
linearity of the barrier resistance. A comparison of results obtained with 
the two bridges show satisfactory agreement with zero d-c bias applied 
to the crystal. With a positive d-c bias, however, there is a discrepancy 
not yet explained in the two values. The observations by the bridge 
method show that the capacity rises rapidly with forward bias to a 
value which may be, at a bias of 0.5 volt, as much as 100 times its value 
at zero bias. I t is estimated, however, that the error at this bias may 
be as large as a factor of 10. This error arises from the fact that, as the 
positive bias is increased, the voltage across the barrier decreases, and 
most of the applied voltage is across the spreading resistance. Therefore 
a small error in determining the spreading resistance introduces a large 
error in the values obtained for the capacitance. Because of this and 
the discrepancy between values obtained with the two types of bridge, 
the results of the bridge measurements can at best be considered quali
tatively true. With small values of negative bias, up to about —0.5 volt, 
the bridge measurements show a small decrease in capacitance, followed 
by an increase which, at a bias of — 2.5 volts, may be as large as ten times 
the value at zero bias. 

The second method of determining capacitance makes use of Eq. (14) 
of the preceding section. In the use of this equation we must assume 
that the discrepancy between the measured values of 8 and the values 
calculated using the low-frequency value of capacitance is brought about 
by the variation of capacitance with frequency discussed in the previous 
section. One then obtains the r-f capacitance in terms of measured 
values of 8 at low and at microwave frequencies and the quantities R and 
r. Meyerhof, Serin, and Vought,1 using this method, made measurements 
on silicon and germanium rectifiers. With silicon crystals at a positive 
bias of 0.2 volt, the r-f capacitance increases to not more than twice its 
value at zero bias. With germanium crystals the effect is greater; at a 
forward bias of 0.4 volt the capacitance is about 10 times as great as at 
zero bias. Like the bridge method, this one is inherently inaccurate 
because of large errors in the calculated values introduced by errors in 
measuring the crystal parameters. 

1 W. E. Meyerhof, B. Serin, and R. H. Vought, "X-band Crystal Performance 
with Bias," NDRC 14-505, Univ. of Penn., July 6, 1945. 
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Current Sensitivity.—The effect of forward bias on current sensitivity 
has been investigated by Meyerhof, Serin, and Vought1 for type 1N31 
silicon rectifiers and for the germanium welded-contact rectifiers at a 
radio frequency of 10,000 Mc/sec. Typical results are shown in Fig. 11-5. 
The current sensitivity rises to a maximum at 0.1 to 0.2 volts for silicon 
and 0.3 to 0.4 volts for germanium. The maximum for silicon has a 
value several times that at zero bias; the current sensitivity for ger
manium rises from a very small value to a value at the maximum com
parable to the maximum value for silicon. The rapid initial rise for 

2Q ^___^ ^ _ _ ^ _ ^ _ ^ _ ^ germanium may be attributed to the 
rapid decrease in R, which at zero 
bias has a value of the order of 106 

ohms. I t is clear that the current 
sensitivity becomes zero when the 
forward d-c bias voltage is greater 
than the contact difference of poten
tial ; in this case the barrier resistance 
and a become zero and the operating 
point is on the linear part of the d-c 
characteristic. 

11-4. Variation of Low-level 
Properties with Temperature.—A 
variation of R and /3 with temperature 
is to be expected on theoretical 

grounds. We have seen in Chap. 4 [Eq. (4-33)] that the theoretical 
expression for the current density through the barrier is 

Silicon 

Germ inium 

0 0.5 0.1 0.2 0.3 0.4 
Forward bias in volts 

F I G . 11-5.—Current sensitivity as a 
function of forward bias for a silicon 
and a welded-contact germanium crystal. 

i = A'e ~kT{ekT - 1), (16) 

where A' is a constant depending on the conductivity of the semicon
ductor, 4>a is the effective contact potential difference, V is the potential 
applied to the barrier, and T is the absolute temperature. The low-level 
resistance is the reciprocal of the derivative of i with respect to V. With 
no d-c bias (V = 0) this is 

l-T R = tL e'*"kT. eA' (17) 

Over the temperature range of interest in video-crystal applications 
( — 50° to +70°C), we see that Eq. (17) predicts an approximately 
exponential increase in R as T decreases. Figure 11.6 shows a typical 
plot of observed values, obtained by the University of Pennsylvania 

1 Lnc. cit. 
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group;1 R/T is plotted on a logarithmic scale as a function of l/T for an 
unfilled silicon video crystal over the temperature range from about 
—30°C to +70°C. The expected linear behavior is clearly confirmed. 

The main effect of temperature on current sensitivity is probably 
caused by the change of R with temperature [see Eq. (15)]. Figure 11-7 
shows the theoretical variation in R and in /3 as a function of temperature 
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for a crystal having a video resistance of about 6000 ohms at room tem
perature. In general the observed values of /S rise with increasing tem
perature although there are cases where the observed /3 falls off at higher 
temperatures, in disagreement with the theory. 

Figures 11-8 and 11-9 show observed values of R and 0 taken around 
a cycle from — 40CC to +70°C by Smith et al.2 These data are for an 

' A . H. Smith, B . Serin, W. E . Meyerhof, and W. E. Stephens, " T e m p e r a t u r e 
Variat ion of Low Level Crysta l Per formance ," N D R C 14-308, Univ . of Penn . , Aug. 17, 
1944. 

2 hoc. cit. 
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unfilled crystal rectifier at a radio frequency of 10,000 Mc/sec. The 
crystal holder was fixed-tuned to match at room temperature, and the 
available r-f power was held constant during the experiment. The 
temperature variation was obtained by enclosing the crystal holder in a 
thermally insulated box which held either hot water or dry ice in alcohol. 
The temperature was measured by means of a thermocouple. A temper
ature cycle required several hours to run for a maximum rate of change 
of temperature of about 2°C/min. 

In general, filled cartridges show a hysteresis effect that in some cases 
is pronounced at low temperatures. Also some crystals are found to be 
erratic in performance. These either do not return to the original values 
after temperature cycling, or the repetition of the cycle does not repro
duce the first curves. The hysteresis effect is probably largely attribut
able to a thermal lag in the filler material, because the effect is much 
smaller in unfilled crystals. The erratic effects also appear to be largely 
due to the filler. The differential expansion of the cartridge parts has 
been measured by the Pennsylvania group and does not appear to be 
large enough to change the spring deflection more than 0.2 mil for 100°C 
temperature change. The effect of temperature changes of the filler 
may be a disturbance of the adjustment (the pressure is small for good 
video crystals) either by nonisotropic expansion of the filler or by a 
viscous longitudinal force exerted by the filler on the whisker. Whatever 
the cause, the erratic effects are most pronounced below room tempera
ture. The temperature-cycling tests outlined in the JAN specifications 
are sufficient to insure fairly stable video units but do not appear sufficient 
to insure that the crystal operate in a stable fashion at temperatures much 
below 0°C. We must remember that even in the absence of erratic or 
hysteresis effects, there exist the variations of R and 0 with temperature 
which appear to be inherent in the rectifying contact. 

THEORY OF LOW-LEVEt DETECTION 
As with frequency conversion, we are concerned, in low-level detec

tion, with the conversion of microwave power and with the generation of 
noise by the crystal and amplifier. In the following analysis, introduced 
by Beringer,1 an expression will be derived for the output signal-to-noise 
voltage ratio of a crystal-video receiver. The analysis enables us to 
define a quantity called the "figure of merit," which expresses quantita
tively the excellence of the video-crystal detector in terms of current 
sensitivity and video resistance. 

11-5. The Figure of Merit of a Video Crystal.—The video crystal of a 
crystal-video receiver is mounted in a crystal holder provided with r-f 

1 E. R. Beringer, "Crystal Detectors and the Crystal-video Receiver," RL Report 
No. 638, Nov. 16, 1944. 
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terminals (a coaxial line or waveguide) into which r-f power is coupled, 
and video terminals from which the output video signal is obtained. 
The crystal detector and video input circuit of the video amplifier may be 
represented by the circuit of Fig. 11-10. The crystal is represented by a 
current generator shunted by the video resistance R of the crystal, the 
current being a linear function of the r-f power absorbed by the crystal. 
The quantity C is the combined capacity of the choke system of the 
crystal holder and the first amplifier 
tube. I I 

The rectified current i is given by \y iR 

i = PP, (18) 
7Q 

:. 11-10.—Kquivalent input circuit 
, ^ - , 1 i_ - i ' - i j of the crystal-video receiver. 

where /3 is the current sensitivity and 
P is the absorbed r-f power. Disregarding the effect of C on transient 
signals, one obtains for the signal voltage e on the grid 

e = 0PR. (19) 

The output signal voltage from the amplifier is then 

E = pPRG, (20) 
where G is the voltage gain of the amplifier. 

The output noise of the receiver originates in both the crystal and 
the receiver. In the absence of feedback and transit-time effects, the 
receiver noise contribution is often represented by an equivalent noise-
generating resistance RA in series with the grid circuit of the input stage; 
this resistance does not load the circuit but generates a mean-square 
noise voltage of 4kTBRA. The magnitude of RA can be deduced from 
theory; for a high-mu pentode such as the 6AC7, it is about 800 ohms. 
It can also be measured by a simple procedure, which consists in placing 
various resistors Rx between the grid and cathode of the first tube and 
observing the output noise power. The output noise power is propor
tional to RA + Rx. For some particular value of Rx the output noise 
power is just double that with the grid connected directly to the cathode; 
this resistance is then numerically equal to RA. Values of RA of 1000 to 
1200 ohms have been obtained by Beringer1 for a typical video amplifier 
employing a 6AC7 tube in the first stage. In this measurement noise 
components from the entire pass band of the amplifier contribute to the 
output noise power, including microphonic and flicker noise in the low-
frequency range; consequently RA will be somewhat higher than the 
theoretical shot-effect value. In the JAN video-crystal specifications a 
value of 1200 ohms has been chosen for RA. 

1 E. R. Beringer, "Crystal Detectors and the Crystal-video Receiver," RL Report 
No. 638, Nov. 16, 1944. 
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In the absence of d-c bias the noise generated by a crystal in the 
microwatt range of r-f power is almost entirely the Johnson noise of a 
resistance equal to the d-c impedance of the crystal. The total output 
rms noise voltage N of the crystal-video receiver, with no d-c bias, is then 
given by 

N = G V^kTB(R + RA), (21) 

where G is the voltage gain of the receiver, and B, the effective noise 
bandwidth, is defined as in Eq. (2-14). 

The output signal-to-noise voltage ratio of the receiver is obtained by 
combining Eqs. (20) and (21): 

E PPR 
N x/±kTB(R + RA) 

Equation (22) may be written in the form 

E P 

where 
N. V±kTB' 

PR 

M, 

M EE 
\/R + RA 

(22) 

(23) 

(24) 

The quantity M, which contains all the crystal parameters appearing in 
Eq. (23), is a criterion of excellence of the video crystal, since all good 

Pulsed 
signal 

generator 15 db of 
lossy cable 

Crystal 
holder 

Mk 12 
video 

receiver 
Synchro

scope 

F I G . 11-11.—Block diagram of apparatus for measuring the sensitivity of a crystal-video 
receiver. 

video amplifiers have essentially the same value of RA- The term M is 
called the "figure of meri t" of the video crystal. 

The sensitivity of a crystal-video receiver has been computed by 
Beringer by means of Eq. (23) and compared with that measured directly 
by the application of pulsed r-f signals of frequency 3300 Mc/sec to the 
receiver. 

A block diagram of the apparatus is shown in Fig. 11-11. The pulsed 
signal generator is of the "off-pulsing" type: it is pulsed out of oscillation 
for 1 ftsec at a repetition frequency of 1 kc/sec. This type of signal 
generator is advantageous for precision work, since the pulse power is 
very nearly equal to the average power measured with a bolometer. The 
receiver had an integrated bandwidth of 3 Mc/sec. 

The results of the calculation and measurements for several crystals 
are shown in Table 11-2. The first column gives the figure of merit 
of the crystal. Column 2 lists the absorbed r-f pulse power calculated by 
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means of Eq. (23) for E/N = 1. Column 3 gives the pulse power for 
"minimum detectable signal"—that is, the smallest immediately seen 
on an A-scope when its position along the trace is unknown. Column 4 
lists the pulse power for the "tangential signal"—that is, the signal 
which raises the noise by its own width. Both the minimum detectable 
signal and the tangential signal are somewhat vague in an absolute sense; 
the latter is of some practical importance, for it is this signal which is 
commonly regarded as necessary to trigger an electronic switch with a 
negligible number of spurious events from noise fluctuations. It appears 
that the minimum detectable signal is about that for which the signal 
voltage is equal to the rms noise voltage. 
T A B L E 11-2.- -A C O M P A R I S O N OF CALCULATED AND M E A S U R E D V A L U E S O F C R Y S T A L -

VIDEO R E C E I V E R SENSITIVITY 

Figure 
of merit 

110 
59 

115 
50 
95 

Calculated P 
for E/N = 1, watts 

2.0 X 10"' 
3.7 
1.9 
4.4 
2.3 

Minimum detect
able signal, watts 

2.0 X 10"9 

3.7 
2.9 
3.0 
2.6 

Tangential 
signal, watts 

5.3 X KT3 

11.0 
5.0 

10.0 
6.2 

11-6. Effect of D-c Bias on Figure of Merit.—The converted noise 
from d-c bias was seen in Chap. 6 to be very large in the video frequency 
range. For this reason, the analysis of the preceding section, in which 
only Johnson noise was assumed in the detector, is not valid when d-c 
bias is used. Instead, one introduces the video noise temperature of the 
crystal into the expression for the figure of merit [Eq. (24)], which now 
becomes 

M = /
 PR , (25) 

where t is the noise temperature of the biased crystal for a given video 
amplifier. Since the noise output varies inversely with the video fre
quency, t will increase rapidly as the low-frequency cutoff of the amplifier 
is decreased and is therefore a function of the amplifier pass band. As 
the positive bias is increased from zero, R decreases rapidly, ft goes through 
a maximum, and t increases. 

The net effect on M has been investigated experimentally by Meyer-
hof, Serin, and Vought,1 using apparatus similar to that shown in Fig. 
11-11. The input and biasing circuits are shown in Fig. 11-12. The 
output of the signal generator consisted of 2-jisec pulses at a repetition 
frequency of 800 pps, and radio frequency of 10,000 Mc/sec. The pass 

1 Loc. cit. 
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band of the video amplifier was from about 20 kc/sec to 2.8 Mc/sec 
Two methods were used to obtain the figure of merit. In the first 
method, the signal level was decreased until the signal was just equal to 
noise; the r-f power level was then noted. The figure of merit can then 
be calculated by means of Eq. (23). In the second method, the signal 

rj-1.5v 

F I G . 11-12.—Input and biasing circuit used for measuring video-crystal receiver 
performance. 

deflection and "average" noise deflection were observed for a standard 
r-f power input. The two methods correlated on the average with an 
average difference of about 10 per cent. Typical results for a welded-
contact germanium crystal and a 1N31 silicon unit are shown in Fig. 
11-13, in which the figure of merit is plotted as a function of bias. The 
initial rise in M for a welded-contact unit is probably largely accounted 

for by the large initial increase in /3 
(see Fig. 11-5). The figure of merit 
at the optimum bias is comparable to 
that for silicon video crystals. As 
indicated in the figure, the optimum 
bias is from 0.2 to 0.3 volt for the 
germanium welded-contact unit, and 
zero for silicon. 

11-7. The Effect of Temperature 
Variation on Crystal-video Receiver 
Performance.—The variation of the 
figure of merit with temperature 
arises from the variation of video 
resistance and current sensitivity dis
cussed in Sec. 11.14. As the tem
perature is decreased, fi decreases and 
R increases, so that the two effects 

tend to cancel each other so far as the figure of merit is concerned. 
Figure 11-14 shows the variation of the figure of merit over a 
temperature cycle from —40° to +70°C for the same crystal with 
which the data of Figs. 11-8 and 11-9 were taken. The figure of merit 
may also increase with increasing temperature, or it may experience 
little change. 

90 

1" 
iZ 30 

0 0.1 0.2 0.3 0.4 0.5 
Forward bias in volts 

F I G . 1113.-—Figure of merit as a 
function of d-c bias: A—1N31 silicon 
rectifier; B—welded-contact germanium 
rectifier. 

th 
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The variation in receiver performance caused by changes in crystal 
temperature is undesirable in beacon applications. The variations of 
input signal voltage and input rms noise voltage with temperature has 
been calculated by Smith et al.,1 for a typical crystal with a figure of 
merit of 60, a video resistance of 10,000 ohms at room temperature, and 
typical variations of R and /3 with temperature. The input signal voltage 
e is just the product I3PR and was calculated for an r-f power of 10 - 8 watt. 
The rms noise voltage n was calculated by means of Eq. (21) by the 
relation 

N n = g- (26) 
The results of the calculations are shown in Table 11-3 for temperatures 
of - 4 0 ° , +27°, and +70°C. The first two columns of the table list 
the values of R and /3 used in the calculations. I t can be seen that the 
signal voltage at 70°C is approxi
mately the same as the noise volt
age at — 40°C. This means that, 
if the receiver is set to actuate an 
electronic triggering circuit for a 
signal of 10 - 8 watt at high temper
ature, it may actuate it from noise 
at low temperatures. I t is advis
able, therefore, to control the am
bient temperature at which the 
video crystal operates so that it does not go below about 0°C in non-
adjustable installations where the set is required to operate over a wide 
range of temperatures. 

60 
1 50 
■!AO 
o 
o> 30 
1 2 0 

10 
-40 -20 0 +20 +40 +60 +80 

Temperature in °C 
F I G . 11-14.—Effect of temperature 

cycling on the figure of merit of an unim-
pregnated silicon crystal rectifier. 

Fir al valu> 

Initial value 

T A B L E 11-3.- - E F F E C T OF T E M P E R A T U R E VARIATION ON CRYSTAL-VIDEO R E C E I V E R 
P E R F O R M A N C E FOR A T Y P I C A L V I D E O CRYSTAL 

Tempera
ture, °C 

- 4 0 
+27 
+70 

R, 
ohms 

40-000 
10-000 
5-000 

(3, 
j i a / j i w 

0.3 
0.6 
0.7 

n, 
JlV 

34 
19 
15 

e, 
11V 

120 
60 
35 

e/n 

3.5 
3.1 
2.3 

M E A S U R E M E N T S 

We have seen that the performance of a crystal-video receiver can be 
expressed quantitatively in terms of the figure of merit, which in turn 
is a function of current sensitivity and video resistance. The following 

J A . H. Smith, B . Serin, W. E . Meyerhof, and W. E . Stephens , " T e m p e r a t u . e 
Variation of Low Level Crys ta l Per formance ," N D R C 14-308, Univ . of Penn. , Aug. 17, 
1944. 
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sections are devoted to a description of the equipment and methods 
developed at the Radiation Laboratory by Beringer1 for the measurement 
of these quantities. The equipment is adapted to both laboratory and 
production testing. 

11-8. R-f Equipment and Measurements.—To reduce reflection 
losses to a minimum the crystal should be matched to the r-f source. In 
a crystal-video receiver the antenna is usually matched to the r-f line 
which, in turn, is connected to the crystal holder; the crystal holder then 
employs matching transformers which match it to the line. In test 
equipment an r-f signal generator is connected to the line by an attenuator 
which can be adjusted to provide r-f power to the line at a power level 
of a few microwatts. 

R-f Equipment for the 10-cm Band.—Nearly all the measurements in 
the 10-cm band have been made at an r-f wavelength of 9.1 cm, in 
accordance with the JAN specifications for testing in this band. A 
klystron connected to the crystal holder with about 20 db of lossy cable 
is a suitable signal generator. The crystal is matched to the coaxial line 
from the signal generator by incorporating into the crystal holder suitable 
transformers, such as parallel stubs and quarter-wave lines in series. 
These may be either tunable or fixed-tuned. 

Like mixer crystals, video crystals have a distribution in r-f imped
ance. This distribution is such that for the 1N27 type an approximate 
match can be obtained by means of a single tuning stub. Such a crystal 
holder is specified in the JAN specifications. I t is shown in cross section 
in Fig. 11-15. The stub is tuned for maximum rectified current by means 
of a sliding short-circuiting plug which makes a spring-finger contact 
with the inner and outer conductors. The pin of the cartridge fits into 
spring fingers on the center conductor, and the head of the cartridge is 
held by a copolystyrene washer. The video or d-c connections are made 
through an r-f choke which makes spring contact with the head of the 
cartridge. 

Recently a fixed-tuned holder has been designed by Beringer to 
replace the one just described. A cross section of this holder is shown in 
Fig. 11-16. The crystal cartridge is held by spring fingers at both the 
head and pin. The cartridge is much easier to insert and remove than 
in the preceding design, a feature of importance in production testing. 
The stub is short-circuited for r-f power by the quarter-wave choke 
mounted on the center conductor of the stub; the video connection to the 
crystal is made through the center conductor. The center-conductor 
assembly is insulated by means of the copolystyrene nut on the stub 

1 E. R. Beringer, "Crystal Detectors and the Crystal-video Receiver," RL Report 
So. 638, Nov. 16, 1944; "Operating Instructions for the Radiation Laboratory X-band 
Crystal Detector Test Set," Internal Group Report 61, Aug. 10, 1944. 



SEC. 11-8] R-F EQUIPMENT AND MEASUREMENTS 351 

and the copolystyrene sleeve and beads near the r-f input terminals. 
The sleeve on the center conductor provides essentially an open circuit 
for video and d-c frequencies and a negligible impedance for r-f frequencies. 

F I G . 11-15.—Tunable crystal holder for video-crystal testing at a wavelength of 9.1 cm. 

The tuning is fixed at the center of the r-f impedance distribution. 
The center is determined by a measurement of the r-f impedance distri-

FlG. 11-16.—Fixed-tuned crystal holder for video-crystal testing at a wavelength of 9.1 cm. 

bution of a representative sample of rectifier units. Such measurements 
are made with a standing-wave detector which is inserted between the 
attenuator and crystal, the method being similar to that described in 
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Sec. 2-7 for mixer crystals. The power picked up by the probe is so 
small, however, that a heterodyne standing-wave detector must be used. 

The r-f impedance is independent of rectified current in the square-law 
region. The distribution of r-f impedances of Sylvania 1X27 units is 
such that, in the fixed-tuned holder, about 70 per cent have a reflection 
loss of 2 db or less, and 95 per cent have a reflection loss of 3 db or less. 
The use of the fixed-tuned holder in production testing tends to eliminate 
borderline units that are poorly matched and hence reflect an appreciable 
fraction of the available r-f power. 

R-f Equipment for the Z-cm Band.—A tost sst designed by Eeringer 
for the production testing of video crystals in the 3-cm band is shown in 

F I G . 11-17.—Test equipment for the production testing of video crystals in the 3-cm 
band. (1) Waveguide switch; (2) cartridge injector; (3) SW3, (4) d-c output terminals; 
(5) SW1; (6) cartridge ejector; (7) SW2, (8) Rz; (9) variable waveguide at tenuator. 

Fig. 11-17. Power at 3 cm is provided by a 723-A oscillator tube mounted 
in the shield can at the left of Fig. 11-17. The waveguide mount for the 
tube includes a fixed attenuator of approximately 20 db consisting of a 
tapered piece of IRC resistance strip across the center of the waveguide. 
The variable attenuator [see (9) Fig. 11-17] has a maximum attenuation 
of 10 db. I t consists of a resistance strip mounted parallel to the narrow 
side of the waveguide; the position of the strip can be varied from the 
side to the center of the guide by means of the micrometer screw. The 
attenuator is connected to the crystal holder with a choke-flange joint. 
A brass shim, which can be slid across the waveguide between the choke 
and flange, serves as a waveguide switch (1). A bolometer, not shown 
in the figure, may be substituted for the crystal holder for measuring the 
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available r-f power in absolute units. I t is convenient in routine testing 
to calibrate a set of crystals for checking the power level. 

The crystal holder is a variable-tuned holder designed for use with 
the type 1N30 video crystal. I t is shown in outline in Fig. 11-18. Two 
tuning devices are used: the short-circuiting plunger which terminates 
the waveguide behind the crystal, and the tuning screw inserted in one 
or the other of the two screw positions. In practice the crystal is 
matched to the guide by alternately adjusting the tuning of the plunger 
and the screw for maximum rectified current. The required transforma
tion ratios are extremely high for some of the best video crystals in the 
3-cm band, and the distribution in r-f impedance is so large that fixed-

F I Q . 11-18.—Variable-tuned crystal holder for video-crystal testing in the 3-cm band. 

tuning without considerable reflection loss in the marginal units is difficult 
to achieve; the large transformation ratios required make the matching 
structures fairly frequency-sensitive. However, a satisfactory holder 
with a single tuning adjustment for Sylvania 1N30 units was designed 
by Beringer. This holder, shown in Fig. 11-19, is similar to that of 
Fig. 11 18 except that the variable tuning screw is replaced by a fixed one, 
and a cylinder structure, coaxial with a cartridge, extends from the bottom 
of the guide about a third of the distance across the guide. With proper 
choice of dimensions of these tuning devices (and position of the tuning 
"screw") the admittance distribution is transformed largely into a 
susceptance spread which can be approximately matched by adjustment 
of the short-circuiting plunger. A typical frequency-response curve for 
this holder is shown in Fig. 11-20. All of the holders described heretofore 
are for the ceramic cartridge. With the advent of the coaxial cartridge 
it was discovered that additional stability in the high-sensitivity video 
crystals could be achieved by using the coaxial cartridge. The type num-
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ber 1N31 was assigned to this unit; a crystal holder, shown in Fig. 11-21, 
was consequently designed for it by Beringer and modified by the 
Pennsylvania group. This holder is fixed-tuned and provides a coaxial 

Crystal cartridge 

UM'/'y.w>/,iw.w.>/J>\ 

R-f input 

„„, g 
To tuning plunger — 

LA 
F I G . 11-19.—Video-crystal holder with single tuning adjustment for 1N30 rectifiers. 

receptacle for the cartridge; it is coupled to the waveguide by extending 
the center conductor across the guide. This center conductor also pro
vides the d-c connection to the crystal; it is d-c insulated with a poly-

1.6 
-O 
T> 

•S 1.2 
O (/) 
o 
c 0.8 
o 
S 0.4 
K 0 

3.16 

\ N V V 
3.24 3.18 3.20 3.22 

Wavelength in cm 
F I G . 11-20.—Typical frequency-response curve for a type 1N30 crystal and holder. 

styrene washer and bead. The r-f choke and polystyrene washer 
provide an r-f short circuit at the surface of the waveguide. 

In all of these holders the spring fingers must make good contact 
with the pin of the cartridge and maintain their stiffness after many 
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cartridge insertions; this is achieved by using beryllium copper machined 
to close tolerances and heat-treated. In rapid routine testing the inser
tion and removal of the cartridge is facilitated by the cartridge injector 
(2) and ejector (6) in Fig. 11-17. The injector guides the cartridge into the 
finger structure; the ejector is a cam-driven rod that pushes up against the 
end of the cartridge pin through the hollow center post of the d-c terminals. 

11-9. Equipment and Methods for Measuring Current Sensitivity, 
Video Resistance, and Figure of Merit.—The circuits for measuring cur

rent sensitivity, video resistance, 
^oaxial crystal 

cartridge 

i . ' , V ' , ' . ' , ' . ' . ' > ' , 1 .1 . ' . ' , ' . ' , ' . ' , ' ,■ .■ . i, 

^ " " " » » » m > 

R-f choke 

Polystyrene washer 

Polystyrene bead 

Video terminals 
F I G . 11-21.—Video-crystal holder lor the 

type 1N31 rectifier. 

and figure of merit are the same for 
both the 3- and 10-cm bands; in the 
equipment shown in Fig. 11 17 it is 
contained in the black box at the 
right of the figure, all except the 
current meter. A schematic dia
gram of the circuit is shown in Fig. 
11-22. The current meter M is a 
low-resistance meter with a maxi
mum full-scale sensitivity of about 
1 microampere. A galvanometer 

■ &%> 

ihL 

1.5v 
F I G . 112-2.—D-c circuit for video-

crystal test equipment. 

may be used for this purpose, or a d-c photocell-galvanometer amplifier. 
A circuit diagram of the latter, designed by S. Roberts and modified by R. 
Beringer, is given in Vol. 18, Chap. 12 of the Radiation Laboratory Series. 
I t has the advantage of extremely low input impedance (about 5 ohms), 
fast response, and absolute fixed calibration (it is also useful for measuring 
crystal-probe currents). 

Current Sensitivity.—The current sensitivity is measured by adjusting 
the r-f power level to a preassigned value in the square-law region (1 to 
5 MW) and measuring the rectified current by turning <Si to position B. 
Alternatively, a calibrated crystal may be used. For a fixed r-f power 
level the current sensitivity of the crystal being tested is given by 

i 
i —i 
i. 

(27) 
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where /3S and is are the current sensitivity and observed rectified current 
for the standard crystal. 

Video Resistance.—For the measurement of the video resistance the 
waveguide switch is closed and <Si is turned to position A. The circuit 
provides a low-impedance voltage source in series with the crystal, which 
may be adjusted by means of the variable resistance R2. I t is calibrated 
by means of a dummv cartridge in which the ceramic case and the crystal 
are replaced by a resistor. (See Fig. 9-28 for details of dummy cartridge.) 
The video resistance of the crystal is then given by 

R = Rs (28) 

R 

<M>~J 

where Rs and is are the resistance and current for the dummy cartridge 
and i is the observed current for the crystal. If the applied voltage is 
kept below about 5 mv the currents obtained in the forward and back 
directions are approximately the same; this can be checked by using 

R + 1200 reversing switch S3. For acceptance testing, 
a voltage of 5 mv for the 5-ohm source 
is prescribed by the JAN specifications. 

Figure of Merit.—Once the video resistance 
and current sensitivity are known, the figure of 
merit can be calculated. In routine testing, 
however, it is advantageous to be able to obtain 
the figure of merit directly from the meter read
ing. A method devised by Beringer makes 

it possible to do this to a good approximation if the units being tested 
have known limits of resistance (resistance limits are specified for the 
various video-crystal types). 

Let the equivalent circuit of the crystal, operating at a power level P, 
be represented by a voltage generator E in series with the crystal resist
ance R, as shown in Fig. 11-23. If Rx + 1200 is the total circuit resistance 
of the measuring circuit then the current flowing is 

FIG. 11-23.—Circuit for 
t he direct measurement of tlie 
figure of merit. 

PR 

Let 

Then 

R + Rx + 1200 

R + 1200 = Rx(l + S). 

. = Pffi 
1 Rx(2 + 8)' 

(29) 

(30) 

which may be written in the form 
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f = _ P J f . V ! ± » . (32) 
2 V

/ # I 1 + 1 5 
Let Ri and R2 be the resistance limits of the crystals being tested, and let 
Rx be fixed at the value 

Rx = V(Ri + 1200)(fl2 + 1200). (33) 

It can be seen then that the rectified current is proportional to the figure 
of merit multiplied by a correction factor \ / l + 5/(1 + £5), which 
depends on the individual crystal resistance. In actual practice the 
correction factor is always nearly unity, so that a good approximation is 

i = — ~ M. (34) 

For example, if Ri and Ri are 30,000 and 10,000 ohms, the value of the 
correction factor varies from 0.97 to 1.0 over the entire range of values 
of R. 

SPECIAL MANUFACTURING TECHNIQUES 
The first video-crystal type was the 1N27 rectifier, designed for a 

crystal-video receiver in a 10-cm beacon. The upper limit on video 
resistance was placed at 4000 ohms so that the beacon-triggering circuit 
would be tripped by 2-^sec interrogation pulses without being tripped by 
strong 1-jisec search pulses. A lower limit of 60 for the figure of merit 
gave a satisfactory sensitivity for this particular application. I t was 
found that rectifiers of this type could be selected from the 1N21 mixer-
crystal production, with the distribution of figure of merit running from 
the minimum of 60 to about 100, and with video resistances from about 
1000 ohms to the maximum of 4000 ohms. Representative samples 
from the Sylvania 1N21B units showed somewhat higher figure of merit 
and resistance, the former ranging from about 60 to 200, with video 
resistances from about 1000 to 15,000. A considerable fraction of these 
meet the specifications for the 1N32 type, which is a video crystal for the 
10-cm band for applications not requiring pulse discrimination. For this 
type a lower limit of 100 for the figure of merit and a video resistance in 
the range from 5000 to 20,000 ohms are specified. 

In the 3-cm band the sensitivity of the various mixer-crystal types 
was insufficient for beacon applications, nearly all of the rectifiers having 
a figure of merit less than 30. With the development of 3-cm portable 
beacons an extensive program of research and development was under
taken on video-crystal manufacture, much of it by the University of 
Pennsylvania group. The fundamental aspects of this work have been 
discussed in the preceding sections. In the following sections are pre-
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sented the techniques developed at the University of Pennsylvania1 for 
making the 1N30 type, a high-sensitivity video crystal in the ceramic 
cartridge. Improvements to date have been achieved largely by using light 
contact pressures, together with a processing of the silicon and a procedure 
for adjustment of the contact established largely by empirical methods. 

11-10. Stability Considerations.—It was evident from the beginning 
of video-crystal development for the 3-cm band that improvement in 
current sensitivity can be obtained by using light contact pressure at the 
rectifying contact. A spring deflection of about 1 mil is required for 
good performance in the 3-cm band. With such a light pressure the 
achievement of mechanical stability has been difficult. This instability 
is manifested by a change in video resistance and/or current sensitivity 
(a) after mechanical shock, such as the drop test of JAN specifications, 
(b) after temperature cycling, and (c) after filling the cartridge. 

The stability of the coaxial cartridge is definitely better than that 
achieved with light pressures in the ceramic cartridge design, and conse
quently the 1N31 type, utilizing the coaxial cartridge, was specified in 
the latter stages of the development work. Meyerhof found that the 
stability of the ceramic cartridge was affected by the size of the crimp 
in the whisker, a transverse dimension of about 0.065 in. in a 3.5-mil wire 
being preferable to a smaller loop. 

The instability observed during the temperature cycling and the 
change in characteristics upon filling led to an extensive investigation of 
various cartridge-filling materials by the University of Pennsylvania 
group.2 Among the materials investigated were the silicone greases, 
vinylite dibutyl pthalate, Paratac mixed with magnesium oxide, bees
wax or Acrawax, and polystyrene in various nonvolatile solvents. None 
of these was found to be as satisfactory as the mixture of Paratac and 
Opalwax commonly used (see Sec. 10-7) for mixer crystals. 

l l - l l . Processing the Silicon.—The processing of the silicon for video 
crystals follows the same general procedure as that for mixer crystals. 
The best units made by the Pennsylvania group used duPont silicon, 
doped with either of the following: 

1. 0.1 per cent Al, 0.015 per cent B, and 0.02 per cent Be. 
2. 0.002 to 0.006 per cent B and 0.02 Be. 

The percentage of boron is not critical in the range specified. As is the 
case with mixer crystals, no exhaustive systematic investigation of the 
relative merits of various doping agents has as yet been made. 

1 W. E. Meyerhof and W. E. Stephens, "X-band Video Crystals," NDRC 14-274, 
TTniv. of Penn., May 20, 1944; W. E. Meyerhof, "Development Research on X-band 
Video Crystals," NDRC 14-501, Univ. of Penn., Sept. 10, 1945. 

' A. H. Smith, "Use of Different Fillers in Crystal Rectifiers," NDRC 14-561, 
Univ. of Penn., Oct. 18, 1945. 
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After the ingot is made, it is cut into slices and one surface is dry-
polished on 0000 emery paper. The low-level characteristics are found 
to vary somewhat with temperature and time of heat-treatment. Heat
ing in air at a temperature of 975°C for 2 hr appears to yield the high
est figure of merit. The polished surface is then etched in 10 per cent 
hydrofluoric acid, and the back surface then plated for soldering to the 
cartridge stud. The final electrolytic etch used in the Radiation Labora
tory procedure for mixer crystals reduces the figure of merit and is 
therefore omitted. 

11-12. Fabrication of the Whisker.—The shape of the whisker wire 
and its size influence both the stability and the figure of merit of the 
video crystal. Experiments by Meyerhof showed that, with 3.5-mil 
wire, increasing the transverse dimension across the loop from approxi
mately 0.035 to 0.065 in. improves the figure of merit by approximately a 

F I G . 11-24.—Outline of whisker-forming die for video crystals. 

factor of 2. The largest crimp was also the most satisfactory from the 
viewpoint of crystal stability. The dimensions of the die for making 
this crimp in 3.5-mil wire are given in Fig. 11-24. 

The conical whisker point is ground on Arkansas stone to make the 
included angle of the cone between 70° and 90° and the point diameter 
less than 0.1 mil. Stability is difficult to achieve in the double-loop 
structure for wires smaller than about 3.5 mils. 

11-13. Adjustment of the Rectifying Contact.—The rectifying con
tact is adjusted in a device that advances the whisker toward the crystal 
with a micrometer screw, and that is connected to a circuit for measuring 
the video resistance, similar to that of Fig. 11-22. The contact pressure 
is increased until the spring deflection is about 1 mil; at this stage the 
low-level resistance should be less than 2000 ohms. The cartridge is then 
tapped until the resistance is between 10,000 and 20,000 ohms. Occa
sionally the resistance is observed to drift immediately after adjustment. 
Stabilization can sometimes be achieved by additional tapping; otherwise 
the unit is discarded. 

After adjustment the units are impregnated with a Paratac-Opal wax 
filler by the conventional vacuum-impregnation method. The filling 



360 LOW-LEVEL DETECTION [SEC. 11-13 

should take place slowly, since rapid motion of the wax may alter the 
contact. 

As an example of what can be achieved by using these techniques in 
the laboratory, of the 80 units assembled by Meyerhof, 54 were adjust
able, 40 of them meeting the specifications for type 1N30 units—that is, 
figure of merit greater than 55 in the tunable mixer, and video resistance 
between the limits of 7000 and 21,000 ohms. 

Some of these units were subjected to the JAN design tests, consisting 
of a 10-in. drop test and a temperature cycle consisting of 2 hr at a 
temperature of - 5 5 ° C followed by i hr at +70°C. Of 22 units tested, 
5 went outside the limits of 5000 to 25,000 ohms, and an additional 
6 units shifted more than 40 per cent in resistance during the test. There 
is still much to be desired therefore in the way of stability even with the 
best techniques now available. I t has been pointed out that the coaxial 
cartridge is preferable on this score; beyond that, hope for further 
improvement probably lies in the possibility of discovering new tech
niques whereby the required small barrier capacitance can be obtained 
by some means other than the reduction of contact area. 



CHAPTER 12 

HIGH-INVERSE-VOLTAGE RECTIFIERS 

THE HIGH-INVERSE-VOLTAGE RECTIFIER AND ITS APPLICATIONS 

The crystal rectifier as a second detector in radar receivers has a 
number of advantages over the vacuum-tube diode. This application is 
discussed in detail in Chap. 7, Vol. 23, of the Radiation Laboratory Series. 
The advantages of the crystal detector discussed there may be briefly 
summarized as follows: 

1. Referring to Fig. 2-6, we see that for voltages greater than a few 
tenths of a volt the conductance in the forward direction is con
siderably higher than that for a tube. This characteristic is 
advantageous in wideband receivers where the diode load resistance 
is low. 

2. The interelectrode capacitance and capacity to ground is very low, 
a characteristic of importance in both the i-f and video circuits. 

3. The crystal detector requires no heater power and can contribute 
no hum. 

4. I t requires no more space than a half-watt resistor. 
5. I t can be equipped with "pigtai l" leads and soldered into the 

circuit, thus requiring no socket. 
6. The current-voltage characteristic passes through the origin and 

reaches an approximately linear region at a low voltage; hence it is 
more efficient for small input voltages. 

Crystal rectifiers available prior to the discovery of the high-inverse-
voltage rectifier were, however, inferior to tube diodes in that they con
ducted in the reverse direction, the resistance decreasing with increasing 
negative voltage to values of about 1000 ohms at a few volts negative. 
Moreover, the reverse voltage that may be applied without damaging 
the crystal is limited. Because of these limitations the use of crystal 
rectifiers as second detectors in radar receivers was not feasible until the 
discovery by Benzer,1 working at Purdue University with Dr. K. Lark-
Horovitz, of the high-inverse-voltage property which could be obtained 
with appropriately doped germanium. 

The unusual rectifier properties discovered by Benzer are illustrated 
by the characteristic curve shown in Fig. 12-1. As can be seen from the 

1 S. Benzer, "The High Voltage Germanium Rectifier," NDRC 14-342, Purdue 
Univ., Nov. 1, 1944. 
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figure, a maximum voltage is attained for either polarity of applied volt
age, beyond which there exists a negative-resistance region. The second 
remarkable feature is the high resistance exhibited in the back direction 
for a large range of applied voltages. At the same time, conductances 
in the forward direction are comparable with other rectifier types, cor
responding to currents of 10 to 20 ma at 1 volt. 

The peak back voltage of the crystal, shown in Fig. 12-1, has been 
greatly exceeded since Benzer's original work. A curve typical of 
crystals made later at Purdue is shown in Fig. 2-8. In the latter curve 
the current scale is expanded and the curve has not been extended in the 

+400 

+ 300 

+200 

+ 100 

-200-1 
F I G . 12-1.—Characteristic curve of a high-inverse-voltage germanium rectifier. 

forward direction to the negative-characteristic region. In the most 
recent work reported by Scaff and Theuerer1 at the Bell Telephone 
Laboratories, a process for making these rectifiers is reported which 
yields rectifiers with a median value of 7.0 ma forward current at 1 volt, 
median reverse currents at 1 and 30 volts of 0.002 and 0.036 ma, and a 
median peak inverse voltage of 200 volts. Occasionally rectifiers have 
been made with peak inverse voltages as high as 400 volts. 

The negative-resistance region in the back direction has been used by 
Benzer to produce oscillations at frequencies as high as 100 kc/sec. The 
chief interest up to the present, however, has been in applications requir
ing the high back voltage and high resistance in the back direction. A 
more detailed discussion of the properties will be given in the following 
sections. 

1 J. H. Scaff and H. C. Theuerer , " F i n a l Report on Preparat ion of High Back 
Voltage Germanium Rectifiers," N D R C 14-555. B T L , Oct. 24, 1945. 
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Though most of the work has been done with germanium, investiga
tions at the University of Pennsylvania show that the high-inverse-
voltage property can be obtained with properly doped silicon. The 
results obtained will be discussed in Sec. 12-6. 

Following Benzer's discovery, extensive developmental work was 
carried out on germanium both at Purdue University and at Bell Tele
phone Laboratories, and several types are now manufactured. Tentative 
manufacturing specifications are listed in Appendix D; recent improve
ments in manufacturing techniques already make feasible more stringent 
specifications. At present, it appears that the Western Electric Type 
D171561 can be used to advantage in place of vacuum-tube diodes in 
wideband receivers, and in receivers having a logarithmic response or 
incorporating d-c feedback loops around individual i-f stages to prevent 
overloading. In the latter applications detectors are required at the 
plates of several i-f stages. The relatively large interelectrode capacity 
of tubes reduces the gain-bandwidth product and makes the design of 
wideband receivers difficult. In such cases the use of crystal detectors 
greatly simplifies the design problem. 

The high-inverse-voltage rectifiers have also shown great promise in 
the laboratory for applications in video circuits as clamping diodes, d-c 
restorers, diode modulators, switching circuits, etc. These applications, 
in general, require very high back resistance up to at least 5 volts and, 
depending on the application, up to as high as 50 volts, as well as stability 
in the current-voltage characteristic under operating conditions. The 
advantages which the crystal rectifier has over the tube diode in these 
applications include the following: 

1. No filament voltage is required; consequently there is no need for a 
heater power supply or for the attendant sensitivity of the circuit 
to fluctuations in heater voltage. 

2. There is a relatively high forward conductance. 
3. The current-voltage curve passes through the origin. 
4. Tests in a diode modulator circuit indicate that the properties of 

crystals drift less with time when under use than do the properties 
of diodes. 

Among the disadvantages of the crystal in some of these applications 
are the sensitivity of the current voltage characteristic to temperature 
and the variation in the characteristics from one crystal to another. 

The high-back-voltage crystals also have useful applications as low-
frequency rectifiers. The 1N34 "diode," manufactured by Sylvania 
Electric Products Company, is rated for use at a maximum peak inverse 
voltage of 50 volts, a peak anode current (sine-wave) of 60 ma maximum, 
and an average anode current of 22.5 ma. This tvpe is also recom-
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mended by Sylvania for use as a second detector or frequency discrim
inator up to frequencies as high as 100 Mc/sec. 

Extensive developmental programs have been carried out under 
NDRC contracts, first at Purdue University1 and later at the Bell Tele
phone Laboratories,2 to investigate methods for improving the rectifying 
characteristics and increasing the stability and uniformity of the product, 
and to develop techniques for the quantity production of the units. As 
in the case of mixer crystals, no attempt will be made to describe the 
procedures in detail but rather to describe typical procedures that repre
sent the state of the art at present. 

12-1. Preparation of the Ingot.—The germanium used at both Purdue 
and Bell Telephone Laboratories is prepared from pure germanium 
dioxide obtained from the Eagle-Picher Company and reduced in hydro
gen by the method described in Sec. 101 . 

The ingots are made by melting the pure germanium with a specified 
amount of the desired doping material, either in a high-vacuum furnace 
at pressures of the order of 10 - 5 mm Hg, or in an atmosphere of helium. 
After the charge is liquefied, a temperature gradient is established in the 
crucible by raising the induction furnace coil at the rate of about | in./min. 
The ingot then solidifies from the bottom upward. Crucibles of quartz or 
porcelain have been commonly used. Exceptionally good crystals have 
been made also at the Bell Telephone Laboratories,3 by using pure 
graphite crucible and omitting the addition of an impurity. This 
procedure will be discussed in detail later in this chapter. 

Doping Materials and Their Effects on Rectification Characteristics.— 
An extensive investigation of various doping materials has been made 
by the group at Purdue University. Nearly all the metallic elements 
with the exception of the alkali metals and some of the rare elements, 
have been tried. Also, some compounds have been tried as well as 
mixtures of two or more elements in varying quantities. The results of 
this exploratory investigation on single elements may be classified as 
follows: 

1. Elements producing good high-inverse-voltage rectifiers: N, Sn, Ca, 
Ni, Cu, Sr, Pd, Bi. 

1 See R. M. Whaley and Paul Pickar, "Preparation of High Voltage Germanium 
Crystals," NDRC 14-341, Purdue Univ., Xov. 1, 1944; R. M. Whaley, "Further 
Developments in the Preparation and Heat Treatment of Germanium Alloys," 
NDRC 14-576, Purdue Univ., Oct. 31, 1945; and L. Boyarsky, P. B. Pickar, A W. 
McDonald, R. N. Smith, R. M. Whaley, and H. J. Yearian, "Production and Perform
ance of Germanium High Back Voltage, High Back Resistance Crystal Rectifiers," 
NDRC 14-577, Purdue Univ., Oct. 31, 1945. 

2 See J. H. Scaff and H. C. Theurer, loc. cit. 
3 Scaff and Theuerer, op. cit. 
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2. Elements that are fair: Mg, Ti, V, Cr, Co, Zn, Cb, Ag, Cd, Ba, 
Sm, Pr, Ta, Pb, U. 

3. Elements that are poor: Be, B, Al, Si, P, Ga, As, Zr, In, Pt, Au, 
Tl, Th. 

Those elements classified as "good" have the best combination of high 
peak voltage and high forward conductivity. The classification should 
be interpreted with caution, however, since in many cases only one or two 
exploratory melts were made and the effect of varying the concentration 
was not thoroughly investigated. (Note, for example, the results 
obtained at Bell Telephone Laboratories with arsenic, discussed later in 
this section.) In some cases, elements classed as "fa i r" doping agents 
yielded high peak inverse voltages but relatively low conductivity in the 
forward direction. I t is of interest to note that good high-back-voltage 
germanium rectifiers are, in general, poor as mixer crystals. 

Some compounds containing elements in the "good" classification 
(such as Bi203, BaCl2, and SnO) were tried but showed no unusual 
properties; in general, the best results were obtained with elements. 

Some success has been obtained with mixtures of elements such as Pd 
or Ni with Sr or Ca. Of the various impurities tried in this investiga
tion, however, germanium doped with tin appeared to be the most promis
ing from the viewpoint of rectification characteristics, stability, and 
uniformity from melt to melt. Consequently the major part of the work 
at Purdue and at Bell Telephone Laboratories has been done with this 
element as doping agent. Tests on the amount of tin added showed 
that, above about 0.1 atomic per cent, the amount of tin added is not 
critical. With quantities greater than this, tin usually separates out 
both at internal grain boundaries and at the surface; about 0.1 atomic 
per cent appears to be the optimum amount. 

With tin-doped germanium, the differential cooling described above 
produces an ingot consisting of a shell of poorly rectifying p-type ger
manium, surrounding a central core of strong rectifying characteristics. 
In this central core the peak inverse voltage varies from values of 10-50 
volts at the top to 100-150 volts at the bottom of the ingot. This 
effect is reproducible from melt to melt. 

The Effect of Heat Treatment of the Ingot.—Interesting effects of heat 
treatment of the ingot on the rectifying properties have been observed by 
Scaff and Theuerer.1 They found it possible to convert, reversibly, p-
to n-type germanium by the proper control of the time and temperature 
of the heat treatment. If an ingot is heated to 800CC and rapidly cooled, 
the rectifying characteristics are practically destroyed as a consequence 
of the conversion of the strongly rectifying n-type to the poorly rectifying 

1 hoc. cit. 
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p-type. Typical characteristic curves for the two types are shown for 
comparison in Fig. 12-2. By a subsequent treatment of the rapidly 
cooled ingot at 500°C for, let us say, 20 hr, or by slow cooling from 800°C, 
the p-type germanium is entirely transformed to n-type, and all but the 
upper one-third of the ingot exhibits peak inverse voltages above 50 volts. 
Moreover, the shell material converted from p- to n-type exhibits superior 
peak voltages and back resistance. The treatment is therefore desirable 
from the standpoint both of quality and quantity. 

n ■ type germanium p ■ type germanium 
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F I G . 12-2.—Typical characteristic curves of n- and p-type germanium. 

Some of the conclusions reached by Scaff after a detailed study of the 
effect are as follows: 

1. Since the heat treatment is reversible, the effect cannot be ascribed 
to chemical change or to the diffusion of impurities. This con
clusion is further supported by the fact that the variation in peak 
inverse voltage from the top to the bottom of the melt, ascribed to 
variation in impurity in the melt, is not altered after heat cycling. 

2. The concentration of impurities in the bottom of the ingot, which 
is first to solidify and presumably is the purest region, is sufficient 
for the conversion effect to occur. On the other hand, there 
appears to be an upper limit to the impurity concentration, as 
evidenced by the fact that the topmost part of the ingot, which is 
richest in impurities, is not altered by rapid cooling from 800°C. 

3. The rate of conversion from p- to n-type germanium depends on 
the temperature and appears to be a maximum at about 500°C. 

4. Equivalent results are obtained if the heat treatments are con
ducted in either a vacuum or helium atmosphere. 
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5. Ingots prepared by fusing pure germanium in a graphite crucible 
without the addition of tin are n-type, with exceptionally high peak 
voltages and back resistances. Heat-treating effects in this mate
rial are completely analogous to those observed with tin-doped 
germanium. 

Scaff concludes from these experiments that the formulation of 
p-type germanium by rapid cooling results in the retention of an impurity 
in solution, whereas the production of the n-type material by subsequent 
reheating at a lower temperature is caused by precipitation of the impu
rity from solution. 

For a nonmetallic doping agent, i.e., arsenic, analysis at Bell Telephone 
Laboratories revealed a 20-fold variation in impurity concentration 
between lots having good and poor rectification characteristics. Specific
ally, germanium producing good high-back-voltage characteristics con
tained 0.0004 per cent arsenic, whereas the poor material contained 0.0085 
per cent. After a treatment that presumably removed the residual arsenic, 
the ingot exhibited p-type rectification, which could not be converted to 
n-type, by either heat treatment or fusion in a graphite crucible. This 
finding strongly suggests that the arsenic, which is a donator impurity, is 
responsible for the n-type rectification. This conclusion is further sup
ported by the fact that subsequent remelting of the ingot with 0.001 per 
cent antimony, also a donator impurity, produced all n-type material, 
having peak inverse voltages from 20 to 100 volts. Although somewhat 
lower in peak voltage, the ingot was otherwise similar to those prepared 
without additions of impurities in graphite crucibles in a dry helium 
atmosphere. I t appears that probably even lower concentrations would 
improve the high-back-voltage property. 

A theory consistent with these observations, proposed by Scaff, 
postulates that the arsenic originally present in germanium is responsible 
for the n-type rectification and that an acceptor impurity, perhaps 
oxygen, is also present, which tends to produce p-type material. In the 
regions where n-type rectification is exhibited the donators are in excess; 
in the p-type regions, acceptors are in excess. I t is assumed then that 
the acceptors are activated by heat treatment at 800°C and are retained 
in this state by rapid cooling; subsequent conversion to n-type germanium 
by heating at 500°C results in deactivation of the acceptors by their 
precipitation from this unstable solid solution. Oxygen is suggested as 
a likely candidate for the acceptor impurity. Thermal transformations 
are known to occur in germanium oxide near 500°C. Furthermore, the 
effect of the graphite crucible in producing the n-type material already 
mentioned may be due to the reducing nature of the graphite. Attempts 
to eliminate oxygen completely have not been successful to date. 
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Further experiments at Purdue University1 have yielded additional 
interesting results. In these experiments, nitrogen was added as an 
impurity and graphite crucibles were used. The crucible and germanium 
charge were given a preliminary outgassing at 700°C before nitrogen was 
admitted, and the furnace region was evacuated to a pressure of approxi
mately 10 - 5 mm Hg. Similar results were obtained with commercial 
nitrogen and with nitrogen purified by passing it (1) through a P2Os 
drying tube, (2) over hot fresh copper turnings to remove oxygen, and 
finally (3) through a liquid-air trap to remove water vapor and carbon 
dioxide. Nitrogen was admitted to the vacuum system during the 
melting operation. Various pressures were tried and it was found that 
the rectification characteristics were independent of pressure in the range 
from 2 mm to 1 atmosphere; a pressure of about 0.1 mm was found 
insufficient to produce usable alloys. During the melting of the ger
manium powder a copious amount of brown smoke was produced which 
ceased after the germanium melted to form a regulus. Spectroscopic 
analysis of powder condensed from the smoke showed the presence of 
germanium only; hence the smoke may have been either an oxide or a 
nitride. 

Rectifiers made from the nitrogen-germanium ingots exhibited peak 
back voltages from 100 to 200 volts, forward currents at 1 volt from 5 to 
20 ma, and back resistances at 4 volts from about 50,000 to 400,000 ohms. 

Ingots of nitrogen-germanium made in quartz or porcelain crucibles 
had p-type high-resistance regions in the portions adjacent to the bottom 
and sides of the crucible where solidification first takes place. This 
phenomenon was never observed when graphite crucibles were used. 
I t was found that nitrogen-germanium ingots made in graphite crucibles 
respond to heat>treatment in a manner similar to that reported by Scaff. 
Heating the ingot either in vacuum or in an atmosphere of nitrogen 
at a temperature of 650°C converted some of the n-type region to p-type 
material, whereas subsequent treatment at 500°C reconverted it to w-type. 

In further experiments on heat treatment, Whaley2 found that 
germanium-tin alloys prepared in vacuum and subjected to heat-treat
ment at the same temperature and for the same lengths of time as those 
used in the Bell Telephone Laboratories experiments showed no changes 
resulting from the treatment. With ingots prepared in an atmosphere 
of helium, however, the results obtained duplicated those reported by 
Scaff, both for the germanium-tin alloy and for pure germanium melted 
in a graphite crucible. These experiments suggest that an acceptor 
impurity present in the helium may be taken up by the germanium in the 

1 R. M. Whaley, "Further Developments in the Preparation and Heat Treatment 
of Germanium Alloys," NDRC 14-576, Purdue Univ., Oct. 31, 1945. 

2 hoc. cii. 
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melting process. As far as can be ascertained no further work has been 
reported that will definitely establish a theory of the role of impurities in 
the rectifying properties of germanium. 

12-2. Etching and Surface Treatment.—The ingot is cut into wafers; 
one side of each is copper-plated for soldering to the cartridge mounting 
stud. The rectifying face is ground to a smooth surface on glass charged 
with water and 600 aloxite or alumina. The polishing procedure used 
with mixer crystals is not necessary and has been omitted in both the 
Purdue and the Bell Telephone Laboratories procedures. An investiga-

Brass collar Crystal 

F I G . 12-3.—Bell Telephone Laboratories design of molded bakelite cartridge for the ger
manium rectifier. 

tion by the Purdue group of various etchants showed no significant 
difference in d-c characteristics produced by the following: 

1. Chemical etch: 4 cc H F ; 2 cc H N 0 3 ; 200 mg Cu(N0 3) 2 in 4 cc H 2 0. 
2. Electrolytic etch: 1 gm stannyl chloride in 50 cc H 2 0 . 
3. Electrolytic etch: 5 cc concentrated H N 0 3 in 50 cc H 2 0 . 
4. Electrolytic etch: 3 cc concentrated HC1; 1 cc concentrated H N 0 3 

in 10 cc H 2 0. 
5. Electrolytic etch: 15 gm CrS04-5H O in 50 cc H 2 0 . 

The chemical etch produces a satisfactory result in about one minute. 
For the electrolytic etches, the germanium is connected as the anode. 
The application of 2 to 2.5 volts with currents varying from 5 to 15 ma 
results in a satisfactory etch in 1 to 2.5 min. Because of the relative 
simplicity of techniques from a manufacturing viewpoint, the Bell Tele
phone Laboratories use a chemical etch similar to that in the preced
ing list. 

12-3. Assembly and Adjustment of the Cartridge.—The pigtail 
cartridge used as an interim design by Bell Telephone Laboratories is 
shown in Chap. 2 (Fig. 21) . They now have under development a 
bakelite cartridge that looks promising; a sectional view is shown in 
Fig. 12-3. The cartridge consists of a bakelite cylinder, in the ends of 
which are molded two brass collars. The whisker and crystal are 
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mounted on knurled brass studs which are forced into the collars until 
the desired contact is made; they are then soldered in place with a low-
melting-point solder. The unit is hermetically sealed and hence requires 
no wax filler for protection from moisture; if a filler is used to increase 
mechanical stability, a filling hole, as shown, can be provided for intro
ducing it. 

No significant difference in rectification characteristics has been found 
when different whisker materials are used; consequently, as in mixer 
crystals, tungsten is commonly used. 

The adjustment of the rectifying contact is made by the techniques 
already described; a spring deflection of 2 mils is satisfactory. 

As a final step the rectifier is given a stabilizing power treatment. 
Such a treatment was suggested by observations of Benzer,l who discov
ered that the d-c characteristic in the back direction exhibits a hysteresis 
effect when traversed for the first time—that is, the characteristic is 
different for increasing and decreasing voltages; repeated traversals, how
ever, are identical provided the initial maximum voltage is not exceeded. 
The change of the characteristic results, in general, in higher back 
resistances. I t was further found2 that relatively high back resistances 
were not stable when measured before and after the application of 
voltages approaching the peak back voltage. The resistance measured 
immediately afterward was frequently as low as one-tenth the initial 
value, partially or completely recovering to the initial value after stand
ing for about one minute. 

Further experimentation3 showed that the application of power over
loads in the form of pulses of about one-second duration are very effective 
in raising and stabilizing the back resistance. This power treatment can 
be effected with either direct or alternating current. If direct current is 
used in the back direction, the pulses are applied to the peak of the 
characteristic or beyond; in the forward direction, optimum currents 
range from 0.2 to 0.8 amp. With alternating current, the peak forward 
current will usually lie somewhere in the range from 0.2 to 1.0 amp. By 
gradually increasing the applied voltage between pulses an optimum 
value can be found for a given rectifying contact. ScafC4 has found 

1 S. Benzer, "The High Voltage Germanium Rectifier," NDRC 14-342, Purdue 
Univ., Nov. 1, 1944. 

1 L. L. Boyarsky, R. N. Smith, and H. J. Yearian, "Properties of Germanium High-
Back Voltage Rectifier Units," NDRC 14-413, Purdue Univ., Mar. 19, 1945. 

3 L. L. Boyarsky, P. B. Picker, A. W. McDonald, R. N. Smith, R. M. Whaley, and 
H. J. Yearian, "Production and Performance of Germanium High Back Voltage, 
High Back Resistance Crystal Rectifiers," NDRC 14-577, Purdue Univ., Oct. 31, 
1945. 

4 J. H. Scaff and H. C. Theuerer, "Final Report on Preparation of High Back 
Voltage Germanium Rectifiers," NDRC 14-555, BTL, Oct, 24, 1945, 
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that the a-c treatment is preferable to d-c treatment in its stabilization 
effect. The a-c stabilization method adopted at Bell Telephone Labora-
tjries consists of applying 30-volt a-c pulses 0.8 sec long at a frequency 
of GO cps. This voltage is applied to the crystal in series with a 50-ohm 
rasistance. The process is repeated until the back resistance measured 
at 5 volts remains unchanged after the application of 50 volts in the back 
direction. 

The effects of the power treatment may be summarized as follows: 

1. Back resistances are increased on the average by an order of mag
nitude. This increase is general up to voltages of one-half or 
two-thirds the peak voltage; the resistance in the neighborhood 
of the peak is not increased by more than a factor of 2. 

2. Power-treated units show negligible hysteresis after application 
of the peak back voltage. 

3. Experiments at Purdue with germanium-tin and germanium-nitro
gen crystals indicate that forward conductances are usually decreased 
somewhat by the power treatment; high initial values are decreased 
by amounts up to 50 per cent while lower values are little changed. 
Although this effect is undesirable, the change is not a serious one. 
Experiments at Bell Telephone Laboratories with pure germanium 
melted in graphite crucibles show that the forward current at 1 volt 
is somewhat increased by the power treatment (see Fig. 12-4). 

4. Power-treated units show somewhat better over-all performance 
as second detectors than untreated units. Moreover, power-
treated units do not show a decrease in peak back voltage in going 
from direct current to 30 Mc/sec; such a decrease is observed with 
untreated units. 

5. The peak back voltage is, on the average, increased somewhat 
with germanium-nitrogen materials. With the germanium fused 
in graphite the change is not significant. 

After adjustment and power treatment the cartridges are impreg
nated with wax. The Paratac-Opalwax mixture used in mixer crystals 
melts at a temperature less than 90°C, a temperature at which the 
germanium crystal might be required to operate in some applications. 
The Bell Telephone Laboratories have used as filler, therefore, a mixture 
of 20 per cent Acrawax C in Paratac. This wax melts between 95°C and 
100°C and does not damage the rectifiers at temperatures as low as 
— 50°C. I t appears to be somewhat inferior to the Paratac-Opalwax 
mixture in shock protection. This is not a serious disadvantage in view 
of the fact that vibration tests at the Radiation Laboratory indicate that 
unwaxed cartridges withstand vibration tests required of components 
permanently wired into actual sets. The chief function of the wax is, 
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therefore, to protect the unit against moisture. Experiments at Bell 
Telephone Laboratories with the Paratac-Acrawax mixture show some 
change in d-c characteristics after prolonged exposure to 100 per cent 
relative humidity at 90°C. This is not thought to be serious, however, 
since ordinarily storage at 43°C and 95 per cent relative humidity is 
considered to be an accelerated tropical test, supplying a water content 
about twice that of "normal" tropical conditions. The condition of 
100 per cent relative humidity at 90°C provides approximately 15 times 
the water content of the "normal" tropical condition. 

Extensive investigations have been made by the group at Purdue1 

in an attempt to improve the protection of the crystal against high 
humidities at high temperature. They found that, in general, impreg
nation with wax had the deleterious effect of tending to restore the 
hysteresis that had been removed by the power treatment. I t is to be 
recalled that this hysteresis is a decrease in back resistance after the 
application of high back voltage, followed by a gradual return to higher 
values. I t was found that with Paratac-Acrawax filler the hysteresis at 
50 volts is negligible, whereas the peak hysteresis in some cases involved 
resistance changes as large as a factor of 10, followed by restoration 
usually to the initial value in a matter of a minute or less. Thus, the 
effect of waxing alone should not impair performance in circuits where 
the maximum inverse voltage does not approach the peak, or where the 
maintenance of constant high back resistance is not required. 

The Purdue group reports the following as unsatisfactory for moisture 
protection: coating the surface of the crystal with Pliobond, butyl 
methacrylate, or silicone. External coating of the cartridge with F125 
cement, Pliobond, polystyrene cement, and glyptal were tried. Of these, 
the F125 cement showed most promise, although it did not always protect 
against 100 per cent humidity at 90°C. These experiments appear to 
show that the most satisfactory solution of the problem is likely to be an 
unimpregnated, hermetically sealed cartridge, such as the one shown in 
Fig. 12-3. 

12-4. Low-frequency Properties.—The properties of interest in the 
low-frequency application of germanium rectifiers are the peak back 
voltage, the back resistances at voltages as high as 50 volts, the forward 
conductance at voltages under 1 volt, and the constancy of these proper
ties under typical operating conditions. These characteristics, at the 
present stage of development, are best illustrated by a series of distribu
tion curves representing data taken on a large number of rectifiers made 
in the laboratory by Scaff and Theuerer2 during the development work 

1 Boyarsky et al., loc. cit. (See footnote 3, page 370.) 
2 J . H. Scaff and H. C. Theuerer, "Final Report on Preparation of High Back 

Voltage Germanium Rectifiers," NDRC 14-555, BTL, Oct. 24, 1945. 
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on germanium rectifiers at Bell Telephone Laboratories. Figure 12-4 
shows the cumulative distribution curves for the forward conductance in 
four different manufacturing processes. Curves 1 and 2 are for tin-doped 
germanium and show that the effect of heat treatment tends to decrease 
the forward conductance; however, the magnitude of the decrease is not 
serious. Curves 3 and 4 for germanium fused in graphite show a still 
smaller conductance, which is somewhat improved by the a-c power 
treatment, as shown by Curve 4. The improvement in other properties 
for this type of germanium, however, is rather marked, as can be seen 
in the following curves. 

0 4 8 12 16 20 24 28 32 
D-c forward current at one volt in ma 

F I G . 12-4.—Cumulative distribution curves of forward conductance obtained at Bell 
Telephone Laboratories from various germanium ingots. (1) 50-gm germanium + 1 per 
cent tin ingots. (2) 50-gm germanium + 1 per cent tin ingots, heat-treated. (3) 50-gm 
germanium ingots, fused in graphite and heat-treated. (4) 50-gm germaniumingots, fused 
in graphite, heat-treated, and a-c stabilized. 

Figures 12-5 and 12-6 show the cumulative distribution curves of 
back current at 1 volt and 30 volts, respectively, for the same manufactur
ing processes used in obtaining the data of Fig. 12-4. The superiority in 
high back resistance obtained by the heat treatment and a-c stabilization 
of pure germanium fused in graphite is evident from Curve 4, which shows 
that about 50 per cent of the rectifiers made by this process have back 
resistances of 0.5 megohm or more for back voltages as large as 30 volts. 

Figure 12-7 shows the distribution of peak inverse voltages. I t is 
evident again that the germanium fused in graphite is superior in this 
property, 50 per cent of the units having peak inverse voltages of 200 
volts or greater; some units have been measured with peak inverse 
voltages of 425 volts. 
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Temperature Effects.—The d-c characteristic of the germanium recti
fier is a function of temperature. This is an intrinsic property to be 

0.012 0.016 0.020 0.024 0.028 0.032 0.036 
D-c back current at one volt in ma 

F I G . 12-5.—Cumulative distribution curves of back current at 1 volt obtained at 
Bell Telephone Laboratories for rectifiers from various ingots. (1) 50-gm germanium 
+ 0.1 per cent tin ingots. (2) 50-gm germanium + 0 . 1 per cent tin ingots, heat-treated. 
(3) 50-gm germanium ingots fused in graphite, heat-treated, and a-c stabilized. 

0.4 1.6 1.8 2.0 0.6 0.8 1.0 1.2 1.4 
D-c back current at 30 volts in ma 

F I G . 12-6.—Cumulative distribution curves of back current at 30 volts obtained at 
Bell Telephone Laboratories for rectifiers from various ingots. (1) 50-gm germanium + 0 . 1 
per cent tin ingots. (2) 50-gm germanium + 0 . 1 per cent tin ingots, heat-treated. (3) 
50-gm germanium ingots fused in graphite and heat-treated. (4) 50-gm germanium ingots 
fused in graphite, heat-treated, and a-c stabilized. 

expected on the basis of the theory of contact rectification discussed in 
Chaps. 3 and 4; and it is an effect of considerable practical importance 
in applications where a constant high back resistance at several volts is 
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required. The nature of the temperature variation can be seen from 
Fig. 12-8, where the forward and reverse parts of the characteristic curve 
of a typical germanium rectifier are plotted for four temperatures ranging 

0 50 100 150 200 250 300 350 400 450 
Peak inverse voltage in volts 

F I G . 12-7.—Cumulative distribution curves of the peak inverse voltage obtained a t 
Bell Telephone Laboratories for rectifiers from various germanium ingots. (1) 50-gm 
germanium + 0.1 per cent tin ingots. (2) 50-gm germanium + 0.1 per cent tin ingots, 
heat-treated. (3) 50-gm germanium ingots fused in graphite and heat-treated. (4) 50-gm 
germanium ingots fused in graphite, heat-treated, and a-c stabilized. 

from —40° to +95°C. I t is seen that in the forward direction the varia
tion of resistance is small in the vicinity of 1 volt; at a few tenths of 
a volt, in the exponential region of the characteristic, the forward 

0.0001 0.001 0.01 0.1 1 10 100 
Current in ma 

F I G . 12-8.—Effect of temperature on the d-c characteristics of a typical germanium high-
inverse-voltage rectifier. 

resistance decreases rapidly with increasing temperature; at a voltage 
of 0.1 volt the resistance at 95CC is an order of magnitude less than that 
at 25°C. Similarly, in the back direction the resistance at voltages of a 
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few volts decreases rapidly as the temperature increases, whereas at 30 
or 40 volts the change is much less. 

Benzer1 has made a detailed study of the d-c characteristic from 
30 volts in the back direction to 1 volt forward over the temperature 
range from — 180° to +145°C, for germanium doped with various impuri
ties such as nitrogen, tin, nickel, and bismuth. 

Benzer's results indicate that in the back direction the temperature 
variation is small for units with low back resistance. For crystals of 
high back resistance, however, large variations were observed. In gen
eral, the back characteristic can be resolved into three current compo-

0 10 20 30 0 0.5 1.0 1.5 
Voltage in the back direction Voltage in the forward direction 

F I G . 12-9.—Back characteristic of a TIG. 1210.—Forward characteristics 
germanium rectifier as a function of of a germanium rectifier as a function of 
temperature. temperature. 

nents whose relative magnitudes vary from crystal to crystal. One 
component is exponential, rising to a saturation value at a fraction of a 
volt. The saturation current tails off into the second component, which 
is essentially linear. The third component rises more rapidly than 
linearly as the voltage is increased. The saturation- and linear-current 
components decrease rapidly with temperature; the third component 
does not. Figure 12-9 shows the back characteristic as a function of 
temperature for a rectifier in which the exponential and linear components 
predominate. At a temperature of — 170°C (not shown on the graph) 
the third component is predominant and shows very little variation up to 
— 78°C. The saturation current varies with temperature according to 
simple diode theory—that is, a plot of log i vs. 1/T is linear. 

1 S. Benzer, " T e m p e r a t u r e Dependence of High Voltage Germanium Rectifier 
D-C Character is t ics ," N D R C 14-579, Purdue Univ. , Oct. 31 , 1945. 
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A plot of the forward characteristic as a function of temperature is 
shown in Fig. 12-10. Benzer has measured as a function of temperature 
the constant a in the equation for the forward characteristic (see Sec. 4-4): 

/ = 4[ e« (K.-/o _ 1 ] ; 

where Va is the potential applied to the rectifier, r is the spreading 
resistance, and A and a are constants, the latter having the theoretical 
value of e/kT. As in the case of mixer crystals, the measured value of a 
at room temperature is less than the theoretical value of about 40 volt - 1 . 
With mixer crystals Yearian1 found that in some cases a was independent 
of temperature, and for others was approximately proportional to 1/T 
as the temperature was in creased. For the high-back-voltage germanium 
crystals, Benzer found that a decreases even more rapidly than 1/T as T 
is increased. For example a rectifier for which a = 27 at 300°K has a 
value of a = 6 at 425°K. 

Life Tests.—Varied life tests have been run on germanium rectifiers 
at both room and elevated temperatures, with the applied power in the 
form of d-c pulses, continuous d-c, and both low- and high-frequency a-c 
power. 

Tests were conducted by the Purdue group2 on representative crystals 
that were connected to a 45-volt d-c source for periods up to 120 hr at a 
temperature of 90°C. Back resistance, peak back voltage, and forward 
current were measured before, during, and after the test. These meas
urements reflect the general changes with temperature already dis
cussed: namely, at high temperatures the back resistance is decreased, 
more at low voltage than at high, and the forward current is increased. 
The changes during the test were not great and showed no particular 
trend up or down; this is also true of the initial and final room-tempera
ture values of resistance. 

Tests were also conducted on a number of power-treated units, using 
in the back direction 50-volt d-c pulses of various shapes ranging from 
a square pulse 500 psec long to pulses decaying exponentially with time 
constants up to several thousand microseconds. In all cases, the pulse 
is followed by a pulse in the forward direction giving rise to a maximum 
forward current of from a fraction of a milliampere to 80 ma. The pulses 
were applied with the crystal at 90°C. The tests were designed to 
simulate conditions met in d-c restorer and clamping diode circuits. In 

1 H. J, Yearian, "Investigation of Crystal Rectifier D-C Characteristics," NDRC 
14-115, Purdue Univ., Dec. 3, 1942. 

2 L. Boyarsky, P. B. Picker, A. W. McDonald, R. N. Smith, R. M. Whaley, and 
H. J. Yearian, "Production and Performance of Germanium High Back Voltage, 
High Back Resistance Crystal Rectifiers," NDRC 14-577, Purdue Univ., Oct. 31, 
1945. 
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general, the pulses produced no serious changes in crystal characteristics 
over extended periods of time; none of the units on test failed, and several 
showed no significant change in their d-c characteristics; most of the 
units changed by less than 35 per cent in back resistance, the results 
varying somewhat with the nature of the pulse. 

Tests have been conducted at Bell Telephone Laboratories1 with a 
group of 100 germanium rectifiers, some unfilled, and others filled with 
the Paratac-Opalwax or the Paratac-Acrawax mixture. The test con
sisted in the application of 2-volt a-c power at 60 cps for a period of 
2000 hr, with the crystals at 90°C. During the course of the test the 
units were periodically brought to room temperature and the d-c char
acteristics measured. The data show that only minor changes in the 
characteristics were found. In some cases deterioration in back resist
ance was observed; in others the back resistance was higher than the 
initial values after 2000 hr. Some of the waxed units exhibited hysteresis 
effects after an initial period of the treatment; these disappeared after 
600 hr of treatment. 

12-5. High-frequency Properties.—Because of the interest in the use 
of high-inverse-voltage rectifiers ae second detectors in radar receivers, 
the investigation of high-frequency properties has been confined for the 
most part to frequencies of 60 Mc/sec or less. Most of the work has 
been done at 30 Mc/sec, but enough semiquantitative experiments have 
been done at higher frequencies in the neighborhood at 60 Mc/sec to 
indicate that second-detector performance at this frequency is not much 
inferior to that at 30 Mc/sec. In addition, test methods have been 
developed and test equipment has been designed by the Purdue group 
for the measurement of rectification efficiency, over-all detector perform
ance, and i-f impedance in a wideband detector circuit at 30 Mc/sec. 

Forward Conductance as a Function of Frequency.—An investigation 
of the variation in forward conductance as a function of frequency has 
been made by Yearian.2 The method consists essentially of a measure
ment of the rectified current obtained when a sinusoidal voltage wave is 
applied to the crystal under conditions such that there is no d-c bias. 
The applied voltage is then symmetrical about the origin of the crystal 
characteristic and, since the back resistance of the crystals is usually very 
high, the average value of the current (as read by a d-c meter in series 
with the crystal) will depend almost entirely on the forward conductance 
at the applied voltage. Suitable precautions were taken to insure that 

1 J. H. Scaff and H. C. Theuerer, "Final Report on Preparation of High Back 
Voltage Germanium Rectifiers," NDRC 14-555, BTL, Oct. 24, 1945. 

J H. J. Yearian, "Dependence of Forward Conductance and Back Resistance of 
High Back Voltage Germanium on Voltage and Frequency," NDRC 14-581, Purdue 
Univ., Oct. 31, 1945. 
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the applied a-c voltage was maintained sinusoidal and that the d-c bias 
was negligible. Using this arrangement, the rectified current was meas
ured for a-c voltages up to 2 volts at frequencies up to 60 Mc/sec. 

Figure 12-11 shows the ratio of the rectified current at an applied 
rms voltage of 0.8 volt to that for a 
60-cps voltage of 0.8 volt as a func
tion of frequency for a typical 
germanium rectifier. This ratio is 
unity at 1000 cps but begins to fall 
off at higher frequencies, with a 
value of about 0.5 at 30 Mc/sec. A 
linear plot of the same data shows 
that at low frequencies the current 
ratio decreases more rapidly with 
frequency than at high frequencies; 
the logarithmic plot of Fig. 1211, 
however, indicates that the ratio 
does not approach a lower limit in the frequency region investigated. 
The ratio does not, nevertheless, become zero at around 1000 Mc/sec, 
as is indicated by an extrapolation of the curve; rectification, although 
very small, is still observed at 3000 Mc/sec. 
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F I G . 12-11.—Rectified current as i 
function of frequency for a typical ger
manium high-inverse-voltage rectifier. 
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Applied rms voltage in volts 

FIG. 12-12.—A comparison of the rectification at various frequencies as a function of 
applied voltage. 

The ratio of the rectified current at a specified frequency to that at 
60 cps is not independent of the applied voltage as can be seen from 
Fig. 12-12, where this ratio is plotted as a function of applied voltage 
for the various frequencies. I t can be seen that the ratio is much larger 
at lower voltages than at high, approaching unity at zero voltage and 
decreasing to a constant minimum value for voltages greater than about 
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0.6 volt rms. In this constant range the data may be represented by the 
empirical relation 

1 
Hf) = /(60) l + af» (1) 

*^& 1 
Oscilloscope 

where 1(f) is the rectified current at the frequency / and a is a constant 
for a particular crystal. For the crystal of Fig. 12-11, a has the value of 
0.2 (Mc/sec)-^. 

Yearian has interpreted these results to mean that the frequency 
sensitivity of the rectifier lies in the spreading resistance in series with the 
rectifying barrier. This conclusion is suggested by the fact that the 
decrease of rectified current with increasing frequency is much smaller 
at low voltages where the spreading resistance has little effect on the 
current; as the applied voltage is increased the voltage swing reaches the 
linear portion of the characteristic where the effect of the spreading 

resistance is predominant. To 
explain the existence of the fre
quency effect at voltages below 0.2 
volt rms, where the main spreading 
resistance should have little effect 
on the current, Yearian assumes the 
multicontact model of the barrier 
with local spreading resistances in 
series with small isolated conducting 
spots. In these local spreading 

resistances where the current density is very high, it is assumed that the 
frequency effect is less than in the main spreading resistance. 

Dependence of Peak Inverse Voltage on Frequency.—The measurement 
of the peak inverse d-c voltage of a rectifier is readily accomplished by 
plotting the d-c characteristic. A convenient and rapid method of 
determining the peak inverse voltage is by means of a circuit designed by 
Benzer and shown in Fig. 1213. The crystal is connected in the plate 
circuit of a triode in such a way that the plate current is in the back 
direction in the crystal. The current through the crystal is adjusted by 
means of the cathode bias and series plate resistors. The horizontal 
plates of an oscilloscope are connected across the crystal and the vertical 
plates are connected across a resistor in series with the crystal. A 60-cps 
voltage applied to the grid of the tube modulates the plate current about 
its average value and a portion of the current-voltage curve in the back 
direction is displayed on the oscilloscope. The peak inverse voltage is 
determined by using a small a-c input voltage and adjusting the plate 
current until the oscilloscope trace is vertical. The peak inverse voltage 
is then read on the voltmeter. The circuit can also be used for viewing 

F I G . 1213.—Circuit for viewing the back 
characteristic on an oscilloscope. 
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the entire back characteristic by properly adjusting the tube plate 
current and the input signal. 

For the measurement of peak back voltages at 30 Mc/sec the circuit 
of Fig. 12-14a has been used by the Purdue group.1 A 30-Mc/sec source 
of power is connected to the crystal in series with a large condenser. The 
distribution of voltage over the current-voltage characteristic is shown in 
Fig. 12-14b. The voltage swings slightly positive for a short time 
sufficient to replace the charge that leaks off through the back resistance 
during the remainder of the cycle. Since the back resistance is in gen
eral very large compared with the forward resistance, the inverse voltage 
applied to the crystal Vr.t + Vd-» is approximately equal to twice the 
value of yd-0. The peak inverse voltage is measured by increasing the 
power from the 30-Mc/sec source until both Vr.t and Vd.c decrease or at 

F I G . 12-14(a).—Circuit 
for the measurement of peak 
inverse voltage at 30 Mc/sec. 

F I G . 1214(6).—Voltage dis
tribution over the crystal charac
teristic. 

least no longer increase. Provided the source of power is sufficiently 
stable, this will occur when the peak inverse voltage is exceeded and the 
back resistance suddenly decreases. 

Measurements by this method on a large number of germanium recti
fiers made without power treatment showed that a majority withstood 
definitely lower peak inverse voltages at 30 Mc/sec than at direct current, 
most of them having values of from 40 to 80 per cent of the d-c value. 
Measurements made at 55 Mc/sec showed a further reduction from the 
30-Mc/sec value, although not as much as that from direct current to 
30 Mc/sec. At 10 Mc/sec, values were obtained intermediate between 
the d-c and 30-Mc/sec values. 

I t was found that the results reported in the preceding paragraphs 
could be altered by modifying the circuit in such a way that conduction 
in the forward direction was eliminated during any part of the cycle. 
This modification was accomplished by connecting to the condenser 
terminals a d-c voltage, and adjusting it so that Fd.c is maintained equal 
to or slightly greater than V,.,. With this modification, the peak inverse 
voltages observed with rectifiers not power-treated are always greater 

1 L. L. Boyarsky, R. N. Smith, and H. J. Yearian, "Properties of Germanium High 
Back Voltage Rectifier Units ," N D R C 14-413, Purdue Univ., Mar. 19, 1945. 
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than those observed when forward current is observed, and sometimes 
greater than the d-c peak. 

These effects are not observed with germanium rectifiers that have 
been subjected to the power treatment described in Sec. 12-3. The 
power-treated units exhibit substantially the same peak inverse voltage 
at 30 Mc/sec as the d-c value. 

The Crystal I-f Impedance at 30 Mc/sec —In the application of crystal 
rectifiers as second detectors, the i-f impedance of the crystal is of impor
tance because of the loading of the amplifier stage which is connected to 
the detector circuit. The lower the i-f impedance of the detector circuit, 
the less will be the i-f voltage across it, because of the effect of the internal 
impedance of the i-f source. 

Test equipment has been designed by Smith and Yearian1 for measur
ing second-detector properties, including the impedance at 30 Mc/sec. 
In this method the crystal in series with a condenser is connected to a 
high-Q sinusoidal source of r-f voltage of about 600 ohms internal resist
ance, as shown in Fig. 12-14. No load resistor is used. The applied 
voltage is measured by an r-f voltmeter. The crystal impedance is 
measured by comparing the decrease in voltage from the open circuit 
value with the crystal in the circuit to that with a carbon resistor in the 
circuit. 

In general, the i-f impedance measured by the method just described 
decreases as the measuring voltage is increased, but the way in which 
the impedance changes as the applied voltage is increased varies widely 
from crystal to crystal. For a peak applied voltage of 10 volts, the i-f 
impedance of a representative sample of germanium rectifiers ranged 
from about 1000 ohms to more that 18,000 ohms, the limit of the measur
ing equipment. Measurements made at Bell Telephone Laboratories on 
high-back resistance rectifiers gave values all above the range of the 
measuring equipment—namely, 18,000 ohms. 

The i-f impedance depends on the d-c back resistance of the rectifier, 
but it is difficult to correlate these quantities quantitatively with meas
ured values of the back resistance because of the nonlinearity of the back 
characteristic. If a perfect diode (that is, one for which the forward 
conductance and back resistance are infinite) is assumed, it can readily be 
shown2 that the i-f resistance is one-half the load resistance connected 
to the terminals of the condenser. By means of a Fourier analysis, 
Yearian3 has calculated the i-f resistance for various idealized character
istic curves. For example, assuming no load resistor, infinite forward 

1 R. N. Smith and H. J. Yearian, "Test Equipment for Germanium Second Detec
tor Units,' NDRC 14-394, Purdue Univ., Jan. 25, 1945. 

! See Microwave Receivers, Vol. 23, Sec. 7 1 , Radiation Laboratory Series. 
' hoc. cit. 
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conductance, and constant back resistance, the i-f resistance is one-third 
the back resistance. With finite forward conductance the expression 
for the i-f resistance becomes, to a close approximation, 

R 1 
27, + 1 Rb, (2) 

where Rb is the constant back resistance and T, is the rectification effi
ciency, which in this case will be very nearly equal to unity. As we have 
seen, the actual crystal rectifier is ordinarily far from linear in the back 
direction and varies greatly from crystal to crystal. Yearian concludes 
from his analysis that where the back characteristic has a very rapid 

Bypass and filter 
condensers 0.001 microfarad 

60 cps to 
rectifier 

F I G . 12-15.—Impedance tester for measuring the impedance of crystal second detectors 
a t 30 Mc/sec. 

increase, or "tail ,"—as, for example, the region where the peak inverse 
voltage is approached—the i-f resistance may be as low as one-eighth of 
the average back resistance obtained by taking the time average over the 
i-f cycle of the conductance in the back direction. 

Figure 12-15 shows the circuit details for an impedance tester designed 
by the Purdue group for routine testing of i-f impedance at 30 Mc/sec. 
The detector circuit is the same as that shown in Fig. 12-14. A 6J5 oscil
lator- drives the 6AG7, which supplies the sinusoidal 30-Mc/sec voltage 
across the 600-ohm resistor. This voltage is measured by a vacuum-tube 
voltmeter employing a 955 tube, with a high-impedance d-c meter to 
measure its output. Standard voltages are chosen as 20 and 10 volts 
peak with no crystal in place; these are adjusted by the HI and LO con
trols. The equipment is calibrated by means of standard carbon resistors 
ranging from 20,000 to 500 ohms. The output inductance on the 6AG7 
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tube is adjusted on open circuit to maximize the output and should be 
checked periodically, in consequence of the fairly high Q of the circuit. 

Second-deteclor Performance.—In order to investigate the behavior of 
germanium crystals as second detectors two types of testing equipment 
have been used.1 The first of these is designed to simulate the conditions 
of operation that would be encountered in the second detector of an 
actual wideband receiver. The second set was designed for measuring the 
rectification efficiency of a wideband detector circuit. 

The output stage and detector circuit used in the set for measuring 
over-all performance are shown in Fig. 12-16. I t consists of a 30-Mc/sec 
wideband output stage employing an 807 tube and having a voltage 
amplification with the detector removed of about 5.2. A load resistor of 

1000 ohms and a bypass condenser 
O *WV 1 

FIG. 1216.—Wideband i-f output and 
second detector circuit for measuring over
all detector perform nice. 

of 10 MMf is used, which gives a time 
constant of 0.01 ^sec. The induct
ance is tuned to resonate with the 
total capacity to ground at a 
frequency of 30 Mc/'sec. 

The behavior of representative 
germanium rectifiers in this circuit is 
shown in Fig. 12-17, where the recti
fied output voltage Vd.c is plotted as 

a function of t!ie peak voltage applied to the grid of the tube. Two 
properties exhibited by the curves are of interest, namely, the sensitivity, 
or slope of the curve, and the range of linearity, which is defined by the 
upper and lower limit of applied i-f voltage beyond which the sensitivity 
decreases below a useful value. I t is seen from the curves that the slope 
is nearly constant over a range from about 0.5 to 5 volts, depending on 
the crystal. At higher voltages the sensitivity decreases because the 
back resistance becomes low enough to decrease the efficiency of rectifica
tion and at low voltages the forward resistance becomes comparable 
to the load resistance, which also decreases the rectification efficiency. 

The maximum slope is obtained by measurements at medium input 
grid voltages (about 3 volts). At this level the rectification efficiency 
of the best crystals approaches that of a perfect diode, since the back 
resistances are very high at this voltage and the peak voltage in the for
ward direction is high enough to be in the region of very low forward 
resistance. Measurements made on a large number of units established 
maximum slope of 1.2 for the circuit of Fig. 12-16. 

1 L. L. Boyarsky, R. N. Smith, and H. J. Yearian, "Properties of Germanium High 
Back Voltage Rectifier Units," NDRC 14-413, Purdue Univ., Mar. 19, 1945; and 
R. N. Smith and H. J. Yearian, "Test Equipment for Germanium Second Detector 
Units," NDRC 14-394, Purdue Univ., Jan. 25, 1945. 
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In denning the range of linearity, a standard allowable variation in 
sensitivity has been arbitrarily chosen to be a factor of 2, the maximum 
sensitivity being taken as the maximum slope (in this case, 1-2), and the 
minimum sensitivity being one-half this value. Using this criterion, 
values of 0.1 and 10.0 peak volts applied to the grid have been established 
by measurements on a large number of rectifiers as an approximate aver
age of the upper and lower limits of the range of linearity. Once these 

K 1 1 1 1 1 1 1 1 — 1 0 
0 2 4 6 8 10 12 14 16 

Peak input voltage on grid in volts 
F I G . 12-17.—Detector output voltage for a sample of germanium rectifiers in the circuit 

of Fig. 1216. 

levels are established, a measurement of the slope at these two levels 
gives an indication of the performance as a second detector. If the 
slope exceeds one-half the maximum sensitivity, then the range of linear
ity will be greater than the standard range, and the sensitivity of the 
unit will be greater than this half-value throughout the standard range. 
The sensitivity at the high and low levels can be measured by modulating 
the 30-Mc/sec carrier at a low frequency, let us say, 60 cps, and measur
ing the detector output at the modulation frequency. 

Figure 1218 shows the circuit details of the Type B test set designed 
by the Purdue University group for the routine testing of over-all per
formance, as outlined in the preceding paragraphs. I t was designed 



386 HIGH-INVERSE-VOLTAGE RECTIFIERS [SEC. 12-5 

for the purpose of establishing standard levels at which to make measure
ments and to establish standards of performance at these levels; the 
tentative specifications listed in Table D-3 of Appendix D are written 
for this equipment. The set consists of a 6J5 30-Mc/sec oscillator fol
lowed by a 6AG7, which decouples the oscillator from the following 
output stage and provides a variable attenuation for the low-level 
measurement and a 60-cps modulation for the sensitivity measurement. 
The output stage and rectifier circuit is that of Fig. 12-16. 

The 955 tube serves as an r-f voltmeter which is used to set the output 
voltage at standard values of HI and LO of 24.7 volts and 0.5 volt respec-

B+ 
o . 

D-c A-c Dc Ac 
to voltmeters 

FIG. 12-18.—Type B teat set for measuring over-all performance of crystal second detectors 
for an intermediate frequency of 30 Mc/sec. 

tively, corresponding to the limits of 10 volts and 0.1 volt previously 
established for the peak voltages applied to the grid of the output stage. 
Provision is also made for measurements at a medium voltage of 7.2 volts. 
The r-f voltmeter does not read the true 30-Mc/sec voltage with a crystal 
in the detector circuit because of the distortion introduced by the crystal. 
The levels are therefore set with a 600-ohm carbon resistor in the crystal 
holder. The 955 tube with a load of 500,000 ohms serves also for meas
uring the amount of modulation. With a 500,000-ohm load the time 
constant is short enough so as not to attenuate the 60-cps rectified 
modulation. The modulation voltage is standardized at 0.92 peak volt 
for a reading of 24.7 volts at 30 Mc/sec. For the measurement of these 
voltages high-impedance a-c and d-c voltmeters are connected to the 
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appropriate output terminals of the 955 detector circuit. The same 
meters are switched to the crystal output terminals for the test measure
ments. The variable inductance in the output circuit of the 807 is 
tuned to give maximum output voltage with a GOO-ohm resistor in the 
crystal holder. This corresponds closely to the adjustment for maximum 
output with a good germanium detector in place. 

The modulation method is satisfactory for measuring sensitivity at 
high and medium levels but is impractical at low level. At low level, 
experiments show good correlation between sensitivity and d-c output 
voltage for a given type of rectifier; at the standard low-level input, 
35 mv d-c output corresponds to a slope of about one-half the maximum 
value at medium levels. To calibrate the output of the 807 for the 
low-level test, standard crystals are used which have been checked 
against primary standards maintained at the standards laboratory; the 
955 voltmeter is inadequate at this voltage level. The crystal output 
voltage is measured with a 20,000-ohm millivoltmeter. 

Measurements have been made at Purdue University1 on repre
sentative samples of power-treated units having very high back resist
ances; these units had been made at Purdue and at the Bell Telephone 
Laboratories. With the high-level 30-Mc/sec input (24.7 volts) the d-c 
output voltages average about 10 volts, with variations of not more 
than a volt or so from crystal to crystal. The 60-cps modulation output 
voltage varies from about 0.3 to 0.4 volt. With the low-level 30-Mc/sec 
input voltage, the d-c output voltage is more than 40 mv for the Bell 
Telephone Laboratories units and somewhat lower for the Purdue units. 
A comparison of these results with those for rectifiers that have not been 
subjected to power treatment shows that the power treatment causes an 
increase in the high-level output voltage of the detector, especially in the 
a-c output voltage where the increase is by a factor of about two. This 
fact implies that the range of linearity of the response has been extended 
to considerably higher input levels by the power treatment. At low 
level the Bell Telephone Laboratories power treatment also causes a 
significant increase in the a-c output voltage, but the somewhat more 
drastic power treatment used in manufacturing the Purdue crystals causes 
a small decrease of sensitivity at this level. Results obtained with a 
sample of germanium crystals made by Sylvania Electrical Products 
Company are comparable to those obtained for the Purdue heat-treated 
units. 

I t is evident from these results that the power treatment, which 
improves the d-c properties, also improves second-detector performance. 

1 L. Boyarsky, P. B. Picker, A. W. McDonald, R. N. Smith, R. M. Whaley, and 
H. J. Yearian, "Production and Performance of Germanium High Back Voltage, High 
Back Resistance Crystal Rectifiers," NDRC 14-577, Purdue Univ., Oct. 31, 1945. 
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Experiments have been performed by Boyarsky and Smith1 on the 
effect of bias and detector load on over-all performance, using a set 
similar to the Type B set but modified so that positive d-c bias could be 
applied to the crystal detector. With a detector load of 1000 ohms, an 
optimum bias of about 0.12 volt decreases the lower limit of linearity from 
about 0.1 volt on the grid of the input stage to about 0.07 volt; for a 
larger detector load resistance the effect was smaller. 

Without bias, the effect of increasing load resistance is to increase 
both the sensitivity and range of linearity, as would be expected. 

Rectification Efficiency.—For routine testing of second-detector crys
tals the system of measurements just described for the Type B test set is 

ft, = 1000 i 50. V. watt carbon 
fli" 100 ±5, 5 watt carbon 
C , - 1 0 * l / ^ f 
C , - 1 5 0 ^ f 
C3=3-30ji/jf trimmer 

R - n i o o o i o . 
D-c u l A-c D-cu Ac 

V X 
FIG. 12-19.—Type C test set for measuring rectification efficiency of crystal second de

tectors. 
undesirable because it measures over-all performance in a particular kind 
of a set. Since rectification efficiency is the predominant factor con
trolling performance in a wideband second-detector circuit, it is preferable 
to use a test set for measuring this quantity for acceptance testing. 
Rectification efficiency is defined as the ratio of the d-c output voltage 
to the peak value of the sinusoidal input voltage. The modulation 
rectification efficiency, corresponding to the sensitivity measurement of the 
Type B test set, is defined as the ratio of the rectifier output voltage at the 
modulation frequency to the peak value of the input modulation volt
age. The detailed circuit diagram of the Type C test set designed by the 
Purdue group2 for measuring these quantities is shown in Fig. 12-19. 

*L. L. Boyarsky and R. N. Smith, "Dependence of Performance of Germanium 
Second Detector Units on Bias and Video Load," NDRC 14-416, Purdue Univ., 
Mar. 28, 1945. 

'Loc. cit. 
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The 6J5 and 6AG7 tubes serve the same purpose as in the Type B test set. 
A push-pull amplifier employing an 829B tube delivers 30-volt peak 
sinusoidal voltage at a frequency of 30 Mc/sec to the 100-ohm load R3. 
The transformers T2 and T3 are critically coupled, tuned-primary and 
tuned-secondary transformers. The internal impedance of the r-f source 
across Ra is 50 ohms. The detector output circuit consists of a 10-MMf 
condenser and a 1000-ohm load resistor as in the previously described set. 
The 955 r-f voltmeter is the same as that in the Type B test set except 
that a load resistor of 600,000 ohms is used instead of one of 500,000 ohms. 

For high-level measurements, the HI control is adjusted for a reading 
of 29-1 volts on the d-c meter of the r-f voltmeter, with a 750-ohm carbon 
resistor in the crystal holder. The 60-cps modulation voltage is adjusted 
for a reading of 0.50 volt on a high-impedance a-c meter connected to the 
a-c terminals of the r-f voltmeter The carbon resistor is now replaced 
by the crystal to be tested and the a-c and d-c voltmeters switched to the 
"X" terminals The d-c output voltage divided by 29-1 gives the 
rectification efficiency and the a-c output voltage multiplied by 2 gives 
the modulation rectification efficiency. 

The r-f peak voltage for "medium level" is standardized at 9.0 
volts, and the low level is set by means of standard crystals as in the 
Type B test set. 

The theoretical maximum value for the modulation rectification 
efficiency is about 41 per cent for both the high and medium levels; the 
value corresponding to one-half maximum sensitivity in the over-all 
measurement is about 25 per cent. A value of 35 mv for the low-level 
output voltage corresponds to about one-half maximum sensitivity. 

12-6. Silicon High-inverse-voltage Rectifiers.—Following the dis
covery of the high-inverse-voltage property in appropriately doped ger
manium an exploratory investigation was carried out on silicon by the 
crystal group at the University of Pennsylvania.1 

Ingots were prepared from high-purity du Pont silicon, to which were 
added small known amounts of various impurities. The ingots were 
made in a vacuum furnace in quartz crucibles. As in the case of mixer 
crystals, the addition of 0.02 per cent of beryllium insured a solid ingot 
free from cracks. The beryllium did not appear to have much effect 
on the electrical properties of the silicon. 

The preparation of the surface was similar to that used for silicon 
mixer crystals. The ingot is sawed into wafers about 1 mm thick. One 
side is nickel-plated for soldering to the cartridge stud, and the other side 
is first wet-ground with 600 carborundum, then polished to a high gloss 
on 0000 emery paper wet with kerosene. I t is then heat-treated in air 

1 M. N. Lewis, J. H. Taylor, R. J. Gibson, Jr., and W. E. Stephens, "High Back 
Voltage Silicon," NDRC 14-453, Univ. of Penn., June 28, 1945. 
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at 1050CC for about two hours. The wafer is then broken into small 
pieces, which are soldered to the cartridge studs. Just before assembly 
the polished oxidized surface is washed in 24 per cent hydrofluoric acid 
until the oxide is dissolved off. Omission of the polishing or heat treat
ment was found to yield inferior rectifiers. The whiskers were made of 
tungsten and were of conventional design. For high peak back voltage 
and low forward currents the contact force is made as small as is con-
sistant with stability. Increasing the load increases the forward current 
but decreases the peak back voltage. In none of the samples tested have 
both high back voltage and high forward conductance, comparable with 
the germanium rectifiers, been simultaneously attained. 

TABLE 121.—RECTIFICATION CHARACTERISTICS OF SOME SAMPLES OF HIGH-INVERSE-
VOLTAGE SILICON RECTIFIERS 

Doping agent 

Nickel 
Nickel 
Tin 
Germanium 
Germanium 
Germanium 
Germanium and nickel 
Bismuth 
Calcium hydroxide 
Aluminum 
None 

Amount 
added, 

per cent 

0.16 
0.6 
0.4 
0.5 
0.75 
1.0 
0.3,0.06 
0.02 
0.1 
0.006 

Beryllium 
added, 

per cent 

0.02 
0.02 
0.02 
0.02 
0.02 
0.02 
0.02 
0.02 
0.01 
0.02 
0.02 

Typical performance 

Peak back 
voltages, 

volts 

45 
40 
60 
60 
40 
30 
70 
40 
80 

5 
90 

Back resist
ance at 

15 v, 
ohms 

30 X 103 

10 
10 
10 
5 
2 

100 
3 

50 

30 

Forward 
current 

at 1 v, ma 

2 
5 
0.05 
0.25 
1 
2 
0.2 
1 
0.1 

10 
0.1 

Table 12-1 lists the peak back voltage, the back resistance at 15 volts, y 
and forward current, obtained using typical units made with silicon 
CDntaining various impurities. I t is to be noted that tin, nickel, calcium, ^ 
and bismuth, which are good doping agents for germanium, also produce 
the high-back-voltage property in silicon. Also, like germanium, the 
impurities that produce good mixer crystals are inferior for producing 
the high-back-voltage property. High peak back voltages are observed 
with pure silicon, but the forward conductance is very low. A typical 
d-c characteristic curve of a silicon high-inverse-voltage rectifier is shown 
in Fig. 12-20. 

Voltages much greater than the peak back voltage, or sometimes 
slightly less than that value, may burn out the crystal; if burnout does 
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not occur, the application of the peak back voltage tends to reduce 
hysteresis effects. In general, the high-back-voltage silicon made by the 
Pennsylvania group is not comparable with germanium in ability to 
withstand power dissipation. 

Tests made of the second-detector properties of a typical group of 
rectifiers showed that they will pass all the requirements of the tentative 
specifications listed in Appendix D, except the low-level rectification; 
however, they are also inferior to the germanium rectifier in high-level 
rectification and sensitivity. I t must be remembered, however, that 
much less work has been done on high-back-voltage silicon than on 
germanium and it is possible that a comparable amount of research on 
silicon may alter this situation. 

For the high-back-voltage silicon rectifiers, measurements were made 
of the rectified current as a function of frequency, similar to the experi
ments on germanium. In these experiments the short-circuited rectified 
current was measured for 1 volt rms applied to the crystal at frequencies 

♦■30 

+20 
+10 

-30 -20 -10 o 

SE 

Applied voltage in volts . . . 

-20 J-
Fio. 12-20.—Typical characteristic curve of a silicon high-inverse-voltage rectifier. 

of 60 cps and 30 Mc/sec. The rectified currents for the samples tested 
were relatively small, ranging from 0.1 to 0.7 ma, but the decrease in 
rectified current over the frequency range from 60 cps to 30 Mc/sec was 
less than 10 per cent. I t can be seen, by reference to Fig. 12-11, that the 
high-back-voltage silicon units are much less frequency-sensitive than 
the germanium rectifiers. 

12-7. Theory of the Negative-resistance Characteristics.—There is as 
yet no satisfactory theory of the high inverse voltages and negative-
resistance characteristics displayed by the crystals discussed in this 
chapter. 

A theory has been developed by Benzer1 tha t attempts to account 
for the existence of voltage peaks and negative resistance on the basis 
of the onset of intrinsic conduction at the high contact temperatures that 
must exist at the peak voltage and in the negative-resistance part of the 
characteristic. Although there is little doubt that temperature effects 
are responsible and that intrinsic conduction has a bearing on the prob-

1 S. Benzer, "The High Voltage Germanium Rectifier," NDRC 14-375, Purdue 
Univ., Dec. 26, 1944. 



392 HIGH-INVERSE-VOLTAGE RECTIFIERS [SEC. 12-8 

lem, it can be shown that Benzer's theory is inadequate because of the 
incompatibility of his postulates. A more precise analysis, made by 
H. C. Torrey,1 reveals that voltage peaks cannot possibly exist (in the 
forward direction, at least) if the thermal conduction of the whisker is 
neglected, as it is in Benzer's theory. This neglect seems very plausible, 
however, in the case where thermal equilibrium is established after a few 
seconds of continuous current flow. 

Some numerical calculations by Goodman2 indicate that a voltage 
peak may perhaps occur if the thermal resistance of the whisker is taken 
into account, but more work needs to be done before the theory can be 
considered adequate. 

Perhaps the most puzzling question is how it is possible for the barrier 
to withstand the enormous field intensities that must exist at peak 
voltages of 100 volts or more. Breakdown by barrier-lowering arising 
from image forces and tunnel effects would be expected for a barrier of 
normal thickness (10~6 or 10~5 cm) at only a few inverse volts. W. E. 
Stephens3 has postulated a barrier as thick as 10~4 cm for the high-inverse-
voltage rectifiers, but it is difficult to see how such a thick barrier could be 
formed. 

12-8. Photoelectric Effects in Silicon and Germanium.—In the course 
of research on crystal rectifiers interesting photoeffects were observed in 
both silicon and germanium. These effects are related to the rectifying 
characteristics of the semiconductor and will undoubtedly contribute to 
the understanding of semiconduction. In addition they hold promise for 
practical photoelectric applications. 

Photoelectric Effects in Silicon.—The photoconductivity of pure du 
Pont silicon was observed at the Radiation Laboratory by M. Fox and 
C. S. Pearsall4 during the development work on mixer crystals reported in 
Chap. 10. A detailed investigation of the effect was not made at that 
time, however. More recently Miller and Greenblatt5 have reported an 
exploratory investigation of photoeffects in pure silicon. The samples 
investigated were pure du Pont silicon needles or melts made from these 
needles. Both photoconductive and photovoltaic effects were observed. 
Samples were plated, soldered onto a mount, and a point contact made 
with a tungsten whisker. Whiskers of molybdenum and platinum were 
also used, but the whisker material was found to have little influence on 
the character of the photoeffect. 

1 Unpublished data. 
2 Private communication from B. Goodman. 
3 Unpublished data. 
4 Unpublished data. 
5 P. H. Miller, Jr. and M. H. Greenblatt, "Photoeffects in Pure Silicon," NDRC 

14-412, Univ. of Penn., Mar. 20, 1945. 
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In the photoconductive effect the change in current upon illumination 
of the contact area was investigated as a function of wavelength and 
intensity of illumination. Most of the samples investigated were p-type 
material, and the largest photoconductive effects were observed with the 
point positive. In the spectral-distribution curve, the maximum 
response occurs at a wavelength of about 1.5 ii, with an apparent threshold 
at about 2.1 /i. The wavelength at which the maximum occurs is inde
pendent of the silicon, the point material, and the bias voltage, but the 
change in current upon illumination increases as the bias voltage is 
increased. 

Occasional time-dependent effects were observed. After the initial 
increase in current when the light is turned on, the current may continue 
to increase for several seconds. When the light is turned off, there is a 
sudden decrease, which may be followed by a gradual falling-off in the 
current. Such effects are difficult to duplicate and are usually found 
with mechanically unstable contacts. 

No change in current as large as 0.5 per cent was observed with doped 
materials, although in pure materials u change in conductivity as large 
as a factor of 10 was observed. Only the region in the neighborhood of 
the point contact was photoconductive. 

The increase in current produced by an increase of intensity of 
illumination was investigated, an incandescent lamp being used as a light 
source. For low intensities the increase in current is approximately 
proportional to the light intensity; as the illumination is further increased, 
the current increase is less rapid than linear. 

The investigation of the photovoltaic effect in silicon showed that the 
region as far as several millimeters from the point contact can be the 
photosensitive element. The shape of the spectral-distribution curves 
are similar to those obtained in the photoconductive effect, with a maxi
mum at the same wavelength. The current is usually in the direction of 
high resistance, although occasionally currents in the opposite direction 
are found. In a typical sample with zero bias a current of 0.16 /xa was 
observed for an illumination of 1.2 X 10 - 2 watts/cm2 at a wavelength cf 
1.5 n, the maximum of the spectral-distribution curve. The silicon, when 
illuminated, acts as a cell having constant internal resistance and an emf 
that depends upon the wavelength and intensity of illumination. The 
internal resistance appears to be roughly three times the spreading 
resistance. 

All the experiments described in the preceding paragraphs were on 
untreated surfaces of crystals. Bhotoeffects are still observed on pol
ished surfaces but appear to be so complicated and difficult to reproduce 
that they have not as yet been studied in detail. 

Photoelectric Effects in Germanium.—Photoeffects in germanium high-
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back-voltage rectifiers were first observed by P. R. Bell at the Radiation 
Laboratory and led to a detailed study by Benzer1 of photoeffects in 
germanium; these studies are summarized in the following paragraphs. 

Photoeffects are commonly found in high-resistivity germanium and 
occur most frequently in the boundary region separating p-type and 

+ 0.4i 

-0.1 
FIG. 12-21.—D-c characteristic of a germanium "photodiode" crystal at 25°C, no illumi

nation. 
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FIG. 12-22.—D-c characteristic of a germanium "photopeak" crystal at 25°C, no illumi
nation. 

n-type germanium. The photosensitivity is associated with two unusual 
types of current-voltage characteristic or a combination of these two 
types. The first type, illustrated in Fig. 12-21, shows a saturation effect 
in the forward current; it has been given the descriptive name of "photo-
diode." The second type, shown in Fig. 12-22, exhibits a voltage peak 
followed by a negative-resistance region, which becomes positive a t larger 

»S. Benzer, "The High Back Voltage Germanium Rectifier," NDRC 14-342, 
Purdue Univ., Nov. 1, 1944; and "Photoelectric Effects in Germanium," NDRC 
14-580, Purdue Univ., Oct. 31, 1945. 
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1.4 

currents. With illumination the peak voltage decreases and may be 
reduced to practically zero if the illumination is sufficiently intense. 
This type has been given the name "photopeak." 

Figure 12-23 shows the effect of various intensities of white light 
upon the forward characteristic of a photodiode. The back character
istic is little affected. The effect is reversible and occurs for flashes as 
short as 10 -6 sec. I t can be seen from Fig. 12-23 that the photocurrent 
is almost independent of the voltage applied to the rectifying contact in 
the saturation region. The photocurrent is also proportional to the 
intensity of illumination over a wide range. For a good photodiode this 
linear response extends up to illuminations of 1 or 2 lumens/cm2. Spec
tral-distribution curves show a 
maximum response at a wave
length of about 1.3 p, with a 
threshold of about 1.6 p. The 
number of photoelectrons per 
incident quantum at the maximum 
is about 0.9. 

Photodiode points are also 
photovoltaic. A given crystal 
generates an emf proportional to 
the intensity of illumination, with 
an internal resistance equal to the 
slope of the characteristic curve at 
the origin. This resistance is, 
in general, large but, by increas
ing the contact area it may be 
greatly reduced without affecting the photoelectric properties. The 
polarity is such that the whisker becomes negative. The spectral-
distribution curve is the same as that for the photoconductive effect. 

The saturation current of a photodiode is extremely sensitive to 
temperature. At room temperature a change of 10°C changes the satura
tion current by a factor of 2. 

These photodiode characteristics occur in regions that may be several 
square millimeters in area. Such a region may be made visible by etch
ing the surface electrolytically. All points within a given region have 
remarkably similar characteristics. Within this region, a change in 
whisker force produces large changes in back resistance while the forward 
saturation current is almost unaffected. When voltage is applied in the 
saturation direction, a large potential drop is found across the boundaries 
of the region. With the applied voltage in the back direction, however, 
the drop across the boundary is much less. These effects are interpreted 
by Benzer to mean that the photodiode effect is caused by a large barrier 

FlQ. 

1 2 3 4 5 
Applied voltage in volts 

12-23.—Effect of white-light illumina
tion on photodiode characteristic. 
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surrounding the sensitive surface element, thus limiting the forward 
current for any point contact made within the region, The. barrier must 
be a rectifying one, since the back current, with large whisker forces, far 
exceeds the saturation current. 

Benzer found that, if a small spot of light is moved along a line 
intersecting the sensitive region, the photocurrent rises rapidly to a maxi
mum at the boundary of the sensitive region, then passes through a 
shallow minimum as the region is traversed. He interprets this result 
to mean that the barrier, even in the center of the region, lies very close 
to the surface. 

The "photopeak" type of characteristic was reported by Woodyard,1 

who used the negative-resistance region to produce oscillations up to 
frequencies as high as 1 Mc/sec. Benzer reports2 that photopeak 
characteristics with peak voltage as high as 25 volts have been observed, 
although peaks are usually found at 1 or 2 volts. The current at the 
peak is usually of the order of 1 ma. At currents well above 1 ma and 
above the negative-characteristic region, the characteristic is determined 
by the spreading resistance. For very high-resistivity material, the 
spreading resistance may be so large that the photopeak appears only 
as a kink in the characteristic. 

Photopeaks are usually found in border regions between p-type and 
?i-type material, but the photopeak region usually has a linear dimension 
of only a fraction of a millimeter. Unlike the photodiode, the photopeak 
may vary greatly from one point to another, and it is very sensitive to 
whisker pressure; the peak voltage decreases as the whisker load is 
increased. 

I t has already been mentioned that the peak voltage decreases with 
illumination. At low intensities of illumination the decrease in peak 
voltage is proportional to intensit}'. Sensitivity varies greatly from one 
unit to another; an illumination of 0.5 lumen/cm2 is sufficient to remove 
completely the peak of a sensitive unit, whereas an insensitive one may-
show little response. Exploration with a small spot of light shows that 
only light that falls in the immediate region of the point is effective. 

A photo response may be obtained for light flashes as short as 10 - 5 sec. 
The spectral-distribution curve has not been studied in detail, but prelim
inary experiments indicate that it is similar to that of the photodiode. 

The photopeak rectifier has a possible application as a triggering 
device. If it is biased positively just below the peak voltage, illumination 
will cause the peak to decrease so that the current jumps to a value 

1 J. R. Woodyard, "Notes on Crystal Detectors," Sperry Research Laboratories 
Report 5220-110, Apr. 6, 1943. 

2S. Benzer, "The/fiigh Back Voltage Germanium Rectifier," NDRC 14-342, 
Purdue Univ., Nov. 1, 1944, 
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limited by the spreading and circuit resistances, a current large enough 
to actuate a relay. Since the crystal rectifies, an a-c bias can be used; 
the device then is automatically restored to operating condition when the 
light is removed. 

Like the photodiode, the photopeak is temperature-sensitive, the 
peak voltage decreasing with increasing temperature. Raising the 
temperature from 24° to 50°O will, in general, reduce the peak voltage by 
a factor of about two. Photopeak crystals are not as rugged as photo-
diode crystals and may be burned out by the passage of too much current 
through the contact. 

The photoeffect mentioned earlier as observed in some high-inverse-
voltage germanium rectifiers is of a different nature from those just 
described. In this effect, illumination causes changes in current at a 
given applied voltage, as well as a photovoltaic effect when there is no 
applied voltage. At high back voltage, time lags occur in the responses, 
and the current during illumination may be less than that in the dark. 

In addition to these effects, many interesting combinations of the 
types just discussed have been observed: Further research work on these 
effects will undoubtedly shed further light on the theory of semiconduc-
tion and the nature of the high-back-voltage phenomenon. On the 
practical side, the photopeak and photodiode crystals offer excellent 
prospects for the development of photoelectric cells using these materials. 



CHAPTER 13 

WELDED-CONTACT GERMANIUM CRYSTALS 

I t has long been supposed that a simple contact rectifier used as a 
frequency converter must always have a conversion loss greater than 
unity, or, in other words, that the available output (i-f) power must 
always be less than the available input (signal) power. This specious 
conjecture has no convincing theoretical argument in its favor, however. 
North, of the General Electric Company, has recently demonstrated1 

that the conjecture is, in fact, false. North has constructed germanium 
rectifiers with welded contacts that have the remarkable property (under 
certain bias and r-f tuning conditions) of delivering more power at inter
mediate frequency than is available from the signal source. Energy 
conservation is of course not violated since the local oscillator supplies the 
extra power. 

I t has been shown that this amplifying ability of North's crystals is 
associated (although not necessarily concomitant) with the phenomenon 
of negative i-f conductance which they sometimes exhibit. There is 
convincing evidence that negative i-f conductance is a result of two 
factors: (1) the variability of contact capacitance with voltage (a property 
also of normal rectifiers) and (2) the abnormally low spreading resistance. 

Unfortunately, measurements have shown that, because of the great 
amount of i-f noise power they generate, these remarkable crystals are, 
when judged by over-all receiver noise figure, inferior to standard types 
in spite of their amplifying properties. The crystals can be used in 
such a manner, however, that their i-f conductance is positive. In this 
condition they behave as normal crystals; their loss, although small, is 
greater than one and their noise is not excessively large. Used in this 
way they are comparable to the best of the standard converter types. 
They are superior to all standard types as harmonic generators, especially 
as generators of millimeter radiation. 

13-1. Construction of Welded-contact Rectifiers. History.—Welded 
rectifying contacts appear to have been made first by the Purdue Uni
versity group,2 who found that passage of enough forward current through 
a contact from germanium to platinum-iridium to make the whisker 
white-hot resulted in a firm bond between whisker and germanium. The 

1 H. Q. North et al., "Welded Germanium Crystals," GE Final Report—Contract 
OEMsr-262-Order No. DIC178554, Sept. 20, 1945. 

1 Progress Report, Purdue Univ. Contract OE\fsr—322, Oct. 26, 1942. 
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welded contact continued to rectify and was more stable against overloads 
than an unwelded unit. Measurements showed, however, that micro
wave performance had deteriorated as a result of the welding. Not 
much more was done with welded contacts at Purdue. 

Later, North,1 in an attempt to reduce crystal noise temperature, 
succeeded in welding germanium to platinum contacts with condenser 
discharges. The conversion loss of the rectifiers suffered in this process 
and the work was dropped. 

The new welded units, unique in the remarkable properties already 
mentioned and exceptional in other respects, are made by passing large 
continuous forward currents (about 0.25 amp) through contacts of small 
dimensions from germanium to platinum-ruthenium. 

Techniques.—The techniques of construction are similar to those of 
North's version of the 1N26 rectifier as described in Sec. 10-3. The only 
essential difference, in fact, is in the welding process. Pure germanium 
is fused with 0.2 atomic per cent of antimony. The solidified ingot is 
cut into wafers about 0.03 in. thick, which are plated on one face with 
rhodium and then sawed to size for the cartridge. This plated face is 
soldered to a silver plug and the opposite face is ground and polished to a 
bright finish, first with 600-mesh alundum on cloth and finally with 
magnesia on cloth. Faint traces of magnesia are removed with dilute 
HC1. No etch is used in any part of the process. 

The 1N26 structure of Fig. 10-14 is retained. The whisker is a 
0.0015-in.-diameter platinum-ruthenium alloy (10 per cent ruthenium). 
The ruthenium is used solely to lend mechanical strength to the whisker. 
The whisker tip is carefully pointed to a point radius of less than 0.00002 
in. The silver plug holding the germanium is pressed into the cartridge 
and advanced until electrical contact is just made. I t is then further 
advanced to produce enough spring deflection to give a force on the 
contact of 150 mg. At this point 250 ma of direct current are passed 
through the contact in the forward direction for 5 to 10 sec. This 
treatment results in a secure weld. 

Antimony appears to be the only doping agent (of those usable for 
microwave rectifiers) that will withstand the welding currents. Phos
phorus and arsenic, ordinarily good doping agents for germanium micro
wave rectifiers, are not suitable for welded-contact rectifiers. 

Properties of the Weld.—The weld appears to be secure, requiring a 
tensile force of 500 mg to break it. Microscopic examination of a broken 
weld reveals that the whisker point penetrates the germanium surface 
and that the resulting contact is roughly hemispherical in shape with a 
diameter of about 0.0002 in. The welding current density at the contact 

1 H. Q. North, "Colloquium on Crystal Rectifiers," Columbia Univ., May 1, 
1943. 
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is thus about 7 X 106 amp/in.2 The tensile stress sustained by the weld 
is about 35,000 lb/in.2 Once the weld is formed, no change in the d-c 
characteristic is observed between the unstressed state of the contact 
and a compressed state of 30,000 lb/in.2 A tensile stress of this magni
tude, however, causes a marked decrease in back resistance at 1 volt. 

13-2. General Properties.—The welded unit is mechanically extremely 
stable. I t may be dropped from heights of 6 ft or more on a linoleum 
floor with no adverse effects. Since the contact has been treated with 
250 ma of direct current in process of manufacture, subsequent current 
overloads of this magnitude in the forward direction do not cause burn
out. When 10 units were tested for short-pulse burnout with the d-c 
spike tester (Sec. 9-8), 6 were unchanged in noise temperature after 5-erg 
pulses and 6 were unchanged in conversion loss after 10-erg pulses. 
These results may be too optimistic, however, because it is possible that 
these units were not well matched to the coaxial line of the spike tester. 

Typical forward d-c characteristics of these rectifiers are shown in 
Curve B of Fig. 2-6 and in Fig. 2-7. The forward current-voltage char
acteristic is remarkable in that it is accurately exponential over nearly 
five decades on a logarithmic current scale; the derivative d(ln I)/dV is 
abnormally large, generally in the range from 25 to 30 volt - 1 . According 
to the theory of Sec. 4-4 this exponential property of the forward char
acteristic would indicate that the contact has a nearly uniform contact 
potential difference. Further evidence that this is the case is obtained 
from a study of the reverse characteristic, which is also exponential up to 
about 0.5 volt. According to Eq. (4-41), the current-voltage character
istic of a contact of uniform contact potential difference should be given 
by 

i = A{/Vrv _ g-u-mn^ (1) 

where /3 is a parameter determined by the amount of barrier lowering 
brought about by image force and tunnel effect. In the forward direc
tion, Eq. (1) gives approximately 

i = Ae(l^v, (2) 
and in the reverse direction, 

|f| = Ae a - « ^m. ( 3 ) 

From Eqs. (2) and (3) it follows that the sum of the exponential coeffi
cients of V in the two directions should be e/kT. This was, in fact, 
observed to be the case within experimental error for one welded unit 
measured at Radiation Laboratory. I t is not yet known whether it is 
generally true for all welded units. 
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The spreading resistance r can, as explained in Sec. 4-4, be found from 
the forward characteristic in the region of departure from the exponential 
curve. The values of r thus obtained usually fall in the range from 2 to 
4 ohms, which is abnormally low for a contact of small dimensions. The 
dynamic resistance of the welded rectifiers at zero bias is abnormally 
large, usually in the range from 2 to 10 megohms. At 1 volt in the 
reverse direction the resistance is about 10,000 to 20,000 ohms and 
decreases rapidly at higher inverse voltages. 

Because their large dynamic resistance narrows the video bandwidth, 
the welded units are generally not suitable for use at zero bias as video 
detectors. Their resistance falls in the desired range (about 10,000 ohms) 
at an appropriate forward bias, but 
their large noise output in this condi
tion militates against their use. 

13-3. Negative I-f Conductance.— 
The negative i-f conductance dis
played by the welded-contact units 
under suitable conditions was first 
observed by Waltz,1 who measured 
their admittance at 30 Mc/sec with a 
bridge. In this work the crystal was 
excited with about 1 mw of power 
from a microwave (3-cm) oscillator. 
Waltz found that the i-f conduct
ance becomes negative, if the r-f 
load admittance is suitably adjusted, 
and reaches magnitudes as high as several thousand micromhos. If a 
tuned circuit is attached to the i-f terminals, the tuned circuit will 
oscillate at its resonant frequency if the sum of its shunt conductance and 
the crystal i-f conductance is zero. Oscillations of this type have been 
observed over a wide range of frequencies extending up into the micro
wave region, but never exceeding the exciting frequency. 

The negative i-f conductance can be conveniently displayed on an 
oscilloscope. The 60-cps current-voltage characteristic is presented on 
the oscilloscope screen with a circuit of the type shown in Fig. 10-11. 
With no r-f (microwave) power applied to the crystal the curve looks 
somewhat like Curve A of Fig. 13-1. If a normal (nonwelded) crystal 
is used, the application of r-f power of about 1 mw changes the shape 
of the curve in such a way that it resembles Curve B of Fig. 13-1; in this 
case the finite current at zero bias is, of course, rectified current. Welded 
units under similar conditions may also produce a curve of type B, but 
usually the curve looks like Curve C; there is a range of voltage near zero 

1 M. C. Waltz, pr ivate communicat ion. 

F I G . 13-1.—Current-voltage charac
teristics of welded-contact rectifiers as 
affected by r-f power. 
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bias over which the current increases very little. If now the r-f load 
admittance is correctly adjusted, for about half of the welded units as 
made by North there is produced a curve of type D in which, over a 
portion of the curve, the current actually decreases with increasing 
voltage; the dynamic conductance is negative. Now the i-f conductance 

of the converter is, of course, just the 
dynamic conductance of this characteristic 
and is therefore negative. Occasionally 
two distinct regions of negative i-f con
ductance are observed. Figure 13-2 shows 
an actual observed characteristic with 
two such regions. 

Curves of type D are frequently and 
easily produced if the microwave oscilla
tions have a wavelength in the 3-cm 
band. They are found infrequently, how
ever, with 10-cm excitation. If the 
oscillations are in the 1-cm band, negative 
conductance is frequently observed, but 
the characteristic curve rarely has the 
appearance of Curve D. Instead, it pres
ents a peculiar scalloped appearance, with 
several narrow regions of negative con
ductance and abrupt transitions to wider 
regions of positive conductance. I t has 
been found at the General Electric Com
pany that whenever these negative-con
ductance regions appear with 1-cm-band 
excitation they are invariably accom
panied by parasitic oscillations in the 
3-cm band. No parasitic oscillations are 
observed, however, when the crystal is 
driven with power in the 3-cm band. 

A source of power with zero or negative 
internal conductance has an infinite 
available power. According to the usual 
definition then, the conversion loss of a 

mixer with negative i-f conductance is zero; the conversion gain is 
infinite. Actually, of course, unlimited power cannot be extracted 
at intermediate frequencies because the conductance must changs 
with the power extracted and become positive at sufficiently high power. 
Actually, the usual definition of conversion loss is not meaningful when 
applied to the crystals of negative i-f conductance. There is no doubt, 
however, that these crystals amplify as well as convert. 

Applied bias in volts 

F I G . 13-2.—Oscilloscope trace 
of a current-voltage characteristic 
showing two regions of negative 
conductance (the left-hand one 
occurs at negative bias). 



SEC. 13-4] LOSS AND NOISE MEASUREMENTS 403 

13-4. Loss and Noise Measurements. Measurements of Conversion 
Loss.—Curious results are obtained when conventional apparatus is 
employed to measure the "conversion loss" of these welded rectifiers. 

Tests made with the 60-cps amplitude-modulation method using a 
3-cm oscillator have shown that considerably more 60-cps power can 
be extracted from the crystal than is available in the modulation side
bands of the oscillator. In one case the ratio of the output power to 
available input power was as high as 16 db. 

A number of North's units were measured for conversion loss by the 
Pound (impedance conversion loss) method (see Sec. 7-3). I t was found 
that at a proper bias point the indicated conversion loss was unity. A 
remarkable consequence was that opening and closing the i-f terminals 
had precisely the same effect on the amplitude of the reflected signal 
wave as opening and closing the r-f shutter (Fig. 7-5). I t appeared 
that there was a perfect lossless connec
tion through the rectifier between the 
r-f and i-f sections. 

Noise Figure.—The loss measure
ments, although interesting and 
significant, are not of themselves 
sufficient to determine the merit of Equivalent crystal circuit 
these crystals as frequency converters. FIQ. 13-3.—Equivalent input circuit ol 
In addition, data on the noise output t h e '"f amplifier-
of the crystals are needed. Independent measurements of conver
sion loss and noise temperature, however, are possible only when 
the i-f conductance of the mixer is positive. The significant quantity 
in any case is the noise figure of the whole receiver including the mixer, 
and this quantity has a definite measurable value irrespective of the sign 
of the i-f conductance. 

At Radiation Laboratory there was built an apparatus by Beringer' 
and others especially designed to measure the noise figure of a receiver 
with a welded-contact converter and to assess the relative influence on 
noise figure of conversion loss (or gain) and of noise generation. I t has 
already been described in Sees. 710 and 7-11 and illustrated in Figs. 
7-15 and 7-16. Figure 13-3 shows an equivalent circuit of the inpul 
to the i-f amplifier. The crystal is represented here, by Norton's theorem, 
as a conductance gp, which may have either sign, with two parallel 
constant-current generators (at i-f); one, is, represents the converted 
signal, and the other, in, the converted and generated noise of the crystal. 
No i-f susceptance is shown, as any such susceptance is tuned out before 
each measurement. 

■E. R. Beringer, C. P. Gadsden, and M. C. Waltz, "X-Band Noiae Figure Meas
urements of Welded Contact Germanium Crystals," RL Group Report 53-
July 16, 1945. 
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The conductance g' is made up of two parts; one, the shunt con
ductance <7i of the parallel tuned circuit, and the other, g%, an added 
conductance which is switched in when measuring the welded units, 
since otherwise the total conductance would generally be outside the 
calibrated range of the amplifier noise figure. The method of measure
ment is described in Sec. 7-10. (The conductances <7i and <?2 correspond 
to the resistances Ri and R2 of Fig. 7-15.) The quantities determined 
by the measurements are the over-all noise figure, the noise temperature 
t, and conversion loss L of the combination of crystal and load con
ductance g'. Also the conductance g of the crystal and the currents i, 
and in are determined. These data and a knowledge of the noise tem
perature t. of the r-f signal source give all the relevant information. For 
example, if the i-f conductance g of the crystal is positive, the conversion 
loss Lx and noise temperature tx of the crystal itself are given by 

LX = L -&—„ (4) 
9f> + 9 

("0 u = 1 + 11 + - ) {t - D- (5) 

If the i-f conductance gp of the crystal is negative, these results do 
not hold and, in fact, the quantities Lx and tx become nugatory. The 
conversion and noise generation of the crystal can still be described with 
the aid of is and in. Thus, for an ideal amplifier generating no noise, 
the ratio of signal power to noise power at the amplifier output terminals 
is 

U 
il L 

+ 9' 

The noise figure F is the noise temperature is of the signal source 
when the output signal-to-noise ratio is unity. Thus, writing F = F0 
for an ideal amplifier, one obtains 

V 9? + 9 ) 
(7) 

This result, giving the lowest possible noise figure, holds, whatever the 
sign of g$, provided of course that gp + g' is positive. 

The over-all noise figure can also be computed for a nonideal amplifier 
with noise figure N > 1. The result can be shown to be 

^4-1 + i%7T?) (8) 
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Beringer1 and his coworkers first made measurements for the broad- '• 
band case in which there is no discrimination between signal and image 
r-f tuning. The apparatus is that shown in Fig. 7-16 with the image 
filter (magic T with cavity) removed. I t was found that the over-all 
noise figure changed little as a function of the position and amount of 
insertion of the screw tuner and as a function of the amount of local-
oscillator drive and the d-c crystal bias. Although the output noise 
power changed by as much as 20 db in this adjustment, the noise figure 
remained within the range of 13 to 18 db. This constancy of noise figure 
suggests that the ratio of i-f noise power to i-f signal power remains about 
the same, that is, independent of the i-f conductance. Experiments 
confirmed this deduction. Table 13-1 shows measured values of i„ as a 
function of crystal i-f conductance, with bias voltage and crystal current 
constant. The conductance variation corresponds to different screw 
insertions. 

TABLE 13-1.—CRYSTAL I -F NOISE CURRENT AS A FUNCTION OF I-F CONDUCTANCE FOR 
DIFFERENT R-F TUNING 

(arbitrary units) 
- 62 Mmhos 1.7 
- 30 2.0 
- 8 2.0 
+ 770 2.0 
+ 1400 2.0 
+3700 2.6 

I t is seen that in is practically constant over wide changes in g$. Since 
the noise figure is nearly constant, i, must also change little. 

Thus signal and noise power increase together as the conversion loss 
decreases, and no improvement in noise figure results. The suggestion 
has been made that the r-f signal source is seriously mismatched when 
the screw tuner is deeply inserted to give a negative i-f conductance. 
If it were possible to decrease the i-f conductance by some other means 
so that the signal impedance would still be at one's disposal, the noise 
figure could perhaps be improved. Beringer el alP- found that the i-f 
conductance can be made very low, even negative, by reflecting only the 
image sideband. In this work the arrangement of Fig. 7-16 was 
employed. A band-reject filter reflected the image frequency, with 
reflected phase made adjustable by means of the "line stretcher." 
I t was found that no improvement resulted from the reflected image 
frequency and that the lowest noise figure was obtained with both side
bands matched. Table 13-2 summarizes these measurements. I t 
should be noted that the crystal conversion loss is negative (expressed 

1 hoc. cit. 
2 hoc. cit. 
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TABLE 13-2.—CONVERSION AND NOISE PARAMETERS AS A FUNCTION OF INDEPENDENT 
TUNING OF THE R-F SIDEBANDS 

Crystal i-f conductance 
as produced by 

Signal-
frequency 
reflection 

Low 
High 
Intermediate 
(Matched 

signal) 
(Matched 

signal) 
Low 
(Matched 

signal) 

Image-
frequency 
reflection 

low 
low 
low 

low 
high 

high 
(matched 
signal) 

9t>, 
/imhos 

58 
1080 
880 

650 
4000 

3200 
1900 

t 

9.9 
3.9 
4.2 

4.7 
1.5 

1.7 
2.1 

in, in 
arbi
trary 
units 

2.0 
2.3 
2.2 

2.1 
2.4 

2.3 
2.0 

L, db 

5.1 
5.9 
7.0 

4.8 
7.7 

10.3 
7.1 

L„db 

- 3 . 9 
+ 4 . 5 
+ 5 . 4 

+ 2 . 7 
+ 7 . 3 

+ 9 . 8 
+ 6 . 3 

t, 

79.0 
4.6 
5.7 

7.0 
1.55 

1.8 
2.3 

Fo,db 

14.6 
11.5 
12.9 

11.1 
8.7 

12.3 
9.1 

F, for 
3-db 

ampli
fier, db 

14.7 
12.4 
13.6 

11.7 
11.7 

14.3 
10.9 

in db) in the case of i-f conductance minimized by both signal- and 
image-frequency reflections (first row of the table). For another crystal 
Beringer was able to produce negative i-f conductance by reflecting the 
image frequency with the signal frequency matched. 

The lowest noise figure obtained (if an amplifier with a 3-db noise 
figure is assumed) was 10.9 db. Although this figure is well within the 
limit for 1N23B rectifiers (the best 3-cm-band crystals) it is not spec
tacular. In fact, the noise figures of many 1N23B crystals, with the 
same amplifier, are from 8 to 10 db. 

Later measurements by North1 substantiated Beringer's finding 
that the best performance occurs with a matched signal, corresponding 
to high i-f conductance. North was able, however, by correct bias 
adjustments and at relatively low local-oscillator drive, to obtain for 
some crystals over-all noise figures (again with a 3-db amplifier) as low 
as 6 or 7 db. These values were obtained for matched signal and image 
frequencies at relatively high i-f conductance. 

It must be said that not all possibilities for using the welded-contact 
units as converters, under the condition of low or negative i-f conductance 
have yet been exhausted. For example, it is possible (although not 
likely) that at a higher intermediate frequency the noise output may be 
considerably reduced. 

13-6. Theory of Negative I-f Conductance and Conversion Amplifica
tion.—The two anomalies of North's crystals, conversion gain and nega-

1 H. Q. North, et al, "Welded Germanium Crystals," GE Final Report, Contract 
OEMsr-262—Ordn. No. DIC 178554, Sept. 20, 1945. 
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tive i-f conductance, are closely associated, if not concomitant. I t is 
clear that a mixer with negative i-f conductance will amplify, since 
in the linear approximation the available power from its i-f terminals is 
unlimited. The conversion loss of such a mixer is exactly zero. A 
conversion loss of unity, however, implies no attenuation between signal 
and i-f terminals, and a conversion loss in the range from zero to unity 
implies amplification. Thus it is not necessary for a mixer to have 
negative i-f conductance in order for it to amplify. For example, the 
data given in the first row of Table 13-2 should be noted. The crystal 
referred to has a positive i-f conductance but also has 3.9-db conversion 
gain. 

I t can be shown by the methods of Chap. 5 that, under the condition 
of weak reciprocity and provided the reciprocity factor gag/g$a is not 
less than unity, no possibility of conversion amplification exists unless 
the i-f conductance becomes negative at some r-f load admittance. The 
proof is somewhat tedious and will be omitted. By methods similar 
to those of Sec. 5-10 it can be shown that values of r-f load admittance 
exist for which the i-f conductance is negative if, and only if, 

V2 > 1, (9) 

where T/2 is defined in terms of the elements of the mixer matrix by 
Eq. (5-73), 

_ 2gaege* , i n . 
12 7 i x- ( ID) geM*, + gay) 

Weak reciprocity is assumed in proving Eq. (10). Measurement1 

of the mixer matrices for a number of welded units showed that weak 
reciprocity held for all units tested but that full reciprocity failed for all. 
The data on four of the units are given in Table 13-3. The first row gives 

TABLE 13-3.—ADMITTANCE MATRIX ELEMENTS OF WELDED-CONTACT RECTIFIERS 

Crystal no. * 

Co, vol ts 
it,, m a 
P, mw 
g<*a/go 
gap/\/g~<, 
gfa/y/gt 
gay/ga 
gw 
gaf/gfa 
V*. 

D404 

0 .15 
0 .57 
1.67 

13 .3 
0 .201 
0 .116 
6 .68 
0 .0021 
1.73 
1.11 

D401 

0 .20 
0 .67 
1.00 

14.2 
0 .376 
0 .206 
7 .20 
0 .0073 
1.83 
0 .99 

D405 

0 .17 
0 .83 
0 .65 
8.42 
0 .192 
0.145 
2 .42 
0.0052 
1.32 
0 .99 

D574 

0 . 2 3 
0 .52 
0 .65 

10.94 
0 .170 
0 .110 
2 .44 
0.0024 
1.55 
1.07 

* In the first column go is the characteristic conductance of the r-f transmission line or waveguide. 
All conductances go, gaa, etc. are given in mhos. 
1 By L. Apker, General Electric Company, private communication. 
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the d-c bias voltage (positive); the second, the crystal current; the 
third, the available r-f power from the local oscillator; the fourth to eighth, 
the elements of the mixer matrix [see Eq. (5-13)]; the ninth, the reci
procity factor gap/gpa; and the tenth, the quantity T;2 of Eqs. (9) and (10). 
Evidently units D404 and D574 can exhibit negative i-f conductance, 
but units D401 and D405 cannot (at the particular bias and local-
oscillator level stated). 

From the theory of Sec. 5-7 it can be seen that the conversion loss, 
with equal terminations at the two r-f sidebands, can be less than unity 
only if Eq. (9) holds. Thus conversion amplification is closely associated 
with negative i-f conductance and the theory of one is essentially the 
theory of the other. 

It will now be shown1 that negative i-f conductance can result if the 
rectifier is represented as a nonlinear resistance in shunt with a voltage-
variable capacitance, provided that the resistance (e.g., spreading 
resistance) in series with this combination is sufficiently small. 

The linear relations among the currents and voltages at signal, image, 
and intermediate frequencies have been derived for a rectifier of this 
type in Sec. 5-11 and are given by Eqs. (5-197). In order to simplify 
the analysis it is now assumed that a time zero exists making the barrier 
voltage at local-oscillator frequency an even function of the time. In 
accordance with the discussion following Eqs. (5-197), this assumption 
simplifies the equations to the following form: 

to = (go + juC0)ea + ((/i + juCi)ep + (g2 + jwCi)e*, \ 
H = giea + goep + g^*, > (11) 
i* = (?2 - JuCi)ea + (gri - juCi)e$ + (g0 - juC^e*. j 

The above assumption about the form of the local-oscillator wave is 
exactly true if harmonic voltages are zero or are correctly phased with 
respect to the fundamental. In actual fact the assumption is only 
approximately true, but it is not believed that the qualitative con
clusions reached will be affected by failure of the assumption. In Eq. 
(11) ia, ip, and iy are the terminal currents at signal, intermediate, and 
image frequencies, respectively; and ea, e$, and ey are the corresponding 
voltages. The quantities gn and C„ are, respectively, the Fourier coeffi
cients of the dynamic conductance and capacitance of the barrier [see 
Eqs. (5-192) and (5-193)]. 

Let us suppose, as an example, that the signal and image voltages are 
terminated by the same load admittance ya = ga + jba, hence, 

ia = —yaea, (12) 
iy = -yaey. (13) 

1 See H. 0. Torrcy, IiL Group Report 53, May 22, 1945. 
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I t can be shown that, if the i-f conductance cannot become negative 
under this symmetrical sideband condition, it cannot be negative for 
any possible r-f load admittance. 

When ia, iy, e„, and ey are eliminated from Eqs. (11), (12), and (13) 
and the equations are solved for the i-f admittance of the mixer, viz., 

V» = * 

= gt> + fie, 
we obtain b$ = 0, and 

= go' 
- G 2 

(6. + a>C„)2 + (ga + gtf - g \ - JC\ 

(14) 

(15) 

where 

°- - - ( v -<••)'+»• (> - i ) - fe - *> (»•+»- f > 
(16) 

The task is to discover under what conditions, if any, the i-f con
ductance (fa can become negative. The case of a constant capacitance 
(Ci = C2 = 0) is examined first. In this instance Eq. (15) reduces to 

( & 0 + ^ + ^ + 9 o ( l - | ) J - ^ ( l - | ) 2 

+ (go - gi) (go + gz - -j^J 
(K + coCo)2 + (ga + go)' - ?! (17) 

It is clear from an examination of Eq. (17) that both the denominator 
and numerator of the fraction on the right are always greater than or 
equal to zero for any ya with positive real part, provided that 

0i s go, 
02 ^ go, 

and 
M < 
go 

go + 02. 

(18a) 
(186) 

(18c) 

I t will now be proved that these conditions [Eqs. (18)] are always 
satisfied under the assumption of a symmetrical barrier voltage, provided 
that the d-c characteristic (with no r-f voltage applied) has no point 
of negative dynamic conductance over the range of the local-oscillator 
voltage excursion. 
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The quantities gn are the Fourier coefficients of / '(e) according to 
Eq. (5193), where 

*' = /(«) (19) 

is the equation of the d-c characteristic. The Fourier development of 
/'(e) with the assumption of a symmetrical barrier voltage e becomes 

/ '(e) = 0o + 2ffi cos at + 202 cos 2at + ■ ■ ■ + ; (20) 
hence 

1 f+* gn = s - / / '(e) cos natd(at). (21) 

Let 

F(e) - 7 + / ( e ) (22) 
J_T /'(e) d(««) 

By hypothesis, / ' (e) , and so also F(e), is greater than or equal to zero; 

F(e) = 0. (23) 
Also from Eq. (22), 

/ F(e) d(at) = 1. (24) 

Now from Eqs. (21), (22), and (24), 

gi = go I F{e) cos at d(at) S go F(e) d(at) = ga, (25) 
and 

02 = go I F(e) cos 2at d(at) g g0 F(e) d(at) = g0. (26) 

Thus the first two inequalities [Eqs. (18a) and (186)] are demonstrated. 
To prove the third, it should be noted that from Eq. (26) 

02 = </o / F(e)(2 cos2 at - 1) d(at), (27) 

or 

ffo + 02 = 20o / F(e) cos2 at d(at), (28) 

and that, from Eq. (25), 

= 20o / F(e) cos at d(at) • (29) 

/ F(e) cos at - I F(e) cos (at) d(at) 

M 
00 

Now, it is clear that 

d(at) = 0, 
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since the integrand is always greater than or equal to zero. This reduces, 
on expansion, to 

/ F(e) cos ut d(U) g / F(e) cos2 ut d(wt). (30) 

From Eqs. (28), (29), and (30) we obtain 

%r*9o + 9v (31) 

which is the third inequality [Eq. (18c)]. 
It has thus been proved that the i-f conductance is never negative 

under the following conditions: 

1. Constant barrier capacitance. 
2. Local-oscillator voltage at the barrier is an even time function 

about some time zero. 
3. The d-c characteristic (.with no r-f power applied) does not have a 

negative slope within the local-oscillator excursion. 
4. The r-f load admittance has a positive real part. 

Conditions 3 and 4 apply to all measurements in which negative i-f 
conductance is observed. Thus negative i-f conductance is caused by 
failure of Condition 1 or 2, or both. I t is conjectured, but not proved, 
that failure of Condition 2 alone will not lead to negative i-f conductance. 
Some experimental evidence in favor of this conjecture has been found 
by Hahn1 at General Electric Company. 

I t will now be proved that failure of Condition 1 alone leads, under 
certain conditions, to negative i-f conductance. To do this we must 
return to the general expression Eq. (15) for gp. Let us make N the 
numerator of the fraction on the right-hand side of Eq. (15) and D its 
denominator. Then gp is negative, if either 

N > 0, D < 0, (32) 
or 

N < 0, D > 0. (33) 

Now the equation, N = 0, is the equation of a circle in the (g„,6„)-plane 
with the center at ba = — <a[Ca — foi/WCi], and ga = —g0[l - (g\/gl)]. 
This circle is shown as Circle A in Fig. 13-4. Its radius is G [Eq. (16)]. 
Since </i ^ g0, the center falls in the negative-conductance half of the 
(?<.,6o)-plane. All points for which JV" < 0 lie within this circle. Because 
of the presence of the term u2[(gi/g0)Ci — C2]2 in Eq. (16) for the radius 

1 See H. Q. North el al., "Welded Germanium Crystals," GE Report, Contract 
OEMsr-262, Order No. DIC 178554, Sept. 20, 1945. 
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G, it is possible for this circle to extend into the positive-conductance half 
of the (0o,fc„)-plane and thus for N to be negative at a physically realizable 
value of the r-f load admittance ya. I t must be remembered, however, 
that y„ is the r-f load admittance presented to the terminals of the barrier, 
that is, terminals A-A of Fig. 5-18, and not that presented to the rectifier 
terminals (terminals B-B of Fig. 5-18). Thus ya includes the series 
spreading resistance r, whose presence restricts the physically possible 
values of ya to points within a circle on the 2/a-plane of radius l /2r with 
center on the real axis at ga = l /2r. This circle is represented as Circle B 

■ * - $ > 

/ JcrYtc>\ 
/ A i G -
[c \ \ ?° ~ 
\ V n^+uc; ^ 

T&„ 

F I G . 13-4.—Circle diagram in the r-f-load admittance plane. Negative i-f conductance is 
possible if either Circle A or Circle C intersects Circle B. 

of Fig. 13-4. Thus N can be negative only if Circle A intersects Circle B 
and only then becomes negative if ya falls within the lune common to 
the two circles. 

The equation D = 0 is the equation of a circle in the ?/a-plane and 
bounds all values of ya for which D < 0. The circle, D = 0, represented 
as Circle C of Fig. 13-4, has a radius (g\ + w^Cl)^- and its center falls in the 
negative-conductance half of the plane at ya = — (go+juCo)- For 
sufficiently large values of C2, Circle C may extend into the positive-
conductance half of the j/0-plane and may even intersect Circle B, and 
thus form a lune containing all the physically possible values of ya that 
make D < 0. 

Thus there are the following possibilities for negative i-f conductance g$: 

1. Circle A but not Circle C intersects Circle B. 
2. Circle C but not Circle A intersects Circle B. 
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3. Both Circle A and Circle C intersect Circle B, but the two lunes 
thus formed are not coincident. 

Since it can be shown the two lunes of Condition 3 can never be 
coincident, it follows that if either Circle A or Circle C or both of them 
intersect Circle B, physically possible values of ya exist for which the i-f 
conductance is negative. 

Condition 1 corresponds to the inequality of Eq. (33). In this case 
the negative-conductance region of Fig. 13-4 is bounded by points of zero 
conductance. This is the case commonly observed (Curve D of Fig. 
13-1) when the local-oscillator wavelength is in the 3-cm band. 

Condition 2 corresponds to the inequality of Eq. (32). In this case 
the negative-conductance region of Fig. 13-1 is bounded by points of 
infinite conductance. Such a region has not as yet been observed. 

Condition 3 includes both inequalities [Eqs. (32) and (33)]. In this 
case the negative-conductance region may be bounded by points of 
zero conductance on one end and infinite conductance on the other. 
This phenomenon has been observed by Dicke1 for 1-cm local oscillations. 

As a result of this analysis it can be concluded that the qualitative 
conditions necessary for negative i-f conductance are: 

1. Barrier capacitance must be variable with barrier voltage. The 
variation must be strong, so that Ci or C2 is large and Circle A 
or C has a large radius. 

2. The spreading resistance r must be small so that Circle B has a 
large radius. 

3. The constant term Co in the Fourier expansion of the barrier 
capacitance must not be large, since the separation of Circles A 
and C from Circle B increases with Co (see Fig. 13-4). 

Now it is an experimental fact that the barrier capacitance of North's 
welded-contact rectifiers is a strong function of barrier voltage, at least 
as strong a function as for normal germanium rectifiers. I t is also an 
experimental fact that the spreading resistance of the welded rectifier 
is abnormally small for a contact radius of 0.0002 in. The small size of 
the contact is helpful in reducing the magnitude of Co. Thus it appears 
that the welded-contact rectifiers meet the qualitative conditions for 
negative i-f conductance to a higher degree than normal crystals. 

Quantitative estimates of the values of r required to give negative 
i-f conductance have been made by Torrey.2 Equation (1) was used 
for /(e), and the values of g„ were then computed as a function of bias 
voltage by using values of the constants A and /3 appropriate to the welded 
rectifiers. The barrier capacitance was assumed to vary with barrier 

1 R. H. Dicke, private communication. 
2 H. C. Torrey, unpublished. 
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voltage according to Bethe's Eq. (4-18) corrected for values of voltage 
in the neighborhood of the contact potential difference. With Co = 0.2 
fi/if, Ci and Ct were computed. I t was found that negative i-f con
ductance of the type corresponding to the inequality of Eq. (32) could 
occur if the spreading resistance r is less than 10 ohms, and of the type 
corresponding to the inequality of Eq. (33) if r is less than 3 ohms. As 
noted above, the spreading resistance of the welded units usually falls 
in the range from 2 to 4 ohms and is therefore sufficiently low to satisfy 
the theoretical conditions for negative i-f conductance. 

Subsequent measurements1 of dependence of contact capacitance on 
voltage revealed that Bethe's formula, Eq. (4-18), does not hold well 
for the welded units. These results were obtained by comparison of 
microwave with audio-frequency low-level rectification efficiency; 
the equivalent circuit of Fig. 2-10 was assumed. This method was 
described in Sec. 11-2. It was found that the barrier capacitance was 
nearly constant with voltage for bias voltages less than 0.2 volts, but 
thereafter increased exponentially with voltage. It is expected that, if 
the calculated values of Ci and C2 are corrected in accordance with 
these results, the upper limit on r for negative i-f conductance will 
increase. 

Hahn1 has made some interesting experiments which throw light on 
the problem of negative i-f conductance. He constructed a low-fre
quency analogue of a crystal rectifier by using a vacuum-tube diode to 
simulate the nonlinear resistance of the barrier and a circuit employing a 
reactance tube to simulate the variable capacitance. The experimental 
circuit was designed to operate at an impedance level fifty times that of 
the crystal and at a frequency one twenty-thousandth of the microwave 
frequency (the latter about 10,000 Mc/sec). The circuit included 
reactive elements to simulate the whisker inductance and the capacitance 
to ground of the glass bead that supports the inner conductor of the 
rectifier. Hahn found that, when the variable capacitance circuit was 
disconnected, the "i-f conductance" of the equivalent rectifier could 
not be made negative although the other elements of the circuit were 
adjustable over wide ranges. When the capacitance was caused to vary 
with voltage in order to simulate (with appropriate scaling) the observed 
capacitance variation of the crystals, however, negative i-f conductance 
was definitely obtained. Hahn displayed the current-voltage charac
teristic of the equivalent rectifier on an oscilloscope and was able to 
duplicate in every way the corresponding curves of an actual welded 
rectifier (Fig. 13-1). He also found that the equivalent series spreading 
resistance had to be sufficiently small before negative i-f conductance 
appeared. 

1 H. Q. North, loc. cit 
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He discovered, too, that the value of the whisker inductance was 
fairly critical for negative i-f conductance. North1 later showed that 
an alteration in the shape of the whisker, and therefore of its inductance, 
affected the i-f conductance. For certain whisker geometries, negative 
i-f conductance could not be obtained although all other factors were 
unchanged. 

I t is reasonable to conclude from this work that the nonlinear capaci
tance of the barrier is the controlling factor in the appearance of negative 
i-f conductance, although other elements of the rectifier also have some 
influence. 

13-6. Applications.—Although it has been found that the welded-
contact rectifier of North, in its present form at least, cannot to advantage 
replace the conventional rectifier as a converter or video detector, it 
still has utility in other applications. 

I t has been found by D. Montgomery (see Sec. 5-16) that the welded 
rectifiers are excellent harmonic generators, being superior to conventional 
types (e.g., the 1N26) in the generation of second and third harmonics 
of 1.25-cm waves. Their superiority is especially marked as generators 
of the third harmonic. Later work by North2 confirmed this result. 
He also experimented with welded contacts of still smaller areas and 
found considerable improvement in the generation of 0.4-cm radiation 
from a fundamental of 1.20-cm wavelength. Beringer3 has constructed 
silicon rectifiers that are perhaps not greatly inferior to North's crystals 
in harmonic generation, but are mechanically and electrically unstable 
by virtue of their small contact areas. The much greater stability of 
the welded contact gives it a marked advantage. Some data in regard 
to harmonic generation by welded and conventional rectifiers are given 
in Sec. 5-16. 

Hennelly4 has constructed germanium high-inverse-voltage rectifiers 
with welded contacts. The technique used was similar in most respects 
to North's, but with the difference that, following the lead of the Purdue 
group, tin or nitrogen was used instead of antimony as a doping agent. 
Hennelly found that highest inverse voltages and largest inverse resist
ances occurred with germanium prepared by vacuum melts with no 
added donors. The forward currents obtained in this case, however, were 
low, only about 2 ma at 1 volt. The most satisfactory rectifiers were 
made with vacuum-melted germanium with 0.2 atomic per cent of tin 
added. In this case, inverse resistances of 0.5 megohms at —40 volts 

1 H. Q. North, loc. cit. 
2 H. Q. North, "A Comparison of Silicon and Germanium Crystals as Harmonic 

Generators of 4 mm and 6 mm Waves," GE Report, Jan. 15, 1946. 
3 Personal communication. 
4 H. Q. North el al., "Welded Germanium Crystals," GE Final Report, Contract 

OEMsr-262—Ordn. No. DIC 178554, Sept. 20, 1945. 
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and 0.25 megohms at —50 volts were obtained. The current at 1 volt 
forward was about 16 ma (at 25CC) in this case. Characteristic curves 
obtained for pure germanium melted in dry nitrogen exhibited proper
ties intermediate between those of vacuum melts with no added impurity 
and vacuum melts with 0.2 per cent tin added. The stability gained 
from welded contacts is of great value for the high-voltage type, as for 
other types of rectifiers, and further work along lines initiated by Hennelly 
is desirable. 

The accurate exponential law obeyed by the forward characteristics 
of antimony-doped welded germanium rectifiers is useful in circuit 
applications where a logarithmic or exponential response is desired. 
Kallman has utilized this principle in some d-c bridge circuits. In 
particular, he designed a double-bridge circuit for indicating the ratio 
of two direct voltages on a logarithmic scale. 

No use has yet been made of the amplifying properties of the welded 
rectifiers used as converters. I t is possible that a lightweight receiver— 
with no tubes, yet capable of detecting audio modulation of a weak 
microwave signal close to noise level—might be constructed by keeping 
these crystals on the verge of oscillation by a suitable feedback arrange
ment. Some work along these lines was started by Dicke, but incon
clusive results had been obtained when the war came to an end. 

North1 has found that welded rectifiers, used as frequency converters 
in the 3-cm band and biased outside of the negative i-f conductance 
characteristic, will operate with low loss (3 to 4 db) at reduced local-
oscillator drive. The noise output is then comparable to that from a 
conventional rectifier, and the over-all receiver noise figures obtained 
are excellent (below 6 db). 

1 Private communication. 
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THE RECIPROCITY THEOREM OF DICKE1 

I t will now be proved that the mixer-admittance matrix in the "low 
Q" form, Eq. (5-6), is symmetrical about the main diagonal, provided 
the following conditions are satisfied. 

1. The phase of the electric field strength is uniform over the rectifying 
barrier or barriers of the mixer. 

2. A time zero can be, and is, chosen such that the electric field 
strength at the barrier is an even function of time. 

3. The current-density components at the barrier depend only on the 
components of the electric field intensity (and not, for example, 
on their time derivatives). This restriction excludes the possibility 
of a nonlinear barrier capacitance. 

The theorem will be proved by establishing Relations (5-49) and 
(5-50). 

The black box of Fig. 5-3 is supposed enclosed in a region R bounded 
by a surface S intersecting the terminals which for convenience arc 
assumed to be coaxial. Since the voltage applied to the terminals is 
periodic in time, the field quantities in R may be expressed as a Fourier 
series in the time 

E(0 = V E„e'"" 
n = — oo 

H«) = V H>- ' > (1) 
n = — « 

J(0 = ; J-e"" 

From Maxwell's equations, it follows that 
curl H„ - jueE„ = J„, 
curl E„ + ja/jHr, = 0, 

where « and M, the permittivity and permeability, are functions of posi
tion, and E, H, and J are, respectively, the electric field strength, the 
magnetic field strength, and the electric current density. Let us con-

1 R, H. Dicke, "A Reciprocity Theorem and its Application to the Measurement 
of Gain of Microwave Crystal Mixers," RL Report No. 16-18, Apr. 13, 1943. 

417 



418 CRYSTAL RECTIFIERS 

sider variations of the field quantities obtained by varying the terminal 
voltages. 

Let do denote a change resulting from a variation of e0 holding «i 
constant, and let di denote a change resulting from a variation of ei 
holding e0 constant. Thus, 

doei =s 0, doe0 ^ 0, j 
dieo = 0, diei ^ 0. } {l) 

I t is assumed for the whole region except the barrier that 
J = <rE, (3) 

where the conductivity a is a function of position. At a rectifying barrier 
a tensor relation is assumed to exist between d j and rfE and the compo
nents of the tensor assumed to be functions of E. Thus, 

djw = V <r(A-,Z)(E)d£«>. (4) 
i 

The tensor will be assumed symmetric, hence 
*<*■'> = <T«k\ ( 5 ) 

The superscripts signify cartesian components. Making use of the 
vector identity, 

div A x B = B • curl A — A • curl B, 
we obtain 

div (doH„ X rfiE„ - d,H„ X d<>E„) = d0]n ■ dLE„ - rf J n • d„En (6) 
By Eq. (3), the expression on the right of Eq. (6) vanishes everywhere 
except at the rectifying barrier. 

Let us now apply Eq. (6) to the barrier by forming the following sum 
(to being a constant): 

I ev«w. div (doH„ x diE„ - dill* X doEn) 

e*""»(dBJn • d,E„ - d J „ • doE„). (7) 

Since 

and 

-I 
n 

— !L I " 
~5rJ x d<J» = o- / doJ(X)e-'~x dX, 

diE„ = ^ / " <*iE(0e-''~" <fc, 
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we have 

V «*«-«• d„J„ • diE„ = ^ / " / r" diEW • d J W V e>»»<2<̂ -<> d< dX. 

Using the relation 

08 

\ ei"- = 2*5 (a), 
n = — «o 

where 5(a) is the Dirac 6-function, 

6(a) = 0 a ^ 0 

/ 5(a) da = 1, 

we have 

+- +-
V e2"""„ dj„ • d,E„ = £i ] J " diE(0 • dJ(X)5(2/„ -\-t)dtd\ 

r+l 
/ " d1E(<)dJ(2fo - 0 d«, (8) 

(J W 

0) 
2̂ r 

where we have integrated over X holding t fixed. 
Substituting Eqs. (6) and (4) into Eq. (7), we find 

V ev~,t. div (d0H, x diEn - diH„ x doE„) 
n 

[do£('>(2<0 - t)diE»\t) - d1£(,)(2<0 - Odo£(t)(01 dt. (9) 

Now a new time variable /' is introduced, 

t = t' + to. 
Thus the right-hand side of Eq. (9) becomes 

) *»■«>(*, - t')[doEU(to - f)dJS*KU + O 

' W - d,S»>(«, - t')doEilKto + 

According to Condition 2 for the reciprocity theorem (see Sec. 5-5), 
there exists a time zero with respect to which dE is an even function of 

01 dt'. 
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time. Let to be this time zero. The preceding expression then vanishes 
identically; from Condition 1, this result holds over the whole barrier. 

The right-hand side of Eq. (9) now vanishes over the entire region R. 
Integrating Eq. (9) over R and converting to a surface integral over S 
by the divergence theorem we obtain 

\ e2/*u«0 / (d()Hn x rfiEn _ rfiHn x d ( ) E n) . d s = 0. 
n 

The field quantities vanish everywhere over the surface except at the 
terminals. At the d-c terminals the only term appearing is that for 
n = 0. At the r-f terminals the only terms appearing are for n = ± 1. 
The integration over the terminals is straightforward and, in terms of the 
terminal voltages and currents, 

2(d0iodie0 — diiodoe<,) + Re [e2,"'»(d0iirfiei — dii'Aei)] = 0. 

From Eq. (2), 
die0 = d0ei = 0; 

hence, 
2d1i0d0e0 = Re (e2>"<°doiid1ei). (10) 

The relations between the variations of the terminal currents and 
voltages are given by Eq. (5-15). Substituting Eq. (5-24) into Eq. 
(5-15), we find 

dio = gmideo + iyeadei + i2/|„def | . 

dii = 2yafdeo + yaadd + yaydc^. J 

Substituting Eq. (11) into Eq. (10) we obtain 

Re [(2/,s« - 2/„3e2'"'°)diei] = o. 

Since the phase of diei is arbitrary, we have 

yta = y^e2i"", (12) 

which is the first of the reciprocity relations, Eq. (5-49). 
If, instead of defining di and d0 by Eq. (2), we define them instead by 

dii0 = doii = 0, 
diii T± 0, doio 9* 0, 

and follow a similar procedure, we obtain 

yty = yayei!'"1', (13) 

which is the second of the reciprocity relations, Eq. (5-50). 
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SKIN EFFECT AT A METAL-SEMICONDUCTOR CONTACT1 

The skin depth S in a conductor of dimensions large compared with S 
is given by 

where / is the frequency and M and <r are, respectively, the permeability 
and conductivity of the conducting material. 

For tungsten we may take M = Mo and a = 1.8 X 106 mho cm - 1 . In 
this case we have, for 

/ = 3 X 109 cps, i = 2.2 X 10-" cm; 
/ = 1 X 1010 cps, & = 1.2 X 10"4 cm; 
/ = 2.4 X 1010 cps, 8 = 0.65 X 10"4 cm. 

In the case of silicon and germanium as used in rectifiers, the con
ductivity is less than that of tungsten by a factor of 10 - 3 or 10~4 and the 
skin depth is thus greater by a factor of 30 to 100. Now the radius of 
the rectifying contact varies from 10~3 cm to 2 X 10~4 cm. There is 
thus in general an appreciable skin affect in the cat whisker and prac
tically none in the semiconductor. The above estimations do not apply, 
however, to the immediate neighborhood of the semiconductor-metal 
contact. To find the spatial distribution of current at the contact we 
must solve a boundary-value problem, taking into account the dis
continuity in conductivity. In this way it can be determined whether 
the redistribution of current-flow lines from a decided skin effect in the 
whisker to a negligible effect in the semiconductor (1) takes place mostly 
in the metal; (2) takes place mostly in the semiconductor; or (3) is divided 
about equally between them. 

The solution of this problem is presented here. I t will appear that 
Alternative (1) is the correct one; the skin effect at the contact is therefore 
in general very small. 

As a simple model there will be considered two semi-infinite right-
circular cylinders, one of metal M, the other of semiconductor S having 
the same diameter and connected coaxially with a nonrectifying butt 
joint as shown in Fig. ( B l ) . Although this model is much simplified 
it will be shown that the conclusions drawn from it apply to the more 
general case. 

1H. C. Torrey, "Colloquium on Crystal Rectifiers, "Vacuum Tube Development 
Committee Offices, New York, N. Y., June 17, 1944. 
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The subscripts 1 and 2 denote quantities in the metal and semicon
ductor, respectively. Then1 at z « — » , 

; __ h {VjPi P) ; /ON 

where 
ii = current density at radial distance p from the axis, 

P, = 2 W J , (3) 
ioi = current density at the surface (p = a). 
A similar result with subscript 2 instead of 1 holds in the semi

conductor at z « + °°. Then Eq. (2), with appropriate subscripts, 

(1) Metal (2) Semiconductor 

IL, 
-" Z*-oo Z - 0 Z= + co—"■ 

Fia. B-l.—Semi-infinite cylinders of metal and semiconductor in contact. 

will serve as the boundary condition on i at distances remote from the 
contact. 

The current density satisfies the differential equation, 

V X V X i = -jPi, (4) 

and the continuity equation, 

V • i = 0. (5) 

Introducing the radial and axial components of i by 

i = tjc + i,go, (6) 
where k and po are the unit axial and radial vectors, we obtain from 
Eqs. (4) and (5) the differential equations, 

gr + i S + g-jH-Oi m 

B+JS+S-O"-^)*-0- <8) 
1 See, for example, William R. Smythe, Static and Dynamic Electricity, McGraw-

Hill, New York, 1939, Sec. 11-03. 
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These equations are to be solved subject to the boundary conditions, 

(a) 

(b) 

for i,; 

at z = ± °°, 

at a = 0, 
at p = 0, 
for i„; 
at z = ± °°, 
at p = 0 or a, 

_Io(V]PP)i. 

(«'.)i = (».)«; 
i» is finite; 

*', = 0; 
ip = 0; 

(9) 

(10) 
(11) 

(12) 
(13) 

C4).-G) *'2-0' (JJ , -^ , ' <14) 

The last condition ensures the continuity of the tangential component 
of the electric field vector across the contact. 

By standard methods we find a general solution of Eq. (8) which 
satisfies Conditions (12) and (13): 
In metal: 

BlnJA— Je •' ; (15) 

In semiconductor: 

I "A'?) 
n 

where xn(n = 1, 2, ■ ■ ■ ) are the roots of 

Ji(x) = 0, (17) 

and Ji(x) is the usual Bessel function (its subscript is not to be confused 
with subscripts used to distinguish metal from semiconductor). 

To satisfy Eq. (14) we must have 

^ = ***■ (18) 

The corresponding solutions for i, are now found from Eqs. (7) and 
(5): 

».. = UP) + V - ixJa , B-> J° (** £ ) e + ^p,+^'"; d9) 
ZvV^ + S v ' 

iu = MP) - V -f^= Bm J* U R) «- V^+^r'-; (20) 
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where 

/0)) = M v g p ) . (21) 
Io(VjPa) 

As they stand, Eqs. (19) and (20) obviously satisfy Eq. (9). The 
only remaining boundary condition to be satisfied is Eq. (10). This 
condition, with Eq. (18), determines Bln and B2n. 

Putting (iz)i = (iz)2 at z = 0 in Eqs. (19) and (20), we get 

hip) - MP) = ̂  AnJo (xn £), (22) 

where 

Au=^i-rJl=% + -r^-~-\. (23) 
" , w / p , + ? V^+§ 

The coefficients A„ are now determined from Eq. (22) by use of the 
well-known orthonormal properties of the Bessel functions. The final 
result for Bn is 

Bi„ B2n 2 a2 — a\ 
0\ 0-2 XnJ0(x„) j32 + 01 

where 
to V j P ■ a l l ( V J P o) 
OPa2 + *»)/„ ( \ ^ P • a) ' 

and 

(24) 

(25) 

e = A p , , ,- (26) 

Expressions (24), (25), and (26) are now substituted in (20). Putting 
z = 0, and assuming <r2 « <ri we obtain for the axial component of current 
density at the contact, 

,y__iM 
-W/o(z„) V M + J P i a 2 ) ( 

/2(p) + iP^a? / . x ' (27) 
n = 1 

where t is the mean axial current density, 

i c • 1-Kpdp. ro- Jo 

In (27) the root x„ = 0 is excluded from the summation. 
Now the current density is entirely axial at p = 0 and p = a. To 

estimate the magnitude of the skin effect at the contact, two quantities 



APPENDIX B 425 

from Eq. (27), will be computed, viz., ■e(p-O) 

lc(p=a) 

2 

and the phase shift in 

ie from p = 0 to p = a. 
These two quantities give all the relevant information. The first 

gives the magnitude of the heating effect and the second bears on the 
question of the validity of one of Dicke's conditions for reciprocity. 

The magnitude of both effects will turn out to be small. There can 
then be used a fortiori arguments to show that the effects are even 
smaller for the case of an actual rectifier including the nonlinearity of the 
contact resistance and the different geometry. 

As an example we take, 

a = 1.1 X 10"3 cm 
/ = 3 X 109 cps 

<r2 = 50 mho/cm. 
We then find 

From Eq. (27), 

P2a2 = 1.46 X 10-
Pja2 = 53.1. 

ic = i ( l + 1.28 X lO"3 + J5.01 X 10-3) (p = a), 
ic = 1(1 - 0.959 X 10"3 - j'2.43 X 10"3) (p = 0). 

The phase shift over the contact is then 7.4 X 10 - 3 radian, or 0.42°. 
If A\i\2 is the difference in the square of the absolute value of the 

axial currents at p = 0 and p = a, we have 

^ j 2 = 2(1.28 + 0.96) X 10-3 

= 4.5 X 10-3. 

The heating effect is, therefore, less than one-half of one per cent. 
It is interesting to note that, although the skin effect is small at the 

contact, it is still much larger there than in the body of the semiconductor, 
where the differential heating is of the order 10 - 5 or 0.01 per cent. 

The effect at the frequency 3 X 109 cps has been computed for about 
the largest contact it is practicable to use at that frequency. The maxi
mum size of the contact at higher frequencies will be less. The conver
sion loss is roughly a function of fCr (as we saw in Sec. 4-5), where C 
is the barrier capacitance and r the spreading resistance. Now, C & a2 

and r °c 1/a, so the loss is a function of fa. The skin effect, however, 
depends on fa2. If we assume that fa (or loss) is kept constant by 
decreasing a as the frequency is increased, then fa2, and hence the skin 
effect, will be less at higher frequencies. 
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Furthermore, the skin effect for the actual geometry of a rectifier, 
in which the semiconductor is a semi-infinite cylinder of larger dimen
sions, will be less than for the geometry of the model assumed. Finally, 
the effect of the nonlinear resistance can only decrease the skin effect, 
since the effective conductivity will be less than that of the bulk 
semiconductor. 

It follows from this reasoning that the skin effect is entirely negligible 
for all point-contact rectifiers at any microwave frequency and the 
current flow at the contact may be treated with the d-c approximation. 
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SPREADING RESISTANCE OF AN ELLIPTICAL CONTACT 

The contact surface between metal and semiconductor is approxi
mated by an ellipse of semidiameters a, b (a » b) and rectangular axes 
chosen so that the x-y plane contains the contact surface, the long 
dimension of the contact being along the x-axis. Ellipsoidal coordinates 
i, f, 7) are now defined by 

where 6 stands for any one of the triplet (£, f, i\) and 

S S O ^ T J S - b 2 ^ f ^ ~a\ 

The confocal ellipsoids, £ = constant, are the equipotential surfaces 
of the problem, since for £ = 0, /({) = 1 degenerates into the elliptical 
contact. Laplace's equation for the potential V becomes 

as 
Thus, 

= A [' d* 
Jo V ( £ + a*)(l + b*ii 

(2) 

where A is an integration constant. 
According to Eq. (2), V = 0 at the whisker contact, and if V = V0 

(the applied potential) at £ = oo, 

Vj0 

d£ 
VzJo V ( « + a2)(? + b2)£ 

Thus Eq. (2) becomes 

(3) 
where 

->F? 
and 

K = sn"1 (l,fr) 
427 
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is the complete elliptic integral of the first kind with modulus k. Now 
if r is the radial distance from the center of the contact, as r becomes 
large, £ ~ r2 and 

The current is thus 
'-'•('-£} 

T O 2 d V 

I = 27rr2ff -r— dr 
= -JCVO> 

where a is the conductivity; and the resistance is 

* = *L- w 
This result is general. 

So far, the condition that a » 6 has not been used. In fact, if a = b, 
then K = ir/2 and R — l/4<ra, the well-known result for a circular 
contact of radius a. If a » 6, k ~ 1, and K = In (4a/b). Thus for 
a long, thin contact, 

In 4 ^ 
R = -5ST (5) 
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CRYSTAL-RECTIFIER TYPES AND SPECIFICATIONS 

The specifications on electrical performance of the various crystal 
types as of September 1945 are listed in Tables D-l, D-2, and D-3. The 
mechanical tests are summarized in Sec. 2-2. 

A summary of the JAN specifications1 for the mixer and video crystal 
types is given in Tables D-l and D-2 respectively. The tentative specifi
cations on the Western Electric high-inverse-voltage types were written 
jointly by the Bell Telephone Laboratories, Radiation Laboratory, and 
the NDRC group at Purdue University and have not yet been incorpo-

+ 0.005 
0.052 -

Silicon crystal 
in this end—-

i O 0 O 2 +0.000 
n?Q4 - 0 004 
" ■ ^ 0.250 

±0.003 
-0.196-

±0.020 
0.820 — 

10.015 
0.768 

0.005 max. rad. 5* 

-Base 

0.187 min. 
"O190 max. 

Tip 

5 
« 

0.010 max. rad, 
0.010 min. ■ 0.046 max. rad. 

o^io15 0.240 
max. 

FIG. D-l.—Mechanical design specifications for the ceramic cartridge. 

rated in the JAN specifications. The 1N34 rectifier was initiated by 
Sylvania Electric Products, Inc. and will probably soon be available from 
other manufacturers. 

Test methods and equipment that meet the requirements of the JAN 
specifications for testing mixer and video crystals are described in detail 
in Chaps. 9 and 11 respectively. Equipment for testing the high-inverse-
voltage types listed in Table D-3 was described in Chap. 12. 

The mechanical design specifications for the ceramic and coaxial 
cartridges are shown in Figs. D-l and D-2, respectively. 

Comments on the Specifications.—The wavelengths given in Column 2 
of Tables D-l and D-2 designate the approximate region for which the 
various types are adapted. Rectifiers passing the tests at a particular 

1 The quantities listed in Columns 4-13 are taken from the JAN specifications. 
No attempt has been made to include all of the details of these specifications. For 
complete detailed information the reader is referred to the joint Army-Navy Specifica-
into JAN-1A for Electron Tubes. 

429 
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radio frequency will in general be as good in conversion loss at lower 
frequencies. The converse may not, however, be true. The types 
designed for higher radio frequency usually are adjusted for smaller 
contact area to achieve a smaller barrier shunting capacitance. This at 
the same time makes for lower burnout. The specifications, moreover, 
which call for specified r-f and i-f matching conditions in the test equip
ment, tend to insure uniformity in r-f and i-f rectifier impedances. These 
considerations make it advisable to use the various types only for the 
frequency band for which they were tested. 

The various mixer types within each band are, with one exception, 
interchangeable as far as impedance-matching properties are concerned. 

Alternate shape permissable for end of pin 
0.012 radius h 

D-2.- -Mechanical deaign specifications for the coaxial cartridge. 
cartridge may be omitted if desired. 

The crimp in the 

They differ only in sensitivity and burnout. The one exception is type 
1N28, which differs from the 1N21 types in r-f and i-f impedance. The 
distribution in i-f impedance centers around 250 ohms, compared with 
400 ohms for the 1N21 types. The r-f tuning of the test mixer is in each 
case standardized at the center of the r-f impedance spread of representa
tive samples from the various manufacturers. 

Each unit is subjected to the burnout proof test and a small specified 
representative fraction of the total production to the burnout design 
test. 

The types for which the burnout test value is listed in ergs are tested 
by subjecting the rectifier to a single video pulse of short duration com
pared with the thermal relaxation time of the rectifier contact. The 
value listed in the table is the amount of energy dissipated in the crystal. 

The types for which the burnout test value is listed in watts are tested 
by subjecting the crystal to a number of video pulses of l-/isec duration, 
a time long compared with the thermal relaxation time of the crystal. 



TABLE D-l .—MIXER TYPES 

Type 
No. 

1N21 
1N21A 

1N21B 

1N21C 

1N23 

1N23A 

1N23B 

1N25 
1N25 
1N26 

1N28 

Band 
\ , cm 

9-11 
9-11 

9-11 

9-11 

3-5 

3-5 

3-5 

25-30 

1-1.5 

9-11 

Description 

obsolete 
medium sensitivity 

low burnout 
high sensitivity me

dium burnout 
most sensitive me
dium burnout 

low sensitivity low 
burnout 

medium sensitivity 
medium burnout 

high sensitivity low 
burnout 

high burnout 

medium sensitivity 
low burnout 

medium sensitivity 
high burnout 

P, 
mw 

0.5 
0.5 

0.5 

0.5 

1.0 

1.0 

1.0 

1.25 
0.9 
1.0 

0.4 

Max 
L,db 

8.5 
7.5 

6.5 

5.5 

10.0 

8.0 

6.5 

8.0 

8.5 

7.0 

Max 
i 

4 
3 

2 

1.5 

3 

2.7 

2.7 

2.5 

2.5 
2.0 

Br 

0.3 erg 

2.0 erg 

2.0 erg 

0.3 erg 

1.0 erg 

0.3 erg 

6.5 watt 
0.1 erg 

5.0 erg 

Zi-j, 
ohms 

100-400 
300-600 

Zm, 
ohms 

400 

400 

400 

400 

400 

200 
500 

RL, 
ohms ohms 

Min 
/ 

/■ 
Mc/sec 

75-100 

100 

100 

100 

100 

100 

100 
100 

300 

400 

400 

300 

300 

300 

200 
300 

0.4 
0.4 

0.4 

0.4 

0.4 

3060 
3060 

3060 

3060 

9375 

9375 

9375 

1000 
24000 
9375 
3060 

Key to symbols: 
P R-f power level, using the modulation test method 
L Conversion loss 
t Noise temperature 
B Specification value for burnout proof test 
Zi-f Resistance a t audio frequency seen at the i-f terminals of the mixer 
Zm Load impedance presented to the i-f terminals of the mixer at the modulation frequency 
RL D - C load resistance 
R« Input impedance of the i-f amplifier used in the noise measurements as seen at the terminals of the crystal holder 
/ Radio frequency used for testing 

The intermediate frequency for the noise measurement is in all cases 30 Mc/sec. 
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The value listed in the table is the maximum available power in the 
pulse. The test for the 1N25 unit specifies a minimum of 50 pulses. A 
group burnout test at 26 watts pulse power, not listed in Table D-1, is 
also specified for the 1N25 unit. The 1N31 and 1N32 types call for a 
1-min exposure to video pulses at a minimum pulse-repetition frequency 
of 800 pps. 

TABLE D-2.—VIDEO CRYSTAL. TYPES 

Type 
No. 

1N27 

1N30 
1N31 

1N32 

Band 
X, cm 

9-11 

3-5 
3-5 

9-11 

Description 

for pulse discriminat
ing receivers 

ceramic cartridge 
coaxial cartridge im

proved stabil i ty 
high sensitivity 

Min 
M 

GO 

55 
55 

100 

R*, 
ohms 

1200 

1200 
1200 

1200 

Max 
P, ew 

5 

5 
5 

5 

R„ 
kilohms 

4 (max) 

7-21 
6-23 

5-20 

Max 
E, mv 

1 

5 
5 

5 

Bt, 
w 

0.02 

0.36 

Br, 
ergs 

0 .3 

/, 
Mc/sec 

3295 

9375 
9375 

3295 

Key to symbols: 
M Figure of merit 
Ra Fictitious series resistance in grid circuit of input tube, whose noise contribution is equivalent 

to the amplifier noise; used to calculate M. 
P R-f power level at which measurement is made 
RB Video resistance (equivalent to the d-c resistance in the forward direction at low level) 
E D-c voltage used for d-c resistance measurement 
Ba Specification value for burnout design test 
BP Specification value for burnout proof teat 
/ Radio frequency used for testing. 



TABLE D-3.—HIGH-INVERSE-VOLTAGE RECTIFIERS 
(Manufacturer's tentative specifications) 

Type No. 

W.E. 
D171561 

W.E. 
D171612 

W.E. 
D172925 

RMA No. 
IN34 

Descrip
tion 

Second 
detector 

D-c 
restorer 

D-c 
restorer 

Crystal 
diode 

Input 
frequency 

for test 

30 Mc/sec 

30 Mc/sec 

30 Mc/sec 

60 cps 

Rectification in test circuit 

Low-level test 

Input, 
volts 
(peak) 

0.5 

0.5 

0.5 

Mini
mum 

output, 
mv d-c 

15 

15 

15 

Input, v rms 
301 

High-level test 

Input, 
volts 

(peak) 

24.7 

Mini
mum 

output, 
v d-c 

5 

Output, v d-c 
10f 

Detection of 60-cps 
modulation at 

high level 

Modula
tion on 
input, 
volts 

(peak) at 
60 cps 

0.92* 

Mini
mum 

output, 
volts at 
60 cps 

0.10 

Mini
mum 
peak 
back 

voltage, 
v d-c 

50 

50 

50 

Imped
ance 
at 30 

Mc/sec, 
ohms 

2000 

2000 

D-c 
resistance, 
megohms 

0.1 
(at - 1 v) 

0.06 
(at - 5 0 v) 

0.25 
(at - 5 v) 

0.025 
(at - 5 0 v) 

0.2 
(at - 1 0 v) 

Mini
mum 

current 
at +1 

volt, ma 

5 

5 

* This voltage is the modulation of the 24.7-volt (peak) 30-Mc/aec carrier. 
t Tested with 500-ohm load resistance; no condenser. 
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Acceptance testing, 128 
Acceptors, 47 
Addition agents, 67, 306-308, 364 

(See also particular addition agent) 
Admittance matrix, 114-118 

in terms of measurable parameters, 
119-124 

Admittance matrix elements of welded-
contact rectifiers, 407 

Aluminum, as addition agent, 67 
American Lava Corporation, 323 
Amplitude-modulation method of loss 

measurement, 215-218 
Angello, S. J., 307, 315, 321 
Antimony, as addition agent, 67 
Apker, L., 126, 166, 174, 175, 407 
Artificial barrier, 75 
Attenuator, micrometer, 275 

vane-type, 285 

B 

Back current, at one volt, germanium 
rectifier, 374 

at 30 volts, germanium rectifier, 374 
Back-to-front ratio, 297 
Back voltage, peak (see Peak inverse 

voltage) 
Bakker, C. J., 182 
Band theory, 45-48 
Barrier capacitance, 24 

variable, effect of, 163-167 
variation of, with bias, 77 

Barrier layer, capacitance of, 75-77 
formation and structure of, 70-77 

Barrier-layer rectification (see Rectifica
tion, barrier-layer) 

Becker, J. A., 317 

Bell, P. R., 394 
Bell Telephone Laboratories, 9, 22, 26, 

34, 128, 207, 256, 276, 304, 306, 307, 
311, 313, 314, 318, 321, 325, 326, 
362-365, 367-375, 378, 382, 387, 
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392, 394-396 
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340, 344, 345, 349, 353, 354, 403, 
405, 406, 415 

Bernamont, J., 193 
Beryllium, as addition agent, 67 
Bethe, H. A., 48, 65, 72-73, 82, 85, 93, 98, 

414 
Bias (see D-c bias) 
Boron, as addition agent, 67 

for use as crystal rectifiers, 7 
Boyarsky, L., 364, 370, 372, 377, 381, 384, 

387, 388 
British red-dot crystal, 8, 91, 99 
British-Thomson-Houston Company, 317 
Broadband case, 128 
Bulk resistance, 83 
Bulk resistivity measurement, 304 
Burnout, 236-263 

affected by design, 329 
caused by harmonic leakage, 238 
causes of, 236 
by continuous d-c power, 256-258 
definition of, 236 
edge, 253 
by long pulses, theory of, 241-248 
by short d-c pulses, 258-260 
by short pulses, theory of, 248-256 
temperature at, 257 

Burnout experiments, 256-263 
Burnout limitations of standard crystal 

units, 260 
Burnout test, using coaxial line, 293 
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Burnout testing, 239, 293-300 
with microsecond d-c pulses, 296 

Burnout theory, 239-256 

C 

Capacitance, of barrier (see Barrier 
capacitance) 

Cartridge, assembly and adjustment of, 
323-328 

crystal, present, 15-20 
crystal rectifier, 16 
description of, 15-18 
germanium rectifier, adjustment of, 

369-372 
assembly of, 369-372 

standard-impedance, 270 
(See also Ceramic; Coaxial; Pig

tail; Resistor; etc.) 
Cartridge parts, crystal, 322 
Cat whisker (see Whisker, cat) 
Ceramic cartridge, 16, 17, 323-326 
Characteristic, d-c, 82-90 

of typical germanium rectifier, effect 
of temperature on, 375 

voltage-current, 20-23 
Christensen, C. J., 193 
Coaxial cartridge, 17, 326-328 
Colonial Alloys Company, 316 
Conductivity, electrical, 53-61 
Contact, long thin, 247 
Contact capacitance with voltage, varia

bility of, 398 
Contact geometry, ideal, from point of 

view of burnout by short pulses, 254 
Contact potential, 51-53 

distributed, 183 
uniform, 182 

Contact temperature, as a function of 
time, 248-254 

Conversion, frequency, 4, 111-178 
phenomenological theory of, 119-152 
physical theory of, 152-170 
with subharmonic local oscillator, 114, 

170-173 
Conversion amplification, 398 

theory of, 406-415 
Conversion loss, 25 

affected by design, 329 
in broadband case, 130-135 
effect of parasitic impedances on, 157-

163 

Conversion loss, as function of image-
impedance, 202 

as function of image tuning, 212 
as function of r-f tuning, 232-235 
general definition of, 128 
general expression for, 136-140 
image termination on, effect of, 140-

148 
measurement of, 231 
of network, 26 
production testing methods of, 213-

218 
range of, in production units, 32 
special definitions of, 128 
of welded-contact rectifier, measure

ment of, 403-406 
Conversion loss L0, mixer matched to 

local oscillator, 133 
Conversion loss measurements, method 

of, 198-218, 227-235 
Conversion-loss test set, for 1-cm band, 

276-280 
calibration of, 280 

for 3-cm band, 265-272 
adjustment of, 271 
calibration of, 271 

for 10-cm band, 272-276 
Conversion-loss test sets, standard, 264-

283 
Conwell, E., 58 
Cornell University, 87 
Coupling circuit, 286 

narrow-band, 225 
Roberts, 223-225 

Coupling-circuit tuning, 286 
Courant, E., 87 
Crystal, as microwave noise generator, 

195-197 
as noise generator, 229 
standard, 201 

calibration of, 272 
Crystal cartridge (see Cartridge; type of 

cartridge) 
Crystal checker, d-c, 297 

limitations of, 298 
reliability of, 300 

Crystal holder, 267 
fixed-tuned, for video-crystal testing, 

351 
tunable, for video-crystal testing, 351 
variable-tune, for video-crystal testing 

in 3-cm band 353 
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Crystal holder, waveguide, 278 
Crystal-output circuit, 269 
Crystal properties, effect on, of phase of 

reflected wave at image frequency, 
233 

Crystal rectifier (see Rectifier, erj'stal) 
Current sensitivity, 335-340, 342 

equipment for measurement of, 349-
357 

methods of measurement of, 349-357 

D 

D-c bias, effect of, on figure of merit of 
video crystal, 347 

on low level properties, 340-342 
on noise temperature of germanium 

rectifiers, 35 
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Foreword 

THE tremendous research and development effort that went into the 
development of radar and related techniques during World War II 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. Because this 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super
vision of the National Defense Research Committee, undertook the great 
task of preparing these volumes. The work described herein, however, is 
the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 
and other Dominions. 

The Radiation Laboratory, once its proposals were approved and 
finances provided by the Office of Scientific Research and Development, 
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 
project. An editorial staff was then selected of those best qualified for 
this type of task. Finally the authors for the various volumes or chapters 
or sections were chosen from among those experts who were intimately 
familiar with the various fields, and who were able and willing to write 
the summaries of them. This entire staff agreed to remain at work at 
MIT for six months or more after the work of the Radiation Laboratory 
was complete. These volumes stand as a monument to this group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of other scientists, engineers, and others who actually carried 
on the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and they 
worked so closely together even though often in widely separated labora
tories that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote reports 
or articles have even been mentioned. But to all those who contributed 
in any way to this great cooperative development enterprise, both in this 
country and in England, these volumes are dedicated. 

L. A. DUBEIDGE. 

/ 
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Preface 

THIS volume describes the design of the various microwave circuits 
that have been used as mixers in the microwave region at the Radi

ation Laboratory. The mixers convert the microwave signal into a 
signal at a lower frequency, where conventional lumped-constant circuits 
and multiple-element vacuum tubes are used. For information con
cerning the design of a complete microwave superheterodyne receiver, 
of which the mixer is a part, Vol. 23 of this series is recommended. Low-
frequency amplifiers of many types, for use following the mixer, are 
described in Vol. 18. A complete treatment of crystal rectifiers, which 
are the hearts of the mixers described in the present volume, is given in 
Vol. 15, Duplexing circuits often required in pulse radar, and the tubes 
used in them are described in Vol. 14. Low-level oscillators, which are 
used as local oscillators for the mixers, are treated in Vols. 7 and 11. 
Because the frequency of the local oscillator determines the sensitive 
frequency of the mixer, automatic frequency control has been considered 
to be closely related to the mixer; for this reason, the chapter on this 
subject by Eric Durand has been included in this volume. 
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CHAPTER 1 

INTRODUCTION 

The term "receiver" is customarily applied to an entire device which, 
when connected to a source of radio-wave energy, converts the informa
tion conveyed by the radio wave into a form in which it is directly 
usable. By this understanding, a conventional radio broadcast receiver 
includes everything from the antenna to the loudspeaker. In a television 
receiver, the information is presented on a cathode-ray tube; in facsimile 
transmission, the receiver supplies energizing voltages to a suitable 
reproducing device. It is conventional to discuss the design of such a 
receiver as a completely unified system, because similar techniques and 
components are used throughout the receiver. 

The problem of design of receivers for microwaves, however, falls more 
naturally into two subdivisions: first, the design of components involving 
microwave techniques, and, second, the design of those involving more 
conventional, low-frequency techniques. Because these two categories 
of components are so widely different in nature, it has been thought 
advisable to treat these two aspects of microwave receiver design in 
separate volumes of this series, with the present volume restricted in 
scope to those components that involve microwave techniques. Volume 
23 of this series covers the details of assembly of the microwave and low-
frequency components into a complete receiver unit for use in specific 
microwave radio systems. In addition, the details of amplifier design 
are covered in Vol. 18 of this series. The scope of the present volume will 
include a discussion of those components of a microwave receiver which 
involve microwave energy. 

If a transmission system from a receiving antenna is connected to the 
input terminals of an assembly of these microwave components, energy 
in a form to be treated with lower-frequency techniques is derived from 
the output terminals. There are many different ways in which such an 
assembly of components can be made, the choice being dependent upon 
the particular requirements that the receiver must satisfy. Since the 
experience upon which this volume is based is largely with receivers 
specifically designed for radar, by the Radiation Laboratory in conjunc
tion with outside companies, the emphasis will be rather heavily weighted 
toward the design of microwave components for this service. It is 
hoped, however, that the information will be found of value to those 
interested in the design of microwave receivers for other applications. 

1 
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1-1. Definition of Terms.—Before proceeding with a discussion of the 
properties of microwave receivers, it will be well to make specific state
ments as to the meaning of certain terms that will be used frequently in 
the following sections. Most of these terms are in common usage in 
radio practice, but they will be defined more generally here, in some 
cases, to make their application to microwave devices apparent. In 
other cases, a confusion exists in the meaning of terms, and their usage 
in the following sections will be clarified by these definitions, 

The conventional meaning of the term receiver has already been dis
cussed and this meaning will be used throughout the present volume. 
The classification may be begun by analogy to low-frequency techniques, 
and by the definition of those terms which have relevance to the present 
work. A conventional radio receiver usually begins with a radio-fre
quency amplifier. This term, abbreviated "r-f amplifier," will be used to 
denote a device that reproduces at its output terminals a signal having 
the same frequency and modulation components as those impressed 
upon its input terminals, but at a higher power level. The r-f amplifier 
must be operative directly for signals at the frequency of the received 
wave, which means, for the present discussion, that it must be a micro
wave device. 

I t will frequently be necessary to use the concept of "bandwidth" in 
the following sections. In a qualitative sense, this term will be used to 
mean the extent of the range of frequencies within which the particular 
device in question has a relatively uniform amplitude-response character
istic. The exact amount by which the amplitude response may vary 
within this band will be defined in a manner which depends upon the 
device in question. An exact definition of ' ' noise bandwidth " will be given 
in a later section of this chapter dealing with figures of merit for receivers. 

By the "tuning range" of a component will be meant the extent of the 
range of frequencies to which the component can be adjusted with uniform 
response. The question of tolerances arises in this connection and the 
specification of tolerances will be discussed when particular devices are 
described. If a component is tuned to a frequency within its tuning 
range, the magnitude of its response and its bandwidth should be sub
stantially independent of that tuning. 

Any microwave circuit which, unless it is retuned, restricts the tuning 
range of the receiver to a range less than that of most microwave circuits 
will be considered as a preselecting circuit. A tuned r-f amplifier would 
thus be a preselector—a concept which is in agreement with common 
usage at low frequencies. Also under this definition would be included 
any selective filter in the microwave section of the receiver which must be 
tuned as a part of the tuning procedure for changing the frequency setting 
of the receiver. 
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In conventional radio practice, the superheterodyne receiver is the 
most widely used and most flexible type of receiver. A fundamental 
group of components used in a receiver of this type is the group making 
up the frequency converter, often called simply the "converter." This 
group of circuits can be denned as one that has the property of giving, 
at its output terminals, a signal containing the same phase and amplitude 
relationships among its components as those found in the signal impressed 
upon its input terminals, but having a center frequency differing from 
that of the input signal. As usually employed in a superheterodyne 
receiver, the converter changes the frequency of signals from the radio 
frequency derived from the antenna into a lower, or intermediate, 
frequency. In some applications, however, it is desirable to use a con
verter that increases the signal frequency. The bandwidth of a converter 
specifies the range of frequencies at the input terminals which Avill be 
converted into the same range at a different center frequency at the 
output terminals. 

The most common converter is one that combines a wave from a local 
oscillator with the signal wave in a "mixer" circuit. Because the com
ponent derived from the mixer is usually the difference, or beat, frequency 
between the signal and the local oscillator, an oscillator so used is often 
called a beating oscillator. In low-frequency practice, a tube containing 
elements that, when associated with the proper circuits, can be used as a 
mixer, as well as elements that can be used to form the beating oscillator, 
is termed a converter tube. A tube that does not contain elements to 
form a beating oscillator, but that does contain separate elements for 
the injection of signal voltages and for the injection of local-oscillator 
voltage, is called a mixer tube. Often, the two sets of voltages are 
injected on a single element after their superposition has occurred in a 
common circuit. The tube may then be considered as a detector, and 
for this reason the term "first detector" is often applied to this part of a 
superheterodyne receiver. 

A "detector" will be defined, therefore, as a device that produces in its 
output circuit a voltage that has a-c components derived from amplitude-
modulation components of the wave, or superposition of waves, at its 
input terminals. In addition, there is a d-c component of the voltage at 
its output terminals which depends upon the averaged amplitude of the 
superposed waves at the input terminals. When a detector of this sort 
is used as a part of a mixer, only the a-c components in the desired 
frequency range are utilized. Since a detector usually consists of a 
device in which the currents induced are not linearly related to the 
exciting voltages, components of many other frequencies are also gener
ated, but these are not utilized. It is for this reason, however, that the 
element that functions as a detector can also be used as a harmonic 
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generator, since both functions are the result of its nonlinearity. A 
detector is used directly as a receiving element in nonsuperheterodyne 
receivers in which the incoming wave is converted directly from a micro
wave signal to a voltage containing only the modulation components. 

1-2. Effect of Type of Signal on Receiver Design.—The great majority 
of receivers for microwaves in present use are designed for the reception of 
signals consisting of pulses of short time duration. In applications such 

as pulse radar, the pulses are usually 
not longer than a few microseconds 
(10 -6 second) and in some cases are 
as short as one-tenth microsecond. 
An understanding of the factors that 
enter into the design of receivers for 
short pulses may be gained from the 
consideration of a single pulse of micro
wave energy, as shown in Fig. 1-1. 

If the amplitude of the pulse is 
taken as unity and its time duration 
as T, the pulse amplitude can be de
scribed as a time function which is 
zero for \t\ > T/2 and is equal to 
cos(uot + <t>) for \t\ < T/2, where wo is 
2T times the frequency of a continuous-
wave signal that has been turned on 

The term 4> is an arbitrary phase factor 
o), for such a function 

r-

i 
T 

ill 
Tfir 

FIG. 1-1.—Graphical representation of a 
rectangular r-f pulse. 

at t = -T/2 and off at t = T /2 . 
included for generality. The Fourier transform, 3(0 
is given by 

SM = 
1 

\ / 2 * £ cos (uoz + </>)e-1'"1 dx. (1) 

The limits of integration are —r/2 and + T / 2 because the time function 
is zero everywhere outside this range. The result of Derforming the 
integration is 

ff(o>) 
1 

V2x 
sin (a er'* sin (&> + OJ0)F 

+ U + Old (2) 

which shows that the postulated pulse or wave train contains frequency 
components extending infinitely far in both directions from ai0/2ir. If 
the carrier frequency, u^/2v, is large compared with 1/V, the second term 
in Eq. (2) is negligible, and the frequency components have amplitudes as 
shown in Fig. 1-2. 
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Fry. 1-2.- -Kourier frequency transform of ;i 
rectangular r-f pulse. 

The response of a receiver to a pulse of this sort obviously depends upon 
the bandwidth of the receiver. A detailed discussion of this dependence 
is outside the scope of this volume. Suffice it to say that, usually, the 
optimum bandwidth is approximately the width of the principal maxi
mum of the frequency spectrum. 
The best width and shape for the 
bandpass characteristic of the re
ceiver depend primarily upon the 
degree of fidelity with which the 
pulse must pass through the re
ceiver and the sensitivity require
ments that must be met. In any 
case, most of the energy in the pulse 
is contained in the principal maximum. In order to receive most of the 
energy carried in pulses from 0.1 to 1.0 pisec in duration, the receiver 
bandwidths required are 20 to 2 Mc/sec. 

The effect of this requirement on the design of the microwave com
ponents must now be considered. Because the carrier frequencies 
concerned are usually from 3000 Mc/sec upward, it is apparent that a 
microwave component must have a loaded Q of 100 to 1000, for the 
bandwidths stated, before it begins to affect the receiver bandwidth. 
Circuits as sharply resonant as this are rarely encountered, and the band
width requirement for the microwave components is therefore seldom 
difficult to meet. On the other hand, it is relatively simple to achieve 
resonant circuits that are sufficiently sharp to obtain a certain degree 
of preselection, if desired. The bandwidth requirement affects the 
microwave receiver because it is so small rather than because it is large. 
For a bandwidth of 2 Mc/sec, the receiver must remain stable in fre
quency to 2 Mc/sec in at least 3000—and perhaps as many as 30.000— 
Mc/sec. Thus a frequency stability of 1 part in 15,000 may be required. 
This would correspond to maintaining an ordinary broadcast receiver 
to within 50 cps at a receiving frequency of 750 ke sec. which requires 
some care. For this reason, automatic, frequency control has become A 
standard part of almost all microwave receivers, and thus provision for 
it is an important factor in the design of microwave components. 

In receivers for radar service, the automatic frequency control is so 
arranged that the receiver is maintained at the local transmitting; fre
quency, although this frequency may vary. Hence, in the following 
chapters, great emphasis will be placed on the various methods by which 
automatic frequency control of this kind can be achieved. There will 
also be a discussion of the various techniques that have been devised for 
absolute frequency control for receiver bandwidths of this order. An 
exception to the policy of excluding the discussions of low-frequencv 
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circuits from this volume is made in the case of automatic frequency 
control. The low-frequency circuits used as a part of the frequency-
control schemes are discussed in Chap. 7. The reason for including 
this discussion is that frequency control and stability are fundamentally 
connected with microwave oscillators and for that reason may be con
sidered a part of a microwave component. 

If microwave frequencies are ever to be used for transmission and 
reception of ordinary audio-frequency signals, and, therefore, conven
tional audio-frequency receiver bandwidths are desired, the frequency-
stability problem will become of prime importance. I t may then be 
necessary to maintain a receiver at an absolute frequency within 1 part 
in 106 or more. For this service, an entirely different approach to fre
quency control is required, and a certain amount of work in this direction 
has been done. Circuits developed for such purposes are fully discussed 
in Vol. 11 of this series because their major application, so far, has been 
in special laboratory equipment. 

Because most of the receiver components discussed in this volume were 
designed to operate in pulse radar, the effect of a "duplexing system" 
on their design will be prominent. A duplexing system includes those 
parts of a radar set which make possible the use of a common antenna for 
transmission of large signals and reception of weak signals at different 
times. Such a system makes use of the fact that the amounts of trans
mitted and received power are of very different orders of magnitude, to 
facilitate the flow of transmitted power to the antenna and not into the 
receiver, and the flow of received power into the receiver circuit. Because 
these duplexing components are of very great importance in the design of 
modern radar, and because an exposition of the problems and design of 
the many types that have been developed is a large task in itself, only a 
rudimentary discussion of their functions and general nature will be 
given here. For a complete discussion of this subject the reader is 
referred to Vol. 14 of this series where it is treated in detail. Because 
duplexing systems have had so great an influence upon the design of the 
microwave receiving components, however, it will be necessary to give a 
qualitative description of some of the more important types. 

1-3. Qualitative Discussion of Duplexing Components.—As stated in 
the previous section, the duplexer components form a unit that makes 
possible the use of a common antenna for transmission and reception. 
In pulse radar this is done by making use of the fact that transmission 
and reception are accomplished at different times and at different power 
levels. The great majority of the receiving components to be described 
have been designed to work with duplexers of this kind, but it might be 
well to digress for a moment to add a few words about the more general 
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class of duplexers with which transmission and reception may be accom
plished simultaneously. 

It is not the task of the present volume to discuss the desirability of 
common transmitting and receiving antennas, for this is certainly a 
question that must be decided for a particular system. At microwave 
frequencies, small but highly directive scanning antennas are usually 
employed and the exact alignment of two such antennas is not easy to 
maintain. In addition, the usual desire is for maximum directivity 
compatible with the available space, and, therefore, a single large antenna 
is more desirable than two antennas of half the area each. The further 
fact that this single antenna has twice the gain of the two smaller ones for 
both transmitting and receiving, makes the use of a duplexer, even with 
the loss of some transmitted and received power, definitely advantageous. 

A box representing a generalized duplexer is shown in Fig. 1-3. The 
box has three pairs of terminals. One of these pairs is to be connected 
to the antenna, one to the receiver, and one to the transmitter. For 
the best duplexing action the product of the available transmitted power 
sent to the antenna and the available received signal power delivered to 
the receiver should be as large as possible 
and none of the transmitter power should Recejver f \ \ Transmitter 
be coupled into the receiver. I t can be 
shown that if the duplexer contains only 
linear circuit elements and if the received 
and transmitted frequencies are identical, Antenna 
t h e m a x i m u m va lue th i s p roduc t Can h a v e F l ° - 1'3.-Generalized representa-

. tion of a duplexer. 
is 0.25. For example, if one-half the 
available transmitter power is radiated by the antenna, not more than 
one-half the available received signal power can be delivered to the 
receiver. This loss just compensates for the gain obtained through the 
use of a single antenna instead of two, each one-half the radiating area. 
Duplexers of this kind can be made up from such bridge circuits as the 
"magic T " and its equivalent circuits, described in Sec. 6-2. 

A duplexer for a radar system is different from this, in that simultane
ous transmission and reception are not required. In a radar system, the 
transmitted power is very high, and the prime requirement of the 
duplexer is that it protect the sensitive elements of the receiver from 
damage by this power. Because of the extremely fragile nature of the 
best receiver elements, great effort must be made to achieve adequate 
protection. An attenuation from 70 to 80 db is needed between the 
transmitter and receiver when the transmitter is actuated. This attenu
ation is realized through the use of a resonant chamber filled with an 
appropriate gas at low pressure. The resonant chamber is so designed 
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that a narrow gap exists between two posts. In the gap, the electric 
field is built up to a value considerably greater than that in the normal 
transmission line. If the field at this gap is less than sufficient to break 
down the gas by ionization effects, the resonator transmits an incident 
wave at its resonant frequency with little attenuation. Because the 
resonant frequency is adjusted to be that of the received signal, the cavity 
acts as little more than a preselection circuit for the receiver. The 
resonator is sometimes made up of a combination of several individual 
resonators and corresponds to a multituned circuit passing a wide band of 

received frequencies. In this case, even its preselection action may be 
negligible. 

At the level of the transmitted power, the field in the gap of the 
resonator far exceeds that necessary to produce electrical breakdown, 
and an arc is therefore maintained at the gap for the duration of the 
transmission period. The principal field in the resonator at this time is 
that necessary to sustain the arc; thus, if the output coupling of the 
resonator to the receiver is sufficiently small, insufficient power is coupled 
into the receiver to damage it. Because the voltage required to strike 
the arc is always greater than that needed to sustain it, a somewhat 
higher power is transmitted for a very short time at the beginning of 
each transmission period. This power is called the "sp ike" power and 
has been found to be the part most likely to damage the receiver. Such 



SEC. 1-3] QUALITATIVE DISCUSSION OF DUPLEXING COMPONENTS 9 

a resonator is called a TR switch, because of its function as a self-actuating 
transmit and receive switch. The design of this switch always involves a 
compromise between the leakage power that reaches the receiver during 
transmission and the attenuation suffered during reception. For a 
detailed discussion of this problem and for details of the design and gas 
content of the resonator, the reader is referred to Vol. 14 of this series. 
Fig. 1-4 shows a cutaway perspective view of a resonator commonly used 
as a T R switch. 

When the arc of the T R switch is firing, a wave incident at the input 
side of the T R cavity is almost completely reflected. The cavity may 
therefore be placed in a side arm, as a T-connection to the main line that 
connects the transmitter to the antenna. The phase of the reflection 
coefficient is such, with an iris-coupled cavity, that it is equivalent to a 
short circuit in the plane of the input iris. To obtain transmission of the 
transmitter signal past the junction without reflection, the length of line 
from the wall of the waveguide to the input iris is chosen to be approxi
mately an integral number of half wavelengths. For coverage of a wide 
frequency band, the cavity is mounted with its input iris in the wall of the 
main waveguide. With a loop-coupled T R switch the phase of the 
reflection coefficient is determined by experiment, and the cavity is 
connected in such a way as to act as a short circuit at the end of a stub 
line, an odd number of quarter wavelengths in equivalent length, on the 
side of the main coaxial line. 

During reception, the duplexer must also ensure that almost all of the 
available received signal power is transmitted through theTR cavity into 
the receiver. The transmitter, when not oscillating, has a resonant 
frequency differing from its oscillation frequency, and it therefore 
reflects, almost completely, a received signal wave arriving through the 
line from the antenna. The line length between the transmitting oscilla
tor and the side branch that contains the T R cavity and receiver can be 
chosen in such a way that waves traveling along the line from the antenna 
are transmitted into the TR cavity and receiver without serious reflection 
or absorption due to the presence of the piece of line terminating in the 
transmitter. For coaxial lines, the piece of line between the T-junction 
branch and the transmitter is equivalent to a short-circuited stub line, 
an odd number of quarter wavelengths in length, such as is used for a 
right-angle stub support. In early radar equipment this line length was 
made variable to allow proper adjustment for the particular transmitter 
tube in use. Later, it was found that a fixed length gives sufficiently 
good results for all transmitter tubes in a small frequency band. To 
ensure this, a specification test of the "cold impedance" of transmitter 
tubes intended for use with systems having a fixed distance between the 
T R cavity and the transmitter was set up. 



10 INTRODUCTION [SEC. 1-4 

An improved method for ensuring transmission of received signals to 
the receiver, is one that utilizes a second gas-filled cavity resonator, 
called an anti-TR or RT switch. This switch is so placed on a stub line, 
or in the wall of the main line between the transmitter and the branch 
leading to the T R switch that, when an arc is struck in its gap, during 
transmission periods, it causes little reflection of the transmitter wave. 
The cavity is tuned to resonate at the transmitter frequency and it is 
tightly coupled to the input line. As a result a large standing-wave ratio 
for low-level signals is produced in the main line between the branch 
containing the TR switch and the branch containing the anti-TR switch. 
The spacing between these two branches is chosen in such a way that 
received signal power is coupled into the receiver with little reflection 
or absorption due to the line terminating in the transmitter, regardless of 
the cold impedance of the transmitter. 
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FIG. 1-5.—Schemat ic re; sresen tatio a of a duplexer. 

A sketch of the relevant parts of a typical duplexer is given in Fig. 1-5 
where the dimensions shown refer to equivalent electrical lengths. This 
is an example of only one of many forms in which duplexers have been 
made. For a thorough treatment of the subjects of TR switches, anti-TR 
switches, and complete duplexers, the reader is referred to Vol. 14 of this 
series. 

1-4. Figures of Merit for Receivers.—At low frequencies, the sensi
tivity of a receiver can be specified in various ways. Since atmospheric 
and man-made static is almost always present to some degree, the useful 
sensitivity is usually considerably below any limits imposed by purely 
physical or thermodynamical considerations. At microwave frequencies, 
such static is almost completely absent and the minimum detectable 
signal is determined almost completely by the masking effect of random 
noise. Such noise is developed because electric currents are not steady, 
but are made up of the flow of large numbers of electrons. Thermal 
agitation of the particles in a resistor gives rise to a random noise voltage 
across the terminals of the resistor. For this reason, the quantity called 
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the "noise figure" has become the figure of merit for microwave receivers, 
and design considerations that affect the noise figure of the receiver 
are of the first importance if the detection of the smallest possible signal 
strength is a prime requirement. 

Within any electronic circuit there exist sources of noise in the form of 
small potentials developed by thermally excited fluctuation of electrons in 
the circuit elements. This thermal-agitation noise has been studied by 
many people and is often called "Johnson noise" after J. B. Johnson,1 

one of the first to study the phenomenon. I t has been shown that the 
mean square of the noise voltages in the frequency range vi to vi, devel
oped by a circuit element because of thermal agitation, is given by 

/ . E3 = ikT R dv, (3) 
in 

where k is Boltzmann's constant, T is the absolute temperature of the 
circuit element in degrees Kelvin, R is the resistive component of the 
impedance of the circuit element, and v is the frequency of the noise-
voltage component. For an interval of frequencies so small that R may 
be regarded as constant, Eq. (3) becomes 

£"2 = AkTR dv. (4) 

Any network made up of linear passive circuit elements such as resis
tors, condensers, and inductances, or their microwave equivalents, may be 
considered as a noise-voltage generator with an open-circuit mean-square 
noise voltage given by Eq. (4) in the narrow frequency band dv, where R 
is the resistive part of the impedance measured across the terminals of the 
network. Since the power available from such a generator is 

p = IS' <5> 
the available noise power in the frequency band dv is 

dP = kT dv. (6) 

For a linear four-terminal network with a signal generator connected 
to the input pair of terminals, a gain G may be defined. The network 
may be considered as a new source of the signal developed in the signal 
generator, and it will deliver maximum power when the output load has an 
impedance that is the complex conjugate of that measured across the out-

1 J. B. Johnson, "Thermal Agitation of Electricity in Conductors," Phys. Rev., 32, 
97 (1928); H. Nyquist, "Thermal Agitation of Electronic Charge in Conductors," 
Phys. Rev., 33, 110 (1928), J. B. Johnson and F. B. Llewellyn, "Limits to Amplifica
tion," Elect. Engng., N.Y., 63, 1449 (1934); F. C. Williams, "Thermal Fluctuations in 
Complex Networks," Wireless Section, I.E.E., 13, p. 53, March 1938. 
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put terminals of the network. If So and 5 are the available powers from 
the network and from the signal generator, respectively, the gain of the 
signal-generator-network combination is defined as 

G = § • (7) 

This definition says nothing about the impedance match between the 
signal generator and the network; in fact, the value of G depends upon 
the impedance of the signal generator as well as on the network. I t is 
a maximum when the impedance of the signal generator is the complex 
conjugate of the impedance measured across the input terminals of the 
network, when the output terminals of the network are connected to a 
load having an impedance equal to the complex conjugate of that at the 
output terminals. 

Associated with the output impedance of the signal generator, there 
will be thermal-agitation noise, as discussed earlier in this section, the 
available noise power being given by Eq. (6). From the four-terminal 
network there will also be an available noise power in the frequency 
band dv. If dN is the noise power available from the signal generator, 
and dNo is the noise power available from the output terminals of the 
network, it is found that 

dN0_FdN 
~s7 " ~s~' (8) 

where F is equal to, or often greater than unity. The quantity F is 
called the "noise figure" of the network and is a measure of the signal-
power loss in the network, as well as of the detrimental effects of addi
tional thermal-agitation noise, vacuum-tube noise, and noise from other 
sources added to the signal within the network. This quantity is thus the 
figure of merit for a receiver. For a perfect receiver, F is equal to unity, 
which means that a signal arriving at the output terminals is masked by 
noise no more nor less than it was as delivered from the antenna. The 
noise power available from the antenna of a receiver may be regarded as 
being developed in the radiation resistance of the antenna. As a con
sequence, its magnitude depends upon the temperature of the region of 
space from which the antenna receives radiation. Since receiver noise 
figures are usually considerably greater than unity, however, the part of 
the output noise power of the receiver which arises from the antenna 
resistance is small for an apparent antenna temperature near room 
temperature. R. H. Dicke1 has designed an ingenious device that 
measures very precisely the apparent temperature of the resistance of a 

1 R. H. Dicke, "The Measurement of Thermal Radiation at Microwave Fre
quencies," RL Report No. 787, Aug. 22, 1945. 
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receiving antenna, as a means for measuring the attenuation of microwave 
frequencies in the atmosphere. The noise figures of receivers are usually 
defined for an antenna resistance assumed to be at room temperature. 

A combination of Eqs. (G), (7), and (8) leads to the result 

dN0 = FGkTv dv. (9) 

Both the quantities F and G depend upon the impedance of the signal 
generator, but in general, the impedance that gives minimum noise 
figure is different from the impedance that results in maximum gain. 
Because the noise figure is the important quantity, receiver design should 
always be such as to minimize it, even at the expense of gain, for the gain 
can be increased easily at high level where any noise power introduced 
is negligible. 

In general, the noise figure is a function of frequency. An "effective" 
noise figure for the system may be defined in the following way. The 
output power from the network is read on a meter. We define Go as the 
product of the gain of the network and the fraction of the available power 
from the network delivered to the output meter. Power is delivered to 
the output meter only when the power available from the network 
exceeds thermal-agitation noise, if the network and the meter are at the 
same temperature, for otherwise the transfer of energy from one body to 
another at a higher temperature would be implied. The noise power 
delivered to the output meter is 

X tf„ = kTo / FGo dv. (10) 

The use of the gain Go instead of G makes the integral convergent. As 
can be seen from Eq. (9), the product FG must be equal to or greater 
than unity at all frequencies since, from Eq. (6), dNo must be at least as 
great as JcTodv. 

If F were unity at all frequencies the output noise from the network 
would be 

K = kTQ f~G0dp. (11) 

The effective noise figureF* for the network is then defined by Eq. (12), 

r* = ^ 2 = 11 

~ 7 
FG0dv 

F* = W = T^ (12) 
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An effective noise bandwidth B may be denned, for the combination, as 

Godv 
B = / ; 

Go 
(13) 

where Go m» is the maximum value of the gain with respect to frequency. 
The effective noise figure, from Eqs. (10), (12), and (13), is then 

N0 F* = kToBG* (14) 

This noise figure can be measured by determining JVo, Go „,„, and B. 
The quantity B may be considered as the bandwidth of an equivalent 
circuit having a constant gain equal to Go ■»» within the band and zero 
gain outside the band. This bandwidth can be calculated for bandpass 
circuits of many types if the bandwidth between the points at which 

(?o = 
Go : 

is measured and the type of circuit is known. 
Network 1+2 

Signal 
generator 

I 
Network 

' 1 
Network 

*2 
Output 

® meter 

Fia. 1-6.—Block diagram of cascaded networks. 

It is often necessary to use two or more networks with noise figures 
greater than unity, in cascade. To discover how the noise figure of the 
combination depends upon the noise figures of the individual networks, 
we may consider a situation such as that shown in Fig. 1-6. A signal 
generator is connected to network 1, this in turn connects to network 2, 
which finally connects to the output meter. Networks 1 and 2 can be 
treated as a single network, (1 + 2). From Eq. (9), 

dJVo(i+2) = F^+2)G(i+2)kTo dv (15) 

where the quantities are all the same as before except that they refer to 
the combined network (1 + 2 ) . The gain of the combination G(i+2> must 
be equal to the product of the individual gains Gi and G2, where G2 depends 
upon the output impedance of network 1, in accordance with the defini
tion of gain, Eq. (7). Therefore, 

<ftVo(i+!) = F{1+1)GiG2kT0 dv. 

The available noise power from network 1 is 

dNoi = FiOikTo dv, 

(16) 
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whereas that part of the available noise power from network 2 caused by 
noise output from network 1 is just 

dN'n+n = dN^ = F&GJcTo dv. (17) 

The part of the available output noise power from network 2 which 
arises in network 2 and in the output impedance of network 1 is 

dN01 = F£JcTo dv. (18) 

The part of this originating in network 2 is 

dN'0'a+2) = dNot - GJcTo dv, (19) 

since the contribution resulting from thermal noise available in the output 
impedance of network 1 is kTodv times the gain of network 2. These 
noise components are added and subtracted directly as power because 
they are completely random and therefore can have no phase coherence. 
The total noise output dNoc^) from the combination must be the sum 

dN0il+v = dN'm+n + dN'0'a+2). (20) 

Putting Eqs. (17), (18), and (19) into Eq. (20) we have 

dNoa+2) = FyGyGJcTo dv + FiGJcTo dv - G2kT0 dv. 

From this and Eq. (16), an expression is obtained for the over-all noise 
figure in the narrow frequency range dv given by 

F ( 1+2 , =Fx + ^ ^ (21) 

Again, by use of the concept of the gain of network 2 associated with an 
output meter Gn, so that the integrals may exist, an expression analogous 
to Eq. (14), for the effective over-all noise figure, is 

f [G1GoiF1 + Go2(F2-l)]dv 
n+* = -—jn (22) 

/ GiGoi dv 
Jo 

If the network 1 is very wideband compared with the combination of 
network 2 and the output meter, and Grand Fi may therefore be regarded 
as constants in the above integrals, then 

F*_ 
Fa+n = Fi + ~^> (23) 

where F* is defined by Eq. (12). Equation (23) suggests the possibility 
of setting up apparatus to measure the noise figure of a single network 
used as network 1 in the combination. To do this a measurement of 



16 INTRODUCTION [SEC. 1-4 

F(1+*) and of <?i must be made for the network in question in the apparatus 
so that, if F* is known by a previous measurement, Fi may be calculated. 
Since F* will be a function of the output impedance of network 1, this 
function and the output impedance of network 1, under the conditions of 
the experiment, must be known or measured. 

To facilitate the calculation of over-all noise figures and the measure
ment of pertinent parameters for devices that can be simulated by linear 
passive networks, the concept of "noise temperature" has come into use. 
The noise temperature of a device is independent of the gain of the 
device, and is directly a measure of the noisiness of the network compared 
with a simple resistance. The noise temperature is defined as the ratio 
of the noise power available from the network to that available from a 
resistor at room temperature. I t was shown by Eq. (9) that the available 
noise power in a frequency band dv is 

dNoi = FtGJcTo dv. 

The same quantity for a resistor is 

dNo = kT0 dv, (24) 

and the ratio dN0i/dN0 = /, becomes 

t = F1G1. (25) 

By substitution of this expression into Eq. (23), 

JP* _ t + F* — 1 
^U+2) - Q (2D) 

The noise temperature of a network may be measured by simply com
paring its noise output power with that of a resistor. The gain of the 
network may then be measured at a much higher signal level, provided 
the network is the same for a signal at this level as for noise, and these two 
quantities together will then be the figure of merit for the device. The 
effective over-all noise figure for a combination may then be computed 
from Eq. (26), provided the output impedance of the first network, and 
F* for the second network corresponding to this impedance, are known. 

An expression of the form of Eq. (23) may be derived in an analogous 
manner for more than two networks in cascade. Because the noise 
figure and gain of each network are functions of frequency (as is also the 
noise temperature), an expression for the over-all noise figure of a com
bination can be expressed only as an integral. In practice, however, one 
of the circuits very often has a pass band much narrower than that of the 
others, and an expression similar to Eqs. (23) or (26) is useful. Micro
wave receiving components very often have pass bands 10 per cent or 
more in width, whereas the nas« band of the entire receiver is about 
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0.01 per cent; therefore Eqs. (23) and (26) are useful. If all but the last 
of n networks in cascade have pass bands wide compared with that of the 
last network, their gains and noise figures may be regarded as constants in 
integrals similar to those in Eq. (22). The effective over-all noise figure 
for the combination may then be written 

fu+2+...+n) = *i -\ ?; r • ■ • -\ ^ 1 f;—> (-S7) 
1 2 ± n - 1 1 n 

where 

1 

Because of the appearance of the gain factors in the denominators of these 
successive terms, it is clear that in a receiver, the contribution to the 
effective over-all noise figure from stages occurring after a reasonable 
gain has been achieved is negligible. Another way of saying this is 
simply that the noise contribution of the early stages, because it is 
amplified, masks any contributions to the total output noise which might 
be made by later stages. I t is clear, then, that the microwave com
ponents, since they must necessarily be the first in any cascade of circuits 
making up a microwave receiver, play the dominating role in determining 
the figure of merit for the receiver. 

CLASSIFICATION AND DESCRIPTION OF TYPES OF 
MICROWAVE RECEIVERS 

1-5. The Low-level Detector.—The simplest kind of receiver at any 
frequency consists of a detector followed by an amplifier, as indi
cated in Fig. 1-7. At microwave frequencies, the detector for such a 
receiver must respond directly to the microwave energy. The detector 
produces, at its output terminals, voltages derived from amplitude-
modulation components in the envelope of the radio-frequency waves 
impressed upon its input terminals. All of the amplification in such a 
receiver occurs at the modulation frequency. A receiver of this kind 
responds to signals having carrier frequencies anywhere in the pass band 
of the r-f components, including the detector. The ability to reproduce 
modulation voltages is determined primarily by the characteristics of 
the detector and modulation-frequency amplifier, since the pass band of 
the other r-f components is usually wide compared with the frequency 
spectrum of the received signal. 

A number of devices may be used as detectors for a receiver of this 
kind. Because they must respond directly to the microwave signal, 
however, only special kinds of vacuum tubes, in which the interelectrode 
spacings are very small, are useful. Transit-time effects make ordinary 
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vacuum tubes almost completely unresponsive. In addition, such 
vacuum tubes must be built in a form that enables them to become inte
gral parts of the circuits associated with them. There exist a few tubes 
that meet these requirements—the GE "lighthouse" and "oilcan" diodes 
and triodes for example. Such tubes, however, even with their small, 
but not negligible, interelectrode spacings, are useful only in the low-
frequency part of the microwave region, principally above 10 cm. The 
design 'of circuits for the use of these tubes is too strongly dependent on 
the specific nature of the tube available to be described here. The pri
mary problem associated with the design of detectors using these tubes is 
the matching of the signal energy available from the antenna into the 
r-f input circuit. This problem can be solved by the use of standard 
microwave techniques, and circuits for this purpose will be found in 
literature dealing specifically with such tubes. A tube intended for use at 
microwave frequencies is so designed that it may be used as an integral 

V 
Matching 

transformer Detector Amplifier Reproducer 

F I G . 1*7.—Block diagram of receiver with low-level detector. 

part of the microwave circuit. In the lower-frequency part of the micro
wave region, only diodes are used as detectors; in the higher-frequency 
part of the region (10,000 Mc/sec and above), no satisfactory diodes exist. 
The diode is not the most satisfactory detector for most purposes, and is 
widely used only in applications where its ability to withstand high-power 
signals without damage is an important property. 

A detector for microwave signals can be made from one of several 
devices that change in electrical resistance when heated by incident micro
wave energy. One such device is a Wollaston wire. An ordinary 5- or 
10-ma Littelfuse contains such an element and can therefore be used as a 
detector. Another device of this sort is the thermistor, which also suffers 
a change in resistance when heated by microwave energy. The thermis
tor has a negative temperature coefficient of resistance, whereas the fuse 
wire has a positive coefficient. Either of these devices may be arranged 
in a circuit with an r-f matching transformer, in such a way as to absorb 
signal energy from an antenna. A steady current is passed through 
the fuse or thermistor, and incident r-f energy causes a change in the 
voltage produced across the element. 

The use of a detector of this kind is restricted primarily to laboratory 
equipment. Its power sensitivity and noise figure are not so good as 
those of some other devices, and it cannot be used to detect modulation 
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frequencies above a few thousand cycles per second because the thermal 
time constant limits the rate at which it can respond. Detectors of this 
kind are widely used in test equipment, however, because they are easily 
procured and have some convenient properties. Because these detectors 
are capable of absolute calibration when used as bolometers in bridge 
circuits, they are most frequently used in low-level power-measuring 
equipment. A discussion of these applications is outside the scope of 
this volume, and is to be found in Vol. 11 of this series. 

A sensitive detector for microwave power is the very highly developed 
microwave version of the familiar crystal detector. Crystal detectors 
were early recognized as being especially suited to microwave circuits 
because of their extremely small physical size. A large amount of 
research has been devoted to the development of crystal detectors in 
fixed adjustment and packaged in small cartridges. A large advance in 
the understanding of the mechanism of operation of these devices and 
studies of the factors making possible the manufacture of high-quality 
crystals have led to mass production of cartridge units that are considera
bly superior to their earlier prototypes. The principal work on these 
devices has been toward the development of rectifiers for use as frequency 
converters, but advances in the development of low-level detectors have 
also been significant and have benefited considerably from the other 
development. Because the development of crystal detectors and units 
for mixers is a very large field in itself, it will not be possible to give it more 
than a cursory treatment in the next chapter. The reader is referred to 
Vol. 15 of this series for a thorough review of the subject. The use of 
receivers of the variety under discussion here is not sufficiently wide
spread or complex to warrant a separate treatment in this volume. In 
the following section some of the considerations that affect the figure of 
merit for such a receiver will be discussed. 

1-6. The Square-law Detector.—Both diodes and crystals function as 
detectors because of the nonlinear relationship between the current 
induced in them and the magnitude of the voltage impressed. In general, 
a smaller current is induced by a voltage of one sign than by a voltage 
of the other sign. If the current through a crystal is plotted as the 
ordinate on a linear scale, and the impressed voltage is plotted as the 
abscissa, a curve of the type shown in Fig. 1-8 is obtained. This plot will 
be seen to show considerable curvature or nonlinearity in the region of 
the origin, and it is upon this curvature that the action as a low-level 
detector depends. If an alternating voltage, such as is shown on the 
negative current axis, is impressed across this crystal, the current that is 
passed through the unit has the form indicated in the plot on the right-
hand voltage axis. Because there is less current flowing during the 
negative half-cycles than during the positive ones, there is a net positive 
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Sine wave 
F I G . 1-8.—Graphical representation 

detection. 
of 

current having magnitude related to the magnitude of the impressed a-c 
voltage. If the envelope of the a-c voltage varies with time, the net 
current varies in a related fashion and so has components derived from 
the amplitude modulation of the impressed voltage wave. This is a 

picture often used to explain detec
tion and can be found in any refer
ence book. 

The current in a nonlinear device 
can be expressed, analytically, as a 
function of the voltage, and ex
panded in a Taylor series. The 
nonlinearity is expressed by the 
terms in powers of the voltage 
higher than the first. For very 
small voltages, the term in the 
second power of the voltage is large 
compared with the higher-power 
terms. Therefore the rectified cur
rent produced from a very small 

signal must be proportional to the square of the impressed a-c voltage. 
For this reason, low-level detectors are often referred to as "square law" 
detectors. The induced current is proportional to the incident r-f power. 
A diode or crystal detector is an entirely passive circuit, in that there is 
no source of energy other than the input signal. The maximum possible 
gain of such a detector, according to the definition of gain in the previous 
section, is unity. Because the detector is a square-law device, its gain 
decreases with decreasing signal strength unless a change of the output 
impedance accompanies the decrease in current flow. 

The detector, as a generator of modulation-frequency signals, may be 
considered as a current generator producing a current i, in shunt with an 
admittance g, as shown in Fig. 19 . The value 
of i is proportional to the input power to the 
detector and the value of g is also dependent 
upon the input power level. At very low 
levels, the value of g is relatively independent 
of the power level, and an effective measure 
of the gain of the device can be obtained. 
Because of the square-law dependence of the 
magnitude of the current generated, this gain is directly proportional to 
the input r-f power. I t is clear that the concept of the noise figure for 
such a detector is not very useful since the noise figure, too, depends 
upon the input-signal level. A quantity that is a measure of the quality 
of a square-law detector can be defined in terms of the magnitude of the 

0 9 . 

F I G . 1-9.—Modulation-fre
quency equivalent of a detec
tor. 
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current produced by the generator per unit of incident power and the 
magnitude of the generator conductance associated with it. 

1-7. The Minimum Detectable Signal Power.—Because the conver
sion efficiency (gain) of a diode or crystal detector at low level is so small, 
the device may be described in terms of a two-terminal-pair network in 
which the transfer admittances are very small compared with the self-
admittances associated with the input and output terminal pairs. In 
such a network the input admittance is almost completely independent of 
the load admittance presented to the output terminals. Maximum power 
is therefore delivered through the network when the admittance of the 
r-f generator connected to the input terminals is the compiex conjugate of 
the self-admittance of these terminals, and the load admittance is the 
complex conjugate of the self-admittance of the output terminals. The 
design of the microwave unit associated with the detector is largely con
cerned with transforming the self-admittance of the input terminals into 
line admittance so that the detector may be connected to a matched 
antenna line with maximum power transfer. This specific subject will 
not be discussed explicitly in this volume, but the techniques involved are 
similar to those outlined in following chapters on crystal-mixer design. 
One special problem connected with the experimental design comes about 
because admittances must be measured with signals sufficiently small to 
approximate the low-level condition. If the signal strength is sufficiently 
small, no change in the measured input admittance should result from a 
further decrease in the signal strength. Since, to satisfy this condition 
for crystal detectors, the power delivered to the crystal must usually be 
less than 1 MW, equipment for measurement of the input admittance by 
the standing-wave-ratio method must have high sensitivity. 

In the absence of currents through a crystal the noise voltage at its 
output terminals is thermal-agitation noise, as discussed in Sec. 1-4 and 
given by Eq. (3). To evaluate the degree of sensitivity possible with a 
receiver using a crystal detector, the detector can be considered to be 
connected to a noise-free amplifier, and the amount of r-f power necessary 
to produce a signal power equal to the noise power at the output termi
nals of the amplifier can be found. I t has been shown that the current 
induced in the crystal is proportional to the r-f signal power. This state
ment may be expressed as 

i = ?, (28) 

where i is the short-circuit current, P is the available r-f signal power, 
and b is a proportionality constant dependent on the crystal. Since P 
is denned as the available power rather than that dissipated in the crystal, 
b includes any losses caused by mismatch between the signal source and 
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the crystaL If the output terminals of the crystal are connected to the 
input terminals of the noise-free amplifier of gain G, the output signal 
power from the amplifier will be 

i1 GP* p—°k-m (29) 
For this quantity to be equal to the output noise from the receiver it is 
required that 

Wg = GkTB' (30) 

where B is the effective noise bandwidth of the amplifier, as defined in 
Sec. 1-6. This equation can be solved for the required r-f power, giving 

P = 2bVg VkTB, (31) 
where the expression has been separated into two terms because the first 
relates to the detector unit and the second to the amplifier. This expres
sion holds only for a noise-free amplifier, which cannot be achieved in 
practice; therefore an expression for a realizable situation must take the 
amplifier noise into account. The expression can be used, however, to 
obtain some qualitative information about receivers with low-level 
detectors. A more rigorous treatment of the subject will be found in 
Vol. 15 of this series. In Chap. 2 of this volume, an extension of this 
discussion to include the effect of amplifier noise will be given. 

Equation (31) may be compared with a similar expression for an ideal 
receiver—that is, one with a noise figure equal to unity. For such a 
receiver the r-f signal power required to equal noise power in the output 
terminals is just 

P0 = kTBt. (32) 

The bandwidth By is the effective noise bandwidth of the over-all receiver. 
For a square-law detector, Bi is the effective noise bandwidth of the 
modulation-frequency amplifier. This immediately brings out one 
feature of a receiver of the detector type. Because the efficiency of the 
detector is so small, the output noise is independent of the r-f bandwidth 
of the receiver. In reality, there are two different pass bands to be 
considered: first, the width of the region of radio frequencies to which the 
receiver is sensitive, and second, the pass band of the amplifier, which 
determines the kind of modulation components to which it will respond-
For an ideal receiver, the effective noise bandwidth is equal to the square 
root of the product of the bandwidth before detection and that after 
detection, because it is the fluctuation in detected noise power, which can 
pass through the circuits following the detector, that tends to mask a 
small signal. The performance of a receiver in which a low-level detec-
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tor is used approaches that of the ideal receiver more closely if the r-f 
bandwidth is large compared with the amplifier pass band than if the two 
pass bands have similar widths. This is the type of service in which 
receivers of this kind have been most widely employed. For use at 
beacon stations, for instance, a receiver that responded to pulses of 
about 2-Msec duration anywhere in a frequency band of about 120-Mc/sec 
width, was required. The simplicity of a receiver with a crystal detector 
was considered worth the loss in ultimate sensitivity compared with 
other receivers. For very large bandwidths, greater than about 150 
Mc/sec, only receivers with the low-level detectors have so far been used 
to receive in the whole band continuously, because amplifiers have not 
yet been made for bands wider than about 70 Mc/sec. If intermittent 
response to each frequency in the band is acceptable, a sweeping super
heterodyne may be used. 

If the receiver is to be responsive to a band of frequencies only suffici
ently wide to carry the desired modulation components, then the band
width before detection and the over-all receiver bandwidth are similar. 
Hence, 

P 26 Vg 
Po y/kTB (33) 

The smaller this quantity, the more closely does the receiver having a 
low-level detector approach the ideal noise-free receiver. I t will be seen 
that, again, wide pass bands are favored; thus, for example, the low-level 
detector might be satisfactory for receivers designed to respond to 
extremely short pulses. In general, however, for receiver bandwidths 
of 1 or 2 Mc/sec (before detection) the minimum detectable signal power 
is larger, by a factor of about 105, than that obtainable with receivers of 
other types. Receivers of the low-level-detector type have not been used 
extensively, except at beacon stations. 

One way of reducing the minimum detectable signal for this type of 
receiver is to precede the detector with r-f amplifiers having sufficient 
gain to make noise generated ahead of the detector contribute a signifi
cant part of the total output noise from, the detector. In this case the 
over-all noise figure of the system becomes dependent on the noise figure 
of the r-f amplifying system. If the amplification is sufficiently great 
to make r-f noise contribute all but a negligible part of the detector out
put noise, the receiver noise figure is completely determined by the noise 
figure of the r-f amplifiers. Since these amplifiers are usually made 
with resonant circuits, they also act as preselectors. The receiver is then 
similar to the tuned r-f receivers commonly used at lower frequencies 
before the advent of the superheterodyne. Because the minimum signal 
power detectable by a low-level detector is relatively large, a high gain 
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would be required of a noise-free amplifier. In the example cited, the 
gain would have to be greater than 105. A gain this large would require 
several stages of amplification by tubes available even at the lowest fre
quencies in the microwave region. In this low-frequency region,improve
ment can be made by use of r-f amplifiers, but the system becomes 
relatively complex and a smaller minimum detectable signal can be 
obtained with a superheterodyne receiver. I t would be advantageous 
to use noise-free amplifiers ahead of a superheterodyne receiver. Because 
a superheterodyne receiver having a moderate bandwidth can detect a 
much smaller signal than can the low-level detector, less gain would be 
required of a noise-free amplifier to make the over-all noise figure 
approach unity. A discussion of existing types of r-f amplifiers will 
therefore be deferred until the superheterodyne receiver has been 
described. 

1-8. The Superheterodyne Receiver.—The superheterodyne receiver 
makes use of a frequency converter, which changes the signal into one 

Radio-
1—| frequency 

amplifier converter amplifier 

Second 
detector 

Modulation' 
frequency 
(video or * - Reproducer 

audio) 
amplifier 

FIG. 1-10.—Block diagram of a superheterodyne receiver. 

centered at a different frequency. The signal is then amplified at this 
new frequency before demodulation by a detector. Because the ampli
fication usually occurs at a frequency lower than the signal frequency 
(that is, the converter produces a downward frequency conversion), the 
amplifier is called an intermediate-frequency or i-f amplifier. A detector 
at a relatively high level is used, following the amplifier, to detect the 
modulation components carried by the signal, and modulation-frequency 
amplifiers are usually used to make the signal large enough to drive the 
reproducing device. A block diagram for such a superheterodyne 
receiver is shown in Fig. 1-10. 

At conventional frequencies, the advantages of a superheterodyne 
over receivers of other types are numerous. The fact that the i-f ampli
fier is operated at a fixed frequency allows the receiver to be designed 
with almost any shape of bandpass characteristic desired, with full utili
zation of the gain available from the tubes used, compatible with the band
pass circuits. The r-f selectivity, except for image-frequency effects, is 
completely determined by the selectivity of the i-f amplifier. Because 
this amplifier need not be tuned, highly selective circuits can be used. 
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The tuning of a superheterodyne receiver is accomplished by adjustment 
of the frequency converter and of any selective circuits occurring between 
the receiver and the antenna terminals. 

Another property of this receiver is that the signal level at the second 
detector is sufficiently high to make the noise contribution from this 
part of the system completely negligible. Under this condition, the 
detector may be chosen on the basis of its fidelity in reproducing modu
lation, rather than on the basis of its noise figure. Relatively little 
modulation-frequency amplification is needed because the output level 
of the detector is high. 

As a receiver for microwave signals, the superheterodyne has anothei 
property, which is not so important at other frequencies. Ordinarily, 
the radio frequency and intermediate frequency are of the same order of 
magnitude but this need not be so. For a microwave receiver, the fre
quency converter is usually made to convert the microwave signal into 
one at a relatively low frequency, with the result that conventional 
lumped-constant circuits and ordinary pentode and triode vacuum 
tubes may be used in the i-f amplifier. A receiver having a noise figure 
approaching that of a low-frequency amplifier can be made, provided the 
frequency conversion can be accomplished with a device having a small 
noise figure. Under such a condition, an r-f amplifier would not improve 
the over-all noise figure of the receiver unless it had considerable gain and 
a noise figure smaller than that of the frequency-converter and the i-f 
amplifier combined. 

Another property of the superheterodyne receiver, especially for 
microwave frequencies, is its susceptibility to frequency control. In most 
microwave receivers, the intermediate frequency is less than 1 per cent 
of the radio frequency; consequently, the effect of time and temperature 
drifts in the highly selective circuits upon the receiver frequency setting 
is smaller, by a factor of 100, than it would be if the selectivity were 
accomplished at the radio frequency. Furthermore, since there is little 
to be gained in making any r-f circuits as selective as the i-f ones, the 
control of the receiver frequency can be accomplished by control of the 
converter alone. Thus, the superheterodyne receiver is especially well 
adapted to microwave frequencies and has been used almost exclusively 
except in cases where the receiver bandwidth must be greater than can be 
accomplished with i-f amplifiers. The recent advances in the develop
ment of i-f amplifiers (see Vol. 18 of this series) have resulted in amplifiers 
with noise figures near unity and bandwidths much greater than were 
previously used. The emphasis of this volume will be on the subject 
of circuits for frequency conversion and the circuits associated with the 
frequency control of the frequency-conversion device. The design of 
microwave low-level crystal-detector circuits will not be discussed speci-
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Input signal 

fically, but the method of attack should be apparent from the methods 
discussed in connection with frequency converters. 

1-9. The Frequency Converter.—In low-frequency superheterodyne 
receivers the frequency conversion is accomplished through the combined 
use of a local oscillator and a mixer. The local oscillator is simply a 
continuous-wave oscillator operating at a frequency somewhat different 
from that to which the receiver is to be sensitive. In the mixer, a super
position of the local-oscillator wave and the input signal takes place. A 
beat, or heterodyne, frequency equal to the difference frequency between 
the two waves exists as an amplitude-modulation component on the 
superposition of waves within the mixer. The mixer produces at its 
output terminals a voltage or current corresponding to this heterodyne 
frequency. Signal frequencies that differ from the local-oscillator fre
quency by the intermediate frequency, produce a heterodyne frequency 
equal to the intermediate frequency and so are amplified by the i-f 
amplifier. If the signal is not a continuous wave but is a modulated 

wave, it may be considered as a 
combination of Fourier compo-

5 I-f out n e n t s , each of which produces its 
own heterodyne frequency. The 
output signal from the mixer con
tains a component for each compo
nent in the incoming signal. The 

amplitude, frequency, and phase relations between these components 
are preserved as the signal passes through the mixer. The signal 
entering the i-f amplifier therefore contains the same modulation as 
the r-f signal, but is centered at the intermediate frequency. Only 
those components lying within the pass band of the i-f amplifier will 
continue through the receiver, and it is for this reason that the band
width of the receiver is just the bandwidth of the i-f amplifier, provided 
no narrower circuits are used in the mixer, or ahead of it. A block dia
gram for a converter of this type is shown in Fig. 1-11. 

If the local-oscillator frequency is /„ there are two frequencies that 
give rise to the intermediate frequency /p. These are /„ + /<j and /„ — /#, 
since the difference between each of these and /„ is equal to the intermedi
ate frequency. For this reason, the combination of a converter and an i-f 
amplifier is sensitive to two r-f bands, each of a width equal to the band
width of the i-f amplifier, and differing in center frequency by twice 
the intermediate frequency. This situation gives rise to one of the 
principal imperfections encountered in the superheterodyne receiver, 
the so-called image response. At ordinary frequencies, there is usually a 
tuned circuit associated with the signal input terminals of the mixer, 
which is adjusted to favor one of the two signal frequencies, and which is 

F I G . 1-11.—Block diagram of a converter. 
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caused to follow the tuning of the local oscillator in such a manner as to 
maintain the required frequency difference. The frequency to which this 
circuit is tuned is termed the signal frequency for the receiver. The other 
frequency to which the converter unit is sensitive, and which is discrimi
nated against by the input circuit, is called the image frequency. There 
is no particular convention as to which of these is the higher frequency. 
Sometimes the choice is made so that the image frequency falls in a region 
where there are few strong singals to be expected. In this way, inter
ference by signals at the image frequency is minimized. In low-frequency 
receivers, the intermediate frequency is often chosen to be quite high to 
secure a large image suppression, without requiring highly selective cir
cuits in the r-f part of the receiver. However, the condition that the 
intermediate frequency be low enough to allow the use of conventional 
tubes and lumped-constant circuit elements limits the choice of inter
mediate frequencies for microwave receivers. 

It should be noted that, if no difficulties with interference or confusion 
of signals are encountered because of the two frequency bands of sensitiv
ity of a converter, there is little to be gained through the use of preselec
tion unless the noise figure of the converter is nearly unity. If a converter 
has a noise figure of unity, the entire noise power available at its output 
terminals originates on the r-f side of the converter. The ratio of a signal 
to noise power at the output terminals of the converter can be doubled by 
the use of a preselection circuit that eliminates the noise contributed 
from the image-frequency region. If a large part of the output noise from 
an imperfect converter arises within the device itself, however, preselec
tion can have little effect on the available i-f noise power. Since this is 
true of all known frequency converters for microwave signals, the effective 
noise bandwidth of such a receiver is considered to be that of the i-f 
amplifier, whether or not preselection is used. In addition, a circuit 
that reduces the sensitivity of the receiver to image-frequency signals 
from the antenna does not necessarily suppress the i-f noise power availa
ble from the converter and may even increase it. Some of the small 
variations in converter noise figure which can be produced by special 
treatment of the image-frequency voltages are discussed in Chap. 2 in 
connection with the linear-network representation for a converter. 

Because a mixer usually contains a nonlinear circuit element for the 
detection of the heterodyne frequency, there exist in its output circuit 
many frequency components of second and higher orders, corresponding 
to sums, differences, and products of all of the input frequencies and their 
harmonics. These components, too, can give rise to spurious responses 
in the receiver, especially if very strong signals outside the receiver band 
are allowed to enter the mixer. Preselection, which restricts the allowed 
frequency range to one comparable with the i-f bandwidth, is very desira-
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ble if such signals are anticipated, even if the fidelity and the minimum 
detectable signal, in the absence of interfering signals, are unaffected. 
Since most of the circuits to be discussed were designed for use in pulse-
radar systems, preselection is achieved by means of the resonant TR 
cavity of the duplexer that precedes the converter. If the receiver is to 
be used for some other purpose, the design should therefore include 
a preselecting resonator that has characteristics similar to those of the 
T R cavity but need not be capable of electrical breakdown. Many of the 
circuits demand the use of such a resonator, independently of any pre
selection function for the over-all receiver, to allow satisfactory operation 
of the LO coupling circuit. For this reason, the TR cavity used with each 
mixer discussed will be indicated. 

As mentioned in Sec. 1-1, in which the terms "mixer" and "con
verter" were defined, some special vacuum tubes have been developed for 
performing these functions at conventional frequencies. Converter tubes 
combine the function of local oscillator and mixer in one envelope. 
Mixer tubes and the mixer sections of the special converter tubes accom
plish the mixing in the electron stream flowing to the plate of the tube. 
All of these electronic mixer tubes require that the drift time of the 
electrons through their many elements be short compared with the period 
of the r-f waves which they mix. Their performance consequently falls 
off at even lower frequencies than does that of the simpler conventional 
tubes. At moderately high frequencies, it has been found advantageous 
to return to the older technique of accomplishing the superposition of 
waves in circuits external to the tube and using a tube of simpler construc
tion, such as a triode or diode acting as an amplitude-modulation detector, 
to perform the mixer function. At microwave frequencies there is almost 
no other course, and even the drift time between cathode and grid in a 
triode, or cathode and plate in a diode, is excessive except in some very 
specially designed tubes in the lower-frequency part of the microwave 
region. Since the developments to be described in this volume are 
chiefly concerned with the frequencies from 3000 Mc/sec upward, these 
tubes will receive practically no attention elsewhere in this book, but it 
might be well for historical purposes and for purposes of orientation to 
mention briefly some of the more successful types. 

1-10. The Triode Mixer.—The effective noise figure of two cascaded 
networks, given in Eq. (26), depends inversely upon the gain of the first 
network, and directly upon the noise power available from it, as measured 
by t. If a triode or multielement tube is to be used as a mixer, the gain 
that can be realized falls off with increasing frequency because of the time 
required for the electrons to cross the gaps between the elements. One 
phenomenon caused by the transit time is an apparent grid-to-cathode 
conductance, which increases as the frequency is increased. This con-
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ductance sets an upper limit to the grid-to-cathode voltage that can be 
developed from a given signal power, with the result tha t the gain decreases 
with increasing frequency. In order that this effect may be minimized, 
the interelectrode spacings must be made very small, and in order that 
the grids may function as electronic shields, they must then be made of 
very fine mesh. The manufacturing tolerances that must be maintained 
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Fro. 1-12.—Cross-sectional \-iew of a typical lighthouse tube. 

and the difficulties of working with such extremely small parts have pre
vented the development of usable tubes of this sort for frequencies higher 
than about 3000 Mc/sec, except on a restricted, experimental basis. 

At frequencies up to 3000 or 4000 Mc/sec, tubes of the lighthouse 
type (plane-parallel electrodes) have been used as mixers. The noise 
figure of a mixer using such a tube 
has never been made so small as the 
noise figure for crystal mixers. 
Hence, the use of lighthouse tubes 
in this service has never become 
widespread except in the very low
est frequency region (below 1000 
Mc/sec). The design of the circuit 
for such a device is determined 
largely by the particular tube avail
able. Usually a resonant circuit between the grid and cathode is employed 
to match the available signal power into the grid conductance of the tube. 

A sketch of a typical lighthouse tube, such as the GL446, or the 2C40 
tube, is shown in Fig. 1-12. The grid of this tube is a rectangular wire 
mesh, mounted on the grid ring and made of wire 0.002 in. in diameter, 
with the centers of the wires spaced 0.010 in. apart. The cathode-to-
grid spacing averages 0.005 in. and the grid-to-plate spacing is 0.010 in. 
All of the elements are plane-parallel, including the cathode which is 
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indirectly heated. A typical low-frequency circuit using a lighthouse 
triode as a mixer is shown in Fig. 113. 

The tube is biased near cutoff by the self-biasing resistor in the cathode 
circuit and then driven relatively hard by the injected local-oscillator 
voltage. Consequently, on the negative half-cycle very little change in 
plate current occurs, whereas on the positive half-cycle considerable 
plate current flows. The average plate current, therefore, depends 
upon the magnitude of the voltage at the grid, and since this voltage is 
composed of the local-oscillator voltage plus a small signal voltage, the 
beat or difference frequency will exist as a component of the plate current. 
As long as the signal voltage is small compared with the local-oscillator 
voltage, as measured at the grid, the beat-frequency current flowing in 
the plate circuit must be directly proportional to the signal amplitude. 
The mixer, therefore, is a linear device, as contrasted with the square-law 
low-level detector. Because the tuned circuit must be resonant for the 
signal frequency, the efficiency of transfer of the local-oscillator signal to 
the grid is relatively low. Considerably greater local-oscillator power 
must be available than would be otherwise necessary. Moreover, the loss 
of signal power into the local-oscillator circuit must be kept small. This 
particular requirement is one that has an important influence upon the 
design of all mixers to be described, for it must be met if the minimum 
noise figure possible with a given type of mixer element is to be achieved. 
The resonant circuit in the plate lead of the mixer tube of Fig. 1-13 serves 
to develop an i-f voltage from the beat-frequency component of the plate 
current and so is made to resonate at the intermediate frequency. 

A sketch of the basic parts of a microwave mixer circuit designed by 
P. A. Cole for operation near 3300 Ale/sec, which is equivalent to the 
low-frequency circuit, is shown in Fig. 1-14. The resonant grid-to-
cathode circuit is made up of the radial cavity, which is somewhat lessened 
in radius by the lumped-capacitance loading due to the grid-to-cathode 
capacitance of the tube at its center. The signal voltage is coupled in by 
means of the coaxial line, the center conductor of which crosses to the 
opposite wall of the resonator. The signal power may be matched into 
the cavity by proper choice of the distance from the center of the cavity 
to the point at which the coaxial line enters the cavity. The greater this 
distance, the larger the voltage stepup from the coaxial line to the grid. 
The signal line also affects the resonant frequency of the cavity, and, 
consequently, the cavity diameter is not independent of the position of 
the input line. These two dimensions are determined experimentally. 

To achieve the small coupling between the grid-to-cathode region and 
the LO input line, the distance from the outside edge of the resonator to 
the LO input line is made considerably shorter than the distance to the 
signal line. This procedure may be considered to be analogous to the use, 
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in the circuit of Fig. 1-13, of a much larger stepup ratio for the local-
oscillator circuit than for the signal circuit. A matched termination on 
the local-oscillator line then contributes only a small admittance at the 
grid of the tube. Consequently, little signal power is lost in this con-

- A -

F I G . 1-14.—A microwave mixer circuit. 

ductance, compared with that delivered to the grid-to-cathode conduct
ance of the tube. To ensure that the local-oscillator line is matched, a 
cable with a distributed loss of several decibels between the local oscillator 
and the mixer is used. In addition, the cable serves to minimize the 
effects on the local oscillator of the large reflections at the mixer of local-



32 INTRODUCTION [SEC. 1-11 

oscillator signals. Such reflections exist because the local-oscillator line 
is not terminated in the characteristic admittance of the line. In this way 
the behavior of the local oscillator is less affected by the mixer circuit than 
it would be in the absence of the dissipative cable, but the available local-
oscillator power required is increased. 

The circuit of Fig. 1-14 includes no provision for tuning the resonator 
as would, in general, be required for a tunable receiver. This particular 
circuit was designed for operation with a very wide i-f amplifier to cover 
the entire range from 9.0 to 9.2 cm with fixed tuning. The Q of the reson
ant circuit was found to be just low enough to allow this. The resonant 
wavelength was 9.1 cm with a tube of average input capacitance. 

If the mixer must be tunable, provision for adjustment of the effec
tive resonator radius can be made. This can be done by the inclusion of 
screw plugs of large diameter so placed around the outside wall of the 
resonator that, when they are screwed into this wall, they fill the region 
between the top and bottom resonator walls for a part of the circumfer
ence. The average radius is thus reduced, and hence the resonant fre
quency of the circuit is increased. The coupling ratio for the signal input 
line will not remain constant, nor will the cavity losses. I t is not advisa
ble therefore to attempt to cover a very great tuning range by such a 
means. Because triode mixers are not used extensively in the microwave 
region, the many methods by which tunable cavities and measurements 
on them may be made will not be discussed here. The reader who is 
interested in this subject is referred to Vol. 7, which deals with micro
wave vacuum tubes, and Vol. 14 on TR tubes, where these matters are 
considered in detail. 

The triode mixer of Fig. 1-14 was found to have a noise figure of about 
100 or, as usually expressed since it is a power ratio, 20 db at the center 
of the band and about 23 db at 9.0 cm and 9.2 cm. The exact value 
depends, of course, on the particular tube used, but this value is not so 
small as the noise figure of receivers using other types of mixers. The 
noise figure of the triode mixer is high because, although it has a larger 
conversion gain than some other mixers, the noise power available in the 
plate circuit is large. All tubes develop noise through the "shot effect" 
and because some electrons are stopped by the grid. The over-all 
noise figure of a triode mixer decreases if the radio frequency is decreased, 
because the grid-to-cathode conductance decreases with frequency as a 
result of the decreased transit angle of the electrons. This allows a larger 
gain to be obtained with the mixer with almost no change in the available 
noise power, if the intermediate frequency is held constant. 

1-11. The Diode Mixer.—Another tube that can be used in a con
verter is a diode. At low frequencies, where the transit angles are negli
gible, both the gain and the noise of the diode mixer are smaller than those 
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of a triode mixer. Like the triode, the diode, to be useful at microwave 
frequencies, must have a small interelectrode spacing, in order to mini
mize the transit time. The diode must be so constructed that the tube 
can be made an integral part of the microwave circuit. The construction 
of diodes with plane-parallel elec
trodes, such as are used in the light
house tubes, has proved to be one 
of the most successful methods. 

Figure 1-15 shows the construc
tion of a typical diode. The cath
ode is plane, and forms the top of a 
cylinder that contains an indirect 
heater element, as in the triode. 
The anode is a cylindrical post, 
separated by a very few mils from 
the cathode, with its face parallel 
to that of the cathode. A typical 
low-frequency circuit for a mixer 
containing a diode is shown in 
Fig. 1-16. In addition to a d-c component, the diode plate current 
contains the beat-frequency component, because the diode passes a 
current only during the positive half-cycles of the input voltage, which 
consists of the superposition of the small signal on a relatively large 
local-oscillator voltage. If the beat frequency is equal to the intermedi-' 
ate frequency, an i-f voltage is developed across the i-f resonant circuit in 
the plate circuit. As is true for the triode, the magnitude of this voltage 

is proportional to the amplitude of 
the signal voltage if the signal volt
age is very small compared with the 
local-oscillator voltage. The circuits 
used between the cathode and plate 
of the diode may be the same that 
are used between the grid and cath
ode of the triode. If the shell of the 
tube is actually connected to the 
cathode, a bypass condenser must be 

built into the circuit between the resonator and the shell to prevent short-
circuiting of the i-f voltage. In some tubes, this condenser exists within 
the tube itself. This allows the resonator to be connected directly to the 
base part of the tube. The same is true for the triode circuit, where bias 
voltage must be developed for the cathode. 

The noise figure of the diode mixer used in combination with an i-f 
amplifier of noise figure F2 is given by Eq. (26), where the gain G is always 

FIG. 1-16.- -A circuit for use of a diode 
as a mixer. 
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less than unity, representing actually a loss, and the noise temperature t is 
greater than unity. Since the gain is less than unity, the noise figure of 
the succeeding i-f amplifier is relatively more important than for a mixer 
with a large gain. The best operating point, with respect to driving 
power from the local oscillator, results if a compromise is made between 
gain and noise temperature. The gain increases with increasing driving 
power, but the rate of increase becomes small for large local-oscillator 
drive. The noise temperature also increases with increasing driving power 
because of the larger current flow in the plate circuit of the tube. In 
addition, the output impedance varies with driving power, and there exists 
a limit to the amount of driving power that can be coupled into the mixer 
from a given local oscillator. If this limit is exceeded, the signal loss into 
the local-oscillator circuit becomes significant. The optimum driving 
power must consequently be chosen—usually experimentally—for the 
particular combination at hand. At 3000 Mc/sec, the minimum over-all 
effective receiver noise figure that can be achieved with a diode mixer is 
about 18 db. At higher frequencies, poorer noise figures are found, 
because of the increased transit angles. 

As a consequence of its relatively poor noise figure the diode mixer is 
not widely used; therefore it will not be discussed in detail here. For 
information about cavity circuits, the reader is referred to literature 
dealing with tube design. Diode and triode mixers may be successfully 
used in the lower-frequency regions if noise figure is not a primary con
sideration and if resistance against damage by excessive input power is of 
great importance. A disadvantage in addition to that of noise figure is 
that these tubes must always be used in resonant circuits, in order that 
the shunting effect of the grid-to-cathode or plate-to-cathode capacitance 
may be eliminated. If a wide tuning range is desired for the receiver, the 
resonant circuit must be tuned at the same time as the local oscillator. 
To accomplish tuning, the physical size of the resonators must be variable, 
and the manufacture of the circuits and the operation of the receiver are 
therefore difficult. These difficulties can be eliminated by the use of 
mixing elements of other types. 

1-12. The Crystal Mixer.—The crystal rectifier has been developed 
to the extent that it is the most effective mixer element for the super
heterodyne receiver at microwave frequencies. The qualitative descrip
tion of the operation of a crystal as a mixer is similar to that of the diode 
and, as in the case of the diode, the i-f voltage is linearly dependent upon 
the signal amplitude, for signals small compared with the local-oscillator 
power. Because the part of the crystal in which rectification takes place 
is physically very small, transit-time effects are minimized and may be 
neglected, for most purposes, even in the microwave region. The con
siderable effort that has gone into the design of crystal-rectifier elements 
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for this purpose during the war has resulted in a very great improvement in 
the various parameters that determine the usefulness of a crystal mixer. 
At the beginning of the development the crystal was found to be slightly 
better in over-all noise figure than any vacuum-tube mixer then available. 
The subsequent improvement has been so great that the crystal now com
pares even more favorably with the improved vacuum tubes now availa
ble. In fact, one result of the improvement in crystal rectifiers has been 
the replacement of vacuum-tube r-f amplifiers and mixers by the simpler 
crystal mixers, even at frequencies as low as 700 Mc/sec. The subject of 
the design of the crystal unit is treated in Vol. 15 of this series. A short 
discussion of the properties of these units relevant to the design of mixer 
and converter circuits, as developed at the Radiation Laboratory, is to be 
found in Chap. 2 of this volume. In subsequent chapters, specific mixer 
designs are discussed. Suffice it to say, here, that rugged receivers using 
crystal units as mixers can be made that have over-all noise figures as low 
as a factor of 5 (7 db), at frequencies up to 25,000 Mc/sec. When it is 
realized that such noise figures were rarely achieved, even at frequencies 
of a few megacycles per second, before the war, the significance of the 
crystal as a mixer element for use at microwave frequencies and the justi
fication for placing the emphasis of this volume almost completely on a 
receiver of this type become apparent. 

1-13. The Local Oscillator.—An important component of the super
heterodyne converter, which has not yet been discussed but the existence 
of which has been assumed, is the local oscillator. Here, again, is a field 
of development which is so highly specialized and so extensive that it can 
not be discussed from the point of view of tube design in this volume. 
The physical and electrical characteristics of the available local-oscillator 
tubes, however, have a considerable influence on the design of the mixer 
units that will be discussed. It is necessary, therefore, to describe 
briefly tubes of the more common types. 

The usefulness of the triode and of the more complex space-charge 
tubes is limited by the transit times between the various elements when 
the tubes are to be used as oscillators, just as when they are used as ampli
fiers and converters. If a tube of this type is to be used as an oscillator, 
it is necessary that the gain of the tube as an amplifier be greater than 
unity in order that positive feedback can sustain oscillations. The only 
tubes of this type which can be used successfully as oscillators are those 
that are specially designed with small interelectrode spacings and with a 
shape that allows them to be made an integral part of the cavity type of 
oscillator circuit. The lighthouse tube is probably the best example of 
this construction available in quantity, but the highest frequency at 
which most lighthouse tubes oscillate is in the neighborhood of 3000 
Mc/sec. In order to make an oscillator for frequencies higher than this, 
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it is necessary to make use of entirely different principles. At present the 
most widely used local-oscillator tube is the klystron. This tube utilizes 
the principle of velocity modulation of an electron beam. In addition to 
its ability to oscillate at very high frequencies, the velocity-modulation 
oscillator, through the introduction of the reflex principle, has become the 
simplest kind to manufacture and to operate. It also has the advantage 
of being both electronically and mechanically tunable in a very simple 
manner. A klystron oscillator of the original two-cavity kind is shown 
schematically in Fig. 1-17. An electron gun, similar to those used in 
cathode-ray tubes, with focusing electrodes to form a small-diameter 
beam directed upward through the grids of the cavities, is indicated at 
the bottom of the figure. The beam is accelerated by the large potential, 
positive with respect to the cathode, on the cavities. The field is so 
shaped, and the grids of the cavities are so constructed, that the beam 
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F I G . 1-17.—Schematic diagram of a two-cavity klystron oscillator. 

passes on through all of the grids with very small interception of electrons 
by the grids. The beam is finally collected on the positive electrode at 
the upper end of the tube. The cavities are made to be resonant at a 
common frequency and their shape is such that, if they are excited by a 
wave of the resonant frequency, a large field is developed between the 
two grids of each cavity. These grids may be considered as forming the 
capacitive part of a shunt-resonant circuit. The electric field, if it exists, 
is directed parallel to the path of the electron stream, and so will alter
nately accelerate and decelerate the electrons passing through the grids. 
In accordance with the usual procedure in describing the operation of an 
oscillator, the excitation of the cavities will be assumed to exist and the 
device will be examined to see if the excitation can be maintained. Sup
pose that cavity (1) contains some r-f energy. This cavity will velocity-
modulate the stream sinusoidally with the frequency of the resonance of 
the cavity. As the stream drifts on toward cavity (2), the density of the 
electrons will no longer be uniform, since those slowed down by the field 
in the grid space of cavity (1) will be overtaken by those accelerated in that 
region. The spacing between the two cavities can be so chosen that there 
are bunches of electrons passing through the grids of the cavity (2) with a 
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recurrence frequency equal to the resonant frequency of cavity (1). The 
first cavity is therefore called the buncher cavity. If the second cavity 
is resonant at the same frequency and if, furthermore, the phase of the 
voltage in this cavity is properly adjusted, the field between its grids 
opposes the transit of electrons between them at the time the bunches 
arrive. In this way the electron stream is made to give up energy to 
the r-f field, since very few electrons transit the grids at a time when they 
would be accelerated and so take energy from the field. The second 
cavity is therefore called the catcher. Thus the passage of electrons 
through cavity (2) is made to maintain the energy in this cavity in suffi
cient strength to allow some of this energy to be coupled out to excite 
cavity (1) and some to be coupled out as the useful power from the oscilla
tor. The proper drift time between the first and second cavities is 
obtained by choice of the acceleration voltage on the beam, and by the 
spacing between the cavities. I t is, of course, influenced by the relative 
phase of the excitation of the two cavities, which in turn depends upon 
the line length of the feedback loop. A simpler embodiment of the 

' velocity-modulation principle, for use as a low-power local oscillator is 
the reflex klystron. This tube operates in much the same fashion, but 
has only one cavity, used as both buncher and catcher, and is therefore 
easier to make and to operate. The two-cavity klystron, and even three-
cavity klystrons, are used as power oscillators, amplifiers, and even as 
frequency multipliers. The various oscillator tubes and their uses are 
discussed in Vol. 7 of this series. 

1-14. The Reflex Klystron.—The reflex velocity-modulation oscillator 
may be described with the aid of Fig. 1-18. The beam of electrons passes 
through the cavity grids and enters w 
the retarding field of the reflector ""'lector JReflector 
which is at a negative potential 
with respect to the cathode. The 
retarding field is sufficiently strong 
not only to prevent the electrons 
from arriving at the reflector but 
also to return them through the FIG. 118.-
grids of the cavity. If an r-f field 
exists between the grids of the cavity, the electrons will be velocity-
modulated by this field, and thus will be caused to form bunches as 
they drift toward the reflector and then back to the grids. The time 
between the first and second passages of a particular group of electrons 
is dependent upon the magnitude of the retarding field, and this field can 
be chosen to make the arrival of bunches back into the grid region corre
spond to the times when the field is directed against the backward 
transit of the electrons. The bunches, therefore, give up energy to the 
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r-f field and maintain oscillation at the cavity frequency. The bunches 
form around electrons which, while traveling toward the reflector, pass 
through the cavity at a time when the r-f field is going through zero from 
the accelerating to the decelerating direction. This is because the accele
rated electrons penetrate more deeply into the reflecting field and there
fore take a longer time to return to the cavity than do the unaccelerated 
electrons. The decelerated electrons, correspondingly, take a shorter 
time to return. For oscillations to be maintained, the total drift time 
of an electron that is not acted on by the field in the first transit must be 
(n + J) cycles, where n is an integer. For a given acceleration potential, 
there are several values of the reflector potential which will give rise to 
oscillations, corresponding to several different values of n. These are 
referred to as reflector-voltage modes. As the reflector voltage is increased 
in the negative direction with respect to the cathode, the mode number 
n decreases and, because the electrons are returned at higher backward 
velocities as the reflector voltage is increased, the output power increases 
with increasing reflector voltage. There is a limiting reflector voltage, 
however, for which the drift time becomes too short to give good bunch
ing. Thus, for a particular tube and accelerator voltage, there is a reflec
tor-voltage mode that gives maximum output power. It may be said 
tha t the velocity-modulation tube surmounts the difficulty of transit-
time effects, first by causing the pertinent electrode gaps to be transited 
by accelerated electrons instead of by electrons starting from rest and, 
second, by making use of the drift time outside of these electrodes as 
the means of producing bunching. 

The reflex oscillator is simpler in, operation than the two-cavity tube 
because there is only one adjustment that must be made to satisfy the 
condition for oscillation. This adjustment consists of setting the reflector 
voltage to give the proper phase to the reflected electron bunches. Oscil
lation occurs not only for a discrete set of voltages corresponding to an 
exact integral value for n> but also if the reflector voltage is varied 
slightly either side of the exact value. Operation under this condition 
reveals one of the most useful properties of the reflex oxcillator, namely, 
that of electronic tuning. The slightly incorrect reflector-voltage 
setting gives rise to slightly out-of-phase currents in the cavity resonator 
and these currents can be resolved into components, one in the correct 
phase and one at 90° to this. The 90° component is purely reactive in 
character and results in a change in the oscillator frequency in just the 
same way as would a change of the capacitance between the grids. Since 
the orthogonal component can either lead or lag the in-phase com
ponent, the frequency may be altered in either direction from the cavity 
frequency, depending upon whether the reflector voltage is made slightly 
greater or slightly less than the value making n exactly an integer. As 
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the reflector voltage is altered from this value, there results, in addition 
to the frequency change, a decrease in the amplitude of oscillation, 
because the in-phase component of the induced cavity current falls off, 
and the oscillator finally falls out of oscillation. Most of the reflex 
oscillators currently used as local oscillators in frequency converters are 
so designed that a considerable range of frequency can be covered by the 
electronic tuning before the output power falls to half its value at the 
center of the reflector-voltage mode. Figure 1-19 shows a typical plot of 
the reflector-voltage modes of a reflex oscillator. The abscissa is the 
reflector voltage, increasing in the negative direction toward the right. 
The ordinate for the solid curves is the output power, and the ordinate for 
the broken curves is the frequency relative to the resonant frequency 
of the cavity. Since the mode of highest output power does not give the 
maximum tuning range, the choice of the operating mode is made as a 

Output power 
Frequency 

•x #\ / X ,/.,,A~ /̂ N 
Reflector voltage 

F I G . 1-19.—Typical reflector-voltage characteristics for a reflex klystron. 

compromise between large output power and large electronic-tuning 
range. 

Since the reflector does not collect electrons, it draws no current. 
Consequently, the electronic tuning device can be a very-high-impedance 
source of voltage. For this reason, the provision for frequency control 
of a converter can be accomplished very simply and effectively through 
the control of the reflector voltage of the local oscillator. In many 
cases, of course, the frequency range of the reflector tuning is not sufficient 
to cover the required tuning range of the receiver and mechanical tuning 
must be incorporated as well. Mechanical tuning is accomplished by 
altering the size or shape of the cavity of the oscillator. In some cases, 
the tube itself contains only the grids, and the rest of the cavity is 
attached to flanges external to the glass wall of the tube. The tuning of 
such a tube is accomplished through the use of plungers or tuning screws 
in this external part of the cavity. There are usually several such screws 
around the circumference of the cavity as well as an output loop and 
coaxial line, or an exit iris with a waveguide, by means of which power 
is extracted. The tube now most commonly used is of metal construc
tion and contains the entire cavity as an integral part. The tuning of 
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2K41 
(417A) 
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this tube is accomplished through mechanical deformation of the cavity, 
which alters the grid spacing and, therefore, the capacitance and resonant 
frequency. A cross-sectional view of a typical tube of this kind is shown 
in Fig. 1-20. 

A recent development in reflex oscillators is the incorporation of a 
means for accomplishing the mechanical deformation of an internal 
cavity by an electronically controlled mechanism. One method consists 
of the inclusion of a small triode, with a separate cathode, grid, and plate, 
within the envelope of the oscillator tube. The plate of the triode is 

made of a bimetal strip, the shape 
or dimensions of which are deter
mined by its temperature. The 
temperature is, in turn, controlled 
by the triode grid voltage which 
determines the current passing into 
the plate and, consequently, the 
power dissipated by it. The plate 
is so connected to the cavity of the 
oscillator that the temperature of 
the plate determines the grid spac
ing of the cavity and, consequently, 
the frequency of the oscillator. In 
this way, electronic tuning over a 
very wide range—10 per cent or 
more—has been a c c o m p l i s h e d 
through the control of the triode 
grid, which draws no current. This 
frequency control cannot be used 
if the response must be instantane
ous, because it involves a thermal 

time constant. When the triode tuner is used in combination with reflec
tor-voltage control in a frequency-control circuit, however, completely 
automatic frequency control over a wide region can be accomplished. 
This subject is discussed in Chap. 7. 

Table 1-1 is a list of some of the tubes available at present which are 
useful as local oscillators. All but the first of these are reflex klystrons. 
Information is given concerning the frequency range, beam voltage and 
current, negative reflector voltage, output power, and the electronic 
tuning range for a typical tube. These numbers are the average and not 
the limiting values acceptable under the specifications of the tubes. For 
the specification limits the manufacturers' technical sheets or the Army-
Navy specifications should be consulted. Present manufacturers are 
listed with the following abbreviations: 

Output 
lead 

Output 
antenna 

F I G . 1-20.—Cross-sectional view of the 
2K25 reflex klystron. 
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BTL Bell Telephone Laboratories, 463 West St., New York, N.Y. 
WE Western Electric Co., 120 Broadway, New York, N.Y. 
Sperry Sperry Gyroscope Co., Great Neck, N.Y. 
Raytheon.. . Raytheon Manufacturing Co., Waltham, Mass. 
RCA Radio Corporation of America, Camden, N.J. 
GE General Electric Co., Schenectady, N.Y. 

1-16. Radio-frequency Amplifiers.—It might be wondered whether 
the superheterodyne receiver could not be improved in noise figure by the 
addition of a preselecting r-f amplifier. I t was pointed out in Sec. 1-9 
that the only advantage afforded by preselection alone is the (suppression 
of spurious frequency response, and that the noise figure is changed 
very little. The preselection can be accomplished without tubes as 
amplifiers, with only small loss in noise figure, through the use of appro
priately selective r-f circuits. This feature is not of importance unless 
image rejection is needed. 

Tubes such as two-cavity klystrons can be used as r-f amplifiers and, 
in fact, were so used in some of the very early experimental radars in the 
microwave region. This was done, however, because of the lack of good 
duplexing components. The minimum detectable signal for the receiver 
probably was not decreased by their use. These tubes usually have poor 
noise figures and are now rarely used as r-f amplifiers except at high level 
for transmitting purposes. 

The only other types of amplifier available are the triode and the 
more complex space-charge tubes. At frequencies of 3000 Mc/sec 
and below, the 2C40 tube can be used successfully as an r-f amplifier, 
giving an increasing r-f gain and decreasing noise figure as the frequency 
is decreased. An effective over-all noise figure, at 700 Mc/sec, of 5 db 
has been achieved with two such r-f amplifiers in cascade, each tuned, 
preceding the converter. In view of the fact that a receiver with about 
the same effective over-all noise figure can be made with a crystal con
verter, however, it hardly seems worth while to add the complexity 
of such amplifiers to a receiver, since all such cavity circuits are relatively 
difficult to tune and power must be provided for the tubes. It is true 
that excellent image rejection can be achieved with such a receiver, and 
that the receiver is considerably less susceptible to damage by excessive 
input power. If these considerations are important, the use of r-f 
amplifiers may be desirable. The simplicity of tuning and of operation of 
the crystal converter, without r-f amplifiers, might be considered worth a 
sacrifice of a few decibels in noise figure. In any event, it is more difficult 
to maintain a receiver using two r-f amplifiers at its optimum perform
ance, and it is likely that in actual use the simpler crystal converter 
will have a better noise figure than the amplifiers. When the r-f amplifiers 
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were first developed they were incorporated in many existing receivers, 
and improved performance resulted. This was true, however, largely 
because those receivers had very poor noise figures in comparison with 
what can now be achieved with the crystal converter. 

For use at frequencies of 3000 Mc/sec and higher there are no vacuum 
tubes commercially available that can be used as r-f amplifiers to give 
noise figures even comparable with those easily achieved with the crystal 
converter. A project at the Radiation Laboratory for the development 
of such a tube led to the construction, by H. V. Neher, of a few experi
mental models of an amplifier tube for the 3000-Mc/sec region. These 
are the only tubes known to the author which can be used as r-f ampli
fiers in receivers with noise figures comparable with those achieved with a 
crystal converter. These tubes were tetrodes, having a screen grid in 
addition to the cathode, grid, and plate. The construction was a planes 
parallel one similar to that of the lighthouse tubes. The resonant cavitie. 
were built into the tube envelope, which was the size of that of the 6L6 
As an example of the extremely fine workmanship involved in them, the 
fact may be cited that the grid structures were made with wires 0.0002 
in. in diameter and spaced 0.001 in. apart. At the time these tubes 
were first available on a laboratory scale it appeared that some decrease in 
over-all receiver noise figure would be possible through the use of one as 
an r-f amplifier with the existing crystal-mixer superheterodyne receivers. 
Before any large-scale production was accomplished, however, improve
ment in the crystals available in quantity production and reduced i-f 
amplifier noise figures had resulted in a smaller noise figure for the simple 
crystal-mixer superheterodyne receiver than could be achieved with 
the amplifier tube. The intended production of this tube in factory 
quantities was consequently dropped to make the production facilities 
available for more urgently needed devices. The details of the design 
and results achieved with this tube are described in a Radiation Labora
tory report.1 

1-16. Receivers of Other Types.—Other receivers are sometimes used 
at lower frequencies. A brief description of them is given to show why 
they have not as yet been commonly used at microwave frequencies. 

Some development work has been done on the design of frequency 
converters of basic types other than the space-charge tube. Because 
tubes using accelerated electron beams have largely replaced other types 
as local oscillators, it might be supposed that some sort of tube using this 
principle could be designed to solve the mixer problem. Thus far no 
development along these lines has given results comparable with the 
crystal mixer, and little need be said about them here. As with the 

1 H. V. Neher, "The Radiation Laboratory S-Band Amplifier," RL Report No. 306, 
July 10, 1943. 



SEC. M6] RECEIVERS OF OTHER TYPES 45 

low-level amplifier, the major limitation of beam tubes seems to lie in 
the excessive noise they introduce. A very large conversion gain would 
overcome this difficulty, but sufficient conversion gain to achieve noise 
figures comparable with those of the crystal converter has not yet been 
obtained. I t appears that the limiting frequency of the accelerated-
electron-beam tube might be met before that of the crystal mixer. The 
transit angle of the electron beam must be kept small, as the frequency is 
increased, either by a corresponding reduction in the grid spacings or by 
an increase of the velocity of the beam through the use of higher poten
tials. Both of these expedients make the tube increasingly difficult to 
build. Although the crystal probably does have an ultimate limiting 
frequency where transit angles become significant, this frequency has not 
yet been approached. So far, the application of the crystal mixer has 
been successfully extended to higher-frequency bands through the use of 
smaller parts in the cartridge construction and a smaller contact area on 
the crystal. By this means it has been possible to extend the frequency 
range of crystal mixers up to 25,000 Mc/sec with almost no sacrifice in 
noise figure over the best value that can be achieved at the lowest micro
wave frequencies. The sacrifice that is made in doing this is in the 
resistance of the unit to damage from high-power signals. 

A receiver that has been common in the ultra-high-frequency range 
is the superregenerative receiver. As a simple receiver, using a minimum 
number of tubes and having a high sensitivity, it is useful in that fre
quency range. Because it requires a detector that can be made to 
oscillate, however, it has not been very extensively used in the micro
wave region. Lighthouse tubes can be made to oscillate up to 3000 
Mc/sec and higher, but the noise figure that can be obtained as a super-
regenerative detector does not appraoch that of the crystal mixer. 
Because the output level is high, and, therefore, little amplification is 
needed, a superregenerative receiver is useful for some applications where 
the noise figure and bandpass characteristics are of less importance than 
compactness and small power consumption. No attempt will be made 
in this volume, however, to describe circuits of this kind, and the reader 
who is interested in this subject is referred to Vol. 23 where the develop
ments in superregenerative receivers are discussed. 

The simple regenerative detector has few advantages over the super
regenerative detector and is less reliable and not so simple to operate. 
Consequently, circuits of this type have received no serious attention as 
microwave detectors. 

An interesting possibility in connection with regenerative and super
regenerative receivers for frequencies higher than about 3000 Mc/sec has 
very recently arisen in connection with a development in crystal rectifier 
units. I t has been discovered that a crystal rectifier unit, designed 
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by H. Q. North at General Electric Company, which uses a very small 
welded contact between a germanium-crystal element and a platinum-
ruthenium "cat whisker," can be made to show a negative output con
ductance at the intermediate frequency when placed in a very special 
microwave circuit, with local-oscillator power incident upon the rectifier 
unit. The crystal unit used in a superheterodyne converter could there
fore be made to oscillate and, consequently, could be used as a regenera
tive or supperregenerative frequency converter. Attempts to achieve, 
with this crystal, a better over-all receiver noise figure than can be 
produced with more conventional crystal mixers have not yet been 
successful. On the other hand, it may be that the rather large power 
gain that can be achieved will be of sufficient importance in reducing the 
required amount of i-f amplification to make some application of this kind 
worth while. Since this crystal unit is a relatively recent development, 
it may be that further work will make possible an improved noise figure, 
although the exploratory measurements showed that the noise figure 
obtained in the condition of negative i-f conductance was somewhat 
greater than that for the same crystal operating in the conventional 
fashion. The noise figure was not, however, so large as for a tube mixer 
at the same frequency (10,000 Mc/sec). In order to indicate the method 
in which this unit can be made to act as a regenerative converter, a 
discussion of frequency conversion by a local oscillator and crystal 
mixer must first be given. Further reference to this subject will be 
made in Chap. 2, following the linear-network representation of the 
crystal mixer. It will be seen that the special tuning conditions necessary 
in the microwave circuit may render the operation of such a regenerative 
converter impractical, or at least not worth the decrease obtained in the 
i-f gain required. Since the subject is in such a rudimentary state of 
development, no final conclusion can be made, except to say that at the 
present time there has been no indication of much to be gained witii the 
present crystal units. 



CHAPTER 2 

CRYSTAL RECTIFIER UNITS 

Early in the development of radio communication, the crystal 
rectifier was used almost universally as a detector for radio signals. 
After the introduction of the three-element vacuum tube, receivers 
having crystal detectors were replaced by receivers using vacuum-tube 
r-f amplifiers, detectors, and audio amplifiers and, finally, by super
heterodyne receivers. The performance of receivers having vacuum 
tubes throughout was very much better than that achieved with the best 
crystal rectifiers then known. This fact, together with the need for 
frequent adjustment of the common galena crystal detector led to the 
complete abandonment of the crystal for use in serious radio practice. 

With the extension of radio techniques to higher and higher fre
quencies, however, complications due to electron transit time, lead 
inductance and distributed capacitance became apparent. As a result, 
the crystal rectifier, which can be made in a very small package, has 
become reinstated. An important reason for the return of the crystal, 
in addition to the great improvements in its performance which have 
resulted from intensive research and development during the war, is the 
fact that the crystal has been widely used as the nonlinear element of a 
superheterodyne mixer. In this application, the crystal rectifier units 
now available give mixer noise figures that compare very favorably, even 
at 25,000 Mc/sec, with those of the best vacuum-tube mixers and con
verters at low frequencies. Service in mixer circuits places requirements 
on the characteristics of the rectifier which differ from the requirements 
imposed in low-level-detector circuits. The major part of recent develop
ment has been directed toward the production of units for superheter
odyne mixers; however, some units have been designed specifically for 
use as low-level detectors. Other low-level detectors have been selected 
by appropriate tests from production-lots of mixer crystals. 

It is not the purpose of this volume to consider, in detail, the subject 
of crystal-rectifier design but, in order to clarify the later material, 
the present chapter will be devoted to a brief discussion of crystal-
rectifier units. A rudimentary discussion of the physical mechanism 
of the units, and of the linear-network treatment of frequency conversion 
by the crystal mixer, will be given. This will be followed by sections 
giving characteristics and Army-Navy specifications of the units com-
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mercially available at the time of writing. All of these subjects are 
treated in greater detail, and more rigorously, in Vol. 15 of this series. 

2-1. Physical Description of Rectification.—The electronic theory of 
matter, applied to crystalline structures, shows that the electrons asso
ciated with the atoms of the material possess energies in discrete levels, 
just as they do in single atoms. In a crystalline solid, however, the 
coupling among the various constituent atoms or molecules causes the 
energy levels corresponding to particular quantum numbers in each atom 
to be split, and a band of very closely spaced levels results. Some bands 
may overlap, but there are always regions of energy which may be 
occupied by electrons, and regions between these bands which are 
forbidden to electrons. In substances made up of moderately heavy 
atoms, the available energy levels associated with the most tightly 
bound electrons are completely filled. Above the uppermost completely 
occupied band there is a band of energy levels that may be either com
pletely empty or partially filled, depending upon the nature of the atoms 
making up the crystalline solid. For a monovalent alkali metal, for 

instance, all of the electron shells 
j ?y l except the last are completely filled 

EZZZZZZZZZZZZZZZZZZZZZZZ 
A> 

Partially full band 

W/////////////////M 
Full band 

and the energy bands associated 
with these inner shells are fully 
occupied when the atoms are in 
their l o w e s t s t a t e . The band 
associated with the outermost shell, 
however, is occupied by only one 

F I G . 2-1.—Electronic energy levels of a , . . , 
m e t a I electron per atom and an energy-

level diagram for such a substance 
would be like that shown in Fig. 2-1. The energy difference <f>w between 
the maximum energy of an electron in the material and the energy of an 
electron outside is the work function for the material, or the minimum 
energy that must be imparted to an electron to cause it to escape from the 
material in the absence of thermal energy. 

Crystals in which the uppermost occupied bands are completely 
filled at 0°K and those in which these bands are only partially filled form 
two fundamentally different classes of materials. Those of the first class 
are insulators and those of the second, as shown in the diagram, are 
metals or conductors. If the uppermost band is completely filled, 
the electrons are not free, and electric conduction cannot take place. 
Because of the forbidden region between the uppermost filled band and 
the next higher band, an electron, to become free, must acquire a con
siderable amount of energy. In a metal, electrons are easily excited into 
adjacent states within the band itself, where they act as free conduction 
electrons. "Intrinsic semiconductors," which can be used in crystal-
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rectifier units, would be perfect insulators at absolute zero temperature, 
since at tha t temperature they possess only completely filled and com
pletely unfilled energy bands. At the temperatures a t which they are 
used, however, the intrinsic semiconductors possess a few conduction 
electrons in an otherwise empty band. This situation exists because of 
thermal excitation of electrons from the highest filled band to the next 
higher band and, therefore, a condition for conduction of this kind is that 
the forbidden region between the bands have a width not much larger 

Normally empty 
band 

— Donators 
Acceptors 
Highest 

normally full 
band 

(a) 
F I G . 2-2.—Energy-level diagram of two types of impurity semiconductors, (a) n - type . 

(6) P-type. 

than kT energy units, where k is Boltzmann's constant and T is the 
absolute temperature. 

In order to facilitate the existence of a few conduction electrons, a 
semiconductor may contain a very small percentage of an impurity. 
In fact, this is very difficult to prevent. The impurity centers give rise to 
conduction, either because electrons normally associated with the 
impurity atoms, in levels just below the normally vacant band, are 
thermally excited into the vacant band, or because electrons in the top 
levels of the highest normally full 
band are thermally excited into va
cant levels associated with the im
purity c e n t e r s . I n t h e l a t t e r 
instance, vacancies are left in the 
uppermost occupied band and these 
can conduct. Semiconductors of 
both these types are called " im
purity semiconductors"; those in 
which the impurity acts as a donator, 
as shown in Fig. 2-2a, are often 
called "n- type," whereas those in which it acts as an acceptor for electrons 
as shown in Fig. 2-26 are called "p- type." 

A crystal rectifier usually consists of a small contact between a metal 
whisker and a semiconductor crystal. In view of the foregoing energy-
level considerations, the junction between the metal and the semicon
ductor may be described in terms of the energy-level diagram of Fig. 2-3. 
The carriers of electric charge will flow from one material to the other 

Donators 

/, Filled 
Jj band 

Metal Semiconductor 
F I G . 2-3.—Energy-level representation of 

metal-to-semiconductor contact. 
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Applied voltage 

F I G . 2*4.—Metal-to-semiconductor con
tact with applied voltage in high-resistance 
direction. 

until the energy levels are so altered that equal currents cross the junction 
in the two directions. By this mechanism, a space charge is produced 
in the region of the contact. In the metal, this space charge resides in 
a very thin layer (about 10 - 8 cm) at the boundary, but in the semi
conductor the space charge is distributed through a broader region, 
because the material has a much smaller number of available carriers of 
current. The thickness of the space-charge layer in the semiconductor 

can be calculated from a knowledge 
of the dielectric constant of the 
semiconductor and the density of 
the carriers of current far from the 
boundary. Such calculations show 
the width of this region in the semi
conductor to be of the order of 10~6 

cm, or about a hundred times the 
width of that in the metal. A curve 
of the potential as a function of 

distance from the boundary has a very steep barrier on the metal side of 
the junction, in which narrow region the potential rises abruptly by the 
amount <j>a which is the difference between the work functions of the two 
materials. There is a thin layer near the surface in the semiconductor 
in which a potential gradient exists because the curve of the potential is 
less steep. The diagram of Fig. 2-3 
applies to contacts for which the work 
function of the metal is greater than 
that of the semiconductor. 

The relative potentials of the levels 
in the metal and in the semiconductor, 
when equilibrium is established, can 
be shown to be such that the top of 
the filled region in the metal is at a 
potential approximately half way be
tween the donator level and the 
bottom of the vacant band in an 
n-type semiconductor. This is the 
type of contact to which Fig. 2-3 applies. 

If the equilibrium potentials are altered by the application of a 
voltage between the metal and the semiconductor, the shape of the 
potential barrier is altered. When the semiconductor is made positive 
with respect to the metal, the levels in the semiconductor are depressed 
with respect to those in the metal, as shown in Fig. 2-4. The potential 
barrier, which may be considered as a thin layer having a high resistance 
because of a dearth of free electrons, is enhanced and, consequently, it has 

F I G . 2-5.—Direct-current—voltage rela
tion for crystal contact. 
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a still higher resistance to the flow of electric current. The amount of 
resistance rises if the applied voltage is increased. A limit to the rise is 
reached when electrons from the metal begin to tunnel through the 
barrier in a manner analogous to that of field emmission. A curve 
showing the current passed through the contact as a function of the 
applied voltage, with the semiconductor positive, is therefore, similar to 
the left half of Fig. 2-5. 

Application of a voltage of the other sign across the contact reduces 
the insulating effect of the potential barrier by raising the potentials 
in the semiconductor relative to those in the metal, as shown in Fig. 2-6. 
The effective resistance of the contact decreases until the voltage is 
reached for which the insulating layer no longer exists, as in Fig. 2-7. 
The resistance of a contact at this voltage and higher is primarily what is 
called the "spreading resistance," which is determined by the area of the 
contact and the bulk resistivity of the semiconductor. In the semi

conductor, only a small cross-sectional area near the small contact is 
effective for carrying the current, but inside the semiconductor the 
effective area rapidly increases with distance from the surface. The 
right-hand side of Fig. 2 5 shows the current as a function of an applied 
voltage of this sign (semiconductor negative). The steepest slope of the 
straight part of the curve is a measure of the spreading resistance. 

From this description it can be seen that a nonlinear current-voltage 
relationship exists for a metal-to-semiconductor contact. The device 
cannot be used as a rectifier unless a voltage can be applied across the 
contact. It might be argued that the second contact this requires 
would exhibit characteristics that are the reverse of those of the first 
contact and that the net effect would be a linear resistance. This would 
indeed be so if the two metals were the same, and if identical contact areas 
were used. The rectifying junction results when the connection to the 
back of the semiconductor is made through a very much larger area. 
This back contact could indeed be nonlinear in the reverse sense to the 
small contact, with respect to voltages applied to the unit, but, because 
the area is large, the resistance of the barrier layer is very small, even .i 
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compared with the spreading resistance for the small contact. The d-c 
characteristics of a crystal rectifier unit, therefore, do resemble Fig. 2-5, 
and the effect of the back contact can be entirely neglected. 

In practice, the crystals used for microwave work are usually made of 
silicon in which has been dissolved a small amount of aluminum, which 
acts as the acceptor impurity for a p-type semiconductor. The back 
contact is made by soldering the piece of crystal into a cartridge unit, 
as sketched in Fig. 2-8, and the small metal contact is made by light 
pressure of a tungsten whisker, carefully prepared with a very small 

point. The research and development work that has 
been done toward the perfection of techniques for the 
production of these units is described in Vol. 15 of this 
series, to which reference has already been made. Con
siderable work has been done toward perfecting crystals 
with germanium semiconductors but these have not yet 
been widely used in microwave applications. The same 
principles are involved in the construction of microwave 
circuits for the use of such units and, in fact, the design 
of circuits for crystal units of any type could follow the 

*■<, — general methods to be outlined in the following chapters 
Typical crystal- of this book. Specific designs may have to be altered in 
rectifier unit. details for the best utilization of crystals of other types, 
but this can be done if the pertinent characteristics of the units to be 
used are known. 

2-2. High-frequency Effects in Crystal Rectifiers.—The deterioration 
of the performance of vacuum tubes at high frequencies is a result of their 
large physical size. The crystal rectifier can be made very much smaller 
because of its inherent simplicity and, therefore, proper design of the 
cartridge allows the effects of lead inductance and distributed capacitance 
to be neglected at very much higher frequencies than for any vacuum 
tubes so far constructed. Since only the barrier region in the semi
conductor is effective in producing the nonlinear characteristic, the device 
could theoretically be made microscopic in size. In practice, of course, 
considerable skill is required to assemble the small parts. Also, to 
achieve a whisker contact that has an appropriate area and that will 
remain stable, some spring action in the whisker is required. 

The quantity in the crystal-rectifier unit analogous to the inter-
electrode spacings of a vacuum tube is the thickness of the barrier layer. 
The carriers of electric charge must be able to cross this barrier in a time 
short compared with a quarter cycle of the applied r-f voltage if the 
high-frequency behavior is to be simply related to the d-c characteristic 
shown in Fig. 2-5. Since this barrier thickness is of the order of 10~6 cmp 
it is obvious that transit-time effects may be neglected at very much 



SEC. 2-2] HIGH-FREQUENCY EFFECTS IN CRYSTAL RECTIFIERS 53 

higher frequencies than would be possible in any device in which an 
interelectrode gap must be obtained by mechanical means. 

A simple equivalent circuit for the crystal-rectifier unit, exclusive of 
the transformation effects of the cartridge, may be used for illustrative 
purposes. Such a circuit, shown in Fig. 2-9, includes the nonlinear 
resistance R of the barrier, a linear resistance Rj, equal to the spreading 
resistance, as measured by the linear part of the d-c characteristic, and a 
capacitance C shunted across the nonlinear resistance. This capacitance 
arises because the barrier layer, although it 
has very small conductivity, does have a 
considerable dielectric constant, and it can 
be shown that the effect on an applied r-f 
voltage is similar to that of a small con- C 
denser shunted across the barrier region. FlG- 29-—Equivalent circuit for 
The magnitude of this capacitance is not 
independent of the applied voltage because the effective thickness 
of the barrier varies somewhat with the value of the applied voltage. 
For most purposes, however, the capacitance may be regarded as fixed. 

Because of the presence of the spreading resistance Rb, the capacitance 
of the contact cannot be resonated out by an external inductance and, 
consequently, this capacitance has a real effect upon the high-frequency 
behavior of the crystal rectifier. The capacitance acts as a shunt that 
lowers the effective impedance of the barrier at high frequencies. Since 
its presence has the greatest effect for the highest barrier resistance, the 
nonlinearity of the resistance, on which the usefulness of the crystal unit 
depends, is reduced. 

A voltage applied to the crystal in the direction of high resistance is 
said to be applied in the backward direction, and one in the low-resistance 
direction is called a forward voltage. The ratio of the voltage to the 
current for a backward voltage is called the back resistance and for a 
forward voltage the front resistance. Because of the barrier capacitance, 
the ratio of the back to front resistances is not so significant, as a measure 
of the quality of the crystal, as it would be if there were no capacitance 
present. Since the capacitance increases with increasing contact area, 
it is important that the area of the contact be kept as small as is com
patible with other requirements. This is one of the reasons for the care 
with which the whisker is prepared and brought into contact with the 
semiconductor. The small contact area used is produced by the flatten
ing of the whisker which occurs if a small force is applied across the con
tact. Crystals designed for the highest frequencies usually have a 
smaller force applied to the whisker and have, consequently, smaller 
areas of contact than those designed for lower frequencies. By this 
means, it has been found possible to maintain about the same sensitivity 
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over the microwave range, but the higher-frequency units are, con
sequently, mechanically and electrically less rugged. 

The back resistance of a microwave rectifier unit can be used as a 
measure of its quality, provided that a lower limit for the value of the 
back resistance of acceptable units of the same type is known. By 
statistical studies, it has been found that a lower limit to the back resis
tance of crystals-of a given type, measured at a given applied voltage, 
can be set. Crystals of that type which have back resistances below this 
limit are probably damaged, whereas those having resistances above the 
limit are almost certainly still acceptable. The measurement of the 
back resistance at the given voltage is a test by which it is possible to 
eliminate practically all inferior units at the expense of losing some 
acceptable ones. In view of the difficulty of measuring, directly, the 
quality of a crystal, and in view of the large numbers of crystals available, 
such a loss has been considered a small price to pay for simplicity of 
testing the crystals. 

The back resistance of a crystal unit that is in electrical use may 
become lower over a period of time. Such a change has more significance 
than the absolute value of the back resistance at any one time. Any 
change in the back resistance must mean a change in the contact or in the 
semiconductor and should, therefore, be looked upon with suspicion. 
In the past, a lack of realization of the significance of the back resistance 
or of a change in it has led to the continued use of damaged crystals in 
receivers. Because of the simplicity of a back-resistance test the impor
tance of performing it at frequent intervals, if high-quality performance 
is to be maintained, cannot be overemphasized. Limiting values of the 
back resistance for crystals of various types are included in a table at the 
end of this chapter. 

2-3. Figure of Merit of Crystal-video Receivers.—In Sees. 1-5 to 1-7, 
a discussion of the quality of a receiver with a low-level detector was 
given. For completeness, this discussion should include the definition 
and method of measurement of the "figure of merit," which is used as a 
measure of the quality of crystal detectors available commercially. In 
order to correlate the figure of merit with the minimum signal detectable 
by a receiver consisting of a low-level detector and an amplifier, it is 
necessary to have the definition include a parameter that takes into 
account the noise power arising in the amplifier. Two crystal detectors 
that are identical in performance when used with a noise-free amplifier 
do not necessarily make equally sensitive receivers when used with 
practical amplifiers. Therefore, the figure of merit of a crystal detector 
is a quantity that is related to the quality of the over-all receiver, when a 
typical video amplifier follows the detector. 

As stated in Sec. 10, a crystal upon which a signal is incident may be 
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represented, at the output terminals, by a current generator i in shunt 
with a conductance equal to that measured between these output ter
minals. I t has been found that the noise generated in a video amplifier 
can be represented as the noise of a resistance between the grid of a 
perfect amplifier and the input terminal, as shown in Fig. 2-10. Over a 
wide range of impedances across the input terminals, the noise power 
available at the output terminals of the amplifier, in excess of that arising 
from the circuit connected across the input terminals, can be considered 
as arising as Johnson noise in this series resistor. The entire circuit at the 
amplifier input terminals may then be represented by Fig. 2 1 1 , where R 
is the resistance of the output terminals of the crystal detector and RA is 
the equivalent noise resistance of the amplifier tube. The relation 

<^v^O 
Output 

line 

FIG. 2-10.—Equivalent circuit of first ampli- F I G . 2-11.—Modulation-frequency circuit 
fier tube with noise resistance. of low-level detector. 

between the output voltage E of the amplifier, caused by an r-f signal, 
and the r-f signal power P is 

E = *RA, (1) 

where b is the proportionality constant defined in Sec. 1-7 and A is the 
voltage gain of the amplifier. Since the rms output noise voltage of the 
amplifier now originates completely as Johnson noise in the two resistors 
R and RA> its value is 

N = A V*kTB(R + RA), (2) 

where B is the equivalent noise bandwidth of the receiver, as defined in 
Sec. 1-4, and the remaining symbols have the same significance as pre
viously stated. The signal-to-noise ratio at the output terminals of the 
receiver is thus given by the ratio of Eq. (1) to Eq. (2), 

E_ _ P R ,r>\ 
N ~ VWTB b VR + RA 

The right-hand side of Eq. (3) has been divided into two factors, the 
second of which includes the quantities descriptive of the detector. 
This quantity, 
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is called the figure of merit of the video crystal and has been used to 
evaluate the acceptability of production crystal units intended for use 
as low-level detectors. 

Before the figure of merit may be evaluated from measurements of the 
quantities b and R for the crystal, the value of RA must be known. This 
value is, of course, dependent upon the particular amplifier tube and 
varies somewhat among specimens of the same type and widely among 
different types. The amplifier tube most commonly used in video 
receivers that have crystal detectors is the 6AC7 tube in pentode con
nection. Tubes of this type have been shown by measurement to have 
equivalent noise generating resistances of 1000 to 1200 ohms. The 
Army-Navy specifications, under which the various types of video 
crystals have been produced and tested, are based on calculations for 
the figure of merit in which the value for RA, in Eq. (3a), is taken to be 
1200 ohms. 

At the end of this chapter is a list of the various types of crystals for 
which Army-Navy specifications existed at the time of writing. Included 
in the list are several types of low-level detector crystals, designed for 
specific frequency regions as indicated in the table. I t will be observed 
that these so-called video crystals have, in addition to a specification of 
figure of merit, a definite minimum or maximum value of output resis
tance. The resistance of the crystal determines the bandwidth of the 
first circuit of the amplifier, because the capacitance of this circuit is 
largely outside the control of the designer. If the resistance becomes 
too great, the pass band of the amplifier becomes too narrow; therefore, 
the receiver does not respond properly to signals of the type for which it 
was designed. 

2-4. The Crystal Converter.—The crystal rectifier, when used as a 
frequency converter, is operated under conditions rather different from 
those in the low-level-detector application. For this reason, an entirely 
different set of parameters are used for the evalutaion of the quality of a 
unit intended for use as a frequency converter. This can be seen from 
a simplified consideration of the mechanism of rectification based on the 
d-c characteristic of Fig. 2-5. Although an analysis based upon the d-c 
characteristic gives a poor picture of the microwave behavior of the 
contact as a frequency converter, because of the barrier capacitance, 
it does serve as a qualitative description. 

In Fig. 2-12, a typical d-c characteristic is drawn. In addition, 
there is shown, as a function of time along the negative ordinate axis, a 
voltage corresponding to the superposition of the local-oscillator voltage 
upon a small signal voltage. The output terminals of a crystal mixer are 
so arranged that no microwave-frequency components of the current in 
the crystal appear at them. The output terminals carry only the direct-
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LO amplitude 

F I G . 2-12.—Graphical illustration of fre
quency conversion on basis of d-c charac
teristic of crystal. 

current and the beat-frequency components, as indicated by the curve 
representing this current as a function of time plotted along the right-
hand part of the horizontal axis. The magnitude of the beat-frequency 
component in this current is related to the efficiency of the device as a 
frequency converter. From the diagram it is evident that the magnitude 
of this beat-frequency component depends primarily upon the ratio of the 
slopes of the d-c characteristic at 
the negative peak and at the posi
tive peak of the local-oscillator 
voltage. I t is apparent that the 
curvature of the characteristic in 
the vicinity of the origin is of 
little direct importance compared 
with the ratio of what might be 
called the differential impedances 
at two p o i n t s symmetrically 
chosen at some distance on either 
side of the axis. From this con
sideration, it would be expected that the crystal rectifiers that make the 
best low-level detectors do not necessarily make the best units for use as 
frequency converters, and vice versa. 

Another significant relationship that can be qualitatively determined 
from this simple analysis is the dependence of the conversion efficiency 
on the magnitude of the local-oscillator voltage applied. If the signal 
voltage is kept small compared with that of the local oscillator but 
of constant magnitude, and the amplitude of the local-oscillator voltage 

is varied, the magnitude of the modu
lation component in the linear super
position of the two voltages remains 
constant. Because of the curvature 
of the d-c characteristic, particularly 
on the positive side of zero voltage, the 
ratio of the differential impedances on 
the two sides diminishes with decreas
ing local-oscillator voltage and, as a 
result, the conversion efficiency of the 
device should be less with small local-

oscillator amplitudes than with large amplitudes. The conversion effici
ency, plotted as a function of the local-oscillator power, may be expected to 
behave as in Fig. 2-13, where the abscissa is the local-oscillator power and 
the ordinate is the relative conversion efficiency. There is no longer 
any significant increase if the local-oscillator power is increased beyond 
that which utilizes the straight portion of the d-c characteristic in the 

FIG, 
version 
drive. 

Local-oscillator power 
2-13.—Typical curve for 
efficiency 

con-
local-oscillator 



58 CRYSTAL RECTIFIER UNITS [SEC. 2-4 

forward direction. At larger amplitudes, there may even be a decrease, 
because the differential back resistance may decrease. This situation has 
not been indicated, however, in either Fig. 212 or Fig. 2-13. 

The conversion efficiency is usually specified as the gain of the con
verter unit, considered as a network, between the signal input terminals 
and the i-f output terminals. This gain, as defined in Sec. 1-4, is the 
ratio of the available i-f output power to the available signal input power, 
and, for a crystal converter, it is almost certainly less than one. Con
sequently, it has become customary to use the reciprocal of the gain, 
called the "loss" L of the converter and to express it in decibels. In 
order to specify completely the quality of the converter, it is necessary to 
know the value of the output noise power from the converter, considered 
as a network, as discussed in Sec. 1-4. From these two quantities, the 
effective over-all noise figure of a receiver in which such a converter is 
used in conjunction with an i-f amplifier of known effective noise figure 
may be estimated. The noise temperature t, as defined in Sec. 1-4, has 

been most commonly used as a measure of 
the noise. In order to specify the local-

jj 3 ^^ oscillator power for optimum effective 
over-all noise figure, it is necessary to 

E 2 [ ^y^ know both the dependence of the noise 
temperature of the crystal on the local-
oscillator power and the noise figure of the 

Local-oscillator power i-f amplifier for a generator impedance 
FIG. 2-14.—Typical curve of equal to the impedance of the output 

mixer noise temperature vs. local- , . , £ . , , i „ _. T-I -
oscillator drive. terminals of the crystal converter. This 

impedance also depends somewhat on the 
local-oscillator power, although it varies only slowly for local-oscillator 
drive sufficient to give a conversion gain near the maximum. 

The noise temperature of a crystal converter is found to be approxi
mately linearly dependent upon the incident local-oscillator power, as 
indicated in Fig. 2-14. Equation (1-26) may be used to calculate the 
effective over-all noise figure if F*, the effective noise figure of the i-f 
amplifier, i3 known for the range of output impedances possessed by the 
crystal converter. Since the over-all noise figure is usually expressed in 
decibels and since the loss L, also usually expressed in decibels, is used 
instead of the gain, this equation may be rewritten as 

Ff+2 a = LA + 10 log10 (Ft + 1-D, (4) 

where t and F* are numerical ratios, not expressed in decibels. Figure 
215 shows a typical curve of the effective over-all noise figure of a receiver 
resulting from the combination of the three quantities in Eq. (4). I t will 
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Optimum 

Local-oscillator power 
2-15.—Over-all noise figure 

local-oscillator drive. 

be observed that the noise figure decreases in about the same way as the 
conversion efficiency increases, for small local-oscillator power. For 
high local-oscillator power, the conversion efficiency no longer increases 
so rapidly but the noise temperature 
continues to increase; therefore the & 
over-all noise figure goes through a £ 

minimum value and then increases g> 
again. The noise figure does not vary .op 
rapidly in the region of the minimum j> 
value and, therefore, a reasonably g 
large d e v i a t i o n in local-oscillator § I 
power from the optimum value can be 
tolerated. The optimum local-oscil
lator power is usually about 0.5 mw 
into the crystal, which results in a 
continuous rectified crystal current of 
about 0.5 ma. More specific informa
tion about conversion losses and noise FIG. 
temperatures, as well as about i-f im
pedances of typical units, will be given in later sections of this chapter. 

2-5. Linear-network Representation of the Crystal Converter.—The 
use of the terms loss and noise temperature, to describe the crystal 
frequency converter, suggests that the device may be considered as a 
network that possesses two pairs of terminals: one pair to which the signal 
is applied, and one pair from which the i-f signal is obtained. Although 
the converter depends for its action upon the nonlinear relationship 
between voltage and current in the crystal unit, a linear relationship 
exists between the i-f output voltage and the microwave input signal 
voltage, provided the signal amplitude is very small compared with that 

of the local oscillator. This is 
true because the voltage-to-current 
relationships of the crystal, which 
are effective for the conversion from 
the signal frequency to the inter
mediate frequency, are differentials 

of the d-c and r-f characteristics, and these may be regarded as constant for 
very small signal amplitudes and for a given local-oscillator power. 
The converter may then be regarded as a box containing a pair of signal 
terminals and a pair of output terminals for the i-f voltages, as indicated 
in Fig. 2-16. A considerable number of relationships that help to 
clarify the complex behavior of crystal converter units can be derived 
from this representation. 

It might be wondered what would result if the device were worked 

Signal 
terminals 

FIG. 2-16.-

Output 
terminals 

-Symbolic representation of crys
tal converter. 
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backward. If an i-f voltage were impressed upon the i-f terminals, 
would an r-f signal be produced at the signal terminals? A return to a 
consideration of the d-c characteristic will help to answer this question. 
If, as in Fig. 2-17, the local-oscillator voltage is impressed upon the 
crystal, in the absence of an r-f or an i-f signal, and a d-c bias is added in 
series with the crystal, then the operating point shifts, with the result 
that a different part of the characteristic determines the r-f impedance 
of the crystal. If the bias voltage is made to vary through zero sinus-
oidally at the i-f frequency, the effect is to modulate the r-f impedance 
of the crystal at the i-f frequency or, in other words, to amplitude-modu
late the r-f current in the crystal. It is well known that an amplitude-
modulated r-f current or voltage may be considered as equivalent to the 
unmodulated current or voltage plus two other r-f components, one 
above the original frequency and one below it. These two added 

components differ in frequency from 
the incident radio frequency by an 
amount equal to the modulation fre
quency. In the crystal converter, 
where the modulating voltage is sup
posed t o be a t t h e intermediate 
frequency, one of these new radio 
frequencies will correspond to the 
signal frequency and the other to 
the image frequency. When an i-f 
voltage is applied to the i-f terminals 

of the converter of Fig. 2-16, voltages of equal magnitude, at the signal 
and the image frequencies, appear at the r-f terminals. This assumes, 
of course, that there is contained in the box between the crystal and the 
input terminals nothing that is sufficient^ selective with respect to 
frequency to favor one of these voltages over the other. 

To return to the use of the converter in the direction for which it was 
intended, the application of a signal voltage to the input terminals gives 
rise to an i-f voltage at the output terminals. This voltage in turn 
produces, at the input terminals, a voltage at the signal frequency and 
one at the image frequency. The presence of the signal-frequency 
voltage serves only to determine, in part, the signal-frequency impedance 
of the converter, but the image-frequency voltage has considerable 
significance. I t is clear that the behavior of the converter cannot be 
independent of the image-frequency impedance of the generator circuit 
connected to the input terminals; a reflection of the image-frequency 
wave from the generator back into the converter unit will produce a 
voltage at the intermediate frequency. The phase and amplitude of this 
intermediate-frequency component, relative to the one produced directly 

Local-oscillator 
envelope 

Shift due to 
bias voltage 

F I G . 217.—Graphical illustration of 
effect of bias voltage on r-f admittance. 
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by the signal, is dependent on the phase and amplitude of the reflected 
image-frequency wave. The signal-frequency impedance, the output 
impedance and the conversion loss must all be dependent, to some 
degree, upon the impedance presented by the generator circuit to the 
image-frequency wave. 

Because the crystal is a nonlinear element, there must be developed, 
in addition to these voltages, many other higher-order components 
corresponding to harmonics and products, sums, and differences of these 
components. A rigorous analytical treatment of the device must include 
all of these components as well as the image voltage. In addition to the 
process just described, the image-frequency voltage may be developed 
as the difference frequency between the second harmonics of the local-
oscillator frequency and the signal frequency. The effects of the higher-
order frequencies, however, are smaller than those produced by alterations 
in the crystal impedance. They are, moreover, analytically and experi
mentally, very much more difficult to handle. To estimate the effects of 
these voltages, it is useful to consider the image frequency alone because 
it is probably of the greatest importance, and relatively simple experi
ments can be made to verify the analytical predictions. The effect of 
varying the impedances presented to the higher-order frequency com
ponents, such as the second harmonics, may be anticipated to be quali
tatively similar, but less pronounced. 

2-6. The Three-terminal-pair-network Representation.—Let us sup
pose that the only voltages of significance in the converter circuit are 
those at the signal, image, and intermediate frequencies. Although the 
first two of these appear on the 
input terminals of Fig. 2-16, it is 
convenient to assume that there 

Image terminals 
F I G . 2-18.—Symbolic representation of 

converter with separate signal- and image-
frequency terminals. 

exist separate terminals for them, 
as shown in Fig. 2-18. This could 
be achieved in p r a c t i c e by an 
appropriate splitting network, com
posed of frequency-selective cir
cuits, within the box. A three-terminal-pair network, in which the 
voltages and currents are linearly related, as they are for small voltages in 
the crystal converter, may be described by a set of three transformation 
equations involving a total of nine independent coefficients characteristic 
of the network. Because of the symmetry between the signal- and image-
frequency components in the converter, assuming the converter to have a 
low Q in terms of the frequency difference involved, the number of 
independent coefficients may be reduced to five, provided the equations 
take account of the phase relation between the signal- and image-
frequency components. These equations may be written as, 
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i« = ya,,ca + y„(KV -f yayey*, 
i» = 3//»«e« + y/juc/j + !/*«%*, (5) 

i-r* - yal*ey -f- y«/s% + 2/<«a*eT*, 

where the subscripts „, p, and T refer respectively to the signal, inter
mediate, and image frequencies, and the asterisks denote the complex 
conjugates. The i-f current due to the image-frequency voltage eT has a 
value that is the complex conjugate of that produced by the signal 
voltage. Therefore the complex conjugate of the term y$aey is taken, 
in the second equation, to be the contribution of the image-frequency 
voltage to the total i-f current. For this reason, the complex conjugate 
of the image voltage is used throughout, and the third equation gives the 
complex conjugate of the image-frequency current. 

If the image terminals are connected, independently of the signal 
terminals, to an external admittance yy, the relationship between the 
image-frequency current and voltage is 

it 
f = ~Vr (6) 
Ky 

If this expression is substituted into Eqs. (5), and if ey and iy are elimi
nated between the resulting equations, the relations between the voltage 
and currents at the signal and intermediate frequencies become 

in — Yaaea -f- Yagcs\ ,„. 
if = Y[,aea + F/jjepJ' 

where 

yy i ifaa 
\r 2/o-y yaf /„-

ya» - y<.p - „ ♦ , „ *< (9) 

Y* = y*. - r W ^ v (10) 

Y# = y„0 - *"<":,■*■ (11) 
yy ~T tfaa 

Equations (7) show, through their dependence upon the image 
termination yy, tha t the behavior of the device as a converter from signal 
to image frequency cannot be specified independently of the treatment of 
the image-frequency component. Specifically, the conversion loss, the 
signal input admittance and the i-f output admittance can all be calcu
lated from Eqs. (7) in terms of Yaa, Ya$, I V , and F w , plus the signal-
generator admittance ya and the i-f load admittance at the output 
terminals, y$. 
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To find the signal input admittance Ya for an i-f load admittance 
ye, Eqs. (7) may be written as, 

(Yaa - Ya)e« + Yafe9 = 0, 
Y^ea + (Y„ + y,)e, = 0, (12) 

where 

Y. = - and yf = - ^- (13) 

To be consistent, the determinant of these equations must vanish, or, 

Ya = 7a„ - - ^ ^ = - (14) 

The i-f output admittance FJJ, by analogous steps may be shown to 
depend upon the signal-generator admittance ya, as 

Yt=Yn>-y^+i;- ( 1 5 ) 

J aa "T ya 
These two relations, Eqs. (14) and (15), reveal a point about the design 

of crystal mixer circuits which must not be overlooked if the best possible 
performance from a given crystal unit is to be obtained. The choice of 
the r-f and i-f matching conditions cannot be considered to be independent 
or to be completely a property of the crystal alone. Because of the inter
dependence, the design of the input circuit of the i-f amplifier should 
take into account the effect on the i-f output characteristics of the signal-
frequency and image-frequency admittances that are connected to the 
r-f terminals of the converter. In turn, the signal- frequency admittance 
of the converter is dependent both upon the i-f load admittance presented 
to the converter by the i-f amplifier and upon the admittance presented 
to the converter at the image frequency. If the image-frequency termi
nation is fixed, the coefficients of Eqs. (7) may be regarded as constants 
descriptive of a particular converter unit. There is, therefore, a great 
similarity between the converter and an ordinary piece of transmission 
line, with respect to the dependence on the signal-generator and output-
load admittances. In the representation of a transmission line by equa
tions analogous to Eqs. (7), it can be shown that the transfer admittances 
analogous to F„j and Ypa must be equal. That this is also true for the 
network representing the crystal converter cannot be proved without 
making some restrictive assumptions. 

Dicke1 has shown that, if certain assumptions about the time depend
ence of the voltage across the barrier in a crystal rectifier unit are true, a 
relation between Ya$ and Yga exists such that 

l̂ afll = \Yffa\. 
1 R. H. Dicke, "A Reciprocity Theorem and Its Application to Measurement of 

Gain of Microwave Crystal Mixers," RL Report No. 300, Apr. 13, 1943. 
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On the basis of this relation, the conversion loss of a crystal converter can 
be calculated from measured values of the signal or i-f admittances of 
the converter, for each of several different admittances connected to the 
other pair of terminals. Comparisons have been made between the 
values of the conversion loss found in this way and the values measured 
on the same units by the standard method that involves the measurement 
of the ratio of the available input power to output power. I t is found 
that the reciprocity condition holds very closely for silicon crystals, but 
that it does not hold for germanium crystals. If this condition is not 
obeyed, the efficiency of conversion of r-f power to i-f power is not the 
same as that from i-f power to r-f power. I t has been found that units 
that do not obey the reciprocity condition are usually more efficient as 
converters from low to high frequency than in the opposite sense. The 
agreement between the measured conversion loss and that calculated 
from the admittance data, for silicon units, is excellent confirmation 
of the usefulness of the linear-network representation of the crystal con
verter. Even for units that do not show reciprocity, the same qualitative 
interdependence of r-f and i-f admittances is found. 

The conversion loss of the converter in terms of the parameters of 
Eqs. (7) may be derived in the following way. The output power from 
the converter unit is the real part of — iipep*, whereas the power enter
ing the unit is the real part of %iaea*; therefore the loss is 

L - ~ ReW^)' (16) 

which, by Eq. (13), becomes 
a *_. * 

(17) 
j _ Ga 

Here, Ga and g$ are the real parts, or conductance parts, of Ya and y$, 
respectively. If the second of Eqs. (12) is solved for |e0/ep| and the 
solution substituted in Eq. (17), the expression for the loss becomes 

If the value of Ga from Eq. (14) is substituted in this expression, the loss 
becomes 

Gaa-Re(^"^\ 
T _ \ J W T- UP/ ! ' W + VA , ,„■, 
X, - - \\TTi U » J 

9» I da 

where Gaa is the real part of F, This may be written in the form 

file:////TTi
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Gaa 
9e\Y> ■A (G„ + gtf- Ga 

(Gee + ge) 

+ (B„ + M2 Ba0 
Gaa 

(Bee + b,) (20) 

where the G's and B's are the real parts and imaginary parts of the Y's 
with the same subscripts. In addition, Gapga and B„ppa are, respectively, 
the real and imaginary parts of Y„pYpa. The gain of the network which 
appears in the expression for the effective over-all noise figure of a cascade 
of networks, is defined (see Sec. 1-7) as the ratio of the signal power 
available from the network to that available from the signal generator 
connected to the input terminals of the network. The full power availa
ble from the converter is obtained when the load admittance ye is so 
chosen that the loss L is a minimum. There are two orthogonal quanti
ties, <7p and be, in Eq. (20) which must be adjusted to make L a minimum. 
The quantity be can be given any value from plus to minus infinity. The 
minimum of L will occur for a minimum of 

(B^ + be)2 
Gaa 

(Bee + be), 

which is obtained when 

Bee + be Ba 
20, 

(21) 

(22) 

as is ev ident if t he der ivat ive of Eq . (21) wi th respect t o (Bee + be) is set 
equal t o zero. T h u s E q . (20) becomes 

L = Ga 

g?\Ye (Gee + ge)2 Gag, 
Ga 

(Gee + 9») 
(Ba0e„\ 
\2Gaa) 

(23) 

If the partial derivative of L with respect to ge is taken, the value of ge 

resulting in minimum loss can be found to be 

Gee2 -
Gaa 

(BaMa\ (24) 

where only t h e posit ive root has physical significance. T h e o p t i m u m 
load admi t t ance , from t h e combina t ion of E q s . (22) a n d (24), is 

= \Gm GaeeaGe, 
Gaa 

[Baeea\ ' . • I Baesa R i 
\2GVaj\ +3\W7a-BV' 

Upon substitution of Eq. (24) into Eq. 
minimum loss becomes 

+ i\j£-B»)- (25) 

(23), the expression for the 

.2 a G*ee 
2Ga + Gee2- GaeeaGe _ (Bgeea\ "\ 

\2Gaa) J J 
(26) 

file:///2Gaa
file:///2Gaa
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By algebraic manipulation, Eq. (26) can be put into the form 

L ~ iv. i{T^VT^)' (27) 11'* 
where e is given by 

_ 2\YagY\fa 

2GaaGfis — Ga^« + \YapYga 
(27a) 

The second factor in Eq. (27) may be called the impedance loss, because it 
can be evaluted from direct measurements of the impedance of one pair of 
terminals of the mixer for each of two different load conditions at the 
other pair. This loss and the actual minimum loss encountered in prac
tice are the same only if the first term in the expression is unity. This is 
true if the mixer obeys the reciprocity condition. 

If the mixer is worked backward, that is, caused to generate the signal 
frequency from an applied i-f voltage, the loss for this process may be 
calculated in a similar manner. The loss L' from low- to high-frequency 
power is found to be identical with Eq. (27) except that the reciprocal of 
first term appears; that is, 

If the ratio of Eqs. (27) and (28) is taken, 

V (29) 

This ratio of the losses in the two directions reveals to what approximation 
reciprocity holds. Since, as mentioned earlier, the loss is usually greater 
in the direction from r-f to i-f power than in the other direction, when 
the reciprocity theorem is not obeyed the relation between Ya$ and Y$a 
can be stated to be, almost without exception, 

\Y*\ s= \Y,a\. (30) 

2-7. The Relation between the Input Admittance and the Load Admit
tance.—The representation of the mixer as a linear network makes it 
apparent that the input admittance cannot be independent of the load 
admittance, and, in fact, the relationship between them may be calcu
lated with the aid of Eq. (27). This is most easily done for certain simple 
cases from which the general interdependence may be discovered. For 
example, suppose that the i-f output terminals are connected to a pure 
susceptance which can be adjusted through all values between negative 
and positive infinity. Suppose, further, that the mixer includes r-f 
matching devices such that, under the condition of infinite load suseept-
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ance, the signal admittance is real. From Eq. (14) it is evident that this 
may be written 

F »c = Gn = Gaa. (31) 

The load susceptance may then be adjusted to make the input admittance 
mismatched to YK by as large an amount as possible. This may be 
expressed, by use of Eq. (14), as 

V V 
* - - < * - G w + y ( B w + W- M 

The mismatch between F<». and F»c may be expressed in terms of the 
absolute value of the reflection coefficient V of Yx relative to F,c, which is 

i r i = / OC I 8' 

I OC ~J~ X Hi 

' YafiYfa 

or 
2GaaGgp + Gap0a -+- j2Gaa(Bpp + 6p) 

(g.w.)2 + (£,w<.)2 

(2GaaGpt — GaMa)2 + [2Gv,,»(.BftJ + 6/j) — B „ w J ! 

(33) 

(34) 

The maximum loss due to mismatch, corresponding to the maximum 
of jr[2, can be found by setting the partial derivative of |T|2 with respect to 
(Bw + be) equal to zero. The result of this is 

B» + h = + Ife' (35) 
This expression is identical with Eq. (22), which gives the optimum load 
susceptance from the standpoint of conversion loss. If this susceptance 
value is used in Eq. (32), the result is 

Zoo = <Jraa n (.00,) Gft + j S 
The r-f signal is applied to a microwave converter through a coaxial 

line or a waveguide. The position in this input line at which the 
signal terminals of the equivalent network are located is, as yet, arbi
trary. It is convenient to choose these terminals to be at a point 
at which F„c is real. This is not incompatible with making F,0 real, 
because, for instance, the r-f matching in the mixer could be such that 
Gaa is the characteristic admittance of the transmission line. Then F,c 

would be real at all points along the input line. Choosing the position of 
the input terminals to make Foc real makes the imaginary part of the 
second term of Eq. (36) equal to zero, or 
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This is satisfied if 

2Gaa Gpp = Gag0a, or B„wa = 0. (38) 

The first of the conditions of Eq. (38) results in * greater than one and, 
therefore, it does not have real significance. The second of these condi
tions, however, results in 

r„c = G„ - ^ = Go.. (39) 

From Eqs. (31) and (39), 

P= = 1 - ^ - (40) 

Under these conditions, however, Eq. (28) for e may be used to show that 

1 - e. (41) 
G., 

Therefore Eq. (27) becomes 

1 + 

1 

I 
4 

L-'wt<—*• ( 4 2 > 
I t is now clear that the measurement of these two admittances at one 

pair of terminals of the converter, under each of two conditions at the 
other pair, constitutes, according to Eq. (42), a measurement of the 
mimimum conversion loss of the converter, except for the reciprocity 
factor. The result of this measurement, sometimes called the impedance 
lossLz, is given by 

= i + VGQC/GTO-

This expression is identical with one which can be derived for the trans
mission loss of a piece of transmission line an integral number of half 
wavelengths long. For the transmission line, Goc is the conductance of 
the input terminals with the output terminals open-circuited and G«, is 
the conductance with the output terminals short-circuited. An experi
mental apparatus to be described in Chap. 8 has been designed and used 
to measure the impedance loss of crystal mixers, by measurement of 
s/Goc/Gic. The results, for silicon crystals, have been in good agree
ment with those obtained by more direct methods. 

2-8. The Dependence of Input Admittance on the I-f Load Admittance. 
The characteristic admittance of a transmission line may be shown to be 
just v&cGoc. That the same expression holds for the converter may be 
verified by putting Eq. (24), for gp, into Eq. (14), under the condition 
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that the choice of the position of the input terminals is the same as 
before, and therefore Bapga is zero, as in Eq. (38). I t is now possible 
to discover the range of input admittances which will be shown by the 
converter for all possible values of i-f load admittance, by use of Eq. 
(43). I t is a general theorem for linear networks that a circle on an 
admittance diagram is transformed by the network into another circle. 
I t is known that, under the special conditions here assumed, two points 

Fia. 2*19.—Limiting r-f admittance contours vs. i-f load admittance for several values of. 
impedance loss in decibels. 

of the admittance contour at the input terminals, resulting for output 
load admittances along the circle yp = jbg (a circle of infinite radius in a 
cartesian plot of conductance vs. susceptance, or the outside circle on 
a Smith chart), fall upon the conductance axis. I t has also been shown 
that Goo differs from G,c by the maximum amount for this range of load 
admittances and, therefore, it follows that the conductance axis is a 
diameter of the input-admittance circle. If, further, the r-f tuning is so 
chosen that vG.cGD0 corresponds to a matched input line, the circle will 
be centered, on a Smith chart, at Y0- Several such circles are shown in 
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Fig. 2-19, corresponding to various values of Lz between 0 and 10 db. 
Under these conditions, only points inside the circle corresponding to 
the L z of the converter in question can be produced as the input admit
tance to the converter by choice of the load admittance. The center 
point of the circle Y0 is obtained when the load admittance has the opti
mum value, as given by Eq. (25). 

One of the important tasks in the design of converter and mixer cir
cuits is the adjustment of the tuning of the input circuit in such a way that 
minimum loss is obtained for the largest possible number of crystal units. 
In this connection it is important to realize the significance of the definition 
of the gain, and its reciprocal the loss, as it appears in the expression for 
the over-all noise figure for the cascaded converter and i-f amplifier. The 
input circuit of the i-f amplifier does not need to provide for the converter 
a load admittance such that the converter delivers maximum power. The 
conversion loss of a given converter, therefore, is not necessarily mini
mized by a tuning that matches the signal generator to the converter, 
with the converter connected to the i-f amplifier. The i-f input circuit 
is so chosen that the smallest possible noise figure compatible with the 
desired bandwidth and the amplifier tubes is achieved. As a result, 
the input admittance of the mixer lies nearer to the boundary of the region 
inside the appropriate circle of Fig. 2-19 than to the center. Never
theless, for minimum over-all noise figure, the mixer tuning should be 
such that the characteristic admittance of the mixer is matched to the 
admittance of the r-f signal generator, since this gives minimum conver
sion loss. Therefore, a load admittance having the value such that the 
mixer delivers maximum power should be used in experiments intended 
to establish optimum r-f tuning conditions for the mixer. 

For converters in which \Yag\ ^ \Ypa\, and the actual loss therefore 
does not equal the impedance loss, the dependence of the input admittance 
upon the load admittance is greater than would be expected if reciprocity 
were assumed because of the relation of Eq. (30). With such units it is 
even more important that the input matching is achieved under the 
proper load conditions than for units of equivalent actual loss but for 
which reciprocity holds. 

Because the values of the parametric admittances, Y„m of Eqs. (7) are 
dependent, through Eqs. (8), (9), (10), and (11), upon the image-
frequency termination yy, the characteristic signal input admittance as 
well as the loss are to some extent determined by this image-frequency 
termination. In a converter unit that is, in itself, insensitive to frequency 
but that is to be used with a high-Q resonator such as a TR switch, the 
measurement of the characteristic input admittance should be made with 
this resonator in place. The input admittance is less dependent on the 
image-frequency load admittance, however, than on the i-f load admit-
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tance. The mismatch encountered if the tuning is made optimum 
without the resonator in place is not large because an increase in loss of 
only a few tenths of a decibel would result even if the mixer were matched 
to the signal generator with an incorrect admittance connected to the 
i-f output terminals. A calculation of the magnitude of the interdepend
ence of the signal admittance and the image-frequency load admittance 
requires a knowledge of the values of the parametric admittances y„m of 
Eqs. (5). Although these can be measured, this subject will not be 
discussed here. 

2-9. Dependence of the I-f Admittance upon R-f Matching Condi
tions.—In a fashion exactly analogous to that of Sec. 2-8, the admittance 
of the i-f terminals of a converter may be shown to be dependent upon the 
signal-generator admittance. The symmetry of Eqs. (7) suggests that an 
expression similar to Eq. (43) could be written down immediately, where 
Goc and GK refer respectively to the conductance of suitably chosen i-f 
terminals for the conditions of open-circuited signal terminals and short-
circuited signal terminals. I t is more convenient, however, to keep 
the previous choice of the position of the r-f signal terminals and the 
r-f matching conditions previously denned, to allow a single set of 
terminals to be used for the description of the converter in either direction. 
In practice, a special r-f circuit is required to allow variation of the admit
tance connected to the signal terminals independently of that connected 
to the image terminals. I t will be assumed that this can be done, how
ever, and with this assumption a useful relation can be derived. 

The three conditions set up in the previous section were: 
1. R-f matching such that Yaa is real, and equal to (?„„. 
2. Choice of the position of the r-f signal terminals such that {Ya$Yfa) 

is real, and equal to Ga&a. 
3. Addition of a susceptance, bp, to the i-f terminals, which resonates 

out the imaginary part of YpS. This is the condition of Eq. (35), 
which was used to calculate the quantity denoted by FQc 

By the use of these three conditions, the expression for the impedance 
loss may be calculated for measurements of the i-f admittance for short
en cuited and open-circuited signal terminals. From Condition 3 and 
Eq. (15) the i-f admittance for short-circuited signal terminals may be 
written 

Y.ca = Gp$ = Gsca. (44) 

From Conditions 1 and 2, the i-f admittance for open-circuited r-f 
terminals may be written 

Fooa = GftS -ri—" = Goca. (45) 

The ratio Goca/G.^ is therefore identical with that given by Eq. (40), and 
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the impedance loss can be written in t £> ms of this ratio in the same way as 
for the r-f terminals 

T — 1 "t~ V Coca./<?»<;« , . „ , 
1 — V Gova/Gsca 

This relation reveals a point that is important in the design of con
verters and i-f amplifiers. The i-f output admittance of the converter ; 

which plays an important role in determining the i-f amplifier noise 
figure and bandwidth, can fall anywhere inside the appropriate circle on 
Fig. 2-19 depending upon the admittance of the signal generator con
nected to the input terminals of the converter. If a resonant circuit 
is included in the converter or in the line between the converter and the 
antenna, the i-f admittance may be expected to vary with the inter
mediate frequency. If the signal generator is matched to the crystal 
converter, the i-f admittance will be the characteristic admittance of the 
i-f terminals, which corresponds to the center point of Fig. 2-19 for that 
particular crystal, image-frequency termination, and harmonic-frequency 
termination. If the image-frequency termination is identical with that 
at the signal frequency, the i-f admittance of most crystals now available 
is between 2000 and 3000 micromhos. This value for the i-f conductance 
of the converter is valid only when the signal and image terminals are 
both connected to admittances matching the input admittance of the 
converter. 

Since the converter is tuned for minimum conversion loss, the admit
tance of the signal generator is nearly matched to the characteristic 
admittance of the signal terminals of the converter. At the image 
frequency, however, the signal generator admittance may have a different 
value, and this, too, affects the i-f admittance of the converter. In 
circuits involving an r-f resonator, the image-frequency load admittance 
is usually very different from that at the signal frequency. A T R cavity 
having a loaded Q of 300 at a signal frequency of 3000 Mc/sec almost 
completely reflects the image-frequency wave if the intermediate fre
quency is 30 Mc/sec. Because of the symmetry, shown by Eq. (5), 
between the signal and image frequencies, an expression may be written 
which expresses the impedance loss of the converter in terms of the i-f 
conductances measured with the image-frequency terminals open-
circuited and short-circuited. This expression is 

T -1 ~T~ y/ ^oc7/vJac7 (A'7\ 

The impedance loss Lz is the minimum loss that could be obtained if the 
roles of the signal and image terminals were interchanged. I t is, there
fore, the same as the conversion loss between the signal and i-f terminals 
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when the image-frequency terminals are connected to an admittance 
equal to the admittance of the signal generator. Again, Fig. 2-19 is 
applicable. The center point now corresponds to the admittance 
resulting if the image terminals are connected to an admittance equal 
to the optimum signal-generator admittance. Since the termination at 
the signal frequency will be near this value, a low-Q circuit would provide 
the same admittance at both signal and image frequencies. The i-f 
admittance would then correspond to the center of the chart and would 
be between 2000 and 3000 micromhos, as mentioned above. 

If the termination at the signal frequency is kept constant and the 
phase of a complete reflection of the image-frequency wave is varied, the 
resulting i-f admittance should move along a circle, such as the appro
priate one in Fig. 2-19. This could be done by varying the length of a 
transmission line, matched both ways at the signal frequency, connected 
between the converter and the TR cavity. An incomplete reflection of 
the image frequency would give rise to admittances on a smaller circle. 
It is thus apparent that any mixer or converter circuit, or any circuit 
preceding the converter, which reflects at the image frequency may be 
expected to give rise to an i-f admittance that varies with the operating 
frequency. For this reason it is advantageous to make the line length 
between the crystal and T R cavity, or other device reflecting the image 
frequency, as short as possible. The variations encountered in the i-f 
conductance are of sufficient magnitude to affect seriously the bandpass 
characteristic of the input circuit, and the variations in capacitance can 
have a serious detuning effect on the i-f input circuit. In order to evalu
ate these variations it is convenient to put Eq. (47) into a different form. 
If Eq. (47) is multiplied through by -\/G,Cy and then by ( V G W + \ / G m - , ) , 
the result is 

j CTSCT T* Gozy "T" ■* V O'sc-y^''oc7 
Liz — Yi Y, 

U"SCT ~ t foc 7 

Since y/G^yGocy — G0 (the center point of Fig. 2-19, or that value of the 
i-f admittance with an image-frequency admittance equal to that at the 
signal frequency), it may be shown that , for losses greater than 5 db, 
the equation 

Go Lz 

holds, within about 10 per cent. Since 5 db is about the minimum loss 
found for available crystal units, the maximum variation of i-f con
ductance is from about one half to twice the mean value for open-cir
cuited and short-circuited image-frequency terminations, respectively. 
In a given r-f circuit, the variation with different crystal cartridges, at a 
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fixed frequency, is determined by the variation in G0 from unit to unit 
and by the fact that the effective phase length, and so the position of the 
apparent terminals satisfying Condition 2, is not the same from cartridge 
to cartridge. A consideration of Fig. 2-19 shows that small variations 
in the phase of the reflection of the image frequency give rise, primarily, 
to changes in i-f susceptance, for lengths giving either minimum or 
maximum conductance. In the region between these values, small varia
tions give rise, primarily, to changes in conductance. The choice of the 
length of line used could, in part, be determined by which of these two 
kinds of variation has the less objectionable effect upon the receiver noise 
figure and bandpass characteristic. 

Because the complex conjugates of the image voltage and admittances 
appear in Eqs. (5), it can be shown that the i-f admittance resulting 
from given signal-frequency and image-frequency terminations is the 
complex conjugate of that resulting if the signal-frequency and image-
frequency admittances are interchanged. For instance, if the signal 
terminals are connected to a signal generator of the admittance that 
gives minimum loss, and if the image terminals are connected to a 
variable length of line, short-circuited at its far end, the i-f admittance 
goes around a circle such as the appropriate one of Fig. 219, as the line 
length is varied. If the roles of the signal and image terminals are 
interchanged the same circle will result but it will be traversed in the 
opposite direction as the line length is varied. 

From this it can be shown that, if the signal and image terminations 
are kept equal to each other but are changed together, the i-f admittance 
will remain real provided Condition 3 is satisfied. The connection 
between the impedance loss and the limiting values of the i-f conduc
tance, for complete reflection of both signal and image voltages, for all 
phases, is 

Lz = 2 1 + V g ^ / g - . (48) 
1 — \ / Crmin/Crma* 

Experiments to measure conversion loss by means of this relation 
have been performed by R. H. Dicke. For silicon crystals, where reci
procity is found to hold, good agreement with the conversion losses 
measured by other methods was found. Instead of a complete reflection 
of the signal- and image-frequency waves, Dicke's method made use of a 
post protruding into the input waveguide of the mixer, giving a known 
reflection coefficient less than unity, to allow transmission of the local-
oscillator wave through the same waveguide. I t is necessary in such an 
experiment to use such a low intermediate frequency that a reflection 
some distance back from the crystal in the input waveguide gives rise to 
identical load admittances at the mixer, at the signal and image fre-
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quencies. If the i-f wavelength is not very much longer than the distance 
in the waveguide between the crystal and the point at which the reflec
tion occurs, the phase lengths of the waveguide at the image and signal 
frequencies are different and the imaginary parts of the i-f currents 
excited by the reflected signal and image waves are not exactly equal 
in magnitude and opposite in phase. There will be, consequently, a 
variation of the imaginary part of the i-f admittance as the line length is 
varied. In Dicke's apparatus the i-f frequency used was 60 cps and, 
therefore, this condition was well satisfied. However, with intermediate 
frequencies of 30 Mc/sec and line lengths of several feet, variation of the 
susceptance component is observed. 

In summary, it should be emphasized that the i-f admittance of a 
crystal converter is not a function of the crystal unit alone but is depend
ent to a considerable degree upon the details of the design of the mixer 
circuit. The range of admittance values that are possible is determined 
by the crystal unit and by its minimum loss as a converter. However, a 
reasonably good crystal unit can be made to show conductances differing 
as much as a factor of 8, as can be seen from Eq. (48), the factor depending 
on the nature of the mixer circuit. In addition, the susceptance of the i-f 
terminals of the converter is not completely determined by the dis
tributed and lumped capacitances and inductances of the physical 
structure, since the susceptance can be affected to a considerable extent 
by the design of the r-f circuits. These effects become rapidly more 
pronounced as the crystal units are improved and, therefore, increasing 
care must be taken to obtain optimum performance from improved units. 
The input circuit of the i-f amplifier must be designed to give satisfactory 
performance with all values of the i-f output admittance of the mixer to 
be expected with different crystal units in the whole band of operating 
frequencies. I t may be found advisable to restrict some receivers to the 
use of crystals having more than the minimum loss, just to gain the added 
independence in the r-f and i-f circuits such crystals would give. The 
effect would be similar to that of adding an attenuator to increase the 
total loss by the same amount, in either the r-f or the i-f circuit. 

2-10. Dependence of Conversion Loss on Image-frequency Termina
tion.—The minimum loss for a particular image termination, as defined 
by Eq. (27), depends upon the value of the image-frequency load, 
through Eqs. (8), (9), (10), and (11). The magnitude of the variation 
in the minimum loss which can be produced by changes in the image-
frequency load admittance depends upon the values of the parameters 
y«<., y<n3, y«T, y$a, and y«j of Eq. (5), and cannot be simply related to the 
minimum loss with a particular image-frequency load admittance. 
That there should be an effect of this kind, however, can qualitatively be 
seen from simple arguments. 
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The most pronounced effect of the image-frequency admittance on the 
conversion efficiency might be expected to occur with crystals with the 
smallest loss. Suppose, for instance, one had a converter that had 
unity loss, with a dissipative load connected to the image terminals. The 
device is said to have unity loss if the signal voltage develops the same 
available i-f power as is available from the r-f signal generator. The 
existence of the i-f voltage across the i-f terminals, however, must give 
rise to an image-frequency voltage across the image terminals and, 
therefore, to some dissipation of power in the image-frequency load. 
The signal is thus responsible for the generation of more total power than 
is available from the signal generator and this is incompatible with the 
assumption that the converter can be represented by a linear passive 
network. A perfect converter, for which the passive network representa
tion is valid, has a loss of 3 db if the signal-generator and image-load 
admittances are equal and are matched to the characteristic input 
admittance of the converter. One half the available signal power is 
transferred to the image frequency and dissipated in the image-frequency 
load. If there is no isolation of the signal- and image-frequency waves 
by means of tuned circuits, the minimum loss which a crystal converter 
representable by a linear passive network can have is 3 db. 

If, on the other hand, the image terminals are provided with a load 
having no conductance component, there will be some value of the 
susceptance of the load which will allow the converter to have no loss 
between the signal and i-f terminals. It can be shown that this will occur, 
if the terminal positions are chosen in accordance with the conditions of 
Sec. 2-9, for the image terminals either open-circuited or short-circuited. 
The i-f admittance will be a pure conductance, if the signal generator is 
matched to the characteristic admittance of the signal terminals and if 
the conditions of Sec. 2-9 are fulfilled. 

Such a perfect converter has not so far been made, but the crystals 
now available for use as converters do give losses as small as 5 db. The 
dependence of the loss on the image-frequency load would not be expected 
to be so pronounced as in an ideal lossless converter. A reduction of less 
than 3 db in the conversion loss from the value obtained with an image-
frequency admittance equal to the signal-frequency admittance, there
fore, could be obtained through the use of an image-frequency load 
reflecting in the optimum phase. The magnitude of the effect depends 
on other parameters of the crystal as well as on the loss measured under 
the matched condition of the image, and an analysis will not be given 
here. This subject is discussed in detail by H. C. Torrey in Vol. 15 of 
this series. This discussion shows several possibilities for the dependence 
of the loss on the image-frequency load admittance. A plot of the loss as 
a function of the image load admittance can be made in the form of a 



3EC. 210] EFFECT OF IMAGE-FREQUENCY TERMINATION 77 

.surface, where the height of the surface above a particular point in the 
complex half plane corresponding to positive image load conductances 
gives the loss associated with that particular value of the image termina
tion. For some crystal units, the loss is highest for open-circuited image 
terminals and falls to a minimum at large absolute values of the load 
admittance. For other possible crystals, the reverse might be true, 
and for still others a maximum loss, or a highest point of the surface, 
might occur for a load consisting of a pure conductance, with the mini
mum loss at open circuit. 

The determination of the best image-frequency load admittance for a 
crystal of a particular type must be done experimentally. There are 
two ways in which this can be done. One way is to measure certain 
differential coefficients descriptive of the crystal mixer. R. H. Dicke and 
S. Roberts1 have shown that the coefficients of the linear-network repre
sentation of the crystal converter can be expressed in terms of these 
differentials, which in turn can be found by measurement of the r-f 
admittance at the local-oscillator level and measurement of the d-c 
characteristics. Examples of differentials to which the description of the 
converter has been reduced are the rate of change of direct current with an 
applied d-c voltage, the rate of change of the direct current with the r-f 
power, the rate of change of r-f conductance with the applied d-c voltage, 
and the rate of change of r-f conductance with r-f power. I t was possible 
to show that from these differentials, the coefficients of Eq. (5), descrip
tive of the converter in question, can be evaluated and therefore the 
conversion loss for any particular image-frequency load can be evaluated. 
Also from these measurements, the value of |I'„,j|/|Fpa | can be found and, 
therefore, the loss can be calculated for the conversion of an r-f signal 
to an i-f signal, or of an i-f signal to an r-f signal. This treatment has 
been extended by H. C. Torrey and is discussed in detail in Vol. 15 of 
this series. 

The magnitude of the variations in the minimum loss of a converter 
with ordinary crystal units, resulting for different image-frequency 
loads, has been found by calculation from the differential coefficients to be 
about 1.5 db. The loss can usually be made either greater or less than the 
value obtained with an image-frequency load equal to the signal-generator 
admittance. The loss with equal signal and image loads is usually about 
midway between the two limits. Thus there might be a reduction of 
about f db in conversion loss to be gained by choice of the best phase of an 
image-frequency reflection in the converter. Because the noise tem
perature of the converter may also be affected by the reflection of the 

1 R. H. Dicke and S. Roberts, "Theory of Radar Mixers," RL Report No. 287, 
July 16, 1942. 
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image frequency, the effect of the image-frequency reflection on the over
all noise figure is not determined by the loss alone. 

Another measurement that can be made to determine the effect of the 
image-frequency load on the loss is the direct measurement of the loss 
for various values of the image-load admittance. Direct measurements 
of the available i-f power, for a particular value of available signal power, 
are difficult to make because the i-f output admittance and the signal 
admittance of the mixer depend on the image-load admittance. For 
each experimental value of the image admittance, the r-f matching must 
be adjusted for minimum loss, since otherwise the effect of a mismatch 
may give rise to a change in the measured loss, which obscures the effect 
under investigation. If the available i-f power is found by measurement 
of the power delivered to an i-f load, the admittance of the i-f load must 
be such that the load absorbs all the i-f power available, or the power lost 
because of mismatch must be known for each value of the admittance of 
the image-frequency load. 

Experiments of this sort have been carried out at the Radiation 
Laboratory and elsewhere, and the results were substantially in agree
ment with the predictions from the measurements of the differentials. 
In the experiments a variable length of line was used between the mixer 
unit and a resonant T R switch. The TR cavity provides almost a 
complete short circuit of the input line of the mixer at the image fre
quency, whereas it provides a matched generator at the signal frequency, 
when the signal generator is connected to the input side of the T R cavity. 
The r-f tuning of the mixer was such that when the TR cavity was not 
present and the image frequency was therefore not reflected to the mixer, 
the mixer represented a matched load on the waveguide. Under this 
condition, the signal admittance of the mixer with the TR cavity in 
place should fall on a circle of constant reflection coefficient for all lengths 
of the line between the T R cavity and the mixer. Variation of the length 
of this line, therefore, should not change the reflection loss on the r-f 
side of the mixer. The i-f load admittance was made equal to the complex 
conjugate of the i-f output admittance of the mixer when the T R cavity 
was removed and the input line was thus matched at both the signal and 
the image frequencies. With the TR cavity in place, the i-f output 
admittance measured relative to the i-f conductance with no T R cavity, 
should then fall, for all lengths of the line between the T R cavity and the 
mixer, on a circle about the center of a Smith chart. In this manner, the 
reflection loss on the i-f side is made to be independent of the r-f line 
length. With these precautions the results were still not considered to be 
very dependable, but no gross disagreement with the results of other 
methods was found. 

According to the calculations based on the differential coefficients, the 
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minimum and maximum values of the loss should occur when the suscep-
tance has the same value as when the T R cavity is not present. This 
prediction was not verified, however, and therefore, measurements 
were made of the i-f output admittance as a function of the line length. 
Instead of a circle on a Smith chart, a curve reproduced in Fig. 2-20 
was found, where the experimental points are indicated by the crosses and 
the closed contour is a smooth curve drawn through them, consistent 

FIG. 2-20.—LOCUS of the i-f admittance of a converter as the phase of the image reflection 
is varied. 

with the probable experimental error. It will be observed that there is a 
considerable departure from a circle in the values of the susceptance for 
conductances higher than the characteristic conductance. The values of 
the maximum and minimum conductances, however, if put into Eq. (47), 
give a loss for the mixer which agrees well with a previous direct measure
ment of the conversion loss of the same crystal. A circle representing the 
expected locus of the i-f admittance as a function of the r-f line length is 
also drawn in the figure for comparison. In addition, the value of the 
conductance was measured with the T R cavity removed, and it was 
found to be exactly the geometric mean of the minimum and maximum 
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values, or y/Go<,y/G,Cj, as predicted from the linear-network representation. 
Thus the only disagreement is in the susceptance values of the i-f admit
tance, and no explanation for this has been found. A possibility is that a 
variation in a harmonic-frequency load is responsible, but, since the line 
length was changed by the use of a long split waveguide of variable 
width, it is improbable that the variation of the effective length of the line 
at harmonic frequencies would bear a simple relation to that at the 
fundamental frequency. Since the figure appears to be closed, such a 
relation would be necessary if a harmonic frequency were responsible 
for the distortion of the circle. 

2-11. Measurement, with an Admittance Bridge, of the Dependence 
of Conversion Loss on the Image Reflection.—Another measurement of 
the dependence of the conversion loss on the image-frequency load 
admittance was carried out for several crystal units by means of measure-
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FIG. 2-21.—Apparatus for measurement of effect of reflection of the image-frequency wave 
on conversion loss. 

ment of the impedance loss of a mixer with several different lengths of line 
between the crystal and the TR cavity. The apparatus with which this 
was done was an admittance bridge, which will be described in Chap. 8. 
The TR cavity and the variable length of line between it and the crystal 
were considered to be included in the circuit represented by a linear 
network. The resulting impedance loss therefore included the loss in the 
TR cavity. Figure 2-21 shows a block diagram of the converter and 
variable i-f load circuit that were used. Since the shunt admittance of 
the i-f resonant circuit appears as a part of the converter circuit and 
contributes to the loss, pains were taken to make it sufficiently small to 
contribute only a negligible amount to the loss. With the coil used, the 
shunt admittance was less than twenty micromhos and this is very much 
smaller than the several thousand micromhos usually encountered as the 
output admittance of a crystal converter. 

The procedure of the experiment was as follows. For a particular 
setting of the variable line length, the switch S was first set in position 
(1), giving an i-f load admittance equal to the complex conjugate of the 
i-f output admittance of a mixer with an average crystal and no TR 
cavity. Then the mixer tuner was so adjusted that a small signal at the 
signal frequency was not reflected from the TR cavity. At the same time 
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the coupling and frequency of the local oscillator were set to the correct 
values. This tuning serves to establish nearly the proper loading on the 
T R cavity. If a large standing-wave ratio existed in the line between the 
mixer and the T R cavity, the part of the total conversion loss contributed 
by the TR cavity would be large, and a variation in it might obscure the 
effect under investigation. 

Next, the switch S was put at position (2) and the tuner on the input 
side of the TR cavity was adjusted to make the small signal pass into the 
tuner and converter without reflection. This made (?,„ equal to the char
acteristic admittance of the waveguide. Next, the switch was put into> 
position (3) and the variable condenser adjusted for maximum reflection 
of the small signal at the input terminals of the first tuner. Under these 
conditions, the ratio G^/G^g is equal to the voltage standing-wave ratio, 
and Eq. (43) may be written as 

Vr + 1 
Lz = (49) 

\/r - 1 
From this expression, the impedance loss was calculated for that partic
ular setting of the variable line 
length. The line length was ad
justed in units of about 15° of phase 
and the whole procedure was re
peated for each setting. Curves 
showing the impedance loss of the 
converter, including the loss of the 
TR cavity, as a function of the set
ting of the variable line length, for 
three representative crystals, are 
shown in Fig. 2-22. Because the 
loss measured by this apparatus, 
with the T R cavity removed, agreed 
well with the calibration of the 
crystals by other methods, it was 
assumed that reciprocity held and 
the impedance loss was the same as the loss for conversion of the signal 
from radio to intermediate frequency. 

I t will be observed that the curves do not show a cyclic variation of 
the loss as a function of line length, as would be expected. One reason for 
this might be that, for each line length, the mixer tuner was-adjusted to 
establish the proper load admittance for the TR switch and this adjust
ment has some effect on the phase length of the line between the TR 
switch and the crystal. I t is therefore possible that the actual phase 
length of the line was not a simple function of the setting of the line-length 
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Setting of the variable line length in arbitrary units 

F I G . 2-22.—Three representative curves 
for the impedance loss of a converter includ
ing a T R cavity, as a function of the length 
of the line between the T R cavity and the 
crystal. 
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adjustment. Another possibility is that the harmonics and other 
high-order waves developed by the crystal, which would be reflected to a 
large extent by the TR cavity, are responsible for the irregularity. 
These higher-frequency components would be affected in various ways 
by the setting of the line-length adjustment. The line length was 
varied by means of a polystyrene wedge that could be slid from the side 
to the center of the waveguide. This explanation of the irregularity 
would be in agreement with some measurements made at the Bell Tele
phone Laboratories on the effect of the image-frequency load on the 
conversion loss by the direct measurement of output power. I t was 
reported that, in these experiments too, very irregular results were 
obtained until harmonic chokes were installed in the mixer unit. These 
chokes prevented the transmission of the frequency components in the 
region of the second harmonic back into the adjustable line and so to the 
TR cavity, and the curves obtained for the loss as a function of line length 
with the chokes in place were simple and periodic. The peak-to-peak 
variations were about the same as in the curves of Fig. 2-22, although, 
since they did not apply to the same crystals, no exact comparison could 
be made. 

An attempt was made to discover which line length corresponded to 
minimum loss. For each point of the curves of Fig. 2-22, the setting of 
the i-f condenser which maximized the standing-wave ratio was observed 
and from this the imaginary part of the i-f admittance could be estimated. 
The maxima and minima all seemed to correspond to real i-f admittances, 
in accordance with predictions from the linear-network representation, 
and independent measurements of the admittances for some of these 
points showed that, in most cases, the minimum loss occurred for the 
minimum-conductance point of the i-f admittance contour. This, 
however, was not always true; that is, with some crystals the maximum 
conductance point gave minimum loss. I t thus appears that consider
ably more data must be obtained before it will be possible to include, in 
the design of converters, the image-frequency termination giving the 
minimum possible conversion loss. None of the designs to be described 
in later chapters includes this feature. Before it could definitely be stated 
that the converter should be designed for minimum loss in this way, the 
effect of the image-frequency load admittance on the noise temperature of 
the converter would have to be measured. Also, the fact that a low i-f 
conductance is usually associated with the best conversion efficiency 
makes the fdesign of input circuits having a wide pass band difficult 
because the i-f capacitance of the output terminals of the mixer unit 
cannot be correspondingly reduced. If, on the other hand, there is a 
further decrease in the conversion loss of available crystals, it will become 
more important to include the proper image-frequency load in the 



SEC. 2-12] REFLECTION OF THE SECOND HARMONIC 83 

converter. At present, it appears that with ordinary crystals only a 
fraction of a decibel is to be gained by the reflection of the image wave in 
the best phase. An experiment on the effect of image reflection on both 
the noise temperature and the conversion loss has been performed by 
E. R. Beringer, M. C. Waltz, and C. P. Gadsden. The apparatus used 
for this experiment is described in Chap. 8. The results show that 
the over-all noise figure can be definitely improved by the proper choice 
of the phase of the image reflection, because the noise temperature did not 
change to compensate for the decrease in conversion loss. Experiments 
similar to this should be done for large numbers of crystals to determine if 
a fixed image-frequency reflection could be used for all crystals and over a 
broad band of frequencies. 

2-12. The Effect of Reflection of the Second Harmonic.—As has 
already been stated, the crystal mixer contains frequency components 
at the second harmonic and at higher frequencies. The treatment of 
these harmonics is likely to have some effect on the i-f admittance, the 
loss, and the signal admittance. Some manifestations of these fre
quencies have already been mentioned in Sec. 211 but a few remarks 
about some experiments that dealt independently with the higher-
frequency components are in order. These experiments have been 
primarily concerned with the effect on the conversion loss of the load 
admittance at the frequency of the second harmonic. 

The first observation of an effect of waves having frequencies at the 
second harmonic of the local-oscillator or signal frequency was made at 
the Bell Telephone Laboratories in conjunction with experiments on a 
coaxial-line mixer designed by W. M. Sharpless1 for 3000 Mc/sec. One 
of the design parameters was the position of an abrupt change in the 
diameter of the center conductor of the coaxial line connecting to the 
crystal. The signal generator could be matched into the mixer, for any 
position of the step change in diameter, by two other adjustments. 
Data were taken of the conversion loss as a function of the position of the 
step, with the signal-generator admittance adjusted for minimum lost at 
each position. When these data were plotted it was found that the 
conversion loss varied cyclically, with a repetition occurring for a motion 
of about 2.5 cm. Any variation caused by changes of admittances at 
the fundamental frequency would have repeated at each half wavelength, 
or 5 cm, of motion. Therefore, the observed variation was attributed to 
second-harmonic components. The magnitude of the variation was 
between 0.5 and 0.75 db from minimum to maximum. The final mixer 
design was chosen with the step in the position of minimum loss, and this 

1 W. M. Sharpless, "The Influence of Harmonics on 10-centimeter Performance of 
Silicon Crystal Converters," BTL Report MM-42-160-80, July 24, 1942. 
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mixer has since been used as the standard test mixer for acceptance tests 
of 1N21, 1N21A, and 1N21B crystals. 

In the process of establishing the crystal-test specifications, measure
ments were made of large numbers of crystals in mixers of many different 
designs. None of the other mixers had dimensions specifically chosen for 
optimum second-harmonic effect and yet no large disagreements were 
observed between the average values obtained with the various types as 
long as the signal-frequency matching was made to correspond to the 
same tuning condition. I t might be that an effect due to the second 
harmonic is very frequency-sensitive, and also requires individual 
adjustment for each crystal unit because of variations in the effective 
phase length of the cartridges. I t appears that equally good conversion 
losses are obtained on the average with 3000-Mc/sec mixers that have 
no provision for reflection of the harmonics in the best phase. If it were 
considered worth while to include adjustments in a mixer which would 
allow the best possible performance to be obtained from each individual 
crystal, it would perhaps be reasonable to include, in addition to adjust
ments for the signal matching, the local-oscillator injection, and the 
image-frequency termination, an adjustment to give the best load 
admittance at the frequency of the second harmonic. I t is doubtful that 
the termination for the second harmonic could remain optimum over the 
wide band of frequencies in which most mixers are now designed to be 
used. A mixer that contained all these adjustments would probably be 
very difficult to tune, unless each of the adjustments could be made 
independently of the others. 

There have also been experiments in the 3-cm region (9000 to 10,000 
Mc/sec) for the purpose of finding the effect of second harmonics on the 
conversion loss. For one of these experiments, also made at the Bell 
Telephone Laboratories, a mechanism indicated in Fig. 2-23 was used. 
A common crystal mount in this frequency range has a crystal mounted 
across the waveguide, along the narrow dimension. The waveguide 
extends a short distance beyond the crystal and is then short-circuited by 
a plate or a sliding plunger. The distance to this short circuit determines, 
in part, the tuning of the mixer at the signal frequency. Instead of an 
ordinary plunger, the mixer of this experiment had a thin plate extending 
across the waveguide along the narrow dimension in the center of the 
wide dimension and continuing in this position a considerable distance 
back along the waveguide. Except for a small phase shift, this plate 
acts in the same way, at the fundamental frequency, as a short-circuiting 
plate or plunger filling the whole cross section of the guide, since the 
half-width waveguides on either side of the diaphragm are waveguides 
beyond cutoff for the fundamental-frequency waves. At the frequency 
of the second harmonic, however, these half-width guides are wide 



SEC. 212] REFLECTION OF THE SECOND HARMONIC 85 

enough to allow propagation. Short-circuiting strips in the small guides 
can be adjusted to control the admittance of the waveguide at the 
harmonic frequency. Observation of the output power from the con
verter, with fixed input power, revealed a cyclic variation which repeated 
with the proper distance of motion of the two side strips to correspond to a 
second-harmonic effect. The variation observed totaled about 0.5 db 
from minimum to maximum. When the two side strips were replaced by 
resistive cards, tapered to give small reflections, the observed output 

FIG. 2-23.—Back plunger, independently adjustable for fundamental and harmonic 
frequencies. 

power was about midway between the maximum and minimum values 
found for the metal strips. 

A similar experiment was undertaken in which the apparatus used for 
the measurement of conversion loss by the admittance method was used. 
This apparatus also operated a t about 3.2 cm and contained waveguide of 
0.400 by 0.900 in. inside dimensions. A short-circuiting plate was used 
over the end of the waveguide behind the crystal mount. To detect an 
effect due to the harmonic admittance of this part of the mixer circuit, 
this plate was replaced with one in the center of which was inserted a 
waveguide of 0.170 by 0.420 in. inside dimensions, as shown in Fig. 2-24. 
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F I G . 2-24.- -Harmonic-frequency 
plunger" tuner. 

1back-

Because this waveguide was beyond cutoff for the fundamental fre
quency, the motion of a short-circuiting plunger in the small waveguide 
would not affect the fundamental waves but would be expected to affect 

the admittance to the second har
monic and higher frequencies. In 
the second experiment, the tuner 
for the harmonic couples to a har
monic wave in the dominant mode 
only, whereas the tuner in the first 
experiment couples to both the 
dominant and the second modes. 

A change in the conversion loss 
of the mixer, caused by a change in 
the position of the small plunger, 
would produce a change in the 
admittance measured with the i-f 

leads either short-circuited or open-circuited, or for both conditions. 
When this experiment was tried, with several representative 1X23A and 
1N23B crystals, however, it was found that the effect on the admittances 
of moving the plunger was much smaller than could be measured, for both 
conditions, although the apparatus 
had sufficient sensitivity to detect a 
change in conversion loss as small as 
0.05 db. The effect of harmonic 
frequencies would be expected to be 
larger for crystals designed to oper
ate at the frequency of the second 
harmonic. An adapter was made 
to try 1N26 crystals normally used 
in the 1.25-cm band and for these 
crystals also, a negative result was 
found. 

In an effort to make the tuning 
of the load admittance at the har
monic frequency cover a wider 
range, a tuner illustrated in Fig. 
2-25 was tried. This tuner con
sists of two small waveguides con
nected at right angles to the full-sized waveguide, about five-eighths of a 
harmonic wavelength apart. Sliding plungers in the small waveguides 
affect only the admittance at the harmonic frequencies because the wave
guides are too narrow to support waves at the fundamental frequency. 
The section of waveguide containing these side arms was placed in the line 

-Harmonic-frequency 
tance tuner. 

admit-
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between the signal generator and the mixer. In this experiment no 
measurable effect of the position of the plungers on the value of the 
admittance of the converter at the signal frequency was found. In both 
these experiments, a slight change in the admittance of the mixer, which 
repeated a t settings of the plungers corresponding to half-wavelengths 
at the second-harmonic frequency, was detected. The change was 
not large enough, however, to allow measurement of a change in the 
impedance loss. 

Unfortunately, a direct measurement of output power was not tried 
with these same harmonic tuning devices. It may be suggested, however, 
that the reflection of the second harmonic appears in the reciprocity term 
l y ^ l / I F ^ I , in the expression for the conversion loss and therefore 
affects the actual conversion loss but not the impedance loss. This 
possibility may have further foundation in the fact that Dicke's proof 
of the reciprocity theorem requires certain relations to hold between the 
phases of the harmonic and fundamental frequency components in order 
that a time zero can be chosen about which the potential across the 
barrier may be expressed as an even function of time. 

Like the image-frequency effects, the harmonic effects cannot be 
evaluated in terms of the possible improvements in the over-all noise 
figures of receivers without parallel experiments on the effect on the 
noise temperature of the converter. No such experiments are known to 
the author. I t appears, at the present time, that the image-frequency 
termination has a greater influence on the over-all performance than the 
harmonic-frequency termination. The effects of the load admittance at 
harmonic frequencies are small compared with the variations among 
crystals. Making a converter circuit that has a wide pass band and 
includes optimum terminations for the image and harmonic frequencies 
throughout this band is not a simple task. Whether a fixed setting of 
these terminations would give, even at a single frequency, optimum or 
nearly optimum performance with the majority of crystal units, cannot be 
decided until further data have been accumulated. These are some of the 
questions that were not answered satisfactorily during the war because 
they were of less importance to radar development than was the develop
ment of converters and mixers for new frequencies and types of service. 

2-13. The Welded-contact Germanium Crystal.—A recent develop
ment in crystal units, reported by H. Q. North of the General Electric 
Company, has resulted in crystal rectifier units that behave very differ
ently from any others previously observed. A description of their 
behavior is most easily given by an account of the experiments that led 
to the discovery of the unusual properties. 

These crystal units were originally intended for use at 25,000 Mc/sec, 
and were developed as a part of a program of research on germanium 
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crystals. Very great care was taken in the preparation of the ger
manium and the cat whisker and these parts were assembled into a 
cartridge resembling that of the IN26 crystal (to be described in a later 
section of this chapter) to allow their use in the standard r-f circuit. 
The whisker was supported on a glass bead which was sealed into the 
outside cylinder of the cartridge, and the contact was made with very 
light pressure. I t has been observed with other germanium units that 
some improvement in the conversion characteristics could be obtained 
if the crystal was subjected to a rather large direct current for a short time 
before it was used. In making an experiment on this effect, North 
discovered that a current of several hundred milliamperes in the forward 
direction could be passed through the unit without apparent damage to its 
high-frequency characteristics. The result of this large current was that 
the tip of the platinum-ruthenium-alloy cat whisker became so hot that 
it fused and became welded to the germanium. That such a weld was 
produced was verified by measurement of the force required to pull the 
whisker away from the germanium. This force was found to be sufficient 
to break the whisker itself. The crystal units resulting from this process 
seemed at first to be comparable, in their behavior at 25,000 Mc/sec, with 
silicon units of more conventional design. If for no other reason, 
welded crystals would have been interesting because of their great 
mechanical and electrical stability. 

Because these units did not have the same r-f characteristics as the 
1N26 units, it was thought probable that their conversion loss, as meas
ured in the test set for the 1N26, suffered considerably from reflection of 
the signal. As a consequence, they were tried at 3.2 cm. The 3.2-cm 
test set was equipped with a tunable crystal holder and it was found that, 
when the crystal holder was tuned for maximum delivered power, the 
losses of the welded units were as small as 3 db. An additional adjust
ment was used in the form of a d-c bias voltage in the forward direction. 
This bias voltage had a considerable effect on the minimum conversion 
loss obtainable and was retained as part of the converter circuit in all the 
subsequent experiments. Since the test set has the same load admit
tances at the signal and image frequencies, it was thought that these 
crystals were exhibiting the smallest loss compatible with the representa
tion as a passive network. Therefore, a few readings of a few tenths 
of a decibel less than 3-db loss were considered to indicate a small error in 
the absolute calibration of the test set. 

To verify the result obtained with the test set, the loss of a few of the 
best units was measured by the admittance-bridge method, described in 
Sec. 2 1 1 . No resonant circuit was used to separate the image termina
tion from the signal-frequency termination, but the result of the experi
ment was that the reflection coefficient, for the open-circuit switch 
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position and optimum load susceptance, was as large as unity for some 
crystals. The impedance loss was therefore unity, indicating that the 
same power should be available from the i-f terminals of the converter as 
was available from the r-f signal generator. For some crystals, the 
reflected wave from the crystal seemed to be a little larger in amplitude 
than the incident wave, but this was thought to be an experimental error. 
In order to obtain the best results it was necessary to adjust the level of 

0.25 
F I G . 2-26.—I-f admittance of a welded-contaet crystal. 

the local-oscillator power and the magnitude of the forward d-c bias 
voltage, and with each crystal several tests were made in search of the 
optimum combination of these adjustments. The experiment definitely 
confirmed the result of the earlier one. 

In the experiment with the test set it had been found that the con
version efficiency was better if the 400-ohm i-f load resistance normally 
used was changed to 800 ohms. The test set measures the ratio of the 
available r-f power to the i-f power delivered to the load, and not the true 
conversion loss. Further experiments with this test set showed that 
still more i-f power was delivered to even larger i-f load resistances. The 
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loss factors became less than 3 db for many crystals and, for some, were 
even less than 0 db. This corresponds to an actual power gain, and it 
occurred without any isolation of the image terminals. An experiment 
was done to determine the i-f output admittance of a converter using 
these crystals, to discover the optimum load admittance. Since such a 
low loss must depend markedly on the r-f tuning, provision was made to 
include tuning of the r-f circuit by means of a sliding-screw standing-wave 
generator in the r-f-input waveguide. Local-oscillator power and a d-c 
bias voltage were provided. With the tuning screw inserted for a large 
reflection, the i-f (30 Mc/sec) admittance was measured for various 
positions of the screw along the waveguide. The result of this experiment 
is shown in Fig. 2-26, plotted on a Smith admittance chart. The signifi
cance of the extension of the contour outside the circle representing the 
ordinary complex half-plane, is that negative conductances were encoun
tered for some conditions of r-f tuning. The circle of zero conductance 
is the normal boundary of the Smith chart, but if negative conductances 
are included these become circles of larger diameter and, like the circles of 
constant positive conductance, have centers on the real axis and pass 
through the infinite-admittance point. 

The discovery of the negative i-f conductance of the welded-contact 
germanium crystals explained the experiments in which a conversion loss 
of less than unity was found, as well as the fact that this was obtained 
only under critical conditions of the r-f tuning. A device having a 
negative conductance can be made into an oscillator if it is loaded by a 
positive conductance of absolute value smaller than that of the negative 
conductance itself. The same device may be used as an amplifier with a 
true power gain if it is loaded with a conductance just too large to 
allow oscillation. The crystal, when used as a converter, delivered 
an increasing amount of power to the load as the load conductance 
was increased. When a resistance of several thousand ohms was used 
as the i-f load, a conversion gain of more than 10 db was obtained. 
The crystal was therefore acting as a regenerative converter. Further 
confirmation of the existence of the negative i-f conductance was 
obtained by connecting the converter to a shunt-resonant circuit, which 
had a shunt conductance smaller in absolute value than the measured 
negative conductance of the converter. Oscillation at the resonant 
frequency of the tuned circuit was obtained for all frequencies from 
5 to 45 Mc/sec, and a later experiment at the General Electric Company 
revealed oscillation near 10,000 Mc/sec, when the crystal was tried in a 
converter with a local oscillator at 25,000 Mc/sec. A negative i-f 
conductance has not been produced with crystals of other types. 

The d-c characteristic of the welded-contact units is also different 
from that of other units. A curve resembling the d-c characteristic of a 
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F I G . 2-27.—D-c characteristic of welded-
contact germanium crystal. 

typical unit is shown in Fig. 2-27. The slope of the curve in the vicinity 
of the origin corresponds to a resistance of several megohms whereas the 
steepest part of the curve on the right side has a slope corresponding to 
a resistance of about 3 ohms. As 
mentioned previously, this part of 
the curve is a measure of the spread
ing resistance of the crystal and, 
with ordinary silicon units, it is 
about 50 ohms. On linear scales, 
the d-c characteristic appears to 
have a sharp bend in the forward 
direction, but the position of this 
bend on the voltage axis depends 
upon the scale of the current coordi
nates. A formula deduced on theoretical grounds, which expresses the 
relation between current and voltage applied across the barrier of the 
crystal in the forward direction is 

+Z? 
I = A(e *T - 1), (50) 

where e is the electronic charge, k is Boltzmann's constant, and T is 
the absolute temperature. The constant A is related to the density 
of current carriers in the semiconductor and the area of the contact, and 
V is the voltage across the rectifier unit minus the drop in the spreading 
resistance. The d-c characteristic of the welded-contact crystal has been 
measured carefully and it is found to follow this formula closely over a 
wide range of current. When the logarithm of the current is plotted 
against the applied voltage on a linear scale, the plot is a straight line 
over six decades of current. Similar curves for other crystal units follow 
the formula over only two or three decades at most, and the slope does not 
agree closely with the formula. For the welded-contact crystal, H. C. 
Torrey has shown that the d-c characteristic can be used to calculate the 
value of the electronic charge. Using a more precise formula than Eq. 
(50), Torrey obtained a value for e agreeing with the accepted value 
within experimental error. The d-c characteristic of the welded-contact 
crystal thus agrees more closely with the theoretical prediction than do 
the d-c characteristics of the more common types. 

If the d-c characteristic of a welded-contact crystal is displayed on an 
oscilloscope when the crystal is mounted in a converter with local-oscil
lator power incident, the presence of the negative conductance can be 
observed. For ordinary crystal units, a curve similar to that shown in 
Fig. 2-28 is obtained. The intercept with the current axis is the rectified 
current caused by the incident r-f power, and the plot shows the total 
current for bias voltages of both signs. The shape of the curve for ?, 
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conventional crystal is not very much affected by the r-f tuning but, when 
the welded-contact units are tried, the situation is changed. Depending 
upon the r-f tuning, a variety of curves can be produced and among them 

are curves resembling those of Fig. 
2-29a and b. The curve of Fig. 
2-29a is not much different from 
the curve for an ordinary crystal, 
but that of Fig. 2-296 clearly demon
strates the negative conductance 
and the fact that it is most easily 
obtained with a small forward bias 
voltage applied to the crystal. 
Other effects on the d-c character

istic could be obtained by adjusting harmonic-frequency admittances in 
specially designed r-f circuits. 

A theory of the source of the negative i-f conductance of these crystals 
has been given by Torrey. He has shown that the i-f conductance of a 
crystal can be made negative under certain conditions of r-f tuning, if the 
variation of the barrier capacitance with the voltage applied across the 
barrier is taken into account. The negative conductance should show up 
only in units which have very small spreading resistances, as have the 
welded-contact crystals, and for high-frequency local-oscillator voltages, 

FIG. 2-28.—D-c characteristic of normal 
crystal with loc^l-oscillator power incident 
simultaneously. 

Normal rectified current 
Negative 

conductance 

t 
D-c bias for 

largest negative 
conductance 

(6) 
F I G . 2-29.—D-c characteristic of welded germanium crystal for two conditions of r-f tuning. 

where the effect of the capacitance on the rectification efficiency is con
siderable. There is no possibility of producing the negative conductance 
in the absence of local-oscillator voltage, because it is from this source 
that the necessary energy associated with the negative conductance must 
come. 

If, because its conversion gain can be made large, a crystal of this 
type could be used to obtain a receiver having a smaller effective over-all 
noise figure than is obtained with conventional crystals, it would be of 
great importance as a converter for a microwave receiver. Experiments 
by E. R. Beringer, M. C. Waltz, and C. P. Gadsden, with an apparatus 
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similar to one described in Chap. 8, showed that the noise power available 
from the converter, when the converter is operated in the condition oi 
negative i-f conductance, was also large. As a result, it was not found 
possible to obtain with these crystals, in any of the many tuning condi
tions tried, an effective over-all noise figure smaller than can be obtained 
with conventional crystals. The tuning conditions tried included the use 
of separate tuning of the signal-frequency and image-frequency circuits, 
but the only advantage of the converter over one using a conventional 
crystal was that the greater output power allowed the use of some
what reduced gain in the i-f amplifier. When operated in a tuning condi
tion in which a negative i-f conductance was obtained the over-all noise 
figure was not very much larger than that obtained with conventional 
crystals. The tuning is critical, however, and a receiver, the perform
ance of which depends on the large conversion gain, would be difficult to 
keep in proper adjustment. 

Some attempts to make regenerative and superregencrative converters 
were made but they were not carried very far. The use of germanium 
crystals for such converters may have importance in lightweight appara
tus, because the i-f amplification required could be considerably reduced. 
The noise power available from crystals of this type may be reduced by 
further research, and such a development would allow lower receiver 
noise figures to be obtained. The treatment of the image and harmonic 
frequencies in converters designed to operate with germanium crystals 
would be much more important than it is with the crystals in use at 
present. A more complete discussion of the welded-contact crystals, is 
given in Vol. 15 of this series. 

2-14. The Converter Noise Temperature.—The noise temperature 
was defined in Chap. 1 and reference to it has been made in connection 
with the effect of the image load admittance on the loss and in the discus
sion of the welded-contact germanium crystal. The magnitude of the 
effect of a given noise temperature on the over-all noise figure of a receiver 
depends on the magnitude of the noise figure of the i-f amplifier. With an 
i-f amplifier having a noise figure of unity, a change in the noise tempera
ture of the converter by a given factor produces a change in the over-all 
noise figure by the same factor. Since amplifiers with noise figures 
smaller than two can now be made, it is important that the noise tempera
ture of the converter be as small as possible. 

The noise temperature of a crystal converter is never less than unity. 
By definition, it would be unity if no excess noise were developed in the 
crystal itself and the noise power available from the converter were only 
the Johnson noise associated with the i-f output admittance. If the 
conversion loss of the unit were very small, the i-f admittance of the con
verter would have a temperature determined by the objects and the 
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absorbing media in the field of view of the antenna. When the noise 
temperature of a converter is measured, however, the antenna is replaced 
by an r-f resistance at room temperature and, if no excess noise were 
developed in the converter, the noise power available from the converter 
would be kTB, where T is room temperature. 

As a result of the research on semiconductor crystals and on techniques 
of preparation and manufacture of rectifier units, the noise temperature of 
units now available has become considerably smaller than that of early 
units. The excess noise developed by the crystal unit is associated with 
the flow of current through the barrier; this current consists of a flow of 
discrete charges and, consequently, has a nonuniform character. The 
approximately linear relationship between the noise temperature of the 
converter and the crystal current, which is roughly proportional to 
the incident local-oscillator power, bears out the theory that the noise is 
similar to the shot-effect noise in a diode. If there is no incident local-
oscillator power, the crystal no longer acts as a frequency converter, and 
the available noise power is just Johnson noise. 

In order to specify the quality of a crystal as a converter, it is neces
sary to give the conversion loss and the noise temperature corresponding 
to the same amount of local-oscillator power. The magnitude of local-
oscillator drive should be chosen to be the magnitude for which optimum 
over-all noise figure is obtained in a receiver using the crystal as a con
verter. The optimum local-oscillator power depends on the noise figure 
of the i-f amplifier following the converter. The local-oscillator drive 
chosen for the specification of the loss and noise temperature is that which 
results in the minimum over-all noise figure in a receiver using an i-f 
amplifier with a noise figure typical of present production. If a receiver 
uses an i-f amplifier with a smaller noise figure, the optimum value of the 
over-all noise figure is obtained with less local-oscillator drive. For 
best results, the optimum local-oscillator level should be determined 
experimentally. Since the over-all noise figure does not vary rapidly 
with local-oscillator drive in the region of the minimum, a small departure 
from the optimum local-oscillator drive does not entail a large increase in 
over-all noise figure. 

I t has been found that the noise temperature of a crystal converter, 
unlike the conversion loss, is not independent of the intermediate fre
quency at which it is measured. In general, it is found to be lower at 
high intermediate frequencies than at low ones, although at frequencies 
above a few megacycles per second the variation with frequency is not 
very pronounced. Since 30 Mc/sec is the most common intermediate 
frequency, the noise temperature of most crystals is measured at that 
frequency, although some are measured a t 60 Mc/sec, also a common 
intermediate frequency. 
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For some purposes it is desirable to have a receiver with an i-f ampli
fier at a frequency lower than this, or even to connect an audio-frequency 
amplifier to the output terminals of a frequency converter. I t is easier 
to make an i-f amplifier having a very narrow pass band at low frequencies 
than at high frequencies, and for this reason a low intermediate frequency 
might be desired. An audio-frequency amplifier might be used in an 
application such as c-w radar, where the reflected wave received differs 
from the transmitted frequency because of the doppler effect with a 
moving target. I t is important to realize that the noise temperatures 
usually quoted for crystal converters apply at 30 Mc/sec and that the 
temperature at low frequencies is considerably higher. If a narrow pass 
band is desired, it is usually better to use a double i-f system, where the 
first amplifier stages operate at 30 Mc/sec or more, and a second fre
quency conversion is made to allow the use of a narrower, low-frequency 
amplifier. 

Measurements, made at the University of Pennsylvania, of the noise 
temperature in the video- and audio-frequency range, show that the noise 
temperature of a crystal converter increases as 1 / / in this range. The 
values common at a low audio frequency are very large. At 100 cps, a 
noise temperature as large as 105 is common. The noise figure of a 
receiver using an audio-frequency amplifier would be correspondingly 
large. The minimum signal power detectable with such a receiver would 
be very much larger than that detectable with a receiver having the same 
bandwidth but a high intermediate frequency. This same limitation is 
encountered when crystals are used as rectifiers for experimental purposes 
and small changes in the rectified current are intended to show small 
changes in the incident r-f power. Because of the low-frequency noise, 
there are slow changes in the rectified current with a fixed incident r-f 
power, and the fractional change in incident power which can be detected 
is therefore limited to a rather large value. 

Usually, the noise temperature of a crystal converter is raised if a 
backward bias voltage (one in the direction of high resistance) is applied 
to the crystal. For this reason, it is advisable to keep the resistance of 
the circuit through which the crystal current flows as low as possible. 
For the purpose of filtering, resistors have been used in series with the 
crystal-current leads but, because the flow of crystal current through such 
resistors develops a backward bias voltage at the crystal unit, it is not 
advisable to use such resistors unless they are small or are shunted by i-f 
chokes of low d-c resistance. A total resistance of about 100 ohms can be 
tolerated in the crystal-current path without producing an appreciable 
deterioration in the over-all noise figure of the receiver. Since the crystal 
current is usually less than 1 ma, a backward bias voltage of less than 0.1 
volt can be tolerated. 
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Specific values and an outline of the method of measurement of the 
converter noise temperature of crystals of various available types are 
given in later sections of this chapter. I t must be remembered, however, 
that since all the standard tests are made at 30 Mc/sec and at higher fre
quencies, the test specifications cannot be used to estimate the noise 
figure of receivers using intermediate frequencies much below this. 

2-15. Crystal Burnout.—In Chap. 1, the need to protect the sensitive 
part of a receiver was discussed in explaining the function of the duplexer 
common to all single-antenna radar systems. The amount of protection 
the duplexer must provide depends on the amount of power that can be 
dissipated in the input circuit of the receiver without damage. Since the 
best over-all noise figures are obtained with microwave receivers using 
crystal converters as input circuits, the more power a crystal unit can be 
made to withstand without damage, the less protection is required from 
the duplexer. A considerable part of the work on the development of 
crystal rectifiers, therefore, has been directed toward increasing the 
amount of electrical shock they can withstand without damage. Great 
increases in the resistance of crystals to both mechanical and electrical 
shock have been made. In some instances, there have been simultaneous 
reductions in the loss and noise temperature. This improvement is 
valuable for crystals intended for use in isolated receivers because, 
although the danger of damage from a local transmitter may not exist, 
accidental mechanical and electrical shocks can occur. 

The crystal cartridges now available are all hermetically sealed by 
filling the region above the semiconductor and around the cat whisker 
with a wax having a low r-f loss factor. In addition to making the 
hermetic seal, the wax serves to support mechanically the fine wire cat 
whisker, and the contact is therefore made more stable against mechani
cal shock than it would be otherwise. There is no reason to believe that 
a crystal rectifier unit that was never subjected to electrical power greater 
than a few milliwatts, and that was never subjected to severe mechanical 
shock, would ever change in its characteristics. Nevertheless, the prob
lem of burnout of the crystal converter has been one of the greatest 
sources of trouble in a radar system, and, as a consequence, a large amount 
of work has been done to reduce the frequency of occurrence of burnout. 
This work has been directed toward increasing the amount of protection 
and the lifetime of the TR switches, and toward increasing the resistance 
of the crystal units to damage by electrical shock. Resistance to electri
cal shock could be increased relatively easily at a sacrifice in the noise 
figure of the receiver, but this sacrifice could not be tolerated. 

A crystal rectifier, to be useful at very high frequencies, must have a 
very small contact area. The barrier capacitance is partially determined 
by this contact area and, with a large contact area, the nonlinear resist-
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ance of the contact is effectively bypassed by the capacitance. When a 
large current is passed through a crystal rectifier, heat is generated in the 
very tip of the cat whisker and in the semiconductor just below it, because 
these are the regions of highest electrical resistance. The weld of the 
special germanium crystals was accomplished in just this way. Unfortu
nately, ordinary tungsten-whisker silicon crystal units do not react 
favorably to such heating. Instead, the contact is destroyed, or the area 
of contact is made so large, by the fusion of the tip of the whisker, that 
the crystal is no longer a good high-frequency rectifier. A crystal that 
has deteriorated because it has been subjected to excessive electrical 
power is said to be burned out. A burned-out crystal may exhibit its 
deterioration as an increase in conversion loss, an increase in noise tem
perature, or both, if it is used as a frequency converter or, if it is used as a 
low-level detector, as a decrease in rectification efficiency. 

2-16. Correlation between TR Leakage Power and Crystal-burnout 
Power.—It h.is already been stated in Chap. 1 that the power that leaks 
through a T R switch consists of two 
components called the "sp ike" and 
the ' ' flat.'' The spike occurs at the 
beginning of the radar transmitting 
pulse and builds up with that pulse 
to an amplitude sufficient to initiate FIG. 2-30.—Envelope of the r-f pulse 
the arc in the TR switch. After the Ieakage f r o m a T R switch ^ viewed with 

an r-f envelope viewer. 
arc is initiated, the amplitude of the 
leakage signal falls abruptly to a smaller value, where it remains until 
the end of the transmitting period. The envelope of the pulse trans
mitted through a TR switch can be observed with an r-f envelope viewer. 
This instrument consists of a crystal detector and a video-frequency 
amplifier, the output voltage of which is applied to the vertical-deflection 
plates of a cathode-ray tube. A sweep voltage, synchronized with the 
pulse rate of the radar transmitter, is applied to the horizontal-deflection 
plates of the tube. In Fig. 2 30 a sketch of a typical trace produced by 
the leakage power from a TR cavity, as viewed with an r-f envelope 
viewer, is shown. In this sketch, and on most of the viewing systems, 
the peak power of the spike appears to be about twice that of the flat. 
The average leakage power can be measured with bolometers and is 
usually found to correspond to an average power for the duration of the 
pulse of less than 50 mw. The power level at the peak of the spike cannot 
be found from the trace on the envelope viewer alone, because the band
width of the video amplifier is not sufficient to ensure that the r-f envelope 
viewer responds rapidly enough to show the true magnitude of the spike 
relative to the flat power. 

Measurements of the r-f pulse power, in l-^sec pulses, required to 
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damage crystal rectifiers have been made. This power was found to be 
considerably larger than the 50 mw of average power that passes through 
the TR switches during the transmission period. Yet crystal burnout 
was not at all uncommon in the radar systems in which such crystals and 
TR switches were used. Even after crystals that could withstand several 
watts of r-f pulse power had been developed and the apparent safety fac
tor was very large, the burnout problem persisted. Finally, techniques 
for the measurement and viewing of the spike were developed. One 
of these techniques consisted of a measurement of the total leakage power, 
by the'bolometer method, and a measurement involving the calibration 
of the r-f envelope viewer as a power meter. Comparison of the results of 
these two measurements showed that the average leakage power, as 
indicated by the bolometric method, was considerably greater than that 
calculated from the height of the flat part of the leakage on the viewer, 
the pulse length, and the recurrence rate. Therefore, the actual peak 
amplitude of the spike part of the leakage is much greater than indicated 
by the viewer and, consequently, the time duration of the spike must be 
very short compared with the response time of the viewer. This was 
confirmed by measurement with the other method, which was accom
plished with a transmission channel bypassing the TR switch and having 
the right phase and amplitude characteristics to produce destructive 
interference between the waves transmitted by this channel and by the 
T R switch during the time of the flat-power leakage. The subsidiary 
channel was adjusted until the flat power was completely canceled, and 

only the spike remained to be seen 
Sp,l<° on the envelope viewer. The amp-

fl litude of the spike is almost entirely 
I -̂  Martial unaffected by the addition of the 

' v i—f1?1 , . interfering channel because the 
T, „ , , T , , TD ■* v. -*v. spike power is transmitted through 
F I G . 2-31.—Leakage of a T R switch with , f_ . . 

flat power canceled out. the 1R switch, without much atten
uation, before the arc is initiated. 

The attenuation of the subsidiary channel is the same as that of the T R 
switch when it is firing, and the power transmitted by it is therefore small 
compared with the spike power at the time of transmission of the spike. 
A sketch of the trace on the r-f envelope viewer with the flat power 
canceled out is shown in Fig. 2-31. When the residual average power 
under these conditions was measured with a bolometer, it was found to 
correspond exactly to the discrepancy between the measurements by the 
first method. 

Because the duration of the spike was found to be so short (less than 
10~8 sec), it was not yet substantiated whether such a short pulse could 
damage a crystal unit by heating, since the crystal unit must have a 
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nonzero thermal time constant. The time constant had in fact been 
estimated to be somewhat longer than the duration of the spike and 
therefore, it was suspected that the damaging effect of the spike might be 
measured by the energy content of a single spike, independent of its peak 
power. Tests of the burnout characteristics of crystal units with video-
frequency pulses, shorter than 10 - 8 sec but of various durations, were 
made and it was found that the energy was the important parameter-
The methods of measurement of the spike allowed the calculation of the 
energy per spike pulse, and it was found that there was a much smaller 
safety factor of protection against burnout by the spike than by the flat 
leakage power. In addition, the methods of measurement and of viewing 
of the spike energy revealed a great dependence of the spike energy on the 
functioning of the keep-alive electrode of the TR tube. Improvements 
in the design of the keep-alive electrode and of the circuit supplying 
the voltage for it considerably reduced the frequency of burnout of crys
tals in radar systems. Consequently, the research on the burnout 
characteristics of crystals was directed most strongly toward measure
ment and improvement of their resistance to burnout by very short pulses. 
It was found that the burnout of crystals by the r-f spike energy correlated 
reasonably well with the values obtained from experiments with video-
frequency pulses. 

In some frequency bands, crystals of several different types, having 
different degrees of resistance to burnout, are now available In the 
3000-Mc/sec region, for instance, the 1N21A crystals are subjected to 
short pulses containing 0.3 erg of energy, whereas the 1N28 crystals are 
subjected to pulses containing 5 ergs, before their loss and noise tempera
ture are tested. That the increase in resistance to burnout was not 
achieved at a sacrifice in noise figure is evident from the fact that the 
limits on the loss and noise temperature of the 1N28 crystals are lower 
than those of the 1N21A crystals. The 1N21B units, however, have a 
burnout test at lower energy than the 1N28 units, and a lower limit on 
the conversion loss. 

In addition to burnout of this instantaneous kind, it has been found 
that a slow deterioration with time occurs when crystals are subjected to 
pulses of considerable magnitude but containing insufficient power to 
cause a crystal to be burned out by a single pulse or by a small group of 
pulses. For instance, a crystal that might withstand several hundred 
pulses of 2 watts pulse power sometimes shows a serious deterioration 
over a period of operation of many days wrhen subjected to pulses of a few 
hundred milliwatts pulse power recurring 1000 times per second. I t is 
therefore advantageous to make the leakage power of the TR switch as 
small as possible and to make occasional checks of the crystal unit, even 
if no failure of the TR switch has occurred and no abrupt change in 
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receiver sensitivity has been observed. At power levels of a few milli
watts, crystals appear to last indefinitely if handled with reasonable care. 

In this connection it should be pointed out that one of the most fre
quent causes of damage to crystal units is the discharge through the crys
tal of the electrostatic charge commonly accumulated on the body. 
Discharging the body capacity to the apparatus before a crystal is inserted 
or removed precludes the possibility of burnout by this means. In this 
way one makes certain that no discharging current will flow through the 
crystal unit. I t is confusing to have a crystal burned out during the 
time between its testing and its insertion in the apparatus. The energy 
stored in the charge on the capacity of the body, even for electrostatic 
potentials that would not normally be noticed, is sufficient to cause burn
out of some units. 

In addition to damage by electrical shock, the delicate contact of the 
crystal rectifier unit is subject to damage by mechanical shock. The 
wax filling cannot prevent motion of the whisker if extreme accelerations 
are encountered, and, hence, it is advisable to make checks before use on 
all crystals that are accidentally dropped. For this purpose and for 
checking for damage from electrical sources, the back-resistance meter, to 
which reference has already been made, is a very useful and simple test 
device. Information on the design and use of this device is given in Sec. 
2-20. In the table at the end of this chapter, a column giving limiting 
values of the back current at one volt, for crystals of the various types 
is included. 

TESTING AND SPECIFICATIONS OF CRYSTALS 

In the earliest days of the development of crystal rectifiers for use as 
microwave frequency converters, the only specification of the quality of 
the crystal was the effective over-all receiver noise figure resulting with 
its use. The noise figure was ascertained by measurement of the r-f 
input signal power required to give an output signal power equal to the 
output noise power. In addition, the width and shape of the pass band 
had to be measured in order to evaluate the equivalent noise bandwidth 
B of the receiver. The ratio of the required input signal power to kTB 
is the effective over-all noise figure of the receiver. This was sufficient 
description of the particular receiver for which it was measured, but it did 
not allow computation of the expected noise figure for the same crystal 
with a different i-f amplifier. 

The conversion loss and the noise temperature of a crystal used as a 
frequency converter are, together, a measure of the quality of the crystal 
alone. They can be used to calculate the effective over-all noise figure of 
a receiver using the crystal as a converter if the effective noise figure of 
the i-f amplifier, with a generator having an admittance equal to the i-f 
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admittance of the converter, is known. The first equipment for measure
ment of the loss and noise temperature of a crystal closely resembled an 
ordinary microwave superheterodyne receiver. The loss was measured 
by calibrating the i-f amplifier as an i-f power meter and comparing the 
i-f power delivered by the crystal converter with the r-f power available 
from the signal generator. The measurement of noise temperature was 
made by comparison between the values of the output noise from the 
receiver with the crystal in place and with the crystal replaced by an 
equivalent i-f resistance. From this comparison the noise temperature 
can be calculated, provided the effective noise figure of the i-f amplifier 
is known. The amplifier noise figure was measured in a standard manner 
by use of a temperature-limited noise diode. 

This method of measurement of the quality of a crystal was rather 
unreliable and difficult to carry out. Simpler apparatus was subse
quently developed for making the measurements of loss and noise tem
perature. Moreover, a burnout test was included in the specifications 
and a standard apparatus for this test was developed. The remaining 
sections of this chapter are devoted to a description of the principles of 
this test apparatus. I t is not intended to give sufficient detail in this 
description to enable the reader to duplicate the apparatus but only to 
make clear the meaning of the test specifications. A table of some of the 
specifications and related data for crystals of the types now available is 
included at the end of the chapter. 

2-17. Conversion-loss Measurement.—To measure the conversion 
loss of a crystal by the direct method, an accurately known amount of r-f 
signal power, 1 jiw or less, must be available. Similarly, it must be possi
ble to measure accurately a smaller i-f power. The frequencies of the r-f 
signal and the local oscillator of the converter must be such that the out
put signal of the converter has the frequency of the i-f amplifier that is 
used as a power meter. Because the conversion loss is dependent on the 
load admittances at the image and harmonic frequencies, the loss meas
ured in this way can be different for the same crystal in different mixers, 
even if all the available signal power is matched into the converter. 

To simplify the measurement of conversion loss, the "modulation 
method" was developed. In this method, no signal generator, separate 
from the local oscillator, is used and the converter output power is meas
ured with a standard instrument. The crystal is placed in an appropriate 
mount, either a waveguide or a coaxial line, depending on the frequency. 
This mount is adjusted, on the basis of statistical data on large numbers 
of representative crystals, in such a way that an average crystal has the 
minimum loss at this adjustment of the mount. Provision is made in the 
crystal mount to bring out the rectified crystal current and low-frequency 
voltages in the same way as in a conventional mixer. The manner in 
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which this is done will be made apparent in the following chapters. This 
crystal mount is placed at the end of a similar waveguide or coaxial line, 
from which the local-oscillator power is applied, through a matched 
dissipative attenuator, at an appropriate known level. Because of the 
matched attenuator the local oscillator, as a signal generator, has an 
admittance equal to the characteristic admittance of the line. A small 
amplitude modulation is then introduced on the local-oscillator signal 
and the magnitude of the voltage thus produced at the output side of the 
crystal, across a resistance equal to the optimum load resistance for an 
average crystal, is measured by means of a sensitive a-c voltmeter. The 
modulation frequency is low, usually 60 cps, and an ordinary amplifying 
voltmeter having a full-scale sensitivity of 0.01 volt can be used. For a 
full-scale deflection of such a voltmeter, an i-f power of 0.25 MW is required 
if the load resistance is 400 ohms. If the conversion loss were 6 db, the 
modulation required for a full-scale deflection would be equivalent to an 
available signal power of 1 /JW. This is found to be a small enough signal 
to allow the converter to behave linearly. 

The amplitude-modulated local oscillator is equivalent to an unmodu
lated local oscillator and a signal at each of the sideband frequencies 
corresponding to the signal and image frequencies of a converter. This 
may be shown in the following way. If 2T times the local-oscillator 
frequency is to, and 2TT times the modulation frequency is 0, the instanta
neous local-oscillator voltage is 

E = E0(l + m cos fit) cos at, (51) 

where m is the fractional modulation and E„ is the unmodulated ampli
tude. A trigonometric manipulation allows this to be written 

in Tfi 
E = E0 cos at + E0 -g cos [(w + p)t] + E0 -^ cos [(u - &)t]. (52) 

771 

Thus, there is a signal at each sideband frequency, of amplitude ftn'Ora 

power equal to EQY0 -g-- The incident local-oscillator power is 
o 

Po = f Y0. (53) 
Therefore, the signal power in one sideband may be written 

P. =Po~- (54) 

In the measurement of loss, the incident local-oscillator power can be 
measured directly with a thermistor, or a Wollaston wire, in a bolometer 
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bridge and, therefore, the equivalent signal power can he found, provided 
that the modulation percentage can he measured. In one form of the 
loss-measurement apparatus, the modulation is produced by an eccentric 
rotating disk made of carbon-coated Bakelite. The disk projects into 
the waveguide that supplies the local-oscillator power to the mixer. The 
disk is so proportioned that when it rotates at a constant speed, sinusoidal 
modulation of the amplitude of the local-oscillator signal at the crystal 
results. By rotating the disk slowly the modulation percentage can be 
measured. The value of the loss can be calculated from knowledge of Pn 
and of the delivered output power as measured by the voltmeter. 

I t is more common, however, to make the absolute calibration by what 
is known as the "incremental method" for a few crystals which are then 
carefully preserved as standards. If these crystals are inserted in an 
apparatus using electronic amplitude modulation, the level of the local-
oscillator power can be set to give the proper rectified crystal current, 
and the a-c output meter may be made to read correctly by setting 
the modulation level. The incremental d-c method may be regarded as 
an extrapolation of the modulation method to zero frequency. A sensi
tive current meter is so connected that it measures a small fractional 
change in the rectified current. This change in the rectified current is 
produced by a small, known, percentage change in the r-f power. If the 
change in current and the differential admittance of the crystal to DC are 
known, it is possible to calculate the output power tha t would be produced 
if the change in incident power were repeated sinusoidally. With a set of 
a few crystals calibrated as primary standards in this manner, any num
ber of crystals may be calibrated with a modulation-method apparatus 
for use as secondary standards at the many locations where modulation-
method apparatus is used. The use of several standards is a protection 
against changes or damage in any one of them, since a change in a crystal 
will immediately be discovered because of disagreement with its calibra
tion when the instrument is adjusted to read correctly for the others. 

The loss, as measured in the test, is not exactly the loss that is used for 
the calculation of noise figures, except for some special cases, although 
the measured loss does not differ greatly from the loss appearing in the 
formula for the effective over-all noise figure of a receiver. The i-f load 
of the testing apparatus is fixed at a value equal to the i-f output admit
tance of an average crystal, and the power delivered to it—not the availa
ble i-f power—is measured. Under the conditions of measurement, the 
i-f output admittance of most crystals does not differ from the load admit
tance by an amount causing a loss, due to mismatch, of more than a few 
tenths of a decibel. Because the tuning of the crystal holder is fixed, 
crystals having signal admittances that differ from that of an average 
crystal are not tuned for minimum conversion loss. Both of these 
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factors tend to make the measured loss greater than that which could be 
obtained from a given crystal if both the i-f load admittance and the r-f 
tuning were adjusted to the optimum values. 

In the calibration of the apparatus, each sideband signal contributes 
a component to the low-frequency output voltage. There is a phase 
relationship between the local-oscillator signal and each sideband such 
that two modulation-frequency components at the output terminals of the 
crystal are in phase, because they arise from amplitude modulation. 
The output voltage, therefore, is twice as great as it would be if there 
were only one signal having the same amplitude as one of the sideband 
signals. The loss, therefore, is computed assuming a signal amplitude 
twice that of a single sideband component, or a signal power twice that 
available in the two sideband signals. When the calibration is made 
in this way, the loss obtained is, except for the mismatch factors, 
that which would result if conversion were made from a single signal 
frequency to the intermediate frequency and if the r-f tuning at the signal 
frequency were identical with that at the image frequency. As was 
shown in Sec. 2-10 the minimum loss that a converter, representable as s 
linear passive network, can possess under these conditions of tuning is 3 
db. This corresponds, in the modulation-method test, to conversion of 
all the available signal power in the two sideband signals into low-fre
quency power. A crystal for which this is true shows a 3-db loss accord
ing to the calibration. Thus, a crystal that shows less than 3-db of loss 
in this apparatus, as do the welded-germanium units, delivers to the load 
resistor more power than is available in the input signal. Such a crystal 
converter cannot be represented by a passive network, although it may 
still be linear, and the excess power must be derived from the local-
oscillator wave, the bias supply, or both. 

In the specification tests of crystals there is no explicit measurement 
of the r-f admittance in a particular mount nor, except for one type of 
crystal, of the i-f admittance. Because the loss measured is the ratio of 
the equivalent available r-f power to the i-f power delivered to a fixed load, 
and not the ratio of this r-f power to the available i-f power, a limit is 
implicitly imposed on the range of admittances possible. Crystals having 
r-f or i-f admittances greatly different from the average must also posses a 
minimum conversion loss considerably below the specified limit to pass 
the loss test. Such crystals are not often found because the upper limit 
on the loss is not very much greater than the average loss for crystals of a 
given type. The fact that some reflection loss can occur at the single 
frequency of the test does not allow much margin for frequency-sensitive 
behavior in a circuit that must operate in a wide band since reflection loss 
increases much more rapidly with the degree of mismatch after the first 
few decibels. If all of the mismatch loss were to occur on the output side 
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of the test converter, the possible scatter of the i-f admittances of many 
crystals, from this cause, combined with the effect of the image-frequency 
termination when a high-Q TR cavity is used, could pose a considerable 
problem to the designer of the i-f input circuit. Fortunately the i-f 
admittance seems to be fairly uniform from crystal to crystal under the 
conditions of the test. The loss caused by r-f mismatch is usually greater 
than that caused by i-f mismatch because the crystal cartridge represents 
a fairly sizable circuit element compared with the r-f wavelength and there
fore its r-f admittance is determined not only by the semiconductor and 
contact but by all of the discontinuities and dimensions of the cartridge. 
The i-f admittance is determined by these things only in so far as the r-f 
tuning affects the i-f admittance, which is very little because of the buffer
ing effect of the conversion loss. 

2-18. Noise-temperature Measurement.—Because the noise tem
perature is dependent upon frequency, it must be measured at the inter
mediate frequency to be used. For this reason the noise-temperature 
test equipment resembles a complete superheterodyne receiver much more 
closely than does the loss-test apparatus. As is also true for the appara
tus used to measure loss, the noise-temperature test equipment used at 
present is similar in principle for all microwave frequency ranges and 
differs primarily in having r-f circuits in a medium suitable to the particu
lar frequency. Thus the 3000-Mc/sec test sets for loss and noise-tem
perature measurements utilize principally small coaxial lines, and the 
crystal mounts are of a coaxial-line type. The test sets for 9280 Mc/sec 
and that for 25,000 Mc/sec, on the other hand, use appropriate wave
guide transmission lines and crystal mounts. 

A block diagram of the present form of the noise-temperature measure
ment apparatus is given in Fig. 2-32. The local-oscillator power enters 
the mixer through a filter cavity in order to minimize any spurious noise 
that might enter at either of the sensitive sideband frequencies. Attenu
ators are used on both sides of this filter, to ensure that the filter does not 
pull the oscillator frequency badly and to provide a matched line looking 
from the mixer back toward the local oscillator. The mixer is identical 
with the one used in the corresponding loss-measurement apparatus and 
the level of the incident local-oscillator power is set to be the same as 
in the loss apparatus. The input terminals of the i-f system can be 
switched from the output terminals of the mixer to a fixed dummy 
resistor for purposes of comparison. Between the output terminals of the 
mixer and the preamplifier is a lumped-constant circuit. This circuit 
transforms the input admittance of the i-f amplifier to a value equal to the 
complex conjugate of the output admittance of the mixer with an average 
crystal. In addition, the transformer has such characteristics that it is 
equivalent to a transmission line having a characteristic admittance equal 
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to the output admittance of the mixer with an average crystal and having a 
length equal to five-eighths of a wavelength at the intermediate frequency. 
The function of this circuit is to make the output noise of the receiver 
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F I G . 2-32.—Block diagram of noise-temperature test apparatus. 

independent of the i-f admittance of the converter provided that it is 
real and has a noise temperature of unity. I t is this circuit that makes 

the apparatus better suited to the 
measurement of noise temperature 
than an ordinary receiver. 

The output noise of an amplifier 
may be regarded as arising primarily 
in the input stage of that amplifier 
and ahead of it, provided the input 
stage has sufficient gain to make the 
contribution to the total output noise 
from other stages negligible. In the 
apparatus under discussion, this con
dition is fulfilled, and if the only 
sources of noise are Johnson noise 
and noise arising in the tube, the cir
cuit may be represented by Fig. 2-33, 
to an approximation sufficient for the 
present purposes. The grid of the 

tube is considered to have no admittance, and the noise generated in the 
tube is considered to be caused by the Johnson noise in the resistance Rn 

F I G . 2-33.- -Equivalent circuit of i-f input 
amplifier. 
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at room temperature. The impedance ZiaBUt, or its reciprocal the input 
admittance, may be considered to be made up of the input admittance to 
the tube plus all admittances associated with the circuit connected to the 
input terminals of the amplifier. In the case in question, however, the 
input circuit includes the i-f admittance of the mixer, transformed by 
the special circuit between the mixer and the amplifier, and a conductance 
added from grid to ground. The total effective circuit may be repre
sented by the equivalent circuit shown in Fig. 2-34. The i-f admittance 
of the mixer is made real by an added susceptance and, for a crystal 
having the average i-f admittance, the transformation effect of the input 
circuit is such that the admittance at the output terminals of this circuit 
is equal to g0. Thus the only elements appearing in the circuit of Fig. 
2-34 are the transformed i-f conductance g of the mixer with its associated 
noise-current generator i, the conductance g0, made up of the input 

ffli=4kTtgdV 

FlQ. 2-34.—Equivalent circuit of mixer, five-eighth-wavelength line and input amplifier. 

conductance of the tube and an added resistor with its associated noise-
current generator i2, and the equivalent noise-generating resistance for the 
tube with its associated noise-voltage generator e„. Each of the noise 
generators generates a noise current or voltage given by the thermal-
agitation equation. The temperature of the i-f conductance of the mixer 
is t times room temperature, and the temperature of the other resistors is 
room temperature. 

The admittance of the output terminals of the transmission-line sec
tion may be obtained from the general transmission-line equation, which 
for a line having no loss is 

F, + jY„ tan pi Y, = F„ (55) F o + j F , t a n # 
where /3 is 2ir/X for a distributed-parameter line, I is the line length and 
Fj is the admittance of the pair of terminals at one end when an admit
tance Fi is connected to those at the other end. In the present case, the 
admittance of the output terminals of the five-eighth-wavelength line is 

Y1 = g0 
g + jgo 
go + jg go 

2ggo + j(gl - g2) 
gl + g2 (56) 
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A new equivalent circuit may now be drawn, eliminating the transmission 
line, as in Fig. 2-35. The magnitude of the noise current associated with 
the mixer is found from the fact that the noise power available at the 
output terminals of the line is the same as that from the mixer, since the 

^f = ikTt-r^idP' 
' " 90

2+92 -

■Y,=-
2og0

2+k0(g£-3'1) 
'<=> 

/ i 2 / 2 = 4/CTsQrfV 

F I G . 2-35.—Transformed equivalent circuit. 

line is lossless. The mean square \io\2 of the noise current induced in 
the input conductance go, in a narrow frequency band dv, is 

id2 = IW + N"2] 9% 
ga+Yil*' (57) 

where |til2 and |i2 |2 have the values shown in Fig. 2-35. The noise voltage 
developed across the conductance go is 

|ca Hi 
\n\2 + W 
lffo+^12 ' (58) 

The substitution, from Eq. (56), for Fi and the insertion of the values of 
|z'i|2 and |i2|2 in terms of the conductances, reduces Eq. (58) to 

l«o ■ 
4kT 
2ga 

dp ! + (<-!) 2ggo 
(g + g<> 

(59) 

The mean square of the total input noise voltage is the sum of this voltage 
and the voltage arising from the noise resistance of the tube, or 

W2 + |e,|2 2a 4 f c 7 , i2^L1 + ( < - 1 ) ( l + a ) 2 + Rn\d», (60) 

where the ratio g/g0 has been written as a. The admittance transforma
tion of the input circuit is used to make the value of l/2g0 comparable 
with that of Rn, which, for a typical pentode 30-Mc/sec amplifier tub*-, 
is about 2500 ohms. 

Equation (60) describes the behavior of the test set. First, let us 
suppose that the mixer has a noise temperature of unity, or that a resistor 
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To preamplifier 
■ ^ o -

at room temperature is substituted for the mixer at the input terminals of 
the coupling network. The term that depends on the conductance at 
the mixer terminals is then zero and the output noise power of the ampli
fier is independent of the conductance, provided that the noise examined 
is only that contained in a narrow frequency band, in which the trans
formation effect of the input circuit may be considered to be independent 
of frequency. In practice, a fairly narrow-band communications receiver 
is used, following a preamplifier. If the noise temperature of the mixer 
is not unity, the contribution is a maxi
mum if a is equal to unity. The contri
bution falls to 80 per cent of the maximum 
value, for the same value of t, if a is as 
much as a factor of 2 larger or smaller 
than unity. The increase in the output 
noise power from the amplifier with a 
crystal in the mixer, over that with the 
amplifier connected to the resistor, is 
proportional to t — 1. 

To calibrate the apparatus, the value 
of R.v could be measured and an output 
meter measuring noise power at the output 
terminals of the amplifier could be used. 
Instead, the apparatus is calibrated in 
such a manner that the value of R.v need 
not be known, and a meter having any law 
of response can be used at the output 
terminals of the amplifier. For this pur
pose the noise diode is included in the 
circuit. This diode is a specially con
structed tube having a tungsten filament 
and short leads. The magnitude of the 
plate current of the diode is controlled by 
the temperature of the filament, and a 
plate voltage sufficient to ensure satura
tion current for all filament temperatures is applied. Thus, space-
charge smoothing of the plate current is eliminated. Under these 
conditions, the mean-square fluctuation components of the plate current, 
in a given frequency band, caused by the shot effect can be calculated. 
Diodes that are used for the measurement of amplifier noise figures in 
this way are called temperature-limited diodes. Figure 2-36 shows a 
possible circuit for utilization of such a noise diode, where Ri is the i-f 
resistance of the mixer, equal to l/g, and Ri is the resistor included for 
comparison purposes. 

F I G . 2-36.—Possible circuit for 
utilization of noise diode. 

C — bypass condenser (1000 
«jfd at 30 Mc/sec). 

RFC = in t ' e rmed ia te - f re iquency 
choke. 

H = filament rheostat. 
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The noise diode may be considered as a noise generator with a 
mean-square noise current given by 

M 2el dv (61) 

where I is the diode plate current, c is the electronic charge, and dv is the 
narrow band of frequencies being examined. If a resistor of conductance 
g is put into the mixer in place of the crystal, the mean-square thermal 
noise current in this resistor is 

K„|2 = AkTgdv. 

Therefore, the total mean-square noise current in the resistor is 

(62) 

W2 = M 2 + |i„|2 = 2r/ dv + -LkTg dv. (63) 
The resistor may be regarded as having a noise temperature / given by 

W ^Tg 
(64) 

The standard temperature for purposes of such calibrations is taken as 
that which makes c/kT equal to 40 per volt and corresponds to a tem
perature just less than 20°C Thus Eq. (64) becomes, 

I 
t = 1 +20 

9 
(05) 

The calibration of the noise-temperature measurement apparatus 
can thus be made by observing the output meter at several values of 

diode current with each of several 
resistors having different conduct
ances in place of crystals in the mixer. 
A typical calibration curve for an 
output meter giving readings pro-

3 portional to power is shown in Fig. 
2-37, where the ordinate is the out
put-meter reading on a linear scale 
and the abscissa is the value of a on 
a logarithmic scale. 

In practice, the input transformer 
is a lumped-constant 7 r - n e t w o r k . 
This circuit contains several variable 

condensers which must be tuned properly. When the condensers are 
correctly adjusted, the output-meter reading is independent of the con
ductance of the resistor placed in the mixer and is the same for the switch 
in the position that connects the dummy resistor to the amplifier input 
terminals. 

2 

1.5 

Relative 
deflection 

( = 5 

( = 4 

* = 3 

( = 2 

( = 1 

0.5 0.75 1 1.5 

F I G . 2-37.—Typical calibration curves 
for noise-temperature measurement set, 
with special input circuit. 
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Unfortunately, this special input circuit does not work so well for the 
measurement of the noise temperature of a mixer that has a reflection 
of the image-frequency wave. I t has been shown in Sec. 211 that such a 
reflection can give rise to a susceptance component in the i-f admittance 
of the mixer and such a component would upset the adjustment of the 
special input circuit. 

For mixers not having reflections at the image frequency, the noise-
temperature measurement apparatus can be used to measure the i-f 
conductance as well as the noise temperature, by use of the temperature-
limited diode. The diode plate current required to cause a given deflec
tion of the output meter is dependent on the magnitude of the conduct
ance at the output terminals of the mixer. A calibration can be obtained 
using resistors in the mixer. Then a measurement of the diode current 
needed to produce a given deflection on the meter with a crystal in the 
mixer constitutes a measurement of the i-f conductance of the mixer, 
if a square-law (power) meter is used. 

2-19. Burnout-test Apparatus.—To simulate the spike energy as a 
cause of crystal burnout, the apparatus used to test crystals for suscep
tibility to burnout subjects a crystal to a very short video pulse. The 
specifications for most types of crystals require all units to be subjected 
to a pulse of this sort before they are tested for loss and noise temperature. 
Crystals intended for use as low-level detectors, on the other hand, 
because they are not commonly used in systems having duplexers, are 
rarely subjected to "sp ike" pulses but are more frequently burned out 
through the presence of powerful radar transmitters in the immediate 
vicinity. Therefore, the pulses to which such a crystal might be sub
jected would more likely be ordinary radar pulses of about l-/usec 
duration. Less attention is paid to the burnout characteristics of such 
crystals, as a consequence. 

The apparatus developed by H. C. Torrey for the burnout test of 
mixer crystals consists of a short piece of coaxial line, connected at one 
end through a high resistance to a source of d-c voltage which charges the 
line to that d-c voltage. The crystal to be treated with a burnout 
pulse is inserted into a holder at the other end of the line but not put 
into contact with the center conductor. A sudden contact of the center 
conductor with the pin end of the crystal cartridge is made by dropping 
the center conductor a short distance onto the cartridge tip. This 
discharges the line in a single pulse through the crystal in a time approxi
mately equal to 21/'c where I is the length of the line and c is the velocity 
of light. The length of the line is made such that the pulse length is 
about 5 X 10 - 9 sec. This time is so short that the burnout of the crystal 
depends upon the pulse energy and not upon the pulse power. The 
energy delivered to the crystal is just the energy stored in the capacitance 
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of the line and this is easily calculable from the size of the line and the 
voltage. In this way a single pulse of uniform energy is delivered to each 
crystal before it is tested for loss and noise temperature. If it has 
been damaged appreciably by this pulse it will not pass these later tests 
and therefore no electrically fragile crystals should find their way into 
service. The correlation between burnout by a video pulse of this kind 
and burnout by an actual r-f spike pulse has been found to be good and, 
therefore, this simple technique has been adopted in preference to an r-f 
burnout test. 

The value of the energy of the pulse used depends on the type of 
crystal being tested, as will be evident from the table at the end of this 
chapter. The lower-frequency units can, in general, stand a larger 
amount of energy before burnout occurs because the area of the contact 
of the cat whisker and the semiconductor is larger. Also there are 
available, in some frequency ranges, units that have high burnout 
resistance and high loss, as well as units that have the lowest possible 
loss and reduced burnout resistance. This is not obvious from the 
table, however, because some types with high loss and noise-temperature 
limits but with small burnout energy, or no specification of burnout at all, 
are also listed. These are obsolete or obsolescent types having character
istics inferior to the more recently designed types designated by the 
same code number followed by a letter A, B, or C'. The lower limits on 
the loss and noise temperature as well as the higher resistance to burnout 
of later types are illustrative of the progress made in the design of crystal 
units through the intensive research that was carried on during the war. 

For the burnout test of crystals for which the burnout specification is 
given in terms of watts of pulse power in a l-/usec pulse, a video pulse 
is also used, but the pulse is formed by a lumped-constant pulse-forming 
network which is discharged through the crystal unit. The pulse power 
delivered depends upon the admittance of the crystal unit at this level 
relative to the characteristic admittance of the network. The specifica
tion is the available power, but this power is dissipated by the crystal 
only if the crystal admittance matches that of the network. The 
network admittance is chosen to be approximately equal to the crystal 
admittance at this power level and, therefore, the available power is not 
greatly different from the power actually delivered. 

The burnout specifications, like the other specifications, were deter
mined on the basis of tests of representative units, rather than being 
arbitrarily set up as minimum acceptable requirements. When research 
and improved manufacturing techniques indicated that it was easy to 
produce large numbers of crystals passing existing specifications without 
large "shrinkage," a new set of specifications was written for a crystal 
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Crystal 

with a different type number, usually the old number with the added 
A or B. In this way the improvements found possible on a laboratory 
scale were quickly reflected in improved production types. The result 
is that the crystals available at present represent a great advance in 
both burnout and noise-figure characteristics relative to those available 
only on a laboratory scale in 1942. 

2-20. The D-c Crystal Checker.—The fact that there has been shown 
to be a reasonably good, if not perfect, correlation between the back 
resistance of crystal units of one type and their noise-figure character
istics has been mentioned earlier. The correlation is sufficiently good to 
enable it to be said that a crystal of a particular type, passing more than a 
given back current at a given applied voltage, has probably been burned 
out. Perhaps more important is the fact that a unit passing less than 
this given current has almost certainly not been damaged severely. 
Without a check as simple as this, the service problem of microwave 
receivers u n d e r field conditions is 
rendered very difficult because there 
are many possible sources of trouble 
other than the crystal. By this test 
the condition of the crystal can be 
quickly determined; if the crystal is 
not at fault, another source of trouble 
may be investigated. In addition, a 
simple check makes possible periodic 
checks of operating crystals, allowing 
slow deterioration which might otherwise go unobserved to be watched 
and not allowed to proceed far enough for it to be detrimental to the 
performance of the receiver. 

The limiting back current is known, for most of the available crystal 
units, for 1 volt of potential difference across the unit. A circuit 
diagram of a test unit that can be used to make this check is given in 
Fig. 2-38. A switch Si is used to turn the unit on and off, and a second 
switch <S2 enables the single meter to be used, with the switch in the upper 
position, to adjust the potential across the test crystal to 1 volt. In 
the lower position the current through the crystal is read on the meter. 
The position in the circuit of the meter and of a resistance R, equal to 
the meter resistance, are interchanged by the switch *S2 and, therefore, 
the current through the crystal is the same for either switch position. 

The value of the maximum back current at 1 volt for a relatively 
undamaged crystal, has been found to be dependent upon the crystal type 
only, and not upon the manufacturer, with one exception. For the 
1N26 crystal, it was found that the limit on the current was sufficiently 

FIG. 2-38.—D-c crystal checker. 
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different for crystals of the two manufacturers to warrant the use of a 
value for each. These values as well as the single ones for the other types, 
where known, are included in the table of specifications at the end of this 
chapter although they are not to be considered as specifications. I t is 
possible that the safe currents will change for crystals produced in the 
future under the same specifications, because there is nothing included in 
the specifications which relates directly to them. If it is desired to 
guard against any amount of deterioration no matter how small, it is 
perhaps best to keep a record of the back current at 1 volt for each 
crystal, from the time it is first used and to be suspicious of the crvstal if it 
shows any tendency to pass greater current with use. If a number of 
crystals show such a change upon insertion into an operating mixer it is 
to be taken as evidence that the T R switch or some other part of the 
circuit is allowing the crystal to be damaged by excessive electrical power. 
I t is worth while to repeat the caution about static charge on the body 
when handling crystals, and the importance, therefore, of grounding the 
body to the apparatus through a path other than the crystal while it is 
being inserted or removed. Care should be taken to be sure that the 
apparatus is electrically grounded. A considerable a-c voltage with 
respect to ground may be present, especially if the apparatus contains a 
filter in the a-c line. Many crystals have become damaged because of 
this, and it is advisable to take appropriate precautions to eliminate such a 
voltage. 

2-21. Specifications and Relevant Information on Available Types.— 
Table 2 1 , to which reference has been made many times throughout the 
chapter, follows. The table gives the specifications as well as other 
information on the various types of crystals currently available for use as 
detectors and mixers in the microwave region. There are two general 
types of cartridge, and the one applying to each crystal is indicated in 
the first column of the table as A or B. These symbols refer, respectively, 
to cartridges like those shown in Figs. 2-39 and 2-40. An outline of the 
physical dimensions, with tolerances, is given for each of these cartridges. 
This is an important factor in the design of mixer and detector mounts 
since considerable nuisance is encountered if the mount is designed on 
the basis of the dimensions of only a few units. The large ceramic unit 
was originally used at 3000 Mc/sec in a coaxial-line mount where it is 
small compared with the dimensions of a convenient line, or compared 
with the wavelength. Later, crystals for the 3-cm region were built in 
the same cartridge. In this region the cartridge is still not large com
pared with the dimensions of conventional rectangular waveguides in 
which it is mounted. For 25,000 Mc/sec, this unit is excessively large 
compared with either the waveguide dimensions or the largest single-mode 
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coaxial line at that frequency. Consequently, the coaxial type of cart
ridge of Fig. 2-40 was developed by Bell Telephone Laboratories. I t has 
much smaller internal dimensions in accordance with the use at shorter 
wavelengths. There has been some use of this same cartridge for units 
recently designed for lower frequencies because of the shielding of the 
sensitive contact from stray radiation and because of the smaller physical 
dimensions. There is, in addition, less probability of damage throjj 

—|0.240"max>-0.187"min. 
0.190"max. _ _ ±0.015 0.010"min. 

0.046"max. rad. 

-0.010"maxrad. 

fcM u 
: - > 

O 
r l 

-0.005 max. rad. Vr' 

CD 
Silicon crystal 

in this end 

l ^ l H * F I G . 2-39.—Ceramic crystal cartridge. 
Note 1. Eccentricity between tip and base shall not exceed 0.0075. 
Note 2. Metal parts shall be silver-plated min. 20 mg/in2 or gold-plated min. 10 mg/in2 . 
Note 3. Used for types: 1N21, 1N21A, 1N21B, 1N23, 1N23A, 1N23B, 1N27, 1N28, 

1N29. 
This drawing is taken from BuShips Dwg. R E 38A192. 

static discharge from the body, since the mount is so constructed that 
contact to the outside cylinder will almost certainly occur before the 
discharge can go through the crystal. 

The table gives, next, the use for which the crystal is intended, either 
as a low-level "v ideo" detector or as a mixer unit. The next column is 
the frequency of the specification tests. For mixer crystals, the local-
oscillator power level to which the loss and noise specifications refer is 
given, then the minimum rectified current, measured by a meter of 100-
ohms resistance, and then the maximum acceptable values of loss and 
noise temperature. For some crystals the i-f resistance under the con
ditions of operation in the test set is specified, and, if so, it is given in 
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the next column. For most crystals this is not specified and, for these, the 
value of the load resistance used in the loss test is indicated by the 

Alternate shape for end 
of pin 0.012"radius (g) 

F I G . 2-40.—Shielded coaxial crystal cartridge. 
Note 1. Finish: plate with 0.00002 tin over nickel flash or 0.0001 gold or silver. 
Note 2. OD dimension applies to length indicated. 
Note 3. Axis of center conductor not to deviate from axis of outer conductor referred 

to its outside diameter more than 0.004. 
Note 4. The polarity is such that sleeve is positive when current flows in the pass 

(forward) direction. 
Note 5. Crimp permissible but adjacent surface shall not be bulged beyond maximum 

diameter. 
Note 6. This edge to be sharp and free from burrs. 
Note 7. Slight chamfer permitted. 
Type test following: F, H, notes I and 4, 5, and 7. 
design test following: B, D, J, K, G. 
Production test all other dimensions and notes. 
This drawing is taken from BuShips Dwg. HE 38A208. 

numbers accompanied by TL for " test load." The "v ideo" output 
resistance is given in this same column for low-level detectors and the 
next column gives the figure of merit / . Following this comes a column 
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giving the pulse energy of the burnout test, or the peak power where 
appropriate. For some types the number in this column is labeled 
"design." This means that the test is made only on a few sample units 
and the number then represents only the approximate power that units of 
this type may be expected to withstand. Next comes a column of over-all 
noise figures for a receiver using mixer crystals that just pass both 
the loss and noise-temperature tests and having an r-f amplifier with a 
noise figure of 5 db. This b by no means to be considered as the best 
noise figure possible with that type of crystal since some units show 
losses as much as 2db less than the maximum values, and noise temper
atures effectively equal to unity. Moreover, the 5-db i-f-amplifier noise 
figure is by no means the lowest obtainable; values as low as 1.5 db have 
been obtained with some recent circuits. A combination of such an 
amplifier with the best 1N21B crystal at 3000 Mc/sec would give an 
over-all noise figure of about 6.5 db. At 10,000 Mc/sec such noise 
figures are also possible with the 1N23B and at 25,000 Mc/sec over-all 
noise figures of about 7.5 db have been observed. Finally a column 
of maximum back current at one volt, as discussed in Sec. 220, is given. 
For the 1N26 crystal, two numbers are given, one followed by SEP 
standing for Sylvania Electronic Products Company, and the other by 
WE for Western Electric Company, the two manufacturers producing 
these units at present. 

The region of frequencies near the test frequency is not the only region 
in which a unit may be used. In general, however, the units would be 
expected to show greater conversion loss at higher frequencies, although 
an increase of frequency of 10 or 20 per cent would not produce a serious 
effect. The use of the units at lower frequencies will certainly not 
result in a greater loss and can, in fact, result in slightly lower loss, 
especially for the high-burnout units having relatively high loss at the high 
frequency. Because the units are not tested at these lower frequencies, 
however, there is no implicit control over the r-f admittance character
istics. Therefore, the admittances of the various units would not neces
sarily be very uniform or have any relationship to that of units designed 
for this frequency. 

In addition to the development of microwave crystal rectifiers, there 
has been considerable work done on units for special purposes at lower 
frequencies. As an example, there are units for use as diodes in such 
applications as second detectors in superheterodyne receivers and as d-c 
restorers in special circuits where their characteristics and small physical 
size make them more desirable than ordinary diodes. This subject is not 
within the scope of this volume and for details of the properties of such 
crystals the reader is referred to Vol. 15 of this series. 



CHAPTER 3 

SIMPLE MICROWAVE CRYSTAL MIXER CIRCUITS 

Some of the devices which have come to be known as "mixers" 
or "converters" in the microwave range perform the function of con
verting a received signal at a microwave frequency into one at a lower 
intermediate frequency, in addition to several other secondary functions 
which are special requirements of their application in microwave radar. 
Some of these additional functions will be described in later chapters; the 
purpose of the present chapter is to discuss in some detail the considera
tions involved in the design of crystal mixers that perform, in conjunction 
with the local oscillator, the single function of frequency conversion of a 
microwave signal. 

There are many possible variations in the design of a mixer for a 
particular frequency region and it will not be possible to give details of 
each of the types in current use. The examples cited will usually be those 
of designs evolved at the Radiation Laboratory and these cannot be 
considered as the only possible ones. It has been the attempt, in design
ing these circuits, to make a single unit as a basic design for each frequency 
range for which a particular type of transmission medium is used in order 
to avoid the much greater labor involved in designing a particular 
unit for each piece of equipment and to allow as wide a tuning range in the 
equipment as possible. 

The problem of the design of crystal-mixer circuits cannot be treated 
with any degree of finality because the details of the mixer best suited to a 
particular task depend, to a larger degree than do other microwave 
circuits, on things outside of the control of the designer. The design 
must, for instance, be influenced primarily by the physical and electrical 
characteristics of the available crystal units. Since there is reason to 
believe that improvements may lead to units considerably different from 
those available at present, one may expect that mixer designs for such 
future units will be correspondingly changed. The frequency ranges 
covered by designs for radar use are by no means the only important ones; 
hence, for many purposes, the details of these designs are not of general 
interest. Unlike the purely microwave circuits, the mixer cannot be 
adapted from one frequency band to another by a simple scaling process 
because the crystal unit, which plays such a dominating role in the 
operation of the circuit, will neither have the same characteristics in 
the scaled circuit nor be scalable in itself. The detailed designs that will 
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be given as examples, therefore, will probably be of less general interest 
than would warrant the inclusion of a large number of them. More 
emphasis will be put on the general methods and ideas that have been used 
in the design of the mixers, in the belief that analogous courses may be 
taken for frequency bands and uses other than those encountered in the 
Radiation Laboratory experience. 

3-1. The Basic Mixer Circuit.—One of the simplest possible circuits 
that a mixer can have is that of Fig. 3-1. In this circuit, the antenna or 
signal generator is represented by the current generator delivering a 
current ia and having an internal admittance Ya, and the local oscillator 
by the current generator producing a current ia and having an internal 
admittance F„. These two generators are connected in parallel through 

Signal generator Local oscillator 

© © 

Crystal 
! 1 

> R-f choke 
R-f" 

bypass 

l-f output 
terminals 

3 '-f < 
Rchoke 

l-f load 
admittance 

F I G . 3-1,—Equivalent circuit of simple mixer. 

the crystal unit to the i-f output terminals which, in use, would be 
connected to the input circuit of the i-f amplifier. In the diagram, 
a load circuit presenting an i-f load admittance Y$, and a low-resistance 
d-c circuit are shown. As shown in Chap. 2, the r-f tuning of the mixer 
should be set with a matched i-f load admittance in place. 

The functions of the various parts of the circuit are the following. 
The magnitude of the local-oscillator current establishes, in conjunction 
with the i-f load admittance, the input admittance of the mixer to the 
small signal from the signal generator. The r-f choke on the one side 
of the crystal unit and the i-f choke on the other provide a low-resistance 
path to the rectified current. The crystal, therefore, does not become 
appreciably biased by the rectification of the local-oscillator signal. In 
order that the r-f voltages of both the signal and the local oscillator may 
be impressed primarily across the crystal unit, an r-f bypass condenser is 
provided across the i-f output terminals. For maximum power delivered 
to the i-f load, this capacitance must either have a negligible susceptance 
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at the intermediate frequency or be resonated with an opposite suscep-
tance component in the i-f load admittance. 

The basic mixer is most easily understood when the conversion loss of 
the crystal is large. Under this condition the r-f and i-f aspects of the 
mixer circuit may be considered separately because the effect of the load 

Signal generator Local oscillator 

! Crystal 

R-f choke 

R-f bypass R-f admittance of 
i-f load circuit 

FlG. 3-2.—Simplified representation of r-f aspect of high-loss mixer. 

R-f bypass 

admittance on one pair of terminals is negligible a t the other pair. Thus, 
both the signal admittance and the i-f admittance are dependent only 
on the crystal unit and the amount of its local-oscillator drive. The 
r-f circuit and the i-f circuit may be considered separately as illustrated in 
Figs. 3-2 and 3-3, respectively. The i-f load circuit influences the r-f 
conditions only in so far as, in combination with the r-f bypass circuit, it 
develops an r-f voltage drop. Similarly, the r-f circuit influences the i-f 
admittance only in so far as, in combination 
with the i-f bypass circuit, it produces an i-f 
voltage drop and so detracts from the i-f volt
age appearing at the output terminals. 

The best performance of a mixer of this 
kind, as a frequency converter, is obtained 
when the signal power is caused to develop 
the maximum possible voltage across the crys
tal unit. This condition is satisfied if the 
signal-generator admittance is made equal to 
the complex conjugate of the input admit
tance to the crystal mixer, and if no r-f signal power is dissipated 
in the admittance of the local oscillator or of the i-f load. To satisfy 
this last condition, the local-oscillator admittance must be zero and 
the admittance of the bypass circuit must be infinite. In practice, it 
is necessary only to make the local-oscillator admittance so small, and 
the admittance of the r-f bypass circuit so large, compared with the signal 
admittance of the crystal, that the amount of signal power that is dissi
pated in them is a negligible fraction of the available signal power. The 

1'lG. 3-3.—I-f circuit of high-
loss mixer. 
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design of the r-f portion of a high-loss mixer, therefore, reduces to three 
parts which are: 

1. Design of a signal-coupling mechanism to match all available 
signal power into the crystal unit. 

2. Design of a local-oscillator-coupling mechanism that has negligible 
effect on the signal admittance. 

3. Design of an r-f bypass circuit for the i-f output terminals that will 
not allow the r-f power to couple to the i-f load circuit. 

Usually, the signal generator to which the mixer should be matched is 
the antenna of the receiving system. The antenna, in turn, is so made 
that its radiation admittance terminates a transmission line in its char
acteristic admittance. The desirable signal-input circuit, therefore, 
would be a transmission line of the same type, with the mixer so arranged 
that the crystal provides a matched load to this transmission line, 
whether it be a coaxial line or a waveguide. In addition, there must be 
terminals to supply local-oscillator power, across which only a negligible 
part of the available signal power appears, and there must be terminals 
for the i-f output voltage. Experimentally, the admittance of a high-loss 
crystal unit for the small signal in the presence of the local-oscillator 
drive, is found to be approximately the same as for a signal of the same 
magnitude as the local-oscillator signal in the absence of the local-
oscillator drive. I t is possible, therefore, to begin the task of mixer 
design by designing a crystal mount that contains only the crystal unit 
and the i-f output circuit without incorporating the LO coupling circuit. 
The mount is so adjusted that a signal at the local-oscillator level is 
matched into the crystal unit. Moderate corrections may be required, 
for low-loss crystals, to obtain minimum conversion loss from the crystal 
mount, when finally operated as a mixer. By such a procedure the task is 
made straightforward even if there is no previous information as to the 
input admittance of a particular crystal in the desired mount and fre
quency range. 

3-2. The Design of a Crystal Mount.—The physical form of the 
mount for the crystals in ceramic cartridges is arbitrary. The only 
features that all such mounts have in common are contacting elements for 
both ends of the cartridge unit. The unit can be made to be a part of a 
coaxial line, or it can be mounted in a waveguide or in a resonator. 
Nothing in the basic mixer circuit requires or excludes frequency selectiv
ity in the r-f circuit, except for the separation of i-f, d-c, and r-f voltages. 
Hence, any form of the mount will operate equally well at the frequencies 
for which the signal-input-line admittance matches the antenna-line 
admittance. Historically, resonant mixers were at first considered 
necessary, but only because admittance transformation was obtained 
through their use. The more recent designs of mixers use nonresonant 
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coaxial-line and waveguide mounts for the crystal. Any r-f preselection, 
or separation of signal- and image-frequency terminals, has been accom
plished through the use of a resonant TR cavity or of a resonator added 
between the crystal mount and the input terminals. 

The crystal is mounted in either waveguide or coaxial line, in such 
a way that it does not represent a large mismatch as a termination of the 
line when r-f power at the local-oscillator level is incident in the line. 
If, with an experimental crystal mount, a large mismatch is found, a 
measurement of the apparent admittance of the crystal allows a correcting 
change to be made. If the mismatch is not large, tuning elements, such 
as sliding-screw tuners, stub tuners, plungers, and sliding quarter-wave
length transformers, may be added to cause the crystal to match the line. 
An investigation of the admittance characteristics of a large number of 
representative crystals will show whether all units can, by means of the 
tuning elements, be made to match the line. 

The tuning of most recently designed crystal mounts has been fixed. 
Fixed tuning is possible because the crystal units are made to pass the 
conversion-loss test in a mixer having fixed tuning. As a consequence, 
it should be expected that the crystal units should behave identically 
in the receiver mixer, provided its tuning is fixed at the same point as that 
of the test mixer. A crystal mount identical with the one used in the 
mixer of the crystal test set would be properly tuned only for the fre
quency of operation of the test set and with a circuit in which the image-
frequency wave is not reflected to the mixer. If fixed tuning is desired at 
a single frequency of operation different from that of the test set, it may be 
achieved through fixing the tuning adjustments of the mixer on the basis 
of best results with a large number of representative crystals. On the 
other hand, if the mixer is required to operate over a wide band of fre
quencies, the same tuning may not be adequate, and tuning elements 
might be required for a mixer intended for use in a broad band if not for 
use at a single frequency. 

If fixed tuning over as wide a frequency range as possible is desired, 
the crystal mount itself should come as close as possible to a matched 
termination of the input line. Any additional transformer is then 
required to give only a small transformation effect and it is, consequently, 
relatively insensitive to frequency. As a general rule, the larger the 
transformation effect of a simple microwave admittance transformer, 
the more sensitive to frequency it becomes. This effect is obvious for a 
transformer employing a quarter-wavelength section of transmission line. 
There is, of course, in addition to the frequency-sensitive character of the 
admittance-matching circuit, frequency dependence of the admittance of 
the crystal unit itself, although it is difficult to separate the two effects. 
It is often possible to combine a mismatched crystal and mount with a 
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matching circuit in such a way that the frequency sensitivity of the two 
tend to compensate each other. The match can then be held over a 
wider band than would be possible for a mount that was perfectly matched 
at the center frequency of the band. With a mount that is perfectly 
matched at a given frequency, it is often possible to add a resonant 
circuit that, at the resonant frequency, has a transformation effect of 
unity, and hence no effect, but that compensates for the frequency 
dependence of the crystal admittance at other frequencies. 

I t should be noted here that the only difference between a crystal 
mount designed for a mixer and one designed for a low-level detector is 
in the level of the input signal for which the admittance measurements 
are made. For a low-level detector, these measurements must be made 
at a signal level of 1 juw or less, and the resultant admittance of a partic
ular mount is consequently different from that at the local-oscillator 

(a) Coaxial-line crystal mount for 10-cm band. (b) Crystal mount for 3-cm band. 
F I G . 3-4.—Cartridge-crystal mount. 

level of signal. The design of a low-level detector, however, is completed 
when a satisfactory mount has been achieved for the small signal level, 
because there is no need for a local-oscillator circuit, and the efficiency is 
so small that the load admittance does not affect the r-f match. A mount 
for use in a mixer must ultimately be checked as a mixer with the local-
oscillator injection operating and with an appropriate i-f load admit
tance and d-c circuit as well as any preselecting resonant circuits in place, 
because all of these things have some effect on the resultant small-signal 
admittance. The preliminary admittance measurements with the single 
signal at local-oscillator level must be made with a low-resistance path 
for the rectified crystal current, in order to avoid the generation of a 
backward bias voltage across the crystal. That the level of power 
actually being dissipated in the crystal unit is about the same as the 
recommended local-oscillator level can be assured by use of a milliam-
meter in this d-c circuit. The incident power may be appropriately 
increased if the mount has a large reflection loss. 

3-3. Crystal Mounts for the 3-cm and the 10-cm Bands—Two 
crystal mounts commonly used for crystals in ceramic cartridges are 
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illustrated in Fig. 34a and b. The first is a coaxial-line mount used in 
the range from 4000 to 2500 Mc/sec and the second is a waveguide mount, 
in rectangular waveguide 1 by £ in. OD by 50-mil wall, used in the range 
from 9600 to 8500 Mc/scc. The diagrams are only symbolic of the r-f 
characteristics of the mount, for they show no provision for bringing 

rrf^n 

Fro. 3-5.—Coaxial-line crystal mount for 10-cm band. 

out the low-frequency voltage or rectified current. The mounts in 
which this provision is included are shown in Figs. 3-5 and 3-6. In the 
coaxial-line mount it is necessary to have a path of low d-c resistance to 
and of low i-f impedance between the center and the outer conductors of 
the coaxial line, to correspond to the r-f choke of Fig. 3-1. Provision 
for this return path has not been shown because its nature is dependent 
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upon the rest of the mixer. In some mixers the return path is provided 
by a loop that excites the coaxial line. If there is no such loop, a quarter-
wavelength side stub, which is also useful for supporting the center 
conductor, can provide this d-c return. The diameter and characteristic 
admittance of the coaxial line shown in Fig. 3-4a are such that the line 
fits over the cartridge unit conveniently, and connects without serious 
mismatch to the standard typo-A' coaxial-line fittings used for low-level 
cables. The crystal admittance resulting with a line of this size and no 
transformers is not greatly different, at 3000 Mc/sec, from the line 

FIG. 3-6.—Waveguide crystal mount for 3-cm band. 

admittance. If this had not been true, a line having some other char
acteristic admittance would have been preferable. There are several 
parameters in the mount for 9000 Mc/sec which can be chosen to make 
the average representative crystal unit terminate the line in its character
istic admittance. The position of the crystal unit, both relative to the 
center of the broad dimension of the waveguide, and axially along the 
narrow dimension, may be adjusted to control the resultant admittance. 
The distance along the waveguide from the axis of the crystal cartridge to 
the short circuit at the back end of the unit is also such a parameter. 
None of these parameters afford strictly independent adjustment of the 
resultant admittance. I t L? found, however, that if the admittance 
determined from the measurement of the standing-wave ratio in the 
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waveguide leading to the crystal is referred to the plane of the axis of 
the crystal cartridge, the adjustment of the length of waveguide beyond 
the crystal unit results essentially in variation of the susceptance com
ponent of the crystal admittance. At a length about equal to one half of 
the wavelength in the waveguide, the crystal unit is completely short-
circuited by the reflected short circuit at the end of the waveguide and 
the reflection coefficient of the mount is unity. The crystal current 
becomes zero for this length, since no voltage is built up across the 
crystal barrier. 

It is not advisable to achieve a match with the waveguide crystal 
mount by using a length, between the short circuit and the crystal, near 
to a half wavelength, since the susceptance introduced by the back part 
of the waveguide is then large. The susceptance varies very rapidly 
with frequency and the crystal mount is correspondingly sensitive to 
frequency. The adjustment of the length of waveguide beyond the 
crystal is the design parameter most easily determined, because a sliding 
short-circuiting plunger in the waveguide can be used. If the suscep
tance component of the crystal admittance can be tuned out only with a 
length nearly equal to the length for which the crystal is short-circuited, 
it is preferable to change the mount in some way to allow the use of a 
length more nearly equal to one-quarter wavelength in the waveguide. 
It has been found that a change of the position of the crystal along the 
line through its axis also causes a change primarily in the susceptance 
component of the crystal admittance. The position may be so chosen 
that the crystal mount has only a small susceptance with a short circuit a 
quarter-wavelength beyond the crystal. The effect of moving the crystal 
cartridge across the waveguide in the plane perpendicular to the wave
guide axis is primarily to vary the conductance component of the 
admittance. This variation occurs because the voltage (integrated field 
intensity) between the top and bottom of the waveguide is a sinusoidal 
function of the crosswise position, with a maximum at the center and 
zeros at each side. Correspondingly, the presence of the crystal unit 
has the greatest effect on the electric field when the crystal is at the center, 
and has less influence when the crystal is moved toward the side of 
the waveguide. The conductance of the crystal mount thus falls from 
a maximum value with the crystal at the center to a minimum with the 
crystal at either side. 

In this way it has been found possible to make a crystal mount for the 
9000-Mc/scc frequency region which has an admittance, with a crystal 
representing an average with respect to the admittance scatter of all 
units, equal to the characteristic admittance of the waveguide at the 
level of signal equal to the optimum local-oscillator drive. The crystal 
units used in this region are the 1 N23, 1N23A, and 1N23B types, all of 
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which show approximately the same spread of admittance since they are 
tested, in production, in identical mixers. 

I t is more difficult to make the desired adjustments of admittance in 
the coaxial-line mount than in the waveguide mount. Although the 
wavelengths for which the coaxial-line mount is used are longer compared 
with the dimensions of the crystal, the crystal cannot be treated as a 
lumped-circuit element because it appears as part of the center conductor 
of the coaxial line. I t is largely fortuitous that a coaxial line of a con
venient size and characteristic admittance can be used as a crystal mount 
in the 3000-Mc/sec region, since the early crystal mixers used for pro
duction testing were not at all similar to the present mount. An r-f 
impedance of 40 to 50 ohms in the coaxial-line mount must be derived 
from the effect of the barrier capacitance and from the transforming 
effects of the various parts of the cartridge. At a frequency as low as the 
intermediate frequency, the crystal unit would exhibit an impedance to a 
small signal of the same order as the i-f output impedance. The i-f 
output impedance is usually several hundred ohms, and a crystal having 
an r-f impedance this high would be difficult to match to a 50-ohm line. 
At 9000 Mc/sec, the aspect of the crystal in the waveguide mount is 
such that it can be considered approximately as a lumped admittance 
connected across the waveguide. 

3-4. The Filter in the I-f Output Lead.—The r-f bypass at the low-
frequency (i-f, video-, or audio-frequency or direct-current) output 
terminals is, in neither of the mounts under discussion, completely 
accomplished through the use of a simple lumped capacitance, as would 
be inferred from the basic equivalent circuit. The function of this 
circuit may be considered as twofold: (1) it provides a path of high r-f 
admittance, compared with that of the crystal, with the result that the 
loading of the transmission line is the same as if the crystal were short-
circuited to the line at this point; (2) it prevents leakage of any appreci
able amount of r-f power—primarily local-oscillator power, since its 
level is so much higher than that of the signal—into the input circuit of 
the i-f amplifier. The requirements set on the effectiveness of the filter 
circuit by the first of these functions might at first appear to be much 
smaller than those of the second. Since the r-f admittance of the input 
circuit of the i-f amplifier to which the mixer is to be connected is arbi
trary, the effectiveness of the filter circuit could be reduced considerably 
if a resonance were to occur when the two were connected together. 
Consequently, to avoid such effects, a large capacitance or a more 
complex filter is required. I t is felt that the circuit of the filter type 
is more effective, per unit of capacitance introduced at the i-f terminals, 
than the lumped capacitance, in a restricted band of radio frequencies. 
Since most applications of microwave mixers have been in receivers 
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having wide i-f pass bands, the i-f capacitance of the mixer is important 
in determining the maximum pass band of the input circuit of the ampli
fier. The lower this capacitance, the wider the input circuit can be made. 

The operation of the filter is similar to that of many filters used as 
joints for r-f lines. In the filter used with the 3000-Mc/sec crystal 
mount, a spring-metal contact is used to make connection to the large 
end of the crystal cartridge. The spring contact is mounted by a rivet 
on the base of a cylindrical metal cup that has an open end toward the 
i-f outlet. The center conductor of the i-f line extends into this cup and 
terminates at the solid end of it. The inside of the cup, which is rilled 
with a polystyrene dielectric, is thus a concentric line short-circuited 
at one end and a quarter wavelength long, in the dielectric. The open 
end, therefore, has a vanishingly small admittance. A wave progressing 
along the coaxial line formed by the outside conductor and the outer part 
of this cup induces currents in the outer wall of the cup, and, in order 
for the wave to travel out the i-f line beyond the open end of the cup, 
the current of the inner conductor must pass through the small admit
tance of the cup. Thus, unless the r-f admittance of the i-f output line 
seen at the open end of the cup is also very small, the major part of the 
voltage drop at this point appears across the end of the cup or choke. 
The r-f current in the i-f output line is kept small, because of the small 
admittance of the choke and, therefore, the r-f power getting into the 
i-f circuit is kept small. In order that the choke system be equivalent 
to an r-f bypass at the base of the crystal, the length of the coaxial line 
formed by the outer conductor and the outside surface of the cup or 
choke is made equivalent to a quarter wavelength. Because this line is 
terminated in an admittance at least as small as the admittance of the 
choke, a large r-f admittance results between the base of the crystal 
and the outer conductor of the crystal mount. 

In the waveguide crystal mount used at 9000 Mc/sec, the r-f filter 
on the i-f output lead operates in much the same way, except that the 
addition of a small lumped capacitance just beyond the quarter-wave
length choke gives further assurance that the r-f admittance of the i-f 
output line is large at this point. The choke occurs, for mechanical 
reasons, in the outer conductor of the coaxial i-f output line. The point 
at which the choke appears in series with the output line, however, is a 
quarter wavelength along the line from the point at which the large 
bypass admittance is desired, in this case between the pin end of the 
crystal cartridge and the bottom wrall of the waveguide. The reasons 
governing the choice of a circuit containing both a distributed-parameter 
filter and a lumped capacitance are largely mechanical, since the center 
conductor of the output line must be supported. The capacitance of 
the lumped condenser is not large compared with the distributed capaci-
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tance of the output lead. The total i-f capacitance, consequently, 
could not be reduced greatly by elimination of the condenser, and its 
inclusion makes the tolerances on the dimensions of the choke filter less 
rigid. The filter action is also less frequency-sensitive than it would be 
without the condenser. 

A choke joint or a filter of this kind is most effective over a wide 
frequency range if the characteristic impedance of the coaxial line 
forming the choke is as high as possible, and if that of the line forming the 
quarter-wavelength transformer is as low as possible. At the frequency 
for which the effective lengths of the choke and of the transformer are 
exactly one-quarter wavelength the filter is perfect, since the impedance 
at the open end of the choke is infinite. The impedance between the 
crystal and the outer conductor of the crystal mount is therefore zero, if 
dissipation in the filter itself is neglected. At a frequency differing from 
this by a small amount, however, the impedance at the open end of the 
choke is a large reactance. The larger this reactance is, compared with 
the characteristic impedance of the transformer section and compared 
with the r-f impedance of the i-f line, the smaller are the leakage of r-f 
power into the i-f circuit and the impedance between the end of the 
crystal and the outer conductor of the crystal mount. The reactance of 
the choke is proportional to the characteristic impedance of the line 
forming the choke. 

In the coaxial-line mount, therefore, the ratio of the diameters of the 
outer and inner conductors of the line forming the choke is made relatively 
large and the ratio of the diameters of the outer and inner conductors 
of the line forming the quarter-wavelength transformer is made small. 
The maximum usable line size for the 9000-Mc/sec crystal mount is 
one in which the mean circumference of the inner and outer conductors is 
nearly 3 cm, for other modes than the principal mode may be propagated 
in a larger line. The characteristic impedance of the choke, therefore, 
cannot be made very high and, consequently, the addition of the con
denser across the i-f line helps to reduce the leakage of r-f power in a 
wide band of frequencies. 

The only effect of the filter on the i-f characteristics of the crystal 
mount is to produce a capacitance, provided the section is short compared 
with a quarter wavelength at the intermediate frequency. Since this 
is true, the i-f capacitance is just the static capacitance between the 
inner and outer conductors of the output line. In the coaxial crystal 
mount the capacitance is contributed primarily by the quarter-wave
length section of the cup and increases with decreasing characteristic 
impedance of this transformer. The desire for a small i-f capacitance 
in the mixer sets the limit on the diameter ratio of this section of line, and 
the bandwidth of the choke is therefore restricted. Each of the crystal 
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mounts illustrated has an i-f capacitance of about 11 nfd. The effective
ness of the chokes in eliminating leakage power can be measured by 
inserting the crystal mount, with a crystal in place, between a signal 
generator at the local-oscillator level and an output indicator such as a 
spectrum analyzer. By comparison of the leakage power with the power 
available directly from the signal generator, the insertion loss of the 
crystal and filter is found, and if it is also known that the crystal mount 
approximately matches the signal-generator impedance, it may be 
concluded that the incident power is almost completely delivered to the 
crystal, if the insertion loss is large. Just how large this insertion loss 
must be is difficult to determine, but with the mounts described it is 
greater than 30 db in the frequency bands for which they are intended 
and with a matched coaxial-line r-f load at the i-f output connectors. 
Two cups differing in length but other
wise identical have been used in filters 
in the coaxial-line mount. One of 
these cups has an outside length of f 
in. and gives maximum insertion loss 
at a wavelength of about 10.7 cm. 
The other has a length of i in. and 
gives a maximum effect at about 8.8 
cm. The longer cup is used between 
9.5 and 12 cm and the shorter one 
between 7.5 and 9.5 cm. A curve 
typical of the ratio of the power inci
dent on the crystal to that leaking into 
an r-f load matching the line admittance on the i-f output connector is 
shown in Fig. 3 7 . The ordinate is the power ratio in decibels and the 
abscissa is the wavelength expressed in units of the resonant wavelength 
of the choke. 

3-5. Tunable Crystal Mounts.—A technique commonly used in the 
9000-Mc/sec band to make the crystal mount tunable, after it has been 
designed to give an approximate match, is illustrated in Fig. 3-8. The 
position of the short circuit behind the crystal is made adjustable through 
the use of a plunger of the choke type and, thus, the effective susceptance 
of the crystal is controlled. Two tuning screws, one situated three 
eighths of a wavelength and the other five eighths of a wavelength ahead 
of the center line of the crystal are provided. These screws allow adjust
ment primarily of the conductance component of the admittance referred 
to the center line of the crystal. The admittance of the crystal itself 
is, of course, not changed by the insertion of the screw but the admittance 
at a point an integral number of half wavelengths toward the generator 
from the center line of the crystal is changed, primarily in the conductance 
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component, for a small insertion. That this is true can be seen with the 
aid of an admittance diagram, with the knowledge that the effect of the 
tuning screw is to add a capacitive susceptance in shunt at the center line 
of the screw. Thus, if the crystal were matched to the waveguide, a 
small insertion of the screw three eighths of a wavelength from the 
crystal would make the crystal appear to have a conductance larger than 
unity. A small insertion of the other screw would decrease the apparent 
crystal conductance. Only one screw is used at a time, the choice of 
screw depending upon whether the apparent conductance must be 
increased or decreased. The adjustments of the screw and of the plunger 

F I G . 3-8.—Tunable crystal mount for the 9000-Mc/sec band. 

are completely independent only for very small insertions of either 
screw. A large range of tuning is available from the adjustment of the 
plunger and one screw. If, however, the crystal is severely mismatched 
to the waveguide with no insertion of the screw and with the plunger set a 
quarter wavelength from the crystal, some dissipative loss may result 
in the tuning screw and in the plunger when they are used to match the 
crystal mount to the waveguide. In addition, the frequency sensitivity 
of the resulting admittance is large. Both the plunger and the tuning 
screws have choke systems similar to that of the i-f output lead, to 
prevent leakage and to decrease contact losses. Only a small current 
flows at the points where metal-to-metal contact occurs and the design 
considerations of these choke systems are similar to those of the filter. 
The best operation over a wide band is obtained for a high characteristic 
impedance in the line forming the choke and a low characteristic imped
ance in the quarter-wavelength transformer section. Attempts have been 
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made to design plungers and screws that actually make contact and thus 
have not the constructional complication of the chokes, but no designs 
have been found which are as satisfactory under service conditions as 
those using chokes. This is particularly true of the tuning screws, if 
smooth continuous operation is desired. For experimental purposes, an 
ordinary screw can be put into a threaded hole in the top wall of the 
waveguide and locked by forcing a nut on the screw above the waveguide 
against the top wall. This simple screw, however, cannot be adjusted 
continuously because it depends for contact on the clamping effect of the 
nut. 

The only tunable crystal mounts of the coaxial-line variety that have 
been built have used standard coaxial-line tuning elements. One of these 
mounts contained, in the line ahead of the crystal, a pair of polystyrene 
cylinders filling the space between the inner and outer conductors of the 
coaxial line. The length of each of the cylinders was one quarter of the 
wavelength in the dielectric. The cylinders could be slid together along 
the line, and the spacing between them could be varied from zero to 
one-half wavelength. This device constitutes what has been called a 
"double slug" tuner. Since the characteristic admittance of the section 
of line in which one of these dielectric cylinders appears is \/ke times the 
normal line admittance, where ke is the dielectric constant of the cylinder 
material, it is apparent from an admittance chart that the maximum 
transformation effect occurs for a spacing between the cylinders of 
one ;quarter wavelength. An admittance corresponding to a voltage 
standing-wave ratio equal to k\ can be made to match the line. With 
the cylinders together or one-half wavelength apart, there is no trans
formation effect because a half-wavelength section of transmission line is a 
one-to-one transformer. Therefore, any transformation from unity to 
hi can be achieved. The phase angle can be controlled by the position 
of the pair relative to the crystal mount and, in this way, any voltage 
standing-wave ratio less than k\ can be matched out. 

Under special conditions, tuners having tuning ranges smaller than 
this have been used. This is true, for instance, for some crystal mounts 
for low-level detectors, where the same basic mount was used but where 
measurements of the admittance of the mount with large numbers of 
representative crystals showed that it was possible to bring all of the 
crystals sufficiently close to a match over the required 10 per cent band of 
frequencies with a single sliding metallic slug. Such devices can be 
designed only by measurement of the admittances to be matched to the 
line. Thus, if the required tuning range is known, a satisfactory tuning 
device can be found. 

One frequent source of trouble in crystal mounts that have had 
several changes of crystals is in the contact to the pin end of the crystal 
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cartridge. Experience has shown that contacting fingers such as those 
shown in Fig. 3 5 have been the most satisfactory ones tried, especially 
when made of tempered beryllium copper. Similar contacting fingers 
have consequently been used in all mounts used for crystals in ceramic 
cartridges, in both the 3-cm and the 10-cm regions. Saw cuts 0.020 
in. by 0.375 in. were found to give a good compromise between large 
contact pressure and ability to withstand reasonable deflections without 
becoming bent through distortion beyond the elastic limit. Although 
the specifications of the crystal cartridge call for a rounded end on the 
pin, it has been found well worth while to include an internal bevel in 
the end of the contacting fingers to assist in the centering of the pin 
during insertion of a crystal in the mount. 

3-6. Admittance Scatter in a Mount of Fixed Tuning.—Because of the 
desire to make crystal mixers that are fixed in tuning, a large part of the 
design of the crystal mount is concerned with finding the best fixed 
adjustment for all crystal units that are expected to be used. This can 
be done by measurement of the admittances of very large numbers of 
crystal units representative of those which will be used in the mount, and 
by adjustment of the mount in such a way that the scatter of admit
tances, when plotted on a Smith admittance chart, covers an area centered 
at the characteristic admittance of the input line. In order to reduce the 
labor involved in making these measurements, a special procedure of 
crystal selection has been used. 

To ensure that the crystals to be used in the tests were representative 
of those to be encountered in service, crystals were chosen at random from 
stocks of the various types made by each of the several manufacturers. 
A tota' of one or two hundred crystals was used and the r-f admittance 
of each was measured in a crystal mount that was found to be reasonably 
well matched for a few randomly chosen crystals. Then these admit
tances were plotted as points on an admittance chart and from this the 
area and, therefore, the proper tuning of the mount could be determined. 
Once this had been done it was not considered necessary to use the large 
number of crystals in further work for this frequency band, since the 
entire admittance region could be represented by a few crystals having 
admittances on the boundary of the region and by one or two having 
admittances in the center of the region. It was found that 10 per cent 
changes in frequency or small changes in the mount affected the admit
tances of all the crystal units in about the same way. Their positions 
on the margins or in the center of the admittance spread were conse
quently preserved, even though the whole region was transformed to 
another part of the admittance chart. These representative crystals were 
preserved for use in tests of many kinds and such tests could then be 
regarded as showing the results to be obtained with crystals of almost any 
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characteristics to be encountered among production units. Since the 
crystal units of one type number but different suffixed letters (1N21, 
1N21A, 1N21B) were usually used interchangeably, the original selection 
included samples of all such types. There was, usually, less difference 
found among the different types than among crystals of the same types 
but from different manufacturers. Almost all of the design considera
tions of ths fixed-tuned mixer are dependent upon this admittance 

Flo. 3-9.—Impedance scatter of 1N21A and 1N21B crystals in a coaxial-line mount at 
8.5 cm. 

spread. The borderline crystals ; therefore, were used in many tests 
besides the admittance measurement of the mixer. 

In Fig. 3-9 a typical spread of impedances for a coaxial-line 8.5-cm 
mount is shown with the borderline crystals selected as representative 
marked with circles. An admittance scatter at 3.3 cm in a mount 
resembling the standard one of Fig. 3-6 is shown in Fig. 3.10. The 
outlines of the spread a t 3.13 era and at 3.53 cm are also shown, with 
the positions for the representati AJ crystals at these wavelengths indi
cated by the circles on these coatours. I t will be observed that the 
admittance change occurs almost entirely in the susceptance component 
and is in the direction which would be found if the crystal unit were 
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representable as a shunt-resonant circuit connected across the waveguide 
at the position of the centerline of the crystal unit. 

0.35 

:0.25 

0.10 0.15 
F I G . 3-10.—Admittance scatter of 1N23, 1N23A, and 1N23B crystals at 3.13, 3.33, and 

3.53 cm. 

3-7. Local-oscillator Coupling Mechanisms.—As discussed in Sec. 3 1 , 
the prime requirement of the method of coupling the local-oscillator signal 
to the crystal is that it does not cause a significant loss of received signal 

power. In the equivalent mixer cir
cuit of Fig. 3-1 this was shown to 
require that the shunt admittance of 
the local-oscillator circuit measured 
in the mixer be small compared with 
the s i g n a l - g e n e r a t o r and crystal 
admittances. For this to be possi
ble the power available from the local 

oscillator must be much larger than that which is actually transmitted to 
the crystal, because a large mismatch exists between the local oscillator 
and the mixer circuit. In Fig. 3 1 1 , an equivalent circuit illustrating this 
situation is given. The signal-generator admittance g, has been assumed 

F I G . 311 . - -Simplified equivalent circuit 
of a mixer. 
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(3) 

to be pure real and the crystal admittance gc has also been assumed to be 
pure real. If the local-oscillator admittance were zero, maximum power 
would be delivered to the crystal if g, were equal to gc. The simplest 
case to analyze is the one in which these admittances are the same at the 
signal and local-oscillator frequencies, and the mixer may therefore be 
considered to have a low Q. I t is easily shown that the fraction of the 
signal-generator power that is delivered to the crystal when the local-
oscillator coupling is added is 

T,c = 4g4c/[(g. + gc + giY + bf], (1) 

where gi and h are the real and imaginary parts of the admittance of the 
local-oscillator circuit as measured at a point in the mixer line. Cor
respondingly, the fraction of the available local-oscillator power which is 
delivered to the crystal is 

Tie = 4gigc/[(g. + g. + giY + bfl. (2) 

The fraction of the signal which is lost through the introduction of the 
local-oscillator circuit is 

W. + QcY 
which is 

T = 4g»g,°(2»«g' + 29"St + $ + b?) /Ml 
" <s. + gJlto. + gc + gi)* + btf w 

Under the condition that g, = gc this is 

T - 49"91 + g' + &' (K\ 
" (a. + g, + gi)a + hf w 

If the admittance of the local-oscillator circuit is small compared with g„ 
the last two terms in the numerator may be neglected and the equation 
then is identical with Eq. (2). This means that, for small local-oscillator 
coupling, the fraction of signal power which is lost because of the presence 
of the local-oscillator circuit is approximately equal to the fraction of the 
available local-oscillator power which is delivered to the crystal. If, 
therefore, it is desired that not more than 5 per cent of the signal 
power be lost because of the local-oscillator circuit, 20 times the required 
local-oscillator drive for the. crystal must be available from the local-
oscillator circuit in the mixer. Since the local oscillator is often coupled 
through a circuit that has loss, for reasons that will be discussed in a later 
section, the local oscillator must be capable of delivering more power than 
this, and the design of the LO coupling circuit is not so simple as it might 
appear. Even if the local oscillator can deliver 100 times as much power 
as is required to drive the crystal, precautions against deterioration in 
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mixer noise figure caused by interaction between the signal circuit and the 
local-oscillator circuit must be taken. 

An additional complication to the problem of the design of an LO cou
pling circuit is that the output power available from different oscillator 
tubes of the same type can differ by large factors. Usually, the tube 
specifications set a lower limit to this output power but many tubes can 
be found which give two or three times as much power as this minimum. 
When this variation is added to the variation encountered as the tube is 
tuned through a wide band and to the variation in the amount of coupling 
with crystal admittance, the total variation of local-oscillator power 
delivered to the crystal under all conditions of operation is more than can 
be tolerated if the mixer is to operate within a few tenths of a decibel of 
optimum noise figure. It has therefore been considered necessary to 
have an adjustable local-oscillator coupling in order that the optimum 
local-oscillator power at the mixer crystal may always be obtained. In 
so-called fixed-tuned mixers this adjustment is retained and is the only 
adjustment required for operation with any crystal of the proper type 
and with any local-oscillator tube in the specified band of frequencies. 
If the amount of local-oscillator power delivered to the crystal is varied 
by adjustment of the coupling circuit, the values of gL and bi in Eqs. (2) 
and (5) vary. Equation (5) applies if the tuning of the crystal mount is 
optimum in the absence of the LO coupling circuit. For a fixed amount of 
coupling, the tuning of the crystal mount could be such that the sus-
ceptance component of the admittance of the local oscillator was canceled 
by a susceptance of equal magnitude and opposite sign in the crystal 
admittance. The conductance of the crystal mount could be made 
equal to gs + gi to obtain maximum signal power in the presence of the 
LO coupling circuit. If this were done the percentage of the available 
local-oscillator power delivered to the crystal would be exactly equal to 
the percentage of available signal power lost because of the presence of the 
local-oscillator circuit. A practical LO coupling circuit must be adjust
able and the correction in the tuning of the crystal mount cannot be made. 
The signal loss is therefore increased because of reflection. 

The simplest LO coupling circuits are inefficient because the added 
susceptance bi is large compared with the conductance <ji. Because of 
this, the signal power lost by reflection is larger at a given effective cou
pling than it would be if the admittance of the local oscillator were kept 
real at all adjustments. 

Most of the mixer circuits that have been designed for radar service 
have been operated with a TR cavity preceding the mixer in the signal 
line. The most commonly used TR cavities are highly resonant, and the 
circuit representing the local-oscillator coupling is not the same as that for 
the signal. Many TR cavities have sufficiently high Q's to be treated as 
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completely reflecting circuits at the local-oscillator frequency, when 
resonant at the signal frequency. If such a T R cavity is used the local-
oscillator injection can be made at a point in the mixer line, between the 
TR cavity and the crystal, where the admittance of the line terminated 
by the cavity is almost zero. In a waveguide, for instance, the T R cavity 
appears as though it were a short circuit, at frequencies sufficiently 
removed from resonance and, therefore, the admittance of the line ter
minated by the T R cavity is very small at a point a quarter of a wave
guide wavelength toward the crystal. If the local-oscillator signal is 
injected at such a point, as a signal from a generator having a small admit
tance, the fraction of the available local-oscillator power delivered to the 
crystal is 

(0* + 9i)2 + b] (6) 

Therefore, the effective coupling is greater by a factor of about four 
than the coupling obtained without the TR cavity for the same gi and 
bi, if g, is equal to gc and if gi and bi are small compared with gs. This can 
be explained in another way by supposing the local oscillator to excite a 
wave that travels in both directions from the injection point in the mixer 
line. Without the T R cavity the wave that travels toward the signal-
input end of the mixer is lost, but with the TR cavity present, it is 
reflected. The choice of the injection point at a quarter of a wavelength 
from the position of the short circuit that is equivalent to the T R cavity 
at the local-oscillator frequency corresponds to a position such that the 
wave reflected by the T R cavity has the same phase as that traveling 
toward the crystal. Hence the total amplitude of the wave traveling 
toward the crystal is twice as great as it would be without the T R cavity. 
Therefore, four times as much local-oscillator power arrives at the crystal. 

Besides giving greater local-oscillator coupling for a given amount of 
interaction of the local-oscillatoi circuit and the signal circuit, the addi
tion of the TR cavity causes another change in the operation of the mixer 
circuit. For a small coupling without the TR cavity, the power delivered 
to the crystal by the local-oscillator circuit is a stationary function of the 
crystal admittance when the crystal is matched to the signal generator. 
Only the ordinary reflection losses are involved when the crystal admit
tance is different from this value, because the reflected local-oscillator 
wave is almost entirely dissipated in the signal-generator admittance. 
When the TR cavity is used, however, the local-oscillator power delivered 
to the crystal becomes very strongly dependent on the crystal admittance. 
If gi is small compared with gc, the power delivered by the local oscillator 
to the crystal is proportional to l/gc- This requires that the available 
range of adjustment of the local-oscillator coupling be much greater than 
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without the TR cavity, to allow the optimum local-oscillator power to be 
delivered to crystals of all admittances occurring in the representative 
scatter. Two crystals having conductances differing by a factor of four 
would require adjustment of the local-oscillator coupling by almost 
this factor for the same power delivered to the crystal. I t is, therefore, 
even less satisfactory to use a fixed LO coupling adjustment in a mixer 
having a resonant TR cavity in the signal line than in one having a com
pletely nonselective circuit. Thus, although in the crystal test sets a 
fixed LO coupling adjustment is used with a single oscillator tube at a 
single frequency of operation, it is impractical to attempt fixed adjustment 
in a mixer for use with a TR cavity. 

3-8. Capacitive Local-oscillator Coupling in Coaxial-line Mixers.— 
At 10 cm, where the small coaxial-line crystal mount is used, the common 
LO coupling circuit is a small capacitive probe, terminating a coaxial line 

that is coupled to the local oscillator 
To crystal a n c j p r o j ecting into the main coaxial 

line of the crystal mount. One 
form of such a coupling mechanism 
is shown in Fig. 3-12. This device 
allows adjustment of the probe in
sertion without movement of the 
local-oscillator line, which is a con
venience when frequent adjust
ments must be made. I t is simpler 
to construct a coupling probe that 
is adjusted by sliding or screwing 
the whole coaxial line of the local-
o s c i l l a t o r c i r c u i t in a sleeve 
mounted on the mixer line. An 

adjustment of this type has been used in mixers such as those used 
for crystal testing. In the mixer for testing, however, the level of the 
local-oscillator signal is changed only if the local oscillator is changed; 
otherwise the coupling adjustment is locked. It is important that good 
electrical contact be made through the screw threads or in the sliding 
section; therefore, a clamping arrangement or a lock nut is usually pro
vided. In a circuit like that shown in Fig. 3-12, the center conductor of 
the side arm ending in the probe makes a sliding contact with the center 
conductor of the LO input line, and the spring used for this contact has 
been somewhat troublesome. The spring, which has slotted "fingers" 
at each end to contact the rod sliding in it, must be carefully soldered so 
that the temper is not lost. Beryllium copper is a very satisfactory 
material for a spring of this sort because it can be hardened after the 
soldering is done. The length of the stub line supporting the center 

3-12. — Adjus t ab le local-osci l la tor 
coupler for a coaxial4ine mixer. 
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conductor changes with adjustment of the probe insertion, but, since 
the probe represents a severe mismatch at the end of the line, the small 
reflection due to this stub is not serious. 

In order that the local-oscillator tube will oscillate with this probe as its 
load, it is necessary to arrange that the actual load admittance presented to 
the oscillator is compatible with the characteristics of the oscillator. One 
way in which this can be assured is to use such a length of line, between 
the oscillator and the probe, that the admittance presented to the oscil
lator at the other end of the line lightly loads the oscillator. If this is done 
and if the system is to be continuously tunable, the line must be so short 
that the phase length of the line does not change appreciably in the 
required tuning range. If the equivalent electrical length of the line 
does change by a quarter wavelength, the loading will be very heavy and 
the oscillator may not operate satisfactorily. Another way of avoiding 
load admittances which upset the operation of the oscillator tube is to use 
lossy cable to couple the oscillator to the mixer circuit, to attenuate the 
wave reflected from the probe. 
Thus, the range of admittances that 
are presented to the tube as the 
phase length of the line changes 
with frequency is reduced and can 
be made small enough for the tube 
to operate satisfactorily. In view 
of the difficulty in getting sufficient 
local-oscillator drive without suffer
ing from signal loss, however, this 
can be done only if a large excess of 
power is available from the tube. 
For operation with a 2K28 tube and 
with a nonresonant mixer circuit, 0 db of attenuation can be used but 
there is very little extra coupling available, with the most powerful tubes, 
before interaction and signal loss become serious. 

A third way in which the load admittance of the local oscillator can be 
maintained a t a reasonable value over a wide frequency range and with a 
long coupling line is illustrated in Fig. 3-13. Here a "resistor disk" 
which is a disk of Bakelite, coated with a carbon resistance material, and 
having silvered inside and outside rings for contacts, is put into the line. 
The resistance between the contact rings of this disk is the characteristic 
impedance of the coaxial line, 50 ohms in the local-oscillator circuit. The 
disk would be a reflectionless termination for the line if its r-f character
istics were such that it loaded the line with a resistance alone and if the 
admittance of the remainder of the line beyond the disk were zero. In 
practice there is a capacitive susceptance due to the large dielectric con-

Fio. 3-13.—Local-oscillator coupler 
resistor-disk termination. 

with 
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stant of the Bakelite base of the resistor disk, as well as the conductance, in 
shunt with line in the plane of the disk. The line may still be terminated 
by the disk, however, if it is placed in a position where the admittance of 
the line beyond it contains an inductive susceptance of the same magni
tude as the capacitive susceptance of the disk. Thus, the susceptance 
is resonated out and the load terminating the local-oscillator line has the 
conductance of the disk plus a small conductance caused by the small 
power transfer from the probe to the crystal-mixer line. The small 
capacitive susceptance of the probe and of the disk makes the resonant line 
length between the probe and the disk somewhat less than a half wave
length. A resistor disk has been provided in all coaxial-line mixers of 
recent design to secure a reasonable load admittance for the local oscil
lator. This circuit is less wasteful of local-oscillator power than that 
using attenuating cable. The local-oscillator power available at the 
mixer is reduced by a factor of approximately 2 (it cannot be specified 
exactly because the oscillator is not a linear generator) but the line may be 
made very nearly matched. In the design of Fig. 3-13, the admittance 
of the line between the probe and the disk varies as the probe is adjusted. 
Consequently, the termination is also varied but the voltage standing-
wave ratio is less than about two for all adjustments and over a plus 
or minus 10 per cent band in the region of 10 cm. Since the half-wave
length section of line beyond the disk is frequency-dependent, the 
bandwidth is correspondingly restricted. The useful bandwidth is 
determined by the excursion in admittance that can be tolerated by the 
oscillator tube. At 10 cm, where the capacitive susceptances of the 
probe and the disk are small, the admittance of the termination is 
given approximately by 

y r»ro(i+itan^). 
For small deviations from X<j, the resonant wavelength, the admittance is 

F„ i + i ■-GH] 
From this the wavelengths on each side of X0 for which a given reflection 
coefficient would be encountered can be calculated to estimate the usable 
bandwidth. For a voltage standing-wave ratio of 1.5, a reflection 
coefficient of absolute value 0.2 is required and the wavelengths for 
which this standing-wave ratio would be encountered are approximately 
Xo + 0.12X0; hence, a bandwidth of plus or minus 12 per cent is possible 
with that tolerance in the standing-wave ratio. 

3.9. A Local-oscillator Coupling Circuit for Coaxial-line Mixers.— 
A very useful LO coupling circuit for coaxial-line mixers in which rigid 
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From 
input line 

To crystal 
mount 

connections between the local oscillator and the mixer can be used is 
illustrated in Fig. 3-14. This circuit has some very great advantages 
over the capacitive-probe coupling circuit, especially if the LO output 
power is low. A direct connection is made between the mixer line and a 
coaxial line terminating in the pickup loop of the local oscillator. This 
line includes a movable section, with spring contacts in both the inner 
and outer conductors, so that the orientation of the loop with respect 
to the mixer can be adjusted and then clamped. For decoupling of the 
signal from the local oscillator, the resonant nature of the local-oscillator 
cavity is utilized. Because the local oscillator is tuned to a frequency 
differing from the signal frequency by the intermediate frequency, the 
local-oscillator cavity is not resonant 
at the signal frequency. A signal 
wave traveling down the local-oscil
lator line is therefore almost com
pletely reflected at the loop. So far 
as the signal frequency is concerned, 
the local-oscillator line is just a stub, 
and if it is made the right length it 
has practically no effect on the 
signal-frequency wave. The line is 
a'p p r o x i m a t e 1 y of nonreflecting 
length if the distance from the inside 
wall of the outer conductor of the 
mixer line to the end of the loop, 
including the perimeter of the loop, 
is an odd number of free-space quar
ter wavelengths. A single quarter 
wavelength would allow a reflection in the mixer line producing a 
voltage standing-wave ratio of less than 1.2 over a band of plus or minus 
10 per cent. 

The load presented to the local-oscillator line is nearly matched in this 
circuit. If power enters the mixer through a resonant cavity or a TR 
cavity, the reflection of power at the local-oscillator frequency by this 
cavity must reinforce the local-oscillator wave traveling toward the 
crystal, just as it does in the capacitive-probe coupling circuit. In other 
words, the section of line from the junction to the cavity must behave as a 
quarter-wavelength stub. The local-oscillator line is terminated by 
the crystal and is usually not seriously mismatched. 

If no resonant cavity is used, the mixer line is matched in both 
directions—at one end by the crystal and at the other by the antenna. 
The local-oscillator line might be made to have a characteristic admit
tance twice that of the mixer line and the standing-wave ratio in it might 

F I G . 3-14.—Adjustable local-oscillator 
coupling circuit in which the resonance of 
the LO cavity is utilized for decoupling 
the LO circuit from the signal. 
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therefore be nearly unity. With a line only one-quarter wavelength long, 
however, this would not be necessary, since the load presented to the 
oscillator would change very slowly with frequency, although the voltage 
standing-wave ratio would be about two. 

The coupling of the local oscillator is adjusted by rotating the loop 
in the local-oscillator cavity. A range in coupling from zero to full 
coupling is achieved for a rotation of 90° from a position with the loop in 
the plane of the magnetic field to a position perpendicular to the magnetic 
field in the local-oscillator cavity. The great advantage of this circuit 
is that full coupling between the local oscillator and crystal can be 
obtained without danger of interaction with the signal circuit of the 
mixer, provided the intermediate frequency is high compared with 
VO/QL, where QL is the loaded Q of the oscillator cavity and v0 is the radio 
frequency. Thus the local-oscillator power required is reduced from 25 
or more milliwatts to about one milliwatt. For mixers that have no 
resonant cavity in the input circuit, this coupling circuit is especially 
useful, since the capacitive-probe type does require large oscillator power 
in that case. It is also simpler than the probe coupling circuit when 
it is necessary to include a resistor disk for maintaining a matched 
local-oscillator line. 

3-10. Local-oscillator Coupling in Waveguide Mixers.—In wave
guide mixers for the wavelength region for which the previously discussed 
waveguide crystal mount is used, the LO coupling problem is similar 
to the coaxial-line problem, but is complicated by the fact that the local 
oscillators commonly used (723A/B, 2K25, and 2K45) have coaxial-line 
output leads of a very special type. These output lines end in a small 
dielectric-encased antenna which is supposed to couple as a probe to the 
waveguide. In many early mixers that were built and put into service, 
this antenna was used to couple local-oscillator power directly to the 
mixer by allowing the antenna to project by an adjustable amount into 
the mixer waveguide at an appropriate place. The adjustment of the 
probe insertion was made by using a tube mount, on the broad side of 
the rectangular waveguide of the crystal mount and mixer, which could 
be adjusted in spacing from the waveguide. In this way the antenna 
at the end of the coaxial line projecting from the base of the tube was 
made to extend into the waveguide by a variable amount. Local-
oscillator coupling of this kind has recently been completely abandoned 
because it does not afford a controllable load admittance at the oscillator 
tube. Only enough coupling is needed to ensure that a few per cent of the 
available local-oscillator power is coupled into the waveguide of the 
mixer, in accordance with the preceding discussion. Decoupling of 
the signal from the local-oscillator circuit is thus assured but, because 
only a small percentage of the available local-oscillator power is coupled 
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out of the LO output line into the waveguide, a large standing-wave ratio 
can exist in the output line. Since the line has a physical length of about 
3 in., it is electrically about 2.5 wavelengths long and the electrical length 
is strongly dependent on the oscillator wavelength. Thus, the load 
admittance presented by this output line to the oscillator cavity varies 
rapidly with wavelength. Wavelengths are found, consequently, at 
which the oscillator operates very erratically or not at all. If the same 
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F I G . 3-15.—Test mount for a 2K25. 

tube is used in a circuit in which the tube is operated into a reasonable 
load admittance, it can be tuned smoothly through these same wavelength 
regions. The fault, therefore, can definitely be attributed to the load 
circuit. 

With a given tube, a coupling circuit of this type operates satisfac
torily at some wavelengths, and its simplicity would recommend it for a 
simple mixer even if the tuning range were restricted. I t is found, how
ever, that the wavelengths of satisfactory operation are not the same for 
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various tubes of the same type, because the electrical length of the 
output coupling line is not controlled. Thus, many otherwise satis
factory tubes must be discarded in favor of others which have output 
lines of different electrical lengths, when the tube is coupled to the mixer 
in this way. 

As a result of the difficulties of this kind which have been encountered, 
a definite circuit for coupling these oscillators to a waveguide has been 
made a part of the oscillator specifications. With this circuit, almost the 
full power available from the oscillator is coupled to a matched load 
terminating the waveguide. Continuous tuning of the oscillator over its 
specified tuning range results if the waveguide has a nonreflecting 
termination. To be certain that this is true, the specifications require 
that each tube be tested or this property in the specified mount, and 
the tube must pass a test for minimum output power in the same mount. 

A mixer that is to use one of these tubes as a local oscillator must 
present to the tube the same admittance as is presented to it in this test 
mount if continuous tuning and reasonable output power are to be assured. 
Thus, the tube must be mounted with the same probe position, as regards 
insertion and position laterally and longitudinally on the waveguide, and 
the waveguide must be approximately matched at its load end. Figure 
3-15 shows the important features of the test mount or the 2K25 tube. 
In some mixers to be described in later sections, the tube mount is not 
identical with this in all details because it could not easily be made so. 
In these mixers, extensive tests with large numbers of tubes were made 
to ensure that the mixers would operate satisfactorily over the required 
tuning range with the great majority of tubes. 

3-11. A Directional Coupler for Coupling the Local Oscillator to the 
Mixer.—A simple mixer for the 3-cm region can be coupled to the local 
oscillator in a variety of ways. In view of the requirement that the local 
oscillator operate into a special circuit it seems advisable that two 
separate waveguides be used, one for the mixer proper, and one for the 
local oscillator and load circuit, with a coupling circuit between these 
waveguides which transmits the required amount of local-oscillator power 
from the local-oscillator waveguide into the mixer waveguide. This 
suggests that a "directional coupler" would be the ideal circuit to use. 
A directional coupler is a special network having four pairs of terminals 
and having the property that power sent into one pair of terminals is 
almost completely transmitted to a matched load on the opposite pair. 
A small fraction of the power is coupled into a third pair of terminals 
and none to the fourth. The symmetry is such that if the direction of 
Dower flow is reversed the small amount of power is available from the 
fourth pair of terminals and none from the third. At microwave fre
quencies, the directional coupler can be realized by a structure such as 
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that shown in Fig. 3-16. The details of the design of circuits of this 
kind will be found in Vol. 11, Chap. 14, but a qualitative description 
of the operation of the directional coupler is given here to facilitate the 
discussion of its use as an LO coupling circuit. 

Two waveguides running parallel to one another are coupled together 
by two channels of the same width as the waveguides but of smaller 
narrow dimension and one-quarter wavelength long. These channels are 
spaced one-quarter wavelength apart, as indicated in Fig. 3-16. Both of 
these dimensions are only equivalent electrical dimensions because 
corrections must be made to compensate for end effects. The operation 
as a directional coupler depends on the fact that each channel excites 
a wave in one waveguide when a wave is sent through the other. The 
excited wave propagates only in the same direction as the exciting wave 
because destructive interference takes place between the two components 
traveling in the other direction. As a wave that is sent into the structure 

■ Narrow side 

F I G . 3-16.—Waveguide directional coupler. 

at A passes the channels, a small percentage of the energy is sent down 
each channel. If the coupling is small, the amplitudes of the waves in the 
two channels are almost the same. Each of these waves excites waves 
propagating in both directions in the lower waveguide but the com
ponent traveling toward C arriving at 3 by way of the path through 
2 and 4 is opposite in phase to that excited by way of the path through 
1 and 3 because it has traveled one-half wavelength farther. Hence, the 
two waves traveling toward C interfere destructively. The two waves 
traveling toward D are in phase with each other and, consequently, a 
wave of twice the amplitude, or four times the power, of that which would 
result with a single channel is propagated toward D. Because of the 
symmetry of the device it can be seen that a wave sent into B propagates 
primarily to A with a small part sent to C and none to D, and similarly 
for the other branches. 

The amount of power that is coupled from the one waveguide to the 
other is dependent on the width of the channels. The characteristic 
impedance for rectangular waveguides of the same broad dimension is 
proportional to the narrow dimension b. The junction formed between a 
channel and the main waveguide may be considered as equivalent to a 
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series connection and, therefore, the impedance loading one of the channel 
waveguides is twice the characteristic impedance of the main waveguides 
if both ends of the loading waveguide are matched. In units of the 
characteristic impedance of the channel waveguide the load impedance is 
2b/b', where b is the narrow dimension of the main waveguide and b' is 
that of the channel. At the other end of this channel, because the channel 
is one-quarter wavelength long, the impedance is the reciprocal, or 
b'/2b. Returning to units of the characteristic impedance of the main 
waveguide, the impedance at the input end of the channel is (b')2/2(b)2. 
This impedance may be considered as appearing in seres with the load 
impedance in the waveguide on the side of the channel opposite to the 
side connected to a signal generator. If all four waveguides are matched, 
a fraction, approximately equal to (b')2/2(6)2, of the power available from 
a signal generator on one waveguide would be coupled by a single channel 
into the other waveguide. With two channels, a fraction of the power 
approximately equal to (b')2/(b)2 is coupled into a matched load at one 
end of the other waveguide. 

To be used as an LO coupling circuit, the directional coupler of Fig. 
3-16 would be excited by the local oscillator at A and by the received 
signal at C, and it would be terminated by a matched dummy load at B 
and by a crystal mount at D, and a complete mixer results. The fraction 
of the received signal power which is lost by transmission to the dummy 
load at B is the same as the fraction of the total local-oscillator output 
power which is transmitted to the mixer crystal. One disadvantage of 
the directional coupler in this application is that it is very difficult to 
provide an adjustable coupling for it. Thus the only way of achieving an 
adjustable local-oscillator drive is to use a dissipative attenuator between 
the local oscillator and the coupling channels. If this is done, the 
coupling must be designed to give the required local-oscillator drive under 
the most adverse conditions of oscillator output power and crystal admit
tance. The signal power lost into the local-oscillator circuit is independ
ent of the attenuator adjustment and, therefore, is always that associated 
with the amount of coupling and is not reduced when a high-power 
oscillator and a good crystal are used. This is not a serious disadvantage 
but its existence should be realized. Many other forms of directional 
couplers can be made and it would not be worth while to go into the 
details of all of these here. Any directional coupler, however, with an 
appropriate coupling factor would be satisfactory. With a 2K25 tube, 
the minimum output power is specified as 15 mw and the local-oscillator 
drive desired for crystals of the 1X23 type is about 1 mw. A directional 
coupler for this combination should couple, from the local oscillator to 
the crystal, TT of the available power. Such a coupler is sometimes called 
an 11.8-db coupler. 
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I t should be pointed out that there is a smaller loss of signal caused 
by the local-oscillator circuit with a directional coupler than there is with 
a coupler of the simpler nondirectional type discussed in connection with 
Eqs. (2) and (5) for the mixer circuit without a resonator. The similarity 
between Eqs. (2) and (5) was stated to show that the fraction of signal 
power lost could not be made smaller than the fraction of available local-
oscillator power delivered to the crystal, which is the same condition that 
exists for the directional-coupler circuit. There is a difference, however, 
in that, in the former example, the available power was that in the mixer, 
and if a matched load such as a resistor disk is provided, only about half 
the power actually available from the oscillator is available in the mixer. 
With a directional coupler it is the total power available from the oscil
lator which enters into the reciprocity relation. Consequently, the 
directional coupler results in only half as large a signal loss as the simpler 
coupling, if the full coupling is being used. The fact that the signal loss 
does not decrease with more favorable conditions, however, means that 
this advantage is lost when attenuation must be used between the 
oscillator tube and the directional coupler. 

With the mixer preceded by a resonant circuit such as a TR cavity, 
there is no such advantage from the use of a directional coupler over the 
nondirectional circuits. I t was shown that the fractional loss of signal 
power with a simple coupling circuit can be as small as one quarter of 
the fraction of the local-oscillator power available in the mixer delivered 
to the crystal. With a matched load, such as the resistor-disk circuit 
discussed in Sec. 3-8, provided for the local oscillator, the local-oscillator 
power available in the mixer is one-half that available from the tube 
alone. The fractional loss in signal power, therefore, can be as small 
as one-half the fraction of the local-oscillator power available from the 
tube delivered to the crystal. Thus the signal loss with a directional 
coupler is twice the minimum loss possible with the simple circuit if a 
resonant signal circuit is used ahead of the mixer. Because the coupling 
with the directional coupler is independent of the admittance a t the 
signal-input terminals of the mixer, the position of the coupler in the line 
between the resonant circuit and the crystal is not important. If the 
resonator were separated from the mixer by such a long length of line that 
the admittance looking toward the resonator at the injection point of 
the local-oscillator power varied rapidly with the frequency, a directional 
coupler would be superior to the simple coupling circuit. Another point 
of great importance when no resonant circuit is used between the antenna 
and the mixer is tha t the only source of signal radiated from the mixer 
would be reflection, of local-oscillator power, by the crystal, if the 
directional coupler is used. With the simple circuit, the amount of 
local-oscillator power radiated under these conditions would be the same 
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as the amount delivered to the crystal. Directional couplers have not 
been used extensively in microwave mixer circuits, chiefly because it is 
difficult to make them adjustable and because they have not been 
mechanically convenient for most applications. It will be shown later 
that in circuits operating with a resonant TR cavity, it is desirable that 
the length of line between the TR cavity and the crystal be kept short. 
Most directional couplers transmit the coupled wave in the same direction 
as the original wave, as does the one of Fig. 3-16, and this requires that 
the local-oscillator tube be located at some distance from the crystal. 
This requirement has not been compatible with the desire for short 
line length between the TR cavity and the crystal with the duplexer 
circuits used and, consequently, other circuits have been found more 
adaptable to the service. The design of a mixer, whether a coaxial-line 
or waveguide type, using a directional coupler for the local-oscillator 
injection is straightforward and any of the directional-couplers that are of 
convenient shape and have the required amount of coupling may be used. 

3-12. A Single Channel for Local-oscillator Coupling.—A simple 
nondirectional circuit for coupling the local oscillator to a waveguide 
mixer, which is similar to the directional coupler of Fig. 3-10 in principle 
^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ but contains only one coupling 
\A J B) channel, can be used. Such a 

} " ' , coupling circuit is illustrated in 
t y 4 Fig. 3-17. Following the qualita

tive argument given for the j chan
nel width of the directional coupler, 
the power coupled from one wave

guide ',o the other, with all four pairs of terminals matched is approxi
mately {b'Y/2(by. If this circuit is used as the LO coupling circuit 
for a mixer, the oscillator output power can be sent into A or B and 
a matched dummy load placed on the other end of this waveguide. 
The signal would be incident at C and the crystal mount would be at D. 
Since the coupled power is the total power taken out of the local-oscillator 
waveguide, with a termination in the mixer waveguide at each end which 
is matched at the local-oscillator frequency, the power transmitted to 
the crystal is just half the power coupled from one guide to the other, or 
(b')2/4(b)2. If the mixer has a resonant filter such as a T R cavity 
in the signal line, the coupling depends upon the admittance presented by 
this circuit, at the local-oscillator frequency, at the coupling channel. 
Because the junction is a series connection, the largest coupling occurs 
when this admittance is very large and the coupling is then approxi
mately (b')2/(b)2. All of the power taken out of the local-oscillator 
waveguide is transmitted to the crystal and this power is twice the amount 
without the resonator since the impedance terminating the cross-coupling 

r n u v < m i m l - r r 

F I G . 3 - 1 7 . - - N J I cirectional coup! ug circuit 
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channel is 1 instead of 2 in units oi ihe characteristic impedance of the 
main waveguide. 

The amount of the coupling for t h s single channel can be made 
variable by the addition of an adjustable susceptance element in the 
channel. In Fig. 3-18 the effect of adding a capacitive susceptance in the 
coupling channel at a point midway between the two waveguides is 
illustrated on an admittance chart. The load admittance in units of the 
characteristic admittance of the channel was taken as 0.25 at point (1). 

F I G . 3-18.—Admittance diagram illustrating effect of adjustable susceptance for coupling. 

Without the susceptance, the admittance at the input end of the channel 
corresponds to the point (2a) or a conductance of 4 in units of the char
acteristic admittance of the channel. Since this conductance is added 
in a series circuit in the local-oscillator waveguide, the impedance is more 
significant, and this is 0.25 in units of the characteristic impedance of the 
channel or 0.125 in units of the main-waveguide impedance. Hence, the 
power coupled from the local-oscillator waveguide to the other would be 
about 12.5 per cent of the power delivered by the local oscillator to the 
dummy load. Only one half of this power goes into the crystal. With a 
capacitive susceptance of 0.5, in units of the admittance of the channel, 
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added at the midpoint of the channel, the admittance at the input end of 
the channel is that of the point (2b). The corresponding impedance is 
that of the coordinates at (2c) or 0.16 + jO.22 in units of the character
istic impedance of the channel. In units of the characteristic impedance 
of the main waveguide this is 0.08 + jO.ll. Therefore, 8 per cent of the 
power delivered by the local oscillator to the load is transmitted into the 
mixer waveguide and the delivered power is slightly changed because of 
the appearance of the reactive term. 

I t might be thought that to avoid the reactive term the susceptance 
should be added at a point such as (3), where the circles of constant 
conductance are approximately orthogonal to the circles of constant 
standing-wave ratio. Since it is just as important, however, to avoid 
large reflections in the local-oscillator waveguide as in the mixer wave
guide, this is not so. Although the resultant variation of the series 
impedance presented to the local-oscillator waveguide would be resistive, 
that presented to the mixer waveguide would be reactive and severe 
reflections would result. I t is sometimes more convenient to use a 
channel three quarters of a wavelength long for such a coupling circuit. 
Then, an inductive susceptance at the midpoint, or a capacitive suscept--

ance at a position a quarter wave
length either side of the midpoint 
would produce a coupling that de
creased with increasing suscept
ance. An inductive susceptance 
used at the midpoint of the quar
ter-wavelength channel would give 
increased coupling with increasing 
insertion. T h e m i s m a t c h that 
would be introduced by such a 
coupling device would increase with 
increasing coupling and could be
come serious unless a limit on the 
range of adjustment were provided. 
I t is difficult to set a limit on the 
adjustment since tiie susceptance 
of a structure introduced into the 

waveguide varies rapidly with frequency when the susceptance is large. 
Under most circumstances the amount of mismatch that can be tolerated 
is larger for conditions requiring small local-oscillator coupling because 
the crystals that have small conversion loss usually require small local-
oscillator drive to achieve optimum over-all noise figure. 

Expressions giving the amount of coupling between the local oscillator 
and the crystal, and the reflection coefficient caused by the coupling 

F I G . 

Antenna 

3-19.—iLquivalent circuit of channel 
local-oscillator coupler. 
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channel, as a function of the added capacitive susceptance can be derived 
from a consideration of the equivalent circuit of Fig. 319. All imped
ances and admittances are expressed in units of the characteristic imped
ance or admittance of the main waveguides and it is assumed that the 
local oscillator, dummy load, signal generator (receiver antenna), and 
crystal are all matched to the waveguides at the local-oscillator fre
quency. The series impedance introduced in the local-oscillator circuit 
by the coupling channel and mixer can be calculated by transforming the 
load admittance of the channel, V/2b, through the eighth-wavelength line 
by the transmission-line formula for a lossless line, 

F, + JF 0 tan (kl) 
Fo +jYt tan (kl) (7) 

where Fo is the characteristic admittance of the line, Yt is the terminating 
admittance, k is the wave number equal to 2ir/X„, and I is the length of 
the line. For the eighth-wavelength 
lines kl is 7r/4 and the transmission-
line formula is 

Y= Fo Yt + j F 0 

Fo + jY,' (8) 

AA/V- - V W 1 

:(Rc+jXc)Z0 

Fio. 3-20.- -Equivalent of local-oscil
lator circuit. 

Next, the variable susceptance B is 
added and the resultant admittance, 
again transformed by this formula, gives the admittance Ye at the input 
end of the channel. The impedance Zc is the reciprocal of F c and the 
entire circuit becomes equivalent to that of Fig. 3-20. The fraction of 
the available local-oscillator power coupled into the crystal is 

2RC 

(2 + RC)* + XI' 

and the absolute magnitude of the reflection coefficient is 

1 - (1 + Zc Rl + XI 
l(2 + Rcy 1 1 1 + (1 + Zc) 

By algebraic manipulation, these relations become 

4A2[A2.B2 + (2 + By] 

(9) 

(10) 

T = 

and 

irl = 

[A2B* + (2 + BY + 4A2]2 + A2B2 [(2 + B) - A2 (2 - B)Y 

\ 16A4 + A2fi2 [(2 + B) - A2 (2 - B)]2 \ 
([A2B2 + (2 + BY + 4A2]2 + A2B2 [(2 + B) - A2 (2 - B)]2) 

(ID 

(12) 
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where the quantity A is the admittance terminating the channel in 
units of the characteristic admittance of the channel. The value of A2 

which gives the required maximum coupling To may be found by setting 
B equal to zero in Eq. (11) and solving for A2. If this is done, 

1 
A2 

2T( 
[(1 - 27V) - (1 - 4r0)w]. (13) 

For To small compared with \, this expression may be simplified by the 
expansion of the second term in series and the neglecting of terms higher 
than the third. The result is 

A' = TV 

This is identical with the result obtained for the fraction of the total 
power delivered to the crystal, if the series impedance of the channel 

1 2 3 
B 

F I G . 3-21.-—Fraction of LO power coupled vs. 
susceptance. 

F I G . 3 22.—Standing-wave ratio vs. su.s-
ceptanoe. 

in the local-oscillator waveguide is small compared with the character
istic impedance of the local-osciilator waveguide. 

A typical example of a 3-cm mixer would employ a 2K25 oscillator 
tube and a 1N23 crystal. The oscillator tube may be expected to give at 
least 15 mw of power and the local-oscillator drive required for the crystal 
is less than 1 mw. Hence, Ta could be 0.05. If this value is used in 
Eqs. (11) and (12), the coupling and reflection coefficient as functions 
of the adjustable susceptance can be found. In Fig. 3-21 the fraction 
of the power available from the oscillator coupled into a matched crystal 
is plotted as a function of the susceptance. In Fig. 3-22 the standing-
wave ratio is plotted as a function of susceptance, found from Eq. (12) 
by the relation 

i - irf 
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- 6 -

J L 
(a) 

The standing-wave ratio has a maximum of 1.55 at infinite susceptance, 
corresponding to zero coupling. This amount of mismatch relative to 
the optimum load admittance for the tube has been found not to cause 
trouble with the great majority of tubes. 

3-13. An Exact Equivalent Network for the Coupling Channel.—The 
analysis of the circuit on the basis of a simple series connection to repre
sent the junctions is not sufficiently accurate to allow exact specification 
of the length and width for a particular coupling factor. As in almost 
all microwave circuits, there are end effects, associated with the excitation 
of higher modes in the waveguide, or coaxial line, which cause some 
departure from the results expected on the basis of the simple circuit. 
However, by means of some exact equivalent circuits for a junction of 
this type, developed by J. Schwinger, it is possible to calculate the length 
and width for minimum mismatch (equivalent to a pure series resistance) 
for a given coupling factor. Schwinger 
derives an equivalent network for the 
junction where the terminals of the net
work are considered to lie in planes, in the 
respective waveguides, adjacent to the 
junction. Because many modes exist in 
the immediate vicinity of the junction, 
the admittances in these planes cannot 
be specified, but the equivalent circuit 
predicts the admittances which would be 
measured a t planes an integral number 
of half wavelengths back from the junc
tion in the respective waveguides. The 
agreement of these equivalent circuits 
with experiment is very good. By mak
ing use of them, the conventional tech
nique of cut and try can be eliminated. 
For waveguide and coaxial-line struc
tures of many other types, Schwinger's technique has been used and the 
results are being compiled in Vol. 10 of this series. 

In Fig. 3-23o is shown a cross-sectional view of the T-junction where 
6 and b' are the inside dimensions of the waveguides. In the same 
figure the equivalent network is shown where the terminal pairs are in the 
planes corresponding to the dashed lines of the structure. The com
ponents of the network are represented as capacitances or inductances 
depending upon whether the sign of the susceptances is positive or nega
tive. They do not necessarily show the corresponding frequency 
dependence. This is evident from the relation below giving the values 

F I G . 3-23.—Equivalent circuit for an 
i?-plane T-junction. 
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of these susceptances in terms of b, V, and k the wave number, equal 
to 2 J T / V 

R - •? 
3 ~ ~~ W 

All the susceptances except B2 have the direction of change with fre
quency normally associated with a low-frequency susceptance of the 
same sign but the dependence is inversely or directly with the waveguide 
wavelength and not the free space wavelength. 

A technique that can be used for the calculation of the length and 
width of a channel for a particular coupling is to estimate the width 
on the basis of the simple series-junction formula, T0 = (6')2/4(6)2. 
Next, the admittance at terminal pair (3) with pairs (1) and (2) connected 
to matched loads, or unit admittances, can be calculated. From this 
admittance the standing-wave ratio and phase in the coupling channel 
can be found and from this a plane in the junction at which the load 
admittance would be real is found. The difference in position between 
this plane and the plane containing the terminals of the equivalent 
circuit is the end effect. The length of the channel is made to be 
physically the one-quarter or three-quarters of a waveguide wavelength 
between these corrected planes. If this length is used for the narrow 
waveguide, the admittance presented to the terminal pair (3) of the 
second network can be calculated and hence the amount of power coupled 
across found, as well as the standing-wave ratio and phase in the input 
waveguide. In examples the standing-wave ratio is found to corre
spond to that which would be found for a simple series circuit coupling 
out the same fraction of power, and the choice of the length on the basis 
of the end-effect planes is considered to be valid. From the phase of 
the standing wave, the position of end-effect planes for the terminal pairs 
(1) and (2) can be found and, thus, the circuit can be considered as 
equivalent to the simple series circuit connected between these planes. 
All three of the planes are found to fall inside the junction from the 
planes defining the position of the terminals of the equivalent network. 

The algebra of this calculation is perfectly straightforward but quite 
tedious. There is no point in giving an example here, although some 
results to show the magnitude of the divergence from the simple idea of 
series connection may be of interest. For a mixer for 1.25 cm, using 
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main waveguides 0.170 by 0.420 in. ID, the coupling and end corrections 
have been calculated for several channel widths. I t was found that 
the end corrections amounted to about 0.025 in. a t each end of the 
channel, thus shortening the length of the channel by about 0.050 in. 
from a quarter-wavelength in the waveguide for channel widths from 
0.060 in. to 0.100 in. In this range of widths, the power coupled into 
the mixer differed by less than 15 per cent from the value calculated 
from the simple series circuit with the formula (b')2/4(b)2. A calculation 
for 3.2 cm, using a main waveguide having inside dimensions of 0.400 
by 0.900 in. and a channel width of 0.180 in. gave an end correction of 
0.060 in. The fraction of the local-oscillator power delivered to a 
matched crystal was found to be 0.042 compared with a value of 0.051 
calculated for the simple series circuit. Because the disagreement of the 
coupling factor calculated from the simple circuit with that calculated 
from the exact equivalent circuit is not large, for present purposes the 
choice of the width of the channel on the basis of the simple series 
junction is probably sufficiently precise. The main value of the network 
representation is the end-effect correction in the length of the coupling 
channel. This is simple to calculate compared with the calculation of 
the exact coupling factor. 

All of the foregoing discussion applies to a mixer that has no high-Q 
resonant circuit between the crystal and antenna, and the antenna, 
therefore, appears as a matched load to the local-oscillator wave. If a 
TR cavity is used between the mixer and antenna, as shown previously 
the coupling between the local oscillator and the crystal can be increased 
by a factor of 4 by proper choice of the position of the TR cavity relative 
to the coupling channel. The TR cavity should be so positioned that a 
short circuit appears in approximately the plane of the appropriate 
terminal pair in the equivalent network. The coupling can be made 
very small by placing the TR cavity in a position a quarter wavelength 
different from this, resulting in an open circuit at this plane, since the 
circuit of the junction does correspond approximately to the series. 
circuit. Since such a position must be avoided, a mixer intended to be 
operated in a wide frequency band should be designed with a line length 
between the TR cavity and the coupling circuit so short that the admit
tance presented at this plane by the TR cavity does not deviate appreci
ably from a short-circuit admittance within the band. 

The exact position of the TR cavity relative to the junction can be 
calculated with the aid of the equivalent network. The admittance at 
the terminals of the network, with the complete circuit assembled may be 
calculated. The TR cavity should then be so positioned that the suscep-
tance of the waveguide terminated by the TR cavity is the negative of the 
susceptance component of the calculated admittance The result of such 
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a calculation shows that the TR cavity should be positioned somewhat 
closer to the junction than an integral number of half wavelengths and 
an equivalent plane for the simple series circuit representation can be 
given. 

For the example of the 1.25-cm waveguide cited previously, the 
correction is such that the position of a short circuit due to reflection 
from the TR cavity appears almost at the center plane of the junction. 
For this purpose, then, it appears that the series circuit is adequate and 
that the tedious calculation required to apply the exact equivalent circuit 

0.40 

0.35 

0.25 
Fio. 3-24.- -Curves of constant LO power to crystal, v> 

plus part of network. 
Zt, the impedance of T R cavity 

gives a result too little different to be worth while, except for the calcula
tion of the length of the channel. 

When a TR cavity is used, the coupling factor is strongly dependent 
upon the crystal admittance since a wave reflected by the crystal is 
returned to it by the TR cavity in a phase dependent on the reflection 
coefficient of the crystal. As an illustration of this point, two plots are 
given in Figs. 3-24 and 3-25. Fig. 3-24 shows contours of constant power 
delivered to a matched crystal as a function of the impedance across the 
terminals of the network representing the junction in the mixer waveguide 
on the other side of the junction from the crystal. This impedance 
includes the susceptance of the capacitance jBy associated with the 
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terminals and is for the 1.25-cm waveguide 0.420 in. by 0.170 in. ID 
with a coupling channel 0.100 in. by 0.420 in. and 0.401 in. long. Also 
plotted on this diagram is a contour of the terminal impedance for a 
TR cavity, spaced such that the short circuit, when the TR cavity is 
detuned, appears 0.261 in. from the plane of the terminals of the equiva
lent network. The contour is valid for a typical 1B26 TR tube having 
about 1.6 db loss and equal coupling irises. The contour does not 

F I G . 3-25.—Contours of constant power delivered to crystal vs. crystal admittance, 
for T R admittances equal to (1.4 + j2A) Yo at LO frequency. The T R switch is the 
1B26; the intermediate frequency is 60 Mc/sec. 

represent the TR-cavity and signal-generator admittance alone, but 
includes the capacitance associated with the terminals of the junction. 
This plot is significant since the Q of the 1B26 tube, the standard TR 
cavity for this wavelength, is not high enough to allow the TR cavity 
to be considered as completely reflecting at the local-oscillator frequency 
when the tube is resonant at the signal frequency with ordinary inter
mediate frequencies of 30 or 60 Mc/sec. 

Figure 3-25 shows, for this same coupling circuit, contours of constant 
power delivered to the crystal as a function of the crystal admittance as 
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measured at the crystal terminals of the network. Here, the inter
mediate frequency has been assumed to be such that the TR cavity is 
detuned from local-oscillator frequency to an extent sufficient to transmit 
half the maximum power. A 60-Mc/sec intermediate frequency would 
about correspond to this situation with a 1B26 tube, since the loaded Q 
of these TR tubes is about 200. 

3-14. An Iris for Local-oscillator Coupling.—For operation with a 
resonant TR cavity, because of the more efficient coupling resulting, a 

simpler type of circuit has been used 
u i i i i i i i ' i i i « T extensively in the 3.2-cm band and 
S i n Matched \1 Wide side i- . " • mi • ,- , 
} L0- load \\ of waveguide adjacent regions. This coupling de-
' ' ' ' ' -* ' ' ' .' ' ^ \ vice consists of a simple inductive 

Cry input line ( window between two adjacent paral
lel waveguides with a common wall JUG. 3-26.—//-plane window for local- . . . . 

oscillator coupling. on their narrow sides. A circuit oi 
this type is illustrated in Fig. 3-26. 

The aperture in the wall may be cither circular or rectangular, although 
rectangular apertures running the full height of the common wall have 
usually been used. These apertures are made less than a half wave
length in width, and, to a fair approximation, the circuit may be con
sidered as a lumped inductive susccptance in the plane of the window. 
Circuits coupled to the narrow wall of a waveguide can be shown to 
behave approximately as shunt-connected circuits where the admittance 
at the wall is transformed by a quarter wavelength of waveguide into the 
center of the waveguide. This transformed admittance adds in shunt to 
the admittances of the loads at the ends of the waveguide. 

The simple aperture coupling is less efficient than the channel coupling 
just discussed in the sense that the reflection due to the aperture is larger 
than that due to the channel for a given coupling factor. That this is so 
can be shown from the simple equi
valent shunt circuit in the following 
way. Suppose that all four wave
guides in Fig. 3-26 are connected to 
matched loads representing the local . .,, _ 

. _ 2+j46 Dummy 
oscillator and a dummy load in the Ym- , + ..2 load 
upper waveguide and the crystal F l„. 327.—Equivalent shunt circuit for 
and signal generator in the lower. aperture-coupling circuit. 
The admittance in the lower waveguide at the center is 2 in units of the 
characteristic admittance of the waveguide. Transformed through the 
quarter wavelength of waveguide to the aperture, the admittance is 
\ in the same units. To this is added the inductive susceptance of the 
aperture, —jb, and then this is transformed through another quarter 
wavelength of waveguide to the center of the upper waveguide. Thus, 

LO 
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the admittance of the mixer waveguide, appearing in shunt in the upper 
waveguide, is 

_1 = 0.5 + jb = 2 + j4b 
~ 1 + 462' 7m = 

0.5 - jb 0.25 + b-
The equivalent shunt circuit is illustrated in Fig. 3-27 and from this the 
fraction of the available local-oscillator power delivered to the crystal 
can be shown to be 

1 
T = 

4(1 + b2) 
A plot of this function is given in Fig. 3-28o. 
on the other hand, is given by the formula 

_. l + |r„| 
r l - irj 

(14) 

The standing-wave ratio 

F I G . 3-28 o, b.—The effect of susceptance of coupling iris, (a) Coupling factor vs. sus-
ceptance; (b) voltage standing-wave ratio vs. susceptance. 

where |r„| is the reflection coefficient for the load (Ym + 1) or 

2 + Y„ 

2 Vl + W 
T'A. 

This is to be compared with the reflection coefficient for the channel 
circuit for which the reflection coefficient is just 

|re| = T, 
for a coupling factor T small compared with 0.25. Using the above 
expression for |r0 | in the equation for the standing-wave ratio, a curve can 
be plotted with the result shown in Fig. 3-286 for the voltage standing-
wave ratio as a function of the aperture susceptance. 

The symmetry of the circuit, neglecting the frequency dependence 
of the local-oscillator admittance, makes it apparent that the same 
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standing-wave ratio would be produced in the mixer. From this it is 
evident that the simple aperture coupling circuit has considerably greater 
interaction between the signal and local-oscillator circuits than is neces
sary. For this reason it has been found to operate satisfactorily only 
under the condition that a resonant TR cavity is used, so positioned that 
the admittance of the TR cavity at the local-oscillator frequency seen 
in the mixer waveguide in the plane containing the center of the coupling 
aperture is very small. Because the TR cavity reflects the wave incident 
upon it in such a phase as to reinforce the wave traveling toward the 
crystal, as in the other examples, the power delivered to the crystal is 
increased almost fourfold, for an aperture of large susceptance. The 
analysis on the basis of the simple shunt circuit is similar to the previous 
one except that the admittance of the mixer at the aperture is unity 

0.5 -

0.4 -
T 

0.3 -

0.2 -

0.1 -

0 1 2 3 4 5 6 0 1 2 3 4 5 6 
(a) (6) 

F I G . 3-29.—The effect of susceptance of LO coupling iris when a resonant T R cavity 
is used, (a) Coupling factor vs. susceptance; (6) standing-wave ratio in LO waveguide 
vs. coupling susceptance. 

instead of two. The coupling factor as a function of susceptance for this 
case is 

rp ^ 4(1 + 6?) 
9 + 5b2 + 4b4 

and this function is plotted in Fig. 3-29a. The standing-wave ratio vs. 
susceptance plot of Fig. 3-286 applies here for the signal standing-wave 
ratio in the mixer, with the crystal matched to the signal, but the stand
ing-wave ratio in the local-oscillator waveguide is changed by the presence 
of the resonant TR cavity. The reflection coefficient in the local-
oscillator waveguide is 

and for large susceptance the standing-wave ratio differs little from that 
in the previous example. Figure 3-296 gives a plot of the standing-wave 
ratio due to this reflection coefficient as a function of the susceptance. 
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1B24 

Electrical length 
equivalent to a 
short circuited 
waveguide V / 2 
plus 1 cm in 

length 

Because the space available for a radar mixer is usually limited, the 
applications of this LO coupling circuit have mostly been a variation of 
this scheme. Figure 3-30 shows, in a perspective view, a mixer using such 
a coupling circuit, with the positions of the coupling probe of the 2K25 
local oscillator, the crystal, and the 1B24 TR cavity indicated. The 
oscillator tube is mounted with a tube socket above the waveguide at the 
right with its antenna inserted the specified distance at an off-center 
position as recommended in the test specifications. The waveguide is 
terminated with a matched load at the near end. The waveguide is short-
circuited at the other end and the iris that couples the local-oscillator 
power to the mixer is located in the side wall with its center about a 
quarter wavelength closer to the antenna of the tube than the short 
circuit. The antenna of the tube is located at a distance from the far end 
such that, at 3.33 cm, the admit
tance of the waveguide in this 
direction is the same as that of the 
short-circuited waveguide 1 cm 
long, as specified in the mount for 
the tube. This length was chosen 
by experiment and is electrically 
equivalent to a short-circuited 
line just less than 3\„/4 in length, 
although its physical length differs 
from this considerably. In this 
way the local-oscillator tube is 
operated into a load circuit differ
ing at the midband frequency from 
the recommended one, for a small 
coupling to the mixer, by a small 
conductance component in the admittance. The admittance loading the 
oscillator varies more rapidly with frequency than it does in the test 
mount because the short-circuited waveguide is effectively a half wave
length longer than that recommended. Experience has shown that 
oscillators that operate satisfactorily in the test mount very rarely give 
trouble in this circuit. 

So far in this discussion the effect of the LO coupling circuit on the 
admittance presented to the signal has been calculated assuming that 
the local oscillator presents a matched admittance to the waveguide at the 
signal frequency. This is not true because the oscillator contains a 
resonant circuit tuned to the local-oscillator frequency. The reflection 
coefficient of the local oscillator is very likely almost unity at the signal 
frequency. There is a danger that this reflection may give rise to an 
admittance at the coupling window which can cause serious reflection 

F I G . 

Crystal 2K25 output Resistance 
strip 

termination 
3-30.—Mixer circuit with iris-coupled 

local oscillator. 
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of the signal. In the circuit of Fig. 3-30, this effect is less serious than in 
the circuit in which the local oscillator and dummy load are on opposite 
ends of the waveguide, since only at frequencies at which the output 
coaxial line of the oscillator tube resonates by itself does the presence of 
the oscillator antenna in the waveguide have a large effect. At other 
frequencies the local-oscillator waveguide is loaded with an open-circuit 
admittance from the side of the coupling iris away from the LO tube and 
an admittance approximately matched to the waveguide characteristic 
admittance on the other side of the iris. 

As shown previously it is necessary to adjust the coupling of the local 
oscillator if optimum results are to be achieved with production crystals 
and oscillators. With this circuit the adjustment must be made by 

F I G . 3-31.—Adjustable rectangular coupling iris. 

variation of the iris susceptance. With a rectangular iris this can be done 
by making the whole side wall slidable, with spring contact between it and 
the top and bottom walls of the waveguide. Figure 3-31 shows such a 
slidable wall made from two curved strips of phosphor bronze about 
0.005 in. thick and spot-welded down the center line with their convex 
surfaces together. This spring slides in a channel between the top walls 
and the bottom walls of the two adjacent waveguides and contact is 
maintained by the wiping action on the sides of these channels. A strip 
is soldered over the outside of the channels to keep the strip properly 
aligned. With an adjustment of this kind, the effective position of the 
iris is altered as the width is changed, but for a small adjustment the 
change in position is not serious. 

A more commonly used adjustment that avoids the variation of 
position and the troubles usually encountered with sliding contacts is a 
combination of a circular or rectangular inductive iris with a capacitive-
screw post. This is shown in Fig. 3-30 mounted above the center of 
the coupling iris. The screw structure is shown in more detail in Fig. 
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*6-32 screw r ] 

3-32. The capacitive screw is the same type that is used in matching 
transformers or in the channel coupling arrangement for coupling adjust
ment. It uses the quarter-wavelength-choke principle to minimize 
erratic behavior due to poor contact in the screw threads. In the 
33-cm mixers a 6-32 screw is a 
convenient size. An iris -£$ in, in 
width has been found sufficiently 
narrow to allow the coupling to be 
made small enough for any combi
nation of a 723A/B or 2K25 tube 
and a 1N23 crystal with the screw 
completely retracted. In the dia
gram, a post projecting into the iris 
from below is dotted in and ordi
narily this is absent from the struc
ture. I t is sometimes desirable, 
however, to have an adjustment in 
which the coupling decreases with 
increasing insertion of the screw, 
and then the post is added. The 
post is sufficiently long to give a 
capacitive susceptance more than 
enough to produce shunt resonance 
with the inductive susceptance of the iris. The entire structure, there
fore, appears as a capacitive susceptance that increases with increasing 
screw insertion. 

For mixers that must be foolproof in operation it is important to 
provide an upper limit on the coupling that can be achieved with the 
adjustment. This can be done with the iris and screw structure by 
correct choice of the length of the screw. In applications where a wide 
band of frequencies must be covered, the frequency-sensitive nature 
of the capacitive susceptance of the screw does not allow the limit to be 
chosen precisely. A screw length that, at short wavelengths, gives the 
whole structure the desired minimum inductive susceptance gives, at 
longer wavelengths, a minimum inductive susceptance somewhat larger. 
In such a case the device cannot be made entirely foolproof. With 
the structure including a fixed post the limiting coupling is, of course, 
determined by the length of the post and the same arguments about the 
frequency selectivity apply except that the largest coupling occurs at 
the longest wavelengths. 

For smoothness in the adjustment and also to protect against changes 
caused by vibration, many locking schemes have been tried. The best 
from the viewpoint of simplicity and permanence was a triangular spring 

F I G . 332.- -Adjustiible coupling itis using 
choke screw. 
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made from spring wire fitting into a slot in the screw mount and riding in 
a thread of the screw. This is illustrated in Fig. 3-32, with a top view of 
the screw mount and spring also shown. The diameter of the spring 
wire is about the same as the distance between consecutive screw threads. 
It is important to make the slot in the screw mount at least as wide as two 
screw threads in order that the spring may ride freely in a thread, inde
pendently of the location of the threads with respect to the slot. 

Many variations of these schemes of local-oscillator coupling are 
possible and some of them will become apparent in mixers shown for 
illustration in later chapters. The general nature is the same, however, 
and it would not be worth while to at tempt to describe all of these 
variations. The type that is best fitted to a given mixer is determined 
by the shape which the mixer may take and by some of the supplementary 
functions which it is sometimes called upon to perform. These supple
mentary functions are the subject of Chap. 4. 

3-15. Signal-input Circuit.—The only remaining problem in the 
design of a complete mixer is that of transferring the incoming signal 
power from the circuit connected to the antenna into the crystal mount. 
If the line to the antenna is similar to the line in which the mixer is built, 
the mixer may simply be connected to the antenna line. The mixer 
tuning should be such that, with the local oscillator operating a t the 
proper level and frequency and with a matched i-f load in place, the 
admittance of the mixer for small signals with all crystals is as near 
the characteristic admittance of the line to the antenna as possible. 
Measurement may show a small correction from the tuning arrived a t 
with signals at the local-oscillator level to be desirable. For most mixers 
it has been found that the small-signal admittances did not differ suffi
ciently from those measured at local-oscillator level to warrant changing 
the mount. 

When the mixer signal comes from a TR cavity, the mixer circuit must 
be made to load the TR cavity properly. With TR tubes having integral 
cavities designed to operate between matched waveguides, the design 
procedure is not greatly influenced by the cavity, but with loop-coupled 
cavities or those designed to operate between coaxial lines, a coupling 
circuit must be a part of the mixer. With these cavities, the major part 
of the adjustment of the tuning of the mixer for the best scatter of admit
tances with all crystals and over the frequency band required can not 
be done independently of the design of this coupling circuit. For this 
reason the coaxial-line mixers have been designed for operation with 
definite TR cavities, and the measurement of the matching conditions 
has been carried out almost exclusively on the input side of the T R cavity. 
If the effects, on the conversion loss and i-f admittance of the crystal, 
of the line length between the crystal and the TR cavity are neglected, 
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the matching conditions can be completely determined by measurements 
of the input admittance to the TR cavity. Such measurements show 
whether the TR cavity is properly loaded by the crystal circuit and from 
these measurements the total transmission and reflection loss of the 
circuit can be inferred. 

A schematic view of a TR cavity and an equivalent lumped-constant 
circuit are shown in Fig. 3-33. The equivalent circuit applies only with a 
special choice of the position of terminals on the input and output lines. 
To find the position of these terminals in the input and output lines a 
signal may be sent into one of these lines at a frequency far from the 
resonant frequency of the shunt resonant circuit. In the equivalent 
circuit, a short circuit would appear at both the input and the output 
pairs of terminals and, hence, the position at which a short circuit is found 
in the coaxial lines, with the cavity detuned, is the position of the ter
minals. If the cavity is then tuned to resonance, causing it to add zero 
susceptance to the circuit, the admittance that is measured at this point 

Input Resonant cavity 0 u t p u t 

I ' 1 1 1 'OOP (o , — t - , 2 ■ 

Ideal Ideal 
transformer transformer 

F I G . 3-33.—Loop-coupled T R cavity and equivalent circuit. 

in the output line is proportional to the sum of the admittance presented 
by the load at the corresponding point in the output line and a conduct
ance that is a measure of the dissipative loss of the cavity. The output 
admittance is transformed by the two ideal transformers by a numerical 
factor and the conductance measuring the loss of the cavity is transformed 
by a numerical factor by the ideal transformer representing the input 
coupling. It is difficult to show that this circuit should apply exactly, but 
its use is justified by very extensive experience in which perfect agreement 
has been found between calculations from it of the transmission loss and 
frequency dependence and measurements on actual circuits. The 
transformation ratio of the ideal transformers is determined primarily by 
the fraction of the magnetic flux in the cavity which is linked by the loops, 
and the admittance stepup of the input-circuit loop can therefore be 
increased by the use of a smaller loop or by setting it at an angle in such a 
way that its plane is not perpendicular to the magnetic field of the cavity. 

Iris-coupled cavities can be described in exactly the same way, 
althoug' the analogy between the iris and an ideal transformer is less 
obvious than for the loops. The position of the short circuit with the 
cavity detuned depends upon the length and diameter of the loop, 

loop 
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whereas with reasonably small irises it falls almost exactly in the plane 
of the iris. For loops of the sort used with the A-in. coaxial-line mixers, 
the position of the short circuit is a point approximately a half wavelength 
back along the line from the terminus of the loop, including the perimeter 
of the loop as a part of the line. 

The equivalent circuit of the TR cavity and mixer can be further 
simplified. At the terminals chosen in the manner explained, the 
equivalent circuit of Fig. 3-34 applies, where gB is the antenna conduct
ance (equal to the characteristic admittance of the line), gs and jbc are 
the conductance and susceptance parts of the cavity admittance 
transformed to the terminals in the input line, and gm and jbm are 
those of the load admittance transformed to the input terminals of the 
TR-cavity circuit. From this circuit, it is apparent that, if the TR cavity 
were tuned for maximum power delivered to the crystal, the resultant 

susceptance of the circuit would 
be zero. For such tuning bc is, 

>ib ?9 <?ff ^ ib therefore, just the negative of bm. 
This means that if the mixer had 
been made tunable, and gm and 

FIG. 3-34.—Transformed equivalent circuit fc c o u l d b e c o m p l e t e l y ad jus ted 
ol 1 It cavity and mixer. 

in the mixer, there would be an 
infinite number of equivalent tuning positions for the combination, 
corresponding to different values of bm. I t is thus apparent that 
for complete tunability of a mixer-plus-TR-cavity combination it is 
only necessary to adjust gm in the mixer. Since the transformation 
ratio of the output loop is influenced by its position in the TR cavity, a 
completely tunable mixer can be made by using a loop of adjustable flux 
linkage in combination with the tuning of the TR cavity. To set 
up a mixer and TR-cavity combination fixed in tuning, except for the 
TR-cavity tuning itself, it is only necessary to choose the size of the 
output loop of the TR cavity on the basis of admittance scatter diagrams. 
The largest bandwidth and smallest dissipation of signal power in the 
lines of the mixer are obtained wrhen the crystals present a matched load to 
the mixer line, since then the admittance presented to the output ter
minals of the TR cavity is no more dependent on frequency than the 
admittance at the crystal. I t is on this basis that the standard 10-cm 
loop-coupled mixer was designed. I t was made to operate with four 
different TR cavities covering the band from 8 to 12 cm simply by 
choosing the flange on which it was mounted on each of the cavities for 
the best scatter of input admittances to the TR cavity with representa
tive crystals. The size of the input loop of the TR cavity is chosen on the 
basis of the function of the TR cavity of protection at high level, and it is 
this coupling that determines the values of gs. 
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The range of input admittances which can be tolerated with this 
circuit can be found as follows. Assuming the TR cavity to be tuned 
such that the susceptances cancel out, the fraction of the available 
signal power delivered to the crystal can easily be shown to be 

4<7„0m 

6u + g.)2 (15) 

A measure of the input standing-wave ratio is (gm + g,)/g9 and if T 
in decibels of loss is plotted against this quantity, the curve given in 
Fig. 3-35 results. A typical value for gs of 0.245, resulting in a 1-db total 
loss with a matched output load, has been assumed. Most TR cavities 
now in use show a loss under this condition between 1.0 and 1.5 db. 

8r 

F I G . 3-35.—Transmission plus reflection loss for a T R cavity mixer, in decibels, vs. input 
standing-wave ratio, in decibels. 

The standing-wave ratio has been plotted in decibels, twenty times the 
common logarithm of the voltage standing-wave ratio, and the positive 
values correspond to a conductance at the input terminals greater than 

' the characteristic admittance of the line, and the negative values to a 
conductance smaller than the characteristic admittance. From the 
plot it is evident that it is not sufficient to measure only the standing-
wave ratio since the curve is very unsymmetrical. From the point of 
view of the loss of signal power, a very much larger standing-wave ratio 
can be tolerated with a phase corresponding to the positive side of the 
plot than with a negative phase. The positive phase corresponds to a 
standing-wave pattern with a minimum at the input terminals and such a 
minimum has the same position when the TR cavity is tuned for greatest 
transmission of signal as when the TR cavity is detuned. For negative 
values, the tuned condition shows a minimum position which is shifted by 
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a quarter wavelength from the detuned position and the minimum 
shifts rapidly with tuning. In most 3-cm applications, the loss arising 
from mismatch at the crystal has been kept below 1 db. In Fig. 3-35, 
which applies to the 3-cm 1B24 TR cavity, the standing-wave-ratio 
limits that correspond to such a loss are — 3 db and + 1 1 db. In a 
narrow frequency band the spread need not be this great, but for the 
wideband mixers covering a band 12 per cent wide, these limits were just 
met using the crystals representative of the borderlines of the admittance 
scatter. 

The ability of the tuning of the TR cavity to compensate for the 
susceptance part of the load admittance has been used to reduce the 
spread in transmission loss with various crystals over the required 
frequency band. In the course of measurement of admittance scatter of 
large numbers of crystals in the 3-cm band, it was observed that the 
scatter was not purely random about a center point but that it covered 
an area longer in the susceptance direction than in the conductance 
direction. I t is also found that the major direction of change of admit
tance with frequency is in the susceptance direction. Because the mixers 
were intended to be used with a tunable TR cavity and because the 
standard tune-up procedure would be to tune for maximum received 
signal, it was thought possible to use the TR cavity in combination 
with the mixer to obtain a reduced resultant scatter for the combination. 
Such a utilization of the TR cavity as partial tuning for the mixer has 
been called " TR-aided tuning" and has been used in many fixed-tuned 3-cm 
mixers. To be most effective in reducing the admittance scatter at a fixed 
wavelength, the effective electrical position of the TR cavity should be an 
integral number of half wavelengths from the crystal. This causes the 
large susceptance scatter at the center line of the crystal mount to appear 
as a susceptance scatter in the load admittance presented to the TR cavity. 
That this should hold over the widest possible band requires the minimum 
number of half wavelengths. Consequently, most wideband mixers have 
been made only one-half wavelength long from the position of the short 
circuit with a detuned TR cavity to the center line of the crystal mount. 
In this way it has been found possible to keep the loss caused by crystal 
mismatch less than 1 db over the ± 6 per cent band from 8500 Mc/sec to 
9600 Mc/sec. 

Iris-coupled coaxial-line mixers have been used in the 10-cm band in 
conjunction with a TR cavity, and some advantages can be had through 
the use of the TR-aided tuning principle. The shape of the admittance 
scatter found for 10-cm crystals does not show a decided elongation in one 
direction, although there is a common direction of change of admittance 
with frequency. The actual direction of the change depends upon the 
nature of the crystal mount as well as on the position in the mount at 
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which the admittance is measured. I t can be specified only for the unit 
as a whole, and the best length of line between the coupling iris and the 
crystal does not necessarily bear any integral relationship to a half wave
length. The coupling iris loads the TR cavity with an admittance that 
increases with increased height (along the lines of electric field in the cavity) 
and with increased projection of the coaxial line into the cavity. 

3-16. Mounts for 1N26 Crystals and a Waveguide Mixer for the 
10-cm Band.—At the end of this chapter is given a group of drawings of 
several representative simple mixers. The coaxial-line mixers are all 
designed for use with 1N21A, 1N21B, and 1N21C crystals, and the mixers 
having a 1 by i-in. waveguide for 1N23, 1N23A, and 1N23B crystals. 

F I G . 3-36.—1N26 crystal mounts, (a) Turntable mounts; (b) crossbar mount . 

Also included are a 1.25-cm mixer designed for operation with 1N26 
coaxial-line crystals and a mixer having a similar structure designed for 
1N21B crystals in the 10-cm band. The design of the 1N26 crystal 
mount for 1.25-cm operation is based on different principles from that 
of the two types described in previous sections. The 1N26 crystal was 
designed to match a mount having particular properties at this wave
length. The crystal mount was, therefore, particularly easy to design. 
The 1N26 is tested in a mount in which it terminates a coaxial line having 
an inner conductor with a diameter of rt in. and an outer conductor 
with a diameter of TS in. ID. The mount is adjusted so that a matched 
load on this coaxial line absorbs all the available power of the signal 
generator. I t is, thus, necessary only to make a matched transformer to 
transform from a waveguide 0.170 by 0.420 in. ID to a coaxial line of this 
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size with suitable provisions to bring out the i-f voltage and rectified 
current. An average crystal unit will then terminate the waveguide in a 
matched load. 

Mounts of two different types or, more exactly, waveguide-to-coaxial 
line transitions have been used for this purpose. These are shown in 
cross-section in Fig. 3-36 a and b. The type fabricated in ordinary 
waveguide, with an adjustable plunger and screw, was adopted as standard 
for testing purposes, with each unit pretuned. The tuning adjustments 
were fixed by wax, such that there was no reflection in the waveguide 
section, with a dummy matched load in the crystal socket. The other 
unit, shown in Fig. 3-366, is made from a solid block using a crossbar-
supported probe waveguide-to-coaxial-line transition. In this way the 
crossbar, with a choke a quarter wavelength from the side wall, is used to 
bring out the low-frequency components. The crossbar unit has been 
used most extensively in system mixers because it fits conveniently into 
complex mixers and because it is less frequency-sensitive than the other 
mount. 

A critical dimension on these 1N26 crystal mounts is the length of the 
slotted center conductor from the shoulder in the outside conductor to 
the end of the fingers. If it is too long it may strike a shoulder on the 
center conductor of the crystal unit before the outer conductor of the 
crystal meets the shoulder in the mount. If it is too short, a considerable 
length of the small-diameter center conductor of the crystal unit is left 
exposed and this has a transforming effect on the crystal admittance. 

The 10-cm mixer designed by the same principle as this crossbar 
mount does not have the simplicity of being just a matched waveguide-
to-coaxial-line transformer. It was developed to fill the need for a 
waveguide crystal mixer to be used with the wide bandpass fixed-tuned 
TR cavity which has an output iris designed to couple to a matched 
3- by li-in. waveguide. As in the 1.25-cm crossbar mount, the conduct
ance part of the admittance at the plane of the crossbar is controlled 
primarily by the distance from the top of the waveguide to the crossbar. 
The susceptance part is determined primarily by the distance from the 
crossbar to the short circuit in the waveguide beyond the crossbar, 
although the crystal itself projects into the waveguide. A complete 
mixer is made from this mount by the provision of the LO coupling 
circuit on the opposite end of the crossbar from the end from which 
the i-f signal is derived. Several of these units having different crossbar 
positions but basically the same circuit, have been designed to cover the 
region from 8 to 11 cm, each covering a band about ± 4 per cent in width. 

3-17. Self-protection of the Mixer Crystal.—Crystals operated as 
mixers in radar systems have been plagued with burnout caused by 
insufficient protection from high-power signals by the TR switch. For 
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this reason several special features have been adopted in an effort to 
reduce the frequency of burnout in operating and nonoperating systems. 

At the time when the flat power, lasting for the duration of the 
transmitter pulse, was thought to be responsible for burnout, considerable 
effort was made to include in the mixer design a feature called "self-
protection." This feature was based on two special properties of the 
TR cavity and crystal mixer. First, the TR tube, while firing, maintains 
an essentially constant voltage across the arc, independent of the input 
and output couplings. The arc can therefore be considered as a constant-
voltage generator having no internal impedance and the power delivered 
by it to a load circuit is directly proportional to the load conductance. 
The second property of the combination is that the crystal, since it is 
a nonlinear device, shows a different admittance at high level than at low. 
Because the TR leakage power is at a considerably, higher level than the 
local-oscillator power in the mixer, the crystal may be expected to show an 
admittance considerably different from match and, therefore, the flat 
leakage power of the TR cavity into the crystal may be considerably 
different from that delivered to a matched load. I t could be either 
greater or smaller depending upon the direction of change of the admit
tance as seen by the TR cavity. In order to ensure that the leakage was 
reduced by this admittance change, the admittance as a function of 
power level was measured for many crystals. The line length was then 
chosen so that the conductance seen by the T R cavity decreased with 
increasing power and a mixer designed in this way was said to have 
self-protection. 

During the early stages of the design of 3-cm mixers it was apparent 
that there was something to be gained in low-level operation through the 
use of TR-aided tuning described in Sec. 3 15. This required a half-
wavelength spacing between the TR cavity and the crystal. Measure
ments of the change of admittance with power level showed that the 
conductance at the center line of the crystal increased with increased 
power. The two criteria for choice of the line length from the TR cavity 
to the crystal were thus incompatible, since the half-wavelength spacing 
resulted in the inverse to self-protection, because more power would be 
delivered to the crystal than to a matched load. An investigation of the 
magnitude of the effect was therefore undertaken and it was found that 
the crystal conductance for most units increased by about 30 per cent, 
when the incident power level was increased from 1 mw to 50 mw or more. 
Beyond this level there wae very little change. With this amount of 
change and if at least 50 mw i i leakage power is assumed, the power 
delivered to the crystal would be about 80 per cent greater for the half-
wavelength spacing than for a spacing equal to an odd number of quarter 
wavelengths. 
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At about this time it was learned that the spike energy was most 
frequently responsible for burnout, and it was therefore apparent that the 
dependence of the spike energy on the load admittance is more important. 
A reliable determination of this dependence or of the effective admittance 
of the crystal as a function of spike energy has not been made. I t is 
felt, however, that the spike energy absorbed by the crystal is less 
dependent on the admittance than is the flat power. A serious burnout 
problem has not been encountered in practice with the improved crystals 
now available so long as the TR tube is in good condition and the keep-
alive electrode is functioning properly. The low-level operation and 
matching of the crystals have been used in almost all mixers to determine 
the line length between the TR cavity and the crystal, at the sacrifice of 
self-protection. 

3-18. Harmonic Chokes and Shutters.—Another source of crystal 
burnout, especially in very-high-power radar systems (500 kw and up) is 
leakage of harmonic frequencies and spurious intermittent high-frequency 
radiation through the TR cavity. Since the cavities are usually heavily 
capacitively loaded at the breakdown region, the lowest mode giving 
unattenuated transmission with the arc firing is at a frequency two or 
three times the fundamental frequency. Frequencies this high and 
higher are, however, generated in fairly large quantities, at least sufficient 
to cause crystal burnout by high-powered transmitters. For this reason, 
some of the 10-cm coaxial-line mixers designed for operation with high-
power systems include a filter circuit that strongly reflects the third 
harmonic. This filter consists of a pair of concentric-line cups on or in 
the center conductor. The cups are a quarter wavelength long at the 
third harmonic (3 cm) and so spaced that the reflections at the funda
mental frequency cancel one another. These cups can be seen in 
the iris-coupled coaxial-line mixer included in the group of drawings at 
the end of this chapter. The operation of the filter can be easily worked 
out with the aid of an impedance chart. Because the reflections of the 
two chokes cancel at the fundamental frequency, the effect they have on 
the mixer is to produce a phase shift making the electrical length of the 
line different from the physical length. There is also some frequency 
sensitivity of admittance added because their reflections cancel exactly 
only at the frequency for which the electrical length of the line between 
them is exactly right. 

It has never been established conclusively that the incorporation of 
these chokes improves the protection of the crystals. The frequency 
range in which they are highly effective in attenuating unwanted power 
from the transmitter is very restricted. In the course of design of a 
particular high-powered 10-cm radar set, it was established that crystals 
were being burned out by spurious high-frequency signals notwithstand-
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ing the reflection of the chokes. Considerable effort was expended 
in an attempt to eliminate these signals by alteration of the modulator-
pulse shape, but the difficulty was not solved until a new type of gas-
discharge cavity was added to the conventional TR switch. This 
additional cavity, known as a pre-TR switch, is simply a section of 
waveguide with low-Q input and exit irises with glass windows. The 
cavity is filled with gas at a low pressure. When a transmitted signal 
enters this cavity, the electrical breakdown that takes place is extensive 
in volume and covers a large part of the input iris. Under this condition, 
it is effectively cut off for all frequencies in addition to the fundamental 
frequency, although the fundamental-frequency leakage is still sufficient 
to operate the conventional TR switch following it. A circuit of this 
type is considerably more effective than harmonic chokes in bringing 
about complete crystal protection and it is certainly the task of the 
TR-cavity system and not the mixer to provide such protection from 
high-level signals. The more recent TR cavities having wide bandpass 
characteristics, using several resonant irises as well as resonant input 
and output windows, include protection of this kind. Harmonic chokes 
are therefore superfluous for operation with such TR switches. The 
details of these two TR-switch systems and their functions will be found 
discussed in Vol. 14 of this series. 

Another device often added to the mixer in radar systems is a switch 
for protection against signals coming into the antenna during inoperative 
periods. The TR cavity, when properly operating, protects the mixer 
crystal from burnout not only by the signal of the local transmitter, but 
also by any other signal coming into the antenna. Any signal suffi
ciently strong to damage the crystal will cause the arc in the TR tube 
to fire and, therefore, the signal power is limited to a safe level in the 
mixer. Satisfactory operation of the TR switch, however, depends on 
the universally used keep-alive electrode, which maintains a small steady 
discharge in the gas volume of the tube, maintaining a small supply of 
ions to initiate an arc when a large voltage is built up across the gap of 
the cavity. If this keep-alive arc is not operating, as it is not when the 
supply voltage is shut off, the breakdown of the TR tube at high level 
requires considerably greater voltage and time to occur, and the result 
is that very large leakage energy is allowed. Thus signals may be 
transmitted through a T R cavity, in which the keep-alive electrode is 
not activated, in sufficient strength to damage the mixer crystal. I t 
is also possible that the first few pulses of the local transmitter, which 
may occur before the keep-alive is fully operative, may damage the 
crystal. For protection against these two sources of power, a mechanical 
switch has sometimes been included in the mixer. The switch decouples 
the mixer crystal from the TR cavity when the system is turned off, 



176 SIMPLE MICROWAVE CRYSTAL MIXER CIRCUITS [SEC. 318 

and through the action of a magnetic solenoid or a motor the switch is 
opened with a small time lag after the system is turned on. 

Devices that are useful as switches for this purpose are few. Many 
structures can be coupled to a coaxial-line mixer or to a waveguide mixer 
to reduce the signal arriving at the mixer crystal by 30 or 40 db. 
Usually, however, it is found that the principal effect is one of detuning 
and that the attenuation of signal power at some adjacent frequency is not 
many decibels greater than at the original frequency with the structure 
removed. This is true, for instance, of a simple short-circuiting rod 
between the inner and outer conductors of a coaxial-line mixer. Such 
a rod has a large self-inductance and it acts like an inductive susceptance 
across the line. Its effect can be resonated out by a susceptance at the 
TR cavity to a degree depending upon the electrical line length between 
the short-circuiting rod and the TR cavity. 

The most foolproof method of obtaining the required protection 
during shutdown periods is to disconnect the crystal completely from 
the circuit. This has actually been done in some 10-cm coaxial-line 
mixers by use of a structure like that shown in Fig. 3-37. The small-
diameter rod is pulled back by a spring when the power is turned off and 
advanced into the fingers at the upper end by a solenoid when the power 

is on. The gap between the fingers and the 
end of the small rod is a waveguide beyond 
cutoff for the signal frequencies and, there
fore, a large attenuation is introduced if the 
rod is retracted from the fingers by an 
amount of the order of the diameter of the 
coaxial line. The particular mixer in which 
this mechanism was used possesses a rather 
large standing-wave ratio, partly because of 
the presence of lengths of line of differing 
characteristic admittances. As a c o n s e 
quence, the admittance at the iris is fre
quency-sensitive and the mixer must be 
retuned if the frequency is changed by 1 per 
cent or more. The tuning is provided 

by making the coaxial line variable in length by a telescoping joint. A 
disconnect mechanism of this kind has not been applied to the wideband 
mixer where the coaxial line must be of uniform impedance to avoid 
large standing-wave ratios. 

Figure 3-38 shows another mechanism tha t has been applied to 
10-cm coaxial-line mixers. A resonant stub a half wavelength long is 
used to produce a short circuit across the mixer line. A short circuit 
on the stub, actuated by a solenoid, makes it effectively a quarter-wave-

To crystal 
mount 
fingers 

\\\ Pulled down to 
disconnect crystal 

F I G . 3-37.—Crystal discon
nect mechanism in 10-cm iris-
coupled coaxial-line mixer. 
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length stub when the system is operating. It thus has little effect on 
the circuit during operation, but during shutdown periods it is effective 
in decoupling the crystal in a narrow frequency region for which the stub 
produces a very large shunt admittance across the line. The systems in 
which this device was used all operated inside a ± 1 per cent band, and 
the main protection they needed was from radiation in the same band. 
The narrow band of large decoupling was therefore considered sufficient. 
I t does not give protection against power at other frequencies or against 
damage by the local transmitter which sometimes occurs during the 
first few transmitter pulses. 

The most effective devices not involving an actual disconnection from 
the crystal are sliding metallic shutters. In 10-cm systems using TR 

I 
To 

crystal 

Loop-

Spring—-
contactor 

■ Spring 

■ i i » » » i i i i » i ' ' ■ i i i 

J w 
A-A 

F I G . 3-38.—Half-wavelength-line crystal-disconnect switch. 

switches having external cavities, a metallic shutter made from curved 
thin phosphor bronze with two pieces spot-welded with their convex 
surfaces together can be used. The shutter enters the cavity through 
a slot in the side wall and slides in grooves in the top and bottom walls, 
completely covering the output loop or iris. A drawing of this device 
is shown in Fig. 3-39. A shutter of this kind gives very good protection 
against radiation at all frequencies and has as its major disadvantage 
the requirement of an operating device capable of moving it through a 
large distance. 

A shutter of the same kind is the most effective one for use in wave
guide mixers and TR switches having integral cavities. The shutter 
enters a slot in the side wall (narrow dimension) of the waveguide between 
the crystal and the TR cavity and slides in channels in the top and bottom 
walls. I t again requires a large motion since it must be all the way across 
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the waveguide when closed and completely removed when open. A 
ratchet-relay motor has been used to operate such a shutter, although 
it should also be possible to use a rotary motor with proper springs and 
limit switches. 

A simple post has been used as a shutter with fair success in the 3-cm 
band. The post, sliding in a choke mount such as used for tuning screws, 
enters the center of the wide side of the waveguide and crosses to the 
bottom wall. At a given frequency, the post can be made to attenuate 
most effectively when it projects just less than the full width, for it is 
then resonant and completely short-circuits the waveguide. For com

plete protection, however, it is 
better to make the post contact 
the bottom wall of the waveguide; 
thereby it presents a large induc
tive susceptance across the wave
guide. The effect of the post 
increases with the post diameter, 

FIQ. 3-39.—Protecting shutter in a io-cm T R and to minimize the danger of 
cavity. resonance with the TR cavity a 

spacing of one-quarter wavelength between the post and the effective 
position of the T R cavity is best. With a waveguide 1 by i in. OD in 
the 3.13- to 3.53-cm band, a Ts-in.-diameter post gives attenuation greater 
than 30 db at all frequencies in the band. 

3-19. I-f Output Admittance.—It is not within the scope of this volume 
to give a discussion of the circuit coupling the mixer crystal to the i-f 
amplifier. Such coupling circuits, however, must be designed with 
knowledge of the admittance associated with the output terminals of 
the mixer. The most widely used circuits are wideband doubled-tuned 
admittance transformers, or their equivalent, designed to give the 
best possible noise figure compatible with the bandwidth requirements. 
The susceptance part of the mixer is a part of the first tuned circuit where 
it is resonated in shunt. Obviously, the circuit will be incorrectly tuned 
if the susceptance of the mixer is not the expected value and the noise 
figure and bandpass characteristic suffer. The conductance part of the 
mixer admittance determines the degree of coupling in the double-tuned 
circuit and values smaller than the design value result in the double-
peaked frequency response characteristic of double-tuned circuits with 
more than critical coupling. 

It has been customary in the design of i-f amplifier input circuits to 
use a " d u m m y " mixer, that is, a mixer with a resistor replacing the 
crystal and having the i-f resistance of an average crystal in the same 
mixer under operating conditions, in place of an actual operative mixer. 
Such a procedure is not strictly correct since the susceptance component 
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of the mixer is not that of the linear parts of the circuit if a resonant 
circuit is used ahead of the crystal in the r-f system. As shown in 
Chap. 2, the reflection of the image frequency can change not only the 
conductance part of the i-f admittance from the value obtained if the 
image wave is not reflected, but also the susceptance part. This effect 
with good crystals and with a 30-Mc/sec intermediate frequency can be 
equivalent to adding or subtracting 3 or 4 juyuf of capacitance at the output 
terminals of the mixer. Coupled with the fact that the conductance of 
the crystal in the mixer may be from one-half to twice the value for the 
same crystal in a nonresonant circuit, it is obvious that the i-f input 
circuit must be designed on the basis of measurements on the particular 
mixer to be used, with representative crystals and under operating 
conditions at the frequency to be used. 

FIG. 3-40.—I-f admittance vs. LO frequency with the T R tuning fixed. 

The situation is further complicated by the fact that the "phase 
length" between the TR cavity and the crystal seems to vary from crystal 
to crystal, especially for crystals made by different manufacturers. 
This means that, even at a fixed frequency, the i-f admittance may 
vary more from crystal to crystal in a resonant mixer circuit than in the 
nonresonant test mixers. For this reason, it becomes necessary to design 
the input circuit in such a way that changes in conductance by a factor 
of about 2, and in susceptance of about 2 nnf or more at 30 Mc/sec can be 
tolerated. When the mixer is to be used over a wide band, changes as 
large as these are certain to occur, even with a single crystal, because of 
the change in effective line length between the TR cavity and the crystal 
and the consequent change in phase of the image-frequency reflection, 
even though this effect is minimized by the choice of a line length as short 
as possible. Measurement of the i-f admittance of the mixer should 
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therefore be done at several frequencies scattered through the operating 
band before the final form of the i-f input circuit is decided. 

I t was shown in the previous chapter that, if the signal-frequency 
admittance connected to the input terminals of the mixer is kept matched 
to the crystal and the image-frequency admittance is varied through the 
full range of pure susceptance, the i-f admittance should traverse a circle 

F I G . 3-41.—Coaxial-line mixer with loop coupling to be used with T R cavity and 1N21A 
or 1N21B crystals in 10-cm band. 

on an admittance chart, with a diameter related to the crystal loss. 
Obviously, the effects described above are most serious with the best 
crystals. I t has been possible to make a receiver with optimum values, of 
noise figure and bandpass characteristics by completely ignoring these 
effects, with crystals having conversion losses of 10 db or more. As the 
crystals improve it may become more important to design the mixer 
on the basis of the i-f output characteristics than on the r-f matching 
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characteristics if, indeed, it is not so already with crystals having conver
sion losses of 5 db and less. 

In order to minimize the effects of the variation of i-f admittance from 
crystal to crystal and with frequency, it may be found that the line length 
from the crystal to the TR cavity which gives an i-f admittance falling on 
a particular part of the admittance circle may be preferred. For instance, 
the line length might be chosen in such a way that an average crystal at 

F I G . 3-42.—Cross-sectional view of loop-coupled mixer. 

midband frequency gives an i-f admittance with the maximum conduct
ance. Variation of frequency or of line length with different crystals, 
would then result in a small variation in conductance, since the conduct
ance is stationary with respect to line length. However, the largest 
possible variation in susceptance results. The same would be true for a 
line length giving minimum conductance, as a consideration of the circle 
on an admittance diagram will show. On the other hand, if a variation 
in conductance is more tolerable than a variation in susceptance, the 
line length can be chosen between these two values, where the susceptance 
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is stationary with small variation in line length, but has a value differing 
from zero by the maximum amount. There is also the desire for mini
mum possible crystal conversion loss to be considered, which may set a 
different requirement on the phase of the image-frequency reflection. 

In one instance in the author's experience the variation in i-f output 
admittance of a mixer with change of crystals and with frequency was 
considered so serious that a makeshift remedy had to be applied to the 
mixer to change its effective line length. This mixer was a 10-cm iris-

F I G . 3-43.—Mixer for 10-cm band for use with a 1N21A or 1N21B crystal without a 
T R cavity. The parts and dimensions are similar to those in Fig. 3-42. The signal 
input line is supported by a s tub which is behind the LO coupling in the figure. The 
distance from the center line of the center conductor connecting to the crystal to the short 
circuit at the end of the stub is 1.000 in. 

coupled coaxial-line mixer used with selected low-loss crystals. I t was 
found that the line length was such that the maximum possible variation 
in conductance occurred in the 8 per cent frequency band for which it was 
intended. The makeshift remedy was the insertion of a polystyrene 
sleeve into the coaxial line of the mixer, in order to change the effective 
length to one giving maximum conductance at midband frequency with 
an average crystal. With the iris-coupled mixer, the image is reflected 
not by the TR cavity but by the short circuit in the coaxial line on the 
other side of the iris from the crystal, which, in this instance, added an 
extra half wavelength to the image-frequency line. Since the crystal 
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was about one wavelength from the TR cavity, the total image-frequency 
line length was large and the variation of admittance with frequency was 
sufficient to make the susceptance change from minimum to maximum 
in the 8 per cent band, after the sleeve was added. This was less 
serious than the previous large variation in conductance. The proper 
insertion of the coupling iris into the TR cavity had to be redetermined 

F I G . 3-44.—Iris-coupled mixer for 1N21B crystals in 8.0-to-8.8-em band with T R cavity 
shown in Fig. 3-45 (24-179). 

after the addition of the sleeve because of the effect of the sleeve on the 
admittance presented by the crystal at the iris. 

Figure 3-40 shows a qualitative picture of the result of an experiment 
that was done in connection with the measurement of the variation of 
i-f admittance with frequency. Here many effects are obvious at one 
time. The T i l cavity, determining the most sensitive signal frequency, 
was fixed at a frequency at about the middle of the chart. The i-f 
admittance was then measured as the local-oscillator frequency was 
varied. The main effect observed is a variation of conductance in an 
approximately sinusoidal fashion, except in the region of the two fre-



184 SIMPLE MICROWAVE CRYSTAL MIXER CIRCUITS [SEC. 319 

quencies that differ from the resonant frequency of the TR cavity by just 
the intermediate frequency. In the example shown, these frequencies 
occur near minimum conductance, and the conductance rises about half 
way to the mean value at each of these frequencies. Associated with 

F I G . 3-45.—Cavity for 1B27 T R tube for 8.0-to-8.8-em band and iris-coupled mixer. The 
cavity is 1.400 in. I D and the mixer center line is 0.783 in. from the cavity center. 
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FIG. 3'46.—A cross-sectional view of the mixer, shown in Fig. 3-30 (24-126), for the 
12 per cent band centered at 3.33 cm, for use with 1N23A or 1N23B crystal, 1B24 T R 
tube, and 2K25 or 723 A / B local oscillator. 

each is an excursion of the susceptance and its value passes through zero 
in the opposite sense at each of the two frequencies. These two fre
quencies are, of course, the two frequencies at which the local oscillator 
could be set to obtain a receiver tuned to the frequency of the T R cavity, 
and the line length and frequency of the TR cavity correspond to mini-
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mum conductance variation and maximum susceptance variation with 
frequency. Outside these two regions the susceptance is approximately 
zero because of the compensating effect of the reflection by the TR cavity 
of both sidebands. The susceptance component appears when one of 
the two sidebands is not completely reflected to the crystal by the TR 
cavity. The excursion of the conductance is about twice what it would 

F I G . 3-47.—Cross-sectional view of mixer for 3.2 cm, with channel for LO coupling. 
This mixer is used with 1N23A and 1N23B crystals, no T R cavity, and 2K25 LO tube in 
the 70-volt mode. 

be if the TR cavity were kept at a frequency differing from that of the 
local oscillator by the intermediate frequency and the two were tuned 
together. This figure is given only as a sample of the possible variation 
of the i-f admittance. The effects for various line lengths can be esti
mated with the aid of the linear network representation of the mixer 
and an admittance chart. 

3-20. The Completed Mixer.—There follows a set of drawings, 
Figs. 3-41 to 3-52 inclusive, giving important dimensions of each of 
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several mixers representing applications of the foregoing circuits. On 
each drawing is indicated the type of crystals and the wavelength band 
for which it is intended. Those units intended for use in conjunction 
with a TR cavity and those which operate directly from a wideband 
antenna are identified. For the iris-coupled 8.5-cm mixer, the position 

F I G . 3-48.—Mixer for use in the 1.23-to-1.27-cm band. This mixer is used with the 
1B26 T R tube, 1N26 crystals, and 2K33 or 2K50 LO tube. 

of the iris in the TR cavity is an important detail, since it determines 
the tuning condition. A separate drawing of the part of the TR cavity 
for a 1B27 tube in which the mixer is to be mounted is included among 
the drawings. 

A drawing has also been included of a tunable resonant mixer known 
as a " p o t " mixer. This is the only available example of a resonant 
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F I G . 3-49.—Cross-sectional view of the mixer of Fig. 3-48 (24-181). 
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mixer. I t was used in very early radar systems but was soon discarded 
in favor of the simpler fixed-tuned mixers. The resonant feature is 

F I G . 3-50.—-Tunable resonant mixer for 10-ctn band. 

unnecessary in a radar system since it already includes a cavity filter in 
the form of the TR cavity. The tuning procedure with a tunable T R 
cavity and a tunable mixer is very complicated, because these two 

FiG, S'5l.—Waveguide mixer for ± 4 per cent band centered at 10.7 cm; for use with 
1N31B crystals, 2K28 LO tube . A resonant T R tube is no t required. 

devices cannot be tuned independently. A tunable resonant mixer may 
be useful in other applications, however, and for this reason the drawing 
has been included. 



SEC. 3-20] THE COMPLETED MIXER 189 

!iT8Z-0-*J 



CHAPTER 4 

MULTIPLE-FUNCTION MIXERS 

I t is often desirable to have, in a radar system, a mixer that serves 
several purposes in addition to the principal one of converting the 
received reflected signal of the transmitter into the intermediate fre
quency. Some of these functions are peculiar to radar systems and their 
operational applications and are of little interest to the designer of mixers 
for other purposes. Since, however, a very large part of the task of 
mixer design has been concerned with the problems associated with 
these multiple-function mixers, and since it is probable that similar needs 
will exist in many future mixers, a description of these problems and their 
solutions will be given in this chapter. As is true for the simple mixer, 
there is no unique solution to a given design problem. The material 
given can only serve to show what has been done and to point out some 
of the relative merits of various solutions. 

BEACONS AND AUTOMATIC FREQUENCY CONTROL 

4-1. The Beacon Problem.—An example of the kind of device 
described by the term "multiple function mixer," is the mixer with the 
beacon feature for airborne radar systems. In conjunction with the use 
of radar as a navigational aid, a system of coded-pulse beacons has been 
set up. A switch in the airborne radar changes the system from a radar 
system to a system which sends out pulses of the proper characteristics to 
trigger a response from a beacon transmitter. The beacon response 
comes back to the airborne radar after a time determined, in the same 
way as for a radar echo, by the distance to the beacon, and at an azimuth 
that shows the direction of the beacon with respect to the heading of the 
airplane. The beacon feature requires of the receiver the same general 
things as does the radar system, except that the beacon frequency is 
usually different from that of the radar transmitter. For instance, 
most airborne radars for the 3-cm band operate anywhere in a frequency 
band from 9320 to 9430 Mc/sec, the precise frequency depending upon 
the particular transmitter tube used. The beacon receiver responds to 
this whole band of frequencies but its transmitter replies at 9310 Mc/sec— 
outside the band—to reduce confusion between echoes and beacon signals. 
Thus it is required that the switch that turns on the beacon feature 
change the tuning of the receiver from the local transmitter frequency to 

190 
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9310 Mc/sec. A similar arrangement is used in airborne radar for the 
9-cm band. 

To accomplish the change in receiver frequency, it is necessary to 
alter the local-oscillator frequency. In the 9-cm systems that have 
2K28 local-oscillator tubes with external cavities this is accomplished 
through the use of a switch-actuated solenoid that changes the position of 
a tuning plug in the cavity by the correct amount. When the system is 
correctly tuned, the limiting positions of this plug are so adjusted that 
the local oscillator is at the right frequency to receive the radar signal 
at one limit and the beacon signal at the other. To minimize the amount 
of tuning required of the plug, the local oscillator can be operated on the 
low-frequency side of the transmitter frequency and on the high-fre
quency side of the beacon frequency, if the beacon is just outside the band 
on the low-frequency side. With this choice of sidebands, however, there is 
danger of interference between the beacon and the radars at the low-
frequency end of the band because, if the local oscillator is tuned for 
beacon reception, the image frequency of the receiver is in the radar band. 
Because of the danger of such confusion it was at first considered neces
sary to tune the local oscillator to the low-frequency side of the beacon. 
The difficulty of making a tuning plug that would give such a large range 
was, however, very great. 

With tubes of the 723A/B, 2K25, and 726 types, in which the cavity 
is an integral part of the tube, a tuning plug cannot be used. In radar 
sets in which these tubes are used—notably the 3.2-cm airborne systems— 
two separate local-oscillator tubes and coupling circuits are therefore 
provided for each mixer. The tubes are tuned, respectively, to the 
proper frequencies to receive echoes or beacon signals, and the radar-
to-beacon switch turns one off and the other on. One of these oscil
lators is called the radar LO and the other the beacon LO. When the 
723A tube was coupled to the mixer by the insertion of its antenna an 
adjustable amount into the mixer waveguide, an odd number of quarter 
wavelengths away from the effective position of the TR cavity, the 
provision for the beacon feature could be made easily. All that was 
necessary was to drill another hole in the same side of the waveguide or 
in the opposite side and use a second adjustable tube mount. Since 
the oscillators did not operate well in this kind of coupling circuit, and 
because provision for radar and beacon automatic frequency control 
(AFC) demanded more complex arrangements, such mixers are com
pletely obsolete. Instead, the coupling circuits described in Chap. 3 
have become more extensively applied. 

4-2. Single-channel Automatic Frequency Control.—One major 
source of loss of performance of a radar system is the mistuning of the 
receiver resulting in a less-than-maximum sensitivity to echo signals. 
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As shown in Chap. 1, the requirement of frequency stability of the local 
oscillator in the superheterodyne receiver is very stringent. I t has 
consequently been found almost impossible to obtain as good results from 
a radar system in which the local oscillator is tuned manually as from 
one in which it is tuned automatically. As a consequence, all recent 
radar systems include automatic frequency control of the local oscillator. 
This not only removes the frequency-stability requirement from the 
local oscillator but ensures that the oscillator will maintain the i-f differ
ence from the transmitter frequency, even if the transmitter drifts. A 
detailed discussion of the various electronic control circuits is given in 
Chap. 7, and it is the task of the present section to present the details of 
the special microwave components that are used in conjunction with 
these circuits. 

The simplest AFC circuit is one which branches from the i-f amplifier 
after two or three stages of amplification, where such a branch has a 
negligible effect on the receiver noise figure. Since the TR cavity does 
not give complete elimination of the transmitted signal, an i-f beat is 
produced between the local oscillator and the leakage signal from the 
T R cavity. This beat-frequency can be used to actuate the frequency-
control circuits. A circuit of this type was used in some of the first radar 
sets having AFC but it has never been found satisfactory for field-
operated sets. There are several possible reasons for this, no one of 
which has been isolated as the prime source of trouble and eliminated. 
They all stem from the facts that it is impossible to control the power 
level of the leakage signal from the T R cavity, and that this leakage 
signal does not necessarily have the same frequency spectrum as the 
main transmitter signal. The leakage signal has a power level, at the 
mixer crystal, at least 10 and sometimes 100 times the power level of 
the local oscillator. As a result, the mixer is operated at a level far 
above that for which it was designed. There is also the spike energy, of 
very large amplitude but short duration, which definitely gives the TR 
leakage signal a frequency spectrum different from that of the true 
transmitter pulse. In addition, spurious transmitter frequencies, which 
may include a very small fraction of the energy in the main pulse, may 
be transmitted through the fired TR switch to the mixer with the same 
amplitude as the main pulse and the AFC circuit may lock to such a signal 
instead of to the correct one. 

Another argument against this simple kind of AFC is its suscepti
bility to interference signals. A signal, from an external source, just 
large enough to overload the mixer crystal would produce an i-f signal 
of about the same amplitude as produced by the transmitter. I t is 
therefore conceivable that such a signal could compete for control of the 
local oscillator. Schemes involving the use of time-selective gates, 
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synchronized with the transmitter pulse, have been suggested to eliminate 
this difficulty by making the frequency-control circuit sensitive only 
during the period of transmission. Because of other difficulties involved 
in their use, however, gated systems have not been widely employed. 
The net conclusion drawn from experience with the simple AFC scheme 
is that a particular radar system with a given set of components—trans
mitter tube, local-oscillator tube, TR tube and crystal—can be adjusted 
so that it will operate satisfactorily, but that the adjustment is not 
permanent and the system requires frequent readjustment to remain 
operative. . A change of any one of the components involved may 
require readjustments of the circuit to eliminate spurious output voltages 
from the control circuit. The device, therefore, does not stand up well 
under field conditions. 

4-3. Separate-mixer AFC.—As an alternative to the use of the AFC 
system just described a completely separate mixer may be provided for 
the AFC circuit. The input signal is derived from the main transmitter 
signal by way of a path having high attenuation but containing no 
nonlinear elements. The input signal obtained in this way has amplitude 
and frequency characteristics that are identical with those of the trans
mitted pulse. The local oscillator must be the same one that is used 
for the radar mixer, since it is the frequency of this oscillator that must be 
controlled. The AFC circuit following the mixer is thus completely 
separate from the receiver circuit and can therefore have different 
bandpass characteristics if necessary. All the objections to the single-
channel system are eliminated by this scheme, provided that signals 
from the TR switch in the radar mixer do not leak by way of the local-
oscillator path, into the AFC mixer. Under this condition, the amplitude 
of the transmitter signal in the mixer can be set at the most desirable 
level by choice of the attenuation used. The danger of losing control 
to a jamming signal is eliminated because any signal in the main line of 
the system suffers the same attenuation as does the transmitter signal. 
A jamming signal, to cause any trouble, would have to be of about the 
same strength as that of the local-transmitter signal, which is obviously 
impossible. 

The major problem of the separate-channel-AFC system is to operate 
two similar mixers from a single local oscillator, with as large an attenu
ation as possible between the signal circuits of the two mixers by way of 
the local oscillator. In addition, the signal-coupling circuit for the AFC 
mixer must be designed to give the required signal level over whatever 
frequency band is to be used. With regard to the problem of local-
oscillator coupling, it is immediately apparent that the branching to the 
two circuits must occur on the local-oscillator side of the mixer-to-LO coup
ling circuits, since then a signal leaking from one mixer to the other must 
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suffer the coupling attenuation twice. The percentage of leakage signal 
reaching the local-oscillator circuit is the same as the percentage of 
the available LO power coupled to the crystal. From the local-oscillator 
circuit to the second mixer, the leakage signal suffers the same attenu
ation as does the LO power. Thus it is advantageous to have a local 
oscillator with a large available power, coupled to the crystal through 
a large amount of attenuation. 

In the 10-cm region where coaxial-line mixers are used, coupled to the 
local oscillator by means of cables, the double-mixer scheme is provided 
through the use of two simple mixers connected by separate cables to 
separate pickup loops in the local-oscillator cavity. Each of the loops is 
tightly coupled to the cavity so that sufficient power is incident in the 

Radar mixer 

To i-f amplifier 

F I G . 4 1 . -

ToAFC 
circuit 

-Block diagram of r-f circuit for separate-channel radar and AFC coaxial line 
mixers, (a) Double-loop LO coupling; (6) single-loop LO coupling. 

LO injection circuit of each mixer to allow reasonably weak coupling. 
The attenuation between the two signal circuits, known as the "cross" 
attenuation, is increased because the signal must travel between the 
loops in the oscillator cavity. Since the cavity is resonant at the local-
oscillator frequency, which differs from the signal frequency by the 
intermediate frequency, there is some reflection of the signal and a 
consequent increase in cross attenuation. If oscillator tubes having 
only a single output line (such as tubes of the 726 type), are used, the 
two mixers must be connected by a branched line or T-junction. The 
effect of the detuned local oscillator can be obtained through the choice 
of the line length between the local oscillator and the T-junction. If 
this length is so chosen that the line into the local oscillator acts as a 
short-circuiting stub when the local oscillator is detuned, the maximum 
attenuation is obtained. With tubes such as those of the 726 type, 
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0.90 1.10 

the proper length of this line varies greatly with frequency because of the 
relatively long line included in the tube. Consequently, the amount of 
attenuation gained over a frequency band of several per cent is small and 
perhaps not worth the effort of determining the best line length. Single-
loop T-junctions have been used with cavity oscillators such as the 2K28. 
For these oscillators the effective stub-line length can be made only 
one-half wavelength and the attenuation gained is therefore large. A 
block diagram illustrating these two connections is given in Fig. 4-la and 
b. Figure 4-2 shows the added cross attenuation due to reflection at the 
T-junction as a function of frequency. I t has been assumed here that 
the admittance of the stub line 
ending in the loop has the frequency 
dependence of a half-wavelength 
short-circuited line, and that the 
local-oscillator cavity is completely 
nonresonant at the signal frequency. 
The reflection coefficient for a wave 
traveling toward the cavity in this 
line is therefore unity. The line is 
made to be resonant at the midband 
wavelength, and the curve shows 
the reflection loss as a function of 
the ratio of the actual signal fre
quency to this midband frequency. 
In practice, somewhat less attenu
ation than this will be achieved, especially near resonance. For a longer 
line, such as would result with a tube of the 726 type, the frequency 
scale may be changed by the appropriate factor. 

I t is important, when trying to supply two mixers with local-oscillator 
power from a single oscillator, that the standing-wave ratio in the local-
oscillator cables be small. This can be accomplished through the use of 
attenuating cables or by means of the resistor-disk terminations in the 
local-oscillator circuits of the mixers, as described in Chap. 3. The 
splitting of the power between the two circuits at the T-junction is 
determined by the admittances which appear in parallel. If a large 
standing-wave ratio existed in the lines between the mixers and junction, 
a large conductance could result for one line and a small one for the other, 
with the result that one mixer would receive almost all of the available 
local-oscillator power, and the other almost none. With a situation 
giving equal splitting of the power, about 20 mw of power may be sent 
to each mixer. Since each crystal requires about 0.5 mw of local-
oscillator drive, the attenuation between the mixer circuit and the local-
oscillator circuit is about 16 db. Thus the cross attenuation, neglecting 

0.95 1.0 1.05 
Relative frequency 

FIG. 4-2.—Added cross-attenuation due 
to reflection at T-junction vs. relative fre
quency, with half-wavelength line between 
the T-junction and the local-oscillator 
cavity. 
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the contribution of the power-splitting circuit, is about 32 db. If the 
amount of TR leakage power is 50 mw, the signal that it produces in 
the AFC mixer is, therefore, reduced to about 0.03 mw. Since the AFC 
signal is set at about 2 mw, it exceeds the spurious signal from the TR 
switch by at least 18 db. A larger safety factor than this is to be desired, 
and the additional attenuation by the LO cavity or by the T-junction 
is helpful. 

4-4. The Coupling of the Transmitter Sample.—The sample of trans
mitted power that constitutes the signal in the AFC mixer is usually 
coupled through a "cutoff" attenuator to the mixer. This consists of a 
circular pipe of too small a diameter to allow unattenuated propagation 
of the wave in question. The coupling of this attenuator to the main 
transmitter waveguide or coaxial line is accomplished by means of a hole 
in the wall of that line; the coupling to the mixer is done by the conven
tional loop or iris. The action of the cutoff attenuator may be analyzed 
in the following w'ay. The wave traveling along any waveguide is 
described by the relation 

E = £>-'<"<-'=*>, 

where oi is 2ir times the frequency, E is the amplitude at the point x and 
at the time t and E0 is the maximum amplitude. The quanti ty k is the 
wave number and is equal to 2ir/X0, where X„ is the wavelength in the 
waveguide. This is 

2TT :M^ 
where X„ is the cutoff wavelength of the waveguide and X0 is the free-space 
wavelength of the wave in question. Thus, the wave is described by 

E = ̂ ''[^(s)'-1]* (1) 
times the term in the time. For wavelengths longer than the cutoff 
wavelength, the quantity in the radical is negative and the wave does not 
propagate in the ordinary sense. Equation (1) can then be written in 
the form 

-[|V^W> E = E0e 
showing that an exponential decrease in amplitude occurs for a wave
length longer than the cutoff value. The ratio El/E2 is the power 
attenuation between points that are x centimeters apart in the waveguide, 
if X,. is expressed in centimeters. Written in decibels, this attenuation is 

A = — l o g 1 0 e \ / l -\r.) x 

<£U„-,ei*. 
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For a guide of circular cross section, the cutoff wavelength of the lowest 
mode is 1.71 times the diameter. Thus 

A=*£jl- 2.92(0,. (2) 
If the diameter is small compared with the wavelength, the attenuation 
is independent of the wavelength. This is a desirable property for an 
AFC mixer that is to be used over a wide band. For diameters this small, 
the attenuation is just 31.9 db per diameter. 

The amount of attenuation needed is the ratio of the transmitted 
power to the signal level desired in the mixer. For a SOO-kw system and 
2 mw in the mixer this is 2.5 X 108, or 84 db. I t is not possible to use an 
attenuator pipe giving 84 db in its length, however, because the coupling 
factors between the main waveguide and the attenuator and between the 
attenuator and the loop of the mixer must be taken into account. For 
this reason the attenuator should be designed for an attenuation about 
30 db less than the total, to allow a large decoupling factor, so that the 
reflection of the main signal in the transmitter line of the system will be 
small. I t is difficult to calculate the end effects and the final design of 
the attenuator is best found experimentally. One tentative unit can 
be built and tested and then corrected, by means of Eq. (2), to give the 
right power level at the mixer crystal. 

A serious shortcoming of the cutoff attenuator in this application is 
that it has no attenuation at wavelengths shorter than its cutoff wave
length. In a particular example a cutoff attenuator was used that did 
not transmit frequencies as high as the sixth harmonic but transmitted 
the seventh and higher. I t was found that trouble with the AFC circuit 
was attributable to the presence of signals in this high-frequency range 
in the mixer. The system operated at 10 cm but a large signal could be 
detected in a crystal mounted in a 1.25-cm waveguide (0.170 by 0.420 in. 
ID) of sufficient length to attenuate the 10-cm signal to a negligible level 
when that waveguide was held in the position of the AFC mixer at the 
output iris of the cutoff attenuator. I t might be argued that an attenu
ator of smaller diameter would be the solution, but just how much smaller 
it would have to be would be a difficult question. I t was thought better 
to add to the cutoff attenuator a device that would have increasing attenu
ation with increasing frequency. A satisfactory device of this kind was 
found in the form of a sheet of carbon-coated Bakelite resistance card of 
500 ohms per square. The card was cut into a rectangle of a width equal 
to the diameter of the attenuator and a length about a quarter-inch less 
than the distance from the waveguide end of the attenuator to the loop 
of the mixer. When this sheet was inserted into the attenuator so that 
its plane was in the plane of the electric field vector in the attenuator, 
the high-frequency transmission was reduced well below the point of 
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being troublesome. The attenuation of the power at the fundamental 
frequency was affected very little and the specific resistance of the strip 
was found to be of little importance to its efficiency in attenuating the 
high-frequency components. All attenuators subsequently designed 
contained dissipative attenuators as a precaution against trouble with 
high frequencies. For the 3-cm band a short cylinder of polyiron, 
inserted into the attenuator, is found to be more effective than the 
resistive sheet. At 1.25 cm, a matched polyiron attenuator in the mixer 
waveguide is used in addition to the cutoff attenuator. This polyiron 
attenuator is designed to give an attenuation of 20 db at the fundamental 
frequency. I t is used also to reduce the leakage of transmitter signal into 
the AFC mixer at the joint between the cutoff attenuator and the mixer 

F I G . 4-3.—Coupling attenuator for AFC, used in 10-cm, 500- to 1000-kw waveguide 
systems. 

waveguide. Because the polyiron pad is matched into the waveguide 
from both directions, it also provides a matched generator for the AFC 
signal at the mixer crystal. The direct use of the cutoff attenuator, on 
the other hand, provides essentially a constant-voltage generator, with 
the result tha t the power level at the mixer crystal is strongly dependent 
on the crystal admittance. The matched resistive attenuator, however, 
cannot be used with a mixer having an LO coupling circuit tha t requires 
reflection of the local-oscillator wave that travels toward the signal line. 
Mixers intended for use with a narrow-band T R switch, therefore, cannot 
be used with such an attenuator. 

Figure 4-3 shows an attenuator used to derive the AFC signal in a 
10-cm, 500-kw waveguide system. The attenuator can be coupled on 
either the wide or the narrow side of the waveguide, but on the wide 
side it must be in the center. A loop-coupled mixer (see Fig. 3-40) is 
mounted on the other end of the attenuator and the plane of the loop is 
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the same as the plane of the resistance strip and the electric field vector 
in the attenuator. 

4-5. Two-channel Mixers for All-waveguide Systems.—In the 
1.25-cm and the 3.13- to 3.53-cm bands, where the local oscillator must be 
coupled to the mixer through waveguide, the two-channel mixer is made in 
a single unit. By means of the coupling circuit of the channel or iris type 
described in Sec. 3-5, one mixer is coupled on each side of the local-
oscillator waveguide. Figures 4-4 and 4-5 show the most commonly 
used mixers employing these principles in the two bands mentioned. 
All indicated dimensions are equivalent electrical lengths and must be 
corrected for end effects, as discussed in the preceding chapter. The 
entire 1.25-cm mixer, including the coupling chokes, is machined from a 
solid brass block. Figure 4-5 shows the 20-db polyiron attenuator just 

F I G . 4-4.—Two-channel mixer for use in the 3.3-cm wavelength band. 

described, in place in the AFC mixer. The coupling to the main wave
guide is through a small hole in the wall at the end of the waveguide 
running from the main guide to the mixer, and the size of the hole is 
chosen to give the required total attenuation between the transmitter 
and the AFC mixer crystal. 

Because it would be very difficult to make the duplexer and mixer to 
such close tolerances that both the radar mixer and the AFC mixer could 
be rigidly connected to the duplexer, these two pieces have been so 
designed that one limit of the tolerances brings both channels into contact 
with their corresponding members on the duplexer and the other limit 
leaves a gap on the AFC side. The only danger this entails is that of 
leakage of signal into the AFC mixer from the outside. As has been 
mentioned, the dissipative attenuator in the 1.25-cm mixer reduces that 
danger. In the 3.3-cm mixer, this difficulty is eliminated by the inclusion 
of the cutoff attenuator as a part of the mixer rather than as a part of the 
duplexer. 
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In both these mixers a resistance strip is used as a matched load in 
the local-oscillator waveguide. This strip has an effect analogous to 
that of the resistor disk used in the coaxial-line mixers. I t has a con
ductance equal to the characteristic admittance of the waveguide plus a 
capacitive susceptance due to the dielectric constant of the Bakelite 
base. This susceptance is resonated out by short-circuiting the wave
guide less than a quarter wavelength behind the strip. The specific 

resistance used at 3.3 cm is 500 ohms per square and the distance from the 
back of the strip to the end wall is 0.265 in. In the 1.25-cm waveguide a 
400-ohm-pcr-square material and a distance of 0.048 in. gives the best 
match. These terminations are very compact and simple to construct, 
and give a degree of match and a bandwidth adequate for the purposes 
used here. The voltage standing-wave ratio obtained in this way is less 
than 1.10 at midband and remains under 1.4 over a band of plus or minus 
5 per cent. 

The reflection produced in the local-oscillator waveguide by the two 
coupling devices is more serious than that produced by one. In the 
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3.3-cm example the coupling iris on one side has been operated with a 
fixed post so that it is beyond resonance with the adjustment screw 
removed, as has been discussed in Sec. 3-5. With the other iris operated 
as an inductive susceptance, the reflections from the two irises tend to 
compensate each other. In the 1.25-cm example no serious trouble was 
caused by the reflections by the coupling channels, but the reflection 
could be reduced, if necessary, by placing the two channels a quarter 
wavelength apart on the local-oscillator waveguide. This would require, 
however, that the mixer be asymmetrical. The coupling channels used 
at 1.25 cm are different from those discussed in Sec. 3-5 in that they are 
connected to the mixer waveguide behind the crystals. An equivalent 
network for this junction has been worked out by Schwinger's method 
and may be found in Vol. 10 of this series. Coupling of this type gives 
less freedom than the symmetrical couplers between the crystal and the 
TR cavity because the spacing between the crystal and the TR cavity 
must be so chosen that the reflection of the local-oscillator wave by the 
TR cavity does not produce a voltage node at the position of the crossbar 
transition to the crystal. 

All the other details of the mixers, such as the crystal mounts, the 
methods of bringing out the beat frequency, and the method of adjusting 
the local-oscillator coupling have been discussed in Chap. 3. More 
detailed dimensional drawings of these mixers will be found in the group 
of drawings at the end of the present chapter. The cross attenuation 
achieved with these mixers is determined, as in the 10-cm example, by the 
available local-oscillator power and, in decibels, is about twice the attenua
tion between the local oscillator and a single crystal. Measurement on 
the 3.3-cm mixer with a 2K25 local-oscillator tube shows that a cross 
attenuation of at least 30 db can be obtained at all wavelengths in the 
3.13- to 3.53-cm band. 

4-6. A Mixer Employing Directional Couplers.—A mixer with greater 
cross attenuation, if needed, could be made using the directional-coupler 
principle. A sketch of a mixer of this kind is shown in Fig. 4-6. The TR 
leakage power that reaches the local-oscillator waveguide travels toward 
the dummy load, and only that which is reflected by the load passes 
the directional coupler that leads to the AFC mixer. The TR leakage 
power that is coupled into the AFC mixer, therefore, travels toward the 
AFC attenuator and, since a matched dissipative attenuator is used, 
none of this power arrives at the AFC crystal. There is a reflection of 
TR leakage power by the radar mixer crystal and some of this is coupled 
into the AFC mixer waveguide, but this also travels toward the attenu
ator and not toward the crystal. The only coupling between the TR 
leakage signal and the AFC mixer crystal is by reflection of the wave 
reflected by the radar crystal from the local-oscillator attenuator. 
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Since the local-oscillator attenuator must have a small attenuation (only 
sufficient to give the required adjustment range) the reflection may be 
large. Thus, the cross attenuation is the attenuation of the two direc
tional couplers plus an amount dependent on the reflection coefficient of 
the mixer crystal at the level of the T R leakage power and on the reflec
tion coefficient of the local oscillator and attenuator. No mixers of this 
type have been used because the simpler ones seem to have sufficient 
cross attenuation with most oscillator tubes. This mixer would be diffi
cult to fit into the space available in the usual duplexing system. A 

Small variabje 
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F I G . 4-6.—Two-channel mixer with directional coupler, for large cross attenuation. 

much better two-channel mixer, which can be used with a local oscillator 
of limited output power, will be described in Chap. 6. 

LOAD-DEPENDENT PROPERTIES OF OSCILLATORS 
In all of the mixer designs so far presented, provision has been made 

for a very definite kind of load admittance at the local-oscillator tube. 
Before proceeding with the discussion of multiple-function mixers, the 
behavior of local oscillators, as a function of the load admittance pre
sented to them, will be qualitatively described. From this discussion it 
should become evident that the provision of a definite load admittance 
for the local oscillator is a very important part of the design of a micro
wave mixer. Previous to the general recognition of this fact, many 
mixers were designed without such provisions (the coupling obtained 
by varying the antenna insertion of the 723A/B tube is an example), 
and their operation in field radar systems was anything but trouble-free. 
For the separate beacon local oscillator in one mixer, for example, a 
special selection of oscillator tubes was required, since only a small 
percentage of otherwise perfect tubes would operate properly in the cir
cuit. The property of the tube which governed its proper operation 
in the circuit was not included in the tube specifications. I t was there-
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Oscillator tank circuit 

fore possible to design a circuit in which all tubes of a given type would 
operate at the time of the circuit design, but in which later samples of the 
same type of tube might be unsatisfactory. 

4-7. The Rieke Diagram.—In order to decide upon an output load 
for any kind of self-excited oscillator, it is helpful to plot a "Rieke 
diagram" of the tube. This is done by measuring the oscillator power 
and frequency as a function of the load admittance presented at some 
point in the output circuit of the oscillator. A plot of these data, in the 
form of contours of constant power and contours of constant frequency, 
on a Smith admittance diagram is called the Rieke diagram for the tube. 

Suppose that the oscillator may be represented as the shunt-tuned 
tank circuit of Fig. 4-7. For a simple reflex klystron, this tank circuit is 
the cavity resonator of the oscillator. The voltage built up across the 
resonator is not independent of the load admittance. From this repre
sentation, however, it is obvious 
that the power delivered to the 
load must depend upon the con
ductance of the load and must go 
to zero if that conductance goes to 
zero, because of the presence of 
the shunt conductance gs result
ing from resistive losses of the 
cavity. If the load conductance 
increases unduly, the oscillator 
may become overloaded to such an 
extent that the power circulating in the tank circuit is insufficient to 
maintain the oscillation through the feedback circuit and the oscillations 
cease. Thus, there must be a load conductance that gives a maximum 
of power delivered. 

The susceptance component of the load admittance, on the other 
hand, adds to the susceptance of the tank circuit. If the susceptance 
of the load varies slowly with frequency, a change in its value causes the 
oscillator frequency to change until the tank circuit contributes a sus
ceptance that cancels the load susceptance. This is because the feedback 
efficiency is greatest at the frequency of zero total susceptance, and the 
voltage built up across the tank circuit is therefore largest at this fre
quency. I t is now apparent that plots of contours of constant delivered 
power and contours of constant frequency against the load admittance, 
as measured in the tank circuit, would resemble Fig. 4-8. The contours 
of constant power are circles of constant conductance and the contours of 
constant frequency are the circles of constant susceptance. The amount 
of frequency change per unit susceptance depends upon the Q of the 
resonant cavity of the oscillator. The "pulling figure" for the tube— 
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F I G . 4-7.—Circuit representing oscillator tank 
circuit and load admittance. 
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that is, the maximum frequency change when a load admittance causing 
a voltage standing-wave ratio of 1.5 is varied through all phases—is 
closely related to the Q of the resonator. These relationships are not the 
subjects of the present discussion; for a detailed discussion of the Rieke 
diagram, the reader is referred to Vol. 7 of this series. The important 
region for the present purposes is the circular region of the diagram, 
called the "sink," in which the oscillator does not operate at all. Load 
admittances that fall in this region must be avoided if the oscillator is to 
be expected to operate. 

F I G . 4-8.— Jlieko diagram for ideal oscillator. Curves of constant power are labeled with 
percentages of maximum power available. 

The discussion so far has been concerned with the load admittance as 
measured at the tube itself. In practice there is some kind of output 
coupling circuit and, therefore, the admittances that can actually be 
measured are those at some point in the output line. Since the electrical 
distance between this point and a reference point within the tube varies 
with frequency, the actual Rieke diagram is a distorted version of that 
shown in Fig. 4-8. The fact that the coupling circuit cannot be com
pletely nondissipative limits the range of admittances presented to the 
tube when the whole complex plane is covered at the point of measure
ment. As a result, the contours of constant power do not follow the 
constant-conductance circles and do not close in the regions of large 
susceptance. Moreover, the region of the sink does not remain circular. 
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The contours of constant frequency are no longer the circles of constant 
susceptance, but qualitatively they retain the property of being ortho
gonal to the contours of constant power. An actual Rieke diagram for 
a 2K25 oscillator is shown in Fig. 4-9. The admittance plotted is that 
measured in the waveguide of a standard test mount, at the plane of 
the antenna of the. 2K25. 

The Rieke diagram for the 2K25 oscillator changes rapidly with the 
"matched load" frequency of the tube. This change can be accounted 
for by the relatively long length of the output coupling line between the 
tube cavity and the point in the waveguide at which the admittances are 
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F I G . 4-9.—Rickc diagram for a 2K25 oscillator. 

measured. The electrical length of this line varies with wavelength 
and, as a result, the Rieke diagram rotates on the admittance chart as the 
wavelength is altered. If a matched load on the waveguide does no.t 
result in unity standing-wave ratio in the coaxial output line there is 
also a radial shift of the diagram with wavelength. Two things become 
apparent from this consideration. First, a given load admittance must 
not be crossed by the sink for any wavelength in the band to be used. 
Second, if the rotation encountered over the band becomes as much as 
one-half wavelength, the only safe region for the load admittance is 
very near the center of the diagram, provided there is not excessive 
translation of the diagram with wavelength. The specification test of 
the 2K25 ensures that the sink does not overlap the portion of the dia
gram which represents the matched-load condition of the mount when the 
tube is operated in a mount identical with the test mount, because the 
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tube must operate continuously in this mount from one end of its tuning 
range to the other. Thus, it is evident that the only load admittance 
that is safe to use in mixer design is that presented by the test mount. 

When the output coupling circuit is not a part of the oscillator tube, 
as is true for the 10-cm 2K28, the situation is different. For a given 
frequency the output coupling loop can be adjusted to give the required 
output power, up to the maximum power obtainable from the tube. 
If the loading is increased beyond the value for maximum power, the 
conductance may be in the region of the sink. If, however, the output 
line is several wavelengths long and there is a large standing-wave 
ratio in the line, the load admittance presented by a given output-loop 
adjustment changes rapidly with wavelength and a good adjustment at 
one wavelength may easily result in overload at an adjacent wavelength. 
This is a good argument for the resistor-disk matched load provided in 
the LO coupling circuit of the 10-cm coaxial-line mixers. 

A more careful consideration of the Rieke diagram of the transmitting 
oscillator is necessary, since the pulling figure is of considerable signifi
cance. The output circuit is designed on the basis of a compromise 
between pulling figure and delivered power; hence, somewhat less than the 
maximum available power is obtained. For local-oscillator applications 
the pulling figure is not of the same importance, although it must be 
considered under some conditions. 

It should be pointed out that the Rieke diagram of a reflex-klystron 
oscillator is not independent of the reflector mode in which the tube is 
operated. Usually the sink covers a larger region on the diagram as the 
reflector voltage is increased from one mode to the next. I t is not 
sufficient, therefore, to provide a load circuit identical with the test 
mount unless the tube is to be operated in the same mode as that specified 
in the tests. Although it may often seem that somewhat greater output 
power is available in a mode of higher reflector voltage than in the one 
used in the tests, designing on this basis is not safe. At some frequencies 
the sink may enclose the matched-load point of the diagram for a higher-
voltage mode and there will be no output power at these frequencies. 

The presence of the overload condition at some frequency cannot 
always be discovered by merely tuning the tube through the frequency 
range and observing that power is obtained at all positions of the tuning 
mechanism. The tube may jump suddenly over the frequencies at which 
it cannot oscillate, if the frequency sensitivity of the load admittance is 
high. The tube may be more thoroughly tested for operation in a 
mixer by superimposing on the steady reflector voltage a sawtooth sweep 
voltage of sufficient amplitude to sweep the tube through the desired 
mode of oscillation. If the same voltage is applied to the horizontal 
deflection plates of a cathode-ray oscilloscope and if the vertical deflection 
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is made to show the rectified voltage of the mixer crystal, a plot of the 
oscillator output power vs. frequency results. A plot of such a presenta
tion is shown as the solid curve in Fig. 4-10. As the tube is tuned, this 
mode pattern moves slowly along the voltage axis because the reflector 
voltage required to maintain oscillation changes, but it maintains 
substantially the same shape. I t may, of course, grow larger or smaller, 
in the vertical direction, as the coupling factor for the LO coupling 
circuit changes with frequency. If, however, the overload condition 
occurs at some frequency, the curve becomes suddenly smaller as this 
frequency is approached and usually shows sharp drops at the sides, as 
shown by the dashed lines of Fig. 4-10. The evidence of oscillation may 
disappear altogether over a short range of the tuning mechanism and 
reappear as the tuning is continued, but with the pattern centered at a 
different voltage. Finally, the pattern will regain its original shape as 

I / i 

I a i u v 
Reflector voltage _ 

F I G . 4-10.—Output power vs. LO 
reflector voltage for normal and for over
load conditions. 

J 
ing 
sides 

Voltage 

'IG. 4-11.—Overload condition, allow-
oscillation at frequencies on both 
ot a discontinuity, in a single mode 

the frequency becomes sufficiently removed from the critical frequency on 
the other side. In some cases the overload at a particular frequency 
appears over so narrow a frequency range as to allow oscillation on both 
sides of this range in a single reflector-voltage mode. Then the ampli
tude falls abruptly to zero over a small range of reflector voltage, as 
shown in Fig. 4-11. As the tube is tuned away from this region, the 
half of the mode that corresponds to frequencies on this side of the over
loaded frequencies swells and finally becomes the full mode of the nor
mally loaded oscillator. The other half disappears completely for a 
small tuning away from the symmetrical case. The beginning of this 
effect is indicated by the dashed curve of Fig. 4-11. 

That the situation of a broken curve such as shown in Fig. 4-11 does 
correspond to a frequency jump can be confirmed through the use of a 
reaction wayemeter, coupled to the mixer in such a way that a dip in the 
crystal current occurs at resonance for the wavemeter. Since each 
point of the curves of rectified crystal voltage vs. reflector voltage 
corresponds to a different frequency, in accordance with the electronic 
tuning principle, a dip in the curve, which moves along as the wavemeter 
is tuned, results. In a situation such as that illustrated in Fig. 4-11, the 
wavemeter dip moves smoothly through one-half of the curve and then 
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disappears for a considerable range of frequency as the wavemeter is 
tuned. Finally, it reappears at the inside edge of the second part of the 
mode and moves smoothly on to the end of the mode. The region of 
frequency skipped is usually much greater than that covered by the 
ordinary electronic tuning for a change of reflector voltage equal to 
that of the blank region. This is understandable because the two sides 
of the sink of the Rieke diagram represent extreme values of frequency 
pulling in opposite directions. 

A less noticeable but very serious kind of frequency discontinuity 
sometimes occurs if the load on the oscillator is highly frequency-sensitive. 
Such a load results with a 2K25 if the tube is tightly coupled to a wave
guide in which a very large standing-wave ratio exists. In a situation 
of this kind, the test described in the preceding paragraph may show a 
normal oscillator mode at all tuning conditions, except for a small cusp 
which moves through the mode as the tube is tuned. This is shown in 
Fig. 4T2. The cusp is often so small that it can go unnoticed unless the 
observer is looking specifically for it. The cusp would almost certainly 
be regarded as of little consequence since it appears to be no more serious 
than a small drop in available 
power, similar to that produced by 
the reaction wavemeter. If, how- s 

o 
ever, the wavemeter test is made, f!" 
a continuous variation of frequency -S-
is found up to the cusp, and at this ° 
point the wavemeter indication dis
appears. Before the wavemeter Reflector voltage 
indication reappears on the other FlG- 4-12.—Oscillator-mode pattern, show-

. , „ , , , . ., , irig discontinuity. 
side oi the dip, the wavemeter may 
have to be tuned through 1 or 2 per cent, showing that there is a 1 or 
2 per cent gap in the spectrum of available frequencies from the tube 
operating into this load. If the tube is mechanically tuned, the dis
continuity moves in the mode, but the wavemeter test shows that substan
tially the same frequency band is always skipped with a particular tube. 

This effect can also be explained as a result of the sink of the Rieke 
diagram, the difference being that the load circuit is sufficiently frequency-
sensitive to allow the tube to find a frequency at which it can oscillate at 
any tuning condition. As the frequency of the tube approaches the 
frequency at which the load is in the overload region it simply jumps 
across to a frequency on the other side of the sink. This change in 
frequency alters both the position of the sink on the Rieke diagram and 
the admittance presented by the load. 

Attempts were made to use the 723A/B tube in a double-mixer 
circuit in which the oscillator was coupled directly into a resonant 
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cavity. The load presented to the antenna of the tube by the resonant 
cavity was very frequency-sensitive and was far from the center of the 
Rieke diagram of the tube. For any tube a frequency discontinuity of 
this type could be found but the frequency region skipped varied con
siderably from tube to tube, corresponding to a variation, among tubes, 
of the electrical length of the coaxial output line. Thus, a measurement 
of the Rieke diagram of these tubes would show a considerable variation 
in the position of the sink. To make a mixer that would operate with 
any tube, in even a narrow band of frequencies, it was found necessary to 
make the discontinuity caused by the resonator circuit fall at a frequency 
several per cent outside the band, for an average tube. As a result the 
load condition on the average tube was such that only a small amount of 
energy was stored in the resonator. The coupling required between 
the resonator and the mixer to give sufficient power at the crystal resulted 
in a large reaction of the local-oscillator circuit on the signal circuit in 
the mixer. The aim of achieving increased cross attenuation between 
the AFC and radar mixers was not realized, and in fact, the mixers 
designed on this principle were quite unsatisfactory. All subsequent 
designs were based on the provision of matched-load conditions for the 
local oscillator, in the fashion already described. 

4-8. Frequency Discontinuities Caused by High-Q Load Circuits.— 
A discontinuity of another type in the operation of an oscillator results 
if the load circuit is highly frequency-sensitive. In many cases it is 
desirable to couple a resonant cavity to the local oscillator of a mixer 
for frequency reference. If this is attempted it is usually found to be 
very difficult to make the coupling in such a way that the oscillator may 
be tuned smoothly through the cavity resonance. For almost any 
reasonable coupling a discontinuity results, if not for all tubes at least 
for some samples. 

At first thought it might be supposed that it would be necessary only 
to restrict the admittance contour of the load circuit to a region of the 
Rieke diagram not including the sink. If this is done, frequency dis
continuities can still be found if the rate of transit of the load contour 
with respect to frequency is sufficiently rapid. To understand how this 
comes about, let us consider an idealized example. Associated with the 
tank circuit of the oscillator there is a susceptance which changes at a 
certain rate with frequency in the vicinity of resonance and which is 
zero at the frequency of oscillation. Tuning the tube either electronically 
or by alteration of the cavity resonator (the microwave tank circuit) 
may be considered as adding a positive or negative susceptance to the 
circuit so that the zero occurs at a different frequency. To a very good 
approximation, the susceptance of the tank circuit increases linearly with 
frequency as shown in Fig. 4-13. To tune the oscillator from the fre-
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quency corresponding to A to that corresponding to B, the addition 
of a susceptance varying from — S to +<S is required. This statement is 
valid, however, only if the load offers no susceptance in addition to that 
of the tank circuit. If the load does add a susceptance that varies only 
slowly with frequency, the effect is similar to that of the hypothetical 
tuning susceptance, and the oscillator frequency is said to be pulled 
by the load. 

Suppose the load includes a resonant cavity, in addition to a matched 
load at frequencies at which the cavity is nonresonant. In Fig. 4-14 such 
a load circuit, conforming to the load specifications for the 2K25, is 
shown. The cavity appears as a short circuit at frequencies removed 
from the resonant frequency and the circuit is identical with the test 
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Is 
i 

/ 

*S v-v, 
B 

—»-| 1 cm [i— 
FIG. 4-13.—Susceptance of oscillator tank 

circuit vs. frequency. 

Cavity 
load 

FIG. 4-14.—Resonant load circuit fo 
2K25 oscillator. 

m o u n t is those regions. I n t he v ic in i ty of resonance, the cav i ty a d m i t 
tance t raverses a circle on a Smi th cha r t in accordance wi th t he formula 

Y = &0 + ?>2 . •2(v Co) 

bivn 
Yo, (3) 

where S0 is the reciprocal of Q0, the unloaded Q of the cavity, di is the 
reciprocal Q of the input circuit, &2 is the reciprocal Q of the output 
circuit, v is the oscillator frequency and c0 is the resonant frequency of the 
cavity. This formula can be derived from the equivalent shunt-circuit 
resonator at low frequency where the admittance is given by 

Y = g0 + ff2 + j (- " i) 
where u is 2irv, g0 is the shunt conductance of the tuned circuit, and 
gi is the conductance of the output circuit. Using the lumped-constants 
circuit formula for Q, 
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and the resonance condition, uj = 1/LC, the equivalent circuit admit
tance is 

Y = 5„ + 52 + j 20 "0> "0 + V 
2v °>oC, 

or, to a very good approximation, for \(v — vo)/vo\ < < 1, 

■ |"2Q - yp)" F = \So + d2 + j CoC. 

The admittance terminating the input line is this quantity transformed by 
an amount dependent on the input coupling, which is measured by 

x - gi 

where 5i is the reciprocal Q of the input circuit with the input line matched 
back. Dividing by gi thus gives the admittance in units of the char
acteristic admittance of the input line, as in Eq. (3). 

The load presented to the antenna of the tube in the circuit of Fig. 
4-14 consists of the sum of the matched-load admittance Y0 and that of 
the cavity, transformed to its reciprocal by the quarter-wavelength line. 
Thus the total load admittance is 

YL = r„ ̂ i + 
where Ay is substituted for (; 

= r„ (I 

YL = &l + 2S0Sa + Mo + M2 + Si + 4AK2 - J2AVJ! 
(So + 52)2 + 4A„2 Ya. (4) 

On an admittance chart this result can be obtained by the steps illus
trated in Fig. 4-15. In Fig. 4-15a is shown the admittance of the cavity 
alone, traversed in the direction of the arrow with increasing frequency 
and with resonance corresponding to the intersection with the conduct
ance axis. In Fig. 4T5b is shown the circle representing the admittance 
of the cavity at the end of a quarter wavelength of line, and in Fig. 4-15c 
is shown the locus of this admittance combined with the matched-load 
admittance terminating the line in the other direction. The point to be 
made now is that the contour of load admittance may lie entirely within 
the acceptable region of the Rieke diagram for the oscillator, but may 
give rise to frequency discontinuities in the operation of the tube by 
virtue of an excessive rate of change of susceptance with frequency. 
The tendency for this to occur is greatest, for the circuit under discussion, 
if the effective length of the line between the oscillator tube and its 
antenna in the waveguide is an integral number of half wavelengths. 
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The added susceptance of the load circuit has a negative rate of change 
with respect to frequency in the vicinity of resonance for the load cavity. 
Thus, it tends to counteract the positive rate of change of susceptance of 
the oscillator cavity. Since the frequency stability of the oscillator is 
derived from the positive rate of change of susceptance of its tank circuit, 
the addition of this load circuit reduces the stability by an amount 

ta> (6) <c) 
F I G . 4-15 a, b, c.—Locus of load admittance vs. frequency, for cavity in place of the short 

circuit in the standard tube mount. 

depending on the ratio of the negative rate of change of susceptance of the 
load circuit to the positive rate of change of susceptance of the tank 
circuit. The situation may be illustrated graphically as in Fig. 4-16. 
The susceptance of the tank circuit is the straight line, as in Fig. 4-13; 
that of the load circuit is the curve passing from positive values at 
frequencies less than the resonant frequency of the cavity to negative 

Susceptance of 

F I G . 4-16.—Diagram of susceptance vs. fre- F I G . 4-17.—Cavity transmission vs. 
quency, illustrating the origin of frequency dis- reflector voltage, illustrating a frequency 
eontinuities caused by a high-Q load circuit. discontinuity caused by the cavity. 

values at higher frequencies; the total susceptance is the sum. In this 
example the rate of change of total susceptance is negative in the vicinity 
of the external cavity resonance; hence the oscillator must be unstable 
at that frequency. Its actual operation, using the concept of the tuning 
mechanism discussed in connection with Fig. 4-13, is the following. If 
the tube is tuned from low frequency through resonance of the external 
cavity, its frequency of oscillation must jump discontinuously from the 
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frequency at A to that at B. Returning, the frequencies between C 
and D are skipped. If the tube is swept in frequency by a sine-wavo 
voltage applied to the reflector, and the cavity transmission is recorded on 
an oscillograph as a function of this voltage, a pattern like that of Fig. 
4-17 is found. 

To avoid the discontinuity, the absolute value of the rate of change of 
susceptance of the load circuit must be kept less, at all frequencies, than 
that of the oscillator circuit itself. I t is necessary to have a measure of 
the rate of change of susceptance of the oscillator circuit at a point in the 
line where the maximum rate of change of the susceptance due to the load 
circuit is known. I t is possible to obtain this quantity from a measure
ment of the pulling figure of the oscillator, since a susceptance added 
to the load admittance of the oscillator must produce a frequency change 
sufficient to make an exactly counterbalancing change of susceptance 
in the oscillator circuit. Thus, the quantity desired is just the reciprocal 
of the measurable frequency pulling per unit susceptance change in 
the load admittance in the waveguide. If C is defined as the frequency 
change in cycles per second per unit change in load susceptance, the 
condition for continuity of oscillation is 

Wm{Y,)\ 
dAv 

v<s 

From Eq. (4), this becomes 

(So + S2)2 - 8AvJ 

25i [(So + S2)2 + 4Ax2]2 c 
or, since the left-hand side is a maximum when t\v is equal to zero, 

2Si . vo 
(So + S2)2 - C (5) 

The evaluation of this formula for some typical conditions will serve 
to point out its implications. First, it is necessary to have a typical 
value of C/v0. This quantity has been ascertained for some 2K25 tubes 
by finding the values of Si, So, and 52 that give continuous operation, and 
applying Eq. (5). I t has been found that the value is not constant for 
different parts of the same mode of the oscillator but is higher off center on 
one side (low-frequency side) than a t the center (maximum power) or on 
the other side. In order to obtain continuous operation to the half-
power point on the low-frequency side of the reflector-voltage mode, 
the left-hand side of Eq. (5) must be made less than about 103 for most 
tubes, so C/va may be taken as 10~3. Thus C represents a frequency 
change of about 11 Mc/sec per unit susceptance at a frequency of 9000 
Mc/sec. Suppose that it is desired to find the input coupling that can 
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be used with a cavity having an unloaded Q of 20,000 and a Q of 10,000 
when the cavity is loaded by the output circuit alone. Application of 
Eq. (5), with (5„ + 52) equal to 10~4, Rives Si less than 5 X 10"f', or the 
Q of the input circuit must be greater than 2 X 105. Since the conduct
ance at resonance, as seen at the antenna of the oscillator tube, is 

(' + s-J J '••■ + So + 

the admittance contour described by the load circuit as a function of 
frequency, corresponding to Fig. 4-15e, must go through F 0 far from 
resonance and through a point somewhere between Y0 and 1.05 Ya at 

I 'm. 4*18.— Susceptance v.-;. lte-uiency for an integral n 
wity and the oscillator, showing stabilization the eavi 

'Uiency for an integral number of half wavelengths between 
1 '" " ' '■ ' - - - - - - - - i u u{ frequency discontinuities. 

resonance. This is certainly a very small excursion and would, at first 
thought, have been regarded as an easily tolerable load line for the tube. 
Thus it is evident that this source of frequency discontinuites in the 
operation of the oscillator must be taken into account when a resonant 
cavity is to be included as a part of the load circuit of the oscillator. 

A possible way in which the tendency of the cavity to produce fre
quency discontinuities can be reduced is to use a different effective line 
length between the cavity and the oscillator. In this way the part of 
the load line which is traversed most rapidly is made to correspond, at the 
oscillator, primarily to a changing conductance, or, for a line differing in 
length by a quarter wavelength from that in the example above, a positive 
rate of change of susceptance. In the latter case the load circuit tends 
to stabilize the oscillator frequency through increasing the total rate of 
change of susceptance. Then a much larger coupling between the 
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oscillator and the cavity can be used. Although discontinuities may still 
be produced when large coupling is used, they will be of a different kind. 
The tube may oscillate, at the resonant frequency of the cavity, with 
greater frequency stability than with a nonresonant load, but two 
discontinuities, one on each side of resonance, occur for high Q's and tight 
coupling. This effect is shown on the susceptance-vs.-frequency plot 
of Fig. -1-18, where discontinuities occur between A and B, C and D and, 
tuning from right to left, between E and F and G and H. The frequency 
stabilization obtained when the oscillator is operating in the region 
between the two discontinuities is such that tuning that would ordinarily 
cause a frequency change from II to D causes only the change from G to C. 
Circuits of this type have been used for frequency-stabilization purposes, 
but the dependence on' the line length between cavity and oscillator 
makes them difficult to put into proper adjustment. When using tubes 
such as the 2K25, in which the coupling line is a part of the tube and 
varies in effective electrical length both with frequency and from tube to 
tube, it is safest to design a cavity load circuit that is satisfactory even 
when the line length is such that the greatest tendency for causing 
discontinuities occurs, if these discontinuities are to be avoided at all 
frequencies and with all tubes. Thus Eq. (5) must be satisfied. 

4-9. The Design of Load Circuits Containing Transmission Cavities.— 
A transmission cavity may be used as a part of the load circuit of the 
local oscillator of a mixer to serve as a frequency reference, either for 
frequency measurement or for automatic frequency control. If the 
presence of the cavity did not affect the operation of the oscillator no 
matter how high its Q, it would be desired to design the circuit to load 
the cavity in such a way as to give the maximum rate of change of 
voltage with respect to frequency at the output terminals of the detector 
following the cavity. This means that, with a cavity of given unloaded 
Q, (Qo = l/^o), and with a square-law detector, the loading should be; 
such that (TQi.) is a maximum, where T is the fraction of the available 
input power to the cavity transmitted to its load and QL is the loaded Q. 
The quantity T can, by arguments similar to those used for Eq. (3T5), 
be shown to be 

r = — 4S±h fa, 
(5, + S2 + «■>)*' W 

so that 

*>■" wrs W "» 
If the partial derivatives of TQ,,, first with respect to 5, and then with 
respect to <5i, are taken, and each set equal to zero, the values of 6, and <52 
giving maximum TQL are found to be 
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Si = 2S2 — So I /o-, 

S2 = 2Si — So 
or 

5i = S2 = So. (9) 
Thus equal loading by the input and the output circuits is desired, and 
the loaded Q is one third of the unloaded Q of the cavity. The fraction 
of available power transmitted to the load is 0.44; that is, the cavity 
has an insertion loss of 3.5 db at resonance. 

The situation is different in practice, however, since, in addition, 
the inequality of Eq. (5) must be satisfied. The limiting case occurs 
when Eq. (5) becomes an equality, or when 

51 - 6(S0 + 52)2 = 0, (10) 
where 

If the condition of Eq. (10) is applied to Eq. (7), there results 

TQL = [i>W+~W+ 1]3(S2 + S0)' ( 1 1 ) 

The maximum value of TQL can be found by differentiation, and the 
values of Si and 52 at this maximum are 

SL = So { S0b ^ 35„fc ^ 3 

So = S„ 

\t + zbb) J}' 
\9 ^ SbdJ 3 j (12) 

If b is taken as the true value of the oscillator, the limiting values of 
Si and So are given by Eqs. (12). With these values the oscillator is 
just on the verge of a discontinuous operation at the cavity resonance 
for the most restrictive cavity-to-oscillator line length. In practice 
a certain safety factor is desirable and this can best be achieved through 
the use of a value for b smaller than the true value by a reasonable 
factor. Equation (12) should be used only when bS0 is less than 0.25. 
Application of Eqs. (12), when b&0 is greater than 0.25, is not desirable, 
because then the inequality of Eq. (5) holds for the optimum value of 
TQL for the cavity alone. Use of Eq. (12) would result in loading that 
gives the maximum TQL compatible with keeping the oscillator on the 
verge of discontinuous operation. In Fig. 4-19 are plotted the values of 
Si/So and S2/50 vs. bba for values of b5o less than 0.25 as given by Eqs. (12). 
From these curves it is evident that an increase in the output loading of 
the cavity is much more effective in reducing the pulling of the local 
oscillator than is decoupling through a decrease in the input loading. 
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By the use of the condition expressed in Eq. (5), the amount of coup
ling which just allows continuous operation with equal input and output 
irises can be calculated. This condition maintains the maximum loaded 
Q for a given transmission loss. The result is 

So 
&2 

So \25ob ] ) ^Ulb-
J_ 
Sob 

(13) 

These values also are plotted in Fig. 4-19. To compare the usefulness 
of the cavity loaded in these two ways, the expressions for TQL may be 
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used. When the effect on the oscillator may be neglected, Eqs. (7) and 
(9) give 

27 i <14> (TQL)a 

In Fig. 4-20 curves are plotted showing the ratio of the product TQL 
obtainable through the use of Eqs. (12) and for the condition of equal 
input and output loads to the maximum for the cavity, given by Eq. (14). 
The calculation for the equal-loading case is simplified for small Sob, 
since Eq. (13) can be reduced to 

file:///25ob
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by expansion of the radical by the binomial theorem, neglecting terms 
in &0b to powers higher than the second. The product TQL for small 
&0b is reduced to 

4 ( U ) -
So (1 + 2506)3 

by this means. 
From these curves the advantage of using larger output loading and 

smaller input loading than those that give minimum transmission loss for 
a given loaded Q is quite evident. 
In practice, a further considera
tion enters: that of the detuning 
of the reference cavity by the in
put and output circuits by varia
tions in the admittance of the 
oscillator circuit or the detector 
circuit. The formulas and curves 
show that, if the rate of change of 
susceptance must be lower than 
that obtained by loading for maxi
mum TQL, the product TQL for 
a given cavity suffers least if the 

reduction is made by increasing the output coupling and decreasing the 
input coupling in accordance with Eqs. (12). Therefore, variations in 
the oscillator admittance pull the cavity frequency less than for maximum 
TQL and variations in the output admittance pull it more. In practice a 
crystal is used as the detector. To reduce the pulling of the cavity by 
the c h a n g e in admittance with 
changes of the crystal, a dissipative 
buffering attenuator is used be
tween the cavity and the crystal. 

440. Load Circuits with Reac
tion Cavities.—One more example 
of the application of Eq. (5) may 
be of interest. I t is sometimes 
desired to couple a reaction wave-
meter cavity to the oscillator. A 
possible circuit would be that of Fig. 4-21, which is identical with Fig. 
4-14 except that the load circuit and output hole of the cavity are not 
present. The condition for continuous operation with this circuit becomes 

«i < bSl 
The marginal condition is given by 

Si 

Reaction 
cavity 

F I G . 4-21.—Circuit for coupling a reaction 
cavity to the local oscillator. 

= bdo 



SEC. 4-11] PADDING 219 

which a few representative numbers will show to be a very restrictive 
condition. For the example cited where b, for the 2K25, was taken as 
500, a cavity with an unloaded Q of 5000 can have a value of 61/60 at most 
equal to 0.1. Thus the voltage standing-wave ratio at resonance cannot 
be less than 10, with the minimum in the plane of the input iris, corres
ponding to the "undercoupled" condition. An absorption of only about 
10 per cent of the available oscillator power gives the circuit, as a reaction 
wavemeter, only about a 10 per cent dip at resonance in the power 
delivered to the main load on the oscillator. With a high-Q cavity, 
such as the TEoi-mode wavemeter commonly used in the 3-cm band, 
660 would be about 0.02 so that 
Si/So could not exceed 0.02 and only 
a 2 per cent dip could be obtained. 

4-11. The Prevention of Fre
quency Discontiunities by Padding. 
A common method of preventing 
discontinuities in frequency caused 
by having a cavity as a part of the 
load circuit is to provide matched 
dissipative attenuation between the 
cavity and the oscillator, as illustrated in Fig. 4-22. The amount of 
attenuation required may be calculated as follows. The reflection coeffici
ent from the cavity is given, without attenuation, by 

^ Y0 - Yc 

"Hcmh*-
Matched 

dissipative 
attenuator 

To matched load 
FIG. 4-22.—Circuit for coupling cavity 

to oscillator with dissipative attenuator 
for decoupling to prevent frequency 
discontinuities. 

Y0+ Yc 

where Yc is the cavity admittance from Eq. (3). If an attenuator 
inserted between the oscillator antenna and the cavity reduces the power 
by a factor r, the reflection coefficient measured at the oscillator antenna 
is also reduced by the factor r, since the wave must transit the attenuator 
twice. Thus the admittance at the oscillator antenna is 

Yr 
1 - r-r 
1 + rV 

for a total path length of an integral number of half wavelengths between 
the cavity and the antenna. 

The reciprocal of this admittance is the quantity desired, since it is 
when the cavity and the oscillator are placed an odd number of quarter 
wavelengths apart that the rate of change of susceptance with frequency 
is negative and so produces frequency discontinuities. Thus 

YL = 1 + rT 
1 - rT 
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For continuous operation of the oscillator, the condition that must be 
met is that the derivative of the imaginary part of YL with respect to 
frequency at the resonance frequency of the cavity vo is less in magnitude 
than the reciprocal of the rate of change of frequency with respect to 
susceptance, defined previously as C, for the oscillator, or 

dBL v0 
JKv c' (15) 

where Ac, v0, and C are all as defined in the previous analysis and BL is 
the imaginary part of YL. The result is 

8r« 

where dr is 50 

(1 " 

M(i -
82 and a is 5 

< H°, 
r)a + (1 + r)Y C 

*)V- + 

This may be written 

(a + l ) 2 > 0. 

(16) 

(17) 

For the marginal condition, that is, with the oscillator just on the verge 
of skipping frequencies, the left-hand side may be taken as equal to zero, 
and thus a minimum value of r compatible with continuous operation is 
found. This value, designated as fi, is 

1«2 + drfo 
(a - iy-

(a - l)2(q + 1)*-

\ Oj-Co / 

(18) 

If the last term in the bracket is small compared with unity, the radical 
may be expanded by the binomial theorem and an approximation may be 
obtained by neglecting terms in the expansion of order higher than the 
first. Thus the attenuation factor for this condition may be written 

n 
(« + I)2 

(19) 

Application of these formulas to two special cases are of particular 
interest. First, for the use of a transmission cavity loaded for maximum 
T^}L in accordance with Eq. (9), ST is 250 and a is -j. Thus Eq. (18) 
becomes 
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and Eq. (19) becomes 

Ti. •a-) (21) 

A curve of these functions is plotted in Fig. 4-23. This curve becomes a 
straight line for small values of b5o. Thus,- in this region, the real limit 
on the product rTQL is imposed 
by the limit in the rate of change 
of susceptance that the oscillator 
can stand. With a given value 
of 6 for the tube, little is gained 
by the use of a cavity of higher 
u n l o a d e d Q, since additional 
attenuation is required which al
most exactly compensates the in
crease in TQL- This is also true 
when no attenuation is used and 
d i s c o n t i n u i t i e s are avoided 
through the use of Eqs. (12), 
although the limit is approached less rapidly as Qo is increased. 
limit, Eq. (21) becomes 

r. « 1 650 

and the product riTQL becomes, from Eq. (14), 

.s 4 
c 
■B 8 
to 

I 12 
I 16 

"=24 

r̂  \ ■N 

; i i! ! i i 

^2 !Ts i 

i 

Transmission cavity — 
h — 0 1=°2=°0 

1.0 0.2 0.1 0.02 0.01 0.002 0.001 
■bin 

FIG. 4-23.—Attenuation, in decibels, 
required between the cavity and the oscillator 
to avoid discontinuities, plotted as a function 
of bbn. 

In the 

r1TQL (22) 

Without the attenuator, and with loading according to Eqs. (12), the 
product TQL becomes, in the limit, 

TQL « 46. (23) 

Thus, the rate of change of output power from the cavity achieved. 
in this way is 12 times as great as that which can be obtained using the 
attenuator. In practice the difference is not this great. For bgb = 1CM, 
the smallest value usually encountered, the rate of change of output 
power is greater by a factor of 10 when no attenuator is used. For a 
more usual value of S„b, in the region of 0.02, the advantage is only a 
factor of 7. Against this advantage, however, must be weighed the 
greater tendency of the cavity to be pulled by the input- and output-load 
susceptances when no attenuator is used. There is no decoupling from 
the oscillator admittance except that afforded by the reduced input 
iris, and the coupling to the load admittance increases as the square root 
of (\/bS0), as b&o is decreased. Thus the pulling of the cavity by the load 
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susceptance would be about 18 times as great, for b&o equal to 10 -3, as it 
would be if an attenuator were used. 

Equations (18) and (19) may be applied also to the reaction cavity, 
that is, the cavity with no output loading. For this case, &T = S0 and 
a = 5i/50. With a coupling coefficient a of unity, which is optimum 
for many applications of a reaction cavity, Eq. (19) is exact and reduces to 

n = fo5o. (24) 

If a is not unity, but is small compared with 1/bSo, the attenuation 
required is given approximately by 

P l « ( f L + l ) ? M o . (25) 
4« 

As in the previous examples the limit on the rate of change with frequency 
of the reflected power from the cavity is imposed by the pulling figure of 
the oscillator tube. Although an increase in the unloaded Q or a change 
in the coupling factor increases the possible percentage rate of change of 
the reflected power with frequency, the required increase in attenuation 
just compensates for this; consequently the absolute rate of change is 
unaffected. As with transmission cavities, the higher-Q cavities have 
the advantage of being less susceptible to pulling by the external circuits. 
The presence of the large attenuation makes it possible to control the 
external admittance more carefully than if the oscillator were coupled 
directly to the cavity. 

The maximum rate of change of reflected power, for the two methods 
of decoupling, may be compared. The reflection coefficient T for the. 
cavity is 

where 
_ 5„ .2A» 

i c — ~r ~r J —.- ' 
0, d, 

The rate of change of reflected power with frequency is proportional to 
the attenuation factor n and to the derivative of the square of the 
absolute magnitude of F with respect to Av, 

rfjTj* _ ___32_M„Ai< 
dAv ' '["(«, + 5,,)'- +4A* 2]V 

The maximum of this expression with respect to frequency occurs for 
Av = -\/3(<5i + 5o)/(i, as is found by setting the second derivative of 
|T|2 equal to zero. Thus the maximum rate of change of reflected power 
with frequency is proportional to 
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R = rid^ = w+wri- (2,,) 

When an attenuator is used for decoupling, and Si = 50, this becomes 

HA = —£-(>. (20 

With no attenuator and with Si = So(Su&), Kq. (20) becomes 

^ =' WTI? ~ 3 ̂  (28) 

Thus the reaction cavity, like the transmission cavity, has a greater 
effectiveness (this time by a factor of 8 in the limit) for the circuit in 
which the decoupling is achieved through the choice of the cavity loading, 
without the addition of attenuation. In all cases the rate of change of 
power with respect to frequency is also proportional to the output 
power of the oscillator. The absolute rate of change of power can there
fore be increased by increasing the output power of a given oscillator if 
this can be done without decreasing b. 

All these calculations are directed toward obtaining the maximum 
absolute rate of change of power. It is sometimes desirable to obtain 
the maximum percentage rate of change and the conditions are then 
different. Calculations can easily be carried out for these or other 
requirements by the use of the general condition that the rate of change 
of susceptance of the load circuit must not exceed the reciprocal of the 
rate of change of frequency with load susceptance for the tube. 

EXAMPLES OF MULTIPLE-FUNCTION MIXERS 
4-12. Provision for Beacon Local Oscillator.—In the introduction of 

this chapter the problem of provision for beacon reception was mentioned 
and its solution for 10-cm oscillators and mixers was indicated. The 
only other frequency band in which a radar beacon has been used is the 
band from 9320 to 9430 Mc/sec. As mentioned previously, the early 
solution to the problem of beacon provision was to add a second local 
oscillator, tuned to produce the intermediate frequency when beating 
with the beacon signal, and coupled to the mixer by means of the insertion 
of its output antenna into the mixer waveguide. This kind of coupling 
was, for reasons already mentioned, replaced by one of the coupling 
mechanisms described in Chap. 3, which provides a matched load for the 
oscillator. 

The design included the addition of a second local-oscillator wave
guide and coupling iris, with an adjustment screw, on the side of the radar 
mixer opposite the radar local oscillator. Such a mixer is shown in 
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1B24TR cavity 

,AFC attenuator 
^Coupling iris 

and screw 

Beacon - - " ^ \ . 
LO antenna ^ 

Resistor -
strip load 

f f C ' - w f i yp^ 

/ antenna 
Radar- mixer 

antenna 

AFC mixer 
\ crystal 

Resistor -
strip load 

l riu. 4-24.—Functional drawing of a double 
mixer with beacon local oscillator. 

Fig. 4-24. The separate AFC mixer is included in this sketch. The 
mixer consists of four parallel waveguides with coupling irises between 

j - . them. To minimize the interac
tion of the two coupling-window 
adjustments on the radar mixer, it 
is helpful to have the screw in one 
window always inserted beyond 
the window resonance and the 
screw in the other window inserted 
less than the amount giving reson
ance. The two irises tend to com
pensate each other in their effects 
on the received signal. Thus a 
fixed post long enough to put the 
iris just beyond resonance may be 
inserted into the plane of the coup
ling iris between the beacon local 
oscillator and the radar mixer. 

A mixer with an extra local oscillator can be made using any of the 
coupling schemes or combinations discussed in Chap. 3. The recent 
introduction of the 2K45 tube, a thermally tuned triode, has made 
possible a return to the use of a single local oscillator which may be 
changed from radar reception to beacon reception by means of a switch. 
Remote control over the oscillator frequency, with tunability over a 
wide band, is possible with a tube 
of this type. 

It has so far been assumed that 
the only change necessary to con
vert the radar receiver to a beacon 
receiver is a change in the local-
oscillator frequency. Most radar 
systems, however, have some r-f 
preselection in the form of the T R 
cavity tuned to the radar frequency. 
There is some loss at the beacon 
frequency, the magnitude of which 
depends upon the difference be
tween the beacon frequency and the radar transmitter frequency. This 
loss is large for a transmitter located at the end of the scatter band 
farthest from the beacon frequency. In Fig. 4-25 is plotted a curve 
of the additional loss at the beacon frequency resulting from the 
fact that the TR cavity is tuned to the transmitter frequency. The 
value taken for the loaded Q of the T R cavity was 350—approximately 

9310 9470 9340 9370 9400 9430 
frequency in Mc/sec 

4-25.—Beacon-signal loss due to 
mistuned T R cavity vs. radar transmitter 
frequency. 

F I G . 
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that of the 1B24. The abscissa of the curve is the transmitter frequency. 
This signal loss is sometimes not a serious impairment to the beacon 
feature of the radar set because the radar signal fails to trigger the 
beacon at a shorter range than that at which the beacon signal would be 
lost in the radar-receiver noise. The beacon receiver, because of its wide 
pass band (the whole 110-Mc/sec scatter band), has a minimum detect
able signal greater than that of the receiver in the airplane. In addition, 
the beacon receiver has much lower antenna gain, since it must receive 
from and radiate to all directions. Thus, if the beacon signal is received 
at all, it may be a signal very many times greater than noise. 

In some systems there is, however, a large loss on receiving beacon 
signals because the antenna spends such a small fraction of the time 
pointing in the direction of the beacon. It has, therefore, become 
common to add to the 3-cm airborne-radar mixers a special device to 
reduce the loss in the TR cavity at the beacon frequency when the set is 
switched to receive beacon signals. Because the beacon frequency is 
outside the radar transmitter band, on the low-frequency side, the TR 
cavity must be tuned in the same direction for all transmitter frequencies. 
Since the beacon frequency is lower than the radar frequency, the input 
susceptance of the TR cavity is inductive at the beacon frequency and 
has a magnitude proportional to the difference in frequency between 
the radar and the beacon. To tune the cavity to the beacon frequency a 
capacitive susceptance must be added. 

To accomplish the retuning of the TR cavity to the beacon frequency, 
the inverse of "TR-aided tuning" is used. That is, the capacitive sus
ceptance is not added in the TR cavity, but in the mixer waveguide, at a 
distance behind the TR tube effectively equal to one-half wavelength. 
Thus the waveguide between the TR cavity and the tuning susceptance 
contains a very large standing wave. The distance between the TR 
cavity and the crystal must be increased from the conventional half 
wavelength to one wavelength in order to accommodate the tuning 
device. For a mixer to be used only in the frequency band for airborne 
radar (9320 to 9430 Mc/sec), this is not of much consequence, since its 
only effect is to narrow the frequency band over which TR-aided tuning 
is effective. Figure 4-26 shows a vertical-plane cross section of the 
radar-mixer part of the converter, including the beacon tuner. The 
tuner is identical in principle with a tuning screw of the choke type and 
has a rod TV in. in diameter. The rod is pulled out from the waveguide 
by a coil spring in a mechanism above the choke when the radar-beacon 
switch is in the radar receiving position. When the switch is thrown to 
the beacon position, an armature in a magnetic solenoid causes the rod 
to be pushed into the waveguide by an amount determined by an adjust
able stop. The adjustable stop becomes the tuning control of the TR 



226 MULTIPLE-FUNCTION MIXERS [SEC. 412 

cavity for beacon reception. I t is adjusted for maximum received signal 
at the beacon, frequency when, with the rod pulled out, the T R tube 
is tuned for maximum signal strength at the radar frequency. In this 
way the tuner is adjusted to give the correct amount of pulling for the 
particular radar transmitting frequency being used. Since the armature 
of the solenoid must move the rod through about f in., it is found that a 
starting current well in excess of the required holding current is needed. 
To prevent the solenoid from overheating while holding the tuner in, 

I f output 
0.862" 

F I G . 4-26.—Cross-sectional view of airborne-radar mixer showing beacon-TR tuner. 

it has been found convenient to cause the rod to throw a switch as it 
comes against the stop. This switch causes sufficient resistance to be 
placed in series with the solenoid to lower the current to a value such that 
the tuner is held in place but the solenoid is not overheated. In this 
way the electromechanical part of the tuner can be made very compact. 

There is a limit to the amount of pulling of the TR-cavity frequency 
that can be obtained by a tuner of this kind. As the standing-wave 
ratio in the section of waveguide between the T R cavity and the tuner is 
increased, the circulating currents in the waveguide walls and in the tuner 
increase. The ohmic losses due to these large currents eventually limit 
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9340 9370 9400 9430 9460 
Radar frequency in Mc/sec 

4-27.—Beacon-frequency signal loss FIG. 
vs. radar frequency, 
T R tuner. 

with and without the 

the susceptance that can be added to the T R cavity as well as introduce 
a signal loss at the beacon frequency. In Fig. 4-27 is shown a comparison 
of the beacon-frequency losses with and without the tuner. The plot of 
loss without tuner vs. radar fre-
quency is taken from Fig. 4-25. It ~° 
will be seen from this plot that the 
loss for any transmitting fre
quency within the airborne band 
can be held to less than 3 db by 
the use of the tuner. The loss 
becomes rapidly greater than this 
for a pulling somewhat larger than 
that required to cover this band. 
As might be expected, the action 
of the tuner is very sensitive to the 
spacing between the TR cavity and 
the tuner, as well as to the depth of insertion of the rod. A tolerance of 
less than +0.005 in. on the total effective distance from TR cavity to 
tuner may add 1 db to the 3-db loss remaining for the largest pulling 
required for the airborne band. To make possible the setting of the limit 

,_.. stop so that the tuner gives less 

than 1 db additional loss to the 
3-db minimum the adjustment 
mechanism must be capable of 
setting the insertion to within 
0.001 in. It is thus seen that very 
high precision is required in the 
positioning of the tuner on the 
waveguide, in the bearing surfaces, 
and in the limit-stop mechanism. 
In Fig. 4-28 is shown a drawing of 
a complete two-channel converter 
including beacon local oscillator 
and tuner for the beacon T R 
cavity. Both mixers are increased 
in length by the half wavelength 

required for the addition of the TR-tube tuner so that the AFC attenuator 
used in the converter shown in Fig. 4-4 may be used. 

4-13. R-f Provision for Beacon AFC.—Automatic frequency control 
is even more necessary in beacon reception than in radar reception to 
assure satisfactory performance. When a radar set is used to receive 
beacon signals it is because the operator does not know his location with 
respect to the beacon. Thus, the receiver must search in range and 

TR tuner 
AFC attenuator 

Coupling iris 
and screw 

Fio. 4-28. 

AFC mixer 
Radar - crystal 

LO antenna 
-Functional drawing of mixer with 

beacon-TR tuner. 
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azimuth for the beacon signal. If, at the same time, it is necessary 
to search in frequency, the chance of the frequency and direction of the 
receiver being right simultaneously is very small. As a result the operator 
would be very lucky to find the beacon at all. 

Since the system is already searching in the spatial sense, it cannot 
be depended upon to search in frequency for the beacon signal, find it, 
and lock onto it, in frequency, in a reasonable time. The beacon program 
has therefore been based on standard beacon-transmitter frequencies, 
maintained with precision, so that the receiver may be tuned to an 

absolute frequency and receive a 
beacon signal if one is available. 
For this purpose, a reference cavity 
is used in the airborne-radar re
ceiver to indicate when the beacon 
local oscillator is tuned to the cor
rect frequency to receive the stand
ard beacon frequency. The cavity 
is pretuned to resonate at a fre
quency differing from the beacon 
frequency by the intermediate fre
quency. For the 9310-Mc/sec bea
con, cavities r e s o n a n t at 9280 
Mc/sec have been commerically 
produced, for 30-Mc/sec intermedi
ate-frequency receivers, and cavi
ties resonant at 9250 Mc/sec for 
60-Mc/sec intermediate-frequency 
receivers. These cavities, called 

FIG. 4-29.—Cutaway view of the 1Q23 the 1Q23 and 1Q22 respectively, are 
cavity. similar in mode to the TR cavity 

but have only one post and, consequently, smaller capacitive loading. 
They are evacuated and sealed, with glass input and output irises, and 
include a copper and invar temperature-compensating strut to ensure 
a low temperature coefficient of frequency. In Fig. 4-29 a cutaway 
view of one of these cavities is shown. The cavity is mounted in an 
aluminum block containing input and output waveguides and is put into a 
circuit by connecting waveguides with standard choke joints to this block. 
The specifications of this cavity are such that, when the cavity is mounted 
between a matched generator and detector, the peak in its transmission 
curve occurs at a frequency within about ± 1 Mc/sec of the desired 
absolute frequency (9280 or 9250) at any temperature or pressure 
encountered in airborne-system operation. The cavity has an unloaded 
Q of about 5000 and the loaded Q, when matched loads are connected 
to the input and output waveguides, is about 2500. 
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A cavity of this sort can be used either as an indicator to aid manual 
tuning of the beacon LO or as a source of error signal for an AFC circuit. 
For either use the r-f circuit requirements are the same if the cavity is 
operated as a transmission cavity. It is also possible to block the exit 
waveguide and use the cavity as a reaction device, although this possi
bility will not be discussed here. The pitfalls are, of course, similar to 
those for the transmission wavemeter and are chiefly concerned with the 
application of the results of Sees. 4-8 to 4 1 1 . 

Figure 4-30 shows an extension of the converter shown in Fig. 4-28 
to include the reference cavity and an outpvit crystal detector in the 

F I G . 4-30.—Functional drawing of complete mixer with beacon LO, beacon-TR tuner, 
and reference cavity for beacon A F C 

beacon-LO circuit. The cavity is connected as a stub line on the side 
of the beacon-LO waveguide with the center line of the stub waveguide 
one-quarter waveguide wavelength back from the short-circuited end of 
the LO waveguide. Since the cavity is completely reflecting at fre
quencies well removed from its resonant frequency, the length of the line 
from the cavity to the wall of the LO waveguide is made one-half wave
guide wavelength. The admittance presented at the LO antenna is thus 
approximately the same as in the circuit without the cavity, except for 
frequency sensitivity. Since the beacon local oscillator need function 
only in the region of the beacon frequency and since this frequency 
differs by only about 1 per cent from the oscillator specification-test 
frequency, the added frequency sensitivity is not serious. 
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I t is found that, with a matched load on the beaeon cavity, many 
local-oscillator tubes have frequency discontinuities in the region of the 
cavity resonance. This has been interpreted as indicating that the 
condition of Eq. (5) is not satisfied. Experiments have shown that , if 
discontinuities are to be avoided, the left-hand side of Eq. (5) must be 
less than 10*. Since the cavity design was fixed, it was not possible to 
adjust the coupling irises and apply Eqs. (12); instead, continuous 
operation was obtained through increasing the output loading 52, by 
means of a mismatched load circuit. The crystal detector was mounted 
in the crystal mount of a standard mixer and was buffered with a 6-db 
dissipative attenuator to reduce both pulling in frequency and variations 
in 52 due to changes in admittance from crystal to crystal. The input 
admittance of this attenuator was very close to F 0 for any crystal; 
the input voltage standing-wave ratio was less than 1.25. An inductive 
iris was introduced, by inserting a vane from one side of the waveguide, 
a sufficient amount to produce a voltage standing-wave ratio of 4 on the 
input side of the iris. The distance from the iris to the output window 
of the cavity was then chosen so that the apparent load on the cavity was 
4Fo instead of Fo. The proper distance was found by measurement, at 
frequencies on either side of resonance, of the position of the apparent 
short circuit when a wave was sent toward the output iris of the cavity. 
A voltage minimum in the standing-wave pattern produced by the 
inductive iris was made to fall at this position. Thus 52, the inverse 
output Q, was increased fourfold. With this load circuit, all oscillator 
tubes that were tried oscillated continuously when tuned through the 
resonance frequency of the cavity provided that this frequency fell above 
the one-quarter-power points in the reflector-tuning mode. 

For this cavity and coupling circuit, the left-hand side of Eq. (5) 
can be calculated. Since the unloaded Q is known to be 5000 and since 
the Q loaded by matched waveguides is 2500, 

So = 2 X 10-" 
and 

5, = s2 = 10~4 

for a matched-waveguide output load. The output load used, however, 
resulted in 

2 i = 4 X 10"S 

and the total 5 was 7 X 10~4, or the loaded Q was reduced to 1420. 
Using these values in Eq. (5), it can be inferred that v0/C should be taken 
to be about 5.5 X 102 to achieve continuous operation. The quantity 
bBa, the abscissa of Fig. 4-19, is thus 0.055. Figure 4-19 shows that the 
input and output loadings, for maximum TQL should be 0.58 So and 
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2.25o, respectively. Thus, fortuitously, the load conditions achieved are 
very close to the optimum for this consideration, since 5i was 0.505n 
and Si was 2.050. 

In Fig. 431 a second circuit using the beacon reference cavity is 
shown. This is a converter for a beacon receiver, and the cavity is 
used only as an aid to manual tuning. The cavity is so positioned that, 
at frequencies removed from the resonance frequency, it presents a short 
circuit at such a distance behind the resistor strip that the resistor strip 
appears as a matched load for the waveguide. The admittance as 
measured in the plane of the resistor strip is thus Yo plus the reciprocal 

-Detector output | 

F I G . 4-31.—Single mixer with reference wavemeter for local oscillator. 

of the cavity admittance, just as is the admittance at the antenna of 
the oscillator tube in the circuit of Fig. 4-14. The conditions for con
tinuous operation of the oscillator tube are identical with those in the 
previous discussion, and thus the same cavity load circuit is used. 

4-14. Representative Mixers with Multiple Functions.—Included at 
the end of this chapter is a group of drawings showing, in somewhat more 
detail than in the sketches of the text, some mixers representative of the 
methods described in the text. 

First in the group, Fig. 4-32, is a broadband two-channel mixer for 
use with a broadband duplexer using the 1B24 TR tube. This mixer 
uses 1N23A or 1N23B crystals and has a loss due to crystal mismatch 
of less than 1.5 db for any crystal of this type when operated in the band 
from 9600-Mc/sec to 8500-Mc/sec. Many variations of this basic mixer 
have been designed for use in particuar radar systems. The differences 
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are in mechanical devices; for example, a plate may be attached to the 
mixer so that the crystals and the local oscillator can be included in 
the shield box with the i-f amplifier while the T R tube and AFC attenu-
tor are outside the box. The plate thus becomes a part of one wall of 

Crystal 
mounts (2) 

-t^ 500/l/sq carbon 
cooled bakelite 

Dielectric 

Fio. 4-32.—Double mixer for use with 1B24 T R tube, 2K25 local oscillator, and 1N23A 
or 1N23B crystals, in the frequency band from 8500 to 9600 Mc / sec , at a transmitter 
power level of 50 kw, (For perspective view see Fig. 4.4.) 

the shield box and the duplexer waveguide runs parallel to this wall, 
outside the box. 

Figure 4-33 is a drawing of the two-channel mixer for the 1.25-cm 
band. This mixer uses 1N26 crystals, a 2K33 or 2K50 local-oscillator 
tube and a 1B26 T R tube. This mixer is representative of an LO coupling 
circuit of the channel type applied to the double mixer and operates at 
24,000 Mc/sec in a band ± 2 per cent in width. 



~0.062" 

'48*— 

Polyiron 

ft) 

ft) 

Detail of 
susceptance screw 

Fio. 4-33.—Cross-sectional view of double mixer for use with 1B26 T R cavity, 2K33 local oscillator, and 1N20 crystal, in the 1.25 + 1 per cent 
wavelength band. 
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The last of the drawings, Fig. 4-34, shows the beacon provision for 
the band from 9320 to 9430 Mc/sec. The beacon-tuner and beacon-LO 

•j [-0.375" 

F I G . 4-34.—Double mixer for 9375 Mc/sec with beacon-TR tuner, beacon AFC, for 
use with 1N23, 1N23A, or 1N23B crystals, 1B24 T R cavity, and 2K25 LO tubes. (For 
perspective view, see Fig. 4.30). 

circuits, with the reference cavity for beacon AFC, are included. In this 
mixer also, 1N23A and 1N23B crystals, 2K25 local oscillators, and a 
IB24 TR cavity are used. 



CHAPTER 5 

LOCAL-OSCILLATOR NOISE 

In Sees. 14 and 2-3, the effective over-all noise figure of a super
heterodyne microwave receiver was shown to depend on three quantities; 
the conversion loss and noise temperature of the crystal mixer and the 
effective over-all noise figure of the i-f amplifier. At frequencies below 
3000 Mc/sec, independent measurements of these three quantities give 
results which, when applied in Eq. (126), are in good agreement with 
the results of direct measurements of the effective over-all noise figure of 
complete receivers. At higher frequencies, however, especially when low 
intermediate frequencies are used, the results of over-all measurements 
are larger than those predicted by the independent measurements of 
loss, noise, and i-f noise figure. 

In the apparatus described in Sec. 2-13, for measuring noise tempera
ture, a resonant cavity is included between the r-f oscillator and the mixer 
circuit. The purpose of this cavity, which is tuned to transmit the oscil
lator signal, is to remove spurious frequencies from the oscillator signal. 
If such spurious signals were to arrive at the mixer with the local-oscillator 
signal, they would be converted by the mixer to a frequency equal to the 
difference between the frequency of the local-oscillator signal and that 
of the spurious signals. Thus, any such signals lying above or below 
the local-oscillator frequency by an amount equal to the intermediate 
frequency of the test apparatus would be converted to the intermediate 
frequency and, therefore, would increase the apparent noise temperature 
of the crystal. I t is found experimentally that the result of the noise-
temperature measurement, in the bands above 3000 Mc/sec, is always 
significantly smaller when a filter cavity is used. The conclusion is, there
fore, that some spurious signals in the two bands to which the receiver is 
sensitive do accompany the local-oscillator signal. This must be true of 
the system receiver also; in the absence of a filter cavity in the local-
oscillator circuit, a noise figure must result that is larger than the mini
mum possible for the given crystal and i-f amplifier combination. 

6-1. Generation and Effect of Local-oscillator Noise.—The spurious 
signals accompanying the local-oscillator signal are termed "local-
oscillator noise." The electron beam passing through the oscillator 
cavity contains noise-current components at all frequencies, because it is 
made up of discrete electronic charges. If a klystron oscillator tube is 
operated at a reflector voltage that does not cause it to oscillate, a noise 

235 



236 LOCAL-OSCILLATOR NOISE [SEC. 5-1 

Signal frequency Image frequency 

1 Noise power 

spectrum can be detected in its output circuit. The noise voltage in the 
output circuit is largest at the resonant frequency of the oscillator 
cavity, because the coupling to the electron beam is most efficient at this 
frequency. A curve of the noise voltage in the output circuit as a 
function of frequency closely resembles a resonance curve for the oscil
lator cavity. Reflex-klystron oscillator tubes, operated in this way, 
have been used as noise generators for use in the measurement of over-all 
noise figures of microwave receivers. 

It is reasonable to expect that when the tube is oscillating the noise 
voltages in the output circuit developed from spurious frequencies will 
be the same at frequencies on either side of the oscillation frequency. 

In addition, low-frequency noise 
Oscillator signal components in the electron beam 

may, through amplitude and fre
quency modulation of the oscillator 
signal, produce noise sidebands lying 
at frequencies above and below that 
of the oscillator signal. These side
bands too, will be coupled to the 
output circuit with decreasing effici
ency at frequencies removed in
creasingly far from the resonant 
frequency of the oscillator cavity. 

Thus, the oscillator may be expected to have a noise spectrum in its out
put circuit similar to that shown in Fig. 5 1 . 

Whether or not the local-oscillator noise causes deterioration in the 
receiver noise figure depends upon the noise power in the local-oscillator 
spectrum at the signal and image frequencies of the receiver. For a 
low-frequency receiver and, for example, a 30-Me/sec intermediate 
frequency, the loaded Q of the oscillator cavity is usually sufficiently 
high to reduce the signal- and image-frequency noise components from 
the local oscillator to a negligible level. For a given intermediate fre
quency, as the receiver frequency is increased the filtering by the local-
oscillator cavity becomes less effective. To maintain the same filtering 
effect with a constant oscillator-cavity Q, it is necessary to increase the 
intermediate frequency proportionately to the increase in the local-
oscillator frequency. In practice, oscillator tubes at high frequencies 
have cavities of lower loaded Q, because the skin depth decreases with 
increasing frequency and because the volume-to-surface ratio of the 
cavity decreases. Thus, local-oscillator noise would be expected to 
become increasingly apparent as the signal frequency is increased, even 
if the ratio between the local-oscillator and intermediate frequencies 
were held constant. 

"o-»V) "o+"i.f 
Fit;. 5-1.—Local-oscillator noise as a func

tion of frequency. 
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The presence of a significant amount of local-oscillator noise may be a 
factor determining the choice of the intermediate frequency. Especially 
for receivers at 9000 Mc/sec and above, the selection of an intermediate 
frequency has involved a choice between the reduced local-oscillator noise 
at high intermediate frequencies, on the one hand, and the lower amplifier 
noise at low intermediate frequencies on the other hand. Although the 
intermediate frequency most widely used at the Radiation Laboratory 
was 30 Mc/sec, an intermediate frequency of GO Mc/sec was used in 
many 3-cm and most 1.25-cm receivers, in order to obtain a somewhat 
improved over-all noise figure in the presence of local-oscillator noise. 
The relative merits of several possible intermediate frequencies for a 
particular receiver must be decided from a knowledge of the magnitude 
of the noise contribution from the local oscillator at these frequencies, 
and from the i-f-amplifier noise figure that can be achieved at each 
intermediate frequency. 

6-2. Magnitude of Local-oscillator Noise for Typical Tubes.—To 
facilitate the choice of intermediate frequencies and of other operating 
parameters in converters, a program of measurement of local-oscillator 
noise was undertaken by Kuper and Waltz.' Measurements were made 
in the 3.2-cm band on 723A/B tubes, and in the 1.25-cm band on 2K33 
tubes and on a few samples of other types. The quantity that was 
measured was the apparent noise temperature of a crystal driven, 
through an adjustable dissipative attenuator, from the local-oscillator 
tube under measurement. Measurements were made at intermediate 
frequencies of 30, GO, and 90 Mc/sec, at several points in the electronic 
tuning range of the tube. For each point in the electronic tuning range, 
the coupling between the crystal and the oscillator was set so that 0.5 
ma of rectified crystal current was produced. The 3.2-cm crystal had a 
conversion loss of 7 db and a noise temperature, in the absence of oscil
lator noise, of 1.2, and so was typical of the crystals used in a 3.2-cm 
receiver. For the 1.25-cm measurements the crystal, a type 1N26, 
had a conversion loss of 8.5 db and an intrinsic noise temperature of 2. 
The results for a typical 723A/B oscillator are given in Table 5 1 . The 
data given in the table represent the increase in apparent noise temper
ature of the crystal over its value in the absence of incident r-f noise 
power (1.2). Values are given for the different reflector-voltage modes, 
for each of the three conditions of electronic tuning at each value of 
intermediate frequency. The column labeled "Center" corresponds to 
the reflector voltage giving maximum power for each mode and the 
columns labeled, "Half-power"—"High" and "Low"—denote respec
tively the values at reflector voltages giving half maximum output power 

1 J. B. H. Kuper and M. C. Waltz, "Measurements on Noise from Reflex Oscilla
tors," RL Report No. 872, Dec. 21, 1945. 
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on the high- and low-frequency sides of the center frequency. To 
maintain the 0.5-ma crystal current, it was, of course, necessary to 
decrease the attenuation between the oscillator and the crystal at these 
half-power points. 
TABLE 5 1.—INCREASE IN CRYSTAL NOISK TEMPERATURE FOR TYPICAL 723A/B 

OSCILLATOR TUBE 

Reflec
tor 

voltage 
mode 

250v 
170 
105 

70 
45 

30-Mc/sec 
intermediate frequency, 

reflector tuning 

Center 

3 .2 
1.9 
2 . 0 
3 .0 

160 

Half-power 

High 

10 
8 

11 
16 

720 

Ixnv 

6 .3 
3 . 8 
3 .9 
5 .5 

330 

60-Mc/scc 
intermediate frequency, 

reflector tuning 

Center 

1.3 
0 . 9 
1.2 
2 . 1 

73 

Half-power 

High 

3 .7 
2 .9 
4 . 1 
7 .4 

150 

Low 

2 . 6 
1.9 
2 . 5 
4 . 0 

140 

90-Mc/sec 
intermediate frequency, 

reflector tuning 

Center 

0 . 3 
0 . 2 
0 . 3 
1.0 

36 

Half-power 

High 

0 .5 
0 .4 
0 . 8 
2 . 1 

60 

Low 

0 . 5 
0 .4 
0 . 7 
1.9 

75 

The over-all noise figure of a receiver, using this typical 723A /B and a 
crystal with a conversion loss of 7 db in a nonresonant mixer circuit is 
found from the expression 

F* = L(FZ + i'c - 1) (1) 
where t'c is the crystal noise temperature /„ plus the appropriate value 
from Table 5-1. These values apply exactly only if the conversion loss 
is 7 db, but are approximately correct for any crystal operated at 0.5-ma 
crystal current. This is because the rectified current is roughly propor
tional to the reciprocal of the conversion loss. A crystal having a smaller 
loss would convert the incident noise power to the intermediate frequency 
more effectively, but the reduction in incident power, in both the local-
oscillator signal and the noise sidebands, involved in reducing the 
rectified current to 0.5 ma would approximately compensate for this 
improved conversion efficiency. In systems use, the LO power level is 
set to give about 0.5 ma of crystal current. The values of Table 5-1, 
therefore, are significant for most crystals used in systems. 

Table 5-2 shows similar data from the experiments at 1.25 cm. 
These data were taken with a 2K33 tube, operated in the 200-volt 
reflector-voltage mode, and again the crystal current was held at 0.5 ma. 
The data are similar to those for the 723A/B tube, in that more noise 
is found when the tube is tuned electronically to the half power point 
in the high-frequency direction than when it is tuned in the low-frequency 
direction. It has also been found from these experiments that the noise 
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TABLE 5-2.—INCREASE IN NOISE TEMPERATURE OF CRYSTAL AT 1.25 CM DUE TO 
NOISE FROM 2K33 OSCILLATOR TUBE 

30-Mc/sec 
intermediate frequency, 

reflector tuning 

Center 

4.61 

High 

23.6 

Low 

9.70 

60-Mc/sec 
intermediate frequency, 

reflector tuning 

Center 

2.10 

High 

5.93 

Low 

4.54 

90-Mc/sec 
intermediate frequency, 

reflector tuning 

Center 

0.89 

High 

2.32 

Low 

1.89 

spectrum is not as simple as that shown in Fig. 5 1 . By means of a 
cavity resonator coupled to the waveguide between the attenuator and the 
crystal, it was possible to reflect the noise components in one sideband 
without affecting the transmission of the local-oscillator signal or of 
the other sideband. In this way the noise in the two sidebands could be 
compared by reflecting first one and then the other. I t was found that 
the noise power was not the same in the two sidebands and that the 
relative magnitudes of the two noise powers depended upon the operating 
point in the reflector tuning range. The details of this effect and the 
theoretical explanation will be found in Vol. 7 of this series. 

5-3. Effect of Local-oscillator Noise on Over-all Noise Figure.—The 
amount of deterioration in over-all noise figure that results from the 
existence of local-oscillator noise depends upon the other quantities that 
appear in Eq. (1). To show its approximate value, however, a few 
examples will be considered. It is convenient to express the noise figure 
in decibels, because the relative merit of two receivers is determined by 
the ratio of two noise figures. Thus, in decibels, 

F* = L + 10 Iogl„ (F* +i'c- 1). (2) 

At 3.2 cm a good crystal might have a conversion loss of 6 db and a noise 
temperature very close to unity. At 30 Mc/sec it is possible to obtain 
an i-f noise figure of about 2 db, or as a numerical factor, 1.6. With such 
a combination, Eq. (2) gives 8 db for the over-all noise figure in the 
absence of local-oscillator noise. The ratio, expressed as a difference in 
decibels, of the noise figure that includes local-oscillator noise to the 
noise figure in the absence of such noise is 

FN = 10 log,,, ( l + F* + ^ ~ \ (3) 

where t' is the quantity tabulated in Tables 5-1 and 5-2. The quantity 
F„ expresses the deterioration in over-all noise figure due to the presence 
of local-oscillator noise. The interesting range of i-f amplifier noise 
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figures is from 2 db to 5 db, or from a factor of 1.6 to a factor of 3. In Fig. 
5-2, the quantity FN in decibels is plotted as a function of f (F* + tc — 1) 
for a range from 0 to 10. Table 5-3 gives values, in decibels, of the 
increase in over-all noise figure due to the presence of the amounts of 
local-oscillator noise taken from Tables 5-1 and 5-2. The values given 
for 3.2 cm correspond to the 170-volt mode of the typical 723A/B tube. 

These are given for four assumed 
values of (F* + U — 1) and for inter
mediate frequencies of 30, 60, and 90 
Mc/sec. The value of 1.6 for this 
expression could correspond to an i-f 
noise figure of 1.6 (2 db), and a crys
tal noise temperature of unity. The 
higher values allow for larger crystal 
noise temperatures, higher i-f noise 
figures, or both. Thus, the value 3 
could result from an i-f noise figure of 

2 (3 db), and a crystal noise temperature of 2. Similar numbers are also 
given for the 1.25-cm receiver using the typical 2K33 tube used for the 
data of Table 5-2. 

F I G . 5-2.—Deterioration of effective 
over-all noise figure vs. 

e ' /(FVf +tc - l ) . 

T A B L E 5 - 3 . — I N C R E A S E IN O V E R - A L L N O I S E F I G U R E o r R E C E I V E R ( IN D E C I B E L S ) FOR 
V A R I O U S V A L U E S OF (/*'*f + i, — \) C O R R E S P O N D I N G TO LOCAL-OSCILLATOR 

N O I S E OF T A B L E S 5-1 AND 5-2 

3.2 cm 
Typical 

723A/B in 
170-volt 

mode 

1.25 cm 
Typical 
2K33 in 
200- volt 

mode 

n, + tr -1 

1.6 
2 
3 
4 

1.6 
2 
3 
4 

30 Mc/scc 

Center 

3 .4 
2.G 
2 . 1 
1.4 

5 .9 
5 .2 
4 . 1 
3 . 3 

High 

7 . 8 
6 .9 
5 .6 
4 . 8 

11 .8 
11.1 
9 .5 
8 .3 

"" 
Low 

5.2 
4 . 0 
3 . 6 
2 .9 

8 .5 
7 . 7 
6 .3 
5 .3 

00 Mc/sec 

Center 

1.9 
1.6 
1.1 
0 . 8 

3 .6 
3 . 1 

High 

4 . 5 
3 9 
3 .0 
2 . 4 

6 .7 
6 .0 

2 . 3 j 4 . 7 
1.8 4 . 0 

Low 

3 .4 
2 .9 
2 . 1 
1.7 

5 .8 
5 .2 
4 . 0 
3 .3 

90 Mc/sec 

| Center High 

0 .4 1.0 
0 . 3 0 . 7 
0 . 2 
0 . 1 

1.9 
1.6 
1.1 
0 . 9 

0 . 4 
0 . 3 

3 .9 
3 .4 
2 . 5 
1.9 

Low 

1.0 
0 . 7 
0 . 4 
0 . 3 

3 .4 
2 9 
2 . 1 
1.6 

From this table it is evident that the effect of local-oscillator noise on 
the effective over-all noise figure of a receiver is large, even at 3.2 cm 
and with a 60-Mc/scc intermediate frequency. The difference between 
the numbers in the columns for 00 Mc/sec and those in the columns for 
30 Mc/sec, in the same crosswise row, represent the decrease in noise 
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figure that could be achieved through the use of the higher intermediate 
frequency, if the same i-f amplifier noise figure were obtained at these two 
frequencies. In practice the i-f amplifier noise figure achieved at 60 
Mc/sec is larger than that at 30 Mc/sec; consequently the full advantage 
indicated by the table cannot be realized. For 3.2-cm receivers the 
relative advantages of 30-Mc/sec and 60-Mc/sec i-f amplifiers have been 
the subject of considerable controversy, and little thought has been 
given to the use of frequencies higher than 60 Mc/sec for the purpose of 
reducing the effect of local-oscillator noise. In the 1.25-cm band, it 
has usually been considered advantageous to use an intermediate fre
quency of at least 60 Mc/sec and the trend was toward even higher 
frequencies. Another solution to the LO-noise problem, to be discussed 
in Chap. 6, allowed the use of 30 Mc/sec as an intermediate frequency, 
however, even for receivers at 1.25 cm. Intermediate frequencies higher 
than 60 Mc/sec were therefore not used extensively. 

In practice, when the local oscillator is tuned off center in the elec
tronic tuning range, the local-oscillator noise is not so large as is indicated 
in the tables, because the local-oscillator coupling is left fixed at the 
value giving about 0.5 ma at the center of the tuning range. The cou
pling at the half-power points in the electronic tuning range is thus only 
one-half as great as that to which the data apply, and the crystal current 
is only about 0.25 ma. Accompanying this reduction in local-oscillator 
power is a small increase in conversion loss but this is less than 0.5 db in 
most cases. Because the smaller coupling reduces the incident noise 
power correspondingly, the increase in noise temperature of the crystal, 
caused by incident local-oscillator noise at the half-power points, is only 
half that given in Tables 5-1 and 5-2. For most conditions this gives 
almost the same effect at the low-frequency half-power point as at the 
center of the tuning range. The increase in over-all noise figure at the 
center frequency, therefore, holds approximately over the low-frequency 
part of the electronic tuning range. In the high-frequency portion of the 
electronic tuning range there is an increase in local-oscillator noise, but 
its effect is somewhat less than that indicated in Table 5 3 . Thus the 
value at the center of the electronic tuning range is the most significant. 
In order to minimize the deterioration due to local-oscillator noise it is 
helpful to operate the tube principally in the low-frequency half of the 
reflector mode. 

5-4. Reduction of Local-oscillator Noise by the TR Cavity.—The 
measured values of local-oscillator noise and its effect on the over-all 
noise figure of the receiver apply to a converter circuit only when there 
are no resonant parts in the LO coupling circuit. For most converters 
used in radar, therefore, this condition does not hold, because the reso
nant TR cavity influences the coupling between the local oscillator and 
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the crystal. For circuits in which iris coupling is used, it is required that 
the local-oscillator wave reflected by the T R cavity reinforce the wave 
traveling directly from the iris to the crystal. The coupling of power 
from the local oscillator to the crystal is therefore almost four times as 
great as it would be if the resonant TR cavity were not present. The 
coupling of local-oscillator noise at the image frequency is also increased 
by this factor, because of reflection by the T R cavity. At the signal 
frequency, however, the TR cavity is resonant and its reflection coeffi
cient is small. Local-oscillator noise in the signal sideband does not 
become • reinforced by reflection from the TR cavity; thus only one-
quarter as much power at the signal frequency is coupled from the local 
oscillator to the crystal. If the available noise powers in the signal- and 
image-frequency sidebands were equal, the ratio of total noise power to 
LO signal power coupled to the crystal would be only five-eighths as large 
as in a nonresonant mixer circuit. Allowing for some reflection of signal-
frequency noise by the TR cavity, a value for the increase in crystal 
noise temperature 0.7 times the values given in Tables 5 1 and 5-2 may 
be used to estimate the effect on over-all noise figure in a converter 
circuit of this kind. Similar results are obtained for the other coupling 
schemes that depend upon reflection of the local-oscillator wave by the 
T R cavity. Coupling of local-oscillator power to the crystal through a 
directional coupler, however, does not result in this reduction in local-
oscillator noise. 

In Table 5-4 are given values of the increase in over-all noise figure, 
similar to those of Table 5-3 but computed on the assumption of a reduc-
TABLE 54.—INCKEASE IN OVEK-ALL NOISE FIGUHE OF RECEIVER, IN DECIBELS, FOB 

VABIOUS VALUES OF (Fti + tc — 1), WITH REDUCTION IN LOCAL-OSCILLATOR 
NOISE BY TR CAVITY AND WITH COUPLING INDEPENDENT OF POINT 

IN ELECTRONIC-TUNING RANGE 

3.2 cm 
Typical 

723A/B in 
170-volt 

mode 

1.25 cm 
Typical 
2K33 in 
200-voH 

mode 

Fti + t„-l 

1.6 
2 
3 
4 

1.6 
2 
3 
4 

30 Mc/sec 

Center 

2.6 
2.2 
1.6 
1.2 

4.8 
4.2 
3.2 
2.6 

High 

4.4 
3.8 
2.9 
2.3 

7.9 
7.1 
5.7 
4.9 

Low 

2.6 
2.2 
1.6 
1.2 

5.0 
4.3 
3.3 
2.7 

60 Mc/sec 

Center 

1.4 
1.2 
0.8 
0.6 

2.8 
2.4 
1.7 
1.4 

High 

2.1 
1.8 
1.3 
1.0 

3.4 
3.1 
2.3 
1.8 

Low 

1.5 
1.3 
0.9 
0.7 

3.0 
2.6 
1.9 
1.5 

90 Mc/sec 

Center 

0.2 
0.2 
0.1 
0.1 

1.4 
1.2 
0.8 
0.6 

High 

0.4 
0.3 
0.2 
0.2 

1.8 
1.5 
1.0 
0.8 

Low 

0.4 
0.3 
0.2 
0.2 

1.5 
1.2 
0.9 
0.7 
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tion to 0.7 of the measured values, for the radar converter with a reso
nant TR cavity. The noise power at the half-power points has been 
reduced by an additional factor of two from the measured values of 
Tables 5-1 and 5-2, on the assumption that the coupling from the local 
oscillator to the crystal is set for 0.5 ma of crystal current at the center of 
the electronic tuning range and held fixed when the electronic tuning is 
ehanged. 

For the 3.2-cm tube, the advantage of an intermediate frequency of 
60 Mc/sec over one of 30 Mc/sec is small and can be easily lost because of 
increased i-f amplifier noise figure. At 1.25 cm an advantage of more 
than 1 db is obtained, and this is more than would be lost because of 
increased i-f amplifier noise figure. Even with the filtering effect of the 
TR cavity, however, the presence of the local-oscillator noise adds to the 
over-all receiver noise figure 2 to 3 db in the 3-cm band, and 4 to 5 db in 
the 1.25-cm band, with good i-f amplifiers and quiet crystals. I t is 
therefore well worth the effort to try to find some method of further 
reducing the effect of local-oscillator noise on the over-all noise figure. 

5-6. Reduction of Local-oscillator Noise by Resonant Filters.—The 
most direct method of removing the effect of local-oscillator noise would 
be to use a filter cavity in the local-oscillator circuit, similar to that used 
in the apparatus for measuring the noise temperature of crystals. Two 
difficult problems are met if this is done. First, the tuning of the 
receiver becomes much more complicated because the filter cavity and 
the local oscillator must be kept together, as the receiver is tuned by 
alteration of the local-oscillator frequency. If an AFC circuit is to be 
used it must include provision to track the cavity and the local oscillator 
automatically. The second problem involves the LO coupling circuit. 
As shown in Sec. 4-8, a cavity can be coupled to a local oscillator without 
producing frequency discontinuities, only if stringent conditions on the 
coupling are met. Either a large dissipative attenuation must be used 
between the oscillator and the cavity or the input coupling hole must be 
small. Both of these methods of avoiding frequency discontinuities 
result in considerable reduction in the output power of the cavity com
pared with that available from the oscillator. The prevention of inter
action between the signal circuit and the local-oscillator circuit is a 
major problem in mixer design because the available local-oscillator 
power is limited. An additional reduction of available power has 
serious consequences on the design of the coupling circuit. It is obvious 
that the filter cavity cannot simply be placed between the local oscillator 
and any of the coupling circuits described in Chap. 3. 

The tracking between the local-oscillator frequency and the cavity 
resonant frequency could be accomplished by use of an AFC circuit 
causing the local oscillator to be controlled at the cavity frequency, 
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similar to the beacon AFC circuits described n Chap. 7. With a ther
mally tuned oscillator such as the 2K45 or 2K50, this AFC circuit could 
cause the oscillator to track the cavity frequency over a wide band. 
A low-frequency component on the mixer-crystal current could be 
used to supply the error signal in the same way as in the beacon-cavity 
AFC schemes. The primary frequency control of the local oscillator 
wou'd then be the cavity-tuning control. With electromechanical 
devices, this control could be made to maintain the correct receiver 
frequency through a separate AFC channel operating from the i-f circuits. 
For a receiver designed to operate at a fixed absolute frequency, as is 
desired for beacon reception, the filter cavity would also be the frequency 
standard and no further automatic frequency control would be needed. 

In Chap. 4 it was shown that the maximum value of the product of the 
loaded Q and the transmission efficiency compatible with the condition 
ensuring continuous operation of the oscillator, for a cavity with a given 
unloaded Q and for a given pulling figure for the oscillator, is obtained 
by the method of decoupling by adjustment of the cavity-load conditions, 
without dissipative attenuation. In the present case it is desired to 
obtain a loaded Q sufficient to reduce to a negligible level the noise 
power in the sidebands. The goal would be to make possible the use of a 
30-Mc/sec intermediate frequency without a substantial contribution 
to the over-all noise figure from the local-oscillator noise. At 3-2 cm, 
a 10-db increase in the ratio of available local-oscillator power to available 
noise power in the sidebands would reduce the effect of the local-oscillator 
noise to less than 1 db under most circumstances. A selectivity great 
enough to give a 10-db increase in the ratio is obtained at 9000 Mc/sec 
with a cavity having a loaded Q of 450 or more. To be able to deliver 
1 mw of local-oscillator power to the mixer, from a tube having an 
available power of 15 mw, the fractional transmission must be at least 
0.067. If the cavity is operated with equal input and output loading 
and is decoupled from the oscillator by a dissipative attenuator, the 
maximum output power from the cavity, compatible with the condition 
for continuous oscillation is 

from Eqs. (46) and (4-21). For a 2K25 or 723A/B oscillator, the value 
of b may be taken as 2.75 X 102, corresponding to the measurements 
quoted in Sec. 4-14. The maximum unloaded Q that can be used under 
these conditions is about 4800. The loaded Q resulting would be about 
1600; thus the noise power in the 30-Mc/sec sidebands would be reduced 
by 21 db. This is sufficient attenuation of the noise sidebands but 
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provides only sufficient local-oscillator power to drive the crystal. 
Fortunately, the resonant nature of the cavity can be used to provide 
the decoupling of the signal circuit from the local-oscillator circuit. A 
circuit for a two-channel mixer such as that shown in Fig. 5-3 might be 
used. The attenuator should have a minimum attenuation of about 
9 db, and it therefore provides a load of small reflection coefficient for 
the oscillator. Since the cavity is nonresonant at the signal frequency, 
the reflection of signal-frequency waves by the interaction of the cavity 
in the mixer is small and the cross attenuation from the radar mixer to 
the AFC mixer is large. For a larger safety factor in the available local-
oscillator power in the radar mixer, a cavity of lower unloaded Q could be 
used and it would then be safe to use a smaller decoupling attenuation in 
the local-oscillator circuit. Since less dissipative attenuation is needed 
if the output loading of the cavity is increased and the input-circuit 
loading is decreased, somewhat 
larger a v a i l a b l e local-oscillator 
power could be obtained if the 
cavity were coupled in this way. 
An increase in the output loading 
and a decrease in the input load
ing, in the manner indicated by 
Eq. (4-12) would reduce the re
quired a m o u n t of dissipative 
attenuation sufficiently to more 
than compensate for the decreased 
t r a n s m i s s i o n efficiency of the 
cavity c i r c u i t . This, however, 
could be done only at some sacri
fice in loaded Q, and thus in sup
pression of the local-oscillator noise. A combination of a higher unloaded 
Q and unequal-input and output loading would give the desired result 
without a decrease in noise suppression. 

5-6. Reduction of Local-oscillator Noise by the Use of a Cavity as 
Part of the Oscillator Tank Circuit.—Another method by which a cavity 
could be used to decrease the power in the noise sidebands of the local-
oscillator signal is to use the cavity as a part of the tank circuit of 
the oscillator. It was shown in Sec. 411 that a cavity load circuit on 
an oscillator can give frequency stabilization of the oscillator, if the line 
length between the cavity and the grids of the oscillator resonator is 
effectively an integral number of half wavelengths. For very close 
coupling between the oscillator and the cavity, the tuning of the oscillator 
is discontinuous in frequency but oscillation at the resonant frequency of 
the external cavity is stable. This condition amounts to a substitution 

5-3.—Double mixer with cavity filter 
for LO noise. 
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of the external cavity for the tank circuit of the oscillator and a con
sequent oscillator-resonator Q determined primarily by the external 
cavity. Tuning of the oscillator can be accomplished directly by tuning 
the external cavity. Since the best control of the oscillator frequency 
by the external cavity results if the external cavity has the highest 
possible unloaded Q, the filtering of local-oscillator noise sidebands is 
effective. 

This method is rather difficult to apply because the locking of the 
oscillator frequency to that of the cavity is critically dependent on the 
length of the line between the cavity and the oscillator. Because this 
line has some dissipative loss, there is a limit to the magnitude of sus-
ceptanee that can be developed by the external cavity at the grids of the 
oscillator resonator. This maximum susceptance sets a limit on the 
frequency range over which the oscillator can be pulled by the external 
cavity without retuning of the oscillator resonator. If the oscillator 
resonator is retuned, there is a limit on the range of frequency for which 
a fixed length of line between the oscillator and the external cavity will 
give the desired frequency control by the external cavity. This limit is 
determined by the rate of change of the effective electrical line length 
with frequency, and must thus depend upon the number of half wave
lengths of line used. For the largest tuning range, the smallest possible 
number of half wavelengths of line must be used, and reflections increasing 
the dissipative loss or the frequency-sensitivity of the line must be 
avoided. With 2K25 oscillator tubes, which have a coaxial output line 
several half wavelengths long, a fixed length of line between the oscillator 
and the external cavity can be used for only a small frequency range— 
perhaps 2 per cent. The oscillator can be tuned, by means of the 
external cavity alone, through a range of about 1 per cent if the 
cavity has an unloaded Q of 25,000. 

Because of the variation, among tubes, in the electrical length of the 
output line, a given external circuit, containing a fixed line length between 
the tube antenna and the cavity, docs not give frequency control by the 
external cavity over the same range for all tubes. This variation. 
causes one of the principal difficulties in setting up the circuit, since 
it necessitates a variable antenna-to-cavity line length. For each tube 
this line must be adjusted to allow control by the external cavity over the 
desired range. Another difficulty encountered in setting up a circuit of 
this kind lies in the fact that, although the oscillator, when it has been 
locked to the cavity, can be tuned over a considerable range by tuning 
of the external cavity alone, the range of oscillator tuning for which 
locking can be produced is very small. A monitoring circuit is required 
to make sure that locking has occurred. 

Oscillators locked to cavities in this way have been used in the 10-cin 
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band for the stabilization of frequency. With a 2K28 tube, a single 
half-wavelength line between the oscillator cavity and the external cavity 
can be used. The operation is considerably more satisfactory than that 
obtained at 3.2 cm with 2K25 tubes, because of this short line length. 
This method is not useful in decreasing the over-all noise figure of a 
10-cm receiver because, with a 30-Mc/sec intermediate frequency, local-
oscillator noise contributes a negligible amount to the over-all noise 
figure. When used with a very high-Q cavity, such as a resonant echo 
box, however, it is useful as a frequency-stabilization circuit. 

In the 1.25-cm band, only enough experimentation has been done with 
this kind of circuit to show that locking can be obtained and that fre
quency control by the external cavity can give tuning over 100 or 200 
Mc/sec. With the 2K33 tube, with its special double-resonator circuit, 

Line length adjusted to suit 
particular tube and frequency 

~7l 
f?1 

Monitor 
crystal 

Mixer 
F I G . 5-4.—Circuit for the use of a 2K25 oscillator locked to an external cavity for LO noise 

suppression. 

difficulties are again encountered because the same external line length 
does not give control over the same frequency range for various tubes. 
For the purposes of LO-noisc suppression and of frequency stabilization, 
this circuit offers much in the way of simplicity. I t may in the future 
be developed to the point of being practicable from an operational view
point, especially if the high-Q cavity and coupling circuit are included as 
parts of the tube. So far, however, it has not been developed to the 
point of being usable in a receiver intended for field use in the wavelength 
regions below 10 cm. A tube incorporating a high-Q resonator in this 
way loses the very useful property of electronic tuning, through the 
frequency-stabilization effect, and the tuning mechanism must produce 
a dimensional change in the high-Q cavity. 

In Figs. 5-4 and 5-5 arc shown two possible 3.2-cm mixer circuits 
incorporating this type of circuit for the suppression of local-oscillator 
noise and for frequency stabilization. The circuit of Fig. 5-4 provides 
for the extraction of local-oscillator power for the mixer through a 
variable coupling iris in what would normally be a short-circuiting end 



248 LOCAL-OSCILLATOR NOISE [SEC. 5-6 

wall of the waveguide behind the oscillator antenna. This iris must be 
about one-quarter wavelength behind the antenna, to allow the antenna-
to-waveguide coupling to operate efficiently. A large standing-wave 
ratio may exist in the line between the cavity and the oscillator, however, 
especially under the condition that the external cavity causes a consider
able pulling of the normal oscillator frequency. At a given iris setting, 
the efficiency of the coupling of local-oscillator signal into the mixer is 
greatest when a voltage loop of the standing-wave pattern occurs at the 
antenna, and would be zero if a voltage node were to occur there. The 
amount of power coupled into the mixer for a given iris setting would 
therefore vary considerably, depending upon the amount of pulling 
by the external cavity and upon the cavity-to-antenna line length. 

2K25 antenna 

ne length adjusted 
suit particular tube 

and frequency range 

' Sliding wall for LO coupling adjustment 
F I G . 5-5.—Cavity used as frequency control and source of local-oscillator power of the 

mixer, for the purpose of LO-noisc suppression. 

If a voltage node occurs near the antenna, the iris must be adjusted for 
large coupling between the local-oscillator circuit and the signal circuit, 
with consequent reflection of received signal power. No provision is 
included to show when the circuit is adjusted in such a way that the local 
oscillator is locked to the cavity. Such a provision could be made by 
coupling a separate detector crystal to the cavity as indicated by the 
broken lines in Fig. 5-4. Transmission through the cavity to this 
crystal would indicate oscillation at the resonant frequency of the cavity. 

In the circuit of Fig. 5-5 the cavity itself is used as the source of 
local-oscillator signal for the mixer. Since the cavity must be tightly 
coupled to the oscillator, a large amount of energy is stored in the cavity 
and the coupling to the mixer may be small. To accomplish adjustment 
of the coupling to the mixer crystal a variable exit iris must be used -on the 
cavity and for this a sliding spring-metal wall between the waveguide 
and the cavity can be used. Transmission of power through the cavity 
to the mixer crystal, with consequent production of rectified current by 
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the mixer crystal, serves to indicate that the oscillator is locked in 
frequency to the cavity. The adjustment procedure, however, is com
plicated by the fact that no indication of oscillation is provided when the 
oscillator is not locked to the cavity. 

Neither of these circuits has been developed to the point of being 
practical for use in receivers. They have been included here only to 
show some of the difficulties that are encountered with this kind of noise-
suppression circuit and the direction in which one might proceed. If 
an oscillator containing a built-in high-Q cavity were available, the 
mixer problem would be simpler. A separate output line from the 
resonator of the oscillator would provide the useful power and this line 
would be coupled into a mixer circuit in any of the conventional ways. 
The frequency-stabilized 10-cm oscillators earlier referred to were used 
in this way; one output loop was used to couple the oscillator tightly 
to the high-Q cavity and a second to derive the useful power. For the 
present, however, the use of these circuits for LO-noise suppression 
has been abandoned in favor of the more foolproof "balanced" mixer 
described in Chap. 6. 

5-7. Effect of D-c Bias on the Mixer Crystal.—A slight improvement 
in over-all receiver noise figure can be obtained through the use of a 
small bias voltage across the mixer crystal, if local-oscillator noise is 
present. The effect of the bias voltage is to make the conversion loss 
at a reduced local-oscillator level almost as small as that at the normal 
level. Since the noise sidebands are proportionately reduced, an improve
ment in over-all noise figure results. Several additional advantages can 
be gained through the use of such a bias voltage. Accompanying the 
reduced LO power requirement is a reduction in the reaction of the 
local-oscillator circuit on the signal circuit of the mixer. The over-all 
noise figure becomes less dependent upon the amount of incident local-
oscillator power at the crystal, because the conversion loss does not 
increase so rapidly as the local-oscillator drive is decreased. Finally, 
the i-f conductance of the crystal is less dependent on the amount of 
local-oscillator drive. 

Figure 5-6 is a graphical illustration of how the conversion loss would 
be affected by a positive bias, if the d-c characteristic determined the 
behavior of a crystal used in a microwave mixer. For the conditions 
illustrated in Fig. 5-6a, the local-oscillator drive has been taken as 
less than enough to drive the crystal to the part of the forward char
acteristic having the greatest slope. The addition of a positive bias 
(Fig. 5-66) increases the i-f current because the positive peaks of the 
envelope drive the crystal to a region in which the characteristic has a 
greater slope than before, whereas there is little change in the slope of the 
characteristic in the negative part of the envelope. There is an optimum 
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bias voltage for each local-oscillator level since a further increase in bias 
voltage would cause the negative part of the envelope to contribute an 
i-f current of increasing magnitude with increasing bias voltage. When 
this current increases more rapidly than that due to the positive part of 
the envelope, the total i-f current begins to drop, because the current 
contributed by the negative part of the envelope has the opposite phase 
to that from the positive part. The smallest conversion loss for a 
particular local-oscillator amplitude usually results from the use of a 

bias voltage less than the amplitude 
of the local-oscillator signal. 

One method of demonstrating 
the effect of a bias voltage is to 
measure the effective over-all noise 
figure of a representative receiver 
with various values of local-oscilla
tor coupling and of d-c bias. Such 
a measurement is made by finding 
the available c-w input signal power 
required to give an output signal 
power equal to the output noise 
power, when the signal frequency is 
at the point of maximum sensitivity 
in the pass band. The effective 
over-all noise, figure is the ratio of 
this signal power to kTB, where B 
is the effective noise bandwidth of 
the i-f amplifier. For relative noise-
figure measurements, provided B is 
not changed by the parameters 
varied between measurements, it 
is not necessary to know B or 
the absolute power level. Thus, 
to demonstrate the effect of bias 

voltage on the crystal it is not necessary to have an absolute calibration 
of the available signal-generator power. A block diagram of a circuit 
for measuring the over-all noise figure is shown in Fig. 5-7. The attenu
ator associated with the signal generator is made to match the trans
mission line. A T R cavity tuned to the signal-generator frequency is 
used, and a mixer with iris-coupled local oscillator. A part of the input 
circuit of the i-f amplifier is shown to illustrate the method of applying 
a bias voltage through the crystal-current metering circuit. The 
circuit shown is only symbolic, in the sense that a practical circuit 
includes, instead of the simple condenser filter on the crystal-current lead, 

F I G . 5-6.—Graphical illustration of 
decrease in conversion loss with positive 
bias, for small local-oscillator level. The 
barrier capacitance is neglected. 



SEC. 5-8] EXPERIMENTAL RESULTS 251 

a low-pass ir-filter of two or three sections, made up of r-f chokes and 
condensers. The bias voltage is supplied from a battery and voltage-
divider circuit. The best values of the battery voltage and of the resist
ance of the potentiometer circuit, for experimental purposes, should be 
such that the series resistance introduced into the crystal-current circuit, 
for a bias voltage of one volt, is small compared with the resistance of 
the crystal. For a resistance of 50 ohms per volt, the negative bias, 
at 1 ma of rectified current, produced by the flow of the rectified crystal 
current through the potentiometer would be equal to 0.05 volts, a 
negligible quantity compared with the forward bias applied by the 

Part of i-f input circuit and 
rectified current filter 

Shielded 
signal 

generator 

Variable 
attenuator TR 

Converter 
l-f amplifier 

I 

Power 
meter -e 

MA) 

F I G . 5-7.—Circuit for measuring the effect of crystal bias on over-all noise figure. 

battery circuit. The output power meter may be a thermocouple or 
a square-law crystal detector with a milliammeter. 

6.8. Results of Experiments on the Effect of D-c Bias.—The results 
of some experiments of the kind just described are plotted in Fig. 5-8. 
These data were taken on a 1N23 crystal having a measured conversion 
loss of 7.9 db and a noise temperature of 1.9. The noise figure of the 
i-f amplifier was about 5 db for crystals having average i-f admittance. 
In this figure a curve of relative over-all noise figure as a function of 
crystal current due to the local oscillator alone (with the bias voltage set 
at zero) is given. The minimum of this curve is taken as the zero point, 
and an increase in noise figure from this corresponds to an ordinate 
below this point, a convention used since minimum noise figure is desired. 
There is a set of curves each having its right-hand terminus lying on the 
curve for no bias. Each of these curves gives the relative over-all noise 
figure for constant total crystal current equal to that corresponding to 
the abscissa of the right-hand terminus point and made up of rectified 
current and current due to the bias voltage in varying proportions. The 
abscissa gives, for these curves, the crystal current due to the oscillator 
alone. As the curve is traversed toward the left, the bias voltage is 
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continuously increased, to keep the total current constant. The curves 
show that for any total current there is very little deterioration, and for 
most currents some improvement, if that current is produced by smaller 
local-oscillator drive and some bias, than if it is all produced by the local 
oscillator. The improvement possible varies considerably from crystal 
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F I G . 5-8.—Effect, on over-all receiver noise figure, of a positive bias on the crystal. 
The data are for a 1N23 crystal with 7.9-db conversion loss and a noise temperature of 

to crystal and data on about 10 crystals showed that as much as 0.5 db 
improvement may be gained or as little as 0.1 db. The best noise figure 
was obtained in most cases with an amount of local-oscillator drive equal 
to that which gave minimum noise figure without bias, and with enough 
bias added to increase the crystal current by a factor between 1.5 and 2. 
Almost as good results are found with bias at about half the normal local-
oscillator drive. 

The conclusions that can be drawn from these experiments are 
restricted because there are many parameters that change with local* 
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oscillator drive which were not measured. For instance, the r-f admit
tance of the crystal to the signal is affected by a change in either the bias 
voltage or the local-oscillator drive, and this could contribute to the 
variation in the over-all noise figure. To eliminate this the mixer 
should have been tunable and adjusted for minimum noise figure for 
each point. Another source of error lies in the use of a fixed coupling 
circuit from the crystal to the i-f amplifier. Since the i-f admittance of 
the crystal depends upon the local-oscillator drive and the bias voltage, 
the effective noise figure of the i-f amplifier varies from point to point. 
Thus the only thing that this experiment does show is that for this 
combination of crystal, mixer and i-f amplifier, some improvement in the 
over-all noise figure can be obtained through the use of forward bias 
on the crystal. Of greater significance may be the fact that the range 
over which the local-oscillator drive can vary without a large increase 
in effective over-all noise figure is increased by the use of the optimum 

- | {—►- To input circuit 

RFC 300k 
300 volts 

F I G . 5*9.—Circuit for adding bias voltage to mixer crystal. 

bias for each value of the local-oscillator drive. The noise figure can be 
kept near its minimum value with a much smaller local-oscillator drive 
with the addition of an appropriate bias voltage than without bias. 

To utilize this extension in the allowable range of local-oscillator 
drive, a fixed bias circuit has sometimes been added to the microwave 
receiver. Such a bias circuit is shown in Fig. 5-9. The bias voltage 
applied in the absence of rectified crystal current is 0.175 volts, due 
to the 1-ma current through the voltage divider. With increasing 
local-oscillator drive, the bias voltage decreases because the rectified 
current flows in the opposite direction through the 175-ohm resistor and 
thus decreases the voltage drop across it. At 1 ma of rectified current 
the bias voltage is zero. Thus the bias voltage is significant primarily 
for small local-oscillator drive, where it has the most beneficial effect. 

To evaluate completely the usefulness of the bias voltage, measure
ments should be made separately of the loss, noise temperature, and i-f 
admittance of the crystal. The data just quoted, showing a slight 
improvement in over-all noise figure from an added bias when the local-
oscillator drive is optimum, could be explained by a decrease in the 
conversion loss from the addition of the bias voltage. The same decrease 
in conversion loss could be achieved v/'th greater local-oscillator drive but 
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the increase of converted local-oscillator noise apparently results in a 
poorer noise figure. The advantage of increased permissable range of 
local-oscillator drive lies in the possibility of obtaining a large electronic-
tuning range from the oscillator for AFC purposes. The addition of 
bias voltage by the circuit of Fig. 5-9 allows the tuning to be carried to a 
lower-power point-in the reflector mode than without the bias. Some 
experiments were made to measure the over-all noise figure over the 
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F I G . 5-10.—Effort of bias circuit of FIR. 5 0 on the conversion loss, noise temperature. 
i-f resistance, and over-all receiver noise figure us the local oscillator is electronically tuned 
through a reflector mode. The crystal is a 1 N2.'iA, the LO tube a 72^ A/B, the intermediate 
frequency .'i0 Me/see, and the effective i-f noise figure 4 d}>. Mas voltage is supplied from 
the circuit of Fig. 5*9. 

range of electronic tuning, with and without bias. The bias circuit was 
that of Fig. 5 9 and independent measurements of lows, noise temperature, 
and i-f resistance of the crystal were made. The apparatus was similar 
to the noise-temperature test set in that it included the one-eighth-wave
length-line matching transformer between the crystal and the i-f amplifier. 
This made the measurement of the crystal noise temperature independent 
of the i-f resistance of the crystal. A noise diode was used to calibrate the 
apparatus and to measure the i-f resistance. With the noise diode, the 
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diode current required to produce a given deflection on the output mater 
was measured with each of several resistances substituted for the crystal. 
When the crystal was in place and operating with the same amplifier 
gain, the diode current required to give noise sufficient to produce this 
same deflection was thus a measure of the i-f resistance of the crystal. 
The conversion loss was measured by use of a calibrated low-level signal 
generator. The i-f output power from the crystal was found by use of 
the noise power from the noise diode as a standard of reference, since 
the i-f resistance of the crystal was known. The i-f amplifier and output 
meter could thus be regarded as a calibrated low-level i-f power meter. 

The results of this experiment are shown in curves of Fig. 5-10. 
At the center of the electronic tuning range, the crystal used showed no 
improvement in over-all noise figure due to the bias when the rectified 
current was 0.5 ma. The over-all noise figure plotted is calculated from 
the loss and noise temperature assuming an effective i-f amplifier noise 
figure of 4 db. At the quarter-power points in the electronic-tuning 
range, however, some improvement is found. A crystal current of 
0.125 ma would result there without bias. With the tube tuin'l to 
the quarter-power point on the high-frequency side of the center of the 
electronic-tuning range, the noise figure is improved by 1.2 db by the 
addition of the bias and is almost the same as at the center of the mode. 
This is almost completely accounted for by the decrease in conversion 
loss due to the bias, since the local-oscillator noise is almost constant in 
the high-frequency part of the electronic-tuning range. On the low-
frequency side the improvement in noise figure is not so great, however, 
because, although the conversion loss is decreased by the same amount by 
the addition of the bias voltage, the local-oscillator noise is so large that 
its effect increases significantly with the decreased conversion loss. The 
bias current must also contribute to the .noise temperature somewhat 
but this is apparently small compared with the converted local-oscillator 
noise. Since the crystal used for this experiment had a noise-temperature 
of only 1.3, for about 1 ma of rectified current, small effect due to the 
bias current would be expected. 

The most marked effect of the bias voltage in Fig. 5-10 is the change 
in i-f resistance. W'hereas without bias the resistance rose from about 
400 ohms to over 650 ohms when the local-oscillator drive was decreased 
by a factor of 4, with bias the i-f resistance was between 340 and 370 
ohms for the whole range of local-oscillator drive. If the i-f amplifier 
to be used in a receiver were sensitive to the i-f resistance of the crystal, 
with respect either to noise figure or to bandpass characteristics, a 
bias-voltage circuit would be of considerable value. Provided the image-
frequency wave is not reflected to the crystal, however, the bias voltage 
makes little difference in the percentage spread of crystal resistances 
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encountered for various crystals at a fixed local-oscillator level. How
ever, if the image-frequency wave is reflected to the crystal, by a TR 
cavity for instance, the situation is much more complicated because the 
i-f impedance varies in both resistive and reactive parts, from crystal to 
crystal, as discussed in Chap. 2. A bias voltage would probably change 
the relative spread of impedances very little. 

Both of the experiments just described were made at 3.2 cm with a 
30-Mc/sec intermediate frequency. At 1.25 cm where the local-oscillator 
noise is somewhat greater, a larger improvement might be gained through 
the use of positive bias. No very reliable data have been taken to find 
out how much the improvement might be, largely because the balanced 
mixer was introduced as a good solution to the problem of local-oscillator 
noise. Since the balanced mixer hasksevcral other advantages besides 
that of the suppression of local-oscillator noise, it is often worth using, 
even if other methods of noise suppression are sufficient. A discussion 
of the balanced mixer is to be found in Chap. 0. 

In a receiver using bias voltage on the crystal, it is desirable to provide 
the usual meter for the rectified crystal current to facilitate adjustment of 
the local-oscillator coupling. The bias voltage alone produces a rather 
small crystal current but when a small amount of local-oscillator power is 
added, the crystal current increases by a considerably larger amount 
than it would without the bias voltage. For the purpose of setting the 
LO power level, it has been considered advantageous to use a meter jack 
or switch which short-circuits the bias voltage when the meter is put into 
the circuit, so that the crystal-current reading is approximately propor
tional to the local-oscillator power incident on the crystal. The jack 
also allows one side of the meter to be grounded, which simplifies the 
wiring. 



CHAPTER 6 

BALANCED MIXERS 

The complexity of design and of operation of mixer circuits in which 
filter cavities are used for the suppression of local-oscillator noise has led 
to considerable interest in the development of a microwave balanced 
mixer. A balanced mixer utilizes two separate mixer units driven in 
shunt by the local-oscillator signal and in push-pull by the received 
signal, or vice versa. This results in a balanced push-pull output signal 
at the intermediate frequency, and the i-f amplifier input circuit is 
designed to give response only to such a balanced signal. Any i-f output 
signals derived from noise accompanying the local-oscillator power appear 
in the same phase at the output terminals of each mixer unit and are 
therefore discriminated against by the input circuits of the push-pull i-f 
amplifier. The suppression of local-oscillator noise is thus obtained 
without resort to frequency-selective circuits. The operational com
plexity of the balanced mixer is no greater, and is in many respects less, 
than that of a simple mixer. The many additional properties of the 
microwave balanced mixer in its final form make it often advantageous 
even when the suppression of local-oscillator noise is not required. 

6-1. Simple Microwave Balanced Mixer.—Figure 6 1 is a schematic 
drawing of a microwave balanced mixer. If it is assumed that the 
crystals may be treated as resistors across the microwave line and that 
the local-oscillator power can be introduced into the microwave line by a 
simple, very loosely coupled probe, it is seen that this circuit behaves as a 
balanced mixer. The TR cavity is assumed to present, in the plane of its 
exit iris, a short circuit to power at the local-oscillator frequency. Each 
crystal is therefore coupled to the local oscillator in the same way, and 
since the probe excites waves traveling in both directions and having 
the same phase at planes equidistant from the probe, the local-oscillator 
signals at the two crystals are in phase. The received signal, on the other 
hand, having passed through the TR cavity, arrives at the two crystals in 
opposite phase since the erystals are spaced a half wavelength apart. A 
consideration of the simple addition of a small signal wave and a large 
local-oscillator wave will show that the amplitude-modulation component 
at the beat frequency, in the envelope of the sum of these two waves, 
reverses in phase if the relative phases between the local-oscillator wave 
and the signal wave are reversed. Thus the i-f voltages at the output 
terminals of the two crystals are opposite in phase. By means of the 

257 
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transformer, the push-pull i-f signal is changed into a signal that can be 
used to excite a conventional unbalanced line or an i-f amplifier. 

The local-oscillator noise arrives at the two crystals through the same 
circuit as does the local-oscillator signal. The relative phases between 
the noise components and the local-oscillator wave are the same at the 
two crystals, and therefore the noise converted to the intermediate 
frequency has the same phase at the output terminals of the two crystals. 
The balanced transformer does not produce an output voltage from 
equal voltages in the same phase in the two legs of its input circuit, and 

thus the converted noise is not 
■TR cavity 
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input 
line 
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-Simple balanced mixer with 
transformer to unbalanced 

coupled into the i-f amplifier. The 
over-all noise figure is determined by 
the conversion loss of the balanced 
mixer, its noise temperature and 
the noise figure of the i-f amplifier, 
without a contribution from local-
oscillator noise. If the two crystals 
have the same conversion loss in a 
simple mixer circuit, the conversion 
loss in the balanced mixer is the same 
as that of a single crystal. Only 
half the r-f signal power is applied 
to each crystal. The available i-f 

output power from each crystal is therefore only half what it would be for 
an unbalanced mixer, but since the two powers are added, the over-all 
conversion loss is that of a single crystal. The noise temperature 
associated with the output admittance of the push-pull transformer is 
just that of a single crystal, provided the two crystals have identical 
noise temperatures. The advantage gained by this balanced mixer, 
therefore, is the suppression of local-oscillator noise, and nothing is lost. 

The degree to which local-oscillator noise is suppressed depends upon 
how closely identical are the converted i-f noise components at the output 
terminals of the two crystals. This is determined partially by the degree 
to which the two crystals have identical conversion losses. Since the 
available output power from the i-f transformer is proportional to the 
square of the difference between the voltages produced by the two 
crystals, a small difference in conversion loss does not destroy the sup
pression of local-oscillator noise. If the two crystals have conversion 
losses Li and L2 respectively, the available i-f signal power is proportional 
to ( \ / L i + y/Lz)'2 whereas the available converted LO noise power is pro
portional to (y/17i — y/Ui)2. The factor by which the local-oscillator 
noise is suppressed, relative to the signal, is 

file:///MSmSLSlH
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If L\ = 2Z/2, corresponding to a 3-db difference, the local-oscillator noise 
is suppressed by a factor of 34, or by 15.3 db. This factor is sufficient 
to reduce the effect of the unbalanced noise on the over-all noise figure to a 
negligible amount under most conditions; therefore an unbalance in 
conversion loss as great as 3 db could be tolerated, if this were the only 
source of unbalance in the circuit. 

A much more serious source of unbalance in this mixer circuit arises 
from the possible inequality of the r-f admittances of the crystals. The 
power delivered to the crystals, both by the signal generator and by the 
local oscillator, is divided between the crystals in a ratio dependent upon 
their r-f admittances. To the signal, the two crystals appear in parallel 
so that the ratio of the signal powers delivered to them is just the ratio of 
their r-f conductances, the crystal having the larger conductance receiving 
the larger power. To the local oscillator, the crystals appear at the ends 
of quarter-wavelength lines and these lines are connected in parallel at 
the plane of the local-oscillator probe. If the r-f admittances of the 
crystals were pure conductances, the ratio of local-oscillator power 
delivered to the two crystals would be the inverse of the ratio of their 
conductances; that is, the crystal having the smaller conductance would 
receive the larger local-oscillator power. Since the r-f admittances of 
representative crystals of a given type vary considerably, it is not unlikely 
that randomly chosen crystals might differ in conductance by a factor 
as large as 4. For example, a pair of crystals having admittances of 
2Y0 and Y^/2, respectively, would differ by this factor, and since each 
would suffer a reflection loss of only about 0.5 db in the conversion-loss 
test, they would not necessarily be eliminated by the specifications. 
This source of unbalance can be equivalent to 6 db or more of unbalance 
in output power. When this unbalance is added to the possible unbalance 
in conversion loss, it is seen that the suppression of local-oscillator noise 
might not be sufficient unless crystals were selected in balanced pairs. 
Such a selection would best be made on the basis of measurements of 
r-f admittance, since the admittance is seen to be the more serious 
source of unbalance. A mixer that requires selection of crystals is 
certainly to be avoided if possible. For the purpose of providing a 
balanced mixer that is less sensitive to inequalities of the r-f admittances 
of the crystals, the "magic T " was developed. To facilitate the dis
cussion of balanced mixers based on this circuit, a short discussion of 
the principles of the magic T and some of its equivalent circuits must be 
given. 

6-2. General Properties of the Magic T.—One variety of magic T in 
rectangular waveguide is a circuit consisting of a waveguide with two 
other waveguides connected perpendicularly to it, one in the broad wall 
and the other in the narrow wall, at a common junction plane. Each 
of the joining waveguides makes, with the original waveguide, an ordinary 
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E-plane arm 

T-junction. The structure formed by the branch in the broad side of the 
main waveguide and the main waveguide is called an E-plane T-junction, 
and behaves essentially as a series-connected circuit. The arm in the 

narrow plane constitutes, with the 
main waveguide, an //-plane T-
junction and can be described in 
terms of a parallel circuit. When 
both these side arms are present, 
and have a common junction 
plane, as in the magic T, the arms 
on the narrow side and on the 
broad side of the main waveguide 
are often referred to as the //-plane 
and the .E-plane arms, respec-

^ * ^ J j tively. The complete structure 
{ ^ ^ has some very special properties, 

however, because of its symmetry, 
and no simple series- or parallel-
connected equivalent circuit can 

In Fig. 6-2 a perspective view of the structure of 

F I G . G-2. 
H plane arm 

-Perspective view of magic T. 

be used to describe it. 
a magic T is shown. 

To understand the special properties of the magic T it is necessary 
to realize the difference between the coupling of the //-plane T-junction 
and that of the .E-plane T-junction. In Fig. 6-3a and b are shown, 
respectively, the field configurations in the region of the junction for each 

Wave fronts 

(u) 
F I G . 6-3.—Representation of coupling in simple T-junctions; (a) //-plane T-junction; (6) 

J?-plane T-junction. 

of these simple T-structures, produced by a wave traveling into the side 
arm of each. Lines are drawn, in Fig. 6-3<z, to represent the wavefront 
as it progresses down the side arm and through the junction. The 
circles with crosses represent the .E-vector pointing into the paper. 
It is seen that the waves traveling outward from the junction have the 
same phase at planes equidistant from the center of the junction, or 
from the plane of symmetry. In Fig. 6-3&, which represents the .E-plane 
T-junction, the electric field vector is in the plane of the paper and is 
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represented by lines with arrows indicating the direction. The electric 
field fringes at the junction and excites the horizontal arms with waves 
having opposite phases at planes equidistant from the plane of symmetry. 
Thus the waves in the horizontal arms of the //-plane T-junction may be 
said to possess completely even symmetry about the junction and those 
in the Emplane T-junction to possess completely odd symmetry about the 
junction. Another way of illustrating the action of the //-plane T-junc
tion is to draw the magnetic field vector, which fringes at the junction. 
The magnetic field has opposite directions at symmetrically disposed 
planes in the horizontal arms, but, since the waves are traveling in 
opposite directions, the associated electric fields must point in the same 
direction, as shown, at these two planes. In both of these T-structures, 
with each of the horizontal arms infinite in length, there would be a 
wave reflected upward in the side arm due to the discontinuity of the 
junction. 

The same kind of coupling exists between the side arms and the 
collinear arms of the four-armed structure of Fig. 6-2. Because of the 
opposite kinds of symmetry associated with the side arms it is evident 
that a wave traveling into the E-plane arm excites only a wave of odd 
symmetry in the junction and cannot therefore excite the //-plane arm. 
The result is that only waves having opposite phases at planes equi
distant from the plane of symmetry are excited in the collinear arms, 
and a reflected wave is excited in the /?-plane arm. Similarly, a wave 
sent into the //-plane arm excites, in the collinear arms, only waves 
having like phases at planes equidistant from the plane of symmetry 
and excites a reflected wave in the //-plane arm. There results, therefore, 
a device that transmits power to two lines from each of two independent 
input lines but shows no direct coupling between these input lines. 

In order that the magic T may be most useful, the input arms should 
have no reflections when nonreflecting terminations are placed on 
the collinear arms. Some kind of reflecting irises in the .E-plane and the 
//-plane arms can be provided to produce reflections that cancel the 
reflections from the junction. These arms of the T-junction will then 
be reflectionless when the collinear arms are terminated with reflectionless 
loads. Provided the matching structures do not upset the symmetry 
of the junction, the lack of direct coupling between the S-plane and the 
//-plane arms is preserved. 

Under the condition that such matching devices are used, the T-
structure takes on other special properties. Suppose that waves of 
equal amplitudes are sent simultaneously into the .E-plane and the 
//-plane arms. Because of the odd and even symmetry, respectively, 
of the waves excited in the collinear arms, the relative phases between 
the two input waves can be so adjusted that the secondary waves excited 
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in one of the collinear arms cancel. Then the secondary waves in the 
other collinear arm are in phase and therefore add in amplitude. Thus 
the total power contained in the waves sent into the U-plane and the 
//-plane arms is contained in the wave traveling outward in one of the 
collinear arms. A reversal in the direction of propagation of these 
waves then shows that a wave sent into one of the collinear arms excites 
waves of equal amplitudes in the .E-plane and the //-plane arms, and 
does not suffer reflection at the junction, nor does it couple to the opposite 
collinear arm. The same is true for a wave sent into the other collinear 
arm. If planes are chosen in the E-plane and //-plane arms in such a 
way that the waves traveling outward in these arms, excited by a wave 
sent into one of the collinear arms, have like phases, the waves due to 
power entering the other collinear arm have opposite phases. Thus, 
with the matching devices in the .E-plane and the //-plane arms, the 
structure has the property that power sent into any arm transmits only to 
the adjacent arms, and does so without reflection. Furthermore, the 
waves excited in these adjacent arms have the opposite kind of phase 
symmetry if the input wave is sent into the arm opposite to the original 
one. It is to this structure, including the matching irises, that the term 
magic T is applied. 

6-3. The Matching of the Magic T.—Any of the conventional kinds of 
matching structures may be used in the magic T at a single frequency. 
I t has been found, however, that with inductive irises the frequency 
band over which the match is good is not large. This is especially true 
of the //-plane arm, where the voltage standing-wave ratio to be matched 
out by the iris is larger than in the .E-plane arm. At 3.33 cm in wave
guide having outside dimensions of 1 in. by -j in., the voltage standing-
wave ratio that must be matched out is about 3.G in the //-plane arm 
and 2.2 in the .E-plane arm. In the 1.25-cm band with ^-in. by i-in. 
waveguide, it is about 7.5 in the //-plane arm and 2.8 in the .E-plane arm. 
With an inductive iris placed as close as possible to the junction in the 
proper position to match the //-plane arm at a given frequency, the 
voltage standing-wave ratio rises to about 2 with a change of frequency 
of less than 1 per cent. 

A structure giving a less frequency-sensitive matching effect for the 
//-plane branch has been found. In the i- by ^-in. waveguide used at 
1.25 cm an iris in the plane of symmetry extending outward from the 
wall opposite the //-plane arm and upward into the .E-plane arm has been 
used. This and an asymmetrical inductive iris for matching the .E-plane 
arm are shown in Fig. 6-4. The voltage standing-wave ratio, with 
nonreflecting loads on the collinear arms, is less than 1.10 over a plus or 
minus 1 per cent band, in the //-plane branch. In the .E-plane branch 
the voltage standing-wave ratio is less than 1.10 at the center of the band 
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and rises to about 1.30 at the edges of the plus and minus 1 per cent 
band. 

For the 3.33-cm band, a post was found to give a better match, over 
a wide band, than an iris of this kind, although a similar iris in the plane 

Fro. 6-4.—Positions of irises for matching Fio. 6-5.—Positions of post and iris forl 
a magic T in }-in. by i -in. waveguide. The matching a magic T in J-in. by J-in. wave-^> 
iris thickness is 0.020 in. guide. The iris thickness is & in., the( 

diameter of the post is J in., and the length. 
is 0.650 in. I 

of symmetry could be designed to give a perfect match at a single fre-t-
quency. This post, again with the single asymmetrical inductive irj^ 
for matching the Z?-plane branch, is shown in Fig. 6-5. The vo$aJ^~ 
standing-wave ratio observed in the 12 per cent band from 3.13 to -8.58' 
cm, for a magic T like that of Fig. 
6-5, is shown in Fig. 6-6. It is 
evident there that the match ob
tained in the .//-plane arm is al
most independent of frequency. 
Unfortunately no simple structure 
was found that gave a wideband 
match for the i?-plane branch. 
The voltage standing-wave ratio 
measured in the collinear arm is 
also shown. The amount of this 
standing-wave ratio depends on 

3.2 3.3 3.4 
Wavelength in cm 

F I G . 6-6.—Voltage standing-wave 
vs. wavelength, for magic T 
shown in Fig. 6-5. 

3.5 

ratio 
matched as 

the other two but cannot be derived from them without knowledge of the 
phases of the reflection coefficients. 

Because of the complete symmetry of the magic T, the symbols shown 
in Fig. 6-7a and b are used in illustrating its applications. The arms are 
numbered in a definite relationship to the physical structure, because 
for many applications it is necessary to know the phase relationships 
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between the waves in two opposing arms and not in the other two. In 
such cases, the collinear arms are favored over the other two since the 
phase relationships between waves in them are completely defined by 
the symmetry of the structure. The lack of direct coupling between the 
#-plane and the Z?-plane arms (henceforth arms (3) and (4), respectively) 
is independent of frequency, but for arms (1) and (2) it is independent of 
frequency only to the extent that the matching of arms (3) and (4) is 
independent of frequency. Measurements could be made to determine 
the location of planes in arms (3) and (4) for which phase relationships 
similar to those holding for arms (1) and (2) could be specified, but the 
positions of these planes may vary with frequency and are dependent 
upon the particular matching structures used. 

One pair of planes in arms (3) and (4), which are useful for purposes of 
calculation, may be defined in the following way. Suppose arms (1) and 

3 

1 
2 

4 

(a) (6) 
F I G . 6-7.—Symbols used to represent the magic T . 

(2) are both short-circuited in planes equidistant from the plane of 
symmetry. If a wave is sent into either arm (3) or arm (4), the waves 
excited in arms (1) and (2) are reflected toward the junction from the 
short-circuiting planes with the same kind of symmetry as they had in 
traveling outward from the junction. A wave is therefore excited only in 
the input arm and the standing-wave ratio in the input arm is infinite. 
For this pair of planes in arms (1) and (2) a pair of planes, in arms 
(3) and (4), at which voltage maxima (zero admittance) occur may be 
specified. I t now follows that, if arms (3) and (4) are short-circuited in 
these planes, an admittance of zero will be seen in the planes which were 
short-circuited in the previous experiment, looking into arms (1) and (2). 
An equivalent four-terminal-pair network describing the action of the 
magic T in terms of voltages and currents, can now be defined, where 
the terminal pairs are understood to be located in these four planes. 

6-4. Description of the Magic T in Terms of Voltages and Currents.— 
The relationships between the voltages and currents in the terminal 
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pairs of any linear, passive four-terminal-pair network can be shown to be 
given by the four simultaneous linear equations 

i\ = 2/nei + 2/i2e2 + 2/1363 + yuei \ 
ii = Vnei + ynei + 2/23e3 + 2/24e4 ( . . . 
n = ynei + y?3ei + y33e3 + ystet I 
*4 = yuei + 1/2462 + 2/3463 + yuei / 

where the coefficients ynm are constants depending on the properties of 
the particular network. For this particular circuit, the definition of the 
position of the planes of the terminal pairs and the fact that there is no 
direct coupling between opposite arms gives 

2/11 = J/22 = 2/33 = 2/44 = 2/12 = 2/34 = 0. 
Thus Eqs. (1) reduce to 

i\ = 2/l3«3 + 2/14̂ 4 
it = yi&s + 2/2464 
U = 2/uei + 2/2362 
**4 = yuei + 2/24e2 

(2) 

It can further be shown that the coefficients ynm, for a network containing 
no elements capable of dissipating power, are pure imaginary. If 
matched loads are connected to arms (1) and (2) and a current is induced 
in arm (3), the symmetry condition for the H-plane branch and the 
conservation of power allow the relation 

•\/2 
13 = ±jYa - s - 0 i + e2) 

to be written, where Y0 is the characteristic admittance of the waveguide. 
Thus 

_L-V2 v 
2/13 = 2/23 = ±J ~2~ Y<>-

The sign is determined by the choice of the plane of the terminals 
in arm (3), there being a plane, given by the definition above, every 
half wavelength from the first plane. Since the sign is reversed for 
consecutive planes, the definition of the terminal plane may be further 
restricted to correspond to the positive sign, and thus 

■V^v 2/i3 = 2/23 = J - y - H 

Similarly, a current induced in arm (4) with matched loads on arms 
(1) and (2) gives 

■N/2 
n = ±j - y - Y0(ei - ei). 
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Again, choosing the position of the terminal plane in arm (4) that corres
ponds to the positive sign, there results 

■V2V Vu = J ~2~ *<>• 

■V2V Vu = -3 - y Fo. 

The set of transformation equations describing the magic T thus becomes 

•v V 2 , , s 

• ,-v "V/2, * 
t2 = j l o - s - (e3 — e«) 1 

^ 2 > ( 3 ) 

is = J ^ o - y Oi + e2) 

»4 = jY0 — (ei — c2) 

The transformation relations of Eq. (3) may be used, for example, to 
find the power delivered from a generator of known characteristic admit
tance on one arm to a load of known admittance on a second arm, if the 
admittances on the other two arms are also known. If a generator 
having an available power P 0 and an internal admittance Y3 is connected 
to the terminal plane representing arm (3), the power delivered to a 
load of admittance F 4 at the terminal plane representing arm (4) is 
found to be 

P4 = ^ - ^ ■- l2P„, (4) (1 + Y2Y3) (1 + YtYt) + (1 + YiYt) (1 + y 2 7 4 ) | 

where g3 and gt are the conductance parts of Y3 and Yt, respectively, 
Y\ and F 2 are the load admittances connected to the terminal planes 
representing arms (1) and (2), respectively, and all admittances are 
expressed in units of Yo. This equation shows that the power transmitted 
to arm (4) is zero if Y\ and Y2 are equal. The magic T is therefore often 
regarded as a bridge. A similar relation showing the power delivered to 
the load on arm (1) is 

Pl= 80103 
(1 + Y2Y<) 

Po- (5) (1 +Y2Y3) (1 + YtfJ + (1 + Y{Yt) (1 + Y2Y<) 

From these expressions a similar equation for a load on any arm and a 
generator on any other arm may be written down simply by proper 
permutation of the subscripts. When the load and the generator are on 
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opposite arms the equation to be used is Eq. (4); when they are on 
adjacent arms, Eq. (5) is used. 

There are many possible microwave circuits similar in behavior to 
the magic T just described. The conventional low-frequency "hybrid 
coil" circuit, used in wire telephony to isolate signals traveling in different 
directions on the same wires, behaves as a magic T if it is arranged to 
have the same characteristic admittance at all four terminal pairs. A 
microwave circuit that is coming into wide use as an equivalent to the 
magic T is shown in Fig. 6 8 . This device may be made of waveguides, 
coaxial lines, or even open-wire transmission lines. The side arms may be 
connected either in series or in shunt at positions a quarter wavelength 
apart along the periphery of the circular 1^-wavelength line. For the 
network to be matched, the circular line should have a line admittance 

Arm 1 - |2 0 =1 Arm 4 

F I G . 6-8.—The ring circuit. 

y/2 times that of the branch lines, neglecting the effects of higher modes, 
if the side arms are connected in series, as shown. If the side arms are 
connected to the ring in parallel, the ring should have a characteristic 
admittance y/2j2 times that of the side arms. In Fig. 6-9, a coaxial-line 
circuit of this type designed for 10 cm is shown. Since this device is 
used with small cable fittings and flexible cables it is difficult to make 
as precise measurements upon it as those on the waveguide magic T. 
The measurements that have been made show that the output power 
from one of the arms adjacent to the input arm is at least 20 db greater 
than the power from the opposite arm, for wavelengths between 8 and 11 
cm. Since this small amount of coupling may be attributed to reflections 
in the cable connectors on the arms adjacent to the input arm, no attempts 
have been made to improve the balance. The standing-wave ratio in 
the input line is as small as would be expected with these connectors in the 
circuit; thus the higher-mode effects at the junctions are apparently 
negligible. 
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Another possible circuit that behaves as a magic T is shown in Fig. 
6-10. This circuit is similar in principle to the waveguide version of the 
magic T, in that it consists of series and shunt connections, at a common 

-0.382 dia. 

F I G . 6-9.—Magic T equivalent for 10-cm band. 

_ - Characteristic 
3 admittance =2 Y0 

F I G . 6-10.—A magic T in coaxial line. 

point, to a single line, the two ends of which form the other two pairs of 
terminals. This circuit has been considered for use in the longer-
wavelength part of the microwave region, where the physical size of 
waveguides might be prohibitive, for applications in which a ring circuit 
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does not give sufficient bandwidth. Like the waveguide magic T, this 
circuit depends on the matching devices in the series and shunt-connected 
arms to obtain zero coupling between the other two arms. Like the 
magic T it derives the zero coupling between the series and shunt arms 
from its symmetry, and therefore this property is insensitive to frequency. 

For any of the applications of the magic T, any of the equivalent 
forms just described can equally well be used. In the following dis
cussions of balanced mixers the waveguide magic T will be used for all 

I 
■ ,'tt . 

1 
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F I G . 6 'H.—An equivalent to the magic-T circuit, made of coaxial line and waveguide in 
combination. 

illustrative purposes because it has been used extensively in this applica
tion. The mixers can be constructed from waveguide or coaxial-line 
ring equivalents or from any of the other possible equivalent circuits 
if space or wavelength requirements make such forms preferable. One of 
the first balanced mixers to be designed using a magic-T circuit was 
made of a combination of coaxial lines and waveguide in the form shown 
in Fig. 611 . 

6-6. The Magic-T Balanced Mixer.—In order to construct a balanced 
mixer from a magic T, two opposite arms are terminated by crystals 
in standard waveguide mounts. The signal enters one of the remaining 
arms and the local oscillator power enters the other. Although it is not 
necessary to use this arrangement, the crystals are usually mounted on 
arms (1) and (2), in the terminology shown in Fig. 6-7. Thus the 
resulting balanced mixer appears, for the 3.3-cm band, as shown in Fig. 
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6-12. The^role of the signal-input^and^ lscal^scillator-input arms can be^ 
interchanged, for in either case the relative phases between the incident 
signal wave and the incident local-oscillator wave are opposite at the 
two crystals. Since there is no direct coupling between the signal-input 
circuit and the LO-input circuit, no reactive decoupling in the local-
oscillator circuit is required. Only enough local-oscillator power to drive 
the two crystals is needed. If more local-oscillator power is available, 
a matched dissipative attenuator can be used in the local-oscillator arm. 
The load admittance presented to the local-oscillator tube is thus well 
controlled, because the crystals themselves provide the local oscillator 
with a load that is approximately matched to the waveguide. The fact 
that the balanced mixer can be operated with a local oscillator having 
such a small output power, without the danger of loss of signal through 

interaction of the signal and local-oscillator circuits is one of the many 
advantages of the magic-T balanced mixer. 

The suppression of local-oscillator noise by the magic-T balanced 
mixer is not affected in the same way by the crystal admittance as it is in 
the simple balanced mixer earlier described. If one of the crystals 
reflects either the signal wave or the local-oscillator wave, the reflected 
power is sent only out the signal arm and the local-oscillator arm, because 
the opposite arms of the magic T do not couple directly. If there is no 
reflection of waves traveling outward in these arms, there is no way in 
which the signal power or the local-oscillator power delivered to the 
second crystal can be influenced by the mismatch of the first. If there is 
sufficient available local-oscillator power to allow some matched dis
sipative attenuation between the magic T and the local oscillator, the 
nonreflecting condition for the local-oscillator arm is approximated. 
If there is a bandpass TR cavity, or no resonant circuit at all, in the signal 
arm, a wave traveling outward in that arm is radiated by the antenna 
without reflection. If a resonant TR cavity must be used, that part of 
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the iocal-oscillator wave which, having been reflected by the crystal, 
travels out the signal arm, is reflected by the TR cavity and interferes 
with the direct local-oscillator wave coupled to the two crystals. The 
result is tha t the division of local-oscillator power between the two 
crystals becomes similar to the division in the simpler shunt mixer. 
The power reflected from one crystal is reduced to one-half of its value 
by two transits through the magic T before it arrives at the other crystal. 
However, as application of Eq. (5) will show, the form of the dependence 
of the delivered local-oscillator power on the admittances of the crystals 
is the same in the magic-T circuit if the signal arm is open-circuited as 
in the balanced mixer with shunted crystals. A two-to-one ratio of con
ductances causes a two-to-one split of power. The remaining power, 
originally delivered to the mixer, is reflected into the local-oscillator 
attenuator. This unbalance in local-oscillator power delivered to the 
two crystals does not seriously affect the suppress^ yn of local-oscillator 
noise because the crystal conversion loss is not strongly dependent on 
the amount of local-oscillator drive, provided that the amount is 
sufficient to produce a few tenths of a milliampere of rectified crysiu.1 
current. 

The splitting of the signal power between the two crystals is not 
influenced greatly by the presence of a T R cavity because a reflected 
wave, at the signal frequency, coming from the mixer would not be 
strongly reflected by the TR cavity, which is tuned to pass this frequency. 
Thus the magic-T balanced mixer does not require nearly so great a 
similarity between the two crystals used as does the simple balanced 
mixer. If both the signal line and the local-oscillator line are non-
reflecting to waves traveling outward from the mixer, the_only effect of 
reflection by the crystals is an increase in their conversion loss by the 
same amount as would be found if they wera operated individually from 
matched generators. With the same tuning of the crystal mounts as in 
the conversion-loss test set, and at the same frequency, the total conver
sion loss for each crystal in the balanced mixer, including r-f reflection 
loss, would be the same as would be measured for that crystal in the test 
set. Under these conditions it is unlikely that more than 3 db of unbal
ance in conversion loss would be found, if the crystals had a small speci
fication value of maximum conversion loss and normal i-f admittances. 

I t is desirable to employ an i-f coupling circuit, such as that shown in 
Fig. 6-13, the performance of which is not affected by a lack of balance 
in the i-f admittances of the two crystals. The transformer shown in 
the figure resonates with the mixer and tube capacitances and has 
the bandwidth and the impedance stepup from the crystals to the 
grid required to achieve a good noise figure. To reduce capacitive 
coupling between the coils, adjacent ends are made to operate at ground 
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F I G . 6-13.—Special i-f input circuit for 

balanced mixer. C = i-f bypass, RFC = i-f 
choke, Z = see text, MA = crystal-current 
meter. 

potential, and to achieve this the secondary is made of two sections 
wound in opposite directions. Ordinarily the inner ends of the two 
primary coils would be grounded through the current-filter capacitances, 

but in this circuit the impedances 
Z are connected between the i-f 
ground and the coils. The bypass 
condenser between the inner ends 
of the two coils ensures that they 
are at the same potential. Thus, 
between the common ends of the 
primary coils and ground there 
appears an impedance equal to 
Z/2. The impedance Z is chosen 
in such a way that Z/2 is the 
complex conjugate of the imped
ance that would be measured be
tween the junction of the two 

primary coils and ground if each crystal had the i-f output impedance of 
an average crystal. 

The addition of this impedance to the push-pull input circuit makes 
the behavior of this circuit similar to that of a magic T. If a voltage 
were impressed from grid to ground on the secondary of the transformer, 
equal voltages in opposite phases would be produced across crystals 
having equal impedances. No voltage would result across the imped
ances Z. A voltage across the dummy-load impedance Z/2, on the other 
hand, would produce equal voltages in like phases across crystals having 
equal impedances, with no voltage produced at the grid. Thus the 
terminals of the dummy-load impedance Z/2 correspond to the terminals 
of arm (3) of a magic T, and the grid-to-ground terminals correspond to 
those of arm (4). The choice of a dummy-load impedance in the manner 
described corresponds to the use of a matching structure and a matched 
load in arm (3) of a magic T. If the grid admittance of the tube were 
the complex conjugate of the admittance of the secondary terminals of 
the transformer, the equivalence to a magic T would be complete. For 
best i-f amplifier noise figure, however, some mismatch exists at these 
terminals. The advantage of a circuit that is like a magic T is that a 
voltage impressed across one crystal does not develop a voltage across 
the other, as seen from the argument that was used to show the absence 
of direct coupling between the collinear arms of the magic T. Thus 
the coupling of a signal from one crystal to the amplifier tube would 
be independent of the i-f impedance of the other crystal. Since the grid 
is not matched to the transformer, however, the independence is not 
complete so far as signal transmission is concerned. 
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Suppose that two crystals do not have the same i-f impedances, 
but that they do develop identical output voltages when loaded with an 
impedance that matches the i-f output impedance of an average crystal. 
If these crystals were used in a balanced mixer connected to the present 
input circuit, the suppression of local-oscillator noise would be perfect 
because the equal voltages excited by the crystals would develop a 
voltage only in the dummy load Z/2, corresponding to arm (3) of the 
magic T. Because of the choice of this impedance, each crystal is loaded 
with an impedance that matches the i-f output impedance of an average 
crystal and, therefore, the equality of the developed i-f voltages is 
maintained. Because the test apparatus used to measure the conversion 
loss of crystals actually measures the voltage developed across a load 
impedance of this kind, crystals having identical conversion loss in the 
crystal test set should give perfect suppression of local-oscillator noise. 
With the magic-T-equivalent input circuit and the magic-T mixer circuit 
this suppression is assured, independently of the actual i-f impedance 
and r-f impedance of the crystals. Because of the magic T, an inequality 
in r-f impedance contributes little to the unbalance of the mixer and 
similarly, because of the i-f input circuit, which is equivalent to a magic T, 
an inequality in i-f output impedance causes little loss in noise suppression. 

If these two circuits are used, there is some significance to a calculation 
of the noise suppression realized for a given inequality in crystal conver
sion loss, as measured by a test set. The amount of LO-noise suppression 
may be defined as the ratio of the effective conversion loss for the signal 
to that for the local-oscillator noise, the conversion losses being measured 
from the corresponding r-f input terminals to the i-f-amplifier grid. 
If Li and L2 are, respectively, the conversion losses of the two crystals as 
measured in a standard test set, the square of the i-f signal voltage at the 
i-f amplifier, per unit r-f signal power available at the mixer, is propor
tional to (\/Ln + s/HiY. The square of the i-f noise voltage developed 
at the i-f amplifier input terminals, per unit of LO noise power available 
in the mixer, is proportional, with the same proportionality constant, 
to {^/Li — y/Li)2. The suppression of local-oscillator noise is 

S = ©" + 1 

.©" 1 
(6) 

In Fig. 6-14 a curve of S, in decibels, as a function of the difference, in 
decibels, in the conversion losses of the two crystals is shown. Since more 
than 15 db of noise suppression is obtained if the difference between the 
losses of the two crystals is less than 3 db, it is reasonable to assume that 
no selection of crystals would be required under ordinary circumstances. 
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A magic-T balanced mixer for 1.25 cm, with an i-f amplifier equipped 
with an input circuit such as that of Fig. 6-13, was tested in the following 
way. A group of 30 randomly selected 1N26 crystals were measured 
for r-f impedance, conversion loss, and noise temperature. The r-f 
impedances scattered in a random fashion, within the impedance circle 
corresponding to a voltage standing-wave ratio of 3. The conversion 
losses ranged from 6 to 8.5 db and the noise temperature from 1 to 2. 
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F I G . 6*14.—Local-oscillator-noise suppression as a function of unbalance in conversion loss. 

Pairs of crystals having almost identical r-f impedances and losses were 
used and the effective over-all noise figure of the mixer and i-f amplifier 
was measured. With pairs of crystals matched in this way, the result 
corresponded, within the probable error of measurement, to the calculated 
value, if local-oscillator noise was neglected and if the effective crystal 
noise temperature was assumed to be equal to the arithmetic mean of the 
values for the two crystals. Other pairs were formed, representing the 
diametrical extremes in r-f impedance and the smallest and largest 
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conversion loss. For these pairs the measured effective over-all noise 
figure agreed closely with the calculated value assuming a conversion 
loss midway, in decibels, between the two and, again, the arithmetic 
mean of the noise temperatures. Thus the measurements showed that 
the suppression of local-oscillator noise was sufficient to reduce to a 
negligible amount the contribution, from that source, to the over-all 
noise figure. 

An independent measurement, for the various crystal pairs, of the 
actual LO-noise suppression was made in the following way. A test 
signal was added to the local-oscillator signal, and the output voltage 
from the receiver was measured. The result of this measurement was 
compared with the output voltage from the receiver when the same test 
signal was sent into the signal arm of the magic T of the mixer. The 
noise suppression was found to vary from about 13 db to over 30 db 
depending on the pair of crystals used. The results correlated reasonably 
well with what would be expected on the basis of the data on the indi
vidual crystals. There is, however, an additional factor depending on 
how well the input transformer is balanced; consequently, the crystal 
pair appearing to be the most nearly balanced with respect to conversion 
loss did not give the greatest noise suppression. 

6-6 Additional Features of the Magic-T Balanced Mixer.—The 
magic-T balanced mixer has been found to furnish a very satisfactory 
solution to the problem of local-oscillator noise. It has, moreover, 
certain features that make it useful even in the absence of such noise. 

One of these features is the small LO power requirement, which makes 
possible the use of a well-matched attenuating pad between the local 
oscillator and the mixer, as already discussed. This attenuation becomes 
very important in the 3- and 1-cm bands if a mixer must be operated 
without the assistance of a resonant T R cavity. The power available 
from most small local-oscillator tubes is insufficient in these bands to 
allow the reactive coupling circuits to be used without involving a 
significant interaction of the local-oscillator circuit on the signal circuit, 
with an accompanying deterioration in noise figure. With the intro
duction of the wide-band fixed-tuned TR switch in the 3.3-cm band, the 
balanced mixer became the only available mixer satisfactory from this 
viewpoint. Because the effect of local-oscillator noise on the over-all 
receiver noise figure is increased if no resonant filter is used in the signal 
line of a simple mixer, the balanced mixer has an additional advantage. 

Another feature of the magic-T balanced mixer is that radiation of the 
local-oscillator wave by the antenna of the receiver is reduced. This 
is because the only power coupled into the antenna circuit from the 
local-oscillator circuit is a part of the power reflected by the crystals. In 
an ordinary single-crystal mixer, with nondirectional local-oscillator 
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coupling, as much local-oscillator power is sent to the antenna as to the 
mixer crystal unless there is a resonant filter in the signal line. With 
the balanced mixer, a resonant filter still attenuates the local-oscillator 
power that is coupled into the s'gnal arm of the magic T. If the radiation 
of local-oscillator power must be minimized for any reason, the use of a 
balanced mixer, with one of the crystal mounts made tunable, would be 
worth while. Since the scatter of crystal impedances is so large, it 
could hardly be expected that the local-oscillator power sent to the 
antenna, in the absence of a resonant filter, would always be more than 
10 db below the input level to the mixer, unless the crystal impedances 
were equalized by tuning. If one crystal were matched to the waveguide, 
for instance, and the other had a voltage standing-wave ratio of 2, the 
power sent to the antenna would be -£$ of that sent into the mixer by the 
local oscillator. If each of the crystals had a voltage standing-wave 
ratio of 2, but with reflection coefficients having opposite phases, i of the 
power sent into the mixer by the local oscillator would be radiated by 
the antenna. With a tuning adjustment on one crystal such that the 
reflection coefficients could be equalized, the radiation by the antenna 
could be kept at least 40 db below the input level of the mixer, at the 
frequency for which the tuning was made. 

The balanced mixer discriminates against i-f signals arising from 
beats between two frequencies present in the signal channel, for the 
same reasons that it suppresses local-oscillator noise. This discrimination 
is of value because it reduces the susceptibility of the receiver to inter
ference from signals that are not at the signal- or image-frequency 
sidebands of the local oscillator. Interference can be produced, in a 
receiver having an ordinary mixer and no resonant preselecting filters, 
by beats between any two signals that differ in frequency by the inter
mediate frequency and that can propagate down the transmission line of 
the receiver. The discrimination against interference of this kind is 
about the same as the discrimination against local-oscillator noise and 
may, unless selected crystals are used, be as small as 13 db. If such 
discrimination is deemed important in view of the application of the 
receiver, provision may be made to achieve an exact balance in the mixer 
circuit by addition of a small adjustable r-f attenuator, for example, 
between one crystal and the junction. The crystal having the smaller 
conversion loss should be used on the side that has the attenuator, and the 
adjustment would have to be made on an actual set of interfering signals. 
Whether the balance would be sufficiently good over the whole band in 
which interfering signals can occur, however, is questionable. 

If a resonant TR cavity is used in the signal line of a balanced magic-T 
mixer, the i-f admittance of the crystals is influenced, as in the single 
mixer, by reflection of the image frequency by the TR cavity. I t is 
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difficult to make the line length between the cavity and the crystals so 
short that the phases of the reflected image-frequency waves arriving 
at the mixer crystals do not change very much over a wide frequency 
band. A considerable variation in i-f admittance and some variation in 
conversion loss over a wide band might therefore be expected. With 
the input circuit that is equivalent to a magic T, the variation of i-f 
admittance does not seriously affect the balance qf the mixer but it does 
affect the pass band of the input circuit and the i-f-amplifier noise figure. 
For a single-frequency receiver, as with the 
single mixers, the length of line between the 
cavity and the crystal can be chosen to give 
the best noise figure. For most purposes, how
ever, this has not been considered worth while 
and instead, consideration has been given to a 
special change in the balanced mixer to allow 
the effect of the image-frequency wave to be 
eliminated at all frequencies. 

Since the phase relation between the signal 
and the local-oscillator waves results from the 
symmetry of the magic T, the line lengths from 
the T-junction to the crystals may be made 
unequal. A change in the line length, very 
small compared with a wavelength at the 
intermediate frequency, makes a very small 
change in the phase of the i-f voltage produced 
by the crystal, because both the local-oscillator 
wave and the signal wave are delayed by 
almost the same phase angle. I t is therefore 
possible to make the distance from the junction of the magic T to one 
crystal a quarter of an r-f wavelength different from the distance from 
the junction to the other crystal, as shown in Fig. 6-15. The result of 
adding a quarter wavelength to one side of the magic T is that, if image-
frequency waves of equal amplitude are developed by the crystals, 
their phase relation, as they converge on the junction, is such that they 
are transmitted entirely into the local-oscillator arm of the magic T. The 
way in which this comes about is illustrated graphically in Fig. 6-16. 
The vectors of Fig. 6-16a represent the waves that are excited in the 
crystal arms of the magic T by the local oscillator and the signal genera
tor. The phase of the local oscillator is taken as a standard of reference 
and the vector representing it therefore remains fixed. The relative 
phases between the signal wave and the local-oscillator wave, in each 
arm, are determined by the angle between the local-oscillator vector and 
the small vector representing the signal. Since the frequency of the 
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F I G . 6 1 5 . — B a l a n c e d 
mixer so arranged that the 
image-frequency wave is 
transmitted into the local-
oscillator at tenuator. 
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signal differs from that of the local oscillator by an amount equal to the 
intermediate frequency, the small vectors rotate at the intermediate 
frequency, in the direction indicated by the curved arrows. Because 
the local oscillator is connected to arm (3) of the magic T, the vectors 
representing the local-oscillator phases at points equidistant from the 

junction in the two crystal arms point 
in the same direction. The vectors 
representing the signal are oppositely 
directed, since the signal enters the 
mixer from arm (4). 

At the two crystals, the relative 
phases are changed because one line 
is longer, by a . quarter wavelength, 
than the other. If the vector repre
senting the phase of the local-oscil
lator wave at crystal (2) is directed 
upward, that at crystal (1) is directed 
toward the left because it is retarded 
by 90°. A like change in the relative 
phases between the two signal vectors 
occurs, and the situation is therefore 
like that represented in Fig. 616b. In 
this diagram the phases of the two 
image-frequency waves generated by 
the action of the crystals are indicated 
by the dashed-line vectors. Because 
the image frequency differs from the 
local-oscillator frequency by the same 
amount as does the signal frequency 
but in the opposite sense, these vec
tors rotate at the intermediate fre
quency in the direction opposite to 
that of the rotation of the signal vec
tors. The relative phase between the 
image and signal waves is not unique-
the crystals, since the effective line 

lengths within the crystals may not be negligible. However, the rela
tive phases between the two image vectors must be as shown, if the 
crystals are identical, because the phase of each is determined by the rela
tive phases of the signal and local-oscillator voltages. A reversal of the 
phase of the signal wave relative to that of the local-oscillator wave 
must reverse the phase of the image. The relative phases have been 
drawn on the basis of two assumptions. I t is assumed first that the 
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F I G . 6-16.—Graphical illustration of 
relative phases of waves at the LO 
signal, and image frequencies, when the 
crystal arms differ in length by one 
quarter wavelength, (a) Vectors show
ing the relative phases of the incident 
signal and local-oscillator waves in 
arms (1) and (2) at planes equidistant 
from the junction, (b) Vectors repre
senting the relative phases between 
signal, local-oscillator, and image waves 
a t the two crystals, (c) Vectors show
ing relative phases of the two image-
frequency waves as they converge on 
the junction of the magic T from the 
two crystals. 

\y determined at the planes of 
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image-frequency wave is produced entirely by modulation from the i-f 
voltage, and second, that the signal voltage arising from the i-f voltage is 
such that the admittance of the crystal to the signal wave is reduced 
by the presence of the i-f voltage. 

The image-frequency waves travel from the crystals back toward the 
junction of the magic T. Because the line on the left side is a quarter 
wavelength longer than that on the right, the relative phases of the two 
image-frequency waves are changed by a 90° retardation of the vector 
representing the image wave on the left. These waves therefore have like 
phases, as shown in Fig. 6-16c, as they converge on the junction, and if 
they have the same amplitudes, all of the image-frequency power is 
transmitted into the local-oscillator arm of the mixer. A matched 
attenuator pad in this arm allows the image-frequency power to be 
absorbed without reflection, and both crystals behave as they would in a 
mixer without a resonant signal circuit. The i-f admittance and the 
conversion loss of each crystal are not strongly dependent on the operat
ing frequency. A large percentage change in frequency can be made 
before the difference in length of the two crystal arms becomes so different 
from a quarter of a wavelength that most of the image-frequency power 
is not sent into the local-oscillator arm. 

It is not known how well this treatment of the image-frequency wave 
can be achieved in practice. Its success depends on the equality of the 
amplitudes of the two image-frequency waves generated, and on the 
validity of the assumption that the effective line lengths contained within 
the crystals are identical. Since the production of the image-frequency 
wave by the crystal is a second-order effect, a greater inequality would 
be expected in the production of image power by various crystals than in 
their conversion efficiency. It is also possible that the effective line 
length contained within the crystals, especially at 1 cm, would vary too 
much, from one crystal to another, to allow the assumption about the 
relative phases of the two image-frequency waves to hold. Again, it 
would be possible to add a tuning adjustment, in the form of a line of 
variable length on one side of the magic T, so that the correct relative 
phases of the image frequencies could be obtained. Measurement 
of the output admittance of the i-f coupling circuit as a function of the 
line length between the TR cavitj and the magic T shows how well the 
image-frequency wave is being disposed of. If all the image-frequency 
power is being transmitted to the local-oscillator attenuator, the i-f 
admittance should be independent of the distance between the cavity 
and the magic T, unless harmonic frequencies have an effect. 

6-7. Special Crystal Mounts for the Balanced Mixer.—For some 
receivers, the push-pull transformer of Fig. 6-13 is not suitable. For 
example, because mutual inductance is used and because it is not easy to 
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obtain large coupling coefficients in transformers for high frequencies, 
some difficulty is encountered in making such a circuit with a very wide 
pass band. I t would be much simpler if the two i-f voltages could 
be made to have like phases so that the output voltages of the two 
crystals could be added in parallel. 

If the pin end of one crystal and the base end of the other are grounded, 
the crystals can be made to produce i-f voltages in like phases from the 
input signal and voltages in opposite phases from local-oscillator noise. 
For the ceramic cartridge crystals used in the 3-cm band, an inverted 
crystal mount has been designed which allows the i-f voltage to be 
taken from the large end of the cartridge, with the pin end connected 
directly to the waveguide. This mount is similar to the 10-cm coaxial-
line mount, in that it has a polystyrene-supported choke on the large end 
of the crystal. To obtain flexible fingers for making contact with the 
pin end of the crystal, a half-wavelength coaxial line is used. The 
position of the crystal in the waveguide, and its r-f admittance, are 
identical with those in the ordinary 3.3-cm crystal mount. 

The disadvantage of using crystal mounts of opposite polarities in a 
balanced mixer is that an i-f input circuit equivalent to a magic T is 
difficult to achieve. Direct connection of the output terminals of the two 
crystals in parallel does not secure the independence of noise suppression 
from the i-f admittance that is achieved with the push-pull circuit. I t is 
possible to devise a shunt circuit that contains a dummy load for the 
unbalance signal but such a circuit has not been tried. With a non-
resonant signal circuit connected to the mixer, however, there is not a 
great variation in i-f admittance from crystal to crystal, and the unbal
ance caused by inequality of the i-f admittances may not be serious. 

I t is impossible to achieve TR-aided tuning of the crystal mounts 
over a wide band of frequencies because the distance between the crystals 
and the T R switch is too great. Because of this fact, and because the 
balanced mixer is peculiarly suitable for use in systems that have no 
resonant T R switch or preselecting cavity between the antenna and the 
mixer, a crystal mount that has an r-f admittance characteristic less 
frequency-sensitive than that used in the simple mixers is desirable. 

For the band from 3.13 to 3.53 cm, an improved crystal mount has 
been designed. It was first attempted to increase the bandwidth of the 
simple crystal mount by adding a resonant iris across the waveguide, a 
quarter wavelength ahead of the crystal. Since the susceptance of a 
crystal in the simple mount increases with frequency, whereas the con
ductance remains approximately constant, the crystal in its mount is 
approximately equivalent to a shunt-tuned resonant circuit, as discussed 
in Chap. 3. If a resonant shunt-tuned iris is placed a quarter wavelength 
from the center line of the crystal, toward the generator, the combination 
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behaves as a double-tuned coupled circuit. The response may be double-
peaked or single-peaked, depending on the Q of the resonant iris. The 
resonant iris may be made up of a symmetric inductive iris and a capaei-
tive post in the plane of the iris, and the Q of such a structure is pro-

0.195" 0.195' 

FIG. 6-17.—Crystal mount with iris for broad pass band. 

F I G . 6-18.—Admittances of representative crystals in broadband mount. 

portional to the susceptance of the inductive iris at resonance. Such a 
structure can be made to give, for a given crystal, less than about 
0.5-db reflection loss in the 12 per cent band, but this structure does not 
represent a significant improvement in the bandwidth of the crystal 
mount for many crystals. The tuning and the effective coupling are 



282 BALANCED MIXERS [SEC. 6-7 

changed if the admittance of a crystal does not match the waveguide 
admittance at the center frequency, and the compensation of the iris for 
the frequency sensitivity of the crystal is not so good as for a crystal that 
is matched at the center frequency. I t has been found that there is no 
iris Q that gives significantly improved results with crystals representing 
all r-f admittances to be encountered. 

A more satisfactory means of improving the bandpass characteristic 
of the simple crystal mount was found in the form of a simple inductive 
iris. The final design of this crystal mount is shown in Fig. 6-17. An 

FIG. 6-19.—Perspective view of 3.3-cm magie-T balanced mixer using one inverted crystal 
mount. 

average crystal in the mount shown in detail in Fig. 3.6 has, at the center 
of the frequency band, a conductance slightly above the line admittance. 
The susceptance of the inductive iris, and its position, are such that the 
area covered by the admittance plot for representative crystals is centered 
at the characteristic admittance of the line at the midband frequency. 
The combination of the frequency sensitivities of the line length from 
crystal to iris, of the iris susceptance, and of the crystal admittance is 
such that the total spread of admittance is reduced from that for a simple 
mount. Curves showing the admittances measured at 3.14 cm, 3.33 cm, 
and 3.50 cm are given in Fig. 6-18. Almost all of the representative cry
stals fall within the circle of voltage standing-wave ratio equal to 2.65 
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and, therefore, the reflection loss for almost all crystals is less than 1 db 
at any wavelength in this band. 

Figure 6-19 is a perspective view of a magic-T balanced mixer designed 
for the 12 per cent band centered at 3.33 cm. Included in the figure are 
crystal mounts in opposite polarities, the band-broadening irises, the 
matching structures for the magic T, and a variable matched attenuator 
for the LO coupling adjustment. 

6-8. A Double Balanced Mixer for Separate-channel AFC.—Because 
the local-oscillator circuit for a magic-T balanced mixer is simple, the 
addition of a second mixer for separate-channel AFC is straightforward. 
A simple single-crystal mixer could be coupled to the local-oscillator 

Crystals 

F I G . 6-20.—Two-channel broadband mixer. 

waveguide, on the high-power side of the local-oscillator attenuator, with 
any of the circuits described in Chap. 3. The two-channel balanced 
mixers have been made with a balanced mixer for each channel, however, 
rather than with a simple mixer for the AFC channel. Although the 
suppression of local-oscillator noise is not significant in the application of 
the balanced mixer as an AFC mixer, some of the other features are 
desirable. 

A two-channel balanced mixer is constructed from three magic T's. 
One T is used for each mixer and the other to split the local-oscillator 
power between the two balanced mixers, in the manner indicated sym
bolically in Fig. 6-20. Although the fourth arm of the center magic T, 
containing only a dummy matched load, is not essential, it does serve a 
useful purpose. If the attenuator in the local-oscillator arm is reflection-
less, no local-oscillator power reflected from one mixer is coupled into the 
other. For this reason all four crystals receive power depending upon 
their admittances in the same way as if each were connected to a matched 
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waveguide generator independently. I t is therefore possible to use a 
single adjustment of the local-oscillator power for all four crystals, 
since their reflection losses will not be large. 

Another advantage of the center magic T over a simple T-structure 
for splitting the local-oscillator power is that an increase in the cross 
attenuation between the two mixers is obtained through its use. If 
power that leaks past the T R cavity enters the signal-input arm of the 
left-hand mixer, none of this power is sent into the local-oscillator arm 
of this mixer, provided the two crystals have identical r-f admittances 
at this power level. Under ordinary circumstances the two crystals are 
sufficiently alike to allow not more than 10 per cent of such power, sent 
into the mixer, to be coupled out the local-oscillator arm. To travel into 
the AFC mixer this power must be coupled from arm (1) to arm (2) of 
the center magic T. If the reflection coefficients for waves traveling 
outward in arms (3) and (4) are both zero, the coupling between arms (1) 
and (2) is zero and, therefore, the cross attenuation is infinite. In 
practice the dummy load in arm (4) can be made to have a very small 
reflection coefficient, but the reflection coefficient in arm (3) is determined 
by the amount of attenuation used. Even in the worst case, when the 
local-oscillator tube delivers only sufficient power to drive the crystals 
with no attenuation and completely reflects the signal frequency, 6 db 
of cross attenuation is gained through the use of the center magic T. 

The balanced AFC mixer provides additional effective cross attenu
ation. The signal arriving from the receiving mixer by way of the local-
oscillator circuit, because it arrives with the local-oscillator signal, 
is discriminated against by the combination of mixer and i-f input 
circuit in just the same way as is local-oscillator noise. Even if the 
conversion losses of the crystals differ by as much as 3 db, the equivalent 
of 15 db of cross attenuation is obtained. Thus a total of at least 31 db of 
cross attenuation can be obtained with this double mixer, even with 
a local oscillator having just sufficient available power to drive the 
four crystals. With more local-oscillator power and well-balanced 
crystals, the cross attenuation would be very high and an ordinary 
leakage signal from the TR switGh would certainly not interfere with the 
functioning of the AFC circuit. 

The balanced AFC mixer serves also to reduce the effect, on the AFC 
circuit, of the video pulse produced at the output terminals of a crystal, 
when the AFC signal is too large. Such video pulses may contain 
frequency components in the intermediate-frequency region and these 
are sometimes large enough, relative to the beat-frequency signal, to 
cause some interference with the AFC action. With the balanced mixer, 
if the rectification efficiencies of the two crystals are equal, the video 
pulses produced by the two crystals will also be equal. With an i-f 
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input circuit arranged to transmit the beat-frequency signal, the i-f 
components of the video pulses cancel. Video components due to stray 
signals or to harmonics of the transmitter signal are similarly canceled. 

One difficulty often encountered with an AFC circuit is that the circuit 
locks when a harmonic of the beat frequency passes through the i-f 
amplifier. With an intermediate frequency of 30 Mc/sec, for instance, 
the AFC circuit might lock with the locaj-oscillator frequency only 15 
Mc/sec away from that of the transmitter. To prevent this, the har
monics of the beat frequency must be kept below the threshold level 
of the AFC circuit. The balanced mixer assists in this because even-
order harmonics, arising from beats between an even-order harmonic of 
the local oscillator and a harmonic of the signal of the same order, are 
balanced out. This may be shown to occur because a reversal in phase 
of a fundamental frequency does not alter the phase of an even-order 
harmonic generated from it. The cancellation of such even-order 
harmonic voltages is probably not very complete, because the effi
ciency of generation of harmonics by different crystals probably varies 
considerably. 

A further attractive feature of the balanced mixer for the AFC 
channel is that the signal-input arm can be provided with a matched 
dissipative attenuator without affecting the coupling of the local oscil
lator. If such an attenuator is used, the crystals receive signal power 
from a matched generator, which is not true if a cutoff attenuator, or 
small hole, alone is employed. From a matched generator, the power 
delivered to the crystals is not strongly dependent on their admittances 
and, therefore, the range of input power for which the circuit must be 
made to operate is considerably reduced. A dissipative attenuator made 
of polyiron, cut with matching transformers at both ends and having 
20 or 30 db of attenuation, has been used in the signal-input arm of the 
magic T that forms the AFC mixer. This attenuator also reduces the 
danger that stray leakage signals may get into the signal circuit at a 
connector on the signal-arm waveguide. Interference with the operation 
of the AFC circuit from this source is therefore reduced. Harmonics 
of the AFC signal coming from the transmitter tube are also effectively 
attenuated and should therefore cause no trouble. Thus it is apparent 
that the balanced AFC mixer solves practically all of the problems 
encountered in the two-channel mixer, and the improved performance is 
well worth the added complexity of one extra crystal. 

A perspective view of a double balanced mixer used in the 12 per cent 
band centered at 3.33 cm is shown in Fig. 0-21. This mixer represents 
only one of many possible arrangements of the magic T's and was chosen 
only because it gave the most convenient physical arrangement for the 
application. 
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A double balanced mixer for the 1.25-cm band is made from a die-cast 
block containing all of the waveguides and matching irises. Once the 
dies have been made, this part of the mixer can be inexpensively repro
duced with very high precision and in large quantities. The remaining 
parts, associated, with the crystal mounts, the i-f attenuator, and the 
waveguide choke joints, may be added later or machined into the die-cast 
block. For the block to be die-cast, it has to be made in two halves and 

F I G . 6-21.—A double balanced mixer for 3-cm band. 

there has to be a small taper in the waveguide heights to allow the pieces 
to be pulled off the dies. The mixer is split in a plane through the center 
of the broad wall of most of the waveguides so that no current lines are 
cut by the split, except in the regions of the junctions of the magic T's. 
No difficulties are caused by leakage or poor contacts in this split. 
The additional precaution has been taken, however, to have the adjacent 
faces of the two halves honed flat. The tapers in the waveguides cause 
their heights to change from 0.171 in. at the center, in the plane of the 
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split, to 0.169 in. at the side walls. There is no detectable effect on the 
standing-wave ratios in the mixer from this small taper. A perspective 
view of the double balanced mixer, with the two halves separated to 
show the internal structure, is shown in Fig. 6-22. 

Received signal 

Cut away to reduce weight 
FIG. 6-22.—A die-cast double balanced mixer for 1.25-cm band. 

6-9. Other Special Circuits.—It is very simple to adapt the double 
balanced mixer to satisfy other, special, circuit requirements. If, for 
instance, a separate local oscillator for beacon reception is desired, such 
an oscillator may be connected to the dummy arm of the center magic T. 
The dummy load may be replaced with a variable attenuator and this 
arm becomes equivalent to the input arm of the first local oscillator. 
Either of the oscillators may be used, with a switch provided to select the 
desired one. For beacon reception, the AFC mixer is not used, but no 
harm comes of supplying local-oscillator power to it. 

If beacon AFC is desired, a reference cavity and detector crystal 
may be added to the LO-tube mount in place of the short circuit normally 
used behind the tube antenna. The same requirements must be met 
by the circuit, to avoid frequency discontinuities, as by the circuit 
described in Sec. 4-13. 

If a resonant T R cavity is used with a mixer for a radar system, it 
may be desirable to use a beacon-tuning device. This device can be 
placed, just as in the single mixers, in the signal input arm a half-wave-
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length behind the TR cavity. Shutters for protection of the crystals 
during shutdown and turnon periods can also be added to the signal input 
arm. 

Because the magic-T balanced mixer is especially suited for use with a 
broadband nonresonant TR cavity, the 3-cm-band versions have usually 
been used in combination with a T R system of that type. As a conse
quence beacon tuners have not been required. In conjunction with 
systems using the bandpass T R cavity, in the desire to eliminate as many 
of the manual tuning controls as possible, the electronically controlled 

Crystals 

F I G . 6-23.—Double balanced mixer with beacon-AFC cavity and detector. In this mixer a 
single thermally tuned oscillator ia used for both radar and beacon reception. 

thermally tuned local oscillators have usually been used. In the 3-cm 
band, for instance, the 2K45 tube, which can be tuned electronically from 
3.13 to 3.53 cm, is useful for this purpose. With such an oscillator 
tube it is not necessary to add a second oscillator for beacon reception. 
Instead, the single oscillator is tuned electronically to receive either the 
beacon signal or the radar signal depending upon which AFC circuit is 
operative. When the AFC circuit is actuated by the balanced AFC 
mixer, the oscillator is controlled at the correct frequency to receive 
radar echoes. On the other hand, a beacon reference cavity and detector 
crystal may be added and used to control the oscillator at the right 
frequency to receive beacon signals. Such a reference cavity may be 
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added in place of the short circuit behind the tube antenna in the ordinary 
tube mount, as for a separate beacon oscillator. I t is also possible to add 
the beacon reference cavity by means of another magic T, as illustrated 
symbolically in Fig. 6-23. The magic T provides independence between 
the two circuits in such a way that reflections in the cavity circuit do not 
affect the power delivered to the mixers. A pad between the magic T 
and the cavity reduces the interaction between the cavity and the 
oscillator. Consequently, the load on the beacon cavity need not be so 
heavy as in the application without the input-circuit pad. In this circuit 
the steepness of slope in the transmission characteristic of the cavity is 
sacrificed to some extent to gain decoupling in order to reduce pulling 
of the resonant frequency of the cavity by the external circuits. The 
formulas of Sec. 4-11 still apply, since the magic T between the oscillator 
and the cavity is equivalent to 3 db of matched-attenuator padding. 



CHAPTER 7 

FREQUENCY CONTROL OF LOCAL OSCILLATORS 

B Y ERIC DURAND 

In the first chapter (Sec. 1-2) it was shown that the allowable percent
age frequency drift is much smaller in microwave receivers than in those 
designed for lower frequencies. Furthermore, many microwave oscil
lators are inferior in percentage stability. In some cases radar gear 
must be operated by the pilot of a plane, who cannot spare the time to 
maintain correct tuning manually. For these and other reasons, the need 
for automatic frequency control (AFC) became apparent early and at 
present AFC is used in nearly all equipments. This chapter1 will 
consider the causes of frequency drift and methods for minimizing its 
ill effects through AFC. 

7-1. Sources of Frequency Drift.—In most microwave receivers, the 
pass band of the r-f components is much wider than that of the over-all 
receiver. The center frequency of the pass band of the i-f amplifier is 
very stable compared with the beat note at intermediate radio frequency. 
Consequently, a receiver once tuned will operate at full efficiency as long 
as the frequency difference between local oscillator and transmitter has 
the correct value. 

Oscillators of three types are in common use at microwave frequencies: 
the magnetron, the velocity-modulation tube, and the triode lighthouse 
tube. Each is governed by a resonant circuit having effective inductance 
and capacitance. Although lumped constants are not used, as in the 
case of low-frequency oscillators, the same fundamental criterion for 
operating frequency applies, namely, that the over-all impedance around 
the feedback loop shall be equal to zero. Changes in resistance produce 
changes in amplitude, while changes in reactance cause a shift to a new 
frequency at which the net reactance is again zero. 

For practical purposes, factors affecting circuit reactance may be 
divided into three classes: 

1. Geometric factors, in which the effective inductance and capaci
tance of the oscillatory circuit are changed directly through 
mechanical motion. 

2. Pulling factors, in which reactance is coupled into the oscillatory 
circuit from the load. 

1 See also Vol. 23, Chap. 3. 
290 
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3. Pushing or electronic-tuning factors, in which reactance is intro
duced by changes in electrical conditions, such as voltage, current, 
or magnetic field. 

Here we are concerned with geometric factors deliberately introduced 
through a tuning mechanism only in so far as the mechanism is affected 
by the ambient conditions of temperature, pressure, and vibration. 
Magnetrons, whose resonant circuits are carved of solid copper blocks, 
are geometrically stable except for a drift of a few megacycles per second 
during warmup. They are, however, affected by both pulling and 
pushing. 

The pulling figure of an oscillator (see also Vol. 7) is defined as the 
maximum change in frequency when a load having a voltage standing-
wave ratio (VSWR) of 1.5 is presented in all possible phases to the tube. 
Pulling figures in the 10- and 3-cm bands range from 10 to 15 Mc/sec, 
while at 1 cm, values lie between 25 and 30 Mc/sec. At low frequencies, 
pulling may be avoided by the use of a buffer amplifier. High-power 
microwave amplifiers, however, do not exist, and the microwave trans
mitter is therefore coupled directly to the antenna line. Consequently, 
pulling may occur during scanning because of reflections in the line caused 
by off-center rotary joints, reflections of energy into the antenna from 
radomes or other nearby objects, lobe switches, or variable antenna-
feed devices such as wobbled feeds or variable-width leaky-waveguide 
antennas. The last-named antennas are very troublesome because the 
standing-wave ratio often suffers large fluctuations when the reflections 
from the individual radiating elements all add in phase. 

The amount of transmitter pulling is variable. Low-gain antennas 
are particularly troublesome since their diffuse pattern makes reflection 
back into the line almost unavoidable. Thus, in the 1-cm band, in 
spite of the large pulling figure, pulling is usually negligible because of 
the high antenna gains commonly used. 

The pushing figure of a magnetron is defined as the frequency shift, 
in megacycles per second, per ampere change in magnetron current. 
The figure is negligible in the 10-cm band, around 1 Mc/sec per amp in 
the 3-cm band, and 2 Mc/sec per amp in the 1-cm band. With reason
ably well-regulated primary supplies, pushing offers no AFC problems. 

The resonant frequency of the cavity of a velocity-modulation tube 
is altered by changes in either the cavity volume (inductance) or the 
space between the grids (capacitance). For our purposes, only the 
capacitance change is significant. Geometric changes in grid spacing 
are caused by thermal expansion and, in the case of airborne gear, by 
changes in barometric pressure. The magnitude and polarity of thermal 
changes depend on the detailed design used; in some cases, excellent 
compensation is possible. Tubes in which the tuning range is covered 
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by the use of a thermal strut (see Sec. 7-2) are likely to show large drifts 
caused by temperature changes. Tubes such as the 2K45 and the 2K50, 
which have built-in triodes to energize the thermal strut, are very sensi
tive to triode heater voltage. The end effect here is geometrical, although 
the immediate variable is a voltage. 

Pulling, in local oscillators, is seldom a problem since the r-f geometry 
is fixed. A special difficulty arising from the use of precision reference 
cavities as AFC standards has been treated in Chap. 4. 

Pushing, in local oscillators, is commonly referred to as electrical or 
electronic tuning. In triodes very little electronic tuning is available 
without serious deviation from optimum conditions. Velocity-modula
tion tubes, however, may be tuned many megacycles per second by varia
tion of either accelerator or reflector voltage. This property offers 
little difficulty as a source of drift since well-regulated power supplies 
may be used. In fact it is a means of tuning well suited to either manual 
or automatic control of frequency. 

7-2. Properties of Local Oscillators for Frequency Control.—As was 
pointed out at the beginning of the previous section, control of the 
frequency difference between the local oscillator and the transmitter is 
sufficient to maintain correct tuning of a microwave receiver. Because 
it is usually far easier to tune a local oscillator than a transmitter, the 
former is usually chosen for control purposes. 

Corresponding to the three mechanisms for producing frequency 
changes, there are three types of control that may be applied to the local 
oscillator. Geometric control may be exercised either by straight 
mechanical devices operating through motor-driven tuning mechanisms 
or by the use of thermal expansion. Pulling control can be used by lock
ing the oscillator to a stabilizing cavity. In such a system there is no 
AFC per se, but only frequency stabilization. The use of reactance 
tubes, which is common at low frequencies and perhaps possible in the 
10-cm region, is a means of utilizing the principle of pulling since the 
reactance tube injects reactance across the tuned circuit in much the same 
manner as does a reactive load. Electronic tuning is commonly effected 
by control over the reflector voltage of a reflex velocity-modulation 
(VM) oscillator. Typical reflex oscillators may be tuned anywhere 
from + 30 Mc/sec to + 60 Mc/sec before the output power is cut in half. 
The tuning sensitivity of such tubes ranges from 1 to 4 Mc/sec per volt 
in the higher range of frequencies, with large variations within any 
given type. A complete discussion of electronic tuning will be found 
in Vol. 7. 

Geometric control is relatively slow whereas response in electronic 
tuning is essentially instantaneous. Control circuits are accordingly 
quite different as will be seen in later sections. 
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A number of thermally tuned reflex oscillators are now available. 
One example of the type is the 2K50, which operates in the 25,000-
Mc/sec band. The essential features of the tuning mechanism are shown 
in Pig. 7 1 . I t operates in the following manner. When the bias on the 
tuner triode grid G is reduced, current flows to the plate P, causing its 
temperature to rise. The resulting expansion of P distorts the triangle 
abc, causing the apex a to pivot downward about c. Since the apex is 
welded to a metal sleeve S, which, in turn, is welded to the upper plate D of 
the resonant cavity, this motion is transmitted to the cavity, and causes 

the upper grid Gi to approach the lower grid (72. This reduces the opera
ting frequency. It will be noted that the reflector R, which is inside 
of a ceramic cylinder cemented inside of S, maintains a fixed distance 
from Gt. 

The 2K50 will tune from 1.21 to 1.29 cm (about 2000 Mc/sec) with 
6 watts of triode plate dissipation. The thermal time constant is about 
1.7 sec; consequently the maximum tuning rate at either end of the band 
toward the other end is 1300 Mc/sec per sec, and at band center, 650 
Mc/sec per sec. 

The 2K45 operates in the 10,000-Mc/sec band. The tuning mecha
nism is somewhat different from that of the 2K50 but gives the same 
results. The tube also covers a 2000-Mc/sec range with 6 watts of 
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triode power, but the time constant is about 8 seconds, giving a maximum 
tuning speed at band center of 125 Mc/sec per sec. 

Two properties of these thermal tubes introduce new problems in 
AFC and have necessitated the introduction of new circuits radically 
different from those previously used for reflector AFC. The first of 
these properties is the time delay that occurs between the application of a 
control voltage to the triode grid and the attainment of equilibrium of the 
oscillator frequency. This delay fixes an upper limit to the rate a t 
which the AFC can follow a disturbance, and even this limit cannot be 
reached unless the strut power is turned fully off or fully on when a 
frequency shift is required. The new circuits utilize this "on-off" 
principle. The second property is the wide tuning range afforded. 
The tubes will oscillate over a range of several hundred megacycles per 
second at a single value of reflector voltage. This introduces the problem 
of possible locking to the "wrong sideband" as will be shown in Sec. 7-10. 

A particularly troublesome feature of thermal tubes with built-in 
triodes is the dependence of the frequency on the triode heater voltage. 
Because of thermal inertia, changes in frequency from this cause are 
always slow and can be readily compensated for by the AFC. If, how
ever, one wishes to have manual tuning, for instance (to allow operation 
in the event of AFC failure), it is necessary to regulate the heater voltage 
closely. Ballast tubes are of some help, but for good regulation an 
electronic device is necessary. One scheme is to drive the heater by 
means of a stable oscillator operating from the electronically regulated 
LO accelerating voltage. 

7-3. Classification of AFC Systems.—There are two main classes of 
AFC systems: difference-frequency (D-F) systems and absolute-frequency 
(A-F) systems. D-F systems are those which maintain a constant 
frequency difference between local oscillator and transmitter, and A-F 
systems are those which hold the local oscillator to a fixed radio frequency. 

The conventional AFC of a home broadcast receiver1 is an example of 
a D-F system, since the comparison between local oscillator and received 
signal is made at the intermediate frequency, and errors in the frequency 
of the resultant i-f beat are used to control the local oscillator. 

The crystal-controlled fixed-frequency receivers used in commercial 
communications are examples of A-F systems. In microwave receivers, 
the function of such crystals is performed by precision cavities, and 
complex control circuits are required. 

The type of system required depends on the problem involved. In 
normal radars, samples of the transmitter signal are at hand, and varia
tion in transmitter frequency is expected. A D-F system is therefore 

1 F. E. Terman, Radio Engineer's Handbook, McGraw-Hill, New York, 1943, Sec. 9, 
p. 664. 
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clearly necessary. On the other hand, for the reception of beacons, no 
signal is available until the beacon transmitter has been triggered. 
Therefore, the receiver should be always in tune. Tuning can be main
tained only by the accurate control of beacon transmitter frequency 
coupled with A-F stabilization of the local oscillator. 

Again, in home receivers any one of many carriers must be received, 
which eliminates the possibility of A-F control; in fixed-frequency 
receivers, the signal should not be lost during a fading spell or a noise 
burst, so that A-F control is desirable. 

In addition to classification according to the frequency to be controlled 
(that is, intermediate frequency or radio frequency), classification 
according to control circuit is useful. In particular, each of the specific 
systems mentioned above requires that the local oscillator be tuned 
very close to the desired frequency before control is established; that is, 
these systems have a small "pull- in" range. Once locked, a much 
larger drift tendency may be overcome; that is, the systems have a large 
"hold-in" range. These, then, are nonhunting systems. 

I t is possible in either D-F or A-F systems to cause the local oscillator 
to sweep over a large band of frequencies in order to find the correct 
operating point. When the local oscillator is used in such a way, the 
system is known as a hunting system, and the pull-in range may approach 
or even equal the hold-in range. Hunting systems become useful when 
two conditions exist: (1) the expected drifts are large compared with the 
receiver bandwidth, and (2) there is no possibility of signal confusion 
(locking to wrong transmitter, etc.). Since both of the conditions 
usually apply, most AFC systems developed for radar receivers have the 
hunting feature. 

The balance of this chapter will treat hunting and nonhunting 
difference-frequency systems, and absolute-frequency hunting systems. 
Corresponding to the greater effort spent in their development, emphasis 
is placed on D-F hunting systems suitable for pulsed transmitters rather 
than on A-F and nonhunting systems for c-w transmitters. I t is recog
nized, however, that the latter will play an increasingly important role 
in postwar work. 

DIFFERENCE-FREQUENCY SYSTEMS 

7-4. The AFC Feedback Loop.—The basic operating principles of a 
difference-frequency AFC system are illustrated in the block diagram of 
Fig. 7-2. Samples of the transmitter signal fT and the local oscillator 
signal fLo are applied to a mixer. The resultant i-f signal is amplified 
and applied to a discriminator. This produces an error voltage whose 
polarity depends on whether the intermediate signal frequency is above 
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or below the crossover frequency and which is zero at crossover, as shown 
in Fig. 7-3. The error voltage is amplified and applied to a control 
circuit which transforms it into a control voltage1 suitable for changing 
the LO frequency. Polarities are such that any deviation from crossover 
produces a correction voltage tending to offset such deviation. I t can 
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PIG. 7-2.—Block diagram of AFC loop. 

be seen that such a circuit is essentially an inverse feedback loop, and 
therefore, the Nyquist theorem2 applies. 

In particular, if the loop is broken between the discriminator and the 
control circuit, an alternating voltage applied to the control circuit will 
reappear, modified in both phase and amplitude, at the discriminator 
output terminals. By Nyquist's theorem, the system will be stable 
provided the over-all gain is less than unity at each frequency for which 

the two voltages are in phase. For 
the normal operating frequencies, the 
gain will be large for high stability, 
and the phases 180° apart corres
ponding to the negative feedback. 

Most of the differences between 
hunting and nonhunting systems are 
in the control circuits. The next 
sections treat in detail those features 
common to both. Most of the em

phasis is placed on systems with near-by pulsed transmitters, partly 
because these are more complex than those with remote or c-w trans
mitters, and partly because much material on the latter systems is already 
in the literature. 

7-5. The Transmitter Sample.—When, as in a communications 
receiver, the transmitter is remote, the normal received signal must be 

1 See Sec. 7-7 for a more general definition of these terms. 
2 Nyquist "Regeneration Theory," Bell System Technical Journal 11, 126 

(January 1932). 

Peakto-peak 
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FIG. 7-3.—Discriminator characteristics. 
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used. I t is customary to utilize the main receiver channel, up to and 
including the last i-f stage, without modification. The simple detector 
is replaced by a discriminator (Sec. 7-7) which generates the necessary 
error voltage. Normally, no changes in the r-f, mixer, and i-f stages are 
required although, occasionally, a separate i-f channel is used to obtain 
greater bandwidth. 

In a radar set the transmitter is near by. At first glance this would 
seem to simplify the problem since a constant source for sampling is 
available. • I t proves, however, to add a whole new set of problems 
brought about by the excessive power which may reach the receiver unless 
special care is taken. 

Experience has shown that in pulsed-radar sets an overwhelming 
majority of AFC failures result from improper r-f conditions. Usually 
they take the form of an improper quantity and quality of transmitter 
sample reaching the AFC crystal (which may be either the main receiver 
crystal or a separate crystal), 

When a very large signal is applied to a silicon rectifier, it begins to 
pass current in the backward direction. The "back resistance" falls 
until it approaches the value of 
the "forward resistance." Conse
quently, the rectification efficiency 
of the crystal approaches zero. If 
we observe the rectified current as 
a function of a-c input power we 
obtain a curve such as is shown in 
Fig. 7-4, which has a real maximum, io"4 io_ i io~2 jo~ 
with decreasing output current for P (Watts) 
very large input powers. t , F ' Q - 7-4.—Typical rectification charac-

J , i . tenstie of a silicon crystal-rectified current 
A typical radar pulse is really vs. input power. 

more or less trapezoidal in shape, as 
shown in Fig. 75a. The effect of impressing such a pulse on the char
acteristic of Fig. 7-4 is shown as a function of pulse amplitude in Figs. 
7-5c, d, and e. 

I t can be seen from a Fourier analysis that this video pulse from the 
crystal, even if it has the simple shape shown in Fig. 7-5c, will contain 
energy components at the intermediate frequency. The amount of 
energy at this frequency is, however, 30 db or more below the normal 
i-f level. Under overload conditions, the pulse will have the form shown 
in curve d or even curve e of Fig. 7-5. In this case, there will be large 
amounts of energy at the intermediate frequency, which in some cases 
will exceed the desired energy and result in the continuous generation of 
error voltage, even when the local oscillator is completely dead. This 
spurious error voltage can be regarded as being produced by a shock 
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to) Transmitter pulse, 
positive envelope 

(6) l-f pulse 

excitation of the i-f circuit. I t has sometimes been referred to as "video 
hash." 

There are also found, in the output voltage from the crystal, com
ponents whose frequencies are integral multiples of the difference between 
the frequencies of the local oscillator and transmitter. Such harmonic 
signals, or "harmonic hash," may be generated by the nonlinearity of the 

crystal, or they may be caused by the beating between 
harmonics of the transmitter and the local oscillator. 
Spurious control information results when the fre
quency difference between the two oscillators is a 
submultiple of the intermediate frequency. 

If the local-oscillator frequency is swept through 
the region around the transmitter frequency, a series 
of pulses is obtained. Figure 7-6 shows how these 
look with and without spurious control signals of each 
of the kinds mentioned above. One may produce 
these characteristics experimentally by applying a 
linear sweep voltage to the frequency-control elec-

n trode of the local oscillator and to the horizontal 
plates of an oscilloscope, and by applying the dis-
criminator output voltage to the vertical plates 
through a suitable amplifier. 

The relative importance of each type of spurious 
signal increases with increasing transmitter-sample 
power. Experiments with crystals at 10,000 Mc/sec 
and 25,000 Mc/sec show that they both become 
troublesome if the r-f power at the crystal exceeds a 
few milliwatts. Also, the desired signal increases but 
slowly at these levels. An operating level between 
1 and 2 mw is therefore desirable. The partial satu
ration at this level makes the signal output voltage 
fairly independent of input power. On the other 
hand, spurious signals are at least 20 db below the 
desired signal. Furthermore, if one tries to operate 
below 1 mw, the spurious signal decreases but 

slowly whereas leakage soon becomes intolerable, and extra i-f gain is 
necessary. 

Accurate control of gain up to the error-voltage generator is clearly 
needed. If the gain is too low, locking occurs, if at all, near the peak of 
the discriminator curve, well away from crossover (see Fig. 7-3). If it is 
too high, spurious signals will cause locking either completely out of the 
band (transient response) or at one half, one third, etc., of the inter
mediate frequency (harmonic response). 

fc) Norma! "video pulse" 

(d) Saturated "video 
pulse" 

|\ /I 

(e) "Video pulse" under 
.extreme overload 

FIG. 7-5.—Genera
tion of shock excita
tion. 
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Leakage is particularly troublesome in automatic frequency control. 
There are two sources: (1) bad joints (choke joints, backs of crystals), 
and (2) inadequate cross attenuation, which allows TR leakage power to 
reach the AFC crystal through the common coupling provided by the 
local oscillator. Leakage power and the sample power introduced 
deliberately are coherent and add vectorially in amplitude. Thus if 

-ih Time or frequency —»-

(a) C-w transmitter; no spurious signals 

"ff—IT Time or frequency — » -

<M Pulsed transmitter; no spurious signals 

U IIIIIIIIIL.,,,11111111111111111 

-Ih 

Time or frequency —— 

(c) Pulsed transmitter; shock excitation only 

fT 2 ^r+ 2 
1 I 

—.IIIIIIIIII''|"WI-IIII,"" ■<»■'. HI 
l||l Time or frequency — > -

IfF" 

*......jilll 

w 
(d) Pulsed transmitter; harmonic signal only 

Fia. 7-6.—Output signal from a discriminator at radio frequency; fr is the transmitter 
frequency; fi is the intermediate frequency. 

the two are equal, the net power may range from zero to four times the 
desired power, according to the phases. 

The importance of leakage becomes apparent when one considers 
that the power in the main transmitter line may be as high as 1 mega
watt, while the amount allowed to reach the crystal through leakage 
should be less than \ mw, a difference of 96 db. 

7.6. Mixers, Local Oscillators, and I-f Amplifiers.—In early radar 
sets a single mixer was used, and the transmitter sample was the power 
leaking past the TR switch. The first two stages of the main receiver 
served as i-f amplifier, and only three or four additional tubes were 
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needed: one or occasionally two i-f amplifier stages, and two control 
tubes. A typical AFC chassis circuit of the "d-c amplifier" type is 
shown in Fig. 7-15. The use of a gas-discharge-tube control circuit 
(Fig. 7-18) was also common. 

In its simplest form, single-mixer AFC suffers three serious drawbacks. 
First, the power reaching the crystal is much too high (20 mw or more), 
giving rise to spurious signals caused by shock excitation. Second, the 
20-mw "f la t" is preceded by a short high-energy "sp ike" which gets 
past the TR tube before it has had a chance to fire. This generates 
transients. Moreover any harmonic energy present in the transmitted 
signal may be passed by the TR switch in the fired condition. Finally, 
the system is subject to control by energy reaching the antenna between 
transmitter pulses. In practice, this results in echoes from nearby 
objects ("ground clutter," and so forth) producing control information. 
The effective gain of the system therefore depends on whether the antenna 
points toward the horizon or toward the sky. Also, the AFC may 
lock to the wrong transmitter either accidentally from a friendly system 
or as a result of enemy jamming. 

By the use of more elaborate devices, some of these difficulties may be 
overcome. Bell Telephone Laboratories have developed a "spike-
blanking" circuit in which the leading edge of the video pulse at the 
primary of the transmitter pulse transformer is differentiated and applied 
to the cathode of one of the i-f stages. The positive pulse thus pro
duced cuts off the stage during the time of the TR spike, but allows it to 
recover for the balance of the transmitted pulse. Bell Telephone 
Laboratories have also used an "enabling" circuit to reduce the effects 
of echoes. Again the primary video pulse is used, undifferentiated. I t 
is reduced to about +120 volts in amplitude and applied to the screen 
and plate of one of the i-f stages. Since this stage has no other source 
of d-c power, it is dead except during the transmitted pulse, so that the 
signals entering the antenna between pulses are ineffective. Figure 
7-15 shows how these triggers are introduced. 

With these modifications, reliable operation may be achieved in some 
cases. No control over the flat part of the TR leakage power is possible, 
however, and many system designers have gone over to double-mixer, or 
separate-channel AFC. 

In the separate-channel system, a small fraction of the transmitted 
pulse is coupled out to a separate crystal which drives a separate i-f 
amplifier. Thus, the power reaching the crystal may be adjusted to the 
optimum value and will be "spike-free." Because of the high attenu
ation, signals entering the antenna cannot reach the AFC crystal. The 
design and operation of the r-f components involved in separate-channel 
AFC have already been discussed in Chaps. 4 and 6. 
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Further improvement in AFC reliability may be obtained by the use 
of a balanced mixer (Sec. 6-8). Since a balanced mixer is customarily 
used in conjunction with a similar mixer for the main receiver, the 
resulting unit is commonly called a "four-crystal mixer." In the four-
crystal mixer, TR leakage power and the resultant transients, and all 
harmonics of even prder generated in the crystals are balanced out. 
Only stray leakage and harmonics generated by the oscillators remain as 
problems. Harmonics of third and higher orders are normally negligibly 
small. 

The method of obtaining the transmitter sample in a separate-channel 
system is important. Usually, a small coupling hole in the side of the 
transmitter line is used, although occasionally directional couplers 
(Vol. 11, Chap. 14) are used to make the sample-power level independent 
of standing waves in the antenna line. Only part of the necessary 75 to 
90 db of attenuation may be thus provided. Often, from 20 to 40 db 
more is obtained from a dissipative pad inserted directly in the mixer. 
This pad serves to provide a matched line looking out from the mixer, 
and to reduce the effects of leakage into the line in front of the pad. 

The coupling hole is a waveguide beyond cutoff and may be a wave
guide within cutoff for harmonic frequencies. Thus, a small percentage of 
harmonic content in the transmitter output may become a large or even a 
dominating fraction of the power in the AFC line. Because this harmonic 
energy may be so large as to generate transients, its elimination is most 
important. To attenuate the harmonics, a resistance strip or a polyiron 
plug may be inserted in the coupling hole. 

Little need be added about local'oscillators. Many of their properties 
were discussed in Sec. 7-2, and the problems of coupling them into 
mixers are covered elsewhere (Chap. 4). The amount of power that 
should be applied to the AFC crystal from the local oscillator is governed 
by the fact that it should differ from the power from the transmitter by at 
least a factor of 3, in order to reduce the amount of harmonic generation 
by the crystal. I t is clear that the local-oscillator power should be the 
lesser of the two. First, there is seldom any power to spare in reflex 
oscillators; and second, the higher the transmitter power at the crystal, 
the less important is a given amount of leakage power. Thus, in normal 
parlance, the transmitter serves as local oscillator, and the real local 
oscillator serves as signal. 

A local-oscillator power level of about i mw is desirable and also 
convenient, since it is also the approximate power required for a main 
receiver crystal and so the two crystal currents may be set to the same 
value. If a magic T is used to divide the power among the crystals, 
as in a four-crystal mixer, a single adjustment will suffice, and all crystals 
will receive equal power. 
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The i-f output signal of an average crystal operating under the con
ditions outlined above lies between 0.25 and 0.50 volt rms. Since 
this is inadequate for a discriminator, one or more stages of i-f amplifica
tion are used. The bandwidth requirement of the i-f amplifier is gov
erned by the discriminator bandwidth, which should be slightly less than, 
or equal to, the over-all receiver bandwidth. The receiver bandwidth, 
in turn, is governed by the system pulse-length or modulation require
ments. Since typical radar bandwidths lie between 1 and 8 Mc/sec to 
the half-power points, the gain per stage is usually low. Furthermore, it 
is now considered good practice to make the AFC i-f channel considerably 
wider than the. discriminator peak-to-peak separation to remove the 
necessity for complete realignment when the discriminator crossover 
frequency is shifted. This makes possible the adjustment of the AFC 
locking frequency with a single control. With the system locked to 
AFC, this control may be tuned for maximum performance. 

Gain at the intermediate frequency is expensive, whereas gain after 
detection is cheap, since, in most cases, the video pulses have been 
greatly "stretched," and hence the video bandwidth requirements are 
low. I t does not pay, however, to overwork this idea. The video input 
signal should be approximately 1 volt in order to be large compared with 
stray pickup. For pulses longer than 1 or 2 ^sec, a single i-f stage 
preceding a conventional dual-diode discriminator will suffice. For 
pulses between i /isec and 1 fisec, two stages may be needed, while still 
shorter pulses may require three or more. In the latter case, extra band
width may be obtained by staggering the center frequencies of the first 
two stages (Vol. 18). A voltage gain of four or more is possible in the 
circuit between the crystal and the first amplifier grid. This extra gain 
involves extra alignment problems, however, and a single-tuned circuit 
with unity gain may be preferable. 

Symmetry in the i-f amplifier is far more important in the AFC 
channel than in the signal channel. The i-f spectrum of a short pulse 
contains sideband energy on either side of its center frequency. If the 
amplifier is asymmetrical, the over-all discriminator characteristic will' 
likewise be asymmetrical, and the sidebands will not be canceled out at 
crossover. 

7-7. Discriminators.—The characteristic curve of a discriminator 
shown in Fig. 7-3 is not of the most general possible type. For one thing, 
the zero referred to may be at some d-c level other than ground potential. 
For the purposes of this chapter, the zero to which polarities are referred 
is the d-c voltage existing at the output terminals when there is no signal at 
the input terminals. Crossover frequency is that frequency lying between 
the two output peaks for which the output voltage is zero. If the i-f 
input signal consists of continuous waves, the output voltage will be d-c; 
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if it consists of a series of short pulses, the output voltage will consist of 
a series of pulses whose amplitude and polarity follow the scheme shown 
in Fig. 7-3. In the special case of the beacon AFC described in Sec.7-18 

»• Discriminator 
output (DO) 

B signal 
* Video and avc 

D\ -L/-.I signal (VO) 

(a ) Travis circuit 

-® ; • 
Q 

H ( -

M 
W 

^ 

\RB TCR 

■DO 

-►•VO 

R-f choke 
(6) Foster-seeley circuit 

(c) Weiss circuit 
F I G . 7-7.—Discriminator circuits. 

the output voltage varies sinusoidally. Change of polarity is replaced by 
a 180° reversal of phase, but if plus and minus are taken to mean one or 
the other phase, Fig. 7-3 still applies. 
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Three types of i-f discriminators are shown in Fig. 7-7.' 
The Travis circuit depends on the action of two resonant circuits, 

one tuned above the desired crossover frequency and one tuned below it. 
Detectors across the two circuits are connected back to back. The 
individual and sum voltages developed by the detectors are shown in 
Fig. 7-8. It should be noted that the individual resonant elements 

are double-tuned. Hence, if close 
Output voltage 

of upper detector 

Output voltage 
of lower detector 

Over-all output 
voltage 

coupling is used, each side of the 
discriminator characteristic may be 
double-humped. This is not possi
ble in either of the other circuits. 
If the peak-to-peak separation is too 
great for the circuit Q's in any of the 
circuits, the characteristic will have 
a "chair," as shown in Fig. 7-8d. 

Three factors must be adjusted: 
the crossover frequency, the peak-
to-peak separation, and the sym
metry. In the Travis discriminator 
the crossover is shifted by tuning the 
two resonant elements in the same 
direction, while separation is changed 
by tuning them in opposite direc
tions. The other circuits, on the 
other hand, have separate, indepen
dent crossover and separation ad
justments. T h e characteristic is 
symmetrical if the i-f amplifier pass 
band is symmetrical, and if the dis
criminator primary is tuned to the 
crossover frequency. In addition, 
the Travis circuit requires that the 

individual circuit bandwidths be equal. The adjustment of the primary 
circuit of the discriminator is commonly called the symmetry control. 
I t may be used to offset the slight inherent asymmetry which arises from 
the unbalance of the discriminator with respect to ground potential (see 
Sec. 7-8). 

The Foster-Seeley discriminator of Fig. 7-7b has been well covered 
1 D. E. Foster and S. W. Seeley, "Automatic Tuning, Simplified Circuits, and 

Design Practice," Proc. J.R.E., 25, 289, March 1937. 
Hans Roder, "Theory of the Discriminator Circuit for Automatic Frequency 

Control," Proc. I.R.E., 26, 590, May 1938. Charles Travis, "Automatic Frequency 
Control," Proc. I.R.E., 23, 1125, October 1935. 

FIG. 

Q too high 

Crossover ■ 
7-8.—Operation of Travis discrimi

nator. 
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. Output 
signal 

in the literature and will not be treated here beyond noting that the 
mutual inductance determines the peak-to-peak separation and that the 
crossover frequency is the resonant frequency of the secondary circuit. 
At the frequencies commonly used for i-f amplifiers in microwave receiv
ers, little if any lumped capacitance is added. The distributed capaci
tances of the diodes, in series, comprise the bulk of the tuning 
capacitance. 

The Weiss discriminator of Fig. 7-7c was developed at the Radiation 
Laboratory in an attempt to reduce the detrimental effect of stray 
capacitances by making them serve a useful function. I t is essentially 
the capacitance-coupled analogue of the Foster-Seeley circuit. I t has 
been shown experimentally that the two discriminators have sub
stantially identical electrical performance (gain-bandwidth product, 
susceptibility to stray capacitance, and so forth). The Weiss dis
criminator, however, requires accurate control over the small difference 
between the coupling condensers required for a narrow-band char
acteristic. On the other hand, the 
Foster-Seeley discriminator suffers 
at large bandwidths from the large 
variation in mutual inductance 
with small displacements of the 
coils. An analysis of the action 
of the Weiss discriminator is given 
in the next section. 

The term " discriminator effici
ency " is commonly applied to the 
ratio of the maximum available 
output voltage (d-c or pulse) to 
the peak voltage of the i-f signal 
at the input terminals. Since voltage stepup is possible, resulting in 
"efficiencies" greater than unity, such usage is improper. We shall use 
the term "discriminator voltage gain" to express this factor. 

As in a conventional detector with transformer coupling, discriminator 
gain is affected by a variety of factors, including diode conductance, 
transformer design, and video load resistance. In addition, when one of 
the detectors is producing a maximum signal, the other is absorbing 
some of the available power, and this power, when rectified, balances 
out part of the signal from the first detector. I t can be shown that this 
balance causes a 30 per cent reduction in discriminator voltage gain 
under optimum adjustment. 

Figure 7-9 is the equivalent video circuit of a discriminator. Consider 
the action of one of the diodes alone. If a step-function i-f signal is 
applied to the discriminator, the voltage across the bypass condenser will 

^C'B z=Z.Cc + stray 
capacitance 

F I G . 7-< -Equivalent video 
discriminator. 

circuit of 
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rise exponentially with the time constant RiaiCs-1 Rise times of the 
order of 1 /xsec are common. When the step function is removed, the 
voltage across CB will immediately start to decay with a time constant 
RBCB. Full voltage is reached, therefore, only if the i-f pulse is long. 
In a typical design the amplitude of the output pulse for a i-Msec input 
signal will be about one third that for a long pulse. 

Increasing RBCB results in a stretching of the pulse. If CB is increased, 
there will be a corresponding reduction in amplitude unless the original 

(6) Output voltage of lower detector <d> Swept f-m pulse response 
FIG. 7-10.—Effect of video unbalance. 

transmitter pulse is long. An increase in RB produces no such loss of 
amplitude, but values in excess of about a megohm should be avoided 
because of grid current in the following amplifier and because of increased 
hum pickup from the heaters. If the discriminator output pulse is 
used to operate a hard-tube reversing multivibrator or "trigger circuit," 
as in the systems of Sees. 7-15 and 7-16, it is unnecessary to stretch the 
pulse. If it is used to fire a gas-discharge tube (Sec. 7-11) stretching up to 
about 10 Msec reduces the threshold for firing. If it is used to energize a 
diode search-stopping rectifier of the type described in Sec. 7-13, its 
effectiveness is almost proportional to the amount of stretch. 

Discriminators should have good video balance. The charge and 
discharge times of the two bypass condensers should be respectively 

1 Rim is taken to include the effective forward resistance of the diode. This is 
variable, depending both on signal amplitude and on the instantaneous voltage across 
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equal. Since the two generator impedances are equal, the effective 
bypass capacitances should be equal. It should be noted that the total 
capacitance across the lower detector includes both the coupling con
denser Cc of Fig. 7-9 and stray capacitances. Consequently, the actual 
value of condenser CB should be 15 to 20 ntd greater than that of C'B. 

Figure 7-10 shows the effect of a moderate video unbalance. Curves 
(a), (b), and (c) show the waveforms observed across the individual 
detectors and at the output terminals when a pulse of length T, at cross
over frequency, is applied to the discriminator. The capacitance across 
the upper detector is assumed to be 30 per cent too large. Because 
of the difference in the time constants for charging, the peak voltage 
reached across the upper detector is less than that reached across the 

FIG. 7*11.—Foster-Seeley discriminator with Strandberg detectors. 

lower detector. At the end of the i-f pulse, therefore, the net output 
voltage is negative. Because of the difference in the discharge time 
constants, however, the voltage across the lower detector falls toward 
zero more rapidly than that across the upper detector. Consequently, 
after a time, the voltage across the upper detector dominates, and the 
total output voltage becomes positive. Finally, all charge leaks off, 
and the voltage becomes zero. 

If the signal from a pulsed signal generator (see Fig. 7-6), the fre
quency of which is varied from pulse to pulse, is applied to such a dis
criminator, the pattern of Fig. 7-10d will be seen on an oscilloscope 
connected to the output terminals. Near the crossover frequency every 
pulse will extend on both sides of the axis, and the crossover frequency 
will no longer be sharply defined. Such a broadening of the crossover is 
not serious unless the unbalance is severe, in which case the output voltage 
of one polarity is markedly reduced. A nominal figure of 20 per cent 
unbalance tolerance is usually stipulated for discriminators that are to 
be manufactured in quantity. This is readily achieved if the original 
design is good. 

From the foregoing, one might assume that only diodes are used as 
detectors. Actually, triodes are often used. For instance, Bell Tele-
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phone Laboratories have used a pair of plate-circuit or "anode bend" 
detectors. Since both output voltages are positive, one of them is 
inverted to give the correct over-all characteristic. A circuit of this 
type is found in Fig. 7-15. Strandberg1 has used a plate-circuit detector 
for one branch and an "infinite impedance" or cathode detector for the 

(a) (6) 
F I G . 7-12.—Circuit and equivalent circuit for Weiss discriminator. 

The 

C 

other, the two being coupled by a common cathode connection. 
circuit is shown in Fig. 711 . 

The great advantage of these detectors is that they supply the 
energy necessary to charge the bypass condensers from the power supply 
instead of from the i-f amplifier. Much greater pulse stretching is 
possible. Thus, in the circuit of the Bell Telephone Laboratories, the 
pulse is stretched out until the next pulse arrives, so that almost d-c 

control signals are obtained. With 
smaller bypass condensers, the rise 
time may be made so low that the 
output voltage is independent of 
pulse length even for pulses less than 
0.1 ;xsec long. 

7-8. Discriminator Theory.2—A 
simplified theory for approximate 
calculation has been developed for the 
Weiss discriminator. Figure 7-12 

shows the basic circuit of the discriminator, its equivalent circuit, and the 
important voltages. Ci and C2 represent the diode capacitances, and 
the circuit Q's are assumed to be infinite. The first step is the trans
formation of the 7r-network Ci — Ci — L into its equivalent T-network, 
shown in Fig. 7-13, where 

1 M. W. P. Strandberg, "A Video-Frequency Modulation Detector," RL Internal 
Group Report 53, Apr. 1, 1945. 

s W. Selove, "Frequency Discriminator Analysis," RL Internal Group Report 61, 
Jan. 1, 1945. 

F I G . 7-13.—Equivalent circuit for 
Weiss discriminator after jr-to-T trans
formation. 
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and where 
^-i) 

p, C1C2 
Ci + C, 

At some angular frequency ui, Zi will resonate with C, so that all of 
the current will flow in the upper branch, making Ei large, and E2 ze* c 
Similarly, at an angular frequency ai2, E2 will be large and Ei zero. 
The frequencies cm and w2 are very close to that of the peak response. 
At o>i 
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LC = \ , 

Similarly 

^ = / l + £ . (2) 

«2 \ C 2 

If, for the sake of argument, it is assumed that d > C2, then &>i > &>2. 
For angular frequencies decreasing from Ul, the impedance of the upper 
branch increases from zero and is inductive. Similarly, raising the 
angular frequency from o>2 causes the impedance of the lower branch 
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to increase capacitively. Therefore, there exists an angular frequency 
o)c at which the two impedances are equal in magnitude but opposite in 
phase. At this frequency the currents in the branches are equal in 
magnitude, so that Ei = E2, and the error voltage is zero. This is the 
crossover frequency. At co0 

Zr + Zc = -(Z* + Zc), 
or 

Z\ -f- Z j = —2ZC. 

Substituting the values for these impedances given in Eq. (1), 

2C" 1 
1 WcC" 

dj -pi 

S = i + Srr (4) 2C" 

Equation (4) shows that the crossover frequency is that frequency at 
which L resonates with C and C/2, that is, with the total capacitance 
across L. 

An expression for the peak-to-peak separation can be obtained from 
Eqs. (2), (3), and (4): 

« 1 — " 2 

~yj1 + 2c W'd + G yjc2 + c) (5) 

In some cases, a simplified expression is possible. Starting again from 
Eqs. (2), (3), and (4), we have 

Ci G2 
2 2 

«J 
C, 4- C C2 + C 

1 
1 +3JI 

f l + - ^ - C<C'-g»> (6) 

Now if the percentage peak-to-peak separation is small, we may write 

COj — 0>\ _ ( w i — 0)2)(&)l -f- W2) 2 ( « i — 0)2) 
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Equating this to the right-hand side of Eq. (6), we obtain 
0)1 

201C2 (7) 

The voltage at each peak can easily be calculated. For example, 
at o>i the current in the upper branch is E/Z3 and the voltage across the 
diode is Ex = (E/Z3)XC. 

ux 
1 

1 
j((OlL — COlC") 

Similarly, 

juiCija>iC2 

(Ej\ = C, 
\E/„, C2 

Ci 

c, 
c, 

\ d 
) c, 
+ c2 

+ c2 
+ c (8) 

(9) ,2 + C 
These equations indicate that peaks of equal amplitude are possible 

only if Ci + C = C2 + C, for which condition Z?i = E2 for all frequencies, 
and the error voltage from the discriminator is zero. The branch having 
the smaller coupling condenser will have the larger current, and we have 
already seen that this will be the low-frequency branch. If we make 
Ci < C2, then #1 < E2. We can, n i 

however, by restricting the size of 
the bypass condensers of Fig. 7-12, 
arrange matters so that not all of the 
voltage Ei in the theoretical expres
sion appears across the upper diode. 
By proper selection of these con
densers the two peaks may be made 
equal. With the diodes connected 
as shown and Ci < C2, the upper 
branch will give positive output 
voltage at low frequency. If the 
characteristic is to have the opposite sense, then for the equality of the 
peaks to be maintained, the diodes themselves must be reversed. 

In any event, the dissymmetry is usually not serious and approximate 
compensation may be secured by a slight detuning of the resonant 
circuit normally associated with the primary voltage source E of Fig. 7-12. 

It may be noted here that most miniature tubes have a certain amount 
of leakage conductance between heater and cathode resulting in the 
appearance of a hum voltage at the cathode of the upper diode, which 
carries the desired signal. The amount of such hum is variable from tube 

F I G . 7-14.—Circuit for hum reduction. 



312 FREQUENCY CONTROL OF LOCAL OSCILLATORS [SEC. 7-9 

to tube and depends on the resistance from cathode to ground. If this 
resistance is i megohm, a common value, the hum may amount to a large 
fraction of a volt. Fortunately, a bias of either polarity between cathode 
and heater will cure the trouble. Positive bias on the cathode is partic
ularly effective. If the amount of such bias slightly exceeds the peak 
value of the heater voltage, the hum will be completely eliminated. 
This condition may be readily attained by the use of a separate negatively 
biased heater winding, or by the circuit of Fig. 7-14, which may be 
applied to any of the discriminators of Sec. 7-7. 

NONHUNTING SYSTEMS 
7-9. Control Circuits for Nonhunting Systems.—Control circuits for 

nonhunting systems with c-w transmitters are very simple. Since the 
characteristic of a discriminator is linear near crossover, the output 
voltage is a pure d-c voltage whose level and polarity are determined 
by the frequency error of the local oscillator. As a rule the only require
ment is a direct connection between the discriminator and the frequency-
control electrode; that is, the grid of the reactance tube, or the reflector of 
the reflex oscillator. Descriptions of many such circuits are to be found 
in the prewar literature.1 If the frequency-control electrode is insensi
tive, a d-c amplifier, preferably push-pull, may be required. 

When the transmitter output power consists of short pulses separated 
by long intervals, as in a radar set, it is necessary to provide only for the 
stretching out of the pulses that appear at the discriminator, so that their 
peak amplitude is maintained between pulses. 

Figure 7-15 shows the circuit used for AFC in a radar set designed at 
Bell Telephone Laboratories. This represents a highly developed 
nonhunting, single-mixer system (Sec. 7-5). I t is seen that the output 
terminals of a conventional Weiss discriminator (Sees. 7-7 and 7-8) are 
connected to a pair of plate or anode-bend detectors. The plate load 
resistors are very high and are bypassed by large condensers, giving a 
time constant of 3.2 X 10~2 sec. Since the interval between pulses in 
this set is only 2.5 X 10 - 2 sec for the lowest pulse recurrence frequency, 
most of the charge developed during the pulse will be sustained until the 
next pulse. What little ripple remains is filtered out by a large con
denser at the reflector of the local oscillator. 

The plates of the detectors are connected directly to the grids of a pair 
of push-pull d-c amplifiers which have a large common cathode resistor. 
Because this resistor is degenerative for everything except signals on 
either grid, it increases stability. Control voltage is taken from one of 
the amplifier plates, the operating range being selected by adjustment of 
the plate supply voltage. 

1 Terman, loc. cit. 
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The output voltage of this amplifier will swing at least 25 volts above 
or below the no-signal level, and is adequate to control a reflex oscillator. 

It will be noted that the "enabling" feature discussed in Sec. 7-5 is 
provided by energizing the first i-f amplifier stage only during the initial 
transmitter pulse. The trigger for the screen and plate supply of this 
tube is taken from the primary of the transmitter pulse transformer. 
Other BTL circuits have also contained the "spike-blanking" feature 
already considered (Sec. 7-5). The leading edge of the video pulse at the 
pulse transformer is differentiated to produce a sharp, very short positive 
pulse, which is applied to the cathode of Vi, cutting this tube off during 
the first part of the transmitter pulse, during the time when the TR 
spike comes through. The point at which such a trigger is introduced is 
also shown in Fig. 7-15. 

Other nonhunting systems have been used successfully by the British. 
An interesting feature of one of their circuits is the "reflexing" of a par
allel pair of output i-f amplifier tubes to serve as push-pull d-c amplifiers. 

With reference to Fig. 7-6 (a), if the connections are so chosen that a 
positive error voltage tends to reduce the local-oscillator frequency, it is 
then clear that lockihg is possible where and only where the discriminator 
characteristic has a positive slope. In the main pass bands, there are 
three such regions: one near crossover at the low-frequency sideband and 
two on the outer skirts of the high-frequency sideband. The latter pair 
are too far from crossover for satisfactory operation. In this case, then, 
the high-frequency sideband is the wrong sideband. Other types of 
operation on the wrong sideband will be noted later. I t is also possible to 
lock incorrectly at any one of three places on each pair of harmonic 
sidebands if the gain is too high. With adequate r-f selectivity, of course, 
these dangers could be avoided; in nearly every microwave receiver, how
ever, they must be considered. 

DRIFT-IN HUNTING SYSTEM 
7-10. Basic Theory.—The "drift-in" theory of operation is illustrated 

in the block diagram of Fig. 7-16. During the hunting cycle, only the 
slow-sweep generator need be considered. This generator impresses a 
sawtooth voltage on the frequency-control electrode, which results in 
a sawtooth frequency modulation large enough to allow for all possible 
tuning errors. At some time during the sweep, the crossover frequency of 
the desired sideband will be passed. Information generated at this time 
will actuate the search stopper which will halt or reverse, as needed, 
the progress of the slow sweep. There is a perpetual tendency for the 
frequency to drift off; this tendency is offset by the search stopper. A 
"wal l" may be thought of as existing at the point A in Fig. 7-17 and 
inhibiting the sweep. Note that here too there is a wrong sideband, 
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since a similar "wal l " exists at B. Each harmonic likewise offers a pair 
of "wal ls" for possible locking. 

The system is stable, for, if the oscillator frequency tends to drift 
to the right, the rising discriminator output voltage will develop extra 

— Discriminator 
Search 
stopper 

Slow sweep | 
generator 

To local oscillator 
FIG. 7-16.—Drift-in AFC. 

Right sideband 

A '. 
Wrong sideband 

B 

lit Threshold 

\r I'^V 
Tuning error 

f,r 

Direction of slow sweep Tuning error 
FIG. 7-17.—Right and wTong sidebands. 

search-stopping power, pulling the frequency back. Similarly, a shift 
to the left results in a diminution of search-stopping power, and the 
normal slow-sweep drift will resume. 

7-11. Standard Gas-discharge-tube AFC—The first AFC for pulse 
radar developed at Radiation Laboratory used the gas-discharge-tube 
control circuit of Fig. 7-18. Although this circuit has certain inherent 

Discriminator 2050 t-^— 

0.0005 ~J~C 1 i To 

"o.oir reflector 

FIG. 7-18.—Standard gas-discharge-tube AFC circuit. 

limitations which have necessitated the development of new hard-tube cir
cuits, it is still in wide use and is likely to remain so for some time to 
come. Because of this, and because no adequate report on it has yet been 
issued, this circuit will be considered in detail. 

V\ is a gaseous tetrode having the characteristic that the grid voltage 
necessary to cause breakdown is nearly independent of plate voltage eP]. 
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I t is so biased as to remain nonconducting in the absence of a positive 
pulse or trigger from the amplifier that follows the discriminator. 

Vt is a gaseous triode so biased as to fire whenever the plate voltage 
ep reaches a critical value (usually about 200 volts for a 300-volt supply)' 
Vz is the slow-sweep generator discussed in the previous section. 
Current flows through JBi and Ri, charging C2 until the critical voltage 
is reached. V2 then breaks down, discharging Cz abruptly. Because 
of the large number of ions formed in Vz (or later in Vi) during the 

I Trigger threshold 

-Mm A AJh,ui 
Time-

- Set turned on 

fT decreases 
Crossover passed 

Modulator on 
fT increases -» 

F I G . 7-19.—Voltage-time relationships in gas-discharge-tube AFC. 

breakdown, and because of the finite ion-recombination rate, e„ is 
carried well below the critical voltage for ion production. Before R\ 
and Ri can recharge d to this voltage, all ions will have recombined. 
Therefore, the tube will remain nonconducting and the slow upward 
sweep will resume. This sawtooth sweep voltage, divided down by 
Rz and Ri, is applied to the reflector of the reflex local oscillator, causing 
it to execute a corresponding sawtoothed frequency sweep. Ci, being 
much smaller than C2, plays an insignificant role in modifying the sweep. 

If the range-set control R5 is properly adjusted, the local oscillator will 
be swept through the correct operating frequency. At first, negative 
pulses appear, but as crossover is reached and passed, these disappear 
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and are replaced by positive pulses. The first pulse of sufficient ampli
tude will fire the search stopper V\. When this happens, ePi abruptly 
drops to some 11 volts above the cathode potential. The flow of current 
in Ri is reversed, and ePt starts to fall. This causes the local-oscillator 
frequency to move back from the threshold, so that one of the next few 
pulses to appear will be too small to fire Vi, or may even be negative. 
Because Ci is small, however, Rt and i j 2 quickly restore the charge, and 
the forward sweep resumes until another pulse large enough to fire Vi 
comes through. 

These effects are shown in Fig. 7-19. The potentials of the two plates 
at any one time are shown, one above the other. The time scale after 
locking (to the right) has been expanded manyfold for clarity. 

This circuit is an example of the frequency-control principle. The 
control voltage applied to the reflector is determined by the frequency 
with which Vi is triggered and is unaffected by the trigger amplitude as 
long as it exceeds the threshold determined by the bias on the Vi control 
grid. Later (Sec. 7-13) we shall consider circuits employing amplitude 
control, in which every pulse is effective, the amount of the effect being 
proportional to pulse amplitude and thus to the amount of deviation from 
the crossover frequency. 

7-12. Design Theory for Gas-discharge-tube Control Circuits.—In 
pulsed systems, since control information is available only for short, 
widely separated intervals, it is necessary to limit the amount by which 
the LO frequency can shift between successive pulses. This restriction, 
in turn, limits the speed with which the control circuit can readjust itself 
to meet new conditions. 

In Sec. 7-1 the causes of frequency drift were considered. Of the 
effects discussed, pulling during the antenna scan is usually the only one 
that takes place so rapidly as to constitute a following-rate problem. 
When rapid pulling occurs, the local-oscillator frequency may lag behind 
its proper place, resulting in mistuning, or it may drop back so far that 
control information is lost, causing the system to become unlocked. 

With reference to Fig. 7-17, pulling may be thought of as causing a 
displacement of fa to the left or to the right, with the discriminator 
characteristics executing a similar shift. If/0 shifts to the right, control 
information will disappear and the local-oscillator frequency v/ill start 
to drift to the right as the slow sweep resumes. No matter how great the 
shift in /o (within the limits of the control range) nor how fast the shift 
takes place, the local oscillator will ultimately reach the threshold 
frequency A, and control will be restored. 

If, on the other hand, f0 shifts to the left, the firing rate of the search-
stopping tube (Vi of Fig. 7-18) will increase up to the limit of one per 
transmitter pulse, causing the local-oscillator frequency to shift to the 
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left. If the rate of shift of F0 is too great, the oscillator will fail to keep 
up with it and presently will be so far out of tune that the positive pulse 
from the discriminator amplifier will fall below the threshold, and Vi 
will cease firing. Then the slow sweep to the right will resume and the 
system will be unlocked. This one-sidedness is a characteristic of all 
drift-in systems. 

I t might be mentioned here that the "push-pull" systems discussed 
in Sees. 7-14 to 7-16 can become unlocked as a result of fast shifts in 
either direction. Nonhunting systems may also become unlocked if a 
fast frequency shift exceeding the system pull-in range occurs (see 
Sec. 7-3). 

Maximum following rates determine the ability of a system to follow 
fast frequency shifts. They are usually expressed in megacycles per 
second per second. They are functions of the value of the oscillator 
frequency within its control range and are, in general, different for the two 
directions of frequency shift. 

The control circuit determines the maximum rate at which the fre
quency-control electrode (here, the reflector) voltage may be changed. 
The corresponding frequency following rate is then determined by the 
electronic-tuning sensitivity of the oscillator, that is, by the shift in 
frequency in megacycles per second per volt change on the frequency-
control electrode. 

In any pulse-operated hunting type of AFC, there is an inherent 
ripple in the local-oscillator frequency. This is due to the tendency 
of the oscillator to resume the hunting sweep during the interval between 
successive pulses and can be reduced only at the expense of reduced 
following rates. Ripple is usually expressed as the peak-to-peak ampli
tude of the frequency modulation (in megacycles per second) where the 
system is in equilibrium and depends, as do the following rates, upon 
the value of the local-oscillator frequency within the control range. 

In a practical design, ripple is usually the factor that limits the 
following rates. Sometimes, however, it is found that while the hunting. 
sweep is traversing the discriminator characteristic, the control informa
tion received is insufficient to stop the sweep although, once the sweep is 
stopped, locking is possible. The speed of the hunting sweep would then 
be the limiting factor. The maximum permissible ripple can be calcu
lated from receiver bandwidth and similar considerations, and from this 
the amount of voltage ripple that can be tolerated on the reflector may be 
computed. With these data, the following theory may be applied to 
determine optimum circuit constants. 

For the rest of this section, following rates and ripple will be referred 
to in terms of the reflector voltage. Two voltage following rates are 
defined: the maximum "down-pull" rate, the rate at which the reflector 
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vol tage becomes more nega t ive when the search-s topping t u b e is fired a t 
each t r a n s m i t t e r pulse ; and t h e m a x i m u m " u p - p u l l " ra te , t h e r a t e 
a t which it becomes less nega t ive when the search s topper does no t fire a t 
all. These ra tes are expressed in vol ts per second. Ripple will be 
referred t o as the peak- to-peak a m p l i t u d e of t he r ipple vol tage a t t h e 
reflector when t h e sys tem is in equi l ibr ium. 

0 o 
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(b) Effective and equivalent circuits for charging C, 

V pR 
-AA/V-

oo-

>pyR 

E3 + 7ej 
? e 5 = — f 7 7 
> _ p 7 
>Rs —iTY R 

6 0 

(c) Effective and equivalent circuits for charging C2 

FIG. 7-20.—Equivalent circuits for gas-discharge-tube AFC. 

N . Roches te r 1 has developed a t heo ry giving the precise behavior of 
gas-discharge- tube control circui ts , from which the following r a t e s and 
ripple m a y be der ived. T h e only a s sumpt ion involved is t h a t t h e t i m e 
cons tan t for charging t h e sweep condenser C2 is m u c h larger t h a n t h a t for 
charging t h e search-s topping condenser C\. Th i s is a lways t r u e in p r ac 
tice since t h e slow sweep m u s t be such t h a t several pulses a p p e a r dur ing 
t h e t r ans i t of t h e receiver pass band , whereas t h e search s topper m u s t be 
fully recovered wi th in a few pulses. 

1 Sylvania Electric Products Co., Boston, Mass. 
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For the notation of this discussion, the reader is referred to Fig. 7-20. 
In this figure capital letters denote fixed quantities; lower-case letters, 
variable quantities. Average values are differentiated from instanta
neous values by the presence of a superscribed bar. Vi and V2 are repre
sented by switches which close only long enough to discharge their 
respective condensers. To simplify the calculations, all voltages are 
referred to the plate voltage of either tube when conducting (about 
10 volts above the cathode potential). The resistance of the potentiom
eter from which Es is derived is neglected. One can allow for it by 
replacing it with an equivalent voltage and resistance, using TheVenin's 
theorem, and including the resistance in pyR. In practice such a cor
rection is small. 

Because of the difference in time constants, e2 may be considered 
constant during any one firing cycle of T\. Henc ei may be computed 
as a function of time. When ei has been determined, the instantaneous 
current in pR flowing into C2 may be computed for one cycle. From 
this, the change in e2 may be computed. Figure 7-20& shows the circuit 
for charging C\ and the equivalent circuit derived from TheVenin's 
theorem. The charging voltage and resistance are 

- = PEo + 7ii Rt = ^>R ( 1 0 ) 

1 + P 1 + P 

When, after a trigger, the tube Vi is momentarily made conducting, 
the voltage across Ci will build up exponentially from zero, with a time 
constant RtCi, approaching e4. The equation is 

ei = 7t (1 - tr1""), (11) 
where 

MT = RiC1 =-£-RC1 (12) 
1 + p 

and T is the interval between pulses. 
When the AFC is in equilibrium, control pulses will be applied to the 

grid of Ti at more or less regular intervals so spaced as to maintain the 
required value of e2- Let us assume this interval to be nr. Because 
of the linear relation between voltage and current, the average current 
flowing in pR may be computed from the difference between the average 
voltage ei across C\ and the voltage e2: 

ri= I rei *= * b - £ i1 ~ e~1)] -F (?)7i- (13) 
A plot of F(x) vs. x, where x = n/n, is shown in Fig. 7-21. 
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To compute the ripple, we observe that when ex = eu the instanta
neous current in pR equals the average current so that the instantaneous 
slope de2/dt is zero. This is the 
maximum excursion downward 
between triggers, and the time at 0.8 
which it occurs may be found by 0 6 

equa t ing t h e right-hand sides of F(x) 
Eqs . (11) and (13), with t he result 

1 °2 

U = HT In i—r-p- (14) 0 

0.4 

l - F 2 4 6 8 10 12 14 16 
x 

Fia. 7-21.—F (x) vs. x. 
We next note that, as shown in 
Fig. 7-20e, Thevenin's theorem 
can be applied to reduce the influences on the voltage across Ci to that 
of a single variable voltage source e5 with internal resistance Rs where 

e5 
E3 + yei 

1 + 7 ' B . py 
1 + 7 

R. (15) 

Now e5 is made up of a steady component e2 and a ripple component e^ 
We may obtain e2 by replacing ei by eL in the first of Eqs. (15) 

- E3 + yej 
1 + 7 

The ripple is then given by 

e2 
e5 _ 5 _ * * _ - * ) . 

1 + 7 

Taking ei and ex from Eqs. (11) and (13), we obtain 

(16) 

(17) 

e2 = yet 
1 + 7 

The current flowing out of C2 is 

(l-F - e"""'). (18) 

~ e 2 e4 / i n \ (19) 

This m a y be in tegra ted from zero t o t he t ime of t h e m a x i m u m excursion 
th of Eq . (14), to give t he flow of charge. Dividing b y C2 gives t he 
maximum excursion, or peak-to-peak ripple, Ae2H. 

Ae2. pRe% [a- F ) l n - -F (20) 
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We may solve Eqs. (10), (13), and (16) for e2, eliminating e4. This gives 

- pyFE, + (1 + P)EZ 
( i + P ) ( i + y) - yF (21) 

The maximum down-pull rate occurs when T\ is fired by every pulse. 
This is computed in the same way as the ripple except that the integration 
interval is simply r. The result is 

[Fa - F], (22) 

where 

The up-pull rate is simply the free charging rate of C2. Again by 
TheVenin's theorem, we can combine the influences of Eo and Ea on C2 
into a single voltage Ei acting through a resistance Rs. The circuit is 
similar to that shown in Fig. 7 20c except that d is replaced by Eo, and 
PR by (1 + p)R. Thus 

(Ae2)t> = PRC2
[(l * > + * * ' 1 ) ] -J* t 

F0 - F(M) = 1 - n(l - «") . 

and 

n, _ (1 + />)#3 + P7#0 m . 

fi6as_^L±^_B. (24) 
1 + p + py 

The current flowing into C2 is 
• = ^LZL£? 

giving rise to a voltage change per interpulse interval of 

f. s _ (1 + p)E, + ypEa - (1 + p + YP)e2 
(Ae2)u ~ T7(I + P)RCl r" (2S) 

These equations, although accurate, are inconvenient to use. A 
simpler form that is directly related to quantities easily measured in a 
practical circuit may be obtained as follows: 

Set v = £ £ , 
T 

Ea = e2, when n = 1, 
#1- = es, when n — <*>. 

After prolonged operation with no triggers, «i will equal EV, and Ae2 will be 
zero. 

From Eq. (25), then, 

(1 + p + yp)ET = ' (1 + p)Et + yPEa. (26) 
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This may be substituted back into Eq. (25), giving 

(Ae2)v = 1 + , f + \P (ET - et). (27) 
vyp(l + p) 

From Eqs. (16) and (13) 

FTt = ( l + - ) e2 - - E3. (28) 

For n — 1, this becomes 

F07i = (l+-jEB --E3. (29) 

These quantities may be substituted in Eq. (22) to give 

(. + !) 
(Ae,)„ = ^ 3Z (js, _ «,,). (30) 

cp 
No such simplification of the expressions for the ripple voltage is possible. 

EB and ET may be measured with a vacuum-tube voltmeter at the 
plate of V2 by the application of triggers to Vi at the pulse recurrence 
frequency and by the removal of all triggers from Vj, respectively. They 
may also be computed from Eq. (21) by the substitution of F0 and 
F„ = 1 respectively for F. These values depend on E3, which is 
determined by the range-setting potentiometer. 

The general principles that must guide the designer are fairly clear. 
The highest possible following rate consistent with allowable ripple 
should be sought. Es and ET should be well outside the control limits 
between which e2 is to operate in order to provide residual following speed 
at the limits. 

I t appears that the choice of p is not critical. All values between 
i and 2 will give substantially the same ratio between ripple and maxi
mum down-pull rate. A large value of p tends to make the up-pull and 
down-pull time constants (not following rates) equal, and provides better 
filtering of the sawtooth voltage on C\ by the pRC~ network. The 
extra filtering is precisely offset, however, by the reduced down-pull 
rate and meanwhile Vi will become harder to extinguish. A similar 
effect is observed if p is made small. The compromise value p = I 
should be satisfactory in nearly every case. 

The choice of C\ should be such as to make e2 have its midrange value 
for n « 3.5. If n is much smaller, there will be inadequate control range 
for down-pull, whereas if it is larger, the ripple will become excessive at 
the upper end of the control range, for which n will become greater than 
10. Equilibrium at different parts of the range will occur for values of n 
between 2 and 10, the range below 2 and above 10 being for extra following 
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rate at the ends of the range. At n =■= 10, the ripple will be almost 
exactly twice the maximum down-pull, and this will be the limiting factor 
in the choice of Cz. Ripple is normally limited to a peak-to-peak value of 
about one fourth of the receiver bandwidth to the half-power points. 

The peak current allowable for tubes used for Vi is usually 0.5 amp-
This fact makes necessary the use of a limiting resistor of at least 600 
ohms (for a 300-volt supply), or a limiting choke in series with Ci and Ci. 
With such limiting, Vi will not extinguish reliably if Rit the parallel 
resistance of R and pR, is less than about 500,000 ohms. The lowest 
value consistent with reliable performance should be used. A common 
value is R = pR = 1 megohm. The current through the bleeder pyR 
reduces ET, particularly when E3 is made large and negative. To reduce 
this effect, p-yR should be as large as possible, consistent with the leakage 
and runaway1 possibilities of the controlled reflector. Values in excess 
of 6 to 8 megohms are dangerous. 

One serious problem faces the designer of a gas-discharge-tube control 
circuit. I t is necessary to ensure proper operation with any tube ful
filling JAN-1A specifications. The specifications for a type 884 gas-
discharge triode, for instance, are such that if the bias is set for nominal 
firing at, for example, +200 volts, various tubes may fire anywhere 
between 160 and 240 volts. Added to this variation is an uncertainty 
of at least ± 10 per cent in the bias if 5 per cent resistors are used. The 
tube is required to fire at a plate voltage appreciably less than ET for any 
setting of the range-set control. In a reasonable design, with a 300-volt 
supply, ET must be as low as 250 volts when the control is at its most 
negative end. 

On the other hand, the tube must be capable of covering the entire 
sweep demanded by the local-oscillator reflector. When the control 
is at its most positive end, the value of e2 at the positive end of the hunting 
sweep is fairly high. In fact it has not been found possible to find any 
set of constants that will ensure firing at the end of the sweep with the one 
setting and simultaneously ensure nonfiring within the control range 
at the other setting for all JAN-approved tubes. The addition of a 
bias adjustment for Vt will cure this difficulty but no simple procedure 
exists for making such an adjustment in the field. 

I t may be pointed out here that the effects of tube variation may be 
greatly reduced by feeding back part of the d-c plate voltage to the control 
grid. The effect is similar to the use of inverse feedback with high-
vacuum-tube amplifiers. If one plots a graph of the grid voltage at 

1 If the reflector of a reflex oscillator becomes positive, from an accidentally applied 
potential, it may draw sufficient current to heat up and emit electrons, and secondary 
electrons will be produced. In this event, if the external resistance in the reflector 
circuit is too high, the control of the reflector voltage may be lost. 
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which the tube will fire as a function of the plate voltage, it will be seen 
that a triode such as the 884 has a "ga in" of about 10, in that if the 
plate potential is increased by 10 volts, the grid firing potential becomes 
more negative by 1 volt. The corresponding curve for a tetrode such 
as the 2050 shows a "ga in" of around 200, the grid firing potential being 
almost independent of plate voltage. The feedback factor /3 is the ratio 
between Ri and R^ + R2 in Fig. 7-22. 

VvV*^ 

F I G . 7-22.—Inverse-feedback stabilization of Vs. 

Using these definitions, the usual equations for feedback apply. The 
effective "ga in" is given by 

G = r ^ <31> 
and the improvement by 

(Firing-voltage variability with feedback) 
_ (Firing-voltage variability without feedback) 

1 - A0 

Using the constants shown in Fig. 7-22, and taking A = 200, we find 
that G = 19, and the variability reduction factor is 1/12.5. I t should be 
noted that a fairly large negative supply is required. If the feedback 
is achieved through the use of a cathode-biasing resistor, the control 
range is reduced by the reduction in available cathode-to-plate supply 
voltage. Also, the feedback loop draws current and reduces ET in the 
same way as did pyR for negative settings of the range-set control. 
Much of the benefit of such stabilization is thus offset. 

I t will also be noted that there is considerable variation (up to 3 to 1) 
in the maximum up-pull and down-pull rates, depending on the position 
of the range-set control and the position in the sweep, because of the 

(32) 
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exponential nature of the Ci charging curve. Since the conditions which 
limit following rate apply to the maximum case, the following rate is 
unpleasantly low in the minimum case. Many of these difficulties are 
reduced to tolerable proportions if the supply voltage is increased. Thus, 
the circuits may be suspended between the — 300-volt and the +105-volt 
supplies. This results in considerable improvement. 

Some workers claim that gas-discharge tubes are not sufficiently 
reliable for these applications. One claim is that the firing conditions 
are affected by past history, age, and temperature. Another claim 
is that, in those circuits where the entire control unit is required to 
operate at the —2000-volt level, the tubes are subject to erratic firing 
caused by electrostatic influences. Neither of- these claims has been 
conclusively verified, but both add weight to the argument that only 
high-vacuum tubes should be used in the control circuit. The following 
sections deal with a circuit that contains only hard tubes and is therefore 
free from the above objections, including the one resulting from nonlinear 
sweep rates. 

7-13. Diode-transitron Control Circuits.—The new hard-tube control 
circuit is shown in Fig. 7-23. The block diagram of Fig. 7-16 is still 
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From 
discriminator e 

amplifier 

F I G . 7-23.—Diode-traositron control circuit. 

applicable, the diode detector Vi serving as search stopper, and the 
transitron oscillator V% as the slow-sweep generator. The transitron 
osci/lator is a modification of a precision ranging circuit used extensively 
in radar indicators (Vol. 22). Its operation, which will be explained in 
detail below, depends essentially on the negative transconductance 
which exists between the suppressor grid Gz and the screen grid G2 of a 
pentode. As used in the control circuit, it is a free-running sawtooth 
oscillator whose plate voltage sweeps slowly from just below the plate 
supply voltage to a point not far from the cathode voltage, after which 
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it snaps back rapidly, and starts the downsweep again. The down-
sweep part of the cycle is used as the hunting sweep. Thus the local-
oscillator frequency sweeps from low to high frequency, whereas, when 
the gas-discharge-tube circuit is used, it sweeps from high to low. 

If, during the downsweep, the grid-return resistor is tied to a point 
suitably negative with respect to the cathode, the sweep action will 
stop, and the tube will act as a normal d-c amplifier with a gain of approxi
mately 50. Such a negative bias, supplied by the diode detector when it 
receives control information from the discriminator, is the basis of locking. 

Let us consider the sequence of events which takes place in this 
circuit, starting at the beginning of a downsweep. Assume, for the 
sake of argument, a plate supply of +150 volts measured from the cathode 
potential. The plate voltage ep is about +140 volts, the plate current 
i„ being therefore 20 na,. Gs will be at ground or positive potential 
(see below, also Fig. 7-24). As the division of the cathode current between 
plate and screen is normally in the ratio of about 4 to 1, the screen 
current i, is 5 pa,, causing a drop in the screen resistor of only 0.25 volt. 
Since the cathode current ic is only 25 ^a, the control grid Gi must be 
nearly at cutoff potential, about —10 volts. At the beginning of the 
downsweep, the local oscillator is far off tune, and no control information 
appears at the output terminals of the discriminator amplifier. Ci, 
being small, plays no part at this time, nor does the diode, since its plate 
will be at —5 volts because of the division between Ri and R2. Because 
of the 10-volt drop, a current of 5 /*a flows along Ri and Ri into the 
condenser C2. Consequently, the voltage across C2, Which is (eg — ep), 
changes at a rate 

It (e"> ~ 6p) = (lit + «0C»" ( 3 3 ) 

The grid voltage does not approach ground potential at this rate, for, 
as it rises, the plate voltage is approaching ground A times as fast, where 
A is the gain of the stage. Thus 

dp de„ 

Substituting in Eq. (33), we have 

de„. 
dt {Rl + Rt){\ + A)C2 

(35) 

There is, therefore, an apparent input capacitance (1 + A) times as 
great as the actual feedback capacitance C2. This capacitance ampli-
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fication makes possible very slow sweeps with small condensers. I t is a 
manifestation of the well-known Miller effect.' 

The downward rate of change of the plate voltage is 

deP
 eo, A _ e°i /o f i \ 

dt ( # ! + Ri} (1 + A)CS (Ri + R2)C.< ( ' 

since A > > 1. The sweep rate is nearly independent of tube character
istics. In practice, e„ swings from about —10 to — 8 volts as the plate 
covers its sweep. The sweep is therefore linear to within about +10 per 
cent, a great improvement over the gas-discharge-tube circuit (Sec. 712) . 

This then is the picture that we see during the downsweep, up to the 
time the discriminator crossover frequency is reached. As soon as the 
crossover frequency is passed, positive pulses appear at the plate of 
the discriminator amplifier and are coupled through Ci into the diode 
detector. 

The action of the detector is straightforward. During the positive 
pulse the diode is conducting, and charge flows into Ci. When the pulse 
is removed this charge remains, and the potential across the diode 
becomes negative. After a few pulses the average potential across 
the diode is sufficiently negative so that the charge leaking off Ci through 
Ri between pulses equals the charge transferred to C\ by the pulses. 
The system will reach a stable equilibrium in which the oscillator rides 
far enough up on the discriminator characteristic to supply pulses whose 
amplitude is just right to maintain the bias which holds the transitron, 
and thus the reflector, at the correct voltage. If the oscillator frequency 
were to increase, the pulse amplitude would increase, causing an increase 
in bias and hence of transitron plate voltage. This would cause the 
oscillator frequency to decrease again. Lowering the oscillator frequency 
would be compensated for in a similar way. 

To complete the picture, we have only to show how the system is 
recycled if no control information is received during the sweep or if 
the system becomes unlocked. The effects are illustrated in Fig. 7-24, 
with reference to the circuit of Fig. 7-23. When control information is 
lost, the charge on Ci quickly disappears, so that the downward sweep 
of the plate is resumed. This is illustrated in region A. 

At first, the voltage drop across the screen-supply resistor RQ is 
negligible both because most of the cathode current reaches the plate and 
because of the low value of Rg%. As the plate potential approaches 
ground, however, an increasing fraction of the increasing cathode current 

1 J. M. Miller, "Dependence of the Input Impedance of a Three-electrode Vacuum 
Tube Upon the Load in the Plate Circuit," Bureau of Standards Scientific Paper 
No. 351, Terman, op. cit., Sec. 5, p. 468. 
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is diverted to the screen G2 whose potential therefore starts to fall. 
Because of the condenser C%, this fall is coupled over to the suppressor G3. 
Soon, the process becomes regenerative, at B. As the suppressor voltage 
e„i is carried below ground potential, it diverts current from plate to 
screen, causing ep to rise and e„ to fall farther. The rise in ep is coupled 
through Ci to G\, causing an increase in cathode current most of which 

+150 -i 

(a) ep and etl 

B D 

Expanded 

+150 

+ 100-1 

-100 

FIG. 7-24.—Transitron waveforms. 

now flows to the screen, further accelerating the process described above. 
Since this process involves no change in the charges on C2 and C3, only 
interelectrode and stray capacitances slow it down. The entire transition 
actually takes place in a few microseconds. 

When eBi has been carried by the plate to a slightly positive voltage, 
grid current will be drawn, preventing further rise. At this instant the 
cathode current is large, and all of it flows to the screen, the plate being 
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cut off by the suppressor. Consequently, e„t is close to ground potential, 
e„ is far below ground potential, and ep is perhaps 15 volts above its 
value at the end of the slow downsweep. 

During the next period (region C of Fig. 7-24) C2 is charged, with a time 
constant RPd, toward EB. Meanwhile, the charge on C3 leaks off 
through Rg, so that eg approaches ground potential with a time constant 
R„ C3. Presently, e„ comes close enough to ground potential to allow 
some of the current to reach the plate, which by this time is practically at 
EB. This flow of plate current, by causing ep to drop, starts the second 
regeneration at D, in the following manner. 

The downward trend of P, being transmitted by d to G\ causes a 
reduction in the cathode current, and hence in the screen current. The 
resultant rise in eg, because of C3, causes a similar rise in e v which in 
turn allows more current to reach the plate. Thus, the original effect is 
accelerated both by the increased drop in ep and by the decreased screen 
current. Again there is a fast transition, which stops only when eS] 
has been carried so far negative that only a little cathode current flows, 
an amount consistent with the plate current flow necessary to maintain 
ep some 10 volts below Ea- At this point the slow sweep downward 
repeats, starting the new cycle. This sawtooth sweep, then, will recur 
until control is again secured. 

Before the idea of the diode search stopper was conceived, a circuit 
was developed using a gas-discharge tetrode search stopper, as in the 
standard gas-discharge-tube AFC, and a transitron control tube. Essen
tially, the plate of Vi of Fig. 7-18 was attached to a potential divider 
whose lower end was at —300 volts, and the divider tap was connected 
through a resistor to the control grid of the transitron. 

A new type of miniature tube, the 6AS6, was developed for use in 
transitron ranging circuits. In that application, a sharp cutoff of plate 
current by the suppressor was desired. When this tube was tried in the 
circuit described above, it was found that the regeneration at the end of 
the downsweep occurred while the plate was still far above ground poten
tial. In order to prevent this, the circuit was modified by coupling only 
about one sixth of the screen wave to the suppressor by tying the coupling 
condenser C3 of Fig. 7-23 to a tap on the screen-dropping resistor Rgi. 
The change is shown by dotted lines. 

An examination of the diode-transitron circuit shows a number of 
advantages some of which, such as linearity of sweep and the obtaining 
of long sweep times with relatively small condensers, have already been 
cited. Others include the possibility of using a high-voltage condenser 
between the video amplifier and the diode, enabling the circuit to operate 
at a voltage far from ground potential. A further increase in sweep 
time may be obtained by the use of high resistances in the grid circuit; 
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this is not possible when the charging resistance is in the plate circuit. 
Since the output voltage is taken from the plate at relatively low imped
ance, it is possible to apply voltage to the reflector from a divider of lower 
impedance than that used in the gas-discharge-tube circuit, without 
having the sweep seriously affected by the range-set control. By proper 
choice of constants, the range covered by the sweep may be made nearly 
independent of tube selection and resistor tolerances. One final point 
to be noted in connection with reflector circuits is that the control 
tubes are often connected between the negative power supply and ground, 
since the reflector voltage is usually below ground. 

THERMAL HUNTING SYSTEMS 
7-14. Background and Basic Theory.—When the thermally tuned 

tubes, the 2K45 and the 2K50, became available, it was necessary to 
develop new circuits for controlling their frequency. One of the normal 
drift-in systems (Sec. 7-10) could be used by connecting the output of the 
control tube to the grid of the tuner triode through a suitable potential 
divider. If a system of this kind were used, however, the sweep period 
would have to be made long compared with the time constant of the 
thermal assembly in order to avoid hunting or even oscillation over 
the feedback loop. For instance, when such a system was applied to the 
A5022A,1 the complete hunting cycle had to be set at 90 sec. Further
more, because of the wide tuning ranges involved, locking to the wrong 
sideband (Sec. 79) became a serious problem. 

Circuits were therefore devised in which the tuner power is either 
fully on or fully off, so that hunting and following speeds are limited 
only by the thermal inertia of the tuning strut. In some of the circuits, 
the wrong sideband is inherently rejected; in others, it is arranged so that 
there is no wrong sideband—that is, these systems will lock on frequency 
on either sideband. In the present state of the art, these circuits repre
sent a considerable increase in complexity; control circuits with four to 
seven tubes must be used to replace the two-tube drift-in circuits. 
There are compensating advantages, however. Foremost is the fact 
that fully automatic following of a tunable magnetron over a wide range 
becomes possible. This fact may be of primary importance in enabling 
the operator of a radar set to escape from jamming, either by the enemy or 
accidentally by friendly systems. In peacetime applications this prop
erty may be less important. 

A second point is that, with the advent of the balanced mixer (Chap. 6), 
local-oscillator noise in the receiver has been practically eliminated, and 

' The A5022A was an early 1-cm oscillator which did not have a tuning triode; 
however, the external power supply used for heating the tuning mechanism was grid-
controlled. 
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the major reason for the use of high intermediate frequencies with the 
poor receiver noise figures which they entail is thereby removed. The 
trend is toward the use of a 30-Mc/sec intermediate frequency for which 
the sidebands are only 60 Mc/sec apart. When a 60-Mc/sec receiver 
is used, the local oscillator stops oscillating before it reaches the wrong 
sideband. At 30 Mc/sec, this is not true, and locking on the wrong 
sideband is a problem even with the limited tuning range afforded by the 
reflector. 

A final point is that, at least in the mechanically tuned 25,000-Mc/sec 
2K33 oscillator, a large ungainly tuning mechanism is required. Also, 
the temperature drifts to be expected are so great that a remotely con-
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F I G . 7-25.—Operation of thermal AFC systems. The direction of the frequency drift 
after a pulse of a given polarity is given at the top of the figure for the various cases. Note 
the possibility in the Whitford system of being trapped between the negative trigger wall 
at C-C and the search-reversing point B-B'. In the Nibbe-Durand AFC, Case A repre
sents the condition existing after a heat-control reversal at A-A'\ Case B, that existing 
after a reversal at B-B'. 

trolled tuning motor is required to enable the operator to select the 
operating range for the AFC. This motor adds considerably to the 
weight and volume of the local oscillator. 

In spite of their complexity, the circuits about to be described are 
reliable, and are not critically dependent on tube selection or component 
tolerance for satisfactory operation. In view of the advantages cited, 
therefore, their use is justified for some applications. 

The "on-off" feature described at the beginning of the section makes 
possible reasonable following rates. This feature is combined with 
push-pull operation to obtain locking and wrong-sideband rejection. 
In the Whitford AFC system, the operation (see Fig. 7-25) is the fol
lowing. If the circuit is arranged in such a way that positive triggers 
from the discriminator turn the strut power on, causing the oscillator 
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frequency to decrease (move to the left) and negative triggers turn it off, 
causing the frequency to increase (move to the right), then it is possible 
to lock on frequency at the left-hand sideband, and locking at the other 
sideband is excluded. If, furthermore, provision is made for causing 
this cycle to repeat once every few seconds when the system is not locked, 
the frequency will hunt back and forth over a band whose limits are 
shown at A-A' and B-B' in the figure, until the desired locking frequency 
is reached. The AFC system as described can be trapped between the 
right-hand end of the sweep B-B' and the negative "trigger wall" 
C-C at the high-frequency side of the right-hand sideband. This 
trapping is overcome by desensitizing the video amplifier during the 
heating part of the hunting cycle so that the frequency has to sweep all 
of the way to the left and start back before any pulses can come through. 
In the Nibbe-Durand system described in Sec. 7-16, a form of "lazy m a n " 
reversing switch is used, which, in essence, inverts the relation between 
trigger polarity and the tuning-strut-heater control in such a way as to 
make it correct for locking to the first sideband encountered during 
hunting. The next two sections treat in detail the circuits actually used. 

7-16. The Whitford AFC.—A block diagram of the control circuit is 
shown in Fig. 7-26 and a circuit diagram in Fig. 7-27. The balance of the 
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F I G . 7-26.—Control circuit for Whitford AFC. 

feedback loop is similar to those already discussed in Sees. 7-4 to 7-8 
and shown in Fig. 7-2. The only difference is that the discriminator 
must be designed to produce a pulse with a short rise time (Sees. 7-7 and 
7-8); stretching the pulse is unnecessary. 

The circuit operates in the following manner. The power in the 
tuning strut of the local oscillator is controlled by a reversing multi
vibrator, or Eccles-Jordan "tr igger" circuit (Vt in Fig. 7-27). This 
circuit has two stable conditions of equilibrium. In the first condition, 
the left-hand section, Vib, is conducting heavily, with its grid potential 
at the grid-current point, while the other section, Via, is completely 
cut off. The plate potential of section a is therefore close to B-\-, and the 
tuner triode grid is close to ground potential. Strut power is therefore 
high, and local-oscillator frequency low or falling. In the other position, 
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Vn, is cut off and Via conducts. The plate of section o is now close to 
cathode potential, the tuner grid is negative, strut power off, and fre
quency high or rising. 

Hunting is accomplished by switching V* alternately between these 
positions at intervals somewhat longer than the thermal time constant 
of the local oscillator (from 2 to 10 sec). Locking is accomplished by 

Timing multivibrator Locking tube Heat-control multivibrator 

F i o . 7 -27 .—Whi t fo rd A F C . 
-105 v 

switching at a rate so high (50 to 200 per sec) that thermal inertia keeps 
the strut temperature substantially constant. The average temperature 
is determined by the ratio of the time spent at full power to that spent a t 
zero power. 

I t was shown in the previous section that a one-to-one relation 
between trigger polarity and the application or removal of strut power 
was sufficient to provide locking of one sideband and rejection of the 
other. A simple capacitance coupling between the video-amplifier plate 
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and the grid of Via produces such a relation, but it is unreliable. A 
small negative pulse is capable of turning an "on- tube" off, but a large 
positive pulse is required to turn an "off-tube" on. This is because 
the grid of an on-tube is held, by grid current, close to cathode potential 
where the mutual conductance gm is high, whereas, to provide an adequate 
margin of safety against tube variations, the grid of an off-tube must be 
held far below the point of complete plate-current cutoff. The serious 
effect of such asymmetry is that if the gain of the system is adequate to 
ensure operation on the positive pulses of the fundamental sideband, 
it may allow operation on transients or on the negative pulses of a 
harmonic sideband (see Sec. 7-5). 

Complete symmetry is assured by using a phase inverter (V2) and 
applying the two equal but opposite output voltages to the two grids of 
Vi. Thus, positive pulses at the plate of Vi result in negative pulses 
at the plate of V2, which will turn Vib off if it is o . Similarly, negative 
pulses at Vi produce negative pulses at the cathode of V2, which can 
turn Via off. 

In principle, the positive pulses appearing at the plate or cathode 1/ V2 
might be used to aid the negative pulses on the opposite electrode. If 
such aid is permitted however, another ill effect causing unreliability 
may occur. Suppose two positive pulses appear in sequence at the plate 
of V\. The first produces a negative pulse on the grid of Vih, which is 
therefore turned off. The second produces, in addition, a positive pulse 
which would reach the grid of Via if it were not for the diode V3a- Since 
Via is now conducting, with its grid drawing current and acting as a 
diode, this positive pulse would charge the coupling condenser. When 
the cathode end of this condenser returned to its quiescent voltage, 
the grid end would become negative. This overshoot, caused by differ
entiation of the pulse, would be quite capable of turning V ia off again and 
producing an undesired reversal of the heat-control circuit. Adding the 
diodes of V3 is a complete cure for this trouble. This special coupling 
circuit gives satisfactory operation independent of tube selection and 
component tolerance. Returning to the main argument, then, we see 
that Vi through Vt provide precisely the type of coupling between 
discriminator output voltage and thermal triode power that was specified 
in Sec. 714. 

Hunting and the desensitizing discussed in the previous section are 
accomplished by means of a slow timing multivibrator Vs. The cycle of 
the grid potential of a multivibrator is such that during one phase the 
grid is very close to ground potential, whereas during the other phase it 
is negative and rising. One of the grids of Vi is tied directly to the 
suppressor grid of the video amplifier V\. When these grids are close to 
ground potential, Vi acts as a normal amplifier. When they are negative, 
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however, the plate current in Vi is completely cut off, providing the 
required desensitizing. Furthermore, the transition between the two 
conditions produces a sharp voltage rise at the plate of Vi when this tube 
is cut off. This abrupt voltage change is differentiated in the coupling 
condenser, proceeds through F 2 and V3, and acts as a trigger to cut 
Vib off. The multivibrator that governs strut power is thus reversed, 
and the desensitized recovery sweep of the local oscillator is started. 
Similarly, when the multivibrator switches to the other phase, turning V\ 
on again, the negative wavefront thus produced turns Vu, on again, and 
institutes the active hunting sweep. 

The only problem remaining is to stop the action of the multivibrator 
when the system is locked. For this purpose, the audio-frequency 
square wave at one of the plates of the heat-control multivibrator is 
differentiated and rectified by V6. The negative voltage thus produced is 
applied to the grid of F5i>, effectively holding the multivibrator fixed. 

7-16. Nibbe-Durand AFC System.—This system, shown in Fig. 7-28 
is arranged to lock on whichever sideband is first encountered after the 
heat-control reversal marking the end of a hunting sweep. Both direc
tions of the sweep are active, and the video amplifier is always sensitive. 
The heart of the system is a pair of reversing-multivibrator circuits 
similar to that used in the Whitford system described in the previous 
section. The coupling into the first circuit and the coupling out of the 
second are respectively identical to the input and output couplings of 
the reversing-multivibrator circuit in the Whitford AFC. In addition, 
there is a coupling between the two multivibrators such that whenever 
the first one reverses, the second will likewise reverse. Thus, with a given 
phase relationship between the two, the system can lock on one sideband 
just as it does in the system previously discussed. The triggered reversals 
of the first trigger-sign selector, or TSS, circuit are transmitted to the 
second heat-control, or HC, circuit. If the relative phases are changed, 
the system will lock in a similar manner on the other sideband. This is 
illustrated in Fig. 7-25. 

A transitron oscillator Vn that has a period of one to two times the 
time constant of the thermal assembly of the local oscillator to be con
trolled is provided (see Sec. 713). The transitron generates triggers 
which operate the TSS and HC circuits. The triggers are obtained by 
differentiating the voltage wave at the screen grid (see Fig. 7-24c). 
The differential output waveform consists of a sharp negative trigger 
followed by a sharp positive trigger. These triggers are introduced to 
the grid of a triode V% that is biased beyond cutoff. The negative trigger 
therefore has no effect, but a positive trigger brings the grid into the 
conducting region and results in a small positive trigger at the cathode 
and a large negative trigger at the plate. Because of a connection from 
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the cathode of this tube to the cathode of the video amplifier Vi, the small 
negative trigger is applied to the signal channel leading to the TSS. I t is 
equivalent to a negative trigger at the grid of Vi and therefore presets the 
TSS in such a way as to make it ready to accept only positive triggers from 
the discriminator. 

Simultaneously, the negative trigger at the plate of F 8 is coupled 
through small condensers to the grids of the HC and cuts off whichever 
section of the HC is conducting at the time. The heat control in the 
tuner triode is reversed and a reverse sweep is started. 

To restate, in the absence of control information from the discrimin
ator, the oscillator frequency is swept up and down over the band, the 
reversals occurring at each cycle of the transitron. At each reversal, 
provision is made to ensure that the TSS is ready to accept positive 
triggers from the discriminator. Examination of Fig. 7-25 shows that, 
after each HC reversal, the first discriminator triggers that are capable 
of causing a TSS reversal, and hence a locking reversal of the local oscil
lator, come only after the crossover frequency has been passed. Conse
quently, if control information appears, the frequency will pass crossover, 
and then the drift will be reversed. When the crossover frequency is 
again passed, the negative triggers from the discriminator will cause a 
second reversal of frequency drift, and so on. The system will be 
locked. 

If the transitron were allowed to continue operation, there would be 
an even chance that a given reversing trigger would disturb the phase 
relation between the TSS and the HC, making a shift to the other 
sideband necessary. For, although every trigger would cause a reversal 
of the HC, reversal of the TSS would occur only if it happened to be 
prepared to receive negative triggers at the time, which would be true 
on the average only half of the time. 

Therefore, the transitron trigger generator must be stopped. This is 
accomplished by a detector, F9, whose input voltage is the differentiated 
waveform at one plate of one of the reversing multivibrators. The 
pulses that appear every few seconds from the hunting-cycle reversals 
are too infrequent to generate appreciable voltage, but when the system 
is locked, pulses appear at an audio frequency, and F 9 develops a large 
negative bias. This bias is applied to the suppressor grid G3 of the 
transitron. Since the bias does not affect phases A, B, and C of Fig. 7-24, 
after due time the transitron screen voltage suffers its abrupt drop. 
I t does, however, prevent the completion of phase D of the wave on G3 
(Fig. 7-24<7), with the result that the plate remains completely cut off 
and the transitron cycle is stopped. 

Application of the stopping bias voltage in this manner permits a 
valuable "second chance" feature. The time required for the voltage 
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to leak off, should the system become unlocked, is set to be somewhat 
greater than the time required for the frequency to sweep from one side
band to the other and back (about i sec in a typical case). Suppose that, 
because of transmitter sparking, for example, the discriminator output 
signal disappears long enough to allow the system to become unlocked. 
If, at that time, the oscillator frequency is approaching the transmitter 
frequency, it will drift over to the other sideband, where a pulse will 
appear that sends it back to its original position. The bias voltage will 
have held the transitron off long enough to allow this to happen and lock
ing will be restored. If triggers have not been restored when the other 
sideband is reached, the frequency will continue to charge for a short time, 
at the end of which the bias voltage will leak off, the transitron will 
begin to oscillate, and the drift will be reversed by the first trigger. The 
system now will lock on the other sideband. If the oscillator frequency 
were moving away from the transmitter frequency at the time of the 
original unlocking, it would simply continue until the release of the 
trigger generator, at which time it would reverse its direction of frequency 
change, move back, and lock to the original sideband. 

In a typical case, the interval between unlocking and the second-
chance trigger is about i sec. Locking is therefore resumed within a 
second. This speed of locking represents a great improvement over the 
Whitford AFC in which, with equal probability, locking may be restored 
quickly by the pulse from the other sideband, or a complete recycling, 
which may take two full transitron periods (20 sec, in some cases) may be 
required. 

I t may seem that fairly complex methods have been adopted to 
secure simple ends. When the circuit was originally conceived, V2, 
V3, V&, and Fg were not included, yet locking was obtained. The 
system was unreliable, however; to provide positive action, all of the 
above tubes are required. The necessity for the phase inverter V2 and 
the dual diode V3 has already been discussed in connection with the 
Whitford circuit (Sec. 7-15). The identical problem exists here. 

Originally, the coupling to the HC was taken from a single plate of 
the TSS. The negative wavefront of one reversal turned the on-tube off, 
and the positive one from the other reversal turned the off-tube on. This 
arrangement worked satisfactorily except for the special case where the 
input pulse to the TSS was slightly below the voltage necessary to produce 
a reversal. With such a trigger, the plate voltage of the on-tube of the 
TSS would rise part of the way, reversing the HC, and then fall again, 
leaving the TSS unreversed and destroying the correct phase relation. 
Under these conditions, the plate potential of the TSS off-tube remained 
fixed. The slightest lowering of this voltage sufficed to ensure TSS 
reversal. Therefore, the negative triggers from both plates were coupled 
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to the HC, and the diodes F 5 were added to decouple the plates from 
each other and to eliminate the effects of the positive wavefronts. 

The main purpose of the tube F 8 was to make possible the use of the 
positive portion of the transitron screen wave, which provides the second-
chance feature, and at the same time to utilize the sensitivity of the 
reversing multivibrators to negative triggers. Coupling without the tube 
Vs. was unreliable and used the negative part of the screen wave. Most 
of the difficulties resulted from spurious reversal from overshoot on the 
positive part of the wave and from the loading of the HC by the coupling 
circuit, which made reversal of the HC by the TSS difficult. 

One further point should be noted. In the first model of the final 
circuit the two sections of a 6J6 twin triode were used for Vi and Va, which 
have a common cathode connection. No troubles were encountered. 
In a second model, similarly constructed, it was found that the TSS 
reversed on the negative trigger from the transitron screen. This caused 

a reversal of the HC when, shortly, 
the positive trigger came along; the 
TSS was preset properly, but the 
HC was reversed a second time, 

signal leaving no net reversal for the hunt
ing sweep. The trouble was traced 

signal ° y , . 7 ~ 7 I *° *^e capacitive coupling between 
the grids of the two sections. The 
sharp negative dip in the grid of 
Vs produced a similar, smaller dip 
in that of Vi. The use of separate 
tubes, of course, solved the prob-

FIQ. 7-29.—Phase inverter with amplifies- lem. Other solutions may be possi
ble. For instance, if the wavefronts 

were slowed down by an RC circuit, a combination might be found which 
would be slow enough to reduce the capacitance coupling to a negligible 
value, yet fast enough to ensure the desired triggering. 

Other reductions of circuit complexity may be possible. One tube 
can clearly be eliminated by the use of a combination phase inverter 
and amplifier: the so-called "cathode-coupled push-pull amplifier" used 
in the Dumont Model 208 oscilloscope. A circuit for this device is shown 
in Fig. 7-29. 

Since overshoot is caused by differentiation of the pulse, it may be 
that it could be reduced below the danger point by "stretching" the 
pulse from the discriminator (see Sec. 7-7) and making the negative 
slope at the end of the pulse small. The elimination of V3 might thereby 
be possible. If the capacitance of the cross-coupling condenser C (Fig. 
7-28) of the TSS were increased (which would pose new problems in the 
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(a) Plate waveform, TSS 

h ^ 

F I Q . 7-30.-
(M Differentiated waveform 

-Effect of waveform on overshoot. 

triggering of the TSS), the wave at one of the plates would have the form 
shown in Fig. 7-30a. The downward trend of the plate voltage is inhibited 
only by interelectrode and stray capacitances. The voltage rise is 
likewise fast until the grid of the opposite section begins to draw current. 
After that, it is slow, as the plate load resistor charges the cross-coupling 
condenser. If this waveform were differentiated by an RC circuit of 
very short time constant, the 
pulses of Fig. 7-306 would appear. 
The sum of these pulses would be 
a smaller negative pulse which 
might be adequate to reverse the 
TSS, eliminating the need for Vb. 
I t is doubtful if the phase inver
sion can be eliminated. 

The circuit in its present form 
is fairly reliable. It will operate 
with any tubes meeting JAN-1A 
specifications and with any re
sistors or condensers within + 10 
per cent of design value, including 
the most unfavorable combina
tions, with the exception that the 
resistors in the reversing multivibrator circuit should be ± 5 per cent if 
limit tubes are to be used. 

ABSOLUTE-FREQUENCY HUNTING SYSTEMS 
7-17. The Beacon Problem.—The nature of absolute-frequency, 

A-F, AFC systems and their application to the radar-beacon problem 
were briefly considered in Sec. 7-3. Beacons are treated extensively 
elsewhere in this series,1 but a brief review of their operation will be 
given here. 

A radar beacon is a device which enables a radar operator to determine 
the range and bearing of the point at which the beacon transponder is 
located. When the operator throws the switch to BEACON, the length 
of the transmitter pulse is changed to a value that will allow the pulse to 
pass through the beacon receiver and operate the coding circuits. As a 
result, the beacon transmitter issues a series of coded pulses which 
identify it from other beacons, and the first of which appears on the radar 
indicator at a position that shows the range and bearing of the beacon. 

If beacon signals were received continuously, one of the AFC systems 
described in the previous section could hunt for and lock to the signals. 
But because of antenna scanning, only a few sets of pulses are received 

1 Volume 3, Radiation Laboratory Series. 
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at each rotation. Therefore, the beacon receiver must be in tune when 
the first beacon pulse is received. 

The problem of manually tuning a receiver to a beacon, with no 
reference frequency available to the operator, is almost insuperable, 
since the receiver must be in tune at the instant at which the antenna 
points to the beacon. Either a manual tuning aid or AFC is highly 
desirable. Either requires that the beacon transmitter frequency be 
known to the operator. Therefore, all beacons for a given class of service 
operate at a single fixed frequency. 

The manual tuning aid consists of a precision reference cavity whose 
response peak differs from the transmitter frequency by an amount equal 
to the center frequency of the i-f amplifier. Power from the local 
oscillator is applied through the cavity to a crystal, the current from 
which is read on a milliammeter. The operator tunes the local oscillator 
until he gets an indication on the meter, at which time his receiver is in 
tune. 

If AFC is used, the same type of reference cavity and crystal are used. 
The r-f problems associated with the cavity have been discussed in 
Chap. 4, and the circuits for control will be treated in the rest of this 
chapter. Most of the control circuits for beacon AFC have had provision 
for hunting (Sec. 7-3). These will be described in Sees. 7-18 and 7-19. 
A nonhunting d-c amplifier system operating with a microwave discrimin
ator and capable of very precise control is discussed in Vol. 11 Chap. 2, 
of this series. 

A tunable wavemeter cavity may be used in any of these systems to 
provide a stable tunable receiver with a precise calibration. Such a 
combination would be useful for multichannel communication. 

7-18. Reflector-modulation Schemes for Reflector AFC.—These 
systems employ the drift-in control circuits described in Sees. 7-10 to 7-12. 
The problem is to convert information coming from the beacon AFC 
crystal to a voltage capable of operating the search stopper. The block 
diagram of Fig. 7-31 shows the method used when a diode transitron 
(see Sec. 7-13) is used. When a standard gas-discharge-tube control 
circuit (see Sec. 7-11) is desired, the coincidence tube itself is the search-
stopping tube, the rest of the circuit being as in Fig. 7-18. 

The nature of this circuit is such that when the local-oscillator fre
quency is on one side of the cavity resonance peak, the gas-discharge tube 
will not fire, but after the peak is passed (analogous to passing the cross
over frequency), the tube starts to fire 1000 times per second. But this is 
precisely what happens when a conventional discriminator is used. On 
one side of the crossover frequency, the negative signal from the discrimin
ator amplifier is ignored; on the other side, the positive signal triggers a 
gas-discharge tube or operates a diode detector as the case may be. 
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I t should be noted that when the gas-discharge tube fires, since the voltage 
across C cannot change instantaneously, the first effect is that the 
cathode voltage rises toward the plate potential. Only later, as C is 
discharged through the tube and R (a low resistance of about 2000 ohms) 
does the plate voltage fall to mark the start of the sawtooth sweep. 
This positive pulse at the cathode acts precisely as did the positive signal 
from the discriminator in developing a negative search-stopping voltage 
across the diode. All of the explanations of Sees. 711 and 7-13 therefore 
apply. 

It remains, then, to analyze the action of coincidence detection, which 
is illustrated in Fig. 7-32. A 1-kc/sec oscillator1 provides a modulation 
voltage (b) of about 0.5-volt peak, which is superimposed on the LO 
reflector voltage. This causes a frequency modulation (c) to appear on 
the LO output signal. In (d) and (e) are shown the output voltage of the 
crystal when the frequency-modulated signal is applied to the cavity 
with the indicated pass band. To show the relative phases, the time at 
which the modulation voltage crosses zero with a positive slope is denoted 
"by «0. 

Figure 7-32o shows the output voltage from the beacon AFC crystal 
as a function of local-oscillator frequency. Since the LO output power 
is nearly constant over the narrow range involved, this is essentially the 
cavity resonance curve. It may be noted here that the cavity is loaded 
by the local oscillator and the crystal until its bandwidth at the half-power 
points approximates the locking accuracy desired; that is, it is nearly 
equal to the peak-to-peak separation of the discriminator that would be 
used were the AFC of the difference-frequency type. 

If now the center frequency of the local oscillator is on the low-fre
quency side of this response curve, the frequency modulation will cause a 
voltage component at 1 kc/sec to be superimposed on the d-c output 
voltage from the crystal. As is shown in Fig. 7-32rf this voltage is 180° 
out of phase with the original modulating voltage. If, on the other hand, 
the center frequency is above the resonance peak, the a-c component of 
the crystal output voltage will be in phase with the original modulation 
voltage, since on this side the slope of the resonance curve is negative. 
Figure 7-32/ shows this a-c component as a function of frequency and 
is drawn so that amplitude is proportional to the magnitude of the 
ordinate and phase is indicated by its polarity, a positive ordinate indi
cating that the crystal voltage is in phase with the original modulating 
voltage. I t is seen that this curve has the appearance of a conventional 
discriminator response curve. 

If the amount of frequency modulation is large, there will be some 
1 A phase-shift oscillator with a four-section tapered phase-shifting network has 

been found excellent for the purpose. 



SEC. 718] REFLECTOR-MODULATION FOR AFC 345 

output voltage from the crystal at the crossover frequency. I t will 
consist only of even harmonics of second and higher orders of the 1-kc/sec 
voltage, and can be removed by a suitable low-pass filter if desired. 

The crystal output voltage is applied to a high-gain amplifier with 
negligible phase shift at the modulation frequency. Either two stages of 
resistance-coupled amplification may be used, or a low-impedance 
microphone-to-grid transformer (such as the UTC type 0-14) driving a 
single stage. 

The output voltage from the amplifier is applied to the control grid 
of a gas tetrode (2050 or 2D21) and, simultaneously, a 10-volt peak 
signal from the 1-kc/sec oscillator is coupled to the shield grid. Each 
grid has a bias of about —10 volts with respect to the cathode. 

Measurements on gas tetrodes show that if either grid is biased to —10 
volts, the tube will not fire even if as much as + 7 5 volts is applied to the 
other grid. Therefore, if the a-c signals on the grids are 180° out of phase 
with each other, firing is impossible. When they are in phase, however, 
and of adequate amplitude, the tube will fire once each cycle if the plate-
circuit time constant permits adequate recovery between cycles. Thus, 
the condition stipulated at the beginning of the section is fulfilled, 
and the AFC system will lock. The phases must, of course, be selected 
so that during the hunting sweep the phase condition for firing will not be 
encountered until the resonance peak has been passed, or else the system 
will lock far out on the skirt of the response curve. 

Some of the earlier beacon AFC systems u&ed a pentode coincidence 
tube in place of the gas-discharge tetrode. The amplified crystal 
output voltage was injected at the control grid and the direct signal from 
the audio oscillator at the suppressor grid, both being biased beyond 
cutoff. Under coincidence conditions the pentode put out broad negative 
pulses. An additional amplifier was therefore required to obtain the 
positive output pulse necessary to fire a gas-discharge tube. 

This arrangement operated successfully in conjunction with the 
standard gas-discharge-tube AFC, although two more tubes were required 
than are used in the circuit described at the beginning of this section. 
It was completely unsuccessful in conjunction with the diode-transitron 
control circuit, however, and this failure led to the circuit of Fig. 7-31. 

The cause of the failure was essentially the enormous variation in the 
effective gain of the system. In addition to the normal factors of tube 
variability, LO output power, crystal rectification, and so forth, three 
potent effects exist: 

1. For constant modulation voltage, the amplitude of the frequency 
excursion, and hence of the crystal output voltage, is proportional 
to the electronic-tuning sensitivity, dv/dV. In usual reflex 
oscillators this factor varies by a factor of 3 among tubes of a 
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given type. In addition, unless very loose coupling is used, the 
pulling effect of the cavity on the local oscillator may cause a 
further increase by a factor of 3; that is, tubes with a high normal 
dv/dV are readily pulled, and the effect is such as to increase the 
effective dc/dV, but tubes with a low dc/dV are little affected. 
These two factors of 3 combine to give an uncertainty in the gain 
of a factor of 9. 

2. The bias on the control grid must be enough to ensure cutoff for 
every tube. If it were not, the signal on G3 would give rise to plate 
output voltages capable of operating the control circuits even 
when no signal was present on Gi. If tube variability is such that 
cutoff ranges from —4 to —8 volts, then —10 volts is a reasonable 
design figure. If, moreover, one of the tubes whose cutoff is —4 
volts is used, then a signal having a peak amplitude of 7 volts will 
cause a 1-volt excursion into the conducting region, but an 8-volt 
signal (14 per cent larger) will produce a 2-volt excursion. 

3. Not only is this excursion twice as large, but the upper half of it 
occurs in a region of higher tube Gm; the output voltage might 
therefore be three or four times as large. 

From the foregoing discussion, it can be seen that a mere change of 
local oscillator and coincidence tube, may cause a system in which the 
maximum available output voltage is barely adequate for the generation 
of control voltage to become one in which a slight deviation from the 
crossover frequency will produce the maximum effect. In practice the 
output voltage of the coincidence tube, under the high-gain condition, 
changes, between two successive cycles of the audio oscillator, from zero 
or a small value to one so great that a large potential is developed across 
the detector of the diode-transitron circuit. This large potential causes 
the local-oscillator frequency to be driven back a long way, so that an 
interval of perhaps 10 to 20 cycles will occur before the next crossing of 
the resonance peak. It will be found that the ripple in the local-oscillator 
frequency will amount to many megacycles per second. 

I t is felt that this difficulty is inherent; that the cavity-modulation 
scheme must always be applied to a control circuit which operates on the 
frequency principle (Sec. 7-11), and which is not affected by amplitude 
variations as large as 100 to 1. 

Another problem peculiar to a circuit of this type should be noted. 
Let us ignore, for the moment, the audio-modulation voltage, and consider 
only the slow-sweep voltage of the hunting cycle. As the frequency is 
swept through the resonance curve, a positive transient voltage appears at 
the crystal output terminals. A badly distorted reproduction of this 
voltage—the distortion depending on the low-frequency amplitude and 
phase response of the amplifier—will appear at the grid of the coincidence 
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tube. At the time coincidence information should appear, for instance, 
the potential of this grid may be more negative than its fixed bias, 
and hence it may be necessary for the local-oscillator frequency to 
pass somewhat beyond the resonance peak before the gas-discharge tube 
starts to fire. On the other hand, after the gas-discharge tube does fire, 
the transient may cause a reduction in bias such that the firing will 
continue for several cycles after the reversal of the drift direction. The 
generation of an excessive search-stopping voltage results, so that the 
frequency is pulled back in much the same way as when a pentode 
coincidence tube is used. When the output pulses from the coincidence 
tube are observed, groups of 5 to 15 consecutive pulses followed by a long 
interval without pulses are seen instead of a more or less uniform dis
tribution. A large ripple appears in the reflector voltage, and a spectrum 
analyzer shows large excursions in the oscillator frequency. 

This effect can be eliminated by so designing the amplifier that it has 
poor response to low frequencies. On the other hand, its phase shift at 
the modulation frequency must be small if firing in the "anticoincidence" 
position is to be avoided. One solution is to admit the considerable phase 
shift in the amplifier which occurs when short-time-constant coupling 
networks are used, but to offset it by an equal phase shift in the line 
carrying the oscillator signal to the shield grid. In practice, the phases at 
the two grids should be compared when the whole system is in place, 
including any small bypass condensers at the reflector. Such a com
parison may be easily made with an oscilloscope, and a suitable phase-
correcting circuit may be installed. This is a design test, and normally 
should not have to be made on each individual system. 

7-19. Beacon AFC for Thermally Tuned Tubes.—At the time of the 
writing of this section, no fully engineered circuit for the absolute-
frequency AFC of thermally tuned oscillators has been developed. The 
circuits to be described have been built and operated but are not yet 
known to be fully satisfactory. 

The first approach to the problem was a circuit designed by M. W. P. 
Strandberg,1 who, following the lines of development described in 
Sees. 7-14 to 7-16, used push-pull, on-off control with reversing multi
vibrators. The circuit is shown in Fig. 7-33. 

The r-f part of the circuit is identical with that described in the 
previous section. Since no modulation is applied to the reflector, the 
response curve of Fig. 7-32o applies. A sweep mechanism which will be 
described later causes the local oscillator to sweep back and forth across 
the band just as it does in the thermal AFC circuits described in Sees. 
714 to 7-16. The crystal output voltage is applied through an amplifier 

1 M. W. P. Strandberg, "Automatic Frequency Control Circuits for Thermally 
Tuned Reflex Oscillators," RL Report No. 955. 
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having very good low-frequency response to a "trigger shaper," TS. The 
TS is essentially a reversing multivibrator similar to those previously 
described, except that one of the grid-plate crosscoupling resistors is 
replaced by the coupling of the common cathode. 

The first output voltage from the crystal, as the operating frequency 
approaches the cavity resonance, is positive. This voltage actuates the 
TS in such a way as to preset it to a definite position. The TS signal at 
this reversal is ignored by the subsequent circuits. 

As soon as the resonance peak is passed, the crystal output voltage 
starts to decrease. This negative wave causes the TS to reverse again, 
but this time the reversal is effective in operating the subsequent circuit, 
which is a heat-control reversing multivibrator similar to those described 
in Sec. 7-15. Thus, immediately after the frequency has passed the peak, 
the power switch in the tuning triode is reversed so that the frequency 
once more approaches the peak, resulting in a positive output voltage and 
the presetting of the TS once more, so that it can again operate from the 
negative signal received on the other side of resonance. Thus, the system 
is trapped between the two sides of the response curve. 

The preset feature is important for, if it were not present, small 
fluctuations due to hum or microphonics would cause two or more suc
cessive negative impulses to appear, which would result in an extra 
reversal of the heat-control switch that would carry the oscillator away 
from the peak. 

On the other hand, the sensitivity of the TS to a presetting signal 
must be appreciably greater than its sensitivity to a heat-control signal; 
otherwise the frequency might ride back over the " h u m p " without the 
TS being preset, and the next reversal of the heat-control switch would 
not occur. I t is this extra sensitivity, apparently, that introduces the 
troubles which at this stage make the circuit seem impractical. For if, 
immediately after receiving the HC signal, the frequency should vary 
rapidly, as from hum or microphonics, there is a chance that a small signal 
adequate for presetting may be followed by a larger signal adequate, 
for heat reversal while the oscillator is still on the same side of the peak. 
This extra reversal would then send the frequency away, and the system 
would be unlocked. Whether this difficulty can be overcome without 
basic circuit change is not known. 

The sweep mechanism referred to in the foregoing material is similar 
to that used in the radar AFC circuits. A transitron (see Sec. 7-16) 
simply triggers the heat-control multivibrator at suitable intervals. 

A circuit was devised,1 which, it was hoped, would not be sensitive to 
microphonics. It is shown in Fig. 7-34. This circuit combines many of 
the features discussed in connection with several of the previous circuits. 

1 Strandberg, loc. cit. 



To triode 
tuner grid 

F I G . 7-34.—Second form of beacon AFC. 

CO 
Ox 
© 

SB 
tg <o 

I 
o o 
►■3 

SB 

o 

o <*> 
Q 
t-l t^ 

O 

a 

CD 



SEC. 719] BEACON AFC 351 

It is essentially of the drift-in type (Sec. 7-10). The reflector-modulation 
coincidence-tube scheme of Sec. 7-18 is used to provide the search-
stopping information, but control is of the on-off type. 

The circuit, up to the gas-discharge-tetrode coincidence tube, is 
identical with that used for reflector beacon AFC (Sec. 7-19). The plate 
voltage of the gas tube is, however, supplied from a multivibrator Vit 
which provides the hunting sweep. The "ground" point for both the 
multivibrator and the gas-discharge tube is at a negative potential 
(usually —105 volts). The tuner-triode grid is tied directly to the plate 
of the gas-discharge tube, while the plate supply is the real ground (at 
chassis potential). The following action occurs. 

During the desensitized or return portion of the sweep, the left-hand 
section of the multivibrator is conducting. Its plate potential is therefore 
close to cathode potential, and thus the potential of the tuner-triode 
grid is far below ground potential and the strut power is zero. After a 
suitable interval, the multivibrator reverses spontaneously, initiating the 
active portion of the sweep. At this time, the left-hand section is cut off. 
As a result, its plate load resistor acts as part of the plate load of the gas-
discharge tube, whose plate is therefore at ground potential. Conse
quently, the strut power is high, and the oscillator frequency starts to 
sweep downward. As the frequency approaches the cavity resonance, 
the audio signal from the crystal is in the wrong phase to fire the gas-
discharge tube (see Sec. 718), but as resonance is passed, information 
of the correct phase appears and fires the gas-discharge tube. The 
plate potential of the gas-discharge tube therefore is brought momentarily 
close to the potential of the cathode, cutting off the tuner triode and caus
ing a reversal of the frequency drift. The oscillator consequently sweeps 
back over the hump. Presently, however, the gas-discharge-tube 
condenser is recharged through its plate load resistor so that strut power 
reappears. The strut power causes the frequency to drift back into the 
coincidence region, and another firing of the gas-discharge tube ensues. 
The circuit is locked. 

To stop further action of the multivibrator when the system is locked, 
positive pulses developed across a small resistor in the cathode lead of the 
gas-discharge tube are impressed on the detector Vs, the left-hand section 
of the multivibrator, effectively preventing the completion of its cycle. 

This circuit should not be sensitive to microphonics, since micro-
phonics, by producing a few extra firings of the gas-discharge tube would 
merely cause the local-oscillator frequency to back away somewhat from 
the cavity peak without becoming unlocked. The one test model of this 
circuit that has been built showed some tendency to unlock when the 
local oscillator was tapped. The cause of this unlocking has not yet been 
determined. 



CHAPTER 8 

SPECIAL MEASUREMENT TECHNIQUES 

The purpose of this chapter is to outline some of the special measure
ment techniques that have been used in conjunction with the design and 
testing of microwave mixers. There are many microwave and low-
frequency techniques that have had general use in the microwave-radar 
development program. These will not be discussed here because they are 
well described elsewhere. For discussions of such subjects as admittance 
measurements, power measurements, and the design of signal generators, 
power meters, and standing-wave detectors, the reader is referred to 
Vol. 11 of this series. Only those techniques and pieces of apparatus 
which have been used primarily for the design and testing of mixers, 
because of peculiarities of the problem not encountered in other micro
wave problems, will be discussed here. 

8-1. Production Tests for Losses of Signal Power.—A mixer cannot 
be tested, in production quantities, for correct dimensions and good 
electrical contacts so simply as can many other pieces of microwave 
equipment. In the design of a mixer, the tuning of the crystal mount 
is one of the most important features, and this is determined by making 
standing-wave-ratio measurements for large numbers of crystals. The 
work is reduced by using crystals representative of the extremes in admit
tance, selected from a large number of crystals on the basis of admittance 
measurements. For production tests, admittance measurements by 
standing-wave-ratio methods are tedious and do not necessarily reveal 
losses due to such causes as poor contacts. 

As discussed in Chap. 3, the r-f tuning of a mixer should be based on 
measurements of the admittance for a small signal, with the local oscillator 
operative and coupled to the proper degree and with a matched i-f 
load and any preselecting r-f components that are to be used in place. 
In practice, however, it has been found that the admittance measured 
in this way is almost identical with that found if a signal at the local-
oscillator level is applied to the mixer, without a local-oscillator voltage 
being present. This leads to a simple test involving only admittance 
measurements for such a signal; but the fact that the mixer crystal is 
also a detector can be utilized to make an even simpler test. 

This test is a comparison of the rectified crystal current produced 
in the mixer by each of a set of crystals representing the extremes in 
admittance of a large group at a signal strength equal to the optimum 
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local-oscillator level, to that produced in a tunable crystal holder by the 
same signal when the tunable crystal holder is tuned for maximum 
rectified crystal current. The apparatus used for such a test is illus
trated in Fig. 8-1. The signal generator is padded with a matched 
variable attenuator and this combination provides a signal source that is 
matched to the waveguide and adjusted to deliver power at the required 
level. Figure 8-la shows the necessary arrangement of apparatus for 
testing a single mixer with an iris-coupled local oscillator designed for 
operation with a TR switch. The TR switch must be used in the test 
since it provides some tuning of the mixer and changes the dependence of 
the power delivered to the crystal on the r-f admittance of the crystal. 
Each of four or five borderline crystals are put into the mixer and the 
maximum crystal current obtainable by tuning the TR cavity is noted. 
Then the mixer and TR switch are replaced by the tunable crystal holder, 
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F I G . 8-1.—Apparatus for production testing for r-f tune and loss in mixer. 

and for each crystal the mount is tuned to give maximum crystal current. 
At this level (0.5 to 1.0 ma), the crystal current for most crystals is 
approximately proportional to the power absorbed and, therefore, the 
ratio of the crystal currents produced by the same crystal in the two 
mixers shows approximately the transmission loss and reflection loss due 
to mismatch in the tested mixer. Experience shows how much loss can 
be expected for a properly constructed mixer. A badly constructed 
mixer will show up as having a large loss for some of the crystals. A poor 
electrical contact will show up as a large loss for all of the crystals. A 
limit of 2 db can usually be set on the sum of the loss in the T R cavity and 
the loss due to mismatch, and the crystal current in the tested mixer 
should therefore be at least 63 per cent of that in the tunable mount for 
each crystal. 

If the mixer is to be used over a wide band, it is well to make this 
test at each edge of the band. For testing a large number of mixers, 
the tunable crystal holder need be used only frequently enough to ensure 
that the signal-generator power level has not changed, and that all of the 
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crystals are unchanged in rectification efficiency. To avoid burnout, 
care must be taken, in inserting the crystals, not to allow an electrostatic 
discharge to pass through them from the body. 

A test of the reflected power alone could be made almost as simply 
by means of a directional coupler on the signal-generator waveguide 
adjacent to the mixer, so arranged as to couple to the reflected wave only. 
This method would eliminate the need for a comparison with the tunable 
mixer, but it would not necessarily show a source of loss in the mixer 
other than mismatch. With a mixer designed for use with a tunable TR 
cavity, the reflection coefficient that can be tolerated depends upon the 
phase, because of the transmission loss of the TR cavity, as shown in 
Chap. 3; therefore, a test in which only the reflected power is measured 
is not so informative as the one described, which measures both the 
reflection loss and the dissipative loss. 

8-2. Local-oscillator Coupling.—In most unbalanced mixers, the LO 
coupling circuit has some effect on the transmission of received signals 
into the crystal. I t is important to know whether sufficient local-
oscillator power can be coupled into the crystal without a loss in received 
signal strength at the crystal because of interaction of the two circuits. 
Such a test can be made with the apparatus just described, by measure
ment of crystal current only. 

The test for local-oscillator coupling, too, must be made with each 
of the selected representative crystals. One of these crystals is put into 
the crystal mount of the mixer, and, with the TR cavity tuned for 
maximum crystal current at a level of 0.5 to 1.0 ma, the crystal current 
is observed as a function of the LO coupling adjustment. This observa
tion is made with the local oscillator inoperative. Then the signal-
generator power is attenuated to the extent that the crystal current 
produced by this signal is vanishingly small, and the local oscillator is 
turned on. The local oscillator must be set at the proper frequency, 
relative to the signal generator frequency, to produce the desired inter
mediate frequency, because when a resonant TR cavity is used, the 
coupling depends on frequency. The crystal current produced by the 
local oscillator is observed as a function of the coupling adjustment. 
Two curves can be plotted from these two sets of observations as a 
function of the same parameter. If an effect of the LO coupling adjust
ment on the signal power delivered to the crystal is observed in the first 
test, the second test must show that sufficient local-oscillator drive is 
obtained when the local oscillator is not coupled too tightly to the 
signal circuit. The test must be repeated for each of the representative 
borderline crystals and, if the mixer is to be used in a wide band of fre
quencies the test must be made at several frequencies in the band. 
The local-oscillator tube used for the test should be one that gives, in the 
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mixer circuit, the smallest local-oscillator drive to be expected from 
production tubes of this type. 

A plot of data taken in a test of this kind on a 3.33-cm mixer with an 
iris-coupled local oscillator is shown in Fig. 8-2. The abscissa is the 
number of turns outward, of the capacitive screw in the coupling iris 
from the position in which it completely crosses the waveguide. For 
each of four borderline crystals there are two curves, one representing 
the crystal current from the local oscillator, and the other representing the 
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F I Q . 8-2.—Data from test of LO interaction with 3.3-cm mixer and four borderline crystals. 

crystal current from the signal generator, entering the mixer through 
the T R cavity. The screw used was long enough to allow the coupling 
iris to be tuned through resonance, where the maximum local-oscillator 
power is coupled to the crystal. A very large diminution in signal power 
occurs in the neighborhood of resonance of the iris, and therefore that 
region must be avoided. The parts of the curves to the left of the 
resonance region correspond to a screw longer than sufficient to produce 
resonance, and those to the right to a length shorter than the resonant 
length. A crystal current of 1 ma can be produced from any one of the 
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crystals, for either screw length, with a signal loss of no more than 0.5 db; 
hence, the coupling iris could be operated on either side of resonance. 
In practice the screw is cut off to a length sufficient to produce about 
1 ma of current, at maximum insertion, to avoid the use of a local-
oscillator tube delivering insufficient power to drive the crystal without 
loss in signal power. 

With a 10-cm mixer, using a capacitive probe for local-oscillator 
coupling and without provision, by such means as a resistor disk, for a 
matched load for the local-oscillator cable, serious absorption or reflection 
of signal power by the local-oscillator circuit can occur. A test of the 
same kind as that just described may be used to detect this loss. If, 
with the local oscillator inoperative, power from a signal generator enters 
the mixer and produces a crystal current about equal to that which would 
be produced by local-oscillator power, it is found that the crystal current 
falls off when the probe is screwed in for close coupling. The magnitude 
of this effect depends upon the admittance presented to the coupling 
probe by the local-oscillator circuit. If the length of line between the 
probe and the loop in the local oscillator is varied, a length can be found 
at each signal frequency, for which the effect on the signal circuit is 
very large even with a small probe insertion. This length corresponds to 
resonance in the local-oscillator cable. Because the local oscillator is 
operated at a different frequency from the signal, the resonance may not 
correspondingly enhance the efficiency of the local-oscillator coupling. 
Thus a serious loss in received signal strength can occur. If a resistor 
disk is so placed relative to the probe that the local-oscillator line is 
matched to a wave traveling toward the mixer, this resonance is prevented 
because the admittance at the probe cannot be made smaller than that 
of the disk. Such a disk thus serves a double purpose, since its original 
purpose was to prevent LO frequency discontinuities. Even with a 
resistor disk, the 10-cm mixer may still be subject to interaction between 
the signal circuit and the LO coupling circuit, and any design should 
be checked by a test of this kind. 

8-3. Over-all Noise-figure Measurements.—One technique for mak
ing over-all noise-figure measurements of receivers requires a very well-
shielded c-w signal generator with a calibrated output power, a stable 
i-f amplifier of known equivalent noise bandwidth, and a reliable output 
power meter for the receiver. 

Suitable signal generators with calibrated output attenuators and 
power-measurement apparatus for making an absolute calibration of the 
available output power are described in Chap. 4, Vol. 11 of this series. 
The i-f amplifier should be designed for the output admittance of the 
mixer to be used, and its effective noise figure with this generator admit
tance must be known. The output meter need not be calibrated in 
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terms of absolute power, but the law of response should be known, to 
allow precise measurement of power ratios. For this purpose a thermo
couple and microammeter, or a crystal and microammeter, may be used 
as a second detector. A crystal used for this purpose should be tested 
to determine the relation between the rectified current and available i-f 
power. If the current meter has a full-scale sensitivity of a few micro
amperes or less and a resistance lesa>than 100 ohms, most crystals will give 
a rectified current directly proportional to the square of the impressed 
voltage and thus proportional to the available i-f power. To avoid the 
necessity of an output indication of known response, or to allow calibra
tion of the output meter, a calibrated i-f attenuator may be used in the 
receiver. Instead of increasing the incident r-f power to change the 
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F I G . 8*3,—Apparatus for measurement of the effective over-all noise figure of a receiver. 

output meter reading by a given factor, a known attenuation may be 
put into the amplifier and the input power increased to make the meter 
read the same value as before. 

Figure 8-3 is a block diagram showing the way in which this apparatus 
is used. With the local oscillator at the correct frequency and at the 
correct power level in the mixer, and with the signal-generator attenuator 
set to give no output power, the i-f amplifier gain is set to make noise 
from the amplifier give a reading less than half scale on the output-power 
meter. Then the signal-generator power is increased until the output-
meter reading is doubled, care being taken that the local oscillator and 
T R cavity are tuned to give maximum receiver response. The effective 
over-all noise figure of the receiver is then the ratio of the available 
signal-generator power at this last setting of the attenuator to kTB, 
where B is the equivalent noise bandwidth of the i-f amplifier. 
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For this measurement to constitute a measurement of the merit of a 
mixer, several other things must be known. In practice the TR cavity 
will be connected to a duplexer, which affords effectively a matched 
waveguide generator for the received signal power. It is, therefore, 
important that the combination of signal generator and calibrated 
attenuator does represent a generator matched to the waveguide. Since 
a cutoff attenuator is usually used us the variable attenuator of the 
signal generator, an additional matched dissipative pad should be used 
in the output line of the cutoff attenuator. The i-f admittance of the 
crystals used in the tested mixer must be known to allow the i-f-amplifier 
noise figure to be known. A noise figure larger than expected could result 
from an i-f output admittance for the mixer corresponding to a large noise 
figure for the i-f amplifier. This could not be considered a fault of the 
mixer, for an amplifier with a different input circuit would correct the 
situation. 

The TR cavity has been included in the diagram to illustrate a point. 
The over-all noise figure for a receiver using a mixer and TR cavity 
must be measured with the TR cavity in place, since this component 
influences not only the local-oscillator coupling but also the conversion 
loss, effective noise temperature, and i-f output admittance of the mixer. 
In addition, the transmission loss of the TR cavity is affected by the r-f 
admittance of the crystal, and consequently the effect of the TR cavity 
cannot be taken into account by the assumption of some average trans
mission loss for a cavity between a matched generator and a load. 

If all of these precautions are taken, the test still does not constitute 
a test of the mixer unless the noise figures to be expected from the crystals 
used are known. These noise figures may be evaluated by independent 
measurements of the crystal conversion loss and noise temperature, 
or relative values may be obtained by measurement of the noise figures for 
the same crystals in a mixer known to operate properly with these 
crystals. For this purpose, a mixer that does not require a TR cavity 
and that has a tunable crystal mount is useful. Such a mixer may be 
substituted for the mixer to be tested, and tuned to give minimum noise 
figure for each crystal. The ratio of the noise figure obtained for this 
mixer, to that obtained for the one being tested, does represent a measure 
of the operation of the mixer on test, provided that the i-f amplifier 
noise figure is known to be the same for the i-f output admittances 
associated with each mixer. If it is not the same, one of the sets of 
measurements must be corrected to compensate for the difference. 

Because of the effect of the reflection of the image frequency and the 
filtering of local-oscillator noise by the TR cavity, the noise figures of 
the receiver with these two mixers may not differ by an amount to be 
accounted for by TR-cavity loss. The noise figure of a mixer-and-



SEC. 8-3] OVER-ALL NOISE FIGURE 359 

amplifier combination, including the TR cavity, is often as small as that 
of a mixer without a TR cavity. When this is so, the filtering of local-
oscillator noise and the reflection of the image frequency by the TR cavity 
more than make up for the transmission loss of the TR cavity. I t is 
apparent that an over-all noise-figure measurement is not the best way 
to determine the r-f tuning of a mixer, although it does represent a 
measurement of the quantity which is of most direct importance. A 
better set of quantities to measure would be the conversion loss and 
effective noise temperature of the mixer, 

The same apparatus, with the addition of an i-f noise diode and an 
adjustable capacitance at the input terminals of the i-f amplifier, can 
be used to measure the effective noise temperature and the i-f admittance 
of the crystal. From these values, in combination with the effective 
over-all noise figure and the effective i-f-amplifier noise figure, associated 
with the measured i-f admittance, the conversion loss of the crystal can be 
calculated by substitution into the standard formula for the over-all 
noise figure as a function of these quantities. The noise diode may be 
added in such a way that the crystal appears as the load admittance at 
the plate of the diode, as shown in the circuit of Fig. 2-35. In addition, a 
small variable condenser across the output terminals of the mixer allows 
the susceptance part of the i-f admittance of the crystal to be tuned out. 

The noise diode may be used as follows. Several resistors, having 
conductances covering the range of conductance expected for the i-f 
terminals of a mixer (800 to 8000 /xmhos, for instance), are put, in turn, 
into the crystal holder of the mixer. The effective noise figure of the i-f 
amplifier associated with each of these conductances can be found by 
measuring the plate current of the noise diode required to double the 
output noise power from the receiver alone. For each resistor the vari
able condenser is set to minimize this current. The effective i-f noise 
figure is then 

p* _ 2 0 / 
F" ~ ~G 

where I is the diode plate current and G the conductance of the resistor 
unit. It is very important that sufficient plate voltage be used on the 
diode to obtain saturation plate-current values, and that the plate 
current be regulated by the filament temperature. This ensures that 
there is no space-charge smoothing and that the noise is pure shot-effect 
noise. 

When the values of the i-f noise figure for all values of i-f conductance 
are known, the effective noise temperature of the crystal can be found 
by a comparison of the output noise power of the receiver when the 
crystal is in place, with that when a resistor having the same i-f con-
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ductance is in the circuit. A measurement of the i-f conductance of the 
crystal is required, and for this, too, the noise diode can be used. The 
i-f-amplifier gain may be set to give a particular output noise power with a 
resistor representing the i-f conductance of an average crystal in the 
mixer in place of the crystal. With this gain setting, the diode current 
required to produce a given deflection of the output meter for each of the 
various resistors may be measured. The values of diode current obtained 
in this way may be plotted as a function of i-f conductance. If the 
crystal is put into the mixer and the diode current that is required 
to give the same increase in output noise power at the same gain is 
measured, the i-f conductance of the crystal may be read from the plot. 
In each of these operations the susceptance of the output terminals of 
the mixer is resonated out by proper setting of the variable capacitance. 

The labor of these measurements can be lessened by the use of the 
equivalent five-eighth-wavelength-line input circuit used in the crystal 
noise-temperature test sets and described in Sec. 2-18. This method 
has the advantage that the noise output power is independent of the i-f 
conductance of resistors put into the mixer, and the i-f noise figure is 
reasonably constant for the range of conductances of interest. The 
addition of an adjustable condenser would allow compensation for the 
susceptance part of the i-f admittance of a crystal mixer. Unfortunately, 
however, this condenser may not be adjusted by simply maximizing 
the receiver response because the equivalent eighth-wavelength line 
transforms its effect into that of a variable conductance at the first 
amplifier grid. If mixers in which the susceptance part of the i-f admit
tance varies are to be tested, it may be safer to use the simple input 
circuit and to take into account the effect of the i-f conductance on the 
output noise and on the noise figure. 

Measurements that involve the beat frequency between two c-w 
oscillators, as in the above example, are often rendered difficult by the 
drifting of the relative frequency of the oscillators. This is particularly 
troublesome at the higher frequencies and with a narrow i-f amplifier 
pass band. Continual adjustment of the local-oscillator frequency must 
be made to ensure that the beat frequency is at the peak of the i-f ampli
fier response. Sometimes the signal generators may have frequency-
modulation components, due to ripple in the power supplies for instance, 
sufficient to cause the beat frequency to spread over a band of frequencies 
wider than the pass band of the i-f amplifier. In such a case, the measure
ments of over-all noise figure and of conversion loss would be in error 
because the r-f power measurements would include the power contained 
in the whole spectrum of the oscillator. 

To reduce these difficulties it is helpful to add to the test apparatus 
an AFC circuit arranged to maintain the correct difference frequency 
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between the signal generator and the i-f amplifier. For this purpose a 
standard f-m communications receiver (Hallicrafters—S-27) has been 
used. A small amount of the i-f signal in one of the later stages of the 
i-f amplifier is applied to the communications receiver, which is tuned 
to the intermediate frequency. The d-c component of the f-m-discrimi-
nator voltage may then be used as an AFC voltage, added in series to the 
reflector voltage of the local oscillator. The only changes that need 
be made in the circuit of the communications receiver are the removal 
of the discriminator circuit from ground potential, so that the reflector 
supply voltage is not short-circuited, and the addition of fairly large 
condensers (0.01 /if) from the reflector lead to ground to prevent oscilla
tion of the AFC circuit. A reversing switch that inverts the sense of the 
discriminator voltage at the reflector lead allows the local oscillator to be 
operated either above or below the signal frequency. 

This AFC circuit will maintain the correct difference frequency 
between the signal and local oscillator even when the signal strength is 
sufficient to increase the output power of a 1-Mc/sec-wide i-f amplifier 
by only about 10 per cent. At the level of signals usually used for noise-
figure measurements, the control is very good. The pass band of the i-f 
amplifier may be observed on the output meter of the communications 
receiver by tuning the receiver through it, since the intermediate-fre
quency voltage developed is always almost exactly that read on the dial of 
the communications receiver, provided the AFC circuit is locked. That it 
is locked can be confirmed by variation of the reflector supply voltage. 
As this voltage is varied there will be an opposing variation in the output 
voltage of the discriminator and practically no change in the beat 
frequency or in the output voltage of the i-f amplifier of the noise-figure 
test apparatus. 

8-4. Radio-frequency Noise Generators.—In many respects, it is 
more convenient to use r-f noise generators for the measurement of 
over-all noise figures than to use c-w signal generators. An r-f noise 
generator that has a uniform noise spectrum over a frequency band that is 
broad compared with the receiver pass band allows the effective over-all 
noise figure to be measured, independently of the shape or width of the 
receiver pass band. R-f noise generators are discussed in some detail 
in Chap. 4, Vol. 11 of this series. Only a qualitative description of the 
types which have been used and the methods of application to noise-
figure measurements will be given here. 

A reflex-klystron oscillator can be used as an r-f noise generator if it is 
supplied with the usual heater and accelerator voltages, but with a 
reflector voltage that does not produce oscillation. The noise spectrum 
in the output line is determined by the resonant cavity of the tube, and 
therefore the tube must be one which would ordinarily be used as an 
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oscillator at the receiver frequency. To make the tube appear as a 
matched generator, a matched dissipative attenuator pad is used between 
the tube and the mixer of the receiver. In the 10-cm band, for instance, a 
type 417 reflex Klystron with a flexible output cable having about 10 db 
of loss has been used. At 3.2 cm, a 2K25 oscillator, coupled directly to a 
waveguide but with a resistance-strip attenuator between the tube and 
the output end of the waveguide has been used. 

The available noise power from these generators can be defined in 
terms of the equivalent noise temperature of the matched termination 
formed by the attenuator. If this temperature is T times room temper
ature, the effective over-all noise figure of a receiver is simply the value 
of {T — 1) that produces twice as great a noise output power from the 
receiver as is produced when the noise generator is shut off. With ordi
nary oscillators, and with receiver bandwidths not exceeding a few mega
cycles per second, the equivalent noise temperature of the generator can be 
regarded as constant throughout the pass band of the receiver. There 
may be a contribution of noise converted from the image frequency of 
the receiver, but an intermediate frequency of 30 Mc/sec in a receiver for 
9000 Mc/sec is sufficiently high to make the noise temperature of the 
generator nearly unity at the image frequency, because of the selectivity 
of the oscillator cavity. Thus, a generator of this kind can be used to 
make measurements of the over-all receiver noise figure, if the equivalent 
noise temperature of the generator can be measured. 

For the purpose of calibrating a noise generator, an apparatus for 
measuring crystal noise temperature may be used. A standard mixer 
with a local oscillator and a crystal of known conversion loss are required. 
With the noise generator connected to the mixer and the generator tuned 
to one of the two sensitive frequencies of the test set, the noise tem
perature of the crystal mixer is measured with the noise generator on 
and off. The difference between the noise temperatures of the mixer 
measured with the generator turned on and off is directly the required 
value of (T — 1) of the r-f noise generator divided by the conversion 
loss of the mixer. Values of T up to several hundred, including the 
effect of the buffering attenuator pad, can be obtained from reflex 
oscillators if sufficient accelerator voltage is used. The effective noise 
temperature may be varied by changing the attenuation, or the acceler
ator or heater voltages of the tube. 

A noise generator of another type is a crystal-rectifier unit mounted in 
a standard waveguide or coaxial-line crystal holder. Considerable r-f 
noise power is generated by such a crystal if a direct current is forced 
through it in the backward (high-resistance) direction. A current of 5 to 
10 ma, which may require a voltage as large as 6 volts, results in a noise 
generator having an effective temperature 30 to 100 times room tern-
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perature. Currents lower than 5 ma do not reduce the noise temperature 
greatly, and give somewhat more stable operation. I t is well to allow the 
current to flow for several hours before calibration is attempted, because 
it is observed that the device becomes stable after such a period of opera
tion. A current meter, used with the noise-generating crystal at all 
times, allows detection of a change in its d-c characteristic which might 
make necessary recalibration of the unit. 

The calibration procedure for the crystal noise generator is similar 
to that for the reflex oscillator. I t is important in this case, however, 
that local-oscillator power from the receiver does not reach the noise 
crystal because such local-oscillator power would certainly affect the 
effective noise temperature of the device. All noise components that, 
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F I G . 8-4.—Apparatus for calibration of crystal noise generators. 

when mixed with the local-oscillator frequency, would give components in 
the receiver pass band would contribute to the noise power available in 
the vicinity of the local-oscillator frequency. A circuit such as that 
shown in Fig. 8-4, therefore, may be used with the crystal-noise-tem
perature test set. All of the pieces except the magic T and the noise 
generator are parts of the test set and the part labeled "I-f Amplifier" 
is meant to include the five-eighth-wavelength-equivalent line, the 
preamplifier, and the communications receiver of the test set. The local 
oscillator, filter cavity, and buffering attenuators of the test set are 
disconnected from the mixer and attached to arm (4) of the magic T. 
A matched termination is placed on arm (1), and the crystal of known 
conversion loss in the mixer is selected to be matched to the waveguide 
at the local-oscillator frequency. Thus no local-oscillator power is 
coupled into the noise crystal. An attenuator is shown as a part of the 
noise generator. This attenuator serves to make the generator appear 
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matched to the line, both when it is turned on and when it is turned off. 
An alternative to this procedure is to select the crystal or to tune the 
crystal mount so that the crystal is matched to the waveguide for small 
signals when the current is flowing. A larger noise power can be obtained 
in this way, but an attenuator must be inserted when the current is 
broken because the crystal is then no longer matched to the waveguide. 
In the 1.25-cm band, a dummy load that makes the crystal mount 
matched to the waveguide has been inserted in place of the crystal. 

The noise crystal develops a noise spectrum that is uniform over a 
relatively wide frequency band. When the noise crystal is used for 
measuring receiver noise figures and for calibration, there is an equal 
contribution to the converted i-f noise power from the r-f noise in the two 
sidebands of the local oscillator. The desired value of (T — 1) of the 
generator connected to the crystal mixer of the test set would, therefore, 
be just half the change in mixer noise temperature times the conversion 
loss of the mixer. The value of (T — 1) of the noise generator con
nected to the magic T is the whole product of the change in i-f noise 
temperature and conversion loss, however, because one-half the available 
noise power is lost in the load on arm (1) of the T. 

The noise crystal must also be protected from local-oscillator power 
when it is used to measure receiver noise figures. The local oscillator 
and the noise crystal, therefore, should be coupled to a nonresonant 
mixer circuit with a magic T or a similar circuit, as in the calibration 
apparatus. For this reason, an ordinary unbalanced mixer and local 
oscillator cannot be tested with the noise crystal unless a resonant 
cavity, such as a TR cavity, prevents the leakage of a large amount of 
local-oscillator power into the noise crystal. If such a cavity is used, 
filtering of the image-frequency sideband is also obtained, and the 
calculation of the noise figure of the receiver from measurements with the 
noise crystal must take into account only a single sideband. 

Because of the difficulty of removing local-oscillator power from the 
signal circuit of most mixers, the reflex oscillator is a more dependable 
noise generator than the noise crystal. I t has the disadvantage, however, 
that it must be tuned to the receiver frequency. On the other hand, its 
calibration may be expected to hold under much less restricted conditions 
and over a longer time than can that of the noise crystal. If the output 
line of an oscillator can be made nonrefiecting, the equivalent noise 
temperature is practically constant over the range of frequencies to 
which the tube can be tuned. For example, a single calibration can be 
used for a 417 Klystron, with a matched-cable attenuator, for the wave
length band from 9 to 11 cm. 

8-5. Apparatus for Measurement of the Effect of Image Reflection.— 
As an example of apparatus of the kind that is useful for experiments 
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with converters and mixers, an apparatus developed by E. R. Beringer, 
M. C. Waltz, and C. P. Gadsden for experiments with welded-contact 
germanium crystals will be described. I t was desired to measure the 
conversion loss and noise temperature of the mixer under many conditions 
of tuning at both the signal- and image-frequency terminals of the mixer. 
The i-f output admittance of the crystal was known to vary over a very 
wide region including negative values of the conductance, and the i-f 
input circuit was designed to allow measurement of the mixer parameters 
for the whole range of expected i-f admittances. 

A circuit diagram showing the essentials of the i-f input circuit used 
is given in Fig. 8-5. There is no transformation of the crystal output 
admittance, since small conductance values were expected. The induct
ance L resonates at the intermediate frequency with the combined 

To noise diode 

First i-f 
amplifier 

1 - p . O V -T^ 

RFC RFC 

Crystal 
current 
meter 

F I Q . 8-5.- -I-f input circuit used for measuring apparatus for welded-contact germanium 
crystals. 

capacitance of the mixer, the tube, and the variable condenser when the 
condenser is set at about the middle of its range. The adjustment of the 
variable condenser allows compensation for the susceptance component 
of the crystal output admittance. A switch allows a resistor to be 
shunted across the crystal output terminals if desired. If the output 
conductance becomes negative and has an absolute value exceeding that 
of the positive conductance of the input circuit and tube, oscillation at 
the intermediate frequency occurs. The added conductance of the resis
tor allows the total conductance to be kept positive. 

The r-f part of the circuit is shown symbolically in Fig. 8 6 . The 
local oscillator and noise generator are connected independently to the 
mixer through the first magic T. A filter cavity is used to remove noise 
sidebands from the local-oscillator signal, and attenuator pads are 
provided to make each of the generators appear matched to the wave
guide. In the arm attached to the mixer there is a second magic T 
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with a resonant cavity in one arm and a plunger in another. The 
plunger is adjusted so that all signals at frequencies other than those in 
the region of the cavity resonance are transmitted through to the mixer 
crystal. At the resonant frequency of the cavity, the input admittance 
of the cavity is a very small conductance and, therefore, waves of this 
frequency are reflected from the T. If the cavity is tuned to the image 
frequency of the mixer, any image-frequency wave developed by the 
mixer is reflected back to it from the magic T. The phase of the reflected 
wave is determined by the adjustment of the variable length of line 
between the T and the mixer crystal. A sliding-screw tuner in the arm 
between the two magic T's allows tuning of the signal-frequency admit
tance of the mix^r. In this way, independent control of the signal and 
image frequencies is obtained. 

Fin. 8-6. 

723 A/B 
local oscillator 

-H-f circuit for measuring the effect of the reflection of the image frequency on 
the receiver noise figure. 

This apparatus is used in the following way. With various dummy 
resistors substituted for the mixer crystal a curve of the i-f-amplifier 
noise figure, as a function of the i-f conductance of the mixer, can be made 
from data taken with the i-f noise diode. Also, by use of the i-f noise 
diode and the resistors, a corresponding curve can be plotted of the i-f 
amplifier output noise power. The change in output power of the receiver 
with a given gain setting is measured as a function of the conductance 
of the output terminals of the mixer when the diode current is increased 
from zero to a particular value. From these data the i-f conductance 
of the crystal, for any condition of the r-f tuning, can be found. There
fore, the i-f noise figure is known. The r-f noise source may then be 
turned on to determine, from the change of the output noise power from 
the receiver, the effective over-all noise figure of the receiver. Since the 
available r-f noise power is known from the calibration of the r-f noise 
generator, if the available i-f noise power at the crystal due to this r-f 
noise power were known, the conversion loss of the crystal would be 
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found. The available converted i-f noise power can be found by com
parison with the available noise power from the i-f noise diode, since the 
crystal conductance is known. The i-f noise diode may be set at a current 
that produces the same change in the output noise power from the receiver 
as does the r-f noise generator. The conversion loss of the mixer is 

, _G(T- 1) 
L —w~' 

where / is the noise-diode current, T the effective noise temperature of 
the r-f signal generator, and G the i-f output conductance of the mixer. 
From the conversion loss, the effective i-f-amplifier noise figure and the 
over-all noise figure, the noise temperature of the mixer can be found from 
the usual formula 

K^U = L(F* + t - 1) 
where t is the desired noise temperature. 

Thus, the apparatus can be used to find the two quantities, L and t, 
which are the measures of the merit of the mixer. The apparatu.. has 
been used in a study of the dependence of L and t, for welded-contact 
germanium crystals, upon the various tuning conditions of a mixer, 
in the hope that some condition would be found which gives an unusually 
small over-all noise figure. No such tuning conditions were found, 
although, as discussed in Chap. 2, the i-f output admittance could bo 
varied by the r-f tuning elements over a very wide region, including a 
region of negative conductance. If a similar apparatus were to be used 
for measurements with ordinary crystals, the shunting resistor in the 
i-f input circuit would not be needed, since negative conductances do 
not occur with most crystals. 

Apparatus of this kind would be useful for the measurement of L and t 
for ordinary crystals, as a function of the phase of the image reflection. 
Some work of this kind has been done, and the indication is that some 
improvement in the over-all noise figure of a receiver is to be gained by 
proper phasing of the image-frequency reflection. The data are insuffi
cient to allow a definite statement to be made about the magnitude of this 
effect which could be realized in practice, or about the best phase of the 
image-frequency reflection. I t does appear that the improvement 
resulting from the decrease in conversion loss accompanying image 
reflection in the best phase is not offset by an increase in the crystal noise 
temperature. 

8-6. An Apparatus for Measurement of the Admittance Loss of a 
Mixer.—In Sec. 2-11, it was shown that a quantity termed the admittance 
loss of the mixer can be found by measurement of the dependence of the 
signal-frequency admittance of the mixer on the i-f load admittance 
presented to it. Since for most silicon crystals the admittance loss is 
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equal to the minimum conversion loss obtainable from the mixer with any 
value of signal-generator admittance, the simplicity of this measurement 
makes it a good tool for experimentation with mixer circuits. 

An apparatus that has been used for measurements of this kind is 
shown symbolically in Fig. 8-7. A magic T is used as an admittance 
bridge, in which the admittance of the mixer is compared with that of a 
well-matched load on the opposite arm. I t is actually the small-signal 
admittance that is measured, in the presence of the proper local-oscillator 
power supplied from the operating local oscillator of the mixer. The 
mixer shown under test is one with an iris-coupled local oscillator and 
requiring a TR cavity for proper operation of the coupling circuit. 

LO 

Qi [/Tu"~] 

F I G . 8-7.—Bridge for measurement of admittance loss of a mixer. 

The TR cavity is included in the measurement and the measured admit
tance loss includes the loss of the T R cavity. A small signal (less than 
1 pw) is applied to arm (4) of the magic T through a matched attenuator 
pad. On arm (3) is a mixer for detecting the unbalance signal of the 
bridge. A matched attenuator pad is also Used, to stabilize the input 
admittance of the mixer and to reduce the amount of local-oscillator 
power leaking from this mixer to the test mixer. The mixer used for the 
detection of the unbalance signal is of the same type as that shown in the 
test position, in the diagram. The T R cavity also decreases the leakage 
of local-oscillator signals between the two mixers. 

Two sliding-screw tuners are used in the circuit. One between 
the attenuator and the magic T, on arm (3), provides sufficient tuning 
to make the test arm, arm (2) of the magic T, nonreflecting to a wave 
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sent back from the mixer under test, at the signal frequency. The other 
tuner, in the test-mixer arm of the magic T, is used in the test procedure. 
An r-f switch, formed of a plate sliding between a pair of choke connectors, 
is also placed in this arm of the bridge. The plate has a rectangular hole 
of the dimensions of the inside of the waveguide, and can be adjusted 
to make the waveguide unobstructed or can be moved so that, instead of 
the aperture, there is a short-circuiting plate across the waveguide. 
This short circuit provides a reflection coefficient of unit magnitude for 
calibration of the unbalance detector. 

An i-f amplifier and an output power meter are connected to the mixer 
for detection of the unbalance signal. An f-m communications receiver, 
tuned to the center of the pass band of the i-f amplifier, provides auto
matic frequency control of the local oscillator of the unbalance detector. 
Connected to the i-f output terminals of the mixer under test is a shielding 
box containing a shunt-resonant circuit that has an adjustable capaci
tance and resonates at the beat frequency between the signal and the local 
oscillator of this mixer, when the i-f capacitance of the mixer itself is 
included. The capacitance has sufficient tuning range (at 30 Mc/sec, 
about plus or minus 7 jujufd) to compensate for any susceptance component 
in the crystal output admittance. The coil of the resonant circuit is 
designed to have a small shunt conductance. Number 12 gauge solid 
copper wire, wound on about a 1-inch diameter is used, and the turns 
are spaced about one wire diameter apart. The three-position switch 
allows the resonant circuit to leave the output terminals of the mixer essen
tially open-circuited, to provide a load near match for an average crystal 
(with a 400-ohm resistor) or to short-circuit the output terminals of the 
mixer. The d-c circuit of the mixer is unaffected by the switch, and 
crystal current can be read at all times. 

The procedure used with this test apparatus is the following. First, 
the unbalance-signal mixer and the tuner in arm (3) of the bridge are 
adjusted. To do this, the test mixer is removed and a choke-type 
short-circuiting plunger is slid into the waveguide of this arm of the 
bridge, with the tuner of this arm retracted from the waveguide. This 
gives a large unbalance signal, and allows alignment of the unbalance-
signal mixer, cavity, and local oscillator as well as the AFC circuit. The 
tuner in arm (3) is then adjusted until the unbalance signal, read on the 
output meter, is not affected by sliding the plunger in and out of arm (2). 
This means that the output meter reads the magnitude of the reflected 
power in this arm, independently of the phase of the reflection coeffi
cient—a situation that results when arm (2) appears matched to the 
reflected wave. 

With the plunger removed and the mixer to be tested replaced, and 
with the local oscillator of this mixer and the TR cavity tuned to the 
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proper frequencies, the test may now be made. These two tuning adjust
ments are not easy to make with the circuit shown, however, because 
there is no indication of their proper adjustment. To remedy this, 
the addition of a second f-m communications receiver would be a great 
help. A small resistance (about 1 ohm) placed in series between the 
shunt-resonant circuit and the first bypass condenser of the crystal-
current circuit would have little effect on the operation of the test circuit, 
even if the resistor were not shorted out in the short-circuiting position 
of the switch. The crystal is an i-f generator of several hundred ohms 
internal impedance. Consequently, one ohm represents as severe a 
reflection for the crystal as does the shunt impedance of the circuit in the 
open-circuit position. A signal large enough to excite the communica
tions receiver could be taken off across this 1-ohm resistor and the receiver 
used as an AFC circuit for the local oscillator of the mixer under test. 
The amplitude of the signal into this receiver would be a measure of 
the TR-cavity tuning. With the TR cavity tuned to maximize the 
signal to the receiver with the switch of the i-f circuit on the load-resistor 
position, nearly optimum results should be obtained. 

With these adjustments made, the r-f switch in arm (2) of the bridge 
circuit is set to the short-circuiting position, and the gain of the i-f 
amplifier of the unbalance-detecting circuit set to make the output meter 
read full scale. The fraction of a full-scale deflection obtained with other 
terminations on the test arm of the bridge is then equal to the square of the 
absolute magnitude of the reflection coefficient, if there is no contribution 
to the output-meter reading from receiver noise. The r-f switch is then 
opened and the r-f tuner in the test arm of the bridge is adjusted to 
balance the bridge with the i-f switch set to short-circuit the i-f terminals. 
When this switch is changed to the open-circuit position, the signal 
admittance of the mixer changes, and the bridge becomes unbalanced. 
If the variable capacitance of the i-f resonant circuit is adjusted to make 
the unbalance signal a maximum, the relation between the admittance 
loss Lr of the mixer and the voltage standing-wave ratio r is 

T Vr+ 1 
Vr - 1 

as shown in Sec. 2-11. Since the bridge reads the square of the absolute 
magnitude of the reflection coefficient, the relation between the meter 
reading and the admittance loss of the mixer is 

LY = (1 - p)^ + 1 - V p ; 

(l - p)» - i + V p ' 

where p is the fraction of full-scale deflection of the meter. A curve for 
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this expression, for LY expressed in decibels for the range from 0 to 10 db, 
is given in Fig. 8-8. 

For silicon crystals it is found that the reciprocity condition holds. 
The admittance loss in this measurement, therefore, represents the actual 
conversion loss that would result with the mixer under test if the signal 
generator were adjusted to have the internal admittance giving minimum 
conversion loss. In practice, there will be some additional loss because the 
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F I G . 8-8.—Admittance loss as a function of output-meter deflection. 

antenna, as the signal generator, is matched to the waveguide, and 
the mixer may be somewhat mismatched. An approximate measure of 
the resulting reflection loss can be obtained with the apparatus, with the 
tuner in the test arm of the bridge retracted from the waveguide and with 
the switch in the i-f circuit in the position that presents the mixer with a 
resistive load. Since the resistor will not, in general, have the optimum 
conductance for the mixer, the r-f mismatch is not exactly that desired, 
but is close to that value for any reasonably large crystal loss. The 
output-meter reading, with the switch in this position, gives the fraction 
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of the incident power reflected, if the amplifier gain is set to make a 
complete reflection give a full-scale deflection. 

Measurements have been made, with the bridge, of the conversion 
loss of many 3-cm mixers, and the results have agreed well with measure
ments made by other methods. As discussed in Sec. 2 1 1 , the variation 
of conversion loss with the distance from the TR cavity to the crystal 
has been observed with this apparatus. Those measurements were 
complicated by the fact that the TR-cavity loss was included in the 
measurement. To prevent variation of this loss with the phase of the 
image-frequency reflection, the crystal mount had to be retuned for each 
line-length setting. Better data would probably have been obtained 
with a mixer circuit, such as that described in Sec. 8-5, in which the 
resonant cavity reflects only the image frequency. 

8-7. Tests of the AFC Mixer.—To obtain satisfactory operation of a 
separate AFC mixer, the input signal level must be properly set, and care 
must be taken to ensure that spurious signals, such as TR leakage power, 
and signals at harmonic frequencies are not large enough to mask the 
desired i-f signal. The usual procedure in setting the power level is to 
design the AFC attenuator for about 30 db less attenuation than the 
total amount needed, and then to adjust the diameter of the coupling 
hole between the AFC attenuator and the main line of the radar set to 
give the desired level of 1 or 2 mw of peak power at the mixer crystal. 

If it is known that no spurious signals are present, the power level 
can be checked by measurement of the average rectified current with a 
low resistance microammeter. Most crystals develop about 1 ma per 
milliwatt of dissipated r-f power if the resistance of the meter circuit is 
less than 100 ohms. With the local oscillator shut off, a microammeter of 
less than 100 ohms resistance may be connected to the output terminals 
of the crystal. With the local transmitter operating, the milliammeter 
reads the average rectified current. This is simply the rectified pulse 
current times the fraction of the time during which the transmitter is 
turned on. With a pulsed transmitter producing 1-̂ isec rectangular 
pulses and a recurrence rate of 1000 cps, an average rectified current of 1 
to 2 /ia indicates 1 to 2 ma pulse current. 

Some precautions are necessary to make sure that the microammeter 
reads the correct current. Stray radiation picked up in the micro
ammeter or in its leads can give rise to a rectified current, because the 
crystal is in the microammeter circuit. Shielding of both the meter and 
the leads is usually necessary to prevent this. That no such pickup is 
present can be shown by blocking off the r-f signal from the mixer, where
upon the microammeter reading should go to zero. A microammeter 
has a rather large reactance to the frequencies involved in a current pulse 
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of 1-Msec duration. This causes the current pulse to be stretched out 
and, therefore, to persist after the r-f pulse has ceased. Because the 
crystal response is not linear, the average current is reduced, since the 
current must flow through the crystal as well as through the meter. 
A bypass condenser should, therefore, be used across the meter to give 
the pulse a low-impedance path. It is only under this condition that 
the simple relationship between the average current and the r-f pulse 
power holds. 

It is sometimes informative to observe the video-frequency pulse of 
rectified current in the AFC crystal on an oscilloscope. An r-f envelope 
viewer, with the AFC crystal used as a detector, makes this possible. 
The impedance connected to the output terminal of the crystal should not 
be high, however, since a bias voltage would then be developed which 
would change the r-f impedance of the mixer crystal and, therefore, 
alter the amount of power delivered to it. An instrument of this kind, 
calibrated as a current meter, can be used to set the r-f power level, for 
the pulse current can be observed directly. 

A more informative observation of the operation of the AFC mixer 
can be made with the help of auxiliary apparatus. With a pulsed r-f 
signal generator having the desired available AFC power, and a spectrum 
analyzer, the r-f power level can be set and the presence of any objection
able spurious signals can be detected. These pieces of apparatus are 
used in the following way. The crystal to be used in the AFC mixer is 
first placed in a simple mixer that has no input attenuator. This mixer is 
substituted for the regular mixer of the spectrum analyzer. Power from 
local oscillator of the spectrum analyzer is introduced into this mixer 
at the proper level, or, if a local oscillator is included as an integral part 
of the mixer, this local oscillator is connected to the sweeping reflector 
voltage of the spectrum analyzer. If the pulsed signal generator is 
connected to the input terminals of the mixer, the spectrum is shown on 
the indicator of the spectrum analyzer. The gain of the analyzer is 
then set to show a given amplitude, in the center of the spectrum, with 
the desired level of pulses sent into the mixer. 

The AFC mixer is then substituted for this mixer in the spectrum 
analyzer. The i-f spectrum coming from the AFC mixer is shown on 
the indicator, and if the transmitter sample has the desired amplitude, 
the amplitude of the spectrum will be the same as before, with the same 
amount of local-oscillator drive. Blocking off the AFC attenuator 
path with a metal plate should cause the spectrum to disappear if the 
leakage of signal from the radar mixer through the local-oscillator circuit 
is sufficiently small. 

Spurious signals leaking into the AFC mixer with enough amplitude 
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to interfere with the operation of the AFC circuit are made obvious 
in a test of this kind. The presence of large pulses of harmonic power, 
for instance, can be detected from the appearance of the indicator 
of the analyzer. The presence of the intermediate-frequency components 
of the rectified pulse resulting from such harmonic-frequency pulses is 
evidenced by a continuous spectrum that covers the analyzer screen and 
is unaffected by the tuning of the local oscillator. The amplitude of 
these components has sometimes been found to be so great as to mask 
completely the desired beat-frequency spectrum. A signal incident on a 
crystal mounted in a waveguide far beyond cutoff for the fundamental 
frequency, connected to the output terminals of the AFC attenuator 
and to the input terminals of the i-f amplifier of the spectrum analyzer, 
produced the same pattern on the indicator. I t was a test of this kind 
that showed the need for a dissipative attenuator in addition to the 
cutoff attenuator for the AFC signal. The addition of the strip of carbon-
coated Bakelite inside the AFC attenuator completely removed the spur
ious signal in a 10-cm system, and the desired spectrum of the AFC signal 

* was then shown clearly on the indicator. Excessive leakage of spike 
energy from the TR cavity, through the local-oscillator channel into 
the AFC mLxer, can be detected in the same way. 
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Feedback, inverse, 324 
Feedback loop, 290 
Figure of merit, for receivers, 10-17 

crystal-video, 54, 56 
Filter, resonant, to reduce local-oscillator 

noise, 243-245 
Filter cavity, 235 
Filtering, 246, 358 
Flat, 97, 300 
Flat power, 173 
Following rate, 317, 318 
Forward resistance, 297 
Foster, D. E., 304n. 
Foster-Seeley discriminator, 304 
Frequency control, 25, 39 

of local oscillators, 290-351 
Frequency-control electrode, 312, 314 
Frequency-control principle, 317 
Frequency conversion, 26 
Frequency discontinuities, 208 

caused by high-Q load circuits, 209-
215 

prevented by padding, 219-223 
Frequency drift, sources of, 290-292 

Frequency principle, 346 
Frequency spectrum, 5 
Frequency stability, 5 

G 

Gadsden, C. P., 83, 365 
Gain, 11, 12, 58, 325 

of detector, 20 
effective gain of the system, variation 

in, 345 
Gas-discharge tube, 300 
General Electric Co., 43, 46, 87, 90 
Generator, slow-sweep, 314, 316, 326 
Germanium crystal (see Crystal, ger

manium) 
Ground clutter, 300 

H 

Hard-tube control circuit, 326 
Harmonic, 197, 300, 335 

second, 83-87 
Harmonic chokes, 174-178 
Harmonic generator, 3—4 
"Harmonic hash," 298 
Harmonic response, 298 
Harmonic shutters, 174—178 
Harmonics, 61, 82, 285, 301, 372, 374 
Heater voltage, 294 
Hold-in range, 295 
Hum, 349 
Hum pickup, 306 
Hunting, 295, 331 
"Hybrid coil," 267 

I-f admittance, 71-75, 79, 105, 253, 277, 
359 

I-f amplifier (see Amplifier, i-f) 
I-f capacitance, 129 
I-f conductance, 111, 249, 360 
I-f coupling circuit, 271 
I-f impedance, 256 
I-f output admittance, 90, 178-185 
I-f output lead, 128-131 
I-f resistance, 115 
I-f spectrum, 302 
Image, 43 
Image frequency, 27, 60, 256, 276, 358, 

362, 364, 365 
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Image-frequency termination and con
version loss, 75—83 

Image reflection, 367 
Image response, 26 
Image termination, 62 
Impedance, cold, 9 

i-f, 256 
Impedance loss, 66, 68, 80, 89 
Impurity centers, 49 
Incremental method, 103 
Input admittance, 66-71, 122 
Insulators, 48 
Interference, 276 
Intermediate-frequency amplifier (see 

Amplifier, i-f) 
Iris, coupling, adjustable, 164 

with adjustable choke screw, 165 

J 

Jamming, 193, 300, 331 
JAN-1A specifications, 324, 341 
Johnson, J. B,, 11 
Johnson noise, 11, 55 

K 

Keep-alive electrode, 99, 374, 175 
Klystron, 36 

reflex, 37-43, 206, 236, 361 
Kuper, J. B. H., 237w. 

L 

"Lazy roan" reversing switch, 333 
Leakage, 198, 199 

particularly troublesome in AFC, 299 
Line, coaxial-to-waveguide transitions, 

172 
Lighthouse tube, 18, 29, 33, 35, 45 

triode, 290 
Littelfuse, 18 
Llewellyn, F. B., lira. 
LO (see Local oscillator) 
Load, matched, 200, 206 
Load circuits, containing transmission 

cavity, 215-218 
high-Q, 209-215 
with reaction cavity, 213 

Local-oscillator circuit, 172 
Local-oscillator coupling, 172, 354-356 

capacitive probe, 140-144 

Local-oscillator coupling, channel, 150-
160 

for coaxial-iine mixers, 142-144 
iris for, 160-166 
in waveguide mixers, 144-146 

Local-oscillator coupling mechanisms, 
136-140 

Local-oscillator drive, 58, 252 
Local-oscillator frequency, ripple in, 318 
Local-oscillator noise (see Noise, local-

oscillator) 
Local-oscillator power, 57, 115, 2.5 
Local-oscillator tubes, table of, 40 
Local oscillators, 3, 35-37 

channel, 232 
frequency control of, 290-351 

Locking, 246, 292, 302 
Loop, 168 
Loss, 58, 115, 353 

conversion (see Conversion loss) 
impedance, 66, 68, 80, 89 
transmission, 169 

Lurnped-cotistant circuits, 25 
Lumped-constant circuit elements, 27 

M 

Magic T, 7, 259-262, 363-365 
equivalent network of, 264 
matching of, 262-264 
voltages and currents in, 264-269 

Magnetron, 290 
Manual tuning aid, 342 
Matching, 261 
Measurement (see quantity to be meas

ured) 
Mechanical shock, 96, 100 
Merit, figure of (see Figure of merit) 
Microphonics, 349 
Microwave receivers (see Receivers, 

microwave) 
Miller, J. M., 328 
Mixer circuit, basic, 120-122 
Mixer tubes, 28 
Mixers, 3, 119 

AFC, double-balanced, 283-287 
balanced, 257-289, 301 

crystal mounts for, 279-283 
Magic T, 269-279 
simple, 257-259 

broadband two-channel, 231 
coaxial-line, with loop coupling, 180 
complete, drawings of, 180-189 
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Mixers, crystal, 34, 56 

circuits for, 119-189 
double, 194 
double-balanced, 286 
four-crystal, 283, 301 
high-loss, 122 
iris-coupled, 183 
measurement techniques for, 3t>2—374 
multiple-function, 190-234 

examples of, 223-234 
resonant, 122 

for 10-cm band, 188 
single, 299 
triode, 28-32 
two-channel, 199-201 
waveguide, 188 

local-oscillator coupling in, 144—146 
for 10-cm band, 171-172 

Modulation, velocity, 36 
Modulation method, 101 

N 
Nibbe-Durand AFC, 333, 337 
Noise, Johnson, 11 

local-oscillator, 235-256 
effect of, 235-237 
effect on over-all noise figure, 239-

241 
generation of, 235—237 
magnitude of, 237-239 
reduction by resonant filters, 243— 

245 
reduction by use of a cavity, 245-249 

by TR cavity, 241-243 
suppression of, 257 

random, 10 
Noise diode, 109, 254, 359, 367 

temperature-limited, 101 
Noise figure, 10-17, 29 

in cascade, 16 
of combination, 14 
effective, 13 
measurement of, 15 
over-all, 15, 249 

effect of local-oscillator noise on, 
239-241 

effective, 15, 17, 43, 58, 100, 235, 
250, 253 

measurements of, 356-361 
Noise generators, 236 

crystal, 363 
radio-frequency, 361-364 

Noise spectrum, 236 
Noise suppression, 247, 270, 273, 275 
Noise temperature, 16, 235, 359 

of crystal, 58, 93-96, 100, 115 
measurement, 105—111 

Nonhunting, 295 
North, H. Q., 46, 87 
Nyquist, H., l ln . 
Nyquist theorem, 296 

O 

Oilcan tube, 18 
"On-off" principle, 294, 331 
Oscillation, 90 
Oscillators, beating, 3 

phase-shift, 344». 
reflex, 292 

Output admittance, i-f, 90, 178-185 
Output lead, i-f, 128-131 
Overload, 206, 207 
Overshoot, 335 

P 

Padding, 219-223 
Peak-to-peak separation, 304, 310 
Phase-shift oscillator, 344n. 
Polyiron, 198, 199, 285, 301 
Power, local-oscillator, 57 
Precision reference cavity, 342 
Preselection, 5, 8, 27, 43, 123 
Preselector, 2, 23 
Pre-TR switch, 175 
Probe, capacitive, as local-oscillator 

coupling, 140-144 
Production tests, 352-354 
Pull-in range, 295 
Pulling, 290, 317 
Pulling figure, 203, 206, 213, 291 
Pulse radar, 4 
Pulses, 4 

stretching of, 306, 312 
Pushing, 291 
Pushing figure, 291 

Q 
Quality, 100 

R 

Radar, pulse, 4 
Radio Corporation of America, 43 
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Radio-frequency amplifier (see Amplifier, 
r-f) 

Radomes, 291 
Range-set control, 316 
Raytheon Manufacturing Co., 43 
Reactance tube, 292 
Receivers, 1, 2 

crystal-video, figures of merit of, 54—56 
figure of merit of, 10-17 
microwave, classification of types of, 

17-16 
noise figure of (see Noise figure) 
superheterodyne, 3, 24-26, 235 
superregenerative, 45 

Receiver unit, complete, 1 
Reciprocity, 64, 66, 74, 87, 371 
Reciprocity theorem, 63n. 
Rectification, physical description of, 48-

52 
Rectification efficiency, 207 
Rectifier crystal, 47-118 
Reflex klystron, 37-43 
Reflex principle, 36 
Reflexing, 314 
Regenerative detector, 45 
Representations (see component repre

sented) 
Resistance, back, of crystal, 54, 113, 297 
Resistance, i-f, 115 

spreading, of crystal, 51, 91 
Resistance card, 197, 231, 301 
Resistor disk, 141, 149, 206, 356 
Resonant stub, 176 
Rieke diagram, 203, 211 
R-f amplifier, 2, 23, 43 
R-f envelope viewer, 97, 373 
R-f switch, 369 
Ripple, peak-to-peak, 321 
Roberts, S., 77 
Rochester, N., 319 
Roder, Hans, 304 
Rotary joint, 291 
RT switch (anti-TR), 10 
Runaway, 324 

S 

Scaling, 119 
Schwinger, J., 155, 201 
Search stopper, 314, 317, 326 
"Second chance" feature, 338 
Seeley, S. W., 304n. 

Self-protection of mixer crystal, 172-174 
Selove, W., 308n. 
Semiconductors, 48 
Sensitivity, 10, 21 
Separation, peak-to-peak, 304, 310 
Sharpless, W. M., 83n. 
Shock excitation, 298 
Shutdown, 176 
Shutters, harmonic, 174—178 
Sideband, wrong, 294, 314, 331, 332 
Signal, minimum detectable, 10, 21—24 
Signal-input circuit, 166—171 
Sink, 204, 206, 208 
Slow-sweep generator, 314, 316, 326 
Spectrum, i-f, 302 
Spectrum analyzer, 347, 373 
Sperry Gyroscope Co., 43 
Spike, 8, 97, 98, 300 
Spike-blanking circuit, 300, 314 
Spike energy, 99, 111, 174, 373 
Spreading resistance, 92 

of crystal, 51, 91 
Stabilization, frequency, 292 

inverse-feedback, 325 
Stability, 290 

frequency, 212 
Static, 10 
Static discharge, 115 
Strandberg, M. W. P., 308n., 347, 349n. 
Superheterodyne receiver, 3, 24—26, 235 
Superregenerative receiver, 45 
Susceptance, 360, 369 
Switch, r-f, 369 

RT (anti-TR), 10 
TR, 9, 70, 78, 96, 97, 114, 172, 353 

Sylvania Electric Products Co., 118, 
319». 

Symmetry control, 304 

T 

T-junction, 155 
£-plane, 260 
K-plane, 260 

Temperature-limited diodes, 109 
Terman, F. E., 294, 312 
Test mount, 205 
Tetrodes, 44 
Thermal agitation, 10 
Thermal strut, 292 
Thermal time constant, 293 
Thermistor, 18 
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Thevenin's theorem, 320 
Time constant, 331 
Tolerances, 114 
Torrey, H. C , 76, 77, 91, 92, 111 
TR-aided tuning, 170, 173, 280 
TR cavity, 28, 72, 139, 157, 162, 166, 174, 

179, 224, 256, 276, 358, 364 
equivalent circuit for, 167 
output loop of, 168 
reduction of local-oscillator noise by, 

241-243 
TR leakage, 192, 201 
TR leakage power, 173, 372 
TR switch, 9, 70, 78, 96, 97, 114, 172, 353 
Transit-time effects, 17, 34 
Transition, capacitance amplification in, 

327-328 
Transmission loss, 169 
Transmitter sample, 296-299, 301 

coupling of, 196-199 
Travis, Charles, 304 
Travis circuit, 304 
Trigger circuit, Kccles-Jordan, 333 
Trigger shaper, 349 
Triode, 35, 293 
Tube mount, 146 
Tuning, 70, 123, 293 

electronic, 38 
fixed, 123, 134-136 

Tuning, TR-aided, 173 
Tuning range, 2 
Tuning screws, 132 

U 

University of Pennsylvania, 95 
Up-pull rate, 319, 322, 325 

V 

Velocity modulation, 36 
Velocity-modulation tube, 290 
"Video hash," 298 
Video pulse, 297 
Video unbalance, 307 

W 

Waltz, M. 0., 83, 237n., 365 
Waveguide-to-coaxial line transitions, 

172 
Weiss discriminator, 305 

theory of, 308-312 
Welded-contact crystal (see Crystal, ger

manium welded-contact) 
Wostern Klectric Co., 43, 118 
Whitford AFC system, 332, 333, 337, 339 
Williams, F. C , l ln . 
Wollaston wire, 18-19 
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Foreword 

THE tremendous research and development effort that went into the 
development of radar and related techniques during World War II 

resulted not only in hundreds of radar sets for military (and some for 
possible peacetime) use but also in a great body of information and new 
techniques in the electronics and high-frequency fields. Because this 
basic material may be of great value to science and engineering, it seemed 
most important to publish it as soon as security permitted. 

The Radiation Laboratory of MIT, which operated under the super
vision of the National Defense Research Committee, undertook the great 
task of preparing these volumes. The work described herein, however, is 
the collective result of work done at many laboratories, Army, Navy, 
university, and industrial, both in this country and in England, Canada, 
and other Dominions. 

The Radiation Laboratory, once its proposals were approved and 
finances provided by the Office of Scientific Research and Development. 
chose Louis N. Ridenour as Editor-in-Chief to lead and direct the entire 
project. An editorial staff was then selected of those best qualified for 
this type of task. Finally the authors for the various volumes or chapters 
or sections were chosen from among those experts who were intimately 
familiar with the various fields, and who were able and willing to write 
the summaries of them. This entire staff agreed to remain at work at 
MIT for six months or more after the work of the Radiation Laboratory 
was complete. These volumes stand as a monument to this group. 

These volumes serve as a memorial to the unnamed hundreds and 
thousands of other scientists, engineers, and others who actually carried 
on the research, development, and engineering work the results of which 
are herein described. There were so many involved in this work and they 
worked so closely together even though often in widely separated labora
tories that it is impossible to name or even to know those who contributed 
to a particular idea or development. Only certain ones who wrote reports 
or articles have even been mentioned. But to all those who contributed 
in any way to this great cooperative development enterprise, both in this 
country and in England, these volumes are dedicated. 

L. A. DUBRIDQE. 
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Preface 

THIS volume is intended primarily as a companion and reference 
work for Vols. 18 through 23 of the Radiation Laboratory Series. It 

contains data on a number of classes of electrical and electronic com
ponents which are of principal interest to the designer of receiving and 
test equipment. In so far as possible it emphasizes the components 
which were developed by or under the sponsorship of the Radiation Lab
oratory, or were of primary importance in its work. In order to avoid 
a one-sided presentation, however, this material has been supplemented 
with other data so that in most cases an individual chapter approximates 
a survey of current practice in its particular field. 

The title "Components Handbook" is undoubtedly too inclusive for 
the volume as published, since the circumstances under which it was 
written have unfortunately prevented the inclusion of chapters on 
several important classes of components and have also had some effect 
on the contents of those that were included. The most serious omission 
is probably that of fixed condensers. Chapters were also projected on 
air-core inductors, on mechanical components, and on several other sub
jects. Credit is due the authors who contributed to these chapters; the 
omission of their work was due neither to any faults of the work itself 
nor to a lack of interest in the subject matter, but solely to the fact that 
the termination of the Office of Publications caused these chapters to be 
left out. Their omission is a serious if unavoidable defect. 

The completeness of coverage of a particular field depends in large 
measure upon the amount of time which the individual author was able 
to devote to it. The necessity for the immediate acceptance of postwar 
jobs, usually far from Cambridge, made it impossible for most of the 
authors to check their work in final manuscript form. In such cases the 
editor hopes that the collation and condensation of the original drafts 
have not resulted in serious errors of fact or in undue distortion of the 
presentation. 

In order to make the volume useful both to the academic research 
worker and to the engineer in the industrial laboratory the editor has 
tried in most cases to combine the generalized " survey-of-a-field" form 

■ ™ ^ ? * ^ H I 
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with a reasonable amount of specific data, largely in tabular form. For 
discussions of the accuracy and balance of several of the chapters indebt
edness is expressed to their authors or to others equally familiar with the 
subjects. These discussions have considerably improved the book. 

I t is a pleasant task to record appreciation of the help of the many 
people, both in the Office of Publications of the Radiation Laboratory and 
outside, who have had a hand in the preparation of this volume. The 
lack of space prevents the listing of names, but this omission has been 
rectified as far as possible by the inclusion of credit lines to sources out
side the Laboratory and by the following list of sources of the individual 
sections. 

In a book such as this one it is difficult to apportion credit fairly 
because many of the chapters are the result of a process of synthesis and 
rearrangement that left little of the original reactants. The names listed 
at the heads of the chapters are those of authors who are responsible for 
major portions of those chapters; a somewhat more detailed list of credits 
follows: 0 . Abbiati, Sees. 12-9 through 12-11; F. N. Barry, Chap. 14; 
P. F. Brown, Sees. 5-1 and 5-2; F. E. Dole, Chap. 8; G. Ehrenfried, Chap. 
2 and Sees. 3-14, 3-15 and parts of Sees. 3-9 and 3-10; M. D. Fagen, Sees. 
1-1 through 1-11, 3-1 through 3-8, and part of Sec. 3-11; S. Frankel, 
Sees. 5-3 through 5-5; S. N. Golembe, parts of all sections of Chap. 4; 
W. F. Goodell, Jr., Sees. 10-1 through 10-16; E. A. Holmes, III , Chap. 9; 
M. M. Hubbard, Sees. 12-5, 12-6, 12-8, and 1212; M. M. Hubbard and 
P. C. Jacobs, Jr., Sees. 12-3, 12-4, and 12-7; H. B. Huntington, Chap. 7; 
H. E. Kallman, Sec. 1-12 and Chap. 6; T. B. Morse, Chap. 11. 

The volume editor is responsible for the remainder of the book and 
for numerous interpolations in the texts of some of the authors above. 
For advice and for miscellaneous data in connection with these interpola
tions, credit is due to a number of members of the Radiation Laboratory, 
including the following: H. F. Brockschmidt and D. N. Summerfield, for 
data on engine-driven generator sets in Sees. 12-3, 12-4, and 12-5; C. E. 
Foster, for reviewing Chaps. 10 and 13 and for additional data for these 
chapters; C. E. Foster and E. R. Perkins, for original rough draft of 
Chap. 10; M. M. Hubbard, for reviewing Chaps. 4, 11, and 12; J. M. 
McBean, for data on the electronic line-voltage stabilizer of Sec. 12-13; 
R. J. Sullivan, for reviewing Chap. 8, and for additional data; C. A. 
Washburn, for data on high-vbltage power-supply transformers of 
Sec. 4-3, and for data on M-1060 regulator tube in Sec. 14-2. 

I t may seem invidious to single out an individual for credit when so 
many have helped, but the editor cannot refrain from expressing grati
tude to Mr. F. N. Barry, who performed the laborious task of compiling 
the tables of receiving tubes and who wrote the accompanying text for 
Chap. 14. Most of this work was done after his termination from the 
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Laboratory and his acceptance of another job, and at considerable per
sonal sacrifice. 

The editor is also deeply indebted to Mrs. Barbara D. Cot6 for her 
faithful and efficient services as editorial and production assistant, and to 
his wife, Harriet, for aid in typing and proofreading. 

JOHN F. BLACKBURN. 
CAMBRIDGE, M A S S . , 

October, 1947. 
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CHAPTER 1 

WIRES AND CABLES 

B Y M. D. FAGEN AND H. E. KALLMANN 

This chapter will be concerned only with two main classes of conductors for which 
joint Army-Navy (JAN) Specifications have been issued. These include the types of 
insulated wire ordinarily used in internal chassis wiring and in interconnections 
between chassis where the frequency, voltage, and power levels permit, hereafter 
referred to as wires, and the recently developed low-loss flexible coaxial cables gener
ally used for the transmission of triggers, gates, i-f and video signals, and high-voltage 
modulator pulses. Data on magnet wire will be found in Chap. 4 and on resistance 
wire in Chap. 8 of this volume. 

HOOK-UP WIRE 

The class of wires used for hook-up and cabling purposes normally 
consists of a solid or stranded tinned copper conductor, in sizes AWG 
No. 24 to AWG No. 6, covered by a primary insulation of a natural 
rubber compound, a synthetic rubber like Butyl or Buna S, or one of 
the plastic elastomers like Vinylite or Polyethylene. Over this insulator 
is an outer covering of a textile braid made of cotton, fiber glass, nylon, 
or rayon. The primary insulation may be applied by extrusion, by 
dipping or spraying, or in the form of several layers of tape, subsequently 
amalgamated or cured to form a continuous tube adhering to the con
ductor. The outer covering is a closely woven braid, colored and often 
carrying a contrasting tracer for identification, and treated with multiple 
coatings of transparent flexible lacquer to impart a smooth finish. Each 
of the many possible combinations of primary insulations and outer 
coverings has characteristics and properties that suit it particularly for 
some special conditions of operation but there is no single type that 
meets every requirement. The properties of the various insulations 
commonly used and of the finished wires commercially obtainable will 
be discussed drawing freely from the limited amount of published infor
mation available,1 and from pertinent joint Army-Navy Specifications2 

and Components Lists.3 

1 J . M. Caller, "Characteristics of Radio Wire and Cable," Radio, 28, No. 5, 25-28, 
58 (May 1944), and No. 6, 28-31, 64, 66 (June 1944); E. D. Youmans, "Plastic Insula
tion for Conductors," Elec. World, CXX, 457-459 (August 1943) and 812-815 (Septem
ber 1943); Tables of Dielectric Materials, I and II, Laboratory for Insulation Research, 
Massachusetts Institute of Technology. 

' Joint Army-Navy Specification JAN-C-76, Cable (Hook-up Wire), Electric, 
Insulated, Radio and Instrument, Aug. 19 1945. 

3 Standard Components List, Number 5. Available from Army-Navy Electronics 
Standards Agency, Red Bank, N. J. 

I 
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A list of hook-up wires may be found in the Army-Navy Electronics 
Standards Agency Standard Components List as issued May 5, 1945 and 
July 20, 1945. These have been approved either by the Signal Corps 
under Specification 71-4943 or by the Army-Navy Electronics Standards 
Agency under Joint Specification JAN-C-76, wire type WL (general pur
pose applications, thermoplastic insulation for use at 600 volts rms or 
less.) 

For convenience of reference, the JAN type designation is built up 
as follows: 

1. letters representing the type of wire, as WL; 
2. numbers giving the approximate cross section of the conductor in 

thousands of circular mils, as WL-1£ for 1500 circular mils; 
3. a number in parentheses designating the minimum number of 

strands, as WL-1£ (1) for solid wire, or WL-1£ (7) for stranded 
wire made up of 7 strands; 

4. numbers representing the AWG wire size, as WL-1^ (7) 18 for 
No. 18 stranded wire; 

5. numbers representing the color code, as WL-1^ (7) 18-96 for 
white wire with a blue tracer. 

1-1. The Conductor.—The conductor used in hook-up wire is soft 
annealed round copper, stranded or solid, and almost always tinned. 
The reasons for the choice of copper are well recognized: low cost, good 
conductivity, low temperature coefficient, high ductility, and good resist
ance to corrosion and fatigue. Stranded wire is almost invariably used 
for hook-up and interconnection purposes because of its greater flexibility 
under the shock and vibration conditions present in mobile installations 
of electronic equipment. There is a strong feeling, based on some evi
dence, that solid conductors used for hook-up purposes in sizes smaller 
than AWG No. 22 may "crystallize" under sustained vibration such as 
is encountered, for example, in aircraft service. Recommendations for 
such applications are that stranded wire be used wherever practicable, 
and solid wire be limited to jumper connections or to r-f circuits where 
the conductor may be rigidly held in place to limit its motion. Other 
reasons for the choice of stranded wire are the following: 

1. A slight nick on the surface of a solid conductor, such as might 
occur during the removal of insulation, can easily become a point 
at which, upon subsequent flexing of the wire, breakage will 
occur. 

2. Stranded wire can easily be bent and formed into a neat wiring 
harness for chassis assembly. 

3. Unsoldering and resoldering of a stranded-wire connection are less 
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likely to cause breakage of the wire due to the bending and twist
ing usually imposed in the operation. 

Mechanical and Electrical Properties.—After it has been drawn, 
annealed, and tin coated, the copper wire should have tensile strength 
and elongation limits as given in Table 1-1. 

TABLE 11.—TENSILE STRENGTH AND ELONGATION LIMITS OP TINNED COPPER WIRE 

Diameter, 
in. 

0.003 to 0.011 
0.012 to 0.020 
0.021 to 0.102 

Tensile strength (maximum), 
lb per in.J 

40,000 
39,000 
38,500 

Elongation, 10-in. test piece 
(minimum), % 

10 
15 
20 

Splices are permitted in the individual strands of a stranded con
ductor if they are of the butt-type, brazed with a silver-alloy solder. 
For wires in sizes No. 28 AWG and smaller, the splice may be twisted. 

TABLE 1-2.—STRANDED HOOK-UP WIRE DATA 

AWG 
size 

40 
39 
38 
37 
36 
34 
33 
32 
31 
30 
29 
28 
27 
26 
25 
24 
22 
20 
19 
18 
17 
16 
15 
14 

Standard copper strand sizes 

Nominal 
diameter, in. 

0.0031 
0.0035 
0.0040 
0.0045 
0.0050 
0.0063 
0.0071 
0.0080 
0.0089 
0.0100 
0.0113 
0.0126 
0.0142 
0.0159 
0.0179 
0.0201 
0.0254 
0.0320 
0.0359 
0.0403 
0.0453 
0.0508 
0.0571 
0.0641 

Calculated 
diameter, in. 

0.003145 
0.003531 
0.003965 
0.004453 
0.005000 
0.006305 
0.00708 
0.007950 
0.008928 
0.01003 
0.01126 
0.01264 
0.01420 
0.01594 
0.01790 
0.02010 
0.02535 
0.03196 
0.03589 
0.04030 
0.04526 
0.05082 
0.05707 
0.06408 

Area, 
Cir. mils 

10 
13 
16 
20 
25 
40 
50 
63 
80 

101 
127 
160 
202 
254 
320 
404 
642 

1022 
1290 
1620 
2050 
2580 
3260 
4110 

Weight 
per ft of 

length, lb 

0.0000299 
0.0000377 
0.0000476 
0.0000600 
0.0000757 
0.000120 
0.000152 
0.0002413 
0.0001913 
0.000304 
0.000382 
0.000484 
0.000610 
0.000769 
0.000969 
0.00122 
0.00194 
0.00309 
0.00390 
0.00492 
0.00620 
0.00782 
0.00986 
0.0124 

Maximum 
resistance 

per 1000 ft 
at 25°C, ohms 

1,240 
985 
780 
620 
490 
304 
239 
188 
149 
116 
92 
72 
57.5 
45.2 
35.8 
28.4 
17.7 
11.1 
8.78 
6.94 
5.49 
4.34 
3.44 
2.73 
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Data on tinned copper wire as used in the manufacture of stranded 
hook-up wire are given in Table 1-2. 

A stranded conductor is formed by twisting individual wires in one of 
the three following patterns. 

1. Concentric stranding; one wire forms the central core and is sur
rounded by one or more layers of helically laid wires. The pitch 
of the outer layer of conductors is referred" to as the lay of the 
stranding. 

2.*Bunch stranding; the required number of individual conductors are 
simply twisted together without regard to geometrical arrangement. 

3. Rope stranding; groups of concentric stranded or bunched con
ductors are assembled in the same fashion as the individual con
ductors described under (1) above. 

The concentric pattern is preferable because it yields a conductor 
essentially circular in cross section so that uniform wall thickness is 
obtained with extruded types of insulation. In addition, the individual 
wires do not separate when the insulation is stripped for soldering. 

Some physical characteristics for tinned copper conductors as used in 
the manufacture of AN specification hook-up wire, solid and stranded, 
are given in Table 1-3. 

T A B L E 1-3.—PHYSICAL CHARACTERISTICS OF T I N N E D COPPER CONDUCTORS 

Army-
Navy size 
designa

tion 

Id) 
1(7) 
Id) 
1(7) 

1(1) 
1(7) 

l i d ) 
11(7* 
21(1) 
21(19) 
HD 
4(19) 
6(19) 
9(37) 
17(133) 
27(133) 

AWG 
size 

24 
24 
22 
22 
20 
20 
18 
18 
16 
16 
14 
14 
12 
10 
8 
6 

Minimum 
number 
strands 

solid 
7 
solid 
7 
solid 
7 
solid 
7 
solid 
19 
solid 
19 
19 
37 
133 
133 

Maximum 
lay, 
in. 

0.50 

0.75 

0.875 

0.875 

1.00 

1.50 
2.00 
2.00 
2.25 
2.50 

Nominal 
strand 

diameter 
(minimum 

strand
ing), in. 

0.0201 
0.0080 
0.0254 
0.0100 
0.0320 
0.0126 
0.0403 
0.0159 
0.0508 
0.0113 
0.0641 
0.0142 
0.0179 
0.0159 
0.0113 
0.0142 

Diameter 
over con
ductor, 

in. 

0.020 
0.025 
0.025 
0.031 
0.032 
0.039 
0.040 
0.049 
0.051 
0.060 
0.064 
0.072 
0.090 
0.109 
0.169 
0 213 

Nominal 
area, 

cir mils 

404 
442 
642 
642 

1,022 
1,020 
1,624 
1,624 
2,583 
2,407 
4,107 
3,828 
6,088 
9,402 

16,824 
26,800 

Maximum 
resistance 
per 1000 ft 
at 25°C, 

ohms 

28.4 
28.4 
18.01 
19.0 
11.33 
11.93 
7.16 
7.52 
4.48 
4.73 
2.82 
3.13 
1.92 
1.27 
0.732 
0.454 
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1-2. The Primary Insulation.—There is a wide variety of insulating 
materials that may be used for coating solid and stranded tinned copper 
wire. The suitability of any particular type must be determined by 
careful examination of the electrical conditions of operation and the 
physical environment in which each operation is to take place. The 
electrical properties of the insulation will establish the dielectric strength, 
insulation resistance, loss factor, and dielectric constant. The physical 
properties will determine the upper and lower limits of operating tem
perature; resistance to moisture, flame, sunlight, oils, acids, alkalies, 
fungus, oxidation; effects of aging, abrasion, vibration, shock; flexibility, 
toughness, and mechanical strength. To some extent, these qualities 
will be controlled by the nature of the outer covering used over the 
primary insulation, a discussion of which will be given in Sec. 1-3. 

The primary insulations most generally used are: 

1. Thermoplastic Polymers. 
A. Vinyl Resins. 

a. Plasticized copolymers of vinyl chloride and vinyl acetate 
(Vinylite, Geon). 

b. Plasticized vinyl chloride polymers (Koroseal). 
B. Cellulose Derivatives. 

a. Cellulose acetate-butyrate compound, used in the form of 
tape applied over the conductor (Tenite II) . 

b. Ethyl cellulose. 
C. Polyethylene (Polythene). 
D. Polyisobutylene (Polybutene, Vistanex). 

2. Synthetic Rubbers. 
A. Butyl rubber, a copolymer of isobutylene and a small amount 

of butadiene or isoprene. 
B. Buna S, sometimes referred to as GR-S, a copolymer of buta

diene and styrene. 
3. Natural Rubber Compounds. 

A general qualitative summary of some of the characteristics of these 
materials is given in Table 1-4. More detailed quantitative information 
on the electrical characteristics of the types of dielectrics commonly used 
may be obtained from the "Tables of Dielectric Materials" of the 
Laboratory for Insulation Research of M.I.T.1 

An examination of these data indicates that the vinyl resins and 
cellulose derivatives have great utility for general-purpose hook-up wire. 
They have good dielectric strength and excellent moisture resistance, 
stability, and aging characteristics. They are noninflammable and 

1 Tables of Dielectric Materials, I and n. Laboratory for Insulation Research, 
M.I.T. 



TABLE 1-4.—CHARACTERISTICS OF PRIMARY INSULATIONS 

Name 

Koroseal 

Vinylite 

Neoprene 

Buna S 

Butyl Rubber 

Thiokol 

Polybutene 

Polythene 
Saran 

Tenite II or Koda-
pak 

Ethyl cellulose 

Chemical type 

Plasticized Vinyl 
chloride Polymer 

Plasticized Vinyl 
chloride-Vinyl ace
tate Copolymer 

Chloroprene Polymer 

Butadiene-Sty rene 
Copolymer 

Isobutylene-Diolefin 
Copolymer 

Organic Polysulfides 

Isobutylene Polymer 

Ethylene Polymer 
Vinylidene chloride-

Vinyl chloride Co
polymer 

Cellulose acetate-
butyrate 

Cellulose ethyl ether 

Remarks 

Thermoplastic; extrudable; 
several types 

Ditto 

Vulcanizable; rubber-like, 
extrudable or calendered 
strips; several types 

Vulcanizable; rubber-like; 
extrudable 

Ditto 

Both thermoplastic and vul
canizable types; extrud
able 

Not vulcanizable; rubber
like; mixed with resins or 
rubber; extrudable 

Thermoplastic; extrudable 
Thermoplastic; applicable 
as threads or tapes 

Thermoplastic; extrudable 
or applicable as tapes 

Thermoplastic, extrudable 

Type of 
use 

Insulation 
or jacket 

Insulation 
or jacket 

Jacket 

Insulation 
or jacket 

Insulation 

Jacket 

Insulation 

Insulation 
Insulation 

Insulation 

Insulation 

Dielec
tric 

prop
erties 

F 

F 

P 

G 

G 

P 

E 

E 
F 

F 

F 

Chem. 
prop
erties 

E 

E 

E 

G 

E 

G 

E 

E 
E 

G 

G 

Resists 
ance to 
ozone 

sunlight 

E 

E 

E 

F 

G 

E 

E 

E 
E 

G 

G 

Physi
cal 

prop
erties 

G 

G 

G 

G 

G 

F 

F 

E 
G 

G 

G 

Nonin-
flamma-

bility 

E 

E 

E 

P 

P 

P 

P 

P 
E 

F 

F 

Oil 
resist
ance 

E 

E 

G 

F 

P 

E 

P 

F 
E 

G 

G 

NOTE: E, excellent. 
G, good. 
F, fair. 
P, poor. 
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resistant to oils and most acids and alkalies. A limiting factor in their 
use is that like many other thermoplastics they soften at high tempera
tures and stiffen at very low temperatures, although the low limit has 
been extended to — 50°C by recent improvements. Their relatively high 
dielectric constant and power factor make them undesirable for use at 
radio frequencies, where polyethylene is almost exclusively employed. 

The synthetic rubbers, Butyl and Buna S, have dielectric properties 
somewhat better than the vinyl and cellulose materials but their resist
ance to solvents, particularly oils, is not as good. The natural-rubber 
compounds are little used at present for wire insulation. Technical 
developments during the years 1938 to 1945, intensified by war shortages 
of natural rubber, have resulted in large quantity production of thermo
plastic polymers which are greatly superior to the rubber compounds 
which previously were standard, particularly with respect to the effects 
of heat, sunlight, weather, and oils. 

1-3. The Outer Covering.—An outer covering is applied to act as a 
support for the primary insulation. It permits higher temperature of 
operation than would otherwise be possible, and also improves the 
abrasion resistance of the wire. The covering is one of two types: a 
closely woven braid of cotton, Fiberglas, nylon, or rayon; or an extruded 
jacket of nylon. The braid is colored for identification and coding, 
frequently carrying a tracer of contrasting color. If Fiberglas is used, 
a colored textile tracer provides the marking. The braid is treated with 
multiple coatings of transparent, flexible lacquer to make a smooth 
finish. It is necessary that the braid thus treated be noncorrosive, 
nontoxic, flexible, and resistant to moisture, flame, and fungus. 

Lacquered cotton braid is superior to glass with respect to abrasion 
resistance, ease of color coding, and corona properties. Glass braid has 
the advantages of being inherently noninflammable and resistant to 
fungus, but some difficulty has been experienced with its tendency to 
fray at the point where insulation is stripped from the wire. This fray
ing, in addition to affecting the appearance of the wire, tends to transmit 
moisture by wicking action. For some purposes, it is of interest to 
examine the effect of the various coverings on the overfall diameter of 
the wire. Table 1-5 is a comparison of glass and cotton braid over 
acetate-butyrate tape and vinylite for stranded No. 22 and No. 14 wire. 
More complete data is given in Fig. 1-1. It is seen from Table 1-5 and 
Fig. 1-1 that cotton braid adds to the over-all diameter by an amount 
that might be significant in a wiring harness of 10 or 12 wires which is 
to be used in a crowded chassis. 

Nylon and rayon are other possible choices for outer coverings. 
Nylon is applied in the form of an extruded coating approximately 
0.005 in. in thickness. It has excellent abrasion resistance and wires 
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have been made with it which pass all the JAN specifications for flame 
and solvent resistance, cold bend, and insulation resistance. Rayon 
braids, in general, do not have abrasion resistance equal to cotton or 
nylon and are less widely used. 

15 
No. 8 

16 17 18 

FIG 
(b) but 
glass br 
for 750 

No. 22 2018 16 No. 14 No. 12 No. 10 
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 

Conductor area in thousands of circular mils 

1-1.—Outside diameters of radio hook-up wire: (a) bare stranded conductor; 
vrate-tape insulated, glass braided; (c) vinylite insulated; (d) vinylite insulated. 
aided; (e) vinylite insulated, cotton braided. (No. 

olts continuous service.) 
30 AWG stranding of all wires 

T A B L E 1-5.—GLASS AND COTTON B R A I D VS. ACETATE-BUTYRATE T A P E AND V I N Y L I T E 

Insulat ion 
Over-all diameter , in. 

Xo. 22 wire Xo. 14 wire 

Bare s t randed conductor 0 .03 
Wire plus bu ty ra t e t ape plus glass braid 0 .068 
Wire plus vinylite 0 071 
Wire plus vinylite plus glass braid 0.079 
Wire plus vinylite plus cotton braid 0 .090 

0.075 
0 .110 
0.119 
0 .128 
0 .141 

The maximum over-all diameter permitted for solid and stranded 
braid-covered or jacketed wires classified as type WL (general purpose 
applications, thermoplastic insulation, 600 volts rms or less) is given in 
Table Hi. 
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TABLE 1-6.—MAXIMUM OVER-ALL DIAMETER PERMITTED FOR TYPE WL WIRE 

Type (JAN-C-76) 

WL-KD-24 
WL-l(7)-24 
WL-|(l)-22 
WM(7)-22 
WL-l(l)-20 
WL-l(7)-20 
WL-li(l)-18 
WL-1J(7)-18 

Diameter over 
outer covering, in. 

0.080 
0.080 
0.090 
0.090 
0.100 
0.100 
0.115 
0.115 

Colors available for hook-up wire 

0 Black 
1 Brown 
2 Red 
3 Orange 
4 Ye low 

Type (JAN-C-76) 

WL-2i(l)-16 
WL-2i(19)-16 
WL-4(1)-14 
WL-4(19)-14 
WL-6(19)-12 
WL-9(37)-10 
WL-17(133)-8 
WL-27(133)-6 

Diameter over 
outer covering, in. 

0.130 
0.130 
0.150 
0.150 
0.170 
0.200 
0.255 
0.310 

covering are limited to the following: 

5 Green 
6 Blue 
7 Violet (purple) 
8 Gray (slate) 
9 White 

Two colors may be used: the first as the base color, the second as a 
contrasting tracer. The digit accompanying the color is used as part of 
the wire specification. For example, a white wire with a blue tracer has 
the number 96 as the final two numbers of its type designation. 

1-4. Physical Properties of the Finished Wire. High Temperature.^-
To a large extent, the thermal properties of the finished wire determine 
its usefulness. At high temperatures, some insulations deteriorate 
rapidly, others soften and deform. At very low temperatures, they 
become brittle and may easily be damaged by flexing or vibration. The 
principles of maximum temperature rating for insulations are well formu
lated in one of the AIEE Standards.1 They are briefly given here. 

1. Insulation does not fail by immediate breakdown at a critical 
temperature, but by gradual mechanical deterioration with time. 
The question of what maximum temperature is safe can be 
answered only on the basis of how long the insulation is expected 
to last. 

2. How long an insulation will last electrically depends not only on 
the class of insulation but also on the effectiveness of the physical 
support for the insulation. 

3. Insulation life is dependent to a considerable extent on the access 
of oxygen, moisture, dirt, or chemicals. 

1 AIEE Standards No. 1. "General Principles Upon Which Temperature Limits 
are Baaed in The Rating of Electrical Machinery and Apparatus." 
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4. Physical deterioration of insulation, under the influence of time 
and temperature, increases rapidly with temperature. 

Maximum temperature limits have been assigned in accordance with 
the above principles. For the types of insulation used in most hook-up 
wires, this is the Class A "hottest-spot" maximum of 105°C. Class A 
insulation consists of 

1. Cotton, silk, paper, and similar organic materials when either 
impregnated or immersed in a liquid dielectric. 

2. Molded or laminated materials with cellulose filler, phenolic resins, 
and other resins of similar properties. 

3. Films and sheets of cellulose acetate and other cellulose derivatives 
of similar properties. 

4. Varnishes (enamel) as applied to conductors. 

In electronic apparatus, the limiting temperature may be reached 
not by temperature rise in the wire due to its own PR loss but solely 
by increase in temperature of the chassis interior due to vacuum-tube 
and resistor dissipation. I t is not at all unusual to find a temperature 
rise of 40°C over ambient in a compact piece of equipment designed for 
airborne use. If the ambient temperature is 55°C, as is generally estab
lished in Army-Navy service specifications, a temperature of 95°C is 
attained apart from any rise contributed by the wire itself. If, in 
addition to this, filament or power conductors are considered it is evident 
that some thought must be given to the current-carrying capacity of 
insulated wires. 

The AN high-temperature test calls for 24 hr of heating to 120°C, 
cooling to room temperature, tightly coiling the wire for five turns around 
a mandrel three times the outer diameter of the wire, immersing the coil 
in water for 1 hr, and finally applying a 60 cps test voltage. The general 
purpose wire (WL) must withstand 2000 volts rms for 1 min. High-
voltage wire (SRHV) must withstand 6000 volts rms. 

Low Temperature.—At very low temperatures the brittleness of the 
wire may impose serious limitations on its use, particularly in inter
connecting cables where some flexing may be required or where vibration 
conditions are to be met. Present-day thermoplastic polymers as com
pounded for wire insulation should pass the following cold-bend test. 
The wire is cooled to — 40°C, then tightly wrapped around a 1-in. 
mandrel (for wire sizes No. 24 to No. 16) for at least five turns, unwrapped 
and rewrapped in the opposite direction, immersed in tap water at room 
temperature and given a 60 cps voltage test as in the preceding paragraph. 

Abrasion.—The abrasion resistance of insulated wire is important in 
determining how well it will stand up when used with other wires in 
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bound wiring harnesses or in flexible conduit to form interconnecting 
cables. The AN test describes a machine for stroking the wire with 
No. 3/0 120 sandpaper under specified conditions of length of travel, 
tautness of wire, rate, etc. General-purpose hook-up wire type WL must 
withstand a minimum of 200 strokes without exposing the conductor. 

Solvents.—In mobile and industrial applications of electronic equip
ment there is always the possibility of contact with water, gasoline, 
motor oil, antifreeze solutions, alcohol, and in the case of marine equip
ment, salt water. Tests are prescribed for solvent resistance specifying 
immersion for 24 hr at room temperature, one sample in each of the 
liquids mentioned. At the end of this time the wire is wiped clean, 
immersed in water for 1 hr, and given the dielectric test described in the 
preceding paragraphs. 

Flammability.—It is to be expected that at some time during the life 
of equipment, there will be failure of vacuum tubes or other components 
which may result in excessive current in some of the equipment wiring 
or in the components that may be close to a wiring harness. Inflammable 
insulation or protective lacquer may then become a dangerous fire hazard. 
The AN test specifies that the rate of burning be not more than 1 in./min 
after a Bunsen burner flame is applied for 30 sec to one end of a horizontal 
length of wire in a draft-free chamber and that burning particles shall 
not fall from the wire. 

Fungus.—Under tropical conditions of high temperature and high 
humidity there is likely to be extensive failure of insulations because of 
moisture and fungus growth. The Signal Corps Ground Signal Agency 
has been energetically pursuing a program to improve the performance 
and reliability of equipment intended for tropical service by investiga
tions of inherently resistant materials, and of fungicides suitable for 
surface treatment of components for incorporation into lacquer and 
varnishes. With regard to radio hook-up wires, three types of fungicide 
have been found suitable for incorporation into the saturants and lacquers 
used to impregnate the woven outer covering. These are 15 per cent 
salicylanilide,1 10 per cent pentachlorophenol,2 and 1 per cent phenyl 
mercuric salicylate. 

The AN specification requires a test in which the wire is exposed to a 
composite of four types of fungus organisms in a spore suspension for 
ten days at 95 per cent relative humidity and room temperature. At 
the end of this time there is to be no fungus growth on the wire covering. 

Moisture.—The effect of sustained high moisture content in the 
atmosphere is particularly insidious in electronic equipment where, 
fundamentally, input impedances are high and electrical leakage must 

1 Du Pont Company "Shirlan Extra." 
' Dow Chemical Co. "Dow No. 7"; Monsanto Chemical Co. "Santophen No. 20." 
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be kept to a minimum. This is particularly true when equipment is 
nonoperative for part of the time and where day-night air temperature 
cycles may result in condensation of vapor on the insulation. Hook-up 
wire should withstand 95 per cent relative humidity at 65°C for ten 
days, with temperature cycling to room temperature; 95 per cent relative 
humidity and — 10°C for several hours of each 24-hr period. More 
complete information on a recommended humidity-temperature cycle 
for moisture resistance tests is contained in specification JAN-C-76. 
For general-purpose hook-up wire it is required that after exposure to 
the moisture test the insulation resistance between adjacent cabled wires 
should be at least 100 megohms, the dielectric strength should be at least 
4000 volts rms (60 cps) and that between wrapped electrodes 1 in. apart on 
the surface of the wire, 2500 volts rms can be applied without flashover. 

1-6. Electrical Properties of the Finished Wire.—The electrical 
properties of wire cannot be completely separated from its physical 

properties since, as can be seen from 
the preceding sections, electrical 
tests must be applied to determine 
the effects of temperature, humidity, 
and solvents. Moreover, an elec
trical property like current-carrying 
capacity is almost entirely deter
mined by the temperature limita
tions of the insulation. 

Current-carrying Capacity and 
Voltage Drop.—There is little infor
mation available1 on the current-
carrying capacity of the wire sizes 
generally used for radio hook-up 
applications, sizes AWG No. 14 to 
AWG No. 24. A considerable 
amount of standardization has been 
done by the AIEE on wire sizes used 

for commercial and house wiring, but the available tables are not carried 
to sizes smaller than AWG No. 14. This data is of some use, however, 
for calculations of conductors for filament or primary power if large 
numbers of tubes are utilized. Table 1-7 gives safe current-carrying 
capacities based on 30°C ambient temperature for wires insulated with 
polyvinyl chloride (National Electrical Code type SN, or JAN types WL, 
SRIR, SRHV). Some information has been obtained on smaller-size 
wires,1 but only for a single conductor under conditions of semirestricted 

1 J. M. Caller, "Characteristics of Radio Wire and Cable," Radio, 28, No. 5, pp. 
25-28, p. 58; Radio, 38, No. 6, pp. 28-31, p. 64, p. 66. 
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ventilation. The data is shown in Table 1-8 and applies to wire in
sulated with 0.025-in. wall extruded polyvinyl chloride. The data does 
not cover other insulating materials and liberal safety factors should be 
applied where conditions of reduced heat radiation are to be met, as in 
cabling, or due to enclosure in conduits. These factors can be estimated 
from Table 1-7. 

T A I 

Size, 
AWG 

14 
12 
10 
8 
6 

LE 1-7 .—CURRENT-CARRYING CAPACITY OF R A D I O H O O K - U P W I R E 
Insulat ion, Poly 

Dielectric 
thickness, in. 

0 .031 
0.031 
0.031 
0.047 
0 .063 

vinyl Chloride; Ambient Tempera ture , 30°C 

Free air 

24 
31 
42 
58 
78 

Current-carrying capacity, amp 

Three conductors 
in cable 

18 
23 
31 
41 
54 

Eight conductors 
in cable 

13 
16 
22 
29 
38 

T A B L E 1-8 .—CURRENT-CARRYING CAPACITY OF SMALLER-SIZE W I R E * 

Tempera
ture rise, °C 

10 
20 
30 

AWG 
No. 14 

15 
21 .5 
27 .5 

AWG 
No. 16 

11 
15.5 
20 

AWG 
No. 18 

8 
11.5 
15 

Current , 

AWG 
No. 20 

6 
8.5 

11 

Amp 

AWG 
No. 22 

4 . 5 
6 .5 
8 .5 

AWG 
No. 24 

3 .3 
4 . 8 
6 .3 

AWG 
No. 26 

2 .5 
3 .5 
4 .5 

AWG 
No. 28 

1.8 
2 .6 
3 .4 

•See Fig. 1-2. 

Voltage-drop calculations may be necessary for filament and primary 
power conductors. The values in Table 1-3 are maximum resistances 
per 1000 ft for solid and stranded wires up to size AWG No. 14 and for 
stranded wires from No. 14 to No. 6. I t is to be noted that these values 
hold at 25°C and that for temperatures differing from this value over 
the range normally encountered a correction factor [1 + a(t — 25°)] must 
be applied. For soft annealed copper of 98 per cent conductivity, a at 
25°C is 0.00378. Some uncertainties arise in determining the value of t 
for an insulated conductor since the thermal characteristics of the insu
lation affect the temperature of the wire itself. The refinement of such 
calculations fortunately is not often required. 

Voltage Rating.—Three classifications of general-purpose hook-up 
wire based on maximum rms operating voltage are given in the JAN-C-76 
specification: 
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Type Volts rms 
WL 600 or less 
SRIR 1000 or less 
SRHV 2500 or less 

In Table 1 -9 comparative diameters, dielectric-strength test voltages and 
spark test voltages are given for the standard range of wire sizes. 

TABLE 1-9.—COMPARATIVE DIAMETERS, SPARK AND DIELECTRIC-STRENGTH TEST 
VOLTAGES 

Wire 
size 

AWG 

24 
22 
20 
18 
16 
14 
12 
10 
8 
6 

Diameter* OD, in. 

WL 

0.080 
0.090 
0.100 
0.115 
0.130 
0.150 
0.170 
0.200 
0.255 
0.310 

SRIR 

0.055 
0.066 
0.074 
0.089 
0.101 
0.127 
0.157 
0.190 
0.239 
0.283 

SRHV 

0.065 
0.076 
0.084 
0.099 
0.111 
0.137 
0.167 
0.200 
0.249 
0.293 

Spark test t 60 cps rms, v 

WL 

5000 
5000 
5000 
5000 
5000 
5000 
5000 
5000 
5000 
5000 

SRIR 

5000 
5000 
5000 
5000 
5000 
7500 
7500 
7500 
7500 
7500 

SRHV 

7,500 
7,500 
7,500 

10,000 
10,000 
15,000 
15,000 
15,000 
15,000 
15,000 

Dielectric strength, v, J 
60 cps rms 

WL 

2000 
2000 
2000 
2000 
2000 
2000 
2000 
2000 
2000 
2000 

SRIR 

3000 
3000 
3000 
3000 
3000 
3000 
3000 
3000 
3000 
3000 

SRHV 

6000 
6000 
6000 
6000 
6000 
6000 
6000 
6000 
6000 
6000 

* For type WL, the OD is measured over the braided or extruded outer covering. The other types 
have only primary insulation. 

+ The spark test is run in a chain-electrode device tha t subjects the insulation to impulses of not less 
than 0.2 sec duration. 

t The dielectric-strength test is run with 60 cps sine-wave voltage brought up to lull test value in 
less than 1 min and maintained for 1 min. 

Insulation Resistance.—Insulation resistance of hook-up wire is an 
important factor since in some cases it may be the limiting factor in 
high-impedance input circuits or it may give rise to leakage currents 
between circuits that are intended to be isolated. This is particularly 
true at the high temperatures, often more than 70°C, which electronic 
equipment frequently reaches. Minimum insulation resistance values 
at 15.5°C for the three types of wire described in the previous paragraph 

Minimum 
resistance value, 

Type megohms/1000 ft 
WL 10 
SRIR 100 
SRHV 750 

Measurements are made with a megohm bridge, or with a galva
nometer and a d-c source of between 200 and 500 volts. The wire is 
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immersed in water and the conductor made negative with respect to 
the grounded container. 

Some idea of the magnitude of the temperature effect on insulation 
resistance is given by the correction factors of Table 1-10, which are 
specified to normalize the measurements to 15.5°C. 

TABLE 1-10.—TEMPERATURE CORRECTION FACTORS 
Coefficient of 

Temperature, °C insulation resistance 
0 0.032 

10 0.29 
20 2.5 
30 17 5 
35 48.0 

Dielectric Constant and Power Factor.—For general-purpose hook-up 
wire, no power-factor or dielectric-constant measurements are specified. 
There is one type of wire classified in JAN-C-76 as SRRF for which 
these characteristics are given. It is intended for radio-frequency appli
cations at 1000 volts rms or less. The dielectric constant measured at 
1 Mc/sec and over a temperature range of 20° to 60°C is limited to a 
maximum of 3.5. The power factor under the same conditions is limited 
to a maximum of 0.05. These values are easily met by the use of poly
ethylene insulation. 

CABLES 

The following sections will deal with the flexible coaxial transmission 
lines used for carrying video and i-f signals, CRT sweep currents and 
voltages, triggers, range marks, blanking pulses, and other signals that 
are associated with receiver and indicator circuits. The frequencies 
normally considered do not exceed 100 Mc/sec, and the voltages rarely 
exceed 1000 volts, peak. Although the frequencies are considerably 
lower than those required for r-f transmission and the voltages much 
less than used in modulator pulse cables, special considerations of 
impedance, capacitance, and shielding have led to the development of 
cables that form a group apart from either of these types. For example, 
present practice in r-f applications is limited to cables of 50 to 55 ohms 
impedance. For i-f and video transmission it is highly desirable for 
reasons of gain and bandwidth to use cables of at least 70 ohms imped
ance, and preferably higher, and with capacitances lower than that 
obtained in the 50-ohm lines. Cable capacitance is also important for 
sweep currents and voltages, triggers, and other signals, and special 
types of cable have been developed with capacitances of 10 to 14 nid/it. 
The problem of shielding between a mixer and i-f amplifier becomes 
important because of the very high gain in both the i-f and video ampli-
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fiere and the consequent danger of pickup. Special cables with two 
woven metal braids are often required. 

Under the wartime guidance of the Army-Navy R.F. Cable Coordi
nating Committee, development and standardization of cable types has 

r 

(<•) C>) W (d) («) (/) (0) 
FIG. 1-3.—R-f cable: (a) RG-58/U; (b) RG-59/U; (e) RG-5/U; (d) RG-6/U; (e) RG-13/U; 

(/) RG-12/U; (g) RG-9/U. 

attained an excellence and simplicity to be found in few, if any, other 
radio components. Much of the data in this section has been obtained 
from publications credited to that group, directly or indirectly.1 

The cables to be discussed consist of 

1. A group of cables having characteristic impedance of 70 to 80 
ohms, ranging in size from 0.242 to 0.475 in. over-all diameter, 
with single and double shielding braids. 

2. A group of low-capacitance cables, capacitance 10 to 13.5 nni/it, 
impedance from 90 to 125 ohms, varying in size from 0.242 to 
0.405 in., with single and double shielding braids. 

3. A high-impedance cable having a characteristic impedance of 
950 ohms, intended for video applications. 

These cables are listed and their characteristics summarized in Table 
1-11. A number of standard cables are illustrated in Fig. 1-3. 

1-6. The Conductor. Stranded Copper.—Stranded tinned copper 
wire is used for cable types R G - l l / U and its modifications, RG-12/U 
and RG-13/U. Seven strands of No. 26 AWG with a nominal strand 

1 Joint Army-Navy Specification JAN-C-17A, July 25, 1946, Cables, Coaxial and 
Twin-Conductor, for Radio Frequency. (Army No. 71-4920A; Navy No. 16C8c.) 
See also the Standard Components List of the Army-Navy Electronics Standards 
Agency, Red Bank, N. J. 
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Class of 
cables 

Army-
Navy 
type 

number 

Inner 
conductor 

Dielec
tric 

mate
rial* 

Nomi
nal 

diam
eter of 

dielec
tric, 

Shielding 
braid 

Protective 
covering 

Nomi
nal 
OD, 
in. 

Weight. 
lba/ft. 

Nomi
nal 

imped
ance, 
oh me 

Nomi
nal 

capaci
tance, 

wif/ft. 

Max. 
oper
ating 
volt
age. 
rms 

Remarks 

Single braid 

Double braid 

RG-58/U 

RG-8/U 

RG-10/U 

RG-17/U 

RG-18/U 

RG-19/U 

RG-20/U 

RG-55/U 

RG-S/U 

RG-9/U 

20 AWG cop
per 

7/21 AWG 
copper 

7/21 AWG 
copper 

0.188 copper 

0.188 copper 

0.250 copper 

0.250 copper 

20 AWG cop
per 

16 AWG cop-

7/21 AWG 
silvered cop
per 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

0.116 

0.285 

0.285 

0.680 

0.680 

0.910 

0.910 

0.116 

0.185 

0.280 

Tinned copper 

Copper 

Copper 

Copper 

Copper 

Copper 

Copper 

Tinned copper 

Copper 

Inner, silver-coat
ed copper; outer, 
copper 

Vinyl 

Vinyl 

Vinyl (noncontam-
inating) and ar
mor 

Vinyl (noncontam-
inating) 

v'inyl (noncontam-
inating) and armor 

Vinyl (noncontam-
inating) 

Vinyl (noncontam-
inating) and armor 

Polyethylene 

Vinyl 

Vinyl (noncontam-
inating) 

0 195 

0.405 

(Max.) 
0.475 

0 870 

(Max.) 
0.945 

1.120 

(Max.) 
1.195 

(Max.) 
0.206 
0 332 

0 420 

0.025 

0.106 

0.146 

0.460 

0.585 

0.740 

0.925 

0 034 

0 087 

0 150 

53.5 

52.0 

52.0 

52.0 

52.0 

52 0 

52.0 

53 5 

53 5 

51 0 

28.5 

29.5 

29 .5 

27 .5 

29.5 

29 .5 

29.5 

28 .5 

28 .5 

30 0 

1900 

4000 

4000 

11,000 

11,000 

14,000 

14,000 

1900 

2000 

4000 

General-purpose small-
size flexible cable 

General-purpose me
dium-size flexible ca
ble 

Same as RG-8/U ar
mored for Naval 
equipment 

Large high-power low-
attenuation trans
mission cable 

Same as RG-17/U 
except armored for 
Naval equipment 

Very large high-power 
l o w - a t t e n u a t i o n 
transmission cable 

Same as RG-19/U 
except armored for 
Naval equipment 

Small-size flexible ca
ble 

Small microwave cable 

Medium-size, low-level 
circuit cable 

•■9 
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Class of 
cables 

Army-
Navy 
type 

number 

RG-14/U 

RG-74/U 

TABLE 

Inner 
conductor 

10 AWG cop
per 

10 AWG cop
per 

i n . -

Dielec
tric 

mate
rial* 

A 

A 

-ARMY-NAVY STANDARD LIST OF R - F CABLES 

Nomi-

dia ni

tric, 
in. 

0.370 

0.370 

Shielding 
braid 

Copper 

Copper 

Protective 
covering 

Vinyl (nonconta ru
inating) 

Vinyl (noncontam-
inating) and armor 

Nomi
nal 

OD, 
in. 

0.545 

0.615 

.—(Continued) 

Weight, 
lbB/ft. 

0.216 

0.310 

nal 

ance, 
ohms 

52.0 

52.0 

Nomi
nal 

tance . 
M^f/ft-

29.5 

29 .5 

Max. 
oper
ating 
volt
age, 
rms 

5500 

5500 

General-purpose semi-
flexible power trans
mission cable 

Same as RG-14/U 
except armored for 
Naval equipment 

70-80 ohms 

Single braid 

Double braid 

RG-59/U 

R G - l l / U 

RG-12/U 

RG-6 /U 

RG-13/U 

22 AWG cop-
perweld 

7/26 AWG 
tinned cop
per 

7/26 AWG 
tinned cop
per 

21 AWG cop-
perweld 

7/26 AWG 
tinned cop
per 

A 

A 

A 

A 

A 

0.146 

0.285 

0.285 

0.185 

0.280 

Copper 

Copper 

Copper 

Inner, silver-coat
ed copper; outer; 
copper 

Copper 

Vinyl 

Vinyl 

Vinyl (noncontam-
inating) and ar
mor 

Vinyl (noncontam-
inating) 

Vinyl 

0.242 

0.405 

0 475 

0.332 

0.420 

0.032 

0.096 

0.141 

0.082 

0.126 

73.0 

75 .0 

75 .0 

76 .0 

74 .0 

21.0 

20 .5 

20.5 

20.0 

20 .5 

2300 

4000 

4000 

2700 

4000 

General-purpose small 
size video cable 

Medium-size flexible 
video and communi
cation cable 

Same as R G - l l / U 
except armored for 
Naval equipment 

Small-size video and 
i-f cable 

I-f cable 

Cables of special characteristics 

Twin conductor RG-22/U 

RG-57/U 

2 Cond. 7. #18 
AWG copper 

2 Cond. 7/21 
AWG cop-
perweld 

A 

A 

0.285 

0.472 

Single; tinned cop
per 

Single; tinned cop
per 

Vinyl 

Vinyl 

0.405 

0.625 

0.107 

0.225 

95.0 

95.0 

16.0 

16.0 

1000 

3000 

Small-size twin-con
ductor cable 

Large-size twin-con
ductor cable 

to 
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High at tenua
tion 

High impedance 

Low capacitance; 
Single braid 

Double braid 

Pulse applications; 
Single braid 

Double braid 

Twisting applica
tion 

Single braid 

RG-21/U 

RG-65/U 

RG-62/U 

RG-63/U 

RG-71/U 

RG-26/U 

RG-27/U 

RG-64/U 

RG-25/U 

RG-28/U 

RG-41/U 

16 AWG re
sistance wire 

No. 32 For-
mex F. helix 
diam, 0.128 
in. 

22 AWG cop
per weld 

22 AWG cop
per weld 

22 AWG cop-
perweld 

19/0.0117 tin
ned copper 

19/0.0185 tin
ned copper 

19/0.0117 tin
ned copper 

19/0.0117 tin
ned copper 

19/0.0185 tin
ned copper 

16/30 AWG 
tinned cop
per 

A 

A 

A 

A 

A 

D 

D 

D 

D 

D 

C 

0.185 

0.285 

0.146 

0.285 

0.146 

tO.308 

t0 .455 

tO. 308 

tO. 308 

tO.455 

0.250 

Inner, silver-coat
ed copper, outer, 
copper 

Single; copper 

Copper 

Copper 

Inner, plain cop
per; outer, tinned 
copper 

Tinned copper 

Single, tinned cop
per 

Tinned copper 

Tinned copper 

Inner, tinned cop
per; outer, gal
vanized steel 

Tinned copper 

Vinyl (noncontam-
inating) 

Vinyl 

Vinyl 

Vinyl 

Polyethylene 

Synthetic rubber 
and armor 

Vinyl and armor 

Neoprene 

Neoprene 

Synthetic rubber 

Neoprene 

0 332 

0.405 

0.242 

0 .405 

0.250 
(Max.) 

(Max.) 
0.525 

(Max.) 
0.675 

0.495 

0.565 

0.805 

0.425 

0.087 

0.096 

0.0382 

0.0832 

0.0457 

0.189 

0.304 

0.205 

0.205 

0.370 

0.150 

53.0 

950 

93 .0 

125 

93 .0 

48.0 

48 .0 

48.0 

48.0 

48.0 

67 .5 

29.0 

44.0 

13.5 
Max. 
14.5 
10.0 
Max. 
11.0 
13.5 
Max. 
14.5 
50 .0 

50.0 

50 .0 

50.0 

50.0 

27.0 

2700 

1000 

750 

1000 

750 

8000 
(peak) 

15,000 
(peak) 

8000 
(peak) 

8000 
(peak) 

15,000 
(peak) 

3000 

Special at tenuating ca
ble with Bmall tem
perature coefficient of 
a t tenuat ion 

High-impedance video 
cable; see Sec. 1-12. 

Small-size low-capaci
tance air-spaced ca
ble 

Medium-sise low-ca
pacitance air-spaced 
cable 

Small-size low-capaci
tance air-spaced ca
ble for i-f purposes 

Medium-size pulse ca
ble armored for Naval 
equipment 

Large-size pulse cable 
armored for Naval-
equipment 

Medium-size pulse ca
ble 

Special twisting pulse 
cable for Naval 
equipment 

Large-size pulse cable 

Special twist cable 

* Dielectric Materials 
A Stabilized Polyethylene 
C Synthetic rubber compound 
D Layer of synthetic rubber dielectric between thin layers of conducting rubber. 

f This value is the diameter over the outer layer of conducting rubber. 

O 

to 

"a o sc 



20 W/RES AND CABLES [SEC. 1-6 

diameter of 0.0159 in. make up a No. 18 AWG conductor, further details 
of which are given in Table 1-11. 

Copperweld.—In order to obtain cables of smaller size but with the 
same or higher impedance than the above, the size of the center con
ductor must be reduced in accordance with the following expressions for 
impedance and capacitance per unit length of a coaxial line: 

and 

„ 1 3 8 . a , 
Zo = —j= logio T ohms, 

„ 24 X 10-12e , , . 
C = ta rads per meter , 

logi 

where t = dielectric constant of insulation, 
a = diameter of outer conductor, 
b = diameter of inner conductor. 

This reduction is accomplished by the use of a center conductor that is a 
copper-covered steel wire fabricated by a process that welds the copper 
continuously to the steel core. This results in a composite conductor 
having the high tensile strength of the steel core and the good con
ductivity of its copper sheath. Data for 30 per cent conductivity grade 
solid copperweld wire of the sizes used in cable designs are given in 
Table 1-12. These data apply to the grade specified in JAN-C-17 which 
has the following characteristics: 

Grade high strength, 30 per cent conductivity. 
Tensile strength not less than 127,000 lb/in2. 
Elongation not less than 1 per cent in 10 in. 
Maximum resistivity. . 39.18 ohms per circular mil-ft (20°C). 
Diameter tolerance.... +0.5 mils for diameters from 0.020 to 0.035 in. 

+ 1.0 mil for diameters from 0.035 to 0.060 in. 

TABLE 112.—SOLID COPPERWELD WIRE (30 PER CENT CONDUCTIVITY) DATA 

Size, 
AWG 

16 
17 
18 
19 
20 
21 
22 
23 
24 

Diameter, 
in. 

0.0508 
0.0453 
0.0403 
0.0359 
0.0320 
0.0285 
0.0253 
0.0226 
0.0201 

Cir mils 

2583 
2048 
1624 
1288 
1022 
810.1 
642.5 
509.5 
404.0 

Area, in.2 

0.002028 
0.001609 
0.001276 
0.001012 
0.0008023 
0.0006363 
0.0005046 
0.0004001 
0.0003173 

Weight, 
lb/1000 ft 

7.167 
5.684 
4.507 
3.575 
2.835 
2.248 
1.783 
1.414 
1.121 

Resistance, 
ohms/lOOOft 

13.65 
17.22 
21.71 
27.37 
34.52 
43.52 
54.88 
69.21 
87.27 

Tensile 
strength, lb 

270 
205 
170 
135 
110 
81.1 
64.3 
51.0 
40.4 
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The small-size 75-ohm cables, RG-59/U and RG-6/U, have a center 
conductor of No. 22 AWG and No. 21 AWG, respectively. The low-
capacitance cables, RG-63/U, RG-62/U, and RG-71/U have a center 
conductor of No. 22 AWG. 

Wound-center Conductor.—In order to match the load impedance of 
video amplifiers, a special high-impedance cable has been designed with 
a characteristic Zs> of 950 ohms. Such a cable offers considerable advan
tage where the length of run is not so great that the attenuation, which 

.J 
(a) (b) (c) 

FIG. 1-4.—Low-capacitance r-f cable: (a) RG-62/U; (b) RG-71/U; (c) RG-63/U. 

is considerably higher than for conventional cables, does not cancel the 
gains to be derived from matching to high load resistance. The RG-65/U 
cable is further described in Sec. 1-12. 

Resistance Wire.—A few types of cables have been designed to have 
high losses, for use as attenuating or terminating devices. These losses 
may be introduced by using a high-resistance metal for the center con
ductor, as in RG-21/U cable, which has a center conductor of No. 16AWG 
Nichrome or similar alloy. Three types of high-attenuation cable are 
shown in Fig. 1-7. (The high losses of the RG-38/U are due to the use of 
a lossy rubber dielectric, not to a high-resistance center conductor.) 

1-7. The Primary Insulation. Solid Dielectric.—The dielectric for 
all the cables treated in Sees. 1-6 through 1-11 is polyethylene, charac
teristics for which are given in Sec. 1-2. Polyethylene is, to date, by 
far the best available material from the standpoint of high-frequency 
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Conductor 

Wrap 

■■— Polyethylene 
extrusion 

Copper braid 

•-Vinyl jacket 

FIG. 1 -5.—Section of 
RG-62/U cable. 

losses, flexibility, and temperature stability. In cable construction, it is 
extruded around the center conductor and is substantially free from 
voids or other imperfections. In general, it is required that the center 
conductor, after the extrusion process, should not be off center by more 
than 10 per cent of the core radius and that the diameter of the dielectric 
should not vary from a stated nominal value by more than ±3.5 per 
cent or +0.015 in., whichever is smaller. 

Air-spaced Dielectric.—For the low-capacitance 
cables RG-63/U, RG-62/U, and RG-71/U (see Fig. 
1-4) the core is constructed by wrapping the con
ductor with a polyethylene thread widely spaced 
between turns and covering this with an extruded 
tube of solid polyethylene as shown in Fig. 1-5. 
The effect of this wrap is to include a substantial 
amount of air in the space close to the conductor, 
thus lowering the effective capacitance of the cable. 
The reduction in capacitance can be seen by com
paring two cables having identical physical dimen
sions; the solid dielectric RG-59/U and the semisolid 
air-spaced dielectric RG-62/U. The figures are21.0 
/i/xf/ft and 13.5 nni/it, respectively. 

1-8. The Metal Braid. Single Braid.—The 
outer conductor is a woven metal braid, usually of plain or tinned No. 
33 or 34 AWG copper wire. The mechanical requirements are that it 
ride tightly, evenly, and smoothly without piling on the surface of the 
dielectric material and without imbedding itself within the dielectric. 
Types RG- l l /U , RG-12/U, RG-59/U, RG-63/U, RG-62/U, and RG-
65/U are single-braid cables. 

Double Braid.—For i-f applications, a single braid is insufficient to 
prevent pickup at the frequencies and signal levels usually used. For 
such use, double-shielded cables (such as RG-13/U, RG-6/U, and 
RG-71/U,) are required. The braid may be a double copper braid 
(RG-13/U), a silver-coated copper inner braid under a plain copper 
outer braid (RG-6/U) or double tinned copper braid (RG-71/U). There 
is some preference for a tinned-copper outer braid rather than a plain 
copper outer braid because it is less subject to corrosion and less difficult 
to handle in soldering. The argument for silver-coated inner braid is 
that it seems to have greater stability for high-frequency use. The data 
on braids and shielding is not yet complete enough for the formulation 
of conclusive recommendations. 

1-9. The Outer Covering.—For mechanical protection and sealing 
against the entrance of moisture, the outer braid is covered with a tough, 
flexible jacket of polyvinyl chloride or polyethylene. For particularly 
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severe usage, the jacket may then be covered with a metal armor, as in 
the RG-12/U cable. 

The Jacket.—Plasticized polyvinyl chloride or plasticized vinyl 
chloride-vinyl acetate copolymers have excellent characteristics for 
jacketing purposes. Their resistance to abrasion, flexibility at low tem
perature, resistance to ozone, sunlight, and oil and other chemicals are 
all sufficiently good to make such materials the most satisfactory avail
able at present. I t has been found, however, that a special plasticizer 
must be used to prevent contamination of the polyethylene dielectric 
with aging and use, particularly at elevated temperatures. This con
tamination or "poisoning" results in increased cable losses which may 
seriously affect the performance of the over-all system at microwave 
frequencies if long cables are part of the interconnections. The JAN 
specifications call for such a noncontaminating jacket on types RG-6/U 
and RG-12/U. I t is interesting to note that the contamination test 
consists of heating the cable for seven days at 98°C, after which the 
attenuation at 3000 Mc/sec is to be not greater than 2 db/100 ft more 
than the initial value. The standard vinyl jacket is referred to in this 
specification as Type I, the noncontaminating type as Type II . 

Where minimum size is a consideration, it is sometimes desirable to 
use a thin extruded sheath of polyethylene as a protective jacket. Poly
ethylene has physical properties as good or better than the vinyl polymers 
but it is not as good with respect to flammability or oil resistance. For 
internal wiring or interconnections between chassis in a protected equip
ment, polyethylene jackets may be the material of best choice. Such a 
jacket is used in RG-71/U. 

Metal Armor.—A metal armor may be used over the plastic jacket 
where particularly severe military conditions are to be met. The Navy 
specifies such armor for many of its shipboard equipment installations, 
calling for a braided metal armor of galvanized steel wire, painted with 
aluminum paint. 

1-10. Physical Properties of the Finished Cable. High Tempera
ture.—Polyethylene and vinyl polymers have definite limitations at high 
temperatures, particularly if at the same time there is heavy mechanical 
loading due to flexing or to the weight of long lengths of cable. Dis
placement of the center conductor may take place under such conditions 
if the conductor temperature is much above 85°C, the normal safe maxi
mum operating temperature for a conductor in a polyethylene dielectric. 

The flow characteristic is specified for various cables by giving the 
value of a weight to be hung at the ends of the center conductor of a 
cable suspended over a mandrel 10 times the cable diameter. After 
7i hr at 98°C it is required that the center conductor shall not be dis
placed by more than 15 per cent of the diameter of the dielectric. 

^ — ■ i i LLJLBLl , l . . m i 
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If elevated temperatures are sustained, heat-aging changes may take 
place in both the dielectric and the jacket, rendering the plastics brittle 
and subject to cracking when flexed. A heat-aging test is specified 
which calls for subjecting the cable to seven days operation at 98°C 
after which the cable is wound and unwound ten times over a mandrel 
ten times the cable diameter. After such a test the dielectric material 
and the outer protective covering are expected to be free from signs of 
cracking or loss of pliability. 

Low Temperature.—At very low temperatures the materials in the 
dielectric and covering may become brittle and subject to cracking when 
flexed. There has been considerable progress in improving the low-
temperature pliability of these materials and, at present, they can be 
used at — 40°C with no special precautions. A cold bending test is 
specified which calls for cooling to — 40°C and immediately bending the 
cable 180° around a mandrel of a diameter ten times the cable diameter. 
After this test, the dielectric and outer covering are expected to show 
no signs of cracks or fractures. 

Moisture and Solvents.—Polyethylene and vinyl compounds are 
practically immune to moisture if suitable plasticizers are used in their 
formulation. The vinyl jacket has excellent chemical resistance to 
gasoline or oil; the resistance of the polyethylene is only fair. A test is 
specified which calls for immersion of the cable, except for the exposed 
ends, in 100-octane aviation-type gasoline for 4 hr at room temperature. 
At the end of this time, it is expected that there will be no evidence of 
liquid penetration through the jacket. 

1-11. Electrical Properties of the Finished Cable. Impedance and 
Capacitance.—The properties of particular interest in the choice and use 
of cables for video and i-f applications are impedance, capacitance, and 
attenuation. For example, in 30-Mc/sec i-f links between the crystal 
mixer and the i-f amplifier, low capacitance and high impedance are 
desirable even though the line may be only 6 to 12 in. long. Ideally, 
the impedance should approach 300 ohms, the order of magnitude of the 
mixer output impedance, but because no such cables are at present 
available it is customary to use 73-ohm or 93-ohm types. Capacitance 
of i-f cable is a major problem in broadband i-f circuits where the input 
circuit must have a bandwidth of 12 to 15 Mc/sec if the over-all band
width is to be 6 to 8 Mc/sec. I t has been found that even very short 
lengths of i-f cable present complications in these circuits because they 
cannot be treated as lumped constants. Trial-and-error adjustments of 
the input circuit are required for optimum performance. 

The length of the cable was not critical for the older type of i-f cir
cuit, in which the mixer was followed by a preamplifier and the i-f 
amplifier was almost always at some considerable distance from the pre-
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amplifier, because an untuned input circuit was used. It was customary 
simply to use a 73-ohm input terminating resistor. For this type of 
installation, lines of higher impedance which were not then available 
would have resulted in better over-all gain and bandwidth by permitting 
a larger shunt resistor at the input circuit, thus increasing the available 
voltage. RG-71/U cable- with an impedance of 93 ohms and a capaci
tance of 13.5 ppi/it, double shielded, is one of the two cable's particularly 
applicable to i-f uses. The other is RG-6/U with an impedance of 76 
ohms and a capacitance of 20 niJ-f/ft, also double shielded. 

In the transmission of video signals, cathode-ray-tube sweep currents 
and voltages, triggers, blanking pulses, and other signals associated with 
receiver and indication circuits, cable capacitance is advantageously kept 
to a minimum since lengths of cable up to several hundred feet are fre
quently required. Air-spaced dielectric cables such as RG-63/U and 
RG-62/U are most often used. The first has a capacitance of 10 ii/ii 
per foot, and an impedance of 125 ohms; the second, a capacitance of 
13.5 nfif per foot, and an impedance of 93 ohms. A special type of 
high-impedance cable for video use utilizes a wound center conductor, as 
has been mentioned in Sec. 1-6. Complete information on this cable, 
type RG-65/U, is given in Sec. 1-12. 

Attenuation.—The attenuation of polyethylene cables at video and i-f 
frequencies is fairly low. None of the cables discussed here, with the 
exception of RG-65/U, has an attenuation greater than 2 to 4 db/100 ft 

TABLE 113.—ATTENUATION AND VOLTAGE CHARACTERISTICS OF R - F CABLES 

Cable type 

RG-l l /U 
RG-12/U 
RG-13/U 

RG-59/U 

RG-6/U 

RG-62/U 
RG-71/U 

RG-63/U 

RG-65/U 

Attenuation, 
db/100 ft 

At 10 Mc/sec 

0.5* 

1.0 

0.7* 

1.0 

0.6 

21.5 

At 100 Mc/sec 

2.1 

3.8 

2.8 

3.1 

2.0 

Rms voltages, kv 

Operating, max 

4.0 

2.3 

2.7 

0.75 

1.0 

1.0 

Test 

10 

7 

7 

3 

3 

3 

* Estimated. 
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Fio. 1-6.—Attenuation of standard r-f cables vs. frequency. Cable RG-/U number: 
(o) 55 and 58; (ft) 59; (c) 62 and 71; (d) 5 and 6; (c) 21; (/) 8, 9, and 10; (e) 11, 12, and 13; 
(h) 22; (i) 63 and 79; (;') 65; (it) 14 and 74; (0 57; (m) 17 and 18; (n) 19 and 20; (o) 25, 25A, 
26, 26A, 64, 64A, 77, 78; (j>) 27 and 28; (g) 41. 

(a) (6) (e) 
Fia. 1-7.—High-attenuation r-f cable: (a) RG-21/U; (6) RG-38/U; (c) KS 8086. 
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at 100 Mc/sec. Comparative figures are given in Table 1-13 for attenua
tion in db per 100 ft at 10 and 100 Mc/sec. More extensive data for all 
the standard r-f cables are given in Fig. 1-6. Figure 1-7 is a photograph 
of three high-attenuation r-f cables. 

Dielectric Strength.—The voltage ratings of the cables discussed pre
viously are well above the maximum values generally required. CRT 
deflection voltages are perhaps the only case where the dielectric is 
subjected to an appreciable fraction of its rated voltage. The medium 
size 75-ohm cables are rated at 4000 volts, rms; the small size RG-59/U 
and RG-6/U at 2300 and 2700 volts, rms; the semisolid low-capacitance 
cables at 750 or 1000 volts, rms. A dielectric strength test is specified 
in which an a-c voltage (sine form, 15 to 65 cps) is applied to the cable for 
60 sec. 

1-12. High-impedance Cable.1—High-impedance cables may be used 
for the transmission of video signals over distances of approximately 1 
to 100 ft. 

Present-type video amplifiers are built with load impedances of about 
1000 ohms. Ordinary coaxial cables have impedances of 50 to 100 ohms 
and capacitances of 10 to 30 wi/ft. The)' may be matched to cor
respondingly low load resistances, or they may be treated as lumped load 
capacitances. In either case the cable load lowers the peak voltage 
output and gain available from a given tube. 

To avoid these Josses cables with much higher surge impedance have 
been developed. Their design is derived from that used for delay lines 
of the distributed-parameter type, but their dimensions are chosen so as 
to yield a high impedance with the least possible signal delay and attenua
tion per unit length. The less the signal delay in the cable, the more 
accurate will be the isochronism of the separate units and the less will 
be the spacing of spurious echoes from improper terminations. 

Electrical Characteristics.—In any line the surge impedance Z is 

Z " 4 (1) 
and 

Z = l (2) 

where 
L is the inductance per unit length, 
C is the capacitance per unit length, 
T is the delay per unit length. 

1 The material given in this section has been published by the author; H. E. Kall-
mann, "High-Impedance Cable," Proc. IRE, 34, 348-351 (June 1946). 
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In order to make the impedance Z high and the delay T low, the induc
tance L should be made large and the capacitance C kept small. In 
high-impedance cable, inductance is increased by replacing the straight 

inner conductor of the ordinary 
coaxial cable by a close-wound con
tinuous coil of insulated wire, and 
capacitance is kept low by using 
wide spacing between the inner 
and outer conductor and by using 
a low-dielectric constant material 
as spacer. 

Fia. 1-8.—Essential dimensions of high-
impedance cable. 

The approximate computation of the inductance, capacitance, imped
ance, and delay of a high-impedance cable may be carried out as follows. 
Referring to Fig. 1-8, the inductance L of a continuously wound single-
layer coil will be 

L = 10~1hr2nid2 henries per meter. (3) 

The capacitance C of a concentric cable will be 

_ 24 X 10-12fr , , ,., 
C = . . farads per meter. (4) 

logi 

(5) 

From Eqs. (1), (3) and (4) Eq. (5) for the impedance Z follows: 

f l O - ' W d 2 logio 
■md 4 logi " ~ V 24 X 10-12A- y/2Ak > V>, 

From Eqs. (2), (3), and (4), Eq. (6) for the time delay T follows: 

/24 X 10-237r2n2d2/r 10~6 vdn V2~Ifr T = 10« 
logi 4 logi, 

msec. (6) 

With negligible error, the surface of the coiled inner conductor is assumed 
to be a cylinder of diameter 6. Then 

and the core diameter is 
b = d + w 

c = d — w. 

(7) 

(8) 

The design of a cable starts with the choice of the largest practicable 
outer diameter, for it follows from Eqs. (5) and (6) that the impedance 
Z rises and the delay T decreases as the outer diameter a is increased. 
The cable may have an outer diameter as large as 0.405 in. and still fit a 
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f-in. connector. Allowing for a protecting jacket and the thickness of 
the outer conductor, the following example is computed for a diameter 
o = 0.78 cm (0.308 in.) and for a solid dielectric spacer of polyethylene 
with dielectric constant k = 2.25. Both the impedance and the delay 
could be improved by \/y/k if the effective dielectric constant were 
reduced, for example by insertion of a helical spacer. 

The impedance and the delay, as computed from Eqs. (5) and (6) 
for o = 0.78 cm (0.308 in.) and k = 2.25, are plotted in Fig. 1-9 and 
Fig. 1-10 as functions of the core diameter c. Three curves are presented 
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FIG. 1-9.—Cable impedance vs. core diameter. 

Z = xn(c 
lAk \ c + 2w/ 

in each case. They are computed for coiled inner conductors close-wound 
with three different wire gauges. 

1. Formex copper wire AWG No. 30F, with w = 0.0108 in. 
2. Formex copper wire AWG No. 31F, with w = 0.0099 in. 
3. Formex copper wire AWG No. 32F, with w = 0.0089 in. 

Figure 1-9 shows that in all cases the impedance Z goes through a 
maximum, rising at first linearly with d = c + 2w in the numerator of 
Eq. (5), and then eventually falling with -\/logio [a/(c + 2w)\. As can 
be seen the maximum is reached in each case at approximately the same 
value of the core diameter c. If the thickness of the wire w is negligible 
in comparison with the coil diameter d, so that d = 6, then it can be 
shown that the maximum impedance is always reached for 



30 WIRES AND CABLES [SEC. 1-12 

d = V'e ~ 1.65; 

thus for a = 0.78 cm the highest impedance is obtained with 

d = 0.475 cm and c = 0.45 cm. 

Judging from Fig. 1-9 a value of c at or near 0.45 cm would be the 
preferred choice for this yields maximum impedance and in addition 
maintains the impedance unchanged with large variations of the core 
diameter. The following factors, however, are opposed to this choice. 
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FIG. 1-10.—Delay vs. core diameter. 

As shown in Fig. 1-10 the delay per unit length of cable rises 
rapidly with the diameter of the core due both to the increased 
coil diameter (increased inductance) and to the closer spacing of 
the conductors (increased capacitance). Furthermore, the larger 
the delay, the larger will be the spacing of echoes due to improper 
terminations. 
The transmission loss A due to the ohmic resistance R in the coil 
is given by 

A 4 3 5 S
 ( m 

A = —s—> (9) 

and A rises with the length of the wire which is proportional to 
the core diameter. 
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3. Parts of the magnetic field around the coiled inner conductor will 
cause eddy current losses in the closed turn of the outer conductor 
unless the outer conductor is either far enough away or braided of 
separately insulated wires. 

A suitable compromise value for the core diameter is c = 0.28 cm 
(0.110 in.), (indicated in Figs. 1-9 and 1-10). This choice of c yields an 
impedance that is only 89 per cent of the maximum value, but it reduces 
the corresponding delay to 49 per cent of the value that is obtained for 
c = 0.45 cm and it reduces the coil resistance to 65 per cent. The outer 
conductor has a diameter 2.8 times that of the coil which is sufficiently 
large so that eddy current losses are small. 

It may be noted that the core diameter c so determined depends only 
on the outer diameter a and its choice is not affected, for example, if 
another impedance is specified. Figure 1-9 shows that in such cases 
choice of a different wire gauge, wound on the same core diameter is the 
only change required. The impedance Z rises by over 10 per cent each 
time the wire gauge is made one AWG number finer; the delay rises in the 
same proportion but the transmission loss A rises by about 20 per cent. 

A cable based on this design is manufactured1 as the type RG-65/U, 
(see Fig. 1-11). Its specifications are: 

Core; polyethylene 0.110 ± 0.010 in. in diameter. 
Inner conductor; close-wound helix of AWG No. 32 copper wire. 
Spacer; solid polyethylene extruded to 0.285 + 0.010 in. in diameter. 

Fia. 1-11.—RG-65/U high-impedance cable. 
Outer conductor; single-braid, plain copper wire No. 33 AWG, max. 

diameter 0.340 in. 
Jacket; polyvinyl to overall diameter 0.405 + 0.010 in. 
Surge impedance; Z = 950 ± 50 ohms. 
D-c resistance; 7.0 ohms/ft. 
Capacitance; 42 nid/it. 
Delay; 0.042 Msec/ft at 5 Mc/sec. 
Maximum operating voltage; 3000 volts rms. 
Attenuation; 5.5 db/100 ft at 1 Mc/sec. 

10.2 db/100 ft at 3 Mc/sec. 
14 db/100 ft at 5 Mc/sec. 
21.5 db/100 ft at 10 Mc/sec. 
40 db/100 ft at 30 Mc/sec. 

1 By the Federal Telegraph and Radio Corp., in Newark, N. J. 
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The decrease in time delay with increasing frequency is small. The 
delay measured on a preproduction sample of about 1200 ohms impedance 
was found to drop steadily about 0.032 per cent per Mc/sec so that at 
20 Mc/sec it had fallen to 99.35 per cent of that for the lowest frequencies. 

Through choice of a/b < \/e, the cable RG-65/U is deliberately 
designed for low signal delay per unit length. I t is not meant to be used 
as a delay line. However, cables of similar construction but with 
a/b > \ / e have been designed for use as delay lines in special applications 
(Chap. 6). 

Terminating the Inner Conductor.—In order to attach connectors 
reliably to the inner conductor of high-impedance cables, the following 
procedure is suggested: 

1. Cut back the jacket and push back braid, then remove dielectric 
spacer to clear f in. of the coiled inner conductor. 

2. Unwind ^ in. of the coil, cut free wire down to 1 in., remove For-
mex insulation with emery cloth, and tin wire. 

3. With a pair of pliers squeeze the exposed stub of the polyethylene 
core to about one-half of its original thickness. 

4. Punch a hole at least -&% in. wide with a needle (scriber) through 
the middle of the flattened portion. 

5. Bend one end of 2-in. tinned copper wire (No. 20 to No. 22 AWG) 
to U shape around ^ in. diameter and hook through the hole. 

6. Wrap the tinned end of inner conductor two or three times around 
the short end of the hook, and solder. 

7. With the heat of soldering the flattened end of the polyethylene 
core will melt and form a drop around the U-shaped wire hook. 
Hold the latter in place until the drop has hardened. 

This procedure has proved both simple and reliable. The free end of 
the wire hook can be inserted into any of the usual connectors and 
soldered to them. The tensile strength of the hook-and-polyethylene 
weld is considerable and strain on the coiled conductor is taken up by a 
harmless elongation of the helix. The method is illustrated in Fig. 1-12. 

Fia. 1-12.—Method of terminating inner conductor. 



CHAPTER 2 

FIXED COMPOSITION RESISTORS 

BY G. EHRENFEIED 

The various types of fixed resistors form the subject matter of the 
next two chapters. Chapter 2 is devoted entirely to general-purpose 
fixed composition resistors which conform or nearly conform to the specifi
cations of JAN-R-11. Chapter 3 discusses various types of standard or 
near-standard fixed wire-wound resistors and also a number of special 
types of resistors, both wire-wound and otherwise. As in most of the 
chapters of this volume, special emphasis is given to types conforming 
to ANESA specifications because of the concern of the Radiation Labora
tory with military equipment. 

2-1. The Choice of a Resistor.—Resistors are among the components 
most widely used in electronic circuits and may be classified into two 
main categories: composition resistors and wire-wound resistors. If the 
requirements are not such as to demand one or the other type, composi
tion resistors are usually employed because of their cheapness and com
pactness. For more stringent requirements the choice is usually based 
upon one or more of the following factors. 

Size.—A composition resistor for a certain job is often much smaller 
than a wire-wound resistor for the same job. This difference is most 
marked in high resistance values and in low dissipation ratings because 
the thinnest wire that can be used to make a reasonably rugged wire-
wound resistor still has such low resistance per foot that a large amount 
of it must be used. 

High-frequency Properties.—Composition resistors of low wattage 
ratings and medium resistance values can be considered as having 
practically pure resistances well up into the megacycle region. At high 
frequencies a small wire-wound resistor has a reactance that is of the 
same order of magnitude as the resistance itself. 

Stability.—The chief disadvantage of composition resistors is their 
tendency to change in resistance when subjected to changing conditions. 
They do not, in general, return to their initial values after cycles of 
change. This lack of stability is a fatal disadvantage in many applica
tions in which resistors are used in accurate measuring circuits. 

Noise.—A composition resistor generates a considerable noise when a 
current flows through it; a wire-wound resistor, however, does not. This 
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difference makes inadvisable the use of composition resistors in low-level 
circuit applications. 

Power-dissipating Ability.—Composition resistors are seldom used 
for dissipations of more than 2 watts, and are practically never used for 
dissipations of over 5 watts. Wire-wound resistors are available with 
dissipation ratings up to 200 watts per unit. Wire-wound resistors are 
usually capable of operating at higher temperatures than composition 
resistors—up to several hundred degrees centigrade in many cases. 

Accuracy.—Because of their instability few composition resistors are 
furnished in tolerances closer than 5 per cent. Wire-wound resistors are 
regularly stocked in tolerances down to \ per cent, and may be obtained 
down to 0.05 per cent on special order. Wire-wound resistors, unlike 
composition resistors, may also be obtained in constructions that have 
little change of resistance with changing temperature or other conditions. 

To sum up, wire-wound resistors are usually demanded by applica
tions with rigid stability or accuracy requirements, or if powers of over 
a few watts must be dissipated. Composition resistors are usually used 
for less critical applications; if high frequencies, high resistance values, 
or a crowded chassis are involved, their advantages are marked. 

2-2. Standards and Specifications; Coding and Labeling.—Until 
recently, the choice of resistors for specific applications was made difficult 
by differences between the ways in which manufacturers described their 
products and differences between the types of tests they used on them. 
The problem is considerably simplified now by the existence of standards 
that have been agreed upon by representatives of most resistor manu
facturers and many users. 

Two closely related sets of standards on fixed composition resistors 
have been in recent use by the electronic industry. The first is American 
War Standard C75.7-1943, approved Oct. 8, 1943, and issued by the 
American Standards Association, 70 E. 45th Street, New York City. 
Copies can be obtained from this organization for 60 cents apiece. The 
other is specification JAN-R-11, issued on May 31, 1944, by the Army-
Navy Electronics Standards Agency, 12 Broad Street, Red Bank, N. J. 
This specification was issued mainly for use by those who make equip
ment for the armed services. I t is derived from the American War 
Standard and is similar to it in most respects. 

The differences between JAN-R-11 and AWS C75.7-1943 will be 
noted in appropriate places in this chapter. Attention should be called 
to two other documents connected with these standards. American War 
Standard C75.17-1944 entitled "Method of Noise-Testing Fixed Com
position Resistors" is a description of the method of carrying out one of 
the tests prescribed in the AWS C75.7-1943 standard. This description 
was separated from the general resistor standard because it is fairly long 
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and is of interest mainly to those who make the test and not to those 
who use the resistors. Another document of interest is the proposed 
Amendment No. 1 to JAN-R-l l . This amendment, if approved, will 
make two major changes in the specification and a number of minor 
changes.1 The major changes are: addition of a new-style insulated 
resistor, RC-42, a two-watt style much smaller than those previously 
listed; and addition of a new characteristic symbol, G, covering insulated 
resistors that can be used at higher ambient temperatures than those of 
characteristics A, B, C, and D. Details on these changes will be given 
in appropriate places. 

The AWS and JAN standards described here are not intended to 
cover all varieties of fixed composition resistors. Many special-purpose 
resistors are not included in their scope—for example, high-resistance 
power resistors consisting of a spiral band of carbon composition deposited 
on the outside of a ceramic tube. Even in cases like this where dimen
sions and structure depart from those of the standards, it is the custom 
to use the test procedures given in the standards wherever applicable as 
criteria by which to judge the quality of a resistor. 

For further details the reader is referred to JAN-R-ll and to the 
other standards and specifications cited above. It should be noted that 
these works do not specify the high-frequency properties of resistors. 

Standards Descriptive, Code.—By specifying resistors according to the 
* descriptive code included in the JAN standards a user can obtain from 

different manufacturers resistors that are for most purpose interchange
able with each other. This code consists of symbols using five letters 
and five numbers, which completely identify a resistor as to the following 
properties: dimensions, wattage rating at room temperature, presence or 
absence of insulating case, humidity and salt-water resistance, variation 
of resistance with temperature, resistance value, resistance tolerance. 
The type designation of a particular resistor breaks down as follows: 

' RC 10 AE 153 M 

Component Style Characteristic Value Tolerance 

Component: Fixed composition resistors are identified by the symbol 
" R C . " 

Style: The first two numbers identify the power rating, shape, and 
size as given in Table 2-1 and Fig. 2 1 . 

Characteristic: The next two letters identify the resistor as to its 
insulation, as to its resistance to humidity and salt-water-immersion 

1 At the time of writing it seems likely that this amendment will be changed some
what before it is approved and issued. 

^ — — « m _ . 1 , - ii 
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T A B L E 2 1 . — J A N COMPOSITION-RESISTOR D I M E N S I O N S 
Kxcept as noted, all types have 1 i + J in. leads and are made in resistance values from 

10 ohms to 20 megohms 

Type 

RC-10 
RC-15* 
RC-16 
11C-20 
RC-21 
KC-25 
HC-30 
RC-31 
RC-35 
UC-38t 
RC-40 
RC-41 
RC-45 
RO-65 
RC-75 
RC-76J 

Watts 

1 
i 
i 
i 
i 
i 
l 
l 
i 
l 
2 
2 
2 
4 
5 
5 

Fig. 
21 , 

sketch 

a 
b 
b 
a 
a 
b 
a 
a 
b 
b 
a 
a 
b 
b 
b 
c 

Maximum 
over-all 

length, in. 

A 

0.406 
0.350 
0.655 
0.468 
0.655 
0.780 
0.750 
1.28 
1.16 
1.84 
1.41 
1.78 
2.12 
2.66 
3.16 
3.16 

Maximum 
over-all 

diameter, 
in. 

B 

0.170 
0.120 
0 248 
0.249 
0 249 
0.280 
0.280 
0.310 
0.280 
0.436 
0.405 
0.405 
0.592 
0.730 
0.780 
0.780 

Minimum 
lead 

spacing, 
in. 

C 

0.376 

0.407 

0.814 
1.45 

1.45 
2.06 
2.47 

Minimum 
lead 

diameter, in. 

0.028 (#21 AWG) 
0.016 (#26) 
0.028 (#21) 
0.028 
0.028 
0.032 (#20) 
0.032 
0.032 
0.036 (#19) 
0.036 
0.036 
0.036 
0.036 
0.040 (#18) 
0.040 

+ RuHistance range 150 ohms to 4.7 megohms, lead length l j in. ± J in. 
t Special uninsulated high-voltage type, resistance range 0.27 to 20 megohms. 
t Radial-lug type. 

(a) 

3.16" max 

1j-2#!?\ JLP-065" 

(6) 

8 0.180" hole diameter 

(0 
Fiu. 2-1.—JAN composition-resistor styles. 
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cycling, and as to its change of resistance value with temperature, 
according to Table 2-2. 

TABLE 2-2.—JAN COMPOSITION-RESISTOR CHARACTERISTICS 
First Letter of Characteristic 

Letter 

A 
B 
C 
D 

Insulated 

Insulated 
Insulated 
Uninsulated 
Uninsulated 

Resistant to 

Humidity 
Humidity and immersion 
Humidity 
Humidity and immersion 

Second Letter of Characteristic 

Nominal 
resistance 

10-1000 ohms 
110O-lOk 
llk-lOOk 
HOk-lM 
1.1M-10M 
11M-100M 

Maximum allowable per cent change in resistance from 25°C value; 

at -55°C 

E 

13 
20 
25 
40 
52 
70 

F 

6.5 
10 
13 
20 
26 
35 

at 105°C 

E 

+ 10 
±12 
+ 15 
+ 20 
±36 
±44 

F 

± 5 
± 6 
± 7.5 
±10 
±18 
±22 

Resistance Value: The next three numbers identify the nominal 
resistance value. The first two digits are the first two figures of 
the resistance value in ohms and the third specifies the number of 
zeros that follow the first two figures. 

Resistance Tolerance: The last letter of the symbol designates the 
symmetrical resistance tolerance; " J " signifies a tolerance of plus 
or minus 5 per cent maximum; " K , " 10 per cent; and " M , " 20 
per cent. 

Color Code.—Since it is hardly practical to put much information on 
a resistor, and since the component and style are self-evident upon 
inspection, the resistance value and tolerance are designated by a color 
code. This code employs bands or dots of color as shown in Fig. 2-2. 
The use of colored bands around the resistor is general for the insulated 
types, and the "body, end, and do t " system is usual on the radial-lead 
uninsulated types. Many charts and other devices are available to help 
the occasional user to interpret the code, so an explanation is not neces
sary here. I t must be noted, however, that the chart of Fig. 2-2 is 
incomplete because resistance values lower than 10 ohms are not included 
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in JAN-R-11. A gold stripe in the third position means that the value 
given by the first two stripes must be divided by 10; a silver stripe means 
that the value must be divided by 100. This means that there is a choice 
of two codes possible for certain values; for instance, a 3-ohm resistor 
can be coded either orange-black-gold or black-orange-black. From the 
user's point of view it is decidedly preferable that all resistors between 1 
and 10 ohms should use gold in the third position and that all between 
0.1 and 1 ohm should use silver, so that the decade into which a resistor 
value fits can be quickly identified. 

Orange 3 
Yellow 4 
Green 5 
Blue 6 
Violet 7 
Gray 8 

AVhite 9 

Orange 3 Orange 000 
Yellow 4 Yellow 0000 
Green 5 Green 00000 
Blue 6 .Blue 000000, 
Violet 7 
Gray „8 

.White 9 

Gold =± 5% Tol. 
Silver =±10:* Tol. 
ftoband=±20:STol., 

F I G . 2-2.—Standard color code for fixed composition resistors. 

I t should be noted that in spite of what has been said above about 
the difficulty of printing numbers on small resistors, International 
Resistance Company, IRC, uses both the colored stripes and a written 
identification on many of its units. This is particularly helpful to color
blind individuals, and also in cases where dirt or overheating have made 
the colors of the bands hard to identify. 

2-3. Standard Resistance Values.—Specification JAN-R-11 gives 10 
ohms to 20 megohms as the standard range of values of most types of 
composition resistors. Resistance values outside this range are rarely 
employed in electronic equipment for use in the field because below 10 
ohms wire-wound resistors are usually preferable and because above 20 
megohms operation is unreliable due to changes caused by moisture. 
Some manufacturers make resistors outside their normal ranges on special 
order. 

Preferred-number System.—To limit the production of resistors to a 
set of standard values that would be adequate for all normal purposes, 
in 1936 the Radio Manufacturers' Association adopted a preferred-
number system for the resistance values of composition resistors. This 
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system is based upon a logarithmic series, the ratio between each value 
and the next being approximately the 24th root of 10 (about 1.10). No 
matter what value is needed at a certain point in a circuit, a standard 
resistance value can practically always be found within 5 per cent of it. 
The complete series of standard resistance values from 10 to 100 is as 
follows: 

10 15 22 33 47 68 100 
12 18 27 39 56 82 

11 13 16 20 24 30 36 43 51 62 75 91 

In other decades the same system is used, the number being multiplied 
or divided by some power of 10. For instance, 3.6 ohms, 56,000 ohms, 
and 2.7 megohms are all standard Radio Manufacturer's Association 
values. According to this system, only in + 5 per cent tolerance are all 
values to be made; in +10 per cent tolerance only the values in the first 
two lines are to be made, and in + 20 per cent only those in the first line. 
Some manufacturers, however, supply 10 and 20 per cent resistors in all 
the values in the series. 

Distribution of Resistance Values within Tolerance Limits.—Many 
workers, especially scientists, assume that if they buy a considerable 
number of resistors rated as, for instance, 100 ohms ± 10 per cent, the 
distribution of actual measured values will form a normal distribution 
curve centered on 100 ohms and with the + 10 per cent points low on the 
skirts of the curve. This is very far from the truth. The technical dif
ficulties of making resistors to close tolerances and the nature of the 
sorting processes used by the manufacturers may result in odd-shaped 
distributions that vary greatly from time to time. For instance, if a 
large order is filled for resistors of 110 ohms ± 5 per cent and another 
for 100 ohms + 5 per cent, a purchaser buying 100 ohms + 20 per cent 
shortly afterwards will probably find most of his resistors down around 
85 to 95 ohms. I t is fairly common to find that a lot of +10 per cent 
resistors has a hole in the center of its distribution curve, units within 
5 per cent of the center value being absent or scarce. Since the manu
facturers measure every resistor individually, resistance values outside 
the tolerance limits are not often found. 

2-4. Construction of Composition Resistors. Physical Types.— 
General-purpose composition resistors are made in four physical types: 

1. Insulated axial-lead resistors. This type of resistor has had by 
far the most use in equipment in which the Radiation Laboratory 
has been interested. The resistor element is enclosed in a cylin
drical case of insulating material. The leads come out at the 
centers of the cylinder ends. In this class JAN-R-11 lists seven 

[R e p e a t in 
next decade. 
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styles of resistors, namely RC-10, RC-20, RC-21, RC-30, RC-31, 
RC-40, and RC-41, and also the new RC-42 style described in the 
proposed amendment. 

2. Uninsulated axial-lead resistors. These resistors are of limited 
usefulness and are therefore practically obsolete. They have no 
advantages over insulated styles since they are not made any 
smaller than insulated resistors of the same wattage rating. 

3. Radial-lead resistors. This type has been widely used in the past, 
but is decreasing in popularity in favor of the insulated axial-lead 
type. The radial-lead resistor consists of a carbon composition 
rod with leads attached by winding one around each end of the rod 
and bringing them out at a right angle to the rod and parallel to 
each other. They are fastened in place by a process similar to 
soldering, and then the whole unit, except the ends of the leads, is 
covered with a protective paint. These resistors are essentially 
uninsulated. In this class are eight styles of resistors as given in 
JAN-R-11. 

4. Radial-lug resistors. This type is represented by one JAN style 
(RC-76) and differs from the radial-lead type only in having solder
ing lugs instead of wire leads. I t is seldom used. 

Dimensions.—Figure 2-1 shows the dimensions of the various standard 
styles of resistors. I t will be noted that in case of the insulated styles 
these dimensions are mostly maximum dimensions, and not dimensions 
that have to be met within certain tolerances. The result is that each 
style includes resistors of a considerable variety of sizes, ranging from 
the allowed maximum to about a fourth of the allowed maximum volume. 
In particular, the. half-watt size has been so reduced that the most com
mon size of half-watt resistors is now about re by | in., which is even 
smaller than the quarter-watt size given in JAN-R-11. 

The standard lead length for all resistors is l£ in., except for the 
smallest uninsulated size RC-15, which has leads l£ in. long. Photo
graphs of some representative types of insulated resistors are shown in 
Figs. 2-3 to 2-5. 

Construction.—The construction of uninsulated resistors is compara
tively simple and is practically the same for all companies. I t was 
described in an earlier paragraph of this section. The construction of 
insulated resistors represents a much more advanced stage of the art, and 
the problems involved have been met in different ways by the various 
manufacturers. Two firms, Continental Carbon Company and Ohio 
Carbon Company, first make up the resistor units in complete form with 
leads attached, insert them in ceramic tubes, and fill up the ends of the 
tubes with cement so that the leads project through the cement plugs. 
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to) 

FIG. 2-3.—Typical half-watt insulated resistors; (a) Allen-Bradley EB; (o) 
C-i; (c) Continental C-i; (d) Erie 524; (e) IRC BTR; (/) IRC BTS; (a) 
(A) Ohio P ; (i) Speer SI-}; 0') Speer SCI-}; (k) Stackpole CM-}. 

Continental 
IRC BT-} ; 

F I G . 2-4.—Typical one-watt insulated resistors: (a) Allen-Bradley GB; (b) Continental 
C-1; (c) Erie 518 B; (d) Erie 525; («) IRC BTA; (/) IRC BT-1; (e) Ohio PB; (h) Speer SI-1; 
(0 Stackpole CM-1. 

FIG. 2-5.—Typical two-watt insulated resistors: (a) Allen-Bradley H B ; (b) Ohio PFA; 
(e) Erie 526; (d) IRC BT-2; (e) Speer SI-2 
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The leads on the Continental resistors are attached to the carbon resist
ance element by forming a small flat spiral on the end of the lead wire. 
The spiral is cemented to the end of the resistance element with a con
ducting cement. In the Ohio resistors the ends of the carbon element 
are first coated with a conducting layer; then copper caps, which hold the 
leads, are forced on. The external appearance of these two makes of 
resistors is rather similar. In the Ohio resistors the cement in the ends 
is white; in the Continental resistors it is light brown, the same color 
as the surface of the ceramic tube itself. 

Several manufacturers use thermosetting plastics such as phenol-
formaldehyde (Bakelite) as the insulating shell on their carbon resistors. 
This material has proved to be excellent for this application, giving a 
high degree of protection against moisture penetration. Allen-Bradley, 
Erie, Speer, and Stackpole form the resistance element, encase it in 
phenolic plastic, and imbed the leads, all in one molding operation. The 
whole resistor becomes one hard solid piece, with no air space between the 
resistance element and the shell. If it is broken, the break goes smoothly 
through the black center and the brown casing as if it were all one mate
rial. Allen-Bradley, Erie, and Stackpole swage an enlargement on the 
end of the lead wire. This is inserted into the end of the carbon resistance 
element, so that after the curing operation the enlarged end of the lead 
is contained in the interior of the carbon element and cannot be pulled out 
without breaking the resistor apart. Instead of swaging an enlargement 
on the end, Speer bends the end back on itself for a short distance and 
inserts the doubled end in a similar fashion. If the end of a Speer 
resistor is examined, a small copper-colored spot can usually be seen close 
to where the lead goes into the resistor. The spot is the end of the 
doubled-back lead, and its presence is a good way to identify a Speer 
resistor. One class of Erie resistors is made with brass end caps on the 
resistance element. This type is molded in Bakelite after the resistance 
unit is completed. 

The International Resistance Company uses a different type of con
struction from that of other manufacturers, resulting in what is usually 
called a filament-type resistor. The resistance element consists of a 
glass tube with carbon composition coated in a thin layer on its outside 
surface. Each lead has an enlargement shaped something like the hilt 
of a fencing sword formed on it a little way from the inner end. The 
leads are pushed into the two ends of the glass tube up to the hilt, so 
that the ends of the two leads almost meet in the center of the tube. 
The carbon composition is then coated onto the outside of the tube, the 
coating covering the two hilts which come up against the tube ends. 
Finally the unit is molded into a piece of phenolic plastic. The con
struction helps the heat generated in the resistor to be efficiently removed 
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by means of the leads, but since the ends of the two leads are fairly close 
together these resistors may not stand excessive voltages as well as some of 
the others. The high-frequency performance of this type of resistor is 
somewhat different from that of the pellet types. 

Some of the constructional differences between the various types of 
insulated resistors can be seen in Fig. 2-6, which shows cross sections 
and unassembled portions of various resistors. 

FIG. 2-6.—Internal construction of typical insulated resistors, (a) Allen-Bradley 
(longitudinal section); (b) Continental C-l (longitudinal section); (c) Continental C-l 
(inside parts): (d) Erie 518B (longitudinal section): (e) Erie 526 (longitudinal section): (/) 
IRC BT-2 (longitudinal section); (g) IRC BT (interior without carbon coating); (h) Ohio 
P (broken open); (i) Ohio PB (interior); (j) Speer SI-1 (longitudinal section): (fc) Stackpole 
CM-1 (longitudinal section). 

Body Color.—According to JAN-R-11 the color of an insulated 
composition resistor can be anything but black, with tan preferred. 
Uninsulated coaxial-lead resistors are black, the natural color of the 
carbon resistance unit. Uninsulated radial-lead resistors can be any of 
many colors, depending on the color-coding system used. The tan color 
of bakelite-molded insulated resistors is the natural color of the plastic 
case. Ceramic-insulated resistors are colored tan artifically. Speer 
resistors differ from most insulated types in being dark brown in color. 
IRC uses color to distinguish their composition resistors from wire-wound 
bakelite-molded resistors. The composition resistors (BT) are light-tan 
in color, and the wire-wound resistors (BW) are dark chocolate brown in 
color. 

^•5. Ratings. Power Rating.—The power rating of a resistor is the 
amount of power it can dissipate for long periods of time without changing 
seriously in resistance value. Since most composition resistors contain 
organic binder materials that are unstable when very hot, resistor life 
depends on temperature of operation. Since temperature of operation 
depends on the ambient temperature and on the operating temperature 
rise in the resistor itself, a resistor used in a hot chassis or in a hot climate 
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must be run at much less than its full rated wattage. Figure 2-7 is a 
chart from specification JAN-R-11 with Proposed Amendment 1, showing 

the derating curves of composition 
resistors. These curves show what 
per cent of rated wattage can be 
dissipated in a resistor in open air at 
any given temperature without 
serious decrease of resistor life. 
For instance, if it is expected that 
the inside of a certain chassis may 
sometimes reach a temperature of 
70°C, a resistor of characteristic BF 
should be derated to 50 per cent of 
full power. Thus for an applica
tion in which the product of cur
rent and voltage is 1.0 watt, a 2-
watt resistor would be required. 

According to JAN-R-11 with Proposed Amendment 1, the method of 
finding whether a resistor meets the wattage rating given by its manu
facturer consists of two tests, approximately as follows; 

1. Load-life. A group of similar resistors is used for the test. They 
are connected to terminals and kept in an air chamber at 40°C 
throughout the test. First the resistance values are measured. 
Then the direct voltage that should result in dissipation of the 
rated wattage is applied intermittently, 1 | hr on and | hr off, for 
500 hr. Four times (at the end of certain off-periods) the resist
ance values are again measured. The samples are considered to 
have passed this test if none of the resistors show a change in read
ing at any time of more than 10 per cent of the initial reading, and if 
the average maximum change shown by the resistors is not over 6 
per cent. 

2. High-temperature load-life. The above test is repeated on a fresh 
group of resistors at an air temperature of 85°C, with '^wer voltage 
applied, so that the wattage is derated according to the left-hand 
derating curve of Fig. 2-7, which is 25 per cent of full wattage at 
this temperature. The passing requirements are the same as in 
the load-life test. 

In the proposed amendment to JAN-R-11 a new characteristic, " G , " 
was added to the "A, B, C, D " list. A characteristic-G resistor is like a 
B resistor except that it can be operated at higher temperatures without 
decrease in life. As shown in Fig. 2-7 a G resistor can dissipate full 
rated power up to 70°C, at which temperature the others are down to 
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50 per cent of full rating. This type is useful in equipment that operates 
in compact hot chassis, especially in the tropics. The tests to see whether 
a resistor falls in this category are as follows: Load-life under full load at 
70°C and high-temperature load-life at 50 per cent of rated wattage at 
100°C. So far as is known, Allen-Bradley is the only manufacturer which 
states that its resistors will fall in this category. 

Voltage Rating.—The rated continuous working voltage of a resistor of 
low or medium resistance is the voltage which makes it dissipate the 
rated power. I t is determined by the formula 

E = \/PR, 

where P is the power rating in watts, after correction for any derating 
that may be necessary; R is the resistance value in ohms; E is the maxi
mum continuous voltage in volts. If sine-wave alternating current is 
being applied, E is the rms value. 
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FIG. 2-8.—Rated continuous working-voltage limits of various types of resistors. 

In resistors of high resistance little power is dissipated, even with high 
voltages across the resistor. The upper limit of voltage is set not by 
the power rating, but by the voltage gradient and the dielectric strength 
of the materials in the resistor. Figure 2-8 shows the maximum con
tinuous working-voltage ratings of the various types of resistors. The 
most important maximum ratings are 350 volts for ^-watt resistors and 
500 volts for 1- and 2-watt resistors. 

When resistors are used under low-duty-cycle pulse conditions, the 
maximum permissible operating voltage is limited by breakdown rather 
than by heating. In such applications the peak value of the pulse should 
not ordinarily exceed 1.4 times the maximum continuous working-voltage 



46 FIXED COMPOSITION RESISTORS [SEC. 2-6 

rating for the type used, e.g., 500 volts for an RC-30. Some manufac
turers give peak voltage ratings higher than this rule allows, and there are 
limits as to how far it can be applied. If the pulses are of sufficient dura
tion to raise the resistor temperature excessively, for example, the resistor 
must be derated even though the interval between pulses may be long 
enough to make the average heating small. In general the rule must be 
used with caution if it permits the peak power to be more than about 
thirty to forty times the normal power rating. 

The insulation of an insulated composition resistor is supposed to be 
good for twice the maximum continuous working-voltage rating for that 
type of resistor. A resistor is tested by connecting the leads together, 
laying the unit in a metal V-block about -^ in. shorter than the resistor 
body, and applying alternating voltage of the appropriate rms value 
from the leads to the V-block. Certain makes of bakelite-molded 
resistors, because of thin smears of conducting material on their ends, 
would sometimes fail in this test if the V-block were longer than the 
resistor unit. This fact emphasizes the need for the precaution that 
resistors operating at potentials different from ground should be mounted 
so that their bodies do not touch grounded metal parts, even though the 
resistors are called insulated. Sparking around the end of a 1-watt 
resistor may occur at less than 300 volts if it is mounted in contact with 
a chassis or bracket. 

2-6. Resistance-temperature Characteristics.—The temperature co
efficient of resistivity of pure carbon is about —0.04 per cent/°C, and is 
fairly constant from room temperature to above 100°C. A few types of 
special-purpose resistors are made of nearly pure carbon and behave 
about in this way. For general-purpose resistors, however, the words 
"temperature coefficient" have little useful meaning since plots of 
resistance against temperature are usually strongly curved. Below room 
temperature nearly all resistors rise in resistance as temperature is 
decreased, but above room temperature the resistance may change in 
either direction, depending on the type and value of the unit. If resist
ance is plotted against temperature, the curve usually looks like a 
parabola with its vertex down. The minimum may be anywhere above 
15°C and may be at such a high temperature that it does not show at 
all on a plot covering the resistor's working-temperature range. 

The AWS and JAN specifications set limits on the temperature 
characteristics of resistors in this way: 25°C is considered the reference 
temperature, and all changes in resistance are computed relative to the 
value at this temperature. A value for the maximum change in resist
ance at — 55°C is specified, and at intermediate temperatures proportional 
changes are permitted. The limit is specified in the direction of increased 
resistance only, because no ordinary composition resistors decrease by 
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more than a few tenths of a per cent below room temperature. A value 
for the maximum change at + 105CC is specified, with the same propor
tionality provision, but this time it limits both the increase and decrease 
of resistance. The limits specified vary with the resistance of the unit, 
and these limits are given in Fig. 2-9 for both the E-characteristic which 
has wide limits on temperature changes, and the F-characteristic which 
permits only half as much change. Figure 2-9 shows the limit lines on 
a plot of resistance vs. temperature. 
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When the effects of temperature on resistance are measured, serious 
errors can be introduced by humidity variations. In this connection 
attention should be called to paragraph F-3c in the American War 
Standard, which says that before this test (and also several others) are 
carried out, resistors should be "conditioned" by heating at 50°C for 
96 hr in a dry oven. Without 
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this conditioning procedure the 
room-temperature resistance value 
is so different after the test that 
the temperature curves are usually 
distorted and unreliable. Figure 
2-10 shows what happened in one 
such test on a 51,000-ohm resistor. 
The best conditioning procedure 
for most accurate testing varies 
with the make of resistor, and the 
procedure given in the standard is a compromise. 

Figure 211 , parts a, b, c, and d, shows temperature curves made in 
the Radiation Laboratory on resistors of several makes. These curves 
are not reliable data by which to judge the relative quality of different 
makes of resistors since each curve is based on only five resistors, and it 
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2-10.—Changes of an unconditioned 
resistor with temperature. 
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was found that differences between individual resistors of the same make 
were often as great as those between the different makes. What the 
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F I G . 2-11.—Resistance-temperature characteristics (1). 

curves do show is that great differences are found between different 
values of the same type and between different wattage types of the same 
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value. Figure 2-12 shows similar information on more values, based on 
manufacturers' tests for two types of half-watt resistors. This figure 
shows that it is extremely unlikely that any single curve can express 
even roughly the temperature characteristics of a whole line of resistors 
of the same type. 

- 60 -40 -20 0 20 40 60 80 100 -60-40-20 0 20 40 60 80 100 
Degrees centigrade Degrees centigrade 

(o) Allen-Bradley, EB (6) IRC, BTS 
F I G . 2-12.—Resistance-temperature characteristics (2). 

Certain materials have very high thermal coefficients of resistance and 
are useful for various special applications. They are briefly discussed in 
Sec. 3T2 of the next chapter. 

2-7. Noise.—Composition resistors generate noise of two types. The 
first is the thermal-agitation noise which all resistive impedances generate, 
ordinarily called "Johnson noise." The voltage generated by a resistor 
into an open circuit is given by 

E2 = 5.50 X 1Q-™TR A/. 

E = rms noise voltage. 
T = temperature of resistor in degrees absolute. 
R = resistance in ohms. 

A/ = bandwidth of noise-measuring instrument in cycles per second. 
For instance, a 100,000-ohm resistor at 25°C, (298°K) generates 

2.68 nv of noise over a bandwidth of 5 kc/sec. This type of noise is of 
great interest in connection with radar-receiver design, and is covered in 
detail in Vol. 18 of the Radiation Laboratory Series. 

The second type of noise is peculiar to composition resistors and 
appears when direct current flows through them. The noise voltage is a 
result of random changes in 77S-drop caused by random changes in the 
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resistance of the unit. The noisiness of a resistor can be expressed in 
two ways: rms microvolts per volt across the resistor, and relative 
resistance change in rms parts per million. These two expressions mean 
the same thing. The noisiness depends, like Johnson noise, on the width 
of the frequency band passed by the measuring instrument, but in a 
different manner. 

E2 is proportional to log ~ 
h 

E = rms noise voltage. 
ft and / i are upper and lower frequency limits of the noise-measuring 

instrument. 
This is the same as saying that for a constant bandwidth—for example, 

1 cps—the square of the noise voltage is inversely proportional to the 
frequency. The original workers in this field1 determined this law to be 
true up to 10 kc/sec and work done in the Radiation Laboratory has 
indicated that it is probably still roughly true in the megacycle region. 
The noise voltage is nearly, but not exactly, proportional to the direct 
voltage across the resistor, and for resistors of the same inherent noisiness 
it is independent of the resistance value. The longer a resistor is, the 
less noisy it is, if all other factors are equal. 

The composition-resistor specifications give as the upper limit of 
permissible resistor noisiness 3 yrv per volt for resistors of ^ watt or less, 
and 1.2 y.w per volt for resistors of more than ^-watt rating. The condi
tions under which the measurement is to be made are described in Ameri
can War Standard C75.17-1944 entitled "Method of Noise-Testing Fixed 
Composition Resistors." These conditions are summarized as follows: 
The direct voltage applied is the rated continuous-working voltage of the 
resistor, but never more than 300 volts. The noise-measuring instrument 
gives maximum response from 400 to 1000 cps, and is 3 db down at about 
70 and 5000 cps. The measurement is made by a substitution procedure, 
by seeing how much 1000-cps signal from a standard signal generator is 
required to make the noise meter read the same as it did with the resistor 
connected. Noise measurements are not required on resistors below 
1000 ohms. 

I t is of interest to compare the amounts of the two kinds of noise 
generated by a resistor under various conditions. Figure 2-13 shows 
noise, in rms microvolts per kilocycle per second, as a function of fre
quency, for two values of resistance, without and with direct voltage 
applied. The horizontal lines show that Johnson noise is independent of 
frequency. The sloping lines are noise-voltage estimates for resistors 

1 C. J. Christensen and G. L. Pearson, "Spontaneous Fluctuations in Carbon 
Microphones and Other Granular Resistances," Bell Sys. Tech. J., 16, 197, (April 
1936). 
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that just meet the ^-watt specification (3 ixv per volt) when measured 
with a noise meter of frequency limits from 70 to 5000 cps. It will be 
seen that at 1000 cps the carbon-noise voltage of a 100,000-ohm resistor 
with 100 volts across it is about 100 times as great as the Johnson-noise 
voltage and completely covers it. At frequencies higher than about 10 
Mc/sec, however, the Johnson noise becomes the more important of the 
two. The same situation exists in a 1000-ohm resistor with 10 volts 
across it. For this and other reasons carbon noise is of little interest in 

103 10" 105 io6 107 10s 

Frequency, cps 
F I G . 2-13.—Resistor noise. 

radar equipment where high-gain amplifiers generally work well above 
10 Mc/sec. 

2-8. High-frequency Properties. Theory.—In order to use composi
tion resistors properly at high frequencies it is necessary to know how 
their properties differ in this region from their direct-current properties. 
The frequency range of chief interest here is from 1 to approximately 100 
Mc/sec, where radar intermediate-frequency amplifiers operate. The 
characteristics which must be considered are: 

1. Direct end-to-end capacitance. 
2. Total capacitance. 
3. Change in resistance with frequency. 
4. Inductance. 

Direct end-to-end capacitance is of interest where a high-frequency 
signal is being fed through a resistor to a point not grounded for signal 
frequency, as in an attenuator or a feedback amplifier. Total capacitance 
is of interest where one end is grounded for signal frequency, and current 
through the resistor causes a signal voltage to appear at the other end, 
as in the plate-load resistor of an amplifier. Change of resistance with 
frequency is of interest in some amplifiers and in certain measuring A 
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methods. The inductance of composition resistors does not often cause 
trouble below 100 Mc/sec except where very low values of resistance are 
used, as in the shunt resistors of attenuators. 

There is no simple equivalent circuit with constant lumped param
eters that will duplicate the changes of impedance with frequency of a 
composition resistor. For many purposes the circuit of Fig. 2-14 is 
sufficient, where Rp (the "parallel resistance") is the reciprocal of the 
conductance, and Ct is the total capacitance. In radar-receiver design 
work this circuit is generally used and it is assumed that Rp is equal to 
the d-c resistance. At higher resistances and higher frequencies the 
values of Rp and Ct both decrease markedly as compared with their low-
frequency values. I t has been thought that this effect is caused by the 
granularity of the material used in the carbon-pellet-type resistors—that 
the individual conducting grains have capacitance to each other which at 
high frequencies shunts out some of the resistance, as shown in Fig. 2-15. 

Hr-
F I G . 2 1 4 . - -Simple equivalent circuit 

of a resistor. 
Fio. 2-15.- -Equivalent circuit of a granular 

resistor. 

G. W. O. Howe1 has shown, however, that it is unnecessary to assume 
granularity to account for this effect; that because of its distributed 
capacitance, even a completely homogeneous resistor should decrease in 
parallel resistance and in capacitance as the frequency increases. He 
defines distributed capacitance as the effective capacitance (that is, the 
charge divided by the potential difference) of a given small part of the 
length of a resistor to the corresponding part in the other half of the resis
tor. He then shows that without serious error the distributed capac
itance can be assumed equal along the length of the resistor, and 
calculates its value per centimeter for several ratios of length to diameter 
of a simple unenclosed resistance pellet. This can be considered to be a 
short-circuited transmission line half as long as the resistor, (see Fig. 
216fr) and its sending-end impedance may be calculated as a function of 
its length, I (cm); its distributed capacitance, C (wi per cm); the total 
d-c resistance R of the resistor; and the frequency/ (cps). The result is 
a pair of curves (Fig. 217) showing how the resistance and capacitance 
decrease as the product flCR increases. The fact that the d-c resistance 
and the frequency appear in the horizontal coordinate of this curve 
suggests that the product of these two quantities may be a good horizontal 

1 G. W. O. Howe, Wireless Engineer, 12, 201 (1935); 12, 413 (1935); 17, 471 (1940). 
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scale to use when plotting measured values of high-frequency resistance 
or capacitance of a resistor. It has been found that with carbon-pellet 
resistors this works so well that a single curve shows the ratio of r-f to d-c 
resistance for most values of resistance and frequency being considered, 
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F I G . 2-16.—Equivalent circuit assumed by G. W. O. Howe. 
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F I G . 2-17.—G. W. O. Howe's theoretical resistance and capacitance curve. 

and this curve looks a good deal like Howe's curve. For compactness 
we shall call this condition the "resistance-frequency product" law. 

For filament-type resistors such as the IRC BT styles, this theory 
does not tell the whole story. In these resistors the leads project inside 
the tube on which the composition is coated, and their ends are fairly 
close together. This has two effects: it increases somewhat the capac-

file:///capacitance
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itance between the leads, and it gives considerable capacitance between 
a lead and the portion of the resistor which is separated from it by only a 
thin layer of glass. This has the effect that at low frequencies the total 
capacitance of the unit is increased, and at high frequencies all except 
the central part of the resistor is partly short-circuited by its capacitance 
to the leads. The ratio of length to diameter of these resistors is greater 
than that of the carbon-pellet types, a property which, according to 
Howe's theory, is supposed to move the relative-resistance curve to 
higher frequency values. In these resistors, therefore, most of the resist
ance change with frequency is caused by the lead arrangement. This 
is confirmed by the fact that IRC Type-F and Type-MPM resistors 
(which are much like the BT styles in construction of the resistance unit 
but which do not have leads projecting into their interior) show much 
smaller resistance changes at high frequencies than the BT styles. In 
these types, in fact, there is evidence to indicate that as frequency 
increases, resistance increases a few per cent above the d-c value at first, 
then falls below the d-c value, and finally rises above it once more. 

Methods of Measurement.—Four general types of methods have been 
used for measuring high-frequency properties of resistors. In the low-
resistance ranges, below 1000 ohms, methods that give the resistance and 
reactance in terms* of an equivalent series circuit are generally used. 
Above 1000 ohms or so, parallel methods are more satisfactory. In any 
case, it is usual to express the impedance in parallel-circuit form except 
for resistors below about 50 ohms, where inductance begins to become 
appreciable. 

The first method is the use of a radio-frequency bridge. The General 
Radio 821-A Twin-T Impedance-measuring Circuit is suitable in the fre
quency range from 1 to 30 Mc/sec for resistors over 1000 ohms. I t reads 
directly in conductance and parallel capacitance. The second method is 
the use of a Q-meter or similar circuit, with either a series connection for 
low resistances or a parallel connection for high resistances. In the par
allel connection, the capacitance can be read directly and the resistance 
is calculated by a formula given in the meter instruction book. Resist
ance readings are not precise because small differences between large 
meter readings are often involved, but capacitance readings are satis
factory. The third method is the use of a voltage-divider circuit similar 
to that of Fig. 2-18. In this method the resonant circuit is tuned so 
that output is minimum, the unknown resistor is attached, the resonant 
circuit is retuned, and the output is read again. Direct end-to-end 
capacitance is given by the change in the condenser setting. Resistance 
is calculated from the measured input and output voltages with and 
without the resistor, and the known resistance in the lower half of the 
divider. This resistor is chosen low enough to permit the assumption 
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that its r-f resistance is equal to its d-c value. This method has been 
successfully used at 60 Mc/sec. 

The fourth method uses what might be called a " multiplied-sub-
stitution" principle. A circuit is 
set up containing a meter, and 
having at least two places where 
resistors can be inserted, such 
that a known low resistor in one 
position loads the circuit and 
decreases the meter reading just 
as much as a resistor that is 
higher by a known factor in the other position 
that of Boella,1 shown in Fig. 2-19. 

In the circuit of Fig. 2-19 if 

Unknown 
Known 

FIG. 2-18.—Voltage-divider circuit. 

One such circuit is 

then 

*t=R>(i+$y 
The variable capacitor is tuned for a maximum reading for each adjust
ment of the switches. Another such arrangement, used by Miller and 
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F I G . 2-19.—Boella's capacitance-divider circuit. 

Salzberg, uses a transmission line that is much shorter than a quarter 
wavelength, short-circuited at one end and tuned with a variable capaci
tor at the other end.2 The method makes use of the fact that the voltage 
varies nearly linearly along the line so that a low resistor across the line 
near the short-circuited end will load the line as much as a higher resistor 
farther from the short-circuited end. This method was used up to 
250 Mc/sec. 

When capacitance measurements are made, the method of mounting 
the resistor on the measuring instrument has such a great effect on the 
result that reported values of capacitance are almost meaningless unless 
the method of mounting is described. A resistor under test can be con-

1 M. Boella, Alia Frequenza, 3, No. 2 (April 1934). 
(). S. Puckle, WE, 12, 303 (1935). 

! J. H. Miller and B. Salzberg, RCA Review, 3, 486 (Reissued as RCA PvbUraHnn 
-SU53). 
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sidered a network of capacitances, where d is the direct end-to-end 
capacitance and Ca and C& are the capacitances to ground of the two leads. 
The total capacitance is Ca + Cd, for when this value is measured one end 

is grounded. The value of C<j is 
affected mainly by the nearness of the 
resistor to the chassis since grounded 
conductors near the side of the resistor 
will distort its field. The distance 
from resistor to chassis should be at 
least as great as the minimum dis
tance between the leads or end caps 
of the resistor unit. Total capaci
tance is greatly affected by lead length 
on the ungrounded side of the resis-

Fio. 2-20.-Eqmvalent circuit including t o r whenever total capacitance is 
ground capacitances. , ^ 

being measured for a given circuit 
application, the resistor must be mounted as nearly as possible as it is to 
be mounted in use. If total capacitance is being measured for research 
or comparison, the leads should preferably be straight and the exposed 
lead lengths should be stated. It is possible to mount some resistors 
in such a way that C practically disappears and the total capacitance 
becomes about the same as the end-to-end capacitance Ca. 

High-frequency Properties of Certain Resistors.—The results of some 
measurements of the high-frequency properties of resistors are given here 
in tables and curves. This information is incomplete since much of the 
original work was done before some of the present types of resistors 
appeared on the market, and often measurements were made only on 
types that happened to be easy to obtain. For uniformity the results 
are given as the ratio of r-f parallel resistance to d-c resistance plotted 
against the resistance-frequency product, even though the product law is 
not followed in all cases. 

Figure 2-21 shows some curves received from a source outside the 
Radiation Laboratory. Measurements were made mainly by the bridge 
method below 30 Mc/sec. The number of samples tested and the scatter 
of the measured points are not known. Figure 2-22 from data by Drake1 

shows the resistance-frequency characteristics of two 1-watt resistor 
types. Each curve is based on 14 samples, three to five twin-T bridge 
measurements being made on each, in the range from 1 to 30 Mc/sec. 
The resistance values are from 4000 ohms to 5 megohms. The rms 
deviations of the points from the curves are 3.5 per cent of the d-c 
resistance for the International Resistance Company curve, and 2.5 per 

1 D. T. Drake, "High-frequency Characteristics of Resistors," RL Report No. 
520, March 1944. 
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cent for the Allen-Bradley curve. The original data showed the curves 
of the individual resistors following closely the form of the average curve, 
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indicating that the product law was valid for these resistors and fre
quencies. Figure 2-23 shows curves of 50,000-ohm resistors of several 
types and wattages, based on bridge measurements made in the Radiation 
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Laboratory at 3, 10, and 30 Mc/sec. 
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F I Q . 2-23.—Resistance-frequency characteria-
istics (3). 

used for each resistance value. The 
1 J. H. Miller and B. Salzberg, ibid. 

Three samples were measured to 
obtain each point. 

Table 2-3, from measurements 
by H. Beveridge at the Naval Re
search Laboratory, shows the di
rect end-to-end capacitance, the 
total capacitance, and the decrease 
in resistance from d-c to r-f for 
18 composition-resistor t y p e s . 
All measurements were made at 
60 Mc/sec on resistors of 2000-
ohm and 10,000-ohm resistance. 
Each figure given is based on three 
samples. Measurements of end-
to-end capacitance and of parallel 
resistance were made by the volt
age-divider method. The instru
ments were calibrated by assum
ing that the IRC Type-MPM 
resistors had the same resistance 
at 60 Mc/sec as at d-c. There 
is some evidence that the 10,000-
ohm MPM units may be a few per 
cent higher at this frequency than 
at d-c. This would affect the 
resistance-decrease figures given 
for the other resistors of this value. 
D u r i n g the total-capacitance 
measurements the units were 
parallel to ground and \ in. to \ 
in. above it, depending on size. 
The exposed lead length, on the 
ungrounded end, was in each case 
about half the length of the resis
tor body. 

Figure 2-24 shows some results 
of measurements by Miller and 
Salzberg on IRC Type-F 1-watt 
resistors.1 As the figure shows, 
these units do not follow the pro
duct law, so a separate curve is 
measurements were made at fre-

file:///Ohio
file:///Ohio
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F I G . 2-24.—Resistance-frequency characteristics (4). 
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TABLE 2-3.—RESISTOR CHARACTERISTICS 

Maker 

IRC 
Globar 
IRC 
IRC 
Erie 
Allen-Bradley 
Stackpole 
Speer 
Stackpole 
Erie 
Erie 
Allen-Bradley 
IRC 
Speer 
Stackpole 
IRC 
Erie 
IRC 

Type 

MPM 
997-A 
BTR 
BTS 
524 
EB 
CM-i 
SI-1 
CM-1 
504B 
525 
GB 
BT-i 
SCI-i 
CM-1 
BTA 
518B 
BT-1 

Watts 
2000 ohms 

A* 

5.3 
3.1 
2.5 
0.33 
4.7 
0.30 
4.8 
0.85 
6.2 

8.1 
3.5 
2.7 
0.90 
7.4 
4.2 

19.8 

B\ 

0.01 
0.25 
0.28 
0.24 
0.11 
0.30 
0.16 
0.25 
0.12 
0.40 

0.38 
0.23 
0.21 
0.10 
0.42 
0.34 
0.7 + 

AT 60 

c\ 
0.25 
0.37 
0.42 
0.40 
0.35 
0.50 
0.35 
0.45 
0.45 
0.75 

0.75 
0.55 
0.58 
0.55 
0.85 
0.90 
1.40 

MC/SEC 

10,000 ohms 

A* 

27.0 
18.8 
18.5 
12.4 
27.0 
9.6 

29.3 
9.3 

25.2 
22.4 
33.4 
17.3 
10.8 
8.8 

27.0 
16.4 
58.3 

B\ 

0.02 
0.27 
0.20 
0.20 
0.14 
0.26 
0.14 
0.29 
0.09 
0.23 
0.33 
0.34 
0.19 
0.10 
0.08 
0.26 
0.21 
0.46 

cx 
0.25 
0.38 
0.40 
0.35 
0.30 
0.45 
0.30 
0.45 
0.30 
0.60 
0.65 
0.73 
0.50 
0.50 
0.52 
0.68 
0.90 
1.10 

* A Percentage decrease in resistance at 60 Mc/sec. 
t B End-to-end capacitance in micromicrofarads. 
% C Total capacitance in micromicrofarads. 
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quencies from 30 to 250 Mc/sec by the transmission-line method pre
viously mentioned. Some Q-meter measurements, done mostly at IRC, 
and a few at Radiation Laboratory, indicate that IRC Types-F and 
-MPM resistors apparently have higher resistance in the neighborhood 
of 10 Mc/scc than at d-c.1 The increase found was about 5 to 10 per 
cent. The lower resistance values measured (around 10,000 ohms) stayed 
above their d-c resistance up to 30 Mc/sec or higher, depending on watt
age and type. 

Figure 2-24 also shows the results of measurements made with a high-
frequency Q-meter on resistors of 100,000 to 300,000 ohms at frequencies 
from 30 to 120 Mc/sec. In this frequency range the resistance-frequency 
product law begins to fail, and the failure is relatively worse for resistors 
whose values are fairly close to their d-c values (i.e., those with curves in 
the upper part of the figure). The curves of this figure should therefore 
be considered as very rough, and the information should not be used at 
other frequencies. 

Figure 2-25 shows Drake's total-capacitance measurements for the 
resistors of Fig. 2-22. Points are given instead of smoothed curves in 
order to show the great variability of capacitance between resistors. The 
decrease in capacitance with increasing frequency can be accounted for by 
Howe's theory. 

In certain high-frequency circuits the use of coils wound on resistors 
and connected across them is common practice. If such a coil must 
have a uniform or high inductance value or a high Q, a resistor with metal 
end caps should not be used. Since large currents are induced in the 
end caps, they decrease the inductance of the coil and increase its losses. 

2-9. Stability.—In some measuring applications where great accuracy 
is not needed, composition resistors are used as parts of high-resistance 
voltage dividers, etc. For such applications it is of interest to know 
what changes in value may take place in a resistor that is kept indoors 
and used only occasionally, and then at only a small fraction of its rated 
wattage in a cool instrument. 

Little investigation has been carried out on this subject. Available 
data indicate that what changes take place are mainly caused by humidity 
variations. Moisture can diffuse in and out of even the most completely 
protected general-purpose resistors, but it may take weeks for it to do so. 
In general, a resistor in equilibrium with a moderately humid atmosphere 
is likely to have a higher resistance value than the same unit in equi
librium with a dry atmosphere. The amount of change varies with the 
make and value of the unit, but its maximum change for the makes on 
which information is available is in the neighborhood of 3 per cent for 
conditions ordinarily found in laboratories in the northern United States. 

1 E. E. Johnson, "F-Type Resistors," IRC Report 237, July 1945. 
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A resistor that is used under load or in a hot chassis generally dries 
out fairly soon, and if it is used very often stays fairly dry. In such 
cases changes in resistance are caused by high temperature rather than 
by humidity. 

The humidity test given in the AWS and JAN specifications is 250 hr 
at 95 per cent relative humidity at a temperature of 40°C. Before this 
test is run, resistors should have been conditioned as for a temperature 
test. The permissible resistance change is 10 per cent. The change that 
takes place in this test is generally an increase in resistance. As was 
mentioned before, resistors in molded-bakelite cases ordinarily endure 
humidity tests better than those with ceramic cases. 

The changes that take place when a resistor is operated for a long time 
at or near rated load can often be attributed to the decomposition, under 
the influence of high temperatures, of the organic binder mixed with the 
carbon. Since this results in the formation of carbon, a decrease in 
resistance would be expected. In the carbon-pellet resistor types 
decreases in resistance value are usually found, but in the filament types 
the change is more likely to be an increase. 

The standard load-life tests have already been described in Sec. 2 5 . 
The fact that these tests cover a fairly short time, (three weeks according 
to JAN-R-11 with proposed amendment 1, and six weeks according to 
AWS C75.7-1943) and the fact that the permissible changes are fairly 
large show that this test is not particularly severe. The wattage ratings 
determined by these tests are not conservative and consequently tempera
ture deratings should be carefully observed wherever long-period reli
ability is important. 

The standard overload test is the application of 2^ times the rated 
continuous-working voltage for a period of 5 sec up to certain limits. To 
pass this test, resistors must remain within 5 per cent of their orginal 
values. 

Most composition resistors change somewhat in value when they are 
soldered to connecting terminals. Joint Army-Navy Specification R- l l 
specifies that this change must be less than 3 per cent under a certain 
soldering test. 

The mechanical strength of a composition resistor is adequate for 
nearly all applications. A 5-hr vibration test is specified, which resistors 
must withstand without showing mechanical damage or changing in 
value more than 1 per cent. For all types except the small uninsulated 
RC-15 the leads must be able to withstand a pull of 5 lb and a twisting 
test. 

Two types of cyclic temperature tests are specified. The first involves 
five cycles in air, starting at room temperature and alternating between 
— 55° and -}-850C. This cyclic treatment shall not cause a resistance 
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change of more than 5 per cent for any one resistor, and 90 per cent of a 
sample group shall have changed less than 2 per cent. 

The second cyclic test is the salt-water immersion test, which deter
mines the first of the two "characteristic" letters in a resistor's code 
designation. Each cycle lasts 3 hr: 1 hr in saturated salt water at 100°C, 
1 hr in salt water at 0°C, and 1 hr of operation at maximum rated voltage 
in air at 40°C. After nine such cycles, a resistor must have changed not 
more than 10 per cent to qualify for Characteristic B or D. This is a 
very severe test, and for most purposes resistors that will not pass it 
(Characteristics A or C) are perfectly satisfactory. Most bakelite-
insulated resistors will pass the test; most ceramic-cased resistors will not 
pass; and very few uninsulated resistors of any type will pass. 
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CHAPTER 3 

FIXED WIRE-WOUND AND MISCELLANEOUS RESISTORS 

B Y M. D. FAGEN AND G. EHRENFRIED 

This chapter consists of three main divisions, the first being devoted 
to standard wire-wound resistors capable of dissipating appreciable 
amounts of power, the second to low-power wire-wound resistors of 
relatively high accuracy and stability, and the third to a number of 
miscellaneous types of resistors that are of interest for various special 
applications. 

POWER-TYPE WIRE-WOUND RESISTORS 

3-1. Standard Types.—The units to be discussed in Sees. 3-1 through 
3-5 are those covered by the joint Army-Navy specifications JAN-R-26, 
"Resistors, Fixed Wire-wound, Power Type" and JAN-R-184, "Resis
tors, Fixed, Wire-wound (Low Power)." The latter are similar to the 
molded axial-lead insulated composition resistors previously discussed. 
They are made in ^-, 1-, and 2-watt ratings, in both 5 and 10 per cent 
tolerances. Their dimensions and resistance ranges are given in Table 
3-1 and Fig. 3 1 . 

(-^H 
U-l 

F I G . 3-1.—Low-power wire-wound resistor dimensions. 

T A B L E 3 - 1 . — L O W - P O W E R F I X E D W I R E - W O U N D R E S I S T O R S * 

Type 

RU-3 
RU-4 
RU-6 

Wat t s 

i 
2 
1 
2 

Dimensions 

A, max. , 
in. 

21 
32 

1 32 
1 ^i 1 32 

B, max., 
in. 

15 
61 
9 

11 
32 

C, min., in. 

0 .032 (No. 20 A.W.G.) 
0.036 (No. 19 A.W.G.) 
0.036 (No. 19 A.W.G.) 

Resistance, ohms 

min . 

0 .24 
0 .51 
1.0 

max. 

470 
2200 
3300 

* These resistors are specified by JAN-R-184. They are identical in appearance with insulated 
composition resistors except that the first band of the color code is twice normal width to identify the 
units as wire-wound. 

65 
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The JAN-standard power-type resistors are made in 35 styles, and 
may be classified into six groups: ferrule-, stack-mounting-, tab-, screw-, 
axial-tab-, and axial-wire-lead-terminal resistors. Their dimensions and 
resistance ranges are given in Table 3-2 and Fig. 3-2. Figure 3-3 shows 
a group of typical power-type resistors. 

0.015" min thickness; 
4 ] ro.085' diam min 

0.025'thickness t0.005'Hr 

FIG. 3-2.—Power-type resistor dimensions. 

The type designations used for power-type resistors are similar to 
those for composition resistors, consisting of three letters and five num
bers as follows: 

RW 10 F 100 

Component Style Characteristic Resistance 

Component: RW identifies the unit as a power-type wire-wound 
resistor. 

Style: The first two figures identify the size and shape of the unit as 
explained in Table 3-2. 

Characteristic: The third letter identifies the class and grade pf the 
unit according to Table 3-3. 

Resistance: The next two numbers give the first two significant 
figures, and the last number gives the number of zero following these 
figures, the combination expressing the resistance in ohms. For 
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TABLE 3-2.—POWER-TYPE FIXED WIRE-WOUND RESISTORS 

Ferrule ter-
m i n a 1 s 
Fig. 3-2a 

Stack-
mounting 
terminals 
Fig. 3-2b 

Tab termi
nals Fig. 
32c 

Screw termi
nals Fig. 
3-2d 

A x i a l - t a b 
terminals 
Fig. 3-2e 

Axial wire 
leads Fig. 
3-2/ 

JAN 
type 

RW-10 
RW-11 
RW-12 
RW-13 
RW-14 
RW-15 
RW-16 

RW-20 
RW-21 
RW-22 
RW-23 
RW-24 

RW-30 
RW-31 
RW-32 
RW-33 
RW-34 
RW-35 
RW-36 
RW-37 
RW-38 
RW-39 

RW-40 
RW-41 
RW-42 
RW-43 
RW-44 
RW-45 

RW-50 
RW-51 
RW-52 
RW-53 
RW-54 

RW-55 
RW-56 

Dissipation rating, 
watts 

Class 
I 

140 
120 
90 
50 
40 
20 
15 

22 
31 
48 
60 
70 

7 
8 

16 
24 
30 
38 
60 
78 

100 
155 

30 
38 
60 
78 

100 
155 

5 
10 
25 
50 

120 

5 
10 

Class 
III 

80 
67 
50 
27 
22 
11 
8 

13 
17 
29 
34 
35 

3 
4 
8 

12 
15 
20 
33 
45 
57 
86 

15 
20 
33 
45 
57 
86 

5 
9 

19 
25 
60 

5 
9 

Class 
II 

40 
37 
25 
15 
12 
6 
4 

6 
8 

14 
17 
19 

2 
3 
5 
8 
9 

12 
18 
22 
30 
43 

9 
12 
18 
22 
30 
43 

2 
4 
9 

18 
42 

2 
4 

Maxi
mum* 
resist
ance 

dlohms 

63 
63 
50 
25 
16 
6.3 
4 

2 
5 

10 
16 
20 

1 
2 
4 

16 
16 
20 
40 
50 
80 

100 

16 
16 
25 
50 
80 

100 

4 
6.3 

10 
25 
50 

4 
6.3 

Dimensions, in. 

A 

10A 
81 
6A 
41 
3A 
l t t 
11 

2 
2i 
41 
51 
61 

1 
11 
2 
3 
3 
4 
4 
6 
8 

12 

3 
4 
4 
6 
8 

12 

A 
A 
t 1 
8 5 
8 

11 
2 

B 

l t o i A 
1 t o l A 
l t o l A 

H t o i A 
tttolA 
A to I 
A to } 

21 
31 
41 
6 
71 

1 
1 
i 
i 
a H 

1A 
1A 
1A 
1A 

tt 
a 1A 

1A 
1A 
1A 

H 
2 
21 
4 
8H 

C 

H 
U 
11 
H 
H 
A 
A 

i i 
2 
31 
41 
6 

0.140 
0.140 
0.140 
0.140 
0.470 
0.470 
0.690 
0.690 
0.690 
0.690 

0.470 
0.470 
0.690 
0.690 
0.690 
0.690 

A 
A 
A 
A 
A 

D 

1A 
1A 
1A 
l 
l 

i 
4 1 

H max. 
M max. 
Jf max. 
H max. 
H max. 
H max. 

1A max. 
1A max. 
1A max. 
1A max. 

H max. 
H max. 

1A max. 
1 A max. 
1 ^ max. 
1 ^ max. 

A to i 
A to f 
H t o S 
nto a 
H t o i A 

* With 2.5-mil wire. 
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low resistances the letter R may be used for the decimal point; 
thus 2R5 would mean 2.5 ohms, and R25 would mean 0.25 ohms. i 

The useful life of wire-wound resistors depends upon the maximum 
short-time and the average continuous operating temperatures, the pres
ence of moisture or other agents that promote corrosion, and mechanical 
conditions such as shock and vibration. I t is evident from the table 
above that the Grade 1, Class I resistor, Characteristic F, will withstand 

FIG. 3-3.—Typical power-type resistors, (a) RW-39; (6) RW-37; (c) RW-35; (d) 
RW-33; (e) RW- 32; (f) RW-31; (?) RW-53; (h) RW-51; (i) RW-16; 0") RW-15; (A) 
RW-14; © RW-13; (m) RW-12; (n) RW-56; (o) RW-55. 

the most severe service usage without sacrificing wattage rating for a 
given physical size. A resistor of this type can be made, at present, 
only by hermetically sealing the resistor element into a rugged Pyrex tube. 
Such a unit will withstand nine salt-water immersion cycles. Certain 
organic coatings applied to conventional open-type resistors will also meet 
the Grade 1 test but these invariably require derating to limit the 
maximum temperature to about 150°C, thus fitting them into Class III . 
Further information on derating factors is given in Sec. 3-4. Resistors 
of characteristics E, F, and H will withstand at least nine salt-water 
immersion cycles, at the end of which they are not expected to have 
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changed by more than 10 per cent from their initial value. Character
istic D resistors are expected to withstand two test cycles. The grade 3 
resistors, Characteristics C, G, and J, are required to withstand a 500-hr 
cyclic temperature test at high humidity. At the end of the tests the 
resistance is not to have changed by more than 5 per cent. Resistors of 
all classes and grades are expected to withstand continuous vibration for 
a period of 5 hr, cycling through a frequency range of 10 to 55 cps with a 
half-amplitude of 0.03 in. A mechanical-strength test is specified calling 
for a transverse load of 50 lb (25 lb for stack-mounting) applied at the 

T A B L E 3 - 3 . — P O W E R - T Y P E W I R E - W O U N D R E S I S T O R CHARACTERISTICS 

Letter 

C 
D 
E 
F 
G 
H 
J 

Class 

II 
I 

II 
I 
I 

III 
III 

Grade 

3 
2 
1 
1 
3 
1 
3 

Class 
I 

II 
I I I 

T A B L E 3-3a 
Maximum continuous 

operating tempera ture , °C 
275 
125 
200 

T A B L E 3 36 
Grade Resistance following thermal shock 

1 Most resistant to salt-water immersion 
2 Less resistant to salt-water immersion 
3 Resistant to humidi ty exposure 

center of the resistor through a fulcrum having a radius of 0.25 in. or less. 
For this test the resistor is supported 0.125 in. from either end. A 
thermal shock test is required as a check on the coating material and on 
the quality of the joint between the end of the resistance wire and the 
terminal. This shock test consists of applying rated power to the resistor 
for a time long enough to allow it to reach thermal stability, then plunging 
it into water at 0°C (for Characteristic D, E, F, and H resistors) or 
immediately subjecting it to an air temperature of — 55°C (for Character
istic C, G, and J resistors). After the thermal shock test, the resistor is 
not to have changed by more than 2 per cent, and the coating and 
terminals should show no observable mechanical damage. In the actual 



Name 

Tophet A 

180 Alloy 
90 Alloy 

T A B LE 3 - 4 . — P R O P E R T I E S OF RESISTANCE-WIRE 

Composition, % 

Ni 

78 
80 
80 
45 
45 

4 

22 
12 

Cr 

20 
20 
20 

Cu 

55 
55 
84 

78 
88 

Fe 

1 

Mn 

1 

12 

Resistivity 

Microhm-
cm 

108 
108 
108 
49 
49 
48 .2 

29 .9 
14 9 

Ohms per 
circular 
mil foot 

650 
650 
650 
294 
294 
290 

180 
90 

Tempera tu re 
coefficient 

130 X 10-« 
140 
110 

+ 20 
+ 20 
+ 15 

160 
380 

ALLOYS 

Tempera tu re 
range, °C* 

20-100 
20-100 
20 
20-100 
20-100 
15-35 

20-100 
20-100 

Max. working 
tempera ture , °C 

1100 
1150 
1100 
500 
535 
100 

400 
400 

Manufacturer 

Driver-Harr is 
W. B. Driver 
Hoskins 
W. B. Driver 
Driver-Harr is 
W. B. Driver 
Driver-Harr is 
W. B. Driver 
W. B. Driver 

Similar to Nichrome V: Superior. 
" " Chromel A: Chronin, Nichrome III. 
" " Advance: Constaloy, Excelsior, ConBtantan, Ideal. 
" " Manganin: Tarnac. 

•Tempera ture range over which given temperature coefficient appliea. 
See also Fig. 3-4. 

For most alloys, useful working temperature range is much greater than given above. 
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testing procedure the thermal shock test precedes the salt-water-immer
sion or the moisture-resistance test, whichever applies. 

3-2. Construction.—Standard power-type wire-wound resistors are 
wound of alloy resistance wire on ceramic forms, usually porcelain tubes, 
and the wound units are coated with a vitreous enamel or an organic 
cement. The resistance materials used are almost always either nickel-
chromium or copper-nickel alloys. Some of the characteristics of the 
most-used alloys are given in Table 3-4. A collection of data on resist
ance wires will be found in Table 8 1 of Chapter 8. 

The alloys used for wire-wound resistors may be divided into two 
groups: the nickel-chromium alloys, of which the Nichromes are typical, 
and the copper-nickel alloys of the Advance type. There are other 
resistance alloys that do not belong to either of these groups, but they 
are not commonly used for fixed resistors of the types under discussion. 
In general the nickel-chromium alloys have a high resistivity (about 600 
ohms per circular mil ft) and a high temperature coefficient (about 
150 X 10"-6/°C) which is substantially constant up to about 400°C. The 
copper-nickel alloys, particularly those with nickel contents of 40 per 
cent or more, have lower resistivities (300 ohms per circular mil foot or 
less) and much lower temperature coefficients which may be either 
positive or negative and which vary considerably over the temperature 
range 0° to 400°C. 

The resistivities and especially the temperature coefficients of resis
tivity of all types of resistance alloy are greatly affected by slight 
variations in alloy composition and by variations in the metallurgical 
treatment following the last annealing operation. Wire that is cooled 
slowly has a higher resistivity and a lower temperature coefficient than 
the same wire that is quenched from the last anneal. The problem of 
metallurgical stabilization is important if the temperature coefficient of 
resistivity is to be held within close limits. For example, special process
ing is necessary to hold Nichrome V wire to a maximum of 100 X 10~6/°C 
and a minimum of 65 X 10-6/°C over the range 20° to 100°C. Uniform 
resistors can be made only if the wire is uniform as to metallurgical 
treatment, cross-sectional area, and circularity, and is free from scales, 
pits, slivers, seams, die marks, and corrosion. 

Figure 3-4 shows the variation of resistance with temperature for 
five of the more common resistance alloys. In Fig. 3-4a the "mini
mum" curve is for wire that has been slowly cooled from 1000°C; the 
"maximum" curve is for wire that has been quenched; and the "aver
age" is for the bright-annealed wire that is usually used for resistors. 

The most widely used alloys for power-type resistors are those of the 
Nichrome V group. In order to obtain the highest possible degree of 
long-time resistance stability and uniformity of temperature coefficient 
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the wire must conform to a rigid set of specifications, such as the Bell Tele
phone Laboratories Specification KS-9140. This specification requires 

0 100 200 300 400 0 100 200 300 400 
Temperature in degrees C Temperature in degrees C 

F I G . 3-4.—Variations of resistance with temperature. 

the following electrical and mechanical characteristics: 

1. The temperature coefficient of resistivity between 20° and 100°C 
is to be between 100 X 10~6 maximum and 65 X 10~6 minimum 
per degree centigrade. 

2. The resistance tolerance is to be ± 5 per cent for wire sizes AWG 
30 to 36, + 8 per cent for sizes 37 to 44, and ±10 per cent for 
size 45. (See Table 8-1, Chap. 8 for nominal values.) 

3. The minimum tensile strength is to be 100,000 lb/in.2 

4. The elongation in an 8-in. test piece is to be 20 per cent, minimum, 
for wire 0.010- to 0.040-in. diameter; 10 per cent for wire 0.0035-
to 0.00175-in. diameter. 

Windings.—Most power-type resistors are wound with bare wire on 
cylindrical porcelain forms with the turns widely spaced to reduce the 
probability of short circuits. JAN-R-26 specifies a maximum pitch of 
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not over 2.25 times the wire diameter for wires up to 10-mil (0.0100 in.) 
diameter and not over 2.75 times the diameter for larger wires. The 
minimum wire diameter according to the same specification is 2.5 mil 
nominal (2.4 mil absolute minimum), but commercial resistors are wound 
of wire down to 1.5 mil and are satisfactory for most purposes. The 
use of ceramic insulation on the wire permits several other types of 
winding. One is analogous to the "coiled coil" used in incandescent 
lamp filaments; the insulated wire is formed into a close-wound helix of 
a diameter of several times that of the wire, and this helix is then close-
wound on the resistor form. Another type is the progressive universal 
winding, which is also used on some low-frequency r-f coils and is there 
called "bank winding." In this winding the wire is fed through a guide 
that oscillates parallel to the axis of the resistor form with an amplitude 
of perhaps ^ m - a s the form rotates and with a period of somewhat more 
or less than the rotational period of the form. The guide advances 
along the form a fraction of a wire diameter per turn. The result of 
this rather complicated motion is that the wire builds up to a thickness 
of perhaps 12 layers, the turns crossing and recrossing each other as in 
a regular universal winding. The winding is somewhat open and has 
a low distributed capacitance and a fairly low voltage between adjacent 
turns. I t permits resistances of up to 2-j times the maximum obtain
able with a single-layer winding of the same wire on the same form, with 
only a negligible increase in over-all diameter. 

All these windings possess residual inductance and capacitance which 
seriously affect their alternating-current properties at high frequencies 
(as will be discussed in Sec. 3-5), and many constructions have been 
devised to reduce these quantities. By using a winding in which the 
adjacent turns carry current in opposite directions, the inductance is 
minimized; by spacing the turns as far apart as possible and keeping 
the potential difference between turns to the lowest possible value, the 
capacitive effects are reduced. Resistors made with such special patterns 
are termed "noninductive," but this term is only relative since the time 
constant at 10 Mc/sec for a high-grade 1000-ohm resistor will be about 
0.1 /isec. 

The type of noninductive winding most commonly used is the Ayrton-
Perry, which is made by winding a spaced helix between the terminals, 
after which a second helix is wound in the opposite direction between the 
turns of the first. The two windings are connected in parallel so that 
the resultant magnetic field is small and the capacitive effects are at a 
minimum because of the low voltage between adjacent turns. Such a 
construction, because of the parallel connection, reduces the resistance 
that can be obtained in any given physical size by a factor of at least 2 
for single-layer windings and by a much larger factor for multilayer pro-
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gressive windings. Some comparative figures for the maximum resist
ance values obtainable with standard and Ayrton-Perry windings are 
given in Table 3-5. The type of resistor to which the table refers is an 

TABLE 3-5.—-MAXIMUM RESISTANCE OF FERRULE-TERMINAL RESISTORS 

Resistor 
style 

RW-16 

RW-15 

RW-14 

RW-13 

RW-12 

Rating 
at 20°C, w 

15 

20 

40 

50 

90 

Type of winding 

Standard Single-layer 
Progressive 
Ayrton-Perry 
Standard 
Progressive 
Ayrton-Perry 
Standard 
Progressive 
Ayrton-Perry 
Standard 
Progressive 
Ayrton-Perry 
Standard 
Progressive 
Ayrton-Perry 

Maximum resistance, ohms 

1.5-mil wire 

12,700 
30,000 

6000 
17,500 
50,000 

8000 
53,000 
75,000 
25,000 
68,000 

100,000 
30,000 

140,000 
200,000 
70,000 

2.5-mil wire 

3150 

1500 
4000 

2000 
12,500 

6000 
16,000 

8000 
31,500 

15,000 

insulated-wire glass-enclosed ferrule-terminal sealed unit used widely 
where severe humidity and atmospheric conditions are to be met. The 
90-, 40-, and 15-watt resistors are shown in Fig. 3-5. 

Coalings.—Power-type wire-wound resistors must be protected after 
winding either by insertion in a glass or porcelain outer shell or by a 
suitable ceramic or organic-cement coating. The glass-shell construc
tion is exemplified by the JAN styles RW-10 through RW-16; these 
units employ the solder-seal technique to attach the ferrule terminals 
to the shell and to obtain complete hermetic sealing of the winding 
against the entry of moisture or other corrosive agents. Most Sprague 
"Koolohm" resistors employ a somewhat simpler construction in which 
the ceramic-insulated wire resistor with terminals attached is slipped 
into a porcelain shell and sealed in place with a ceramic cement. The 
great majority of power resistors, however, are wound with bare wire 
and therefore demand some sort of coating or impregnation, both for 
protection of the wire against moisture and for holding the turns in 
place on the winding form. 

These coatings may be either inorganic or organic. The inorganic 
coatings are vitreous or semivitreous enamels similar to those used on 
enameled kitchenware and bathroom, fixtures, but with special character-
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istics required by the resistors. A good resistor coating should have 
approximately the same coefficient of thermal expansion as the resistance 
alloy (this also applies to the porcelain winding form); it should be reason
ably resistant to mechanical abuse; it should withstand severe thermal 
shocks without chipping or crazing; it should be impervious to moisture; 
and it should be easily applied and cured at a temperature low enough to 
prevent damage to the resistor. No coating has-been developed that is 

ZjL 

_ j 
FIG. 3-5.—Ferrule-terminal resistors. From top down, respectively: RW-12- RW-14-

RW-16. 

completely satisfactory in all these respects and is at the same time able 
to withstand continuous operation at high temperatures. Glassy 
inorganic enamels are satisfactory in many respects but are somewhat 
pervious to moisture and are often subject to damage by thermal shock. 
Other inorganic enamels have been developed which are highly resistant 
to thermal shock but which are somewhat porous and offer insufficient 
moisture protection to fine-wire windings used in corrosive environments. 
Inorganic enamels, however, permit continuous operation at hot-spot 
temperatures as high as 275°C. 

Organic coatings have been developed that are satisfactory in all of 
the above respects except that they limit the maximum operating 
temperature to their curing temperature, which is ordinarily from 130° 
to 160°C. These coatings usually employ a phenolic-resin varnish with 
a comparatively large proportion of inorganic filler,' such as silica flour, 
mica flour, or iron oxide. They are highly resistant to moisture and to 
thermal shock, and can be made to pass the salt-water-immersion test 
specified in JAN-R-26. The problem of lack of resistance to high 
temperatures may be solved in the near future by the use of the heat-
resistant silicone varnishes, some of which are good up to 500°C. At 
present, however, the only resistors to receive a Class F rating (see Sec. 
3-1) are those sealed in glass tubes. 
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Too much emphasis should not be put on operation at extreme temper
atures. I t would be possible to build a rugged resistor for continuous 
operation at 1000°C, but it would hardly be practical to use it at that 
temperature in the average chassis. Resistor operating-temperature 
limits are probably set more often by the neighboring components in the 
chassis than by the resistor itself. 

Leads and Mountings.—Connection between the ends of the wind
ing and the terminals is made by soldering or welding the wire to ter
minal bands or lugs or by embedding them in alloy castings encircling 

F I G . 3-6.—Resistor terminal constructions. The upper unit is an unfinished wire-
wound resistor with die-cast terminals. The winding had been removed before the photo
graph was taken, leaving a short end of wire visible only in the original print. The conical 
gates would be clipped off in production, leaving only the radial wire leads protruding 
through the insulating coating of the finished resistor. The lower unit is an RW-12 minus 
its protecting glass sleeve. 

the ceramic winding form. Both methods are illustrated in Fig. 3-6. 
Besides the JAN-standardized terminals of Fig. 3-2 many other types are 
available on commercial resistors, either standard or on special order. 
These include stranded wire leads, either bare or insulated with beads or 
sleeving; Edison medium screw bases to permit the use of the resistor in 
a standard electric light socket; single-hole mountings with mounting 
nut similar to that often used with filter condensers, the winding being 
terminated on soldering lugs at the threaded end of the unit; ferrules of 
various sizes and shapes, including conical ferrules to permit mounting in 
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grid-leak clips; live brackets, with the winding terminated on the mount
ing brackets; and various others. The mounting devices are even more 
varied than the terminals. In some cases, as with the live-bracket and 
ferrule-terminal types, the units are mounted by the terminals. In 
others, such as the stack-mounting resistors, the mounting is mechani
cally integral with the unit, but separate insulated terminals are provided. 
In still others, means for separate mounting are required, and the manu
facturers offer a wide choice of mounting hardware. 

The JAN specifications require that terminals pass certain mechanical 
tests which are fairly severe in cases where the units are supposed to be 
mounted by their terminals. In general, mounting by the terminals is 
forbidden except for the smallest sizes of resistor. All wire-wound 
resistors, except the tiny RU styles and the types with integral mounting 
means, should always be mounted by suitable brackets, clips, or through-
bolts. Where bare porcelain cores are exposed they should never be 
screwed or clamped to metal panels or brackets without a cushioning 
washer of asbestos, mica, or fiber. Because of their fragile flanges this 
precaution is particularly important for bobbin-wound precision resistors. 

3-3. Resistance Values; Tolerances and Variations.—The maximum 
resistance obtainable in a given physical resistor size depends upon the 
minimum permissible wire size, the form of winding (single-layer, multi
layer, or noninductive), and the maximum permissible operating tem
perature of the completed resistor. The JAN values for maximum 
resistance given in Table 3-2 are based on the use of single-layer windings 
of 2.5-mil wire. Not all applications require that the wire be so large or 
that the winding be restricted to a single layer. For ordinary industrial 
or laboratory uses where corrosive conditions are much less severe than 
in military applications 1.4- or 1.5-mil wire can be specified with reason
able assurance of long resistor life. If the hermetically sealed glass-en
closed form of resistor is used, the greater protection so afforded permits 
the use of the smaller wire even under unfavorable environmental 
conditions. Table 3-5 presented a comparison of maximum resistance 
values obtainable in such a resistor for 2.5-mil and 1.5-mil wire, single-
layer, multilayer, and noninductively wound. It is seen that in going 
from 2.5 to 1.5 mil, single layer, the maximum obtainable resistance is 
increased by a factor of approximately 4, and in going from a single-layer 
1.5-mil wire to a progressive winding of the same size wire, the factor is 
1^ to 3. I t must be pointed out, however, that the use of progressive 
or multilayer windings will reduce the wattage rating for a given physical 
resistor size and full information on the reduction factor should be 
obtained from the manufacturer. Despite this reduction, such windings 
afford considerable economy in space, particularly in applications where 
the actual dissipation is small compared to the dissipation capability 
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that is inherent in the resistor because of the physical size required for 
the necessary resistance. 

Further information on the maximum obtainable resistances for three 
other types of resistor is given in Table 3-6. Part a of Table 3-6 refers 
to the commonly used cylindrical resistor with radial soldering lugs, 
Part b to axial-lug ceramic-sheathed resistors with a coiled-coil winding 
of ceramic-insulated wire (Sprague "Koolohm" construction), and 
Part c to flat stack-mounting or "r ibbon" resistors. 

TABLE 3-6.-- M 

JAN Type 

\XIMUM RESISTANCE VS. WIRE 

Wattage 

SIZE AND TYPE OF WINDING 

Resistance, ohms 

2.5-mil wire 1.5-mil wire Noninductive 

RW-30 
RW-32 
RW-33 
RW-34 
RW-35 
RW-36 
RW-37 
RW-38 

a. Radial-lug type resistors 

1,000 
4,000 

16,000 
16,000 
20,000 
40,000 
50,000 
80,000 

2,500 
16,000 
37,500 
50,000 
72,500 

120,000 
180,000 
340,000 

3,000 
3,000 
3,000 
3,000 
5,000 
5,000 
5,000 
5,000 

RW-50 
RW-51 
RW-52 
RW-53 
RW-54 

b. Axial-lug type resistors 

5 
10 
25 
50 

120 

4,000 
6,300 

10,000 
25,000 
50,000 

40,000 
70,000 

100,000 
100,000 
250,000 

5,000 
10,000 
25,000 
50,000 

100,000 

RW-20 
RW-21 
RW-22 
RW-23 
RW-24 

c. Stack-mounting resistors 

22 
31 
48 
60 
70 

2,000 
5,000 

10,000 
16,000 
20,000 

6,300 
15,800 
35,000 
50,000 
66,000 

Standard Resistance Values.—The actual resistance values specified as 
standard by JAN-R-26 follow a preferred number system rather like 
■Shat used for composition resistors, but with fewer values per decade. 
The succession of values runs 10-12-16-2O-25-31-40-50-63-80- and 
repeats in succeeding decades. Since the standard tolerance is + 5 per 
cent for most values, it is obvious that there are numerous resistance 
ranges that cannot be covered with standard resistors, but for any appli-

file:///ximum
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cation in which power-type resistors would be likely to be used the resist
ance tolerance should be large enough to render this objection immaterial. 
The standard minimum resistance is 0.10 ohms for all JAN types except 
RW-10, for which it is 2.0 ohms. The standard tolerance for RW types 
is + 5 per cent except for values less than 1.0 ohm, when it is + 10 per 
cent. For tapped resistors which are standard in performance and in 
construction except for the taps the tolerance is ± 10 per cent for the 
individual sections and + 5 per cent for the over-all resistance. The low-
power RU resistors are made in two series, with ± 5 and +10 per cent 
tolerances. 

A perusal of the catalogues of a number of resistor manufacturers 
indicates that few if any of them adhere to the conventions of the previous 
paragraph for either stock resistance values or standard tolerances. A 
typical list shows very few stock sizes per decade in either very high or 
very low values, whereas in the commonly used ranges there may be 15 
or more stock sizes per decade. This condition is due to two facts. 
First, a manufacturer will naturally list only those sizes for which he has 
found there is an appreciable demand. If, for example, there are two 
popular audio-output tubes that require 10-watt cathode resistors and 
the tube handbooks give 550 ohms as the correct value for one and 600 
ohms for the other, the manufacturer will probably list both of these 
values, even though neither is standard and though either of the standard 
values of 500 and 630 ohms would probably be just as suitable in the 
average receiver. On the other hand, since an order for 0.63-ohm resis
tors of a particular type would probably be received only once in many 
months the manufacturer would probably prefer to consider this a special 
value, to be made up when the order is received. Second, although the 
susceptibility of the exposed wires of adjustable resistors to mechanical 
damage and corrosion has led to their being banned by the Armed 
Services for use in combat equipment, they are quite satisfactory for 
many commercial applications and offer a solution to the problem of 
obtaining intermediate resistance values that is itself a sufficient excuse for 
eliminating rarely wanted items from a stock list. 

Somewhat more uniformity is found among the manufacturers in the 
matter of standard tolerances. Most of them specify ± 5 per cent as 
standard, increasing this to +10 per cent below 50 ohms. Others list 
only + 10 per cent wire-wound resistors, and many manufacturers list 
other tolerances as obtainable on special order at an increased price. 

Temperature Coefficient.—Practically the only variable that has an 
appreciable effect in changing the resistance of a wire-wound resistor is 
temperature, and the temperature coefficient of the resistor is approx
imately that of the resistance wire itself. Considerable latitude is given 
in the JAN-R-26 specification which permits a coefficient, referred to 
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26°C, of 400 X 10-6/°C for resistors up to 50 ohms and 260 X 10-6/°C 
for resistors over 50 ohms. For the usual accuracy requirements of 
power-type resistors the change of resistance with temperature can be 
estimated satisfactorily from the curves of Fig. 3-4. A measurement of 
the rise of resistance at a single elevated temperature will usually show 
whether the wire used is of the high- or the low-temperature-coefficient 
type, if this information is not otherwise available. To determine the 
actual variation of resistance in service, however, it is necessary to take 
into account the fact that the average temperature of the winding will 
normally be less than the maximum hot-spot temperature and will depend 
markedly on the cooling conditions. Ordinarily the percentage of rise 
in resistance is about two-thirds of that given by the product of hot-spot 
rise and temperature coefficient. 

3-4. Ratings.—The dissipation ratings of power-type resistors are 
based on the maximum permissible temperature rise when operating in 
still air and suspended in free space with an ambient temperature of 
25°C. Still air is defined as air with no circulation other than that created 
by the heat of the resistor in operation. Free space is defined as that in 
which no object is closer than 12 in. to the resistor coating except the 
mounting clip, which must be at least 2 in. below the unit. The resistor 
is to be mounted horizontally. The temperature. is measured at the 
hottest spot on the surface, using a thermocouple hung over the resistor 
with its leads weighted by a load of 2 oz to provide for pressure of the 
thermocouple junction against the uppermost portion of the resistor 
surface. The couple is made of No. 30 AWG wire or smaller, lap-welded. 

Resistors are classified on the basis 
of wattage dissipation under the 
conditions described above for 
which the maximum hot-spot tem
perature will not exceed a spec
ified value. This value depends 
on the type of construction and 
the material used for protective 
coating. High-temperature re
fractory coatings allow a maximum 
hot spot of 275°C; moisture-resist
ant organic cements are generally 
limited to a maximum hot spot 

of about 160°C with a consequent reduction in rating to about 40 
per cent of the first type. Figure 3-7 shows the temperature rise of a 
Class I resistor of the radial-lug type, plotted against per cent of rated 
dissipation. It is evident from such a cvirve that the useful practical 
wattage rating of a resistor must be something less than the free-air 
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F IG 3-7.—Temperature rise vs. dissipa
tion for Class I resistor at 25°C ambient 
temperature. 
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rating since the latter condition is never achieved in actual use. Some of 
the necessary considerations are summarized in the "Use Notes" which 
are a part of specification JAN-R-26. 
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FIG. 3-8.—Derating curves for high ambient temperatures. Class I : 275°C maximum hot 
spot. Class I I : 125°C maximum hot spot. Class I I I : 200°C maximum hot spot. 

1. For ambient temperatures higher than 25°C, a derating factor 
should be used to normalize to the value for which the resistor is 
rated at 25°C (see Fig. 3-8). 

2. When resistors are mounted in enclosures that limit ventilation, 
the wattage dissipation of any resistor should be reduced so that 
the maximum hot-spot temperature permissible for the resistor is 
never exceeded under the most severe combination of temperature 
conditions. 

3. When resistors are mounted in rows or banks they should be so 
spaced that, taking into consideration the restricted ventilation 
and heat dissipation by the near-by resistors, none of the resistors 
in the bank or row exceeds its maximum permissible hot-spot 
temperature. I t is difficult to give a definite factor but reduction 
in ratings of 50 per cent may frequently be necessary. 

4. The styles of resistors should be so chosen that, as mounted in 
equipment, they will at no time operate at temperatures in excess 
of their rating. More specifically, this applies to equipment 
operating as follows: 
a. In the maximum specified ambient temperature. 
b. Under conditions producing maximum temperature rise in each 

resistor. 
c. For a sufficient length of time to produce maximum temperature 

rise. 
d. With all enclosures in place. 
e. With any special conditions imposed which are possible during 

the life of the equipment, as at high altitude for airborne 
apparatus. 
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Voltage Rating.—Because of the comparatively large physical size of 
wire-wound resistors and the fact that inherently the voltage gradient 
can be uniformly distributed, the limiting operating voltage is established 
in most cases by the wattage rating and resistance value of the unit. 
One important exception is the limitation introduced by some types of 
coating when operated at the high temperatures corresponding to full 
wattage ratings, since these coatings under such conditions are poor 
insulators. In general it is necessary to limit the voltage, across the 
terminals of a vitreous-enamel-coated resistor operating at its maximum 
temperature, to about 500 volts. This limitation may be introduced in 
other types of resistor for the largest units; for example, a 250,000-ohm, 
150-watt resistor. If the coating of such a resistor is not considered, the 
power rating would permit 6100 volts but because of the coating the 
actual rating of the manufacturer might be 5000 volts. 

Another element to be examined is the voltage limitation of the 
resistor insulation between terminals and mounting hardware. The JAN 
specification requires that all resistors, except the ferrule-terminal types, 
withstand 1000 volts rms at 60 cps between the resistor terminals con
nected together and the mounting hardware or metal plates in contact 
with the ends or surface of the resistor. The insulation resistance 
between terminals and mounting hardware after this test is required to 
be not less than 50 megohms. If there is to be a high potential between 
the resistor and a grounded surface on which it is to be mounted, it will 
be necessary to provide additional insulation in the form of ceramic 
bushings or other heat-resisting insulators. 

3-5. Alternating-current Characteristics.—The behavior of wire-
wound resistors at high frequencies is affected to a considerable extent 
by the inductance and capacitance that are inherent in their construction 
(see Sec. 3-2). Skin effect is not particularly troublesome because of the 
small-size wire generally used. Some indication of the magnitude of skin 
effect is given in Table 3-7, which shows the largest permissible wire size 
for a skin-effect ratio of 1.01, calculated for a cylindrical straight wire 
remote from other conductors. 

TABLE 3 7.—SKIN EFFECT IN RESISTANCE WIRES 

Frequency, 
kc/sec 

100 
1,000 
3,000 

10,000 

Nichrome 

104.5 
33.0 
19.2 
10.4 

Manganin 

70.2 
22.2 
12.8 
7.0 

Wire size, mils 

Constantan 

74.5 
23.5 
13.6 

7.5 

Advance 

71.6 
22.4 
11.8 

7.2 

Copper 

14.0 
4.4 
2 .6 
1.4 



SEC. 3-5] ALTERNATING-CURRENT CHARACTERISTICS 83 

Inductive and capacitive effects are not so easily disposed of. Because 
of the difficulty of separating these parameters and in determining react
ances of high-resistance components, little useful information is available 
either in the form of an applicable lumped-constant analysis or in that of 
actual experimental data. The common procedure used by resistor 
manufacturers to find the inductance of a wire-wound resistor is either to 
calculate it from standard inductance formulas or to make up a similar 
unit with copper wire and to measure its inductance. More recently, this 
practice is being replaced by measurements made on actual resistors and 
suitable techniques are being applied 
so that some information can be o i A

V
AA, \SLHSL> 

obtained for resistors of moderate 
value. - K -

The most practical circuit repre- C 
senting a wire-wound resistor at high FlG- 3-9.—Equivalent circuit of a wire-

. • -n- o ^ wound resistor. 
frequencies is shown in .big. 3-9. 

Definite values can be assigned to the components of this circuit at 
any one frequency, and these, with certain limitations, will be reasonably 
valid over a wide range of frequencies. The errors in such a circuit, if 
R is taken as the d-c resistance, are due to the following factors: 

1. The capacitance and inductance are distributed, not lumped. 
2. There are dielectric losses present in the insulation and coating. 
3. There may be a skin effect with large wire and at very high fre

quencies. 

There is therefore a limiting frequency at which the simple circuit no 
longer is applicable, depending on the type of resistor and the permissible 
error in calculations. 

For measurements of conductance and effective parallel capaci
tance of typical wire-wound resistors at frequencies between 1 and 35 
Mc/sec, a twin-T impedance measuring circuit has been used.1 This 
method of measurement is more suitable in the megacycle range of 
frequencies where the usual series method giving effective values of 
series resistance and reactance affords no simple or direct capacitance 
measurement. 

The parallel method applied to the equivalent circuit gives the 
admittance. 

Ye = fl2 + (coLy + ju [C ~ R* + (coL)2} 

Since the inductance and capacitance are already fairly well separated, 
1 D . T. Drake, "High Frequency Characterist ics of Resistors," RL Report No. 

520, Mar. 9, 1944. 
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no difficulty is involved in their calculation when the conductance and 
susceptance are known. If the resistance is assumed equal to the d-c 
value the inductance can be determined directly in terms of the parallel 
conductance and d-c resistance from the equation 

L _ VWi R* 

100 

10 15 20 25 
Frequency in Mc/sec 

F I G . 3-10.—High-frequency characteristics of IRC type AB resistor. 

An accurate determination of the capacitance is more of a problem 
because of the difficulty in obtaining accurate measurements of values 
which are generally 1 n/ii or less. One can ordinarily be satisfied with an 
approximate solution, however, because the inherent capacitance of a 
resistor is usually small in comparison to circuit-wiring and vacuum-tube 
capacitances. 
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Figure 3-10 shows the experimental and the calculated values of 
capacitance and conductance for a typical 10-watt 10,000-ohm IRC 
type AB cylindrical single-layer power-type resistor. It is seen that the 
equivalent circuit in which L = 115 nh and C = 0.64 /x/xf is valid up to 
about 17 Mc/sec. 

+50 

+40 

+30 

+20 

+10 

-10 

-20 

-30 

\ 
\ 
\ 
\ 
\ 
\ 

\ 
\ 
\ 
\ 
\ 
\ 
\ 

\ 
\ 

\*« 

2 ^ ^ 

R, / 

\ • 

^s^X, 

^ 

/ 
/ / 

1 
1 

/ / 
/ / / 

\ 
\ \ 

\ 

, 
/ / 

' A 4 

« 2 

\\ 

,v i v N 
1 \ 

\ 1 

-̂" 

K 
4 

^ 3 

/ 
\ / 

J K \ 
1 I 
1 
1 , 

- 1 
\ 
\ V< 

„ 1 . . 1 it resistance 
X=reactance 
1 =500 ohms 
2=2250 ohms 
3 =10,000 ohms 
4=5 

A / V 
\ / \ 
i \ A>\ 

i 
— * 

_ _ -
*-• 

/ 
/ / 

/ 
- * , 

),000 oh 

k 

1 
\ 
1 - , -

T 
\ ^ 
V 

ms 

^^>' / / / 
" ^ i 

8 12 16 20 24 28 32 36 
Frequency in Mc/sec 

FIG. 3-11.—High-frequency characteristics of wire-wound resistors. 

Figure 3-11 is a set of curves showing the high-frequency character
istics of cylindrical single-layer power-type resistors ranging in value 
from 500 to 50,000 ohms over the frequency range from 0 to 36 Mc/sec. 
It is evident that the reactance may be either inductive or capacitive, 



86 FIXED WIRE-WOUND AND MISCELLANEOUS RESISTORS [SEC. 3 5 

depending on the frequency, and that the actual impedance may differ 
from the d-c resistance by a factor of 10 or more. No general rules of 
variation can be given because the performance of a particular resistor 
will depend on the number of turns, spacing, and physical dimensions and 
these, in turn, on the wire size, wattage rating, and resistance value. 
Table 2-11 gives values of inductance for a range of resistance values of 
10-watt single-layer resistors. These are intended to give order of 
magnitude only, since the method by which they were measured has not 
yet been thoroughly examined and confirmed as completely reliable. 

TABLE 3-8.—INDUCTANCE OF 10-WATT SINGLE-LAYER RESISTORS 
(Length = l j in.; Diameter = ^s in.) 

Resistance, 
ohms 

1000 
1250 
1500 
2250 
2500 
3000 
3500 
4000 
4500 

Inductance, ^h 

56 
47.5 
73 
72 
88 
84 

118 
176 
114 

Resistance, 
ohms 

6,000 
7,000 
7,500 

10,000 
12,000 
12,500 
15,000 
50,000 

Inductance, /ih 

201 
186 
205 
115 
282 

75 
315 
735 

Special windings are obtainable in power-type resistors to reduce the 
inductance to much lower values than are obtained with simple solenoidal 
or progressive windings. The Ayrton-Perry winding is generally used 
for the so-called noninductive resistors. Table 3-9 gives comparative 
inductance values for standard and noninductive windings on cylindrical 
coated power-type resistors. 

TABLE 3-9.—INDUCTANCES OF STANDARD AND AYRTON-PERRY WINDINGS 
(Data from IRC Catalog 38) 

I R C 
type 

AB 
DG 
E P 
HA 

Wattage 
rating 

10 
20 
50 

100 

Resistance, 
ohms 

1000 
100 

80 
4000 

Physical size, 
length and diameter, in. 

n x A 
2 X rV 
4i X i 
6i X H 

Inductance, /ih 

Standard 

66 
14 
76 

3360 

Ayrton-Perry 

0 . 6 
0.25 
0 . 3 
0 . 3 

As has been pointed out, the inductance of a resistor cannot, in itself, 
establish its high-frequency properties. Capacitive effects become 
increasingly important with increasing frequency. For example, at 3 
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Mc/sec the reactance of a 15-watt RW16F resistor becomes capacitive 
for a value of 300 ohms. For a 120-watt resistor of the same type, all 
values over 250 ohms are capacitive. It is evident that there is not much 
to be gained by insisting on noninductive windings for resistance values 
above a few hundred ohms, at this frequency. This point is demon
strated in Table 3 10, which gives the phase angles for three types of. 
winding of ferrule-mounting resistors, style RW16F and R W l l F with 
15- and 120-watt ratings, at a frequency of 3 Mc/sec. 

T A B L E 3 1 0 . — R E A C T A N C E OF SPRAGUE W I R E - W O U N D R E S I S T O R S AT 3 M C / S E C 

Style of winding 

Standard (type F) 

" S u p e r " noninductive (special winding) 

Phase angle 

R W 1 6 F 
15 wat t s 

100 ohms (lag) 

60°57' 
6°22' 
2°15' 

R W l l F 
120 wa t t s 

1000 ohms (lead) 

57°20' 
22° 
14°20' 

ACCURATE W I R E - W O U N D R E S I S T O R S 

3-6. Standard Types.—There are many applications in electronic 
circuits where accuracy and stability requirements are greater than can 
be met with power-type resistors but where the power dissipation is so 
low that surface hot-spot temperatures can be kept to a maximum of 
105°C. For such applications a number of types of resistor have been 
developed that may be called "accurate wire-wound resistors." The 
term "precision resistors" is also commonly used. These units are small 
in size, wound of fine insulated resistance wire, usually in deep narrow 
slots in ceramic or plastic bobbins, and are widely used in d-c amplifiers, 
computing networks, linear sweep generators, multivibrators, and similar 
applications where resistance tolerances of ± 1 per cent or better are 
required. 

Much of the material on power-type resistors in Sees. 3-1 through 3-5 
is also applicable to the accurate resistors. This section and the two 
following will present additional information specifically relevant to the 
accurate types. 

Two Joint Army-Navy Specifications cover accurate wire-wound 
resistors: JAN-R-93, "Resistors, Accurate, Fixed, Wire-Wound," and 
JAN-R-29, "Resistors, External Meter (High Voltage, Ferrule Terminal 
Type)." Outline drawings of the five classes of resistor of JAN-R-93 
and the one of JAN-R-29 are given in Fig. 3-12; the dimensions and 
characteristics of the various styles are given in Tables 3-11 and 3-12. 
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TABLE 341.—ACCURATE WIRE-WOUND RESISTORS 

Radial-lug 
terminals 
(Fig.342o) 

Screw ter
minals 
(Fig. 3426) 

Sealed-in-
glass type 
(Fig. 342c) 

Single-ended 
bobbin 
type (Fig. 
312d) 

Small axial-
lead type 
(Fig.342e) 

JAN-R-93 
style 

RB-10 
RB-11 
RB-12 
RB-13 
RB-14 

RB-20 
RB-21 
RB-22 

RB-30 
RB-32 

RB-40 
RB-41 
RB-42 

RB-51 

Nominal 
power 
rating, 
watts 

i 
4 
1 
3 
1 
2 
1 
2 
1 

3 
4 
1 

1.5 

1 
1 

0.4 
0.5 
0.6 

Resistance 

min., 
ohms 

0 4 
0.1 
0.1 
0 1 
0.1 

1.0 
1.0 
0.1 

1.0 
300,001 

0.1 
0.1 
0.1 

0 . 1 

max., 
megohms 

0.185 
0.300 
0.300 
0.750 
4.0 

0.450 
0.800 
1.250 

0.300 
0.800 

0.150 
0.300 
0.450 

0.100 

Dimensions, in. 

A 

min. 

9 
16 
7 
s 
IS 
16 

^ 16 

15 
16 
15 
16 

1H 

21 
2\ 

31 
32 

1 -1-1 32 

max. 

15 Jl 
11 
16 

1 

2 ^ 

1A 
1A 
1H 

21 
2\ 

1A 
iA 
H 

B 
max. 

3 
4 
13 
T¥ 
27 
32 
29 
32 

1 32 

5 
S 
5 
8 
I 
3 
4 
3 
4 

C 

if ± A 

21 ± A 

Little need be said here concerning the meter resistors; their specifica
tions are almost identical with those of JAN-R-26 for ferrule-terminal 
power resistors, except that no wattage rating is given for the meter resis
tors since they are intended for operation at a uniform current of 1 ma 
for all types, and their resistance tolerance is ±0.5 per cent. The 
specifications of JAN-R-93 are roughly similar to those of JAN-R-26 
but are somewhat less rigorous mechanically and more rigorous electri
cally. They will be discussed in more detail in Sees. 3-7 and 3-8. 

Most of the accurate resistors made by the various manufacturers 
are similar to the JAN types, but there are a few other types of interest. 
Several manufacturers offer bobbin-wound resistors with one or more 
intermediate taps. Several also make accurate resistors with higher 
power ratings, both in the form of bobbin-wound units designed and 
treated for operation at higher temperatures than the usual 105°C and 
in the form of small power-type resistors with close tolerances on resist
ance and temperature coefficient. Such resistors are available in ratings 
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Clearance for #6 screw 
Y<).016" min thickness 

0.032" dia C20 A.W.G.) min 

0.016" min thickness 

ie 

T 

r rt**\ 
1-iiH 

0.032" dia C20A.W.G.) min 

<«) 

if"" 
Terminal need not 

be centered 
T 

B » 
n 

(/) 
F I G . 3-12.—Dimensions of accurate wire-wound resistors. 

T A B L E 3 - 1 2 . — E X T E R N A L M E T E R R E S I S T O R S 
(High-voltage, ferrule-terminal type, per JAN-R-29) 

Type 

Resistance, megohms 
Dimensions, in. 

MFA 

3.5, 4.0, 5.0, 6.0 
A, max. 8{i 
u 1 ^32 3- 32 

C 1 JL 4- - i -
^ , 164 X 64 

A 1H U 
E, M t o 1A 

MFB 

1.0, 1.5, 2.0, 2.5, 3.0, 3.5 
4 * 
5A 
1 -S-1 64 
1 ^A . _J^ 
*64 H 64 
U If. 1-5-
16 t o * 16 

MFC 

0.5, 0.8, 1.0 
125. 
1 32 
O i l 
* 16 

13 
16 

1 + A 
ttto 1A 

N O T E : N O power dissipation rat ings specified. All uni ts operate at 1-ma maximum 
current. Resistance tolerance ±0 .5 per cent. See Fig. 3-12/for outline drawing. 
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up to 10 watts. Resistor units and resistive networks may also be 
obtained in various enclosures including plug-in types. 

The numerous forms of precision resistor that have been developed 
by the manufacturers of measuring and test equipment will not be 
discussed here. 

3-7. Construction.—Accurate wire-wound resistors are wound on 
small bobbins of molded plastic or ceramic material. Except in the 
smallest sizes the windings are distributed among several slots, and 
usually the direction of winding is reversed in each successive slot in an 
effort to reduce the inductance of the unit. Such a practice is effective 
only at comparatively low frequencies because of the leakage flux between 
slots and the high distributed capacitance in the random-wound sections. 

Because of the low operating temperatures, insulated wire is always 
used for the windings of accurate resistors. Enamel, Formex, and 
Formvar insulations are the most common, but textile wrappings such 
as silk, Fiberglas, and resin-impregnated Fiberglas are also used. The 
resistance alloys are the same as those used for power-type resistors, 
except that Manganin is also used for the lower resistance ranges. 
Manganin has a restricted operating temperature range ( + 10 to +40°C) 
and is somewhat more difficult to handle than some of the other alloys; 
its principal advantage is its low thermal electromotive force against 
copper. Nichrome V is most commonly used for resistance values above 
100,000 ohms and also for lower values when a very low temperature 
coefficient is not required. When the coefficient must be low, Advance 
or Manganin are usually chosen. A new alloy (Evanohm, produced by 
the Wilbur B. Driver Co.) has recently appeared which combines the 
high resistivity of Nichrome V (675 ohm per circular mil foot) with the 
low temperature coefficient of 25 X 10~6/°C. It is a nickel-chromium 
alloy with a special metallurgical treatment and will soon be in general use. 

JAN-R-93 specifies the minimum permissible wire diameter as 1.5 
mils for the copper-nickel and nickel-chromium alloys, and 2.0 mils for 
all others. "All others" in this case is intended to mean Manganin, 
which is brittle and comparatively weak. Commercial resistors may be 
obtained with wire as small as 0.8 mil. 

After winding, resistors are impregnated with various materials to 
exclude moisture and to protect the windings mechanically. Before the 
war, impregnation with any of the usual electrical varnishes was con
sidered sufficient, and some manufacturers used only a wax dip. With 
the imposition of military requirements for operation at high humidity 
and over a wide temperature range the prewar treatments were found to 
offer wholly inadequate protection in most cases, and a number of new 
impregnants and processes were developed. These processes are now 
used on practically all units, and afford complete protection against all 
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but the most severe conditions. For the maximum protection, units are 
hermetically sealed in glass or ceramic tubes, as in JAN types RB-30 
and RB-32 and the meter resistors, or in metal containers with soldered 
glass bushings. JAN-R-93 establishes two types of protection: Charac
teristic A resistant to 5 cycles of the salt-water-immersion test (between 
0° and 85°C), and Characteristic B to 10 cycles of the humidity test. 

TIG. 313.—Typical accurate wire-wound resistors. 

Accurate resistors may be furnished with any of a number of terminal 
types: screw or binding-post terminals, ferrules, soldering lugs, mounting 
ears, or solid or stranded wire leads. They are usually mounted either by 
a screw through an axial hole or in fuse or grid-leak clips. Screw-
mounting resistors should never be mounted in direct contact with a 
metal bracket or mounting plate; a bakelite or fiber cushioning washer 

; should always be used between the bobbin and the mounting plate to 
prevent cracking of the brittle ceramic form. Figure 3-13 shows a group 
of typical accurate wire-wound resistors. 

One type of resistor that has been developed too recently to find its 
way into the JAN specifications but that meets all the JAN tests and has 
Navy approval is the Daven Seald-ohm, shown in Fig. 3-14. Up to four 
resistor units, either bobbin- or card-type, are enclosed in a small drawn-
metal case furnished with glass-insulated solder-seal bushings, the case 

, is then filled with a high-melting-point wax, and the bottom is soldered on. 
| 3-8. Electrical Characteristics. Resistance Values.—JAN-R-93 lists 
I only maximum and minimum values for the resistances of the various 
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styles of accurate wire-wound resistor, and all but a very few of the 
manufacturers do the same for their commercial units. The reason for 
this is that it would be impracticable, because of the narrow tolerances 
permitted with this type of resistor, to stock resistors of enough different 
resistance values to cover the whole range. Consequently these units 
must be made up and sold on a special-order basis. Some manufacturers 
do list standard values, the values themselves and the number of nominal 
values per decade being approximately the same as those listed for the 
more popular styles of power wire-wound resistors. The JAN resistance 
ranges are given in Table 3-11. Commercial resistors can be obtained 
in resistances up to several times the JAN maxima, when smaller wire 
than the JAN 1.5-mil minimum is used. 

F I G . 3-14.—Daven Seald-ohm resistor unit and bracket. (The soldering lugs on the 
front terminals were removed by the retoucher; the tips of the rear lugs can be seen above 
the case.) 

The meter resistors of JAN-R-29 are made in eleven standard values 
corresponding to the ranges of JAN-standard 1-ma voltmeters; some 
manufacturers also furnish higher and lower values in the same 
construction. 

Resistance Tolerance.—The standard resistance tolerances of JAN-
R-93 are ±0.25 per cent (Tolerance C), ±0.5 per cent (Tolerance D), 
and ±1.0 per cent (Tolerance F). The meter resistors are made to a 
standard tolerance of ±0.5 per cent. Commercial resistors are usually 
made to one or another of the above three tolerances, although several 
styles are made with a tolerance of ± 2 per cent and special-order resis
tors can be obtained with tolerances of ±0.1 per cent, and even as low 
as ±0.02 per cent in certain values and constructions. Such extremely 
close tolerances are justified only in special cases; even with the lowest 
temperature coefficients available, the resistors and their associated 
equipment should be temperature-controlled, and great precautions 
should be taken to avoid extraneous effects such as thermal electromotive 
forces. In specifying close tolerances for low-value resistors it should also 
be borne in mind that unless special precautions are taken the resistance 
of the leads and wiring to the resistor may easily be as much as several 
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per cent of the resistance of the resistor, thus rendering useless the close 
tolerance of the resistor itself. 

Dissipation Rating.—The power ratings given in Table 3-12 are based 
upon a maximum hot-spot temperature of 105°C and specified from an 
ambient temperature of 85°C. Most of the data published by manu
facturers gives wattage ratings based on a 30° to 40°C rise over ambient, 
so that correspondence of ratings is not obtained in many cases. I t is 
necessary to reduce the rated dissipation for resistors supplied in toler
ances of better than 1 per cent. The permissible rating for a + 0.5 per 
cent resistor is 75 per cent of the rating of a + 1 per cent resistor; for a 
+ 0.25 per cent resistor, it is 50 per cent. 

Voltage Rating and Insulation.—Because of the high resistance values 
possible in the precision-type resistors it is obvious that a voltage limita
tion may be reached before the wattage dissipation limit is exceeded. 
Particularly with wire sizes smaller than 1.5 mils care must be taken to 
check the manufacturer's voltage rating in the higher values. In 
JAN-R-93, a short-time overload test is specified in which a d-c voltage 
calculated for twice the rated wattage (not to exceed twice the rated 
maximum voltage) is applied for 10 min. The allowable change in 
resistance after the test is not to be greater than 0.5 per cent; if the 
resistor tolerance is less than 0.5 per cent, the change should be no greater 
than the tolerance. Following this, a 1-sec flash test is given in which 
the applied voltage is calculated for three times the wattage, except that 
it is not to exceed twice the rated maximum voltage. This test must 
not cause arcing, burning, or charring of the insulation. The insulation 
resistance and breakdown tests on precision resistors are made in a 
manner similar to that for the power-type resistors. A test potential of 
500 volts rms is applied for 1 min between the resistor terminals con
nected together and the mounting hardware on a V-block. The resistor 
must withstand this voltage without evidence of insulation breakdown, 
fiashover, or change in resistance. The insulation resistance is measured 
with a d-c voltage of 100 volts applied as described for the breakdown 
test. The specification requires that the insulation resistance be not 
less than 100 times the nominal resistance value in megohms divided by 
the resistance tolerance in per cent, and in no case less than 50 megohms. 

In using precision resistors it is necessary to recognize that they are 
not able to withstand high voltage with respect to grounded surfaces on 
which they may be mounted. It is recommended that supplementary 
insulation be provided if the potential at one of the terminals is more than 
250 volts different from ground. 

Temperature Coefficient and Stability.—Although the wire alloys used 
for resistors may be reasonably uniform in temperature coefficient, the 
temperature coefficient of the finished resistors will vary from unit to 
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unit because of variations in the winding tension and the resultant irregu
larity of strains in the metal. Coatings applied to the surface of finished 
resistors constrict some wire turns more than others and allow irregular 
physical expansion, which also affects the temperature coefficient. The 
net temperature coefficient and resistance stability are also dependent to 
a considerable extent on the physical properties of the bobbins or forms 
on which the wire is wound. Thermal expansion of the form produces 
very high pressures in a constrained winding which will upset careful 
original annealing of the wire. 

The effects of strains introduced during the winding process can be 
almost completely overcome by thermal and current aging of the wind
ings. This is most effectively done by actually passing current through 
the wire at an ambient temperature of about 100°C. The current used 
is about twice the normal maximum current for the particular resistance 
value. This technique removes the strains put in by the winding process 
and results in a high degree of stability in a very small fraction of the 
time required by thermal aging alone. After such treatment, one can 
expect a precision resistor of careful manufacture to retrace to 10 to 50 
parts per million over repeated temperature cycles between 0° and 80°C. 
Over a long period of time a properly aged precision resistor will be stable 
to ±0.1 per cent. 

Actual measurements on four 1-megohm 1 per cent precision resistors 
from four manufacturers showed retrace characteristics on cycling 
between —20° and +70°C of about 280 parts per million. The tempera
ture coefficients varied somewhat among the four resistors but this varia
tion was considerably less than that of the resistance values themselves. 

Alternating-current Characteristics.—Much of the information in Sec. 
3-5 on the a-c characteristics of power-type resistors is also applicable 
to the bobbin-wound types. In general, the reversal of windings in 
alternate slots of the grooved form is not as effective in reducing the 
inductance as is the use of an Ayrton-Perry winding. Furthermore, 
the depth of winding in the slots and the relatively large number of turns 
results in higher distributed capacitances than are found in the single-
layer power-type resistors. Above about 50 kc/sec, the capacitive effect 
is pronounced and, in fact, leads to the conclusion that reversal of the 
windings in alternate slots has little effect on the over-all performance of 
the resistor at the higher frequencies. For frequencies up to several 
megacycles per second, the spool type of winding is replaced by Ayrton-
Perry windings on mica cards. Obviously, the maximum value of 
resistance obtainable with this form is considerably less than for the 
spool type of the same physical size. 

Table 3-13 gives the results of some measurements of the high-
frequency properties of 1000- and 100,000-ohm bobbin-type resistors 
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from five different manufacturers. It can be seen that such resistors are 
unsatisfactory at frequencies of 1 Mc/sec and higher. 

TABLE 3 13.—HIGH-FREQUENCY CHARACTERISTICS OF BOBBIN-TYPE RESISTORS* 

Manufacturer 

A 
A 

B 
B 

C 
c 
D 
D 

E 
E 

Freq., 
Mc/sec 

1 
10 

1 
10 

1 
10 

1 
10 

1 
10 

1000-ohm resistors 

Relh 
ohmsf 

4,700 
93 

914 
161,000 

990 
830 

1,090 
92,000 

1,120 
44.000 

Xeft, ohms, t 

-278 
-390 

+2550 
res.J at 6.5 Mc/sec 

- 4 4 
-341 .5 

+2960 
res. 1 at 4 Mc/sec 

+ 1600 
res.t at 6 Mc/sec 

100,000-ohm resistors 

R, ohms 

85,000 
5,000 

132,000 
14,200 

73,000 
25,500 

14,800 
24,000 

97,000 
14,200 

Shunt capaci-
ance, ,UMI. 

14 
12 

3 
2.8 

2 
1.4 

2 
2.3 

3.2 
3.2 

* Data from Mr. Leon Podolsky, Research Engineer, Sprague Electric Co., North Adama, Mass. 
f Retf. and Xeff. are the effective series resistances and reactances at the frequency of measurement, 
X Res. = Resonates. 

SPECIAL-PURPOSE AND MISCELLANEOUS RESISTORS 

A "general-purpose" resistor, as the term is used in this chapter, is a 
resistor closely resembling a "s tandard" resistor, which conforms to one 
or another of the JAN specifications. Such general-purpose resistors 
differ from standard resistors only in minor respects, such as inability to 
withstand the salt-water-immersion or other tests, or in having nonstand-

' ard resistance values, temperature coefficients, or dimensions. General-
purpose or standard resistors will be found suitable for at least 99 per 

' cent of all applications in electronic equipment, but for the special 
applications a number of special resistors have been developed. The fol
lowing sections will briefly describe some of these special-purpose resistors. 

3-9. High-voltage Resistors.—A number of types of resistor have 
been developed for use as bleeders, voltmeter multipliers, and surge 
resistors in high-voltage circuits such as X-ray power supplies. For some 
purposes these resistors need not be particularly stable or constant in 
resistance value, but for voltage or other measurements the requirements 

» are more stringent. 
The greatest stability is obtained by the use of wire-wound resistors, 

> and several manufacturers list wire-wound high-resistance units for high-
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voltage uses. Sprague, for example, lists the 150-watt type 150F, which 
is a glass-enclosed ferrule-terminal unit 11^ in. long, rated up to 10 kv 
between terminals. The standard tolerance is 5 per cent; the resistance 
may be as high as 100,000 ohms for the noninductive (Ayrton-Perry) 
type 150 NIF, or 300,000 ohms for the 150F with a progressive winding. 
Shallcross also lists a 150-watt unit, type 290, which is a 20^-in. single-
layer resistor with 1 per cent tolerance, available in resistances up to 3 
megohms. I t has a heat-resistant lacquer finish and is rated for opera
tion at temperatures up to 175°C; the glass-enclosed Sprague resistors 
can be used up to 250°C. For lower currents at high voltages Shallcross 
offers a somewhat less rugged type, consisting of a number of bobbin-
type resistors mounted within a spun aluminum corona shield 10 in. in 
diameter. The shield prevents the formation of corona, with its deteri
orating effect on the resistors and the errors caused by the flow of corona 
current through the resistors, and greatly reduces the electrostatic 
precipitation of dirt and the resulting leakage. A number of these units 
can be stacked and connected in series for the measurement of high 
voltages. Resistances are either 5 megohms +0.1 per cent or 10 meg
ohms ±0.1 per cent; operating voltages are 5 or 10 kv per unit. 

For applications in which the resistance required is higher than is 
practicable to obtain with wire-wound units, composition resistors must 
be used, and there are several such on the market. The IRC MV and 
MP series are typical; they consist of ceramic tubes 3 to 18^ in. long, 
fitted with lug, ferrule, or other terminals and coated with a thin film 
of resistance material, with a heavy protective varnish coat over all. 
The MP units have a continuous coating and therefore are good up to 
high frequencies; the MV units are similar except that they have a small 
inductance because the resistance material is applied in the form of a 
spiral band. Standard tolerances are ±15 per cent; resistances range 
up to 6 megohms for type MPR and to 20,000 megohms for type MVR. 
Operating voltages may be as high as 50 kv per unit for the 35-watt 
10|-in. type MVO; dissipation ratings run from 4 to 100 watts for the 
five sizes. 

A carbon resistor of construction radically different from that of other 
types is the Sprague Meg-O-Max unit. This is a large high-voltage 
power resistor, sealed in glass with metal ferrule ends in the same manner 
as the Grade 1, Class I wire-wound resistors. Figure 3-15 shows the 
outside appearance and internal construction of this type. I t is made of 
a number of C-shaped carbon-composition pieces strung on a ceramic 
tube and connected in series. Except at the point of connection each 
piece is separated from the next by a mica ring. Three sizes are made, 
with over-all lengths of about 2f|, 5^ and 9f in., and a diameter of about 
lirg in. The resistance ranges available run from a few thousand ohms 
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to a few hundred megohms, depending on length. The wattage ratings 
are from 5 to 22 watts, depending on length and resistance value. Maxi
mum rms voltage ratings are in the neighborhood of 5, 10, and 17 kv, 
respectively, for the three sizes, depending on resistance value. Under 
low-duty-cycle pulse conditions, peak voltages up to about three 
times the rms ratings are permissible. The Sprague Meg-O-Max resistor 
is not made to be a precision type, and a unit may change in resistance 
up to about 2 per cent in normal operation. In the Radiation Laboratory 
this type has been used mainly in two applications: as a high-voltage 
bleeder in cathode-ray-tube power supplies, and in high-voltage regula-

FlG. 3-15.—Sprague Meg-O-Max resistor. (The lower unit was broken in removing the 
protecting sleeve, and several of the C-shaped resistor elements are missing.) 

tors using shunt regulator tubes. In the latter case the voltage divider 
that feeds the regulator tube grid uses a Meg-O-Max resistor as its upper 
section and a Western Electric glass-sealed resistor as its lower section. 
Since the temperature coefficients of these two types are approximately 
equal, changes of voltage caused by change of divider ratio with tempera
ture are minimized. 

3-10. High-stability Composition Resistors.—For many applications, 
as in electrometer-tube circuits, resistors are required which need not 
dissipate appreciable amounts of power, but which must have resistance 
values higher than can be obtained in a reasonable volume with wire-
wound types. For most such uses the stability of the resistance is also 
important. For these applications several types of unit are available. 
One is the glass-sealed precision resistor of the Western Electric Company, 
shown in Fig. 3-16. This unit has been used by the Radiation Laboratory 
in critical parts of range-measuring circuits, chiefly in values between 
0.1 and 5 megohms. Its temperature coefficient is nearly constant at 
different temperatures, with a value between —0.032 and —0038 per 
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cent per degree centigrade. For precision voltage-divider purposes 
these resistors can be obtained in pairs with matched temperature * 
coefficients, so that the ratio between the values of the two units will 
change less than ten parts per million per degree centigrade. This type 
is made by depositing resistance material on the outside of a ceramic tube 
or rod and cutting a spiral groove through the coating so that the current 
must flow through a long high-resistance path. Glass-sealed resistance 
units are also made by the Victoreen Instrument Company in values up 
to 1012 ohms, for use in electrometer circuits. The Victoreen units are 
about ^ in. in diameter and 1£ in. long exclusive of the leads. t 

S. S. White and International Resistance Corporation also make very 
high resistance units in several different forms. The S. S. White type i 
65X 1-watt units are molded in bakelite with axial wire leads and may be 
obtained in resistance values up to 106 megohms. The IRC types FH-1, 
MG-3, MG-6, and MG-12 are similar in construction to the type F high-

( 
F I G . 3-16.—Western Electric glass-sealed precision resistor. 

frequency units described below and consist of glass rods coated with 
resistance material and enclosed in ceramic tubes, with the ends sealed 
by alloy castings which serve as terminals. All are H in. in diameter, 
with lengths from lxf to 12 in. and dissipation ratings from 1 to 8 watts. 
Maximum voltages are from 500 to 4000 volts, maximum resistances from 
1010 to 10n ohms, and temperature coefficients from —0.01 to —0.06 per 
cent/degree centigrade, with the higher values applying to the higher 
resistances. Standard tolerance is + 10 per cent. 

Two types of resistor of better than ordinary stability are made by the 
Continental Carbon Company. The type X precision resistor is made 
in Y-, 1-, 2-, and 5-watt sizes. The range of available resistance values ' 
runs from between 1 and 5 ohms to between 1 and 15 megohms, depending 
on wattage. These units are shown in Fig. 3-17. In many respects 
Continental Carbon Company precision resistors resemble wire-wound 
resistors rather than carbon resistors, except that high resistances can 
be obtained with small size. The temperature coefficient varies from 
about +0.01 per cent per degree centigrade in low values to —0.05 per 
cent in high values. Resistors of this type • are often used in voltage 
dividers for vacuum-tube voltmeters. t 

The Continental type A is called a " semiprecision" resistor. The 
resistor unit is cemented into a glass tube by filling the ends of the tube 



SEC. 3-11] METAL-FILM RESISTORS 99 

with a hard high-melting-point wax. The stability of this unit is not so 
good as that of type X. Samples measured at Radiation Laboratory 
had temperature coefficients varying with resistance value from —0.02 
to —0.04 per cent per degree centigrade. These resistors are made in 
i- and 1-watt stvles. 

F I G . 3-17.—Continental Carbon Co. precision resistors. 

3-11. Metal-film Resistors.—In an effort to produce resistors whose 
stability would be higher than that of a composition- or carbon-film 
resistor, several manufacturers have tried sputtered or evaporated-metal 
films, and two of them have placed such units on the market. One of 
these is the P. J. Nilsen Company of Oak Park, 111., whose resistors 
employ a sputtered film of platinum-iridium or silver-palladium alloy as 
a resistive element. The film is deposited on a threaded cylindrical 
porcelain form which is then ground to remove 
the conducting film from the top of the threads, 
leaving a continuous metallic spiral. The 
resistor is thus similar to the Western Electric 
Company precision unit described above. 
The ends of the cylinder which serve as ter
minals, are plated with silver for about £ in.; 
a porcelain outer shell with similarly plated 
ends is slipped over the grooved form; and 
the whole unit is sealed by dipping the plated 
ends in solder. Figure 3-18 shows the unit without its protecting shell, 
and also a complete resistor. The resistance of the unit can be estab
lished to an accuracy of ±0.1 per cent by controlled or hand-finishing 
of the grinding process. By proper selection of the sputtering alloy 
and control of the film thickness the temperature coefficient can be 

F I G . 3*18.—Nilsen sputtered 
precision resistor. 
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varied and controlled when accurate matching is required. Pairs of 
resistors have been made which match to better than 50 X 10_6/°C. 
The absolute temperature coefficient depends somewhat on the resistance 
value and the physical size, varying from about 150 X 10_6/°C to 
slightly negative values. This negative value with a positive-coefficient 
material has been explained as due to contact-potential effects present 
in thin films. The voltage coefficient for a 1-megohm resistor is about 
2 X 10 -6 per volt between 2 and 200 volts. The resistance range in the 
| - by 2-in. size of Fig. 3-20 is from 5000 ohms to about 3 megohms. I t is 
possible to obtain values as low as 500 ohms by using an ungrooved cylin
der, which also gives a practically noninductive resistor. This size is 
conservatively rated at 1 watt and may be operated at temperatures from 
- 4 0 ° to + 85°C without derating. 

Another type of metallic-film resistor has recently (January 194G) 
been placed on the market by the Corning Glass Works, the product of 

F I G . 3-19.—Pyrex resistors. 

joint research by the Corning Glass Works and the Polytechnic Institute 
of Brooklyn. According to the manufacturer these Pyrex resistors are 
very stable in spite of the fact that the film thickness is only about 10~6 

cm. It is thin enough to pass an appreciable fraction of the visible light 
incident on it; two such resistors showed transmissions of 13 and 50 per 
cent, including the absorption of the glass and the protecting silicone 
varnish film. After 1000 hr at maximum power the change in resistance 
is less than 0.5 per cent. The films themselves are surprisingly resistant 
to abrasion, and are protected by the silicone coating. Standard toler
ances are +10 per cent and closer tolerances are available on special 
order; resistance ranges and other characteristics are given in Table 3-14, 
and a photograph of three typical units is shown in Fig. 319. 

3.12. Varistors and Thermistors.—In most applications it is desirable 
that the resistance of a resistor remain constant under changing condi
tions, but there are many cases where a resistor could be used whose 
resistance is a function of some condition such as temperature or applied 
voltage. Following Western Electric practice, such variable resistors 
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will be termed varistors. Three principal classes may be distinguished: 
thermistors, which obey Ohm's law but with a large variation of resistance 
with temperature; symmetrical varistors in which the current-voltage 
characteristic is nonlinear but is symmetrical about the origin; and unsym-
metrical varistors such as the various types of dry-disk and point-contact 
rectifiers. 

TABLE 314.—PROPERTIES OF PYREX RESISTORSJ 

Property 

Resistance range, ohms 

Temperature coefficient * 

Maximum input, watts 

Watts input for rise of,t 
°C 

40 
80 

130 
170 
230 

Form 

5 in. 

200 to 4000 

+0.02 to 
- 0 . 0 2 

12 

2 
4 
8 

12 

^lat strip 31 

long 

4000 to 
100,000 

+0.02 to 
- 0 . 0 8 

8 

2 
4 
8 

- in. X i in. 

If in 

50 to 1000 

+0.02 to 
- 0 . 0 2 

3 

i 
2 
1 
2 
3 

long 

1000 to 
25,000 

+0.02 to 
- 0 . 0 8 

2 

i 
2 
1 
2 

Tube | in. 
OD, \i in. 

long 

1 to 500 

0.08 

4 

i 
1 
2 

4 

* Temperature coefficients in per cent per degree centigrade. They are less than 0.02 per cent for 
resistances up to 5000 ohms in the lf-in. strip sizes and less than 0.02 per cent for resistances up to 
20.000 ohms in the 5-in. strip sizes. 

t Rise above ambient of 25°C. 
Voltage coefficients for resistances above 1000 ohms are less than +0.02 per cent volt for the 5-in. 

and less than +0.06 for the lf-in. strips; they are not defined for the tubular resistors. 
X Data from Corning Bulletin EI-P-10, Jan. 18, 1946. 

Thermistors.—Devices in which the variation of resistance with tem
perature is utilized fall into two classes: those in which the resistor element 
is metallic and those in which it is a semiconductor. The thermal coeffi
cients of most of the pure metals are positive and lie between +0 .3 and 
+0.6 per cent/degree centigrade and are too small to be of much interest 
except for such specialized applications as resistance thermometry. Iron 
is a partial exception, since its resistivity changes rapidly over a small 
range of temperatures near red heat. This has led to its use in the iron-
wire-in-hydrogen ballast lamp, which when connected in series with a 
constant load will keep the current nearly constant over a range of input 
voltages as great as 3 to 1. 

Certain of the semiconductors have coefficients negative in sign and 
much greater in magnitude than those of the metals. The coefficients of 

E. G. & G. LIBRARY I } 
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uranium oxide (UsOg), nickel-manganese oxide (NiO + Mn203), and 
silver sulfide (Ag2S), for example, are respectively —3.0, —4.2, and —4.9 
per cent/degree centigrade. Such large coefficients result in a doubling 
of resistance for a temperature drop of as little as 20°C. The law relating 
resistance and temperature is approximately of the form 

R = R0eti<1/T)-<i/T^, 

where R0 is the resistance at the reference temperature T„ and T is the 
actual (absolute) temperature. The "constant" /3 is strictly a constant 
for Ag2S up to 179CC, where a phase change occurs. For the other 
materials j3 varies somewhat with temperature, resulting in slightly curved 
plots of log R against 1/T. 

Resistors with these characteristics are manufactured by the Keystone 
Carbon Company and the Speer Carbon Company (NTC resistors), by 
the Globar Division of the Carborundum Company (Globar type B 
and type D resistors), and by the Western Electric Company (thermistors). 
Those of the first three companies are similar in appearance and construc
tion to ordinary uninsulated composition resistors. Western Electric 
thermistors are rods, beads, or plates of sintered oxides or sulfides. Con
nection is usually made to the beads by embedded platinum wires 
and to the other forms by sprayed metallic coatings. Rod and disk 
thermistors may be used unmounted; beads are usually mounted in 
evacuated or gas-filled glass bulbs; and devices are also available in 
which one or more thermistors and other associated equipment are 
mounted in unit assemblies, usually in metal cans. 

Thermistor applications may be divided into three main classes. In 
the first class the current through the thermistor element is too small to 
cause appreciable heating, and the change of temperature is due to wholly 
external causes. This class includes the use of thermistors in resistance 
thermometry, in the bolometric measurement of radiant energy, and in 
the measurement of microwave power. This last application was of great 
importance in the work of the Radiation Laboratory, and examples are 
given in other volumes of this series, particularly in Vol. 11. 

As resistance thermometers, thermistors have at least ten times the 
sensitivity to temperature changes shown by platinum thermometers. 
Their absolute accuracy is not so high, at least in the present state of the 
art, but is said to be much greater than that of thermocouples. Therm
istors can easily be made to have much greater resistances than either of 
these devices, which is advantageous in cases where it is desired to couple 
into vacuum-tube amplifiers. Thermistors can also be made to have 
much smaller thermal capacities and shorter time constants than con
ventional resistance thermometers, though they do not as yet approach 
radiation thermocouples or bolometers in these respects. 
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Another obvious and useful application in this class is the use of a 
thermistor to compensate for the positive temperature coefficient of a coil 
or other device. A thermistor of suitable characteristics may be closely 
connected thermally with the coil and electrically connected in series 
with it. As the temperature rises, the coil resistance will increase and 
that of the thermistor will decrease correspondingly. If compensation 
over a wide temperature range is desired, it is usually necessary to shunt 
the thermistor with a Nichrome resistor in order to straighten out its 
characteristic. This type of temperature compensation has been very 
useful, for example, in airborne instruments. 

In the second class of thermistor applications, the measuring current 
is again too small to cause appreciable heating, but the change of tempera
ture is caused by heat generated in a resistance heater associated with the 
thermistor element. Such a heater-type thermistor may have the heater 
physically separate from the thermistor element or it may consist of a 
glass-covered thermistor bead with the heater imbedded in the glass. 
One obvious application of such a separately heated thermistor is as a 
remotely controlled circuit element. For example, the thermistor ele
ment could be used as the shunt element of an attenuator, and the heater 
fed with a-c or d-c power from a remote point; the greater the heater 
current the lower the shunt resistance and the greater, the attenuation. 

A variant of this scheme is a volume compressor or expander in which 
the output furnishes the heater current and the thermistor is an element of 
an attenuator in the input circuit. This is a special case of a feedback 
amplifier in which the feedback is thermal rather than electrical. The 
time constant of the thermistor can be made sufficiently short to permit 
following the syllabic variation of speech. Another use for the heater is to 
furnish ambient temperature compensation for the thermistor element; 
the heater current is controlled by a disk-type thermistor mounted in the 
same enclosure. Resistance control with a separate heater may be accom
plished with fairly small heater powers; one type of thermistor with a 
100-ohm heater had a cold resistance of 1 megohm, which decreased to 
8 ohms for a heater input of 20 mw. 

In the third class of thermistor applications, the heating is primarily 
due to the thermistor current itself. This current may be held constant, 
and the change in resistance with changing external conditions used to 
measure such quantities as gas flow, thermal conductivity, pressure, or 
even position. In this last application two thermistor beads in the same 
gas-filled bulb are connected in adjacent arms of a bridge. If the bridge 
is balanced when the two beads are in the same horizontal line, a tilt of the 
bulb will cause an unbalance of the bridge because the upward-moving 
convective gas streams in the bulb will cause the higher of the two 
thermistors to reach a higher temperature. 



104 FIXED WIRE-WOUND AND MISCELLANEOUS RESISTORS [SEC. 312 

Another group of applications of the third class depends upon the fact 
that if the power input is changed, the thermistor will come to equilib
rium at a new temperature and therefore at a different value of resistance. 
This property is used, for example, in protective devices for switchboard 
lamps, etc. If a self-heated thermistor of appreciable thermal inertia is 
connected in series with a lamp, a momentary surge—even of considerable 
magnitude—will not heat the cold thermistor enough to drop its resistance 
to the point where the lamp will burn out while a much lower voltage of 
long duration will heat the thermistor and permit the lamp to light. 

The same scheme is used to prevent false operation of relays. It may 
also be used to secure time delays in the operation of relays or other 
devices. With proper design of both the thermistor and the relay, 
delays can be secured from a few milliseconds to many minutes. In 
order to secure reasonable constancy of delay, however, it is necessary 
to compensate for ambient temperature variations, to assure constancy of 
the applied voltage, and to use a relay with a very constant operate cur
rent (see Chap. 13). 

If the current through a self-heated thermistor is gradually increased, 
time being allowed for the attainment of thermal equilibrium after each 
change in current, it will be found that the voltage drop across the unit will 
reach a maximum and will thereafter decrease with increasing current, so 
that the voltage-current curve has a negative slope. Still further increase 
in current will cause the curve to pass through a minimum and the slope 
to become positive again. The result is very similar to the dynatron 
characteristic of a tetrode with a secondary-electron-emitting screen 
grid, and like it the thermistor can be used as an oscillator. The fre
quency range possible is limited by the finite thermal capacity of even the 
smallest thermistor bead, but frequencies throughout most of the audio 
range can be reached. There would appear to be no theoretical lower-
frequency limit. 

The negative resistance characteristic permits use of a thermistor as an 
amplifier or as a switching device, and the fairly sharp kinks in the char
acteristic suggest its use as a modulator or demodulator. These possi
bilities have been comparatively little explored, but the device does make 
a useful volume limiter and a very good output stabilizer for oscillators. 
When combined with constant series and/or shunt resistors, it also serves 
as a voltage regulator. Thermistors are still relatively new, and their 
uses will undoubtedly multiply greatly in the future. 

Symmetrical Varislors.—Symmetrical varistors are resistors whose 
resistance is independent of the direction of the applied voltage but 
depends upon its magnitude. They are manufactured by the Globar 
Division of the Carborundum Company (Globar Type BNR voltage-
sensitive resistors), Metropolitan Vickers, Ltd. (Metrosil resistors), 
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Western Electric Company (silicon carbide varistors), and General 
Electric Company (Thyrite resistors). For convenience they will be 
referred to by the General Electric trade name. 

Thyrite resistors are made by pressing specially treated silicon carbide 
with a ceramic binder into shapes and firing at about 1200°C. Their 
properties are very sensitive to variations in the process of manufacture, 
so that the finished resistors are somewhat variable in character
istics. (Two pairs of supposedly identical but not especially selected 
units showed characteristics that were the same within 5 per cent in 
voltage.) After firing and attaching terminals, the rather porous units 
are impregnated to prevent water absorption. 

The conductivity of a mass of Thyrite is uniform in all directions but 
rises very rapidly with applied voltage. The material may be thought of 
as an aggregate of resistive granules separated by minute gaps insulated 
by films of silicon dioxide. The higher the potential gradient the larger 
the number of these gaps that break down and conduct. The insulation 
reforms immediately after the discharge ceases. The current is thus 
independent of the polarity and frequency of the applied voltage and 
depends only upon its instantaneous magnitude. 

To the first approximation, the current i through a Thyrite unit can 
be expressed as a function of the applied voltage E by the equation 

i = <riEn (amperes, volts), (1) 

where o-i is the conductivity of the unit in amperes at 1 volt applied and n 
is a constant depending upon the composition of the resistor material. 
The value of n usually exceeds 3.5 and may be as high as 7; its average 
value is about 4. Its magnitude is only approximately independent of 
the applied voltage, so that the current-voltage curves plotted on a log-log 
scale droop for voltage gradients below approximately 100 volts per inch. 
With this limitation, however, Eq. (1) holds true over ranges of at least 
200 db. Where heat dissipation is a factor, however, the usable range 
may be reduced to 100 db. 

The conductivity of commercial Thyrite, measured as current for 
constant applied voltage, rises about 0.4 per cent/degree centigrade rise 
in temperature. This temperature sensitivity is probably accidental 
rather than an inherent characteristic of the material. Its value varies 
widely between samples; in a batch tested between —36° and + 9 7 ° C , 
the temperature coefficient varied between 0.12 and 1.2 per cent/degree 
centigrade. Even two strips fashioned from adj acent portions of the same 
disk differed substantially in their temperature coefficients. 

Since it has been fired at a high temperature in the process of manu
facture, Thyrite itself is not harmed by reasonable overloads, but its 
wax impregnation will suffer, and so may the electrodes, which are usually 
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sprayed-on metal deposits. A dissipation of 0.25 watts per square inch of 
surface is therefore given as the highest rating. 

Thyrite units are made in the form of rods J in. in diameter and from 
1£ to 2\ in. long and as circular disks from \ to 6 in. in diameter and from 
0.03 to several inches thick. The rods and the smallest disks have pigtail 
leads; the larger units are intended to be mounted between clamps, either 
singly or in stacks. 

By choosing the appropriate shape and composition, Thyrite units 
can be adapted to voltages from 0.1 to 10,000 volts and to currents from 
10 - ' or less to hundreds of amperes. They are suitable for applications 
where moderate nonlinearity is required over wide voltage ranges. 

Thyrite has been comparatively little used except for surge and light
ning protection, for which it is almost ideally adapted. It offers interest
ing possibilities as a nonlinear element for multipliers, special waveform 
generators, etc., and will undoubtedly find many more uses in the future. 

Unsymmetrical Varistors.—Unsymmetrical varistors are resistors 
whose resistance is a function both of the magnitude and of the direction 
of the applied voltage. Because the resistance is different for different 
polarities, they can be used as rectifiers. The two most important 
classes are the point-contact crystal rectifiers, to which Vol. 15 of the 
Radiation Laboratory Series is devoted, and the dry-disk rectifiers com
monly used for battery charging and similar purposes. Crystal rectifiers 
depend for their action upon the rectifying properties of a fine metallic 
point, usually of tungsten, in contact with either silicon or germanium. 
Dry-disk rectifiers depend upon the unilateral conductivity of the inter
faces between copper sulfide and magnesium, copper and cuprous oxide, 
or selenium and iron or aluminum. 

As power rectifiers the copper sulfide, copper oxide, and selenium 
units have comparable properties, but their individual differences 
are great enough to make one preferable to another in many applications. 
The copper sulfide rectifier is the oldest and probably the least popular 
and is made by comparatively few manufacturers. One of its desirable 
properties is its ability to withstand high temperatures and high momen
tary overloads. I t is also the cheapest of the three types. 

Copper oxide rectifiers are desirable as meter rectifiers because their 
rectification efficiency remains high at low voltages. They withstand 
overloads better than selenium but cannot be operated at as high ambient 
temperatures as copper sulfide. The modern copper oxide rectifier, is an 
economical, dependable, and relatively trouble-free unit and is used in 
large numbers to furnish direct current for battery charging, electro
plating, magnet and relay operation, etc., as well as for low-current 
applications. 

Selenium power rectifiers are newer than either of the other types and 
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seem to be displacing them for many purposes. They are characterized 
by high efficiency, good voltage regulation, small change in properties 
with temperature (except that they cannot be used at as high tempera
tures), and low weight and compactness in the higher voltage ratings 
and especially by the high permissible back voltage per plate. This last 
property is of especial interest in the use of selenium rectifiers in plate 
supplies. Special high-voltage selenium rectifiers are available with 
ratings up to 4 kv at 5 ma. Four such units were used in the plate 
supply illustrated in Fig. 4-19. Larger high-voltage stacks are used in the 
plate supplies of several radio transmitters now on the market. 

Unsymmetrical varistors are useful for a wide variety of applications. 
Crystal rectifiers are commonly used as mixers, detectors, d-c restorers, 
etc.; many examples of these uses will be found in the other volumes of 
this series. Crystals such as the 1N34 can be substituted for thermionic 
diodes in perhaps 90 per cent of these applications, often with an improve
ment in performance. The principal weakness of the crystal diode is its 
finite back resistance, though this may be of the order of some megohms. 
Crystals and small copper oxide and selenium meter rectifiers are also 
useful as low-power modulators and demodulators, and matched pairs or 
sets of crystals are now obtainable for these purposes. Larger rectifier 
stacks are also useful at higher power levels. The frequencies at which 
disk-type rectifiers can be used are normally limited to the audio and 
carrier ranges by their comparatively large interelectrode capacitance. 

Beside their uses as rectifiers, both crystals and disk rectifiers are 
useful as symmetrical nonlinear circuit elements. The required sym
metry is easily obtained by paralleling two identical units with their 
polarities opposed. When so connected, a pair of copper oxide units will 
have characteristics such that the current increases exponentially with the 
applied voltage. The lower limit of this exponential characteristic lies at 
about +70 mv, at a current density of about 50 jia/cm2. The upper 
limit depends upon the application, but a range of 50 to 1 can be obtained 
if the linear component of the rectifier resistance is canceled out by the use 
of a bridge circuit. 

Certain germanium microwave mixer crystals show this characteristic 
to an even greater extent, since their forward resistances are very low. 
Their forward characteristic rises strictly exponentially from the lowest 
observed point of 1 pa, at +160 mv to 10 ma at +500 mv. If the bridge 
circuit is used, this exponential range can be extended to as much as 
300 ma per contact. 

Selenium rectifiers have a characteristic consisting of two approxi
mately linear portions connected by a sharp bend. They thus have a 
highly nonlinear characteristic but only over a narrow voltage range. 
Such a characteristic is useful in a limiter; for example, a pair of 
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selenium elements connected back to back makes an excellent limiter 
for shunting a pair of headphones used with an a-f bridge. 

When used in the back-to-back connection, the various rectifiers form a 
useful complement to Thyrite, having their field of application at voltages 
below about 1 volt where Thyrite begins to fail. 

A short bibliography on varistors and thermistors follows: 

BIBLIOGRAPHY ON VARISTORS AND THERMISTORS 

General 
Becker, J. A., "Varistors: Their Characteristics and Uses," BTL Record. 
MIT Electrical Engineering Staff, Electric Circuits, Wiley, New York, 1943, Chap. 

XIII. 

Thermistors 

Batcher, R. R., "Thermistors in Electronic Circuits," Electron. Ind., 4, 76-80 (Janu
ary 1945). 

Becker, J. A., C. B. Green, and G. L. Pearson, "Properties and Uses of Thermistors 
—Thermally Sensitive Resistors," Bell System Tech. Jour., 26, 170-212 (January 
1947). 

Johnson, J. C, "Thermistor Technics,"Electron. Ind. 4, 74-77 (August 1945). 
Mareno, T., and O. C. Lundstrom, "Microwave Power Measurements," Proc. IRE, 

36, 514-518 (May 1947). 
Pearson, G. L., "Thermistors: Their Characteristics and Uses," BTL Record, 19, 

106-111 (December 1940). 
Tweeddale, J. E., "Thermistors," Oscillator (December 1945). 
Weller, J. A., "A Volume Limiter for Leased-line Service," BTL Record, 23, 72-75 

(March 1945). 

Symmetrical Varistors 

Brownlee, T., "The Calculation of Circuits Containing Thyrite," Gen. Elec. Rev., 37, 
175-179 (April 1934) and 218-223 (May 1934). 

Darrow, W. E., "Protecting Switchboard Lamps with Varistors," BTL Record, 19, 
85-88 (November 1940). 

General Electric Co. Bull. GEA-4138-A, "Thyrite." 
Grisdale, R. O., "Silicon Carbide Varistors,"B7'L Record, 19,46-51 (October 1940). 

Copper Oxide Rectifiers 
Beranek, L. L., "Applications of Copper Oxide Rectifiers," Electronics, 12, 15 (July 

1939). 
Brattain, W. H., "The Copper Oxide Varistor," BTL Record 19, 153-159 (January 

1941). 
Caruthers, R. S., "Copper Oxide Modulators in Carrier Telephone Systems," Trans. 

AIEE, 68, 253 (June 1939). 
General Electric Co. Bull. GEA-4244A, pp. 82-85 and 89. (This is an abridgement 

of the following reference.) 
General Electric Co. Catalog, "Equipment for Electronics Manufacturers," Copper-

oxide Stack Section, Aug. 15, 1944, pp. 1-19. 
Grondahl, L. O., and P. H. Geiger, "A New Electronic Rectifier," Trans. AIEE, 46, 

357 (1927). 
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Peterson, E., and L. W. Hussey, "Equivalent Modulator Circuits," Bell System Tech. 
Jour., 18, 32 (January 1939). 

Sahagen, J., "The Use of Copper-oxide Rectifiers for Instrument Purposes," Proc. 
IRE, 19, 233 (February 1931). 

Terman, F. E., " Multirange Rejtifier Instruments Having the Same Scale Gradua
tions for All Ranges," ibid., 23, 234 (March 1935). 

Selenium Rectifiers 
Clarke, C. A., "Selenium Rectifier Characteristics, Application and Design Factors," 

Elec. Comm., 20, No. 1, 47 (1941). 
"Selenium Rectifiers for Closely Regulated Voltages," ibid., 20, 124 (1941). 
General Electric Co. Bull. GEA-4244A, pp. 82 and 86-89. (This is an abridgement of 

the following reference.) 
General Electric Co. Catalog, "Equipment for Electronics Manufacturers," Selenium 

Stack Section, Jan. 24, 1944, pp. 1-13. 
Richards, E. A., "The Characteristics and Applications of the Selenium Rectifier," 

Jour. IEE, 88 Part III, 238 (December 1941), and 89 Part III, 73 (March 1942). 
Yarmack, J. E., "Selenium Rectifiers and Their Design," Trans. AIEE, 61, 488 

(July 1942). 

3-13. Wire-wound R-f Resistors.—Although most wire-wound resis
tors have residual inductances and capacitances too large to permit their 
use as accurate circuit elements at radio frequencies, there are certain 
forms that can be used up to fairly high frequencies. The a-c properties 
of Ayrton-Perry windings have been discussed in Sees. 3-5 and 3-8; other 
windings such as the Figure 8 and even more complicated configurations 
have been devised which give even better characteristics, but most of 
them are too difficult to construct to be practical in any application except 
special measuring and test equipment.1 

There are certain commercially available resistors which have fairly 
good high-frequency properties. Two such types are the Ohmite Models 
D-100 and D-250, which have noninductive space-wound wire resistance 
elements, supported on skeleton mica forms in sealed gas-filled bulbs with 
connections brought out to four-prong vacuum-tube bases. The D-100 
is available in 13 resistance values from 13 to 600 ohms with 100-watt 
dissipation ratings. Distributed capacitances are approximately 5 nni 
for all values; residual inductances range from 0.19 to 1.0 ph. The fre
quencies at which the impedance increases 10 per cent vary from about 
5 Mc/sec for the 13-ohm unit to about 40 Mc/sec for 600 ohms. The 
larger Model D-250 has similar characteristics except for its dissipation 
rating of 250 watts. Resistance tolerance is + 5 per cent for both models. 

Another high-frequency power resistor is the Ward Leonard placque 
unit. This is a flat vitreous enameled unit, £ in. thick, with a zigzag 
winding covering a rectangular area in a depression in the form. Three 
sizes are available, with ratings of 20, 40, and 125 watts and resistances 

1 B. Hague, "A-c Bridge Methods," Pitman, London, 1943, pp. 86-127. 
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from 0.64 to 25,000 ohms. The maker states that they show no standing 
waves below 60 Mc/sec, that inductive effects are negligible up to 1 and 
capacitive to 5 Mc/sec; changes in effective resistance are negligible to 
7, 3, and 0.2 Mc/sec for the small, medium, and large sizes, respectively. 

A type of winding that is often used for heaters but which is nonre-
active enough for use up to several megacycles per second is resistance 
cloth. It consists of a textile warp, of cotton or other organic fiber in 
low-power types and of asbestos or Fiberglas cord in the higher powers, 
into which is woven a weft of resistance wire or ribbon. Such a winding 
has very low inductance and capacitance and has been much used in the 
construction of dummy loads for broadcast and other radio transmitters. 
Because the whole area of the resistance wire is exposed to the air the 
dissipation of heat is excellent and if the material is oil-immersed or 
cooled by an air blast high powers can be dissipated. Under the name 
of Ohm-Spun the material is sold for applications such as oven heaters; 
a lower-temperature type in the form of a 1-in. continuous tape is used 
for a-c resistance standards of values higher than can conveniently be 
obtained in Ayrton-Perry cards. A coil of such material with a resistance 
of about 25,000 ohms is only about an inch in diameter and has negligible 
inductance up to the carrier-frequency range; distributed capacitance can 
be minimized by interwinding the tape with a corrugated insulating 
spacer. 

Another material of similar properties is resistance cord, which may 
be any of various types of continuous core over which is wound a con
tinuous coil of resistance wire. Such resistance cord is used in making 
electric heating pads, soil-heating cable, etc. For these uses it usually 
takes the form of bare Nichrome space-wound on a heavy soft asbestos 
cord. Wound on enameled magnet wire with a heavy asbestos wrapping 
and the whole wound on a threaded ceramic form, it was used in the old 
Electrad resistors; these units were greatly inferior to present-day power 
resistors in some respects, but had the advantage of being easy to tap 
accurately, so that accurate resistance values could be made up by the 
user. One form of Electrad resistance cord, which was wound in a silk 
core about TV in. in diameter, had a resistance of as much as 15,000 ohms 
per ft. Small lengths of resistance cord enclosed in insulating braid 
sleeving and terminated by tinned wire leads are often used for cathode 
resistors for small tubes; one of their advantages is that they can easily 
be coiled or bent to fit almost any space. Resistance cord has very low 
inductance because of the small area of the core; the capacitance depends 
upon the configuration into which it is bent or coiled. 

3-14. High-frequency Resistors.—Resistors intended for use at high 
frequencies are usually designed to have one or more of the following 
properties: 
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1. Low direct end-to-end capacitance. 
2. Low total capacitance. 
3. Small change of resistance with frequency. 
4. Low inductance. 

In the frequency range up to 100 Mc/sec the first three properties 
are of interest in resistance values above about 500 ohms and the fourth 
in values below about 50 ohms. In the intermediate resistance range 
some suitable type of general-purpose resistor can usually be found. 

The IRC filament-type resistors without the leads projecting inside 
the unit have good high-frequency qualities in the high-resistance 
category. Type F shows much less resistance change at high frequency 

FIG. 3-20.—High-frequency resistors: (o) IRC type F ; (6) IRC type F (longitudinal 
section); (c and d) two types of IRC disk resistors; (e) small Globar unit; (/) MPM resistor; 
(g) dummy-crystal unit; (h) metal parts for dummy-crystal unit. 

i than ordinary resistors, and the new type MPM has unusually low direct 
end-to-end capacitance. Its resistance is said to change even less than 
that of type F. Resistors of type F, because of their bulky end caps, are 
not suitable where low total capacitance is desired (see Sec. 2-8). Both 
types are shown in Fig. 3-20a, b, and/ . Somewhat more specific informa
tion on their high-frequency properties is given in Sec. 2-8. 

An example of a particular high-frequency resistor is also shown in 
Fig. 3-20? and h. When radar receivers are being developed and tested, 
the intermediate-frequency test signal must be introduced through a 
"dummy mixer" to make the i-f input circuit act as it would if a real 

, mixer were feeding it. The dummy mixer often is made by modifying 
a real mixer, by substituting a resistor in the place of the rectifying 
crystal. The "dummy crystal" resistor is made to have the same 
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mechanical dimensions as a regular silicon rectifier unit by fitting suitable 
end caps onto it and soldering them to the leads, which are threaded 
through holes and cut off short. General-purpose RC-20 resistors of 
about 300 ohms are used in making .up these dummy crystals. More 
information on the use of these units is given in Vols. 18 and 23 of th,e 
Radiation Laboratory Series. 

Some types of resistor are especially useful in high-frequency wide
band equipment because their small size allows them to fit into the 
compact miniature type of layout which is often required in such equip
ment. The Globar 997-A is an example of a type used in such cases 
where insulated resistors were not required. Another very small Globar 
type, used in some experimental microwave devices, is shown in Fig. 3-20e. 

3-16. Ultrahigh-frequency Resistors.—Resistors of very low reactance 
find application particularly in the microwave region. An interesting 
example of microwave resistors is the resistor disk, two samples of which 
are shown in Fig. 3-20c and d. These are made by IRC from their 
resistor sheet material, which is itself of interest. Resistor sheet material 
consists of a sheet of low-loss phenolic plastic coated with a layer of 
resistive material. A square of this material will have the same resistance 
from the whole length of one edge to the whole length of the opposite 
edge no matter what its size, so the specific resistance of this type of 
material is figured in terms of ohms per square. It is available in strips 
up to 3 in. wide and in specific resistance values of 100, 200, 300, 400, 500, 
and 600 ohms per square. Reliable contact can be made to it only by 
painting part of its surface with a metallic coating, but in some microwave 
applications pieces of resistor-sheet material are simply placed in an 
electromagnetic field, outside connections being unnecessary. The 
resistor disks of Fig. 3-20c and d are used as low-inductance shunt resis
tors in coaxial lines carrying microwave energy. For instance, disks 
having a resistance equal numerically to the characteristic impedance of 
the line are often built into devices which are connected to such a line. 
These disks form part of arrangements which terminate the line and thus 
minimize reflections. They are painted with an outer and an inner 
metal ring to make connection with the two conductors of the cable, and 
have a hole punched in the center. Contacts are made by pressure on 
the metal-painted surfaces, using mechanical parts that screw together 
squeezing the disk between them. If the inner diameter of the outer 
metallic ring is r2, the outer diameter of the inner metallic ring, n , and 
the specific resistance S, then the resistance from center to rim of the 
disk is given by 

R = 0.367S log™ - • 
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It is easy to show that if the resistance of a coaxial disk is to match 
the impedance of a certain air-dielectric transmission line, and if r\ and r2 
of the disk are to be the same as the corresponding radii of the coaxial 
line itself, then the specific resistance of the sheet material must be 376.6 
ohms per square, a value numerically equal to the impedance of free 
space. Resistance sheet material is used in many ways in microwave 
equipment using waveguides as well as coaxial lines. Some of its applica
tions are described in Vols. 11 and 16. 

Another special low-inductance resistor, used at video frequencies, is 
the coaxial pulse-current viewing resistor. When the shape of a large 
current pulse, such as the current in a transmitting magnetron, is to be 
observed, it is necessary to convert it into a voltage pulse for presentation 
on the cathode-ray tube of an oscilloscope or synchroscope. This is done 
by putting a low-value resistor in series with the circuit at its grounded 
end, and observing the voltage pulse built up by the current through the 
resistor. The value of the resistor is low enough to be negligible com
pared to the rest of the virtual resistance of the circuit, and acts somewhat 
like an ammeter shunt. An ordinary resistor has sufficient inductance 
so that when the current pulse starts the series resistor has momentarily 
a much higher impedance than normally, and a high spike appears at the 
front edge of the picture of the pulse. Two means are used for reducing 
the spike in this special resistor: 

1. Lead inductance effect is minimized by making the resistor a three-
terminal device. The ungrounded lead runs through the center 
of the resistor, and the voltage pulse is picked off at the opposite 
end from the one at which the current pulse enters. 

Tubular resistors 
FIG. 3-21.—Coaxial pulse-current-viewing resistor showing paths of current flow. 

2. Inductance of the resistor itself is minimized by arranging the 
current paths so that the magnetic fields almost completely cancel 
out. The whole unit is built in cylindrical form, and its resistive 
portion consists of a pair of tubular ceramic resistors furnished by 
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Bell Telephone Laboratories, (BTL ES-720916 and ES-720917).. 
The current paths in this device are shown in Fig. 3-21. Resistance 
values ordinarily used in this resistor range from 1 to 10 ohms. 
The inductance is low enough so that a reasonably accurate 
picture is presented of a pulse of many amperes which rises in 
about 0.01 usec. More detailed information on the use of these 
devices is given in Appendix A of Vol. 5 (Pulse Generators). 

Constructions similar to that used in the pulse-viewing resistor have 
also been used in other resistive devices for use at ultrahigh-frequency. 
Cylindrical film-type resistors have been employed in a number of ter
minating impedances for both coaxial lines and waveguides; the dissipa
tion ratings have ranged from a watt or so in low-level test equipment 
up to several kilowatts in a water-cooled 10-cm termination for If-in. 
coaxial lines which has recently been developed by the International 
Resistance Corporation. 
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CHAPTER 4 

IRON-CORE INDUCTORS 

B Y J. F. BLACKBURN AND S. N. GOLEMBE 

From the standpoint of the circuit designer, transformers and other 
iron-core inductors occupy a place somewhat apart from such components 
as fixed resistors or capacitors. Units of the latter types are available 
in an almost embarrassing profusion, and about all that a circuit or 
apparatus man needs to know about them is their electrical and mechani
cal characteristics and their construction. In the case of transformers, 
however, although there are on the market many stock sizes and types 
that will satisfy most ordinary requirements, it is frequently necessary 
to order special units. In order to do so intelligently, and particularly 
in order to know whether it is practicable to attain the desired perform
ance, it is important for the circuit designer to have at least a bowing 
acquaintance with the methods of transformer design and with its 
possibilities and difficulties. 

It would be impossible within the limits of a single chapter to cover 
the field of transformer design, even in an attenuated form, but in the 
following section there will be presented a group of useful design formulas, 
followed by three sections briefly outlining the design procedures for the 
more important classes of iron-core inductors. Following this design 
portion of the chapter there are five sections on construction and assembly 
techniques, with special emphasis on those employed by the transformer 
shop of the "Radiation Laboratory, and descriptions of several units that 
were designed and built there. 

DESIGN OF IRON-CORE INDUCTORS 

4-1. Design Formulas.—The design of iron-core inductors, like all 
types of design, is a process of continual balancing and compromise, and 
it is rendered more troublesome than many fields of design by a very 
Babel of conflicting systems of units. In the United States, at least, 
it is the universal custom to use the English system of linear measure
ments for wire, insulating materials, and most other components entering 
into the construction of a transformer except the core. The manu
facturers of magnetic materials, however, use both English and metric 
units, presenting some data in one system and other data in the other. 
For this reason the formulas that follow will be given in two forms, one 

115 
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using the practical metric units and the other, a mixed system of units 
based on the inch. 

The formulas in this section are not grouped in a particular logical 
order since each designer has his own preferred sequence of operations in 
designing an inductor. The formulas are not to be considered as highly 
accurate because many of them are empirical approximations and 
because almost all of them are subject to errors due to the inherent 
inaccuracies in some of the quantities involved. This does not imply 
that the design of apparatus involving magnetic circuits is necessarily 
an inaccurate procedure, but rather that the formulas given here are 
first approximations that can be considerably refined by suitable correc
tions. As they stand they are sufficiently accurate for most ordinary 
purposes. 

Voltage.—The basic formula relating the voltage across a coil to the 
flux density in its core is 

E = 4 X Uy-yNFjAJcBn (1) 

E = voltage across coil, volts, 
/ = frequency, cps, 

N = number of turns in coil, 
Ff = form factor of voltage wave = 1.11 for sine wave, 
Ac = over-all cross-sectional area of core = b X s, in.2, (see Fig. 4-1) 
k, = stacking factor for core laminations (see Sec. 4-6), 

B™, = maximum flux density in core, lines/in.2. 
In this formula the units of linear measure are unimportant so long as 
the same unit is chosen for Ac and Bm„; for example, the core area could 
be given in cm2 and the maximum flux density in gauss (lines/cm2). 

lKVfa.ii-!a| 

\V///////A\ 

(a) Shell type (6) Core type 
F I G . 4-1.—Iron-ore inductor dimensions. 

If the voltage and flux are sinusoidal so that Fj = 1.11 and if Ack, is 
replaced by its equivalent /!,, the actual cross-sectional area of magnetic 
material in the core, Eq. (1) becomes 

E = 4.44 X 10-HNAiBw (la) 

http://lKVfa.ii
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Coil Dimensions.—In the calculation of inductance, mutual induc
tance, and interwinding capacitance certain dimensions are involved 
which are shown in Fig. 4-1 and in the several parts of Fig. 4-2 and 
tabulated below. 

'7777777777777777777 
(a) 

«ft 
77777777777777777777 77777777777777777777" 

to (d) 

Symbol 

0, 0i, etc. 

Fig. 
4 1 

4-1 
4-1,4-2 

4-1 

, etc. 4-1,4-2 

77777777777777777777^ 

FIG. 4-2.—Coil dimensions. 

Remarks 
Stack height depends not only on the number and thickness of 

laminations in the core, bu t also on t ightness of clamping, e tc . 
(See Sec. 4-6.) 

Core width 
Over-all axial length of winding(s) from outside of one end t u r n 

to outside of other end turn . This quan t i ty m a y not be t h e 
same for other windings on the same core. 

Rad ius of mean tu rn , measured from corner of stack. Equals 
mean of radii of inner and outer layers. 

Radia l thickness(es) of winding(s), measured from outside of 
copper of outer layer to inside of copper of inner layer, for each 
winding. 

Tota l thickness of insulation between windings. Measured from 
surface of copper, not from surface of wire insulation. Axial 
measurements , as in Figs. 4-2b and 4-2d are usually of poor 
accuracy because of difficulty of positioning coil layer ends. 

A number of equations might be given to define the relationships 
between these and other dimensions for particular cases, but since they 
are all obvious upon inspection of a sketch of the particular coil layout 
in question they will be omitted. 

Leakage Inductance.—For the coil constructions sketched in Figs. 4-2a 
through 4-2d the leakage inductances (referred to the primary) are given 
by the formulas 

fti!, etc. 4-2 

Llp = 1.14 X 1 0 - s ^ p ( / i 1 2 + °" + a \ for Fig. 4-2o, 

- ^ (*„ + * £ * ) , for Fig. 4-26, Lip 

Lip 

1.26 X 10-

0.283 X 10-8 

(2a) 

(2b) 

(2c) 
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for Fig. 4-2c, and 

L„ = 0.315 X 10- ^ (hlt + h23 + h±h±l?jt ( 2 d ) 

for Fig. 4-2d. 
In these four formulas 
Lip = primary leakage inductance, henry, 
lm = length of mean turn, cm, 

Np = number of turns in primary. 
If the coils are not all of the same length, I should be taken as the mean 
of the several lengths. The h'a, a'a, and /3's have been defined above. 

If all linear dimensions are given in inches, the same four formulas 
apply providing the multiplying factors are all increased by the factor 
2.54, giving 2.9, 3.2, 0.72, and 0.8 in Eqs. (2a), (2b), (2c), and (2d), 
respectively. 

Self-inductance.—The calculation of the self-inductance of an iron-
core inductor is a laborious procedure because of the nonlinear relation
ship between the magnetomotive force and the resulting flux and because 
of the almost invariable presence of an air gap in the core. The calcula
tion of a magnetic circuit of varying cross section and irregular shape is 
too complicated and too rarely required in the design of transformers to 
warrant discussion in this chapter. Fortunately for the designer of 
transformers and reactors, it is usually justifiable to make the following 
assumptions: 

1. The magnetic circuit is of uniform material throughout except for 
the air gap and is of constant cross-sectional area. 

2. The effects of leakage are negligible in that the total flux through 
all cross sections of the core is the same, and the bypassing of part 
of the core by the leakage flux can be corrected for by a change 
in the air-gap effective length. 

3. The effect of fringing at the edges of the air gap can be taken into 
account by a change in the air-gap length. 

4. The flux density is constant at all points in the core. 

The actual calculation of inductance depends upon the definition of 
that quantity, which in turn depends upon the particular application of 
the inductor. For the most purposes the inductance may be assumed 
to be given by the formula 

N*A u. L, = 1.256 X lo-s *^' (3) 
' i 

if the linear dimensions are given in centimeters, or 
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JVM u 
L, = 3.19 X 1 0 - 8 ^ p ^ (3a) 

H 

if they are in inches. In these formulas, 
L, = self-inductance, henrys, 
N = number of turns in coil, 
At = effective cross-sectional area of core = b s k„ where b and s are 

the core width and stack height respectively and k. is the 
stacking factor of the core, 

li = effective length of the magnetic path in the core, 
M« = effective permeability. 
All of the above quantities are definite and easily determinable 

except for the last two. The actual length of the magnetic path is 
somewhat ambiguous because of the unknown behavior of the flux at 
the corners, but is usually assumed to be the center-line length of the 
core as shown in Fig. 4-1. The value of fie is not so easily determined, 
however. 

The permeability of a magnetic circuit is a quantity that is analogous 
to the electrical conductivity used to calculate the resistance of a piece 
of wire of known length and cross section. As used here, however, the 
appropriate value depends upon the properties of the core material, the 
ratio A;i of the effective air-gap length la to the iron-path length U, and 
the conditions of operation. In the case of a power-supply filter choke 
the value of inductance, which is of interest in predicting the performance 
of the filter, is what might be miscalled the " d - c " inductance. This 
inductance is a measure of the energy per cycle that the choke can store 
up in its magnetic field and depends upon the average value of the coil 
current. In the case of an interstage transformer, however, this quantity 
is of little interest, and what is needed is the incremental inductance, 
which is a measure of the reactance of the transformer primary to the a-c 
component of the plate current. The case of a line-filter inductor 
working at very low power levels is different again; here the important 
quantity is the initial inductance, which determines the reactance of the 
inductor to small values of alternating current when the core has no 
initial magnetization. All of these values of inductance will be given by 
Eq. (3) by choosing the proper value for n„. 

The effective permeability may be calculated in a number of steps as 
follows: 

1. The effective air-gap length la and the length ratio kt = la/U are 
computed. 

2. If there is a d-c component present in the coil current and the 
incremental inductance is required, the operating point on the 
B-H curve must be determined, 
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3. The appropriate value of the permeability of core material for the 
given operating conditions must be determined from the curves 
for the material. 

4. The value of the effective permeability of the whole magnetic cir
cuit must be obtained either graphically or by computation from 
the permeability found in Step 3. 

5. Using the value of the effective permeability from Step 4 and the 
known dimensions of the core and coil, the inductance may be 
calculated from Eq. (3). 

The calculation of the effective air-gap dimensions is a matter of 
some difficulty because they depend upon a number of poorly known 
factors. For long air gaps it is sufficiently accurate to assume that the 
effective dimensions are the same as the actual dimensions, subject to the 
corrections discussed below. For lap joints and for close butt joints, 
however, the effective length is greater than the actual length. A 
good 100 per cent lap joint will have an effective length of not less than 
0.5 mil, and a very good butt joint will have an effective length of at 
least 3 mils, even if the butting surfaces are ground. I t is usually 
preferable in the case of short gaps to use the length factor discussed 
below. 

Compensation can be made for the effect of fringing in gap lengths 
less than -j of either b or s (whichever is the smaller) by assuming that 
the effective air-gap area 

A. = (s + l„)(b + la). 

Leakage effects can be taken into account by using 2la instead of la in 
both factors of this product. Within the limitation mentioned this 
formula will give results accurate to within a few per cent.1 

In the interest of simplifying the inductance formula it is useful to 
calculate a fictitious air-gap length—the length of a gap of area equal to 
Ai which would have the same reluctance as the actual air gap—and 
then to calculate the length ratio fc; of iron path to effective air path. 
This effective gap length will then be 

1 Excellent discussions of the calculation of fringing and leakage fluxes are to be 
found in the following: H. C. Roters, Electromagnetic Devices, Wiley, New York, 1941, 
Chap. V and in MIT Electrical Engineering Staff, Magnetic Circuits and Transformers, 
Wiley, New York, 1943, pp. 68-93. 

A discussion of the design of iron-core inductors for optimum Q will be found in 
four articles from the Gen. Radio Experimenter: L. B. Arguimbau, "Losses in Audio
frequency Coils," November, 1936; P. K. McElroy and It. F. Field, "How Good is 
an Iron-cored Coil?" March 1942. P. K. McElroy, "Those Iron-cored Coils Again," 
December 1946 and January 1947. These four articles are available in reprint form 
from the General Radio Co., 275 Massachusetts Ave., Cambridge 39, Mass. 
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k. ~ la (fe + 2Zo)(^ + 2Q (36) 

and the length ratio kt = lae/li. 
Since Z„ is unknown or inaccurately known except for long gaps it is 

better for lap-joint and close-butt-joint cores to assume a value for kt 
according to the following rules. 

The factor ki = 0 only for continuous ring cores, which are seldom of 
interest for transformers or reactors. For lap joints a value of 5 X 10 - 5 

can be attained with great difficulty in the largest core designs; in small 
cores 10 -4 can be attained with great difficulty, with 2 X 10~4 within the 
best practical range, and 3 X 10 - 4 well within ordinary practice. For 
close butt joints a reasonable assumption would be 2 to 10 mils for the 
effective length; if accurate inductance values are necessary the inductors 
must be adjusted by shimming the air gap. 

If 6 is the width of the core laminations and s is the over-all height 
of the lamination stack, the effective core area Ai = bsk,. The stacking 
factor k, depends on the thickness of the laminations and of the oxide or 
other nonmagnetic coating upon the lamination surfaces, on the tightness 
of clamping of the stack, on the choice of a butt or a lap joint, and on 
various mechanical factors such as lamination flatness, freedom from 
burrs, etc. The stacking factor varies from about 0.95 for medium-
gauge laminations in a butt-jointed core to as low as 0.4 for very thin 
laminations such as are sometimes used for r-f transformers. For 29-
gauge (0.014-in.) laminations the Allegheny-Ludlum Steel Company 
uses a factor of 0.94 for butt-jointed and 0.88 for 100 per cent interleaved 
stacks. The stacking factor may be determined for a particular stack 
by weighing and dividing the apparent density of the stack by the 
density of the material. For the purposes of the Epstein Test it is 
standard practice to assume a density of 7.7 g/cm3 (0.278 lb/in.3) for 
silicon steel of a silicon content of less than 2 per cent and 7.5 g/cm3 

(0.271 lb/in.3) for higher silicon contents. The actual density, however, 
varies with both composition and metallurgical treatment, and for 
accurate calculations the correct value should be obtained from the 
manufacturer. 

Having established the "effective" dimensions of the magnetic cir
cuit the coordinates of the operating point on the B-H curve must be 
determined. This determination may be omitted if there is no d-c com
ponent in the coil current, but unfortunately this is seldom the case for 
any inductor for which the self-inductance is of importance. The values 
of the flux density B„ and the magnetizing field strength H0 at the 
operating point are most easily determined by a graphical method 
illustrated in Fig. 4-3. Two quantities, Bi and Hi, are calculated from 
the equations 
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and 

Hi = 1.256 —p^, oersteds, (3c) 

TJ 
Bi = - j - . gauss, (3d) 

where 
N = number of turns in coil, 

IA-O = d-c component of coil current in amperes, 
£, = length of iron path in cm, 
ki = air-gap length factor = lae/li-

(If inch dimensions are used the constant becomes 3.19 instead of 1.256 
and Hi will be in gilberts per inch and Bi in maxwells per square inch.) 

On a plot of the B-H curve for the material (the 
plot must be made with linear scales for both B and 
H) a straight line is drawn connecting the points (0, 
Bi) on the B-axis and (J7i,0) on the ff-axis. The 
intersection of this line with the B-H curve of the core 
material is the operating point, and the coordinates B„ 
and H0 of this point are the values used in determining 
the effective permeability. 

Graphical deteî  ^ * n e initial inductance or the d-c inductance are 
mi nation of operat- the desired quantities the previous step may be 
mg pom . omitted and the permeability of the core will be m, 
the initial permeability, or M» — B0/H0, the " d - c " permeability. If the 
incremental inductance is desired the incremental permeability fi».„ 
must be obtained from curves furnished by the core-material manu
facturer, such as those of Fig. 4-4. The value of H0 is obtained graphi
cally as just described; that of BWMt is calculated from Eq. (1). The 
latter value need not be computed with great accuracy since M«-« changes 
slowly with changes in £ „ „ . 

The effective permeability y.e of the magnetic circuit as a whole is 
obtained from the appropriate value of core-material permeability and 
the curves of Fig. 4-5; or it may be computed from the formula 

(3«) 1 + i*k, 

where p. is the quantity required for the calculation of inductance from 
Eq. (3), ki is the air-gap length ratio, and n is the appropriate core-
material permeability. The computation of L, from Eq. (3) completes 
the inductance calculation. 

In actual practice inductance calculations are not as involved as 
might be inferred from the description just given. The lamination 
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catalogues usually give data for each stock lamination which greatly 
facilitate the calculations, especially for cores with no air gap. If there 
is no d-c component in the coil current, Step 2 above may be omitted, 
since in this case Ho = 0. The calculations of effective air-gap dimen
sions need not be made with great accuracy in most cases since the 
actual dimensions are not accurately known; for lap joints it is usually 

Flu. 4-4.—Incremental permeability curves for Allegheny Audio Transformer " A " sheet 
steel. 

10 2 5 102 2 5 103 2 5 104 2 5 105 2 5 106 

Incremental permeability M».C 
I'lo. 4-5.—Effective permeability of core with air gap. 

safe to assume a value for kt from the rules given above. Finally it 
should be remarked that an attempt to calculate the inductance of an 
iron-core coil with high accuracy is futile because the inductance itself is 
affected by so many variable factors. The same remark applies to 
almost all other coil calculations. All of the above equations assume 
the use of the centimeter as the unit of length; if the inch is used instead 
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the same equations apply if the factor 1.256 is replaced by 3.19 in Eqs. 
(3), (36), and (3c). 

Winding Capacitance.—Calculations of the interwinding and dis
tributed capacitances of layer-wound coils are inherently of low accuracy 
because of inaccurate knowledge both of the dimensions involved and of 
the effective dielectric constant of the heterogeneous mixture of insulating 
materials used in the construction of the coil. They are principally of 
use in making rough estimates of the performance of transformers at 
high frequencies and in determining the effects of proposed modifications 
in the construction of a particular coil. 

The distributed capacitance of a multilayer coil is given approximately 
by the expression 

0.12rfj8(nt - 1) , . 
Cd = dfi ' (4a) 

where 
Cd = distributed capacitance of coil, MMI> 
lm = length of mean turn of winding, cm, 
0 = axial length of winding, cm, 
f = effective dielectric constant of insulation, 

ni = number of layers of wire, 
d = distance between copper of one layer and copper of next 

layer, cm. 
This formula neglects the effect of fringing at the ends of the layers and 
the capacitance between turns in each layer, but both of these effects 
are small in most windings and the formula is too inaccurate in practice 
to make it worth while to include corrections. The interlayer distance 
d depends both on the actual thicknesses of the wire insulation and 
interlayer paper and upon the adjustment of the winding machine; if the 
wire is springy or if it has a rough surface, as is the case with fibrous 
insulations, and if it is not wound with sufficient tension, there will be 
some springing apart of the layers, and a resultant decrease in capaci
tance. The average dielectric constant varies in practice from about 2 
for unimpregnated coils to about 3 for the conventional paper-insulated 
and wax-impregnated coils. 

The capacitance between two adjacent windings of a coil is given by 
the expression. 

C, = 0.12*^= (46) 

where 
d = interwinding capacitance, nnf, 
dt = copper-to-copper distance between windings, cm, 

Am = mean area of adjacent surfaces of windings, cm2. 
If the linear dimensions used in the above equations are given in 
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inches instead of centimeters the constants should be increased from 0.12 
to 0.30.l 

Resistance.—The d-c resistance of a coil is given with fair accuracy 
by the expression 

R = KlmNP, (5) 
where 

R = resistance, ohms, 
lm = length of mean turn, cm, 
p = resistivity of wire, ohms per unit length, 

N = total number of turns in coil, 
and the constant K depends upon the units used. In the United States 
it is customary to give p in ohms per thousand feet; if lm is given in 
inches, K becomes 1/12,000. This formula is theoretically accurate; in 
practice the accuracy is limited by variability of the wire (which is 
seldom more than a few per cent) and inaccuracy in the calculation of 
L, which is given by 

lm = 2s + 26 + 2Trrm> (5a) 

where rm is the radius from the corner of the core to the mean turn. 
This radius is greater than the sum of all the layers of wire and insulation 
thicknesses involved by an amount that depends upon the so-called 
"build factor" kb. This factor is analogous to the stacking factor of the 
core, and depends upon the springing of the wire in winding. I t varies 
from about 0.75 for a coil with many layers of very light or very heavy 
wire, or with numerous secondaries, to about 0.95 for a compact single 
winding of medium-gauge wire. It also depends upon the type of wind
ing machine used, and ability of the machine operator, and the general 
shop practice of the winding department. A build factor of 0.85 is 
safe for design purposes except in extreme cases. The value of rm may 
be taken as the sum of the thicknesses of all the layers of wire and insula
tion between the mean turn and the core, divided by the build factor. 

An alternative method of calculating lm is to assume that kt, = 1 and to 
use the factor 3.22 instead of T in Eq. (5a). This amounts to assuming 
that kb = 0.977, but it has worked well in practice for one manufacturer. 

Temperature Rise.—Because of the inherent complexity of the 
phenomena involved, thermal calculations for transformers are cap-

1 If Eqs. (4a) and (ib) are derived from standard capacitance formulas such as 
Eqs. (122) and (122a) in Terman's Radio Engineers' Handbook, p. 112, the constants 
come out 0.2244 and 0.08842 for the inch and centimeter cases. It is not obvious why 
they should be different for coil capacitance, though it may be due to false assumptions 
as to coil dielectric constant, but capacitances given by Eq. (4a) or (4b) can be used 
in practice to calculate resonant frequencies within a few per cent of measured values 
in most cases. Neither these formulas nor Terman's Eq. (114) (ibid., p. 101) are 
accurate for windings with a very small number of layers. 
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able of giving only order-of-magnitude estimates of temperature rise. | 
The two following equations are usually employed in the design of " 
small transformers. 

The temperature rise of the core is given by the expression 

M, ATi = U&Wi-p, (6a) 
Aid 

where 
ATi = rise in temperature of the core, °C, 

w\ = core loss, watt/lb, 
Mi = weight of core, lb, 
Aid = exposed area of core available for dissipation, in.2 

The temperature rise of the coil is given by the formula 

ATC = 160 5^, (6b) 

where 
ATC = rise in temperature of the coil, °C, 
Wc = total copper loss, watt, 
A,A = exposed area of coil available for dissipation, in.2 

These formulas are based on several doubtful assumptions: that there is > 
no heat flow between coil and core; that the dissipation factors of the 
two are 0.00863 watts/in2 per °C for iron and 0.00625 watts/in2 per °C f 
for the coil surface; and that the unit is uncased and all heat is removed 
by forced-air circulation or by conduction from the exposed surfaces. 
The formulas are useful principally as a check to ensure against unrea
sonably great temperature rises, and as aids in making the initial choice 
of core. 

4-2. Reactors.—Compared with other types of iron-core inductors 
the design of a reactor is usually fairly simple, and several short-cut 
methods are available. The simplest case is that of a reactor with no , 
direct current in the windings, for which H0 = 0 and the laborious 
graphical computation of the effective value of ^ can be avoided. If 
in addition the air gap is of negligible length, ne = M-O, and another step 
is saved in the inductance calculation as outlined in Sec. 4-1, but this is 
seldom the case. For most magnetic core materials the permeability 
is high enough so that even the smallest attainable air gap appreciably 
increases the reluctance of the core, and in most cases the nonlinearity 
of the core material introduces objectionable distortion in the current or 
voltage wave. This distortion can be greatly reduced by providing a 
series air gap, in the same way that a high-resistance multiplier makes 
the scale of a rectifier-type voltmeter accurately linear. For a particular * 
core and coil a curve of inductance vs. air-gap length can easily be 
plotted for a given impressed voltage by using the curves of Fig. 4-5. 
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This curve will be approximately correct for other values of voltage since 
except near saturation M.-C changes slowly with Bm„ and the air gap helps 
to decrease the effect of such changes as do occur. 

The calculation of d-c reactor inductance is more laborious since a 
different value of Ho must be determined for each new value of fa or 7d-c. 
There is a short-cut method that is useful if a number of reactors are to 
be designed using the same core material. This method1 involves the 
preparation of a master curve of L/i-c/F,-, vs. NI^/U. The master curve 
is the envelope of a family of individual curves each of which applies to 
a particular value of air-gap length. 
These individual curves may be pre
pared by the method of Fig. 4-3, 
but a much less laborious method 
involves the preparation of a set of 
"sheared" curves2 of flux vs. mag
netomotive force, as shown in Fig. 
4-6. From each of these sheared 
curves a secondary curve is prepared 
using the identity 

L7L _ Nh. 
UAi (V) 

* 

V 
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V. 
\ 

/(Air-gap line) 

FIG. 4-6.—Sheared-curve construc
tion. F = total magnetizing force. ^ 
= total flux. Va = magnetic potential 
drop in air gap. Vi = magnetic potential 
drop in iron. 

and plotting against NId-c/k- The 
envelope of the secondary curves 
thus obtained is the desired master 
curve. Such a master curve is shown in Fig. 4-7. 

The design of a reactor by the use of this master curve then becomes 
a fairly simple matter; a core is chosen and a coil that will fit in the window 
is designed using the size of wire required for the rated value of Id-*-
This design fixes the value of N; Nl^/k is computed and the value of 
LllJVi is determined from the curve. The value of L is known and 
thus the stack height needed to give the required core volume may be 
computed. If this stack height is reasonable the design is complete. 
The value of the air gap may be obtained from a curve similar to that 
of Fig. 4-8, which may be prepared from data obtained in the calculations 
that were used in preparing the previous curve. The curve of Fig. 4-8 
was actually obtained by measurements of the optimum gap length vs. 
magnetizing force on about one hundred chokes, and is accurate within 

1 C. R. Hanna , "Des ign of Reactors and Transformers Which Carry Direct 
Cur ren t , " Trans. A.I.E.E., 46, 155 (1927). Outlined in F . E. Te rman , " R a d i o 
Engineers ' Handbook , " pp. 103-4. 

2 M. I .T . Electrical Engineering Staff, " M a g n e t i c Circuits and Transformers , 
Wiley, New York, 1943, p . 73. 
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a few per cent. A final check on the design may be secured from the 
curves of Fig. 4-9, which gives curves of filter-choke inductance vs. 
weight for various d-c current ratings. 
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(Air-gap ratio g/l is the same as ki in the text.) 

The short-cut method just outlined gives results that are fairly 
accurate only for small values of a-c voltage across the coil, therefore it 
can be used only for such applications as second or third chokes in 

FlQ. sheet eteel. 
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choke-input filters, etc. In power-supply filters the actual value of 
inductance used makes little difference in performance in most cases, so 
long as the inductance is above a certain minimum. For this reason 
chokes designed by the short-cut method may usually be used without 
regard to the a-c voltage, especially since the value of M.-° increases with 
increasing £ „ „ until saturation is approached. Even operation beyond 
the knee of the saturation curve has its merits; the decrease of inductance 
with current peaks gives better voltage regulation to the power supply. 

A more accurate but more laborious method must be used for the 
design of reactors such as modulation chokes and plate-circuit audio 

Weight in pounds (W Current 
FIG. 4-9.—Filter-choke inductance as a func- FIG. 4-10.—Voltage and current wave-

tion of weight. forms in resonant-charging choke. 

reactors, for which the a-c component of coil current cannot be neglected 
with regard to the d-c component. For such reactors the complete 
inductance calculation outlined in Sec. 4-1 must be used; a core, coil, 
and air gap are chosen on the basis of previous experience and the induc
tance is calculated for the given operating conditions. The design is 
modified by successive approximations until the calculated inductance 
is within the specified range. No general method of procedure can be 
given since the requirements vary too widely in various cases. 

This general method is used in the design of the resonant-charging 
chokes used in line-type radar modulators, but with a variation devel
oped at the Radiation Laboratory. The voltage and current curves in 
such chokes are far from sinusoidal; typical waveforms are shown in 
Fig. 4-10. The values of the peak and the average currents are known 
from circuit considerations; Bm„ is obtained from the B-H curve and 
the value of the peak current and is used for the value of fii in drawing 
the reversed air-gap line of Fig. 4-3; Hi is calculated from the average 
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value of the current. From this point on the design method is the 
same as outlined in Sec. 4 1 . 

4-3. Power Transformers.—The exact sequence of operations in the 
design of a power transformer depends both upon the purpose of the 
transformer and upon the habits of the individual designer. The fol
lowing data are ordinarily furnished: 

Supply voltage, 
Supply frequency, 
Number of outputs required, 
Voltage of each output, 
Current of each output. 

In addition any or all of the following may be specified: 

Waveform of supply voltage (if not approximately sinusoidal), 
Power factor of load(s), 
Presence of direct current in any of the windings, and its value, 
Permissible temperature rise, 
Permissible voltage regulation, 
Size and weight limitations, 
Other special requirements. 

From the given data certain quantities may be calculated at once. The 
output voltage and current for each winding are multiplied to give 
the output volt-amperes for each, and unless one or more of the loads is 
specified to have a power factor different from unity the sum of the 
output volt-amperes is assumed to be the total power output. Because 
the ordinary small power transformer has a full-load efficiency of about 
90 per cent the sum of the output volt-amperes is multiplied by 1.1 
(usually) and the product taken as the input power. This figure is 
again multiplied by 1.1 since the input power factor is also about 90 per 
cent in most cases, and the resulting input volt-amperes are divided by 
the supply voltage to obtain the input current. 

After the currents for all the windings are obtained, the wire sizes for 
each can be chosen to give appropriate current densities. Table 4-4 of 
Sec. 4-6 gives values of circular mils per ampere that will result in approxi
mately a 40°C temperature rise in transformers of the ordinary con
struction when operated at 60 and at 400 cps. If some other temperature 
rise is desired the current density may be changed accordingly, since the 
rise will be approximately proportional to current density, or inversely 
proportional to the number of circular mils per ampere. 

After the wire sizes for each winding are obtained the interwinding 
and interlayer insulations can be chosen, but the coil layout cannot be 
completed until the actual number of turns in each coil and the core 
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window size are known. There are many different ways of choosing a 
core for a trial design; one designer may work to a standard flux density, 
another to a particular figure of core loss, another to a given value of 
watts output per pound of core, etc., but all such rules lead to about 
the same place in the end. Since temperature rise was the chief limita
tion for most of the transformers designed at the Radiation Laboratory, 
Eq. (6a) was usually taken as the starting point. A core was chosen 
whose weight and exposed area were such as to give the permissible 
temperature rise with a reasonable value of core loss, and this value was 
used to obtain the working value of Bm.I from the core-loss curves for 
the core material used. 

After obtaining the value for BmtI the number of turns on the primary 
can be computed from Eq. (1), using the input voltage for E, and from 
the number of primary turns the numbers of turns for each of the other 
windings can be calculated by the use of the appropriate voltage ratios. 
Choosing the core also establishes the window size, and a preliminary 
coil layout is made The winding tables used at the Radiation Labora
tory are reproduced in Sec. 4-6, and contain sufficient information for 
the design of any ordinary coil up to a capacity of 1 kw or more. 

The preliminary coil layout can be checked against the window size. 
If it will not go into the space a larger core must be chosen; if it does not 
nearly fill the window a smaller one should be used, and in either case 
the calculations must be repeated starting with the new value of B„„. 
Some labor may be saved if the coil is not too far from the correct size 
by using the same lamination size and changing the stack height. In 
commerical transformer design the stack height is usually changed in 
steps to correspond with the sizes of stock core tubes. If the tentative 
design is not far from the desired goal the resulting stack height will 
have a reasonable value and the design will be complete; if the necessary 
stack height is unreasonably large or small a new lamination size must 
be chosen and the calculations repeated. 

Weight vs. Temperature Rise.—In most design, especially for airborne 
equipment, the designer is always under pressure to decrease the size and 
weight of his components to a minimum. The most important obstacle 
to the attainment of this goal is the rise in temperature of the unit, and 
this is especially true of power transformers. I t might appear that an 
increase of the efficiency of a transformer from say 90 to 95 per cent 
would be of little benefit, but such an increase would decrease the losses 
by one half and would therefore decrease the temperature rise in the 
same ratio (assuming conductive or still-air cooling). A decrease in the 
temperature rise would permit the over-all size to be decreased if the same 
ambient and maximum temperature limits held. 

The relationships between power output, weight, and temperature 
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rise are shown for certain typical small power transformers by the curves 
of Figs. 4-11 and 4-12. I t can be seen that much weight can be saved by 
allowing a greater temperature rise. Since the ambient temperature is 
usually fixed by conditions beyond the control of the transformer designer 
the only way in which a greater temperature rise can be obtained is to 
raise the operating temperature limit. There are several ways of doing 
this; the losses may be decreased by better materials and improved 
design, insulating materials may be used which have satisfactory life at 

Weight in pounds Temperature rise in degrees centigrade 
FIG. 4-11.—Power output vs. weight. FIG. 4-12.—Weight vs. temperature rise for 

100-watt 60-cps transformer. 

a higher operating temperature, or conventional transformers may be 
operated at excessive temperatures with resulting decreased life. A 
typical curve of life vs. operating temperature is shown in Fig. 4-13. 
Tests on one group of transformers showed that an average life of 200 
to 300 hr could be consistently obtained at operating temperatures of 
150° to 160°C. 

A second method of raising the permissible operating temperature 
involves the use of the new high-temperature insulations such as Formvar 
and Fiberglas wire insulations, silicone-varnished Fiberglas cloth inter-
layer insulation and wrappers, and silicone impregnants. Tests indicated 
that transformers using these materials would have satisfactory operating 
lives at temperatures of 190° to 200°C, but not enough work was done 
a t the Laboratory to establish accurate life curves. These temperatures, 
incidentally, are far above the rated maximum for Formvar. 

High-frequency Operation.—Another effective method of reducing the 
size and weight of a transformer is to operate at a higher frequency. At 
60 cps with conventional shell-type cores it is not usually possible to 
work the core to its full rating since the excitation limit will be passed 
before the maximum permissible core loss is reached. In other words, if 
a core loss of 4 watts/lb were permitted by the allowable core temperature 
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rise, it would probably be found that the excitation current would become 
as large as the load current at flux densities corresponding to a core loss 
of 2 watts/lb or less. At 60 cps, therefore, the flux density is limited 
primarily by the copper losses; at 400 cps the limit is usually the iron 
losses. 

For a given transformer the maximum output power is determined by 
the maximum allowable primary voltage and current. The voltage is 
ultimately a function of the flux density in the core and the current a 
function of the current density in the winding. If a given coil is assumed 
and its size and current density held constant then for constant power 
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F I G . 4-13.—Transformer life vs. operating temperature. 

output the input voltage must be held constant. Under such conditions 
the formula # = 4.44JV/BA X 10"8 reduces to A = K/(fB,) where A is the 
cross-sectional area of the core, / is the frequency, and B is the flux 
density. Since the core weight is directly proportional to A it follows 
that it is inversely proportional to the product of / and B. The weight 
saving on going from 60 to 400 cps is about 3.5 to 1 for the core, but since 
little weight can be saved on the coil and housing the actual saving for 
the complete transformer is only about 2.5 to 1. For core materials of 
ordinary quality the additional saving on going from 400 to 800 cps is 
about 20 per cent for the core or 10 per cent for the complete unit. With 
high-quality materials it would be possible to save 25 per cent by the use 
of 800 cps. Above 800 cps the weight remains fairly constant, and above 
2400 cps it increases slightly. 
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Three-phase Operation.—For high-power applications it is preferable 
to use 3-phase rather than single-phase supply. The difference in weight 
between a single-phase and a 3-phase transformer is small, but the over
all weight of a d-c power supply is much less when operated with a 
3-phase transformer because a much lighter filter can be used. An 
appreciable weight saving can also be made for the case and potting 
compound of a 3-phase transformer. Figure 4-14 shows such a unit with 
the cover of the case removed, and demonstrates the efficient utilization 
of the space within the case by the 3-phase transformer. 

r" ' " " 

F I G . 4 14. — Three-phase transformer in case. 

An idea of the weight savings permitted by 3-phase operation can be 
obtained from Table 4-1, which gives the weights of single-phase and 
3-phase power supplies for three typical cases. It is not ordinarily 
advisable to use 3-phase power below about 750 watts, and even up to 
1200 watts single-phase is usually preferable. 

TABLE 41.—WEIGHTS OF SINGLE- AND 3-PHASE POWER SUPPLIES 

D-c output 

1.25 amp at 400 v, 0.5% ripple 
0.2 amp at 8000 v, 0.015 % ripple 
0.21 amp at 400 v, 0.02% ripple, 0.5 amp 

at 850 v, 0.02% ripple, and 1.2 amp at 
1600 v, 0 04% ripple 

Weight, lb 
single-phase 

27 
149 

1B8.5 

Weight, lb 
3-phase 

21.5 
46.5 

77.5 
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Weight Reduction by Improved Design.—Almost all small power trans
formers used in electronic equipment adhere to a single conventional 
type of construction using shell-type' cores, usually made up of E-I 
laminations stacked either 1 by 1 or in groups of 5 to 10, and with all 
windings in a single coil structure. Although such transformers are 
satisfactory for most purposes and are comparatively inexpensive to 
manufacture, they can be considerably improved by careful design. 
One example of such an improvement was given by Harrison.1 He used 
a core-type construction with two symmetrical coil assemblies as shown 

FIG. 4-15.—Core-type transformer with balanced coils. 

in Fig. 4-15, and designed his transformer according to the following 
rules that lead to the maximum efficiency: 

1. The total core loss should equal the total copper loss at full load. 
2. The mean length of the magnetic circuit should equal the mean 

length of the copper circuit. 
3. The over-all cross-sectional area of the core should equal the area 

of the core window. 

These rules are based on certain assumptions as to stacking and space 
factors, etc., which are fairly well justified in practice. The coils result
ing from the use of such a core as that shown in Fig. 4-15 are long sole
noids with their magnetic axes closely spaced, giving an almost perfect 
astatic construction if the several windings are split with half of each 

1 E . B. Harrison, "High-Quality Communication and Power Transformers, 
Jour. Soc. Motion Picture Engrt., 43 No. 3 pp. 155-167 (Sept. 1944). 



136 IRON-CORE INDUCTORS [SEC. 4-3 

100 percent interleaved 
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winding placed on each core leg. This astatic or "humbucking" con
struction results in a great reduction of the stray field of the transformer, 
which is important when it is to be placed near other transformers 
operated in low-level circuits. The small radial thickness of the coils 
permits heat developed in the winding to flow out to the surface of the 
coil though the minimum thickness of low-heat-conductivity material, 
and the large exposed surface of the coils aid in securing efficient cooling, 
whereas the shape of the whole assembly affords maximum utilization of 
the space within a rectangular can. The proximity of the large end 
surfaces of the core to the walls of the case also aids in efficient cooling. 

Several somewhat unusual precautions were taken in the assembly of 
these units, and resulted in improved performance and reduced losses. 
The interleaved cores of the power transformers did not require core 

bolts, but in the case of filter 
reactors of the same construction, 
which had air gaps to prevent d-c 
saturation, the cores were clamped 
together by means of flanged clips 
over the core ends and held to
gether by long bolts outside the 
core and coil structure. The re
moval of high-loss steel clamping 
devices from the field of the unit 
resulted in a considerable increase 
in the Q of the reactor: audio reac
tors of this construction have 

shown a Q of 70 at 1000 cps. In interleaving the laminations of the 
transformer cores it was found that as much as a 50 per cent increase in 
incremental permeability could be secured at high flux densities by 
stacking the laminations two by two instead of one by one. These two 
constructions are shown in Fig. 4-16, which indicates schematically the 
flux paths in the two cases. The two by two stacking results in a some
what longer effective air gap, but the increase in air-gap reluctance is 
more than compensated for by the reduction of high-flux-density areas 
and a consequent increase in the permeability of the total core structure. 

Table 4-2 gives data showing the improvement in characteristics 
which is obtained in going from a high-quality power transformer of the 
conventional type to one of the new construction. Both transformers 
used the same materials and techniques, and the improvement shown is 
due entirely to the improved design. The cases were of the same height, 
so that the volumes of the units were also in the ratio of 47 to 23, or 
nearly 2 to 1. These transformers were designed for use in high-quality 
audio equipment, and no particular effort was made to reduce the weight. 

(b) Stacked 2 x 2 
Fia. 4-16.—Flux paths at 

joints. 
lamination lap 



S E C . 4-3] POWER TRANSFORMERS 137 

In view of the small losses it is probable that they could be considerably 
reduced in size without exceeding a safe operating temperature. 

T A B L E 4 -2 .—COMPARISON O F S H E L L - AND C O R E - T Y P E T R A N S F O R M E R S 

Improved 
core-type 

Rat ing, va 
Efficiency, % 
Tota l losses, w a t t s 
Weight, lb 
Chassis space required, in : 

350 
96 
15 
17J 
23 

Another example of weight and size reduction by judicious redesign 
and the use of new materials and techniques is afforded by a series of CRT 
high-voltage power supplies designed and built at the Radiation Labora-

F I G . 4-17.—High-voltage transformers. 

tory. These units, which were intended for airborne operation at 400 to 
800 cps, used high-voltage selenium-rectifier stacks in a full-wave voltage-
doubler circuit, thereby eliminating the filament-power requirements of 
tube rectifiers, halving the voltage needed from the high-voltage trans
former, and minimizing the required filter-condenser capacitance. Three 
of the high-voltage transformers, designed for d-c output voltages from 
4 to 10 kv, are shown in Fig. 4-17. Although the rms secondary current 
was only 6 ma, the use of No. 40 wire for mechanical reasons provided a 
copper area of over 1600 circular mils per ampere, or about twice the 
minimum usually specified. The kraft paper interlayer insulation was 
worked at a voltage gradient of not over 100 volts per mil. Single or 
double RL No. 11 or 12 Hypersil cores were used at maximum flux 
densities of from 64 to 77 kilolines/in.2, which gave core losses of from 
4 to 6 watts/lb. 
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The transformers were housed in hermetically sealed steel cases 
fitted with solder-seal glass or porcelain bushings and filled with sand 
and oil. No expansion bellows were used, but the flat sides of the cases 
were sufficiently flexible so that no leakage or expansion troubles were 
observed up to temperatures of 105°C. The transformers shown in Fig. 
4-17 have outside case dimensions of 2 to 2J in. and weigh about 1 lb; a 
typical 4-kv transformer of conventional design measures about 3 by 4 
by 5 in. and weighs 4\ lb. These transformers and power supplies were 
satisfactory in service and had few failures. 

Still another example of weight-saving in transformer design is 
afforded by a unit which was designed for CRT high-voltage supply and 

+300 reg. 

+4800 v out 

F I G . 4-18.—A-f oscillator power supply. 

operated at a frequency of about 3000 cps. The primary of the trans
former served as the tank coil of a 6V6 Hartley oscillator, the complete 
circuit being given in Fig. 4-18; the construction of the unit is shown by 
Fig. 4-19. Since it was intended for airborne operation it was essential 
to enclose as much of the high-voltage portion of the circuit as possible 
in a hermetically sealed container, and therefore the transformer, the 
four selenium-rectifier units, and the two output condensers were placed 
in a single oil-filled can. Only four bushings were required, three low-
voltage ones for the input connections and a high-voltage one for the d-c 
output. A metal bellows on the outside of the can took care of the expan
sion of the rather large volume of oil. 

The operating frequency of such a unit is not critical, the upper 
limit being fixed at approximately 10 kc/sec by the increase of core loss 
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at high frequencies and by the effects of distributed capacitance. The 
lower limit is fixed by the increasing size and weight of the unit necessary 
for low-frequency operation. 

FIG. 4-19.—Transformer-rectifier unit; (1) expansion bellows; (2) mounting studs; (3) 
high-voltage d-c output bushing; (4) input bushings; (5) mica condensers; (6) high-voltage 
selenium rectifier stacks; (7) rectifier disks; (8) exposed end of primary coil form; (9) 
grooved secondary coil form; (10) internal bakelite can insulation. 

The design of the transformer starts with a choice of the operating 
1 frequency and the full-load Q of the oscillator plate-tank circuit. A 

compromise between efficiency and regulation must be made in choosing 
the value of Q; the optimum value depends upon the driver tube, but for 
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a given tube an increase in Q improves the regulation but decreases the 
efficiency. Values from 3 to 10 are satisfactory for a 6V6 driver operated 
at a plate voltage of 300. The primary inductance necessary is given by 
L = BfbrfQ, where R is the equivalent total parallel tank-circuit resist
ance. A second compromise is necessary between allowable trans-
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FIG. 4-20.—Primary and secondary coil forms. 

former losses "and size, since total losses decrease with an increase in size. 
Because efficiency and small size were both of importance in this applica
tion it was necessary to use low-loss core materials. The core finally 
chosen was a £-in. stack of 83 6-mil RL No. 50-EE laminations of "Car
penter 49" nickel -iron alloy, weighing 0.333 lb. The primary winding 
was 600 turns of No. 35 wire tapped for the plate supply at 100 turns from 
the grid end. I t was wound on a form of linen-base bakelite tubing 
shown in Fig. 4-20a. 

There are two possible modes of oscillation in a circuit such as that 
of Fig. 4-18, the second one involving a tank circuit consisting of the 
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primary leakage inductance in parallel with a series combination of the 
tank condenser and the secondary distributed capacitance as seen by 
the primary. This second mode of oscillation leads to unstable operation 
at high loads unless the leakage inductance and the secondary distributed 
capacitance are minimized. With the construction necessary to provide 
adequate insulation and low interwinding capacitance it was difficult to 
reduce the leakage inductance, but the secondary capacitance was con
siderably reduced by winding the secondary in five sections. Each 
section consisted of 920 turns of No. 40 wire random-wound in a groove 
of the bakelite coil form shown in Fig. 4-20b. With the voltage-doubling 
rectifier circuit used, the d-c output voltage of the unit was 4800 volts at 
a current of 500 M&. 

4-4. Broadband Transformers.—The term "broadband transformers" 
was chosen as a designation for the subject of this section rather than the 
term "audio transformers" since the latter seemed unnecessarily restrict
ive. The essential characteristic of a broadband transformer is that it 
will give approximately the same performance over a comparatively 
broad band of frequencies, usually several decades. The design methods 
are essentially the same whether the unit is for a seismograph recording 
amplifier working from fractional cycles per second to several hundred 
cycles per second or for a carrier telephone circuit using a band from 
1 to 100 kc/sec. 

Basically the design methods for broadband transformers are the 
same as those for power transformers, but for any but the most uncritical 
applications the analysis of characteristcs must be done in more detail 
and attention must be paid to the problems of minimizing distributed 
and interwinding capacitances, leakage reactances, etc., and to maintain
ing accurate coil balance when push-pull windings are used. Another 
problem that is encountered with broadband transformers is that they 
must usually operate over a wide range of input signals without excessive 
nonlinear distortion, even though the windings may be carrying d-c 
currents several orders of magnitude larger than the desired signal. 

The requirements for a broadband transformer are more difficult to 
satisfy than those for a power transformer principally because the breadth 
of the frequency band over which it must operate brings into direct 
conflict two opposing factors. At the low-frequency end of the pass band 
the output voltage is limited by the finite primary inductance of the 
transformer, and this limitation is much more serious than with the 
usual power transformer because of the nature of the source of power 
which feeds the primary. A power transformer operates from a source 
that may ordinarily be considered to have zero impedance, and therefore 
if the primary inductance is too low the only effect is an increase in the 
exciting current. This increase is of no moment as long as the heating 
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effects do not become too great. A broadband transformer, on the other 
hand, operates from a source of relatively high output impedance, so 
that any drop in the primary impedance reduces the primary voltage 
drop and therefore the output voltage. Transformers that work into the 
grid of a tube, therefore, have a response curve which falls at the rate 
of 6 db per octave below the cutoff frequency. 

If the primary inductance is doubled by increasing the number of 
turns, for example, the low-frequency response curve will be shifted lower 
by a factor of 2 in frequency. In order to maintain the same output 
voltage, however, the secondary turns must be increased in the same 
ratio as the primary thereby doubling the secondary inductance and the 
leakage inductances (and perhaps seriously increasing the distributed 
capacitance of the secondary). As a result, the high-frequency response 
suffers. The net result of the change will ordinarily be a shifting of the 
whole frequency response curve (on a logarithmic scale) one octave to 
the left, without affecting its shape. 

The high-frequency response of a transformer begins to fall off at a 
frequency at which the effects of leakage inductance and shunt capaci
tance become appreciable. The actual value of this frequency depends 
both upon the magnitudes of these quantities and upon the circuit in 
which the transformer is being used, but the upper cutoff for a transformer 
that works into a high impedance is determined principally by the proper
ties of the transformer itself. The shape of the upper cutoff differs from 
that of the lower because of resonance between the effective output series 
inductance (which is roughly the secondary leakage inductance) and the 
secondary. distributed capacitance. This resonance effect changes the 
output curve from a gradual droop such as is found at the low end, into 
a hump whose height depends upon the effective Q of the resonant 
circuit, followed by a very rapid fall, the net effect being essentially that 
of a low-pass filter. As with all networks where attenuation changes 
rapidly with frequency, the phase-shift of the transformer also changes 
rapidly in this region, and trouble with oscillation often results if the 
transformer is used in a feedback amplifier or servo loop. The resonant 
hump can be suppressed by various methods, such as heavy loading or 
winding the secondary with resistance wire, but usually at the expense 
of a decrease in output voltage. 

The two requirements for extended low- and high-frequency response 
are mutually incompatible, but only to a limited extent. The low-fre
quency response is determined largely by the size and quality of the core 
and the number of primary turns. Core design is also greatly affected 
by the frequent necessity of permitting direct current of a magnitude 
several times greater than that of the signal to flow through the winding, 
but this can often be taken care of by a careful choice of air-gap length 
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and location. The high-frequency response, however, can be greatly 
changed by changes in the coil layout without affecting the primary 
inductance. Extending the bandwidth of a broadband transformer then 
becomes largely a matter of setting the low-frequency end by a choice of 
primary inductance and stretching the high-frequency end by juggling 
the coil layout in such a way as to decrease the capacitances and leakage 
inductances. A great increase in bandwidth can be obtained, but 
always at the expense of increasing complication of the coil with resulting 
increase in cost, and sometimes at a sacrifice of voltage stepup ratio. 

The designer of broadband transformers seldom needs to worry about 
some of the factors that are of importance in power transformers. Trans
former losses and heating are seldom significant except for large output 
transformers. Weight and size limitations are always important, but 
since most broadband transformers are operated at low power levels and 
are small enough so that the case and potting compound may weigh more 
than the transformer, the designer is relatively free to change core sizes, 
etc,, without affecting the net weight appreciably. The transformer 
weight is determined primarily by the power level and the low-frequency 
cutoff, and little can be done about it. Low operating temperatures and 
(usually) low voltages render the problems of insulation somewhat easier 
than with power transformers, but impregnation of broadband trans
formers must be particularly thorough since the use of very fine wire, the 
presence of d-c voltages, and the lack of the ability of the power trans
former to bake itself out invite trouble from electrolysis. 

Every transformer designer has his own "bag of tricks," depending 
largely upon his past experience. Some of the tricks that have been 
found useful in broadband transformer design are given in the following 
paragraphs. 

One factor that reduces the effective primary inductance and increases 
the effective series resistance as the operating frequency is increased is the 
occurrence of eddy currents in the core laminations and in the conductors 
themselves. This effect is not usually serious with usual lamination and 
wire thicknesses at frequencies below about 10 kc/sec, but becomes large 
in the carrier-frequency range. Eddy-current losses in the core may be 
reduced at the expense of a reduction in the stacking factor by using 
very thin laminations. Losses in the windings are normally of less 
importance, but may be reduced if necessary by the use of very fine wire, 
wound with two or more strands in parallel in the same winding or in 
separate windings connected in parallel. Litz wire may be used in the 
highest frequency range. 

The subdivision of windings is frequently employed for several 
purposes, one common purpose being to reduce the leakage inductance 
between two windings, as shown in Fig. 4-2. If the two sections of the 

mm 
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split coil are connected in parallel it is essential that they should have 
exactly the same number of turns, and this must be impressed upon the 
coil winder. In commercial coil manufacture it is customary to assume 
that a variation of a few turns in a winding of thousands of turns is of 
no importance; this assumption is true in most cases, but decidedly not 
true in all. If the parallel halves of a winding do have the same number 
of turns the effect of the circulating current that flows between them will 
be to buck out the leakage flux and in effect to force more of the total 
flux to flow through the core; if the numbers of turns are not equal the 
opposite effect will occur. This is particularly true if the two sections of 
the winding are widely separated, either in the same coil or on opposite 
core legs. The effect is analogous to the third-harmonic cancellation 
produced by the circulating current in a delta-connected 3-phase trans
former bank. 

Another beneficial effect of subdividing windings is that a reduction of 
distributed capacitance may be obtained with a resulting displacement of 
the secondary resonant peak. Certain carrier transformers depend upon 
this method to hold up the response out to several hundred kilocycles 
per second. In effect the subdivision of the secondary subdivides the 
resonant peak, and by a suitable choice of the resonant frequencies of 
the individual portions of the winding the individual resonant peaks of 
the sections are spaced over the frequency range. The amplitude of the 
alternating peaks and valleys may be reduced by proper secondary load
ing and by the use of high-resistance secondary windings. The resultant 
copper losses are usually unimportant except for high-level output 
transformers. 

Interwinding capacitances can be effectively eliminated by the inter
position of a copper-foil shield, connected either to ground or to some 
other appropriate point in the circuit. Such shields, however, increase 
the capacitance of the windings to ground. Another type of shield that 
is sometimes useful is an eddy-current shield of heavy copper sheet 
placed directly over the core tube. If a fairly wide insulated lap joint 
is used this shield will not affect the main flux that passes through the 
core but any radial component of the flux will induce opposing eddy 
currents in the shield, which will effectively force all the flux to pass 
through the core. This type of shield is particularly useful on long thin 
cores and on such units as that shown in Fig. 4-15. Its effectiveness 
decreases rapidly at low frequencies. 

If the best possible performance is desired from transformers having 
balanced inputs and outputs some care must be given to maintaining 
accurate resistance and capacitance balance between the halves of the 
windings. The easiest and most effective way of doing this is to maintain 
geometrical symmetry between the halves, so that they are physically 
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identical, but if this cannot be done, as when one half of a push-pull 
secondary is wound on top of the other half, it may be necessary to wind 
the inner portion with smaller wire to maintain the resistance balance, 
and to juggle the numbers of layers and the turns per layer to keep the 
distributed capacitance the same for the two halves. 

Both distributed and interwinding capacitances can be somewhat 
reduced by the use of insulating materials and impregnants of low 
dielectric constants. Certain waxes are available which have constants 
appreciably lower than the usual varnishes, and styrene-base impregnants 
have still lower constants. I t is to be hoped that further progress in 
the development of insulating materials will result in further reductions. 

The maintenance of sufficiently high inductance as the over-all size 
of the unit is reduced depends upon the use of materials of very high 
permeability and of core constructions with very-low-reluctance joints. 
The method of stacking described in connection with Fig. 4-116 is often 
helpful in this connection. In addition, if the inductance is to be main
tained at very low power levels it is essential that the core material have 
high initial permeability; this requirement rules out the use of some 
silicon steels and demands such materials as 78 Permalloy. 

CONSTRUCTION OF IRON-CORE INDUCTORS 

4-6. Cores.—The great improvement that has taken place in the last 
thirty years or so in the characteristics of transformers and similar 
devices has been due in large part to the development of better magnetic 
core materials, and this development has been particularly rapid during 
the last decade. Many materials, moreover, that were developed prior 
to that period, have only recently become generally available, so that 
today there is a much wider 
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Flo. 4-21.- -Radiation Laboratory standard 
Hipersil cores. 

choice of improved m a g n e t i c 
alloys, both hard and soft, than 
were on the market even in the 
1930's. 

The core materials that were 
most extensively used for trans
formers and chokes by the 
Radiation Laboratory were West-
inghouse "Hipersil," Allegheny "4750," and Magnetic Metals Company 
"Carpenter 4 9 " alloy. Hipersil is a grain-oriented silicon steel which 
is furnished in the form of complete core assemblies, each core consisting of 
two C-shaped halves. A series of 20 such Hipersil cores was standardized 
by the Laboratory for its own use and all of its designs for such a form of 
core were based on one or another of these sizes. The standard Hipersil 
cores are shown in Fig. 4-21 and their dimensions are given in Table 4-3. 
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The Allegheny "4750" and the "Carpenter 49" are nickel-iron alloys, 
and were employed for the most part in the form of E-I laminations 
stamped from 6-mil sheet. The E-I stampings used in most commercial 
transformers are of the so-called "scrapless" type, which is designed 
for the minimum loss of material in stamping rather than for magnetic 
efficiency. J. P. Woods1 has shown that the most efficient lamination 
shape at any frequency at which the iron can be worked at its maximum 

TABLE 4-3.—HIPERSIL CORE DIMENSIONS 

Core No. 

1 
2 
3 
4 
5 

6 
7 
8 
9 

10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

Dimensions of finished core, in. 

D 

5 
8 

1 
U 
11 
11 

H 
11 
2 
2 
2 

i 
7 
5 

1 1 
1 8 

1 1 1 4 
1 1 
1 4 

11 
1 1 

11 

E 

i 
5 

1 6 
3 
S 
1 
2 
3 
S 

2 
1 
2 
1 
2 
1 1 
1 6 
3 
4 

A 
7 7? 

1 4 
9 

3T 

A 
1 
S 
A 
3 
8 
3 
8 
1 
2 

F 

1 
2 
5 
8 
5 
8 
5 
8 
I S 
1 6 

1 5 
1 6 

1 
1 
1 
If 

i 
2 
1 
2 
5 I 
S 
8 

5 
8 
3 
4 
3 
4 
15. 
1 6 

a 

G 

1 A 
1 A 
I AA 
1 1 6 
1 1 5 

Z 2 

^ 2 

3 
3 
3 
3 

U 
11 
11 
1 A 
1 H 1 1 6 

1 is 

2 A 
2 A 
21 
21 

Lamination 
thickness, in. 

0.013 
0 013 
0 013 
0.013 
0.013 

0.013 
0.013 
0.013 
0.013 
0.013 

0.007 
0.007 
0.007 
0.007 
0.007 

0.007 
0.007 
0.007 
0 007 
0.007 

permissible loss value is that shown in Fig. 4-22. A series of laminations 
similar to this but with a slight compromise toward lessened scrap loss, 
was developed by the Radiation Laboratory. The dimensions of these 
laminations are shown in Fig. 4-23. Both the laminations and the Hip
ersil cores were very useful and allowed efficient designs to be worked 
out. The use of these improved materials and designs permitted a reduc
tion in transformer weight of approximately 50 per cent, although the 

1 J. P. Woods, "Principles of the Design of Small Power Transformers," RRL 
Report No. 411-78, Jan. 25, 1944. 
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better core materials cost from five to ten times as much per pound as 
the older silicon steels in scrapless lamination form. 

Some idea of the way in which these improved magnetic materials 
compare with older steels can be obtained from the characteristic curves 

l'lo. 4-22.—Most efficient lamination shape. 
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FIG. 4-2:1. Radiation Laboratory standard nickel-iron laminations. 

given in the next three figures. Fig. 4-24 shows the magnetization curves 
for two thicknesses of llipersil (labeled 13HIP and 5HIP, the figures 
referring to the thickness in mils), a nickel-iron alloy such as Allegheny 
"4750" (labeled Xi-Fc), and two of the older silicon steels, a low-loss 
type, A, and a high-loss type, SD. It can be seen that the nickel-iron 
alloy saturates much more sharply and at a much lower magnetizing 
force than do the other alloys, but that its saturation flux density is 
about the same as that of all the others except the 13HIP. The 5HIP 
is much like the A and SI), although its permeability is slightly higher, 
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but the 13HIP curve is still rising rapidly at an H-value of 18 ampere-
turns per inch, at which it has reached a flux density about 50 per cent 
higher than the saturation value for the other materials. The difference 

ipui ajenbs Jdd saunoi;^ )tysuap xn|j 

in form between the 5HIP and 13HIP curves is striking, since the material 
has the same composition in the two cases, and differs principally in the 
metallurgical treatment it has received. 
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Figs 4-25 and 4-26 show core-loss curves at 60 and at 400 cps for three 
materials in each case. At 60 cps and the standard Epstein Test density 
of 10,000 gauss (64.5 kilolines/in.2), for example, the total core loss for 
13HIP is only 0.35 watts/lb, compared to about 0.65 for A and 0.90 fot 
the high-loss SD. The same type of improvement is shown at 400 cps 
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by the new materials; at 10,000 gauss the losses for A and for 5HIP are 
about 8.5 and 4 watt respectively, whereas for Ni-Fe they are only about 
2.6. Since the most efficient transformer is one whose copper losses 
equal its iron losses, so that decreased iron losses in a sense force a reduc
tion in copper losses, it can be seen that improved core materials permit 
a transformer to run much cooler; or conversely, they permit a much 
smaller transformer to be built for the same temperature rise. The 
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steady improvement of magnetic materials has by no means stopped, and 
still further improvements may confidently be expected.1 

4-6. Coils. Magnet Wire.—Although the advances in core-material 
manufacture have somewhat overshadowed those in other fields of the 
transformer art, they are by no means the only improvements that have 
been made recently. One of the outstanding developments that has 
taken place in the last few years has been the introduction of a number 
of new insulating materials, and of these one of the most important is 
polyvinyl acetal wire insulation, usually called Formvar, or its GE 
trade name, Formex. 

Before the introduction of Formvar, the manufacturer of electrical 
windings had two principal types of wire insulation to choose from, 
fibrous wrappings of various types, or oil-base enamels. The fibrous 
insulations suffer from a number of disadvantages, the chief of which is 
the poor space factor of fibrous-insulated wire especially in the smaller 
sizes. In addition this type of wire is more expensive, both on a per 
pound and a per foot basis, it is stiffer and harder to wind because it 
springs back during the winding process and produces an open coil with 
a poor build factor, and fibrous insulations (except Fiberglas) are much 
more hygroscopic than other types. Oil-base-enamel wire insulation is 
greatly superior to fibrous insulation in these respects, but there are 
many applications for which it is not suited because of its relative 
sensitivity to abrasion or its poor resistance to the attack of certain 
chemicals. 

The introduction of Formvar has furnished the coil manufacturer 
with a wire insulation that is similar to enamel in its electrical properties 
but is greatly superior mechanically and chemically, is more uniform, and 
stands high temperatures much better. Its chief advantage is its 
abrasion resistance, which is from three to twenty times that of enamel, 
depending upon the method of measurement. The abrasion resistance 
and other properties of Formvar are much less affected by high tempera
tures than are those of enamel. Another important property is its 
resistance to attack by chemicals, particularly some of the common 
solvents used in impregnating varnishes. The use of oil-type-enamel 
wire insulation in a coil severely limits the choice of the varnish, and this 
limitation often results in the use of fibrous-insulated wire in spite of its 
disadvantages. Formvar, however, is attacked only by phenols and 
cresols and by certain mixed solvents containing both alcohol and aro
matic hydrocarbons, so that almost any impregnant may be used with it. 

The coating is applied to enameled wire by passing the wire through 
1 This prediction, written early in 1946, has already come true. See 0. L. Boothby 

and R. M. Bozorth, "New Magnetic Material of High Permeability," Jour. Applied 
Phys., 18, 173-176 (February 1947), for a brief discussion of the new alloy Supermalloy. 
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a bath of the enamel dissolved in a solvent, thence upward out of the 
liquid through a die which in effect draws the liquid film down to the 
correct thickness, and up through a high vertical oven in which the sol
vent is evaporated and the enamel hardens. Since the evaporation of 
the solvent and the initial hardening of the enamel require time and 
since the wire cannot be allowed to touch anything until the coat has 
hardened sufficiently, the linear speed of the wire through the coating 
machine is severely restricted. This restriction considerably increases 
the cost of production, and if the speed is injudiciously increased the 
coating is scarred by contact with pulleys or guides before it has hardened 
sufficiently. Other variables, such as change of viscosity or composition 
of the bath, affect the thickness and regularity of the coating. One not 
uncommon fault of enamel coatings is the beaded wire illustrated in 
Chap. 8, Fig. 8-3. In applications such as the precision potentiometers of 
that chapter, in which uniformity of wire dimensions is essential, such 
defects may be serious. 

Formvar may be applied by a similar process, but since it is thermo
plastic it may also be extruded on to the wire in the same way that larger 
wire and cable is jacketed. As a matter of fact, "v inyl" cable jackets 
and insulations for various types of wires are made of essentially the 
same material as Formvar, and have the same desirable properties. (See 
Chap. 1 for more data on the material.) The extrusion process results 
in a wire with a uniform, tough, highly adherent coating. This type of 
insulation is coming more and more into use as its merits become known. 
It is displacing fibrous insulations, in the smaller sizes at least, for all 
applications except those involving the most severe abrasion, and it is 
replacing enamel where its better mechanical and chemical properties 
are of importance. I t will never wholly replace either, but it does 
greatly assist the coil manufacturer to turn out a better product. 

Interlayer Insulation.—Relatively less improvement has taken place 
in the field of interlayer and miscellaneous insulations, but here also 
there are a number of new and improved materials. Most transformer 
coils still rely largely upon various forms of paper for interlayer and 
interwinding insulation, core tubes, and wrappers, and this situation is 
unlikely to change materially in the near future. There has been 
improvement in the properties of electrical papers, chiefly in the direction 
of greater purity and uniformity and the use of better impregnants, and 
some new materials have appeared. Probably the most important class 
of new material is the Fiberglas products, such as cloth, string, tape, and 
sleeving. Fiberglas textiles are very strong and chemically inert, 
and are immune to any rise of temperature likely to occur in an electrical 
winding, but are harder to handle and are not as resistant to flexing and 
abrasion as organic textiles. They may be impregnated with the same 
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varnishes as are used on organic textiles, or silicone varnishes may be 
used to permit operation at high temperatures. Fiberglas textiles are 
often used unimpregnated if sealing or the prevention of fraying are not 
necessary. Silk has almost vanished from the electrical field because of 
wartime scarcity and the inroads of Formvar on the fine-wire field, but 
synthetics such as rayon have replaced it. In particular an acetate-
rayon tape introduced in 1944 proved to be greatly superior to varnished 
cambric for the work of the Radiation Laboratory. It is more flexible, 
lies in place better, especially on an uneven surface, and has about 30 
per cent higher breakdown strength for the same thickness. Braided 
sleeving is still largely used for the insulation of coil leads, but in some 
cases extruded tubing (usually of the ubiquitous vinyl plastics) may be 
preferable. Synthetic sheets of various materials may be useful, but so 
far either inferior electrical properties or low softening temperatures 
have prevented extensive application in the transformer field. This is 
particularly true of cellophane, which is poor electrically, and nylon, 
which does not stand high temperatures. With the present intense 
activity in the field of synthetic plastics, however, this situation may 
change. 

The Winding Process.—The construction of the conventional paper-
layer-insulated coil starts with the core tube. This is a rectangular tube 
of spirally wound layers of paper or other suitable material, whose inside 
dimensions correspond to the core width and thickness. Core tubes may 
be bought from dealers in electrical or paper specialties, or they may be 
made by the user by winding ordinary gummed kraft paper tape, such 
as is used for sealing cartons, around a suitable rectangular mandrel of 
metal or hard wood. The mandrel must be smooth and free from nicks 
and ridges or it will be impossible to remove the finished tube. A layer 
of tape is first applied in a helix with the gummed side out and the edges 
just butting, with no appreciable gaps or overlaps. Additional layers 
are then added in the same fashion, the gummed side being inwards and 
being moistened before winding, and the center of each layer coming 
directly above the joint of the previous layer. For most work the tube 
can be used as wound; if additional insulation is required it may be added 
when the core tube is being wound or before winding the coil. The 
thickness of the wall depends upon the size of the coil; for small radio 
transformers it should be from five to seven layers of 7-mil kraft. 

The mention of gummed kraft paper brings up one precaution that 
applies not only to it but to everything that goes into the makeup of a 
coil. If materials are bought from a reputable electrical dealer it may be 
safely assumed that they are suitable for electrical uses. This is not the 
case with apparently similar materials bought elsewhere; they may be 
perfectly suitable for their intended purpose but still capable of causing 
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| serious trouble in a coil. Some gum compositions and some papers, for 
example, contain constituents that may cause serious trouble from cor
rosion of fine-wire windings. This is particularly true of scotch tape; 
electrical scotch tape is perfectly satisfactory for anchoring coil ends, if 
used in moderation, and if not used in oil-immersed coils, but some grades 
of cheap masking tape of identical appearance are highly corrosive to 
fine wire. I t is poor economy to use substitute materials of unknown 
characteristics either in laboratory models or in production. 

The actual technique of winding a coil depends largely upon the type 
i of winding machine used. I t is possible to wind coils in a lathe, and 

thousands are so wound in the absence of a regular winding machine, 
but the patience of Job is required for the task if the coil includes high-
voltage windings of fine wire. It will be assumed accordingly that a 
simple winding machine is to be used, which has accurate adjustments 
for winding pitch, adequate wire-tension controls on the feed spools, and 
at least a rudimentary paper feed and cutoff knife. Such a machine 
should be part of the equipment of any shop or laboratory that must 
wind more than a very few transformers; quantity manufacturers use 
considerably more elaborate machines with multiple paper feeds, instant-
change preset winding pitch control, and other desirable—and expen
sive—features for speeding up production. 

The first operation in winding a coil is to fasten the inside end. The 
I amateur coil winder will probably start by making and taping a soldered 
I joint between a stranded hookup wire lead and the enameled wire of 

which the coil is to be wound. This method is satisfactory—except for 
two things. If this joint, or even the inner end of the hookup wire 

) insulation, comes inside the coil structure it will make a bump that will 
render it difficult to do a smooth winding job, and the same thing applies 
to all successive coil ends. Furthermore, unless the coils are being 
wound one at a time, which is seldom the case in commercial work, there 
is no place to put the wire lead while the coil is being wound. 

The professional winder starts by winding a half-dozen turns in the 
coil margin and then moves in to the actual start of the coil. He lays 
a bit of tape, adhesive or otherwise, under the start of the first turn, 
sets his turn counter to zero, and winds one turn. Just before completing 
the turn he folds the outer end of the bit of tape over the starting end 
of the wire and catches it under the end of the first turn. He then starts 
his drive motor and proceeds to wind the coil. "Finish" ends are 
similarly secured except that since the anchor tape cannot be held 
down by the next-to-last and preceding turns it must be fastened by an 

i adhesive. Some winders use heavy shellac and cover the anchor tape 
and the whole side of the coil with a strip of kraft paper shellacked in 
place. A professional, moreover, will not bring out the coil leads on a 

5 8 ^ ^ » _ ■ ■ — - ^ H ^ - W W III _ 
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side of the coil which is to be covered by a leg of the core; apparently 
every amateur has to try this at least once, preferably on a coil of many 
thousands of turns. After anchoring the finish turn the winder will add 
a few turns in the margin before cutting the wire and starting the next 
coil. If the required number of turns in a winding is not such as to give 
an integral number of layers (which is invariably the case in practice) 
there are three possibilities. The number of turns per layer may be 
somewhat reduced to give an integral number of layers, and the winding 
pitch increased to maintain the correct margins; this is the professional 
solution, and the professional coil designer will include the number of 
turns per layer in his winding specifications. The winding pitch may be 
sufficiently increased to stretch the last layer over the allotted space; 
this can only be done if the deficiency in the last layer is not too great, 
and requires an extra time-consuming pitch adjustment. A filler can be 
used; this is sometimes done on filament windings that only occupy one-
or two-and-a-fraction layers and which are usually wound one at a time. 
Often in the last case a better solution is to use a different wire size in 
order to fill the space, if this can be done. 

In winding the coil the professional winder using a nonautomatic 
machine will keep track of the number of turns he has wound and will 
slow down smoothly near the end of each layer, stopping just as the limit 
switches reverse the feed clutches. He will feed paper from the roll out 
to the coil mandrel, catch it under the wire as it feeds on to the coil, 
turn the mandrel a fraction of a turn by hand to anchor the paper, and 
then operate the paper cutoff knife and continue with the next layer. 
The skilled winder will do this without actually stopping the machine, 
particularly if he is on piece work. The paper should be so caught and 
cut off that the lap comes outside the core window, and the lap should 
preferably be alternated from one side of the coil to the other. If this 
is not done with fair consistency the excessive number of laps will cause 
the window side of the coil to build out too fast and the coil will come 
out too large to go in the window. 

Succeeding windings are put on the coil in the same way as the first 
winding, the winding pitch adjustment, and if necessary the paper roll, 
being changed between windings. In production of small transformers 
as many coils are wound at a time as will go on a "stick," whose length 
is determined by the width of the paper roll used. Since adjustments 
and machine changes are time-consuming a winder will ordinarily wind 
all of the inner coils for a job with a single setup a stick at a time, then 
reset the pitch adjustment and wind all of the second windings, etc. 
Heavy-wire windings, such as filament and low-impedance loud-speaker 
windings, are usually put on the outside of the fine-wire windings and 
are wound by hand, one at a time. Heavy-wire leads are usually con-
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tinuations of the winding itself, additional insulation being furnished by 
sleeving if necessary. 

After completing the windings the stick of coils is cut apart. This 
process may be done on the winding machine by means of safety-razor 
blades held in a frame that can be swung down so as to bring the blades 
in contact with the slowly rotating stick, in which case the mandrel must 
be grooved to permit the blades to cut clear through the coils and into 
the core space, or the stick may be cut apart after removal from the 
mandrel. Circular saws may be used for this purpose, in which case 
they should be in the form of knives with scalloped edges, or straight-
edged band knives may be used. The most effective device is a bandsaw 
fitted with a sliding V-block to hold the stick and using a wavy-edged 
knife made by the saw manufacturers for bread-slicing machines. This 
form of cutter gives a clean cut with much less tearing and friction than 
the circular knife, and cuts much truer than a straight-edge band. 

Finishing.—After the coils are wound they must be finished; leads 
must be brought out and anchored, wrappers or lug strips applied, and 
all other operations prior to the core assembly completed. As has been 
stated, the leads of heavy-wire windings are usually continuations of the 
windings themselves, with insulating sleeving if necessary. The single-
winder adds a few turns in the coil margins to form the leads, just as the 
machine-winder does, but the ends of heavy-wire leads are easy to find 
and to bring out for termination. Frequently the single-winder will also 
add the insulating sleeving. The coil finisher, who must also be furnished 
with the coil specification sheet, digs out the coil ends of the fine-wire 
windings from between the paper layers, using a pointed or slightly 
hooked tool for the purpose (a nutpick is a favored implement) and makes 
sure that all of the extra turns are pulled out clear down to the end-turn 
anchorage. These wire ends are then led radially outward along the end 
of the coil, cut off to the proper length, bared, tinned, and soldered to 
the flexible leads or to the solder lugs of the lug strip if one is used. 

The coil leads must be securely anchored, the method of anchoring 
depending somewhat on circumstances. Usually the leads are carried 
across the face of the coil, a turn or two of strong tape is wound over them, 
the leads are brought back over the tape, and another turn or two is 
added. The exposed radial portions of the coil ends are insulated by 
strips of paper, or for the higher voltages by varnished silk or cambric 
held in place by a suitable adhesive. The final operations are the addi
tion of the outer heavy coil wrapper and the marking of an identification 
number on the wrapper. The coil is now complete except for impregna
tion, which may be done either before or after inserting the core. Impreg
nation will be discussed in Sec. 4-7. 

Probably the best way to become acquainted with the techniques of 
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coil winding and finishing is to visit a transformer plant; if this is imprac
tical a great deal may be learned by the careful dissection of a few dis
carded transformers, preferably those of a maker with high quality 
standards. 

Other Types of Windings.—Next to paper-insulated layer windings 
the most-used type is the so-called " random" winding, in which the wire 
is simply wound back and forth in the groove of a coil form until the 
required number of turns has been wound. In commercial practice the 
term " random" is somewhat inappropriate, since the wire is put on in a 
regular pattern that somewhat resembles that of a universal winding, 
although the winding is not an open one. The wire is wound as in a layer 
winding but with a winding pitch several times the wire diameter, so that 
the turns of one pass fall at nearly the same average radius as those of 
the previous pass and not into definite layers. No insulation is used 
within the coil except that of the wire itself. Random windings are 
difficult to make on any except a round core, and are chiefly used for 
loud-speaker field coils, relay coils, etc. For such purposes they are very 
satisfactory, and they are cheap to make. Random-wound coils differ 
from most others in not being self-supporting, so that some sort of bobbin 
or form is required. This form may be molded from a suitable plastic, 
and such molded bobbins are often used on very small coils for which 
layer insulation is impractical. Bobbins may also be fabricated from 
laminated plastic tubing with laminated sheet plastic ends. The 
principal difficulty with this form of construction is preventing the ends 
from coming off, especially if the coil is wound by hand and therefore is 
truly random. Commercial random-wound coils are often wound on 
flimsy bobbins made of heavy gummed kraft paper, the bobbin being 
supported during the winding process by a suitable form that can be taken 
apart later. If the wound coils are not roughly handled the paper bobbin 
will support them long enough to permit the coil finisher to anchor the 
flanges in place with an outer wrapper of light gummed paper that is 
later reinforced by heavier end pieces and a final heavy wrapper. If the 
coil is too large or of too fine wire to permit the use of the paper bobbin 
alone it may be held together by strips of tape inserted in a U-shape 
before the winding is started and having the ends fastened before remov
ing the supporting outer form. In either case the coil will be rugged 
enough after impregnation to withstand considerable mechanical abuse. 

One type of winding beloved of the amateur coil winder but rarely 
used in production because of its high cost is the uninsulated layer wind
ing. I t may be wound on an ordinary lathe, and may or may not use a 
bobbin. If it does not it is somewhat easier to wind but wastes some 
space at the ends. I t may be wound by feeding the wire into place by 
hand, but the process is slow and some kind of glove or other protection 
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for the hand, although awkward, is absolutely necessary. Such windings 
may be made of enamel- or Formvar-eoated wire, but fibrous-insulated 
wire is preferable because it is less slippery and stays in place better. 
It is also far more abrasive. 

In making an uninsulated layer winding on a lathe it is best to mount 
a guide pulley on an arm in the tool post, taking care not to have it too 
close to the surface of the coil, and to set the feed to approximately the 
winding pitch required, or preferably slightly less. An adequate adjust
able smoothly operating brake on the wire spool, controlled by the wire 
tension, is almost a necessity, as is a smooth control of the spindle torque. 
This may be obtained from a series motor and foot rheostat, or foot switch 
and Variac, or by a foot-controlled tight-and-loose pulley arrangement 
with the belt slack enough to permit some slipping. 

The compound rest is set to move the guide pulley parallel to the ways 
of the lathe and is used to correct for the inequality between the winding 
pitch and the feed. The guide pulley should be allowed to lag slightly 
behind so as to ensure that the wire will be truly close-wound without 
any spaces, especially on the first layer. If a bobbin is used the layers 
should be wound full, but it is inadvisable to try to force an extra turn 
into place at the end of a layer because this will cause an excessive pressure 
on the bobbin flanges and is also likely to result in an irregularity that 
will propagate itself to all succeeding layers. If no bobbin is used the 
ends of each layer may be held in place with bits of tape as described 
previously, about four pieces being used per layer end. The tapes should 
be staggered and the thinnest possible material used to prevent building 
out the coil ends. 

The uninsulated layer winding has an excellent space factor if properly 
made, but is maddeningly slow to wind and is impractical for fine wire. 
It should be used only when a better method is not available. 

Another type of coil which is intermediate in character between a 
random and a regular layer winding is the so-called "string-wound" coil. 
It has been used principally for the coils of power contactors, although 
the old Giblin-Remler honeycomb coils and some Western Electric 
transformers were also string-wound. The winding consists of uniform 
close-wound layers of wire, as in a paper-insulated winding, but instead of 
the paper a very open universal winding of small yarn or string is used. 
The turns of yarn cross the wire turns at a large angle and the yarn guide 
pauses for an instant at each end of its stroke to allow the yarn to build 
up a protective margin. The resulting coil is dense and solid, even before 
impregnation, and has a good space factor. With the newer materials 
such as Fiberglas yarn, Formvar wire insulation, and silicone varnish 
impregnation string winding should be an excellent method of coil 
construction. 
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Another type of winding which has found its principal application in 
transformers for high voltage or hi,gh powers, is the pie winding. This 
may take either of two forms. In one, the conductor is usually a thin 
wide rectangular strip that is wound into flat spiral pies one turn thick in 
the axial direction. The pies are stacked on the core and connected in 
series. One disadvantage of this construction is the large number of 
series connections that must be made. Allis-Chalmers uses an ingenious 
method of construction in which pairs of pies are wound from a single 
length of conductor, thus eliminating the inner connections. The other 
type of pie winding consists of thin random-wound pies of fine wire, 
either wound in deeply grooved bobbins or individually taped, and again 
connected in series. The voltage per pie is limited to that which the wire 
insulation will stand, times the average number of layers per pie. This 
construction has been used chiefly for the high-voltage windings of X-ray 
transformers. 

A rare construction that can occasionally be used for high-current 
chokes and the like employs a spiral winding of copper foil or sheet, of a 
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width equal to the axial length of the coil less the necessary margins, 
insulated with paper or other suitable material, the whole coil being 
similar in construction to a wound foil-and-paper condenser. This con
struction has the advantage of a good space factor and excellent heat 
conductivity, especially in the axial direction, but is difficult to wind and 
to impregnate. It might be useful for low-voltage windings. 

There are many other possible types of windings, but they are too 
rare to be worth describing in detail. For small inductors such as those 
with which this chapter is concerned, constructions other than the paper-
layer-insulated and the random-wound types seldom need be considered. 

Coil Design Data.—The data to be given here apply primarily to the 
paper-insulated layer winding because it is by far the most important 
type of transformer winding. Additional data may be obtained from 
the manufacturers of wire, winding machines, coils, and equipment in 
which coils are used. 
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The first operation in designing a coil is to select the wire size for each 
winding on the basis of the operating current for that winding. Table 
4-4 gives suitable values for the copper allowance for the windings of 
small transformers of usual construction and mounting practice. The 
tabulated values of circular mils per ampere will result in approximately 
a 40°C rise in temperature under ordinary conditions; if a different rise 
is desired the area should be changed accordingly. 

FIG. 4-27.—Dimensions of layer-wound ~.J.-. ,7„ 
2 Kb 

lm = 2(b + s -f- 7rrm) = length of mean turn; / = build of winding; n = number of layers; 
dw = OD of wire; U = thickness of interlayer insulation (this must be multiplied by a con
stant to allow for lapping: for \ turn lapping the constant is about f ) ; hi, = build factor 
= 0.85 for average construction (see text). 

It will often be found that the wire size required for heavy-current or 
low-impedance windings is too stiff to wind easily on small coils. In such 
cases stranded wire may sometimes be used at the expense of a serious 
reduction in space factor, but a better expedient is to make the winding 
of two wires of half the area, wound side by side and connected in parallel 
at the ends. Even more than two strands may be used in special cases, 
although it is difficult to control more than two at a time if the wire is 
fed by hand. 

A typical layer-insulated coil is shown schematically in cross section 
in Fig. 4-27, and certain quantities that are useful in designing a coil are 
listed below the figure. A winding table, modified from the one used at 
the Radiation Laboratory, is given as Table 4-5. This table includes data 
on single-coated and heavy-coated wire only, since other forms of insula
tion are less important for small transformers. The data apply to both 
enamel and Formvar coatings since they are made to almost identical 
dimensions. The bare-wire dimensions given apply to wire of the nominal 
diameter; the standard diameter tolerance is + 1 per cent of the diameter. 
Similar data on wire with other insulations may be found in the catalogues 
of the wire manufacturers and in engineering handbooks. The values 
of turns per inch are obtained by multiplying the theoretical number of 

- . . . L.J 
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T A B L E 4 - 5 . — W I N D I N G T A B L E FOR P A P E R - I N S U L A T E D L A Y E R W I N D I N G S 
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8 0 . 8 
72 .0 
64 .1 

57 .1 
50 .8 
45 .3 
4 0 . 3 
35.9 

32 0 
2 8 . 5 
25 .3 
22 .6 
20 .1 

17.9 
15.9 
14.2 
12,.* 
l l ! 3 

10.0 
8 .9 
8.0 
7 .1 
6 .3 

5 .6 
5.0 
4 . 5 
4 . 0 
3 .5 

3 .1 
2 . 8 
2 . 5 
2 .2 
2 .0 

Bare 

Area, 
circular 

mils 

10,384 
8226 
6529 
5184 
4109 

3260 
2580 
2052 
1624 
1289 

1024 
812 .3 
640.1 
510.8 
404.0 

320.4 
252 .8 
201.6 
158.8 
127.7 

100.0 
79.21 
64.00 
50 .41 
39.69 

31.36 
25.00 
20.25 
16.00 
12.25 

9 .61 
7.84 
6.25 
4 .84 
4 .00 

wire 

Resistivity 
a t 20°C, 

ohms/1000 
ft 

0.999 
1.261 
1.588 
2.001 
2.524 

3.181 
4.020 
5.054 
6.386 
8.046 

10.13 
12.77 
16.20 
20.30 
25 .67 

32.37 
41.02 
51.44 
65 .31 
81 .21 

103.7 
130.9 
162.0 
205.7 
261 .3 

330.7 
414 .8 
512.1 
648.2 
846.6 

1079 
1323 
1659 
2143 
2593 

Lb/1000 ft, 
nominal 

31 .4 
24 .9 
19 .8 
15.7 
12.4 

9 .87 
7 .81 
6.21 
4 .92 
3.90 

3 .10 
2 .46 
1.94 
1.55 
1.22 

0 .970 
0.765 
0.610 
0.481 
0.387 

0 .303 
0.240 
0.194 
0 153 
0.120 

0.0949 
0.0757 
0.0613 
0.0484 
0.0371 

0.0291 
0.0237 
0.0189 
0.0147 
0.0121 

Single-coated wire 
{E or F) 

Maximum 
diameter , 

mils 

105.4 
94 .1 
84 .0 
75.0 
62 .0 

5 9 . 8 
53 .4 
47 .7 
42 .6 
38 .1 

34 .1 
30 .5 
27 .3 
24 .4 
21 .8 

19.5 
17.4 
15.6 
14.0 
12.6 

11.2 
10.0 
9 .1 
8 .1 
7 .2 

6 .4 
5 .8 
5 .2 
4 . 7 
4 . 1 

3 .7 
3 . 3 
3 .0 
2 .7 
2 .4 

Turns / i n . 

9 
10 
11 
12 
14 

15 
17 
19 
22 
24 

27 
30 
34 
38 
42 

47 
52 
59 
66 
73 

82 
91 

101 
114 
128 

142 
158 
174 
198 
220 

246 
274 
304 
340 
369 
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T A B L E 4 - 5 . — W I N D I N G T A B L E FOR P A P E R - I N S U L A T E D L A Y E R WINDINGS.—(Continued) i 

AWG 
size 

number 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
21 
22 
23 
24 

25 
26 
27 
28 
29 

30 
31 
32 
33 
34 

35 
36 
37 
38 
39 

40 
41 
42 
43 
44 

(HE or H F ) 

Maximum 
diameter 

mils 

107.1 
95 .7 
85 .5 
76 .5 
68 .4 

61.2 
54 .8 
49 .1 
44 .0 
39.4 

35 .3 
31.6 
28 .4 
25 .5 
22.9 

20 .6 
18.5 
16.5 
14.9 
13.4 

12.0 
10.8 
9 .8 
8 .8 
7 .8 

7 .0 
6 .3 
5 .7 
5 .1 
4 . 5 

4 . 0 
3 .6 
3.2 
2 .9 
2 .7 

Turns / i n . 

9 
10 
11 
12 
14 

15 
17 
18 
21 
23 

26 
29 
33 
36 
40 

44 
49 
56 
62 
69 

77 
84 
94 

105 
115 

130 
146 
159 
182 
200 

227 
251 
285 
317 
328 

Layer 
space factor, 

per cent 

90 

89 

88 

87 

86 

85 

Minimum 
interlayer 
insulation 
thickness, 

mils 

0.010 

0.007 

0.005 

0 .003 

0.002 

0.001 

0.0007 

Minimum 
margin, 
inches 

I 

A 

1 8 

* m 
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turns per inch (i.e. the reciprocal of the nominal outer diameter of the 
wire in inches) by the appropriate layer space factor. This factor is 
intended to take care of normal variations in wire diameter and of kink
ing and springing of the wire during the winding process. The values 
given for the factor are conservative; if necessary a few per cent more 
turns can usually be crowded into a given space than the figures of the 
table would indicate, but it is not always safe to depend upon doing so. 

For large transformers and for windings carrying heavy currents it is 
sometimes desirable to use square or rectangular wire in order to improve 
the space factor of the coil. Such wire is available in a large number of 
sizes and with various insulations, of which double cotton and heavy 
Formvar are standard. Square wire may be obtained from 64-mil 
diameter upwards and rectangular wire from 100 mils wide and 12 mils 
thick. Such wires are seldom needed for small coils but for large units 
and especially for pie-wound coils they are much easier to handle than 
round wire. 

Wires smaller than No. 40 are usually avoided wherever possible 
because of the difficulty of handling the very small sizes on the usual 
types of winding machines. They are rarely specified by AWG size, the 
diameter in mils being preferred. The usual sizes are: 

2.8 mils (No. 41) 
2.5 (No. 42) 
2.2 (No. 43) 
2.0 (No. 44) 
1.75 
1.25 
1.00 

An idea of the fragility of the ultrafine sizes may be obtained from the 
fact that the insulation thickness of 1-mil wire is 0.1 to 0.2 mils, its break
ing strength is 14 grams, and it runs 51 miles to the pound. 

Besides the wire dimensions, Table 4-5 includes data on the thickness 
of interlayer insulation and on coil margins. These data are based on 
the mechanical requirements of a rugged coil; both margin width and 
insulation thickness must be sufficiently great to withstand the operating 
voltage gradients; therefore the values given in the table may have to be 
increased for electrical reasons. A safe value for the maximum per
missible voltage gradient along the surface of dry or varnish-impregnated 
paper is 10 volts per mil, which may be increased to 30 volts per mil for 
oil-immersed coils. These gradients refer to the test voltage, which may 
be variously specified. One typical specification1 requires a test voltage 

1 Proposed Joint Army-Navy Specification JAX-T-27, "Transformers and Induc
tors (Audio and Power) for Use in Electronic and Communication Equipment." 
Aug. 15, 1945. 
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of 700 volts (peak) for all windings with (peak) working voltages up to 
175 volts, four times the working voltage for windings up to 500 volts, 
and twice the working voltage plus 1000 volts for higher-voltage windings. 

The thickness of interlayer and other sheet insulation necessary for 
electrical reasons may be calculated from the data in Table 4-6. The 
values given in the table are safe working-voltage gradients in volts per 
mil; they may usually be tested at twice the tabulated values and will 
breakdown at four or five times the tabulated values. 

T A B L E 4 6 . — W O R K I N G - V O L T A G E G R A D I E N T S OF INSVLATING M A T E R I A L S 

Untreated, 
vol ts /mil 

40 
40 

100 
50 

100 
20 
40 

Varnished, 
vol ts /mil 

60 
60 

100 
75 

100 
20 
40 

In oil, 
vo l t s /mi l 

100 
100 
100 
100 
100 
20 
20 

125 

4-7. Coil Processing.—After a coil is wound and finished it is necessary 
to treat it in order to drive out whatever moisture it contains and to seal 
it against the entrance of moisture. A number of processes and materials, 
which vary considerably in their effectiveness, have been developed for 
this purpose. 

The simplest, cheapest, and least effective of these processes, which is 
in common use for poor-quality competitive radio transformers, is the 
wax dip. The coils, with or without the cores in place, are dipped in a 
container of molten wax and allowed to remain there until all bubbling 
has ceased, indicating that at least the major portion of the moisture has 

' been driven out, and are then removed and allowed to drain. The process 
is comparatively ineffective if the temperature of the molten wax is 

i allowed to fall below about 110°C during the early part of the immersion, 
since the pressure of the steam within the coils will be insufficient to 
force the moisture out against the hydrostatic head of the molten wax; 
and the impregnation will be much more thorough if the bath is allowed 
to cool well below 100°C before removing the coils, since the decreased 
vapor pressure will allow the wax to be forced into the voids in the coils. 

A much more effective method of impregnation is the vacuum process. 
In this process the coils are placed in an evacuated container, heated to 

t drive out the moisture, and then an impregnating medium, of wax, 
varnish, or some other material, is admitted to the vacuum chamber and 
the vacuum released. The atmospheric pressure forces the impregnant 

Material 

Kraft paper 
Vulcanized fiber. . 
Varnished cambric 
Glassine 
Formvar 
Enamel 
Scotch tape 
Pure oil 
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into the voids in the coils; impregnation is usually made more thorough 
by the use of air pressure after admission of the imprcgnant. This is a 
far better process than the simple wax dip, but its effectiveness depends 
greatly upon the processing schedule. I t takes a surprising amount of 
time to drive out all of the water in a coil, and any impregnation is of 
little use that leaves more than the slightest trace of moisture. Probably 
the best check on the drying process is the rate of evolution of moisture, 
which is most easily determined by the degree of vacuum for a given 
pumping speed. Near the end of the process, when moisture is coming 
off more slowly, the rate can be checked by closing the vacuum line and 
observing the rate of rise of pressure in the chamber. Actual values 
depend upon the particular installation and to some extent on the char
acter of the charge in the chamber. The manufacturers of processing 
equipment will furnish schedules of processing, and information can also 
be secured from the makers of impregnating material. 

A number of materials can be used for processing. Cheap trans
formers often depend upon beeswax, usually mixed with paraffin or rosin. 
Special "amorphous" waxes of high melting point are considerably better, 
but the impregnating varnishes especially developed for the purpose are 
better than any wax, especially for high-temperature operation. Impreg
nating varnishes vary considerably in their properties, and the recom
mendations of the manufacturers should be followed with regard to the 
type used and the processing schedule. Two varnishes, Irvington 100-
clear and Harvel 6120, were used by the Radiation Laboratory, and 
proved excellent for most purposes, the Harvel being somewhat harder 
and more brittle. A properly impregnated coil should be so solid that 
it can be cut in half with a band saw and show no voids or air spaces. 

Varnish impregnation is satisfactory for units operating up to about 
10 kv, but for higher voltages it is preferable to operate the units immer
sed in oil. All moisture should be driven out under vacuum, but if the 
oil is clean it is not necessary to use a vacuum better than 29 in. of ♦ 
mercury. One precaution necessary in winding coils intended for oil 
immersion is to avoid the use of components containing rubber, such as 
rubber-based adhesive tapes or rubber-insulated coil leads. The oil 
softens and dissolves the rubber, causing the coil to loosen up and some
times causing breakdown, and the dissolved rubber contaminates the oil. 

High-voltage units can be built for operation without oil immersion 
by suitable insulation of the high-voltage winding. This is ordinarily 
done by radially taping or "half-lapping" the coil. Half-lapping consists 
of taping the coil in a direction perpendicular to the windings, threading 
each turn through the coil and overlapping the preceding turn by half its 
width. One half-lap of 5-mil varnished cambric or rayon is good for 
about 2 kv. The coil should be varnished before half-lapping and after 

i 
i 
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each two layers. Varnished cambric was originally used by the Labora
tory for this purpose, but the more absorbent and flexible acetate-rayon 
tape referred to above proved so much better that it entirely displaced 
the cambric. 

Transformers intended for operation in air at voltages above 35 kv 
should depend upon increased spacing for insulation. The high-voltage 
winding should be supported by suitable insulators at a distance of from 
2 to 5 in. from the nearest grounded object such as core or primary. This 
construction also serves to reduce the capacitance of the high-voltage 
winding to ground, but the inherently high leakage reactance results 
in poor voltage regulation. Complete oil immersion, with or with
out increased spacing, is preferable to dry operation of high-voltage 
transformers. 

As a means of eliminating the increased weight of hermetic sealing, 
especially on airborne equipment, several improved materials for impreg
nating and coating, which are supposed to be highly resistant to moisture 
penetration, have been developed. Chief among these are Westinghouse 
"Fosterite," GE "Permafil," BTL "Flexseal," and Utah Radio Products 
"Styraseal." These processes all use a thin fluid as an impregnant and 
the same or a similar fluid loaded with an inert filler as a coating material. 
The fluids are presumably monomeric plastics, such as meta-styrene, 
which polymerize to hard tough solids during the curing process. The 
chief disadvantages of Fosterite, Styraseal, and Permafil is that they 
severely restrict the choice of materials that may be used in the con
struction of the transformer. 

Although it is possible to build excellent transformers under this 
restricting condition, it does slow up the manufacturing process and 
increase the expense. Styraseal may be used as a coating over ordinary 
varnish-impregnated coils, in which case the restrictions do not apply. 
Flexseal does not have the material limitations of the others but it is 
not as tough and it requires that the coil be half-lapped to present a 
smooth surface on the ends. In order to determine the relative effective
ness of impregnating and sealing materials a test program was inaugurated 
in July 1945 under the supervision of the Laboratory for Insulation 
Research of the Massachusetts Institute of Technology. I t was found 
within a few weeks after the program had started that none of the com* 
mercial varnishes or other impregnants was good enough to meet Service 
specifications, and the program was expanded to develop a new impreg
nant that would be acceptable to the Services. At the termination of 
operation of the Radiation Laboratory the testing and development 
programs were still under way, and were not far enough advanced to 
permit the publication of definite conclusions. It is expected that the 
work will be continued under Service auspices. 
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4-8. Shielding.—Transformers and other coils must often be shielded, 
and this shielding may be either of two types, electrostatic or electro
magnetic. 

The simpler of the two is electrostatic shielding, which is used to pre
vent capacitive coupling between two windings of a coil, or between a 
winding and an external field. Electrostatic shields ordinarily consist of 
sheets of copper foil or some similar conducting material which are 
inserted between the two windings to be shielded from each other. It 
is easy to secure 100 per cent effective electrostatic shielding between two 
windings by making the foil long enough to permit a lap joint at the 
ends, the only precaution necessary being to insulate the joint so as to 
prevent the formation of a short-circuited turn. The shield is usually 
connected to ground, but sometimes may be connected to other suitable 
points in the circuit. If a grounded winding is located between the two 
windings which are to be shielded from each other the shield is not 
usually necessary. A common example of such an electrostatic shield is 
the shield that is used between the primary and the high-voltage second
ary of most power transformers, which serves as a fairly effective means 
of preventing any r-f noise that may be present on the supply line from 
reaching the output via the capacitance between primary and secondary. 
On units intended for operation at 60 cps it is usually sufficient to ground 
the shield to the core at one point; for operation at 400 cps it may be 
necessary to ground the shield at each end of the coil. 

Electrostatic shielding against external fields is rarely necessary and 
is easily accomplished by the use of almost any sort of conducting end 
bell or can, but electromagnetic shielding is a much rr ^re difficult problem. 
It is usually required to reduce the pickup of hum in the windings from 
an external magnetic field, but may sometimes be used to reduce the 
leakage field of a power transformer or choke. 

The most effective method of electromagnetic shielding is to com
pletely enclose the transformer in a can of high-permeability alloy such 
as Mumetal. A single Mumetal can of 10-mil thickness will ordinarily 
give only about 10 db reduction in pickup, but if several concentric cans 
are used, alternating between Mumetal and copper, with the copper cans 
either seamless or well soldered except for the lids, shielding of about 30 
db per pair of cans may be attained. It is necessary to provide the can 
lids with lips so that the joint at the top will be lapped and not a straight 
crack; fields will sneak in through a crack to a most surprising extent. 
The Mumetal cans must be annealed in hydrogen after all forming opera
tions are completed, since the high permeability of the material is greatly 
reduced by coldworking. If the astatic or "humbucking" construction 
shown in Fig. 4-15 is used in conjunction with threefold composite 
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Mumetal and copper shields the resulting pickup will be negligible for 
almost any purpose. 

There is a common belief that the use of a heavy cast-iron case will 
afford a useful degree of shielding for a transformer. This is definitely 
untrue; measurements on a number of commercial transformers in cast-
iron cases showed less than 6 db of shielding, and if the top of the case 
was left open the reduction was as little as 2 db. Drawn steel cases are 
slightly better if completely closed except for small holes for the leads, 
but again the shielding is not enough to be of much use. Hum pickup 
may sometimes be reduced by careful reorientation of transformers on a 
chassis, but this expedient is a makeshift at best. The only real remedies 
are astatic coil construction and the use of adequate high-permeability 
plus eddy-current shields. 

4-9. Mountings, Enclosures, and Terminals.—A great variety of 
mountings and enclosures has been used for transformers, depending upon 
the requirements of the individual case. Most of these are intended 
for chassis mounting, usually flush with the surface by means of flanges, 
studs, or screws, but there are a number of types, such as the familiar 
half-shell mounting, which require that a hole be cut in the chassis so 
that the unit may project through it. Such a mounting may permit a 
reduction of over-all cabinet volume in some cases, and has the definite 
advantage that the mounting plane is close to the center of gravity of 
the unit, but the additional labor involved in cutting out the large hole 
in the chassis is a serious disadvantage in laboratory construction. Some 
commercial units are adapted for mounting in any of several positions, 
which offers a certain amount of freedom in chassis layout. 

Enclosures are also of many types, the completely open types in 
which the coil and part of the core are exposed, the semienclosed forms 
using end bells, the semisealed potted types, and the truly hermetically 
sealed units, either potted in compound or oil-immersed. In general the 
degree of protection of the windings increases with the total weight, 
although it is by no means true that a heavy transformer is necessarily 

• adequately protected. The principal advantage of the semienclosed unit 
is the mechanical protection afforded to the windings, usually at the 
cost of a minor increase in weight, although improved appearance is by 
no means a disadvantage. Total enclosure in a can filled with potting 
compound but not hermetically sealed does delay the absorption of 
moisture by the windings, and affords adequate protection for most 
ordinary climates. If the potting compound is exposed to air, however, 
complete protection cannot be guaranteed since all such materials are 

4 pervious to some extent, and oxidation, cracking at low temperatures, or 
flow when hot may expose the windings. The only method of ensuring 
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complete immunity to unfavorable climatic conditions is true hermetic 
sealing by solder or some other means that will not deteriorate with age. 

Cons.—Transformer cans are usually made from light-gauge sheet 
steel, although aluminum or some other nonmagnetic material may be 
used in certain cases where the location of a steel of poor magnetic quality 
close to the air gap of the core would affect the characteristics of the unit. 
In many cases the can is made of fairly heavy material so that it can 
transmit acceleration forces from the core clamps to the external support
ing brackets. This is poor practice, especially for oil-filled units, since 
the concentration of stress at the points of attachment between brackets 
and can is sufficiently high to produce distortion and eventual failure 
unless the can is made extremely heavy. Weight will be saved and a 
stronger unit produced if a light-gauge can is used and an adequate 
supporting structure provided which is mechanically independent of the 
can. This is the only satisfactory method of producing a unit to pass 
the Service shock and vibration tests. 

Quantity-production cans may be deep-drawn from seamless sheet. 
This procedure makes an excellent can that will conform fairly closely to 
the shape of the core and coil assembly, but it is only practical in cases 
where the expense of drawing dies is justified. Most small-lot cans are 
rectangular to permit fabrication in an ordinary sheet-metal shop. 
Joints may be soft-soldered, brazed, or resistance-welded. Soft soldering 
gives an oil-tight joint if done with reasonable care, but the solder is 
inherently weak and subject to failure under vibrational stress; it should 
never be used as a mechanical connection but only as a sealing medium. 
If vibrational or shock stresses are negligible, however, a good lapped and 
soft-soldered joint is satisfactory. Torch brazing or welding gives a 
strong tight joint but is difficult to accomplish in light-gauge material 
without excessive warping, and the subsequent cleaning of the joint is a 
nuisance. Resistance welding gives excellent joints and is cheap, but 
usually cannot be depended upon for oil-tightness unless the joints are 
filled with soft solder after spotwelding. The use of tin- or lead-coated 
steel greatly facilitates making good soft-soldered joints but may cause 
difficulty in spotwelding. 

Potting.—For most low-voltage units the use of potting compound is 
preferable to the complications of oil filling. There are many such com
pounds on the market, of varying quality, and the catalogues of the 
manufacturers should be consulted for details. One compound that was 
much used by the Radiation Laboratory is Mitchell-Rand 868-EX, which 
is effective and easy to handle in production. Potting is essentially a 
"messy" process, however, and if more than a very few transformers are 
to be potted it will pay to use a regular compound-melting unit with 
temperature regulation and bottom-pouring spouts. The transformer 
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assemblies should be preheated to a temperature above the melting point 
of the compound, if possible, to prevent the formation of a "cold-shut" 
between the compound and the transformer, which would act as a channel 
for the admission of moisture. Since the melted compound is extremely 
viscous a distance of -^ in. should be left on all sides between the assembly 
and the can, although £ in. will suffice if necessary. Cooling should not 
be too rapid since the compound shrinks considerably and its heat con
ductivity is poor, so that premature solidification of the outside portion 
may result in the formation of voids next to the coil. 

Oil Filling.—The two principal problems entailed by the use of oil 
filling are the prevention of leaks and the provision for expansion of the 
oil. Leak prevention is largely a matter of workmanship, although the 
design of the can should be such as to prevent the transmission of appreci
able stresses across soldered joints and to facilitate the flow of solder into 
the lapped joints. The high thermal expansion coefficient of transformer 
oil presents a considerable problem with units that must be exposed to a 
wide range of temperatures. In some cases, such as the small high-
voltage units of Fig. 4-17, the flat sides of the can may be allowed to 
spring sufficiently to take care of the change in volume, but in many cases 
some special expansion device must be used. This usually takes the 
form of a metal bellows or "Sylphon," many forms and sizes of which are 
on the market. Rubber bags have also been tried; such experiments have 
been conducted at the Radiation Laboratory and by the British at Tele
communications Research Establishment. 

The total change in volume of the oil can be reduced by the use of 
sand or small glass beads to make up part of the volume. This method is 
satisfactory electrically but the maximum theoretical displacement for 
spherical particles is only 66.7 per cent and in practice it runs closer to 
45 or 50 per cent. The use of sand necessitates a guard to keep it out of 
the convolutions of the bellows, the additional parts usually take up as 
much space as was originally saved, and the sand adds a great deal of 
weight, so that in the long run it is usually better to use plain oil. 

Bushings.—One of the principal problems in the development of 
acceptable hermetically sealed units has been the provision of satisfactory 
bushings. The first to be used by the Radiation Laboratory were the 
rubber-sealed types shown in Fig. 4-28. These were satisfactory both 
mechanically and electrically when first installed but the progressive 
deterioration of the rubber with age effectively destroyed the sealing after 
a year or two. Another objection to these bushings was the large number 
of parts, which increased both cost and assembly time. 

A program begun with the T. C. Wheaton Company eventually led 
to the production of the Wheaton T-1300 line of solder-seal bushings 
shown in Fig. 4-29. These bushings have a metallic glaze fired directly 
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onto the glass so that they can be soldered to the can. The T-1302, 
T-1304, and T-1305 have been used extensively. The T-1301 has been 
less satisfactory because the hollow rivet holding its lug goes through to 
the bottom of the glass, giving a very short creepage path inside the can. 

gr* «r ¥* 

g-jffl Mil.'""», nuimuiim^ f j ^ ^ I Q i <^ 
0 in. 

Ka«i * 

F I G . 4-28.—Rubber-sealed bushings. 

4 
I I G . 4-29.—T. C. Wheaton Co. bushings. (Left to right: 1306; 1305; 1304; 1302; 1301.) 

Instead of the T-1301 the GE C-12428-A has been much used. This is 
also a solder-seal bushing, but instead of soldering directly to the glass a 
metal rim is molded to the bushing and the can is soldered to the rim. 
Although this bushing also has a stud going clear through, its construction 
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FIG. 4-30.—Metal-to-glass bushings. (.Left to right: W-103; W-101; C-12428-A; C-13298-A.) 

0 I". 

FIG. 4-31.—High-voltage bushings. (Left to right: C-12290-A; C-12966-A; C-13330-A.) 



172 I RON-CORE INDUCTORS [SEC. 4-9 

is such as to provide a satisfactory internal creepage path. Several 
other types of small glass bushings which have also been used to some 
extent are shown in Fig. 4-30. 

TABLE 4-7.—BUSHING OPERATING VOLTAGES 
Operating voltage 

Bushing type at sea level-dry 
Large H V 25,000* 
Small H V 15,000' 
Medium extended 10,000t 
Medium 6,000 
Small 3,000 
Little 1,750 
Midget 750 
1306 20,000 
1305 14,000 
1304 10,000 
1302 5,000 
1301 2,000t 
C-12428-A 3,000 
W-103 6,000 
C-12290-A 12,500 
C-12966-A 10,000 
C-13330-A 30,000 

* With oil inside can. 
t With oil or potting compound inside can. 

For high-voltage uses porcelain has been used in preference to glass 
because of its greater mechanical strength. Three high-voltage porcelain 
bushings developed by Westinghouse are shown in Fig. 4-31. A summary 
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FIG. 4-32.—Derating curve ior high-altitude operation. 

of the recommended operating voltages for a number of types of bushings 
is given in Table 4-7, and Fig. 4-32 gives a derating curve for high-
altitude operation. 

A number of other types of bushings have recently been placed on the 
market. Besides a wide variety of solder-seal bushings of both glass and 

amummsmm 
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porcelain, several manufacturers are producing bushings in which a central 
lead or leads are imbedded in a glass bead or slug which is fused into a 
flanged rim. The metal parts are made of Kovar or Fernico, which has 
the same expansion coefficient as the special glass over a wide range of 
temperature. Care should be used if such bushings must withstand 
extremely low temperatures, however, since some of these special alloys 
have a low-temperature phase transformation that results in a consider
able change in volume with resulting cracking of the glass. Where low 
temperatures are involved the bushing manufacturer should be notified 
of the required minimum and a stabilized metal should be used. These 
bushings are available in a number of forms, including multiple-lead 
varieties in which a number of leads, each with its own glass bead, are 

FIG. 4-33.—Multiple-lead bushings. (Leftto right: T. C Wheaton; Westinghouse; Sylvania.) 

sealed into a multiple-hole header. Three types of multiple bushing are 
shown in Fig. 4-33. 

Another recent bushing construction involves the use of injection-
molded lead borate-mica glass (Mycalex, Mykroy, etc.) as the insulating 
material. I t is stronger than either glass or porcelain and has excellent 
electrical characteristics, but at the present time the price of such bushings 
is very high. If their excellent qualities lead to sufficient use to bring 
the price down they should become very popular. Similar bushings have 
been produced using plastics as the insulating material, but they have not 
been particularly successful. The molding process is inherently inexpen
sive and flexible and permits the use of a wide variety of inserts and flanges. 

Assembly.—Several methods of soldering bushings to covers were used 
at the Radiation Laboratory, including soldering iron, torch, induction 
heating, and infrared heating. The first two tend to concentrate too 
much heat in one place, stripping the glaze from glass bushings and doing 
an uneven job. They are useful, however, on the large metal-flanged 
bushings. Induction heating heats only the metal parts of a bushing 
directly, tending to expand the flange away from the glass, and also to 
buckle covers that have a large number of holes. By far the most success
ful method is infrared heating, which heats all parts evenly and quickly 
and is uniform and easy to control. An infrared oven built by the 
Laboratory is shown in Fig. 4-34. I t uses a total of twenty-four 350-
watt ruby infrared lamps, arranged in six rows of four. A cover with its 
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bushings in place, each furnished with a small preformed solder ring, is 
placed on the track and pushed slowly through the oven. A cover 6 in. 
square with 15 to 30 bushings can be completed in 40 to 50 sec. 

FIG. 4-34.—Infrared soldering oven. 
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CHAPTER 5 

PIEZOELECTRIC DEVICES1 

B Y P. F. BROWN AND S. FRANKEL 

QUARTZ-CRYSTAL FREQUENCY STANDARDS 
In the field of radar, quartz crystals are used as frequency standards 

because of their stability and high Q. They are frequently used not in 
1 Much information on the physics of crystals and upon the manufacturing proc

esses used in preparing crystal slabs is contained in the following articles by Bell 
System au tho r s : 

E. J. Armstrong, " X - r a y Studies of Surface Layers of Crysta ls ," Bell System Tech. 
Jour., 26, 136-155 (January 1946). 

\V. L. Bond, " T h e Mathemat ics of the Physical Properties of Crysta ls ," ibid., 22, 1-72 
( January 1943). 

, " A Mineral Survey for Piezo-electric Mater ia ls ," ibid., 22, 145-152 (July 
1943). 

-, " M e t h o d s for Specifying Quartz Crystal Orientation and Their Determina
tion by Optical Means , " ibid., 22, 224-262 (July 1943). 

and E. J . Armstrong, "Use of X-rays for Determining the Orientation of Quartz 
Crysta ls ," ibid., 22, 293-337 (October 1943). 

A. R. D'heedine, "Effects of Manufacturing Deviat ions on Crystal Units for Fi l ters ," 
ibid., 23, 260-281 (July 1944). 

I. E. Fair, "Piezoelectric Crystals in Oscillator Circui ts ," ibid., 24, 161-216 (April 
1945). 

R. M. C. Greenidge, " T h e Mount ing and Fabricat ion of Plated Quartz Crystal Uni t s , " 
ibid., 23, 234-259 (July 1944). 

C. W. Harrison, " T h e Measurement of the Performance Index of Quartz Pla tes ," ibid., 
24, 217-252 (April 1945). 

F. R. Lack, G. W. Willard, and I. E. Fair, "Some Improvements in Quartz Crystal 
Circuit E lemen t s , " ibid., 13, 453-463 (July 1934). 

W. P. Mason, "Qua r t z Crystal Applications," ibid., 22, 178-223 (July 1943). 
and R. A. Sykes, "Low Frequency Quartz-crystal Cuts Having Low Tempera

ture Coefficients," Proc. IRE, 32, 208-215 (April 1944). 
H. J . McSkimin, "Theoret ical Analyses of Modes of Vibration for Isotropic Rectangu

lar Plates Having All Surfaces Free ," Bell System Tech. Jour., 23, 151-177 (April 
1944). 

R. A. Sykes, " M o d e s of Motion in Quartz Crystals, the Effects of Coupling and Meth
ods of Design," ibid., 23, 52-96 (January 1944). 

, "Principles of Mount ing Quartz P la tes , " ibid., 23, 178-189 (April 1944). 
G. W. Willard, " R a w Quartz , I ts Imperfections and Inspection (Chap. I V ) , " ibid., 22, 

338-361 (October 1943). 
, "L'se of the Etch Technique for Determining Orientation and Twinning in 

Quartz Crysta ls ," ibid., 23, 11-51 (January 1944). 

Most of the information in these articles and much besides is to be found in 
R. A. Heising, Quartz Crystals for Electric Circuits, Van Nos t rand , Xew York, 1946. 
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the CRT display equipment itself but in associated driver units, calibra
tors, or test equipment. 

Since the crystals used in radar equipment need not satisfy as rigid 
Q and stability requirements and since they are required in quantities 
small compared to those used in communication equipment, the procure
ment problem has not been serious for radar-equipment manufacturers. 
Moreover, because of the lower Q required and because they w«re usually 
used in the frequency range of 50 to 200 kc/sec (20- to 5-^sec markers), 
manufacturing facilities and techniques were already available (as was 
not the case in the vhf communication field). 

The frequency stability necessary is derived from the over-all require
ments of the more precise CRT displays and special test equipment. 
Precise CRT displays do not usually require better than ± 0.05 per cent 
stability and crystals in special test equipment may vary by as much as 
±0.025 per cent. Thus a 100-kc/sec calibrator with a variation of 
±0.05 per cent would furnish 10-/xsec markers on a time base with an 
accuracy of ±0.005 psec. In a radar set the 0.05 per cent specification 
implies a range accuracy of 2.0 yd at 4000 yd or of 15 yd, at 30,000 
yd, if there are no other errors in the system. 

6-1. Use of Quartz Crystals in Radar.—The principal factors to be 
considered when using a crystal for radar purposes are temperature 
coefficient; initial accuracy; susceptibility to damage by shock, vibration, 
and humidity; and the electrical circuits. 

Temperature Coefficient.—This is the most important of these factors. 
For equipment used by the Armed Forces the required ambient tempera
ture range is —40° to +80°C. In laboratory test equipment the tem
perature range is more likely to be +15° to + 70°C. The crystals usually 
used are of the bar type, which have a frequency-temperature curve flat 
near 25°C and falling off for extreme negative or positive temperatures, 
thus making the coefficient positive at lower temperatures and negative 
at higher temperatures. One such type (Valpey RL) has a coefficient of 
+2.0 and —3.0 X 10_6/°C for temperatures above and below the normal. 
Another type (Bliley FM-6) has coefficients of +1.6 and - 1 . 4 X 10-6/°C 
from +20°C to —40° and +60°C respectively. In the extreme case of a 
100-kc/sec crystal with a coefficient of 5.0 X 10-6/°C and zero error at 
25°C, the shift to +70°C would give a frequency shift of 22.5 cps or of 
0.022 per cent. Since the more recent crystals have a coefficient of about 
1 X 10_6/°C, this factor is not critical for radar applications. 

Initial Accuracy.—Initial accuracy is easily obtained. For example, 
the final calibration of a production run of 82-kc/sec crystals will show 
that they are all within 25 cps and that 80 per cent will be within 15 cps. 
The equivalent accuracies are 0.03 and 0.018 per cent respectively. 
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Shock, Vibration, and Humidity.—The susceptibility of the crystal to 
damage by shock, vibration, and humidity has forced a new method of 
packaging. The crystal types used for the comparatively low frequencies 
mentioned above are the bar, which vibrates lengthwise, and the wafer, 
which vibrates in shear. Since there is a node in the center in each case, 
the crystal elements may be tightly clamped at the center. For one type 
(Valpey RL), which is a bar 33 mm long, the clamp may be placed at 
least + 2 mm from the lengthwise center and adjusted to any degree of 
tightness. Shock and vibration tests have shown that the center-clamp
ing method is satisfactory. In fact, with shocks of 110 g the pins in the 
socket break before the quartz bar gives way. A few broken crystals 
were obtained and examination proved that the bar is more likely to break 
in half at the clamping point than to slip out of the holder. 

Humidity conditions may be severe for military equipment but present 
no serious problem for the crystals of the types described, since they have 
always been tightly packaged to keep out dirt and to prevent atmospheric 
corrosion of the silver plating. The package is usually metal, such as a 
metal tube shell, the only problem being to seal the insulated output 
leads tightly. Manufacturers still have two problems, adequate tropical-
ization and the selection of an insulating material that retains its low 
dielectric loss after use and exposure. 

Electrical Circuits.—The effect of the electrical circuit on the crystal 
is usually small. Tests in wrhich a triode oscillator and a crystal holder 
with two pins were used showed that reversing the holder in its socket 
changed the frequency of an 82-kc/sec crystal by 2 to 7 cps. This shift 
may be eliminated by grounding the metal case. Moving the 2-in. grid 
lead in the same oscillator caused a frequency shift of 6 cps. In another 
instance, where a triode oscillator had a pulse transformer in its cathode 
circuit, the frequency could be pulled by the feedback of signals through 
the transformer, but putting the transformer in the plate circuit corrected 
this trouble. In those instruments in which the power output of the 
oscillator is varied by changing the tuning of an r-f transformer in the 
plate circuit, it was found advisable to use a pentode as the oscillator tube. 
Changing the self-bias on the Radiation Laboratory type triode oscillator 
will change the frequency 2 to 3 cps. Changing the tuning of a pentode 
oscillator with the tank circuit in the cathode may change the frequency 
by as much as 25 cps. Crystal-oscillator circuits in general are discussed 
in Vol. 19, Sec. 8-5. 

5-2. Special Quartz Cuts.—For some applications special quartz cuts 
have been selected or developed. 

Pulsed crystal oscillators are used when it is necessary to keep the 
oscillations always in phase with random triggers or pulses. This is done 
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by shock-exciting the crystal, letting it run for the required number of 
cycles, and then completely stopping it until the next shock excitation. 
The standard Radiation Laboratory 82-kc/sec crystal (18° X-cut and 
length-to-width ratio of 0.35) vibrates in two modes and when shock-
excited has an amplitude modulation caused by beats between the 82-
and 95.6-kc/sec modes. As a result of this, Valpey's Type RL was 
developed to operate in a single mode. I t is a 0° X-cut with a length-to-
width ratio of 0.147. This ratio was selected in order to make the fre
quency of the coupled-flexure mode well removed from 82 kc/sec. 

0 in. 

FIG. 5-1.—A collection of crystal types showing the quartz bars and type of mounting. 
Manufacturer and Type Frequency, 

kc/sec 
(a) Bliley, Type FMG 81.95 
(h) Valpev, Type XL 49.IB 
(c) Valpey, Type XL and XLS 81.94 
(<f) Valpey, Type RL 81.94 
(e) Valpey, Type XLS 40.93 

Manufacturer and Type 

CO Valpey, Type XLST 
(9) BTL D171117 
(h) GE Type 32C401 
(i) Valpey, Type XLR 

Frequency, 
kc/sec 
80.86 

2 
81.95 
93.11 

During 1943 to 1944 the shortage of quartz caused a redesign of the 
low-frequency cuts to save quartz. For example, Valpey modified their 
Type XLS into the Type XLST, and the latter into Type XLR, as is 
shown by Fig. 5-1 (c, / , and i). A similar modification is also shown by 
Fig. 5-1 (b and e). In addition to saving quartz, the new cuts proved to 
be more active. 

The very-low-frequency range for a quartz crystal (i.e., 2 to 4 kc/sec) 
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TABLE 5-1.—QUARTZ-CKYSTAL FREQUENCY STANDARDS USED BY THE RADIATION 
LABORATORY 

Mfg. 

Valpey 

Valyey 

Valpey 

Valpey 
Valpey 

Valpey 

Bliley 

GE 

WE 

Type 

XL and 
X L S 

XLST 

XLV 

CBC 
X L R 

X L T 

F M 6 

32C401 
G43 

D17U17 

Shown in 
Fig. no. 

516, c, e; 
5-2 b, c 

5-1/ 

5-2c 

5-2e 

Cut 

18° X-cut 

18° X-cut 
thickness 
reduced 
and new 
length-to-
width ra
tio 

C T 

AT 
5° X-cut 

5° X-cut 

51a, 5-2a DT 

51h,5-2d 

5-lff, 5-2/ 

Twisted 
X-cut 

Freq., 
kc/sec 

40.43 
80.86 
81.94 
93.11 

164.0 
80.86 
81.94 

163.93 

819.4 
80.86 
81.94 
93.11 

80.86 

70 to 110 

81.96 

2.000 

Temp. 
coeff. 

per 1°C 

- 2 to - 5 
X 10~6 

- 2 to - 3 

< 1 

1 
1 to 2 

1 to 2 

2 

3 

* 

Temp. 
range, °C 

- 2 0 to +80 

- 4 0 to +60 

Mount
ing 

On nodal 
line by 
2-point 
clamp 

Same as 
X L 

In center 
by 3 
points 

Air gap 
Leads sol

dered to 
c r y s t a l 
faces 

Soldered 
l e a d s , 
mounted 
in i " X 
H " cy-
Under 

In center 
by 3 
points 

Soldered 
leads, in 
m e t a l 
t u b e 
housing 

Soldered 
leads, in 
s e a l e d 
g l a s s 
tube 

* Frequency will remain within ±0.04 per cent of 2000 cps for all temperatures between —40° and 
+ 70°C. 
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is covered by a development of the Bell Telephone Laboratories and the 
Western Electric Company. Figure 5-1 (g) shows a 2-kc/sec crystal of 
this type. It is a duplex unit with two electrodes on one side and a com
mon one on the other. This split electrode is necessary to get the proper 
mode of vibration. 

(F 
(6) 

tiSitL.1. 

'Ulmwm 
Ml 

ha 

0 in. 

F I G . 5-2.—A collection of crystal types showing external appearances. 
Manufacturer and Type Frequency, 

kc/sec 
(a) Bliley, Type FMli 70 to 200 
(6) Valpey, Type XL and XLS 40 to 50 
(c) Valpey, Type XLS and 

XLU 80 to 200 

(d) 
(e) 

(/) 

Manufacturer and Type 

GE, Type 32C 
Valpey, Type XLT 

(miniature) 
BTL, Type D171117 

Frequency 
kc/aec 

80 to 165 

80 to 200 
2 

SUPERSONIC CRYSTAL TRANSDUCERS 
The transducer described in this section was developed for underwater 

use in a supersonic system designed to simulate radar echoes. In this 
system a piezoelectric crystal, submerged in a tank of water, is excited 
with a high-power (approximately 1 kw) pulse of 15-Mc/sec energy. 
The compressional waves produced in the liquid are shaped by suitable 
reflectors and spread out over the surface of a reflecting map located at 
the bottom of the tank. Waves reflected from the map impinge on the 
quartz crystal and the voltage produced by the piezoelectric action is 
amplified, detected, and displayed on the usual radar indicator. 

The requirements for this transducer were 

1. That it should not introduce appreciable power losses other than 
those representing power radiating out into the water. 

2. That there must be no spurious reflections within the crystal 
cartridge (mount). 
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3. That the crystal should be easily replaceable and easily assembled 
into its cartridge. 

4. That the cartridge must not leak during long periods of immersion 
in water. 

5. That the transducer must be designed to withstand the application 
of powers of 3 watts (average) at approximately 2000 volts. 

6. That the electrical characteristics of the mounted crystal must be 
such that electrical circuits of maximum power efficiency can be 
designed. 

The operating frequency of a supersonic echo-simulating system is 
determined by the range requirements. The absorption in water of 
supersonic energy in the 10- to 30-Mc/sec band has been shown experi
mentally to increase as the square of the frequency (at 15 Mc/sec at 20CC 
the absorption is 67 db/m). Thus in a supersonic system the range is 
determined largely by the logarithmic absorption, although the usual 
1/r4 attenuation is still present. 

The crystal cartridge to be described has been used with 10-, 15-, 25-, 
and 30-Mc/sec quartz crystals, but there is no reason to believe that this 
range could not be extended to 40 or 50 Mc/sec. 

The crystal cartridge was designed in an attempt to obtain maximum 
efficiency and therefore the crystal was backed with air rather than with 
solids or liquids as the latter have an acoustic impedance of approximately 
that of quartz. The fact that the crystal is backed with air is advantage
ous as only a small amount of energy is radiated into the air to become 
available for undesired multiple reflections within the cartridge. In 
addition the high absorption of 15-Mc/sec supersonic energy in air mili
tates against the possibility of appreciable fractions of this power return
ing to reexcite the crystal. 

The crystal cartridge was developed for a crash program and by no 
means represents the ultimate in design. 

6-3. The Piezoelectric Crystal.—The specifications for the standard 
15-Mc/sec crystals require that the plated but unmounted crystal reson
ate to a frequency of 15.00 + 0.15 Mc/sec. The resonant frequency is 
determined in manufacture by measuring the frequency of an oscillator 
that employs the crystal as the frequency-determining element. The 
grid current of the oscillator is used as an indication of "activity." 
Crystals that do not meet the standard oscillator-crystal grid-current 
specifications, however, are acceptable in supersonic applications where 
the crystal is heavily damped. The resonant frequency of the crystal 
mounted in the cartridge and damped by the action of the water drops 
to 14.75 + 0.15 Mc/sec. The resonant frequency of the mounted crystal 
immersed in a liquid is defined as the frequency at which the conductance 
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of the crystal is a maximum. The conductance may be readily meas
ured with the General Radio 821-A Twin-T Impedance-measuring 
Circuit. 

The circular crystal is cut from quartz so that the crystallographic 
x-axis is perpendicular to the faces of the crystal to within 1° as deter
mined by X-ray measurement. No tests have been performed to deter
mine how great an angle may be tolerated. After the two plane surfaces 
of the crystal are ground to approximate thickness they are etched for 
at least 100 kc/sec to the desired thickness. A gold plating is sputtered 
on and is baked for at least one hour at 500°C. Gold is used rather 
than a less noble metal in order to minimize the possibility of corro
sion of the plating by protracted immersion in the water of the echo 
tank. 

6-4. The Crystal Cartridge. Mechanical Characteristics.—A drawing 
of the type 7B crystal cartridge is given in Fig. 5-3. The body of the 

cartridge is made of brass. Brass has been chosen because it is easily 
machined, and can stand the deleterious effects of continued underwater 
use. Stainless steel, aluminum, and plastic bodies have been used, but 
show no advantages over brass. The crystal is kept in place with a 
large threaded insulating bead that screws down into the cartridge body 
and forces the crystal against the ledge of the front face of the body. A 
thin rubber gasket is placed between the crystal and the ledge so that the 
pressure of the large insulating bead will provide a watertight seal. 
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Leakage of water through the crystal-ledge interface to the back of the 
crystal has three harmful effects: 

1. The small spacing between the crystal plating and the cartridge 
body and the conductivity of tap water combine to provide a low-
resistance shunt across the crystal. 

2. Water in place of air behind the crystal results in an increase in 
crystal resistance Rs. 

3. Half the power delivered to the crystal will be dissipated in the 
water behind the crystal. 

These factors not only add lossy elements to the crystal but also 
change its impedance and hence detune the matching networks that 
deliver power to it. 

One end of a fine silver contact spring touches lightly on the gold 
plating of the crystal. The other end is soft-soldered to the connector 
plug that leads the 15-Mc/sec voltage to the crystal. Another small 
insulating bead holds the connector plug in place. Holes are provided 
in both beads to allow insertion of a tool to facilitate assembly. To make 
the crystal cartridge watertight at the connector-plug end, melted 
paraffin is usually poured through these holes into the space between the 
beads. To further reduce the possibility of leakage to the upper bead, a 
rubber gasket may be employed which fits over the connector plug. The 
space between the large insulating bead and the crystal is normally 
filled with air but may be filled with suitable liquids for the purpose of 
acoustically damping the crystal. 

Certain problems in transducer design have arisen that are not met 
by the transducer described. When high intermediate-frequency volt
ages are applied to the crystal, the contact between the spring and gold 
plating often open-circuits. This is due to a "burning" of the gold 
plating at the point of contact. The cause of this burnout has not been 
determined but it may be due to arcing between the spring and plating 
when the crystal contracts. The frequency of burnouts has been greatly 
reduced by shaping the front end of the spring as shown in Fig. 153 to 
obtain the maximum area of contact between spring and plating. The 
original type of spring made contact at only one point. 

The use of the thin rubber gasket to render the crystal-ledge interface 
watertight requires careful assembly and, in general, this scheme has not 
been wholly satisfactory. 

One of the most serious drawbacks of the transducer is the presence 
of the phenomenon of "ringing." When excited by a high-powered 
pulse, the crystal appears to vibrate after the pulse for a period some
times as great as 150 ^sec This ringing is not directly observable on a 
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synchroscope, but if a high-gain amplifier is connected across the crystal 
(as must be done in a supersonic echo-simulating 
system) it appears as a block of saturated signals. 
The ringing time increases as the power to the 
crystal is increased. These spurious signals are 
objectionable for they mask return signals at short 
ranges. No adequate solution to this problem has 
been found. I t is believed that the ringing can
not be accounted for by the natural decrement of 
the crystal. 

Electrical Characteristics.—The electrical charac
teristics of the crystal were obtained for the crystal 
mounted in the cartridge of Fig. 5-3. In general 
the Q of a crystal in air is high. However, the Q 
of a crystal is appreciably lower when one face of 
the crystal radiates directly into a liquid medium 
such as water, whose acoustic impedance is of the 

F I G . 5-4.—Equiva
lent circuit of piezo
electric quartz crystal. 
Cp = capacitance be
tween both faces of 
crystal; Cs = equiva
lent electrical capaci
tance; Ls = equivalent 
electrical inductance; 
Ra = " radiation resist
ance" of crystal. 

200 

order of magnitude of that of the crystal 
An equivalent electrical circuit 

of the crystal in the cartridge of 
Fig. 5-3 is given in Fig. 5-4. Here 
Cp is the capacitance between the 
plated areas of the crystal plus the 
capacitance between the "h igh" 
side of the crystal (plating, con
tact spring, and connector plug) 
and the cartridge itself; L, and C, 
are respectively the equivalent 
inductance and equivalent capaci
tance of the crystal and are related 
to its resonant frequency, o>0, by 
the relation ulLeCe = 1. For piezo
electric crystals the ratio of the 
capacitance between the plates of 
the crystal to the equivalent 
capacitance, C, is constant. This 
ratio, represented by the constant 
a, is approximately 140 for quartz. 
The "radiation resistance" of the 
crystal R, is a function of the sur
rounding medium. For the crys
tal in the mount of Fig. 5-3, 
radiating into water, Rs = 4700 

0.02 0.04 0.06 0.08 0.10 0.12 
Area A in square inches 

FIG. 5-5.—Conductance of quartz crystal 
vs. back-plating area. All front platings 
i-in. diameter. All back platings circular 
except as indicated. 

ohms, Cp = 20 mil, and C, = 0.14 
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ju/if.1 For these values it is apparent that the Q of the crystal, 
defined as l/uoC,R„, is approximately equal to 16. The "f ront" face 
of the crystal (the face radiating out into the water) is fully plated and 
therefore grounds to the ledge of the cartridge. The "back" plating 
must be of smaller diameter so that it is sufficiently removed from the 

50 

40 

■s 20 

c /6 

o/' 

// V 

/ 

} /& 
M 

J 
1 
p 

12 16 20 24 28 3 2 x 1 0 * 

FIG. 5-6.—Validity of equivalent circuit of Fig. 5-4. Equivalent parallel resistance R' 
[from Eqs. (1) and (2)] is plotted as a function of y2. Theoretical slope is fl*Q,, where R* = 
4.7fc and Q, = 1 6 . 

side of the cartridge body to prevent arc-over. The radiation resistance 
of the crystal is essentially a function of the smallest plated area, in this 
case the back plating. Figure 5-5 shows the relation between con
ductance and back-plating area for 10- and 15- Mc/sec crystals in the 
cartridge of Fig. 5-3. These curves do not cross the origin but show a 
finite conductance when extrapolated to zero backplate area. This is 

1 R, and C, are functions of the back-plat ing area; the quoted values are for a 
16-Mc/sec crystal with a i-in. circular back plating. 
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believed to be due to the edge effect resulting from the use of a large 
constant-diameter front plate. As would be expected this effect is 
smaller for the thinner 15-Mc/sec crystal than for the 10-Mc/sec crystal. 

The effective parallel resistance of the equivalent circuit of Fig. 5-4 
can be shown to be given by 

R' = fl.(l + Qh2), (1) 

7 = 1 -( w _ o o \ 
w0 a>/ (2) 

Thus the validity of this equivalent circuit may be determined by plotting 
the experimentally determined values of R' against 72. A representative 
plot is given in Fig. 5-6. If the equivalent circuit is valid, the slope of 
this curve should be constant and equal to RsQl- It appears that the 
value Q, = 16 is constant in a 2.5-Mc/sec band about the center fre
quency of 14.75 Mc/sec. At frequencies remote from the center fre
quency the effective Qs increases and the equivalent circuit becomes 

invalid. 
In applications in which the 

bandwidth of the crystal and 
associated networks is of impor
tance, as it is in a supersonic echo-
simulating system, the crystal 
capacitance Cp is usually tuned 
to resonance at the crystal 
frequency. The parallel-tuned 
circuit that results from this pro
cedure is usually damped with a 

resistor. Figure 5-7 shows the equivalent circuit of crystal and tuning 
network for a received signal, the resistor being represented by Rp. 
If E0 represents a small voltage induced in the crystal by an incident 
supersonic wave, the bandwidth of the system is given by a plot of Eq. 
(3) as a function of y. 

FIG. 5-7.- -Equivalent circuit of crystal and 
tuning network. 

w 1 

1 + QPQ, 
ay ■H-W (3) 

A plot of this expression for a = 140 for various values of Qp is given in 
Fig. 5-8. 

It can be shown that the bandwidth of this system may be increased 
by reducing the Q of the crystal. This may be done by substituting 
various liquids for air in the space behind the crystal in the cartridge. 
For example the Q drops to 6.9 with castor-oil or mineral-oil backing and 
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to 4.2 with methylene iodide backing. Although acoustically damping 
the crystal in this manner does produce systems of wider bandwidth, it 
results in a sacrifice of some of the power that would normally radiate 
into the water. I t is possible, however, to increase the bandwidth with
out loss of power by interposing between the crystal and the medium a 
quarter-wavelength layer of material of acoustic impedance, pxCz, such 
that 

2x = P,CX = V(pC),,^. ■ (pC)u,.diulu. (4) 
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Qp=0.5. 

Qp=5 
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FIG. 5-8.—Frequency response of crystal in circuit of Fig. 5-7, where Q, = 15 and a = 140. 

Successful work along these lines has been carried out at the Telecom
munications Research Establishment in Great Britain. 

It is also possible that the bandwidth of the crystal might be increased 
by proper design of the crystal itself. The properties of wedge-shaped 
crystals have not been investigated. 

Compensating circuits for the crystal may be designed in an effort to 
increase the bandwidth but these usually result in a serious decrease of 
gain. One type of compensating circuit is shown in Fig. 59 . 

When the crystal is employed with an intermediate-frequency 
amplifier it is possible to compensate for the narrow band of the crystal 
by proper design of the amplifier pass band. This method is somewhat 
similar to the method of Fig. 5-9 except that the final series-tuned circuit 
is placed after one or more stages of amplification. In this way the 
compensation is carried out well above noise level and no serious decrease 
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of gain need be tolerated. Figure 5-10 shows the pass band of such an 
amplifier operating at 10 Mc/sec. The frequency response of an assumed 
crystal and input circuit having a Q of 11.3 was approximated in design 
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F I G . 59.—Crystal compensating circuit. 
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Flu. 5-10.—Bandpass curves of compensating amplifier. Curve o, pass band of simu
lated crystal and luning network. Curve b, pass band of uncompensated amplifier. 
Curve c, pass band of compensated amplifier. Curve d, pass band of over-all system. 

by a simple series-resonant circuit. The pass band of this circuit is 
given in Curve o. Curve b shows the pass band of the uncompensated 
amplifier alone; Curve c, that of the compensated amplifier; and Curve d, 
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Position of 
crystal and reflector 

the over-all pass band of the system. Comparison of Curves d and a 
indicates an improvement in 3-db bandwidth from 1.3 to 2.1 Mc/sec and 
there is no reason to believe that compensation 
greater than this cannot be achieved. 

6-6. The Reflector.—Experiments indicate 
that the diffraction of sound waves emanating 
from the crystal cartridge follow the theoretical 
predictions for diffraction by a circular aper
ture. 

A reflector designed to produce constant 
illumination along a line parallel to the face 
of the crystal can be calculated. If it is 
assumed that the diffraction of a f-in. aperture (approximately 65 wave
lengths at 10 Mc/sec) is negligible, that the waves from the crystal are 
essentially plane, and that the aperture of the crystal is small compared 

Strip of constant illumination 
F I G . 5-11.—Geometry of n 
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FIG. 5-12.—Curves providing constant illumination. Curve a, trial-and-error curve. 

Curve b, theoretical curve neglecting absorption in medium. Curve c, theoretical curve 
including absorption in water at 10 Mc/sec. 

with the strip to be illuminated, then the required distribution for con
stant illumination \P(6) = constant] is given by 

P(8) = P0ri2csc2ee-2 ' ' '"~9. (5) 
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The quantities involved in this equation are indicated in Fig. 511 . 
This formula is based on 1/r4 attenuation and on the logarithmic absorp
tion of the supersonic waves given by 

P = P0e-2°r, (6) 

where a is the absorption coefficient. 
From the conservation of energy, the following equation is obtained: 

P(x) dx = P(6) de. (7) 

The energy incident on the reflector is constant if the radiations from the 
crystal are plane waves. 

If there is no absorption (a = 0), Eq. (7) may be integrated and 
yields as the required surface 

y = In 1 + ^ P ^ ' - VT+P: (8) 

If however a 5* 0, Eq. (7) must be graphically integrated for any one 
value of ah. Both types of calculated curves are plotted in Fig. 5-12. 
They are identical within the precision of the plot for those sections of the 
reflector that throw energy put to large ranges. Both curves are calcu
lated for a 50-cm coverage when h = 3.5 cm. Curve b is the theoretical 
curve in which absorption is neglected. Curve c is calculated including 
the absorption at 10 Mc/sec in water, for which a = 3.45. Curve a is 
that of a hand-tooled reflector that was made by trial-and-error methods 
and was not entirely satisfactory. 

A W 



CHAPTER 6 

ELECTROMAGNETIC DELAY LINES 

BY H. E. KALLMANN 

Since pulsed radar is based upon measurement of time intervals,1 

one of its most frequently recurring problems is that of delaying pulses or 
blocks of signals for accurately known times. Basically there are at 
least two solutions to this problem: one involves recording a signal in 
some kind of storage device and reproducing it at a known time later; 
the other involves feeding the signal into one end of a " long" transmission 
line and taking it out at the other end after an interval equal to the time 
of transmission along the line. The storage technique, which involves 
the use of image-storing tubes whose operation is similar to that of the 
iconoscope of RCA, is outside the field of this volume but is discussed in 
Vol. 19, Chap. 21. The transmission-line technique led to the develop
ment of the two classes of devices which form the subjects of this chapter 
and Chap. 7. The choice of the method to be used in a particular case 
depends principally upon the magnitude of the delay required: the 
electromagnetic delay lines are most useful for delays up to a few micro
seconds, the acoustic delay lines up to milliseconds, and the storage-tube 
techniques up to seconds. The applications of the delay lines and the 
details of their associated equipment and circuits will be found in Vol. 
19, and Vol. 20, Chap. 13; this chapter and Chap. 7 describe a number 
of delay lines of both types and give a full discussion of methods of 
design. 

Steep-fronted signals are attenuated and distorted in delay lines, as 
in any other network, because of transmission losses and phase distortion 
in the lines and mismatch at their ends. The degree of fidelity required 
differs widely for different applications. 

The main design parameters of an electromagnetic delay line are its 
impedance 

Z = * H=, ohms, henrys, farads, (1) 

and its time delay 
1 "Thou knowst we work by wit, and not by witchcraft: and wit depends on 

dilatory time." Othello II, 3. 
191 
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T = \/LC seconds, henrys, farads. (2) 

For a given impedance and time delay the inductance is determined by 

L = TZ, 
and the capacitance by 

T 
C — -■ L ~ Z 

Delay lines are designed to provide the required inductance and capaci
tance in a small space without undue signal distortion. 

The most conservative delay line is a length I of coaxial cable. Its 
delay, regardless of its impedance, is 

T = -g- • 10~10 • l \ / / r seconds, centimeters, (5) 

where k is the dielectric constant of the space between the conductors. 
Thus a polyethylene cable with k equal to 2.25 delays signals by 1 /̂ sec 
per 200-m length. 

Electromagnetic delay lines may be grouped into two classes: The 
distributed-parameter type, formerly called "condensed cable,"1 and the 
lumped-parameter type, derived from low-pass filter networks. 

6-1. Distributed-parameter Delay Lines. Characteristics.—Delay 
lines of the distributed-parameter type are practicable for the impedance 
range from 200 to over 3000 ohms. In their simplest form they are 
derived from a coaxial cable or a parallel line by changing one conductor 
into a long thin coil; because of the resulting increase in inductance both 
the delay and the impedance increase. Close spacing of the two conduc
tors increases the capacitance; this also increases the delay but reduces 
the impedance. 

The inductance of a long cylindrical coil is 

L0 = henrys per centimeter, (6) 

where w is the pitch and d the average diameter, both measured in centi
meters. The inductance so computed applies exactly at low frequencies 
only. At higher frequencies, currents in different turns along a delay line, 
although still magnetically linked, are less and less in phase with each 
other and add less and less to each other's magnetic field. The separation 
of two turns having a given phase difference decreases in proportion to 
the frequency; their mutual inductance thus drops and later reverses. 
This effect manifests itself as a steady drop in the effective inductance L 

1 H. E. Kallmann, "Transversal Filter," Proc. I.R.E., 28, No. 7, 302-310, (July 
1940). 

(3) 

(4) 
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of the winding, as is shown in Fig. 6 1 . 1 The ordinate is L/Lo, that is, 
the effective inductance L compared with the low-frequency inductance 
Lo- The abscissa is proportional to frequency. The drop in effective 
inductance L at a given frequency / will increase as the phase dif
ference between any two points increases—that is in proportion to the 
delay T per unit length of line; and the drop will also increase as the 
coupling between two given turns becomes stronger, that is, proportion-

1.0 

0.8 

3 

0.6 

0.4 

N. 

^ 

-~-^% 

\ 0 

r ^ 

0.2 0.4 
Generalized frequency -

0.6 0.8 

FIG. 6-1.—Effective inductance and time delay vs. frequency. 

ally to the diameter d of the turn and inversely proportionally to the 
separation I. Thus the generalized frequency scale of Fig. 6 1 is presented 

• ■* f Tdf in units oi -y-j. 
Because the distributed capacitance C of a delay line varies widely 

with the geometry of the design and the dielectric properties of the spacer, 
it is not easily computed. The capacitance between conductors does not 
vary significantly with frequency. 

Because inductance decreases as frequency increases the delay T of a 
simple delay line is a function of frequency, decreasing steadily as plotted 
in Fig. 6 1 . This decrease in time delay manifests itself as phase distor-

1 J. P. Blewett, R. V. Langmuir, R. B. Nelson, J. H. Rubel, "Delay Lines," 
GE Report, May 31, 1943; also J. P. Blewett and J. H. Rubel, "Video Delay Lines," 
Proc. I.R.E., 35, 1580-1584 (December 1047.) 
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tion, the phases of the high-frequency components in a signal being 
advanced relative to the phase of the low-frequency components. Phase 
distortion severely affects the shape of pulses, but it can be held within 
acceptable limits either by conservative design, choice of a low coefficient 
Td/l, or by the equalizing means1 discussed in Sec. 6-2. 

Signals are also distorted by the attenuation in the line. Equal 
attenuation of all signal frequencies is not considered distortion; it is 
harmful only in applications such as pulse-forming circuits where the 
absolute rather than the relative steepness of the echo front is important. 
Because of increased attenuation of the higher-frequency components, > 
pulses that were originally square are rounded as they are in a system 
with too narrow a pass band. , 

Attenuation in delay lines is due to resistance of the conductor and 
to dielectric losses between conductors. The attenuation AB due to the 
resistance R of the conductor is 

AK = 4 . 3 5 | db, (7) 

where R is the total series resistance of the line in ohms. The resistance 
R rises with frequency because of skin effect; this rise starts, for example, • 
near 2 Mc/sec in a coil of AWG No. 40 copper wire and soon reaches a 
slope of R « \ / / - However, the amplitude distortion due to skin effect ' 
plays only a minor role in delay lines used at present. With the materials 
now available for wire insulation, dielectric losses are more important 
by far. 

The dielectric losses arise: (1) in the space between the two conduc
tors; (2) between turns of a coiled conductor. The loss between the 
conductors can be held down somewhat by insertion of low-loss dielectrics 
as spacers between conductors; the losses between the turns of a coiled 
conductor can be reduced by spacing the turns, with a corresponding , 
increase in line length, or by reducing the wire thickness. Formex 
insulation (a poly vinyl plastic now widely used), although better than 
others, is still unsatisfactory for frequencies above 2 Mc/sec. The 
relative contributions of skin effect and dielectric loss in AWG No. 40 
Formex HF wire (0.0031-in. copper, OD 0.0036 in.) may be gauged from 
Fig. 6-2. The broken line shows the attenuation obtained with a 0.003-
in. wire crudely hand-coated with a low-loss plastic. 

Attenuation of high-frequency components is also caused by mismatch 
at the ends of a terminated line. The impedance of a line does not stay 
exactly constant over its whole useful frequency range, but because 

' H . E. Kallmann, "Equalized Delay Lines," Pror. I.H.E., 34, Xo. <), 64(i-6.'i7 
(September 1946). 
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of the drop in effective inductance and the unavoidable load capacitance it 
usually changes slightly at the higher frequencies. At lower frequencies, 
for which the delay line is accurately matched, all power is delivered to 
the load. At the higher frequencies, at which the line is mismatched, a 

16 r 

Measured with Formex insulation 

Measured with ___ 
low-loss insulation 

Computed from 
skin effect 

t£!3 

0 2 4 6 8 10 12 14 16 18 20 
Frequency in Mc/sec 

Flo. 6-2.—Relative contributions of skin effect and dielectric loss to attenuation. 

fraction of the power is reflected at the termination, partly reflected 
again at the input terminal, and then appears at the output terminal as 
a short pip after each transition, delayed by twice the delay time of the 
line. (See Fig. 6-3.) 

Another appreciable mismatch occurs 
within the line just before the end. In this 
region, the inductance per unit length of the 
line changes because each turn is coupled to 
fewer and fewer other turns. Flaring of the 
ends or the insertion of conical pieces of iron-
dust core may be used as a mean of compensation for manufactured lines. 
Another means of compensation is the simple expedient of cutting the 
line into small pieces. Thus the line may be wound in many equal sec
tions, each of which produces an end echo; the sections, however, are so 
short that the echoes form a ripple of invisibly high frequency. If, for 
example, each section has a delay of 0.025 Msec, the echo ripple would 

£ZL 
Time—»-

Fia. 6-3.—Effect of mismatch at 
high frequencies. 
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correspond to an oscillation of 20 Mc/sec and its harmonics. None of 
these frequencies would pass through a line with a cutoff of, for example, 
16-Mc/sec. Such lines are used in oscilloscopes for signal delay at high 
impedance levels. 

Faults such as short circuits or uneven distribution of capacitance in a 
delay line may show up as anomalous humps in the time-delay character
istic. They are certain to show conspicuously in the transient response 
as echoes from the defective place. Touching a point of the coiled 
conductor will also give an echo pip because of the locally increased 
ground capacitance; and by moving one's finger along the coil, this pip 
can be made to move along the transient response and to ride on the 
fault echo when the faulty place is touched. 

FIG. 6-4.—Uniform delay line, General Electric Company. 

Delay lines, wound either continuously or in sections, can be made 
with much higher impedance than can be properly matched. Satis
factory models were made with impedances as high as 4000 ohms. 

A lower limit to the impedance attainable is set by the operating 
voltage, the dielectric constant of the insulator, and the space available 
since it is necessary to attach more and more distributed ground capaci
tance to less and less inductance. Unless special dielectrics, multiple 
wires, or tape are used, the lowest practicable impedance is approximately 
200 ohms. 

Typical Delay Lines with Distributed Parameters.—A delay line manu
factured by the General Electric Company is widely used. Its inner 
conductor is a long thin coil, its outer one a metal braid surrounding the 
inner one so closely that it must be braided from insulated wires to avoid 
excessive eddy-current losses. The manufacturing specification of an 
early model1 is: 

1 J. H. Rubel, H. E. Stevens, R. E. Troell, "Design of Delay Lines," GE Report, 
Oct. 25, 1943; see also references cited on p. 193. 
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Core: ^-in.-diameter tubing of Saran, a moderately flexible plastic 
Winding: AWG No. 40 Copper (0.0031-in. diameter) Formex HF 

insulation (OD 0.0036 in.) close-wound, 109 turns per centimeter; 
inductance 20 <uh/cm 

Insulator: f- by 0.0015-in. cellulose aceto-
butyrate tape, single wrap, 50 per cent 
overlap 

Outer conductor: braid of 24 by 8 strands 
AWG No. 36 (0.005 in.) Formex-insulated j^j |nput lp sec pulse 
copper wire; pitch, 1.9 in; capacitance, 
16.5 (ijif/cm 

Jacket: double cotton wrap (special lines 
buve polyvinyl jacket). 

Its electrical characteristics are: impedance 
Z, 1100 ohms; delay To, 1 fjsec in 55 cm; vol- Jj [Jeiay ljisec 
tage rating, 5000 volts d-c. The temperature 
coefficient of the delay in such lines is +0.12 
per cent per degree between —60° and 
+ 100°C. The construction of this line is 
shown in Fig. 6-4. The line is so flexible that 
it can be bent around a 5-in. diameter. All 
strands of the braid are grounded at one end. («) Delay 3/isec 
The time-delay characteristic of such lines cor
responds closely to the computed curve of Fig. 
6-1, dropping 5 per cent in the range from 0 to 
10 Mc/sec. The attenuation per microsecond 
was found to rise from 1.5 to 2 db at very low 
frequencies to 2 to 3 db at 2 Mc/sec and to 4 
to 6 db at 4 Mc/sec. The distortion of a (d) M^ to** 
1-Msec pulse is illustrated in Fig. 6-5, where the uZTp^^nTo^Fit 
shape of the pulse at the input terminal and 6-4. 
after 1-, 3-, and 5-/tsec delays is shown. 

A somewhat similar simple line was manufactured by the Federal 
Telephone and Radio Corporation for a special application which required 
that 0.25-jisec pulses of 25 kv be delayed with less distortion than could 
be noticed on the best available oscilloscopes. These requirements were 
met by a line with conservative parameters designed to the following 
specifications: 

Core: polyethylene 0.380 in. in diameter 
Winding: AWG No. 23 copper (0.0226 in.) Formex-insulated, close-

wound to 15 turns per centimeter 
Dielectric: solid polyethylene (k = 2.25) extruded to 0.680-in. 

diameter 
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0.380' 

Outer conductor: single-braid plain AWG No. 35 copper wire 
J acke t : poly vinyl to 0.875-in. over-all diameter . 

This line, shown in Fig. 6-6, closely resembles the R G - 6 5 / U high-
impedance cable (Sec. 112) bu t has a relatively much larger coil d iameter 
(a/d < y/e) which serves to increase the delay. 

„ , _ , . , The delay line of Fig. 6 6 has 
Polyethylene OD . nnn 

an impedance of 830 ± 10 ohms 
and a delay of 1 Msec in 500 cm. 
When a 0.5 jisec pulse whose front 
rises from 0.1 to 0.9 of its total 
rise in less than 0.03 Msec is trans
mitted through a length of this 
line which gives a delay of 0.5/isec, 
the output pulse is attenuated 0.6 
db and shows a slight rounding 

of its corners, but it still rises from 0.1 to 0.9 in less than 0.03 ^sec. 
Another line that avoids distortion by a conservative choice of 

parameters is an experimental variable delay line, of which one conductor 
is again a long thin coil, and the other a grounded strip of metal foil 
placed between the winding and its core. Its design specification is as 
follows: 

T Formex 
wire 

F I G . 6-6.—Uniform delay line. Federal Tele
phone and Radio Corporation. 

Core: 0.30-in.-diameter tubing of Saran 
Grounded conductor: soft copper foil 0.090 in. by 0.001 in. 
Insulator: one layer of kraft paper 0.001 in. boiled in ceresin wax 
Coil: AWG No. 30 copper Formex-insulated, close-wound with 36 

turns per centimeter. 

The line, which is 25 in. long, is bent into a circle of 9 in. diameter and 
furnished with a contact arm, similar to that of a wire-wound potentio
meter. The line impedance is 1,000 ohms. Its total delay is 0.44 /usec, 
calibrated in equal steps of 0.01 /isec and reliable at all points to 0.002 
usec for frequencies up to at least 20 Mc/sec. For use as a variable delay 
line its far end is terminated in the characteristic impedance and the 
signal taken off by a contact sliding on a bared path on the coil. The 
load at this point should be of high impedance, but the calibration is 
remarkably insensitive to a load at the contact even if it is comparable 
to the line impedance. 

The impedance of delay lines is increased if both conductors are sole-
noidal in form. Such lines consist of two windings on a slim insulating 
core, continuously wound on top of each other with opposite winding 
sense. Such lines are called "balanced delay lines;" however, the signal 

**i—mms^*m 
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traveling along them does not remain balanced with respect to ground 
because the diameters of the two windings, and therefore their inductances 
per unit length, are not exactly equal. This imperfect balance does not 
matter in such applications as pulse-forming circuits where the far end 
of the line is either short-circuited or open. 

Balanced lines, close-wound in two layers of AWG No. 37 Formex 
wire on 1Vm--<liameter core, were used experimentally in pulse-forming • 
and pulse-coincidence circuits; their impedance was 620 ohms. 

Simple delay lines are adequate for the formation and delay of trigger 
pulses and, with moderate fidelity, for signal delay. Unless obscured by 

Frequency in Mc/sec 
Fio. 6-7.—Effect of subdivision of floating capacitance strip. 

very bad attenuation, asymmetric distortion of pulses, as shown in Fig. 
6-5d, will be noticeable. For more stringent requirements, such as signal 
delay in oscilloscopes, equalization of the phase distortion is necessary. 
This equalization has been achieved by the addition of phase-equalizing 
networks,1 but, even for modest improvements, the size and the com
plexity of the networks may exceed that of the delay line itself. 

6-2. Equalizing the Time-delay Characteristic. Methods.—A simple 
means of equalizing the time-delay characteristic is the addition of a 

1 D. F. Weekes, "A Video Delay Line," RL Report No. 61-20, Apr. 26, 1943. 
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bridge capacitance that effectively increases with higher frequencies. 
This method of equalization may be understood from the observations 
plotted in Fig. 6-7. A continuous coil of AWG. No. 28 enameled 
wire was close-wound on an insulator of f-in. diameter and 16-in. 
length over a paper-insulated strip of copper foil 0.001 by 0.160 by 15 in. 
Its time delay, plotted as N = 0 (Fig. 6-7), dropped steadily from 0.78 
fisec at low frequencies to 0.616 j t secat 16 Mc/sec. This rate is 
somewhat less rapid than that calculated from Fig. 6-1. Another strip 
of copper foil was then mounted along the outside of the coil and held in 
place with tape. Connecting it to the inner copper strip and to ground 
just doubled the ground capacitance; the initial time delay was thus in
creased by \ / 2 to 1.1 jisee, and the time delay dropped steadily to 0.764 
Msec at 16 Mc/sec. When one of the two strips was disconnected from 
ground, but left in place, a different type of curve was observed. The 
new curve started at To = 0.78 Msec. This effect was expected since at 
very low frequencies there is no phase difference between any two turns 
of a low-loss line, and therefore no alternating current flows by way of 
the floating strip from any turn to another turn in any bridge circuit 
formed by the capacitances. However, at very high frequencies, when 
/2> l/T, the time-delay response will be the same as if the floating strip 
were grounded because at those frequencies, the equal couplings to turns 
at all phases cancel each other in their effect upon the potential of the 
strip. Similar cancellations also take place at certain lower frequencies, 
whenever/ = l/T, 2/T, etc. These may be observed near / = 0.9 Mc/sec 
and / = 1.8 Mc/sec in the curve for N = 1. 

From the curve for N = 2in Fig. 6-7, it is seen that the delay at very 
low and very high frequencies is unaffected if the floating copper strip is 
cut into two equal pieces, each extending over one half of the line. The 
curve for N = 2 resembles the curve for N = 1 except that the peaks at 
lower frequencies occur at twice the former frequency, when/ = 2/T, 4/T 
etc. If the floating copper strip is divided into three or four equal 
lengths, the peaks occur at proportionally higher frequencies. Continued 
subdivision of the floating copper strip, however, leads to a different 
type of curve. The delay at very low frequencies is still that of the 
unpatched line; it rises steadily with increasing frequency to a peak 
just below the frequency 

/ , = 5f> (8) 

where T is the total delay at that frequency and N the number of equal 
floating patches along the line. The delay drops sharply at fp, then 
recovers to follow the curve of a line with all patches grounded. This 
type of response is observed on the model with 8 and with 16 equal floating 
patches. The delay response for these higher numbers of patches has 

F ^ ^ — P M — ^ . ,i n » — P » » — g w — r ; 
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its peak at a frequency for which each patch extends over about one-half 
wavelength on the line. The phenomenon is different from that observed 
at N = 4, when the patches were one whole wavelength at the first peak. 
The change-over is rather sudden, as plotted in Fig. 6-8. 

1 

£o.5 N 
I 

0 
0 5 10 15 20 

Number of patches N 
FIG. 6-8.—Wavelength per patch at peak. 

The smooth rise to the peak of the time-delay characteristic is utilized 
for the equalization of delay lines. The desired isochronism—or some 
other desired time-delay characteristic—is adjusted by the choice of two 
parameters, the length and width of each patch; periodical change of the 
size of the patches may offer a third means of adjustment. The number 

* of patches is always so large that Eq. (8) applies. The characteristic is 
then generally smooth over a frequency range to at least 0.8/p. Thus 

' the lowest number of patches required for the equalization up to 0.8/,, is 

N = 2Tfp. (8a) 

There is no harm in choosing a larger number of patches, provided that 
they can be made proportionally wider. The width of the patches and 
the thickness and dielectric constant of the insulation between them and 
the coiled conductor serve to control the amount of bridge capacitance. 
At higher frequencies the delay is increased in proportion to these capaci
tances, and isochronism may therefore be adjusted by the width or thick
ness of insulation of the patches, as illustrated in Fig. 6 9 for a line with 

! To equal to 0.90 y ŝec. The response of this line before equalization 
dropped steadily to 0.82 ^sec at 16 Mc/sec. An application of 24 patches, 
each 0.10 in. wide and 1 in. long, resulted in overcompensation of the drop, 
but over too narrow a frequency range, the frequency of the peak, fp, 
being 10.8 Mc/sec. Another curve shows the result after each patch was 
cut in two, resulting in 48 patches, 0.10 in. by 0.50 in. The peak moved 
outside the observed range, presumably to 25 Mc/sec, and the equaliza
tion was nearly correct, rising to 0.93 ^sec at 16 Mc/sec. A slight reduc
tion of patch width then adjusted the delay characteristic to just-equal 
delays of 0.90 /isec at zero and at 16 Mc/sec, with a drop of less than 1 per 
cent in between. If necessary, this curvature can be further equalized by 
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adding another row of about 14 slim patches which contribute a slight 
lift with a peak frequency near 8 Mc/sec. 

1.15 i 1 1 1 1 r 1 r 1 

0 2 4 6 8 10 12 14 16 
Frequency in Mc/sec 

FIG. 6-9.—Effect of size and subdivision of patches. 

In these models the delay characteristics, even before patching, did 
not drop as much as was calculated. This fact can be attributed to the 
natural coil capacitance CL, which may be found from the inductance of 
the coil and from the frequency at which it resonates without external 
capacitance. I t is best estimated from the following relation: 

CL «* d, micromicrofarads, inches. (9) 

Accordingly, the effects of natural bridge capacitance in a delay line are 
found to increase with the diameter of the line. Most of the bridge 
capacitance is on the outside of the long slim coils. If, therefore, a 
substantial part of the surface of the coil is covered by grounded con
ductors, such as the metal braid used on the GE lines, all but neighboring 
turns are effectively screened from each other and equalization due to 
natural coil capacitance is suppressed (see Fig. 6-10). 

For a given coil diameter, the less ground capacitance per turn is 
required, the higher the desired impedance of the line. The natural coil 
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capacitance, however, is not reduced. Thus, with increasing line 
impedance, narrower and, finally, no equalizing patches are required. 

Another means of influencing the delay characteristic of a line is to 
divide its winding into sections. This method results in loss of indue 

1.00 

0.90 

TITB 

Winding in sections each 
1/ d=1.6, no coil capacitance 

I I 
1 3 T , 4 5 6 

Generalized frequency -S—f 
FIG. 610.—Effect of natural coil capacitance and of subdividing coil. 

tance which causes less delay per length, and consequently less drop in 
the delay characteristic. It also results in a conspicuous cutoff frequency 
at which the delay rises to a peak as shown by the lower curve in Fig. 
6-10, representing a coil wound in spaced sections with natural coil 
capacitance suppressed by a cover of braid. Delay lines wound in 
sections and with floating patches have certain special merits and several 
examples will be discussed. 

Typical Equalized Delay Lines.—In the following examples the delay 
equalization is driven well beyond the beginning of excessive attenuation. 
These designs should be justified as soon as low-loss insulated wires 
become commercially available. 

■The construction of a continuously wound delay line designed for a 
moderate frequency range is shown in Fig. 6-11. The delay is 1 >isec 
for about 10 in.; the impedance, 400 ohms. An insulating core of x-in. 
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diameter is covered with a conducting layer, by copper plating or by 
cementing on (with self-curing rubber) thin soft copper foil, which is cut 
into four full-length strips separated by gaps about -^ in. wide. Three 
of these strips are grounded and the fourth is divided into a row of float
ing patches, each f j in. long, spaced ^ in. apart.1 The complete core 

Grounded strips 

Frequency in Mc/sec 

(b) 
Fia. fi-11 (a and b).—Continuously wound delay lino with floating patches and grounded 

strips. 

is given a thin coating of low-loss dielectric and then wound with Xo. 36 
Formex HF wire. The resulting time-delay characteristic is thus 
equalized to better than one per cent at frequencies up t o / p = 4.5 Mc/sec 
(Fig. 6-lib). The transient response is symmetrical, its shape being due 
entirely to attenuation. Losses rise to 10 db/Vsec before any phase dis
tortion sets in (Fig. 6116). The upturn of the delay characteristic at 
the lowest frequencies, if genuine, is harmless, corresponding to a phase 
shift well below one degree. Delay lines of this construction are manu
factured by the Raytheon Manufacturing Company as type M-10178; 
they have an impedance of 390 ohms and a delay of 8 jusec, and are 
fabricated in 14 pieces sealed in a metal case of approximately 5 by 5 
by 10 in. 

Another design of a continuously wound line, shown in Fig. 6-12, is a 
1 Such cores, made of Pyrex glass rod with grounded and floating strips of burnt-on 

silver, are commercially available from Corning Glass Works. 
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modification of the Formex-braid-covered lines manufactured by the 
General Electric Company. The introduction of patches permits making 
the line thicker, and thus shorter and with somewhat less attenuation 
for a given delay. This line is wound on a tube of insulating material 

-Bakelite 

*40 Formex HF 
195 x 0.005" Formex 
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(el 
FIG. 6-12 (a, b, and c).—Continuously wound delay line with floating patches and Formex 

braid. 
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having an outside diameter of \ in. The patches on the core are each 
0.001 in. thick and 0.345 in. wide, and they are spaced yV in. from center 
to center, with about 0.02-in. gap between them; they are covered with 
one layer of 0.001-in. ceresin-wax-impregnated condenser paper. The 
line is closely wound with AWG No. 40 Formex HF and covered with a 
tight-fitting braid of 195 strands of 0.005-in. Formex-insulated copper 
wire. The delay for a 10-in. length is 1 ^sec with an impedance of about 
1150 ohms. The delay characteristic of several models lOxe in. long is 
plotted in Fig. 6-126. Since finished braid was drawn :ver the windings 
of these models and tightened by hand, ground capacitance, delay, and 
impedance varied slightly, which will explain the unevenness of curve 
No. 3 of Fig. 6-126. The transmission loss and impedance character
istics of such a line are plotted in Fig. 6-12c. 
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Frequency in Mc/sec 
FIG. 6 13.—Effect of metal-paste dielectric. 

The original design of the GE delay line shown in Fig. 6-4 has been 
improved1 by the introduction of distributed bridge capacitance. The 
coiled conductor is coated after winding with a paste of fine aluminum 
powder in polystyrene coil dope. I t is then covered with plastic tape 
and Formex wire braid as before. The metal powder paste is a substance 
of very high dielectric constant. Inserting it between the coiled and 
the braided conductor will thus change the capacitance between them 
only slightly, and this change is easily compensated by a slight adjust
ment in the dimensions of the dielectric tape. However, the capacitive 
coupling between distant turns, which before had been suppressed by the 
close-fitting metal braid, is now very much increased and the resulting 
benefits to the phase response are analogous to those derived from floating 
patches. Fig. 6-13 shows the delay response of the improved GE line, 
compared with that of an old line. The attenuation of the line is not 
perceptibly affected by this modification. 

To ensure signal delay without spurious echo pips, lines of the dis-
tributed-parameter type may be modified by winding them in sections. 
Figure 6-14 shows a signal delay line, wound in sections with l/d equal to 
1.6. Each section yields a delay of about 0.038 jisec, at an impedance of 

1 See Blewett and Rubel paper cited on p. 193. 
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Each section 85 turns'34 Formex HF 

30 ixnl per section 

15^^ 
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2 wires '34 Formex HF rolled flat to 0.0025"; cut 
between sections after winding 
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FIG. 6*14 (a, 6, and c),—Line with sectionalized winding, floating patchea, and ground 
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3 wires *36 Formex HF 
rolled flat to 0.003" 
grounded, 15 « . f per s e c t j ( j n 1 M t u r p s # 4 Q F o r m e x 
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0.52 

0.50 

0.48 
o 

(M =■ 

0.46 

0.44 

0.42 

15 

. 10 

(c) -E 

*5, 

»6, Z=2850 
#6, After aging; Z-

Typical for 
uneven capacitance distrih 

i i 

*9, Z=260 

3000 

ution 

0 

____^' 
<* 

0 2 4 6 8 10 
Frequency in Mc/sec 

8 10 

FIG. 6-1.5 (o, b, and c). 

2 4 6 
Frequency in Mc/sec 

-Line with sectionalized winding and three ground stripB. 

« m M B p q i 



SEC. 6-3] LUMPED-PARAMETER DELAY LINES 209 

1000 ohms. The line is wound with AWG 34 Formex H F wire on bakelite 
tubing of f-in. OD with ^j-in. wall; each section of 85 turns is closely 
wound; sections are spaced 1 in. center to center. The capacitance to 
ground of 39 py.i per section is provided in this model by four strips of 
AWG No. 20 Formex HF wire rolled to 0.010-in. thickness and placed 
between core and coil. Three strips of AWG No. 34 Formex H F wire 
rolled to 0.0025 in. are also inserted; after winding, the latter strips are 
cut between each two coils to form the floating bridge capacitances. I t 
is both reasonable and convenient to make the number of equalizing 
patches equal to that of the sections. The width and exact location of 
the cut between coils is immaterial. The delay response of 10 sections 
is plotted in Fig. 6-146 with that of an unpatched line for comparison 
(Curves I and II). The transmission loss of such lines is also plotted in 
Fig. 6-146 Curves I I I and IV, the latter computed from skin effect. The 
input impedance and the characteristic impedance of a very similar line 
of 0.35-jusec delay is plotted in Fig. 6-14c. 

Another model of a signal delay line wound in sections is illustrated 
in Fig. 6-15. This line is designed for a delay of about 0.05 yusec per 
section at an impedance of 3000 ohms. It was wound on bakelite tubing 
of f-in. OD and ^j-in. wall thickness, with 164 close-wound turns of No. 
40 Formex HF per section, 10 sections spaced 1 in. center-to-center. 
The ground capacitance of 14-5 nni per section was provided by inserting 
three grounded strips under the winding, each a No. 36 Formex HF wire 
rolled flat to 0.003 in. Since winding of fine wire by hand does not make 
for closely predictable ground capacitance, those of different models 
varied, resulting in impedances from 2600 to 3100 ohms, and delays from 
0.43 to 0.51 /xsec (Fig. 6-156). Capacitances may also be uneven within 
a line as is shown in Curve No. 5, and cause a hump in the delay character
istic. There is no visible equalizing capacitance provided with these 
lines since the distributed coil capacitances are of just the right value 
for the 3000-ohm model. The delay of Curve No. 9 drops since the 
greater delay time of 0.051 /*sec per section needs more equalization; 
similar models for higher impedances already have too much natural coil 
capacitance, resulting in steadily rising delay characteristics. The trans
mission-loss characteristic of the line for 3000 ohms is plotted in Fig. 
6-15c; the input impedance resembles that of Fig. 6-14c. 

Models of delay lines with iron-dust cores have been made but are 
still in an experimental stage. 

6-3. Lumped-parameter Delay Lines. Characteristics.—For very low 
impedances or for very high voltages, it is more convenient to lump the 
ground capacitances than to distribute them along the winding. Also, 
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where suitable condensers are chosen, the attenuation, due largely 
to dielectric losses, is appreciably lower in lumped-parameter than in 
distributed-parameter delay lines and the temperature coefficient usually 
is only approximately 0.01 per cent per degree centigrade. 

The delay in a simple low-pass filter network comprising only series 
inductances and shunt capacitances rises appreciably with frequency u> 
according to the equation 

2 (10) T = 

\ u o / 

I t has therefore long been the practice to improve the delay character
istic of the ordinary low-pass filter by the use of sections with a value of 

= 4 
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F I G . 6-16.—Delay in m-derived low-pass filter sections. 

0.9 1.0 

m = 1.27. The time delay of an m-derived filter is given in the following 
equation, 

T = 2m 
V l - 0/«o) 2 [1 - (1 - m2) (co/coo)2]' ( 1 1 ) 

Time delay is plotted for various values of m in Fig. 6-16. The choice 
of m = 1.27 is arrived at by arbitrarily equating the delay at w = 0 
with that at o> = 0.5OJ0; but it can also be seen from Fig. 6-16 that this 
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choice offers the flattest possible delay characteristic up to about 0.55u0. 
As shown in Fig. 6-16, each m-derived filter section is built with one 
inductance Li on each side of the condenser C\, and the pair of inductances 
is coupled with a mutual inductance Mh whereby 

Ci = 2mC = 2.54C, 
= ™a' + 1 L = L 0 3 L 

2m 
and 

™± = ^ ^ 1 = o.237. (12) 
L\ m- + 1 

Delay equalization depends critically on the coupling between the two 
coils Li. Apparently the most convenient way to control the equalization 
is to wind both coils as a continuous close-wound or pitch-wound single 
coil with a tap at the center, and to choose the core diameter, wire gauge, 
and thickness of insulation so that the coupling between the two halves is 
correct. It can be shown that this method requires only that the ratio 
of the length to the diameter of the whole coil equal 1.55. In a proper 
coil the total inductance is 

2.54L = 2Li + 2il/i = ?"*' , U = 2.46L,. m2 + 1 

The total inductance is thus 1.23 times larger than the sum of the halves 
L\. This ratio depends only on the values of coefficients k which can be 
found from a plot of Nagaoka's constant k for the inductance of a solenoid 
by searching for a pair of values ki and k2 such that k2 = 1.23 ki when 
l2/d = 2U/d. Such a pair occurs only once, for k\ = 0.62 and k2 = 0.77 
with l2/d = 1.55. 

The design then requires the choice of an average coil diameter and 
pitch such that the desired total inductance 2.46L is obtained with a coil 
1.55 times longer than its average diameter d, to be found by satisfying 
both Eqs. (13) and (14). 

0 77 V 1fl-9ir2«2r72 

2.46L! = 155 = 5 X W'Wd, henry, cm, (13) 
and 

I = nw. (14) 

Satisfactory coils for delay networks wound according to the specifications 
of Eqs. (13) and (14) are illustrated in Fig. 6-17. These coils were wound 
on cores ^ to 1 in. in diameter, for impedances from 70 ohms to over 
1000 ohms and for voltages up to 25,000 volts. Capacitances were not 
only selected to tolerances of ± 1 per cent, but also were placed in the order 
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of their value so as to minimize impedance changes between adjacent 
sections. Results measured on a typical network of 24 sections with 
m = 1.27 are plotted (Fig. 6-176); the impedance is 1000 ohms; the 
nominal cutoff frequency, 16 Mc/sec; the delay per section, 0.025 jtsec. 

2.54 L, 0.7 Ln 

m=1.27 m=0.7 
FIG. 6-18.—Termination of 

parameter line. 
lumped-

In this as in all similar cases, the 
delay characteristic stays flat over a 
somewhat larger frequency range than 
that computed from Eq. 11 (see Fig. 
6-176). The attenuation (Fig. 617c) 
in such a filter with mica or ceramic 
condensers is much lower than in delay 
lines of the distributed parameter type 
because of the much lower dielectric 
losses. The input impedance, shown for a line without input termination 
in Fig. 617c, is very flat, rising slowly after 0.5o)0. Conventional methods 
of termination can be used for further improvements. The most satis
factory results were obtained with an w-derived half section, as shown in 
Fig. 618. 
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FIG. 6-19.—Characteristics of 8 sections of Raytheon delay line type CRP 14 ABD. 

A delay network of this type suitable for long delay of trigger pulses 
is manufactured by the Raytheon Manufacturing Company as type 
CRP 14 ABD. The line has an impedance of 75 ohms. Each section 
of the line is connected to the next by a spade lug and terminal screw, 
and therefore any desired delay up to 2.4 /isec can be set in steps of 0.05 
Aisec. Six blocks of eight sections with m = 1.27 are housed in a common 
metal case about 15 by 3 by 8 in. Each center-tapped coil of 47 turns is 
wound to 3.46 nh on a threaded ceramic core of 0.375-in. ± 0.002-in. 
diameter. The capacitors are silver-mica condensers of 750 MM/ + 2 per 
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cent. The nominal cutoff frequency is 8 Mc/sec. The delay and 
attenuation observed on a block of eight sections are plotted in Fig. 
6-19 (the attenuation includes a loss of 3 db due to the measuring setup). 

Design of this type of delay networks is based on the assumption that 
there is no appreciable coupling between sections. In practice, this 

J-r L ±.r L _L_ 

FIG. 6-20.—Mutual inductance between sections of lumped line. 
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F I G . 6-21 (a and b).—BTL type D-168435 delay line. 
( N O T E : "a t tenua t ion" in Figs. 6-21 and 6-22 should read "insertion 1 «.") 

condition is fairly well satisfied if there is a clear space equal to the coil 
diameter between each two sections. This requirement may be objec
tionable if only very little space is available. A number of delay net-
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works that require very little space have been developed in the Bell 
Telephone Laboratories. 

These networks consist only of series coils and shunt condensers such 
as would correspond to an ordinary low-pass filter with m = 1. But the 
relatively short coils of each section are wound with rather close spacing 
on a common core and the coupling to the adjacent section Mi and even 
to the next one, M2, becomes significant as shown in Fig. 6-20. In these 
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FIG. 6-22 (o and 6).—BTL type D-172597 delay line. 

lines the relative amounts of inductance L and mutual inductances Mi 
and M2 are controlled by choice of three parameters: 

1. the ratio of length to diameter of each coil, 
2. the spacing between sections, and 
3. in some models, the closeness of the short-circuited turn provided 

by a rather narrow metal case. 
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When properly proportioned, such lines have time-delay responses that 
oscillate only slightly around the desired value up to 55 per cent of the 
nominal cutoff frequency. One or two phase-correcting ^-sections may 
be added to the whole delay line for further delay equalization. 

Typical Lumped-parameter Delay Lines.—The specifications of two 
typical lines are as follows: 

1. BTL type D-168435. (This line is used in portable oscilloscopes. 
In Fig. 6-21o it is sketched lifted out of and on top of its case.) 
a. Case: 6 | in. by 1 in. by 1 in. 
b. Impedance: Z = 550 ohms 
c. Delay: T = 0.5 Msec 
d. Nominal cutoff frequency: 9.5 Mc/sec 
e. Phase: equalized within ±3° up to 4 Mc/sec 
/ . Attenuation: 1/4 db at low frequencies rising to 1 db at 4 

Mc/sec (see Fig. 6-216) 
g. Coil: 12 sections wound to 5 per cent tolerance 
h. Capacitors: button-type silver-mica condensers + 5 per cent 

(a) l̂ i sec test pulse 

(6) lMsec test pulse through delay line of Fig 6-21 

_TL_ 
(c) l»i sec test pulse through delay line of Fig 622 

FIG. 6-23.—Waveforms of BTL delay networks. Rise time is 0.2 jisec for (6) and 0.1 ^sec 
for (c). 

2. BTL type D-172597. (This line is characterized by long delay 
with very little distortion. I t has negligible crosstalk.) 
a. Case: 9 by 31 by 2f in. with individual screen cans for each 

length of line controlling mutual inductances (and helping 
prevent crosstalk between them) 

b. Impedance: 430 ohms 
c. Delay: 4.6 /usec in 144 sections and 2 equalizing T-sections 
d. Nominal cutoff frequency: 12.5 Mc/sec 
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e. Phase: equalized to 7 Mc/sec to within ±4°, (In Fig. 6-226, 
the broken line applies to the line before 2 HP-sections were 
added.) 

/ . Attenuation: raised to 7 db at low and medium frequencies, 
then rising slowly beyond 4 Mc/sec, as in Fig. 6-226 

g. Coils: Dimensions of the windings and case are shown in 
Fig. 6-22a 

h. Capacitors: silver-mica button condensers ± 5 per cent. 

The distortion of l-^sec pulses transmitted through these last two 
lines is shown in Fig. 6-23. 



CHAPTER 7 

SUPERSONIC DELAY LINES 

BY H. B. HTJNTINGTON 

The supersonic delay of electrical signals is accomplished by changing 
electrical impulses into sonic impulses through some appropriate trans
ducer and, at the end of a fixed path in a transmitting medium, converting 
the sonic impulses back into electrical signals by a second transducer. 
For frequencies in the megacycle range, which has been used for the 
most part in this work, quartz crystals are the most satisfactory trans
ducers. Liquids, such as water and mercury, have been used as trans
mitting media, but transmission through solid material will probably be 
developed in the future. 

These delay devices may be divided into two general categories 
according to purpose: those that delay a video signal such as a trigger 
or range marker, which then reappears in differentiated form, and those 
that faithfully delay a pulsed carrier. For faithful delay a certain band
width is needed and the design requirements for this category are there
fore somewhat more complex than for the other type. 

A discussion of experimental devices is not included in this chapter. 
Attention should, however, be directed to one particularly promising 
possibility now under development—namely, delay in fused quartz 
blocks, which is discussed in some detail in Vol. 20, Sec. 13a-7, Radiation 
Laboratory Series. 

7-1. Summary of Supersonic Delay-line Formulas. Velocity of Prop
agation.—The derivation of supersonic delay-line formulas has been 
treated in more detail elsewhere.1 In mercury the delay time2 is 17.52 
Msec/in. at 20°C. The temperature variation in this neighborhood is 
+0.0052 Msec/in. per °C. 

D = [17.52 + 0.0052(r - 20°C)]J, (1) 

where D is the delay in microseconds and I the length of line in inches. 
1 A forthcoming article by the author (to be published in Jour. Franklin Inst. 

under the title "Ultrasonic Delay Lines," I and II) provides a systematic develop
ment and a more complete discussion of these relations. The reader is referred to 
this article for the theory in its most general form. 

1 R. Jacobson, "A Measurement of Supersonic Velocity in Mercury at 15 Mega
cycles per Second as a Function of Temperature," RL Report No. 745, Sept. 20, 1945. 
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The velocity of propagation in water has a temperature coefficient of 
the opposite sign from that of mercury (and of most other fluids investi
gated) in the region of room temperature. The curves for the two veloc
ities as a function of temperature actually cross at 12£°C. See Fig. 7-1. 
The temperature coefficient of velocity in water, however, vanishes at 
725°C, where the velocity is maximum. By mixing water with other 
fluids in proper proportions, the temperature of the velocity maximum 
can be lowered in a predictable manner.1 G. W. Willard of the Bell 
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FIG. 7-1.—Sonic velocity as a function of temperature. 

Telephone Laboratories at Murray Hill has investigated supersonic 
velocity in several such mixtures, particularly water solutions of ethanol, 
of methanol, and of ethylene glycol.2 

Resonant Frequency.—The resonant frequency of an X-cut quartz 
crystal is given by 

/ (in Mc/sec) = ~ , (2) 

where d is the thickness of the quartz plate in millimeters. 

1 G. W. Willard, "Compounding Liquids to (live Zero Tempera ture Coefficient of 
Ultrasonic Velocity," BTL Report 593, Sept. 9, 1941. 

2 G. W. Willard, "Ult rasonic Absorption and Velocity Measurements in Numerous 
Liquids," Jour. Acoustical Soc. Am., 12, 438 (January 1941). See also A. Giacomini, 
Pontif. Acad. Sci. Ada, 6, 87 (1941); T. Derenzini and A. Giacomini, Ricerca Sci., 13, 
27, 242 (1942); G. W. Willard, Jour. Acoustical Soc. Am., 19,235 ( January 1947); and 
A. Giacomini, ibid., 19, 701 (July 1947). 
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Electrostatic Capacitance.—The electrostatic capacitance of a 10-
Mc/sec X-cut quartz crystal (if edge effects are neglected) is given by 
the formula 

C = 91.5 X S M*»f, (3) 

where S is the excited area of the crystal measured in square inches. 
This quantity is inversely proportional to crystal thickness or directly 
proportional to its resonant frequency. 

Bandwidth of a Piezoelectric Crystal.—The acoustic impedance of a 
material is the product of its density p times its velocity v for the prop
agation of the mode under consideration. Generally speaking, the fre
quency response becomes broader as the acoustic impedances of the 
media with which it is in contact are increased.1 As an illustrative 
example consider the case where the crystal is in contact with the same 
medium on both sides. The Q of the crystal alone (exclusive of any 
shunt circuit which tunes out the electrostatic capacitance) is given by 

n _ mr pV . . 
Q-TPW1' (4) 

where p V refers to the piezoelectric crystal, piVi to the adjoining media, 
and n is the order of the harmonic at which the crystal is being driven.2 

Beam-spread Formula.—To estimate the order of magnitude for beam-
spreading and also to establish mechanical tolerances for proper align
ment, it is useful to remember the formula for the half-angle 8 of the 
cone subtended by the first minimum in the free-space diffraction pattern 
at large distances. 

sin 6 = 1-22^, (5) 

where d is the diameter of the transmitting crystal and X is the wave
length in the transmitting medium. Nearly all the emitted energy falls 
inside this cone. 

Insertion Loss.—There are two contributions to the insertion loss. 

1. Voltage loss through impedance mismatch. For a line using a 
perfectly reflecting crystal (air-backed) the ratio of output voltage 
V0 to input voltage Vt is given by 

rr^ if kPiVi>>R- (6) 
1 Huntington, op. cit., Part 1, Sec. B. 
2 In the journal article by Huntington, op. cit., the quantity Q is defined in a 

particular way. It is the Q of the simple series-resonant circuit whose amplitude 
response exhibits the same curvature in the region of resonance as does the amplitude 
response of the transducer element. 
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where Rr is the value of the receiver input. For an X-cut, 10-
Mc/sec quartz crystal in contact with mercury, 

84,000 , ,_, 
kpiVi = —g— ohms, (7) 

where S is again the excited area measured in square inches. The 
quantity k is primarily a function of the crystal and varies inversely 
as the square of its resonant frequency. 
If the same medium is on both sides of the crystals, there is a 
resulting loss of 12 db, 6 db for each crystal. 

2. Attenuation. (Empirical relations.) Free-space attenuation in 
mercury is given by 

loss in db = (0.012 ± 0.002)/% (8) 

where / is the frequency in Mc/sec and I is the length in feet. 
Tube attenuation is given by 

. . ,, 0.054/^1 ... 
loss in db = -r^—; (9) 

where d is the inner diameter of the tube in inches. This value for 
tube attenuation applies only to smooth internal surfaces such as 
glass tubing. For rougher surfaces the attenuation is larger and 
increases more rapidly than \/d with decreasing bore. 

7-2. Crystal Design Problems. Crystal Thickness.—Equation (2) 
gave the relation between resonant frequency and thickness of crystal 
plate in the direction of the electric axis. When transmission of video 
signals is involved, one customarily uses crystals whose fundamental 
resonance is in the region of 1 to 10 Mc/sec, depending somewhat on the 
width of video pass band and the rise time desired. When a modulated 
carrier is used, one employs crystals whose resonant frequency lies near 
the frequency of propagation. Considerable latitude is possible, how
ever, in the choice of crystal thickness, particularly if mercury is employed 
for the transmitting medium. The large acoustic impedance of mercury 
will lower the Q of the crystal circuit according to Eq. (4). 

Rather thick crystals may be used for these frequencies (5 to 30 
Mc/sec) if the crystals are driven at their odd harmonic frequencies. 
This involves, however, a loss in voltage by the same factor as the number 
of the harmonic—that is, 1/nth the effective voltage at the crystal 
driven at the nth harmonic. However, for those delay lines where the 
bandwidth must be maintained constant, there is a compensating effect. 
The live capacitance of the thicker crystal driven at the rath harmonic 
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will be smaller by a factor of 1/ra. If there were only the live capacitance, 
then the loading resistor which insures the proper bandwidth for the 
shunt resonant circuit could be increased by a factor, n. In turn the 
applied or received voltage would be effectively increased by a factor n 
since the generator and the line act as high-impedance sources. Under 
such circumstances there would be no disadvantage involved in using 
harmonic operation. Actually, since the existence of additional stray 
capacitance at the driving and receiving crystals prevents complete 
compensation, harmonic generation is not generally preferred at those 
frequencies for which crystals operating on the fundamental can be 
conveniently handled. 

Active Area.—In determining crystal size the method of mounting and i 
the size of the inner diameter of the tube are important factors. In 
general one plans to make the active crystal area equal to the inner cross 
section of the tube. Under these conditions a crystal perpendicular to the 
tube axis will propagate a nearly plane wave down the tube. Although 
such a plane wave is an oversimplification, experience has shown that 
satisfactory reproduction of pulse shape is generally achieved. One 
generally chooses the size of the active area of the crystal so that the 
live capacitance will be comparable with the otray capacitance when the , 
latter has been reduced to a minimum. It can be shown that the match
ing of live to stray capacitance gives a maximum ratio of output voltage 
to input current for a delay line which is passing a fixed bandwidth and 
feeding into a low-impedance load. For best signal-to-noise ratio, the 
optimum value of the live capacitance is somewhat greater than the stray 
capacitance, depending on the characteristics of the first stage of the 
amplifier at the receiver crystal. 

Technique of Crystal Mounting.—A satisfactory crystal mounting must 
fulfill the following fundamental requirements. The crystal must be 
adequately supported and protected so that it will not bend or break. 
It must be aligned with the tube axis to an accuracy of about 0.2 6 where ' 
8 corresponds with the angle of beam spread introduced in Eq. (5). 
Finally provision must be made for attaching electrodes to the crystal : 

surfaces in such a way as not to interfere with its sonic operation. This 
requirement necessitates plating at least one face for transmission with 
nonconducting liquids. The usual procedure is to let the plated surface 
make contact against a retaining ring in the end assembly and so act as 
the grounded side of the crystal. 

In the crystal mounting for Line A1 of Fig. 7-2, the crystal is backed 
by mercury, which obviates the necessity for any plating on that side. 
The large acoustic impedance of the mercury also loads the crystal and t 

1 Table 71 gives the important characteristics of eight delay lines, including those 
referred to in the text by capital letters. • 
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widens its pass band, thereby assuring rapid rise of the trigger with a 
minimum of "ringing." 

In the so-called "Shockley line," used for trigger delay in range units, 
the crystal is again loaded by being soldered to a brass backing. 

Textolite ^ ^ Brass 
FIG. 7-2.—Crystal assembly for Line A. (1) A 10-Mc/sec crystal, plated on the front 

side, is lacquered to Textolite piece. (2) This space holds tne backing mercury. The 
i main part of the assembly slides inside a tube containing the water. (3) This screw ele

vates the piece into which it is threaded and so holds the assembly fixed in the tube. Wire 
leads connect the uhf fitting to the mercury well and to the (grounded) clamp ring (4). 

For those lines that were built to give faithful reproduction of pulse 
shape after delays of approximately 500 Aisec, an additional require
ment is the elimination of unwanted multiple echoes. This can be done 
by absorbing nearly all the energy incident on the crystal in the medium 

P on the other side. Since the crystal at resonance acts as a half-wave 
section, it is necessary only to match acoustic impedances on both sides 
of the crystal. For the mercury lines this matching was first done by 

M 
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Cap plug-

putting mercury also in back of the crystal. Figure 7-3 shows how this 
was done for one of the early lines used for an experimental system. The 
beam that was transmitted into the backing mercury cell was broken up 
and dissipated by the glass plate set at an angle to the direction of the 
beam. 

When the crystal mounting with absorbing backing was taken over 
into actual system use, some provision had to be made to prevent pressure 

transients caused by shock from break
ing the crystal. If the fluid on both 
sides of the crystal completely filled its 
container, leaving no air space into 
which it could be driven by sudden 
shock, equality of pressure would be 
maintained under mechanical test but 
not under thermal variation. In the 
case of Line B the problem was solved 
to a large extent by inserting a coiled 
steel capillary which acted as a con
necting link between the completely 
filled chamber in the line and a partially 
filled chamber in the loading plug. The 
short-time transients were damped by 
the viscous forces in the capillary walls, 
but slow thermal variations altered the 
mercury level in the cap chamber and 
produced no net pressure change (see 
Fig. 7-4). The particular procedure for 
crystal mounting in this case is shown 
in Fig. 7-5. As is indicated by the 

captions, the crystal was lacquered into a carefully machined recess in 
the bakelite end block. This was in turn lacquered to the end of the delay 
line and bolted in place. The oblique surface marked "deflecting plug" 
serves to break up the absorbed beam in the same way as was done in 
the experimental line, Fig. 7-3. 

Later some modifications in absorbing backings for crystals were 
introduced in a delay line for which a steel backing piece was used with a 
deeply cut sawtooth surface (see Fig. 7-6). The tops of the teeth 
supported the crystal's back surface, and the space between the teeth 
was filled with mercury. The supporting steel area should be too small 
to give appreciable reflection but should still support the crystal ade
quately under variation of static pressure as well as under sudden shock. 
It was found that this requirement was necessary in airborne operation. 

There is another promising possibility for an absorbing backing that 

F I G . 7-4.-

Threads into 
rosan insert 

-Mercury inlet with capil
lary loading. 
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FIG. 7-5.—Assemblies for supporting crystals in Line B. A, trigger crystal mounting 
block, containing cavity ai for rectangular trigger crystal, which is backed by mercury 
in the trigger shock well. This is filled through the loading duct a-i, which is closed by a 
capillary bleeder plug and connector cap. B, receiver crystal mounting block, with cavity 
&i for round receiver crystal, and shock-well loading duct bz similar to ai. The rear 
surface 63 of the shock well is inclined to the axis of the beam (see text). C, end fitting, to 
which A and B are bolted. The pinion shaft protrudes through the fitting ci, providing 
adjustment of trigger reflector position. Filling ducts ci give access to front faces of 
crystals, permitting cleaning while the line is loaded. {Courtesy of Raytheon Manufacturing 
Company.) 

l'i<i. 7-fi.—End assembly with sawtooth backing. 
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Knurled surface-turn to vary line length 

Space for packing material 
cords dipped in ceresine wax 

Type N 
cable fitting 

Recess 
for crystal 

Sealing gasket 

Electrode 

Clamp ring 

Recess for 
crystal 

Tube shrunk into 
end assembly 

(M End assembly with clamp ring 

Tubes shrunk into 
reflector block 

Reflecting surfaces 
ground flat to 0.0001" 

Tubes must be parallel to i2 min 

(c) Reflector block 
FIG. 7-7.—End assemblies and reflector block for Line D 
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has not yet been incorporated into any system application—namely the 
use of a solid backing that is a good match for the transmitting medium. 
For mercury a good match can be secured with the crystal soldered to 
hard lead (6 per cent Sb). Preliminary measurements have shown that 
under these conditions the reflected amplitude is about 18 db less than in 
the case when the crystal is supported by a dry electrode. The hard lead 
has two advantages: it is machinable, and it readily attenuates the 
absorbed signals. For effective soldering, the crystals must first receive 
a composite evaporated film of chromium and silver according to the 

FIG. 7-8.—End assemblies for Line D. 

process developed by Professor John Strong of California Institute of 
Technology. Rose's metal is suggested as a suitable solder to be used 
with a flux made of water, glycerine, and tartaric acid. Once the crystal 
has been soldered onto the lead electrode the latter can be cemented into 
a dielectric and incorporated into the end assembly. Precaution should 
be taken to prevent the mercury from getting in contact with the solder 
or the lead. The final step is to machine the aligning surfaces so that 
the crystal will be perpendicular to the tube axis. 

With the work on longer lines it became less necessary to use absorbing 
backings.1 It became practical to use dry steel electrodes, which reflect 
nearly all of the incident energy, and to take advantage of the resulting 
increased transmission of longer lines (see discussion of insertion loss, 
Sec. 7-1). The problem of maintaining the crystal aligned, flat, and 
uniformly supported, was simply solved in many cases by employing a 
clamp with gaskets to hold the crystal in place on the electrode. The end 
assembly used in Line D is a good example of this construction ( Figs. 7-7 
and 7-8). There the 10-Mc/sec crystals were set in recesses in the mount
ing and held in place with ring clamps. Polyethylene washers under the 
clamps made mercury-tight seals to prevent short-circuiting. 

1 For quantitative discussion, see Vol. 20, Sec. 13a.2, Radiation Laboratory Series. 
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Reflecting crystal mountings were also used in Line C because, 
although the delay was short, the carrier frequency was high enough 
(30 Mc/sec) to attenuate completely all reflected signals. Because of 
the extreme thinness of the quartz crystals required for fundamental 

Formica dielectric 

k :"~?->r-. 30 Mc/sec 
^temrj ingring ^ ^ P o l y e t h y l e n e crystal 

washer 

Electrode 
surface 

FIG 7-9.—End assembly for Line C. 

Surface for supporting crystal, 
ground flat to 0.0001 inch 

Ring clamp 

operation at this frequency, it was extremely difficult to mount them so 
that they would not bend and deform the beams. Here again the crystals 
were supported by ring clamps, as shown in Figs. 7-9 and 7-10. No recess 
was used but the crystal covered the electrode exactly. The electrode 

was ground flat to 0.0001 in., 
otherwise the superimposed crystal 
would show very evident distor
tion in optical reflections from its 
surface. Often the electrode sur
face would be flat enough to permit 
one to observe Newton's rings be
tween its surface and the bottom 
surface of the crystal. A ring of 
thin polyethylene outside the crys
tal had its top surface flush with 
the upper crystal surface. On top 
of both surfaces and sealing to 
both was placed a ring of neoprene 
held down by the ring clamp. The 
bleeder screw shown in Fig. 7-9 
serves as a device for eliminating air 

bubbles on the surface of the crystals. With the line in a horizontal 
position the screw is loosened until a fine jet of mercury passes the 
threads. AL bubbles also escape simultaneously. The screw is then 
tightened and usually lacquered to make a tight seal. 

A similar construction was also employed in the crystal mountings for 
Line E. A type-N fitting, Fig. 7-11, was added at the back and the 

Formica 
dielectric 

Screw sealing 
bleeder hole 

FIG. 7-10.—End assembly for mounting 
30-Mc/sec crystals, Line C. 
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thickness of the dielectric (formica) around the electrode was increased 
to reduce the stray capacitance. Since this line operated at a lower 
frequency (15 Mc/sec), it was more important to keep the stray capaci
tance at a minimum. (At lower frequency the line capacitance is reduced 
and it becomes more difficult to match it to the stray capacitance.) 

Type N fitting 

(JCMU 

Y-
Collar for push 

contact 

Bleeder hole 

FIG. 711.—End assembly, Line E. 

7-3. Line-design Problems. Electrical and Mechanical Stability.— 
Where great stability of delay is required, it is often advisable to maintain 
the delay device at a constant temperature at which the thermal coeffi
cient of velocity is zero. This has been done successfully in the Shockley 
delay tank for trigger delay with a mixture of water and ethylene glycol 
at 55°C, and in the water delay line built by H. Grayson in England for 
MTI purposes, held at 72^°C. I t is also possible to vary the line length 
to compensate for this effect as has been done with Line C. 

Thermal variations introduce a problem in the expansion of the trans
mitting fluid. The solution to this problem for Line B was described in 
Sec. 7-2. Reference to the end assembly (Fig. 7-8) for Line D shows an 
air space provided in back of the crystal mounting. Line C was provided 
with a reservoir cup (Fig. 7-12) partly filled with mercury. In Line E 
the reservoir was a pressure bellows completely filled with mercury 
(Fig. 7-13). 

In any system that contains an air chamber there is always a pos
sibility that air may become trapped against the surface of the crystal 
and thus change its live capacitance and the sonic transmission into the 
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medium. This effect is particularly serious with mercury since it does 
not wet the quartz and bubbles have a tendency to cling. With Lines 
C and E, bleeder holes were employed to allow bubbles trapped against 
the quartz to escape. It is necessary to "bleed" both end assemblies 

Reservoir cup & cover 
A . Shield for end 

End scr.1 on / \ assembly 

1 

-End assemblies Sliding plunger 
1 p.o:e 

Knob Tor c h a ( t I \ Cover for end 
lenSVr. " | i assembly L x t e n s „ , n 

a d a m a n t i J I , ^ b ^ r n s m 

Outer s;eel honsini Supporting braces " 

FIG. 7-12.—Line C disassembled. 

after each filling of the line. With Line B, slanting holes were provided 
(Fig. 7-5) at the surface of each crystal. Their purpose is to allow 
cleaning of the crystal surfaces without disassembling the line, but they 
also serve to eliminate any chance for air pockets. 

Polyethylene 
gasket 

J 
FIG. 713.—Pressure bellows for Line E. 

With liquid lines the need for securing tight seals is obvious but may 
still cause difficulties. Long mercury lines when put on end will exert 
internal pressures of several atmospheres. I t requires good engineering 
and careful workmanship to make them leakproof. 

Folded Lines.—For longer delays it is often inconvenient to use a 
straight line for the complete length. The usual procedure is to employ 
two or more lengths of pipe interconnected by corner reflectors. A 
corner reflector consists generally of two reflections through 90°. Two 
separate examples suffice to show the type of construction involved. In 
Line D two pipes are press-fitted into holes bored into the reflector block 
as shown in Fig. 7-7c. Two stainless-steel plates, ground flat to 0.0001 
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in., are attached to the block, at 45° to the beam, and serve as the corner 
reflector. For Line E (Fig. 7-14) the parallel pipes are welded into flat 
end plates. The corner reflector (Fig. 7-15) is made of a single piece of 

^End assemblies for trigger lines 
End assemblies 
for signal line 

F I G . 714.—Line E. 

stainless steel. The reflecting surfaces are plated with 0.015-in. chro
mium and ground flat. This piece is bolted to. the end plate and is 
contained in a cover piece which is sealed to the end plate with a neoprene 
washer. 

Since 45° is outside the critical 
angle for any transmission of en
ergy from mercury into steel one 
would expect very little loss on 
reflection at this angle. Actually, 
however, considerable attenuation 
may be present. H. J. McSkimin 
of the Bell Telephone Laboratories 
at Murray Hill has investigated 
this effect systematically and 
found practically no loss for very smooth steel or polished glass reflectors. 
He also found negligible losses (less than 0.1 db per reflection) for rough 
surfaces such as are obtained by lapping a steel surface with 160-mesh 

FIG. 7-15.—Corner reflector for Line E. 
(1) Clearance holes for bolts which hold 
reflector to end plate. (2) Chromium-plated 
reflector surfaces, flat to 0.0001 in. (3) 
Aligning surface. Plane 2 must be accu
rately at 45° with plane 3. 
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Carborundum. For surfaces of intermediate texture, however, a large 
loss of perhaps several decibels usually occurred. The general explan
ation of this phenomenon, as propounded by McSkimin, is that 
since the mercury does not wet any surface with which it does not 
amalgamate small depressions in the reflecting surface give rise to air 
bubbles. If part of the beam is reflected from the steel and part from the 
air bubbles, there will be a phase difference between the two parts and 
destructive interference will occur. The phase of the beam reflected from 
the steel for a 45° reflector differs by nearly \ radians from the phase of 
the incident beam.1 The phase of the displacement associated with the 
part of the beam undergoing reflection from the air—that is, low imped
ance—is reversed. From this it follows that the destructive interference 
could have a maximum effect of nearly 3 db per reflection. 

Mechanical Tolerances.—As a general rule, such tolerances are required 
that the maximum total deviation from parallelism of the crystal sur
faces will be about 0.20 where 8 is the angle of beam spread. One must of 
course take the same care with the aligning of reflectors as with crystal 
mountings. An accurately made corner reflector—that is, 90°—need be 
aligned only in the angle perpendicular to the plane of the corner. In a 
water delay line this was accomplished by a manual adjustment. For 
Line E close tolerances were demanded for the 90° angle between 
the reflecting surfaces and also for the 90° angle between the plane of the 
reflection and the aligning surfaces which rest on the face plates. The 
face plates were, in addition, machined to be flat and parallel. The use 
of the three corner reflectors in the signal line has one interesting con
sequence, that the parallelism requirement for the face plates was unnec
essary as far as performance of the signal channel was concerned. 

In any mechanically variable line machining tolerances must be care
fully specified to insure that the moving part is subject only to translation, 
because any slight rotation will affect the alignment correspondingly. 

Variable Lines.—Variable trigger delay lines have been used with 
water or water solutions. In the Shockley line the transmitting crystal 
could be translated by a carefully threaded screw. From the rotation of 
this screw, radar range could be read. The transmitting fluid was 
completely enclosed in the delay tank. 

The movable feature for Line A was a much cruder affair. The 
long copper tube was open down the top in a wide slit and one crystal 
assembly could be slid up and down the tube by hand. A setscrew 
was provided to maintain an adjustment. 

In the water delay line of Fig. 7-16 a variable feature has been 
introduced by a " t rombone" construction which can be adjusted from 

1 H. B. Huntington op. cit. 
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Oin. I 

F I G . 7-16.—Water delay line, (a) Line assembled; (b) line, cover removed; (c) " t rom
bone" construction and reflector block; (d) crystal mount disassembled. (Courtesy of 
Royal Aircraft Establishment.) 
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outside the tank. Since the pipes themselves are surrounded by water 
there is no sealing problem involved. 

At present there are two techniques for making variable mercury 

F I G . 7-17.—Variable end cell for Line D. 

delay lines for field use. In one the position of a crystal or reflector is 
controlled by a mechanical drive. Part of the coupling shaft is actually 
immersed in the liquid and a packing cell prevents leakage of the fluid. 

FIG. 718.—Drive for extending bellows in Line C. A drive shaft (1) with geared-down 
ratio 36:1 causes collar (2) to rotate without translation. This action causes a translation 
of a second collar (3) at the rate of J j in. per revolution. The rotation of collar (3) is 
prevented by a key (4) bolted to the main tube and sliding in key way (5). The plunger 
piece (5) moves with collar (3), thereby extending or contracting the bellows (6) to which 
it is bolted. Very precise machining of surfaces (7) is required to maintain alignment 
during translation. 

For mercury an effective packing gland is made of cord dipped in ceresme 
wax and tightly compressed around the shaft. Such a procedure was 
used in Line B to vary the position of a 45° reflector and in Line D to 
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move a crystal mounting parallel to itself. The design used in the 
latter case is depicted in Figs. 7-7, 7-8, and 7-17. The second technique 
involves a bellows construction which allows the driving mechanism to 
be completely outside the space occupied by the mercury. Stainless-steel 
bellows are used with Line C (Figs. 7-12 and 7-18). 

Third Crystal.—In Line B, a third crystal inserted in the side of the 
line just in front of the receiver crystal (Fig. 7-5) is used to pick up the 
8-Mc/sec components of a strong video pulse sent down the line. This 
signal is then amplified and used as a trigger for repetition-rate control. 
A variable 45° reflector in the line serves to pick off a fraction of the 
incident intensity and deflect it to the third crystal.' A similar con
struction was used in another delay line but was later discarded. The 
action of that variable reflector is illustrated in Fig. 7-19. 

I Neoprene 
I Textolite 
1 Stainless steel 
="D" 10 Mc/sec x-cut crystals 

Reflecting surface 

Mercury in these spaces 

Third crystal 

Drive for varying 
reflector position 

F I G . 7-19.—Variable reflector and third crystal. 

7-4. Calculation of Insertion Loss.—In this section Eqs. (6) to (9) 
are applied to calculate the insertion loss to be expected for a particular 
example; Line E. The following specifications are pertinent: 

1. 17^-Mc/sec crystals used with 15-Mc/sec carrier. 
2. Tubing of f-in. ID. 
3. 6 reflections, 3 corner reflectors. 
4. Rr = 500 ohms. 
5. Length of total mercury path, 4 ft, 9 in., or 1000 psec. 

I t follows then that 

kpiVi = 

since S = 0.111 in.2 

28,000 ohms = 250,000 ohms (6a) 
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■rr = -,—- = TTTj or 36.0 db voltage loss. (7a) 
Vi kpiVi 63 v ' 

For free-space attenuation 0.012 X (15)2 X 4 | = 12.8 db. (8a) 
n n|i4 

For tubular attenuation ^f- y/\5 X 4 | = 2.7 db. (9a) 
"5" 

This gives for the insertion voltage loss 52 db exclusive of loss at the 
reflecting surfaces, which might amount to 5 to 10 db. 

If one wishes to find the insertion loss in available power—that is, 
the ratio of available power at the delay-line output terminal to the 
available power at the output of the driving circuit—one must replace 
Eq. (6) by 

P. = 64RrR> 
Pi ( W i ) 1 ' 

where Rt is the impedance of the driving circuit. 
7-5. Assembly and Maintenance. Cleaning.—All metallic parts of a 

mercury line that come in contact with the liquid must be carefully 
cleaned before assembly by immersion in some grease solvent such as 
xylene, toluene, or carbon tetrachloride. Any residual oil or grease will 
cause the formation of a scum on the surface of the mercury that will 
affect transmission adversely, particularly if it comes in contact with the 
surfaces of the crystals. Polyethylene and neoprene gaskets should be 
cleaned in alcohol since they would be damaged by the toluene, etc. Care 
should be exercised to handle cleaned parts as little as possible on assem
bly. Crystals in this frequency range are usually supplied waxed to 
glass plates. They can be slid off after gentle heating and should be 
carefully cleaned to remove all wax. One recommended technique for 
this cleaning is to put the crystal on a flat surface, such as plate glass, 
and scrub with surgical gauze dipped in xylene. Mercury that contains 
only mechanical impurities can be cleaned satisfactorily by passing it 
through a small hole in the apex of a cone of filter paper. If the mercury 
is contaminated by metallic impurities, the filtering will not remove the 
amalgams. Generally a short time later more of the amalgam will 
become oxidized and scum will re-form on the surface of the mercury. 

Filling.—Filling procedures differ according to line construction. 
When a long tube is filled from one end opposite a crystal mounting, it 
is advisable not to pour the mercury vertically before the surface of the 
crystal has been covered, because crystals have been cracked by freely 
falling mercury. 

Folded lines usually require a rather prolonged ritual of shaking, 
tilting, and filling piecemeal to eliminate unwanted air bubbles. End 
assemblies equipped with "bleeder" holes usually require "bleeding" 

mm 
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after every refilling and possibly even after being transported from one 
place to another. 

Transportation of mercury delay lines raises a problem because of 
risk of leakage or crystal breakage. In some instances it has been the 
procedure to ship delay lines empty and to fill in the field. Steel bottles 
are recommended for the transport of the mercury used in filling. 

If the mercury used in filling has just been filtered, or violently shaken, 
or subjected to mechanical shock, or poured into the line in a thin stream, 
the supersonic transmission appears to suffer anomalous attenuation. If 
left alone, the excess attenuation decreases, rapidly at first but more 
slowly later, with the result that it may take several hours or even a 
day or so to reach its normal value. The effect is believed to be caused 
by small air bubbles in suspension in the mercury. In this connection 
it should be remarked that a sharp blow on a delay-line tube containing 
nercury will produce a similar increase in the attenuation. Experiments 
by H. J. McSkimin of Bell Telephone Laboratories show that air bubbles 
are the cause of this effect. Because the mercury does not wet the wall 
surface, a considerable quantity of air is occluded between the mercury 
and the steel. Vibrations of the wall after being struck drive the air out 
into the mercury in the form of small bubbles. 

Measurement.—Measurement of 
the capacitance at the end assembly 
is a very useful procedure in trouble
shooting because it shows up air 
bubbles, crystal fracture, or other 
causes of instability in the crystal 
mounting. The measurement is easih' 
done at low frequency on a Q meter. 

The insertion voltage loss of a 
delay line is a quantity that can be 
measured directly and gives impor
tant design information. I t consists 
in determining the ratio of input volt
age to output voltage (into a specific 
impedance level) of the delay line. One procedure is given in the block 
diagram of Fig. 7-20. 

The measurement consists in matching the delayed signal through the 
delay line with an undelayed pulse through the attenuator and recording 
the attenuator reading. The following points in the procedure should 
be noted: 

Pulsed 
oscillator 

Delay 
line 

Trigger 

Calibrated 
attenuator 

Broad 
_°,p band 

amplifier 

FIG. 7-20.—Block diagram for voltage-
loss measurement. 

1. The outputs of delay line and attenuator are in general not in 
parallel but a switch is provided so that the amplifier input can be 
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shifted from one to the other. This arrangement simplifies the 
shielding problem, since pickup across the delay line does not affect 
the delayed signals and the switch prevents it from reaching the 
attenuated pulse. The attenuator itself should be well shielded 
and whatever pickup there is across the switch should be small. 
If the size of this pickup voltage can be measured, one can deduce 
that the limits of accuracy of measurements, at a power level 
20-db higher, are + 1 db. 

2. For reproducible measurements the frequency of the oscillator 
should be checked. This is particularly important for lines having 
considerable free-space attenuation because this quantity varies 
as the square of the frequency. 

3. If a synchroscope or A-R scope is employed, the measuring equip
ment should be adjusted so that delayed and undelayed pulses can 
be thrown on the same area of the scope alternately. Accurate 
matching is then possible and the inspector can compare the two 
pulses as to general character, shape, time of rise, etc. He should 
also look for extra (unwanted) signals at high gain. 

4. The electrical inputs of the delay line and attenuator should be in 
parallel so that the input voltage will be the same across both. 

5. From the form of Eq. (6) it is apparent that a value for the insertion 
loss in voltage has meaning only when the impedance of the receiver 
is specified. If this impedance is about a few hundred ohms or 
greater, it will be necessary to tune out fairly accurately (presum
ably with tunable coils) the capacitance at the receiving crystal. 
However, if the specified impedance is in the neighborhood of 70 
ohms, a single fixed-tuned coil in the right range will suffice for all 
lines of the same design. A measurement made at one impedance 
level in this range can be transformed to another impedance level 
by considering the crystal output as a high-impedance source. 

Transmission loss is affected by temperature mainly in the attenuation 
terms. As might be expected from the temperature coefficient of the 
viscosity, the free-space attenuation of water decreases markedly as the 
temperature is raised. This effect has not been carefully measured for 
mercury. 

The signals in mercury lines are not so sensitive to changes in thermal 
environment as those in water lines. Thermal gradients in mercury that 
arise from changes in thermal environment will cause changes in signal 
intensity. For unfolded lines that are not completely rigid the signal 
can be restored by bending the line down in the middle. Such deforma
tion increases the relative path length for that part of the supersonic 
beam in the lower portion of the tube where the mercury is cooler and 
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the velocity is faster. The bending in this manner tends to counteract 
the refraction. (It may be noted in passing that such bending of lines 
in every direction and at thermal equilibrium is a very simple test of 
mechanical misalignment.) 

There is some indication that changes in pressure affect transmission 
loss, possibly by compressing air bubbles in the mercury or in contact 
with the crystal. The effect has been observed with Line E on the bench 
and in the air. A similar effect was also reported for Line C when it 
was subjected to a roll of about 15° on shipboard. It is possible that such 
pressure effects present a fundamental limitation of liquid delay lines for 
MTI purposes in shipborne and airborne applications. 

Maintenance.—Maintenance routine, like filling procedure, differs 
from line to line. Instances of crystal fracture are rare, and, generally 
speaking, the main problem of delay-line maintenance appears to be in 
keeping the mercury clean. 

With Line B, slanting holes in the tube top give direct access to the 
crystal surfaces so that they can be cleaned directly even while in contact 
with the mercury. Line C can be readily disassembled and the mercury 
cleaned by filtering. This is fortunate since mercury contamination 
proved to be a serious problem in some of the delay lines that were 
sent out into the field. An attempt has been made to locate the origin 
of this difficulty and some contamination has definitely been traced to 
the stainless-steel bellows.1 A thin coat of lacquer on the inside of the 
bellows appears to be a simple and effective preventive. 

7-6. Compilation of Delay-line Specifications.—Table 7-1 of Delay-
line Information includes most of the readily available information on 
seven delay lines as engineered for actual use, two for trigger delay and 
five for the faithful delay of pulses. Photographs of the completely 
assembled delay lines are included in this section. In general the 
specific entries in the table have already been treated in detail, thus no 
additional discussion is needed here. 

Experimental delay lines and lines built for experimental systems have 
been omitted. Short fixed lines of about 5- to lO-^sec delay, although 
not of sufficient complexity to warrant inclusion in the table, were widely 
employed in system application and should be mentioned. 

A drawing of a 6-Msec glass delay line is shown in Fig. 7-24. I t was 
used to give a series of pulses appearing at odd multiples of the funda
mental delay, 6 /isec. The crystals were fastened to the glass block by 
a thin layer of paraffin. This layer served to maintain acoustic contact 
between the quartz and glass. A brass electrode was pressed against 
the back of each crystal by a phosphor-bronze spring. 

1 H. B. Huntington, "Notes on Contamination of Mercury by Stainless Steel," 
RL Report No. 935, March 1, 1946. 



T A B L E 7-1.-—TABLE OF D E L A Y - L I N E INFORMATION 

Purpose 

Approximate quan-

Dwg. no. or type . 

Crystal no 
Fundamenta l fre

quency, M c / s e c . . . 

par t , in. 
Capacitance at crys

tal, MJI. 

Crystal backing 
Line delay, M s e c . . . 
Length over-all 
Weight (empty) lb 
Weight (full) lb 

Designation of delay line 

Shockley 
line 

Line A 

Trigger delay-

Western 
Electric 

Par t of D -
150315 or 
D-150463 

2 

1.4 
About I 

square 
About s 

square 
Sender, 55 + 

10;receiver 
75 ± 10 

Brass 
2 to 240 
2 U in. 

Radiat ion 
Laboratory 

RL 11021 

2 

10 
1 

7 
8 

~ 6 0 

Mercury 
6 to 1400 

7 ft 
24 

Line B Line C Line 1) Line E Line F 
Water line 

(RAE) 

Cancellation with M T I 

Raytheon 

— 30 

3 

10 
l A 

0.86 

~ 6 0 

Mercury 
555 

3 ft 
5 

13 

1 

Tool Co. 

~ 5 0 
R L 12499 

2 

26 
3 
4 

5 
8 

80-93 

Dry steel 
586 

3 ft 

Labora tory 

8 
RL T-D6386 

2 

10 
3 
4 

5 
8 

38 (58 for 
variable) 

Dry steel 
3000 

Hi ft 
20 ! 140 
32 200 

Robertson 
Tool Co. 

1 
R L 14516 

4 

m 
i 
2 

3 
8 

30 

Dry steel 
1000 

l i f t 
30 
39 

Western 
Electric 

5 
B T L 

B-470670 

2 

6.5 
1 

0 .885 

45 

Dry steel 
5000 

70 in. 
100 
200 

2 

10 

2000 

to 
O 

Co 

ft) 
&> 
o <: >-. o 
to 
t -

is 
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Tube material 

Transmitting me
dium. 

Tube ID, in 
Number of sections. . 
Number of 45° reflec-

Variable feature 

General thermal re
gulation. 

Driving frequency... 
Photograph of as-

Designation of delay line 

Shockley 
line Line A 

Trigger delay 

Steel and in
sulation 

Water and 
Ethylene 
glycol 

o x 
* 16 

1 

0 
Calibrated 
screw 

135° ± i°F 

Video 

Copper 

Water 

1 

0 
Manual 
screw adj. 

None 

Video 

Line B Line C Line D Line E LineF Water line 
(RAE) 

Cancellation with MTI 

Mercury 

0.86 
1 

1 
Movable 
reflector 

None 

10 Mc/sec 

Fig. 7-21 

Stainless 
steel 

Mercury 

Stainless 
steel 

Mercury 

5 

1 2 

0 2 
Steel bellows 

None 

30 Mc/sec 

Fig. 7-22 

Packing 
gland 

Thermally 
lagged 

10 Mc/sec 

Fig. 7-23 

Hot-rolled 
steel 

Mercury 

t 
6 

8 
None 

Thermally 
lagged 

15 Mc/sec 

Fig. 714 

18-8 stain
less steel 

Mercury 

0.885 
4 

6 
Adjustment 
for align
ment 

None 

5 Mc/sec 

Water 

Trombone 
construc
tion 

72^° + 1°C 

10 Mc/sec 

o 

© > 

to 
c -

Xr. 

it

s' 
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0 in. 
I 

12 
I 18 24 

FIG. 7-21.—Line B, assembled. 

F I G . 7-22.—Line C, assembled. 

' Reflector block 

FIG. 7-23.—Line D, assembled. 

Crystals 
Glass 

Phosphor-bronze spring 

F I G . 7-24.—Glass 6-/isec delay line. 

...it,—_ m . 



CHAPTER 8 

POTENTIOMETERS1 

BY F. E. DOLE 

A potentiometer, as the term is used in this chapter, is an electro
mechanical device containing a resistance element that is contacted by a 
movable slider. Such units may conveniently be divided into three 
classes. Laboratory precision potentiometers are large enclosed units 
which are chiefly used for low-voltage highly accurate d-c potential 
measurements in low-impedance circuits. Radio potentiometers (usually 
called "pots") are small inexpensive units of comparatively poor accuracy 
which are commonly used for volume control and similar purposes in 
radio sets and other electronic equipment. The third and more recently 
developed class, which may be called "commercial precision" potentio
meters, is intermediate in character between the first two classes, and 
will form the subject matter of this chapter. 

Commercial precision potentiometers were orginally developed as 
components of bridges and other test equipment that required variable 
resistors of good stability and of accuracies of the order of one part in 
several hundred. The war-born demand for large quantities of electronic 
measuring equipment—not only for test equipment, but for accurate 
measurements in radar and sonar—fathered a demand for great numbers 
of such potentiometers, and the Radiation Laboratory began a develop
ment and small-scale manufacturing program that continued until the 
end of the laboratory's activities. This chapter will be concerned 
principally with the units developed by the Laboratory or under its 
sponsorship. Such units were used extensively for data transmission, 
for electromechanical computing elements, and for medium-precision 
voltage measurements in radar and other electronic devices. 

8-1. The Resistance Element—The heart of a potentiometer is its 
resistance element, which is always wire-wound in potentiometers of the 
precision type. The element consists of resistance wire wound on a 
form or mandrel whose nature depends upon the design of the particular 
unit. The mandrel is usually a card or strip of sheet insulating material, 
or a round rod of insulating material or of Formvar-insulated copper wire. 
The accuracy of the potentiometer depends directly upon the accuracy 

1 An abridgment of this chapter lias been published: L. A. Nct t le ton and F . E. 
Dole, "Po ten t iomete rs , " Rev. Sri. Instruments, 17, 356-363 (October 1946). 
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of the mandrel, which must be made to accurate dimensions and accu
rately wound. Figure 8-1 shows a number of resistance elements of 
several forms. Figure 8-la shows a toroidal mandrel; this type is more 
difficult to wind than the other types, but has the advantage that when 
it is once properly wound it need not be bent or otherwise distorted in 
order to mount it in a potentiometer. I t is also the only type that is 
practical when a useful angle of 360° is required. The long narrow 
card of Fig. 81b is used in most linear potentiometers and the square 
card of Fig. 8-lc is used in most sine-cosine units. The "violin string" 
winding of Fig. 8-Id is used in linear potentiometers, both in the single-
turn type such as the RL-270 series and in the multiturn units such as 
the Beckman Helipot and the Gibbs Micropot. Nonlinear potentio
meters, except sine-cosine units, are usually based upon a tapered form 
of the card of Fig. 8-lb; an example is the logarithmic 433AC potentio
meter used in the General Radio 650A bridge. 

Violin-string or Kohlrausch windings are usually wound on a core of 
Formvar-insulated copper wire. Such a mandrel has the advantage that 
it is uniform in dimensions, smooth and free from surface defects, easily 
formed into the shape required for mounting in the potentiometer, and 
of excellent heat conductivity so that the winding can dissipate more 
power than with most other constructions. Its principal disadvantage is 
the excessive capacitance between the turns of the winding and the 
copper core, which limits the frequency range at which such an element 
can be used. Extruded rods of a suitable plastic may be used instead of 
the copper core, but it is difficult to obtain rods of sufficient dimensional 
stability and uniformity. 

Laminated sheet phenolic plastics have been used almost universally 
for card-type mandrels. They have been satisfactory in most cases, and 
much of the trouble that has occurred has proved to be due to improper 
design or fabrication of the mandrel rather than to the material itself. 
The susceptibility of sheet phenolics to water absorption has not been a 
serious defect since the impedance level at which a wire-wound poten
tiometer is operated is seldom excessively high, and since the whole 
element must be properly varnished after winding in order to keep the 
turns in place while buffing the contact area and during operation. If 
operation in tropical climates is to be expected a suitable fungicide 
should be mixed with the varnish. 

Fiberglas cloth laminated with nonwater-absorbent resins is superior 
to phenolics from the standpoint of stability of dimensions, water absorp
tion, and resistance to fungus attack, but has not been much used for 
mandrels because it is difficult to machine. The abrasive character of 
the glass particles necessitates the use of Carboloy tools for all cutting 
operations and even then tool life is poor. Glass-cloth laminates are 
good for insulating and protecting sheets. 
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(a) 

245 
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FIG. 81.—Potentiometer resistance elements, (a) Toroidal element; (b) rectangular 
card; (c) square card; (d) "violin string," Kohlrausch, or circular mandrel. The small 
circles are microphotographs of portions of the windings. 
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It is essential that the surface of the mandrel be free from nicks, 
dents, and abrasions, especially beneath the path of the contact. Wire 
mandrels may be drawn through a diamond die after coating; this 
straightens, sizes, and smooths the mandrel in a single operation. Card-
type mandrels should have the edges rounded to a semicircular shape by 
means of a epecial milling cutter. This cutter must be kept very sharp 
and the cards should be inspected after the milling operation to make 
sure that the milled surface is smooth and free from waves or tool marks. 
I t is usually desirable to buff the milled surface, using a soft or medium 
felt buff with aluminum oxide or Tripoli 2D as an abrasive. Mandrel 
dimensions should be held to well within the required tolerance, especially 

nkkliliiiiiiiiiiili'iiiiiV1 i«fliit«ilinBMWtiniv 

id) M (/) 
F I G . 8-2.— Mandrel and winding defects: (a) Card-type mandrel properly milled; 

(b) rough mandrel; (c) and (d) irregular windings due to rough mandrels; (e) widely spaced 
winding; (/) good winding on properly treated mandrel. 

if the total resistance tolerance is small. A rough surface on the mandrel 
will cause displacement of the wire during the winding process. Such a 
displacement will result in low and high wires or nonuniform spacing and 
will seriously affect accuracy. Figure 8-2 shows microphotographs of 
satisfactory and unsatisfactory mandrels and windings. 

The Resistance Wire.—The resistance wires used for potentiometers 
are usually drawn from alloys of the "Nichrome" family or from copper-
nickel alloys similar to Midohm or Lohm. A discussion of the properties 
of such alloys has been given in Chap. 3 of this volume; Table 8-1 gives 
the resistance in ohms per foot of a number of the more common resistance 
alloys, in sizes from No. 10 AWG to 0.60 mil in diameter. 

The accuracy and uniformity requirements for resistance wire that is 
to be used in potentiometer elements are much more stringent than those 
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TABLE 81.—COMMERCIAL RESISTANCE WIRE CHARACTERISTICS 

Nominal 
oent 

composition, per 

Ohms/circular mil foot 
Temp. coefficient/°C 
AWG 

No. 
10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33 
34 
35 

36 
37 
38 
39 
40 

Diam., 
mils 

102 

91 
81 
72 
64 
57 

51 
45 
40 
36 
32 

28.5 
25 3 
22.6 
20.1 
17.9 

15 9 
14.2 
12.6 
11.3 
10.0 

8.9 
8.0 
7.1 
6.3 
5 6 

5.0 
4 .5 
4.0 
3 5 
3.1 

2 75 
2.50 
2.25 
2.00 
1.75 

1.50 
1.40 
1.30 
1.20 
1.10 

1 00 
0.90 
0.80 
0.70 
0 60 

Circular 
mils 

10,400 

8230 
6530 
5180 
4110 
3260 

2580 
2050 
1620 
1290 
1020 

810 
642 
509 
404 
320 

254 
202 
160 
127 
101 

79.7 
63.2 
50.1 
39.8 
31.5 

25 0 
19 8 
15.7 
12.5 
9.9 

7.6 
6.2 
5 1 
4.0 
3.1 

2.2 
2.0 
1.7 
1 4 
' .2 

1 0 
0.81 
0.04 
0 49 
0 36 

Trade names 
Chromel C 
Nichrome 
Tophet C 
Alloy C 
60 Ni 
16 Cr 
24 Fe 
675 
0 00022 

Chromel A 
Nichrome V 
Tophet A 
Alloy A 
80 Ni 
20 Cr 

650 
0 00014 

Copel 
Advance 
Cupron 
Alloy 45 
45 Ni 
55 Gu 

294 
0 00002 

Mid ohm 
180 Alloy 

22 Ni 
78 Cu 

180 
0 00016 

90 Alloy 

12 Ni 
88 Cu 

90 
0.00038 

Commercial 
copper wire 

99.9 Cu 

10.5 
0.00400 

Ohms per foot at 20°C 

0.0649 

0.0815 
0.103 
0.130 
0.165 
0.208 

0.260 
0 333 
0.422 
0.521 
0.659 

0.831 
1.06 
1.32 
1.67 
2.11 

2.67 
3.35 
4 .25 
5 29 
6.75 

8.52 
10.6 
13.4 
17.0 
21.5 

27.0 
33 3 
42.2 
55.1 
70.2 

88.7 
108 
133 
169 
221 

300 
344 
399 
469 
558 

675 
833 

1054 
1378 
1874 

0.0625 

0.0785 
0.0991 
0.126 
0.159 
0.200 

0.250 
0.321 
0.406 
0.502 
0 635 

0.800 
1.02 
1.27 
1.61 
2.03 

2.57 
3.23 
4.09 
5.09 
6.50 

8.21 
10.2 
12.9 
16.4 
20.7 

26.0 
32.1 
40.6 
53.1 
67.6 

85.5 
104 
128 
162 
212 

289 
331 
385 
451 
537 

650 
802 

101G 
1327 
1806 

0.0283 

0 0355 
0.0448 
0.0567 
0.0718 
0.0905 

0.113 
0.145 
0.184 
0.227 
0.287 

0.362 
0.456 
0.576 
0.728 
0.918 

1.16 
1.46 
1.85 
2.30 
2.94 

3.72 
4 59 
5.83 
7.41 
9 .38 

l i . 8 
14.5 
18.4 
24.0 
30.6 

38.7 
46.7 
57 6 
73 .5 
95.0 

131 
150 
174 
204 
243 

294 
363 
459 
600 
817 

0 0173 

0.0217 
0.0274 
0.0347 
0.0439 
0.0554 

0 0692 
0.0888 
0.112 
0 139 
0.176 

0.222 
0.281 
0.352 
0.446 
0.562 

0.712 
0.893 
1.13 
1.41 
1.80 

2.27 
2.81 
3.57 
4.54 
5.74 

7.20 
8.89 

11.2 
14.7 
18.7 

23.8 
28.8 
35.5 
45.0 
58.7 

80.0 
91 .8 

106 
125 
149 

180 
222 
281 
367 

1 500 

0.0087 

0.0109 
0.0137 
0 0173 
0.0219 
0.0277 

0.0346 
0.0444 
0.0562 
0.0694 
0.0879 

0.111 
0. 141 
0.176 
0 223 
0.281 

0.356 
0.446 
0.567 
0.705 
0.900 

1.14 
1.41 
1.78 
2.27 
2.87 

3.60 
4.44 
5.62 
7.41 
9.36 

11.9 
14.4 
17.8 
22 5 
29.4 

40.0 
45.9 
52.2 
62 .5 
74 .3 

90.0 
111 
141 
184 
250 

0.00100 

0.00126 
0.00159 
0.00200 
0.00252 
0.00318 

0.00402 
0.00506 
0.00638 
0.00805 
0.0102 

0.0128 
0.0161 
0 0204 
0.0257 
0.0324 

0.0408 
0.0515 
0.0649 
0.0818 
0.103 

0.130 
0.164 
0.207 
0.261 
0.329 

0.415 
0.523 
0.660 
0.832 
1.05 

1.39 
1.68 
2.07 
2.62 
3 43 

4.66 
5.35 
6.21 
7.29 
8.68 

10,5 
13.0 
16.4 
21.4 
29.2 
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for magnet wire, for instance. For reproducibility and accuracy not only 
must the composition and heat treatment of the wire be accurately 
controlled, but the wire diameter and the thickness of the insulation 
must be held within close limits. Wire that has been coated with Form-
var or Formex by the extrusion process has been found to be greatly 
superior to ordinary enameled wire, not only because of its more uniform 
over-all diameter but also because it is free from "beady" spots and 
similar defects. Figures 8-3 and 8-4 show microphotographs of defective 
wire and of windings made from it. 

Defective windings due to bad wire. 

The Winding Process.—Windings of sufficient accuracy for use in 
precision potentiometers can only be made on properly designed winding 
machines, and several such machines were designed and built at the 
Radiation Laboratory. Figure 8-5 is a photograph of a machine that 
proved very satisfactory for winding flat card-type resistance elements, 
and Fig. 8-6 is a close-up of the carriage showing the wire-straightening 
pulleys and the dust brushes. The machine was designed to minimize 
backlash and periodic errors due to the feed gearing, to ensure smooth 
and uniform motion of the carriage, and to furnish accurate control of 
the wire tension. The headstock and tailstock chucks were driven 
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together to prevent twisting of the card, and the tailstock was spring-
loaded to ensure a constant tension on the card. Special jaws for each 
size of card were provided for the chucks, and a smooth and accurate 
speed control was incorporated in the drive. Cards up to 7£ by 20 in. 
could be handled. 

With the development of the RL270 series of potentiometers, which 
use a round mandrel of heavy Formvar wire, a new winding machine was 
built by modifying an inexpensive screw-cutting lathe. This machine is 
shown in Figs. 8-7 and 8-8. The modifications included the substitution 
of precision cut gears for the original die-cast change gears, a simple wire-
tensioning and feed device on the carriage, and a ball-bearing tailstock 

FIG. 8-5.—Flat-eird winding machine 

chuck. Round mandrels can be wound at a much higher winding speed 
than is possible with flat cards since the wire velocity is uniform. This 
machine proved very satisfactory in winding resistance elements with 
linearities of ±0.03 per cent in the 100,000-ohm value to +0.15 per cent 
in the 200-ohm value. 

A machine for winding toroidal elements such as that shown in Fig. 
8-la was designed, but construction had not yet started at the time the 
activities of the Laboratory were terminated. The design incorporated a 
number of novel features, including a preset turn counter and a precision 
speed control which would greatly facilitate the production of windings 
of identical characteristics. 

Varnishing, Curing, and Buffing.—After winding, the resistance ele
ment must be coated with a suitable varnish in order to hold the wires 
in place and to protect them against moisture and mechanical abuse. 
One difficulty that arises with most electrical impregnating varnishes is 
a creeping or displacement of the wires during the curing process. After 
a number of trials a satisfactory process was evolved. A single coat of 



250 POTENTIOMETERS [SEC. 8-1 

TUF-ON No. 74-F or No. 76-F varnish (made by the Brooklyn Varnish 
Company) diluted with about 40 per cent of the appropriate solvent was 
applied by spraying, brushing, or dipping. Both varnishes are of the 

FIG. 8-6.—Carriage of flat-card winding machine. 

phenolic resin type, both contain a fungicide, and will air-dry within 
48 hr. Drying may be speeded up by heating to approximately 50°C in 
a convection oven. If the specific gravity of the varnish is maintained 
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at the proper value the coating will be ready for buffing after 24 hr in 
the oven. 

Two methods of buffing were standardized at the Radiation Labora
tory. For both, wheels of white "Extra-Spanish" felt in the medium or 

FIG. 8-8.—Round-mandrel winding lathe, side view. 

soft grades were used. For buffing mandrels and for windings of con
ventional enameled wire the wheels were run at about 2500 ft/min and 
aluminum oxide or "Tripoli 2 D " were used as abrasives. For buffing 
windings of Formex-insulated wire and for all "violin string" windings 
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the wheels were run at 1500 ft/min and were used without abrasive. 
Buffing of windings must be done with great care in order not to remove 
metal from the wire or to heat the winding excessively. This is particu
larly important with round mandrels. 

To sum up, the production of resistance elements of high accuracy 
and stability demands attention to the following points: 

1. Proper preparation of the mandrel. 
2. The use of wire of the highest quality. 
3. Winding on a properly designed and accurate winding machine, 

run by a careful and competent operator. 
4. Care in removing the winding from the machine, and in handling 

through all stages of production. 
5. Impregnation with a suitable varnish, maintained at the correct 

specific gravity. 
6. Adequate curing at the correct temperature. 
7. Careful buffing, using the correct technique. 
8. Proper assembly technique. 
9. Adequate inspection. 

10. Cleanliness throughout the entire operation. 

Resistance elements manufactured with these precautions will remain 
stable and accurate throughout the life of the potentiometer. 

8-2. Mountings and Enclosures.—The mountings and enclosures of 
potentiometers may take various forms; the illustrations of this chapter 
show a number of typical examples. Most commercial precision poten
tiometers are cylindrical in shape, ranging in axial length from f to 3 in. 
and in diameter from 1£ to 5 in. Enclosed types are usually provided 
with a locating boss or ring and with a mounting flange with slots for 
phasing. 

The design of the body of the potentiometer depends upon the way 
in which the resistance element is to be mounted, and there is a choice of 
three methods for accomplishing this. In one, the element, which has 
been wound while it is straight, is wrapped around a cylindrical form 
that is provided with an axial shaft. The form may be stationary and 
provided with a mounting surface, and with central bearings for the shaft, 
or it may be fastened to, and rotate with, the shaft. The resistance 
element may be drawn around the form by an assembly jig or fixture, or 
it may be held in place by a permanent protective strap. In either case 
it is fastened by screws or rivets through the wall of the form. 

A second method employs a toroidal form such as that of Fig. 8-la, 
which is pressed onto a central cylindrical body similar to that used in 
the previous method. An enclosure usually surrounds the element and 
central body in this type of construction. 
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In the third method the resistance element is mounted on the inside 
of a hollow cylindrical form. In units having a violin-string winding, 
such as the RL-270 series, the element may be held in grooves in two 
insulating pieces that expose a portion of the inner surface of the winding. 
In card-type units the card may be bent around a temporary arbor, 
pressed into the cylindrical body, and the ends fastened with rivets, 
screws, or pins. The element may also be held in a temporary fixture 
while the body is molded around it; this type of construction is often 
used in multiturn units such as the Micropot. 

The potentiometer body itself may be made either of metal or of 
insulating material. If made of the latter it may be molded and used as 
it comes from the mold, or it may be finish-machined after molding. 
With most plastics finish-machining removes the comparatively imper
vious skin of the molding and may increase any tendency to water 
absorption. This can be counteracted to some extent by suitable sealing 
treatments, but it is preferable to disturb the surface as little as possible. 
If finish-machining is not to be used it is necessary to choose a plastic 
with the greatest possible dimensional stability and to take great care 
both with the mold design and with the curing process to maintain 
sufficiently accurate dimensions in the molded piece. 

For units of high precision, metal is much superior to plastics from 
the standpoint of dimensional stability. Aluminum alloys are fre
quently used; one casting alloy that has good stability is Alcoa 395 with 
a T-6 heat treatment. The principal disadvantage of using metal is the 
necessity of providing additional insulation for the winding. Bodies may 
also be machined from rod or plate stock, either of metal or of insulating 
material. For the RL-270 series the bodies were machined from a glass-
mat-filled plastic known as Formica MF-66. This material proved to be 
very stable dimensionally and to be unaffected by tropical climates. 
Certain molded plastics with mineral fillers were also satisfactory. 

In the cheapest types of commercial precision potentiometers the 
shaft rotates in a cored or reamed hole in the molded body. This is 
satisfactory for a low-precision unit that is to be adjusted manually, 
but the variation in hole diameter and position renders the method 
unsuitable for high precision or for gear-driven units. Brass, bronze, or 
Oilite inserts may be molded into the body, and will improve the centering 
of the shaft and decrease the bearing friction. Where highest precision 
and minimum friction are required it is necessary to use ball bearings. 

Shafts may be of either metal or plastic material. The latter is often 
used in the cheaper potentiometers, but is unsatisfactory in many 
applications because of its tendency to warp and its great flexibility 
compared to metals. If an insulating shaft is required one useful 
expedient is to press a thin-walled plastic tube over a steel shaft, the 
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latter being knurled if necessary to prevent slipping. It is preferable, 
however, to put the insulation in the hub of the contact arm where it 
belongs and to use a grounded metal shaft. Metal shafts are usually of 
steel; drill rod is convenient but stainless steel is to be preferred if there 
is any possibility of corrosion in service. Hubs, collars, etc., may be 
secured to the shaft by setscrews, preferably in pairs at 90°, but pinning 
or clamping is better. Split hubs with clamp screws are particularly 
handy from the standpoint of ease of adjustment. 

Potentiometers intended for laboratory use or for mounting within 
adequately sealed cabinets are not usually enclosed. Units intended for 
operation in exposed positions or in the tropics must be provided with 
adequate enclosures. These units cannot be hermetically sealed without 
using an expensive and clumsy hermetic shaft seal, but the use of water
proof AN connectors for the terminals, suitable gasketing, and a com
pression shaft seal such as a Garlock Klozure will afford adequate 
protection for all but the most extreme conditions. Under most condi
tions ordinary dusttight construction will suffice. Typical potentiometer 
enclosures are shown in the potentiometer drawings of this chapter. 

8-3. Leads and Attachments.—One rather troublesome problem in 
the construction of a potentiometer is the provision of sturdy and per
manent attachments to the resistance winding. The use of very small 
wire sizes and of nickel-chromium alloy wire that cannot be satisfactorily 
soft-soldered makes such connections difficult. 

Connections to the resistance element may depend upon mechanical 
pressure alone, or they may be soldered. Pressure connections may be 
made in several ways. A screw or a stud may be used to draw a piece 
of metal tightly against a cleaned portion of the winding, or the wire 
may be pressed between two pieces of metal. The screw may then be 
used as a binding post. A rivet may be used instead of the screw; a 
soldering lug may also be used under the head of the rivet. A rod tipped 
with a soft noble metal such as gold may be pressed against a bared 
spot on the winding, as in the RL-270 series units. A connection may be 
made to Nichrome wire by placing the cleaned wire across a strip of 
copper foil and persuading molten solder on the copper strip to cover 
the wire as well. Although this is not a true soldered joint the con
traction of the solder on cooling helps to lock the wire tightly in place. 
The finished joint should be inspected carefully and tested for electrical 
continuity. This method is sometimes useful for making taps on flat cards. 

Successful soft-soldered joints may be made to nearly all resistance 
alloys except those of the Nichrome family. Rosin or rosin in alcohol is 
the only permissible flux, in spite of advertising claims to the contrary. 
The flux should be used sparingly to avoid later trouble with excessive 
residue, and the joint should be cleaned with alcohol if possible. 
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Breakage of the smaller wires during the soldering process can often 
be avoided by the use of a small strip of copper or brass foil as an inter
mediate connection. The foil and the wire are tinned and soldered 
together and the other end of the foil is then soldered to the terminal. 
Alternatively, a pressure connection can be made from the foil to the 
terminal. The end of the foil may be captured beneath a washer held 
by the terminal stud or rivet, or may be inserted into the end of a metal 
tube or hollow rivet moulded into the frame, and the end of the tube 
crushed onto the foil. 

One method that is occasionally used involves baring and tinning a 
spot on the winding, opposite and close to a rivet or insert in the housing. 
A drop of solder on the tip of the rivet will form a conducting bridge 
when the latteT is heated. Since the lug for the connection to the 
external lead is usually located at the outer end of the rivet there is 
always the possibility that the heat of soldering the external lead may 
destroy the solder bridge. 

Nickel-chromium alloys cannot be successfully soft-soldered but must 
be hard-soldered or welded. No successful welding techniques were 
tried at the Radiation Laboratory, but one convenient method of hard^ 
soldering fine wires was developed. A loop of bare No. 12 or No. 14 
copper wire 5 or 6 in. long was looped between the terminals of a 50-amp 
1.25-volt transformer connected to a 5-amp Variac and a foot switch. 
Copper is the only material suitable for the loop since with materials of 
lower conductivity the drop of solder will freeze as soon as it bridges an 
appreciable length of the loop. The center of the loop was painted with 
borax flux and sufficient current was passed through it to melt hard 
solder. I t is easy to pass the joint that is to be soldered through the 
drop of molten solder in the loop. The solder rapidly dissolves the 
copper wire and both loop and solder drop must be replaced after a 
short time. The fine wires should be passed through the drop rapidly 
and at right angles to the direction of the current flow in order to mini
mize the chances of dissolving or burning them out. 

8-4. Contacts.—The accuracy and life of a potentiometer depend 
primarily upon the design and material of the movable contact. Much 
of the work of the potentiometer group at the Radiation Laboratory was 
devoted to the investigation of this problem and a very extensive series 
of life tests was carried out.1 These tests showed that for windings of 
nickel-chromium-alloy wire there is one outstanding alloy, Paliney No. 7, 
made by the J. M. Ney Company of Hartford, Conn. It is a palladium-
silver alloy with additions of platinum, gold, copper, and zinc. Tests on 

1 F. E. Dole and R. J. Sullivan, "Life Test of Contact Material on Standard Linear 
Wire-wound Potentiometers," RL Report No. 617, Mar. 12, 1946; R. J. Sullivan, "The 
RL270 Series of Precision Potentiometers," RL Report No. 864, Mar. 25, 1946. 
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windings of copper-nickel alloys were not completed but indicated that 
for these materials the best contact material was No. 19 Alloy, an alloy 
of platinum and silver made by the H. A. Wilson Company of Newark, 
N. J. Stellite and various grades of carbon were also used in some of the 
earlier potentiometers designed by the Laboratory, but were definitely 
inferior to the Paliney and No. 19 Alloy. Over thirty alloys were tested 
altogether, and the spring-temper phosphor bronze commonly used for 
potentiometer contact arms was found to be one of the poorest for the 
purpose. Typical linearity test oscillograms and microphotographs of 
contacts and windings after the tests are shown in Figs. 8-9 through 8-14. 

]0^>^mfk S^P**^^^%te#%^ 
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to W) 
F I G . 8-9.—Effect of contact shape on linearity, (a) Type B 50,000-ohm potentiometer 

with standard blade contact, linearity 0.18 per cent; (b) same potentiometer after modifying 
with 0.020-in. rod contact, linearity 0.05 per cent; (c) type D 50,000-ohm potentiometer 
with finger-type arm, linearity 0.32 per cent; id) same potentiometer after modifying with 
rod contact soldered to fingers and cut between each pair of fingers, linearity 0.12 per cent. 

A number of different shapes and sizes of contacts may be used on 
standard wire-wound mandrels where the surface of the wire will not be 
smoothed down to a flat surface. A cylindrical rod with its axis parallel 
to that of the wire has proven very satisfactory, one reason being that 
with such a shape no more than two wires can be contacted at the same 
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time so that no more than one turn can be short-circuited by the contact. 
The superiority of such a contact design is shown by Fig. 8-9. In this 
figure a and b are linearity osoillograms of a 3-in. potentiometer similar 
to the General Radio Company Type 314, with the standard phosphor-
bronze contact arm as furnished by the manufacturer, and with an arm 
with a cylindrical Paliney No. 7 contact. Figures 8-9c and d are a 
similar pair applying to a 5-in. RL-255. In each case the improvement 
due to the better contact is evident. 

(d) (e) (/) 
FIG. 810.—Linearity test of 3-in. 50,000-ohm potentiometer, (o) As delivered; brush 

pressure approximately 70 g; linearity 0.17 per cent; (b) taken at 10,000 cycles; linearity 
0.22 per cent; (c) taken at 66,000 cycles; linearity 0.22 per cent; (d) taken at 202,000 cycles; 
linearity 0.32 per cent; (e) taken at 500,000 cycles; linearity 0.35 per cent; (/) taken at 
1,002,800 cycles; linearity 0.28 per cent plus noise; brush pressure, 55 g, contact worn 
0.0085 in. deep, area g7

¥ by ^ in. 

This gain in linearity was found in every case in which a small cylin
drical contact was substituted for a larger one of flat or indeterminate 
shape. For one sample group of twenty 3-in. units, for example, the 
improvement in linearity was about 0.03 per cent, or about one third of 
the mean deviation from linearity of the unmodified units. 

The improvement in initial linearity is entirely due to the improved 
contact shape and size, but the use of a contact of small radius involves 
high unit pressures at the point of contact, and wear becomes prohibitive 
unless the right contact material is used for the particular resistance 
alloy. For potentiometers whose windings have been buffed only 
enough to remove the varnish and wire enamel, leaving the wires round, 
a cylindrical contact with a diameter of 0.020 to 0.040 in. is a suitable 
size for most windings. For small closely spaced wires a smaller radius 
might lie better; for large wire and wide spacings a larger radius would 
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FIG. 811.—Linearity test of 3-in. 50,000-ohm potentiometer with Paliney No. 7 con

tact. (a) As received from manufacturer; brush pressure 110 g, no end play; linearity 
0.18 per cent; (6) potentiometer using Paliney No. 7 contact, 0.040 in. in diameter on 
regular arm; brush pressure 50 to 05 g; linearity 0.08 per cent; (c) taken at 10,000 cycles; 
linearity 0.10 per cent; (rf) taken at 60,000 cycles; linearity 0.12 per cent; (e) taken at 
202,000 cycles; linearity 0.12 per cent; (/) taken at 500,000 cycles; linearity 0.13 per cent; 
to) taken at 1,002,800 cycles; linearity 0.10 per cent; brush pressure 45 g; contact wear 
0.0015 in. 
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be required. One possibility of decreasing wear on the winding would be 
to use a rolling rather than a sliding contact, but one such unit that was 
tested proved unsuccessful. Its contact was in the form of a blunt 
double cone that wedged between the edge of the winding and a central 
contact disk. The initial linearity of 0.24 per cent increased to 0.36 per 
cent and very bad noise developed after only 0125 cycles. This per
formance may be compared with that of a standard 3-in. potentiometer, 
which is shown in Fig. 8-10, and that of a similar unit modified by the 
substitution of a Paliney contact, shown in Fig. 8 1 1 . I t can be seen 
from these pictures that the deterioration in performance is much more 
severe with the phosphor-bronze arm. This is presumably due to the 
fact that the phosphor bronze is worn away much more rapidly than 
the Paliney, and this fact was demonstrated by other tests in which the 

(a) (ft) (c) 
FIG. 8-12.—Wear of Paliney No. 7 contact and Nichrome wire, (a) Contact surface 

after 106 cycles; (ft) contact profile, worn 0.0015 in. deep; (c) winding, very little wear; 
piece of material in lower center is not a broken wire but a piece of lint. Contact material 
excellent for Nichrome wire. 

replacement of a worn Paliney contact by a new one after 1,000,000 
cycles restored the linearity of the potentiometer to its initial value. 

1 In the tests just described the deterioration of the performance was 
due primarily to wear of the moving contact. If a harder material such 

* as Stellite is used, however, the deterioration is even more rapid because 
of wear of the wires. It is certainly preferable to have the wear take 
place on the moving contact because it can be much more easily replaced 
than" the winding. Although several other materials proved fairly 
satisfactory the performance of Paliney No. 7 was outstanding on wind
ings of nickel-chromium wire. With the softer cupro-nickel alloys, 
Paliney seems to be too hard and softer contact alloys such as Wilson 
No. 19 Alloy give longer winding life. The tests on the cupro-nickels 

4 were not so complete as those on Nichrome, but it appears that the 
life of the softer alloy windings should not be greatly inferior if the 

, proper contact material is used. Three sets of microphotographs show-
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ing windings and contacts after wear tests, are shown in Figs. 8-12 
through 8-14. The advantages of matching the contact material to the 
wire alloy are obvious. 

(a) (6) (c) 
F I G . 8-13.—Wear of No. 19 Alloy contact and Lohm wire, (a) Contact surface after 

875,000 cycles; (5) contact profile worn 0.006 in. deep; (c) winding, very little wear. Con
tact material excellent for Lohm wire. 

The contact paths of certain potentiometers such as the RL-B, 
RL-225, and RL-200B are honed down so that the contact surfaces are 
flat rather than convex. Special forms of contacts have been used in 

(a) (6) (c) 
FIG. 8-14.—Wear of Paliney M contact and Lohm wire, (a) Contact surface after 

11,850 cycles; (b) contact profile, worn less than 0.001 in. deep; (c) winding, wires very 
badly scored and peened, resulting in drop to less than one-third of original resistance. 

such cases; some of these special contacts are shown in the drawings of 
the potentiometers. 

I t is important to maintain the correct contact pressure throughout 
the life of the unit, and the contact arm must be designed to accomplish 
this. Excessive pressure causes unnecessary wear and shortens the life 
of the unit; insufficient pressure results in noisy operation, particularly 
under bad vibration conditions or with rapid motion of the contact arm. 
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For contacts of the types described above the optimum pressure is 40 to 
50 g; a potentiometer with this pressure and a properly shaped Paliney 
contact on Nichrome wire should have a useful life of at least 1,000,000 
cycles. Much greater life can be obtained in some cases; one RL-255 
unit lasted over 12,000,000 cycles without excessive deterioration. The 
results of a large number of life tests are given in Radiation Laboratory 
Reports No. 617 and No. 864. 

8-6. Nonlinear Potentiometers.—So far, nothing has been said 
explicitly concerning the relationship between the shaft angle and the 
variation of resistance between the contact point and the end of the 
winding. For many purposes it is desired that this relation be linear, 
but for certain applications, especially in electromechanical computers 
and similar devices, it is necessary that some nonlinear function be gen
erated, often to a high degree of accuracy. There are a number of 
methods of generating such nonlinear functions by means of potentiom
eters, and this section will list them briefly without attempting to go 
into great detail. 

The choice of a method depends upon two factors; the form of the 
desired function and the accuracy with which it must be approximated. 
Strictly speaking, the only type of potentiometer which generates a 
continuous function is one in which the contact moves along the whole 
length of the wire. In the usual case, in which the contact touches the 
bared portion of one turn after another on a wound mandrel, it generates 
a curve consisting of a series of small steps, the size of the steps depending 
upon the number of turns in the winding and the applied voltage. For 
most purposes, however, the steps are small enough and numerous 
enough so that the resulting curve can be considered smooth. There are 
many applications in which a small number of steps—say 30 to 100—are 
sufficient, and in such cases a step potentiometer can be used. This is 
simply a multipoint switch with resistors connected between each suc
cessive pair of points. A familiar example of such a step potentiometer 
is the volume control commonly employed in broadcast stations. This 
type of potentiometer is the most flexible in conforming to an arbitrary 
function, but if the conformation must be close—that is, if high resolving 
power is required—a prohibitively large number of points and resistors 
must be used. 

A set of straighWine segments is a considerably better approximation 
to a smooth curve than a set of steps, and there are several potentiom
eter constructions that result in such a function. One such is the use 
of a stepped mandrel; since the slope of the curve is proportional to the 
width of the mandrel a series of steps on the mandrel will result in a 
curve consisting of a series of linear segments of different slopes. Alter
natively, the wire size can be varied; the greater the resistance per turn 
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the steeper the slope of the corresponding segment of the curve. Similar 
results may be obtained by tapping the winding at appropriate points 
and connecting resistors either to ground or in shunt across portions of 
the winding. Another method involves the use of different spacings for 
different sections of the winding. Most of these methods are somewhat 
troublesome in production, but stepped cards have been used in certain 
cases, such as the RL-B potentiometer, and the tapped winding with 
shunts is a useful laboratory technique for modifying an existing linear 
potentiometer to approximate an arbitrary function. 

If the approximation to the given function must be so good as to 
require an unreasonably large number of straight-line segments, some 
other method must be used. The most direct method is to use a card 
of continuously variable width, which is in effect an electrical cam. This 
method has been used successfully in many cases, its principal disadvan
tages being that it requires the accurate machining of an irregularly 
shaped edge on the card, and that it places certain limitations on the 
ratio of maximum to minimum slope and on the maximum rate of curva
ture of the function. A high ratio of slopes implies a high ratio of 
maximum to minimum width of the card, and if this ratio exceeds 5 to 1 
or perhaps 10 to 1 the card becomes rather fragile at the small end and 
is difficult to mount. A high rate of curvature of the function implies a 
rapid change of width of the card, and it is impossible to make the wire 
stay in place on a rapidly tapering card. A successful example of a 
shaped-card potentiometer is the RL-256 two-cycle logarithmic unit 
made by the General Radio Company. The RL-281, made by the Radia
tion Laboratory, was less successful because of a total angle of 34°, a 
winding angle of 10° on the contact edge and up to 24° on the curved 
edge. The maximum safe angle is about 10° to 15°. 

The equivalent of a shaped mandrel is a mandrel of constant width 
with continuously varying wire spacing. This method is not often used 
since it requires a special cam for the winding-machine feed and since 
the maximum permissible variation in slope is even less than in the case 
of the shaped mandrel. Variation of spacing is principally useful as a 
method of correcting a winding during manufacture. The winding can 
be continuously compared with a master potentiometer and the error in 
resistance can be used to control a servomechanism that corrects the 
feed mechanism through a differential gear. This method is easily 
applicable to round mandrels wound with bare wire. I t is somewhat 
more difficult with card mandrels and is really complicated with insulated 
wire; the wire must be bared at the correct point on each turn and the 
resistance measured as the bared spot is fed onto the mandrel. Such 
winding machines have been successfully built, however. 

Another possibility is to use a tapered wire, which might be obtained 
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by controlled chemical or electrolytic etching. A variant of this method 
might be useful in some cases; the winding, which must be made of bare 
wire, could be partially immersed in a plating solution and varying 
fractions of each turn could be plated with copper or silver. Such a 
method was actually used some years ago to produce nonlinear volume-
control potentiometers. The plating of high-conductivity material 
effectively short-circuited a varying length of each turn and had the 
same effect as the use of a tapered mandrel. 

A nonlinear function can be generated by the expedient of slipping 
wedges or shims between the card and the circular form around which it 
is stretched. This in effect expands or shrinks certain portions of the 
card and amounts to the same thing as varying the spacing. This 

F I G . 8-15.—General Radio Company type 433-AC potentiometer. 

method is chiefly useful for adding small corrections. It was used by 
the Bell Telephone Laboratories in some of the large precision potentiom
eters for the M-9 and similar computers. In these potentiometers 
several concentric cards were mounted on the same unit and therefore 
a correcting cam acting on the contact arm could not be used. The 
principal difficulty with this method is that of ensuring that the contact 
is of sufficient length and has uniform pressure at all radii. 

The mechanical equivalent of this method is the use of a correcting 
cam to advance or retard the contact arm with respect to the shaft. 
This method is also chiefly useful for corrections, and has been very 
successful in various models of the General Radio Type 433AC potentiom
eter. This unit is shown in Fig. 8-15. The arm is held to the shaft by 
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two set screws and rotates with it. The contact spring and its hub can 
rotate with respect to the shaft, and the spring is pulled toward the 
observer (in the view shown) by a small helical spring. Its position with 
respect to the arm is determined by the position of a small bent lever, 
one end of which bears on a sheet-metal plate. This plate can be warped 
to form a face cam, whose shape is determined by eight screws. The 
characteristic can be set exactly to the specified curve at eight points, 
and the correction varies smoothly and more or less linearly between 
these points. 

One method of generating arbitrary functions begs the question 
entirely as far as the potentiometer is concerned and places the respon
sibility on its mechanical drive. Linear potentiometers, in which the 
contact either rotates on a shaft or slides along a track, can be driven by 
a cam or linkage mechanism which generates the correct function. This 
is a common expedient in computers and is particularly well adapted 
to the linkage mechanisms described in Vol. 27 of this series. 

A simple electrical method of generating certain types of curves con
sists of loading the potentiometer by means of a resistor. Since the 
output impedance of the potentiometer is a function of the position of the 
arm (being highest at the position at which the resistance around the cir
cuit to ground is equal in each direction from the contact), the effect of 
a loading resistor connected to ground will be to "drag down" the output 
voltage and to give a positive curvature to a previously linear character
istic. If the resistor is connected to the upper end of the potentiometer 
the curvature will be negative. The method is limited in its application 
but its simplicity recommends it when it can be used.1 

One other method of generating certain functions is of great impor
tance. I t consists of causing the contact to move in an arbitrary fashion 
o\er the surface of a uniformly wound resistance card. This method is 
most useful for the generation of sine and cosine functions, for which the 
necessary motion is circular. In some forms of such units the card is 
stationary and the brush or set of brushes rotates; in others the card is 
mounted on the shaft and rotates against a stationary set of brushes. 
One typical example of the rotating-card type is the RL-11 shown in 
Fig. 8-16. Sine-cosine potentiometers have many uses and have been 
produced in a number of forms, several of which are shown in the illus
trations of this chapter. Other trigonometric functions may be generated 
by the same method, an example being a tangent function that was 
used in the gun-order converter of a Navy computer that was designed 
at the Radiation Laboratory. An arm with a long radial contact moved 

1 R. Hofstadt3r, "Simple Potentiometer Circuit for Production of the Tangent 
Function," Rev. Sci. Instruments, 17, 298-300 (August 1946); L. A. Nettleton and F. E. 
Dole, "Reducing Potentiometer Loading Errors," ibid., 18, 332-341 (May 1947). 
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DETAIL OF BRUSH AND BRUSH-ARM 
WHICH CONTACTS THE CARD 

Copper eyelet soldered 
to brush-arm 

Two layers of phosphor-bronze, 
spring temper, soldered to 

gether to form "rigid" 
brusharm 

Slip-ring (a second slip-ring 
on the right is not seen in 

this drawing) 

Bakelite rotor, fastened 
to shaft of potentiometer, 
carrying the wire-wound 

resistance card 

Carbon brush 
soldered into 

copper mounting 
eyelet 

Single layer of 
phosphor-bronze, 

spring temper, 
serves as a "hinge" 

so that almost all 
the flexing of the 
brush-arm takes 

place at this "hinge" 

Holes for fastening brush-
arm to bakelite housing 

Resistance wire, wound 
linearly on bowed bakelite 

card 

Cable connector 

Slip-ring brushes 
and brush-arms 

"Brush circle" I. E. path 
traversed on the wire-wound 

card by its four contact 
brushes 

Four brushes (and brush-arms) 
which contact the wire-wound 

resistance card. See detail above 

Km. 816.—Construction of potentiometer, type RL-11. 
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through an angle equal to the computed lead angle and made contact 
with the edge of a flat card. The resulting electrical output was pro
portional to the tangent of the lead angle. The method is limited to 
angles whose tangents are not too large, since there are practical limits 
to the length of the radial contact, but in this particular case the maxi
mum lead angle was less than 30° and the required length of contact 
was not excessive. 

The methods outlined above are the principal ones that have been 
used to make nonlinear potentiometers. Others are undoubtedly 
possible, and a particular potentiometer may use several of the methods 
in conjunction. 

POTENTIOMETER CHARACTERISTICS 

8-6. Linearity and Noise.—Probably the most important character
istic of a commercial precision potentiometer is its linearity. This term 
might be extended to include not only the straightness of the resistance-
vs.-shaft-angle curve of a linear potentiometer, but the accuracy of 
following the prescribed curve for a nonlinear unit. In the discussion 
which follows, a linear potentiometer will be assumed, but the statements 
made can be applied to the nonlinear case with obvious modifications. 
A discussion of test methods will be found in Sec. 8-8. 

A discussion of linearity should start out with certain definitions: 

1. Linearity is the deviation of the curve of the resistance of a 
potentiometer vs. the shaft angle from a straight line. 

2. Independent linearity is the deviation when the slope and position 
of the straight line may be chosen to make the deviation a mini
mum. 

3. Terminal linearity is the deviation when the position and slope of 
the line are defined by the "terminals" of the potentiometer. 

4. Terminals are the points of 0 and 100 per cent resistance. They 
may not be accessible to the moving contact. 

5. Total resistance is the resistance measured between terminals. 
6. Total electrical angle is the total shaft angle between terminals, 

assuming that the terminals are accessible to the moving contact. 
7. Brush angle is the angle between the terminal and the moving 

contact measured in a clockwise direction as viewed from the 
shaft end of the unit. 

8. Slope is the change of resistance caused by movement of the 
contact through unit angle. 

9. A straight-line resistance function is any function that satisfies the 
equation R = kd, where R is the resistance between the terminal 
and the contact at a brush angle of 6, and the slope k is a constant. 
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10. Deviation is the plus or minus difference between the actual 
resistance and the straight-line resistance function at any point, 
expressed in per cent of the total resistance. 

11. Angular resolution is the minimum change in brush angle which 
is necessary to produce a change in resistance. I t is a measure 
of the width of the steps of the fine structure of the resistance 
curve. 

12. Voltage resolution is the change in voltage from one step to the 
next for unit voltage applied between terminals. An equivalent 
quantity is resistance resolution, which is the minimum change in 
resistance per step as a fraction of the total resistance. 

One school of thought has maintained that a mandrel with, say, 1000 
turns of wire is capable of giving a resolution of much better than one 
part in 1000. This idea is based on a theory of "partial contact" which 
assumes that the contact resistance between the moving contact and the 
wire varies smoothly and continuously with contact pressure. As the 
contact starts to leave one wire and climb up one side of the next, the resis
tance is supposed to increase slowly between the first wire and the contact 
and to decrease between the second wire and the contact, so that the 
process of transferring from one wire to the next takes place as though 
the gap between the wires were bridged by a continuous smooth resistive 
film. Tests on an oscilloscope linearity tester have refuted this theory, 
at least as to clean windings and contacts. With metallic surfaces the 
circuit is either closed or open and no evidence has been found that 
partial contact can occur. When the contact makes connection simul
taneously with two wires it does short-circuit one turn and assumes a 
potential intermediate between those of the two wires when the short 
circuit is removed. This in effect doubles the number of steps and 
increases the resolution of the winding, but it is not what is meant by 
"partial contact." The effect of short-circuited turns is easily calcul
able from circuit considerations. 

The theory of partial contact may have some validity in the presence 
of carbon or other materials which do change in resistance with varying 
pressure. Tests on nonmetallic materials at the Radiation Laboratory 
were confined to various grades of carbon and graphite brushes, and some 
evidence for partial contact was found. The contact resistance was so 
erratic, however, and varied so much with current and with speed of 
brush movement that the results were not conclusive. Carbon brushes 
are noisy and should only be used when extremely long life is required 
and noise can be filtered. Commutation effects dependent upon such an 
erratic phenomenon would be just as erratic and unpredictable, and the 
effect must be considered unreliable as a means of increasing the resolution 
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of a p ytentiometer for low-current conditions. In cases where the current 
density at the contact surface is very high, however, this conclusion 
may ro t hold. 

Ncise.—The noise generated by a wire-wound potentiometer is of 
two types, vibrational noise and noise due to imperfect contact. Vib-
rational noise is due to the jumping of the contact away from the winding, 
thereby opening the contact circuit. If reasonable care is taken in design
ing the contact arm, this type of noise should never be produced by 
external vibration, but in rotating the contact arm, the contact and its 
supporting spring must constantly climb out of the notch between one 
pair of wires and slide down into the next. If the arm is rotated too 
rapidly the contact does not have time to follow the downward slopes 
and contact is momentarily broken at each wire. The resulting noise 
appears as "grass" on the oscilloscope linearity tester, and the individual 
open circuits are often of such short duration that the time constant of 
the deflection plate and a -i-megohm resistor is too long to permit the 
spot to reach the edge of the pattern. When the brush speed is suffi
ciently reduced this type of noise vanishes. The short lightweight con
tact arm of the RL-270 series potentiometers has never given this sort of 
trouble at reasonable speeds because of its short vibrational period. 

Noise due to imperfect electrical contact is caused by some insulating 
substance getting between the contact and the surface of the winding. 
This material may be produced by the wear of the potentiometer itself 
or it may be a foreign substance. Foreign matter is best excluded by 
providing a dust-tight enclosure for the potentiometer. The exclusion of 
dust and the protection of the winding from mechanical damage have 
resulted in a decided preference for the totally enclosed type of potentiom
eter. The accumulation on the contact path of products of wear is 
minimized by the proper choice of contact form, pressure, and material, 
by proper slip-ring and brush design, by the use of proper bearings, and 
especially by avoiding the use of lubricant on the windings. No matter 
what lubricant is chosen, its principal effect is to act as an adhesive that 
retains noise-producing dirt particles on the contact path instead of per
mitting them to fall to some portion of the potentiometer where they 
will do no harm. The use of lubricant may decrease the wear of wind
ings if inferior contacts are used, but the life becomes limited by the 
development of excessive noise. 

8-7. Other Characteristics.—Besides the linearity and noisiness of a 
potentiometer certain other mechanical and electrical characteristics are 
of importance. The conditions necessary for the production of a stable 
and accurate winding were enumerated in Sec. 8 1 . Careful assembly and 
extreme cleanliness were mentioned there but should be emphasized 
again. Figure 8-17 shows linearity oscillograms of a unit in which various 
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errors of technique were intentionally made. Figure 8*17o shows the 
oscillogram of the unit as received; the linearity was ±0.10 per cent. 
One of the card clamping screws was loosened, permitting the card to 
slip slightly on the form, and the screw was retightened. As shown by 
Fig. 8-176 the form of the deviation curve was changed, although the 

F I G . 8-17.—Effects of incorrect assembly techniques. 

over-all linearity remained the same. The card was then loosened and 
displaced radially by ^ in. at the 80 per cent point. This simulated 
the effect of a nonconcentric form, and resulted in an error of +0.42 
per cent, as in Fig. 8-17c. Finally the card was removed and replaced, 
the technician taking care to have his hands smeared with grease, dirt, 
and brass filings, as would be the case in the average machine shop or 
laboratory where no care is taken as to cleanliness. Brass filings were 
visible on the surface of the winding before reassembly. After reassem
bly, as shown by Fig. 8-17d, the deviation was ±0.19 per cent and seven 
or eight short circuits were evident on the oscillogram. 

Total Resistance.—The total resistance of a potentiometer winding 
depends upon the surface area of the winding form, the winding pitch, 
and the resistivity of the wire. If small-diameter wire is used care must 
be taken to maintain uniform tension on the wire throughout the winding 
process. In the case of units intended for military use the minimum wire 
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size is often limited by Service specifications. High-resistance alloys 
other than those of the Nichrome family usually have comparatively poor 
wear resistance and short life when used in potentiometers, although it 
is possible that other suitable materials will become available in the 
future. At the present time resistances up to 0.5 megohm can be 
obtained in the large 5-in. potentiometers such as the RL-255 and General 
Radio 433 types. The maximum resistance values for various types are 
given in the tables at the end of this chapter. 

Minimum total resistance is limited primarily by the requirements of 
resolving power, which depends upon the winding pitch. Obtaining a 
low resistance is seldom a serious problem since the potentiometer can 
always be shunted with a fixed resistor unless it is necessary to work 
into a low impedance, and in such cases it is often possible to redesign 
the circuit to permit using a higher value of resistance. 

Dissipation Rating.—The m a x i m u m 
power dissipation of a potentiometer winding 
is usually limited by the maximum permis
sible operating temperature, which is 105°C 
for most materials used in potentiometer 
construction. Power ratings are given for 
most of the units listed in the tables below. 
A curve of permissible power input vs. 
ambient temperature is given for the RL-270 
potentiometer in Fig. 818. Temperatures 
were obtained from a thermocouple in a hole 
drilled in one end of the copper-wire man
drel. The determination of the hot-spot 

temperature of windings on nonmetallic mandrels is a matter of consider
able difficulty, although the average temperature may be determined 
from resistance measurements if the wire has a sufficiently large tempera
ture coefficient of resistance. Such a determination would ordinarily 
entail very precise resistance measurements. 

The power-handling ability of a potentiometer may also be limited 
by the permissible change in resistance if the circuit conditions call for 
an accurate value of total resistance and if the temperature coefficient of 
the winding is high. 

The power-dissipation rating of a potentiometer is not usually a 
serious limitation to its use. Excessive ambient temperatures may force 
the unit to be derated, and ambient temperatures over 100°C would be 
impractical for units of ordinary construction. At the other end of the 
scale, low temperatures may cause trouble either through excessive 
change of total resistance or through increased torque requirements due 
to congealed bearing lubricant. 
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FIG. 8-18.—Power dissipation of 

type RL-270 potentiometer. 
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Torque Requirements.—The torque requirements of commercial 
potentiometers vary over a considerable range but are of the order of a 
few inch-ounces for most units. Torques of a few thousandths in.-oz. 
will operate the tiny units produced by the G. M. Giannini Company 
and listed in the tables; large units with long contact arms, heavy con
tact pressures, and poor bearings will require more torque than the 
average. I t may be stated that the torque requirements of the average 
inexpensive wire-wound potentiometer are excessive, due principally to 
poor bearings and poorly designed contacts and contact arms. The use 
of either ball or powdered-metal antifriction bearings and the substitution 
of better contacts will greatly decrease the torque and improve the 
characteristics of the average potentiometer. 

8-8. Test Methods and Equipment.—The potentiometer develop
ment work of the Radiation Laboratory involved such a volume of time-
consuming measurements and tests that it was necessary to construct a 
number of automatic and semiautomatic testing devices. The more 
important test techniques and pieces of test equipment will be briefly 
described in this section. 

Linearity Tests.—All methods of testing linearity are based eventually 
on a series of point measurements. These point measurements may be 
made either as resistance measurements or as volt
age-ratio measurements. The latter are preferable 
since they eliminate the effects of thermal changes 
in resistance and of contact potentials, and involve 
less calculation than the resistance-measurement 
method. Voltage-ratio measurements were made 
by a null method shown schematically in Fig. 8-19. 
The standard used was a potential divider of the 
Kelvin-Varley slide type, with three decades of 
eleven resistors each and a slidewire. The null 
indicator was a vacuum-tube voltmeter of special 
design, based on a circuit by Roberts.1 An accu
rate protractor coupled to the shaft of the unit 
under test is used for angular measurements. A 
push-button decade attenuator was used for con
venience in approaching the null point. A sufficient 
d-c voltage was applied to the circuit to give an 
easily detectable voltage for the smallest per cent error to be measured. 
A photograph of the whole assembly is shown in Fig. 8-20. 

Voltage-ratio measurements of low-resistance units were made at 60 
cps, using an oscilloscope as a null indicator. The use of low frequency 

1 Shepard Roberts , " A Feedback Micro-microammeter ," Rev. Sci. Instruments, 
10, 181-183, June 1939. 
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under test 
Fiu . 8-19.—Basic 

circuit for ratio meas
urements. 
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minimized errors due to stray capacitance and permitted measurements 
of almost four-place accuracy. It had the disadvantage that the null 
was somewhat obscured by the slight residual phase shift. A low-resist
ance voltage divider would probably resul